SO GIAO DUC VA PAO TAO KY THI CHQON HQC SINH GIOI CAP TiNH - CHQON
THANH HOA POI TUYEN THAM DU’ KY THI CHON HQC SINH GIOI
QUOC GIA TRUNG HQOC PHO THONG
NAM HOQC 2026 - 2027

PE THI CHINH THU'C )
Mbn thi: TOAN

K ”
Stk g ek Thoi gian lam bai: 180 phiit (khng ké thoi gian phat dé)
.................. Ngay thi: 11/9/2026
(Dé thi c6 03 cdu, gom 01 trang)

Cau 1 (7 diém). V&i n 12 sb nguyén dwong, xét cac sb thuc duong ay,ai,-..,a, thda man
n
cic diéu kién: a, 1a mot s6 nguyén, Z —<1viag<a;_;+1véimoii€{l,2,...,n}.
i=1 @i
a) Chirng minh rang n < 2ay.

b) Tim hing sé C nhé nhit dé n < Cay i ;1— voimoi n > 1.
i=1 G

Ciu 2 (7 diém). Cho tam gidc nhon ABC (4B < AC) ndi tiép dudng tron (0), cb tim
dudng tron ndi tiép 13 7. Puong thing vudng géc véi AI tai I cit AB, AC lan luot tai E
va F. Pudng tron ngoai tiép tam gidac AEF cit dudng tron (O) va dudong thing A7 tuong
ing tai G, H (G khéc 4).
a) Goi (0,) 1a dudng tron tiép xic véi cac canh 4B, AC va tiép xiic trong véi dudng tron
(O) tai T. Chitng minh ring bén diém G, T, H, I cling thuéc mot dudng tron.
b) Tiép tuyén tai G cita (O) ct dudng thing BC tai J, dudng thing 4J cdt dudng tron
(O) tai diém K khéc A. Goi D 1a hinh chiéu vuéng géc ciia I 1én dudng thing BC. Chiing
minh réng dudng tron ngoai tiép tam gisc DJK va dudng tron ngoai tiép tam gidc GHI tiép
xuc vdi nhau.

Cau 3 (6 diém). Mot diém ludi 13 mdt diém (x; y) trén mat ph:fmg toa d6 sao cho x, y la cac
s6 nguyén duong khong vurot qua 20. Ta néi diém B = (x';y") nim vé phia Péng Bdc cia
diém A = (x;») néu x'>x va y'>y. Ba diém luéi 4, B, C duoc goi 1a mét bg ba Péng Bdc
néu B nim vé phia Pong Bic clia 4 va C nim vé phia Pong Béc cia B.

Mot tap hop gdm 20 diém lwdi duoc goi 13 Lam Son ndu moi dwdng thing di qua hai diém
trong tap hop déu khong song song vdi cac truc toa do, déng thoi tdp hop chira it nhét mét
b6 ba Péng Bdc.

a) Chirng minh ring trong mdi tip Lam Son luén ton tai ba didm X, ¥, Z sao cho

XY > XZ*+ZY* +4.

b) Hoi c6 bao nhiéu tip Lam Son?

HET
- Thi sinh KHONG duoc sir dung tai liéu va mdy tinh cam tay.
- Gidm thi KHONG gidi thich gi thém.




SO GIAO DUC VA PAO TAO KY THI CHON HOC SINH GIOI CAP TiNH - CHON
THANH HOA PQOI TUYEN THAM DU KY THI CHON HQC SINH GIOI
QUOC GIA TRUNG HQC PHO THONG
NAM HOC 2026 - 2027

PE THI CHINH THUC
S6 bao danh

Mon thi: TOAN
Thoi gian lam bai: 180 phit (khdng ké thoi gian phat dé)
................. Ngay thi: 12/9/2026
(Pé thi c6 03 cdu, gom 01 trang)

Ciu 4 (6 diém). Xét cc da thic P(x),0(x),R(x) véi h¢ s6 thuc cé bac khong qua 2027
ddng thoi thoa mén hai diéu kién sau:

i) Véimoi xeR thi P(x) < Q(x) SR(x).

