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Ham sb 1a mot trong nhitng khdi ni¢m co ban ctia toén hoc, va déng vai trd
trung tam trong chuong trinh Toan phd théng. Ham sd ciing 1a mét trong
nhimg nén tng ctia nhiéu linh vuc khéc nhau ciia toan hoc néi riéng va khoa
hoc néi chung. Nam duge nhimg vin & co ban vé ham sb va biét van dung né,
khéng nhimg gitp gidi quyét dwoc cic bai toan c6 nhidu rang bude phirc tap
ma con gbép phan quan trong d& rén luyén phim chit tr duy hé théng, sang tao
cho ngudi hoe. Qua @6 hinh thanh cho nguoi hoe néng lye xir 1y linh hoat, hiéu
qua céc tinh hudng ctia thyc tién doi sdng.

Trong cdc k¥ thi quan trong v& Todn tir cdp trung hoc phd thong (THPT) trd
lén & trong nude ciing nhur trén thé gii lu6n c6 mot ham lugng dang ké bai
todn vé Ham sb. Néi ridng & Viét Nam, trong c4c k¥ thi tuyén sinh vao dai hoc,
chon hoc sinh gioi tinh, thanh phé cip THPT thi phén 16n cic bai toan mang
tinh phan logi cao déu c6 thé dugc giai quyét bing phurong phap ham s6. Ngodi
nhfmg bai toan chi duge gidi quyét bing phuong phép ham sé, con nhidu bai
toan c6 nhimg cach giai khéc nhau trong d6 cach str dung ham sé nhin chung
la mach lac va “nhe nhang™ hon ca. -

Hién nay, thj trudong da c6 nhiéu sach tham khao vé Ham sé cho hoc sinh.
Tuy nhién chiing t6i hi vong ring, cubn séch “Phwong phdp ham sé trong
gidi Todn™ la mét tai ligu hiru ich cho hoc sinh, dic biét 1a nhitng hoc sinh
chudn bi thi vio dai hoc, thi hoc sinh gidi cac cip véi mong muén dat didm
cao. Ciing hi vong réing, cudn séch s& gop phén gitip cho céc thdy, ¢d gido dang
tryc tiép gidng day mén Toan thudn lgi hon trong céng viée ciia minh.

N§i dung ctia cudn séch duge trinh bay thanh ba chuong;

Chuong 1: Hé thdng phuong phap ham s6 trong phuong trinh va bét phuong trinh;
Chuong 2: Gii quyét céc bai toan hé phuong trinh; va phén trong tAm nhét 1a &
Chuong 3: Trinh bay vé nhitng dang todn tim gi4 tri 16n nhét, gi4 tr nho nhit
vi chimg minh bét ding thirc.

Trong timg myc ciia mdi chuong déu ¢6 phén vi du duoc dua ra tir co ban
dén phirc tap, phan bai tdp va phdn hudng dfn giai bai t3p ngay sau dé thugn
tién cho viéc tham khao. ‘ _

Cudn séch khéng tranh khéi nhimg khiém khuyét. Chiing t6i rat mong nhan
duoc y kién déng gbp ciia Quy doc gia dé cudn sach hoan thién hon trong lin
tai ban sau.

CAC TAC GIA



CHUONG 1
PHUONG TRINH VA BAT PHUONG TRINH

1 Phuong phap ham sb

Thong thuong khi cac phuong phép giai phuong trinh, bat phuong trinh
nhur: bién ddi tuong duong, dua vé phuong trinh tich, dit an phy, ... gap kho
khan, chiing ta ¢6 thé nghi dén sir dung phuong phép ham sé.

Ta xét bai toan sau
Bai toan 1. Giai phuong trinh f(x) =0, trong dé f(x) co tép xéc dinh D.

Pé van dung tinh don diéu cua ham s giai phuong trinh, ta thudmg sir
dung céc tinh chét sau day:

Trong cubn sach nay ching ta luén gia thiét K 14 mot khodng cia R.
- Néu ham s6 y = f(x) don diéu trén K thi phuong trinh f(x)=0 ¢6 khong
qua I nghiém trén K.
- Néu ham 56 y = f(x) c6 dao ham /'(x) lién tyc va thoa man 7'(x)=0 cb 1
nghiém trén K thi phuong trinh #(x) =0 c6 khéng qua 2 nghiém trén K. Tdng
quat: Néu f'(x) lién tuc va c¢6 » nghiém trén K thi phuong trinh f(x)=0 ¢6
khong qua n+1 nghié¢m trén K.
- Néu ham s y = f(x) ddng bién, ham y=g(x) nghich bién trén K thi
phuong trinh f(x) = g(x) ¢6 khéng qua 1 nghiém trén K.
-Néuham sd y = f(x) don diéu trén K thi phuong trinh

f)=f(V)=u=v véi u,ve k.

Bai todn ban déu c6 thé thuge cac dang sau
Dang 1. Phuong trinh f(x)=0, trong d6 ching ta c6 thé 1dp dugc bang bién
thién ciia ham y = f(x). Dang | ndy ¢6 céc trurdmg hop dac biét:
-Ham y = f(x) don di¢u trén khoang D.

. k
- Ham y = f(x) don di¢u trén moi khoang K, D,_\.{K_ =D va céc khoang
i=
K, r&i nhau.
- Phuong trinh f(x)=0< g(x) = A(x), trong d6 y=g(x) va y=h(x) la cac
ham don digu nguoe chiéu trén D.
M6t yéu cdu can thiét khi giai phuong trinh Dang 1 14 chung ta chi ra tinh don

diéu cia f(x) trén cac khoang K c D, r6i nhidm tim dugc nghlem cua
phuong trinh trén K (néu c¢6), sau dé sir dung céc tinh chét da trinh bay vé& ham



don digu dé két ludn do 1a tit ca cac nghiém cta phuong trinh da cho. Truong
hop phuong trinh khong ¢6 nghiém trén K thi dya vao gia trj cia f(x) trén K
de ket luan.
Dang 2. Phuong trinh f(x) =0 < F(g(x))= F(h(x)), trong d6 y=F(f) la
ham don di¢u trén K va g(x), #(x) thudc K véi moi x € D. Khi d6, ta cod
F(g(x))=F(h(x)) < g(x) = h(x).
Bai todn 2. Gii bit phuong trinh £ (x) > 0, trong d6 S(x) cbtép xdc dinh D.
(twong tu cho bat phuong trinh dang f(x) <0; f(x)20; f(x)<0).
Ching ta ciling xét 2 dang co ban sau:
Dang 1. Gia sir f(x) dbng bién (nghich bién) trén D va x,eD théa man
f(x)=0.Khid6é f(x)>0 f(x)> f(x,)
S x> xy(x <xp)
Dang 2. Bién dbi bat phuong trinh da cho vé dang F(g(x))> F (h(x)), trong
dé y = F(#) 12 ham dong bién (hoic nghich bién) trén K va g(x), A(x) thudc K
voi moi x € D, Khi d6, bat phuong trinh da cho twong duong véi
g(x)>h(x) (hodc g(x)<h(x)).
Sau ddy ching ta s& bit ddu xét cac vi du gidi phuong trinh va bét phuong trinh.
2 Phuong trinh va bat phuong trinh

Pé thuén loi cho viée doc tai liéu theo tudn tir vé kién thirc va thye hién cac k¥
nang tinh toan, diu tién chung ta trinh bay céc bai toan giai phuong trinh va
bat phuong trinh vé ty.

2.1 Phwong trinh v bat phwong trinh vo ty
Vi du 1. Giai phwong trinh V4x -1+ Vdx? —1=1.

. es .3 , 4x-120 1
Loi gigi. Dicéu kién: oS x>

4x* ~120 2’
Xét ham sb f(x):«/4x—l‘+\[4x2 —1 trén [% +oo}.

_2 &
Vax—1  \Jax? -1
ddng bién trén {é ; +ooJ.

Tacd f(x)=

: f(x)>0 voi moi x>%. Do d6 ham sé



Ma f[-%]ﬂ nén x=% I nghiém duy nhét ctia phuong trinh f£(x)=1.

Vay nghiém cua phuong trinh 1a x = %

Vi duy 2. Giai phuong trinh v/3x+1 ++/x +47x+2 =4,
1

. . X2—-—
Loi gigi. Didu kién: 3
x+J7x+22Q
Xétham s6 £(x)=v3x+1+x+7x+2 trén tap xac dinh.

7

[T —
Tacod f'(x)= 3 2Tx+2 >0, do d6 f(x) dong bién trén tap
2V3x+1 2x 4 7x+2

xdc dinh. o

Mat khéc f(1)=4, suy ra x =1 1a nghiém duy nhét cGa phuong trinh.
Viy nghiém ctia phuong trinh 14 x =1.

-2x<6.

5
V2x—1

Vi dy 3. Giai bét phuong trinh 3v3-2x +

Loi gidi. Diéu kién: %(x g%.

13

> —2x—6 trén (—; —].
22

Vv2x-1

3 5
\/3—2.1’ (2.1‘-'1)3

f(x) nghich bién trén (% %] Ta thdy f(1)=0 nén bét phuong trinh twong
duong vai f(x)< f() e x=1.

Xétham sé f(x)=3v3—2x +

Tacd f(x)= -2<0 voi moi xe(%;%} Do dé ham

Két hop diéu kién ta suy ra nghiém cta bat phuong trinh 1a 1 <x < %
Vi dy 4. Giai b4t phuong trinh Bx+1>(1-x)* + 2.
Loi gidi. Didu kién: x> —%.



Bit phuong trinh da cho tuong duong vai
Brx+l-(1-x}-220 (1)

Xéthamsé f(x)=v3x+1-(1-x) -2 trén doan [—%; +ao].

Taco f'(x)= +3(1-x)* >0 vdi moi xe(-é—; +m). Do d6 ham sb

3
243x +1
f(x) dbng bién trén [—%; + ao].

Miit khic, tathdy £(1)=0 nénsuyra (1)< f(x)20<> x> 1.

Viéy nghi¢m cua bat phuong trinh 1a x>1.

Trong nhiéu truomg hep ham s y = f(x) xac dinh trén D nhung ta chi chimg

16 duge f don diéu trén khoang K < D, dé van dung dugc tinh don diéu cua £

trong giai phuong trinh f(x) =c¢ (tuong {mg bét phuong trinh) ching ta c6 thé
‘nhédn xét x € K hodc phan chia cac truong hop xe K, x ¢ K.

Vi dy 5. Gidi phuong trinh (Vx+2 +Vx+6)(vV2x—1-3) =4,

Léi gidi. Diéu kién: x 2 %
D¢ phuong trinh c6 nghiém thi v2x—1-3>0 x> 5.
Khi d6 xét ham s6 £(x)=(Vx+2 +Vx+6)(v2x-1 ~3) trén (5; +<0).

e [ 1 1 Vx+2++/x+6 .
Ta c6 f(x)_[m”+2Jx+6](\/2x—1-3]+ 0w

moi x>5. Do d6 ham s6 f(x) déng bién trén (5; + ). Ta thdy £(7)=4, suy
ra phuong trinh ¢6 nghiém duy nhét x = 7. .

Vi du 6. Giai phuong trinh V3x? +13 = 4x — 3+ V3x* +6.

Léi gidi.

Néu xﬁ% thi 4x-3<0, dodo ¥'T > VP nén phuong trinh vo nghiém.

Néu x> % thi phuong trinh d4 cho tuong duong véi

V3x2 #1332 + 6 —4x+3=0.



Xétham s f(x)=V3x* +13 —3x> + 6 — 4x+3 véi x>%.

1 1 ' 3
Tacé f’(x)=3x[-—— }—4;f'(x)<0 voimoi x>=. Suyra
113 3246 4
ham f(x) dbng bién trén khoang [%, + m].
Mit khéc f(l) =0 dodé x=1 la nghiém duy nhét ciia phuong trinh f(x)=0.

Vi du 7. Giai phuong trinh JT 1=-x+4x+1.

Lei gidi. Diéu kién: x>1.

Phuong trinh dé cho tuong duong véi X —dxrx—1=1.
Xétham sé f(x)=x* —4x++/x -1 trén [1; + o).

1

2~JI—1'

Néu xz% thi 3x” >4 nén f(x)=3x> -4+

Tacd f'(x)=3x> -4+

! >0.
x—1

Z'JJ% >1 nén f‘(x)=3(x2-l)+[2 ;_1 -1J>o.
Suyra f'(x)>0 véimoi x>1. Dodé f(x) dong bién trén [1; + ).

Mit khéc, ta ¢6 f(2)=1 nén x=2 1a nghiém duy nhét cia phuong trinh
f0)=1.

Viay nghiém ctua phuong trinh la x=2.

Nhdn xét. Chiing ta c6 thé gial bing nhan lién hop nhu sau

Phuong trinh 4 cho twong duong voi x* —4x +(x—1-1)=0

x—2
-1+1

Néu l<x<% thi

<:>x(x2——4)+ =0¢:>(x-2)(x2+2x+

1
N +l]_
o x=2.
Vi dy 8. Giai phuong trinh 2v4x? — x+1+2x = 3325 - * +Jox? —4x + 4,
(Hoc sinh gioi Tinh Nghé An, 2007)
Léi gial. Phuong trinh xac dinh véi moi x € R.
Tathiy x =0 la mdt nghiém cua phuong trinh




Xét x>0, chia hai vé phuong trinh cho x va djt ¢ = 1 ta duge phuong trinh
X

24:2'—r+4+2=3{(27-—1+J4:2—4:+9. (1)
Dat u =21, khi d6 phuong trinh (1) trér thanh
Vib +15 +2=3u+Viu® 8 & 3u+Vu® +8-Vu* +15-2=0. (2)
Xétham s& f£(u)=3u+vu® +8 —u® +15-2 trén R.
Tathdy néu u <0 thi f(u)<0 nén ta chi cin xét u> 0.
1

m-—ﬁ]:ﬁ v6oi moi u > 0. Do dé_f(u)
la ham ddng bién trén (0; + o).

Ma f(1)=0 nén u =1 12 nghiém duy nhét cua (2).

Tir d6 ta tim duge x =1,

Xét x <0, lam tuong ty nhu trén ta c6 phuong trinh

Vb +8 ~3u—u +15+2=0 véi u<-1.
Xét ham s6 g(u)=u® +8 —3u—u® +15+2 véi u<-1.
1
Vi +8  Nub+15
Nén g(u)>g(-1)=2.
Véy x=0, x=1 1a nghiém cila phuong trinh di cho.

Khi d6 f'(u)=3+3us[

Tacd g'(u)=3u5( J—3<D véi moi u<—1.

1 1
Br7 ol

Phin tich va Ioi gidi. Nhin vao phuong trinh ta thiy ngay phuong trinh c6
dang F(g(x))=F(h(x)). Tk d6 ta c6 dinh huéng sir dyng chidu bién thién
ctia ham s dé giai phwong trinh nay.

Vi dy 9. Giai phuong trinh (5x-6)” -

. i 7
Piéu kién: x>§.

1 1
Phuong trinh d3 cho twong duong véi (Sx—ti)2 ——ﬁ_w =x? - .
(5x-6)—1 Vx-1
, 1 : .
Xéthamsd f(¢)=1> - v6i 1> 1. - |
£(2) T

10



1
Tacé f'(t)=2t+————; f'(¢)>0 v6i moi £>1. Suy ra f(¢) ddng bién
) 2(t-1)’

trén (1; +c0). Do d6 phuong trinh d4 cho tuong duong véi

f(Sx-—ﬁ):f(x) <:>5x—6=x<:>x=—;— (thdéa mén).

Viy phuong trinh ¢6 nghiém duy nhat x = %
Vi dy 10. Gidi phuong trinh x* +3x% + 4x+2 = (3x + 2)/3x + 1.
Lo gidi. Didu kién: 3x+12 0 x> -%.

Phuong trinh da cho tuong duong voi |
(x+1P + (x+ 1) =Gx+DV3x+1+/3x+1

@(x+1)3+(x+1)=(J3x+1]3+J3x+1. *)

Xéthamsd f(£)=r"+¢ trén R. Tacd f'(¢)=34* +1>0 v6imoi 1 €R. Do db
ham f(f) ddng bién trén R. Suy ra

(*}c::':of(x+l)=f(\/3x+l)<:>x+l=J3.t+1
x=0 '

x=1.

Vév nghiém cta phuong trinh ]a x=0, x=1.

Vi dy 11. Giai phuong trinh 8x° —36x +53x—25=3/3x 5.

Phén tich va 1oi gidi. Ta cin dua phuong trinh vé dang f(g(x)) = £ (h(x)),
trong d6 f(f)=mr’ + nt. D& ¥ riing hang tir Y3x—5 c6 bic thip nén tuong
tmg v&i nh(x) trong f(h(x)), do d6 n=1.

Ta x4c dinh g(x)= px+g. Khi d6 vé tréi cia phuong trinh sau khi bién ddi s&
1a m(px+q)® +(px+q). Xét hang tir bdc 3 ta duge mp’x’ =8x’. Nhu vdy

mp’ =8. Dén diy c6 hai trudng hop 6 thé xdy ra 13 m=1, p=2 hoic
m=8§, p=1.

Néu m=1, p=2 thi f(#)=¢ +t Do d6 phuong trinh da cho ¢6 dang
(2x+9) +(2x+q)=3x—5+33x-5
< 8% +12gx% + (6% —Dx+q+5=3x-5.

<:>x2—-x=0<:>|:

1



_ 12g =-36
Déng nhat hé sé ta duge {6g° ~1=53 <> g=-3.
g +q+5=-25
Viy trudng hcrp m=1, p=2 di c6 két qua nén ta khﬁng cén xét truomg hop
m=8, p=1.
Tir do ta c6 10i giai:
Phuong trinh d@ cho tuong duong vai

8x —36x" +54x-27+2x-3=3x-5+x-5 2)
& (2x-3Y +2x-3=3x-5+Bx -5,

Xétham s f(¢1)=1'+¢ rén R. Tacod (=32 +1>0 voi moi e R. Do dé
ham f£(r) dong bién trén R. Suy ra

@ f2x-3)=f(Vx- 5)er2x-3=3x-5
< 8x" - 36x +51x—22=0c:>(xm2)(8.rz—20x+11)=0

x=2

I IR EVE]
.

5443

Vay nghiém cua phuong trinh 14 x=2, x= —
Vi dy 12. Giai phuong trinh 4x* + x — (x +1)y2x +1 = 0.
(Tuyén sinh Cao Pdng, 2012)
Li gidi. Didu kién: x> —%—.
Phuong trinh twrong duong véi
(2x)’ +2x=(M)3+ 2x+1. )

Xéthamsd f(1)=r"+7 wén R. Taco f'(1)=32 +1; £(t)>0 v&imoi teR.
Suy raham £(¢) dong bién trén R. Do d6

)& F(2x)= f(V2x+1)<> 2x =2 +1
{21?20 1+.J§
x= g

4x? =2x+1 4

12



1445

Véy nghiém cta phuong trinh 1a x = 7

o dx+1-2 1
Vi dy 13. Giai phuong trinh ot~ =

\3)2x'+1 _3 x+2

(Hoc sinh gioi Tinh Nghé An, 2013)

x=z-1

Loi giai. Didu kién:
x#13

Phuong trinh da cho twong duong voi
(x+2“ﬂx+l—2):ﬂ2x+ -3
S (x+D)Vx+1+Vx+1=2x+1+3/2x+1. (D

Xét ham s6 f(t)=0 +1 voi teR. Tacd f'(r)=3"+1>0 véi moi reR.

Suy raham sé f(r) ddng bién trén R.

Khido (1) & f(Vx+1)=f(Y2x+1) o Jx+1=2x+1]

-

1 xz&l
>t xz—l 2 x=0
= 2 = 2 <4l x=0 = 1+45
(x+1) =(2x+1)’ (&' =5’ —x=0 145 T2
X =
2
Dbi chiéu diéu kién ta dugc nghiém ciia phuong trinh da cho 1a x=0 va
I+\/§
X = .
2

Vi du 14. Gii phuong trinh —2x° +10x> —17x +8 = 2x?35x — x2.
Loi gidi. Tathiy x =0 khong 13 nghiém ctia phuong trinh.
Véi x # 0 thi phuong trinh d3 cho tuong duong véi

10 17 8 5
—2+———+—=23{——1.
X xz x3 x2

bit ¢ = l khi d6 ¢ # 0 va phuong trinh trd thanh
x

24106178 + 88 =23/5¢% 1.

13



& 2012 +202t-1) =5 1+ 23572 -1 ‘ *
Xét ham s6 f(u)=u’+2u trén R. Ta cb f(u)=3u>+2; £'(u)>0 véi moi
ueR. Suy raham f(x) dong bién trén R. Do d6
()& F21-1)= f(ds: - ]¢2:-1= 511
S 2U-1P =518 -17*+6:=0
t=0 (ktm)

@1, 17497

16

Suyra x=

16
17497
' 16
Véy nghiém cnia ph trinhla x=———.
ay ghém pouong 171’\19_7

Nhgn xét. Ta c6 thé giai céch khac nhu sau
Dé Y ring (x - 2)* +5x - x* =—6x> +17x 8.

Dat a=m, b= x—2, khi d6 phuong trinh tré thanh
—2x2(x—2}—(—6x2+17x—8)=2x2m
& -2~ (a’ +5*)=2x%a
@ (a+b)(a* -ab+b”+2x7)=0.
Vi a® ~ab+b* >0 va 2x* 20 nén phuong trinh twong duong voi

. a+b=0
a=b=x=0,
Véia+b=0tasuyra 6x2—17x+8=0<:>x=”—i;2@.

Véi a=b=x=0 khdng thoa min.

Vdy nghiém cua phuong trinh [3 x =

17 +:J97
12

Vi dy 15. Giai phuong trinh 9x° —28x +21=+x~1.
Loi gidi. Didu kién: x >1.
Ta ¢6 phuong trinh dé cho tuong duong vai
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(Bx=5+@Bx-5)=(x—D+vx -1 (1)
Xétham s& f(t) =t +¢. Tacd f(¢) ddng bién trén [—%; + oo] va nghich bién

trén (—oo; — l:|
2

Néu x&% thi 3x-5 2—-;—. Do dé 3x—5 va Vx—1 cung thudc [—%;wn).

Suy ra: (1) <> f(3x—5) = f(J )a-3x 5=x-
| 3x—-520
« 2
GBx—5P =x-1
- Déy ring phuong trinh da cho ¢6 thé viét twrong duong thanh
(4-3xY +4-3x=x-1+Jx—1. | (2)

Néu le<—;- thi 4—-3x>—%. Do do

(2)<::>f(4—-3x]=f(Jx—l)¢|»4—3x=Jx-—1

EHx=2.

4-3x20 _

> 2 @x=-25 JI_S
(4-3x)2=x-1 18
25-J13

Véy nghi¢m cta phuong trinh la x=2, x=

18
Nkﬁn xét. 1. Do tinh chéat cta ham bac hai, chi dﬁng bién trén “mot nira” truc
s& nén ta phai chia xét hai trudmg hop cia bién x nhu trén.

2. Ching ta c6 thé dit Vx—1=3y-5 dé dua v& hé d6i ximg loai I1.
Vi du 16. Giai phuong trinh 3.11'(2+\f9x2 +3)+(4x+2)(\!1+x+ x’ +1)=O.

Léi gidgi. Ta co6 phuong trinh dd cho twong duong véi

(4x+2)(\fl+x+x2+1)=—3x(2+\/9xz +3)
<:>(2x+1)(\f4+4x+4x2+2)=—3x(2+\!9x2+3)
<:>(2x+1)[,/(2x+1)2+3 +2)=(-3x)(./(—3x)2+3+2). o

15



Xéthamso f(£)y=t|{vt“+3+2| véireR.
£ J‘_

2

Taco f'(f)=2+ V12 +3+ ; /(1) >0 véi moi xeR. Do d6 ham £(1)

t*+3
ddng bién trén R. Suyra
(1)<:>f(2x+1)=f(—3x)<:>2x+1=—3xc::>x=—é.

Véy nghiém cua phuong trinh 1a x=— % .

Nhin xét. Ta c6 cach giai khac nhu sau
Phuong trinh da cho tuong duong véi

(x+ 1)(m+ 2) - (—3x)(m+2). @)
Néu x> 0 hodc x<—% thi hai vé cua phuong trinh (2) tréi ddu, do do v6 nghiém.
Néu xe[—%; é) thi 3x <-2x-1<0 nén (3x)’ > (2x +1)%.
Suy ra VT(2) <VP(2).
ﬁéu Xe€ [%, 0] thi tuong ty ta cling ¢6 (2) v6 nghiém.
Néu x= —% thi phurong trinh nghi¢m ding.

Vay nghiém ciia phuong trinh 1a x = —%.
Vidu 17. Giai bat phuong trinh
's/x2 —2x+3—Jx2 —6x+11>43-x —x—1.

Lai gid.
'x2—2x+320
2‘_
Pidu kign: (¥ 0¥ +1120 ) o3 (1)
3-x20
x—120

Ta ¢6 bat phuong trinh da cho tuong duong véi

16



Vx? =2x+3+Vx—1>yYx* —6x+11+3—x
o Jx -1 +2 +Jx -1 >\/m+\"3_x

Xétham s& £(£)= 1> + 2+t véi t>0.

1 1
Taco f'(t)= + s () >0 vaimoi 2> 0.

Do d6 ham s& f(z) ddng bién trén [0; + o).
Mit khac x—1 va 3-x déu thudc [0; + ). Suy ra
)= f(x-D>fB-x)=>x-1>3-xx>2.

(2)

Déi chiéu v6i didu kién (1), ta c6 nghiém ciia bét phirong trinh 13 2 < x <3.

Vi du 18. Giai phuong trinh

\/x+1-+-\}x2+x+1 —\[2x+\/4x2—2x+1 =x-1.
- x+1+yx’ +x+120
2x +Vax® —2x+120.

Phuong trinh da cho tuong duong voi

x+1+\/x+]+\/(x+l)2—(x+l)+l=2x+\/2x+\/(2x)2—2x+l
Xét ham & £(1)=¢+ i+ Ve —t+1 trén tap xdc dinh.
2 '
(”‘” ‘”1) I (e Rty

2\/r r —t+1 4\[r Jz —r+1~./: —r+1
Déwjrﬁmg

N =t +1+2t—1=Va42 — 4+ 4 +2¢ -1

Léi gidi. Diéu kién:

Taco f'(¢)=1+

=@ =17 +3 420152t -1+ 2t -120.

(1)

Suy ra £'(x)>0 voi moi x thude tap xéc dinh. Do dé ham sd ddng bién trén

18p xéc dinh.

Khi 6 (1)< f(x +1) = f(2x) < x+1=2x < x =1, thoa min diéu kién,

Vay nghiém cua phuong trinh la x =1.
Vi du 19. Giai phuong trinh ¥x+2 +/3-x=x" = x+1.
Loi gidgi. Diéu kién: ~2<x <3.

': H'!J"ji i Ilv "Lt:‘il“l‘ 1_;.{1!%

'._._ —————

SPVL A /4
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Shuong trinh d3 cho tuong dwong véi Vx+2 +V3—x —x2 +x—1=0.
Xéthamsb f(x)=vx+2 ++3—x —x> +x~1 trén doan [-2; 3]
Ta co

1 1 1 1
J(x)= - —2x+1; f(x)=— - -
Wx+2 2M3-x Wx+2P  4JB-x)

v6i moi x€(=2;3). Do d6 phuong trinh f'(x)=0 c6 téi da 1 nghiém, nén
phuong trinh f(x)=0 c6 khong qué 2 nghiém.
Mit khéc, ta thdy x =2, x=—1 13 nghiém ciia phuong trinh f(x) = 0.
Véy nghiém cta phurong trinh 13 x =2, x=-1.
Nhin xét. 1. Ta c6 thé gidi bing cach nhan lién hop nhu sau
Phuong trinh da cho trong duong voi
(Vx+2-2)+(V3=x-1)-(x*-x-2)=0
- x-2 N 2—x
Vx+2+2 3-x+1
x=2=0
= 1
Jx+2+42 Box+l
1
Jx+2+2 3-x+l

2<0

—(x=2)(x+1)=0

~(x+1)=0. 0

=x+1

Xét phuong trinh (1), ta ¢ (1) <>

V3-x-Jx+2-1
(M+2)(M+l)

Ta nhén thdy x =1 1a nghiém cua (2).

Néu -2 <x <1 thi ¥T(2)>0> ¥P(2), nén phuong trinh (2) v nghiém.

Néu ~1<x<3 thi ¥7(2) <0 <¥P(2), nén phuong trinh (2) v6 nghiém.
Vﬁyphuongtrlnhdz"fchocénghjém x=2,x=-1.

2. Ta ¢6 thé chimg minh phuong trinh (1) c¢é nghiém duy nhét x=-1 bing

céch xét ham sd g(x)=¢x+12+2—J3_x+1-(x+1) trén [——2;3].

Ta c6 g(x) nghich bién trén [-2;3] va g(~1)=0 nén phuong irinh (1) ¢6
nghiém duy nhét x = —1.

< =x+1. (2)

18



Tiép theo ta xét mét s6 vi du véi céch giai turong ty, tirc 1a diu tién ta “nhim”
1 nghiém rdi ding nhén lién hop, sau d6 sir dung dao ham dé tim nghiém con
lai néu co. _

Vi dy 20. Giai phuong trinh x° —3x+1= v8 — 3x2.

Léi gidgi. Didu kién: 8 —3x* > 0.
Khi d6 phuong trinh da cho tuong duong véi

X =3x+1-(2-2)+(2-x)-v8—3x? =0
4(x2—x—1) .
(2-x)+V8-3x

Pox-1)[x+1 ! =0. 1
(- )[H +(z-x)+J3—3x2J o

4

Ta chimg minh phuong trinh x +1+
TN

vo nghi¢ém.

Xéthamsd f(x)=2-x+8-3x> véi xe{—g; \/g]

()= —]— X ey __/g, _[2)_6+4Ve

e Sl= gag ] V=0 x= B’f{ 3]_ 3
8) ., 8 B, 8 6+46
f{ §J~2 3>0,f[ 3]--2+ 3>0.Suyral)<f(x)s 3

1 8 1
Do do x+l+———21—\F+———>0. Nén phuong trinh (2) v6 nghié
) 3 erade phuong (2) v6 nghigm.

<:::f(x+1)(x2 -—x—l)+

0 (2)

3
Tir d6 suy ra phuong trinh (1)<:>x2—x—1=0¢x=1—i-§§.

Viy nghi¢m cilia phuong trinh 13 x = 112\5 :

Vi dy 21. Giai bit phuong trinh vx+2 +x* = x—2 <3x— 2.
Lévi gidi. Didu kién: xé%.
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Khi d6 bat phuong trinh da cho tuong duong v6i
(Vx+2-VBx=2)+(x* -x-2)<0

2(2-x)
Vx+2+v3x-2

¢:>(x—~2)(

+(x-2)x+1)=<0

_2 E
+x+41(<0 1
Vx+2++3x-2 ] o

2 )
Xét ham s £(x) = 1 véi x2 2,
IO = ey tr v X2y

1 3

Ta cof'(x) 1+ Vx+2 J3x Z2_50 véi moi x>~2~ Do d6 ham f(x)
(Jx+2+\f3x 2) 3

dbng bién trén E;m) Suy ra f(x)af[ J‘%‘\E’“ v6i moi xZ%.
Suy ra bit phuong trinh (1) <> x-2<0< x<2.

Kéthqp.diéu kign, ta c6 nghiém cia bat phuong trinh 1a %s x<2.

Vi dy 22. Cho cic sb thuc a, b, ¢ thoa a>b>c>0 Chimg minh phuong

trinh sau ¢6 nghiém duy nhit vx—a —Jx— +J}_c

(Hoc sinh gioi Tinh Ha Tinh, 2009)

Léi gigi. Diéu kién: x>a.
Phuong trinh dé cho tuong duong‘ voi
b-a . a-b
Jx—_a+~fx—b Vx—c

@Jx—a +Jx_b ~1=0.
X—c X—C

Xét ham s6 f(x)=JI_a +J"‘b ~1 véi x2>a.
X—c X—=C

=0 JVx—a+vJx—b-Jx-c=0

Tacé f(x) laham ddng bién va f(a)= azb -1<0, lim f(x)=1>0. Suy
a—c X+
ra phuong trinh f(x) =0 ¢6 duy nhét nghi¢m, didu phai chimg minh.
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Tiép theo chiing ta trinh bay cic vi du giai phuong trinh va bzfit phuong trinh
mil — logarit. Céc dinh huong sur dung tinh don digu cua ham s clng tuong tyr
nhur gidi cdc phuong trinh va bat phuong trinh vo ty.

2.2 Phwong trinh va bat phwong trinh mii — logarit

3
e

Vi du 1. Giai phuong trinh log, (JE + %] +2 =2,

-----

Pit £ =+/x, khi d6 >0 va phuong trinh trd thanh

3 I
log, HE +2  4-2=0. (D

. 3
-

Xét ham sb f(r)zlogz[ugju' 42 véi t>0.

L
[r+-3—).ln2
2

ham s§ f(¢) dong bién trén [0; + ).

2, 3
Tacod f'(t)= +(2t +1)2 I 4In2; £'(t)>0 vdimoi +20. Suyra
1 .
Mit khac va f[E} =0 nén phuong trinh /() =0 c6 nghi€ém duy nhat rzé.
Suy ra x--l
y i

Ix-x"-1
Vi du 2. Giai phuong trinh log;, (\J'x2 -3x+2+ 2)+ [EJ =2.

Loi gidgi. Pidu kién: x> -3x+2>0 <

x2>2

Pat t=vx> —3x+2, khi 46 1>0, 3x—x*—1=1—¢* va phuong trinh da cho
trdr thanh

2

1-¢
1og3(:+2)+[%} =2. (1)

-
Xét ham s& £(¢) = log, (¢ +2) + [%] trén [0; + ).
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1 | T .
Ta ¢6 f(1) = ” 2)m3+52‘5 In3; £'(t)>0 v6i moi 1>0. Suy ra ham sb ‘

f(z) ddng bién trén [0; + ).
Mac khée, f(1)=2 nén ¢=1 la nghi¢ém duy nhét ciia (1). Suy ra

V¥l -3x+2=1x* 3x+1=0<x= 3:1-2\/5_)‘
3445
5

Viy nghi¢m cia phuong trinh 13 x =

Vi dy 3. Giai phurong trinh 3* (sz 1 —x) -1
(Hoc sinh gioi Tinh Nghé An, 2009)
L gidi. Xét ham sb f(x) = 3* [Jf 11 —-x)-—l trén R.

Tacé f'(x)=3’1n3(m;x)+3*[
(J—— )[inS—

)

_<1<In3 nén S'(x)>0 v&i moi xeR. Do db

Vi Val+l-x>0va

x%+1
ham s§ f(x) ddng bién trén R. Mit khéc £(0)=0 nén x=0 1a nghiém duy
nhét cia phuong trinh.
Viy nghiém cla phuong trinh 13 x =0.

Vi dy 4. Giai phuong trinh log, (1+ V) =log; x.
Ldi gidgi. Didu kién: x> 0.

T++x =2

Dit r=log, x, khidé ¢= logz(l-h/_) vatacé{

Tir do suy ra
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f ! '

R& rang ham s6 £(¢) = [%] + [—?] 14 ham nghich bién trén R. ma f(2)=1
nén ¢ =2 1a nghi¢m duy nhét cia phuong trinh 7(¢)=1. Suyra x =9,

Nhgn xét. O day ching ta dd dua mot phuong trinh logarit véi cac logarit c6
co s khdng biéu dién qua nhau duéi dang liy thira nguyén. Ta tam goi ddy la
k¥ thugt md héa phuong trinh logarit. Viéc lam nay c6 thé xem 13 nguoc lai
vai k¥ thuat logarit héa dé giai cac phuong trinh mil véi céc co sé khong biéu
dién duge qua nhau dudi dang Iy thira nguyén da dugc trinh bay trong Sach
gido khoa Giai tich 12.

x+1

Vi dy 5. Gidi phuong trinh (x—1)log; x = -

Léi gidi. Didu kién: x> 0.

R& rang x =1 khong la nghiém ctia phwong trinh.

Véi x #1, ta co phuong trinh twong duong vai

3 x+1 =0
2(x—1)

log. x — x+1
Es 2(x-1)

x+1
2(x-1)
1 3
+
xIn3  4(x-1)
Suy ra ham f(x) ddng bién trén mdi khoang (0; 1) va (I; + ).

Bang bién thién

< log, x

Xétham sd f(x)=log, x —

trén tép xéc dinh.

Taco [i(x)=

73 S'(x) >0 véimoi 0<x#1.

x |0 1 +a0
fS(x) o+ +
' +a0 +00
f(x) / /
—0 —0

Dya vao bang bién thién ta suy ra phuong trinh f(x)=0 c6 ding 2 nghiém.
Miit khac, ta thdy x=3 va x= % 12 nghiém cta phuong trinh. Viy nghiém ciia

phuong trinh 1a x =3 va x=%.
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Nhén xét. 1. Viéc chuyén phuong trinh vé xét ham f(x) véi ham logarit va
A = p A 3 » ¢ *n 1 A

ham phan thirc dc 14p 1a rat tu nhién. Nhung rat dé bo sét nghiém x = 3 néu

voi vang két ludn ham f(x) ddng bién trén tip xéc dinh va phuong trinh

F(x)=0 c6 tdi da | nghiém.

2. Chung ta ciing ¢6 céach giai khdc nhu sau

Phuong trinh da cho tuong duong véi

(x-1)log, x ‘f;l 0.

Xét ham sb g(x)z{x—l)logsx—ig—l voi x > 0.

1 . ;
s—+——>0 v6i moi x>0,
x“In3 xIn3

Suy ra g'(x) ddng bién trén (0: +20). Vi lim g(x) =+, lin(']l g(x)=—w nén
e x—»0"

r—1
Ta c6 g'(x)=3—+log1x—l: g'(x)=
xIn3 T 2

phuong trinh g'(x)=0 cé nghiém duy nhét trén (0: + ). Suy ra phuong trinh
J(x)=0 c6 i da 2 nghiém trén (0; + ).

Mit khéc, ta thdy x=3 va x= ; la nghiém cua phuong trinh. Vay nghiém cua
phuong trinh 1a x=3 va x= %

Vi du 6. Gidi phuong trinh 3*.2x =3" + 2x +1.

Loi gidi, Ro rang x = —% khong 1a nghi¢ém cua phuong trinh.

Vol x# —%. phuong trinh da cho tuong duong véi

2x +1 . 2x+1
—— 3 —- =
2x -1 2x -1

2x+1 . 1
- i vol x # —

0.

Fx-)=2x+13" =

Xét ham sd f(x)=3"

x_
laco f(x)=3"In3+ ———— ['(x)>0 v&i moi x # —i. Do d6 ham f(x)
(2x-1) 2
; i A E . 1y ( 1
dong bién trén moi khoang | —o; — 3 va ‘\_;; +0 |.

s
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Suy ra bang bién thién

X | ~®© _':Ii _ +00
J'(x) M +
+00 +00
foo| — /

Dya vao bang bién thién ta suy ra phuong trinh f(x)=0 c6 ding 2 nghiém.
Mit khéc, tacd x=-1 va x=1 la 2 nghiém cua phuong trinh.
Véy nghiém cia phuong trinh 1a x =-1, x=1.

1

Vi dy 7. Giai bt phuong trinh 2%~ +[%)’“g"” z%.

Loi gidi. Diéu kién: 0<x#1.
I
Dit ¢ = log, x, khi d6 bat phuong trinh trd thanh 2 +2 ¢ > %

I
Xétham s f(1)=2"+2 7 véi t 0.
i

27 . . .
Tacd f'(t)= 2‘+’—2 In2>0 v&i moi £# 0. Do d6 ham s6 f(¢) dong bién

trén méi khodng (—o0; 0) va (0; + ).
Mit khéc ta thdy f(—l)zf(l):g. Suy ra bét phuong trinh f(t)k% turong

-1<t<0

duong voi
evii| ¥

Tirdo suy ra —%Sxd hodc x> 3.

Vi du 8. Giai phuong trinh 3" +2.4" =19x + 3.

-----

Xétham s f(x)=3"+2.4"-19x-3 trén R.
Tacd f'(x)=3"In3+2.4"In4-19; f"(x)=3"(In3)* +2.4°(In4)* >0
voimol xeR.
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Suy ra f'(x) dbng bién trén R. Do d6 phuong trinh f'(x)=0 c6 ti da 1
nghiém. Diéu d6 dén dén phuong trinh £ (x)=0 c6 téi da 2 nghi¢m.
Mit khac £(0)=1(2)=0 nén suy ra phuong trinh cé 2 nghiém x=0, x=2.
1
Vi du 9. Giai phuong trinh 3* +9% =12,
Loi gigi. Didu kién: x#0.

'R0 rang phuong trinh khong ¢6 nghiém x <0 nén ta chi giai véi x> 0.
1
Xétham f(x)=3"+9* —12 trén (0;+rao).

_ |
Ta ¢6 f(x)=3"In 3-i911n9 £(x)=3"(In3) t 9"(1n9) += 9rln9

2
fU(x)>0 véi moi x>0 Suy ra f'(x) dong bxen trén (0; +w), do d6

phuong trinh F'(x)=0 c¢6 t6i da I nghiém. Didu d6 dsn dén phuong trinh
J(x) =0 cb khong qua 2 nghiém.

Mit khac ta thdy x=1 va x=2 la nghiém ctia phuong trinh. Viy nghiém ctia
phuong trinh 13 x=1 va x=2.

Vi dy 10. Gii phuong trinh (1+ x)(2 +4*)= 3.4%,
Lai gidi. Tir phuong trinh ta suy ra x> —1.
Phuong trinh d cho tuong duong véi (1+x)(2+ 4*) ~3.4% =0,
Xéthamsd f(x)=(1+x)(2 +47)=3.4" trén (-1; +oo).
Tacéd
S @) =(x-2)4"In4+4" +2; £"(x)=(x-4)(In4)> +2.4°In4;
S(x) = (x-2)4"(In4)’ + 3.4 (In4)*;
3

f'"(x)=0<:>x=2——§-—>l. bat xy=2--—. Khi d6 ta ¢c6 f"(x) nghich
In4 In4

bién trén (~1; x,), ddng bién trén (x,; +0) va £7(=1) <0, lim f"(x)= 4o,
Kbt

nén phuong trinh f"(x)=0 c¢é nghiém duy nhat trén (-1 + ). Do d6
phuong trinh f(x)=0 ¢6 téi da 2 nghiém. Suy ra phuong trinh f(x)=0 ¢6
khong qua 3 nghiém trén (-1; + ).

Mit khéc, ta thdy c6 3 gia tri théa man phutmg trinh  f(x)=0 1a

x=0, .Ir-l x=1.
2’
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Vay nghiém cta phuong trinh 1a x =0, x=-12-, x=1.

Nhan xét. Chung ta c6 cach giai khac nhu sau

x X
Phuong trinh da cho tuong duong voi x+1= 34 3= 34 -x-1=0. (1)
2+4%  2+4F

X

-x-1

Xét ham sé g(x) = 5

41'
Tacd

L 3474 +2)In4-3.4*4"In4d
g'x)= x 2 ~1= X 2 x 2

(4% +2) (4% +2) (4% +2)

g'(x)=06.4%Ind— (4" +2)* =0. ' (2)
Dt 1=4%, khi d6 phuong trinh (2) tr& thanh 6¢In4— (¢ +2)* =0. Phuong
trinh ndy bic 2 dbi véi ¢, do d6 ¢6 khong qua 2 nghiém . Suy ra phuong trinh
(2) ¢6 khong qué 2 nghiém x, hay phuong trinh g'(x)=0 c6 khong qua 2
nghiém. Didu d6 dan dén phuong trinh g(x) =0 ¢6 tdi da 3 nghiém.

6.4 In4 (84 Ind-(@" +2)"

Mit khc, ta théy ¢6 3 gi trj thda man phuong trinh g(x)=0 1a x =0, x=%, x=1

nén nghiém clia phuong trinh 14 x =0, x=%, x=1,

Vi du 11. Giai phuong trinh 6* +1=8*—27",
Léi giai. Phuong trinh dé cho tuong duong véi

1+(=27) +(31) -3(-27)(37") = 0.
Chiing ta lién tudng dén hing ding thirc
a+b + ¢ -3abc=(a+b+ c)(cz2 +b% +¢? —ab—bc—ca].
Néudit a=1, b=-2%,¢=3"" thi a#b va phuong trinh c6 dang
a+b*+¢’ —3abe =0,
nén twong duong véi a+b+c=0, hay 1-2* +31 =0,
Xétham s f(x)=1-2"+3"" trén R.
Tacd f(x)=-2"In2+3""In3;

f'(x}=0¢>211n2=3x—]1n3@(§] In3 oo In3
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Suy ra phuong trinh f(x) =0 c6 khong qua 2 nghiém.
Mat khéc, ta thly x=1, x=2 la nghiém cua phuong trinh, nén d6 1a tit ca cic
nghiém cta phuong trinh.
Viy nghiém cua phuong trinh Ia x=1, x=2.
ez A
Vi du 12. Giai bat phuong trinh 2 —xtl >0.
log, (|x|-3)
Loi gigi. Xétham sb f(x)=2"*—x+1 trén R.
Tacod f'(x)==2"In2-1; /' (x)<0 véi moi xeR. Do d6 ham f(x) nghich
biéntrén R. Ma f(3)=0, nén f(x)>0<>x<3 va f(x)<0<>x23. (¥

| {f(x)zﬁ
2" —x+1

log, (/x| -3)>0
Tac) —F——20&
log, (‘x‘ - 3) f(x)<0
log, (|x[-3)<0

()

(1)

Két hop vdi (*), ta suy ra
x<3
x<3 x<3
(=4, o Dilx>4 Ox<—4,
|x|>4
x<—4
x23 x>3
(< & &> 3<x<4,
0<|x]-3<1 " |3<[x<4
Viy nghiém ctia bat phuong trinh la x < —4, 3<x <4.
Vi dy 13. Giai phuong trinh 27 - 27 % = (x —1)?,
Loi giai. Phuong trinh da cho tuong duong véi
2 px—1=2" T hx? - (1)
Xétham s f(t)=2"+1 trén R.
Tacod f'(1)=1n2.2° +1>0 v6i moi € R. Do d6 ham s6 ddng bién trén R.
Suy ra (1)«:::»]”(Jc—l)=f(x2 ~x) Sx-l=x-xox=1.
Viy x=1 la nghiém cua phuong trinh.

Vi du 14. Giai phuong trinh cosx.[EJ = sin x[%] .
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- 5o

Léi gidi. RS rang sinx =0 ho#ic cosx =0 khong thoa man phuong trinh.
Vi sin x.cosx # 0, phuong trinh dd cho tuong duong vai

B 6T

=l )
Sinx COSXx
)
Xét ham sb f(r)=——2r— véi re(-1;1). Taco
(w3 ()
0= 3 2/ - 5 <0 véi moi re(-1;1). Do do

t t
ham f(r) nghich bién trén (~1;1). Suy ra

(e f(sinx]=f(cosx)<:>sinxzcosxﬁx=%+k;r, keR,
Viy nghiém cuia phuong trinh 1a x = % +kx, keR.
Vi du 15. Giai phuong trinh sin2x —cosx =1+ log, sinx trén [0; %]

Loi giai. Do xe [0; g} nén 0<sinx, cosx <1. Suy ra phuong trinh dé cho

tuong duong voi log, cosx + sin 2x —cosx =1+ log, sin x + log, cos x
<> log, cos x —cos x = log, sin 2x —sin 2x. (1)
Xétham sb f(r)=log,t -t véi re(0;1].

Taco f(t)= ~1>0 véi moi 7€(0;1]. Do d6 ham f(¢) ddng bién trén

tIn
(0;1]. Suy ra

. . 1
(1) < f(cosx)= f(sin2x) <> cosx =sin2x <> sinx = P X =—§
Viay nghiém cta phuong trinh 14 x = T

Vi du 16. Giai phuong trinh 7° ' = 6log, (6x — 5) + 1.

Loi gigi. Diukién: 6x—5>0¢> x>
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Dit y —1=1log,(6x—5), khido 7' =6x—5 va do d6 ta cé hé phuong trinh
77 =6x-5

{7“‘ =6(y—1)+1.
Suyra 7' =7 =6y —6x > 7 +6x=7""+ 6. 1))
Xéthamsé f(£)=7"+6¢ trén R.
Ta¢d f(t)=7"In7+6>0 voi moi eR. Do dé f(¢) ddng bién trén R.
Suyra () f(x)=f(y)=>x=p.
Do d6 x=log,(6x-5)+1e 7" =6x-5c 77" - 6x+5=0. (2)
Xétham s6 g(x)=7""—6x+5 trén R.

Ta ¢6 g'(x)=7""In7-6; g'(x)=0<:>x=1+log-,rn§-i. Suy ra phuong trinh
g(x)=0 ¢é khdng qua 2 nghiém.
Mt khac ta thdy x =1, x =2 14 nghiém cta (2).

Vdéy nghi¢m cia phuong trinh 14 x=1, x = 2.
X +x+3
22x? +4x+5 :
Léi gidi. Dé y ring 2x* +4x+5—(x2+x+3)=7x2+3x+2 nén phuong trinh

¥
da cho twong duong véi
log, (x +x +3)+(x? +x+3)=log, (24 +4x+5)+(2x2 +4x+5). (1)
Xétham sb f(t)=log,t+1 véi t > 0.

Vi dy 17. Giai phuong trinh log =x% +3x+2.

Ta cb f‘(r):;—éﬂ;f'(rpo véi moi £>0. Do d6 ham f(¢) ddng bién trén
(0; +o0). Suy ra

< f(x +x+3]=f(2xz+4x+5)<:>xz +x+3=2x" +4x+5

[x=—l
=Y

x=-2.
Viy nghiém cia phuong trinh 14 x=-1, x=-2.
Vi dy 18. Giai phuong trinh logz—-z-'—-‘—l-=1+x-—2“.
x
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-1 x#=0
Loi gidi. Diéu klén >0 < x>0.
le 2 -1>0
Khi d6 phuong trinh da cho tuong duong véi
logz(f—1)—10g2x=1+x-2’¢:>logz(2‘~1)+2‘—1=1Dgzx+x. (1)

Xétham s f(t)=log, ¢+t véi t > 0.

Tacod f'(r) =ﬁ +1; £'(t)>0 voimoi t>0. Do d6 ham f(t) dong bién trén
i

(0; +). Suyra (1)<:>f(2"—1)=f(x)e:2”—l=xc>2‘—x—1=0.
Xét ham s6 g(x)=2" —x—1 v&i x> 0.
Ta co g'(x)zZ”an—l;g'(x)=0¢:rx=lug2-l-n!-5. Suy ra phuong trinh

2(x)=0 ¢ khong qua 2 nghiém.

Mit khac, ta thy x=0, x=1 1a nghiém cua g(x)=0. Ddi chiéu diéu kién
x >0 ta cd nghiém cua phuong trinh la x=1.

Vi du 19. Gidi phuong trinh 3% =1+ x + log, (1+ 2x).

Léi giai. Didu kién: l+2x>0c>x>—%.
Phuong trinh di cho tuong ducmg voi 3+ x =1+ 2x +log;(1+ 2x)
< 3" +log, 3" = (1+2x) + log, (1 + 2x). _ (1)

Xétham sd f(t) =1 +log ¢ v6i ¢ >0,
Ta c6 f'(r):ﬁﬂ; S'(®)>0 véimoi £ >0. Do dé ham /() dong bién trén
(0; +). Suyra

(l)c:>f(3“)-—-_-f(l+2x)<:>3‘=1+2x¢>3‘—2x—1=0. )
Xét ham sé g(x)=3"—2x-1 trén R.
Ta ¢6 g'(x)=3’ln3—2'g‘(x)=0@x=log3mi
2(x)=0 c6 t6i da 2 nghiém. Ma tathly x=0, x=1 lécﬁcnghlémcﬁa(Z)nén

diy 1a tit ca cac nghiém cua (2).
Viy nghiém cua phuong trinh 1a x =0, x=1.

. Suy ra phuong trinh
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Vi du 20. Giai phuong trinh

2
%logl(x+2)+x+3: log, 2x 1 +[l+l] +2VJx+2.
X

X

(Chon Déi tuyén HSG Quéc gia Chuyén Dai hoc Vinh, 2010)

x+2>0 1
P -2<x<——
Loi giai. Di€ukién: { 2x+1 < 2
>0
x x> 0.

Khi d6 phuong trinh da cho tuwong duong véi
2
l.0g2Jx+2+x+2—2Jx+2:10g2(2+l]+[2+~1—) -2(2+1]. (1)
X X X

Xétham sd (1) =log, ¢ +1° =2t trén (0; +o).

2_
Ta ¢ f'(r)=ﬁ+2r—2>l+2z—2=w>0 voi moi £>0. Do do
{In t !

ham s6 f(¢) dbng bién trén (0; + ). Suy ra

(1)@f(\/x+2)=f[2+lJa SO
X

X

3+4/13

ox-2x-4x-1=0=x=-1x= 5

3+\/ﬁ
.

Déi chiéu diéu kién ta c6 nghiém cla phuong trinh 13 x=-1; x =
Bai tip
Bai 1. Giai phuong trinh vx = (1-x)* +1.

Bai 2. Giai phuong trinh (x + 2)(sz +ax+7 +1)+ x(\/x2 3 +1) -0,

Bai 3. Giai phuong trinh 27x° - 27x% +13x—2=232x -1,

Bai 4. Giai phuong trinh 4x° +18x + 27x +14 = Jf4x +5.

Bai 5. Giai phuong trinh 8x° —17x% +10x—2 = 23/5x% — 1.

Bai 6. Giai phuong trinh /6x +1 =8x® —4x 1.

Bai 7. Giai phuong trinh %[(;T)z —23x-1- (x— S)H -3x+4+31=0.
Bai 8. Giai phuong trinh 4x +2 + 22 -3x =x> +8,
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Bai 9. Giai phuong trinh log, x = log, (\/; + 2).

Bai 10. Gii phuong trinh 3log, (x +2) = 2log, (x + 1).

Bai 11. Gidi phuong trinh log g (x* - 2x —2) = 2log ;(x* - 2x-3).

Bai 12. Giai phuong trinh log 2o (x -2x- 2) log,, 5 (Jc2 - 2x—3).
Bai 13. Giai phuong trinh log, (3+J3.Jr +1)= log, (3* +1).

2
Bai 14. Giai phuong trinh 2°* +3% =17

Bai 15. Giai phuong trinh ¢* =1+In(1+x).
Bai 16. Giai phuong trinh 1+ log, x=—;
x+2

Bai 17. Gii phuong trinh (1+ cosx)(2+ 4%5%) =3.4%
Bai 18. Giai phuong trinh 64 —8.343" " =8 +12.4%.7%7,
Bai 19. Giai phuong trinh 2 % 4+ 9° 2 4. x? 4+ 6 =427 4 3% | 5y

Bi 20. Giai phuong trinh 8" gt __ 1 1
\831nx—5| ‘4smx—1]

Bai 21. Giai phuong trinh sau trén khoang [O; %J
log, (cot x — tan x) =1+ cos 2x — sin 2x.
2sin” x
Bai 22. Giai phuong trinh (E] + = cos2x +log, (4cos 2x — cos 6x - 1).

4x* +2

Bai 23. Giai phuong trinh Iog3-3—2-x6—3x2—1.
+x°+1
Bai 24. Giai phuong trinh log 4 -2+ —2*(2 8”—32"+1)
TP £2.16% —2.4" +1 ' ' '
. - \ 2 2x+1
Bai 25. Giai phuong trinh 2x —6x+2=10g2 R
+4x+5
Bai 26. Gidi phuong trinh (x +2)° + log, *.F45+5 _ 22x + 3.
phuong (x+2)" +log, 2213
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Bai 27. Giéi phuong trinh 4" 4 215512 _g

2(x? - 3x)
x+1

Bai 29. Giai phuong trinh log, (x+2) =1+ log(2x +1).

Bai 30. Gidi phuong trinh 4 """ log, (x* +1) = 2* (1 + log, |x +1]).

Bai 28. Gidi phuong trinh log, (x* +3) = +log, (x+1).

Bai 31. Giai phuong trinh 3% + 2% =3x + 2.
Bai 32. Giai phuong trinh 4% + 6% = 25x + 2.
Bai 33. Chimg minh phuong trinh x° —4x* —4x=1 c6 ding mét nghiém va
nghiém dé nhén gi4 tri duong.
Huéng dan giai bai tip
Bai 1. Giai phuong trinh v/x = (1-x)? +1.
Lai gidi. Diéu Mién: x> 0.
Phuong trinh da cho tuong duong véi
Vx - (1-x) -1=0. (1)
Xéthamsé f(x)=+/x ~(1-x) -1 trén doan [0; + ).
Tacé fix)= $+3(1 ~x)* >0 v6i moi xe(0; +90). Do d6 ham sé £(x)
X
ddng bién trén [0; + ). Suy ra phuong trinh (1) 6 khong qua 1 nghiém.
Miit khac, ta thiy x =1 la nghiém nén day la nghiém duy nhét ctia (1).
Véy nghiém ctia phuong trinh 1a x=1.

Bai 2. Gidi phuong trinh (x + 2)(\/x2 rdx+7 +l)+x(\/x2 +3 +1)=0.

Loi gidi. Phuong trinh x4c dinh véi moi x e R.
Phuong trinh d4 cho tuong duong véi

(x+2)(,/(x+2)2 3 +1)+::(JFE+1):0. D)
Xét ham sé f(x) =x(\/}2_+3. +1) trén R.

2
Taco £'(x)=Vx? +3 +1+———" >0 véimoi xeR.
Y x> +3
Suy ra ham sd g(x) = f(x+2)+ f(x) déng bién trén R.
Do dé phuong trinh (1) ¢6 t6i da 1 nghiém.
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Ma ta thdy x=~1 la nghiém cia (1) nén d6 1a nghiém duy nht.
Viy nghiém ciia phuong trinh 14 x = —1. _
Bai 3. Giai phuong trinh 27x° - 27x” +13x - 2=232x 1.
Loi gidi.
Phuong trinh d& cho tuong duong véi
Bx =1 +23x-1)= 2x - 1)+ 2¥2x -1 *)

Xét ham sé f(r)=1+2¢ trén R. Ta ¢6 f@O)=32+2 f'(r)>0 véi moi
teR. Suy raham f () ddng bién trén R. Do d6

e fBx-1)= f(¥2x-1) = 3x-1=2x-1

& Bx-1P =2x-127x -27x* +Tx=0

< x=0.
Viy nghiém cta phuong trinh 13 x = 0.
Bai 4, Giai phuong trinh 4x° +18x” + 27x +14 = Ydx + 5,
Loi giai. Phuong trinh tuong duong véi

(2x+3° +2(2x+3)=4x+5+2Y4x +5. 2)
Xétham sb f(£)=1+2¢ trén R. Tacd f'(1) =32 +2>0 véimoi teR. Do
d6ham f(r) ddng bién trén R. Suyra
@) f2x+3)= £(Vax+5) o 20+3=Yax+5

& (2x43P =4x+5<8x° +36x° +50x +22=0
x=-1

S E+DExX +l4x+1)=0| 74 /5
PR

~7+45
L

Viy nghiém cia phuong trinh [a x =1, x =

Nhgn xét. Ching ta c6 thé gial bing cach dat ¥Y4x +5 =2y+3 dé dua vé hé
doi ximg loai II.

Bai 5. Giai phuong trinh 8x° —17x? +10x -2 = 23/55% — 1.
Lai gidi.
Phuong trinh dé cho tuong duong véi _
x—1) +202x 1) =5x* =1+ 2355 —1. *)
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Xét ham s6 f(¢t)=¢ +2¢ trén R.
Tacod f'(t)=3t"+2; f'(t)>0 voimoi reR.
Suy ra hdm f(r) dbng bién trén R. Do d6

(“‘)«:::'f(z:c—l):f(d3 sz—l)cafzx-1=%fs:c2—1

S 2x-1P=5x"-18x-17x* +6x=0
x=0

S|, _17£97
16

++/97
Véy nghi¢m cia phuong trinh 1a x =0, x= %_

Bai 6. Giai phuong trinh ¥/6x+1 =8x* —4x 1.
Lai giai. Phuong trinh d& cho tuong duong véi
6x+1+36x+1=(2x) +2x, (1)
Xétham s f(t)=1> +1 trén R.
Tacéd f(t)=32+1; £(t)>0 véi moi t e R. Do dé ham f(t) ddng bién trén
R. Suyra
(1) = f(m):f(h)@ Yox+1=2x8x —6x-1=0. (2)

Véi xe[-1;1], dat x =cosu, u €[0; z], khi d6 phuong trinh (2) tré thanh
2(4cos3u—3c:osu)—l:O<:>cos3u=é<:>3u=i§-+k2:r, kelZ.

Sx

5
Do ue[O; 7:] nén u = ,u:—a hodc uz%r. Suy ra x=cos%, x=c:os€E

z

9
7

hodc x= cosf. Vi (2) la phuong trinh bac 3 nén c6 khéng qua 3 nghiém, do

dé déy 1a tat ca céc nghiém cua phuong trinh (2).

cn . N 5 7
Vay nghi¢m ctia phuong trinh 1a x = cosz;-, X = cos?ﬂ, X =COS g—

Bai 7. Giai phuong trinh 3/(x -1)> - 23/x -1 —(x-5)Vx-8-3x+31=0.
Loi gidi.
Diéu kién: x > 8.
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Phuong trinh d cho tuong duong véi
x—1+m-2¥x-1=(~Jx-3+1)3+(m4r1)2—2(J}-_3+1]. M

Xétham sd f()=1> +¢> -2t v&i t>1.

Tacd f(#)=3t*+2t~2; £'(t)>0 véi moi t>1. Do d6 ham f(f) ddng bién

trén [I; + ). Vivéi x>8 thi Jx—1 va vx—8+1 cing thudc [1; +) nén

(1)¢f(M)=f(ﬁ+1)@m=JTa+1. @

Pit = x 1, khi d6 phuong trinh (2) trd thanh u—1 =’ 7
\\‘;M::'—uz+2u—8=0t:::n(t.c—Z)(u2 +u+4):0<':>u=2-c:'>x=9.

Viy nghiém cta phuong trinh 14 x=9.

Bai 8. Giai phuong trinh 4v/x+2 +22-3x = % +8.

Léi gidi. Didukién: —2<x < %

Khi d6 phuong trinh di cho tuong duong véi
4(@-2)+(Jﬂ—4)=x’—4

4x-2)  3(2-x)
Jx+2+2 J22-3x+4

3
> (x-2) x+2- + =
( )[ ~Jx+2+2 J22—3x+4]

=(x-2)(x+2)

x=2
- x+2_Jx+42+é+J22-33x+4:0 o8
Xéthim <9 f(xj=x+2_x/x+42 +2+-J22-33x+4 v _2”{23_2
' 2 9 A
Ta ¢6 f(x):1+M(m+2)+\{22—3x(\/22—3x+4)>U véi moi

xe[~2 %) Do dé ham f(x) déng bién trén [—2 -2-33] |

Mit khac, ta thdy /(~1)=0 nén x=-1 lﬁnghlémduynhatcua(l)
Véy nghiém cla phuong trinh 18 x=2, x=-1.
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Bai 9. Gidi phuong trinh log, x = log, (Vx +2).
Ban doc ty giai.

Bai 10. Giai phuong trinh 3log,(x +2) = 2log,(x +1).
Ban doc tu giai.

Bai 11. Giai phuong trinh log (xz -2x- 2) =2log ; (x?‘ -2x- 3).
Ban doc ty giai.

Bai 12. Gidi phuong trinh log, ;- (x” - 2x-2) =log,, 5(x" - 2x-3).
Ban doc ty giai.

Bai 13. Giai phuong trinh log, (3 + Jﬁ) ~log, (3" +1).

Ban doc tu giai.
2
Bai 14. Giai phuong trinh 27 +3* =17.
Lai giai. Dicu kign: x # 0.
Néu x <0 thi VT <2 nén phuong trinh v6 nghiém.
2

Véi x>0, xétham sé f(x) =2 +3* —17, taco
2

Fi(x)=3.2%" 1112—%.:%r n3; f£"(x)=92"n%2 4(x+1n3)
x

x

3"1113}0 voi

moi x> 0. Do d6 ham f(x) ddng bién trén (0; + ).
Vi lim f'(x)=-oo, hm f(x) +c0 nén ta suy ra phuong trinh f'(x)=0 ¢6

x>0’
nghiém duy nhét x, € (0, +o0).
Suy ra bang bién thién

x |0 X, +0

/') - 0 +

e \f(xu) /

Dua vio bang bién thién ta suy ra phuong trinh f(x) =0 ¢6 khong qu4 2 nghiém.

. % 2
Mit khac ta thay f(1)= f(glog2 3):0 nén nghi¢ém cua phuong trinh la x=1

2
va x =—log, 3.
3 g
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Bai 15. Giai phuong trinh e* =1+In(1+x).

Loi giai. Didu kién: x> 1.

Phuong trinh da cho tuong duong vai
e’—lh(1+x)—1 =0.

Xét ham sé f(x)=¢" —1n(l+x)—1 voi x> —1.

1 N
Taco f'(x)=ex——;f”(x)=ex+—1—i-; f(x)>0 véimoi x>-1.
1+x (1+x)

Do d6 ham s6 £ '(x) ddng bién trén (—1; + o).
Ma £'(0)=0, nén x =0 la nghiém duy nhét ctia phuong trinh £ '(x) = 0.
Suy ra bang bién thién
x |-l 0 +00
J(x) - 0 +

+o0 +o0

J(x) \ /

0

Dua vio bang bién thién ta suy ra phirong trinh ¢6 nghiém duy nhat x = 0.
3x

Bai 16. Giai phuong trinh 1+log, x = .
x+2

Ban doc tu giat.
Bai 17. Giai phuong trinh (1+cosx)(2+4%%)=3.4™"".
Ban doc tyr giai.
Bai 18. Giai phuong trinh 64 —8.343% ' =8+12.4%.7%".
Loi gigi. D3t a=2,b=-4%, ¢=2.7"", khi d6 a#b va phuong trinh da cho
tréy thanh

2 2 a2
a3+b3+c3-—3abc:0<:>(a+b+c)[(a_b) +(b_;) tle=a) ]:0

Sa+b+e=0.
Suyra 2-4*+2.77" =0.
Xéthamsé f(x)=2-4"+2.7"" trén R.

Tacod f'(x)=-4"In4 +%.7‘ In7.
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Phuong trinh f'(x)=0 c6 nghiém duy nhét nén phuong trinh f(x)=0 ¢6
khéng qua 2 nghiém. Ma x=1 va x=2 la nghiém nén day 1a tAt ca cac

nghi¢m cta phuong trinh.
Vay nghiém ciia phuong trinh 1a x=1, x=2.

Bai 19. Gidi phuong trinh 2% 7 + 92% 4 x? 4 6 = 423 4 3 45
Loi giéi. Phuong trinh dé cho trong duong véi
¥ +3H" +x?+6=2%" +3"“” +5x

e T ST T S A B P Ll (1)
Xétham sé f(t)=2"+1-3" trén R.
Taco f'(1)=2"In2+1+3"In3; £ (#)>0 voimei teR.
Do d6 f(¢) 1a ham sb dbng bién trén R.
Suy ra

(l)<:>f(x2-x)=f(4x—6)@x2 -x=4x—6¢[’;

Vay nghi¢m ctia phuong trinh 1a x=2, x=3.
1 1

Bai 20. Gidi phuong trinh "5 _ gtsinx _
' |831nx 5| |4sinx—1]"

. sin x # !
Lai gidi. Diéu kién:
sinx # —
8
Phuong trinh da cho tuong duong véi

eISEin x5 _ 1 [sinx-1 1

8sinx - SI [4sinx—1| )

~ Xét ham s6 f(t)=e'——:~ trén (0; + o).

Tacéf‘(t)=e'+;lf>0 voi moi £ € (0; + o).

Do do ham £ (1) déng bién trén (0; + o).
Suyra
e f(|83inx——_5[)=f(|4sinx—]|)@|ﬂsinx—5|='4sinx—1]

T T T — T

S

T el e i ey T g =, & Iy Tt R T e e s o T




x=£+k2x
2

sinx=1

8sinx - 5=4sinx—1 T
. R =2 1 ©|x=—+k2n
8sinx-5=1-4sinx |sinx=— 6

x=5i+k27r
6

Véy nghiém Ia x=g+k2x, x=%+k27z’, x=%+k2n, k e Z.

Bai 21. Gidi phuong trinh log, (cotx - tanx) =1+ cos2x —sin2x trén khoang

o2

Lai giai. Didu kién: cotx —tanx > 0.

Két hop xE[O; %J v@i cotx —tanx >0 tasuyra xe(ﬂ; %]

. cos sin 2¢cos2x
Vi cotx—~tanx= x -

sinx cosx  sin2x
dwong véi log, cos2x —log, sin2x = cos 2x —sin 2x

nén phuong trinh da cho tuong

<> log, c0s 2x —c0s 2x = log, sin 2x — sin 2x. (1)

© Xéthamsd f(t)=log,1—t véi t(0;1).

Tacé £(0) =}T;11'2"1 >0 véi moi r&(0;1). Do d6 ham f(r) ddng bién trén
(0;1). Suyra

(1) & f(cos2x) = f(sin2x) <> cos 2x =sin 2x <> tan 2x =1 <> x ==,
Viy nghiém ciia phuong trinh 1 ng.

2sin’ x _
Bai 22. Giai phuong trinh [%] +%= cos 2x + log, ( 4cos’ 2x - cos6x - 1).

Lai gidi. Diéu kién: 4cos’ 2x —cosbx —1>0.
D4t y =cos2x, khi dé y <1 va phuong trinh di cho tré thanh

2> +%=y+ log,(3y—1).
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2V =2y+1-1
2'=3y-1.
Tirhétasuyra 27 + y=2"+1. (N

bat r=log,(3y —1), khi dé 2" =3y -1, ta co6 hé phuong trinh{

Xétham s6 f(u)=2" +u, tacd ham f(u) dong bién trén R. Suy ra
e f=ri)e=y=t,

hay 2 =3¢ -1¢>2' -3t +1=0. (2)

Xétham g(¢)=2"-3t+1 trén R.

Taco g'(r)=2"In2-3; g'(r) =0 <>t =log, l_r?2 Suy ra phuong trinh g(#)=0
¢6 khong qua 2 nghiém. Ma 7 =1, # =3 1a nghiém nén d6 14 tit ca cac nghiém.
Vi r=1,taco log,By-1)=13y-1=2c y=1.
Suyra cos2x =1 x =k, keZ.
Véi =3, taco log,(3y-1)=3<>3y-1=8 <> y=3, khong thoa man.
Vay nghiém ctia phuong trinh 1a x = k7, k € Z.
Bai 23. Giai phuong trinh log, __;Bcz-:iz =x%-3x* - 1.
x +x"+1

Loi gidgi. D& ¥ ring (x"’ +x? 4 1)*(438 + 2): x® ~3x? ~1 nén phuong trinh da
cho twong duong vai

log, (4x° +2)+(4x2 +2)= 1og_,,(x6 +x7 +1)+(x" +x° +1). (1)
Xétham sé f(¢)=log,t +1t véi 1> 0.

Tacod f(t)= tlrll—B +1; £'(£)>0 v&imoi £>0, Do d6 ham f(z) ddng bién trén
(0; + ). Suyra
(1)<:>f(4x2 +2):f(x6+x2+1)<:>4x2+2=x6 +x* +1
o x® -3 -1=0.
Dt u=x’, khi d6 u >0 va phuong trinh trd thanh 2° —3u =1.

1
Dt u = 2v, khi d6 v>0 va phuong trinh trd thanh 4v° — 3y = 5 (2)

: 1
Xétham so g(v)=4v’ —3v liéntuc trén R. Tacé g(v)=0<> v= 15.
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Vi g(0)=0, g[%] =—1, g(1) =1 nén phuong trinh (2) chi c6 mét nghiém duy

nhat v, >0, véi v, <1. Dt v=cost v6i 0<:<%, phuong trinh (2) trér thanh

COS33’:“;"< Phuong trinh nay chi cé nghiém rzge[{); —;{] Suy ra

T T f 4
v=008—, u=2c08— va x==_|2cos—.

9 9 9
Véy nghiém cua phuong trinh 1a x =+, f2 cos%.

4* 2% +1
Bai 24. Giai phuong trinh lo 2%(2.8"-3.2" +1).
pRLEnE ST yoatl )
e . |147=-2"+1>0 . .
Lai giai. Ta thay ding véi moi x € R.
216" -24"+1>0

Do d6 phuong trinh da cho tuong duong véi
log, (4% 2" +1)—log, (216"~ 2.4" +1) =(2.16" - 2.4" +1) - (4 - 2" +1)

o log, (4% 2% +1)+ (47 2" +1) =log, (216" — 24" +1)+(2.16" — 2.4 +1).

Xétham s f(t)=log,t+1t véi t > 0.

Ta co f'(r)=~hlﬁ+1; F'()>0 véimei £>0. Do d6 ham f(¢) dong bién trén
r

(0; + ). Suy ra phuong trinh twvong duong véi

f(4‘ —2* +1) = f(z.le-“ —2.4% + 1) &4 -2 +1=2.16" - 2.4% +1

2.‘::1 x=0
<2165 -34"+2" =0 _ =3 _
2% = 1+V3 x=log2£.
2
A N V3-1
Viy nghiém ciia phuong trinh 13 x =0, x=log, ——— 7
2x+1
Bai 25. Giai phuong trinh 2x —6Jt"+2--log2 ]-)
e 123 TaiAo LA +1 x—l;tO 1
Léi gigi. Diu kién: ——— > S-—<x#l
(x-1 2x+1>0
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Phuong trinh da cho twong dwong véi

log, (x+é—]+2[x+%)= log, (x —1)* + 2(x - 1)*. (1)
Xétham s& f(¢) = log, 1 + 2t v6i > 0. '
Taco ft)=——+2 F(1)>0 véi moi 1>0. Do d6 ham f(r) ddng bién

tin2
trén (0; + ). Suy ra

+
(1)<:>f[x+%]=f((x~l)2)<:>x+~;—=(xfl)z Sx= 3‘2‘5.
Vay nghiém ciia phuong trinh 13 x=“2‘ﬁ.
24 4x+5
Bai 26. Giai phuong trinh (x +2)? + log, *—> 12 _ 5 /25 1 3.
phuong trimh (= 27+ loe: = 5

Lo gidi. Didu kin: 2x+3>0@x>—%.
Phuong trinh di cho tuong dwong véi

(x+2) +1+4log, ((x+2)° +1)=2v2x+3 +10g, 242x 13. (1)
Xétham sé f(1)=1+log,t véi t > 0.

Ta c6 f'(r)=1+ﬁ£; £®)>0 véi moi 1>0. Do dé ham () dbng bién
trén (0; + ). Suy ra '
M) f((x+2 +1)= £(2V27+3) > (x+2) +1=22x+3,
Dt p+2=+2x+3, khi d6 y+22>0 vata cé ha phuong trinh
{(x+2)2+1=2(y+2)<:){x2+4x—2y+1=0
(y+2)=2x+3 YV +dy-2x+1=0
Trir hai phuong trinh cua hé, ta dugc

x=)y

2 2
X =y +6(x-y)=0&(x— +y+6)=0&
7 .(x ») (x y)(x 7 ) [x+y+6=0. '

Vi xz——% va y=2-2 nén x+y+6>0.
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X=y

S x=y=-—I.
x> 42x+1=0 4

Véi x =y, hé trd thanh {
Viy nghiém ctia phuong trinh 13 x = -1,

Bai 27. Gii phuong trinh 4°"* 42132 =8,

Lot gidi. it [sin x| = £ , phuong trinh da cho tx thanh 4° + 2" =8, r€[0;1].
Xét ham sb h(r) = 4+ 2972 te[os1].

