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Loi mé dau

Tai liéu tdp hop mot s6 bai toan hinh hoc trong cac dé chon ddi tuyén nam hoc 2026-2027. Céc
bai dude sdp xép theo dia phuong va don vi ra dé, kem 15i giai, hinh minh hoa v nhitng binh
luan lién quan.

Nhiéu bai toan dudc trinh bay theo hon mot cach gidi. Viéc dbi chiéu cac cach tiép can gitp nhan
ra nhitng méi lién hé gitta géc dinh huéng, phuong tich, ti s6 kép, cuc va dbi cuc, cdc phép bién
hinh cting nhw cdc cong cu vecto. Ngudoi doc nén thit gidi ddc 1ap trude khi tham khao 16i giad.

0 mot sb bai, cac didu kién duge bo sung dé cdu hinh x4c dinh (loai céc trudng hop suy bién)
dugce dat trong ngoac vudng |- ].

Tac gid xin gt 10i cdm on t6i tro 1i AI da hd tro trong qué trinh bién soan tai liéu: soan thao
IATEX, vé hinh minh hoa va ggi ¥ ¥ tudng cho mot s6 16i giai.
Ki hiéu va quy udc
e AB chi doan thing hoiic d6 dai; khi néi giao, song song hodc vudng géc, AB dugc hiéu la
duong thing qua A, B.

e (AB,CD) la géc dinh hudng gitta hai dudng thing, xét theo médun 7. Ki hiéu ZABC hoic
ABC duge dung cho géc théng thuong.

« AB la d6 dai dai sé sau khi chon mot chiéu duong trén duong thing chia A, B.

e (O;R) 1a dudng tron tAm O, ban kinh R; (ABC) 1a dudng tron ngoai tiép tam gidc ABC
khi ba diém khong thing hang.

e NABC «~ AA’B'C’ chi hai tam gi4c dong dang véi thit tu dinh tuong (ing nhu da viét.

e P,(X) la phuong tich ctia diém X déi véi dudng tron w; v6i dudng tron ki hiéu theo tAm
hoiic theo cdc diém ndm trén né, ta viét P0)(X), Papcy(X).
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TP. Ha Noi

1.1 Sé& Giao duc va Dao tao

Bai toan 1.1 (Bai 4; 6,0 diém). Cho tam gidc ABC [nhon] (AB < AC < BC) nbi tiép dudng

tron (O). Ba dudng cao AAy, BBy, CCy ciia tam gidgc ABC cit nhau tai truc tam H.

(a) Goi A, By, Cp tuong ting 1a trung diém ctia cic canh BC,CA, AB. Goi X la giao diém
ctia hai dudng thing BoO va CyAy, Y 1a giao diém ctia hai dudng thing CoO va AgBy.
Hai duong thang XY va ByCy cit nhau tai diém Z. Ching minh duong thing AgH
vubng géc véi dudng thang AgZ.

(b) Ké duong kinh AK ctia dudng tron (O). Goi M, N tuong ting 1a trung diém ctia céc
doan thing BB;,CC,. Chimg minh dudng thing MN di qua tAm dudng tron ngoai
tiép ctia tam gidc A1 HK.

Hinh cho cdu a).

Loi gidi. a) D& thiy O 1a tryc tAm tam gidc AgBoCo nén Ag(O, Z; By, Cy) = —1. Ké Hzx || BC
thi H(x, Ap; B,C)=—1. Ma Hz L AgO, HB 1 AgCy, HC' L ApBy nén hai chum trén c6 céc tia
tuong tng vudng goc, suy ra HAg L AgZ.

b) Goi L 1a giao diém ctia AO va B1C;. Theo tinh chit quen thudc, AO L B1Cy, nén L 13 hinh

chiéu ctia A trén B1C;.

Khang dinh 1.1. M N 1a dudng trung truc ctia doan thing A L.

Vi AB # AC nén B1Cy }f BC; dat T = B1Cy N BC va goi W 1a trung diém ctia AT. Do
LAAT = ZALT = 90°, hai diém A;, L cing thudc dudng tron dudng kinh AT, nén W thudc
duong trung truc cta A L.

Xét tir gide toan phan tao bdi bén dudng thing AB, AC, BC, B1C;. Ba dudng chéo ciia né la
AT, BBy, CC}, nén theo dinh li dudng thang Gauss, ba trung diém W, M, N thing hang. Hon
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nita, dudng thing Gauss vudng goéc véi duong thang Steiner, titc duong thing di qua truc tAm
ctia bén tam giac ABC, ABCy, TBCy, TCB;.

Goi H’ 1a truc tam clia tam gidc AB1Cy. Vi B,C, By, dong vién nén tam gidc AB1C; 1a 4nh
ctia tam gidc ABC qua phép dong dang nghich tdm A (d6i xtimg qua phan gidc goc A, roi vi tur ti
sO ‘?4%1 ), bién B+ By, C + C1. Phép dong dang nay bién chan dudng cao A; thanh chan dudng
cao L va bién H thanh H’; do d6 H' € AL va

AH'  AH
AL~ AA,

Theo Thales ddo, HH' || A;L. Nhu viy A;L song song v6i dudng thang Steiner, nén A;L 1L MN.
Két hop v6i W € MN va WA; = WL, ta duge M N 1a dudng trung truc ctia A L.

Khang dinh 1.2. Bén diém A, H, K, L ddng vién.

Vi ZHAC = ZHB;C = 90° nén H, A;,C, B; dong vién; vi /B1LK = /B,CK = 90° (do AK
13 duong kinh) nén By, L, K, C dong vién. Theo phuong tich ctia A,

AH - AA; = AB, - AC = AL - AK.

Do K ¢ AA; (vi AB # AC), suy ra A1, H, K, L dong vién.

Viy tam V ciia duong tron (A;HK) ciing la tam cta (AyHKL), nén V nam trén dudng trung
truc cua AL, tic la trén MN.

Hinh cho ciu b): W, M, N,V cting nam trén trung truc cia A, L.

Céch khéc cho cau a). Goi D la trung diém ByCp va G 1a trong tdm tam gidc ABC (ciing la
trong tAm tam gidc AgBoCo). Vi O, G, H thang hang vii &% = § = S5 nén OD || HAg. Ti gidc
ByCy XY noi tiép duong tron tdm D, ¢6 BgCo N XY = Z, BpX NCyY = O, BeY N CoX = Ag;
theo dinh Ii Brocard, AgZ 1 OD, do d6 AgH 1L AgZ.

Cach khéc cho cau b). Vi AgM || CA nén AgM L HM; tuong tw AgN L HN, tic Ay, M, N
thudc duong tron dudng kinh AgH, va theo cau a) AgZ tiép xic véi dudng tron ndy tai Ag. Do
AgByCyB 13 hinh binh hanh, M, X dbi xtmg qua trung diém citia CyAg, nén CoX = AgM; tuong
tw BgY = AgN. Goi I = MN N AoZ va IT 1a tiép tuyén tht hai ctia (AgM N). Tt gidc AgMTN

diéu hoa nén AL = Qo8 — So8 — G0 suy ra ATMN « AOCyBy va ZNAgO = Z0CoBy =
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/TMN = /NAT; do d6 Ay, O, T thing hing va AgA; HT 1& hinh chit nhat. Vi TAg = IT, I
thudc trung truce ctia A1 H; vi Ay L HK (Ap 1a trung diem HK), I thudc trung truc ciia HK.
Vay I € M N la tdm duong tron (A1 HK).

Hinh cho cdch khdc cia cdu b).

O]

Nhan xét. Khzamg dinh thit nhat & cAu b) 1a mot bai todn trong dé thi hoc sinh gidi 16p 9 thanh phd
Ha No6i nam 2022. Véi tam gidc nhon, 15i gidi chi ding diéu kién AB # AC; gia thiét AC < BC khéng
duge st dung. Chu ¥ rang néu tam gidc vudng tai A thi O = Ay va X =Y = Ay, khi d6 Z khong xéc
dinh.

Hai cdu a), b) ¢6 lién hé véi nhau. Vi BH || KC' (cung vuong géc véi AC) va CH || KB nén BHCK
13 hinh binh hanh, Ay 1a trung diém ctia HK. Do d6 VA, L HK, va theo ciu a) ta duge V € AgZ.
Nhu vy ba dudng thing M N, AgZ va dudng thang qua trung diém A, H song song véi BC' ddng quy
tai tAm V cia dudng tron (A1 HK).

1.2 Chuyén Su pham

Bai toan 1.2 (Cau 5). Cho tam gidc ABC cé dudng tron noi tiép (I) tiép xic v6i cac canh
BC,CA, AB lan luct tai D, E, F, va dudng tron ngoai tiép 1a (O). Céc dudng thing BE,CF
cat lai (I) lan lugt tai P,Q. Tiép tuyén cta (I) tai P,Q cit dudng thing BC lan lugt tai
M, N.

Goi T 1a trung diém cung BC ciia (O) khong chita A. Pudng thang TD cit lai (O) tai K.
Chimg minh rang duong tron (KM N) tiép xic véi (O).
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Loi giai. Trude hét, xét AB # AC va PM Jy QN. Pit G = EF N BC. Ap dung Pascal cho luc
gidc suy bién FFQPEE, ta dugc G € PQ.

ViTB =TC nén KD la phén gidc trong cia Z/BKC. Theo Menelaus trong tam giac ABC va
tinh chét hai tiép tuyén cit nhau,

GB BF DB KB

GC CE DC KC’
Do dé (G, D; B,C) = —1 va theo két qua vé dudng tron Apollonius néu S 1a trung diéem GD, ta
c6 SG =SD = SK.

Theo Ceva, AD, BE,CF dong quy tai J. Pat H = PM N QN. Dang suy bién ciia Pascal cho tit
gidc EPFQ cho thdy A, H,J thing hang, nén H € AD.

Dit R = ADN PQ. Vi A, H lan lugdt 1a cic cuc cia EF, PQ dbi véi (I) nén AD 1a dudng doi
cuc ciia G = EF N PQ. Béi vay (G, R; P,Q) = —1. Chiéu hang diém nay tit H lén BC, trong d6
R, P,Q lan lugt chiéu thanh D, M, N, ta dugc

Tt hai hang diém diéu hoa trén va S 1a trung diém GD, suy ra

Po)(S) =SB -SC = SG* = SK?,
Pivny(S) = SM - SN = SG? = SK*.

Vay SK 1a tiép tuyén chung ctia (O) va (KMN) tai K.

Néu AB # AC va PM || QN thi Pascal cho AD || PM || QN. Ltc nay, ding phép chiéu song
song theo phuong PM thay cho phép chiéu tam H, ta van c6 (G, D; M, N) = —1 va két ludn nhu
trén.

Cubi cling, néu AB = AC thi K = A. Do dbi xting qua AD, c4 hai dudng tron (O) va (AMN)
déu c6 tam trén AD, nén ching tiép xic tai A. O
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1.3 Chuyén Khoa hoc Tu nhién

Bai toan 1.3 (Ngay 1, Cau 3). Cho tam gidc ABC nhon, khong can. Diém D nim trén canh
BC sao cho AD f BC. Ly hai diém E, F lan lugt thuéc AB, AC sao cho EF || BC. Qua
E, F, lan lugt ké cic dudng thing song song v6i AD, cit BC tai H,G. Goi Q 14 giao diém
ctia AD va duong trung truc ctia BC; diém P nam trén tia AQ sao cho

AP - AQ = AD?.

(a) Chiing minh ring Q nim trén truc ding phuong ctia (BHE) va (CGF).

(b) Chting minh rang P nim trén truc dang phuong ctia (BHF) va (CGE).

Hinh cho ciu a): dudng mau dé la truc ding phuong cia (BHE) va (CGF); hai duong tron nét dit la
(ABD), (ACD).

Kién thifc bo trg. Phuong tich P, (X) = XO? —r2 cia mot dudng tron w(O;r) chita z2 4 y2
khi viét theo toa d6 X = (z,y). Khi lay hiéu phuong tich d6i véi hai dudng tron, phan 22+ y?
bi triét tiéu, chi con lai mot biéu thitc dang ax + by + c. Bai nay chi can hai su kién sau.

Tinh chat 1 (hiéu phuong tich 1 ham bac nhét). Véi hai dudng tron wy,ws, ham
f(X) = Pu, (X) — Po,(X) 13 haim béc nhét, va f(X) = 0 khi va chi khi X thudc truc ding
phuong. Vi du don gidn nhat 13 X B2 — X (C? (hiéu phuong tich d6i v6i hai “dudng tron diém”
B, C), triét tiéu trén trung truc ciia BC. Ta dung hai hé qué:

o Trén mét duong thdang, f thay doi déu. Biét f tai hai diém 1 biét f trén ci dudng
thing; diic biét, hai hAm bac nhit bang nhau tai hai diém thi bing nhau trén ci dudng
thng di qua hai diém dé.

e Hai duong tron cimg di qua U, V. Khi d6 truc ding phuong 14 UV, nén f(X) ti 1é véi
khoang cach (cé dau) tit X dén UV; néi riéng, f khong ddi trén mdi duong thang song
song v6i UV.
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Tinh chéit 2 (ti sé6 phuong tich qua phép vi ty). Néu B € w v o' 13 4nh ciia w qua
phép vi tu tdm B, ti s6 ¢ thi

P (X) =t P, (X) + (1 —t) XB>.

On

No6i céch khéc, phuong tich ddi véi dudng tron “co lai” vé B 1a trung binh cé trong s
clia phuong tich dbi véi duong tron ban dau va XB?. Chtng minh: tdm cia ' 1a O
tO+ (1 —t)B, nén O'X?2 =t0X? + (1 —t)BX? — t(1 — t)OB?; thay OB = r va trtt cho bén
kinh (¢r)? 1a xong.

Loi gidi. Dit - -
. AE _AF _DH _DG
~ AB AC DB DC
(céc dang thitc c6 duge tit EF || BC, EH || FG || AD va dinh 1i Thales).
a) Cdch 1. Hinh hoc. Goi R 1 giao diém ciia trung truc EF v6i AD, va I # R 1a giao diém thit
hai ctia (REF) v6i AD. Goi K, L 1an lugt 1a giao diém thtt hai ctia QB vé6i (BHE) va ctia QC
véi (CGF).

Phép vi tu tAm A bién E +— B, F ~— C bién trung truc ctia EF thanh trung truc ciia BC va giit
nguyén AD, nén bién R+ Q; do d6 AREF «~ AQBC. Tt K € (BHE), RE = RF, R,E,F, I
dong vién, A, R, I, D thang hang va EH || AD, ta c6

(EH,EK) = (BH, BK) = (BC, BQ) = (EF, ER)
= (FR,FE) = (IR,1E) = (ID,IE) = (EH, EI).

Suy ra E, K, I thing hang. Tuong tu, F, L, I thing hang. Khi d6
(BK,BD) = (BK,BH) = (EK,EH) = (IK,ID),

nén B, K, D, I dong vién; tuong tu C, L, D, I dong vién. Vi Q 1a giao diém ctia BK, CL va DI,
theo phuong tich,

Perp)(Q)=QK -QB=QD-QI = QL-QC = Pcar)(Q).

Vay @Q nim trén truc ddng phuong ctia (BHE) va (CGF).
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Hinh cho cich 1: E,K,I va F,L,1 thdng hing.

Cdch 2. Hiéu s6 phuong tich. Xét f = PruE) — Pcar) va g(X) = XB? — XC?; ca hai déu 13
ham béac nhat (Tinh chat 1). Tai A va D, ta c6

f(A)=AE-AB — AF - AC = k(AB? — AC?) = k g(A),
f(D)=DH-DB - DG -DC = k(DB? — DC?) = k g(D).

Hai ham béac nhit f va k¢ tring nhau tai hai diém A, D nén tring nhau trén ca dudng thing
AD. Ma ¢g(Q) =0do @B = QC, suy ra f(Q) =0.
C6 thé viét gon lap luan nay bang Tinh chat 2: phép vi tu tAm B, ti s6 1 — k bién (ABD) thanh
(BHE); phép vi tu tdm C, ti s6 1 — k bién (ACD) thanh (CGF'), nén

F(X) = (1= &) [Piapp)(X) = Pracp)(X)] + k (XB* — XC?),
va vé phai triét tiéu tai Q vi AD Ia truc ding phuong ctia (ABD), (ACD). VAy @ nam trén truc
déng phuong ctia (BHE) va (CGF).

b) Cdch 1. Hang diém diéu hoa. Dit w1 = (BHE), ws = (CGF), ws = (BHF), wy = (CGE)
va ki hiéu P; 1a phuong tich d6i véi w;. Goi M, N la trung diém ctia BC, EF (khi d6 N € AM,
AN = kAM) va D' 1a diém dbi xting ctia D qua A. Néu D = M thi P = Q = D va P3(D) =
k DB? = k DC? = P4(D); sau day xét D # M.

Ta ding moét bo dé nhoé vé phuong tich.

B6 dé 1.3. Cho U,V thudc mét duong thing song song véi EF, va wp = (UVE), wp =
(UVF). Néu X,Y € EF dbi xting nhau qua N thi

P‘UE(X) +PwF(Y) =2XE-XF = PwF(X) +7DUJE(Y)'

Ching minh. Goi E', F' 1 giao diém thtt hai ctia EF véi wg,wr. Tam ciia hai dudng tron cling
nam trén trung truc ciia UV, dudng thang ndy vuong géc véi EF; do d6 hai day EE', FF' ¢6
chung trung diém K (giao diém clia trung truc dy v6i EF). Liy mot gbc trén dudng thing EF
va dong nhat moi diém véi toa d6 clia né; khi d6 B/ = 2K — E, F' =2K — F, Y = 2N — X,
F=2N — FE, nén

YE=X-E=-XE, XE-YF=0QK-E-X)-(2K-F—-2N+X)=2F-X)=2XF.
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Vay Pop(X) + Pup(Y) = XE-XE' +YF - YF = XE(XE —YF') = 2XE - XF. Déng thitc
thit hai c6 dugc bang cach ddi vai tro cta (X, E) va (Y, F),chi y YE-YF = XF - XE. O

Buée 1. Hai truc ding phuong cit nhau tai S € BC, va S, N, D’ thding hing. Véi X € BC, ta
c6 P1(X) =P3(X) = XB-XH va P2(X) = Py(X) = XC - XG. Lay goc tai D va dit b = DB,
¢ =DC, x = DX; vi DH = kb, DG = ke, phuong trinh XB - XH = XC - XG tré thanh
(14 k)(c —b)x = k(c® — b?), c6 nghiém duy nhat

— k(b+¢) 2k ——
S 1+k 1+k

Diém S c¢6 cting phuong tich déi v6i ca bén dudng tron, nén ci hai truc dang phuong (ctia wi, wy
va clia w3, wy) déu di qua S; theo cAu a), truc thit nhat 13 SQ. Mit khic, trong tam gidc ADM,

2k

)

D'D NA SM_2.( k )( 1—1<:>

DA NM SD ~ \ 1—k

nén theo dinh 1i Menelaus ddo, S, N, D’ thing hang.

Bude 2. Truc ding phuong thit hai. Vi Q ¢ BC, duong thing SQ c&t FF tai mot diém X; goi Y
la diém dbi ximg ciia X qua N. Vi X € SQ nén P1(X) = P2(X). Ap dung bé dé cho cip wi,ws
(cung di qua B, H) va cap wyg,ws (cung di qua C, G):

Pl(X) +P3(Y) =2XFE-XF = PQ(X) +P4(Y).

Suy ra P3(Y) = P4(Y), titc truc ddng phuong clia w3, wy 13 dudng thing SY.

Bude 8. Két lugn. Goi P = SY N AD. Phép chiéu xuyén tdm S tit dudng thing EF lén
dudng thing AD bién X — Q, Y + P, N — D’ (Buéc 1) va diém vo cuc ctia EF thanh D (vi
SD = BC || EF). Vi N la trung diém XY nén (X,Y;N,0) = —1, do d6 (Q,P’; D', D) = —1.
Vi A 1a trung diém ctia DD’, theo hé thttic Newton, AP’ - AQ = AD?> = AP - AQ (vi P thuoc tia
AQ). Vay P’ = P, ttic P nim trén truc dang phuong ciia (BHF) va (CGE).

Hinh cho cdch 1: hai truc ddng phuong SQ (zanh) va SP (d6) cdt EF tai X,Y déi zing qua N; S,N, D’
thdng hang.
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Cdch 2. Hi¢u s6 phuong tich. Xét ham bac nhat g = Prr) — Pcar) (Tinh chat 1). Ta tinh g
tai D va A.

Tai D: g(D) = DB-DH — DC - DG = k(DB2 — DC?).

Tai A: goi U,V lan lugt 1a giao diém thit hai ctia AC v6i (BHF) va ctia AB vé6i (CGE). Phuong
tich ctia C d6i v6i (BHF) cho CF -CU = CB-CH; vi CF = (1 — k) CA, ta dugc

Pisir(A) = AF - AT = k AC? - %C*B.C*H,

W tong 0 Pega)(A) = kAB? %3*0 . BG. Vi DH = —kBD, DG = —kCD nén
CH+ BG = (1-k)(BD+CD),va BC(BD + CD) = DB? — DC?. Do dé

o(A) :k(Ac2_AB2)+£W(CiH+BiG) — k (DB* — DC? — AB® + AC?).

Vi g bac nhit trén AD, v6i X € AD,

XD AX XD
X) === g(A) + == ¢(D) = k|(DB? — DC?) — == (AB? — AC?)|.
9(X) = S5 9(4) + 2= (D) = k|( )~ =5 )
A 2 ) ¢ a2 .. XD DB?-DC?
Vay truc dang phuong cia (BHF'), (CGE) cat AD tai diem X v6i <D~ ABZ_AC? (
AB # AC).

chi ¥

Ta kiém tra P thoa man hé thic nay. Ap dung cling cong thic noi suy cho ham bac nhat
XB? — XC?, vén triét tiéu tai Q: QD (AB? — AC?) + AQ (DB? — DC?) = 0. Két hgp véi
AP - AQ = AD?, ta dugc

DB*-DC? DQ AD AP PD

AB? — AC? — AQ A4Q AD AD’
Vay P nim trén truc dang phuong ciia (BHF) va (CGE).

Hinh cho cdch 2: duong mau dé la truc ddang phuong cia (BHF) va (CGE), di qua P.
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O]

Nhan xét. Céc truc ddng phuong & hai cdu cit AD tai nhitng diém khéng phu thude vio vi trf cta
EF: 15i giai cho thay hiéu phuong tich trén AD déu cé dang k - (biéu thitc khong chita k). Diéu kién
AD J BC chi dé Q ton tai; tinh nhon ctia tam gidc khong duge st dung.

Bai toan 1.4 (Ngay 2, Cau 2). Cho tam gidc nhon ABC ndi tiép (O), I 1a tAm dudng tron

noi tiép. Mot dudng tron (J) bat ki di qua I va tiép xic véi (O) tai T. Céc dudng thing

AI, BI, CI 1an lugt cét (J) tai D, E, F khéc 1.

(a) (ATD) cat lai AC, AB lan lugt tai N, P. Chitng minh rang PN di qua truc tdm tam
giac DEF.

(b) Goi A1, As 1an lugt 14 céc diém dbi xting ctia A qua DE, DF; By, By lan lugt 1a céc diém
ddi xtmg ctia B qua EF, ED; Cy,Cs lan lugt 1 céc diém d6i xiing ctia C qua FD, FE.
Chitng minh rang Ay, As, By, Ba, C1, Cy nam trén mot tiép tuyén ciia (J).

Loi giai. Chi y (J) chinh 1a dudng tron ngoai tiép tam gidc DEF. Goi M 13 giao diém thit hai
ctia A v6i (O) (trung diém cung BC), khi 46 M B = M.

Buéc 1: B, P,T,E dong vién va C,N,T,F dong vién. Ta c6

(EB,ET) = (EI,ET)=(DI,DT) = (DA,DT) = (PA,PT) = (PB, PT),
nén B, P,T,E dong vién. Tuong tu, C, N, T, F dong vién.
Budc 2: diém G doi wimg véi P qua DE nam trén (J). Theo Buée 1,

(PE,PD) = (PE, PT) + (PT,PD) = (BE, BT) + (AT, AD)
= (BI, BT) + (BT, BM) = (BI, BM) = (IM,IB),

trong d6 (AT, AM) = (BT, BM) vi A,B,T,M € (O), v ding thitc cudi do tam gidc MBI cin
tai M. Vay (PE,PD) = (ID,IE). Liy déi ximg qua DE ta duge (GE,GD) = (IE,ID), tic
Ge(J).

Budce 3: G ciing la diém doi xing cia N qua DF. Vi AD la phan gidc géc PAN va A, P,D, N
dong vién nén DP = DN. Mit khic, dung cdc dudng phan gidc BI, CI,

2(DE, DF) = 2(IB,IC) = 2(IB, BC) + 2(BC, CI)
= (BA,BC) + (CB,CA) = (AB, AC) = (DP, DN).

Goi G’ 1a diém ddi xting ctia N qua DF. Khi 46 DG’ = DN = DP = DG va
(DG', DF) = (DF, DN) = (DF, DE) + (DE, DP) + (DP, DN)
— (DE,DP) + (DE, DF) = (DG, DF),

nén D, G, G’ thing hang. Lap luan nhu Buée 2 (ddi vai trdo B,C) cho G’ € (J). Dudng thing
DG chi cit (J) tai D va G, nén G’ = G.

Cdu a). Theo Buéc 2, 3, P va N 1a cic diém dbi xtng ctia diém G € (DEF) qua DE va DF. Do
dé PN 13 dudng thiang Steiner ciia G ddi véi tam gidc DEF, nén di qua truc tm ciia tam gidc
nay.
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Hinh cho ciu a): M la trung diém cung BC; P, N la déi xing cia G € (J) qua DE,DF; PN di qua truc
tam H cta tam giic DEF.

Budc 4: dnh ciia AB qua phép doi zing truc DE la tiép tuyén cia (J) tai G. Goi K 1a giao diém
thtt hai ctia TB vé6i (J) va D' 1a giao diém thtt hai ctia TD v6i (O). Phép vi tu tdAm T bién (J)
thanh (O) bién K + B, D+ D’ nén KD || BD'. Mat khéc

(PD,AB) = (PD,PA) = (TD,TA) = (TD',TA) = (BD', BA),

nén PD || BD'. Vay P, K, D thang hang.

