SG GIAO DUC VA DAO TAO KY THI LAP DOI TUYEN HOC SINH GIOI CUA TiNH
TINH QUANG NINH DU THI CHON HOC SINH GIOI QUOC GIA THPT
DE THI CHINH THUC NAM HOC 2025 - 2026
Mboén thi: TOAN

Ngay thi thi nhét: 11/09/2025

Thoi gian lam bai: 180 phat, khong ké thoi gian phdt dé

(Dé thi ¢6 01 trang)
Bai 1: (5 diém)
a. V6i a,b,c 1a cac s6 thie bat ky théoa man a > b > ¢ > 0, chitng minh

b
c b ¢

a c b ¢ «a
-4+ -+ -<-
b a” a

b. Vé6i n € N*,n > 2 va cac cac sd thuc 21 > 29 > ... > 2, > 0, chitng minh

x T2 Tn—1 Tn, T2 xs3 T, T
.. 4+ —-—<—=4+—4+ ...+ + —.
€2 Zs3 T, T € X2 Tn-1 T,

Bai 2: (5 diém) Tim tat ci cac da thitc P(x) he s6 thuc thda man:
(P(z))* =2P(2*> —1) + 1.

Bai 3: (5 diem) Cho tam giac ABC nhon, khong can, AB < AC, noi tiép duong tron (O) va
ngoai tiép duong tron (). Dudng tron ngoai tiép tam giac BIC cit cac duong thang AC, AB lan
lugt tai M (M # C) va N (N # B).

a. Chiing minh M N 1a tiép tuyén ctia duong tron (7).

b. Ké cac dudng cao BE,CF cua tam gidc ABC (E, F la chan cac dudng cao). Dudng tron
ngoai tiép tam giac BEM cat (O) tai diém P # B, duong tron ngoai tiép tam giac CFN
cat (O) tai diém Q # C; cac diem H va K lan lugt 1a trung diém ctia EM va FN. Ké dusng
thang d qua H va song song v6i PE, duong thing d’ qua K vi song song véi QF; goi S 1a
giao diém clia d va d’. Chitng minh dudng thing AS vuong goéc véi dudng thang Al.

Bai 4: (5 diém) Cho mot ban ¢d 1a mot 1udi 6 vuong kich thude 7 x 8, trén mdi 6 vuong déu dang
c6 mot quan cd. Hai 6 vuong dugde goi 1a ké nhau néu ching c6 chung mot canh hosic chung mot
dinh. Hoi phai nhac ra khoi ban cd it nhat bao nhiéu quan cg, dé trong cac quan con lai, khong

c6 5 quan nao nam trén 5 6 vuong ké nhau thang hang theo hang doc, hang ngang va hang chéo?
HET

- Thi sinh khong duogc s dung tai liéu.

- Gidm thy khong gidi thich gi thém.



SO GIAO DUC VA DAO TAO
TINH QUANG NINH

DE THI CHINH THUC Mbn thi: Toan

Ngay thi thit nhat: 11/09/2025

(Hudng dan nay cé 06 trang)

HUGONG DAN CHAM THI LAP DOI TUYEN HSG CUA TiNH
DU THI CHON HSG QUOC GIA THPT NAM HOC 2025 - 2026

= (1—M)+%(1—%)
= u—M)O—ﬂm)go

suy ra f(ti;te;...;t,—1) nghich bién theo timg bién doc lap, nen
fltste; .. stnor) < f(1;15...51) =0, ta c6 dpem.

Dang thitc xay ra khi z; = 29 = ... = 2,,.