Taco h(f)=4'Ind 427" L _in2;
N
2t -
R(t) =0 2= 0<t<l. (1)
a  J1-1

r a 2“ - ¢
Xét ham s u(a)zz—,O«trﬂfSZ-Tfslcé'u'(tﬁl)?“ialn;‘;'2 2 ;
a a

u'(a]=0¢>a=ie(l;2); u'(a)>0<:>i<a<2 va
In2 In2

u‘(a)<0<::>0<a<L. (2)
. In2

Chu y rang u(1)=u(2) = 2.

Suyra u(a)>2<0<a<l vaula)<2el<a<, (3)

Pé tim nghiém ctia (1) ta xét hai truomg hop sau

22I \'ﬁ
THI. 2t>1. Tu(3)tacd —<2<

2t V1=
TH 2. 0<2t<1. Tir(2) ta co u(a) nghich bién trén khoang (0;1] , nén tir (1)
suy ra

, khong thoa mén.

1
2U=1-¢  hay t=—.
NG
| 2

Taco h(0)=9,h(1)=s,h[ijzs.4~fs' >5.45 >8.

J5
Suy ra A(t)>8 véi moi ¢ €[0;1] va phuong trinh 4(f) =8 ¢6 duy nhét nghiém
t=1.

Do d6 phuong trinh da cho ¢6 nghiém x = g + k. k eZ.
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Bai 33. Chimg minh phuong trinh x° —4x” -~ 4x=1 c6 ding mét nghiém va
nghi¢m dé nhan gia tri duong. :

Loi gidi. . _

Phuong trinh d4 cho twong duong véi x° = (2x+1)%. (1)
Néu x Ia nghiém thi tir (1) tac6 x* 20> x>0. Dodé x° =(2x+1)? >1. Suy
rax21.

Véi x 21, xét f(x)=x"~4x* —4x—1. |
Tacod f'(x)=5x"~8x—4; f"(x)=20x" -8 f"(x)>0 véi moi x>1. Do dé
f'(x) ddng bién trén [1: +0),

Ma £'(1)=-7, Jim f(x)=+o0 nén ton tai x, €[l; +0) dé& £(x,)=0.

Suy ra bang bién thién:

X 1 Xy : 400
S@ - 0
1) e
*)|-8
\ f(xo) /

Dya vao bang bién thién suy ra phuong trinh f(x)=0 c6 mdt nghiém duy
nhét va nghiém d6 co gid trj duong, diéu phai chimg minh.

3 Phwong trinh va bat phwong trinh chira tham s

Bai todn: Tim diéu kign dé phuong trinh £(x) = g(m) c6 nghiém trén tap D.
Cdch gigi: Dva vio cac két qua:

- Phuong trinh f(x) = g(m) c6 nghiém khi va chi khi g(m) thudc tap gid tri
cia ham s6 y = f(x) trén D.

- Phuong trinh  f(x)=g(m)c6 nghiém khi va chi khi dd thi cta ham sé
- y=f(x) vadudng thing y= g(m) cét nhau.

- S6 nghiém ciia phuong winh f(x) = g(m) 1a sb giao diém cia dudmg thing
y=g(m) voi dd thi ciaham sé y = f(x).

Tir d6 ta ¢6 cée bude giai:

- Lp bang bién thién ciia ham s§ y = £(x).

- Dya vao bing bién thién ta xic dinh m d& duong thing y = g(m) cit db thi
ham sb y = f(x).
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Chi $: Néu ham sé y = f(x) lién tuc trén D va m:mgnf(x),M:mbaxf(x)

thi phuong trinh f(x) = g(m) c6 nghiém x e D khi va chikhi m < g(m)< M.
Sau déy ta xét mot s6 vi dy
3.1 Xét ham trye tiép

Vidy 1. Tim m dé phuong trinh sau ¢6 nghn:m Yx? +1 ~Jx=m.
Léi gidgi. Bidu kién: x> 0.

Xét ham s f(x)—J"x2+ J_trén[o +0),

Taco f(x)=
nee 0= 2,/(x +1y° 2f

F0 =0 xfr =l +1Y o x* = (P +1) o xt=x*+1, vénghiém.
Suy ra f'(x) khéng d6i diu trén (0; +). Ma f'(l)-——-——<0 nén

248 2
f(x)<0 v6imoi x € (0; +o). Do dé f(x) nghich bién trén [0; + o).

1
Mit khéc lim £ (x) = ' =0 bién thién
D ) e
X 0 ' +a0
S(x) -
1

fo T

Duya vao bang bién thién ta ¢6 gid tri ciam 12 0 <m<1.
Vi duy 2. Tim m dé phuong trinh sau ¢6 nghi¢m sfx2+x+1—\/x2 —x+1=m.
Léi gidi, Xétham sé f(x)=vx? +x+1- x> —x+1 trén tap xéc dinh R.

Taco fi(x)= 22x+1 B 22x—1 .
2Jx +x+1 ZJx -x+1

F()=0 2x+D)Vxt —x+1=(2r—1x? +x+1

Cx+1D)(2x~-1)20

ISR

47



{(2x+l)(2x—1)20 o
<> vO nghiém.

x=0
Suy ra f'(x) khong dbi diu trén R. Ma £(0)=1>0 nén f'(x)>0 v&i moi
xeR. Do dé ham f(x) ddng bién trén R.

. 2

Tacd lm f(x)= lim x =1

X0 o 2 vtV x4l -
va lim f(x)= lim 2x =-1.
Fy oo [ b x 1+ —x+1

Suy ra bang bién thién

X —00 +00
S(x) +

1

-1

Dya vao bang bién thién ta c6 phuong trinh c¢6 nghiém khi va chi khi
-l<m<«l.

Vi dy 3. Tim m dé phuong trinh sau c¢6 nghiém

Yx' —13x+m +x-1=0,

Lai giai. Phuong trinh d4 cho tuong duong vai
Nar 1-x20 x<1
x ~DBx+m=1-xo9 — s 2
x =13x+m=(1-x) 4x’ —6x" -9x=1-m (¥)
Phuong trinh di cho ¢6 nghiém khi va chi khi phuong trinh (*) ¢é nghi§m
x <1,

Xétham s6 f(x) =4x® —6x* —9x trén (—oo; 1].

x=2
Taco fi(x)=12x* —12x-9; f(x)=0e>| 2

X=-—
2

Suy ra bang bién thién
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x —00

f(x) +

(SN luir—
I

J(x) ~11

\

—00 :
Dya vao bang bién thién ta suy ra phuong trinh ¢6 nghiém khi va chi khi

l—msgcbmz—g-.

2
Vidy 4. Tim m @& phuong trinh sau ¢6 2 nghiém thyc phén biét
x* +mx+2 =2x+1.
| (Tuyén sinh Pai hoc Khéi B, 2006)
Lai gidi. Phuong trinh da cho twrong duong véi

1
2x 4120 x2-t S
p , & 2 g
+mx+2=_2x+1) Il 4 dx—1=mx 3x+4—-—=m §)]

x
(do x =0 khong la nghiém cia phuong trinh).
Phuong trinh d& cho ¢é nghi¢m khi va chi khi phuong trinh (1) ¢6 nghiém

xzﬂl.
2 .
Xéthim sb f(x)=3x+4-1 véi -%sx;eo.
X
Taco f'(x)=3+i; [ (x)>0 voi moi —%Sx#ﬂ.
3 X
Suy ra bang bién thién

1
x |3 0 : 400

ol K

JF(x)

\
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Dura vao bang bién thién ta suy ra phuong trinh f(x)=m c6 hai nghiém thyc
phén biét khi va chi khi m a%.
Vi du 5. Chimg minh ring voi moi m duong, phuong trinh sau ¢6 2 nghiém
thuc phén biét x* + 2x — 8 = /m(x - 2).

(Tuyén sinh Dai hoc Khéi B, 2007)
Loi gidi. Voi m >0, didu kién cia phuong trinh 1a x> 2.
Phuong trinh di cho tuong duong véi '

(x=2)(x* +6x* =32-m) =0.

Yéu ciu bai toan tuong dwong véi phuong trinh x* +6x*-32-m=0 cb
nghiém thude khoang (2; + ).
Xét ham s6 f(x)=x" +6x” —32 trén (2; + o).
Tacd f'(x)=3x% +12x; £(x)>0 v6imoi x e (2; +).

Suy ra bang bién thién
x |2 +o0
J(x) + '
. +0
e /
0

Dya va bang bién thién ta c6 phuong trinh f(x)=m ¢ nghiém x & (2; +)
v&i moi m > 0, didu phai chimg minh. '
Vi duy 6. Tim m d& phuong trinh sau ¢6 nghiém

x\f;+ wa_+12 =m(\/5-—x+ﬂ).

Lai gigi. Didu kién: 0<x <4,
Phuong trinh dé cho turong duong vai

(xJ;+Jx+'12)(J5-x-—J4—x)=m.
Xétham sé f(x)=(xvx +x+12)(¥5-x -4 -x) v6i 0<x <4.
Ta co |

f'{x)=[%&+i7;%i?}(\{5:"m)+(x x+m)(zJ£:-—_x“2 SI-J'
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Nhin thdy f'(x)>0 véi moi xe(0;4). Do d6 ham f(x) ddng bién trén
[0; 4]. Suy ra phuong trinh f(x) =m ¢6 nghiém trén [0; 4] khi va chi khi

fOsms f(4) e 2/3(V5-2)<m<12.

.Nhﬁn xét. Ta c6 thé gidi nhu sau
Phuong trinh da cho tuong duong véi xx +/x+12 =
: V5-x+4—x

Ta 6 ham sé g(x)=xvx+x+12 déng bién v nhan gié trj dong trén
[0; 4], ham s8 h(x)=+5—x ++/4—x nghich bién va nhan gi4 trj duong trén

[0:4]. Do d6 ham s5 f(x)=—‘g%f-))— dbng bién trén [0; 4]. Suy ra phuong trinh
| f(x)=m c6 nghiém trén [0; 4] khi va chi khi |

;_ FO)<m< f(4) & 235 - 2)<m$12
- Vidy 7. Tim m d& phuong trinh sau ¢6 diing 3 nghiém phan biét

myx* +2 =x+m.
Loi gidgi. Vi yx*+2—-1>0 voi moi xeR nén phuongu-lnhdﬁchomcng

duong véi
m(\/xz+2—l)=x@m=;_.
- x+2-1
Xéthamsé f(x)=———— trén R
’ .f(x) Jx?+2-1
Taco
2
2421~
)= o \Hxi+2= 2-vx?+2 i Fx) =0 x=12.
(Jx2+2-—1) Jx2+2(~fx2+2~l)
Suy ra bang bién thién
X | —~2 V2 +00
A - 0 + 0 -
+m
V2
o) \_ﬁ/ N
' —o0
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Dua vao béng bién thién ta suy ra phuong trinh f(x)=m ¢6 3 nghiém phan

biét khi va chi khi —/2 <m <+/2.

Vi du 8. Tim m dé phuong trinh sau c6 2 nghi¢m phéan biét
#2_x+Jf;+2$/E+2J6—_x=m

(Tuyén sinh Dai hoc Khéi 4, 2008)
Lai gidi. Diéu kién: 0<x<6. |

Xét ham sb6 f(x)=32x + zx+zJ4§-x+zJ6-xuen[o;6].
1 1 1 1 |
2:/(__2x_)3+\/—2_x_ 2(6-x7 Vo-x
1

1 1 1
Y =0¢> —— —_— *
e 24/(2xy’ "2 age-w "o )
Xét ham g(.‘:)=——-—2$}r_3 +_«}-t- . R& rang g(¢) nghich bién trén (0; +). Suy ra

phuong trinh (*)e f2x)=f(6-x)o2x=6-xx=2.
Suy ra bang bién thién

Tacd f'(x)=

x 0 2 6
S(x) + 0o -
/ 3JE+6 \
SN, Je + 246 |
23 + 12

Duya va bang bién thién ta ¢ phuong trinh f(x)=m c6 2 nghi¢m phén biét

khi va chi khi ZJ_+2~JE<m<3J_+6
Nhn xét. Ta cé thé giai phuong trinh /'(x) =0 va xét diu f(x) nhur sau:

faco S """[J@T J(G—] (ﬁ—r—]
. 1
R e e Nt

Ta thiy u(2)=v(2)=0 nén f(2)=0. Hon nita u(x), v(x) cung duong trén
khoang (0; 2) va cling 4m trén khoang (2; 6). '
T d6 ta o6 bang bién thién nhu trén.
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Vi du 9. Tim m dé phuong trinh sau ¢6 nghiém
x -3x+4:m(v'r;»~wjx—1 +1)_.

Loi gidi, Pidu kién: x>1.

3_
Phuong trinh d3 cho tuong duong vai ¥ 3xtd =m
Jx —x=1+1
3
< x'—-3x+4
Xét ham s0 f(x)= vai x21.
/() Jx—Jx-1+1

(J}-Jﬁu)(sxﬁ-3)—(«*“3’“4)(%‘ZIF_J

Taco f'(x)=

2
(\E —vJx-1+ 1)

Véi x> 1, tacod (\F—\)x—1+1)(3x2 —3)>0; ¥ -3x+4>0 va
11
Wx 2Jx-1

Do d6 f(x) ddng bién trén [0; +o0).
Taco f(1)=1, lim f(x)=+o.
X—p4o0
Vi viy phurong trinh  f(x) = m c6 nghiém khi va chi khi m>1.
Di voi bai toan bat phuong trinh thi cach giai twong tu, xét cac vi du sau
Vi dy 10. Tim m dé bat phuong trinh sau ¢6 nghiém V4 —x +vx+5 > m.
Loi giai. Pidu kién: -5<x<4.
Xétham s f(x)=v4-x+x+5 trén [-5; 4].
-1 1 Ja-x—fx+5

Wa—x  2dxis 2J(4-x)(x+5)’

f(x)=0 4~ =J;?5"Qx=—%.

Suy ra bang bién thién

<0.Suyra f'(x)>0 véimei x>1.

Tacd f(x)=

x =5 -

S (%) +

W2
@) __— S 3

[ o) | et
-
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Dua vio bang bién thién ta suy ra bit phuong trinh f(x) >m 6 nghi¢m khi va
chi khi m <3+/2. |

Vi du 11. Tim m d& bat phuong trinh sau ¢6 nghigm mx—+x -3 <m+1.
Léi gigi. Didu kign: x 23.

Jx-3+1

Bét phuong trinh dd cho twong duong Vi m <———
x—

Xét ham sb f(x)=.—-—*“"'3’l+1
x_
5-x—+x-3

2x-3(x—-1)"
5-x20

f|(x)=0ﬁﬁjx—3 =5—x<3{x—3:(5_x)2<:>x=4.

vai x> 3.

Tacd f'(x)=

Suy ra bang bién thién
X 3

f'(x) +

@] 7

\

Dua vi bing bién thién ta suy ra bit phuong trinh f(x)>m c6 nghiém khi va

Trong céc vi du trén, ching ta d2 gidi céc bai todn tim dicu kién c6 nghiém qua

hai budc chinh: Lap bang bién thién cia ham y = f(x) va dya vao bang bién

thién dé tim m. Tuy nhién, trong mét s trudmg hop viée 1dp bang bién thién cua
‘ham y = f(x) gip nhiéu khé khan. Hon nita trong biéu thirc lai ¢6 nhieu diu

hiéu d& ta c6 thé déi bién, ching han trong £(x) chira cdc biéu thirc gidng nhau.

Khi d6 ching ta s& d&i bién va thuc hién cac bude voi ham s6 cta bién m6i:

3.2 Doi bién ,

Vi du 1. Chimg minh ring v6i moi m > 0 thi phuong trinh sau ludn c6 nghi¢m

x* +[m2—%})x2+4+2—m3 =0,

W o |n

0




Lot g, Dt £ =/ + 4, khi d6 122 va phuong trinh tré thanh
tl+[mz—gjt—m3—2=0. (1)

Yéu ciu bai toan twong duong véi phuong trinh (2) ¢6 nghiém ¢ > 2.

Xét ham sb f(r)=¢* +[m2 —%J:—»ﬁ -2,tacd f(r) lién tyc trén [2; +x)

va xl—i}I—?m S (x)=+o0. Ta s& chimg minh f(2)<0 v&imei m=0. Thét vy

f(2)=-m’+2m* - g.

Xét ham s6 g(m) = —m’ +2m’ —% voi m > 0.

m=0
Taco g'(m)=-3m" +4m; g'(m)=0< 4
=3
Suy ra bang bién thién
m | 0 +o
g'(m) + -

gm)| g T~

Dura vao bang bién thién ta suy ra £(2) = g(m) <0 véi moi m =0. Suy ra diéu
phai chimg minh.
~ Vidu 2. Tim m dé phuong trinh sau c6 nghiém
Vx+3 446 -x = J(x +3(6-x) =m.
Laoi gidi. Didukién: —3<x <6.
Dt £ =vx+3+/6—x, khi d6 1> =9+ /(x+3)(6—x) va phuong trinh d cho
2

-9

trds thanh ¢ — =me> P -2=9-2m. )

Xét ham s6 g(x)=vx+3 +6—x trén [-3; 6].
1 1
2Jx+3 _2J6—x

Taco g'(x)= ';g'(x)=0<:\/x+3=\76—x <:>x=%.
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Suy ra bang bién thién

x |3
g'(x) +

32
g(x) \ / \
3

Dya va bang bién thién ta c6 Ssg(x)SSvE v&i moi xe[—3; 6]. Suy ra
te [3; Sﬁ] Do d6 phuong trinh di cho ¢6 nghiém x khi va chi khi phuong

[T | SV ILE0
(=2}

trinh (2) ¢6 nghiém 1 & [3; W2 ]

Xeét ham sd £ () =1 ~2¢ voi t€[3 32 ].

Tacé f'(t)=2t-2; f'(t)>0 vdi moi te[é!; 3\51 Do d6 ham f(t) ddng
bién trén |:3; 3\/5] Suy ra phuong trinh f(f)=9-2m cd nghiém

632 -9
2
Nhin xét. Dang cua phuong trinh ndy la dbi ximg v&i / f(x) va g(x). Khi
d6 mot phép dbi bién thudmg dung la dat ¢ =./f(x) £/ g(x), hodc tong quat
hon t = Jf(x) +an(x).
Vi du 3. Tim m dé phuong trinh sau c6 nghiém
J;+J9—xzvff+9x+m.
Loi gidi. Didu kién: 0<x<9.
Phuong trinh da cho tuong duong véi
942x(9-x)=—x" +9x+m S x(9-x)-2/x(9-x) =2-m.

<m<3.

35[3; 372 | khi va chi khi f3)<9-2m=f(3V2) =

bat t = Jx(9—x), khi do Osrsx+zi=§ va phuong trinh tré thanh

F-2=2-m. 2)
Phuong trinh d cho ¢6 nghi¢m khi va chi khi phuong trinh (2) c6 nghi¢m

IE[O: ?}
2
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Xétham sé f ()=t —2r trén {0; g]
Ta cé bang bién thién

{ 1

0
f(e) | 0
\_1/

Dya vao bang bién thién ta suy ra phuong trinh /() =2 - m c6 nghiém khi va

chi khi -152—m£4—f-<::>—25r13£3.

-+
&5 oo

Vi dy 4. Tim m dé phuong trinh sau c¢6 nghiém

| 2\/—1‘2—2x+3—(m—1)(d’m+ﬂ)+m+l=ﬂ.

Lai gigi. Piéu kign: -3<x<1.

Dit t:m+ﬂ, khi d6 1> =4 ++/-x? —=2x+3 >4, suyra f2>2.
Mt khéc 1 =vx+3+1-x < 2(x+3+1—-x) = 24/2.

Tir d6 ta 06 ¢ €[ 2 22 | Khi d6 phuong trinh trés thanh

P +t-3

 —(m-Dt+m-3=0m 1
t_.

2
Xétham sé f(£)=" :"’1—3- véi e[ 2242,

2
Taco f'(t)=" ? 2; ;-3 >0 v6i moi €222 . Do 6 ham sé £(r) déng
bién trén [2; 242 ] Suy ra phuong trinh f(f)=m c¢6 nghiém te[z; 2\/5]

khi va chi khi f(2)£m£f(2~f5)<:>3£m£l—2—€+13.

Vi dy 5. Tim m dé phuong trinh sau ¢6 nghiém
6+x +24(4— x)(2x - 2) =m+4(J4—x +J2x-2).
(Tuyén sinh Cao Déing, 2011)
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Loi gidi. Didukién: 1<x <4,
Xét ham s f(x)—J4-x+sz—z voi 1< x<4.

, ]
Taco /)= 2J4_— N

Suy ra bang bién thién

y f(x)=0x=3.

« |1 3 4
J'(x) '

3
f(x) / \JE
NE}

Pt t=+/4—x ++2x—2. Khi 6 dyra vao bang bién clia ham f(x) ta suy ra
t<[ 3,3 ]. Phuong winh da cho tr thanh * 4t +4=m. *)

Do d6 phwong trinh d cho ¢6 nghiém x khi va chi khi phuong trinh (*) c6
nghiém f e [Jg, 3] .

Xét ham sb g(t) ="~ 4t +4 trén [ V333

Ta c6 bang bién thién

PNE) 2 4

g'l) - 0 +

g | 4\f /

Dua vdo bang bién thién ta suy ra phuong trinh g(r)=m c6 nghiém
e[ V3; 3] khi va chi khi 0<m<1.
Vi dy 6. Tim m dé phuong trinh sau c6 nghiém thuc

m(J1+x2 N +2)=2J1-x4 POV TR )

(Tuyén sinh Dai hoc Khoi B, 2004)

Léi gidi. Diéu kién: —1<x<1.
Xétham s6 g(x) = V1+x% —y1-x? véi ~1<x<l.

X x
\/l+x2 \/1—.7(.‘2

Taco g'(x)=

;g (x)=0x=0.
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Suy ra bang bién thién

x | -1 0 1
8'(x)| - 0 + B
-g(x) V2 /ﬁ

\ 0

Dira vio bang bién thién ta suy ra 0< g(x) <+/2.
Pt 1=v1+x> —1-2*, khi d6 r€[0;+2] va 12 =2-21-x", phuong

~ frinh tr¢ thanh

42
m{t+2)=2—t2+t<:>—{u~t!—+:—2-=m. (*)
(+2
Phuong trinh di cho cé nghiém khi va chi khi phuong trinh (*) ¢4 nghiém

re[O; JE:I

Xét ham sé £(f) = ﬂ% trén [0; V2 |

t=0
T l)=——"7 -
aCDf() ( Z)Z’f() I:f=_4ﬁ[0;\/§]-
Suy ra bang bién thién
¢ |0 V2
A - '

1
J® \
J2-1

Dya vao bang bién thién ta suy ra phwong trinh f(f)=m c6 nghiém
re0; V2| khi va chikhi V2 ~1<m<1.

 Vidy 7. Tim m dé phuong trinh sau ¢6 nghiém

2+ T+myx +x+1=vrxt +x° +1_+m(\/x2—-x+1—2).

Léi giai. Phuong trinh d3 tuong duong voi
x"—‘j(x2 +x+l)(.wc2 —x+1)+m(xfx2+x'+1~~fxz—x+1 +2)+7=0.
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bat I=Jx2+x+1 —sz—x+l.
Xétham sb f(x)=vx> +x+1-+x? —x+1 trén tap x4c dinh R.
2x+1 2x -1

W txtl W -x+1

f(x)=0eCx+IWx?—x+ ¥(2x—1)~Jx2 +x+1

@2x+D(2x-1)20

RIS

{(2x+l)(2x—1)20
=2

Taco f'(x)=

vO nghigm.
x=0
Suy ra f'(x) khong d6i diu trén R. Ma f(0)=1>0 nén f'(x)>0 v&i moi
xeR. Do dé ham f(x) dong bién trén R.
2
Tacd lim f(x)= lim ~X =1
Foe R L TS py
2
va lim f(x)= lim X = 1.
o o [ b x 1 +Vx? —x+1

Suy ra bang bién thién

X - +c0

['(x) +

£(x) /
1

1

Dya vio bang bién thién ta suy ra tép gid tri ciia f(x) 1a (~1;1). Hay ta c6
te [—]; l).

Mit khéc 2 =2x> +2- 2\[(x2 +x+1)(x2 —x+1) nén phuong trinh tr¢ thanh

) 412

Cimt+2D)+7=0 +12=2mt+2) = —2m.
2 1+2
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2
: +12

Xétham sd g(f)=—— vai te(-1;1).
g(1) . ) (-11)

g ) =0 L -6 khoéng thoa mén.,

£ +4t-12
(t+2)7
Suy ra bang bién thién

Taco g'(t)=

t | -1 1
g'W) -

13
g(!) \
13
3
Dua va bang bién thién ta suy ra phuong trinh g(r)=-2m c6 nghiém

te(-1;1) khi va chi khi §<—2m<i3<;>—%<m<vg.

Nhgn xét. Chung ta c6 thé tim tap gia tri cia ham f(x) hay mién xac dinh cia
bién ¢ bing cach khac nhu sau

S s o)
P L)
(3 (-3)

COEREE

Dodd 1<t <l.
Vi du 8. Tim m dé phuong trinh sau ¢ nghiém
3\}‘)(—1 +m\/x+l =2¥x* -1.
(Tuyén sinh Pai hoc Khoi A, 2007)

Taco =

Suy ra |¢|=

.....

Loi gidi. Diéu kién: x>1.

. -1 -1
Phuong trinh da cho tuong duong véi 3 =y Zi/ T o
x+1 x+1

Dit ¢ = 4 x—_i khi d6 phuong trinh tré thanh —3¢% + 21 = m. (1)
X+
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Xét ham sé g(x)=x—: vol x21. Tacod g'(x)= ; g'(x) >0 vl mot
x

2

(x+1)*°

x>1. Do d6 ham g(x) ddng bién trén [I; +0) va lim g(x)=1. Suy ra véi
X—++on

x21thi 0<g(x)<l. Tuddtacod re [0; 1) va phuong trinh da cho c¢6 nghiém

khi va chi khi phuong trinh (1) ¢6 nghiém ¢ €[0; 1).

Xétham sb f(r)=-3¢" +2¢ trén [0;1).

Ta c6 bang bién thién

Tt | 1) | e

1{0) \
t 0/ }

Dya va bang bién thién ta suy ra phuong trinh f(f)=m ¢ nghiém khi va chi
khi -1<m< %
Nhdn xét. 1. Ta c6 thé tim didu kién cia f nhu sau

Taco 0$t=4x—_lﬂ=d1—i<1 voimol x=1.
x+1 x+1

2. Phuong trinh trén goi la phuong trinh déng cp béc hai déi véi Jf(x) va

Jg(x). Chiing ta s& ddi bién ¢ = #@
g(x)

Vi dy 9. Tim c4c gi4 tri ciia tham s8 m dé phuong trinh sau c6 nghiém

V-2 -2Yx* ~2x +myfx =0.
Léi gidi. Didu kién: x> 2.

Phuong trinh @4 cho tuong duong vai Jx_z—de_z-i-m:D.
X x
x—2 . x-2 2 ..
bat =3 , khi d6 0<r=13 =41—-—<1 v&i moi x=1 va phuong
X x x
trinh trd thanh £ —2¢+m = 0. - (1)

Phuong trinh di cho ¢é nghiém khi va chi khi phuong trinh (1) ¢6 nghxém
t€[0;1).
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Xétham s f(t) =t~ 2t trén [0;1).
Ta ¢6 bang bién thién

r |0 1
0

J@) \
-1

Dya va bing bién thién ta suy ra phuong trinh (1) =—m c6 nghiém khi va chi
khi ~1<-m<0<0<m<-1. |
Vi dy 10. Tim tham s6 m dé phuong trinh sau ¢6 nghiém

m(\x=2 424 —4)*\/x+2 —2¢x 3.
Loi gidi. Didu kién: x> 2.
RO rang x =2 khéng la nghiém cta phuong trinh.
Véi x > 2, ta c6 phuong trinh dé cho tuong duong véi

m[" x—2 +2]_ x+2 _n
x+2 x—2

2
bat ¢ = s ,khidc'uvix+2=1+ 4 >l véimoi x>2 néntacd r>1 va
x-2 x-2 x-2

phuong trinh tré thanh

12+t
2041

m(-}+2)—-t=2¢>m=

+ 21
t+1

20 420+2

@e+1?
trén (1; +o0). Suy ra phuong trinh 7(t)=m c6 nghiém ¢>1 khi va chi khi
m> f(1)=1.
Vi dy 11. Tim tham s m dé phuong trinh sau ¢6 nghiém

5x% +6x+7 = m(x+ Wa’ +2.

Léi giai. Nhan thiy Sx2+6x+7=_3(x+1)2+2(12+2). ”

Xétham sb f(f) = ‘;

vGi t>1.

Tacod f(t)= £(£)>0 v&imoi £>1. Do d6 ham £(r) ddng bién
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Do d6 phuong trinh d3 cho twong duong vdi
(\/x ; ) +3(x+ 1) = m(x+ DVxF +2

R3 rang x = —1 khong 12 nghiém nén phuong trinh tuong duong vai

Vxi+2 x+1

2 +3 =m. 1
x+1 JxP+2 o
it ¢ = ——— khi d6 phuong trinh (1) tré thanh 2 3t=m )
by +2
. VA LI ot 13 £ x+1 n
Tim diéu kién cua f. Xét ham s8 f(x) = — trén R.
x*+2
Tacod fl(x)= 2- f()=0x=2 llm f(x)=1, hm f(x)=-1
(-Jx +2)
Suy ra bang bién thién
x —o +00
S(x) - -

7(x) / 1

Duya véo bang bién thiéntasuy ra f € {—1, 6} t#0.

Do d6 phuong trinh d3 cho c6 nghiém khi va chi khi phuong trinh (2) co

nghiém ¢ e[—l; %} t#0.

Xét ham sd g(r)=3+3r v !E[—l; %},mo.
f

32-2 J6

TaCé g'(f)=—2—~; g(f)=0@r=t7
t

Suy ra bang bién thién
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6 V6 J6
x |-l 3 0 3 2
g'(r) + Q0 - -0 +
40 3
g e NG e
-5 el \
—C0

Dua vao bang bién thién ta suy ra gia tri cia m 13
m= 2\/6, m< —2\/6.

Vi dy 12. Tim tham s m dé& phuong trinh sau c6 nghiém
- — 1
Vx ++/x -1 [m X+ —= -~+;",*x(x-l)J=l.
( ) Vx -1

Léi gigi. Didu kién: x> 1.
Phuong trinh d4 cho trong duong véi

(J;+\E)[m x+\/x_14_1 +$fx(x—l)]=l

—m x+m
<:>\!x~1+\x1Tl+,4{x(x—1)=(1—m)\f;
\/_ —l—m
\fx—l x

Dit t = 470 Khidé 0<t< 1, phuong trmh tré thanh

X

1 1
T‘i‘f:l-'m ¢;'>m:——2—I+l
e i{

Phuong trinh (1) ¢6 nghiém x <> phuong trinh (2) ¢6 nghiém 7 € (0; 1).

Xét ham f(t)z—iz—wl,re(o;l).
!

Ta c6 f'(r):%—bo, Vi e (0; 1).
f

(M

(2)

65




Suy ra bang bién thién
t 0 1
f' +

. _l.
1@ /

Dua vao bang bién thién, ta c¢6 phuong trinh (2) ¢6 nghiém <> m < -1.
Viy giatriciam la m<-1.
Vi du 13. Tim m dé phuong trinh sau c6 nghi¢m thyc

2
(x+2—\lxz+1) . 18 x2+1

x* +1 x+2+ J;z +1
Loi giai. Phuong trinh di cho tuong duong voi

[ x+2 J 18
il T I
xZ_l_l X+ +l

Vx? +1
Xx+2 i , 18
bat 7= . Phuong trinh tré thanh (f -1)" + ——=m."
Vx4l t+1
x+2 1-2x
Xétham g(x)= . Tacd g'(x)= ;
Vxt +1 (2 +Vx +1
g'(x)=0@x=l; lim g(x)=1, lim g(x)=-1.
2 xow 3=
Suy ra bang bién thién
x | — 172 : T

g'(x) + 0 -
Vs
g(x) / \ 1
-1

Dua vao bang bién thién ta ¢6 v6i x & (—o0; +c0) thi ¢ E(—l; \E)]
Do d6 phurong trinh di cho ¢6 nghi¢m khi va chi khi phuong trinh
(e‘—l)z +%=m co nghiém te(-1; Jg].
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Xétham £(t) = (t — 1) + - (—1; JE].
+l

Taco f'(t)=2(t— 1)—( :_81)2, f(H)=01=2 lun S (@) =+0; f(2)=17.
Suy ra bang bién thién
! - I 2 Jg
S0 - 0 N
S

Dya vo bing bién thién, ta ¢6 phiuong trinh /(1) =m c6 nghiém ¢ &(~1; 5 |

khi va chi khi m>7. S
Viygidtricvamla m>7. .~
Vi dy 14. Tim m dé phu'ong trinh sau ¢6 nghiém

tan’ x +cot” x* m(tanx +cotx) +3=0.
Loi gidgi, Diéu kign: sinxcosx # 0 <> sin2x # 0.
Pt ¢ = tanx +cotx, khi dé |r|>2 va ¢* =tan” x+cot’ x + 2, phuong trinh da
12 +1

=—m. (1)

t
Phuong trinh dé@ cho ¢6 nghié¢m khi va cln khi phuong trinh (1) ¢6 nghiém ¢
thoa man |t| >2.

Xét ham sb f(t)- -1 véi [f]> 2.
2
Taco f'(t) = ; : f(6)>0 véimoi £ 22 hofic 1 <-2.
Suy ra bang bién thién
! — o0
7'
(1)
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Dura vao bang bién thién ta suy ra phuong trinh f(#)=m c6é nghiém khi va chi

khi mﬂ—g hoic mzi.
2 .2
Vi du 15. Tim m dé phuong trinh sau cé diing 1 nghiém thudc [U; %]

3Vtanx +1(sinx +2cosx)=m(sinx +3cosx).

Léi giai. Voi xe[O; %] thi sinx >0, cosx >0, tanx>0 do d6 phuong trinh

da cho tuong duong véi

3\/7[51nx+2cos_xJﬂmc>3ﬁ tanx+2 om (1)

sinx +3cosx tanx +3

Dit ¢ =tanx, khido >0 va véiméi £ >0 cho taduynhétmf}t xe[O;%),

phuong trinh (1) tr& thanh 37 + 1.% =m. 2)
+

Phuong trinh dd cho ¢6 ding 1 nghiém thudc [0; %] khi va chi khi phuong
trinh (2) ¢6 dting 1 nghiém > 0.
Xétham sb £(¢) =31 +1.’+2

3 t+2 3Jz+
il 43 (1 +3)

Suy ra bang bién thién

vidi t > 0.

Tacd f'(#)=

>0 véimoi £>0,

t 0 +o0
7 +
+00
f()
2

Dua vao bang bién thién ta suy ra phuong trinh f(#)=m c6 ding 1 nghiém
t >0 khi va chi khi m > 2.
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Vi dy 16. Tim m @ phuong trinh sau ¢6 ding hai nghiém phén bidt
x® +2x° =3x* —mx® -3x% +2x +1=0.

Léi giai. RO rang x = 0 khong 13 nghiém cta phuong trinh (1).

Véi x # 0, phuong trinh (1) twong duong véi

{13 +i3)+ 2[3:2 +L2)—3[x+l]—m =0.
x x x

Dat r=x+—l-, |t| = 2. Khi do phuong trinh tré thanh
. |
0P =3)+2( -2)-3t-m=0<> 421" ~61 =4 -m=0 )

Tir phép dit 1= x4+, tacé véi mdi £ =42 cho ta mot gid tri cia x; véi mdi 7
X )

thoéa mén || >2 cho ta hai gia tr] phén biét cua x. Do d6, phuong trinh (1) ¢6
diing hai nghiém phan biét khi va chi khi phuong trinh (2) chi ¢é cic nghiém
f=-2 va t, =2, hoic (2) c6 ding mét nghiém ¢ va thoa méan |¢| > 2. Xét hai
trudng hop
TH 1. (2) chi ¢6 c4c nghiém £, =-2 va t, =2. Khi d6

§-m=0

m=0
TH 2. (2) ¢6 ding m{t nghiém ¢ va thoa mén || > 2.
Ta c6 phuong trinh (2) <> 1* + 21> - 61— 4 =m.
Xéthamsd  f(1)=£+2 —61—4. Tacod

, khong tdn tai m,

ft)=3t" +41-6; f'(r)=0<::>t=_2—i3—@.
Suy ra bang bién thién
{ —a0 —2-—;fﬁ -2 —24-3J2_2 ) 400

710 P ;://////
0 / /
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Dua vao bang bién thién ta suy ra phuong trinh f{¢) =m c6 dung mdt nghi¢m

—2—22 16+ 44422
- . \m>f m>—————
¢ va théa mén |¢| > 2 khi va chi khi 3 = 27

m< f(2) m<0
Vi dy 17. Tim m dé phuong trinh sau ¢6 nghi¢m thude doan [1; 3 ]

logs x++/logs x+1-2m—1=0.

(Tuyén sinh Pai hoc Khéi A, 2002)
Lo giii. Dat 1= Jlogl x +1, kbi d6 véi x<[1:3¢ | thi re1;2] va phuong
trinh tr& thanh 2 +¢-2=2m, - *
Phuong trinh di cho ¢ nghiém x e[l; 3 :l khi va chi khi phuong trinh (*) ¢
nghiém 7 [1; 2].
Xétham sé f(1)=1>+¢-2 trén [1; 2].
Ta ¢6 bang bién thién

e |1

0] /
0

Duya vao bang bién thién ta co gid tri cham 12 0<2m <4< 0<m<2.
Vi dy 18. Tim m dé phuong trinh sau ¢6 nghiém

9 _ (423" L am1=0.
Loi gidi. Diu kién: —~1<x <1,
Pt r=3"" khi do véi xe[-1; 1] thi 1 €[3; 9] va phuong trinh trés thanh
-2t +1
______=m.
t-2

4

- (m+2Dt+2m+1=0

Xét ham sé f(t) =

2
Lﬂ trén [3; 9].
t—2 :

. 1 N N
Tacod f(t):l-(T_—:_;:)-g-;f(t)?O v&i moi 1 e€(3; 9).
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w

Suy ra ham f(f) déng bién trén [3;9]. Do d6 phuong trinh f(t)=m co
nghiém trén [3; 9] khi va chi khi f(3)<m< £(9) & 4 SmS%.
Vi dy 19. Tim m dé phuong trinh sau c6 nghiém thudc doan [0; 1]

A4 = (m 1) (27 - 27 )+ 2m,
Lai gidi. Phuong trinh da cho tuong duong véi

a(4* +47)=40m+1)(2° -2 )+ 2m.
Pat t=2" ~2" véi x €[0;1]. Xétham sé g(x)=2" -2 véi x e [0; 1]. |
Ta ¢6 g'(x)=(2’r +2")ln2; g'(x)>0 véi moi xe[0;1]. Suy ra ham g(x)
dong bién trén [0;1]. Do d6 v&i mei xe[0;1] thi g(0)<g(x)<g()
<0 sg(x)s%. Suyra ¢ E[O; %]

Taco t* = 4% +4™* — 2 va phuong trinh trér thinh

2
2 — 2 _ i _—t+2_m
2(: +2)=20m+ 1)t +m > 2t —142)= 2+ me> TR
2
Xétham sé f(6)=" 2;32 véi :e[o;%].
| _ 14411
2% 420 -5 T2
Taco f')y=——5—:f()=0&
acof() (2 ] f() t_—l—mﬁ[oi]
2 "2
14411 —2+411 (3) 11
f(0)= Ef[ ] 5 S E)="€‘
N
Suy ra bang bién thién
- 3
t 0 I?ﬁ 3
FA0O - o R
2

. -
f(0) \ 3
: —24_-«{ /

71



Dura va bang bién thién ta suy ra phuong trinh £(¢) = n cénglu&mre[ :i|

2+J_

Vidu 20. Tim m dc phuong trinh sau ¢6 nghiém
@m-3)x+3+Gm—4)l-x +m-1=0.

Loi gigi. Didu kién: —-3<x<1.

Phuong trinh d3 cho tuong duong véi

m(4Jx+3+3J1—x+1)=3Jx+3+4Jx—1+1

Khi va chi khi ——— -~ E<2<:>-2+J_Srn$4

3Wx+3+47x—141
Ax+3+3Jl-x+1

Vi (ﬁ)z +(Jl_—;)2 =4 nén ta co thé dit {JxT Zsina Vol o € i:(l; %]

(1)

Vi-x=2cosa

6sina +8cosar+1
8sina +6¢cosax +1

Khi d6 phuong trinh (1) tr&r thanh: @)

a 2t 1-¢2
bt 1 =tan—, khi d6 t€|0; 1}; sinee =——-, cosa¢ = ——, ph trinh (2
: 2 [0 1]; sina 1+22 a2 PHone @
77 -121-9 _
5:’-16:—7
-12¢-9
Xét ham sé :_—-——- véi re[0;1].
0 /@) —-16t-7 e[ 1]
2
Ta ¢6 f'(t):—(?f _::t+g;)2,f'(t)<0 véi moi ¢ €[0;1]. Do d6 ham f(z)
_ nghich bién trén [0; 1]. Suy ra phuong trinh f(f)=m c6 nghiém ¢ € [0; 1] khi

va chi khi f(o)smsf(l)@%s;nsg.

3

Wx+3+4Jdx—-1+1

4Nx+3+301-x+1
klén co nghjém cua phuo-ng trinh (1]’ hﬁﬁc xét ham h(o:) _ 65-1na+8c:osa+1
" ' 8sinx+6cosax +1
dé tim diéu kién c6 nghiém ctia phuong trinh (2).

Nhgn xét. Ta c6 thé xét truc tiép ham g(x) = dé tim didu
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Vi du 21. Tim m dé phuong trinh sau c6 2 nghiém phén biét

MEQ” +(2m+1)(3--~,/§)%‘_2 +(3+J§]ﬂ -

Léi gidi. Phuong trinh da cho tuong dlrong voi

=
2m+(2m - 1)[3 ‘/_J [32‘}3] ~0. (1)
** .
Pt z=[3+2‘/§J , khid6 ¢>1, phuong trinh (1) tr& thinh
1 2 tz—l '
2m+(2m—1);+!=0¢—2m(t+2)=r —1<:>H_2 =-2m. (2)

)

Ve
. 3+\[5_ 3 v s
Vait21 tacd t= 5 <:>x=-l_-floghﬁt.Dndovmr:Itlﬂcéduy
: 2

nhét x =0; voi ¢>1 thi ta cd 2 gia tri clia x.

. |
Xétham sé f(2) =
7@ t+2

vai 21,

o Prdrel .
Tacod f(r)zm;f(tp»ﬂ voimoi r21.
Suy ra bang bién thién:
r |1 _ +00
S +

0 /
L

Dya vdo bang bién thién ta c6 phuong trinh f(#)=-2m c6 tbi da 1 nghiém
t>1. Do d6 phuong trinh di cho c6 2 nghiém x phén biét khi va chi khi
phuong trinh (2) ¢ nghiém 1 >1 © 2m>0=m<0.
Vi dy 22. Tim m dé bét phuong trinh sau ¢6 nghiém

(x-2-mWWx-1<m-4.

(Tuyén sinh Cao Ddng, 2013)

Loi gidi. Didu kién: x>1.
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Dit #=+x 1, khi d6 # >0 va bit phuong trinh tr& thanh

3-—-
(tz—l—m)t$m~4<:>m2t t+4.
P-t+4d
Xét ham 86 f(1) = Pl v6i £ 20.
ac (t-l)(2t2+51+5) ©—0 ,
)= s f()=01=1.
aco ) 1) I
Suy ra bang bién thién
f 0 1 +00
J () - 0 +

0| _—

Dua vio bang bién thién ta suy ra bét phuong trinh £(#) <m ¢6 nghiém khi va
chi khi m22. '

Vi dy 23. Tim m dé bit phuong trinh sau c6 nghi¢m xe[O;l+J§]
m(Jx2—2x+2 +1)+x(2—x)50.

Léi gidi. Xét ham sb g(x) =x? ~2x+2 voi xe[ 01443 |

Ta c6 bang bién thién

x |0 1 1+J§

g(x)2\1 /4

Dura vao bing bién thién ta suy ra voi xe[u; 1++3 | thi g(x)e[1; 4].

Dt £=+x* - 2x+2, khi 6 £=/g(x) &[i; 2] va béit phuong trinh trd thanh

.. 2 _
m(m)s:z_mms‘mz. (1)
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Bit phuong trinh da cho ¢6 nghiém xe[O;l+J§] khi va chi khi bt phuong
trinh (1) ¢6 nghiém ¢ & [1; 2].

2

Xét ham s f(1)=" _12 voi rei; 2].

Ta c6 f'(r)_%gtgf%,f(:)>o voi moi 1€[l; 2] Do d6 ham f(¢) ddng
bién trén [1; 2]. Suy ra bat phuong trinh f(x) >m c¢6 nghiém 7 €[1; 2] khi va
chi khi m <f(2)—

Nhin xét. Néu dé ba1 yéu cau tim m dé bt phuong trinh d3 cho nghiém ding
v&i moi xe[O; 1+~/§:| thi yéu cdu d6 trong duong véi bt phuong trinh (1)
nghiém dung véi moi £ €[1; 2]. Didu d6 twong du'ongvéi ms f(1)=—-!—.

Vi dy 24. Tim m dé bét phuong trinh nghiém dung véi moi x théa mén

-1<x<1
, mafl— x+12Jl x 216x+3ms/1+x+2m+15
Ltnguia. Piéukign: —-1<x <1,

Batphlrcmgtrinhdﬁchotlmngdumgvél
m(Jl—x-3Jl+x)216x—12\h—x +2m+15

& 2(90x +1) = 6J(1= )1+ x) + (1= 1))+ m(3V1+x —V1 - x +2)-5<0. (1)
Pt 3W1+ x —V1—x =1, khi d6 (1) trd thanh 2¢% + m(z +2) - 5<0 )

Xem ¢ l&d mét ham sd cta x, ta ¢c6 t'=

3 + ! >0 véi moi
2x+1 ZJl—x
re(=L1). Vi t(-)=—/2,11)=3v2 nén —V2<r<3J2 va mdi
te[-—\E; 3\5] w‘duy nhét xe[—l; l].

Yéu cdu bai toan tuong duong véi tim m dé bit phuong trinh (2) nghiém ding

Vo1 moi ZE[—ﬁ; 3~.E]
22 +5

Do t+2>0 véimoi e[ -2;3v2 | nén (2) & m< 3)
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Xétham s £(f)= 2‘+;5 [V2:3v2]. Tacs

v A +2) (=202 +5)  -20* -81-5 N -7
fi= (t+2)?' = (r+2)2 <0v6‘1m91te[ \E,.’!JE_].

Do d6 ham £(¢) nghich bién trén | —v2;3V2 |.

Suy ra phuong bit phurong trinh (3) nghiém ding moi ¢ € [—\5 ; 32 ] khi va

=31
chikhi m< min N=f(342)= .
[-ﬁ;sﬁ]ﬂ) 1(342) W2+2
Vaygiatricitamla m< -1
3W2+2

Vi du 25. Tim m 48 bét phuong trinh nghiém ding véi moi x théa man |x[2%
97— 2(m~1)6"" * + (m+ )4 20

2xt-x
L&i gidi. Chia hai vé ciia bit phuong trinh cho 4% va dit :=[§) . ta
dugc
22 =2(m-Dt+m+120. (1)
Véi M:.»% thi 2x% —x>0, do d6 r>1. Khi d6 bt phuong trinh (1) tuong

2
duong vGi % >m. @)

Bﬁt phuong trinh di cho nghiém dung v&i moi |x[2 khi va chi khi bét

phuong trinh (2) nghu;m ding voi moi 12 1.
£ 4+2t+1

Xét ham s f(:)=.2£—_1 voi 121.
Taco )
20 -2t-4 B
f'(!)—w,f(t)—{)@t—l
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Suy ra bang bién thién
! 1 2 +a0

@) - 0 +

4
ORI 3 /

Dya vao bang bién thién ta c6 bat phuong trinh f(r) =2 m nghiém dang v&i moi
t>1 khi va chi khi m<3.

Bai tap

Bai 1. Tim m dé phuong trinh sau ¢6 2 nghiém phén biét

mix> +1=x+2-m.
Bai 2. Tim m dé phuong trinh sau ¢ nghiém
P ex=JxHl=2-x=m
Bai 3. Tim sb thye m d& phwong trinh sau ¢6 nghiém thuc

(~E+Jx—_2).[m2.\/§+ \/xzj ~3.4 x(x-2)]=2.

Bai 4. Tim m d& phuong trinh sau ¢6 4 nghiém phan bidt thude doan {-%;%—J

sin® x + cos® x + cos” 4x = m.
Bai 5. Tim m dé phuong trinh sau ¢6 nghiém thudc khoang (0; 1)

2
é’:(log2 \/;) —log, x+m=0.
2
Bai 6. Tim m dé phuong trinh sau ¢6 nghiém x €[32; + )

Jlogi x+log, x* =3 = m(log, x —3).

]

e

z . . . . 1
Bai 7. Tim m dé phuong trinh sau ¢6 nghiém thda min x| 25
m92x’—x _(2m+ 1)623J -X + m42x1—x — 0‘
Bai 8. Tim m dé phuong trinh sau ¢ nghiém thugc khoang (2; 4)

(m—1)log? (x—2)—(m—5)log, (x—2)+m-1=0.
2 2
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Bai 9. Tim m dé bét phuong trinh sau cé nghiém
4 —m2 +3-2m=0.
Bai 10, Tim m dé phuong trinh sau ¢ nghiém
4d6+x—xz—3x=nﬁJx+2+2d@—x}
Bai 11. Tim m dé phuong trinh x* —4x ++/x—1 =m c6 nghiém.
Huémg din giai bai tip
Bai 1. Tim m dé phuong trinh sau ¢6 2 nghiém phan biét
mix>+1=x+2-m.
Laoi gidgi. Phuong trinh da cho teong duong voi

m(s/x2+l+1):x+2<::>m= Xtz

V4141
Xét ham sb f(x)= 12— trén R.
Va? +1+1
2)
NENETRRE Chs
Taco f(x)= Jai el | NP +1-2x41
T 3 - 2
_(Jx’+1+1) Jx2+1(Jx2+1+1)
i2d 4
fx)=0Vxl+1=2x-1¢{ 2 o x=—.
 +1=4x —4x+1
x[1+-2-)
lim f(x)= lim X =-1va lim f(x)=1.
Xy X—p— 1 l Xt
—x[ 1'1‘_2"—‘—}
V2 x
 Suy ra bang bién thién
X —o0 =-00
Sf(x) +

Bl S Wik
!

el T T,
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Duya vao bang bién thién ta suy ra phuong trinh f(x)=m c6 2 nghiém phén
biét khi va chi khi 1<m<%.
Bai 2. Tim m dé phuong trinh sau ¢6 nghiém

P ox—x+l-2-x=m.

Lai giai. Didu kién: —1<x <2,
Xétham sé f(x)=x" —x—/x+1-2—x véi ~1<x<2.

1 1
Tacod f(x)=2x-1- + ;
/) 2Wx+1 2U2-x

1 PR §
2Jx+1\f2—x(«fx+1+J2—x)]_0¢}x_2'

f’(x)=0@(2x—-1)(1+

Suy ra bang bién thién:
x |-

J (%) -

2-\3 2-3
/() \
o

Dya vao bang bién thién ta cé phuong trinh f(x)=m c6 nghiém khi va chi
khi -%— 6<m<2-/3,

=R S
]

+

Nhdn xét. 1. Néu chon m =—1-+/2 thi ta c6 bai todn: Giai phuong trinh sau
P ex—x+1-2-x=-1-2.

Khi d6 dya vao bang bién thién ta suy ra phuong trinh ¢6 t8i da 2 nghiém, mit

khic x=0, x=1 14 nghiém nén nghiém cia phuong trinh 1a x =0, x =1.

2. Chiing ta cling 6 thé giai phuong trinh trén bing céch nhan lién hop nbu sau

Phuong trinh turong duong voi

(2] ({1 -1) (V2B =0

<:>(x2—x) a

¥
. +
Jx+1+1 2 +2-x

=0 .
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x=0
< 1 1
x—1- - =0 *)
Je+l+l 2+42-x
Tathay x =1 12 mét nghiém cta (*).
Vai x>1 thi VT(*)>0=VP(*), nén (*) khéng c¢6 nghiém x> 1.
Vai x <1 thi VT(*) <0=VP(*), nén (*) khong cé nghiém x <1.

3. Céch giai phuong trinh vo ty bing nhan lién hop nhu trén kha quan trong,
cac em hoc sinh nén rén luyén giai thém cac vi dy sau
Giai cac phuong trinh va bat phuong trinh

a) Vit +21 =vx—1+x%
b) V3x+1—6—x +3x* —14x—82>0.

¢) Vx+2+3-x=x"+x" —4x-1.

Bii 3. Tim s6 thyc m dé phuong trinh sau ¢6 nghiém thyc
(‘\/;-F ~Jx—2).[m2.\j;+
Lai gidi. Didu kién: x> 2. -

Phuong trinh < 2[m2.\/;+ ——x—\/%—li‘,‘x(x—Z)] =2(I—-Jx—2)

<:>m2.\Fx+-\/x2T2-—3.$fx(x-2) =Jx-x-2

o x—2+Jx2T2—3.5/x(x—2) =(1-m?Wx

Jx —3.4,/x_2 ~1-m’.
x—2 x

Pit r:;t/x'z .Khi d6 0 <t <1. Phuong trinh tr& thanh
X

\/szz—S.“ x(x-2)]=2.

—~

1 2
—-3t=1-m

*)
t
Phuong trinh d3 cho ¢ nghiém x < phuong trinh (*) ¢6 nghiém ¢ € (0; 1).

Xét ham f(f)= wlf ~3t,te(0;1). Tacod £'(f)= —% ~3<0,Vie(0; 1)
)
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Suy ra bang bién thién
t 0 1
f'@® -

o] TTT—

Dya véao bang bién thién, ta suy ra phurong trinh ¢6 nghiém
< l-mt>-2 ¢>—\/§<m<\/§.

—2

Bai 4. Tim m dé phuong trinh sau ¢6 4 nghi¢m phan biét thudc doan [—g ; g:l

sin® x + cos* x + cos? 4x = m.
Léi giai. Phuong trinh da cho twong durong

w+0052412m < 4cosz4x+CDS4x=4m‘3- (1)

Dit £ =cosdx, khi d6 vai x [—%,%} thi fe [—1;%], phuong trinh (1) tro
thanh 4¢% +¢=4m-3. (2)
Phuong trinh (1) ¢6 4 nghiém phéan biét x e ’:—%,%] khi va chi khi phuong

trinh (2) ¢6 2 nghi¢m phén biét re[-1;1). (3)
Xétham sd f(£)=4¢ +1 véi te[-1;1).

Ta ¢6 bang bién thién

ol 3~ _—"

Dya vao bang bién thién suy ra (3)xayra _EL <4dm-3<3< g <m<-

3
5.
Véy gié tri m cin tim 13 47 em<3,

64 2
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Bai 5. Tim m dé phuong trinh sau ¢é nghiém thudc khoang (0; 1)

4(Iogz J;)z - 1031_ x+m=0.
2

-----

~ Dit r=log, x, khi d6 véi xe(O,l) thi oo <log,x <0 hay f<0. Phtrong
trinh tré thanh
Prt+m=0c -+ —t=m. *
Phuong trinh dd cho ¢6 nghiém xe((]; 1) khi va chi khi phuong trinh (*) c6
nghiém £ <0.
Xéthamsé f(t)=—t* -t trén (—oo; 0)
Ta c6 bang bién thién

i —o0

1) / I~ .

Duya vio bang bién thién ta ¢6 gia tri ciam 1a m < %

— g
=]

Bai 6. Tim m d& phuong trinh sau c6 nghiém x € [32; +x)

Jlog§x+ log, x> =3 =m(log, x-3).
2
Léi gigi. Vai x €[32; +0) thi log, x>5, suy ra log,x—3>2 nén m>0. Do
d6 phuong trinh d& cho tuong duong véi

log§x+ 2log, x-3=m’ (logzx—S)z. (N

| 2

Diit £ =log, x, khi d6 725 va phuong trinh (1) tré thanh

P =2t -3=m(t -3 > m? ={+—;.

Xét ham sb f(t)-% véi £ 25,

Tacd f(6)=

5 <0 voi moi 7> 5.

82



Suy ra bang bién thién
t 5 oo

7@ -

0 \
' 1

Dua vao bang bién thién ta suy ra phuong trinh £(#) = m* c6 nghiém 125 khl
vachi khi 1<m® <3. Kéthop véi m >0 ta duge 1< m<+/3.

Bai 7. Tim m ¢& phuong trinh sau ¢6 nghiém thoa mén || 2%
m* T (2m+1)6™ 7 + ma2 F =,

Léi giai. Xétham s g(x) =2x" - x véi |x] zé—.

Ta ¢6 bang bién

g(x)

Dya va bang bién thién ta c6 g(x) >0 véi moi [x] > %
Phuong trinh da cho tuong duong véi

3 2(2x*-x) 3 2xi-x
m(—-} —(2m+1)(§) +m=0,
3

2xt-x
bat :=[EJ , khi d6 vi g(x)>0 véi moi |x[% nén t21 véi moi |x|2%.
i’htrcngtrlnhu'éthénhmtz—(2m+1)r+m=.«0©m(r2—-2r+1)=t. (1)
Ro rang 7 =1 khong la nghiém cua phuong trinh (1), do dé

0= (€))

—_—=m
=2t +1
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t .-
5 —— vOi1 £>1.
=2t +1

1-£2
(> =2t +1)*’
Suy ra bang bién thién

Xét ham s& f(£) =

Tacd f(1)= f'(t)<0 véimoi £ >1.

{ 1 +00
f@® -

+00
1) \
0

Duya vao bang bién thién ta suy ra phuong trinh f(#)=m c6 nghiém khi va chi
khi m > 0. _
Bai 8. Tim m dé phuong trinh sau cé nghiém thudc kKhoang (2; 4)

(m—l)logzl(x—2)—(m-5)log,(x¥2)+m—1=0.
2 2
Léi giai. Pt t=log, (x—2), khi d6 véi xe(2;4) thi re(-2;0) va phuong
2
trinh d3 cho trd thanh

2

t°=5r+1
—_—_=m 1
2 —t+1 ()

Yéu cdu bai toan tuong duong véi phuong trinh (1) ¢6 nghiém ¢ (—2; 0).

(m-D* —(m-S}t+m-1=0&

2_
Xét ham s6 f(r)z%_§iﬂ voi te(-2; 0).
" —r+1
, tr+4 , . ' o
Ta ¢b f(t):—F—il)z;f(t)d) véi moi te(-2;0). Do d6 ham f(f)
- —r+

nghich bién trén (~2; 0). Suy ra phuong trinh f(f)=m c6 nghi¢m khi va chi
khi f(0)<m< f(-2)=1<m <%5

Bai 9. Tim m dé bit phuong trinh sau ¢6 nghiém
4% —m.2*" +3-2m<0.

Lai gidi. Dt t = 2%, khi d6 ¢ >0 va bét phuong trinh tr¢ thanh
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2
P 2mt+3-2m<0es ) +3

<2m. 1
t+1 )

Bat phuong trinh d4 cho ¢é nghiém khi va chi khi bt phuong trinh (1) ¢6
nghiém ¢ > 0.

£ +3

Xétham sé f(t = ) v6i >0,
t+1
t*+2t-3 t=
Taco f'(t)= W; (=0 L ~ -3 (ktm).
Suy ra bang béan bién thién
1 0 1 +00
TAG) - 0 +

10 3\ 2 /

Dya vao bang bién thién ta suy ra bit phuong trinh £(r) <2m c6 nghiém khi
vachikhi 2m<2 o m<l.
Bai 10. Tim m dé phuong trinh sau ¢6 nghiém

46 +x-x" =3x=m(xJx+2 +2/3-x).

-----

Pit t =+/x+2 +2+/3-x, -2<x<3. Xem ¢ la mot ham sé bién x.
1 2
2x+2 23-x

Suy ra bang bién thién

Tacot'= =0<:>\/3—x=2\/x+2<:>x=~1.

x|—-2 —1 3
t + 0 -

5
>
“1245 \JE

~ Dya vao bang bién thién ta c6 /5 <r<5.
Talaic6 1> =14 -3x+ 46+ x—x*, hay 4V6+x—x* —3x =1 -14.
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Phuong trinh di cho tré thanh
t2—14=mt, voi V5 <r<5

@t—li=m, vai ﬁsrss.
1
Xét ham ﬁf(r)::—% trén [JE; 5].
Tacd f'(t)=l+lf—:>0, Vte[»/g; S}. Suyra f(¢) d&ngbiéntrén[ﬁ; 5:|.

Do 46 phuong trinh dé cho cé nghiém <> pt f(t)=m cb nghiém trén [JE ; 5]

c&f(\ff_r)ﬁmsf(S) o] —?—‘{S S?

9J_ 11

Viéy gia tri cin tim cua m 14 —u-—«-s <?.

CHUONG 2
HE PHUONG TRINH

1 Hé phwong trinh

Khi giai h¢ phuong trinh bing sir dung tinh don diéu cua ham s6 thi dinh
hudéng dau tién 1a chiing ta s& dung phucmg phép thé dé dua v& xét phuong
trinh mdt 4n. Do d6 viée tim dugc lién hé véi bidu thie don gian ciia céc an Ia

rét quan trong.
Diu tién ching ta s& tim lién hé d6 bing céch sir dung tinh chit:
Néu ham s6 f(x) don diéu trén K thi trén X, ta co
S)y=fv)eou=v viiuvek.
1.1 Hg phuong trinh dai s6
Vi du 1. Giai hé phwong trinh
<[.'»c3+x2=y3 +3y* +4y (x, y€R).
C+y +1=0
Loi gidgi. Ta c6 phuong trinh thir nhat trong dwong véi
X tx=2=(+1P+(p+D-2. (1)
Xétham sd f()=r>+1-2 trén R.
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Tacod f(t)=3t>+1>0 v&imoi teR. Suy ra f(r) déng bién trén R. Do d6
phuong trinh (1) trong duong véi '
f(x)=f(y+)e=>x=y+]1.
Thé vao phuong trinh thi hai cia hé ta duge
Prx-1)+1=00x’ +x°-3x7 +3x=0
2 x=0
<=>x(x4+x2-3x+3)=0<:> .
_ x +x"-3x+3=0.
Vi x*+x? -3x+3=(x" -1’ +3x* ~3x+2>0 nén ta chi c6 nghiém x=0,
suyra y=-1. _
Viy nghi¢gm ciahéla x=0, y=-1.
Vi du 2. Gii hé phuong trinh
-y -2=3x-3y
¥ 4l—x? =32y~ +2=0
(Hoc sinh gioi Tinh Nghé An, 2010)

(x, yeR).

~1<x<1
0<y<2
Phuong trinh thit nhét cta hé tuong duong vai
¥ -3x-2=(y-1Y-3(y-D-2. (1)
Tir didu kién ta suy ra x, y—1e[-1; 1].
Xétham sé f(¢)=1 —3t-2 véi te[-1; 1]
Ta cb f'(:)=3(r2-1); F(1)<0 véi moi re(-1:1). Do d6 ham sé f(x)
nghich bién trén [-1; 1]. Suy ra
M f()=f(y-Dex=y-1
Thay vao phuong trinh thir hai cta hé ta duge
X -2 +2=0ex=0.
Suyra y=1.Viynghiémciah§ la x=0, y =1.
Vi dy 3. Giai h¢ phuong trinh
Xy 43 +6x-3y+4=0
{2J4-x2—3\/3+2yy2 ~3x+2=0

Loi gidi. Diéu kién: {

(x, yeR).
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~-2<x<2
—-1<y<3,
Phuong trinh thir nhét ctia hé twong duong véi
(x+1) +3(x+1)= y* +3y. (1)
Tirdiéukiéntasuyra x, y—le [-1; 3]
Xéthamso f(1)=r"+3t véi te[-1; 3],

Li giai, Didu kién: {

Ta ¢6 ft)=3(r +1); £'(1)>0 voi moi re(~13). Do d6 ham s f(x)
dong bién trén [-1; 3]. Suy ra

D fx+D=f(Mex=y-1.
Thay vao phuong trinh thir hai cia hé ta dugc

Jor+2pi3=s5-3pes )’ VE0 1
-y +2y+3=5-3y < y=1
it -y’ +2p+3=(5-3y)
Suy ra x=0. Vay nghiém ciahé 1a x=0, y =1.
Vi du 4. Giai hé phuong trinh

X +12y7 +x+2=8y +8y

— (x, yeR).

Jxi+8y° +2y=5x
Loi gi@i. Didu kién: x* +8y° > 0.
Phuong trinh thir nhét cuia hé tuong duong véi

X ex=2y-17+Qy-1). (1)
Xétham f(1)=£+t trén R. Ta cd f¢)=32+1>0 v&i moi zeR. Do do
ham s6 f(x) ddng bién trén R. Suy ra |

e fx)=/Cy-Dex=2y-1.
Thé vao phuong trinh thr hai ctia hé ta duoc

J2y =17 +8y° +2y=52y-1)<> 8y  +4y> 4y +1=8y—5

8y-520 yzé y=1
= ; , , & 8 <>
8y +4y" —4y+1=(8y-95) y=6

8y —60y” +76y —24=0
Suy ra nghiém ctia h¢ phuong trinh 1 (1; 1), (11; 6).

88



Vi du 5. Giai hé phuong trinh
=y 432 +6x-3y+4=0
{(x+l)m+(x+6)m=x2 ~5x+12y
Loi gidi. Didu kién: y > -1.
Phuong trinh thir nhét ciia hé tuong duong vai (x+1)° +3(x+1)=»* +3y. (1)
Xét ham f(f)=1t>+3t trén R. Ta c6 f'(t)=3t* +3>0 nén ham ddng bién

(x, yeR).

trén R. Suy ra phuong trinh (1) tuong duong voi f(x +1)= f(3) < x+1=y.
Thé vao phuong trinh thir hai cta hé ta dugc
x+DVx+2 +(x+6)Wx+7 =2+ Tx +12
<::>(x+1)(M—Z)+(x+6)(m—3)=x2+2x—3

x+1 x+6
S (x-2) + =(x-2)(x+4
( [\/x+2+2 Jx+7+3] (x=2)(x+4)
x=2
= x+_1_ x+6

LR —x+4 2
Vx+2+2 Jx+7+3 2)

Vi y=-1 nén x>-2.

Néu 2<x<—1 thi =1 <0 va —2F% <114 nén(2) vo nghiem.

Jx+2+2 x+7+3

x 1 <x+l va x+6 <x+6 nén (2) vé nghiém
Vx+2+27 2 Vx+7+3 2 '
Vay nghi¢mciahé 1a x=2, y=3.

Néu x> -1 thi

X' —=3x"—9x+22=3 +3y> -9y

Vi du 6. Giai hé phuong trinh 1 (x, yeR).

X+ —x+y=

(Tuyén sinh Dai hoc Khéi A, 2012)
Loi giai. H¢ da cho tuong duong vai

(x—1)3—12{x—I):(y+])3—12(y+]) 1
2 2
[x—%] +(y+~;—] =] _ (2)

89



L1
o)

1 3

1 3
T (2 - <1, <les—<x—1<—, ——<y+1<=,
(2) suy ra |x 5 5 x 5> y >

Xétham sd f(£)=+¢° —12¢ trén [-5;-; %]

Ta ¢6 f'(z)=3(r2—4)<0 véi moi #€(~2; 2). Suy ra ham s f(x) nghich
bién trén [--3-; 3}. Do d6
272

D fx-D=fy+)eex-l=y+leay=x-2. (3)
3

Thé (3) vao (2) ta duge 4x2—8x+3=0<:>x=%, x=3.

1 3 301
Tir dot iém ctahé la |~ -2 | va |2 -2 .
i do 1a suy ra nghiém ctia h¢ a[z 2] va[z 2)
Nhin xét. Ching ta c6 cach gidi khac nhu sau
x3+23——3(x2+22)—-9(x+z)+22:0
Pat z = -y, khi &6 hé tr¢ thanh

x2+y2—(x+z)=%
Dt u=x+ 2z, v=xz hé trd thanh _
u3—3uv——3u3+6v—9u+22=0 )
1 .
2_2 — gy = — - 2
u v—=u 5 _ ()
2, .
Tt (2) suy ra v=2“—%—1, thé vio (1) ta duge

2 — 6 +45u 82 = 0> (u—2)( 20’ ~2u+41)=0
o u=2 (Vi 26 -2u+41>0 véi moi u).

3 X+z=2 x=
Suyra v=—. Do do 3 &
4 Xz =—
4 |a=

Ttr d6 suy ra nghiém (x; y) cua h¢ 1a [%, —%) va [i, —-!-]
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Vi du 7. Giai hé phuong trinh
_ {x5+xy4=y1°+y5

Jax+5+4y* +8=6

Léi gidi. Didu kién: x > -%.

(x, veR).

*Néu y=0 thi tir phuong trinh thi nhét ta c6 x =0, khdng théa man phirong
trinh thi hai.
*Véi y#0, ta co phuong trinh thir nhét trong duong véi
. _
X X
==+ ' (1
yoy

Xéthamsd /(t)=¢" +1 trén R. |
Taco f'(7)=5t" +1>0 véi moi reR. Suyra f(f) ddng bién trén R. Do d6
(l)&f[i}f(y)@ﬁzyﬁhy’-
y y

Thé vao phwong trinh thit hai ta duge V4x+5 +/x+8 =6. (2)

Rd réng vé trdi cla phuong trinh (2) dong bién, v& x=1 1a nghiém, do dé
x =1 la nghiém duy nhét.

Suy ra nghiém cta hé [a (I; 1), (I; - 1).

Vi dy 8. Giai hé phuong trinh
PR =y22 + 12
7y' +13x+8 = 2y Yx(3x? +3y2 - 1)

. (Hoc sinh gioi Thanh phé Hé Chi Minh, 2010)

(x, yeR).

Lai gid.
*Néu y =0 thi thay vao h¢ ta duoc x=-%.
* Néu x =0 thi tir phuong trinh tht nhit ta ¢6 y =0, khong théa mén phuong
trinh thi hai.

* V&i xy # 0. ta c6 phuong trinh thir nhit tuong duong véi

1
[5] +Z=ylley, M
y) | o

Xétham s6 f(£)=¢" +1 trén R.
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Tacéd f'(#)=11'""+1>0 véimoi € R. Suyra f(¢) ddng bién trén R. Do d6

(1)<:>f[£J=f(y)<:>£=y<:>x=y2>0.
Y y

Thé vao phuong trinh thir hai ctia hé ta dugc,
Tx* +13x+8= 2x2{/x(3x2 +3x-1).

Dit t=l, phuong trinh trd thanh 7¢ +13¢ + 82 =233 + 3t — ¢
X

& 2+ 1P +22 +1)=3+3t -2 + 2334 31 - 12, )
Xét ham sb g(u) =u> + 2u, voi u >0.
Taco g'(u)=3u”+2>0 v6imoi u >0,
Do d6 ham g(x) ddng bién trén (0;+ ). Suy ra

(2)@g(2r+1)=g(\f3 3+3r—:2]@ 2A+1=33+3t -1

t=-1 (ktm)

2 +1P =3+3t-P o |t= 51:_ (ktm)

/895

16

Suyra x= ,y=1% )
J89-5"7 \J8o-5

Viay nghiém cua hé l1a (—%, 0),

16 16
-5 \Je5_s )
Vi du 9. Giai hé phuong trinh
| .7:3—3x2+2=1fy3+3y2

3Vx—2=\(y2+8y

Lai gidi. Diéu kién: x>2, y>0.

(x, y €R).

Phuong trinh thir nhat ctia hé tuong dwong voi

=327 4 2=y y+3 e (x-1) -3 -1)=(Jy+ )-3 y+3. (1)
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Xétham sé f(t)=1> -3¢ tacd f()=3*-320 véimoi t>1. Vi x-121 va

Jy+3 >3 >1 néntacd

W< fx-D=f(Jy+3)er-1=Jy+3 o y=x*-2x-2.
Thé vao phuong trinh thir hai cta hé ta dugce
x-2)=1y* +8y <> 9x-2)=(x* - 2x -2)* +8(x* —2x - 2)
x4 483 —17x+6=0 (x-3)(x* —x* +5x-2)=0
x=3
Sla 2
X =x"+5x-2=0.
Vix'=x*+5x-2=x*(x-1)+5x-2>0 véi moi x>2 nén ta chi ¢6 nghiém
x=3. Suyra y=1. Viynghiémcuah¢ la x=3, y=1.
Vi dy 10. Giai hé phuong trinh
217 + y+2x1—x =3/1-x
V27 +l-y=2-x
Loi gidgi. Didu kién: x<1.
Phuong trinh thir nhét cta hé tuong duong véi
2y +y=2Jl-x-2xJl-x+1-x
2y +y=2(1-x)l-x+1-x. (1)
Xétham sé f(1)=2f> +1 trén R.
Ta c6 (@) =6t +1; f(t)>0 v6i moi teR. Do dé ham sé £(t) dong bién
trén R. Suy ra

(1)c>f(y)=f(m)<:>y=m<:>{y220

y =1l-x.

(x, yeR).

Thé vao phuong trinh thi hai ctia hé ta duge

J3—2x—~/l—x=2—x<:>\/3 22_:;11 =2—x
—2x - X
1 1
=2-x —11=0<:> —1=0
( )[J3—2x+\[1—x ) J3-2x +/1-x

OVI-2x+l-x=1ex=1.
Suy ra nghiém ctia h¢ phuong trinh 1a x=1, y =0.
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. 4x* =3x+(y=1)42y+1=0
Vi du 11, Giai hé phuong trinh (x, yeR).
25t 4 x+-y2y+1) =0

Laéi gidi. Diéu kién: —712- < y<0,
Phuong trinh thir nhit twong duong véi
(=2x)° =3(=2x) = ((2y +1)-3)J2y +1
& (-2x) - 3(-2x) = (/2 +1)3 ~32y+1. (1

Tir diéu kién —-%Sy <0 taco 0< 2y +1<1.

Tir phuong trinh thir hai cia hé ta suy ra 2x” +x 50@%5:;50. |

Khi d6 0<—2x<1.

Xeét ham s6 f (1) =1 -3¢ trén [0;1].

Taco f(t)=31"-3; £'(t)<0 v&imoi £€(0;1). Dodd f(#) nghich bién trén
[0 1]. Suy ra phuong trinh (1) <> f(-2x) = f[m ) & 2x=\2y+1.

The vao phuong trinh thir hai ta dugc

2
: 2x2+x+1;w4x2 Lax? 0

2% v x+ 212—8x4—0<.:>li

x=0

< 1
2x+1-V2-8x* =0 |x=-7.