if) C6 1013 sb thuc phén biét x,x,,...,%,, théa min P(x,)=R(x,),Vi=12,...,1013.
a) Ching minh rﬁng: néu tdn tai s6 thuc x, khac tt ca cac sb X)s Xgy 05 Xgp VA thOa mén
P(x,)+R(x,)=20(x,) thi P(x)+R(x)=20(x) véimoi xeR.
b) Gia sir P(x),0(x), R(x) dbi mot phan biét va R(x) co bac I&. Ton tai hay khong da thitc
QO(x) sao cho R(x)—P(x) chiahétcho Q(x)?

Cau 5 (7 diém). Cho n>1 1a mot sb nguyén I¢, ta viét n=2"d+1 trong d6 s>1va d Ia
sb nguyén duong 1¢. Véi mdi s6 nguyén a théa mén ged(a,n) =1, tanbi a co lién hé véi
n néu a” =1(modn) hoic trong day a*,a*,a™,...,a*"™ c6 ding mot s hang ddng dur
v6i —1 theo modulo . Chimg minh rang # 13 sé nguyén td khi va chi khi véi moi s nguyén
a thoa mén ged(a,n) =1 déu c6 lién hé véi n.

Céu 6 (7 diém). Tim sd nguyén dwong N nhé nhét sao cho ton tai 2026 s6 nguyén khong

am lién tiép ma tdng tAt c4 cac chit sb cia ching bing N.
HET

- Thi sinh KHONG duoc sit dung tai liéu va mdy tinh cém tay.
- Gidm thi KHONG gidi thich gi thém.




Chuong

CHON DTQG THANH HOA 2026 — NGAY 1

[

( Baitoan 0.1.  (Lim Olympic - Thanh Hod ST - P1)

V6i n 1a s6 nguyén duong, xét cac s6 thyc duong ag, ai,. .., a, théa man cac diéu kién: ag 13 mot
n

. 1 i i
s6 nguyén, E —<1vaa;<ai—1+1véimoiie {1,2,...,n}.
[¢%]

=1

@ Chitng minh ring n < 2ay.

n
S 2z z 2 1 . .
@TimhéngsﬁC’nhénhatdénSC’-ao-E — v6i moin > 1.
— a;
=1

(&' L&i giai.
Vi ag 1a s6 nguyén duong nén ag > 1. Tit gia thiét a; < a;—1 + 1, bing quy nap ta c6 a; < ag+ i v6i moi i.
@ Gia st ngugce lai rang n > 2ag + 1. Khi d6

n 1 2ap+1 2ap+1
23l
= W

2
~ a ap+1 — 2a0tl

. > (a0 +1)

i=1

Tuy nhién trong bat déng thic trén dau bing khong xay ra, do d6 mau thuén hay n < 2aq.

. | 5 1 n? n R n n+1
@TacoZ—ZZ 5 25 = nén - <1+ .
= & o s S (a0 +4) a0+n_—|-1 Zl 2a0
= = i 4
z‘=1a0 2 aoi:lai
P R ~ ) ) n 1 9 12
& Neu ag > 2, theo cau trén ta c¢6 n < 2ag, do do = <24+ —< —-< —.
L. 20,0 4 5
wy L
i=1
& Xét ag = 1. Khi do n < 2.
) 12
*ﬁ'Néunzl,via1§2nén+1=a1§2<?.
agp =
i=1 "
< . % e 1 1) 1, il
i’zNeun=2,tacoa1§2vaa2§a1+1§3.Bdlvay—+—2§+§=gsuyra
ay a2

n 2 12
<

a1 SEE 5

" . 12 1
Nhu vay, v6i moi day théa méan gia thiet, ta deu cé n < 5 agp Z =

i=1

p 8 vl gk ; 5 12
Cudi cung, chon agp = 1, a1 = 2, as = 3 dé thay hing s6 nho nhat 1a
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( Baitoan 0.2. ) (Lim Olympic - Thanh Hod TST - P2)

