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1 Caccong thiic

1. Vecto trong khong gian
Trong khong gian cho céc vecto u,= (xl, B zl), Uy = (xz, Voo Zz) vaso k tuyy

xl = xZ

—_ — .
S U=UE\ N = 0
Zl == Z2

—_— , —
® u £ u2=(x1:l:x2,y1:|:y2,Z1:|:ZZ)
o kuy =(kx, ky, kz)

- , P _— —>
e Tich co hudng: u,.u, = x1. %+ . b+ 2.2,

. A ~ —_— —

Hai vecto vudong goc nhau < u;.u, =0 x. x5+ y1. )+ 2,.2, =0

7| = 2 2 2
° ’ul‘—,/xl + Ytz
e Goi ¢ 1a goc hgp bdi hai vecto (0° < ¢ < 180°)

—_— —

Uy Uy X1Xp+ V1Yot 212,
cosp =cos(u;, up) = =

w|.[w| Iyt i+ 2

o AB= (XB—XA»J’B_J’A»ZB_ZA)
AB= \/(xB —x,)+ (J/B - yA)Z +(z5—2a)

e Toa do cac diém dac biét:

*Toad(f)trungdiémlcuaAB:I( AT XB YaT)s Za B)

2 2 72
Xoa+Xgp+Xc YatVs+Yc ZA+ZB+ZC)
3 ’ 3 ’ 3

* Toa do trong tam G cua tam giac ABC: G (

* Toa do6 trong tAm G cua ti dién ABCD:

G(XA+xB+xC+xD yA+yB+yC+yD ZA+ZB+ZC+ZD)

4 ’ 4 ’ 4

e Tich c6 hudng ctia hai vectd 1a 1 vectd vudng goc ca hai vectd xac dinh boi

7 =(m.m)= )

n =z
Y 2

21 X
2y X

X1 2
X 2

e Mot s6 tinh chéit ciia tich c6 huéng

«a@vab cung phuong < [7, 7] =0

A, B, C thang hang & [A_B),E] =0
— T — .2 2 — T —
x Bavectd a’, b, ¢ dongphang(:)[a, b]. c =0
B6n diém A, B, C, D khong d6ng phezlng = [A_B), A_C)] ﬁ + F
.sin(?,?)

e Cac ting dung cua tich c¢6 huéng

*

@ v]|=[a].|?

+ Dién tich hinh binh hanh: S,5cp = )[E , E]‘

3
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a . Lir-—=-—=
x Dién tich tam giac: Sy3¢ = 3 HAB,AC”
2 . Z:1 A - =21 O
» Theé tich khoi hop: Vigep apcp = HAB,AD] .AA"
R, TN Lif—= —=1-—=
* Thé tich ta dién: V,zcp = 5 HAB,AC] .AD)
2. Phuong trinh mit phang
e Phuong trinh tong quat (a):ax+ by + cz +d =0 v6i (a? + b? + c? £0).
e Phuong trinh mat phang (a) qua M (xo, Yo» zo) va c6 vectd phép tuyén 7 =(a, b, ¢)
(a): a(x—x0)+b(y—y0)+c(z—zo):O
e Phuong trinh mat phfmg theo doan chan: (@) qua A(a,0,0); B(0, b,0); C(0,0,c)
X=X V=Y <=2

(a): + + =1, v6ia,b,c#0
a b c

x

e Néu 7'=(a, b, c) la vecto phap tuyen clia (a) thi k77, k # 0 cling la vecto phap tuyén
cta (« ) Do d6 mot mat phang c6 vO sb vectd phéap tuyen Trong mot sb trudng hop ta
c6 thé tim vectd phap tuyén bang cach chon mét gia tri cu thé cho a (hoidc b hoic c)
va tinh hai gia tri con lai dam bao dingtiléa: b : c.

