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Bir 1. MENH DE

A-TOM TAT LY THUYET
a) Menh de
@ Meénh dé la mot cau khéng dinh ding hoic mot cau khing dinh sai.
®@ Mot ménh dé khong thé vita ding, vita sai.
b) Menh dé phtt dinh: Cho ménh dé P
®@ Meénh dé “khong phai P” dudce goi 1a ménh dé pht dinh ctia P va ki hiéu la P.
@ Néu P dang thi P sai, néu P sai thi P ding.
¢) Meénh dé kéo theo: Cho menh dé P va Q

® Menh de “Néu P thi " dugc goi 1a ménh dé kéo theo va ki hieu 1a P = Q.
®@ Menh dé P = @ chi sai khi P ding va Q sai.

d) Menh dé ddo: Cho ménh dé kéo theo P = Q. Ménh dé Q = P dugc goi la ménh de déo cia
ménh dé P = Q.

e) Menh dé tuong duong: Cho meénh dé P va Q
®@ Menh dé “P néu va chi néu Q7 goi la ménh dé tuong duong va ki hiéu 1a P < Q.
®@ Meénh dé P < (Q dang khi va chi khi ¢ hai ménh dé P = Q va Q = P déu ding

f) Menh dé chita bién: Ménh dé chita bién 1a mot cau khéng dinh chita bién nhan gia tri trong mot
tap X ndo d6 ma v4i mdi gia tri ciia bién thude X ta duge mot ménh de.

g) Ki hieu V va 3: Cho ménh dé chita bién P(z) véi z € X. Khi d6

@ “V6i moi x thuoe X7, ky hieu la: “Vo € X7

® “Ton tai x thuoc X7, ky hieu la: “Jz € X"

@ Menh dé phit dinh ciia menh dé “Vz € X, P(z)” 1a “3z € X, P(z)".
@ Menh dé phit dinh ctia menh dé “3z € X, P(z)” Ia “Vo € X, P(2)".
®@ Meénh deé chiia 3 dung khi ta chi ra mot phan tit dung.

® Meénh dé chita V sai khi ta chi ra mot phan tit sai.

a) So nguyén to la so tu nhién chi chia hét cho 1 va chinh né. Ngoai ra né khong chia hét cho
bat cit s6 nao khdc. S6 0 va 1 khong dugc coi la so nguyén to. Cdc so nguyén to tw 2 dén
100 la 2; 3; 5; 7; 11, 13; 17; 19, 23; 29; 31; 37, 41;...

b) Udc va boi: Cho hai s6 a,b € N. Néu a chia hét b, thi ta goi a la byi ciia b va b la wdc clia
a.
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@ Udc chung l6n nhat (UCLN) ciia 2 hay nhiéu so tu nhién la so6 l6n nhat trong tap hop
cdc ude chung cia cac s6 do.

@ Boi chung nhé nhat (BCNN) ciia 2 hay nhiéu so ty nhién la s6 nhé nhat trong tap
hop cdc boi chung ctia cdc s6 do.

B-CAC DANG TOAN VA BAI TAP

) saitap ty luén

$OBai 1. Trong cadc ménh dé sau, ménh dé nao la ding? Giai thich?
a) P: Vo e R,2? > 0. b) P: “Ir e R,x > x?”.
c) P:“VYneN,n?>n". d) P: “dz e R,5z — 322 < 1.
&) P:VzeRa2>9=z>3. f) P:YneN,n(n+1)lass1d.
® Loi gidi.

a) Ménh dé P 1a ménh dé sai. Vi ton tai z = 0: “0% > 0” sai.
O NUIVER B B A R S
b) Ménh dé P la ménh de ding. Vi ton tai z = 3 : “5 > 3 7 dang.

c) Ménh dé P 1a ménh dé sai. Vi ton tai n = 0: “0? > 0” sai.
d) Ménh dé P la ménh dé dang. Viton taiz =0: “5-0—3-1% <17 dang.
e) Menh dé P 1a ménh dé sai. Vi ton tai z = —4: “(—4)> > 9 = —4 > 3” sai.

f) Menh dé P 1a ménh dé sai. Vi ton tai n=1: “1(1 + 1) la s6 18" sai.

L]
$OBdi 2. Néu ménh dé pht dinh ctia mdi ménh dé sau va xét tinh ding sai ctia ménh dé phu
inh?
(;-;Zilzsinh can nhd nguyén tac phi dinh ciia mot meénh dé (dong trén phi dinh véi dong dudi)
Meénh dé P Co > | < | = Chia hét 3
Meénh deé pht dinh P | Khong | < | > | # | Khong chia hét | V
a) P: Vo e R,a? #17. b) P:“Jz eR:z*>=3".
¢) P: “Vx e R,z* > 0", d) P: “IreR:z > 2.
e) P:“JreQ:42> —1=0". fy P: VeeR 2> —x+72>0".
g) P: VxeR 2> —2—-2<0". h) P:“dzeR:(z—1)2*=(z—1)".
i) P:“Gze€R:2 <2hodcx>T7". j) P:VzeR,z?—5>0".
k)P:“HmER:CE<%”. 1) P:“VmER,x<é”.

o
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® Loi gidi.

Meénh dé phti dinh ctia ménh dé P 1a P :
Meénh dé phti dinh ctia ménh dé P 1a P :
Meénh dé phti dinh ctia ménh dé P 1a P :
Meénh dé pht dinh ctia ménh dé P la P
Meénh dé phti dinh ctia ménh dé P 1a P :
Meénh dé phii dinh ctia ménh dé P 1a P :
Meénh dé phi dinh ctia ménh dé P 1a P :

Ménh dé pht dinh ctia ménh dé P 1a P
sai.

Meénh dé phti dinh ctia ménh dé P 1a P :
Meénh dé phti dinh ctia ménh dé P 1a P :

Meénh dé pht dinh ctia ménh dé P la P

Meénh dé phti dinh ctia ménh dé P 1a P :

“Jr € R: 22 =17. Ménh dé P la ménh dé ding.

“Yr € R,z? # 3”. Meénh dé P la ménh dé sai.

“Jr € R: 22 < 0”. Ménh dé P 1a menh dé ding.

“Vr € R,z < 2. Ménh dé P 1a ménh dé sai.

“Yr € Q,4x> — 1 # 0”. Menh dé P la ménh dé sai.
“Qr e R: 2?2 —x+7< 0. Ménh dé P 1a ménh dé sai.
“Qr e R: 2?2 — 2z —2>0". Menh dé P la ménh dé sai.

“Vz € R, (v — 1) # (z — 1)”. Menh dé P la menh dé

“YreR,2 <z < 7. Ménh dé P la ménh dé sai.

“Jr € R: 22 —5 < 0”. Ménh dé P la ménh dé ding.

1 .= R
“Vox € R,z > —”. Ménh de P la ménh de sai.
x

1 . = N
“dr € R: x > —”. Ménh de P la ménh de ding.
T

U
> Bai 3. Dién vao chd tréng tir ndi “va” hay “hoac” dé duge meénh dé dung?
a) m<4...m>5.
b) a-b=0khia=0...b6=0.
c)a-b#A0khia#0...b#0.
d) a-b>0khia>0...6>0...a<0...b<0.
e) Mot so chia hét cho 6 khi va chi khi n6 chia hét cho 2 ... cho 3.
® Loi gidi.
a) m <4 hodac m > 5.
b) a-b=0khi a =0 hodc b=0.
c) a-b#0khia#0vab#0.
d) a-b>0khia>0vab>0hoica<0vab<D0.
e) Mot so chia hét cho 6 khi va chi khi n6 chia hét cho 2 va cho 3.
U

B®) saitap trdc nghiém

e
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¢S Cau 1. Trong cac cau sau, c6 bao nhiéu cau la ménh dé?
a) Co len, sip dén roi! b) S6 15 1a s6 nguyen t6.
¢) Tong cac goc clia mot tam gidc 1a 180°. d) S6 5 1a s6 nguyen duong.
A. 4. B. 1. C. 3. D. 2.
=
@ Loi gidi.
Cau s6 1 khong phai 14 ménh dé, cac khiang dinh 2,3,4 14 ménh deé.
Chon déap an @ OJ

¢ Cau 2. Menh dé phi dinh ctia ménh dé “Phuong trinh ax? + bz + ¢ = 0(a # 0) vo nghiem” la
ménh dé nao sau day

A. Phuong trinh az? + bz + ¢ = 0 (a # 0) khong c6 nghiém.

B. Phuong trinh az? + bx + ¢ = 0 (a # 0) c¢6 hai ngiem phan bigt.

C. Phuong trinh az? + bz + ¢ =0 (a # 0) ¢6 nghiém kép.

D. Phuong trinh az? + bx + ¢ = 0 (a # 0) c6 nghiem.

® Loi gidi.
Meénh dé phtt dinh ctia ménh dé “Phuong trinh az? + bz + ¢ = 0 (a # 0) vo nghiém” 1a “Phuong trinh
az? + bz +c=0 (a # 0) c6 nghiem”.
Chon dap an @ O

$> CaAu 3. Phu dinh ciia meénh deé: “C6 it nhat mot sé vo ty 1a s6 thap phan vo han tuan hoan”
la

A. Moi s6 vo ty déu 1a sé thap phan vo han khong tuan hoan.

B. Moi s6 vo ty déu la s6 thap phan tuan hoan.

C. Moi s6 vo ty déu la sé thap phan vo han tuan hoan.

D. C6 it nhat mot s6 vo ty 1a s6 thap phan vo han khong tuan hoan .

@ Loi gidi.
Pht dinh ctia ménh dé: “Cé it nhat mot s6 vo ty 14 s6 thap phan vo han tuan hoan” 1a “Moi s6 vo ty
déu 1a s6 thap phan vo han khong tuan hoan”.

Chon dap an @ 0
$> Cau 4. Cho ménh dé “Jx € R, 222 — 3z — 5 < 0”. Ménh dé phu dinh sé 1a
A VreR 222 +3z—-5>0". B. “VxeR,2224+3z—-5>0".
C.“z eR:2224+3x—5> 0" D. “9zeR:222+3z—-5>0".
@ Loi gidi.

Ménh dé pht dinh ctia ménh dé da cho 1a “Vo € R, 222 4+ 3z — 5 > 0"

Chondépén@ OJ
$>Cau 5. Cho ménh dé P: “Vx € R, 22 — 2 + 7 < 0”. Ménh dé pht dinh cia P 1
A IzeR:22—z+7<0. B. VeR, 22—z +7>0.
C.VzeR22—z+7<0. D. 3zeR:22—2+7>0.
® Loi gidi.
Meénh dé phtt dinh ctia Pladz e R:2? — 2 +7 > 0.
ChQﬂdépéﬂ@ O
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$> Cau 6. Menh dé pht dinh cia ménh dée Ve e R: 22+ 24+ 5> 0 13
A VzeR 22+2+5<0. B. IxcR:z24+2+5<0.
C.VzeR,224+2+5<0. D. 3zeR:22+2+5<0.
® Loi gidi.
Meénh dé pht dinh ctia ménh dé da cho la 3z € R, 22 + 2+ 5 < 0.
Chon dap an (B) O
¢S Cau 7. Trong cac ménh dé sau, ménh dé nao ding?
A.VzeR 22>9= 2> -3 B. Vx e R,z > -3=22>09.
C.VzeR,22>9= 1> 3. D. Vxe R,z >3 = 2%>09.
® Loi gidi.
Meénh dé ding 1a Vo € R,z > 3 = 22 > 9.
Chondépém@ O
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Bir2. TAP HOP

A-TOM TAT LY THUYET

a) Tap hop

® Tap hop 1a mot khai niem co ban clia toan hoc, khong dinh nghia ma chi mo ta.
® (€6 hai cach xac dinh tap hop:

— Liét ke cac phan t1i: viét cac phan tii ctia tap hop trong hai dau mée {...;...;...;... |

$ Vidu 1. X = {0;1;2;3;4}.

— Chi ra tinh chat dic trung cho cac phan ti ciia tap hop.

 Vidu2. X ={neZ:3<n?<36}.

© Tap rong: 1a tap hop khong chita phan ti nao, ki hieu @.

$> Vidu 3. Phuong trinh 22+ 2 + 1 = 0 khong c6 nghiém. Ta néi tap hop cac nghiem
ctia phuong trinh nay 1a tap hop roéng, tic S = &.

b) Tap hgp con — Tap hgp bang nhau

® Tap hop con: AC B& (Ve € A=z € B)
e AC AVAva o C A VA.
e ACB,BCC=ACC.
ACB
B C A.

© Néu tap A c6 n phan tit thi A c6 2" tap con.

® Tap hop bang nhau A = B & {

c) Mot s6 tap hop con ciia tap hop so thuc R.
Tap hop con cia R: N* C N C Z C Q C R. Trong do

e N*: Ia tap hop s6 tu nhién khong c6 sb 0.

N: 1a tap hop s6 tu nhiéen.

7Z: 1a tap hop s6 nguyen.

Q: 1a tap hgp sb hitu ty.

R = (—00; +00): 1a tap hop s6 thue.

B- CAC DANG TOAN VA BAI TAP

) saitap tu luan

¢S Bai 1. Viét mdi tap hop sau bang céach liét ké cac phan tit ciia n6?
a) A={r € N:x <20 var chia hét cho 3}. b) A={reN:2<z <10}
) A={zx €Z: —/7<z <15} d) A={x e N:14 -3z > 0}.
e) A={x e N":15 -2z > 0}. f) A={xeN":20-2z>0}.
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2. Tap hop

Luon nd luc dé dat duoc thanh qua

g) A={z e N":|z -1 <3}

1 1
1 = == > — .
i) A {a:e@ T=o 2 2,n€N}
k) A={z:2x =4k k€ Zva -4 <x < 12}.

m)A = {z € N: z 1a s6 nguyéen t6 va x < 11}.

y J/ J J
h A={ze€Z:|z+2| <1}
i) A { L voin e N v >1}
e N = — 1 - .
j zig=g-voin Va T2 g
) A = {z:z=2n*—-1, véin € N va
x < 9}.

n) A= {z € N:zlaboi chung cia 4 va 6}.

8/528 ‘

® Loi gidi.

a) A= {x e N:x <20 va z chia hét cho 3}.

Do x € N, thoa x < 20 va x chia hét cho 3 nen A = {0; 3;6;9; 12; 15; 18}.

b) A={reN:2 <z <10}

Doz e Nva2<z<10nén A= {2;3;4;5;6;7;8;9}.

) A={x € Z:—/T<x <15}

Doz €7Zva —/7<z<+15nen A= {-2;,-1;0;1;2;3}.

d) A={reN:14 -3z > 0}.

14
Tacél4—3x>0<:>x<g.erNnénA:{O;l;Z;?);él}

e) A={x e N":15 -2z > 0}.

15
Tacolb—2z >0 2< 5 Viz e N*nen A ={1;2;3;4;5;6;7}.

f) A={xeN":20—2z >0}

Tac620—2x>0<x<10. Viz e N*nén A = {1;2;3;4;5;6;7;8;9;10}.

g) A={z e N*:|zr —1] <3}

Taco:jr—1] <3 -3<2r-1<3& -2<zx<4.DoxeN'=A=({1;2;3;4}.
A Hoc sinh can nhé |X| < a < —a < X < a vdia > 0.

h) A={z€Z:|x+2| <1}

Taco: |z +2/ <1l -1<zr+2<1le -3<zx<-1.DorxeZ=A={-3,-2;,—1}.

1 1
1 = : = — > — .
i) A {er z 2n_32,n€N}

1 1
Tacé2—n2ﬁ(:)2”§32<:)2"§25<:)n§5,vin6Nnénn€{0;1;2;3;4;5}.

1111 1
Tfrdétimdu’ocA:{l———— }

1 1
i A:{ cx=— v6in € N* va >_}.
j) TT 2nv1n Vazn_8

1 1 1
Tac()xz§<:>—2g<:>2n§8<:>n§4,vinEN*nénn€{1;2;3;4}.

2n

1111
Tu d6 ti A—{—-—-—-—}.
u do tim dugce 5163

k) A={z:x=4k ke Zva—-4<zx <12} Viz =4k, k€ Zva—4 <z <12nén A ={—4;0;4;8}.

e
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Chuong 1. Ménh dé& va tap hop Ludn nd luc dé dat duoc thanh qua

y J/ J J

) A={z:2=2n?—-1, véin € Nva z < 9}.
Tacor <9< 2n*—1<9<n?<5 vineNnenn e {0;1;2}.
Tir d6 tim dwge A = {—1;1;7).

m) A= {z € N:zlasd nguyén t6 va x < 11}.
Tap hop cac s6 nguyéen t6 nho thua 11 1a A = {2;3;5;7}.

n) A= {x € N:zlaboichung ctia 4 va 6}.
Ta c¢6 B(4) = {0; 4;8; 12; 16; 20; 24; 28;32; 36 .. .} va B(6) = {0;6;12; 18;24;30;36. . .}.
Tit d6 tim duge BC(4,6) = {0;12;24;36...}.

]
$OBai 2. Viét tap hop sau bang cach liet ké cac phan ti cia tap hop A =
{z€Z: (22> -5z +3)(4—2?) =0}

® Loi gidi.
3
22> —5rx+3=0 =l,z=<=

Taco (202 —50+3)(4—a2) =0 | " o [TT T

d—a"=0 r = +2.

Viz € Znén A = {1;+2}. O
$OBaGi 3. Viét tap hop sau bing cach liet ké cdc phan ti ctia tap hop A =
{x €Z: (2> —42+3)(2x+ 1) = 0}.

@ Loi gidi.
2 r=1zr=3
x*—4r+3=0 '

Taco (22 —4x+3)2x+1)=0< =
a co (x r+3)(2x+1) Y +1=0 $:_%.

Viz € Znén A = {1;3}. O
$>Bai4. Viét tap hgp sau bing cach liet ké cdc phan ti clia tap hop A =
{x €Z:22% — 72? — 5z = 0}.

® Loi gidi.
x=0
Ta c6 223 —T2? —5r =0 & (22 —Tr—5) =0 & v =0 & V39 V39
202 — Tz —5=0 |,_TVv8 T—-V8
4 ’ 4 '

Viz € Z nén A = {0}. O
$OBGi 5. Viét tap hgp sau biang cach liet ké cdc phan ti clia tap hop A =
{r eN: (2! —8z%—9) (z*> — 16) = 0}.

® Loi gidi.
4 2 2 2
" —8x"—9=0 r=—-1,2"=9 r =213

Ta c6 (2 =822 —9) (22 —16) =0& | , &

z°—=16=0 r =24 r = +4.

Viz e Nnéen A = {3;4}. O
¢S Bai 6. Viét tap hgp A = {2;6;12;20; 30} bang cach néu tinh chat dic trung ctia n6?

® Loi gidi.
A={zreN:z=n(n+1),1 <n <5} O
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2. Tap hop Luon nd luc dé dat duoc thanh quéd

y 4/ J J

¢S Bai 7. Viét tap hop A = {2;3;5; 7} bang cach néu tinh chat dac trung ctia n6?

® Loi gidi.
A = {z 1a s6 nguyeén t6 va x < T}. O

$>Bai 8. Viét tap hop A = {1 ++/3;1— \/§} bang cach néu tinh chat dic trung ciia né?

® Loi gidi.
A={zeR:2>—-2x—2=0} O

$>Bai 9. Viét tap hop A = {9; 36; 81; 144} bang cach néu tinh chat ddc trung ciia n6?

® Loi gidi.
A={r=(3n)*:n<5neN} O
SO Bai 10. Viét tap hop A = {1'1' 111 } bang cach néu tinh chat dic trung ctia né?
- 1 p .p - 2’6712720730 g . g *
® Loi gidi.
1
A:{m:—:n§5,n€N*}. O
n(n+1)
$SBai 11. Viét tap ho A—{llliii} bang cach néu tinh chat dic trung ciia no?
: PAP A =1539 97317 234 2 ' s '
® Loi gidi.
1
A:{ng—n:n§5,n€N}. O

<> Bai 12. Viét tap hop A = {3;6;9;12;15} bang cach néu tinh chat dic trung ctia né?

® Loi gidi.
A={r=3n:n<5mn¢ecN} O

$>Bai 13. Viét tap hop A = {3;6;12;24; 48} bing cach néu tinh chat dic trung ctia n6?

® Loi gidi.
A={x=3-2":n<4,neN}. O

¢S Bai 14. Viét tap hop A = {0;4;8;12; 16} bang cach néu tinh chat dic trung cta né?

® Loi gidi.
A={zr=4n:n<4,n e N} O

> Bai 15. Viét tap hop A = {1;2;4;8;16} bang cach néu tinh chat dic trung ctia n6?

® Loi gidi.
A={z=2":n<4,neN}L O
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Chuong 1. Ménh dé& va tap hop Ludn nd luc dé dat duoc thanh qua

y J J J
$OBai 16. Tim tat ca cic tap hgp con clia tap hop sau
a) A= {a;b}. b) B ={0;1;2}.
® Loi gidi.

a) Tap A = {a;b} c6 2 phan ti nén c6 2% = 4 tap con. Cac tap con dé la: &, {a}, {b}, A.

b) Tap B = {0;1;2} c¢6 3 phan tit nén c6 23 = 8 tap con. Cac tap con do la: @, {0}, {1}, {2},
{0;1}, {0;2}, {1;2}, B.
]

$>Bai 17. Cho cac tap hop A = {—4;—-2;—-1;2;3;4} va B = {zx € Z : |z| < 4}. Tim cac tap X
sao cho A C X C B.

o Loi
Tacé|m|§4<:>—4§x§4vadox€ZnenB:{
Theo dé¢ A C X C B = {—4;,-2;—-1;2;3;4} C
X la mot trong nhing tap hop {—4; —2; —1;2;3;4},
(—d; =2 —1: 13 2: 3.4}, {—4; —2; —1; 0 2; 3: 4}, {—4:

([l

gidi.
4;—3;—2;—1;0;1;2;3;4}.

X C {—4;-3;-2;-1;0;1;2;3;4} nén tap hop
{—4;-3;-2;-1;2;3;4}, {—4; —2; —1;0;2; 3;4},
32— 1;152;3;4), {—4;—2;—1;0; 1;2; 3; 4}, {—4; =35

?

$>Bai 18. Cho A = {1;2} v& B = {1;2;3;4;5}. Tim cac tap hop X sao cho A C X C B.

@ Loi gidi.

Theo dé A C X C B = {1;2} C X C {1;2;3;4;5} nén tap hgp X 1a mot trong nhitng tap hop {1;2},
{1;2;3} {L; 254}, {125}, {1;2:3;4}, {1;2;3;5}, {1;2:4;5}, {1;2;3;4;5} O
o R 3$+8 N . N o 2 N -
$OBai 19. Cho tap hop A = Z‘ € Z . Tim cac tap hgp con cia A ¢6 3 phan ti?

@ Loi gidi.
r+1=1 T =
3 8 3 1)+5 ) . r+1=-1 r=—-2
Ta c6 v €Z<:>MEZ¢>3+ €EZ=5:(z+1)= =
x4+ r+1 r+1 r+1=5 r=4

r+1=-5 r = —6.
Suy ra A = {—2;0;4;6} nén tap hop con c¢6 3 phan tit 1a {—2;0;4}, {—2;0;6}, {—2;4;6}, {0;4;6}.
U]

< 14
<> Bai 20. Cho tap hop A = {x € R‘— € Z}. Tim céc tap hop con ciia tap hop A
3Vx +6

” @ Loi gidi.
Tac) ———— € Z =14 : 14) = {£1; £2; £7; +14}.
aco3\/5+6€ = (3v/z +6) = (3y/x +6) € U(14) = {£1; £2; £7; +£14}
Ta c¢6 bang sau day
3V2+6 | —14] 7] 2] 1] 12 7] 14
%] %] %) %] %) %] ! o4
i 9 | 9
1 64
S A:{—;—}.
uy ra 39
1 64 1 64
ay cic tap con cin Al 2, {c}h {2 {5 5] =
Vay céc tap con cua A la 5 5 39
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2. Tap hop Luon nd luc dé dat duoc thanh quéd

y J J J
B} saitap tréic nghiém
¢S Cau 1. Trong cadc ménh dé sau, ménh dé nao sau day 14 sai?
A. A#{A}. B. o CA C. AC A D. Ae A
o Loi gidi.
Khéng dinh sai 1a A € A.
Chon dap an @ OJ
> CAu 2. Ki hiéu nao sau day ding dé viét ding menh dé “7 1a s6 tit nhien” ?
A. 7TCN. B. 7e N. C. 7<N. D. 7<N.
® Loi gidi.
Meénh dé dang 1a 7 € N.
Chon dap an O
> Cau 3. Ki hiéu nao sau day diung dé viét dang menh dé “y/2 khong phai 1a s6 hitu t77?
A. V2+£Q. B. vV2¢ Q. C. V2¢Q. D. V2€Q.
® Loi gidi.
Khéng dinh ding la v2 ¢ Q.
Chon dap an @ 0
> Cau 4. Hay liet ke cac phan ti clia tap hop X = {r e R: 2> + z + 1 = 0}.
A. X ={o}. B. X=02. C. X ={0}. D. X =0.
o Loi gidi.
Vi phuong trinh 22 + 2 + 1 = 0 vo6 nghiém nén X = &.
Chon dap an OJ
$>Cau 5. Cho tap hgp A= {z € R: (22 — 1) (22 + 2) = 0}. C4c phan tit clia tap A la
A. A={1}. B. A={-1;1}. C. A= {&vZl}. D. A={-1}.
o Loi gidi.
?—1=0 [2*=1 r ==+l
Taco (22 —1)(22+2) =0 & & &
ac6 (@ ) (@ +2) 2 +2=0 2= -2 T e
Viz e Rnén A= {-1;1}.
Chon dap an O
> CAu 6. Hay liet ke céc phan tit ctia tap X = {z € N: (z + 2) (222 — 5z + 3) = 0}
A X = {-2:1}. B. X — {1}. C. X = {-2;1;%}. D. X = {1%}
® Loi gidi.
— 9
z+2=0 v
Ta ¢6 2) (222 -5 +3) =0« &
aco (x+2) (2 x + 3) 902 — 5z 43 =0 L_Lm_;

Viz e Nnén X = {1}.
Chon dap an O
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Chuong 1. Ménh dé& va tap hop Ludn nd luc dé dat duoc thanh qua

y J/ J J
$>Cau 7. Cac phan ti clia tap hop A = {x € R | 222 — 52 + 3 =0} 1
A. A= {o}. B. A= {1}. C. A= {g} D. A= {1;}
® Loi gidi.
r=1
Tac) 22?2 —5r+3=0< 3
Chondépén@ O
$> Cau 8. Hay liet ke cac phan tit clia tap X = {x € Z | 2* — 622 + 8 = 0}.
A X ={-22}. B. X ={-v2;v2}.
C. X ={v2;2}. D. X ={-2;—2;v2;2}.
® Loi gidi.
Tacoa! — 622 +8=0% (2237 =1 RN L
a 6zt — 6z = 72 —3)2 =
=2 = +V2.
Vizx € Z nén x = 2.
Chondépén@ O
$> Cau 9. Hay liet ke cac phan tit clia tap X = {x € Q| (2? — z — 6) (2 — 5) = 0}.
A. X = {V/5;3}. B. X ={-5;-2;5;3}.
C. X ={-23}. D. X={reQ|-V/5<z<3}.
® Loi gidi.
2 6—0 |"77
Taco (22 —2—6) (2> —5)=0& x2 :; 0_ & |z =
xr — =
r=4+V5¢Q
Chondépén@ O

C. M = {1;4;16;64}. D. M = {0;1;4;16;64}.

e

¢ Cau 10. Hay liet ké cac phan tt ctia tap hgp M = {z € N sao cho /7 la wéc ctia 8}
A. M ={1;2;4;8}. B. M ={0;1;2;4;8}.

o Li gidi.

Ta c6 8 /v/2 do d6 loai M = {1;2;4;8} va M = {0;1;2;4;8}.
Ta ¢6 0 khong 1a uée clia 8 nén loai M = {0;1;4;16;64}.
Chi ¢6 M = {1;4;16;64} thoa dé bai.

Chon dap an @ O
$>Cau 11. S6 phan tit ctia tap hop A = {k2 + 1|k € Z, |k |< 2} 1a
A. 1 B. 2. C. 3. D. 5.

 Loi gidi.
TacokeZvalk|<2nén ke {-2;-1;0;1;2}.
Thay cac gia tri clia k vao k% + 1 ta dugce 3 gia tri 1a 5;2;0.
Chon dap an @ O
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2. Tap hop Luon nd luc dé dat duoc thanh quéd

y J/ J J
$>Cau 12. Cho tap hgp X = {0;1;2; a;b}. S6 phan t1 clia tap X 1a
A. 3. B. 2. C. 5. D. 4.
® Loi gidi.
Chon dap an @ O
$>Cau 13. Cho tap hop X = {2;3;4}. Tap X ¢6 bao nhiéu tap hgp con?
A. 3. B. 6. C. 8. D. 9.
® Loi gidi.
S6 tap con ctia X 1 23 = 8.
Chon dap an @ O
$>Cau 14. Tap A = {0;2;4;6} c6 bao nhiéu tap hgp con c6 dung hai phan ti?
A. 4. B. 6. C. D. 8.
® Loi gidi.
S6 tap con cia X c6 hai phan ti 1a {0;2}, {0;4}, {0;6}, {2;4}, {2;6}, {4;6}.
Chon dap an O
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Chuong 1. Ménh dé& va tap hop Ludn nd luc dé dat duoc thanh qué

y J/ J J
Bia13. CAC PHEP TOAN TREN TAP HQP

A-TOM TAT LY THUYET

a) Giao cua hai tap hop

Tap hop C gom cac phan tit vita thuoc A, vita thuoc B duge goi la
giao cua A va B.
Ki hieu C = AN B (phan gach trong hinh).

reA
Vay ANB={x|z€Avare Bthayxr € ANB & {xEB
(Cach nhg: giao la lay phan chung)

b) Hop cuta hai tap hop

Tap hop C gom cac phan tit thuoc A hodc thuoc B dude goi 1a hop
cia A va B.
Ki hieu: C' = AU B (phan gach chéo trong hinh).
reA
Vay AUB={x |2z € Ahodcx € Bfhayxr € AUB & cB’
x
(Cach nhd: hgp la 1ay hét)
c) Hiéu cta hai tap hgp
Tap hop C gom cac phan tit thuoc A nhung khong thuoc B goi 1a
hiéu cia A va B.
Ki hieu C = A\ B (phan gach chéo trong hinh).
€A
Vay A\B={z|rcAvaz¢ Bl hayrc A\ B {3“"

r¢ B

(Céch nhé: hiéu thudoe A ma khong thuoc B)

d) Phan b1 ctia hai tap hop

Khi B C A thi A\ B goi la phan bu ctia B trong A.
Ki hieu C4B = A\ B (phan gach chéo trong hinh).

B-CAC DANG TOAN VA BAI TAP

I Baitap ty luan

$>Bai 1. Cho A = {1;2;3;4;5} va B ={1;3;5;7;9;11}.
Hay thuc hién cac phép toan trén tap hop.

a) ANB =
b) AUB =
¢) A\ B =
d) B\ A=
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3. Cdac phép todn trén tap hop Luon nd luc dé dat duoc thanh quéd

y 4/ J J

e) (AUB)\ (ANB) =
f) (A\B)U(B\A)=

® Loi gidi.

a) ANB={1;3;5}.

b) AUB = {1;2;3:4;5;7;9; 11}.

¢) A\ B = {2;4}.

d) B\ A={7;9;11}.

e) (AUB)\ (AN B) = {2:4;7;9;11}.

£) (A\B)U(B\ A) = {2;4;7;9;11}.

O

$>Bai 2. Cho A = {1;2;3;4}, B = {2;4;6;8} va C = {3;4;5;6}. Hay thuc hién cac phép toan
trén tap hop.

® Loi gidi.

a) AUB = {1;2;3;4;6;8}.
b) BUC = {2;3;4;5;6;8)}.
c) CUA={1;2;3;4;5;6}.
d) AnB = {2;4}.
) BNC = {4;6}.
f) CNA={3;4}.

g) A\ B={1;3}.
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Luén nd luc dé dat duoc thanh qué

Chuong 1. Ménh dé& va tap hop
y J J J
h) B\ C = {2;8}.
i) C\ A={5;6}.

j) (AUB)NC ={3;4;6}.
O]

$>Bai 3. Chocactaphgp A={z e N |z <3} va B={re€Z| -2 <z < 2}. Hay thyc hién cac
phép toan sau

a) ANB =

b) AUB =

)
c) A\ B =
)

d) B\ A=

@ Loi gidi.
VizeNvax<3nén A={0;1;2;3}. Dot e Nva -2 <z <2nén B={-1;0;1}.

a) ANB={0;1}.

b) AUB =1{-1;0;1;2;3}.
c) A\ B ={2;3}.
)

d) B\ A={-1}.
]

$>Bai4. Cho cac tap hop A = {x €Z | (2> —4) (222 —5z) =0} va B={r e N| 1 <z <
6 va z 1a s6 chin}. Hay thuc hién cdc phép toan sau

a) ANB =

b) AUB =

c) A\ B =

d) B\ A=
® Loi gidi.
T = 32

Ta co x € Nva (22 —4) (222 —52) =0 & z=0 = A=1{-2;0;2}.

T =3 (loai)

Taco B={r€N|1<xz<6vaxlasdchdn}= B={2;4;6}.
a) ANB = {2}
b) AUB ={-2;0;2;4;6}.
c) A\ B={-2;0}.
)

d) B\ A={4:6).
O

o
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3. Cdac phép todn trén tap hop Luon nd luc dé dat duoc thanh quéd

y J/ J J

$>B@i 5. Cho cdc tap hop E = {x € N|1 <z < 7}, A = {z e N|(2? —9) («* — 5z — 6) = 0},
B ={2;3;5}. Hay xéc dinh cac tap hgp sau

a) CEA:
b) CgB =
® Loi gidi.
VizeNval<z<7=FE=/{1;2;3;4;5,6}.
2 _9_0 r =43
xr — ==
Taco (2?2 —9)(x? —br —6)=0< | , & |r=-1vazreN= A={3;6}.
z°—br—6=0 5
xr =

Vay AC E,BC E.
a) CpA=E\ A={1;2;4:6}.
b) CgB=FE\ B ={1;4;6}.
U

$>Bai 6. Cho cac tap hop A = {2;3;5}, B={zeR|(z?2-9)(2z?—2—-6)=0} va E = {z €
Z||x| < 3}. Hay thyc hien cac phép toan sau

D L&i gidi.
2 r==3
4 2 2 z°—9=0
r —x—6=0
r=—2
VizeZvalr|<3=E={-3;-2;-1;0;1;2;3}.
a) AN B = {3}.

b) AUB = {-3;-2;2;3;5}.

)
)
c) A\ B ={25}.
d) B\ A={-3-2}.
)

e) ANE ={2;3}.
f) BNE ={-3;-2;3}.
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Chuong 1. Ménh dé& va tap hop Ludn nd luc dé dat duoc thanh qua

y J/ J J
g) (AUB)\ (ANE) ={-3;-2;5}.

h) Cg(ANE)={-3;-2;-1;0;1}.
UJ

s +18 € Z} va B = {z € N||z + 2 |< 5}. Hay thuyc hien

$>BQi 7. Cho céac tap hop A = {x SyA
cac phép toan sau
a) ANB =

b) AUB =

)
c) A\ B =
d) B\ A=

@ Loi gidi.
390—1—8 n 5)
r+1 x+1

Vi 3;j18 €Znenb:(x+1)=A={-6;-2;0;4}.
Taco|r+2/<bnén -b<zr+2<b=-T<zr<3=B={-6-5—-4;,-3;,-2;—1;0;1;2}.

Ta co

a) AN B = {-6;-2;0}.

)

b) AUB = {—6;—5; —4; —3; =2; —1;0; 1; 2;4}.
)
)

c) A\ B ={4}.
d) B\ A={-5;-4;-3;—1;1;2}.
0
¢ Bai 8. Hay xac dinh cac tap A va B théa man dong thsi diéu kien
a) ANB=1{1;2;3}, A\ B={4;5} va B\ A= {6;9}.
b) ANB={0;1;2;3;4}, A\ B={-3;-2} va B\ A = {6;9;10}.
c) A\ B={1;5;7;8}, ANB = {3;6;9} vd AUB = {z € N|0 < 2 < 10}.
® Loi gidi.
a) Taco A= (ANB)U(A\ B) ={1;2;3} U{4;5} ={1;2;3;4;5}.
B=(ANnB)U(B\A)={1;2;3} U{6;9} = {1;2;3;6;9}.
b) A=(ANB)U(A\ B)={0;1;2;3;4} U{-3; -2} = {-3;—2;0;1;2; 3;4}.
B= (AmB)U(B\A):{O;1234}U{6910}-{0;1;2-34-6-9-10}.
c) Taco AUB = {1;2;3;...;10}.
A= (A\B)U(ANB)=1{1;3;5;6;7;8;9}.
B=(AUB)\ (A\ B) ={2;3;4;6;9;10}.
0

o
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3. Cdac phép todn trén tap hop Luon nd luc dé dat duoc thanh quéd

y J/ J J

$>Bai 9. Cho tap hop X = {1;2;3;4;5;6} va hai tap hgp A, B théa man A C X, B C X sao cho
AUB ={1;2;3;4}, An B = {1;2}. Tim cac tap C sao cho CU(ANB) = AU B?

® Loi gidi.
ViCU(ANB)=AUBnén C C (AUB).
Mat khac, CU(ANB)=AUBnén [(AUB)\ (ANB)| cC.
Suy ra {3;4} C C C {1;2;3;4}.
Vay céc tap hop C théa man 1a {3;4}, {1;3;4}, {2;3;4}, {1;2;3;4}. O

$OBai 10. Mai hoc sinh 16p 10C déu choi bong da hodc bong chuyen. Biét rang c6 25 ban choi
bong da, 20 ban choi béng chuyén va 10 ban choi ca hai moén thé theo nay. Hoi 16p 10C néi trén
c6 tat cd bao nhieu hoc sinh?

® Loi gidi.

Ky hiéu A la tap hop cac hoc sinh 16p 10C choi béng da (25 ngusi), B la
tap hop céc hoc sinh 16p 10C choi béng chuyén (c6 20 ngudi).

Vi méi ban 16p 10C déu choi béng d4 hosic béng chuyén nén AU B 1a tap
hop cac hoc sinh ctia 16p.

Dé dém s6 phan tit cia A U B ta dém sb phan tit ciia A va s6 phan ti
ctia B; khi d6 s6 hoc sinh ctia A N B duge dém 2 lan.

Dodé6n(AUB) =n(A)+n(B)—n(ANB)=25+20—10 = 35 (hoc
sinh).

U

$©Bai 11. Trong s6 45 hoc sinh 16p 104, ¢6 15 ban duge xép loai hoc Iyc gidi, 20 ban xép loai
hanh kiém t6t, trong dé c6 10 ban vita hoc lyc gioéi, vira hanh kiém t6t. Hoi

a) Lép 104; c6 bao nhiéu ban dugce khen thudng, biét raing mudn duge khen thudng thi ban do6
phéi ¢6 hoc lic giéi hodc c6 hanh kiém t6t.

b) Lép 10A; c6 bao nhigu ban chua duge xép loai hoc lie gidi va chura c6 hanh kiém t6t?

® Loi gidi.
Goi A la tap hgp cac ban hoc sinh 16p 10A4; ¢6 hoc lyc gidi, B la tap hgp cac ban hoc sinh 16p 104,
¢6 hanh kiém t6t.
S6 phan tt ctia A 1a n(A) = 15, s6 phan tit ctia B la n(B) = 20.
Céc ban vita c6 hoc Iyc gidi vita c6 hanh kiém t6t 13 A N B, ¢6 s6 phan ti n (AN B) = 10.

a) Tap hop céc ban dugce khen thudng c6 hoc luc giéi hodc hanh kiém t6t 1a tap AU B. Do d6

n(AUB)=n(A)+n(B)—n(ANB)=154+20—-10=25

b) S6 ban chuta c6 hoc Iyc gidi va chura ¢6 hanh kiém t6t 1a 45 —n (AU B) = 45 — 25 = 20 hoc sinh.
]

E® Baitap trdc nghiem

¢S Cau 1. Cho hai tap hop X = {1;2;4;7;9} vaY = {—1;0;7;10}. Tap hop X UY ¢6 bao nhiéu
phan ti?
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Chuong 1. Ménh dé& va tap hop Ludn nd luc dé dat duoc thanh qua

y J/ J J
A. 9. B. 7. C. 8. D. 10.
® Loi gidi.
Taco X UY ={-1;0;1;2;4;7;9;10}, c6 8 phan ti.
Chon dap an @ O
$>Cau 2.
Cho A va B la hai tap hop bat ky. Phan gach soc trong hinh vé bén
la tap hop nao?
A. AUB. B. B\ A C. A\ B. D. AnB.
T - o
® Loi giai.
Phan gach soc 1a phan chung ctia ca hai tap hop A va B nén d6 1a tap AN B.
Chon dap an @ O
$>Cau 3. Cho céc tap hop A = {1;2;3;4} va B = {2;4;5;8}. Tim tap hop AU B?
A. {1;2:3;4;5;8}. B. {1;2;3;5;8}. C. {1;2;3;4;5;6;8}. D. {1;3;4;5;8}.
o Loi gidi.
Tac6 AUB ={1;2;3;4;5;8} .
Chon dap an @ O
$>Cau 4. Cho hai tap hgp M = {0; 1;2; 3;4} va N = {0;2;4;6;8}. Khi d6 tap hgp M NN la
A. {6;8}. B. {1;3}. C. {0;2;4}. D. {0;1;2;3;4;6;8}.
® Loi gidi.
Ta c6 M NN ={0;2;4}.
Chon dap an @ O

$>Cau 5. Cho hai tap hop A{a;b;1;2} va B = {a;b;¢;1;3}. Tap hop AN B la
A. {a;b;1}. B. {a;b;2}. C. {a;;3}. D. {2;3;c}.

K

® Loi gidi.
Ta c6 AN B = {a;b;1}.

Chon dap an @ O
$>Cau 6. Cho hai tap hgp A = {z € N|z <3} va B={0;1;2;3}. Tap AN B 1
A. {1;2;3}. B. {-3;-3;-2;0;1;2;3}.
C. {0;1;2}. D. {0;1;2;3}.
o Loi gidi.

Ta c6 A= {x € NjJz <3} ={0;1;2;3}.
Do d6 AN B ={0;1;2;3}.
Chon dap an @ O

$>Cau 7. Cho hai tap hop A = {2;4;6;9} va B = {1;2;3;4}. Khi d6 tap hop A\ B 1a
A o. B. {6;9;1;3}. C. {1;2;3;5}. D. {6;9}.

s

 Loi gidi.
Ta c6 A\ B ={6;9}.
Chon dap an @ O
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3. Cdac phép todn trén tap hop Luon nd luc dé dat duoc thanh quéd

yV J J J
$>Cau 8. Cho tap hop A ={0;2;4;6;8} va B ={3;4;5;6;7}. Tap A\ B la
A. {0;6;8}. B. {0;2;8}. C. {3;6;7}. D. {0;2}.
o Loi gidi.
A\ B ={0;2;8}.
Chon dap an O
$>Cau 9.
Cac tap hop A, B, C dudc minh hoa bang biéu dé Ven nhu hinh bén. Phan gach
chéo trong hinh 1a biéu dién ctia tap hop nao sau day? &
A. ANBNC. B. (A\C)U(A\ B). /NN
C. (AUB)\C. D. (AnB)\C. g
I —— ———8)
® Loi gidi.
Phan gach chéo trong hinh vé I tap con ctia AN B.
Mit khéc, phan gach chéo khong nam trong C' nén dé 1a tap (AN B) \ C.
Chon dap an @ 0

$>Cau 10. Cho hai tap hop A = {z € R|(2z —2?)(22* —3z—2) = 0}, B = {n € N|3 < n? < 30}.
Khi d6 tap AN B la

A. {2} B. {4;5}. C. {2:4}. D. {3}.
® Loi gidi.
20 — 22 =0 _
Taco (22— 22) (222 — 3w —2) =0 & |y o |T=2
20" —3xr—2=0 1
r=—=.
1
Do d6 A = {0;2; —5}
B={neN|3<n? <30} ={2;3;4;5}.
Do d6 AN B = {2}.
Chon dap én@ O

$>Cau 11. Cho ba tap hop A = {1;2;3;4;5;6;9}, B ={0;2;4;6;8;9} va C = {3;4;5;6;7}. Tich
cac phan tit ctia tap hop AN (B \ C) béng
A. 18. B. 11. C. 2 D. 7.

® Loi gidi.
Ta c6 B\ C = {0;2;8;9}.
Do d6 An(B\ C)={2;9}.
Tich cac phan tit bang 2 - 9 = 18.
Chon dap an @ OJ

$>Cau 12. Cho hai tap hop A va B théa AUB = {1;2;3;4;5} va ANB = {2} va A\ B = {4;5}.
Khi dé6 tap hop B c6 thé la
A. {3} B. {1;2;3}. C. {2;3}. D. {2;5}.

® Loi gidi.
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Chuong 1. Ménh dé& va tap hop Ludn nd luc dé dat duoc thanh qua

y J/ J J

ViAnB={2}nén2¢€ {B}. Vi A\ B={4;5} nén 4;5 ¢ B.

Tu (AUB)\ (ANB)=(A\B)U(B\ A)suy ra {1;3;4;5} = {4;,5} U(B\ A).
Do d6 {1;3} C B\ A, hay {1;3} € B.

Vay B = {1;2;3}.

Chon dap an O

$>Cau 13. Lép 10A ¢6 10 hoc sinh gioi Toan, 15 hoc sinh giéi Van, 5 hoc sinh gi6i cd hai mon
va 17 hoc sinh khong giéi mon nao. S6 hoc sinh ctia 16p 104 1a
A. 37. B. 42. C. 47. D. 32.

® Loi gidi.

Goi A va B lan luot 1a tap hop hoc sinh giéi Toan va hoc sinh gidi van clia 16p 10A.

Khi d6 s6 hoc sinh gioéi ca hai mon 1a AN B.

S6 hoc sinh gidi toan hodc gidi van 1a n (AU B) = n(A) + n(B) —n(AN B) =10 + 15 — 5 = 20 hoc
sinh.

S6 hoc sinh ciia 16p 1a 20 + 17 = 37 hoc sinh.

Chon dap an @ O

> Cau 14. Dé phuc vu cho hoi nghi qudc té, ban t6 chiic da huy dong 30 can bo phien dich tiéng
Anh, 25 can bo phién dich tiéng Phap. Trong d6 c¢6 12 can bo phién dich dudc ci hai thit tiéng Anh
va Phap. Hoi ban t6 chiic da huy dong tat ca bao nhiéu can bo phién dich cho hoi nghi dé?

A. 42. B. 31. C. 55. D. 43.

D Loi gidi.

Goi A va B lan luot 1a tap hop cac can bo phién dich tiéng Anh va tiéng Phap.
Khi d6 can bo phién dich dugce ca hai thit tiéng 1a AN B.
S6 can bo phien dich duge huy dong 1a n(AU B) = n(A) + n(B) —n(AN B) =30+ 25 — 12 = 43.

Chon dap an @ O

¢S Cau 15. Lép 104 ¢6 10 hoc sinh gioi Toan, 10 hoc sinh gioi Ly, 11 hoc sinh gioéi Hoa, 6 hoc
sinh gidi ca Toan va Ly, 5 hoc sinh giéi ca Hoa va Ly, 4 hoc sinh gioi ca Toan va Hoéa, 3 hoc sinh
gibi cd ba mon Toan, Ly, Hoa. S6 hoc sinh gidi it nhat mot trong ba mon (Toan, Ly, Hoa) clia 16p
10A 1a

A. 19. B. 18. C. 31. D. 49.

® L3i gidi.
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Goi A, B, C lan luct 1a tap hop cac hoc sinh giéi Toan, Ly va Héa cua 16p
10A.

/)
® S6 hoc sinh hoc giéi Toan n(A) = 10. "‘
® S6 hoc sinh giéi Ly n(B) = 10.

® S6 hoc sinh giéi Hoa n(C) = 11.

® S6 hoc sinh gi6i cad Toan va Ly la n(AN B) = 6.

@ S6 hoc sinh giéi ca Hoa va Ly la n(BNC) = 5.

® Sb hoc sinh gioi ca Toan va Hoa la n(ANC) = 4.

® S6 hoc sinh gidi cd ba mon la n(ANBNC) = 3.
S6 hoc sinh giéi it nhat mot trong ba mon 1a

n(AUBUC) = n(A)+n(B)+n(C)—[nANB)+n(BNC)+n(ANC)+n(ANBNC)
10+10+11—-(6+5+4)+3=19.
Chon dap én@

3. Cdac phép todn trén tap hop Luon nd luc dé dat duoc thanh quéd

y J/ J J

O

¢S Cau 16. Lop 10A ¢6 7 hoc sinh gidi Toan, 5 hoc sinh gidi Ly, 6 hoc sinh giéi Héa, 3 hoc sinh
gidi ca Toan va Ly, 4 hoc sinh gidi ca Toan va Hoéa, 2 hoc sinh gidi ca Ly va Hoa, 1 hoc sinh gidi
c& ba mon Toan, Ly, Héa. S6 hoc sinh gi6i it nhat mot mon (Toan, Ly, Hoa) ctia 16p 104 1a

A. 9. B. 18. C. 10. D. 28.

® Loi gidi.

Goi A, B, C lan luoct 1a tap hop cac hoc sinh giéi Toan, Ly va Hoéa cia 16p
10A.

/)
® S6 hoc sinh hoc gidi Toan n(A) = 7. "‘
® 56 hoc sinh gidi Ly n(B) = 5.

® S6 hoc sinh gi6i Héa n(C) = 6.

® S6 hoc sinh gidi ca Toan va Ly 1a n(AN B) = 3.

® S6 hoc sinh gidi ca Hoa va Ly la n(BNC) = 2.

® S0 hoc sinh gi6i ca Toan va Hoa la n(ANC) = 4.

® Sb hoc sinh gi6i cd ba mon lan(ANBNC) = 1.

S6 hoc sinh gi6i it nhat mot trong ba mon 1a

n(AUBUC) = n(A)+n(B)+n(C)—[n(AN B) +n(BNC) +n(AN C)|+n(ANBNC) = T+5+6—(3+2+4)+1 =

Chon dap an @

O

$OCau 17. Goi A la tap hop céc hoc sinh ctia mot 16p hoc ¢6 53 hoc sinh, B va C' lan lugt 1a tap
hop cac hoc sinh thich mon Toan, tap hgp cic hoc sinh thich mon Van ctia 16p nay. Biét ring co6
40 hoc sinh thich mén Toan va 30 hoc sinh thich mon Van. S6 phan t1 16n nhat ¢6 thé ¢ cia tap
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Chuong 1. Ménh dé& va tap hop Ludn nd luc dé dat duoc thanh qua

y J/ J J
hop BN C bang
A. 31 B. 29. C. 30. D. 32.
® Loi gidi.
Taco BNC CBvaBNCCC,dodén(BNC)<n(B)van(BNC)<n(C).
Suy ra s6 phan tit 16n nhat c6 thé c6 ciia BN C 1a 30 khi C' C B.
Chon dap an (C) O

$>Cau 18. Cho hai da thic f(z) va g(z). Xét A = {z € R|f(z) =0}, B = {z € R|g(z) =0} va
C = {z € R|f*(z) + ¢*(z) = 0}. Ménh dé nao la ménh dé ding?
A. C=AUB. B. C=AnB. C. C=A\B. D. C =B\ A

® LOi gidi.
Vi f2(x) > 0 va ¢g*(z) > 0, Vo nén

cA
DodéxGC'(:){x s x e (ANB).
r €D

Chon dap an O

¢S Cau 19. Xét cac tap hop X, Y ¢6 cling s6 phan tit. Biét rang so6 phan ti ctia tap hop X UY
va X \ 'Y lan lugt 1a 35 va 15. S6 phan tit ctia tap hgp X béang
A. 35. B. 20. C. 50. D. 15.

® Loi gidi.
Vin(X)=n)nenn(X\Y)=n(Y\X)=15.
Dodon(XNY)=n(XUY)—-nX\Y)+nY\X)) =35—(15+15) =5.
VIi(X\Y)UXNY)=Xva(X\Y)N(XNY)=a nen

n(X)=n(X\Y)+n(XNY)=15+5=20.
Chondépén O]

$>Cau 20. Cho hai tap hop A = {z € R| |ma — 3| = mz — 3} va B = {z € R|#*> — 4 = 0}. Tim

tat ca gif}3 tri clia t{lslam s6 m dé B\§4:B \ ; ;
T —— ——
@ Loi gidi.
Ta c6 jmx — 3| =mzr —3< mae—3>0< ma > 3.
Do d6 A = {z € R|mz >3} va B = {—2;2}.
B\A=BkhiBNA=9

—2¢ A 2m <3
m > 3
- 2@—§<m<—
ned TTEEC
2
ChQﬂdépéD@ O

o
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4. Cdc tép hop sb

Luon nd luc dé dat duoc thanh qua

y J/ J J

Bir4. CAC TAP HOP SO

a) Céac tap hop s6 da hoc
(a) Tap hop céc s6 ty nhien N = {0;1;2;...}.
Tap hop cac s6 tu nhién khac 0: N*
(b) Tap hgp cac s6 nguyen Z.
Tap hop cac s6 —1; —2; —3;... 1a cdc s6 nguyén am, ky hieu Z~ = {...; —3; —2; —1}.
Tap hop cac s6 1;2;3;. .. 1a cac s6 nguyén duong, ky hieu Z* = {1;2;3;...}.
Vay 7Z gom cac sO tif nhién va cic s6 nguyén am.

(c) Tap hop cac s6 hitu ti Q.
S6 hitu i bidu dién duge dudi dang mot phan sb % trong d6 a,b € Z va b # 0.
S6 hitu ti con duge biéu dién béi s6 thap phan hitu han hodc vo han tuan hoan.
(d) Tap hop céc s6 thuc R.

Tap hop cac s6 thuc gom cac s6 thap phan hitu han, vo han tuan hoan va vo han khong
tuan hoan. Cac s6 thap phan vo han khong tuan hoan goi la s6 vo ti (can).

b) Cac tap hop con thuong dung cta R.
Tén Ky hiéu | Cach ghi tap hop | Biéu dién trén truc s6 Vi du

(a:b) | {zeR|a<z<b} o
Khodng | (a;+00) {z € Rz > a} i
(—o0:b) {z € R|z < b} I
Doan [a; b] {zeRla<z<b} L
? [a; D) {zeRja <z <b} i
lljliaéng (a; b] {z eRla<z<b} L
[a + o) {z € Rla < a} i —
(—o0: 1] {z € R|z < b} I i

Ky hiéu 400 doc la duong vo cuc, ky hieu —oo doc la am vo cuc.
Ta c6 thé viét R = (—o0; +00) va goi la khodng (—oo; +00).
Hoc sinh can phan biét sy khac nhau gitta tap hop va doan, khodng, nita khoang.

B-CAC DANG TOAN VA BAI TAP

) saitap tu luan

—2<zr<3=>zx€(-23

r>3=x€ (3;+00)

r<l=uz€(-o00;1)

—3<z<b=ze[-3;5

—1<zx<T7=ze[-1;7

0<z<4=xe(0;4]

x> —-2=1x€[-2;+00)

r<—-3=uz¢€ (—o0;—3]

$>Bai 1. Hay phan biét cac tap hop sau
a) {-1;2}, [-1;2], (=1;2), [-1;2); (—=1;2].

b) A={z€Z|-2<z<3}vaB={reR|-2<z<3}
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Chuong 1. Ménh dé& va tap hop Ludn nd luc dé dat duoc thanh qua

y J/ J J

® L3i gidi.

® {-1;2} 1a tap hop chi gom 2 phan tir [a —1 va 2.

© [-1;2] = {z e R| -1 <z < 2}, day la doan, chifa c& hai phan tit —1, 2 va céc gid tri nam
gitta hai s6 d6.

@ (-1;2)={x € R‘ — 1 <z <2} 1a mot khoang,.
@ [-1;2) = {z € R| — 1 < z < 2} la nita khoang, gom khodng (—1;2) va s6 —1.

@ (-1;2]={x € ]R| — 1 < x <2} la nita khodng, gom khoang (—1;2) va s6 2.

b) A:{x€Z| —2 <2 <3} ={-2;-1;0;1;2;3} chi ¢6 6 phan ti.
B={z eR|-2<z<3}=[-2;3] la mot doan, c6 v0 s6 gia tri.

OJ

$>Bai 2. Hay xac dinh AN B, AUB, A\ B, B\ A, CgA, CgB va biéu dién chiing trén truc sd
trong mdi truong hgp sau:

a) A=[-4;4), B=[1;7).
b) A =[3;+00), B=(0;4).
c) A= (—00;—1)U(2;400), B =[-3;4].

® L3i gidi.

® ANnB=[1;4).

it

Biéu dién tréen truc sd
® AUB=[-47).

B

Biéu dién trén truc sb
@ A\ B=[-41).

ittt it

Biéu dién trén truc sb
®@ B\A=[47).
Biéu dién trén truc sd %%ﬂ—?%%%%‘

®@ CrA = (—o00; —4) U [4; +00).

N
TLTTTTTTTITTINTITIT

Biéu dién tréen truc sd
®@ CgB = (—00;1) U|[7;4+00).

. 2 3 ~ L
Biéu dién trén truc so
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4. Céc tap hop sb Ludn nd luc dé dat duoc thanh qué

y J/ J J

b)
® ANB=[3;4).
Biéu dién trén truc s6 %H%%é‘

® AUB=(0;+00).

Biéu dién tréen truc s
® A\ B=[4;+0).

Biéu dién trén truc sb
®@ B\ A=(0;3).
Biéu dién trén truc sb H%

@ CrA = (—o0;3).

Bieu dién trén truc sb

® CgB = (—00;0] U [4; 400).

2 . ~ A
Biéu dién trén truc so

@ ANB=[-3;-1)U(2;4].

T

Bieu dién trén truc sb

® AUB=R.

Biéu dién trén truc s
® A\ B=(—00;—-3)U (4;+00).

R —

- 2 o= ~ £
Biéu dién trén truc so

® B\ A=[-1;2].

Tttt

Biéu dién trén truc sb
@ CrA=1[-1;2].

Biéu dién tren truc s HW%HW%MW%WW
@ CgB = (—o0; —3) U (4; +00).

—HHHHHH T T HTHTTHTHT

Bieu dién trén truc sb

$>Bai3. Tim ANB, AUB, A\ B, B\ A, CgrA, CgB va biéu dién chiing trén truc sb.
a) A={z eR|z <2}, B={z eR|z>5}.
b) A={x eR|z<O0hayz>2}, B={reR| —4<z<3}.
c) A={zeR||lz—-1| <2}, B={zeR||z+ 1] < 3}.

® Loi gidi.
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Chuong 1. Ménh dé& va tap hop

Luén nd luc dé dat duoc thanh qué

a) Ta biéu dién hai tap hop A va B trén truc s6 nhu sau.

Vosrsssssssssssssssssssssss
]
2
,,,,,,,,,,,,,,,,,,,,,,,,,,,, (
///////////////////////////// \
)
Ta c6
® ANB=g.
® AUB = (—00;2] U (5; +00).
T (
J{ //////// ;\
2 5
® A\ B=A=(cx;2]
]
J’ //////////////////////////
2
® B\ A= B = (5+).
,,,,,,,,,,,,,,,,,,,,,,,,,,,, (
\
)
O] CrA = (2, —|—OO)
,,,,,,,,,,,,,,,,,, /
""""" A
2
@ CRBI (—00;5].
Voo
J ,,,,,,,,,,,,,,,,,
5)

A [
7 1
0 2
,,,,,,,,, [ N\
,,,,,,,,,, L /,,,”“
—4 3
Ta co
® ANB=[-4;0)U[2;3).
......... I Voonof N
///////// 1_ }/;////;/;L /;/;/;//A
-4 0 2 3

y 4/ J J

o
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4. Cdc tép hop sb

Luon nd luc dé dat duoc thanh qua

30/528 ’

® AUB=R.

® A\ B=(—00;—4)UI[3;+00).

® B\ A=10;2).

@ CrA=[0;2).

®@ CgB = (—o0; —4) U [3; +00).

c) Taco A=(-1;3), B=(—4;2).

Ta co

@ ANB=(-1;2).

® AUB = (—4;3).

® A\ B=[23).

® B\ A= (—4;1].

Novvvvvvsosovssrsrvssrsrriss [
} ............................ L
—4 3
,,,,,,,,,,,,,,,,,, I Noviviriviiiiiis,
................... ’L /,...A.A,A,A,...A.
0 2
,,,,,,,,,,,,,,,,,,, Y
[
0 2
\ [
/ //////////////////////////// L
—4 3
,,,,,,,,,,,,,,,,,,, I AT
,,,,,,,,,,,,,,,,,,, \ },.,,,,.,
-1 3
,,,,,,,,, / N
{ 7
-4 2
,,,,,,,,,,,,,,,,,, { Novrrrvvviiiiiis,
................... \ /........._.......
-1 2
,,,,,,,,, ( \orrriis
,,,,,,,,, \ }...,,A,
—4 3
,,,,,,,,,,,,,,,,,,,,,,,,,,,, [ N
,,,,,,,,,,,,,,,,,,,,,,,,,,,,, L },.,.,,,
2 3
,,,,,,,,, i
A
-4 1

®@ CrA = (—o0; —1] U [3;+00).

y 4/ J J

e
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Chuong 1. Ménh dé& va tap hop

Luén nd luc dé dat duoc thanh qué

y J J J
Vovsssrrsssrosss [
I it
-1 3
® CgB = (—o0; —4] U [2; 400).
Yo [
J ,,,,,,,,,,,,,,,,,, 1_
—4 2
OJ
$>Bai 4. Cho hai tap hop A = [m;m +2) va B = (5;6) v6i m € R.
a) Tim tat ca cic gid tri clia tham s6 m dé A C B.
b) Tim tat ci cac gia tri ctia tham s6 m dé B C A.
c¢) Tim tat ca cac gia tri ctia tham s6 m dé AN B = @.
@ Loi gidi.
a) Ta biéu dién hai tap hop A va B trén truc sb.
................... I N
/////////////////// 1_ ,////1/1/1//////1
m m—+ 2
,,,,,,,,, / N
.......... \ /.,.....
5 6
. m > 5
TaccoACBE&5<m<m+2<6& =m € J.
m <4
b) Ta biéu dién hai tap hgp A va B trén truc so.
[ Y.
////////// L ////////
m m—+ 2
,,,,,,,,,,,,,,,,,, / N
,,,,,,,,,,,,,,,,,,, '\ /,A,A,,A,A,A,A,A,,
5 6
, m <5
Taco BCA&m<5<6<m+2<& S4<m<5h
m >4
¢) Ta biéu dién hai tap hgp A va B trén truc so.
,,,,,,,,,,,,,,,,,,,,,,,,,,,, [ A\ i Novrsrssosssssrrrssssrrsss
L ] 1 J
m m—+ 2 m m+2
,,,,,,,,,, [ Vosssssssrsssssssssssssssss I & A\
\ ] i\ J
5 6 5 6
. m > 6 m>6
Taco ANB=0 & &
m+2<5 m < 3.
O
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4. Cdc tép hop sb

Luon nd luc dé dat duoc thanh qua

y J/ J J

$>Bdi 5. Cho hai tap hop A= (3m —1;3m +7) va B=(-1;1) vé6i m € R.

a) Tim tat ci cic gia tri ctia tham s6 m dé B C A.

b) Tim tat ci cac gia tri clia tham s m dé AN B = &.

® Loi gidi.

a) TacoBCA<3m—-—1<-1<1<3m+7< -2<m<0.

Wl Do

1<3m-—1 m 2

b) Taco ANB =0 < &
3m+7< -1

m<—§
— 3'

> Bai 6. Cho hai tap hop A = (2;7 —m) va B = (m — 1; +00) khac rong (m € R).
a) Tim tat ci cic gid tri clia tham s6 m dé A C B.

b) Tim tat ca cac gia tri ctia tham s6 m dé AN B = @.

c) Tim tat ca cac gia tri clia tham s6 m dé AU B = (1; +00).

® Loi gidi.

a) TacoACBem—-1<2&m<3.
b) Taco ANB=@<T7T-m<m-1&m2>4.

c) Taco AUB=(l;4+0) &m—-1=1<m=2.

$>Bai 7. Cho hai tap hop A = (—oo;m) va B = [3m — 1;3m + 3] khac rong (m € R).
a) Tim tat ca cac gia tri ctia tham sé m dé AN B = @.

)

b) Tim tat ci cac gia tri ctia tham s6 m dé B C A.

c¢) Tim tat c cac gia tri ctia tham s6 m dé A C CgB.
)

d) Tim tat ca cac gia tri cia tham s6 m dé CkANB = @.

® Ldi gidi.

a) Taco ANB=g<m<3m—-1&m>

N —

3
b) TacéBCA@3m+3<m@m<—§.

¢) Ta c6 CgB = (—00;3m — 1)U (3m + 3;+00). Dod6, ACCrkB&m<3m—1&m>

N | —

d) Ta c6 CrA = [m;+00). Do do, CRAHB:®<:>3m+3<m<:>m<—;

O
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Chuong 1. Ménh dé& va tap hop Ludn nd luc dé dat duoc thanh qua

y J/ J J

> Bai 8. Cho hai tap hop A = (m — 1;4] va B = (—2;2m + 2) khac réng (m € R).

a) Tim tat ci cac gia tri clia tham s6 m dé AN B # @.

)
b) Tim tat ca cac gia tri clia tham s6 m dé A C B.
¢) Tim tat ca cac gia tri ctia tham s6 m dé B C A.

)

d) Tim tat c cac gia tri ctia tham s m dé @ # (AN B) C (—1;3).

® Loi giéi.
[ ]
////////////////// ;\ J///////.
m—1 4
,,,,,,,,, ( Neororreren,
,,,,,,,,, \ },/,/,/,/,/,,/,/,
-2 2m + 2

m—1<4
a) Taco ANB#@ &< —2<2m+2 & —-2<m<5b.
m—1<2m+42

b) Taco ACB<& —2<m-1<4<2m+2<1<m<b.
c) Taco BCAe&m—1<-2<2m+2<4& -2<m< —1.

d) Taco V6i ANB # @ tht AN B = (m — 1;2m + 2). Do do,

—_

AﬂBC(—1;3)(:)—1Sm—1<2m—|—2§3<:>0§m§5

OJ

m—+1

$>Bai 9. Cho hai tap hgp A = [m —1; } va B = (—o00; —2) U (2; +00) khéc rong (m € R).

a) Tim tat ci cac gia tri ctia tham s6 m dé A C B.

b) Tim tat ca cac gia tri ctia tham s6 m dé AN B = @.

@ Loi gidi.
P ~ 1
Truée het, tap hop A khac rong khi va chi khi m —1 < mt & m < 3.
1
MYl 9 [m<-5
a) Taco AC B& 2 &
9 m—1 m > 3.

So v6i dieu kién ta co m < —5.

b) Taco ANB=@< {m+1 ) &
— <
2

So véi dieu kién ta nhan —1 < m < 3.

m < 3.

B} saitap trdc nghiém
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4. Cdc tép hop sb

Luon nd luc dé dat duoc thanh qua

y J/ J J
$>Cau 1. Cho tap hop M = {z € R|2 < z < 5}. Hay viét tap hgp M duéi dang khoang,
doan?

A. M =[2;5). B. M=(2;5). C. M =1[25] D. M = (2;5].
® Loi gidi.

Viét lai M = [2;5).

Chon dap an @ OJ
$> Cau 2. Két qua ctia [—4;1) U (—2; 3] 1a

A (=2;1). B. [—4;3]. C. (—4;2]. D. (1;3].
® Loi gidi.

Ta c6 [—4;1) U (—2;3] = [—4;3].

Chon dap an OJ
$>Cau 3. Cho hai tap hop A =[—2;3] va B = (1;+00), khi d6 AN B la

A. [-2;400). B. (1;3]. C. [1;3]. D. (1;3)
® Loi gidi.

Ta c6 AN B = (1;3].

Chon dap an O
$>Cau 4. Cho hai tap hop A = (—3;3) va B = (0; +00), khi d6 AU B 1a

A. (—3;+00). B. [-3;+00). C. [-3;0). D. (0;3).
® Loi gidi.

Ta c6 AU B = (—3;400).

Chon dap an @ O
¢ Cau 5. Két qua ctia phép toan (—oo;1) N[—1;2) la

A. (1;2). B. (—o0;2). C. [-1;1) D. (—1;1).
® Loi gidi.

Ta c6 (—o0;1) N [—1;2) = [-1;1).

Chon dap an O
$>Cau 6. Cho hai tap hop A = (1;9) v B = [3;+00), khi d6 AN B la

A. [1;+400). B. (9;400). C. (1;3). D. [3;9)
® Loi gidi.

Taco ANB = [3;9).

Chon dap an @ OJ
$>Cau 7. Cho hai tap hgp A = [—1;3] va B(2;5). Tim ménh dé sai trong cidc ménh dé dudi
day.

A. B\ A=3;5). B. AN B(2;3]. C. A\B=[-1;2]. D. AUB=[-1;5].

® Loi gidi.
Ta c6 B\ A= (3;5).
Chon dap an @

O

e
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Chuong 1. Ménh dé& va tap hop Ludn nd luc dé dat duoc thanh qua

y J/ J J
$>Cau 8. Cho hai tap hop A = (—o0; 5] va B = (0; +00), khi d6 AN B 1a
A. [0;5). B. (0;5). C. (0;5]. D. (—o0;+00).

® Loi gidi.
Ta c6 AN B = (0;5].
Chon dap an (C)

$>Cau 9. Cho hai tap hop A = (—o0;2] va B = (0; +00), khi d6 A\ B la
A. (—o0;0]. B. (2;+00). C. (0;2]. D. (—o0;0).

K

o Loi gidi.
Ta c6 A\ B = (—o0;0].
Chon dap an @

$>Cdau 10. Phan bu ciia [—2;1) trong R 1

A. (—o0;1].
C. (—o0;—-2).
® Loi giai
Phan bu ctia [—2;1) trong R 1a (—oo; —2) U [1; +00).

Chon dap an

¢>Cau 11. Phan bu cta tap hgp (—oo; —2) trong (—oo;4) 1a
A. (=2:4). B. (—2:4]. C. [<2:4). D. [-2:4].

(e

® Loi gidi.
Phan bu ctia tap hop (—oo; —2) trong (—oo;4) la [—2;4).
Chon dap an @

O w
N
+ 8
8
c
1:
3
O . 0 . O . 0O

$>Cau 12. Cho tap hop A = [—\/g; \/5) Tap hop CrA bing
A. (—oo; —\/3} U (\/5, +oo). B. (—oo; —\/5) U (\/5, —l—oo).
C. (—oo;—\/g} U [\/3, —i—oo). D. (—oo; —\/§) U [\/5, —|—oo).
P m—
® Loi giai.

Ta c6 CrA = (—oo; —\/§) U [\/3, +oo).

Chon dap an @ O
$>Cau 13. Tap (—oo; —3) N [—5;2) bing

A. [-5;-3). B. (—o0;—5]. C. (—o0;-2). D. (—3;-2).
® Loi gidi.

Ta ¢6 (—oo0; —3) N [—5;2) = [—5; —3).

Chon dap an @ O
$>Cau 14. Cho hai tap hop A = {z € R| -3 < < 2} vi B = (—1;3). Chon khang dinh
ding?

A. AnNB=(-1;2]. B. A\ B=(-3;-1).
C. CrB = (—00; —1) U [3; +00). D. AUB={-2;-1;0;1;2}.

® Loi gidi.
AN B = (—1;2] 1a khang dinh dtng.
Chon dap an @ O
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4. Cdc tép hop sb Ludn nd luc dé dat duoc thanh quéd

y 4/ J J

$>Cau 15. Cho hai tap hop A = {zx € Rla > —1} va B = {z € Rz < 3}, khi d6 R\ (AN B)
la

A. (—o0;—1) U [3;400). B. (—1;3].
C. (—oo; —1] U (3; 400). D. [-1;3).
® Loi gidi.

Taco ANB=[-1;3) =R\ (AN B) = (—o0; —1) U [3; +00).
Chon dap an @

SCAul16. ChoA={rzeRjz <3}, B={zeR|l<z<5}valC={reR|—-2<z<4} Khi
d6 (BUC)\ (AN C) bing

LI

A. [-2;3). B. [3;5]. C. (—o0;1]. D. [-2;5].
® Loi gidi.
Taco BUC =[-2;5]va ANC =[-2;3) nén (BUC)\ (ANC) = [3;5].
Chon dap an O
$>Cau 17. Cho hai tap hgp A = (—1;3) va B =[0;5]. Khi d6 (AN B)U (A \ B) la
A. (-1;3). B. [-1;3]. C. (-1;3)\ {0}. D. (-1;3].
® Loi gidi.
Tac6 ANB=[0;3) va A\ B=(—1;0) néen ANB)U (A\ B) = (—1;3).
Chon dap an @ 0

$>Cau 18. Cho hai tap hgp A={r e R| -1 <z <3} vda B={z € R||z| < 2}. Khid6 AnB
la

A. (-1;2). B. [0;2). C. (-2:3). D. [-1;2).

S

® Loi gidi.
Taco A=[-1;3) va B=(—2;2) nén AN B =[-1;2).
Chon dap an @

$>Cau 19. Cho hai tap hgp M = [-3;6] va N = (—o0; —2) U (3;+00). Khi d6 M N N la
A. (—o0;—2) U[3;6]. B. (—o0;—2)U[3;400).
C. [-3;,-2)uU (3;6]. D. (—3;—-2) U (3;6).

Ta c6 M NN =[-3;—2) U (3;6].
Chon dap an (C) O

O

$> Cdu 20. Cho ba tap hgp A = (—o0;1], B = [1;4+00) va C = (0;1]. Khang dinh nao sau day
sai?

A. (AUB)\ C = (—00;0] U (1;+00). B. AnBNC ={-1}.
C. AUBUC = (—00;400). D. (AnB)\C=g2.
® Loi gidi.

Tac6 ANBNC ={1}.
Chon dap én O
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Chuong 1. Ménh dé& va tap hop Ludn nd luc dé dat duoc thanh qua

y J/ J J
$>Cdau 21. Cho ba tap hgp A = (—o00;2], B = [2; +00) v& C = (0;3). Khing dinh nao sau day
sai?
A. ANC =(0;2]. B. BUC=(0;400). C. AUB=R\{2}. D. BnC =1]2;3).
o Loi gidi.
Taco AUB =R.
Chon dap an @ O

$>Cau 22. Cho ba tap hgp A = (—o0;—2], B = [3;+00) va C = (0;4). Khi d6 (AU B)NC
la

A. (—o0;—2] U (3;+00). B. (—o0;—2)U[3;400).
C. [3;4). D. [3;4].
® Loi gidi.

Ta c6 AUB = (—o0; —2] U [3;4+00) nén (AU B)NC = [3;4).
Chon dap an (C)

$> Cdu 23. Cho hai tap hgp A = (2;+00) v& B = (m; +00). Tim tat c gia tri ctia tham s6 m dé
B cC A?
A. m<2. B. m=2. C. m>2. D. m > 2.

5s

® Loi gidi.
Taco BC Asm > 2.
Chon dap an @

S

$> CAu 24. Cho hai tap hop A = [1;3] vd B = [m;m + 1]. Tim tat ci gia tri ctia tham s6 m dé

50

B cCA?
A. . m=1. B. 1<m<2. C.1<m<2. D. m=2.
ﬁLbigiéi.
1<m
BCA«s S 1<m<2.
m+1<3

Chon dap an @

$> Cau 25. Cho hai tap hop A = (—oo;m + 1] va B = (—1;+00). Didu kién dé (AU B) = R
la
A. m>—1. B. m > —2. C. m>0. D. m > —2.

K

o Loi gidi.
(AUB)=R& -1<m+1&m> -2

Chon dap an

$>Cdu 26. Cho hai tap hop A = [1 —2m;m + 3] va B = {z € R|z > 8 — 5m}. Tim tat ca cac
gia tri ctia tham s6 m dé AN B = @.

5 2 5
A. m>—. B. —, . — D. —
m_6 m < 3 C m<6

U . O

[SVE

<m<

o Li gidi.

, 2
@NéuA:®®1—2m>m+3<:>m<—gthiAﬂB:Q
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4. Cdc tép hop sb Ludn nd luc dé dat duoc thanh qué

y 4/ J J

. 2
@NéuA%@@l—QmSm—l—?;@mz—g.Khidé

AOBZQ@m+3<8—5m®m<g.

Vay tat cd m théa bai toan la m < it

Chon dap an @ O
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HAM $& BAC NHAT VA HAM 86
BAC HAI

2,

Bir 1. DAI CUGNG VE HAM SO

A-TOM TAT LY THUYET
D Pinh nghia

Gia st ¢6 hai dai lugng bién thién = va y, trong d6 & nhan gia tri thuoc tap s6 2.

Néu véi mdi gia tri ctia 2 thuoc tap Z c6 mot va chi mot gia tri tuong tng clia y thi ta c6 mot ham
sO clla .

Ta goi x 1a bién s6 va y 13 ham s6 clia 2. Tap hop 2 dude goi 1a tap xac dinh ham s6.

Tap xac dinh ctia y = f() 1 tap hop tat ca cac s6 thuc x sao cho biéu thiic f(z) c6 nghia.

B3 cach cho ham sé
Cho bang bang, biéu do, cong thitc y = f(x)

E®) 5 thi clia ham sé

Do thi ctia ham s6 y = f(x) xac dinh trén tap 2 1a tap hop tat ca cac diém M (x; f(x)) trén mit
phéang toa do Ozy v6i moi x € D

E®) chiéu bién thién clia ham sé
a) Ham s6 y = f(z) dugc goi 1a dong bién (tang) trén khoang (a;b) néu
Vo, e € (a,0) 1 1y < xg = f(x1) < f(29).
b) Ham s6 y = f(z) duge goi 1a nghich bién (gidm) trén khoang (a;b) néu

Vi, xe € (a,b) 1 21 < 29 = f(x1) > f(22).

Ham s6 nghich bién trén khoang (a;b) thi do thi tir trai sang phai di xudng, ham s6 dong bién trén
khoéng (a;b) thi do thi tir trai sang phai di len.

BB Tinh chén 1é clia ham sé
a) Ham s6 y = f(x) v6i tap xac dinh 2 duge goi 1a ham s6 chin néu
Ve e P thi —x e Zva f(—z) = f(x).
b) Ham s6 y = f(x) véi tap xac dinh 2 duge goi 1a ham s6 1é néu

Vee P thl —xePva f(—z)=—f(x).
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1. Bai cuong v& ham sé Ludn nd luc dé dat duoc thanh quéd

y J/ J J

¢ Tinh chat 1.1.
® Do thi ctia ham s6 chian nhan truc tung Oy lam truc doi xiing.

@ Do thi ctia ham s6 16 nhan géc toa do O lam tam doi xiing.

B Ham sb phan nhénh

2¢ +1khiz >0
—2% khiz <0
f(x) = 2x + 1, v6i x < 0 ham s6 dugc xac dinh béi biéu thic f(r) = —z2.

EB Ham sé hop

Vi dy ham s6 y = { nghia 1 v6i ¢ > 0 ham s6 duge xac dinh béi biéu thic

¢ Vidu 1. Cho ham s6 f(r) = 2? — 2x + 3. Tim ham s6 y = f(2x + 1)?

® Loi gidi.
Taco:y= f(2x+1) = (2x +1)? = 2(2x + 1) + 3 = 42> + 2 (thay x bang (2x + 1). O

$> Vidu 2. Cho ham s6 f(x — 1) = 2% — 3z + 2. Tim ham s6 y = f(z)?

® Loi gidi.
Ditt=z—1lez=t+1=ft)=0t+1)?-3t+1)+2=1*~t= f(z)=2>—2z O
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua

y J/ J J
B—DANG TOAN VA BAI TAP

& Dang 1. Xdc dinh ham sé va diém thudc dd thi

$>Bai 1. Cho ham s6 f(z). Hay tim ham s6 g(z) trong cac truong hop sau
a) Cho f(z) =z —22%. Tim g(x) = f(x — 1) b) Cho f(z) =z — 32%. Tim g(x) = f(2 — x)

¢) Cho f(z) = 2? — 2z. Tim g(z) = f(z2+1) d) Cho f(z) = 2? — 4z. Tim g(z) = f(1 — 2?)

® Loi gidi.
a) Taco: g(z)=flz—1)=(x—1)—2x—-1)2?=2—-1-2(2* =2z + 1) = —22% + 5z — 3.
b) Taco: g(z)=f2—2)=2—-2)—-32—2)*=2—2—3(4— 4z +2%) = —32* + 11z — 10.
c) Taco: g(z) = f(2?+1) = (22 +1)2 =22+ 1) = (2* +22° + 1) — 222 — 2 = 2% — 1.
d) Taco: g(z) = f(1—2?)=(1—22)? —4(1 —2%) = (1 — 222 + 2*) — 4 + 42® = 2* + 222 - 3.
O]
$>Bai 2. Hay tim ham s6 y = f(x), biét rang:
a) f(x+2)=2r—1VreR. b) f(x —1) =22 -3z +3,Vr € R.
¢) fle+1)=a*+2x+4,Vz R, d) f(1 —2z) =42 -8z +2,Vz € R.
® Loi gidi.
a) Dat:t=zr+2c=1t—-2 b) Datit=rv—-1er=t+1
Khi do: f(t) =2(t—2)—1=2t—5 Khi do: f(t) = (t+1)*=3(t+1)+3 = t*—t+1
Suy ra: y = f(z) = 2z — 5. Suy ra: y = f(z) =2 — o + 1.
1—-1
c) batit=c+1eor=1t—-1 d)Dat:tzl—Qx(:)x:T
Khi do: f(t) = (t — 1)22 +2(t—1)+3=1t*+3 Khidé: f(t) = (1—t)2—4(1—t)+2 = t>4+2t—1
Suy ra: y = f(r) = 2 + 3. Suy ra: y = f(z) = 2% + 22 — 1.
O]
$>Bai 3. Cho ham s6 f(r) =1 — 3z. Tim z sao cho:
a) f(z) =2f(1-2x)— 3z +4. b) f(z) = f(x?) — 3z + 12.
® LOi gidi.
a) Taco: f(x) =2f(1—x)—3x+4 b) Ta c6: f(z) = f(2?) — 3z + 12
&1-3x=2[1-31—2)—3x+4 S 1-3z=1-32> -3z +12
o1 -3:=2(-2+3c)— 3¢ +4 & =322 +12 =0
& 1-3x=—-4+6z—3x+4 T =2
@x—l = T = -2
=
0
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1. Bai cuong v& ham sé

Luon nd luc dé dat duoc thanh qua

y J/ J J

x+1khix>2

$> Bai 4. Chohamséf(x)Z{Q 9 khi 2 < 2
zo — iz

a) r=3. b) z = —1.

. Tinh gia tri ctia ham s6 d6 tai:

c) r=2.

® Loi gidi.

a) x =3 > 2 nén chon (nhanh tréen) y =z + 1 = y(3)

b) = =

=3+1=4.

—1 < 2 nén chon (nhanh dudi) y = 2? —2 = y(—1) = (=1)? =2 = —1.

¢) x =2 >2neén chon (nhanh trén) y=o+1=y(2) =2+1=3.

U
<. . —4khiz >0 . . ;
$>Bai 5. Cho ham s6 f(z) = 9 v 1 “=" Tim tét c& cc tham s6 m dé
=4z +1khiz <0
f(m?) + f(=2) =187
® Loi gidi.
Vi z =m? > 0 nén chon (nhanh trén) f(z) =z —4 = f(m?) =m? — 4.

Tuong ty x = —2 < 0 nén chon (nhanh duéi) f(x) = 2*> —4dz+1= f(-2) =

(—2)2 —4(—2) +1 = 13.

Do d6 f(m?) + f(-2) =18 m? —4+13=18<m?* —9 =0« m = 3 hodc m = —3. O
<. . —1khiz >0 . ) ;
$>Bai 6. Cho ham s6 f(zx) = 3x %:E_ . Tim tat cad cac tham so6 m de
x° —2x khiz <0
flm+1)%) + f(=3) =37

® Loi gidi.

Viz = (m+1)>> 0 nén chon (nhénh trén) f(z) =z — 1= f((m+1)?)
Tuong t £ = —3 < 0 nén chon (nhanh duéi) f(z) = 2° — 2z = f(-3) =

Do d6 f((m+ 1)) + f(—
[

=(m+1)2—1=m?+2m.
(— ) —9(—3) = —21.

3)=3em?*+2m—21=3m?>+2m—24=0< m =4 hoac m = —6.

$>Bai 7. Cho ham s6 y = 322 — 22 + 1. Cac diém sau day c6 thuoc do thi ham sé khong ?

a) M(—1;6). b) N(1;1). c) P(0;1).
® Loi gidi.
Goiy = f(x) = 32% — 2z + 1.
a) M(—1;6). Taco f(—1)=3(—1)*> —2(—1)+1=6 = M(—1;6) thuoc do thi ham sb.

b) N(1;1). Taco f(1) =3.12 = 2.1 +1 =2 = N(1;1) khong thuoc do thi ham s6.

¢) P(0;1). Taco f(0) =3.02—2.04+1=1= P(0;1) thuoc do thi ham sb.

O

53 — 722 + 8

$>Bai 8. Cho ham s6 y = T
T

¢6 do thi 1a (C). Tim trén do thi (C) cic diém c6 tung

e
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua

y J/ J J
do bang 4.
® Loi gidi.
. . 53 — Tr% + 8
Die 4) thuoc do thi Ly = =————— Tacé:
iem (z,4) thuoc do thi (C) :y = f(z) T a co
53 — Tz? + 8
:—:4
/() 3r + 2
5 — T2® + 8 = 4(3z + 2)
30 +240
x=0
o lr=1
12
r=—
)
2 2 ~ X . P ~ > N ]_2
Cac diem trén do thi (C) c¢6 tung do bang 4 1a M (0;4), N(—1;4), P (3;4). O
: N £ —x2+x—m N - -z . 27N £ - 2 1
¢S Bai 9. Cho ham s6 y = ——— . Tim céac gia tri m dé ham s6 qua diem M (1;—=) ?
2r +m %
® Loi gidi.
2 ]. Z - 2 -
biem M (1, —§> thudc ham so6 y = f(z) = % Ta ¢6
—124+1—-m 1 —m 1 —2m=—-m—2
ek RN RSN Sm=2
T = =37, 2 mt+2 2 {m+27é0 "
N 2, N £ _x2+x_2 .2 ( ]-)
VayV01m—2hamsoy—WquadlemM 1,—5 . 0
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1. Bai cuong v& ham sé Ludn nd luc dé dat duoc thanh quéd

y J/ J J

2 Dang 2. Tim tép xdc dinh cGa ham sb

Budc 1. Ghi diéu kién dé ham s6 y = f(z) xac dinh. Thudng gap ba dang sau:

. P
® Ham s6 phan thic: y = ng; DEED, Q(zx) #0.
x
@ Ham s6 chita can bac chin tren tit s6 y = %/P(z) =ty P(x) > 0.
. < P
® Ham s6 chita can thic duéi mau s6 y = (z) DEXD, Q(z) > 0.

Budc 2. Thuec hién phép toan trén tap hop (thuong 1a phép giao) dé suy ra 2.

A#0 .
A AB#0& {B ;é 0 Can bac Ié (nhu can /) luon zac dinh, nghia la khong cé dieu kién.
Khi tim diéu kién luén tra 13i ba cau hoéi: Cé6 mau khéng ? C6 can khéong ? Can niam
6 dau ?
N PP RN P 2z — 1
$>Bai 10. Tim tap xac clia ham s6 y = ————
22+ —6
® Loi gidi.
. 2
Ham s6 xdc dinh khi 2% + 2 — 6 20 4% 7
x # —3.
Tap xéac dinh 2 = R\{-3;2}. O
. . S5z + 2
$OBai 11. Tim tap xac ctia ham s6 y = #;__14
o Loi gidi.
£ . ) x #2
Ham s6 xac dinh khi 2% + 52 — 14 # 0 &
x # —T.
Tap xéac dinh 2 = R\{-7;2}. O
2019z

$>Bdi 12. Tim tap xac clia ham s6 y =

A— )22 +1)

® Loi gidi.
) 4—2#0 2
Ham s6 xéc dinh khi (4 — 22)(2? +1) # 0 & {ﬁ fl : ) {z Z .,
Tap xéac dinh 2 = R\{-2; 2}. O

2020z + 2021

$OBdi 13. Tim tap xac clia ham séyz( (22 + 22 + 2)
x—1D(z x

® Loi gidi.
Ham s6 xac dinh khi (z — 1)(2? + 22+ 2) # 0 & {x—l;«éO s #l
' 2420 +2#0
Tap xéac dinh 2 = R\{1}. O

e
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Chuong 2. Ham s6 bac nhét va ham sé béac hai

Luén nd luc dé dat duoc thanh qué

y 4/ J J

3—=x

$>Bdi 14. Tim tap xac ciia ham s6 y = — 5 VT - 1
x? —2x
o Loi gidi.
0
) ) (22 =22 #0 T
Ham s0 xac dinh khi S TF2
r—1>0
x> 1.
Tap xéac dinh 2 = [1;4+00)\{2}. O
s P 2 2020
<O Bai 15. Tim tap xdc cia ham s6 y = ———— + V22 — 4
—z? 4+ 3z
o Loi gidi.
) x#0
. - 3 0
Ham s6 xac dinh khi 4~ © o070 L) g
20 —4 >0
T > 2.
Tap xac dinh 2 = [2; 4+00)\{3}. O
N on z \/ - 4
<O Bai 16. Tim tap xac cia ham s6 y = 2:10——1—
r* — 3x
® Loi gidi.
0
) ) (2 =32 #0 T 7
Ham s0 xac dinh khi S x#3
—z+4>0
z < 4.
Tap xac dinh 2 = (—o0,4]\{0; 3}. O
Se ) Vb —
SO Bai 17. Tim tap xac ctia ham s6 y = Mo T
x? — 10z
o Loi gidi.
0
) (2 omso |7
Ham so xéc dinh khi S cx#10
5—xz >0
xr < 5.
Tap xac dinh 2 = (—o0, 5]\{0}. O
$>Bdi 18. Tim tap xac clia ham s6 Tl +v2x+4
. Tim tap xac ctia ham s6 y = x
o Loi gidi.
) i [3—2>0 r <3
Ham so xéc dinh khi = &S -2< <3
20 +4 >0 T > -2
Tap xac dinh 2 = [-2,3). O

. . 1
$OBai 19. Tim tap xac cia ham s6 y =2 — z +
P Y Vite

o
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1. Bai cuong v& ham sé

Luon nd luc dé dat duoc thanh qua

V' J J J
® Loi gidi.
p ) [2—=x2>0 x <2
Ham s6 xac dinh khi = S -—1l<z<2
1+2>0 x> —1
Tap xéc dinh 2 = (—1,2]. O
- . — 2
<> Bai 20. Tim tap xac ctia ham s6 y = Vo= + R
x?—1 x—4
® Loi gidi.
3—x>0 <3
. ) ]x+22>0 x> =2
Ham s6 xéc dinh khi 9 &
x*—=1+#0 x # +1
r—4#0 x # 4.
Tap xac dinh 2 = [-2,3]\{—1; 1}. O
o P V2 202
$>Badi 21. Tim tap xéc cua ham s6 y = i i R
x?2-3x—-10 33—z
® Loi gidi.
T > —4
20 +82>0
p . . T <3
Ham s6 xéc dinh khi ¢ 3— 2 >0 & 49
l’ J—
22 —3x—104#0
x # 5.
Tap xéac dinh 2 = [—-4,3)\{—2}. O
. . 3 +5
$O Bai 22. Tim tap x4c ctia ham s6 y =
P Y 2z 4+ 2?)vx + 1
® Loi gidi.
0
. . (22 4+ 2% #£0 z7
Ham s6 xac dinh khi x # =2
r+1>0
> —1.
Tap xéc dinh 2 = (-1, +00)\{0}. O
oF . 20202 — 2021
¢S Bai 23. Tim tap x4c ciia ham s6 y = *
(22 +3z)Vr +1
® Loi gidi.
0
) . (2 4+32#0 7
Ham so xac dinh khi x# -3
r+1>0
x> —1.
Tap xéc dinh 2 = (-1, +00)\{0}. O
- . 1
¢S Bai 24. Tim tap xdc ciia ham s6 y = Vo — 1 +
P Y (x —3)V8—=x

® Loi gidi.

e
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Chuong 2. Ham s6 bac nhét va ham sé béac hai

Luén nd luc dé dat duoc thanh qué

y J/ J J
r—3#0 x #3
Ham sd xdc dinh khi {2z —1>0 =< x>1
8§—x>0 xr < 8.
Tap xéc dinh 2 = [1,8)\{3}. 0
$>Bai 25. Tim tap xac clia ham s6 y = vz — 2 + 20 =6
' P Y (x—4)V5—=z
® Loi gidi.
r—4#0 x#4
Ham sd xdc dinh khi {z —2>0 < x> 2
d—x>0 x <.
Tap xac dinh 2 = [2,5)\{4}. O
$©BQi 26. Tim tap xac ctia ham sd y = T/
z(z —3) —2
@ Loi gidi.
x>0 x>0 r>3
, >3 -
Ham s6 xac dinh khi { =320 er=23 @{(— 3)#4@ z#—1.
x(x —
Va(r—3)—2#0 Va(z—3) #2 T #4
Tap xac dinh 2 = [3, +00)\{4}. O
Sr p Vi 2
¢S Badi 27. Tim tap xac cia ham s6 y = et
2+4/(z—1)(z+2)
® Loi gidi.
x+2>0
p . . T > —2
Ham s6 xac dinh khi { 7 =120 & sr>1
z>1
2+\/(m—1)(m+2)7é0 ( luon duang)
Tap xac dinh 2 = [1, +00). O
- P 222 + 3 1
$>Badi 28. Tim tap xac ciia ham s6 y = P 23‘3 _+’$ 5 T =2
® Loi gidi.
r+2#x—2
o flee2 e -2 £0 [l 2 e -2 s v #0
Ham s0 xéac dinh khi Sr+2#F—r4+2&
lz] —2#0 |z| # 2 x # 2.
xr # 2
Tap xac dinh 2 = R\{-2;0; 2}. O
Sr P v—44+2
$>Badi 29. Tim tap xac ciia ham s()y:J
|lz+1| -3
@ Loi gidi.
x> 2 T > 2
o [=4422>0 x> 2
Ham s0 xac dinh khi 5+ 1] 37&0@ |+1|#3<:> r+1#3 & Jdr#2
x — x
r+1# -3 x # —4.
Tap xac dinh 7 = (2; +00). O

o
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1. Bai cuong v& ham sé

Luon nd luc dé dat duoc thanh qua

y J/ J J
A#B o
|A| # |B| At B |A| # B < 0: luon ding. Al # B > 0 <
A+ B
A#—-B
- . V2x —
$>Bai 30. Tim tap x4c clia ham SGyZMJ—CET—ESl
® Loi gidi.
> >
o (2w-6>0 v>3 v v
Ham s06 xac dinh khi & Sr—2#4#1 & <x#3
o —2—1#£0  |lz—2/#1
r—24 -1 x# 1.
Tap xéac dinh 2 = (3; +00). O
oF P 4 10 — 2
<> Bai 31. Timtapxéccﬁahamséy:\/$+ VA2
12z| + 4
@ Loi gidi.
xr+4>0 x> —4 .
Ham s6 xac dinh khi { 10 =22 >0 < {z <5 @{@:5— & —4<z<5
x
22| +4#0 |2z # —4 ( ludn dung) -
Tap xéc dinh 2 = [—4,5]. O

$OBai 32. Tim tap xac dinh cia y = vV — 2/ — 1.

® Loi gidi.
r—12>0 r>1
<~
r—2Vx—12>0

Tap xac dinh 2 = [1; +00).

Ham s6 xac dinh khi {

rz>1
~
r=1-2/2-1+1>0 | (Ve—1-1) >0 (luon ding).

4

$>Bai 33. Tim tap xéac dinh clia y = \/z — 2 — 2z — 3.

® Loi gidi.
r—3>0 >3
x—2—2\/:c——320®{
Tap xac dinh 2 = [3; +00).

Ham s6 xac dinh khi {

Tz >3
=
r—3—-2Vx—-3+12>0 (\/:c—3—1)220(1u6ndfmg

0

A Can nhé: Khi gip dang can trong can —s Dua vé hiing ding thic a® & 2ab + b* = (a £ b)2.

$>Béi 34. Tim tap xac dinh cla y = /o + 7+ 4V + 3.

® Loi gidi.
r+3>0 {x2—3

<~
r+7+4vVxr+3>0
Tap xac dinh 7 = [-3; +00).

Ham s6 xac dinh khi {

x> -3
=
T+3+4VT+3+4>0 { \/x+3+2>220(1u6nd1’1ng

O

e
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua

y J/ J J
$>B&i 35. Tim tap xéac dinh clia y = /& + 21 + 8z + 5.
® Loi gidi.
— - r+5>0 x> -5 r>-=5
am so xac din i = =
42118V 15>0 |z +5+8/215+16>0 Vo +5+4) >0 (luon ¢
Tap xac dinh 2 = [—5; +00). O
$OBai 36. Tim tap xac dinh cla y = ek .
B—z)vVz—2vz—1
® Loi gidi.
5—z>0 r <5 <5 z <5
o <6 o ity g 4 £~ 120 r =1 x> 1 z>1
am so xac din i & & & o &
' T =T —1>0 (Vi—1-1)">0 " |va-1#1  Jo—-1#1
3—2#0 v 43 xr#3 x#3
<5
z>1
x #2
x # 3.
Tap xac dinh 2 = [1;5] \ {2;3}. O
P \/4_
$> Bai 37. Tim tap xac dinh clia y = < :
v/ x +10 — 6y/z + 1
@ Loi gidi.
4—z>0 r<4 r<4 z<4
a6 st dint 1 4 T 120 2> -1 x> -1 < —1
am soO xac din 1 & & =1 - =1
' 2410—6vz+1>0 (Ve+1-3) 50" |vVari#3  |e+1#£9
x#0 x40 x#0 x#0
r <4
z> -1
x#8
x # 0.
Tap xac dinh 2 = [-1;4] \ {0}. O
Sr 201
$> Bai 38. Tim tap xac dinh clia y = 018z .
1—z|+z—-1
@ Loi gidi.

Ham s6 xdc dinh khi [1 —z|+2—1#0& |1 — 2| # 1 —x (%).

Menh dé pht dinh ctia (x) A |1 —z|=1—2=1—12 >0« z <1 (dinh nghia |A]).

Do d6 () = x > 1.

Tap xac dinh 2 = (1; +00). O
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1. Bai cuong v& ham sé

Luon nd luc dé dat duoc thanh qua

y J J J
o 2019
¢S Bai 39. Tim tap xac dinh cia y = P +Z —
® Loi gidi.

Ham s6 xdc dinh khi 2 —z|+2—2#0& |2 — x| # 2 —x (*).
Meénh dé pht dinh clia () A |2 — 2| =2 —2 =2 — 2 > 0 < 2 < 2 (dinh nghia |4]).

Do d6 (%) = x> 2.
Tap xéac dinh 2 = (2; +00).

O

A\ Mot 56 truong hop xét menh dé phic dinh |A| £ B #0,|A|+|B| # 0, |A| + VB # 0,/A+ /B #

0,...
Dinh nghia tri tuyét doi: |A| Aedzd
mn ngnia 1ri tuye 01. =
Hi ghea Ty e —Ae A<
S BaAi 40. Tim tap xéc dinh cta e —1
0 X = .
WA d YT e —3+z-3
® Loi gidi.

Ham s6 xac dinh khi [ — 3|+ 2 -3 #0 & |z — 3| # —(z — 3) ().
Menh dé phu dinh cta () 1a |z — 3| = —(z — 3) = . — 3 < 0 < 2z < 3 (dinh nghia |A]).

Do d6 (%) = = > 3.

Tap xac dinh 2 = (3;+00). 0
. . ~ .. . 3z —1
O Bai41. Tim tap xac dinh ctia y = .
2x — 2| +2x—4
® Loi gidi.
Ham s6 xac dinh khi 2|z — 2|+ 22 —4 £ 0 & |z — 2| # —(x — 2) (x).
Meénh dé phu dinh cta () 1a |z — 2| = —(z — 2) = x — 2 < 0 < z < 2 (dinh nghia |A]).
Do d6 (%) = = > 2.
Tap xac dinh 2 = (2;+00). O
. oz 1
¢S Badi 42. Tim tap x4c dinh cia y = < i
3—z|+2—3
® Loi gidi.
r—1>0 r=>1
Ham s6 xac dinh khi ¢ 7 2V —1>0 3 (Vo—1-1)" >0 (luon diing)
B—al+a=3#0  ||3—2|£3-a (x)
Meénh dé pht dinh cta (x) 14 |3 —z| =3 -2 =3 — 2 > 0 z < 3 (dinh nghia |A|).
Do d6 (%) = = > 3.
Tap xac dinh 2 = (3; 4+00). O
. v —1
<> Bai 43. Tim tap xac dinh cta y = o= 2T+ T
® Loi gidi.
Ham s6 xdc dinh khi { = r=1
am s6 xac &
RO FAC A Vor — 2l 2w — 440 T g -2/ £ —(x—2) ()
Menh dé phu dinh cta () 1a |z — 2| = —(z — 2) =  — 2 < 0 < z < 2 (dinh nghia |A]).
Do d6 (%) = x > 2.
Tap xéc dinh 2 = (2; +00). O

e
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Chuong 2. Ham s6 bac nhét va ham sé béac hai

Luén nd luc dé dat duoc thanh qué

V' J J J
o 2 202
<> Bai 44. Tim tap xac dinh cia y = L +5~|— 00.
2—x 22-9
® Loi gidi.
2
oL , ﬂiﬁgo 2—x>0(doa*+5>0) T <2
Ham so xac dinh khi ¢ 2 — = &
22040 x # +3 x # £3.
Tap xéac dinh 2 = (—o0;2) \ {-3}. O
. 2021 1—
<> Bai 45. Tim tap xac dinh cia y = * x .
4 — g2 —z2 -2
@ Loi gidi.
_ 2 2
, . (42t #0 T 7 s
Ham s6 xac dinh khi 1—2 =< r#£ -2 -
x .
—r2 -2~ 1-2<0(do —2°—-2<0) -
Tap xac dinh 2 = [1;+00) \ {2}. O
.. , vV—4 =3z 422 — ¢
Bai 46. Tim tap xa h cia y = :
<O Bai 46. Tim tap xdc dinh cua y Botr7 -4 w1t 2—2z]
® Loi gidi.
Ham sb xac dinh khi
(—4-32>0 xg—%l
(o =2+ 2=22] #0 |1 422 — 1] #0
/ 4 'x<_il
r< —= -3
- 3 3
o {srHT#L S 1TT S
_ 11
ST -4 |, U
3z —1]£0 D
) |z # 1
rx<_4
o - 3
3:7&—E
\ 5
4 11
Tap xéac dinh 2 = (—oo; —g] \ {—E} O
Ve+3—2v/z+2 1

$> BQi 47. Tim tap xac dinh cﬁay=| 2 4| + |22 — 2a]
€Tre — xTe — &%

+ .
|z + 1| — |z —1]

® Loi gidi.

o
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1. Bai cuong v& ham sé

Luon nd luc dé dat duoc thanh qua

r+22>0

r+3—-2vVr+22>0

Ham sb xéc dinh khi

o+ 1] — |z —1] £0

Ménh dé phii dinh ciia (1) 1a |22 — 4| + 2% — 22| = 0 & {

2 =2 =0 r=0Vxr=2

y J/ J J

T > —2

<\/x +2— 1)2 > 0 (luon diang)

-
|z — 4] + |2* — 22| # 0 |22

— 4| + |2* — 22| £ 0 (1)

o+ 1] # |z = 1] (2)

{x2—4:O {x=2Vx=—2
= = = 2.

Do dé6 (1) & = # 2.

|2 — 4| =0

do |22 —4| >0, |2® — 22| > 0
1?20 — o (@0 |8 =412 0] 2] 2 0)

Menh dé pht dinh ctia (2) la |z+1| = [z—1] & (z4+1)* = (z—1)* & 2?+2r+1 =2?-22+1 & 2 = 0.

Do d6 (2) & = #0.

T > —2
Nhu vay ham s6 xac dinh khi { = # 2
x # 0.
Tap xac dinh 2 = [-2; +00) \ {0; 2}. O
49 Bai 48. Tim tap xac dinh ci 23
. Tim tap xéac dinh cta y = :
® Loi gidi.
Ham s6 xdc dinh khi J =
am s6 xac dinh khi
' Vo —14 2% — 1| #0. ()
N Vr—1=0
Ménhdéphﬁdinhcﬁa(*)lé\/x—1+|x2—1|:0(:){|f 1 O(dox/x—120v51|x2—1|20).
xr — =
r—1=0 r=1
S < S o =1
—=1=0 r=1Vzr=-1
Do d6 (%) & = # 1.
) : =1
Nhu vay ham so xac dinh khl{ S o> 1.
x#1
Tap xéac dinh 2 = (1;+00). O
- V3z +3
$>Bai 49. Tim tap xac dinh clia y = :
HiL tap wac R etia Y | — 2% — 3z + 4| + |22 + 5z — 6|
® Loi gidi.
. 3 3>0
Ham 86 xéc dinh khi 4~ 5 = ,
| —x® — 3z + 4| + |27 + 5z — 6] # 0. (%)
P . ) ) | —2> =3z +4|=0
Meénh deé pht dinh cta (%) 1a | — 2* — 3z + 4|+ [2* + 52 — 6] = 0 < 9 (do
|z° + 5z — 6] =0
| — 2% — 3z + 4] >0 va 2% + bz — 6] > 0).
—2?—3r+4=0 r=1Vx=—-4
9 < S o =1
7 +52—-6=0 r=1Ve=-06
Do d6 (%) & x # 1.
) : Cjr > -1
Nhu vay ham so xac dinh khi
x # 1.
Tap xéc dinh 2 = [-1;+00) \ {1}. O

e
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua

y J/ J J

& Dang 3. Bai todn fim tép xdc dinh lién quan dén tham s6

e z ? p 2 1
$SBai 50. Tim tham s6 m dé ham s6 y = rhemtl xéc dinh trén nita khoéng (—1;0].
r—m
® Loi gidi.
Ham s6 xac dinh khi z —m # 0 & o # m.
o T F#m m < —1
Ham s6 xac dinh trén (—1;0] < emé (—1;0) <
x € (—1;0] m >0
Két luan: m < —1 hoac m > 0. O
S N A 2 N A 3‘/[; - ]' 2 . ~ 2 2
$SBai 51. Tim tham s6 m dé ham s6 f(z) = xéc dinh trén nita khoang (1; 3.
T —2m
® Loi gidi.
Ham s6 xac dinh khi 2 — 2m # 0 & x # 2m.
1
, T # 2m 2m < 1 msg
Ham s6 xac dinh trén (1;3] < 7 <2m ¢ (1;3] < _ 2
z € (1;3] 2m > 3 3
m > —.
1 2
Két luan: m < 3 hodc m > 3 O
= N S 2 N 4 x + 2m 2 . ~ 2
$SBai 2. Tim tham s6 m dé ham s6 y = xéc dinh trén khoang (4; 4+00).
T —2m
® LOi gidi.
Ham s6 xac dinh khi 2 — 2m # 0 & x # 2m.
£ : x #2m
Ham s0 xac dinh trén (4; +00) < <2m ¢ (4+00) e 2m <4 m <2
x € (4;+00)
Két luan: m < 2. OJ
$> Bai 53. Tim tham s6 m dé ham s6 y = T =~ xéc dinh tren khoang (—o00;2).
3mz + 6
® Loi gidi.
» . L. . b A s .
e V6im=0thiy= —g Xéc dinh trén R nén ham so xéc dinh trén (—oo;2).

. —2
e VG6i m # 0 thi ham so xac dinh khi 3mx +6 # 0 <+ # —.
m

Ham s6 xac dinh trén (—oo;2) khi va chi khi

—2

— -2 2 2 2
x%m S — ¢ (-2 ——>2& m <0
r € (—00;2) m m m
2m+2 <0 m < —1 ]

(v0 nghiém)
m >0 m >
& < —-1<m<0.
2m+2>0 m > —1
m <0 m <0
Vay —1 < m < 0 théa mén yéu cau bai toan. O
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1. Bai cuong v& ham sé

Luon nd luc dé dat duoc thanh qua

y J/ J J

$> Bai 54. Tim m sao cho ham s6 y =

2 1
T xac dinh v6i moi z € R.

2 —6x+m—2

54/528 '

® Loi gidi.
Ham s6 xac dinh khi 2% — 6z +m — 2 # 0.
Dé ham sb xac dinh v6i moi z € R thi

22 — 62 +m — 2 # 0 luon ding Vo € R

& 2% —6x+m — 2 =0 vo nghiem
& AN=9-m+2<0
& om o> 11
Két luan: m > 11. m
<. . R L 3r+1 . . .
<O Bai 85. Tim m sao cho ham s6 y = ——————— xac dinh v6i moi z € R.
T4 —=2x+m
® Loi gidi.
Ham s6 xac dinh khi 22 — 22 +m # 0.
Dé ham s6 xac dinh v6i moi z € R thi
x? — 2z +m # 0 luon ding Va € R
& 2% — 22+ m = 0 vo nghiem
S AN=1-m<0
& om o> 1.
Két luan: m > 1. O

A Can nhé: ax? + bz + ¢ £ 0 lwon ding Yz € R < az? + bz + ¢ = 0 v nghiém.