Cho tam gidc nhon ABC (AB < AC) ndi tiép duong tron (O), c¢6 tam dudng tron noi tiép la I.
Dudng thing vuong goc véi AT tai I cit AB, AC lan lugt tai E, F. Dudng tron ngoai tiép tam giac
AEF cat duong tron (O) va duong thing Al tuong tng tai G, H (G # A).
@ Goi (01) 1a duong tron tiép xic véi cdc canh AB, AC va tiép xtic trong véi duong tron (O)
tai 7. Chiing minh ring bén diém G, T, H, I ciing thuoc mot duong tron.
@ Tiép tuyén tai G ciia (O) cit dudng thing BC tai J; dudng thing AJ cit dudng tron (O)
tai diém K khac A. Goi D la hinh chiéu vuong géc ctia I len dudng thang BC. Chitng minh
rang dudng tron ngoai tiép tam giac DJK va dudng tron ngoai tiép tam gidc GHI tiép xtc

v6i nhau.
A
G F
v 4 %
E Y
=
x N "
d B P G
T
X
@ Lai giai.

G} Ta dé& c6 tinh chat ctia duong tron Miztilinear 1a H la tam (EFT). Xét tam ding phuong ciia
(AGEF), (EFT) va (O) ta c6 AG cat EF tai X thi XT la tiép tuyén ctia (O) = 4 diém X,I,H,T

cung nam tren (X H).

Trang 2 £ LIM Olympic - CLB én chuyén, HSG



Chuong 1. Chon DTQG Thanh Hoa 2026 — Ngay 1 »Qﬂ ¥ l\l l I)U

é Cach 1: Xét cyc va déi cyc ctia (EFT) ¢6 X nam trén dudng doi cyc cia A 1a EF ma XT la
tiép tuyén ctia (EFT) = AT la dudng dbi cuc ctia X. Goi EF cit AT tai Y = (XYEF)=—-1=
(GTBC) = A(XYEF) = —1 = Tt giac GBTC diéu hoa = JT 1a tiép tuyén cta (O) va (EFT).

AB DB sinC cot(B/2)  2.sin(C/2).cos(C/2) cot(B/2) sin?(C/2) B IB?

Ta = 3 = = :
°AC DC ~ snB “cot(C/2)  2sin(B/2).cos(C/2) cot(C/2)  cos(B/2) IC?
EB IB?
Lai ¢c6 ABEI ~ AIFC (g.g) = C = 102 két hop véi tit gidc GBTC' diéu hoa

GB _BE _TB _ IB*> AB DB
GC CF 'TC 1IC: 4C DC
Theo bé dé cat tuyén va JT la tiép tuyén ctia (BTC) ta ciing c6
JB _TB* PB_AB-TB__JB PC _AC TB _DB

JC TR PG AG-TC ' 4C PB AB TG DO
= (BC,JP) = (BC,D)= JD-JP = JB-JC (Maclaurin mé rong).

Ta c6 JT? = JK -JA=JB-JC = JP-JD nén theo phép nghich déo tam J phuong tich JT? ta
¢6 T nim trén (JKD) do A, P,T thing hang.

Ké tiép tuyén Tz cta (TJD) = LaTX = LXTJ = LJKT = 180° — LZAKT = 180° — LAGT =
/ZXGT = Tz ciing la tiép tuyén ctia (XGT) nén ta c6 hai dudng tron nay tiép xtic v6i nhau tai 7.

va AGEB ~ AGFC (g.g) =

Cach 2: (Loi giai ctia ban D6 Dic Viét Hung)
Tit két qua ctia cau 1, H 1a tam ctia (Oq); do d6 E, F lan lugt 1a cac tiép diém ctia (O1) v6i AB, AC.