Goi £4 14 4nh ctia dudng thing AB qua phép dbi ximg truc DE; €4 di qua G. Phép ddi ximg ddi
dau géc dinh huéng, nén

(t4,GE) = (PE, AB) = (PE, PB) = (TE,TB)
— (TE,TK) = (DE,DK) = (DE,DP) = (DG, DE),

trong d6 dimg Budc 1 va P, K, D thing hang. Theo dinh li géc tao béi tiép tuyén va day cung,
4 tiép xtic véi (J) tai G. Tuong tu (d6i vai tro B, C), anh ctia AC qua phép dbi xtmg truc DF
ciing 1 tiép tuyén cia (J) tai G. Goi tiép tuyén nay la t.

Ciu b). Vi A,B € AB nén A, (d6i xiing ciia A qua DE) va By (déi ximg ctia B qua ED) nam
trén t. Vi A,C € AC nén A, va C; nam trén t.

Con lai By, Cy. Theo Budc 1, duong tron (BTE) cit lai BA tai P; goi Q 1a giao diém thit hai
ctia (BTE) vé6i BC. Ap dung Budc 2, 3, 4 cho dinh B (thay A, D, P,N béi B, E, P,Q): diém déi
xting ciia P qua ED, chinh 1a G, trung v6i diém déi ximg ciia Q qua EF; va anh ctia BC qua
phép ddi xting truc EF 1A tiép tuyén ctia (J) tai G, ttc 1a t. Vi B,C € BC nén B; va Cy (doi
xtmg ctia B, C qua EF) nam trén t.

Viy sau diém Ay, Ao, By, Bo,C1,Cy nam trén tiép tuyén ¢ ciia (J) tai G. O
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D

Hinh cho cdu b): sdu diém nam trén tiép tuyén cia (J) tei G.

Nhan xét. Diém then chét 14 ba dinh A, B, C cho cliing mot diém G trén (J): G 1a diém dbi xtng
ctia P qua DE, cia N qua DF va clia Q qua EF, trong d6 P, N,Q la giao diém ctia cic dudng tron
(ATD),(BTE),(CTF) v6i céc canh.

Bai toan 1.5 (Ngay 3, Cau 3). Cho tam gidc ABC nhon, khong cin, noi tiép dudng tron
(O). Hai diém P, Q nam trong tam gidc ABC thoéa man

/PBA = /PCA = /QBC = Z/QCB.
DPuong thing BP cit AC tai E, dudng thing CP cit AB tai F. Dung hinh binh hanh

PEKF. Pudng thing K P c&t BC tai L. Chimg minh rang cdc dudng tron (AKP), (LKQ)
va (O) cing di qua mot diém.
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Hinh cho bude 1: A, K, Q thdang hdng.

Loi gidi (Duong Minh). Tit gia thiét, /QBC = ZPBAva ZQCB = Z/PCA, nén P,Q 1 hai diém
lien hop d&ng gidc trong tam gidc ABC; néi rieng AP, AQ ding gidc trong géc BAC.
Buée 1: A, K,Q thding hing. Vi EK | PF = CF nén ZAEK = LACF = ZABP. Hai tam

gidc ABE va ACF c¢6 chung géc A va LZABE = ZACF, nén LZAEB = ZAFC, tic sin LZAEB =
sin ZBF P. Theo dinh li sin trong cic tam gidc BFP va ABE,

ﬁ _sin /BFP __sin /AEB B A73
PF  sin/FBP sin/ZABE AE’

EFEK PB

Vi FK = PF nén TA - BA két hop LZAEK = ZABP, ta dudc AAEK «~ ANABP. Do d6

/EAK = /BAP, titc AK 13 dudng ding gidc ctia AP trong gbc BAC. Vay AK di qua Q.

Buéc 2: phép vi tu quay. Hai duong tron (AKP) va (LKQ) cat nhau tai K; goi R la giao diém
thtt hai. Vi A, K,Q thing hang va P, K, L thing hang, R 14 tdm ctia phép vi tu quay S bién
Q — A, L — P. Ta chiing minh R € (O).

Dit M = S(B), N = S(C). Vi B, L,C thing hang nén M, P, N thing hang. Phép vi tu quay
bdo toan géc dinh huéng, nén tit tam gidc QBL bién thanh tam gidc AM P:

(MA,MP) = (BQ,BL) = (BQ, BC) = (BA, BP),

trong dé dang thic cudi ¢6 duge vi BP, BQ ding gidc trong géc ABC. Suy ra A, P, M, B dong
vien. Tuong tu A, P, N, C dong vien.

Goi G =BM NCN. Vi M, P, N thiang hang,
(GB,GC) = (MB,NC) = (MB,MP) + (NP,NC) = (AB, AP) + (AP, AC) = (AB, AC),

nén G € (0). Mit khéc, R 14 tAm phép vi tu quay bién B — M, C' — N, nén quen thujc R nam
trén duong tron (GBC), chinh 1a (O). Vay ba duong tron (AKP), (LKQ), (O) cung di qua R.
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Hinh cho budc 2: S bién Q, L, B,C thanh A, P,M,N; R va G nam trén (O).

O

Nhan xét. Pudng tron (KLQ), ttc 1a dudng tron (RKLQ), con di qua dieém Miquel W cia tit gidc
toan phan tao béi bén dudng thing BF, FE, EC,CB, nghia 13 giao diém tht hai ciia (O) va (AEF).

Chitng minh. Vi ZFBE = /FCE nén B,C, E,F dong vién. Goi U la giao diém thtt hai ctia AP véi
(0), J la trung diém cta EF va X = EF N BC.

Bude 1: W, L,U thdng hang.

e Vi PEKF la hinh binh hanh nén PK di qua J. Do BCEF ndi tiép nén APEF «~ APCB
(ngudc huéng), do d6 trung tuyén P.J ciia tam gidc PEF 1 duong d6i trung ctia tam gidgc PBC.

LB PB?

LC  PC?’

o W la tAm phép vi tu quay bién B+ C, F+— E (vi BFNCE = Ava W € (ABC)N (AFE)),
nén AWBF «~ AWCE. Mat khic APBF «~ APCE (vi /PBF = /PCE va hai géc § P dbi
dinh). Do a6 2.8 - BE _ PB

' wC CE PC’
e Theo dinh li sin trong cic tam gidc ABP, ACP v6i LZABP = LACP, ta cb

Suy ra L nam trén doan BC va

UB sin/BAP _PB
UC  sinZCAP PC’

« X c6 cling phuong tich XB - XC = XF - XE d6i v6i (O) va (AEF), nén X € AW. Vi X nam
ngoai doan BC nén W thudc cung BAC, con U thudc cung BC khong chita A. Do dé6 WU cét
doan BC tai mot diém L' véi

L'B  Swpy _ LB
L'C  Swey WC-CU PC?2  LC

WB-BU PB?> LB

(Vi ZWBU + ZWCU = 180°). Vay L' = L.
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Bude 2: W € (RQL). Phép vi tit quay S tAm R bién Q — A, L — P cho ARQL ~ ARAP (cung
huéng). Két hap véi Bude 1 va A, U, W, R € (O):

(WL,WR) = (WU,WR) = (AU, AR) = (AP, AR) = (QL,QR).
Vay W nam trén duong tron (RQL), chinh 1a (KLQ).

Hon nita, néu (KLQ) cit lai BC tai T thi RT va AQ cat nhau trén (O). That vay, goi V' 14 giao diém
thit hai ctia TR véi (O). Do W, L, U thing hang va L, T € BC,

(UV,UW) = (RV,RW) = (RT, RW) = (LT, LW) = (BC,UW),

nén UV || BC (day chinh la dinh 1i Reim cho hai dudng tron (O), (K LQ) cit nhau tai R, W). Suy ra
AU, AV d&ng gic trong géc BAC; ma AU = AP déng gisc v6i AQ, nén A, Q,V thing hang.

Hinh cho nhin zét: (KLQ) di qua diém Miquel W; W, L,U thdng hang; R, T,V thdng hang.

Nhan xét. Theo hai nhan xét trén, (KLQ) va (O) luon c6 hai diém chung la R va diém Miquel W;
hai dudng tron tiép xtc nhau ding khi R = W. Pac biét hod theo huéng nay, ta dudc bai todn sau.

Bai todn. Cho tam gidgc ABC nhon, khéng cin, noi tiép duong tron (O). Hai diém P, Q nam trong tam
gidc ABC théa man /PBA = /PCA = /QBC = /QCB. Pudng thing BP cit AC tai E, dudng
théng C'P ciit AB tai F. Dung hinh binh hanh PEK F. Pudng thing K P cit BC tai L. Chiing minh
rang duong tron (LK Q) tiép xtic v6i (O) khi va chi khi AK | KP.

Ching minh. Gitt cac ki hiéu W, U, X nhu trén va goi O; la tam duong tron qua B,C, E, F'.

Buéde 1: ZAWP = 90°. Ap dung dinh Ii Brocard cho tit gidc noi tiép BCEF véi A = BF N CE,
X =BCNEF,P=BENCF, tacé O,P L AX. Mit khéc, quen thudc diém Miquel W 1 hinh chiéu
cia Oy lén AX. Do dé Oy, P,W thing hang va PW 1 AW.

Budc 2: R =W khi va chi khi AK | KP. Theo 16i giai, (AKP) cat (O) tai A va R. Vi W € (O) va
W # A nén R =W khi va chi khi W € (AK P). Theo Budc 1, dudng tron qua A, P, W la dudng tron
dudng kinh AP, nén diéu ndy tuong duong véi ZAKP = 90°.

Buée 3: két lugn. Néu R # W thi (KLQ) va (O) cé hai diém chung phan biét, nén khong tiép xtc.
Ngugc lai, néu R = W thi W 1a tAm phép vi tu quay S bién Q — A, L — P, nén AWQL ~ AW AP
(cting huéng). Goi ¢, 1an lugt 1a tiép tuyén tai W cta (KLQ) va (O). Vi W, L,U thing hang,

(t, WL) = (QW, QL) = (AW, AP) = (AW, AU) = (', WU) = (¢, WL),
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nén t = t, titc (KLQ) tiép xic véi (O) tai W.

Diéu kién AK 1 KP xdy ra dugdc, chang han khi ZA ~ 78°, /B ~ 55,5°, /C ~ 46,5° v /PBA ~
41,3°.

Hinh cho bai todn mdi: AK 1 KP, (KLQ) tiép wic vdi (O) tai W.

Nhan xét. Xem thém cac khai théc khic ctia bai todn nay (tong quat hod, dudng tron Euler mé rong,
duong tron qua nam diém, cic tiéu chuan tiép xiic) tai day.

TP. H3 Chi Minh

2.1 Sé& Giao duc va Dao tao

Bai toan 2.1 (Cau 4). Cho tam gidc ABC nhon, AB # AC, noi tiép dudng tron (O). Dudng

tron noi tiép (I) tiép xtc véi BC,C A, AB lan lugt tai D, E, F. Qua A ké dudng thang song

song véi BC, cit (O) lan thit hai tai 7. Pudng thing TD cit (O) lan thit hai tai J.

(a) Goi N la trung diém ctia BC va X 13 giao diém thit hai ctia AN v6i (O). Chting minh
EF,BC,JX dong quy.

(b) Goi P,Q lan lugt 1a giao diém tht hai ctia JE, JF v6i (O). DPudng thing Al cit (O)
lan tht hai tai M. Chtng minh dudng thang qua A va vudng géc véi PQ di qua trung
diém ctia M N.

Loi giai. a) Vi AT || BC, ta c6
(DJ,JX) = (TJ,JX) = (TA,AX) = (DN, NX).
Suy ra D, N, X,J dong vién. Goi Y = JX N BC. Ap dung phuong tich déi véi (DNXJ) va (O),

dugce
YD - YN=YJ-YX=YB-YC.
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Do N la trung diém ctia BC, suy ra (Y D, BC) = —1. Theo tinh chat diéu hoa ctia cAu hinh tiép
xtic, giao diém ctia FF va BC ciing lién hop diéu hoa v6i D d6i véi B,C. VAy Y, E, F thing
hang.

b) bit K = DINEF va goi L 1a trung diém ctia M N. Theo tinh chat quen thudc ctia cidu hinh
tiép xtc, A, K, N thing hang. Pascal cho luc gidc BCAXJP, két hop cau a), suy ra B, P, K
thang hang. Tiép tuc 4p dung Pascal cho luc gidc ABPJQC, ta dugc C,Q, K thang hang. Mt
khac, M 1a trung diém cung BC khong chitta A, nén MN 1 BC.

Céch 1. Pudng tron (BKC). Goi O’ 1a tdm duong tron (BKC). Tt (PQ,KB) = (CQ,CB) =
(CK,CB), suy ra PQ song song véi tiép tuyén tai K ctia (BKC), do d6 O'K 1 PQ.
Goi Z # K la giao diém thit hai ctia EF v6i (BKC) va V 1a trung diém ciia K N. Theo phuong
tich,

YK-YZ=YB-YC=YD-YN.

Vi thé K, Z, N, D ddng vién. Lai c6 KD | DN, nén KZ | ZN. Suy ra VK = VZ, tiic O'V 1a
duong trung truc cia KZ. Do AI L EF, ta duge O'V || AM.

Vi A, K, V, N thiang hang vA N, O0’, L, M thing hang, dinh 1i Thales cho

NO' 2NO' 2NV NK
NL NM NA NA’

Theo Thales ddo, KO || AL. Vay AL 1 PQ.
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Ciach 2. Déi cyc va phuong tich. Qua A ké dudng thang song song véi BC, c¢it DE, DF lan
lugt tai R, S. Tuw CD = CE va BD = BF, ta c6

4AER:4ERA:900—4A2C'B, AAFSZZFSAZQOO—ZAéBC

Suy ra AR = AE = AF = AS. Vay duong tron w = (A; AF) di qua E, F, R, S.

Xét phép dbi ciie dbi véi dusng tron noi tiép (I;7). Vi K € EF, dbi cuc ciia K di qua A4; lai ¢6
IK | BC, nén ddi cuc ay chinh 14 RS. Mt khac, DE, DF lan lugt 1a ddi cue ctia C, B. Do d6
CK, BK lan lugt 1a dbi cuc ctia R, S.

bit B = BKN1IS, C' = CKNIR va goi U 1a trung diém ctia TK. Theo tinh chat déi cuc,
IB' L BK, IC' 1 CK v&

IS-IB' =IR-IC" =12 = AI” — AE? = P,(I).
Do R, S € w, suy ra B',C’' € w. Hai diém B’,C’ ciing thudc dudng tron duong kinh IK, tam U.
Dudng néi tAm vudng goc véi day chung, nén AU L B'C’.
Mt khéc, I, D, B, B' va I, D,C, ' ddng vien, do d6

KB-KB' =KI-KD=KC-KC(C'.
Suy ra B,C,B’,C" dong vién. Ap dung Reim véi (O), duse B'C’ || PQ, nén AU L PQ. Cudi

cing, A, I, M thing hang, A, K, N thing hang va [K | MN. Theo Thales, hai trung diém U, L
ctia K, MN thang hang v6i A. Vay AL 1 PQ.
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2.2 Phé théng Ning khiéu

Bai toan 2.2 (Ngay 1). Cho tam gidc nhon ABC v6i AB < AC. Dudng tron (I) noi tiép
tam gidc ABC' tiép xtic v6i canh BC tai D. Puong thang AD cit (I) tai diém E khéc D.
Tiép tuyén ctia (I) tai E cit cdc dudng thing AB, AC lan luct tai M, N. Pudng thing
vudng géc véi MN tai N cit MT tai P. Dudng thing vudng géc véi AC tai N cit CT tai
Q.

(a) Chimg minh raing BN L PQ.

(b) Goi K la giao diém ctia BN va CM, con L la trung diém ctia doan PQ. Chiing minh
rang ba diém K, I, L thing hang.
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B

Loi giai. a) Lay F, G lan lugt 1a tiép diém cia (I) v6i AB, AC.

Bang dinh 1f sin trong tam gidc hosic dung dinh 1i Menelaus ching ta chiing minh dugc DE chia
doan MC theo ti lé ME/CD. Tuong tu, FG chia doan MC theo ti 1&é MF/CG nén MC, DE,
FG dong quy.

Tuong tu, NB, DE, FG dong quy va day la tinh chét quen thudc clia tit gidc ngoai tiép. Ta cb

QP =QN + NP = ﬁ E}

ME MK L e e
Vi Yelelniel nén ta c6 the dat

cM  CM
MK -CG CK-ME

Quy uwée (I) c6 ban kinh bang 1. St dung phép quay vecto, géc quay 90°, ta thu dugc

o =

Qo (@) = oy T b T =0 (MK G OE TR = B

Vay nén PQ 1L KN hay PQ 1L BN.

b) Ta ¢
CM-Kl=CK.-Ml+MK-Cl=CK - 1 I‘I_SnLMK I‘(ﬁ)
— CK - E— E B4 MK Jﬁ
— - (IP+1Q)
_g.2Il.
B&i vay K, I, L thing hang. O
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Nhan xét. Bai todn nay c6 thé ching minh bang ti s6 kép, cuc va dbi cuc. Tuy nhién, & day tac gia
chimg minh bang coéng cu vectos va tham chi khong vé thém gi, dé cdc em thiy tam quan trong va su
thd vi cia vecto.

Bai toan 2.3 (Ngay 2). Cho ttt gidc ABCD noi tiép dudng tron (O), c6 AB = AD va
BAD > 90°. Goi G la giao diém khic O ctia CO véi dudng tron (OBD) va L 1a diém trén
duong thang CA sao cho OGL = 90°. Liy E, F lan luct 1a céc diém dbi ximg ctia G qua
OB, OD.

(a) Chimg minh rang EF, LG, BD ddng quy.

(b) Goi H, K lan lugt 1a hinh chiéu ctia L trén CB, CD; M, N lan lugt la giao diém ciia
HG, KG v6i CA. Chimg minh rang diém L c6 cting phuong tich dbi v6i hai dudng tron
(GMN) va (OBD).

Hinh cho cau a): EF,LG,BD dong quy tai T.
Loi gidi. a) Theo két qua vé dudng thang Steiner, ta chi can chimg minh
(GL,BD) = (BD,EF).
Théat vy, chi y O 1a tdm (EGF') nén
(EF,EG) = %(o‘ﬁ, OC) = (0D, 00),

suy ra

EF,EG) + (EG,0B) + (OB, BD)

(EF,BD) = (

= (0D,0G) + /2 + (DB, DO)
= (

= (

OD,0G) + (GO,GL) + (DB, DO)
DB,GL).
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b) Vi ZOGL = 90° va C,0,G thdng hang nén ZCGL = 90°; cing véi ZCHL = /CKL = 90°,
nam diém C,G, H, K, L cing nam trén dudng tron dudng kinh CL. Vi AB = AD, C A 13 phan
gidc ctia gobc BCD, nén (CB,CA) = (CA,CD,).

Khang dinh 2.1. Céc tt gidc MBGC va4 NDGC ndi tiép.

Vi AB = AD nén OA 1L BD, va OA 1a truc déi xtmg ctia B, D. Do G € (OBD),
(GL,GB) = (GL,GO) + (GO,GB) = 90° + (DO, DB) = 90° + (DO, 0A) + 90° = (OD, OA).

Ma (OD,0A) = (OA,0OB) = 2(CA,CB) (gbéc noi tiép va gbéc 6 tam). Do d6, tit dudng tron
duong kinh CL,

(GM,GB) = (GH,GL) + (GL,GB) = (CB,CA) + 2(CA,CB) = (CA,CB) = (CM,CB),

tttc M, B, G, C dong vién. Tuong tu, N, D, G, C dong vién.

Ké duong kinh OP ctia (OBD). Vi ZOGL = 90° nén GL di qua P. Ti khang dinh trén va
(OBD),

(MA,MB) = (MC,MB) = (GC,GB) = (GO,GB) = (PO, PB) = (PA, PB),
nén M, P, A, B dong vién (cht y O, A, P thing hang). Suy ra
(MP,MA) = (BP,BA) = (CB,CA) = (CH,CL) = (GH,GL) = (GM,GP),

trong d6 (BP, BA) = (CB,CA) vi PB 1 OB, titc PB la tiép tuyén ctia (O) tai B. Mat khéc, tit
duong tron duong kinh CL va (CB,CA) = (CA,CD),

(GM,GP) = (GH,GL) = (CH,CL) = (CB,CA)
= (CA,CD) = (CL,CK) = (GL,GK) = (GP,GN).

Vi A, M, N cling ndm trén duong thiang CA, ta dugc
(MP,MN)=(MP,MA)=(GM,GP) = (GP,GN),

nén G, M, N, P dong vién. Vay GP la truc dang phuong ctia (OBD) va (GMN); vi L nim trén
duong thing GP, diém L cé cling phuong tich dbi v6i hai duong tron nay.
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Hinh cho cau b): GL di qua P; M, P, A, B va G, M, N, P dong vién.

Nhin zét ve diém T. Vi MBGC ndi tiép, diem H = GM N BC ¢6 HG-HM = HB - HC, ttic H
¢6 cting phuong tich dbi véi (GMN) va (O); tuong tu v6i K. VAy HK 1a truc ddng phuong ciia
(GMN) va (O). Mit khic BD la truc dang phuong ctia (O) va (OBD), con GP = GL la truc
déng phuong ctia (OBD) va (GMN); ba truc nay dong quy tai tAim ding phuong, chinh 1a diém
T=BDNGL 6caua). Dods T,H, K thdng hang.

Ba truc ding phuong HK, BD, GL dong quy tei T.
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2.3 Tran Dai Nghia

Bai toan 2.4 (Ngay 1). Cho tam gidc ABC va diém D di dong trén canh BC, v6i D # B,C
[gid st ZBAC # 90° va D dugc chon sao cho ba diém A, E, F phan biét, khong thing hang].
Dudng tron (ABD) cit dudng thing AC lan thit hai tai E; dudng tron (ACD) cit dudng
thang AB lan tht hai tai F. Goi I 1a tAm dudng tron ngoai tiép tam gidgc AEF.

(a) Chting minh rang ID | BC.
(b) Gid st IDN EF = {H}. Ly diém K sao cho HK 1a mot duong kinh ctia dusng tron

(HBC). Céc dudng tron (IBK) va (ICK) lan lugt cit cac dudng thang IC, IB lan thit
hai tai M, N.

Goi J la tam duong tron ngoai tiép tam gidc IMN. Chiing minh rang khi D di dong,
diém J luén thuéc mot duong thing ¢b dinh.

Cau hinh ciu a) Cau hinh cau b)

Loi gidi. (a) Hudng 1. Do A, B, D, E va A,C, D, F lan lugt dong vién nén (DC, DE) = (AB, AC)
va (DB,DF) = (AC, AB). Suy ra

(DE, DF) = (DE, DC) + (DB, DF) = 2(AC, AB).

Mat khac, I 14 tAm dudng tron ngoai tiép tam gidc AEF nén
(IE,IF) =2(AE, AF) = 2(AC, AB).

Vithé (IE,IF) = (DE,DF), suy ra I, E, D, F dong vién.

Do IE = I'F nén DI 1a mdt dudng phan gidc cia géc tao béi DE va DF. Hai ddng thiic dau
tién ciung cho (DC,DE) = (DF, DB), nén BC' la dudng phan gidc con lai. Vay ID 1 BC.

Hudng 2. Ta co
CI?~BI? = P(apr)(C)—Papr)(B) = CE-CA-BF-BA = CD-CB—BD-BC = CD*~BD?
suy ra ID 1 BC.

(b) Ta c6 ADCE «~ ADFB, suy ra DE-DF = DB - DC.

Lai c6 DI 1a phan gidc ctia gbc tao béi DE, DF va I, E, D, F dong vién, nén ADHE «~ ADFI.
Do @6 DH - DI = DE - DF.
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Suy ra DH - DI = DB - DC. Két hop véi ID L BC, hé thiic trén cho thay H 13 tryc tam
cua tam gidc IBC. Do @6 IBKC la hinh binh hanh.

ViN €lIB, M € ICnén IN | CK va IM || BK. Céc tit gidc ICKN, IBKM déu noi tiép,
vi thé chiing 1a céc hinh thang cén.

Vi J 14 tdm dudng tron ngoai tiép tam gidc (IMN) nén J thudc dudng trung tryc ctia IM,
IN va do d6 J thudc dudng trung truc cia BK va CK nén J cung la tam (BCK). Vay nén
J luén thude dudng trung tric ciia doan thang BC' (cb dinh).

O]

Nhan xét. M6 hinh & cAu a) quen thudc. Hai tinh chit co ban khéc danh cho ban doc:
o (AEF) truc giao v6i dudng tron dusng kinh BC.
e (AEF) di qua diém cb dinh khic A khi D thay doi.

An Giang

Bai toan 3.1 (Vong 2, Cau 2). Cho tam gidc ABC nhon ndi tiép dudng tron (O) va ngoai

tiép dudng tron (I). DPudng tron (I) tiép xtc cic canh BC,CA, AB lan lugt tai D, E, F.

Goi P,Q, R 1a céc diém chinh giita cdc cung 16n BC,CA, AB ciia (O).

(a) Chting minh rang PD,QE, RF dong quy tai mot diém 7.

(b) [Gid st AB # AC.] Goi J la tAm dudng tron bang tiép géc A ctia tam gidc ABC.
Chitng minh rang P.J va AT cit nhau tai mét diém thuoc (O).
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Hinh cho cdu a): T la tam vi tu trong cida (I) va (O).

Loi gidi. Goi r, R 1an lugt 14 ban kinh cta (1), (O).

a) Hai doan ID va OP cung vudng géc v6i BC, ﬁ huéng vé phia BC, con O? huéng ra xa BC
. R . R

(vi P 1a diém chinh gitta cung 16n BC'). Do dé (ﬁ’ = —— IB, ttc phép vi tu tdm 7', ti s0 ——

r r
s TI 2

(v6i T 1a tdm vi tu trong cta () va (O), nam trén doan OI va 70 = %) bien D thanh P. Vay

PD di qua T. Tuong tu, QF va RF cung di qua T.

b) Xét phép bién hinh ® 13 hgp ctia phép nghich dio cue A, phuong tich AB-AC va phép dbi xing

qua phan gidc AI. Quen thudc, ® ddi chd B <+ C, (O) <» BC va I «J (vi AI-AJ = AB - AC).

Vi AP la phan gidc ngoai ciia géc A, ® bién P thanh giao diém P’ cia phan gidc ngoai AP véi

BC.

Goi K = ®(D) € (0).

K nam trén PJ. Ta c6 ZIDP' = 90° va ZIAP' = 90° (hai phan gidc trong va ngoai vuéng géc),
nén A,I,D, P’ cing nam trén duong tron dudng kinh IP’. Pudng tron nay di qua cuc A, nén
® bién n6 thanh mot dudng thing di qua &(I) = J, ®(D) = K, ®(P') = P. Vay P, J, K thing
hang.