Suy ra nghiém cna hé 1a [O; - %], [—%; 0).
Vi dy 12. Giéi h¢ phuong trinh |
4x +1)x+(y-3)15-2y =0
( )+ 52y . yeR)
4x*+ 2+ 23 4x =7
(Tuyén sinh Pai hoc Khéi A, 2010)
5

Loi gidi. Diéu kién: x s%, ¥y 55.
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Phu'(mg trinh thir nhét cta hé trong duong voi
(4x +1).2x=(5-2y +1)y5-2y. (1)
Nhan xét: phuong trinh (1) ¢6 dang f(2x) = f(,;s—zy), véi f()=(r +1)r.
Tacd f(¢)=3>+1>0 v6imoi reR, suyra f dong bién trén R.
: x2_0
Dodé (e>2x=/5-2y <1  5_4,2
y= :

2
Thé vao phuong trinh thir hai cta hé ta duge

2
4x7 +(%—2xzj +2J3-4x -7=0. - ®@

Nhan thdy x=0 va x =% khong phai 1a nghi¢m caa (2).

2
Xét ham sd g(’x)=4x’+[-§-2x2) +24/3-4x —7 wén khoéng( ]
4

<0 voi

Ta <6 g'(x)=8x—-8x[%—2xz]- =4x(4x2—3)—

4
J3-4x
mmxe[ 4) Suy ra ham g(x) ngmchbléntrén[ i)

J3-4x

Mit khéc g[—;—) =0, do d6 (2) cé nghiém duy nhét x = %; suyra y=2.

Vay nghiém cua hé 12 (x; y)=[-;-; 2)-

Nhin xét. Sau khi xét phuong trinh mét tim duge 2x = /S 2y, ta ¢6 thé giai

tiép béng cach xét ham bién y nhu sau:

: 3 3 11 5

Do x<= nén /5-2y <—. Suyra —i=
oEE " ) y-ye[s 2}
Phuong trinh thit hai cta h¢ trd thanh

s—2p+y’+23-25-2y =7
< (y-1)? +2,{3—2,/5—2y =3,
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11 5
Ta cé =(y-1)* +23-25-2y 12 ham déng bién trén |—; = | va
acd f(W=-1 yaamong1ne[82}
f(2)=3 nén y =2 12 nghiém duy nhét.

. n I 1
Tir d6 suy ra nghiém ctia h¢ 1a x=5, y=2.

Vi du 13. Giai hé phuong trinh

{ x+1+ﬁ~ﬁ=y (x, yR).

x? +2x(y—1)+y2 —-6y+1=0
" (Tuyén sinh Pai hoc Khéi A, 2013)
Loi giai, Dieu kign: x>1.
Tir phrong trinh thir hai ta co 4y = (x+ y—1)?, suyra y>0.
Dt u=4x—1, khi d6 u >0 va phuong trinh thir nhét tr& thanh
it +2+u=yJy* +2+ . (1)
Xeétham s f(£)=t' +2+1, véi 120,
2¢°
Jit 42
Suy ra phuong trinh (1) tvong duong véi
f@)=f(y)u=y, hay x=p"+1.

Thay vao phuong trinh thir hai ctia hé ta c6 y( Y 42yt - 4) =0. (2)

Tacéd f'(1) =

+1; () >0 v&i moi 72 0.

Xét hamsb g(y)=y" +2y* + y—4 véi y>0.

Taco g'(¥)=7y"+8y" +1>0 véimoi y20, va g(1)=0, nén phuong trinh
(2) twong duong véi y =0 hodc y=1.

Véi y=0 ta dugc nghiém (x;y)=(;0); véi y=1 ta dugc nghiém
(x;¥)=(2;1).

Véy nghiém cua hé 1a (1; 0) va (2; 1).

Vidy 14. Giai hé phuong trinh

(x+\/1+x2)(y+_\.‘1+y2)=l
kx~/6x = 2xy+1=4xy+6x+1

Lai gidi. Didu kién: 6x —2xy+120.

(x, yeR).
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* Phuong trinh thir nhit twong dwong vai x+ Vx> +1=—y+y*+1. (1)

Xét ham s6 f(:)=r+J:2+1 trén IR.

e el4e 4t
> -

_ e

trén R. Suy ra phuong trinh (I) < f(x)= f(-y) & x=-y.

Thé vao phuong trinh thir hai cia hé ta dugce

2- 2
xV6x+2x" +1=—4x" +(’ix+1"1"(\52:|c2 +6x+1"§] = 25:.

Tacd f(t)= >0 véi moi reR. Do d6 f(f) ddng bién

[ 2x? +6x+1=3x
a k]

Jsz +6x+1=-2x.

x>0

* 202 +6x+1=3x < < x=1.Suyra y=-1.
‘[2:n72+6x+1=9x2 ey
x<0 _

* 232 4 6x41=-2x ' 2¢>x=3 Jﬁ.
2x% +6x+1=4x 2

~3+411
Suyra y= 5

Vay nghiém cua h¢ la (1; - 1), (

3-411 -3+411
2 7 2 )
Vi duy 15, Giai h¢ phuong trinh

(587 +1) -2

27x% =x* -8y +2
(Hoc sinh gidi Tinh Nghé An, 2013 - 2014)
Léi gidi. Phuong trinh thir nhit ctia hé twong duong véi '

x+4x? 4 = (=2p) + 4 +(-2y). 1y
Ham s /()= +4+¢ trén R. Tacd f(1)=-—

(x, yveR).

+1; f'(#)>0 v&i moi
1 +4
teR. Suyra f(r) déng bién trénR. Do d6 '

(e f(x)=f(-2y) & x=-2y.
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Thé vao phuong trinh thir hai ctia hg, ta duge
27x6=x3+4x+2<:.$3x2:m )
@(J&+1)3+(x+1)=x3+4x+2+{fx’+4x+2. (2)
Xét ham s g()‘)=l’3 +1 trénR. Tacd g'(t)=3>+1;, g'(1)> 0 voimoi teR.
Suy ra g(r) ddng bién rénR. Do do

(2)@f(x+1)=f(\fx3+4x+2)<:>x+1= X +4x+2
1413

6

14413 -1-V13 1-V13 -1+413
6 ~ 12 L 6 7 12

3t ox-1=0x=

Suy ra nghiém gua hé 1a (

Vi du 16, Giai hé phuong trinh
(3x+J9x2 +1)(y+,/y2 +1)=1
8x* +2y=5x+y+2

(Hoe sinh gioi Tinh Lam Béng, 2013 - 2014)
Loi gidai. Didukién: 5x+y+2>0.
Phuong trinh thi nhat cia hé twong duong véi

3x + 1+ (3x) = (=) + 1+ (=) (1)
Xéthamsd f() =1+ +1 trén R.
NP L+ le| +¢
NS EN
trén R. Suy ra phuong trinh (1)< f(3x)= f(-y) < 3x=~y.
Thé'vs’m phuong trinh thir hai cia hé ta duge

8x’ —6x=~/2x+2, )

(x, yeR).

CTach f(0)=

>0 v6i moi reR. Do d6 f(r) ddng bién

Diéu kién: x>-1. |
Néu x> 1 thi PT(2) = 2x +8x(x ~1)> 2x >2x + 2 = VP(2), nén (2) vé nghiém.
Véi xe[-1;1], dat x=cost, t €[0; 7], phuong trinh (2) tré thanh

2(4 cos’ 1~ 3005:) =+/2¢0Sf +2 <> cos3t = cos%.
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Véi tel0; 7] thitaco t=0,.r=i;£,:=i7’£.

Suy ra nghiém ctia h¢ 1a (1; - 3), [cosi;—; - 30054?‘?], (cosfﬁ; —BCOSE—EJ.
Vi dy 17. Giai h¢ phuong trinh
Qx=1yfx+y =(6——x-—y)J2-x
212x% + 3xy —18x =x* —6x - y+3
(Hoc sinh giéi Tinh Bic Ninh, 2013 - 2014)

(x, yeR).

x+y20
2-x>0.

Dit a=~/2—x,b=[x+ v, khi d6. a, 520 va phuong trinh thr nhit cia hé
tréy thanh

Léi gigi. Diéu kién: {

(3-2a°)b=(6-b)a
R& rang a =0 hodc =0 khong thoa man phuong trinh. Vai a, 4> 0, phuong
trinh trong duong vai
: 3-2a" _6-b° qﬁ—(Zaf:G-bz
a b 2a b
6t

(M

Xéthamsb f(1)= voi £ >0,

Ta c6 f'(t]=—l%—l <0 v&i mei £>0. Do d6 ham s& £(¢) nghich bién trén
(0; +no). Suy ra
| () f(2a)= f(b) = 2a=b,
hay 242 -x =[x+ y <> y=8-5x.
Thé vio phuong trinh thir hai ctia hé ta dugc
2¥-3x" +6x=x"-x-3
& (=17 +20e-1)= (=35 + 6x)+2¥-32 + 6.
Xétham sé g(z)=z" +2z trén R.

Tacd g'(z)=32"+2>0 voi moi zeR.
" Do d6 ham g(z) ddng bién trén R.
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Suy ra
)= g(x~1)=g(\/3 —3x? +6;vc)ﬂm~:::—1=i’.!—.3.1vc2 +6x

P -3x-1=0. (3)
Véi x e[~2; 2] diit x =2cosa, @ €[0; 7], phuong trinh (3) tr& thanh

1
8cos’ @ —6cosa =1 cosSa=E.

z 5 T 7 5t
—&=—,=—. Suy ra x=2¢05—, x=2008—
9 9 9 9

hodc x =2cos-?—5£. Vi (3) la phuong trinh bac 3 c¢é khong qua 3 nghi€ém nén

day la 3 nghiém cua phuong trinh.
Tir d6 suy ra nghiém cuia hé la

(2cos£;8-1{)cos [2{:055—— 8- lﬁcos—s—) 2c0s %5 810 s7—”]
9 9 9 9

Vi ae[0; 7] nén a-=

9 9

Nhin xét. Ching ta c6 thé bién doi phuong trinh thir nhit cua hé tueong duong
vai

(2v2=x - Jx+y)(J@=nx+y) +3)=0
& 2V2-x—Jx+y=0¢ yp=8-5x
Vi du 18. Giai hé phuong trinh
X+ )+ y A+ ) =4)xp
xzy\fl-i-yz 1422 =x’y-x
Lai gidi. Diéu kién: xyz0.
Phuong trinh thir hai cta hé tu'ang duong voi

PN =22 p(1-1+ 7). (1)
Rﬁréng x=0 khéng théa man phtrcmgtrinh Mt khac, vi x—v1+x* <0 va

1-4/14y* <0 nén tir phucmg trinh suy ra y > 0. Két hop diéu klén ctia hé ta
¢d x> 0. Khi d6, phuong trinh (1) trong duong véi

l—-l—\fﬂ—l-—y = yy1+y7 (2)
X X X

Xétham f(t)=t—ty1+¢> trén (0; +). Tacod
100
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r2

F0=1-— V1472 <0 v6i moi £ (0; +0).
- Ji+1

Suy ra hdm £ nghich bién trén (0; + o). Do do phuong trinh (2) twong durong
véi L ¥ <> xy =1. Thay viao phuong trinh thir nhét ctia hé, ta c6
x

X [1+x%)+;17(1+x2):4

o x +'~1—2—=2<:>x2=14:x=:l:l.
X

Két hop diéu kién, ta c6 nghiém x =y =1.
Vi dy 19. Giai hé phuong trinh

4 3x—1+42x+ =y
YV 43y—1+ 2y +l=x

Loi gidi. Pidu kién: x, y>- %

(x, yeR).

Trit theo vé hai phuong trinh ctia hé ta duge
¥ dx+2x+1=y  +4y+ 2y +1. (1)

Xétham sb f(£) =1 +4t +/2t +1 véi r:z%.

Ta ¢ f(1)=3x"+4+  ['(1)>0 véi moi t>%. Do d6 ham f(¢)

|
J2r+l
dbng bién trén B m].
Suy ra phuong trinh (1) < f(x)=f(y) < x=y.
Thay vao phuong trinh thir nhét cia hé ta duge x* +2x~1+2x+1=0. (2)

Xét ham s g(x)=x +2x—1++2x+1 trén B—, +oo}

1 1
Tacd g (1)=32 +2 + =’ £()>0 v&i moi t > —.
g0 v A oii>>

Do d6 ham g(¢) ddng bién trén [—12- + an).
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* Mit khac, g(0)=0. nén x =0 la nghiém duy nhét cta (2).
Tir &6 suy ranghiém cua h§ 1a x=y =0.
Vi dy 20. Giéi hé phuong trinh

(1 —5Jx+5=0

_ : x, yeR).
1-Jx+2=1ﬂy2+2y+3—%y2+y( Y

(Hoc sinh gioi Tinh An Giang, 2013 - 2014)
Loi gigi. Pidu kién: x20.

Phuong trinh thir nhit cta hé twong duong v6i %yz =Jx-1.
Thé vao phuong trinh thir hai cia hé ta duge

J;E=1fy2+2y+3—(\f;—l)+y

e (&)2+2+J;=1j(y+1)2+2+(y+1). (D
Xétham sé f(t)=t> +2+¢ trén R.
- |
Ta 6 fity=t 1= NO22HE M o el teR. Do d6

NP 42 _Jr2+2 J2+2

him sé 7(¢) ddng bién trén R. Suy ra
(1)<:>f(J;)=f(y+l)¢ﬁ:y+l.

. o =0
Thé vio phuong trinh tht nhét cia hé ta duge yz—S(y+l)+5=0<:>l:y_

Suy ra nghiém (x; y) cua hé 1a (36; 5), (1; 0).

V3x-1+4Q2x+1)=y-1+3y (
(x+3)2x-y)+4=-6x-3y

Phén tich va Ii gidi. Ta thiy phuong trinh thir nhit ¢6 dang céc bién phén ly
1a mot déu hiéu thudn loi dé sir dung tinh don diéu ciia ham sb. Tuy nhién,
khéng thé tim duoc ham sd ddc trung! Dé khic phuc didu ndy, ching ta s& im
lién hé giita x va y tir phuong trinh thir hai rdi dua phwong trinh thir nhat vé
mot bién, tir d6 tim ham dic trung.

Vidy 21. Giai hé phuong trinh: { x, yeR).

Didu kién: xE%, y21.
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Ta c6 phuong trinh thir hai tuong duong véi
(x+P)2x—p)+d4=-"4x+y)-2x-y)ox+y+1)(2x-y-4)=0

> y=2x+4.
Thé vao phuong trinh thir nhét ta dugc

V3 x—142x=8=2x+3 & 23x- 1) +3x-1=2(2x+3)++2x+3. (1)
Xéthamsd f(¢)=2¢" +1 voi ¢ 20.
Ta c6 f()=4t+1>0 v&i moi £20. Do d6 ham sd f(t) dong bién trén
[0; +0). Suy ra phwong trinh (1) twong duong voi

f(ﬁﬁ)=f(ﬁ§+_3)<:J3x-l =J2x+3 o x=4.
Suyra y=12.

Véy nghi¢m ciahé 1a x=4, y=12.
Vi du 22. Giai hé phuong trinh
( — -
+Vx°-2x+5=3 +4
X+ VX X+ P4y (x. y<R).
X =y =3x+3y+1=0

Léi gidi. Phuong trinh thir hai tvong duong véi 3y = y* —x* +3x—1. Thé vio
phurong trinh thir nhat ta duge

X+ xz—é+5:}9—x2+3xﬂl+Jy2+4

ol -2x+1+Vxt —2x+ 5=y  +4yt +4
S x—12 +J(x =1 +4 =12+ 4y’ +4. (*)

Xétham sd f(6) =1+t +4 voi 1 20.

1

"Tacd f(H)=1+ . £(f)>0 voi moi £20. Suy ra ham f(f) ddng bién

2Jr+4
Uén[0;+wn).fk)dé
, y=x-1
(*)wf((xu1)2)=f(.v2)<:>(x—1)*=y"*w[
ly=1l-x
y=x—1
Voi y=x-1, tacé hé J, , <:>x=§,y:l.
x =y =3x+3y+1=0 2 2
=1-x
Véi y=1—x, tacohé y? . c:ng,yzlu
=y =3x+3y+1=0 4.7 4
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31 31
Viy nghi¢m cua h¢ 1a [2 2] [4,2].

. s 3
—x)=7
Vi du 23. Giai hé phuong trinh xgy 3I) 3 2.2
X +xy+9y=yx+xy +9x

Li gidi. '
Tl phuong trinh thir nhat, suy ra x — y#0.
Phuong trinh thir hai cta hé tuong duong véi
¥ (= )+ ap(x? 37 ) = 9(x - ) =0
<:>x2(x+y)+xy(x+y)—9=0<:>x(x+y)-2'=9
3
_fﬁ N

x>0 x>0

X+y=

Vi ' ~x >0 nén y>0. Do d6 trudng hop y:-x—i khong théa min,

7

— x, thay vao phuong trinh thir nhét cﬁa hé ta dugc

x[[%—xj—x’]:?. )

Dat r=+/x, khi d6 ¢ >0 va phuong trinh tr thanh

3
,z[(i_,zj _;5}=7@f(r)=2!9—9t5+27r3+'?t—27=0 (2)

Véi y=
J_

t

Tacd f'(6) =186 541" +817 + 7> 2185817 —541° +7>0 va f(1)=0
Nén (2) c6 nghiém duy nhét 7 =1. Suyra x=1, y=2.

Vay (x;7)=(1;2) 1a nghiém cita hé. '

Vi dy 24. Giai hé phuong trinh

J =9 _ 43 '
{ x—l—\f;us ¥ (x, yeR).
(x-D*=y

Loi gigi. Didu kién: x>1, y>0.
Pit u=+x-1, v=.f;, u, v2>0.
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Khi d6 h¢ tro thanh

{u~v=8—[u2+I)3@{u—v=8—(u2+1)3

2
W =v v=ut

3
Suyra u—u" =8—(u2+1) ub+2u' + 32 +u-7=0.

Xétham s6 f(u)=u® +2u" +3u® +u—7 véi u>0.

Ta ¢d f'(u)=6u"+8u +6u+1; £'(u)>0 véi moi u>0. Do d6 ham f(u)
dong bién trén [0; +o0). |
Mitkhdc £(1)=0 nén z =1 la nghiém duy nhét.
Tir d6 suy ranghiém clia hé la x=2, y=1.
Nhin xét. Ta c6 céach giai khac nhu sau:
Thé phuong trinh thi hai vio phuong trinh thir nhét ta duoge
Jr-l-(x-1% =8
o Vx—T-l+x —2x% + 5 20+ 4x~8=0
a(x-z)[T;_fm+x2+x+4J=0
>x=2. .
Suy ranghiémciahé la x=2, y=1.
Vi dy 25. Giai hé phuong trinh
L+£—&+2

Vxox Y (x, yeR).
y(\/xz +1 -1)=\f3x2 +3

Loi gigi. Didukién: x>0, y 0.
Phuong trinh thir nhét cta hé trong duong véi

y2w/—

31: Lo o pdx+y7 =203 + 23y
X X

(J— 2x] 2x3x =0
. -
@ -2+ )9 [y

2x.
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* Néu y = —/x, thay vio phuong trinh thit hai cta hé ta dugc
—J_(\JY +1-1 ) 3x? + 3.

Vi ~Vx (\/x‘* +l- 1) <0 <+/3x” +3 nén phuong trinh nay vé nghiém.

* Néu y =2x, thay vao phuong trinh thir hai ctia hé ta duge

. 2x(~’x2+1—1):x/§?ﬁ:§ e Jxt +1(20-+3)=2x

o i=—2% 2)

me\/g
-

(vi x= 1"_. khong la nghiém nén ta chi xét x # \f dé ¢6 phuong trinh (2))

=<

Xét hai ham sé f(x)=vx? +1 va g(x) =__2x vol x> 0.
2x— \6

203

A ' *7x_ A 1 —
Taco f'(x)= \/xT;{ >0 va g'(x)= (zx_ﬁ) <0 véi moi x>0 nén f(x)

ddng bién va g(x) nghich bién trén (0; + ). Do d6 phuong trinh f(x)=g(x)
¢6 khong qua mét nghiém x > 0,

Mit khic ta thiy x = J3 1a nghiém cua (2) nén x = V3 13 nghiém duy nhit cta
(2). Tir d6 ta suy ra nghiém cia hé 12 x =+/3. y= 24/3.

1.2 Hé¢ phwong trinh mii - logarit
Vi dy 1. Giai hé phurong trinh

L&i gidgi. Diéu kién: x, y2 0.
Phuong trinh thit nhit trong duong véi In(1+ x)— x = In(l + y) — y. )
Xét ham s6 f(1)=In(1+1)—1 véi £ 20.

1 r
Tacd (1) T I, £'(t)<0 véi moi £>0. Suy ra ham /() nghich bién
+

trén [0; +0). Suyra () f(x)= f(y) < x =
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Khi d6 hé tréd thanh [

=yp=—.
H;+ ﬁ—l . 4
. . 1
Vaynghiémciahé la x=y= ry
Vi dy 2. Giai h¢ phuong trinh
Iln(l+x)—ln(l+y):x—y

| %% —12xp +20p% =0
L& gidi, Pidukién: x, y>-1.

(x, yeR).

Phuong trinh thr nhét tuong dwong v&i In(1+ x)— x = In(1+ y) — y. ¢y
Xétham sé f(t)=In(1+1)—1 véi ¢ > 0.

Ta ¢é f‘(r]z-l—l——l; f'()=0c1=0; f(1)>0& -1<x<0. Suy ra ham
+1

£(#) dbng bién trén trén (—1; 0) va nghich bién trén [0; +c0).
Ta c6 phuong trinh thir hai ctia hé tuong duong voi
[x =2y _
(x—2y)(x-10y)=0 & @
| x=10y
Do d6 x va y ludn cung dfiu, hay x, y € (~1; 0) hodc x, y €[0; + x).
Suy ra phuong trinh (1) <> f(x)= f(y) = x=y.
Thay vao (2)tacod x=y=0.
Véy nghiém coa hé Ia x=y =0.
Nhdn xét. Vi ham f(¢) dbng bién trén (~1; 0) va nghich bién trén [0; +o0)
nén ta khong thé suy ra ngay duge x =y ma phai sir dung phwong trinh thir

hai ¢4 hé dé ¢6 didu kién x, y ludn cling thudc mét trong hai khoang don diéu
cua ham f(7).

Vi du 3. Giai hé phuong trinh
{3" 32 4 10g3 LB
1 —y (x, y eR).
L'}.'z +1ly-xy+2x+1=0
Léi gigi. Didu kién: —— > 0.
2-y

Véi x<0, 2— y <0 thi vé trdi ctia phuong trinh thir hai luén duong.
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Vi x>0, 2- y>0, tacd phuong trinh thir nhit cia hé twong duong véi
3% +log, x=3"Y +log,(2 - y). (1)
- Xéthamsb f(1) =3 +log, ! véit> 0.

Ta ¢6 f‘(:)=3’ln3+ﬁ>0 véi moi 1> 0. Do d6 ham sé f(7) déng bién
trén (0; +o0). Suyra

‘ (1)<:>f(x)=f(2—y)¢:x'=2—y.
Thé vao phuong trinh thir hai ciia h¢ ta duge

y=-1

Py -2-»y+22-y)+1=0c2)2 +Ty+5=0c 5
y=-_

2

Suy ra nghi¢m ctia h¢ 12 (3; - 1), [%, - -;—]

Vidy 4. Giai hé phuong trinh
6x% + 3* —Sxp—Tx+3y+2=0
f;—-”=ln{x+2)-1n(y+2) * yeR).
Loi gidi, Didu kién: x> -2, y>-2.
Ta c6 phuong trinh thir nhat cla hé tuong duong véi
' [y=3x—2
Bx-y-2)2x-y-1)=0&
y=2x-1.
Phuong trinh thir hai cta hé tuong duong véi
x=3In(x+2)=y-3In(y+2). : (*)
Xét ham s6 f(t)=1-3In(t+2) véi 1 > 2.

Taco /()= % do d6 ham nghich bién trén khodng (~2; 1) va ddng bién
trén (1; +o0).
*R3rang x=y =1 la nghiém cha hé.

y-x=2x-2<0

* Vi x<1, taco [ cho nén y<x<l. Suyra f(y)> f(x),

y-x=x-1<0
hay phuong trinh (*) khong cé nghiém x <1.
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y—-x=2x-2>0

*Va x> 1, tacé[ cho nén y>x>1. Suyra f(y)> f(x).

y-x=x-1>0
hay phuong trinh (*) khong ¢ nghiém x>1,
Viay nghiém ciahé la x=ypy=1.
Vi du 5. Giai hé phuong trinh
44932 = (4497 )72

(x, yeR).
A" +4=4x+4\2y-2x+4

Loi gidi. Picu kién: y—x+220.
Dit t = x> — 2y, khi d6 phuong trinh thi nhét ciia hé trd thinh
44377 443"

7‘4-2 - 72! *

44372 =(443")7 & (1)

t f ¢
Xét ham sb f(r)=47L,3. Ta ¢6 f(r)=4(%] +(%J 1a ham nghich bién trén
R. Do d6 phuong trinh ()& f(1+2)= f(2) > t+2=2 <> F=2.
Tir d6 suy ra x> —2y =2 < 2y =x" -2, Thay vio phuong trinh thir hai ctia hg
ta duoc

#rd=dxt a2 2x+d o4 =x -1+ -2 +1.

D3t # = x —1, phuong trinh trg thanh FUNSPRN SIS @)
Do (u+Ju=+1](Ju2+1 —u):l nén suy ra 4 = u? +1—u. Do d6 ta c6
4" -4 —2u =0. (3)

Xétham s g(u)=4" -4 ~2u=0, wén R,
 Ta ¢6 g'(u)=4"ln4+4“”ln4—2=(4"+;—H]ln4—2221n4—2>0. Do dé

g(u) ddng bién trén R. Ma g(0)=0 nén u=0 1a nghiém duy nhit cia
phuong trinh (3) hay cling la nghiém duy nhét cia (2). Tir 46 ta c6 nghiém ciia
; .

hela x=1, p=——.
é y==3

xivx? —2x+2=3"41

yayt =2y +2=3"41

Vi dy 6. Giai h¢ phuong trinh { (x, yeR).
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=x-1 vut +1=3" 1
Loi gidi. Dat {" hé phuong trinh tré thanh % T V¥ +1=3 0
v=y-l vehiil=3 ()

Nhan thdy day 1a h¢ ddi xtng loai 2, trir hai phuong trinh ta dugc

UV +1+3% = v+ v 143", 3)
Xéthamsd £ty =1+ V12 +1+3' trén R.
Ve +1+

Ta c6 f‘(t)=ﬁ~£+3'ln3. Vi V24154 2 nén 1()>0 véi moi
+

reR. Do d6 ham f(1) dong bién trén R. Suy ra
Gy f)=fw)=u=v.

Thay vao (1) ta c6 u+u® +1=3" (4)
<:>ln(\fu2+l+u)—u1n3=0. | (5)

Xét ham sb g(u)=1n(~ju2+l -l-u)—uln's trén R.

Ta ¢6 g'(u)=

J:_ -In3<1-In3<0 v6i moi ueR. Do dd ham g(u)
u +1

nghich bién trén R. Ma g(0)=0 nén » =0 1 nghiém duy nhét cta (5). Tir d6
suy ranghiém ctiah¢ 1a x=y=1.

Nhén xét, Ching ta c6 thé chimg minh phuong trinh (4) ¢6 nghiém duy nhét
u =0 nhu sau:

Taco (4) &3 (Vu? +1-u)=1. | (6)

Xét ham sb A(u) = 3* (Ju’ "1 - u) trén R. Ta cb

Eq'(it):.'i"[:l—!%_?—l]+(\{zﬁ—ﬂ—u)3" In3 =(ﬁ—u)3" [m_%—}ﬁ] >0

voi moi u € R. Suy ra /() nghich bién trén R.
Ma A(0) =1 nén » =0 la nghi¢m duy nhét cia (4).

2y(4y2+3x2)= x* (x2 +3)

2°(J2y=2x+5-x+1)=4

Vi dy 7. Gidi hé phuong trinh &, yeR).
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Loi giai. Didu kién: 2y - 2x+520.
R& rang x =0 khong théa man hé phuong trinh,
Véi x # 0, phuong trinh thir nhit cta hé tuong duong véi

3
(33] Y 5
X X

Xéthamsé f(1)=¢+3t trén R.

Taco f(1)=3>+3; f(1)>0 véimoi feR.

Do d6 ham f(r) dong bién trén R.

Suy ra (I)ﬁf(z—y)zf(x)@ xziy-@y:x—z.
X _ x 2

Thé vao phuong trinh thir hai ciia hé, ta duge

2v ! (\;[x 1 d—(x -‘1))= 2. @

Xét ham sb g(u) = 2" (J:ﬁ +4 —u] rén R.

Ta ¢o g'(u)=2“(\!u2+4-u)[ln2—\[—2l=}; g'(u)>0 vai moi ueR vi
u +4

Vil +4 > [u2u va ln2>1>J:—. Do d6 ham g(u) ddng bién trén R.
u” +4

Mit khac g(0)=2. nén =0 la nghiém duy nhét céia phuong trinh (2). Tir d6

tasuy ranghiémcuahé la x=1, v= %

X +yidxy+2=0
2 = [T 2y d x4y
Li gidi. Didu kign: 2 - 2xy >0 & xy<1.

Dit u = x+ y, v=1xy. Khi d6 hé tro thanh

Vi du 8. Giai hé phwong trinh { (x, y € R).

W +2v+2=0

2 =J2-2v+u

=1’ -2 : (1)
<> .

2 = Ju? v 4+ _‘ (2)
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Phuong trinh (2) <> 2“7 (Vu? +4 —u) =4
& (N +4 —u)=2 | (3)

Xét ham f(u)zz"(\/uzm-u) trén R. Taco

f'(u)'=2“(Ju’+4—u)[1n2— ! J>u v6i moi u eR.

Vi® +4
Suy ra ham f ddng bién trén R. Ma ta ¢c6 f(0)=2 hay u=0 la nghiém clia
phuong trinh (3). Do d6 » =0 1a nghiém duy nhét cta phuong trinh (3). Suy ra

u=0,v=-1. Suyra
x+y=0¢> x=l y=-1
xy=-1 x=-1, y=1.
Vay nghiém cua hé¢ phuong trinh la (I; - 1), (-1 1).
Vidu 9. Giai h¢ phuong trinh

1082x=2‘y+2 ( R)
5 : x, yeR).
41+ x +xy 4+ 7 =0
(Tap chi Todn hoc va Tubi tré)

Loi gidgi. Didu kién: x>0. ,
Tu phuong trinh thir hai cia hé ta suy ra y <0.
Khi d6 phuong trinh thir hai clia hé tvong duong véi
16(x+l)=x2y2(4+ y"-)gxzy“ +4x*y? ~16(x+1)=0.
Coi day 12 phuong trinh béc hai véi 4n 1a »?, tacé
DA =4x 11607 (x+1) =457 (x + 2)%, tirdo suy ra

5 =2x7 +2x(x+2) 4
y = 3 - = —

x x
—2x7 -2x(x+2) —4x* -4
2= x ;c(x ) _ .1:z X 0.
X X
4 4 -
Do d6 y* =— <> x =—. Thay vao phuong trinh thir nhét ciia hé ta dugc
X y
4
log, 7o 27 & 2-log, y* -2 =0. ¢y
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Xéthamsé f(y)=2-log, y* —2*** véi y <0,
2 2
yln2  yln2
y<0. Dodé f(y) dbng bién trén (—oo; 0). Mt khac, lai c6 f(~1)=0. Suy ra

y=-1 l1a nghiém duy nhét ctia phuong trinh (1). Tir d6 ta cé x =4.
Viy nghiém ciahéla x=4, y=-1.
Nhdn xét. Chung ta c6 thé suy ra xy” =4 biing cac cach khac nhu sau
Cdch 2. Tu phuong trinh thit hai clia hé ta suy ra y <0. |
Khi d6 phuong trinh thir hai cia hé twong duong véi

16(x+1) =27y (4+)7 ) &> 4x"y? —16x + x7p* ~16=0

@(xy2—4)(¢x+).y2 +451L]={]<:::>er2 -4=0.
Cdch 3. Véi x>0, y <0 phuong trinh thir hai ctia hé twong duong véi

% x+l=—pyd+y? <:>J_ 4+( ] =(- y)1ﬂ4+(—y

) 2( +2
Xét ham so g(r):r\!4+t2 voi £>0. Ta cb f'(r):(—2)>0 nén ham
4+1 '

Ta ¢6 f'()=-2""In2-

(l—ylnz z.2y+1)> 0 véi moi

f(t) ddng bién trén (0; +o0). Suy ra

2 2 2
D fl—=l=f(-y)e ==y =4.
_(] f(\/;]f(y N
Vi du 10. Giai hé phuong trinh
X +x+log, = =8y +2y+1
Y
VWx=1-y-1-1=0
Lai gigi. Diéu kién: x, y>1.

Phuong trinh thir nhét ctia hé tuong dwong véi
;sr3+J\:+lc:ngz.’cz(z_y)"’+2y+log2 2y. (D

(x, yeR).

Xétham sb f(£)=1> +1+log, ¢ véi 1> 0.

Ta c6 f'(t]=3t2+l+$; F40)> 0 véimoi t>0.
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Do d6 ham f(¢) dbng bién trén (0; + ). Suy ra
e f(x)=f2y) e x=2y.
Thay vao phuong trinh thir hai ctiia hé ta duge
J2y-1-y-1-1=02y-1=y-2fy-1=2/y-1=1-yo y=1.
Suyra x=2, '
Vay nghiém cia hé la x=2, y=1.
" Vi du 11. Giéi hé phuong trinh
2277 - _2% =0
{lcgz(xz —y)—log,(y+ 1)+ (x=1)* =0
Lai gigi. Piéukién: x* -y >0, y+1>0.
Phuong trinh thir nhit ctia hg tuong duong véi
2% 2TV - 2=0

(x, yeR).

27V =]
& ox-y=loy=x-1.
277 =2

Thé vao phuong trinh thir hai ta duge
log,(x* — x+1)—log, x + (x=1)" =0
<:>logz(xz—x+1)+(x2—x+1)=log2x+x. *)
Xétham f(r)=log,t+1t trén (0; + ). Tacéd

f’(t)=ﬁ+1>o v&i moi x € (0; +0).

Suy ra phuong trinh (*) < f(x* —x+1)= f(x)
oxl-x+l=x
< x=1.
Suy ranghiém cliahé la x=1, y =0,
Vidy 12. Gidi h¢ phuong trinh
e,.z_,zzxz+1
Y41 (x, yR).
Jlog,(x+2y+6)=2log,(x+y+2)+1
. 2y+6>0
Léi gigi. Bidukign: 4 2107
x+y+2>0.
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Xéthams6 f(t)=e'(t+1) v&i 1 €[0; + o).
Taco f)=e'(t+D)+e' =€ (r+2)>0, véi moi re[0;+). Suy ra f(r)
ddng bién trén [0;+ ).
Do d6 phuong trinh thir nhét cia hé tuong duong véi
(D)= () [ = FOD) o P =y o x=1y.
Phuong trinh thir hai ctia hé tuong duong véi
3log,(x+2y+6)=2log,(x+y+2)+1
@logz((x+2y+6)3)=log2(2(x+y+2)2)

S (x+2y+6) =2(x+y+2)% 6]
Xét hai truomg hop:
*Néu x =y thithay vio (1) taduge (3x+6)’ =2(2x +2). 2)

Theo diéu kién x4c dinh taco x >—1. Khi dé
(Bx+6)’ —2(2x+4)? = (x +2)*(27x + 46) > 0
nén (3x+6)° > 2(2x +4)* > 2(2x +2)%, do d6 (2) v6 nghiém.
*Néu x =—y thi thay vao (1) ta duoc
(—x+6)’ =22 & (6-x)P =8 6-x=2cx=4.
Suyra y=—4,
Viy nghiém cia hé 1a x=4, y=—4.

Nhgn xét. D& ching minh (2) khéng c6 nghi¢m x > -1 ta c6 thé xét true tiép
ham béc ba.
Vidy 13. Giéi h¢ phuong trinh

s

log, —2—=3(y =1+ x)— y* +x
g22-\11+x 4 )=y (x, yeR).

2V1-x(p’ —p)=2x2 -y -1
Loi gidi. Diéukién: —1<x <1, y> 0.
Phuong trinh thir nhat cta hé twong duong véi

log, y+3* =3y =log, 1+ x +(x+1)—3/1+ x. )
Xétham f(z) =log, t +1* =3t voi > 0.

1 2 | ‘
Tacd f'()=——+2t-322,——3>0 véimoi > 0.
acs S =17 Vin2 > 0
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Suy ra ham f{f) ddng bién trén (0; + o).
Suyrapt(l) < f(»)=/(N1+x)
=+/1+ x.

Thay vao phuong trinh thir hai ctia hé ta dugc
2WT—x(Vl+x —1+x)=2x" ~1-1+x

o 2xll-x? =2x* —1-Jl+x 2)
Pit x =cosa vdi a €[0; 7). Khi d6 phuong trinh (2) trd thanh

- 2sinacosa =cos2a —1+cosa

< cos2a —sin2a = \Ecos% < cos(2a +%)=(:osE

2
a= . k4—”
= 6 3 , keZ
V4 4
a=-—+k—
10 5

Do a €[0; z) nén a=21-7~r—.

Suy ra nghiém cia hé phuong trinh la x = cos;:—a, y= J_ 2 0

1.3 Hé phwong trinh hoan vi

Dang:

(f(x)=g(x;)
f(xy)=g(x;) .

f(xn—l) = g(xn)
~.}(“:x@u): g(xn-l)

Nghiém ctia hé 12 bd n s thye
Sau day ta trinh bay mét sé tinh chét, tr d6 gitip cho viéc dinh hinh phuong
phap g;lal cac bai tap

Tinh chit 1. Néu hai ham s f(x) vi g(x) ciing ddng bién (hodic cling
nghich bién) trén khoang K va (x;; X5; ...; x,) 1a nghiém cua hé (trong doé
x, €K, i=ln)thix=x,=..=x

"t
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Chitng minh: Khong mat tinh tong quat, gia sir x; = max {x,, x,, ..., x, }. Xét
trudmg hop ca f(x) va g(x) 1a cac ham dong bién trén X (trudng hop clng
nghich bién hoan toan tuong tu). Khi do ta co
JF(x)2f(x)=g(x)2gx)=x2x5=..2x, 2x.
Dodd x,2x,2x;2...2x,2x hay x;, =x, =...=x,.
Tinh chat 2. Néu haim s6 f(x) nghich bién, g(x) ddong bién trén khoang K va
(x5 X555 x,) 12 nghiém cda hé (trong dé6 x, € K, i=],—n ) thi v6i n 1a s6
nguyén duong létacod x, =x, =...=x,.
Chung minh: Khong mét tinh témg quat, gia sit x; = max {x,, x,, ..., X, }-
Khi do
2x, = ()< f(x)=g(x)<g(x) =25, <Xy ==X, 2 X
= /(x)sf(x)=>xsx,
Suyra x;, =x; =...=X,.
Tinh chat 3. Néu ham s& f(x) nghich bién, g(x) dbng bién trén khoang K va
(x5 X555 x,) 1& nghiém coa hé (trong d6 x, e X, i:f; ) thi véi n 13 sb
nguyén duong chintacd x,=x; =..=x, , VA X, =X, =...=X,,.
Chirng minh: Khong mét tinh tong quat, gia sir X, =max {X;, Xy, ..., X, }.
Khi do
X, 2x,= f(x)< f(x)= g(x)<g(x) = x, <x,

= f(x)2f(x)=>8(x3)28(x) =532 x,= ..

= f(x,2)2 f(x,)=g(x, )2 g(x)=x,,;2x

= f(x, D= f(x)=>gx,)<glx)=>x, <x,.
Suy ra {xl >0 2..2%, | > X - {xl =X; ==X,

Xy Lx,2..5x,<x, Xy =X ==X,

Viduy 1. Giai hé phuong trinh

2x*
5 =V
x°+1
2 2 i
2} =z (x,y,zeR).
vy +1
27*
B =X
z5+1
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Loi gidgi, T ﬁé phuong trinh ta suy ra x, y, z > 0.
2t
2 +1

Xétham sd f(¢) = trén [0; + ).

Tacod f'(z)= (—2451—)2— >0 v6imoi £>0. Suy ra f(¢) ddng bién trén [0; + ).
r+

Khong mét tinh téng quat, gia sit x = max {x, y, z}. Khi d6
x2y=>f(x)2fy)=>yzz= f(y)2f(a)=z2x
Suyra xzyzzzx hay x=y=2z Tir db ta suy ra nghiém cia hé phuong
trinh 1a (0; 0; 0) va (1; 1; 1).
Nhin xét. Ta cé thé giai bang cach danh gia bat ding thirc nhu sau:
*Néu x=0 thi y=0, z=0. Khi dé c6 nghiém (0; 0; 0).
* Néu x#0 thi x, y, z> 0. Khi d6 nhédn ba phuong trinh cta hé ta dugc
8x2y2z?
(2 + DO +D(xF +1)
Ap dung bt déng thirc Cdsi, ta co
(2% + D7+ D(x* +1) 2 8xyz.
Suy ra phuong trinh twong duong vai ddu ding thic xﬁy ra, hay x=y=z=1.
Vay nghi¢m cua hé¢ 1a (0; 0; 0y va (1; 13 1).
Vi du 2. Giai hé phuong trinh
2x(y° +1)=y(* +9)
29(22 + 1) =2(z2 +9) (x, y. zeR).
2z2(x? + 1) = x(x* +9)

=xyz & (22 + 1) +1)(x? +1) = 8xyz.

Loi giai. H¢ phuong trinh tuong duong véi
Y’ +9)
y?' +1

_z(z° +9)
22 +1

x(x? +9)

N N
x“+1

X =

S

2
NEH9) i reR.
207 +1

Xétham sé f(t) =
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' ~ar’ + 9
2(¢% +1)?
Suy ra ham s& £(r) dbng bién trén R.
Khéng mat tinh téng quat, gia sir x = max {x, v, z}. Khi d6
x2y=> f()zf(y)=>zzx= f(2)2f(X)=>y 2z
Suyra x2y2z2x nén x=y=z. |
Thay vao phuong trinh thit nhét cia hé ta ¢6

Tacéd f'()= >0 v&imoi teR.

x=0

x=iwﬁ.

Suy ra h¢ phuong trinh c6 ba nghiém (x; y; z) 1a
(05 0; 0), (V7 V7 N7) va (-7 = ¥7: = 7).

Nhdn xét. Ta cé bai toan tong quét sau:
Giai va bién ludn hé phuong trinh sau theo a

2% +2x=x" +9x@f—7x=0@[

2x(y* +a*)=y(y* +9a°)
2y(z> +a*)=z(z* +9a%) (x, y, zeR).
2z(x* +a’) = x(x* + 9a?)
Vi du 3. Giai hé phuong trinh
¥ —6x? +12x-8=0
2 -6y’ +12y-8=0 (x, y, zeR),
X —62" +12z-8=0
Loi giai. HE di cho tuong duong véi
v =6x'-12x+8
22 =6y ~12y+8
=622 -122+8
Khéng mét tinh téng quat, gid sir x = max {x, y, z}.
Taco ¥y’ =6(x—1)> +222 nén y>1.
Chimg minh tuong tu ta cling ¢6 x, y, z>1,
Xét ham sb f(r)=61> —12r +8 v&i 1 >1.

Tacd £ (1)=12r-12>0 véimoi ¢ >1. Suyra f(r) ddng bién trén (I; + o).
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Trxzy=> f()zf)=>y 22 =>y22 f)2 fE)= 228 =22
Suyra x=y=>z2x hay x=y=z Khidbhé trd thanh
o x=y=z
{x3=6x2—]2x+8c>x=y=z=2'
Viy nghiém cuahé la (2; 2; 2). .
Vi du 4. Giai hé phuong trinh
x3+3x2+2x-5=y
VY +32+2y-5=z (x, y, ze R).
24322 42z-5=x
(Hoc sinh gioi Quéc gia, 2006)
Léi giai. Hé da cho tuong duong voi
¥ #3x* +3x—5=y+x
V' 43y 43y -S=z+y
24322 +3z-5=x+z.
Xéthimsd f(£)=1"+3r2+3t -5 trén R.
Taco f(2)=3t"+6r+3=3(¢+1)* >0 véi moi reR. Do dé f(¢) dbng bién
trén R.
Khéong mat tinh téng quat, gia sir x =max {x, y, z}. Khi dé ta cé
x2z D f(X)Zf(2)Dy+x2x+2=2 922 ()2 f(2)Dz+y2x+2z
=y2x=> ()2 f(x)=>z+y2y+x=>z2x
Suyra x=y=z.
Khi d6 hé tré thanh
(x=y=1z
) ‘ {x3+3x2+x_5=0<:>x=y=z=1.
Vi du 5. Giai h¢ phuong trinh
x=311+2)°

y=32 422" (x, », zeR).
z=3x" +2x*

(Tap chi Todn hoc va Tudi tré)

120



Loi giai. Hé da cho tuong duong voi
x+y=3y"+2y" +y
y+z=323+2zz+z
z+x=3x"+25% + x.
Xéthamsb f(¢)=36 +2¢7 +¢ wén R.
Tacd f'(¢)=3>+41+1>0 voimgi e R. Dodé f(¢) ddng bién trén R.
Khéng mat tinh tdng quat, gia sir x = max {x, y, z}. Khi dé ta co
- X2y :bf(x)Zf(y):>z+x2x+y:>zzy=>f(z)2f(y)-_-_>y+zzx_+j;
=z2zx> f(z2)z2 f(x)=>y+z2z+x D>y 2x.
Suy ra .f=y=z.
Khi d6 h¢ tré thanh
x=y=z ey |
3x3+2.¥2"x=0'<:> xXe 0,_1:_}'
. . ra i 111
Vay nghiém (x; ; 2) cia hé 1a (0 0; 0), (=1, -k 1), | 25357
'ln(x2+x+l)=x+3y

Vidy 6. Gidi h¢ phuong trinh< In(y* + y+1)=p+3z (x,y, z€R).

‘ln(zz+z+1)=z+3x

(Chon déi tuyén HSG Qude gia Chuyén Dai hoc Vinh, 2013 - 2014)
Léi gidgi. Khong mat tinh tdng quét, gia sit x = max {x, y, z}. H¢ phuong trinh
tuong duong véi

]n(x"‘ +x+1)+2x=3x+3y

In(y* +y+1)+2y=3y+3z

ln(zz+z+1)+22:3z+3x.
Xét ham sb f(t)=]n(x2+x+l)+2x trén R.

2t +1 202 +4:+3
Tacd f(1)= +2=
A P+l 2 +t+1

>0 voimoi reR.
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Suyra f(z) ddng bién trén R. Hé phuong trinh ¢6 dang

f(x)=3x+3y
J(y)=3y+3z
f(z)=3z+3x.

Khido x2z < f(x)2 f(2), trc 12 3x+3y23z43x S y >z

Suyra f(y)2 f(z)3y+3z23z43 x> y2 1.

Suyra f(y)2 f(x)=3y+3z23x+3yz2x

Tir d6 két hgp x =max {x, y, z} suy ra x=y=z.

X=y=z

Hly 1o thanh {ln(x2 + X+ I) =

Xét ham sé g(x) =ln(x2+x+l)—4x trén R.

~4x% - 2x - o
Tacod g'(x )——zﬂ-l— 4=——’%—£<0 voimoi xeR.
x>+ x+1 X"+ x+1

Suy ra g(x) nghich bién trén R.
Mit khic g(0)=0, do d6 phuong trinh g(x)=0 c6 nghiém duy nhit x =0.
Tir d6 ta ¢6 h¢ ¢6 nghiém duy nhit x= y=2z=0.
e’ —egv Y =y
Vi du 7. Gidi h¢ phuong trinh e’ - =2z (x, y, zeR).

T—

e —e T =x

l-e¥=y
Loi giai. Voi x =0, hé trd thinhi{e” —¢’* =z

e —e”=0.
Xethamso S =1-e? -y v6i yeR.
Ta ¢6 f'(y) e’ -1 f(M=0y3y=0 va f(y)>0c y<0. Suyraham
ddng bién trén (—oo; 0) va nghich bién trén (0;+20) nén f(y)<0 véi moi
yeR. Dodél-eV=peo y=0.

y=0

l-e %=z

Khidéhém‘:rtllénh{ ¢ y=z=0. Vay (0; 0; 0) 1a mot nghiém ciia he.
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Xét x=0, khidé y =0, z+0 vahé tuong duong vdi

{

Xétham sb g(t)=—
e —

ee -t-1)

Ta co g'(t)="2 L")

}gg gny=1 rlgg gl)=1.

Suy ra bang bién thién

!

—o0

r

1 vor £ # 0.

< ye

e -1

zé®

e

et =

e’ -1
X
o = xe

ef -1

g'lr)

=

g(t)

Suyra y>z>x>y,voly.
Tuong tu, néu y>x ciing vo 1y,

Suyra x=y, khidé y=z véhétréthénh{

Véy nghiém ctia h¢ 1a (0; 0; 0).

Bai tip

Bai 1. Giai hé phuong trinh
{4stx-4 ~12y2 -5=4y" +13p +/18x—9

4% -Bx+42x—1+2y° + 7y +2y =0

11

/

Néux>y=gx)>g(y) = > 2 z>x=2g(a)>gx)=e’ > = y>z

i

x=y=z#0 .
v6 nghi¢m.

(x, yeR).

>0 véimoi t#0 (vi ¢ >¢+1 v&imoi t#0) va
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Bai 2. Giai h¢ phuong trinh
Ay +)+2( +)r =6
x, yeR).
xzy(2+21/4y2+])=x+dx2+] (5, yeR)

Bai 3. Giai hé phuong trinh

Ja+D)? +21 -y =(y+1)? (
X,
JO 1?2 +21 =V = (x +1)?

Bai 4. Giai hé phuong trinh

yeR).

M= (1)
25 ~9x +6 (x, yeR).
—4x” +18x-20+ 25 =722 4
J 2x* —9x+8 7 '
Bai 5. Giai h¢ phuong trinh
x2+y2=1
x, yeR).
125y2+64§_5=125 (5 yeR)
y
Bai 6. Giai hé¢ phuong trinh
3 4
-x =28
yx (xsyER)'
o+ 2x7y +x* =182
Bai 7. Giai hé phuong trinh
2x7 - 3x+4)2y* -3y +4)=18
(zx x+4)(2y" -3y +4) (x, yeR).
Xyt axy—Tx—6y+14=0
Bai 8. Giai h¢ phuong trinh
- N 7
2x? =1)(2y* 1) ==
( )( Y ) _ny (x, yeR).

x*+ y +xy-Tx—-6y+14=0
Bii 9. Giai hé phuong trinh
{x3(2+3y)=1

, y€R).
P —2)=3 (x, y€R)
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Bai 10. Giai hé phuong trinh
{cosxcosy=y—x

,yeR).
y+1—1=1fx—\fy+8 (v yeR)

Bai 11. Giai h¢ phuong trinh

x* +100cos y = y* +100cos x*
| 3 2 2 2 2 (x’yER)'
X =x"y+2x“+xy  +2y —y’=0

Bai 12. Giai hé phuong trinh

10g3x+Jlng§;c—log3 2 +2=241
(x, yeR).

L::ugzy+\hcrg;gy—lcng3 y+2 =~x§+1
Bai 13. Giai hé phuong trinh

2y H:lc2+y2 =2ﬁ+x+y
X+y 2 2 (x, yeR).

201377 “3x 4 p+1=J(2x -1} +x-y+1
Bai 14. Giai hé phuong trinh
logy(—2y —2) +4x> —V4x® +1=1-+2
2x+1
x=y
Bai 15. Giai hé phuong trinh
477 43 x 44t 11247 13y d+4/yE By +17

y(.xz—l)—4x2 +3x—-8+ ln(x2—3x+3)=0

log, +1=vax? +4x+2 —(x— ) +1+(x - p)* —4x(x +1)

(x, yeR).

x> +3x+In2x+1)=y
¥ +3y+In(2y+D=x.

_ (Hoc sinh giéi Quac gia, 1994)
(1+477).5727 =14 27

Bai 16. Giéi h¢ phuong trinh {

Bai 17, Giéi hé phuong trinh
- y3+4x+l+ln(y2+2x)=0

(Hoc sinh gici Quéc gia, 1999)
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'xs +3x-3+ Irl(.:c2 —x+1)= Y

Bai 18. Gii h¢ phuong trinh |y’ +3y-3+In(y* - y+1)=z

kz3 +3:r—3+ln(z2 —z+-1)=x.

" (Hoc sinh gioi Quoc gia, 1994)
’m.logg,(G—y) =x

Bai 19. Giai hé phuong trinh {/y* -2y +6.log(6—z) = y

Jz? -2z +6.10g,(6-x) =z.

(Hoc sinh giéi Quéc gia, 2006)

Huéng din gidi bai tip
Bai 1. Giai hé phuong trinh
4x/8x -4 —12y* —5=4y> +13y +/18x -9
~ (x,yeR).
45" ~8x+42x-1+2y° +79* + 2y =0
Lot gidi. Didu kién: x%.
Phuong trinh thir nhat ciia hé twong duong véi
8xv2x —1=4y" +125° +13y +5+3v2x - 1
<> 8xy/2x -1-3/2x—1=4y" +125* +13p+5
< (A2x =D+ DV2x-1=4(y+1)’ + (y +1)
& 4(V2x-1) + V21 =d(p+1) +(y+1). 0
Xétham sb f(f)=4f +¢ trén R.
Tacd f(t)=122 +1; £'(¢) >0 véi moi 7 e R.

Do d6 ham s6 f(z) ddng bién trén R.
Suy ra

(1)<:>f(d2x—1)zf(y+l)<::>\42x~ =y+1<:>{y+1220
2x=y"+2y+2.

Thé vao phuong trinh thir hai cua hé ta duge
2
(»*+2y+2) —4(y* 2y +2)+ 4+ +2y° + 7y +2y =0
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Sy 61 +112 46y =0
<:>y(y+1)(y2+5y+6)=0<:>y=0,y=—1,y=—2,y=_3.

Péi chidu diéu kién y>-1suyra y=0, y=-1,
Véi y=0tacod x=1.

Vb y=-1tacd x=%.

Viy nghiém cua hé phuong trinh 1a (1; 0), [%, ~1).
Bai 2. Giai hé phuong trinh
P+ +2( +DVxr =6

x, veR).
xzy(2+2\/4y2+l)=x+\fx2+1( yeR)

Loi gidi, Didu kién: x>0,
Néu x =0 thi tir phwong trinh thir hai ctia hé ta 6 0= 6, khéng thoa mén.

Véi x> 0, chia ca hai vé ctia phuong trinh thir hai ctia hé cho x? ta dugc

2y(1+1f4y2+1)=1[1+1#i2+1]. (1)
X X
Xét ham s6 f(r)=t(l+ 1+:2) Vi teR.

2
2 +1 >0 véimoi feR.
Vit +1
1

Suy ra phuong trinh (1) tong duong véi £(2y)= f(—l-)czdy L
) X X

Taco f'(t)=1+

Thé vao phurong trinh thir nhét cia hé ta co
x3+x+2(x2+1)J3_c-6=0<:>x3+x—6=—2(x2+1)J;. )
Xét céc ham s6 g(x)=x +x—6, h(x)=-2[x2+1)J‘ véi x € (0; + o).

Tacé g(x) dong bién va h(x) nghich bién trén (0; +0) va g(1)=h(1). Do dé
phurong trinh (2) ¢6 nghiém duy nhat x=1.

Suy ra y=-;-. Véynghiémcﬁahélé.x=l,y=%.
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Bai 3. Giai hé phuong trinh
J(x+1)’-+21 = (y+1)
G+ +21 —Vx = (x+1)?

Léi gidi. Diéu kién: x, y 2 0.
Tathdy x =0 hogc y =0 khéng thoa man hé phuong trinh,
Xét x, y> 0. Trir theo vé hai phuong trinh ctia hé ta duge

\I(x+1) +21+(x+1) +J;-\ﬂ(y+1) +21+(y+1)? +J_ (1)

Xét ham sé f(r)-,/(:+1) +21+(t+1)? +4/t v6i t>0.
t+1

J_ Je+nr+21

ham s déng bién trén (0; + ).

Suy ra phuong trinh (1)< f(x)= f(y) <> x = y. Thay vao phuong trinh thit

nhét cua hé ta dugc

(x+1)* + Vx —y/(x +1)* + 21 =0. Q)
Xét ham sé g(x):(xﬂ)%&-,/ x+1)% +21 véi x>0.

x+1 S x+1
J— Jx+P+21 x+l
dé ham g(x) ddng bién trén (0; +<o).
Mit khde g(1)=0 nén x =1 1 nghiém duy nhét cua (2).
Vay nghi¢m cua phuong trinh 1a x=y=1.
Bai 4. Giai hé phuong trinh

(x, y€R).

Ta co f'@)=20+1)+

: f(H)>0 véi moi £>0. Do d6

Tacd gix)=2x+2+ >0 véi moi £>0. Do

= (y 1)
2 _ (x, yeR).
Joax? +18x-20 + 25 29%+6_ 1
* 2 -9x+8 V7
Loi gidi.
y+1>0,x>0 y>-1
Diéu kién: {—4x> +18x—20>0 < 5
2<x<—.
2x" -9x+8%0 2
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2
Dit 1=y —4x7 +18x - 20 = Jz—at[x——%} , khi d6 05:5% va phuong trinh
thit hai ctia hé tré thanh

t+14+ 5

= +1, 1
t“+4 Y M

Xéthamsd f(f)=t+1+ 24 véi 0<r<t,
t“+4 2

Taco f'(t)=1 _?%4-)7 >0 véi moi re[ﬂ;%:l. Do d6 ham f(¢) ddng bién

rén [0;%] nén 2=f(0)sf(r)sf(1] gi—k% v6i moi re[u _19_]

Két hop (1) ta suy ra Jy+122a p+124,

Taco x*' =(y+1)" < l'l" = 1“}‘;”:11) &g =gy +1), @)

Int 1-In¢
trong dé g(t)=-—;—. Taco g'(t)=—

g2 >0t<e
Suy ra bang bién thién

l 2 % e

g'1) + 0 -

g(®) | n2 In2

2 T\k

Vi xe[Z; %] vd y+124 dua vao bang bién thién ta suy ra phuong trinh

M=gy+heoi* 2 ol*72
X)) =
£ g y+1l=4 y=3.

Vay (x;¥)=(2:3) 1a nghiém duy nhét ca hé.
x? + yz =1

GJ— (x, yeR).

Bai 5. Giai hé phuong trinh
=125

125 2y
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Loi gidi. Didu kién: y # 0.
Tir phuong trinh thir nhét cia hé suy ra y €[-1; 1]\ {0}.

6;{;—5 voi ye[-L 1]V {0}.
18~J_ . _18is B
e ; f'=0c >80 ¢>J’“J§-
Suy ra bang bién thién
3
y |- 0 5 1
7' - - 0 +
= P
JW) 125
\

Vi f(~1)=125-6+15 <125 nén dyua véo bang bién thién ta suy ra phuong

trinh /(y)=125 ¢6 nghi¢m duy nhit y= #E

e —

Bii 6. Giai hé phuong trinh

r-x'=28
v (x. yeR).
xy2+2x2y+x3=18~/5.
o L [x0P-x)=28 M)
Loi giai. H¢ dd cho twong duong voi .
. x(y+x)? =182 (2)
Suy radé (x; y) langhiém thi y > x >0. Tir (2), rit y theo x va thé vao (1) ta c6
3
348 ; |
x| 25 —x | —x* [=28. 3)
ERE
pit ¢ =+/x, £ >0, khi d6 (3) tré thanh ,
-8 -1) +28t =0. (4)
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Xéthamsé f(1)=1"— (348 - *) + 281 véi ¢ > 0.
Tacod f'(t)>0 véi moi +>0. Do dé ham f(r) dong bién trén (0; +0). Ma
f (55 ) =0nén =42 1a nghi¢m duy nhét ca phuong trinh (4). Tir d6 suy ra

nghiém ciia hé 1a x =2, y=2v2.
Bai 7. Giai hé phuong trinh

2x2 “3x+4) (2" —3y+4)=18

(Zx 2Jc+ Y2y" =3y +4) (x. yeR)

X+y +xy-Tx-6y+14=0
Loi gidi, |
Xét phuong trinh x* 4+ y? + xy - 7x -6y +14 =0. (2)

~ Xem (2) la phuong trinh béc hai bién x, ta c6
() x* +(y- 7}x+y2 ~6y+14=0.
Diéu kién ¢6 nghiém 1a

A =(y-T) -4 -6y+14)20 33> +10y-T20 e 1<y <

w2

Tuong twr, xem (2) la phuong trinh béc hai cia y, ta c6
Q)= —(x—-6)y+x’ - Tx+14=0.
Phuong trinh ¢6 nghiém khi

A, =(x-6)" —4(x* = Tx+14)2 0 &> 33 +16x—2020¢>2£xs?.

Nhu vay, tir phuong trinh (2) suy ra 25x$139 vi ISyﬂg.

Xét ham s& f(f) =207 —3r+4 véi teR.
Ta ¢6 f'(t)=4t—3;f‘(z):O@i‘:%d. Suy ra ham 7(z) dbng bién trén
[I; + ). Do d6

f(x)2 f(2)=6 véi moi 251’51?0 va f(¥)2 f(1)=3 véimoi Igys%.

Suy ra /(x)./(3)>6.3=18 véi moi 25::5%9- va lsysg. Do dé phuong

trinh tha nhat cha hé tuong duong véi diu déng thie xay ra, tic la
x=2,y=1

Thay gié trj nay vao (2) khdng thoa mén, do do hé phuong trinh v6 nghiém.
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Bii 8. Giai hé phuong trinh
(24 —1)(2;:2—1):%1;;

kz+y2+w—?x—6y+l4=0

(x, yeR).

Lai gidi.
Xét phuong trinh x> + y* + xy— Tx—6y+14 =0, @)
Xem (2) & phuong trinh béc hai bién x, ta c6
Qe x+(y-Nx+y* —6y+14=0.
biéu kién ¢6 nghiém l1a
A, =(y-TP —4(y* -6y +14)>0 & -3)* +10y—720<:1£y£§.
Tuong tyu, xem (2) la phuong trinh bac hai clia y, ta ¢6
2) = ¥ —(x—-6)y+x’ - Tx+14=0.
Phuong trinh c6 nghiém khi

A},=(x-—6)l—4(x2-—7x+l4]20@—3x2+16x—2020c=~25x5?.

Nhuvﬁy,tirphuongtﬁﬁh(z) suy ra 25xs? va ]SyS%.

Ta c6 phuong trinh thir nhét ctia h¢ tuong duong véi

(Zx-—l](Zy—l)=z. 3)
x y) 2
Xét ham s6 f(t)=2t—% Vi 121 |

Ta ¢b f‘(r)=2+ti2;f'(t)>0 véi moi t21. Do dé f(f) déng bién trén

N T o s

[1; 4 o0). _Suy ra f(x)f(Mz2 Q)= 3" Tir d6 suy ra phuong trinh

B)ex=2y=1

Thir lai vao (2) khong thoéa méan. Vay hé da cho vd nghiém.

Bai 9. Giai hé phuong trinh
P(2+3y)=1
x(y*-2)=3

Lai giai. RO rang x =0 khong théa mén hé.
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Véi x# 0, tir hé suy ra

x3(2+3y+y3—2)=3x2_+1<:>y3+3y=-£§-+3. (1)
x X

Xétham sd f(1)=1> +3¢ trén R.

Ta c¢6 f(t)=3t"+3>0 v&i moi teR. Suy ra ham f(r) ddng bién trén R.

Do do (llﬁf(y)=fej¢w=%-

Thé vao phuong trinh thit nhét cta hé ta dugc

x3[2+~3-]=1<:>2x’+3x2——1=0<:> *=3
x x=-1
Tir d6 suy ra nghiém cua hé 1a (-1; 1), [%, 2].
Bai 10. Gidi hé phuong trinh

COSX—COSy=y—X

(x, yeR).
Jy+l-1= x—ay+8
. >-1

Loi gidi, Diéu kién:

x2.y+8.

Phucngtrinhthﬁﬁhét cua h¢ tuong duong véi cosx+x=cosy+y. (1)
Xétham sd f(t)=cost +¢ trén R.

Tacd f(#)=-sint+]1>0 vdi moi teR va ddu ding thire chi xdy ra tai cdc
diém ¢ = k7 nén ham f£(r) ddng bién trén R. Do db

Mo f)=f(ex=yp.
Thé vio phuong trinh thir hai ta duge
N/ x+1—1=\fx—\/x+8 ¢x+2—2s/x+l=x—dx+8
<::-2~J;c+1=2+«,/x+8¢>4(x+1)=4+4\!x+8 +x+8
Ix-820
&3x-8=4J/x+8 < s ' PN
- (3x—8) =16(x+8)
Suy ranghiémcua h¢ 1a x=y=8.

x =8.
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Bai 11. Giai h¢ phuong trinh

8 4 2
100 =y +100
xl+ cosy2 y c::)sx (x. y<R).
-yt 42y -y =
Loi gidi.
Phuong trinh thit hai cua hé tuong duong voi
= =D
(x—y+2)(xz+y2)=0<:>i:x Y
x+2=y

Tacéd x =y =0 théa man hé phuong trinh.
Véi x+2=y, thé vao phuong trinh thir nht cua hé ta duge

x* ~100cosx” = (x +2)* =100 cos(x +2). (1)
Xétham sé f(£)=1" ~100cost trén R. Taco f'(£) =4 +100sint.
Xét cac khoang cua . |
*Vaitel0; ] taco f(1)>0.
*Véite(m +o) tacd f£'(1)>4x° —100>0.
Suyra £'(t)>0 voimoi +>0 hay f(f) dong bién trén [0; + o).
Néu x>-2 thi x+2, x* €[0; 4+ ) do d6
x=2
x=-1.

(1)<:>f(x+2):f(x2)¢>x+2=xz<:>\:

Néu x <2 thi —x -2, x> €[0; + ) do d6
()< f(-x=2)= f(x") > —x—2=x, v nghiém.

Viy nghi¢m cua hé la (0; 0), (2; 4), (-1; 1)
Bai 12. Giai hé phuong trinh

log3x+Jlng§x—log3 P+2=241
(x, y€R).

1og3y+\flog§y—log3y2 +2 =%+1
Léi gidi. Didu kién: x, y > 0.

log;x—1+ J(log; x—1) +1

Hg¢ dé cho tuong duong vai

_Y
3

X
l 14 /(1 1Y +1==
0g3y J(Og.'iy ) 3
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u=logax—1_ _ . |u+vu'+1=3"
Dit hé tr& thanh
v=logyy-1 v+vi 41 =34

.....

Ta c6 nghiém ca h¢ la x =y =3.

Bai 13. Giai h¢ phuong trinh

20y | [xt+yt 2w +x+y
x+y 2 2 (x, yeR).

20137 “3x 4 y+1=y(2x—1) +x—y+1

\\\\\

Phuong trinh thir nhét ctia hé tuong duong vi

2 +y?
2y x+y x4y 4xy —(x+y) -——2—-4xy
T 0 ----———\/E:UC:»- + =0
x+y 2 2 2(x+y) x>+ 97
o +JE
x=y
2 2
~(x-y)y (x-y) e | L= lﬁ )

& +— - —
) 2[ Xy x’}
2
Xét phuong trinh (1), ta co
2 2 —
(1)<:>x+szx ;y +JEc>2(x+y):J2(x2+y2)+2JE
SN ) N e S P i

2P+ Y ~(x+ vy

20 ey ()

o(Vr-yy) = (=)’

2(x7+y2) +X+y

: () ()

\/Z(xz + ) +x+y

o (Jr-\y)
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x=Yy
o ()
\/2(3\:2 +3 ) +x+y
Xét phuong trinh (2), tacd ~ |
(2)<:>\f2(x2+y2)+x+y=(J;+J;)z<:> 2 +y) =2y

¢>x2+_y =2xy <> x= ).
Tudosuyra(l)@x y. Thé vao phwrong trinh thi hai ctia hé ta c¢6

2013%! 2x+1-\/(2x 1) +1.

Dit t =2x -1, phuong trinh trg thanh

)

2013 =1+ t2+1<:>1n(r+ :3+1)-r1n2013=0. 3)
Xét ham sb f(t)=ln(t+\/r2+1)—t1n2013 trén R.

Tacod f(t)=

Jtzl_+1—1n2013<0 véi moi reR. Do d6 ham f(r) nghich
bién trén R. Ma £(0)=0 nén =0 la nghiém duy nhat cia (3). Tir d6 ta suy
ra nghiém ciia hé 1a x=y=%.

Bai 14. Giai hé phuong trinh

logy(—2y—2)+4x* —Jaxt +1=1-2

2x+1
log,
xX=y

+1=V4x% +4x+2 = J(x— ) +1+(x— )’ —4x(x+1)
y<-1
Ldf{gitil. Diéu kién: { 2x +1

_ X—y
THI: x >y, khi d6 phuong trinh thit hai ctia hé tuong duong véi

\/(2x+1) +1-(2x+1) —log3(2x+1)=\}(x—y) +1-(x-y) —log,(x—y). (1)

Xéthamsé f(£) =1 +1-1> —log,t v6i £>0.

t 1y 1
Tacé f(f)= -[2:+—)5w—2ﬁ<0 v&i moi £ >0.
?+1 t) 2

>0.
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Suy ra f(¢) nghich bién trén (0; + ). Tirdé ta c6
Do f2x+D)=f(x-y)S2x+l=x-yx=—y-1.
Thé vao phuong trinh thir nhét ta dugc

log, 2x + 4x* —/4x? +1=1-+/2. 2)
Xét ham sé g(x) = log; 2x + 4x% —4x? +1 véi x> 0.

Taco g'(x)=4x[2— ! ]+l>0 véimoi x> 0. Suy ra g(x) dong bién
Jaxi+1) x |

trén (0;+ ).
Ma g(%):l-ﬁ nén (2) c6 nghiém duy nhat x=%. Suy ra y=—%.

TH 2: x <y, khi d6 phuong trinh thir hai cia hé tuong duong vai

‘f(2x+1)’ +1~(2x+1)° —log, (~(2x +1)) =J(x— P +1=(x=y)’ ~log,(y-x). (3)
Tuong ty nhu TH 1, ta ¢ 3) —(2x+1)=y-x < x=~y-1. Khong thoa
min véi didu kién y <1 va x <y,
Viy nghiém ciia hé I x=%, y=-%.
Bai 15. Giai hé phuong trinh

#7710 3 x e 1 =4V 43y a8y +17
y(x - )—4x +3x—a+1n(x —3x+3)=0

Léi giai. Didu kién: x>0, y>4.
Phuong trinh thir nhét cia hé twong dwong véi

47 3 x4 11240 3 T -4+l ()

Xét ham sb f[r)=4""°"+3~./f +Jr2+ 1 véi 1 20.
Tacd f1(1)=264""Clnd+——
f J: +1

f(t) dong bién trén [0; + ).
Do @6 phuong trinh (1) & f(x)=f(y-4)ox=y-4 y=x+4.
Thay vao phuong trinh thir hai cia hé ta dugc _
x* +2x-12+1In(x" ~3x+3)=0. @)

(x, y eR).

F'(#)>0 v6i moi ¢ >0. Do dé ham
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Xét ham sb g(x)=x’+2x—12+In(x’ —3x+3) véi x> 0.

2x—3 2x°—4x+3
Ta c6 g'(x)=3x +2+———x-—=3x2+ xz x+—-—>0 véi moi x20. Do
1 3x+43 x“-3x+3

d6 g(x) ddng bién trén [{}, + ).
Mit khéc g(2)=0 nén x=2 la nghiém duy nhit ctia phuong trinh (2).
Vay nghiémctahé la x=2, y=6.

2 Hé phuong trinh chira tham sé

Vi du 1. Tim = dé hé phuong trinh sau ¢6 nghiém
x-2y-— JJE_}_ =0
Vx-1 —J2y—-l =m

P e T 1
Phan tich va loi gidi, Dicukién: x=>1, y 2;.

.

Phwong trinh thir nhat cua hé 13 phuong trinh ding cip béc hai ddi véi Jx va
J;. Do d6 chiang ta sé tim dugc lién hé béc nhét coa x va y. Khi d6 ta sé& thé
mot an theo 4n kia vao phuong trinh thir hai dé tim diéu kién c6 nghiém.
Phuong trinh thir nhét cua hé tuong duong véi

(\/r+\f)( ---;.ny) 0®J£12ﬁ:0®x:4y.

Do dé hé twong duong véi
(x =4y (1)
WoH—i-yar-i-m (2)

Tir phwong trinh (1) ta thdy véi mdi y2 ;— s& cho ta mét x=1. Vi vy hé ¢6

nghiém khi va chi khi phuong trinh (2) ¢é nghiém y 2 l

M

Xét ham sd f(y) = \f4y—1—\f2v—1 trt.n }

Tacd f'(y)=—— S ()=0y=

3.
4’

J4y—1 sz—

%\} [EJ ) __é_ \[a Allfpm f( 1’) oo



Suy ra bang bién thién

1 3
Yy 12 4 +00
') - 0 +
+a0
1
£ \\ s /
2

Dya va bing bién thién ta suy ra phuong trinh (2) c6 nghiém ¥ > % hay hé d

1 I
cho co nglu'ém khi va chi khi m> —.
V2

Tiép theo ta xét vi du
2x-y+m=0

y+w=2.

Vi dy 2. Tim m dé hé phuong trinh sau c6 nghi¢m {

Léi gigi. Didu kién: xy > 0.

: y<2
Phuong trinh thir hai ciia hé twong dwong véifxy =2 - y < x_y2_4y+4
Y
Thay vao phuong trinh thr nhit ta dugc
2— . e
y 4y+4_y+m=0¢>4y 4_ M
y y '

H¢ phuong trinh ¢6 nghiém khi va chi khi phuong trinh (1) ¢6 nghigm y <2.

Xét ham s6 f(y)=4y_4 voi y<2.
y

Tacod f'(y)=izgf'(y)>0 véimoi y<2.
y

Suy ra bang bién thién
y | —®© 0 2
7' + +
+o
S 4 -"'/
2
/
-0
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Dua vio bang bién thién ta suy ra phuong trinh f(y)=m c6 nghiém y <2 khi
va chi khi m >4 hodc m<2. _
Qua hai vi dy trén‘ta nhén théy mot céch giai ciia bai toan tim didu kién dé h¢
phuong trinh ¢6 nghiém 14 tim céch thé mét an theo an kia vao phuong trinh
chira tham sd, sau do6 sir dung dao ham dé tim diéu kién c¢6 nghiém cta phirong
trinh nay. Ta tiép tuc xét cac vi du sau
Vi dy 3. Tim m dé hé phuong trinh sau ¢6 3 nghiém phéan biét

{3(x+1)2 +y-m=0

x+ JE =1
Loi giai. Phuong trinh thir hai cua hé tuong duong véi
x<l
x2 —2x+1 (do x=0 khong théa man

. l-x20
y=1-x= Lo
xy=x>=2x+1

X
phuong trinh).
Thé vao phuong trinh thir nhét cua hé ta dugce
2 —
3 +bxa T2 s (1)
_“ X
H¢ da cho cd 3 nghiém phan biét khi va chi khi phwong trinh (1) ¢6 3 nghiém x
phén biét thoa man x<1.

