SO GIAO DYC VA PAO TAO KY THI CHON HSG THANH PHO VA CHON PQI TUYEN HSG
HA NQI DY THI QUOC GIA CAC MON VAN HOA
LOP 12 THPT NAM HQC 2026-2027

PLL CHINH THUC

Mon thi: TOAN (BANG B)
Ngay thi: /4 thding 9 nam 2026
Thoi gian lam bai: 180 phit

Bii 1 (5,0 diém)

n

_ B I | & o5& B A
Cho diy s6 (u,) xdc dinh boi u, = vau,, = voi moi s6 nguyén duong 7.

Chimg minh (u,) c6 giéi han hiru han va tim gidi han dé.
Bai 2 (5,0 diém)

Tim tét ca cac cap so nguyén (6 lé (p,q), voi p <q, thoa min p": +(p+ 2)"" chia hét cho q
va C{f7, chia hét cho pg.

Bii 3 (4,0 diém)

Cho sé nguyén 7 16m hon 3 va mot da gidc déu P c¢6 2n dinh. Mgt tam giac dugc 20i 12 phu
da gidc P néu tét ca cac dinh cia P déu ndm trong tam giac hodc nim trén canh cta tam giac.

Tinh s6 tam gidc phii da gidc P tao boi ba duomg thing chira ba canh cua da gidc P.
Bii 4 (6,0 diém)

Cho tam gidc ABC (AB < AC < BC) nji tiép duémg tron (0). Ba dudng cao A4,, BB,,CC,
ciia tam gidc ABC cit nhau tai tnrc tdm H.,

a) Goi 4,.B,,C, tuong img 12 trung dié¢m cia cic canh BC,CA, AB. Goi X la giao diém cua
hai dutmg thing B,0 va C,4,, Y li giao diém cia hai dudng thing C,0 va A,B,. Hai dudng thing
XY va B,C, cit nhau tai diém Z. Chimg minh duémg thiing A,/ vuéng goc véi duong thing 4, Z.

b) Ké dudng kinh 4K ciia dudng tron (0). Gei M, N tuong img 14 trung diém ctia cac doan

thing BB,.CC,. Chimg minh dudng thing MV di qua tim dudng tron ngoai tiép ciia tam gidc 4 HK.

£
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SG GIAO DUC VA PAO TAO KY THI CHON HSG THANH PHO VA CHON POI TUYEN HSG
HA NOI DU THI QUOC GIA CAC MON VAN HOA
LGP 12 THPT NAM HOC 2026-2027

PE CHINH THUC
Mon thi: TOAN (BANG B)
Ngay thi: 15 thang 9 néim 2026
Thoi gian l1am bai: 180 phit
Bai 5 (5,0 diém)

Xéthamsé f:R — R théamin f(1)>0 va
£(@)£(d)-1(8) £ (e)=1

véi moi s6 thye a,b,c,d théa man ad —be=1.

a) Chimg minh 1 (xy)= f(x)f(») v6i moi so thye x va y.

b) Chimg minh £ (x)=2x v&i moi s6 thuc x.
Bai 6 (5,0 diém)

Cho P(x) 12 mét da thitc v6i hé sé nguyén c6 béc bing 5 sao cho c6 v6 han cfip s6 nguyén
(x,y) théa mén xP(x)=yP(y) va x#y.

a) Chimg minh t3n tai s6 nguyén C c6 tinh chét: Néu (x, p) 12 cip s6 nguyén théa man x # y
va xP(x)=yP(y) thi |x+y|<C.

b) Chimg minh P(x) c6 nghiém nguyén.
Bai 7 (5,0 diém)

Cho sb nguyén duong 1& n. Mot s6 nguyén duong m dirge goi Ia s6 6 néu m* +x= chia hét
cho »* +x" véi moi s6 nguyén duong x.

a) Chimg minh néu m 12 mot sb tt thi m chia hét cho n.

b) Tim tht ca cdc s0 tot.

Bai 8 (5,0 diém)
Cho 9 s6 thye a,,a,,...,a,. Khéi déu véi bd 9 s6 thuc (a;,a;,...,a,).
O mdi buéce, tir bd vira dugc tao (x;,%,,-..,% ), ta tao ra mot by méi (3, 3y,.-., ;) theo quy

Y i

=]

thc sau: chon céc b ¢,...,& € {~1;1} sao cho biku thirc dat gi4 trj nho nhét (néu c6 nhidu

céch chon, &y mét céch tiy y), sau d6 dit y, =x, +¢+/i v6imgi i=1,2,...,9.