V2 —2x+3

22 —4zx+4—m

> Bai 56. Tim m dé ham s6 y = xac dinh véi moi x € R.

® Loi gidi.
2 —2x4+3>0
2 —4r+4-m#0
Ham s6 xéc dinh véi moi = € R khi va chi khi

& 2?—4a+4—m # 0.

NP et (z—-1*+2>0
Ham so xac dinh khi va chi khi

P —4r4+4-m#0

22 — 4z +4 —m # 0 luon ding Vo € R
& 2% —4x 4+ 4 —m = 0 vo nghiem
& A=16—-4(4-m) <0

& m <.
Vay m < 0 théa méan yéu cau bai toan. O
$>Bai 57. Tim m dé ham s6 y = . _ﬁ(f:;nf_ = xac dinh v6i moi z € R.
® Loi gidi.

e
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua

y J/ J J

Ham s6 xac dinh khi va chi khi 22 + 4max + 16 # 0.
Ham s6 xac dinh véi moi z € R khi va chi khi

2?4+ 4max + 16 # 0 luon diang Vo € R
& 22 + 4ma + 16 = 0 vo nghiem
& A=16m> —4.16 <0
& —2<m<2.

Vay —2 < m < 2 théa man yéu cau bai toan. O

vV—T+2m+6
VI —MmM

$>Bai 58. Tim m dé ham s6 y = xéc dinh trén khoang (—1;0).

¢L6igi6i.

. — 2 6>0 <2 6

Diéu kién xéc dinh:{ rhemAb 2 = {:v_ mE
r—m >0 T >m.

Véim < 2m+6 < m > —6 thi Z = (m;2m + 6].
Ham s6 x4c dinh trén khoang (—1;0) khi va chi khi

(=1;0) C (m;2m + 6] < m= -l & mS_l@ 3<m< —1
2m+6 >0 m > —3
Vay —3 < m < —1 théa mén yéu cau bai toan. O

3—V2m+4—=zx
VT —m

$>Bai 59. Tim m dé ham s y = xéc dinh trén nita khoang (0; 2].

¢L6igi6i.
. ) 2m+4—x >0 r<2m-+4
bDiéu kién xac dinh: s
r—m >0 T >m.

Véim <2m+4 < m > —4tht Z = (m;2m + 4].
Ham s6 xac dinh trén (0; 2] khi va chi khi

m <0 m <0
(0;2] € (m;2m + 4] & & & —-1<m<0
2m+4 > 2 m> —1
Vay —1 < m < 0 théa mén yéu cau bai toan. O

$>Bai 60. Tim m dé ham s6 y = v/m —  — v/ + m — 5 xac dinh trén nita khodng [0;1).

® Loi gidi.
a1 . m—x >0 r<m
biéu kién xac dinh: s
r+m—5>0 r>5—m.

V6i5—m<m<:>m>gthi@: [5 —m;m)].
Ham s6 xac dinh trén [0; 1) khi va chi khi

[Oél)C[f)—m;m](:»{5_m§0@{m>5

m>1

Vay m > 5 théa man yéu cau bai toan. O
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1. Bai cuong v& ham sé Ludn nd luc dé dat duoc thanh quéd

y J/ J J

$>Bai 61. Tim m dé ham s6 y = vz — m + /22 — m — 1 x4c dinh trén nita khodng [0; +00).

 Loi gidi.

z—m >0 zZm
=4
20—m—12>0 xzmT—Fl

Diéu kién xac dinh: {

m—+1

e VGi <m&m>1(1) thi 2 = [m;+00).

Ham s6 xac dinh trén [0; +00) khi va chi khi [0; +00) C [m;+00) & m < 0. (2)
T (1) va (2) suy ram € &.

| |
0V61m+ >m®m<1(3)thi@:[%;+oo).
) 1 1
Ham s6 xac dinh tren [0; +o00) khi va chi khi [0; +00) C [% +oo) s chem< -1,

(4)

Tu (3) va (4) suy ram < —1.

Vay m < —1 théa man yéu cau bai toan. O
- ? . 2020mx
¢S Bai 62. Tim m dé ham s6 y = xac dinh trén khoang (0;1).
= g (1)
® Loi gidi.
Didu ki dinh r—m+22>0 x=m—2 T >m—2 x>m—2
ieu kién xac dinh: & & <
' ' Ve—m+2—-1#0 vVe—m+2#1 r—m+2#1 r#m—1.
Suy ra Z = [m — 2;+00) \ {m — 1}.
Ham s6 xac dinh trén (0;1) khi va chi khi
(0;1) C [m—2;400) \{m—1} & (0;1) C [m —2;m — 1)U (m — 1;400)
_ m—2<0
(0;1) C [m—2;m—1)
= = 1<m-1
(0;1) C (m —1;400)
- m—1<0
_{m_Q
m=2
& m>2 &
m<1
—m_
Vay m € (—o0;1] U {2} thoéa man yéu cau bai toan. O
- ? . 2021mz — 1
¢ Bai 63. Tim m dé ham s6 y = xac dinh trén khoang (1;2).
=i 8 (1;2)
® Loi gidi.
Didy kisn xéc dinh r—m+12>0 r=>m—1 r>m—1 r>m—1
ieu kién xéac dinh: = & =
' ' vr—m+1—-1#0 ve—m+1#1 r—m+1#1 T #m.

Suy ra Z = [m — 1;+00) \ {m}.
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua

y J/ J J

Ham s6 xac dinh trén (1;2) khi va chi khi

(1;2) C [m—1;400)\ {m} & (1;2) C[m—1;m)U (m;+0)

_ m—1<1
(L;2) C[m—1;m)
& & 2<m
(1;2) C (m;+00)
- m<1
[ (m <2
m=2
& m>2 &
m <
m <1
Vay m € (—o0; 1] U {2} thdéa méan yéu cau bai toan. O

$>Bai 64. Tim m dé ham s6 y = v/2 — x — /27 + 5m x4c dinh trén doan c6 chidu dai bang 1.

@ Loi gidi.
X 2—2>0 <2
Diéu kién xac dinh: = —5m

—5m

Véi gzﬁngﬂmngfgﬂ.
, \ \ 5 2
Ham s6 xéc dinh trén doan ¢6 chidu dai bing 1 khi va chi khi 2 + Tm —lem=-:.

2 N
Vay m = — thoa mén yéu cau bai toan. O

$>Bai 65. Tim m dé ham s6 y = /z — m + 2 + v/2m — z xac dinh trén doan c6 chiéu dai bing
3.

@ Loi gidi.
s . r—m+22>0 r>m—2
Dieu kién xac dinh:
2m—x >0 r < 2m.

Véim —2<2m<<& m> —2tht 7 = [m— 2;2m].
Ham s6 xac dinh trén doan c6 chiéu dai bang 3 khi va chi khi 2m — (m —2) =3 & m = 1.
Vay m = 1 thda man yéu cau bai toan. O

C-DANG TOAN VA BAI TAP

& Dang 4. Xét tinh chén, 1& clia ham s

Dé xét tinh chin, 1é ctia ham s6 ta thuc hién cac bude sau
a) Tim tap xac dinh 2 ctia ham s6 y = f(x).
b) Xét 2 c6 la tap d6i xing hay khong? (2 1a tap doi xing khi Vo € & thi —z € 2).

@ dr € Z sao cho —x ¢ 2 thi ta két luan ham s6 khong phai ham s6 chén, ciing khong
phai ham s6 18.
® Néu Vz € 2 thi —z € 2 thi ta sang budc ké tiép.
c) V6i moi —z € 2, tinh f(—=x),

®@ Néu f(—z) = f(x), Vo € 2 thi ham s6 da cho 1a ham s6 chén.
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1. Bai cuong v& ham sé Ludn nd luc dé dat duoc thanh quéd

y J/ J J

@ Néu f(—z) = —f(z), Vo € Z thi ham s6 da cho la ham s6 1é.
A (_x)2n — x?n; (_x)2n+1 — _m2n+1; I _ LIZ‘| — |$|) \i‘s/__x — _\3/5

) BAITAP REN LUYEN

¢ Vidu 3. Xét tinh chén 1é clia ham s6 f(x) = (22 — 2)2°20 + (22 + 2)2020.

® Loi gidi.
©® Tap xac dinh 2 = R.
® Véi moi —x € 2, ta ¢
o — )2020 + (—2£E’+2)2020
(2$ + 2)]2020 [—(2$ o 2)]2020
T

9 + 2)2020 + (21: o 2)2020
21 — )2020 + (21‘ + 2)2020 — f(l’)

fl-2) =

(=
-
=
=

® Két luan: Ham sé da cho 1a ham sb chan.

L]
¢ Vidu 4. Xét tinh chén 1& clia ham s6 f(z) = (5x + 1)?918 4+ (1 — 5x)2018,
® Loi gidi.
©® Tap xac dinh 2 = R.
®@ Véi moi —x € 9, ta cé f(—z) = (=dx + 1)2918 4 (1 + 52)%018 = f(x).
® Két luan: Ham sé da cho 1a ham sé chan.
[l
> Vidu 5. Xét tinh chén 1é ctia ham s6 f(z) = 2* — 422 + 2.
® Loi gidi.
© Tap xac dinh 2 = R.
®@ Véimoi —x € Z,tacod f(—x) = (—x)' —4(—2)?* +2 =2 — 42® + 2 = f(x).
® Két luan: Ham s6 da cho 1a ham sb chan.
0
> Vidu 6. Xét tinh chén 1é ctia ham s6 f(z) = —22% + 3z — /z.
® Loi gidi.
© Tap xac dinh 2 = R.
®@ V6i moi —x € 2, ta 6 f(—z) = =2(—2)® + 3(—x) — /—x = 22° — 3x + Iz = — f(x).
® Két luan: Ham s6 da cho 1a ham s6 1é.
0

e
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua

3
¢ Vidu 7. Xét tinh chén 1& ctia ham s6 f(z) = i
241
® Loi gidi.
® Tap xac dinh 2 = R.
(o _

® V6i moi —z € 7, ta co f(—x) = =

® Két luan: Ham s6 da cho 1a ham sé 18.

0
. B x2020 _|_4
<> Vidu 8. Xét tinh chan 1é ctia ham s0 f(z) = —557—
x
® Loi gidi.
® Tap xéc dinh 2 =R\ {0}.
o ) ()220 44 22020 44 22020 4 4
® Két luan: Ham s6 da cho 1a ham sé 1é.
0
> Vidu 9. Xét tinh chén 1& ctia ham s6 f(z) = |z + 2| — |z — 2|.
® Loi gidi.
®@ Tap xéac dinh 2 = R.
®@ Véimoi —r € Z,tacd f(—x)=|—a+2|—|—-z-2|=|z-2|-|z+2|=—(Jx + 2| = |z - 2|) =
—f(@).
® Két luan: Ham s6 da cho 14 ham s6 1é.
U
i1 2 z. I~ 2 2 N A 2x2 B |x|
¢S Vidu 10. Xét tinh chén 1é ctia ham 6 f(z) = ———
&
® Loi gidi.
® Tap xéc dinh 2 =R\ {0}.
2—z)? — | — 22% — 927 —
®@ V6i moi —z € 7, ta co f(—x) = ( x)3 —x| z = $_\3/E|5E| = —xTxm = —f(z).
® Két luan: Ham s6 da cho 1a ham sé 18.
0

y J/ J J

o
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1. Bai cuong v& ham sé Ludn nd luc dé dat duoc thanh quéd

yV J J J
s o Z 3 _3
¢S Vidu 11. Xét tinh chén 1é ctia ham so f(z) = 2+ 3] + |2 |
|z 4+ 3| — o — 3|
® Loi gidi.
R +3 -3
@Diéukién|9c—|—3|—\a:—3\#O@|x+3|#|$—3]©{z_l_gzgix_i_g(:)x#&
Tap xéc dinh 2 =R\ {0}.
® Véi moi —x € Z ta c6
R R R ]
(=) = | -2 +3|—|—2—3]
_ I =E=3)+ - (=+3)]
| = (@ =3)[+|-(z+3)|
o =3+ |z + 3
|z — 3| — |z + 3|
e 3|3
= Tlers—ja—3
Két luan: Ham s6 da cho 1a ham sé 1é. dJ
4 = Z _1 1
¢ Viduy 12. Xét tinh chn 16 clia ham s6 f(z) = 12— 12+ 1
|z —1] — |z + 1
® Loi gidi.
. +1 -1
@Diéukién|x—1|—|x+1|7é0<:>|x—|—1|7é|x—1|(:>{i+1:ix+1®x7&0.
Tap xéc dinh 2 =R\ {0}.
® V6i moi —x € 2 ta co
| —z -1+ |-z +1]
—x —
J(=2) |—z—1]—|—z+1]
N el G | el el G 0
| =@+ D= |- (z-1)
1A -1
|z + 1| — |z — 1]
|z + 1]+ |z —1]
ro i ri @
Két luan: Ham s6 da cho 1a ham s6 1é. O

12— x| — |2 + x|
x2—1 ’

¢ Vidu 13. Xét tinh chin 1é cia ham s6 f(z) =

® Loi gidi.
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua

y J/ J J
N +1#0 -1
@D@M@nﬁ—l#O@CﬁHXx—U%Oﬁ{j_lzoﬁ{zzl.
Tap xac dinh 2 =R\ {1; —1}.
L . 2+al—2—-2  —(2—2[—[2+2]
- t —z) = - — —f(x).
® Véi moi —z € 2 ta c6 f(—x) S poa— f(z)
Két luan: Ham s6 da cho 1a ham sé 1é. O
¢ Vidu 14. Xét tinh chén 18 ctia ham s6 f(z) = 13— Zg:'i i 3'.
® Loi gidi.
N 2#0 -2
@ Dicukien 22 —4#40& (z+2)(z—2) #0 & {2—1—_210@ {i:2 :
Tap xac dinh 2 = R\ {2; —2}.
P ) Btz —B3—2 —(B3—z[—]3+z|)
@ Véi moi —z € Z ta cod f(—x) = ey P = —f(z).
Két luan: Ham s6 da cho 1a ham sé 1é. O

VT +5+Vb—x

$> Vidu 15. Xét tinh chin 18 ctia ham s6 f(z) o
l‘ p—

D Loi gidi.

2 —9#£0 T # +3
® Ham s6 xac dinh khi {2 4+5>0 < x2—5<:>{
5—x2>0 r<5H
Tap xac dinh 2 = [-5;5] \ {£3}.

=z +5+4/5—(—2) _\/5—x+\/x+5_f( )
- (—2)2—9 - 29 MW

x # +3
—5<z<5

® V6i moi —z € 7, ta o f(—x)

Két luan: Ham s6 da cho 14 ham sé chén. O

. . 2 ST 7
¢S Vidu 16. Xét tinh chan 1é ctia ham s6 f(z) = Vi—ro Ve .

2 — 16
D Loi gidi.
22 —16#0 x # +4 L 4
© Ham s6 xéc dinh khi d 2 +7>0 < da>-Te " .
—T<x<7

7T—x>0 <7
Tap xac dinh 2 = [-7; 7]\ {£4}.

:\/7—|—x—\/(—:c)+7:_\/7—96—\/$+7:

(—z)? — 16 2 — 16

® Véi moi —z € 2, ta c6 f(—x) —f(x).

Két luan: Ham sé da cho 1a ham sé 1é. O
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1. Bai cuong v& ham sé Ludn nd luc dé dat duoc thanh quéd

y J/ J J
. . P Va2 +1
¢S Vidu 17. Xét tinh chdn 1é ctia ham s6 f(z) = R 212 — 1.
Vz+1l—zx
D Loi gidi.
@ Taco Va2 +1>Val=lz|>z=> Va2 +1—2>0, Vz €R.
Suy ra tap xac dinh ¥ = R.
® Khi do
vaz+1
fa) = ST gy
Votl-s
<x+\/m2+1)2 -
= — Qe —
(Vo Ti—e) (e1 v 1)
2?4+ 2xvr + 1+ 22+ 1 )
= —22° -1
241 -2
= 2xva?+ 1
Do d6 f(x) = 2zvz? + 1.
V6i moi —x € 2, ta c6 f(—x) = —2x/(—2)?+ 1= —2zv2?+ 1= —f(x).
Két luan: Ham s6 da cho 1a ham s6 1é. O
. . . 2 Vax2 + 2
> Vidu 18. Xét tinh chén 18 ctia ham s f(z) = PHVRTT L 4
Vix?+2 -2z
® Loi gidi.

© Ta c6 Via? 4+ 2 > Vdx? =2z| >z = V422 +2 — 22 > 0, Vo € R.
Suy ra tap xac dinh Z = R.

® Khi do
2 VAaz? + 2
f) = EEVETES 4
Vax? +2 - 2x
2
(2:5—{—\/42:2—{—2) 12
—4x° -1
(VA" +2 - 22) (20 + V127 +2)
4% + dv/4x? + 2 + 42 + 2 4?1
= — 4r  —
4a2 + 2 — 422
= 2zV4x2 + 2.

Do d6 f(z) = 2zv4a? + 2.

V6i moi —x € 2, ta c6 f(—x) = —2x\/4(—x)? + 2 = —2xv/42? + 2 = — f(x).

Két luan: Ham s6 da cho 1a ham s6 1é.
A A— B A-B
Truc can chic VA+B=—— VA+tVB= ———.
VAFB VAF VB

O

e
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Chuong 2. Ham s6 bac nhét va ham sé béac hai

Luén nd luc dé dat duoc thanh qué

y J J J
—1 khiz<0
> Vidu 19. Xét tinh chiin 18 ctia ham s6 f(z) =< 0 khi z = 0.
khiz >0
@ Loi gidi.
®@ Tap xéac dinh 2 = R.
® V6i moi z > 0, ta co —x<0.
Suy ra { = ) :> f(—z) = —f(x).
flz) =
© f(=0) = f(0).
® Véi moi x <0,taco —x > 0.
Suy ra { (= 3:) : f(—=z) = —f(x).
(z) =
® Do d6 v6i moi z € R, ta c6 f(—x) = f(x)
—1 khiz<O
Vay ham s6 f(z) =<0 khi z = 0 1a ham s6 18. O
1 khi z > 0
z® +1 khi z < —1
¢ Vidu 20. Xét tinh chén 1é ctia ham s6 f(z) =< 0 khi —1<z<1
®—1 khi z > 1.
® Loi gidi.
® Tap xac dinh Z = R.
®@ V6i moi < —1, taco —z > 1.
fl=a) = (=)’ =1  [f(= ) (903 +1)
S & —z)=—
o {f<as> — 2341 fa) = fEn ==
@ Véiz € (—1;1) thi —x € (=1;1) va f(—2) = —f(x) =0
® Véimoiz>1,tacé —ao < —1.
R = (-2 41 [f(-0) =~ 41
S & —T) = —
o {fu) —at—1 fay=r -1 TIE=HE
® Do d6 v6i moi z € R, ta c6 f(—x) = f(x).
2’ +1 khi z < —1
Vay ham s6 f(z) =<0 khi —1 <2 <1 la ham s 1é. O
2’ —1 khi z > 1.

chin 7

> Vidu 21. Cho ham s6 f(x) = 2% + mz + m?. Tim tham s6 m dé ham s6 da cho 14 ham s

o
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1. Bai cuong v& ham sé Ludn nd luc dé dat duoc thanh quéd

y J/ J J

® Loi gidi.

© Tap xac dinh 2 = R.
@ TacoVr e 9 = —x € 9.

® Ham sb da cho 1a ham s chin

f(=z)= f(x),Vz e R
s 22—mr+mP=2+mr+m? VreR
& 2mx =0,Vr € R
& m=0.

Két luan m = 0. g

> Vidu 22. Cho ham sb f(z) = 2% — (m? — 9) 2% + m — 3. Tim m dé ham s6 da cho 1a ham s
1é 7

® Loi gidi.

© Tap xac dinh Z = R.
©® TacoVor €9 = —x € 9.
® Ham s6 da cho 1a ham s6 1é
f(=z) = —f(z), Yz € R
& - (m-92P+m-3=-—[2"-(m*-9) 2 +m-3],VzeR
& 2(m*—9)2* —2(m—3)=0,VreR

{m2—9:0
=

m—3=20
{mz:l:3
=
m=3
< m = 3.
Vay m = 3. 0

&> Vidu 23. Cho f(x) = 2* — m(m — 1)z + 22 + ma + m?. Tim m dé ham s6 da cho 1 ham
chén ?

® Loi gidi.

© Tap xac dinh 2 = R.
@ TacoVr e D = —x € 9.
® Ham sb da cho 1a ham sb 18

( z) = f(z),Vz € R
—m(m— 12 + 2% + mx + m® = 2* + m(m — 1)2° + 2* — ma + m*, Vz € R
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua
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& 2m(m—1)z* —2mz =0, Vz € R

2m( -1)=0
<~
2m—0
<~
& m= 0
Vay m = 0. O

$> Vidu 24. Cho ham s6 (z) = z|x| + ma?, V2 € R. Tim m dé ham s6 da cho 1a ham s6 187

® L3i gidi.

® Tap xac dinh 2 = R.
® TacoVr € P = —x € 9.
® Ham s6 da cho 1a ham s6 1é

f(=z) = —f(x),Vzx e R

& —z|—z|+m(—z)* = — (z|]z| + ma®), Vz €R
& 2ma? =0,Vr €R
& m=0.
Vay m = 0. O

& Dang 5. Khdo sét su bién thién ctia ham sbé

a) ¢>Dinh nghia 1.1. Cho ham s6 f(z) xac dinh trén khodng (a;b).

® Ham s6 y = f(r) goi la dong bién trén khoang (a;b) néu Vo, 2o € (a;b) : x; <
zo = f(z1) < f(22).

® Ham s6 y = f(x) goi la nghich bién trén khoang (a;b) néu Va,, 2o € (a;b) : 71 <
zo = f(z1) > f(22).

b) Tisé Newton: Cho ham s6 f(z) xac dinh trén khoang (a;b) va xét tis6 T = M
L2 — I1

® Ham s6 f(x) dong bién trén khoang (a;b) thi T' > 0.
®@ Ham s6 f(x) nghich bién trén khoang (a;b) thi T < 0.
¢) Phuong phap xét tinh don diéu ctia ham sb:
® Phuong phap 1: Dung dinh nghia.
® Phuong phéap 2: Dung ti s6 Newton.
A ®@ Khi gdp ham s6 chita biéu thic bac hai trd len — thuong dung ti s6 Newton.

@ Khi gap ham s6 chiia biéu thiic bac nhat — thuong dung dinh nghia.
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(—00; +00).

> Vidu 25. Xét sy bién thién (dong bién va nghich bién) clia cac ham s6 sau:
a) f(zr) =x®—4x+5 trén (—o00;2) va (2;+00). b) f(x) = 2x—x?+1 trén (—oo; 1) va (1; +00).
c) f(x) = 2*>+10x+9 trén khoang (—5; +00). d) f(z) = —22? + 4z trén khoang (—oo; 1).

e) f(z) =2®+3x—1 trén khoang (—oo; +00). f) f(r) = —20202> — x trén khoang

 Loi gidi.

a) V6i moi x1, 29 € R va x1 # x4, ta co:

T f(x2) — f(z1)
To — X1
(23 — 4wy +5) — (x3 — 4x1 +5)
To — Iq

2 2\ .
_ (23 — o) — 4(zs xl)(nh()m dong bac)

To — X1
_ (xg — 1) (22 + 71) — 4(72 — 71)
To — I
- —4
_ (iL‘Q 231)(1’2"‘1‘1 ) :ZE1+CL'2—4.
To — I1

© Xét x1, 29 € (—00;2)

o < 2

Ta co >0 tr<4d=>r+r—4<0=T <0.
To < 2

Do d6 ham s6 nghich bién trén khoang (—oo;2).

© Xét x1,x9 € (2;+00)
. Ty > 2
Ta co - > F+re>4d=>201+2,—4>0=T > 0.
o)

Do d6 ham s6 dong bién trén khodng (2; +00).
b) V6i moi x1, 29 € R va x1 # x4, ta co:

T f(902) - f(%)

To — T
_ (Qay—af+1) — (22 — a2t +1)
Ty — X1
_ (@ —af) + 2w — 1)
To — X1
_ —($2—$1)([L‘2+l’1)+2(1’2—1’1)
Lo — Iy
— —Ty — 2
_ (@ —w)(-w—w + >=—ZE1—$2+2.
Ty — Iy

®@ Xét x1,x9 € (—00;1)

. T <1
Ta co - =21 —T9> 2= -1 —22+2>0=T>0.
o)

Do d6 ham s6 dong bién trén khoang (—oo; 1).

e
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© Xét x1, 29 € (1;+00)
/ Ty >1
Ta c6 - =0 —T2< 2= -1 —2+2<0=T<0.
T2

Do d6 ham s6 nghich bién trén khodng (1;400).
¢) V6i moi xq,x9 € R vi 21 # 9, ta co:

f(z2) — f(a1)
To — X1

(23 + 1022 + 9) — (22 + 1021 + 9)
Ty — T1

(23 — 23) + 10(z9 — 1)

T2 — I

(xg — x1) (T2 + 21) + 10(22 — 1)
Ty — Xy

(xg — 1) (22 + 21 + 10)

= :$1+1’2+10.
To — X1

T =

Xét xq, 9 € (—5;400)
. .T1>—5
Ta c6 N 5:>x1—|—:c2>—1O:>:c1+x2+10>0:>T>0.
) —

Do d6 ham s6 dong bién trén khodng (—5; +00).
d) V6i moi x1, 25 € R va x1 # x9, ta co:

fx2) — flan)
To — T
(=223 + 4x9) — (—22% + 4ay)
T2 — X1
—2(x3 — a%) + 4(xy — 1)
T2 — T
—2(xg — 1) (v + 1) + 4(22 — 21)
T2 — T
(x9 — 1) (=229 — 221 + 4)

= = —2371 — 2.272 + 4
To — X1

T =

Xét xq, 29 € (—00;1)
o < 1
Ta c6 = 201 — 209, > 4= 211 —200+4>0=1T > 0.
Ty < 1
Do d6 ham s6 dong bién trén khoang (—oo; 1).

e) V6i moi 1,z € R va xy # x9, ta ¢

f(xa) — f(x1)

T =
To — X1
(a3 43— 1) — (2 4+ 32, — 1)
Ty — X7
(23 — ) + 3(za — 1)
T2 — X1
_ (wg — @) (a3 + wy@o + ad) 4 3(x — 21)
To — I
= (2 — xl)(xi+ x;xg 21+ 3) = 25 + 1119 + 27 + 3.
2 — T
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2 32
Ta c6 3 + x109 + 22 = <x1+%) +%>0,Vm1,x2€R. Suy ra 7" > 0.

Do d6 ham s6 dong bién trén khoang (—oo; +00).
f) V6i moi z1, x5 € R va 1 # 2, ta co

f(xa) — f(z1)

T =
T2 — 1
_ (—2020a3 — ) — (—20202F — 1)
B T2 — X1
_—2020(x3 — 23) — (22 — 11)
a T2 — 1
_ (mg — 21)[—2020(2F + 2120 + 23) — 1]
B Ty — X1

= —2020(2? + zyw9 + 25) — 1.
£ 02 2 w2\? | 373 A 2 2
Ta ¢6 o5 + 120 + 27 = (xl + ?) + > > 0,Vxy, 29 € R nén —2020(z] + 122 + 235) — 1 <
0,Vxy,z9 € R. Suy ra T < 0.
Do d6 ham s6 nghich bién trén khodng (—oo; +00).

U
> Vidu 26. Xét sy bién thién (dong bién va nghich bién) clia cac ham s6 sau:
a) f(z) = " i S trén (—oo;2) va (2;+00). b) f(x) = - trén (—oo; 1) va (1;4+00).
c) f(x) = T tren khodng (—oo;1). d) f(x) = 2v =1 trén khoang (—1; 400).
rz—1 r+1
e) f(z) = # trén khoang (3; +00). f) f(x)= xZ;——f;—l trén khoang (0;2).

® Loi gidi.

a) Xét x1, 9 € (—00;2) va (2;+00), ta co
1 1 2 2
<Ty=a—2<Ty—2= > = > & > .
Ty < T2 = 1 T2 =2 T—2 -2 12 flar) > f(x2)

Vay ham s6 da cho nghich bién trén cac khoang (—oo;2) va (2;+00).

b) Xét 1,9 € (—00;1) va (1;+00), ta c6

1 3 3
<z9=>1l—21>1—29=> < = < & < .
Ty < I Iy S T <1 T 1o “1—m fla1) < f(=2)

Vay ham s6 da cho dong bién trén cic khodng (—oo; 1) va (1;+00).

c) f(x)zl%-;

r—1
Xét 21,9 € (—00;1), ta co

1 1 1
< = —-1< —1= > =1 > 1 = > .
1 < Ty = T ) 1 11 + - + p— fla) > f(x2)
Vay ham s6 da cho nghich bién trén khodng (—oo;1).
3
d =2-
) sy =22

Xét xq, 29 € (—1;400), ta co
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1 1 3 3 3 3

> = > < =
.731+1 £IZ'2+1 $1+1 .CL'2—|—1 $1—|—1 ZE2+1

T1 <X =>T1+1<a+1=
flar) < flaz).
Vay ham s6 da cho dong bién tren khoang (—1; +00).
2
e) f(f)zf‘i‘;—l
V6i moi 1, x9 € (3;+00) v 11 # 9, ta co:

T - f(za) — f(21)

To —T1

Xét 1,29 € (3;+00), ta co
Ty >3
= T129>9=1T > 0.
To > 3
Vay ham s6 da cho dong bién trén khoang (3; +00).

f) f(x):$+%+1

V6i moi 1, x9 € (0;2) v 1 # 9, ta co:

f(x2) — f(z1)

T =
Ty — X1
1
B ($2+x2+1)—($1 $1+1)
B Ty — I
Tr1 — X2
B (@2 —2)+ T )
B Ty — I
1

= 1-—

($1 -+ 1)(1’2 -+ 1)
Xét 1,29 € (0;2), ta co
{0<x1<2 {1<901—|—1<3

0<zg <2 l<ao+1<3
Vay ham s6 da cho dong bién trén khoang (0;2).

=1<(z1+1)(x2+1)<9=T>0.

¢ Vidu 27. Xét sy bién thién (dong bién va nghich bién) clia cac ham s6 sau:

a) f(r) = Vz—4 + Vo +1 trén khoang D) f(z) = Vx+2 + vz —3 trén khoang
(4; +00). (3; +00).

c) f(z) =+/b— z trén khodng (—o0;2). d) f(z) = |2z — 4] + z trén khodng (—o0; 2).

® Loi gidi.
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a) V6i moi x1 > 4,9 > 4, ta co
T —4<xy—4 \/1‘1—4<\/$2—4
=
T +1l<ay+1 \/$1+1<\/.T2+1
= \/1’1—4+\/ZL‘1+1<\/1‘2—4+\/$2+1=>f<l‘1><f($2).

T < Ty = {

Vay ham s6 da cho dong bién trén khodng (4; 4+00).
b) Véi moi x; > 3,25 > 3, ta 6
1 —3 <29 —3 VI, —3 < vVry—3
=
T +2 <39+ 2 VI +2 < Vg +2
= \/I1—3+\/$1+2<\/$2—3+\/$2+2:>f<$1) <f(.’132).

1 < Ty = {

Vay ham s6 da cho dong bién trén khoang (3; +00).

¢) V6i moi x1 < 2,29 < 2, ta co

T <Te=5—21>5—2a=>Vb—11 >Vb—1s & fay) > f(ag).
Vay ham s6 da cho nghich bién trén khoang (—oo; 2).
d) Viz € (—o0;2) nén f(z) = 2z +4+z=—x+4.
T < Ty = —x1 > —Ty=> -1 +4>—-x0+45 f(z1) > f(xg).

Vay ham s6 da cho nghich bién trén khoang (—oo; 2).

> Vidu 28. Tim tat ca cac gia tri ctia tham s6 m dé ham sb

a)y = (m — 2)z + 5 nghich bién tréen b)y = (m + 1)z + m dong bién trén
(—00; +00) (—00; +00).
Mo m+1 oo
c) flx) = o dong bién trén (—oo;2). d) f(x) = nghich bién trén (0; +00).

® Loi gidi.

a) y = (m — 2)z + 5 nghich bién (—oo; +00).
Véi xq, x9 € (—00; +00) va 11 # x9. Xét
y(x1) —y(ra) (m—2)x1+5—(m—2)wy—5

T = = =m — 2.
xT1 — T2 xT1 — T2

Dé ham s6 nghich bién trén (—oo; +00) thim —2 <0< m < 2.

b) y = (m + 1)z + m dong bién (—oo; +00).
Véi x1, k9 € (—00; +00) va x1 # x9. Xét
T y(r) —y(ze) (m+ 1Dz +m—(m+ 1)z —m

= =m+ 1.
Ty — T2 T1 — T2

Dé ham s6 dong bién trén (—oo; +00) thim+1>0< m > —1.
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c) f(z)= % dong bién (—o0;2).
Véi x1, k9 € (—00;2) va 11 # x9. Xét
m_m
f(@1) = f(z2) 2y —2 Ty —2 _ m

T = = .
1 — Ty 1 — T ([El — 2)(.T2 — 2)

Lai ¢6 x1, 9 € (—00;2) nén xy —2 < 0, 29 —2 < 0 do d6 (z1 — 2)(z9 — 2) > 0.
Khi d6 dé ham s6 dong bién trén khoang (—o0;2) thi —m > 0 < m < 0.

1 .
d) f(x) = i nghich bién (0; 400).
x
Véi x1, k9 € (0;+00) VA 21 # xo. Xét

m+1 m+1

T:f(xl)_f(xQ): 1 X9 _m—l—l

xT1 — T2 Ty — T2 T1T2 '

Vi 21, 75 € (0;400) nén z; > 0, 2o > 0 suy ra z;25 > 0. Do d6 dé ham s6 nghich bién trén
khoang (0;+o00) thi —(m+1) <0< m > —1.

U
D-BAI TAP TRAC NGHIEM
~ + 2 N = P X o o N Z r — 2
¢S Cau 1. Diem nao sau day thuoc do thi ctia ham s6 y = m?
A. M(0;-1). B. M(2;1). C. M(2;0). D. M(1;1).
® Loi gidi.
Véi z = 2 thi y = 0. Suy ra diém M (2;0) thuoc do thi ctia ham sb.
Chon dap an @ O
~ . 1 2 . . N
$>Cau 2. Chohamsdéy = f:———Fl Tim toa do diem thudc do thi ham so ¢6 tung do bang —27
A. M(0;-2). B. N (%, —2). C. P(-2;-2). D. Q(-1;-2).
@ Loi gidi.
1 1
Véiy=—-2tacé —2= xi—l <:>—2(x—1)=x+1<:>a::§.
. 1 . .
Suy ra diem N (5, —2) thuoc do thi ctia ham so.
Chon déap an U
- N . 20 +1 khix <2 .
$>Cau 3. Do thi ciia ham s6 f(x) = ’ 1 T2 q qua diém nao sau day?
-3 khi x > 2
A. M(0;-3). B. N(3;7). C. P(2;-3). D. Q(0;1).
® Loi gidi.
Ta co
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®@ Véixz=0thiy=1.
@ V6iz =3thiy=—3.
®@ V6ix=2thiy=5.

Suy ra diém Q(0;1) thudc do thi ctia ham sb.
Chon dap an @ O

WIZ273 i
$>Cdau 4. Cho ham sb f(x) = x—1 "= Gia tri clia f(2) + f(—2) bang
z* +2 khi z < 2

A. P=3. B. P=2 C.P:; D. P=6.

~ S

® Loi gidi.

2y2-2-3

21
@ V6i x = —2 thi f(—2) = (-2)2+2=6.

Vay f(2)+ f(—2) = -3+6 = 3.
Chon dap an @ 0

®@ V6i x =2 thi f(2) -3.

. ) —2(x—3) khi —1<z<1
$>Cau b. Cho ham s6 f(x) = . Gia tri cta f(—1) va f(1)
z2—1 khi xz > 1
bang
A. 8va0. B. 0vas. C. 0va 0. D. 8 va 4.

T S——

® Loi gidi.

®@ Véiz = —1thi f(-1)=—-2(-1-3) =8.
®@ Véiz=1th f(1)=—-2(1-3) =4.

Chon dap an @ O
$>Cau 6. Tap xac dinh 2 cia ham s6 y = vz — 1 1a
A. 7 = (—o0;1]. B. 2=(1;+). C. 2=[1;400). D. 2=R.
® Loi gidi.

Dicukicnz —1>0s 2 > 1. Do d6 Z = [1; +00).

Chon dap an @ O
$>Cau 7. Tap xac dinh 2 cia ham s6 y = Z _Z
z2 — 4%
A. R\ {0;2;4}. B. R\ [0;4]. C. R\ (0;4). D. R\ {0;4}.
® Loi gidi.
N z#0
Dieu kién 22 — 4z £ 0 & 44 Do d6 2 =R\ {0;4}.
x # 4.
Chon dap an @ O
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1 :
“ j khi x <0 .
$>Cau 8. Chohamsby = f(z)=¢ xz—1 Tap xac dinh ctia ham s6 1a
vVe+2  khiz>0.
A. 2 =[-2;+0). B. 2=R.
C. 2=R\{1}. D. 2 =[-2;400) \ {1}.
S———
® Loi gidi.
@ Vé6iz <0 thi f(z) = — hoan toan xac dinh.
®@ Vé6i z > 0 thi f(x) = vz + 2 hoan toan xac dinh.
Do d6 tap xac dinh ctia ham s6 13 2 = R.
Chon dap an O
. ) v=3r+8+=x khi x < 2
$©Cau 9. Tap xéac dinh ctia ham s6 y = f(z) = 1a
Ve+T7+1 khi z > 2
A. 2=R B. =R\ {2}. C. 2= (—oo;g]. D. 2 =[-7;+0).
T —— —
® Loi gidi.
@ Vé6i z > 2 thi f(z) = vz + 7+ 1 hoan toan xac dinh.
@ Vé6i z < 2 thi f(x) = v/—3x + 8 + z hoan toan xac dinh.
Do d6 tap xac dinh ctia ham s6 13 2 = R.
Chon dap an @ O

$> Cau 10. Tap xéic dinh ctia ham s6 y = +2x+ 6+l
A. 7= {—6;—%] ( % +oo). C. 9= [—%;4—00). D. 2 =[-6;+0).
® Loi gidi.

1+2x >0
6+x>0

> 1
- Do d6 ¥ = [—5;—#00).

SN

Diéu kien {

T
=
T

Vv

Chon dap an @ OJ
$>Cau 11. Tap xac dinh 2 clia ham s6 f(z) = x+1+§la
A. 2 =R\ {0}. B. 2 =[1;4+00).
C. 2=R\ {-1;0}. D. 2 =[-1;4+c0) \ {0}.
® Loi gidi.
N 1>0 > -1
Didu kien {z ; e {i o, Dodo 7 =[-1+00)\ {0}
Chon dap an @ O

o
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~ . 1
$>Cau 12. Tap xédc dinh cia Z cua ham 86 y = xx_+3 1a
A. 2 = (3;4+). B. 2=[1;+).
C. 2=[-1;3) U (3;+00) D. 2 =R\ {3}.
T —— ———
® Loi gidi.
. +1>0 > -1
Didukien { .= e = " Dodé P =][-1;3) U (3;+00).
r—3#0 x # 3.
Chon dap an @ O
$> Cau 13. Tap xéc dinh 2 clia ham s6 y = x\/_EQ 1a
A. [0;400). B. (—o0;2). C. [0;+00) \ {2} D. R\ {2}.
® Loi gidi.
. . . Jz =0
Ham s6 xéc dinh khi {
x # 2.
Khi do, tap xac dinh 2 = [0; +00) \ {2}.
Chon dap an @ OJ
Cau 14. Hamsby =2 — 22+ 3 I
A. Ham s6 vita chin, vita 1é. B. Ham s6 khong chén, khong 18.
C. Ham s6 18. D. Ham s6 chén.
® Loi gidi.
© Tap xac dinh Z = R.
OVreZ=-re€9.
@ f(-z)=(—a)'— (—2)? +3=a2'—2>+3 = f(2).
Vay ham s6 da cho 1a ham s6 chén.
Chon dap an @ O
> Cdau 15. Cho ham sb f(x) = 2? — |z|. Khang dinh nao sau day ding?
A. D6 thi ctia ham s6 f(z) doi xting qua truc hoanh.
B. Do thi clia ham s6 f(x) d6i xing qua goc toa do.
C. Ham s6 f(z) 1a ham sb 1é.
D. Ham s6 f(x) 1a ham s6 chén.
T — ———
® Loi gidi.
©® Tap xac dinh 2 = R.
@OVreZ=—-re9.
@ f(-2) = (—2)"—| —z[ =2 — 2| = f(2).
Vay ham s6 da cho 1 ham s6 chén.
Chon dap an @ O

e
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$>Cau 16. Tim tat c cac gia tri clia tham s6 m dé ham s6 y = (3 — m)x + 2 nghich bién trén

R?
A. m>0. B. m=3. C. m<3. D. m > 3.
@ Loi gidi.

Ham s6 nghich bién tréen R < 3 —m < 0 < m > 3.

Chon dap an @ OJ
$>Cau 17. Tim tat ca cac gia tri clia tham s6 m dé ham s6 y = (—2m + 1)z +m — 3 dong bién
trén R? 1

A.m<§. B.m>§. C. m<3. D. m > 3.
® Loi gidi.
L ax . 1
Ham s0 dong bien trén R < —2m +1>0& m < 7
Chon dap an @ O

$> Cau 18. Tim tat ci cac gia tri ctia tham s6 m dé ham s6 y = (3m + 4)x + 5m dong bién trén
R?

4 4
A. m< -~z B. m>—§. C. m#-1. D. m=1.
® Loi gidi.
PR . 4
Ham s6 dong bien trén R & a=3m+4 >0 m > —3
Chon dap én O

$>Cau 19. Xét tinh dong bién, nghich bién ctia ham s6 f(z) = 2? — 42 + 5 trén cac khodng
(—00;2) va (2; +00). Khang dinh nao sau day ding ?

A. Ham s6 nghich bién trén (—oo;2), dong bién trén (2; +00).

B. Ham s6 nghich bién trén cac khoang (—oo;2) va (2;400).

C. Ham s6 dong bién trén (—oo;2), nghich bién tren (2; +o00).

D. Ham s6 dong bién trén cac khoang (—o0;2) va (2; +00).

T
® LOi gidi.

Tacoa=1>0; —2i:2.

a

Vay ham s6 da cho nghich bién trén (—oo;2), dong bién trén (2;+00).

Chon dap an @ O
$>Cau 20. Cho hai ham s6 f(z) = |z + 2| — |z — 2| v& g(z) = —|z|. Khéng dinh nio sau day
ding ?

A. f(z) 1a ham s6 chin, g(z) la ham s6 ch&n. B. f(x) 1a ham s6 1é, g(x) la ham s6 chén.
C. f(z) 1a ham s6 1¢, g(z) 1a ham sb 1é. D. f(z) 1a ham s6 chdn, g(z) 14 ham s6 1é.
S
® LOi gidi.
@ f(-x)=|—-z+2|—|—2—-2|=|z—2| — v+ 2| =—f(x). Suy ra f(x) la ham s6 1é.
@ g(—z) = —| — x| = —|z| = g(x). Suy ra g(z) 1a ham s6 chin.
Chon dap an O

o
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1. Bai cuong v& ham sé Ludn nd luc dé dat duoc thanh quéd

y J J J
> Cau 21. Ham s6 f(z) = ax — /1 — a dong bién trén R khi va chi khi
A . 0<a<l. B. a<1. C.0<a<l D. a > 0.
@ Loi gidi.
N , 1—a>0
Ham so6 dong bién trén]R@{ S 0<a<l
a>0
Chon dap én@ O

$>Cau 22. Cho (H) la do thi ham s6 f(z) = Va2 — 10z + 25 + |z + 5|. Xét cdc ménh dé sau:
I. (H) déi xting qua truc Oy.
I1. (H) ddi xting qua truc Oz.
1. (H) khong c¢6 tam do6i xtng.
Meénh dé nao dang ?
A. Chi ¢6 I dang. B. I va III dang. C. II va III dung. D. Chi c¢6 II dung.
T — ——

 Loi gidi.

® Taco f(x) =+vVa?2—10x+25+ |z +5| = |z — 5|+ |z +5|.

® Suy ra f(—z) = f(z) hay f(x) la ham s6 chdn = do thi ham s6 dbi xiing qua truc Oy.

Chon dap an O
—2z+4+1 khix <-3
$»CAu23. Chohamsby=<¢ z+7 . Biét f(z¢) = 5 thi xy bing
5 khi z > —3
A. -2 B. 3. C. 0. D. 1.
T — e ——
® Loi gidi.
3+7
V61x0:3:>f(3):%:5.
Chon dap an O
$> CdAu 24. Ham s6 nao trong cac ham s6 sau khéng 13 ham s6 chén ?
A y=V2+zc+2—x+5. B. y=vV2—2— 2+
22+ 1
C.y= . D. y=[1+2 1 —2z|.
g 12 —z|+ |2 + z| y=I1+2]+] d
I — ——————8

® Loi gidi.

Xéthamsby=+v2—a2— V2 +x
@ Tacoy(—z)=2—(—x) = 2+ (—2) == (V2—2—V2+ ) = —y(x).
® Vay ham s6 dang xét 1a ham s6 18.

Chon dap an OJ

$> Cau 25. Trong cdc ham s6 sau day y = V20— 22, y = =72 + 2lz| + 1, y =

Vel —z+ Vot +o
|z| + 4
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua

y 4/ J J

A. 3. B. 1. C. 2 D. 4.

® Loi gidi.
1_ 1
Tacoy=+v20—22 y=-Te* +2z|+ L, y= |z + 2|+ |z -2,y = L |x\—:—\ix e 13 cac ham
x
s6 chén.
Chon dap an @ OJ
N . 3— 1
$> CaAu 26. Tap xac dinh ctia ham s6 y = V8B Y5 1a
22 —5r+6
A. [-1;3)\ {2} B. [-1;2]. C. [-1;3]. D. (2;3).
® Loi gidi.
<3
3—x>0 -
P r>—1
Ham s6 xéac dinh khi va chi khi ¢ t +1 >0 e ; .
) T
—bdr+6+#0
v ’ 7 x # 3.
Chon dap an @ O

®Cau27. Choy=z+1,y=2>-2,y= —xz_l,y: —$4—2m2+3
x |z| + 1
A. C6 hai ham s6 ma do thi nhan goc toa do lam tam doéi xing.
B. C6 hai ham s6 chén.
C. C6 mot ham s6 khong chén, khong 1é.
D. C6 mot ham s6 18.

. Khang dinh nao sai?

T ——— S

o Li gidi.

® Ham s6 y = x + 1 khong chén, khong 18.

_.7:4—2x2+3

@ Himsby =22 -2,y = 2T 1 13 ham s6 chan.
x

2

14 ham sb6 16.

) x
® Ham s6 y =

Chon dap an @ O
$> Cau 28. Ham s6 ndo sau day cé tap xac dinh 1a R?
_ 9.3 _ 2.3 __Z W
A. y=32° -2z B. y=3z®—-2|z| C.y—x2_1. D.y—m2+1
® Loi gidi.
Nhan thay ham s6 y = 32° — 2|z| ¢6 tap xac dinh 1a R.
Chon dap an O

$>Cau 29. Cho ham s6 y = f(z) = |z — 1| + |z + 1|. Ménh dé nao sau day sai?
A. Ham s6 f(z) c6 tap xac dinh 1a R.
B. Do thi ham s6 f(z) nhan truc tung la truc déi xtng.

—
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2. HAM SO BAC NHAT Luon né luc dé dat duoc thanh qua

y J/ J J

C. Ham s6 f(z) 1a ham s6 chén.

D. Do thi ham s6 f(z) nhan goc toa do lam tam doi xing .

® Loi gidi.
® Ham s6 f(z) ¢6 tap xac dinh 1a R.
®© Talaico f(—x)=|—z—1|4+|—xz+1 =]z -1+ |z + 1] = f(x).
® Vay f(x) 1a ham s6 chén.
Chon dap én@ O

2’ —6 khi z > 2
$>Cau 30. Cho ham s6 y = f(z) = < || khi —2 < z < 2. Khing dinh ndo sau day
—2*—6 khiz < -2
ding?
A. D0 thi ham s6 f(z) d6i xting qua goc toa do.
B. Do thi ham s6 f(z) ddi xiing qua truc tung.
C. Ham s6 f(z) 1a ham sb 1é.
D. Ham s6 f(x) 1a ham s6 chén.

T ————

@ Loi gidi.
@ Khi —2 <2 <2tacé f(—z) =|—z| = |z| = f(z).
® Khiz >2tacé f(—z) = —(—2)3 - 6=12%—6= f(z).
@ Khiz < —2tacé f(—z) = (—2)3 — 6= —25 — 6 = f(x).
Vay f(z) 1a ham s6 chén.
Chon dép 4n (D) O

Bii2. HAM SO BAC NHAT
A-TOM TAT LY THUYET
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua

y J/ J J

. D Ham sé bac nhét y = az + b (a #0)

a) Truong hop a > 0 b) Trusng hop a < 0
® TXD: D =R. ® TXD: D =R.
® Ham s6 dong bién trén R. ®@ Ham s6 nghich bién trén R.
® Bang bién thién ® Bang bién thién
T —00 +00 T —00 +00
+00 +0o0
y - y S~
—00 —00
® D6 thi ® D6 thi
D thi ham s di qua cac diém A(0;b) Do thi ham s6 di qua cac diém A(0;b)
vaB(—l—);o) VéB(—l—);())
c c
Y Y
) / \
A
B
x B\ x

B Hamhéngy =1

© TXD: D =R. y
®@ Ham s6 1a ham chin va khong doi tren R. A
® Do thi

Do thi ham s6 di qua A(0;b) va song song véi truc Ox

E Ham s6 y = |z|

) rnéuzx >0
Ta c¢6: y = |z| = )
—rneuz <0

® TXD: D =R.
® Ham s6 nghich bién trén khoang (—oo;0), dong bién trén khoang (0; +00).
® Bang bién thién

x —00 0 +00

—+00 400

y \O/
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2. HAM SO BAC NHAT Luon né luc dé dat duoc thanh qua

y J/ J J
© Do thi
D6 thi ham s6 di qua cac diem O(0;0); A(—1;1) va B(1;1).
Y
_____1___
1 1 =z

ar +bnéux > ——
D41 v6i ham s6 y = |ax + b|, (a > 0) thi ta c6 y = |ax + b| = Z.
—(az 4+ b) néu x < ——
a
Do d6, dé vé do thi ham s6 y = |ax + b|, ta vé hai duong thang y = ax + b va y = —ax — b, 1di
x6a di hai phan nam & phia duéi truc hoanh Ox.

A Cho hai duong thing d:y =ax +bvad =dz+V, khi do:

a=a

d/j d
©dy (:){byéb’
®dldead=-1
a=a
d=d
(O] (:){b:b’

@dnd s a#d

@ Phuong trinh duong thing d di qua diém A(xa;ya) c6 hé s6 goc bing k dang d : y =
k(x —xz4) +ya

® Truc hoanh Ox : y = 0, truc tung Oy : 2 =0
@ Phuong trinh phan gidc géc phan tu thi I, 11 la y = x; géc phan tu thi 11, IV la y = —x

@ Dé toa do giao diém ciia hai duong thang, ta can gidi phuong trinh hoanh do giao diém

B-DANG TOAN VA BAI TAP

& Dang 1. Khdo sat su bién thién, twong giao va déng quy

$OBai 1. Vé do thi ctia cac ham sb sau:
) _{ 4  khiz>2 b) _{ 2  khiz> -1
VYT e 42 khiz<2 Y= e +3 khiz< -1’
20 —1 khiz>1 202 khiz >0
¢) y= lm—i-l khiz <1’ d)y= —lx khiz <0’
2 2 2
® Loi gidi.
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua

y J/ J J
a) Xét oz >2=d:y=4(d/ Ozx). b) Xétz > —-1=d:y=2(d/ Ox).
Xétx <2= (A):y=a+2. Khido Xétr<—1=(A):y=2x+3. Khidé
| = |1|2| | e | =2] -3
ly=2+2| 1 | 4| ly=z+3] 1 | 0 |
Y Y
! 2
/43 _.1 x
c) Xétz>21l=d:y=ao+1. d) Xét 2 > 0= d:y =2z Khidé:
x |1|2 x |O|1|
y=2r—-1|1]3 y=2x | 0] 2]
Xétr<l= (A):y= %m—i—% Xetx<O:>(A):y:—%:c.Khido
x | -1]0 | | -1] -2 |
__1_’_1‘01‘ __1‘1‘1‘
3"t 3 2 v="3"| 3
Y Y
x
0

$©BQi 2. Vé do thi ctia cic ham s6 sau, dya vao do thi ham s6 hay lap bang bién thién:

- khixz < -1 z+1 khi —2<z<1
a) y = 1 khi —1<z<2. b)y=<¢—-2x+4 khil<az<2 .
z—1 khiz > 2 20— 4 khi2 <x <4
D Loi gidi.

a) Xét r < —1=d:y=—z. Khido
Y
IEEARNER
Xét -l <x<2=d :y=1(d /| Ox).
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2. HAM SO BAC NHAT Luon né luc dé dat duoc thanh qua

V / J J
Xét x> 2=dy:y=2x—1. Khidé:
oz |2[3]
ly=z—-1]1]2]
Y
\ 1 /
1 9 -
Béng bién thien
x —00 -1 2 +00
+00 400
y \ /
1 1
b) Xét —2 < x<1 d:y=z+1. Khido:
v [ -1]0]
y—x+1| 0 | |
Xetl<ax<2=d:y=—-2x+4. Khido:
LIl
y=—2z+4 | 10|
Xét2<x<4=dy:y=2r—4. Khido:
v [3]4]
y=2c-4]2[4]
2 1
/1 E
/—1 2 z
Bang bién thién
x —00 1 2 +00
2 +00
y / \ /
—0 0
O

&> Bai 3. Vé do thi clia cac ham s6 sau va tim diém thudc do thi c6 tung do nhd nhat:

a) y=2zr+ |z —1 b) y =3z + |z —2|.

82/528 - B Nguyén Quéc Duong - 0375113359 ﬂ




Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua

y J/ J J
® Loi gidi.
a) y=2z+ | —1. b) y =3z + |z — 2|.

B _f2z4x—1 khiz—120 B _{
y—2x+|x—1|—{2x_(x_1) khiz—1<0 y =3detle—2| =

3r+xz—2 khix—22>0
3z —(r—2) khiz—-2<0

N _{3x—1 khiz>1 N _{4x—2 khi xz > 2
lxz+1 khiz<l1 2242 khiz<?2
Xétx>1=d:y=3x— 1. Khidoé: Xétx >22=d:y=4x— 2. Khi do:
v [1]2] > ‘
x 2| =
y=3r—1|2|5 | ph— 2
Xétrx<1=d;:y=x+1 Khidoé: 3//_ T 8 | o
o |0|_1| Xét r <2=dy:y=2x+ 2. Khi do:
y=z+1 1] 0 | z 0| —1|
y y=2z+2[2] 0 |
)

IN
—_
U
8

OJ

$OBai 4. Ve do thi va tit do thi lap thanh bang bién thién va cho biét gia tri 16n nhat va gia tri
nhoé nhat trén doan [—3; 3]:

a) y=[2—z|+ |z + 1. b) y = |z — 2|+ |2z + 4.

® Loi gidi.
a) y=|2—z|+|z+1].
Tap xac dinh D = R. Xét:
e 2—rx=0&0=2.

e r+1=0&2=-1.

e Khiz<—1thiy=2—2z—(x+1)=1-2z.
e Khi -l <z<<2thiy=2—2z4+2+1=3.

83/528" B Nguyén Quéc Duong - 80375113359 ﬂ



2. HAM SO BAC NHAT Luon né luc dé dat duoc thanh qua

y J/ J J

e Khiz>2thiy=o—-24+2x+1=22x—1.

1 -2z khi r<—1
Suy ra: y = 3 khi —1<az<2
2x — 1 khi x> 2

o Xétz < —1=(dy) :y=1—2x. Khido
I e N e B
\y:1—2x\ 3 ‘ ) ‘
e Xét —1 <o <2=(dy):y=3(d/ Ox)
o Xét x >2=(d;):y=2x— 1. Khido
|

"’
i 2 |7
| y=22—-1| 4[5 |
Y
______________ 7
5 ______________
3
-1
Bang bién thién
x —00 -1 2 +00
400 400

Duya vao do thi tren doan [—3; 3] ta c6
GTNN cua y la 3, khi z € [-1;2].
GTLN ctia y 1a 7, khi x = —3.

b) y = |z — 2|+ |2z + 4].
Tap xac dinh D = R. Xét:
e —2=0&2=2.
e 2x+4=0& 12 =-2.

e Khiz < 2thiy=—(2—-2)—-22+4)=—2+2—-20r—-4=—-3r—2.
e Khi 2<a<2thiy=—(z—-2)+2r+4=—0+2+22+4=20+6.
e Khiz >2thiy=2—-2+42r+4=3x+2.
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua

y J J J
—3x — 2 khi < =2
Suy ra: y = r+6 khi —-2<z<2
3r+2 khi x> 2
e Xétx < —2=(dy) : y =—3x — 2. Khi do
z | =2 | =3 |
y=-3r—-2] 4 [ 7 |
o Xét —2<x<2= (dg):y=ux+6.Khido
v |o0]2]
y=x+6 | 6 | 8 |
o Xét x >2=(d3):y=3x+2. Khido
v [ 3]4]
y=3c+2 | 11 | 14 |
Y
—3 9 x
Bang bién thien
x —00 -2 400
+00 +00
4
Duya vao do thi trén doan [—3; 3] ta c6
GTNN cua y 1a 4, khi z = —2.
GTLN ctia y 1a 11, khi z = 3.
O
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2. HAM SO BAC NHAT Luon né luc dé dat duoc thanh qua

y J/ J J

$©Bai 5. Vé do thi va tit do thi lap thanh bang bién thién va cho biét gia tri 16n nhat va gia tri
nho6 nhét trén doan [—4;4):

a) y= Va2 +Va?— 2z + 1. b) y =2 —4r+4— 322 -2z + 1.

 Loi gidi.

a) y=vVa2+vVar—-2z+1.

Dia k“'{ 2 >0 { 2 >0
PR 2 —or 4120 7 W@ =1220

Tacoy=vVa2+/(z—1)2=|z|+ |z —1

e z =0

luon dang nén TXD: D = R.

e r—1=0&2z=1.

e Xéetz<0=(d)):y=—2—(x—1)=—x—2x+1=—2x+1. Khido
I N e
ly=—2c+1] 1] 3 |

(

e Xéet0<zx<1= (dg):y=a—(x—1)=1(d/ Ox).

o Xétr>1= (dg):y=ax+a—1=2r—1. Khidé

| 3
5

Bang bién thién
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua

y J/ J J

T —00 0 1 +00

400 400

1] ——— 1

Duya vao do thi trén doan [—4;4] ta co:
GTNN ctia y 1a 1, khi = € [0;1].
GTLN ctia y 1a 9, khi x = —4

b) y=+va?2—4r+4—-3vVa?—2x+ 1.

s 2P —dr+42>0
Dieu kién: {x2 C9r 130

—2)2 >
S {Ei B 32 z 8 luon ding nén TXD: D = R.

Tacoy=+/(x—2)2—3y/(x—1)? = |z —2| - 3|z — 1

e r—-2=0&2=2

er—-—1=0&2=1

e Xétx<1l=(d):y=—(x—2)+3(x—1)=—-2+2+4+3x—-3=22—1. Khi do
I B
|y=23:—1|—1 1|

e Xét l<a<2=(do):iy=—(x—2)—3&—1)=—2+2—3z+3=—4z + 5. Khi dé:
RS
| y=—4x+3 | -3 | -5 |

e Xétox>2=(d3):y=2x—2—-3x+3=—-2r+1. Khidé
- 5
| y=—22+1] -4 | =5 |
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2. HAM sO BAC NHAT

Luon nd luc dé dat duoc thanh qua

y J/ J J

Bang bién thién

X

—0

+00

—0

—00

Duya vao do thi trén doan [—4;4] ta c6: Vay GTNN ctia y 1a —9, khi z = —4.
GTLN ctua y 1a 1, khi z = 1.

a) y=02m+3)x—m+ 1.

c) y=mx—3—x.

¢S Bai 6. Vi gia tri ndo clia m thi cac ham s6 sau dong bién? nghich bién trén (—oo; +00)?

A Hom s6 y = ax + b dong bién khi a > 0, nghich bién khi a < 0.

b) y = (2m + 5)z + m + 3.

d) y=(m—1)z—2m — 2.

a) y=02m+3)z —m+1.

® Loi gidi.

) N . 3
Ham so da cho dong bién trén (—oo; +00) khia =2m +3 > 0< m > —3

. . 3
Ham s6 da cho nghich bién trén (—oo;4+00) khia=2m+3<0&m < ——.

b) y = (2m+5)x +m+ 3.
) N . 5
Ham so da cho dong bién trén (—oo; +00) khia =2m +5>0< m > —3
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua

y J/ J J
. . )

Ham s6 da cho nghich bién trén (—oo; +o00) khia=2m+5< 0 m < —5
c)y=mr—3—-—z<y=(m-—1)z—3.

Ham s6 da cho dong bién trén (—oo; +oo) khia=m—1>0< m > 1.

Ham s6 da cho nghich bién trén (—oo;+o00) khia=m—1<0&m < 1.
d)y=(m-—-1)z—2m—2z < y=(m—3)x—2m.

Ham s6 da cho dong bién trén (—oo;400) khia=m —3 > 0< m > 3.

Ham s6 da cho nghich bién trén (—oo; +00) khia=m -3 <0 & m < 3.

U

$>B&i 7. Tim diém dé duong thing sau luon di qua dit m 14y bt ct gia tri ndo (diém cé dinh)?

a) y=02m+3)z—m+1.

c) y=3mx—6m+ 2.

b) y=(2m+5)z+m+ 3.

d) y=(m— 1)z —2m.

D Loi gidi.

a) y=(2m+3)r —m+ 1.
Goi M(zo;y0) €y = (2m+3)z —m+1
Syo=02m+3)zg—m+1
S Yo = 2mxg + 3xg —m+ 1
& 2z —1)m+ 3zg—yo+1) =0

=

{ 21’0—120 o =
329 —yo+1=0

Yo =

N oo =

Vay diém c6 dinh 1a M(%, g)
¢) y=3mx—6m+ 2.
Goi M(xo;v0) € y = 3max — 6m + 2
& Yo = 3mxg — 6m + 2
{31}0—6:0 {250:2
—Y+2=0 Yo =2
Vay diém cb dinh 1a M(2;2).

b) y = (2m + 5)x +m + 3.
Goi M(zo;y0) €y = (2m+5)x+m+3
S yo=(2m+5)xg+m+3
& yg = 2maxg + dxrg +m + 3
& (2x0+1)m+ (bzg—yo+3) =0
1
2l’0+1:0 CC():—§
{5x0—y0+3:0<:> 1
Yo=35
2
.2 L s . 11
Vay diem co dinh 1a M(—§7§)
d) y=(m—1)z—2m.
Goi M(zo;y0) €y = (m — 1)z —2m
Syo=02m+3)rg—m+1
& Yo = Mmxy — To — 2m
& (o —2)m+ (—zo—yo) =0

—Zo— Yo =0 Yo = —2
Vay diém c¢6 dinh 1a M(2; —2).

OJ

& Dang 2. Xdc dinh phuong trinh dudng théng

Can nhé : Cho hai duong théng d:y =arx+bva d :y=dz +V.

Khidé:dj d < 0=0 L dldead =1
: oy . .

$> Badi 8. Trong méi trudng hop sau, hay tim m dé do thi ham s6 d : y = (m — 2)x + m.
a) Di qua goc toa do O.
b) Di qua diéem M(—2;3).
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2. HAM SO BAC NHAT Luon né luc dé dat duoc thanh qua

y J/ J J

¢) Song song véi duong thing d; : y = zv/2.

)

d) Vuong goc v6i duong thang dy : y = —x.

e) Di qua giao diém ctlia hai duong thang ds : x +y = —1vady: 2 — 2y +4 = 0.
)

f) Cat duong thing ds : 3x —y — 4 = 0 tai diém c6 hoanh do bing 2.

 Loi gidi.

a) Tac6 O0;0) ed:y=(m—2)z+m&0=(m—2).0+m<& m=0.
b) Taco M(=2;3)ed:y=(m—-2)c+m<3=(m—2).(-2)+mem=1.

m—2=+2

e m=2+2
m # 0

¢) Vid /| di nén {

d) Vid Ldynén (-1).(m—-2)=—-1<m=3.

r+y=-1
r—2y+4=0
Vil(-2;1)€ednénl=—-2(m—2)+m=m=3.

e) Goi I 1a giao diém ctia d3 va dy. Xét { = 1(—2;1).

f) Goi K (z0;90) 12 giao diem ctia d v ds théa man yeu cau. Khi d6 zg = 2 = yo = 2. Vay K(2;2).
ViKednn2=2(m—-2)+m=m=2.

O

$>Bai 9. Vi gia tri nao clia m thi do thi clia cic cap ham s6 sau song song, vuodng géc véi nhau?

a) di:y=Bm—1z+m,dy:y=2x—1. b) dy:y=(m*—m)x+2,dy:y=m+ 2.
® Loi gidi.
a)
3m—1=2
dy /| d =
@ d/ 2<:>{77’L7£—1 S m
1
@diLdye(Bm—1)2=-lem=_.
b)
? =2
@d el T em=-1
! 2#m

@d Ldys(m?P—m)2=-1ameQ.

$>Bai 10. X4c dinh cac tham s6 a va b dé dd thi ham s6 (d) : y = ax + b.
a) Di qua hai diém A(—1;—20) va B(3;8).
b) Di qua hai diém A(—1;3) va B(1;2).
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Luon nd luc dé dat duoc thanh qué

c) Di qua M(—5;4) va song song véi Oy.

d) Di qua M(—12;—5) va song song véi Oy.

e) Di qua N(v/2;1) va song song véi Ox.

f) Di qua P(2;—3) va vuodng géc véi Oz.

g) Di qua diém I(—3;2) v vudng goc v6i dusng phan gidc géc phan tu thit nhat.
h) Di qua diém K(—2;3) va vuong géc véi duong phan gidc goc phan tu thi tu.

i) Di qua diém A(1; —1) v song song véi duong thang d : y =22 + 7.

B 1
j) Di qua M(1;—2) va c¢6 hé s6 goc k = ~3

D Loi gidi.

. , —a+b=-20 a="7
Do thi (d) di hai diem A(—1;—20), B(3;8) né &
a) Do thi (d) di qua hai diem A( ), B(3;8) nén {3a+b:8 { _ 14

—a+b=3 =73

b) Do thi (d) di qua hai diém A(—1;3), B(1;2) nén {
a+b=2

b:

DO Ot

c) Vid//Oy:xz=0nénd:z=a. Do M(-5;4) € d =z = —5.
d) Vid//Oy:z=0nénd:z=a.Do M(—-12;-5) €ed =z = —12.
e) Vid//Oz:y=0néend:y=a.Do N(v2;1)ed=y=1.
f) Vid//Oz:y=0nénd:y=a.Do P(2;-3)ed=y=-3.
g) Vid di qua diém I(—3;2) va vuong goc v6i dusng phan giac géc phan tu thi nhat y = x nén
—3a+b=2 a=—1
= .
al=-1 b=—-1
h) Vid di qua diem K(—2;3) va vuong géc véi dusng phan giac goc phan tu thi tu y = —z nén
—2a+b=3 o a=1
a.(—1) = -1 b=5
i) Vi d di qua diém A(1;—1) va song song v4i dudng thing y = 2x + 7 nén {

a=?2
b= -3

? . 1
j) Vid di qua diem M(1; —2) va c6 hé so goc k = —3 nen -1 &

a+b=-1 -
a=2b#7

y J/ J J

o
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2. HAM SO BAC NHAT Luon né luc dé dat duoc thanh qua

yV J J J
A  Xét duong thing d : y = ax + b. y
@AzdﬂOx:yzO:x:—giA(—s;()):>OA: B(0;b)
bl _ bl b
' a la|” A(7;O)
@ B=dNOy:xz=0=y=>b= B(0;b) = OB = |b). Io \$

b
a) Tam gidgc OAB vuong cin < OA = OB < H =b| & |a| =
a
lea==+1.

1
b) Dién tich Soap = Sy = §OA.OB = Sy = b = 2|al.Sp.

$>Bai 11. Tim duong thing d di qua diem M cho truéc va chan trén hai truc toa do mot tam
giac vuodng can trong cac truong hop sau:

a) Qua M(1;2). b) Qua M(—3;1).
® Loi gidi.
a) Xét dudng théang d : y = ax +b. Ta c6 dﬂOsz(—g;O) #OAz%VadﬂOyzB(O;b) =
OB = |b|. Ta ¢6 tam gidac OAB vuong can < OA = OB < % =bl <o =1« ZZ 1_1.

Véia=1=d:y=z+b MaM(1;2)€d:y=z+bnénb=1=y=x+ 1.
Véia=—-1=y=—x+b MaM(l;2)ed:y=—-—x+bnénb=3=y=—x+3.

) b b
b) Xét dudng thang d : y = ax + . TacédﬂOsz(—a;O) :OA:%"VadﬂOy:B(O;b):
b =-1
OB:|b|.Tac()tamgiécOABvu()ngcan@OA:OB@||;||:|b|<:>\a|:1<:> ¢ -
a =

Véia=1=d:y=x+b MaM(-3;1)ed:y=z+bnénb=4=y=x+4.
Véia=—-1=y=—x+b MaM(-3;1)ed:y=—x+bnénb=-2=y=—z—2.

O

$>Bdi 12. Dinh tham s6 m dé dudng thang d chin trén 2 truc toa do tam gidc c¢6 dién tich cho
trude, biét:

a)d:y=x+2mvasS=1. b)d:y=2x+4mva S =4.
® Loi gidi.
a) Goi A=dNOz:y=0=2=—-2m = A(—2m;0) = OA = | —2m|.
Goi B=dNOy:2=0=y=2m= B(0;2m) = OB = |2m|.
TacéSOAB:1®%OA.OB:1<:)4m2:2@m::I:g.
b) GoiA=dNOx:y=0=2=—-2m= A(—2m;0) = OA = | —2m)|.

Goi B=dNOy:2=0=y=4m = B(0;4m) = OB = |[4m|.
1
TacéSoAB:4<:>§OA.OB:4<:>4m2:4<:>m:il.

O
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua

y J/ J J

C-BAI TAP TRAC NGHIEM

$>Cau 1. Ham s6 f(z) = (m — 1)z + 2m + 2 1a ham s6 bac nhat khi va chi khi
A.m#—1. B. m>1. C. m#1. D. m #0.

® Loi gidi.
Ham s6 f(x) = (m — 1)z + 2m + 2 1a ham s6 bac nhat khi va chi khim —1#0& m # 1
Chon dap an @ O
$> CAu 2. Tim tat ca gia tri clia tham s6 m dé ham s6 y = (3 —m)z +2 nghich bién trén R?
A. m>0. B. m=3. C. m>3. D. m < 3.
® Loi gidi.
Ham s6 y = (3 — m)x + 2 nghich bién trén R khi va chi khi 3 —m <0< m > 3
Chon dap an @ O
> Cau 3. Mot ham s6 bac nhat y = f(z) c6 f(—1) =2 va f(2) = —3. Ham s6 d6 1a
— 1 — 1
A. y=—2z+3. B. yz?g)x—l—g. C.y=2x-3. D.y:;x—g.
® LOi gidi.
)
N X —a+b= “T3
Ham s0 ¢6 dang f(z) =ax+b. Vi f(—1) =2 va f(2) = —3 nén &
20 +b=-3 b— 1
3
Chon dap an O

$> CAu 4. Biét do thi ham s6 y = az + b di qua diém M (1;4) va c6 hé s6 goc bang —3. Gia tri
ctia biéu thitc P = ab bang
A. 13. B. 21. C. 4 D. —21.

@ Loi gidi.
Biét do thi ham s6 y = ax+b di qua diém M (1;4) va c6 hé s6 goc bing —3 nén {
a
Do d6 P = ab = —21.

Chon dap an @ O
$>Cau 5. Do thi ham s6 nao sau day di qua hai diéem A(—1;2) va B(0; —1)?
A y=z+1. B. y=2—-1. C.y=3r—1. D. y=-3z—-1.
® Loi gidi.

—a+b=2

D6 thi ham s6 di qua hai diém A, B ¢6 dang y = ax + b. Ta c6 hé phuong trinh {0 b . =
.a =—

=73 Vayy— 30— 1
p__p Vayy=-3r—1

Chon déap an @ OJ

$> Cdu 6. Biét ba duong thang dy 1y =22 — 1,dy 1 y =8 —x,d3 : y = (3 — 2m)z + 2 dong quy.
Gia tri cia m bang
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2. HAM SO BAC NHAT Luon né luc dé dat duoc thanh qua

y J J J
-3 1
A -1 B. 1. C. —. D. -
2 2
@ Loi gidi.
] o L X N . y=2r—1 x=3 .
Goi I la giao diem cta d; va dy. Ta c¢6 hé < & . Do do6 I(3;5). Vi I € d3 nén
5=33—-2m)+2<m=1.
Chon dap an O
s> Cdau?.
Cho ham s6 y = ax + b c6 do thi nhu hinh bén. Khiang dinh nio sau y
day dang?
A. a<0,b<0. B. a>0,b>0.
C.a<0,b>0. D. ¢>0,b<0. 0
\x
T — —

® Loi gidi.
Vi d6 thi di tir trén xubng dudi nén a < 0 va cit truc Oy tai diém c6 tung do am nén b < 0
Chon dap an @

$> Cdu 8. Duong thing y = ax + b c6 hé s6 goc bang 2 va di qua diém A(—3;1) la
A y=-2x+1. B. y=2z+7. C. y=2zr+5. D. y=—-2z-5.

E

® Loi gidi.

. ) . . a=2 a=2
Vi duong thing y = ax+b c6 hé so goc bang 2 va di qua diem A(—3; 1) nén & .
—3a+b=1 b="7

Do d6y=2x+7.

Chon dap an

~ 2 2 _1
$SCau 9. Duong thang di qua M(2; —1) va vuong goc véi duong thang y = 3 + 5 ¢6 phuong

trinh 13

R

A y=3z-T7. B. y=3x+5. C. y=-3x-T1. D. y=-3z+5.
@ Loi gidi.
Duong thing théa man yéu cau c6 dang d : y = ax +b. Vi d di qua M va vuong géc véi dudng thang
1 2a+b=-1
y:?x+5nén ( 1) =—-1<a=3b=—-7.Dodéd:y=3x—-171.
a.\—3
Chon dap an @ O

$>Cau 10. Cho ham s6 bac nhat y = (m? — 4m — 4)x + 3m — 2 ¢6 do thi d. Tim gid tri nguyéen
duong ctia m dé dudng thing d cit truc hoanh va truc tung lan luct tai hai diém A va B sao cho
tam giac OAB la tam giac can (O la gbc toa do).

A. 3. B. 1. C. 2 D. 5.

T —— ——

® Loi gidi.
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua

Vim?—4m—4=0<m=242y2nén m?—4m — 4 # 0 véi Vm € Z*.

) 2—3m |2 — 3m| . _
Ta c6 dﬂO:E:A(m;O) = 0A = e — va dN Oy = B(0;3m —2) = OB =
|3m — 2.

|2 — 3m)|
|m2? — 4m — 4|

Ta c¢6 tam giac OAB vuong can <& OA = OB & =13m -2 m?>—4m -4 =1%

m=5vim € Z".
Chondépén@ O

~ o 1 —1 R
$>Cau 11. Cho hai dudng thang d; : y = 3% + 100 va dy : y = 5% + 100. Ménh de nao

dang?
A. d; va dy trung nhau. B. d; va dy vudong géc nhau.
C. d; va d, cit nhau. D. d, va dy song song v6i nhau.
—————
D Loi gidi.
1 1 1 -1 -1 )
Xét phuong trinh 5T + 100 = —§x+ 100 & x = 0. Ta thay 53 =1 # —1 nén d; va dy cat nhau.

Chon dap an @

¢S Cau 12. Do thi ham s6 y = ax + b cit truc hoanh tai diém c¢6 hoanh do z = 3 va di qua diém
M (—2;4). Gia tri ctia a va b lan lugt 1a

| FL

12 4 12 4 12 4 12

A, — va —. B. —— va ——. C. —va——. D. - va —.

5 5 5 5 5 5 5 5

® Loi gidi.
Do thi y = ax + b cit truc hoanh tai diém c6 hoanh do 2 = 3 nén dd thi di qua diém N(3;0). Ma do

. 3a+b=0 —4 12
thi di qua diem M (—2;4) nén c6 hé ¢ >a=—;b=—
—2a+b=4 5 5

Chon dap an @

$>Cau 13. Tim diém M (a;b) v6i a < 0 ndm trén A : x +y—1 = 0 va cdch N(—1;3) mot khoang
bang 5. Gi4 tri clia @ — b bang

A. 3. B. —1. C. —11. D. 1.

| f

® Loi giéi.
a+b—-—1=0

(a4 1) 4 (b 3)° = o5 G hE dugea=—5;b=Gnena—b=—11.

WMGAV&MNzE)HéH{

Chon dap an @

$> Cau 14. Duong thang d,, : (m — 2)x +my = —6 ludon di qua diém

R

A. M (3;-3). B. My(2;1). C. M;(1;-5). D. My4(3;1).
@ Loi gidi.
Xét (m—2)x+my=—-6<(r+y).m=22—-6 (¥). Dudng thang d,,, luon di qua diém c6 dinh
khi va chi khi (x) c6 nghiém v6i moi m nén 92637+—y6:=00 = 2 = 3;y = —3. Vay d,,, luon di qua diém
M;(3;-3).
Chon dap an @ O

y J/ J J

o
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2. HAM SO BAC NHAT Luon né luc dé dat duoc thanh qua

y J/ J J

$>Cau 15. D6 thi ham s6 y = 2 — 2m + 1 tao véi hé truc toa do Oxy tam giac ¢ dién tich bang
25 N
5 Khi d6 m bang

A. m =2 hoic m = 3. B. m =2 hoicm =
C. m = —2 hodc m = 3. D. m = -2.
T — ——

® Loi gidi.
Goi A=dNOz:y=0=z=2m—1= A2m —1;0) = OA = |2m — 1|.
Goi B=dNOy:x2=0=y=1-2m= B(0;1—2m) = OB =|1—2m]|.
TacéSOABz%(:)%OA.OBz%@(2m—1)2=25(:>m:3\/m:—2.
Chondépém@

> Cau 16. Tim tat ca cac gia tri thiye ctia tham s6 m dé duong théng y = 3z + 1 song song véi
duong thang y = (m? — )z + (m — 1).
A. m =12 B. m=2. C. m=-2. D. m=0.

IR

® Loi gidi.
. ) . (3=m?—-1
Duong thang y = 3z+1 song song v6i duong thang y = (m2?—1)z+(m—1) khi 1 4 .
m —_—

Chon dap an @

$> Cau 17. Biét rang do thi ham s6 d : y = az + b di qua diem M (1;4) va song song véi dudng
thing d’ : y = 2z + 1. Tinh tong S = a + b.

¢
3
Il
| .1

A. S=4. B. S=2. C. §=0. D. S=—-4.
® Loi gidi.
. . . a+b=14
Do thi d di qua M(1;4) va song song v6i d’ nén 5 =a=2;b=2.Dod6 S=a+b=4.
a =

Chon dap an @

$> Cdu 18. Tim tat ca cac gia tri thuyc cia tham s6 m dé dudng thing d : y = (3m+2)x —Tm—1
vuong goéc v6i duong thang A :y = 2z — 17
5

A.m<6. B. m:—g. C. m=0. D. m > —0,5.

L

® Loi gidi.
Duong thang d 1 A khi va chi khi 2.(3m +2) = —1 & m = —g.

Chon dap an

> Cau 19. Tim tat ca cac gia tri clia tham s6 m dé dudng thang d: v = m2?x + 2 cit duong théng

L F.

d:y=4x+37
A. m=+2 B. m # +2. C. m#£2. D. m # —2.
o Loi gidi.
TacodNd & a#d & m?#4em# 2
Chondépén O

e
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua

y J/ J J

$> Cdu 20. Tim phuong trinh dudng thang d: y = ax +b. Biét dudng thang d di qua diém 1(2;3)
va tao véi tia Oz, Oy mot tam giac vuong can.

A y=z+5. B. y=—x+5. C.y=—-x-5. D. y=2-5.
® Loi gidi.
b 0]
@ dNOz=A|——0) = 0A4A=—.
a lal
® dNOy = B(0;b) = OB = |b].
) . o |b] a =1 loai
Ta ¢6 tam giac OAB vuong can@OA:OB(:)ﬂ:|b|<:)|a|:1® )
a a=—1.

Véia=—-1=d:y=a+b Mal(2;3)ediy=—ar+bs3=-2+bsb=05".
Vay d: y = —x + 5 14 dudng thang can tim.

Chondéupén O]
$>Cau 21. Cho ham s6 y = az + b ¢6 do thi nhu hinh bén. Tim a v b.
3
A.a=-2vab=3. B. a=—-vab=2. y
37 /
C.a=-3vab=3. D.azivab:?). 3

T — e
® Loi gidi.
£ . . .2 — 20, + b = 0 a = §
Ham s0 di qua hai diem (—2;0) va (0;3) nén ta c6 b3 = 2
- b=3.
Chon dap an @ O
¢S CaAu 22. D6 thi ctia hinh bén 14 do thi ctia ham sé nao?
A. y=|2xz+3| B. y=|2z+3| -1 y
C.y=|z—2| D. y=|3z+2| -1
F2
3
2
— : 10 L
Sl
T — ——
® Loi gidi.
. 3 , 3
2z +2, khi z > — 2z +3) — 1, khi z > —
Duya vao do thi ta c6 y = g,: §=|2x+3|—1.
— 2z — 4, khix<§ — (22 +3) — 1, khix<§

Vay y = |22 + 3| — 1.

Chon dap an O
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2. HAM sO BAC NHAT

Luon nd luc dé dat duoc thanh qua

> Cau 23. Bang bién thien ¢ dudi 1a bang bién thién ctia ham s6 nao?
A y=2z—1. B. y=1[2z-1]. T
C.y=1-2z. D. y=—1[2x —1]. T |—00 5 +00
+0o0 +00
Yy ™~ 0 7
 — ——
® Loi gidi.
P . Z . Z N Z . .2 1 N ~
Dua vao bang bien thién ta thay ham so di qua diem (5, 0) va luon duong.
Vay y = |2z — 1.
Chon dap an 0
$> Cau 24. Bang bién thién ¢ dudi 1a bang bién thién ctia ham s6 nao?
A. y=l|dz + 3| B. y= |4z —3|. T
C.y=|-3z+4| D. y=|3z+4]|. T |—00 3 +00
+00 +0o0
Y ™~ 0 _—
 — T
® Loi gidi.
N 2 £ . n Z N 4 3. <2 4 N ~

Dua vao bang bien thién ta thay ham so di qua diem (5, 0) va luon duong.
Vay y = |3z + 4.
Chon dap an @ O

y 4/ J J

e
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Chuong 2. Ham s6 bac nhét va ham sé béac hai

Luén nd luc dé dat duoc thanh qué

y J/ J J

Bir3. HAM SO BAC HAI

A-TOM TAT LY THUYET

Ham s6 Tinh chat Bang bién thién D6 thi
y=az® (a# | DO thi y = ax® 1a | Khia > 0:
0) mot parabol co:
x !—oo 0 —|—oo! 9 2 Y
® Dinh O (0;0) +00 +00
Yy \ / 1+
@ Truc déi xiing 0 ; ;
Oy. -10 I
Khi a < 0:
@ Bé lom: y
T |—00 0 400 O
—a > O 0 _ R
quay Y ~ T -7
b —00 —00
lén. | 91
—a < O
quay
xubng.
y=ar?+br+ | D6 thi y = | Khia>O0:
¢ (a#0) ar? + br + ¢ la
~ .. b Y
mot parabol c¢6: r |—o0 _ 400
2a
, b
| \ 2
20’ 4a da /| or
® Truc déi xing | Khia < 0:
b
2a T |—00 - —+00 -
@ Bilc " ‘
€ 1oml: !
Yy g é — 9 —i !
—a > O —0 4a —00 2a
quay
lén.
—a < O
quay
xuong.

o
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3. Ham sé bac hai Ludn nd luc dé dat duoc thanh quéd

y J/ J J
B-DANG TOAN VA BAI TAP

2 Dang 1. Xéc dinh va khdo sdt su bién thién cla parabol (P)

$>Bai 1. X4c dinh parabol (P)
a) (P):y=ax?®+ br — 3 c6 dinh 1a 1(3;6).

b) (P): y = ax® + bz — 3 c¢6 dinh la I(—1; —5).
¢) (P):y=—22+bx+cdiquadiém M(1;6) va c6 hoanh do dinh bing 2.
d) (P): y = az? — 4z + ¢ di qua diém M (2;3) va c6 hoanh do dinh bing 1.
e) (P):y=ax?+bxr+5 di qua diém M(3;2) va c6 truc déi xting z = 2.
f) (P): y= —22%+ br + c di qua diém M (5;9) va c6 truc déi xting = = 3.
g) (P): y=2?+ bx + c di qua hai diem M (6;5) va N(1;—5).
h) (P): y = ar? + 3z + ¢ di qua hai diém M(3;2) va N(—1;-2).
i) (P): y=ax®+bxr+ 1 di qua diém A(2;1) va c6 tung do dinh bing —2.
j) (P): y = ax?®+ bz + 7 di qua diém A(3;1) va c6 tung do dinh bing 9.
k) (P): y = az® — 4z + ¢ ¢6 truc ddi xing z = 2 va cit truc Oy tai diém M (0; 3).
1) (P): y = ax?®+ 8z + ¢ c6 hoanh do dinh bing 4 va cit truc Ox tai diém M(1;0).
m) (P): y = az®+ bx + ¢ di qua ba diéem A(2;5), B(3;8) va C(0;5).
n) (P):y = az?+bxr + c di qua ba diém A(—1;-8), B(3;—8) va C(0; —2).

o) (P): y = ax®+ bx + c c6 do thi:
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua

y J/ J J
Y
I
-1 1
/oo
p) (P):y=ax*+ bx + c c6 do thi:
Y
2 \ /
ol 2 =
q) (P):y=az®+ bx + ¢ ¢6 bang bién thien:
x !—oo 0 2 +oo!
400 +00
\
Yy -1 e —
r) (P): y = ax?® + bz + ¢ ¢6 bang bién thien:
T | =00 2 4 +00
6
y e N
—00 —00
® Loi gidi.

a) Taco I(3;6) € (P):y=ar’*+br—3<6=a-3°+b-3—39%+3b=9
Hoénhd@dinhxz—%:3©6a+bzo
9a+3b=9 a=—1
6a+b=0 {6:6.
Vay (P): y = —2? + 62 — 3.

Tacéhé:>{

b) Taco I[(—1;-5) € (P):y=az*+br -3 —-H=a-(-1)?+b-(-1) -3 a—b= -2
Hoémhd@dinhxz—%:—1<:>2a—b:0

a
a—b=-2 a=2
Ta c6 he = =
20 —b=0 b=4.

Vay (P): y = 222 + 42 — 3.

c) Taco M(1;6) € (P):y=—a’+bx+ceb6=(-1)2+b-1+cebt+c=7
Hoénhdédinhx:—2£:2(:)4a+b:0
a
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3. Ham sé bac hai Ludn nd luc dé dat duoc thanh quéd

102/528

Tacohe {b+c=7 =<b=4
4a+b=0 c=3.
Vay (P): y = —2% + 42 + 3.

d) Taco M(2;3) € (P):y=ar* -4z +c=3=a-(2)2?-4-2+csda+c=11
Hoénhd@dinhxz—%zl@?a—f—b:()
da+c=11 a=2
Tacohe { b= —4 =<b=-4
2a+b=0 c=3.
Vay (P): y = 22 — 42 + 3.

e) Taco M(3;2) € (P):y=ar?*+br+52=a-(3)*+b-3+5< 9a+3b=-3
Trucdéixﬁ’ngm:—2—22<:>4a+b:0
a
9a +3b= -3 {a=1

4da+b=20 b= —4.
Vay (P): y = 2? — 4z + 5.

Ta c6 hé {

f) Taco M(5;9) € (P):y=—-22>+br+c=9=-2-(5)*+b-5+c<db+c=59
Trucdéixﬁ’ngx:—%:?)@(ia-l—bzo
a=—2 a=—2
Tacohe <bb+¢c=59 = <{b=12
6a+b=20 c=—1.

Vay (P): y = —22% + 122 — 1.

g) Taco M(6;5) € (P):y=a2>+brx+cb5= (6> +b-6+c<6b+c=-31
Ta co N(1;-5) € (P):y=a*+br+c
& -5=01>2+b-14+ceb+c=—6
6b+c= —31 a=—>
Ta c6 hé =
b+c=—6 b=—-1.

Vay (P): y = 2? — 5z — 1.
h) Taco M(3;2) € (P):y=ar*+3x+ce2=a-(3)*+3-3+c&9%+c=-T7
Taco N(—1;-2) € (P):y=azr*+3x+ce —2=a- (1?43 - (-1)+cea+tc=1

9a +c= -7 a=-—1
Ta c6 hé =
a+c=1 c=2.

Vay (P): y = —2? + 3z + 2.

i) Taco A(2;1) € (P):y=ar’+br+1e1=a-224b-2+14a+2b=0=b=—2a

A —b2 4+ 4
Tungd(f)dinhy:——:—2<:>;acz—2<:>—b2+4ac:—8a

4a 4a
— o =0 (loaido : 0
(o0 pda= S —da? 4 120=0 |00 (1o3ido saF0)
=1 a=3= b= —6.

Vay (P): y = 32? — 6z + 1.

j) Taco A3;1) € (P):y=ar? +bz+71=a-324+b-3+7< 9% +3b=-6=b=—-3a—2
—b% + dac

9 & —b% + dac = 36a
4a

A
Tung do dinh y = —— =9 <
4a
b=—3a—2
e

c=

—(=3a —2)2+28a = 36a < 9a®+20a+4 =0 = (a+2)9a+2) =0 &

y J/ J J

e
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Luon nd luc dé dat duoc thanh qué

y J J JZ
a=—-2=0b=14
9 8
=757 3

, ) 2
Kiem tra lai thaya:—§ vab:—g khong théa man.
Vay (P):y=—22*+4z + 7.
k) Taco (P)NOy = M(0;3) = M(0;3) € (P):y=ax*—4dr+c<3=a-(0—4-0+c&c=3
Trucdéixfrngx:—%:2<:>4a+b:0
Tacob=—-4=a=1
Vay (P): y = 2® — 4z + 3.
1) Taco (P)NOx = M(1;0) = M(1;0) € (P): y = ax®’+8z+c < 0=a-(1)>+8 1+c & at+c= —8
b
Hoénhd@dinhx:—2—:4<:>8a+b=0

a
a+c=-—8 a=-—1

Tacohe b=28 &S <bhb=8
8a+b=0 c=—7

Vay (P):y=—2*+8x —T.

m) (P):y = ax®+bx+c di qua ba diém A(2;5), B(3;8), C(0;5) nén toa do théa man phuong trinh
parabol
da+2b+c=5 a=1

Tacohte {9a+3b+c=8<= {b=-2
C:5 C:5
Vay (P): y = 2® — 2z +5.

n) (P):y = az? + bw + ¢ di qua ba diem A(—1;-8), B(3;-8), C(0; —2) nén toa do théa méan
phuong trinh parabol

a—b+c=-8 a=—2
Tacohe {9a+3b+c=-8<<Lb=14

Vay (P): y = —22% + 4z + 2.

0) Dua vao do thi ta thiy parabol c6 dinh I(—1; —2) va di qua diém (0; —1)

%92—1 2, —b=0 a=3

a

Ta c6 he 4—bic=_2 a—b+c=-2<<Kb=6
c——1 c=—1 c=1

Vay (P): y = 32 + 62 + 1.
p) Dua vao do thi ta thay parabol di qua ba diém (1;0), (2;0), (0;2)

a+b+c=0 a=1
Tacohe {da+2b+c=0<<Lb=-3
c=2 c=2

Vay (P): y = 2® — 3z + 2.

q) Dua vio bang bién thién ta thay parabol ¢ dinh I(2; —5) va di qua diém (0; —1)

;—b=2 da+b=10 a=1

a

Ta c6 he dg Lot c—_5 da+2b+c=-5&Cb=—4
c——1 c=-—1 c=-—1

103/528“ B Nguyén Quéc Duong - 80375113359 ﬂ



Luon nd luc dé dat duoc thanh qua

y J/ J J

3. Ham sé bac hai

Vay (P): y = 32? + 6z + 1.

r) Dua vio bang bién thién ta thay parabol c6 dinh I(2;6) va di qua diém (4;2)

;_bzz da+b=0 a=—1

L1 a B B

Tacohe 4a—|—2b—|—c:6 = 4a+2b—|—c_6 2N b=14
16a +4b+c =2 16a+4b+c=2 c=9

Vay (P): y = —x® + 4z + 2.

O

~ . .« Z 2 ]- . Z 2 Y
$S Bai 2. Mot chiée cong hinh parabol ¢6 phuong trinh y = —5372. Biet cong ¢6 chieu rong d = bm

(nhu hinh vé) c6 chiéu cao h clia cong?

® Loi gidi.
Goi hai diém chan cong 1a A(za;ya) vA B(wp;yg), ta c6 |ra| = |rp| va
Ya = YB-
5 1 (5\* 25 z
\d: a — = —, a h: :—_.(_) —_
Vi bm nén |x4| = |zp]| 5 Vay |yl | 5\ 3 (m)
U

$>Bai 3. Cdng Arch tai thanh phd St Louis ctia My c6 hinh dang 13 mot parabol (hinh vé). Biét
khodng céach gitta hai chan cong bang 162m. Trén thanh cong, tai vi tri c6 do cao 43m so véi mit
dat (diém M), ngudi ta tha mot soi day cham dat (day cang theo phuong vuong goc véi dat). Vi
tri cham dat ctia dau soi day nay cach cong A mot doan 10m. Gia st cac so lieu trén 1a chinh xéac.
Hay xac tinh do cao ctia cong Arch (tinh tit mit dat dén diém cao nhat clia cong).

10m

 Loi gidi.

Chon hé truc Oxy nhu hinh vé
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua

y J J J
Y
Phuong trinh parabol (P) ¢6 dang y = ax? + bx + c.
Phuong trinh (P) di qua ba diém A(0;0), B(162;0), M(10;43) nén ta c6
43
c=0 “T 1520
43 3483
162°a+162b +c=0 & ¢, 3483 = (P)ry = ———0” 4
: =6 1520° " 760
10%a + 100 + ¢ = 43
c=0
X 2 A b2 - 4
Do d6 chieu cao ctia cong la h = —— = TR 185, 6m. O
4a 4a
> Bai 4. Cho parabol (P): y = 2% — 2z — 3.
a) Khdo sat va vé do thi (P). b) Bién luan va gidi phuong trinh: —a? + 2z +
m—1=0.
® Loi gidi.
a) Tap xac dinh Z =R
Toa do dinh I(1;—4)
Truc doi xting = = 1
Bang bién thién:
x —00 1 +00
400 400
—4

Ham s6 nghich bién trén khodng (—oo; 1) va dong bién trén khoang (1; +00)
Bang gia tri

Do thi
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3. Ham s bac hai Ludn nd luc dé dat duoc thanh quéd

y J/ J J

O
~

Taco —2?+2r+m—-1=02>-20—m+1=02>-22—-3=m—4 (x)
S6 nghiem ciia (*) 1a s6 giao diém ciia do thi (P) va dudng thang d: y = m — 4.
Néum —4 < —4 < m < 0 thi () vo nghiém.

Néum —4=—-4< m =0 thi (x) ¢c6 1 nghiem.

Néum —4 > —4 < m > 0 thi (*) ¢6 2 nghiem.

U
$>Bai 5. Cho parabol (P): y = —2? + 4z — 3.
a) Khéo sat va vé do thi (P). b) Bién luan va giai phuong trinh: 2? — 4z +
m—2=0.
® Loi gidi.
a) Tap xac dinh 2 =R
Toa do dinh I(2;1)
Truc ddi xiing = = 2
Bang bién thién:
r | —oo 2 400
1
. / \
—00 —00
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua

y J J J
Ham s6 dong bién trén khoang (—oo;2) va nghich bién trén khoang (2; +00)
Béang gia tri

Do thi

Yy
l4+------- T
I
|
0 1 2 3 y 7
I
I
y=m-=5
I
|
B S \

Tacoa? —4dz+m—2=0& —2>+4r—-m+2=0& —2>+42—-3=m—5 (%)
S6 nghiem ctia (%) 1a s6 giao diém ctia do thi (P) va duong thang d: y = m — 4.
Néu m —5 > 1< m > 6 thi (x) vo nghiem.

Néum —5=1< m =6 thi (x) ¢c6 1 nghiem.

Néum —5 <1< m <6 thi (%) c6 2 nghiem.

$>Bdi 6. Cho parabol (P): y = 2% + 2z — 2.

a) Khao sat va vé do thi (P).

o Ldi gidi.

107/528" B Nguyén Quéc Duong - 80375113359 ﬂ



3. Ham s bac hai Ludn nd luc dé dat duoc thanh quéd

y J/ J J

a) Tap xac dinh Z =R
Toa do dinh I(—1;—3)
Truc déi xting 7 = —1
Bang bién thién:

—+00 400

Ham s6 nghich bién trén khodng (—oo; —1) va dong bién trén khodng (—1; +00)
Béang gia tri

Do thi

$>Bai 7. Cho parabol (P): y = —2* + 4z — 3.
a) Khéo sat va vé do thi (P).
b) Tim tham s6 thyc m dé phuong trinh 22 + 2z —m — 2 = 0 ¢c6 mot nghiém am va mot nghiem

thuoe (0;1).

c¢) Tim tham s6 thiyc m dé phuong trinh 22 + 2z —m — 2 = 0 ¢c6 mot nghiém am va mot nghiem
16n hon hoiic bang 2.

® Loi gidi.

a) Tap xac dinh 2 =R
Toa do dinh I(2;1)
Truc ddi xiing z = 2
Bang bién thién:
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua

y J/ J J

Ham s6 dong bién trén khoang (—oo;2) va nghich bién trén khoang (2; +00)
Bang gia tri

Do thi

b) Tim tham s6 thuyc m dé phuong trinh 2% +22 —m — 2 = 0 ¢6
mot nghiém am va mot nghiém thudce (0; 1).

2420 -m—2=0%&2"+22 -2 =m(x)

S6 nghiém ctlia () ciing 1a s6 giao diém ctia (P) va dudng thang:
y=m.
Dua vao do thi. Yéu cau bai toan & —2 <m < 1

¢) Tim tham s6 thuc m dé phuong trinh 22 + 22 —m — 2 = 0 c6
mot nghiém am va mot nghiém 16n hon hodc bang 2.

420 -m—2=0%&2"+22 -2 =m(x)

S6 nghiém ctlia () ciing 1a s6 giao diém ctia (P) va dudng thang:
y=m.
Dua vao do thi. Yéu cau bai toan < m > 6

$> Bai 8.

a) Tim tham s6 thuc m dé phuong trinh 22 — 42 + m — 4 = 0 ¢6 hai nghi¢ém phan biét duong
16n hon 1.
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3. Ham sé bac hai

Luon nd luc dé dat duoc thanh qua

b) Tim tham s6 thic m dé phuong trinh 22 — 42 + m — 4 = 0 ¢6 hai nghiém phan biét duong

bé hon 4.
® Loi gidi.
a) Tim tham s6 thuc m dé phuong trinh 22 — 4z +m — 4 = 0 ¢6 hai
nghiém phan biét duong 16n hon 1.
P —dr-—m—-4=0& -m—4= -2+ & —m—7=—2*+41—3(%)
S6 nghiém ctia (%) ciing 1a s6 giao diém ctia (P) va duong thang: y =
-m — 1.
Dua vao do thi. Yeu cau baitodan © 0 < —-m—7<1& -8 <m < —7
b) Tim tham s6 thyc m dé phuong trinh 22 — 42 +m — 4 = 0 c6 hai
nghiém phan biét duong bé hon 4.
?—dr-—m—-4=0& -m—4=—2+4r < —m—T7=—2*+4r—-3(%)
S6 nghiém clia () ciing la s6 giao diém ctia (P) va dudng thang: y =
-m — 1.
y Dua vao do thi. Yeucaubaitoan & —3 < —-m—-7<1& -8 <m < —4

U

$>Bai 9. Tim gia tri 16n nhat va gia tri nhdé nhat ctia ham s6 y = —2% + 42 + 3 trén doan [0; 3].

 Loi gidi.

Ta c6 y = —2% + 4z + 3 1a mot Parabol c6 dinh I(2;7) va a < 0 nén c¢6 bang bién thien trén doan

[0; 3] nhu sau:

) /7\

3 6

Tt bang bién thién, ta suy ra mingg y = 3 khi 2 = 0. maxyg y = 7 khi 2 = 2 O

$>Bai 10. Tim gia tri 16n nhat va gia tri nhé nhat clia ham s6 y = 22 — 42 + 2 trén doan [—1;4].

® Loi gidi.

y J/ J J

e
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua

y J/ J J

Ta c6 y = 2 — 4z + 2 la mot Parabol ¢6 dinh 7(2; —2) va @ > 0 nén c¢6 bang bién thien trén doan
[—1; 4] nhu sau:

x -1 2 4
7
-2
T bang bién thien, ta suy ra ming_1.4y = —2 khi 2 = 2. max_1,qy = 7 khi z = —1 OJ

$SBai 11. Tim m # 0 dé y = ma® — 2mx — 3m — 2 ¢6 gia tri nhé nhat bang —10 trén R.

® Loi gidi.

®@ Xét m < 0 do6 thi ham s6 1a (P) ¢6 hudng quay xudéng nen khong c6 gid tri nhd xudng.

@ Xét m > 0 do thi la (P) c6 huéng quay lén nén dat gia tri nho nhat ¢ tung do dinh.

4—:—10<:>16m2+8m:40m<:)16m2—32m:O<:)m=0hoécm=2.
a

So diéu kién nhan m = 2.

O

$>Bai 12. Cho parabol (P) : y = ma? —2max—3m—2. Tim m dé toa do dinh thuoc d : y = 3x—1.

® Loi gidi.
Dinh I (1;-4m —-2)ede —4m—-2=3-1-1<m=—1 O

% Dang 2. BIEN BOI O THI VA TUONG GIAO

$>Bai 1. V& do thi cia ham s6 f(z) =22 -2z —1vay = —f(z) = —2? + 22 + 1 trén cung 1
hinh.

® L3i gidi.

Nhan xét: Hai do thi ddi xing nhau qua Ou.

Téng quat: Tit dd thi ham s6 y = f(z), suy ra do thi ham s
y = —f(x) bang cach 1ay d6i xiing v6i do thi y = f(z) qua truc
hoanh O, ta duge do thi clia ham s6 y = — f(x).

IS

y=—fl@) = -2 +20+1
L]

A Can nhd:
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3. Ham s bac hai Ludn nd luc dé dat duoc thanh quéd

y J/ J J

flx)  khi f(x) =0
|[f(@)] = :

—f(z)  khi f(z) <0

Do thi ciia ham so chdn doi xing nhau qua truc Oy, ham s6 1€ nhan O lam tam doi xing.

$>Bai 2. V& do thi clia ham s6 y = (x — 1)(z — 3) = 2* — 42 + 3. T do thi clia ham s6 da cho,
suy ra do thi ham s6 y = |z — 1|(z — 3)

® Loi gidi.
(x—1)(z—3)=2*—4z+3 khi x > 1
Ta c6: y = |z — 1|(z —3) =
—(z—1)(z—3)=—(2*—42+3) khiz<l1
Do d6 gitt do thi lai khi > 1 va lay déi xitng phan do thi qua Ox khi x < 1.

Y Y

L]
$>Bai 3. Vé do thi y = f(z) = 22 — 42 + 3. Suy ra do thi y = |f(z)| = |2® — 4z + 3.
o Loi gidi.
22 —4x+3 khiz<1VvVa>3
Ta cé: y = |f(x)| = |2* — 4o + 3| =
— (2 —4x+3) khil<z<3
Téng quat: Bo phan dudi Oz, 1y doi xting phan vira bé qua truc Oz.
Y Y
y = f(z) y=|f(x)
L]

$>Bai4. Vé do thiy = f(z) = 2 — 4z + 3. Suy ra do thi y = f(|z|) = 2* — 4|z| + 3

® Loi gidi.
Do ham s6 y = f(]z|) 14 ham s6 chdn nén nhan truc tung Oy 1a truc déi xting.
Téng quat:

e
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Luén nd luc dé dat duoc thanh qué
y J J J

Chuong 2. Ham s6 bac nhét va ham sé béac hai

@ B¢ phan bén trai Oy.
® Lay doi xitng phan bén phai qua Oy.

y y
y =/ (=) y=f(z
0
¢S Bai 1.
Cho (P) : y = ax? + bz + ¢ ¢6 do thi nhu hinh vé: y
3

a) X4c dinh he s6 a, b, c.
b) Tim tham s6 m dé phuong trinh |f(x)| = m c¢6 4 nghiém phan biét

I

) Tim tham s6 m dé phuong trinh f (|z|) — 1 = m c¢6 3 nghiém phan

biét.

D Loi gidi.

a) X4c dinh he s6 a, b, c.

S —b

® Hoanh do dinh z = 5 =2<4a+b=0.(1)
a

@ Diém (2; 1) € (P) & —1 =4a +2b+ c.(2)

® Dlem (0;3) € (P)<:>3—c(3)
Tt (1),(2),(3) gidi he phuong trinh ta duge a = 1;0 = —4;¢ = 3. Vay (P) : y = 2> — 4z + 3.

b) Tim tham s6 m dé phuong trinh |f(z)| = m c6 4 nghiém phan biét

y = |/ ()] = 22 —dw 3] =

khiz<1vz>3

® Ta ¢

x2 —4x +3

—(z* —4z+3) khil<z<3

®@ Céch vé do thi y = |f(z)|: B6 phan dudi Ox, 1ay doi xing phan

vita bé qua truc Ozx.

®@ S6 nghiém ctia phuong trinh | f(x)| = m cling chinh 1a s6 giao diem
clia hai do thi y = |f(z)| va duong thang y = m.

Dua vao do thi. Yéu cau bai toan < 0 < m < 1.
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y J/ J J

¢) Tim tham s6 m dé phuong trinh f (Jz|) — 1 = m c¢6 3 nghiém phan biét.

y = f(|z|
® Do ham s6 y = f(|z]) 1a ham s6 chdn nén nhan truc
tung Oy la truc doéi xing.

® Ta vé d6 thi y = f(|z|): B6 phan ben trai Oy. Lay

d6i xting phan bén phai qua Oy. \/ @) \/ z

@ Taco flz)) —1=m& f(z))=m+1

® S6 nghiem clia phuong trinh f(|z]) = m + 1 cling
chinh 1a s6 giao diém ctia hai dd thi y = |f(z)| v&
duong thing y = m + 1.

® Dua vao do thi. Yeu cau bai toan & m+1 = 3 <

m = 2.
U
$> Bai 2.
Cho (P) : y = ax® 4+ bx + ¢ ¢6 do thi nhu hinh vé: y
a) Xéc dinh he s6 a, b, c. 1 "'ﬂ\ .
b) Tim tham s6 m dé phuong trinh |f(z)| —m — 3 = 0 c¢6 ding 3 0 2 ’

nghiém phan biét.

¢) Tim tham s6 m dé phuong trinh f (|z|) = m c6 4 nghiém phan
biét.

 Loi gidi.

a) Xac dinh hé s6 a, b, c.

—b
® Hoanh do dinh z = 5 =2<4a+b=0.(1)

a
@ Diém (2;1) € (P) & 1 =4a+2b+c.(2)

® Dlem (3;0) € (P) < 0=9a+3b+c.(3)
U (1),(2),(3) giai he phuong trinh ta dugc a = —1;b = 4;¢ = —3. Vay (P) : y = —2* +

4333

b) Tim tham s6 m dé phuong trinh |f(z)| —m — 3 = 0 c6 3 nghiém phan biét.
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® Ta c¢6: vy = |f(2)] = |—2? + 4z - 3] =

—2?2+4rx -3 khiz<lvz>3

—(—2*+4r—-3) khil<zx<3

@ Cach vé do thi y = |f(z)|: Bé phan dudi Oz, lay doi xing phan
vita bo qua truc Ox.

@ Taco f(|Jz)) —m—-3=0«< f(|z]) =m+3

@ S6 nghiem ctia phuong trinh | f(x)| = m + 3 cling chinh 1a s6 giao
diém ctia hai do thi y = |f(z)| vd dudng thang y = m + 3.

® Dua vao do thi. Yéu cau bai todan @ m+3 =1 m = —2.

¢) Tim tham s6 m dé phuong trinh f (|z|) = m c6 4 nghiém phan biét.