K nam trén AT. Dudng tron (I) tiép xtic v6i AB, AC va tiép xic véi BC tai D, nén w = ®((1))
1a dudng tron tiép xic véi hai dudng thing AB, AC' (tdm nim trén tia AI) va tiép xic véi (O)
tai K. Vi (I) nim trong nita mit phang bd BC chita A, anh w nam ngoai (O), tlic w tiép xic
ngoai véi (0).

Xét ba duong tron (1), (0),w:
e (I) vA w clng tiép xtc véi hai canh clia goc BAC nén A 1a tAm vi tut ngodi ctia chiing;
o T la tam vi tu trong cia (I) va (O) (cau a);
e w va (O) tiép xdc ngoai tai K nén K 1a tAm vi tu trong ctia ching.

Theo dinh li Monge — D’Alembert, A, T, K thang hang. VAy P.J va AT cit nhau tai K € (O).
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Hinh cho ciu b): w = ®((I)) tiép zic ngodi vdi (O) tai K.
O
Nhan xét. Piém T 1a tam vi tu trong clia dudng tron noi tiép va dudng tron ngoai tiép, con w chinh

13 dudng tron mixtilinear bang tiép géc A. Cau b) cho ta hai tinh chit cta tiép diém K ciia w véi
(0): K nam trén P.J, va AK la duong déng gisc ctia AD trong géc BAC.

Bai toan 3.2 (Vong 2, Cau 5). Cho tam gidc ABC nhon, khong can ndi tiép dudng tron

(O) va ngoai tiép duong tron (I). Pudng tron (I) tiép xic BC tai D. Goi E, F 1a giao ciia

(I) va (IBC); va P,Q lan lugt 1a giao diém ciia EF v6i dudng thang qua B vuong géc IC,

dudng thing qua C vuong goéc IB.

(a) Chimg minh rang B, P,Q,C ddng vién.

(b) Goi K 1a giao diém ctia BQ va CP; G la giao diém thit hai cia DK va (DPQ); T la
diém déi xtng ctia D qua G. Ching minh rang T, P, K, Q dong vién.
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Hinh cho ciu a): PQ la truc ding phuong cia (I) va (IBC).

Loi gigi. Goi Z 1a truc tAm tam gidc IBC. Khi d6 dudng thing qua B vuéng géc IC 1a BZ,
duong thang qua C vuong géc IB 1a CZ; hon nita ZI 1 BC nén Z, I, D thing hang va ZD | BC.
a) Goi P',Q' lan lugt 1a hinh chiéu ctia D trén ZB,ZC. Ta chimg minh P'Q" = EF, tit d6
P=Pr.Q=qQ.
Bén diém Z, P',D,Q’ nam trén dudng tron w dudng kinh ZD, va vi ZD 1 BC nén w tiép xtc
v6i BC tai D. Trong cac tam giac vudng ZDB, ZDC' ¢6

ZP'-ZB=2D?=2Q - ZC, (1)

nén B, P',Q',C dong vién. Vi tam gidc ABC khong can, ZB # ZC nén P'Q’ } BC; dit
N = P'Q’' n BC. Khi dé

ND?>=NP'-NQ'=NB-NC,
titc N c¢6 cing phuong tich d6i véi (I) va (IBC).

Mait khéac, goi I’ 1a tam (IBC) va O’ 1a tam (ZBC). Quen thudc, (ZBC) 1a anh cta (IBC) qua
phép dbi xtmg truc BC, nén O’ dbi xtmg véi I’ qua BC; goi L 1a trung diém BC thi I'O’ = 2I'L va
I'O’ L BC. Mit khéc, theo tinh chat quen thudc ciia tric tam (trong tam gidc IBC), [Z = 2I'L
va IZ 1 BC, cung huéng véi I'O’. Do d6 IT'0’Z 1a hinh binh hanh, suy ra O'Z || I'I. Vi P'Q’ 1a
duong d6i song véi BC trong tam gidc ZBC, P'Q' L. ZO', do d6 P'Q’ L IT'. Vay P'Q’ 1a dudng
thing qua N vudng géc v6i IT', chinh 14 truc ding phuong EF ctia (I) va (IBC). Suy ra P = P,
Q = @', va theo (1), B, P,Q, C dong vién.

b) Goi (M;p) 1a dudng tron qua B, P,Q,C. Theo cau a), (DPQ) = w 1a dudng tron dudng kinh
ZD.

Budc 1: G la dnh cia K qua phép nghich ddo I tam M, phuong tich p?. Xét tit gidc nodi tiép
BPQC v6i Z =BPNCQ, N=PQNBC, K=BQNCP. Theo dinh li Brocard, NZ la duong
déi cuc ctia K do6i v6i (M); do d6 hinh chiéu G’ ctia M trén NZ 1a &nh ctia K qua Z, va M, K, G’
thdng hang. Mit khic G’ 1a diém Miquel ctia ti gidc toan phan tao bsi ZB, ZC, PQ, BC, nén
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G' € (ZPQ) = w. Vi ZD la dudng kinh ctia w, DG’ 1 ZG' = NZ; két hop MG’ L. NZ, ta dugc
M, D, K,G’ thing hang. Vay G’ 13 giao diém thi hai cia DK v6i w, titc G' = G.

Budc 2: T la dnh cia D qua . Vi ZG L DG va G 1a trung diém DT nén ZT = ZD, ttc T
nam trén duong tron I' = (Z; ZD). Theo (1), ZD? = ZP - ZB la phuong tich ctia Z ddi véi (M),
nén I' trie giao véi (M) va bat bién qua 7. Anh ctia D qua Z nim trén I’ va trén dudng thing
MD = DK; giao diém thit hai ciia duong thang nay v6i I' 1a T. Vay Z(D) = T.

Buéc 3: két lugn. Phép nghich ddo T gitt nguyén P,Q (nam trén (M)) va bién K — G, T + D.
Vi P,Q,G, D cing nam trén w, nén P,Q, K,T dong vién.

Hinh cho cdu b): phép nghich ddo qua (M) bién (TPKQ) thinh w = (ZPQD).

O

Nhan xét. Lai gidi cau b) con cho thém: T nim trén dudng tron (M BC) (inh cta dudng thing BC
qua ), va M, D, K, G thang hang.

3 An Giang 33/114


https://www.facebook.com/nguyendangkhoa1711/

Nguyén Dang Khoa Hinh hoc chon dbi tuyén VMO

n TP. Bic Ninh

Bai toan 4.1 (Cau 2; 5,0 diém). Cho tam gidc ABC nhon (AB < AC) néi tiép dudng tron

(O), c6 ba dudng cao AD, BE,CF ddng quy tai H. Goi M 13 trung diém canh BC va P 13

hinh chiéu vuéng géc ctia H lén EF. Goi Q 1 giao diém ctia EF va BC.

(a) Goi R la giao diém thit hai ciia duong thang AP va dudng tron (O). Chting minh ring
duong thing DR di qua diém ddi xtng clia A qua dudng thing OM.

(b) Goi G 1a trong tam tam gidc ABC va X 1a tAm dudng tron ngoai tiép tam gidc DM R.
Chting minh rang XH L QG.

Loi gidi.

Hinh cho ciu a).

a) Ké day cung AA’ | BC. Vi OM L BC nén A’ 1 diém d6i xting ctia A qua OM.

, bt Tt s , . . EP CD . ,
Ta ¢c6 AHEF «~ AHCB, v6i hai dutng cao tuong tng la HP, HD, nén F - DB Mat khéc,
NAEF ~ AA'CB; theo ti s6 trén, P, D 1a hai diém tuong ting trong phép dong dang nay. Do dé

(A'C, A'D) = (AE, AP) = (AC, AR) = (A'C, A'R),

trong dé déng thitc cudi duge suy ra tit A, A’, C, R cing thudc (O). Vay A’, D, R thing hang, suy
ra diéu phai chitng minh.
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b) Cdch 1. Goi N 13 giao diém thit hai ctia AM véi (O). Tt cau a) va AA' || DM, ta c6
(DR,DM) = (A'R, A'A) = (NR,NA) = (NR, NM),
suy ra D, M, R, N dong vién. Nhu vy N € (X).

Dit r = OA va goi T 1a trung diém OH. Puong tron chin diém cta tam gidc ABC c6 tam T,
ban kinh § va di qua D, E, F, M. Két hop vé6i B, C, E, F dong vién, ta dudc

QTQ—CE:QD-QMzQE-QF:QB-QCZQO2—T2- (1)

Vi G 1 trong tAm nén GA = —2GM. Ap dung phuong tich déi véi (X) va (0), ta cé

QX?-GX?>=QD-QM — GM -GN
1
=QB-QC+5GA-GN
:QOz—rz—i—%(GOQ—rQ)
3’!”2.

1
_ 2 L2 9
=QO +2GO 5

Theo cong thitc dusng trung tuyén véi T 1a trung diém OH, két hop (1), GH = 2GO va OH =
3GO, ta dugc

QH? — GH? =2QT? — Q0* + %OHQ — GH?
1
=2 <Q02 - 27-2) - QO* + §(3(;0)2 - (2G0)?

(3)
= QO0? — gﬁ + (g — 4) GO?

1 3
_ 2, L2 2 2
= QO +2GO 57

Tit (2) va (3), suy ra QX% — GX? = QH? - GH?. Vay XH 1 QG.
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Cach 2.

Hinh cho cdu b): hai tam gidc HLM vd QQ'A ¢6 cdc canh tuong i#ng vudng gdc.

Nhéan thay H 13 truc tdm ciia tam gidc AQM, do d6 MH 1 AQ.

Goi K 1a diém déi dién véi A trén (O), L 1 diém d6i dién véi M trén (X), va Q' 1a diém dbi xtmg
ctia Q qua M. Vi BHCK la hinh binh hanh nén M 1a trung diém HK. Phép d6i ximg tam M
bién HQ thanh KQ', vi thé KQ' || HQ L AM.

Mit khéc, AK, ML 13 cic dudng kinh va A, M, N thing hang, nén NK 1 AM va NL 1 AM.
B&i viy @', K, N, L thing hang.

Cung do ML 1a dudng kinh, DL 1 DM, nén A, H, D, L thing hang. Nhu vy AL L MQ' va
Q'L L AM, tic la L 1a tryc tam clia tam gidc AMQ'. Do d6 ML 1 AQ'.

Xét hai tam gidc HLM va QQ'A. Ta cb

HL 1 QQ', LM 1 Q'A, MH 1 AQ.
Vay AHLM «~ AQQ' A theo mdt phép dong dang thuan cé géc quay 90° hoac —90°. Bsi vay céc
trung tuyén tuong g clia hai tam gidc ciing vudng goc.

Trong tam gidc HLM, X 1 trung diém LM nén HX la trung tuyén. Trong tam gidc AQQ’, M
1 trung diem QQ'; lai ¢6 G € AM va AG = 2G M, nén G ciing 1 trong tAm clia tam gidc nay.
Do dé QG nim trén trung tuyén xudt phét tir Q.

Hai trung tuyén ay tuong ting trong phép dong dang trén, suy ra HX L QG. 0
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Bai toan 4.2 (Cau 6; 5,0 diém). Cho tam gidc ABC nhon, khéng can, noi tiép dudng tron

(O). Dudng tron ndi tiép (I) tiép xtc v6i BO,CA, AB lan lugt tai D, E, F. Goi M, N lan

lugt 13 trung diém ctia DE, DF.

(a) Goi K la giao diém thit hai ctia hai dudng tron (BDM) va (CDN). Chting minh rang
K e (I).

(b) Goi P,Q lan lugt 1a giao diém tht hai ctia (BDM), (CDN) véi (O), khic B, C. Chiing
minh ring P,Q, M, N dong vién hoic thing hang.

Loi giai.
bit S = EF N BC va G la trung diém cta DS.
a) Dé c¢6 (B,C;D,S) = —1,do d6 GB-GC = GD”. Goi K 1a tiép diém tht hai clia tiép tuyén
ké tit G dén (I); khi &y GK? = GD? = GB - GC. Tit dé suy ra KD la phan gidc ZBKC.

Ta chira K € (BDM). That viy, theo gbc tao bdi tiép tuyén véi day cung, /KEM = /KED =
Z/KDB; va theo tinh chat duong déi trung /LM KE = /DKC = ZBKD. Suy ra AKEM
AKDB, nén /KMD = /KBD, hay B,D, M, K dong vién. Tuong tu, C,D, N, K dong vién.
Viy K la giao diém thit hai ctia (BDM) va (CDN), suy ra K € (I).

b) Ta ¢6 ZBPD = /BKD = /CKD = /CQD va /BPC = /BQC, nén ZCPD = /BQD.

Vi GK? = GD? = GB-GC nén GK ciing 1a tiép tuyén ciia (BKC). Theo dinh Ii sin va tinh chat
tiép tuyén, ta dudc

PB @B (DB sinZCPD DB sin ZCQD
PC QC \DC sin/BPD DC sin/ZBQD
_DB* KB> GB
- DC?  KC? GC’
Theo bd dé cat tuyén, G, P, Q thing hang. Phép vi tu tam D, ti sb % bién S, E, F thanh G, M, N,
nén G, M, N thing hang. Dung d6 dai dai s6 va phuong tich, ta c6
GP-GQ=GB-GC =GD*=GM -GN.

Vay P,Q, M, N dong vién (hofic thing hang néu PQ = MN).

4 TP. B3c Ninh 37 /114


https://www.facebook.com/nguyendangkhoa1711/

Nguyén Dang Khoa Hinh hoc chon dbi tuyén VMO

Cdch 2. (St dung phép nghich ddo) Dat r = ID va xét phép nghich ddo tam D, phuong tich 2.
Céc diém c6 dau phdy 1a anh nghich dio clia cic diém tuong tmg. Piém I duge giit ¢b dinh, con
(I) bién thanh dudng thing ¢ || BC, cich BC' mét khoang 5 nam vé phia chita I.

a) Vi D, E,C, I dong vién nén E’,C’, I thing hang. Do E’ € ¢, E’ 1a trung diém ctia IC’. Tuong
tu, F’ 1 trung diém ctia IB'.

Tt DM = }DE va DN = iDF, suy ra DM’ = 2DE’ va DN’ = 2DF’. Vi thé E’, F’ lan lugt
1 trung diém cta DM’, DN’. Theo tinh chit hai dudng chéo cé chung trung diém, DC'M'I va
DB'N'T 13 céc hinh binh hanh. Két hop voi DI | BC, ta thdy B'C’M’N’ 13 hinh chit nhat.
Hai dudng tron (BDM), (CDN) bién thanh hai dudng thang B’M’, C'N’, ttic 1a hai dudng chéo
ctia hinh chit nhat trén. Vi vy K’ 13 tdm ctia hinh chit nhét, nén K’ € ¢. Lay 4nh nghich dao
trd lai, ta duge K € (I).
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b) Goi Q 13 &nh ciia (0). Khi d6 B',C", P',Q' cing thuoe Q; B, P',K’, M’ thing hing va
C'.Q',K', N’ thing hang.

Dinh huéng hai dudng thing B’M’, C'N’ lan luot theo céc tia K’M’, K'N’. Vi K’ 14 tam hinh
chit nhat, ta c6 K'M’ = —K'B’ vd K/N’ = —K'C’. Theo phuong tich tai K’ dbi véi Q,

K/BI . K/P/ — K/Cl . K/Ql‘

Do dé

K'M -K'P =KN -K(Q,
suy ra M', N', P', Q" cing thuéc mot duong tron I'.

Néu D ¢ T, 4nh ctia I' 1a dudng tron di qua M, N, P,Q. Néu D € T, anh clia I' 1a dudng thing
MN, nén P,Q,M,N thing hang. Viy trong moi cAu hinh ma céc giao diém dugc xdc dinh,
P,Q, M, N dong vién hodc thing hang.

Céch khac cho cau b). Ta chiig minh P, Q, G thang hang. Ba dudng tron (O), (BDM), (CDN)
¢6 céc truc ding phuong BP,CQ, DK ddng quy hoic dbi mot song song.

+ Néu ching ddng quy tai R: goi ¢ 1 truc dang phuong cta (I) va (O). Ta ¢6 RB - RP =
RK -RDnén R € l; vi GB-GC = GD? nén G € £. Goi I' 13 dudng tron tdm G ban kinh
GD, cit (O) tai Y, Z. Ba truc dang phuong Y Z, KD, { ciia (I),(0),I" ddng quy tai R, nén
R nim trén Y Z 1a dudng ddi cuc cta G d6i v6i (O). Theo La Hire, G nam trén dudng dbi
cuc cla R; viy G 1a giao diém ctia BC v6i duong ddi cuc ctia R. Ma BC, PQ va dudng dbi
cyc clia R dong quy (t1t gidc BPQC ndi tiép), nén G € PQ.

e Néu ching doi mot song song: BPKD, DKCQ, BPQC 1a cic hinh thang cin c6 chung
truc déi xtng 1a trung truc cta DK, trén d6 c6 G; suy ra G, P, Q thing hang.

Cudi cting G, N, M thang hang, BNMC ndi tiép (vi IN -IB = ID?> = IM -IC), nén GP-GQ =
GB-GC=GM -GN.
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Hinh cho cdch khdc ciia ciu b): BP,CQ, DK dong quy tai R nam trén'Y Z.
O
Nhan xét. Bé géc & cau b) chi yéu cau chimg minh P,Q, M, N dong vién; tuy nhién trudng hop
P,Q, M, N thing hang thuc su c¢6 thé x4y ra, nén trong tai liéu ndy két ludn duoce phéat biu 1a “dong

vién hoac thang hang”.

Y tuéng nghich déo va bai todn tong quat duge tic gid trinh bay tai day.

E Ca Mau

Bai toan 5.1 (Ngay 1, Cau 4). Cho hai dudng tron (O1), (O2) ¢6 ban kinh khac nhau va
cat nhau tai hai diém A, B. Ké tiép tuyén chung CD ciia hai dudng tron (gan B hon) véi
C € (01), D € (O3). Dung diém H sao cho tam gidc HCD nhan B lam truc tam. Ké dudng
kinh CR ctia (O;) va dudng kinh DS ctia (O). Biét rang BR cat HC & P va BS cat HD
& Q. Dung céc diém I, J sao cho cic doan thang HI, HJ lan lugt nhan P,Q 1a trung diém.
Chting minh rang hai tam gidc AIC va AJD cé cung ban kinh dudng tron ngoai tiép.
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Loi giai. Vi CR, DS 1a duong kinh nén BR 1 BC, BS 1 BD; vi B la truc tam tam gidc HCD
nén BC L HD, BD 1 HC. Do d6 BP | HQ va BQ || HP, tttc HPBQ la hinh binh hanh; goi
N 1a trung diém chung ctia HB va PQ.

ViCR L CD va HB 1L CD nén CR || HB. Trong hinh thang RCHB (hai ddy RC, HB), hai
duong chéo c&t nhau tai P, nén theo bd dé hinh thang Oy, P, N thing hang. Tuong tu Os, Q, N
thng hang. Két hop véi P, N, Q thing hang, ta dugc Oy, P, N, Q, O, ciing ndm trén dudng thing
0102, do d6 PQ 1 AB.

Vi P € HC la trung diém HI nén I € HC; tuong tu J € HD. PN la duong trung binh ctia tam
gidc HIB nén PN || BI, BI = 2PN; tuong tu NQ || BJ, BJ =2N@Q. Vi PN = NQ@ nén B la
trung diém ctia IJ va I.J | PQ L AB. Vay AB la trung truc ciia I.J, nén Al = AJ.

Mait khéc, theo géc tao baéi tiép tuyén va day cung, ZCAD = LCAB + /BAD = /BCD +
/BDC = 180° — ZOBD = Z/CHD, nén A, H,D,C dong vién. Do dé sin ZACI = sin LZACH =
sin /ADH = sin /ADJ, va theo dinh i sin,

Al AJ
2Raie) = 317467 ~ smzapy - 2Hain)
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Bai toan 5.2 (Ngay 2, Cau 6). Cho tam gidc ABC nhon, khong cin, noi tiép dudng tron
(O) va c6 tam dudng tron ndi tiép I. K& phan gidac BB',CC’ clia tam gidc ABC, trong dé
B',C" € (0). Goi d la dudng thang qua I, vudng géc OI. Gia sit d cit cic doan thing
AB,BC,B'C' 1an lugt & E, D, H va cat tia d6i ciia tia AC & F. Trén (O) lay diém L sao
cho AL song song v6i d. Goi A’ 1a trung diém ciia cung 16n BC ciia (O) va A'T cit lai (O)
tai K.

(a) Chting minh rang AH = HI = ID = DL = DK.

(b) Goi J 1a tAm ctia dudng tron ngoai tiép tam gidc AEF. Lay diém G trén (O) sao cho
HG vudng goéc I.J va lay cac diém R, S trén (O) sao cho GI = GR = GS. Gia sit rang
A, G ndm khéc phia nhau so véi dudng thang RS. Chimg minh ring AG, RS c&t nhau
tai mot diém trén (J).

Hinh cho ciu a): duong mdau dé ld d.

Loi giai. a)
e Vi B’,C' 1a diém chinh giita cdc cung AC, AB nén B’A = B'I, C'A = C'I; do @6 B'C’ 1a
trung truc cua Al, suy ra HA = HI.

e I la trung diém cta day cung ctia (O) ndm trén d (vi d L OI). Ap dung dinh 1i con buém
cho hai day BB',CC’ di qua I, ta ¢c6 ITH = ID.

o Vi AL || d L OI, duong thang OI 1a truc dbi xting chung ctia AL va HD; do d6 HDLA 1a
hinh thang cdn va DL = AH.

« Phép déi xting qua OI bién D — H, L — A nén /DIL = /HIA = /HAI = /IAL
(i HA = HI va HI || AL). Tam gidc DIL cén tai D nén ZIDL = 180° — 2/IAL =
2(90° — LIAL) = 2/A'AL = 2/A'KL = 2/IKL, § day ding AA’ L AI. Vay D la tam
dudng tron (KIL), nén DK = DL = DI.
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Két hop lai, AH = HI = ID = DL = DK.

b) Ta c6 ZAFH = /IAC — ZAIH = /IAB — /ZHAI = /ZHAFE, nén HA tiép xtc v6i (J). Do
d6 HJ? = HA? + AJ? vavi HA=HI, HJ? — HI? = AJ>.

GoiT=GHNIJ. Vi HG 1 1J,
GJ?—GI?=TJ>-TI>?=HJ?> - HI* = AJ?,
tic P(J)(G) = GJ2 — AJ2 = GIZ.

Goi X = RSN AG. Vi RS la truc ding phuong ciia (O) va dudng tron (G;GI), XA - XG =
XG*—GI?,suyra GI? = XG* - XA-XG =GX - GA. Vay GX - GA=P;(G), vavi A € (J)
nén X € (J).

Hinh cho ciu b): AG va RS cdit nhau tai X € (J).

Cach khac cho cau a). Goi Q la trung diém cung nhé BC, N = AA'NID, P = KQNID. Ap
dung dinh 1i con buém cho tit gidc AA'QK noi tiép (O) duge IN = IP; 4p dung cho B'C'BC
duge ID = TH. Két hop v6i B'C’ 1a trung truc ctia IA va tinh chat dudng trung tuyén trong
tam gidc vuong, ta thu dude két luan. O
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E TP. Cin Tha

Bai toan 6.1 (Bai 6). Cho nita dudng tron (O), dudsng kinh AB. C 1a diém trén nita dudng
tron sao cho CA < CB. Tiép tuyén Az ctia (O) cat BC tai M. Tiép tuyén ctia (O) tai
B, C cét nhau tai N. Goi F 13 giao diém ctia AN va BM, D la giao diém thi hai ctia AN
va (0). Dudng thang d di qua M, song song véi AB, cit OC tai I. Puong thang d’ di qua
N, song song véi AB, c¢&t OD tai J. Goi E 1a giao diém ciia M N va OF.

(a) Chimg minh rang M D la tiép tuyén ctia (O) va ba diém I, J, E thing hang.

(b) Chting minh ring C, D, E, F ciing thuéc mot dudng tron. Xac dinh tam ctia dudng tron
dé.

Loi giai. a) Do tit gidc ACDB 1a tit gidc diéu hoa nén M D ciing 14 tiép tuyén ctia (O).
Ly K, L lan lugt 13 trung diém AD, BC. Ta thuc hién bién déi

EM KM LO  AM? BO?*  AM? BA* CM DA  MI AO MI

EN KO LN  AO* BN?  AB® BN?2 CB DN BO NJ NJ

Suy ra ba diém I, E, J thang hang.

b) D& thiy F la truc taAm tam gidc OMN nén OF L MN tai E. Lay H la giao diém ctia AC va
BD. Ap dung dinh I Pascal cho bo diém

ADB

BCD

ta c6 ba diém M, N, H thing hang. Béi viy ma H, E, C, F, D nim trén dudng tron dudng kinh
HF c6 tam G la trung diém HF. O
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Nhan xét. Ta con chitng minh duge (G) 1a dudng tron ndi tiép tam gidc OIJ; OH di qua trung diém
1J.

TP. Da Ning

Bai toan 7.1 (Ngay 1, Cau 4; 5,0 diém). Cho tam gidc ABC nhon, khéng cin (AB < AC)
ndi tiép duong tron (O). Dung hai dudng kinh AA’ va BB’ ciia dudng tron (O) va diém D
sao cho A’/C'B’'D 13 hinh binh hanh. Goi M 1 trung diém ciia canh BC, F 1A giao diém cta
BD va AC, F la giao diém ctia CD va AB. Goi Hy, Ho lan lugt 13 truc tAm ciia hai tam
gidc BEC va BFC.

(a) Chittng minh hai tam gidc ABC va M HyHs c¢6 cung triyc tam.

(b) Pudng thang BC cit hai dudng thang A’D, H; Hy 1an lugt tai K, T. Goi S, G, I lan lugt
14 giao diém cila céc cip dudng thing (M Hy, KHy), (K Ho, M Hy) va (SG, HyH,). Goi
X 1& hinh chiéu vudng géc ctia G 1én ST. Chitng minh bén diém S, X, I va trung diém
ctia doan thing H; Hy cing nim trén mot dudng tron.

Hinh cho ciu a): H la truc tam chung cia ABC va M HyH,.