Chimg minh sau hitu han buéc, s& xufit hign m6t b§ (#, 1y,...,4;) sao cho tdn ti chi sb / dé |u,|2 —122

HEt
Gidm thi khéng gidi thich gi thém.




Chuong

CHON DTQG HA NOI 2026 — NGAY 1

s

( Bai todn 0.1. ] (Lim Olympic - Ha Ngi TST - P1)

2
3— U

7 1
Cho day s0 (un) xac dinh bdi u; = 5

Chiing minh (u,) c6 giéi han hitu han va tim gi6i han dé.

VA Upy1 = véi moi s6 nguyén duong n.

(£ Lai giai.
g < 2 3
Ta chiing minh bang quy nap rang v6i moi so nguyén duong n thi 0 < ugp,—1 < 1 < ugy, < 5
1 —u 11 ’
Véin=1,tacou = 3 Va ug = ¢ 2“1 = 3 nén khang dinh ding.
o u%n—l

<3 nén 1 < <3
2 2, € U2n, 2.

5 3 3 4
Tiép theo, tit 1 < ug, < 3 suy ra 0 <

Gid st 0 < ugp—1 < 1. Khido 1 <

—
T%<1, nén 0 < ugp+1 < 1.

3
Do dé, theo nguyén 1y quy nap, 0 < ug,—1 < 1 < ug, < 3 vGi moi n > 1.

8 —g2 )2
3 —up 3_< 2 n) (@ = )Py, + 8
Métkhé,c,tacc’)un+2—un=T’”—un=f—un= 3 s

& Néunléthi 0 < u, <1, do d6 upy2 — u, > 0. Suy ra day (ug,_1) tang.

Lai ¢6 u2p—1 < 1, nén (u2n,—1) bi chén trén. Vi thé ton tai lim u2,—1 = a véia < 1.
n—oo

& Néu n chén thi u, > 1, do d6 up42 — u, < 0. Suy ra day (ug,) gidm.

Lai ¢6 ug, > 1, nén (ug,) bi chan duéi. Vi thé ton tai lim wug, = b v6i b > 1.
n—oo

3_u2_ 3_ 2 3— 2 3—'b2
o S 2u2n,chon—>oo,taduf(jcb= 2a va a = T

b —a? (b—a)(a+b)
5 2 j

suy ra (b—a)(2—a—0) =0.

Néua=bthidoa<1<b tacba=b=1.
2 9

Néua+b=2, thayb=2—avaob=3—a ,taduqc2—a=3—§a—,hay (a—1)°=0néna=b=1.

2
Vay lim wug,_1 = lim w9, =1,dodé | lim u, =1
n—oo n—oo n—oo

£ CLB Todn Lim - OLYMPIC - 8 0789102019 Trang 1
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( Baitoan 0.2. ) (Lim Olympic - Ha N&i TST - P2)

Tim tat ca cic cap s6 nguyen td 1é (p, q), v6i p < ¢, thda man p”2 +(p+ 2)”2 chia hét cho ¢ va C’é’gq

chia hét cho pq.

@ L&i gii.
Trude hét, tit ¢ | C3), suy ra ¢ < 3p. That vay, néu ¢ > 3p thi 3pg < ¢°, nén theo cong thitc Legendre,

3 2
)= [21] 2] |22 -

trai voi gia thiét. Ta co pP” + (p+ 2)”2 =0 (mod q). Trudng hop ¢ = p+ 2 1a khong thé, vi khi d6 vé trai
dong du véi p”2 # 0 (mod ¢). Vivay ¢ > p+ 2 nén ged(q,p+2) = 1.
Vi ged(p,¢) = 1 nén ton tai p~! € Z sao chop-p~t =1 (mod ¢q), dit a = (p+ 2)p~* thi ged(a,q) = 1.
Khi d6 o = — (mod ¢), nén ot =1 (mod ¢) nhung a”” # 1 (mod ¢). Dit d = ord,a thi ta ¢6 d | 2p?,
dtp?, do dé6 d € {2,2p,2p*}. Mit khac d | ¢ — 1 va ¢ < 3p, nén d < 3p. Vi p > 3, suy ra d # 2p°.
Néud=2thia= -1 (mod ¢), nén p+2 = —p (mod q), ttc ¢ | 2(p+1), vo Iy vi ¢ > p 1&.
Vay d = 2p nén 2p | ¢ — 1. Két hop p < ¢ < 3p ta duge ¢ — 1 = 2p, hay
q=2p+1.
Dé § v6i m nguyéen duong thi v,((mp)!) = m + v,(m!) nén
2p+1
o (Cha) = v (C4,) = v (Cips)-
Néu p > 7 thi 6p + 3 < p?, do d6
2p+1 6p+3J [2p+1J {4p+2J
v, (C = [ — — 0=6-2-4=
P( 6p+3) p p p
nén trai vai gia thiét. Vay p € {3,5}. Thit lai dé thay (p,q) = (5,11) 1a nghiém duy nhat thoa man.

