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PE CHINH THU'C

Luen y: Thi sinh trd loi méi cQu hol trén mjt 1o gidy thi djc Igp
Ciu 1. (5,0 diém) a) Cho biét ring da thirc P(x)=x’+x*—2x~1 c6 ba nghiém thuc a>b>c véi

¢*>a* >b*. Chimg minh ring P(x) c6é mjt nghiém bing @’ -2 va a’ -b=b*-c=c*-a=2,
b) Cho cic s6 thuc phan biét a,b,c thoa man diéu kién a*-b=>»*-c=c?—a. Chimg minh ring
(a+b+1)(b+c+1)(c+a+1)=-1 va tim gi trj 16n nht cia biéu thirc T = ab +bc +ca.

Céu 2. (5,0 diém) V§i cic s6 nguyén duong a,b va a>1, dit f(n)=a"-n’ véi neN'.

a) Chimg minh ring v6i moi s6 nguyén té p>a, ludn tn tai vé sb neN" d& p|f(n).

b) Tim tit ca cic c3p (a,b) sao cho f (n)=0, f (n)|2026" - yéimoi neN' va n>2026"7.

Ciu 3. (5,0 diém) Cho tam gidc ABC nhon, khong cin va c6 cic dudng phén giic trong BE,CF
cat nhau tai I (E € AC,F € AB). Doan thing AI, EF cit nhau tai D. Goi M, N theo thi tir 13 trung
diém ciia DB, DC. Dudng thing MN theo thir t cit cic doan thing B4, BE,CF,CA tai P,R,S,0.
a) Chimg minh: M 1a trung diém ciia PR va I 13 tim dudmg trdn ndi tiép tam gidc DRS.
b) Ching minh: dudng tron ngoai tiép clia cic tam gidc APQ,IRS,DRQ,DSP cing di qua mét diém
T, ddng thoinéu T e BC thi AB+ AC=2-BC.
Ciu 4. (5,0 diém) Bang 21x24 (21 hang, 24 cot) dugc chia thanh 21x24 6 vudng don vi. Ngudi ta
mudn t6 mét sé 6 vudng don vi ciia bang bai mot trong céc mau: xanh, d6, vang (c6 thé c6 vai 6
vudng don vi khong dugce t6 mau) sao cho hai diéu kién (i) va (ii) dudi day dong thoi xay ra:
(i) Trong cic 6 vudng don vi ciing hang véi mdi 6 vudng don vi dugc td mau, c6 khong qua 1 &
khéc mau véi 6 do6; 3
(ii) Trong cac 6 vudng don vi cing ¢t véi méi 6 vudng don vi duge t6 mau, c6 khong qua 1 6
khac mau vai 6 d6.
a) Goi x,, x, theo thir tir 12 s6 hang, s6 cjt clia bang ma trén mdi hang/cét d6 c6 it nhit 2 6 vudng
don vi dugc t6 xanh; d,, d, theo thir tir 1a sb hang, s6 cot cla bang ma trén mdi hang/ct d6 cb it
nhit 2 6 vuéng don vi dugc t6 do; v, v, theo thir ty 12 s6 hang, sé cft ciia bing ma trén mdi
.hang/cot d6 c6 it nhit 2 6 vudng don vj dugc té vang. Chimg minh ring
X +X,+d, +d, +v, +v, <45,
b) Goi x,d,v theo thir ty la sb 6 vuéng don vj dugc té boi cdc mau xanh, d6, vang va dit
m=min{x,d,v}. Tim gi4 trj I6n nhét ciia m.
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e Thi sinh khong dugc sir dung tai ligu.
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Caul [ a) Cho biétring dathirc P(x)=x’+x*-2x—1 c6 banghiém thyc a>b>c véi ¢* >a* > b
(5 diém) | Chimg minh ring P(x) c6 mdt nghiém bing a* -2 va a*~b=b*—c=c’-a=2.

b) Cho cic sb thyc phén biét a,b,c théa man didu kién a* —b =5 —c=¢? —a. Chimg minh
rang (a+b+1)(b+c+1)(c+a+1)=-1 vatim gid trj 16n nhat ciia biéu thirc T'=ab+bc+ca.

a) Cho biét rang da thic P(x)=x"+x*-2x~-1 c6 ba nghiém thuc a>b>c véi
¢>a*>b>. Ching minh ring P(x) c6 mdt nghiém bang a*-2 va| 2,0

a-b=b*-c=c*-a=2.