Loi giai. a) Goi H 1a truc tdm tam gidac ABC, N,P_)lé trung diém ciia AC, AB. Quen thudc,
AHCB' va BHCA’ 1a hinh binh hanh, nén DA’ = B'C = xﬁ, tttc AHA'D la hinh binh hanh;
do d6 O 1a trung diém ctia HD. Vi O ciing la trung diém BB’ nén BHB'D 1a hinh binh hanh,
suy ra BD | HB'.

Vi H; 1a true tam tam gidc BEC nén CH, 1. BE = BD, suy ra HB' 1. CH;; ma N 1a trung diém
cia HB' nén HN 1 CH,. Mit khac BH, L CFE, ttc B, H, H; cing nam trén dudng cao ké tit B,
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nén HHy 1 CN. Vay H la truc tAm tam gidc CN Hy, suy ra H1N L CH. Vi MN || AB L CH
nén M, N, H; thing hang. Tuong tu M, P, H, thing hing.

Cudi cung, HHy 1| AC || MHy va HHy | AB || MHy, nén H 1a truc tAm tam gidc M HyHo.
b) Goi J 1a trung diém HyHs va L la diém d6i xitmg ctia H qua J; khi d6 H H;LH, 1a hinh binh
hanh. Vi HHy | M Hy va HHy 1. MHy nén LHy 1 M Hy, LHy 1L MH>, ttc

/LH\M = Z/LH>M = 90°. (1)

Hai tam gidc A’BH va H1 M Hy c6 cic canh tuong tGng vudng géc (A'H | HyHy vi HM | HyHo;
BH | MHy; A'B 1 H{M), nén ching dong dang va hai trung tuyén tuong ting vuong goc:
BM 1 MJ (vi M la trung diém HA'). Ma OM L BC nén J,0, M thang hang. Vi J,0, M lan
lugt 1a trung diém ctia HL, HD, HA' nén L, D, A’ thing hang va LA’ | JM L BC. Do d6

ZLKM = 90°. (2)

Tit (1) va (2), bén diém Hy, Hy, M, K cing nam trén dudng tron (O;) dudng kinh LM.
Theo dinh 1i Brocard cho tit gidc noi tiép HyHo MK, O 1a tryc tdm tam gidc GT'S. Goi Y =
SINTO; va Z = TGN SOy. Vi ZIJO; = ZIYO; = 90° nén I,J,01,Y dong vién, suy ra
TI-TJ=TY -TO,. Tuong tu, cic tit gidc YO1ZG va GZSX noi tiép nén

TY -TO, =TG-TZ=TX-TS.

Vay TT-TJ =TX - TS, tiac S, X,I,J ciing nam trén mot dudng tromn.

Hinh cho ciu b): Hy,Ho, M, K thudc dudng tron duong kinh LM.
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Bai toan 7.2 (Ngay 2, Cau 5; 6,0 diém). Cho dudng tron (O) cb dinh va diém I cb dinh nim
trong dudng tron dé (I khic O). Mot dudng thang d thay déi di qua I nhung khong qua O
vA c&t (O) tai A, B sao cho I khéng tring véi trung diém H ctia doan thang AB. Céc tiép
tuyén tai O clia duong tron (OAH) va dudng tron (OBH) cat dudng trung truc ciia doan
thing OI lan lugt tai O; va Os. Pudng tron (O1; 010) cit dudng tron (OAH) tai C' (khéc
O) va dudng tron (Og; 020) cat dudng tron (OBH) tai D (khic O). Chiing minh dudng
tron (OCD) di qua mot diém c6 dinh khac O khi d thay déi nhung ludn di qua I.

DPudng tron mau dé la (OCD), di qua diém cé dinh J'.

Loi gidi. Goi R 1a ban kinh ciia (O), M 1a giao diém cilia céc tiép tuyén tai A, B ctia (O), E 1a
hinh chiéu vudng géc ctia M trén duong thing OI. Vi AB 1a dudng dbi cuc ctia M va di qua I,
nén M nam trén ;iu’fmg déi cuc ctia I, ttic E 1a 4nh ctia I qua phép nghich ddo tAm O phuong
tich R?: OF = R—. Vay E cb dinh.

ol
Vi O; thudc trung truc cia OI nén dudng tron (O1;010) di qua I, tic né 1a (OIC); va vi 010
tiép xtic v6i (OAH) tai O nén (OIC) tryc giao v6i (OAH). Tuong tu (OID) trye giao v6i (OBH).

Xét phép nghich ddo f tdAm O, phuong tich R?:
A—A B—B, H—M, I—-E C—CC, D—D.

Khi d6 (OIC) — duong thang EC’, (OAH) ~ dudng thang AM; do phép nghich déo bao toan
géc, EC" L AM tai C'. Tuong tu ED' L BM tai D'. Vi f((OCD)) la duong thang C'D’, ta chi
can chtmg minh C’D’ di qua mot diém c6 dinh.
Goi F 13 hinh chiéu cta E trén AB va J = C'D' N OFE. Nim diém O, A, M, E, B ciing nam trén
duong tron dudng kinh OM, nén C’, D', F ndm trén dudng thing Simson ctia E dbi v6i tam gidc
MAB. Ta c6

/EFJ=/EFD = /EBD' = /EBM = /EOM,
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do céc tit gidc EFBD', OBEM noi tiép. Vi OM || EF (cing vudng géc v6i AB) nén ZEOM =
/ZOFEF = /ZJEF. Do d6 tam gidc JEF can tai J, JE = JF. Tam gidac FFI vuong tai F, nén J
14 trung diém ciia IE.

Vay C'D’ luén di qua diém c6 dinh J, va (OCD) luén di qua diém cé dinh J' = f(J) # 0. O

ﬂ Dik Lk

Bai toan 8.1 (Cau 3). Cho tam gidc ABC véi AB < AC. Mbt dusng tron (O) thay ddi
luén di qua B, C va lan lugt cit cdc doan thing AB, AC tai F,E (F khic A va B; E khac
A va C). Goi I 1a giao diém ctia BE va C'F; dudng thing EF c&t dudng thing BC tai P.
(a) Goi X,Y lan lugt 1a hinh chiéu vuong géc ciia I lén AB, AC; dudng thing PO cit
AB, AC lan luot tai K, L. Chtmg minh X,Y, K, L cling nam trén mot dudng tromn.

(b) Goi D l1a giao diém ctia AT va BC. DPudng thing qua D song song v6i EF cit AB, AC
lan lugt tai @, R. Chiéng minh dudng tron ngoai tiép tam gidc PQR luon di qua mot
diém c6 dinh khi dusng tron (O) thay doi.

Lai gidi. a) Theo dinh 1 Brocard cho ttt gidc ndi tiép BCEF, ta ¢6 AI 1 PO. Mit khéc,
A, X, 1Y cung thuoéc dudng tron duong kinh AI, nén

(KX,XY) = (AX,XY) = (AL,LIY) = (KL,LY).

Suy ra X,Y, K, L cing nam trén mot dudng tron.

Hinh 1. Al L PO va bén diém X,Y, K, L ddng vién.
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b) Goi M la trung diém ctia BC. Ta sé chitng minh (PQR) luén di qua M.
Vi QR || EF va B,C, E, F dong vién nén
(BQ,QR) = (BF,FE) = (BC,CE) = (BC,CR).

Suy ra @, R, B, C cung thudc mot dudsng tron. Mt khéc, tinh chat ti gidc toan phan BCEF cho
(P,D;B,C) = —1. Vi M 13 trung diém ctia BC, ta c6

DQ-DR=DB-DC =DM -DP.

Theo phuong tich ctia D d6i v6i (PQR), suy ra M € (PQR). Vay M la diém cb dinh can tim.

Hinh 2. Dudng tron (PQR) luén di qua trung diém M ctia BC.

O

Bai toan 8.2 (Cau 6). Cho tam gidc ABC nhon, AB < AC, ndi tiép dudng tron (O; R).

Dudng thing vuong géc véi BC tai trung diém M ctia BC cit AB, AC lan luct tai Y, X.

(a) Goi I,7' 1an lugt 1a tAm va ban kinh dudng tron dudng kinh XY. Chting minh OI? =
R? 412,

(b) Tiép tuyén tai B ctia (O) cit OM tai P. Pudng thang qua I song song véi AO cét
duong thing qua P song song véi BC tai Z. Goi H 13 truc tm tam gidc ABC. Chimng
minh H, M, Z thing hang.

Loi gidi. Goi A’ 1a diém dbi tAm ctia A trén (O).
a) Vi AB L BA'va BC L YX, tacé
(OA,AX) = (AA', AC) = (BA',BC) = (AB,YX) = (AY, Y X).
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Do d6 OA 1a tiép tuyén ciia dudng tron (AXY) tai A. Ap dung phuong tich ctia O d6i véi (AXY)
va duong tron dudng kinh XY, duge

R?>=0A4?=0X-0Y =0I* -7

Vay OI? = R2 + 12,

Hinh a). Dudng tron (AXY) duge vé bang nét ditt.

b) Vi BH | CA’ va CH || BA', tit gidc BHC A’ 13 hinh binh hanh, nén M 13 trung diém ctia HA’.
Mat khéc, hai tam gidc AXY va HBC dong dang véi cdc canh tuong ting vuoéng géc. Do do hai
trung tuyén AI, HM ciing vuong géc. Goi N = AINHM. Khi d6 AN 1. NA', nén N € (O).
Goi Zy 1a giao diém ctia HM v6i dudng thang qua P song song BC. Ta sé chiing minh IZ; || OA,
tw dé Zy = Z.

Cach 1. Péng dang va phuong tich. Tam gidc OBP vuoéng tai B, c6 dudng cao BM; dong
thoi phuong tich ctia M déi véi (O) cho

MO -MP=MB?>=MN-MA'.
Vi AMNI ~ AMPZj, suy ra
MZy, MI-MP  MI

MA” MN-MA MO’

Theo dinh 1i Thales ddo trong tam gidac MOA’, ta c6 I1Zy || OA’ || OA. Vay H, M, Z thang hang.
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P

Céich 2. Rit gon theo huéng diéu hoa. Vi PB,PC la hai tiép tuyén ciia (O) va M €
BC, dudng dbi cuc cia M di qua P va vuong géc véi OM, tic 14 dudng thing PZy. Do d6
(N, A"; M, Zy) = —1. Chiéu tit I lén AA’, v6i I, N, A thing hang, I, M,O thing hang va O 1
trung diém ctia AA’, suy ra IZy || AA’ | OA. Vay Zy = Z, hay H, M, Z thing hang. O

E TP. Ddng Nai

Bai toan 9.1 (Bai 6). Cho tam gidc ABC khong can. Dudng tron bang tiép goc A clia tam
gidc ABC tiép xiic v6i cac dudng thing BC, CA, AB lan luot tai D, E, F.

Goi M la trung diém ctia doan thing EF; dudng thang M B cit dudng thang DE tai S va
duong thing MC cit duong thing DF tai R.

(a) Chting minh ba diém A, R, S thang hang.

(b) Goi d la duong thang dbi xting v6i dudng thang AD qua dudng phan gidc trong ciia géc
BAC. Chimg minh cic dudng thang RE, SF va d dong quy.
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R

Kl d

Loi gidi. a) Ki hi¢u dudng tron bang tiép géc A 1a (J). DM cit lai (J) tai diém thit hai 1a K.
KFE cit FD tai R'. Ap dung dinh li Pascal cho b6 diém

DKFE

EFD
ta c6 ba diém M, C, R’ thing hang nén R’ = R. Tuong tu ta c6 KF, DE, BM dong quy tai S.
Cubi cting 4p dung Pascal cho bo diém

EKF

FDE

¢6 duge S, A, R thing hang.
b) Ta cé

MD - MK=MFE -MF=MA-MJ
nén bén diém A, D, J, K dong vién. Két hop JD = JK nén d chinh 14 duong thing AK. O

Nhan xét. Vi cach chting minh § cdu a) chiing ta thay chi can diéu kién diém M nam trén EF thi
A, R, S thing hang. Vé6i M 1 trung diém EF thi chting minh duge AR 13 phan gidc ngoai géc BAC.
That vay,

—1=D(AB,EF)=D(AB,SF) = S(AB,DF) = S(AM, EF)

nén SA || EF.
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Péng Thap

Bai toan 10.1 (Ngay 1, Cau 2; 5,0 diém). Cho tam gidc ABC (AC < BC) cé dudng phan
gidc AD (D € BC). Goi K 13 trung diém ctia AB, trén tia ddi ctia tia OB lay diém E sao
cho ZACK = ZAEC. Gia st CD = CE.

(a) Chiing minh rang DA = DB.

(b) Goi J 1 diém thudc doan BC sao cho CA = CJ. Goi I 1a tAm dudng tron noi tiép
tam gidc ABC. Goi L la giao diém ctia DK va AJ, M # C la giao diém thit hai ciia
duong thing C'L véi dudng tron ngoai tiép tam gidc BIC, G 1 giao diém ctia IM va
AB. Chitng minh rang cic diém B, L, D, M, G cing thuéc mot dudng tron.

A

D C

Hinh cho ciu a).

Loi giai. a) Goi A’ 1a diém ddi ximg ctia A qua C. Vi C 1a trung diém chung ctia AA’ va DE
nén ADA’E 1a hinh binh hanh, do d6 ZAEC = ZA'DC. Vi CK la dudng trung binh ctia tam
gidc ABA' nén CK || A'B, suy ra ZACK = /CA'B. Tit gia thiét, ZCA'B = ZCDA’; hai tam
gidc CA'D va CBA’ ¢6 chung géc C' nén dong dang, suy ra CA%2 = CA? =CD - CB.

Do d6 ACAD «~ ACBA, nén LCAD = ZCBA. Suy ra /BAD = ZCAD = ZABD, ttc
DA=DB.

b) Vi CA = CJ nén LJAD = LCAJ — LCAD = LCJA — LABD = ZJAB, tttc AL la phan
gidc clia géc DAB. Tam gidac ABD cén tai D nén DK la phan giac gbc ADB. Vay L la tam ndi
tiép tam gidc ABD, va vi ZABD = ZABC nén B, L, I thing hang.

Ta c6
/CDL =180°— ZKDB = 90° + ZABD = 90° + Z/BAD = 90° + %ABAC =/ZBIC = ZBMC,

nén B,L,D,M dong vién. Msat khic /GML = /IMC = /IBC = /ABI = /GBL, nén
B,L,M,G ddng vién. Viy nam diém B, L, D, M,G cung thuéc mot dudng tron.
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Hinh cho cdu b).

Céach khac cho cau a). Ké duong dbi trung CT cta tam gidc ABC (T € AB). Khi dé
/BCT = /ACK = ZAEC nén CT || AE, va theo dinh li Thales ciing tinh chdt dudng déi trung,
CE TA CA? 9

CiB—ﬁ—@, SuyraCA =CB-CE=CB-CD.

Cach khac cho cau b). Vi tinh dbi xtmg qua DK c¢6 LA = LB, LI = LJ. Do BMIC noi tiép,
LA-LJ=LB-LI=LM - -LC, nén ACJM noi tiép; vi CA = CJ nén CA? = CL-CM. Két hop
CA? =CB-CD dugec CL-CM = CB -CD, ttic BDLM ndi tiép. O

Bai toan 10.2 (Ngay 2, Cau 2; 7,0 diém). Cho tam gidc ABC' [khéng cin, ZBAC # 90°] c6

dudng tron noi tiép (I) tiép xtc véi cadc canh BC,CA, AB tai D, E, F. BI,CI, DI lan lugt

cit duong thang EF tai M,N,K. Cac diém P,Q nam trén BM,CN sao cho CP va BQ

cung song song vii Al.

(a) Chimg minh rang cic duong tron ngoai tiép clia céc tam gidc IBC, IMN, IPQ c6 mot
diém chung khéc I.

(b) Goi S la giao diém ctia EF va BC, T la giao diém ctia hai tiép tuyén tai E va F cla
duong tron ngoai tiép tam gidc AEF. Chimg minh ring dudng thang qua S vudng géc
v6i TK di qua tdAm dudng tron ngoai tiép tam gidc DMN.
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Hinh cho ciu a): ba dudng tron (IBC),(IMN), (IPQ) cing di qua R.

Loi giai. a) Budc 1: /BMC = /BNC =90°. Tac6 LZEMI = /AFE — ZABI = 90° — % — g =
% = /ECI, nén C,E,M,I dong vién. Ma C,E,I,D thuoc dudng tron dudng kinh CI, nén
ZIMC =90°, titc LBMC = 90°. Tuong tu LBNC = 90°.

‘Bp = o Goi J, L 1a trung diém ctia BC, MN va X,Y € BC saocho XN || Y M || Al

Theo buée 1, JM = JN nén JL L MN; ma MN L Al nén JL || AI. Trong hinh thang XY MN
c6 XN || JL || YM va L 1a trung diém M N, nén J 1a trung diém XY, do d6 BY = CX. Suy ra

BM _BY CX _CN
BP BC (OB CQ°

Buéde 3. Goi R 1 giao diém khéc I ctia (IBC) va (IMN). Vil = BM NCN, R la tam phép vi
tu quay bién B +— C, M ~ N; theo buéc 2, phép vi tut quay nay bién P +— Q, nén (IPQ) ciing
di qua R.

b) Theo cAu a), M, N lan lugt 1a chan dudng cao ké tit C, B clia tam gidgc IBC, con D 1a chan
dudng cao ké tit I. Do d6 (DM N) 1a dusng tron Euler (w) ctia tam gidc IBC, di qua trung diém
J ctia BC. Goi Og 13 tAm ctlia né; ta can chiimg minh KT 1a dudng dbi cuc ctia S dbi véi (w), khi
do6 SOg L KT.

Nhin zét: A, K,J thding hang. Qua K ké duong thing song song véi BC cit AB, AC tai B',C".
Tit cAc t gidc noi tiép B KIF, C'KIE, /IB'C' = /IFE = /IEF = /IC'B, nén IB' = IC';
do IK 1 B'C’, K 1a trung diém B'C’. Theo b6 dé hinh thang, A, K, .J thing hang.

K lién hop véi S. Theo Ceva, AD, BE,CF dong quy nén (S, D; B,C) = —1. Chiéu tit I 1én EF
(v6i ID — K, IB — M, IC + N) dugc (S, K; M,N) = —1; vi MN la mot day ciia (w), K nam
trén duong doi cuc clia S.

T nam trén duong doi cuc cia S. Goi V.= EFN Al va W = KT N BC. Duong tron (AEF)
¢6 duong kinh AT va T 1a cuc ctia EF, nén (V,T;1,A) = —1. Chiéu tit K duong thang AT lén
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BC:V—SWVeEF),Tw—W,I— D (viK e DI), A~ J (theo nhan xét). Do dé
(S,W;D,J) = —1; vi DJ 1a mot day ciia (w), W nam trén dudng ddi cuc cta S.

Viy dudng déi cuc ctia S dbi véi (w) 1a KW = KT, nén SOy L KT, titc dudsng thing qua S
vuong géc v6i TK di qua tam (DMN).

C

Hinh cho cdu b): dudng mdu dé qua S vuéng gdec véi TK, di qua tam cia (DMN).

Céch khéc cho cau a). Ta dimng ti sé phuong tich. Gia st (IBC), (IPQ) cit nhau tai I, G; do
AI'|| CP nén ZOPM = ZAIM =90° — <, tit d6

PupM) _ MP-MI _ CMcotZCPM _ B C
Pupcy(M)  MB-MI ~ CMcot ZCBM 2 2’

va ti s6 tuong tu tai N ciing bang — tan g tan % Vay M, N nam trén cing mot dudng tron ctia
chum sinh béi (IBC), (IPQ) di qua I, tttc (IMN) di qua G. O

Gia Lai

Bai toan 11.1 (Cau 2). Cho tam gidc ABC khéng can c¢6 D, E tuong tng la chan dudng
phan gidc trong va phan gidc ngoai ciia gbc BAC. Dudng tron ngoai tiép tam gidc ADE
cit AC tai F khac A. Gid st AB va DF cat nhau tai I. Goi J 1a giao diém ctia AE va DF;
S 1a giao diém ctia AD va EF; Q 1a tAm dudng tron ngoai tiép tam gidc ABF.

(a) Chimg minh rang cic diém A, B, D, J ciing thuéc mot dudng tron va CT vudng géc SQ.

(b) Gia sit AE va BF cAt nhau tai X. Chting minh ring ba diém C, I, X thing hang.
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Puong tron zanh duong la (JED), zanh ld 1o (ABF); duong mau dé la truc ding phuong CIX.

Loi giai. a) Vi AD, AE 1a hai phan gidc trong va ngoai ctia gbc A nén AD 1 AFE, do d6 DFE la
duong kinh cta (ADFE) va ZDFE = 90°, ttic EF L DJ. Trong tam gidc JED, DA L JE va
EF 1 JD la hai duong cao, nén S 1a truc tam va A, F' 1a chan hai dudng cao.

Khang dinh 11.1. B 1a chan dudng cao ké tit J ciia tam gidc JED.

Goi B’ 1a chan dudng cao ké tit .J. Theo tinh chit quen thudc ctia tam gidc truc tam AFB’ cla
tam gidc JED, hai duong thang AF va AB’ dbi xtng nhau qua dudng cao DA. Mt khic DA
14 phan gidc cia géc BAC, nén dudng thiang déi xtng véi AF = AC qua DA la AB. Do d6
AB'= AB,va B = ABN DE = B.

Tw d6 £JBD = ZJAD =90°, nén A, B, D, J cung thuéc dudng tron duong kinh D.J.

Goi O la tam (JED). Vi A, B, F la chan ba dudng cao cla tam gidc JED, (ABF) la dudng tron
Euler ciia tam gidc nay; do d6 Q 1a tam Euler va O, Q, S thang hang trén dudng thing Euler. Ta
co

P0)(C)=CD-CE =CF - CA=P(C) (vi AFDE ndi tiép),
P(O)(I) :m‘ﬁ:E'm:P(Q)(I) (vi ABDJ néi tiép).
Vay CT 1a truc ding phuong ctia (O) va (Q), nén CI L OQ = SQ.

b) Vi B, F la chin cdc dudng cao ké tut J, E nén J, E, B, F cung thudc dudng tron dudng kinh
JE. Do dé S
Po)(X)=XE-XJ=XB-XF=Pg)X),

ttic X ciing ndm trén truc ding phuong CI. Vay C,I, X thing hang. O
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Bai toan 11.2 (Ngay 2, Cau 5). Cho tam gidc ABC nhon va khong cdn. Pudng tron nodi
tiép (I) ctia tam gidc ABC' theo thit tu tiép xtic v6i BC,CA, AB tai D, E, F. Puong thang
IE cit duong tron (I) tai diém G khac E. BG cit AC tai K. Goi N la trung diém ctia AC.

(a) Chiing minh rang NE = NK.
(b) Pudng tron (O) ngoai tiép tam gidc ABC theo thit tu cit cdc duong thang BE, BN, BG

tai S, P,T khiac B. Goi M la trung diém ST. Chting minh ring cic diém M, N, O, P
cung thudc mét dudng tron.

Hinh cho ciu a): K la tiép diém ciia dudng tron bing tiép géc B vdi AC.

Loi gidi. a) Vi IE 1L AC, tiép tuyén ctia (I) tai G song song v6i AC va nam vé phia B. Phép
vi tu tAm B bién (I) thanh dudng tron bang tiép gbéc B bién tiép tuyén nay thanh tiép tuyén
song song véi AC gan B hon ciia dudng tron bang tiép, chinh 1a AC. Do d6 G bién thanh tiép

diém ctia duong tron bang tiép goc B véi AC, va diém nay nam trén BG, ttc 1a K. Quen thudc,
AB+ AC — BC | R e, ,
AE =CK = 5 ,nén N la trung diém cia FK, tic NE = NK.

b) Goi U la giao diém thtt hai ctia dudng thang qua B song song v6i AC véi (O).

Vi BU || AC va N la trung diém chung ctia EK va AC, ta c¢6 hai chiim diéu hoa
B(U,N:K,E) =1, B(U,N;C,A) = 1.
Chiéu lén (O) (v6i BN — P, BK = BG — T, BE + S):
(U,P;T,S) =—1, (U,P;C,A) = —1,

tiic SPTU va APCU la céc tt gidc dicu hoa. Do d6 céc tiép tuyén ciia (O) tai U va P cat nhau
tai mot diém @ nam trén ca ST va AC.
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Vi M, N 1a trung diém céc day ST, AC di qua Q va QP la tiép tuyén, ta c6
ZOMQ = ZONQ = ZOPQ = 90°.

Vay M, N, O, P cung thuéc duong tron dudng kinh OQ.

Hinh cho ciu b): M,N,O, P nam trén dudng tron duong kinh OQ.

Ha Tinh

Bai toan 12.1 (Ngay 1). Cho dudng tron (O) va BC la mot day cung khong di qua tam.
Diém M thuoc duong tron (O) sao cho tam gidgc M BC nhon. Tiép tuyén tai M va B ciia
(O) cit nhau & D. Pudng thing C'D cit (O) tai diém thit hai 13 E. Liy diém F thuoc doan
CE sao cho CMF = BCD. Goi I 1a giao diém tht hai ctia M F va duong tron (BCOF), J
13 giao diém thit hai ciia BF va dudng tron (MCF).

(a) Chtng minh I, J,0, F cung thudéc mdt dudng tron.

(b) Goi P 1a tam dudng tron ngoai tiép tam gidc M BD. Chting minh IJ 1 CP.
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Loi giai. a) Ta c6

LMFD =/FMC+ /FCM = /FCB+ £ZFCM = ZMCB = ZMOD
nén t gisac MOFD noi tiép.
Khi d6 F'D la phan gidc cia /M F B hay n6 la phan gidc ngoai ctia hai gobc M FJ va BFI, béi
vay ma CI = CB va CM = CJ. Tu d6 suy ra ACIM = ACBJ (c-g-¢), kéo theo M I = JB.
Tt day lai c6 duge AIMO = AJBO (c-g-¢), suy ra ZOIM = Z0OJB nén tt gidc OFI.J ndi tiép.
b) Ta dung dinh 1i 4 diém, thuc hién bién déi nhu sau:

IP? — JP* =Pp)(I) — Ppy(J) =TF -IM — JF - JB
=IF-IM —IM*+ BJ?> - JF-JB
= _—MF -MI+ BF-BJ
= —MC? + BC?
=CI1*-cJ>

Suy ra CP 1 1J.

Céch khéac cho ciu b). Vi ZDMO = /DBO = 90° nén tdm P ctia (M BD) la trung diém ctia
DO. Tt cau a), AMOI = ABOJ nén OI = OJ, titc O la diém chinh giita cung I.J ctia (IJOF).
Goi H 1a giao diém thit hai ctia CD v6i (IJOF); vi ZMFD = /BFD nén /IFH = /JFH, tic
H 1a diém chinh giita cung I.J khong chtta F. Do d6 OH L I.J va tAm Q ciia (IJOF) la trung
diém OH.