L
( Baitoan 0.3. ) (Lim Olympic - Ha N&i TST - P3)

Cho s6 nguyén n 16n hon 3 va mot da gidc déu P c¢6 2n dinh. Mot tam giac duge goi 1a phu da
giac P néu tat ca cac dinh clia P déu nam trong tam giac hodic nam trén canh clia tam giac.
Tinh s6 tam giac phti da giac P tao bdi ba dudng théng chita ba canh clia da gidc P.

@ L& gii.

Goi (I) 1a dudng tron néi tiép da gidc P, ta thu duge 2n tiép diém cia P véi (I).

Chon ba canh ctia P va goi A, B,C lan lugt la céc tiép diém tuwong tng theo chiéu kim dong ho.

Goi x,y, z lan lugt 1a s6 khoang giita hai tiép diém lién tiép khi di tit A dén B, B dén C, C dén A.

Khi d6 z,y, z 1a cac sd nguyén duong va x +y + z = 2n.

Bay gid ta can diéu kién dé ba duong thing da chon tao thanh mot tam giac phi P.

Gia sit hai tiép tuyén tai A, B cit nhau tai T thi oAI BT nai tiép, khi d6 tir viec tam giac phu P ta suy
ra duge 0 < ZATB = 180° — ZAIB = 180° — 2202

nén x < n. Tuong tuta céo y <n va z < n.

Ngugc lai, gia st z,y, 2z < n thi tao thanh tam gidc phtt P vi khi d6 3 goc ctia tam giac dé la

e 180% oo 180 o 180%
n n

Vay diéu kién can va du la z,y,z < n.
Nhu thé, ta chi con phai dém céc bo s6 nguyén duong (z,y,2) sao cho z +y + 2z = 2n va 2,9,z < n.

Dita' =n—z, y=n—-y, Z/=n—zthid ¢,/ >0vaz’+9y + 2 =n.

Trang 2 £ LIM Olympic - CLB én chuyén, HSG



Chudng 1. Chon DTQG Ha Nbi 2026 — Ngay 1 8?8 LIM EDU

Ngudc lai, mdi bo s6 nguyén duong (z,%, 2) théa man x +y + 2z = n xac dinh duy nhat mot bo (z/,y/, 2’)
thoa man cac didu kién trén nén theo bai toan chia keo Euler, s6 cach la C2_,.
V6i mot bo c6 thit tu (x,vy, z) ¢6 dinh, c6 2n cach chon tiép diém dau tien A. Sau khi A va (x,v,2) da
dude chon thi B, C hoan toan duge xac dinh. Vi thé ta c6 27’2,05_1 cach chon.
Trong cach chon nay, mdi bo xuat hién ding 3 lan nén s6 tam giac can tim 1a
2nC2_; 2n (n—-1)n-2) nn-1)(n-2)
3 3 2 B 3 '

[ Bai toén 0.4. ) (Lim Olympic - Ha NG TST - P4)
Cho tam giac ABC (AB < AC < BC) ndi tiép duong tron (O). Ba dudng cao AA;, BB1,CC) cia
tam gidc ABC cat nhau tai tryc tam H.

@ Goi Ag, By, Cp tuong ting 1a trung diém ctia cdc canh BC,CA, AB. Goi X la giao diém cia
hai dudng thang BoO va CpAp, Y la giao diém ciia hai dudng thing CoO va AgBy. Hai dutng
thang XY va BoCy cét nhau tai diém Z. Chitng minh dudng thang AgH vuong goc véi dudng
thing AoZ.

@ Ké dudng kinh AK ctia dudng tron (O). Goi M, N tuong tng la trung diém ctia cidc doan
thing BB, CCy. Chimg minh dudng thing M N di qua tam dudng tron ngoai tiép clia tam
giac A1HK.