Bazi So luge loi giai Diem
la (2d) Véi a,b, c la cdc so thuce bat ky théa man a > b > ¢ > 0, ching minh
b b ¢ «a
S =< =t
b ¢ a b c
Loi giai: bién doi tuong duong ta duge: 2
a’b+b’c+ c*a > ab®> + bc® + ca®* & (a —b)(b—¢)(a —¢) > 0, suy ra dpem.
Déng thiic xay ra khi va chi khi @ = b hodic b = c.
1b (3d) Véin € N*,n > 2 va cic cdc so thuc 1 > xo > ... > x, > 0, chiing minh
T T Ty Ty T x T x
e T e e e
o) x3 T T T X2 Tn—1 T
Loi gidi: 3
Pat 2= 4, 2 gy Iy thid > LY = 1,2, 00— 1 v
To T3 Iy
In _ , ta chiing minh:
T tltz c. tn,1
httoto bt —— <ty Ly b
L e et Tt et Pt
n—1 1 1
@f(tl,tg,,tn_l)zz ti—— |+ ——— — 1ty ..t < 0.
i=1 L lilg.. . th—
Coi tg,t3,...,t,_1 1a tham s6, f 1 ham cta ¢, ta c6
1 1
Ft) = 1+—=—totg.o ity g —
(t1) 2 t3.tats. .ty 1
1 1 .
= 1+P—M— M2 (V(jll':tl > 1,M:t2t3...tn,1 > 1)




2 (54d) Tim tat cd cac da thiic P(x) hé s6 thuc théa man:
(P(z))* =2P(z* — 1) + 1.

Loi gidi: Néu P(x) = ¢, thi @ = 2¢+ 1 < ¢ = 14 /2. Céac da thic | 0.5
P(z) = 1 £+/2 thoa man dé bai.
Néu deg P > 1, ddt a = ! +2\/5 thi a*> — 1 = a. Cho z = a, ta duge (P(a))* = 1
2P(a) +1 < P(a) =1+ V2.
Néu P(a) = 1++/2 =bthi b = 2b+ 1, dat P(z) = (v —a)".Q(z) +b véi Q(x) 1
la da thiic, Q(a) # 0. Thay vao dé bai ta dugc:
(x—a)"Q(z) +b)?>=2((22—1—a)".Qa>— 1)+ b) + 1 1
& (x—a)™.(Q(x))* +2b(x —a)".Q(x) + b* = 2(z* — a®)".Q(2* — 1) + 20+ 1
= (z—a)".(Q(x))* +2b.Q(x) = 2(x + a)".Q(x? — 1)
Cho z = a ta duge 2b.Q(a) = 2.(2a)".Q(a®> — 1) = b = (2a)". Ro rang khong | 1.5
ton tai n dé ding thiic nay xay ra, mau thuan, suy ra P(z) = b. Trudng hgp
thit hai P(a) = 1 — /2 tuong tu.
Vay chi ¢c6 P(x) =1+ /2 va P(z) = 1 — /2 1a hai da thitc théa man dé bai.

3 (5d) Cho tam giagc ABC nhon, khong can, AB < AC, ngi tiep duong tron (O) va

ngogi tiép duong tron (I). Duong tron ngogi tiép tam gidc BIC cat cic duong
thang AC, AB lan lugt tai M (M # C) va N (N # B).

a. Ching minh MN la tiép tuyén cia duong tron (I).

b. Ké cic duong cao BE,CF cia tam giagc ABC (E,F la chan cic duong
cao). Duong tron ngoai tiép tam gidc BEM cdt (O) tai diéem P # B,
duong tron ngoai tiép tam gidc CFN cat (O) tai diem Q # C. Cdc diém
H va K lan luot la trung diém cia EM va FN. Ké duong thang d qua
H wva song song vdi PE, duong thing d' qua K va song song vdi QF.
Goi S la giao diém ctia d va d'. Chimg minh duong thing AS vuong goc
vdi duong thang Al.




3a (1.5d)

Do tit gidc IBC'M noi tiép nén IBA = W\A, suy ra hai tam giac ABI va
AMT biing nhau, nén IM = IB, tit d6 suy ra NT 1a phan gidgc AN M, suy ra
(I) 1a dudng tron noi tiép tam gidc AMN, nén M N la tiép tuyén cta (I).