Zh
Xéthamsé f(x)=3x> +6x+ -2+ Lai v <1,
X
o 1 6x’+7x* -1, | 1
Tacd f'(x)=b6x+7-—=——F——; f(X)=0x=-1L,x=-—, x ==,
x? %2 2 3
Suy ra bang bién thién
] 1
) x |~ -1 _1 0 3 1
- SB) -0+ 0 - 0 +

+ o0 + 9
Jx) \ 27 N n, "~
P _T\\ 3 _
-7 P

Dya vio bang bién thién ta suy ra phuong trinh f(x)=m—-3 ¢6 3 nghiém
phén bit
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E<m—3<_i9 E<m<12
3 3

< 27
—7£m_3$—? —4<m<——

e .20 ;
Véy gid tri cham 1a -—?’—Smﬁlz hodc —4Smi—1?5.

Ve +fy=1

XX+ yJ; =1-3m.
(Tuyén sinh Pai hoe Khéi D, 2003 - 2004)

Vi dy 4. Tim m dé hé phuong trinh sau ¢ nghiém:{

Laoi gidi. Piéu kién: x, y > 0.

Ta c6 {\/;+J;_l crb[\f;Jrﬁ:]
xJx +yfy =1-3m i(\/;)3+(\f;)3:1—3m
JJ;+J;:1 \/;+\ﬁ=l

<9

<> , —
|(Va+ ) (x= o +¥)=1=3m  |(Vr+{) -3y =1-3m
Jx+y=1 [Jy=1-vx (Jy=1-x
L= < <9
Fo=m 5 | () e 0
Pit 1 =+/x, khi d6 phuong trinh (1) tré thanh —£ +1 = m. )
Hé phuong trinh ¢é nghiém (x; v) khi va chi khi phucmgninh(2)cénghi€:mte[0; i].
Xétham s§ f(1)=—t> +¢ trén [0; 1].

Ta ¢6 bang bién thién
1

1) / \
0 0

Dua vao bang bién thién ta suy ra phuong trinh f(¢)=m c6 nghiém € [0; 1]

—
=
Pod | e

-

khi va chi khi {]Smsi.
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J_+J—1
J=m

bing diéu kién c¢6 nghi¢m ctia phuong trinh béc 2. That vdy, hé ¢6 nghiém khi
v chi khi phuong trinh 1% —1+m =0 c6 2 nghiém khéng 4m
A=0
&98520
P>0
2. Mot yéu cAu cin cd dé sur dung dugc dao ham dé tim didu kién c6é nghiém
cia phuong trinh 14 bién déi duqc phuong trinh vé dang f(x)=m hoac
f(x)=g(m). goi 1a ¢6 lap tham sb m.

Nhimg trudng hgp khéc, ching ta c6 thé sit dung céc diu kién dé phuong
trinh ¢6 nghiém da biét.

Chang han xét cac vi dy sau
a) X4c dinh gid tri cia tham sb a dé hé phuong trinh sau ¢6 nghiém

{m_m=a

x+y=2(a+1)

Nhin xét. 1. Ching ta c6 thé tim diéu kién c6 nghiém cua hé {

1-4m=0 1
EH0<m<—.
m=0 4

Khi do hé da cho tr¢ thanh

utv=a
u+v=a ,
< ~
{u2+v2=23 u =" 2a
2
. 2 az—Za
Suy ra u,v 12 nghi¢m cta phuong trinh f(¢)=¢* —at + =0.
H¢ da cho c6 nghiém
<> phuong trinh /(¢)=0 ¢6 nghiém 4, 7, thod min ¢, <0<y,
T 2
oLr(0)<0e % "2 cgeo0<as<.
b) Xac dinh gid trj ctia tham sd m dé hé phuong trinh sau ¢ nghiém
Jx+1+4y—1=
x+y=2m+l1

Céc em hoc sinh ty giai, véi dap s6 1+v2 <m <2+ 6.
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Vi du 5. Tim m dé hé phuong trinh sau ¢6 nghiém
(x+y)[l¥L]=4

‘ Xy

(xz +_}’2)[l + %} =10m+6.

xy

Lai gidi. Diéu kién: xy # 0.
Hé phuong trinh da cho tuong duong véi

| x+_j|,~’+-l—-+-i 4

Xy

x? 4 y? +i2+——1—2—=10m+6.
Xy

Dit a=x+, b=y+ . khido la|>2,|b|2 2 va h¢ trd thanh
x y

at+b=4 a+b=4 a+b=4
2 A 2 <

@ -2+b*-2=10m+6 {(a+b)’ —2ab=10m+10 |ab=3-5m.

Suy ra a. b 14 hai nghiém cua phuong trinh
-4t +3-5m=0<1> -4t +3=5m. (1)

Do d6 hé di cho ¢6 nghiém khi va chi khi phuong trinh (1) ¢6 2 nghi¢m théa
mén [f|> 2.
Xétham s& f(1)=1> -4t +3 véi || = 2.
Ta c6 bang bién thién

]

t -2

—00 40
+0o0 +o0

f(0)

. 4

Dua vao bang bién thién ta suy ra phuong trinh f(£)=5m c¢6 2 nghiém théa
man |f|>2 khi va chi khi 3m>15 < m23.
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Vi du 6. Tim m dé hé phuong trinh sau c6 nghiém

1 1
X+y+—+—=5
D 4

x4y +i3+i3=15m—10.
Xy

(Tuyén sinh Dai hoc Khéi D, 2007)
Ldi gidi. Diéu kién: xy # 0.
Pat a=x+—, b=y+—, khido la|>2, |p| =2 vahé tr thanh
X y

a+b=5 a+b:5
3, 43 At
a +b -3a+b)=15m-10
Suy ra a, b la hai nghiém cua phuong trinh
tP—5t+8-m=0=1"-5t+8=m. (1)

Do d6 h¢ dd cho ¢6 nghiém khi va chi khi phuong trinh (1) ¢6 2 nghi€m thoa
maén !!: > 2.

ab=8-—m.

Xéthamsé f(£)=t"—5t+8 véi [f|>2.

Ta ¢6 bang bién thién

[ BL, ]

! +00

;:\22%/// 2 i

27
7 g

Dua vao bang bién thién ta suy ra phuong trinh f(t)=m ¢o6 2 nghiém thoa

S

min [¢|> 2 khi va chi khi I <m<2 hodc m=>22.
Vi dy 7. Tim m dé hé phuong trinh sau ¢é nghiém
3(x% +57) - 20y 2(x+ y) =15
x>+ =m

Lai giai. Dat § =x+ y, P = xy, khi d6 hé¢ déd cho tré thanh
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387 -25-8P-15=0 357 -28-8P-15=0 M
458> -8P=4m S2+28+15=4m )

He da cho c6 nghiém khi va chi khi h& (1), (2) ¢6 nghigm S, P thoa mén
S?>4p.

Tir (1) tacé 352 —25 -15=8P<28% Suyra §* -2§-15<0¢>-3<§<5.

Do d6 hé c6 nghiém khi va chi khi phuong trinh (2) ¢6 nghi¢m S €[-3; 5].

Xétham sb £(S) =52 +28+15 véi Se[-3; 5]

Ta c6 bang bién thién

S |-3 -1 5
: 50

f(S)

18
N 14

Dya vao béng bién thién ta suy ra phuong trinh f(S)=4m cd nghiém
S €[-3; 5] khi va chi khi 1454m£50<¢%£m$%.

Vi dy 8. Tim m dé hé phuong trinh sau ¢6 nghiém (x; y) véi x>0, y>0
{xy(x+y)=3(x+y)+xy
x2+y2+3xy—[m'—S)(x+y)—xy(x+y)+m+33=0
Léi gidgi. D4t S =x+y, P=xy, khi d6 h¢ d4 cho tr& thanh
_[SP=3S+P M
{SZ+P—(m—5)S~SP+m+33=0 (2)
Hé di cho c6 nghiém khi va chi khi hé (1), (2) c6 nghiém S, P thoa mén
§>0,P>0 va §*>4P.
Ta thiy S =1 khong théa man (1).

2
Vi § #1, tir (1) ta co E?’S—ﬁps%—. Suy ra

s3—4sz—123>0ﬁ[053<1

45 -1) S>4
38 S <0
r -_.—=P
Mait khac 51 >0 suyra[s>1.
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Tl d6 ta suy ra Se[4; +) va hé c6 nghiém khi va chi khi phuong trinh

2
m=~w.cénghiém S e[4; +»).
2
Xét ham s6 f(S)=—U§g~£ véi S e[4; + ).
S§?-285-35
Taco f(§) =" """ F(S)=0 S=7.
f(S) G1) S
Suy ra bang bién thién
S |4 7 + o0
S(S) - 0 +

19 e
£(5) /
\ 16

Duya vio bang bién thién ta suy ra phuong trinh f(S)=m c6 nghiém >4
khi va chi khi m>16.
Vi du 9. Tim gi4 tri cGa tham sé m dé hé phuong trinh sau ¢6 nghiém (x; )
voi 0<x<], 0<y<1
x+y=4xy
{x2+y2—7xy=m
Loi giai. Dat S =x+ y, P= xy, khi d6 hé di cho tré thanh
[(§=4P S=4P '
{S’—9P=m¢>{16Pz—9P=m. o
Theo dinh li Viet ta ¢6 x, y 1a hai nghi¢m thugc (0;1] cua phuong trinh
4P+ P=0.
Truéc hét ta tim P dé phuong trinh 2 —-4Pt+P=0 c6 hai nghiém trong
: 2

c¢6 hai

(0;1]. Pidu d6 twong duong véi tim P dé phuong trinh P= 4'

nghiém trong (0; 1] (vi ¢ =-‘1‘~ khong phai Ia nghiém).

IE

Xétham sb f(¢) =
0SO=0 T

vai te(0;1).
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t=0
Tacﬁf‘(f)=£fi~l W)=0« 1
(4f f=5.
Suy ra bang bién thién
1 1
10 4 2 1
(1) — |- o +
N o1
S 0 \l/ }
4 .
N
—o0

2
1 ¢0 hai nghi¢m trong

Dya vao bang bién thién suy ra phuong trinh P = ; :
(0; 1] khi va chi khi i«sps%.

Hé phuong trinh (I) c6 nghi¢m khi va chi khi phuong trinh 16P% 9P =m 6

11
Pel|_—-—
nghiém E[4 3]
5 11
Xét ham s6 g(P)=16P% —9P véi Pe| — 3l
Ta ¢6 bang bién thién
e 9 1
P | 4 32 3
11
9
g(P) _g
N8l
64

Dya vao bang bién thién ta suy ra gia tri cin tim cia m 12 —% <m< —1—91
Vidy 10. Tim m dé hé phuong trinh sau ¢6 nghiém

20 —(y+2)x* +xy=m
x+ x—y=1-2m .
(Tuyén sinh Dai hoc Khéi D, 2011)
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(xz—x)(Zx—y)=m
Loi gidi. Hé da cho tuong duong voi
| (<2 -x)+(26-y)=1-2m

— 52 _
Bat{““ * khidé u>— vihé trorthanh
v=2x-y 4
_ - |
utv=1-2m  |u*+Q2m-Du+m=0. [§)]
Ta ¢6 hé phuong trinh da cho c¢6 nghiém khi va chi khi phuong trinh (1) c6
nghiém uz—%-

1 ~ul+u
fu>—— trinh (1 = .
Véi u 4,phucmg (1) = m sl
2
Xétham sé f(u)= "% véi uz-1L.
o 2u+l 4
~1+43
Ta cd f'(u)=;2uf_l-f-(u)=0¢ - 2
Qu+1? —1-43 1
u= 5 <——.
Suyrabing'bién thién -
1 =143
u 4 2 +a0
S ') M 0 -
23
2
f(u) _% / \
-0

Dya véo-'lizing bién thién ta suy ra phuong trinh f(x)=m c6 nghim u 2 —%.

2-3

khi vachikhi m< 5

Nh{n xét. Ching ta c6 cach giai khac nhu sau
Phuong trinh thir hai cta hé¢ twong dyong voi
Cy=xt+x+2m-1.
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Thé vao phuong trinh thir nhét, ta dugc

?_xE*-(x2 +x+2m+1)x2 +x(x2+x+2m—1)=m

o —xt 4253 —x=m(2x2 —2x+l)

2 - 2
(- x)(1 45— .).:m_ 2)

T P v

it £ = x* — x, khi d6 rz—i- va phuong trinh (2) tré thanh rg_?zm. (3)
+ :

Hé ¢6 nghigém khi va chi khi phuong trinh (3) ¢6 nghiém ¢ 2 —é.
2-3

5
x>+’ =5x+4y+8=0

Dén day tuong tw nhu trén ta duge gid tri cliam 1a m <

Vi du 11. Tim m dé hé sau c6 nghiém
3xt —mxx +16=0

Lai giai. Phuong trinh thar nhit cta hé twong duong véi
yz +4y+x2 -5x+8=0.
Xem phuong trinh nay 12 phuong trinh bac hai 4n y, khi d6 phuong trinh c6
nghi¢gmy <> A'=4—(x"-5x+8)20¢>x’ —Sx+4<0¢> 1 <x<4,
Tir 6 suy ra hé da cho ¢6 nghiém khi va chi khi phuong trinh
3x? — mxdx +16=0 (1)
¢6 nghiém x e[1; 4]. Dat r=x, khi d6 véi x e[l; 4] thi # €[L; 2] va phuong

trinh (1) tré thanh 3:“—mr3+16=0@3t+¥=m. 2)
4

, 1
Xét ham so _}‘"(1)23.'+*;E vai rell; 2]
t

Ta co f'(r)::i—?;f'(:):ﬂ@::z.

Suy ra bang bién thién t 11
AD) -
19

fo T T—
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Dya va bang bién thién ta suy ra phuong trinh 7(f)=m c6 nghiém tell; 2]
khi va chi khi 8 <m <19.

Vi du 12. Tim m dé h¢ phuong trinh sau ¢6 nghiém {

-----

Phuong trinh (2) (4n x ) c6 nghiém khi va chi khi A =y’ +4y>0 s‘.:}I:

xz—m=y(x+my)

X —y=xy
(Hoc sinh gici Tinh Ha Tinh, 2013)
(D
(2)
y=0
y<-4

| my—y+m=0

X —yx—y=0

Do d6 hé phuong trinh ¢6 nghi¢ém khi va chi khi phuong trinh (1) ¢ nghiém

vy 20 hodc y<—4,

Taco (<> m=

J"

V41
Xét ham s6 f(y)=—2—:1- trén (—o0; — 4] U [0; +o0).
y

' — ]"}"
Tacod f(») T

2
7 SO)=0y=141.

Suy ra bang bién thién
—0 0 1 + o0
Fo W :
o), / //5\\0
S~ 4 //
17

Duavao bang bién thién ta suy ra phuong trinh f(y)=m c6 nghiém y >0 hoic

y < ~4 khi va chi khi H%Sms—

1
5"

Nhin xét. Ching ta c6 thé tim diéu kién dé phuong trinh (1) ¢ nghiém y >0
hogc y <—4 bang cach khac nhu sau

Xét hai truomg hop

TH1: m=0, tacé y=0, x=0. Suyra m =0 thda mén.

150



TH2: m#0. Phuong tinh (1) (dn ) khong ¢6 nghiém thudc khoing
(~o0;—4] U [0;+00) (¥) 1a (1) v nghidm hoac (1) ¢4 2 nghiém déu thue (—4;0),

diéu kién 1a
- ) )
A=1-4m" <0 me[—oo;—-l-}u[l;m}
[~ 2 ( 2 2
A=1-4m> <0 ) ,
A=1-4m" =20 1
A=1-4m*>0 _55'"(0
ey <o O lalyizam M
D N . ] om Wi—am? >1+8m (@)
<y, < .
- ? . 141 -an? V1-4m* <—1-8m

(Vi y,, ¥, 1a2 nghiém clia phuong trinh (1)).

m 1. 4
Taco (>4 2 8 o -temel
2 17

. 4 .
Suyra (Il <> me [m,—ﬁ]u[—,m].

Heé phuong trinh da cho c6 nghiém khi va chi khi phuong trinh (1) (4n y) cb it
nhit mét nghiém thude khoang (—oo;—4]W[0;400) hay (*) khong xdy ra, diéu
kién 12 ~%£m$%;m# 0. Viy tht ci cic gid i m cin tim 1a -—%Smsé.

Vi du 13. Tim m dé hé phuong trinh sau ¢6 3 nghiém phén biét
x+y=m -
{(y-+-1)x2 +xy=m(x+1). _
(Hoc sinh gioi Tinh Nghé An, 2006)
Loi gidi. Tir phuong trinh thit nhit ta ¢6 y=m —x, thay vao phuong trinh thi
hai ta duge x* —mx? +m =0 x* =m(x’ ~1). (1)

Vi y=m—x nén hé di cho ¢6 3 nghiém phén biét khi va chi khi phuong trinh
(1) ¢6 3 nghiém phéan biét.
Rd rang x =+1 khong 14 nghi¢m cta (1)
3
Véi x# 41, tacé (1) & — (= _ ()
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3
X

Xét ham s f(x)=— 1 trén tip xac dinh.
X2
racs £, piy =g [?:
aco f(x)=—"——=:; f'(x)=0¢&
(+ - 1)2 x=+3.
Suy ra bang bién thién
X | —o —\5 —1 0 1 \E + o0
f'(x) + 0 - 0 - 0 +
+ + / + o
@) \0 W
7 PARY
—00D ’ —0 —aD

Duya vao bang bién thién ta suy ra phuong trinh f(x)=m c6 3 nghiém phan

33 33
=

biét khi va chi khi m > T hodc m<———

Nhdn xét. Ching ta co thé tim didu kién dé phuong trinh (1) ¢6 3 nghiém phén
biét dua vao tinh chat cia do thi ham béac 3 nhur sau

Xét ham s f(x)=x* — mx’ + m trén R.

Phuong trinh (1) ¢6 3 nghiém phén biét khi va chi khi d6 thi ham sd y = f(x)

c6 hai diém cyc tri nim v& hai phia d6i véi Ox. 3)
x=0
Taco f(x)=3x"-2mx ; f(x)=0& m
=5
m#0 m <_ﬁ
2
Suyra: (3)< Im S m(2T-4m*) <0< :
Suy ra: (3) fmmf[~-]<o 343
’ m>y

Vi du 14. Tim m dé hé phuong trinh sau ¢o nghiém (x; ) thoaman x>9
Jx + y=4
Vx+7+4y+7=m.

-----
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biat ¢ = Jx, khi do tir phuong trinh thir nht va diéu kién x>9

suyra 3<t<4,va [y =4 -1 hay y=1>-8¢+16, phuong trinh thit hai cia hé
trds thanh

JE+ 7+ 12 =8t +23=m, 3)

Xétham sé f(£)=2 +7 + I —81+ 23 véi 3<1<4.
4 -4
Taco f'(t)= + :
© Vi +7 P -8t+23
(=00 NF -8+ 23=(a- N 7
<::>((I_4)2+7)122(4—1)2(.(2-f-?){:}a‘:z;
F(3)=4+8; 1 (4)=23+7

Suy ra bang bién thién

t 13 4
S0 +
f(@) VB +47
4+J§

Dya vao bang bién thién ta suy ra phuong trinh (3) ¢6 nghiém 7 e [3; 4] khi va

chi khi 4+ 8 <23 +/7.

Vi dy 15. Tim m dé hé phuong trinh sau c6 nghiém
x -y L3y2 -3x-2=90
x? +\f1—x2 —3J2y—yz +m=0.

o 1=x%=0 ~1<x<1
Loi gidi. Dicu kién: ) =
2y-y*z0 (0<y<2
Phurong trinh thir nhét cia hé trong duong vai
(x+1)° =3(x+1)* = y* =3y% ¢))
Vi xe[--l; 1] nén x +1 E[U; 2]. Xét ham sb f(r):r3 — 3% vai te[(}; 2].

Tacod f'(t)=31"—61; f(1) <0 v&imoi 1 €(0; 2).
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Do dé ham f(f) nghich bién trén [0; 2]. Suy ra

D f(x+)=f()x+1=p
Thé vio phuong tririh thit hai cia hé ta duge ¥2 ~241 -2 +m=0.  (2)
it u=1-x2, khi d6 u € [0; 1] va phuon trinh (2) tré thanh

w +2u—-1=m. 3)
H¢ phuong trinh da cho ¢6 nghiém khi va chi khi phuong trinh (2) ¢é nghiém
x €[~1; 1], hay phuong trinh (3) c6 nghiém u €[0; 1].

Xétham s g(u)=u" +2u—1 véi u[0; 1].

Ta c6 bang bién thién

8w /

-1
Duya vao bang bién thién ta suy ra gia tricitamla —1<m<2.
Vi du 16. Tim m dé hé phuong trinh sau ¢ nghiém

{4x3—3x+(y—1) 2y +1=0

2% x+—yCy+ 1) +m> =0

Lai gidgi. Diédu kién: —% <y<0.

Phuong trinh thit nhét twong dwong véi
(=2x)° =3(=2x) = (2p+1)-3)J2y +1

3
& (-2x) = 3(-2x) =2y +1) =32y +1.
Tir diéu kign —%Syﬁl} taco 0<2y+1<1.

Tir phuong trinh th(r hai cGa hé ta suy ra 2x* +x<0 < —%S x<0.

Khido 0<-2x<1.
Xétham sb f(r) =1 -3¢ weén [0; 1].
Taco f'(r)=3t"=3; /(1) <0 véimoi t&(0;1).
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Do dé f(¢) nghich bién trén [0; 1],

Suy ra phuong trinh (3) < f(-2x)= f[1f2y+ ) —2x=1f2y+1.
Thé vao phuong trinh thi hai ta dugc

2—
2xz+x+1‘—4x2 1.4x2 +m’=0
e 2x7 t x4 \1212 —8x* =—m?.

Xét ham sd g(x)=2x> + x+v2x> —8x* trén [-%; o].

Ta c6 g(x)>0 voi moi xe[—%; 0}. Suy ra phuong trinh (4) ¢6 nghi¢m khi

v chi khi —m’ >0 m=0.

Vi dg 17. Tim m dé hé sau c6 nghiém
x2(1+y2)+y2(1+x2) = mJE
Cyl+y N+ =2"y-x

Loi gidi. Didu kién: xy 0.

Phuong trinh thir hai cua hé twong duong voi

x—1+x2 =x2y(1-1/1+y2 ). (3)
RO rang x =0 khong thoa mén phuong trinh. Mt khdc, vi x-V1+rx? <0 va

1- 1+ y? <0 nén tir phuong trinh suy ra y >0. Két hop didu kién cia hé ta
¢ x> 0. Khi do, phuong trinh (3) tuong duong voi

Lol =y @
X X -

- Xétham f(t)=1- Nl+r trén (0; +o0).
Tacod

(x, yeR).

2
f'(!‘)=1—r7— 1+1% <0 vai moi ¢ €(0; + ).
1+

Suy ra ham £ nghich bién trén (0; + o).

Do d6 phuong trinh (4) tuong duong voi l=y<$lj-’=1.
X
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Thay vao phuong trinh thir nhét cta hé, ta c6

1
x2(1+—2]+i2(1+x2):m c>x2+l2=m—2.
X x X
Phuong trinh ¢6 nghiém x hay hé dd cho cé nghiém (x; y) khi va chi khi
m—-2224>mz4.

Vi dy 18. Tim m dé hé phuong trinh sau c6 nghiém

(x+»)xy=x"+y* ~xp
1,

——=m
25
Lai gidi. Diéu kién: x,y # 0.
Tacd
1 1 2 X4y, (x+y)(12~13’+y2) 5
—3+—3=m C)—}TZI?! = 3 =m
x oy Xy x’y’
2 2
+ .
o W1y f)sxyzmzc(x yJ =m’. M
X'y Xy

Dit r = x + y. Khi dé tir phuong trinh thi nhét ta ¢6

xt=1*-3xy o xyp(t +3)=1>, va xp#0,120,1+3#0 nén

_ ' S(x+y)2:ﬁ

t+3 4 4

4r* -1 121
Suyra t* — 20¢:>r—20<:>
r+3 +3

2
Mit khac (x + y)xy = x—Z] +33250, nen 22 50,
2 4 xy

_ 2
Do dé ta cé 2 :E. Suy ra (1)«:::»(2-—3) =m?. (2)
xy { t
r L s z r+3 .
Xétham s6 f(f)=—— trén (—o0; —3)U[1; + o).
[

Tacod f'(1) :—;3; ; (1) <0 véimoi £ e (—0; —3)U[]; + o).
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Suy ra bang bién thién

f |—o0

'@ -
ORI

<m’ <1

0
Dya vio bang bién thién ta suy ra o mel-2 2]\{ -1,0,1}.
l<m?<4
J -2 2x=1
Vi dy 19. Tim a dé hé phuong trinh sau c6 nghigm 4~ V7 T1 2% ~2¥=
X —3x-3xp=a+2

Léi gidi. Dit z=+y +1, 2> 0 hé tr thanh {’22_2”2 =1
| ¥ -3xz'=a+2
RGring z =0 khong thoa man hé. Véi z >0, djt x =1z hé tré thanh
2 -20)=1 Y
{z’(z’ ~3)=a+2 )

Do z>0 nén tir (1) suy ra > —2¢ > 0 hay £ <0 hogc £ > 2.
2_
 Turhe (1) va (2) ta c6 a+2=tt 23‘

, <0 hodc t>2.
2
Xét ham s f(t)=tt_—_23,re(—no; 0) U (2; +<0).

Taco f(¢)=

2_ r<1
t 4t+320¢>
23

(t-2)°
~ Suy ra bang bién thién
I -0

S'@)

LArunm

J@
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| a+226 az4
Dya vao bang bién thién suy ra hé c6 nghiém < 3 hay 1

a+2<— a<-——
2 2

Bai tap
2x-y-m=0

x+JJE=I

Bai 1. Tim m dé hé phuong trinh sau ¢6 nghiém duy nhét {

x-yz=2-4z
Bai 2. Timmdehe sau cO nghiém {xz+y=3z+1

X +y -2x=m
x+y+4=2xy

Bai 3. Cho h¢ phuong trinh .
- onep {2’+y=m(Jx2+x+y2+y+5+x+y).
Tim m dé hé ¢ nghiém (x:y) thoa min x21l,y21.

Bai 4. Bién luan s6 nghi¢m thuc cta hé phuong trinh véi 4n x, y

{x y-y'=d
Py+207+5° =bL

(Hoc sinh gioi Quéc gia, 1996)
Huéng din gidi bai tap .
2x-y-m=0

Bai 1. Tim m d& hé phuong trinh sau ¢6 nghiém duy nhét {
x+ JE =1
Léi gidi. Didu kién: xy > 0
H¢ phirong trinh di cho tuong duong véi

{2x-y——m=0 {y=2x—m

o X+ fay =1 < 1,fx(2:.c—m)=1—x
y=2x—m y=2x—m
<> 4{x<l <> 9x <l
x(2x-m)=(1-x) [¥*~(m-2)x-1=0 0))

H¢ phuong trinh ¢ nghiém duy nhét khi va chi khi phuong trinh (1) ¢6 ding
mot nghiém nhé hon hogc bing 1
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Ta cod x =0 khong la nghi¢m cuta (1).

2 =1

Vai x#0, taco (1)< =m-2.

¥’ -1

Xétham sd f(x)= voi 0#x<1.

Tacd f'(x}=l+—l7;f'(x)>0 voimoi 0+ x<1.
X

Suy ra bang bién thién
X | —®© 0 1
J (%) + +
+o |
1) / 0
/
-0 —o0

Dya vao bang bién thién ta suy ra phuong trinh f(x)=m—2 c6 ding |
nghiém khi va chi khi m -2 >0 m> 2.
Bai 2. Tim m dé hé sau c¢6 nghiém

x—-yz=2-4z
xz+y=3z+1
x2+y2—2x=m
Loi gidgi.
—yz=2-4
Xéthéphuongtrinh{x 7 % xem x, y 12 bién va z 12 tham sé. Khi d6
xz+y=3z+1" .
1 —
vi D= z=1+22¢0 nén véi moi zeR ludn ton tai x va y.
Z
Phuong trinh thir ba ctia hé twong duong véi (x—1)* + y* =m+1. )

o ~1)-yzf =(1-4z)
Tac"’{x - 42“4' (=D yz}z s
xZ+y=3z+1 - ((x__l)z+y} =(22+l)2

- (x -1+ 229 — 22(x ~ 1)y =162 —8z +1
(x-1)*22 + 3> + 22(x )y =42> +4z +1
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Cong hai phuong trinh cta hé trén ta duge

_(z’+1)((x-1)2+y) 2022 4z +2 & (x—1)% + 37 30“—4"” (2)
22 +1
2.—!-
Kéthop () va @ taco 22— 4+2_p G027 Zdzvl g
22 +1 : z°+1
Xét ham sb f(z)———ﬂ- trén R.
2241
4{z° +9z-1 _
Tacéd f'(z):——(—z);f‘(z)=0¢>z=-2—iﬂ.
(zz+1] 2

Suy ra bang bién thién

-9+/85 ~9+/85

u | ® 2 2 +c0
S () + 0 - o *
10+ V85

fluy / \ | 19
10— J_

Dura vio bang bién thién ta suy ra phuong trinh f(z)=m c6 nghiém khi va chi

khi 10—+/85 <m<10++/85.

Bai 3. Cho hé phuong trinh {

x+y+4=2xp

2 =m(\fx2 +x+ ) +y+5+x+y).

Tim m dé hé c6 nghiém (x;y) théaman x2>1,y 1.

Lei gidgi. Do x>, y21tacé (x—-D(y-D20=xp-(x+y)+120.
Suyra x+y+4-2(x+y)+220, hay x+y<6.

Ms.tkhac tr phuong trinh

x+y+4 2xy tacd x+y+4<—- (x+y) hay x+y24.
bt x+y= t,4sr£6.l(h1domht;phucngtrh1hdﬁchotaduo‘c
2'=m(ﬁ+r) hay 2‘(\/:’1—:):@ 4<t<6.
Hé di cho c6 nghiém (x; y) thoa man x 21, y =1 khi va chi khi phuong trinh
2 (ﬁ —r) = m 6 nghiém ¢ [4; 6].
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Xét ham sb 7(r) = 2’(\/:2 1 —-:), 4<1<6.

'Mcéfrn=fhﬂ(JF:7—0+f[“}"——ﬂ
> +1 J

;2’(\/74'1'—r).[1n2—---} 1
! \H .
Suy ra f(4)<m < f(6). hay 16(¥17 - 4)5m564(ﬁ—6).

]>0 vol moi ¢ e[4; 6].

CHUONG 3
TiM GIA TRI LON NHAT, GIA TRI NHO NHAT
VA CHUNG MINH BAT PANG THUC

1 Biéu thirc mgt bi¢n
1.1 Xét ham tryc tiép
Khi gip bai toan tim gid trj lon nhit, gia tri nho nhit ciia ham mét blen dau
tién ta nghi dén viée xét ham 56 voi bnen da cho. Viéc xét ham tryc tiép ¢d thé
thue hién duge néu biéu thirc cia ham sb khong qué phire tap.

Iy .o A 3 .y . 3 A ) . ~ ]- + v -
Vi du 1. Tim gia tri 1én nhat va gia tri nho nhét cua ham sé y = x1+_?{ trén

x —

(1; 6].

] —
: {'\““2 [x +3 _f(1+ x+3)_-—x—7—2m_

Loigial. Tacod y'= =
# g (x=1)° 2Wx+3(x-1)

y'<0 vdimoi x e(l; 6]. Do do ham nghich bién trén (1; 6).

4
Taco f(6)= 3 lln1‘1| V=400,

Suy ra bang bién thién

+a0

y \

|
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Dua vao bang bién thién ta cé 511;} y=y(6)= %; khéng ton tai gid tri 16n nhét
cuay trén (1; 6].

Vi dy 2. Tim gié tri 16n nhit va gia trj nho nhét cia ham s y = (x + D1 - x>,
Phn tich loi gigi. Khi d& bai yéu cu gia tri tim 16n nhét, gia tri nhé nhét cta
him s6 ma khong néi rd tim trén tip hop nio c6 nghia 1a ching ta phai tim trén
tap xac dinh.

Tép xéc dinh ctia ham sé 1a [ -1; 1]. Tacé

— 2— —
P =) V1 x7 = 2 x4l _(x+d 2I);y'=0¢>x=l-
N1=x? Ji-x2 J1-x2 2
Suy ra bang bién thién
1
x |-1 2 1
y! + 0 —
hﬁ\
y 4
0/ 0

Dura vao bang bién thién ta 6 max y = y(%J= %; min y = y(-1) = y(1)=0.

Tir Vi dyu 1, Vi du 2 trén déy, ta rit ra cac budc tién hanh giai bai toan
+ Tim tap xac dinh (néu dé bai khong noi tim trén tap hgp nao);
+ Khéo sat sy bién thién clia ham s6 trén khoang x4c dinh cia bién;
Tinh cac gidi han (néu cd);
+ Lap bang bién thién:
+ Tir bang bién thién két ludn bai toan,
Vi du 3. Tim gi4 tri nhé nhit ciia ham s&

y=x? +4x+21 —J-x7 +3x +10.
(Tuyén sinh Dai hoc Khéi D, 2010)
—xf+4x+2120 {—35::57

< -2<x<5..
x> +3x+1020 |(-2<x%5

Suy ra tap xac dinh: | -2; 5].
—2x+4 - —2x+3 )
W-x? +4x+21 2V-x? 435410

Léi gidi. Diéu kign: {

Taco y'=
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Y'=0< (~2x+ V-2 +3x +10 = (~2x + IV —x? + 4x + 21

(—2x +4)(—2x+3)>0

& 4 49 3Y 3V
(x+2){i—-[xﬂij ]:(xz] (25-(x-2))

' 3
(x—Z)[x——z—)EO

L=t 3 5 49 <:>x=%..
25(;:--) =—(x-2)
, 2 4
Suy ra bang bién thién
x =2 % 5
y' -0+

y 3'\‘5/

Dyra vio bang bién thién ta suy ra min y = y(%) =2
Nhin xét. Ching ta cé céch giai khac nhu sau
Tép x4c dinh: [ - 2; 5].
Tach (—x? +4x+21)—(—x" +3x+10)=x+11> 0.
Suyra y>0.
Vo= (x4 3T = x) + (x+ 2)(5 - x) = 23J(x + 3)(7 - x)(x + 2)(5 - x)

=(J(x+3)(5-—x) —J(I+2)(7—x))2 +222.

. Suyra y>+/2, déu ding thire xdy ra khi va chi khi x=%.

Viy gid tri nho nhét ctia y 1a v/2, dat khi x%_

Vi du 4. Tim gid tri [én nhét va gid tri nho nhit cia ham sé

11 f
y=X+—+2 l+l2 trén (0; +o0). -
2x X .
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Lai gidi.

o 1 14 22?47 -11x +7-28
Tacd y'=1- —- ;

2x? x3\ﬁ;1}z 2x2\/x +7 ,
X
y'=0 232 +7 ~11x? +7 - 28 =0.

Pjt t=+vx? +7.1>7. Khidé x* =¢* —7 va phuong trinh tr& thanh
2P - —11t-28=020 —25(-28=0<>1=4. Suyra x=3.
Ta cé bang bién thién

x 10 3 +00
y' - 0 +

+o0 +a0
7 \ 125 e

Duya vao bang bién thién ta c6 }]nm y=y(3) —%; khéng ton tai gid trj I6n
(0; +20)
nhét cuay trén (0; + o).

Nh@n xét. Ching ta co thé tim gid tri nho nhét cua y bang céch sir dung danh
gid bét ding thire nhur sau

Ap dung bét ding thic (ax + by)* < (a +b )(Jr2 + yz), ta cod

(3 +_7_T! = {3. 1+ ﬁ.‘f}z 5(9+7)(1 + };!J: 16[1 + 12]

X X

Suy ra 4[1+-22—J2-1—[3+--?—].
x 2 X

1 9.3 f 9 3 15 & ..
Do dé y2x+—l+l(3+z}—§+x+— —+2,{x.—=—+6=—. Dau ding
2x 2 x) 2 x 2 2

X < X

T\J'

thirc xay ra khi va chi khi x =3. Vdy min y—%, dat khi x=3.

(0; 4o}

Vi dy 5. Tim gia tri Ién nhat va gia tri nho nhét cia ham s6 y = x + V4 — x.
(Tuyén sinh Dai hoc Khoi B, 2003)
Loi gidi. Tap x4c dinh: [ - 2; 2].
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x=20
Tacd y'=1- ad i y'=0oVi-x? =xo 5 2<:>x=wﬁ.
1,4-—»1’2 4—x =X
Suy ra bang bién thién
x |-2 2 2
Y + 0o -
Z\E\
¥y 2
_2/ .
Dya vio bing bién thién ta c6 max y = y(V2)=2v2, miny = y(~2) = -2.
Vi du 6. Tim gi tri 16n nhét va gié tri nho nhét cta ham sé y=Jx:_ltrén
x“+1
doan [-1; 2].
(Tuyén sinh Pai hoc Khéi D, 2003)
Lai gidi.
Vi +1=(x+1) ,——-—
Tach y'—- 3 x 1 1*.1"‘ ;y'=0<:>x=]..
x*+1 (x’+1)~fx‘+1
Suy ra bang bién thién
x |-1 1 2
y' 0 -
.j"
y /

Dya vao bang bién thién ta cé'}n‘gﬁpya)m/i, min y = y(~1)=0.
Vidy 7. Tim gia tri 16n nhét va gid tri nho nhét cta ham sb
y=sin5x+\/§cosx.

Lai gidi. Do y=sin5x+~/3_'cosx 14 ham 6 tudin hoan, chu ky 27 nén ta chi
cén tim gid tri 16n nhét, gi4 tri nhé nhit ctia ham sé trén doan [0; 27].

Tacod y'=5sin® xcosx - Jisinx= sin(s sin® xcos x — ﬁ),
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sinx =0 ¢y
Ssinsxcosx~ﬁ=0 (2)
Phuong trinh (1) <> x=kx, ke Z. Ma x€[0; 27] nén x=0, x =, x =27.
Xétham s6 g(x) = 5sin’ xcosx— /3, véi x €[0; 27]. Ta c6

g'(x)= 5(3 sin® xcos” x —sin’ x) = Ssin’ x(3 cos’ x —sin’ x);

y'=0<:{

Sinx:O x=0,x=ﬂ,x=2ﬂ'
g'(x}=0¢>[ <> 7 27 ar Sx
tanxziqﬁ X=—, X=—,X=—",X=—.
3 3 3
Vi cac gid tri trén thi g(x) nhén gia trj &m.
Do d6 g(x)<0 véi moi xe[0; 27], hay phuong trinh g(x)=0 v6 nghi¢m
wrén [0; 27). '
Taco p(0) =3, y(r) =3, y(27) = 3.
Suy ra maxy=J§, dat khi x=k2x; miny=——J§, datkhi x=m + k27,
Nhgn xét. D& chimg minh phuong trinh Ssin’ xcosx—+/3 =0 vo nghiém ta c6
thé 4p dung bt ding thirc Cosi nhu sau
Ap dung bét ding thuc Cosi ta co
2

. I L9 s .2 , _1(3\' 3
(sm xcosx) =—.sin“ x.sin” x.sin“ x.3cos" x<—| — | < —.
3 314 25

Suy ra sinaxcosxez?, hay phuong trinh 5sin’ ._xcosx—\5=() vO nghig¢m.

2
Vi dy 8. Chimg minh réing e‘+cosx22+x—%, véi moi xeR.
o
Léi gidi. Bét diing thire tuong duong voi ¢* +cosx+%-x-—220, voi moi

xelR,
2
Xét ham s6 f(x)=e’+cosx+%-—x—2 trén R.

Tacd f'(x)=e* —sinx+x-1; f"(x)=e" —cosx+1.
Vi f"(x)>0 véimoi x€R nén f'(x) 1a ham ddng bién trén R.
Mit khac

£(0)=0, nén f'(x)=0< x=0.
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Suy ra bang bién thién

Dua vao bang bién thién ta ¢d f(x)>0 vdi moi xeR.
Suy ra diéu phai chimg minh.
2

er oo .\ £ 4 \ £ In
Vidy 9. Tim gia tri nho nhat cia ham s6 y =
X

( Tuyén sinh Dai hoc Khéi B, 2004)

L - Inx=0 x=1
Lo gidi. Taco y'=0XC %) oo -
X" Inx=2 |x=e

* trén doan [l; 93}

2

va () =0, y(ez):;iz, y(e3)=e%.

. L . 4 . Y T
Suy ra gia tri Ién nhat cia y 1a —, dat khi x= e*; gid tri nho nhit chia y 12 0,
e

datkhi x=1.

Vi du 10. Chimg minh ring 1+xin(x+\/x2+1)2\[x2+l vai moi x e R.

Lot gidi, Bt ding thirc tuong duong véi 1+x1n(x+Jx2 +l)—x[x2 +1 véi

moi x e R.

Xét ham sb f(x)=1+xln(.x+\/x2 +1)—sz +1 véi xeR.

X
1+ —
[ 2 —
Taco f'(x):x.——--\'—x—;-+l +In(x+~u’.r2+1)——i— zln(x+\}x2+1);
x+x" +1 x?+1

f'(x)zU@ln(x+\/x2+1_):0¢>x+ 2 41=1

1-x20
&9, 2‘::>:Jc=0.
x*+1=(1-x)
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Suy ra bang bién thién
x |00 0 400

S (x)

- 0 +
ol N 7
0
Duya vao bang bién thién ta suy ra f(x)>0 v&imoi x e R. Bét ding thirc duge

chimg minh, déu ding thire xay ra khi va chi khi x=0.
Vi dy 11. Chimg minh ring 1n(1+\/l+x2)<l+lnx véi moi x> 0.
X

Lai gidi. Bt déing thirc tuong duong véi 1n(1+J1 22 )—mx—i«] v6i moi
X
x>0.

Xét hém sé f(x)=1n(1+\f1+.r2)—lnx—l véi x>0,
X

X
7_“?
Taco f(x)= l+x L2 ]+1

X
_._,_._.__.___+_= —— —_—
1+V1+x2 X X Jl+x2(1+\h+x2) x X
CVI+xFA -1 11 N+x? -x

e — =2 T 50 véimol x>0.
wltx? X X 214y

Suy ra f(x) dong bién trén (0; + o).

Mait khéc '

lim f(x)= lllinn;[hl(l+\j]+x2)~lnx—%]= &m[m[%r ,/;12—+1]—l)=0.

T d6suyra f(x) <0 véimoi x>0, diéu phai chimg minh.
Nhin xét. Chﬁnglta trinh bay mét cach giai khac
Bét dng thirc can chirng minh tuong duong véi

m[-—H i+’ J—-l <0 <:>In(1+1fiz+lJ—l<0 véi moi x> 0.

gt =, khidé >0 va bét ding thirc trés thanh
X

ln(z+ t2+1)—-t<0 v moi ¢> 0.
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Xét ham sb g(t):ln(r+sfrz+1)—t<0 voi £ >0.

[2
1 1

Tacd g'(t)=—VL 1 =
t+E? 1 N

Do d6 ham sé g(r) nghich bién trén [0; + o).

Suyra g(t)<g(0)=0 véimei >0,

Do d6 ta c6 diéu phai chimg minh.

- Trong vi du trén, ta théy cach giai thur hai don gian hon. C6 duge dleu d('h la

nh¢ ching ta da dp1 bién va x¢ét ham bién . Trong nhiéu trudng hop, khi can

tim gia trj nho nhat, gia trj lon nhét cia mot ham s ma biéu thirc cia né qua

phirc tap thi vi¢c xét ham tryc tiep s€ gép nhicu khoé khén.

Khi d6 ta s& di tim mot dic diém cia biéu thirc d6, chdng han biéu thirc 12 don

gian hon khi xem né 1a mét ham sé cua bién khdc, chiing ta ddi bién dé xét

ham cua biér_l moi.

—1<0 v&imoi £>0.

1.2 Pbi bién
Vidu 1. Tim gia tri 16n nhit va gia tri nho nhit ctia ham sé p=x®+ 4(1 - 12]3
trén doan [ —1: 1].
Phin tich va loi gigi. Ham sb da cho 12 ham béc 6 @i véi bién x, tuy nhién 12
ham bac 3 cta bién x”. Do d6 thay vi xét ham truc tiép cia bién x, ta s& xét
ham v&i bién x°. -
Dit t=x-"_. Tacod xe[-1:1] suyra t€[0; 1]. Khi do

y=r+41-1 =36 +12° ~ 12 + 4.

2
Taco y'=-92 +241-12; y'=0 & ‘=§
t=2¢[0;1].

Suy ra bang bién thién

x |0 % 1

y' - 0 .+

4
y \ % - 1
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Duya vio bang bién thién ta ¢ gi trj 16m nhit cua y 14 4, dat khi 1 =0 < x=0;

gi4 tri nho nhét cta y 13 : dat khi £ = i S x= fcl?.
Nhdn xét. Khi tim gia tri 16n nhat va gia tri nho nhat ciia ham s6 trén mét doan
chung ta co thé bo qua budc 1dp bang bién thién. Trong vi du trén, xét ham sd
f()==-3 +12t7 — 12t + 4 véi t €[0; 1], taco két qua

a F()= ma-‘i{f(ﬂ), S, f@}} =f(0)=4

2 2) 4

min f(f)=min< F(0), £(1), [—] = (—}=—.

lﬂzl]f) {f)f()f3 f3 5

Vi du 2. Tim gié tri 16n nhit va gid tri nh6 nhét cia y =sin® x + cos® x + 2.
Phdn tich va loi gidi. Trong biéu thic chia sin’ x va cos? x, do dé viée xét
trirc tiép ham lugng giac 1a khong nén. O day ching ta s& dat 7 =sin’x véi
t €[0; 1] va x¢ét ham béc 2 cta bién 7 trén [0; 1]. Khi do

y=t"+(1-)+2=1>—t+3 v6i t €[0; 1].
Ta c6 bang bién thién

1
X 0 2 1
3 3
-}F
11 /
4

s . " T VI , 11 . .2 1
Dya vao bang bién thién ta ¢6 gia tr1 nho nhat cua y 1a 2 dat khi sin“ x = 5
gid tri 16n nhat ctia y 12 3, dat khi sin? x =0 hodc sin?x=1.

. P SR SR 3cos® x +4sin’ x
Vidu 3. Tim gia tri 16n nhat va gia tri nho nhat ca y =

3sin® x + 2cos x
Loi gidi. D3t t =sin® x, khi d6 ¢ €[0; 1] va

L 30-0 44 30 -2e43 1
32 +2(1-1) 3 -2t+2 32 -2t+2
, —(6f -2 1
Tacd y'= ( ) 5y =0&t=—,
(312 - 21+2) 3
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Suy ra bang bién thién

=

\ |

thite [© |wim
-+

/

e JIeA]

4
3
Dua vio bang bién thién ta ¢6 gid tri nho nhit cua y 13 %, dat khi sin’ x=1;

gif tri 16m nhét cia y 1a % dat khi sinzx=%.

Vi dy 4. Tim gi4 tri 16n nhét vA gid tri nho nhit cia ham s§ p = 29" 4 25"

V4
Gi 0; —|.
w0

Lavi giai. D3t ¢ =sinx, khi d6 voi xe[ﬂ; 3_;-] thi £ <[0; 1] va ham s6 tr& thanh

y=f)=2'+2". |
CTaco £U()=2'+2"20In2>0 v&i moi 7€[0;1]. Do d6 ham s& f(r) déng
bién trén [0; 1]. Suy ra

maxy=?3;zllz]cf(r)=f(l)=4; miny=r[51;iﬁ.f(r)=f(0)=2.
Vi du 5. Tim gid tri 16n nhét va gia tri nho nhét ciia ham s6 p = 2°9°2% — 4%,
Loi gidi. Ta c6 y =2 *"_ 4" Pjt 1 = cosx, khi d6 re[-1;1] va ham sb
trér thanh y = () =2 " -4, ,
Ta ¢6 f‘(:)=22'2".4r.ln2—-4’ln4=(1‘22’] -23’)1n4<0 véi moi re(-11).
Do d6 ham s& £(¢) nghich bién trén [-1;1]. Suy ra

7. . _ _
maxy=max £0)= /(1) = 3 miny=min /)= (1) =2

Vi dy 6. Tim gié trj 16n nhét va gia trj nho nhét ciia ham s6 p = 287 4 2,
Lo gidi. it £ =|sinx], 0<r<1.Khi o y=2'+2"", 0<r<1. Taco
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O<r<l
t

y=2m2-29" L ——n =02 i
—f

¢t Ji-p

Xét ham sb f(z) = 2 s ze (0; 1).
r

Tacd fY(z) =2—2(zln2- 1)<0 v6i moi ze(0;1).
z
Do d f(z) nghich bién trén khoang (031). Vi vy hé trén tuong duong véi

{0<t<l 1
=,

t=v1-¢ 2
1 !
Ta c6 p(0) = (1) =3, y[—-‘;%}= 2.2¥?. Suy ra max y=2.235(ﬁ 3,27), dat khi
|sinx|=——l1--; min y = 3, dat khi ‘sinx{-—-—(] hoic ]sinx|=
2
Vi dy 7. Tim gid trj 16n nhit va gié tri nhé nhét cia ham sb y = 457 4 glees+is2
Loi gidgi. Dt [sinx|=1, 0<r<1.
Khids y=4'+2"" 0</<I. Tacé

yl=4jl ln4+2 ’_'2"—2-;1112;
1-¢#2
3 2 Jl_—l-i
y=Oesdiopfr 2272

-2 2 Jig’

xethAmsé f(u)z—z— O<u<2. Tacod

O<r<l, (1)

f,( )*uz In2-2* 2 (u]nz2—1),0<u<2.
Zt

u

1 ' 1
1, =0 =__; L) S
flw)=0<u 2 f(u)<0¢.>0<u<1n2
Chi y ring 1<Tn~1—2-<2 va f()=f(2)=2. Suy ra f(u)<2, véi moi
uell;2) va f(u)>2, véi moi u e (0;1).
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) 72 N
Dodé, néu 12t <2 thi — <2< 2 , nén (1) khong théa mén.
2t Ji-2
Vay 0<2t<l1. Do f(u) nghich bién trén (0;1) va 27,v1-t* €(0;1) nén
phuong trinh (1) twong duong vol 2¢ =1-12,0<t c% @t:—l-

N
|
1
Taco y(0)=9, y(1) =8, y[—] =545,
J5
Suy ra gid tri nho nhit cua y 13 8, dat khi cosx=0; gia tri 1én nhét cia y 1a
1

5.4Y5 _ dat khi sinx| = % .

Vi du 8. Tim gi4 tri 16n nhit va gia tri nhé nhét cta bidu thirc
J5-4a-J1+a

S—da+21+a+6

)()

trong d6 a 1a sb thyc véi—1<a <
Loi gidi. Dat A=~/5-4a;B=+l+a thi A +4B*=9,4,B>0

Do dé ton tai x e [0;} sao cho A =3sinx; 2B =3cosx . Khi d6:

. 3
A-B 3smx-2cosx 2sinx —cosx

A+23+6 3%mx+3cosx;6 251nx+2¢03x+£‘$

2
Xét ham sb f(x)=—§1-l—1£—-t—0€x vai xe| 0;= 1.
2sinx +-2L05X+4 2

4 8
Tacod f'(x)= 6+4siny +8cosx >0 vdi moi xe{ﬂ ﬁil.
(2smx+2cosr+4) 2

Suy ra ham f(x) ddng bién trén doan x e [0%] Do do

|m1:m) 7(0)=-"1 . ’.‘;a’jﬂ") f[f-]%.

: . e £ . , 1
Viy gid tri nho nhat cia P la —é, dat khi a=%; gia tri lon nhat cua P la 3’
datkhi a=-1.
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Nhgn xét. 1. O vi du ndy ching ta khong tim duoc gia tri 16n nhét, gia tri nho

nhét clia bidu thirs P—— 25X =C0SX 3o cach dua vé& xét didu kién c6
2sinx+2cosx+4 :

nghiém cia phuong trinh (2P -2)sinx+(2P+1)cosx=-4P vi & day

xe[ﬂ; £]
2

2. Td A2+4B*=94,B>0 nén tbn tai xe[o;%} sao cho A=3sinx;

ZB 3cosx. Dit 7= tan kh1d0te[0 llvﬁA 3— 2 ,B=%. -
+

2t
K 2
Tacé P = A-B 44 =_1_.312+121—3-
A+2B+6 2t 2 35 +61+9
3055430 +6
1+ +1
1 3¢ . '
Xét ham sb (r)—z%z—-':—lg%{-—; voi t €]0;1] ta cling c6 két qua nhu trén.
3. C6 thé xét truc tiép ham s theo bién a
VS-d4a-Jl+a

L 5
vol —1<a<—,

N PN ST

Tacod fa)<0 véimol ae [—1;%} , suy ra ham f(a) nghich bién trén doan

[—l;%], tir 36 thu duge két qua nhur trén.

Vi dy 9. Tim gi4 tri 16n nhit va gi tri nhd nhét cia bidu thirc

A___x—,fx(x—l)+2

- x—Jx-1+1"
Li gigi. Didu kién: x>1.
2
Pt 1=x —Jx—1.Khi d6 £ =2x-2 x(x-=1) -1 nén x—,!x(x——l):t ;1.
, .
Taco A= 12
2t+2

Tim didu kién cta . Xétham g(x)=vx —vx—1 trén [I; + ), ta c6
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<0, vdimoi r>1;

| B 1
g(x)—zJ— 2dx -1

lim g(x)= lim (J' Ja-1)= xl_mJ_N_
Suy ra bang bién thién
X 1 + o0
g'(x) -

1
g(x) K
0

Duavﬁo béang bién thién ta c6 7 € (0; 1].
1’ +S

Xétham f(f) = 5 trén (0; 1]. Ta cé
f'@)= E’ng;_')‘zw <0, véimoi re(0; 1]
- Suy ra bang bién thién - ,
(10 1
A -
5
fol 2 T 3
2

Dya vao bﬁ.ng bién thién ta ¢6 min 4 = I(I‘}lﬂ fy=f() =%; khong t0n tai gia
tri 1ém nhét cia A. ‘ '
Vi dy 10. Tim gié tri nho nhat cua ham s

cos x . V4
y=——7 - voi xe((};—].
sin” x(2cos x —sinx) 3

c()sx(sinz:c+1::c:vs.2 x) tan® x +1

Loi giai. Taco y= .
o 4 sin” x(2cosx —sinx)  tan® x(2 — tan x)
' 2

V.4 ' t“+1
it £ = tanx, khid6 voi xe| 0: = | thi re{0: 3 | vd y=————.
) X 1 do vol xe[ 3] E( ] b% Y

E +3¢ ;z,y,_oﬁ[moﬁ(m\@]
P2

Tacod y
=1
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Suy ra bang bién thién

|0 lﬁ
y' - 0 +

A N

Dya vao bang bién thién ta c6 gia tri nho nhét cua y 1a 2, dat khi £=1 hay
X=—,

4 :
Nhin xét. D6i véi biu thire luong gide cia sinx va cosx, néu chénh nhau 2 béc
thi ta ciing xem nhu cung béc hay ding cap vi s.ul2 x+cos® x=1. Ta ciing sit

dung tinh chét ding ca‘ip ctia sinx va cosx dé dua vé tanx trong cic dang: giai
phuong trinh lugng gidc, tinh tich phan, ..

Vi dy 11. Tim gi4 trj 1én nhit va nho nhét ctia ham sé
y=2cos’ x +sin’ x + 3sin x.

Loi gidi. Ta co |y| < 2|cos x| ‘sm x|+3}smx[ < 2cos’ x+|sm x'+3|smx{

=|sm x|—-25m x+3!smxl+2. (1)
Pt t=|sinx|, 0<r <1,
Xéthamsé f(¢)=1> -2 +3r+2 tén [0;1]. Ta cd
F@®=3 -4t +3; £'(1)>0 voi moi re[0: 1].
Suyra f(£)< f(1)=4, véimoi re€|0; 1]. 2)
Ta(l)va(2)tacd |y|<4,hay -4<y<4.
* y=4 khi sinx=1.
* y=—4 khi sinx=-1.
Viy min y =-4; max y = 4.

‘Wdu 12. Cho hm & flx )ﬁLz"l1 Tim gi4 tri 16n nhét va gia tri nho
X +

nhét cia ham sé g(x) = f(x).f(1-x) trén [-1;1].

_ V201 a2 —_y) -
Lai gidgi. Tacd g(x)= f(x).f(1-x)= :;2((11 _?) j;r((ll_ ;)J, 22 ’

Dit ¢ = x(1-x). Khi d6 vai t €[~1; 1] thi te[—Z; %] va g(x) trd thanh
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2
h(t) = r+8=2 voi ¢ GI:—Z; %ii

t* -2t +2
- -2(5t* —41-6 -
raCGh(f)I]_'ijM;h'([): ( 2);}1'({):0&[:&
t°=2+2 (£ -20+2)
Suy ra bang bién thién
Bai tip
Bai 1. Tim gié tri lon nhét va gi tri nho nhat cia ham sby = — 1
vxr +2

. . co s VI T £ X +2

Bai 2. Tim gi4 tri I6n nhat va gia tri nho nhat ciaham s0 y = ———5—.
' (x+1)" +1

. X
' sinx 4+ 2cos—
Bai 3. Tim gia tri 16n nhat va gia tri nho nhat cia ham s6 y= i
COS X + 2sin5

trén doan [0; 121

2
as N cr s ;. A, . X . X
Bai 4. Tim gi4 tri nhé nhat cia ham s0 y=e" —sinx + PR

1+24/3-x4
Bai 5. Tim gid tri I6n nhat va nho nhat cua ham so y=\fx+ +2 x+2_
2Nx+1+43-x+1

. ‘ .z 1 1 .
Bai 6. Tim gia tri nho nhat cia ham s y=2x+ —+ 2[1 + —2] vai x> 0.
X X

{(Hoc sinh gioi Tinh An Giang, 2013 - 2014)
Bai 7. Tim gi4 tri 16n nhét va gid trj nho nhét ciia ham s6

y=x(2013+\/2015—x2).

(Hoc sinh giéi Quéc gia, 1993)

Huéng din gidi bai tap
x+1

\fx2 +2

Bai 1. Tim gi4 trj 16n nhét va gié tri nhé nhit ciia ham sby=
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 Léi gidi. Tap xéac dinh: R,

Vx? +2 (x+1)
Tacé y'= fiva  2-x '=0e>x=2;
y 2 2 2 Y
X +2 (x +2)~/x +2 |
11m y—-1 lim y=1.
Suy ra bang bién thién
X |- +c0
y' + -

2
0
i \L
J6
Y 1

_1/
Dya vio bang bién thién suy ra max y = y(2) =%, khéng thn tai gid trj nho
nhét cia y.

X2 +2

Bai 2. Tim gia tri lon nhét va gia tr nhé nhét cta ham s y—(—:ﬁ

2x((e+1)7 + l)—2(x+l)(x2 +2)'
(1 +1)’ ’

y'=0<:>x(x+l)2+x=2x+2+x2(x+1)<:>x=:t\5.
Suy ra bang bién thién

X |- —\E \E 400
y' + 0 - 0 +

A
y | 7 ()

Loi giai, Tacd y'=

\_4__/1

[1+J5 )2 +1

Duya vao bang bién thién ta c6 |
. 4
min y =y(J5)=——-———;

maxy:y(_ﬁ)=____4_

- 178



) sinx+2cos -
Bai 3. Tim gid trj 16n nhét va gia tri nho nhét ctia ham b y = 2
cos x + Zsing

T

trén doan [0; 3:|
Loi giai. Taco
. X X . x . x
cosx+23m-—-)[cosx—sm—-)—[smx+2(:os—-)(—smx+cos— -
2 2 2 2/

(cos X+ 2sin 5)2
2

y'=

sin>% _1
. 2

. X 2
(cosx+23m§]

Suyra »'<0 v&imoi xe [0; %) Do d6 ham s nghich bién trén [0; %] Suy

V2

Fig
ra =v(0)=2: mi - =1+
ﬁy »(0) ,[ror:lg]y y[z) 5
2 )
2

Bii4.’[‘imgiétrinh6i1hz‘itcf1ahémséy=e"—sinx+£2-.

IR

Loi giai. Tacd y'=e" —cosx+x; y"=e* —sinx+1>0 v&i moi x € R.
Suyra y' ddng bién trén R. Ma ¥'(0)= 0, suy ra bang bién thién

X |- 0 400

I

) \ /
1
Duavéobéngbiéntlﬁéntacégiétrinhénhﬂtcﬁaylé I, datkhi x=0.

Bai 5. Tim gid tri 16m nht v nho nhit cta ham s6 y= VX F1+2¥3-x+2
‘ | 2Wx+1+3-x+1

Léi giai. Tap xac dinh: [-1; 3].

179



( ] ( ) =4 nén ton tai sd thuc ¢ €[0; 1] sao cho x+1=132
2{1- -
7= 200 gy 2086
1+ t*—8t-3
Xét ham s f(;):%—_:{;; voi te[0;1]. Tacod
f()__lzr 36 ; (1) <0 vaimoi ¢ e[0;1].
(1 -80-3)

Do 86 f(r) nghich bién trén doan [0;1]. Suy ra maxy= 1{13;&1)](f(r) = f(0)=2,

datkhi x=-1; miny= mmf(!) f(l)—— dat khi x =3.

Nhan xét. Chung ta cling cé thé giai twong tir Vi du 8, dua vé xét ham lugng
gidc bing cach dat Vx+1=2sin7 va V3-x =2cosf vdite [0; %]

234 L
{ 1-2 5 4
h'(f) - 0 +
1
7 25
W) |- pd
5
\R\*4—Jﬁ
Duya vao bang bién thién ta ¢6
1
max g(x max h(r h( ]
e g(x) = max A =h 3 =550
| "4

Eﬁ%gU)=ﬂmﬁﬂﬂ=h(3:§55}:4wfﬁf

4]

2 Biéu thire hai bién
2.1 Thé bién

Khi gdp bai toan tim gia trj lon nhét va nhé nhét ciia mot biéu thirc hai bién,
trong dé hai bién di cho ¢6 lién hé ding thirc ma viée rit bién nay theo bién
kia va viéc thé vao biéu thirc da cho khong qud kho khin dé dua vé& biéu thirc
mot bién thi ta ¢ thé dua vé ham mot bién va khéo sat sy bién thién.
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Céc budc thyuc hién

+ Rt mét bién theo bién kia (chon bién nao biéu thirc don gian);

+ Theo didu kién, tim khoang xdc dinh cta bién s& dung dé xét ham
(néu cb);

+ Thé vao biéu thirc da cho;

+ Xét ham mot bién véi diéu kién (néu c6) va tir dé két ludn bai toan.
Sau ddy ta xét cac vi du
Vidy 1. Cho a, b khong 4m théa mén a+3b=4. Tim gié tri Ién nhét va gia tri
nho nhat cia bicu thic

__a 3
l+a 1+b
Ldrfgi&i.'l‘acéa+3b=4aa=4—3b.Doa,bkhangamnénosz;s%.
Knhido p=t=30, 36 _, 1 3
5-3b 1+b 5-3b 1+b
Xét ham f(b)—4—L—i trén | 0; 2
5-3b 1+b "3
Taco f(b)= 33 f(B)=0(5-3b) =(1+b) & b=
(5-3b)° 1+b° b=
Bang bién thién:
4
b |0 1 3

J'(b) - 0 +

4
5 12
T \ /?
2

. .k - cr s £ . . 4 .
Dua vao bang bi¢n thién ta suy ra gia tri I6n nhat cia P la rt dat khi

b=0, a=4; gia tri nho nhat cua P1a 2, datkhi b=1, a=1.

Vi du 2. Cho x, y khéng 4m thoa mdn x+ y=1. Tim gia tri 16n nhat va gia tri

nho nhét cia biéu thire P = —— + ——.
' y+1 x+1

- Loi gidi. Tix gia thiét x, y khong am théaman x+y=1tacd y=1-x va xe[0; 1].
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x 1-x

Khido: P=——+——,
2—-x x+1
Xét ham s6 f(x)=-x—+1—‘f- trén [0; 1].
2—-x x+1
, 2 2 2 1
T (x)= - () =0Gx+1) =Q-x) x=—.
ach [(0)= 5 s~ g S @0 G =2 e x =g
Suy ra bang bién thién
1
X 0 3 1
J(x) - 0 +

1 .
f(x) \ /
2
: 3 -

Dya vao bang bién thién ta suy ra gi4 tri nhé nhét cia P 1a %, dat khi

x=y =3 gid i lom nhit cia P1a 1, dat khi x=1, y=0 hofie x=0, y=1.

Nhén xét. Ta c6 cich giai bing danh gia bit ding thic nhu sau
Tacéd P= x2+x+y2+y_ x? 4+ 4] C(x+y) -2+ 6

(y+1)(x+1) +2 Xy +2 xy+2
S 222 dhu ding thirc

x+y) L,

2

Ap dung bat ding thirc Cosi, ta c6 P2

xay ra khi va chi khi x=y=%.

Suy ra gi tri nho nhét coa P 1a %, dat khi x=y=-;-.

Mit khac, vi xy>0 nénta co P=

—ZSE~2=I, déu déng thirc xay ra
xp+2 2
khi va chi khi xy=0 hay x=1, y=0 hodc x=0, y=1.

Vi du 3. Cho céc s6 duong x, y théa man x+y=§-. Tim gid tri nho nhét cia

biduthic S=2 4 L
x 4y
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Léi gidi. Tir gi thiét x, y duong thoa man x+y=% ta co y=§-—x va xe(ﬂ; %)

Khi dé S=i+ ! .
x 5-4x

Xéthamséf(x)=5+ ‘ trén(o;i}
x S5-4x 4

Taco f'(x)=—f?+ (S-zx)z (=0 xr=(5-4x) < x=1.
Suy ra bang bién thién w
x 0 1 %
J'(x) - 0 +

+00 +00
f(x) \ s/

Dya vao bang bién thién ta co gia tri nhé nhét cua §14 5, dat khi x=1, y =%.
Vi du 4. Cho céc s6 thyc x, y théa min 2x - y=2. Tim gid tri nho nhét cia
biéu thirc P=-Jx2 +(y+1)° + sz +(y-3)%.

(Hoc sinh gioi Quéc gia, 1998)
Léi gidi. Tacd y=2x 2, suyra P=+/5x* —4x+1++/5x* — 20 + 25.

Xétham sb f(x)=v5x? —dx+1+V5x® —20x+25 trén R. Ta c6
5x -2 5x-10
f'(x)= + ;
V5x2 —4x+1 V552 -20x+25
(5x-2)(5x—~10)<0

f'(x)=0~='*[ 5x-2 Tz( 5x-10 J’
(V522 —4x+1)  \y5x2—20x+25

2
—<x<2 2
@*5 @x‘:Ec

24x ~16x=0
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Suy ra bang bién thién

X —00

S '(x) - 0+

f(x) \ /

Dua vao bang bién thién ta suy ra gia tri nho nhét cta P 1a 2\6, dat khi
22 )
T3y |
Vi du 5. Cho céc s6 thye duong x, y thoa man x* —xy+3=0 va 2x+3y<14.
Tim gié tri lom nhét va gia tri nho nhét caa biéu thire
P=3x"y—xy* - 2x(x* -1).

+o0

y=x2+3 y_x2+3
Léi gidi. Tx gia thiét suy ra * o "9

w3534 1exss,

( X 5

2 2 2
Khido P=3x % +3\!—x(x--+3 —2x(xz—l)=5x—~2.
X J 1\ X X

: 9
Xétham so f(x)=5x—— trén [l; %} Ta co
X
' 9 o 9 Cae AR 1A e 9
F(x)=5+—5>0 véimoi xe| I 5/ Do d6 ham dong bién trén 1;—5- .
X

Suy ra migr;f(x)=f(1)= -4 nggf(x)zf[%J:ct.
R 12 |
. L5l L5
Vay gi4 tri nho nhat cia P 1a —4, dat khi x=1, y=4; gid tri 16n nhit ca P 13

gl
4, dat khi x:g._ y:S_/_-
5 15

Vi dy 6. Cho cic s0 thye x, y thoa man ¥2x+3 +/y+3 =4. Tim gid trj 16n

nhat va gia tri nhé nhét clia biéu thirc P =+x+2 +./y+9.

184



Loi giai. it 2x+3=a, Jy+3=b.Taco
a+b=4,a20,b20. (1)

2 2
Khi dé P:,f-q—3+2+\fb2—3+9 =2 2“ +Jb%+6

4 v J(d-a)+6.

Tu(1)tacod 0£a£4.

2
Xét ham sb6 f(a) = J“ 2” +yJ(4—-a)’ +6,0<a<4.

a 4 a

W@ +1) J(4—ay +6
N

fa)=0& a = 4-a , 0a<4

J2d+1) J(d-a) +6

Tacdé f'(a)= ,0<a<4.

0<a<4
=9 2 2 2 2
a(d—a) +6a” =2(a" +1)4-a)

0<a<4

=9 4 3 2
a —-8a +12a” -16(a—2)=0
0<a<d

o . 5 Sa=2.
(a—2)a —6a —16)=0

Tacéf(O)—-J_nL\/E,j(Z 3‘/— (4)_—J: V6.

’;
Suy ra maxP:--\/z_-Jr\/ﬁ,datkhi x:-—;l,y:13:

3J10

nﬂnP:H_i ,datkhi x=—, y=1.

l*Jl'—'

2.2 Doi bién

Khi gip bai todn tim gid tri 16n nhit, gia trj nho nhat cua mot bteu thire hai
bién ma trong d6 viée thyre hién phép thé dé dua vé xét ham mot bién khé thye
hi¢n. Hon nira trong bidu thirc lai c6 nhidu déu hiéu lién quan t6i cac phcp dat
an phy nhur: biéu thire ddi ximg dm v0i x, y; biéu thire ding cap dbi véi x, y;
Khi d6 ta s& str dung cac phép dit an phu tuong tmg.
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Céac budce thye hién

+ Xéc dinh biéu thire thich hop dé dbi bién;

+Tim diéu kién ctia bién méi (thudng xét ham sd, hodic ding bét déing thiic);

+ Chuyén biéu thitc d4 cho vé& ham mot bién (bién méi);

+ Xét ham sb mot bién dé véi diéu kién tim dugc & trén.
Sau dély ching ta s 14n lugt xét cac vi du véi nhimg phép ddi bién thuomg gip.
2.2.1 Doi bién dbi xing
Vi du 1. Cho céc s6 thue duong x, y thoa mén x+y=1. Tim gi4 tri nho nhit
ctia biéu thirc P=xy+l.

xy

Phin tich va 10 gidgi. Gia thiét va biéu thirc P déu 1a bidu thic dbi ximg cia
hai bién x, y. Trudc hét ta nghi dén viee s& dit f=xy. Khi do

0<i=xy< (’”f) % va bidu thic P duge viét lai thanh P=t+%. Cudi
cung chiing ta xét ham mat bién f(:)=r+-:- trén(ﬂ; %J

Ta cd f‘(t) l—l,f(t)d) voi moi !‘E(O 1]
17

sovr i - f[ S
o N . |
Do d6 gi4 trj nho nhit cua P 1a e dat dugce khi x=y=-.

Nhdn xét. Vi bai toén don gian nay ta o thé sir dung bét ding thirc Cosi
nhu sau

P= +.__l...-—l:y ....l_+i>2 1 + 15 =£
Yy L6y 163y R e
4

Chu y khi sir dyng bit ding thic Cési, ta phai dic biét luu ¥ dén viée xay ra
déu ding thirc.

Vi dy 2. Cho cde s6 thue duong x, y thoa man x + y = 2. Tim gi4 tri [6n nhét
va gi4 tri nhé nhét ca biéu thire

P=

+ Xy,
1+xy
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Phén tich va l¢i gigi. Gia thiét va bidu thire P déu 13 biéu thie déi xing cia
hai bién x, y. Vi dd co tong cua x vd y nén ta dft f=xy. Khi do
(x4 e 1
ncrzwstl va biéu thire P dugc viét lai thanh P=r+;——1.
+

Xét ham mot bién f(t)=r+$ wén (0; 1],

| .. .
(t+1)2,f(t)>0 véi moi £ (05 1].

Suy ra I(I{}_ﬂllli'f(f)=f(1)=—;—. Do dé gia tri 16n nhét cta P la %, dat dugc khi

Taco f'(t)=1-

x=y=1. Vi khong ton tai I(’I{}i}']l £(t) nén P khong dat gid tri nho nhit.
Nhgn xét. Khac véi Vidu 1, & Vi du 2 ndy ching ta khong thé 4p dung bét
déng thire Cosi mot céch tuong tu dé tim gia tri 16n nhét, gi4 tri nho nhét.
Vi dy 3. Cho x, y théa man x? + y? =2. Tim gi4 trj 16n nhét va gid tri nho nhét
ctia biéu thirc P = 2(x* + )= 3xy.

(Tuyén sinh Cao Ddng, 2008)
Phiin tich va 167 gidi. Gia thiét va biéu thire P ddu 1 biéu thirc d6i xtmg ctia
hai bién x, y. Do d6 ching ta s& chon dit 4n phu ¢=x+y hoac ¢ =xy. Trudc
hét ta bién déi P, ta ¢o

P= 2(I+}l)(r2 —xy+ yz)—3x;y= ?.(.:c+y)((.x+_1»v)2 —31y)-3xy
va tir gia thiét x>+ y* =2 tacod (v + )’ =2xp +2.
Nhu viy, néu dit 7=xy thi x+y chua thé rit theo ¢ ngay duge vi x+y cd
nhén ca gia tri 4m va gia tri duong. '
Do ddta dat £ =x+ y, khidd

2 z_
Pl 322|322 p 30 64,
2 2 2
Taco 2 =(x+ y) <2x* +y*)=4.
Suyra -2<t<2.
Xét ham 56 f(t]=—r3——z-t2+61+3 trén [ 2: 2].

t=1

Tacd f(t)=-3t" —3t+6; f'(t)=0<:>|:r__2
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Suy ra bang bién thién

r[-2 1 2
S (1) + 0 -
13
f( / 2 \‘l
—7
x+y=1
Dua vao bang bién ta c6 gid tri 16n nhét cuaPla , dat khi 1
2 xXy=——
2
. R L, . . x+y=—2
Gia tri nho nhat cua P 1a -7, dat khi 1 S x=yp=-1.
Xy =

Vi dy 4. Cho céc s6 thuc khong dm x, y thoa man x+ y=1. Tim gié trj I6n
nhdt va gid trj nho nhét cua biéu thire § = (4x% +3p)(4y* +3x) + 25xy.
(Tuyén sinh Pai hoc Khdi D, 2009)
Loi giai. Do x+ y=1 nén
S =16x%y? + 12(x3 + y3)+9xy+25xy
=16x"y* +1 2((:: + ) = 3xp(x+ y)) +34xy =16x%y* = 2xy +12.
biat 1 =xp. Khi dé §=16/>-2¢+12

: (x+y) 1 1
val<xy<—=—suyrarte|(; — |
WETTy Ty 4

Xétham s f(1)=16¢> —2¢ +12 trén doan {O; %] Tacod

1

f‘{r):32r—2;f'(z):0<:>r:% va f(0)=12,f[--—]_191 f[lJ 25

16 2

1) 25 1) 191
S = — | = —-; 1 = - e =
uy ra lrglaxf(r) j(4] 5 |T1[nlf(f) f[lti] 6
4] L7 4]

05 x+y=1
Do d6 gid tri 16n nhit cua S 13 “? dat khi ] ©x=y=
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2+J§ 2—\/5

191 x+y=1 X = y=
Gid tri nho nhét cia S 1a —— , dat khi | o 4 4
16 xXy=— 2-3 243
16 x= a ¥ = 2

Vi du 5. Cho x, y thoa man x” + y* + xy=3. Tim gi4 trj 16m nhét va gi4 trj nho
nhét cua bidu thirc 4 =x"+ y* +4xy—x’y".