3. Goc

e Goc giita hai mdt phdng: Cho mat phang () c6 vectd phap tuyén la 7, mit phang (/J’)
c6 vecto phap tuyén n—[;, khi do6 géc gitia (o) va (/3’) dudc tinh bang

ngy. n/j‘
[ [

e Géc gitia hai duong thang: Cho hai dudng thang d, va d, c6 cac vectd chi phuong 1a u;
va u,, khi d6 géc gitia d, va d, tinh bang

cos((@),(B)) = |cos(mg, 15)| =

iul uz

cos(d,, d,)= |cos u,, U, |
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e Géc giita duong thang va mdt phang: Cho dudng thang d cé vecto chi phuong 1a @,
mit phang () c6 vecto phap tuyén 1a 7, khi d6 géc giita d va (a) 1a ¢ dudc tinh bang

— —
|u.n

sing = ———
][ 7]

4. Khoang cach
e Khoang cach tit diém A(xo, Yor zo) téi(a):ax+by+cz+d=0Ia

B |ax0+by0+czo+d|

d (A (a)) =
IH = d(1, (o))

L2/

Khodang cach tit diém M t6i duong thang A qua M, va c6 vectd chi phuong u 1a
‘[MMO, 7”
L E——

%]

Khodang cach gitta hai duong thang chéo nhau A, va A, biét A, qua M, va c6 vectd chi
phuong u7; A, qua M, va c6 vectd chi phuong u,

e

d(A,A)=

[, @),
[, )

e Khodng cich giita hai mit phang (a) va (8) song song nhau 1a khodng cach tit M, € (a)
t6i ().

Khodang cach giita hai duong thang A, va A, song song nhau 1a khoang cach tit M, € A,
toi A,.

Khoéng cach giita dudng thang d va mat phang (a) song song nhau la khoang cach tit
diém M, € d t6i (a).

My My
* M, Ay \Y\d
| |
o | 3 |
A,
ol L
B «

d (AI’ AZ) =

— — — — 4
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2 Xac dinh toa d6 dieém

2.1 Toadd diém trén truc toa do

Tim toa do diém A trén truc toa do ta tim khodng cach tit A dén gbc toa do va dua
vao chiéu duong da chon dé xac dinh toa do A.

Vidu chontia OA tringtia Ox, diém A va B nam trén O x
e OA=2=>A(0,0,2).

e OB=3= B(0,0,—3) (do B nam & phan 4m)

[}
\

2.2 Toa do diem tren mat phang toa do
Tim toa dd ctia A trén 1 mit phang toa do ta tim hinh chiéu ctia A trén cdc truc toa

do va dua vao céc toa do hinh chiéu nay dé xac dinh toa do A.

Vidu cac diém A, B, C c6 hinh chiéu trén cac truc v6i do dai nhu hinh vé, theo chiéu duong
da chon ta dugc

o AK =1=xyg, AH =2 = yx:toado A(1,2)
e BI=2=—Xxz (do B nam phan am clia truc hoanh), BM =1 = y,: toa do B(—2,1)

e CJ=2,CM =2:toadd C(—2,—2) (do C nam & phan am ctia truc tung va truc hoanh)

y A
K __1_*A
I
2 I
BT _____ I |2
I 1| .
I I "
I M 1) H
I
5!
I
! 2
C & ————— J

2.3 Toa d6 diém truong hop tong quat

Tim toa d6 ctia A dau tién ta tim toa do hinh chiéu H clia A 1én mit phang toa do
bat ki, sau do6 ta tinh d6 dai AH. Toa do A xac dinh nho toa do H va do dai AH.
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Vidu toa dd hinh chiéu vuéng géc ctia A 1én mit phang Oxy la H (a, b), ta tinh dudc AH = ¢
thi khi d6 A c6 toa do A(a, b, ¢) (gia st rang cac thanh phan toa do A déu nam trong phan
duong).

c A(a,b,c)

Ay

H(a,b)

o
|

3 Cach chon hé truc toa do - chon vécto

3.1 Chon vécto
Doi v6i dang bai tap nay khi tim vécto chi phuong, vécto phap tuyén clia dudng
thang va mat phang ta sé gap truong hop vécto chiia tham so a la do dai canh. Khi

dé, dé tién cho viéc tinh toan ta chon lai vécto chi phuong, vécto phap tuyén mat
tham sb a.