Gia sir a 12 nghiém cia P(x)=x"+x*—-2x-1, ta sé chimg minh rang &*-2 1a
nghiém ciia da thirc nay. Cu thé 14 ching minh déng thirc

(a*-2) +(a*~2) -2(a*~2)-1=0

oab-5a*+6a*-1=0 (a3 —Za)2 = (a2 —l)2

@(a3 -a —2cz+1)(a3 +a’ —2a—l)=0,

1,0

déng thirc cudi diing vi P(a)=0 nén nhén xét dugce chimg minh.

Vi a,b,c 12 nghiém P(x) nén a*-2, b*-2, ¢*-2 ciing 12 cic nghiém P(x).Theo
gia thiét thi ¢ —2>a®-2>b*-2 nén ta phai c6 1,0
¢?-2=a,a’-2=b, b*-2=c hay a’-b=b*-c=c*-a=2.

Ghi chi: Ta ciing c6 thé diing dinh ly Viete thuén va dao dé chimg minh két qua nay.

b) Cho c4c sb thuc phin biét a,b,c théa man diéu kién a*-b=b>—-c=c’-a.
Chirng minh ring (a+b+1)(b+c+1)(c+a+1)=-1 vatim gid trj 1on nhit cha biéu | 3,0
thirc T =ab + bc +ca.

Tacd a*-b* =b-c nén a*-b*+a-b=a-c e (a-b)(a+b+1)=a-c. Ching
minh tuong tr (b—c)(b+c+1)=b-a, (c—a)(c+a+1)=c-b.

Vi cic 56 a,b,c doi mot phén biét nén (a—b)(b—c)(c—a)=0, vi thé nhan timg vé
cac déing thirc trén lai, ta c6 (a+b+1)(b+c+1)(c+a+1)=-1. (¥)

1,0




Ta ciing ¢6 (a—b)(a+b)=b-c. Xay dyng hai déng thirc twong tyr khac va nhan lai,

ta cling ¢6 (a+b)(b+c)(c+a)=1. e
Tir (*), tacé (a+b)(b+c)c+a)+) (a+b)(b+c)+) (a+b)+1=-1 nén
oc o
>.(a+b)(b+c)+ ) (a+b)=-3
o =
o a’+b’ +c? +3(ab+bec+ca)+2(a+b+c)=-3 1,0
c»(a+b+c+l)2+(ab+bc+ca+2)=0.
Tir déing thirc cudi, chii y (a+b+c+1)’ >0 nén ta cé ngay ab+bc+ca<-2.
DE c6 diu bang xdy ra thi a+b+c=-1, ab+bc+ca=-2.Cha ¥ ring
1=(a+bd)(b+c)(c+a)=(a+b+c)(ab+bc+ca)-abc=2—abc nén abc=1. 05

Tir d6 theo Viete ddo, ta cé a,b,c 1a nghi€ém thurc ciia da thirc (da néu ¢ cau a):

X +x?-2x-1=0.

Cau 2

G diém) |

Véi céc sb nguyén duong a,b va a>1, dat f(n)=a"-n® véi neN'.

b) Tim tAt ci cdc cap (a,b) sao cho f(n)|2026" —n™ véimoi neN" va n>2026"7.

a) Ch\hig minh ring v&i moi s6 nguyén td p>a, ludn ton tai vo s neN" & p|f(n)-

a) Chimg minh ring véi moi sé nguyén té p>a, ludn ton tai v6 s6 neN" dé

3,0
A7 (). ’
Vi p>a nén ged(p,a)=1. Theo dinh Iy Fermat nho thi a”” =1 (mod p). 0,5
5 =b (mod p-1
Tachon neN sao cho e (m P ) (*). 0,5
n=a (mod p)
Theo dinh Iy thang du Trung Hoa, hé phuong trinh dong dir nay luén c6 nghiém vi 15
ged(p, p-1)=1. Khi d6, ta c6 ngay f(n)=a"-a’ =0 (mod p).
R& rang c6 vd s6 ne N’ thoa man hé (*) nén ciing c6 v6 sé ne N’ dé p| f(n). 0,5
Chii ¥: Hoc sinh c6 thé chon theo huéng khéc (huéng & trén dé 1am phan b) ching
han: Chon n=(p-1)(pt-1) trong dé ¢ 1a s6 nguyén duong.
b) Tim tit ca cic cip (a,b) sao cho f (n)|2026" -n® v6i mei neN' va 20
n> 20267,
Véi moi s6 nguyén t6 p>max {a, 1013}, ta chon neN' thoa man
=b (mod p-1 2
mep (il p-1) nhu cdu a) va n di 16n dé n>2026"" . Khi 46, ta c6| 0,5
n=a (mod p)

f(n)#0, f(n)=0 (mod p) nén p|2026" —n*”.