®@ Do ham s6 y = f(|z|) 14 ham s6 chdn nén nhan truc /\ /\

tung Oy la truc doi xing. O

®@ Ta vé d6 thi y = f(Jz|): B6 phan ben trai Oy. Lay

d6i xting phan bén phai qua Oy.
y = f(lz|

®@ S6 nghiém cta phuong trinh f(]z|) = m cling chinh
la s6 giao diém ctia hai do thi y = |f(z)| va dudng
thang y = m.

® Dua vao do thi. Yeu cau bai todn < —3 <m < 1.

$>Bai 3. Cho (P) :y = —2?+ 2z + 3.
a) Khao sat va vé do thi (P).

b) Duong thang y = 2z — 1 cat (P) tai 2 diém phan biet A va B. Tim toa do6 A va B. Tinh do
dai doan thing AB.

® Loi gidi.

a) Khéo sat va vé do thi (P):y = —z* + 22 + 3.

® Tap xac dinh: D = R.
® Toa do dinh: I(1;4).
@ Truc ddi xiing: x = 1
© Bang bién thien:

y J/ J J

o
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y J/ J J

T —00 1 +00

®@ Ham s6 dong bién trén (—oo; 1) va nghich bién (1;+o00)
© Bang gia tri

€T —1 0 1 2 3
Yy 0 3 4 3 0
® Do thi
Yy

/o \ !

b) Duong thang y = 2z — 1 cat (P) tai 2 diém phan biét A va B. Tim toa do A va B. Tinh do dai
doan thang AB.
Phuong trinh hoanh do giao diém ctia (P) va dudng thang y = 2z — 1:

r=2=y=3

242 +3=2r—1e —2*+4=0< .
r=-2=y=-3

Ta c6: A(2;3); B(—2;—3) nén AD = (—4;—6) = AB = \/(—4)2 + (—6)% = 2V/13.

$>Bai 4. Cho (P):y=2a>+bx +ec.
a) X4c dinh he s6 b, ¢ biét dinh I(1;1).
b) Tim gia tri 16n nhat va gid tri nhé nhét cia ham s6 (P) : y = 2* + bx + ¢ trén doan [0; 3].

c¢) Tim m dé duong thing d : y = 2 +m cit (P) tai hai diém phan biét A va B sao cho trung
diém ctia ABla K €d :y = —2u.

® Loi gidi.

a) Xéc dinh he s6 b, ¢ biét dinh I(1;1).
@ Dinh I(1;1) e (P)=1=1+b+c (1)

@Hoénhdédinhx:%b:l@b:—Qa:—Q. (2)

a
Tu (1) va (2) suyrab= —2,c=2. Vay (P) : y = 2> — 22 + 2

b) Tim gia tri I6n nhat va gia tri nhé nhat cia ham s6 (P) : y = x? 4 bx + ¢ trén doan [0; 3.
(P):y=x*—2x+2c6dinh I(1;1) v a > 0 nén c6 bang bién thién nhu sau:
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y J/ J J

92\/5

1

Tu bang bién thién, ta suy ra mingg y = 1 khi 2 = 1. maxpgy =5 khi 2 =3
¢) Tim m dé dudng thang d : y = 2z + m cat (P) tai hai diém phan bi¢t A vd B sao cho trung
diém ctia ABla K € d' :y = —2x.
Phuong trinh hoanh do giao diém ctia (d) va (P)
P20 4+2=20+me2® —4dx+2—m=0(x)
Dé (d) cat (P) tai 2 diém phan biét < (*) ¢6 hai nghiém phan biét
SA>016—-4(2-m)>0&8+4m >0 m > —2

Goi A (a,2a +m) va B (b,2b +m) la toa do hai giao diém v6i a,b 14 nghiem ctia (x).
. b
Theo Vi-et ta c6: a + b= 4. I 1a trung diem AB thi I (a i ;a+b+ m) =1(2;m+4).

Ilednenm+4=-2-2&m=-8.
So diéu kien: Khong c6 m thdéa yéu cau bai toan.

O

$>Bai 5. Tim tham s6 m dé dudng thang d : y = z + m cat Parabol (P) : y = 2? — 4z + 3 tai hai
diém phan biét ¢6 hoanh do trai dau?

® Loi gidi.

® Phuong trinh hoanh do giao diém ctia d va (P): 2 — 52 +3 —m = 0(1).

@ d cit (P) tai hai diém phan biét c6 hoanh do trai dau khi va chi khi (1) c6 hai nghiém trai dau
@P:E:3—m<0®m>3
a

0

$>Bdi 6. Cho Parabol (P) : y = 22 — 2o +m — 1. Tim tat ca cac gia tri thyc ctia m dé parabol
cit truc hoanh Oz tai hai diém phan biét ¢6 hoanh do duong.

 Loi gidi.

® Phuong trinh hoanh do giao diém ctia (P) va Oz: 22 — 2z +m — 1 =0(1).

® YCBT < phuong trinh (1) ¢6 hai nghiégm duong phan biet

a=1%0(LD)
AN=2—m>0

& Slm<?2
S=2>0
P=m-1>0

O
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$>Bdi 7. Cho Parabol (P) : y = 22 + (2m + 1)z — m — 1. Tim tham s6 m dé (P) cit truc hoanh
Ox tai hai diém phan biét c6 hoanh do x1, 5 théa man 22 + 22 = r125 + 1.

® Loi gidi.

® Phuong trinh hoanh do giao diém ctia (P) va truc Ox: 22 + (2m + 1)z —m — 1 = 0.

a=1%#0(LD)

~ e R.
A=4m+12+1>0@LD)

® Phuong trinh c6 hai nghiém phan biét x;, 7, < {

. o 1
@ Ap dung dinh Iy Viet ta co: {xl L2 m

T1T9 = —m — 1
® Ta co:

i =+l (1 +20)? —3r,—1=0(—2m—1)2=3(—-m—-1)—1=0
S4m* +Tm+3 =0
3

Sm=—-1Vm=——.
m m 1

t

$>Bai 8. Cho Parabol (P) : y = 2% — 42 + 3 va dudng thang d : y = max + 3. Tim tham s6 m dé
d cit (P) tai hai diém phan biét A, B c6 hoanh d6 z, 7, théa man 23 + 23 = 8.

® Loi gidi.

® Phuong trinh hoanh do giao diém ctia (P) va d: 22 — (m + 4)z = 0.

a=1%0(LD)

4
Ae(msaps>0Tm7

® YCBT < phuong trinh ¢6 hai nghiém phan biét xy, 7o < {

. T+ T =m+4
® Ap dung dinh 1y Viet ta co: { ! ?

T1T9 = 0
@ Ta co:
3+ a) =8 & (1) + 19)° — 3wyma(2) + 19) =8
s (m+4)P° =8
Sm=—2.

t

$>Bai 9. Tim tham s6 m dé parabol (P) : y = 22 — 42 + m cit truc Oz tai hai diém phan biét
A, B sao cho OA = 30B?

® Loi gidi.

® Phuong trinh hoanh do giao diém ctia (P) va Oz: 2% — 4z +m = 0.
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y J/ J J

R . a=1%#0(LD)
® YCBT < phuong trinh c¢6 hai nghiém phan biét x;, 2, < < m < 4.

AN=4—m>0
1+ 22 =4(1)

® Ap dung dinh ly Viet ta co:
r1Ty = m (2)
© Gia st A(x1;0) va B(w;0) 1a cac giao diém. Ta co:

1 = 325 (3)

OA=30B < OA* =90B% & 22 = 912 <
T = —31‘2 (4)

Tu (1), (2), (3) ta gidi ra dugc m = 3 (nhan).

®@ Tu (1),(2),(4) ta gidi ra duge m = —12 (nhan).

U]
$>Bdi 10. Cho Parabol (P) : y = 22 — 4z + 3 va dudng thang d : y = ma + 3. Tim tit ca cac gia
tri cia tham s6 m dé d cit (P) tai hai diém phan biét A, B sao cho dién tich tam gidc OAB béng
9
5.

® Loi gidi.
® Phuong trinh hoanh do giao diém ctia (P) va d: 2% — (m + 4)z = 0.
@ YCBT < phuong trinh c6 hai nghiem phan biet o a0
ng trinh c6 hai nghiém phan biét z, x m # —4.
p g ghiem p U X1, T2 A:(m—|—4)2>0
< oy =mt4
®@ Ap dung dinh 1y Viet ta co: {xl =
T1Xg = 0
© Gia st A(x;may + 3) va B(xg; mag + 3) 1 cac giao diém ciia (P) va d.
® 04 = (x1;may + 3); OB = (w9;mao + 3). Ta co:
1
<~ SOAB = 5 $1(ml’2 + 3) — xg(matl + 3)
1
@)’ - 5‘3 xr1 — 1'2
- 81 9( )
—=—(r1—x
10— o
<~ 9 = (1’1 + 1'2) —4x x4
&9 =(m+4)>
Giai ra ta duge m = =7V m = —1.
[

$>Bai 11. Tim toa do cac diém cb dinh ctia parabol (P) khi m thay ddi trong céc trudng hgp sau:

a) (P):y=(m—1)z*+2mzx —3m+ 1. b) (P):y=(m—2)z*>—(m—1)x +3m — 4.

® Loi gidi.
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a) (P):y=(m—1)2®+2mx — 3m + 1.
Goi diém ¢6 dinh M (zg;y0) € (P),Vm
& yo = (m — 1)z + 2mzg — 3m + 1,Vm
& mad — 23+ 2mxy —3m+ 1 —yo=0,Ym
S m(rd+210—-3)— 22 —yo+1=0,Ym
x§—|—2x0—3:0 To=1Vzyg=-3
—x%—yo+1:0

To — 1 g Ty = -3
s hoac
Yo =10 Yo = —8

Vay c6 hai diém M, (1;0), Ma(—3; —8).

yo =1 — 7

b) (P):y=(m—2)2*— (m — 1)z +3m — 4.

Goi diém ¢ dinh M (xo;y0) € (P),Ym

S yo=(m—2)z — (m— 1)z +3m —4,VYm

@mx%—Qm%—mxo—i—mo—ki’)m—él—yo:0,‘v’m

S m(r:—290+3)— 223+ 79 —4—yo=0,Ym
{xg—x0+3=0 {VN

= 2 = 2

—2z5+20—4—1yo=0 —2z5+ 290 —4—1yo=0.
Vay khong ton tai diém c6 dinh.

I BAITAP TRAC NGHIEM

$>Cau 1. Cho ham s6 y = az? + bz + ¢ (a # 0) ¢6 dd thi (P). Toa do dinh cia (P) la

b A b A b A b A
A. (——;—). B. (——;——). . (——;——). D. (—,—)
! 2a 4a f a 4da c 1 2a° 4a g 2a" 4a
o Loi gidi.
N Z 2 PR L ao b A
Ham so y =ax*+br+cvéia#0c6dinh [ { ——;—— ).
2a° 4a
Chon dap an @ OJ

> Cau 2. Dinh ctia parabol (P): y =3z% — 2z + 1 la
A. T (—l,g) B. I (—1;—2). C. I (1,—g> D. I (1,2)
33 3 3 3 3 3 3

® Loi gidi.

b -2 1
Suy ra parabol (P): y = 32? — 2z + 1 ¢6 dinh [ (5’ 5)

Chon dap an @ O

¢ Cau 3. Ham s6 nao sau day c6 do thi la parabol ¢6 dinh I(—1;3)?
A. y=212—-4r-3. B. y=222-2x—-1. C.y=222+4z+5 D. y=222+z+2.

® Loi gidii.
Ham s6 y = 22% + 42 + 5 ¢6 dinh 1(—1;3).
Chon dap an @ O
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$>Cau 4. Tim gia tri nhé nhét y,;, cla ham s6 y = 22 — 4z + 5.
A. Ymin — 0. B. Ymin — —2. C. Ymin — 2.

D. Ymin — 1.

(e

® Loi gidi.
Ham s6 y = 22 — 42 + 5 c¢6 do thi 1a Parabol, bé 16m huéng lén.
D6 thi ham s6 ¢6 dinh T (2;1).
Suy ra gia tri nho nhat ctia ham s6 Yy = 1 dat tai 2 = 2.
Chon dap an @

O

> Cau 5. Tim gia tri 16n nhat ymax cta ham sé y = —v/222 + 4.
A. Ymax = V2. B. Ymax = 2V2. C. Ymax = 2.

(s

D. Ymax = 4.

® Loi gidii.
Ham s6 y = —v/22% + 42 ¢6 do thi 1a Parabol, bé 16m huéng xudng.
D& thi ham s6 c6 dinh 7 (v2;2v/2).
Suy ra gia tri 16n nhat cta ham s6 Ymax = 2v/2 dat tai z = /2.

Chon dap an OJ
¢ Cau 6. Truc ddi xiing ctia parabol (P): y = 222 + 6x + 3 1a
3 3
A z= — B. y= —3 C.z=-3. D. y=-3.
® Loi gidi.
£ , . b 6 3
Truc doi xting cua parabol laz = —— = ——— = ——.
2a 2.2 2
Chon dap an @ OJ
$>Cau 7. Truc dbi xiing clia parabol (P): y = —2z% + 5z + 3 1a
) ) ) 5
A z=——. B. 1 =—-. . T = D. z=-.
x 5 75 1 C =z 5 z=7
® Loi gidi.
b ) 5)

Truc doi xting clia parabol la 1 = —— = ——— = ——.
2a 2-2 4
Chon dap an

0

$> Cau 8. Trong cac ham s6 sau, ham s6 nao c6 do thi nhan duong thang z = 1 lam truc doi
xing
A. y=-22%+4z+1. B. y=22%+42-3.
C.y=22%—2z—1. D. y=2>—-z+2.
T

o Li gidi.

. b b . 2
Truc doi xting cia parabol la x = ~5g" Suy ra x = ~oq = 1. Nhan thay ham s6 y = —22% + 42 + 1
a

a
thda man.

Chon dap an @

0J

$>Cau 9. Cho ham s6 y = 222 + 42 — 1. Khing dinh nao sau day la ding?
A. Ham s6 dong bién trén khodng (—oo; —2) va nghich bién trén khodng (—2;+00).
B. Ham s6 nghich bién trén khoang (—oo; —2) va dong bién trén khoang (—2; +00).

y J/ J J

o
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C. Ham s6 dong bién trén khodng (—oo; —1) va nghich bién trén khoang (—1; 400).
D. Ham s6 nghich bién trén khodng (—oo; —1) va dong bién trén khodng (—1;+00).

® Loi gidi.
Ham s6 y = 222 +42 — 1 c6 he s6 a = 2 > 0, ;— = —2 nén nghich bién trén khodng (—oo; —2) va
a

dong bién tren khoang (—2; +00)

Chon dap an O
> Cau 10. Ham s6 nao sau day nghich bién trén khoadng (—1; +00)

A y=+2z2+1. B. y=—v2z2+1. C.y=v2(x+1?> D.y=—2(x+1>
@ Loi gidi.

Ham s6 y = —v/2 (z + 1) nghich bién trén khoéng (—1; +00).

Chon dap an @ O
$>Cau 11. Tim gia tri 16n nhat M va gid tri nhé nhat m cta ham s6 y = 22 — 3z trén doan
[0;2]

AM—Om——9 B M—9m—0
- - Y - 49 . — 4, = 9
C M=-2m=—-. D M=2m=—-.
7m 4 7m 4

T I — ————8

® Loi gidi.

Ta c6 bang bién thién ctia ham s6 trén doan [0;2] 1a

3
x 0 — 2
2
0 —2
4
N ? o L PN - 9
Dwa vao bang bien thién, ta c6 M = 0,m = T
Chon dap an @ OJ

$>Cau 12. Tim gia tri thiyc ctia tham s6 m # 0 dé ham s6 y = ma? — 2mx — 3m — 2 c6 gié tri
nho nhat trén R bang —10.

A. m=1. B. m=2. C. m=-2. D. m=-1.
@ Loi gidi.
Ham s6 da cho c6 gia tri nho nhat trén R bang —10 khi va chi khi
a>0 m >0
—A & & m = 2.
p—T —4m —2=-10
4a
Chon dap an OJ

‘ ¢ Céu 13. ‘

—

y 4/ J J

e
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y J/ J J

Béang bién thién & hinh vé 1a bang bién thien
clia ham s6 nao trong cac ham s6 duge cho bon
phuong an A, B, C, D? ALY 00
A y=—a2?+4x -0 Yy \ /
B. y=22—4x—1. -5
C. y=—2?+4x.
D. y =22 -4z - 5.

~

X —00 2 400

@ Loi gidi.
Tt hinh vé ta duge bang bién thién ctia ham s6 bac hai a > 0. Nén loai phuong an y = —2% + 42 — 9
vay = —x% + 4x.
D6 thi ham s6 y = 2% — 42 — 1 1a parabol c¢6 dinh (2; —5) phut hgp v6i bang bién thién hinh vé.
D06 thi ham s6 y = 22 — 4x — 5 1a parabol ¢6 dinh (5; —1) nén loai phuong 4n nay.

Chon dap an O
<> Cdau 14.
Bang bién thién & hinh vé 14 bang bién thién 1
ctia ham s6 ndo trong cdc ham so6 duge cho 6 r | —00 — +00
bon phuong an A, B, C, D sau day?
A y=222+2z—1. 3
B. y=222422+2. Y 2
D. y=—-222 -2z + 1.
=
@ Loi gidi.
Tt hinh vé ta duge bang bién thién ctia ham sé bac hai @ < 0 nén loai phuong an y = —22% — 2z va

y=—22% -2z + 1.
. 13
T bang bien thién ta dugc toa do dinh [ (—5; 5) nén dap an y = 222 + 2z + 2 1a dung.

Chon dap an O

$> Cau 15.
D6 thi ¢ hinh vé 1a do thi ctia mot ham s6 trong bon ham sé duge liet y
ké & bon phuong an A, B, C, D dudi day. Héi ham s6 d6 14 ham s \ o 1 2/
nao? i x

A y=zx2—4z—1. B. y =222 -4z —1. E

C.y=-22%2—4z - 1. D. y =222 -4z + 1. !

_3 :
@ Loi gidi.

T hinh vé ta duge day 1a do thi ham s6 bac hai ¢6 a > 0 va dinh parabol I(1; —3).
Dap an y = 2? — 4x — 1 ¢6 do thi la parabol c¢6 dinh I(2; —5) nén loai dap 4n nay.

Déap 4n y = —222 —4x — 1 ¢6 hé s6 a = —2 < 0 nén loai.

Dap an y = 22% — 4z + 1 ¢6 do thi la parabol ¢6 dinh I(1; —1) nén loai dap an nay.

Chon dap an O]
‘ > Cau 16. ‘
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D6 thi hinh bén 1a do thi ctia mot ham s6 trong bén ham s6 duge liet ke & y
bén phuong an A | B, C, D duéi day. Héi ham s6 d6 14 ham s6 nao?
3
A. y:x2—2z+§. B. y=-0,522+z+1,5. . 1 3
1 1
C.y=2%-2z D. y=—-z?+z+ =. 0 .
2 2
T —— —————
® Loi gidi.

Tit hinh vé ta duge do thi ctia ham s6 bac hai a < 0, d6 thi cat truc hoanh tai diém (—1;0) va (3;0),
dd thi cit truc tung tai diém (0;¢) véi ¢ > 1.

Phuongény:x2—2x+§vay=x2—2a:biloaidoa>0.

1 1 , . 1
Phuong an y = —=2% + 2 + 3 bi loai do cat truc tung tai diem (O; 5)

2
Chon dap an O

$>Céau 17.
Cho ham s6 y = ax?® + bx + ¢ ¢6 do thi nhu hinh vé. Khazmg dinh nao y
sau day duang?

A. a>0,b<0,c<0. B. a>0,b<0,¢>0.

C.a>0,b>0,c>0. D. a<0,b<0,c>0.

0| x
@ Loi gidi.

Tt hinh vé ta dude do thi ham s6 bac hai @ > 0 nén loai dap 4n a < 0,b < 0,¢ > 0.
D5 thi cit truc tung tai diém (0;¢) v6i ¢ > 0 nén loai dap 4n a > 0,b < 0,c¢ < 0.

Parabol ¢6 hoanh do dinh —5, > 0 nén a va b trai dau. Suy ra b < 0.

a
Chon dap an O
$>Cdu 18.
Cho ham s6 y = ax?® + bz + ¢ ¢6 do thi nhu hinh bén. Khang dinh nao y
sau day dung?
A. a>0,b>0,c<0. B. a<0,b6>0,c<0. 0 z
C.a<0,b>0,c<0. D. a<0,b>0,c>0.
® Loi gidi.

Tt hinh vé ta duge do thi ham sd bac hai a < 0 nén loai dap 4n a > 0,b > 0,¢c < 0.
D5 thi cit truc tung tai diém (0;c) v6i ¢ < 0 nén loai dap 4n a < 0,b > 0,c¢ > 0.

Hoanh do dinh duong nén ~5a > (0 nén a va b trai dau. Suy ra b > 0.
a
Chon dap an O

$>Cau 19. Cho parabol (P): y = ax?® + bx + ¢ (a # 0). Xét dau he s6 a va biet thiec A khi (P)
hoan toan nam phia trén truc hoanh?
A. a>0 A>0. B. a >0, A<0. C.a<0,A<O. D. a<0,A>0.

® Loi gidi.

y J/ J J

e
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Chuong 2. Ham s6 bac nhét va ham sé béac hai Ludn nd luc dé dat duoc thanh qua

Do (P) khong cit truc hoanh nén phuong trinh ax? + bz + ¢ = 0 v6 nghiém suy ra A < 0.
Do (P) nadm phia trén truc hoanh nén tung do dinh (P) duong suy ra 1 > 0 suy ra a va A trai
a

dau suy ra a > 0.

Chon dap an O

¢ Cau 20. Cho parabol (P): y = az? + bx + c(a # 0). Xét dau he s6 a va biet thic A khi cait
truc hoanh tai hai diém phan biét v c6 dinh nim phia trén truc hoanh.
A. a>0A>0. B. a>0,A<0. C.a<0,A<0. D. a<0,A>0.

® Loi gidi.
(P) cit truc hoanh tai hai diém phan biét nén phuong trinh ax? + bz + ¢ = 0 ¢6 hai nghiém phan biét
suy ra A > 0.

Dinh (P) ndm trén truc hoanh nén tung do dinh duong suy ra 1 > 0 suy ra a va A trai dau suy
a
ra a < 0.
Chon dap an @ O
N PN 1 11
$>Cau 21. Tim parabol (P): y = az? + bx — 2, biét ring parabol c6 dinh T (—5; —Z)
A.y=2>+3z—-2. B. y=322+z-4 C.y=322+z—-1. D. y=322+3zx-2.
® Loi gidi.
) 111\
Parabol ¢6 dinh 1 (——; ——) nén
2 4
b 1
20 2 a—=b=0 a=3
O
Chon dap an @ O

$> CAu 22. Tim gia tri thyc ctia tham sé m dé parabol (P): y = ma? — 2mz — 3m — 2 (m # 0)
c6 dinh thuoc duong thing y = 3z — 1.
A . m=1 B. m=-1. C. m=—6. D. m =6.

® Loi gidi.
Dinh ctia parabol (P): y = ma? — 2mx — 3m — 2 1a I (1; —4m — 2) thudc dudng thing y = 3z — 1 khi
—4Am —-2=3-1&m= -1
Vay m = —1.
Chon dap an O

¢ Cau 23. Xac dinh parabol (P): y = ax?+bx+2, biét rang (P) di qua M (1;5) va N(—2;8).
A.y=222+zx+2. B. y=z>+z+2. C.y=-2224+2+2 D. y=-222—-2+2.

® Loi gidi.
Parabol (P): y = az® + bx + 2, biét rang (P) di qua M (1;5) va N(—2;8) khi do

a+b+2=5 a+b=3 a=2
= =
4da —2b+2 =28 da —2b=06 b=1.
Vay (P): y =22 + z + 2.
Chondépén@ O

y J/ J J

o
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3. Ham s bac hai Ludn nd luc dé dat duoc thanh quéd

y J/ J J

> Cau 24. Xac dinh parabol (P): y = 222 + bx + ¢, biét (P) di qua M (0;4) va c6 truc doéi xiing
z=1.
A. y=222—-4zx+4. B. y=222+42-3. C.y=22>-3r+4. D. y=222+zr+4

® Loi gidi.
parabol (P): y = 22 + bx + ¢, biét (P) di qua M(0;4) va c6 truc déi xiing z = 1, khi do

Vay (P): y = 22 — 4z + 4.
Chon dap an @ 0

> Cdu 25. Biét rang (P): y = ax? — 4x + ¢ ¢6 hoanh do dinh bing —3 va di qua diém M (—2;1).
Tinh téng S = a + c.

A. S=5. B. S=-5. C. =4 D. S=1.
® Loi gidi.
(P): y = ax? — 4x + ¢ ¢6 hoanh do dinh biang —3 va di qua diém M (—2;1), khi d6
2
da+8+c=1 a,:_g
i:_g < c——E
2a o 3’
2 13
Chon dap ém OJ

> Cdu 26. Biét rang (P): y = ax? + bx + 2(a > 1) di qua diém M(—1;6) va c¢6 tung do dinh
3 1
bang —7 Tinh tich P = ab.
A. P=-3. B. P=-2. C. P=192. D. P=28.

® Loi gidi.
d S ]-
(P): y=az*+bx+2(a>1) di qua diem M(—1;6) va c6 tung do dinh bang 7 khi do

a=1
_p2 b= -3
b+8a:_l 9a:b2 b2_9b_36:o {b:—B
4a 4 & _ 4@ b4 & b=12 <
a—b+2=6 a=0+ =0+ a=">b+4. a=10
b=12
Via>1néna=16,b=12.
Vay P =ab=16-12 = 192.
Chondépén@ O

$> Cau 27. Xac dinh parabol (P): y = ax? + bx + ¢, biét réng (P) c¢6 dinh I(2;—1) va cét truc
tung tai diém c6 tung do biang —37?

1
A. y=12%-2z-3. B. y:—§x2+2x—3.
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y J/ J J

1
C.y:§x2—2x—3. D. y=—2?—-2z-3.

@ Loi gidi.
Parabol (P): y = ax® + bx + ¢, biét ring (P) c6 dinh I(2; —1) va cit truc tung tai diém c6 tung do
bang —3, khi d6

— 1
a
c=-3 ¢c=-3 c=-3.

1
Vay y = —5172 + 2x — 3.
Chon dap an O
¢ Cau 28. Xac dinh parabol (P): y = ax? + bx + ¢, biét ring (P) di qua M(—5;6) va cit truc

tung tai diém c6 tung do bang —2. Heé thiic nao sau day ding?
A. a = 6b. B. 25a — 5b = 8. C. b= —6a. D. 25a + 5b = 8.

® Loi gidi.
Parabol (P): y = ax? + bx + ¢, biét rang (P) di qua M(—5;6) va cit truc tung tai diém c6 tung do
bang —2, khi d6
{25a—5b+c=6 {25a—5b:8
=

c=—2 c=—2.

Vay 25a — 5b = 8.
Chon dap an OJ

$> CAu 29. Biét ring ham 86 y = ax? +bx + ¢ (a # 0) dat cuc tiéu bang 4 tai 2 = 2 v c6 dd thi
ham s6 di qua diém A(0;6). Tinh tich P = abc.

A. P=—6. B. P=6. C. P=-3 D.P:g.

@ Loi gidi.
Ham s6 y = az? + bxr + ¢ (a # 0) dat cyc tiéu bing 4 tai x = 2 va c6 dd thi ham s6 di qua diém
A(0:6), khi do

— 1
2_b:2 4a—|—b:O (J,:§
a
da+2+c=4TYlot2="2& 19, _ o
c=6 ¢c=6 ¢ =6.
Vay P = abc = —6.
Chondépén@ (Il

N < s . PR 1 3
¢ Cau 30. Biét rang ham s6 y = az? + bx + ¢ (a # 0) dat gia tri 16n nhat bing 1 tai © = 5 va

tong lap phuong cac nghiem ctia phuong trinh y = 0 bang 9. Tinh P = abe.
A. P=0. B. P=6. C. P=1. D. P=—6.

® Loi gidi.

127/528" B Nguyén Quéc Duong - 80375113359 ﬂ
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y J/ J J

b b)>
Phuong trinh y = 0 c6 nghiém zy, x5 v6i 25+x3 = (1 + T9) [(xl + x2)2 — 3x1x2} = —— [(——) -3 E] )
a a a

. PN 1 3 .
Ham s6 y = ax® +bx + ¢ (a # 0) dat gia tri 16n nhat bang 2 tal x = 3 va tong lap phuong cac nghiém
ctia phuong trinh y = 0 bang 9, khi d6

b 3 _
% 2 7:3 b+ 3a=0 a=—1
93y L ©q0a+6b+dc=1¢ (% +6b+dc=1b=3
4 2 4 5lg_3 c _9 29 —c=0 c=2.
i+l =9 B
Vay P = abc = —6.
Chondépén@ O
$>Cdu 31. Toa do giao diém clia (P): y = 22 — 4z v6i dudng thing d: y = —2 — 2 1a
A. M(-1;-1), N(=2;0). B. M(1;-3), N(2;-4).
C. M(0;—-2), N(2;-4). D. M(-3;1), N(3;-5).
® Loi gidi.

Toa do giao diém ciia (P): y = 2? — 42 v6i duong thing d: y = —z — 2 1a

Tr =
{y=x2—4x {x2—4x=—x—2 {x2—3x+220 { =-3
= = =

y=-x—2 y=-—-x—2 y=-—x—2 x =
= —4.
Vay toa do giao diém can tim 1a M(1; —3), N(2; —4).
Chon dap an O
$> Cau 32. Goi A(a;b) va B(c;d) 1a toa do giao diém ctia (P) : y = 2z — 22 vi A : y = 37 — 6.

Gia tri b+ d bing
A. 7. B. 7. C. 15. D. -15.

® Loi gidi.
Toa do giao diem ctia (P): y = 22 — 4z véi duong thang d: y = —z — 2 1a

r=-3

{y=2x—x2 {x2+x—6:0© {y:—15

y=3r—6 y=3r—6 T =2
{yzO.

Vay toa do giao diém can tim 13 A(—3; —15), B(2;0). Khi d6 b= —15,d =0. Suy ra b+ d = —15.

Chon dap an @ O
$> Cdu 33. Dudng thing nao sau day tiép xic véi (P): y = 222 — 5z + 37
A y=x+2. B. y=—2z-1. C.y=z+3. D. y=—z+1
® Loi gidi.
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y J J J

® Toa do giao diém ctia (P): y = 222 — 5x + 3 véi dudng thang d;: y =z + 2 1a
y:2x2—5x+3® 222 —br+1=0
y=x+2 y=x+2

c6 A=25—2-4=17> 0 suy ra (P) cat (dy).

@ Toa do giao diém ctia (P): y = 22% — 51 + 3 v6i dudng thang dy: y = —x — 1 1a
y:2x2—5x+3® 20> —6x+4=0
y=—x—1 y=-—-x—1

c6 A'"=9—-2-4=1>0suyra (P) cit (dy).

® Toa do giao diem ciia (P): y = 222 — 5z + 3 véi dudng thang d3: y = 2 + 3 1
y=2m2—5x+3@ 222 — 62 =0
y=x+3 y=z+3

c6 A’ =9 > 0 suy ra (P) cit (ds).

@ Toa do giao diém cta (P): y = 22? — 52 + 3 v6i dudng thang dy: y = —v + 1 13
y:2$2—5x+3® 22% —4x +2=0

c6 A’ =4 — 4 =0 suy ra (P) tiép xtc véi (dy).

Vay (P) tiép xtc v6i dudng thing y = —x + 1.
Chon dap an @ O

> Cdu 34. Tim tat ci cac gia tri thuc clia tham s6 b dé do thi ham s6 y = —3x2 + bx — 3 cit
truc hoanh tai hai diém phan biet?

b< —6 b< —3
) B. —6<b<6. C. ) D. -3<b<3.
b>6 b>3
@ Loi gidi.
Phuong trinh hoanh do giao diém ctia do thi ham s6 y = —322 + bz — 3 cit truc hoanh tai hai diém
phan biét
2 P o I 9 b< —6
& —3x° + br — 3 = 0 ¢6 hai nghiém phan biet A =5 —36 > 0 < b6
SR [
ay gia tri b can tim 1a
Ay & 1 b> 6.
Chon dap an @ O

$> Cau 35. Cho parabol (P): y = 22 + x + 2 va dudng thang d: y = az + 1. Tim tit ci cac gia
tri thuc ctia a dé (P) tiép xic vé6i d?
A . a=-1,a=3. B. a=2. C.a=1a=-3 D. Khong ton tai a.

9 ® Loi gidi.
Dé (P):y=a2*+ 2z + 2 tiép xtic v6i d: y = ax + 1
a=3
r*+1+2 = ar+1c6 nghiem kép < 2°+(1—a)z+1 = 0c6 nghiém kép < A = (1—a)*—4 =0 & [ .
a= —1.

Vay a = —1, a = 3.

Chon dap an @ O
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y J/ J J

$> Cdu 36. Cho parabol (P): y = 2% — 2z +m — 1. Tim tat ca cac gia tri thuc clia m dé parabol
khong cit truc hoanh Oz?
A. m<2. B. m>2. C. m>2. D. m<2.

® Loi gidi.
Phuong trinh hoanh do giao diém ctia (P): y = 2? — 22 +m — 1 va truc hoanh 13 22 — 2z +m —1 = 0.
Dé parabol khong cét truc hoanh Ox

SAN=1-(m-1)<0&m>2.

Vay yéu cau bai toan théa man thi m > 2.

Chon dap an O

> Cdau 37. Cho parabol (P): y = 2% — 2z +m — 1. Tim tat ci cac gia tri thuc ctia m dé parabol
cat Oz tai hai diém phan biét c¢6 hoanh do duong?
A l<m<2. B. m<2. C. m>2. D. m< 1

® Loi gidi.
Phuong trinh hoanh do6 giao diém ctia (P): y = 2? — 22 +m — 1 va truc hoanh 13 22 — 2z +m —1 = 0.
Dé parabol cit Oz tai hai diém phan biét c6 hoanh do duong
AN=1—(m—-1)>0
S q¢1>0 Slm<2
m—1>0

Vay yéu cau bai toan théa man thi 1 < m < 2.
Chon dap an @ O

> Cdu 38. Cho ham sb f(z) = az® + bz + ¢ ¢6 bang bién thien nhu sau

T —00 2 +00

Tim tat ci cac gia tri thyc ctia tham s6 m dé phuong trinh f(z) —1 = m c6 ding hai nghiém?
A. m>—1. B. m>0. C. m>-2. D. m>—1.

T ——

® Loi gidi.
y = [f(z)
y=m-+1.
Khi d6 s6 nghiém ctia phuong trinh f(x) — 1 = m chinh la s6 giao diém ctia do thi y = f(x) v6i dudng
thing y = m + 1.
Khi d6 dé phuong trinh f(z) — 1 = m c6 ding hai nghiem thi m +1 > —1 < m > —2.
Chon dap an @ O

Tacc’)f(x)—lzm(:){

‘ > Céu 39. ‘
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y J/ J J

Cho ham s6 f(r) = ax® + bx + ¢ ¢6 do6 thi nhu hinh vé ben.
Tim tat ca cac gia tri thuc ctia tham s m dé phuong trinh Y
f(x) +m — 2018 = 0 ¢6 duy nhéat nghiem? |
A. m = 2015. B. m = 2016. !
C. m = 2017. D. m = 2019. |
o] 1 v
T — ———
@ Loi gidi.

y = f(z)

y = 2018 — m.

Khi d6 s6 nghiém ctia phuong trinh f(x) 4+ m — 2018 = 0 chinh 1a s6 giao diém ctia do thi y = f(z)
v6i dudng thing y = 2018 — m.

Khi d6 dé phuong trinh f(x) 4+ m — 2018 = 0 c¢6 duy nhat mot nghiém thi 2018 —m = 2 < m = 2016.

Tacéf(x)+m—2018:0@{

Chon dap an @ O
$> Cau 40.
Cho ham s6 f(z) = ax?+bx+c do thi nhu hinh bén. Héi v6i nhiing y
gia tri nao ctia tham s6 thyc m thi phuong trinh |f(z)] = m ¢6 3
ding 4 nghiém phan biét?
A.0<m< 1 B. m>3.
C.m=-1,m=3. D. -1<m<0.

® L3i gidi.

Ta co |f(z)|=m < {y = /@)

y=m
S6 nghiém phuong trinh |f(x)] = m chinh 14 s giao diém ctia do thi §\
y = |f(x)| v6i duong thing y = m.
Dita vao do thi ta thiy dé phuong trinh |f(z)| = m c6 ding 4 nghiem
phan biét thi 0 < m < 1.

Chon dap an @ O

131 /528" B Nguyén Quéc Duong - 80375113359 ﬂ




3. Ham s bac hai
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y 4/ J J

$>Cau 41.

Cho ham s6 f(z) = az®+bz+c do thi nhu hinh bén. Hoéi véi nhitng y

gia tri ndo cia tham sé thyc m thi phuong trinh f(|z|) = m c6 3

ding 3 nghiém phan biéet?

A. m=3. B. m>3.
C.m=2 D. -2<m<2.
2 /
I SRR :
T D ——— ——
® Loi gidi.
= f(|z
Ta c6 f(|z]) =m < {y Slel) y
y=m 3
S6 nghiém phuong trinh f(|x|) = m chinh la s6 giao
diém ctia do thi y = f(]x|) v6i duong thang y = m.
Dua vao do thi ta thay dé phuong trinh f(|z]) = m
c6 dang 3 nghiém phan biét thi m = 3.
-2 2
______ I

Chon dap an @ O

e

132/528 '

B Nguyén Quéc Duong - @ 0375113359 ﬂ



3 | PHUONG TRINH - HE PHUONG
/ TRINH

Bir 1. DAI CUONG VE PHUGNG TRINH

A-TOM TAT LY THUYET

D Phuong trinh mét én

y = f(z)
y = g(z)
Menh dé chita bién “ f(x) = g(x)” duge goi 1a phuong trinh mot an, x goi 1 an vi 2 goi tap xac
dinh cta phuong trinh.

a) Cho 2 ham s6 { 6 tap xac dinh lan lugt 1a 2y va 9,. Dat 2 = 9y N 9,.

b) zg € 2 goi la 1 nghiém phuong trinh f(z) = g(z) néu “f(zo) = g(zo)” 12 mot ménh dé dung.

9 Phuong trinh fwvong duong
a) Hai phuong trinh goi 1a tuong duong néu ching c¢6 cing tap nghi¢m.

b) Néu fi(z) = gi(z) tuong duong véi fo(r) = go(x) thi viét
fi(x) = gi(x) & fo(r) = g2().

$® Dinh li 1.1. Cho phuong trinh f(z) = g(x) c¢6 tap xac dinh 2 va y = h(x) 1a mot ham s6 xac
dinh trén 2. Khi dé trén mién 2, phuong trinh tuong duong véi méi phuong trinh sau:

(1): f(x) + h(z) = g(x) + h(z).
(2): f(z)-h(z) = g(x) - h(z) véi h(z) # 0,Vx € 2.

E®) Phuong trinh hé qua

a) fi(xz) = g1(x) c6 tap nghiem la S; duge goi la phuong trinh hé qua ctia phuong trinh fo(z) = go(x)
c6 tap nghiem S, néu S; C 9.

b) Khi do: fi(x) = g1(x) = fo(z) = go(z).

$® Dinh li 1.2. Khi binh phuong hai vé ctia mot phuong trinh, ta dugc phuong trinh hé qua ciia
phuong trinh da cho: f(z) = g(z) = [f(2)]* = [g(z)]?.

A a) Néu hai vé cia 1 phuong trinh luon cing dau thi khi binh phuong 2 vé cia ndé, ta duge mot
phuong trinh tuong duong.

b) Néu phép bién doi tuong duong din dén phuong trinh hé qud, ta phdi thi lai cdc nghiém
tim dugc vao phuong trinh da cho dé phdt hien va logi b6 nghiém ngoai lai.
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1. DAl CUONG VE PHUONG TRINH

Luon nd luc dé dat duoc thanh qua

B-DANG TOAN VA BAI TAP

y J/ J J

$OBai 1. Giai cac phuong trinh sau:
a) zT—vV2—z=5—+v2—z.

c) x+vVr—2=+2—x+2

V4 12
e) %+x:\/—x—3+l.
T

g)?—V1—xz=+v2—-2+3

) gl 2 r+5
1) z =
r+3 x+3
x2 —4x — 2
k) —— =2z — 2
) Ve —2

m) (2% — 6z +5) vz — 3 = 0.

b)V3—xz+z=+v3—x+1.
d) vV3z—12+2=+4—z+2z

f) x2 B 9
\/x—l_\/x—l

h) be — Ve —7T=+7—2+35

3 3x

9 _

J) x—i_x—l r—1
222 —x—3

) ——— =22 -3

) V2r —3 v

n) (z+1)(Vdr+1-1)=0.

 Loi gidi.

a) Dieukien: 2 — 2 > 0& 2 < 2.

Tacoé:x —/2—x=5—+/2—1x << x=>5: khong thoa diéu kién < 2 nén loai x = 5.

Két luan: S = @.

b) Diéu kien: 3 —z >0 & x < 3.

Taco: vV3—ao+x=+/3—2+1< 2z =1 (Théa man).

Vay S = {1}.

) x+vVr—2=+v2—z+2.

s r—22>0 T > 2
Diéu kién & S =2
2—x>0 r <2
Thit lai thiy = 2 thoéa phuong trinh.

Vay S = {2}.

d) vV3z—12+2=+4—x+2z.

. 3r—122>0 >4
Dieu kién &
4—x>0 <4

Tht lai thay = 4 khong thoéa phuong trinh.
Vay phuong trinh v6 nghiém.

Vidx +12

T+ 3

& =4.

+z=+-1r-3+1.
dr+12>0 x> -3
r+3#0 <
—x—3>0
Vay phuong trinh v6 nghiém.

Dieu kién
r< -3

x? 9

\/x—lz\/x—l'

Diéu kien: 2 — 1 >0< x > 1.

f)

r# -3 S rEeD.

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH

Luén nd luc dé dat duoc thanh qué

) x = 3 (nhan)
PTer»=9< .
x = —3 (loai)
Vay S = {3}.

g) > —1—z=Vr—2+3.
s 1—2>0 r<l1
bieu kién: & S red.
r—2>0 x> 2
Vay hé vo nghiém.

h) 5z — /T — 7 =+/T—x + 35.

o r—T7>0 z>7
Diéu kién:

& Sor="T.
7T—x>0 <7

Kiém tra lai ta thiy = 7 théa man phuong trinh.

Vay S = {7}.
) z+1+ 2 _uho
r+3 x+3

Dieu kien: z + 3 # 0 & z # —3.
PT@IE—Fl—i—L—

x+3 x+3
Vay S = {0}.

3z
) 2 = .
j) x+$—1 r—1

Dicu kien: v — 1 #0 <z # 1.

y J/ J J

x =1 (loai)
PT o 2(z—1)+3=3r< 22 -5r+3=0& 3
xzﬁ(nhan).
3
Vay S ={;}.
2
x? —4x —2
k) ———— =V — 2.
) VI —2
Diéu kién: x — 2 >0 < 2 > 2.
x =0 (loai)
PTe2?—4r—2=0-2&22-52=0&
x =5 (nhan)
Vay S = {5}.
202 — 12— 3
) — = v2x — 3.
) V2r —3
Diéukién:?x—3>0®x>g.
x =0 (loai)
Ple2?—2—-3=2r—-3222-3xr=0& 3
x:§(nhan)

3
Vay 5= {5}

m) (22 — 6z +5) v —3=0.
Diéu kien: t —3 >0 < 2 > 3.
x =1 (loai)

P 22 —6x+5—0 (uhan)
= = nan
Vo — —O
(nhan)
Vay S = {3;5}.

o
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J J J
n) (z+1)(Viz+1-1) =0.
Diéu kiéen: 4x+120<:>332—i.
PT & :1:+1:O<:> z = —1 loai
Vir +1-1=0 x =0 (nhan).
Vay S = {0}.
O]

Bi12. PHUONG TRINH QUY VE PHUGNG TRINH BAC
1-BAC2

A-TOM TAT LY THUYET

D Gidi va bién luan phuong trinh az + b =0 < ax = —b (1)

He sb Két luan

a#0 (1) 6 nghiém duy nhat z = —2.

b=0 | (1) c6 vo s6 nghiem.

b#0 | (1) vo nghiem.

B Cach gidi cia phuong trinh bac hai az? + bz +c = 0(a # 0) (2)

A =b? — 4dac Két luan

. —-b+ VA

A>0 (2) ¢6 2 nghiém phan biét z1 2 = —an
a
P . ) —b
A=0 (2) ¢6 nghiém kép x1 = x5 = oP
a

A <O (2) vo nghiém.

E®) binhiviet

p b
a) Néu phuong trinh bac hai az? + bz + ¢ = 0 (a # 0) ¢6 hai nghiem z;, 75 thi S = z; + 25 = ——
a

. c
va P=x120 = —.
a

b) Ngugc lai, néu hai s6 v va v ¢6 tong u + v = S va tich u - v = P thi u vh v 14 cic nghiém cia
phuong trinh 22 — Sz + P = 0.
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J

D Phuong trinh quy vé phuong trinh béc nhét va béc hai co bén
a) Phuong trinh chita an trong dau tri tuyét doi.
Dé giai phuong trinh chia an trong dau tri tuyét doi ta co thé ding dinh nghia ciia gia tri tuyeét
déi hoac binh phuong hai vé dé khit gia tri tuyet doi. Thuong gip cac dang sau:
B >0

A=B
a) A= B o [A:B b)|A|=\B|<:>[

A=-B.
A=-B

b) Phuong trinh chita an dudi dau can.
Dé giai phuong trinh chita an dudi ddu cin bac hai, ta thudng binh phuong hai vé dua vé mot
phuong trinh hé qua khong chita an duéi dau can. Thudng gap cac dang sau:

B > 0( hoac A > 0)

A=B.

B-DANG TOAN VA BAI TAP

B >0

a)m:\@@{ A= B

b)\/Z:B(:){

& Dang 1. Gidi va bién luén phuong trinh bac nhat

$>Bai 1. Gidi va bién luan: m(mz — 1) = 9z + 3.

® Loi gidi.
Phuong trinh & m?r —m =9z +3 & m’r —9r=m+3& (m?> —9)z =m+ 3.

a) Vim? —9=0&m=+3.

® Khi m = 3 thi (x) trd thanh Ox = 6, suy ra phuong trinh vo nghiem.

®© Khi m = —3 thi (%) tré thanh 0z = 0, suy ra phuong trinh nghiém dung Vz € R.
b) Véi m? —9#0 < m # £3.
m+3 1

(*)c}x:mQ_g 3

c) Két luan:

® m = 3: Phuong trinh vo nghiém.

®@ m = —3: PT nghiem dang Vo € R.
1
® m # £3: PT ¢6 nghiem z = ——.
m—3

$O Bai 2. Giai va bien luan: m?z + 2 = m + 4x.

® Loi gidi.
PT & (m? —4)z =m — 2.
a) Neum? —4=0&m = +2.

®@ V6i m = 2: phuong trinh tré thanh 0z = 0. Phuong trinh c¢6 vo s6 nghiém.
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J J J
® Véi m = —2: phuong trinh tré thanh Ox = —4. Phuong trinh vo nghiém.

m—2 1

m2—4 m+2

b) Néu m? — 4 # 0 < m # £2. Phuong trinh c¢6 nghiém duy nhat z =

Két luan:
®@m=2=5=R.
Om=-2=5=0.

@m;é:t2:>S={L}.

m+ 2
U
$>Bai 3. Giai va bien luan: (m? —2m — 8)z =4 —m.
o LJi gidi.

. m=4

a) Neum? —2m —8=0<« [
m = —2.

@ V6i m = 4: phuong trinh tré thanh 0x = 0, suy ra phuong trinh c6 vo s6 nghiem.

® V6i m = —2: phuong trinh tré thanh 0x = 6 (vo 1i), suy ra phuong trinh vo nghiem.

. 4
b) Néum? —2m —8#0 & {m# .

m # —2.
) 4—m -1
Phuong trinh ¢6 nghiém duy nhat z = = :
ng trinh c6 nghigm duy nhat o = ———r—a = ———
Két luan:

@m=4=5=R
@m=-2=5=0.

m # 4 -1
® =S5 = {—}

m # —2 m+ 2

[

> Bai 4. Giai va bien luan: (4m? —2)x =1+ 2m — z.

® Loi gidi.
PT & (4m? — 1)z =1+ 2m.

) 1
a) Néu4m2—1=()<:>m=i§.

1
® Véim = 3° phuong trinh tré thanh 0z = 2 (v6 1i), suy ra phuong trinh v6 nghiém.

1 .
®@ V6im = —5 phuong trinh trd thanh 0z = 0, suy ra phuong trinh v6 so6 nghiém.

P 1
b) Néu4m2—1750<:>m7é:|:§.

. 142 1
Phuong trinh ¢6 nghiém duy nhat z = tem o .
4m?2 -1 2m—1

138/528 ’ B Nguyén Quéc Duong - 0375113359




Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J

Két luan:
1

1

& Dang 2. Bdi todn fim tham sb trong phuong trinh béc nhét az + b =

a) Dé phuong trinh (1) c6 nghiém duy nhat < a # 0.

; L =0
b) Dé phuong trinh (1) c¢6 tap nghiém la R (v6 s6 nghiém) < {Z 0
. ) a=0
c) Dé phuong trinh (1) vo nghiém <
b # 0.
a#0
d) Dé (1) c6 nghiém < c6 nghiém duy nhat hodc c6 tap nghiem la R < [a =0
b=20

A C6 nghiem la truong hop nguge lai ciia vo nghiem. Do do, tim diéu kien dé (1) ¢6 nghiém,
thong thuong ta tim diéu kién dé (1) vo nghiem, roi lay két qud nguoc lai.

C-BAI TAP AP DUNG

$>Bdi 1. Tim céac tham s thyc m dé phuong trinh (m? — 5) z = 2 +m — x vo nghiém.

® Loi gidi.
Taco (m?* =5 z=2+m—-z (m*—4)z=m+2 (1).
m?—4=0 m = =+2
m+2#0 @{m#_2(:)m—2.
Vay m = 2 thi phuong trinh v6 nghiém. O

(1) vo nghiém khi va chi khi {

$>Bdi 2. Tim cic tham sb thyc m dé phuong trinh m?(x — 1) = 2(2x — m — 4) vo nghiem.

@ Loi gidi.
Phuong trinh m?(z — 1) =22z —m —4) & (m* —4)z=m? —2m -8 (1).
>y m = £2
m- — =
Phuong trinh vo nghiém khi va chi khi 9 Sim#E4L S m=2.
m*—2m —8 #0
m # —2
Vay m = 2 la gia tri can tim. O

$>Bai 3. Tim cac tham s6 thiuc m dé phuong trinh (m? — 5) 2 = 2 + m — z vo nghiém.

® Loi gidi.
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J/ J J

Phuong trinh (m? —5)z=24+m—z < (m*>—4)z=2+m (1).

. o mPed=0 (m=E2
Phuong trinh (1) vo nghiém khi va chi khi S m=2. O

=
24m#0 m # —2

$>Bdi 4. Tim céc tham s6 thiuc m dé phuong trinh (m? — 3m) x 4+ 4 = 4z + m vo nghiem.

® Loi gidi.
Phuong trinh (m? —3m)z+4=4z+m& (m* —=3m—4)r=m—4 (1).
9 m=—1
m°~—3m—4=0
S m=4 &m=-1 O
m—4#0

Phuong trinh (1) vo nghiém khi va chi khi {
m # 4

$>Bai 5. Tim m dé phuong trinh sau c6 nghiem duy nhat m(mx — 1) = (4m — 3)z — 3.

® Loi gidi.
Phuong trinh m(mz — 1) = (4m —3)r —3 & (m?> —4dm +3)z=m—3 (1).
. 1
(1) c6 nghiém duy nhat khi va chi khia # 0 < m? —4m + 3 #0 < {m : 5 O
m # 3.

> Bai 6. Tim tham sé m dé phuong trinh sau c¢6 nghiem duy nhat mz — 1 = 2 + m.

o Loi gidi.
Phuong trinh mez —1=z+m& (m—Lz=m+1 (1).
Phuong trinh (1) ¢6 nghiém duy nhat khi va chi khi m —1# 0 < m # 1.
Vay m # —1 thi phuong trinh c¢6 nghiém duy nhat. O

$>Bdi 7. Tim m dé phuong trinh sau c6 nghiem duy nhat m(m — 1)z =m? -1 (1).

® Loi gidi.
. . ) i m # 0
Phuong trinh (1) ¢6 nghiém duy nhat khi va chi khi m(m — 1) #0 <

m#1
m#0 R . _ .

Vay 21 thi phuong trinh c¢6 nghiém duy nhat. U
m

$>Bai 8. Tim m dé phuong trinh sau c6 nghiem duy nhat: m?(mz — 1) = 2m(2z + 1).

® Loi gidi.
Phuong trinh m?(ma — 1) = 2m(2z + 1) & (m® — 4m)z = m? +2m  (1).
) 0
Phuong trinh (1) ¢6 nghiém duy nhat khi va chi khi m3 — 4m # 0 & m7
m # +2.

m # 0 . . , . £
Vay thi phuong trinh ¢6 nghiém duy nhat. 0

m # +2

$>Bai 9. Tim tham s6 m dé phuong trinh c6 vo s6 nghiem: m?(z — 1) = 2(ma — 2).

® Loi gidi.
Phuong trinh m?(x — 1) = 2(mx — 2) & (m? —2m)z=m? —4 (1).
5 m =0
. ) ) . oo mT=2m =20
(1) c6 vo s6 nghiém (tap nghiém R) khi va chi khi { S m=2 & m=

m?—4=0
m = +2

Vay m = 2 la gia tri can tim. O
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH

Luén nd luc dé dat duoc thanh qué

y J/ J J
$>Bai 10. Tim tham s6 m dé phuong trinh sau ¢6 vo s6 nghiem: (m? +2m —3)z=m—1 (1).
® Loi gidi.
9 m =1
. ) e . M E2m —-3=0
Phuong trinh (1) ¢c6 S = R khi va chi khi 120 S m=-3 &m=1
m — =
m =1
Vay m = 1 1a gia tri can tim. O
$>Bdi 11. Tim tham s6 m dé phuong trinh cé tap nghiem 1a R : m?(mz — 1) = 2m(2z + 1).
® LOi gidi.
Phuong trinh m?(mz — 1) = 2m(2zx + 1) & (m® —4m)zr = m? +2m  (1).
=0
. , . m? —4m =0 [m:iQ m=0
Phuong trinh c6 S = R khi va chi khi 9 &
m~+2m =0 m = m= —2
m = —2
Vay m € {—2,0} la gia tri can tim. O
$>Bdi 12. Tim cic tham s6 m dé phuong trinh c6 tap nghiem 1a R : (m? — 5m)z + 1 = m — 4.
® Loi gidi.
Phuong trinh (m? —5m)z+1=m—4z < (m* —sm+4)z=m—1 (1).
5 m =1
) . m"=bm+4=0
Phuong trinh c6 S = R khi va chi khi 120 & m=4 & m=1.
m — =
m =1
Vay m = 1 1a gia tri can tim. O
> Bai 13. Tim cac tham sb6 m dé phuong trinh sau cé nghiem.
3r —m 2 +5m+3 Dy = 1l +1
a b r 1= 2TOmTY b Wy
)\/x+1 vr+1 ) =T vz —1 r—1
3r—m—1 2z +2m — 3 75 =
c) ——+Vr—1=—r—F——. d —I—\/?)l‘— =
® Loi gidi.

a) Dieukicnz+1>0< 1z > —1.
Quy dong va boé mau, phuong trinh da cho
tré thanh

Bx—m)+ (r+1)=2x+5m+3
& 2r=6m+2
& r=3m+ 1.

Vi diéu kien x > —1 nén phuong trinh c6
nghiém khi va chi khi

2
3m+1>—1<:)m>—§.

b) Dieukiecn z — 1 >0 <z > 1.
Quy dong va boé mau, phuong trinh da cho
trd thanh

2mz—1)—2xz—-1)=m+1

& 2lm—1lz=m

1 N N
& 2r=1+ e (Dieu kién can:m # 1).
m_

Vi diéu kién z > 1 nén phuong trinh c6
nghiém khi va chi khi

>l l<m—-1<lelm<?2
m—1

o
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Luon nd luc dé dat duoc thanh qua

2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 ,

d) Diéu kign 3z —2 >0 < x > 3
Quy dong va bé mau, phuong trinh da cho
tré thanh

c) Dieukicnz —1> 0z > 1.
Quy dong va bé mau, phuong trinh da cho

tré thanh
Brxr—m—-1)4+(x—1)=2x+2m—3 (z—m)+ (32— 2) = mz
& 2e=3m-—1 <& (d—m)x=m+2
_sm—1 m+ 2
< rsT0 & 1= —— (Diéu kién can:m # 4).
4—m
Vi diéu kién z > 1 nén phuong trinh c6 . 9
nghiem khi va chi khi Vi dieu kién = > 3 nén phuong trinh c6
3m—1 nghiém khi va chi khi
>13m—-1>2&m>1.
2 m+2 2
4_
4 — m<0
3(m+2) <2(4—m)
<~
4—m>0
3(m+2)>2(4—m)
{ vonghiém)
=
m < 4
| [5m > 2
- 2
5

$>Bai 14. Tim cac tham s6 m dé phuong trinh sau c6 nghiém nguyéen
b) m(x+3)=x—m

a) (m—2)r=m+1

 Loi gidi.

e
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Chuong 3. PHUGONG TRINH - HE PHUONG TRINH

Luén nd luc dé dat duoc thanh qué

a) Dé thay rang m = 2 khong thoa yéu cau.
V6i m # 2 < m — 2 # 0 thi phuong trinh tré

y J/ J J

b) Phuong trinh da cho tuong duong (1—m)x =
dm.

thanh Dé thay rang m = 1 khong théa yéu cau.
V6i m # 1 < 1 —m # 0 thi phuong trinh tré
m+1 N
r = —— thanh
m—2
) 3 4dm
— r = —
S o + 9 1—m
4
Phuong trinh c6 nghiém nguyén khi va chi © r=—4+4 1—m
khi
. Phuong trinh c6 nghiém nguyén khi va chi
m—2=3 m=25 (thoéa) 1p;
) m-—2=-3 m = —1 (thoa _ )
3:(m—2) & & ( . ) M —m =4 m = —3 (thoa)
m-—2=1 m=3  (thoa) ,
1—m=—4 m=>5  (thoa)
m—2= -1 m=1 (thoa). ,
l—-m=2 m=—1 (thoa)
) . . (1-m) IEN .
Vay, tat ca gia tri m théa de lam € {—1;1;3; 5}. 1—-m=-2 m=3 (thda)
l—m=1 m=0  (thoa)
L —m=-1 lm =2 (thoa)

Vay, tat ca gia tri m thoa délam € {—3; —1;0;2;3; 5]

(]

I BAITAP REN LUYEN

<> Bai 1 (THPT Bui Thi Xuan - Tp. HCM). Giai va bién luan phuong trinh: m?(x —2)+24 = 162 —

2m.

® Loi gidi.

Phuong trinh da cho tuong duong (m? — 16)x = 2m? — 2m — 24. (*)
o Xét m?> —16 =0 < m = +4.

Néu m = 4 thi phuong trinh (x) tré thanh 0z = 0, suy ra phuong trinh ding véi moi x € R.

Néu m = —4 thi phuong trinh () tré thanh 0z = 16, suy ra phuong trinh vo nghiém.
o Xét m? — 16 # 0 & m # +4. Khi d6, phuong trinh (x) tuong duong

2m? — 2m — 24 2m +6
xr = Tr = .
m? — 16 m+4
Két luan:
e m = 4: Phuong trinh ding v6i moi x € R.
e m = —4: Phuong trinh vo6 nghiém.
. 2
e m # +4: Phuong trinh c¢6 nghiém duy nhat = = mT 6.
m+4
0

<> Bai 2 (THPT Tay Thanh - Tp. HCM). Giai va bien luan phuong trinh: (m? —2m —8)z = 4—m.

o
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J/ J J

® Loi gidi.

=4
e Xétm2—2m—-8=0< [m
m = —2.

Néu m = 4 thi phuong trinh da cho tré thanh 0z = 0, suy ra phuong trinh dang v6i moi x € R.
Néu m = —2 thi phuong trinh da cho tré thanh 0z = 6, suy ra phuong trinh vo nghiém.

4
e Xét m?2—2m—-8+#0« {m i 5 Khi d6, phuong trinh da cho tuong duong
m JE—

4 —m - -1
_— o= —
m2 —2m — 8 m—+ 2

Két luan:
e m = 4: Phuong trinh ding v6i moi z € R.

e m = —2: Phuong trinh vo6 nghiém.

e m # 4 va m # —2: Phuong trinh c6 nghiém duy nhat z = ——

O

%> Bai 3 (THPT Marie Curie - Tp. HCM). Gii va bién luan phuong trinh: m?(x — 2) — 6m(z —
1) +9m = 0.

® Loi gidi.
Phuong trinh da cho tuong duong (m? — 6m)z = 2m? — 15m. (*)
m =0
o Xét m? —6m=0<« [
m = 6.

Néu m = 0 thi phuong trinh da cho tré thanh 0z = 0, suy ra phuong trinh ding v6i moi x € R.
Néu m = 6 thi phuong trinh da cho tré thanh 0z = —18, suy ra phuong trinh vo nghiém.

m # 0
o Xét m? —6m#0<e { 7 . Khi d6, phuong trinh da cho tuong duong

m # 6

2m? — 15m - 2m — 15
r=— &S r=— .
m2 — 6m m—06

Két luan:
e m = 0: Phuong trinh ding v6i moi z € R.

e m = 6: Phuong trinh vo nghiém.

2m — 15

e m # 0 va m # 6: Phuong trinh c6 nghiém duy nhat 2 = e

O

$> Bdi 4 (THPT Nguyén Thi Diéu - Tp. HCM). Giai va bien luan phuong trinh: m2(z—1)+2ma =
3(bx —m).

® Loi gidi.

144/528 ’ B Nguyén Quéc Duong - 0375113359




Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J

Phuong trinh da cho tuong duong (m? + 2m — 15)z = m? — 3m. (*)

m=3
o X6t m*+2m —15=0 & [

m = —H.
Néu m = 3 thi phuong trinh da cho tré thanh 0z = 0, suy ra phuong trinh ding v6i moi x € R.
Néu m = —5 thi phuong trinh da cho tré thanh 0z = 40, suy ra phuong trinh vo nghieém.

m # 3

. Khi d6, phuong trinh da cho tuong duong
m # —5

. Xétm2+2m—157é0<:>{

m? — 3m - m
T = = .
m2+2m — 15 m-+5

Két luan:
e m = 3: Phuong trinh ding v6i moi x € R.
e m = —5: Phuong trinh v nghiém.

e m # 3 vi m # —5: Phuong trinh c¢6 nghiém duy nhat z = o

m+95
O
<> Bai 5 (THPT Han Thuyén - Tp. HCM). Giai va bién luan phuong trinh: m?z — 18 = (62— 3)m.
@ Loi gidi.
Phuong trinh da cho tuong duong (m? — 6m)z = 18 — 3m. (*)
m =6
o Xét m?> —6m=0<% [
m = 0.
Néu m = 6 thi phuong trinh da cho tré thanh 0z = 0, suy ra phuong trinh ding v6i moi x € R.
Néu m = 0 thi phuong trinh da cho tré thanh 0z = 18, suy ra phuong trinh vo nghiém.
2 m#0 . s
e Xét m*—6m+#0< L6 Khi d6, phuong trinh da cho tuong duong
m
18 — 3m N 3
rT=——Sr=——.
m?2 — 6m m
Két lugn:
e m = 6: Phuong trinh dung v6i moi = € R.
e m = 0: Phuong trinh vo6 nghiém.
. 3
e m # 6 va m # 0: Phuong trinh c6 nghiém duy nhat z = ——.
m
O
o A U R . T — 2 r+1
<> Bai 6 (THPT VO Thi Sau - Tp. HCM). Giai va bién luan phuong trinh: = T
r—m -

® Loi gidi.
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yV J J J
Phuong trinh da cho tuong duong
(x=2)(z—1)=(z+1)(x —m) -3 +2=2"-mx+r—m (4—m)x=m+2
rF#m S (m—=2)(m—1)#0 Som#1
r#1 2(1—m) #0 m # 2

V6i m # 1 va m # 2, ta xét cac truong hgp sau:
e Xét 4 —m =0 < m = 4. Phuong trinh da cho tré thanh Ox = 6, suy ra phuong trinh vé nghiém.

2
o Xét 4 —m #0< m # 4. Khi do, phuong trinh da cho tuong duong x = T—+
-m

Két luan:
e m € {1;2;4}: Phuong trinh vo nghiém.

. 2
e m ¢ {1;2;4}: Phuong trinh ¢6 nghiém duy nhat x = T—+
—m

z—2 2
+

r—m x—i-l:

$> Bai 7 (THPT Trung Phi - Tp. HCM). Giai va bién luan phuong trinh:

® Loi gidi.
Phuong trinh da cho tuong duong
(x—=2)(x+1)+2x—m)=(r+1)(x —m) ?—r—2+2r—2m=2"—mx+x—m me =m-
r#Em S (m=2)(m+1)#0 S im#£2
x# -1 2(=1—m) #0 m # —1.
V6i m # 2 vam # —1, ta xét céc truong hop sau:
e Xét m = 0. Phuong trinh da cho trd thanh 0z = 2, suy ra phuong trinh vo nghiém.

2
e Xét m # 0. Khi d6, phuong trinh da cho tuong duong x = ﬁ
m

Két luan:
e m € {—1;0;2}: Phuong trinh vo nghiém.
m + 2

e m ¢ {—1;0;2}: Phuong trinh ¢6 nghiém duy nhéat z = —

0

$> Bdi 8 (THPT Nguyén Thdi Binh - Tp. HCM). Tim tham s6 m dé phuong trinh m?(z—1)+2m =

m?2x — 3 c¢6 nghiem ding véi moi sd thuc .

® Loi gidi.
Phuong trinh da cho tuong duong
m*z —m®+2m —m’z +3=0< —m*+2m+3 =0,
Do d6, phuong trinh c¢6 nghiém dang véi moi s6 thuyc = khi va chi khi

m= —1

—m?+2m+3=0<
m = 3.

O
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y J/ J J

$>Bai 9 (THPT Lé Thi Hong G&m - Tp. HCM). Tim tham s6 m dé phuong trinh m?(z + 1) =
2mx + m + 2 ¢6 nghiem ding véi moi s6 thyc z.

® Loi gidi.
Phuong trinh da cho tuong duong (m? — 2m)z = —m? +m + 2
Do d6, phuong trinh c¢6 nghiém dang véi moi s6 thyc o khi va chi khi

[m:O

m?—2m =0 m =2
9 & Sm=2.
-—m- +m+2=0 m=—1
m =2
0
$> Bai 10 (THPT Mac Pinh Chi - Tp. HCM). Tim tham s6 m dé phuong trinh m?(z + 1) — m =
z(6 — 5m) ¢6 nghiem duy nhét.
® Loi gidi.
Phuong trinh da cho tuong duong (m? + 5m — 6)x = —m? + m.
Do d6, phuong trinh c6 nghiém duy nhat khi va chi khi
1
2 - G400 "7
m” + 5m # m % 6.
(]
.. N R ’ . ., (m—=3)x—4m
$SBai 11 (THPT Hung Vuong - Tp. HCM). Tim tham s6 m dé phuong trinh 5 =1
x p—
c6 nghiem duy nhat.
® Loi gidi.
Phuong trinh da cho tuong duong
(m—=3)z—4m =1z — 2 (m—4)z =4m — 2 (m—4)z =4m —2
x #2 2(m —4) # 4m — 2 m # —3.
Do d6, phuong trinh c6 nghiém duy nhat khi va chi khi
—4£0 4
m # —3 m # —3.
[l

&> Bai 12. Tim tat ca cac gia thi ctia tham s6 m dé phuong trinh sau c6 nghiém nguyen.

a) (m—2)z=m—1. b) (m — 1)z =2z +m — 3.
c) (m+1)(z—2)=3m—1. d) (m—2)z =m?—4m+9.
® Loi gidi.
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Luon nd luc dé dat duoc thanh qua

a) Dé thay rang m = 2 khong thoa yéu cau.
V6i m # 2 < m — 2 # 0 thi phuong trinh tré

thanh
m—1
r=—
m— 2
1
s =14+ ——0or
m — 2

Phuong trinh ¢6 nghiém nguyén khi va chi
khi

1:(m—-2)< [m_zzl & [ng

m—2=-—1 m = 1.
Vay, tat ca gia tri m thoéa dé 1a m € {1;3}.

¢) Phuong trinh da cho tuong duong (m—+1)x =
om + 1.
Dé thay rang m = —1 khong théa yéu cau.
V6im # 1 < m+ 1 # 0 thi phuong trinh
tuong duong

_5m—|—1

 om+1

4
& r=5-——

Phuong trinh c¢6 nghiém nguyén khi va chi

khi
(fm+1=14 [(m =3
m+1=—4 m = —93
) m+1=2 m =1
4:(m+1) & &
m+1= -2 m = —3
m+1=1 m =0
m+1=-1 |m = —2.

y J/ J J

b) Phuong trinh da cho tuong duong (m—3)z =
m — 3.
Dé thay ring m = 3 phuong trinh dang véi
moi z € R.
V6i m # 3 < m — 3 # 0 thi phuong trinh
tuong duong x = 1.
Vay, phuong trinh ¢6 nghiém nguyén véi moi
m.

d) D@ thay rang m = 2 khong thoa yéu cau.
V6i m # 2 < m — 2 # 0 thi phuong trinh
tuong duong

Phuong trinh ¢6 nghiém nguyén khi va chi
khi

m-—2=25 m="7
. m—2=-5 m=—3
5:(m—2) & &

m—2=1 m=3

m—2=-—1 m = 1.

Vay, tat ca gia tri m thoa délam € {—3;1;3;7}.

Vay, tat ca gia tri m thoa de lam € {—5; —3; —2;0; 1; 3}.

a) m*(z — 1) =z —m.

r+m x+3
c) =

r—1 z-2

e) |z —1|+2z—3=m.

$>Bai 13. Tim tat ca cac gia thi clia tham s6 m dé phuong trinh sau cé nghiém.

b) m?x = 4x + m?> + m — 2.

(m+1l)z+m-—-2
x+3 B

d)

f) 2(Jz| +m—1) = |z| —m + 3.

2mx — 1 m+1 3r—m 2z +5m + 3
e e —1=—_. h +VrFi="
g) ve—1 ve—1 )\/1:+1 ve+1
¢L6igi6i.

e
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a) Phuong trinh da cho tuong duong
(m* — 1)z =m?* —m.

Phuong trinh vo6 nghiém khi va chi khi

m?*—1=0 ome 1
m?—m #0 me

Vay, phuong trinh c6 nghiém khi va chi khi m # —1.
b) Phuong trinh da cho tuong duong
(m* —4)r =m? +m — 2.

Phuong trinh vo nghiém khi va chi khi

Vay, phuong trinh c6 nghiém khi va chi khi m # 2.
¢) Phuong trinh da cho tuong duong

(x4+m)(x—2)=(z+3)(x—1)

— Ay = 29m —
r 41 <:>{(m Jr =2m
m # —1.
x # 2
Phuong trinh v6 nghiém khi va chi khi
m = —1
=-1
m—4=0 (:)[ B
2m —3 # 0

Vay, phuong trinh c¢6 nghiém khi va chi khi m ¢ {—1;4}.

d) Phuong trinh da cho tuong duong

(m+ 1Dz +m—2=m(x+3) T =2m+2
= 5
T # -3 m# —=.
2
- . . . C O e 5
Vay, phuong trinh c6 nghiém khi va chi khi m # —5
e) Phuong trinh da cho tuong duong
x>1 [ [m =1
{x—1+2x—3:m po
& 3
{:c<1 m < —1
l—z+2x—-3=m Ne=m+2.

Vay, phuong trinh luén c6 nghiém v6i moi m.

y J/ J J

3

o
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y J/ J J

f) Phuong trinh da cho tuong duong

2z|+2m—2=|z|—-m+3 < |z|]=—-3m+5.

Vay, phuong trinh c6 nghiém khi va chi khi —=3m +5>0< m <

W ot

g) Dicukitnz —1>0& 2z > 1.
Quy dong va bé mau, phuong trinh da cho trd thanh

2mz—1)—2z—-1)=m+1
& 2lm—1)xz=m

1 N N
& 2r=1+ ] (Dieu kién can:m # 1).
m—

Vi diéu kién = > 1 nén phuong trinh c¢6 nghiém khi va chi khi

>1el0<m—-1<lelcm<?2.
m—1

h) Ditukienz+1>0< 2 > —1.
Quy dong va bé mau, phuong trinh da cho tré thanh

Bx—m)+(r+1)=20+5m+3
& 2r=6m—+2
& r=3m+1.

Vi diéu kién z > —1 nén phuong trinh c¢6 nghiém khi va chi khi

2
3m+1>—1<:>m>—§.

$>Badi 14. Tim tham s6 m dé phuong trinh ¢6 nghiém duy nhat.

) m:c—m—3:1 b) x+2::v—|—1
z+1 r—m x—1
c) |22 —m| =z —1| d) |mx — 2| = |z + 4|
¢L6igi6i.

a) Phuong trinh da cho tuong duong
mr—m-—3=x+1 (m—1zx=m-+4
=
x# —1 x # —1.
Do d6, phuong trinh c¢6 nghiém duy nhat khi va chi khi
m—1+0 m# 1

m+4 = 3
e | _2
m_17 m7 =3
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y J J J
b) Phuong trinh da cho tuong duong
(x4+2)(x—1)=(x+1)(x —m) mr=2-—m
x#1 Sqr#l
T #m x #m.
Do d6, phuong trinh c6 nghiém duy nhat khi va chi khi
m # 0
92— m m # 0
— #1
m 71 o dm #1
2 — _
m £ m m # —2.
m
¢) Phuong trinh da cho tuong duong
2r—m=ux—1 z=m-—1
g m+1
2c—m=1—=x T = —"
3
Do d6, phuong trinh c6 nghiém duy nhat khi va chi khi
1
m—1= mtl &S m=2.
3
d) Phuong trinh da cho tuong duong
mr—2=x+4 (m—1)x =6
mr—2=—xr—4 (m+1)z=-2
Do d6, phuong trinh c6 nghiém duy nhat khi va chi khi
m—1=0 m=1
<~
m+1=0 m = —1.
[

D-DANG TOAN VA BAI TAP

%& Dang 3. Gidi va bién ludn phuong trinh bac hai: az? + bx + ¢

Phuong phap:

Bu6e 1. Bién doi phuong trinh vé ding dang az? + bx + ¢ = 0.
Budc 2. Néu he s6 a chiia tham s6, ta xét hai truong hop:

e Truong hop 1: a = 0. Ta giai va bién ludn phuong trinh bx = c.
e Truong hop 2: a # 0. Ta lap A = b? — 4ac. Khi d6

. b+ A
o Neu A > 0 thi phuong trinh c¢6 hai nghiém phan biét 2,5 = 5 .
a
. b
o Neu A = 0 thi phuong trinh ¢6 nghiém kép x = o
a
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o Néu A < 0 thi phuong trinh vo nghiém.
Buée 3. Két luan.

A Néu hé s6 a c6 chita tham sé m thi ta can chia ra hai truong hop, cu thé

, , o la=0 a#0
e Phuong trinh co nghiém khi va chi khi hodc .
b+#0 A>0

, ) , . |a=0 a#0
e Phuong trinh co nghiém duy nhat khi va chi khi hodc
b+#0 A =0.

B BAITAP VAN DUNG

> Bai 1. Giai va bien luan phuong trinh bac hai 2% — 2(m — 1)x + m? — 3 = 0.

@ Loi gidi.
Taco A =0b%—4dac=[-2m—1)"—4-1-(m*>—3) =16 — 8m.

2(m — 1) £V16 —8m _

e Néu A > 0 & m < 2 thi phuong trinh ¢6 hai nghiém phan biet z;5 = 5

(m— 1)+ vi—2m.

e Néu A = 0 < m = 2 thi phuong trinh c¢6 nghiém kép x =m — 1 = 1.

e Néu A < 0 < m > 2 thi phuong trinh vo nghiém.

$>Bai 2. Giai va bién luan phuong trinh bac hai 22 — 2(m + 3)z +m? = 0.

® Loi gidi.
Ta c6 A = b* — dac = [-2(m + 3)]* —4-1-m? = 24m + 36.

2(m + 3) £ v/24m + 36

. 3
e NeuA>0&m > —5 thi phuong trinh c6 hai nghiém phan biét x4 = =

2
(m+3) £ v6m+09.

. 3 3
e NeuA=0&m= —5 thi phuong trinh ¢6 nghiém kép z =m + 3 = 7

) 3
e NeuA<O0&m< —3 thi phuong trinh vo6 nghiém.

$>Bai 3. Giai va bien luan phuong trinh bac hai ma? — 2(m — 1)x +m — 5 = 0.

 Loi gidi.
5

V6i m = 0, phuong trinh tré thanh 22 —5=0< x = 5

V6im #0, ta co A =b* —dac=[-2(m — 1) —4-m - (m —5) = 12m + 4.

y J/ J J

e
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. 1 2(m —1) £ /12 4
e Neu A >0 m > —3 thi phuong trinh c6 hai nghiém phan biét x5 = (m ) 5 mt =
m
(m—1)++3m+1
— .
% 1 N N P ca P m—1
e NeuA=0&m= —3 thi phuong trinh c¢6 nghiém kép x = —— = 4.
m
. 1
e NeuA<O0&m< —3 thi phuong trinh vo nghiém.
OJ

> Bai 4. Giai va bien luan phuong trinh bac hai (m? +m — 2)z% + 2(m +2)z + 1 = 0.

® L3i gidi.

TH1: Xét m*+m—-2=0& !
m = —2.

1

V6i m = 1, phuong trinh tré thanh 6z +1=0< z = ~5

Véi m = —2, phuong trinh tré thanh 1 = 0 (v6 nghiém).

m # 1

m # —2.

Ta c6 A = b2 — dac = [2(m +2)]* — 4(m% +m — 2) = 12m + 24.
Vim # —2 nén A # 0.

TH 2: Xétm2+m—27é0®{

e Néu A > 0 < m > —2 thi phuong trinh c6 hai nghiém phan biét

C 2(m+2)£VI2m+24  —(m+2)£/3m+6

2(m? +m —2) m2+m — 2

x1,2

e Néu A < 0 < m < —2 thi phuong trinh vo nghiem.

O]
$>Bai 5. Tim m dé phuong trinh 22 — 2maz + m? —m — 6 = 0 ¢6 hai nghiém phan biét.
® Loi gidi.
Ta c6 A = b* — dac = (2m)? — 4(m?® — m — 6) = 4m + 24.
Phuong trinh c¢6 hai nghiém phan biét khi va chi khi A > 0< 4m+24 > 0< m > —6. O

$>Bai 6. Tim m dé phuong trinh (m + 1)2? — 2(m — 1) +m = 2 ¢6 hai nghiém phan biét.

® Loi gidi.
Phuong trinh da cho tuong duong (m + 1)a? —2(m — 1)z +m — 2 = 0.
Ta c6 A =b0* —4ac=[-2(m — 1) —4(m + 1)(m — 2) = —4m + 12.
0 +1#0 —1
a # - {m + - {m #+

Phuong trinh c¢6 hai nghiém phan biét khi va chi khi
A>0 —4m+12>0 m < 3.

$>Bdi 7. Tim tham s6 m dé phuong trinh sau 22 — (2m + 3)x + m? = 0 c¢6 nghiém kép. Tinh
nghiém kép d6?
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y J J J
® Loi gidi.
. 3
Dé phuong trinh ¢6 nghiem kép thi A=0< 2m+3)?2 —4m? =0 12m+9=0&m = 1
b 2m+3 3

Khi d6 nghiém kép la x = —— = = -. U
1 d6 nghiém kép la x 9 5 1

$> Bai 8. Tim tat ca cac gia tri ctia tham s6 m dé phuong trinh sau 22 +2(m+1)z+m?—4m-+1 = 0
vo nghiém?

® Loi gidi.
Dé phuong trinh vo nghiem thi A < 0 < 4(m+1)2 —4(m? —4m +1) <0< 24m <0< m < 0.
U

$>Bai 9. Tim tham s6 m dé phuong trinh sau 2 4 3z +m — 1 = 0 ¢6 nghiém?

® Loi gidi.
) 13
bé phuong trinh ¢6 nghiem thi A >0 9—-4(m—-1)>0<& —4m+13 >0 m < R

$>Bai 10. Tim tham s6 m dé phuong trinh sau (m? — 1)2? — 2(m + 1)z + 1 = 0 ¢6 nghiém?

® Loi gidi.

—|—Xétm2—1:O(:)[
m = —1.

1
Vé6i m = 1 thi phuong trinh tuwong duong —4r +1=0& 2 = 1
V6i m = —1 thi phuong trinh tuong duong 1 = 0 (vo 1y).
Nhan m = 1.
m#1
+Xétm?P—14£0<
e 7 {m # —1.
. 3
Dé phuong trinh ¢6 nghiem thi A >0 4(m+1)> —4(m?—-1)-1>0&8m+ 12> 0 m > —5
m#1
Két hop diéu kign: { M 7 1
> ——.
=3
m # —1
Vay 3 thoa YCBT. O

E-DANG TOAN VA BAI TAP

%& Dang 4. Pinh ly Vi-ét va cdc bdai todn lién quan

Dinh Iy Vi-ét

S=$1—|—$2:——
a

Néu phuong trinh ax? + bx + ¢ =0, (a # 0) ¢6 2 nghiém z;, x5 thi c
P = T1Tg = —.
a

Nguge lai, néu hai s6 v va v c6 tong u+v = S va tich u-v = P thi u, v 14 hai nghiém ctia phuong
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y J/ J J

trinh: 22 — Sz + P =0, (S? — 4P > 0).
Ung dung dinh ly Vi-ét

a) Tinh gia tri cac bicu thitc d6i xiing clia hai nghiem phuong trinh bac hai:

© 22 +12=252—-2P, (21 —x2)° =8> — 4P, 23 + 23 = S3 — 3SP,...
@z —2|=a>0& (21— 2,)° =a® & §2 — 4P = a2,

b) Dau cac nghiém ciia phuong trinh bac hai:

® Phuong trinh c6 2 nghiém trai dau: o; < 0 < 29 & P < 0.
A>0
® Phuong trinh ¢6 2 nghiem duong: 0 < 21 <23 { P >0
S > 0.
A>0
® Phuong trinh c¢6 2 nghiém duong phan biét: 0 < z; < 25 & { P >0
S > 0.
A>0
® Phuong trinh c¢6 2 nghiém am: 7, <2, <0 & (P >0
S <0.
A>0
® Phuong trinh c¢6 2 nghiém am phan biét: z; < 2, <0< { P >0
S <0.
1 <9 <0 {A >0

® Phuong trinh ¢6 2 nghiém cting dau:
s S s O<z <z |P>0.

A Néu dé bai yéu cau so sanh hai nghiém x1, xo cdi s6 «, thuong cé ba cich lam sau:
® Dt an phut =2 —« dé dua vé so sanh 2 nghiém t,, ty vdi s6 0 nhu trén.

rn<a<ryer—a<0<z—a<e (rp—a)(ra—a) <0

® Bién doi: T >a r1—a>0 (1 —a)(zg —a) >0
a < T < Ty = = =
To > a Tro—a >0 1+ x9 — 2a > 0.

® Dinh li ddo tam thitc bac hai (tham khdo).
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J/ J J

B BAITAP VAN DUNG

& Dang 5. Tim tét c& tham sé m dé phuong trinh

c6 moét nghiém cho trudc. Tinh nghiém con lai?
Phuong phap:
© Thé nghiém da cho vao phuong trinh, tim dude cac tham s6 m.

® V6i cac m tim duge, thé vao phuong trinh, gidi tim nghiém con lai va két luan.

a) OBai 1. 22— 2m —3)z +m?> —4 =0 b) (m—4)2>+z+m’+1—4m=0—-z=—1
= @ = =1

c) me?—(m+2)zr+m—-1=0—2=2 d) 22 —2(m—1)x+m?—-3m=0—=12=0

® Loi gidi.

a) Thé x = —7 vao phuong trinh da cho, ta duge:

m = —2
(—7)2+7(2m—3)+m2—4=O<:>m2+14m+24=O<:>[ 19
m= —12.
. . z=0
®@ V6i m = —2 thi phuong trinh tré thanh: 22 + 72 = 0 & [ -
x=-T.
=-20
®@ V6i m = —12 thi phuong trinh tré thanh: 22 4+ 272 + 140 = 0 & [x -
x=-T.
Két luan:
V6i m = —2 thi nghiém con lai la x = 0.

V6i m = —12 thi nghiém con lai la z = —20.

b) Dé phuong trinh c6 1 nghiém = —1 va c6 nghiém thit hai thi a # 0 < m — 4 # 0 < m # 4.
Thé # = —1 vao phuong trinh da cho, ta dugc:

m=—1

(m—4)(-1)?-14+m?*+1—-4dm=0m?>-3m—-4=0& ,
m =4 (loai).
r=—1

V6i m = —1 thi phuong trinh tré thanh: —522 + 2+ 6 = 0 < 6

/ Tr = g
Két luan: 6
V6i m = —1 thi nghiém con lai la x = £

c¢) Dé phuong trinh c6 1 nghiém x = 2 va c6 nghiém thit hai thi @ # 0 < m # 0.
Thé o = 2 vao phuong trinh da cho, ta dudc:

5
m-22—(m—|—2)-2+m—1:O<:>3m—5:0®m:g

y 5 . a5, 112 v
V6i m = - thi phuong trinh tré thanh: —2* — —2+ - =0&
3 3 3 3 x

al| = N

Két luan:

5 1
Véim = 3 thi nghiém con lai la x = £
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J
, m =0
d) Thé x = 0 vao phuong trinh da cho, ta dugc: m? —3m =0 < 5
m = 3.
(2 =0
@ Véi m = 0 thi phuong trinh tré thanh: 22 + 22 = 0 < 5
r=—
=0
® V6i m = 3 thi phuong trinh tré thanh: 22 — 42 = 0 & 4
Két luan:
V6i m = 0 thi nghiém con lai la x = —2.

V6i m = 3 thi nghiém con lai la x = 4.

& Dang 6. Tim tat cé cdc gid tri tham sé m

dé phuong trinh cé hai nghiém trdi déu?

Phuong phap: Phuong trinh bac hai ¢6 hai nghiem trai dau < ac < 0.

a) $®Bai 12. (m+1)22—2(m—1)z+m—-2=0 b) (m—2)22+2mzx+m+1=0

c) (m+2)2>—mz+m—-2=0 d) mz? +4(m—3)z+m—5=0
e) (m+12>+2(m+4)z+m+1=0 f) 22—=2(m—Dz+m?—-4m+3=0
D Li gidi.

a) Phuong trinh da cho c6 hai nghiém trai dau

m+1>0 m > —1
=-1l<m<?2
m—2<0 m <2
Sa<0es (m+1l)(m-2)<0s &
m+1<0 m < —1
=>m e J.
m—2>0 m > 2

Két luan: —1 < m < 2.

b) Phuong trinh da cho ¢6 hai nghiem trai dau

m+1>0 m > —1
= -1l<m<?2
m-—2<0 m < 2
Sac<0& (m—-2)(m+1) <0< &
m+1<0 m < —1
= m € J.
m—2>0 m > 2

Két luan: —1 <m < 2.

c¢) Phuong trinh da cho c¢6 hai nghiém trai dau

m+2>0 m > —2
= -2<m<?2

m—2<0 m <2
Sa<0es (m+2)(m-2)<0s =
m+2<0 m < —2
= m € J.
m—2>0 m > 2

Két luan: —2 < m < 2.
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J J J
d) Phuong trinh da cho c6 hai nghiém trai dau
m > 0 m >0
=0<m<5b
m—>5<0 m <5
Sac<0s&mm—-5)<0s &
m < 0 m <0
=>m € J.
m—95>0 m > 95
Két luan: 0 < m < b.
e) Phuong trinh da cho ¢6 hai nghiem trai dau
sSa<0&(m+1)(m+1)<0& (m+1)2<0
S me d.
Két luan: m € @.
f) Phuong trinh da cho ¢6 hai nghiém tréi dau
m—1>0 m > 1
=1l<m<3
m—3<0 m <3
Sac<0& 1(m*—4m+3) <0 & (m—1)(m—3) <0 & &
m—1<0 m <1
=m e J.
{m—3>0 {m>3

Két luan: 1 < m < 3.

& Dang 7. Tim t&t c& cdc gié tri tham sé m

Phuong phap:
@ Tinh A = b? — 4ac.

) A
® Phuong trinh c6 hai nghiém cuing dau < {

dé phuong trinh cé hai nghiém cling ddu?

>0

P (Luu ¥, néu c6 chit phan biet thi A > 0).

a) $©Bai 13. maz?> —2(m —2)zx+m—-3=0 Db) mz?+2(m+3)z+m =10

c) (m—1z>+2(m+ 1)z +m=0 d) (m—-1z2+2(m+2)x+m—-1=0

a)
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® Loi gidi.

Ta c6

A = 4(m—2)* —4m(m — 3)
4(m? —dm +4) — 4m* + 12m
—4m + 16.
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Ludn nd luc dé dat dugce thanh qua

y J/ J J
Phuong trinh da cho c6 hai nghiém cting dau
Asg [ —4m+16>0
20 B
{P>0 m=3 .y
m
(m < 4 (m < 4
[ [m—=3>0 m >3
S K m >0 & m >0
m—3<0 m<3
L (m<O0 L m <0
(m < 4
& 'm >3 = m e (—o00;0) U (3;4].
[ M <0
Két luan: m € (—o0;0) U (3;4].
b) Ta co
A = 4(m+3)* —4m?
= 24m + 36.
A>o [24m+36=0 [, ~_3
Phuong trinh da cho c6 hai nghiém cuing dau < T e dm & -
m .
. 3
Két luan: m € (—5; +oo) \ {0}.
c) Ta co
A = 4m+1)? —4m(m —1)
= 12m + 4.
Phuong trinh da cho c6 hai nghiém cting dau
( 1 ( 1
> __ > __
=3 =3 |
A>0 12m+4 >0 {m>0 {m>0 mz-—z  [m>1
<~ 54 ~ 54 -~
P>0 mT1>O m—1>0 m > 1 m > 1 L em <o
m <0 m < 0 m < 0
L m—1<0 L m <1

. 1
Két luan: m € [—y()) U (1; 4+00).

d) Ta c6
A = 4(m+2)* —4(m—1)°
= 24dm + 12.
. ‘ ) A>0 24m+12 >0 mZ—l
Phuong trinh da cho c¢6 hai nghiém cung dau < S<im-—1 & 2
P>0 >0 1
m—1 m # 1.

£ 1
Keét luan: m € [—5; —i—oo) \ {1}.
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J/ J J

B Dang 8. Tim tét cé cdc gid tri tham sé m dé

phuong trinh c6 hai nghiém phdn biét duong?
Phuong phap:
® Tinh A = b* — 4ac.

a#0
A>0
S >0

P> 0.
Néu khong c6 chit "phan biet" thi c6 dau "=" & A, tic A > 0.

© Phuong trinh c¢6 hai nghiém phan biét duong <

a) $>Bai14. 22 -3z +m—1=0 b) 322 — 10z —3m +1=10
c) 2+ (2m —3)x+m*+2=0 d) (m+2)22 —=2(m -1z +m—-2=0
® Loi gidi.
a) Ta c6

A = (=3)—4-1-(m—1)

13 — 4m.

Phuong trinh da cho ¢6 hai nghiém phan biét duong
a#0 1#£0 13
A>0 13—4m >0 m < — 13
g & & 4 &1l<m< T

>0 3>0 m> 1
P>0 m—1>0
. 13
Két luan: 1 <m < T
b) Ta co

A = (=10 —4-3-(=3m+1)

= 36m + 88.
Phuong trinh da cho ¢6 hai nghiém phéan biét duong
(3#£0
a#0
36m 4 88 > 0 22
- A>0<:)<10 - m>—§® 2 1
——<m< .
S>0 §>O 1 9 3
m < -
P>0 —-3m+1 3
\T>O

. 22 1
Keét luan: —— <m < .
6 luan: —-= <m < 3

c) Ta co

A = 2m—3?—4-1-(m*+2)
—12m 4+ 1.
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH
y J J J

Phuong trinh da cho c¢6 hai nghiém phan biét duong

a#0 1#0
A>0 —12m+1>0 m< 15 1
= < —.
s5>0 7Y —2m+3>0 d 3 TS
m<§

P>0 m? 42 > 0 (luon ding)

. 1
Két luan: m < —.
et luan: m 15

d) Ta co
A = 4m—17—4-(m+2)-(m—2)
= —8m + 20.
Phuong trinh da cho ¢6 hai nghiém phan biét duong
(m # —2
(m+2#0 5
a70 —sm+20>0 |™<3 )
A>0 2 2 ) m< -
& M-y e |Ms2s 5
P>0 m-2_, m< —2
\m + 2
[ |m > 2

. )
Két luan: m € (—oo0; —2) U (2; 5)

= Dang 9. Tim tét c& cdc gid tri tham sé m dé
phuong trinh c6 hai nghiém phén biét am?

Phuong phap:
®@ Tinh A = b* — 4ac.
a#0
, , . A>0
® Phuong trinh c6 hai nghiém phan biét am < S<o
P>0
Néu khong c6 chit "phan biet" thi c6 dau "=" 6 A, tiic A > 0.

a) $>Bai 15. mz? +2(m +3)z +m =0 b) (m+1)2x®>+2(m+4)zr+m+1=0

c) mz?—2(m—2)z+m—3=0 d) (m+1)2®>—2mz+m—-3=0

D Loi gidi.

a) Ta c6
A = 4(m+3)? —4m?

4(m® + 6m + 9) — 4m®

= 24m + 36.
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Phuong trinh da cho ¢6 hai nghiém phan biét am

( (
a0 m # 0 m # 0
A0 24m + 36 >0 m>—§
& & K 2(m + 3) & K 2 & m>0.
S <0 -—2 <0
m m< =3
P=0""11>0 | [m>0

Két luan: m > 0.
Ta c6

A = 4(m+4)?—4(m+1)>

= 24m + 60.
Phuong trinh da cho ¢6 hai nghiém phan biét am
4
al?éo m—{—l#O (m#—l
24m + 60 > 0 5
A>0 _°
= = _2(m+4)<0 "7 ams o1
5<0 m+1 m < —4
P>0 m+1
> (0 (du m > —1
\m_'_]_ (ung) \

Két luan: m > —1.
Ta c6

A = 4(m—2)* —4m(m — 3)

= —4m + 16.
Phuong trinh da cho c¢6 hai nghiém phéan biét am
(m # 0 'm;«éO
a#0
—4m+16 >0 m < 4
A>0
& eq2Am=2) _ e 0<m<2emes
S <0 =
m <0
P>0 m—3
>0 m >3
\ m \

Két luan: m € @.
Ta c6

A = 4m?® —4(m+1)(m —3)

= 8m+ 12.
Phuong trinh da cho ¢6 hai nghiém phan biét am
(m+1#0 (m # —1
a0 Agni1250  |pe 3
_ < -1
P>0 m 3>O m
\m + 1 [ [m >3

Két luan: m € @.

Luon nd luc dé dat duoc thanh qua

y J/ J J

O

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J

& Dang 10. Tim &t cd céc gid tri cha tham s m dé

phuong trinh c¢é hai nghiém phdn biét z,,z, théa diéu kién.

Phuong phap:

a#0

A > 0. (1)

®@ Tinh A = b? — 4ac. Phuong trinh c6 hai nghiém phan biét 21,2, < {

b @
® Theo Vi-ét, taco6 S =2, + 29 = —— va P = 2129 = —.
a a

® Tit diéu kien déi xitng, bién ddi vé tong, tich thudng gip 22 + 22 = S? — 2P,
3+ 23 =8%-3PS,...

@ So véi (1) duge nhitng gia tri can tim ciia tham s6 m.

a) $>Bai 16. Cho 2> — (2m —3)z+m?—4 = b) Cho 22 — 2(m — 1)z + m? — 3m = 0. Tim

0. Tim tham s6 m dé phuong trinh cé hai m dé phuong trinh c6 hai nghiém phan biét
nghiém phan biét 21, x5 thda man z2+23 = Ty, To théa man z? + x32 = 8.
17.

¢) Cho22—2(m—1)r+m?—3 =0. Tim tham d) Cho 22+ (2m+ 1)z —m —1= 0. Tim m dé
s6 m dé phuong trinh cé hai nghiém phan phuong trinh ¢6 hai nghiém phan biét xq,
biet x1, zo théa man a2 - zo + 1 - 23 = 0. Ty théa man z2 + 12 = x129 + 1.

e) Cho 22 — 4z +m — 1 =0. Tim tham s6 m ) Cho (m + 1)z? — (2m — 3)z +m = 0. Tim

dé phuong trinh c6 hai nghiém phan biét tham s6 m dé phuong trinh c6 hai nghiem
71, Ty thda man z3 + x3 = 40. phan biét x1, To thda man 3 |z; — zo| = 2.
® Loi gidi.
a) Ta c6

A = (2m—3)? —4(m?* —4)
= 4m? —12m +9 —4m* + 16

= —12m + 25.
) ) ) a#0 1 # 0 (luon duang) 12
Phuong trinh c6 h hiém phan biét < & Sm < —. 1
ng trinh c6 hai nghiém phan bié {A>0 {—12m+25>0 m < 5 (1)
Theo Vi-ét: S =2m —3 va P=m? — 4.

N m =
Theo dé 23+12% = 17 & S?—2P =17 & (2m—3)?=2(m*—4) = 17 & 2m*—12m =0 & 6

m =

So diéu kien (1) = m = 0 1a gia tri can tim.
b) Ta c6

A = 4(m—1)*—4(m? - 3m)
= 4m? —8m+4—4m? +12m

= 4m + 4.
0 10 (luon du
Phuong trinh c¢6 hai nghiém phéan biét < af & 70 (ludn diing) S m > —1. (1)
A>0 dm+4>0

Theo Vi-ét: S =2(m — 1) va P =m? — 3m.
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

f)

164/528 ’

Theo dé 22 + 13 =8 S2—2P =8 4(m—1)2-2(m*-3m)=8&2m?> - 2m—4=0&
m=—1

m = 2.

So diéu kien (1) = m = 2 1a gia tri can tim.

Ta co

A = 4(m—1)*—4(m? - 3)
= 4m? —8m+4 —4m? + 12

= —8m + 16.
0 1 # 0 (luon da
Phuong trinh ¢6 hai nghiém phan biét < a7 & 70 (luon diing) Sm < 2. (1)
A>0 —8m +16 >0
Theo Vi-ét: S =2(m —1) va P =m? — 3.
m =3
< ) P=0 [m*-3=0
Theo dé z7 - xo + 21 - 25 = 0 & x129(27 + 22) = 0 & & S |lm=-vV3
S=0 2(m—1)=0
m = 1.
So dieu kien (1):>m:—\/§;m:\/§;m:11é,giétri can tim.
Ta co
A = 2m+1)2—4-1-(—m—1)
= 4dm*+4dm+1+4m+4
= 4m® +8m +5.
Phuong trinh c6 hai nghiém phan biét
a#0 1 # 0 (luon ding)
& & & (2m+2)?+1> 0 (luon ding) & m € R. 1
{A>O {4m2+8m+5>0 (2m +2) (luon diing) < m (1)

Theo Vi-ét: S = —(2m +1) va P = —m — 1.
Theo dé 23 +12% = 2129+1 & S?—2P=P+1 & S?-3P-1=0& 2m+1)>-3(-m—1)—1 =

3
m=—-
0e4m? +Tm+3=0« 4
m = —1.
N 3 .
So dieu kién (1) = m = —pm= —1 la gia tri can tim.

Ta c6

A = 42—4-1-(m—1)

—4m + 20.
0 1 # 0 (luon da
Phuong trinh ¢6 hai nghiém phan biét < v & 70 (luon diing) S m < 5. (1)
A>0 —4m +20>0

Theo Vi-ét: S =4va P=m — L.
Theo dé 23+ 23 =40 S3 —3PS =40 43-3-4-(m—1)=40& —12m+36 = 0 & m = 3.
So diéu kien (1) = m = —3 1a gia tri can tim.

Ta c6

A = 2m—3?—4-m-(m+1)
4m? —12m +9 — 4m? — 4m
= —16m + 9.

y J/ J J

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

S _ a#0  [m+1#0 m 7 —1
Phuong trinh ¢6 hai nghiém phan biét < & & 9 (1)
A >0 —16m+9 >0 m<1_6'
Theo Visét: § — 20 =3 sa p— ™
m+1 m+1
Theo dé

3|z — 2] =2 Iz —32)° =4
(] + x5 — 2my70) = 4

9[(w1 + 22)* — day25] =4
9(S*—4P) =4

. 2
9 (2m 3) 4™y
m 41 m 41
—4m?® —152m + 77 =0
1

m:§

r ¢ ¢

¢

m=——.
2
. 1
So dieu kién (1) nhan m = §;m = ——,

OJ

$>Bdi 17. Cho phuong trinh 22 — 2(1 — m)z +m? + 3 = 0. Tim tat cd cac tham s6 m dé phuong
trinh

a) C6 1 nghiém bang 6. Tim nghiém con lai?

b) Biéu thitc A = 2 (z; + ) — 7179 dat GTLN?

® Loi gidi.

a) Thé z = 6 vao phuong trinh da cho, ta duge:

m=—3
62—2(1—m)-6+m2+3:0<:>m2+12m+27=0<:>[ 9
m = —9.
=6
@ Véi m = —3 thi phuong trinh tré thanh: 22 —8r + 12 =0 & [I 5
x=2.
®@ Véi m = —9 thi phuong trinh trd thanh: 2% — 20z + 84 = 0 & [x - 14
x = 14.
Két luan:
V6i m = —3 thi nghiém con lai la x = 2.

V6i m = —9 thi nghiém con lai 1a x = 14.

b) Dé phuong trinh c6 2 nghiém thi
A>041-m)?—4(m*+3) >0 -8m—-8>0&m < —1.
Khi d6 S =2y + 22 =2(1 —m); P = zy27 = m? + 3.
A=2(x1+x9) — 29 =2-2(1—m) — (m*+3)=—-m?> —4dm+1=—(m+2)*+5 < 5,Vm.
Vay A dat GTLN bang 5 khi m = —2.

O

y J/ J J

o
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y J/ J J

> Badi 18. Tim tat cd cac gia tri clia tham s6 thuc m dé phuong trinh 22 — 2(m + 1)z + m? +
3m — 25 = 0. Tim tat ca cac tham s6 m dé phuong trinh

a) C6 1 nghiém la —3. Tim nghiém con lai?

b) C6 2 nghiém thoa 2(x1 + x2) — 129 = 297

 Loi gidi.

a) Thé z = —3 vao phuong trinh da cho, ta dugc:

m =1
9—2(m—|—1)-(—3)+m2+3m—25:0(:>m2+9m—1020@[ 10
m = —10.
®@ V6i m = 1 thi phuong trinh tré thanh: 22 — 42 — 21 =0 & r:?—
x="T.
x—_
®@ V6i m = —10 thi phuong trinh tré thanh: x2+18a:-|—45:()(:>[ 05
x = —15.

Két luan:
V6i m = 1 thi nghiém con lai la x = 7.
V6i m = —10 thi nghiém con lai la z = —15.

b) Dé phuong trinh c6 2 nghiém thi
A>0&4m+1)2—4(m?+3m —25) >0 —4m + 104 > 0 & m < 26. (1)
Khi d6 S =x1 + 2o =2(m +1); P = z12; = m? + 3m — 25.
Ta c6 2(x1 + 22) — 2173 =29 & 2-2(m+1) — (M?*+3m—25) =29 & —m?+m =0 & )
m = 1.

So vé6i diéu kién (1) nhan m = 0;m = 1.

$>Bai 19. Cho phuong trinh 22 + (2m + 3)x + m? — 3 = 0. Tim tham s6 m dé phuong trinh
a) C6 1 nghiém la —2. Tim nghiém con lai?

b) C6 2 nghiem 2 (2x; — x2) (222 — x1) + 136 = 07

® Loi gidi.

a) Thé x = —2 vao phuong trinh da cho, ta dugc:
m = —1

4—|—(2m+3)-(—2)+m2—3:0<:>m2—4m—5:0<:>! 5
m = 5.

T =—2

®@ V6i m = —1 thi phuong trinh tré thanh: 22 + 2 — 2 =0 & [ )
x =1

T =—2
®@ V6i m = 5 thi phuong trinh tré thanh: 22 + 132 + 22 = 0 & ! 1
xr=—11
Két luan:
V6i m = —1 thi nghiém con lai la x = —2.
V6i m = 5 thi nghiém con lai la x = —11.

166/528 ’ B Nguyén Quéc Duong - @ 0375113359 m



Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J J J
b) Dé phuong trinh c6 2 nghiém thi
21
A20©(2m+3)2—4(m2—3)20<:>12m+2120<:>m2—ﬁ. (1)
Khid6 S =21 +25=-2m—3; P =207 =m? — 3.
Theo dé
2(2x1 — x9) (222 — 1) + 136 =0
& 8rixre — 4xf — 4$§ + 22129+ 136 =0
& 10P —4(S* —2P)+136 =0
& —4(=2m —3)?2 +18(m? — 3) + 136 = 0
& 2m? —48m + 46 =0
m=1
4
m = 23.
So véi diéu kien (1) nhan m = 1;m = 23. Vay théa m = 1;m = 23 YCBT.
O

$>Bai 20. Tim tat ca cac gia tri clia tham s6 thyc m dé phuong trinh (m+2)z%—2(m+4)z+m+5 =
0.

a) C6 nghiem kép. Tim nghiém kép d6?

b) C6 hai nghiem phan biét thoa 9 (2% + 23) = 47

® Loi gidi.

a) Taco A =4(m+4)*>—4(m+2)(m+5) =4m + 24.
Dé phuong trinh c¢6 nghiem kép thi A =0 < 4m +24 =0< m = —6.

. 1
Thé m = —6 vao phuong trinh da cho, ta dudc —42? + 42 —1=0& o = 7

. 1
Két luan: m = —6, z = 7
b) Dé phuong trinh c6 2 nghiém phan biét thi
A>0&4m+24 >0 m > —6. (1)
o 2(m +4 m—+ 95
Khi dOS:.Tl—F.’IIQ:%;P:IElLBl:m—H.

9 (2] +a3) =4 9(5*—2P) =4

2 4)\ 2
9 (M) . mA5
m + 2 m + 2
& 36(m+4)* — 18(m +5)(m + 2) = 4(m + 2)?
< 14m? + 146m + 380 = 0

m = —5
e | 8
=-=
e A A ~ 38
So v6i dieu kién (1) nhan m = —5;m = -

O

o
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

V' J J J
> Bai 21. Cho phuong trinh (m — 1)a? —2(m +4)z +m + 1 = 0.
a) Tim tham s6 m dé phuong trinh c6 nghiem?
P ? z 2
b) Tim tham sd m de phuong trinh c¢6 hai nghiém x;, x5 trai dau sao cho |z1| = ﬁ?
L2
c) Tim gi4 tri nguyén am ctia m sao cho phuong trinh c6 hai nghiem x;, zo déu la s6 nguyen?

® Loi gidi.

1
® Véia=m—1=0<« m =1 thi phuong trinh tré thanh: —10z +2 =0z = —.

5)
@ Vsia=m—-1#£0m#1, taco A=4(m+4)? —4(m —1)(m + 1) = 32m + 68.
) 17
Dé phuong trinh c¢6 nghiém thiA20@32m+6820®m2—§.
. 17
Kétluan:me[—g;—i-oo).
o P <0 P <0 P <0
b) Yéu cau bai toan < 2
21| = — |z120| =2 1P| =
|2
m+l_, —l<m<l —l<m<1
1
m+1 m—% 1
— | = m + ——
S_Q(m+4)
¢) Theo Vi-ét, ta c6 m—1 va gia st x1, 19 € Z.
m+1
P=—
m—1
2(m + 4) 2(m — 1)+ 10 10
S=nt+r el m—1 €L m—1 €z 2+m—1€Z
“\p— = 1 = 1) 42 = 2
P=aww el mtlez m=D+2 _4 1+ Y/
m—1 m—1 m—1
10: (m—1
[
2:(m—1)

m—1¢€ {£10;£5;£2;+1
{ { }:>m—1€{:|:2;:|:1}:>m€{—1;0;2;3}.

m—1e {£2;£1}

Do m am nén m = —1.
r=0

Thit lai: V6i m = —1 thi phuong trinh tré thanh —222 — 62 = 0 & 5
r=—3.

Do d6 v6i m = —1 thi phuong trinh c¢6 hai nghiém 1a s6 nguyen.