A
B
1
9 . B
T 0 V 0 Z
0)
M
Y
C H
Y x
X
U
J
A A C

€1 CLB Toén Lim - OLYMPIC - @ 0789102019 Trang 3



X

i

$E3

e

5 LIM EDU

D<

2 Lo giai.
j) Ta dé thay O la tryce tam AAgByCo = Ag(OZByCy) = —1 theo hang diém tit giac toan phan.
Ké duong thing Hx song song BC = H(xAgBC) = —1.
= H(xAoBC) = Ay(OZCyBy) ma Hx 1L AgO, HB 1L AyCy, HC L AyBy = HAy L ApZ.
C’ZJ Cach 1: Véi L la giao diém ctia AO v6i B;C, thi AO vuong B, C va tit két qua quen thudc ta cé
MN la trung triuc A;L (Ban doc c6 thé tham khao HSG Ha Noi 16p 9 2021-2022).

Lai dé ¢c6 AH - AAy = ABy - AC = AL - AK = HA; KL noi tiép = Tam J ctia (A1 HK) nam trén
trung tric A;L va nam trén M N do M N la trung tryc A L.

Cach 2: (Loi giai cia ban D6 Dic Viét Hung)

Goi MN cét AygZ, BoCyp lan lugt tai J, T. Goi U la trung diém A; H. Goi ByCy cit AA; tai V.
Theo Menelaus, ta co: {]/;) . xig . ;: go =1 w3 %gz . j\jig . ;gz
JAy NBy TZ NAy MCy TBy B
JZ NAy TBy NBy MA; TC,
JAp _ TZ ‘ MCy O JAp B TCy ‘ M Ay
JZ TC, MA, JZ = TZ MG,
Ta can ching minh JU //V Z hay

= 1. Suy ra

JAy  UA,  _ AH  AH
JZ ~ AWV -UA, AA—Ay HA
TC, MAy AH TC, BiC _AiH TC, AiH BiA

TZ MCy, HA ° TZ BA HA - Tz HA BC
A\H BiA BC

Ma theo Menelaus, ta co: TA B.C . Bty = i
. ” . TZ BC CoZ A C CvZz A C
Khi nay ta can chu h——=—- 14+ —=14 — — = ’
1 nay ta can chung min TC, ~ BA, — +TCO +BA1 — TCo _ BA;
AB BiC C1A CoZ B1C CiA MAy NBy TBy

=] <=

Th ta co: . . = ‘ = g — )
6a Com, ta 66t 75" 52 0B TC, B1A CiB _ MC, NA, TC,
Ta c¢6: AAgBoCy ~ AABC, suy ra:
TCy, NAy MC, CB BiA _YB, XA, ZB,

TBy NBy MA, CiA BiIC YA, XC, ZCp
Suy ra: TBy = ZCj hay diéu can chiimg minh ding.

Nhu vay JU//VZ = JU L HA; = J thuoc trung truc HA;.
Ma J € ZAp hay J thudc trung tryc HK nén J la tam (HA1K). Vay M N di qua tam (HA; K).

Trang 4 £ LIM Olympic - CLB 6n chuyén, HSG
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CHON DTQG HA NOI 2026 — NGAY 2

[

( Bai todn 0.5. ) (Lim Olympic - Ha Ngi TST - P5)
Xét ham s6 f: R — R théa man f(1) > 0 va f(a)f(d) — f(b)f(c) = 1 v6i moi s6 thuc a, b, ¢, d théa
man ad — be = 1.

@ Chitng minh f(zy) = f(2)f(y) véi moi s6 thuc z,y.

@ Chitng minh f(z) = x v6i moi s6 thuec z.

@ Ldi giai.
@ Choa=d=1,b=0vactuy y. Ta dugc (1) — f(0)f(c) = 1.

Thay tiép ¢ = 0 ta duge f(0)(f(c) — £(0)) = 0 véi moi ¢ € R. Néu f(0) # 0 thi f 13 ham héing, trai
v6i gia thiét. Vay f(0) =0, do d6 f(1)2 =1. Vi f(1) > 0 nén f(1) = 1.
Véi t € R, thay (a,b,c,d) = (t+ 1,¢,1,1) ta duge f(t+1) — f(t) = 1.
Bay gio, véi z,y € R, thay (a,b,c,d) = (z,2y — 1,1,y) ta cbd
f@)f(y) = flay—1) =1 = f(ay) = flzy —1) +1= f(2)f(y)-
T day ta c6 diéu phai chiing minh.
3 2 z
(2) Néut > 0thi f(t) = f (V%) > 0. Mit khac, 1 = f(1) = f(t)f(1/t), nen thyc chit f(t) > 0.
Cho 0 < x < y va dat u = y/z — 1 > 0. Tit cau trén va déng thitc f(u+1) = f(u) + 1, ta c6 duge
f(5) = F@)(1 + f(u)) > f(z). Vay f tang nghiem ngat tren (0, +00).
Ta ¢6 f(n) =n v6i moi n € N*, roi f(1/n) = 1/n va f(p/q) = p/q v6i moi p, ¢ € N*.
Do f tang trén (0,4+o0c0) va tap QT trit mat trong tap R™, suy ra f(z) = 2 v6i moi 2 > 0.
Cudi cung, f(0) =0 va f(—1) = f(0) — 1 = —1. Véi z < 0, cau trén cho f(z) = f(—1)f(—z) = x.