Phdn tich va 16i gidi. Gia thiét va bidu thirc 4 déu 13 biéu thire d6i ximg cua x,
y nén ta nghi dén vi¢c s¢€ dat 1= x+ y hodc = xy. Viéc chon an phy nhu the
ndo chung ta cin kiém tra cu thé, véi yéu cau 14 viéc thay céc bidu thirc theo 4n
phy phai don gian nhét.

Taco X2+ y* +xy=3(x+y) —xy=3 va
A=(x*+ )Y -2y +4xy - %y’ = (3 - xy)? - 2x%y% + dxy - x°y°.
Nhu v%_iy ta nén dit ¢ = xy . Viée tiép theo 12 tim didu kién hay khoang xé4c dinh
cua bién 7.
Tir gia thiét ta ¢6 3+1=(x+ )’ 2 4xy =4¢. Suy ra t <1. Déu biing xay ra khi
x=y=1.
Hodc x* +y> +xy =3 (x— y)* +3xp=3.
Tudésuyra 3t=3—(x—y)’ <3. Hay £ <1,
Trong bai ra x, y 1a cac sb thuc nén ta lai c6 danh gia ¢ = (x + y)* =3>-3, ddu
bing xdy ra khi x =—y = ++/3. Viy te[-3; 1].
Tacd A=t -22+dr— == —1* =2t +9.
Xétham sd f(8)=—-2 —1* =2t +9 trén [-3; 1].
Tacd f(t)=-3t> -2t -2 £(6)<0 véimoi 1 €[-3;1].
Suy ra {pjﬁlﬁf ()= f(-3)=33; {r_z}g,xglf (N=r1(1)=5.
Do do gié tri 1én nhét cba 4 12 33, dat khi

{x+y=0

@x:—y:i\g:
xy=-3

gia tri nho nhit cia 4 13 5, dat khi x=yp =1,
Chit y: Dang nay ta thuong su dung hai bit ding thic (x+y)* 20 va

(x—y)? 20 dé c6 danh gia kep hai chidu cho bién méis.
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Vi duy 6. Cho x, y 1a cdc s6 thyc thoa man x? - xy + 3% =1. Tim gia tri 16n nhét
va gi4 trj nho nhét cta bidu thice

eyt

x2+y2+l-

Loi gidi, Dt t=xy. Khi dotr x> —xy+ 3" =1 tacd

P=

(x+ p)? —3xy=1¢ay=—%+-;-(x+y)2 2—%.

Mit khac, x*~xp+y’ =1 G-yl +xy=1oxy=1-(x—y)* <1. Do dé
—%St=xy$l.Tacé

pe *+y)) -2 41 (1)’ 2041 242142

X +y7+1 Cr+2 t+2
Xétham sb f(r)= =5t 22 e [--1-;1].
1+2 3
2
Taco f'(t)=—_—t-izi—2—;f‘(t)=0c:>t=—2+\@.
‘ (t+2)
Suy ra bang bién thién
1
t 246 1
S + 0 -
6-26
J) N
1 / 1
15
Duya vio bang bién thién tacé

[Tlrjf() f(——)—;g ma:jf(x) f(-2++6 ) 6-26.
Suy ra gi4 tri 16n nhét cua P 14 6 —2+/6; gié.trinhbnhétcﬁaPlé%.

Nhin xét. Ching ta co cach giai khac
Pitr=x*+y* Tacod

Pexp+yi=loxt+y? =1+xy$l+%(x’+y2). Suyra x* +y? < 2.
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xz—xy+j22=]<:>xz+y2=1+xy21—%(x2+y2). Suy ra x2+y22§.
Do d6 te[%; 2j|. Khi do

2
Cxte oyt _(-"24‘}"2) ~2°) 41 2o 1P 41— 441

P =
x? +y +1 <+ yh 41 t+1 t+1

2z .
Xét ham sb g(t)=-t+—4t1 trén E; 21
f+1 3

—t? -2t +5
Taco g't)=———— 1 g'() =0t =—1+/6.
aco g'(r) i g'(0) | N
Suy ra bang bién thién
t % 146 2
S(t) + 0 -
6-26
0] N
u_/ !
15

. Tirdo ta c6 gid tri 16n nhét ctia P 1a 6 - 2+/6; gi4 tri nho nhit cia P Ia %
Vidy 7. Cho x, y thoa man (x +y>+1) +3x*y? +1=4x> + 557, Tim gi t}
16n nhét va gia tri nho nhét cua biéu thire
x? +2y7 —3x%y?

¥yt ’

Loi gidi. Ta co (% +y +1) +32%)7 +1=427 + 552

P=

<=:~(x2 +y2)2—3(3\:2 -i-y.“)+2=—x2 —3x%y%. (1)
Pat t=x"+y% vi x> -3x"y" <0 néntr (1) tacd £ —3+2<0>1<r<2.
2 —t+2
Khi d6 P = voi re[l; 2],
2 -t+2
Xétham sb6 f(t) = véi tel; 2]
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Ta c6 f(r)=Y= N3

(t+1)7°
bién trén [1; 2]. Suy ra r[riai_ﬁf(t)zf(l) =1, r[xll_az)}(f(r)zf@):%. Tir d6 ta co

>0 v&i moi fe(l;2). Do do ham sb f(z) déng

gia tri nho nhét ctia P 13 1, dat khi x=0, y=+1; gi4 trj 16n nhit cha P 13 %,

datkhi x=0, y=+42.
Vi dy 8. Cho x, y théa min 0<x, y<1 va x+ y=4xy. Tim gi tri Ién nhét va
gia tri nho nhét cua biéu thire M = x> + y* — Txy.
Phén tich va loi gidi. Pat t=x+y.Khid6 r=4xy<(x+y)* =t. Suyra
5 t21
t"-tz0=Ht-1)20
t<0
Suyra r21 vix, y duong.
Nhu vy ta méi chiin dugc ¢ & mt phia. Théng thudng mudn tim dugce ca gid
trj 16n nhat va gia tri nho nhat thi ta phai xét ham so trén | doan, tac chan duge
¢ & ca hai phia. O day ta dang con gia thiét x, y <1 chua sir dung. Ta khai thac
gia thiét nay bing cach sir dung danh gia (1- x)(1- y)> 0. Khai trién ta duoc
x+y

! 4

I-(x+)+xy20=2t=x+y=1+xy=1+ =1+Z. Suyrarsg.
. 41 . 2 2 9
Viy te 1;3 .Taco M =(x+y) =9xy=t -Zt.

, 9 4 ,
Xéthamsé f(r)=1> - L0 vl re [1; 3} Ta ¢6 bang bién thién

9 4
rl 8 3
-3 _1
[ ! 7
\___81_ /
64

- f ' n cr v o1y 5 ) 11 .
Dua vao bang bién thién ta suy ra gid tri 1én nhat cua M la Y dat khi

le,yrz% hodc x=—, y=1.

d | —
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Gia tri nho nhét cua M 1a r-—g«%, dat khi x=2y:% hoéc y:?.x:%.

Vi dy 9. Cho x, y thoa man x, y>1 va 3(x+ y)=4xy. Tim gi4 tri 16n nhit va
gi4 tri nhé nhét cia biéu thirc

P=x3+y3+3[iz+%).
x°y

Léi gidi. Pt x+ y = a. Khi dé xy=:%a, a>0.

Suy ra x, y 1a nghiém cta phuong trinh #* - ar + %a =0 ()

Phuong trinh (1) ¢é nghiém <> A=a’ -3a20=>a>3.
Vix,y21lnén (x-1)(y-1)=0.

Hay la xy-—(x+y)+120<:>%—a+120<:>a54. Vidytacd 3<a<4.

Mt khéic, tir gia thidt ta lai 66 — +— =
x y 3
2
Suyra P=(x+y) —3xp(x+y)+3 L) .8 2 2, 8,16
x y xy 4 a 3

Xét ham s f(a):a3—%a2—§+l—;-, 3<a<4.
a

Taco f'(a)=3a2—2a+—85=3a[a—éj+%>0, vaéi moi a €[3; 4].
2 a 2) a

Bang bién thién

a 3 4
J(a) +
' 94
113
12

. -4 A . 11 ;
Dya vao bang bién thién ta suy ra min P = 1—23 , dat khi

94 x=1,y=3
x=3, y=1.

a=3c>x=y=—j—; maxP:?,datkhi a=4
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Vi dy 10. Cho x, y khac 0 thoa man (x+ y)xy = x>+ y* — xp. Tim gid trj lén
nhét cuia biéu thirc
1 1

A=—+—.
7 .
(Tuyé‘:n sinh Pai hoc Khéi A, 2006)
Loi giai. Taco
2 . 2 2

Dit r=x+y. Khi do tir gia thiét ta c6 xt=1 -3xy > xp(t+3)=1*, v
I <(.arer)2 ztz

0,¢#0,t+3%0 nén xp=—o< T
R R AP S 4

2 — t>1
Suy ra tz—izl}@ua{)c::'
t+3 1+3 t<-3.
23 x+
Mat khac (x+y)xy:[x—-y—] +=3>0, nén Yso.
2, 4 Xy
Do d6 ta ¢é A =X T¥ 113
xy t
[+3

Xét ham sé f(1) = o trén (—oo; —3) U[l; + o).

Tacd (1) =—%; f'(t) <0 v&i moi t € (—oo; = 3)U[]; +00).
Suy ra bang bién thién

f |—oo

A0 -
oI

Dua véao bang bién thién ta c6 gi4 trj 16n nhét ciia VA 12 4, suy ra gia tri lon
x+y=1 |

nhét cia 4 13 16, dat khi ] ©x=y=—.
xy 2

4
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Nhin xét. Ching ta c6 cach giai khac nhu sau

Tacé(.r+y)xy=x2+y2—xy<::»l+l=%+$._i_
xy o x y X

bat a=—,b=

r,.1
X y.
Khidé a,b+0 va

a+b=a’ +b’ —ab=(a+b)" —3ab>(a+b) —%(a+b)2 =i—(a+b)2.

Suyra (a+b)2—4(a+b)50ﬁ0$a+b$4. .
Khi d6 A=a3+b3=(a+b](a2—ab+b2)=(a+b)2516, déu ding thire xay

| rakhivéchikhia=b=2<:>x=y=%.

Viy gid tri 16n nhét ciia A4 12 16, dat khi x=y=%.
Vi duy 11. Cho céc sd thie duong x va y théa man diéu kién
(xy+ 1)(9\(5—2.13))= 7[}:2 +y2)— 2xy+ 2.

Tim gi4 tri 16n nhit va gia tri nho nhét cua biéu thire
1 1
P=xy+ﬁ+——+—-——-.
| Xy oy
Loi gidi. Dt 1 = [xy.
Taco x* +y* > 2xy nén 7(x2+y2)—2xy+2212xy+2.
Két hop gia thiét suy ra
(P +1)O0t=20)2121 +2 = =21 198 ~14¢7 + 91 -2>0
-1’2 -n2t-1)=0. Suyra%Stsl

Khi dé P=tz+r+-1:,_»+%.
f
1 s £ P 11 . 11
Xétham s6 f(¢) =t +t+—2+;tren 5;2 .
. f

2 2 :
Ta o f‘(t)=2t+1—%—;13=(t 1)(2:3 D) iy =0o=1.
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Suy ta bang bién thién

|2 1 2
S - 0 +

__ ;
f 4\ 4/

Duya vao bang bién thién ta co (n;nirwf(t) = f(l)=4, Fa)j f() :§. Suy ra gia
212
5

~2
L27 .

tri nho nhét cha P 1a 4, dat khi x= y=1; gi tri 1én nhét coa P 1a 27:’, dat khi

1
x=y=2 hodc xzyzE.

Vi dy 12. Cho x, y khong 4m thda man x + y +xy =3. Tim gié trj 16n nhét va
gid tri nho nhét cua biéu thirc
3x 3y Xy

P=x’+y* - - - .
y+l y+1 x+y

Loi gidi. Ta co
2 3P 437 +3x43y  xp

P:x2+y -
xy+x+y+1 x+y
3((x+ ) —2xp)+3(x + )
:(x+y)2—2xy— ( ) .4
4 X+y
3(B- )" —2xp)+3(3 - x)
=(3-x)’ - 2xy - ( ) -
4 3—xy
NS B
4(xy) R -
- .. 1, 5 t
bat t=xy. Khido P=—¢"——¢t ——.
4 4 33—t

Tacd x+y+xy=3 suyra 3=xy+x+y2.xy+2\fx7y.
Do d6 t+2vt —3<0 ¢ —3<r <1. Suyra t€[0; 1.
5

1 £ I, { n
Xéthamso f(t)=—t"——t——— trén [0; 1].
fly= =2 e [0;1]
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Tacd f'(t)—— —%—»(T?T' f'(t) <0 vai moi ¢ e[0;1).

3
S )= f(0)=0, min f()= f(1)=—=.
uyrat&ﬂgff() f(0) {glll]lf() SO 5
Do dé gi trj 16n nht cia P12 0, dat khi x=0, y=3 hofic x=3, y =0; gid tri
nhénhétcﬁaPla—-%, dat khi x = p=1.

Vi dy 13. Cho cac sd thue x, y thoéa man Jx+l+\fy+ =4, Tim giétr; lén
nhat va gia trj nho nhét cua biéu thire

64
4—x-—y'

Dit a=Vx+1,b=y+1. Khidé a>0,5>0 vi a+b=4.Djt t = ab, ta cé
0<r<4 vaa®+b*=16-21

P=xy+

64
Khidé P=(a’ ~1)(B* — 1)+ ———r—
b F=le -1 - 6-(a’ +b%)
=a2bz—(a2+b2)+1+—~i4———t F2+22 s,
6—(a* +5%) t-5

Xét ham sé f(x)=_t2+2t+;-3is—15 véi 1 €[0; 4],

_ C 32 20-3)P-6t-3) -
Tacd fix)=21+2 (r—S)"q =35y ; J()=01t=
Vi f(O)——m,f(S)——lﬁ f(4)——23 nén ta suy ra

max P =16, dgtkhl t=3 hay x=0, y=8 hodic x=8, y=0;
min P =-23, datkhi =4 hay x=p=3,

Vi dy 14. Cho cic sd thyc x, y théa man didu kién x+y=x— 142y +2.
Tim gid tri 16n nhét va gia tri nho nhét cia bidu thirc

P=x’+p 4 2(x+1)(p+1) + 85— y.
Léi gidi. Didukién x>1, y>—1. Suyra x+y >0,

Sir dung bat déng thire (au +bv)? < (a® + B*)u? +v*) ta co

(x +y)? =[Jx—l +2y+ 2)2 =(E+J§.ﬁf <3(x+ ).
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Suyra x+ y<3. Dt r=x+ y. Khi d6 ¢ €[0; 3] va

P=(x+yp) +2(x+;.-)+sm+2:r2+2r+8J4’-7+2.
Xétham f(r)=1>+2t+ 8\/_5: +2 trén [0; 3].

2 iy .

Taco f'(t)=2t+2 \/_— s f() = (ﬁ:]3>0, v&i moi ¢ €[0; 3]. Suy
ra f'(t) dong bieén trén [0; 3]. Do d6 f'(¢)> f£'(0)=0 v&i moi € (0; 3). Suy
raham f(f) ddng bién trén [0; 3]. Do d6
maxP:IE%{f(r):f(B):ES, datkhi r=3 hay x=2, y=1;

minP:}?i;}f(t):f({})r 18, datkhi r=0 hay x=1, y=-1.

Vi du 15. Cho a va b 1a cac s6 thyc duong thoa mén diéu kién
2d’ +b*)+ab=(a+b)ab+2).
Tim gi4 tri nh6 nhit cua biéu thirc

3 3 2 2
a b a b
P=4 +—5|-9 =5+ |
(Tuyén sinh Dai hoc Khoi B, 2011)

Léi gidgi. Vi a, b duong, ta co 2(a” +b°)+ab = (a+b)ab +2)

& 2a’ + b)) +ab ::a'zmabl+2(a+b)¢->2(3+m+1:(g+h)+2( ]
Kb a) ka n;

Ap dung bt ding thirc Cosi, ta ¢o

(a+b)+2(

/
{LI
SuyraQLE ]+1>2\H +— +2)

Pt 1=2.2 whidotacsd
b a

2U+12 220t +2) < (2t +1)* 2 8(t +2) <> 4> — 4t —15=0.

I.(a b

\\ 2\‘[2{04—’1\( - g L_+ +2}

fa—

tr—-r—

Suyra 72 % Biéu thie P duoc viét lai thanh
P=4( - 31)-9(£* —2)= 4> —9¢* — 121 +18.

Xétham sd 7(£) =41 —9¢* —12¢ +18 véi rz%.
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Ta cd

f‘(r):6(2:2 -3t —2)>0 v6i moi rz%.

Suy ra _min_f(¢)= f[ ]— 243

5
= o0
2’

1

Dodégiétrinhf)nhétcﬁa)”lz‘l —ﬁ, datkhi£+g—£ via+b=2|— l 1
; 4 b a a b

hay (a; b)=(2; 1) hodc (a; b) =(1; 2).
: N b . it ik
Nhin xét. Dé tim diéu kién cua bién ¢ = f;— +—, ching ta c6 thé danh gia nhu sau
a

Ta ¢ 2(a’ + b)) +ab =(a+b)(ab+2) suyra

2[-§+§]+1 :{J§+E}[@+%)22ﬁiﬁ+é}
Do d6 2[‘/%+\ET ""3_'2\"3[\%“[320'
Suvra\f \/' av%+% —3 hayt>%

Vi du 16. Cho cac sb thuc duong x, y théa man x+y+2=3(x*l+:}).:ml.]_
y X

2 2
B SR S 3
Tim gia tri nho nhét cua bitu thie P = (x - y)2 [_x_d_ +2 —J
yoox
(Hoc sinh gioi Tinh Ha Tinh, 2013 - 2014)

. s

3[£+ZJ:(1'-+-y)+3(l+l]+222\j3(x+y)[l+l]+2
y X Xy x y
=2\/;L-‘f-+—]+6+2
y ox

SU}I‘d-——+y>E
y x 3
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Dau dang thirc xay ra khi

_+Z_10 x=1y=3
y x 3
2 2
Tacé P=(x’ —2xy+y2)(-{3—+y—4-*3—]
yioxt xy
4 4 3 3 2 2
[zﬁy_i}z[ﬂ+y_3]+[iz+%}_3[£+2]+6
yhox yv'ox ) Y ox y o x
Dét£+-}i::,khidérz% vi P=t*—26 3 43t +6.
y x 3

Xéthamso f(#)=t* —22 - 312 + 3t + 6 véi IE?.

Taco f(0)=4r —617 —6t+3=202(t-3)+2t(1> ~3)+3>0  véi moi 12?.

2596 x=3,y=1

Do do6 f‘(f)zf(i;j x=1Ly=3

daudangthucxayrakhl r—% h y[

Véy gid tri nho nhét coa biéu thic P 1a 2—9;6, dat khi x=3, y=1 hoic

x=1 y=3.
Vi dy 17. Cho cac s6 thuc duong x, y. Tim gid tri Ién nhét ctia biéu thirc
Syt eyt SJx—y
P= 7+ >+ .
(x+y) (x+y)° x+y
2 5
L gidi, Tach P=2+- by e

(x+y)" (x+yP x+y

bat t:—@. Khi d6 0<r£+1- va P=2t* -6 +5t+2.
~ x+y 2

Xétham sd f(£)=2t" — 61> +5t+2 véi o'«%,

Tacd £'() =86 —121+ 5= (2t ~1)(4F" +2r-—5).

Vi 41 + 21— 5<0 v6i moi re[ﬁl; %J nén f'(t)>0 véi moi te(O; %)
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Do dé f(f) ddng bién trén (0; %] Suy ra mas /()= f[—;-)zg
Lo, =
I\ * 2 |

Tir d6 ta co gid tri 16m nhét cua P 1a % dat khi x=y.

2.2.2 PO6i bién ding ciap

Vi dy 18. Tim gid trj 16n nhét v gid rj nho nhit cia 4= 21V
3x" +2xy+ y

Xt + y2 #0.

Phan tich va 1oi giai. Biéu thire 4 12 bidu thic dang cdp béac 2 cia x, y (ca tir

va mau déu ¢6 bgc 2). Khi gap biéu thirc ding cap, cach giai ta thudng sir dung

[a chia va dat 4n phu dé xét ham 1 bién.
+Néu y=0 thi x£0 va A=0.

+Néu y #0, ta chia ca tir va miu cho y°.

Dé_ilt*— Khid()!ER\"aA"—-g{+l .
v 3% + 21 +1
Xét ham sof(t)——2{-- ' trén R.
32 +20+1
6r(r+]) t=0 .
Taco f'(t)=— 0> va Iim f(#)= lim f($)=0.
FO= i S0 L—l lim £(0)= lim £(1)
Suy ra bang bién thién
! = -1 0 +00
/@) - 0 + 0 -
1
S ()\ /

Dya viao bang bién thién ta suy ra gia tri lon nhét cua 4 la 1, dat khi
T .1 ]
x=0, ye R ; gid tri nho nhat cua A 1a — datkhi x=-y=0.

Vi dy 19. Cho hai s6 thuc x, y thay dbi va thoa man hé thic x*+y> =1. Tim
gid trj 16n nhat va gia tri nho nhét cua bidu thirc
_2(x+ ny)
1 + 2xy +2 y
(Tuyén sinh Pai hpc Khéi B, 2008)
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2(x" +6xy)  2x” +6xp)
1+ 2xy+2y>  x7 +2xy+3y*
Néu y=0 thi x> =1. Suyra P=2.

Loi giai. Tacé P=

2
Xét y#0. Pat t=>. Khido reR va p=—t 12
y t“+2t+3
22
Xétham 6 £(t) = 22 ten R. Taco
1“+21+43
t=3
~8¢% +121 + 36
0= ' ()=0 va lim f(r)= lim f(t)=2.
FO= gy ;=_§ lim f(0)= lim £(1)
Suy ra bang bién thién
_3
|- 2 3 +0
J'(@) - 0 + 0 -
3
f@) \ /

Duya vao bang bién thién ta suy ra gia tri lén nhét cua P 1a 3, dat duge khi
3 1

*=3y > x= ’ - hofic x=——F=, y=——7=
s+t =1 «fl_ﬁ’y J10 'sﬁﬁ,y Jio®
gia n-inhénhétcaapla —6, dat khi

X = ] hodc x s Y ==

N J_ J_ J_
Vi du 20. Cho cic s6 thyc x, y thoéa min diéu kién 4x* + 2xy + y* =3. Tim gid
tri I6n nhét va gia tri nho nhit cua bidu thire P = x* + 2xy — y7.

2 .2
Loi gidi. Ta o6 £ = X 720"V
3 4x"+2xy+y

Néu y =0, tir gia thiét suy ra x#0. Do dé P=

-hll.n

H

Vi y#0, chia ca tr vi miu cho y? va dit r=>. Khidé zeR va ‘

<
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P o +2u-1

3 442041
24211
Xéthamsé f(£)=-— — trén R. Taco
_ 4t° + 21 +1
t=2
6% 410t + 4 1
=—m——--->u; (=0 va lim f(t)= lim f(t)=—.
'@ @ 21y £ :=_—l Hmf() ] f(@) 2

Suy ra bing bién thién

! |- _% 2 +00

S'(t) - 0 + 0 -
1

Gl 3

o \&2/ \3_‘

- Dua vao bang bién thién ta c6 n*gnf(r)=f(—%)=—2; mnaxf(t)=f(2)=-§-.
Két hop céc trudmg hop, ta cb gia tri 1on nhit cta P 13 1, gia tri nho nhét cia P
3 6.
Vi du 21. Cho céc s6 thyc x, y thoa man didu kién x* +xp+ y* <3. Tim gid tri
I6m nhét va gid tri nho nhét cia P = x? — xy — 3%
Léi gidi. Dt f(x, y)=x+xp+ y°.
*Néu y=0 thi tir gia thidt tac6 0<x* <3. Suyra P=x" €[0; 3].
*V6i p£0, tacd 0< f(x. y)=x"+xy+y* <3. Khidé
. x2 - xy-3y*
P=f(x, )2,
X' +xp+y
P —1-3

Pt x=1y, taco P= f(x, y). )
it x=1y, taco f(xy):2+:+1

I
4+l

Xét ham sé g(1) = voi reR.

t=—2—~j§
6)=0
g ~m[:-zhﬁ.

2% + 4t +1)

Tacod g'(t) = 1)
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Suy ra bang bién thién
t | o 23 2443 +0
g'\n)| + 0 - 0 +
“3+4\3

g(1) 1/”' 3 \_3_4\6/1

3

3-443 —3+443
3

Dya vao bang bién thién ta co ‘—3--— <gnH< , véimoi t e R.

Vi0< f(x, )<3 nén -3-43<P=f(x, y).g(t) < -3+ 4/3.
x=(—2—~/§_)y

va gia tr
x2+xy+y2=3

Suy ra gid trj nho nhét ctia P 1a —3—4+/3, dat khi {

x=(—2+J§)y

X rxp+y? =3,
. 2
Vi dy 22. Tim gié tr I6n nhit ciia y = 4 5 VOix,y> 0,

(e var)

(z+ﬁ)3'

16m nhét ctia P 1a -3 +4+/3, dat khi {

Léi gidi, Dt t=". Khido r>0 va P=
¥

Xét ham sé f(t)=——-—r—-3- voi 1> 0.
(r+ rz+4)
1

. 2
Tacs f(0)=— 27 0P idodrer- L
S ‘__\frz+4(t+-\{t2+4) 2

Suy ra bang bién thién

S0+

o/ \

=)
S 1o -
I3
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Dya vao ban g bién thién ta c6 gia trj 16n nhét cua ham sé 1a 31 dat khi

y= J2x>0.
Vi du 23.' Cho céc s thuc duong x, y thoéa man didu kién xy < y—1. Tim gid
tri 16n nhat cua biéu thirc
x+y  x=2y
JiZi—xp+3y? 6x +y)
(Tuyén sinh Dai hoc Khéi D, 2013)
Li gidgi. Do x>0, y>0 va xy<y-1 nén |

2
g<£5}’_‘21:l_L:l_(1_lJ ny

P=

y oy y yz 4 2 2 4

Bar::f, suy ra 0<tsl. Khidé P= 1 — £=2 .

y 4 JE 143 6(t+1)
Xétham s8 £(1) =t - 172 yGi0<r<t)
JiE—r+3 6(t+1) 4

-3t 1

7
Taco ()= - :
aeo 2@ —+3)  20+1)

Vai 0<t5% ta co t° ~t+3=t(t-1)+3<3;7-3t>6 var+1>1. Dodo

73 71-3t 1 1 Suyraf'(:)>i-—>o
2@ -1 +3) " 63 J_ ) V3
vdrimoire(() ﬂ Do dd P= f(t)<f( ]—%_5— 3}; déu ding thic xay ra
khi xzé, y=2. Vay gia tri 16n nhét cua P 1a ng%

2.3 Panh gia két hop doi bién

Trong nhiéu bai ton tim gia tri 16n nhét (gi4 tri nho nhfitl ctia bidu thirc

F ma cac bién bi rang budc nhau bdi dicu ki¢n dudi dang bét déng thirc, hojic

ban than biéu thirc F khong cé tinh dbi ximg, ding cdp; hodc biéu thire £ va

dleu klen cua bai toan uhua nhiéu dai lugng phic tap,...thi chung ta can “xur
y” biéu thire F qua mét s6 dénh gia.
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Vidy 1. Cho cﬁcsothucx,ythoamﬁn (x—4)" +(y-4)* +2xy <32, Tim gia
tri nho nhét ciia biéu thirc
A=+ 30y -Dx+y-2).
(Tuyén sinh Pai hoc Khoi D, 2012)
Lai gidgi. Ta c6
(x=4 +(y-4) "+ 2y <N (x+) -8(x+y)<0 = 0<x+y<8.
bat t=x+y. Khidé r<[0; 8] va

A=(x+y) -3(x+y)—6xy+6
2(x+y)3—%(x+y)2—3(x+y)+6=13—~%t2—3t+6.
Xét ham sb f(t)=t3—%tz—3t+6 trén [0; 8].
Taco f‘(r)=3.t2—3t—-3;f'(r):l)c:,a‘=l-i-‘/g

vi f(0)=6, f[”‘q 17 45‘/_ £(8)=398. Suy ra A>”'45‘E, dh

déng thirc x4y ra khi Jc=y=1+—";E Viy gid tri nhé nhét cua 4 la 17_45J§
Vi dy 2. Cho céc s6 thyc x, y théa man (x+y) +4xy > 2, Tim gi4 tri nho nhét
ctia biéu thire
A=3(x"+ 4 X3 - 27 +y7)+1.

(Tuyen sinh Dai hoc Khéi B, 2009)
Phan tich va loi guu. Gia thiét va bidu thirc 4 déu 1a biéu thire déi xfmg cha x,
y. Do d6 ta nghi dén viée dat +=x+ y hodc #=xy hofic biéu thizc dbi ximg
khac.
Tru6e hét, tir gid thiét ta co 2 < (x+ y)’ + 4xy < (x + ¥)° + (x + y)2.
bit-r= X+y. Khidd £+ >2e (1) +2r+2)20 Suyra t>1.

Bﬁy gitr néu ta bién ddi bleu thirc A theo ¢ thi bléu thire thu dugce cé bac 4 dbi
vai ¢, do dé v1éc xét ham rét kho khin. Ta lai thay

A=30" + pt + 27y - 207 + ) +1=3(x +371 =3x%t =2 4 yH) + 1

2 2.2
2302 +y%) 38V :y’ 2% + 7Y 41

:%(-xz +37)? =2 + )+ L
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Nhu vy, 4 1a biéu thirc béc 2 cha bién x* + y°. Tadjt u=x + y%. Khi do6

2
u=x2+-y‘?zmzl va A22u2—2u+1.
i 2 2 4
Xét ham f(u)=%u2 ~2u+1 véiu z%. Ta c6 bang bién thién

—+a0

Dua vao bang bién thién ta ¢6 |_1I'nin] fu)= f(%]=%. Suy ra Aa-i?g, diu
LE' Re-]

ding thirc xay ra khi x=y=—12-—. Vay gi4 tri nho nhat cia A la -1?-6-, dat khi

x:y:

[ SRR

Vi dy 3. Cho céc sb thue x, y théa man x° + y° <2. Tim gia tri 16n nhét cia
bidu thirc P =x(y+1)" + v(x +1)°.
Loi gigi, Dit x+y=1. Ta co £ = (x+ )0 22 4 y?) <2°(:x% +y5) =25,
nén |f|<2.
Mit khac: :grﬂ%(x+y)2=§-.1(hi do
t* £,
P=xy(x+y+4)+x+y=xy(t+4)+rs?(t+4)+t=?+r +t
{3 :

Khéo sat ham sd f(7) = T * +¢ rén [-2;2] taduge f()< f(2)=8

Vay P <8 . Dau ding thirc xdy rakhi x=y=1.
Do do max P=8, datkhi x=y=1.
Vi dy 4. Cho céc s6 thuce x, y thay doi. Tim gia trj nho nhét cta biéu thic
A= =17 + 37 +x+ 12 432 +|y -2,
(Tuyén sinh Pai hoc Khéi B, 2006)
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Léi giai. Trong m3t phing vGi h truc Oxy, xét cc vec to

a=(-x; ), b=(x+1; y).
|b< ;aw{ﬁ\/(l—x) + 7 12 32 2214 2
Suyra 4> 241+’ +‘y—2|.
Xétham s§ f(y) =241+ +|y-2).
*V6i 22, taco f(p)=2y1+y" +y-2221+y* 225.
*Véi y<2, taco f(y)=2\fjl+y2+2—y;

2y .,fl+y
[ )=~
\/1+v \/1+y

=0 J1+y? -2y<:»{ y=0 <:>y=£3_*

1+ % =4y? 3

Ta cod 1

Suy ra bang bién thién

V3
y |—= 3 2
') — 0 +

S \ s /

Duya vao bang bién thién ta c6 mm f(y) f[ J—J 2+4/3.

Vi 2v/5>2++/3 nén tir hai truémg hop trén ta co gia tri nhd nhét cta 4 13

V3

2+4/3, datkhi x=0, y=5

Nhin xét. Ta c6 thé chimg minh 21+ y* +2-y>2+4/3 bing bét ding thitc
nhur sau

Ap dung bt dang thirc (ax + by)? (a +bz)(x2 +y2) tacéd
(y+\/§)2£(y2+l)(1+3).
Suy ra 241+ y? 2y+\f3<:>2\[1_+?+2—y22+\/§.

208



Vidy 5. Cho x, y duong thda man x + y = 6xy. Tim gi tri nho nhét ciia bidu thirc
~ 3x+1 3V +1
T 41 9t
Loi gidi. Ap dung bt ding thirc Cési, ta ¢6
3+l Bx+1)(9y” +1)

+ (Bx+ )3y +x).

5 23x+1;
9y° +1 4
2
3_\;+1 +(3y+l)(9x +1)23 +1
9x° +1 4

Cong hai bat ding thire trén ta duge
3+l 3y+l +(3x+1)(9y2+1)+(3y+1)(9x2+1)
9y +1  9x% +1 4

Suy ra

23(x+y)+2.

Pz-

Gx+1DOy* +1)  @By+DOx* +1)

4 +3(x+y)+2+Cx+y)3y +x)

27

= - 4'xy(x+y)+'?1(x+y)+10W+§(x2 +J’2)+E
27

:—Txy.tixy%-z 6xy +10xy +— ((x+y) _2;‘3)

27 2 3
=——(xy)" +22xy +—.
5 (xy) A

1
bit f=xy. Tor x+ y=06xy tacd 6=—+l2i. Suy ra t:xyZl.
X y Xy 0
Xét ham s6 f(r)——z??:“ 72(-&-% voi tzé. Tacé

F()==2Tt+22>0 vdimoi > é Suy ra f(¢) déng bién trén [% - oo).

34

Do dé Pin\f(r):f(é_): 5"

9:*)

Suyra P2 %4 déu ding thirc xay rakhi x=y =

34
Viy gid trj nhé nhit ciia P 1a IR datkhi x=y=
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Vi dy 6. Cho céc sb thuc x, y thoa man xy/2— 32 + yv/2— x> =2. Tim gid i

16n nhét ca biéu thire: P = (x + p)* ~12(x— )y —1) +fxp.

2,32
Léi gidi. Ap dung bét dang thic ab < a +b

vGimoi a, b, ta co

2,42 2 a2
xqu_yil 5£._j'._§_y, 2 —x? Sy_"";—x,. *)
Suy ra 2=xy2- % + pJ2-x’ <2. Do d6 (*) xdy ra du ding thure. Didu do
tuong duong véi x=+/2- y” va y=+2-x*. Suyra x, y>0 va x>+ =2.

Dit £ =x+y. Khi d6 1 < 2(x* + %) =2. Tacé
P=(x+y) +12(x+))-12xy-12+ Jxy

2 .2, .2
<(x+y) +12(x+ y) 12559 2(" Ty )-12+";”

<P H126- 682 +1=1 — 662 +126 +1.
Xétham f(f)=1> —61> +12¢ +1 trén [0; 2].
Taco f'(t)=3" —121+12=3(t —2)” >0, véi moi 7 € (0; 2).

Suy ra f(f) dong bién trén [0; 2]. Do d6 f(f)< f(2)=9. Suy ra P<9. Diu
dﬁngthucxéyrakm t=2 hay x=y=1.

Viéy gid trj 16n nhat cia P13 9, datkhi x=y=1.

Nhdn xét. Vi céch giai trén ching ta khong tim ﬂc gi4 tri nho nhit cua bidu
thire P. Dé tim ¢d gia tri 16n nhat va gia tri nho clia P ta c6 thé giai theo
céch sau. |

Tuong ty nhu trén tacd x, y>0 va x> + > =2. Djit 1=x+ . ‘
Khi d6 1 <y2(< + %) =2.

Mﬁll‘-:héc_r’ =(x+y)Y’2x>+y° =2. Suyra t>/2.

Dods re[v2;2].

2 2, .2 2
Tacég,:(Hy) 2(Jc +y)=t?_1_

Suy ra
P=(x+y) +12(x+y)—-12xp~12+/xp
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2 2
=(x+y)3+l2(x+y)-12.[%—1)—12+ %—1

2
=t’—6t2+12:+1f%—-1.

2
Xeétham f(f)=1 — 612 12 + %-1 rén [V2; 2].

Tacd f'(t)=3r2—12t+12+—:—-3—>0, v&i mei te(ﬁ; 2). |
tZ
211
Suy ra £(z) déng bién trén [ V2: 2] Suyra

A 0-1 @55 0= ()14 12

Vidy 7. Cho céc sé thuc duong x,y thoa méan 3xy+3=x4+y4+i. Tim gid
Xy
trj 16n nhét cua biéu thire
16
2 +y 2
Lai gidi. Dat xy =1t > 0. Tir gia thiét ta c6

P=x2y2+

31.3;+3=x4+y4+—2—22x2y2 +£, hay
xy xy
3t+322r2+% =20 =37 -3 +2<0

e+ 1)t -2) <0 a%gsz,viwo.

6 _p, 8
2xy+2 r+1

Xétham sé f(1)=1* +i, ley<n,
t+1 2

Talaicd P<x?y? +

(1)

8 lSI‘SZ;

Taco fi(t)=2t——,
Fo= (t+1° 2
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—1-5152 lSISZ

(=042 42 ot=1.
Ht+2)P2—4=0 |(¢-1)(*+3t+4)=0
ﬁmeSfmw—Jp)ﬂ @)

Tir (1) va (2) suy ra PS?.

P xy =2
Dau dang thirc xay ra khi { ¥ <:>x=y=~,/5.
x=y>0

Viéy gia tri I6n nhét cua P 1a ?, dat khi x= yZ\ﬁ.

. s . 1
Vi du 8. Cho céc s6 thue duong x, y thoéa man di€u kién Syt —=xp+2.
xy

Tim gi4 tri 16n nhét cta biéu thirc
2 2 3

P=—"—4

l+y° 1+2xy

Lai giai. Tur gia thiét ta ¢o xy+222x2y2+—. bit xy=t>0 ta dugc
xy

r+222t1+1<::>213 (2 -0+ -1)2t-1)<0
t

@(:—1)(2:-1)50@;-«_::51.

Véix, y>0 va xp<ltaco 12+ lzﬂ 2 . (D)
1+x° 1+y° l+xy

(x=y)(xy-1)
1+ x5)(1+ )1 +xp)
3 4 3

Khidétaco P< L = - (2)
l+xy 1+2xy 14t 1+2

Thét vy, () < <0, dang do x, y>0 va xy <1.

Xétham s& f(t)=—1——— > trén B 1}

1+t 1+21
_ 2 - 1
Tacd f'(t)= A 5+ - ¢ =2, ot ::h ]2<0 vé’imoiteli—;l .
I+ (1+26) (I+)°(1+21) 2
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7 1

1
Suy ra f(r)sf(aj-g,v’ze[i-,l}. 3)

Tir (2) va (3) ta ¢ Ps%. Déu ding thirc xay ra khi xy=% Vi x=y

Sx=y=
N

Vay gia tri 16n nhat cua P 1a rE dat dugc khi x=y = :

ﬁ.
Vi dy 9. Cho céc sé thuc @, b thudc khoing (0;1) théa midn didu kién
(@® +8°)(a+b)—ab(a~1)(b-1)=0. Tim gia tri lon nhét cua biéu thic

]

P+ 1
J+a  J1+p°

+5ab—(a+b)’.

Loi gidi. Ta cé
(a3 + 53)(a - b)

ab

(@*+8°)(a+b)-ab(a-1)(b-1)=0< =(1-a)(1-b). (1)

a+b*a+h 2 2
Vi ( )( ):[F_‘_.. + ib----](a+:E:)22JEE.2\/E=4ab
ab b a
vi (1-a)(1-b)=1-(a+b)+ab<1-2ab +ab
nén tir (1) suy ra 4ab <1-2Jab + ab. 2)

bat 1 = ab, khi do (2) tr¢ thanh 4:gl—2~/§+r<:>3t+2\ﬁ—1s0c>0<:s$.

1 2 — b)Y (ab -
L ey ('i b) (ib D <0, luén ding vi
l+a® 1+6° l+ab (]+a )(1+b )(]+ab)
a, b€ (0; 1). Dau ding thic xay ra khi va chi khi @ =#.

Ap dung bt ding thirc Cosi ta 6

Ta co

;1‘/2( 1 ;} ) 2 2
J]+a2 \/;erz N 1+a*> 1+b6*) N 1+ab 1+ab

va Sab—(a+ b)Y =ab—(a—b)’ <ab nén suy ra

| P S S
" 1+ab J+t
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. 2 .. 1
Xétham sé f(f)= m+t vai t_e[ﬂ, 9].
Ta ¢o f‘(r)=ua~i!‘)1\/—”_r-+l>0 v6i moi re[u; -;-] Do d6 ham sb f(:)

déng bién trén (0; —3] Suy ra Pﬁmaxf(t)=f(%]=7%—+-;-. Déu déng

&

thirc xay ra khi va chi khi

Viy gid tri 16n nhét cua P 1a —6—--+l dat dugc khi a=b=l

Jio 97 - 3
Vi dy 10. Cho céc s6 thuc duong a, b phan biét théa man didu kién ab <4.

Tim gi4 tri nho nhét cia biéu thuc P=£4+““23""‘—3“i"
a b (a-b)

Loi gidi, Tl gid thiét 0 <ab <4 tacé

a’b’( 2 L, 2),ab 3 1fa® B 3 1
P> 4 = St [ e——.
16 b 4 (a-b? BlH a 4a b _,

a

+
b
Patr=2+2 Knhido r>2 va le(:z-—z) 31 1p 31 1
b a 41-2 8 41t-2 4
Xét ham f(:)_—: 2L e 2 4o0),
4'1-2 4
3
T t=———— s f()=0 tr2—3<:>t3
260 [0 = 1= s ) =010-2

Vi lim £(0)= lim f(1)=+<0 nén_ min £(1)- f(g)_E

Suyra P> -%—, dau ding thirc x4y ra khi

{@:4@ ab=4 X a=JS—1,b=4/5+1
ay .
t=3 a+b=2J5 a=~5+1,b=+/5-1.

Viy gid tri nho nhit cia P 1a %
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2.4 Xét ham Ian lwgt tirng bién; xét ham dai dién
Vi dy 1. Cho céc sé thue x, y €[0; 1]. Tim gid trj 16n nhét cua biéu thirc

P:Z('Jc3 +_y‘3)—x3’y~y2 —X.

Loi gidi. Xét ham sé f(x) =2(x" +y*)=x*y—y* —x véi xe[0; 1].
xzé(y—\ﬂyz+6)=xl<0
x=%(y+1ﬂyz+6)=x2aé(0;.l) -

va f'(x) ddi ddu tir am sang duong khi di qua nghiém x = x,. Do do
S <max{£(0), F()} =max {2y’ =%, 2y = y* = p+1} =2)" = 37 = y+1.
Xétham sb g(y)=2y" — y* ~ y+1 trén [0; 1]. Taco

1++/7
6

Tacd f'(x)=6x"-2yx—1; f(x)=0<

vad g'(y) dbi déu tir am sang

g =6y -2y-Lg(»)=0y=

duong khi di qua nghiém. Suy ra g(y)Smax{g(O), g(}=1. Tir 46 suy ra
P <1, ddu ding thirc xay ra khi x=1, y=0 hoic y=1.
Véy gia tri 16n nhét ctia P14 1, dat dugec khi x =1, y=0 hoidc y=1.

Vidy 2. Cho cé,q sb thue a, be |:%, 1}. Tim gié tri nho nhét cia bidu thire

1 a b
= + +—.
2+3a a+b b+l

, 1 a b 1
Léi gidi. Xétham s f(a)=——+—9 4 Giae| L1,
g OSD= ) St e Tha 05[4 ]

3 b
2 + 2"
(24+3a) (a+b)
Vi B(2+3a)’ -3(a +b) =9a’b + 6ab + 4b —3a* —3b”

Tacod f(a)=-

>15a’b+4b - 3a* - 3b% =3a*(5h - 1)+ b(4—3b) > 0 vdi moi a, beB; 1]
nén f'(a)>0 véi moi a EB; 1]. Suy ra f(a) dong bién trén [i, 1].
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1 4 1 b
Do dé: f(a)2 f|— |=— +—.
/(@ f[«il) 11 1+4b b+1
Xét ham sb g(b)h—d-— I—+i voi be l;1 . Taco
11 1+4b b+1 4
g'(b)= 4 ] -g'(b)—()@b—l g'(b) dbi diu tir m sang
(1+4b)  (b+1)*° 2
1) 34 34 . ..
duong khi di qua nghi¢ém. Suy ra g(b)>g 3 :—3; P?_E’ dau dang
thirc xdy ra khi va chi khi a—}; b:i-.
34 1 1
Vay gié trj nhé nhét cia P 12 =, datdugc khi a=—, b=—.
33° 4’ 2
Vi du 3. Cho céc s6 duong a, b, x, ythéaman a° +b° =2 va x, y<4. Tim gia
2 2
trj nho nhét ciia biéu thirc P = w.
xy(a“+b )

Léi gi@i. Ap dung bat déing thire Cosi, ta co
a +a” +1+1+125a%b° +b° +1+1+125b%.

Suy ra 2a’ + 25’ +625(a2 +bz], hay a’ +b* <2.

X +2y% 424 & y+£

Dodo p2 X T2V +=2 X |V
2xy 2y x xy
£+ 1o X X y 12 . \ " £
Xétham s0 f(x)=——+=+-— v&i xe(0; 4] va y 1a tham sé.
2y x xy
2
. - 4 420"~ - .
Tacod f(x)=> 2" -2 < 0°-24_ -8 <0 v&imoi x, ye(0; 4].
2x%y 2x%y 2 y
Suy ra f'(x) nghich bién trén (0; 4]. Do d6 f(x) = f(4).
Suy ra P>f(4)—E -Z+J:.5.+.}i_
v 4 y y 4

Xét ham s6 g(y) =" +_: Vi ye(0; 4]
y

5 1 5 1 1
Taco g'(¥)=—F+—-—<-"+4—=-—<0 véimoi ye(0; 4/|.
e R R TRy oi y e (0; 4]
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Suy ra g(x) nghich bién trén (0; 4]. Suyra g(y)=g(4)= ;5; +1= %

Suy ra PE%, du ding thire xay rakhi x=y=4,a=b=1.

Viy gi4 tri nho nhét cua P 1a %, datkhi x=y=4, a=bh=1.

Vi dy 4. Cho n va k la cic sd nguyén duong thoa man n>7 va 2<k<n.
Chitng minh ring k" > 2n*.
(Hoc sinh giéi Quéc gia, 1997)
Loi gidgi. Bat déng thirc cin ching minh tuong duong vai
nink>kinn+In2< nlnk-kinn-1In2.
Xétham s f(x)=nlnx—xlnn—In2 véi xe[2; n—1].

Taco f'(x)=2—Inn f(x)=0e x=—.
X Inn

Ta s& chitng minh nghiém x = ]Le [2; n-— l] véimoi n>7.
nn

n o . N
RO rang 1—<n—1 véimoi n>7. Tacd — >2<< e >n’.

nn Inn
Xét ham s6 g(x)=e* —x*, véi x> 7. Taco
g'lx)=e"-2x; g"(x)=e"-2; g"(x)>0 véimoi x>7.
Suyra g'(x)>g'(7)=e’ —14>0. Do d6 g(x)>g(7)=¢’ —49>0,

Tir do ta co x=i—{1—e[2;n—1] véi moi n27 va f'(x) déi du tir duong
n»n

sang &m khi di qua nghi¢m. Suy ra f(x)2min{ f(2), f(n-1)}.
Ta chimg minh min{ /(2), f(n—1)} 20.
Tacd f(2)=0¢>2"">n", diéu nay ding véi moi n>7.

Ta cé f(n—l)zoa(n__l)”zzn"—‘@r>2(1+§], *)

trongd6 t=n-126.
1 t I3 ] i

Vi [1+—] <e<3 nén 2| 1+;J <6 <t. Suyra (*) dang.
t \

Tir d6 ta c6 bat ding thirc dugc chimg minh.
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Vi dy 5. Cho cic s6 thye duong a, b. Chimg minh ring
(@a+Din(a+1)+e’ = (a+1)b+1).

(Hoc sinh gici Tinkh Nam Dinh, 2006)
Léi gidi. Bat dang thie tuong duong vai

(a+Din(a+1)+e" —(a+1)(b+1)20.
Xétham sd f(a)=(a+1)In(a+1)+e" —(a+1)(b+1) véi a>0. Tacd
f@)=1+In(a+1)—(b+1)=In(a+1)-b; fa)=0<>a=¢’ -1 va f'(a) dbi
dAu tir 4m sang duong khi a di qua nghiém e® 1.
Suy ra f(a)> f(e’ ~1)=eb+e’ —e’(b+1)=0 véi moi a>0. Do d6 bit
diing thirc duge chimg minh. Diu ding thirc xéy ra khi va chi khi a=e” —1.
Vi dy 6. Cho cic sb thye khong dm x, y. Tim gid tri nhé nhét cta biéu thirc

P 3f4(e_a: _+_ejy) N 2{{(1+2x;3(1+2y)3 ‘

Loi gidi. Taco (e* +e”)(e' —e”)z >0. Suy ra e +¢” 2e'e’(e" +¢’). Do d6

4(e"" +e” ) e +e +3ee” (e" +e’ ) =(e‘ 4 e”)21 .
Suy ra g/4(e”‘ +e¥)ze" +e¥,

3 3
Mat khéc ta c6 {/(1+2x)~‘(1+2y)3 5\/[1"'2?5) ;J(l+2y) .

20 H 2y
5 :

(I+2)

Suyra P2e" +e”

Xéthamsé f(t)=e' — véi 120, Tacod

. §(l+2:)’1.2
fy=¢ -2 ¢ - Jiva,

e ¢1+20 -1 . 1+2.0-1
JI+2t 1+ 2 V142

Do do f'(r) dong bién trén [0; + o).

Suyra f(1)> £'(0)=0 véimei 1> 0.

Do d6 ham f(t) déng bién trén [0 . .

=0, véimoi r20.
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Suyra f()> f(O):% v6i moi 120,
Tir 46 ta suy ra Péf(x)+f(y)2%, diu déng thirc xay rakhi x =y =0.

Véy gié trj nho nht ca P la %* datkhi x=y=0.
Vi dy 7. Cho céc sé thyc a > b > 0. Chimg minh ring

b a
[2"+—1—J 5[25"'%] .
2¢ 2
- (Tuyén sinh Pai hoc Khéi D, 2007)
Loi gigi. Bit ddng thirc twong duong véi | :
In(1+4%) In(l+4°
(1+4°) in(1+4")

b a
(1+4") s(1+4") S — ;

In(1+4%)

Xét ham sé f(x) = vai x> 0.

414" —(1+4")in(1+4")
X (1+4)

Suy ra ham f(x) nghich bién trén (0; +). Khi d6, vi a25>0 nén ta c6

f(a)< f(b), ditu phai chimg minh. Ddu déing thirc xay ra khi va chi khi a =b.

Nhdn xét. Chiing ta c6 cach giai khac sir dung tinh chét cta lity thira

Bét déing thire cn ching minh tuong duong voi

b a
() ()
44 4
1 1 1Y 1Y 1Y
Vi 0<b<a nén l<l+ <1+ Do do 1+—] £[1+——) < l+—} .
4" 4 47 4

4b
Bt déng thirc dugc chimg minh, ddu ding thirc xay ra khi va chi khi a=8.

Taco f'(x)= ; fi(x)<0 véi moi x> 0.

Bai tap

Bai 1. Cho a, b khong 4m thoa man a + b = 1. Chimg minh ring ab’ 5217.
Bai 2. Cho céc sb thuc x, y thoa man x? + y* =11. Tim gié tri 16n nhét va gia
trj nho nhét cta bidu thie P = x + xy°.
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Bai 3. Cho x, y théa man x” + y* =x+ y. Tim gia trj 16n nhét va gia tri nho
nhét cua bigu thire M = x° + y* + x’y + 0.

Bai 4. Cho x, y théa min x, y =1 va x+ y+xy =8. Tim gia trj 1én nhét va gia
tri nhé nhét ctia bidu thire M = x? + 37 + x%)2. .
Bai 5. Cho x, y théa man x, y =1 va 3(x+ y) = 4xy. Tim gi4 tri 1én nhit va gia
tri nho nhat ctia biéu thirc

1 1
P=x+y" -3 = +— |
g [xz yz]

Bii 6. Cho c4c 6 thye x, y théa man x+y-1=+2x-4+/y+1. Tim gid trf
16m nhét va gid tri nho nhét cua biéu thie

1
P=(x+y)}-9-x-y+

x+y.

Bai 7. Cho a va b la cic s6 thyc duong théoa mian diéu kién
6(a’ +b%)+20ab = 5(a + b)(ab +3). Tim gia tri nho nhit cia biéu thirc

4 4 3 3 2 2
a b a b a b
P=9(b—4*'54'J‘16[§+§)+25{b—2*?]'

Bii 8. Cho a va b 1a céc 56 thuc duong théa man diéu kién
(a* +25%) +3a% =2(a® +67)(a? + 26°).
Tim gié tri nhé nhat cia bicu thic
@b 8 ((a+b) +2a* +5b*)((a—b)* +24° +Sb2).

P ab(a’ +25°)

Bai 9. Cho cac s6 thuc x, y thoa man didu kién x* — xp + y* <3. Tim gia tri 16n
nhat va gid trj nho nhét cia P = x” + xy — 27,
Bii 10. Cho c4c sb thyc x, y thoa min xy >0 va x+ y>0. Hay tim gié trj 16n
nhat va gia tri nho nhét cua bidu thire

xty— 4y

P=——"5"

x” +8y

Bai 11. Cho x,y 14 c4c s6 thye 16n hon 1. Tim gi4 tri nho nhét cta biéu thic
Bt e

d - 2(x* + y*) -1 .
oo A e
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Bai 12. Cho céc s6 duong a, b phén biét théa man a* +2b=12. Tim gi4 trj
nhé nhét cia bidu thirc

P=2"% 8(a-b)
Bai 13. Cho céc sé thuc x, y. Tim gi tri nho nhét clia biéu thirc
P=Jx+1) +(y— 1) +J(x =12+ (y+1) +/(x+2) + (p+2)%.
(Hoc sinh gioi Quéc gia, 1997)
Bai 14. Xét cic sé thuc a, b sao cho phuong trinh ax® - x* +bx—-1=0 c6 ba
nghiém thuc duong (cac nghiém cé thé bing nhau). Tim gi4 tri nho nhat cua
Sa*> —3ab+2
a’(b-a)

4 4 5
7

biéu thire P =

(Hoc sinh giéi Quoc gia, 1999)

Hwémg din gidi bai tap

Bai 1. Cho a, b khong 4m théa min a +b =1. Chimg minh ring ab’ g%_

Léi gidgi. Tir gia thiét a, b khéng 4m thoéa min a+b=1 ta cé a=1-b va

be[0; 1]. Khi d6 bét dang thirc trd thanh (1-5)b” < % &b —b? +2i‘7 >0.

Xétham s& f(b)=5" —b" + % trén [0; 1].

b=0
Tacod f(b)=3b" -2b; f'(b)=0<> -
=5
Suy ra bang bién thién
2
b 0 3 1
S(b) : 0 +
4 4
27 27
f(b \ /
0

Dyra vao bang bién thién ta suy ra £(b) >0, v6i moi b e[0; 1].
Bit ddng thirc dwge chimg minh.
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Déu ding thirc xay ra khi va chi khi b=§, a=~:1§.

Nhin xét. Dé chimg minh bt ding thirc (1 Bb)b? < % ta c6 thé &p dyng bt
déng thirc Cési cho ba sb khong am nhu sau
Ap dung bét ding thirc Csi ta ¢o

(1-b)b __(2 25)&,5(2[%) 4

3 27
Diu déng thirc xay ra khi va chi khi 2—2b=b<:>b=§.

Bai 2. Cho céc s thuc x, y théa man x? +y® =11. Tim gi4 tri 16n nhét va gi4
trj nhé nhét cua bidu thirc P = x + xy°.
Léi gidgi. Tir gia thiét x* + 3> =11 tacé y? =11-x* va xe[qu_l; Jﬁ] Khi
dé .

P=x+x(11—xz)=—x3+12x.
Xét ham s6 f(x)=—x* +12x trén [—Jﬁ; Jl_l]
Tacod f(x)=-3x"+12; f'(x)=0< x =12,

Suy ra bang bién thién |
| x |-V -2 2 Jl—l
f(x) -0+ 0 -

70 |- \ /16\

Du‘a vao bang bién thién ta suy ra gid tri Ion nhét cia P la 16, dat khi
x=2, y=+/7; gid tri nho nhit cia P 1a 16, dat dugc khi x =—2, y = +/7.
Bai 3. Cho x, y thoa man x° + y* =x+ p. Tim gia tri 16n nhét va gi4 trj nho
nhét cua biéu thire M = x* + 3 + x*y + x?,

Loigiai. Dt t =x+ .

Khi do = (x+y) <2(x>+y*)=2f, suyra ¥ -2 <0¢> 0<r <2,
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2
! Dods

Taco (x+y)* —2xy=x+y nén xy=

- 2. 2 ~ -t) -t ,
M—(x+y}(:c +y -xy)+xy(x+y)—t. t— 3 + t=1t".

2
Xétham sé f(¢) =t* trén [0; 2].
Taco gl;igf(t)=f(0)=0; r[rég:;:f(r)=f(2)=4-

x+y=0

x2+y2=x+y

Suyragiéuinhénhétc&aMléO,datkhi{ Sx=y=0;
x+y=2

ryl=x+y

gid trj 16n nhit cia M 1a 4, datkhi{ Sx=y=1.

Bai 4. Cho x, y théa mén x, y>1 va x+ y+xy=8. Tim gi4 trj 16n nhét v gid
tri nho nhét ctia bidu thirc M = x* + y* + x*y%,

2
Loi gidgi. Dt 1 = x + y. Khi do 8=x+y+:qy£x+y+[x+Ty] . Suyra

2 t>4
L8206 +4-32200 >1>4,
4 ¢ <8 (ktm)

Mit khac vi x, y>1 nén (x—l)(y—l)z0c>xy—(x+y)+120<:>x+ys§.
9
S te| 4, —|.
uy ra e[ 2]
Tacd P=(x+y) -2xy+x2y* =1> =2(8-1)+ (8- 1)* = 21* — 141 + 48.
Xétham sb f(r)=2¢" — 14 + 48 trén [4; %}

Ta ¢6 bang bién thién

ol
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.2 ‘n i e 1s £ . . S .
Dua vao bang bién thién ta suy ra gia tri lon nhat cia P la PR dat khi

X+ —-9- va —z
7 2 Y 2
e e ez . . L lx+y=4
Gia tri nho nhat cua P la 24, dat khi 4 Sx=y=2
Xy =

Bai 5. Cho x, y théa man x, y >1 va 3(x + ) = 4xy. Tim gi4 trj I6n nhét va gi4
tri nho nhat cuia biéu thirc
11
P=x+y" -3 —+—|
g [xz yl]

v aas oy . TP .
Loi gidi. DBt t = x+ y. Khi dé xy=1,1>0 va tir gia thiét ta c6

3(x+y)=4xy<(x+y) suyraf=3.
Vi x, y>1 nén (x—1)(y—1)>0. Hay la

xy—(x+y)+120 @%E-t+120<:>t54.

Viy tacd 3<7<4. Mit khac, tir gia thiét ta lai c6 l+l=g.
x y
2
. 11 6 9, 8 16
Suyra P=(x+y)3—33jy(x+_1.’)—3 [ == == —,
Xy Xy 4 t 3

Xét ham sb f(f)::fj—z-fz-*i-?-—?, voi 3<r<4.
t

Ta c6 f'(t')=3£2—gr—ﬁj:%{f’[zt—g}r(ﬁ—S) >0 voi moi 7 €[3; 4].
2 ot 2 '

Bang bién thién ¢ |3 4
AU +
74
3
12

Duya vao bang bién thién ta suy ra min P = -6%, dat khi

:1, :3
t:3<:>x:y:i; maxP:E,datkhiazfl»c:' * Y
2 3 x=3,y=1.
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Bai 6. Cho cac sb thuc x, y théa min x+y—1=~/2x—-4 +/y+1. Tim gid tri
[6n nhét va gid tri nho nhét cda bicu thic

P=(x+y) —{9-x—y+
Léi gigi. Didukién x>2, y>-1,0<x+y<9.

Taco (x+y-1)’ =(J2x—4+\/y+1)2 :(JEJx-2+‘/y+1)2 <3(x+y-1).

Suyra0sx+y—-1<3cisx+y<4

1
1fx+y'

Diat r =x+ y, khido r €[1; 4] va P=t2—¢9—r+—1——-

T
Xét ham 56 f(t)=tz—\/9—r+;} véi t [l; 4].
t
Tacod )=2t+——— --->0 voimoi f€ll; 4
ft= zﬁ i [1; 4].

Do d6 f(r) ddng bién trén |I; 4].

Suy ra min £(1) = /(1) =2~ 272 max /()= /()= —-—33‘22‘/5 .

3-245

Viy gi4 trj 16n nhét cua P 1a --——:_Z— dat khi x =4, y=0; gi4 tri nhé nhét ciia

Pla2-2+/2, datkhi x=2, y=—1.
Bii 7. Cho ava b 1a cic sb thue duong thoa man diéu kién
6(a’ +b”)+20ab = 5(a +b)ab + 3).

Tim gia tri nho nhit cua biéu thirc
4 4 3 3 2 2
P=9 -“‘_i+b,’-- 16| %5+ b— +25| £ b—z .
b o »y o b a
a+ b

6(a® +b?)+20ab = 5(a+b)(ab+3)<:>6[z b)+20 S(a+b)+15=—
a

Loi giai. Ta co

Ap dung bat ding thirc Cdsi, ta c6

2
S@+b)+158 1050 [T@HON 4 3[3+f”-+2].
ab ab b a
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Suy ra 6[%+2J+20210 3[g+b+2J

[+ a

a b B 10
Pat 1=—+—, bét ding thic trd thanh 67 +20>10/3(r+2). Suy ra > —.
= g thirc an J (£ +2). Suy 3

2 2 3 3 4 4
a b 2 a b _ 2 a b (2 2
Taco E;-f?_r -2, b—3+?_r(t —3), b_"+E_(! —2] nén suy ra

P=9" 160 1117 + 48 - 32.
Xétham s6 f(1)=9r* 160" 1177 + 481 —32 voi rz?.'

Tacod f'(1) =361 —481° —22¢ + 48; J(t)>0 véimoi ¢ 2%.

14156

Suyra £(¢) dong bién trén [1; ] Do d6 mm fin=r ( J 7

Eﬂu

T d6 suy ra gia tri nho nhit cuaPléEZ—I;—G dat khi a=1,b=3 hoé.c

a=3b=1.
Bai 8. Cho a va b 1a cic s6 thue duong thoa man didu kién
(4 +26°) +3ap? =2(a? +67)(a? +25%).
Tim gi4 tri nho nhét cua biéu thie
@b 8 ((a +b) +2a" +5b7 )((a-bY +2a° +5b7)
b’ a3 ab(a +2b2) .

P=

Loi gidi. Ta c6 (a* +25” )2 +3a’p? =2(a’ +6%)(a® +2b7) > 4ab(a® +267).

2
Suyra[£+g—l—’] 324[a Zb]C::*E %>3
s b b

a a a

-

.
Taco P:(E-"%J —6[E+§]+9(£+.2_bj_ 4 +1
b a b a b a _r.:_r+_2£

b a
(a ZbT [a 2b) 4
=l —+— +3]  +— |- +1.
b a b a) a 2

b a
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Dat t—g-+E khido r>3 va P=¢ +3t—;~+1.

. 4
Xét ham sb f(:)=:3+3:~?+1 vGi 23

Ta ¢ f'(r)=3t2+§—+3>0 véi moi £2 3.
Do d6 ham s f(¢) ddng bién trén [3; +w).

Suy ra f(t)zf(3)=22 voimoi £ 23.
-3
Do do Pz%z, déau déng thirc xay ra khi va chi khi a=b=1.

Viy gié tri nho nhét cua P 1a ?, dat dugc khi a=b=1.

Bai 9. Cho céc 56 thuc x, y thoa man diéu kién x* - xy + y* <3. Tim gia trj 16n
nhét va gia tri nho nhat ciia P = x* + xp - 2)°.

Lai giai. Dat f(x, y)=x> —xy + 3"

*Néu y =0 thi tir gia thiét taco 0<x* <3. Suyra P=x* €[0; 3].

*Vai y#0, taco 0< f(x, y)=x" —xy+y> <3. Khi dé

P=f(xy ”;”y 20
r“+r 2
Dat x=ty, tacoé P= f(x. ) .
—-1+1
2 —
Xét ham sb g(r):%” [ véi R
..I_
Tacog(t]-ﬂf L 2= 03tV
(> —r+1) 2
Suy ra bang bién thién 3-J7 37
! |- 2 2 +00
g') - 0+ 0 -
—1427 —
g | 3 1
T S1247 /
3
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S—1+2ﬁ

—1—2\_ﬁsg(z

Duya vao bang bién thién ta cé 3 ) , YOIimoi £ eR.
Vi0< f(x, y)<3 nén —1-2J7 <P = f(x, y).g(t) < —1+2/7.
x_3-V7
Suy ra gid tri nho nhdt cia P la —1-247, datkhi {y 2 va gia tri
x? - .!{]Hry2 =3
X 3+\E
6nnhitcua P 1a —1+2+/7. datkhi{y 2
[xz -xy+y2 =3

Bai 10. Cho céc s0 thuc x, y thoa man xy >0 va x+ y > 0. Hay tim gi4 trj l6n
nhét va gié tri nhé nhat cta biéu thic

Loi giai, Tir gia thiét clia bai toanta c¢6 y >0, x = 0.
TH1.Véi y=0taco P=0.

2
)
TH2. Véi y>0 tacd A

(x]-* + 8
\y

(f+2)2—4(t+2)= t—2

batr= 3 5 .
" +8 t‘—r+4

,t20,tadugc P =

= |-

(s z -2 - ) .
Xéthamso f(t)= T aa trén nira khoang [0, + ).
=21+

Ta co f'(r)z—;—(‘d’f{)--—-,->O<:>0<t<:4.
(1" =2+ 4y

S'I.Iy ra két qua F:nax = f(4) = ; L] Pmin = f(O) = _%°

Bai 11. Cho x,y la cdc sd thyc I6n hon 1. Tim gid tri nho nhét cua biéu thire

pXty-ox -y 2(x? +y2)—16JE.
(x=D(y-1

228



2
Loi gidi. Dit x+y—t>2. Suyra xys%, 2x* 4+ 2y 212,

30 B
Khido p=2"0 9072 502 2y g6 [
xy+1—t

for U3
4 - :

> 5 1) -8t =—— 1’ -8t
! t—2

— =1+l -

4

2
Xét ham sb f(r)=!r—2+r2 ~8¢,t>2 taduge f()> f(4)=-8.
Véy gié trj nhé nhét cia 2 1a -8 datkhi x=y=2.
Bai 12. Cho cac sb duong a, b phan biét théa man a’ +2b=12.
Tim gid trj nho nhét ciia biéu thire: P= - oy
at b 8(a-b)
Lai gigi. Tir gia thiét va ap dung bét ding thire Cosi ta c6
16=(a’ +4)+2b>4a+2b>2J4a2b.
Suyra 0<ab<8.Dodd

4 4 5 ab’(4 4) ab 5
P=—+—+ 52 <tz |+ 5
a b B8(a-b) 64 \a" b 8 8(a-b)
1 (az +b2]+ 51
T R P
16{b” a 64 c_:_+b__2
b a
Eia‘ut_—+E Khid6 r>2 va Pz—(r —2)+—L=—1—r2+i L—l.
b 64 r-2 16 64 t-2 8
5 1 1
Xét ha =ty > L 2+
am /(#) t 64 r-2 8 on ( @) .
Tacd f(H)=— —i ! 'f'(t)—(lc)t(f—Z)z—EC:}t“i vit>2
64 (1-2) 8 2’ ’
. . . . 5) 27
Vi llrgf(t)z lim f(#) =400 nén mm =1 = P RrTe
1= 2

SuyraP264 dAu déng thirc xay rakhi a=2, b=4.

Viy gi4 tri nhé nhét cia P 12 g dat duge khi a =2, b=4.
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3 Biéu thirc ba bién -
Diy 12 dang phd bién nhit cia cac bai toan ching minh bét ding thirc va tim
gié trj 16n nhat, gid tri nho nhét ciia biéu thire. Khi mubn sir dung phuong phap
khao sdt ham sd vai cac bidu thirc ba bién s, chiing ta ¢6 nhimg dinh hudng
dé xét ham mét bién nhu sau.

3.1 Di bién d6i xirng
Khi trong biéu thirc ba bién s6 c6 chira cac biéu thirc doi x(mg co ban, véi
nhimg didu kién cta gia thiét ching ta ¢6 thé dua vé biéu thirc mt bien qua
phép dbi bién. Khi do bai toan c6 thé giai quyét dugc bing xét ham so.
Cac bude giai

+ Phét hién mot biéu thire ¢ thé chon 1am bién méi;

+ Dbi bién;

+ Tim diéu kién cta bién méi;

+ Xét ham s va dua ra két luan.
Sau ddy ching ta s€ trinh bay cac vi dy minh hoa.

Vi du 1. Cho x, y, z khong dm thoa mén x* +y? +z° =3. Tim gi4 tri 16n nhét
va gia tri nhé nhat clia A=xy+ yz+2zx+

x+y+z
2

Loigigli Dat t=x+y+z = 12=3+2(xy+}z+zx):>xy+yz+zx=-f——2_—3.

Taco 0<xy+yz+zx<x’+y +22=3 nén 3<2 <9 =3<r<3 viz>0.

-3 5

Khid6 4= +--.
2

2

Xét him sb f(r)=%+§—%,s/§sts3.
L s -5 .
Tacod f‘(r)=r——t—2=—?—>0 vi 1243,
Suy ra £(r) dbng bién trén | V3; 3]. Do dé F(t)< f(3)= 1;—.

r > . . . 5 s
Déu ding thirc xay rakhi 1 =3 <> x=y=z=1; f(r)zf(Ji)=—J_§. Déu ding
thitc xdy ra khi = +/3 <> trong ba s& ¢6 hai sé biing 0 va sb con lai bing 3.
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Vay gié tri 16n nhét cia 4 1 % dat duge khi x=y=z=1: gid tri nho nhét
cua A la —u\%, dat duoc khi trong ba s6 ¢6 hai s6 béng 0 va s6 con lai bﬁng ﬁ

Vi duy 2. Cho céc sd thuc x, y, z théaman x* +y° + 27 =1.
Tim gia tri I6én nhat va gia tri nho nhét cia biéu thirc

P=xy+yz+zx+

xy+yz4zx+2
Loi giai. DBat t =xy+ yz + zx.

Khidé t=xy+yz+ax<sx’+y?+27=1,
Mat khéc, tir (x+ y+2)° >0 suyra r=w+}a+zxa—%.
Do do ta co

P=t+i voi t e —l;l .
t+2 2

4 1
Xétham sé f()=1+—— voire|——;11|.
_ 70 t+2 [ 2 ]

- 1 4 .o
Taco f(!)=l—‘(r+—2)2,f(!)=0‘=>!=0.
Suy ra bang bién thién
1
r | s 0 1
AL - 0 +

| 13 ' .
£ 6 \ ) /

Dua vao bang bién thién ta suy ra gié tri 16n nhét cua P 13 %, dat khi r =1 hay

x=y=z=¢-j_§; gia tri nho nhat cia P 1a 2, dat khi =0 hay trong ba sb c6
hai 56 bing 0, s6 con lai bing +1.
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Vi du 3. Cho céc sb thuc khong am a, b, ¢ thoa man diéu kién
3(a® +b* + )+ ab+be+eca=12.
Tim gid tri 16n nhét va gia tri nho nhét cua biéu thic
a’+b* +c’

P=—————tab+bec+ca.
a+b+c

Loi gidi. Tl gia thiét ta co
1223 +b* + )= a* + b + 2 <4
12<3(a@® +bh" + ) +a> + b2 +cP = a’ + b+ 2 3.

Suyra a’ +b% + ¢’ €[3; 4).

Ciing tir gid thiét ta c6 a+b+c =24 - 5(a* + b* +¢*). Do dé
2 2 2
| I L VR Y S LI
J24 - 5(a* +b* + ¢?) |

Pit 1 =24 5(a’ + > +¢*). Khi d6 1 €[2; 3] va

l 2 )
J(24-1Y) i
p=S_ Tip.32t _1an 24) 12
t 5 5 f 5

Xét ham f(r)=3tz—t+% trén [2; 3].

Tacéd f'(t):ﬁt-l—%=(r—1)+(5r-—%]>0 voi moi ¢ €[2; 3].

Suy ra max /(1) = /() =32; gl;i;}f(f)=f(2)= 22.

Suyra 2<P<4 va P=2<t=2 khi a=2,b=c=0 va P=4<1=3 khi
a=b=c=1.

Viy gid tri 1én nhét cia P 14 4, dat khi @ =b=c=1; gi4 tri nho nhét cia P 1a 2,
dat khi a=2, b =c =0 hodc céc hoén vi.

Vi duy 4. Cho céc s6 thyc a, b, ¢ €[0; 2] thoa min a+b+c 3. Tim gid trj l6n
nhét va gié tri nhé nhat cia bidu thirc

_a b+l

ab+bc+ca ,
Loi gidi. Tt gia thiét a, b, c €[0; 2] ta c6 (a—2)(b—2)(c —2)<0. Khai trién
ta dugc abe—2(ab +bc+ca)+4(a+b+c)-8<0.

~(ab +bc +ca).
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l Suy ra

abc+4(a+b+c)-8 S 12-8
2 2

bit t =ab + bc + ca, tacod 1'=ab+l;-c+caS%(r.z+b+c)2 =3.Dodb6 2<1<3.

ab+be+ca> =2,

 Mitkhéc, (a+b+c¢) =a’ +b% +¢* +2(ab+bc+ca) suyra

a’ +b* +c* =9—2(ab + be + ca).

Khi d6 ta co P=9~:_2—‘-—z.

9-2¢

Xét ham sé f(1) = 1, Vi 22,

Taco fi(t)=— r% ~1<0 v6i moi 1>2. Do dé f(r) nghich bién trén [2; 3].

1.
Suy ra ?;:gﬁlcf(r)=f(2)=§, ?;g}f(r)=f(3) =-2.

Tir d6 ta c6 gid tri 16n nhit coa P 1a %— dat dugc khi a=2,bh=1,c=0 hojc

cac hoan vi; gia tri nho nhit cia P 12 —2, dat dugc khi a=b=c=1.

Vi dy 5. Cho céc s6 thyc duong a, b, ¢ théa man a+b+c=3. Tim gid tri nhé
nhat cua biéu thirc

ab+bc+ca

@ +b+ct+3

P=a’+b* +c*+
Lo gidi. Ta ¢6
(a2 +b? +cz)2+3(a2 + b +c2)+ab+bc+ca
a’ +br+c’ +3
2(a2 +b? Jm',-?‘)2 +5(az+b2 +cz)+9
E(az +b% +c? +3) '

P=

2
3=w5az+bz+c2<(a+b+c)2=3

Pit t=a’ +b* +c*. Khi d6 tir
tasuyra 1 €[3;9).
27 +5¢+9

Xét ham sb == T T Vi : 9).
s f(t) 56 véi L €[3;9)
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4(:2 + 61+ 3)

Tacd f(1)= 1 +6)2

s S) >0 véimol te[3:9).