O

$>Bai 22. Cho phuong trinh (m — 1)z% — 2mz +m + 2 = 0. Tim tat ca cac gia tri cia tham s6
m dé phuong trinh c¢6 2 nghiém z;; x» phan biét va 2z, = 5x,?
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

V' J J J
@ Loi gidi.
Ta co
A= 4m?—4(m —1)(m+2)
= —4dm+8.
Dé phuong trinh da cho c6 hai nghiém phan biét thi A >0 < —4m+8>0& m < 2. (1)
Ta c6
5 5 4 m
21’1 = 5:[,‘2 €T = 51;2 T = 51-2 xr1 = ? . m
__2m <95 om 4 m < 10
L1+ T 1 —Xy+ X9 = —— Tg=—+—— XTg= — ——
m = 2 ) m—1 7T m—1 7 m-—1
Thay vao P = z125 = mtz
m—1 "
10 m 4 m m 4+ 2 40 9 m=—
— C= = —m® = 2 —1 —m? —2= 9
2 1 T 1= o1 g™ (m+2)(m )<:>49m +m 0< 0
14
. R m=—
Két hgp dieu kién (1) nhan 9
m=—1.
14
Két luan: 9
m=—7
O
%> Bai 23 (THPT Nguyén Hiru Huén Tp. HCM). Cho phuong trinh: ma? — 4ma + 4m — 3 = 0.

Tim tat ca cac gia tri cia tham s6 m dé phuong trinh ¢6 2 nghiém 1, 2o phan biét va x; = 3z5?

® Loi gidi.

ma? — dmx + 4m — 3 = 0 (x). Dé () c6 hai nghiém phan biét z, z, thi

a#0
{A >0
m # 0
{16m2 —4m(4m —3) >0
m # 0
{m >0
& m>0
vbm= -t =g (1)
Khi m > 0, (%) ¢6 hai nghiém x4, z5. Theo dinh ly Vi-ét: A — gn
ran = 28y

Theo dé bai: 1 = 3z, thay vao (1) ta duge: 3zo + x5 = 4 < x5 = 1. Suy ra z; = 31y = 3.

Thay x2 = 1 va x; = 3 vao (3) ta dugc =3 < m =3 (théa man).

Vay c6 duy nhat mot gia tri m thdéa yéu cau bai toan 1a m = 3. O
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

E-BAI TAP REN LUYEN

<> Bai 24 (THPT An Duvong Vuong - Tp. HCM). Cho phuong trinh: 222 — (m+3)z+m—1 = 0.

a) Tim m dé phuong trinh c6 nghiem z = 2. Tim nghiém con lai.

. 1 1
b) Tim m dé phuong trinh c6 hai nghiém phan biét z;, xs théa — + — = 3.
X1 T2

® Loi gidi.
222 — (m+3)z+m—1=0 (x).

a) Dé phuong trinh (%) c6 nghiem z = 2 thi
2:22 - (m+3)-24m—-1=0&-m+1=0cm=1

. Vay v6i m = 1, phuong trinh (%) c6 nghiém z; = 2, goi nghiém con lai 1 z5. Khi d6, theo dinh

y J/ J J

I§ Vi-ét
-1
$1$2:mT:>2$2:0¢>$2:O.
[
$> Bai 25 (THPT Trdn Quang Khdi - Tp. HCM). Cho phuong trinh: 22 — 2ma 4 3m — 2 = 0.
a) Tim m dé phuong trinh c¢6 hai nghiém trai dau.
b) Tim m dé phuong trinh c6 hai nghiém phan bigt a1, 7 théa 22 + 22 = 4 + 1 + xo.
@ Loi gidi.
22 —2mxr+3m—2=0 (x).
a) Phuong trinh (%) c6 hai nghi¢m trai dau
3Im —2
& P = ml <0
= < 2
m< —.
3
b) Phuong trinh () c6 hai nghiém phan biét zy,
a#0
A>0
1#0 (luon dang)
4m? —4(3m —2) >0
& 4dm*—12m+8>0 (1)
S + 2y
N =X To — ————— —
Véi dieu kién (1), phuong trinh () ¢6 hai nghiém 1, z5. Theo dinh Iy Vi-ét: ! 2 m

P =129 = 3m — 2.
Theo dé bai
i+ =4+m+1, & SP-2P=4+S
& 22-23m—2)=4+2
< m=0. (théa man diéu kien (1))
Vay ¢6 duy nhat mot gia tri m théa yéu cau bai toan 1a m = 0.

O

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

%> Bai 26 (THPT Dién Hong - Tp. H6 Chi Minh). Cho phuong trinh (m—2)z? + (2m— 1)z +m =
0. Tim tham s6 m dé phuong trinh c6 hai nghiém phan biét zq, x5 thoa x% + x% + 5x129 = 2.

@ Loi gidi.
(m—2)22+2m -1z +m=0 (%)
Phuong trinh (%) c¢6 hai nghiém phan biét xq, xo

a#0
- #
{A >0
m—2%#0
(2m —1)* —4(m — 2)m > 0
m # 2
dm+1>0
m # 2
& 1.
> _——
"y
2m — 1
S = T+ X9 = — mn
V6i diéu kién trén, (%) c¢6 hai nghiégm phan bigt xy, x5. Theo dinh 1y Vi-ét: m 2
P = 19 = ——.
-2
Theo dé bai
]+ 13+ 511, =2 & SP+3P =2
- ( 2m—1)2+ 3m__,
m— 2 m—2
& m*P—2m—-T7=0
m = —1 (khong théa méan)
=
m=g (théa mén)
~ pa S ~ s . 2 ~ X N z N 7
Vay ¢6 duy nhat mot gia tri m thoa yéu cau bai toan la m = £ O

%> Baii 27 (THPT Hung Vuong - Tp. H6 Chi Minh). Xac dinh gié tri cia tham s6 m dé phuong
trinh (m — 2)z? — 3z + 1 = 0 ¢6 hai nghiém z;, x5 théa z? + 23 = 2179 + 1.

@ Loi gidi.
(m—2)22 =3 +1=0 (x)
Phuong trinh (%) c¢6 hai nghiém phan biét xq, xo

=

y J/ J J

o
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

V' J J J
3
S=x1+x9= R
V6i diéu kien trén, (x) c6 hai nghiém w1, 5. Theo dinh 1y Vi-ét: 1 m=
P= T1Xg = — .
m— 2
Theo dé bai
i+ 1y =2r1,+1 & SP—4P—-1=0
3 )2 4
s () -2 1-0
( m — 2 m— 2
N —m? + 13 _0
(m—2)2
m = —v13 (théa man)
m = V13 (théa méan)
Vay c6 tat ca hai gia tri m théa yéu cau bai toan la m = /13 va m = —/13. O

%> Bai 28 (THPT Tan Phong - Tp. H& Chi Minh). Tim m dé ma? — (2m + 5)z + m + 11 = 0 ¢6
hai nghiém z, x5 théa 22 + 22 — 22129 + 3 (21 + ) = 22.

® Loi gidi.
mz? — (2m+5)z+m+11=0 (x)
Phuong trinh (%) c¢6 hai nghiém x4, x5

a#0
A>0

{
Wl
{

¢

2m + 5)% — dm(m + 11) > 0

m # 0
<~
—2dm +25>0
m # 0
& _ 25 .
m JE—
- 24
2 5
S = T+ X9 = m
V6i diéu kién trén, () c6 hai nghiém z, x5. Theo dinh 1§ Vi-ét: m
m—+ 11
P = T1To =
m

Theo dé bai

i+ wE - 2wy + 3 (2 + 1) =22 & ST —4P435-22=0
(2m+5)2 4(m+11)+3(2m+5)

—22=0
m m m
& —16m*> —9m+25=0
e ™= (théa mén)
m =1 (théa man)
~ - £ 2 . sz . 2 ~ X NS z N 25 N
Vay ¢ tat ca hai gia tri m thoéa yéu cau bai toan la m = T vam = 1. O
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J

%> Ba&i 29 (THPT Trdn Phi - Tp. HCM). Cho phuong trinh 22 — 2(m — 1)z + 2(m — 2) = 0. Chting
minh phuong trinh luén c6 hai nghiém phan biét z1, 2, va tim tham s6 m dé biéu thic A =
’(zl + x2)2 — 8xr1x9 + 1’ dat gia tri nho nhat.

@ Loi gidi.
2 =2m—1Dz+2(m—2)=0 (%)
Via=14#0neén ta c6
A = 4m—1)>—4-2(m—2)
= 4m? — 16m + 20
4(m—4)*>0,YmeR
N P . . . By . L XT: 2 S:xl—l—xg:Q(m—l)
Vay phuong trinh luén cé hai nghiém phan biét z, x5. Khi dé, theo dinh 1y Vi-ét:
P =x129 = 2(m — 2).

Ta co
A = ‘<$1+CL’2)2—8I’1$2+1‘
= [$*—8P+1]
= [4(m—1)*>=8-(m—2)+1]
= [4m® — 24m + 37|
= |(2m—6)>+1]
= (2m—6)°+1 (do (2m—6)*+1>0,Ym € R)
> 1,VmeR

Déng thitc xay ra khi 2m — 6 = 0 & m = 3. Vay biéu thic A c6 dat gia tri nhé nhat 1a 1 khi m = 3.
O

$> Bai 30 (THCS, THPT Nguyén Khuyén - Tp. HCM). Cho phuong trinh 2 — (m+5)z +m = 0.
Tim tham s6 m dé phuong trinh c6 hai nghiem phan biét z1, x5 théa z1 + 2x5 = 5.

® Loi gidi.
22— (m+5r+m=0 (%)
Phuong trinh (*) c6 hai nghiém phéan biét x, zo

a#0
{A >0
1#0 (ludn ding)
{(m+5)2—4m> 0
& mP+6m+25>0
& (m+3)?2+16>0,YymcR
Suy ra phuong trinh (x) luon c6 hai nghiém phan biét x1, z5. Theo dinh Iy Vi-et: {S —otaz=mts (1)
=9 =m (2)
Theo dé bai: z1 + 2w5 = 5 & 11 = 5 — 21, thay vao (1) ta dugc:
5—2r9+T9=m+5E 19 = —.
Suy ra 1 =5 — 2w = 5+ 2m. T do:
(2) & (B+2m)(—m)=m
< m(2m+6)=0
m =0 (théa man)

=
m = —3 (thdéa man)
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Vay c6 tat ca hai gia tri m thoa yéu cau bai todn 1a m = 0 v m = —3.

2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J/ J J

O

m—6=0.

X

$> Bai 31 (THPT Chuyén Lé Héng Phong - Tp. HCM). Cho phuong trinh: ma? — 2(m —

2 ) , 1
a) Tim m dé phuong trinh c6 hai nghiém phan biét z1, xo théa — + — = —1.

b) Tim m dé phuong trinh c6 hai nghiem trai dau va c6 gia tri tuyst déi bing nhau.

3z +

® Loi gidi.
ma? —2m—3)r+m—6=0 (x)

a) Phuong trinh (%) c¢6 hai nghiém phan biét zq, x9
- a#0
A>0

m # 0
{4(m—3)2—4m(m—6) >0

#0
36 >0 (luon ding)

& m#0
_2m—6
Khi dé, theo dinh 1y Vi-et: m
m—©6
p=——
. m
Theo dé bai
i i:—l I’1+£E2__1
T1 ) £L1T2
& S——l
7=
2m — 6 m
& . =-1
m m—©6
& 3m—12=0

< m=4 (théa man)
Vay c6 duy nhat mot gia tri ctia m thdéa man bai toan 1a m = 4.

b) Phuong trinh (x) ¢6 hai nghiém trai dau zy, o

< ac< 0
& m(m
m<0
m—6>0
=
m >0
m—6<0
m <0
5 16
{m>6 (vo Iy)
=
m >0
| |m <6

< 0<m<6.

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

V' J J J
2m — 6
s===
Khi d6, theo dinh 1y Vi-et: m
m—06
P=——.
. m
Theo deé bai
r1 =129 (VO 1y Vi xy, 25 trai dau)
1| = [
T = —T9
& 14+ 29=0
2m — 6
e 2y
m
< m=3 (théa man)
Vay c6 duy nhat mot gia tri ctia m théa man bai toan 1a m = 3.
O

$> Bai 32 (THPT Nguyén Thuong Hién). Cho phuong trinh: ma? —2(m—2)z+m—3=0 (1).
a) Tim m dé phuong trinh (1) ¢6 hai nghiem trai dau.

b) Dinh m dé phuong trinh c6 hai nghiém phan biét 1, x5 thoéa diéu kien x; < 2 < z,.

® Loi gidi.
mx? —2(m—2)r+m—-3=0 (1).

a) Phuong trinh (1) ¢6 hai nghiém trai dau

& ac< 0
& m(m—3)<0
m <0

b) Phuong trinh (1) ¢6 hai nghiém phan biét x4, x5

a#0
A>0
m;éO

<~
—4m(m —3) >0

m;éO
—4m+16 >0

i3

m # 0
m <4
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J/ J J

2m — 4
S = T+ 29 =
Khi d6, theo dinh 1y Vi-et: B g”

m
P:xleZ—
m

T —2<0
To—2>0
(x1 —2)(z2 —2) <0
T1me — 2(x1 +22) +4 <0
m—3 2(2m—4)

T <2< 19 & {

+4<0
m

=
=
=
m
m—|—5
==
m+5<0
m >0

T
{m+5>0
|

i3

m <0
m < —H

5 1¢
m >0 Y)

m > —5H
| |m <0
& —H<m<0

So vé6i diéu kién ta thay tat ca gia tri cia m thoa man bai toan 1a —5 < m < 0.

U

$> Bai 33 (THPT Chuyén Tréin Pai Nghia - Tp. HCM). Tim céc gia tri ctia tham s6 m dé phuong
orinh: z(z+3m)—1

= m ¢6 hai nghiém phan biét?
r+1

® Loi gidi.
z(x +3m) —1
= 1
=l )
Diéu kien: z # —1.
Khido, (1) © z(z+3m)—1l=m(z+1) e 2?+2mr—m—-1=0 (2)
Phuong trinh (1) ¢6 hai nghiém phan biét khi va chi khi phuong trinh (2) ¢6 hai nghiém phan biét
khac —1.

(0 #0

S CA>0

L(=1)*+2m(—=1) —m—1#0
(1#0 (luon ding)

& {dmP+4m+4>0

| —3m #0
(2m +1)>+3 >0, (luon ding)
m # 0
Vay phuong trinh (1) ¢6 hai nghiém phan biét khi va chi khi m # 0. O

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J

> Bai 34. Cho phuong trinh: 2 —4z+m+1=0 (x)
a) Dinh m dé phuong trinh (%) c6 2 nghiem duong phan biét.
b) Dinh m dé phuong trinh () c6 2 nghiém phan biét 21, 2, thoa z179 = 6 — 2,/7175.

¢) Dinh m dé phuong trinh (%) c6 ding 1 nghiém duong.

& Loi gidi.

a) Phuong trinh (%) ¢6 2 nghiém duong phan biét

(a #0
A>0
<S>0
(P>0
(1#0 (luon dang)
16 — 4(m+ 1) > 0
PN —4

-1 0 (ludn ding)

1
&>0
\ 1

{m<3
=

m > —1
& —1l<m<3.
Vay tat ca gia tri cia m thoa man bai toan la —1 < m < 3.

b) Phuong trinh (%) ¢6 2 nghiém phan biét xy, x5

a#0
A>0
{1 #0 (ludn ding)

16 —4(m+1) >0
S om< 3.

Khi do, theo dinh 1y Vi-ét: x1xo = m + 1.
Theo dé bai, z122 = 6 — 2/x175  (1).
Dat t = \/z1w2 > 0. Khi d6 (1) tré thanh:
tP=6-2t & t*+2t—6=0
t=-1++V7 (nhan)
=4

t=—1-+7 (loai)
Véi t = —1 + /7 thi

\/x1x2:_1+\/7 <~ I’1I2:<—1+\/?)2<:>(L‘1352:8—2\/7
& m+1=8—-2V/T<m="7-2V7 (thoa man)

Vay c6 duy nhat mot gia tri ctia m théa man bai todn la m =7 — 2/7.
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J J J
¢) Do a =1 # 0 nén phuong trinh (x) c6 ding 1 nghiém duong khi va chi khi

[(%) c6 hai nghiém trai dau

| (*) c6 nghiem kép duong

[ac < 0
PN A=0

b
——>0

- 2a

(m+1<0
- 16 —4(m +1) =0

—4
- > 0 (ludn ding)

'm < —1
~

m=3

. . Sm< -1
Vay (x) ¢6 diung 1 nghiém duong khi va chi khi
m =
U

> Bai 35. Cho phuong trinh: 22 +2(m+ 1)z +2m+5=0 (x)
a) Tim m dé phuong trinh (%) ¢6 2 nghiém cling am.
b) Tim m dé phuong trinh () c¢6 2 nghiém ciing duong.

)

) ¢6

¢) Tim m dé phuong trinh () c¢6 hai nghiém phan blet la do dai ctia 2 canh goc vuong trong
mot tam giac vuong c6 do dai canh huyén bang v/4

d) Tim m dé phuong trinh () c¢6 hai nghiém phan biét sao cho téng lap phuong 2 nghiem va
tong 2 nghiém bang nhau.

 Loi gidi.

a) Phuong trinh (%) ¢6 2 nghiém cting am

(a # 0

A>0

S <0

(P >0

(1#0 (luon dung)
m2—4>0
—2(m+1)<0
(2m +5 >0
m< =2

m > 2

= Am> -1

-5

m > —
\ 2

& m > 2.

Vay phuong trinh (x) ¢6 2 nghiém cting am khi va chi khi m > 2.

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH

Luén nd luc dé dat duoc thanh qué

b) Phuong trinh (%) ¢6 2 nghiém cung duong

(a #0
A>0
<S>0
(P >0
(1#0 (luon ding)
m?—4>0
<—2(m—|—1)>0
(2m+5>0
([m < =2

m > 2

m < —1

m > —
\ 2

)

y J/ J J

5)
Vay phuong trinh (x) ¢6 2 nghiém cung duong khi va chi khi —3 <m < =2

¢) Phuong trinh (%) ¢6 2 nghiém xq, zo

Khi do, theo dinh ly Vi-ét: {

a#0
e
(140
m < =2
[ |m=>2
m< =2
_m22

(luon dang)

S:x1+x2=—2(m+1)

:x1x2=2m+5

Theo dé bai, phuong trinh () c6 hai nghiém x;, z5 14 do dai ctia 2 canh géc vuodng trong mot
tam gidc vuong c6 do dai canh huyén bang /42 nén

2
Btal=(Vi2) & $P-2P=42
& [2m+ 1)) —2(2m+5) —42=0
S Am*+8m+4—4m—10—42=0
& Am® +4m —48 =0
m =3 (nhan)
=4
m = —4. (nhan)
Vay c6 tat ca hai gia tri m thoéa yéu cau bai toan la m = 3 va m = —4.

o
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2

Luon nd luc dé dat duoc thanh qua

d) Phuong trinh (%) ¢6 2 nghiém zy, x5

Khi do, theo dinh ly Vi-ét: {

2 nghiém bang nhau nén

{

\

a#0
A>0

(140 (luon ding)

m< =2
m > 2

(m < —2
_m22

S=x1+x9==-2(m+1)
= X1T9 = 2m +5 '
Theo dé bai, phuong trinh (%) c6 hai nghiém x;, x5 sao cho tdng lap phuong 2 nghiém va tong

Pl =a+20 & (11 +3) (2 — 2170 +23) = 21 + 79

& (v +x0) (2] — a0 + 25— 1) =0
-$1+$2:0

< T3+ 52— 1=

- S=0
S?—2P—-P—-1=0

- S =0
S —3P—-1=0
[ —2(m+1)=0

= 2
[—2(m+1)]" =32m+5)—-1=0
'm=—1 (loai)

= 2
dm~+2m —12=10
i 3

o |m=35 (loai)
|m = —2.  (nhan)

Vay c¢6 mot gia tri m thoéa yéu cau bai toan la m = —2.

$>Bai 36. Cho phuong trinh: ma? — 2z +1=0 (x)
a) Tim m dé phuong trinh (%) c¢6 2 nghiém cling duong.
b) Tim m dé phuong trinh (%) c6 2 nghiém déi nhau.

c¢) Tim m dé phuong trinh () c6 hai nghiem 1a do dai clia 2 canh géc vuong trong mot tam
giac vuong c6 do dai canh huyén bang /2.

 Loi gidi.

y J/ J J

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J

a) Phuong trinh (%) ¢6 2 nghiém cuing duong

— >0

— >0
\m

(m #0
s im<l1
(m >0
< 0<m<l1

Vay phuong trinh (x) ¢6 2 nghiém cting duong khi va chi khi 0 < m < 1.
b) Phuong trinh (%) ¢6 2 nghiém w1, xo d6i nhau khi va chi khi
(%) c6 hai nghiém trai dau
Tr1 = —XT9
ac <0
I + To = 0
m <0
g 2
2 -0

m
m <0

S me d.
meg

Vay khong c6 gia tri nao ctia m dé phuong trinh (%) c6 hai nghiem déi nhau.

a#0 m # 0
=
A>0 4—4m >0

¢) Phuong trinh (%) ¢6 2 nghiém xq, x5

m # 0

m <1

2

S =T + To = —

Khi do6, theo dinh 1y Vi-ét: . m
P = 1Ly = —
m

Theo dé bai, phuong trinh () c6 hai nghiém z;, x5 1a do dai ctia 2 canh goc vuong trong mot
tam giac vuong ¢6 do dai canh huyén bing v/2 nén

xf—kx%z(ﬂ)z & S2-2P=2

4 2
— ———2=0&-2m>-2m+4=0
m m
m =1 (thdéa man)
=
m = —2. (thdéa méan)
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J/ J J

Vay c6 tat ca hai gia tri clia m théa man bai todn la m = —2 vam = 1.

$»Bai 37. Cho phuong trinh: ma? —2(m+2)x +7+m=0 (x)
a) Tim m dé phuong trinh (%) c6 2 nghiem phan biét?

b) Tim m dé () c6 2 nghiém trai dau va c6 gia tri tuyét doi 1a nghich ddo ctia nhau?

® Loi gidi.

a) Phuong trinh (%) ¢6 2 nghiém phan biét
a#0
A>0
m # 0
[—2(m +2)]* —4.m.(7T+m) >0

m # 0
~
—12m+16 >0

m # 0

4
Vay phuong trinh (x) ¢6 2 nghiém phan biét khi va chi khi m < —3

b) Phuong trinh (*) hai nghiem trai dau

< ac< 0
= 7+m
m >0
7T+m<0
=
m <0
7+m >0
m >0
m < —7
=
m <0
m> —7
=
_0<m<—7

S 0<m< —T.
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J J J
Theo dé bai, phuong trinh (x) ¢6 gia tri tuyet doi 1a nghich ddo ctia nhau nén

|$1$2|:1 -~ ’P|:1

Vay c6 mot gia tri m théa yéu cau bai toan la m = —=.

> Bai 38. Cho phuong trinh: 22 —2(m+ 1)z +2m+10=0 (x)
a) Tim m dé phuong trinh (%) ¢6 2 nghiém 1, 75 thdéa K = 102,25 + 22 + 22 nhé nhat.

b) Tim m dé phuong trinh () c6 2 nghiém z;, x5 sao cho zyzy — 2(x1 + z2) < 5.

¢) Tim m dé phuong trinh (%) c6 2 nghiém 21, 25 sao cho 2xy — z; = 8.

® L3i gidi.

a) Phuong trinh (%) ¢6 2 nghiém x;, x9

a#0
e
1#0 (luon diang)
{[—Q(m +1)]* —4.1.(2m +10) > 0
& 4m? —36>0
m < —3
m >3

S:$1+$2:2(m+1)

Khi do, theo dinh ly Vi-ét:
P:xle =2m+ 10

Theo dé bai, ta co:

K =10z 29 + 27 + 73 < K =10P+ S*—2P
& K=S52+8P
& K =[2(m+ 1) +8(2m + 10)
& K =4m?+8m+4+16m + 80
& K =4m® +24m + 36 + 44
& K=4(m+3)>+44 > 44
Dau” =7 x4y ra khi v chi khi m +3 =0 & m = —3.

Vay gia tri nhé nhat cia K 1& 44 tai m = —3.
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J/ J J

b) Phuong trinh (%) ¢6 2 nghiém zy, x5
a#0
W5
1#0 (ludon ding)
{[—Q(m + 1) —4.1.(2m +10) > 0
& 4m® —36 >0

m< -3
m >3

S=x1+x3=2(m+1)

Khi do, theo dinh ly Vi-ét:
PZ.’L'l.TQ =2m + 10

Theo dé bai, ta co:

$1$2—2($1+.’L‘2)§5 & P—-25<5
& 2m+10—-22(m+1) <5
& —2m < -1
= > —
=g

So diéu kién, ta duge m > 3.
Vay m > 3 théa yéu cau bai toan.

¢) Phuong trinh (x) ¢6 2 nghiem x;, x5
a#0
e
1#0 (luon ding)
{[—Q(m + 1) —4.1.(2m +10) > 0
& 4m® =36 >0

m< -3
m >3

S=x1+z2=2(m+1) (1)
Theo dé bai, ta ¢6: 2zy — x; = 8 & x; = 215 — 8, thay vao (1) ta duge

Khi do, theo dinh ly Vi-ét: {

2 10
2m2—8+x2:2(m+1) =4 (Eg:%
- P
Tog = —
27 3
N op 2P — 24
€rTT = — — —
173 3
Thay x1, x2 vao (2) ta duge
oP —924 P
3 -§:2m+10 < P2—12P=9m +45

& (2m+10)* — 12(2m + 10) = 9m + 45
& 4m? +40m + 100 — 24m — 120 — 9m — 45 =0
& 4m*+Tm —65=0

m = Z(nhan)

m = —5(nhan)
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J

) o , I 13
Vay c¢6 tat ca hai gid tri m thoéa yéu cau bai toan la m = 4 am= —5.

O

4> Bai 39. Cho phuong trinh: 22 — (m +5)z —m — 6 = 0. Tim m dé phuong trinh c6 hai nghiém
trai dau sao cho nghiém am c6 gia tri tuyét déi 16n hon nghiém duong?

® Loi gidi.
22— (m+5r—-—m-6=0 (1).
Phuong trinh (1) ¢6 hai nghiém trai dau
& ac <0
& —m—-6<0&m>—6
V6i diéu kién trén, ta goi z1, oo 1 hai nghiém cta (1), véi z; < 0 < x9. Theo dinh 1y Vi-ét ta c6
1+ Tog=m+ 5.
Theo dé bai, phuong trinh (1) ¢6 nghiegm am c¢6 gia tri tuyét ddi 16n hon nghiem duong nén
|z1| > 29 & —11>129 (Vizg <0)
S 1 +29<0
< m+5<0
& om < —H.

Vay phuong trinh c6 hai nghiém trai dau sao cho nghiém am c6 gia tri tuyét doi 16n hon nghiém duong
khi va chi khi —6 < m < —5. 0J

& Dang 11. Phuong trinh chita én duéi déu ti tuyét déi

Nhém 1: Phuong trinh |A| = |B|
A>0
A=DB

¢ Bai 40. Giai cac phuong trinh sau:

=B
A— B hodc VA2 = |B| & |A| = |B| hoic VA = |B| &

a) |2z + 1| = |2? — 3z — 4] (THPT Hoang Hoa Tham - Tp. HCM)

b) |2? 4+ 2z| = |2? 4+ 2| (THPT Binh Tan - Tp. HCM)

¢) |6 —2% —|2—32?| =0 (THPT An Dudng Vuong - Tp. HCM)

d) |522 — 3z — 2| — 2% — 1| = 0 (THPT Nguydn Chi Thanh - Tp. HCM)

® Loi gidi.

9 2r+1=2>-32r—4
20+ 1] =2 -3z - 4] < )
_2x—|—1:—x +3z+4
(22 —5x—5=0
Ang 2
-z +z4+3=0
x_5i3\/5
o 2
1++13
= —)
2
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J/ J J
5+3v5 1£V13
Vay tap nghiém ctia phuong trinh 1la S = { 5 \/_; 5 }
b)
2 2
+2x =242
2 on| =22 +2| & |
o2l =t e | T T
20 =2
202 +224+2=0 (Vo nghiem)
& x=1.
Vay tap nghiém ctua phuong trinh 1la S = {1}.
c)
6 —2°| —[2-32%| =0 & |6—2°=|2— 327
6 — 2% =2 — 322
= 2 2
6—2"=-2+3z
20> +4=0 (Vo nghiem)
= 2
| — 42" +8=0
= /3
-
= —V2.
Vay tap nghiém ctia phuong trinh 1a S = {i\/ﬁ}
d)

522 —3r —2|—|2? -1 =0 & [|52® =32 —2|= |2 — 1]

- 52" —3r —2=2a"—1
52° =3z —2=—2"+1
- 42® — 32 —1=0
62° — 3z —3=0
- 42 -3 —1=0
62° — 3z —3=0
[z =1
1
& P77y
1
r=——.
i 2

1 1
Vay tap nghiém ctia phuong trinh 1a S = {1; -7 —5}

¢ Bai 41. Gidi ciac phuong trinh sau:
a) [5x4+ 1| =2z — 3.

b) |3z —4| = |z —2|.
c) |3z% —2z| = |6 — 22|
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Ludn nd luc dé dat duoc thanh qua

y J/ J J

d) |z% - 2z| = |22% — z — 2|

e) |a? — 2| — |z* — 4| = 0.

f) |2? — 3z + 2| — |22% + 5z — 18] = 0.
¢) VT =650 = 12— 9.

h) V422 +4z+ 1= |22 — 3z — 4.

) Ve +4=|z+2|

i) V322 =9z + 1= |z — 2|

k) V222 — 4z — 2= |z —1].

) Va2 —dz +4=|z -2

D Ldi gidi.

(20 —3>0
br+1]=22-3 < bx+1=2x—-3
(| [Pr+1=-22+3

)

<9 x:—g (loai)

_2
\ x_’?

(loai).
Vay tap nghiém cua phuong trinh la S = @.
b)

(B30 —4=0—2

3z —4| =]z -2 &
Br—4=—-x+2

r=1
<~ 3
Ty

3
Vay tap nghiém cta phuong trinh 1a S = {1; 5}

c)

327 — 20 = 6 —
_3x2—2a7: —6 + 22
(42?2 — 22 —6=0

1322 — 22| = |6 — 2% <

& ) '
122" — 22 + 6 = 0 (VO nghiém)
[z =—1

At 3
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2

Luon nd luc dé dat duoc thanh qua

3
Vay tap nghiém ctia phuong trinh 1a S = {—1; —}.

2

|2 — 22| =2 -2 -2| &

1
Vay tap nghiém ctia phuong trinh 1la S = {2; ——}.

2

|2 — 22| — [2* — 4| =0 <

=

Vay tap nghiém cua phuong trinh la S = {2; —1}.

|2? =32 +2| — |22+ 52— 18] =0 <

=

8
Vay tap nghiém ctia phuong trinh 1a S = {—10; 2; ——}.

y J/ J J

- =2>—x—-2

_m2—2x:—x2+x+2

[ —2+2=0
_29(:2—3:6—2:0
(2 =2

_$:—§.

|22 — 22| = |2 — 4]

(22— 2 =22 —14

2® =2 = -2’ +4
[~ 2 4+4=0
207 — 22 —4 =0
r=—1

z=2.

2% — 32 + 2| = |22% + 5z — 18]
(22 — 3z +2 =222+ 52 — 18
2° =3z +2=—22" -5z +18
[2* +8x — 20 =0

3% + 22— 16 =0
[z = —10
T =2
8
r=—c.
: 3
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Ludn nd luc dé dat duoc thanh qua

y J/ J J
8)
Va2 —6r+9= 2 -9 & \/(x—3)2=]2" -9
& |r—3|= 2% -9
[z —3 =29
= 2
z—3=—-2"+9
(22 —2—6=0
< 2
2"+ —12=0
[z =3
&S =2
|z =—4.
Vay tap nghiém ctia phuong trinh 1a S = {3; —2; —4}.
h)

Vaz2 +dx+1 =2 —32 —4] & /(2z+1)2=|2* — 3z — 4

& 20+ 1| = |2® — 3z — 4

2x +1=2>—3x—4
< 2
_2x—i—1:—x +3x+4
(22 —5x—5=0
A 2
|z —x—3=0
5+ 35
r=—
2
=
14++13
r=—,
L 2
54+3v5 1++13
Vay tap nghiém cta phuong trinh la S :{ 2\/—; 5 }

r+4>0
ver+d=lz+2| &
! 2 t 4= (242
T > —4
< 2
r+4=x"+4r+4
=

Vay tap nghiém ctia phuong trinh 1a S = {0; —3}.

o
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J/ J J

i)
32° = 9r+1>0
372 — 9z + 1 = (v — 2)?
322 =9 4+1>0
{3x2—9x+1=x2—4x+4
32° = 9x+1>0
{2332—53:—3:0
322 =92 +12>0
x =3 ( nhan)

V32 -9z + 1=z —-2| & {

=

1
z=-3 ( nhan).

k)

20 —4x —2>0
[x =—1 (nhan)

T = (nhan).

Vay tap nghiém ctuia phuong trinh la S = {—1;3}.

Va2 —dex+4=r -2 & /(r—-2)?2=]|r—2

< |z —2|=|r—2| (ludn ding).

Vay tap nghiém ctua phuong trinh 1a S = R.

& Dang 12. Phuong trinh chita dn duéi ddu gid tri tuyét déi

Nhom 2. [|A] = B

A=B

Phuong phép giai: Diéu kien B > 0 thi phuong trinh da cho < e 7
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Ludn nd luc dé dat dugce thanh qua

y J J J
E3) BAITAP VAN DUNG
> Bai 2. Gidi cac phuong trinh sau:
a) |22* — 3z — 5| — bz = 5. b) [222 — 13z — 20| = 16 + x.
(THPT Can Thanh-TP.HCM) (Truong Trung Hoc Thuc Hanh Sai
Gon)
c) |22 =8z +4| =z —4. d) |2? — 6z + 5| =z + 5.

(THPT Nguyén Hitu Huan-TP.HCM) (THPT Vinh Loc B-TP.HCM)

® Loi gidi.

a) |22 — 3z — 5| —bx =5 & |22 — 3z — 5| =5 + Hz.
Diéu kién c6 nghiem 5+ 5z > 0 < o > —1.

=5

o 212 — 3¢ —5=>5+ 5z 22— 8¢ —10=0 |
Vi dieu kién trén phuong trinh < 9 & 9 & |le=—-1
20" = 3r —5H=-5—-"5z 20" +2x =0 0
x =0.

D6i chiéu diéu kién, vay tap nghiém cia phuong trinh 1a S = {—1;0;5}.

b) Diéu kién c6 nghiem 16 +z > 0 < x > —16.
202 =132 =20 =16 + x [2:62—14:6—3620

V6i diéu kieén trén phuong trinh < & &
P et e M DRTERS T 20 13z —20= 16—z  |22%— 120 —4=0
r=19
T = —2
r=3+VvI1l
r=3—VI11.
D6i chiéu diéu kien, vay tap nghiém ctia phuong trinh 1a S = {—2; 93+ vV 11}.
c) Diéu kién c6 nghiem z —4 > 0 & x > 4.
s . 1 —8r+4=x—4 22— 92 +8=0 r =28
Véi dieu kién trén phuong trinh < | < | 5 &
r*—8r+4=—-xr+4 x*—=Tr=0
Déi chiéu diéu kién, vay tap nghiém ctia phuong trinh la S = {7;8}.
d) Diéu kién c¢6 nghiem 2+ 5 > 0 < z > —5.
o R 22 —6r+5=x+5 2 —Tr =0 z=0
Véi dieu kién trén phuong trinh < | < | &
r°—=6x+5=—x—5 x°—=5r+10=0 r="T.
So véi diéu kién, vay tap nghiém clia phuong trinh 13 S = {0; 7}.
[
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2

Luon nd luc dé dat duoc thanh qua

E®) BAITAP REN LUYEN

y J/ J J

¢ Bdi 2. Gidi cac phuong trinh

a) |2z? — 3z — 5| = 5z + 5.
(THPT Binh Pha-TP.HCM)

) 2?4+ 5z — 9] =2z + 1.
(THPT Tran Quang Khai-TP.HCM)

e) |22 =5z + 7] —2x+5=0.
(THPT Lé Quy Don-TP.HCM)

b) |5z* — 3z — 4] = 3z — 4.
(THPT Cii Chi-TP.HCM)

d) |22 — 4z +2| =z — 2.
(THPT Nguyén Thai Binh-TP.HCM)

fy [22—z—-3|=x+1.
(THPT Tran Khai Nguyén-TP.HCM)

® Ldi gidi.

a) Dieu kieén: 5br +5> 0 & x> —1.

20> —3xr —5=5x+5
9 =
20 —3x—5=-bx—5

Véi dieu kién trén phuong trinh <

202 —8r —10=0
9 =
20+ 2x =0

Déi chiéu diéu kién, vay tap nghiém ctia phuong trinh 1a S = {—1;0;5}

. 4
b) Dieu kién: 3x—420<:>x2§.

522 —3r—4=3r—4

Véi dieu kién trén phuong trinh <

D6i chiéu diéu kién, vay phuong trinh vo nghiém.

. 1
c) Dieukien: 2z +1>0< z > —5

Véi diéu kien trén phuong trinh < [

22 +5r—9=2r+1
9 =
" +br—9=-2r—-1

rz=0
6
Tr ==
522 — 62 =0 )
f=—t =
52> —3x —4=-3r+4 522 -8 =10 x:_@
2¢/10
r=—-:.
A 5
(L‘:
22 4+3xr—-10=0 r=-5
2 ¢>
r+T7r—8=0 T =
T = —8

Déi chiéu diéu kién, vay tap nghiém ctia phuong trinh 1a S = {1;2}.

d) Dieu kien: z —2 > 0< x> 2.

2 —dr+2=20-2

Phuong trinh < | <
-4 +2=—-x+2

=1
22 —5x+4=0 r=4
2 —=3x=0 x=0
T = 3.

Déi chiéu diéu kién, vay tap nghiém clia phuong trinh 1la S = {3;4}.

e

192/528 ’

B Nguyén Quéc Duong - @ 0375113359 m



Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

V' J J J
e) Phuong trinh da cho < |22 — bz + 7| =22 —5 (1)
Diéukién:2x—520<z>x2§.
r=4
2’ —br+7=2z-5 ¥ —Tr+12=0 =3
Khi do6 (1) & & 4
1do (1) 22 —5r+T7=—-22+5 22 —3x4+2=0 r=1
T =2
Déi chiéu diéu kién, vay tap nghiém ctia phuong trinh la S = {3;4}.
f) Dieu kien: z +1>0& 2 > —1.
r=1-+5
s 1. P —r—-3=x+1 2 =20 —4=0 t=1++V5
Véi dieu kién trén phuong trinh < | 9 &
r—rx—-3=—-x—1 r©—=2=0 r=—2
=2

D6i chiéu diéu kién, vay tap nghiém ctia phuong trinh S = {1 +/5:; \/5}

& Dang 13. Phuong frinh chira dn dudi ddu gid tri tuyét déi

Nhém 3. St d dinh nghia |[A| = Almrel
6m 3. St dung dinh nghia |A| = RS
I BAITAP VAN DUNG
$>Bai 3. Gii cac phuong trinh
a) rl—zxl|lr -1 == b) |x — 2| = 2* — 4o + 2.
(THPT Gb Vép-TP.HCM) (THPT Tay Thanh-TP.HCM)
c) |3z — 5| =222+ — 3. d)(z+1)]x—-3=4(x—2).
(THPT Dién Héng-TP.HCM) (THPT Tan Binh-TP.HCM)
4a* + 2z + 2z + 1] z—1 1 2r — 1
=7 1. f — = .
°) dr +3 v ) x le+1] a2+x
(THPT Tran Pha-TP.HCM) (THPT Lé Trong Tin-TP.HCM)
® Loi gidi.

a) Truong hop : x —1>0< z > 1.
Phuong trinh tré thanh:

??—z(r—1) ==z
& -t r=ux
< 0=0: ludén dang Vx € R.

o
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J/ J J

Suy ra S = [1; +00).
Truong hop 2: 2 -1 <0 2 < 1.
Phuong trinh tré thanh:

?—z(l—2)==x

& x2—$+x2:x
& 2220 =0
r=20
=
xr=1.

Suy ra Sy = {0}.
Vay tap nghiém ctia phuong trinh 1a S = S; U Sy = [1;+00) U {0}.

b) Trudng hop 1: 2 —2 >0 <z > 2.
Phuong trinh tré thanh:
r—2=2a"—4x+2
& P —br+4=0
r=1
r=4.
Suy ra S) = {4}.

Truong hop 2: 2 -2 <0 & x < 2.
Phuong trinh tré thanh:

Q—r=a>—4r+2
s 22-3x=0

Tr =
T = 3.

Suy ra Sy = {0}.
Vay tap nghiém ctua phuong trinh 1a S = .57 U Sy = {0;4}.

)
¢) Truong hop 1: 3x —5 >0z > 3 Phuong trinh tré thanh:

3r—5=222+2—-3
& 22 —2042=0
< Phuong trinh vo nghiém.

Suy ra 51 = 9.
Truong hop 2: 3x—5<0®x<§.
Phuong trinh tré thanh:
5-3v=21"+2-3
& 204+ 4r—8=0
z=-1-5
r=—1++/5.

=

Suy ra Sy = {—1 — V5 =1+ \/5}
Vay tap nghiém ctia phuong trinh S = {—1 — V5 -1+ \/3}
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH

Luén nd luc dé dat duoc thanh qué

d) Truong hop 1: x —3>0< x > 3.

(x+1)(x—3)=4(z—2)

< P —3r4+r—3=4r—38
& 22—6r+5=0

r=1
==

Tz = 5.

Suy ra S; = {5}.
Truong hop 2: 2 -3 <0 x < 3.
(x4+1)B3—2z)=4(z—2)
& —+3r—x+3=4r—38
& —2?—22+11=0
r=—1+2V3
r=—1-2V3.

Suy ra Sy = {—1 + 2\/§; -1- 2\/3}

Vay tap nghiém ctia phuong trinh 1a S = {—1 —2V3;,—1+2V3; 5}.

N 3
e) Dieukien 4dx +3 £ 0 < x # ~1
1
Truong hop 1: 22 +1 >0 x > —5
Phuong trinh tré thanh:
4a? + 2x + 2z + 1

=2+ 1
iz + 3 T
4a? + 41 + 1
e —9r+1
4o + 3
= 42® +4r+1= (4o +3) 2z +1)
& 424+ 6x4+2=0
r=—1
& 1

. . . 1
Dai chieu dieu kién, suy ra S; = {—5}

1
Truong hop 2: 22 +1<0& 2 < —3
Phuong trinh tré thanh:

40 + 22 — 22 — 1

o =2x+1
472 — 1
= 4x+3:2x+1
= 42? —1=82*+10x+3
& 422+ 102 +4=0
r= -2
& 1
:c=—§.

y J/ J J

o
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

196/528 ’

Déi chiéu diéu kien, suy ra So = {—2}.

1
Vay tap nghiém ctua phuong trinh 1a .S = 57 U S, = {—2; —5}

x# —1

x # 0.

Truong hop l: 2 +1 >0 x> —1.
Phuong trinh tré thanh:

f) Diéu kién {

r—1 I 2z-1

r  x+1 224z
= (-1 (@x+1)—x=20-1
& 22 —-3x=0

z=0
=

r = 3.

Ddi chiéu diéu kién, suy ra S; = {3}.
Truong hop 2: 2 +1 <0 x < —1.
Phuong trinh tré thanh:
r—1 1 20 — 1
+ =
x r+1 2242z

= (-1 (z+1)+z=2c-1
& °—2=0

x=0

r =1

Doi chiéu diéu kién, suy ra So = &.
Vay tap nghiém ctia phuong trinh 1a S = S; U Sy = {3}.

E®) BAITAP REN LUYEN

$>Bai 3. Gidi cac phuong trinh sau:
a) (THPT Nguyén Hitu Canh-TP.HCM) b) (THPT An Lac-TP.HCM)

(z+3)|r—1] =4x 25|z —1-1=0
¢) (THPT An Lac-TP.HCM) d) (THPT Tran Phia-TP.HCM)
-2+ |z—1-1=0 ?+1=22—1(x+1)

e) (THPT Nguyén Thugng Hién- f) (THPT Tay Thanh-TP.HCM)

TP.HCM)
3z r—2

=1 1=3z |x_1|: T
2z —3 |z +1]

y J/ J J

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J

g) (THPT Nguyén Chi  Thanh- h) (THPT Binh Hung Hoa-TP.HCM)
TP.HCM)

|2¢° — |z — 1|| =3z +1
|2+ |z —1|| =2 +1

i) (THPT Truong Chinh-TP. HCM) i) (THPT V& Trudng Toan- TP. HCM)

|t — 2|+ |z —3] =4 |z +3|+|7—2z| =10

k) (THPT Nguyén Cong Tri- TP. 1)
HCM)

3

FErEa

D Loi gidi.

a) Truong hop : x —1>0< 2 > 1.
Phuong trinh tré thanh:

(x+3)(x—1) =4z
o 2—20-3=0
r=-—1

(3

Tr =

Suy ra S, = {3}.
Truong hop 2: 2 -1 <0 x < 1.
Phuong trinh tré thanh:

(x+3)(1—2) =4z
& 2246:—-3=0

z=-3-2V3

T =—3+2V3.

7

Suy ra Sy = {—3 — 2\/3; -3+ 2\/§}
Vay tap nghiém ctua phuong trinh 1a S = {—3 — 23, -3+ 2V3; 3}.

b) Truong hop 1: © — 1 > 0 < = > 1. Phuong trinh tré thanh:

2 —5(r—1)—-1=0
& 22—5r+5-1=0
& 22 —5r4+4=0

r=1

r =4.
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2

Luon nd luc dé dat duoc thanh qua

198/528 ’

Suy ra Sy = {1;4}.
Truong hop 2: . -1 <0 2 < 1.
Phuong trinh tré thanh:
2 =5(1—-2)—-1=0
& 2 +5r-6=0
r=1

=
r = —6.

Suy ra Sy = {—6}.
Vay tap nghiém ctia phuong trinh 1a S = {—6; 1;4}.
Truosng hgp l: 2 —1 >0 x> 1.
Phuong trinh tré thanh:
??—2r4+2x—-1-1=0
& 22— -2=0
r=—1

T = 2.

Suy ra S) = {2}.
Truong hop 2: -1 <0 x < 1.
Phuong trinh tré thanh:
1’ —2x4+1—-2-1=0
& 2P —32=0
z=0

=
T = 3.

Suy ra Sy = {0}.
Vay tap nghiém ctuia phuong trinh la S = {0;2}.

N | —

Truong hgp 1: 22 — 1 >0 x >
Phuong trinh tré thanh:
?+1=02r—-1)(z+1)
s -2 —2+2=0

Suy ra S = {1;2}.
Truong hop 2: 2r —1 <0 &z < R
Phuong trinh tré thanh:
P rl=(1-22)(x+1)
s P+t 4r=0
r=—1

z = 0.

Suy ra Sy = {—1}.
Vay tap nghiém ctia phuong trinh la S = {—1; 1;2}.

y J/ J J

e
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Luén nd luc dé dat duoc thanh qué

Chuong 3. PHUONG TRINH - HE PHUONG TRINH
3
N T F =
e) Dieu kién 2 .
x# —1

Truong hop l: 2+ 1 >0 x> —1.
Phuong trinh trd thanh:
r—1 1-3x
2r —3  w+1
= (z-1)(z+1)—2x-3)(1-32)=0
& TP -1lr+2=0
R
4
x_ll—m

4

11++65 11 — /65
Suy ra S; = 1 ; 1 .

Truong hop 2: 2+ 1 <0 x < —1.
Phuong trinh tré thanh:
r—1 1-3z
2r —3 —x—1
= (—1)(—z—1)—(2x—-3)(1—-32)=0
& 52 —1lz+4=0
V4
10
-4
T=—5

Suy ra Sy = .

11+\/$11—\/%}

Vay tap nghiém cia phuong trinh 1a S = { 1 1

x#1
x # 0.

Truong hgp : 2 —1 >0z > 1.
Phuong trinh tré thanh:

f) Diéu kien {

3z T — 2

r—1 =z
= 32— (r—1)(z-2)=0
& 202 +32-2=0
r=—2
~ 1

T = .
2

Suyra S;=@. Truosng hop 2: x — 1 <0< x < 1.
Phuong trinh tré thanh:
3x T — 2
l—z =«
322 — (1 —2) (v —2) =0
4* =3z +2=0
Phuong trinh vo nghiém.
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2

Luon nd luc dé dat duoc thanh qua

Suy ra Sy = 9.

Vay tap nghiém cta phuong trinh 1a S = @.

g) Trusng hop : z —1>0< x> 1.
Phuong trinh tré thanh:

Suy ra S; = {\/5}
Truong hop 2: 2 -1 <0 x < 1.
Phuong trinh tré thanh:

Suy ra Sy = 9.

2?4z -1 =2+1

(2 4+1>0

[+ —1=z+1
L _x2+x—1:—x—1
(> —1

{ [27=2=0

L _172-1-23::0
(v > —1

|2?+1—a2|=2+1
(z+1>0

[P 4+1—z=0+1
_a:2+1—x:—x—1

z> -1

{ [22 =22 =0
[ |2 +2=0
(2> —1
{Jz=0
\_x:

I =

Vay tap nghiém ctia phuong trinh S = {\/5}

h) Trusng hop l: . —1 >0z > 1.

y J/ J J

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH

Luén nd luc dé dat duoc thanh qué

Phuong trinh tré thanh:

Suy ra Sy = {2}.
Truong hop 2: 2 -1 <0 2 < 1.
Phuong trinh tré thanh

Suy ra Sy = {0}.

|22 — (z —1)| =32 +1
|20 —x + 1| =32+ 1
(32 4+1>0

C [22* —2+1=32+1
L _2a72—:v+1:—3$—1

¢ S 1
TZ-3

\ [222—42 =0
[ [22°+224+2=0

( 1

x> ——

- 3

\ z=0

L |2 =2
T = 2.

|22 — (1 —2) | =3z + 1
|20 +2 — 1| =3z +1
(32 +1>0

207+ —1=3z+1
| |22 +2—1=-3z—1
( 1

> _Z
T3

202 — 20 —2=0
| 227 + 42 =0

( 1

xr> ——

[ 1445

T

A

A

w

N}

Vay tap nghiém ctia phuong trinh la S = {0;2}.

i) Truong hop : x —2 >0 x > 2.

y J/ J J

o
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J/ J J

Phuong trinh tré thanh

r—24 |z -3 =4
& |lr—3l=-2+6

(—24+6>0
& (2 —3=—2+6
(|zT—3=2—-6
(2 <6
& 20 =9
| —3=-6
o z=2
2

Suy ra S; = {g}

Truong hgp 2: x —2 <0 &z < 2.
Phuong trinh tré thanh

(2 +2>0
& x—3=1x+2
([ |z —3=—2—-2
(2> —2
& [ —3=2
[ |2z =1
& z=1
2
Suy ra Sy = {1}
2
Vay tap nghiém cua phuong trinh 1a S = {%,g}

j) Truong hop 1: £ +3 >0 = > —3.
Phuong trinh tré thanh

(—2+7>0

s [T—a2=—-2+7
(|T—o=2—T7
(x <7

s ([7=
[ |20 =14

Suy ra Sy = [-3;7].
Truong hop 2: 2 +3 <0< x < —3.
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH

Luén nd luc dé dat duoc thanh qué

Phuong trinh tré thanh

y J/ J J

—x—3+|7—2|=10
& |T—z|=2+13

(2 +13>0

& ([T—z=2+13
( |T—r=—2—13
(x> —13

& (22 = —6
L |7=—-13

& = -3

Suy ra Sy = .

Vay tap nghiém ctia phuong trinh la S = [-3;7].

k) Diéu kién |a:—4|—17é0®|x—4|7é1(:){

r—4#1 r#D
x—47é—1®{x7é3.

Phuong trinh < 3= |(z+3) (z —4)| — |z + 3| & |z2* — 2z — 12| — |z + 3| = 3 (1).

Truong hop : 2 +3 >0 x> —3

Khi do
(1) & |2°—2—-12|=2+6
(24+6>0
s K [2—r—-12=2+6
\_$2—$—12:—l’—6
(x> —6
& q [#*—22-18=0
| [#?—6=0
[z =1+V19
z=1-+19
= x:\/é
|z = —V/6.
SuyraSlz{l—i—\/E}.
Truong hop 2: 2 +3 <0z < -3
Khi do
(1) & |2 —z-12|=—2
(—2>0
& 2? -2 —12=—x
\_ac2—x—12=x
(2 <0
& ¢ [2P-12=0
| [#°—22—-12=0
(2= —2V3
< _:Ezl—\/l_?;.

o
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2

Luon nd luc dé dat duoc thanh qua

Suy ra Sy = {—2\/5}.
Vay tap nghiém ctia phuong trinh S = {—2\/3; 14+ 19}.

& Dang 14. Phuong frinh chitra dn duéi ddu gid tri tuyét déi

Nhoém 4. Dit an phu ctia tri tuyét doi.

Phuong phap: |u (x)|? = v? (z) vanéu dat ¢t = |u(x)| > 0= 12 = [u(x)]".

2

) BAITAP VAN DUNG

> Bdi 4. Gidi cac phuong trinh sau:

a)

204/528 ’

) 2® +4x — 3|z +2|+4=0.. b) (x+2)* =3z +2| —4=0.
2z — 1 98 = 1 1
- =1. d) 22+ = — 10 =2|z — —|.
C)|x+2| |2az—1| )x+x2 [ ml
® Loi gidi.

Dat ¢t = |z +2|,t > 0.
Phuong trinh tré thanh

t2—-3t=0

[t:O
=
t=3.

Vit=0e|z+2) =0 z=—2

r+2=3 r=1
=

r+2=-3 T = —d.

Vay tap nghiém ctuia phuong trinh la S = {—5;1}.

Véit=3<:>|m+2|:3<:>[

bat ¢t = |z + 2|, > 0.
Phuong trinh tré thanh

2 —-3t—4=0
t=—1

=
t=4

& =

) r+2=4 =2
Véit=4< |x+2|=4< 6
x = —6.

~
r+2=—-4
Vay tap nghiém cua phuong trinh la S = {—6;2}.

. (z+2+40 z# 2
biéu kién = 1
2.23—17&0 x;«é§
2v —1
Dit t = | =2~ |,t > 0.
T+ 2

y J/ J J

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J
Phuong trinh tré thanh
2
t—==1
t
t#£0
P —t—2=
t=-—1
=
t=2
&S t=2
20 — 1
2z — 1 212 2 3
Véit =2« | |=2< Sr=—-.
T+ 2 2$—1:_2 4
T+ 2 5
Vay tap nghiém ctia phuong trinh 1a S = {_Z}
d) Diéu kién z # 0.
1 1 1
Datt=lz —=|20=> =2+ 5 -2& 2>+ 5 =t*+2.
T X Xz
Phuong trinh tré thanh
2 —10=2t
& P2 —-8=
N t=—2
t=14
&S t=4
1 =245
3 1 r——=4 P—dr—1=0 |z=2-5
Véit=4<|zr——|=4< s |, &
x oLty 2’ +4x—1=0 r=-24+5
v z=—-2—1/5.

Vay tap nghiém ctia phuong trinh 1a S = {2 +5:2—56; =24+ /5, -2 — \/5}

E}) BAITAP REN LUYEN

$>Bai 2. Gidi cac phuong trinh sau:
a) (THPT Tay Thanh - TP.HCM) (22 — 3)° — 6]z — 3| + 5 = 0.

®—dr+4 |20 —4]

3.
2 —2x+1 z—1

b) (THPT Nguyén Thi Minh Khai-TP.HCM)
= 5 1 1

¢) (THPT Nguyén Thugng Hien-TP.HCM) 42> + — + |22 — —| =6 = 0..
x i

\ 2 1
d) (THPT Chuyén Lé Héng Phong-TP.HCM) 82 + — — 9[22 — ~| — 1 = 0.
xr X

e) Tim tham s6 m dé cac phuong trinh sau c6 nghiem duy nhat:

a) 2z —m| = |z —1|.
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J/ J J

b) |mxz —2| = |z + 4.

f) Tim m dé cAc phuong trinh |max + 1] = |22 — m — 3| ¢6 hai nghiém phan bigt ?

g) Tim m dé cic phuong trinh 22 — 22 — 2m|z — 1| +m — 3 = 0 ¢6 bén nghiém phan bigt ?

o Loi gidi.
a) Dat t = |z% — 3|,t > 0.
Phuong trinh tré thanh
P —6t+5=0
t =
=
t=5

T =2
?—-3=1 - x2=4@ T =2
2 —3=-1 2?2 =2 r =2

M)
Vay tap nghiém ctia phuong trinh 1a S = {—2; 2: —/2; \/§}

Véit:1<:>\x2—3]:1<:>[

b) Diéu kién x # 1.
|22 — 4| ,  4(@*—4dx+4)
— 2> 0=t =

rx—1 = ~ x?—2x+1
Phuong trinh tré thanh

bat t =

2

—4+t=3
o+

& P44t —-12=0
t=2
t=—6

& t=2.

=

|22 — 4]
r—1
= [20—4| =2z -2

20 —2>0
& 20 —4 =2z -2
20 —4 = 2x+2

Véit=2 = =92

rz>1

<~ 3
=3

o 3
T ==

2

3
Vay tap nghiém ctia phuong trinh 1a S = {—}
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Ludn nd luc dé dat dugce thanh qua

y J J J
c) Dieu kien x # 0.
1 1 1
Ditt =20 ——[>0=t*=42” + 5 —4=>t* +4=4da? + .
x x x
t=1
Phu’dngtrinhtréthanht2—i—4—i—t—6:O<:>t2+t—2:0<:>L_ 2<:>t=1
i 1
r=—=
1 2
, 1 2r——=1 2% —x—1=0 =1
Véit=1&2z——|=1< 1 02 1-0® .
T op — = — _1 r+r—-—1=0 —
x 1
1 1 _CU—Q.
Vay tap nghiém ctia phuong trinh 1a S = {—5; 1;—1; 5}
d) Diéu kién z # 0.
1 1 1
Datt =20 — —| > 0= =42 + - —4 =" +4 =427 + —.
x x x
t=1
Phuong trinh tré thanh 262 +8 — 9t -1 =02 -9+ 7=0& , 7.
T2
r 1
r=—=
1 2
3 1 2r——=1 2 —x—1=0 |z=
Véit=1<2z——|=1< 5 &
x I 20"+ —1=0 r=-1
2 — — = —1
x 1
_$—§.
17 7 -1+ v29
2 — — == 22° —r— -~ =0 m:+—
T L7 2 2 4
V01t:§<:>|2m——|:§<:> 1 . & 7 &
v 20— —=—¢ 208+ — - =0 x:_l_VQQ
x 2 2 4 :
1 1 —1++v29 —1—-+v29
Vay tap nghiém cua phuong trinh 1a S = < —=; 1; —1; —; + ; )
2 2 4 4
e)
12 — 1 2r—m=x—1 z=m-—1
— — — = <~
& rom . 20 —m=—-x+1 x:mTH_

. . . P m+1
PhLIOngtrmhconghlemduynhat(:)m—l:T@3m—3:m—|—1©2m:4®m:2.
Vay m = 2 thoa yéu cau bai toan.

mr —2=x+4 m—1)z =6
b) |mz—2|=|r+4] & = ( )
mr—2=—x—4 (m+1)z=-2.
Véim—1=0<m=1thi (m—1)z =6 vo nghiém.
6
V(’jim—lsé()(:)m#1thi<:)(m—1)x:6cénghiémx:—1.
m_
Vé6im+1=0<m=—1thi (m+ 1)z =—2 vo nghiém.
—2
Véim-l—l;«EO(:)m;é—lthi(m+1)x:—2cénghiémm:ﬁ.
m

Vay m = 1 hodac m = —1 théa yéu cau bai toan.

mr+1=2r—m-—3 (m—2)z=-—m-—4

f) Imx+ 1| =20 —m - 3| <
mr+1=—-2r+m+3 (m+2)r=m+2

207/528“ B Nguyén Quéc Duong - 80375113359 m



2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

. o : . m—2%#0 m# 2
Phuong trinh c6 hai nghiém phan biét < &

m+2#0 m# -2

VA m % 2 2 ~ X N 7z
ay thdéa yéu cau bai toan.
m # —2

g) Datt=]z—1>0=>t*=2-2r+1=t*—1=12"— 2z
Phuong trinh tré thanh * — 1 —2mt+m —-3=0&t*—2mt + m—4 =0 (¥)
Phuong trinh da cho ¢6 boén nghiem phan biét < phuong trinh (*) ¢6 hai nghiém duong phan
biét khac 0

A >0 m2—m+4>0
S >0 2m > 0

& & < m > 4.
P>0 m—4>0

02—2-m-0+m—4#0 m # 4

Vay m > 4 thda yéu cau bai toan.

& Dang 15. Phuong trinh chitra dn duéi ddu cén

1, 4 N A > 0
Nhém 1.Phuong trinh VA = VB Phuong phap, 1y, kién {B ; 0 va binh phuong.

& Dang 16. Phuong frinh chita dn duéi ddu cén

T & N A >0
Nhém 1.Phuong trinh A = B 2P, iz kien {B ~ ¥ binh phong,

208/528 ’

y J/ J J

e

B Nguyén Quéc Duong - @ 0375113359 ﬂ



Chuong 3. PHUONG TRINH - HE PHUONG TRINH

Luén nd luc dé dat duoc thanh qué

y J J J
EB) BAITAP VAN DUNG
< Bai 3. Giai phuong trinh v/322 — 8z + 5 — /11 — 2 = 0.
o Loi gidii.
. 11—2z>0
Diéu kién 9
3z —8x+5>0.
Phuong trinh < V322 — 8z +5 =11 —«
&3 —8r+5=11—x
& 3°—Tr—6=0
x = 3 (théa méan)
< 2
z=-3 (théa man).
NP ] 2
Vay phuong trinh c6 tap nghiém S = {3; —g} O
¢ Bai 4. Giai phuong trinh vz — 3 = 3v/22 — 9.
o Loi gidi.
. r—32>0
bieu kién: 9
r©—=92>0
Phuong trinh < 2 — 3 =9 (2% — 9)
&9 —r—78=0
x = 3 (théa man)
A 26
T=—7 (loai).
Vay phuong trinh ¢6 tap nghiem S = {3}. O
$>Bai 5. Giai phuong trinh \/xQ —14+V2x+3=vVz2+2—1.
® Loi gidi.
o [P 14+ V224320
Dieu kien <
r“+zxz—1>0
Phuong trinh < 22 — 1 +v2r+3 =2 +2 — 1
SV2zr+3=x
x>0
= 2
2r+3 ==
x>0
=2
z°—=2x—-3=0
x>0
< ¢ |z =3 (thdéa man)
x = —1 (loai)
S =3
Vay phuong trinh c6 tap nghiem S = {3}. O

e
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J J J
> Béi 6. Giai phuong trinh /22 + 6z + vz — 2 = /23 + Vz — 2.
D Loi gidi.
Pidy kic 2’ +6x+Vr—2>0
ieu kién
2+ VE=2>0.
Phuong trinh < 2% + 62 + vz — 2 = 2° + Vo — 2
st —a?—6x=0
@x(x2—x—6) =0
z=0
= 2
" —x—6=0
(2 =0 (loai)
< | |z =3 (théa méan)
| |2 = —2 (loai)
S =3
Vay phuong trinh ¢6 tap nghiem S = {3}. O
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Ludn nd luc dé dat duoc thanh qua

y J J J
B BAITAP REN LUYEN
$>Bai 7. Giai cac phuong trinh sau

a) Va2 —z+ 2= |3z —4|. b) V322 + 1= |z +1|.

c) V22 -3z +12=2v—22 +z + 3. d) Va2 -3z —2=+x-3.

e) Va2 —3x + 18 = /14 + 2. f) Va2 —br+2=+—1r—1.

g) 3vxr —1=+22+ 8z —11. h) vz —1 =22z +5.

® Loi gidi.

a) Diéu kien 22 —x +2 > 0.

Phuong trinh < 22 — 2+ 2 = (32 — 4)°
& 817 —23r +14=0
x = 2 (théa méan)

And 7
z=g (thdéa man).

7
Vay phuong trinh c6 tap nghiém S = {2; g}

b) Ta cb
Phuong trinh < 32° + 1 = (z + 1)
& 227 — 22 =0

[x:O
=
r=1.

Vay phuong trinh ¢6 tap nghiem S = {0;1}.

. 22° —3x +12>0
c¢) Dieu kién )
—x"+x+3=0.
Phuong trinh(:)2x2—3x—|—12:4(—x2+a:—|—3)
& 627 — T =0
z = 0 (théa man)

< 7
T=5 (théa man).

Vay phuong trinh c6 tap nghiém S = {O; g}

. 2 —=3x—-2>0
d) Dieu kien
rz—32>0.
Phuong trinh < 22> — 32 —2=2—3
St —4r+1=0
z =2+ /3 (théa mén)
=
z=2—/3 (loai).

Vay phuong trinh c¢6 tap nghiém S = {2 + \/§}
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J J J
2
R —3r+18>0
e) Dieu kién ! N -
14z +2 > 0.
Phuong trinh < 22 — 3z + 18 = 142 + 2
S a2® = 1Tz +16 =0
x =1 (théa man)
xr = 16 (thoa man).
Vay phuong trinh ¢6 tap nghiem S = {1;16}.
\ 2’ —5x+2>0
f) Diéu kien ’ u
—x—1>0.
Phuong trinh < 22 — 5z +2=—2 — 1
S —4r+3=0
z =1 (loai)
x = 3 (loai).
Vay phuong trinh c6 tap nghiém S = &.
2
N +8x—11>0
g) Dieu kién {x | i 5 -
r—1>0.
Phuong trinh < 9 (z — 1) = 2° + 8z — 11
srP-1x-2=0
x = 2 (théa man)
x = —1 (loai).
Vay phuong trinh ¢6 tap nghiem S = {2}.
. 2c+52>0
h) Dieu kién Szr>1
r—1>0
Phuong trinh < (z — 1) =4 (22 +5)
Sr—1=8r420
STr+21=0
< x = —3 (loai).
Vay phuong trinh ¢6 tap nghiém S = @.
L]
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Ludn nd luc dé dat duoc thanh qua

& Dang 17. Phuong trinh chira &n dudi déu can

Phuong phap
IR

Nhoém 2. Phuong trinh VA = B Dieu kién { -
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J J J
) BAITAP VAN DUNG
< Bai 8. Giai phuong trinh /322 4+ 72 — 2 =z + 1.
o Loi gidi.
Ta co
T d—atle Y
x r—2=u=x
377 +Tr —2= (v +1)°
r>—1
= 2
20" +5x—3=0
> -1
Lo,
& z=3 (théa man)
r = —3 (loai)
- 1
T =g
i 1
Vay phuong trinh c6 tap nghiém S = {5} 0

> Bai 9. Giai phuong trinh —6 + /2522 — 10z + 1 = .

 Loi gidi.

Ta c6

r+6>0

6+ VBZ 1z tl=zs
+ V252" 10z +1 =3 {25a:2—10a:+1:(:c+6)2

z > —6
A 2 2
252 —10x +1 =2+ 122 + 36

o x> —06
24x% — 222 —35=0
(1:2—6

r = Z (théa man)

)
z=-c (théa méan)

\

~J

x = - (thoéa méan)

W

xr = —2 (théa man).

7 5
Vay phuong trinh c6 tap nghiém S = { 7 —6} O

$>Bai 10. Giai phuong trinh v/22 — 22 — 4 —x = 1.

® Loi gidi.
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH

Luén nd luc dé dat duoc thanh qué

y J/ J J

Ta c6

1>0
V2 —-2r—4—x=1%& v
v? —2r —4=(zv+1)?
r > —1
= 2
{x —2r—4=a"+22x+1
{:U > —1
=
4o =
x>
< 5
z=—7 (loai).

Vay phuong trinh c¢6 tap nghiém S = @. O
$>Bai 11 (THPT Nang Khiéu — Tp. H6 Chi Minh). Giai phuong trinh
(z—2) (Va2 -4z +3—1z) =0.

® Loi gidi.
Dicu kien 22 — 42 +3 >0 <
Ta co _
(-2 (V2 —dr+3-2) =0 ro2=0
x — x? —4x —z) =
Va2 —4dx+3—-—2=0
[z =2 (loai)
=
Va?—4dx +3 =
[z =2 (loai)
= x>0
i 2% — dx + 3 = 2*
[z =2 (loai)
=
z= (théa man).
_ . s o 3
Vay phuong trinh c6 tap nghiém S = {4_1} |
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

) BAITAP REN LUYEN

> Bai 12. Giai phuong trinh /522 — 252 + 31 = 5 — 2z.

® Loi gidi.

Ta co

Va2 —25r+31=5—2x <

8
IN

[\

i)
R —_ A~ —— ——

8, B

DA

o N ot

S

+

(=

I

e}

Vay phuong trinh ¢6 tap nghiem S = {2}.

$>Bai 13. Giai phuong trinh v/222 + 7 = x + 2.

 Loi gidi.

Ta c6
r+2>0
202 +7 = (z +2)

r > —2
ﬁ{x2—4x+3:0
(> —2
S jlx=1

\ [ng

r=1

2x2+7:x+2<:){

_x:3.

Vay phuong trinh ¢6 tap nghiem S = {1;3}.

> Bdi 14. Giai phuong trinh v/—222 + 5z — 3 -1+ 22 = 0.

® Loi gidi.

y 4/ J J

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Ludn nd luc dé dat duoc thanh qua

y J/ J J
Ta co
V=212 4+5r—-3—-14+2r=0¢V-222+5r—-3=1-2x
1-2x>0
<:>{—2x2+5x—3=(1—2x)2
Jc<1
= -2
62> —9r+4=0
3(;<1
& -2
e
S red.
Vay phuong trinh ¢6 tap nghiém S = &. O

$> Bai 15. Giai phuong trinh /822 — 6x + 1 = 4z — 1.

D Loi gidi.
Ta co
V8?2 — 6x + :4x—1(:){4x_120
877 — 61 + 1 = (4 — 1)
azc>l
& 4
8z* — 2z =10
:zc>1
— 4
& z=0
1
S
1
<:>x—zl.
. s ] 1
Vay phuong trinh c¢6 tap nghiém S = {4_1} O

$>Bai 16. Giai phuong trinh 22 — 2z — 2 =1 — 2.

® Loi gidi.
Ta c6
r—22>0
Va2 =2z —2=x-2& 4 , )
¢ —=2x—2=(x—2)
T > 2
<~
20 =6
& x =3
Vay phuong trinh c6 tap nghiem S = {3}. O

> Bai 17. Giai phuong trinh /322 — 92 +1 =z — 2.

o Li gidi.
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

Ta co

N r =3
1
T=—=
2
& x=3.
Vay phuong trinh ¢6 tap nghiem S = {3}.
> Bai 18. Giai phuong trinh v222 + 92+ 7=z + 1.
® Loi gidi.
Ta co
r+1>0

V222 + 92 +T7T=0+1%& ) 9
20°+ 9+ 7= (v + 1)

r>—1
<9 2
r“+7xr+6=0

> —1
=4 r=—1
r=—06
S o =-—1.
Vay phuong trinh ¢6 tap nghiem S = {—1}.
<> Bai 19. Giai phuong trinh 4z — 3 =z — 2.
® Loi gidi.
Ta co
r—22>0
Vir—-3=x-2¢& .
4 —3 = (z —2)°
T > 2
=2
7 =8 +7=0
T >2
& r=1 Sr="T.
=7

Vay phuong trinh ¢6 tap nghiem S = {7}.

<9 Bai 20. Giai phuong trinh Va2 — x + 16 = 4 — 2z.

® Loi gidi.

y 4/ J J

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH

Luén nd luc dé dat duoc thanh qué

V' J J J
Ta co
4—2x >0
V2 —zx+16=4—-27 & ) 9
¢ —x+16 = (4 — 272)
<2
A 2
3z —15x =0
r <2
& z=0
r=2>5
<z =0.
Vay phuong trinh ¢6 tap nghiem S = {0}. O

$>Bai 21. Giai phuong trinh /322 — 2z — 5 =2 — 1.

® Loi gidi.
r>1
r—1>0 z>1
V32 -2r -5 =x—-1& ) , & 5 & r=vV3 & ax=+3.
3x®—2x—5=(xr—1) 20° — 6 =
v= V3
Vay phuong trinh c¢6 nghiem z = /3. O
¢ Bai 22. Giai phuong trinh Va2 + 1 = 22 — 1.
® Loi gidi.
>1
2% —1>0 >t e 4
Var+l=2r-1& 9 , o , & 2 & r=0 & xr=-.
==
A 3
Vay phuong trinh c¢6 nghiém x = 3 O
¢ Bai 23. Giai phuong trinh /22 + 24x — 48 = 2z — 1.
® Loi gidii.
>1
xr > =
20 —1>0 s>t 2
Va+24z —48 =2r -1 & < , & -2 & r=7 &
73
=17
7
T =—.
’ 7
Vay phuong trinh ¢6 tap nghiém S = {g, 7}. O

$>Bai 24. Giai phuong trinh (z+1) (V4z +1—-1) = 0.

® Loi gidi.
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J/ J J
R 1
Diéukién4m+120<:>x2—zl.
r+1=0 x = —1 (loai)
r+1)(vViz+1-1)=0%& &
( )< ) Vir+1-1=0 Vizr+1l=142r+1=12=0.
Vay phuong trinh c6 nghiém z = 0. U
$>Bai 25. Giai phuong trinh (22 — 42+ 3) (V2 —2 —2) = 0.
® Loi gidi.
Dieukitcn 2 —z > 0= 2 < 2. ,
r*—4r+3=0 (1)
?—4rx+3)(V2—z—12)=0&
( ) ) [\/Z—x—m:O (2).
(1) o zzl(théamén)
x = 3 (loai).
x>0
(2) & V2 & v=0 & r20 & 1 & 1
— — = Tr =
e 2 —x=a? P+ —2=0 9
Vay phuong trinh c6 nghiém z = 1. 0
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Ludn nd luc dé dat duoc thanh qua

y 4/ J J

& Dang 18. Phuong frinh chitra dn duéi ddu cén

Nhém 3. Gidi cac phuong trinh dang |vA — VB +VC = 0.
Phuong phap giai: Dat diéu kien. Chuyén vé dé hai vé déu duong va binh phuong giai phuong
trinh hé qua.
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J/ J J

EA) BAITAP VAN DUNG

¢ Bai 26. Giai cac phuong trinh sau

a) Vi +2—+vx—1=+2x—3. b) V122 +4 — vz +4 =4z +5.
¢) V3r—3—+Vb—x=+2x—4

® Loi gidi.
z+2>0 T 2> =2 5
a) Dicukien {x —1>0 & z 21 @xzﬁ.
20 —3 >0 ng
Vi+2—Vr—-1=V2r-3&Vo+2=vVr—1+V2r -3 x+2=22-3+1—1+2/(22 —:
r <3
3—x>0 r<3 r=-3
S V22 -br+3=3-1r%& ) 5 &9 o S |lr=-3 &
20" —br+3=(3—x) r“+r—-—6=0 5 z=2(t
xr =

Vay phuong trinh ¢6 nghiém x = 2.

1

1204+4>0 |[¥273 X

b) Dicukien { x+4>0 & (x> —4 @xZ—g.
dr+5>0 5

V2t 14— Vitd=Virt56 VI2rtd=Votd+Viz +5e 20 +d=a+4+40+5+2/

5 =
Tcr—5>0 T > =
S22V + 21 +20=Tz -5 & ) . RN
4 (42® 4 21z + 20) = (Tx — 5) 2322 _ 1540 — 55 — 0
x
< z =5 (thdéa man).
Vay phuong trinh ¢6 nghiém x = 5.
3r—3>0 r>1
c) Ditukicn{5—2>0 &< z<5&2<xr<5.
20 —42>0 x>2
V3t —3—Vh—z=V2r -4 V3r—-3=Vb—ar+V2r—43r-3=5—-—x+2r—4+2/(5-
T > 2
r—2>0 T > 2
S V-22+1ldr—20=2-2% ) 0 S 5 s lr=2¢
— 22" + 14x — 20 = (x — 2) x*—6x+8=0 A
Tr =
Vay phuong trinh c¢6 nghiéem x = 2, x = 4.
O
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J

B BAITAP VE NHA
¢ Bai 27. Giai cAc phuong trinh sau

a) Vr+1—+vr—1=1. b) V6r+1—+2zx+1=2.

¢) V2r +3++v2x+2=1. d) Va2 +9— Va2 +7=2.

e) V3r+4—+r—2=3. f) V2z+1=2++z 3.

g) V3r+1=8—+z+1. h) vz +9=>5— 2z +4.

i) Ve +d—+1—z=+1-2z. ) Ve —1—+z—1=+20—4

k) vbzr—1=+32z—-2—+2zx— 1. ) Vaz?2 — Tz —2=2v22 —2z+1—1.

m)y3x +4—+2x+1=+x+3. n) vr—2++vr—1=+2x—-3.

0) V3z—3—+v5—z=+27—4 p) vz(x — 1) + /z(z + 2) = 2v/z2.

qQ) Vr+1+/3z+1= vz —1. 1) Ve+1l+vr+2+ vz +3=0.

s) 2Vz+24+ 2V +1—VT +1=4. t) Ve+2/r —1—z -2z —1=2.

D Li gidi.

a) Diéu kien z > 1.
V6i dieu kién trén, phuong trinh da cho tuong duong

(théa man).

| Ot

Ve+l=1+Vr—-lezrs+l=14z—-14+42Vz—-1e2/z—-1=1<1=

e
Vay 5= {4}

R 1
b) Dieu kién = > 5
V6i dieu kién trén, phuong trinh da cho tuong duong

Vbr+1=2+V2r+16rx+1=4+2z+1+4vV2x+1 & V2r+1=2-1

z>1
x>0 .
, & x=0 (loai)
2 +1=(z—1) :
x =4 (théa man)

Vay S = {4}.

c¢) Diéu kien = > —1.
V6i dieu kién trén, phuong trinh da cho tuong duong

—2—-2x>0

V@r+3)2r+2)=—2-20 & {(2x +3)(2x +2) = (20 + 2)°

r<-—1
=

x=—1 (thdéa man)
& o =-—1 (théa méan).

Vay S = {—1}.
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J/ J J

d) Diéu kién z € R.
V6i diéu kién trén, phuong trinh da cho tuong duong

Vat+9=24+ Va2 +7<2+4Va2+7=0 (vo nghiém).
Vay S = 0.

e) Dieu kien z > 2.
Véi diéu kién trén, phuong trinh da cho tuong duong

V3z+4=34+Vz—-2&2r—3=06Vx —2
(

31:>§
5 =2
T > = 12 — 37
= 2 o (o= 223V e man)
dz? — 48z + 81 = 0 2
12 + 37 .
T= (théa man)
C1243V7
= ==
12 + 37

f) Diéu kien = > 3.
Véi diéu kién trén, phuong trinh da cho tuong duong

2a:—i— =24+Vr—-3<xz=4vVx—3

x>0

x>0 )
x =12 ( théa méan)
7 —16x+48—0

L_4

r =4 (thdéa man)

Vay S = {12;4}.

g) Diéu kien z > —1.
V6i diéu kién trén, phuong trinh da cho tuong duong

VBrF1+Vrt1=8e/Br+1)(z+1)=31-2¢

{31—29520 xg%
=
<31
T=7

= [x:120 (loai)

x =238 (thoéa man).

Vay S = {8}.
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J
h) Diéu kién = > —2.
V6i dieu kién trén, phuong trinh da cho tuong duong

Vit 9+V2r+4=562y/(z+9)(2x +4) =12 -3

12—3x >0 r <4
{4(95 +9)(2z +4) = (12 — 32)? < {x2 — 160z =0
<0
& x =0 (thbéa man)
[x =160 (loai).

Vay S = {0}.

N | —

i) Diéu kien —4 < x <

V6i dieu kién trén, phuong trinh da cho tuong duong

Vit d=v1-—az+vV1-2z 2+ 1\/(1-2)(1-22)

1
T > ——
& - 2
20 4+ 72 =0
1
T > ——
- 2
& =0 (thdéa man)
7
z=-3 (loai).

Vay S = {0}.

j) Dieu kien z > 2.
V6i dieu kién trén, phuong trinh da cho tuong duong

\/556—1=\/x—1+\/2x—4<:>x+2\/(x—1)(2x—4)
T > —2
2? =10z =0
T > —2
& =0 (thoéa man)
x =10 (théa man).
Vay S = {0;10}.
k) Dieu kiénng.

V6i dieu kién trén, phuong trinh da cho tuong duong

Vor — 1+ V2 —1=3z -2 & —2z\/(5z — 1)(2c — 1)

z <0
62> —Tr+1=0

<0
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

V' J J J
Vay S = 0.

1) Dieu kien 42% — 7z — 2 > 0.
Véi diéu kién trén, phuong trinh da cho tuong duong

Vadz? —Te -2+ 1=2vVa?2 —z+ 1 2vV4a2 —Te —2=3xz+5
5

> _Z
s {"=73
Ta? — 58z — 33 =
p
x2—§
24+ 4
&« x:%\/ﬁ ( théa man)
24 -4
x:—\/ﬁ (théa man).
\ 7
24+4

m) Diéu kien z > —5

V6i diéu kién trén, phuong trinh da cho tuong duong

V3r+4=vVr+3+V2u+1eV22+Tr+3=0
s 224+ 7 +3=0

r=—-3 (loai)
And 1
T=—7 (théa man).

g
VayS—{ 2}'

n) Dieu kién z > 2.
Véi diéu kién trén, phuong trinh da cho tuong duong

Vi—24+Ver—1=vV2r -3 Va2—-3z+2=0
& 2-3:x+2=0

x=1 (loai)

x =2 (thdéa man).

Vay S = {2}.

o) Diéu kien 2 <z <5.
Véi diéu kién trén, phuong trinh da cho tuong duong

V3r—3=V2 -4+ V55— V-2224+ 14 —-20=0—2

x> 2
{3x2 — 182 +24=0
T > 2
& [x =4 (thda man)

x =2 (théa man).

Vay S = {4;2}.
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J
z(r—1)>0

r(r+2)>0

V6i diéu kién trén, phuong trinh da cho tuong duong

V(e —1) \/x(a:+2):2@@2\/x2(a¢+2)($—1):2x2—x
22° — 1 >0
Hr+2)(r —1) =2°(22 — 1)

p) Diéu kién {

22 — x>0
< { Mo +2)(z—1) = (20 — 1)°

202 —x >0
=
—  (théa man)
9
& =g (théa man).
9
.
ay 3

Vetl+Br+1=Ve—13{/(a+1)Br+1) (Vo +1+V3r+1)=-3-3z
3¢/(x+ )8z +1)- Vo —1=-3 -3

=
& Y+ )Br+)(@-1)=-1-z
& (z+1)Br+1)(z-1)=—(1+2)?
-

z=0

4(r+1)=0s | )

Thit lai, ta ¢6 = —1 la nghiém ctia phuong trinh da cho. Vay S = {—1}.

r) Ta co

Vetl+Vo+2=-Vo+33{/(a+)(@+2) (Vo+1+z+2)=-6-3z
= 3@+ 1)(@+2)-Vr+3=06+3c
& Y@+ )@ +2)(@+3) =3 +2)
=4

(z+1)(z+2)(x+3) =27(z +2)
& (24 2)(262% + 104z +105) =0 & o = —2.

Thit lai, ta ¢6 £ = —2 la nghiém ctia phuong trinh da cho. Vay S = {—2}.

s) Diéu kien: x > —1.
Véi dieu kién trén, ta c6

2\/x+2+2\/x+1—\/x+1=4<:>2)1+\/x+1‘—\/x+1=4

& Voe+l=2
< =3 (thdéa man).

Vay S = {3}.
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J/ J J
t) Diéu kien: x > 1.
Véi diéu kién trén, ta c6

v%+2¢5f_—V%—2¢E?T:2¢ﬂ1+vE?TLW1—iniwzz

[ (1—-Vz—1>0
- {\/mzl
1-vVr—1<0
_{2:2
C(1—Vz—1>0
& {x:2 ( théa man) & x > 2.
> 2

So v6i dieu kién, ta c6 z > 2.
Vay S = [2; +00).

$> Bai 28. Giai cac phuong trinh sau

a) 3vVa2 —dr+5+ 22 —4rx+1=0. b) 2% — 3x + 212 — 3z + 11 = 4.
¢) 3va?+2x — 3 =22 + 4z — 5. d) (z+5)(2 —z) = 3vx2 + 3z.

e) (x—2)(x+3)+ Vot —223+ 222 —x=—4. f) z(x—4)vV—-r2+4r+ (v —2)2?=2.

® Ldi gidi.

a) Dat x? — 4z = ¢ thi phuong trinh tré thanh

WVt+o+t+1=03Vt+5=—t-1

—t—-1>0
{9(75 +5) = (—t—1)?

t<—1
t< -1 :
9 &< [t=11 (loai)
£2 -7t — 144 = 0 :
t=—4 (thoa méan).

V6it = —4, ta co
22— dr=—4ox=2.

Vay S = {2}.
b) Dat t = v/22 — 3x + 11 > 0, phuong trinh da cho tré thanh

t =3 ( thoéa man)

2+2%—-15=0<
* [t = —5 (loai).

Vé6it =3, taco

V2 —3zx+11=3<22-32+2=0< [x—

Vay S = {1;2}.
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH

Luén nd luc dé dat duoc thanh qué

V' J J J
c) bat t = Va2 + 2x — 3 > 0, phuong trinh da cho tré thanh

t=1 (thdéa méan)
20 —3t+1=0%

1
t= 3 (théa man).
Véit =1, taco

V2422 -3 =122 +2r-4=0=2=-1+V5
1
Vc’iitzi,tacé

\/:Jc2+2x—3:%@4x2+8z—13:0®m:ﬂ.

2
VayS:{ 1i\/_ Zi\/_}

d) Dat t = va? + 3z > 0, phuong trinh da cho tré thanh

) t =2 ( thoa man)
t°4+3t—-10=0& )
t=-5 (loai).
Vé6it =2, taco
r=1
\/a:2+31;=2<:>a:2+3x—420<:>[

r=—4.
Vay S = {1; —4}.

e) Ta cod

(x+2)(x—3)+\/x4—21:3+2x2—x:—4<:>x2—x+\/ —x) a2z =2
Dit t = 22 — z, phuong trinh da cho tré thanh

t <
2—t>0 =
t+\/t2+t:2(:>{ -

~ .
Pt =(2—1)? t ( théa méan)

4
V(jit:g, ta co

5 - 10
++1
Vay 5= {51—005}

f) bat t = v —2? + 4x > 0, phuong trinh da cho trd thanh

—t?—1*+2=0&t=1 (théa man).
Véit=1, taco

Vel tdr =1 22 4+4r - 1=02=2+V3
Vay S = {2+ V3}.

EB) BAITAP VE NHA

o
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

yV J J J
¢ Bai 29. Giai cac phuong trinh sau
a) 3r° — 18z + 2V — 6z + 1 = 2. b) 42% +x + 4V4x? +x —4=09.
¢) (x+4)(x+1)—3vVa2+ 5z +2=6. d) 5va? + 22 —7=2*+ 22 — 3.
e) 10z + 15 = 222 + /22 — 5z — 6. f) v6x2— 12047 —z(x —2) = 0.
g) 622 — 9z — 7222 — 3x + 1 = 3. h) (z+1)(z—3)vV2x —22+3=2—(x — 1)~
i) (224+1)2=5—2v22%+4.
® Loi gidi.
a) 3r? — 18z + 21?2 —6xr + 1= 2. (1)
- r<3-2V2
biéu kien: 22 — 6z +1>0 <
>3+ 2V2.

Dit t = 2% — 61 + 1,¢ > 0.

= t? =12 — 6z + 1 & 2* — 6z = t? — 1. Thay vao (1) ta dugc

s 3t -1)+2t—-2=0
& 32+20—-5=0
t =1 (nhan)

=
t= —g (loai).

z=0
Véit=1suyrava2—6z+1=122—6r=0%& 6
x = 6.

Thé cac nghiem vao diéu kién, tap nghiém ctia phuong trinh 1la S = {0;6}.

b) 42° + x +4V4x2 + 1 —4=09. (2)

. < —1—+65

Dicu kieén: 42’ + 2 —4 >0 < B 8
—14 65
xZT.

Dat t = V422 + 2 —4,t > 0 = 42% + 2 = t* + 4. Thay vao phuong trinh (2), ta dugc

4+44+4t—-9=0
& P44 —-5=0

t =1 (nhan)
t = —5. (loai)
r=1
Véit=1=> Va2 +r—4d=142>+2r-5=0& —4
T = —.

5)
Thé cac nghiem vao diéu kién, tap nghiém ctia phuong trinh 1a S = {1}.

(x+4)(z+1)—3Va2+bx+2=6
Sl +5r+4-3Va2+5x+2=6.  (3)
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J J J
LSBT
Didu kien: 22 452 +2>0< | 2
54+ /17
IZT.

Dat t = Va2 + 5z +2,t > 0= 2° + bx = t* — 2. Thay vao phuong trinh (3), ta dugc

2 —24+4-3t=6
& tP-3t—-4=0
t =4 (nhan)
t = —1. (loai)
. T =2
V6it=4= Va2 +5x+ :4®x2+5x—14:0®! .
r=—T.
Thé cac nghiém vao diéu kién, tap nghiém ctia phuong trinh 13 S = {—7;2}.

d) 5V +20 —T=2>+2x—-3. (4

. < —1—2V2
Dicu kien: 22 4+ 22 — 7> 0 &
x> —1+2V2.
Dat t = Va2 +2x — 7,6 > 0= 2% + 2z = t* + 7. Thay vao phuong trinh (4), ta dugc
St=t"+7-3
& P -5t+4=0
t =4 (nhan)
t = 1. (nhan)

r=—1+2V6
x:—1—2\/6.

r =2

V@it=4=>\/£L’2+2£L‘—7=4<=>9E2—|—2$—23=0¢>[

r = —4.

Véiit:1:>\/x2+2:c—7:1<:>x2+2x—8:0<:>[

Thé cac nghiém vao diéu kién, tap nghiém ctia phuong trinh 1a S = {—1 — 2\/6; —4;2; -1+ 2\/6} )

10z + 15 = 222 + Va2 — 5z — 6
207 100 — 15+ Va2 —50—-6=0.  (5)

< -1

x > 6.

Dat t = Va2 — 5z —6,t > 0= t* + 6 = 2> — 5. Thay vao phuong trinh (5), ta dugc

22 +6) — 15+t =0
& A H+t—-3=0

Diéu kién: 22 =52 — 6 > 0 <

t =1 (nhan)
& =3 o
t= > (loai).
L5+
Véit=1=V2—51—-6=1&2?—5z—-T=0 2
$_5—¢ﬁ

5+ﬂ35—¢§}

Thé cac nghiém vao diéu kién, tap nghiém ctia phuong trinh 1a S = { 5 5
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f)

y J/ J J

622 — 120 +7—x(x—2)=0
S V622 —120+7 -2 +2r=0.  (6)
Diéu kieén: 622 — 122 + 7 > 0, ding véi moi = € R.
Dat t = V622 — 122+ 7,t > 1=t -7 = 62> — 122 &
trinh (6), ta dugc
. <t2 — 7) B
; —

& —t*+6t+7=0
t =7 (nhan)
t = —1. (loai)

2 -7 ) R
= z° — 2z. Thay vao phuong

r=1+2V2
r=1-2V2.
Thé cac nghiém vao diéu kién, tap nghiém ctia phuong trinh 1a S = {1 +2v2;1 — 2\/5}

622 —9r —7TV222 -3z +1=3.  (7)

T

V(’jit=7:>\/6x2—12x+7=7<:>6x2—12x—42=0<:>[

1

2
x> 1.

Dat t = /222 — 3z + 1,t > 0 = 1> — 1 = 222 — 3x. Thay vao phuong trinh (7), ta dugc

IN

Diéu kien: 222 —3z+1>0<

3(t2P—1)—Tt—-3=0
& 3t —Tt—6=0

t = 3 (nhan)
& _9

t:?(loai).
3+/73
r=—"

Véit=3=v22 32 +1=3c22—3r—-8=0< 4

x_3—¢ﬁ
e

3+\/§3—\/ﬁ}

Thé cac nghiém vao dieu kién, tap nghiém ctia phuong trinh 13 S = { 1 1

(z+1)(z—3)V2r—22+3=2— (v —1)
@ -20-3)V-22+2r+3=—-2"+22+1.  (8)

< -1

x >3
Dat t = v—12 421+ 3,t > 0 = t? — 3 = —2% + 22. Thay vao phuong trinh (8), ta duge

Dieu kien: —22+22+3>0&

—t*t=1t*-3+1
& -t +2=0
<t =1 (nhan).
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y J/ J J

. z=1+V3
Véit=1=+vV-1242r+3=1< —2*+2r+2=0<

r=1-— \/§
Thé cac nghiém vao diéu kién, tap nghiém ctia phuong trinh 13 S = {1 +4/3:1— \/5}

(2 +1)*=5—av222+4
ot 422+ 1=5—-2v22+4
et 422+ 1=5— V2Vt 4 222, 9)
Diéu kién: = € R.
Dat t = V2t + 222t > 0 = t* = —z* + 222 Thay vao phuong trinh (9), ta duge

24+1=5-—2
s P4+VA-4=0

t = /2 (nhan)

t = —2v2 (loai).

xz\/—l—i—\/g
Véit=vV2=Viit+22 =22t +22-2=0<

x:—\/—1+\/§.

Thé cac nghiem vao diéu kién, tap nghiém ctia phuong trinh 1a S = {\/—1 V3 —V/—1+ \/§}

O

¢ Bai 30. Giai cac phuong trinh sau

a) V3+z+v6—2=3+/0B+2)6-2). Db)vVr+2+5—z++/(z+2)(5-—2) =4

¢) V2x+3+vx +1=3zc+2v222+ 52+ 3— d) V2 — 22+ 2 =22v2 — 22
16.

® Loi gidi.

a) V3+z+V6—x=3+/B+2)(6—2). (1)

o 3+ >0 x> -3
Diéu kién:

& & —3<zx<6.
6—x>0 <6

=9
Ditt =V3+a2+V/6—2,t>0=>t*=9+2/3+z)6—2) & 5 = V(B3 +2)(6 — ).
Thay vao phuong trinh (1), ta duge

2 -9

t=3+
& tP-2-3=0
t = 3 (nhan)
t = —1 (loai).

3+x=0 T =-3
Véi t — 3 3 6—2)=0%& A
i , suy ra /(3 + 2)(6 — x) [6_x:0 [x:6.

Thé cac nghigm vao diéu kién, tap nghi¢m ctia phuong trinh 1a S = {—3;6}.
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

b) Vi+2+vh—az+/(z+2)5—2)=4. (2

N r+2>0 T > =2
Dieéu kién: = &S —2< <5
5—x >0 r<5H
=7
Ditt =vVr+2+V6—-0,t>0=1=7+2/(z+2)(5—-2) & 5

Thay vao phuong trinh (2), ta dugc

-7
=
& tP4+2t—-15=0
t = 3 (nhan)
t = —5 (loai).

t+ 4

Véit=3,suyra/(z+2)b—z)=1(z+2)6—-2)=2*-3z-9=0&

=/(z+2)(5—=z).

~ —3V5+3

! 2
_3Vh+3

T

2
—-3v5+3 3V5+3

Thé cac nghiem vao diéu kién, tap nghiém ctia phuong trinh 1a S = {

V2r+34+Vr+1=3c+2vV222+5x+3—16
(:>\/2x+3+\/:c—|—1:3x+2\/(2x+3)(x+1)—16.

20 +3 >0 xz%?)
r+1>0 > -1

Datt =2z +3+ Vo +1,t>0.
Suy ra

Diéu kién: { S > —1.

2 =22+ 3+a+1+2/(20+3)(z+1)
& t2:3x+4+2\/(2x+3)(9€+1)
& 3r+2y/(Qe+3)(z+1) = 4.

Thay vao phuong trinh (3), ta duge

t=1"—4-16
& tP—t-20=0
t =5 (nhan)
t = —4 (loai).

V6i t = 5, suy ra

3z + 24/ (2 +3)(z + 1) = 21
21 — 3z
2 1) =
& Vet (at1) ="
21 — 3z >0

21-39:)2

(2x+3)(m+1):( 5

R

(3)

y J/ J J

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J

<7
% — 146z + 429 = 0

Thé nghiém vao diéu kién, tap nghiém ctia phuong trinh 1a S = {3}.

d) vV2—22+2=22v2— 2% (4)
Didu kien: 2— 22 >0 —/2 <z < V2.
Diatt =v2 — a2 +x,t > —V2.
Suy ra
2 =24 22xV2 — 22
& 2V2— a2 =1 -2

Thay vao phuong trinh (4), ta duge

t=1*-2
& tP—t-2=0
t = —1 (nhan)
t = 2 (nhan).
Vé6it = —1, suy ra
V2—2t4+x=-1
S V2—at=—-1—-x

(s

—1—2>0
2—r?=142z+2?

< —1
A 2
20 +2x —1=0

(< —1
~1+v3 .
o x:T(loal)
—1—+/3 '
x:—\/_(nhan)
. 2
V6i t = 2, suy ra
V2—224+1x=2
S V2—12=2—1x
2—x>0
A 2 2
2—x=4—-4x+zx
Tz <2
Ang 2
20 —4x+2=0
{x§2
=
(L’:
&S =1

. . —-1—-+v3
The cac nghiém vao dieu kién, tap nghiém cta phuong trinh 1a S = {T\/_, 1}.
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2

Luon nd luc dé dat duoc thanh qua

V' J J J
[
$>Bai 31. Gidi cac phuong trinh sau
1 1
)3\/_+F—2I+2——7 )5\/_+F—2I+2—+4

® Loi gidi.

3 1
BT+ —— =20+ — —T.

2\/x 2x (1)

Diéu kién: x>00 . . .
Dat t = t>0=1t= — +le22=2 — 4252 — =2t -2 th
a VT + ——= \/_ T+ o+ T+ oo+ v+ o , thay

vao phuong trinh (1) ta duge

t = 3 (nhan)
Jt=22-9=202-3t-9=0< 3
t=—§.(loai)
8+ 3V7
1 x:+—\/_ (théa méan)
Véit=3=21+-—=1642>-322+1=0&
2z —3\/_
= . (théa méan)
8§—3 8+ 3
Vay tap nghiém ctia phuong trinh 1a S :< 2\/— +2 \/_>
b)
5\/:E+i:2x+i+4. (2)
2\/x 21
Diéu kien: z > 01 X X X
Diat t =/ + \/_t>O:>t2—x+4—+1(:>2t2—2:1:+2—+2<:)2:1;+§—2t2—2 thay
vao phuong trinh (2) ta duge
t = 2 (nhan)
St =224+ 222 -5t +2=0& 1
t:§ (nhan)
34 2v2
1 x:+—\/_ (théa méan)
Vit=2=ao+—+1l=4dod?—12r+1=0 2
Az 3—2V2

T = . (théa méan)

2
1 1 1
Vit=-=2+—+1=-42>+ 32+ 1=0. (vo nghiem)

Vay tap nghiém ctia phuong trinh 1a S = (

2 4z 4
3—2\/5.3+2\/§)
2 2 )

> Bai 32. Giai cac phuong trinh sau

a) z+ 1+ va2—4z+1=3/z.

1
¢) 2 +2z\/z—— =3z +1.
T

b) v2z2% + 8z + 5 + /22

2 —6

X

—4x +5 = 64/.

d) 22 — 6z + =z —6=0.

e

236/528 ’
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J

3 6tayz=ta H T
3+Vz - 4—3/z

® Loi gidi.

e) +8 = 3(z + 2/x).

a) v+ 1+ Va2 —4x+1=3/r.
N z=>0
bieu kién: 9 .
v —4r+1>0
Véi z =0, ta c6 2 =0, ( vo li). Suy ra x = 0 khong la nghiém ctia phuong trinh da cho. Véi
x # 0, chia hai vé clia phuong trinh cho /7, ta dugc

1
Dat t = /r + — > 2, ta dugc phuong trinh

N
t+Vit2 — :3@\/752—6:3—“:){

t<3

5
t=2  (théa man).
15 gt—o Tt~y (thoaman)

5
V(ﬁtzi, ta co

1 s V=2 r=4 (théa man)
rT+—===-&2r—-5/r+2=0& 1 & 1
ve Vo2 ve \/525 z=3 (théa man).
s 5= {31
ay S = 94;-¢.
y 1

b) V2% + 8z + 5+ V222 — 4x + 5 = 6/x.

N r >0
Diéu kién: 5 )
20" +8x+5>0

Véi x =0, ta c¢6 2/5 =0, ( vo li). Suy ra 2 = 0 khong la nghiém ctia phuong trinh da cho. Véi
x # 0, chia hai vé clia phuong trinh cho /7, ta dugc

5 5
\/2x+8+——|—\/2x—4+—:6.
X X

5
bat t =2x — 4+ — > 2v/10 — 4, ta dugc phuong trinh
x

t <12
\/t+12+\/¥:6(:>\/t2+12t:12—t<:>{3&_144(:%:4 (thda man).
Véi t =4, ta co

4 6
5 = V6 (théa man)

2 —At - =40’ —8r+5=0 2
x 4-+6 N
T=—7 (théa man).

Vay S = {4i2\/6}.
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

c)

238/528 ’

V' J J J
1
2?4 2r\ /o — = =3+ 1.
x
1
R —=>0
Dieu kién: . r .
x#0
V6i x # 0, chia hai vé clia phuong trinh cho z, ta duge
2_1 2_1
R 1Y . - ()
x x

2
Jz* — 1
bat t = v > 0, ta dugce phuong trinh
T

9 t=1 (thoéa méan)
t°"+2t-3=0%&

t=-3 (loai).

Véit =1, taco

1
—ler?-r-1=0s2=1+V2.

vay S = {1+ 2},

2
—6
22— 6z + /2 —6=0.
2 —6
N >
biéu kién: Tz O.
x#0
V6i o # 0, chia hai vé clia phuong trinh cho z, ta dugc
26 26
L2 6=0.
x x

2
~6
Dat ¢t = /2

> 0, ta dugce phuong trinh
x

t =2 (thdéa méan)

4+t—6=0<
[tz -3 (loai).

V6it =2, taco

2_6 2_6
2 WL —lea? —dr—6=0 =2+ 10
e e

Vay S = {2 + \/10}.
32
6 + 2y/x = bx.
34 Vr + 6+ 2y/x x
Diéu kién: = > 0.
Vé6i x = 0, ta ¢c6 6 = 0, ( vo 1li). Suy ra x = 0 khong 14 nghiém ctia phuong trinh da cho. Véi
x # 0, chia hai vé cia phuong trinh cho z, ta dugc

3z +2(3+\/5)
3+ x

=5.

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J
Datt:3+\/§20, ta dugc phuong trinh
x
3 t=1 (théa man)
SH42A-5=020-5t+3=0& 3
t t:§ ( théa man).
Vé6it=1, taco
1-v13
34 V7 \/E:T (vo nghiém)
=ler—Vr-3=0&
x 14+ +v13
Vr=-—7""—.
2
g . 7 V13
uyrar = -+ —.
Y , 2 2
Véitzé,tacé
1-v19
347 3 \/EZT (vo nghiém)
=—o3r-2V/r-6=0&
T 2 1++v19
\/E:T.
20 2413
Suyraa:z——i—T.
~ 7 V13 20 2v/13
Vays‘{i*?’?*T}'

72
4—3\x
Diéu kién: {

+8 = 3(z + 2¢/x).
x>0

4—3Jr#0
Véi z =0, ta ¢c6 8 = 0, ( vo li). Suy ra x = 0 khong la nghiém ctia phuong trinh da cho. Véi
x # 0, chia hai vé clia phuong trinh cho z, ta dugc

T +2(4—3\/5)_3
4—3\x x -
4—3
bat t = —\/E, ta dugc phuong trinh
X
1 t=1 (thoa méan)
—42A-3=0c20-3t+1=0< 1
t t=3 ( théa man).

Vé6it=1, taco

4—-3 r=—4 0 nghiém
—\/5=1<:>x+3\/_—4:0<:} Ve (v nghiém)
T V=1
Suy ra x = 1.
Véitzg,tac()
-3 —v33 R o
4-3J7 3 \/:E:T (vo nghiém)
— Y =—&31+6yz-8=0¢&
x 2 -3+ V33
V= ——"—".

3
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

V' J J J
Su m:zc—@—ﬁ
e
20 33
Vay S = {1 — — — 5.
s 12 Y5
]

9 Bai 33. Giai phuong trinh
a) vr+3+2zvr+1=2x++vV22+4x+3. b)vVi2—z—-2-2y/x—-2+2=+z+ 1L

c) Vr+vVzr+1l—vVai+z=1. d) Va2 —z+2-2/z—-242=zr -1
® Loi gidi.
. r+3>0
a) Diéu kién: &> 1.
r+1>0

Phuong trinh da cho trd thanh

\/x+3—|—2x\/x+1:2x+\/(x—l-l)(:zc-l-?))

& Va+ —\/(93+1)(:v+3)]+(2x\/m—|—1—2x):0
& Vr+31l—-vVez+1)—22(1—vVx+1)=0
& 1-Vr+1)-Vr+3-21)=0
1-vVo+1=0
=
vVar+3—-2z=0.
e Trusng hgp 1: 1 — vz +1=0< vz +1=1< 2 =0 (thod méan).
>0 x =1 (thod méan)
e Truong hop 2: Ve +3 =22 & N & 3
4o —2x—3=0 T=-1 (loai)
Vay phuong trinh c6 tap nghiém S = {0;1}.
N r—22>0
b) Dieu kién: S > 2.
x+1>0

Phuong trinh da cho tré thanh

=
=

Vay phuong trinh c6 tap

V=2 +1) —Vet1-2(/z—2-1)=0
Vr+l1-2)(Vz—2-1)=0

(Ve+1-2=0
Vr—-2-1=0
(Vo +1=2
Vr-2=1
x4+ 1=2°
_a7—2:1

xr = 3 (thod man).

nghiem S = {3}.

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Ludn nd luc dé dat duoc thanh qua

y J/ J J

s r+1>0
c) Dieu kién: s> 0.
x>0

Phuong trinh da cho tré thanh
Vr+vVr+1l—y/z(z+1)=1
& ﬁ(l—\/m—l—l) — (1—\/x+1> =0
s (Vr—-1)(1—-Va+1)=0

Vi—1=0
[1—\/x+1=O

r=1
& [ (tho&d man).
x=0.
Vay phuong trinh ¢6 tap nghiem S = {0; 1}.
r—2>0

d) Diéu kien: S > 2
r+1>0

Phuong trinh da cho tré thanh
VE-2)@-1)-ve-1-2(Va—2-1)=0
e (Va—1-2)(Va—2-1))=0
Vr—-2-1=0

=

54

Vay phuong trinh ¢6 tap nghiem S = {3; 5}.

]
<> Bai 34. Giai phuong trinh
7% - 1l x 13 52
=2. b — =1.
e e s e piakl
) 2x i 4 z? + 12 d) 2r — 5 2z 4
C = 3 = = .
x+3 x—-3 x22-9 r+1 x+1 22-1
® Loi gidi.
a) Ta c6
1 N
T T =9 (Dieu kién: z # 1;x # 2)
r—2 x-—1
= (+)(z-1)+z(x—-2)=2x—-1)(zr—2)
& dr =5
5
r = — (thod man).

4

5
Vay phuong trinh c6 tap nghiém S = {Z_l}
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J/ J J

b) Ta co

$1_32 - 3:253 1= 7 (Diéu kien: z # +2).
= 13(z+2) — 52 =T(2* — 4)
& 7' —13x—-2=0
z =2 (khong thod man)

< 1
T=—z (thod man).

1
Vay phuong trinh c6 tap nghiém S = {—?}

c) Ta co

2x N 4 :a:2—|—12
r+3 x—3 22-9
22(x — 3) + 4(x +3) = 2* + 12
2 =22 =0
x(r—2)=0

x =2 (thod méan)

(Diéu kien: x # £3).

t oy

=0 (thod man).
Vay phuong trinh ¢6 tap nghiem S = {0; 2}.
d) Ta co
20 —5 2z

z+1 x-i-l:x?—l
5 4
r+1 22-—1
= —Hz—-1)=4

(Diéu kien: x # +1).

1
T=< (tho& méan)

1
Vay phuong trinh c6 tap nghiém S = {g}

F-BAI TAP VE NHA

. 3z +1 4r—3
> Bai 1. Giai phuong trinh 22+ — 2272 _ 16
z+1 x4+ 3
® Loi gidi.
Ta c6

3r+1 4x—3 A .
71 233 =16 (Dieu kién: x # —1;z # —3).
= Brx+1)(r+3)— (4o —-3)(x+1)=16(x + 1)(z + 3)

o 17224550 +42=0
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Ludn nd luc dé dat duoc thanh qua

x = —2 (thod méan)
A —21

. 21

Vay phuong trinh c¢6 tap nghiém S = {—2; —1—7}
. . r+3 T 6
$> Bai 2. Giai phuong trinh = 733 + o
® Loi gidi.
Ta c6
r+3 @ 6

. x+3+x2+3m=0 (Diéu kién: x # 0;z # —3).

= (r+3)2-22+6=0

5
® =7 (thod man).

5
Vay phuong trinh c6 tap nghiém S = {—5}

$>Bai 3. Giai phuong trinh (z — 5)(z + 1) (22 — 9) = 85.

® Loi gidi.
Ta c6
(z —5)(z+1) (2° — 9) = 85 (Diéu kien : = # 0;z # —3).
& [(z=5)(z+3)][(z+1)(z—3)] =85
& (22 — 22 —15)(2* — 20 — 3) = 85.

Dit t = 22 — 22, ta c6 phuong trinh:

(t—15)(t —3) =85
& 2P —18t—40=0

t =20

t=—2.