, ~ ? 2 o 2 N a N » R . , ?
Vidu vécto chi phuong cua mat phang (a)la SA= (a, —3a, §) thi ta c6 thé chon lai vécto chi
a
phuong khac la U= (1, -3, §)
Trudng hop khodng cich tir 1 diém dén 1 dudng thing, khoang cdch giita 2 dudng
2 ’ ~ ’ — .~ A
thang chéo nhau thi vécto M, M, ta giti nguyén.

3.2 Chon he truc toa do

Phan quan trong nhat clia phlIdng phéap nay la cach chon hé truc toa d6. Khong co
phuong phap tong quat, c6 nhiéu hé truc toa do co the dudc chon, ching ta chon
sao cho viéc tim toa do cac diém c6 nhiéu so 0 cang tot.

e Hé truc toa d6 nam trén 3 duong thang déi 1 vuéng géc nhau.

e Gobc toa do thuong la chan dudng cao clia hinh chép, hinh ling tru triing véi
dinh ctia hinh vuéng, hinh chit nhét, tam giac vuéng hoac co thé la trung diém
cua canh nao do,...

Vidu

e T dién
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A ABC vubng tai A A ABC vuéng tai A (hoiic tam gidc ABC déu), H 1a trung diém AB.

e Hinh chép day 1a ti gidc 16

eABCD la hinh vuéng (hinh chir nhit) ~ ®ABCD la hinh vudng (hinh chi nhit) ¢ABCD 13 hinh vudng (hinh thoi)
SH 1 (ABCD) SO L (ABCD)

e Hinh ling tru xién, ling tru ding tuong tu hinh chép, riéng déi véi hinh hop cé nhiéu
cach chon hé toa do.

o

=

Hinh ling tru ABC.A’B’'C’ ¢6 ddy ABC la tam giic déu A'H | (ABC)
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4 Cacvidu

~ Vidu 4.1 (Cao dang 2014)

Cho hinh chép S.ABCD c6 day ABCD la hinh vuong canh a, SA vudng goc day, SC tao
v0i day mot goc bang 45°. Tinh theo a thé tich khéi chép S.ABC D va khoang c4ch tit diém
B dén mat phang (SCD).

Giai

« Thé tich khéi chép
Ta c6: SA L (ABCD) nén goc gitia SC va day la SCA. Do ABCD la hinh vuong canh a nén
AC =+v2a.Suyra SA=AC.tanSCA=v2a.
v2a®
3

2 Ao , N 1
Thé thh khOl ChOp la ‘/:S‘.ABCD = g'SA'SABCD =

» Khoang cach
Chon hé truc toa do Oxyz nhu hinhve, A= O, tia AB=tia Ox,tiaAD =tia Oy, tia AS =tia Oz.

Khi do ta co:
e A(0,0,0)
e AB=a = B(a,0,0)
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e AD=a= D(0,a,0)
o AS=+/2a=5(0,0v2a)
e CD=CB=a=C(a,a,0)

Tac6:SC = (a,a,—av2), SD = (0,—a,—a+/2) suy ramit phing (SC D) ¢6 cip vécto chi phuong
Au =(1,1,—v2), u, =(0,—v2,—1).

Vécto phap tuyén ctia (SCD)1a 7’ =u; A'u, =(0,—v2,—1).

Phuong trinh mét phang (SCD): —v2y —z+av2=0

Khoang cach tit B dén (SCD):

d(B,(SCD)) = %ﬁ

Nhan xét 1

e Thé tich khéi chép ta tinh truc tiép.

e Tathiy SA vuong géc mit day tai A, ABCD 1a hinh vuong, khi d6 A 1a giao diém ctia
2 duong thang d6i mot vuong goc nhau. D6 la dau hiéu nhan biet dé chon hé truc toa
do véi Ala goc.

e Khi tim toa do S ta thay c6 xuat hién v2a, lic nay cling diing qua lo lang.

~ Vidu 4.2 (T6t nghiép 2015)

Cho hinh chop S.ABCD c6 day la hinh vuéng ABCD canh a, SA vudng goc voi mat phang
day. Goc gitta SC va mat phang (ABCD)la 45°. Tinh theo a thé tich khoi chép S.ABCD va
khoang cach gitra hai duong thang SB, AC.