Ta c6 LETA=/BET — ZEAT = /EFT — /BAT. Mit khéc, vi (O;) tiép xtic trong véi (O) tai
T, nén LETB = /ZEFT — /BAT. Suy ra ZETA = ZETB, tic la TFE la phan giac cia £LBTA.
TB EB
TA EA
Lai c6 ZEIB = LAIB—90° = ZICA. Do I 1a tam noi tiép, ZAIC = 90°+ ZIBC = 180° — ZDIB.
Diuing dinh ly sin trong cac tam giac IEB, IEA va tam giac vuong I DB, ta dugc
EB sin/EIB-IB sin/ZICA-IB sin/ZAIC-1B sin/DIB-IB DB

Béi dinh 1y duong phan giédc, ta c6 —

EA  sin/ZAIE-1IA IA - AC - AC T AE
Vi thé §Jj ig Hon ntta, ZTBD = /TBC = LT AC, cho nén ATDB ~ ATCA.

Do 46 £TDJ = LTDB = LTCA=4LJKT = T € (DKJ). Ta c6:

HI -HA=HE?=HT? — AHIT ~AHTA = /HIT = /HTA
Ta c6: ZGBE = /GBA = /GCA = /GCF va L/GFC = 180° — /GFA = 180° — /GEA = /GEB

GB BFE
= AGEB ~ AGFC = — =—.
GC CF
Ta can ching minh J7 1a tiép tuyén ctia (O) tic 1a ta can ching minh:
GB? JB TB? TB GB BE TB TC

G2~ JC TC2E S TCGC T CF S BE CF
TB _SinTEB_TC'_SinTFC

BE  sinBTE' CF  sin FTC’
Chiing minh tuong tu trén ta ¢6 TE la phan gidac ZBT A va T'F 1a phan giac ZCT A.

Theo dinh i sin, ta co6:

Khi nay ta can chiing minh
simnTEB  sinTFC =t sin AET _ sin AFT e ﬁ - E
sin BTE sin FTC sin ETA sinFTA AE AF

€3 CLB Toén Lim - OLYMPIC - @ 0789102019 Trang 3



& LIM EDU
}%‘q‘: Cau Inc B0 Todo Lim

(dting do AE = AF), ta can ching minh (DK J) tiép xtc v6i (GHI) tite 1a chitng minh:
/KJT — /HIT = /HTK <— /KJT —/HIT =/HTA+ /KTA
< 180° - 4LJKT — LJTK — ZHIT = ZHTA+ Z/KTA
<— /AKT - /KAT — /KTA=/HTA+ ZHIT

& 2ZAKT —180° =2LHIT <= ZAGT —W° =ZHIT = LHGT = ZHIT
(luon ding do JGHT la t gidc noi tiép). Vay (DK J) tiép xtc véi (GHI).

L
[ Baitodn 0.3. } (Lim Olympic - Thanh Ho TST - P3)

Mot diém 1uéi 1a mot diém (2;y) trén mat phing toa do sao cho z,y la cac s6 nguyén duong
khong vugt qua 20. Ta néi diém B = (2';%') nim vé phia Dong Béc clia diém A = (z;y) néu 2’ > z
va 3y > y. Ba diém luéi A, B, C dudgc goi la mot bo ba Dong Bac néu B nim vé phia Dong Béc
ctia A va C nim vé phia Dong Béic ctia B. Mot tap hop gom 20 diém luéi duge goi la Lam Son
néu moi duong thang di qua hai diém trong tap hgp déu khong song song véi cac truc toa do, dong
thoi tap hop chita it nhat mot bo ba Dong Béc.

@ ) Chitng minh ring trong mdi tap Lam Son ludn ton tai ba diém X,Y, Z sao cho

X¥2 > X722 4. ZV2 44,

(2) Héi c6 bao nhieu tap Lam Son?