Ta c6 BF - BJ = BC?, titc B c6 cling phuong tich déi v6i (IJOF) va dudng tron diém C; tuong
tu véi M. VAy M B 1a truc ddng phuong ctia hai duong tron nay, nén CQ L MB; ma OD 1. M B
nén CQ || OD. Trong tam gidc DOH, Q la trung diém OH va CQ || OD nén C la trung diém
DH;suyra CP||OH L 1J.
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Hinh cho cdch khdc cia cdu b): C la trung diém DH.

Bai toan 12.2 (Ngay 2). Cho tam gidc ABC nhon c¢6 H 13 chan dudng cao ké tit A. Lay

diém P sao cho hai dudng phéan gidc trong ctia goc PBC va PCB cit nhau tai diém I thudc

doan thing AH. Goi E 1a giao diém cia BI va AC, F 1 giao diém cia CI va AB, Q la

giao diém cia EF va AH. Ly lan lugt hai dudng thang d6i xtmg v6i BC' qua AB va AC,

hai dudng thing nay cit nhau tai K.

(a) Chitng minh dudng tron bang tiép géc P ciia tam gidc PBC va dudng tron ndi tiép tam
gidc KBC tiép xiic v6i canh BC tai ciing mot diém.

(b) Chimg minh P,Q, K thing hang.
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Loi gidi. a) Nhan thdy BA, C'A 1a phan gidc (trong ho#ic ngoai) ZCBK, /BCK nén A c6 thé
1a tam duong tron ndi tiép hosic tAm dudng tron bang tiép géc K clia tam gidc KBC. Do
/BAC < 90° nén A la tAm dudng tron bang tiép. Néu lay diém L d6i xting v6i H qua trung diém
BC. Khi dé L 1a tiép diém dudng tron néi tiép tam gidc K BC véi BC.

Lai c6 H la tiép diém dudng tron noi tiép tam gidc PBC véi BC nén dong thoi L ciing la tiép
diém duong tron bang tiép géc P ctia tam gidc PBC véi BC.

b) Ki hiéu (J) 1a dudng tron noi tiép tam gisc K BC.

Khang dinh 12.1. Liy R 13 giao diém cta KJ véi BC. Khi d6 QK, I.J, HR dong quy.

Ching ta cé hai hang diém diéu hoa quen thudc
(AJ,RK) = (AI,HQ) = —1

nén IJ, HR, KQ dong quy.

Khang dinh 12.2. PK, IJ, HR ddng quy.

Lay X 1a giao diém ctia I.J v6i HR thi X 1a tdm vi tu trong ctia hai duong tron (I) va (J).
Chi §
PB-PC=HB-HC=LC—-LB=KC-KB

nén theo dinh If Pitot, ton tai mot dudng tron w tiép xic vi bon canh clia tit gidc PBKC (tiép
diém ndm ngoai cdc doan thang).
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Khi nay K, P lan lugt 1a tAm vi tu ngoai va tdm vi tu trong (hogic ddo lai) clia cdc cip dudng
tron (J) véi w; (I) v6i w nén theo dinh 1f Monge-D’Alembert ta c¢6 ba diém P, X, K thang hang.

Tu nhitng nhin xét trén, ta c6 diéu phai chitng minh.

Céch khac cho cau b). Ki hiéu (A) 1a dudng tron tAm A ban kinh AH (dudng tron bang tiép
géc K clia tam gidc K BC), (I) 1a dudng tron tAm I ban kinh IH (dudng tron ndi tiép tam gidc
PBQO); (Ck), (Cp) lan lugt 13 dudng tron noi tiép tam gidc K BC va dudng tron bang tiép géc P
clia tam gidc PBC, cung tiép xtic BC tai T (cau a).

o (A),(I) tiép xtic tai H; tit hang diém diéu hoa (A, I; Q, H) = —1 (4 gidc toan phan BCEF),
Q@ 1a tdm vi tu trong cua (A), (I).

o K la tAm vi tu ngoai ctia (A), (Ck); P la taAm vi tu ngoai cia (I), (Cp).

e Goi S,5" € BC lan lugt 1a tAm vi tut trong ctia (A), (Cp) va ctia (I), (Ck). Tu cac hé thiic

r;-rp = BH-CH, rg -4 = CT - BT va BH = CT, CH = BT ta duoc -2 = "L nen
rp TK

HS HS . . .

SiT_,S/iT,tu‘CS:S‘

Ap dung dinh 1i Monge cho bo ba (A), (I), (Ck) duge Q, S, K thdng hang; cho bd ba (A), (I), (Cp)
duge @, S, P thing hang. Vay P,Q, K thing hang.

A

Hinh cho cdch khdc ciia cdu b): Q,S cing nam trén PK.

Nhan xét. Day la bai toan G6, IMO Shortlist 2022.
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TP. Hai Phong

Bai toan 13.1 (Cau 3). Cho tam gidc ABC (AB < AC) cb dinh, noi tiép dudng tron (O).
Mot diém D di chuyén trén canh AB, khiac A va B. Dudng tron (BCD) cat canh AC tai
diém E khac C.

Goi P la giao diém khac A ctia hai dudng tron (O) va (ADE).

(a) Chimg minh ring dudng thing PD luén di qua mot diém c¢b dinh.

(b) Gia sit dudng thing PD, PE cit dudng tron (BCD) lan lugt tai cdc diém Q, R khéc
D,E. Goi M la trung diém ctia doan QR. Chimg minh rang diém M luén di chuyén
trén mot dudng tron cb dinh.

Loi giai. a) Lay K, L, P' 1an lugt dbi xiing v6i C, B, P qua AO. Theo tinh chit dbi xing
(PK,PA) = (P'A,P'C) = (PA,PC) = (BA,BC) = (ED,EC) = (PD, PA).

Do @6 PD di qua diém K c6 dinh. Tuong tu, PE di qua diém L ¢ dinh.

b) Ké duong kinh AA’ ctia (O). Ta ¢
— —

(QK,QC) = (QD,QC) = (ED, EC) = (PD, PA) = (A'K, A'A) = ~(A'K, A'C)

DN | =

nén A’ 1a tdm (KQC). Tic 1a A’K = A'Q. Tuong tu, A’L = A'R. Dong thoi

(KA, KQ) = (KA',KP) = (LA, LP) = (LA', LR).
Do dé hai tam gidc can A’QK va A’RL dong dang ciing huéng. Phép quay tam A’ bién Q thanh K|
R thanh L nén trung diém QR thanh trung diém K L. Do d6 M chay trén dudng tron (A’; A’M’)
¢b dinh v6i M’ 1a trung diém K L.
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Nhén zét. Khi D, E lan luct 1a chan cic dudng cao tit C, B thi Q, R lan lugt tré thanh B, C, nén
M 13 trung diém ctia BC. Béi viy dudng tron c6 dinh con di qua trung diém ctia KL va trung
diém cta BC. ]

TP. Hué

Bai toan 14.1 (Cau 4). Cho tam gidc ABC c6 géc A nhon, AB < AC va ndi tiép dudng
tron tam O. Goi D 1a diém trén tia dbi ciia tia BC, dudng thang qua C' va song song véi
AB cét duong thang AD tai E. Goi I 1a giao diém ctia hai duong thang AC va BE.

(a) Chting minh dudng thang ID di qua trung diém CE.

(b) K la diém trén dudng thing CE sao cho AK = BK. [Gi4 sit K # O.] Chiig minh OK
la phan gidc ctia goc IKD.

(c) Goi M la diém trén dusng tron ngoai tiép tam gidc ABC sao cho DM = DC (M # C),
N la diém trén dudng tron ngoai tiép tam gidc ABE sao cho DN = DE (N # E) va P
14 giao diém ciia hai dudng thang AM va BN. Chiing minh /M DC = 2/MPI.

E

Hinh cho cdu a), b).

Loi giai. Goi J, F lan ludt 13 trung diém ctia AB,CFE va ¢ 1a dudng thing qua D song song véi
AB.

a) Tt gidc ABCE la hinh thang (AB || CE), hai canh bén AE, BC' cit nhau tai D, hai duong
chéo cit nhau tai I. Theo bd dé hinh thang, D,I,J, F thing hang; néi rieng ID di qua trung
diém F ctia CE. Hon nita, chiéu hang diém D, I, J, F tit B lén dudng thing C'E, ta dugc lan lugt
C, E, diém v6 cyc theo phuong CE (vi BJ = BA || CE) va F. Vi F 1a trung diém CE, hang
diém 4nh diéu hoa, do dé (D,I;J,F) = —1.
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b) Vi KA= KB va OA = OB nén K,O,J cing nam trén trung truc ctia AB, tic KO = KJ L
AB;ma KF =CE || ABnén KJ 1. KF. Tu (D,I;J,F) = —1 suy ra chum K(D, I;J, F) diéu
hoa, v4i hai tia KJ, KF vudng gbc. Do d6 K J, tiltc KO, la phan giac ctia géoc IKD.

c) Goi X,Y lan lugt 13 giao diém ctia ¢ v6i AC, BE. Chiéu chiim diéu hoa D(¢,.J; B, A) 1én hai
dudng thang AC va BE (cha y DJ = DI, DB = DC, DA = DE), ta dugc

Goi PP=AMNY. Vil | AB va A, B,C, M dong vién,
(P'D, P'M) = (AB, AM) = (CB,CM) = (CD,CM),

nén D, P', M,C dong vién. Vi DM = DC, D la diém chinh giita mét cung MC ciia dudng tron
nay, nén P’D 13 mot dudng phén gidc clia goc tao béi hai dudng thing P'’M = P'A va P'C. Mit
khac, theo (1), chum P'(D,I;C,A) = (X,I;C, A) = —1. Trong mot chiim diéu hoa, néu mot tia
13 phan gidc clia géc tao bdi cdp tia lién hop thi tia con lai vuéng géc véi né; do d6 P'I L P'D,
tic P'I L AB.
Tuong tu, goi P = BN N{. Vi A, B, E, N ddng vién, (P"D, P'N) = (BA, BN) = (EA, EN) =
(ED,EN), nén D, P" N, E dong vién; vi DN = DE, P"D la phan gi4c clia géc tao bdi P”B va
P"E; ¥t hop P"(D,I; E,B) = (Y, I, E, B) = —1 dugc P"I 1 AB.
Vay P’ vi P” cing 14 giao diém cta £ véi dudng thang qua I vudng géc véi AB, nén P’ = P” = P.
Khi d6 D, P, M,C dong vién va PI 13 mot duong phan gidc cia géc tao bdi hai duong thing
PM,PC (vi PI L PD va PD la dudng phan gidc con lai). Do d6, v6i gbc dinh hudng,

(DM, DC) = (PM, PC) = 2(PM, PD) = 2(PM, PI).

Khi M va C nam khéc phia d6i v6i PI (nhu hinh vé&), PI 1a phan gidc trong ctia géc M PC va ta
duge ding déng thic géc thudng ZMDC = /MPC = 2/MPI.

E

Hinh cho ciu c): P nam trén dudng thdng qua D song song vdi AB, va PI L AB.
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Nhan xét. Véi géc thuong, két ludn clia cdu c) khong ding trong moi cAu hinh: ching han A = (0,4),
B = (-1,0), C = (2,0), D = (—2,0) cho ZMDC = 90° nhung ZMPI = 135°. Phat biéu ding
téng quét 1a (DM, DC) = 2(PM, PI) theo géc dinh huéng, tttc /M DC = 2/MPI hogc /ZMDC =
2/MPI — 180°.

Lsi gidi cau c) cling cho thiy diém P khong phu thudc vao cach dinh nghia qua M hay N: né luon la
giao diém ciia duong thing qua D song song vi AB vi dudng thing qua I vuong goc véi AB.

Hung Yén

Bai toan 15.1 (Cau 3). Cho tam gidc ABC [khong vudng] noi tiép dudng tron (O). Lay
diém X cb dinh ndm trén cung BC khong chiia A ctia (O). Mot duong thang d chuyén dong
qua X. Céc duong thing da, dp, dc 1an lugt dbi xting véi d qua cic duong thang BC, CA,
AB.

[Chi xét céc vi trf clia d sao cho cic diém du6i day x4c dinh, tam gidc A’B’C’ khong suy
bién va A’ # A, B' # B, C' # C.] Goi A’ 1a giao diém ctia dg va d¢; B’ 1a giao diém ciia
da va do; C' 1a giao diém cia d4 va dp.

(a) Chimg minh rang AA’, BB, CC' ddng quy tai mét diém nam trén (O).

(b) Chting minh rang dudng tron ngoai tiép tam gidgc A’B’'C’ luén di qua mot diém cb dinh.

Loi gidi. Goi H 1a true tam va X4, Xp, X¢ lan lugt 1a céc diém ddi xting ctia X qua BC,CA, AB.
Theo dinh Ii Steiner, X4, Xg, Xc, H thing hang; goi dudng thing nay 13 sx.
Ta ding thém nhan xét quen thudc: néu X € (O) va sy la dudng thing Steiner ctia X thi

(AC, AX) = (sx, AB) + g
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(a)

(b)

Goi ¢ 13 dudng thing qua H va song song véi d, dong thoi goi P 13 diém anti-Steiner ctia £.
Khi dé6 P € (O) va ¢ chinh 1a dudng thang Steiner ciia P.

Vi Xp € dg, X¢ € dc nén
(A'Xp,AXc) = (dp,dc) = 2(CA,AB) = (AXp, AX(o).
Suy ra A, A’, Xp, X dong vién.
Do dé (AA', AXp) = (A’ X, XpXc). Tl céc tinh chat déi xting va XpX¢ = sy, ta duge
(AA',AC) = (A'X¢, XpXc) + (AXp, AC) = (dc,sx) + (AXp, AC)

= (d¢, AB) + (AB, sx) + (AC, AX)
= (AB,d) + 7/2.

Mat khéc, vi sp = £ || d nén

(AP, AC) = (AB, sp) + g = (AB,d) + g

Vay (AA',AC) = (AP, AC), suy ra A, A’, P thing hang.

Tuong tu, B, B', P va C,C’, P thang hang. Do d6 AA’, BB', CC' dong quy tai P € (O).
Goi Q 1a diém anti-Steiner ctia duong thing ¢b dinh HX. Khi d6 Q 1 diém cb dinh va
Q € (0).

Céc dudng thing QX p, QX lan ludt 14 anh ctia HX qua CA, AB, nén

(QX5,QXc) =2(CA, AB) = (AXp, AX¢).

Suy ra Q, A, Xp, X¢ dong vién.

Két hop vdi A, A’, X, X¢ dong vién, ta c6 Q, A’, Xg, X¢o dong vien. Tuong tu, Q, B', X¢, X4
va Q,C’", X 4, Xp dong vién.

Theo két qua vé diém Miquel ciia tit gidc toan phan thi ta c6 Q, A’, B', ¢’ dong vién. Vay
dudng tron ngoai tiép tam gidc A’B’'C’ luon di qua diém cb dinh Q.

Khanh Hoa

Bai toan 16.1 (Vong 1, Cau 4; 5,0 diém). Cho tam gidc ABC va D, E, F lan lugt 13 trung
diém céc canh AB, BC,CA. Tia phéan gidc clia goc ADC cit AC tai N, tia phan gidc cia
géc BDC cit BC tai M. Goi O la giao diém ctia M N va CD, hai duong thang OF va AC
cit nhau tai P, hai dudng thing OF va BC cit nhau tai Q. Chimg minh:

1 1 2

ﬁ_'_DiC:m va CDZPQ
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. NA DA DB MB
Loi giai. Theo tinh chat dus han gidac va DA = DB = = = ¢
i giai eo tinh cha ng phan giac va , e e Ao hen

NC
N M ) )
MN || AB. Dit k = g—A = g—B; phép vi tut tdm C ti 86 k bién A, B, D thanh N, M,O. Do d6
O 1a trung diém MN, MN = k- AB =2k - EF vA OD = (1 - k) CD.

Hai phan gidc clia hai géc ké bu ADC, BDC vudng géc nén ZM DN = 90°, suy ra OD = %MN =

1 CD+EF
"EF. Vay (1—k)CD = k- EF. tlic — = =227 4
k Vay (1 —k)C k , tiic k op 0 v
2 I  CD+EF 1 1

MN & EF_ CD.EF _EF ' DC

Goi U la giao diém ctia dudng thang qua O song song véi BC véi AC. Vi DF || BC, phép vi tu
tam C ti s6 k bién D, F thanh O,U, nén CU =k -CF,OU =k-DF =k-CE. Tt OU || CE ta

, PU OU R
coP—C—@—k‘,suyraCU—(l—k:)PC’va
k k
p="_cr=_"_ ca
CP=73 T =5ap¢
Tuong 4 CQ = — " CB. Do d6 PQ | ABva PQ = —" A= " pr_cp. ©
EWERTon T Toa-k T T 1ok T T

Bai toan 16.2 (Vong 2, Cau 3; 6,0 diém). Cho tam gidc ABC nhon, khéng can cé tric tAm
H va ndi tiép trong dudng tron (O). Diém R thay déi trén cung 16n BC ctia dudng tron (O)
sao cho AR khong song song v6i BC. Trén dudng thing BC liy hai diém S, T phén biét
sao cho dudng tron ngoai tiép cac tam gidc ARS va ART cung tiép xiic v6i BC. Cac duong
thang qua H vuong géc véi AS va AT cit dudng tron ngoai tiép tam gidc HBC tai diém
thtt hai theo thit tu la M va N. Ching minh:

(a) Duong thing MN luon di qua mét diém cb dinh.

(b) Tam dudng tron ngoai tiép tam gidc RST di chuyén trén mét dudng thang ¢ dinh.
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Hinh cho cdu a): MN di qua cucY cia BC doéi véi (HBCO).

Loi gidi. Goi X = ARNBC; vi A, R cing phia v6i BC nén X nam ngoai doan BC. Do XS, XT
1 cdc tiép tuyén ké tit X t6i (ARS), (ART),

XS?*=XT*=XA-XR=XB-XC.
Vi S # T nén X 1a trung diém ST, v theo hé thitc Newton, (S,T; B,C) = —1.

a) Goi A* 1a diém dbi xtng ctia A qua trung diém D ctia BC. Khi d6 A*B || AC, A*C || AB

va LBA*C = ZBAC = 180° — ZBHC, nén A* € (HBC). Hon nta, A*B || AC L BH nén

ZHBA* =90°, ttic HA* 1a dudng kinh cua (HBC).

Do d6 ZHMA* = 90°, tiic A*M L HM; ma HM L AS nén A*M || AS. Tuong tu A*N || AT.

Hai chum A*(M,N,C,B) va A(S,T, B,C) c6 cac dudng tuong ing song song, nén
A*(M,N;C,B) = A(S,T;B,C) = (S,T;B,C) = —1.

Vi A*, M, N, B,C cung thudc (HBC), MCNB la tit gidc diéu hoa, nén MN di qua cuc Y clia

BC déi v6i (HBC), 1a mot diém c6 dinh.

b) Goi Z va p la tdm va ban kinh ctia (RST), A; la diém d6i xting ctia A qua BC.

(RST) di qua Ay. Goi A’ 1a diém d6i xtmg ctia A qua X. Vi XR- XA = - XR-XA=-X5%=

XS-XT, diém A’ thuoe (RST). Phép d6i xting qua BC bién A +— A1, con phép dbi xting tam X

bién A — A’; hop clia ching 13 phép ddi xtng qua duong thing A di qua X vudng géc véi BC,

nén A;, A’ d6i xting nhau qua A. Vi A 1 trung trie ctia ST nén Z € A, va (RST) dbi xiing qua
A: do d6 A, € (RST).

Két lugn. Goi D la trung diém BC. Vi (S,T;B,C) = —1 nén DS - DT = DB?, tiic phuong tich
ctia D d6i v6i (RST) bang DB?:

ZD* - p* =DB? — ZD?-ZA?=DB>

Vi D, A; c¢b dinh va DB khéng d6i, Z ndm trén mét dudng thing cb dinh vudng géc véi DA;.
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Hinh cho cdu b): (RST) di qua diém cé dinh Ay vd truc giao vdi dudng tron ducng kinh BC.

Lang Scon

Bai toan 17.1 (Vong 1, Cau 4; 5,0 diém). Cho (O) cb dinh va day cung BC cta (O) cb
dinh, BC khéng phai duong kinh. Diém A di chuyén trén cung 16n BC cta (O). Goi M, N
lan lugt 1 cdc trung diém ctia AC, AB; goi Q, P lan lugt 1a hinh chiéu ctia M, N lén dudng
phan gidc ctia géc BAC. Goi BPNAC =Y, CQNAB="Z7.

(a) Chimg minh rang tit gidc BZY C ndi tiép.

(b) Goi X = BPNCQ. Chimg minh raing AX di qua diém c6 dinh khi A di chuyén.

Loi gidi. Goi £ 1a phan gidc clia géc BAC, B’ 1a diém déi ximg ctia B qua £ (khi d6 B’ thudc tia
AC va AB' = AB) va U la trung diém ctia BB’; U nam trén /.

R AB AC .
Bo de: AY = 3 va AZ = 3 Vi NP va BU cung vudng goc v6i £ va N la trung diem AB

nén P 13 trung diém AU. Ap dung dinh 1i Menelaus cho tam gidc AUB’ v6i cat tuyén B, P,Y:
SN - -
VA D PU_ VA, g VAL
YB' BU PA Y B’

Y B’ 2
A N A / N 1 1 1 ]_
Véiy Y nam trén doan AB’' va AY = §AB = §AB' Tuong tu, AZ = §AC'
s AB - AC - s . N
a) Theo bo de, AZ - AB = —5 = AY - AC, v6i Z thudce tia AB va Y thudc tia AC. Theo
phuong tich ddo, B, Z,Y, C dong vién.
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Hinh cho b6 dé va ciu a): P la trung diéem AU, AY = AB/3, AZ = AC/3.

b) Géc ZBAC khong dbi vi A chay trén cung 16n BC ¢ dinh. Tam gidc ABY ¢6 ZBAY = /BAC

. AY 1 R .
khoéng doi va 1= 3 nén no6 ludén dong dang v4i mot tam giac co dinh; do d6 8 = LZABY khong
ddi. Theo tinh chat géc ngoai,

/BYC = /BAY + ZABY = /BAC + 8

khong doi. VAy dudng tron w = (BZY C) la dudng tron c¢b dinh di qua B, C (chita cung nhin BC
dusi gbc ZBAC + 3, ciing phia v6i A d6i véi BC). Goi E la giao diém ciia hai tiép tuyén tai
B, C ctia w [gi4 st ZBAC + 3 # 90°]; E la diém cb dinh.

Ap dung dinh I Pascal cho séu diém B, B,Y,C,C, Z trén w: cic giao diém
BBNCC =F, BYNCZ =X, YCNZB=A

thang hang (6 ddy BB, CC la céc tiép tuyén tai B, C). Vay AX ludn di qua diém c6 dinh E. O
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E

Hinh cho cdu b): w = (BZYC) c¢6 dinh; AX di qua giao diém E cia hai tiép tuyén tai B,C ciia w.

Nhan xét. 1. Bd dé AY = AB/3, AZ = AC/3 cho ci cau a) 1an su khong ddi ciia goc ZABY ma
khong can tinh toan lugng gidc. C6 thé tinh truc tiép: véi a = %LBAC’ thi

tan ZABY = w.

1+sin“«

2. Piéu kién ZBAC + 8 # 90° 1a can thiét: néu ZBY C = 90° thi BC 13 dudng kinh ciia w, hai tiép
tuyén tai B, C song song (cling vuong géc véi BC), va 1ap luan Pascal cho AX | BC; khi d6 AX
khong di qua diém ¢ dinh nao. Trudng hop nay xay ra khi ZBAC ~ 70,5°.
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Lao Cai

Bai toan 18.1 (Ngay 1, Cau 2; 7,0 diém). Cho tam gidc ABC (AB < AC) c6 dudng tron
ndi tiép (I) tiép xiic v6i BC,CA, AB lan lugt tai D, E,F. Goi H 1 giao diém ciia Al va
BC; K, L lan luot 13 hinh chiéu vuéng géc ctia H trén IB va IC. Qua D ké dudng thing
vudng goéc véi AI cit IB,IC lan luot tai X va Y. Goi M, N, P 1an lugt 1 trung diém cta
DE,DF va EF.

(a) Chimg minh rang KL || BC va bén diém K, L, X,Y cing thuéc mot dudng tron.

(b) Goi Oy,05 lan lugt 14 tdm ciia hai dudng tron (MKL) va (DIP). Chimg minh rang
giao diém ctia (MK L) va (DIP) thuoc dudng tron dudng kinh O10s.

Hinh cho ciu a).

Loi gidi. a) Vi ZIKH = ZILH = 90° nén I, K, H, L thuoc duong tron dudng kinh ITH. Do dé
ZIKL =/IHL =90°— ZHIL = 90° — (LIAC + ZICA) = 3/ABC = ZIBC,

suy ra KL || BC.
Goi T 1a giao diém ctia XY va AH. Vi ZXKH = /XTH = 90° nén X, K, T, H déng vién; tuong
tu'Y,L, T, H dong vién. Theo phuong tich ctia I,

IK - IX=1IT-TH=1L-1Y,

nén K, L, XY cung thuéc mot duong tron.

b) Vi IC | DE tai M vA IB | DF tai N nén IM - IC = IN - IB = ID? suy ra M, N, B,C
dong vién. Két hop v6i KL || BC, ta ¢6 ZIKL = /IBC = ZIMN, nén M,N, K, L dong vién.
Hon nita, trong tam gidc vuéng IDH c¢6 DT 1 IH nén IT - IH = ID?, do dé theo cau a),
IK - IX =1L 1Y = ID%
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Xét phép nghich ddo f tam I, phuong tich 72 (r 1a ban kinh ctia (I)). Phép nghich ddo nay giit
nguyén D va
M—C, N—B, P—A K—X L~Y.

Do d6 f bién duong tron (M NKL) thanh duong tron (S) = (BCXY) (tdm S), va bién dudng
tron (DIP) thanh dudng thing AD. Vi phép nghich déo béo toan géc gitta hai dudng, ta chi can
chiing minh AD tryc giao véi (S), tiic AD di qua S.