Vay f(z) = z v6i moi z € R.

{
( Baitoan 0.6. ) (Lim Olympic - Ha N&i TST - P6)

Cho P(z) la mot da thitc véi hé s6 nguyén c¢6 bac bang 5 sao cho ¢6 vo han cap s6 nguyén (z,y)
théa man zP(z) = yP(y) va x # y.
@ Chitng minh ton tai s6 nguyén C ¢6 tinh chat: néu (z,y) 1a cip sé nguyén théa man z # y
va zP(z) = yP(y) thi |z +y| < C.
@ Chitng minh P(z) ¢6 nghiém nguyén.

@ L&i giai.
Viét P(X) =aX® +bX*+ cX® +dX?% +eX + [, trong d6 a # 0.
Xét mot cap s6 nguyén (z,y) théa man x # y vh 2P (z) = yP(y), do d6
0=a(z +y)(z! + 2 +y) + b(a* + 2%y + 2% + 2® + )
te(x+y)(@?+ ) +d@+zy+ ) ve(x+y) + f

£ CLB Todn Lim - OLYMPIC - 8 0789102019 Trang &
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1

Ta c6 42%y? < (2% + y?)?, nén 2 + 2%y2 + 92 > %(372 +32)2. Ddng thoi,
ot 2y +aty® oy £94 <2 +95
|2° + 2y +4°| < g(ac2 +97).
Vi a # 0, khi 2% + 3? d 16n, ta c¢6 duge
la(z* + 2%y + y*) + c(z® + y?) +e| > :—)’%(ac2 +94°)%,
[ba + 2%y + 229 + a9+ 4) + dla + 2y +97) + 1| < 2l + 4 + Sl +47) + |f].

Do dé |z +y| < % <2|b| - g|d| - |f|> khi 22 + y* du lén.

Con khi 2% + y2 bi chan thi chi ¢6 hitu han cap s6 nguyén (z,y).

Vi vay ton tai s6 nguyén C sao cho moi cap sb nguyén (z,y) théa man dé bai déu c6 |z +y| < C.

@ Do z + y la s6 nguyén va bi chan, trong vo han cap da cho phai ton tai mot s6 nguyén ¢ sao cho

-

Bai toan trén la bai toan trong dé thi IMO Shortlist 2002, nhung dudce déi tit bac 3 lén bac 5.

x4y =t v6i vo han cip (z,y). Khi d6 zP(z) = (t — 2)P(t — x) v6i vo han s6 nguyén z. Hai vé 1a
cac da thitc theo z, nén X P(X) = (t — X)P(t — X) véi moi X € R.

Néu t # 0, thay X = 0 ta dugc tP(t) = 0, suy ra P(t) = 0.
Néut=0thi XP(X) = (—X)P(—X), suy ra P(X)+ P(—X) = 0. Thay X = 0, ta dugc P(0) = 0.

Vay P(z) c6 nghiém nguyeén.

Nhan xét.

4

P—

Bai todn 0.7. ) (Lim Olympic - Ha N&i TST - P7)

Cho s6 nguyén duong 1é n. Mot s6 nguyén duong m dude goi 1a s6 tot néu m® + 2™ chia hét cho
n® + 2™ véi moi s6 nguyén duong z.

@ Chitng minh néu m 1a mot sd tét thi m chia hét cho n.
@ Tim tat ca cac s6 tot.

@ L giai.
@ Néu n = 1 thi bai toan luon ding. Xét n > 1.

Goi p 1a u6c nguyen t6 bat ky cia n.
Chonz=n,tacom"+nm:in = m':in:p = m:p.
Chon z = p- (mn+ 1), ta c6 xvy(n) > n, zvy(m) >m
= vp(m” +&™) =aug(m), vp(n® +2")=xus(n)
Ma m® + 2™ : n® 4+ 2™ nén zv,(m) > zv,(n), hay vy(m) > v,y(n).