1.5

3b (3.5d)
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Goi L la diém chinh giita cung nhé BC ctia (O), bang cach cong goc, chang 1
han theo thé hinh trén thi LPE = LPB + BPE = LAB + BME = 90°, suy
ra PE di qua diém chinh gita J ctia cung 16n BC' ctia (O).
Tuong tu, QF cung di qua J.
1
. AJ AE
Goi S; la giao diém cua d va AJ thi 15, = EA )
2 J F
Tuong tu, goi Ss la giao diem cia d’ va AJ thi s, =15
1
AE AF
Mit khéc, chitng minh duge EF || M N nén 10~ AR suy ra S trung Ss.
Twu d6 S thuoc AJ nén AS vudng goc véi Al. 0.5

4 (5d)

Cho mot ban co la mot ludi 6 vuong kich thude 7 x 8, trén moi 6 vuong déu
dang c6 mot quan co. Hai 6 vuong dudc goi la ké nhau néu ching cé chung
mot canh hodc chung mot dinh. Héi phdi nhac ra khéi ban co it nhat bao nhiéu
quan co, dé trong cac quan con lai, khong cé 5 quan nao nam trén 5 6 vuong

ké nhau thing hang theo hang doc, hang ngang va hang chéo?

Lai gidi:

Ta sé chiing minh s6 quan ¢ toi thiéu can nhéc ra la 11 quan. That vay, dau
tien ta sé ching minh néu chi nhac ra 10 quan, thi khong thé lam cho ban ¢
hét 5 quan lién nhau thang hang. Ta ky hieu 6 (i;5) 14 6 & hang i, cot j, v6i
1 <i<7;1<j<8nhu hinh vé&; va ta can nhac ra 10 quan sao cho khong

con 5 quan nao lien nhau théng hang.




O 5 6 dau tien ti trai sang clia mdi hang, ta phai nhic ra it nhat mdi hang 1
quan. O 3 cot 6,7,8: 3 5 6 tit tren xudng clia mdi cot, ta phai nhac ra it nhat
1 quan. Nhu vay ta da nhac hét 10 quan, va 6 chit nhat 2 x 3 & goc dudi ben
phai khong duge nhac ra quan nao. Do tinh déi xting, nén 4 hinh chit nhat

duge to dam & 4 goc trong hinh, ta khong duge nhic quan nao.

Sau khi chic chan khong nhac cidc quan 6 4 goc nhu ¥ trén, ta lam lai: & cac
hang 1,2,6,7: 2 6 giita clia mdi hang ta phai nhéc ra it nhat 1 quan. O céc cot
1,2,3,6,7,8: 3 6 gifta clia mdi cot ta phai nhac ra it nhat 1 quan, tat ca da la
10 quan; nén 6 chit nhat kich ¢d 3 x 2 ¢ giita, ta khong nhac quan nao. Nhu

vay 5 khu viie t6 dam trén hinh, ta khong duge nhac quan nao.

Tiép tuc lam lai: bay gio, ta phai nhic it nhat 1 quan tit 2 6 giita clia mdi
hang 1,2,6,7 va it nhat 1 quan tit 3 6 gitta clia mdi cot 1,2,7,8. Nhu vay ta
da nhac it nhat 8 quan, nén & 2 cot 3 va 6, ta chi con dude nhac nhiéu nhat 2
quan. Tuy nhién cac 6 (3;3), (3;6), (5;3) va (5;6) (dugce ky hiéu luc giac trén
hinh) can phai nhac hét dé khong c6 dudng chéo: vi du 6 (3;3) néu dé lai thi
c6 mot duong chéo tir (1;1) t6i (5;5), vi thé chi nhac t6i da 2 quan & cot 3
va, cot 6 1a khong di. Tém lai chi nhac 10 quan thi vAn con 5 quan lién nhau

thang hang.

Véi 11 quan duge nhac ra & 6 dugde t6 dam trong hinh dudi, thi sau khi nhéc,

trén ban co khong con 5 quan nao lién nhau thang hang ngang, doc hoic chéo:

1 2 3 4 5

2
5
6
7

Nhu vay dap s6 1a 11 quan.

2d




Huéng dan khi cham:

1. Huéng dan cham nay chi trinh bay so luge bai gidi. Bai lam ctia hoc sinh phéai chi tiét, lap
luan chit ché, tinh toan chinh xac méi duge diém t6i da. Cac cach giai khéc néu dang van
cho diém. T cham trao ddi v thong nhat chi tiét nhung khong duge qua sé diém danh cho

cau, phan do.