Suy ra /(1) déng bién uen [3;9). Do do min /()= f(3)=%. Suy ra gié t
nhé nhat cua P 1a % datkhi a=b=c=1.

Vi du 6. Cho cac sd thue duong x, y, z thoa man x* + % +2° = l—lﬁxyz-

4

Tim gia tri 16m nhét cua biéu thirc
33/xyz + 4xyz

e 1+4[x2+y! +zz).

Loi giai. Taco
p- 3\‘fx_7vz+4xyz _ 3%/E+4x_w
1+4(x2+y2+22) 2(1-8xyz)
Mt khdc, theo gia thiét va dp dung bét ding thire Cési, ta ¢6
l—16xy2:4(x2+y2+zz)212 .rzyzzz. (1)

Dat 1 =3J/xyz, khido >0 vaur(1)suyra

2
166 +122~1<0 |1~ L :+1J SchfSl.
4 2 4

3
Xétham s6 /(1) = AT Gire [0; -1-].
2(1—813) 4

xm+n@ﬁ-m+0

Taco fi(1)= 5 ; £ >0 véi moi IE[O; l] Suy ra f(7)
- 2(1-8%) | 4
déng blen trén [0' l] Do dé maxf(t)—f'[l]=E Suy ra J“<E dau
| T4y ["*i] 4) 28 T 28

ding thirc xay ra khi va chi khi x=y=z=::-.

Viy gié tri 16n nhét 1a % dat duo khi x=y=z=%.
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Vi du 7. Cho céc sb thyc x, y, z thoa man x* + y? +z* =1. Tim gi4 tri nho nhit
ctia biéu thirc

8
P=(xy+yz+2zx) - .
Cor + 3z ) (x+y+z)y —xp-yz+2
Lo gidi. Ta o6 P =(xy + yz +22x) 8 .
xy+yz+2zx+1
Vi0<(x+y+z)? =1+2(xy+yz+2x) nén
i 1 x4y ¥
PV, PP L) SR C AR PP |
WryET ST, 2 2 2

ddu dang thirc xay ra khi va chikhi y=0 vd x=-z= :t—.

Dit t=xy+yz+2zx, khido r=z-1 va P=IZ_£§'

Xét ham sb f(r)=:2 -i- véi 2 -1.
[ +3

8 _20+1Y’(+4)
(r+3) (r+3)°
f(t) dong bién wén [~1; + ). Suy ra P = f(1) 2 f(-1)=3 véi mei #2-1,

V2

dfu diing thirc xay ra khi va chi khi y=0 va x=-z=t-.

Taco f(=2t+ >0 v&i moi £>—1. Do d6 ham sb

V2

Vay gid tri nho nhét cua P 1a 3, dat duge khi y =0 va x=—z=+T.

Vi du 8. Cho cac sé thuc duong x, y, z théa mén x+y+z=4 va xyz=2. Tim
gid tri 16n nhét, gid tri nho nhit ctia P=x* +y* +2%,
(Hoc sinh gioi Quéc gia, 2004)
Léi gidi. Taco
P=0+y* +28) - 2(xy? v 2t 4 222
. 2
=((x+ y+z)2 -2xy+yz+ zx)) - 2((xy+yz + zx)? —2xyz(x+y+z))
=(16—2(xy + yz + zx))’ - 2((xy+ yz+zx) ~16)

=2(xy + yz + 2x)° — 64(xy + yz + zx) + 288.
Pt ¢ = xy + yz + zx. Khi do P =2¢" - 641 +288.
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y+z=4-x 8
Tir gia thiét ta ¢6 2 suy ra (4—x)* >=.
X

12=3
X

Do d6 (x—2)(x2 ~6x+4)>4, suyra 3-S5 <x<2,

Tacod t=xy+yz+zx=x(y+z)+yz=x(4—x)+g=~x2+4x+-g.
X X

Xét ham s6 f(x)=—x’ +4x+— trén[ ~J5; 2]

Taco f'(.x)=—2x+4-———~ J'(0)=0 1+4/5

Suy ra bang bién thién

x 13-45 ] 5 2
J(x) -0 + 0 -
st 1

/@) \ / \

5v5 1]

Tir bang bién thién ta suy ra 7 = fi(x)e [

5(1.

Xét ham s6 g(z)= 217 — 647 + 288 trén {

Tacd g'(r)=41-64<0 véi moi te[ 55 - 1} Suy ra hdm g(¢) nghich

bién trén { S‘C 1] Do do gid tri 16n nhit cia P bing g(5)=18, dat khi
x=1,y=1,z=2 vd cac hodn vi; gid tri nho nhit cia P 1
g[s‘[i"l] 383-165V/5, datkhi x=3-+/5, y +2‘/_ va cdc hodn vi.
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Vi du 9. Cho céc sd thyc duong a, b, ¢. Chimg minh ring
(a+b+r:)2 +\/;%(JJ+JE+JE)24J3abc(a+b+c).

Loi gigi. Bt ding thirc 12 thudn nhit nén ta chi cdn chimg minh khi
a+b+c¢=1. Khi dé bat ding thire tré thanh

Leabe (a +b +Je) 2 4vBabe & et (a +b e 2445

Ap dung bét ding thirc Cosi ta cé va + b ++/c > 3¥abe. Ta s& chimg minh

1 — +3%abc 2 44/3.

abe

bit ¢ = Yabe, khido ¢ = Yabe <

. 1 . 1
Xétham so f(£)=-5+3¢ voi 0 <t <—.
t

B
Taco f'(t)———3--+3‘ (1) <0 v&i moi te((}' —l—}
f4 ! s L \/g .
, 1 1
Do d6 f(t) nghich bién trén (0; —:l Suyra f(H)= (—w]:flﬁ. T do ta
f(t) ng c \/g Yy f() f ‘\’E

¢6 bat ding thuc dugce chimg minh. Dau ding thirc xay ra khi va chi khi
a=b=c.
Vi dy 10. Cho cic s6 thyc duong a, b, ¢ théa mén a + b + ¢ = 3. Chimg minh ring

a +b +c’ |
3 3— +83abe <9.

\

Loi gidi. Ta co @’ +b° +¢ =(a+b+c) =3 a+b)b+c)(c+a)<27-24abc.

03 '+‘b3 +C3 3 - 1 3
Suyra } s +83abe <39 —8abe +83abe.

at+b+cY
) . Suyra 0<t<1.

bit ¢ = abe, khi dé ta cé U<:.f=abc£(

Xétham sd f(7) =9 -8t +83r voi te(0; 1].

Tacd f(f){f \/(9181] ]
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Vi (9-8)2 —12 =9(1-1)(9-7t)> 0 véimoi te(0;1) nénsuyra £'()>0 véi
moi e (0:1). Do dd f() dong bién trén (0; 1]. Suyra £(£) < F(1)=9. Turdé
suy ra bt ding thirc duge chimg minh. Déu ding thirc x4y ra khi va chi khi
a=b=c=1. ' .

Vi dy 11. Cho cée s thye x, p, z thoa man didu kién x* + y° + 22 ~ 3z =1.
Tim gi4 trj nho nhét cua biéu thic P=x? + y* + 22,

Léi gidi. Tacod x* +y° +2° -3z =1

<:>(x+y+z)[%(x2 +y? +zz)—%(x+y+z)zj=l.

2
Ditr=x+y+z Khidd+r>0 va P=x? +_y2+22=§2;+%.
Xét ham s f(t)=-:!1’-t2 +§2r— trén (0;+ o). Ta cod

o 2002 ~ . e RN
f(t)—gt—--s,—rf,f(x)_(]car&l va Jcluqf(t)—:llm f()y=+; f()=1.
Suy ra gié trj nhé nhét cia P la min £(1)= f(1)=1, dat khi trong ba s6 6 1 s

Lt
bing 1 va hai s6 bing 6.

Vidu 12. Cho a, b, ¢ 12 d§ dai ba canh clia mdt tam gidc va théa man diéu kién

(a+b-c)b+c—a)c+a-b)=1. Chimg minh ring
(igrb+c)5>a2+bz+c2
3 3
Loi gigi. Ddt x=b+c-a, y=c+a-b,z=a+b-c. Khi d6 x, y, z 1 céc sb
z+x

y+z’ b=
2 2

duong théa man xyz=1 vata cd a=

.Cc= x-;y- Bat dﬁng
thitc can chimg minh tr¢s thinh -

[x+y+z]52 Xy vzt v xy+yzdox
3 6 '

Ap dung béit diing thirc Cosi ta ¢6 xy + yz + zx 233x*y?2z> =3. Suy ra

xz+yz+zz+xy+y2+zx_(x+y+z)2_x;y+yz+zx<(x+y+z]2_l
6 6 6 6 2’

5 2
2(.v;—+~},v+z:) _l-
6 2

Ta sé chimg minh (“;’“’)
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X+y+z itz_l

Pit = .Khidétzlvébétdﬁngthﬁctrﬁﬂlénhtszz

Xét ham sé f(1)=1° —%zl +% trén [1; + o),

Taco f£'(t)=5t" -3t (1) >0 véi moi ¢ €[l; +00).
Do d6 f(t) dong bién trén [1; + ).
Suyra f(z)2 £(1)=0 v&i moi 1 €[l; +0), hay bit ding thirc cin chimg minh
la diing. Déu dang thic xay ra khi vachikhi a=b=c=1. |
Vi du 13. Chimg minh ring véi moi sb thuc duong x, p, z thoa man
x(x+y+z)=3yz, taco :
(x+ 1P +(x+ 20 +3(x+ Y)x + 2)y +2) <5y + 2).

(Tuyén sinh Pai hoc Khéi A, 2009)
Phin tich va 1di gidgi. Ta nhin thiy déng thic gia thiét va bit ding thirc cin chimg
minh 12 c4c biéu thite ding cip va déi ximg vai y va z. Vi viy ta c6 bién dbi

Gia thiét x(x+y+2)=3z = 1+2+2 =322 va bt ding thic cin chimg
X X X X

3 3 k!
minh <=>[1+£] +[1+5J +3(1+£)[]+5][l+5)55(2+£] ,
X X X X z X X X

bit a=Z, b=%. Khidé a, b la cée sb duong thoa man 1+a+b =3ab va bat
diing thl'rz cin cﬁfmg minh trés thanh
(1+ay +(1+b) +3(1+a)1+b)a+b)<5(a+b)
<> 2+6a+6b+6a”+6b> +6ab<4a® +12a*h +12ab* + 4b’
o 1+3(a+b)+3(a+b) -3ab<2a+by
< 2(a+b)+3(a+ b)Y <2a+by
< 2+3a+b)<2(a+b). (1)

bat r=a+b. Khidotr 1+a+5b=3ab tasuyra
2
1+153%<:>3t2—4t—420¢t22.

Taco (1)< 265 =31 —-220 <> (1 -2)(2t+1)>0, dung.
Déu ding thirc xay ra khi va chikhi a=b=1<x=y=2
Nhén xét. Bii toan nay ¢6 nhi¢u cach giai khéc
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Céch 2. D3t a=y+z.b=z+x va c=x+y. Ditukién x(x+y+z)=3yz tr6
thanh a? = b* + ¢ — be. Bt ding thirc can chimg minh tuong duong véi
b + ¢ +3abe <5a°

& (b+c) b’ —be+c*)+3abe <5a°

< (b+c)a’® +3abe < Sa’

&> (b+¢)a+3be<5a”

& (b+c)a+3be <2a* +3(b* —be+c?)

& a(2a—b-c)+3(b—c) =0, (2)
b+ . (b +c)

2
dang thire (2) dang. Dau dang thirc khi va chi khi a=b=c hay x=y=z.

Miit khéc, tir @> =b” +¢* —bc> suy ra 2a2b+c. Do do bit

2
o . x° + xt
Cach 3. Dit t=y+z.Suyra yz=—

Vi x(x+y+z)=3yz£-i—(y+z)2

nén x* +ch£%!2 ::»(2):+;')2 <41’ = 2x <t
Bit ding thirc can chimg minh tuong duong véi
Qx+y+z) =3(x+ y)(x+2)2x+y+2)+3(x+y)x+2z)(y+2) <5y +z)°

& (2x + y+z)3 - f:x(x2 +x(y+ z)] <5(y +z).

Thay £ =y+2z. yz= "~ va bién déi, ta duge #(2x —t)(x +21) <0. Bat ding
2

thirc nay dung vl x>0,r>0, 2x <t. Pang thirc xdy ra khi va chi khi
x=y, 2x=t hay x=y=2z
Vi du 14. Cho cic 6 thue duong a, b, ¢ thoa man @ +b° =¢’. Chimg minh
rang
' a’ +b? —c >6(c—a)c—b).

(Hoc sinh gidi An Dg, 2009)
Léi gigi. T a, b, ¢ duong va a +b’=c’suyrac>a vac>b.

‘ 3oy
Tacd a’ +b° =¢’ c.{(q, +L§] =1.
¢ ) ¢

Délng,y:—!?—, khidé 0<x. y<lvax>+y'=1.
C C
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Dit £ =x+ y, khi d6 1< <3/4.

r -1 £ +2

va x* 4y’ = . Do dé

Taco £ — 3xyt =1 suyra xy=

a+b -t eyl P -342 142
(c-a)e-b) (-x)1-y) (@-1° -1

, 2 i
Xét ham sé f(r):”--l- voi 1<t <34,
{

Tacod f(t)= 11y

. (1) <0 véi moi re(l; Q/Z)

Ya+2
Y4 -1

Suyra /() nghich bién uen (1; ¥4 . Do 6 £(0)> £(¥4)= >6.

Suy ra bat ding thirc dugc chimg minh.
Vi dy 15. Cho céc s6 duong a, b, ¢ d46i mdt khac nhau thoa man diéu kién
ab+be=2¢? va 2a <ec. Tim gia tri 16n nhat cta biéu thire

a b c
= S+ + .
a-b b-c c—a
Loi giai. Tir gia thiét ab+bc=2c" v 2a<c suyra —C-:l(ﬁﬂ} va Es%.
c c
DodéO<££-3-.Matkhéxcab+bc:2c2<:>5=25-1.
b 4 c b
3
Pit x=S,0<x<>.Khidéo S=2x—1va
b 4 ¢
a b
2x? -
P:c+c+1:fx+1+l=1*2+7-
a b b_, _a 2x'-x-1 l-x 2-2x 32x+1) 6(1-x)
C C- C
Xét ham so
2
f(x)=1-————-+ ! Vol 0<x£§.
32x+1) 6(1—-x) 4
Tacéf'(_x):—--4- 2+4?—.,~>0 véim()i(}<x5§.
32x+1)y o6(l—x)° 4
s 1a 4) A 3 . 3y 27
Suyra f(x) la ham dong bién trén O;E .Dodd f(x)<f 1 =?.
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—4
3 {3b ‘& 8a=3b=4dc.

Déu ding thirc xay ra khi x=" <
4 c=2a

Vay gia tri 16n nhét cua P la 353 dat dugc khi 8a =3b = 4c > 0.

3.2 Panh gia két hop doi bién

3.2.1 Dinh gid ba bién ddi ximg

Vi dl; 1. Cho cac so khong am a, b, ¢ thoa min a+b+c=1. Tim gia tri nho
nhét cta biéu thire

M =3(a’h* + b*c? + c*a®)+ 3(ab + be + ca) + a* + b* + 2.
Phin tich va Ioi gigi. Trude hét ta c6 3(a’h’ +b2c? +*a*) = (ab + be +ca)’
nén M > (ab +bc +ca)’ + 3(ab + be + ca) + a” + b + .

Chiing ta s& lya chon mot biéu thire dé dit 4n phy va xét ham. O déy ta s& chon
dit 7=ab+bc+ca. Chi y ring, voi gia thiét a, b, ¢ khong am thi
t =ab +bc+ca >0, dau ding thirc khi va chi ¢6 it nhét hai trong ba s6 bing 0.

Vi a+b+c=1 nén r=ab+bc+casé(d+b+c)2 =~§, ddu déng thic khi va

chi khi a=b=c=%.

Dén day, ching ta s& bitu dién a® + b’ +c’t theo 4n 1. C6 ba cach dé lam vige
ndy. Thu nhét, dénh gia o +b>+ > > (a+b+c) -%, déu ding thirc khi
va chi khi a=b=c=_~1-.,,Khi déo M >¢? +3t+%.

Vai re[o 3:| thi biéu thirc ¢° +3t+ datglémnhbnhét khi r=0.

Suyra M 2%, nhung ddu dang thirc khéng xay ra.

ﬁﬁ hai, dnh gid o’ +b° + ¢ al(ab+bc+ca)2 =%, ddu dang thirc khi va
chikhi a=56= c—— Khidé M >¢? +-légt

Véi IE[O; -31»} thi biéu thirc :2+?: dat gia trj nhd nhét 0 khi ¢ = 0.

Suy ra M >0, nhung déu dang thirc khong xay ra.
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Thir ba, bién déi
a’+b* +ct =(a+b+c) —2(ab+bc+ca)=1-2(ab+bc+ca)=1-2t.

Khi 46 M >¢* +1+1. Voi :51: ;:' thi biéu thirc 2 +1+1 dat gié trj nhd

nhéat 1 khi =0. Suy ra M >1, déu dang thirc xdy ra khi trong hai ba sb a, b, ¢
béng 0, sé con lai bing 1,

Vdy gid tri nho nhat cia M 1a 1, dat duge khi trong hai ba s6 a, b, cbﬁng{) 56
con lai bang 1.

Nhu vdy, viéc lya chon bién méi 1a rit quan trong. Trong nhiéu l:rufmg ho‘p
chiing ta khéng thé chon ngay duge ma phéi ding phép thir sai dé Iya chon.

Vi dy 2. Cho céc sd khong dm a, b, ¢ théa mén a +b+c=1. Tim gia tri nho
nhét ctia biéu thirc

M =3(a*h? + b +c*a*)+3(ab + be +ca) + 2Va® +B* + 2.
(Tuyén sinh Pai hoe Khéi B, 2010)
Léi gidi. Ta cé6 M > (ab +bc+ca) +3(ab +be +ca) + 2,/1 - (ab + be + ca).

Dit  =ab + be + ca, 1a ¢o 05:5@&:%.
Xétham f(t)=1> +31 + 21— 2¢ trén [0; -;—]

Taco f(1)=2t+3- )=

2 s
S — —=——==<(, dau bang chi xdy ra
\/_ SO A gy =0 i vl chixdy
tai £=0. Suy ra f(¢) nghich bién trén [0; %]
Xét trén doan [0 ;:|taco f'(t))f[ ) ~-243>0.
Suy ra f(¢) dong bién trén [0; {I

Do d6 f(r)z F0)=2 véimoi re [0; %]

Viviy M = f(r) 2 2 véi moi IE|:0; %}
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M=2 khi ab=bc=ca.ab+bc+ca=0 vd a+b+c=1<>(a; b;c) 12 mot
trong cac bd s6 (1; 0; 0), (0; 1: 0), (0; 0; 1).
Viy gia tri nho nhit cua M la 2, dat khi (a; b;¢) 12 mdt trong cac bd sb
(15 0; 0), (05 15 0, (0: 0; 1).
Vi du 3. Cho céc sb thuc x, y, z(0;1) théa man xyz =(1-x)(1-y)1-2).
Tim gia tri nhé nhat cta bitu thirc P=x"+ 3" +2".
- Loigigi. Taco  xyz=(1-x)(1-y)(1-2)
& xyz=1-(x+y+z)+(xp+yz+2x)-xpz
Sxy+yz+zx=2xyz -1+ (x+y+z).
Suyra  (x+y+z) =x"+y +20 + 20+ yz + 2x)
vyttt =2-2x+y+z)+(x+y+z) - 4xyz,

2
Ap dung bét dang thic Cosi, ta b ms[x+_;r+z] .

x+y+zT

Suyra x’ +y” +2’ 22—2(Jf+y+z)+'(.ac+y+z]2—4( 3

. 4
Pit t=x+y+z khido (Lﬂ-zj AP>—— L+ -2+2.
2 y 1 v 27

Xét ham sb /(1) = —%:3 S22 42 voi 1€(0;3).

Ta c6 f'(t)=—~gzz+21—2; Fy=0<|""
=

Wb | W

Suy ra bang bién thién ¢ | 1
B 1@ -

) \ /

Dua vao bang bién thién ta suy ra gia tri nhé nhét cua Pla I dat dugce khi

S oW
L




Vi dy 4. Cho cic s6 thuc a, b, ¢ thoa min a>b>c va @’ +b> +¢” =5. Tim
gia tri nhd nhét ctia biéu thirc
P=(a-b)b~-c)c—a)Xab+ bc+ca).
Loi gid@i. Ta tim gia trj 16n nhat coa
Q=-P=(a-b)b~-c)a-c)ab+bc+ca).
Néu.ab + be +ca <0 thi 0<0.

Xét ab+bc+ca>0. Dat ab+bc+ca=x>0.

‘ £, a2 s a s . a-b+b-cY (a—c)
Ap dung bat dang thirc Césitacd (a-b)(b—c)< = .

2 4

(6—9)_

Suyra (a-b)b-c)a—c)< 1

(1)

Mit khac ta lai co
da’+b>+c* —ab—be—cay=2(a-c) +2(a-b)* +2(b—c)’

>2(a-c) +((a—b)+(b-c)) =3(a-c)’.
Suyra 4(5-x)>3(a-c)*. Tirddtacd

x<5 \r'ila—cS,E(S—x). (2)

T (1) va (2) suy ra
i Y
Xétham sd f(x)= \'\/_(_5”—:)3" teén (0, 5).
Ta ¢6 f'(x)=+5- r[S .
J(0)= f(5)=0. Suy ra Tf?}§|f(x):f(2): 6+/3. (4)

t\J:U:

]; ) =0x=2,x=5 va f(2)=6+3,

Tir (3) va (4) ta suy ra gia tri 1on nhét cua Qlad4,datkhia=2,b=1c¢=0.
Suy ra gia tri nho nhit cua P 12 —4, datkhia=2,b=1,¢=0.

Vi du 5. Cho cac s6 thuc duong a, b, ¢ théa man a +b +¢ =3. Tim gid trj 16n
nhat cua biéu thirc

, 2 abc
P= -+ 3 ;
3+ab+bc+ca (I+a)l+b)1+c)
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Léi gidgi. Ap dung bét ding thirc (x+ y +2)? > 3(xy + yz + zx) tacd
(ab +bec +ca)’ = 3abe(a+b +c) =9abe > 0. Suy ra ab + bc +ca > 3Jabe.

Taco (1+a)1+b)1+c)> (l +3 abcf . That vay
(I+a)1+b)1+c)=1+(a+b+c)+(ab+bc+ca)+abc
> 1+ 3%abc +33/(abe)’ +abe =(1 +3 abc]B.

2 Jabe

Khidé P< + )
3(1+Vabe) 1+3abe

a+b+c

3
Pit 1 =$abe. Khi do. vi Ocabcs[ ) =1, nén 1 €(0; 1].

2 i*

3 +
(+) 1+t
20(t—-1)(r" 1)
1+ (1 +1%)?

Xéthamsb f(1)= 5 trén (0; 1].

Taco f'(f)=

>0 v&i moi £ e (0;1).
Do do héﬁl () dong bién trén (0;1]. Suy ra ltralglsi:f(t)=f(l)=é. Do do

P-s%, déu ding thirc khi a=b=c=1. Viy gié tri 16n nhit cua P la %, dat
khia=b=c=1.
Vidy 6. Cho cdc s6 thuc duong x, y, z théa man x” + p* + 2> = 3. Tim gia trj
nho nhét ctia bidu thirc
- 2

- (f"'ytz 11 LY

Xy+yz+z’x x y z
Loi gidi. Ap dung bit ding thire Cési ta ¢6
(x4+y+2)(F+ Y+ 2= (P + )+ (P + 32+ (P + )+ 2y + Yz + 2

P

>3(x?y + 'z + 2%x).

2
(x+y+z-1) N 1

Suyra ¥’y +y’z+zx<x+y+z Dodé P2 .
x+y+z x+y+z

Patt=x+y+z Taco x* +y* + 22 <(x+y+ 2P <3(x* +y* +2°).
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Suy ra t=x+y+ze(\g: 3.

12
Xét ham so f(:)=—(-’- -I—”—+%=z+1_f—-2 trén (\ﬁ; 3].

Taco f'(r)=1-1?g;f'(.r]<0 véi moi 7 e (+/3; 3.
- o e 13
Suy ra f(f) nghich bién trén (v/3; 3]. Do dé min f()=f3)==

Suy ra PB%, diu ding thic xdy ra khi x=y=z=1. Vay gia trj nho nhét

cua Pla 1;, datkhi x=v=2z=1.

Vi dyg 7. Cho céc s6 thye duong a. b, ¢ thoa man ab+ bc +ca =3.
324
at+b+c’

Léi gidi. DAL t=a + b+ ¢. khidotacd t=a+b+c2f3(ab+bc+ca) =3.
Ap dung bét ding thirc Cosi ta co
(@ +57 4 ) +926(a> +b7 +c*)=6(1* ~6).

Suyra P>6t% + §%4 -

4 .a . 2
Tim gid tri nho nht cua bicu thite: P=(a’ +57 +c*) +

45.

Xétham sd f(1)= 61" + 32_‘_1__45 voi >3, Tacd
!

f'(r)=121—3:'-'zi:f‘(l)=0¢>r=3;f‘(t)>0<:>t>3.
Suyra f(r) ddng bién trén |3; + ). Dodo f(1)> f(3)=117.
Suyra P>117, déu ding thirc xay rakhi vachikhi a=b=c=1.
Vay gid trj nho nhit cua 214 117, datkhi a=b=c=1.
Vi dy 8. Cho céc so thue duong a, b, ¢ thbamén a +b +c¢ =3.
ab+be +ca

ah+bc+cta

Chimg minh rang: a+b vt
Léi giai. Ta co
NP +b2+ ) =(a+bh+e)d +b +cP)

—d b @b bre+fatab’ +be’ +ca’.
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Ap dung bét ding thirc Cosi ta lai c6
a’ +ab’ >2a’b: b + be® > 2% va ¢ +ca’ =2¢a.
Suy ra 3(a’ + b% + c?)=3(a*h+bc+ c’a)>0.

Dodé VT =a?+ 5> +c + “'“bﬂ

9—(a® +b* +c*
5 5 =a’+b*+c* + ( 5 )
a’ +b* +c? @ +b* +c?

Pat t=a’ +b> +c*, khido t=a’ +b* +c* > (a+b+c) =3 va

; 0
Xéthamso f(¢)=1+ j —l trén [3; + c0).
t

9
Tacéd f'(t)zl—i--, >0 voi moi ¢ €[3; + o).
JE

Suy ra [?_1111) f()=f(3)=4. Do d6 VT >4=VP, didu phai chimg minh. Déu

déng thirc xay ra khi va chi khi a=b=c=1.
Vi du 9. Cho céc sd thye duong a, b, ¢ thda man abe =1. Tim gi tri nh nhét
cia biéu thire

72

Ja+b+e+l

Loi gigi. Tacod (a+b)b+c)c+a)=(a+b+c)ab+bc+ca)-1.

P=(a+b)b+c)c+a)+

Ap dung bét dang thirc (x + y+2)? =3(xy + yz + zx) ta cb

(ab + be +ca)’ 2 3abe(a+ b+ ).
Suyra ab+bc+ca> J3(a+b+e).

Do dé taco Pz(a+b+c)\/§az_+b+c)+

72
——— ]
NJa+b+c+l
Ditr=a+b+c. Khidd t=a+b+c>3Yabe =3.

72
——1 trén [3; +<0).

[+
\/f +1
333t +1 ) -72

Taco f'(t)————-J __;--— s S (1) >0 voimoi > 3.
20+

Suy ra f(f) dong bién trén [3; + ). Do do lgnin f(@)= f(3)=44.
§+e0)

Xétham s f(7) =1
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Suy ra P =44, ddu dang thirc xay ra khi @ = b =c=1. Vay gia tri nho nhat cia
Plad4, datkhi a=b=c=1.

Vi du 10. Cho céc s6 thuc khong am x, , z thoa mén x* + y* + 2> =3. Tim gi4
trj nhé nhét cia biéu thire

Pe 16 +xy+yz+zx+l
\/xjyz+y222+zzx2+l X+y+z

32 +y+2)° -1
Loi gidgi. Ta ¢ P = AP AL)

J?_(-‘-);(:c'l+y4+24))+4 2Ax+y+z)
Ap dung bét ding thirc Cosi ta c6

A xtxz3t v v y+y23yt 2t vz 22320
Suyra x* +y* +2' 29 -2(x +y + 2).
32 (x+y+z)* -1
jv;_z-)+4 2Ax+y+z)
16 -1

Jiel 2
\ﬂ l’___ VUI!E[J—. 3}

DN 1 8 1 1 8 o _
Tacof(t)—5ﬁ+ - — 3+5"ﬁ Ovmmglre[ﬁ,'&}

N

2 L
Suy ra ,_T_in_lf(r) = f(3)= 38. Doddé P2 %ﬁ dau dang thirc xay ra khi va chi
L 3;3J

Clx+y+z=3
khi Sx=y=z=1
xX=y=2z

Dodotacdé Pz ——==
J4 X +

Dit £ =x+ y+2 khidme[ﬁ; 3] va P>

Xét ham s f(t)—

<

e e i 28 :
Viy gia tri nho nhét cua P la 3 datkhi x=y=2z=1.
Vi du 11. Cho céc s6 thuc a, b, ¢ €[0; 1]. Tim gia tri 1én nhét cta biéu thire
i 1
P =abc + 7+ : 3
l+a° 1+b° 1l+c¢

7

Léi gidi. Trude hét ta chimg minh véi 0<x, y<1 thi

ddu dang thirc xay ra khi va chi khi x=y hodc xy=1.
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Thét véy,bétdﬁng thire trong duong véi (xy —1)(x - y)QSO, ding,

Ap dung bét ding thirc trén véi a, b, c€[0; 1] taco
RN VS HE S

la’ 1+6° 14’ 1+¢ l+abe | 4\fgbct

Do do6 13+—-—1-—+ l + ! ﬁz( L +—1———Js 4

1+a@ 140 1+ 1+abe - \14Jas®  1+abet | 1+abe
Suy ra 13 : ot : 3 < 3 . Do dé
l+a’ 1+b° 1+ l+abe
P<abc+ .
1+ abc

Dat t =abe, voi 1< |0; 1]

Xétham & f()=1 + 1---3’- teén [0: 1],

Tacd f(t)= 1—~—-——-—2 f)=0et=v3-1.

(1+
Suy ra bang bién thlcn
( 0 V31 !
S - 0 +

J() \
243 -1 /

Duya vao bang bién thién ta ¢6 P <3, diu ding thirc xdy ra khi va chi khi
a=b=c=0. Vay gia tri lon nhét cia P1a 3, datkhi a=b=c=0.

"“Vidu 12. Cho cic s6 duong a, b, c. Tim gié: tri nho nht ctia biéu thire

) a b ¢ 8abc

= J-t—+—-2+ .
b ¢ a (a+b)b+c)c+a)

Loi gidai, Taco
b 8

S G

P._
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21’5+—é+£—2+ 8.27 5
b ¢ a a b ¢
[j’-+—+~—+3]

¢ a

¢ a b ¢ a

patt=24+2 443 Knido :=5+§'+5+323;}3.2.E+3=6.
b bca
. £ 8.27 .
Xét ham so f(r):dt~5+—?—tren [6: + ).

Taco fiy=— ) 3827 '-6'i-5
PNEETEE A 215

(=541 |1 1 ;
Vi Jr—ss = 22(-HDL—-4+24+2) =—
2 8 (=4 8.27( ) 6’

nén 6*t—5 <66’ <t* voimoi 1 26.

Dodé f'(1)=0 vaimoi 1 26. Suyra lgn;g]f(r)=f(6)=2. Dodétacd P22,
ddu déng thirc khi @ =b =c. Viy gia tri nho nhét cia P 1 2, datkhi a=b=c.
Vi du 13. Cho x, y, z 1a cac sb thyc duong théa man x° + y* + 22 <2(y +1).

Tim gié tri 16n nhét ctia bidu thite P = \(2xy +/2yz +
Léi gidi. Tix gia thiét ta co

2+ D)+ 62(x7 + D+ (7 +4)+ (22 +1)22x+4y + 2z
Suyra 4>2x+y+z>0. Dat x+y+z=1,0<2<4.

X+y+z+1

Khi dé ta c6 Pc_:x+-Ji'+--—+z+—--—}—-—=x+y+z+—
2 x+y+z+l x+y+z+1
=+ ! -.0<t<4. )
141
Xét ham s6 f(r)=t+~l—-1--l-,0<t$4 ta dugc f(t)s.f(4)=-gsl. (2)
+

Tir (1) va (2) suy ra gia tri 16n nhat cia P 1a % datkhi x=z=1,y=2.

Vi du 14. Cho cic $0 duong a, b, ¢ théa man @t + b+’ = S(a+b+c)—-2ab.
Tim gi4 tri nho nhét cua biéu thirc
V3 1 ]

+
Ja+10 Yb+c

P=cz+b+c+48[
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Léi gigi. Tacod a’ +b* +¢? :5(a+b+c)—2ab<:>(a+b)2+c:2 =5(a+b+c)

Ap dung bét ding thirc Cosi ta co (a+b) +c* (a +b+c)h.

Suy ra %(a+b+c)2 <S(a+b+c). Dodd O0<a+b+c<10.

f-"&p dung bat ding thirc Cési ta co

a+10 _1 [3310’4‘;_1[“10”}:@22.Suym Vi, 12
3 2 3 12 Ja+10 a+22

lb+c+8+8 b+c+16
Jb =— 4,3I(b+ )88<—— _—

3 12

12

i

1
22— .
Ib+c bt+c+16

DodéP2a+b+c-+48.l.’l(-1 — )
a+22 b+c+l6

>a+b+c+48.12.- B =a+b+c+ 2304

a+b+c+38 a+b+c+38
2304

r+§8'

Suy ra

Datr=a+b+c, khido re(O;IO] va P2t+

s ]

. 2304 .
Xéthamsd £(6)=1+ )03 véi t e (0; 10].
1+3

2304 (1-10)(t +86)

Ta ¢ f{t):l—(r+38y_- 1387 : ['(0) <0 v6i moi e(0;10). Do
do f(r) nghich bién trén (0; 10]. Suy ra f(£)> f(10) = 58 v&i moi te(0;10]
a+b+c=10
a+b=c a=2
Do dé P> 58, dau dang thirc xay ra khi va chi khi < g +10 . © b=3
3 c=3
b+c=8

Viy gi4 tri nho nhit cua P 12 58, dat dugckhi a=2,b=3,c=5.
Vi dy 15. Cho céc s6 thue khong 4m a, b, ¢ théa min a>b>c¢ va didu kién
a’ +b” + ¢’ =3. Tim gia tri nhé nhét cta biéu thuc

P=2ab+3bc+3ca+

at+b+e
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6
a+b+c’
Tir gia thiét a, b, ¢ khong 4m thoa mén a2b2c vi @’ +b’+c” =3 suyra
c<1. Ap dung bt ding thic C6 si, ta cé

0<c(arh) = 2e(arh) sy (M) Sz(m] .

Léi gidi. Taco P=(a+b+c) -3+c(a+b)+

2 2
Suy ra

(@a+b+c) -3+ -6-—-<P<(a+b+c) —(a+b+c+l)2 3+ d
a+b+c a+b+c’

Pit t=a+b+c, khi do 3=d*+b*+c? <(a+b+c)’ 53(0 +b%+¢f )=9
nén suy ra Br<3va

1 +E—35Psr2+(t+1)2+§—3.
t

Xét ham sb f(¢)=:2+9m3 véi B<r<a,

Ta co f'(r)=2t—:;-=—(r!*3)>0 véi moi :e[«f 3] Do d6 ham f£()

dbng bién trén | V3:3]. Suy ra P2 [{!niuzx] 70)=£(V3) =23, déu ding thirc
xay ra khi va chi khi ¢ =b =0, a=3.

Xét ham s6 g(t) =¢> + (1 +1)° +§-3 véi 3 <3,

6 (2!3—3)
Tacé g'(t)= 4t+1—-’;-i--—h—tT-~+1>0 véi moi :E[ﬁ; 3:|. Do dé ham

g(z) ddng bién trén | V/3:3|. Suy ra P< max g(f) = g(3)=10, dAu ding thic

xdy ra khi vachikhi a=b=c=1.
Viy gi4 trj nho nhit cia P 12 243, dat khi e=b=0, a=+/3; gia trj 16n nhat
ciia P12 10, dat khi a=b=c=1.
Vidy 16. Cho céc sb thuc duong a, b, c. Tim gié tri l6n nhét coa biéu thic
l 2

P - —.
Jat +b 2 +1 @+ Db +1D)(c+1)
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Léi gigi. Ap dung bét ding thic Cosi ta c6

a’ +b’ +c2+1a—;~(a+b)’- +%(c+l)2 2-‘1:(a+b+c+1)2,

3
(@+1)(b+1)c+1) s[#] :

Suyra P<- 2 >4 3
a+b+c+l (a+b+c+3)
- . 2 54
Dattr=ag+b+c+l.r>1.Khidétacd P<=— 5
to(t+2)
54
Xétham f(¢ )—7—- —---2)3 trén (1; + o).
2 543 ,  [t=1
Tacd fi(t)=-5+ — =02%=(t+2)" < (>0 1<t<4,
FO==5+ (t+2) L=4 1@
Suy ra bang bién thién
I 1 + o0
AO) +

Rl = N
|

1@ / \

Duya vao bang bién thién suy ra PS%. Déu ding thirc x4y ra khi va chi khi

t=4a=b=c=1.
VéygiétrildnnhétcﬁaP[é%,datduo‘cklﬁ a=b=c=1.

Vidu 17. Cho a, b, ¢ la cic s6 thye duong. Tim gia trj 16n nhét cta biéu thirc

- po 4 9

\/a +h+ct+ 4 (44'6)\/(“'!' 2"](54‘2‘-’)
(Tuyén sinh Pai hoc Khéi B, 2013)

Loi giai, Ta co

a+brdc _a’+b +2ab+4ac+4bc
2 2
<2(a’ +b* + ).

(a+b)J(a+2c)b+2c) <(a+b)
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Dﬁtt=Ja2+b2+c2+4.Khid6t>2V&PSi— 29 .
_ to2t"-4)

4 9
Xéthamsd f()= — . véi t > 2.
¢t ham so f(1) 1 2( )

Ta ¢b f'(t)=—%— 9_:“_ ~(t - 4)(4: + 762 -4t - -16)
-4y (17 - 4)
VGi t>2 tach 4 + 717 — 4 —16 =4(t° —4)+ 17t —4) > 0.
Dodé f(1)=0¢>1=4. R
Suy ra bang bién thién -

12
A0 +

10 / S~

Dya vio bang bién thién ta ¢ PS%. Khi a=b=c=2 tachd P=-58-. Viy gia

W o |
|

tri 1ém nhét cua 2 1a g

Nhdn xét. Bai todn nay ¢ thé giai bing nhiéu cach khéc, sau déy ta gidi thidu
thém mdt cach giai.

Taco a®+b+¢° +42%(a+b)2+%(c+2)2 Zi-(a+b+c+2)2;

2
3(a+b)\f(a+2c)(b+zc)g(3a+3b)[a+52+4c)g%(4a+42b+4c) -
syraps—— > 2T
at+b+c+2 2(a+b+c)
8§ 27
Dit t=a+b+c voi 1>0. Khido P<————=.
t+2 217

Xétham sb f(1) = 35—-2?1 trén (0; + ) ta dugc max f(r) f(G)—— Suy

ra gia tri 16m nhét cta P 1a 2‘ datkhi a=b=c=2,

255



Vi du 18. Cho céc s6 duong a. b, . Tim gié tri nhd nhét ctia biéu thire
2 3
a+~lab+3abe a+b+c
(Hoc sinh gioi Tinh Nghé An, 2013)
Loi gidi. Ap dung bit ding thirc Cosi ta cd

a+ \/E +3Jabe = a+ %\la.'flb + i«? a4db.16c

1l a+4b 1 a+4b+16¢
La+—. +—. =—(a+b+c).
20 2 4 3 3
Déau déing thirc xay ra khi va chi khi a = 4b =16c.

3 3

P=

Suyra P> — = .
4 2(a+b+c) Ja+b+c
Patt=a+b+c. Khidé >0 vz‘szg——g.
2t ¢
Cova A 3 3 .
Xéthamso f(1)= T trén (0; + o0).
2t
Tacod f'(!)-—§-—-— —: (=0 —F 3 — o t=1
ot 2t° 2t\f 26 '
Suy ra bang bién thién
10 I + 00
S - 0 T

Duya vao bang bién thién ta suy ra giin f=f(1)= —%. Do do P> —%, dau
: (0;4)

d:’m thire x4 khi atbre=l 16 , b 4 : Viy gia tri nhé
uc xay ra khi oa= =—, 0= i tri nho
& g a=4b=16¢ 21’ 21 21 e
nhét ctia P 12 —--3. datkhi g =—, =i,c=i.
2 21 21 21
Vi du 19. Cho cic s6 thye duong a, b, ¢. Tim gié trj nhd nhgflt ctia bidu thic
I 8

P - _
2a+b+J8bc J2b2 +2(.a+c)2 +3
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1

1
Lai giai. Ta cd 8bc =2Vb.2c £b+2c. Suyra > .
& 4 2a+b+~8bc 2(a+b+c)

Mit khac, J2(a +c) +2b >(a+c)+b. Suyra

-8 -8
= .
3+42a+c) +26> 3t+atbtc
Dods P>~ 8 (1)
2a+b+c) 3+a+b+e
Pat a+b+c=t,1>0. Xét ham séf(r)=i—i,t>0.
2t 3+t

1 8 3(t - 1)(5¢ +3)

7+ 5= T4 )
2t (3+1) 2t°(3+1)
Bang bién thién:

Tacod f'(t)=—

,>0.8Suyra f(t)2012>1.

110 1 + 00
£ = 0 +
ol O\ 3 /
2
Tir bang bién thién suy ra £(1)= f(1) = -% v6i moi £ > 0. 2)

Tir (1) va (2) ta ¢6 Pz—;

[a—

D4u déng thirc xay ra khi { b = 2¢ < . 4
b=a+c b=—.
2

Vay gié tri nho nhat cia P 1a —%, dat dugc khi a= c=%, b= %
Vi du '20. Cho cdc s0 thue khong dm a, b, ¢ thoamin a+b+c¢=1. Tim gié tri
1ém nhét cia biéu thirc

2

, l+a® 148 1+c?
- +

1+ 1+t 1+a
Lai giai. Khong mat tinh tong qudt, gid sir a = max {a, b, c}.
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Khi do %ﬁaﬁl vata ¢

1+6° 1+ 1+1’;12 c? 1 1+bh°+¢? 1
e >t ; 7= ;7 +
l+¢® 1+¢® 1+a l+¢ 1+a

+ —
1+¢° l+a 2

1
<l+(b+e) + )
( ) 1+a°

1+a°
Suyra P<
Y 1+b°

+l+(b+c)2+—~—l s<2+at+(1-a)’ +
1+a
Xéthamsb (=1 +(1-1)’ +1—+1? trén E 1}. Tacé

' 2 "y 40+ +617 -2
f=4t-2 i )2°f()" Ty

va (). f[%] <0, Suy ra ton tai duy nhit ¢, EG; 1] théa man f'(1,)=0.

>0 véi moi te[%; 1:1

Suy ra bang bién thién

1|3 fy 1
(0 - 0o *

S 50 %
()| 90 ’

\f(fu)/

Dura vao bang bién thién ta suy ra P$2+%=%, déu ding thirc xay ra khi

a=1,b=c=0. Viy gid tri 16n nhit cta P 12 % dat duoc khi trong ba sb c6
hai s6 bing 0, s6 con lai bing 1.

Nhdn xét. |. Ching ta co cich giai chuyén vé xét ham béc hai nhu sau

Khéng mét tinh t6ng quat, gia su @ = max{a. b, c}.

Khidé%ﬁaiil vita c6

"2 2 2
l+h
P=li%+--{ f+1+czsl+a rl14bt 45 3 !
146 1+e¢” l+a l+a° l+a
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2 2 2

l+a” —a a
<2+t +b7 et 4= 3 <2+a*+(b+c) +1- 5
: a

l+a
2
<3+a’ +(l—a)2—-%=%a2—2a+4.

Xétham s6 f(a) = %az —2a+4 wrén B, 1:|. Ta c6 bang bién thién

(43

:|;
’
@] /

Dya vao bang bién thién ta c6b Ps%, diu ding thirc xdy ra khi

a=1,b=c=0. Viy gid tri ién nhat clia P 13 % dat duoc khi trong ba sb co
hai s6 bing 0. s6 con lai bang 1.

2. Ta ciing c6 thé danh gia bang bat dang thirc

Khdng mat tinh tdng quat. gia st @ = max {a, b, ¢}. Khi do, ta c6

2y b (a* +1 b*(a® +1
b +1 b”+1 2
Lam tuong ty véi hai bicu thire con lgi ta dugce
22 2( .2 21 .2
X a |b"+1)+b7 (" +1)+ e (a” +1
P<a® +b v 43~ [ : ) (2 ) ( )
a’ +b* 4t —(a2b2 +bc* +Czaz)
T ) +3
2
2,42, .12
Sg__f_b +c +2(ab+bc+ca)+3=z_
2 2
Diu ding thire xay ra khi va chi khi (a; b; ¢) 12 hoén vi cia (1; 0; 0).
3. Bing cac cach twong tu ta chimg minh duge két qua tdng quat sau

_'Véi cac s6 thue khong am «, b, cthéamin a+b+c =1, tacod
Lea 1468 14c* 7
B A
1+b" 1+c¢" 1+a" 2
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4. Ta co bai toan tuong ty sau

Cho c4c s6 thuc x,y,z thudc doan [0; 1]. Tim gid trj 16n nhat cia biéu thire
X+3 Y43 243

=3 St T ot a5
yo+2 z°+2 x"+2

Leigidi. Vi a. be[0:1] néntacéd

a3+3<az+3_(a;+3) 1 - b’
Pr4+2 B +2 200 br42

P

2

b* +2

L 1 5
=@ +3) 2(a +3).
1 1,5, b 1,5 90 3 1 5,5
<—(a@" +3)-—(a” +3).—=—=(a"~-b")+———a’b".
3¢ ) 2( )3 2( ) 2 2
Diu ding thirc xay ra khi va chi khi a, b€ {0, 1}.

Hoan toan tuong ty ta co

3

2“_3 gl(bﬁ_cz)Jri—lbzcz;
ct+2 2 2

3

thB < 1..(5-2 _a2)+§—lczaz.
a+2 2 2 2

Suy ra Pi%— -};(azbz +bct +cfat) < 2

DAu ding thirc xay ra khi va chi khi a, b, c€{0, 1} va &*b* +b'c? +c*a® =0
hay trong ba sd a, b, ¢ cO nhi¢u nhat mot sé bang 1, cac sé con lai bang 0.

e : . .9 . z T
Suy ra gia tri 16n nhét coa P la 3 dat dugc khi trong ba so a, b, ¢ cd nhicu

nhit mét sé bang 1, cdc s6 con lai bing 0.
Vi du 21. Cho céac sb thuc khong am a, b, ¢ thoa mén céac didu kién a>b>c
va 3ab+5bc + 7ca <9. Tim gia trj nhé nhat ctia bicu thirc
; 32 1 1
=— o+ T+ T
(a-b)" (b-c) (c—a)
(Hoc sinh gioi Tinh Nghé An, 2013 - 2014)
Léi gidi. Vi a>b>c¢=0 nén tir gia thiét suy ra 3ab<3ab+5bc+ Tca<9.
32 1 1

Suyraab<3va P> ———+—F+—7.
Y (a-n" b 4a
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212
Suympzab[ 32 1 1

1
t—t— == +—+—
9 \(a-b)* b a“] 9 (a2+bz-—-2ab)z o

1 32 a® b 1 a b 2
3 Ty V8| o\ a7 eta) 2
[E___._ ._..2] [—+——2)

ab

patt=2+2 nidor>2vapxt 322 o)
b a 9\ (t-2)

32
(t-2)
64
(t-2y

F15 -2 voi > 2.

Xétham sd f(¢)=

Tacd f'(t)=- +26 f()=01(1t-2) ' =321=4.

Suy ra bang bién thién

t 2 4 40

S - 0

N
o \\\\ //,//’f
. 10 '

Dya vio bang bién thién ta suy ra Pz%, ddu dang thirc xay ra khi va chi khi

t=4 hay ab=3 va %—1-?-:4.

[#]
Vié dy 22. Cho céc sb thuc khong dm phén biét a, b, ¢. Tim gia tri nho nhét cia
biéu thirc

1 1 1
P=(a’+b*+c? + + .
( ‘ )[(a—b)” (b-c)? (c~a)"'}
Loi gigi. Khong mét tinh tdng quat, ta c6 thé giad sit a>b>c>0. Dit
x=a-b, y=b-c. Khido

(x+yY+y =a"+b" +c —c((Ua+b)-c)<a® +b* + 2.

' I 1 1 .
Suy ra Pz((x+y)2+y2)(x—2+F+(x+y)2)
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o (Jch:;v)2 (x+;)2+z_z_+ y? 2
* y x° (x+y) ‘
=2+(1+r)2+(1+2r)2+12+ - .
f (1+2)
1+ +¢* ‘
c+e)
2 (t+1) +4r(t+1)+1
£2(1+1)
1

=54+2(1 +1) + ¢ + -3 5. VOi 1=
tr+1) 1°(1+1)

=342t + 1)+

=3+2t(r+ 1)+

>0.

= |

Dat u=r(t+1), u>0. Khi do P>5+2u+4.|._1__
u

Xétham f(u)=5+2u +i+—.]-1—,u>0.
T

Taco fi(x) =251 [ () =0 (s ~u-1) =0 u= 1+f.
i U

Suy ra bang bién thién

l+\E
7 0 2 +0
S (u) - 0
) \ /
11+sJ_
11+ 5J‘

ﬁgmvéebéngbiénthiéntacé Pz . Déu ding thirc xay rakhi ¢ =0, va

| | J§+3+ ’3\/5*1
.b(bH] ab 1+J_ 3 2

a-b\a-b (a— b) 2 a 2

11+5J'
2

Viy gia tri nho nhéit cua P la
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Nhin xét. Ta c6 cach giai khac nhur sau
Khong mét tinh tdng quat, gid sir ¢ =min{a, b, c}.
Khidé a2a-c>0, b=zb-c>0. Suyra

2 2 2y _ 1_____ ___l _ 1 2 2 1 L L
(a +b" +c )£(a—b)3+[b—c)z+(c—a)2]2(a +b )[(a—b)2+a2+sz'

1 2 242 2, 2
Ta c6 (a +b )[1 N _+_1_J:(a +b)  a+

(a-bY da* b a’b’ (a-b)?

_(a- b)* +4ab(a-b)’ +4a’p* ,la- b)* +2ab

a’b’ (a—b)?
Ar B2
_sf e b)} yMazbf | 2ab
ab ab (a—b)
Datt—(i_b) Khido t>0 va P>t +4t+f+5
a

, 2 ,
Xéthamsé f(t)=1" +4t+ - +5 vai £>0.

2 20+ +1-1) J5 -

Tacd f()=2+4——=— —+ - f(r) oﬁr—ﬁ.i_l
: 1

—

Vs-1

Va f(r) d6i ddu tir am sang duong khi ¢ di qua

Do do min £0)= 7| ! _11+5V5
(0; +20) 2 2

11+5\/_ (a—b) _\_{5—1

. ddu ding thirc xay rakhi ¢=0 va ,
a

Vi du 23. Cho céc ) duong a, b, ¢ thoa méin a 24 b% + ¢ +ab-2bc—2ca=0.
Tim gi4 tri nho nhét cta biéu thire

& ¢ ab

- +
(a+b-c) a*+b* a+b

Suyra P>

P=

Lai eidi. Taco a° +b> +c>+ab—2bc-2ca=0(a+b—c) =ab
g

va (a+b)Wab > 2Jab~Jab = 2ab. Suy ra Nab ,_2ab

a+b (a+b)
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et ¢’ 2ab

Khi do P> s+t—5—5+ 3
(@a+b-c) a +b° (a+b)
c? ¢ 2ab ¢ 4¢? 2¢
= ts——t 5+ 2 7+ .
2ab a’ +b° (a+b)" 2ab (a+b) a+b

Tacoé (a+b—c¢)

2 2
’=abs{“:b) ¢ ]sl lee 3

’.s“ym( +b) 472 a7 2

Xét ham sb f(t)=4¢*+2¢ trén B %:I Ta ¢6 ham f(r) ddng bién trén

B %:| nén gi trj nho nhét cua £(7) la f( )

Do dé P>2, du ding thirc khi a=b=c.
Viy gid trj nho nhét ctia P 1a 2, datkhi a=b=c.
Vi duy 24. Cho cac sb thuc a, b, ¢ d6i mdt khac nhau thudc doan [0; 2]. Tim
gid tri nho nhét cta bidu thirc
1 1 1
= 5+ + 7+
(a-b)Y (b—c)® (c-a)

Léi giai. Khong mit tinh tong quat, gia sit 0<c¢ <b<a<2. Ap dyung bét ding
thire Cﬁsn ta co

+(a—bj+(a—b)23#( ! {a-b)(a-b)=3;
a

1
(a—b) -b)?

1 1
o) +(£:;—c:)+(ZJ—.{:)ZS%}U)_‘E)2

(b-¢c)(b-c)=3.

Cong hai bét ding thirc trén ta duge +2(a—c)26.

1 . 1
(a-b)* (b-c)

Suyra P>

a0 —2(a-c)+6.

Piit t=a-c, khidé r(0: 2] va Pztlz-ms.
Xét ham s f(r):;lz——2r+6 trén (0; 2.
Tacé f‘(t)=—;13——2<0 véi moi 7 & (0; 2.
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9

Suy ra min f(#)= f(2)=—.

yra min f0)= ()=
Do do Pz%, ddu ding thic xay rakhi a=2, b=1, c=0.

P TR . .
Vayglétr;nhonhatcuaPlaa—,datduqckhla:2,b=l,c=0ho’q'wcéch0énv1.

Nhan xét. Chung ta co cach giai cac nhur sau
Khong mét tinh téng quat, gia st 0<a<b<c <2.
1 l

TrO0<c—a<2suyra ——2—. (1)
(c—a) 4
Tr0<c—-b<2-b suyra ! 2 1 = (2)
_ (b—c) (2-b)°
1
Tr0<b-a<bh suyra = 2. 3
y Ryt ()
T (1),(2)va(3)suyra P>— : #ﬁhl
’ »¥ o (2-b)° 4
Xét ham sb
1 1
=—+-— —+— voi be(0; 2).
f()bz(zb)ri _()
Taco
b 2 2 by=0b=1.
1 - , Py
AL A G5y J'()=
Suy ra bang bién thién
b 1 o0 1 2
AG) -~ 0 +

1) \ ;’}/

Dya vao bang bién thién ta suy ra

. ., 9
P = ‘l_‘) = 1 R
min HJ]'-IEJ{( y=f() 1
dat dugc khi (a; &; ¢) = (0; 1; 2) va cdc hodn vi.
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3.2.2 Danh gia hai bién doi xirng
Véi muc dich dua vé x€ét ham mot bién, khi g&g biéu thirc ba bién s, trong dé
¢6 hai bién vai tro giong nhau chung ta ¢6 thé sir dung céc bét ding thic dé
danh gid hai bién do. Két hop vai gia thiét rang budc gitra cdc bién, ching ta
dura duge vé biéu thie mot bién.
Vi dy 25. Cho céc s6 thuc duong x, y, 2 théa man x* + y* +z% =1, Tim gid trj
nhé nhét cia biéu thirc

123

:.-———1—+
Jxl+xy Y 4xy 1"‘3

Léi gidi. Ap dung bat ding thire Cési ta ¢6

1 1 2 2 2
+ > 2 2 .
Jx2+xy Jy2'+xy Qj(x2+xy)(y2+xy) Jx2+xy+y2+xy \f3|r2+y2
2

Déu déing thirc xay ra khi va chi khi x = y.
Két hop gia thiét x> + y* + 2" =1 taco
P2z-— 2 +'JE=—2 JE
\/x +y z+1 1—z2 z+1

2 NP

Xétham f(z)= -+ = trén (0; 1).
1—z2 z+1
2 2 2
Taco fimy— 22 12 _2:+2) —J1—2(1—Z)J1—z,

A-2W1-z22 (+2)  (4z2P0-2W1-22
F)=0e220+2)7 V120 2W1-22 =0 428 —82 492 -3=0
<:>(2.z-—l)(?.zz—4z+3)=0<:*z=%. _‘

Suy ra bang bién thién
1
z |0 2 1
1'(z) - 0 +
1(z) \ gﬁ /
73
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8/3

Dua vao bang bién thién ta c6 P> =5 dAu ding thirc xay ra khi va chi khi
x=y,z=-%—, ch+y2 +z2 =1 ax:y:%,

83 . [9_21
2!

Viy gié tri nho nhit cua 7 1a =5 dat duge khi x=y =

M|-—-
L

Vi du 26. Cho céc s6 thuc duong @, b, c théaman a+b+c=1. Tlmglétrlnho

nhét ctia biéu thire
P (1_1][1_1)+_E‘_...
a b a+b+2c¢

2 .
Loi giai. Ta ching minh (1 - l)[l— 1] _‘z‘:[i—lj . *
a b a+b ‘
I 1 1 4 4
Th NS —————2
Ay O Ty @by ath

1 4 11 4

_ ___>_. [

< —
ab (a+bY a b a+b
o la- by L (a-b)
ab(a + b) ab(a +b)
& (a-b)Y(1-a-h)20, ding vi a+b <1,

Déu ding thire xay ra khi va chi khi a=b.
Ap dung (*) va gia thiét a+b+c=1taco

P> 2 18 2 N 18
a+b a+b+2c 1-c¢ l+c
Xétham f(c )-i+£--—1trén(0 1).
l+¢
2 18 1
T 9 ! = —_ ’ ! = =—
aco f'(c) o (tep f(e)=0&c 5
1
Béang biénthien ¢ | 0 2 1
f'(e) - 0 +
+®
ol S~
15
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Dya vio bang bién thién ta c6 P > 15, ddu ding thirc xdy rakhi a=b = -, c= ..

4’ 2
Viy gié tri nho nhét cta P 1a 15, dat duge khi a=b=%,c=%.
Nhdn xét. Ta c6 thé danh gia cach khac nhur sau
Ap dung bét ding thirc Cési va gia thiét a+b+c=1 ta cb
(@+c)b+c) ab+(a+b)c+c? _]_'_(l—c.-).-H-c2 N
ab ab ab ab
TR 1+ 4c [c+1) '
z_té] (1-c)
2
Suy ra
P [1_1)(1_1] 18 (ate)bte) 18 o+l 18
a b a+b+2c ab a+b+2c l-¢ l+e¢

Tiép tuc xét ham nhu trén ta duge két qua. |
Vi dy 27. Cho céc 56 thuc duong a, b, ¢ théa man ab+bc+ca=1. Timgidti
16m nhét ctia bidu thue 4

a_, b +' 3c |
1+a* 1+ f14 02
Loi giai. Ta chimg minh v6i a, b, ¢ duong théa man ab +bc +ca =1 thi

a b 1
——t—==s .

1+a 1+b ].|.c2

Thét vay, vi ab+bc+ca=1 nén

a_. b a b _ a(b+c)+b(c+a)
1+a> 1467 (a+b)(a+c) (b+c)b+a) (a+b)b+c)c+a)
- 1+ab . J+ab)(1+57) L
J(l+a)(1+bz)(1+c)2 Ji+ a1+ re) Ned
S . . Ja=b
Déu ddng thirc xay ra khi va chi khi {ab+bc+'ca=1.

Suyra pe_ L, 3¢ _ il

Vit iecd lie?
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serl trén (0; + o).

Vi+¢?

3-¢
(1-&-02)\{14—02

Suy ra bang bién thién

Xét ham s6 f(c)=

Tacd f(c)=

s f(e)=0=c=3.

¢ | 0 3 + 00

J(€) + 0 —

J10
f(c) / \

Dya vao bang bién thién ta c6 P <10, ddu ding thirc xdy ra khi va chi khi

{azb,c=3 @Ja:b:m—3

ab+bc+ca=1 Lc:-3.

Nhdn xét. Chiing ta ¢6 cich giai khac bang phuong phap lugng gidc héa
Tir diéu kién a, b, ¢ duong théa min ab+bc+ca=1 tacd thé dit

A B C
a=tan—, b=tan—, c =tan—,
2 2 2
vii A, B, C 1a ba goc cia mgt tam giac. Khi do
P=lsinA+lsinB+3sin£=sinA+BcosAhB +35§nE
2 2 2 2
Scos£+3sin-(’ < J10.
2 2
cosA_B =1
Déu déing thirc xay ra khi va chi khi @J":b:‘%*
tan & =3 Lc=3.

Vidy 28. Cho céc sb thuc khong am a, b, ¢ véi a>b>c. Tim gié tri nho nhét
cia biéu thirc
1 2 3 ab+bc +ca

= Ft—— t 5+
(a+1)" (b+1) (c+1) 4
Léi gidi. Ta chimg minh véi cac s6 thuc khong am x, y thi
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L B
(x+1)* (y+1)F l+xp
That vy, (*) <> xp(x— )’ + (xy 1) 20, luén ding.
Dau ding thirc khi va chi khi x=y=1.
Ap dung bét ding thirc (*) ta co
1 1 1 1 ab + be +ca
= 5+ 5+ 5+ > |+
(a+1)” (c+1) (b+1)Y (c+1) 4

(*)

1 2  ab+bctea [ 1 1 1 ab+bc +ca
> + +— = + +
l+ac 1+bc 4 l+ac l1+bc 1+bc 4
9 ab+ be +ca
> + .
ac+bc+bc+3 4
\
Via2bzc nén P2 J ab+be+ca
ab +bc+ca+3 4
Dit t =ab+bc+ca. Khido >0 véPa-—-?—-—-d-i. ;
t+3 4 |

Xét ham

9 t
ty=——+— ¢ 0; + o).
F@=—5+ 7 utn (0 +0)

Tacé
fty=- K +l;f'(t)=0¢:>(t+3)2=36¢:>:=3.
(t+3)Y 4
Suy ra bang bién thién
! 0 3 +®
() - 0 +

N
4

Duya vao bang bién thién 1a co Pz%, diu diing thirc xay ra khi va chi khi
a=b=c=1.

Vay gia tri nho nhét cua P 1a %, datkhi a=b=c=1.
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Vi du 29. Cho céc sd thuc x, y, z thudc doan [I; 4] thoa man x>y, x 2 z.
Tim gia tri nho nhét cta bitu thic
S S A
2x+3y y+z z4x
(Tuyén sinh Pai hoc Khoi A, 2011)
Phan tich va 1i gidi. Bitu thic P 1a thuan nhét, mét phép bién ddi thuong sir
dung 14 chia cé4c bi¢n sau do doi bién.

Tacd: P= I + ;z+ !
243Y 145 1+ :
x y
Bﬁtazz,b-—-i,r.':f.
x b% z

1 1 1
-+ + .
2+3a 1+b l+c

Khi do ae[i },ce[l; 4], abe=1va P=

Vi ae[&; 1} va abe=1 nén 1<be<4. O diy co sy xudt hién biéu thic

L + L v6i diéu kién be > 1, goi cho ta mot bat ding thire kha quen thude,

1+ l1+c
dé la

Lo, 2
l+b l+c l4+be
That vy, bt déng thire tuong duong véi (Vbe —1) (b —e)? >0, ludn dang.
DAu déng thirc xdy ra khi va chi khi b= ¢ hofic be=1.
Ap dung (1) va abc =1, ta co
1 21 2 1 2Ja

> + = + = + .
2+3a 1+Jbe 2+3a |, 1 243a Ja+i

a
Pén déy cong viéc con lai la xét ham dé tim gia trj nho nhét cua biéu thic. Dé
don gian hon, ta 6 thé dit ¢ = Ja vaxét ham bién 1.
Nhung dé rén luyén tinh todn. ching ta xét tryc tiép ham bién a.

Xéthﬁmﬂa):zlm JZ_JJ:] [ I]

M
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-3 1 (2+3a) -3(Wa+1)Va
(2 +3a)? (J‘+1) Na  2+3aR.(Na+1) Va

_9a’ +3a+1+3(a+1)(1-+a)
2+3a).(Na+1)’Na
34

Suy ra f(a) ddng bién trén [% 1}. Do d6 f(a)zf[%]—g— déu ding thic

Tacd f'(a)=

) 1
>0 vé&i moi QE[E; l:[.

xady ra khi va chi khi g = ; Suy ra PZ%, diu ding thirc x4y ra khi va chi
khi a=%,b=c, abc:lma:é,b:c:z hay x=4, y=1,z=2.

Vaygiéujnhénhz"itcuaf’l?a% dat dugc khi x=4, y=1,2z=2,

Vi du 30. Cho cac s6 thue duong x, y, z théa man x>z, Tim gié tri 16n nhét

cua biéu thirc
= x + Y +J z )
\/;2+y2 \/y2+z:d z+x

P= 1 + ! +1

T T

Jb=—,¢c=— Khidd abc=1,c>1va
¥y z

Loi gidi. Ta co

bit a=

k{‘-:

1 1 1
P=—+ -+ .
Ji+a® Vi+p? e
Vi abc =1, c>1 nén ab <1. Ta chimg minh
1 1 2

— + < .
Vi+d® 1+p? l+ab
That vay, ap dyung bat déng thirc Cosi ta cd

1 1 1 1
< 2 —— b — |,
i+ 148 l+a” 1+b

1 2 (a—b)*(1-ab)
LD PN : .
1+b%  1+ab  (1+a*)(1+b*)1+ab)

(D

>0, ding khi ab <1,




Suy ra (1) ding. DAu déng thic xay ra khi va chi khi a =5 hodc ab=1.
Ap dung (1) va sir dung gia thiét abe =1, ta co

P£2+1:2+l=2\6+l.
Ji+ab l+c \/1+1 \fl-+-c Ji+c
c
2Je +1 |
Xétham f(c)= trén [1; +o0).
f(c) e [ )
2-e
Tacd f(c)= , ‘c=0<:>2—\/5=0@c:4.
fe) 2(1+c)lWeAll+c fe)

Suy ra bang bién thién

c 4
f'(e) + 0 -

Js
() /’ \

Tir bang bién thién ta suy ra P <5, ddu ding thirc xay rakhi ¢ =4, a=b, abe =1

1
@azbza,czfl. Hay x =2y =4z

Viy gid trj 16n nhit ctia P12 /5, dat dugc khi x =2y =4z.

Vidy 31. Cho x> y >z >0. Tim gia tri nhé nhét cta biéu thic

2
P:y+z X

+ .
X-y y-—z SZ(JJ_CE—;:)

2
y z (x]
Loi gidgi. Taco P=—*— 24 2

% z '
1-- 1- gl X1

Z =% Khidé 0<a,b<l,c>], abc=1 va
y Z

Pita=2, b=
X

a b ¢’

P= + + .
l—a 1-b 8(Jc-1)
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Ap dung bt déng thirc Cosi, ta c6

a b Nab 2ab _ ab | Wab
Tma 1-b" JU-a(-0) Lq_ge1-p) 1-9%0 1-ab
2 2

Ap dung (1) va sir dung gia thiét abc=1 ta ¢d
py Nab 2 & _+16
1-Jab 8(e-1) Je-1 8(Wc-1) 8(Ke-1)

¢’ +16
Xét ham g(c¢) = —=—— trén (1; +<c). Tacd

3¢ —4ce—16 (e -2)BeVe +2c+4a4c +8)

g'c)= todede 1 16dede 1) ,g'(c)=0c=4.
Suy ra bang bién thién
c |1 4 + 00
g'(c) -0 +
g(e) \ /
4

Duya va bang bién thién ta ¢6 P >4, ddu dang thic xay ra khi va chi khi
a=b, abc=l,c=4<:>a=b=%,c=4<:>x=2y=4z.
Vay gi4 trj nho nhét cua P 1a 4, dat duge khi x =2y =4z
Vi dy 32. Cho cac s6 thyc duong a, b, ¢. Tim gid tri nhd nhat cia biéu thirc
a’ b? 4¢° '
= 5+ 5+ 3
(a+b)y (b+c) 3(c+a)
1 1 4

b o c o a 3
[1+—] [14_,] 3[1+—]
a b c

—Z—,z=£. Khi dé x, y, z duong thoa man xyz =1 va
C

Léi giai, Taco P=

Dﬁt x=é’y=
a

1 1 4
P= 5+ 5+ 3
(1+x)" (1+y) 3(1+2)
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1 1 1
(1+x)2+(1+y)221+xy' M)

Thit véy, bat ding thic (1) <> xp(x - »)* +(1-xp)* 20, luén ding. Déu ding

Ta chimg minh

thirc xdy ra khi va chi khi {x=’"@x=y=1.
xy=1
Ap dung (1) va st dung xyz =1 1a cé
P21+43=z+43.
I+xy 3(l+z)y 1+z 3(1+2z) N
Xéthim f(z)=—2t
I+z 3(1+2)
! - 4 4:(2_1Xz:-3);f'(z)=(}<:>z=1.
(z+1) (1+2) (1+2)
Suy ra bang bién thién

5 trén (0; +o0).

Taco f'(z)=

0 1 +oo

z

f@ -0 +

1(2) 5 /
\ :

- » = =1
T bang bién thién ta suy ra Pz%,'dﬁudangthﬁc xdy ra khi {x ly
Z=

©x=y=z=1hay a=b=c.
Vﬂygiéuinhénha‘itcaal’lﬁ%, datkhi a=b=c.
Vi dy 33. Cho céc s thye duong x, y, z thoa man xy>1 va z>1. Tim gié tri
nho nhét ctia bidu thirc
_ X Ly Z+2
| y+1l x+1 3(xp+1)
Loi gidi. Bang bién ddi twong duong ta cé

e 2o () 20

+ >
x+1 y+1 1+
luén ding véi xp > 1.

275



Ap dung bét ding thirc C6 si, taco z* +2=2" +1+123¥z1.1=3z23.

3
Suy ra z+2 = L -. Dodotaco
(xy+1) xy+1

P> X i1 e 2

y+1 x+1 xy+1
1 1 1
=(x+y+1 + - 24xy +1 -2.
(x+y )[x+1 y+1] xy+l ( )1+./ xy+1
2(2t+1) 1 2t
Dﬁtr—‘/ ,khiddor>1 va P2- -2= + .
0 y 1 P+l t+1 t2+1
. £ 2t 1
Xéthamso f(t)=——+5— voi £21.
t+1 1 +1
20t -1+t +1
Tacod f'(t)= 2 2 S ( )>0 vdi moi ¢ >1. Do dé

(t+1) (:2 Jrl)2 (r-H)""(:zﬂ)2
ham sé f(f) dbéng bién trén [1; +oo). Suy ra f(r]Zf(l):% voi moi 21,

Suy ra gi4 tri nho nhét cia P 1a i— dat dugc khi x=y=2z=1.

Vi du 34. Cho x, y, z>0 thoa madn x+y+z>0. Tim gia tri nho nhit cla
biéu thirc

X4y’ 162

3
(x+y+2z)
Phin tick va loi gfrii Trude hét véi cac sb thue khong am x, y ta co bét ding
thirc x° +y° = (x +4'} )

'Thatvay, X +y >§_i4 2) cr(x+y)(4(x —xp+y°) - (x+y)2)20

= 3(x+ y)(x - vy): 20, ding.
DAu ding thirc xay ra khi va chi khi x = y.
(x+y)

Suyra P2 — 4
(w4p+2)

+16z°
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Biéu thirc nay déng cép dbi véi x+ y va z, do do ta sé& chia cho z°.
Xét hai truong hop

TH 1. z=0. Khi d6 PE%.
1

' 2416 3

THZ.z;tO.Datrzx_Jr._—y.:IZO-Khid()PEél : _t! +643'
z (¢+1)° 4@+
: 1 +64
Xéthamso f(i)=—— trén [0; + o).
70 4(r+1y° : )

, 3(1% - 64)

Taco fi(t)="——7"; f()=0<>1t=8.
74 4(r +1)* )
Suy ra bang bién thién
! 0 8 + o
1) - 0 +

ol O\ 16 _—
31

. 4 o 16« . . . .
Dua vao bang bicn thién ta suy ra Pzﬁ, ddu dang thirc xay ra khi

x+y=8z>0.

R TR . 16 .
Tir hai trudng hop trén ta suy ra gia tri nhd nhat cua P la TR dat duogc khi

x+y=8z>0.
2

.. , " (x+) +162°

Nhdn xét. 1. D& tim gi4 tri nho nhat cta biéu thoc Q= —2 ~— tach
(x+y+z)

thdit x+y+z=a. a>0. Khidd

3 3 3 3

+y) +64 a—z) +64 -

4Q=(x y)3 G Ch ); L =11y + 647, v6i =2, 0<r<l.

a a a

Xéthamsb £(1)=(1-1) +64r* véi tef0; 1].

Tacd £1(1)=3(64> ~ (1-1)'); f‘(t)=0<:>r=-;~e[0; 1]
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_ 64

Taco £(0)=1, f(1)=64, f[%]_ﬁ' Do d6 miﬁf(r)=f[$]_64

=0

- (. 16 . |
Suy ra gia tri nhé nhat caa P Ia i dat dugc khi x=y=4z>0
2. K¥ thudt chuyén bai todn vé& xét trong trudmg hgp x+y+z=a, a>0 nhu
trén thuomg goi 1a k¥ thudt chun héa.
Vi du 35. Cho cdc sb thuc duong a, b, ¢ théa man (a +c)(b + ¢) =4c*. Tim gia
trj nho nhat cta biéu thuc

_ a3 Va’ +b?
(b+3e)  (a+3c) e
(Tuyén sinh Dai hoc Khéi A, 2013)

Lai giai. Dit x=—a~,y=-§‘ Taduge x>0, y>0.
c ¢

Diéu kién cua bai toan tro thinh xy + x+ y = 3. Khi d6
3 3
P 32x - 32y - 'x2+y2.
(y+3)7  (x+3)
Véimoi u>0,v>0 tacd

3
W+ = (u+v) = 3uv(u+v) 2 (u +vy -i—(u+v)3 =(“__+v)_.

3 3 3 2 3
Do d6 32x 4 32y 28 X ¥ _3 (x+yp)y -2xy+3x+3y _
(y+3) (x+3) y+3 x+3 w+3x+3y+9

Thay xy=3-x -y vao biéu thirc trén ta duge

324 32y° >8[():+y—1)(.1c+y+t‘:)

3
_ 13
(y+3)3+(x+3)3‘ 2(x+y+6) Jh(”y 1y

Dﬂd{')PZ(x—}—y—])j-_ Hx2+y2 =(x+y_1)3_\/(x+y)1_2xy

=(x+y-1y —J(x+y)2 +2(x+y)-6.
batr=x+y.

Suyra >0 va P2(1—-1) —ViZ +2—6.