Diéu nay diang véi moi s6 nguyén t6 p | n nén ta c¢6 m : n.

(2) Dat m = kn, k € Z*. k = 1 théa mén, ta xét k > 2.

Theo dinh Ii Schur, tap uéc nguyén t6 ctia {n + 2™ | x € Z*} 1a vo han.

Trang 6 £ LIM Olympic - CLB 6n chuyén, HSG



Chuong 2. Chon DTQG Ha N&i 2026 — Ngay 2 R LIM EDU

Ton tai 2o € Z* va s6 nguyen té p > kn +n”* dé p | n + 2.

Theo dinh Ii thang du Trung Hoa, ton tai z € ZT dé x =1 (mod p — 1), z = 2o (mod p).
Khi d6 n® + 2" =n+zj =0 (mod p)

= 0=m®+a™ =m+aP =kn+ 2" = kn+ (—n)* (mod p)

= kn+ (—n)* ip, ma [kn + (—n)¥| < kn+nF < p

Do d6 phai c6 kn + (—n)¥ = 0, tit day ta dé dang suy ra mau thudn vi k > 1.

Vay ta phai c6 m = n.

2
( Bai todn 0.8. ] (Lim Olympic - Ha N&i TST - P8)

\

Cho 9 s6 thuc ay,as, .. .,aq. Khdi dau véi bo 9 sb thuc (ay,as,...,ag).
O mai bude, tit bo vita dude tao (x1, xa,. .., T9), ta tao ra mot bo méi (yi,ys, ... ,y9) theo quy tic
9
sau: chon cic s6 €1,...,e9 € {—1,1} sao cho biéu thitc Zsixi\/f dat gia tri nhé nhat (néu c6
i=1

nhiéu cach chon, lay mot cach tuy ¥), sau dé dat y; = x; + eiVivéimoii=1,2...,9.
Chiing minh sau hitu han budc, sé xuat hien mot bo (ug,us, ..., ug) sao cho ton tai chi s6 i dé

(& Loi giai.
Trude hét, ta c6 bd dé sau:

BS dé 0.1.

Chiing minh. That vay, dat M = max |¢;| va chon cac dau lan lugt. Néu tong tam thai 1a S véi

9
Z 5,'61'

=1

V6i moi s6 thuc ¢y, ..., cg, ton tai cac cach chon dau dy,...,09 € {—1,1} sao cho < max |cil.
<i<

S| < M,

ta chon dau clia s6 hang tiép theo ngugc véi dau ciia S; tdng méi ¢6 tri tuyst doi bang ||S| — ||| < M.
Bat dau tit tong bing 0, ta thu duge diéu phai ching minh. O
Tré lai bai toan ban dau:

Gia su trai lai ring ¢ moi bude, tat cd cac s6 trong bo nhan duge déu c6 tri tuyét doi nhé hon 15/2.
Xét mot buée di tit bo (z1,...,29) dén bd (y1,...,y9).

Ap dung bd dé cho cac 6 z; \éf, 2V2,...,29V/9. Do céc diu e; trong dé bai duge chon dé tri tuyet dbi

5 y 15 45
g B e oy s 5 /7| < W F N
cua tong la nhé nhat, ta co 2; gixiVi| < lrg%xg |:vz|\/; < 5 3 5
=
Dé y them
9 9 9 9 9
SN =da2=3 (2ewiVi+i) =2 swVi+45 > 45— 2(Y  ewi/i| > 0
i=1 i=1 i=1 i=1 i=1

Vi vay tong binh phuong ctia 9 s6 trong bo tang ngit sau mdi budc.

Mit khac, sau mot s6 bude bat ky, sé hang thit i trong bo luon ¢6 dang a; + k;Vi véi k; € Z. Didu kien
la; + k;V/i| < 15/2 chi cho phép hitu han gié tri ciia k;. Do d6 chi ¢6 hitu han bo c6 thé xuét hién néu tat
c& cac s6 hang trong bo déu c¢6 tri tuyét déi nhé hon 15/2.

Qua trinh vo han khi a4y phai lip lai mot bo, trai véi viec tong binh phuong tang ngit sau mdi bude. Vay

sau hitu han buéc phai xuat hien mot bo (uy,...,ug) ¢6 it nhat mot chi s6 ¢ théa man |u;| > 15/2.
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