2. C6 thé chia diém thanh ting phan nhung khong duéi 0,25 diém va phai thong nhat trong

ci to cham. Diém toan bai 1 tong s6 diém cac phan di cham, khong lam tron diem.

3. Moi van dé phat sinh trong qua trinh chdm phai dugc trao déi théng nhat trong ca t6 chadm

va ghi vao bién ban.

SO GIAO DUC VA DAO TAO QUANG NINH



SG GIAO DUC VA DAO TAO KY THI LAP DOI TUYEN HOC SINH GIOI CUA TiNH
TINH QUANG NINH DU THI CHON HOC SINH GIOI QUOC GIA THPT
DE THI CHINH THUC NAM HOC 2025 - 2026
Mboén thi: TOAN

Ngay thi thi hai: 12/09/2025

Thoi gian lam bai: 180 phat, khong ké thoi gian phdt dé

(Dé thi ¢6 01 trang)

. ) . v ) =4 up =14
Bai 1: (5 diem) Cho day so (u,) xac dinh béi:
Upto = dUpiy — Uy, VN € N¥.

. Uy U Uy,
. Chu h—+—=+4+...+— <14,Vn € N
a ng min 4—1—42—1— +4n ,Vn €

1 1 1
b. bat s, = + 4+...+—— Vn e N~
U1u3 U3zUs Un+1U2n+3

Chitng minh day (s,) c¢6 gi6i han httu han va tinh giéi han do.
Bai 2: (5 diém) Tim tat ca cac ham lién tuc f, g : R — R, thda man:

3f(z) — 2g(x) = —bx,Vr € R;
2f(z) —3g(x) = =5f(bx — 2),Vx € R.

Bai 3: (5 diém) Cho tam gidc ABC nhon, khong can, noi tiép dudng tron (O) va ngoai tiép dudng
tron (I). D, E, F lan lugt 1a cac tiép diém cta (I) v6i cac canh BC,CA, AB. Dudng thang OA cit
cung nhé EF ctia (1) tai diém M. Cac diem J, K lan lugt 1a trung diém ctia cac doan DF, DE.
Cac duong thang MJ, MK lan lugt cit dudng tron (I) tai diém thi hai P,Q. Cac duong thang
BP,C(Q cat nhau tai S. Cac diem B’, (" lan lugt déi xiing v6i B, C' qua O va M’ dbi xiing v6i M
qua A. Dudng thang qua M’, song song v6i BC' cit cac dudsng thang AC", AB' tai Cy, B;. Chiing
minh cic dudng thang AS, BC;, CB; dong quy.

Bai 4: (5 diém) V6i méi s6 nguyén duong n > 1, ky higu f(n) 1a tong tat ca cac s6 du khi chia n
cho c4c s6 nguyen duong tit 1 dénn —1. Vidu f(6) =0+0+0+2+1=3.

n?—2n

8

a. Chttng minh v6i moi s6 nguyén duong n > 1 thi f(n) >

b. Biét ring s6 nguyén duong n > 2 théa man f(n) — f(n — 1) > n — y/n — 1. Chiing minh n

14 s6 nguyén to.

- Thi sinh khong duogc si dung tai liéu.

- Giam thy khong gidi thich gi thém.



SG GIAO DUC VA DAO TAO HUGONG DAN CHAM THI LAP DOI TUYEN HSG CUA TiNH
TINH QUANG NINH DU THI CHON HSG QUOC GIA THPT NAM HOC 2025 - 2026
DE THI CHINH THUC Mban thi: Toan

Ngay thi thit hai: 12/09/2025

(Hudng dan nay cé 05 trang)

Bai So luoe 1% gidi Diém

B L / ) \. U1:4,U2:14;
1 (5d) | Cho day so (u,) xdc dinh bdi:
Upio = piy — Uy, Vn € N,

a. Ching minh - + 24+ Un < 14,Vn € N*.

42 4n
1 1 . . .
b. Dat s, = + +...+——,Vn € N*. Ching minh day (sy,)
Uiuz  U3Us Ugn+1U2n+3

c6 qioi han hiu han va tim gidi han do.