Ciing theo cich chon sd n, ta ¢ 2026" —n™ =2026" - (mod p). Do dé,
p|2026" —-a®”. Vi didu ndy ding véi moi sd nguyén té 1& p>a nén ta chon
p>[2026" o™ thi c6 ngay 2026’ —a™ =0 hay 2*-1013" = 4™,

0,5

Khi d6, a chi c6 wéc nguyén té 12 2 va 1013 nén dat a=27-1013" véi x,yeN".
Tinh s mi cda 2,1013 & hai vé dugc 5=2027x vd b=2027y hay
b=2027x =2027y.

Do d6, phdi ¢c6 x=y hay b=2027x, a=2026"

0,5

Tir gia thiét ta dugc a" —n® =2026™ —n™*|2026" —n*”". Picu nay chi xay ra khi
x=1 hay ta dugc a=2026, b=2027. Thir lai ta thiy f(n)=0 véi moi s6 nguyén

duong va f(n)=2026" —n’°2’|2026" —n™ véi moi sé nguyén duong n> 2026,

Ciu3
(3 diém)

<7 '\\‘(
RS e

N

a) Chimg minh: M la trung diém ciia PR va I 14 tim duong tron ndi tiép tam

gidc DRS. %0
Cho EF cit BC & J thido 4D,BE,CF dong quy nén dung tinh chat hing diém

diéu hoa co ban, ta c6 (DJ, EF)=~-1. b
Vi MN la dudmg trung binh ctia tam gidc DBC nén MN || BC hay PQ|| BC. Xét

chim B(DJ,EF)=-1, chiéu 1én PR, ta c6 ngay M la trung diém cia PR (vi 0,5

BJ||-PR).




Ma M ciing 12 trung diém BD nén BPDR la hinh binh hanh.

Chirng minh twong ty c6 CQDS ciing 14 hinh binh hanh, LD
Khi d6, DR| AB,DS||AC vi RS||BC nén DRI=ABR=RBC=IRS hay IR 14 i
— — ’
phin gidc DRS. Tuong tyr IS 13 phan gidc DSR nén I la tim néi tiép DRS.
b) Chimg minh rang dudng tron ngoai tiép ciia cic tam gidc APQ,IRS,DRQ, DSP 2.0
cing di qua mot didm T, ddng théi néu T e BC thi AB+AC=2-BC. ’
Pinh nghia lai T 13 giao diém khic D cia dudng tron (DSP) va AD. Ta cé
RST = PST = PDT = RIT, 0,5
vi thé nén T e (RS).
Suyra ﬁ@=fR\S=ﬁ§'=@ nén T e (DRQ). 0,25
Do a6, @7‘:@':@:@ nén ta ciing c6 T e (4PQ). Vi thé nén 4 dudng 0.25
9
trdn ngoai tiép cac tam giic APQ,IRS,DRQ,DSP cing di qua T.
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Tiép theo, goi T’ 13 tim dudng tron bang tiép géc D ciia tam gidc DRS thi rd rang
IRT'S ndi tiép dudng tron dudng kinh IT' vacé T'e DI. Tirday suyra T=T". Gia
sit ring T e BC thi dit K =DT RS, ta ¢6 K 1a trung diém cia DT do tinh chédt [ 0,25
dudng trung binh. Vi DRS, ABC dong dang nén tinh chét nay ciing ding trong tam
gidc ABC.
Goi I, 1a tim dudong tron bang ti€p géc 4 ciia tam gidc ABC va AI cit BC & T, 105
9

cit dudng tron (4BC) & L. Xét phuong tich ciia cic dudng tron,




TA-TL=TB-TC = Tl 11,
vi TA=TI, (tinh chit néu trén) nén I =TL.