Giai

10
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« Thé tich khéi chép
Géc gitta SC va mat phang (ABCD)1a SCA=45°, suyra SA= AC.tan45° = v2a.

2., % , 1 \/EQS
Thé thh khOi ChOp: ‘/S.ABCD = g'SA'SABCD = 3 .

» Khoang cach
Chon hé truc toa ddo Ox yz nhuhinhve v6i A= O, tia AB=0x,tiaAD=0y,tiaAS=0z

Khi do
e A(0,0,0)
e AB=a= A(a,0,0)
e AD=a= D(0,a,0)
e CD=CB=a= (C(a,0,0)
e AS=+2a=5(0,0,v2a)

Goi d, 1a duong thang di qua S, B; d, la dudng thang qua A, C. Khoang cach giita SB va AC
ctang la khoang cach gitia d, va d,.
Ta co:

—

S :(a,O,—ﬁa):véctd chi phuong caa d, 15171):(1,0,—\/5)
) E:(a,a,o)évéctd chi phuong ctia d, 1a u, =(1,1,0)

« W= AT =(vVE V1)

e AB=(a,0,0)
Khoang cach:
7AB| o,

eLuuy: trong baitoan tim khoang cach giita hai duong thang thi ta dugc chon lai vécto chi
2 —
phuong va véctd phap tuyen, nhung vécts AB phai giti nguyén.

11
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~ Vidu 4.3 (Pé thi minh hoa t6t nghiép 2015)

Cho hinh ch6p S.ABCD c6 day ABCD la tam giac vuong tai B, AC =2a, ACB =30°. Hinh
chiéu vuéng géc H ctia dinh S trén mat day la trung di,é?m canh AC va SH = v2a. Tinh theo
a thé tich khoi chép S.ABC D va khoang cach tit C dén mit phang (SAB).

Giai

« Thé tich khéi chép
1
Tacé:HA:HCZEAC:avéSHJ_(ABC).
Xét A ABC tacé: BC = AC.cosACB = +/3a.
) 1 . ——  +/3a?
Dodo:SABczzAC.BC.smACB: >

v6a?

N 1
Vay Vs apc = §SH-SABC =

» Khoang cach
Ké tia Bz vudng goc v4i mat phang (ABC D). Chon hé truc toa do Ox yz nhu hinh vé, B = O,
tia BA=tiaOx,tiaBC=tiaOy.

A

Khi do ta co

12



Nguyén Hong Diép

B(0,0,0)

AB=a = A(a,0,0)
BC =+/3a = C(0,v3a,0)

. BC +3a AB
Trong mat phang (ABC)ké HI 1 AB, HKJ.BC.TacéHIsz—,HKz—:a;

/3 2 2
3
dodo H (a, Ta,o).

J3a
Do H 12 hinh chiéu ctia S xuéng (ABC)va SH = v2a :>S(a, ,V2a

3a v3a . .
Ta c6: SB = (a, , Za), SA = (O, — \/Ea) suy ra mat phang (SAB) c6 cap vécto chi

2
3 — 3
phuong 1a u; = (1 \/7_,\/5), u, = (0,‘/7_, \/5)
~ ~ A 2 —> —> — \/§
Vécto phap tuyén clia (SAB): n' =u; Au, = 0,v2, - |
V3

Phuong trinh mat phang (SAB): v2y + 5 %= 0.
Khoang cach tit C dén (SAB):

3a V3
Tﬁ+\/§07‘

d(C,(SAB))= _ 2v/66a

(g

Nhan xét 2

e Cdch chon hé truc toa do: ta thiy SH vudng géc v6i mit day nhung trong mit day
chua c6 2 duong thang vudng goc tai H nén khong chon H 1am gbc toa do. Mit khac
ta c6 san BA vudng géc BC nén chi can dung Bz vudng géc mit day 1 ta c6 hé truc
toa do véi B 1a gbe toa do.

e Tim dé diém S: dau tién ta tim toa do H 1a hinh chiéu vudng géc ctia S xuong (ABC),
khi dé6 x5 = X Vs = Vu- Dé tim toa do H ta tim khoang cach tit H xudng cac truc da
chon (BAva BC).Vazg=SH.