Lai gidi: a. T cong thiic truy hoi 6 dé bai, suy ra u, = a™ + b",Vn € N*, 1
v6ia=243,b=2—+/3.
Khi dé, v6i moi n, ta co 1
a b
ko k k z 2
Uy Uy Uy, " oa®+b n (a)’f L)) A 4
— T ot = = — e < — 14
TR T Vi D Gy B DR 1_2+1 b
4 7y
1
1 1 1 1
b. Ta c6 _ Ukt + Uk = —. ( + )
Up Uy AUpUpprUpre 4 \UpUkp1  Upp1Ugs2

~ 1( 1 1 1 )
nén s, = — + +...+—),Vn

4 \ujug  ugus Ugp+2U2n+3
1
i 4 2 . Unq2Upn — Uiﬂ 12
Mat khac, quy nap dudc 2.1, —u;; = 12,Vn nén =
UpUn4-1 UpUn41
1 1 (tUpre  Upg R I (ugnya  u
suy ra = — — ,Vnnén s, = — | — — — | ,Vn.
UpUn+1 12 \ upp Up, 48 \ugnyz Uy
Do do6 1

2n+4 2n+4
+b 14 1 7 2v3—3
a ) (2 V3 _) V3 |

(Néu ¥ b chi chitng minh duge hoi tu, khong tinh duge giéi han thi cho 2d).

2 (5d) | Tim tat cd cdc ham lién tuc f,g: R — R, théa man:
3f(z) — 2¢g(x) = —bz,Vz € R;
2f(z) — 3¢g(x) = =5f(bx — 2),Vx € R.

Loi giai: rut g(z) tit dang thiic thit nhat, thay vao dang thiic thit hai, ta duge 1
2f(z) — 3. 3/ )2+ = —5f(bx —2),Vx € R
& f(z)+ 3z =2f(5x — 2),Vx € R.




1 4
Daf@%=M@+§x+§NxeRtmmm

1 4 2 8
h(w) + go+ 5+ 30 =2h(5r =2) + (5z = 2) + 5, Ve €R

3 3 3
& h(z) = 2h(bz — 2),Vz € R
1 2
o W)= =h (222 ve e R
2 5
. Un + 2 " A L. 1 .
Xét day (up) @ up € Ryiupy = ,Vn, véi ug bat ky: chiing minh duge
1
limu, = i,Vuo e R.
) 1 1 1 . _
Ta ¢6: h(ug) = §h(u1) = ?h(ﬂ?) =...= z—nh(un),Vn. Do f, g lién tuc nén h
1
lién tuc, cho n — 400, cung véi u,, — 3
1
suy ra h(ug) = 2—nh(un) — 0,Yuy € R, tr d6 ta c¢6 h(x) =0,Vz € R.
P 1 4
Két luan: f(z) = 3% + g,‘v’x € R;g(x) =3x+2,Vz € R.

3 (5d)

Cho tam giac ABC nhon, khong cdin, noi tiép duong tron (O) va ngoai
tiép duong tron (I). D, E,F lan kgt la cdc tiép diém cia (I) vdi cdc canh
BC,CA, AB. Dudng thaing OA cit cung nhé EF cia (I) tai diem M. Cac
diem J, K lan lugt la trung diém cia cic doan DF,DE. Cdc duong thing
MJ, MK lan higt cit duong tron (I) tei diem thi hai P,Q. Cdc dudong thing
BP,CQ cdt nhau tai S. Cdc diem B',C" lan ligt doi xing vdi B,C qua O va
M’ doéi xing vdi M qua A. Puong thang qua M’, song song vdi BC' cit cdc
duong thang AC', AB' tai Cy, B,. Ching minh cic duong thang AS, BCy, CB;
dong quy.

Loi giai: Trude hét ta ching minh AS 1 BC. That vay: JM.JP = JD.JF =
JI.JB nén IMBP la t1 gidc noi tiép; ma IM = IP nén IBM = IBP suy ra
BM va BP la cac duong ding giac goc B.

Tuong tu, CM, CQ la cac dudng déng giac goc C, suy ra AM, AS 1a cac duong

ding giac goc A, tit d6 S nam trén duong cao dinh A clia tam giac ABC.