2 2
QS.*.ZL:H% nén (f - 2)(t +6) >0,

Taco 3=x+y+xy<(x+y)+
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Do d6 t>2.
Xét ham sb f(;)={:-1)~’*-\/r2+z:—6 voi t22.

r+1
Taco f'(1)=3(t-1)" - ——.
Jr2+2: 6
41 7 7 32
Vi 122 tacd 317 23 vi e —_— J1+—=—
NP 6 (f+1) -7 2

nén f'(t)23—§—\2§->0. Suy ra f(1)2 f(2)=1-+2. Do d6 P>1-+2. Khi
a=b=c thi P=1-+2. Do do gia trj nhé nhit cta P 1a 1- V2.
Vi dy 36. Cho céc s6 thyc duong x, y, z thoa man x* +y? +z% =1. Tim gi4
tri 16m nhét cua bicu thire

v,y Y+
l+27 1+x7 32x%2*
Lai giai. Ap dung bit déng thire Cési ta cd

y |z Xy yz

1+ 2 ' 147 ) (z2 +12)+(z" +x2)+(x2 +y2]+ X +22)

If
N
—
+
Se
(%]
+
\CIU
=
L]
S A
1A
| —
—
+
=
3
<
b
—

RS PN y]
4\ 2z 2x

\ 2
Suy ra Psl[1+l—+ 4 Q’—(x—"'-ﬂ——— 1+1(y+y) : [Z+Z] .
4 2z 2x) 32x%z 4 2\z x 32 z x

Datt=2+2, khidé r>0 va Psl[l+~1—r SR U U B VO
z x 4 2 32 32 8 4

. £ 1 2 1 1 re ' 3
Xétham so f({)=———1"+—t+— véi t>0. Tacd max f(f)=f(2)=—.
éham sd f(D) == S17 + ot 4 max f()=f(2)=¢
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Suy ra PSE, diu ding thirc xay ra khi va chi khi x=y=z=—.

8 V3
\fﬁygiauﬂannhétcﬁamai datkhix—y—z—i
Vi du 37. Cho céc s6 thuc duong a, b, ¢ théaman a>b va (a+c)b+c)=1.
Tim gia tri nhé nhét cha biéu thire

1 6 12
= 5+ 5+ 5
(a—b) (b+c)” (c+a)

Loigiai. Dt x=a+c, y=b+c, khiddé x>y>0 théamén xy=1 va

1 12 | 12 2 12
o -—-----——~--i-+6x2+—~=——~x—2+6x'°‘+—

= 4= .
(x-y*' » X {x 1 < (x-1) x’
X

Dit t=x>, khidovi x>y va xy=1 nén x>1>y, hay 7> 1. Biéu thirc P trd
thanh
t

=———+61+—
(t-1)
Xétham s& £(t)= ——+ 6t + 2 véi t>1.
(-1 ¢
Tacs fi)="" 122D o 12 107 o 12 -l o 12
(1 -1y 2 (t-1) 2 (t-1) t
f*(:):()«::{r—_l—)g--Jra—g=0c>(—r—1);2+6r2(:-1)3—12(:—1)3zo
I !

607 (£ =367 +3 1) = (e + )7 —12(* -3 +3t-1)=0
60 — 18" +57 +297 =361 +12=0
<:>(f—2)(6z4+6r3r7r2+15r-6)=0.
Xétham sé g(t)=6¢" —61° — 7> +15t-6 véi t>1. Tacd
g‘(r)=24t3—1832—14r+15=1812(1—1)+(6.'3—14r+15)>0 v6i moi 1> 1.

Do d6 g(f) ddng bién trén (1 +o0). Suy ra g(r)>g(1)=2>0 v6i moi £>1.
Do dé g(r) =0 khong c6 nghiém 7> 1.
Suyra f(t)=0<1=2.
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Suy ra bang bién thién

! 1 2 + 00
Fol - 0+
+90 + 00
G \ /
20

Duya vio bang bién thién ta cd f(f)> £(2)=20 véi moi #>1. Suy ra P>20,
1
N
. ) 1
Viy gid tri nho nhat cua P 14 20, dat dugc khi a+c= \5, b+c= ﬁ
Nhgn xét. Ta c6 thé chimg minh dugc biéu thire P chi dat gia tri nho nhét khi
a > b. Thét vay, ta co
1 6 12 1 6 12
AP 7 2 2t 2 T 2
(a-b) (b+c (c+a)y" (a-b) (a+c) (c+b)
1 !

déu ding thirc xay ra khi # =2 hay x=+v2, y=

(c+ay  (c+b)
Cé'ngh"ia 1a khi b > a thi ta thay (a, b, ¢) bdi (b, a, ¢) gié tri biéu thirc giam
xuong.
Do dé ta cé thé thay gia thiét a>b bdi a#b.
Vi dy 38. Cho céc sb thuc duong a, b, ¢ théa man a* +b” =¢* +1. Tim gid tri
nho nhat cua biéu thic

3 2
aﬂ-i’wc)3 2a2+22+c2' M)
Thit vy, tacé ()& (a* +5> +¢*) 2a(a’ +(b+c)’)
< b+t +2a°b 4267 + 2c*a* 2 a(b +¢)’
@(bz+c2)(2a2+b2+cz)2a(b+c)3. 2)

281



Ap dung bét ding thirc Cosi, ta c6

2 2 2
VT(Z):»-(b_;C) { +(b+2"') Jz“’ YO patb+e)=VP(2).

2
Suy ra (1) ding, ddu ding thire xdy ra khi va chi khi
b=c¢
(b+c)? ©a=b=c.
2

-

2a° =

Ching minh tuong ty, ta ¢é
b3 b2
> .
b +(c+a)y at+bh+c?
déu dang thirc xay ra khi va chi khi a=b =c.
Tu (1) va(3)tasuyra

3)

@b 241l 2041

Pz = +
a+b e’ 21T 2cF+1 27
2 3
Xétham sb f(c )___c__:_l_+2c lies0
+1 27
2 2c(e(2c? +1)* -9
Ta ¢o f'(c)=—ﬁ§9—-7+35-= (< : )2 );
(e +1) 9 92¢” +1)

fle)=0sc(2¢° +1)' -9 =O<:>(c—1)(4{:4 +4ct +8c? -i_-8c+9)= 0oce=1.
Suy ra bang bién thién

¢ 0 1 +w
f(@) - 0 +
-+ oG
9

Dya vio bang bién thi¢n ta suy ra (gnin) fley=1 (l)-—-g—. Do do Pz-;-, déu
L oD

ddng thirc xay ra khi va chi khi a=b=c=1.

Vay gid tri nho nhét cua P 1a % datdvoc khi a=b=c=1.
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Vi du 39. Cho x, y, z la cic s6 thye duong théa man x+ y+z=1. Tim gia tri

1ém nhit cua biéu thirc
p- Xy Y NDE
X+yz y+xz z+xy
. . x x
Loi gidgi, Vi x+y+z=1 nén = = .
x+yz x(x+y+z)+yz (x+y)x+z)
y X y

T do taco

oz yiw (rpxtD) (et p+a)

__Xty- (x” +y) 1 x+y—(x+y)2+2xy
(x+y)1- x)(l-.v) x+y  I-(x+y)+xy

| xXtye (x+ )+ (x+y) 2
< R 2 . c (1)
xty 1—(x+y)+(?‘fl’)-- btz
4
2
Vixys-——(x+y).
4
Mit khéc ta lai co

Joz_Vew o Nztxey)  Wedoz) @
z+xy z+xy _2[2+(x+.]’)2] (z+1)2 .
4

2 2J_(1 ~2)

l+z (z+1)

Tir (1) va (2) suyra P<
2 2(1-1%)
R (S )
-8+5V3 _4+3\3
. :
4(2-+3) 4

Dit vz =1,0<t<1. Xétham sb f(1)=

0<r<1 taduge

f< f2-3)=

4+3J_

Viy gia tri 16n nhat eta P 13 —

.datkhi x=y=23-3,2=7-43.

Nign xét. 1. G (1) ching ta da sir dung bt ding thie %7 2% < at2v véi
b+u b+v

O<a<2bval<u<nv
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N iaZ et 2 i
Hay tinh dong bién cua ham g(7) = : ra , 0<a<2b trén (0; +o0).
+

O (2) ta da sir dung bt ding thirc —5 < zav 5 VO 0<u<v, a* > uv.
a‘+u” a +v

2. Chiing ta ¢6 cach giai khéc bing phuong phap lugng giac héa

Xy
l z

+ -+ .
o g ¥ LW

x o
pat |22 —tan2, [Z —anl. ,/ﬂztang, véi 0< 4, B, C <.
X 2 \y 2 Yz 2
Khi d6
1—x+y+z-4‘ Jﬁ ,J ‘/ \/;1/'])2

Ql"tanitan——+tan~1an +tan tan—~
2 2 2 2 2

Suy ra 4, B, C laba goc cua mdt tam giac va
C

tan
1
P 1 4 + 2C=c052£+coszﬁ+lsinc
1+ tan? | + tan? 1+ tan’
=I+%(COSA+COSB+Si‘nC).
Mit khéc
T
A4+B__A-B . C*3 -3
cos +2sin 5 cOS 5

' AP
cos A+ cosB+sinC +sin 5 = 2¢0s

C-
+2c0s——
2

\E—]:H:;J—g

Dodo P<l+t 243 -
2 2 4

N

A+B+C-" .
£4cos—-73 = 4COSE= 2\@.

<2cos
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Déiu déng thirc x4y ra khi va chi khi

A=RB A+B——
- @( (-tan—-—Z f\]_ tan =3
C+E=ﬂ

<:>x=y=2\r—3,z=7—4sf_.
3. Pé tim gia tri 16n nhét cia biéu thic P=1+%(cosA+cosB+sinC) ta cd

thé thyuc hién nhiéu cach khac nhau

Cdch 2. Ta cé P=1+%(cosA +cosB+sinC]sl+sin%+sin—§—1h — sin? %

bat t=sin~§- véi 0<t<l.Khidd P<l+t+831—£.

Xétham s6 f(£) =1+t +tJ1—1% trén (0; 1)

Tacd ()= L 3” 20" (=0 1—r2=23“!—1<:>t-£ va f'(t)
1-¢
d6i dau tir duong sang am khi ¢ di qua ? nén n;ag}cf(:):f[%} :1+¥_
(0

C
Cadch 3. Tacd P:1+%(cosA+cosB+sinC)sl+5in%+sin51/l—sin2%

2

., C ., C
c 1 C . C c ]sm 2-+3—351r1 2
=1+sin—+—=sin—,(3-3sin"— £ 1+sin—+—
2 32 2 2 3 2

Vi 38 1[.(:‘ \ET +3J§
; .

1 .,C . C
=——=sin“ —+sin—+1+—=1+———— sin

J§2224J§

Vi du 40. Cho céac 36 thyc khong am x, y, z thoa man z=max {x, y, z} va
xy + yz + zx > 0. Tim gid tri nho nhét ctia biéu thic

P= +2,J +33
y+z xX+z Vx+y

Loi gidi. Ap dung bat déng thirc Cési ta c6 +122 .
y+z \) y+z
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Tir d6 suy ra P>2(J J J+3‘f Z L
y+z \Vx+z x+y

Gia st x<y. Ta chimg minh y\[ e +J J EJJH},, voi x<y va
y+z Vx+z z

xy+ yz + zx > 0. That vay

J H +J Y EJHJ’@[ = +J B R
yv+z xX+z z 'V(x+y)(y+z) (x+z)(x+y)

J 2xz 2xz
Taco = _ > H
(xX+W(y+2) 2z(x+y)x(y+2) xy+yz+2zx

. yz _ Zyz > 2yz '
Vix+2)(x+y) 2\/p(x+2)z(x+y) xp+zx+2yz

2xz N 2yz
xy+yz+2zx  xy+zx+2yz
Ma yz+2zx>zx+2yz va yz 2 xy nén

Suyra VT'(*) 2>

PT(%)2 2xz 2yz > 2xz+42yz 2xz+yz+xy
.13?+yz+2.zx xy+zx+2yz xy+yz+2zr xy+yz+2zx
Déu déng thirc xy ra khi va chi khi x=y =2z hoic x=0,

=1=VP(¥)

Suyra P22 x+y+3
z

x+y
Ditt=s Kh1d6t>— vaP>2+3r -1.
x+y 8
; 2 1
Xéthamsd f(H)==+312 =1 v&i t > ——.
| 0 J(0=7 o
Ta c6 f'(r,)=6t—§-; f(=01=1.
. G 1
Suy rabang bién thien ;| g 1 too
S0 - 0 +
, \ /
() s 7
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Dua vao bang bién thién ta suy ra P> f(1) >4, déudéngﬁlﬁckhi t=1 hay
x=0, y=z. Viy gia tri nhd nhét cia P la 4, dat khi x=0, y=z holic
y=0,x=2z

Vi du 41. Cho x, y, z 1a céc sb thyc khéng 4m va théa man
(x+ ) +(y+2)” +(z+x)* <18,
Tim gié trj 16 nhét cia bidu thite P =4 +43 + 43 —ﬁ-(x+y+z]4.
Lai gidi, Tir gia thiét suyra 0< x, 3,z <3,
Xét ham sd g(t)=4% —t-1,t€[0;3]. Taco g'(t)=4§%1n4—l.
Suy ra

g'(r)=0<:>t=3log4-1:—3=to; g>0=r1>1, va g <01 <t,.

Vi 1<—3~<4, nén 0<t, <3.
In4

Suy ra bang bién thién
10 fy 3
g'(t) - 0 +

0 0

Suy ra g(z)<0,Vre[0;3].

Hay 4é <t+1 véimoi £ € [0;3].

Tir d6 ta c6 PS3+(x+y+z)—ﬁ(x+y+z)4.
Dit x+ y+z=u, khido u>0 va P<34u———u®,
Xét ham sb f(u)=3+u—ﬁu‘ Vol w0,

Tacé f'(u)=1—§%u3 Vi f'(u)=0 > u=3.
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Suy ra bang bién thién
u |0
S () +

r@| \ |

Dya vao bingbiénﬂliéntacéf(u)s-i—l v&imoi u 2 0.

ANl s w

Suy ra PS%, dAu déng thirc xdy ra khi x=3, y =z =0 hofc cc hoan vi.
21
4
Vidy 42. Chox, y, z 1a céc s0 thyc khong 4m va théa min
5(x + y* +2°) = 6(xy + yz + zx).
Tim gi4 tr lon nhét cta biéu thic P = 2(x+ y +2) - (* +2°).

Viy gia tri 16n nhét coa P la

Bai gidgi. Ta co 5x* +%(y+z)2 <5x% +5(y + 2%) = 6(xy + yz + zx)
sﬁx(y+z)+6,—i-(y +2)%

Viy 5x* —6x(y +z)+(y +2)* <0, hay -Jf—;-—z-SxSy+z.

Suyra x+y+z<2(y+2).

Khi d6 psm_%w”f
ﬁm—%(yu)’ﬂ\/mw;—(yﬂ)z-

Pit [y +z=t,khid6 20 va Pszr-f;-. (1)

Xét ham sb f(t)=2:’-%:‘ véi 120.

Taco f(t)=2-26 f(1)=0<>1=1.
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Suy ra bang bién thién

! 0 1 +00
AG + 0 -
/6 / \
Dya vao bang bién thiéntacé f (1)< f(1)= -2—~ voi moi £20. (2)

Ta(l)va(2)taco P< < 3 , ddu dang thirc xay ra khi

x=y+z x=1
y=z < 1
y+z=1 y—z——z-

Vay gia tri lém nhét cta P 1a %, dat dugce khi x=1, y:z:%.

Vi du 43. Cho cac sb thuc a, b, ¢ thudc doan [0; 4] théa man abc =1. Tim gia
tri 16n nhét cua biéu thirc
P= 1 + 1 + 1 .
\/1+a2 J]+b2 Ji+e
1 1
J1+a ‘J1+62 Jl_+c'

Nhén xét f(a, b, ¢) dat gia tri lon nhit khi ¢ =max{a b, c}.

Thit vy, néu ¢ <max{a b, ¢} thi ta ¢ thé gia st a = max{a b, c} .

Loi giai. Dat f(a, b, ¢) =

Khi d6 a 21, ta chimg minh

1 1 1
f(a, b, c)=—F—== <
V1+d? x/l+b2 J|+c

1 1 1
< + + = f(c, b, a).
J+c2 1+p? l+a

Diéu nay twong dwong vdi
1 1 1

1
— _— > — =
Jl+a J1+a2 NI Jch

(1)
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Néu ¢ <1 thi ¥7(1)> 0> VP(1), do dé (1) dung.

Néu ¢>1thi 1<c<a<4. Xétham g(x)= trén [1; 4].

1 1
Vi+x 1+
Taco g'(x)= it x

7+ 30
W+x 1+

g(x)>06e——> —J----—3 o4x(1+x)’ >1+x7)’. (2

1+ xz 214+ x
Vi xe(l; 4) tacd VT(2) > 1+ x) = (x +x°) > 1+ x*)’ =VP(2).
Suy ra g'(x)>0 v&i moi xe(l; 4). Hay g(x) ddng bién trén [l; 4]. Suy ra
g(a) = g(c). Co nghia la (1) ding. '
Viy ta chi ciin tim gid tri 16n nhét cia P trong truomg hop ¢ = max{a b, c}.
Khi d6 ¢21 va ab <1. Ta chirng minh

1 1 2

+ e . (3)
Jivad® J1+p? Vl+ab
That viy, 4p dung bat ding thirc Cosi ta cé
¥+ ! < 2( 12+ 12‘-).
\f]+a2 \/].g.bz l+a 1+b
Mait khéc,
2
Lo o2 @ h0ab) g gungkhiab<l,
l+a” 1+b° l+ab (A+a" X1+b°)X]1+ab)
Suy ra (3) dung.

Déau ding thirc xay ra khi va chi khi a =5 hodc ab=1.
Ap dung (3) va sir dung gia thiét abc =1, taco
pe 2 1 2 1 2Vesl
T Jltab Al+c J+1 J+e Jl+ce

1
c

2Je +1
J1i+e

2—\/;
'r . ! = \ :0 — o= :4_
ac /) 2(]+C)\/;.Jl+c’ fle)=0<2 Je=0sc

Xétham f(c)=

trén [1; + o).
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Suy ra bang bién thién

1 4 400

C
f'(c) + 0 -

v5
f(c) / \

Tir bang bién thién ta suy ra P<+5, déu ding thic xdy ra khi c=4,
a=b,abec=1.

Vay gia tri 16n nhit ctia P12 /5, dat dugc khi a=b=—, c =4,

1
23
Vi dy 44. Cho céc 50 thuq khéng am a, b, ¢ thdéa mén didu kién a+b+c=3.
Tim gia tri 1én nhat cta biéu thic

P = (a2 —ab +b* )(b2 —be +c? )(02 +~ca +a2)-

Léi gigi. Khong mét tinh tdng quét ta c6 thé gia st 0<a<b<c<3.
Khi d6

{a(a—b)SD {azab+bz<i’:’2
suy ra

Dods P <b’c?(b?~be+c?)=bc? ((b+c)2 —3bc)).
Te 0<a<hb<c<3 vaa+b+c=3
Suyra b+c<a+b+c=3 va Osbcg[%ﬁT S%.
Do d6
P <bic’ ((b +e) - 3bc)) < b (9-3bc) =—3(be)’ + 9(be).
Pit ¢ = be, khi db Oérs% va P<-3 + 9%,
Xét ham s6

f(t)=-3t +9¢* trén {0; ﬂ

Tacod f'(t)=—9 +181; f'(1)=0< [‘
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Suy ra bang bién thién

{
S@)

0 2
0 + 0
12
1@ / L
Dua vﬁobéngbiénthiéntasuy ra P<12, déudéngtln’xc xay rakhi a=0, b=1,
¢=2. Viy gi tri 16n nhit cua P 13 12, dat duoc khi (a; b; ¢)=(0; 1; 2) va céc
hoan vi.
Vi du 45. Cho céc s6 thuc a, b, c>1 thoaman a+b+c=6.
Tim gié tri 16ém nhét cua biéu thirc
Pz(a2+2)(b2 +2)(c2 +2).

L¢i gidi. Khong mat tinh tdng quat, ta c6 thé gia sir a> b2 c.
Khi d6 tir gia thiéttacod 6=a+b+c2c+c+c, viviy ¢<2 va a+b24.

2 2
True hét ta s& chimg minh (a* +2)(b” +2)s{[“ ;bj +2J . (1)

4
Thatviy (1) a’h? +2a° +2b* < ("”—I’éi +(a+b)

< 16(a—-b)* <(a+b)* -16a°b*

< 16(a—b) < (a2 -5 ]2 +4ab(a-b)*

& 16(a—b)* S(a-b)z((a+b)2 +4ab).
Bit déng thirc cudi cing dung vi (a +b) 216.

Dt x = ”;b, khi d6 ta c6 P<(x’ +2)2(62+2)=(x2+2)2((6—2x)2 +2).

Viczlva2x+c=0 nén xs%. Suy ra xe[Z; %}

Xétham sd £(x)=(x*+2)"((6-2x)? +2) véi x e[z; %}
Tacod f(x)=4x°—25x" +54x* —96x> +168x* —96x +152;

292



[ =12(x" +2)(x-2)(x’ ~3x+1); £1(x) <0 véi moi xe(z; g}
Do d6 f(x) nghich bién trén [2; %}

Suyra f(x)< f(2)=216 vdi moi xe[Z; %}

Viy gid tri 16n nhit ctia P 12216, datkhi a=b=c =2,
Vi du 46. Cho cac sé thye a, b, c. Chitng minh rfing

3
6(a+b+c)(a” + b +c)< 2?abc+}0\/(a2 +b* +c?) .
(Hoc sinh gici Quéc gia, 2002)
Loi gidi. Néu a® +b” +¢* =0, thi a=h=c=0, bit ding thirc diing.
V6i @’ +b° + ¢ >0. Khong mét tinh tdng quét, ta c6 thé gia sir a|<|p|<|c| va
a® +b” + ¢ =9. Khi dé ¢’ >3 va bit diing thirc tré thanh
2(a+b+c)—-abc <10. *)
Taco
(2(a+b+c)-abc) =(2a+b)+c(2-ab))’ < ((a+5) +c?)(4+2 - ab)’)
=(9+ 2ab)(8 —dab + (ab)2)= 2(ab)’ + (ab)? - 20ab + 72,

a+b> 9-¢

Dt ¢ =ab, t ¢ 23 va l] = |ab < 5 taco |f]<3.
Xétham s6 f(f) =26 +1* = 20¢ + 72 véi |t] <3.

t=-2
Tach f(t)=6t"+2t-20; ' (H=0| 5

=3
Suy ra bang bién thién
5
x | =3 -2 3 3
(%) + 0 - 0 +

sl s \ PN
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Dua vao bang bién thién ta c6 f(£) <100 v&i moi 1 €[ —3; 3]. Suy ra bat ding
thire (*) dugc chirng minh. Dau déng thirc xay ra khi va chi khi

a]<[p[<c]
a*+b* +c* =9
a+b ¢
|2 "2-ab
ab=-2
2(a+b+c]—abc20

<Sa=-1 va b=c=2.

Suy ra bat ding thuc duge ching minh. Déu ding thirc xay ra khi va chi khi
(a; b; ¢) la hoan vi ctia by (—; 2t; 2t), trong do ¢ 1a sb thue khong am.

3.3 Panh gia xét ham mjt bién
Vidy 1. Cho 0<x, y, z<1 thoa man x+y+z:—§—. Tim gia tr1 16n nhét cia
biéu thie P =x? + y* + 27,

. . . 1
Loi gigi. Khong mat tinh tong quat, gid st 0<x<y<z<]. Khi d6 ESZSI

va

2
P=x’ +y2+22£(x+y)2+zz=[%—z) +2° =22 ~3z+%.

Xétham sb f(z) =2z -3z + 3- trén B 1}. Ta c6 bang bién thién

YN

Dya vao bang bién thién ta suy ra P(Z’ diu ding thirc xay ra khi

3
4

2w [BI]—
jun | —

oo | \O

,z=1, Viy gia tri lon nhét cia P 1a %, dat dugc khi

, z=1 ho#c cac hoan vi.




Vi du 2. Cho céc sb thuc a, b, ¢ théa min 1<a, b, c<4 va a+b+2c=8.
Tim gia tri 16m nhat cua bicu thirc
P=a’+b+5¢.
Loi giai. Ta co
P=a’ +b° +5¢° =(a+b)’ -3abla+b)+5¢ = (8- 2¢)’ —3ab(8 - 2c) +5¢°
=-3¢* +96¢* —384c¢ + 512 -3ab(8 - 2¢).
Via, b2l nén (a-1)b-1)20>ab—(a+b)+120. Suyra

abza+b-1=8-2¢c—-1=T7-2¢c>0.
Suy ra

P=-3c> +96c* —384c+ 512 -3ab(8 - 2¢)
<-3¢” +96¢% —384c+512-3(7 - 2¢)(8 - 2¢) =3¢’ +84¢? —294¢ + 344,
Tir gia thiét ta cd 1 <¢ <3.

Xét ham sé f(c)=-3¢ +84c* —294¢ +344 véi 1<c<3.

28-7410
=

Tacod f(c)=-9c> +168c+512; f'(c)=0<c¢

Vi F)=13L f(w]

gid tri 1én nhit ciia P 14 137, datkhi a=1, b=1, c=3.

< f(3)=137 nén r[n!_aJ}I;f(c):fG):lB?. Suy ra

Vi du 3. Cho céc s6 thyc x,y,z thoa mén diéu kién x* + y? +z° =3. Tim gid
tri nho nhét cua biéu thic

P=(x+2)y+2)z+2).
Loi gigi. Tir gia thiét x*+y*+z°=3 suy ra —/3<x<+y3. Do d6
x+2>0, y+2>0, z+2>0, nén P dat gia trj nhé nhét khi x, y, z déu am.
Xét x, y, z am. Khong mat tinh téng quat, gia st z<y<x<0. Khi dé
-1<x<0 va

P=(x+2)(y+ 2)(z+2)=%(x+2)((y+z+2)2 +x2+1)2%(x+ 2)(x% +1).

Xétham sé f(x) =%(x +2)(x* +1) véi x €[0; 1].

x=-1
Taco f'(x)=%x2+2x+%;f'(x)=0<:> 1

3
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Suy ra bang bién thién
x | -1 3 0
J(x)

@ N /
27

Duavaobéngbiénttﬁéntac()frii_m'mf(x)=f[—%)=£ Suy ra P> : déu

27 2
ding thirc xay ra khi x=—%,y=—%,z=—§. V-ﬁygizitri nho nhét coa P 1a
2 dat khi (x; y; z) béng LI hoic cac hoan vi
27’ ) 377373 '

Nhin xét. Ching ta c6 mot cach phat bidu khic cho bai toan nay
Cho céc s6 thue dwong x, y, z thoa min x? + ¥ + z2 = 3. Chimg minh ring
| | 25
(2 —x)(2—y)(2—z) 2—

Vidu 4. Cho q, b, cIﬂdﬁdalbacanhcuamﬁttamgléccéchuwbing:i Tim
gia tri nhé nhat cta biéu thirc

P =3(a’ +b*> +c?) +4abe.

Loi gidi. Khong mét tinh téng quat ta c6 thé gia sit O<a<bh<ec. Wi
at+b+c=3 nén a+b=3—-¢ va c21. Mt khic, a+b>c nén 3-c>c, do

do c<%. Nhur vy, ISccz%.

Taco P=3(a® +b%)+ 3¢? + dabe = 3(a + b)Y —6ab+3¢* + dabe
© =33-¢)+3¢*-2(3-2c)ab.

£

Vic<—;— nén 3-2¢>0. Ap dung bit ding thirc Cosi ta c6 abs[";’b) suy |
raabﬁ(s "] Tir d6 ta c6
2
2
P23(3—3)2+3c2;2(3—2a)[3;2”] o322,
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Xét ham s6 f(c)=¢’ 302427 yen L; 3.
2 2 2

Tacd f'(¢)=3¢" —3c; f’(c):[}«::s[ 1
c=1.

Suy ra bang bién thién

¢ 1 2
7)o +

/E
f(e) 13 2

Dua vao bing bién thién ta suy ra P>13, déu ding thic xay ra khi
a=b=c=1. Viy gi4 tri nho nhét ctia P 12 13, datkhi a=b=c=1.

Nhin xét. Chung ta c6 cach giai khac bing sir dung cac bit ding thirc

Truéc héttacd (a+b-c)Yb+c—a)c+a— b]<abc ™)

d4u ding thirc xay ra khi va chikhi a=b=c.
Thay gia thiét a+b+c=3, tacod

(*) > (3-2)3~-2b)3 - 2a) < abc

c>90bczl2(ab+bc+ca)-27<‘;>4abczl—:-(ab+bc+ca)—12.
Suy ra P=3(a® +b% + %) + 4abe > a? + b2 +cz)+%(ab+bc+ca)—l2

=3(a+b+c) —%(ab+bc+ca)-12.

(@a+b+e)

Mit khéc, ab+ be+ca < =3. Do d6

P23(a+b+c)2—%(ab+bc+ca)—12213.

Déu déing thirc xay ra khi va chi khi @ =b =¢ =1. VAy gi4 tri nho nhét caa P 13
13, datkhi a=b=c=1.

Vi dy 5. Cho céc s6 thue duong x, y, z thoa mén diéu kién x+y+z=4 va
xy+ yz +zx =5. Tim gi4 tri nho nhét cua biéu thire
P=(x3 +y3+z3).[~1—+—1—+lj.

X y z
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e e | YHZ=d4-x
Loi giai. Tir gia thiét ta cd

vz =5-x(4-x).
Suyra(4-—x)224(S—x(4—x))<:>3x2—8x+4£0<:>-§-£x£2.
Mitkhée x* + y* + 28 =(x+ y+ 2)Xx* + Y2 + 2% —xy— yz — zx) + 3xy2

:4((x+y+z)2 -3(xy+yz+zx)]+3xyz

=4 +3xyz.
Suy ra P:(4+3xyz).xy+yz+zx: 20 +15:32—02+15.
xyz xyz X" =4x° +5x

Xétham f(x)=x’ —4x> + Sx trén [%, 2] tacod

f'(x>=3r2~8x+5,f'(x)=0m=hx=§ va

5 5

F)= F(2)=2, f@]—m f[“]—so

277 7\3) 27
Suy ra 0< f(x)<2 véi moi er; 2}. Do d6 P >?25. Déu ding thirc xdy ra

khi x=2, y=z =1 hoéc cac hoan vi.
Vay gia trl nho nhét cia P 1a 25, dat dugc khi x =2, y =z =1 hod#c cac hodn vi.
Vi dy 6. Cho cac s6 thyc duong x, y, z thdéa man (x + y +z)° = 32xyz. Tim gid
tri nhé nhét va gia tri 1én nhét cia biéu thirc
pe Ayt z: |

(x+y+2z)

(Hoc sinh gici Quéc gia, 2004)
Lo giai. V&i cac biéu thirc cia bai toan ta chi can xét cac bd (x, y, z) théa man x,

: : . ac . 1 4, 4, 4
,z> 0 va x+y+z=4.Khi do =2vaP=——|x"+y +2z).
Y y xXyz 256( y )
Y 2, .2, 2\ 2.2, 2.2, 2.2
Tacdx" +y +z :(x +y +z) —2(xy +y'z +zx)
5 2
=((x+y+z)‘—2(xy+yz+zx)) —2((xy+_yz+zx)2-2xy2(x+yz+z))

=(16-21)° - 2(* -2.2.4) = 2(:2 - 32t +144),

v&i t=xy + yz + zx.
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y+z=4-x
e s IX+y+z=4
Tl gia thiet suy ra 2
xyz =2 yz=-—.
x

Suy ra (4—x)224.gt>x3—8x2+16—828
X

x23+\/§ (ktm)

o (x-2)(x*-6x+4)20
( ) J:B\/E'Cxifl.

Taco t=thL;szdhwr:x(y-+-.7:)+)»=z=4(4~x)+£’1-=--3c2 +4x+g.
x x

Xét ham sb f(x)=-x* +4x+— tren[ f 2]
X

55 -1

Ta duoe min f(x) = (2) =5, max f(x)= £(3-V5) ==

545 -1
|

Suyrafe {5;

545 -1

Xét ham s g(t) = 2(r2 ~32+ 144) trén [5; } ta suy ra

1 {5@4}_;3}_-165\5.

256 g 2 256

1
minP =—ming(t)=
756 g(1)

1 1 9
P:—— fy——— =
e 256 max g(f) 256 803)= 128

Vi du 7. Cho cdc sb thuc a, b, ¢ khéng ddng thoi bing 0 va thoéa man diéu kién
a* +b* +c* = 2(ab + bc + ca). Tim gia tri nho nhit va gia tri 1én nhét coa bidu
thirc
3 a+b+c
(a+b+c)a*+b* +c%)

(Hoc sinh gioi Tinh Nghé An, 2010)

Léi gidi. Tir gia thiét a® + b +¢* =2(ab + bc + ca) ta suy ra
(@+b+cy =2(a*+b* +c*)£0.
4a 4b 4c

bat x= , V= y Z = i
a+b+c a+b+c a+b+c
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+y+z=4 +z=4-x
Khi d6 ta cé {x yre @{y

Xy+yz+zx=4 yz=x"-4x+4
suy ra (4—x)* 24(.1‘2—4x+4)<:>05xs§,
2(a3+b3+c3) !

va P= ==
(a+b+c) 32

(3x3—12x2 +12x+16) véi xe[ﬁ; %]
s S 1 3 2 . 8
Xét ham s6 f(x)zﬁ(?;x ~12x" +12x +16) trén 0; | ta duge

minp:minf(x)sz):%;mathaxf(x):f@:f{%] :;

Vi du 8. Cho céc sb thyc x, y, z théa mén cac didu kién x+y+z=0 va
x>+ y? + z% =1. Tim gia tri 16n nhét cua bidu thirc
P=x’+y’+2°.
(Tuyén sinh Pai hoc Khéi B, 2012)
Loi gigi. Vi x+y+z=0va x> +y°+2° =1 tacd
O=(x+y+zy =x’+y*+22 +2x(y +2)+2yz =1-2x* + 2z,
nén yz:xz—l.
2
izt =% 2

1 1-
Mit khac yz £ 4 = .Suyra x* ——< !
2 2 ' 2

Khi 46 P=x +(_1.)2 +:»:2)(y3 +z3)—y222{y+2)

(=]

=x +(]—x2)((y2+z )(y+z) yz(y+z)) [x ~%J X

+(1_x2){_x(1_x2)+x(f _%D{xz_%fx:g(zxs_x).
% &

Xétham f(x)=2x" —x trén !:———3— T] Taco

f(x)=6x"—1; f'(x)zO@x:iAg va

AR A58
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J6
9

—-. Suy ra PS%. Khi x=

5J6

xay ra. Vay gié tri 1on nhét cia P Ia SV

Do d6 f(x)<

NG G
3

S y=z=— thi dau bing

Nhin xét. 1. Ta cd cach gidi khic nhu sau
Khong mat tinh tong quat, gia str x < y < z. Khi d6 x €0 £ z. Xét hai trudng hop
TH1: y20. Khiddtr x+ y+z=0suyra x=—(y+2z) va
P=—(y+z) +y +2 <0.
TH2: y<0. Pdt a=-x,b=-y, khidd a>0,b>0 vaz=a+b>0. Tacod |
P=—-(a5+b5)+z5.
Ap dung bat ding thic Cosi, ta c6

a’ 11 1 1 a
5+—5‘+_'?+_5+_525.'__4‘ ;
(a+b)y 20 20 27 2 2'(a+b)
: 11
b 5+‘—1§+—5+—5+L525.—*4—b'—'—.
(a+b)y 2° 20 22 2 2'(a+b)
Suyra
5 5
a -+ b 5+—8?25. ; A— : b —<:>a5+bf'2i(a+b)5.
(a+b)y (a+b) 2 2'(a+b) 2'(a+b) 16
1 1Y) 1572
S P<s——(a+by+2°=2"|1-— : 1
wyra Ps-qolarby+z z[ 16] 16 )
Mit khéc, tacéd 1=x*+y* +z (x+2y) 3 . Suy ra 0<z<\j‘ (2)
5
T (1) va (2) ta suy ra P‘<1—§ (g) =—S~J—g—, dau ding thic xay ra khi
16 Y\ 3 36
2, 6
3 YT e

- 4 ¥ . 5 6 » A . - £
Viy gié tri 16n nhat cta P la %, dat dugc khi trong ba s x, y, z ¢6 mdt s

bing -{9 va hai s6 bing — %.
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2. Tong quét hon ta ¢6 két qué sau
Cho céc s thuc x, y, zthéamin x+y+z=0 va x>+ y* + 2> =1. Khi d6 gi
tri 16m nhét cia bidu thirc

P= x2n+1 + y2n+1 2n+l V(ffl ne N

2Y 2 6

la (5} (1 2}2" }J’ dat duoc khi trong ba s6 x, y, z ¢6 mot sé bing % vi
hai sb bing —ﬁ.
Ban doc kiém tra xem nén st dung céch giai nao!
Vi du 9. Cho cic sé thuc a, b, ¢ thoa min cic diéu kién a+b+c=0 vi
@ +b*+c?=1. Tim gi4 tri 16n nhét cua biéu thie P =a’b’c’.

(Hoc sinh gioi At Len, 2009)
(b+c)? —(b2 +c2) a’ —(l —az)

Loigiai. Tacd b+c=-a va be= = =g’ —l.
2 2 2

Vi (b+c¢)* > 4bc nén o’ >4a”> 2. Suyra a* < i Tir do ta co

2
P=a*b*c? =a?| & —lj :aﬁ—a4+la2.
2 4

Xéthamso f(x)=x" —x +1x voi 0<x<2
4 3
Tacod f'(x)=3x" —2x+ 3 f(x) = O@x—%hoﬁc x:é.
Suy ra bang bién thién
1 2
x |1 2 3
/(%) 0

/() /

Dua vio bang bién thién ta co Fa; F(x) e
0: = |
1]

1 . .
Suy ra P£5—4, dau dang thire xay ra khi az\E, b=c=——.
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Vay gia tri lon nhét cua P 1a L, dat duge khi a =\/§, b:c:—i.

54 3 J6
Vi du 10. Cho cic s thue khéng am x, y, z thoéa man didu kién

\!1+x2+\f1+2y+\/1+2z:5.
Tim gia trj 16n nhét cia biéu thitc P =2x" + y* + 2°.
Li gidi. Vi hai sb khong 8m a, b ta cd
Ji+a+V1+b>1+/1+a+b. (N

Thatvay, ) = 2+a+b+2J(0+a)l+b) =2 +a+b+2Jl+a+b

< Vl+a+b+ab>Vl+a+b, ludn dang.
Déu diing thirc xay ra khi a =0 hodc b =0,

Apdung (1)tacs S=vi+x? + 142y + 142z 21+ 1+ x> + 2y +/1+ 22

>2 4+ J1+x% + 2y +2z.

2
Suy ra x* + 2y +2z<8, hay y+z£4—%~. (2)

233
Khidé P<2x’ +(y+z) <2x’ 4.-[4--9"2} : (3)

Chu ¥ ring, tir (2) vax, y, z khong am tacd 0 <x < 242.

3
2
Xét ham s f(x):2x3+(4—%J trén [0; 2\/:5]. Taco

2
£'(x)=6x —3{4—5;} =%x(x—2)(x(12—x2)+2(16—xz)).

x=2,
Tir £(0)=64, £(2)=24, £(2v2)=32V2 suyra

Vi xe[(}; 2\6} ta co f'(x)zﬂc:{

f(x) <64, vdi moi xe[(}; 2\5] 4)

Tir (3) va (4) ta ¢6 P <64, diu dang thirc xay ra khi x=y=0, z=4 hoac
x=z=0,y=4.
Vay gia tri 16n nhédt cia P 1a 64, dat dugc khi x=y=0,z=4 hoic
x=z=0, y=4.
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Vi dy 11. Cho céc s thyc khong m x,y,z thoa man x* + y* +z° <3y. Tim
gid tri nho nhét cta biéu thirc
1 4 8

P=——— 4ot ;.
(x+1) (y+2)° (z+3)

Léi gidi. Trude hét, bang bién doi trong duong ta chimg minh duge

1 1

: 22~l(x2—1)+l i — s2——(22 =)+

(x+1) 8 4 (z+3) 8 2

Tirdé taco

4
(y+2)°

pr-te 3, 4 2—lzz+§=
8 8 (y+2) 8 8

2‘(y:-l:z)i’ +1_%(3y_y2),
Tir gia thiét x* + y> + 2% <3y suyra y* <3y. Dodé 0<y<3.
(ij)z +1—%(3y-y2) trén [0; 3].
(v—=2)2y° +14)* + 34y + 44)
(y+2)
~ Lap bang bién thién ta co ?(;”;} f(»)= f(2)=1. Suy ra gia tri nh6 nhét cua P la

+1~%(x2+zz)

Xétham f(y) =

S ()=0y=2.

Taco f'(y)=

1,datkhi x=1, y=2z=1.

Nhin xét. Ta c6 thé giai bai toan ndy bing phuong phip dénh gid bing bit
dang thirc nhu sau

Taco 2x+4y+2z<(x* + D)+ (P + )+ (22 +1) =x"+y* + 22 +6<3y+6.

Suy ra x+-§ + z < 3. Dau ding thirc xay ra khi x:'-yz-:z=l.

Chu v réng, vdi hai sé duong a.b dp dung bat dang thirc Cosi ta ¢6
1 1 8

+ == "y
at b (a+b)

déu ding thirc xdy ra khi vachikhi a=»5.

(1)

Ap dung (1) ta dugc
P= 112+ l 5+ 8322 8 2+( 83)2
s + +
(x+1) (EH) (+3) (x+l+—;-+lJ ‘
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64 64.4 S 64.4

> = > =1,
2 3 P
2 2
(x+y+2+z+3) (2x+y+2z+10)° (6+10)

DA4u ding thirc xay ra khi x = Ly=2z=1.
Vdy gia tri nh6 nhét ciia P bing 1, datkhi x=1,p=2,2=1.
Vi dy 12. Cho c4c sé thuc khong 4m x, y,z thda man y + z =J:(y2 +zz). Tim
gia tri nho nhét cta bidu thic
| 1 1 4
P=— 5+ 5+ 5+ .
(I+x)" (1+y)y (+2) (+x)X1+p)(1+2)

Lai gidi. T gia thiét suy ra x(y +2)* < 2x(y2 +zz)= 2(y + 2).

Do d6 y+z£g.
X

1 (. 2 (+x)
Tirdétaco (l+y)(1+z)s—(2+y+z)2s—(2+_) = T

4 4 x X
Ap dung bét ding thirc Cési ta cb .

p>— 1, 2 4

(1+x) (I+y)1+2) * 1+ x)1+ y)(1+2)
>Effz+l+ 4x° _=2x3+6x2+x+1
T (1+x) (+x)? (1+x)
2x° +6x° +x +1

(1+x)*
;f'(x):O«::»x:é.

Xét ham sé f(x)= trén [0; + ).

2(5x 1)
(1+x)*

Suy ra bang bién thién

Tacé f(x)=

Ln—
+
8

x 10
S () - 0 -

() \ /
o1

108

. 91
Dua vao bang bién thién ta ¢6 mi N=——.
ya vao bang bi ién ta mljg)f() 108
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Suy ra Pzﬂ, déu ding thirc khi le, y=z=5.
108 5
Y T . 91 . 1
Vdy gid tri nho nhat cioa P la T{E’ dat khi ng,yzzZS.
Vi du 13. Cho céc sb thyuc x, y, z thoa man x* + y* + 2% =3. Tim gi4 trj Ién
nhét ciia bidu thire
P=3x2+ Ty +:/5y+5z +\7z +3x%.

(Hoc sinh gioi Tinh Vinh Phuc, 2013)
Li gidgi. Ap dung bt ding thuc (a+b+c)’ <3(d” +b” + c?). tacé

P <3(6x’ +12(y+z))518(x2 +2,f2(y2+22))=18(x2 +21/2(3—x2)).
Xeétham sé f(x) = x> +2,/2(3~x?) trén tap xéc dinh | —/3; V3|

4x x=0

—_—; f(x)=0
J2(3-2%) 7 QL*‘-

Suy ra bang bién thién

x |3 4 0 ] NE
f'(x) + 0 - 0 + 0 -

f(x)3/ \2J€/ \3

Dya vao bang bién thién ta cé : max_ f(x)=5. Suy ra P> <18.5=90. Do d6
—af3: 43|

Tacod f'(x)=2x-

P <310, déu ding thic xay ra khi va chikhi x=y=z=1,

“Vay pid tri 16n nhit ciia P 13 34/10, datkhi x=y=z=1.

Vi’du 14. Cho cac so thuc a, b, ¢ véi 0<c<b<a<1. Tim gid tri Ion nhat cia

biéu thire
P=a*(b-c)+b*(c—-b)+c*(1-c).

Léigidi. Do b>c va a* <1 néntacdé P<b-c+b*(c-b)+c’(1—c) hay

Ps(b—c)(l—bz)+cz(l—c).
Ap dyung bit ding thirc Cési ta c6
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V3 +1 V3

3-1
5 (1 —b).T(l+b)

3
(b-c)+ ‘/5;11(1 ~B)+ B-1 (1+b)

<2 3 2 — 25('\/5“(-')3-

(b—c)(l-b‘*):z.(b—c).

2 3, .
Suy ra Psiﬁ(\ﬁ—c) +c*(1—-c).
. 3
Xét ham so f(c)z%(\@—c) +c’(1-e) véi ce|0;1].

Taco f'(e:')z—g(\@—c)2 +2¢-3¢? =—§cz +[4—~JE+2]CHE;
9 9 9 3

va f'(c)<0 véi moi ce[0; 1].

243

Suy ra f(c) nghich bién trén [0;1]. Do d6 f(c) < £(0) = aras

Suy ra gid tri 16m nhit cia P 1a ?%?_’ datkhi (a; b; ¢)= {1; L; OJ.

V3

Vidu 15. Cho céc s6 duong a, b, c théamin a+ b +c=3. Chimg minh ring

L1 15 2,2
—~+t-—5+—=2a" +b" +c".

aZ bz CZ
(Hoc sinh gioi Rumani, 2006)
Loi gidi. Bét dang thic cin chimg minh tuong duong véi
a’b’ + bt + a2 (a2 +b 4+ )azbzcz.

Hon nita, véi a, b, ¢ >0 ta cd a’b* +b%c* +c*a* > abc(a+b+c).

Ta s€ chimg minh abc(a+b+c¢)2 (a2 +b? +¢? )azbzcz. Hay

(az +b? +cz)abcs3.

Xét hiéu
2 2
H:(a2+(b+2€) Ja ® J;c) —(az+bz+cz)abc
2 4 300 2 PRY
=a3[—(+c) —bc)+a((b+c) —bc(b2+c2)J=a(b ) ,ab-o) ,,,
4 8 4 8
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Suy ra (az +(b+c) J (b+c)

5 2 (a +b* +c* )abc.

2 2
Ta s& chimg minh [az S G ;C) Ja G ZC) <3, hay

(a2+(3_a)2Ja(3_a)2 <3.
2 4

That vy, bt dang thirc tvong duong véi %.:15—?:514+9a3—E 24 81 a<3.
Xétham sb f(a)= %as -3a* +9a° —2—;a2 +%a vii ae(0; 3). Tacd

15 4 5, 81 15 9 27

(a@)=—a"~12a° +27a* -27a+—= Wa-3) —a—-—a+
fa) 2 a a g (a-1)( )[ a-3 8]
fa)=0&=a=
Suy ra bang bién thién
a |0 1 3
S (a) + 0 -

f(a) /3 \

Dua vao bang bién thién ta suy ra bat dang thirc dugc chimg minh.
Déu déng thire xay ra khi va chi khi a=b=c=1.

Nhin xét. Bai toan rat dep nay dugc tac gia Vasile Cirtoaje d& nghi trong ky
thi qubc gia cia Rumani nam 2006. Pén nay da co kha nhiéu 101 giai cho bai
toan nay, sau diy ta gidi thiéu ba cich giai khéc dé ban doc tham khao.

Cach 2. Dt x=ab+bc+ca. Khidd 0<x<3 vag :Z%. Tacd
2 2
VT:[1-+1+1] —2[i+»1—+ij=--2x?—-6— va VP =9-2x.
a b c ab bc ca a'h’c® abc
Bét ding thitc tvong duong véi i--—i>9—2x
& g & 2p2c?  abe

& x2 —6abe > (9-2x)a’h’c’ & x? > 6abe +(9-2x)a’b’c’.
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2 4 2 2
Ta s& ching minh x7 6.5+ (9-2x) - & * (x ‘21(2’” 3) >0, ding. Suy

ra diéu phai ching minh.
Cdch 3. Ap dung bét ding thitc x* + y* + z° > xy + yz + zx ta c6
1 1 1 ] 1 1 3

—2+—2+—2"2'—+'-—+“—"=—'—.

a* b° ¢ ab bc ca abc
Ta s€ chimg minh % >a’ +b” +¢’. Bt ding thirc tuong duong véi

abc
abc(a2+b2+cz)£3. (*)

Lai dp dung x + y* +z° > xp + yz + zx ta c6 (ab+be +ca)’ 23abe(a+b+c).

(ab +bc + ca)’

Suy ra abc < . Tk désuyra
(ab +be +ca)’ (a” +b* + ¢’ 2y
abc(az+b2+cz)£ 9( )Sé (a+E;+c) =3.

Hay (*) diing, suy ra diéu phai chimg minh. D4u ding thirc xay ra khi va chi
khi a=b=c=1.
Cdch 4. Theo gia thiét a, b, c>0 nén a*+b*+c* <(a+b+c)*=9. T d6

I, . L .. 1 .1 1 1
néu ¢6 mot trong ba s6, gid sit a<— thi — +—+— >9> a* +b* + ¢, hay
3 a’> b ¢

bat dang thirc dung.

1 .
Xét truong hop a, b,czg. Khi do, vi a+b+¢c=3 nén a, b,cs—g. Suy ra

a, b, ce l,z . Taco
33
11 1 5 2 5 1 5 1 5 1
—t+5+52a +b°+c" > —=—-a +—5-b"+—5-¢c"20.
PERLT I 2 )2 2

1 17 o . .
Xét ham f(x)= —.‘!—Jnc2 voi XE[E;E}‘ Phuong trinh tiép tuyén cua do thi
- x
ham y= f(x) tai x=11a y=-4x+4.

(=1 (2-(x-1)")

Taco f(x)—(—4x+4)= >0 véi moi xe{il;z].

33

Do dd f(x)=—-4x+4 vdi moi xe[é;%}
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Tuadotacd f(a)+ f(b)+ f(c)=0 véi a, b, ¢ EBQ hay bét diing thirc diing,

Déu ding thirc xay ra khi va chikhi a=b=c=1.

Vi dy 16. Cho céc s6 khong am a, b, ¢ théa man a+b+c=1. Tim gia tri 1om
nhét va gia tri nhé nhét cua bidu thirc

P=a(b—-c)’ +b(c-a)’ +c(a-b)’.
Léi gidi. Ta c6
P= a(b3 —c3)+b((:3 ~as)+c(a3 —bj)—Sabc((b—c)wL(c —a)+(a—b))
= ab(s_'?2 K a2)+ bc(c2 - bz) + ca(a —-c ) (b-c)c—a)a-—b).
PBat f(a,b,c)y=(a-b)b—c)c—a). Khi d6 f(-a,—b,—c)=-f(a,b,c)
Piéu dé c6 nghia mién gia tri cia f(a, b, ¢) 1a tip ddi xtmg qua 0. Do d6
chiing ta chi cAn tim gi trj lén nhét cua
|P|=|(a—b)b-c)c—a).
Khong mét tinh tdng quét, gia sit a>h>c>0. Khi d6 vi a+b+c=1 nén

bs% vaa<l-b. Tacd
\P|=(a—b)b~-c)a—c)<ab(a—b)<(1-b)b(1-2b)=2b" —3b> +b.
Xét ham sb f(b)=2b> —3b% +b véi be[ﬂ; ﬂ

3-43

Tacod f(b)=6b"—6b+1; f'(b)=0 b=T.

Vif(()):(),f(l) f{?’ f}—ﬁncnfnajf(b) f(

18
J3

T d6 ta cb gid tri l6n nhit cia biéu thic P 1A 13 dat dugc khi

S 3443 3-43
a= b=

6 6
_ 3+ NE) b 3- \/5
6 6 ,

Nhdn xet. Dé tim gia trj 1on nhat cua P= f(a, b, ¢)=(a—b)b—c)c—a) ta
c6 thé giai nhur sau
Khong mét tinh tdng quét, gia str a = max{a, b, c}.

3-43)_V3
6 18"

,c=0; gia tri nho nhéit coa P la —-‘l%, dat duoc khi
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Khi 6 néu b>c thi P<0.
Xétazczb. Pit x=a+b, khidéb c=1-x va
P=(a-b)c—=b)a-c)<(a+b)c(a+b—c)=x(1-x)(2x~-1).

Xét ham sé g(x) = x(1 - x)(2x —1) véi ; <x<l.

Tacod g'(x)=—6x" +6x—-1; g'(x)=0¢>x = 3+6\/§'
Vi g()=g 1 =0, g 3—1{ ﬁ nén suy ra gi tri lén nhit coa P 1a l@
2 6 18 18
Do mién gi4 trj cia f(a, b, c) 1a tip ddi ximg qua 0 ta suy ra gié tri nhd nhét
cia P la —-ﬁ.
18
Vi dy 17. Cho céc sb thuc a, b, ¢, d thoa man @ +b*>=1va c—d =3. Chimng
s 62
minh rang ac +bd —c¢d < 9+4I.

(Hoc sinh gioi Tinh Nghé An, 2007)
Ldi gidi. Ta c6: VT < J(a-’- +8°)( +d?) -~ cd =\2d? +6d +9 ~d® - 3d.
Xét ham sé f(d)=2d?* +6d +9 — d* - 3d.

2
1—J2[a’+ ;] +z
Tacod f(d)=(2d +3)—F= .

J2d? +6d +9
2
1-.12 d+3] +9
. 2) 2 i 3 . 3
Vi — <0 nén f(d)=0d=-= va f(d)>0d<-=.
N2d? +6d +9 2 2
94642

Suyra f(d)< f[—gjz - . Bét ding thirc dugc chimg minh. DAu ding

tht’rcxéyrakhivéchikhia_—l—- — c=§-,d:——.

, NN X
Vi du 18. Cho cac s0 thyc duong a, b, ¢ théa méan 21ab + 2bc +8ca <12.

1 2 3
Tim gia tri nho nhat cia biéu thie P=—+=+=.

a b c
(Chon @gi tuyén Viét Nam thi IMO, 2001)
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1
Loi giai. Dat x=—,
a
Khi d6 x, y, z 1a cac 56 duong thoa man 2xyz >2x+4y+7z va P=x+y+z.
Taco 2xyz=>2x+4p+ 7z 2z(2xy—-T7)22x+4y.

2.3
e

4
Suy ra 2xy >7 va zzzx—ﬂ. Suy ra P=x+y+22x+y+2;'5Jr y'
2xy -7 2xy—-17
Ap dung bét ding thic Csi ta cb

4
_z;cﬂ%_u{zw—?}f“? 11 7

Zx+—+2,/1+—-
2xy—17 2x 2x 2xy—17 2x x

Xét ham sb f(x)=x+£+2 /1+l2 véi x> 0.
2x x

Taco f'((x)=1- LI 14 ; [(x)=0=x=3.

2x* 2 \/x2 +7
Suy ra bang bién thién

X 0 3 +

J(x) - 0 +

I /
15

15
Dya vao bang bién thién ta c6 P> 5 diu ding thirc xay ra khi va chi khi

X = 3y—%z Zhaya—; 1_’;':i .

,C=—.
5 2
15 1 4 3
Viy gid tri nho nhit cia P 1a 5 dat dugc khi a = 3’ b —g =-2-.
Vi du 19. Cho cac sb thye duong x,y,z thoa mén xyz +x +z = y. Tim gia trj
16n nhét ctia biéu thirc

2 2 4z 3z

p= - + :
xt+1 ¥+l \/zz+1 (zz+1)\/z?‘+1
Loi gidi, Tir gia thiéttacé x==2 =
1+ yz
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20+yz)> 2 A4z s 3z
(¥ +1)(+1) V1 J2ar (244
:2z(2y+(y2+1)z)_ 4z 3z

(J’z‘H)(ZZ"'l] 22 +1 +(22+l)\fzz+l-

Do :?Z(Zywi(yz + l)ﬂ - 2.2\!(2,1/+(y2 4 I):z]2

(FP+1)(2+1)  (pP+1)(2+1)
22,(4y* + 62 +1))(1+ 2) 2

(y2+1)(22+1) *m

Suyra P=

- 2z 4z 3z z’

nén P< - + 1- 3 .
V22 +1 V2 +1 2 +1 z7+1

Dit { = ——

\-‘22+1

Xétham sé f(t)=-31" +1 trén (0;1).

. khido re(0;1) va P<-3" +1.

Ta c6 fY(t)=-9 +1; f‘(:):0<:>r:-;- va f'(t) d6i ddu tir 4m sang dwong

. 1 1 2
khi di qua nghiém 7 =—. Suyra max f(t)= f| — |=—.
qua nghi 3+ SW (U‘_])f() f(J 9
Do d6 PS%, dAu ding thire xay ra khi x:if—,ym/izz?.
A e et I . 2 . 2 2
Viy gia tri 16n nhat cua P la 5’ dat duoc khi x=§, y=ﬁ,z=§.

Vidy 29. Cho céc‘ s6 thuc khong am a, b, c thoa man a+ b+c=1 vakhéng cb
hai s0 dong thoi bang 0. Tim gia tri nho nhat coa bicu thirc
1 1

=— + +(c+1)a+b+3).
(a+bYb+c) (c+aXa+b)
Loi giai.
ac6 P= . 1tC _ l+c 14—
Tacé P_(a+b)(b+c)(c+a)+(c+1)(4 6)2(1_0) (te) +({c+1)(4-¢)
C 4
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+4-c" +3c

1-¢?

Xét ham s f(c):l 5 +4-c? +3¢ voi ce[{}; 1].
—-cC

Taco f'(c)z%)z~20+3>0 vOi moi ce(O; 1).
l-c¢

Do d6 ham f(c) dong bién trén [0;1]. Suy ra Pzrlgiﬁ f(e)= f(0)=8, déu

déng thirc xay ra khi va chi khi ¢ =0, a:z;.:%.

Viy gié tri nhé nhét clia P 12 8, dat dugc khi ¢c=0, a=b = %

Vi dy 21. Cho céc sb thye duong a, b, ¢ thoa man a® + 5% + (a+b)e +4¢% =4,
Tim gid tri Ién nhét cia biéu thirc

_a(b+c) . b(a+¢)® 1

T a+e b+c _;

Loigiai. Dit a+c=x,b+c=y, khidé a® +b* +(a+b)c+4c* =4

P

<::>(:r—c)2+(y—(:)2+(x+_1':—2c)c+‘f1r:2 =4

o x+y —c(x+y)=4-4c° (1)
Mit khéc
Yix-e) Fy-c) 1 5 5, [(x* ) 1
P= + ——=xteyt el |2 (2)
X ¥y ¢ ¥ X c
- . - x2 yz
Ap dung bat ding thirc Cdsi, ta c& — +=— > x+ y nénsuy ra
y X
2 2
—-c(x—+y—J5—-c. (3)
y X

Tir (1), (2)yva(3)tacod P:ix2+y2—-c(x+_y)_l:_432_l+4_
4 c

Xét ham s6 f(c):—4czfl+4 voi ¢ > 0.
c

Tacd

f'(C)=—SC+L2; fe)=0& c=l.
c 2
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Suy ra bang bién thién

1
c 0 2 + a0
S(c) + 0

1

£(©) / \

Dua vio bang bién thién suy ra P < [g}ax}f(c) = f[%} =1, du ding thirc xay

ra khi c:%,a=b=1.

Viy gia tri lon nhét cua P 1a 1, dat dugc khi ¢ =~%, a=b=1.
Vi du 22. Cho céc 56 thue khéng 4m a, b, ¢ théa min diéu kién a<b<c va
a® +2b% +4¢? =12. Tim gié tri 16n nhét ctia biéu thic
P =ab® +4bc? + ca® —abe - b* + 3b.
(Hoc sinh gioi Tinh Quang Ninh, 2013 - 2014)
Loigiai. Vi0<a<b<cnéntacod (b-a)b-¢c)<0

&b’ +ac—be—ab<0

< ab +a’c-abc—-a’h<0

< ab® +4bc* + ca® — abc < a’b + 4bc?

&> ab® +4be* + ca® — abe Sb(a2 +4cz).
Két hop vdi gia thiét a® +2b° +4c* =12 taco

P<b(a®+4c? )b +3b=b(12-2b)~b" +3b=-2b> - b* +15b.

Miit khéc, vi a<b<c va a®>+2b> +4c” =12 nén 12> 6b>. Suyra b<+/2.
Xétham sé f(b) =—2b° —b? +15b véi 0<b < 2.
Taco f'(b)=—-6b>—2b+15; f(b)>0 v&i moi be[O; \E}
Do d6 ham f (k) ddng bién trén [ 0; V2 |.
Suy ra P < max f(b) - £(¥2)=1142 -2, dhu ding thire xdy ra Khi va chi khi

b=-\E,c=\E,a=O.

Vdy gid tri 1om nhét ctia P13 1 1@—2, dat dugc khi a =0, b=c=+2.
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3.4 Xét ham lan lugt tirng bién
Vi du 1. Cho céc sb thye a, b, ¢ €[l; 2]. Chimg minh ring

a’ +b° + ¢ <5abe.
Lai gidi. Gia sir 1< c <b<a<2. Khi d6 bat ding thirc trong duong vdi

a® —Sbea+ b’ + ¢ <0.

Xétham s6 f(a)=a’ —Sbca+b® +¢ trén [1; 2].
Taco f'(a)=3a" - 5bc; f"(a)=6a>0 véimoi aell; 2]
Suyra f(a)<max{f(l), /(2)}= max{l ~5bc+ b +¢°, 8—10bc + b +c3}.
Xét g(b)= f(1)=b° ~5ch+c* +1 véi be[l; 2],
Taco g'(b)=3b" - 5c; g"(b)=5b>0 véimoi be[l; 2]
Suy ra g(b) <max {g(1), g(2)} = max{c’ ~5c +2, ¢* ~10c +9}.
Taco c° -5c+2=(c—2)((:2 +2c—l)$0 vOi moi ce[l; 2];
va ¢ —10c+9:(c—1)(c2+c—9)$0 v&i moi ce[l; 2].
Do dé g(b)<0 véi moi be[l; 2].
Hoan toan tuong tu ta ciing c6 A(b) = f(2)=b*> —10ch + ¢’ +8 <0 véi moi
bell; 2].
Turdotasuyra f(a) <0 véimei ael; 2]. Bit ding thirc dugc chimg minh.
Déu déng thire xay ra khi va chi khi (a; b; ¢)=(2; 1; 1) va cac hoén vi.

Nhgn xét. Chung ta 6 cach giai bang danh gi4 bt ddng thirc nhu sau
Gidsir I<e<bhb<a<2. Khidétaco

a3+2£Sa¢:>(a~2](a2+2a—1]£0; (1)
5a+b-‘ssab+1@(5—1)(b2+b+1—5a)s0; (2)
Sab+c3£5abc+1<:>(c—])(c2+c+l—5ab)50. (3)

Céc bt déing thirc trén ding vi a, b, c €[1; 2]' va
b’+b+1<a’+a+1<2a+a+1<5a,

¢’ +c+l1<a’ +a+1<5a<5ab.
Cong cac bat dang thie (1), (2) va (3) ta ¢ didu phai chimg minh. Dau ddng
thic xayrakhi a=2,b=c=1.
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Vi dy 2. Cho céc s6 thuc a,b,c €[1;2]. Chimg minh réng
Z(a3 +b +c3)s(a+b+c)(ab+bc+ca).
Loi gidi. Gia sir 1 < ¢ <b<q <2, Khi d6 bat ding thirc twong duong voi
2a’ —(b+c)a® - (b* +c* +3bc)a+2(b’ +¢) - be(b+c) <0,

Xét ham s& f(a)=2a" —(b+c)a’ —(b* +c* +3bc)a+2(h’ +c’ )~ be(b+c)
voi aell; 2]. Tacé

fa)=6a*-2a(b+c)-(b+c) -bc;

f'(a)=12a-2(b+c)212a-2(a+a)=8a>0, Vae([l;2].
Do d6 f(a) <max{f(1); 1(0)}.
Taco g(b)=f(1)=2b"—(1+c)* -(c’ +3c+1)b+2c3 —ct—c+2;

g"(h)=2(6b~(1+c))22(6b-(1+b))=2(56-1)>0, Vb e[1;2].
Do d6 g(b) <max{g(1);g(0)}.
|ay=2¢"-2¢* -5c+2=(c-2)(2¢* +2¢-1)<0, Vee[1;2]
et g(2)=2c" -3¢ —11¢+12:(c-1)(2c2 —c—lZ)SO, Vee[l;2).
Vi vay f(l)':gj(b)s(). Hoan toan tuong tu ta c6 f(2)<0. T d6 suy ra
f(a)<0. Dau dang thirc xay ra <> (a; b; ¢)=(2; I; 1) va cac hoan vi cua no.
Nhdn xét. Néu ta 31": dung bat dang thirc Jensen thi l(‘:ri‘gifii s& ngén gon hon.
Vi du 3. Cho céc s0 thye x 2 y 2 z 2 0. Chimg minh rang

X z Vv )y z

X
e -t S L T
z y x y z X

Lai gidi. Xét ham sb f(x)=f+-5+i—[f+i+-z-). Ta c6
z y x \y z Xx

11 z 1 1 e
f'(x):[———}—(%~—2J=(y—z)(———2} f(x)20 vdimoi x> .
z y x° x vz ox
Suy ra f(x) ddng bién. Do d6 f(x)> f(¥)=0. Suy ra diéu phai chimg minh.
Déu ding thirc xay ra khi va chi khi cd it nhét hai s& bing nhau.
Vi du 4. Cho céc sb thue x, y, z €[l; 3]. Chimg minh ring
£.+X+E+X+i+_z_g§_
vy z x x z y 3
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Loi gidgi. Khong mét tinh tng quat, gia sir x> y > z.

Xét ham sé f(x)={l+1jx+y”+l+3 v6i xe[y; 3] Taco
_}/’ Z

x z y

(y+2)(x* - yz) . , _—
f(x)=- 5 s f(x)>0 véimoi x>y2z Do dd f(x) dong bién
x“yz

trén [y,3] Suyra f(x)< f(3)= (l+—l-} 3+—y+§+r}—}.
y z y 3

. 3
Xét ham s6 g(z)=[§+1] 220300 i zei )

y z y
(yv+3)lz"-3y
Tacéd g'(z)——n_j(i-)-, g'(z) <0 vdi moi ze[l y] Do d6 g(z) nghich
Vz
bién trén [1; y]. Suy ra g(z)Sg(l)zL?(y_-Q+?sz—;.
y

2
Tudotacd ~+2+ 242 X +z<—__—;9 diéu phai chimg minh.

Yy z x x z y

Déu ding thirc xdy ra khi va chi khi x=3,z=1, y=1 hodic y=3 va céc
hoéan vi.

Nhin xét. 1. Ta c6 cach giai khic nhu sau

Khéng mét tinh téng quat, gia st x > y=z. Khido

(X—y)()’—z)ZOQxy+yzZy2+xz@£+12£+__
zZ z y
ly+}’22y2+xz<:>1+£2£+£.
X x y
Dodo X424 2 +2<X +z+2
y z y x z Xx
Suyfﬂ£+X+—z-+z+£+fs2(£+£)+2. (1)
Yy z x X z X z x |

bat ;:f, tacd 1<£<3 nén (t—l)(r—3)£0<:>r2-4r+3£0<:>t+%£4.

Z
Suyra X+ Z<rilca-2<q 210 @)
z x t t 3 3

Tir (1) va (2) ta suy ra diéu phai chimg minh.
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1
2. Bét ding thic da cho tuong duong voi (x +y+z)[ +—+1]s%.
X y z

Ta ¢6 bét ding thirc tdng quét
Cho cac sb thye x, x,, ..., x, €[a; b] (a, b= 0). Chimg minh ring
(x +x+..+x,) LI 1 P n(a b ,
X, X, X, dab

trong d6 k, =n” néu n chiin va n* ~1 néun I¢.
Vi du 5. Cho cac sb thuc a, b, ¢ e[1; 3]. Chimg minh ring

s[£+£+£]22+£+é+lz. |

b ¢ a) ¢ b a
Lo gidi. Bt ding thirc tuong duong véi: 5| 2+ 24 |-[241¢4 8 510,
b ¢ a ¢c b a

Xét ham sé f(a)= 5(“ b+5]—[5+5+é} Ta c6
b ¢ a ¢c b a

(5¢ —b)(a2 = br:)
a’be

b . [b

Suy ra f(a)zf(\/ );10‘/3—g 5;—2,Ic
Dit =/~ khidare[i-\f] vi f(a)2 10— + 5 -2,
' b’ W3’ £t

1 J— .

—=3+/3|. Tacoh

55
2(6£ -1)(5-1)

g'(t)= ( 13‘) ;g'(t)=0<::>r=1;g'(t)>0<:>te(1; \@)

Suy ra g()=g(1)=12. Tir d6 ta ¢c6 f(a)=12, diéu phai chimg minh. Déu

ding thirc xay ra khi va chi khi a:\ff;, b=chay a=b=c.

Vi duy 6. Cho cac s6 thue x, v, z thudc doan [1; 4] théa médn x> y, x> z. Tim
gid tri nho nhét cua biéu thie

fla)= . f(a)=0oa=+bc vi 5¢>b do b, cell: 3].

Xét ham sé g(r) =10¢ — > +%—% v&i re|:
1)

p=—" 4 Y 4 Z
2x+3y y+z z+x

(Tuyén sinh Pai hoc Khéi A, 2011)
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Léi gidi, Xét ham 6 f(z)= ——+—2—+—>__ Tacb
2x+3y y+z z+x
2
— X (x_y) zZ —Xxy
Gl 0)

(:.f+y)Z * (z+x}2 - (z+y)2(z+x)2 '

Néu x=y thi P:%

Xét x>y Khidé f(z)=0<z=xy va f'(z) dbi ddu tir am sang duong

2|y

x
khi di qua nghiém. Suyra P= f(2)= |« = + ]
q ghié Y f(2) f( xy) 2x+3y \/;’-F-\/:‘
2
Pat 1= %, khido re(l;2] va P2t 4 2.
y 2t°+3 t+1

2
Xet ham sé g(f)=—— + = trén (I; 2],
2t°+3 t+1

~(4z3(: ~1+3(20 -1+ 3))

Tacd g'(t)= : 2'(1) <0 voimot £ e(1; 2).

2
(2:9-+3) (t+1)
. i . 34 . ..
Suy ra g(r) nghich bién trén (I; 2]. Do do g(r)Zg(2)=§. Tir do suy ra
34 i . . s :
Pzﬁ_. dau dang thitc xay rakhi x=4, y=1,z=2.
R SR . 34 X
Vay gia trj nho nhét cua P la 55, dat dugc khi x=4, y=1,z=2.

- 1 .y s A o s #
Vidu 7. Cho cac sé thue x, v, z E[i; 1}. Tim gid tri 16n nhét cua biéu thuc

P:{l+i+l](x+y+z)z.

x y z
Léi gidgi. Khong mét tinh tdng quét, gid st x>y > z.

Xét ham sb f(x)z(—l—+l+lJ(x+y+z)2.Tacé
x y z

2x? -
f’(x)—(x+y+z)[xyz+( - 5 yz}(y+z) s f(x)>0 vi 2x° > yz.

x“yz
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Suy ra ham f(x) ddng bién. Do d6 f(x)s_f(l)ﬁ[]+l+l](l+y+z)z.
y z

Xét ham sb g(y)=(1+l+lJ(l+y+z)2. Ta cod
¥y Zz
(+y+2)(@y" +y-Dz+ @2y - 2%))
= .
Do dé g(y)gg(1):[2+1](2+z)2.
Z

| ; " . 1
g'») ; 2'(y¥)>0 véi moi ye{-i;l}.

Xét ham s6 ;z(z)=[2+-l—](2+z)? Ta ¢ h‘(z):(zu)l[z—lz} h'(z)>0
F4 Z Z

1 . s
voi moi z e(z 1]. Suy ra A(z) <h(1)=27. Do d6 P <27, dau dang thirc xay

rakhivachikhi x=y=z=1.

Nhiin xét. 1. Bang cach tuong tu ta cling tim duge gia tri nhd nhét cta P 1a
2—?, dat khi x=y=z=l.
2 2

2. Chung ta ciing ¢ thé tim gi4 tri 16n nhit cua P nhu sau
Ap dung bat ding thirc Cdsi, ta cd

3

1 1 1 2 L1 1 1

P=|—4+—+—|(x+y+2) €| —+—+—+2(x+y+2) | .
X y z 27\x y =z

Xétham sb f(1)=2¢ +% trén E 1}.
Taco f'(r)-“Z——l—-' f'(r)—0c>t——1—
. tl 2 .ﬁ-
1 1
Suy ra bang bién thién 12 V2 1
f'(f) - 0 +

@ \%/

Dura vao bang bién thién ta cd f(¢) <3. Tir do suy ra P <3, déu ding thirc xay
ra khi va chi khi x=y=z=1.
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Vi du 8. Cho céc sb thue 0<a<b <c<l. Tim gi trj 16n nhét cta biéu thic
P= (az - bz)(b o)+ (1-¢).

Lovi gidi. Xét ham sé £(a) =(a2 ~b2)(b—c)+c}‘(l—c) véi ae[0; b]. Tacod

fl@)=2(b-c)a; f'(a)<0 véimoi ae|0; b]. Suyra

fl@)< f(0)==b*(b-c)+c*(1-c).
Xét ham s& g(b) =—b>(b—c)+c*(1-c) véi be[0; c].

bh=0
Tacd g'(b)=-3b" +2bc; g'(b)=0¢& , 2
=5
2¢ 23 3
Suyra g(b)< =-Z2 4 et
yra g(b) g[J 7

Xét ham so h(c) = —-;g-c?’ +¢? vaice [U; 1].

c=0

Tacod h'(c)= +1293- e?+2¢ h'(c)=0< 18
c=—.
23
Suy ra h(c)<h| - 18 -108 Tir d6 ta suy ra P<@ dau déng thirc xay ra
23) 529 529
khi va chi khi a=0, b~~1~2—, lﬁ
23 23
12 18
Vay gid trj 16n nhét cia P 1a 108 , datdugckhi a=0,b=—,c=—.
529° 23 23
Vi dy 9. Cho céc s6 thye duong a<h<c. Chfmg minh ring
2a N 2b N (c_ - _a_.),
b+c c+a a+b a(c+a)

Lai gidi. Bt déng thirc trong duong voi

Pit x= = 3. Khi d6 bét diing thirc trd thanh

C
CI d
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2 N 2y N (x—l)
x+y l+x l+y x+1
2 2y 2x  x*4x+4

= + + — <0
x+y l+x l+y x+1

<:>-x2+x+4—[2(x+1)+2x(x+1)+2y)20.

x4y 1+ y

2(x+1)+2x(x+1)

x+y I+y

2(y-1 2

Ta céd f'(x):2x+1~2(2x+1)— ( g:(_})—]) x4l 2 = s
y+1 (x+y) y+l (x+y)

F(x)>0 véimoi x>y>1. Suyra f(x) dong bién. Do dé

@) )=y —3y+3—£.