V6i t = —2, phuong trinh tuong duong 22 — 20 = —2 < 22 — 22 + 2 = 0 (v6 nghiém).

Véi t = 20, phuong trinh tuong duong 22 —2x —20 =0« x = 1 £ v/21.
Vay phuong trinh c6 tap nghiem S = {1 + /21}.

$>Bdi 4. Giai phuong trinh (z + 1)(x 4+ 2)(z + 3)(z + 4) = 3.

® Loi gidi.
Taco (x+1)(z+2)(x+3)(z +4) =3 & (22 + 5z + 4)(2* + 5z +6) = 3.
Dit t = 22 + 5z, ta ¢6 phuong trinh:

(t+4)(t+6)=3
& t24+10t+21=0
t=-3

=
t=—T.

y J/ J J

o
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J/ J J

—5++13

2
e VGi t = —7, ta c6 phuong trinh: 2? + 5x + 7 = 0 (phuong trinh vo6 nghiem vi c6 A’ = -3 < 0)

—5i\/ﬁ}

e V6i t = —3, ta c6 phuong trinh: 22 +5x +3=0& 2 =

Vay phuong trinh c6 tap nghiém S = { 5

> Bai 5. Giai phuong trinh (4o + 1)(122 — 1)(3z + 2)(z + 1) = 28.

® Loi gidi.
Ta co: (4o +1)(122 — 1)(3z + 2)(z + 1) = 28 & (1222 + 11z + 2)(122% + 11z — 1) = 28.
t=—4

Dat t = 122 + 11z + 2, phuong trinh tré thanh t(t —3) =28 & * =3t —28=0 & o

V6i t = —4 = 1227 + 112 + 6 = 0 (v0 nghiém).
1

r=-

Voit=T7= 1222+ 1lz —5 =0 < 3
r=—-.

S o, . . 51

Vay tap nghiém ctia phuong trinh 1a .S = 7 3 O

> Bai 6. Giai phuong trinh 4(222 — 3z + 1)(22? — 4z + 1) = 322

® Loi gidi.
Xét x = 0 khong la nghiém ctia phuong trinh da cho.
Khi z # 0, chia hai vé ctia phuong trinh cho 2 ta c6

1 1
4(2x—3+—> (23:—4—!——):3.
T x

1
bat t = 22 + —. Phuong trinh da cho tré thanh
x

5 1 5
Véi t = 5= 2z + =% (v0 nghiém).

9 19 -
Véit == =20+ — = YT

L 2 T = 2.
1

Vay tap nghiém ctia phuong trinh 1a S = {2; 4_1} O

$>Bai 7. Giai phuong trinh (z + 1)(x — 2)(z + 4)(z — 8) = 362>

@ Loi gidi.
Phuong trinh da cho tuong duong (22 — 7z — 8)(2? + 22 — 8) = 3622
Xét x = 0 khong la nghiém ctia phuong trinh da cho.
Khi x # 0, chia hai vé ctia phuong trinh cho 22 ta c6

8 8
(=18 (re2-) -
X x
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

V' J J J
Datt =2 — § Phuong trinh da cho tré thanh
a
t=—5
t—T7)(t+2) =36
(t=7)(t+2) L:m.
-5+
Véit:—5:x—§:—5(:>x:M.
8:(} 2
Véit=10=2—— =10z =5+ /33.
e
==
Vay tap nghiém ctia phuong trinh 1a S :{ \/_ 5433 } O

2x " 13z B
22 —5x+3 2224+ x+3

¢ Bai 8. Giai phuong trinh

® Loi giéi.
N 3
Dieu kien: x # 1,2 # 7
Nhan xét: = 0 khong la nghiém ctia phuong trinh da cho. Phuong trinh da cho tuong duong

2 13
3T 5 =0
20 —54+— 2x+4+14+-—
T T

3
Dat t = 22 4+ —, khi d6 phuong trinh da cho tré thanh
x

> 1 |
5 i+l p= U
y 3 , N
Véit=1=2rx+— =1« 22—z + 3 =0 (vd nghiém).
x
11 3 11 £L‘—§
Voit=—=21+-=—& | 4
2 T 2 B
T = 2.
3
Vay tap nghiém ctia phuong trinh 1a S = {2; Z} O
4x S5x 10

¢S BaAI 9. Gidi phuong trinh — = .
A O ey +3 22 +4z+3 9

@ Loi gidi.
Diéu kien: z # —1,z # —3.
Nhan xét: © = 0 khong la nghiém ctia phuong trinh da cho. Phuong trinh da cho tuong duong

4 5 10

3 379
r424°2 pqa+> 9
i X

3
Dat t = x + —, khi d6 phuong trinh da cho tré thanh
x

B 13
45w _|'TTy
t+2 t+4 9 fo 2

:
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2

Luon nd luc dé dat duoc thanh qua

246/528 ’

y J/ J J
13 3 13 |T=70
Véit=——=2+—-—=—-—7& 1
2 3 2 2
V61t=—5:>x+;:—3 (vo nghiém). 1
Vay tap nghiém ctia phuong trinh 1a S = {—6; —5} O
$>Bai 11. Gidi cdc phuong trinh sau (st dung nhan lién hop)
a) Vr+1+1=42?+ 3z b) 3z —2=2x—6++r+6
c) V222 + x4+ 9+V22 —x+1=2x+4 d) V3r+1—6—x+322—142 -8 =10

® Loi gidi.

a) Dieu kien: x > 0.
Phuong trinh da cho tuong duong véi

20 — 1 1
V3r—Vzr +1+42° -1 =0 < +(22—1)(22+1) =0 < (2z—1 ( +2x+1)
V3r+vr+1 ( )( ) ( ) V3r+vr+1
1
Viz > 0 nén +2x+1>0.
- V3r++x+1

. 1
Vay phuong trinh c¢6 nghiém duy nhat x = 3

b) Diéu kién: z > 2.
Phuong trinh da cho tuong duong véi

3Wr—2—-+vVr+6=2x—6

8r — 24
& =2xr—6
3WVr—2++Vx+6
r—3=0
= 8

=2
3WVr—2++/x+6

THI1: 2 — 3 =0 < x = 3 (thda man diéu kien).

TH2: 3v/x — 2+ Vo +6 =4, ma3/r —2—+/x+6=22—6,tdo ta c6 2z +6 =10 -2z &

vr+6=5—u.
Phuong trinh tuong duong
<5 11-3V5
) Sr=—F"-".
r+6=2"—10x + 25
11 —3v/5
Vay tap nghiém ctia phuong trinh 1a S = {3; T\/—}

c) Dieu kien: z € R.
Phuong trinh da cho tuong duong véi

20+ 8
V222 4+ 2 4+9—V2a2 —2+1

=x+4

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J

THl: 24+4=0< 2z = —4.
TH2: V222 +2+9— V222 —ao+1=2ma V222 + 2+ 9+ V222 — 2+ 1 =2 + 4, tit d6 ta c6

=
422° + 2+ 9) = 2 + 120 + 36 x:;

2\/2x2+x+9=x+6<:>{

8
Vay tap nghiém cua phuong trinh da cho la S = {—4; 0; ?}

d) Diéu kién: —% < x<6.
Phuong trinh da cho tuong duong véi
(VBr+1-4)+(1-V6—2)+32>— 14z —5=0
3(z —5) 4+ E= 5
V3z+1+4 V6—z+1

3 1
< x =5 hoac +
CoV3r+1+4 J6—x+1
1
+3r+1>0Vr e [—5;6]

t(r—5)Br+1) =0

+3x+1=0.

3 1
Ma -+
V3r+1+4 6—x2+1

Vay phuong trinh da cho ¢6 nghiém x = 5.

G-BAI TAP VE NHA

$>Bai 1. Giai phuong trinh

2(x —1)2
(3 — 7+ 2x)

® L3i gidi.

5 =z + 20.

:1:>—Z x>—z
Dieu kiéen: -2 s - 2
20+ T7#9 x # 1.

Phuong trinh da cho tuong duong
2(x —1)2
(2 —2x)?

2% + 16 + 2v/22 + 7 137
BT o) = a4+ 20 & +2 T —r+20 6 VRFT=1260= "

137
Vay phuong trinh da cho ¢6 nghiém x = - O

$9 Bai 2. Giai phuong trinh vz — 2 + V4 — 4+ /22 — 5 = 222 — 5x.

5 @ Loi gidi.
Diéu kien: 5 <z <4,
Phuong trinh da cho tuong duong

(\/113-2-1)+(\/4—x—1>+<\/2$—5—1):2x2—5x—3

r—3 r—3 2r — 6
il viarl s w3+l
r—3=0
= 1 1 2

— + =2z + 1.
ver—24+1 VJ4d—ax+1 2xr—5+1
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2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J J J
THl: 2 -3=0& 2= 3.
TH2: L — ! + 2 =2z + 1.
V=241 Vi—-z+1 2r-5+1
Vé6i z > g thi V'T' < 3 trong khi VP > 6. Vay phuong trinh nay vo nghiém.
Két luan: tap nghiem ctia phuong trinh 13 S = {3}. O

$>Bai 3. Giai phuong trinh #® + 522 4 62 = (z +2) (V22 + 2+ 5 — ).

® Loi gidi.
Diéu kien: —1 < z < 5.
Ta c6 23+ 522+ 62 = (x4 2)(x+3), viz+2 > 0, Vo € [—1; 5] nén phuong trinh da cho tuong duong

r(r+3)=vV2r+2+V5—=x

Tuwong duong

2 = — —x — T — x ! - ! =
P43z —4=(22+2-2)+ (V5 2) < | 1)( +4+M+2 m+2) 0

1 1
—nénz+4+

1 1
Viz>—-1nénz+4>3md ———— < — > 0.
= SRV s Vi i3+2 Vh—z+2
Vay phuong trinh c6 nghiém duy nhat z = 1. U
¢ Badi 4. Giai phuong trinh \/x+1—2\/4—x:M
V222 + 18
® Loi gidi.
Diéu kien: —1 < x < 4.
Phuong trinh da cho tuong duong
5. (x —3)v2x%+ 18
V212 + 18- (Vo +1—+16 —4z)=5-(z - 3) & =5-(z—3).
v v ) ( ) Vo +1++16 —4x ( )
THL: x —3=0< 2 =3.
TH2: Ta c6
V222 4+ 18 = Vo + 1+ V16 — 4z
& 224+ 3r+1=4/(z+1)4—2)
202 +3x+1>0
4ot +122% + 292 — 422 — 63 =0
r<-—1
= > 1
:L‘ —_—
- 2
(z+1)(2z —3)(22° — T2 +21) =0
& 1v 5
r=—-1Vzxr=-.
2
_ . - L . 3
Vay phuong trinh da cho c6 tap nghiém S = {3;—1;5}. O

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J

x—4

$>Bai 5. Giai phuong trinh 2z +4 — 22—z = m
T

® Loi gidi.
Diéu kien: —2 <z < 2.
Phuong trinh tuwong duong véi

(6x —4)Vx? 4+ 4

=6xr —14
V2r +4— /8 —4x

\/x2+4<\/2x+4—\/8—4x)=6x—4<:>

2+ 4
o (6r—4 1) =0
(6 )(\/2:v—|—4+\/8—4x )
2

& 3
Vo2r+4+4+vV8 —4dx=+Va2+4 (1)

Phuong trinh (1) tuong duong

20+ 12424/ (20 +4)(8 —da) = 2° + 4 & 4V8 — 222 = 2% 4 2z — 8.

Vi -2 <z <2nén 2?+2x —8 <0, ma4v8 — 222 > 0, dau bang x4y ra khi z = 2.

3
Vay phuong trinh c¢6 hai nghiém x = 5 va r = 2. 0

xr—3 _2\/9—9(:
3Vr+l+z+3 oz

¢ Bai 6. Giai phuong trinh

¢L6igi6i.
x—|—120,9—.7:20® —1<x<9
x #0 x # 0.

Phuong trinh tuong duong

Diéu kién: {

(Ve+1-2) (Va+1+2) 29—z
(Ve+1+1) (Ve+1+2) (Ve+1-1)(Vo+1+1)
& Watl-2)Va+l-1)=29-ce2+3-3Va+1-2/9-2=0

B (x —8)Va+1 2(r —8)
& VitiVz+1l-3)+20-v9—2)=0< s ="

Vi vo+1 n 2
i
Ver+1+3 14+vV9—=z

> (0 nén phuong trinh c6 nghiém duy nhat z = 8. OJ

Sr —6)ver—1 -2 V2r —1—
¢S Bai 7. Giai phuong trinh (z—6)ve TO25_ yew 5.

r—3++vVxr—1 B 2
D Loi gidi.
Ditu kien: 47 = T2 el 46 phuong trinh tuong d
1eu Kien: <~ 1 dO ucn 1“111 uon uon
T lWeo1-1#£0 |z#£2 paens & CHone
(VT4 T-30a=T-1) y&=1-5  — VE&=T-5
Vz—1-1) (v —1+2) B 2 B 2 '
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Tuwong duong

Vo = —2:“2:”_12_3)_2“@2(\/3;— — )= (V2z—1-3)

2(x—-5)  2(x-—5)
Vi—142 2z—-1+3

< (x_5)(\/x——11+2_\/ﬁ+3):0

2. PHUONG TRINH QUY VE PHUONG TRINH BAC 1 - BAC 2 Ludn nd luc dé dat duoc thanh quéd

y J/ J J

r—5=0
V2Zz—-1+1=+vz -1
Viz >1nén 2z —1 > /o — 1, vay phuong trinh c6 nghiém duy nhat x = 5. O
$>Bai 8. Giai phuong trinh 22 + 6z + 1 = (2x + 1)v22 + 22 + 3.
® Loi gidi.
1
Vix = —5 khong la nghiém nén phuong trinh da cho tuong duong
2
1
1/512.2_*_2:[;4_3_2:m_z
20 +1
2?2+ 27— 1 _x2—|—2x—1
V2 4+2r4+3+2 2 +1
(2> +22—1=0
=
V222 +22+3=22x—1
(v =—1+2
= 3+V15
r=——"-:
s 2
3+V15
Vay phuong trinh da cho ¢6 nghiem = = —1 + /2, z = +T O
$>Bai 9. Giai phuong trinh 2(1 — z)vV2?2 + 2z — 1 = 22 — 22 — 1.
® Loi gidi.
. r<-—1-— \/5
Diéu kién: o
T > V2 —1.
Phuong trinh da cho tuong duong
(a? + 20— 5) +2(x — 1) (Va? + 20 — 1 - 2)
2(x — 1)(2* + 22 —5
& (2 +2r-5)+ (@~ Dia” + 22 )20
Vi +2x—1+2
P42 -5=0 (1)
Va4 2zx—1=—-2x. (2)
(1) ez =—-1++6.
(2) vo nghiem.
So véi diéu kien, phuong trinh da cho ¢6 nghiem = = —1 4 /6. U

e

250/528 ’ B Nguyén Quéc Duong - 0375113359 ﬂ



Chuong 3. PHUONG TRINH - HE PHUONG TRINH Ludn nd luc dé dat dugce thanh qua

y J/ J J

Bi13. HE PHUONG TRINH

A-DANG TOAN VA BAI TAP

& Dang 1. Hé phuong trinh bac nhét hai dn

] R R . L. o a1z + by = ¢1(1)
a) Dinh nghia Hé phuong trinh bac nhat 2 an x va y la hé c¢6 dang (I):
—_— asx + boy = c2(2)
. a? +b2#£0
vii
a3+ b3 #0
trinh.

. Cap s6 (xo; yo) dong thoi thoa (1) va (2) duge goi 1a nghiém ctia hé phuong

b) Coéng thitc nghiém Quy tic Crame

a; by c1 b a; €
Ky hléll D = = a1b2 — agbl, DI = = Clbg — Cgbl, Dy = =
az by ca by Az C2
a1Cy — A92Cq.
Xét D Két qua
. D, D
D #0 Hé c¢6 nghiém duy nhat (x =5y = ﬁ)

D, # 0 hoac D, # 0 | Heé vo nghieém.

D=D,=D,=0 Heé c6 vo s6 nghiem.

Dé giai he phuong trinh bac nhat hai an ta c6 thé diing cac cach giai da biét nhu: phuong
phap thé, phuong phap cong dai s6, dat an phu dua vé co ban, ....

Phuong phap Crame trén ding dé giai va bién luan hé phuong trinh bac nhéat cé
chita tham sb.

¢) Biéu dién hinh hoc ctia tap nghiém
Nghi¢m (z;y) ctia hé phuong trinh (1) 1a toa do diém M (x;y) thudc ci hai dusng thang:
(dy): a1z + by = ¢1 va (da): asx + bey = ca.
He () ¢6 nghiem duy nhat < (dy: ) va (dp): cét nhau.
Hé (I) vo nghiém < (d;: ) va (d2): song song véi nhau.
He (I) ¢6 vo s6 nghiem < (dp): va (dp): trung nhau.
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3. HE PHUONG TRINH

Luon nd luc dé dat duoc thanh qua

y J/ J J
Cat nhau Song song Triing nhau
@b “_ba o _bh_a
az by Qg B by Co as B by B Co
Y Y Y
(d2) (dy)
. (dy)
f(zo) A (d2) (d2)
7 7
O O / O
Nghiém duy nhat Vo nghiém Vo s6 nghiém
) BAITAP VAN DUNG
1 _ 8 18
$>Bai 1. Gii he phuong trinh :; Z
2yZo51
r oy
o Loi gidi.
Diéu kien: z # 0 va y # 0.
Dat a = — va b = — thi hé tré thanh
x
a 120 11
a—8b =18 - 11 - 120
= =
{5a+4b:51 b:—ﬁ _ 4
TV O 0w
So diéu kién, he phuong trinh c6 nghiém duy nhat: (z;y) = (EO’ —@) 0
10 1
T
S Badi 2. Giai hé phuong trinh x25 Y 3
-1 y+2
® Loi gidi.

s Jr#l
Diéu kién
y# —2
1
a = 1
Dit xl . he tré thanh:
b= ——
y+2

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J
10a+1b=1 a:1 r =06
= 5 &
25a + 3b =2 b= —1 y = —3.
So diéu kién, hé c6 nghiem duy nhat (z;y) = (6; —3) O
1 1
3(x+y)+2<———> =16
¢ Bai 3. Giai he phuong trinh T ?
ﬂx—w+2(—+—):4
r Yy
® Loi gidi.

Dicu kien: z # 0 va y # 0.

(102) ¢ (30-2) =0
(3 2) ~(3-2) -

2 2
Diat a = 3z + — va b = 3y — — thi hé trd thanh
x Yy

Hé phuong trinh tuong duong:

= =
a—b=4 b=1 2

2
{a+b=6 {a:5 dz+ =5
Jy——=1

y

322 = 5x+2=0
3y —y—2=0

=1 z=1 azzg x:g
<:>{ 1hoech —9 hoic 3 hodc 3

= — —2
—2 2 2 =2
So diéu kién, hé phuong trinh c6 nghiém duy nhat: (x;y) = {(1; 1); (1; ?) ; <§, 1) <§, ?)} OJ
3r —6 T
T
¢ Bai 4. Giai he phuong trinh xyj_2 %x
v e — 7
y+1 y—2
® Loi gidi.
N —1
Diéu kién {y 7
y#2
xr—2
a= .
Dit Y1 he trd thanh:
b=——
y—2
-1 r—2 -1
3a+1b=1 a:7;¢$ y+1‘”§'© 20 —4=—y—1 20 +y =3
a+3b="7 b:§ T 5 2x = 5y — 10 2x — 5y = —10.
2 y—2 2

So diéu kién, hé ¢6 nghiem duy nhét (z;y) = (6;—3)

2]z — 6|+ 3|y +1|=5

$>Bai 5. Giai hé phuong trinh
Slr —6| —4ly+1| =1

o
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3. HE PHUONG TRINH

Luon nd luc dé dat duoc thanh qua
y J/ J J
® Loi gidi.
a=|r—6|
{b =ly+1

Dat

) 2a+3b=5 a=1 lz —6]=1
Hé tré thanh: = &
S5a —4b=1 b=1 ly+ 1| = 1.

r—6=1 r—6=1 r—6=-—1 r—6=-—1
= hoac hoac hoa
y+1=1. y+1=-1

oac
y+1=1. y+1=—-1.
& . hos#c v hoac ¢ hoac ¢
y=0. y=0. y=—2. y=—2.
He ¢6 nghiem (z;y) = {(7;0), (5;0), (7; —2), (5; —2)} O
.. 2 —lx—y|=9
¢S Bai 6. Giai hé phuong trinh 24yl =le -yl
3z +y|l+ 2|z —y| =17
® Loi gidi.
= |z +
Dat {a o +yl
b=z —y|
20 — b= =5 =5
He trg thanh:{ s le=5, flety
3a+2b=17 b=1 |z —y| =1
+y=>5 +y=>5 +y=-5 +y=-5
& ey hoac ey hoac ey hoac ey
r—y=1 r—y=-—1 r—y=1 r—y=-—1
x=3 r =2 =2 r=-3
& hodc hoac hoac
y=2. y = 3. y=—3. y=—2.
Hé ¢6 nghiem (2;y) = {(3;2),(2;3), (—2; =3), (—=3; —2)} O
S . . cjlz+my =1
SO Bai 7. Giai va bién luan hé phuong trinh theo tham so
T+y=m.
® Loi gidi.
1 m
D= =1—m.
1 1
1 m
Ta c6: { D, = =1—m
m 1
1 1
D, =m-—1
1 m

TH1. NeuD=0&1-m=0&m=1

. , i C|lreR
Véi m =1 thi D, = D, = 0 nén hé vo so nghiém véi

y=1—xa
254 /528 ’
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH

Luén nd luc dé dat duoc thanh qué

TH2. NeuD#0&1-m#0&m# 1.
D, 1-m?
S Ry Ml g L
Hé ¢6 nghiém duy nhat D _TL
» _
:—:—:—1
4 D 1—m

y J/ J J

Két luan: Khi m = 1, he he vo s6 nghiém véi (z;y) = (2;1 — ).

Khi m # 1, hé ¢6 nghiégm duy nhat (z;y) = (m + 1; —1). O
.. o . |z +my=1
$> Bai 8. Giai va bién luan hé phuong trinh theo tham so6 o
mx+y=m
@ Loi gidi.
)
1 m
D= =1—m?
m 1
1 m
Ta c6: { D, = =1-—m?
m? 1
1 1
D, = =m?—m
m m?
\
TH1. NeuD=0&=1—-m?=0< m = +1.
. eR
Vi m =1thi D, = D, = 0 nén he vo s6 nghicm véi {x L
y=1l-uz
Véi m = —1 thi D, = 2; D, = 2 nén hé vo nghiém.
TH2. NeuD#£0< 1 —m?£0< m £ £1.
D, 1-m® 14+m+m?
xrT = — = =
. _ 2
Hé c¢6 nghiém duy nhat D 1 ) m L+m
_&_m -m __ —m
y_D_l—m2 m+1
Két luan:
Khi m = 1, he hé vo s6 nghiem véi (z;y) = (z;1 — ).
Khi m = —1, hé hé vo nghiém.
Khi m # +1, he ¢6 nghiem duy nhét (z;y) <1+m+m2 _m) 0
im é ¢6 nghiem duy nhat (z;y) = : )
, 1€ gnie y Y lom 'm+l

mx —2y =m — 2

(m — 1) 2

$>Bai 9. Cho hé phuong trinh {
z—y=m"—1

cho v6 nghiém.

. Tim tham s6 m dé hé phuong trinh da

o
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3. HE PHUONG TRINH

Luon nd luc dé dat duoc thanh qua

Tinh dinh thtc

m -2

(m—1)?2 -1

Hé v6 nghiém nén suy ra

V6i m = 2 hé tré thanh

D=0s2m’>-5m+2=0%

y J J J
® Loi gidi.

=m-(=1) = (=2)(m — 1)? = 2m* — 5m + 2.

N = N

20 — 2y =0
rT—y=23

Hé phuong trinh nay vo nghiém. Do d6 m = 2 nhan.
1
Véim = 3 hé tré thanh

1

2
1

4

3
ST 2y =5 r—4y = -3 r=4y—3
32@{ y @{ y

r—4y = -3 yeR

. ) 1. .
Hé phuong trinh nay c¢6 vo s6 nghiém. Do d6 m = 5 loai.

Vay m = 2 thi hé phuong trinh da cho vo nghiém. 0

vo nghiém.

$>Bai 10. Cho hé phuong trinh {

r—my =20

mr—y=m-+1

. Tim tham s6 m dé hé phuong trinh da cho

Tinh dinh thuc

Hé v6 nghiém nén suy ra

V6i m = 1 hé tré thanh

 Loi gidi.

r—y=20
T—y=2

Hé phuong trinh nay vo nghiém. Do d6 m = 1 nhéan.
V6i m = —1 hé tré thanh

{x+y:0 {:v—i—y:O {avz—y
= =
r—y=0

r+y=0 yeR
Heé phuong trinh nay c6 vo s6 nghiem. Do d6 m = —1 loai.
Vay m = 1 thi hé phuong trinh da cho vo nghiém. O

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH

Luén nd luc dé dat duoc thanh qué

y J/ J J

~ = 3 — = 1
$>Bai 11. Cho hé phuong trinh Lo
—mr+3y=m-—4

cho vo nghiém.

. Tim tham s6 m dé hé phuong trinh da

@ Loi gidi.
Tinh dinh thuc

D = =3-3—(—m)-(—m)=9—-m’

Hé v6 nghiém nén suy ra

V6i m = 3 hé tré thanh

3r—3y =1 3r — 3y =
= =
-3z +3y=-—1 3r—3y =1

Heé phuong trinh nay c6 vo s6 nghiem. Do d6 m = 3 loai.
V6i m = —3 hé tré thanh

r+3y=1
v+ 3y =—7
Hé phuong trinh nay vo nghiém. Do d6 m = —3 nhéan.
Vay m = —3 thi hé phuong trinh da cho vo6 nghiém. O
.. R mz + 2y = m? . j . R ~
$> Bai 12. Cho hé phuong trinh . Tim tham s6 m de hé phuong trinh da cho vo
20 +my =4
nghiém.
@ Loi gidi.
Tinh dinh thuc
m 2
D = =m-m—2-2=m?—4.
2 m

Hé v6 nghiém nén suy ra

D:O®m2—4:0(:)[

V6i m = 2 hé tré thanh

20+ 2y =4 r=2—

20 +2y =4 yelR

m = —2.

o
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3. HE PHUONG TRINH

Luon nd luc dé dat duoc thanh qua

Heé phuong trinh nay c6 vo s6 nghiem. Do d6 m = 2 loai.
V6i m = —2 heé tré thanh
—2910—1—2?/:4<:> 20 — 2y = —4
20 — 2y =4 20 — 2y =4
Hé phuong trinh nay vo nghiém. Do d6 m = —2 nhan.
Vay m = —2 thi hé phuong trinh da cho vo nghiém.

ED) BAITAP VE NHA

y J/ J J

> Bai 1. Giai cac he phuong trinh sau

—3®+y—2=
a) )
-3z +2¢/y—2=
—2y+3ly|=6
b {x y + 3yl |
2(z—2y) -yl =5
) 2+z—-3,/y—2=3
C
222 + 22+ /y —2=13
Q) 22° —6r+2y/y—1=—1
z(3—xz)\/Jy—1=3
® Loi gidi.
—3°+\y—-2=1
a) Giai hé phuong trinh Y .
—52°4+2/y—2=3

2
, ta c6 hé phuong trinh

—3utv=1 u=1
=
—bSu+2v=3 v=4
u=1
Véi { 4 ta c6 hé phuong trinh
v =
vt =1 r==+1 ==+l
= =
y—2=4 y—2=16 y=18

r=1 r=—1
Vay hé phuong trinh da cho c6 nghiém , .
y=18 |y =18

U=z
Dét{

V=Y —2

r—2y+3lyl =6
2(x —2y) — [yl =5

u=x—2y . N
Dat , ta c6 hé phuong trinh

v =yl
u+3v==06 u=3
=
20—v =25 v=1

b) Giéi hé phuong trinh {

e
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Chuong 3. PHUGONG TRINH - HE PHUONG TRINH

Luén nd luc dé dat duoc thanh qué

y J J J

u=3
Véi { 1 ta c6 hé phuong trinh

v =

. T = r=1
Vay hé phuong trinh da cho nghiém { , { X
g y:—
?+r—3/y—2=3
c) Giéi hé phuong trinh Y
22° 4+ 22+ /y — 2 =13
par [T he phuong trinh
a , ta c6 hé phuong trin
LR phuong
u—3v =23 u=206
=
2u+v =13 v=1

C|lu=6
V6i { ] ta c6 hé phuong trinh

v =

=6 r=2;x=-3 r=2 xr=-3
& = hoac
Vy—2=1 y—2=1 y=3 y=23

=2
Vay hé phuong trinh da cho nghiém {x g7
y prmng

d) Giai hé phuong trinh
) {x(B—x)\/y—lz?)

, ta ¢6 hé phuong trinh

2% — 3x

u =
bat
* {U:\/y—l

r=-3
y=3

227 —6r+2¢/y —1=—1
=

{2 (2 =3z) +2/y—1=-1
—(2* = 37)\/Jy—1=3

1
{2u+2v:—1 Uu+v=—=
& 2
—uv =3 w = —3
Do d6 u, v la hai nghiém ctia phuong trinh
1 X =-2
X2+§X—3:0<:> 3
T2
3
u—_
Véi 2 ta c6 hé phuong trinh
v=—2
3
2
3 =2
x T =3
y—1=-2
Hé phuong trinh nay vo nghiém.
U= —2
Véi 3 ta c6 hé phuong trinh
V=3
2 — 3z = =2 r=1;2=2 r=1 r=2
o3 ,_9 &, _13 hoic 13
VI YT Y= Y=

o
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3. HE PHUONG TRINH

Luon nd luc dé dat duoc thanh qua
y J J J
r=1 T =2
Vay hé phuong trinh da cho nghiém 13, 13.
Yy=— Yy=—
4 4
U

¢ Bai 2. Giai va bién luan cac hé phuong trinh sau theo tham s6 m

) mr—y+1=0 b) (m—1Dz—y=m-+2
: r+my+2=0 (m+1)z+2y=m-—>5

® Loi gidi.
a) Giai va bien luan theo tham s6 m.

Ta bién doi
m:v—y—i—1:0<:> mx —y=—1
r+my+2=0 T+ my = —2

Tinh cac dinh thtc sau

m —1
D = =m-m—2-2=m?+1.
1 m
-1 -1
D, = =(-1)m—(=2)-(-1)=—-m—2
-2 m
m —1
D, =m-(-2)—1-(—-1)=—-2m+ 1.
1 -2

Ta c6 D =m?+1# 0,Vm € R nén hé phuong trinh da cho luon c6 nghiém duy nhat

D, -—-m-—2
=D T il
D, —2m+1
Y=~ m?+ 1

b) Giai va bién luan theo tham s6 m hé phuong trinh

{(m—l)x—y:m—l—Q

(m+1)z+2y=m-—>5
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J J J
Tinh cac dinh thic sau
m—1 —1
D = =(m—-12—-(m+1)(-1)=3m—1.
m+1 2
m+2 —1
D, = =(m+2)2—(m—->5)(-1)=3m—1.
m-—>5 2
m—1 m+2
D, = =(m-—1)(m—-5)—(m+1)(m+2)=-3m+3.
m+1 m-—2>5

. 1
NéuD:()(:)ZSm—l:O(:)m:gthitacé

1
D,=3-5-1=0, Dy=(-3) 3 +3=2#0

Do dé hé phuong trinh da cho vo nghiém.
. 1 .
NeuD#0&3m—1#0&m# 3 thi hé phuong trinh da cho ¢6 nghiém duy nhat

D, 3m-—1
m=

xzfz?;m—l_
__y_—3m+3
Y=D " 3m-1

Két luan :

. 1
Néu m = 3 thi hé phuong trinh da cho vo nghiém.
. 1 .
Néu m # 3 thi hé phuong trinh da cho ¢6 nghiém duy nhat
r=1

—3m + 3

y= 3m —1

OJ

> Bai 3. Tim tham s6 m dé he phuong trinh sau ¢6 nghiem duy nhat. Khi d6 hay tim hé thic
lien he gitta z va y doc lap do6i véi m.

) mr—y=1 b) mx +y =2m
a
r+4(m+ 1)y =4m r+my=m-+1

® Loi gidi.
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3. HE PHUONG TRINH Ludn nd luc dé dat duoc thanh quéd

y J J J
a) Heé phuong trinh
mr—y=1
r+4(m+ 1)y =4m
Tinh cac dinh thtc sau
m —1
D= =4m(m +1) — (=1)1 = 4m? + 4m + 1.
1 4(m+1)
1 —1
D, = =4(m+1) —4m(—1) = 8m + 4.
dm  4(m+ 1)

Heé phuong trinh c6 nghiém duy nhat khi

1
D7é0<:>4m2+4m+17é0<:>m7é—§

Nghiém duy nhat ctia he

D, 8m +4 B 2
TTD T2t am+1 2m+1
Dy 4m? — 1 2m — 1 2
y= L= = =

— — —1_
D Am2+4dm+1 2m—+1 2m +1

T he heé thiic trén, cong vé theo vé clia hai phuong trinh ta suy hé thiic lién hé gitta z va y doc
lap déi véi m 1a

r+y=1
b) Hé phuong trinh
mx+y =2m
r+my=m-+1

Tinh cac dinh thtc sau

D= =m?— =(m—1)(m+1).
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Ludn nd luc dé dat duoc thanh qua

y 4/ J J
2m 1
D, = =2m?’—m—1=2m+1)(m—1).
m+1 m
m  2m
D, = =m?>—m=m(m—1).
I m+1

Heé phuong trinh c¢6 nghiém duy nhat khi
D#0em?—-1#4£0em#+1

Nghiém duy nhat ctia he

x_&_(Qm—i—l)(m—l)_Qm—i—l_ 1
(m—1)(m+1) m+1 m+1

D,  mm-1)  m 4 1

y_f_(m—kl)(m—l)_m—i—l_ m+1

Tt hé hé thiic trén, trit vé theo vé clia hai phuong trinh ta suy hé thitc lien hé gitta x va y doc
lap déi véi m 1a
r—y=1

OJ

$>Bai 4. Tim tham s6 m nguyén dé cac hé phuong trinh sau c6 nghiém duy nhat (z;y) nguyén.

mx+4y=m+2 mx +y =2m
a) b)

rT+my=m r+my=m-+1

D L&i gidi.

a) Hé phuong trinh
mx + 4y =m + 2
rt+my=m

Tinh cic dinh thiic sau

m 4
D= =m?—4=(m—2)(m+2).
1 m
m+2 4
D, = =m(m+2) —4m = m(m — 2).
mom
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3. HE PHUONG TRINH

Luon nd luc dé dat duoc thanh qua

264/528 ’

m m+2
D, = =m?—m—2=(m+1)(m—2).

Heé phuong trinh c¢6 nghiém duy nhat khi
D#0<& (m—2)(m+2)#0&m#+£2

Nghiém duy nhat ctia he

D, mm-2)  m 2
x_f_(m—2)(m+2)_m+2_ Cm42
_Dy_(m-l—l)(m—Z)_m—i—l_l_ 1
y_f_(m+2)(m—2)_m+2_ m+ 2

Heé phuong trinh da cho ¢6 nghiém (z;y) nguyén nén suy ra

2
A
m 4+ 2 <
1
ez
m + 2
Do m nguyén nén suy ra
2:(m+2 )
( ):>1:(m—|—2)
1:(m+2)
Suy ra
m+2=1 m=—1
=
m+2=-1 m= —3

Vay m = —1; m = —3 thi hé phuong trinh da cho c6 nghiém (x;y) nguyeén.

b) Hé phuong trinh

mx+y =2m
r+my=m-+1

Tinh cac dinh thic sau

m 1
D= =m?—1=(m—1)(m+1).
I m
2m 1
D, = =2m*—m—1=2m+1)(m—1).
m+1 m

y J/ J J

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J
m  2m
D, = =m?—m=m(m—1).
1 m+1
Heé phuong trinh c6 nghiém duy nhat khi
D#0e&m?>—1#0&m#+1
Nghiém duy nhat ctia hée
D, (2m+1)(m—-1) 2m+1 1
xr = — = f— = e
D (m—1)(m+1) m+1 m+1
D, mm—-1)  m 1
y_D_(m+1)(m—1)_m+1_ m+1
Hé phuong trinh da cho ¢6 nghiém (z;y) nguyén nén suy ra
1
ez
m+ 1
1
€z
m+1
Do m nguyén nén suy ra
1:(m+1)
Suy ra
m+1=1 m =0
=
m+1=-1 m = —2
Vay m = 0; m = —2 thi hé phuong trinh da cho ¢6 nghiém (z;y) nguyén.
OJ

$>Bai 5. Tim tham s6 m nguyén dé cac hé phuong trinh

a) {(m o — oy = & c6 nghiem duy nhat (zg, yo) théa man |2zy — yo| = 3.

T4+ 2y=3m+2

, €6 nghiem duy nhat (zo,yo) thoa man y5 = 2.
rT—my=2—m-—m

b) {mx—l—y:?)m—i-l

® Loi gidi.

D=2m+1)+m=3m+2
a) Tacé { D, =2(3m +2) +m(3m +2) = 3m> + 8m + 4
D, = (m+1)(3m +2) — (3m + 2) = 3m* + 2m.
—2

Heé phuong trinh da cho c¢6 nghiém duy nhat khi D # 0 = m # R
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3. HE PHUONG TRINH Ludn nd luc dé dat duoc thanh quéd

V' J J J
Dx_3m2—|—8m+4 Dy_3m2—|—2m

61 nghiém 13 == —— =—=——1th a0 |2xq — = 3 ta dug
V6i nghiém la x D amta N T ] py— ay vao |2zg — yo| = 3 ta duge

3m>+8m+4  3m?+2m

=3
3m + 2 3m + 2
= [3m® 4+ 14m + 8| = |[9m + 6]
[3m® +5m+2=0
= 2
13m”+23m +14 =10
'm = —1 ( nhan )
-2
m = —( loai)
o 3
m= —7
= ——( loai).
m 3( oal)
Vay m = —1, m = —7 la gia tri can tim.
D=-m?—1<0, Vm
b) Taco § D, =—m@Bm+1)+m?>+m—2=—2m>—2
Dy=-m*—m*+2m—-3m—1=-m*—m> —m— 1.
Do D # 0¥m nén hé da cho ludn c¢6 nghiém duy nhat véi nghiem 13
D, —2m?-2 5 D, —m3—m?—-m -1 4
Tp=— = — = = — = = m .
"D -1 7" D —m2— 1

m=1

Thay vao y32 = 2z ta duge (m+1)? =4 & [ 3
m = —3.

Vay m = 1,m = —3 la gia tri can tim.

$>Bai 6. Tim tham s6 m dé cac hé phuong trinh sau c¢6 vo s6 nghiem.

) xr—my =20 b) T+ my = 3m
a
mx —y=m+ 1. mx +y = 2m + 1.

® Loi gidi.
D=—-1+m?
a) Tac6 { D, =m?+m
Dy,=m+1.
Hé phuong trinh da cho c¢6 vo sd nghiém khi va chi khi
([m=1
D=0 —1+m*=0 m = —1
D,=0={m*+m=0 &< [m=0 em=-1
D,=0 |m+1=0 m=—1
(m=—1
Vay m = —1 la gia tri can tim.
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

D =1-—m?
b) Ta cé { D, = —2m?* + 2m
D, = —3m%+2m+1.
Heé phuong trinh da cho c¢6 vo sd nghiém khi va chi khi

((m=1
_m——l
D=0 1-m?*=0 ‘m =0
D,=0=< —2m*>+2m=0 & m=1 Sm=
D,=0 —3m*+2m+1=0 M — 1
-1
m= —
\ L 3

Vay m = 1 1a gia tri can tim.

$>Bai 7. Tim tham s6 m dé cac hé phuong trinh sau c¢6 vo nghiem.

) mr+y=m+1 b xr—my =20
a
T+ my =2 mr —y=m-+1

® Loi gidi.
D=m?-1
a) Taco ¢ Dy =m*+m —2
Dy=m—1.
m=1
Xt D=0=m?>-1=0«
m = —1.

Véim=1= D, =0,D, =0 khi d6 he vo s6 nghiem.
V6i m = —1= D, = —2 # 0 khi d6 hé vo nghiém.

Vay m = —1 la gia tri can tim.
D=—-1+m?
b) Tacoé { D, =m? +m
Dy, =m+1.

m=1
Xt D=0=-14+m?’=0« [
m = —1.
V6im=1= D, =2 # 0. khi d6 hé vo nghiém.
Véim=—-1= D, =0,D, =0 # khi do hé vo s6 nghiém nghiém.
Vay m = 1 la gia tri can tim.

$>Bai 8. Tim tham s6 m dé cac he phuong trinh sau c¢6 ¢6 nghiém.

) 3z —my =1 b (m+1l)z—y=m+1
. —mz+3y=m—4. r+my = 2.

y J/ J J

o
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3. HE PHUONG TRINH Ludn nd luc dé dat duoc thanh quéd

yV J J J
o Loi gidi.
D=9-m?
a) Taco { D, =m?—4m+3
D, =4m —12.
Hé phuong trinh c6 nghiém khi va chi khi
'{m#fi
i 3 m# —3
m# —3 m=3 m # 3
D = N
D —0: m°—9=0 & m=-3 & | |[m# -3 &m#-3.
v m® —4m+3 =0 ¢ [m=3 m=3
D,=0
| (4m —12=0 m =
m =

Vay m # —3 la gia tri can tim.

b) Taco D=m*+m+1>0VYmeR.
Vay hé phuong trinh luon c6 nghiém véi moi m € R.

2 Dang 2. Hé gém 1 phuong tinh béc nhét va 1 phuong trinh bac hai

ax +by =c (1)

® Dang téng quat ]
S BERS H de® +exy + fy* +gr+hy =i (2)

® Phuong phap giai: Tt phuong trinh bac nhat (1), rat = theo y (hodc y theo ) va thé vao
phuong trinh bac hai (2) dé gidi tim z (hogc tim y).

¥ BAITAP VAN DUNG

. . . s s 5r — 2y° = 32
$SBai 1 (Trwong Trung Hoc Thuwe Hanh Sai Gon). Giai hé phuong trinh {3:6 N Y B
T +y =22
® Loi gidi.
Tr =
51 — 2y° = 32 51 — 2(22 — 37)* = 32 — 182% + 269z — 1000 = 0 125
= = = r=—
3z +y =22 y=22-3x y=22-3x 8
y=22— 3z
[ |z =8
y=-2
125
r=—
8
_7
L Y= 6
S . ~ . . 125 7
Vay hé phuong trinh da cho cho ¢6 nghiem (z;y) € | (8; —2); 756 d

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J

20 —y =95
P try+yi="1.

%> Bai 2 (THPT Nguyén Hiru Huén - Tp.HCM). Giai he phuong trinh {

® L3i gidi.

20—y =5 y=2r—95 y=2r—95 =1
2 2 <9\ 2 9 < 9 & &
rHay+y =7 +x2r -5+ 2x—-5)*"=7 T —25x+18=0 18

T
[ [z =1
y=-3
18
r=—
7
_1
T 18 1
Vay hé phuong trinh da cho cho ¢6 nghiém (z;y) € {(1; —3); (7, ?)} O
o R in 2 3y =2
4> Bai 3 (THPT V& Vén Kiét - Tp.HCM). Giéi he phuong trinh { @ 7
Ty +z+y+6=0.
@ Loi gidi.
2 —3y x—2_3y
2r + 3y =2 =" x:2_3y 2
6—0(:} 2 _ 3y 2 _ 3y & 2 & y=-2 &
Wrrry+o= ( )y—l— +y+6=0 3Py +14=0 7
2 2 y=-
3
[ [z =14
y=—2
x—_§
2
_7
s 5 7
Vay hé phuong trinh da cho cho ¢6 nghiém (x;y) € {(4; —2); (—5; §>} O

B BAITAP VE NHA

20 —y—7=0

$>Bai 1 (THPT Dién Hong - Tp. HCM). Giai h¢ phuong trinh {y2 %oyt d=0.

® L3i gidi.

20 —y—7=0 y=22x-7
2 2 _n" 2 2 _
Yy —ax"+2r+2y+4=0 2 -7 —2*+20+22x-7)+4=0

[ [z =3
=92x -7 —
O sl T=3 & _ 3
3x* —22x4+39=0 13 =3
rT=—
3 _9
L y—3.

269/528" B Nguyén Quéc Duong - 80375113359 ﬂ



3. HE PHUONG TRINH Ludn nd luc dé dat duoc thanh quéd

y J/ J J

1
Vay hé phuong trinh da cho cho ¢6 nghiem (z;y) € {(3; —1); (;, g)} 0

r+y+8=0
2%+ y* 4 62 4+ 2y = 0.

> B&ii 2 (THPT Nguyén Chi Thanh - Tp. HCM). Ciai hé phuong trinh {

® Loi gidi.
r+y+8=0 r=—-8—1y r=—-8—y
2, .2 = 2, .2 = 2 S5 lv=—4 -
¥4y +6x+2y=0 (=8 —y)*+y°+6(—8—y)+2y=0 20+ 12y + 14 =0
Y
r=—4
y=—4

x=—6
y=—2.

Vay hé phuong trinh da cho cho ¢6 nghiém (z;y) € {(—4; —4); (—6; —2)}. O

2r+y=4

> Bai 3 (THPT TRUNG PHU Tp. HCM). Giéi hé phuong trinh 5 >
3 +y  —xy—5z+2y=4

® Loi gidi.
2 +y=4 o y=4—-2z (1)
322+ —ay—br+2y =4 34+t —ay—br+2y=4. (2
Thay (1) vao (2) ta dugc phuong trinh
r=1
322+ (4—21)* —x(4—22) =5 +24—-22) =492 =292+ 20 =0 & 20 -
S
TH 1. Véi x = 1 thay vao (1) = y = 2.
20 4
TH 2. Véi x = n thay vao (1)=y = ~9
. L . ~ . 20 4
Vay nghiém ctia hé phuong trinh da cho 1a (z;y) = {(1;2), 5 o)) O

322 +2x —y =8

<> Bai 4 (THPT Marie Curie Tp. HCM). Giai he phuong trinh <
r°+5r+2y=0

® Loi gidi.
3r°4+2xr —y =28 3x°4+2xr —y=38 132z + 7y = =8 y=——77— (1)
) e, S & 7
r*+dr+2y=0 3z° 4+ 152 + 6y =0 32°+2x —y =38 32242 —y =8, (2)
Thay (1) vao (2) ta dugc phuong trinh
=1
—13z — 8 v
3x2+2x—+:8®21x2+27x—4820(:) 16 -
T
TH 1. V6i = 1 thay vao (1) = y = —3.
16 152
TH 2. Véi x = — thay vao (1)=y = TR
" L . N ~ N 16 152
Vay nghiém ctia hé phuong trinh da cho la (z;y) = | (1; =3), =0 ) O
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J
20+ 4/3—y=4
$>Bai 5 (THPT Nguyén Hiru Quén Tp. HCM). Giai hé phuong trinh .
2 —y =
@ Loi gidi.
2¢ + /3 — y—4 2z + 3—y:4 2r+vVh—22=4 (1)
?—y=2 y=x*—2 y=x*—2 (2)
Giai phuong trinh (1)
20+ Vb —ax? =
S Vh—ax2=4-2zx
4 — 2a7 >0
=
(4 —2z)?
z <2
4
{537 162 +11=0
Tz <2
& { = 1.
V6i & = 1 thay vao (2) = y = —1.
Vay nghiém ctia hé phuong trinh da cho 1a (z;y) = (1; —1). O
2r —y =5

a) $>Bai 6. Giai he phuong trinh  b) Giai hé phuong trinh {

2 2 _
{4x2—3xy+y2:1 ety +y =7

20 —y—1=0
2z +y=3
¢) Giéi hé phuong trinh { . Y 2_ 4 d) Giai hé phuong trinh
R 2+ 2y+yP—r—y==6
r—2y=3
42 — 3zy +y2 =1 +2y=5
e) Giai hé phuong trinh A f) Giai hé phuong trinh a:2 4 .
2r—y+1=0 o4+ 2y° — 22y =5
g) Giai hé phuong trinh  h) Giai hé phuong trinh
20% —axy + 3yt =Tw+ 12y — 1 e —xy+3y°+2r -5y =4
r—y+1=0 r+2y—4=0
i) Giai hé phuong trinh  j) Giai hé phuong trinh
2z —3y—2)(x—5y—3)=0 Qe+2y+1)(xz+2y+2)=0
r—3y—1=0 zy+y? +3y+1=0

® Loi gidi.
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3. HE PHUONG TRINH Ludn nd luc

dé dat duoc thanh quad

272/528 ’

4 —3xy +12 =1 4a® = 3xy+y =1. (1)
a) &
2c —y—1=0 y=2r-1 (2)

Thay (2) vao (1) ta dugc phuong trinh

4o =32z — 1)+ 2x— 1) =122 —r=0&

| = O

TH 1. V6i = 0 thay vao (2) =y = —1.

1
TH 2. Véi x = 5 thay vao (2)=y = 0.

1
Vay nghiém ctia hé phuong trinh da cho 1a (z;y) = {(O; —-1), <—‘ 0)}

27
b) 20 —y =5 - y=2x—-5 (1)
P ray+yt =7 P+ry+yi=7 (2)

Thay (1) vao (2) ta duge phuong trinh

4+ x2r—5)+ 2 -5 =TT —-25r+18 =0« 18 -

TH 1. Véi x = 1 thay vao (2) = y = —3.

18
TH 2. Véi x = = thay vao (2)=y =

- =

18 1
Vay nghiém ctia hé phuong trinh da cho l1a (z;y) = {(1; -3), (7, ?)}
) 20 +y =3 - y=3—-2z (1)
c
v +ay 4yt =3 ?+ry+y =3 (2)
Thay (1) vao (2) ta duge phuong trinh

T =
x2+x(3—2x)+(3—2m)2:3©3x2—9m+6:0<:>[
=

TH 1. Vé6i x = 1 thay vao (2) =y = 1.

TH 2. Véi x = 2 thay vao (2)=y = —1.

Vay nghiém ctia hé phuong trinh da cho la (z;y) = {(1;1), (2, —1)}.
Q) {x2—|—2xy+y2—x—y=6 {x2+2xy+y2—x—y=6 (1)

r—2y=3 r=34+2y (2)
Thay (2) vao (1) ta dugc phuong trinh

y J/ J J

B+2y)*+2B3+20)y+v*—B3+2y) —y=6< 9>+ 15y =0 < 5.

TH 1. Véi y = 0 thay vao (2) = z = 3.
1

)
TH 2. Véiy = —3 thay vao (2)= z = -3

1 5
Vay nghiém ctia hé phuong trinh da cho la (z;y) = {(3; 0), (——‘ ——) }

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Ludn nd luc dé dat dugce thanh qua

) 42 — 3wy +y* =1 - 42 = 3zy+y* =1 (1)
Yo —ysr1=0 y=20+1 (2)
Thay (2) vao (1) ta dugc phuong trinh
r=0
422 = 3z2x+ 1)+ 2z + 1)’ =12 +2=0& 1.
T=—3
TH 1. V6i x = 0 thay vao (2) =y = 1.
1
TH 2. Véi x = —5 thay vao (2)=y = 0.
. 2 ~ N ~ N 1
Vay nghiém ctuia hé phuong trinh da cho 1a (x;y) = {(0; 1), (—5; O) }
f r+2y=>5 r=5—-2y (1)
22+ 2y — 2y =5 2 -2y =5 (2)
Thay (1) vao (2) ta duge phuong trinh
(5—2y)2 +2y% — 2(5 — 2y)y = 5 < 10y% — 30y + 20 = 0 & [yi
TH 1. Véi y = 1 thay vao (1) = o = 3.
TH 2. V6i y = 2 thay vao (1)= z = 1.
Vay nghiém ctia hé phuong trinh da cho la (z;y) = {(3;1), (1;2)}.
) 20 —xy+ 3y =Tr+ 12y — 1 207 —ay+ 3y =Tr + 12y —1 (1)
Thay (2) vao (1) ta duge phuong trinh
x=4
202 —z(z+ 1) +3(x+1)2=Tz+12(z+1) -1 42? — 142 -8 =0 &
r=—
TH 1. V6i = = 4 thay vio (2) = y = 5.
1 1
TH 2. Véi x = —5 thay vao (2)=y = 5
. , N - . 11
Vay nghiém ctia hé phuong trinh da cho 1a (x;y) = {(4; 5), (—5; 5)}
h) ? — Yy + 3y + 22 — 5y =4 v —ay+ 3y +22—-5y=4 (1)
r+2y—4=0 r=4-2y (2)
Thay (2) vao (1) ta duge phuong trinh
y=1
(4—29)%—(4—2y)y+3y>+2(4—2y) — by =4 9> —292+20 =0 & 20 .
Y=

TH 1. V6i y = 1 thay vao (2) =z = 2.

20 4
TH 2. V6iy = n thay vao (2)= z = ~9

4 2
Vay nghiém ctia hé phuong trinh da cho la (x;y) = {(2; 1), (—5; 30) }

y J/ J J
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3. HE PHUONG TRINH

Luon nd luc dé dat duoc thanh qua

L [2r—=3y—2)(z—-b5y—3)=0
2 {x—3y—1:0

(2(3?J+1)—3y—2)(3y+1—5y—3):O<:>—6y2_6y:()@[

“|

Thay (2) vao (1) ta duge phuong trinh

y J/ J J
(2x —3y—2)(x —5y—3)=0 (1)
r=3y+1 (2)

y=20
y=-1

TH 1. Véi y = 0 thay vao (2) = = = 1.
TH 2. Véi y = —1 thay vao (2)= z = —2.

Vay nghiém ctia hé phuong trinh da cho 1a (z;y) = {(1;0), (=2; —1)}.

CACH KHAC

(2x —3y—2)(zx—by—3)=0
r—3y—1=0

20 —3y—2=0 r=1
r—3y—1=0 y=20
=

z—5y—3=0 r=-2
r—3y—1=0 y=—1

Vay nghiém ctia hé phuong trinh da cho 1a (x;y) = {(1;0), (=2; —1)}.

) (x+2y+1)(m+2y+2)20@ {xy+y2-|—3y-|—1:0
{x+2y+2:0

zy+y +3y+1=0

® Giai hé phuong trinh (1)
r+2y+1=0
wy+y*+3y+1=0

(—2y—Dy+1y*+3y+1=0 -2 +2y+1=0«

“|

xr =

r+2y+1=0

(1)

(2)

y+y*+3y+1=0

—2y—1 (3)

ry+y  +3y+1=0 (4)
Thay (3) vao (4) ta dugc phuong trinh

TH 1. Véi y = 1 + /2 thay vao (3) = » = -3 — 2V/2.
TH 2. V6i y = 1 — /2 thay vio (3)= 2 = =3 + 2V/2.

@ Giai he phuong trinh (2)
r+2y+2=0
vy +y  +3y+1=0

|

Thay (5) vao (6) ta duge phuong trinh

(—2y -2y +v*+3y+1=0< > +y+1=0&

!
TH 1. Véi y = +2‘/3

TH 2. Véiyzl_

y=1+\/§
y=1-v2
r=-2y—2 (5)
ry+y  +3y+1=0 (6)
_1+46
y_ 2 .
15
YT

thay vao (5) = z = —3 — /5.

)
thay vao (5)= r = —3 + /5.

Vay nghiém ctia hé phuong trinh da cho la

= {(_3_2\/5;1+\/§)’<_3+2\/§;1_\/§>’(—3—\/3; 1+\/5) 7 <_3+\/3; 1_\/g>}.

2 2

O
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH

Luén nd luc dé dat duoc thanh qué

$>Bai 7. Giai he phuong trinh

a) {WZQ

22+ 9% —ay =19

Vr—d+/y—1=4
r4+y=15

0 Vi+l—y/y+2=1
r+y=10

TH+\y+3=4 2r++y—2+4=0 V2r+y+1l—vr+y=1
d) ) £)
y+vVr+2=3 2y +Vr+2=4 3x+2y=4
® Loi gidi.

) {\/2x—y+3:2

22 +y? — zy = 19.

\/2r — 3=2
Tacé{ Tyt <:>{

2?4+ y? —xy =19

b Vr—4+/y—1=4
x+y=15.

2 —y+3=4
v+t —ay =19

y=2x—1
2+ (2 -1 —2(22 —1) =19

y=2r—1

{3x2—3x—18=0

(y =22 —1

§ |z =3
[x:—Q

\
[ [z =3
{y=5
r=-2
_{y=—5

bat vz —4=A, \Jy—1= B (A, B > 0). Hé phuong trinh tré thanh:

A+B=4 _ [B=4-A
A*+B* =10

CA=1 ver—4=1
o V61 B—3ta06

L [A=3 [V —4=3
e Vii B_ltaco

B=4-A

= =
A2+ (4— A =10 24?7 —8A+6=0 {A:3

=4 =4
y—1=3 y—1=3
r—4=9

= =

{A =1
B=3
(TMDK).

B=1

r=2>5

y=4

xr=13
y=2

Vay nghiém ctia hé phuong trinh da cho la (z;y) = {(5;4), (13;2)}.

0 Ve+l—y/y+2=1
r+y=10.

biat ve+1=A, Vy+2= B (A, B >0). Hé phuong trinh tré thanh:
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3. HE PHUONG TRINH Ludn nd luc dé dat duoc thanh quéd

y J/ J J

A=3
{A—le {B:A—l {B:A—l B=2

A2+Bi-13 "

= = .
A2+ (A-1)*=13 247 —2A—-12=0 A=-2 ,
(loai)
B=-3
Vo A=3t ) vw—|—1=3© a:+1:9(:) r=38
o V6i a co :
Vay nghiém ctia hé phuong trinh da cho la (z;y) = {(8;2)}.
Q) {x—i— y+3=4
y+vr+2=23.
Dit vz +2=A,Vy+3=B (A B>0)
He phitong trinh 0 thanhs . 00 (1)
¢ phuong trinh tr6 thanh:y - hy @)
Lay (1)—(2)= A>+B—-A-B*=0& (A-B)(A+B—-1) =0« A=B=0
Y N T A+B-1=0

.S A=B=2.
A = —3 (loai) e

oVéiA:B,th:(l):>A2+A—6=O<:>[

eVGiA+B-1=0=A+B=1.DoAB>0nén0< A B<1. SuyraA?+ B < 2, mau
thuan véi (1).

vV 2=2 2=4 =2
AszZ@{ v {IJF {x )

= =
Vy+3=2 y+3=4
Vay nghiém ctia hé phuong trinh da cho la (z;y) = {(2;1)}.
) {2x+\/y—2+4:0
e
2y + Vo +2=4.

2+ B=0 (1)

biat Ve +2=A, y—2= B (A, B > 0). Hé phuong trinh tré thanh: {232 LA—0 (@)

Do A,B>0neén (1) = A= B=0. (ta thily A = B =0 cling théa (2))

vr+2=0 2=0 = -2
A=B=0% = T = o .
Vy—2=0 y—2=0 Yy =2

Vay nghiém ctia hé phuong trinh da cho la (z;y) = {(—2;2)}.

; {W—M=1

3z + 2y = 4.
bat V2r+y+1=A, Jx+y= B (A >0,B > 0). Hé phuong trinh tré thanh:

A=2
A-B=1 - B=A-1 - B=A-1 - B=1
A*+B*=5 A2+ (A-1)72=5 24 —2A—4=0 {A:—l

B=-2
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Ludn nd luc dé dat dugce thanh qua

W”i{ ,{\/ €T y —2 {:E-i-y-l- — {x—

ta co .
B=1 Ve+y=1 r+y=1 y=—1

Vay nghiém ctia hé phuong trinh da cho 1a (z;y) = {(2; -1)}.

& Dang 3. Hé phuong trinh déi xirng va déng cdp

HE PHUCONG TRINH DOI XUNG LOAI I

®@ Dau hiéu nhan dang: Khi thay ddi xi trf  va y cho nhau thi hé khong thay ddi va trat tu
cac phuong trinh ciing khong thay doi.

® Phuong phap giai: Bién doi vé dang tong va tich.

S=x+y

P=zxy

Giai he vé6i an S, P véi dicu kién hé c6 nghiem (z;y) 1a S% > 4P.

Tim nghiém (z;y) bang cach thé vao phuong trinh X? — SX + P = 0.

Dat

A Mot s6 biéu thic déi zing thuong gap
a) 2 +y* = (v +y)? — 2zy = S? — 2P.
b) 2 +y3 = (z+y)? — 3zy(zr +y) = S — 3PS.
c) (x—y)?=(z+y)? —4zy = S* — 4P.
d) ot +y* = (a2 4+ 92)? — 222 - % = §* — 452P + 2P2.
e) ot +yt + 2%y = (2 —ay +9°) (@ +ay +9°) = ...
HE PHUONG TRINH DOI XUNG LOAT 1T

®@ DAu hiéu nhan dang: Khi thay ddi xi trf # v y cho nhau thi hé khong thay doi va trat tu
cac phuong trinh thay doi(phuong trinh nay thanh phuong trinh kia).

®@ Phuong phap giai: Lay vé trit vé va phan tich thanh nhan ti, lic ndo ciing dua duge ve
dang (z —y) - f(x) =0, tic luon c6 = = y.

A\ Déi vdi hé déi xing loai II chita can thie, sau khi trit ta thuong nhan luong lien hop.
2

, T+ =2

Chang han: < Vi=2y

VE = Vi

= 2 -y + (VT — /Y) = 2(y — ) va nhan ligng lien hop

HE PHUONG TRINH DANG CAP BAC HAI
ayr? + bizy + C1y2 =d;

® Dang téng quat: { (1)

CL2$2 iy bg.’Ey iy C2y2 = d2
dg(a1$2 + blxy + clyQ) = dl . d2 (1)

dl(a2x2 + bQIL'y + 02y2) = d1 . d2 (2)

Léy (1) = (2) = (a1d2 = CLle) . x? + (b1d2 = bgd1> - Y + (Cldg = Cle) 0 y2 =0. Déy la phlfdl’lg
trinh dang cap bac hai nén sé tim dugc méi lien heé giita x, y bang phép chia.

® Phuong phap giai: (i) & {

A Mot s6 bai todn nang cao, ta cé thé sit dung phuong phdp thé cum dé tao thanh ddang cdp.
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3. HE PHUONG TRINH Ludn nd luc dé dat duoc thanh quéd

y J/ J J

) BAITAP VAN DUNG

$>Bai 1. Gidi cac he phuong trinh sau (déi xing loai 1):

2x+2y 4+ xy

(THPT Nguyén Chi Thanh - TP.HCM)
P+ +r+y=18

x+xy+y—3

{
{
I

(THPT Hung Vuong - TP.HCM)

r+y+2xy=1

(THPT An Duong Vuong - TP.HCM)
=1

T+y+ay="7

(THPT V6 Truong Toén - TP.HCM)
% +y* = 10

 Loi gidi.

) 20+ 2y =4+ xy
a
Pty =18
2@ +y)=4+uay

Hé phuong trinh da cho tuong duong véi .
°P 8 s s {(a:+y)2—2xy+x—|—y:18

S=x+ N

Dat { v y, (diéu kien c6 nghiem S? > 4P).
P=uxy

Khi d6 hé phuong trinh tré thanh

28 =4+P o P=25-4
S5?—2P+ 5 =18 S§?—-35-10=0
S=5PFP=6
’ théa S > 4P
[S=—2,P=—8( %0 57 > 4P)
]S =5 S X=2
e VGi P khi d6 z, y la nghiém ctia phuong trinh X? —5X +6 = 0 < X _3 =
r =3 T =2
V .
{y=2 {y=3
P S:_ . 2 N N 2 ~ 2 X:
e VGi p_ 8khldox,ylanghlemcuaphUOngtrth +2X-8=0<« X 4:>

Vay hé phuong trinh ¢6 nghiem 1a (3;2),(2;3), (—4;2), (2; —4).

r+axy+y=3
b) 22y 4+ xy? = 2.
(z+y)+zy=3

Hé phuong trinh da cho tuong duong véi
zy(r+y) =2

S=x+ .
Dat { y, (dieu kien c6 nghiem S? > 4P).
P=uxy
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Ludn nd luc dé dat dugce thanh qua

y J/ J J

Khi d6 hé phuong trinh tré thanh

SP =2 5?2 -3594+2=0
S=2P=1 (théa S*>4P)
S=1,P=2 (khong théa S* > 4P)

{S+P:3 {P:3—S
=

S=2 =
e V6i { 1 khi d6 z, y 1a nghiém ctia phuong trinh X2 -2X +1=0& X =1= {x

Vay hé phuong trinh ¢6 nghiém la (1;1).
r+y+2zy=1
c) 2 2 _
4y =1
S=x+ .
Dat {P y’ (diéu kién c6 nghiem S? > 4P).

= :L"y
Khi d6 hé phuong trinh tré thanh

S+4+2P=1 - 2P=1-5
S?2—2P =1 S2+85-2=0
S=1,P=0 (théa S*>4P)

S=-2P= g (khong thoa S* > 4P)

P=0

=1
y=0

Vay hé phuong trinh c¢6 nghiém 1a (0; 1), (1;0).

S=1_ . R . X . ) X=0 x=0
e Véi khi d6 z, y 1a nghiém ctia phuong trinh X- — X =0 & X1 = ) \%

r+yt+ay="7
d) 4 2 o
z° +y° = 10.

S=z+ .

Dat { . y, (dieu kien c6 nghiem S? > 4P).
P=uxy

Khi d6 hé phuong trinh tré thanh

S+P=T1 P=7-8
{52—213:10@ {52+2S—24:0
S=4,P=3 (théa S*>4P)
[S:—G,P:B (khong thoa S? > 4P)

S = X =3
e VGi {P ~, khi d6 z, y la nghiém cta phuong trinh X2 -4X+3 =0« [X 1 =
r=3 r=1
\% .
{y =1 {y =3
Vay hé phuong trinh c¢6 nghiém 1a (3;1), (1; 3).
O
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3. HE PHUONG TRINH

Luon nd luc dé dat duoc thanh qua

B BAITAP VE NHA

y J/ J J

> Bai 1 (THPT Trdn Van Giéu - Tp.HCM). Giéi hé phuong trinh {

Pty +yt =7
zy+T7T=x+y.

 Loi gidi.

Dit {z-i—y:a
xy=>=

2 2
P A
Khi d6 he tr thann 4 & 7Y T =T Ja ¢
r+y—zy="7 b

=0 =0 =7 = -7
Vé6i {a @{x-ﬁ-y ®{$ v hoac {m \/_

b= -7 zy = —T y=—7

o |a=1 r+y=1 T =2 rT=-3
Vé6i & = hoac .
b= —6 xy = —6 y=-3 y =2

Vay hé phuong trinh da cho ¢6 4 nghiém (z,y) 1la (V7; —v/7),

(—VT;V7),(2;-3), (—3;2). O

$> Bai 2 (THPT Hung Vuong - Tp.HCM). Giai hé phuong

2 2
-+ y* =2(xy + 2
trinh{ J (zy )

W U = 6
® Loi gidi.
Dit r+y=a
xy =b.
2 2= 2 2 ?—2qy =2 4 P—4b=4 =3
Khidqe 4% Ty =2y+2)  Jl@+y) —2ey=2y+4  fa o e .
rT4+y=28 r+y=38 a= b=15
+y=28 =5 =3
Do dé ey & v hoac ¢ .
xy =15 y=3 Yy=>5
Vay hé phuong trinh da cho ¢6 2 nghiém (z,y) 1a (5;3), (3;5). O
oF x - +y+2zy =4
4> Bai 3 (THPT Trén Phi - Tp.HCM). Giai hé phuong trinh {“Z e
TYy+zxy" =2
® Loi gidi.
u=z+y .
bat . Khi do6 ta co:
v=2xy
u+2v =4 u=4—-2v U=
= ) =
uy = 2 —20°4+4v—-2=0 v=1.
+y=2
Do dé: {x Y
ry = 1.
Vi (z +y)? — 4oy = 3 > 0 nén x,y la nghiém ctia phuong trinh X% —2X +1=0.
Suyra: z =y = 1.
Vay tap nghiém ctia hé phuong trinh 1a S = {(1;1)}. O

$> B&i 4 (THPT V6 Thi SGu - Tp.HCM). Giéi he phuong trinh {

rtzy+y=-1
o’y +yPr = —6

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J J J
® L3i gidi.

=+ +o=—1
Dat {” Y Khi d6, he tré thanh: {“ ! .
v =21xy uv = —6

Vi (u+v)? — 4uv = 23 > 0 nén u, v 1a nghiém ciia phuong trinh X? + X — 6 = 0.
u= -3 u=2
Suy ra: 9 hod#c

v = v=—-3

r+y=-3 T+y=2
Do d6: Y hoac Y .

Ty =2 Ty = —3

Vi(=3)2—4-2=1>0va2"'—4(-3) =16 > 0 nén x,y la nghiem ctia phuong trinh X2+3X +2 =0
hodc X% —2X —3 =0.

r=—1 = —2 r=—1 =3
Suy ra: hoac ho#c hosc .
y=-2 y=-1 y=3 y=-1

Vay tap nghiém ctia hé phuong trinh la

S={(-5-2),(=2-1),(=1;3),(3; —1D}. O
$>Bai 5 (THPT Nguyén Thi Minh Khai - Tp.HCM). Giai hé phuong trinh
22% + 2% — by = —7
xy—x—y=="7 '
® Loi gidi.
Ta co:

2:102—i—2y2—5xy:—7<:> 2 +1y)? =92y +7=0 - 2 +y)? —9zy —7)—63+7=0
xy—r—y=7 y—T7T=z+vy xy—T=x+y

- {2(x+y)2—9(:c—|—y)—56:0 0

ry=x+y+T.

Dit z +y = ¢, khi d6

'{ t=x+y=38 )
t=8 xy =84+7=15 !
N 2* — 9t — 56 = 0 P N e N _7
( ry=t+7 (1) T2 t=r+y=—-
Ty=t+7 7 7 ()
I xy—7+7—§-

+y=8
Gidi (I1) - {zy :?115

r=2>5
r+y=28 y=3

. Theo dinh 1y Vi-ét ddo ta c6 x, y 1a nghiém ctia phuong trinh X2 —8X +15 = 0.

Khi do &
xy =15 x=3
Yy = d.
-7
r+y= 5 = S
Giai (I,) : 7 . Theo dinh ly Vi-ét dao ta c6 z, y la nghiém ctia phuong trinh X2 +
xy=—-=P
7 7 2
X+ =-=0.
2 i 2

281 /528" B Nguyén Quéc Duong - 80375113359 m



3. HE PHUONG TRINH

Luon nd luc dé dat duoc thanh qua

y J J J
e 7\’ TN?  —147
Ma S* — 4P = 5) 4 x 5) =1 < 0 nén phuong trinh trén vé nghiém. Do d6 (I,) cling vo
nghiém.
Vay hé phuong trinh da cho ¢6 hai cip nghiém la (5;3) va (3;5). O

$>Bai 6 (THPT Trung Pha - Tp.HCM). Giai he phuong trinh < , .
Tty " —3x—3y=—4

ry+r+y=>

® Loi gidi.
Ta co:
ry+xr+y=>5 ry+r+y=>5
2, .2 SN2, 2
¥ +y —3x—3y=—4 4y =3x+y) =

{
{

:

Dit z +y = ¢, khi d6

xy—5— x—l—y)
x+y 3(z +

xy—5— x+y)

(x+y)? =3 +y)+4—2[— (v +y)

ry=5—(x +vy)

(z+y)?—(r+y)—6=0.

y)+4—2xy=0

(1)

(12)

t=o+4+y=3
B ry=95—1 _m Y (1)
xy=95—1 Ty =2
(I) & 2 _0@ t=3 < L B
—t—6= P o =r+y=—-2
xy ="T.

=3
Giai (Il):{ery
ry =2
{x—Q
Khids " 7 e
Ty =2 r=1
y=2.
r+y=-2=29

Ma S? —4P = (—2)? —4-7 = —24 < 0 nén phuong trinh trén vo nghiém. Do dé (I5) cling vo nghiém.

Vay hé phuong trinh da cho c¢6 hai cdp nghiém la (1;2) va (2;1).

. Theo dinh 1y Vi-ét ddo ta c6 , y 1a nghiém ctia phuong trinh X? —3X +2 = 0.

. Theo dinh 1y Vi-ét ddo, x, y 13 nghiém ctia phuong trinh X2+2X+7 = 0.

$> Bai 7 (THPT Nguyén Thuong Hién - Tp.HCM). Giai he

® Loi gidi.
Diéu kién z,y > 0. Khi do6, ta co:
11
— =2y {m+y=2(:cy)2
r oy & -
2y —2)+ylz—2)+2=0 (@+y) +ay+1=

+y = 2(zy)?
o Jrty 2(:ch)
0 —2(xy)*+2y+1=0

x4y = 2(zy)?

=

rzy =1

—1

Y = —

2

=0

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J
Ta c6:
T+y=2 =1
Y = =1
(7 -1
r=—
2
rTH+y=2 ] y=1
-1 &= _
xsz r=1
-1
(L Y70
- P s —1 —1
Vay nghiém ctia hé phuong trinh 1a (1;1), 7;1 , 1;7 : O

r4+axy+y=17

4> Bai 8 (THPT Chuyén L& Hdng Phong - Tp.HCM). Giéi he .
18 ( Y 9 Phong - Tp-HCM). Giai e{x3+y3—10xy:33

® Loi gidi.
r+ay+y=17 rT+y+ay=17
2% 4+ 9* — 102y = 33 (z+y)* - 3zy(z +y) — 102y = 33
bat S =z +y, P = xy ta dugc:

S+ P =17 - P=17-8 - P=17-S5
S3 — 3PS —10P =33 S® —3(17 - S5)S —10(17 — S) = 33. S% —35% — 415 — 203 = 0 (vo nghie

Vay hé phuong trinh v6 nghiém. O
1 1
. r+y+—+-=95
4> Bai 9 (THPT Chuyén Trén Pai Nghia - Tp.HCM). Giai he v . 4 L
£+ +5+5=9
x Yy

® Loi gidi.
Diéu kien x # 0,y # 0.

L 1 o N ut+v=>5
bat u =2+ — va v =y + —. Khi d6, hé tré thanh: 9 9 )
T Y u'+vt—4=9
o Jut+v=5 u+v=>5 utv=>5 u+v=>5
Ta c6: ¢ 5 SN 9 A 2 = :
u v —4=9 u +v° =13 (u+v)"—2uv =13 uv =6

Khi d6, theo dinh 1y Vi-ét ddo, u, v 1a nghiém ctia phuong trinh X? —5X + 6 = 0.

u=2
u+v=>5 v=3

Déndén,{ & .
uv = 6 u =2
{023
1
T4+ - =2 r=1
Véi u = 2,v=3tacd 1 @ 3+ 5 35
y+—-=3 y=— VY¥=—%5—
Y
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3. HE PHUONG TRINH Ludn nd luc dé dat duoc thanh quéd

y J J J
r+-=3 3+5 3—5
. . T T = Vo=
Véiu=3v=2taco & 2 2
y+§=2 y=1
3 5 3—+Vbh 3 5 3—vb
Vay hé phuong trinh da cho c6 4 nghiém (z; y) la: (1; +2\/_);(1; 2\/_>;< +2\/_;1>;< 2\/_;1>.

[

T+y+zd+y? =12
(2 +2) (v’ +y) =36

> B&ii 10 (THPT Nguyén Du - Tp.HCM). Giéi he {

® Loi gidi.

u+v=12

w =36

Khi d6, theo dinh 1y Vi-ét ddo, u,v la nghiém ciia phuong trinh X? — 12X + 36 = 0.

Dit u = 22 + 2 va v = > + y. Khi d6, hé trd thanh: {

L u+v=12 u==0
Dan den, .
uv = 36 v==~0
B [2*+x=6 r=2Vzr=-3
Véiu=v==06taco | , & )
Yy +y==©6 y=2Vy=-3
Vay hé phuong trinh da cho ¢6 4 nghiém (z;y) 1a: (—=3;-3);(—3;2);(2;-3);(2;2). O
.. - . R THy—Jry=3
> Bai 11 (THPT Nguy&n Hiru Huan - Tp.HCM). Giéihéphu’dngtrinh{ oYY .
Ve+1l4+4y+1=4
® Loi gidi.
Diéu kién z,y > 0. Khi d6, ta co:
{x+y—\/@=3 @{x-ﬁ—y:?)-i-\/@ - r+y=3+ry
Vr+1l+/y+1=4 r+y+2y/ry+rt+y+1=14 3+ Iy +2\/ry+ 4+ Jry =14

r+y=3+zy (1)
=
31y + 267y — 105 =0 (2)

Ta c¢6 (2): 3xy + 26,/2y — 105 =0 < /2y = 3 (Vi /Ty > 0).
Khi d6, thay vao (1) ta c6 x +y = 6. Tt d6 ta c6 duge

—3 1 —6 —6— —6— —3
Tty ++vxy (1) - T4y UL Yy o vl
3xy 4+ 26\/xy — 105 =0 (2) xy =19 6-—y)y=29 y=3 y=3.

Vay nghiém ctia hé phuong trinh 1a (3;3). O

/Y + yvar = 30

<> Bai 12 (THPT Tan Binh - Tp.HCM). Giai hé phuong trinh {x\/f =35

® Loi gidi.
u?v + v*u =30
u® + v =35
o [vPv 4+ v*u =30 u*v +v*u = 30 wv (u~+v) = 30 uv =6
Ta co: 3 3 3 & &
u’ +v° =35 (u+v)" =35+30.3 u+v=>5 u+v=>5.
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J
Khi d6, theo dinh 1y Viet ddo, u,v 1 nghiém ctia phuong trinh X? —5X + 6 = 0.
u=3
< s uv =6 v=2
Dan deén, &
u+v=>5. u =2
{v =3.
Véiu=3v=2tacoz=9vay=4(Viz,y>0).
Véiu=2,v=3tacér=4vay=9 (Viz,y >0). O
<> Bai 13 (THPT Mac Pinh Chi - Tp.HCM). Giai he phuong trinh
Vi—1+/y—1=3
z+y=5++/(z—Dy—1)

D Loi gidi.

N u+v=3
Dieukién z,y > 1. Dat u = /x — 1 vav = \/y — 1. Hé phuong trinh tré thanh :
' v= ) Y P & W4 1+0°+1=5+uw

C|Ju+v=3 u=3—v u=3—-v u=1
Taco < , 9 & 5 9 & 9 & \%
w1+ +1=5+w B—v)+0v°=34+3—-0v) 30" —9v+6=0 v=2

2

1

u

v

u

=1 VI — 1=1 =2
Voi ta c6 = 1777 (uhan).
=2 y—1=2 y=>5
=2 vr—1=2 =5
Véi ta ¢ =" (nhan).
v=1 Vy—1=1 y=2
Vay hé phuong trinh da cho c6 nghiém (x;y) 1a (2;5) va (5;2). O

> Bai 14. Giai cac heé phuong trinh sau (d6i xing loai 2):

) 22— =20 +y b) 2+ oy —4y==6
a
P — 22 =2y + 2. v+ xy —4x = 6.

22+ T =2y VI+1+/T-y=4
c) ) _ d)
Y+ Vy =2z VY+1+V/T—z=4
D Li gidi.
22— 22 =2 +y
a) 2 2 _
Yy =22 =2y+ .
Lay vé trit vé, ta dugc
y=u
3a?—y)=r—ye@-yBrt+dy-1)=0« 1
y=-—-r+3

O Thay y = x vao phuong trinh thi nhat, ta duge

-0 —0
x2+3x=0<:)x(x+3)20<:>[x =>[y

r=—-3 y = —3.
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3. HE PHUONG TRINH Ludn nd luc dé dat duoc thanh quéd

y J J J
1 .
O Thay y = —x + 3 vao phuong trinh thit nhat, ta duge
1 1 4 2 1
x2—2(—x+§)2:2x+(—x—|—§) & x2—2x2+§—§:x+§
s 322 -3z +5=0.
Tac6 A=9—-4-3-5<0.
Do d6 phuong trinh vo nghiém.
Vay hé phuong trinh c¢6 nghiém (x;y) 1a (0;0) va (=3; —3).
b) 4y —4dy==6
Y+ xy — 4x = 6.
Lay vé trit vé, ta dugc
2 2 y==x
-y +4rz—y) =0 (z—y)lr+y+4) =0& [y——x—él

O Thay y = x vao phuong trinh thi nhat, ta dugc

9 r=-1 =-—1
20 —4xr —6=0< =
r=3 Y =

O Thay y = —x — 4 vao phuong trinh thit nhat, ta dugc
P4 o(-r—4)—4(—r—-4) =62 -2 —4r+4r+16 =6 < 16 = 6.

Do d6 phuong trinh vo nghiém.
Vay hé phuong trinh ¢6 nghiém (z;y) la (—1; —1) va (3;3).

2’ +\x =2y
y2+\/§:2x.

Diéu kien > 0, y > 0.
Lay vé trit vé, ta dugc

2=y V= + 2z —y) =0 (z—y)(z+y)+ Ve —y+2z—y) =0
(VE = VB) [(VE+ Vi) (e +0) 4142 (Va4 V3)] =
VI—/y=0 ((f+f)(x+y)+1+2(f+f) > 0 v6i

y=1x

&

8

=
g
=
=

Thay y = = vao phuong trinh dau ta duge

[Vr =0
Vi = =0
2 +r—2r=0& x:_1+\/5 & r=1
2 N 3-V5
. _ .
= \/g(loai) 2
L 2
- —V5
Vay he céc nghiem (:y) Ta (0,0), (1, 1), (3 V5,3 f)
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J

Vi+14+/7T—y=4

Vy+1+V7T—2 =4
Diéu kien —1 < z,y < 7.
Lay vé trit vé, ta dugc

Ve+1l—y+1+T—y—V7—2=0
T —y n T—y -
Ve+1l4+yVy+1 VT—z+/T—y

1 1
“ (x_y)(\/x+1+\/y+1+\/7—x+\/7—y):0

1 1
& :x(do + >0).
Y Ve+1l+yy+1 VT—a+/T—y
Thay y = x vao phuong trinh dau, ta dugc
Vie+1+7T—x=4.(1)

batu=+vz+1;, v=+7—2, u,v>0. Khi db ta c¢6 hé
u? +v* =8 u-v==4
<~
u+v=4 u—+v=4.

T dob ta c6 u,v la nghiém cta phuong trinh

X2 —4X+4=0

Suyrau=v=2=x=3.
Vay heé da cho c¢6 nghiem (x;y) 1a (3;3).

$O Bai 15. Giai cac hé phuong trinh sau
22—t =2r+y
Y — 207 =2+

(4z 4+ 2)> =2y + 15
(4y+2) =2z +15

y? =y 7 =2z 4y
v’ =2yt
x/1+y2+yvli+a2=2
aV1I+22+yy/1+9y2=2

V2 +3+ 2/ =34y
VP +3+2/5=3+z

® L3i gidi.

r? =3z + 2y
a) 2 _
Yy =y+2
Lay vé trit vé, ta dugc

y=x
y=1-—x

287/528" B Nguyén Quéc Duong - 80375113359 ﬂ

xQ—ny:x—yﬁ(x—y)(x+y—1):0@




3. HE PHUONG TRINH Ludn nd luc dé dat duoc thanh quéd

y J/ J J

O Thay y = z vao phuong trinh dau, ta dugc

=0 =0
x2:3x-|-2x<:)x(x—5):0@[ 5:>[y
€T =

O Thay y = 1 — x vao phuong trinh ta dugc

f[‘:—l =
$2:3x+2(1—x)©$2—x—2:0©[ :>[y
=2 y=—1.

Vay hé da cho c¢6 nghiem (x;y) 1a (0;0); (5;5); (—1;2) va (2;—1).

b w2 =22 =2 +y
P -2 =2+ 2
Lay vé trit vé, ta dugc

y=u

x2—y2x:x—y<:>(x—y)(x+y—1):0(:[
y=1-—ux.

O Thay y = = vao phuong trinh dau, ta duge

xTr = =
x2:3x+2x<:>:1;(:c—5):()<:>[ :>[y
€Tr = =

O Thay y = 1 — x vao phuong trinh ta dugc

x2=3x+2<1—$)<:>x2—x—2:0<:>[x 5 :>[y
Tr =

Vay hé da cho c¢6 nghieém (x;y) 1a (0;0); (5;5); (—1;2) va (2;—1).

) 2v =y — 4y +5

c
2y =a? — 4z +5
Lay vé trit vé, ta dugc

y=x

202y =y~ —dy+dr < (v—y)(z+y)-3(z—y) =0 (z—y)(z+y—3) =0 = y=3 2

O Thay y = z vao phuong trinh thi hai ta duge

9 r=1 y=1
e —6rx+5=0%& =
r=2>5

O Thay y = 3 — x vao phuong trinh thit hai ta dugc

r=1-+2 [y:2+\/§

2
- —2r—1=0«& =
Lzl—i—\/i y=2-+2

Vay hé da cho c6 nghiem (z;y) 1a (1;1); (5;5); (1 —v/2;2++v2) va (1 +v2;2 —V?2).
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J
) (4o +2) =2y + 15
(4y +2)? =22 + 15
Lay vé trit vé, ta dugc
(4r +2)* — (dy +2)* = 2(y — x)
& d(r—yder+dy+4)+2x—y)=0
& (r—y)Bx+8y+9)=0
y=x
And 9
y=—r—2
O Thay y = z vao phuong trinh dau ta duge
—11 —11
xr = —— y:—
1622 + 162 + 4 = 20 + 15 & 162% + 14z — 11 = 0 & B -
9 . 5
O Thay y = —:L‘—g vao phuong trinh dau ta dugc
-9 — 221 -9+ V221
9 T 16 16
4z+2)* =2(—z—2)+15 & 642+ 722 —-35 =0 & =
( ) ( 8) -9+ v221 -9 —+221
S T; TG

—11 —11 11 -9 —+221 -9 221
Vay hé da cho c6 nghiem (z;y) la (_ ); ( ' ); ( V ; + ) -

8 ' 8 2’92 16 16
—9+/221 —9— /221
16 16 '

e) vty =y
y+ a2 =21’

Lay vé trit vé ta dugc

y=x

3_,3 2,2 2., .2
T ="y +y—r & (r—y)(z*+y" +ry—rz—y+1) =0&
Y y Ty (z—y)( Y Y y+1) 24yt tay—r—y+1=0.

O Thay y = z vao phuong trinh dau ta duge

z=0 y=20
1-+5 1-+/5
-t —r=0z(@-z-1)=0& |T= = Y= "5
1++/5 1+ 5
SR L

P+t try—zr—y+1=0
& 208+ 2+ 2y —20—2y+2=0
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3. HE PHUONG TRINH Ludn nd luc dé dat duoc thanh quéd

y J J J
4 2oy + )+ (2 =20+ 1)+ (1P —2y+1)=0
r+y)?+ -1+ -1°=0

e (2
<

T ==Y
= r=1
y=1.

Do d6 hé vo nghiém.

Vay hé phuong trinh da cho c¢6 nghiem (x; y) 1a (0, 0); ( 5T SRR

f =24y
v =2y+a

Trit vé theo vé, ta dugc

1_\/5-1_\/5)va(1+\/5-1+\/5)

3.3 2, .2 y=2x
-y =xrx-—y&S@-—y(lz+y " +ry—1)=0

y ye (@—y)@+y +ay—1) [$2+yz+w:1 (1)
O Thay y = z vao phuong trinh ban dau ta dugc

z=0

P —3r=0&2z(2"-3)=0s
( ) z = +v/3.
O Cong vé theo vé hai phuong trinh ban dau ta duge

y=-—x

3 3 2 2
+y' =3 +y) & (v + +y —ay—-3)=0«<
'ty =3ty e (@ +y)(e” +y —ay—3) [332 fP =3 (2)

® Thay y = —x vao phuong trinh dau ta duge

®@ Két hgp phuong trinh (1) va (2) ta duge
2 4y —ry = 3(2 P tay) & 22 +ay+y?) = 0 < 2(a+y)? = 0 & r+y = 0(trd vé truong hop tr
Vay hé da cho c¢6 nghiem (z;y) 1a (0;0), (v3;v3), (—=v3; =v/3), (=1;1) va (1; —1).

{\/x2+3+2\/5:3+\/§
V2 +34+2 =3+

Didu kien ,y > 0.
Lay vé trit vé ta dugc

Vil +3 =2+ 3+ Ve —\y=0
2% —y?

z—y
_.I_ =
Va2 +3+2+3  VT+Jy

& (x—y)( Tty + 5 >:O
VaZ+3+2+3 VIt Jy

& Ty + 5 >0
y=u=
VaZ+34+ /2 +3  VIty
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

V' J J J
Thay y = 2 va phuong trinh dau ta duge
VT3
3—Vr>0
< {x2+3:9—6\/§+x
0<x<9
< {IQ—x+6\/5—6:
0<xr<9
< {(\/E—l)(x(ﬁ+1)+6):0
0<z<9
& { r=1 (z(vz+1)+6>0)
Sr=1

Vay hé da cho ¢6 nghiem (x;y) 1a (1;1).

{x\/1+y2+y\/1+a72:2

eV1 422 +yy/1+y2 =2
Lay vé trit vé ta duge

y=z Y
r=y)V1+y?—(z—y)V1+a22=0& (z—y I+y2—V1+22)=0s RN
VR i\ ) =02 o viTE Ty
O Thay y = z vao phuong trinh dau ta duge

(xZO
x>0 2_—1—1\/5 -1 5
2xx/1+x2:2(:>£\/1+$2:1<:){4_+2 ) 0(:) SC—T(:)x: +\/_
t+ 27 —1=0.
o —1+V5
(L2

O Thay y = —x vao phuong trinh dau ta duge 0 = 2 (vo 1i).

—1+\/5'\/—1+\/5
;7 VT2 )

Vay hé phuong trinh da cho ¢6 nghiém (z;y) la (\/

$>Bai 16. Giai cac he phuong trinh sau (dang cap)

) 22+ 22y + 32 =9 b) w2 —2zy+ 32 =9
22% + 2y + % =2 22% — 13zy + 15y* = 18

142% — 21y* + 222 — 39y =0 Q 222 —z(y — 1) +9* =3y
3522 4 28y + 111z — 10y = 0. o+ oy — 3y =1 — 2.

0 23— 8x =12+ 2 f 22° — 9y = (x — y)(2zy + 3)
v? —3y° = 6. o —zy+y® =3

o
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3. HE PHUONG TRINH

Luon nd luc dé dat duoc thanh qua

) 2% 4 27y + 3y* = 9 (1)
222 + 2y + y* =2 2)

2

Véi y = 0 thi hé thanh {‘”2
x
V6i y # 0, dat « = ty. Hé da cho tré thanh

vo nghiém.

9
1

2?2ty + 3y° =9 v (P42t +3) =9
P +2t+1) =2

26797 + 2ty + 1% = 2
Lap ti s6 cac phuong trinh (3) va (4), ta dugce
2 +2t4+3 9

3 8 .
Véi t = g T V="3% thé vao (1) ta dugc

3vV1T
1722 =9 r=+——.
) 17
Véi t = ~3 = y = —2x, thay vao phuong trinh (1), ta duge

02 =90 =11 =+1.

Vay hé da cho c¢6 nghiém (z;y) la (

17717 17

b 2?—2ry+3y =9 (1)
277 — 13zy + 15y° =18 (2)

2
y =3

V6i z = 0 hé da cho tr6é thanh , 6 V0 nghiém.
Yy =<
5

V6i x # 0, dit y = tx. Hé da cho tré thanh

_3\/1_7‘8\/1_7> (3\/ﬁ._8\/1_7
’ 17

{x2 —2tz® 4+ 3t?2° =9 {162(3152 —2t4+1)=9

=
20% — 13tx® + 15t°2° = 18
Lap ti s6 cdc phuong trinh (3) va (4), ta duge

3t —2t4+1 1
152 — 13t +2 2

@9t2—9t:0<:>9t(t—1):()<:>[

(3)
(4)

(158 — 13t + 2) = 18.

V6i t = 0 = y = 0, thay vao phuong trinh (1), ta dugc 2% = 9 & x = £3.

Véi t = 1 = y = z, thay vao phuong trinh (1), ta duge
3v2

Vay hé da cho ¢6 nghiem (z;y) 1a (3;0), (—3;0), ( 5 5
) 1422 — 21y* + 222 — 39y = 0
3522 + 28y* + 111z — 10y = 0.

1422 + 220 =0

V6i y = 0 thi hé phuong trinh tré thanh 5 &
3527+ 111z =0

<

ﬂ&5) va (

\

>, (—1;2) va (1;-2).

(3)
(4)
t=20
t=1
o 3V2 32
2 7 2 '
=0
x——ll
7 S =0
=0
,__lu
35

y J/ J J

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Ludn nd luc dé dat dugce thanh qua

y J/ J J

Vay hé phuong trinh da cho c¢6 nghiém la (z;y) = (0;0).

V6i y # 0, dat x = ty. Hé phuong trinh da cho tré thanh
14t%y* — 21y* + 22ty — 39y = 0
35t%y% + 28y + 111ty — 10y = 0

14t7y — 21y + 22t — 39 =0 (1)
35t%y + 28y + 111t — 10 =0.  (2)
39 — 22t

Riat y & phuong trinh (1), ta duge y = 1472 — 91"

39 — 22t
Thay Y = m vao phu’dng trinh (2), ta dlIOC
39 — 22t 39 — 22t
e T L1t —-10=
O E o TR T 0=0
&351%(39 — 22t) + 28(39 — 22t) + 111#(14¢* — 21) — 10(14¢* — 21) =0
T84t + 1225¢% — 2947t + 1302 = 0
ot = —3.
L 39 -22-(=3)
YT (3221

=zr=ty=(-3)-1=-3.

Vay hé phuong trinh da cho c¢6 nghiém la (z;y) = {(0;0), (—3;1)}.
Q) 202 —z(y — 1) +y* = 3y

2ty — 3y =1 — 2.

Ta co
20 —a(y -1 +y*=3y (1)
2ty -3yt =1 —2 (2)
20 —xy+x+1y  —3y=0
P try—r -3 +2y=0

|
e

{Qx —2y" =3y +3y—z+uay
|

|

|

=

7

2 —yP =27 —2y+a—ay
2 —y)(z+y)=—3yly—1) +a(y — 1)
(z—y
2(x —

)

(z+y)=2yly—1) —z(y—1)
)@ +y)=(y—1)(z—3y)
(z+y)=Q2y—2)(y—1)

)@ +y)=(y—1)(z—3y)
@ +y) =22y —x)(y - 1).

= y-DE-3y)=2Qy-2)y-1) e y-De-3y—4dy+22)=0& (y—-1)(Bz - Ty) =

Véi y = 1, thay vao phuong trinh (1), ta duge
20 —z(1-1)+1*=3-1
27 =2
S = +1.
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3. HE PHUONG TRINH

Luon nd luc dé dat duoc thanh qua

294/528 ’

y J J J
Vé6i x = gy, thay vao phuong trinh (1), ta dugc
7)2 7 )
2. (zy) — y(y—1 =3
(3y 39y —1) +y" =3y
B,y T, T 5
@gy—gy-l—gy—i—y -3y =0
86 2
—Zy=0
Sgy 3y
y=0
g 3
?J—E-
» 7
V01y=O:>:C:§-0=0.
3 7 3 7
Véi v = — - .2
T AT Y

Vay hé phuong trinh da cho ¢6 nghiém la (z;y) = {(1; 1),(—1;1),(0;0), (

{x3—8x=y3+2y
e)

3y%) (4z +y)

(1)
(2)

—3y°) (4z + y)

3

122y* — 3y

=0

z? — 3y? = 6.
Ta co
2 —8r =19+ 2
{x2—3y2:6
¥ — = 2(4x +y)
@{x2—3y2:6
3(2* —y*) =6(4z + y)
@{x2—3y2=6
3(1,3_3/3):(1,2_
ﬁ{x2—3y2:6.
Ta co
3(303 —y3) _ (x2
32 — 3y° = 423 + 2y —
<:>$3+332y—12xy2:0
(a: +xy —12y°) =0
( +4xy—3xy—12y2)
sx(x+4y) (r—3y) =0
(2 =0
S |lz+4y=0
|z —3y=0
[z =0
& |l =—4y
|z = 3y.

V6i x = 0, thay vao phuong trinh (2), ta ¢c6 —3y* = 6 = Vo nghiém.

V6i x = —4y, thay vao phuong trinh (2), ta c6 16y

VT8

— 3y =6 < 1312 —6<:>y—j:F:x—
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Ludn nd luc dé dat duoc thanh qua

y J/ J J
478
13
V6i x = 3y, thay vao phuong trinh (2), tacé 9y? — 3y’ =6 <6y’ =6 <y =+1 = 1 = +3.
4478 /T8 44/778 78
Vay hé phuong trinh da cho c¢é nghiem la (z;y) = —— |, | —; —£ ,(3;1),(—3;-1)
13 13 13 13
B 22° — 9y® = (z — y)(2zy + 3)
v* —ay+y?=3.
Ta c6
22° — 9y* = (z — y)(2zy + 3)
2> —ay+y° =3
- 22 — 9y° = (v — y)(22y + 3)
2?4+ ay+y? =2zy+3
- 22 — 9y = (x — y) (2 + zy + y*)
Pyt =ay+3
2$3 o 9y3 _ 5!33 o y3
V2, 2
Ty =ay+3
3 = &°
V.2, 2
4y =ay+3
T =2y
V2, 2
"ty =zy+3. (%)
Thay « = 2y vao (x), ta co
4y2+y2:2y2+3
e3y? =3
Sy ==+1.
V6iy =1, tacor=2.
V6iy=—1,tacox=—2.
Vay hé phuong trinh da cho c¢6 nghiem la (x;y) = {(2;1),(—=2; —1)}.
]

EA) BAITAP NANG CAO

Giai cac phuong trinh sau

(z+y) (Boy — 4vzx) = =2

Bail. {(a: +y) Bzy +4/y) = 2.

® Li gidi.
{<x+y> (Bay—4/z) = -2 (1)

(x+y) Bzy+4/y) = 2. (2)
x>0

Diéu kién xac dinh
y>0.

295/528" B Nguyén Quéc Duong - 80375113359 ﬂ



3. HE PHUONG TRINH

Luon nd luc dé dat duoc thanh qua

Cong vé v6i vé clia phuong trinh (1) v6i phuong trinh (2), ta duge

(z+y) (6zy — 4z +4/y) =0
r+y=0
=
6ry — 4Vr + 4y =0
[:v = —y (loai vi z,y > 0)
=

3vy =2/ — 2\/y. (3)

Thay 3zy = 2v/x — 2,/y vao phuong trinh (1), ta dugc

(z4+y) (v -2y —4Vz) = 2 (2 +y) (Vo + ) = L.

Nhan chéo (3) véi (4), ta duge

(z+y) (Vz+y) (2vVz —2/y) =3y
2(2% — y?) = 3ay
&22% — 2% — 3y =0
2% —day +axy —2y° =0
S(r—2y)2r+y) =0
T =2y
y = —2x (loai vi z,y > 0).

Thay = = 2y vao phuong trinh (2), ta c6

2y +vy)(3-2y-y+4yy) =2
&3y (6y” + 4/y) =2
=9y° 4+ 6yy —1=0

—1++/2
y\/ng
& N
—1—+/2 .
YNy = — 3 (loai).
-1 2
<:>‘/y3: %\/_
., 3—2V2
Sy = —

9

oy — 33— 2v/2

Y= 9 .
=g =2¢ —3_2\/5
=24/ .

— 2?2 —2v2
Vay hé phuong trinh da cho ¢6 nghiém la (z;y) = (2\3/3 5 \/_; </3 5 \/_> .

y J/ J J

1
y4+2y3—1‘:—1+3\/§
> Bai 2. 1
y4+2x3—y:—1—3\/§.

® Loi gidi.

e

296/528 ’
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Ludn nd luc dé dat dugce thanh qua

y J/ J J

1
x4+2y3—x:—é—l+3\/§

1
y4—|—2x3—y:—é—l—3\/§.
Cong vé véi vé clia hai phuong trinh, ta duge

1
x4—|—2y3—x+y4+2x3—y:—§

1
@x4+2x3—x+y4+2y3—y+§:0

1 1
<:>(a:4+:c2+1+2x3—x2—x)+<y4—|—y2—|——+2y3—y2—x):0

4
1\2 1\?
& (22 ——) (2 __>:o
(a:—l—:c 5 +\ly +y 5
r2 1
)
x4+ x 9

2Ly
vty -5 =

( —1++3
r=——"
2
—1++3
y=—" .
\ 2

= 9

=9

1 1
—-=—5+3V3
-1 3 —1 3
Thay x = +\/— va y = +\/_ vao hé phuong trinh, ta duge 411 411
— Z = _4_1 — 3\/§
-1 3 —1 3
= (z;y) = ( ; \/_; g \/_> khong 1a nghiém ctia hé phuong trinh.
1 1
— - —3V3=—-+3V3
-1 3 -1—-v3
Thay x = +\/_ va y = T\/_ vao hé phuong trinh, ta duge 411 il
- TVE=—7-3V3
-1 3 —1—-+3
= (r;y) = ( ;_ \/—; i \/—) khong la nghiém ctia hé phuong trinh.
1 1
1-3 143 — 1 T3V3=—1+3V3
Thay x = —g va y = —s vao hé phuong trinh, ta dugc 1 1
N R V.
—1-v3 —1 3
= (z;y) = ( 5 \/_; _g \/_> la nghiém cta hé phuong trinh.
1 1
SN
—1—+/3 —1—-+v3
Thay x = T\/_ va y = T\/_ vao hé phuong trinh, ta duge 411 111
— 4_1 = _4_1 — 3\/§

—1— -1 -
= (z;y) = ( \/§ \/§) khong 1a nghiém ctia hé phuong trinh.

Vay hé phuong trinh da cho c6 nghiém la (z;y) = (

—1—\/§,—1+\/§) -
2 2 ) ‘
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3. HE PHUONG TRINH

Luon nd luc dé dat duoc thanh qua

yV J J J
78
Tt s =20
$>Bai 3. vy
PN
Yy 22 + 92 e
® Loi gidi.
L g ’
€T _—
x? 4+ y?
T8x
—— = 15. 2
Ut (2)
Dic¢u kien xac dinh 2% + 2 # 0.
78
— =20
V6i z = 0, thay vao hé phuong trinh, ta c6 ¢ ¥ = V0o nghiém.
y=15
x =20

Vé6i y = 0, thay vao hé phuong trinh, ta c6 ¢ 78 5 = Vo0 nghiém.

x
Vay z = 0 hoac y = 0 khong 1a nghiém ctia hé phuong trinh.

78 78y
x+ Y __9p $y+—y=20,y
. x? + y? 2 4 y?
Ta c6 78x < 7822
y+m=15 xy+m:15$.
78 2 2 15 —78
:>2xy+w:20y+15x©2xy+78:20y+15x®y:—x .
221y 2¢ — 20

S5t —
Thay y = h vao phuong trinh (1), ta ¢6
152 — 78 15z — 78
3 2 2 ( . —920-
PR e g g TR

s — 2002 +

152 — 78
2¢ — 20
152 — 78 x(15x — 78) + 78(2x — 20) — 20(15x — 78)

)=

=0

20— 2 — 20
150 — 78 1522 — 222

®x3_20x2+2;—20' gx—QOx:O

ea(s? — 20z) + T z2;81<;g§2_ 222) _,

ot o0, (157 —(275)_(1;0)2— 222)

&(2* — 202)(27 — 20)% + (152 — 78)(15z — 222) =0

& (2% — 20x)(42* — 802 + 400) + 2252 — 4500z + 17316 = 0
a4zt — 16022 + 200022 — 8000z + 22522 — 45002 + 17316 = 0

edat — 1602° 4 222527 — 125002 + 17316 = 0
&z —2)(x — 18) (42 — 80z + 481) =0

T =2
=
r = 18.
15-2—-178
6. :2t O = — = J.
Véi x ,tacoy 5990 3
15-18 - 78
Gir=18,tacoy = ——— = 12.
Véi z 8, tacoy 5 18 — 20

Vay hé phuong trinh da cho ¢6 nghiém la (z;y) = {(2;3), (18;12)}.

O

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Ludn nd luc dé dat duoc thanh qua

y J J J
(1_ 123 )"/5:2
> Baji 4. 91’29”
1 . = 6.
(+y+3x) vy =6
® Loi gidi.
(1— 12 ) Ji=2 ()
Y+ 3w v
(1+ 12 ) Vy=06 (2)
y+ 3x y=>
z>0
Diéu kién xac dinh { y >0
y+ 3z # 0.

Ta cb

<9 12

12
\y+3x_

Nhan vé véi vé ctia hai phuong trinh v6i nhau ta duge

12 3 3 1
(e ) ()

12 9 1

& =———
y+3r y «x

12 9z—y
y+3x  ay

<122y = (92 — y)(y + 32)
122y = 9wy + 2727 — y* — 3y
272 — 6y —y> =0
&272% + 3y — 92y — > =0
392 +y) —y(9r+y) =0
SBr—y)(9r+y)=0

Yy =3z

=
y = —9z (loai).
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3. HE PHUONG TRINH

Luon nd luc dé dat duoc thanh qua

300/528 ’

Thay y = 3z vao phuong trinh (1), ta c6

VI
eVr=1+3
oz =44 2V3 (TM)
=y =12+ 6V3 (TM).
Vay hé phuong trinh da cho cé nghiem 1a (z;y) = (4 + 2v/3;12 + 6v/3).

y J/ J J

2 2
.. T try+y =7

wBais. |, Y

T —aYy—2y° = —x+ 2.

® Loi gidi.
oy +yt=7 (1)
2 —ay -2y =—-x+2y. (2
Ta co

(2) & 2* —2ry+ay — 22 +2—2y =0
s axr—2y)+ylr—2y)+ (r—2y) =0
& (r+y+1)(r—2y)=0
x =2y
r=—-y— 1l
Véi x = 2y, thay vao phuong trinh (1), ta duge
P +2° +y° =T
ST =1T
sy = +1.
V6iy=1,tacoxr=2.
Véiy=—1,tacoxr=—2.
Véi x = —y — 1, thay vao phuong trinh (1), ta duge
(~y =1+ (~y-y+y’ =7
S+ + 11—y —y+y* =7
Sy +y—6=0
y=2

=
y=—3.

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J J J
Vé6iy =2, tacox=—3.
Véiy = —3, ta co x = 2.
Vay hé phuong trinh da cho c6 nghiem la (z;y) = {(2;1), (—=2; —1), (=3;2),(2; —3)}. O
23 — 32y + 49 = (z — 29)?
4> Baii 6. yorey = =)
Vo —2y+ 3z +2y =4dx — 4.
@ Loi gidi.
2® — 3%y + 4y® = (v — 2y)? (1)
r—2y++/3r+2y=4r—4. (2)
cx v . r—2y>0
Diéu kién xac dinh
3r +2y > 0.
Ta c6
(1) & 2® — 42y + doy® + 2%y — day® + 4y° = (z — 2y)?
S (xz — 4y + 4y2) +y (m2 — 4y + 4y2) = (v — 2y)?
& (z+y)(e—2y)° = (v - 2y)°
S @t+y—1)(z—2y)*=0
r=1-y
r = 2y.
V6i z = 1 — y, thay vao (2), ta c6
Vii—y—2y++/31—y)+2y=4(1—y)—4
(:)\/1—3y+\/3—y:—4y
y<0
< 2
1—3y+3—y+2y/(1-3y)(3—y) = 16y
y<0
4
V3y2 — 10y 4+ 3 = 8y* + 2y — 2
(ySO
S8 +2y—2>0
| 3y° — 10y + 3 = 64y + 32y> — 28y° — 8y + 4
(y§0
{82 +2y—2>0
|64y +32y° — 31y” + 2y + 1 = 0.
y=-1

Ta c6 64y* +32¢° — 3192 +2y+1=0< (y+ 1)(64y> —32y> +y+1) =0 &
y'+32y° —31y* +2y (y+1)(64y” = 32" +y+1) 64,° — 327 4y £ 1= 0,

Véiy=—1,tacéy<0va8y?+2y—2>0.
=x=2.

V6i y < 0 va 8y? + 2y — 2 > 0 thi phuong trinh 641° — 32y +y + 1 = 0 vo nghiem.
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Luon nd luc dé dat duoc thanh qua

3. HE PHUONG TRINH
V' J J J

Véi x = 2y, thay vao (2), ta ¢6

V29 —2y++/3 2y +2y=4-2y—4
&y/8y =8y —4

\/8—:1+2\/1—7

=
V= 1—2\/1_7

9+ V17
@Sy:—i_T
9+ v17
Y= ——7"

S (TM).

r= 9+T\/ﬁ (TM).

S0

9 179
Vay hé phuong trinh da cho ¢6 nghiém la (z;y) = {(2; —1), ( +8\/_; 16

.. 2 +zy—22=0
wBai7. {0 T
—xy—y +3r+T7y+3=0.
® Loi gidi.
20° +ay — 2> =0 (1)
2 —ay—y P +3x+Ty+3=0. (2)
Ta co

(1) & 2y* + 22y —ay — 22 =0
S2yy+x)—x(y+xz)=0
2y —2)(y+x)=0
r=2
- Y
r=—y.
Véi x = 2y, thay vao phuong trinh (2), ta dugc
4y =2 —y* +6y+Ty+3=0
Syt +13y+3=0
[ 134157
=——
~
—13 — V157
S

[z =13+ 157
- lx=—13 — V157.
Véi x = —y, thay vao phuong trinh (2), ta dugc
VP —y =3y +Ty+3=0
Syt 4+4y+3=0

=1
@[y

y=-3

[le
=

r = 3.