Goi V 1a giao diém ctia EF va BC (ton tai vi AB # AC).

e Déi véi (I): dudng dbi cyc ctia D 1a BC, ctia A 1a EF’; ca hai di qua V nén dudng ddi cuc
cia V1a AD, suy ra IV 1 AD.

o Déi véi (9): ta co (V,D; B,C) = —1 nén dudng déi cyc ctia D di qua V. Mit khac X BY C
ndi tiép (S), D = XY NBC va I = XBNYC, nén theo dinh li Brocard dudng dbi cuc ciia
D di qua I. Vay dudng dbi cuc ctia D 1a IV, suy ra SD L IV.

Hai dudng thing AD va SD cing vudng géc v6i IV nén A, D, S thing hang. Vay (MKL) va
(DIP) truc giao. Néu Z 1a méot giao diém ctia chiing thi 0127 L 057, titc Z thudc dudsng tron
du’dng kinh O10s.

Hinh cho cdu b): (MKL) va (DIP) truc giao tai Z.

Bai toan 18.2 (Ngay 2, Cau 6; 7,0 diém). Cho tit gidc ABC'D khéng phai hinh thang, noi
tiép dudng tron tam O. Goi M la trung diém ctia CD; F la giao diém ctia AD va BC. Céc
tiép tuyén tai C' va D ctia duong tron (FCD) cit nhau tai S. Goi P 1 giao diém ctia SF
va CD; E 1a giao diém ctia AC va BD; H 13 hinh chiéu ctia E trén SF; K 13 giao diém thi
hai cta hai dudng tron (ABE) va (CDE).
(a) Chimg minh rang cdc diém K, P, M, H cing nam trén mot dudng tron, ki hicu 13 (w).
(b) Tiép tuyén tai P ctia dudng tron (w) cit dudng tron (CDE) tai X,Y. Goi Q la giao
diém thit hai cta K P véi duong tron (CDE). Chting minh rang FQ 1a tia phan gidc
cia ZXFEY.
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Dudng tron nét dit la (w) = (KPMH).

Loi gidi. Goi G 1a giao diém ciia AB va CD.
a) Ta c6 GA-GB = GC - GD nén G thudc truc dang phuong KE ctia (ABE) va (CDE), tic
K, E,G thing hang.

Tac6 /BKC = /BKE+/FEKC = /BAC+/BDC =2/BAC = /BOC nén K € (BOC). Hon
ntta /BKE = /BAC = /BDC = /ZEKC, titc KF la phéan gidc trong cia /BKC; vi OB = OC
nén KO la phan gidc ngoai ciia géc nay. Do d6 OK L KE, tttc K 1a hinh chiéu ctia O trén EG.
Theo dinh 1i Brocard, O 14 truc tdm cta tam gidc EFG, nén OF 1 EG; suy ra O, K, F thing
hang va ZFKE = 90°.

Tt L/FKE = /ZFHE = 90° ta dugc F, E, H, K dong vién; tt ZGKO = ZGMO = 90° ta dudc
G,K,O,M dong vien. Vi EF 1. OG va EK 1 OK nén

(HP,HK) = (HF,HK) = (EF,EK) = (OG,0K) = (MG,MK) = (MP,MK).
Vay K, P, M, H cing nam trén mot duong tron.

b) Vi SC,SD la tiép tuyén ctia (FCD) nén FS 1a dusng déi trung clia tam gidc FCD, do d6
PC  FC? FC AC

. . KC pPC K , NN
A— B, Cw— D,nén AKAC -~ AKBD va %D - BD Suy ra BD = KD’ titc K P la dudng

déi trung ctia tam gidgc KCD.
Goi t 1a tiép tuyén tai K cta (KCD) = (CDE). Vi KM, KP ding giac trong géc CK D,
(t, KP) = (t, KC) + (KC,KP) = (DK, DC) + (KM, KD) = (KM, DC) = (MK, MP),

nén t cling tiép xic véi (w) = (KPM). Vay (w) va (CDE) tiép xtic tai K. Phép vi tu tam K
bién (w) thanh (CDE) bién P + Q, nén bién tiép tuyén tai P clia (w) thanh tiép tuyén tai Q
ctia (CDE). Do dé tiép tuyén tai Q song song véi XY, titc Q la diém chinh giita mot cung XY
cia (CDE). Vay EQ 1a mot dudng phan gidc ctia gbe tao boi EX, EY'; d6 la phan gidc trong cia
/X EY khi Q nam trén cung XY khong chita E (nhu hinh vé). O
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Nhan xét. Két luan “tia phan giac” (trong) khong ding trong moi cAu hinh. Chéng han trén duong
tron don vi lay A = (1,0), B = (0,1), C = (-3, 1), D = (0,—1); khi d6 Q thudc cung XY chita E
va EQ la phan gidc ngoai ciia gébc X EY. Phat biéu ding téng quat: FQ la dudng phan gidc trong
hodc ngoai ctia goc XEY.

Lam Dong

Bai toan 19.1 (Cau 4; 4,0 diém). Cho tam gidc nhon ABC (AB < AC) ngoai tiép dudng
tron (I). Goi D, E, F lan lugt 1a tiép diém cta (I) v6i BC,CA, AB. Pudng thang AI cit
DE, DF lan lugt tai P, Q. Puong tron duong kinh PQ cit BC tai M, N.

(a) Chitng minh rang BP | CQ.
(b) Chting minh rang dudng tron ngoai tiép tam gidgc AMN tiép xtic véi dudng tron (I).

Loi gidi. a) Vi AB < AC nén céc diém A, I, P,@Q nam trén Al theo thtt tu 4y. Ta c6 ZBIP =
900—%AAC’B = /PDC,suyra B, I, P,D dong vién. Do d6 ZBPI = Z/BDI = 90°, hay BP | Al

Tuong tu, CQ L AI. Vay BP || CQ.
b) biat J = AINBC, S la trung diém PQ, w 1a duong tron dudng kinh PQ va v = (AMN).

Tit BP || CQ, dinh If dudng phan gide vi AABP « AACQ), ta 6

JP_JB_ Ap_ AP
JQ JC  AC  AQ’

suy ra (4, J; P,Q) = —1. Theo cac hé thitc Newton va Maclaurin, 1an lugt ta dugc

SA.-SJ=8rP*  JA.-JS=JP-JQ.

19 Lam Déng 77 /114


https://www.facebook.com/nguyendangkhoa1711/

Nguyén Dang Khoa Hinh hoc chon déi tuyén VMO

ViJ=MNNPQ va M, N, P,Q dong vién, hé thiic thit hai cho JA-JS = JM -JN, suy ra S € 7.
Mat khic, AIPD « AIDQ nén IP-1Q = ID?. Vi S la trung diém PQ, ta dugc

Py(S) = SI? — ID* = SI? — TP - 1Q = SP>.
Xét phép nghich ddo tAm S, phuong tich SP?. Theo hé thitc Newton, A bién thanh J; con M, N
dugec gitt ¢b dinh. Do S € ~, 4nh ctia v 13 dudng thing BC.
Hon nita, P)(S) = SP? nén phép nghich ddo hodn déi hai giao diém clia mdi cat tuyén qua S
v6i (I), do d6 gitt nguyén (I). Vi BC tiép xtic véi (I), suy ra v tiép xic véi (I). O

| Nhan xét. D4y 1a bai toan sb 6 trong dé thi ELMO 2016.

Nghé An

20.1 Chuyén Dai hoc Vinh

Bai toan 20.1 (Cau 3). Cho tam gidc nhon ABC [C A # CB] ndi tiép dudng tron (O). Goi
M 1a trung diém ctia AB; duong kinh CD ctia (O) cat AB tai E. Tiép tuyén tai A, B ciia
(O) cit nhau & T. Puong thang CT cit (O) tai diém thit hai 1a S. Goi I 1 tam dudng tron
(CME).

(a) Chting minh rang cic duong thing CD,TI, SM déng quy.

(b) Puong tron (CME) cit (O) tai diém thi hai 14 K. Pudng thang MK cat CF tai F.
Chitng minh rang ba duong tron (EFM), (DFS),(ABF) cing di qua mot diém khac
F.

Loi giai. a) Ké duong kinh EN cla ( ). Vi MN L ME va OM 1 AB, suy ra T, M, O, N thing

hang. Ta ¢c6 OM - OT = 04%=0C" ,nén AOCM «~ AOTC. Két hgp C, M, E, N dong vién, ta
dugc
(TO,TC)=(MC,CO)=(MC,CE)=(MN,NE).

ViTO = MN, suyraTC || EN.

Goi H=CTNAB va X = MSNCD. Theo tinh chdt hang diém diéu hoa tao bdi hai tiép tuyén
va mot cat tuyén, ta ¢6 (H,T;S,C) = —1. Chiéu tit M lén CD, suy ra (E,0;X,C) = —1. Vi
T,0,N thing hang, chiim tia T(E, N; X, C) ciing diéu hoa. Ké hop TC || EN, suy ra TX di
qua trung diém I ctia EN. Vay CD,TI,SM dong quy tai X.
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T

b) Ta c¢6 TM-TO = TA” =TS -TC, nén O, M, S,C dong vien. Vi ME L. MO, CS 1. DS va
C,0, E, D thing hang, ta c6
(ME,MS)=(ME,MO)+ (MO, MS)

= (CS,DS)+ (CO,CS)

= (CO,DS) = (DE,DS).
Do d6 M, E, D, S cung thuéc mét duong tron, ki hiéu la 4.
Goi Y = SD N AB. Theo phuong tich ctia Y déi véi (O) va d,

YA.-YB=YS-YD=YM-YE.

Vi viy Y c6 ciing phuong tich d6i v6i ba dusng tron (EFM), (DFS), (ABF). Ba dudng tron nay
cung di qua F, nén c6 chung truc déng phuong YF.

Mt khic, Y ciling ¢6 cling phuong tich déi véi (O) va (I), suy ra Y € CK. Goi t 1a tiép tuyén tai
F ctia (EFM). Theo dinh I géc tao béi tiép tuyén va day cung, két hop C, M, E, K dong vién,
ta ¢

(t, FE) = (FM,ME) = (KM, ME) = (KC,CE).

Vi FE=CE,suyrat| CK. DoY € CK va F ¢ CK, dudng thing Y F khong phai la tiép
tuyén ctia (EFM) tai F. Béi vay, YF cit (EFM) tai diém thit hai Z # F. Vi YF la truc dang
phuong chung, Z cung thudc (DF'S) va (ABF). Vay ba duong tron da cho cung di qua Z # F.
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20.2 Chuyén Phan Bgi Chau

Bai toan 20.2 (Cau 3). Cho tam gidc ABC nhon ndi tiép dudng tron (O), ¢ truc tam H.
Diém P di dong trén dudng thing BC va ndm ngoai doan BC. Pudng thing OP lan lugt
cit AC, AB tai Q, R. Goi Y, Z lan luot 1a hinh chiéu vudéng géc ctia Q, R 1én AB, AC.

(a) Chimg minh rang Y'Z luén di qua mét diém cb dinh khi P thay doi.

(b) Goi S 1a giao diém ctia QY va RZ, X 1a giao diém ctia SH va Y Z. Chiing minh rang
XA 1 XP.
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Loi gidi. Goi M 1 trung diém ctia AH.

a) bat a = BAC. Ta c6 AY /AQ = AZ/AR = cosa, nén hai tam gidc AQR, AY Z dong dang
ngugc, véi su tuong tng A < A, Q< Y, R Z.

Mit khéc, AH = 240 cosa vi BAH = 90° — ABC = OAC. Do d6 AM/AO = cosa vi
YAM = QAO. Vi thé M la diém tuong ting ciia O trong phép dong dang trén. Tt O € QR suy
ra M € YZ. Vay diém cb dinh can tim 1a trung diém cta AH.

b) Néu OP L AB hoiac OP L AC thi X lan lugt 1 trung diém AB hoiic AC, va két luan suy ra
ngay. Xét cac trudng hop con lai.

Trong ti gidc toan phan tao bdi AB, AC, BC, PQ, ba dudng tron dudng kinh AP, BQ, CR
¢6 truc dang phuong chung HS. Goi T 13 diém Miquel ciia ti gidc toan phan nay, U 13 diém
ddi xtng cta T qua PQ. Theo tinh chdt dudng thing Steiner, U € HS; lai ¢6 U € (O) vi
O € PQ. Tu A,B,T,U va B,P,R,T dong vién, cing v6i phép doéi xiing qua PQ, ta dudc
(UA,UP) = (PR,PT)+ (UT,UP) = r/2. Do d6 U thudc cé ba duong tron dusng kinh AP, BQ,
CR.

Goi V # U la giao diém chung con lai ctia ba dudng tron trén. Vi U d6i xiing véi T qua QR va
T € (AQR) nén

(VY,VZ) = (QY,QU) + (RU,RZ) = (AB, AC) + (QT, RT) = 0.

SuyraVeYZ MaV e HS nén V = X. Vay X thudc duong tron duong kinh AP, tic la
XA 1LXP. O

Nhéan xét 20.1. Diém X con thuoc duong tron Euler v ctia tam gidc ABC. That viy, ta cb Py(H) =
%HU HX. Mat khéc, trung diém ctia HU thuoc v vi U € (O). Béi vay X € 7.
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Bai toan 20.3 (Cau 5). Cho tam gidc ABC khong can ngoai tiép duong tron (I). Dudng

tron (I) tiép xtc v6i BO, CA, AB lan lugt tai D, E, F. Goi K 13 truc tAm ciia tam gidc

BIC.

(a) Hai duong thang CK, BK lan luct c&t DE, DF tai S, T; dudng thang ST cit EF tai
R. Chiing minh ring IR 1 AK.

(b) Chimg minh ring AK, BC va dudng thing Euler ctia tam gidc KBC dong quy hodc
doi mot song song.

\'
>
vv :

S
M
2
> /
Q N
\y'/l
B D

L&i gidi. a) Dit P = BINDE, Q = CINDF, M = BINEF vi X = EF 0 BC. Ta sit dung
hai tinh chat quen thudc: P,@Q nam trén dudng trung binh tGng véi dinh A cta tam gidc ABC, va
CM L BI. Do d6 PQ | BC va C, M, K, S thing hang.
Dé& ¢6 (D, X; B,C) = —1, chiéu tit tAm M lén BC, céc diém D, E, P, S 1an lugt dugc bién thanh

D,X,B,C. Béivay (D, E; P,S) = —1. Tuong tu, (D, F;Q,T) = —1. Tu d6 suy ra EF, PQ, ST
dong quy hay P,Q, R thing hang.

X

Xét cue va dbi cye déi véi (I). Vi DE 1a dudng ddi cuc cltia C' va P € DE, dudng dbi cuc ctia P
di qua C. Puong nay vudng géc véi I P, nén chinh 14 CK. Suy ra dudng dbi cuc ctia K di qua P.
Lai ¢c6 IK L BC va PQ || BC, do d6 PQ 1 duong doi cuc ctia K.

Cudi ciing, R € EF N PQ, ma EF, PQ lan lugt 1a duong dbi cuc cia A, K. Béi vay dudng d6i
cuc cuia R1a AK,suyra IR 1 AK.
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b)

S

Goi O la tam dudng tron ngoai tiép tam gidc KBC va Z 1a trung diém cta BC. Vi I 13 truc
tam ciia tam gidgc K BC, dudng thang OI chinh 14 dudng thing Euler ciia tam gidc nay. Ta c6
KO || AI (cung vuong géc v6i EF') va OZ || ID (cung vudng goc véi BC).

Cach 1. Dung chiim diéu hoa. Goi J 1a tdm duong tron bang tiép géc A ciia tam gidc ABC
vaV = AINBC. Vi KB | CJ va KC || BJ, tit gidc KBJC 13 hinh binh hanh. Do d6 K, Z,J
thang hang va ZK = Z.J.

Theo tinh chat quen thude, (A,V;I,J) = —1. Chiéu tit tam D lén K.J, cic diém V,I,.J lan lugt
dugc bién thanh Z, K,J. Vi Z la trung diém ctia K.J, tinh chat chiim diéu hoa cho AD || K J,
hay AD || KZ.

Nhu vay, hai tam gidc KOZ va AID c6 cic canh tuong ting song song, nén KA, OI, ZD dong
quy hoi#ic d6i mét song song. Vi ZD trung v6i BC, ta dugc diéu phai chimg minh.

1/\ — —
Céch 2. (phu thudc vao hinh vé) Dit a = §BAC’. Ta cé BKC =90°—a, nén COZ = 90° —a.
Do d6

1D IE —  0Z oA

= —=q] fd Z = —= —,

T4 = T4 = sine cos CO 0C — OF
Két hop véi AID = KOZ, suy ra AAID «~ AKOZ (c.g.c.), do d6 AD || KZ. Véy hai tam gidc
KOZ, AID cb céc canh tuong ting song song; tit d6 két ludn nhu Céch 1. O

Nhan xét. Diém dong quy W & cAu b) con nam trén tiép tuyén chung ctia dudng tron Euler v ciia
tam gidc ABC va dudng tron (I). That vay, ké AU L BC; khi d6

WU WA WD

— = WD?=WU- -WZ.
WD WK WZ
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Vi U 1a chan dudng cao tit A va Z 1a trung diém BC, hai diém U, Z cling thudc v, nén P, (W) =
WU -WZ=WD? = Py (W). Két hop dinh 1i Feuerbach (v v& (I) tiép xtic nhau), W nam trén tiép
tuyén chung tai tiép diém ctia hai dudng tron.

Ninh Binh

Bai toan 21.1 (Cau 2; 5,0 diém). Cho tam gidc ABC nhon, khéng cin, c6 dudng cao AH.
Goi X,Y 1a hai diém phéan biét thay ddi trén canh BC sao cho CAX = BAY.

Goi K, S 1an lugt 14 hinh chiéu vudng géc clia B trén cic dudng thing AX, AY; T, L lan
luot 13 hinh chiéu vudng géc cia C trén cic dudng thing AX, AY.

(a) Chting minh ring ba duong thing AH,TL,SK dong quy.

(b) Chting minh rang giao diém ctia KL va ST thuéc mot dusng thdng ¢b dinh khi X,Y
thay ddi trén canh BC.

«

P ~0J

<X

Loi gidi. Néu {X,Y} = {B,C} thi SK,TL la hai dudng cao tit B,C, con mot trong hai dudng
KL, ST trung v6i BC, nén ci hai két luan déu ding. Néu X = Hthi K =T = H;néu Y = H thi
S = L = H. Trong c4 hai trudng hdp, cdc dudng & cau a) dong quy tai H va KLNST = H € BC.
Sau day xét X,Y nam trong canh BC va khac H.
a) Goi «, 8 1an lugt 1a cac dudng tron dudsng kinh AB, AC. Khid6 A, H,K,S € ava A, H,T,L € B.
Gia thiét cho (AY, AB) = (AC, AX). Vi BS L AY va CT L AX, ta c6

(KS,KT) = (BS, BA) = (AY, AB) + g
= (AC, AX) + g = (CA,CT) = (LS, LT).

Suy ra K, S,T, L dong vién; goi dudng tron nay 1a . Ciing tit cic quan hé géc trén, KS L AC
va TL L AB, nén hai dudng nay cit nhau tai mét diém U.
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Ba truc ding phuong ctia cac cip duong tron (o, 8), (a,7), (8,7) lan lugt 14 AH, KS,TL, do dé
Ue AH.

b) Ta sé chimg minh rang dudng thng cb dinh 14 BC. Trudc hét, tit cdc ti gide ndi tiép & cau
a), ta cé
(HA,HS) = (KA,KS) = (LT,LA) = (HT,HA). (1)

Vay hai duong thang HT, HS d6i xting nhau qua AH.

Hai duong ST, BC khong song song. That vAy, néu ching song song thi (1) cho thiy S,T dbi
xting nhau qua AH. Khi iy phép déi xtmg qua AH bién o = (AHS) thanh 8 = (AHT), nén
ciing bién B thanh O, trai v6i AB # AC. Pat P = ST N BC.

Cdch 1. Ding chium diéu hoa va ti& gidc toan phan.
Vi HA L HP va HT, HS dbi xting nhau qua HA, nén

H(A,P;T,S) = —1.

Xét tit gidc toan phan KTSL, v6i A= KTNSL,U = KSNTL va H € AU. Theo tinh chét dicu
hoa clia tit gidc toan phan (dang ddo), tit H(A,P;T,S) = —1va P € ST suy ra P € KL. Vay
KLNST =P e BC.

Cdch 2. Dung hai hang diém cé cing ti s6 kép.
Tuong tu (1), ta ¢

(HA,HK) = (SA,SK) = (TL,TA) = (HL,HA). (2)
Vi thé phép dbi xiing qua AH bién cdc duong HT, HK lan lugt thanh HS, HL, dong thdi giit
nguyén HA va BC (vi H, X,Y thing hang). Hai chiim dudng thing tuong tng c6 cling ti sb kép.
Chiéu ttt H len AX va AY, ta dugc

(A, X;T,K) = H(A, X;T,K) = H(A,Y;S,L) = (A, Y; S, L).

Vay XY, TS, KL dong quy tai P, va P luon thudc dudng thing ¢b dinh BC. O

Bai toan 21.2 (Cau 7; 5,0 diém). Cho tam gidc ABC nhon, khong can, noi tiép dudng tron

(0), c6 ba dudng cao AD, BE,CF dong quy tai H. Goi G la trong tdm tam gidc ABC.

Céc doan thang AG, BG,CG lan lugt cit dudng tron (DEF) tai I, J, K. Cac dudng tron

(AID),(BJE),(CKF) cit lai (O) tai cdc diém thit hai tuong img 14 X, Y, Z.

(a) Chiing minh rang ba dudng thing AX, BY, CZ déng quy tai mot diém trén duong thing
OH.

(b) Gia sit BAC # 60°. Dudng thing AC cit dudng tron (AHDB) tai diém tht hai N;
duong thang AB cit duong tron (AHC) tai diém thit hai M. Pudng tron (HMN) cit
lai cdc dudng thang AB, AC tai cdc diém th hai tuong tng 14 S, 7. Ching minh ring
ST 1 OH.

Diéu kién BAC # 60° & cdu b) duge b6 sung vi khi BAC = 60° thi H, M, N thing hang, dudng tron
(HMN) khéong zdc dinh.
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Loi giai.
a) Ki hiéu v = (DEF). Goi U, L 1an lugt 1a trung diém ctia AH, BC. Khi d6 UL 1a mot duong
kinh ctia vy va UL L EF. Goi A’, B',C’ 1an lugt 13 hinh chiéu vuéng géc ctia H trén EF, FD, DE.
Goi X' 1a giao diém thtt hai ctia AA’ v6i (O). Tw B,C,E,F dong vién, ta c6 (FB,FA") =
(CB,CA) = (X'B,X'A), suy ra B,F,A’, X' dong vién. Lai c6 B, D, F,H dong vién, nén theo
phuong tich,
AA - AX' = AF -AB = AH - AD.

Béi vay A', H,D, X’ dong vien. Vi HA' | UL va A, I, L thing hang, ta dugc
(X'A,X'D)=(HA',HD) = (UL,UD) = (IL,ID) = (IA,ID).

Suy ra A,I,D, X’ dong vién, nén X’ = X. Vay A, A, X thing hang. Tuong tu, B,B’,Y va

C,C', Z thng hang.

Vi H 1a tAm ndi tiép tam gidc DEF, nén HA' = HB = HC' va A'B' | FH, B'C' | DH,
C'A" | EH. Do dé H 1a tam ngoai tiép tam gidac A’B’C’; hon nita A'B’ | AB, B'C' || BC,
C'A"|| CA.

Hai tam gidc ABC va A’B'C’ ¢ céc canh tuong ting song song, nén AA’, BB, CC' dong quy tai
tAm vi tu V ctia hai tam gidc. Phép vi tu nay bién tdm ngoai tiép O thanh H, suy ra V € OH.
Viy AX, BY,CZ dong quy tai mot diém trén OH.
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b) Pit P = DENAB, Q= DFNAC vaw = (HMN). Goi W 1a tdam dudng tron chin diém ~;
khi d@6 W 1a trung diém OH.

Vi A,B,D,E va A,C, D, F la céc tit gidc noi tiép, nén

Py(P) = PE-PD = PA-PB = P (P),
Py(Q) =QF -QD = QA -QC = P(Q).

Do d6 PQ la truc dang phuong ciia v va (O), suy ra PQ L OW, hay PQ L OH.
Mat khéc, tit A,C, D, F va A, H, B, N dong vién, ta c6

(FB,FQ) = (FA,FD) = (CA,CD) = (HB,HA) = (NB,NA).

Suy ra B, F, N, (Q dong vién. Tuong tu, C, E, M, P dong vién. Két hop v6i B, C, E, F dong vién,
ap dung phuong tich tai A, ta dugc

AN -AQ = AB-AF = AC - AE = AM - AP.

Bé&i vay P, M, N,(Q dong vién. Theo Reim, ta ¢c6 ST || PQ. Két hop véi PQ 1 OH, ta duge
ST L OH. 0
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Pha Tho

Bai toan 22.1 (Ngay 1, Cau 3; 6,0 diém). Cho tit gidc 16i ABCD c6 hai canh AD va BC
khéng song song. Gia sit hai dudng tron c6 dudng kinh AB va C'D cat nhau tai céc diém F
va F nam bén trong tit gidc. Goi wg 1a dudng tron di qua chan cdc dudng vuong goc tit E
dén céc doan thang AB, BC,CD. Goi wr la dudng tron di qua chan cdc dudng vudng goc
tit F dén cdc doan thing CD, DA, AB.

(a) Chimg minh wg di qua chan dudng vudéng géc ciia F 1én DA.

(b) Chimg minh rang trung diém cia doan thaing FF nim trén dudng thing di qua hai giao
diém clia wg va wp.

C
Pudng mau dé la truc ding phuong cla wg (zanh duong) va we (zanh 1d).

Loi giai. Goi X,Y,Z,W lan ludt 1a chan cic dudng vuong goc tit E dén AB, BC,CD,DA. Vi
/AEB = ZCED =90° nén (AE, BE) = (CE,DE) = 90°.

a) Cac bo bén diém {B, X,E,Y}, {C,Y,E,Z}, {A, X, E,W}, {D,Z,E,W} lan lugt nam trén
céc duong tron duong kinh BE,CE, AE, DE. Do d6

(YX,YZ)=(YX,YE)+ (YE,YZ) = (BA, BE) + (CE,CD),
(WX, WZ)=(WX,WE) + (WE,WZ) = (AB, AE) + (DE, DC).