Xét ham s6 f'(x)=x2+x+4—[ +2y] voi x>y =1,

2

Tacd f(y)=2y-3+— I =D (22y+i) >0 véi moi y>1. Suy ra f(y)
y Y

dong bién. Do 46 f(y)> £(1)=0.

Tir d6 ta c6 bit ding thirc duge chimg minh. DAu ding thirc xay ra khi va chi

khi x=y=1 hay a=b=c.

Vi dy 10. Cho céc sé thyc khong 4m a, b, ¢ thdoa man a+ b +¢ =3. Tim gié trj

nho nhat ctia biéu thire P=a+b* +¢’.

Phin tich va Ioi gidi. Trong bai todn ndy, cac bién a, b, ¢ bi rang bude véi

nhau béi dng thirc a+b+c=3. Vi viy ching ta khong dugc xét ham mét

bién, xem céc bién con lai la tham sd. Dé lam mét su rang budc cua céc bién,

ching ta sé khir mot bién béng phép thé, khi d6 hai bién con lai khong bi rang

budc vai nhau.

Tacé a=3-b-c, khidd P=3-b-c+b* +c’.
Xétham sé f(B)=3—-b—-c+b’ +¢°, voi be[0; 3].

Tacd f(b)=2b—-1; f'(b)zﬂ‘::}b:%;f'(b)b{)‘:}b>%.

Suyra f(b)= j[%]— e —c +17‘1.

Xét ham s g(c)=¢’ —¢ +141 vai ¢ €[0; 3).
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Taco g'(c)=3¢ ~1; g'(c)=0m=%; g'(c)>0me[3%; 3].

Suy ra g(c)zg[ L J 11_ 2 Tidétacs p)ﬂ_i diu déng thirc

J3) 4 383 4 33’

xay ra khi va chi khi azg—i b:l C:L.

V32 3

Vaygiétrinhénhélcﬁaf’laﬂ—i,datkhia=§~—1—,b=l,c=i.
4 33 2 372 B
Vidy ll.Chocécséﬁlucducnga,b.cﬂldamﬁn a+b +c <8. Chimg minh ring
1 8 SJ_

JE+\F foiza

Loi giai. T gia thicttacd ¢c=8—a—b. Suyra
8

1 3
VT2 =+—=+—F——.
Ja b J24-a-3b

. 1 3 8 .
Xét ham so e V(3 O0<a<8. Tacod
1@ Ja b 24-a-3b
f@=——t— :
2a( 2(24—a-3bW24—a—3b

f(a)=0<>(V24-a- 3] (2() c>a—24 3 < (0:3)

va f(a) do6i ddu tir am sang dwong khi di qua nghu;m.

24—35); Vs 03 . 85 55 3
5 J24-3b b J96-12b J24-3b b’

Suy ra f(a)zf[

ENCIEE
D243 b

355 3
2J@a-36) 2
duong khi di qua nghiém.

8 83

Suyra g(b)2g(3)=—==——.

yra gb)=g N
Tir do ta ¢6 bét ding thirc duge chimg minh.
Déau déng thirc xay ra khi vachikhi a=b=3, c=2.

Xét ham s6 g(b) = vai be(0;8). Tacd

g'(h)= :g'(B)=0¢>b=3 va g'(b) dbi diu tir 4m sang
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Nhgn xét. Ching ta ¢6 céch giai bing dénh gia bét déng thirc nhu sau
Ap dung bét ding thirc Svacxo, ta co
1 3 8 19 16 (1+3+4)
VT=—f=+—1+ =—+ + > .
Ja b J3c+2a Ja 3Jb 2J3c+2a JE+3J5+243c+2a
2
Mit khac (£+3J5+243c+2a) =(JE+J§.J§+2.J3c+2a)Z

S(I+3+4)a+3b+3c+2a)<8.24

8’ =sJ§

Tir d6 suy ra V7> == Déu ding thirc xa rakhi?ﬁchikhi
y =" ding y

a=b=3,¢c=2.

Vi dy 12, Cho céc s6 thye duong a, b, ¢ théa méin abc+a +c=b. Tim gi4 tri
1én nhét ctia biéu thic

2 2 .3
@+l b+l A4l o
(Hoc sinh gisi Quéc gia, 2002)

Lai gigi. T gia thiét ta c6 b(1—ac)=a+c¢>0. Suy ra a<—1— va b=1a+c‘
4 -=dac
Khi d6
2 2(1 - ac)? 3 2 2(a+c) 3
= 2 T R R 2 2t
a +1 (a+c) +(1—-ac)” e +1 a +1 (a +1)(q +1] ¢ +1
Z(az +2ac+2¢* +l)2 3
= 5 5 +———2.
(@ +1)(?+1) P+l
2
2(a® +2ac+26*+1) 3 _ i
Xétham s§ f(a)= - - +——-2 véi 0<a<—. Taco
(a +1)(c +1) e +1 c

~de(a® +2ac-1) —- .

( 5 '];f'(a)=0<=>a=\fc‘+l—c; va ji(a) dbi diu tir
(a2+l) (1+cz)
duong sang 4m khi di qua nghiém. Suy ra

f(a)sf(m—c)=

S (a)=

2¢ 3
+ 3 .
\/c2+1 ¢ +1

voi ¢>0. Taco

Xét ham sé g(c)szzc ey
e+
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2(1—.8_&)
(cz+1)2(3c+M)

duong sang 4m khi di qua nghi¢m. Suy ra g(c) < g[%f]

;‘_!;"(C)=0*=::>‘::=L va gl(c) dbi dau tr

g'(c)= 3

10

Tir &6 ta suy ra Pf—-- diu déng thirc xdy rakhi @ =——, b=+/2, c——.
3 g y \[E \/E
Nhdn xét. Chung ta co cach giai bing phuong phép lugng gidc hoa

- , a ¢ AL . -
[acoabc+a+c:b<:>ac+g+3=1.Tudotacothedat

A 1 C . R .y

—, —=tar1£,c=tan—, vdi 4, B, C la ba goc mgt tam giac.

2 b 2 2

Khi do P=20032i:——2sin2-§+3c032%:cosA+cosB+3[l—sin2—§]

)

=Zsin£cos[ — )—3511‘1294-3S2Sin£—-3sinZ£+3
2 2 2 2
10 [ C 1]2 10
=—=3|sm—-—-| =—.
2 3 3
[A:B

o 1 1
Déu déng thirc xay ra khi v (e a=—= b=v2,0=——.
& Y pn&:g N W2

Sau diy chung ta trinh bay thém mdt cach gidi sir dung bt déng thirc

b=a 4. knidé
1+ab

_2 2 3(1+ab) 2’ -a’) . 3(1+ ab)’

Tir gid thiét ta ¢6 ¢ =

“l+a? 1+ (+abY +(h-a) (+aXi+b)) (1+a’)1+b%)
) 200 -a%)  3(a-b) L3 (b-a)5a-b)
(1+a*)1+b%) (1+a*)1+h%) (1+a* }(1+b)
Sir dung bat dang thirc Cosi, ta ¢6
(b-a)5a—b) _(3b—3a)Sa-b)  (3b-3a+5a- b)’
(1+a>)1+b%) 3(+a )(1+b2) 12(1+a )(1+»!:2
__ (a+b)  _(a+b)
" 3(l+a ]{1+b2) 3(a+b)* 3‘
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Suyra P< %C—', d4u ding thirc xay ra khi va chi khi

3b—-3a=5a-b

] V2
S a=— b=+2, =22,
a_l 2 4

1 b
Vay gid tri 1on nhét cia P 1a —.

3.5 Xét ham doc 14p céc bién
Biéy gid ta xét loai biéu thirc d6i xtng, doc 1ap gitra cic bién. Cu thé ta xét bai
toan '
Cho a, a,, ..., a, € D théa min g(a,)+g(a,)+...+ g(a,) =k (k 1 hing sd).
Tim gi4 tri 16n nhat (gi4 tri nhoé nhét) cia biéu thirc
P=fla)+ fla)+..+ f(a,).
Dinh huéng tim céch giai: Ta théy biéu thirc P ddi xtimg v6i céc bién nén nhiéu
kha ning P dat gia tri lon nhat (gia tri nho nhat) khig, =a, =...=a, = a.
Ta can biéu dién /' qua g. Cy thé néu tim gié trj 16n nhét cva P thi ta s& danh
gia f(t)<r.g(t)+s; néu tim gid tri nhé nhat cua P thi ta s€ danh gia
f(@)=r.g(t)+s véi didu kién ddu ding thic xay rakhi  =a.
Xét trudmg hop tim gié tri nho nhét: Ta can tim #, s sao cho
f(t)>r.g(t)+s va dau dang thic xay rakhi t =a.
Xét ham sé h(t) = f(t)—r.g(?).
Tham sé » duge xac dinh sao cho h(f)dat cyuc tiéu tai f=a. Diéu do tuong
duong véi h'(a)=0. Suyra r = M.
g'(a)
Chuing ta xét mét vi du kha quen thude
Vi du 1. Cho cic s6 thuc duong a, b, ¢ théa man a* +b* +¢* = 1. Chimg minh ring
a_, b c 33

-+- = .
1-a®> 1-b> 1-¢2 2

t ; .
Loi giai. Trong vi du nay, f(¢)= Pr g(t)=t*. Du doan ddu déng thirc xay
—t

1

1 iér:f'[TLsﬁ
RO

rakhi £ = ddng thoi khi d6 s =0.
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Co nghia l4 chung ta s& ching minh

t ?nf (

. z—t v&i moi £ € (0; 1), hay

Dén day chung ta ¢6 nhiéu cach dé chimg minh.
Cdch 1. Sit dung ham s:

Xét ham s u(r) = #(1—1%) trén (0; 1). Ta co

9 .
<—= v&di moi f € (0; 1).
?) 33 are®y

1 1
O==3+Lu'()=0=r=—"<vau'()>0te| 0 —— |.
ui) “) NE] © [ ﬁ)

2

d - 23‘6:2.
)
Tir d6 ta suy ra di¢u phai chimg minh. Dau dﬁng thirc xay ra khi va chi khi

a=b= c——l—.

V3
Céch 2. Sir dung bat ding thirc Cosi:
Ap dung bat dang thirc Cosi ta ¢6

(1-r)] =2 1-2) (-7) (2] = 2

Suy ra r(l -t2)s ﬁ_g Tuongtunhulrén ta cling c6 diéu phai chimg minh.

Suyrau(r)<u(j_J 3\2/_ voi moi x(0;1). Do d6

Viduz.Chocacsémuckhangma,b ¢ théa man a® +b +c* =1. Chimg
minh ring

a b ¢
+ -
1+bc l+4+ca 1+ab
a _ 2a
1+ bc B+’ 3-a*
I+ 5

2a
2a2.

>1.

Loi giii. Ta cé

Ta s& chu:ng minh

#*

P *)
Thét vy, (*) <> a(a—1)*(a+2) >0, ludn ding.

~ b 2 c 2

T ta o 2 b 2¢“. Do do6

Hone kA g C0 4 T ¢

a b c

+ +
l+bc l+ca l+ab

>a’ +b% +c? =1.
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Déu déing thirc xay ra khi va chi khi trong ba sb a, b, ¢ ¢6 hai s6 bing 0 va sb
con lai bang 1.

Vi du 3. Cho cac sb thye duong x, v, z théa man didu kién x* + y* +27 =3,
Tim gié tri nho nhét coa biéu thirc

' x y z

= + + .
(y+z)y (z+x) (x+y)
Lai gidi. Sir dung bét ding thirc (a+b)” <2(a” +5%) tacod

1 X ¥y z I x ¥y z
Pz-— + + =— + + S
Z[yz+z2 zl'2+_\72 x2+y2] 2[3—::2 3-y? 3-—22) -

1 X2 7 22
=— e —+ — I
2L x(3-x") y(B-y) z(3-z9)
Vi x, y, z duong va x* + y* +z% =3 nén x e (0; JZ‘:)
Xétham sé f(x)=x(3—x?) trén (0; v/3). Taco

F(x)==3x2+3 f'(x)=0=x=1va f'(xX)>0=xe(0;1).

x° X’

o

x3-x7) 2

T co o 3 z 2 Tir 6

vong tu ta ¢ —_— >V 22—, Tu suy ra
ong W 1a cing €0 Ty ® 2 U - 2 Y

Suyra f(x)< f(1)=2 v&i moi x&(0;V3). Do do

P2 ; %_Z Déudﬁngthucxayrakhi vachikhi x=y=z=1.

Viy gié tri nho nhét cta P 1a ,datkhlx =y= z—l

2

X iC—tar;ti‘pthemr:dl,xng

Nhin xét. 1. DBé chimg minh bt déng thirc
x(3-x%) 2

bat ddng thire Csi nhur sau:
Ta ¢b (x(3—x2]|):l =x2.(3-x°)3 ~x2)=%.2x2.(3—x2)(3 ~x?)

| 2 3
S%_[zx%s-x +3-x2) .

Suyra x(3-x 2y<2. Do do
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2. Ta co bai toan tuong tir sau
Cho céc sb thyc x, y, z thoa man 8* +8” +8” =3. Ching minh rang
4* 4’ 47 3
+ —_—,
3-4 3-4 3-4 2
Pita=2"b=2"c=2"=abc>0 vaia +b+c’ =3
Bt ding thirc cin chimng minh tré thanh

a* N % N c? >E
3—-a® 3-b* 3-¢* 2
a b’ ¢’ 3

=

+ + >—.
a(3-a’) 5(34;2) 6(3—(:2) 2
Vidu 4. Cho q, b, ¢ 1a ba s& duong thoa man a” + b* + ¢* =1. Chimg minh ring
1 1 1 _3J349
- + > :
l-a 1-b 1-c 2
Loi gidi. Via, b, ¢ duong va a* +b* +¢* =1 nén a, b, c €(0; 1).

Xét ham sb h(r)zll _9+§"@r2 v&i £ (0: 1),
Ta c6 hi(t) = — 2—9+6‘/§;
(1-1) 2
H=0e 1)2 :9+§*/§: 33 632 +343 -4 +243 =0
-1
63 —3—-+/36+/3 27 1
ot= =t hodc t=—==t, (¢, <t,).
6+/3 V3
Suy ra bang bién thién
l 0 f I 1
h(t) £ 0 - 0+
) ]/ \ /
3
4

Dua vao bang bién thién ta co h(t) 2% véi moi t€(0;1).
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L, 9+6V3, 3 o moi ¢ & (0; 1).
1+~ 4 4

Thay ¢ 1an Iugt bdi a, b, ¢ rdi cOng theo vé cac bit déng thirc cling chidu ta dugc
1 1 1 6f 349,
+ +
l-a 1-b 1-
hay Lyttt W3 +9, didu phai chimg minh. DAu déng thirc xay
l-a 1-b l-¢ 2
1

rakhivachikhi a=b=c=—.

NE

Vi du 5. Cho a, b, ¢ 14 cic s6 duong théa min abc =1. Chimg minh ring
a b c 3f
Jiva Jivb ire 2
Léi gidi. Ap dung bét ding thirc Cositacod a+b+c2 3fabe =3.
t 1O L W2
F e 0T

Tire la

a’+b*+c? ]+9

Trong vi du nay, g(t)=t, f(t)=

Xét ham s6 h(t):J%_%r Taco
() ——2+1 3—3‘5;h‘(z)=0@4(r+2)=3ﬁ(\/1+r)3
(\/1+1‘) 4

> 8t+2)° =9(1+1) & (1-1)(9r" +368° + 631> +62r +32)=0 > 1=1.
Suy ra bang bién thién

{ 0 1 +00
RO - o ;
ht \ /
(1) 7
4
Dua vao bang bién thién ta c6 A(r) >ir—£ v&i moi £ € (0; +o0).
2
Tir d6 suy ra g 2 ? 3I(a+b+ c)- 3v\/—5=i.
Jl+a J+b Jl+c 4 2

Bé:aéngm&cmrqcchmgnunh,daudangthucxaymkmvachikhi a=b=c=1.
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Nhdn xét. Trong truong hop g(f)=1 thi y=rg@+s=ri+s la tiép tuyén
ciia d6 thi ham s§ y = f(f) tai diém ¢ = a. Nhur vdy, phuong phap tiép tuyén la
mdt trudng hop riéng cua bai toan ban déu.
Vi dy 6. Cho céc s6 thue duong a, b, ¢ thoamén a® + 5% +¢® = 1. Chimg minh ring
& -2 +a b -20°+b -2 +c 23
+ <=2
b + ¢ ?+a a*+b’ 3
Loi gidi. Do a, b, ¢ >0 va a> +b* +c* =1 nén a, b, ce(0;1).

a'-2a'+a _ a(az “1)2

Tacé =-a’+a.
b +¢? 1-a? :
b =26 +b -2 +¢
Tuongtl,r-—-az-—2=—b3+b; —ﬁ=-—c3+c.
¢ +a . a +b

Do dé bit diing thire tré thanh (-a’+a)+(—b3+b) (—.-: +c)s?_‘.{__

Xéthamsé f(x)=—x"+x véi xe(0;1). Tacod f(x)=-3x"+1; £'(x)=

1) 243
Suy ra I(T;fll’ff(x)=f(7§*J=T-

an

2J'J'

Déu dang thirc xay ra khi va chi khi a=b=c=—l—

5

Vi du 7. Cho céc sé thyc duong x, y, z thoa man didu kién x + y+2 =3

Chimg minh ring: 4-H/;+ 4+J;+ 4+4z > 5.

4-x 4-y 4-z

nguir. Xétharn 6 f(x )—4+J_ trén (0; 3). Ta c6 f‘(l)=g nén suy ra

phuong trinh tiép tuyen clia dé. th] hém Sftai x=11a
13 17
=—(x-1 + h =—X+—.
y= (x ) TR AT
Bing bién dbi tucmg duong hoac sit dung dao ham ta chimg minh dugc

44+—{>Ex+;_8 v&i moi x € (0; 3).

Tu d6 ta suy ra f(a)+ f(b)+ f(c)<3.222 , diéu phai chimg minh.
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+J;>l§y+r7 4+J~ 17

—~z

-y 18718 A T8 T 1w
Cong 3 bit déing thirc trén va sir dung gia thiét x+ y+2z =3 ta dugc didu phai
chirng minh. o
Nhn xét. Chung ta ¢é cach giai khac sir dung bat diang thirc Cosi

1 1 ] 2+Vx 244y 244z

Tacé VI =2 |+
4-x 4—y 4-z 4-x 4—y 4-z

Hoan toan turong tir ta cling ¢o

“2( 1 + l + 1 ]-4— ! + : + ! (1y
4-x 4-y 4-z) \2-Vx 2-Jy 2-z
Ap dung bét ding thirc Cési, ta c6

( ! +4_x)+ L 3y +[ ! +4_y}22.

4-x 9 4-y 9 4-z 9

Suy ra : +——1--—+—-1~~22—[4‘x+4_y+4hz =1. (2)
4—-x 4d4-y 4-z

Tiép tuc sir dung bét dang thirc Cosi ta c6 2Wa<a+l. Ap dung bét ding thirc
nay ta duoc
1 1 1 1 1

1
+ + = + +
2-Jx 2-y 2-+: 2___2‘f 5. 22

x 2\/_ 2\/_
> 12 . 12 N 12_ =1-+~l+y+1+z+l=3- (3)
7 X 2 Y 5 4F 2 2 2
1+ x 1+y 1+z

Tur (1), (2) va (3) ta suy ra diéu phai chimg minh. D4u déng thirc xay ra khi va
chikhi x=y=z=1.
Vi du 8. Cho céc s6 thyre duong x, p, z théa man x> + y? +2z7 =3. Tim gié tri
[én nhét clia biéu thirc
2
P_x +x3’+y +yz z +zﬂx.
5-z 5-x” 5 —y°

Loi giagi. Taco x +y£\/2(x2 +y2) = J2(3 —zl). Suy ra

x2+xy_x(x+y)<x\j;(§:2)l

5-z° 524 5-z*
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3~
(5-

Xétham f(n)= 5 véi te(0;3). Taco

/ —_— l_r .
0= Gy

- < f(1)=-é véi moi ¢ e (0; 3).

(=0e>t=1 f()>0e> 1t <1.

Do dé f(t):(

(8]

Suy ra PS%(x+y+z)S-—2-J3(x2 +3° +z=)=—, déu déng thirc xay ra khi va

[

chi khi x = =y= z--}—

7

. 3 1
VAay gia tri 16m nhat coa Pla =, datkhi x=y=z=——.
dy gia tri 5 da y 5

Vi du 9. Cho céc sb thyc khong am a, b, ¢ thoa man a+b+c=%.

) 125

Chimg minh ring: (1+4” )(1+5%)(1+ >

Lai gidi. Ta ¢b (1+a2)(1+bz)(1+c2)2—1§
<::~ln(1+a2)+ln(l+b2)+ln(l+cz)231n~i-.
Xﬁ::t h_r;n_n so f(r)=m(1+r2)-%: trén [0; %] Ta c6

5
f(0)=0,f[) %—% [-J:m%g.

f(r) 0<:>t-—5 va

Suy ra f(t)?zln%-—% véi moi te[(}; %:'
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Do do ln(1+a2)+ln(1+b2)+ln(l+cz)—--§ (a+b+c)23ln%~§.

Suy ra ln(l + a2)+ ln(l +b2)+ ln(l +cz) > 31n%, d‘iéu phai chirg minh. Déu

: . - 1
dang thirc khi vachi khia=b=c= 5

Nhén xét. 1. Ching ta c6 cach giai khic bang sir dung bét ding thirc nhu sau
Ta cd (1 - az)(l + b’ )(l +c? ) =a’ +b> + ¢ +a’b’ + b+’ + athict +1.

Vi a+b+c=% nén

@ +b*+c* =(a+b+c) —2(ab+bc+ca)z%—2(ab+bc+ca) va

a’b? + b*e? + *a’ = (ab + be + ca)’ — 2abc(a+ b +c) = (ab + be + ca)® - 3abe.
Suy ra

(l +a3)(1 + bl)(l +c2)= % ~2(ab + bc+ca) + (ab+ be + ca)* -3abe + a*b*c* +1

2
=(ab+ be +ca—1) +[§——abc] .

;
) C . , b T

Ap dung bat dang thirc Cosi ta ¢ abcﬂ[%) :§ nén %-ach—-, va
ab + be +ca s('ﬁ’—*-?—c)wzi nén l—(ab+bc+ca)2i. Tir d6 suy ra

2 2 2
(ab+bc'+ca—1)2+(§—abc] ?[lj +[E] =E.
2 4 8 64

Suy ra bét déng thirc duge chimg minh. Ddu déng thirc xay ra khi va chi khi
ambocl
2
2. Ta co két qua tuong tu trong tam giac nhu sau
Cho tam gidc ABC. Ching minh ring
125
64
(Hoc sinh giéi Quic gia, 1992)

(1 + cos? A)(l + cos? B)(1+ cos? C) 2

3 s = ~ - % - = 4 =g r - ﬂ-
Lai giai. Gia st C la goc nho nhat trong tam giac,tacd 0<C < 3
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2
Trude hét ta chimg minh (1+ cos” 4)(1+ cos® B)z[l+cosz A;B ) . (1)
- . 2 A-B

Thit vay (1) < sin —(6cosc—cos(A—B)—1):_-0.
Vi 0<C£? nén cosC>l do d6 6cosC —cos(4—B)—1>0, hay bat ding
thirc ding.

. 2 2 2 » A+BY 2
Suy ra: (1+cos A](1+cos B)(I-i-cos C)2(1+oos —2—) (l+cos C]

2 2
:[1+sin1£] (1+c:::m2 C)=[l+1_mst (l+c032C)
2 2

=%(3—DOSC)2(1+COSZ C'). (2)

Datt=cosc,%£t£l.Tacé _
(3-cosC) (14005’ C) = B2y (1+17) =1* ~ 61 +10¢” 61 +9.

Xéthamsd f(1)=1" -6 +106> —6¢+9 vai %srsl. Taco

1
FU) =45 =182 +200 -6 =22 - )t 1)t -3); F()=0¢ "E
: i=1

Suy ra min /(1) = f[2] 11265 3)
i

Tr(2)va(3)ta co diéu phai chimg minh. Déu dﬁng thirc xdy ra khi va chi khi
tam giac ABC déu.

3. Ta ¢6 bai toan vai cach giai tuong tu
Chqcécsétl‘nuckhﬁngﬁma,b ¢ thda ma@n a +b + ¢ =1. Chimg minh ring

(1+a)18)1+¢%)2( 2]

9
Vi dy 10. Cho céc s6 thue duong a, b, ¢ thoa man 4(a+b+c)—-9=0. Tim gia
tri 16m nhét cua bidu thirc

(s b+ o751 (o4 ¥ 11).

- (Tap chi Todn hoc va Tuéi tré)
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Lai gidi. Ta c6 mP=m(a+Jﬁ)+m(b+Jﬁ_ﬂ)+m{c+Jc’_ﬂ).
Xét ham sb f(x)=1n(x+Jx2_+1) voi x>0,

- Tacd fix)= ! : f(3)= %. Suy ra phuong trinh tiép tuyén ciia ham sé

2 +1 4

4 3
diém In2{lay=—x+In2-=,
tal (4 ] Y=37* 5

~X

(x2+1)Jx2+1

trén khoang (0; + ). Do d6 tiép tuyén cia db thi ndm phia trén dd thi, hay
11'1(.7c+\f.1r2 +1)si;—x+ln2-% voi moi x> 0.

Ap dung bét déng thirc trén véi a, b, ¢ duong ta duge

ln(a-HJaz +1)+ln(b+wlbz +1)+h1(c+dc"'+1)£§(a+b+c)+3m2—g.

Suyra InP<3In2. Do d6 P <8, diu ding thirc xay ra khi a:b=c=%.

Vi Fr(x)= . f"(x)<0 véi moi x>0 nén dd thi ham s 1di

Vay gid tri 16n nhét cha P 12 8, dat duoc khi a=b=c=%.

Vi du 11. Cho céc sb thyc duong a, b, ¢ théa man 4(a +b+c)—9=0. Tim gia
tri 16n nhét ctia biéu thic :

P=(a+s}a2+1) (b+\fb’+1]c(c+\fc2 +1)a.
L&i gidi. Ta c6 1nP=bln(a+Ja2 +I)+cln(b+\/bz+l)+ aln(c+Jc2+1).
Xét ham sé f(x)=m(x+Jx=+1) véi x> 0. |

Tacod f'(x)= 21 : f(%)=%. Suy ra phuong trinh tiép tuyén cia ham sb

x°+1
taidiém[i-mz) lay=2ysm2-3
4’ r=3 5

B
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-X
(xz +1)\/x2 +1

trén khoang (0; + ). Do do tiép tuyén clia db thi nidm phia trén dd thi, hay

: f"(x)<0 véi moi x>0 nén db thi ham sb 18i

Vi f'(x)=

ln(x+\fx2+1)5%x+ln2—§ voi moi x> 0.
Suy ra ln(a+\:‘a2 +1)S%a+ln2—%, do do

bln(a+\/a2 +I)s§ab+[ln2—§}b.

Tuong tir véi hai s6 hang con lai, ta suy ra

lnPﬁg(ab+bc+ca)+[ln2—%J(aﬂ’u—c)ﬁ%lnz.

L . 3
Suy ra P <442, du déng thire xay rakhi vachikhi a=b=c= rk

Vay gié tri I6n nhét cua P 13 432, dat dugckhi a=b=c= %

Vi du 12. Cho cac sb thyc x, y, z thoa man x+ y+z=0. Tim gid tri nho nhét
clia bidu thic

P =3 b g J6x2 +6y° +62°.
(Tuyén sinh Pai hoc Khéi A, 2012)

Loi gidi. D’q’lta:ix—y ,c=‘z—x|,khid6 a, b,c20 va

, b=|y*z
a+b=|x—y|+|y-z|2|x-y+y—z|=|x—z|=c;b+c2a;c+a2b.
Tr x+y+z=0 suyra x* + y* + 2% = -2(xy + vz + zx). Do d6
6x” +6y° +627 =4x? + 4y +42% —A(xy + yz + 2x)
=2((Jr—y)2 +(y—z)2+(z—x)2)=2(a2+bz+cz).
Tra+b>c,b+c>2a,c+a>2b suyra

(@+b)c+(b+c)a+(c+ab2c’ +a* +b°

o (a+b+e) 22(a2 +b° +Cz)¢5a+b+02\/2(02 +b2+cz).

Tir d6 suy ra P =37 +3* +3‘—\/2(a2+52 +?) 23743 +3° ~(a+b+o)

Xétham s6 f(#)=3' —t voi ¢t 20.

338



Tacof'(1)=3"In3-1; f£'(t)>0 véi moi >0.

Suy ra f(r) dong bién trén [0; + ).

Dodo f(t)= f(0)=1, hay 3' —r>1 v&imoi £ =0.

Do d6 P>1+1+1=3, dau ding thic xiy ra khi va chi khi a=b=c hay
x=y=z=0.

Bai tap
, 4 L
Bai 1. Cho céc sb thyc x, p, z khéng 4m thoa man x? + y? + 2% = 3 Tim gié tri

l6n nhat va gié tri nho nht cia bidu thie P=2(xy+ yz + zx) +—— .
X+yt+z
Bai 2. Cho céc sb thyc x, y, z khong 4m thoa man x*+y* +2° =24 3xz.
Tim gia tri nhé nhét cua biéu thirc
P=x?+2y"+37%

Bai 3. Cho cac s6 thyc duong a, b, ¢ thoa mdn a+b+c=1. Tim gia tri nho
nhét cia biéu thirc

ab + bc +ca

2 2 2 -
ab+bc+ca

P=14(a2+bz+c2)+

Bai 4. Cho cic s6 thyc duong a, b, ¢ thoa man a” +5% + ¢ =3. Tim gié trj nho
nhat cta biéu thirc

_a b c

146 1+ 1+ d
Bai 5. Cho céc s6 thyc x, y, z thoa man x? + y? + 22 +1<2x + 3y. Tim gia tri
nhé nhat ctia biéu thic

) b | ~
_x3+x2+36+y3+y2+36+2z’+z‘+9

2x+2 dy+4 2z+1
Bai 6. Cho céc sb thuc duong a, b, c. Tim gi4 tri nhé nhét ciia biéu thire
9 16

Jab(a+2e)b+20) ivd b+t
Bai 7. Cho cdc sb duong a, b, c. Tim gi4 tri nho nhét ctia bidu thirc
P 1 ~ 1
6vab +7c+8Jca a+b+c
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Bai 8. Cho céc sb thye x, v, z€[0; 2] va thoa man diéu kign x+y+z=3.
Tim gia tri 16n nhét cta biéu thie
1 1

P= + + ! +xy+ yz + ZX.
x+y y+z z+x

Bai 9. Cho céc s6 thyc @>b>c>0 thoa man a+b+c=1. Tim gid tri nho
nhé ciia biu thire

Jb +e Jc+a 545a+5
Bai 10. Cho cac sb thuc x, y, z thude doan [1; 9] thoa mén x = y, x> z. Tim gid
trj nho nhét cta bidu thire .
- * 4 LA z .
x+2y y+z z+x

Bai 11. Cho cac s6 thye a, b, ¢ thude doan B, 3]. Chimg minh ring

o |  a+b b+c cta 5
Bai 12. Cho céc sb thuc x, y, z(0; 1] théa man x+y =1+z. Tim gid tri nho
nhét cia biéu thirc

a+b+c7

p=—"+ 2 z 5
y+z z+X Xxy+z
Bii 13. Cho céc s6 thuc duong a, b, ¢ théa man abc =1. Chimg minh ring
a b c

a+2 B +2 42 '
...m14.Chocé.csémuckhﬁngﬁmx,y,zthéamandléuklén x+y+z=1 Tim
gia tri lén nhét va glétr; nho nh... cﬁab&éuthu:c

[1 x
l+y l+z

25
Bai 15. Cho céc sb thye x, y,ze(ﬂ; 1) théamén x+y+z=""—

24
Chimg minh fing: | + |2+ (|2 2>
s R o o ey

Bai 16. Cho céc sb thuc a, b, cthbaman 1<a, b,c<3 va a+b+2c=6. Tim
gié trj 16n nhét ciia bidu thic: P=a’ +b° +5¢°.

<l
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Bai 17. Cho x, v, z la céc s6 thye duong thoa man didu kién
5(x* +y* + 28) = 6(xy + yz + zx).
Tim gid tri nhé nhit va gid tri 16n nhit coa bidu thire:
1 1 1
.P:(x+y+z){—-+—+—}
X yV z
Bai 18. Cho cdc sb khong 4m x, y, z théa min V1+x* + 1+ 2y +4/1+2z =5,

Tim gié tri 16n nhit cia bidu thirc P = 2(x3. +y’ )+ 2

Bai 19. Cho céc s6 thuc a, b, ce[l; 3] théa mdn a+2b+3c=12. Tim gia tri
Iém nhét, gia tri nho nhit cta biéu thirc
P=§+E+L
a b ¢

Bai 20. Cho céc s6 thye khéng am x, y, z thoa man x* + y* + 2% =1. Tim gia tri
nhé nhét cia bidu thirc

P —
2\/x2_v2 +y°28 4+ 22 41 X+ty+z
Bai 21. Cho céc sb thue khoéng am a, b, ¢ thoa man diéu kién a>b>c va
a’ +b” + ¢’ =3. Tim gi4 trj 16n nhét va gia trj nho nhit cua biéu thirc

P=2ba+3ac+4cb+$

a+b+c
Bai 22, Cho c4c s6 thue duong a, b, ¢ thoa man a+b=c+1. Tim gi4 tri nhd
nhét cuia biéu thire

B 9’ op’ a+b+c?
P=3 . +3 . + .
(b+¢) +5be (c+a)" +5ca 9

Bai 23. Cho céc s6 thue a, b, ¢ €[0; 1] thoa man 8% +8° +8°=10. Tim gié tri
nhé nhét cia biéu thirc
P=a’+b +¢° +3(a.2" +52° + c.2‘}.

Bai 24. Cho x. v, z 1a cdc s6 thye khéng 4m va théaman x+ y+z=3.

1 +xy+yz+zx+l

a) Tim gi4 tri [6n nhét cia bidu thic P =3(x + y* +2° )+ 4xyz.

b) Tim gid tri nho nhat cia biéu thire P =3(x? + y? + 2%) + dxyz.

Bai 25. Cho céc s0 thyc duong x, y, z thoa man xz + y* =2yz. Tim gié tri nhét
cua biéu thirc

2

P ____2_,_Y_2 ?_L_yz Zy?‘ +z

+ .
\/xzyz —xp + 4y \/y222 —yz® + 47°
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Huwéng din gidi bai tdp
: 4
Bai 1. Cho céc s6 thyc x, y, z khéng am thoa man x* + y? + 22 = 3° Tim gi4 tri

lén nhat va gia tri nho nhét coa bidu thie P = 2(1} + yz +zx) +—§ —

X+y+z

Lc‘ﬁg:'a’i. Dat x+y+z=t Khido x* +y* +2° <(x+y+2)? <3(x> +y* +2°)

suy ra - -—sr<2 Taco
3
xy+yz+zx:é((x+y+z)z_x2_yl_z?):%[rz_f;_} nén P =1’ +%—%.
Xétham s§ £ (t) =1 +3—;1: trén {%, 2}. Tacd
! .
f'(r):2t f3 ft)y= U¢:>r—3—(loal) va f[Z;/_J %ﬁ;f(i’.):z?s‘

33 23

Suyra minP = - khi t = 3 <> hai trong ba s x, y, z bing 0, s6 con lai

. 243 .
béng—;r-;maxP:%S_ khit=2« x:y:z:%,

Bai 2. Cho cac sd thuc x, y, z khéng 4m thoa man diéu kién

X+ 428 =243xm
Tim gié trj nho nhét cua biéu thic P =x? +2y% +32%
Loi gid@i. Tir gia thiét x* + y* +2° =24 3xyz

Sx+y+z)xt+y P+ —xy—yz—zx)=2

C>(-’L'+}’+2)B(x2+y2 +z3)--%-(x+y+z)1:

(35

.

ad

Ditt=x+y+z Khidé >0 va x* +y* +27 =—+—.
Il

W |
Lad

2
4
Xét ham f(f)= — +— trén (0; + ).
3 3

Taco f‘(r)=2£-i2, f'(r):Oc:H:iE va lim f(f) = lim f(¢) = +oo.
3 3t —0" 1-3+00

342



Dodé min f(r)=7(2)=1/4, dat duge khi r=2.

Tacd P2x>+y* +2° >34,
Déu dang thirc xdy ra khi va chi khi x=32, y=z=0.
Viy gid tri nho nht cia P 1a /4, dat dugc khi x=32, y=z=0.

A - - v “ tz 4 » Az x . n .
Nhdn xét. B¢ chimg minh 3 4 3 >34 ta co thé ap dung bat ding thirc Csi
cho 3 sé duong. Thit vay '

2 4 £ 2 2 t
= =23, [
3 3 3 3t 3 3 3¢t 3t
Déu ding thirc xay ra khi va chi khi % = 35 or=32.
t
Bai 3. Cho cac s6 thuc duong a, b, ¢ thoa min a+b+c=1. Tim gi4 trj nho
nhét ctia biéu thuc
ab +bc +ca

P=14(a* +b* + )+ .
( ) a’b+blc+cla

Loi gigi. Taco a’ +b* + ¢ =(a+b+c)a® +b +c?)
=@ +b +¢’ +a’b+bc+’a+ab® +be’ +ea’.
Ap dung bat déng thirc Cosi ta lai cd
a’ +ab® 22a’h; b® +bc? 2 2b%c va & +ea’ > 2ca.
Suyra a” +b° + ¢ 23(a’h + b’c + c’a) > 0.
Do do
3(ab +bc +ca)

3(1ﬂ(az+b2+cz))
a’+b e’ ’

P214(a2+bz+c3]+ 2(az+bz+cz)

=14(a” +b% +c*) +

Pat 1 =a’ + b* + 2, khi d6 1 =a® + b* +022%(a+b+c)2 =El‘>_ va

Polar+ 00 1433
21 20 2

Xét ham s6 f(t):!aﬂfu-i—E trén l;+w}
2t 2 3

Tacd f'(t)=14- 23, >0 v moi fet%; +00],
¥
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Suy ra minf(t)=f[l)=2. Do dé Pa—z—?i, ddu ding thirc xay ra khi va
[3; +0) 3) 3 3 _

chikhia=b=c=%.

Viy gié tri nho nhét cha P13 % dat khi a=b=c=%.

Bai 4. Cho céc s6 thyc duong a, b, ¢ théa man @’ + b +¢* =3. Tim gié tri nho
nhét ciia biéu thire

__a . b L€

148> 1+¢* 1+a*

a ab® ab’ ab
6 e T T2

Tuong tu, ta cling ¢6 bzzb-———; 2 C— .
l+¢

Loi giai, Taco

Dodo Poa+htc-otbetea

* -3

Dit t=a+b+c. Vi a>+b>+c*=3 nén V3 <1<3 va ab+bc+ca= :

ab+bc+ca _t2—3

4
Xéthamsd f(0)=— +41+3 trén (V3;3].
Taco [(1)=-2t+4 [ ()=0t=2 v f(¥3)=43. f(2)=7, F(3)=6.
Do do min £(1)=f(3)=6.

Suyra P2a+bh+c— =%(—r’+3:+3).

Suy ra PZ%, déu déng thirc xay rakhi a=b=c=1.

Vay gid tri nhé nhét cta P 13 %, dat dugc khi a=b=c=1.

Bai 5. Cho céc sb thuc x, y, z théa man x” + y” + 2% + 1< 2x+ 3y, Tim gié trj
nho nhét cia bidu thirc
_xX+x +36+y3 +37 +36+2z3+zz+9
2x+2 4y +4 2z+1

2 2
Ldigidi Taco P=—18_ 2 0 X ) . p
x+1 y+1 2z+1 2 4

344



=9( 2 11 ]+l(2.tz+y2+422).
x+1 y+1 2z+41) 4
Tir gia thiét ta ¢6
2x+3y2x2+y2+22+1=(x2+4)+(y2+4)+(22+l)—8
z4x+4y+2z-8.
Suyra 0<2x+y+2z<8.

Apdungbétdéngthﬁc-l-+lz 4 véi a, b>0, tacod
a b a+b _
2 1 1 4 1 1 4 4
- + = + + > + -
x+1 y+1 2z+1 2x+2 \y+l 2z+1) 2x+2 y+2z+2
16

> .
2x+y+2z+4
Ap dyung bit ding thirc (az +b? +r:2)(m2 +n’ +p2]2(am+bn+cp)2, ta ¢6
(2+1+1)(2x2 +y? +422)2(2x+y+22)2.
Suy ra 2x? + y* + 4z2° 2%(2x+y+22)2.
9.16

Dodétaco P2 —~(2x+y+2z)
2x+y+2z+4 44
144 1 ,
Dit £=2x+y+2z, khidé 1< (0; 8] v P2 —— + %,
t+4 16
1, 144 144
Xét ham sb t=——2—trén08T6 )=t - :
é sd f(1) P (0; 8]. Tacd f(0) 8' T ay

FO=0t{t+4)Y =8.144 & (t - 8)(t* +161 +144) =0 =1 =8
va f'(f)<0 véi moi £<(0;8). Suy ra miﬂ f(t)= f(8)=16. Do d6 P=>16,
ddu ding thirc xay ra khi va chi khi ¢ =8 hay x=y=2, z=1. Viy gi4 tri nho
nhat cia P 1a 16, dat khi x=y =2, z=1.
Bai 6. Cho cic sb thue duong a, b, ¢. Tim gid tri nhé nhét cia biéu thire

B 9 . 16

 Jab(a+ 2c)(b+2c) J1+a== p? +c1 '

La'lgmt. Taco l+a” +b>+¢c> > (1+a) +— (b+c) (1+a+b+c)2.

345



< 2
Vi4a? 482 +¢2 l+a+b+e
Ap dung bat ding thirc Cési, ta c6
a+b a+2c+b+2c 1

Jab(a +2¢)(b +2¢) < : : _—( +b)a+b+4c)

=é.3(a+b).(a+ b+ 4c)

Suy ra

L [Ba+b)+(a+b+dc))’ _(a+b+c)

12° 4 3
Suy ra —— ! > 3 5
Jab(a+2c)b+2¢) (a+b+c)
Tedotaco P> 27 5= 32 .
(a+b+e)y l+a+b+ce
Datr=a+b+c. Khidé >0 va P>€—£.
t“ o+l
Xét ham f(f)—-z-z—% trén (0; +c0).
54 32 ) 5
Tacof(r)-—_t— ( 1)2;f(t)=01:(:—3)(16t +21t+9=0<>1=3.
+

Do f'(1)=-46<0 nén f'(t)<0 trén (0; 3) va f'(z)>0 trén (3; + ).
Suy ra [E‘.‘in, f(ty=f(3)=-5.

Do dé P>-5, diu ding thic xayrakhi a=b=c=1.

Viy gid tri nho nhét cua P 1a -5, datkhi a=b=c=1.

Bai 7. Cho cac sd duong a, b, ¢. Tim gié tri nho nhét cua biéu thirc
1 1

T 6vab+7c+8Jca a+bic

Loi gidi. Ap dung bt ding thirc Cosi ta co

" 6ab =2Ja9% <a+9.
8vca = 4Vc.da <2(c + 4a).

Suy ra 6@+7c+8«/c_as9(a+b+c). Do do
> ! - ! .
Ya+b+c) Ja+b+e
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it r=vatbic,t>0. Xét ham f(:]=;:‘-2—-$ trén (0; + o).

Tacéd f'(t)=—9i] 912, flH=0=1=2
Suy ra bang bién thién
! 0 2 + oo
S0 - 0 +
i
70 \_L/
36
Duya vao bang bién thién ta cé P> f (2)———3%
a+b+ec=4
L4 . . . 18 2 72
Dau dang thirc xay ra khi va chi khi <a =95 . Sa=—,b=— c=—,
c—4 23 23 23
=4q

e | 1 18 2 72
Véy gid tr nho nhdt cua P 1a ——, datkhi a=-=, b=-" c=-=,
YT 367 230 2373
Bai 8. Cho céc s6 thuc x, y, z[0; 2] va théa man diéu kién x+y+z=3.
Tim gia trj 16n nhat cua biéu thire
! 1 1
P= + + +xy+ yz + zx.
x+y y+z z+x
Léi gidi. Trude hét ta chimg minh vai moi sé thyre duong x, y, z thi
1 N 1 N 1 < Xtytz 3 .
vtz z+4+x x+y xy+yz+zx 2x+y+z)
That vdy, bét ding thirc trong duong vai
1

1
(qu+yz+zx)( + + ! ]5x+y+z+
' yv+z z+x x4y

3(xy + yz + zx)
Ax+y+z)

Cht y ring 2202 f Y2 nén bét ding thire trd thanh
y+z y+z
D . 4 3xy+yz+zx
y+z z4+x x+y 2 x+y+z

Khong mét tinh tong quét, gia sit x> y >z >0,
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. .1 1 1
: < < < <
Khidotach: y+z<z+x<x+y va T 137 1317 1+
R T T
Yy z z x X Yy
Do d6, theo bét ding thirc Trébusep, ta c6
1 1 1 y+z z4+x x+Y
((y+z)+(z+x)+(x+y))] T T T TS T T T
—F— == —4— —4— —+— —+—
Yy z z x x Yy y z z x x Yy

Suy ra 2[x+y+z)[ »Z 2 LY

y+z z+x x+y

)53(xy+yz+zx)

e = w3y
y+z z+4+x x+y 2 x+y+z
Vay bét ding thirc dwgc chimg minh.

Ap dung bét ding thirc trén va gia thiét x+ y+z=3, taco

(=4

3 1
Pt xy+yz+zx+—.
gwjz+n:;y'w 2

(x+y+zf

Dit t=xy+yz+2zx, khidd t=xy+yz+2zx< =3.

Tir gia thiét x, y,z€[0;2] va x+y+z=3, ta cd (2-x)2-y)2-2)20.
Suyra 8—4(x+y+2z)+2(xy+ yz+zx)—xyz 2 0.
Do do 2(xy+ yz+zx) =24+ xyz>4, nén xy + yz +zx 2 2.

Viy 2<r<3 va PS%-{-H—%.

Xét ham sd f(;)=§+r+% voi te[Z; 3].

Tacé f‘(f)=ﬂ%+]=ri—;3;f'[t)>0 véi moi 1 e[2: 3]
Suy ra bang bién thién
- ¢ 2 3
S | +

NNO

4
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Dy vio bang bién thién ta c6 max £(2) = £(3) = %.

& uwn
i

Suy ra Ps%, déu ding thirc xay rakhi va chikhi x=y=z=1.

Vay gid tri 16m nhit cia P 1 %, dat dugc khi x=y=z=1.

‘Bai 9. Cho céc sb thuc a>b>c>0 théa min a+b+c=1. Tim gid tri nho
nhét ctia bidu thirc

J a J b 4
P= + + .
b+e Nc+a 55a+5b
Lai gidi. Ta s& chimg minh bat dang thirc

p .
f \{ _a+b M
b+c ct+a a+b+2¢

véi céce sb thye duong a, b, ¢ théa mén a+b>2c.
Truéchéttachtmgmmhvé'n cée s6 duong a, ,b, x, y, m, n thi
(@ + Y + )’ + 1) = (axm + byn)’. (2)
Thét vy, 4p dung bat déng thirc Cosi ta ¢o -
3 3

a x m 3axm
+ +

2 s
@46y omen Y@ )+ m )
b N y’ N " S 3byn
I I T R S Rl e g
yoomn Y@+ )+ )
3(axm + byn)
Y@ +5°) + 3 )m’ + 1)

Cong hai bt ding thirc trén ta duge3 >

Suy ra (2) dtng.

Bay gid dp d@g (2)tacb[J;ic +\Lia] (az(b+c)+b2(c+a)]2(a+b)’.
Mit khéc '

)_(a+b)3 _C(a+b)2 __(4::—1’))2(:1-1-b—21::)<

ab(a +b)+c(a@® +b* 7 TR 2

Do doé

J J (a+b) S (a+b)’ 4(a+b)
b+c Nc+a ab(a+b)+c(a +b%)  (a+by c(a+b) Ta+b+2c

4 2
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Suy ra (1) ding. Déu ding thirc xay ra khi va chi khi a = b.
Ap dung (1) va sir dung gia thiét a+b+c=1,ta cd

[ a+b 24 2J1-c 24
P>2. ¥ = + :
a+b+2c 5J5a+5h l+ve SY51-c
\/ 24 [0 1}

Xétham f(c)=

\fl+c 5\/—\/1—
104501 ¢) +12(1+ Wl +¢
5Vs(-c?Wl-¢2

FU) =0 —10/5(1-c)+12(1 + )l +¢ =0 < 36¢° —17¢> +358¢—89 =0

Tacd f(e)=

<::>(4c—1)(9c'2—20+89)=0<:>c=%.

Suy ra bang bién thién

1 1
c |0 4 3
f(c) - 0 +
f(c) \ 78 /
5V15
Dya vao bang bién thién ta suy ra P> 8 , ddu diing thirc xay ra khi va chi
5415
. 1 3 1
khic=—,a=b,a+b+c=1>a=b==,c=—,
4 8 4
A ag e ez 78 3 1
Vay gia tri nho nhat cua P 1a dat dugc khi a=b==, c=—.
5J15° 8 4

Nhin xét. Bit ding thire (2) 1a mét trudmg hop hay dugc sir dung ciia bét ding
thirc Holder.

Bii 10. Cho céc s6 thuc x, y, z thude doan [1; 9] thoa man x> y, x > z. Tim gi4
tri nho nhét coa biéu thirc

p=—> Y , %

x+2y y+z z+x
Loi giai. Taco P= 1—+ ! + l .
1+27 1472 14%
X y z
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1
PDit a=2,b="2,c=>. Khidé ae[—;l},ce[l; 9], abe =1 va
x y z 9
1 1 1

:1+2a 1_;5 1+<:"‘

Vi ae[-;; 1} va abc=1nén 1 <he <9.

1 2
t—
1+ 1+¢ 1+4+Jbc
2

Pt r=+Jbe, khi d6 1<1<3 va P> 4=,
t°+2 t+1

1 2

tachd: P2 + )
1+2a 1+Jb_c

Ap dung bit ding thirc

tl!

Xét ham sé f(1) = —+t—21 véi re[lg 3].
+

t_2+2
—2(3-‘—2)(:—2) r=2
Tacod f'(t)= . va (=0
(r2+2) (t +1)° t=32
Suy bang bién thién
|1 P 2 3
SO -0 + 0 -
4 4
3 3
o'~ 7 \ 29
22
. (3 29 . Y T 29
Ta c6 f(ﬁ)>£:f(3) nén dya vao bang bién thién ta suy ra PZE" dau
1 x=9
ding thirc xay rakhi va chikhi {© 9 e>dy=1
b=C=3 z=3

Vay gia trj nho nhit cha P la % datkhi x=9, y=1, z=3.

Bai 11. Cho céc s6 thuc a, b, ¢ thude doan B, 3]. Ching minh réng
a,b e 7
5

a+b b+c cH+a
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Loi giai, Tacod VT = ! + ! + !

1+2 1+ 144
a b c

z=4, Khi d6, vi a, b, ctlmﬁcdoanl: ]nénx,y,zthu@c

b c
Pit —
dt x= 5’
1 1 121

+ .
l+x 1+y 1+z 5

s Y=
[ ]vaxyz 1. Bét diing thire trdy thanh

Khong mat tinh tdng quat, ta c¢d thé gia sir x =min{x, y, z}. Khi d6 x E[é; lj|

va yz>1. Ap dung bt dfing thirc
L S
ey 1+z_1+J;’
IS DU S R S B 2J'

> = +
I+x l+y l+z l+x 1+ fyz l+x 1+L 1+x v

X

. 1 . 2 1 2t 1
Dat t=+x,te| =; 1| vaxét ham )= +—— trén | —; 1.
we= E[S ]v *e 0 /) 1+£5  1+¢ [3 }

vai yz 21, tacod

2t -1 +1+1)
(1+ )21 +22)

Do d6 £(£) > f(%] - % Suy ra bit ding thitc dugc chimg minh, déu ding thrc

xdy ra khi va chi khi (a; 5; c)e{(%' I; 3) (3'%'1) (l' 3; %J}

Bai 12. Chocacsémuc x, v, ze(0;1] théamén x+y>1+z. Timglétnnho
nhatcuableumu'c

Taco fY(t)=

20, v&i moi reB; 1].

X - Z
p=—2 + X %2
y+z Z+X xXp+z

Loi gidi. Vi x, ye(0;1] nén (x—1)(y-1)20. Suyra xy +12x+y. .
d Y
Do dd xy=>z Tacé: P=—2—+ 2+

Z
Yy i £1+1
z z z
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Datazf,bzi,czl.[(hidéwzzﬁflzl, hay ab>c>1 va
z z z zz z
a b c
= + .
1+b l1+a l+ab
Tacod
1 1 2 o .
1+a L+ h l+\/_ (J‘Eﬂl](‘/‘;"\g) 20, ludn ding véi ab>1.
Lai co
a + b =( a +1]+[_.b__+1J 2= (a+b+1)(#+_l-J_2 )
l+6 1+a \1+b l+a lva 1+b)
(zJ_+1) =2
Suy ra a_, b > 2ab

1+b 14+a l+-Jab

2 ab ¢ 2Jab 1
+ > + .

1+Jab 1+ab 1+Jab 1+ab

it t =+/ab, khido r>1 va P>—%r— !

Trdotacod: P>

1+t 141
Xétham sé f(£)= -+ véi 121
L4t 1+4 T
2(:-1)( +z+1)
Taco f'(t)= 373 1 S(t) >0 voimoi 1 e (1 + o).
(1+1) (z +1)

Do do f(r) dong bién trén [1; + o). Suy ra [{nin’f(t) =f()= % Tir d6 ta suy
s 4m

ra gia tri nho nhét cua P la %,,d@tdugckhi a=b=c=1hay x=y=z=1.

Nhdn xét. Chung ta ¢o cach giai khac nhu sau

Tir gia thiét x,y,ze(O;l] thoaman x+ y21+z taco xy+2251+25x+y.
Turdésuyra P= AN AR 52 X Y L2
V+z z+x xy+z° y+z z+x x+y
Dén day, ap dung bat déing thirc Netsbit, ta c6
p> 4 Yy 252
y+z z+x x+y 2

Déu dang thirc xay ra khi vachi khi x=y=z=1.

e

353



Bai 13. Cho céc sé thuc duong a, b, ¢ théa mén abe =1. Chimg minh ring
a_ b N c
a’t+2 b +2 F+2
Lai gigi. Ap dung bt déng thirc Cosi ta c6
a . a _ l 1

@ +2 2a+1 2 2Q2a+1)
Do do, ta chi can chimg minh

{1 1 ] {1 1 ] [1 1 ]
Sl SN (P . P N —— P
2 2Qa+D)) L2 2026+1)) (2 2Q2c+1)

1 1 1
s + 21.
2a+1 2b+1 2c+1
Giasit c=min{a, b, ¢}, tacd ab>1. Ap dung bat dang thic
1 1
+ >
l+x 1+y 1+

<l

hay

2 , voimoi x, y>0, xy>1
e

cho x=2a, y=2b, tacéd

1 1 2
“+ > .
2a+1 2b+1 2i/ab+1
1

Khi d6 ta chi cin chimg minh 2, >1.
2ab +1 2c+1

Ir2

Dat ¢ =+ ab, khi d6 bét déing thire trd thanh +——21.
2t+1 2+t
. 2 I2 . 2 s g} oo .
Pén day ta xét ham f(¢)= + 5 véi t21 dé c6 diu phéi chimg
2t+1 2+t

minh, hodc bién dbi tuong duwong. Ddu ding thirc xay ra khi va chi khi
a=b=c=1.
1

Nhin xét. Bat ding thic + +-
2a+1 2b+1 2c+1

>1 c6 thé duge chimg minh

bang nhiéu cach khéc
Cach 2. Dat a=x, b=y3, c=z3, khido6 xyz=1 vatacod
11 xyz )z
2a+1 2x°+1 2x%+xz  yz+2x*
nén bt déng thic tuong duong véi
yz zx Xy
2t 2
yz+2x° zx+2y° xy+2z
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Ap dung bét dfmg thirc Svacxo, ta ¢d
vz zx xy (yz +zx+ xy)2
5+ 5+ 5 = 3 5 3 =1
yvz+2x° zx+2y° xy+2z yz(yz+2x )+zx(zx+2y )+xy(xy+2z )
Cach 3. Quy ddng va rit gon, bit ding thire trong duong vai
Ca+1)2b+D)+2b+1D)(2c+ 1)+ (2c+D(2a+1)2 (2a+1)(2b+1)(2¢c+1)
hay a+b +c >3, ding theo bt ding thirc Cosi va abe =1.

Bai 14. Cho céc s thyc khéng 4m x, y, z thoa man didu kién x+ y +z =1. Tim
gi4 tri 1én nhat va gid tri nho nhét coa biéu thic

P:\/l—x+ 1~y+\/l—z'
1+x I+y 1+z

Loi giai. Tim gia tri 16n nhét:

Khong mét tinh téng quat, ta c6 thé giasr 0<x<y<z<l1,

Khi d6 §-<z<1 0<x+y< 2-:& Ta chimg minh

\/? Fﬂ 1= +y)

l+x 1+ I+(x+y)

That véy, binh phuong hai vé, ta viét bt déng thirc dang
Z[J(l—x)(l—y)_ ]—x—_vJS1+l—x—y_l—x 1-y

(1+x)1+ y) I+x+y l+x+y 1+x 1+y

Ta cb -x)1-y) I-x-p  2xp(x+y) >0 va
A+x)0+y) T+x+y (A+x)(1+»)1+x+y)
1+l—Jc—y_lm.vc*l—y_ 2xy(x+y+2)

l+x+y l+x 1+y (Q+x)(1+p)1+x+y)

Mait khac, véimoi a> b >0 taco @—@Sﬂ, suy ra
2Jb

(I-x)1-y) l-x-y

(l—x)(l—y)_\[l—x—y LQ+x)(1+p) l+x+y

1+ x)1+y) l+x+y , l-x—y
l+x+y

_ xy(x+y) _

A+ 00+ y)1+x+ ), [ oF =

l+x+y
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Do d6 ta chi cn chimg minh
2xy(x + ) S 2xp(x+y+2)

(l+x)(1+y](l+x+y]\[ (+x)(1+ )1 +x+y)

hayla X% 5 X*¥
l+x+y x+y+2

l-x-y x+y

l+x+y x+y+2

1+x+y

Do x+y$% nén

Vay bt ding thirc duge chimg minh. D4u déng thirc khi va chi khi xy = 0.
Suyra

1-(x+y) [l-z J z 1-z
+ =1+ +  J—
1+x 1+y 1+z l+x+y I+z 2-z I+2z

2 L A PP
-z 1+z

(2-2) J 2 [1-2z
1+z

fiz)= 0 (+2Y(1-2)=2-z) 'z x=

Xéthamsé f(z)=1 +J2

Taco f'(z)=

m[n

Do d6 maxf(z):max{f[-;;), f. f(5]}=%. Tu d6 suy ra P$1+-§.§,
diu ding thirc xdy ra khi x=0,y=z=% vé céac hoan vi.

Tim gi4 tri nho nhat:

Tirgia thiét x, y, z khong dm théa man x+ y +z =1 suyra x, y, z €[0; 1]. Khi
dotaco (1-x)(1+x)=1-x><1. Suyra i—_—"z(l-x)’. Do d6 Ezl—x.

+Xx
Dau dang thirc xay ra khi va chi khi x =0 hodc x=1.

1- fl—-
Hoan toan tuong ty ta cling cé —yzl—y; E51-z
l+y 1+z

Suyra P>1—-x+1-y+1-z=2. Diu ding thic xay ra khi trong ba s c6 mt
s6 bang 1. hai sd con lai bing 0.
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Bai 15. Cho céc s6 thue x, y, z€(0; 1) théa man x+y+z=%§.

. cs x v z 15
Chim nh rang: + + >
em Jl-—x Jl—y Jl—z J47

Lai gidi. Khéng mat tinh tdng quét, gia sir z = min{x, y, z}.

Khi do x+y2£(x+y+z)>§.

TacéJ J \/ J J (x+y)
l-x x*(1-x) y(l V) x(l x)+y (l

(x+y) L (ary) =_(3x+3y—2)(x—y) <0
2 4 4 .
(x+p) (x+y)
2 4

3 S ———_
Suyra‘/ (x+y) : =2J§5—24z_
1- x (x+y) (x+y) 23+ 24z

4
DodéJ - |y +J z 22J25_24Z+J z
I-x \1-y Vi-z "V23+24z V1-:

X¢t ham s f(z)=2J25 - 24z +J 3
23+24z 11—z

1152
(23+ 24)\f25 ~24z (1—z)2J1i
25

F(2)=02304(1—z)2z= (23 +242)°(25-242) <> z = -
va f'(z) d6i ddu tir Am sang duung khi di qua nghiém, Suy ra

25\ 15
in /(=)= f(nJ:'E'

Tir d6 ta c6 bt ding thirc dirge chimg minh.
DAu déing thirc khi v chi Khi x=y=z=%.
Nhgn xét. Chiing ta c6 thé gidi bing phuong phap tiép tuyén.

Mit khic x? +y2—-(x3 +y3)—

nén x*(1-x)+ y*(I-y) <

vai z E(O; 1].

Taco f'(z)=
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Bai 16. Cho céc sé thuc a, b, ¢ théa man 1<a, b, c<3 va a+b+2c=6. Tim

gid tri 16n nhét cla biu thitc: P=a’ +b +5¢°.

Léi gigi. Vi a, b>1 nén (a-1)(b-1)20<>ab—(a+b)+120. Suy ra

ab2a+b-1=6-2c-1=5-2¢>0.
Khi d6
P=a®+b* +5¢° =(a+b) - 3ab(a+b)+5¢ =(6-2c)’ —3ab(6 - 2¢) +5¢°

<(6-2¢)’ —3(5-2e)6—2¢)+5¢
=-3¢* + 60c? —150c +126.

Tir gia thiét ta cé 1<c < 2.

Xétham sé f(c)=-3¢ +60c® —150c+126 v&i 1<c<2.

20-5v10
=

Tacd f'(c)=-9¢* +120c-150; f'(c)=0<c=

20 - sf)
J°

Suy ra gié tri lcrn nhét cia P 1242, datkhi a=1,b=1,¢c=2.

Bai 17. Cho x, y, z la cac sd thuc duong thoa mén didu kién
5(x* + y* +2%) = 6(xy + yz + zx).

Tim gié tri nho nhét va gié tri 16n nhit cta bidu thic

P:(x+y+z)(l+i+l].

X y z

Vi f(1)=33, f( < f(2)=42 nén maxfu.; F(2)=42.

Loi gidai. V-:'Jri cac biéu thire cia bai toén ta chi cén xét cac bd (x, y, z) thoa mén x,
y,z>0va X’ +v +2°=6.Khidd xy+ yz+zx=5. Suy rax+y+z=4.
x+y+z=4 y+z=4-x

<

Tacéhc’_‘:{
Xy+yz+zx=5

yz=5-x(4—x)=x>—4x+5.
| 2
Do (y+2)* >4yz nén (4-x)* 24(x2—4x+5)<::>xe|:§, 2}.

ty+afyryzrz) 20 20

Khi dé: P = 3 3 =
xyz x —4x" +5x  f(x)

Xét ham sb f(x) = x° —4x* + 5x trén {

(PSRN

2} ta dugc

b

max P = — khlx y=—,z=—;minP=10khix=2,y=z=1.

S
3’

Lad
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Bai 18. Cho ciic sb khong 4m x, y, z théa man 1+ x> +J1+2y +V1+2z =5.
Tim gié tri 16n nhét cua biéu thire P=2(x" + y)+z,
Léi gidi. V&i hai s6 khoéng 4m a, b ta ¢6

l+a+V1+b>1+l+a+b. )
That vy, (1) <> 2+a+b+2J(+a)1+b) 22+a+b+2\/1+a+b

o J1+a+b+ab=Jl+a+b, luon ding.
Déu ding thirc xay ra khi a =0 hodc b=0.

Ap dung (1)tacd 5= V14 x? +\/1+2y+\/1+2z>1+\f1+x +2y+~Jl+2z

22+\/1+x +2y+2z.

2
Suy ra x? +2y+2z<8, hay y+z£4—%. (2)

2 3
Khidé P=2x>+2y’ + 2 <4x’ +2(y+z)3£4x3+2{4—£2—J : (3)
Chu y ring, tir (2) va x, y, z khéng dm ta cé 0<x<242.

2 \?
Xétham sd f(x) =4x" + 2(4 —%} trén [0; 2\/5]

2
Ta cod f'(x)=12x2—6x(4—x—22} =%x(x—2)(x(12—x2)+2(16—x2)).

mee[o 2(} taco f(x)= Ocz:{ L,

Tir £(0)=128, f(2)=24, f(2V2)=32v2 suyra

£(x) <128, véimoi xe[ 0; 242 | (4)
Tir (3) va (4) ta c6 P <128, déu ding thirc xay rakhi x=z=0, y=4.
Viy gid tri 16n nhét cia P 12 128, dat duge khi x=2=0, y=4.
Bai 19. Cho cac sb thue a, b, ¢ €[1; 3] théa man a+2b +3c=12. Tim gié tri
16n nhét, gi4 tri nho nhat cla biéu thie
3 2 1

P=—4—+—.
a b c
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12-a-2b 3 2 3
Loi gigi. Tirgia thidttacd c=——— == Khidé P="4+Z4— =
oi giai. Tir gia thiét ta co ¢ 3 i 2 3 32422
2 3

3
Xét =—+—+———— trén[l; 3].
ham s f(a) a+b+12—a—-26 rén[1; 3]
32+ 3 2=3(12-;2b)(2a+2b;12); a)<0 voi
a (12—a-2b) a (12-a-2b)
moi a. be(l; 3]. Suyra f(3)< f(a) < f(1), hay
2 3 2 3

I+—+ SP<—+ .
b 9-2b b 11-2b

vai bell; 3]. Tacod

Tacdé fa)=

: 2
Xéthamso g(b)=1+—+
ét ham so6 g(b) 592

wm 2 6 _203b°-(9-2b)). by-Oesho S _
&) P oy pe-my EOTEE T ETY

Suy ra bang bién thién
b |1 b, 3
g'(b) + 0 -

iz T

Dua vio bang bién thién ta cé P> g(b)iz—g, déu diing thirc xay ra Khi va chi
khia=5b=3,c=1.

Vay gié trj nho nhét ciia P 1 ; dat dugc khi a=b=3, c=1.

Tuong tu ta tim duge gid tri 16n nhit cia P 1a %, dat duge khi
a=b=1,¢c=3.
Bai 20. Cho céc s thyc khong &m x, y, z thoa man x* + y? + z2 =1. Tim gia trj
nhé nhét cta biéu thirc |

1 +xy+yz+zx+1.
2Jx2y2+yzzz+zzx2+l xty+z
Loi gigi. Dat t =xy+ yz +zx. Khid6 0<t<1.
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2 :
Tacod ¥’y +y*2° + 22> <(xy+yz +2x) =1, va

x+y+z—1/(x+y+z =J1+2s.

t+1
Suyra P=
fot 1 2 _
1 t+1
Xétham sé f(r) = + voi 0<f<1. Tacod
| Wl V1+2
—t t 1 1
f=

+ =t - '
22+ IV +1 QDN+ | @IV (2 1) 41
Vi 2:+1sJ§(r2+1)aJ5z2—2:+JE—120, dtng, nén
0 <2t +)V2r+1 <2 (e +1) V2 (1 +1) <2(2 + 122 +1.
] ! > ] .
Qe+ V21 22 + 1)V +1
Suy ra £(t)>0 v&i moi e (0;1). Do dé ham f(r) dbng bién trén [0; 1]. Suy
ra ?l}iﬁf(r)= f(0)=%' Tir d6 suy ra gia tri nho nhét cia P la %, dat khi trong

ba s6 ¢6 hai s bing 0, s con lai bing 1.
Bai 21. Cho cac s6 thuc khong 4m a, b, ¢ thoa mén diéu kién a2b>c va
@ +b* + ¢’ =3. Tim gia tri 16n nhét va gi4 trj nho nhét cia bidu thice

P =2ba+3ac+4ch+

a+btc

Loi gigi. Tacd P=(a+b+c)’ —3+c(a+2b)+ N .
a+b+c
Tir gid thiét a, b, ¢ khéng &m thoa mén a>b > ¢, ip dung bét ding thirc Cési,

ta co

0<c(a+2b)= %.3(:.(a+ 2b) sé{ﬁi;—m] S%(a rhte).

Suy ra

(a+b+e)* -3+ : SPS(a+b+C)2+%(a+b+c)"—3+ >

a+b+c a+b+c
Pitr=a+b+c, khidé 3=a’ +b +c? <(a+b+c) <3(a’ +b” +¢?)=9
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nén suy ra J3<t<3va r%?—BsPs%r%%—&

Xétham s £ (1) =1 +-f-—3 véi A3 <r<3.

3 - b3
Tacod f(t)= 2:—32 =L25 >0 véi moi te[\f?_); 3]. Do d6 ham £(t) déng
t t
bién trén [Ji_’;, 3]. Suy ra sz}lg%?]f(t) = f[v@)= %, déu ding thirc xay ra

khi va chi khi ¢ =b=0, a=+/3.
Xét ham sb g(r)=§r2+§—3 voi V3 <r<3.

3_._
Ta co g'(t):—:;tﬂ—iz:&:sizlsﬂ:a(} vol moi re[x/g;?’:l. Do d6 ham
{ t

. ; A s 32 i L
g(t) dbng bién trén [\6, 3]. Suy ra Pg_r‘rfmrax]g(t)=g(3)=7, dau ding
1433
thirc xay ra khi vachikhi a=b=c=1.
Viy gid tri nho nhit cia P 12 —=, dat khi c=b=0, a =/3: gi4 trj 16n nhét

NE)
32
ciaPla 3 datkhi a=b=c=1.

Bﬁ_i 22. Chg cac sd thuc duong a, b, ¢ thoa médn a+b=c+1. Tim gié tri nho
nhat cia biéu thuc

94’ 9p* a+b+c
P=3 + 3 e .
(b+c)* +5be (c+a)’ +5ca 9

Lai gidi. Ap dung bét ding thirc Cési, taco (b+c)* <2(b% +¢%).

Suy ra (b +c)” +5bc <2 (z;,2 + c"-)+ She = (b +2¢)(c + 2b).
2 2 3
Do d6 9‘; > Ja - da .
(b+c) +5bc  (b+2c)c+2b) a(b+2c)c+2b)

Mit khac, ap dung bat dang thirc Cosi, ta cd

+b+2c+c+2b 3
b+2c c+2b _ R _(atb+c)
3 T 3 3

a(b+2¢c)(c+2b)=9.a.
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3a

94° 94° 274°
Suy ra 3 3 =3 23 7 = .
(b+c) +5bc a(b+ 2c)(c + 2b) (a+b+c)y a+b+c

9n* 3b
Tuong tur, ta cing c6 3 3 2 .
. (c+a) +5¢ca a+b+c

da+b) a+b+c® 3c+3 ctc+l

Suyra P>
a+b+c 9 2¢+1 9
2
Xétham sé f(c)=-Cr3 e+l o so.
2¢+1 9
Taco
3
Fle)=—2 _p2erl_(GetD) 227;f‘(c)=0<:>(2c+l)3=27c>c=1.
(2 +1) 9 9(2¢+1)
Suy ra bang bién thién
c 0 1 +
J'(€) - 0 -
+ a0

/@) \ 7/

L . 7
Duva vao bang bién thién ta co {Umm] fle)= f(l) = 3

Suy ra Pz%, dAu déing thirc xay rakhi vachikhi a=b=c=1.

Viy gia tri nho nhit cva P 1a %, datdugc khi a=b=c=1.

Bai 23. Cho céc sb thyc a, b, c e [0; 1] thda min 8% +8° +8° =10,

Tim gi4 tri nho nhét cia biéu thirc
P=a3+E+c3+ﬂa2“+bf+c2ﬂ.

Loi gidi. Xétham s6 f(x)=2"-x~1 véi xe[0;1].

Ta co

f(x)=2"In2-1; f'(x):(]@x:logzﬁzxg e[O; 1].
n
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Suy ra bang bién thién
x 0 Xy 1

S '(x) - 0 +

0 0
1) \ /

Tir bang bién thién tasuy ra f(x) <0 voi moi x €[0;1].

Hay 2* —x-1<0 v6imoi x€[0; 1].
Mat khac véi moi s6 thue x, y, z tacod

x3+y3+z3~3xyz=%(x+y+z]((x—y)2+(y—z)2+(z—x]2).
Do dé néu _
x+y+2<0 thi x* +3° +2° —3x2<0 hay x* +)° +2° <3xz
Suy ra : _
8~ — 1= (2] + ()’ + (1) €325 (=x)(-1) =3x2"
Do dé
8 — 1< x’ +3x2% véi moi xE[O; 1].
Suy ra -
P=(a3+3a2“)+[b3+3b2"]+[c3 +3c2°) 28 +8" +8°-3=7,
déu dang thirc xay rakhi =0, 5=0, ¢ =1 hoic cac hoan vi.
Viy gia tri nhé nhét cta P14 7, dat tai a=0, 5=0, ¢ =1 hogc céc hodn vi.
Bai 24. Cho x, y, z la cac s6 thyre khoéng &m vathéamin x+ y+z=3.
a) Tim gid tri 16n nhét cia bidu thire P =3(x* + y? +2%) + 4xyz.
b) Tim gié trj nho nhét ciia biéu thire P=3(x? + y* + 22) + dxyz.
Loi gidi. ’
a) Tur gia thiét suyra 0<x,y,z<3.
Taco )
P<3x? +3(y+z) +x(y+2) =3x2+33-x)P2+x(3-x)* =x’ —9x+27.
Xétham s& f(x)=x"—9x+27 véi 0<x<3.
Tacd f'(x)=3x> -9 f(x)=0< x=A/3.
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Suy ra bang bién thién

X 0 \6 3
S(x) + 0

27
f(x) / \

Dya vao bang bién thién ta c6 f(x) <27 véi moi x[0; 3].

Suy ra P <27, ddu ding thirc xay rakhi x =3,y = z=0 hofic cac hodn vi.

Viy gia tri 1ém nhét cia P 1a 27.
b) Khong mét tinh tdng quat ta gia thiét ring x> y > z.
Két hop vdi gid thiét ciia bai todntacd 2<x+y<3,0<z <1,

Trude hét ta chimg minh P> %(’x+ v +322 +(x + y)z. (1

Thét vy, (1) tuong dwong véi (x - ¥ (3-22) >0, ding do z <1.
bat x+y=t, khido 2<r<3vaz=3-r.
Tir (1) tacod Pa%:z +3(3 -1V +17(3-1) :-z3+%r1 ~18¢+27. (2)
Xét ham sb
f(t)=—t3+-lzérz—18r+27 vai 2 <1 <3.
Tacd f'(t)=-3> +15t —18=-3(t - 2)(t—3)> 0 v&imoi 2<r<3.
Suyra f(£)= f(2)=13 voimoi 2<¢<3. (3)

Tir (2) va (3) ta duge P> 13, ddu ding thire xay rakhi x=y=z=1.
Vay gi tri nho nhét cta P bing 13.
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