@ Ldi giai.
(® Chon mot bo ba Dong Bac A, B, C cia tap hgp va viét
B — A = (u,v), C — B = (p,q).
Khi d6 u,v,p, ¢ déu 1a cac sd nguyén duong. Vi thé
AC? — AB* - BC? = (u+p)*+ (v+q)*> — (v +v®) — (0* + ¢*) = 2(up + vg) > 4.
@ Vi khong c6 duong thang qua hai diem nao song song v6i mot truc toa do nén cic hoanh do doi

mot khac nhau va cac tung do doi mot khac nhau. Vi tap hop c¢6 20 diém nén sau khi sip xép céc

diém theo hoanh do tang dan, tap hgp bao gom céc diém dang
P = (i,m), 1<1:<20,
trong d6 (71, ma,...,T20) la mot hodn vi cia (1,2,...,20).
Ba diém P;, Pj, P, v6ii < j < k tao thanh mot bo ba Dong Béc khi va chi khi m; < mj < Tk.

Ta c6 két qua sau vé s6 Catalan:

BS dé 0.1.
S6 hoan vi (m1,...,m) cta (1,2,...,n) sao cho khong ton tai ba chi sé i < j < k thod méan diéu
kién m; < m; < 7 ba G5
ien m; < m; < m bing ———C3,

Chatng minh. Goi C,, 1a s6 lugng hoan vi nhu trén ctia tap hop (1,2,...,n).

Trude hét, ta sé dua bai todn vé viec dém cdc hoan vi khong ton tai ba chi s6 i < j < k sao cho

7 < T < ;. Ta goi m; 1a mot LIM néu m; < 7; v6i moi j < i.

Xét mot hoan vi m khong ton tai ba chi s6 i < j < k sao cho m; < mj < mj. Ta c6 nhan xét rang céc

Trang 4 £ LIM Olympic - CLB 6n chuyén, HSG



Chuong 1. Chon DTQG Thanh Hoé 2026 — Ngay 1 ;58 l,‘l;\h‘lhl‘fp‘"l}

phan tit khong phai LIM phai xuat hién theo thit tu gidm dan.

That vay, gia sit ¢6 hai vi tri ¢ < j sao cho m;, 7; déu khong phai LIM va m; < m;. Vi 7m; khong phai
LIM nén ton tai h < i sao cho 7, < m;. Khi dé h < i< j vam, < m < 7j, vo ly.

Do d6, mot hoan vi khong ton tai ba chi s6 ¢ < j < k sao cho m; < mj < 7 duge xac dinh duy nhét
néu biét vi tri va gia tri ctia cdc LIM: cac sb con lai chi can dugce dién vao cac vi trf con tréng theo
thit tu gidm dan.

Bay gig, van gitt nguyén vi tri va gia tri cia cdc LIM. Ta di tit trai sang phéai qua cac vi tri con
trong; tai moi vi tri, néu m 1a LIM gan nhat & bén trai, ta dién s6 nhé nhat chua duge sit dung va
16n hon m.

Hoan vi thu dugce khong ton tai ba chi s6 i < j < k sao cho m; < m < mj. That vay, gid st
ton tai i < j < k sao cho m; < m < mj. Goi m la LIM gan nhat ding trude vi tri j. Khi d6
m < m; < m, < mj. Nhung tai thoi diém dién vao vi trf j, s6 m; van chua dude sit dung va 16n hon
m, trai véi cach chon 7; la s6 nhé nhat chua duge stt dung va 16n hon m.

Nguge lai, tit mot hoan vi khong ton tai ba chi s6 i < j < k sao cho m; < 7, < 7, ta gilt nguyén
cac LIM va dién cac s6 con lai theo thi ty gidm dan. Theo nhan xét trén, ta thu duge duy nhat
mot hoén vi khong ton tai ba chi s6 i < j < k sao cho m; < m; < .

Nhu vay, ton tai mot song anh gitta hai tap hoan vi trén. Do dé, ta chi can dém s6 hoan vi khong
ton tai ba chi s6 i < j < k sao cho m; < m < 7j, va van ky hiéu s6 lugng nay 1a C,,.