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Ludn nd luc dé dat duoc thanh qua

y J/ J J

Vay hé phuong trinh da cho ¢6 nghiém la

() = {(1; 1), (3:-3), (_13 +VI5T: ﬂ) | (_13 _ VT ﬂ)} |

2 +2° —3zy+2z—y=0

<> Bai 8. 5 N
z*—3y+4y"—1=0.

@ Loi gidi.
2?42y —3ry+ax—y=0 (1)
{$2—3y+4y2—120. (2)
Ta co

(e r?—ay—2oy+2* +2—y=0
Sa@—y)-2yz—y)+(@—-y) =0
S (r-2y+1)(z—y)=0

=y

r=12y—1.
Véi x = y, thay vao phuong trinh (2), ta c¢6

22 —3r+422—1=0
52 —3r—-1=0

<:>:C=—3:l:\/2_9
10

_3+£v29

(T

Véi x = 2y — 1, thay vao phuong trinh (2), ta c6

(y—1)? =3y +4y>—-1=0
4y —4dy+1-3y+4°—-1=0

S8yt —Ty=0
y=0
= 7
?J—g-
Véiy=0,tacoc=2-0—1=—1.
V61y=§,tacéx:2.g—1:%
3++v29 3+v29) (3-+v29 3—+29 (3
ay hé ph inh da cho c¢6 nghiém la (x;y) = ; ; —1; —
Vay hé phuong trinh da cho ¢6 nghiém la (x; y) {( 010 ),( 0 10 ,(—=1;0), y
0
4 o _ 4 —
> Bai 9. \/295—1—14—\/91; 12\/y +2=y
4+ 2x(y—1)+y  —6y+1=0.

® Loi gidi.
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3. HE PHUONG TRINH Ludn nd luc dé dat duoc thanh quéd

yV J J J

Vit l+vVr—1—yr+2=y (1)
2?4+ 2x(y—1)+y*—6y+1=0. (2)
Diéu kién xac dinh = > 1.
Ta co

e+ +1+20y—22 -2y =4y

& (z4+y—1)%*=4zy > 0. (3)
=y >0.
Ta co
e Vrt+l+vVe—1—yr+2—Vy*=0
SVr+1l—Vyr+2+ Ve —1— Yyt =0. (4)

, |Jz—=1=0 r=1 ,
Neéeu & 0’ thay vao hé phuong trinh thi thdéa méan.
Y

= (x;y) = (1;0) la nghiém ctia hé phuong trinh.
, {x —1#£0 {x #1 )
Néu & , ta co

y' #0 y#0
e ——2v -t roy' -1 _
Vet T+ +2 (Ve 1+ /0) (Va+ 1+ o)
@(:U—y‘l—i—l) 1 1 -0

VitV iz (ferit Ur) (Var e

Thay = — 1 = y* vao phuong trinh (3), ta duge (y* + y)Z = 4y.
Ap dung bét ding thitc Cauchy, ta c6

vyt > 20yt ey
s +y) > 40
Sy > 4y°
Sdy(y' —1) <0
<y <1(Viy>0).

Vig<lneny(yP+17<1-(13+1)° =4
Dau “=" xay ra khi y = 1.
Ta co
2
(v' +9%)" =4y
ey’ (¥ +1) =4y
=0
o [y 4
y(y'+1) =4
y =0 (loai)
y=1(TM).

Véiy=1,tacor—1=1" <2 =2.
Vay hé phuong trinh da cho ¢6 nghiém la (z;y) = {(1;0), (2;1)}. O
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH Luon nd lyc dé dat duoc thanh qua

y J/ J J

\/41132 (4z — 9)(z —y) + /zy = 3y

$>Bai 10.
4/ (x +2)(y + 22) = 3(x + 3).

D Loi gidi.

a4z + (de =9z —y) + Iy =3y (1)

4/ (x +2)(y + 22) = 3(x + 3). (2)
42° + (4x — 9)(x —y) >0

Diéu kieén xac dinh { zy > 0
(x+2)(y+2x) > 0.

Vi /422 + (42 — 9)(z —y) + /Ty =3y nén y > 0 ma 2y > 0 nén x > 0.

\/4x2+$<4$—9>20

44/2z(x + 2) = 3(z + 3)

Vay y = 0 khong 1a nghiém ctia hé phuong trinh.
Ta c6

Thay y = 0 vao hé phuong trinh, ta dugce < Vo nghiém.

(:\/4952 (de —9)(z—y) —2y++ry—y=0
422 + (4 — 9)(x — y) — 4y? zy—y*
VAR + (dr—9)(x —y)+2y VTY+y
4(w—y)($+y) Uz —9N—y)  yle—y) _

¢4x2 (10— 9)(z —p) +2 @w

4x+y)+4r -9
< (x— =0
\/451;2 + (4 — 9)(z — )+2y NG +y
8z +4y —9
& (r — + 0
( [\/4932 (4o = 9)(z —y) +2y \/x_y+y
r—y=20
& 8r+4y —9

Va2 + (4 — 9)(z — y) + 2y \/_—HJ

Véi x = y, thay vao phuong trinh (2), ta c¢6

4/ (x +2)(x + 22) = 3(x + 3)
4322 + 62 = 3(z + 3)
16 (32 + 62) = 9(z + 3)?
4827 + 962 = 9(2® + 62 + 9)
3927 4+ 422 — 81 =0

z=1(TM)
g 2
x = 2z (loai)
13
=y=1
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3. HE PHUONG TRINH Ludn nd luc dé dat duoc thanh quéd

y J/ J J

=0, ap dung bat ding thiic Cauchy, ta c6

8 +4y —9
\/4332 + (4 — 9)(x — )+2y NG —l—y

3w +3)=2-2\/(z +2)(y +22) <2(x +2+y + 21)
Sbr+2y+4>3r+9
S3r+2y—52>20
&br+4y—102>0
S8r+4y—9 > 2z + 1.

Vix20n6n2x+1>0$8x+4y 9>O

8 4 9
Ty >0,¥z >0,y >0.
\/4:152 (4dx — 9)(x — )+2y NG +y
Vay hé phlIdng trinh da cho ¢6 nghiem 1a (z;y) = (1;1). O

soBai 11, 2V Ty=3-2r—y (I
2?2 = 2xy —y? = 2. (2)

® Loi gidi.
Diéu kién xac dinh: 2z +y > 0.
T (1) = 4a? + 4y? — 200 — 20y +8xy +9=0= 2z +2y — 1)(2z +2y — 9) = 0.

1-2 3V2 2F 3v2
TH1: y = 2x.TfI(2)suyrax::|:T\/_=>y=:FT\/_.

9—2 V178 2F V178
TH2: y = 290. \(2)suyrax—:i:T:>y::FT.

3V2 2%3V2

Thtt lai ta nha y) =\ £
ai ta nhan (z;y) ( 1T 1

) la cap nghiém ctia hé phuong trinh. O

4> Bai 12. {\/xw TV D+ VT =yt VY
(z+1) [y+zy+ (1l —2)] =4

® Loi gidi.
Diéu kien xac dinh y > 0, 2y > 0, zy + (v —y)(/z7y —2) >0
Phuong trinh (1) tuong duong

e IT DN e
\/xy—I— r—y)(VTy—2)+y VIV

y+\/_ 2 n 1 _0
\/xy+ r—y)(VTg -2 +y VItV .

=

Gig ta ching minh y + \/zy > 2. That vay, tur (2) ta c6

4
y+\/x_=x—_|_1+x2—:p.

Va chiing minh

x+1+x2—x22<:>(a:—1)2(x+2)20. (dang)
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH

Luén nd luc dé dat duoc thanh qué

y J/ J J
Vay tit (*) suy ra x = y thay vao (2) ta dugc
[z =1
1+ V17
(x+1)(3x—x2)=4(:) -4
1—-+v1
x:—\/_7. (loai)
L 4
1 17 1 1
Vay hé da cho c6 nghiém (x;y):(l;l),( +4\/_7; +4\/_7) O
.. 248/T—22-9=
soBai13, ¥ FoVI—2r—9=0
472 + % + 2z + y = 2(1 — 2zy).
® Loi gidi.
Diéu kién xac dinh z < %
P 8/T—22-9=0 o [P sVI= 2 —9=0 o [P sVI=2r—9=0
42 +y?* + 2z +y = 2(1 — 2zy) (4a? +4ey+ )+ 2z +y)—2=0 2z +y)*+ 2z +y) —
, {Qx—i-y—l {2x+y:1
Y +8/1-2:-9=0 V48— 9=0 VI-DWP+ VPP +9) =0
& 2r+y=1
9 _ 204y = — 20 +y= -2
r+y=-—2 3
y+s¢w 9=0 3y (V3FY —6/3Fy+8) =
{2x+y—1 _{90:0
=1
y=1 4
VY - :
2x+y— T=73
1
Vay hé da cho c6 nghiem: (z;y) = (0;1), (5, —3). O
o —y=2
soBai14, (VI TV VI =2VY
(1 —+/z)(by — 44/5y + 8) = 4.
® Loi gidi.

Diéu kien: z >y > 0.

Nhan xét: Néu y = 0, thay vao phuong trinh dau suy ra x = 0. Thay vao phuong trinh sau khong

(1—Vz)(dr —dVidr +8) =4’ & 1’ + oo —3r +4/z -2 =0 1 =

thoa.
Dodoy>0=rx+y>r—y
2y
Tu —y =2y =
VE+ty+vr—y=2/y N
co
4 —1
5
Vay hé da cho c6 nghiém: (a:;y):(\/g—l; E

4(v/3 —

= 2,/y = 5y = 4x. Thay vao phuong trinh sau ta

V3—1.

D). :
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3. HE PHUONG TRINH Ludn nd luc dé dat duoc thanh quéd

y J J J
<> Bi 15. {xQ —2=dyytl
22(y — 1)* = (2 + 9)(2* + 9y).

Dieu kien: y >

Dit a = 2% + 9,

22b% = a(a +9b) & (a + 11b)(a — 2b) = 0 & [

® Loi gidi.
—1.
b =1y — 1. Phuong trinh thit hai tuong duong

a=—11b 2 =—11ly+2
a=2b ? =2y —11.

Thay vao phuong trinh dau, ta dé dang tim dudc nghiem.

Vay hé da cho c6 nghiem: (z;y) = (v/2;0), (—v/2;0). O
z? + y? 2x—2y—3:0.

Hé phuong trinh da cho tuong duong {

batu=x -1,

Twu d6, nghiem

® Loi gidi.
(@-Dy—-D[z-1)+(y-1)]=6
(x =12+ (y—1)*-5=0.
v =1y — 1 ta dugc hé

w(u+v) =6 u+v=3 u=2v=1
- =
(u+v)? —2uv =5 uy = 2 u=1,v=2.

cia hé da cho la
r=3 =2
va
Yy =2 y = 3.

Vay hé da cho ¢6 nghiem: (x;y) = (2;3), (3;2). O

<> Bai 17. {

xt — 42 + 2% — 6V2y = —9

\/§x2y + 2+ 2\/§y = 22.

Heé da cho tuong duong

(x2 = 2)%+ (V2y — 3)* =4 o Jla=22+-2P=4 | fa=20a=4
(22 +2)(V2y+1) =24 (a+2)(b+2)=24 b=4b=2
r =42 r =42
& 3v2 va B 5v/2
L T2
Vay hé da cho ¢6 nghiem: (x;y) = (:I:Z i) (:I:\/_ 5\/_> O

<> Bai 18. {

xy+r+1="Ty
22y + zy + 1 = 132

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH

Luén nd luc dé dat duoc thanh qué

y J J J
® Loi gidi.
Do y = 0 khong 1a nghiém ctia hé nén hé da cho tuong duong
1 1 x_
1 _ _
$2+£+?:13 ( ) a2 —b=13 a=—50b=12
1:+—:4
Y 1
< 1 & 3
r+—=-5 r=3,y=1
Y
i =12y
SO . . 1
Vay hé da cho c6 nghiem: (z;y) = (1; 5)’ (3;1). O
2
< = 3 =%
soBai1g. TV I =5
(2® + zy)* + (y* + 2)* = 1724
@ Loi gidi.
Do z = 0 khong la nghiém, nén hé da cho tuong duong
2 + xy y2+2_3
{ﬁ+xy+f+2:3x P <®{a+b:3 <®{a—Lb—
2 4 2 4
(* +2y)* + (v* +2)* = 172" (:rr +xy) +(y +2) 17 at + bt =17 a=2b=
x x
Do d6 ta co
Yy +2=2x y=0 . y=0
G
TH+y=2 r=3 r=3
Y +2=x y=—2 y=-—1
Vay hé da cho ¢6 nghiem: (z;y) = (1;0), (2;0), (3; —2), (3; —1). O
< =l=
soBai20. [T =
2%y — x = 212
@ Loi gidi.
Hé da cho tuong duong
{x:2y =2y )
{a:+(xy—1)=3y ry—1l=y N yzl,y=—§
r(ry —1) = 2y {x:y =y
vy —1=2y | ly=1+v2y=1-Vv2.
1
Vay hé da cho c6 nghiem: (z;y) = (2;1), (—1; —5) , (1 +v2;1+ \/5) ) (1 — V21— \/5) O

o
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3. HE PHUONG TRINH Ludn nd luc dé dat duoc thanh quéd

310/528 -

y J/ J J

23y° + 8 = 163

<> Bai 21.
z(zy + 2) = 8y°.

® Loi gidi.
3y +8 =16y (1)
22y + 22 =8y*  (2)
Vi y = 0 khong 1a nghiém ctia hé, nén tit (2) ta c6 22%y* + 4xy = 16y3.
Thay vao (1), ta duge

Hé huong trinh da cho tuwong duong {

3P — 207 —day +8 =0 xy = 2.

Thay vao (1), ta duge x =2, y = 1.
Vay hé da cho c¢6 nghiem: (z;y) = (2;1).

Vey+r+2+Vel4+z -4/ =0

<> Bai 22.
{xy+x2+2:m-(\/scy+2+3).

o Li gidi.

= 2 R
Dat {Z xg/ + . bieu kién: a,b,x > 0.
=2x

Hé da cho tuong duong

{\/a+x+\/b+x:4\/§ (1)
a+b=+va+b+3z (2)

Tt (1) suy ra

2
vr) = (Va+tz+vb+z) <20a+z+b+x)
= 16z < 2(a+ b+ 27)
= 6r<a+bd

1
Tt (2) suy ra

a+b—\/%:3a:§

a+b—+vab<0
a=b=3z
{xy+2:3x

x? =3z

1

4J

=3
= 7

yzg-

Vay hé da cho c¢6 nghiém: (z;y) = (3; g)

y+r+y=3
<o Bai 23. 1 1

x2+2x+y2—|—2y:

2
3

e
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Chuong 3. PHUONG TRINH - HE PHUONG TRINH

Luén nd luc dé dat duoc thanh qué
y J/ J J
@ Loi gidi.
Diéu kien: z,y # 0; —2.
Hé da cho tuong duong
(r+D(y+1)=4
1 1 2
+ ==
242 Yy 42y 3
bata=x+1, b=y + 1 hé da cho tuong duong
ab =4 a ,b=2 =y=1
! + L2 ﬁa —2b——2<:> -3
-1 -1 3 R Y
Vay hé da cho c6 nghiem: (z;y) = (1;1), (—3; —3). O
) 65
<> Bai 24. y+1 r+1
14 zy =22 + 92
@ Loi gidi.
Dieu kien: z,y # —1.
Tasfrdungkétquésau:Néu:vz—xy+y2:1th‘1y_i_l-i-x:/_l:1.
Chting minh:
xQ—xy+y2:1<:>ac(x+1)—|—y(y+1):xy—i—m%—y—i—l:(:c—i—l)(y—i—l)@ﬁ—f—xil
£ < N . - T Y A
Ap dung vao bai toan trén, dat =a, = b ta c6 hé mdéi
y+1 r+1
a+b=1 a=0,b=1 r=1y=0
= =
a4+ =1 a=1,b=0 r=0,y=1
Vay hé da cho ¢6 nghiem: (z;y) = (1;0), (0;1). O

311/528" B Nguyén Quéc Duong - 80375113359 ﬂ




4  BAIPHUONG TRINH & BAT DANG
/ THUC

Bir 1. BAT PANG THUC

A-TOM TAT LY THUYET

1. Kién thic co ban

Dieu kién Noi dung
Cong hai vé véi s6 bat ky a<besate<btc (1)
mot s6 duong: ¢ > 0 a<b<& ac<be
Nhan hai vé
mot s6 am: ¢ < 0 a<b<sac>be
. £L 32 s a>b
Cong theo vé cac bat dang thiic cing chieu o4 Sa+ce>b+d | (3)
c
N £ £ 2 . . « £ L, a > b > 0
Nhan tiung vé bat dang thiic khi biét néa duong & ac > bd (4)
c>d>0
Mii 1é a<bs a®tt < pPntt (5a)
Nang liiy thia véi n € Z*
Mit chén 0<a<bsad® <™ (5b)
a>0 a<bea<Vb (6a)
Lay can hai vé
a bat ky a<be Ja< Vb (6b)
S N A 1 1
Néu a, b cung dau: ab > 0 a>b©—<g (7Ta)
Nghich dao “
. P 1 1
Néu a, b trai dau: ab < 0 a>b<i>—>g (7b)
a
2. Bat dang thitc Cauchy(AM-GM)
a) V6i Va >0, b > 0 thi ta c6
a+b
5~ = Vab
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Luon nd luc dé dat duoc thanh quad

y J/ J J

Chuong 4. BAT PHUONG TRINH & BAT DANG THUC

Dau "=" xay ra khi v& chi khi a = b.

b) V6i Va > 0, b > 0 thi ta c6

%’HC > Vabe

Dau "=" x4y ra khi va chi khi a = b = c.
(a+b)° (a+b+c)?
< .
1 va abe < o

Ho#c ¢6 thé viét ab <
c¢) Tong quat v6i n s6 ap, ay,. .., a, > 0 thi ta c6
a;+as+ ...+ ay
> Yaqas. .. ay
n

3. Bat dang thitic Bunhiacopxki (Cauchy Schawarz)

a) VéiVz, y, a, b € R thi
(ax + by)® < (a® +b?) (z* + ¢°)

hoac
laz + by| < \/(a2 + 02) (2% + y?) (4.1)

Dau "=" x&y ra khi va chi khi — = % (a, b+ 0).
a

b) Véi Vx, y € R va a, b > 0 thi

4 2 . ~ 2 . x
Dau "=" xay ra khi va chi khi — =
a

B-DANG TOAN VA BAI TAP

& Dang 1. Chitng minh bét déng thirc béing phuong phép bién ddi twong duong

Phuong phap giai
® Ta c6 thé ap dung tuong tu cho bo ba 86 (z;y; 2) va (a; b; c).

@ Dé chitng minh bing phuong phéap tuong duong, c6 thé lam theo hai ¥ tudng
+ Bién ddi bat ding thitc can chiing minh tuong duong véi mot bat ding thitc da biét 1a
ludn ding.
+ St dung mot bat dang thic da biét, bién déi dé dan dén bat dang thiic can ching minh.

@ Mot s6 bat dang thitc luon ding

a) A2 > 0. b) A2+ B2 > 0.
¢) AB>0v6i A, B> 0. d) A2 + B2 > +24B.
B Nguyén Quéc Duong - 80375113359 ‘




1. B&t ddng thuc Ludn nd luc dé dat duoc thanh quéd

yV J J J
¢ Vidu 1. Cho a,b,c € R. Chitng minh réng: a> +b>+1>ab+a+b
® Loi gidi.
Dit S=a?>+b*+1—ab—a—b.
Ta co
25 = 20" +20*+2—2ab—2a—2b= (a® —2ab+ %) + (a® —2a+ 1) + (b* — 20+ 1)

= (a—b)2+(a—1)°+(b—1)>>0, VYa,b,c.

Suy ra S > 0.
Hay a?+0*+1—ab—a—-b>0<a®>+b*+1>ab+a+0b.
Dau "=" x4y ra khi v& chi khia = b = 1.

$> Vidu 2. Cho a,b, c € R. Chitng minh rang a? + b + ¢ > ab — bc — ca.

® Loi gidi.
Dit S = a? +b* + 2 — ab + be + ca. Ta ¢

25 = 2a*+ 20" +2¢° — 2ab + 2bc + 2ca = (a® — 2ab+ b%) + (b* 4 2bc + ¢*) + (¢ + 2ac + a®)

= (a=b’+ b+’ +(c+a)’>0

Suy ra S > 0.
Hay 2a? + 2b% 4 2¢® — 2ab + 2bc + 2ca > 0 < a? + b* + 2 > ab — bc — ca.
Dau "=" x4y ra khi v& chi khi a = b = —c.

¢ Vidu 3. Chiing minh réng: a®> + b +4>ab+2(a+0b),Va, beR

® Loi gidi.
Dat S=a?+b0*+4—ab+2(a+0b). Taco

258 = 2a2+2b2+8—2ab—4a—4b=(a2—2ab+b2)+(a2—4a+4)+
= (a—b)2+(a—2)°"+(b—2)".

Dau "=" x4y ra khi va chi khi a = b = 2.

(b* — 4b+ 4)

$> Vidu 4. Chitng minh ring v6i Va € R thi ta luon c¢6 a* — 4a + 3 > 0.

® Loi gidi.
biat S = a* — 4a+ 3. Ta co

S = a4—2a2—|—1—|—2a2—4a+2:(a2—1)2+2(a—1)220.

Suy ra S > 0.
Hay a? — 4a + 3 > 0.
Dau "=" x4y ra khi va chi khi a = 1.

$> Vidu 5. Chitng minh ring v6i moi a® + b? > 0 thi ta luon c6 a? + ab+ 2b* +

ab?

e
a? —ab+ b2

0.

® Loi gidi.
ab?

5 _ 42 2
DatS—a +ab—|—2b +m

Ta thay

e
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Chuong 4. BAT PHUONG TRINH & BAT DANG THUC Ludn né lyc dé dat duge thanh qua

y J/ J J
@ V6i b=0thi S =a?>0do a, b khong dong thsi bang 0.
@ V6i b # 0. Ta chia c hai vé cho b?, ta dugc
S a\? a b
/—_— — — _—
s=5=3) +b+2+(a>2 T
b b
a .
bat t = E Khi do
S = t2+t+2+;:t2+t+1+1+;
t?2—t+1 t?2—t+1
2 +1
S = PHt+l+ >0 VteR
Flhld e >0 Ve
S
Suyraﬁ>0<:>5>0.
Do d6 suy ra diéu phai chting minh. O

at+ vt + 1 S 2

¢ Vidu 6. Chitng minh rang véi moi a, b € R thi ta luén c6 s > a?b? — a? + b2

@ Loi gidi.
Dat S = a* +b* + 1 — 2a%b* 4 2a® — 2b°.
Ta co

S = a' =22 (B~ 1)+ (B =202 + 1) = [a® — (B> = )]+ (1> = 1)* >0
Suy ra S > 0 hay a* +b* + 1 — 2a%b 4 2a® — 26> > 0

4 14 4 ph
Déau "=" xay ra khi v chi khia =0, b = 1. 0J

2 | 72 2
¢ Vidu 7. Chitng minh rang v6i moi a, b € R thi ta luén cé AR > (a - b) .

2 - 2
® Loi gidi.
Ta co
(ot—b)2 >0« a2+ b2 > 2ab < 2a% + 202 > a® + 2ab + b?
202 + 202 _ a®>+2ab+b> a?+b? (a—l—b)2
> g > .
4 - 4 2 2
Dau "=" x4y ra khi v& chi khi a = b. O

¢ Vidu 8. Chitng minh ring a* + v* > ab® + a3b, Va, b € R.

D Loi gidi.

Ta co

at + b —ab® —a*b=a®(a—b) — b} (a—b) = (a—b) (a® = V*) = (a — b)* (a® + ab+ b?) .

2
Via®+ab+0* = (a-l-g)-l—%z()véi‘v’a,beRdodé (a —b)* (a® + ab+ %) > 0.

Suy ra a* + b* > ab® + a’b, Va, b € R. O
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1. B&t ddng thuc Ludn nd luc dé dat duoc thanh quéd

y J/ J J

¢ Vidu 9. Ching minh réng 25 + y° — 2y — 2y* > 0, Vo +y > 0.

® Loi gidi.
Ta co
Dty +y —ayt =2t e —y) —yt @ —y) = (@ — ) (@ +y) (¥ + 7).

Viz4+y>0, (x—y)>>0va (22 +12) >0 nen suy ra 2° — 2ty +1° — 2y* > 0.
Hay 2° + y° > o'y + zy*.
Dau "=" x4y ra khi va chi khi x = v. O

$> Vidu 10. Chiing minh réng a3 + b® > a?b + ab?, Va > 0; b > 0.

® Loi gidi.

a®—a®b+ b —ab? =a*(a—b) —b*(a—b) = (a—b)’(a+D).
Via>0,b>0néna-+0b>0. Mat khac (a—b)2EO,Va,bERnénsuyraa3—a2b+b3—ab220.

Hay a® + b > ab® + a?b.
Dau bang xay ra khi va chi a = b. O

BAI TAP VAN DUNG

> Bai 1. Ching minh cac bat ding thic sau va cho biét dau déng thitc xay ra khi nao?

a) (a+ b)? > 4ab, Va;b € R. b) 2(a® +b?) > (a + b)?, Va; b > 0.

1 3
c) a+b—|—§z\/a+\/l_), Va;b > 0. d) a+b+c+12\/a+\/5+\/5, Va;b;c > 0.

e) a>+b*+c*+12>4(a+b+c),Va;b;ceR. ) a*+a+1>0,VaeR.

g) a*+3 > 4a, Va € R. h) a® + b* + 4 > ab + 2a + 2b, Va; b; c € R.

2

i) a——|—62+02Zab—ac+2bc,Va,b,c€R. j) 4a*+5a* > 8a® +2a — 1, Va € R.

4
k) a®(1 + ) + V*(1 + &) + A1 + a®) > 1) a*+b*+P+1 > 2a(ab®*—a+c+1), Va; b;c €
6abc, Va;b; c € R. R.

m)z? +y?>+5>zy+x + 3y, Vr;y € R, n) 4a® + 4b* + 6a + 3 > 4ab, Va; b € R.

0) 22 +2y?+2zy —2x —5y+4 > 0, Vz;9 € R.

Q) 22 +y?+ oy —Sr—4y+7>0,Va, y.

s) 2+y*+1>zy+x+vy, Vr,y €R.

u) ot +y* 4+ 2* > wyz(e +y + 2), Vr, y, 2.

p) 2 +y*+xy—3r—3y+3>0, Vo;y € R.

r) 22 +4y?+ 322+ 14 > 22 + 12y + 62, Vx, ,
2.

t) 2?4+ y* 422 > zy +yz + 2z, Vo, y,z € R

v) ab+2bc+3ca < 0,Va+b+c=0.
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Chuong 4. BAT PHUONG TRINH & BAT DANG THUC Ludn nd luc dé dat duoc thanh qué

y J/ J J

a) Chiing minh rang: (a + b)? > 4ab, Va; b € R.
Ta co
(a+b)? > 4ab
a2+ 2ab+b* —4ab >0
a’?—2ab+b>0
(a —b)? > 0 ludn ding Va;b € R.

t o

Vay (a + b)? > 4ab, VYa;b € R.
Déang thtic xay ra khi va chi khi a = b.
b) Chiing minh rang: 2(a® + b*) > (a + b)?, Va; b > 0. Ta ¢6
2(a® +b*) > (a+b)?

< 20+ 20 > a? + 2ab + b2

s a?—=2ab+ b2 >0

& (a—1b)* >0 luon ding Va; b € R.
Vay 2(a* +b%) > (a+b)* V€ R.
Diang thiic xay ra khi va chi khi a = b.

. 1
¢) Chtng minh rang: a + b+ 5 > /a + Vb, Ya;b > 0. Ta c6

1
a+b+5 > Vat Vb

1 1
& a—\/5+1+b—\/5+120

1)\? 1)\?
= (\/_—5) +<\/B—§) > 0 luon dang Va; b > 0.
1
Vaya+b+§2\/5+\/5,Va;b20.
1

Déng thiic xay ra khi va chi khia = b= T

. 3
d) Ching minh rang: a—i—b—l—c—i—:l > Va+ Vb + /e Ya;bye > 0. Ta co

3
a+b+c+12\/5+\/l;+\/5
1 1 1
& a—\/5+1+b—\/5+1+c—\/5+120

1\? 1\? 1\?
& (\/_—5) —l—(\/B—E) +(\/E—§) > 0 luon dang Va; b; ¢ > 0.
V@ya—l—b—l—c—l—zZ\/5+\/5+\/E,Va;b;020.

1

Diéng thitc xay ra khi v chi khia =b=c = T

e) Chiing minh ring: a® +0* + 2 +12 > 4(a+ b+ ¢), Va;b;c € R. Ta ¢6
A+ b+ +12>4(a+b+c)
S —da+4+0 —4b+4+F —4c+4>0
& (a—2)%+ (b—2)*+ (c—2)* > 0 luon ding Va; b;c € R.

Vay a? +0® + 2+ 12> 4(a + b+ c), Va; b;c € R.
Diang thiic xay ra khi va chi khia =b=c=2.
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f) Chting minh rang: a*+a+1 > 0, Va € R. Ta c¢6

at+a+1>0

& a4—a2—|—1+a2:|:a—|—1+1>0
4 4 2

1)\? 1\* 1
& (a2—§) —|—(a:i:§) —|—§>Olu6nd1’1ngVa€]R.

Vay a*+a+1>0, Va € R.
g) Ching minh réng: a* + 3 > 4a, Va € R. Ta c6

a*+3>4a
& (a—1)>%a*+2a+3)>0
& (a—1)*((@+1)*+2) > 0 luon ding Va € R.

Vay a* 4+ 3 > 4a, Va € R.
Dang thitc x4y ra khi va chi khi a = 1.

h) Chiing minh rang: a® + b* + 4 > ab + 2a + 2b, Va; b;c € R. Ta c6

a®? +b*+4 > ab+2a+2b
& 2a% + 26 + 8 > 2ab + 4a + 4b
& (a—b)?*+(a—2)*+ (b—2)* > 0 luon diang Va; b;c € R.
Vay a® 4+ b? +4 > ab + 2a + 2b, Va; b;c € R.
Dang thitc x4y ra khi va chi khi a = b = 2.
2

i) Ching minh rang: az + 0%+ 2 > ab— ac+ 2bc, Va; b;c € R. Ta ¢

2

%+b2+022ab—ac+2bc

2
& (g—b+c> > 0 ludn ding Va; b; c € R.

2

Vay az + 0?4 2 > ab — ac + 2bc, Va; b; c € R. Dang thiic x4y ra khi va chi khi a — 2b 4 2¢ = 0.

j) Chitng minh rang: 4a* + 5a® > 8a® + 2a — 1, Va € R. Ta c6

4a* 4+ 5a® > 8a® 4+ 2a — 1
& (4a* —4a®) — (4a® — 4a*) + (a* = 2a+1) >0
& (a—1)4a® —4a* +a—1)>0
& (a—1)*(4a* +1) > 0 luon ding Va € R.
Vay 4a* + 5a® > 8a® +2a — 1, Va € R.
Ding thic xay ra khi va chi khi a = 1.
k) Chiing minh rang: a?(1 + b*) + b*(1 + ¢*) + (1 + a®) > 6abc, Va; b;c € R. Ta c6
a?(1+b?) + b*(1 + %) + (1 + a®) > 6abe
a2+ b® + A + a®b® + b2 + a? > 6abe
(a® — 2abc + b*c®) + (b* — 2abe + 2a®) + (¢ — 2abe + a®b*) > 0
(a —be)? + (b — ac)? + (c — ab)? > 0 luon ding Va; b; c € R.
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Vay a*(1 +b%) + b*(1 + ) + (1 + a?) > 6abe, Va; b;c € R.
a = bc
Diang thiic xay ra khi va chi khi < b = ac

c = ab.
1) Ching minh rang: a* + b* + ¢ + 1 > 2a(ab® — a + c + 1), Va; b;c € R. Ta c6

a4+b4+02+122a(ab2—a—|—c+1)
& (a* —2a°0* +bY) + (a* — 2ac+ *) + (a® —2a +1) > 0
& (> =b*)?+ (a—c)*+ (a—1)? > 0 ludn ding Va; b;c € R.
Vay a* +b* + % +1 > 2a(ab® —a+c+ 1), Va; b;c € R.
a=c=1

Diang thiic x4 khi va chi khi
ang ¢ xay ra khi va chi l{b:il.

m) Chiing minh réng: 2% + y?> +5 > xy + x + 3y, Vo;y € R. Ta ¢6

4+ +5>ay+r+3y
& 227+ 2% 4+ 10 > 22y + 22 + 6y
& (@—2y+y)+ @ =20+ 1)+ (P —6y+9) +1>0
& (z—y)?+(@—1)°+(y—3)*+1>0 luon ding Va;y € R.

Vay 22 + 94> +5 > 2y + o + 3y, Va;y € R.
n) Ching minh rang: 4a® + 4b* + 6a + 3 > 4ab, Va;b € R. Ta c6

4a® 4 4b* + 6a + 3 > 4ab
& (4b6* — 4ab +a®) +3(a®* +2a +1) >0
& (2b—a)®+3(a+1)* > 0 luon ding Va; b € R.
Vay 4a® + 4b* + 6a + 3 > 4ab, Va; b € R.

a=—1
Déang thtic xay ra khi va chi khi —1

o) Chiing minh rang: z + 2y* + 22y — 20 — 5y +4 > 0, Vo;y € R. Ta c6
22+ 2y + 22y — 22 — by +4 >0

9 7
& (y2—3y+1)+(x2+y2+1+2:cy—2x—2y)+1>0

3)? 7
N (y_i) +(gg+y—1)2+1>01u6nd1’1ng‘v’x;y€R

Vay 22 +2y% + 22y — 22 — 5y +4 > 0, Va;y € R.

5 1
—Z2=0 r=—3

DAu biing xdy ra khi va chi khi { 7 2 PN ]
r+y—1=0 y=3

p) Chiing minh rang: 22 +y*> + 2y — 32z — 3y +3 > 0, Va;y € R. Ta ¢
P4y +ay—3r—3y+3>0
o da? F 4y Aoy — 120 — 12y +12>0
& 24y’ —-602x+y)+9+3@y—1>>0
& (20+y—3)*+3(y — 1) > 0 ludn ding Vz;y € R.
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Vay 22 +y* + 2y — 32— 3y +3 >0, Va;y € R.
Dang thtic xay ra khi va chi khi z =y = 1.

22+ +ay—Sr—4y+7>0,Vr, y. Taco
2+ 4oy —5r—4y+7>0
& 42 4 4y + 4oy — 202 — 16y +28 > 0

& (22)* +day +y* — 1020 +y) +25+3y* —6y +3>0
& (2z+y—5)*+3(y—1)* > 0 luon ding Vz; y.

Vay 22 + 9% + 2y — 50 — 4y +7 > 0, Yz, .
2x+y—5:0®{x:2

Déu bang xay ra khi va chi khi
y—1=0

22 4+ 4y? + 322 + 14 > 22 + 12y + 62, Y, y, 2. Ta c6

22+ 4y + 322+ 14 > 22 + 12y + 62
9
& x2—2x+1+4(a:2—3x+1)+3(z2—2z+1)+14—1—9—3>0

3
= (m—1)2+4(y—§)2—|—3(z—1)2—|—1 > 0 luon dang V z,y, 2

Vay 22 + 4y? + 322 + 14 > 22 + 12y + 62 Va, y, 2.
r—1=0 T

1
FS N 2 . N 2 . 3 3
Dau bang xay ra khi va chi khi y—§:O<:> y:§
z—1=0 z=1.

22+ +1>ay+a+y, Vo, y e R Tacod

Py +1l>ay+aty
& 204+ 27 +2— 22y — 22 — 2y > 0
s 2 —2ey+ it -2+ 1492 —24+1>0
& (r—y?+(@—-12+(y—1)?>01luon ding ¥ =,y € R.

Vay 22 +y?+1>ay+a+y, Vo, y € R.
Dau bang xay ra khi z =y = 1.

>+’ + 22> ay+yz+ 2z, Vo, y,2 € R. Ta c6
x2+y2+z22xy+yz+z:v
& 207 4+ 2% 4+ 22% — 2wy — 2yz — 220 > 0
o 2 —2ey+ P4+t + 2+ 2+ 22+ 22+ 22> 0
& (z—y)?+@y—2)?2+(@—2)2*>0Iluon ding V z,y, 2 € R.

Vay 2?2 +y? + 22 > 2y + yz + 22, Vo, y,2 € R.
Dau bang xay ra khi z =y = 2.

oyt + 2 > ryz(e +y + 2), Vo, v, 2.
Tt bat dang thitc da ching minh & trén 22 4+ y? + 22 > zy + yz + 22 ta co

2+ yP 422 > ey +yz+ 2w
o 2yt 42 > 2% 4+ P 4 22t
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Ta lai ¢6

2y + P2 4 2% = (ay)? + (y2)? + (22)° 2 2Pyz + ay’a + oy’ = ayz(z +y + 2).
Vay ot + y* + 2* > xyz(z + y + 2) luon dung V z, v, 2.

Dau bang xay ra khi z =y = 2.

v) ab+2bc+3ca <0,Va+b+c=0.Tacoa+b+c=0<a=—(b+c).

Thay vao vé trai ta c6

—b(b+c¢) +2bc —3c(b+¢) <0
& —b* —be+ 2bc — 3be — 3¢* <0
& —[b+c)*+c* <0luon dingV a+b+c=0.

Vay ab + 2bc 4+ 3ca <0, Va+ b+ c = 0.
Déu bang x4y ra khi a = b= c = 0.

OJ

$>B@&i 2. Cho a, b, ¢ € R. Chitng minh a? +b? + ¢ > ab+be + ca (1). Ap dung bat déng thiic (1)
dé chiing minh céc bat dang thic sau va cho biét dau bat déng thitc xay ra khi nao?

a) (a+b+c)* <3(a®+b>+ ). b) (a4 b+ c)* > 3(ab+ b+ ca).
c) a*+ b+ ct > abe(a + b+ c). d) a* +b*+ct > abe, (a+b+c=1).
® Loi gidi.

Trude hét ta ching minh a? 4+ b + ¢ > ab + be + ca (1). Ta ¢6

A+ 4+ >ab+be+ca
& 202+ 202 +2¢% — 2ab — 2bc — 2ca > 0
& a?—2ab+b0* +b* +2bc+ 4 +2ca+a’> >0
& (a—b)*+(b—c)?+(a—c)*>0luon ding V a,b, c € R.

Vay a? + b* + c2 > ab + bc + ca, Va, b, c € R.
Dau bang x4y ra khi a = b = c.

a) (a+b+c)? <3(a®>+b*+c?). Taco

(a+b+c)? <3(a®+ b+ )
& a?+ b2+ A+ 2ab + 2be + 2ca < 3a® + 3b* + 32
& 2ab+ 2bc + 2ca < 2a% + 20% + 262
& ab+be+ca < a® +b® + ¢ luon ding theo chitng minh (1)

Vay (a +b+c)? <3(a*+ >+ %), Va, b, ceR.
DAu bang xay ra khia = b = c.

b) (a+b+c)* > 3(ab+ be + ca). Ta c6

(a+b+c)* > 3(ab+ be + ca)
< a?+ b2+ + 2ab + 2be + 2ca > 3ab + 3be + 3ca
& a®+ b+ > ab+ be+ ac luon ding theo chiing minh (1)

Vay (a+ b+ ¢)? > 3(ab+ bc + ca), Va, b, ¢ € R.
Dau bang x4y ra khia = b = c.

o
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c) at+b* +ct > abe(a+b+c). Taco
A+ 4+ >ab+be+ca
< a4+ > AP0+ B2+ A
Ta lai co

a’b® + b*c® + c*a® = (ab)® + (bc)® + (ca)® > abe + ab’c + abc® = abe(a + b+ c).
& a'+b* + ' > abe(a+ b+ ¢) luon ding theo chiing minh (1)

Vay a* +b* + ¢* > abc(a + b+ ¢).
Dau bang xay ra khi a = b = c.

d) a* +b*+ct > abe, (a+b+c=1).
Theo chitng minh trén ta c6 a* + b + ¢t > abe(a + b + ¢).
Ma a+b+c=1neén a* + b*+ ¢* > abe luon dung Va, b, c € R.
Vay a* +b* + ¢* > abe, (a+b+c=1).
Dau béang xay ra khi a = b =c = 0.

U

$>Bai 3. Cho a,b > 0. Chiing minh: a® 4+ b® > a?b+ab® = ab(a+b) (2). Ap dung béat ddng thitc
(2) dé chitng minh cac bat dang thiic sau va cho biét dau dang thiic xay ra khi nao?

) = + ! + ! <A Ya > 0,b>0,¢c >0
a —.Va c> 0.
ad+ b +abc B+cB+abe B+ ad+abc ~ abc’ ’ ’
1 1 1
b) + + <1,Va>0,b>0,c>0vaabc=1.

ad+bB+1 B+c3+1 S+ad3+17

® Loi gidi.
Trudce tien, ta ching minh: a® + bv* > a?b + ab® = ab(a + b) (2).
That vay, bat dang thic (2) tuong duong véi:
(a+0b) (a®> —ab+b*) —abla+b) >0
& (a+b)(a® —2ab+b*) >0
& (a+b)(a—b)* >0 (luon ding via,b > 0).

Dau “="x4ay ra khi a = b.

1 1
< .
a®+ b3+ abe ~ abla+ b+ c)
Ap dung tuong tu cho hai bat ding thic con lai rdi cong theo vé, ta dugc:

a) Tu (2), ta co:

1 1 1
VT
ab(a+ b+ c) +bc(a+b-|—c) +ac(a+b-|—c)
a+b+c 1
= ———=—=VP.
abcla+b+c) abe
Dau “="xdy ra khia = b = c.
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b) Tu (2), ta dugc:
1 1 1
T <
VI = ab(a+b)+1+bc(b+c)+1+ac(a+c)—|—1
c a b
= + +
abc(a +b)+c¢  abe(b+c)+a  abc(a+c)+b
B c . a n b
" a+b+c a+b+c a+bic
_afbte 4 _yp
a+b+c
Dau “="xdy rakhia=b=c=1.
[

$>Bdi 4. Cho a,b,z,y € R. Chitng minh: Va2 + 22+ /0? + 32 > /(a+ b2+ (z + y)2 (3) (goi

Ia bt déng thiic Mincépxki). Ap dung (3) dé ching minh céc bat déng thitc sau hodc tim gid tri
nhé nhét ciia bicu thitc P va cho biét dau dang thiic xay ra khi nao ?

a) Chting minh: v1+a2+v1+b2>/5¥a>0;b>0vha+b=1.

a>0

b) Tim gia tri nhé nhat ctia biéu thiic P = \/@2 + 5+ \/b2 + — Vi {b =

® L3i gidi.

Trudc tien, ta ching minh bat dédng thitc Mincopxki: vVa? + z24/02 + 42 > \/(a +b)2 + (z + y)?  (3).

That vay, bat ding thiic (3) tuong duong:

a® + 22 + B + g + 24/ (a% + 22) (B2 + ?) > (a +b)* + (z + y)?
& 2\/a2+m2)-(b2+y)22ab+2xy
& 4 (a2 + :c2) (62 + y2) > 4a” - b* + 42 - y* + Sabxy
& (2ay — 2bz)* > 0 (luon ding).
b
Zz y

Dau “=" x4y ra khi &

a) Ap dung bat déng thic Mincdpxki, ta duge:

VT > \/(1+1)2+ (a+b)?
V22 +12=5=VP.

. 1
Dau “="xay ra khi a = b = 7
b) Ap dung bat ddng thitc Mincopxki, ta duge:

3 CHEC)

AM-GM

> V22 422=2V2.
Dau “="x4y ra khi a = b = 1. Vay, Ppin = 2V/2.

O

o
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& Dang 2. Cdc ky thudt s& dung bét ddng thirc Cauchy

D St dung tach cdp nghich ddo co bdn

a) Tach tap nghich ddo la ki thuat tach phan nguyén theo mau sé dé sau khi 4p dung bat dang
thitc Cauchy triét tiéu di bién s6 hodc con lai bién tuong dong véi vé con lai.

b) Mot s ky thuat tach:

(@) X4a+——=(X+b)+——+a—b>2/c+a—b

X+0b X+0b

a X X a X X a a
b)) X+ —=—+—4+— > 3—.—.—: 3—
(b) +X2 2+2+X2_3 X2

2
(c) X2+ — _X2+—+— 3¢/ X Wa
X 2X_ 2X 2X

or % - P . 8
$>Bai 5 (THPT Tréin Ph(i-TPHCM 2017-2018). Tim g tr nhos nhit cita ham 56 f(r) = £+ ——
x —
voi x> 2.
® Loi gidi.
x 8 T —2 8
Ta cé == = 1.
acsf@) =5t =5 o
Khi z > 2, ap dung bat dang thic Cauchy cho hai s6 duong T ; : 5 ta dugc:
x —
r—2 8 r—2 8
= 1>2 . 1=5
f@)=—=—+ 5 +1= > T2
% 5 NN ” R 2 8 9
Dau "=" xay ra khi va chi khi 5 = 2@($—2) =16<2=06
x _
K&t luan: Gia tri nhd nhat ciia ham s6 f(z) bang 5 khi z = 6. O
<> Bai 6 (THPT An Duong Vuong-TPHCM 2017-2018). Tim gi4 tri nhé nhat ctia ham s6
x
_ 2 §ig > 1.
f(z) 2+$_1V01$>
® Loi gidi.
T 2 r—1 2 1
T A = — = —
a co f(x) 2+m—1 5 +x—2+2
Khi z > 1, ap dung bat dang thic Cauchy cho hai s6 duong T ; : : ta ducgc
x —
z—1 2 1 r—1 2 1 5
g — > 2 . - = =
J@)=——+;=7%32 > r-17273
A 2 . N 2 Y 1 2 2
Dau "=" xay ra khi va chi khi 5= 1@(.%—1) =4 =3
x R
. . . . 9
Keét luan: Gia tri nh6 nhat ctia ham s6 f(z) bang 5 khi z = 3. O

‘ <> Bai 7 (THPT Hoang Hoa Thédm-TPHCM 2018-2019). Tim gia tri nhé nhat ctia ham s6

y J/ J J
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f(x):x—Z—l—m 5 voi x> —2.
@ Loi gidi.
2

Ta c6 =r—24+ ——= 2 —4

aco flx) ==z +x+2 T+ +x+2 )
Khi 2 > —2, ap dung bat dang thitc Cauchy cho hai s6 duong = + 2; — ta duge:

x

2 \/ 2
—r 24— —4>9 9. —— _4=92/2 -4
flx)=x+ s Bk = (z +2) p V2

. 2
Dau "=" Xéyrakhivachikhix-i-Q:j@(x+2)2:2@x:\/§_2
T

Két luan: Gia tri nhé nhét ctia ham s6 f(z) bing 2¢/2 — 4 khi z = v/2 — 2. O
<> Bai 8 (THPT Trung Vuwong-TPHCM 2018-2019). Tim gid tri nhé nhat cia ham sb
4
f(x):§m+a:—2 voi x> 2.
@ Loi gidi.
4z 3 dr — 8 2 8 4z —2) 2 8
T A _ — fd _ = —_
nebf) =gt Ty Yot s 3 r—2 ' 3
Z 2 Z 4 - 2 3
Khi 2 > 2, ap dung bat dang thitc Cauchy cho hai s6 duong (z 5 )7 5 ta dugc:
x _
4(x — 2) 3 8 4(x—2) 3 8 20
- °>9 : °_=
/(@) 3 z-2 3% \/ 5 1-273773
. . . 4(x —2) 3 9 7
AN 2 N ? _ _9\2 _ 2 —
Dau "=" xay ra khi va chi khi 3 —x_2<i>(x 2) %ﬁ)x 5
Két luan: Gi tri nhé nhat ctia ham s6 f(x) bing 3 khi x = 7 OJ

> Baii 9 (THPT Nguyén Thuong Hién-TPHCM 2014-2015). Tim gid tri nhé nhit clia ham s6

1) 3z 4+ +1 5 >2
r)=——""—/—vliz>—.
3x —2 3
@ Loi gidi.
Thue hién phép chia da thiic, ta co:
3z +x+1
= 1
v +3:E—2
B 3x—2+ 3 +5
3 3v—2 3
. 2 z A 2 2 . Z 3$_2
Khi x > 3 ap dung bat dang thitc Cauchy cho hai so duong 5 3 5 ta dugc:
x_
3x —2 3 5 \/33:—2 3 5 11
— “>9 : S =
J@) === +55+52 3 3z-2 3 3
3xr —2 3 5
Déau "=" x4 khi va chi khi = & Br—-22=91=_.
au x4y ra khi va chi khi — P (Hx ) ; T=3
Két luan: Gi4 tri nhé nhit ciia ham s f(z) bang 0 khi 2 = 3 O
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$>Bai 10 (THPT Nguyén Thuong Hién-TPHCM 2013-2014). Tim gi4 tri nhé nhat cia ham s6
(x+2)(z+8) .
f(z) = voi x> 0.
x
® Loi gidi.
Ta co:
r+2)(xr+38
o)~ T
x
= r+10+ 16
x
= o+ 16 + 10
x

L s . 16
Khi z > 0, ap dung bat dang thic Cauchy cho hai s6 duwong x; — ta dugc:
x

16 16
flx) =24+ —4+10>2y/z- — +10=18
T T

. 16
Dau "="xady rakhivachikhiz = — o1’ =162 =4
T
Két luan: Gi4 tri nhé nhit ciia ham s6 f(z) béng 18 khi z = 4 O
> Bai 11 (THPT Chuyén Lé Héng Phong-TPHCM 2014-2015). Tim gia tri nhé nhat clia ham
B 3 1
sO f(x) =9z + v voi x > 1.
a5 = 1l
® Loi gidi.
3 1 4 4
Ta c6: f(x) =9z + v =9z + 3+ =9z -9+ +12
r—1 r—1 r—1

4
1 ta dugce:

Khi z > 1, 4p dung bat déng thitc Cauchy cho hai s6 duong 9(x — 1);

4 4
= —1 —_— 12>2\/ —1)-——+12=24
f(x) =9(x )+x—1+ >24/9(z — 1) :c—1+

) 4 4 5
Dau "=" xdy ra khi va chi khi 9(z — 1) = —® (r—1)2= ger=3
l‘ —
. . D . )
Két luan: Gia tri nhé nhat ctia ham s6 f(x) bang 24 khi x = 3 O

$> Bai 12 (THPT Chuyén Lé Hong Phong-TPHCM 2014-2015). V6i z > 0, tim gia tri nho nhat

ctia ham so:

r+4 3z—10
= +

& T T+ 2
® Loi gidi.
Thém mot hang tit vao biéu thic da cho,ta cé:
r+4 3x—-10 z+44+2x—2 —Sr—10+4+82 2(x 42 8x 2(x + 2
x T+ 2 x T+ 2 x T+ 2 x
8z
T+ 2 ) ) .
Khi z > 0, 4p dung bat dang thic Cauchy cho hai s6 duong (z+ ); 52 ta dugc:
x x

e
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Chuong 4. BAT PHUONG TRINH & BAT DANG THUC Ludn né lyc dé dat duge thanh qua

y J J J
2 2 8 2 2 8
Y= (90-1—)+ T 69 (+2) T e
T T+ 2 T x+2
. 2 2 8 2
Déau "=" xay ra khi va chi khi (z+ ): ° S+2i=a’r==<
) x x4+ 2 3
Két luan: miny =2 khi v = = 0
(05+00) 3
$>Bai 13 (THPT Trén PhG-TPHCM 2018-2019). Tim gi4 tri nhd nhadt cta ham s6
4 1
y—T——+— vl 0<azx <1
@ Loi gidi.
4 1 4 1 4 — 1— =4
Tacoy = +—:< —a)+<——b)—|—a+b: a+ax+ bx+a+bvéuchon ¢
l—2z = 1—x x 1—x x b=1
4 1— Cauch 4 1—
Thikhidétacéyz( 4 x)+5 > o 2T 5 g
1—a x —x x
) 4 1— 1
Déng thitc xAy ra khi va chi khi —— = = e g = -
11—z T 3
. 1
Keét luan: miny =9 khi z = -
(051) 3
2 2h 1 02
Cach khac: Ching minh lai BDT Cauchy-Schwarz dang — —1— % > (z iyb) & ? 4;)y ¢ >
a a
(z+y)
a—l—b

2b + y2a)(a + b) > ab(x + br — ay)?> > 0 luon ding. Dau "=" xay ra khi va chi khi

< (z v y)? Y g y

ba:—ay<:>—:
a

b
) 4 1 22 12 2+ 1) )
Ap dl_mg:y:1 —f——:l +—ZH=9vﬁdén "=" x&y ra khi va chi khi
—x x —r —x)+x
2 1(:) 1 0
= — xr = —.
l—2z = 3

<> Bai 14 (THPT Chuyen Lé Hong Phong-TPHCM 2017-2018). Véi 0 < z < 1, tim gia tri nhd

nhat ctia ham s6 y = —+ .
x 1—3{;

® Loi giéli.
Thém mot hang tit vao biéu thitc da cho, ta co:
l—z4+2x 2-—2x+2z 11—z 2x
= + = + + 3
1—=x T 1—=x

1— 2
St e ta dugc:

Khi 0 < z < 1, 4p dung bat dang thic Cauchy cho hai s6 duong
—x

11—z 2x 1l—=x 2x
y= + +32>2 :
T 11—z T 1—=x

) 1— 2
Déu "=" x&y ra khi va chi khi —— = 22 oz =+v2-1

T 11—z
Két luan: miny = 2v/2+3 khi z = v2 — 1. O

(0:-1) -
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1. B&t ddng thuc Ludn nd luc dé dat duoc thanh quéd

y 4/ J J
$>Bai 15 (THPT Nguyén Thi Minh Khai-TPHCM 2018-2019). Tim gia tri nhé nhat clia ham so:

1 5 . 1
f(:v)—5+1_5$ V6 0<x<g.
® Loi giai
1+ 5 (1 )+( 5 b)+ b 1—ax+5—b+5bx+a+bvachon a=>5
= — =(=-—a — a =
y r 1-—b5z T 1 -5z T 1 -5z ) b=25
Khi do ta co:
1-5z 25z Cauchy 1—-5z 25z
f(m) ( T +1—5x+0) - x 1—5:17+
P 1 -5z 25z 1
Dau "=" x4 khi va chi khi = = —
au xay ra khi va chi khi 1x 1_5x(:>x 10
Két luan: miny = 20 khi z = —. U
1 10
©
SO Bai 16 (THPT Chuyén Trdn Pai Nghia-TPHCM 2016-2017). Tim gia tri nhd nhat ciia ham
SO:
6 2
f(x):;+2_a7 vei 0 <z <2
ﬁLbigiéi.
6 2 6 2 6 —axr 2-—2b+0bx R a=3
y=- + =|\-—a|+|z7—-b)+ta+b= + +a + b va chon
1—=z T 2—x T 2—zx b=1
Khldotacoz
_ Cauch _
f(fv)Z(6 S, +4) > 030 @ 49344
T 2—x -
% > N ” 6_3$ X
Dau "=" xay ra khi va chi khi = 5 sr=3-43
T —x
Két luan: miny = 2v/3 + 4 khi z = 3 — /3. U

(0;2)

$>Bai 17 (THPT Cén Thanh-TPHCM 2018-2019). Tim gi tri 16n nhét cfia ham sb:

9 32
57— 4 2 Va € (0;2)

y:

® Loi gidi.

9 32
2 T

Ete)
(_Qm ) (5 ) rar
=5

9 —4a + 2ax 32 — bx
+ +a+0b
4 —2x T
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Chuong 4. BAT PHUONG TRINH & BAT DANG THUC Ludn né lyc dé dat duge thanh qua

y J/ J J
9
Ta chon T4
b=16
Khi do6 ta co:
B 9z . 32 — 16z n 73] Cazchy 5 9x 8(4 — 2z) n 3 121
Y= 2 —20) z 1] = 2(4—21) 7
. 9 8(4 —2 16
Dau "=" xay ra khi va chi khi 2 _x%) = ( . 2) S = 11
P 121 16
Keét luan: maxy = ——— khi x = —. 0
(0:2) 4 1
i 22 ~ < .z . 2 s 3 N A 4
$>Bai 18. Véi x > 0, hay tim gid tri nhé nhat clia ham s6: y = 3z + —;.
x
® Loi gidi.
. ~ n  mr mr n
Huéng dan: y=ma + — = — + — + —
x? 2 2 x?
Ta co
3r  3x 4 Cauchy /3x 3x 4 3
=g S 3¢/ 2 2 =339
VTRt Te S y 5=V
. 3 3 4 3 4 2
Dau "=" xéyrakhlvachikm;:?x:?@ ?x:p @xz%
. 2
Ké&t luan: miny = 3v/9 khi z = —. U
(03+00) \?/g
s " T T 100
$>Bai 19. Véi x > 0, hay tim gid tri nhé nhat clia ham s6: y = 5z + —-.
7
@ Loi gidi.
Ta c6
br  bx 100 Cauchy _ [5x 5xr 100 5
ST VA |- N
VTt e 7 2 2 2 V5
. 1 1
Dau "=" XéyrakhivachikhiS—x:E)—x:ﬂ(:)5—36:@(:)33:2\3/3
) 2 2 x? 2 x?
Két luan: miny = 15¢/5 khi = 2v/5. U
(05+00)
~1 2ot ~ N .z . 2 2 2 N A ]-5
$>Bdi 20. V6i x > 0, hiy tim gia tri nhd nhat clia ham so: y = 5z + —
7
@ Loi gidi.
. _ n  mr mr mr n
Huéng dan.yzmx+?:?+T+?+E
Ta co: Y
5r bSr Sx 5 Cauchy [y bx bx 15  5v3
— Ty s Ty _Zve
O T T R B 3 '3 3 23 3
. ) 15
Dau "=" x4y ra khi va chi khi g =S er= V3
x
Két luan: miny = ? khi z = v/3. O

(0:+00) J—
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1. B&t ddng thuc Ludn nd luc dé dat duoc thanh quéd

y J/ J J

S . ~ N ., . ? A 2 N A 4
$OBai 21. Véi z > 0, hiy tim gia tri nhé nhét cia ham s6: y = 222 + —
7

Q Loi giéi.
Huéng dan: y = ma? -l-——mx _|__+_
2 2x
Ta co:

2 92 Cauchy
y—2x+ +— > 34/ 22

w
SHEN
SHEENS
Il
=)

. 2
Dau "=" x&y ra khi va chi khi 222 =~ & 2z =1
x
Két luan: miny = 6 khi z = 1. O
(05+00)

E®) s dung thém bét dé tim gid fri 16n nhét co ban

. 5 . .
$OBai 22. Véi x € [0; 5} , hay tim gia tri I16n nhat cia ham s6 y = x(5 — 2x).

® Loi gidi.

1 [(2z)+ (5—2x)]* 25
e 2 : 8 25

Suy ra gia tri 16n nhat ctia ham sé bing —.

Dau “=" xdy rakhi 20 =5 —2x & o = 1

. 9 . .
$OBai 23. Véi x € [0; 3} , hay tim gia tri 16n nhat cia ham s6 y = 4x(9 — 5z).

® Loi gidi.
Ta c¢6: y = 42(9 — 5z) = — - (5x) - (9 — 5x)
4 [(5z) + (9 —5x)]* _ 81
5 4 5 81
Suy ra gia tri 16n nhat ctia ham s6 bang e

4
5
5)

=1y < -

Dau“=" xady rakhi bz =9 —br & x = % O

$>Bai 24. Tim gia tri 16n nhat cia f(z) = (2 — 1)(5 — 3x), biét réng

(ST
IN
8
IN

Wl ot

® Loi gidi.
Ta c6: y = f(x) = (22 — 1)(5b — 3z) = ; : (33:—;) (5 —3x)

(-3)+o-m]

2
3 4 24"
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Chuong 4. BAT PHUONG TRINH & BAT DANG THUC Ludn né lyc dé dat duge thanh qua

y J/ J J
. v 49
Suy ra gia tri I6n nhat ctia ham so6 bang YR
. 3 13
Dau“=" xayrakhidrz — - =5—-3r < r = —. |
2 12
e p p s 1
> Bai 25. Tim gia tri 16n nhat ciia ham s6 f(x) = (1 — 2x)?, biét réng 0 < = < 5
® Loi gidi.
. b 3
Ap dung a + b+ ¢ > 3v/abc = abc < %.

Ta c6: y = f(z) = z(1 — 22)? = i Az (1 —2z)(1 — 2x)
1 [do)+(1-20)+(1-20) 2

TYsy 27 e
Suy ra gia tri 16n nhat ctia ham s6 bang 77
Dau“=" xdy rakhidr =1—-22 &z = é O
$OBQi 26. Tim gia tri 16n nhat va gia tri nhé nhat cia ham s6 y = vz — 2+ V6 — .
® Loi gidi.
Tap xac dinh 2 = [2;6].
Vig>0=y*=4+2/(x—2)(6—2z) >4
=y >2=miny = 2 khi z = 2 hoac z = 6.
Talai ¢6 y* = 4+ 24/(x — 2)(6 — z)
=<4+ (r—-2)+(6—12)=8=y<2V2
=maxy =2v2khiz —2=6—12 <z =4.
Vay miny = 2 vi miny = 2v/2. 0
€D €D
¢S Bai 27. Tim gia tri 16n nhat va gia tri nhé nhat ctia ham s6 y = v — 1+ /5 — .
® Loi gidi.
Tap xac dinh 2 = [1;5].
Vigy>0=9y*=4+2/(x—1)b—2z) >4
=y >2=miny = 2 khi z =1 hoac z = 5.
Talai c6 y> =4+ 2/(z — 2)(6 — z)
S <4+ (@x-1D+0B-2)=8=y<2V2
=maxy =2v2khiz—1=5—z <z =3.
Vay gleigy: 2 va I;leigy: 2V/2. O

$> BQi 28. Tim gia tri 16n nhat va gia tri nhé nhat clia ham s6 y = v — 2 + 26 — .

@ Loi gidi.
Tap xac dinh 2 = [2;6].
Tacoy=+x—2++6—x++/6— 1.
Dat A=vVz —2+6—2th A22=4+2/(z—2)(6—z) > 4.
Suy ra A > 2 dau “=" xay ra khi 2 = 2 hoac z = 6.
Do d6 y > 2 = miny = 2 khi x = 6. )

Ap dung (ac + bd)? < (a® + b?*)(¢? + d?), dau “=" xay ra khi % =

Ta c6 y* = (Vo —2+ 26 — $)2 < (124 2?2) [(Vz —2)? + (V6 — x)?]
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1. B&t ddng thuc

Luon nd luc dé dat duoc thanh qua

=2 <5-4=20=y<2/5.
-2 6 — 14
jmaxy:2\/5khi\/x1 :\/2 x@az:—.

Vay miny = 2 vi miny = 2/5.
x€9 €9

y J/ J J

> Bai 29. Tim gia tri 16n nhéat va gia tri nho nhat clia ham s6 y = 5v/x + 1+ 3v/6 — .

® Loi gidi.
Tap xéac dinh 2 = [-1;6].

Tacoy=5Vr+1+3V/6—z=3(Vo+1+V6—2)+2Vz+1.

Dit A=z +1+V6—othi A2=7+2/(z+1)(6—z)>7.

Suy ra A > /7 dau “=" x4y ra khi z = —1 hoiic = = 6.
Do d6 y > 3v/7 = miny = 3v/7 khi z = —1.

Talai c6 y* = (5v/7 + 1+3v6 —2)" < (5 +32) [(Vo + 1)> + (V6 — 2)2]

= 2 <34-5=238 =y < /238.

1 — 141
= maxy = /238 khi \/x5—|— = \/62 a ST = EVR

Vay miny = 3v/7 va miny = v/238. U
€D €D
.. . 7 Vy—4 vr—4
¢S Bai 30. Tim gia tri 16n nhat cia bieu thic P = Ak R A :
zy
® Loi gidi.
. >4
Diéu kién: )
{y >4
—4 —4 —4 —4
Taco po Sy —4tyve—4 Vy-4 vo-4
xy Yy x
) e b |
Ap dung bat dang thic a? + b* > 2ab & 2a— < —. Dau “=" x4y ra khi a = b.
a’?+ b — 2
Ta c6:
N U S DY
A+ (y—4) =2 =1
2vxr —4 < 1 N r—4 < 1
At (z—4) —2 =7
—4 -4 1
SuyraP:\/y +\/x <.
Y T 2
1
Vameaxzﬁkhia::y:& O
$>Bai 31. Tim gia tri nhé nhat ctia biéu thitc P = L Vo >4,y > 1.
V=9 -1)
® Loi gidi.
N >4
Diéu kién: {CE )
y>1
LY T Y

Taco P =

Vao—Dy-1) Va1 Vy-1

e
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Chuong 4. BAT PHUONG TRINH & BAT DANG THUC

Luén nd luc dé dat duoc thanh qué

Ap dung: Véi a > 0, b > 0 ta c6: a® + b2 > 2ab =

Véix >4 vay>1,taco:

y J/ J J

2 b2
@t > 2. Dau “=" x4y ra khi a = b.

ab

(x —4) x
Y o > 4.
2vVe —4 r—4
1 _
28l Uhll) P NS TP
vy —1 y—1
T Y
Suy ra P = . > 8.
' Vied Vy—1°
Vay Ppin =8 khix =8 vay = 2. O
45 Bai 32. Tim gié tri nho nhat cia ham s6 5 = © 213 v € (0;1)
. Tim gi4 tri nh6é nhat cia ham s6 y = ———,Va i 1).
gid tri V= ——s
® Loi gidi.
_x2—x+3_(x2+$+1)—|—2(1—x)_\/x2+:v—|—1+ 21—z
VTIPS ioi Vet ail Vi-z  Vtail
Ap dung: Véi a >0, b> 0, ta ¢6: a + b > 2v/ab. Dau “=” xay ra khi a = b.
Do d¢ \/x2+ac+1 2V1 —x \/\/x2+x+1 2V1 —x 23
O do: - . = .
Y NG m Vi—z  Val+a+1
VAY Ymin = 2V/2 khix=3+ O
- 2 b? 16¢2 64c —a—0b
<> Bai 33. Cho a,b, ¢ > 0. Chitng minh: + ¢ > ccazv
b+c c+a a+b 9
@ Loi gidi.
Ta co:
a? 4(b—|—c)>2 a> 4b+c) 4a
b+c 9 ~Vb+ec 9 37
b? 4(c—|—a)>2 ¥  4(c+a) 4b
c+a 9 ~ " Vec+a 9 3’
162 162
> 2 . =
a+b—i—(a+b)_ "> (a+b) =8¢
Cong vé véi vé cac bat dang thiic ciing chiéu ta dugc:
a’ b? 162 4(b+c)  4(c+a) da  4b
b) > — 4+ —+38
b—l—c+c+a+a+b+ 9 9 +(a—|—)_3+3+c
a? b? 16¢> _ 4a  4b 4b+c¢)  4(c+a)
Iy P _ —(a+b
bitc cta atb-3 37T g g —letd)
a? b? 162 _ 64c—a—1Db
+ > .
b+c c+a a+b— 9
DAu bang xiy ra a = b = 2c. O

o
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1. B&t ddng thuc Ludn nd luc dé dat duoc thanh quéd

B Ghép déi xirng

a) Cho X, Y, Z>0. Ching minh X +Y + 272> A+ B+ C.
Cauchy

X+Y > 24

Cauchy

Chitng minh. Taco ¢y 4 7~ > 23§X+Y+Z2A+B+C’.

Cauchy

Z+X > 2C
mX +nY +pZ > (m+n+pA

Téng quat. Ta c6 { mY +nZ +pX > (m+n+p)B = (m+n+p)(X+Y +2)> (m+n+
mZ +nX +pY > (m+n+p)C

p)(A+B+C).
b) Cho X, Y, Z > 0. Ching minh XY Z > ABC.
XYy > A?
Néu chiing minh duge { YZ > B> "8" Xy Z > /A2B2C? = |ABC| > ABC.
ZX > C?

<9 Bai 40. Ching minh réng v6i moi a, b, ¢ > 0, ta luén c6 a?® + b2 + ¢ > ab + be + ca.

® Loi gidi.
Cauchy
a?+0> > 2Va2b? = 2ab
Ta ¢6 < 2 4 2 Caghy IWRE — e = 2(a> + V2 +2) > 2(ab+be+ ca) < a® + 02+ > ab+ be + ca.
Cauchy
A+a? > 2Vc2a? = 2ac
Dau “="xdy rakhia=b=c> 0. O

> Bai 41. Chitng minh v6i moi a, b, ¢ > 0 thi ta luoén c6 ab + be + ca > Vabc <\/5+ Vb + \/E)

® Loi gidi.
ab + be Caghy 2v/ab - be = 2by/ac
Ta ¢6 < be + ca Caghy 2Vbe - ca = 2cVab
ca + ab Caghy 2vV'ca - ab = 2aVbe.

Suy ra

2(ab + be + ca) > 2(aVbe + by/ac + eVab) hay ab + be + ca > Vabe(va + Vb + /).

Dau “=” xdy rakhia=0=c>0. O

.. i} , . . o ca? A b _a b c
¢S Bai 42. Chiing minh rang véi moi a, b, ¢ € R va khac 0 thi — + -+ — > —+ -+ —.
2 b a> " b ¢ a

QLbigiéi.
.

2 2 Cauch 2 2
a c Y a® ¢ a a
ST —.—:2’—>2-—
2 b T 2 bh? bl — b

. 2 2 Cauch 2 2
Taco{c_+b_ Zyg C_.b__ ’5‘225
b2 a? b2 a? a a
b2 q? Cauchy b2 a2 b b
a c a? ¢ c c

y J/ J J

.
\
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Chuong 4. BAT PHUONG TRINH & BAT DANG THUC Ludn né lyc dé dat duge thanh qua

y J/ J J

c a2 & ¥ _a b ¢
2 a hay—+ +—>——|———|——.
Z

Suy ra
>  a®? b a

Dau “=" xay ra khi & 7=

S |

> Bai 43. Chiing minh rang véi moi a, b € R thi ta luon c¢6 4a® + 96> + 5 > 4(a + 3b).

® Loi gidi.
Ta co
Cauch
1400 +5= (4> + 1)+ (9 +4) > 2V4a2- 1 +2vV90% - 4 = dfa| + 12[b| > 4a + 12b = 4(a + 3b).
A 2 . 1 N 2
Dau “=" xay ra khla—§ ab:§. OJ

$9 Bai 44. Chiing minh réing véi moi a, b, ¢ > 0 thi ta c6 a® + b® + 3 > a?b + b?c + c2a.

® Loi gidi.
Cauch
A+ad+ > y3v3a3-a3~b3=3a2b
Taco ¢ p3 4 b3 4 3 C“;”“’ 3V 1 = 3h2e = 3@+ +c) > 3(ab+bPe+c2a) hay aP +b° 4¢P >

Cauchy
S+l +ad® > 3V a3 =3c%a
ab + b%c + a.
Dau “=" xayrakhia=b=c¢> 0. OJ

$> B&i 45. Chiing minh ring v6i moi a, b, ¢ > 0 thi ta ¢6 a® + b% 4+ ¢ > av/be + by/ca + cv/ab.

o Loi gidi.

@bt C>4\/—b tav/be

Taco Qp2 12+t a? o 4B 0 - a? = Aby/ac
T /gy Sy SIS

Suy ra

4(a® + b* + %) > 4(aVbe + by/ac + eV ab) hay a® + b? + ¢ > aVbe + bv/ac + eV ab.

Dau“=" xdy rakhia=0b=c> 0. O

3 13 3
<9 Bai 46. Chiing minh réng véi moi a, b, ¢ > 0 thi % + 48 > ab + be + ca.
c  a

® Loi gidi.
( 0,3 Cauchy
? + ab > 2(1
3 Cauch 3 bg 3
Tacc’><b__|_bc >be2 %%—F +C—>2(a + 0% 4 ) — (ab+ be + ca).
C
C3 Cauchy
—+ca > 27
\ a

3B A
Mat khéc, theo két qua bai 40, ta c¢6 a® + b% + ¢ > ab + be + ca, cho nén > + 242 > ab + be + ca.
c  a

Dau “="xdy rakhia=b=c> 0. O
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1. B&t ddng thuc Ludn nd luc dé dat duoc thanh quéd

336/528 ’

y J/ J J

o < b b
¢S Bai 47. Ching minh rang v6i moi a, b, ¢ > 0 thi ta ¢ iz % > \/3(a®+ b + 2).
¢ a

® Loi gidi.
Diéu can chitng minh tuong duong véi

b b 2
(a—+—c+%) >3(a®+ b0+ ) &

c a b b

Ta c6 < (%)2 + (%)2 Caghy 2\/<b§)2 . (% ’ = 2¢°
G () )

Cong vé theo vé ta dugc

Do dé6

(a—b)2 + (b—c>2 + (%)2 +2(a® + b + *) > 3(a® + b* + )
c a b - ‘

Dau “=" xdy rakhia=0b=c > 0.

b\*  [bc)? 2
o +(—C) +(%) +2(a® + 0* + ) > 3(a® + b° + ).

$> Bai 48. Chiing minh réng v6i moi a, b, ¢ > 0 thi a®(1 + %) + b*(1 + ) + *(1 + a*) > 6abc.

® Loi gidi.
P S g 200 1 1) > 942
= a’(1+b%) > 2a°b
Tac {142 %o, = {1+ ) > WPe
Cauchy (14 a?) > 2c%.

14a®> > 2a
Tu doé

Cauchy
(1403 + (1 +A) + A1 +a?) > 2a°b + 20%c+2c%a > 3V2a2b - 20%¢ - 2c%a = 6abe.

Dau“=" xdyrakhia=b=c=1.

$>Bai 49. Ching minh réng véi a, b, ¢ > 0 thi ta luon ¢6 (1 + a)(1 +b)(1 +c¢) > (1 + \3/abc>3.

D Li gidi.
1 1 1  Cauchy 1

+ + >
I+a 1+b 1+4c YA+a)1+b)(1+c)

Ta co

a b ¢ Cauchy abc
+ + > 3.y :
l+a 1+b 1+4c (1+a)(1+0b)(1+c¢)
Cong vé theo vé. ta duge

3
L+ Viabe & (1+a)(1+b)(1+c) > (1+ Vabe)®.
V(L +a)(l+b)(L+c)
Dau “=" xdy rakhia=0b=c> 0.

O

e
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Chuong 4. BAT PHUONG TRINH & BAT DANG THUC Ludn né lyc dé dat duge thanh qua

y J/ J J

$®Bai 50. Chiing minh ring véi moi a, b, ¢ > 0 ta c6 (a + b)(b+ ¢)(c + a) > 8abc.

D Loi gidi.
Cauchy

a+b > 2Vab

Cauchy

Tac6 Sp4+e > 2vbe = (a+b)(b+c)(c+a) > 8abe

Cauchy

ct+a > 2y/ca
Dau“=" xdy rakhia=0b=c> 0. O

$>Bai 51. Chitng minh réing véi moi a, b, ¢ > 0 ta luon c6 (a? + 2)(b? + 2)(c? + 2) > 16v/2abc.

D Loi gidi.
Cauch
a?+2 > ! 2\/5@

Ta co § 2 4 2 Caghy 9v/2p = (a®+2)(0* + 2)(c* + 2) > 16v/2abc.

Cauchy
A4+2 > 22
Dau“=" xdyrakhia=b=c= V2. O

$>Bai 52. Chiing minh ring véi moi a, b, ¢ > 0 ta c6 (a + b+ ¢)(a® + b* + ¢?) > 9Yabe.

® Loi gidi.
Cauch
Ja+b+c 2y3\/3abc ) ) )
Ta c6 Cauchy = (a+b+c)(a® + b* + ¢*) > 9abe.
A+ +F > 3Wabre?
Dau“=" xdy rakhia=0b=c> 0. 0J
. 2 . > 20 0 2 ]‘ 1
$>Bai 53. Ching minh réng véi moi a > 0, b > 0 ta c¢6 (a + b+ 2) - +—] >4
a+1 b+1
® Loi gidi.
Cauchy
a+b+2=(a+1)+0b+1) > 2¢/(a+1)(b+1)
Ta o¢ o +b+2)< 2 )>4
a Co auc a 7, 4] = =
L+Lc>hy2. 1 a+1 b+1
a+1 b+1 ~ (a+1)(b+1)
Déau “=" x4y ra khi a = b > 0. 0J

o 3 1 1 1 9
¢S Bdi 54. Chitng minh rang véi moi a, b, ¢ > 0 thi ta ¢6 (a+b+c)- (a I + T + = a) > ok

® Loi gidi.
Cauchy
2@+b+c)=(a+b)+(b+c)+(c+a) > 3€/(a+b)(b+c)(c+a)
Taco § 1 1 1 Cauchy 1
+ + > 3 :
a+b b+c c+a Y(a+b)(b+c)(c+a)
T do
1 1 1 1 1 1 9
2 >9h > —.
<a+b+c>(a+b+b+c+c+a)_9 aY(a+b+c)(a+b+b+c+c+a)_2
Dau “=" x4y rakhia=0b=c > 0. O
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1. B&t ddng thuc Ludn nd luc dé dat duoc thanh quéd

y J/ J J

a+b+c
b+c c+a a+b

$>Bai 55. Choa > 0,b > 0, ¢ > 0. Chitng minh > g (BDT Nesbitt)

QLbigiéi.
Ta c6
b b
° 4 =% i+ ——41-3
b+c¢c c¢c+a a+b bi+c c+a a+b
a+b+c a+b+c a+b+c
= + + -3
b+c c+a a+b
1 1 1 Bai 54 9 3
= b ( )—3 > - —3=-.
(a+b+0c) a—l—b+b+c+c+a - 2 2
Dau “=" xdy rakhia=0=c > 0. U

E® KiThuat Cauchy ngugc Déu

Mot s6 truong hdp néu danh gia tryc tiép bang Cauchy ngude dau thi sé dua vé dang A < P > B:

Khong néi len duge dieu gi?! Khi dé ta bién déi va ap dung bat ding thitc CauChy nguge dau sé
. . A a ) -

tranh duge dieu nay. Chan han can ching minh: 75 >71. Neu ap dung Cauchy duéi mau so duge

: ij < % sé khong dat yeu cau. Khi d6 can thém trude né la dau “— 7. Tic 1a bién doi
a a(l +b%) — ab? ab? ab? ab
= =a— a——=a— —
1+ 02 1+ 02 1+02 20 2

sé duge mong muon.
Thong thudng, sau khi sit dung ki thuat nguge dau sé dua bai toan vé bat dang thiic hoan vi vé bat
déng thitc déi xing va gian luot di mau so, gitp ta dé dang xt Iy hon so véi dé nguyen thiy.

$OBai 56. Cho z, y, z 1a cac sd thuc duong thoa man dicu kien x + y + 2 = 3. Tim gia tri nho

PO ¥ a x Yy %
nhat ctia bieu thic P = 1—|—y2+ 1+22—|— T2

® Loi gidi.
x (1 +y?) — zy? x1y? xy? Ty
Ta co = =x— >r— —=x— — (1).
1+y? 1+2y2 T+ = 2192 >
=1
Dau “="7" xay ra < Sy =
Xay <0 Y
y Yz z 2
Tuong tu —— (2 - — (3).
gt 52y B ez 5 O
Cong vé theo vé ctia (1), (2) va (3), ta ¢6
T Y Ty +yz+ 2w
> -
1+ Ty iy =rtyte 2
Mat khac
3
(m+y+z)2ZS(xy—i—yz—i—zx)@xy—l—yz—i—zxé?)@—w2—5
Suy ra
3 3
P>3——-=-.
- 2 2
Két luan. 5
Gia tri nho nhat ctia P bang — khiz =y = 2 = 1. O

2 _
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Chuong 4. BAT PHUONG TRINH & BAT DANG THUC Ludn né lyc dé dat duge thanh qua

V' J J J
$>Bai 57. Cho z, y, z 1a cac sd thyc duong thoa méan diéu kien x + y + z = 3. Tim gia tri nhé
2 2 2
P 5 . P y z
nhat ctia bieu thiic P = T+ o + ot 222 + oyl
@ Loi gidi.
2 2y?) — 2zy? 2xy? 2xy? 2
Ta c6 — :a:(x+y) W 2 Zm—L:x——?’(xy)Z(l)
x + 2y? x + 2y? T + 212 381y y? 3
r =y
Dau“="xdy ra< < x>0 .
y>0
2
Y 2 z 2
Tuwong tu >y— =3 2(2), ——=>2z—=% 2 (3).
gt o5 2y -3 (y2) (),Z+2x2_z 3 (z2)? (3)

Cong vé theo vé cta (1), (2) va (3), ta c6
2 2 2

x y z 2(3 5 5
> _z 2 2 2).
x+2y2+y+2z2+z—|—2x2_x+y+z 3 (zy) +\/(yz) +\/(z9:)

Ap dung bat déng thic Cauchy, ta c6

x-l—y+:cy23\3/x2_y2
y+z+y223W
z—l—x—i—zxZE’)W.
Cong vé theo vé, ta co
20c+y+2)+ay+yz+zz > 3.
Mat khac, v6i x +y + 2 = 3, ta c6

(:c+y—|—z)223(:L’y+yz—|—zx)<:>xy+yz+zx§3(<’/(a:y)2+f/(yz)2+{’/(zx)2).

Suy ra
{”/(xy)2 + {’/(yz)2 + f/(za:)2 < 3.
Khi doé
P>3--.3=1
Két luan.

e 5 L. o N . $:y2a922272’:$2
Gia tri nho nhat cia P bang 1 khi Sr=y=z=1 0
z>0,y>0,2>0

$>Bai 58. Cho z, y, z 1a cac s6 thuyc duong théa man diéu kien = + y + 2z = 3. Tim gia tri nhd
22 2 2

hét ciia biéu thic P = .
fhat cia breu ¢ m+2y3+y+223+z+2x3

® Loi gidi.
x? z(x + 2y°) — 2293 2213 213 2,
T 2 — — — > Rl —— — =V 2 1).
acox+2y3 x+ 2y3 v x+2y3_x 3¢y 8 “73 wy (1)
=1
Dau“=" xdyra < x>0 .
y>0
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1. B&t ddng thuc Ludn nd luc dé dat duoc thanh quéd

y J/ J J

2

Sy U () g 2 5V )

Cong vé theo vé cta (1), (2) va (3), ta co
2 2 2

T x+y+z——(\/_y—l—\/—z+\/_a:>

r+2y3  y+223 0 24223 T

Twong tu

Ap dung bat ding thic Cauchy, ta c6

vy + xy +y > 39228 = 3Vay

yz+yz+223W:3Wz

za:—l—zx—i—xZ?)W:?)wx.
Cong vé theo vé, ta co

2(xy+yz+zx)+x+y+223<\?/?y+ Wx—l—\fs/;x)
Mat khac, v6i z +y + 2 = 3, ta co
(x+y+2)? >3y +yz+22) & oy +yz+ 2o < 3.

Suy ra
Va2y + 3/ y2x + V2 < 3.
Khi d6
P>3—-—--3=1.
3
Két luan.

R . (r=yty=22 =23
Gia tri nho nhat cua P bang 1 khi Sr=y=z=1 O
x>0,y>0,2>0

$©Bai 59. Cho z, y, z 1a cac s6 thiyc khong am théa man diéu kién = +y + z = 3. Tim gié tri nho
z+1  y+1 241

nhatcﬁabiéuthfrcP:y2+1—|—22+1 o
@ L&i gidi.

Ta co

1 D(y?+1) — 1)y? 1)y? 1)y? 1
ctl _ Dyt Doty g Dy WY Ly ),
y?+1 Y2+ 1 y2+1 2¢/1 42 2
Dau“=" xdy ra <y = 1.

1 1 1 1

Tuong t y+1_y+1—§(y+1) (2), Z+122+1—§(z+1) (3).

Cong vé theo vé ciia (1), (2) va (3), ta ¢

vl yrl, 2] +y+z+3 1( +yztzrtr+y+z)
T z — —(Z z zZX T Z).
yv?+1 22+1 2+1_ Y g YT 4

Rt gon vé phai, ta co

r+1 y+1 z+1 1( byte) 43 1( byet ).
xr z — = \X z zxr
Pl g T =gty g YTy

Mat khac, v6i z +y + 2 = 3, ta ¢b
(x+y+2)?2 >3y +yz+22) e vy +yz+ 20 <3

Khi do ] ]
P>--3+3—=--3=3
-2 * 2
Két luan.
Gia tri nho nhat cia P bang 3 khiz =y =2 = 1. O
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Chuong 4. BAT PHUONG TRINH & BAT DANG THUC Ludn né lyc dé dat duge thanh qua

y J/ J J

B Ky thudt st dung trong sé dé fim diém roi

$»Bai60. Cho ba s6 thuc duong a, b, ¢ thod man  ditu  kién
a + b + ¢ = 6. Tim gia tri 16n nhdt cha  biéu  thic
P = a+3b+ vb+ 3c+ v/c+ 3a.

® Loi giai.
Phan tich: Vi vai tro cia a, b, ¢ nhu nhau nén ta du dodn gid tri lon nhat sé dat duge khi a = b =
c=2.
Do dé, ta can tim o, B> 0 sao cho o = 8 = a+3b =8 dé khi danh gid Cauchy cho ba s6 «, 5, a+ 3b
thi dau = zdy ra.
Ta co

Vva+3b /88 (a+ 3b)

1 1

S =

<
Tuong tu

b+ 3¢ < —(b+3c+ 16)
ve+3a <

| =53]~

. (c+ 3a + 16).

[\)

SuyraP:\‘7a+3b+\‘7b+3c+\?’/c+3a§1—12-(4a+4b—|—4c+48):%-4-(6—#12):6.
a+3b=28

Vay gia tri 16n nhat cia P1a6 khi {b+3c=8 ©a=b=c=2. O
c+3a=38

$>Bai 61 (HSG Son La). Cho z, y, z la cac s6 thyc duong thod man xyz = 1. Ching minh

3 3 3
o P S

I+9)(+2) 0x00+2  (+2)1+y)

o Loi gidi.
Phan tich: Vi wvai tro ciua x, y, 2 la nhu nhau nén dau = xdy ra khixv =y =2 = 1.

Ta can tim o > 0 sao cho
3 1+y 142z
+ + > ...

(1+y)(1+=2) « a
x? Cl4y 14z
Déu = & bat ding thic tréen zdy ra khi { (1+y)(1+2) o o =a=38.

Do do, ta co 1oi giai nhu sau
Ta c6

Tuong tu

Iroits 8 38

341 /528" B Nguyén Quéc Duong - 80375113359 ﬂ



1. B&t ddng thuc Ludn nd luc dé dat duoc thanh quéd

y J/ J J

23 1+ 1+y _ 3
+ > —z.
(1+2z)(1+vy) 8 8 4
Suy ra
3 n e i 23 1+ 14y 14z 3<+ +2)
> —(x z
A+y)d+2)  (A+o)d+2) (A+2)(1+y 4 1 g —grTY
r+y+z 3 _ 3 3 3
P> 2> a2 =2,
T T 1=VIET T
3
Dau = xady rakhiz =y =z = 1. O
5 5 5

$>Bdi 62. Cho =, y, z > 0. Chiing minh réing — + y_2 + Z—2 > 23 + gy + 28
2 22 2

® Loi gidi.
Phan tich: Vi vai tro cia x, y, z nhu nhau nén ddu = ¢ bat dang thic trén zdy ra khiz =y = 2.
Vi m, n € N* ta co

SU5 $5m
me g bneyt 2 (men) TRyt = (m ) - TR/ g,

Can chon m, n sao cho ™/x5m . y3n=2m = 3 nohia la m = 3, n = 2.
Tw do ta co bai gidi nhu sau.
Ta co

5 5 5 5 5 5 5

a i T i i T T
3-—2+2-y3=—2+—2+—2+y3+y325§’/—2-—2-—-y3-y3=5x3-

y vy vy

Tuong tu ta co

3. L 42.28 > 5
z
Z5
3= +2-2°>52°
xXr
Suy ra
z® Z/ 3 3 3 3 3 3
(—2 + 5t —>+2(x +y°+2%) 25 (2% + 3P+ 2°)
x® P
= —2+—+—>x +y°+ 2%

Y
U

> Bai 63. Cho cac s6 thuc khong am thod mén x + y + z = 31. Tim gia tri nhé nhat ciia bicu
thic P = 2x? + 3y? + 522

® Loi gidi.
Phan tich: Vi trong biéu thic cia P, z, y, z khong cé tinh chat doi zing nén ta gid si gid tri nhé
nhat cia P dat duge khi x = a, y =b va z = c vdi a, b, ¢ > 0 thod méan a + b+ c = 31.
Khi doé ta co

202 +3y* +52% = 2(2* +a?) +3(y* +b%) +5(2° +c*) — 2a® — 3b* — 5% > dax +6by+10cz — 2a® — 3b* — 5¢?
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Chuong 4. BAT PHUONG TRINH & BAT DANG THUC Ludn né lyc dé dat duge thanh qua

y J/ J J
a =15
. 4a = 6b = 10c
Lic nay, ta can tim a, b, ¢ sao cho < <b=10
a+b+c=31
c=06.
T do, ta co6 bai giai nhu sau
P =22" 4 3y* + 577
= 2(2” + 15%) 4+ 3(y* + 10%) 4+ 5(2* + 6) — 930
> 60z + 60y + 60z — 930 = 930.
Vay gia tri nhé nhat ctia P 13 930 khi z = 15, y = 10, 2 = 6. O

$>Bai 64. Cho a, b, ¢ 1 do dai ba canh ciia mot tam gidc. Tim gia tri nhé nhat ctia biéu thic

P / 2a i 2b i / 2c
Vb4 2e—a 2a+2c—b 20+ 2b— ¢’

® Loi gidi.
Ta co
\/T _ \/ 6a> - V6a _ av6
2b+2c—a 3a(2a +2b—¢c) ~ 3a+ (2b+2c—a) a+b+c
2
Tuwong tu ta ciing co
2b b/6

> .
20+2c—b " a+b+c

/ 2c S C\/é
20 +2b—c " a+b+c

2a \/ 2b \/ 2c V6(a+b+c)
_ > = /6.
Suy ra P \/2b+20—a+ > V6

2a+20—b+ 2a + 2b—c a+b+c
Vay gia tri nhé nhat ctia P 1a v/6 khi a = b = ¢, nghia 1a tam giac da cho la tam giac déu. O
- ] 2 ~ 1 1 1 N .z . 2 £ 2 - 2 .
$OBai 65. Cho z, y, z > 0 thod man — + — + — = 4. Tim gi4 tri nh6 nhat cua bieu thiic
zT Yy =z
1 1 1

:2x+y+z+2y+x+z+2z+x+y'

® Loi gidi.
Tru6e tién ta can chitng minh véi moi a, b > 0 thi

1 >1<1+1>
a+b " 4\a b/’
2
>

2
Vab ~a+b  a+b

W~

>

S

1
That vay, ta ¢c6 — +
a

S 1 >1(1+1
uy ra — | =4+ =
Y a+b " 4\a b

Ap dung bat ding thic trén cho timg phan thic 2 1an ta duge

2

1 B 1 >1<1+1)>1+1+1
2r+y+z 2o+ (y+z) 4\ y+2z/ =8 16y 16z
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Luon nd luc dé dat duoc thanh qua

1. B&t ddng thuc
y J J J

Tuong ty

1 1 1 1

20+x+2 "~ 8y 16x 162
1 >1 1 1

2¢4+x+y 8z 16z 16y

Suy ra
1 1 1 3 (1 1 1 3 3
= + + > — |-t -—+-=—4d=-.

2 +y+z2 2y+x+z 224zxz+y - 16\ y =z

. 3 4
Vay gia tri nho nhat cﬁaPlétzl khix:yzz:g. O

BAI TAP VE NHA

$> Bai 66. Chiing minh cac bat ddng thitc sau va cho biét dau dang thitc xau ra khi nao?

/1 31,3 1+ 03 + 23 1+ 23 2
a) trty +\/+y Rk +\/+Z T > 3v3Vz,y,z >0 va zyz = 1.
xry

yz 2T

a b c 1 1 r . < oz
a2+62+b2+62+a2+62g%—1—2—()—#2—0vdla,b,clacacsothucdlIOng.

b)

 Loi gidi.

)T VIt VIV VB
a) Ta co > = )
Y Y \VTY

v/ 1 3 3 3 V1 3 3 3

Tuong tu ta co tytz > \/—; tE > \/_
Yz Yz zx NEE"

1+ 23 + 3 1 1 3 & 23 1+ 23 + 22
:>\/+x+y+\/+y+z VI+23+z >\/§(

+ =
xy yz 2T
1
N

Dau “=" x4y ra khi va chi khi z =y = 2 = 1.

a’® + b? 2 a 1
b) Ta cé = — > %= — < —.
) Ta c6 a+a_ a2+ b2 — 2b
Tuong tu ta c6 = <1 ¢ 1
n ach= — < — —— <
g 24+c2 = 2¢" a2+~ 2a
c 1 1 1

~ S P S Pa a
Congvevdlve,tacoa2+bz—|—b2+62+a2+62_% TS

Déu “= " x4y ra khi va chi khi a = b = c.

]

> Bai 67. Chiing minh cac bat ding thic sau va cho biét dau déng thitc xay ra khi nao?

a) Cho a,b,c > 0. Chitng minh abc > (b+c¢ —a)(c+a —b)(a+b—¢).

1 1 1 1
b) Cho Va > 0,b>0,c¢ > 0,d > 0 va + + > 2. Chtng minh abc < —.
l1+a 14+b 1+c¢ 8
1++/1 2 144/1 2 14+41 2
c) * +$+ i +y+ e <ayz,véiVr >0,y >0,z > 0vaz+y+z = xyz.
73 Yy z
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Chuong 4. BAT PHUONG TRINH & BAT DANG THUC

Luén nd luc dé dat duoc thanh qué

® L3i gidi.

a) Dat2r=c+b—a; 2y=a+c—b; 2z=a+b—c.
a=y+z,b=x+2 c=x+y.

Bat dang thitc < 8zzy < (z +y)(y + 2)(z + ).
r+y > 21y
y+z2>2yz
z24+x > 2\/zx
Nhan vé véi vé, ta c6 diéu phai chiing minh.
Dau“="xdyrakhivachikhiz=y=z2&a=b=c.

Ap dung bat ding thic Cauchy, ta co

Ta co

y J/ J J

1_1_1+1>2(:)1><1 1)+(1 1)
l1+4a 1+b 1+c¢c— 14+a — 1+0b 1+¢

N 1 S b n c
l4a ~b+1 c+1
be

& — >2
1+a

>2\/ ac .1 S
va,
140~ Va+1)(c+1) 1+4+c¢—

Nhan vé véi vé, ta c6

Tuong tu ta co

1

(b+1D)(c+1)

ab

2\/(a+ nHb+1)

8abe

(a+1)(b+1)(c+1) z

1
& abe < 3 dpcm.

. 1
Dau “= " xay ra khi va chi khia=b=c= 3

N 1 1 1
c) Theode baitacox +y+z=ayz & — + —

1+vVT+a22 1 1
b =45 +1
T T

Ta ¢co —

e

1 1 1 1 1
T T Ty Yz
1 \/(1 1)(1 1)'
—4 =+ =)=+ =
T Yy T z x

1 2
+

T

zZx

1
Lyt
T 2
Chiing minh tuong tu, ta co

3(ry +yz+ 2x) <

(a+1)(b+1)(c+1)

4= =1

(z+y+2)?

VT < 3(14_14_1) _ 3(xy +yz + 2x) _
x Yy oz ryz

xyz.(dpcm)

DAau “= " x4y ra khi va chi khi x =y = 2z = /3.

rT+y+z

rT+y+z

O

$> Bai 68. Chiing minh cac bat ding thitc sau va cho biét dau ding thitc x4y ra khi nao? ‘

o
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1. B&t ddng thuc Ludn nd luc dé dat duoc thanh quéd

y J J J
2 2 2
a) Cho z,y,z > 0. Chting minh L + Yy + 2 Zx+y+2.
t+y y+z z+az 2
z,y,z >0 3 3 3
b) Cho{ Y .Chl’l’ngminh%+y_2+z_223.
TYz = Y % T

¢) Cho a,b,c > 0 théa man a + b + ¢ = 3. Chiing minh va + 3b + /b + 3¢ + V¢ + 3a < 6.

d) Cho a,b,c¢ > 0 théa man a + b + ¢ = 1. Chiing minh Vab + v/be + /ca < /3.

e) Cho x,y > 4. Ching minh xv/y — 4 + yv/ox —4 < %

f) Cho z,y,z > 1. Ching minh 2zyv/z — 1 + 2yzv/x — 1 + 2z2/y — 1 < 3zyz.

® Loi gidi.

.’132 2 2

x z z T+ z
I sy Y YRS cIEES
r+y 4 y+z 4 T+ 2z 4

2 2
L .z +
Cong ve v6i ve, ta duge L + J + : > TrYS Z.
r+y y+z z+x 2
Dau ding thitc x4y ra khi va chi khi z =y = z.

a) Ta co

3 3 3 3
b) Ap dung BDT Cauchy, ta c6 T + v + . >33 (zyz) _
2 2 g2 (a:y_z)2

Dau dang thitc x4y ra khi va chi khi z =y = 2.

2y b b+4
c) Tacé va+3b= a2—|—3 §a+3 +

4
b+ 3 4
Tuong tu ta ¢6 vb+ 3¢ < %; c+3a <

Cong vé véi vé ta c6 diéu phai chiing minh.
Dau déng thitc x4y ra khi va chi khia =b=c = 1.

c+3a+4
1 )

1 1 1
d) Ta c6 vab+ vbe + ca < /3 < vVab— + Vbc— + Jca— < 1.
) = V3 BTV Vs S

1
Ma\/%%ST;
1
be— < ———2
0\3/3_ 5
1
ct+a-+ -
Voo <3
33 3
) £ 2 b 1
Cong ve véi ve ta c6 VT < (atbto)+ =1 (dpcm).
£ a2 1
Dau dang thitc xay ra khi va chi khia:b:c:g.
Vy—4-2 —4)+4+4
e) Tacozyy—4d=x y2 Sa:(y 4)+ :%.

Tuong tu ta c6 yvar —4 < %

Cong vé v6i vé, ta co vy — 4+ yvor —4 < % (dpem).
Dau déng thitc x4y ra khi va chi khi z = y = 8.
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Chuong 4. BAT PHUONG TRINH & BAT DANG THUC Ludn né lyc dé dat duge thanh qua

y J/ J J
f) Tacé 2zyv/z — 14+ 2yz/x — 14222y — 1 < ay(z—14+1)4yz(z—1+1)+za(y—1+1) < 3zyz
(dpcm).
Dau dang thitc xay ra khi vi chi khi z =y = 2z = 2.
]
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] | VEC-TO VA CAC PHEP TOAN TREN
/ VEC10

Bir 1. VEC-TO VA CAC PHEP TOAN TREN VEC-TO

A-TOM TAT LY THUYET

a) Cac dinh nghia md dau

<> Dinh nghia 1.1.
Vec-to 1a mot doan thang cé hudng. A B

®@ Mot dau duge xac dinh 1a gde, con dau kia 13 ngon.
© Huéng tit goc t6i ngon, goi la huéng ciia vec-to.

® Do dai clia vec-to 1a do dai doan thing duge xac dinh béi diém dau va diém cubi ciia
vec-t0.

<> Dinh nghia 1.2. Véc-to ¢6 gbc A, ngon B dugc ki higu AB va do dai ctia véc-to AB dugc
ki hieu la |AB| = AB la khong céch gitta diém dau va diém cuéi cita véc-to. Ngoai ra, véc-to
con dudce ki hieu bdi mot chit in thuong, phia trén c6 mii tén nhu @, b, d,--- do dai cia
vée-to @ duge ki hieu la |d|.

$> Pinh nghia 1.3. Véc-to khong, ki hiéu 0 c6:
®@ Diém gbc va diém ngon triing nhau.
®@ Do dai bang 0.
® Huoéng bat ky.

4> Dinh nghia 1.4. Hai Véc-to cling phuong khi chiing ciing nim trén mot dudng thang hodic
AB | CD

nam trén hai duong thing song song: AB ) CD & ,
A, B,C, D: thang hang.

A B

B A
C D C D

4> Dinh nghia 1.5. Hudng ctia hai véc-to: Hai véc-to cling phuong c6 thé cting huéng hosc
ngudce hudng. Ta chi xét hudng ctia hai véc-to khi ching cting phuong.

@ Hai véc-to AB va CD goi 1a cung huéng, ki hiéu:

AB 1 CD . p =
AB [/ CD
Hai tia AB, C'D cung huéng. C D
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1. Vec-to va céc phép todn frén vec-to Luon nd luc dé dat duoc thanh qua

y J/ J J

@ Hai véc-to AB va CD goi 13 nguge huéng, ki hieu:

AB 1 CD & a B
AB [ CD
Hai tia AB, C'D ngugc huéng. D C

$% Dinh nghia 1.6. Hai véc-to duge goi 1a bang nhau khi ching cing huéng (cting phuong,
cuing chiéu) va cuing do dai.
ABva CD cung huéng
A B

‘Zg’ = ’fTé‘ hay AB = CD. I J
D = ‘C

AB=CD <

/
/
/

C D

¢ Dinh nghia 1.7. Hai véc-to duge goi la doi nhau néu ching nguge huéng va ¢6 cung do
dai.

b) Cac phép toan trén véc-to

@ Tong ctia hai véc-to
— Haé thitc Chasles (quy téac ba diém hay quy tac tam giac)
1 Vi ba diém A, B, C bt k¥, ta c6 AB = AC + CB.
+ Quy tic ba diém con duge goi 14 hé thitc Chasles diing dé cong cac véc-to lién
tiép, c6 theé mé rong cho trusng hop nhiéu véc-to nhu sau: A1 A, = A; Ay + Ay As +
A?,—AA:-F e Api Ay
— Quy tac hinh binh hanh
+ Cho hinh binh hanh ABC' D thi

AC =AB+AD _ [AB=DC
e — — Va | —
DB = DA+ DC AD = BC.

A
+ Quy tic hinh binh diing dé cong cac véc-to chung goc.
— Tihchit: T+ b=b+a, (T+b)+2=a+(0+2). @+0=0+

® Hiéu hai véc-to
— Véc-to doi
+ Véc-to déi clia vée-to @, ki hieu —a.
+ Téng ctia hai véc-to déi 1a vée-to 0: @ + (—=@) = 0.
— Hieéu hai véc-to: V6i ba diém A, B, C bat k¥, ta luon cé: AB=CB - CA.
® Tich ctia mot s6 v6i mot véc-to
— Dinh nghia: cho mot s6 thuc k # 0 va mot véc-to @ # 0. Khi d6: Tich k - @ 1a mot
véc-to co
+ kd@: cuing huéng v6i @ khi k& > 0.
+ kd: ngudc huéng véi @ khi k < 0.
— Tinh chit: k (@ + ) = k@ + kb, (k+h) @ =k@ +hb, (-1)-T=-a,0-7=0.
— Diéu kién dé hai vée-to @, b (b # 0) cing phiong 1a Ik € R dé @ =k - b.
— Didu kien dé ba diém A, B, C théng hang 1a Ik € R: AB = k- AC.
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luon nd luc dé dat duoc thanh quad

y J/ J J

c¢) Tinh chat trung diém va trong tam tam giac
@ Tinh chat trung diém .
Néu I 1 trung diém ctia AB va M la diém bat ky thi ta luon c6: 2M1 = MA+ MB.

® Tinh chat trong tam
Goi G 1a trong tam ctia tam giac ABC va M la diém bat ky, khi d6 ta luon co:

GA+GB+GC =0 vww3MG=MA+MB + MC.

d) Biéu thi mot véc-to thong qua hai véc-to khong cting phuong
Cho hai véc-to khong ciing phwong @ va_b. Khi d6 moi véc-to ¢ deu c6 thé biéu thi dugc
mot cach duy nhat qua hai vée-to @ va b, nghia la ¢6 duy nhat cap s6 thuc m va n sao cho
C=md+nb.

B-DANG TOAN VA BAI TAP
& Dang 1. Chirng minh déng thirc véc-to

a) Quy tdc ba diem: Chen C vao véc-to AB
© Cong: AB = AC +CA (cheén gita).
@ Trit AB = OB — CA (C cubi - C dan).

b) Quy téc hinh binh hanh: Cho hinh binh hanh ABC'D (quy tac dudng chéo hbh):
B

DB = DA + DC.

X

D

c¢) Tinh chat trung diém: Néu I la trung diém ctia AB va M la diem bat ky.

9MI = MA + MB.
A

B

d) Tinh chat trong tam: G 1a trong tam ctia tam giac ABC va M la diém bat ky.

v GA+GB+GC=70.

v MA+ MB+ MC =3MG.

Sy
=)
S
&
<
Q

$»Bai 1. Cho 5 diém A, B,C, D, E. Chiing minh rang
a) AB+CD+ EA=CB+ED. b) CD + EA=CA+ ED.

® Loi gidi.
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1. Vec-to va céc phép todn frén vec-to Luon nd luc dé dat duoc thanh qua

V' J J J
a) Bién ddi vé trai theo vé phai b) Bién doi vé trai theo vé phai
Vétrai = AB+CD+ EA Vétrai = CD+ EA
= (AC+CB)+CD+ (ED + DA) (CA+AD) + (ED + DA)
= (CA+ED) + (AD + DA) = (CA+ED) + (AD + DA)
= CB+ED+ (AD + DA) = (CA+ED)+ 44
= C'—.B)‘i‘El_l))‘i‘(E—E) — CA+ ED = vé phai (dpem).
~ CB + ED = vé phai (dpcm). Céch 2. Bién ddi vé phai theo vé trai.
Céch 2. Bién doi vé phai theo vé tréi. Véphai = CA+ED
Véphii = TF + B ~ (CD+DA) + (B4 + D)
= (CA+AB) + (EA+ AD) = (CD + EA) + DA+ AD
= AB+ (CA+AD)+EA = (CD+EA)+DD
= A—B)-I-C'—D)—FE_A):vétréi(dpcm). = (C—D}—i—ﬂ)—i-(_))

Cach 3. Gia stt ta luon co: CD + EA = vé trai (dpem).

AB+CD+FEA=CB+ED Cach 3. Gia st ta luon co:
& AB+(CD-CB)+ (EA-ED) =T D+ EA=CA+ ED
& AB+BD+DB=0 & CD-CA+EA-ED=70
& AB+DA=70 & AD+DA=0
& 6:6(luén ding) o AA=T0
& ﬁzﬁ(luén ding)

Suyra@—k@—i—ﬂ:C—B)—i-Eﬁ e
Suyra CD+ EA=CA+ ED

O
$>Bai 2. Cho cac diém bat ki. Hay chiing minh déng thic

a) AB+ BC + CD + DE = AE. b) AB+ BC + CD + DE + EF = AF.

¢) AC + BD = AD + BC. d) AB+CD = AD + CB.

e) AB—CD = AC — BD. f) AB— AD =CB — CD.

g) BC + AB = DC + AD. h) AB+BC+CD+DA=70.

iy AD+ BE +CF = AE + BF + CD. j) AC+DE—-DC—CE+CB = AB.

® Loi gidi.
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Chuong 1. Vec-to va cdc phép todn trén vec-to

Luén nd luc dé dat duoc thanh qué

a)

Vétrasi = AB+ BC+CD+ DE
— AC+CE
= A—E):véphéi.

Vé trai = AC + BD
= AD+DC+BC+CD
— AD+BC+DC+CD
— AD+BC+ DD
AD + BC = vé phai.

Vé trai = AB—CD
— AB+DC
-~ AC+CB+DB+BC
= AC+DB+CB+BC
— AC-BD+CC
- AC-BD+0
A—é—@:véphéi.

Vétrai = BC + ADB
— BD+DC+AD+ DB
— DC+AD+BD+ DB
— DC+AD+ BB
— DC+AD+0
= D_C:-I—A—D):Véphéi.

y J/ J J

Vé trsi = AB+ BC+CD + DE + EF
— AC+CE+EF
— AE+FEF
= ﬁzvéphéi.

Vétraii = AB+CD

AD + DB+ CB + BD
AD+CB + DB+ BD
AD+CB+ DD

— AD+CB+0

= E—FCTB):Véphéi.

AB—-AD=CB-CD
& D—B):D—B)(dﬁng).
Vay AB—AD=CB - CD.

Vétrai = AB+ BC+CD+ DA
— AC+CA
ﬂ:véphéi.

o
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1. Vec-to va céc phép todn frén vec-to Luon nd luc dé dat duoc thanh qua

y J J J @
i) j)
Vétrai = AD+ BE+CF Vétrai = AC+DE—DC—CE+CB
— AE+ED+BE+FE+CD+DF — AC+DE+CD+EC+CB
— AE+BEF+CD+ED+FE+DF — AC+CD+DE+EC+CB
— AE+BF+CD+ED+ DE — AD+DC+CB
— AE+BE+CD+EE — AC+CB
— AE + BF + CD = vé phai. — AB = Vé phai.
O

$>Bai 3. Cho ttt gidc 16i ABCD. Goi I, J lan lugt 1a trung diém ctia hai dusng chéo AC, BD.

a) Chitng minh rang: AB +CD = 21J. b) Cﬂi’ng minh rang: AB+AD+CB+CD =
41J.
® Loi gidi.
B
A

D

a) Do I, J lan lugt la trung diém ctia hai duong chéo AC, BD nén ta co:

Al +CI=0,JB+JD=70.