Hiéu ciia hai géc nay bang (AE, BE) + (CE,DE) = 180° = 0. Vay X,Y, Z,W dong vién, tiic
W e wg.
b) Goi P = EW N BC, Q = EY N AD. Vi EW L AD, EY 1 BC nén (EW,EY) = (AD, BO),

do dé
(PW, PY) = (EW, BC) = (EW, EY) + 90° = (AD, BC) + 90°.
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Mat khéc (XW,XY) = (XW,XE) + (XE,XY) = (AD,AE) + (BE,BC), va (AD,AFE) +
(BE,BC) — (AD,BC) = (BE,AE) = 90°. Suy ra (PW,PY) = (XW,XY), tiic P € wg; tuong
tu Q € wg. VAy wg 1a dudng tron ngoai tiép tit gidc WY PQ.

Tuong tu, goi U, V 14 chan cdc dudng vudng géc tit F dén AD, BC; R = FUNBC, S = FVNAD;
khi d6 wr 13 dudng tron ngoai tiép UVRS. Goi I = EQNFU va K = EPNFV.

Vi ZQUR = ZQY R = 90° nén Q,U, R,Y dong vién, suy ra IQ - IY = IU - IR, ttc I c6 cing
phuong tich déi véi wg v wp. Tuong tu véi K. VAy IK 1a truc ddng phuong clia wp vA wp.
Cudi cing, EI = EY | BC va FK = FV 1 BC nén EI | FK; tuong tu EK || FI (cing vuong
gbc v6i AD). Do @6 IEK F 13 hinh binh hanh va trung diém ciia EF ciing 1a trung diém ciia I K,
nén nam trén truc ddng phuong clia wg va we. O

Bai toan 22.2 (Ngay 2, Cau 4; 7,0 diém). Cho tam gidc ABC nhon, khéng can noi tiép dudng

tron (O), dudng phan gidc trong AD (D € BC). Diém P thudc doan AD (P # A, P # D,

[P khong trung tam ndi tiép]). Goi X,Y, Z tuong ting 1a hinh chiéu vuong géc ctia P 1én ba

canh BC,CA, AB. Pudng tron ngoai tiép tam gidc XY Z cat BC tai diém X’ khac X.

(a) Chimg minh ring AX', BY,CZ dong quy.

(b) Goi M, N la giao diém ctia Y Z v6i dudng tron (O) (M,Y, Z, N thang hang theo thit tu
trén). Goi S 1a giao diém hai tiép tuyén tai B, C ciia (O), AP cat (O) tai diém T khéc
A. Chimg minh ring SP, ST dang gidc gbc ZMSN va SP di qua tam dudng tron ngoai
tiép tam gidc PMN.

Hinh cho ciu a).

Loi gigi. a) Goi @ 1 diém lién hop dang gidc clia P trong tam gidgc ABC; vi P thudc phan gidc
AD nén Q cing thuoc AD. Theo tinh chdt quen thudc, hai diém lién hop ding gide ¢6 chung
dudng tron pedal, nén X’ 1a hinh chiéu ctia Q 1én BC. Vi P thudc phan giac géc A nén PY = PZ
va AY = AZ.
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!/ /
Do ZQBX' = /PBZ nén AQX'B «~ APZB, suy ra QX _ Pz tuong tu ?;é = %

B 2B X'B  ZB’

PY = PZ ta ducgc XC :ﬁ,nén
Az BX' CY _AZ _
ZB X'C YA AY

Tu

1.

Theo dinh 1i Ceva, AX’, BY,CZ dong quy.
b) Goi E = MN N BC; goi M', N' 1a giao diém thit hai ctia X’M, X'N véi (O).

Budc 1: N,M', S va M,N', S thdng hang. Theo cau a), AX’, BY,CZ déng quy va E =Y ZNBC
nén (E,X’;B,C) = —1. Chiéu ttt M lén (O): ME + N, MX'+ M’ , nén (N,M'; B,C) = —1,
titc NBM'C 1a tit gidc diéu hoa. Do d6 NM' di qua cue S ctia BC. Tuong tu M N’ di qua S.

Bude 2: AM' 1. PN. Puong tron duong kinh AP di qua Y, Z; goi I 1a giao diém tht hai clia
AM' v6i duong tron nay. Ta cb

1Z sin/ZIAB M'B NB

IY ~ sin/ZIAC ~ M'C  NC’

dang thic cudi do NBM'C diéu hoa. Vi AY = AZ nén LAZY = LAY Z, két hop ZNBA =

NB Nz _.  1Z NZ

Do PY = PZ va AP 13 dudng kinh, TP va I A 1 hai dudng phéan gidc ctia géc ZIY; TA cat doan
Y Z nén la phan gidc trong, con IP 1a phan gidc ngoai. Do dé IP cit Y Z tai diém chia ngoai

YZ theo ti s6 ££ = XZ chinh 1a N. Vay P,I, N thing hang vi AM’' L PN (vi ZAIP = 90°).

Tuong tu AN’ L PM.
Budc 3: P,T lién hop ding gidc trong tam gidc SMN. Vi NP L AM' va NM 1 AP (do
AY = AZ, PY = PZ),

(NP, NM) = (AM',AP) = (AM' ,AT) = (NM',NT) = (NS,NT).
Vay NP, NT ding gidc trong géc MNS; tuong tu M P, MT ding gisc trong géc NMS. Do dé
P, T lién hop ding gidc trong tam gidc SMN, va SP, ST ding gidc trong gbc MSN.

Budc 4: SP di qua tam (PMN). Vi PT = AT 1L MN, ta can chimg minh PS, PT ding giac
trong géc M PN, tttc ZNPS = ZMPT (céic goc dudi day la gdc thuong, theo hinh vé).

Vi AT 14 phén gidc géc A nén T 1 diém chinh gita cung BC, do d6 S, O, T thing hang; goi J 1a
giao diém thit hai ctia ST v6i (O) thi TJ 1a dudng kinh, nén AJ | AT, titc AJ || MN. Suy ra
INTJ =/ZANM va

/NTS =180° — ZANM = 90° + /ANAT = /ZNMN' +90° — ZTAN' = ZNMS + ZAPM,
trong d6 dung ZNAN' = ZNMN' va AN" L. PM.
Miit khac, v6i hai diém lién hop ding gidc P, T trong tam gidc SMN,

/NPS+ /NTS = 360° — (/PNS + /TNS) — (/PSN + /TSN)
=360° — ZMNS — /ZMSN = 180° + /ZNMS.

Tt hai ding thitc trén, ZNPS = 180° — ZAPM = /M PT. Vay SP di qua tAm dudng tron ngoai
tiép tam gidc PMN.
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Hinh cho cdu b).

Quang Ngai

Bai toan 23.1 (Ngay 1, Bai 3; 7,0 diém). Cho hinh binh hanh ABCD c6 géc A nhon, hai
duong chéo AC va BD céat nhau tai O. Pudng tron (I) nodi tiép tam gidc OBC' tiép xiic véi
BC tai E.

(a) Gia stt tam gidc ADE nhon. Goi O1,02, 03 lan lugdt 14 tAm duong tron ngoai tiép clia
céc tam gidc ABE, ADE,CDE. Chimg minh rang truc tdm ctia tam gidc 010205 nam
trén AD.

(b) Lay diém S khic O sao cho SA va SD cung tiép xtic véi (I). Goi K la tdm ciia dudng
tron noi tiép tam gidac SAD. Chting minh OK di qua trung diém ctia AD.
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Hinh cho ciu a).

Loi giai. a) Vi AE la day chung ctia (O1), (0O2) nén O10: 1a trung truc cia AFE; tuong tuw O203
13 trung truc cia DE. Do d6 A, D lan lugt 1a diém dbi xtng ciia E qua 0105 va 0203, va
2010203 = ZAED (hai gbc ¢6 canh tuong ting vuong goc, tam gidc ADE nhon).

Vi ZABE tu nén ZAOE = 2(180° — LZABE), suy ra ZO1EA = ZABE —90°. Vi ZDCE nhon
nén Z0sED = 90° — ZDCE. Ma LABE + Z/DCE = 180° nén LO1EA = ZOsED, suy ra
LO1EO3 = LZAED = Z010203. Do d6 E thudc dudng tron (O10203).

Vay AD 1a dudng thing Steiner ctia diém E d6i véi tam gide 010203, nén né di qua truc tAm
cua tam gidc nay.

b) Goi (J) la dudng tron noi tiép tam gidc OAD, tiép xic v6i AD tai F. Phép dbi xting tam
O bién tam gidc OBC thanh tam gidc ODA, nén bién (I) thanh (J) va E thanh F; do d6 O la
trung diém cta EF.

Goi N, P,U,V lan lugt la tiép diém ctia (I) véi SA, SD, AC, BD. Khi d6

SA—SD=(SN+ AN)— (SP+ DP)=AN —DP =AU — DV = (OA+0OU) — (OD 4+ OV)
=0A-0D=0C-0B=CU-BV =CE—-BE=AF — DF.

Vi tiép diém F’ clia dudng tron noi tiép (K) ctia tam gidc SAD v6i AD théa man AF' — DF' =

SA—SD,nén F' = F: (K) tiép xtic v6i AD tai F.

Goi T 1a diém dbi xtmg ctia F qua K, M 1a trung diém ctia AD va G la diém d6i xtmg cta F

qua M; khi d6 G 1a tiép diém ctia dudng tron bang tiép géc S ctia tam gidc SAD véi AD.

o Phép vi tu tdm S bién dudng tron ndi tiép thanh dudng tron bang tiép géc S ciia tam gisc
SAD bién T (tiép tuyén tai T song song v6i AD) thanh G, nén S, T, G thing hang.

e Goi A’ = SANBC, D' = SD N BC. Puong tron (I) nam khac phia véi S dbi véi BC' va
tiép xtc v6i SA, SD, BC, nén 1a dudng tron bang tiép goc S ctia tam gidac SA’D’, tiép xic
v6i A'D' tai E. Vi BC || AD, phép vi tu tam S bién tam gidc SA’D’ thanh tam gidc SAD
bién E thanh G, nén S, E, G thing hang.
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Vay E,T,G cing ndm trén dudng thing SG. Phép vi tu tAm F, ti sb % bién E,T,G lan lugt
thanh O, K, M, nén O, K, M thing hang. Vay OK di qua trung diém M cta AD.

D

G M F

Hinh cho cdu b): S,T,E,G thdng hang; O, K, M la trung diém cia FE,FT,FG.

Bai toan 23.2 (Ngay 2, Bai 1; 7,0 diém). Cho tam gidc nhon ABC [AB # AC] ndi tiép

duong tron (O). Goi M, N lan lugt 1a trung diém cung nhé BC va cung BAC ciia dudng

tron (O).

(a) Goi I,J lan lugt 1a tAm dudng tron ndi tiép cac tam gidc AM B, AMC. Chitng minh
bén diém A, N, I,J ciing thuéc moét dudng tron.

(b) Goi (K) la dudng tron tiép xic véi AM, AB va tiép xic trong véi (O); (L) 1a dudng tron
tiép xtic véi AM, AC va tiép xtic trong véi (O). Tiép tuyén chung trong (khac AM) clia
(K) va (L) cit MN tai Z. Chitng minh dudng tron ngoai tiép tam gidc AZN tiép xtic
v6i ca (K) va (L).

23 Quang Ngai 93 /114


https://www.facebook.com/nguyendangkhoa1711/

Nguyén Dang Khoa Hinh hoc chon déi tuyén VMO

Duong tron mau dé la (AZN); dudng tron nét dit la (AIJ), di qua N.

Loi gidi. a) Bé dé. Cho tam gidc XY Z c6 tam noi tiép 1. Mot dudng tron qua X, I cit cic tia
XY, XZ taiU',V'. Khi d6 XU' + XV' = XY +XZ -YZ.

Chiing minh. Goi U,V 1a tiép diém ciia duong tron noi tiép véi XY, X Z. Vi XT 1a phéan gidc goc
U'XV' nén IU' = IV'; két hop IU = IV ta c6 AIUU' = AIVV' nén UU' = VV' (v6i dau phi
hop). Do d6 XU '+ XV' = XU+ XV =XY+XZ-YZ.

Goi D, E, F lan lugt 1a giao diém thit hai ctia dudng tron (AIJ) véi AB, AC, AM. Ap dung b
deé cho céc tam gidc ABM (tdm noi tiép I) va ACM (tdm noi tiép J):

AD + AF = AB+ AM — BM, AE + AF = AC + AM — CM.

Vi BM = CM nén AB — AD = AC — AFE, ttic BD = CE. Mat khdac NB = NC va ZNBD =
INBA = /NCA = ZNCE, nén ANBD = ANCE, suy ra ZNDB = /NEC, hay /ZNDA =
/NEA. Vay N thudc duong tron (ADE) = (AlJ), ttic A, N, I,J dong vién.

b) Xét phép bién hinh ® 1 hgp ciia phép nghich ddo cuc A, phuong tich AB - AC va phép doi
xitng qua phan gidc AM. Goi P, Q lan lugt 14 chan phéan gidc trong va ngoai géc A trén BC. Khi
d6 ® ddi chd B <+ C, (0O) <» BC, M + P, N + Q, duong thang M N < (APQ), va bién (K), (L)
lan lugt thanh (K'), (L) 1a dudng tron bang tiép goc A ciia cic tam gidc APC, APB.

Budc 1: tiép tuyén chung ngoadi thit hai d cia (K'),(L') di qua Q. Vi PK' 1 PL' va AP, BC la
hai dudng phan gidc cltia goc K'PL’; dong thoi AP, AQ 1a hai dudng phan gidc ctia goc K'AL'.
Duong thing AP cit doan K'L’ tai mot diém chia trong theo ti s6 ‘2—[5 = I;—[If,,, nén AQ va BC
(hai phan gidc ngoai) cat dudng thdng K'L’ tai cing mot diém chia ngoai theo ti s6 d6, chinh 1a
Q. Vay Q € K'L' 1a tam vi tu ngoai ctia (K'), (L'), nén tiép tuyén chung ngoai d # BC di qua Q.

Buéc 2: dp dung dinh i Feuerbach. Goi R = d N AP. Ba canh ciia tam gidc PQR déu tiép xtc
v6i (K'), (L), nén day la dudng tron noi tiép va mot dudng tron bang tiép clia tam gidc PQR. Vi
QA 1L AP nén A 1a chan duong cao ké tit Q; goi Z’ 1a chan dudng cao ké tit P clia tam gidc PQR,
thi Z/ € d va Z' € (APQ). Theo dinh li Feuerbach, dudng tron Euler wy clia tam gidc PQR di
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qua A, Z' va tiép xtic véi (K'), (L'); hon nita wy tiép xtic trong véi dudng tron noi tiép va tiép xtc
ngoai véi dudng tron bang tiép, nén (K’), (L') nam khac phia d6i véi we.

Bude 3: quay vé bing ®. Vi wy di qua cuc A, ® bién wy thanh mot dudng thing ¢ tiép xic voi
(K), (L) vadi qua ®(Z') € ®((APQ)) = MN. Do (K’), (L") ndm khéc phia dbi véi wy, hai dudng
tron (K), (L) nam khac phia déi véi £, titc £ 1a tiép tuyén chung trong (khiac AM vi £ khong qua
A). Suyra ®(Z') =¢NMN = Z. Cudi cing, d di qua @, Z' va tiép xic véi (K'), (L), nén ®(d) 1a
dudng tron di qua A, N, Z va tiép xic véi (K), (L). Vay (AZN) tiép xtic véi ca (K) va (L). O

TP. Quang Ninh

Bai toan 24.1 (Ngay 1, Bai 3; 5,0 diém). Cho tam gidc ABC nhon, khéng cin, néi tiép (O).
Mot dudng tron (w) # (O) di qua B va C cat cac doan AB va AC tai cic diém thit hai lan
luot 1a T v S. Goi H la giao diém cta BS va CT. Mot dudng thing qua H va khong di
qua céc dinh ctia tam gidc ABC, cét cdc doan AB va AC lan luct tai L va K. Pudng thing
qua K va song song véi BS cit dudng thing AB tai F. Pudng thing qua L vA song song
v6i CT cit dudng thing AC tai E.

3 rs BC
hing minh ring — = ==
(a) Chtmg minh rang 7

(b) Cac duong thang KF va LE cit BC lan lugt tai R va Q. KF cit LE tai P. Ching
minh ring duong tron ngoai tiép tam gidc PQR tiép xtc véi (O).

DPuong tron mau dé la (PQR), tiép xic vdi (O) tai G.

. T A
Loi giai. a) Vi BCST ndi tiep nén AAST «~ AABC, suy ra Bg = é Do KF || SB va
LE || CT,

(FK,FL) = (BS,BT) = (CS,CT) = (EK, EL),
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KL AK

nén K,L,E, F dong vién, suy ra AAKL «~ AAFE va BF = AF Lai do BS || KF nén
AS _AK TS KL TS _BC
AB ~ AF’ BC ~ EF KL EF
. p o 3ix . BF HK
b) Budc 1: (ABC),(ALE),(AKF) c6 chung mét diem G # A. Do HB || KF nén 3T = T
HK CK BF CK
do HC | LE nén — = ——. Suy ra — Goi G 1a giao diém khic A ciia (ABC) va
HL CFE BL CE’

(AKF); khi d6 G 1a taAm phép vi tu quay bién B +— C, F + K. Tit ti s6 trén, phép vi tu quay
nay bién L — E, nén AGBL «~ AGCE, suy ra G € (ALE).

Budc 2: G € (PQR). Xét tit gidc toan phan tao bdi bén duong thang AB, AC, LE, BC: vi
G € (ABC)N (ALE) nén G la diém Miquel ctia né, do d6 G € (LBQ) va G € (CEQ). Tuong
tu véi bén dudng thing AB, AC, KF,BC, ta c6 G € (BFR). Cudi cung, v6i bén dudng thing
AB,BC,KF,LE, hai dudng tron (LBQ),(BFR) cing di qua G nén G 1a diém Miquel, suy ra
G € (PQR).

Budc 3: (PQR) tiép xic vdi (O) tai G. T cac duong tron (BFRG), (KLEF), (CEQG),
(GB,GR) = (FB,FR) = (FL,FK) = (EL, EK) = (EQ, EC) = (GQ,GC),
tiic GR, GQ ding gidc trong géc BGC. Goi t 1a tiép tuyén tai G cia (0) = (GBC); khi d6
(t,GR) = (t,GB) + (GB,GR) = (CG,CB) + (GQ,GC) = (GQ,CB) = (QG,QR),
nén t cling tiép xtc véi (GQR) = (PQR). Vay (PQR) tiép xic vdi (O) tai G. O
Nhan xét. Méu chét ciia 11 gidi 13 bd d& quen thude: néu Q, R ndm trén canh BC va GQ, GR ding

gidc trong goc BGC thi dudng tron (GQR) tiép xic v6i dudng tron (GBC) tai G. Bai todn nay thudc
mot chudi bai todn vé hai dudng tron tiép xic nhau ma tac gia da khai théc tai day.

Bai toan 24.2 (Ngay 2, Bai 7; 6,0 diém). Cho tam gidc ABC nhon, khéng cin, ndi tiép
dudng tron (O) ¢b dinh véi B, C c¢b dinh, A dich chuyén trén cung 16n BC. Phén gidc ciia
/BAC cit BC tai K. Goi H la truc tAm tam gidc ABC; BH va CH cit AK lan lugt tai E
va F. Pudng tron ngoai tiép tam gidc K BE cit AB tai diém G khac B. Pudng tron ngoai
tiép tam gidc KCF cit AC tai L khac C.
AB? + AC? — BC?
AB + AC
(b) Goi @ la giao diém ctia GL va BC, S la giao diém ctia BL va4 CG. Chimg minh rang
duong thing QS luon di qua mét diém ¢ dinh khi A dich chuyén trén cung 16n BC
théa man dé bai.

(a) Chiing minh rang AG = AL =
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Dudng tron zanh ld la duong tron c¢6 dinh (BSC); QS di qua J.

Loi gidi. a) Vi BKEG va CKFL ndi tiép nén /GKA = /GBE = ZABE = 90° — /BAC =
LACF = /LCF = ZLKA. Két hop LGAK = ZLAK va canh chung AK, ta dudc AGAK =
ALAK, nén AG = AL.

Goi AD, BB’ 1a céc dudng cao ciia tam gidc ABC va R 13 trung diém ctia EF. Theo dinh i cosin,
AB? + AC? — BC? =2AB - ACcos A = 2AC - AB'. Vi H,B',C, D nam trén dudng tron dudng
kinh HC nén AH - AD = AC - AB'.

Phép dbi xiing qua phén gidc AK ddi chdé phuong cia AB va AC, nén d6i chd phuong cia
CH | ABva BH | AC;do d6 /ZHEF = /HFE, tiic tam gidac HEF can tai H va HR | FF.
Suy ra R, D thudc dudng tron duong kinh HK, nén AR- AK = AH - AD = AC - AB’. Vay

AK - (AE + AF) = 2AK - AR = AB* + AC? — BC”.
Mit khic AK - AE = AG - AB va AK - AF = AL - AC (do KEGB, KFLC nbi tiép), nén

2 2 _ 2
AK (AE+AF) = AG-AB+AL-AC = AL-(AB+AC). Titd6 AG = AL = 22 X;SACBC

b) Budc 1: AGSL ngi tiép. Theo cau a),
BC? = AB* + AC* — AG - (AB+ AC) = BG - BA+ CL - CA.

Goi X 1A giao diém thit hai ctia (ABL) v6i BC. Khi d6 CB-CX = CL-CA, nén BX - BC =
BC?-CB-CX = BG-BA, tic A,G, X, C dong vién. Do d6 ZALS+ /AGS = ZALB+ /AGC =
ZAXB+ /ZAXC =180° nén A, G, S, L dong vién.

Budc 2: SQ la phan gidc ngoadi cia goc BSC. Trong tam giac ABC c6 BLNCG = S va
GLNBC =Q nén S(A,Q;G,L) = —1. Vi AGSL noi tiép va AG = AL nén SA 1a phan gidc clia
gbéc GSL; do d6 SQ la phan gidc ngoai ctia goc GSL, cung la phan gidc ngoai cua goc BSC.
Buée 3: Két lugn. Ta c6 /BSC = Z/GSL = 180° — ZBAC = 180° — %ABOC khong doi, nén
S chay trén mot cung cb dinh ctia dudng tron ¢ dinh (BSC) (dnh ctia (O) qua phép ddi xtmg
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truc BC). Phan gidc ngoai SQ ctia goc BSC di qua diém chinh gitta J ctia cung BC chtta S clia
dudng tron nay, 1a mot diém cb dinh. Vay QS ludn di qua diém c6 dinh J. O

Quang Tri

Bai toan 25.1 (Vong 1, Cau 3). Cho tam gidc ABC nhon, AB < AC, néi tiép dudng tron
(O) c6 tam O. Céac duong trung truc ciia AB, AC cat dudng phan gidc trong ciia goc BAC
lan lugt tai M, N. Goi P = BM NCN; H la truc tam tam gidc OMN va I 13 tam dudng
tron noi tiép tam gidsc PMN.

(a) Chtmmg minh M HNI la hinh thoi.

(b) Céc tiép tuyén ctia (O) tai B, C cit nhau é S. Chimg minh S, A, I thing hang.

1
Loi giai. a) bat 6 = ilBAC'. ViMA=MBva NA=NC,tacé LPMN = /ZPNM = 26. Do
I 13 tAm ndi tiép tam gidc PMN, suy ra ZIMN = ZINM = 0, nén IM = IN, MI || AB va
NI || AC.

Mat khéc, OM L AB, ON L AC va H la truc tam tam gidc OM N, nén NH || AB, MH || AC.
Vay M HNI la hinh binh hanh c¢6 IM = IN, titc la hinh thoi.
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(b)

R AM  AB
b) Hai tam gidc cAin AM B, ANC dong dang, nén AN — AC Do NH || AB, MH || AC va
/BAN = /CAM, ta c6
Sapg  Sapn  AB-AN _1

Saca  Sacm  AC-AM
0 day Syyvw 1a dién tich tam gidc UVW. Suy ra AH di qua trung diém K ctia BC.

Theo cau a), H,I dbi xtmg qua M N, titc dudng phan gidc clia gbc BAC. Vi thé Al 1a dudng
dang gidc ciia trung tuyén AK, hay 1a dudng déi trung tai A. Ma AS cing 13 dudng d6i trung
tai A do SB,SC 1a hai tiép tuyén ctia (O). VAy S, A, I thang hang. O

Bai toan 25.2 (Vong 2, Cau 7; 7,0 diém). Trén dudng tron (O) cb dinh, cho diy cung BC cb
dinh khac duong kinh va diém A di dong trén dusng tron (O) sao cho tam gidc ABC nhon
va khong can. Goi D, E lan lugt 1a diém chinh giita cung nhd AB, AC clia dudng tron (O).
Doan thing DE cit AB, AC lan luct tai X,Y. Gié st cdc dudng tron (BDX), (CEY) cét
nhau tai hai diém I, K phan biét va cdc duong tron (BEX), (CDY) cit nhau tai hai diém
R, S phan biét.

(a) Chiing minh ring ZBAC # 60° va dudng thang IK luén di qua mot diém cb dinh.

(b) Chimg minh ring dudng thing RS di qua trung diém ctia doan thang BC va trung diém
RS di dong trén mot dudng tron cb dinh.
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Hinh cho cdu a): IK di qua giao diem T cia hai tiép tuyén tai B,C.

Loi gidi. a) Vi D, E 1a diém chinh giita cdc cung nén CD, BE la phan gidc clia tam gidc ABC;
goi I' = BENCD la tam ndi tiép. Ta c6

/BXD = /BED+ /ABE = /I'CB + /I'BC = /BI'D,

nén I’ € (BDX); tuong tu I’ € (CEY). Khong mat tong quat, I = I’

Gid sit ZBAC = 60°. Khi d6 ZIBD = /EBD = #B¥£C = 60°, tuong tu ZICE = 60°, va
/DIE = /BIC = 120°. Tiép tuyén tai I ctia (BDI) tao v6i ID gbc 60°, tiép tuyén tai I clia
(CEI) tao véi IE gbéc 60°, nén hai tiép tuyén nay cting 1a phan giac ctia goc DIE; titc (BDX)
va (CEY) tiép xtc tai I, mau thuan. Vay ZBAC # 60°.