Xét mot hoan vi © = (my, w2, ..., 7,) thoa man diéu kién trén. Gia sit 7, = n. Khi d6, hoan vi duge
chia thanh hai phan:

¢ Phan bén trai L gom k — 1 phan tt ding trude n: (mwy, 72, ..., Tk_1)-

¢ Phan bén phai R gdm n — k phan ti ding sau n: (Tgt1,. .., 7).

T day ta suy ra dugc:

& Moi phan tit nim & bén trai n trong L bat buoc phai 16n hon moi phan tit ndm & bén phai n
trong R. That vay, néu ton tai l € L va r € R sao cho [ < r, thi do r < n, ta ¢6 ba phan tit
I,m,r xuat hién theo thit ty tit trai sang phai va théa man [ < r < n. Khi d6 ton tai ba chi s
i < j < ksao chom; < mp < mj, vo 1y. Do d6, tap hop cac gia tricta L1a {n—k+1,...,n—1},
con tap hgp cac gia tri cia R 1a {1,...,n — k}.

¢ C4 hai phan L va R ciing khong ton tai ba chi s6 i < j < k sao cho phan tit thit 7 nhé hon
phan tit thit & va phan tit thit & nhdé hon phan ti thit j.

Dé ¥ s6 cach chon phan bén trai L ¢6 do dai k — 1 1a Cr_1 va sb6 cach chon phan bén phéi R c¢6 do

n n—1
dain—k1a Cpy. Suyra Cp =Y Cp1Cng = Y CiCp1—i, va vi Co = 1 nén day la day Catalan
k=1 i=0
]‘ 2 X P .
hay C, = mCﬁ’n, bo dé duge ching minh. (]

1 P
Do d6, trong 20! hoéan vi ctua (1,2,...,20), c6 ding ﬁC’fg hoan vi khong tao ra bo ba Dong Bac.

5 1
Vay so tap hgp Lam Son 1a | 20! — ECZ{,’

£l CLB Todn Lim - OLYMPIC - 8 0789102019 Trang &
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[
( Baitoén 0.4. J (Lim Olympic - Thanh Hod TST - P4)
Xét cac da thic P(z),Q(x), R(x) véi he sé thuc c6 bac khong quéa 2027, dong thai théoa man hai
diéu kién sau:
& V6i moi z € R thi P(z) < Q(z) < R(z).

& C6 1013 s6 thyc phan bigt z1,x9, ..., 21013 thoa man P(x;) = R(z;) v6ii=1,2,...,1013.
@ Chitng minh ring néu ton tai s6 thuc zo khac tat ci cac sé x1,22,...,21013 vA théa man
P(z0) + R(zo) = 2Q(zp) thi P(z) + R(x) = 2Q(x) v6i moi z € R.
@ Gia st P(z),Q(x), R(z) doi mot phan bigt vd R(z) c6 bac 1é. Ton tai hay khong da thiic
Q(z) sao cho R(xz) — P(xz) chia hét cho Q(z)?

@ Lai giai.
Dat A(z) = Q(z) — P(z) va B(z) = R(z) — Q(z) thi A(z) > 0 va B(z) > 0 v6i moi z.
Tai mdi z; ta c6 A(z;) + B(zi) = R(zi) — P(z;) = 0 nén A(x;) = B(x;) = 0.
M&bi nghiém thite ctia mot da thitc khong am déu c6 boi chin nén néu A khong dong nhat biang 0 thi bac
ctia A it nhat 1a 2 - 1013 = 2026. Mit khac, bac ctia mot da thitc khong am khac 0 1a sé chin va khong
vugt qua 2027, nén bac cia A ding bang 2026, tuong tu véi B. Dat

1013

S(@) = [ (= — )
=1

Khi d6 ton tai cac hang sb «, 8 > 0 sao cho
A(z) = Q(z) - P(z) = aS(z),  B(z) = R(z) — Q) = BS(x).

@ Dé ¥ A(zo) = B(zo) nén aS(zo) = BS(z0). Vi zo # z; véi moi i, ta c6 S(xo) > 0.
Tit d6 suy ra a = 3, do d6 P(z) + R(z) = 2Q(x) v6i moi z € R.