~ Vidu 4.4 (Pai hoc khéi B - 2014)

ho lang tru ABC.A’B’C’ c6 day la tam giac déu canh a. Hinh chiéu vudng géc cﬁq A’ trén
mdt phang (ABC) la trung diém canh AB, géc gitta dudng thang A’C va mdt day bang 60°.
Tinh theo a thé tich khéi lang tru ABC.A’B’C’ va khoang cach tit diém B dén mit phang
(ACC’A).

Giai

13
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C/

T

a

« Thé tich

: Ny , ——— 3a
Goi H la trung diéem AB,suyra A’H 1 (ABC)va A’CH =60°.Dod6 A’H=CH.tanACH = -

Thé tich khéi ling trula: Vipe apor = A'H.Sppc =

» Khoang cach

Chon hé truc toa do Oxyz nhu hinh vée v6i H = O, tia HB=tia Ox,tia HC=tiaOy,tia HA =

tia Oz.
Az
A/
N
N
N
N
N
N
B’ N
a
R S S A
s
a
B
X
Khi do ta co:
e H(0,0,0)

a a —a
J HA=HB=—:B(—,0,0),A(—,0,0)
2 2 2
, 3a , 3a
e AH=—=A"(0,0,—
2 2

3 3
o= [0 3]

C/

— (a 3a a V3a . .
Taco: AA = (E’ 0, ?), AC = (—, — 0) suy ra mat phang (AC C’A’) c6 cap vécto chi phuong

2
12wy =(1,0,3), u, =(1,v3,0).

14
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Vécto phap tuyén clia (ACC’A)1a 7 =u; Au, = (—3 V3,3, x/§)

2 3a
Phuong trinh mit phang (ACC’A’): —3x +v3y +z — - =0
Khoang cach tit B dén (ACC’A"):

3v13a
13

d(B,(ACC’A))=

~ Vidu 4.5 (Pai hoc khéi D - 2014)

Cho hinh chép S.ABCD c6 day ABC la tam giac vuong can tai A, mat bén SBC la tam giac
déu canh a va mat phang (SBC) vuong goc v6i mat day. Tinh theo a thé tich khdi chép
S.ABC vakhoang céach gitta hai duong thang SA va BC.

Giai
S
B L ]
H
« Thé tich /3
. B a 3a
Goi H la trung diéem BC, suyra AH = - =5 SH 1 (ABC),SH = —
1 a?
Dién tich tma giac ABC: S5 = E.AH.BC =
» £ 1 1 Vv3a®
Thé tich kh(/jl ChOp: ‘/S.ABC = g'SH‘SABC = T

» Khoang cach
Chon hé truc toa do Oxyz sao cho H =0,tia HC = tiaOx,tia HS=tiaOy, tia HS =tia Oz.

15




Nguyén Hong Diép

Khi do
e H(0,0,0,)
a —a a
e HC=HB=—=1B —,0,0),C(—,0,0)
2 2 2
a a
° HA:—:>A(O,E,O

Goi d,, d, 1an lugt 1a duong thang qua SA va BC. Khoang cach giita d, va d, ciing 1a khoang
cach gitta SAva BC.
Ta cé:

o SA= (0 CZZ’C ):vectd chi phuong ctia d, 12 u; = (0,1, v3)

—

e BC =(a,0,0)= vécto chi phuong cua d, 1au, =(1,0,0)
o W=uANu,=(0,v3,—1)
—_(a —a
o AC = ( )
Khoang cach

A sz

Nhan xét 3

Ngoai ra ta con c6 thé chon hé truc toa do nhu sau

z

nhung cach giai sé dai hon vi can phai tim toa do H dé tim toa do S. Do d6 khi lam bai néu
cam thay hé toa do minh chon viéc tinh toan qua phtic tap ta nén nghi dén viéc doi sang
hé toa do khac.
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