Tiép theo, ta chitng minh bd dé: Cho tam giac ABC nhon, dung ra phia
ngoai tam gidc cac tam giac BAB; vuong tai A va C'AC; vuong tai A sao cho
B1C} song song véi BC. Khi do6 giao diém ctia BC; va C'B; nam trén duong

thang qua A va vuong goc véi BC.

Chiing minh: Qua A ké duong thing vuong géc véi BC, cit BC tai M va cét

3101 tal N.
Ta c6 AABM ~ AB{AN va AACM ~ AC{AN nén
AM  BM AM M

= 8 ¢ suy ra BiN.BM = C1N.CM = AM.AN, tu d6

BN AN "“C,N~ AN
NB, NG

MC MB .
Goi Iy, I 1an lugt 1a giao diem cta BC; va CBy véi AM, ap dung Thales ta

c6 ngay I; = I,, bo dé dude ching minh.

1.5

Ap dung bé dé suy ra dpem.

0.5




4 (5d)

Vi méi s6 nguyén duong n > 1, kij hiéu f(n) la tong tat cd cic so du khi chia

n cho cdc s6 nguyén duong tu 1 dénn—1. Vidu f(6)=0+0+0+2+1=3.

n®—2n

a. Chiing minh vdi moi s6 nguyén duong n > 1 thi f(n) > 5

b. Biét rang so nguyén duongn > 2 théa man f(n)— f(n—1) >n—/n—1.

Chiing minh n la s6 nguyén to.

Loi giai: a. Taco f(2) =0;f3) =0+1=1;f(4) =04+0+1=1;f(5)=| 1.5
0+ 142+ 1=4 déu théa man.
Ta chi can tinh t6i cac s6 du khi chia n cho cic s6 ¢ ntta sau ctia day 1;2;...:n—
1, ta c6 ngay:

P <z < N n n2—2n
Neunlasochanzfithlf(n)21+2—|—...—|—<§—1>: T

P . —1 21 22
Néunlas61é25thif(n)21+2—|—...—i—n2 :”8 > - 1
b. Ky hiéu: nmod k 1 s6 du khi chia n cho k v6i 1 < k < n — 1. Ta c¢6 nhan 1
xét sau day:

e Néun /kthinmodk — (n—1)modk = 1.

e Néun:kthinmodk—(n—1)modk=0—(k—1)=—(k—1).
Do dé6 f(n) — f(n—1) 1.5
= (Z nmodk—Z(n—l)modk) + anodk—Z(n—l)modk
= > 1= (k-1

ktn k|ln k|ln

= n—1—(o(n)—n)
= 2n —1—o(n)
va tir gid thiét f(n)— f(n—1) >n—y/n—1suyra2n—1—o(n) >n—/n—1
& o(n) < n+/n; véi o(n) la tong cac wée duong clia s6 nguyén duong n.
Gia st n 13 hop s6, thi n c6 mot ude ladv611<d<nthigcﬁng 14 mot uée 1

Cﬁan,véil<g<n.

—|—Néud:%thia(n)zn—l—d—l—l:n—i—\/ﬁ—i—l,
+Néud7£%thia(n)2n+d+g+12n+2\/ﬁ+1

ca hai déu mau thuén véi o(n) < n++/n. Vay gia st la sai, n 1a s6 nguyeén t6,

dpcm.




Huéng dan khi cham:

1. Huéng dan cham nay chi trinh bay so luge bai gidi. Bai lam ctia hoc sinh phéai chi tiét, lap
luan chit ché, tinh toan chinh xac méi duge diém t6i da. Cac cach giai khéc néu dang van
cho diém. T cham trao ddi v thong nhat chi tiét nhung khong duge qua sé diém danh cho

cau, phan do.

2. C6 thé chia diém thanh ting phan nhung khong duéi 0,25 diém va phai thong nhat trong

ci to cham. Diém toan bai 1 tong s6 diém cac phan di cham, khong lam tron diem.

3. Moi van dé phat sinh trong qua trinh chdm phai dugc trao déi théng nhat trong ca t6 chadm

va ghi vao bién ban.

SO GIAO DUC VA DAO TAO QUANG NINH
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