Khi do:
VT = AB+CD
(/TI’+IJ+JB)+(CTI’+IJ+JD)
- 2[J+(ﬂ+0[)+(71§+f15)
2T+ 040
or.]
VP.
b) Theo ¥ a) ta co: 2I.J = AB + CD. (1)
Mat khac
9T =AB+CD
—AD+DB+CD
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

L V' J J J
—AD + (CD + DB)
—AD + (CD + DB)
—AD + CB. (2)
Cong (1) va (2) theo vé ta duge:
AB+AD +CB+CD =4l J.
O

$>Bai 4. Cho tit giac ABCD. Goi M, N theo thit tu 1a trung diém cac doan AD, BC.

a) Chiing minh ring: AB + DC = 2MN.
b) Chiing minh rang: AC + DB = 2MN.

—_— —>

¢) Goi I la trung diém M N. Ching minh rang: TA+IB+IC+ID=0.

® Loi gidi.
B
A
N
C
D
a) Ta co:
2MN = MN+MN
— (MA+ AB + BN) + (MD + DC + CN)
= (MA+MD)+ (BN +CN) + (AB + DC)
= AB+DC.
b) Ta co6:
2MN = MN+ MN
— (MA+AC +CN)+ (MD + DB + BN)
= (MA+MD) + (BN +CN) + (AC + DB)
— AC+ DB.
c) Ta co:

VT = IA+IB+IC+1ID
(IT4’+I_1)’)+(I_B’+I_C’)
— 9IM +2IN
2(IM + IN)

—>

= 0.

O

o
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1. Vec-to va céc phép todn frén vec-to Luon nd luc dé dat duoc thanh qua

y J/ J J

$>Bai 5. Cho tam giac ABC. Goi M la trung diém BC va I 1a trung diém AM.

a) Chiing minh réng: 2[A+TB+1IC=0.

b) Véi diém O bét k. Chitng minh riing: 204 + OB + OC = 401

® Loi gidi.

A

a) Ta co:

VT = 2IA+(IB+1IC)
— 2TA+2IM
2(I_A’+W’)=6:VP.

b) Ta c6:

VT = 2

$>Bai 6. Cho hinh binh hanh ABCD c6 tam O va E la trung diém AD. Chting minh:
a) Chiing minh réng: OA+0B+0C+0D=0.
b) Chiing minh rang: EA+EB +2EC = 34B.

c¢) Chiing minh rang: EB +2EA +4ED = EC.

® Loi gidi.

D C
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

y J/ J J

a) Ta co:
VT = OA+OB+0C+0D
= (04A+0C) + (0B +0D)
= 0+0=VP,

b) Theo tinh chét trung diém ta c6 450 = 2A4B.
Khi d6

VT = EA+EB+2EC
— EA+EA+ AB+2EC
— 2(ﬂ+575)+@
— 4AEO+ AB
— 9AB+AB=3AB=VP.

c¢) Ta co:
VT = EB+2EA+4ED

ﬂ+@+2ﬁ)’+2(ﬂ+ﬁ)’)

_ (EX+E§)+E’+1@

— ED+DC=EC=VP.

0J

$>Bai 7. Cho hinh binh hanh ABCD. Goi M la trung diéem C'D. Lay N trén doan BM sao cho
BN = 2M N. Chting minh rang

a) Ching minh rang: 3AB +4CD = CM + ND + MN.
b) Chitng minh rang: AC = 2AB + BD.

¢) Chitng minh rang: 3AN = 4AB + 2BD.

® Loi gidi.
A B
N
D M C
a) Ta co: R . L
VT =348 + 40D = 3(AB + CD) + CD = CD (1)
VP=CM+MN+ND =CD (2)

Tu (1) va (2) suy ra VI' =V P.
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1. Vec-to va céc phép todn frén vec-to Luon nd luc dé dat duoc thanh qua

y J/ J J

b) Do AB = DC neén ta cé:

VP =2AB+BD=AB+BD+DC =AD+DC = AC = VT.

c) Ta co:

VT = 4AB+2BD
9AD + 2(AB + BD)
9AL + 2AD
— 24AB +2BC
2(AB + BC) = 2AC = VP,

g

$>Bai 8. Cho hinh binh hanh ABCD c¢6 M la trung diém BC va G 1a trong tam tam giac ACD.

N — — 1—
a) Ching minh rang: AM = AB + éAD.

o — 2 11—
b) Ching minh rang: MG = —§AB + EAD'

® Loi gidi.

a) Ta co:
VT:AMzAB+BM=AB+§BC'=AB+§AD:VP.
b) Ta co:
VT = MB+ BA+AG
1—> — 22— >
= ——BC —-AB+ -AN
2 ¢ +3
1—) —_—> 2 —_— —_—
— —§AD—AB+§(AD+DN)
1—) —_—> 1—)
= —-AD - AB+ -AB
6 +3
_ iy lapove
3 6 -

O
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

y J/ J J

$>Bai 9. Cho tam gidc ABC c¢6 D, M lan lugt 1a trung diéem BC va AB, diém N thuoc canh AC
sao cho NC = 2N A va goi K la trung diém MN.

N — 11— 1-—
a) Ching minh rang: AK = ZAB + EAC'

N — 11— 1
b) Chitng minh rang: KD = ZAB + gAC.

® Loi gidi.

A

a) Ta co:

1/1— 11— l— 1—
VT = AK = (AM+AN) =3 (§AB+ §AC) = AB + 6Ao — VP

N | —

b) Ta co:

—

VI =KD =AD — Ak = (E+T)-<i@+%ﬁ):iﬁ‘§+%fé:VP.

DN | —

0J

$9Bai 10. Cho tam gidgc ABC. Trén hai canh AB, AC lan lugt lay hai diém D va E sao cho
AD =2DB, CE = 3EA. Goi M la trung diém DE va I la trung diém BC.

N — 11— 1—
a) Chiing minh rang: AM = §AB + gAC’.

b) Chiing minh rang: MI = éA—B) + gA—é
® Loi gidi.
A
E
D M
B .
3 C
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1. Vec-to va céc phép todn frén vec-to Luon nd luc dé dat duoc thanh qua

y J J J
a) Ta co:
> 1/ — — 1/2— 11— 11— 1—
VT_AM_§(AD+AE)_§(§AB+1AC)_§AB+§AO_VP.
b) Ta co:
VT =1 = A1 - 40 = J (4B + 4C) - (4B + (AC) = SAB+ SAC = vp
N N 2 3 8 6 8

l

$>Bai 11. Cho tam giac ABC véi I, J, K lan luot 1 trung diém cac canh AB, BC, CA. Goi D
thuoc doan BC sao cho 3BD = 2BC va M la trung diéem AD.

a) Chiing minh réng: AK +CJ+BI=0.

N —> 1— —>
b) Ching minh rang: BM = gAC' - §AB.

6
® Loi gidi.
A
I K
M
B
J D ¢
a) Ta c6 Zﬁ:?,gj:ﬁ,_f):ﬁ.
Khi doé

>

VI=AK+CJ+Bl=IJ+KI+JKk=JK+KI+1J=0=VP.

b) Ta co
VT =BM = (BA+BD) = —5AB+55BC =4 (AC - AB)—iAB = AC—AB=VP.
[
$>Bai 12. Cho tam giac ABC ¢6 G la trong tam, I 1 trung diém ctia BC va H la diém déi xiing
cua C qua G.
. g e 2— l1-— B . —_— 1/ — —
a) Chitng minh AH = ZAB — S AC. b) Chitng minh HE = (AB + AC).

— 11— —
¢) Ching minh /H = EAB - gAC’.

® Loi gidi.
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luon nd luc dé dat duoc thanh quad

y J/ J J
a) Ching minh AH = ;A_é - %A—C)
Vi G 1a trung diém ctia HC nén ta cé A
AH = 2AC - AC
1  — — —
= 2.3 (AB + AC) — AC' (i G la trong tam AABC)
2— 1-—
= —-AB - -AC.
3 3
B 7 C
— 1  — —
b) Chitng minh B = ¢ (AB + AC).
Tac6 HB = AB — AH = AB — (gAB - gA(J) =3 (AB + AC).
) . — 1— 5—
¢) Ching minh IH = EAB - EAC.
— 1 ,— — ”
Ta c6 Al = 5 (AB + AC’) (vi I la trung diem cta BC).
Dod6 IH =AH — Al = -AB— -AC — - (AB+ AC) = -AB — -AC.
0 d6 . 5AC — 5 (AB + AC) = ¢ FAC
]
$OBai 13. Cho tam giac ABC goi G, H, O lan lugt 1a trong tam, tryc tam, tam dudng tron ngoai
tiép tam giac ABC. Goi D la diém déi xing ctia A qua O va M la trung diém ctia canh BC.
a) Ching minh HB+ HC = HD. b) Ching minh HA+ HB + HC = 2HO.
¢) Ching minh HA — HB — HC = 20A. d) Chitng minh OA + OB + OC = OH.
e) Chiing minh OH = 300. f) Chiing minh AH = 20M.
® Loi gidi.

a) Ching minh HB+ HC = HD.

Ta c6 BH /| CD (vi cung vuong goc véi AC).
Va BD J| CH (vi cung vuodng géc véi AB).

Suy ra BDCH la hinh binh hanh.

Vay HB + HC = HD (quy tac hinh binh hanh).

b) Ching minh HA+ HB+ HC =2HO.
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1. Vec-to va céc phép todn frén vec-to Luon nd luc dé dat duoc thanh qua

y J/ J J

Ta co

HA+ HB+ HC
— HA+HD (theo ¥ trén)
— 2HO (vi O 1a trung diém ctia AD).

¢) Chiing minh HA - HB - HC = 204.
HA—HB—HC:HA—(HB+HC):HA—HD:DA:QOA.

d) Chitng minh OA4 + OB + OC = OH.

OA+ OB+ 0OC =30H + HA+ HB + HC (quy tic 3 diém)
— 30H +2HO (theo § trén)

—>

= OH.

e) Ching minh OH = 30G.
TheojftréntacéO_A)-l-O_B)+O_C):O—H). o N
Mat khac, G 1a trong tam tam gidc ABC nén OA + OB + OC = 30G.
Suy ra OH = 30G.

f) Chiing minh AH = 20M.
Trong tam gidc AHD, ta ¢c6 OM la duong trung binh nén AH = 20M.

U

$>Badi 14. Cho tam giac ABC'. Dyng bén ngoai tam giac cac hinh binh hanh ABIF, BCPQ,
CARS. Chitng minh ring RF +IQ + PS = 0.

 Loi gidi.

RF = RA+AF (1)
Ta c6 I_Q’:I_B)—i—B_Q> (2)

PS=PC+CS.  (3)
Cong vé theo v cia (1), (2), (3 taduge
RF +1Q + PS = (RA+CS) + (AF + IB) + (BQ + PC).

N J/ J (& S

-~ -~
— —>
0

0
0 (dpcm).

|
Il =]

<

Suy ra RF+1Q + PS

Q P

$>Bai 15. Dyng bén ngoai tit giac ABCD céac hinh binh hanh ABEF, BCGH, CDIJ, DAKL.
a) Ching minh rang KF+EH+GJ+IL=0. b) Chiing minh rang EL-HI=FK —GJ.

® Li gidi.
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luon nd luc dé dat duoc thanh quad

y J/ J J
a)

—>

Chiing mmh rang KF + EH+GJ+IL=0.
KF=KA+ AF (1)
)

EH=EB+BH (2
GI=GC+CJ] (3

)
IL=ID+DL. (4
Cong vé theo Ve cua (1), (2), (3), (4) ta dugc
KF  + EH + GJ I
(KA+DL)+(EB + AF) + (B

—» —>

0
Suy ra KF + EH—|— GJI+IL=0 (dpcm).

Ta co

_|_
~
h
I

J
BH + GC)+(CJ + ID).
5

b) Chiing minhréngﬂ—ﬁ:ﬁ—ﬁ.
Ta c6
EL-HI = EB+BC+CD+ DL~ (HG+GC +CD + DI)
= EB+ DL~ (GC + DI) (vi BOGH 1 hinh binh hanh nen BC = HG)
= FA+AK - (GC+ClJ)
(vt ABEF, ADLK,CDIJ 1a cac hinh binh hanh nén EB = FA, DL = AK, DI = CJ
- FK-GJ.

O

$>Bai 16. Chiing minh ring cic tam gidc ABC A'B'C' ¢6 ciing trong tam khi va chi khi déng
thitc sau duge théa man AA' + BB’ + CC' =

@ Loi gidi.
Goi G, G’ 1an luot 1a trong tam clia tam giac ABC va A’B’C”
Vi G la trong tam ctia tam gidc ABC nén ta c6 GA+GB+GC=0.
Tuong ty, G’ la trong tam cta tam giac A'B'C’ nén ta c6 G'A"+ G'B' + G'C'=70.
Do hai tam giac ABC, A’B'C’ ¢6 cung trong tam = G = G’ = GG =70,

Ap dung quy tic ba diém, ta c6

AA + BB +CC" = (A_G’+G—G7+G’A’) T (B_G’+G_G7+G/B’) T <C—G)+G—G7+G/C/>
= —(GA+GB+GC)+(G'A'+G'B +G'C") +3GG" = 3GG" = T.

~~
5 ~~

0 1]

= Diéu kién can va di dé AABC va AA'B'C' ¢6 ciing trong tam 1a AA’ + BB’ + CC' = 0. OJ
© Nhan zét. Dé chiing minh hai diém A va B trimg nhau, ta can chiing minh AB = 0.

$>Bai 17. Cho tam gidc ABC. Goi A’ 1a diém déi xting clia A qua B, B’ 1a diém déi xiing ctia B
qua C, ¢’ 1a diém déi xiing ctia C' qua A. Chitng minh ring hai tam giac ABC va A’B'C’ c6 ciing
trong tam.

® Loi gidi.
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1. Vec-to va céc phép todn frén vec-to Luon nd luc dé dat duoc thanh qua

y J J J
Ta c6 AA = 2AB, BB = 2BC, CC" = 2CA. o
Do d6 AA’+ BB+ CC" =2 (AB+ BC + CA) = 0.
Vay hai tam gidc ABC va A’B'C’ ¢6 cung trong tam.
VBI

A/
U

$>Baii 18. Cho tam gidc ABC va cac diém 1, J, K xéc dinh béi 215 +3IC = 0,2JC+3JA =T
va 2K A+ 3KB = 0. Chiing minh hai tam gidc ABC va [JK ¢6 cung trong tam.

® Loi gidi.

Tacézl_B’+3I_(5=6<:>§I’:§B_é, 2ﬁ+3ﬁ:mcﬁ:§m,

IKA+3KB=0 < AK = SAB.
(3C -+ 8) —

Suyra Bl + CJ+ AK = - (BC + CA + AB
Vay hai tam gidc ABC' va [JK c¢6 cung trong tam.

C
U

|
ol wo
) wo
l
oy
EN
|
_
(.

$>Bai 19. Cho tit giac ABCD. Cac diem M, N, P, Q lan lugt la trung diém ctia AB, BC, CD,
DA. Chiing minh hai tam giac AN P va C M@ c6 cung trong tam.

® Loi gidi.

Do M, N, P, @ lan lugt 1 trung diém ctia AB, BC, CD, DA, ta c6

AM = JAB, NC = 3BC, PQ = PD + DG = ;CD + ; DA.

—

— — —> 1, — — — —
Nen AM + NC +PQ = 5 (AB+BC+CD+DA) =T0.
Vay hai tam gidc ANP va CMQ c¢6 cung trong tam.

&
S
BN
= Q
~

c
0

> Bai 20. Cho tam giac ABC déu tam O va diém M nidm bén trong tam giac. Goi D, E, F la
hinh chiéu ctia M tréen BC, AC, AB. Chiing minh MD + ME + MF = gMO.

® Loi gidi.
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

V' J J J

T diém M dung lan lugt cac duong thing song song véi céc A
canh clia tam gidc (nhu hinh vé), tic PQ /| BC, SR [ AC,
TU /| AB. S

BP | TM —  — U

= BPMT la hinh binh hanh = MT + MP = F

PM J| BT E
MB. P Q
Tuong tu CRM@Q, ASMU la cac hinh binh hanh 4

:MR%—MQ MC’vaMU—i—MS MA.
Ta ¢6 PBT = MTR = QC’R MRT = 60°.
Suy ra tam gidc MTR la tam gidc déu nén M D la trung tuyén T D R c
= D la trung diém ctia doan TR = 2MD = MT + MR. (1)

Tuong tu, suy ra 2ME = MU + MQ. (2)

Tuong tu, suy ra 2MF = MP + MS. (3)

Ta lai c6 O la tam ctia tam giac déu ABC = O la trong tam tam giac ABC va M la diém bat ky nén

MA+MB+ MC =3MO.

Cong (1), (2), (3) ta dugc

9MD + 2ME + 2MF = MT + ME + MU + MQ + MP + MS
2(MD + ME + MF) = (MT + MP) + (ME + MQ) + (MU + M3)
2(MD+ME+ MF) = MA+MEB + MC

2(MD + ME + MF) = 3MO

r ¢ ¢

MD+ME+ MF = gMO.

& Dang 2. Tim mé-dun (d6 dai) véc-to

Phuong phap giai: Dé tinh | @ + b+T+d|ta thyc hién theo hai buée sau:

Budc 1. Bién ddi va rat gon bidu thitc vécts @+ b + €+ d = T dua vio qui téc ba diém, tinh
chat trung diém, hinh binh hanh, trong tam,.... sao cho ¥ la don gidn nhat.

Budc 2. Tinh do dai (mo-dun) ctia ¥ dya vao tinh chat hinh hoc da cho.
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1. Vec-to va céc phép todn frén vec-to Luon nd luc dé dat duoc thanh qua

y J/ J J

A Mot sé kién thic hinh hoc phdng thuwong dwoc st dung

V3

@ Chiéu cao tam gidc déu = canh - =

®@ Duong chéo hinh vuong = canh - V2.

Cho tam gidgc ABC vuong tai A, c6 AH la duong cao, AM la trung tuyén. Khi do:

®@ Pitago:  BC? = AB: + AC? N |
C =VAB? + AC?
AB =V B(C? — AC?
AC = VBC? — AB2.
/ " B ey c
®@ Trung tuyén AM = éBC.
® AB? =BH - BC va AC* =CH - BC.
@ ! = ! 2N ! va AH*> =HB-HC.
HA%2 AB?  AC?
. = doi AC — ke AB ——  doi AC
@ sin ABC = v = B0 cos ABC = P =35 tan ABC = 5~ 4B

$>Bai 21. Cho tam giac ABC vuong tai A, ¢c6 AB = 3 cm, AC = 4 cm. Goi [ 1a trung diém BC.
Xac dinh va tinh do dai véc-to

a) @ = BA+ BC. b) ¥ = AB + AC.
¢) W=CA+CB. d) T =24 - CA

® Loi gidi.

a) ¥ = BA+ BC.
Goi M la trung diém cta AC, ta c6
U:B_A>+B_C’):2W$|U|Z‘QBM‘:2‘BM‘:2BM.
Taco MA=2= MB=+/32+ 22 =/13.
= || =92BM = 2y/13 cm.

b) T =AB+ AC.
Taco T = AB + AC = 241 = |T| = ‘ZAI‘—Q‘AI’—ZAI

1 1
Ma Al = §BC— 2\/32+42
= |V| =2AI =5 cm.
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

y J/ J J

4cm M I

3cm

¢) @ =CA+CB.
Goi J la trung diém ctia AB, ta c6:
@=CA+CB=20]= |0 = ‘20}‘ :2‘CJ — 201

2
TacéAJ:géCJ: 42+g :\/ﬁ

= |W| =20J = /73 cm.

d) T =214 - CA
Ta ¢6 i’:2[A—CA:2[A+AC:2[A+2AM:2(IA+AM):2IM.
= |Z| = (2174" —9IM = AB = 3 cm.

O
¢ Bai 22. Cho tam gidc ABC déu canh a, goi G 1a trong tam tam gidc va H 1 trung diém BC.
Tinh

a) E—i—A_C)’ b) ‘A_B)—A_C)‘
) cﬂ’—a_c’(. d) ‘G_B)—i—G_C)‘.
e) AH + B_C)‘
@ Loi gidi.
Ta c6 tam giac ABC déu canh a suy ra AH = L— AG = —AH = \3/3, GH = %AH = aT\/g.
2) [4B + AC”

Ta c6 AB + AC = 24H.
:>’AB-|—AC‘:)2AH‘_2AH_2 —\/_:a\/ﬁ.
b) ‘E—A_(f’.
Tacé‘@—@’:‘@‘:a.
c) ‘@)—GTC)‘
Tacé‘CTél)—G—C’)‘:’CTA)‘:C’A:a.
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1. Vec-to va céc phép todn frén vec-to Luon nd luc dé dat duoc thanh qua

y J/ J J

B . C

d) ‘G_B’JFG_C".
Ta c6 GB + GC = 2GH.
- |68 +&C| - 2aH| - 26 - V2.

e) ‘ﬁ—i—B—C’)’
Goi M la trung diém ctia AH.
TacéAH+BC:BC’—HA:2HC—2HM:2<HC—HM) —9MC.

2
2
TacéMHz%AHza—\/g, HC:9:>MC=\/—HM2+HC2:\/<G43> +(9> S

4 2 2
av/T
=
é‘AH+BC‘:’2]\75‘:2‘MC‘=2MC:2 %:“Tﬁ.

U

$> Bai 23. Cho hinh chit nhat ABCD c¢6 AB =3, BC = 4. Goi M, N lan lugt 1 trung diém ctia
BC va CD. Tinh

a) |AB + AC + AD)|. b) ’W+ﬁ‘.
® Loi gidi.
a) Ta co
ﬂ%’+fé+ﬁ‘ - ’(E+E)+@’:‘ﬁ+,@’
- e
A = 24C =2-V32+42=10
A D
3 @) N
E
B N c
b) ‘WJF/UV",

Goi O = ACNBD, E=ACNMN.
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

y J/ J J
Ta ¢6 tit giac MONC' 1a hinh chit nhat, c¢6 E la trung diém ctia OC (dudng trung binh) suy ra

F la trung diém ctia MN.

= ‘,W + ﬂv" - ‘2@’] — 2AF = 2(AC — CE).

1 1 1
_— ) 15
= ‘AM+AN‘ = 2(AC — CE) :2(5—1) =2
[
< Bdi 24. Cho hinh chit nhat ABCD tam O c6 AB = 4, AD = 3. Goi M, N la cac diém tuy ¥.
Tinh:
a) ]R’+§5‘. b) |MA + MB - 2MC|.
® Loi gidi.
4
A B
a) Goi I 1a trung diéem ctia DC.
Ta 6 ’,4_C’+§)" = ‘2@#20_15‘ = ‘2(O_C’+O_D’)‘ -
., 3 0)
2|0¢ + 0D
= |AC + BD| = 2|201| =401 = 2BC = 2-3 =6
D , C
I
b) Ta co
MA+MB-2MC| = |(MA-MC)+ (MB-MC)|
_ [cA-c3
= |B4]
= BA=4.
[
Kinh nghiém: Véi m bat ki, ta can tach dong nhat heé s6 va st dung trit dé mat di diém M tuy ¥.
Tuac la

MA+MB—2M(J:(MA—MO)+(MB—M0):....

9 Bai 25. Cho hinh vuong ABCD tam O, canh a, lay M 13 mot diém tiy y. Chiing minh ring
cac véc-td sau khong ddi va tinh do dai ctia ching.

a) @ =0A—CB. b) T =CD — DA.

¢) =2MA+MB— MC —2MD. d) ¥ =3MA— MB —2MC.

¢) 2 =3MA— MB - MC — MD.

® Loi gidi.

369/528" B Nguyén Quéc Duong - 80375113359 m



1. Vec-to va céc phép todn frén vec-to Luon nd luc dé dat duoc thanh qua

y J/ J J

Taco U =0A—-CB=CO—-CB=BO.
. 1 5
:>\U|=’BO‘=BO=§BD:%.

b) T =CD — DA.
Tac6 ¥ =CD — DA=CD—CB = BD.
= |¥| = |BD| = BD = av2.

A B
M
al Jx O
G
D . C
K I

¢) ¥ =2MA+ MB — MC —2MD.
Tacé7:2MA+MB—MC—2MD:2(MA—MD)+(MB—MC).
—~ 7 =2DA+CB =2DA+ DA = 3DA.

ey

= |7| = [3DA| = 3|DA| = 304 = 3a.

d) 7 =3MA— MB —2MC.
Goi I 1a trung diém ctia DC va J la trung diém ctia AI._) N L
Ta 6 § =3MA— MB —2MC = (MA— MB) +2(MA- MC) = BA+2CA
= 7 =CD+204=2C1 +20A=2(CI +CA) =2.2C] = 4C.
3a

. 1
Goi K la trung diem cua DI. Khi d6 KJ = §AD = g va KC = EDC’ =7

;&ojzm:\/(%;)l(ﬂ)gza@

2 4

N 13
:>|y|:40I=4'a4 = a\/13.

¢) T =3MA— MB - MC - MD.
Goi G la trong tam tam giac BCD.
Tacé6 Z =3MA— MB — MC — MD = (MA—MB) + (MA—MC) + (MA—MD).

= 7=BA+TA+ DA= (AB + AC + AD) = ~34C =304 = -CA

2—| 2 2 2av/2

3
U

$> B&i 26. Cho hinh thoi ABC'D ¢6 BAD = 60° va canh 1a a. Goi O la giao diém ctia hai duong
chéo AC va BD. Tinh

a) (Eﬁ’+ﬂ5‘. b) ]B_A’—B_c".

c) ‘@— D_C)‘

® Loi gidi.
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Chuong 1. Vec-to va cdc phép todn trén vec-to

Luén nd luc dé dat duoc thanh qué

V' J J J
Hinh thoi ABCD ¢6 BAD = 60° nén tam gidgc ABD déu. Khi d6 AO = QT‘/g AB = BD = AD =a.
D
a) ’ZE—FE‘
Ta c6 ‘E+E‘:‘z4—C’)‘:2‘A—O)’:2AO:a\/§. 4 <3602 C
O
b) |BA - BC|.
Tacé‘ﬁ—éﬁ":’ﬁ‘:2‘715‘=2A0:a\/§. B
c) OB — DC|.
Ta c6 ‘O_B’—D_c" - ’l)_d—l)_é‘ - (0_0" — 0C = 0A =
av/3
2 O
$OBai 27. Cho tam giac ABC vuong tai A, c6 goc ABC = 60°, canh AB = a. Goi [ la trung
diém ctia BC. Tinh do dai céc véc-to sau
a) @ =AB — AC. b) b = AB + AC.
¢) ©=AB+IC - AC. d) d =BA-BI-1IC.
® Loi gidi.

Xét AABC vuong tai A, c¢6 goc ABC = 60°, canh AB = a,
= AC = AB - tan60° = a\/g, BC =

05 60° =2a,Al =Bl =CI = %BC’:a.
a) @=AB— AC.

Tacé|ﬁ’|:’A_B)—A_C)’=’CTB)‘:CB:2a.
b) b =AB+ AC.

Ta co | ¥] = |[AB + AC| = |241| = 241 = 2a.

0 7= AB + 10 AC. ¢
Ta c6 || ‘z@%—I_C)—A_C’)‘ = ‘(@—A—C’))%—I_C)‘ =

7

BA - B - IC| - |TA— €| = |G| = cA = av5.

OJ

$9BQi 28. Cho tam gidc ABC vuoéng tai A, AB = Ta, AC = 24a. Goi N va K lan lugt 1a trung
diém canh AC va BN.

a) Ching minh 4AK —2AB - AC =T0. b) Tinh ‘A—B) — A—C)‘

¢) Tinh ‘2ﬂ§+ A_C".
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y J/ J J

® Loi gidi.

Chiing minh AAK — 2AB — AC

Ta c6 K la trung diém BN nén
<A 2 . 1

Ma N la trung diem AC nén A 54 -

Suy ra AK = 3 (AB + —AC) =

Vay 4AK —2AB — AC = 0. K

24a C
b) Tinh ‘E” - A_C’(.
Ta, c6 \ﬁ_ﬁ\ - ]c—é\ — OB = VABZ+ ACZ = 25a.

¢) Tinh ‘2AB + AC”

Ta c6 4AK — 2AB — AC — 0 « 24B + AC = 4AK.
Suy ra ‘QAB + AC‘ — 4|AK]| = 4AK.

AABN vuong tai A c6 AK la duong trung tuyén

1 1
Suy ra AK = §BN = -VAB?+ AN? = \/ (7Ta)? + (12a)? 2(1\/ 193.
Vay ’2AB + AC‘ = 4|AR| = 4AK = 2a\/19 .

l\DI»—

U

> Bai 29. Cho hinh thoi ABCD c6 tam O, canh bang a va goc ABC = 60°. Goi I la trung diém
cua doan DO va G la trong tam tam giac ABO.

a) Tinh ‘B_A)JrB_C)‘. b) Tinh ‘ﬂ+2£7(5‘.

c) Chiing minh rang AIC = 4AB + AD.

® Loi gidi.

Tinh ‘BA—i—BC" A

Ta co BA+ BC = QBO
ABCD 1a hinh thoi ¢6 ABC = 60° néen AABC déu canh
av'3 G O !

a, suy ra BO = 5
Vay ’B—A’—}—B—C’)’ = 2|B—O)| =2BO = a/3.

Sy
@)
>

b) Tinh ‘Ex’ + QB_C’]
Goi K 1a trung d dlem cua ¢D.
Ta c6 BA +2BC = BA+ BC + BC = BD + BC = 2BK.
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V' J J J
1 1

Do I K la duong trung binh cta tam giac OC'D nén I K = 500 = ZAC = Z.

Dong thoi ta ciing ¢6 IK /| CO nén IK 1 BD.

Ta tinh duge BI = ;BO - 3a4ﬁ.

2
3av/3 2 7
Xét ABIK vuong tai I ¢c6 BK = /BI?+IK? = \/ ( “i/_ + (9) _ %

¢) Chitng minh rang AIC = 4AB + AD.
" — 1  — —
I 1a trung diem OD nén CI = 3 (CO + C’D).
Vay 41C' = 3AB + AD.

$9Bai 30. Cho tam giac ABC vuong tai A, c¢6 duong cao AH, AB =a, HC = 2a, a > 0.
a) Chiing minh rang AB +HC = AC + HB.

b) Tinh ‘CTA’— C_é‘ w ‘Eﬂfé}.

D Loi gidi.

a) Chung minh rang AB B + HC’ AC \C+ HB
TacoAB—i—HC AC+C’B+HB+BC’ AC+HB+CB+BC’ AC’+HB

b)
Tinh |CA ~ CB| va | AH + AC|. 5
Tinh ’@’—C_B".

Tacé‘ﬁ—a’—é‘—|ﬂ|:AB:a. a !
Tinh ‘AH—I—AC‘

Goi I 1 trung diém HC. Khi do6 AH + AC = 2A].
bat BH =z > 0.
Ta c6 AH? = AB?> - BH?> = HB-HC < a® — 22 = 2ax

2 =(—1++v2)a (nhan)
54

= (=1 —-+v2)a (loai).

Nen BH = (=1 ++V2)a = AH = VAB?2 — HB? = a/—2 + 2V/2.
Xét AAHI ¢6 Al = AH? + HIZ = a\/ -1+ 2V/2.
Vay ’Eﬂ A_C’] — 9|A]| = 24T = 2av/—1 + 2.

OJ

$>Bai 31. Cho hinh thang can ABCD c6 day nhé AD = a va duong cao AH = a, goc ABC = 45°.
Hay tinh ‘C_é —AD + A_O".

® Loi gidi.
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1. Vec-to va céc phép todn frén vec-to Luon nd luc dé dat duoc thanh qua

y J/ J J

Ta 6 OF - 4D + A0 = OB - (iB - A0 = OB - B = BB o
Goi K 1a hinh chiéu ctia D len BC. Khi d6 ADK H 1a hinh vuong.
= HK =AD = DK =a. - a
Xét AABH vuong tai H ¢6 ABH = 45° = AABH vudng can tai 45° L
H = BH = AH = a. B H K C
Xét ABDK vuong tai K ¢6 BD = VBK?+ DK? = /(2a)*> 4+ a? =
a/5.
Vay ‘@—EJFZ@‘ — |DB| = BD = av/5.

O

¢ Bdi 32. Cho hinh thoi ABCD canh a, tam O, BAD = 60°, G 1a trong tam tam gidc ABD.

a) Tinh ‘A_C’—ED". b) Tinh ‘EHA_G’(.
® Loi gidi.
a)
Tinh ‘AC BD‘ 5
Ta c6 AC BD =240 + 208 = 2(AO + OB) — 2AB.
: — BD| = 2|AB| = 2AB = 2a.
A ¢ lo 1 C

D
b) Tinh ‘AB + QAG’
Goi I la trong tam tam giac BC'D, khi d6 ta ching minh dugce Al = 2AC.
Suy ra AB +2AG = AB + Al = 24K v6i K 1a trung di¢cm BI.
2 3
Do I 1a trong tam tam giac déu BCD nén BI 1. CD hay BI 1 AB va BI = 3 T\/_ = %
Suy ra BK = a\6/_
2

3 39
Xét ANABK vuong tai B ¢c6 AK =+ AB? + BK? = \/a2 + (%) = a\é_'
Vay ‘AB + 2AG‘ = 9AR| = 24K = “\g_.

O

$>Bai 33. Cho tam giac ABC can tai A, c6 AB = 4, BC = 6. Goi AM, BN, CK lan ludt 1a
trung tuyén cia AABC va G 1a trong tam.

a) Ching minh AM + BN + CK = 0. b) Tinh ‘é‘ﬁ + éﬁ)

o Ldi gidi.

a)
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

y J J J
Chiing minh AM + BN + CK = 0. A
1l ,/,— —> g —_— —_— —_—
AM + BN +CK = §(AB+AC+BA+BC+CA+CB> K
1 — — —> —> —> —> —
= 5(AB+BA+AO+cu4+Bc+(n_f;):0. 2 ; .
b) Tinh ‘CTé+CTé’.
TacéBM:EBC:?)
Xét NABM Vuong tai M c6 AM? V[~ + BM2 A32 = AM = /7.
Do G la trong tam AABC néen GA+GB+GC=7.
Suy ra GB +GC = —GA.
2f
Vay‘GB-i—GC"—‘—GA’ GA_—AM_ .
O

$9 Bai 34. Cho hinh binh hanh ABCD, c6 tam giac ABC vuong tai C, AD = 8a, AC = 15a. Goi
M, N lan lugt 1a trung diém canh CD va AD.

a) Ching minh AB—MD = CB—CD—MA. b) Ching minh BD — 20N = 2AM.

c) Tinh ‘A_é+§5) va ‘mﬁ-@_ﬁ’

® Loi gidi.

a) Chﬁ’ngminhA—B)—MD:CTB)—C’—D)—m.
Taco AB—MD =AB—- MA—-AD=AC+CB—-MA—-AC-CD=CB-CD—-MA.

b) Ching minh BD —2CN = 2AM
Do M la trung diem C'D nén AC + AD = 2AM
Do N la trung diém AD nén CA + C1 CD = ZC’N
Do ABCD la hinh binh hanh nén DA DA+ DC DB
Ta c6 20N + 24AM = CA + CD + AC + AD = —DA — DC' = —DB = BD.
Vay BD —2CN = 2AM.

c)
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y J/ J J

Tinh |AC + BC| va |AC 5
Tinh |AC + BC|.
Do M la trung diém C'D nén AC +A AD = 2AM
Do ABCD 13 hinh binh hanh nén BC = AD. A
AACD vuong tai A c6 AM 1a dudng trung tuyén. c NG
Suy ra AM = 1C’D = E AC? + AD? = Ha.

2 2 2 Iy N

Vay ’A_C’+ B—C" - ’IC’%E” - ‘zm" — 9AM = 17a.
Tinh ‘WJFC_N’). D
Goi O la giao diém ctia AC va BD.

av481
Xét ABCO vuong tai C c6 BC? +C0O?* = BO? = BO = 8 .

2

1
Ta ¢c6 BD —2CN =2AM = AM + CN = §BD.

Vay ]AM+CN( ‘ BD’—%BD:BO:CL 2481.

U

¢ Bai 35. Cho hinh chit nhat ABCD c¢6 AB = 3a, BC = 4a. Goi G 1a trong tam tam giac ABC,
F la trung diém ctia GD, F la trung diém BC va M la diém tiy .

a) Chting minh MA + MB + MC +3MD = b) Tinh |AB + AC + AD)|.
6ME.

¢) Tinh |AB + AC — 24D)|.

® Loi gidi.
a)
Ching minh MA+ MB+ MC+3MD =6ME. A D
Do G la trong tam tam giac ABC nén MA+ MB + MC = 3MG.
Do E la trung diém GD nén MG + MD = 2ME. 0
Vay MA+MB+MC +3MD = 3MG +3MD =3 (MG + MD) = 6ME. h E
B F C

b) Tinh ‘Z@+Z€+Zﬁ‘.
AL +AC + AD| = |AB + AD + 4C| = |AC + AC| = 2|AC| = 24C = 2VAB*+ BC? -
2./ (3a)? + (4a)? = 10a.

¢) Tinh ‘AB +AC - 2AD‘

AB+AC —2AD = AB - AD+ AC — AD = DB + DC = 2DF véi F la trung diém BC.
Ta c6 DF = /CD? + CF? = \/(3a)? + (2a)? = a/13.
Vay ’E’ +AC - 2@‘ — 9|DF| = 2DF = 2a\/13.

O
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Chuong 1. Vec-to va cdc phép todn trén vec-to

Luén nd luc dé dat duoc thanh qué

y J/ J J

& Dang 3. Phan tich véc-to

Dua vao noi dung dinh 1i “Cho trude 2 vée-to @, ¥ (@, (¥ # 0) khong cing phuong. Véi moi
véc-ta W, bao gis ciing tim duge mot cap s6 thiuc o, 8 duy nhat sao cho W = a- ¥ + 3 - ¥”. Khi
do, ta c6 hai huéng gidi quyét

Huéng 1: Tt gid thiét xac dinh tinh chat hinh hoc, r6i tit d6 khai trién véc-to can biéu dién bang
phuong phap xen diém, hiéu hai véc-to ciing gbc, quy téc hinh binh hanh, tinh chat trung diém,
trong tam,. ...

Huéng 2: Tit gia thiét lap duge moi quan hé véce-to giita cac doi tuong, roi tit dé khai trién bié
thitc nay bang phuong phap xen diém, hiéu hai véc-to cling gbc, quy téc hinh binh hanh, tinh chét
trung diém, trong tam,. ...

$>Bai 36. Cho hinh vuéng ABCD. Goi M la trung diém ctia canh AB, N la diém sao cho
AN = 2‘4—6 Biéu thi (phan tich) véc-ta M N, DN theo hai véc-to AB va AC.

® Loi gidi.

A M B
© Phan tich MN theo hai Véc—?)tclil_B) va _ATC’.
TacéMN:AN—AM:ZAC’—EAB. O
© Phan tich DN V theo hai vécéto_@_é va_f}_c’._) o N
TacoDNzAN—AD:ZAC—(AC—AB):AB—ZAC. 5 y
Binh luan: Ban chat ciia viéc phan tich 1a bicéu dién véc-to nay theo véc-to da chi dinh (da lam &
L]

dang 1).

> Bai 37. Cho tam giac ABC ¢6 G la trong tam. Goi I la diém déi xiing ctia B qua G va M la
trung diém ctia BC.

a) Phan tich ﬁ theo A—B> va A—C'>

)
b) Phan tich C1 theo AB va AC.
c) Phan tich MT theo AB va AC.
)

d) Phan tich A—B), AC theo AG va Al

D Loi gidi.
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1. Vec-to va céc phép todn frén vec-to Luon nd luc dé dat duoc thanh qua

y J J J
C
a) Goi N la trung diém ciia AC. Ta c6 ;
. 4—» M
Al = AB+BI_AB+3BN AB + = (AN AB)
— 4 (1 — - 1—
— AB —(—A —AB):——AB 23
+3 5 C 3 +3 C A B
b) CI = Al - AC = —3AB + JAC — AC = —3AB - 5 AC.
0) J\TI’:7—W:—-AB+ AO——(AO+AB)——2E+
11—
ZAC.
6
d) AB + AC = 2AM < AB + AC = 34AG.
z[’:_%@%@@_EHEZﬁDodé,tac@
{E’JFA_C’:?,A_G’ AC = AC + Al
—_— — — = — — —> — —>
_ AB +2AC = 3AI AB = AG + IG = 2AG — Al
O

$> Bai 38. Cho hinh binh hanh ABCD. Goi [ la trung diém ctia CD va G la trong tam tam giac
BC1I. Hay phan tich BI v AG theo AB va AD.

® Loi gidi.
Goi N la trung diém ctia BI. Ta ¢ D I C
Bl = BC+ 1 = AB ~ 4B,

AG = AB+BC+CG = AB—I—AD——(OI—l—OB)

— ,@JFE—%(—%EJFE):gADJFEAB A B

U

$> Bai 39. Cho tam gidgc ABC ¢6 trong tam G. Goi I 1a diém trén canh BC sao cho 201 = 3B1.
Goi J la diém tren canh BC kéo dai sao cho 5JB = 2JC.

a) Phan tich ﬁ, AJ theo AB va AC.

b) Phan tich AG theo AJ va AJ.

® Ldi gidi.
A
G
C
J B IM
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

y J J J
— 22—
a) Tir gid thiét, ta c6 2IC = 315 « 2 (1B + BC) ——BIB@BI—E BC = 5(Ac AB).
2> 2
Tuong tu, ta c6 5JB:2JC<:>2(JB+BC):5JB<:>JB:§BC:§<AC AB)
Al = AB+BI_AB+5(AC AB)_g/TC’JrgE.
2—> —>
AJ=AB+DBJ = AB——(AC AB) _2AC 1238
3 3 3
—AC+ -AB = Al 2AC +3AB = 5A1 ABZ—AI—i-—AJ
b) Ta co 5 2_)5 5, _)<:>{ N N EEP= 25 89
—ZAC+2AB=4) \-24C+0AB=3AJ | 4C - 247 - ~4J.
5. 3 2 1/35 3 35 1 10 10
AG=2ai = (a8 + A) = ¢ (Par - 2aj) = 2ar - A
¢=3 3(+C)316 67) = 1 167
0
SOE Bai 40 Cho tam gidc ABC c6 hai trung tuyén 1a AK va BM. Phan tich AB BC’ AC theo
AK va BM.
® Lai gidi.
Ta 6 2AK = AB + AC; 2BM = BA + BC = ~AB + AC — AB = A
—2AB + AC. , ,
2AK = AB + AC AB = 2AK — JBM
o doé _ L, e
2BM = —2AB+AC | 18— Y48+ 2Bt
A 3 3 ' B IS C

%’:@’_@’:§M+§3M.

& Dang 4. Chitng minh ba diém thdng hang

Dé chitng minh 3 diém A, B, C thing hang, ta ching minh AB = kAC.

3 BCII 41. 1. Cho tam gidc ABC. Goi M, N, P lan lugt 13 cac diém théa man M B = 2MC, NC =
—2NA PB = —4PA. Chitng minh céac diém M, N, P thang hang.

® Loi gidi.

Ta c6 MB = 2MC « MB — MC = MC < CB = MC. A

NC = —2NA & NC - NA = -3NA & AC = 3N 4. P
PB = —4PA<:>PB—PA:2—5PA(:>AB= —5PA.
MN—MC+CN—C_B’+—E4’ B "

MP = MB+BP—20B+5BA—QCB+ (CA CB)——C_B’+

SCA'
6

_ L —— 2—> — o
Dé thay MP = (C’B—FgC’A) = 5MN nén cac diem M, N, P

(2] @)

thang hang.
O
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1. Vec-to va céc phép todn frén vec-to Luon nd luc dé dat duoc thanh qua

y J/ J J

<>‘> Bdi 42. Cho tam giac ABC. Goi P, @, lan luct la céc diém théa man PA = 2PB 3@A+2QC =
0. Goi G 1a trong tam tam giac ABC. Chitng minh cac diém P, ), G thang hang.

D Loi gidi.
TacoFTA)—QP—B)@FTA) P—B) P_B)<:>E4) P_B)
304 +20C = @3(@4 Q0)+5Qc 0 < 304 =500.
PG=PB+BC+CG = BA+BC+3C’N BA+BC+ = (BN—B—C’):

Wl DN

§E4’+—B_C’

PO = PA+AQ—2BA+5AC—2BA+5(BC BA) _-E4’+§B_c’.

Dé thay P_Q) = g (gB_A) + gB—C’)) = EP—G) nén cac diéem P, Q, G thang hang.

U
<>‘> BGI 43. . Cho tam giac ABC va cac diém M, N, P dugc xac dinh béi MB = 2MC, NA+2NC =
0, PA+PB=0.

a) Xac dinh M, N, P va vé hinh. b) Chitng minh M, N, P thang hang.
® Loi gidi.
A
a) Ta c6 MB =2MC < MB — MC = MC < CB=MC < M
la d diém _déi Xu’ng véi B qua ¢ C. P
NA+2NC =0« NA-NC=-3NC & CA=-3NC & N
la d dlem trén Canh AC sao cho 3CN = AC.
PA+PBE=0&Pl trung diém ctia AB.
b) MP =BP — BM = ;BA - 2BC. ¢
1— — 1 ,—> — —
MN = CN —CM = ;CA - BC = g(BA—BC) ~ BC =
l— 44—
-BA — -BC.
3 3 ) 5
Dé thay M N = 3 ( BA - 230) = gﬁ nén M, N, P thing
hang.
L]

o Be Bai 44 Cho tit giac 16i ABCD va cac diem M, N dugc xac dinh béi MA = 2MB, 2NC +
3NA=T0. Goi G la trong tam tam giac ABC.

a) Chiing minh AB+CD=AD + CB. b) Chitng minh M, N, G thing hang.

® Ldi gidi.
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luon nd luc dé dat duoc thanh quad

y J J J
C
a) Taco AB+CD = AD+DB+CB+BD = AD+CB+BD+
DB =AD + CB. D
P
b) Goi P la trung diém ctia BC. Ta c6 N
MA=2MB « MA— MB = MB « BA=ME, - G
2NC +3NA = 0 & 2(NC—NA) = -5NA & 24C = 4 M
_5NA. ) B
MN:AN—AM:—QEJFSA_C’.
MGzAG—AMngP—zABz§<AB+A0)—2AB=
55— 1-—
—ZAB+ -AC.
L 5 2 5——s
Dé thiy MG = c (—2A—B)+3A_C)) = GMN nen M. N, G
thang hang.
O

> Bai 45. Cho tam giac ABC c¢6 trung tuyén BI va H, K thda BC =5BH v 2BK+IK = 0.
a) Xac dinh cac diém H, K trén hinh vé? b) Biéu dién AK theo hai vée-to AB va AC.

c¢) Chitng minh ba diém A, H, K thing hang.

® L3i gidi.

a) Xac dinh cic diém H, K trén hinh vé?
Ta ¢6 BC = 5BH nen BC vi BH cung huéng va BC' =
5BH.
Do d6 H nam gitta B va C vanam gan B.
Do 2BK +IK = 0 < IK = —2BK nén IK va BK
ngugc huéng va I K = 2BK.
Vay K nam gitta B va I, K nam gan B.

B C
H

b) Biéu dién AK theo hai véc-to AB va AC.
Ta co

1 —

AK = AB+BK = AB+ -BI

w

— B+ (A1 - 7B)

2 11—
= -AB+ -AC.
3 + 6

c¢) Chitng minh ba diém A, H, K thang hang.
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1. Vec-to va céc phép todn frén vec-to Luon nd luc dé dat duoc thanh qua

y J/ J J

Ta co
— — — — 1—>
AH = AB—I—BH:AB—i-—BC’
— AB+5(AC AB)
44— 1—
= —-AB+ -AC
5 +5
6(2—» 1—») 06—
= —|-AB+-A =_-AK.
51\3 +6 ¢ 5

Do do R, AH ciing phuong hay A, H, K thang hang.

$> Bai 46. Cho hinh chit nhat ABCD, ¢6 tam O, AB = 4a, AD = 3a, M la mot diém tuy ¥.

a) Chitng minh ¥ = 3MA — MB — MC — M D khong phu thudc vao vi tri diém M. Tinh do
dai véc-to V.

b) Goi E, F la hai diém théa man AE = —AB CF = —C’A Phan tich véc-to DE va DF theo
hai véc-to AB va AD suy ra ba di¢m D E F thang hang.

 Loi gidi.

a) Goi G la trong tam tam giac BCD, khi d6 BG+CG+DG =
0.
Ta c6

T = 3MA— MB— MC— MD
= MA-MB+MA—-MC+MA—-MD
— BA+CA+DA
— 3GA+BG+CG+ DG =3GA

Khi do |7| = ‘3@1" = 3AG = 2AC = 2/ABZ + BC? =
E 10a.

D C

— — — — 1—
b) Tacé DE = DA+ AE = —AD + —AB.
Va DF = DA+ AF = —AD + AC’ = ——AD + AB =z (—AD + ZAB) = gDE.
Vay DE, DF cung phuong hay D, E F thang hang.

U

¢ Bai 47. Cho tam giac ABC déu canh béng a, c6 G la trong tam. Goi D la diém dbéi xing ciia
A qua B va E la diém thoéa man ding thic véc-to 5AE = 2AC.
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

y J/ J J
a) Tinh ‘A_é + A_C'” va ‘674) — G_B" b) Phan tich hai véc-to D_E”, DG theo AB va
AC.

¢) Chitng minh ba diém D, E, G thang hang.

® L3i gidi.

a) Goi M la trung diém ctia doan thang BC.
Ta c6 )ﬂﬂ A_(f‘ - lzm) — 2AM = av/3.
Va ]@4’—@’] - \ﬂ( — AB=a.

— — — — 2—>

b) Tacé DE = DA+ AF = —2AB + EAC'

—

Va DG = DA+ AG = —2A4B +

9-—= 11—
——AB+ -AC.
3 * 3

(AB + AC) =

W =

Do DE = —24B + -4 :—(——AB 17 ):
©) Do TpAC =5\ TgAB T gAc

2DC.
4 Nén ﬁ, DG cting phuong hay D, E, G thing hang.
E
G
B : C
M

¢ Bai 48. Cho hinh vuong ABCD canh a. Goi O la trong tam tam giac BCD.
a) Chiing minh rang AB + AC + AD = 340.
b) Xéc dinh va tinh do dai cia vée-to @ = AC + DB.

c¢) Goi G la trong tam clia tam giac ABC va M, N la cac diém dugc xac dinh béi AM = 2A—B>,
5AN = 2AC. Chitng minh ring M, N, G thang hang.

® Loi gidi.
a) Do O la trong tam tam giac BC'D né@—i— OC+0D=0. . .
Ta c6 AB+AC+ AD = AO+ 0B+ A0+ 0OC + A0+ 0D =3A0+0B+0C+0D = 3A0.

b) Goi K la giao diém ciia AC' va BD.
Khi d6 @ = AC + DB = 2AK +2KD = 2AD. Nén | V| = 2AD = 2a.
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y J/ J J
c) Tacod A e =
MN = MA+ AN G
-— 22— N
Va o
N Y Y 2, D c
MG = MA+AG:—2AB—|—§AH
—> 1/ — —
— —2AB+§(AC+AB>
= —§AB+%A_C>
5( 2—») 5
= —|—24AB+-AC|=-MN
6 +5 6
Do d6 MN,]\Técﬁngphtrdng hay M, N, G thing
hang.
U

$>Bai 49. Cho tam giac ABC c¢6 G la trong tam, goi I 1a trung diém AB va M la trung diém
Al. Lay diém H déi xtng véi C' qua G.

a) Chitng minh 204 + OH + OG = 40M, v6i O bat ki.
b) Goi N la diém xac dinh bdi 2NB + 3NC = 0. Tinh AN, AG theo AB va AC.

¢) Chitng minh ba diém G, M, N thiang hang.

® Loi gidi.

a) Ta co

204 + OH + OG = 40M
2((74’—0M)+0H—0M+0_G’—0_H’=6
IMA+MH+MG =10

OMA+2MI =70

MA+MI=T0 (dting vi M 1a trung diém ctia [ A).

te e

b) Ta c6 AN = AC + CN = AC + AD — AC. Va AG =

01(131\3
S
Il
Al
_|_
ol o

E’:%E’+

ot DN
ot w

l—o 1-—
—AB 4+ - AC.
3 * 3
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

y J/ J J

c) Ta co

MN = MB+ BN H
3—> 33—

= -AB+-B

4 +5 ¢

3-—= 3-—= 3-—=
= -AB+_-AC —--AB
+5 C 1

i
_ %E’J%A_O’.
Va
MG = MA+AC
= —{AB + (AT + 1B)
_ 1_12,@'+%A_C’

5(3—> 3—») 5——
= —|=AB+-AC | =-MN.
9 \20 +5 ¢ 9

Do d6 MN, MG cing phuong hay M, N, G thing
hang.

O

9 Bai 50. Cho hinh binh hanh ABCD c6 cac diém M, I, N lan lugt thuoc cac canh AB, BC,
CD sao cho 3AM = AB, BI = k- BC, 2CN = CD. Goi G la trong tam cta tam giac BMN.
Dinh %k dé ba diém A, G, I thang hang.

® Loi gidi.
Do G la trong tam cia tam giac BM N, nén co A D
3AG = AB + AN + AM. M
N
Khi do
— — 1 — — 1— B¢ b <
3AC = AB+ ; (AC + AD) + 5 AB 1
4— 11— 1—
= §AB+§AC’+§BC
- AC=AB+ A0
Theo dé BI = k- BC = Bl = kBC < Al — AB = k (AC — AB) « Al = (1 — k)AB + kAC.
Dé ba diém A, G, I thing hang thi AT = mAG, m € R.
1_/{;:51_75 m = 3k k:l%
Do dé6 ta co L_m & 1_]{::%@ 18 OJ
> Ba&i 51. Cho tam gidgc ABC ¢6 trong tam G, I 1a diém dinh béi 514 — 7IB — IC = 0.
a) Chung minh GI = 24B. b) Goi O la giao diem ctia AI, BG va BO =
k- BG. Hay tim k.
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1. Vec-to va céc phép todn frén vec-to Luon nd luc dé dat duoc thanh qua

y J J J
D Loi gidi.
a) Ta co
5IA—7IB—IC =70
o 5GA-TGB—GC —3IG=0
o 316G =6GA—6GB < 3IG = 6BA
& GI =2AB.
b) Ta co
Al = AG+GI
— %14_B)+%14_C')+214_B)
T— 1—
= —-AB+ -AC
340 T3
Va

A0 = AB+BO=AB+k-BQG
— 1 — —>
— AB+§k(BA+BC)
3—-2k— 1 —
= 2" AB 4+ —kAC.
3 T3

Do A, O, I thang hang nén A0 = mﬁ, m € R.

3—2k  Tm
Do d6 ta c6 3 g meEk &
O do ta co
l,_m 3—2k =Tk
1 3 3
k==
3
1
m= —.
4 3
B c
1
O

> Bai 52. Cho tam gidac ABC c¢6 AD la phan giac, AB = 6, AC = 8. Goi M, N la céc diém trén

AH
AC va BC sao cho thoa AM = zAC’, BN = ZBC’. Goil H € AD thdéa man D= k> 0.

a) Phan tich AD theo AB va AC. b) Phan tich AD theo hai véc-to BM va AN.
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Chuong 1. Vec-to va cdc phép todn trén vec-to

Luon nd luc dé dat duoc thanh quad

D Loi gidi.
a) Phan tich AD theo A va AC.
BD AB
Theo tinh chat duong phan giac, ta c6 o = AC —
6_3
8 4 ; ;
Khi d6 BD = 7DC = BD = ?B—C’)
Ta c6 AD = AB+BD AB + ?B_c’
Khi d6 AD = AB+ = - (Ac AB) = ?@Jr%A_C). (1)

Phan tich E theo hai véc-to W va M/’ .
bat AD = xBM + yAN. Khi dé

—

AD

x(%E—E)JFy(EJrzB_C’)
3 — — 1 —> 3 - 1
ZmAC—xAB+ZyAB+ZyAC:(—J:+

=~ |

Dong nhat he s6 ctia (1) va (2), ta c6

L4 —920
— X —_ — — e

/=7 21 7575 205
T =1 3 = AD = - BM+
T T Y=

y J/ J J

«BM +yAN =z (AM — AB) +y (AB + BN)
:x(Zﬁ—E)+y[AB+3(AC AB)}

y) ADB + (%x + zy) AC. (2)

—,Uv’.

O

$>Bai 53. Cho AABC, c6  trong tam L G. Goi M, N la lan lu?dt 1 trung diém ctia AB,AC. Lay hai
diém I, J sao cho: 9TA + 318 = 0 2JA+5JB+3JC = 0.

a) Ching minh rang M,N, J thang hang va J I trung diém ctia BI.

b) Goi E tren doan AB thoa: AE = k - AB. Xéc dinh k dé C, E, J thing hang.

D Li gidi.

A

a) 2JA+5JB +3JC =0 = [2JA+2JB| +
~2JN

[3J_B’+3ﬁ] — 0 =4 M+6JN=0 = JM =

o

2
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1. Vec-to va céc phép todn frén vec-to Luon nd luc dé dat duoc thanh qua

V' J J J
= ba diém M, J, N thing hang.
Ta co: l—s 2— 11— 2 1 3 1
B = BN+NJ = ‘BOL 2N = LBC+ 2 (BN -BN) = 2BC+iBA- o= 2514
* 2 +25 2 ;5( )32 +25 5 0775
Bl =BC+CI =BC+ -CA - BC+5(BA—BC)—5BC—BBA
:>BC’—QBJ
= J la trung diém cta BI
—  — 2 2 7
b) JCZJN-FNC’zEMN—FBNZEMN—FMN—MBZEMN—MB.
BJ = 3NN — «MB
g 3 7 3
Ba diém C, J, Ethanghangkhlg gzx:(—l):>x=—?
Ta co: 5 10 .
O

¢ Bai 54. Cho hinh binh hanh ABCD. Goi M, N la hai diém lan luot thuoc doan AB va CD
sao cho AB =3AM, CD =2CN.

a) Tinh AN theo cac vectd AB va AC..
b) Goi G la trong tam tam gidc BM N, tinh AG theo cac vects AB va AC..

¢) Goi I la diém dinh béi BI = kBC. Tinh A] theo cac vecto AB va AC. Tim k dé dudng
thang AI di qua G.

 Loi gidi.
A M B
G
i
D X C

a) AN =2 (AD + AC) = 2(BC + AC) = 2 (AC + AC — AB) = 4AC — 2AB.
b)

AG = AM+MG_§AB+3(MN+MB — H —AM + AC — N—C))Jr;@}

1 (—11@’ +AC — —AB) i gﬂ?}

8 |
:—AB + ; (——AB + AC)

:—AB —AC’
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¢) Al = AB + BI = AB + kBC = AB + k (AC — AB) = (1 — k)AB + kAC

Ba diém A, G, I thang hang khi hai vecto A_G), Al cuing phuong
1 5} 11 1 6
]_ - c— = . — ¢ —_— = — = —.
F=hg=hg=bg=3=ob=q

O

¢>B&i 55. Cho hinh binh hanh ABCD c¢6 BAD = 60°, AB = 2a, AD1BD. Goi F 1a trung diém
CD.

a) Tinh ‘/Té— EHA—B)—F 2@’ theo a..

b) Goi M, N la hai diém théa 3AM = 4AD va 3AN = AB + 2AC. Hay phan tich tinh MN
theo céc vecto AB va AD. Chiing t6 ba diém M, N, F thing hang.

® L3i gidi.

a) ‘@—AD‘ - ‘ﬁ‘ — BD
1 )
Ta c6 AB = §AB = a (canh doi dién véi goc 30°)

= BD = \/AB? — AD? = a/3.
’AB + 2AD‘ — ‘AB +AD + AD] - ’AC + AD‘ —9 ’AE‘ v6i E I trung diém ctia DC.
Goi H la chan duong vuong goc ké tir A len DC

1 a 3a
Tacé DH=-AD = — HE = —.
a CoO 2 : 2:> 2
= AH = a2+aZ:a\2/5
5a2  9a®  av14
AE = /25 20 .
= TR 5
Vay ‘AB—AD‘ — a3, ‘AB-|—2AD‘ _ ‘”2 .
1 I 1o 1, —> B ]—
by MEFE=DF — DM =-DC — -AD = -AB — - (AC — AB) = -AB — —AC
) 2 3 4 2 3( 5 ) 6 43
MN:—AM+,H§+BN=—§ﬁ+ﬁ+§(z4_é—ﬁ)=—§(/l_c’—,ﬂ§)+@+
- (AC — AB) = -AB — -AC.
3( ) 3 3

5 5 1 2 1
Taco—:-=-1-==
Y5 3733 2
= M, N, F thang hang.

O
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& Dang 5. Chirng minh song song

Dé chitng minh AB // C’_D), ta can chitng minh AB = kCD.

¢ Bai 56. Cho tam giac ABC ¢6 M la trung die diém ctia canh BC. Goi D, E lan lugt la cac diém
théa man cac dang thic: BD = 4BA AE = 3AC. Ching minh DFE // AM

® Loi gidi.

> 1—
Ta c6 AM = AC +CM = AC = AC + - (AB Ac) — —AB +5AC.

DE = AE — AD = 3AC + 3AB
= DE = 6AM.

U
<o Bai 57. Cho tam gidc ABC' ¢6 trong tam G. Goi M la trung diém ctia BC va I 1a diém thoa
hé thic 3CT+CA=0 va3BN + AB = 0. Ching minh rang NI // BG.

® Loi gidi.
TacéNI:AI—AN:—AC——AB:—gAB-I—gAC’ 4
BG = AG — AB—gAM AB_3(AB+AC)—AB=—§AB+§AC I
— NI =BG
NI /j BG. N G
C
B M
L]

$> Bai 58. Cho hinh binh hanh ABCD c6 I [ 13 trung « dlem cua C'D. Goi G la trong tam tam giac
BCIT va diém J thoéa man ding thiic vecto AB +4AJ = 0. Chting minh rang;

a) Al = 5@’ + AD va AG = 6A_B’ + gﬂi b) Chitng minh C.J // AG.

® Loi gidi.

390/528 ’ B Nguyén Quéc Duong - @ 0375113359 ﬂ



Chuong 1. Vec-to va cdc phép todn trén vec-to Luon nd luc dé dat duoc thanh quad

V' J J J
J A B
1 1 l—s —
)5(AD+AC>—§(AD+AD+AB):—AB+AD.
AG - (/Tfhﬁth_C’) = [y
I
%(5A3+AD+AD+AB+AB):gAB+§AD

b) TacéA_G):gA_é—i-gE
JC = AC - A} = AD + AB + ;AB = 2 AB + AD
= AG =JC
= AG || JC.

s Dang 6. Tim tép hop diém théa man hé thirc

Bai toan: Tim tap hop diém M thda diéu kien Q cho truse?
Phuong phap: St dung cac phép bién déi, bién ddi 2 vé mot trong nhitng dang sau:

® Truong hop 1: Néu |M_Z| = |[MB| véi A va B (c6 dinh) thi tap hop diém M thuge dusng
trung tric clia doan thing AB.

® Trudng hgp 2: Néu |J\Td| = k‘|14_B>| v6i A, B, C cho trude (cd dinh) thi tap hop diém M
thuoc duong tron tam C ban kinh k- AB

® Trudng hop 3: Néu MA = kBC véi A, B, C cho trudc (c6 dinh) va
Néu k € R* tﬁ)tap hop diém M thudc nita duong thing di qua A va song song v6i BC' theo
huéng vects BC.
Néu k& € R~ thi tap_hop diém M thuoc nita dudng théng di qua A va song song véi BC
nguge hudng vecto BC.

$> Bai 59. Cho tam gidc ABC. Tim tap hop diém M théa méan diéu kien:

a) |MA + MB| = |MA + MC| b) |MA+ MB| = |MA - MC|

¢) 3|MA+ MB| =2|MA+ MC + MC| d) |MA +2MB| = |2MC + MA|

e) |MA+ MB + MC| = |2MA + MB| f) |4MA+MB+MC|=|2MA—MB-MC|
® Loi gidi.

a) Goi I, K lan lugt 1 trung diém ctia AB, AC. Ta c6
IMA+ MB|=|MA+ MC| = 2|MI| =2|MK| = |MI| = |MK|
= M thudc trung tryc cua [ K.

—> — — 1
b) |[MA+ MB|=|MA+ MC| = 2|MI| =|CA| = |MI|= 5A(J

AC
= M thudc duong tron tam I ban kinh -

o
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c) Goi G la trong tam tam gidc ABC, ta c6
3|MA + MB| = 2|MA + MC + MC| = 6 \1\71’\ - 6]J\TG’( = ym( - ‘]\Té‘
= M thuoc duong trung truc cia IG.

d) Goi P va @ 1a hai diém théa PA +2PB = 0,QA+2QC = 0

\MA +2MB| = |2MC + MA| > MP+§Z+2(J\7?+F§)):WZ)%@’H(M@#@?)\
- 3Aﬁ’+1?4’+2173" :’3J\TQ’+@4’+2Q_C’)
:>3W‘:3‘]\TC§‘

= [MP| = |G|
Vay M thuoc duong trung trirc cia PQ).
e) Goi F la diém théa man OMA + MB = 0 , ta co
\MA + MB + MC| = |2MA + MB| = 3‘1\7&‘ - ‘2(W+ﬂ) +Aﬁ+ﬁ‘ = (J\TG’) -
|
= M thuoc duong trung truc cua GE.

f) [AMA+ MB + MC| = |2MA—-MB - MC|
Goi N, L la cac diém théa man 4MA + MB + MC = 0 va2MA - MB — MC = 0, ta c6
[AMA+ MB+ MC|=2MA—-MB — MC|

= 4(MN+NA>+MN+NB+MN+NC‘:’MA—MBJrMA—MC’
= 6MN+4MA+MB+MC‘:(E4’+(T4"

= 6W}=]E+A_c’j

=6 ’m‘ =2 ’ﬁ‘ v6i R la trung diém BC
.

N

MN( _ 1 ‘ﬂ%”
AR
M thudc duong tron tam N ban kinh =

> Bai 60. Cho tam gidac ABC. Tim tap hop céc diém M théa man diéu kien:

a) kMA+ (1—k)MB =0, keR. b) MA + kMB = kMC, k € R.

¢) MA+(1-k)MB-kMC =0,k € R,k #1. d) AM +kAB = AB + kAC, k € R.

® Loi gidi.
a) Ta co
KMA + (1 - k)MB =
& kMA+(1-k) J\ﬂJrE):ﬁ

—

& MA+(1-kAB=70
& AM = (1-k)AB,

Két luan: tap hop diém M 1a dudng thing AB.
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b) Ta c6

MA+EMB =kMC
& erk(]\ﬁ—m):ﬁ)
o MA+kCB=0
o MA=FkBC.

Két luan: tap hop diém M 1a dudng thang di qua A va song song véi BC.
c¢) Goi I, J lan lugt 1a trung diém ctia AB va BC. Ta c6

MA+(1-kMB-kMC=0
MA+MB—kMB —kMC =0
MA+MB—k(MB+Mc):6
OMI —2kMJ =70
21\71’—2k(1\71’+17):6

(2 — 2k)MT = 2kIJ

— 2k —
MI = m[i

(O A

Két luan: tap hop diém M 1a dudng théng I.J trit diém J.
d) Ta c6
AM + kAB = AB + kAC
o AM - 4B+t (AB - AC) — T
& BM+kCB=70
& BM =kBC.
Két luan: tap hop diém M 1a dudng thang BC.

0

$>Bai 61. Cho hinh vuong ABCD canh 2a tam O. Hay tim tap hop diém M thoa man diéu kien
MA+MB+MO+MD) = ‘E—Zﬁ‘.

o Loi gidi.
Ta c6 AB — AD = DB va MA + MB + MC + MD = 4M0. A B
1 1 2
Do dé, tacé4MO:DBhayOM=ZBD:Z-2\/§a=§-a.
, 2
Vay tap hop diem M la duong tron tam O, ban kinh g - a.
0
D C
O
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> Bdi 62. Cho hinh thoi ABCD cb6 dinh c¢6 tam O, canh bing a va goc ABC = 60°. Coi I 1a
trung diém ctia doan DO. Tim tap hop diém M théa man diéu kien ’MA +MB+ MC + MD’ =

4‘W+I_D”.

® Loi gidi.

Taco MA+MB + MC + MD =4MO.

— — — — —_— — — B
Ké AFE =1D, khi d6 MA+ID =MA+ AE = ME.
Khi 6 [MA+ MB +MC + MD| = 4|MA+TD| & 4MO = AME
MO = ME.
Vay tap hop diém M ndm trén dudng trung triyc cia doan thang OF.
A C
O
E
D
]
9 Bai 63. Cho hinh vuong ABCD canh a. Goi P, Q la cac diém thoa man BP = BC — 2AB v
— 1— —
cQ = —§AC’ — BC.

a) Chitng minh ba diém A, P, Q thing hang.

b) Tim tap hop diém M théa man [MA + MB + MC + MD| = 4a+/3.

D Ldi gidi.

a) Ta c6 AP = AB + BD = AB + BC — 2AB = BC — AB = BC + BA = BD.
Béncanhdé,@:@+@=@_%E_R’:%@+@=@+TBI@
Vay AP = —240, do d6 A, P,Q thing hang.

b) Tacé MA+ MB+ MC + MD =4MO.
Do d6 [MA+ MB + MC + MD| = 4a\/3 < 4AMO = 4a\/3 & OM = a/3.
Vay tap hop diém M 1a duong tron tam O, ban kinh av/3.

U

¢ Bai 64. Cho hinh binh hanh ABCD canh bang a va c¢6 tam O. Goi N € CD sao cho CD =
2CN.

a) Biéu dién AN theo E, AC.

b) Tim tap hgp diém M thoa man ([MA+ MB + MC + MD| = 4AB.

® Loi gidi.
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A B

3) Taco AN = A+ DN = AC+TB+ ;AB = AC — AB + ;4B =
Z@-%Zﬁ.

b) Ta 6 MA+ MB + MC + MD = 4MO. O
Do d6 ’MA+MB+MC+MD‘ — 4AB & 4MO = 4AB &
OM = AB = q.

Vay tap hop diém M la duong tron tam O, ban kinh bing a. D N C

C-BAI TAP TRAC NGHIEM

$>Cau 1. Néu c6 AB = AC thi
A. diém B trung véi diém C. B. tam giac ABC la tam giac deéu.
C. diém A la trung diém ctia doan BC. D. tam giac ABC' la tam giéc can.

 Loi gidi.

Theo dinh nghia hai véc-to bang nhau thi diém B trung véi diém C.
Chon dap an @

L]
$>Cau 2. Cho tam giac ABC déu canh bing 1, trong tam G. Do dai véc-to AG béang
LS B. V2, c. &3 p. 3.
2 3 4

® L3i gidi.

w
(@)
|

) — 2 2
Goi M la trung diem ctua BC, ta co ‘AG‘ = AG = gAM =3 v3 = ﬁ

2 3
Chon dap an

> Cau 3. Cho tit gidgc ABCD c6 AD = BC. Ménh d& nio sau day sai?

A. ABCD la hinh binh hanh. B. DA=BC.

—_— > —

C. AC = BD. D. AB = DC.

L.

® Loi gidi.
Hai véc-to AC va BD khong cting huéng, khong ciing do dai nén khong bang nhau.
Chon dap an @

$> Cau 4. Cho ba diém M, N, P thing hang, trong d6 diém N nam gitta hai diém M va P. Cap
véc-to cung huéng la

| ¢

A. MN vai MP. B. MP va PN. C. NM va NP. D. MN va PN.
® Loi giéi.
Nhin vao hinh vé ta dé thay M N va M P cung huéng. Al N 2
Chon dap an @ O

o
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&> Cau 5. Goi O 1a giao diém hai duong chéo AC va BD ciia hinh binh hanh ABCD. Ménh dé
nao sau day sai?

A. CB = DA. B. OB = DO. C. AB = DC. D. OA=0C.
® Loi gidi.
TacéO_/i:CTO)nén(ﬁzO_C)léménh dé sai. A B
@)
D C
Chon dap an @ O

$>Céu 6. Cho hinh chit nhat ABCD ¢6 AB = 3, AD = 4. Gia tri ciia )A_c’( bing

A. 6. B. 3. C. 4 D. 5.
® Loi gidi.
Ta 6 |AC| = AC = VAB? + BC? = VAB? + AD” = 5. N B
D C
Chon dap an @ O
¢S Cau 7. Cho tam giac ABC vuong tai A c6 AB = 3, BC = 5. Do dai ctia véc-to AC bang
A. 6. B. 8. C. 13. D. 4.
® Loi gidi.
Ta 6 |AC| = AC = VBC? = AR = 4. o
A B
Chon dap an @ OJ
> Cau 8. Goi M la trung diém ciia doan AB. Khang dinh nao sau day sai?
—_— —_ — —_ — — — —— 11—
A. MA= MB. B. AB=2MB. C. MA+MB=10. D. MA:—§AB.
® Loi gidi.
Tacd6 MA=—-MB. 2 i B
Chon dap an @ O

e
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$>Cau 9. Cho tam giac déu ABC véi duong cao AH. Ménh dé nao sau day dang?
A. 4B = 4C. 8. |4H| - L |iC| c. 7B -He. p. |7¢| —2|FC|
o Loi gidi
Ta o 2|HC| = |BC| = BC = AC = |AC|. 4
B 7 C
Chon dap an @
$>Cau 10. Cho tam gidc ABC), trong tam G. Két luan nao sau day ding?
A. Khong xéc dinh duge GA+GB +GC. B. Ciél) G_B) QC}’
C.GA+GB+GC=7. D. GC =GA+ GB.
® Loi gidi.

Theo quy tac trong tam ciia tam giac thi GA+GB+GC=0.
Chon dap an @

$>Cau 11. Cho tam giac MNP vuong tai M va MN = 3cm, MP = 4cm. Do dai cla NP
bang
A. 4cm. B. 5cm. C. 6cm. D. 3cm.

® Loi gidi.
P
Chon dap an

Ta c6 ‘ﬁ‘ — NP =+/MN* % MP? =5,
¢S Cau 12. Cho hinh thoi ABC'D tam O, canh béng a va goc A bang 60°. Két luan nao dung?

A. |O4| = |OB]. B. |O4| =a. C. |O4| = ;f . |OA| = *2[
® Loi gidi.
Ta c6 AABD la tam giac déu canh a nén |O—A)| =0A= GT\/g. B
A@O
D
Chon dap an @ O
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& C(iu_'l)3. Cho hinh binh hanh AB@. Meénh de nao sau day ding? L
A. AB+BC=CA. B. BA+AD=AC. C. BC+BA=BD. D. AB+ AD = CA.

® Loi gidi.
Theo quy tic hinh binh hanh ta ¢6 BC + BA = BD.
Chon dap an @ OJ
> Cau 14. Cho hinh chit nhat ABCD, goi O la giao diém ctia AC va BD. Ménh dé nao sau day
A DA=0B-0C-0D, _ B. AC-BD. _
C. |04+ 0B +0C +0D| = T. D. AC — AD = AB.
T R ——— ———————
® Loi gidi.
Ta c6 AC — AD = DC = AB. A B
0
D C
Chon dap an @ O
¢S Cau 15. Cho tam gidc ABC vuong tai A ¢c6 AB = 3, BC = 5. Tinh ’E + B—C'"
A. 4. B. 5. C. 6. D. 3.
® Loi gidi.
Ta o |AB + BC| = |AC| = AC = VBC? = AB? = 4. o
A B
Chon dap an @ O
$>Cau 16. Cho bélgiém bat ky A, B, C, 0. Ménh dé nao sau day la ding?
A OR=0B-Bi _ B. 04 = CA+ CO.
C. BC-AC+AB=0. D. BA=0B - OA.
® Loi gidi.

Ta ¢6 BC — AC + AB=AB + BC — AC = AC -~ AC = 0.

Chon dap an @ O
$> Cau 17. Diéu kién can va di dé di_él)n O la trung d@} cia doan ABla .
A. OA = 0OB. B. OA=0B. C. AO = BO. D. OA+0OB=0.
® Loi gidi.
Diém O la trung diém ctia doan AB khi va chi khi OA+0B=0.
Chon dap an @ O
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¢S Cau 18. Cho tam gidc ABC déu c¢6 do dai canh bang a. Khi do ‘A_é + B_C:’ bang
A. aT\/g. B. a. C. 2a. D. aV3.
® Loi gidi.
Ta co ‘E—%B—C)‘ = ‘A—C')’ =a.
Chon dap an O
<>‘\> Cadu 19. Cho tam giac ABC vuong tai A va AB = 3, AC' = 4. Véc-to CB + AB 6 do dai
barf. 2V/13. B. 2v3. C. V3. D. V13.
o Loi gidi.

Ké BD = AB, khi d6 ta c6 CB + AB = CB + BD = COD.
Xét AADC vuong tai A c6 CD = AD? + AC? = /62 4 42 = 2/13.
Vay ‘5§+Z§‘ — 2/13.

A D
B
Chon dap an @ O
$> Cau 20. Cho tam gidac ABC déu c6 do dai canh biang 2a. Do dai clia AB + BC bang
A. aV3. B. 2a. C. 2av/3. D. “T\/g
o Loi gidi.

TacézTB_;i-B—_)g):A_C’.
Do d6 ‘AB+BC‘ — AC = 2.

Chon dap an O

%ﬁuﬂ). Cho tam gidc ABC. Goi M, N, P lan lugt 1 trung diém cac canh AB, AC, BC. Hoi
MP + NP bing véc-td nao?

A. PB. B. AP. C. MN. D. AM.
® Loi gidi.
Tacé]\ﬁ—i-ﬁ:m—l—ﬁ:ﬁ. A
N M
C P B
Chon dap an O

$>Cau 22. Cho hinh binh hanh ABCD, giao diém ctia hai dudng chéo la O. Tim ménh dé
sai?

—
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A. DA-DB=0D-0C. B. DA+DE+DC=T.
C. CO-0OB = BA. D. AB— BC = DB.
® Loi gidi.
Theo quy | tac hinh binh hanh, ta c6 DA+ DC = DB D A
Do d6 DA+DB+DC DB+ DB =2DB # 0.
Vay meénh de: “DA+DB+DC=0" la ménh dé sai va dé dang kiém
tra dugc cac ménh dé con lai 1a cac ménh dé dung. )
C B
Chon dap an O
& CCIu 23. Cho tam giac ABC, trong tam G. Phét biéu nao ding?
A. A+ BC = )AC( B. |G| +|GB| + || -o.
’AB+BC AC. D. |GA+GB+GC|=o.
=
® Loi gidi.
Theo tinh chat trong tam tam giac, ta co A
GA+GB+GC=71.
Vay‘@l'+G_JB'+C¥_C'):0. a
C M B
Chon dap an @ 0
$>Cau 24. Cho lyc gidc d déu ABCDEF va O la tam clia né. Dang thitc ndo sai?
A. OA+OC+OE—O B. BC+FE AD .
C. OA+O0B+0C=FEB . D. AB+CD+FE=0.
® Loi gidi.
Ta c6 e c___ B
AB+CD+FE=0=AB+BO+0A=0.
D A
E F
Chon dap an @ O
3 Cqu 25. Cho bén diém A, B, ¢, D phan biét. Khi do AB - DC + BC — AD bang
A. AC. B. 2DC. C. 0. D. BD.
® Loi gidi.
Ta c6 AB— DC + BC — AD = AB+BC +CD+ DA =AC+CA=70.
Chon dap an @ O

e
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$>Cau 26. Cho ba di diém A, B, 3, ¢' phan biet. Dang thifc nao sau day sai? .
A. AB+BC = AC. B. C’A—l—AB BC. C. BA+AC=BC. D. AB-AC=CB.

® Loi gidi.
Tacéa—Z—FA_B):@_B?%B—é.
Chon dap an O

¢S Cau 27. Cho hinh vuong ABCD c6 canh bang a. Khi d6 AB + AD bang
2
A. aV?2. B. % C. 2. D. a.

® Loi gidi.
Ap dung tinh chat hinh binh hanh ta c6 AB + AD = AC. A 5
Do do |AB = ‘A_C’) NG

-
D C
Chon dap an @ O
$> Cau 28. Cho hinh vuong ABCD c6 canh bang a. Khi d6 AB + AC bang
3
A. aV. B. av/3. C. % D. “—\2/3

@ Loi gidi.
Goi E 1a dinh thi tu ctia hinh binh hanh ABEC va F 1a hinh chiéu ctia E lén A B F
dudng thang AB.
Khi d6 |AB = ‘/TE]
Xét tam giac AEF vuong tai F', ¢c6 AF = 2a, EF = a, do d6 ul

D C E
E =VAF? 1 EF? = V4a? + a2 = aV/5.

Chon dap an @ O

<>‘> Cou 29. Cho hinh chit nhat ABCD, biét AB = 4a va AD = 3a. Tinh do dai cta véc-to
AB + AD
A. ba. B. 6a. C. 2aV/3. D. 7a.

® Ldi gidi.

Theo tinh chat hinh binh hanh, ta c6 A B

‘2@+ Zﬁ’ - ‘Z@) = VAB? + AD? = V1642 + 942 = 5a.

-
D C

Chon dap an @ O
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1. Vec-to va céc phép todn frén vec-to Luon nd luc dé dat duoc thanh qua

yV J J J
$> Cdau 30. Cho hinh vuéng ABCD canh a. Gi4 tri cua AB + AC + E) bang
A. AV2. B. 2a. C. 2aV/2. D. 3a.
® Loi gidi.
Ta co A B

1@+14_(5+E‘:‘,4_(5+A_(5‘:2‘A_(5):2A0:2a\/§.

-
D C
Chon dap an @ O
$©Cau 31. Cho tam gidc déu ABC canh 4a. Do dai AB + AC 1a
A. 2av/3. B. aV5. C. aV6. D. 4av/3.

® Loi gidi.

Goi M la trung diém ctia BC' .
Vi AM 1a dudng trung tuyén ctia tam giac déu canh 4a

. C
nén
4
AM = (1/2\/3 = 2@\/§ M
Do d6 ‘EEJFA_C” - ‘QW‘ — 2AM = 4a/3. ) .

Chon dap an @

$> Cdau 32. Cho ba luc }71) = m, 17)’2 = ]\TB), }?}, — MC cling tac dong vao mot vat tai diéem M
va vat ding yén.
Cho biét cuong do cua Fl, F2 déu bang 100 N va AMB = 60°. Khi

d6 cuong do luc cta F3 bang
A. 50/2N. B. 504/3N. C.25v/3N. D. 100v/3N. —<

 Loi gidi.

Goi D la dinh thi tu _c»ﬁa hinh binh hanh M ADB.
Khi do6 hop luc Fy + Fo, = MA+ MB = MD.
1
MD =2MO =2- oo\/ﬁ = 100+/3.
Vay hop luc F1 + F2 co do 16n 100v/3.
Vi diém M ding yén nén do 16n ciia Iyc F3 1a 100v/3N. 28

Chon dap an @ 0

¢ Cdu 33. Cho hinh thoi ABCD canh a, tam O va BAD = 60°. Do dai véc-to OB — CD
bang
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

y J J J
A. “Tﬁ B. aTﬁ C. 2. D. av/3.
o Loi gidi.

Goi G la trung diém ctia doan OC. D
Ta ¢6 ‘O—B’—CD‘ - (D0+Dc] :Q’D_Cf‘ — 2DG. /J\
Tam giac DOG vuong tai O ¢c6 DO = g, OG = % = %5 nén A\W

9 2 B

206 = VDO? T 067 = 2\/ G+ () -

Chon dap an @ OJ

¢S Cdu 34. Cho hinh vuong ABCD canh a. Gia tri ‘A_B) - ﬁ‘ bang
A. AV2. B. 2a. C. 0. D. A

o Li gidi.

Ta c6 ‘E_m‘:‘A—B)—FE‘:)A_C)‘:AC:a\/Q A B

She
Q

Chon dap an @ O

¢ CdAu 35. Cho hinh vuong ABCD canh a, tam O. Gia tri clia ‘O—B) + O—C’)‘ bang

A. /2. B. a. c. ¢ p. W2
2 2
® Ldi gidi.
Ta co S S g e B A B
‘OB+OC" - ‘DO+OC’ - ]DC] — DC =a.
(0)
D C
Chon dap an O

$>Cau 36. Cho hinh thoi ABCD ¢6 AC = 2a, BD = a. Gié tri ctia ‘A_O’ +BD ) bing
A. aV/5. B. 5a. C. 3a. D. aV3.
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1. Vec-to va céc phép todn frén vec-to Luon nd luc dé dat duoc thanh qua

y J/ J J
® Loi gidi.
Goi O la tam cua hinh thoi. D
Khi d6 ta c6 ’AC+BD‘ - ‘2AO+20D‘ - ‘ZAD‘ — 924D. /J\
Ap dung dinh 1y Pi-ta-go trong tam gidc AOD ta c6 5
e
2

AD:\/AO2+OD2:\/a2+aZ:%5. B
Do d6 ‘A_(f+ E)" — 24D = a\/5.
Chon dap an @ O

~ 2 1 2
$>Cau 37. Cho tam giac ABC, E la diém trén doan BC' sao cho BE = ZBC' Tim khang dinh

ding?
L, 31— Yy 1o 11—
A. AE=-AB+ -AC. B. AE =-AB+ -AC.
A8+ C ‘11 + 411 C
® Loi gidi.
Vi E nam trén doan thang BC nén hai véc-to BE, BC cting hudéng. A

1
Do do, tut BE = ZBC ta co

BE = BC & AE - AB = (AC - AB) & AE = JAB -~ JAC,
C E B
Chon dap an @ OJ
$> Cau 38. Cho tam giac ABC c6 trong tam G. Biéu dién Véc-to AG qua hai Véc-to fTé, AC
la
A. AG = % (4B - AC). B. AG = é(ABJrAC)
C. Ang(ABJrAC). D. AGzé(AB—AC).
® Loi gidi.
Goi M la trung diém ctia BC, ta c6
AC = SAM =3 (5 (AB+AO)) =3 (AB + AC).
Chon dap an
¢S Cau 39. Tam gidc ABC ¢c6 AB = AC = a, ABC = 120°. Do dai véc-to tong AB + AC
bang
A. 2a. B. aV3. C. a. D.
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

y J J J
@ Loi gidi.
Goi M la trung diém ctia BC, ta c6
AB + AC = 2AM

o A
Tam giac ABM vudng tai M, ABM = 30° nén AM = .
AB-Sin3OO:g. Vay ‘A—B)—FA—C’W =2AM = a. 120 a

30° _
B M C

Chon dap an @ O

$> Cau 40. Cho tam giac ABC déu canh a, H 1a trung diém ctia BC. Tinh ’CTA) - H_C’)‘ bang

A 23 B YT C. <. p. 3.
3 2 2 2
@ Loi gidi.
Goi K la trung diém ctia AH.
Khi d6 |CA — HC| = |CA + CH| = |20K | = 2CK. ¢
H
Xét tam giac KHC vuong tai H c6 HC = g, KH = 5 =
H
av/3
4 K
Do d6 A B
2
2
20K = VCH? + HK? =2 @)+<m@>:;w7
2 4 2
Chon dap an OJ
$> Cau 41. Cho tii giac ABCD. Goi M, N lan lugt 1a trung diém ctia AB va C'D. Khi dé AC+BD
b\éng ———y ———y —— ———y
A. —2MN. B. MN. C. 2MN. D. 3MN.

® Loi gidi.

Ta co

AC = AM + MN + NC.
BD = BM + MN + ND.

Cong vé theo vé hai dang thitc trén ta dugce

AC+BD =AM +MN+NC+BM+ MN +ND = 2MN.

Chon dap an @ O
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1. Vec-to va céc phép todn frén vec-to Luon nd luc dé dat duoc thanh qua

y J/ J J

> CAu 42. Cho tam gidac ABC va diém M thoa méan MB+MC = AB. Tim vi tri diém M.
A. M la trung diem AC.
B. M la trung diem AB.
C. M la trung diem BC.
D. M la diém thit tu ctia hinh binh hanh ABCM.

T —

® Loi gidi.

Goi I 1a trung diém ctia BC, ta c6 A

—> — — —> —> —> 1— o
MB+ MC=AB < 2MI =AB < IM = §BA(:) M 1a trung diem ctua AC.

M
C I B
Chon dap an @ O
> Cau 43. Cho hinh binh hanh ABCD tam O va diém M bat ki. Khang dinh nao sau day
ding?
A. MA+MB+ MC+MD = MO. B. MA+ MB+ MC +MD =2MO.
C. MA+MB+ MC+ MD =3MO. D. MA+MB+ MC + MD = 4MO.
T — —
® Loi gidi.
Ta co D A

MA+MB+MC+MD = (MA+MC)+ (MB+MD)

= 2MO +2MO 0
= 4MO.
C B
Chon dap an @ 0
3 CCIu 44. Cho hinh yuong ABCD c¢6 tam la O. Tim menh de de sai.
A. AB+AD—2AO B. AC+DB—4AB
C. OA+OB:§C_Z§. D. AD+DO=§C_A).
® Loi gidi.
Ta c6 AC+DB = 2A0+208 = 2AB. Vay khing dinh AC+ DB = 4AB lakhing 4 B

dinh sai va dé& dang kiém tra cac khédng dinh con lai déu la khang dinh ding.

Chon dap an O

$> Cau 45. Tren duong thing M N lay diém P sao cho MN = —3MP. Diém P dugc xéac dinh
ding trong hinh vé nao sau day

406/528 ’ B Nguyén Quéc Duong - 0375113359 ﬂ




Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

V' J J J
M - - P - N
Hinh 1
N M P
Hinh 2
N M P
Hinh 3
M * ) P N
Hinh 4
A. Hinh 3. B. Hinh 4. C. Hinh 1. D. Hinh 2.
— =
® Loi gidi.

Theo dé ta co

N — 3B o {MN va M P nguge huéng - {M nam gittaN va P

MN =3MP NP =3MP.

Vay hinh 3 théa man dé bai.

Chon dap an @ O
3 Cﬁu_flé Cho tam gidc ABC' va I thoa TA = 31B. stmg thic nao sau day dung?
A. C’L—?)C’i—C’A). B. CI1=CA-3CB.
C. 2CI=3CB-CA. D. 2CI =CA - 3CB.
® Loi giai
Ta c6 A

TA=3IBe CA—CI=3CB—-3CI <201 =3CB—CA.

Chon dap an @

O

$>Cau 47. Cho tam gidc ABC. Goi M la trung diém ctia BC va N la trung diém AM. Duong

thang BN cit AC tai P. Khi d6 AC = 2CD thi gia tri clia x bang

5 4 2 3
A —. B. —-. L == D. ——.
3 3 c 3 2
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1. Vec-to va céc phép todn frén vec-to Luon nd luc dé dat duoc thanh qua

y J J J
Ta co A
AC=2CP« BC —BA=2(BP-BC) < BP=—--BA+ BC. P
x T
Lai ¢6 BN:—(BA+B(J)——BA+—BC
2 M B
Ba di diém B, N, P thang hang@BN va BD cung phuong < Jk € R: BP =
kBN
1k 3
=53 T 11— 11— l— 1—> - =35 T=—z
BB = kBN & —-BA+~ 1 1BC = k(—BA+—BC)<:> T2 4 2
x x 2 4 :U—l—l_ﬁ k:Z—l
r 4 3
Chondépém@ OJ

o C¢ Cdu 48. Trén duong thang chita canh BC ciia tam giac ABC' lay mot diém M sao cho MB =
3MC. Dang thu’c nao dung7

A. 2AM = AB + AC. B. AM =2AB + AC.
C. AM = AB — AC. D. 24M + AB = 3AC.
® Loi gidi.
Ta co A

W:3W@ﬁ—m:3(ﬁ—m)@2W+E=3ﬁ.

M C B
Chon dap an @ O
<> Cdu 49. . Phét bleu nao la sai? N
A. Néu AB = AC thi ‘AB‘ ‘AC’ B. AB = CD thi A, B,C, D th&ng hang.
C. 3AB = AC thi A, B, C thing hang. D. AB—CD = DC — BA.

® Loi gidi.
Khi 4 diém A, B, C, D phan biét thi tit ding thiic AB = CD ta c6 hai duong thang AB va C'D song
song hodc trung nhau Do d6, khong thé khang dinh céc diém A, B, C, D thang hang.
Vay khang dinh: “AB = CD thi A, B,C, D thing hang ” 1a khéng dinh sai va dé& dang kiém tra dugc
cac khang dinh con lai déu ding.

Chon dap an O

> CaAu 50. Cho tam gidc déu ABC canh a. Biét ring tap hop cac diem M théa man déng thic
‘QMA +3MB + 4MC" = 1a duong tron c6 dinh c¢6 ban kinh R. Tinh R theo a.
a a a a
A.R—g. B. R—g. C.R—E. D'R_Z
® Loi gidi.
Goi I 1a diém sao cho
2TA+3IB +4IC = § « —2AI + (3AB — AI) + 4 (AC — Al ) & Al = % (%)
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Chuong 1. Vec-to va cdc phép todn trén vec-to

Ta co

2MA+3MB+4MC = 2 (MI + IA)+3 (MI + IB)+4 (MI + IC) = OMI+(2IA + 315 +4IC) = 9M].

Do do

‘2MA+3MB+4MC‘ - ’MB - MA’
o ‘9]\71’+(2]74’+3I_é+41_0’)‘=‘@‘
o 9MI = AB
o IMzéABzg.

Luon nd luc dé dat duoc thanh quad

y J/ J J

Vi I la diém c6 dinh théa man (x) nén tap hgp cac diém M can tim la duong tron tam I, ban kinh

AB a
R=—=—.
9 9

Chon dap an
Bir2. HE TRUC TOA PO

A-TOM TAT LY THUYET

<> Pinh nghia 2.1 (He truc toa do).
Heé truc toa do Oxy 1a hé gom hai truc Ox, Oy vuong goc véi nhau._) y
Trong d6 Ox 1a truc hoanh, Oy 1a truc tung, O 1a goc toa do va i = (0;1),

=

0J

J = (1;0) la hai véc-to don vi. 7 = (1.0)
0|7 =(01)
$> Pinh nghia 2.2 (Toa dé véc-t0). T = (z;y) © T =21 +yJ.
& Vidul. T=-7+27 < T(..;..)hoaic T =37 < T(..;...).

> Dinh nghia 2.3 (Toa dd diém). M (z;y) < OM =27 +y7.

—>

6 Vidu2 OA=—7+27 < A(...;..) hoic OB = —27 < B(...;...).

> Tinh chat 2.1. Cho hai véc-to @ = (z1;y1), b = (22;2). Khi d6 ta c6 cc tinh chat sau

L, - T =1 g b
oa:b(:){l 2 ocos(a,b)za—_,

Y1 = Y2 || - b‘
oa’:l:_b>=(a:1:|:x2;y1:l:y2) 0Tz’cﬁngphuang?(?#ﬁ)@ﬂke]l%:Tz':

kb

kG = (ks \
o kd = (kwy; k) — (hai véc-to bang nhau khi

5 hoanh = hoanh va tung = tun
e a-b=umz2+ Y11 g 8)

— (£ hai véc-to = (hoanh £+ hoanh ; tung +

o |d|=+/21+y; tung)
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2. HE TRUC TOA BO Ludn nd luc dé dat duoc thanh qué
— (nhan phan phoi) — (cos cua goéc gita hai véc-to =
tich vo huéng

tich do dai

— (tich hai véc-to = hoanh - hoanh + tung -
tung)

— (mo-dun ctia véc-to = can hoanh binh + — (hai véc-to cting phuong thi véc-to nay gap
tung binh) k lan véc-to kia)

¢ Tinh chat 2.2. Cho tam giac ABC ¢6 A(xa;ya), B(xp;ys), C(zc;yc). Khi dé

oA_B):(xB—xA;yB—yA) — (nhé: B—A)
TA+2TB
. Tr = 9
e [ la trung diem AB <
A+ B
y[:% — (nhd: I = _IZ_ )
rxa+ 2T+ 20
. R T
e (G latrong tam AABC < A+ Up + T0 ) AL BLC
Yo = 3 5 (nbd:G:—3 )

& Dang 1. Bdi todn co bdn

$>Bai 1. Cho ba diém A(—2;1), B(2;—3), C(0;3).

a) Tinh AB, BC, CA va AB, BC, CA. Chiing t6 A, B, C' 1a ba dinh ctia mot tam gidc.
b) Tim chu vi ctia tam giac ABC.

¢) Tim toa do trong tam G cua ABC.

)
)
)
d) Tim toa do M, N lan lugt la trung diém ctia cdc canh AB, BC.
e) Tim diém E thoéa man CE =248 — 3AC.

)

f) Tim diém F € Oz dé A, B, F thang hang.

® Loi gidi.

a) AB = (z5 — za3y5 — ya) = (2— (=2); =3 — 1) = (4;—4).
BC = (zc —zpiyc —yp) = (0— 2,3 — (=3)) = (=2;6).
CA=(za—2ciya—yc) = (=2-0;1-3) = (=2-2).

AB = \/(xB —xa)’ + (yp —ya)’ = V2 + (42 = 4V2.
BC = /(x5 —xa)* + (yp — ya)’ = /(~2)2 + 62 = 2//10.
CA= \/(5‘78 —x4)° + (yp —ya)’ = V/(-2)2+ (—2)2 = 2V2.
Do % # %4 nén AB va BC khong cung phuong.
Suy ra A, B, C khong thang hang hay A, B, C la ba dinh ctia mot tam giac.
b) Chu vi clia tam giac ABC 1a P = AB + BC + CA = 4v/2 + 210 + 2v/2 = 6v/2 + 21/10.

Ta+ TR+ 20 —2+2+0
¢) G la trong tam ABC = yatys e = I+ (23)+3 :>G(0;§),
?JG—# sz—3
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luon nd luc dé dat duoc thanh quad

y J/ J J

( Ta+ 2B —2+42

" = M= T

d) M la trung diem AB = yatus = 14 (=3) = M (0;-1)

yM—T Yyg = ———
\ 2
( B+ x¢ 240

.2 N = 2 xN:T

N la trung diem BC = < ystue = 343 N (1;0)

iv="5 =7

e) Ta co

xp—2c=2(xp—2x4) —3(xc —T4a)
ye — Yo =2(yp — ya) — 3 (Yo — ya)
tp—0=2(2-(-2)) —3(0—(-2))
yg—3=2(-3-1)—-33-1)

CE = 2AB_ 370 = {

—2
e = B(2;—11).
yp = —11

f) Goi F@;O) €0z
Ta c6 AB = (4;—4); AF = (zp +2;—1).

A, B, F thing hang < A_B), AF cung phuong & or
Vay F(—1;0).

—1—2_—1@ _ 1
1 —_4 Tp = .

$>Bdi 2. Cho ba diém A(—2;—1), B(—1;4), C(3;0).
a) Tinh A—B), B—C’), CA va AB, BC, C'A. Ching t6 A, B, C' la ba dinh ctia mot tam giac.

b) Tim chu vi cta tam giac ABC.

Tim toa do M, N lan lugt 1a trung diém clia céc canh AB, BC.

)
)
¢) Tim toa do trong tam G cia ABC.
d)
)

e) Tim diém E thda man /TE + ZB—C) = ﬁ

f) Tim diém F € Oy dé A, C, F thang hang.

® Loi gidi.
a) AB = (5 — 2505 — ya) = (1 — (- 24— (1)) = (1:5).
B_C::(xc_xB;yC_yB) ( ( )7 ) (47 4)
CA:(QTA—.Tc;yA—yc) ( 2—3,—1—0) ( 5, )

AB = \/(xB —20) 4 (ys —ya)’ = V12452 = V/26.
+

BC = \/(xB —2a)’ 4+ (Y — ya)’ = VA + (—4)2 = 4V2.
CA=/as — 24l + (g5 — ya)® = /(B + (—1)" = V26
Do % # _i4 nén AB va BC khong cuing phuong.

Suy ra A, B, C khong thing hang hay A, B, C la ba dinh ctia mot tam giac.
b) Chu vi clia tam giac ABC 1a P = AB + BC + CA = /26 4+ 4v2 + v/26 = 2v/26 + 41/2.
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2. HE TRUC TOA BO Ludn nd luc dé dat duoc thanh qué

y J/ J J
( A+ 2T+ xC -2+ (-1)+3
T = TG = 3
¢) G la trong tam ABC = < gatystue = 14440 = G (0;1).
L 3 Yo = 3
( Ta+ B -2+ (1)
. - M=y R ( 3 3)
d) M la trung diem AB = yatus = (-1 14 = M —5i5):
\yM 2 yG_—Q
( TR+ 2o —143
\ 2 NETT NTT
N la trung diem BC' = < s +tvo = 440 = N (1;2)
=T =g

e) Ta co

xE—xA—i-Q(a:C—a:B):xB—xE
Ye —Ya+2Yc —Ys) =Y — Yk
{xE—(—2)+2(3—(—1))=—1—xE

1B+ 95058 = {

yp— (1) +2(0—-4) =4 —yg

11
Tp — ——
5 11 11)
9y u ~F ( 232)
YE = 9
f) Goi F (0;yr) € Oy.
Ta c6 CA = (=5, —1); CF = (=3;yp).
. e -3 3
A, C, F thang hang < C'A, C'F cung phuong < y—i = 5 < Yr = x5

3
Vay F (O; ——).
ay 5

$>Bai 3. Cho ba diém A(—4;1), B(2;4), C(—1;-5).

a) Tinh AB, BC, CA va AB, BC, CA. Chimng t6 A, B, C' 1a ba dinh clia mot tam giac.

b) Tim chu vi cia tam giac ABC.

¢) Tim toa do trong tam G ctia ABC.

d) Tim toa do M, N lan lugt la trung diém ctia cdc canh AB, BC.
)
)

e) Tim diém E théa man E—Zl + QB_E) = 35—5.

f) Tim diém F € Oy dé A, B, F thang hang.

® Loi gidi.

—

a) A_B): (xp — 74598 —ya) = (2 —

BC = (zc — wpiyc —yp) = (=1 =2, =5 —4) = ( )-
CA=(za—xciya—yc) = (=4 — (=1);1 = (=5)) = (=3;6).
AB = /(x5 — 24)’ + (yp — ya)* = V& + 3 = 3/5.
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Luon nd luc dé dat duoc thanh quad

Chuong 1. Vec-to va cdc phép todn trén vec-to
y J J J

BC = /(x5 —24)* + (yp — ya)’ = \/(=3)2 + (=9)2 = 3\/10.
CA= /(x5 —2a)* + (ys —ya)* = /(=32 + 62 = 3V/5.
Do % # _ig nén AB va BC khong cting phuong.
Suy ra A, B, C khong thing hang hay A, B, C la ba dinh clia mot tam giac.
b) Chu vi ciia tam giac ABC 1a P = AB + BC + CA = 3v/5 4+ 3v10 + 3v/5 = 6v/5 + 3v/10.

( TA+2Tp+ 2o —4+2—(—1)
Te= Tg = 3
c) G la trong tam ABC = < yatus+ e = |44+ (—5) = G (—1;0).
Yo = "5 yg = ——">
\ 3
( TA+ xpB —4 + 2
X > M= M= 5
d) M la trung diem AB = < yatus = 144 #M(—1,§>.
yM—T Yo = —5—
\ 2
( rp+ Xco 4+(—5)
I N N (1 1>
N 1a trung diem BC = < ystue = 440 = N 3973

e) Ta co
L B 5 B _ -
EA+2BE =3CB = {zA rp+2(rp —rp) =3 (zp — 20)
—d—ap+2(xp—2)=3(2—-(-1)
1—yp+2(yp—4) =3(4—(-5))

=17
o TP = E(17;34).

f) Goi F (0;yr) € Oy.
Ta c6 AB = (6;3); AF = (4;yr — 1).
2 - 3 —1 4
A, B, F thang hang < AB, AF cung phuong < ng =5 S yp = 3.

Vay F (0;3).

$> Bdi 4. Cho ba diém A(1;—2), B(0;4), C(3;2).
a) Tinh AB, BC, CA va AB, BC, CA. Chiing t6 A, B, C' 1a ba dinh cia mot tam gidc.

b) Tim chu vi ctia tam giac ABC.

)

)

¢) Tim toa do trong tam G cia ABC.

d) Tim toa do M, N lan lugt 1a trung diém clia cac canh AB, BC.
)

e) Tim diém E thda man CTE> = 2A—B> — 3A—C>.

f) Tim diém F € Oz dé A, C, F thang hang.

D Loi gidi.

o
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2. HE TRUC TOA BO Ludn nd luc dé dat duoc thanh qué

y J/ J J
a) @:(:UB—:UA;yB—yA):(O—l;4—(—2):(—1;6).
BC = (z¢c — zp;yc —yp) = (3—0;2—4) = (3; -2).

CA = (xa—zcya —yc) = (1 —3;-2—-2) = (=2;—4).

AB = \/(ZUB —24)° + (yp —ya)’ = /(~1)2 + 62

BC = /(x5 — xa)* + (ys — ya)* = /FE T (-2)

CA=\/(wp — 24 + (yn — ya)* = V(=27 + (-4

Do %1 #+ % nén AB va BC khong cting phuong.

Suy ra A, B, C khong thing hang hay A, B, C la ba dinh clia mot tam giac.
b) Chu vi ctia tam gidc ABC 1a P = AB + BC + CA = /37 + /13 + 2/5.

Il
55
wl

21/5.

( Ta+ T+ 2o 1+0+3
X i IGI# xG:T 4 4
¢) G la trong tam ABC = < ity +ue = 94449 :>G<§,§)-
Yo = ——5 Yo = ——
0 3 3
( TA+ TR 140
N = =y 1
d) M la trung diem AB = < YA+ us = 944 =>M(§;1).
yMZT Yo =
\ 2
( B+ Z¢ 043
. e e (3
N la trung diem BC = Y5 + o = ) :>N(§,3>.
N

e) Ta co
—> —_— — IE—$C:2(Z‘B—IA)—3(JZC—I'A)
- {yE—yc=2(yB—yA)—3(yc—yA)
{xE—3:2(0—1)—3(3—1)
yp—2=2(4—-(-2)) -3(2-(-2))

f) Goi F (zp;0) € Ox.

Ta c6 AC = (2;4); AF = (xp — 1;2).
I‘p—l 2

A, C, F thing hang < A—C': AF cung phuong < 5 =1 S rp =2
Vay F(2;0).

Nhoém 1: TIM DINH THU TU CUA HINH BINH HANH
Can nhé: Tim toa do diém D dé ABCD la hinh binh hanh, ta lam theo céc budc:

AD = (- SO )
® Goi D(z,y) va tinh { __,
(@) {BC - . 4 D

—  — Hoanh =Hoanh =7
@ Sit dung ADzBC@{ canit = Hoal ;»{m

Tung = Tung

B C
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

y J/ J J

Luu y: C6 thé tim trung diém ctia AC tit d6 suy ra toa do diem D.

$>Bdi 5. Cho ba diem A(—6;2), B(2;6),C(7,—8). Tim D dé ABC D la hinh binh hanh? Xac dinh
tam I ctia hinh binh hanh.

N ® Loi gidi.
AD = (z +6;y — 2)

Goi D(z;y). Taco ¢ .,
(@:9) {BC = (5;—14).

& D(—1;-12).

Vi ABCD la hinh binh hanh nén AD = BC & =

y—2=-14 y=—12

Tam I ciia hinh binh hanh chinh I3 trung diém ciia dudng chéo AC nén ta co

Y
1
I(—;—3). 0
2

$>Bdi 6. Cho ba diém A(—4;1), B(2;4),C(—1;—5). Tim D dé ABCD la hinh binh hanh? Xac
dinh tam I cta hinh binh hanh.

N ® Loi gidi.
AD = (x+4;y — 1)

Goi D(z;y). Taco ¢
(#:3) {BC’ =(-3;-9).

Vi ABCD la hinh binh hanh nén AD = BC' & ) 9 & < & D(—T7;-38).
y—Ll=- Yy=—-
Ta+ 2o 5
Ty = = ——
Tam I ctia hinh binh hanh chinh 14 trung diém ctia duong chéo AC nén ta co ” _E Ve 2 o
= = —2
2

1 (—§;—2). [
2

$>Bdi 7. Cho ba diém A(4;3), B(—1;2),C(5; —2). Tim D dé ABCD 1a hinh binh hanh? Xac dinh
tam [ cua hinh binh hanh.

N ® Loi gidi.
. AD = (z — 4y = 3)
Goi D(z;y). Taco  —,
BC = (6;—4).

Vi ABCD 1a hinh binh hanh = AD = BC < & | © D0 -1).

y—3=—4 Y= —
Ta+ o 9
. ey T
Tam [ ctia hinh binh hanh chinh la trung diém ctia duong chéo AC nén ta co Aty T
A+ Yo
T T

91
I(—;—).
272

$>Badi 8. Cho tam gidc ABC c¢6 A(—2;1), B(4;1) va C(—2;7). Tim toa do ctia diém D dé ABDC
la hinh vuong.

0J

® Loi gidi.
Theo bai ra ta tinh dugc
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2. HE TRUC TOA BO Ludn nd luc dé dat duoc thanh qué

y J/ J J

o AB = (6;0); o AC = (0;6).