@ Vi P,Q, R d6i mot phan biét nén «, 8 > 0. Gid stt @ 1a mot ude khac 0 cua

R—P=(a+p)S.

Khi d6 deg Q < 2026. Néu deg Q < 2026, tit R = Q + 3S suy ra deg R = 2026, trai v6i gid thiét bac
ctia R 1a 1&. Néu deg Q = 2026, vi Q chia hét (« + 8)S va hai vé ¢6 cuing bac nén Q = 7S véi mot
héng s6 v # 0. Khi d6 R = (v + 3)S, do d6 hoac R = 0, hodc deg R = 2026. C4 hai kha nang déu
trai véi gid thiét, tir d6 khong ton tai da thitc thod méan.

Trang 6 £ LIM Olympic - CLB én chuyén, HSG
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[
( Baitoan 0.5. ) (Lim Olympic - Thanh Hod TST - P5)

Cho n > 1 1a mot s6 nguyeén 18, ta viét n = 2°d + 1, trong d6 s > 1 va d la s6 nguyén duong 1é.

V6i mbi s6 nguyen a théa man ged(a,n) = 1, ta n6i a c6 lien hé véi n néu a? =1 (mod n) hoic

trong day a%,a®?, %, ... 4% "% c6 diing mot sé hang déng du véi —1 theo modulo n. Ching minh

rang n 1a sd nguyén t6 khi va chi khi v6i moi s6 nguyén a théa man ged(a,n) = 1 déu c6 lién hé
v6i n.

@ L giai.
Tru6e hét, gia sit n 1a s6 nguyén t6. Theo dinh 1y Fermat nhé, ta c6

a¥?=g"1=1 (modn).
Néu a? = 1 (mod n) thi xong, con néu khong, goi ¢ la sé nhé nhat trong {1,2,...,s} sao cho a?d =1
(mod n). Khi dé o =1 (mod n) 14 s6 duy nhat thod man do n € P, do d6 a c6 liéen hé vdi n.

Ngugc lai, gia sit n 1a hgp s6. Ta sé chiing minh ton tai a khong lién hé véi n.
& Néu n c6 it nhat hai u6c nguyén t6 phan bigt, viét n = p®m, trong d6 ptm va m > 1.
Theo CRT, ton tai s nguyén duong a sao cho
a=1 (mod p), a=-1 (modm).

Khi d6 ged(a,n) = 1. Vid 18, a® = —1 (mod m), nén a # 1 (mod n). Mt khac, moi s6 a2 ¢ déu
dong du v6i 1 modulo p®, nén khong sé nao trong ching c¢é thé dong du véi —1 modulo n.
Vay a khong c6 lién hé véi n.
& Néu n = p® véi p 1a s6 nguyén t6 16 vd a > 2. Chon a = 1+ p®~L.
Ta c6 ptdvidlaude ctia n — 1. Véi moi j > 0, khai trién nhi thitc cho
24 = 1 4 gt (mod p%).
Vé phai khong dong du véi 1 modulo p®, dong thai lai dong du véi 1 modulo p, nén ciing khong thé
dong du v6i —1 modulo p®. Do d6 a khong c6 lién hé vé6i n.

Trong cac trudng hop, n 1a hop s thi diéu kién ciia dé bai khong thé ding nén cé diéu phai chiing minh.

L
( Baitoan 0.6. ] (Lim Olympic - Thanh Hod TST - P6)

Tim s6 nguyén duong N nhd nhat sao cho ton tai 2026 s6 nguyén khong am lién tiép ma tong tat

cé cac chit s6 ctia chiing bang N.

@ Ldi giai.
Dau tién ta c¢6 bo dé sau:
B dé 0.1.