Céch 1

Khi d6: LT = —LI=—;-LB

AB LB
T: idc LAB ddng dang tam LBT —_—=—=2
am gi ong dang gidc nén LT

0,25

TB AB TB AB
t AT 1a phan gia A —="— né = g
Mit khéc a phan gidc géc 4 nén TC-AC nén TBLIC +AC nén

iB A suy ra b =T—B—l én AB+AC=2.BC.

BC AB+AC AB+AC AB 2

0,25

Cach 2

Nhu thé r=d(I,BC) =d(L,BC). Goi H 14 hinh chiéu ctia L 1én BC va U la diém
chinh giira cung BC khéng chwta 4, khi d6 L, H, U thing hang.

Mat khac: d(L,BC)=LH = LC.sin% = LU.sing.sin§= 2R.sin? §= R(l —cos A)

0,25

nén
S abc 8s? B b +c*-a’

R—RcosA <> —=———(1—cosd) < =1
e )/ 4S( ) 2p-abc 2bc

Py 8(p—a)(p—b)(p—c) =2bc-(b2 +c2 _a2)

< 2(p-a)= ac>b+c 2a.

0,25

Cau4

(5 diém)

a) Gox x5 theo thu tur la ) hang, s6 CQt cua bang ma tren moi hang/cot dé co it

nhit 2 6 vudng don vj dugc t6 xanh; d,,d, theo thir tir 13 s6 hang, s6 cot cua bang
ma trén mbi hang/cot 6 c6 it nhét 2 6 vudng don vj dugce t6 do; v,,v, theo thir tw
1a s hang, sb cot ciia bang ma trén mdi hang/cot d6 cé it nhit 2 6 vudng don vi
dugec t6 vang, Chirng minh rang

2,0




X +x,+d; +d, +v,+v, <45.

Ta goi mot hang 13 “xanh” néu trén do cé it nhat 2 6 t6 xanh. Néu trén hang d6 c6
6 t6 mau do thi xét diéu kién (i) cho 6 mau do nay, ta c6 ngay diéu vo ly vi trén
hang d6 c6 nhiéu hon 1  xanh 14 khidc méau véi né. Nhur thé, trén hang xanh sé
khong cd 6 dd nao, va tuong tir ciing khong c6 0 vang nao.

1,0

Dinh nghia twong tir véi cot “xanh” va hang/cot “vang”, “d6”. Nhu thé, céc hang
xanh, dd, vang 1a d6i m¢t roi nhau nén x, +d,+v, <21. Tuong tir, ta ciing c6
x, +d, +v, <24 va cjng lai thi dugc x, +x, +d, +d, +v,+v, <21+ 24 =45,

1,0

b) Goi x,d,v theo thit tir 13 s6 6 vudng don vi dugc t6 bdi cic mau xanh, do, ving
va dit m =min{x,d,v}. Tim gia tri I6n nhét ctia m.

3,0

Pit X =x,+x,, D=d, +d,, V =v,+v, va a latdng s6 hang/cot con lai, khéng thudc
cidc nhom trén, goi 1a hang/cot “thuong”. Tacé X +D+V +a=45.

0,5

Ta thay rang mét 6 dugc t6 xanh thi c6 thé thujc vé mot hang xanh, mét cot xanh
hozc hang/cot thudng (mdi hang/cot thuong ciing chi chira khong qua 1 6 xanh).
Do c6 x, hing xanh, x, cot xanh nén chiing giao nhau tai x,x, 6, kéo theo s 6 dugc
t6 xanh t6i da 12 xx, +a.

1,0

2 2 .
Theo bét ding thirc AM-GM, x<xx, +as@+a=§+a. Khéng mét tinh

tong quat, gia sit X =min{X,D,V} thi 45—a=X+D+V >3X.Suyra

2 2 _
X_+a_<_(4_5_i+a=56+M)+_9556+_9_=56+—1.’
4 -9 36 36

danh gi cudi ding vi 0<a<45.

1,0

2
Vi thé nén meSXT+a556+—}. Gid trj 16n nhét cin im 13 56.

Ta xét vi du xdy dung trong hinh bén dudi (theo thit fir xanh, d6, vang):

) T ) R R

Luru y. Céc bai todn & trén ddy cé thé c6 nhiéu céch gidi. Ban giam khé
thé dé cho diém néu thi sinh 1am khéc cach gii ciia huéng din chim thi.

am khéo cén cif tinh hinh cy