Dudng thang qua I song song v6i BC cit (BDX), (CEY) lan thit hai tai M, N; goi T = BMNCN.
Ta c¢6 ZTBC = /BMI = /BDI = /BDC = /BAC, nén TB tiép xic véi (O); twong tu TC
tiép xic véi (O). Do dé T 1a giao diem hai tiép tuyén tai B,C cia (O), ¢b dinh. Hon nita
/TMN = /TBC = /TCB = /TNM nén TM = TN, két hop TB = TC:

Vay T thudc truc ding phuong K, tic IK lun di qua diém cb dinh 7.
b) Goi P,Q la giao diém thit hai ctia (CDY), (BEX) véi BC. Tt cac tit gidc noi tiép, ADPC
P D . BE-CD
¢ ¢ BE-CD = CP. Do d6 PQ

BE-CD
ABDE =~ ttcCP=—"_"".T BO —
, SUY 1A o = s tic C DE uong tu BQ DE

va BC cé chung trung diém L, va
Ppy)(L)=LC-LP =LB-LQ = Ppex)(L),
ttte L thude truc ding phuong RS.
Goi J 1a diém chinh gita cung nhé BC (c6 dinh), U,V 1 tam ctia (CDY), (BEX). Ta c6

ZABC + LACB  /BAC
2 2

ZUDC =90° — ZDPC =90° — ZCYE = 90° —

=/JDC,
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nén J, U, D thing hang; tuong tu J, V, E thing hang. Vi JB = JI vA DB = DI, JD la trung truc
cia BI, tic JU L BE; ma OV L BE (day chung cta (O) va (BEX)), nén JU || OV. Tuong tu
JV | OU. Vay JUOV la hinh binh hanh, va trung diém W ctia UV la trung diém ctia OJ, cb
dinh.

Goi H 13 trung diém RS; vi UV L RS tai H vd L € RS nén /ZWHL = 90°. Vay H thudc dudng
tron c6 dinh dudng kinh W L.

Hinh cho cdu b): trung diém H cia RS thudc dwong tron dudng kinh W L.

Son La

Bai toan 26.1 (Cau 6). Cho tam gidc ABC nhon khéng cin noi tiép dudng tron (O). Céc
duong cao AD, BE,CF dong quy tai H, M la trung diém ctia BC. Pudng tron (J) ngoai
tiép tam gidc AEF cit (O) lan thit hai tai K va cit duong thang AM lan thi hai tai Q.
Dit P = EF N AD va gia st tia PM cét (J) tai N. Chting minh ring:

(a) Ba duong thing KF, EQ, BC' ddéng quy hoiic déi mot song song.

(b) Dudng tron ngoai tiép tam gidc DM N tiép xic v6i dudng tron ngoai tiép tam gidc
BNC.

Loi gidi. a) Duong tron (J) c6 dusng kinh AH. T gidc BCEF noi tiép dudng tron dudng kinh
BC nén ME = MC'. Do d6

(ME,EA) = (EC,CM) = (EH,HA),

suy ra M E 14 tiép tuyén ctia (J) tai E. Tuong tw, MF 1 tiép tuyén cta (J) tai F.
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Pit S — EF N BC. Vi -
P(S)=8SE-SF=SB-SC=P(S),
nén S thudc truc ding phuong AK cta (J) va (O).

Ap dung dinh I Pascal cho luc gidc suy bién A, Q, E, F, F, K ndi tiép (.J), trong d6 canh FF dudc
hiéu 1a tiép tuyén FM. Vi AQNEFM = M va EFNKA = S, suy ra ba dudng thing QF, KF, M S
dong quy hodc doéi mot song song. Ma M S = BC, ta dudc diéu phai chitng minh.

Hinh 1. Ap dung Pascal véi luc gidc suy bién A, Q, E,F, F, K.

b) Déi vé6i (J), EF 1a dudng dbi cuc cia M. Vi P € EF, duong dbi cuc ctia P di qua M va
vuong géc véi JP, nén chinh 1a BC. Do S € EF N BC, theo dinh li La Hire, PM la duong doi
cyc ctia S. Ma N € PM N (J), suy ra SN 1A tiép tuyén cta (J) tai N.

Mit khéc, (SD, BC) = —1 nén ta ¢6 SB-SC = SD - SM. Do d6
SN?*=SE-SF=SB-5C=SD-SM.

Suy ra SN 1a tiép tuyén tai N clia c& hai dudng tron (BNC) va (DM N). Vay (DM N) tiép xtc
v6i (BNC) tai N.
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Hinh 2. SN 1 tiép tuyén chung tai N.

Céch khac cho cau a). Goi A’ 1a diém d6i xting ctia H qua M; BHC A’ 13 hinh binh hanh nén
AA’ 13 duong kinh cia (O), suy ra A’K 1 AK; ma HK | AK nén K, H, M, A’ thang hang. Goi
L = AK N BC; H la truc tam tam gidc ALM nén LH | AM va LH cit AM tai Q. Ti dé céc
ttt gidc LBQE, KLBF ndi tiép (vi HL- HQ = HB - HE va AF - AB = AK - AL). Ba dudng
thing BC, KF, EQ lan lugt 1 truc ddng phuong clia céc cip duong tron (LBQE), (KLBF);
(KLBF),(J); (J),(LBQE), nén dong quy hoiic doéi mot song song.
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O

A/

Hinh cho cdch khac cia ciu a).

Céch khéc cho cau b). AK, EF, BC ddng quy tai L (truc ding phuong ctia (0), (J), (BFEC)).
Goi S8 = JL N MP; P la truc tdm tam gidc JLM nén LDPS’ noi tiép va JS’- JL = JP - JD.
Tit (A, H; P,D) = —1 va J la trung diém AH dugc JH? = JP-JD. Do d6 JS'- JL = JN?, ma
NS' L JL, nén LN tiép xtc (J). Suy ra LN? = LK - LA= LB-LC = LD - LM (vi A, K,D,M

dong vién), tttc LN 13 tiép tuyén chung ciia (NBC) va (DMN). O

Tay Ninh

Bai toan 27.1 (Budi 1, Cau 3; 5,0 diém). Cho ttt gidc 16i ABCD cé hai dudng chéo AC, BD
cit nhau tai O va khong vudng géc nhau, ddng thoi hai dudng chéo khong vudng goc véi
cac canh ciia tt gide. Goi di,ds, ds 1an lugt 14 cdc dudng thing di qua O va vudng goc véi
cac dudng thang AB, AD, BC. Trén dudng thang d; ldy mot diém G di dong. Pudng thang
GA cdt dy tai F sao cho diém A ndm gitta G va F, dudng thing GB c&t ds tai H sao cho
diém B nam giita G va H.
(a) Goi K, L lan lugt 1a tric tam ctia cdc tam gidc OAD va OBC. Goi (C1), (Cs) lan lugt
13 duong tron dudng kinh AB va C'D. Chimg minh rang dudng thing K L chinh 13 truc
déng phuong A ciia hai dudng tron (Cy) va (Cy).

(b) Chimg minh khi G thay déi, dudng thing FH luén di qua mot diém cb dinh hoiic luén
song song voi mot dudng thing c¢b dinh.
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H

Pudng nét dit mau dé la true ding phuong A = KL.

Loi giai. a) Trong tam gidc OAD cé truc tam K, ké dudng cao AA’ (A’ € OD) va DD’ (D' € OA).
Vi AA" L BD nén ZAA'B = 90°, titc A’ € (C1); do d6 P(¢,)(K) = KA- KA'. Tuong tu, vi
DD’ 1 AC nén D' € (Co) va P, (K) = KD - KD'. Mit khdc ZAA'D = ZAD'D = 90° nén
A, D, A, D' dong vién, suy ra KA- KA’ = KD - KD'. Vay K nam trén truc ding phuong A ciia
(C1), (Ca). Tuong tu, xét tam gidc OBC ta c¢6 L € A. Vay KL = A.

b) Xét hai tam gidc FAK va HBL. Ta tim giao diém clia cc cip canh tuong ting.
e FAN HB = G theo gid thiét.

e Vi K la truc tdm tam gidc OAD nén OK | AD, tic K € do; do d6 FK = ds. Tuong tu
HL=ds. Suyyra FKNHL=O0.

e« AK 1 ODva BL | OC,nén AK, BL la hai dudng cao ctia tam gidc OAB; do d6 AKNBL =
T la truc tam tam gidc OAB.

Vi T 1a truc tAm tam gidc OAB nén OT L AB, ttic T € di. Do G € d; nén G, 0, T thang hang.
Theo dinh li Desargues déo, ba dudng thing ndi cdc dinh tuong tmg FH, AB, KL dong quy hoic
ddi mot song song. Vi KL = A ¢6 dinh (cau a) va AB cb dinh, nén FH luon di qua giao diém cb
dinh ctia AB va A, hodac ludén song song v6i AB (khi AB || A). O
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Thai Nguyén

Bai toan 28.1 (Cau 5). Cho tam gidc ABC nhon, khéng cin (AB < AC) ndi tiép dudng
tron tAm O. Dudng phan gidc ctia BAC cit BC tai E vi cit dudng tron (O) tai diém thi
hai 14 M. Dudng tron tdm E, ban kinh EM cat cung nhé BC' ciia dudng tron (O) va tia
MO tai céc diém thit hai tuong tmg 1a D va Q.

Ly diém P thuoc doan thang AD (P # A, P # D) sao cho ABP = ACP.

(a) Chimg minh rang bén diém A, E,Q, D dong vién.

(b) Goi giao diém ctia AM v6i BP,CP tuong ting 1a K, L. Chitng minh rang OP la duong
trung truc ctia doan thing K L.

L7 gidi. Dit o = BAM = MAC vi goi ~ 1a dudng tron tam B, ban kinh EM.

a) Goi U,V lan lugt 1a cic diém d6i xtng ctia M qua F,O. Khi d6 MU, MV la duong kinh ciia
v va (0), nén DU L. DM, DV L DM. Suy ra U, D,V thing hang.

Mat khac, AV L AM = MU va QU L. QM = MV. Vay A, Q, D 1a ba chan dudng cao clia tam
gidc MUV. Vi E la trung diém ctia MU, bén diém A, E,Q, D cing thuoc dudng tron Euler 7
cua tam gidc MUV.

b) Vi M la diém chinh giita cung nhé BC, MO la dudng trung truc ctia BC. Két hop EM = EQ
va E € BC, suy ra Q la diém ddi xiing ctia M qua BC. Do dé QB = QC va QBC = QCB =
MBC = a. Tit cAu a) vi ED = EQ, suy ra hai dudng thing AD, AQ d6i xiing nhau qua AM.

bat g = ABP = ACP. Vi P nim trong doan AD, ta c¢6 23 < ABD + ACD = 180°. Dung tam
gidc can BRC, v6i R ciing phia v6i A dbi vdi BC, sao cho RBC = BCR = 5.
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Khi d6 BR,CR lan lugt ding gidc v6i BP,CP trong cic goc ABC, ACB. Theo tinh chit cic
duong thang déng gidc dong quy, AR ding gidc v6i AP = AD. Vi thé A, R, Q thang hang. Lai
¢6 RB=RC,nén R€ OM. Do A¢ OM,suyra R=Q, tit d6 f = a.

Béi viy, ABK = BAK = a vd ACL = CAL = a, nén KA = KB, LA = LC. Két hop
OA= 0B = 0C, suy ra OK L AB, OL 1 AC. Do 46 OKL = KLO = 90° — a, nén OK = OL.
Déng thdi, PKL = KLP = 2a, nén PK = PL. Viy OP 1 dudng trung truc ciia K L.

A

Céch khac cho cau a). Goi MO cat BC, (O) tai I''/N. Vi Q dbi xting v6i M qua BC,
ME -MA=MB?=MI'"-MN =MI'"-2MO = MO - M@, nén A, E,Q,O ddng vién. Mat khac
OF 1a trung truc cia DM nén /DOFE = %ZDOM = /DAM = /DAE, ttc A, E,D,O dong
vién. Vay A, E,Q, D dong vién.

Céch khéc cho cau b). Goi Q' la diém lién hgp dang gidc ctia P trong tam gidc ABC. Vi
AD, AQ d6i xtmg qua AM, Q' € AQ; vi ZQ'BC = /PBA = /PCA = ZQ'CB, @' thudc trung
truc ciia BC. Do d6 Q' = Q. Tt AAKB «~ NALC suy ra Z/PKL = /PLK, nén PK = PL.
Dimg tinh déi xting ctia Q, M qua BC va MB = MC, ta dugc % = %, tiic AK = ML: hai
doan KL va AM c6 chung trung diém, nén OK = OL. O
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Thanh Héa

Bai toan 29.1 (Ngay 1). Cho tam gidc ABC cé B> 90°, cac duong phan giac trong BF,
CF (E € AC, F € AB) cat nhau tai I. Ki hiéu (XY Z) la dudng tron ngoai tiép tam gidc
XYZ. Goi N 1i diém trén dudng tron (AEF) sao cho IAN = 90°. Dudng thing NI cit lai
duong tron (AEF) tai L. Goi K la tam cta dudng tron (AIL).

(a) Chting minh rang K A tiép xic véi dudng tron (AEF).

(b) Chting minh 3 diém K, B, C' thing hang.

Loi gidi. Lay BE, CF cat lai dudng tron (AEF) tai cac diém tht hai 1a P, Q.

Dinh nghia lai diém K 1a giao diém ctia PQ véi tiép tuyén tai A ctia (AEF). Ap dung dinh li
Pascal cho dudng tron (AEF) ta thu duge K, B, C thiang hang.

Néu lay D la giao diém thit hai ctia TA véi (AEF) thi
(ND,EF) = A(NI,EF) = —1.

Xét phép nghich ddo tdm I, phuong tich Piapr)(1); n6 gitt nguyén (AEF) va hoan déi hai giao
diém ctia mbi duong thang qua I véi (AEF), cuthé N <> L, D <> A, E <+ P, F < Q. Phép nghich
do bao toan ti sb kép trén dudng tron, nén tit (ND, EF) = —1 ta thu duge (LA, PQ) = —1. Béi
vay KL ciing 13 tiép tuyén ciia (AEF). Khi dé

/ZAKL =180° —2/ANL =2/AIL

nén K la tdm duong tron (ALT). O
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Nhan xét. Day la bai toan Israel TST 2022.

Bai toan 29.2 (Ngay 2). Cho tam gidc ABC ¢6 BAC = 60°. Dung cic tam gidc ddu ABK,
AC'L vé phia ngoai tam gidc ABC (hai diém K, C nam vé hai phia khéc nhau déi véi duong
thing AB vA hai diém L, B nim vé hai phia khic nhau déi véi dudng thang AC). Goi
T, S, R 1an luot 1a giao diém ctia céc cip dudng thing BL va CK, AB va CK, AC va BL.
Chitng minh rang tdm ding phuong ciia cdc dudng tron ngoai tiép céc tam gisc KSB, BT'C
va LRC nam trén dudng trung tuyén xuat phat tir dinh A ctia tam gidc ABC.

D

Loi giai. LAy KB cat LC tai D thi ching ta ¢c6 ABDC' 13 hinh binh hanh.

Nhan thay AAKC va AABL la anh ctia nhau qua phép quay tdm A, géc quay 60° nén S, R ciing
13 anh ctia nhau, kéo theo AS = AR, titc 1a tam gidc ASR déu. Dong thdi géc giita hai duong
thing KC va LB bing géc quay va bang 60° nén A, S, T, R ddng vién; B, T, C, D dong vién.
Cht ¥ hai tam gidc déu DKL va ARS c6 cac cip canh tuong ting song song nén DA, RK, SL
dong quy tai I.

Vi ABDC 14 hinh binh hanh nén BD || AC va CD || AB. Phép quay taim A bién K — B, C — L
bién dudng thing KC thanh BL, nén (BL,CK) = (AC, AB).

Goi U 1a giao diém thit hai ctia RK véi (BKS) va V 1A giao diém thit hai ctia AD véi (BCD) =
(BCT). Ta chimg minh U,V thudc dusng tron (ASTR).

« Vi B,K,S,U déng vien, K € BD va BD || AC: (UR,US) = (UK,US) = (BK,BS) =
(BD, BA) = (AC, AB) = (AR, AS), nén U € (ASR).

« Vi B,C,D,T,V déng vién, L € CD va CD || AB: (VA,VT) = (VD,VT) = (CD,CT) =
(AB,CK) = (AB, AC)+(AC, BL)+(BL,CK) = (AC, BL) = (RA,RT), nén V € (ASTR).
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Khi do
(UK,UV)=(UR,UV) = (AR, AV) = (AC,AD) = (DB,DA) = (DK, DV),
nén K,U,V,D dong vien. Do I = RK N AD, ta cb
Prs)(I) =1U - IK = IV - ID = Pgcr)(1).

Hoan toan tuong tu (d6i vai B <+ C, K <+ L, S <+ R), gQiE 1a giao diém thtt hai ctia SL véi
(CLR) thi L,U’,V, D dong vién va Pcpg)(I) = IU'-IL = IV - ID. Vay I c6 cing phuong tich
dbi v6i ca ba duong tron (KSB), (BTC), (LRC), tic I 14 tAm ding phuong ciia ching.

Cubi cting, ABDC 13 hinh binh hanh nén duong thing AD di qua trung diém ctia BC; ma I € AD,
nén tam ding phuong I ndm trén trung tuyén xudt phat tir A. O

Bai toan 29.3 (D& chon dbi tuyén tinh, Cau 2; 7,0 diém). Cho tam gidc nhon ABC (AB < AC)

noi tiép dudng tron (O), ¢6 tAm dudng tron ndi tiép 1a I. Pudng thing vudng goéc véi Al

tai I cit AB, AC lan luct tai F va F. Pudng tron ngoai tiép tam gidac AEF cit dudng tron

(O) va dudng thang Al tuong ting tai G, H (G khéac A).

(a) Goi (O7) la dudng tron tiép xtic véi cac canh AB, AC va tiép xtic trong véi dudng tron
(O) tai T. Chimg minh rang bén diém G, T, H, I cing thudéc mot dudng tron.

(b) Tiép tuyén tai G ctia (O) c&t dudng thing BC tai J, duong thing AJ cit dudng tron
(O) tai diém K khic A. Goi D la hinh chiéu vuéng géc ctia I 1én duong thing BC.
Chting minh rang dudng tron ngoai tiép tam gidc DJK va dudng tron ngoai tiép tam
gidc GHI tiép x1c vé6i nhau.

Hinh cho ciu a): duong tron dé la (GHIT), ¢é dudng kinh Y H.

Loi gidi. a) Duong tron (O;) 1a dudng tron mixtilinear noi géc A; theo két qua quen thudc, né
tiép xtc v6i AB, AC tai E,F. Vi AI L EF tai trung diém I nén AH 1a duong kinh ctia (AEF);
dodé LZAEH = ZAFH =90°va HE = HF, ttic H la tdm O; cta (O1). Hai dudng tron (O1), (O)
tiép xic tai 7 nén T, H, O thing hang.
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Ap dung dinh 1i tam ding phuong cho ba dudng tron (AEF), (0),(0;): céc truc ddng phuong
AG, EF va tiép tuyén chung tai T dong quy tai mot diém Y. Ta cé LYGH = LZAGH = 90°,
ZYIH =90° (vi EF L Al)va /YTH = ZYTO =90°. Vay Y, G, I, H,T cung thuéc dudng tron
duong kinh Y H; néi riéng G, T, H, I dong vién.

b) Goi A’ 1a giao diém thit hai ctia TD véi (O); theo két qui quen thuoc vé diém tiép xic
mixtilinear, TA, TD dang gidc trong géc BTC, nén AA’ || BC.

Bude 1: T € (DJK). Vi DJ = BC || AA,
(KJ,KT) = (KA, KT) = (A'A, A'T) = (D.J, DT),

nén K, J, D, T dong vién.

Bude 2: Y, J,T thing hing. Goi U = AT N EF. Trong tam gidc TEF ndi tiép (01), céc tiép
tuyén tai £, F cit nhau tai A, nén TU la dudng d6i trung, con TT 1a trung tuyén; do dé (TEF)
va (TIU) tiép xtic tai T, suy ra YU - YI = YT? = YE - YF. Vi I la trung diém EF, theo hé
thitc Newton (E,F;Y,U) = —1. Chiéu tit A 1én (O): E+— B, F — C,Y — G, U — T, nén
(B,C;G,T) = —1, ttic BGCT la tit gidc diéu hoa. Do dé céc tiép tuyén tai G,T cia (O) va
duong thang BC ddng quy, ttc JT tiép xic véi (O). VIV ciing nim trén tiép tuyén tai 7', ba
diém Y, J, T thing hang.

Buée 3: phép vi tu. Goi Z la giao diém thit hai ctia 71 véi (DJKT). Khi d6
(ZJ,2T) = (DJ,DT) = (A'A, A'T) = (GA, GT) = (GY,GT) = (IY, IT),

nén JZ || YI. Phép vi tu tdm T bién Z s I thi bién J +— Y, nén bién dudng tron (T'JZ) = (DJK)
thanh dudng tron (TYI) = (GHI). Vay hai dudng tron (DJK) va (GHI) tiép xtc tai T

Hinh cho ciu b): (DJK) va (GHI) tiép xic tai T.
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Tuyén Quang

Bai toan 30.1 (Bai 6). Cho tam gidc ABC nhon c¢6 AB < AC va dudng cao AD. Goi M, N

lan lugt 1a trung diém ctia cdc canh AB, AC. Dung céc hinh binh hanh ABCB’, ABA'C,

ACBC'. Goi K 1a giao diém thit hai clia duong tron ngoai tiép tam gidc BDN va dudng

tron ngoai tiép tam giac CDM.

(a) Goi X 1a giao diém ctia MN va BC', Y 1a giao diém ctia M N va CB’. Chitng minh
ring X thudc dudng tron (BDN), Y thudce dudng tron (CDM) va dudng thang DK di
qua trung diém Q ciia doan thing M N.

(b) Chimg minh rang hai dusng tron (KMC') va (KNB') c6 mot diém chung nam trén
duong thang B'C’.

C/

3 A’

Hinh 1. CAu hinh ban dau va dudng thing DK.

Loi gii. a) Tit cac hinh binh hanh v& dinh 1f dudng trung binh, X, M, N, Y thing hang theo thit
tw dy, v6i XM = MN = NY. Vi N la trung diém canh huyén ciia tam gidc vuéng ADC nén
DN = CN. Két hop v6i NX || BC, XB || CA, ta c6

(NX,XB) = (DC,CA) = (ND,DC) = (ND, DB).

Do d6 B, D, N, X cung thuéc mot duong tron. Tuong tu, tot DM = BM suy ra C, D, M,Y cung
thuéc mot dudng tron.

D& thay Q la trung diém MN va XY nén ta cé

Pon)(Q) = QX - QN = QM - QY = Ppm)(Q).

Do d6 @ nim trén truc ding phuong DK ciia hai dudng tron (BDN) va (CDM).
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b) Pit T = DK N B'C’. Néu T = K thi két luan hién nhién. Xét trusng hop T # K. T cic
hinh binh hanh, ta ¢é6 C, M,C’ thiang hang, B, N, B’ thang hang va B'C’ || BC. Vi K, D, M,C
cung thuéc mét duong tron nén

(KT, TC') = (KD,DC) = (KM, MC) = (KM, MC").

Suy ra K, T, M,C’ cing thudéc moét dudng tron. Tuong tu, do K, D, N, B cting thudéc mot dudng
tron,

(KT, TB'"Y=(KD,DB) = (KN,NB) = (KN,NB’).
Vay K,T,N, B’ ciing thudc mot dudng tron. Do d6 T la diém chung ctia (KMC') va (KNB')
nim trén B'C’.

Ol

B D C

Hinh 2. Hai dudng tron (KMC"), (KNB') cung di qua T.

Vinh Long

Bai toan 31.1 (Budi 2, Cau 4; 5,0 diém). Cho hai dudng tron (O;) va (O2) cit nhau tai P, Q.
Pudng thing qua P cit (O1),(02) lan lugt tai A va B (khéng tring véi Q). Trén dudng
tron (Oy) ldy diém F thudc cung PQ khong chita diém A. Ké dudng thing d qua F song
song véi AB, d cat duong tron (Oz) tai C, E va cat lai (O1) tai D (E, F nam trong doan
CD). Goi M la giao diém AD va BE, N la giao diéem BC va AF, K 1a diém d6i xtmg ciia
P qua CD.

(a) Chiing minh M, K, N thing hang.

(b) Chiing minh PK la dudng phan gidc cia gbc M PN.
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Loi giai. a) Vi A, P,B thang hang va APQD, PBCQ noi tiép,
(DM, DQ) = (DA,DQ) = (PA,PQ) = (PB,PQ) =(CB,CQ) = (EB,EQ) = (EM,EQ),

nén MDEQ ndi tiép. Tuong tu (FN, FQ) = (PA,PQ) = (CB,CQ) = (CN,CQ), nén CNQF
noi tiép. Goi G 1a giao diém thit hai ctia (M DEQ) va (CNQF). Khi d6 (GM,GQ) = (EB,EQ) =
(CB,CQ) = (GN,GQ), nén M,G, N thing hang.

Vi K dbi ximg voi P qua CD, (KE, KF) = (PF, PE). Mit khéc
(GE,GF) = (GE,GM) + (GN,GF) = (DE,DM) + (CN,CF) = (DC, DA) + (CB,CD),

va (PF, PE) = (PF,PA)+ (PB, PE) = (DF,DA) + (CB,CE) = (DC, DA) + (CB,CD). Do d6
E,G, K, F déng vién. Cubi cing, (EF, EK) = (EP,EF) = (EP,EC) = (BP,BC) = (CD,CB)
(vi CD || AB), nén EK | BC va

(GF,GK) = (EF,EK) = (CD,CB) = (CF,CN) = (GF,GN),
tic G, K, N thing hang. Vay M, K, N thing hang.
b) Theo trén EK || BC; tuong tu FK || AD. Theo dinh li Thales (v6i DE || AB),

AF MK ME MD
FN KN EB DA’

Vi AP | DF nén APFD la hinh thang cin noi tiép (O1), do d6 AD = PF, AF = PD. Suy ra
MD MD AF _ DP
PF  AD FN FN’

/PDM = /PDF + /FDM = /PAF + /BAM = ZCFN + LCFP = ZPFN.

) PM DP AF MK , £ . Ay
Do a6 ADMP «~ AFPN, suy ra PN - FN —FN - RN Theo tinh chat duténg phan giac,

PK la phan giac cia gobc M PN. O

Hon nwta (theo hinh veé)

Nhan xét. Day 1a bai toan sb 6, ngay 2, vong 2 ki thi Iran MO 2018. Cau 3 budi 1 ctia dé Vinh Long
13 mot bai toadn quy tich trong mit phing toa do (lién quan dén parabol), khong thudc pham vi hinh
hoc téng hop nén khong dua vao tai liéu nay.
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