Vé6i moi s6 nguyén khong am a va moi s6 nguyén duong n, ta co
n—1 n—1
> Sla+i) =Y 83).
i=0 i=0

Chatng minh. V6i moi s6 nguyén khong am m, goi d,(m) 1a chit s6 ctia m tai hang 10". Khi d6

dy(m) = [%J — 10 [%J ;o Sm) =3 di(m).

r>0
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Ta sé chitng minh ring tai mdi hang thap phan, téng cac chit s6 clia doan a,a + 1,...,a +n — 1 khong
nho hon téng tuong tng cia doan 0,1,...,n — 1. C6 dinh » > 0, dit ¢ = 10" vA P = 10¢ = 10", Day
céc chit s6 tai hang 10" 1a mot day tuan hoan c¢6 chu ki P. Trong mot chu ki, day nay c¢6 dang

0,...,0,1,...,1,...,9,....9.
——— N — ———
q sb q s6 q 6
Ki hiéu mot chu ki trén béi co, c1,...,cp—1. Taco cog < ¢1 < --- < ep_q va tong clia mot chu ki 1a
B
C=> cj=q0+1+---+9)=45q.
=0

Viét n = kP +t, trong d6 k > 0 va 0 < t < P. Do day dang xét c¢6 chu ki P, bat ki kP s6 hang lién tiép
ndo ciing gom ding k chu ki day dii, nén c6 tong bing kC. Vi vay, khi xét mot doan gom n s6 hang lien
tiép, ta chi can so sanh tdng ctia t s6 hang con lai.
Néu ¢t = 0 thi tong tai hang 10" ctia moi doan gdm n s6 hang lién tiép déu bing kC, nén khing dinh hién
nhién dang. Xét ¢t > 0. Goi u 12 vi tri bat dau ctia t s6 hang con lai trong chu ki, véi 0 < u < P.
& Néu u +t < P, doan nay khong di qua chd chuyén tit 9 vé 0 va gom
Cuy Cyut-15 + + + 5y Cyt-t—1-

Do day cg,c1,...,cp—1 khong gidm, v6i moi 0 < j <t ta c6 cuqj > ¢;. Bi vay
Cu+Cu+1+"'+Cu+t_1 > & 61 + v i1
& Néu u+t > P, doan nay di qua chd chuyén tit 9 vé 0 va gdm
Cus Cyt1y-++3CP-1,C0,C1y -+ -y Cyutt—P—1-
Dat v = u +t — P. Phan bl ciia doan trén trong ca chu ki la
C’Uacv-f-la"')cu—l’
gom ding P —t s6 hang. Dou < Pnénv < t. Dé § véi moi 0 < j < P—t ta c6 cytj < cr4j. Suy ra
Gy + Cipr +oo+ Cy=1 S € FCpy1 + v 6p=1:
LAy tong ca chu ki trit hai vé, ta dugc
&y bigpr s Aricert e 200t er e oetieras

Nhu vay, trong ci hai truong hop, téng ctia ¢t s6 hang lién tiép bat ki trong chu ki déu khong nhd hon
tong clia t s6 hang dau tién. Do d6

Zd(a+z ZZ (3).
i=0

Bét ding thic nay ding véi moi r > 0. Chon R di16n dé a+n — 1 < 1071, Khi d6 tt ca cac chit s6 &
nhig hang cao hon 107 déu bing 0. Vi vay bé dé duge ching minh do

n—1 R n-1 R n-—-1 n—1
D Sa+i)=) ) de(a+i) =) Y dr(6) =) S3).
=0 r=0 =0 r=0 1=0 =0
O
Ap dung bd dé véi n = 2026, tong chit s6 clia bat ki 2026 s6 nguyén khong am lién tiép nao ciing khong nhé
2025 999 1999 2009 2019 2025
hon Y S(i) ZS @)+ Y. S@)+ Y. S@)+ Y. S@)+ Y S(i) = 13500+14500+65+75+39 =
=0 i=1000 i=2000 i=2010 i=2020

28179, vi thé ta suy ra dugce nén Ny, = 28179, va dau bang khi 1ay 2026 s ty nhién dau tién.
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