Dé thay AB-AC =0nen AB 1 AC hay goc BAC = 90°.
Lai c6 AB = AC = 6.
Do hinh binh hanh c6 mot goc vuong va hai ca_rﬂt} bén_kﬁ bing nhau thi 1a hinh vuong nén dé ABDC
13 hinh vuong thi chi c_ﬁrg tim toa do sao cho BD = AC' 1a du.

. BD = (z—4y—1)
Goi D(x;y). Taco < —,

AC = (0;6).

r—4=0

Vi ABC'D léhinhvuéng:B_ljzzél_C')@{ =6 &
y— =

r=4
{ & D(4;7). O
y="1

I BAITAP VENHA 2

$>Bdi 5. Cho ba diem A(1;1), B(3;3), C(9;3). Tim diém D dé ABCD la hinh binh hanh..

® Loi gidii.
. AD = (z—1;y—1)
Goi D(z;y). Taco § —»
BC = (6;0).
Vi ABC'D la hinh binh hanh nén ta ¢c6 AD = BC & { 1= & { B D(7;1). O
y—1= y=

$>Baii 6. Cho ba didgm A(—1;1), B(5;1), C(3;—2). Tim D d& ABCD la hinh binh hanh..

® Loi gidi.
AD = (x+1;y—1)

Goi D(x;y). Taco < __,
(=) {BC _ (=2:-3).

& D(—-3;-2). [

Vi ABCD la hinh binh hanh nén ta c6 AD = BC & &

y—1=-3 y=-2

$>Bdi 7. Cho ba diém A(—2;—1), B(1;3), C(10;3). Tim D dé ABCD la hinh binh hanh. Xac
dinh tam I cua hinh binh hanh..

® Loi gidi.
AD = (x+2;y+1)

Goi D(z;y). Ta c6 {_,
BC = (9;0).

Vi ABCD la hinh binh hanh nén ta ¢6 AD = BC < & < D(7;-1).
y+1=0 y=-—1
_ TAt+ZTo 4
Tam I ctia hinh binh hanh chinh la trung diém ctia dudng chéo AC nén ta c6 = ” _E Ve
= — = 1
2
I(4;1). O

$>Bdi 8. Cho ba diém A(—1;1), B(1;3), C(7;3). Tim D dé ABCD la hinh binh hanh. X4c dinh
tam I cta hinh binh hanh.

® Loi gidi.
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

y J J J
A—D) =(z+1Ly—1
Goi D(z;y). Tacod ¢ —, ( y=1)
BC = (6;0).
Vi ABCD la hinh binh hanh neén ta ¢c6 AD = BC' & { 1=0 & { 1€ D(5;1).
y — = y =
TA+ o
T = =3
Tam I ctia hinh binh hanh chinh la trung diém ctia dudng chéo AC nén ta c6 Ey &
1(3;2). O

$>Bdi 9. Cho tam giac ABC c¢6 A(—1;0), B(2;3) va C(5;0). Tim toa do diem D dé ABCD la
hinh vuong.

@ Loi gidi.
Theo bai ra ta tinh duge

o AD = (3;3); o BC = (3;-3).

Dé thay AB-BC =0neén AB L BC hay go6c ABC = 90°.

Lai ¢c6 AB = BC = 3V/2.

Do hinh binh hanh c6é mét géc vudng va hai ca_nl)l bén_k)é bing nhau thi 14 hinh vuong nén dé ABCD
14 hinh vuong thi chi @1 tim toa do sao cho BD = AC la du.

DC = (5 —z;—y)

Goi D(z;y). Tacod <
(@) {AB = (3;3).

Vi ABCD la hinh vuong nén DC' = AB & { & { 3 & D(2;-3).

Vay toa do diém D Ia (2; —3). O

$>Badi 10. Cho tam gidac ABC c¢6 A(4;0), B(0;4) va C(0; —4). Tim toa do diém D dé ABDC la

hinh vuong.

@ Loi gidi.
Theo bai ra ta tinh duge

o AB = (—4;4); o AC = (—4;—4).

Dé thiy AB - AC = 0 nén AB L AC hay goc BAC = 90°.

Lai c6 AB = AC = 4V/2.

Do hinh binh hanh ¢6 mot géc vuong va hai canh beén ke bang nhau thi la hinh vuong nén dé ABDC
13 hinh vuong thi chi can tim toa do sao cho BD = AC 1a du.

BD = (w;y — 4)

Goi D(z;y). Taco ¢ .,
1 Diz:g) {AC’ _ (=4 —4),

L, — 4 — 4
Vi ABCD 1a hinh vuong = BD = AC & {x . {x , ©D=40).
y — = — y =
Vay toa do diém D 1a (—4;0). O
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2. HE TRUC TOA BO Ludn nd luc dé dat duoc thanh qué

y J/ J J
Nhém 2: TIM TOA DO TRUC TAM

Can nhé
Tim H la chan duong cao ké tit A dén BC (H 1a hinh chiéu ctia A len
BC). 4
Phuong phap lam:

BC 1 AH < BC-AH =0
Giai hé phuong trinh |, _, _, _ H

AC | BH < AC - BH =0.

B C

$>Bai 11. Cho tam gidc ABC, biét toa do cac dinh la A(—6;2), B(2;6), C(7;—8). Tim toa do
tric tam H cta tam gidc ABC.

. ® Loi gidi.
BC = (5;—14)
ﬁ:(x+6;y—2).
Vi BC L AH 4 BC- AH = 0 5(z+6) — 14(y — 2) = 04 5z — 1y = 58 (1).
o {AC:(13;—10)
Laico <
BH = (z — 2,y — 6).
ViAC L BH < AC-BH =04 13(z —2) —10(y — 6) = 0 < 13z — 10y = —34 (2).

Goi H(x;y). Ta ¢ {

26
Sx — 14y = —58 T= 33

T (1), (2) ta c6 hé phuong trinh =
()a() a co hep ng rin {13x—10y:—34 _].46
T

26 14
146 g

ay toa do truc ta HI\H(—'—
Vay toa do truc tam a 33 33

$>Bai 12. Cho tam giac ABC, biét toa do cac dinh 1a A(2;4), B(0;2), C(—1;3). Tim toa do
truc tam H cta tam gidc ABC.

. ® Loi gidi.
. BC = (-11)
Goi H(z;y). Taco < —,
AH = (v —2;y — 4).
ViBC LAH & BC-AH =06 —(z-2)+y—-4=0& —z+y=2 (1)
. JAC =(=3-1)
Ta lai c6 ¢ .,
BH = (z;y — 2).
ViAC L BH& AC-BH=0% —-3z—y+2=0& —3z—y=-2 (2).
—r+y=2 z=0
=
-3z —y=-2 y = 2.
Vay toa do tryc tam H la H(0;2). O

T (1), (2) ta c6 hé phuong trinh {

$>Bai 13. Cho tam giac ABC, biét toa do cac dinh 1a A(—2;—1), B(3;0), C(—1;4). Tim toa do
diém H la tryc tam cia tam gidc ABC.

R D Loi gidii.

BC = (—4:4)

zﬁ:(x—f—Z;y—l—l).

ViBC LAH < BC-AH =06 -4z +2)+4(y+1) =0 —dz + 4y =4 (1).
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

y J/ J J
- [AC = (1:5)
Ta lai c6 <
BH = (z — 3;y).
ViAC L BH & AC-BH=0&2-3+5y=0cz+5y=3 (2).
1
—dr+4y =4 r==3
T (1), (2) =< YT 4 3
r+5y=3 _ 2
y—g-
12
Vay toa do truc tam H la H (—g; §) O

$>Bai 14. Cho tam giac ABC, biét toa do cac dinh la A(1;2), B(3;4), C(—2;5). Tim toa do
diém M dé goc toa do O la truc tam ctia tam giac ABM.

D Li gidi.
, OA = (1;2)
Goi M(x;y). Taco S —,
BM = (z — 3;y — 4).
ViOALBM « OA - BM =0& - +3-2@y—4) =0« —z—-2=-11 (1).
BO = (—3;—4)
mz(x—l;y—Z).
ViBO LAM & BO-AM =0 —3(z—1)—4(y—2) =0& —3z — 4y = —11 (2).
. —r—2y=-—11 r=—11
Tu (1), (2) = &
—3r —4y =-11 y=11.
Vay toa do diém M 1a M(—11;11). O

Ta lai ¢6 {

BB BAITAP VE NHA 3

$>Bai 15. Cho tam giac ABC, biét 1a A (—4;1), B(2;4), C(2;—2). Tim toa do tryc tam H cia
tam gidc ABC.

® Loi gidi.
Ta c6 AB = (6;3), AC = (6;—3), BC = (0; 6).
Goi H (z;y). Khi d6
AH = (x+4y—1), BH = (v — 2;y — 4).

? AH L BC (AH-BC=0 (0 -(x+4)—6-(y—1)=0
Vi H 1a tryuc tam cia AABC nén ta cod e N = &
BH 1 AC BH-AC =0 6-(x—2)—3-(y—4)=0
1
= -
2
y =1
v 1 (L)
Ly 9’ .

0J

> Bai 16. Cho tam giac ABC, biét toa do cac dinh 1a A (2;5), B (—3;—2), C (5; —1). Tim toa do
tric tam H cta tam giac ABC.

® Loi gidi.
Ta c6 AC = (3; —6),B_C’) = (8;1).
Goi H (z;y).
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2. HE TRUC TOA BO Ludn nd luc dé dat duoc thanh qué

y J J J
AH = (x—2,y—5),BH = (x + 3,y + 2).
Vi H la tryc tam cia AABC nén ta c6 hé phuong trinh A
e 3
AHLBC@ AH-BC =0 8z —2)+y—5=0 8x~|—y:21® =17
BH 1L AC BH-AC =0 3(z+3)—6(y+2)=0 3r — 6y =3 yzﬁ
17
43 13
o (12.13)
Vay B\ 7 17
O

w 17 13
$SBai 17. Cho tam giac ABC vé6i A (1;—4), B(—2;3) va H (?’ g) l& truc tam cta tam giac.

Tim toa do diém C.

® Loi gidi.
Goi C (z; ). Tacéz4—C'>=(x—1;y+4), BC = (x4 2;y — 3).
a7 - (39) - (21
8 8

8 8
Vi H la tryc tam cia AABC nén ta c6 hé phuong trinh
s 9 45
AH 1L BC  (AH-BC =0 gt +=3)=0  pi5-13 [(z=3
BH 1 AC ~“ \BH -AC—0 |33 11 A T TR T
BH-AC =0 g(x—l)—g(y—i-ll):() r—y= Yy =2
Vay C' (3;2).

O

s 1
$>Bai 18. Cho tam gidc ABC vé6i A (4;—-1), C (—2;2) va H (—5; —1) la truc tam cta tam giac.

Tim toa do diém B.

® Loi gidi.
Goi B (z;y). Ta c6 AB = (x —4y+1), CB = (x4 2;y —2).
AH = (—5,()), CH = (5,—3)

Vi H la truc tam cua AABC nén ta co

L, -9
{AHJ_BC {AH-CB:O - (@+2)+0(y-2)=0 {x—i—Q:O {x:—2
= = = =
—_—> —_—> o 3 . — o
CH 1 AB CH-AB =0 5(:16_4)_3@_1_1):0 x— 2y Y 4.
Vay B (—2;—4).
. . O
Nhém 3: TIM TOA PO CHAN DUONG CAO
Can nhé
Tim H la chan dudng cao ké tit A dén BC' (H la hinh chiéu cta A len BC).
Phuong phip: A
{AHJ.BC@AH~BC’:O
B, H, C'thang hang < ﬁ, B—C)cimg phuong.
B ‘ C

H
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

y J/ J J

$>Bai 19. Cho tam gidac ABC vé6i A(1;—3), B(—5;6) va C(0;1). Tim toa do diém H la chan
dudng cao ké tit dinh A dén BC. Tinh dién tich tam giac ABC.

® Loi gidi.

®@ Tim chan dudng cao H ké tit A dén BC

ﬁz(m—l;g—l—i&)
@ Goi H(z;y). Ta 6 { BC = (5;—5)
ﬁ:(x+5;y—6).

@ Tacs AHIBC < AH -BC =05z —1)+ (=5)(y+3)=0z—y=4 (1)

) -6
® Talaico B, H, Cthanghang@BH BCcungphu’dngﬁ%—y—E)@x—i—y—l (2)
3:_5
R R r—y=4 D) (5 3)
Tu (1 2) = = SH|-—).
© Ta (D) v (2) {x+y=1 3 22

Tinh dién tich tam giac ABC:
BC =/(0+5)2+ (1-6)2 =52

i R EIn

Suy ra: SAABC = —AH BC = 2

O

$>Bai 20. Cho tam gidc ABC v6i A(—4;1), B(2;4) va C(2;—2). Tim toa do diem H la chan
duong cao ké tit dinh B dén AC. Tinh dién tich tam giac ABC.

® L3i gidi.

®@ Tim chan dudng cao H ké tit B dén AC

ﬁz(m—Q;y—@
@ Goi H(z;y). Ta c6 { AC = (6;—3)
Zﬁz(x—l—él;y—l).

@ Tac6 BHLAC & BH AC=0<6(z—2)+ (-3)(y—4) =06z —3y=0 (1)

. — — 4 -1
® Talai c6 A, H, C thang hang < AH, ACcﬂngphmjng(:)x—g _ Y 5 S+ 2y = =2
(2)
-2
6x —3y =0 T="5 (—2 —4)
Tu (1) va (2) = = S H|—;— ).
© Tu ) @) {x+2y:—2 —4 55

Tinh dién tich tam giac ABC:
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2. HE TRUC TOA DO Ludn nd luc

dé dat duoc thanh quad

—4
— 4
5

AC = \J(2+42+(—2-12=3V5
—9
<9

Ta co BH:\/(5 )2+( )2:%

5
1
Suy ra: SAABC = §BH -AC = 18.

E® Baitapvénha4

y J/ J J

$>Bai 21. Tim chan duong cao ké tit C' dén AB. Biét A(0;4), B(—2;1), C(0;2).

® Loi gidi.
Ta ¢c6 AB = (—2; —3). Phuong trinh dudng thing AB la

{

Phuong trinh dudng thang qua C va vuong goéc véi dusng thang AB 1a

r=—2t
y=4-—3t.

(=2) - (z—0)+(-3)- (y—2)=0<22x+3y—6=0.

Chan duong cao H ké tit C dén AB c6 toa do thoa man

( 6
t=—
20+3y—6=0 13
13
y=4-3t 34
SARET)
—12 34)
3 et 0
ey H( 1313
$>Bai 22. Tim chan dudng cao H ké tit B dén AC. Biét A(—2;1), B(0;6), C(0; —4).
® Loi gidi.
Ta c6 AC = (2; —5). Phuong trinh duong thang AC 1a
r=—2+42t
y=1—5t.
Phuong trinh dudng thang qua B va vuong goc véi duong thang AC 1a
2-(z—=0)+(-5)-(y—6) =0« 2x—5y+30=0.
Chan duong cao H ké tit B dén AC c6 toa do thoa man
o
20 =5y +30=0 29
—100
y=1-5t 134
SARESTN
—1 134
iy 1 (2100, 130) :

9 ' 29

e
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

y J/ J J

$>Badi 23. Cho tam gidc ABC c6 A(3;—1), B(6;0) va C(1;5). Tim M trén dudng thang BC sao
cho AM c6 do dai ngan nhat.

® Loi gidi.
Doan thing AM c6 do dai ngan nhat khi va chi khi A la hinh chiéu vuong goc ctia A trén dudng
thing B_C)’ )
Ta c6 BC' = (—5;5). Phuong trinh dudsng thang BC' 1a

r=—-3—05t
y = —1+4 5t.
Phuong trinh dudng thing qua A va vuong goc véi dudng thing BC la
(=5) - (z—3)+5-(y+1) =0 —bx + 5y + 20 = 0.

Chan duong cao H ké tut B dén AC c6 toa do thoa man

— 5245y +20=0
T =25

r=-3-—>5t é{ _1
= 145t T

Vay M (5;1). O

$>Bai 24. Cho tam giac ABC ¢6 A(1;5), B(—5;2) va C(—1;9). Tim M trén duong thing BC
sao cho AM c6 do dai ngan nhat.

® Loi gidi.
Doan thing AM c6 do dai ngan nhéat khi va chi khi A la hinh chiéu vuong goc ctia A trén dudng
thing B_C)’ )
Ta c6 BC' = (4;7). Phuong trinh duong thang BC' 1a

r=-—-b+4t
y=2+Tt.

Phuong trinh dudsng thang qua A va vuong goc véi dudng thing BC 1a
4-(z—1)4+7-(y—5)=0<4x+ 7y —39 =0.

Chan duong cao H ké tut B dén AC c6 toa do thoa man

dr+Ty—39=0 (,_ =29
_ 13
xr=—5H+4t = 89
y=2-+Tt Z/:E-
—99 89)
ay M —=2.22 ), O
Vay (13’13
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2. HE TRUC TOA DO

Luon nd luc dé dat duoc thanh qua
y J J J
Nhém 4. TIM TAM DUGNG TRON NGOAI TIEP TAM GIAC
Tam dudng tron ngoai tiép tam giac ABC la giao diém ciia ctia ba dudng trung tric ciia tam gidc
ABC.
A @ Néu tam gigc ABC' la tam gidc vudng thi tam duong tron ngoai tiép tam giac ABC tring
vdi trung diém canh huyén cia tam giic ABC.

@ Néu tam gidgc ABC' la tam gidc deu thi tam duong tron ngoai tiép tam gidac ABC tring
vdi trong tam G ciua tam giac ABC.

> Bai 25. Tim toa do tam dudng tron ngoai tiép tam giac ABC véi A(1;2), B(—2;6), C(9;8).

Ta c6 AB = (—3;4), AC = (8;6), suy ra AB- AC' = (—3)-8+4-6=0hay AB 1L AC.
Vay duong tron ngoai tiép tam giac ABC nhan doan thing BC lam duong kinh va toa do tam I 1a
-2+9 7 _6+8
9 - 27 Yyr = 9 -

rr =

7.

4

$> Bai 26. Tim toa do tam dudng tron ngoai tiép tam giac ABC véi A(1;3), B(—1;—1), C(9; —1).

Ta c6 AB = (—2;—-4), AC = (8;—4), suy ra AB- AC' = (—=2) -8+ (—4)-(—4) =0 hay AB 1L AC.
Vay duong tron ngoai tiép tam giac ABC nhan doan thing BC lam duong kinh va toa do tam I 1a

—-1+9 -1+ (-1)
= =4 = > = 1.
Ty 5 )y Yr 5
O
$> Bai 27. Trong mat phing toa do Oxy, cho tam giac ABC véi A(—4;1), B(2;4), C(2; —2).
a) Tinh chu vi ctia tam gidc ABC.
b) Tim toa do tam duong tron ngoai tiép tam giac ABC.
® Loi gidi.
a) Ta c6 AB = (6;3), AC = (6;—3), BC = (0; —6), suy ra AB = AC' = 3/5, BC = 6.
Vay chu vi ctia tam gidc ABC bang 3v/5 + 35 + 6 = 6 + 65.
2 5 ra—
b) Goi M, N la trung diem ctua BC, AB. Ta c¢6 M(2;1), N (—1; 5), suy ra AM = (6;0).

Do tam gidc ABC' la tam giac can tai A (do AB = AC) nén AM la duong trung truc cia BC.

Phuong trinh dusng thang AM la y = 1.

Phuong trinh duong trung trire cia AB la

5 3
Toa do tam I ctia duong tron ngoai tiép tam gidc ABC la nghiém ctia he
y=1 x = - 1
3 & 4 =17 —Z; 1.
O
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

y J/ J J

$> Bai 28. Trong mit phang toa do Oxy, cho tam giac ABC véi A(2; —1), B(0;5), C(—3;7). Tim
toa do tam I ctia duong tron ngoai tiép tam giac ABC.

® Loi gidi.
Ta c6 AD = (—2;6), AC = (—5;8), BC = (—3;2).
Goi M, N la trung diém ctia AB, AC. Ta c6 M(1;2), N _71; 3>, Phuong trinh duong trung truc
cia AB la

2. (z2—1)+6-(y—2) =0 —z+3y—5=0.
Phuong trinh dudng trung tryuc ctia AC 1a

1 23
—5~(x+§)+8~(y—3)20<:>—5x—|—8y—?=().

Toa do tam I clia dudng tron ngoai tiép tam gidac ABC' 1a nghiém ctia hé

74

53 & ) :>](——;1).
—5r+8y— — =0 _ =3 4
2 Yy=1a

OJ

$> Bai 29. Trong mat phiang toa do Oxy, cho tam giac ABC véi A(—1;1), B(3;5), C(8; —1). Tim
toa do tam I ctia dudng tron ngoai tiép tam gidac ABC.

@ Loi gidi.
Ta c6 AB = (4;4), AC = (9;—2), BC = (5; —6).
Goi M, N la trung diém ctia AB, AC. Ta c6 M(1;3), N (;;O).
Phuong trinh duong trung trirc cia AB la

4-(x—1)+4-(y—2)=0z+y—4=0.

Phuong trinh duong trung tryc ctia AC' la

9-(x—;)—2-(y—0):0<:>9x—2y—§:0.

Toa do tam I ctia duong tron ngoai tiép tam gidc ABC la nghiém ctia he

79

r+y—4=0 r=—
29 79 9)
& :>I(—;— .
9x—2y—@:o 9 227 22
2 ¥=195

O

4> Bai 30. Trong mit phang toa do Ozy, cho tam giac ABC véi A(6;3), B(—3;6), C(1; —2). Tim
toa do tam I ctia dudng tron ngoai tiép tam giac ABC.

® Loi gidi.
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2. HE TRUC TOA BO Ludn nd luc dé dat duoc thanh qué

426/528 '

y J J J
Ta ¢6 AB = (—9;3), AC = (=5;—5), BC = (4; —-8).
Goi M, N la trung diém ctia AB, AC. Ta c6 M (;, g), N (;, 1).
Phuong trinh dudng trung tryc cia AB la

3 9
—9-<x—§)+3-(y—§>—O(:>3:c—y—0.

Phuong trinh duong trung truc cia AC la

(—5)-(m—%)—|—(—5)~(y—1):O(:>:c—i—y—4=O.

Toa do tam I ctia dudng tron ngoai tiép tam giac ABC 1a nghiém ctia hé

Y =" = 1(1;3).
r+y—4=0"" |y=3

e
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Luén nd luc dé dat duoc thanh qué

Chuong 1. Vec-to va cdc phép todn trén vec-to
y J J J

Nhém 5. TIM TOA PO CHAN PUOGNG PHAN GIAC

. — AB —
A. ® Néu AD la duong phan gidc trong géc A cia tam gide ABC thi DB = Tl DC.

®@ Néu tam giac ABC' can hodc déu thi chan duong phan gidc dinh A la trung diém ciia BC.

$>Bai 31. Cho tam giac ABC v6i A(—4;1), B(2;4) va C(2;—2). Tim toa do D la chan dudng
phan gidc goc A. Tim toa do I 13 tam dudng tron noi tiép tam giac ABC.

@ Loi gidi.
Ta c6 AB = (6;3), AC = (6;—3), BC = (0; —6), suy ra AB = AC = 3/5, BC = 6.
Do do, tam giac ABC can tai A.
Vay chan dudng phan giac dinh A 1a trung diém ciia BC, suy ra

Goi I(x;y) 1a tam dudng tron noi tiép cta tam giac ABC.
Khi do6, BI la tia phan giac cua tam giac ABD.
Theo tinh chat phan giac, ta co

AB —4—1’:——3\/5-(2—17) _7—3\/5
— —-—> 3 = ——
IA=———- 1D & & 2
BD 3v5 _1
—y=——3(1-y v=
Vayl<7_3\/g;1)
2
A
I
B p c

0J

$>Bai 32. Cho tam giac ABC véi A(1;3), B(—1;—1) va C(9; —1). Tim toa do D la chan dudng
phan gidc goc A. Tim toa do I 13 tam dudng tron noi tiép tam gidc ABC.

® Loi gidi.
Ta c6 AB = (—2;—4), AC = (8;—4), BC = (10;0) suy ra AB = 2v/5, AC = 4\/5, BC = 10.
Do d6, Gia sit D(xp,yp), Theo tinh chat tia phan gidc goc A, ta co

25
—l—ap=-"Y2.(9—1p) 7
DB =-22 . DC e 45 e TP T3
AC 2v/5 —1
_1_yD:——(_1_yD) YD .

45

7 10 .
Do dé, D (—; —1) = BD = —. Goi I(z;y) la tam dudng tron noi tiép cia tam giac ABC.
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2. HE TRUC TOA BO Ludn nd luc dé dat duoc thanh qué

y J/ J J
Khi do, BI la tia phan giac cua tam giac ABD.
Theo tinh chat phan giac, ta co
= ()
l—or=—-—"+—|=-—2x
10 3 VB
7 PN, PRy 3 &
BD 2v/5 y=3V5—6.
3-y=-20 (1)
10
( 3
Vay I (4-V5:3v5 - 6).
A
I
B D C
[
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

y J J J
$> Bai 33. Tren mat phang Oxy cho diém B(5;2). Tim toa do diém D trén Ox théa man BD =
2v/2.

@ Loi gidi.
Goi D(z;0) € Ox.
Ta co
BD =22
& (@ =52+ (0-2)2=2V2
& (r—5)2+4=38
& 22— 102+21=0
[az =7
4
r = 3.

Vay D(7;0) hodc D(3;0). O
$>Bdi 34. Tim diém E trén duong thing d: y = —0,5r cach diém A(1; —4) mot khodng bing
V10.

D Loi gliéi.
Goi K (x; —550) ed.
Ta co
AE =22
1
& \/(w—1)2+(—§x+4)2:\/1_0
1 2
5 5
=2
<~ 14
r=—.
5
14

Vay E(2;—1) hodac E (?’ —g) O
$>Bai 35. Tren mit phang Ozy cho diém A(—1;—1). Tim toa do diém M thuodc truc tung sao
cho AM = +/17.

@ Loi gidi.
Goi M(0;m) € Oy.
Ta co
AM = V17

& O+ 12+ (m+1)2= V17
& (m+1)P2+1=17
& m?+2m—15=0

m =3
<~

m = —5.

Vay M(0;3) hoac M(0; —5). O
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2. HE TRUC TOA BO Ludn nd luc dé dat duoc thanh qué

y J/ J J

$>Bai 36. Trong mit phiang Oxy, cho hai diém A(—1;3) va B(2;4).
a) Tim toa do diem M la diém déi xing véi A qua B.
b) Tim toa do diém N nam tren truc hoanh théa man NA = NB.

¢) Tim toa do diém C ¢6 hoanh do bang 2 sao cho tam giac ABC vuong tai C.

® Loi gidi.

a)
Ty =20 —Ta =25

b) M d6i xing véi A qua B nén :
Ym =2yp —Yya =95

Suy ra M(5;5).
¢) Goi N(z;0) € Ox.

Ta co
NA=NB
& V@+12+0-32 = /(z =22+ (04
s (z4+1)*+9=(x—-2)%*+16
& 6 =10
s a="
3
VayN<§;O).

d) Goi C(2;y). Ta 6 CA = (3;y — 3) va OB = (0;4 —y).
Vi AABC vuong tai C' nén
CALCB&CA-CB=0
& (y=3)-(4-y) =0
y=3
y =4 (loai).
Vay C (2;3).
U

$> Bai 37. Trong mit phang Oxy, cho hai diem A(—2;1) va B(1; —2). Tim diém M thuoc truc
Ox dé tam giac ABM vuong tai A.

o Loi gidi.
Goi M(m;0). Ta c6 AB = (3;—3) va AM = (m + 2; —1).
Vi AABM vuoéng tai A nén
AB L AM < AB-AM =0
< 3(m+2)+3=0
& m=—3.

Vay M (—3;0). O
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

y J/ J J

$> Bai 38. Trong mit phang Oxy, cho hai diém A(1;2) va B(—2;6). Tim diém M thuoc truc Oz
dé tam giac M AB can tai M.

D Loi gidi.
Goi M(x;0) € Ox.
Tam giac M AB can tai M

& MA=MB
e (1 —2)2+ (202 = /(-2 —2)2+ (6 - 0)2
& (1-2)+4=(-2—12)"+36
& 6r=-35
s o=-2
6
VayM(—%E);O). U

$>Bai 39. Trong mit phang Ozy, cho hai diem A(2;1) va B(1;2). Tim diém M thuoc truc Oy
dé tam gidc ABM can tai B.

@ Loi gidi.
Goi M(0;m) € Oy.
Tam gidc ABM can tai B
< BA=BM
e 2124+ (1-22=1/(0—1)2+ (m —2)?
& (m—2)=1
s m?—4m+3=0

m=1
=
m = 3.

V6i m = 1, hai vec to AB = (—1;1), AM = (—2;0) khong cuing phuong nén A, B, M 1a ba dinh cta
mot tam gidc (thda méan).

V6i m = 3, hai vec to AB = (—1;1), AM = (—2;2) cting phuong nén A, B, M thing hang (khong
théa méan). O

$> Bai 40. Trong miat phang Oxy, cho hai diém A(1; —2) va B(2;3).

a) Tim toa do diém M thudc truc hoanh sao cho M, A, B thing hang.

b) Tim toa do diém D sao cho tam gidc OAD vudng can tai gbc toa do.

® L3i gidi.

a) Goi M(m;0) € Ox. Ta c6 AD = (1;5), AM = (m—1;2).
Ba diém M, A, B thang hang khi va chi khi AB cting phuong AM
m—1 2 7
S ——=-Sm=_.

1 3 )

Vay M (g;()).
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2. HE TRUC TOA DO

Luon nd luc dé dat duoc thanh qua

b) Goi D(z;y). Ta co OA = (1;-2), OD = (2 y).
Tam giac OAD vuong can tai O

OA*> = OD?
r—2y=0

{(74’-0_15=0

Vay D(2;1) hodac D(—2;—1).

y J/ J J

0

gidc ABM vuong can tai diem M.

$>Bai 41. Trong mit phing Oxy, cho hai diém A(1;5) va B(—7;11). Tim diém M sao cho tam

® Loi gidi.

Goi M (z;y). Tacém:(a:—l;y—5), W:(azqt?;y—ll).

Tam giac ABM vuong can tai M
AM -BM =0
AM? = BM?

. {(m—1><x+7>+<y—5><y—11>=o

(x—1)2+(y—52=(x+7)2+(y—11)*

(@—=1)@@+7)+E-5)(y—11)=0

y=—-+12

( 4z
=— 412

2522 N 50x
\ 9 3
4x

)
= 412
y=—5+

Tr =

=0

[ |z = —6.

Vay M (0;12) hodc M(—6;4).

U

nhat véi

a) A(1;2), B(5;4), C(7;0)

$> Bai 42. Trong mat phing Oxy, cho tam gidc ABC, tim toa do diém D dé ABCD la hinh chit

b) A(6;3), B(4;7), C(2;1).

® Loi gidi.

e
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Chuong 1. Vec-to va cdc phép todn trén vec-to

Luon nd luc dé dat duoc thanh quad

a) Taco AB = (4;2), BC = (2; —4).
AB - BC =0, suy ra tam giac ABC vuong tai B.
Do d6 néu tit gidc ABCD 1 hinh binh hanh thi ABCD la hinh chit nhat.

y J/ J J

Tt giac ABCD la hinh binh hanh khi va chi khi A, B, C' khong thang hang va BA=CD

TA—Tp=2Tp— T
{yA_yB:yD_yC

Tp =TA+Tc— T =3
{yp=yA+yc—yB=—2.

Vay D(3;-2).

b) Taco AB = (~2;4), AC = (—4; -2).
AB - BC =0, suy ra tam giac ABC vuong tai A.
Do d6 néu tit gidc ABCD 13 hinh binh hanh thi ABCD la hinh chit nhat.

Tt giac ABCD la hinh binh hanh khi va chi khi A, B, C' khong thang hang va BA=CD

TA—Tp=2Tp— T
{yA_yB:yD_yC
Tp =2 +xc—2p =0
{yD:yA+yC_yB:5-

Vay D(0;5).

<> Bai 43. Trong mit phang Ozy, cho tam giac ABC, tim toa do diém I véi

a) A(1;2), B(5;4),C(7;0) va I € Ox théa méan ‘171+ 1B + I—é’ dat gia tri nho nhat.

b) A(6;3), B(4;7),C(2;1) va I € Oy théa man ]ﬁi +1B+ Rj" dat gi4 tri nho nhat.

® Loi gidi.
a) GQiI(x;O_))EOxVédELtU:?-FTE-FI_)
TA=(1-u1;2)
Tac6 { IB = (5 — 2;4) = @ = (13 — 31;6).
IC = (7 — z;0)
Khi d6 |@| = /(13 — 32)2 1 62 > 6. .

Déuzxéyrakhivachikhi13—3x:0®x:§.

13
Vay I (—;0).
ay 3

Go1[0,y_))€0yvada T=IA+IB+1C.
(6;3—y)
Ta ¢6 (4:7 —y) = 0 = (12;11 — 3y).
(2;1—y)
Khi do \/122 (11 — 32)% > 12.
433/528 =
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2. HE TRUC TOA BO Ludn nd luc dé dat duoc thanh qué

y J/ J J

. 11
Dau = xay ra khi va chi khi 11—3:62()(:):6:?.

11
Vay [ (0; —)
ay 3

O

$> Bai 44. Trong mit phang Ozy, cho hai diém A(—1;3) va B(1; —2). Tim diém M thuoc truc
hoanh sao cho ’2]\771 +MB ’ dat gia tri nho nhat.

® Loi gidi.
Goi M(x;0) € Ox va dit @ = 2MA + MB.

MA = (—-1—1;3) N
Taco ¢, = u = (—1—3z;4).
MB = (1—x;-2)

Khi d6 |@| = /(=1 — 3z)? + 42 > 4.

. 1
Dau = xay ra khi va chi khi -1 -3z =0& 2 = —3

1

$> Bai 45. Trong mit phang Oxy, cho tam giac ABC c¢6 A(4;2), B(3;5), C(5;—3). Tim D € Oy
sao cho ABC'D la hinh thang c¢6 canh day la AB.

® Loi gidi.

DC = (5;—y — 3)

AB = (7:3).

ABCD la hinh thang canh day AB khi va chi khi ton tai s6 thyc & > 0 sao cho

Goi D(0;y) € Oy. Ta ¢ {

DC = kAB
5 —y—3
- = =k
7 3
kzg

T, 36
Y= 7

V@D(O;—?). O

$> Bai 46. Trong mat phang Oxy, cho tam giac ABC vé6i A(2;4), B(1;2),C(6;2). Goi M 1a trung
diém ctia BC. Tim toa do giao diém E clia dudng thang AM véi truc tung.

® Loi gidi.
Goi E(0;y) € Oy la giao diém ctia AM va truc tung.
Ta c6 M (;;2), AM = (;;—2); AE = (—2;y —4).
Ba diém A, M, E thang hang do dé hai vec to AM va AE cung phuong
-2 —4 20

Yy .
R 3

2
Vay E 0;—O>. O

e
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

y J/ J J

$> Bai 47. Trong mat phang Ozy, cho hai diém A(1; —2), B(2; —3). Tim toa do giao diém M clia
duong thang AM véi truc tung.

® Loi gidi.
Goi M(0;y) € Oy la giao diém ctia AB va Oy.
Ta c6 AB = (1;—1), AM = (—1;y + 2).
Ba diém A, B, M thing hang do d6 hai vec to AB va AM cuing phuong

-1 y+2

1= =1

1 -1

Vay M (0; —1). O

$> Bai 48 (HK | - THPT Tan Binh - Tp. HCM). Trong mit phéang Oxy, cho hai diém A(—2; —1) v&
B(2; —4). Tim toa do diém M thuoc truc tung sao cho M BA = 45°

® Loi gidi.
Goi M(0;y) € Oy. Ta c6

{W:(—z;y+4) _ B[ =V ar = Vs
BA = (—4;3) BA| = /(-4 32 =5

—— — BM -BA P 4 P
V\IMBA:45O:>COSMBA:COS45O¢>i:£<:> 8+3(y+ ) :£
‘BM‘-‘BA’ 2 5v/y? + 8y + 20 2
& 6y 4 40 = 5v/2/y% + 8y + 20 < (6y + 40)> = 50(y> + 8y + 20)
y =10
& 3692 4 480y + 1600 = 504> + 400y + 1000 < 14y* — 80y — 600 = 0 < 30
y=——=
. a2 U 3 30
Vay c6 hai diem M thod bai toan la M (0;10) hodc M 0;—7 . O

$> Bai 49 (HK | - THPT Ngd Gia Ty - Tp. HCM). Trong mit phang Ozy, cho hai diém A(3;1) va
B(1;3). Tim toa do diéem M thudc truc tung sao cho ABM = 60°

® Loi gidi.
Goi M(0;y) € Oy. Ta co6

{W: (~Ly=3) ‘W’ = V(=1 + (= 3)7 = vy = Gy + 10
BA = (2;-2) ‘ﬂ’ = /224 (-2)2 =2V2

Vi

A/Bm=60°:>cosm:cos60° & iM—Bi,:l
)BMk@@ 2

2(-1)-2(y-3) 1
2v2\/y2 + 6y +10 2
& —2y+4=12y?—6y+10
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2. HE TRUC TOA BO Ludn nd luc dé dat duoc thanh qué

y J/ J J

—2y+4>0
(2y —4)* = 2(y* — 6y + 10)
<2

& y;
209 —4y—4=0
y<2

& y=1+v3 (loai)
y=1—+/3 (nhan).

Vay M(0;1 —+/3). O

$> Bai 50 (HK | - THPT Chuyén Trén Pai Nghia - Tp. HCM). Trong mat phing Ozy, cho ba
diém A(3;4), B(2;1) va C(—1;2). Tim diém M trén duong thang BC' dé AM B = 45°.

® Loi gidi.
Ta ¢6 BC = (—3;1).
Duong thang BC di qua diém B(2;1) nhan véc-to 7 = (1;3) lam véc-to phap tuyén c6 phuong trinh
l1a

(z—2)+3(y—1)=0<2+3y—5=0

Diém M thuoc BC nen M = (5 — 3y;y).
Ta dugce

AM = (2-3y;y - 4) = [AM| = /(2= 3y + (y - 92 = V1002 - 2 + 2)

BM=(3—3yy—1) = ‘W‘ — /3-8y + (y—1)> = /10(42 — 2y + 1.

Vi
AM-BM V2

A/]\E=45°:>cosm=(:os45° =TT = =
T o]

2-3y)B-3+H-Hy-1) _ V2
V10(y2 — 2y 4+ 2)4/10(y> — 2y +1) 2
10(y* — 2y + 1) V2
= - -
V10(y2 — 2y 4+ 2)/10(y> =2y +1) 2
2
y —2y+1 1 > 2
¢ oy 2° W —2y+1) =y —2y+
=0=zx=5
s P¥-2y=0s Y v
y=2=x=—1
Vay M (5;0) hodc M(—1;2). O

$>Bai 51 (HK | - THPT Trwong Chinh - Tp. HCM). Trong mit phang Oxy, xac dinh toa do D va
E biét D € Oz, E € Oy thod AADE vuong tai A va DE = /52, véi A(1;5).

® Loi gidi.
Goi D = (z;0) va E = (O;y_).)

Ta c6 DE = (—x;_y)), @ =(zr—1;-5), AE = (—1,y — 5).
Tam giac ADE vuong tai £ < AD - AE =0« (x —1)(—1) = 5(y —5) =0 2 =26 — by
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

y J/ J J

Mat khac

DE =52 & +/(—2)? + 12 = V52
&’ +y* =52
& (26 — 5y)2 + 92 = 52
& 26y — 260y + 624 = 0
y=6=x=—-4
y=4=1x=0.

Vay ta duge D(—4;0), E(0;6) hodac D(6;0), E(0;4). O

$>Bai 52 (HK | - THPT Trung Vuong - Tp. HCM). Trong mit phang Oxy, cho tam giac ABC
véi A(1;3), B(—1;—1), C(9; —1). Tim toa do cac dinh cta hinh vuong MNEF, biét A la trung
diém ctia M N, B la diém thuoc duong chéo NF sao cho NB = 3BF.

o Loi gidii.
Goi do dai canh hinh vudng la a. Khi dé, ta c6
AN:%
3 3av/3 = AB? = AN? + BN? — 2AN - BN cos 45°
BN =-NF="2"~
4 8
2
2 3(1\/5 a 3a\/§ 5
A32:(2> 9.2, 45° = 22
< 5) T\ 1 5 g g¢

Ma AB = \/ —1-1)24+(-1-3)2= 21/5, thé vao ta duoc a = 4v/2.
Goi N(z;y), ta co
AN-BN 2 _@-DE+)+E-3)Fy+1)

450 =~ 2 4y 2y — 16 = 1
cos 45 N BN 2 ok Sty y—16=0 (1)
Laic6 AN? = (x — 1)+ (y—3)*=8< r?+y* — 20— 6y +2=0 (2)

19
2, 2 r =
+y° —2y—16=0 =-—1

Tu (1) va(2) ta duge hé phuong trinh x2 y2 Y & v hoac o

2yt —2r—6y+2=0 y=>5 yzﬁ
)
19 1
Suy ra N(—1;5) hoac N ( 59 53)
Véi N(—1;5), vi A la trung diém M N, suy ra M(3;1).
BN = Zﬁ = F(—1;-3).
MN = FE = E(=5:1).
19 1 1 1 11
TuongtUVéiN(gg;Eg),tacé E(3;—3);M( 2 57) F(—;;—g) O
D Bai tap iéng hop

$> Bai 53 (HK1-THPT BAch Viét - TP. HCM). Trong mit phéng toa do Oazy, cho ba diém
A(—6;2), B(2;6), C(7;-8).
a) Ching minh ba diém A, B, C lap thanh b) Tim toa do trung diém I ctia doan BC, toa
tam giac. Tinh AB - A—é do trong tam G cua tam giac ABC.

¢) Tim D dé ABCD la hinh binh hanh. d) Tim toa do truc tam H cua AABC.
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® Loi gidi.

a) Ta c6 AB = (8;4) va AC = (13; —10).
8 — —
Do 3 + =T suy ra AB va AC khong cung phuong hay A, B, C' lap thanh tam giéc.
Khi d6, AB - AC =8-13+4 - (—10) = 64.
b) I(zr;y;) 1a trung diém ctia BC, khi d6

rpt+x. 247 9

Ty = —

R N BRTCNN
_yptyc 64(-8) 2
=" =y !

G(zg; ye) la trong tam tam giac ABC, khi do

_Tataptze 64247

Trqa 3 = 3 1
= (G(1;0).
_yat+ystyc 2+6+(=8) (1:0)
Ya = 3 = 3 =0

¢) Goi D(z;y) la diém can tim, khi d6 AD = (z + 6;y — 2) va BC = (5; —14).
Dé ABCD 1a hinh binh hanh thi AD = BC

+6=5 =1
=7 =7 — D(~1:-12).
y—2=—14

d) Goi H(x;y) la diém can tim.
Vi H la truc tam tam giac ABC' nén

L, 26
AH-BC =0 5. 6) —14-(y—2)=0 5r — 14y = —58 T=193
AH-BO=0 (z +6) (y —2) o [Py - 33
BH-AC =0 13- (x—2)—10(y —6) =0 13z — 10y = —34 y:ﬁ

33

26 146)
o (2. 220
Suy ra (33’ 33

U

> Bai 54 (HK1-THPT Quéc té BAc MY - TP. HCM). Trong mit phéng toa do Ozy, cho ba diém
A(2;4), B(0;2), C(=1;3).

a) Ching minh ba diém A, B, C la ba dinh b) Tinh do dai dudng trung tuyén CM cla
cua mot tam giac. tam gidc ABC.

c) Tim D dé B la trong tam ctia tam giac d) Tim toa do tryc tam H clia tam gidc ABC.
ACD.

® Loi gidi.

a) Ta c6 AB = (—2;—2) va AC = (—3; —1).
-2 -9 Yy
Do — # —Swra AB va AC khong cuing phuong hay A, B, C' lap thanh tam giac.
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b) I(x;y;) 1a trung diém cia AB, khi dé
za+xg  0+2
_yA+yB_4+2_3$I(1’3)'
G R R
Khi d6, OM = (2;0) = ‘m’ — VT =2.
¢) Goi D(z;y) la diém can tim.
Vi B la trong tam tam giac AC'D nén
_ TA+Zc+Tp
xB_f@ tp=3rp—xs—2c=3-0—2—(—1)=-1
_Yatyctyp yp =3Yp —yYa—yc=3-2-4-3=-1

YB 3

Suy ra D(—1;—1).

d) Goi H(x;y) la diém can tim.
Vi H la truc tam tam giac ABC' nén

AH-BC=0 (-1 (z—2)+1-(y—4)=0 a4y =2 =0
— — = = =
BH-AC =0 =3 (r—0)—1(y—2)=0 —3r—y=—2 =
Suy ra H(0;2).

O

%> Bdii 55 (HK1-THPT Lé Trong Tan - TP. H6 Chi Minh). Trong mit phéng toa do Ozy, cho
AABC ¢6 A(—2;0), B(5;3), C(3;—2).

a) Ching minh AABC vudng can.

b) Tim diém F sao cho A la trung diém cta BE.

)
)
¢) Tim toa do diém M , N sao cho M, N chia doa AB thanh 3 doan bang nhau.
d) Tim toa do diém D sao cho ABCD la hinh binh hanh.

)

e) Tim tam duong tron ngoai tiép I va tryc tam H cia tam giac ABC.

& Loi gidi.

a) Chl’rngﬂ)inh ANABC vuong can.
Ta c6 CA = (—5;2) va CB = (—2; -5).

Suy ra CA = \/(=5)? + 22 = /29 va CB = \/(=2)* + (=5)* = v/29 .
Khi d6, CA- CB = (=5)(~2) +2(~5) =0 = CA L CB.
Vay tam giac ABC vuong can tai C.
b) A(xa;ya) 12 trung diém ctia BE, khi d6
" rp + g
A= =21, —ap=2(~2)—5=—9
2 o JTET M (=2) = FE(-9;-3).
_YptyE Yp =2ys —yp=2-0—3 = —3
Ya = 5
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c)

y J/ J J

a:~|—5.y+3)

Goi M(z;y), khi d6 N la trung diém ctia NB nén N = ( 5 g

—— — (- 3—
SuyraAM:(z-l-Q;y)vaNB:( Qx;Ty)'

Vi M, N chia doan AB thanh 3 doan bang nhau nén ta cé6 W = ]@

- 2 = ’ = o 3
3y=3 y=1.

1 8
Suy ra M = (3;1) va N = (5;2).

Goi I(x;y) la tam dudng tron ngoai tiép tam gidc ABC, M, N lan lugt 1 trung diém canh AC
va BC.

1 1
Suy ra M = (5;—1) va N (3;5).

Suy ra M1 = (z—é;y-i-l),]\[]: (:Jc—4;y—§).

Toa do diém I 1a nghiém ctia hé phuong trinh

L 9 3
MI-CA=0 Sle—5)—20y+1)=0 5 =2~ 5 =0 =
—s — = 1 =4 91 = 3
NI-CB=0 2(m—4)+5(y——):0 2e+5y— =0 |y=5
2 2 2
Goi H(z;y) la truc tam tam giac ABC.
Ta c6 AH = (x + 2;y), BH = (x — 5;y — 3), CB = (2;5), CA = (-5;2).
Toa do diém H la nghiém cua hé phuong trinh
AH-CB=0  (2(z+2)+5y=0 o [y =—4 fe=3
BH-CA=0 —5(x—5)+2(y—3)=0 — 5+ 2y =—19 y = —2.
a 3.3 » .

O

%

tam giac ABC vé6i A(1;2), B(—2;6), C(9;8).

b) Tim M la trung diém ctia AC va tinh do dai trung tuyén BM ctia tam gidc ABC.

Ba&i 56 (HK1-THPT Trdn Quang Khdi - TP. H Chi Minh). Trong mit phéng toa do Ozy, cho

a) Ching minh rang tam giac ABC vuong tai A.

c¢) Goi N la diém trén canh BC sao cho BN = 3NC. Tinh dién tich tam giac ABN.

a)

® Loi gidi.

Taco AB = (=3;4) va AC = (8;6).
Suyra AB-AC=-3-84+4-6=0= AB 1 AC.
Vay ANABC vuong tai A.
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b) M(zar;yar) 1a trung diém ctia AC, khi d6
Ta+re 149
_yA+yc_2+8_5:>M(5’5)'
WETTTT T Ty T
Suy ra BM = (7;—1) = ‘CM‘ = /7?2 + (=12 =5V2.
¢) Goi N(z;y). Ta ¢
BN = (z+2y—5), NC=(9—2;8—y). Khi do
25
— — 2=3(9— 4xr =25 r=7 25 1
BN =3N(C & v ( x)<:> ‘ & 4:]\7(—5;—5).
y—6=3(8—y) 4y = 30 y:g 4’2
2

1 1
Goi AH la duong cao tam giac ABC', khi d6 Saapn = 3 -AH-BN = —--AH - §BC’ = ZSAABC.

2 4
Ta c6 AB = /(—3)2+42 =5, AC = /8 + 62 = 10.
SuyraSAABN:Z-AB-AC:Z-E)JO:%.

O

%> Bai 57 (HK1-THPT Nguyén Thuong Hién - TP. H& Chi Minh). Trong mit phéng toa do Ozy,
cho tam giac ABC véi A(0;4), B(—6;1), C(—2;8).

a) Chiing minh rang tam gidc ABC vuong. Tim toa do tam va ban kinh duong tron ngoai tiép
tam giac ABC.

b) Tim toa do diém M thudc Oz sao cho tam gidac M AB vuong tai M.

D Loi gidi.

a) Ta c6 AD = (—6;—3) va AC = (—2:4).
Suy ra AB - AC = (—6)(—2) + (—3)4 = 0.
Vay AABC vuong tai A.
Goi I 1a tam duong tron ngoai tiép AABC, khi d6 I 1 trung diém canh BC. Suy ra

B+ x¢ —6—2_

= — ]
" 2 2 :>I(—4-?)
Cyptye 148 9 '9)
=Ty T Ty Ty
%’:(4;7):‘?0’(:«4%72:\/@

ot

Suy ra R = %BC:

b) M € Ox nén goi M(x;0).
Ta c6 AM = (x;—4), BM = (x + 6; —1).
Tam gidc M AB vuong tai M khi va chi khi AM 1 BM

@W-W:O
s x(r+6)+(—4)(-1)=0
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ud

V' J J J
s +6x+4=0
r=-3+V5
z=-3—1/5.
Vay ¢6 hai diém M (-3 + /5;0) va M (-3 — /5;0).
O

$> Bai 58 (THPT Tay Thanh - Tp. HCM). Trong mat phang Ozy, cho tam gidc ABC véi A(0;2),
B(0; -3), C(2;-1).

a) Tim toa do diém G thda GA+GB+GC=70.

b) Tim toa do diém D € Ox dé ABCD la hinh thang véi hai day 1a AB, CD.

® Loi gidi.

a) Taco6 GA+GEB + GC = 0 khi va chi khi G la trong tam AABC.

Khi do
Ta+rp+rxc 04042 2
€T = = = —
¢ 3 3 3 :G(E._E)
:?JA+?JB+?JC:2—3—1:_2 37 3/
ve 3 3 3

b) Goi D(z;0) la diém can tim.
Khi d6 AB = (0; =5) va DC = (2 — z; —1).
Dé ABCD la hinh thang déy 1a AB va CD thi AB cuing phuong v6i DC

=

0 -5
= — =2= D(2;0).
5= 15°% = D(2;0)

D

$> Bai 59 (THPT Bui Thi Xu@n - TP. HCM). Trong mit phang toa do Ozy, cho ba diém A(—2;4),
B(—3;—-1), C(1;—1) va G la trong tam tam gidc ABC.

a) Tim diém M théa AM = 34G + BC.

b) Tim tam dudng tron ngoai tiép tam giac ABC'.

® Loi gidi.

a) Gia st N la trung diém ctia BC, ta c6
3AG + BC = 2AN +2NC = 2AC.

Suy ra AM =24C = C a trung diém ctia AM.

Khi do
. TA+ Ty
c = Ty =200 —x4=2+2=4
L = M(4;2).
_ Yatym Ym =2yYc —ya=—-2+4=2
yC—T

e
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y J/ J J

b) Goi I(z;y) la tam dudng tron ngoai tiécp AABC, khi d6
TA —2—:17;—4—y):>IA:\/(—2—55)2+(—4—y)2

(
]_):(—B—x;—l—y):IB:\/(—B—x)Q—i—(—l—y)?
IC = (

l—a;—-1—y)=IC= \/(1—x)2—|—(—1—y)2
la tam ctia duong tron ngoai tiép tam giac ABC nén ta c6

TA? = IB?

TA? = IC?

- {(—2 —ao) 4 (A =y) = (B 0) 4 (L)’
(—2—2)+(-4-y)P=(01-2)+(-1-y)?

T
ﬁ{
Y

Vay toa do tam duong tron ngoai tiép tam giac ABC la I(—1;—2).

IA:IB:IC’<:>{

-1 r—y=1
& Y = I(—1;-2).
-2 r=-1

0J

%> Bai 60 (THPT Nguyén Thi Minh Khai - Tp. HCM). Trong mit phing toa do Ozy, cho ba diém
A(=2;2), B(1;0), C(3;-3).

a) Tim toa do truc tam H cua tam giac ABC.

b) Tim D € Oy dé ABCD la hinh thang day 16n BC.

® Loi gidi.

a) Goi H(x;y) la diém can tim.
Vi H la truc tam tam giac ABC nén

AH-BC=0 (2-(x+2)—3-(y—2)=0 (20—3y=-10 (z=13
> > 54 54 54
BH-AC =0 |5-(x—1)=5y=0 bz — 5y =5

Suy ra H(13;12).

b) Goi D(Oﬁz I3 diém can fim.
Khi d6 AD = (2;y — 2) va BC = (2; -3). . .
7 BC cing phuong AD
Dé ABCD Ia hinh thang ddy 16n 1a BC thi 4 DC €8 phuong AD
BC > AD

Ta c6 BC cung phuong véi AD

2 _
== " ay=-1= D0;—1).

Khi d6 AD = /22 + (-1 -2)2 =13 va BC = /22 + (-3)2 = 13.

Vi AD = BC nén gia tri D tim dugc khong thoa yéu cau bai toan.

O
BAI TAP REN LUYEN
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$>Badi 61. Trong mit phang toa do Ozy, cho tam gidc ABC c6 A(—2;—1), B(1;1) va C(2; 7).

a) Tam giac ABC la tam giac gi? Tinh dién tich tam gidc ABC.

b) Goi H la chan duong cao xuat phat tit A ctia tam giac ABC. Tim toa do diém H.

® Loi gidi.

a) Ta c6 AB = (3;2) va AC = (4;—6) nen AB- AC =3-4+2-(—6) = 0.
Do d6 AB 1 AC nén tam giac ABC vuong tai A.

1
Khi d6 do AB = /32 + 22 = /13 va. AC = /42 + (—6)2 = 2¢/13 nén Sapc = 5 AB-AC =13
b) Goi H(z;y). Tacé AH = (z+2;y+1); BH = (x — 1;y — 1) va BC = (1; —8). Khi d6

@ AH BC=0o2+2-8(y+1)=0cz=8y+6. (1)

. — = —1 y-1
@B,H,Cthénghang(:)BH,BC’ctmgphu’Gng©xl _Y 3 &S y=—-8r+09. (2)
N . 6 . 3

T (1) va (2) ta thu duge = = FVaY=—¢.
6 3

Va H(—;——).

N5

$>Bai 62. Trong mit phéng toa do Ozy, cho tam gidc ABC c¢6 A(1;—1), B(5;—3) va C(2;0).
a) Ching minh AABC vuong. Tinh dién tich va chu vi tam gidc ABC.
b) Xac dinh toa do chan dudng cao H ké tit C' cia tam giac ABC.

¢) Tim diém M thuoc dudng théng d: z 4+ 2y + 1 = 0 sao cho AM = +/5.

® Loi gidi.

a) Tac6 AB = /(x4 —x5)2+ (ya —yg)2 =25, BC = \/(vp — 2¢)> + (yp — yc)2 = 32 va
CA= /G mal' T (vo— sl = V2
Do AB? = BC? + CA? nén tam giac ABC vuong tai C.
Khi d6 chu vi tam gidgc ABC 1a Papc = 2v/5 4+ 4v/2 va dien tich tam giac ABC 1a Sypc =
1

§~BC'CA:3.

b) Goi H(z;y). TacéC’_H>:(:c—2;y); B—H):(:B—E);y—i—?)) Vé@z(4;—2). Khi do

@CH AB=0o4(z—-2)-2y=0cy=20—4. (1)
r—5 y+3

@ A, H, B thing hang < B—H), AB cling phuong < 5

Sr=-2—-1 (2

6

Tt (1) va (2) ta thu duge z = — vay = ——.

7 6
Vay H (—;——).
ay 5§
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¢) Do M thuoc duong thang d: x + 2y + 1 = 0 nén gid st M(—2t — 1;1).
Khi d6 AM = V5 & /(-2t-22+(t+1?2=Vb&e Vit+1l=Vbet+l=1=21«
t € {—2;0}.
Vay M (3; —2) hodc M(—1;0).

$> Bai 63. Trong mit phing toa do Oxy, cho ba diém A(0;2), B(6;0) va C(5;7).
a) Chiing minh ring tam gidc ABC can.
b) Tim toa do dinh D sao cho ADBC' la hinh thoi. Tinh dién tich hinh thoi nay.

c¢) Xac dinh toa do tam I va ban kinh dudng tron noi tiép hinh thoi ADBC.

D Loi gidi.

a) Ta c6 AB = \/(xA — )%+ (ya —yp)? = 5v/2 va AC = \/(xA —z0)?+ (ya —yc)? = 5v/2.
Do do6 tam giac ABC can tai A.
b) Do ABC' la tam giac can tai A nén ADBC' la hinh thoi khi va chi khi ADBC' la hinh binh hanh.
Diéunayxéyrakhizﬁzﬁﬁ {xD_zA:xB_xC.
Yp —Ya =YB — Yo
Thay s6 ta duge D(1;—5).
Do hinh thoi ADBC ¢6 hai dutng chéo 1a AB, CD va CD = \/(zc — 2p)2 + (yc — yp)? = 4V/10

1
nén dién tich hinh thoi ADBC 1a Sipgpc = 5 AB - CD = 20/5.

. TA+ TR
= =
¢) Duong tron noi tiép hinh thoi ADBC ¢6 tam la trung diém chung ctia AB va C'D nén ” _E s

2
Nita chu vi ctia hinh thoi ADBC la p = 2AB = 104/2 nén ban kinh dudng tron noi tiép hinh

thoi la s
"ADBC — A]DJBC =V 10.

$> Bai 64. Trong mat phang toa do Ozy, cho tam gidc ABC v6i A(2;3), B(—1;—1) va C(6;6).
a) Hay tinh do dai 3 canh ctia tam giac ABC 16i tinh chu vi va dién tich ciia tam giéc.
b) Tim toa do hinh chiéu vuong goc viia B lén canh AC.

c) Tim toa do trong tam G, tryc tam H, tam dudng tron ngoai tiép I clia tam giac ABC. Tu
dé chiing minh ba diém I, H, G thing hang.

d) Tim toa do diém M thuoc dudng thing AH sao cho M cach déu A va C.

® Loi gidi.

a) Taco AB = /(x4 —1p)2+ (ya—yp)2 =5, BC =/(vp — 1c)2 + (yp — yc)? = V2 va
CA = \/(ZEC —x4)% 4 (yo —ya)?> =5.
Do d6 tam gidc ABC can tai A va chu vi tam gidc ABC 1a AB + BC + CA =10 + 7v/2.

445/528“ B Nguyén Quéc Duong - 80375113359 ﬂ




2. HE TRUC TOA BO Ludn nd luc dé dat duoc thanh qué

y J/ J J

Khi d6 goi T la trung diéem BC thi AT 1 BC.
_ Tp+t+xc 5

Tp = —-—"=— 5

Ta 6 :yB_EyC:gnénAT:\/(xA—xT)Z—F(?JA—yT)?:\/T_.
Yr —12 5 i

SuyraSABczi-AT-BCzé.

Goi K (z;y) 1a hinh chiéu cin tim. Ta c6 BE = (z+1;y+1); AK = (z—2;y—3) va AC = (4;3).
Khi do

@ BK-AC=0&4(z+1)+3(y+1) =04 +3y=-7. (1)

2 - = _2 _3
@ A, K,Cthénghang@AK7AC’cﬁngphu’Ong@x4 :y?) & 3r — 4y = —6. (2)
46 3
Tu (1) va (2) ta thu d =——vay=—.
u()vzfi(;a u duge x 5 VA Y= 5
Vay (—%; 2—5) 12 toa do can tim.
Ta+2xp+ 20 7
Q’J’G:—:—
Tao do trong tam G cua tam gidc ABC la - yA+y2‘|‘yC - 83
ey Ty

Goi H(z;y) thi AH = (z — 2y —3), BH = (x+ Ly +1), BC = (7;7) va AC = (4;3).
AH -BC =0 TNx—2)+7(y—3)=0 = —22

Do H la tryc tam tam giac ABC' nén < __, __, (v )+ 70 ) . )
BH-AC =0 dz+1)+3y+1)=0 y =27

Vay truc tam tam gidc ABC la H(—22;27).

Goi I(a;b). Khi d6 do I 1a tam duong tron ngoai tiép clia tam giac ABC nén:

29
TA=1IB (@a—2°+(b—-3)°=(a+1)+(b+1) L [at8b=11 a=5
IA=1IC (a—2)*+(b-3)?%=(a—6)*+ (b—6)* 8a + 6b = 59 po 197
2
S N R C s s . . 29 19
Vay tam duong tron ngoai tiep ctia tam giac ABC 1a 275 )
Tac6 GH = (—?; ?) va GI = (%, —%) nen GH = —2G1. Vay G, H, I thang hang.

Gia st M(z;y) thi AM = (x —2;y —3) va A = (—24;24). Khi dé:

®@ M cachdeu A, C < (z —2)*+ (y—3)* = (z — 6)*+ (y — 6)* & 8z + 6y = 59. (1)
r—2 y—3

@ M, A, H thing hang < W, AH cung phuong < 51 51 Sar+y=>5. (2)
29 19
O

<>

b) Tim toa do diém M sao cho tam giac ABM vuong can tai M.

Bdi 65. Trong mit phing toa do Oxy, cho tam gidc ABC vé6i A(2;3), B(—5;2), C(—2; —2).

a) Tim toa do diém H la hinh chiéu vuong goc ctia A len BC.
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y J/ J J

® L3i gidi.

a) Goi H(zx;y). Tacézﬁ:(m—Q;y—?)); B—H):(:L‘+5;y—2) VéB_C'>:(3;—4). Khi dé6

@ AH BC=0&3x—2) —4@y—3) =03z —4y=—6. (1)

5 - — 5) -2
® B, H, C thang hang < BH, BC cung phuong < % = y__4 & do+3y = —14. (2)
74 18
Tir (1) va (2) ta th =——vay=——_.
u (1) va (2) ta thu duge z o VA Y o

74 18
a H ().
vy 25" 25
b) Goi M (z;y) thi MA = (x —2;y—3) va MB = (x + 5;y — 2). Khi d6 do tam gidc AM B vuong
can tai M nén

@ AM L MB & MA-MB =0« (2—2)(245)+(y—3)(y—2) = 0 & 22 +y?+3z—5y—4 = 0.
(1)
@ MA=MB & (x—22+(y—-3>=(@+5’+@y—-22y=-Tr—-8 (2
Tit (1) va (2) ta thu duge 5022 + 1502 + 100 = 0 <

r=—-2
T d6 ta thu duge M(—1; —1) hodc M(—2;6).

$> Bai 66. Trong mat phing toa do, cho tam gidc ABC c6 A(9; —2), B(2; —3) va C(7;2).

a) Tim toa do diem H 1 hinh chiéu vuong goc ciia A len BC.

b) Tim toa do diém M trén truc tung sao cho tam gidc BC'M vuodng tai B.

® Loi gidi.

a) Goi H(x;y). Ta c6 AH = (x —9y+2); BH = (x —2;y+3) va BC = (=5;—=5). Khi do

@ AH-BC=0e —5(z—9) —5(y+2)=0cz+y="7 (1)
-9 y+2

®@ B, H, C thiang hang < B_ﬁ, BC cung phuong & z 3 3

sSo—y=11 (2)

Tu (1) va (2) ta thu dugec z =9 vay = —2.
Vay H (9;—2).

b) Do M nam trén truc tung nén toa do ctia M c¢6 dang (0;y).
Khi d6 BM = (—2;y + 3) nén tam gidc BCM vuong tai B khi va chi khi

BC-BM =0 —5(-2)—5(y+3) =0y =—1
Vay M(0;—1).
0

$> Bai 67. Trong mat phang Oxy, cho ti gidc ABCD c6 A(1;3), B(—1;1), C(3;-3), D(3;1). ‘
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a) Ching minh ABC'D la mot hinh thang vuong tai A va B.

b) Tim toa do diém M trén truc hoanh sao cho M cach déu A va B.

¢) Tim toa do diém I sao cho tam giac I/ BC vuong can tai I.

® Loi gidi.

a) Ta c6 AB = (—2;—2), AD = (2;—2) va BC = (4; —4).
Do AB-AD =0va AB-BC =0nén AB | AD, AB 1 BC.
Vay ABCD la hinh thang vuong tai A va B.

b) Diém M nim trén truc hoanh nén toa do ctia M cé dang (z;0).
Khi d6 M cach déu Ava B MA=MB & (z— 1)+ (-3 = (z+1)*+ (1) &z =2.
Vay M (2;0).

¢) Goi I(x;y) thi 1B = (x+1;y—1) va 10 = (x — 3;y + 3). Khi d6 do tam gidc I/ BC vudng can
tai I nén

@IBLICSIB-IC=0s (z+1)(z—3)+(y—3)(y+3) =0 22+y2— 2z —12=0.
(1)
@IB=IC& (x+1)2+@y—-12=x-3°+y+3)?z=y+2. (2

T (1) va (2) ta thu duge 2y* +2y — 12 =0 & 3
y=-3.

Tt d6 ta thu duge 1(4;2) hoac I(—1; —3).

[
$> Bai 68. Trong mit phing Oxy, cho tam giac ABC ¢6 A(—1;1), B(1;3), C(1;—1).
a) Ching minh tam giac ABC vuodng can tai A.
b) Tinh chu vi va dién tich tam giac ABC.
¢) Tim toa do diém M thudc truc tung sao cho tam gidac AM B vuong tai B.
® Loi gidi.
a) Taco AB = /(x4 —1p)2 + (ya — yp)> =22, BC = /(x5 —2¢)2 + (yp — yc)2 = 4 va
CA=/(zc —2a)* + (yo — ya)? = 2v2.
Do AB = AC va AB? + AC? = BC? nén tam giac ABC vuong can tai A.
b) Chu vi tam gidc ABC 1a AB + BC + CA = 4+ 4+/2.
1
Dién tich tam giac ABC' 1a Sypc = 3 AB-AC = 4.
c) Do M nam trén truc tung nén toa do ctia M c6 dang (0;y).
Khi d6 BM = (—1;y —3) va AB = (2;2) nén tam giac AM B vuodng tai B khi va chi khi
AB-BM =02(-1)+2(y—3) =0 y=4.
Vay M(0;4).
[
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$> Bai 69. Trong mit phang toa do Oxy, cho hai diém A(1;2) va B(3;1).

a) Ching minh tam gidac OAB vuong can. Tinh chu vi va dién tich tam giac OAB.

b) Tim toa do diém D dé tt& gidc OABD la hinh vuong.

® Loi gidi.

a) Tacd AB = \/(za —25)2+ (ya —yg)2 = V5, OA = \/(x0 — 74)* + (yo — ya)?> = V5 va
OB = /(zo — x5)* + (yo — yp)* = V10.
Do OA = AB va OA% + AB? = OB? nén tam giac OAB vuong can tai A.
Chu vi tam gidc OAB 1a OA + OB + AB = 21/5 + /10.

1 5
Dién tich tam giac OAB 1a Spap = 5 OA-AB = 3

b) Goi D(z;y). Do tam gidc OAB vuong can tai A nén OABD la hinh vuong khi va chi khi OABD
1a hinh binh hanh, diéu nay tuong duong véi

OA=DB« (1;2) = (3—1;1—y) & D(2—1).

Vay D(2;—1).

$>Bai 70. Trong mat phang Oxzy, cho tam giac ABC c6 A(—6;4), B(0;7), C(3;1).
a) Chiing minh tam gidc ABC vuong can. Tinh dién tich tam giac ABC'.
b) Tim toa do diém D sao cho tit gidc ABCD la hinh thang vuong day AD = 3BC.

c¢) Tim toa do diém E thudc truc hoanh sao cho CE /| AB.

® Loi gidi.

a) Taco AB = /(x4 —xp)?+ (ya —yp)? = 3V5, BC = /(x5 —2c)2 + (yp — yc)? = 3V/5 va
CA=\/(xzc—24)%+ (yo — ya)? = 3V/10.
Do AB = BC va AB? + BC? = AC? nén tam giac ABC vuong can tai B.

1 4
Dién tich tam giac ABC' 1a Sapc = 3 AB - BC = 75

b) Goi D(x;y) thi AD = (2 + 6;y — 4) va BC = (3; —6).
Do tam giac ABC vuong tai B nén ABC'D la hinh thang vuong ddy AD = 3BC khi va chi khi

—_ —> 6 - -
AD =3BC & v !
y—4=—18 y = —14.
Vay D(3; —14).
¢) Do E thudc truc hoanh nén toa do E ¢6 dang (z;0). Suy ra CE = (x —3;—1) va ADB = (6;3).
Y 3
Khi d6 CE J| AB < CE, AB cing phuong < xT - o=l
Vay E(1;0).

O

449/528“ B Nguyén Quéc Duong - 80375113359 m




2. HE TRUC TOA BO Ludn nd luc dé dat duoc thanh qué

y J/ J J

$>Bdi 71. Trong mit phang toa do Ozy, cho tam gidc ABC véi A(—1;1), B(1;2), C(3;2).
a) Tim toa do truc tam ctia tam giac ABC.

b) Tim toa do diém D thuoc Oz sao cho T = AD + BD — 3CD)| ¢6 gia tri nhé nhat.

® Loi gidi.

a) Goi H la truc tam cia tam gidc ABC. Ta c6 AC = (4;1), BC = (2;0).

Duong thang BH di qua B(1;2) va vuong goc v6i AC' c6 phuong A
trinh 1a

4-(z—1)+1-(y—2) =04z +y—6=0.

Duong thing AH di qua A(—1;1) va vuong géc véi BC' c6 phuong
trinh la

2-(z+1)+0-(y—1)=0&2+1=0.

Toa do diém H la nghiém ctia hé

4 +y—6=0 =1
Y =7 = H(-1;10).
r+1=0 y =10

b) Do D thuoc Oz nén D(z;0), suy ra AD = (x +1;-1), BD = (x —1;-2), CD = (x —3;-2).
Ta c6

T:‘EJFED’—?,O_D":\/(—x+9)2+3223.

Dau “=" x4y ra khi va chi khi z = 9.
Vay biéu thitc T dat gia tri nhd nhat khi va chi khi D(9;0).

$> Bai 72. Trong mit phing toa do Oy, cho tam gidc ABC véi A(—2;4), B(2;—6), C(3;6).
a) Ching minh tam giac ABC vuong. Tinh dién tich tam gidc ABC.
b) Tim toa do H 1a hinh chiéu vuong géc ctia diem A len BC.

¢) Tim toa do diém M thudc truc tung sao cho ’MA + MB’ dat gia tri nho nhat.

® Loi gidi.

a) Ta c6 AB = (4;—10), AC = (5;2), BC = (1;12), suy ra
AB-AC =45+ (—10)-2=0.

Do dé6, tam giac ABC vuong tai A. Dién tich cta tam giac ABC la

S:%-AB-AC:%-Q@-\/Q_Q:ZQ.
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b) Phuong trinh dudng thang di qua A va vuong géc véi BC' la
l-(x4+2)4+12-(y—4) =02+ 12y — 46 = 0.

Phuong trinh ctia dudng thing BC' 1a

r=3+t
, teR.
y=06-412¢

Do H la giao diém ctia d va dudng thing BC nén toa do ctia H 1a nghiém ctia he

(t— 29
x4+ 12y —46 =0 145
14
r=3+t $<x:€
y=06+12¢ 18
y=—-
\ )

14 18
Vay H (—; —)
ay 55

¢) Do M nam trén truc tung nén M (0;m) . Ta c6 MA = (—=2;4—m), MB = (2;—6 —m).
Suy ra

T=‘]\ﬂ+m‘=|—2—2m|.

Ta c6 T > 0, déu “=" khi va chi khi m = —1.
Vay M(0; —1) thi ‘W + MB‘ dat gia tri nhé nhét.

4> Bai 73. Trong mit phang toa do Oxy, cho tam giac ABC vé6i A(7;—3), B(8;4), C(1;5).
a) Tim toa do H la hinh chiéu vuong goc ctia diém A len BC.

b) Goi N la trung diém ctia AB. Tinh CN.

¢) Tim toa do diém M thuoc truc hoanh sao cho ’]\ﬂ + MB ‘ dat gia tri nho nhat.

® L3i gidi.

a) Ta c6 AB = (1;7), AC = (—6;8), BC = (—T;1).
Ta co N
AB-BC=1-(-T)+7-1=0.

Do d6 AB 1 BC tai B hay hinh chiéu H cia A len BC' trung véi B(8;4).

b) Toa do trung diém N ciia AB la

N _T+8 15 -3+4 1

N——2 —2ayN— 5 =
1 2 1 2 V1
Dodé,CNz\/(é)—l) +(§—5) zy.
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¢) Do M nam trén truc hoanh nén M (m;0) . Ta ¢6 MA = (7T—m;—3), MB = (8 —m;4).
Suy ra
T= ]erMB‘ —/(15—2m)® +1

) < , C o 15

Ta c6 T > 1, dau “=" xay ra khi va chi khi m = 5
15 —_— — ) )
Vay M (7, O) thi ’MA + MB‘ dat gia tri nho nhat. dat gia tri nho nhat.
U

$> Bai 74. Trong mit phing toa do Oxy, cho A(1;2), B(3; —4). Tim toa do diém
a) P thuoc Ox sao cho PA + PB nhd nhét.

b) @ thuoc Oy sao cho |QA — @QB| 16n nhét.

® Loi gidi.

a) Do P thuoc Oz nén P(p;0), suy ra PA = (1—p;2), PB = (3 —p;—4).
Ta c6

PA+PB:‘P—A"+‘P—B" > ‘J‘D?i-?é‘ — )7971" = /22 + (—6)2 = 2V/10.

Dau “=" khi va chi khi P nim giita A, B hay P la giao diém ctia dudng thing AB la truc Ox.
Phuong trinh dudng thing AB la

r=1+4+2t

y =2 — 6t.

Toa do cua P 1a thoa man hé

1
z=1+2t |73
y=2—06t = " g
y=20
0
Vay PA + PB nho nhat khi va chi khi P (g, O).
b) Do @ thudc Oy nén Q(0;y). Ta co
QA — QB| < ‘@4’—@" _ )54".
Dau “=" x4y ra khi va chi khi Q 1a giao diém ctia dudng thang AB la truc Oy.
Phuong trinh dudng thang AB la
r=1+2¢
y =2 — 6t.

Toa do cia @ la nghiém ctia hé

1

Vay |QA — QB| 16n nhat khi va chi khi Q (0; —1).
0
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$> Bai 75. Trong mat phiang toa do Oxy, cho tam giac ABC véi A(5;—1), B(—1;3), C(-1;5).

a) Tim toa do tryc tam cta tam giac ABC.

b) Tim toa do diém M thuoc Ox sao cho T = M A? + 2M B? c6 gia tri nho nhat.

D Li gidi.

a) Goi H la tryc tam cia tam giac ABC. Ta ¢6 AB = (—6;4), AC = (—6;6), BC = (0;2).

Duong thang BH di qua B(—1;3) v vudng goc véi AC c6 phuong trinh A
la
(=6)- (z+1)+6-(y—3)=0& —ao+y—4=0.
H
Duong thang AH di qua A(5; —1) va vuong géc véi BC c6 phuong trinh
la
B C

0O-(x=5)+2-(y+1)=0<y+1=0.

Toa do diém H la nghiém ctia hé

—rx4+y—4=0 =-5
Y = ¢ = H(-5;—-1).
y+1=0 y=-—1

b) Do M thuéc Oz nén M (m;0), suy ra MA = (5 —m;—1), MB = (=1 —m;3).
Ta c6

T = MA? +2MB? = 3m®> — 6m + 46 = 3(m — 1)* + 43 > 43.

Dau “=" xay ra khi va chi khi m = 1.
Vay biéu thitc T dat gia tri nho nhat khi va chi khi M(1;0).

0
$> Badi 76. Trong mat phing toa do Oxy, cho tam giac ABC vé6i A(4;—3), B(1;4), C(1; —2).
a) Tim toa do tryc tam clia tam giac ABC va tam I ctia dudng tron ngoai tiép tam giac ABC'.
b) Tim toa do diém M thuoc AC sao cho T = |MA +2MB — 4MC/| c6 gia tri nho nhat.
® Loi gidi.
a) Goi H la truc tam clia tam gidc ABC. Ta c6 AD = (—3;7), AC = (—3;1), BC = (0; —6).
Duong thang BH di qua B(1;4) va vuong goc v6i AC ¢6 phuong trinh 1a A
(=3)- (z—1)+1-(y—4)=0& -3x+y—1=0.
Duong thang AH di qua A(4; —3) va vudng géc véi BC' c6 phuong trinh !
la B c

0-(z—4)+(-6)-(y+3)=0&y+3=0.
Toa do diém H la nghiém ctia hé

= 3 =H (—il; —3) .
y+3=0

—3r+y—1=0 z=
3

y=-3
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N . 1

Goi M, N lan lugt la trung diem cua AB, AC. Ta ¢c6 M (g, 5), N (g, —g)
Phuong trinh duong trung tric cia AB la

5 1

(—3)- (x—ﬁ) +7- (y—a) =0& -3 +Ty+4=0.

Phuong trinh duong trung truc ctia AC' la

5 5
Toa do tam I clia dudng tron ngoai tiép tam gidc ABC 1a nghiém ctia he

3r+Ty+4=0 L1 11
— — r = —
Y & 3 =1 (—; 1) .
—3r+y+10=0 -1 3
y =
b) Phuong trinh dudng thang AC 1a
r=4—-3t
y=—-3+1t.
Do M thuoc AC nén M (4 — 3t; —3 + t), suy ra MA = (3t;—t), MB = (=3 + 3t;7 — t), MC =
(=34 3t;1—1).
Ta co
T = |MA+2MB - 4MC‘ — /1022 — 16t + 136.
18v/1 . 4
Taco T > 8\5/_0. Dau “=" khi va chi khi t = v
. P —11
Vay biéu thic T dat gia tri nhoé nhat khi va chi khi M (;, T>
O

> Bai 77. Trong mat phang toa do Ozy, cho tam gidc ABC vé6i A(3; —1), B(2;2), C(8;4).
a) Ching minh tam giac ABC vuong. Tinh dién tich tam gidgc ABC.
b) Tim toa do diém D thudc Oz sao cho tam giac DBC can tai D.

¢) Tim toa do diém M thuoc Oy sao cho ‘m + 3]\70)‘ ngan nhat.

d) Tim toa do diém N thudc Oy sao cho ’NA + NB + NC‘ ngan nhat.

® Li gidi.

a) Ta co AB = (—1;3), AC = (5;5), BC = (6;2), suy ra
AB-BC=(-1)-6+3-2=0.
Do do, tam giac ABC vudng tai B. Dién tich cta tam giac ABC' la

S:%-AB-BC’:%-\/E-Z\/E:m.
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b) Toa do trung diém I ctia BC la

Phuong trinh trung truc d cua BC' la
6-(x—5)+2-(y—3)=0<3x+y—18=0.

Theo bai ra, D nim trén Oz va tam gidc DBC can tai D nén D la giao diém ctia duong thang d
va truc Oz.
Do dé, toa do ciia D 1a nghiém ctia hé

3r+y—18=0 r =20
=
y=20 y = 0.

Do M nam trén truc tung nén M (0;m) . Ta ¢6 MA = (3; =1 —m), MC = (8;4 —m).
Suy ra

Vay D(6;0).

T = ‘M‘Z+3J\TC" = /272 + (11 — 4m)?

Ta c6 T > 27, dau “=" khi va chi khi m = %

11
Vay M (o; Z) thi

MA +3MC ( dat gi tri nhé nhét.

Do N nam trén truc hoanh nén N(n;0). Ta ¢6 NA = (3—n;—1), NB = (2—n;2), NC = (8—n;4).
Suy ra

P = |NA+NB+NC| = /(13- 3n) + 5

Ta c6 P > 5, dau “=" khi va chi khi n = ?

1
Vay N (;;0) thi

NA + NBNC( dat gi4 tri nho nht.

0
B A TAP TRAC NGHIEM
& Céli]. Trong mat phing Ozy, toa do 7 la . .
A. 7 =(1;0). B. 7 =(1;1). C. 7 = (0;0). D. 7 =(0;1)
® Loi gidi.
Toa do vée-to § = (1;0).
Chon dap an @ O
$>Cau 2. Cho hai véc-to ¥ = (3; —4) va ¥ = (—1;2). Toa do clia véc-to & + 27 1a
A. (1;0). B. (0;1). C. (—4;6). D. (4;-6).
® Loi gidi.
Ta c6 20 = (—2;4) nén @ + 27 = (1;0).
Chon dap an @ O
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$> CAau 3. Trong mit phang Ozy, cho @ = (—1;3) va b= (5; —7). Toa do véc-to 37 -20 Ia
A. (13;-29). B. (—6;10). C. (~13;23). D. (6:—19).
® Loi gidi.
Ta ¢6 3@ = (—3;9), 2- b = (10; —14).
Do d6 3@ — 26 = (—13;23).
Chon dap an @ O

¢>C@U 4. Cho hai véc-to @ = (1;5) va b = (—=2;1). Tinh @ = 3@ + 2.

A. T =(7;13). B. ¢ =(1;17). C. T =(-1;17). D. 2 =(1:16).

® Loi gidi.
Tac6 33 = (3;15), 2 b = (—4;2).
Do d6 € =33 +2b = (—1;17).
Chon dap an @ O

$>C@u 5. Cho hai véc-to @ =27 — 37 va b=-7+ 27 . Toa do clia véc-to € = @ — b 1a

A. (2;7). B. (1;,-1). C. (3;-5). D. (-3;5).

® Li gidi.
Tacé @ =(2-3)va b =(-1;2). Dods € =@ — b = (3;—5).

Chon dap an @ O
$> CAuU 6. Tim toa do vée-to T bidt T+ T = 0 va T = (2; -3).
A. (=2;3). B. (2:3). C. (2,-3). D. (—2-3).

 Loi gidi.
Taco T+T =00 =—7=(-23).
Chon dap an @

$>Cau 7. Cho hai véc-to @ = (4;10) va b= (2; ). Néu hai véc-to @ va b cting phuong thi

K
i

A. z=06. B. z=7. C. z=4 D. z=5.
® Loi gidi.
- 2
Hai véc-to @ va b cung phuong khi va chi khi 1= 156—0 & x =5,

Chon dap an @ O
¢>CEU 8. Cho hai véeto @ =27 — j va ¥ = ¢ + 4. Xac dinh x sao cho @ va ¥ ciing
phuong.

1 1
A z=-1. B. x=2. C.z=-. D. x=—-.
75 7 z=7 x 5
® Loi gidi.
I U N | 1
Hai véc-to w =24 — j va v = @ +xj cung phuong khi va chi khi 5 :il(i)x: —5
Chon dap an @ O

e
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> CAu 9. Cho hai véc-td @ = (—=5;0) va b = (4; ). Tim = dé hai véc-ts @, b ciing phuong.
A. z=-1. B. z=-5. C. z=4 D. z=0.
® Loi gidi.
. - 7 . 5 N .z - > 4= _5k
Hai véc-to @, b cung phuong khi va chi khi ton tai so thuc k sao cho b = ka < 0.k =z =0.
x=0-
Chon dap an @ O
$>CA@u 10. Cho hai véc-to @ =27 — 37 va b= m7j + i.Néu hai véc-ta ciing phuong thi
2
A.-m=—-. B. m:—§. C. m=—6. D. m=6.
3 2
® Loi gidi.
. > 7 < N ” 1 m 3
Hai véc-to a va b cung phuong khi va chi khi 3= 3 S m= —3
Chon dap an OJ

$>Cau 11. Cho A(—2m;—m), B(2m;m). V6i gia tri nao ctia m thi duong thing AB di qua
07
A. m=5. B. vm e R. C. Khong c¢6 m. D. m=3.

® Li gidi.

® V6i m = 0 ta thay A, B, O trung nhau.

TAa+2Tp 0
© Vi m # 0 thi nhan thiy { _E v hay O 1a trung diém ctia AB. Do d6 A, O, B thing
=0
2

hang.

Do d6 véi moi m thi duong thang AB luon di qua O.
Chon dap an OJ

$>Cau 12. Cho hai diém A(2; —3) va B(3;4). Tim toa do diém M trén truc hoanh sao cho ba
diém A, B, M théng hang.

1 1
A M (—g; —§>. B. M (770> C. M(1:0). D. M(4:0).
T — —
® Loi gidi.
M € Ox = M(z;0). Ta c6 AM = (x —2;3), AB = (1;7).
. . -— - — 1
Ba diem A, B, M thang hang khi va chi khi AM, AB cung phuong khi va chi ? = % S r = 77
1
Vay M (;;O).
Chon dap an O
$> Cau 13. Cho A(0; —2), B(—3;1). Tim toa do giao diém M ciia AB véi truc 2’Ox.
1
A. M(0;—2). B. M(—2;0). C. M(2;0). D. M (—5; o).
® Loi gidi.
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2. HE TRUC TOA BO Ludn nd luc dé dat duoc thanh qué

y J/ J J

M € Ox = M(z;0). Khi dé ta c6 A_ﬂizﬂZ), AB = (—3;3).

Ba diém A, B, M thang hang khi v& chi khi AM, AB cung phuong khi va chi khi
T 2

Chon dap an OJ
$> Cdu 14. Cho hai diéem A(—2;—3), B(4;7). Tim diém M € 3Oy thang hang véi A va B.
1 4 1
A. M(0;1). B. M (O;——). C M (0;—). D. M (O;—).
3 3 3
o Loi gidi.
Vi M € /Oy nen M(0;y). Khi d6 ta c6 AM = (2;y +3), AB = (6; 10).
. N 2 1
Ba diém A, B, M khi va chi khi A}, AB cing phong ki va chi khi = = % &y =g Vay
1
M (0; —).
3
Chon dap an @ O

$>Cau 15. Cho hai véc-to @ = (2x — 1;3) v T = (1;2 + 2). C6 hai gia tri z;, 72 ca z dé ¥
cting phuong véi ¥. Gia tri clia tich s6 x; - x5 bang

5

5
-2 B. —2. c. 2 D. 2.
3 2 2 3
® Loi gidi.
Hai véc-to ¥ va U cung phuong khi va chi khi (22 —1) - (z+2)=3-1& 222 +32—5=0. (1)

Nhan thay phuong trinh (1) ¢6 a- ¢ =2 (—5) < 0 nén phuong trinh luon ¢6 hai nghiem z; va zo

theo dinh 1i Vi-ét ta c6 x1 - 29 = —=

5
Chon dap an O
$>Cau 16. Cho hai diém A(2; —3) va B(4;7). Toa do trung diém I ctia doan thang AB la
A. (6;4). B. (2;10). C. (3;2). D. (8;—21).

® Loi gidi.
Toa do trung diém I ctia doan AB la I(3;2).
Chon dap an @

$>Cdu 17. Cho hai diém B(3;2) va C(5;4). Toa do trung diém M cta BC la
A. M(4;3). B. M(2;2). C. M(2;-2). D. M(-8;3).

(e
.

® Loi gidi.
Toa do trung diém M ctia BC 1a (4;3).
Chon dap an @

$>Cau 18. Cho tam gidc ABC c6 A(3;—5), B(9;7), C(11; —1). Goi M, N lan lugt 1a trung diém
cua AB va AC. Tim toa do M N la

(ie
| B

A. (10;6). B. (5;3). C. (2;-8). D. (1;-4).
® Loi gidi.
Theo cong thitc toa do trung diém, ta c6 M(6;1) va N(7;—3). Do d6 MN = (1; —4).
Chon dap an @ O

e
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

y J/ J J

$>Cau 19. Cho tam giac ABC c¢6 toa do ba dinh lan lugt 1a A(2;3), B(5;4), C(—1; —1). Toa do
trong tam G cta tam giac cé toa do la

A. (2;2). B. (1;1). C. (49). D. (3;3).
® Loi gidi.
Toa do trong tam G = (Z—H;_ 1; 3+;1_ 1) =(2;2).
Chon dap an @ 0
> Cdu 20. Cho ba diém A(5; —2), B(0;3), C(=5; —1). Khi d6 trong tam tam giac ABC' 1a
A. G(1;-1). B. G(10;0). C. G(0;0). D. G(0;11).
® Loi gidi.
Toa do trong tam G = (5 + g — 5; —2 +33 — 1) = (0;0).

Chon dap an @ O
$>Cau 21. Cho tam gidc ABC ¢6 A(3;5), B(1;2), C(5;2). Toa do trong tam G cla tam giac
la

A. (V2;3). B. (3;3). C. (-3;4). D. (4;0).
® Loi gidi.
1 242
Toa do trong tam G = (3+3+5;5+3+ ) = (3;3).
Chon dap an O

~ 1
¢S Cau 22. Cho tam giac ABC vé6i A(—3;6), B(9; —10) va c6 G (g, 0) 1& trong tam. Toa do C'

1a
A. C(5;-4). B. C(5;4). C. C(-5;4). D. C(-5;-4).
T — —
® Loi gidi.
Txa+axp+ 20 1 —3+94 ¢
=T 37 3 To = =5
Vi G la trong tam tam giac ABC nén &
:yA+yB+yC 0_6+(—10)+yo yo = 4.
¢G=" 3 = 5
Vay C(—5;4).
Chon dap an @ O
> Cdau 23. Cho tam giac ABC vé6i A(—2;2), B(3;5) va trong tam 1a gbc O. Toa do dinh C' 1a
A. C(-1;-7). B. C(2;-2). C. C(-3;-5). D. C(1;7).
® Loi gidi.
Ta+ 2B+ 20 243+ 2
o R . o= 3 0= 3 rxo=—1
Vi O la trong tam tam giac ABC nén yatus+ue & 245+ yo & o = —T.
o= """, 0=——F—"
3 3
Vay C(—1;-T7).
Chon dap an @ O

o
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y J/ J J
$>Cau 24. Cho tam giac ABC véi A(6, 1), B(—3;5) va trong tam G(—1; 1). Toa do dinh C'1a
A. C(-6;-3). B. C(-3;6). C. C(6;-3). D. C(-6;3).
® Loi gidi.
Vi G la trong tam tam giac ABC nén
_rTa+zrTp+2C 6+(—3)+LL‘C
s Ty Tl fae =
_Ya+tys+tuyc 1+5+yc yo = —3.
e U
Vay C(—6;—3).
Chon dap an @ O
¢>Cau 25. Cho hai diém A(5;2) va B(10;8). Toa do ciia véc-to AB 1a
A. (15;10). B. (2;4). C. (5;6). D. (50;16).
® Loi gidi.
Ta c6 AB = (5 — 245y — ya) = (10 = 58 — 2) = (5;6).
Vay AB = (5;6).
Chon dap an @ OJ
$>Cau 26. Cho hai diém A(1;4) va B(3;5). Khi do, két qua nao dudi day ding?
A. BA=(1;2). B. AB=(2;1). C. AB = (4,9). D. AB=(-2;-1).
® Loi gidi.
Ta c6 AB = (x5 — aiyp — ya) = (3= 1;5 —4) = (21), ma BA = —AB = —(2;1) = (-2 —1).
Vay AB = (2;1), BA=(-2;-1).
Chon dap an O
> Cdu 27. Cho ba diém A(3;5), B(6;4) va C(5;7). Tim toa do diém D biét CD = AB.
A. D(4;3). B. D(6;8). C. D(—4;-2). D. D(8;6).
® Loi gidi.

G01 D(xzp;yp) la ¢ diém can tim.
Ta ¢6: AB = (3;—1), CD = (zp — 5:yp — 7).
—5=3 =8
ViCD=AB & " o
yp — 7= -1 Yp =
Chon dap an @ O

= D(8;6).

$> Cdu 28. Cho hai diém M(

1;6) va N(6;3). Tim diém P théa PM = 2PN.
A. P(0;11). B. P(6;5).

C. P(2;4). D. P(11;0).

® Loi gidi.
Goi P(zp;yp) 12 diém can tim.
Ta c6: PM = (1 —zp;6 — yp),
va PN = (6 —xp;3 —yp) = 2PN = (12 — 22p; 6 — 2yp).
— > — l—zp=12—-2zp rp =
Vi PM =2PN &
6 —yp=0—2yp yp =0
Chon dap an @ O
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

y J/ J J
$>Cau 29. Cho hai diém A(1;2) va B(—2;3). Tim toa do diém I sao cho TA+2IB=70.

)

A. (-1; §). B. (1; -). C. (1:2). D. (2:-2).
3 5
® LOi gidi.
g(gi I(zr;y;) 1a diém cé_n)tim.
Taco IA=(1—2x;2—yr), AB = (=3;1).
— 1
— — — — — 3(1 — =—-2.(=3 Ty
MELIA+QIB:0®31A:—2AB(:){( 1) ( )<i> 8 :>I<—1;§).
- =21 7 \u=1 3
Chon dap an @ 0

¢>Cau 30. Cho A(—4;0), B(~5;0), C(3;0). Tim diém M € Oz théa MA+MB+MC = 0.
A. M(=5;0). B. M(—2:0). C. M(2;0). D. M(—4;0).

@ Loi gidi.

Goi M (zyr;yar) 12 diém can tim.
Vi M € Oz nén M (z;0).
Cach 1: Giai truc tiép.

Ta co
MA = (=4 — 2, 0)
MB = (=5 — x;0)
MC = (3 —;0),

néen MA+ MB+ MC = (—6 — 3x,;0),
- —6—3xy =0
suy ra MA+ MB+ MC = 0 < S xy =—2= M(-2;0).
0 =0 (luon duang)
Cach 2: Dung tinh chat trong tam.
ViMA+MB+MC =0 G la trong tam tam giac ABC, do d6

Ta+2xp+ 20 —4+(—5)+3 —6

= = = = 2= M(-2;0).

Chon dap an O
> Cau 31. Cho ba diém A(2;5), B(1;1), C(3;3). Tim toa do diém E sao cho AE = 3AB —
2AC.

A. E(-3;-3). B. E(—2;-3). C. E(3;-3). D. E(-3;3).
® Lai gidi.
Goi E(zg;yge) la diém can tim.
Ta c6
AE = (x5 — 2:yp — b)
AB = (—1;-4)
AC = (1;-2)

= 348 — 2AC = (—5;-8), do d6

AE =3AB —24C & {"" o ' = E(-3;-3).
Yyg —95=—8 Yy = —3

Chon dap an @ O
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$>Céu 32. Cho ba diém A(—5;6), B(—4; —1) va C(4:3). Tim D dé ABCD 1a hinh binh hanh.
A. D(-3;10). B. D(~3;—10). C. D(3;10). D. D(3;—10).
® Loi gidi.
Goi D(xp;yp) 1a diém can tim.
. BN 1=4— _3
Pé ABCD I hinh binh hanh thi AB = DC < LT T L p30)
—7=3—-yp Yp =
Chon dap an @ O
$> Cdu 33. Cho hinh binh hanh ABCD biét A(—2;0), B(2;5), C(6;2). Toa do diem D la
A. D(-2;3). B. D(2;-3). C. D(2;3). D. D(-2;-3).
® Loi gidi.

Goi D(zp;yp) la diém can tim.
) —  — 4=6—2xp Tp =2
be ABCD la hinh binh hanh thi AB = DC < <
5=2—Yp yp = —3
Chon dap an O
$>CAu 34. Cho hai vée-to & =27 —3) va T = —51 — j . Goi (a;b) la toa do clia @ = 27 — 37
thi tich ab bang
A. 63. B. —57. C. 57. D. —63.

= D(2;-3).

® Loi gidi.

Nhic lai: 7 = (1;0), 7 = (1) va T =a- i +b-J = (a;b).
Suy ra @ = (2;-3), ¥ = (=5; —1).
Dod(’),z_u’:217—35’$w—(19, -3).

Vivay, a =19, b = —3, suy ra, ab =19 - (—=3) = —57.

Vay ab = —57.
Chon dap an O
¢>Ca@u 35. Cho ba diém A(1;3), B(—1;2) va C(—2;1). Toa do ctia véc-to & = AB — AC la
A. (—1;2). B. (4;0). C. (—5;-3). D. (1;1).
® Loi gidi.
Céach 1:
Ta co
AB = (-2;-1)
AC = (-3;-2)
= ¥ =AB - AC = (1;1).
Vay @ (1;1).
_cichz
Ta c6: © = AB— AC =CB = (1;1).
Vay @ (1;1).
Chon dap an @ OJ

$> Cdu 36. Cho tam giac ABC c6 M(2;3), N(0; —4), P(—1;6) lan lugt 1a trung diém ciia cac
canh BC, CA, AB. Toa do A la

e
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A. (1;-10). B. (1;5). C. (=3 -1). D. (-2 -7).

® Loi gidi.

Goi A(z4;y4) 1a diém can tim.
Vi P, N lan lugt la trung diém ctia AB, BC nén PM la dudng
trung binh cia ABAC.

PM | AC
PM = %AC’.
. 1
Hon nita, ta ¢6 N la trung diem ctia AC' nén AN = §AC’.
Xét ta giac ANMP, ta co
PM | AN (vi PM [l AC ma N € AC)
PM = AN (: %AC) .
P
131 M C
. —_—> —_— —Ty =3 Ta=—3
Vay ANM P la hinh binh hanh, do d6 AN = PM < & = A(-3;-1).
—d-ya=-3" |m=-1
Chon dap an @ 0
$>Cau 37. Cho ba véc-to a = (5;3), F_): (4;2) va ¢ = (2;0). _)é g dinh nao dting?
A. C=-2a+3b. B. C=7d-0b. C.C=4d-2b. D. ©=2d -3b.

® Loi gidi.
Goi z, y 1a hai s6 thuc thoa ¢ = 2d + y—b).

i St + 4y =2 r= -2
Khi do &
342y =20 y = 3.
:>c——25’+37))
Chondépén@ O
¢>Cau 38. Cho ba vée-to @ = (7;2), b = (=5;1) va € = (2;7). Tim z biét @ =27 +30.
A. z=5. B. z=-15. C. z=3. D. x =15.
® Loi gidi.
Y > 2r—3-5==x =15
Tac6 ¢ =2a+3b & &
2:243-1=7 7=7. (ludn ding)
Vay x = 15.
Chondépén@ O

¢ Cau 39. Cho tam giac ABC c6 A(1;3), B(—3;3) va C(8;0). Goi M, N, P lan lugt 1a trung
diém BC, CA, AB. Gia tri clia 23, + xx + £p bing
A. 3. B. 1. C. 6. D. 2.

® L3i gidi.
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Vi M, N, P lan lugt la trung diém BC, CA, AB, suy ra M (g g) N (g, g), P(-1;3).
5 9
:$M+JTN+$P:§+§+(—1)=6.
Chon dap én@ O

$> Cdu 40. Cho diém M (3; —4). Goi M, M, lan lugt 1a hinh chiéu vuong géc ctia M trén O,
Oy. Khéng dinh nao dang?

A. OM; = (—3;0). B. OM,; = (0;4).
C. OM1 - OM2 = (—3; —4) D. OM1 ol OM2 (3 4)
D L&i gidi.
Nhic lai:

® Hinh chiéu vuong goc clia A(za;y4) trén Oz 1a A'(x4;0).
® Hinh chiéu vuong goc clia A(z4;y4) trén Oy 1a A'(0;y4).
© V6i A(za;ya) thi OA = (za;9).
Vi My, Mj 1an lugt a hinh chiéu vuong géc ctia M tren O, Oy, nén My(3;0), My(0; —4).
suy ra, OM; = (3;0),
_va OM; = (0;—4).

Hon nua, OM, — OM2 (3 4) va OM1 + OM2 (3, —4)
Chon dap an @ O

$>Cau 41. Cho tam giac ABC c6 A(2;4), B(3;1) va C(—1;1). Toa do diém E nam trén truc
hoanh sao cho FA = EB.
A. E(3;0). B. E(-5;0). C. E(-3;0). D. E(5;0).

® Loi gidii.
Goi E(rp;yr) la diém can tim.
Vi F nam trén truc hoanh, nén E(zg;0).
Ta c6: AE = (zp — 2, —4) = AE? = (z5 — 2) + 16.
Tuong tu, BE = (g —3;—1) = BE? = (zg — 3)® + 1.
Suyra EA=EB & EA? = EB? & (25— 22 +16 = (25 — 3)? + 1 205 + 10 = 0 = 25 = —5.
Vay E(—5;0).
Chon dap an O

$> Cdu 42. Cho tam giac A(—3;1), B(1;2), C(—2; —2). Cho hai diém I ndm trén Ox dé tam giac
AIB vuong tai I. Téng hoanh do ciia hai diém d6 bang
A. —2. B. 2. C. 3. D. -3.

® Loi gidi.

Gia st I(m;0) la diém thuoc truc hoanh théa man gia thiét bai toan.
Ta c6 tam giac AIB vuong tai I khi va chi khi
Al-BI=0 & (m+3)(m—1)+(=1)-(=2)=0

s m*4+2m—1=0

m=—-1++2
=
m=—1—+2.
Vay tong hoanh do hai diém I théa man yéu cau bai toan 1la —2.
Chon dap an @ O

e
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$> Cdau 43. Cho hai diém A(2;4), B(1;3). Tim diém M c6 hoanh do duong sao cho tam giac
ABM vudng can tai B.
A. M(0;4). B. M(2;-2). C. M(2;2). D. M(3;2).

® Loi gidi.
Ta c6 AB = (—1; —1). Phuong trinh duong thang d di qua B va vuong goc véi AB la
(-1)-(z—1)+(-1)-(y—3)=0ez+y—4=0.
Tam giac ABM vudng can tai B nén M € d. Gia st M (m;4 —m), ta co
AB?=MB® & 2=[(1-m)*+ (m—1)]
& 2m—1)72=2

m =20

m = 2.

Vay diém M (2;2) la théa man yéu cau bai toan.
Chon dap an @ O

$> Cdu 44. Cho tam giac ABC c6 A(2;4), B(6;0), C(1;3). Biét diéem D(x;y) 1a dinh ctia hinh
chit nhat ABDC. Gi4 tri ctia x + y bang
A. 4. B. —5. C. L D. 5.

® Loi gidi.
Ta c6 AB = (4; —4), AC = (—=1;—1), suy ra AB-AC = 0nen AB L AC.
Goi I 1 trung diém ctia BC, ta c6

641 7T 043 3

) —§,y1 — =

Tr B 2

Do tam giac ABC la tam giac vuong tai A nén ABDC' la hinh ch@ nhat khi va chi khi I cling 1a
trung diém ctia AD.

Do do6

7
LUD:233[—(L‘A:2'——2:5

; = D(5;—1).
yDZQyI_yA:2‘§_4:_1

Vay r+y=5+(—-1) =4.
Chon dap én@ O

¢ Cau 45. Cho tam giac ABC c6 A(1;2), B(—4;3), C(3;12). Toa do tam dudng tron ngoai tiép
tam giac ABC 1a I(a;b). Tong a + b bing
A. 5. B. 6. C. 7 D. 8.

® Loi gidi.
Ta ¢6 AB = (—5:1), AC = (2; 10).
Goi M, N lan lugt 1 trung diém ctia AB, AC. Ta c6 M (—;; g), N (2;7).
Phuong trinh duong trung tric cia AB la

3 5
(—5).(x+§)+1-(y—§)=O<:>—5x+y—1()=().
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Phuong trinh dusng trung tric cia AC 1a
2. (x—=2)+10-(y—7) =0z +5y—37=0.
Toa do tam I clia dudng tron ngoai tiép tam gidc ABC' 1a nghiém ctia hé

1
-5 —10=0 T=73
{ T4y 2:”( 1.15).

& —= =
r+5y—37=0 15 2" 2
)
Vaya+b=171.
Ch(_)ﬂdépéﬂ@ O

> Cau 46. Cho tam giac ABC c6 A(1;—1), B(—2;2), C(3;1).Ban kinh duong tron ngoai tiép

tam gidc ABC bang
A. VI, . Y5, C. 5v2. p. V%

® Loi gidi.
Ta c6 AB = (—3;3), AC = (2;2), BC' = (5;—1). Do AB - AC' = 0 nén tam gidac ABC vuong tai A.
Do dé, dudng tron ngoai tiép tam giac ABC' la dudng tron c6 tam la trung diém ctia BC va ban kinh

_BC_ V%
2 27

Chon dap an OJ

$> Cdu 47. Cho tam gidc ABC c6 A(1;2), B(—4;3), C(3;12). Toa do diém M dé O(0;0) la tryc
tam tam giac ABM la

A. M(E,E) B. M(E,E) C. M(——Z,z) D. M(z,_—lo)
1111 1111 11711 11° 11

® Loi gidi. . .
Gia st O(0;0) 1a truc tam tam giac ABM. Ta ¢c6 AO = (—1;-2), BO = (4;-3),

R

Duong thang BM di qua B(—4;3) va vuong géc véi AO c6 phuong trinh
la
(1) - (z+4)+(-2)- (y—3) =0 r+2y—2=0.

Duong thang AM di qua A(1;2) v& vuong goéc v6i BO c6 phuong trinh

la
4-(z—=1)+(-3) (y72) =04z -3y +2=0.
0
B M
Toa do diém M la nghiém ciia he

2
r+2y—2=0 N =1 (2.10>
dr —3y+2=0 _ 10 11711/

T

Chondépém O

e
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Chuong 1. Vec-to va cdc phép todn trén vec-to Luén nd luc dé dat duoc thanh qué

y J/ J J

$> CdAu 48. Cho tam gidac ABC c¢6 A(4;1), B(—4;3), C(3;7). Toa do diem M dé O(0,0) 1 truc
tam tam giac ABM la

A. M (E,E) B. M(—E,l—3> C. M(E,_—B) D. M<_—13,_—13>
8" 2 8 2 8" 2 8 2
— e ——
® Loi gidi.

Gi sit O(0,0) la tryc tam tam gisc ABM.Ta c6 A = (—4;—1), BO = (4;—3),

Dudng thang BM di qua B(—4;3) va vuong géc véi AO c6 phuong trinh
la
(=4) - (z+4)+(-1)-(y—3) =04z +y+13=0.

Duong thang AM di qua A(4;1) va vudng géc véi BO c6 phuong trinh

la
4-(z—-4)+(-3)-(y51)=0&42 -3y —13=0.
o}
.
B M
Toa do diém M 1a nghiém ciia he
13
dr+y+13=0 == 13 1
Y = 8 :>M(——3;——3).
dr —3y—13=0 :_E 8 2
2
Chondépén@ O

~ 2 P ? 1
¢ Cau 49. Tim toa do diem M c¢6 hoanh do 1& s6 nguyén trén duong thang d: y = —5T cach

diém A(1; —4) mot khoang bing +/10.
A. M(2;1). B. M(2;-1). C. M(-2;1). D. M(-2;-1).

@ Loi gidi.
Gia stt M (2m; —m) thuoc duong thang d. Ta c6

AM =V10 < (2m—12+ (-m+4)> =10
& mP—12m+7=0

m=1
<~ 7

Vay M(2; —1) 1a diém can tim.
Chon dap an O

467/528" B Nguyén Quéc Duong - 80375113359 ﬂ



2 VO HUONG CUA HAS
/ VECTO

Biar1. TICH VO HUONG CUA HAI VEC-TO

A-TOM TAT LY THUYET

D Géc gilra hai véc-to

Cho @, b # 0. Tit mot diém O bt ki vé OA = @, OB = b. Khi do > 4
AOB duge goi 1a goc gitta hai vée-to @ va b, ki hieula (@, b ) = a.
Ta c6 0° < o < 180°.
v
0] B
b

E®) Ttich v6 huéng clia hai véc-to

<% Dinh nghia 1.1. Tich vo huéng ciia hai véc-to @ va b 13 mot s0, ki hieu la @ - b, duge xéc dinh
béi cong thitc
a-b :|E’|-‘b‘-cos(a’, b).

Diacbiet @-d = a%=|d

E®) T1inh chét

&> Tinh chat 1.1. V6i @, b, @ bat ky va Vk € R, ta ¢6

@T - b=1b- 3. @ @=|3p
@@ (b+?¢)=a-b+a- 2 © (a+75) =d2+27-T + b2,
© (k@) b=k(@-b)=7(kb). @ @-v2=(a-0)(a+7)

¥ Biéu thirc toa do clia fich vo hudng
Trong mat phang toa do Oxy, cho @ = (ay;as), b= (by;by). Khi do
@ 5’ T; = CL1b1 + (Igbg.

(_1) . 7)) . albl + a2b2

@ |7 Cal+ad /00

468/528 ’ B Nguyén Quéc Duong - @ 0375113359 ﬂ
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Chuong 2. Tich vo hudng clia hai véc-to Luén nd luc dé dat duoc thanh qué

y J/ J J

@ E)LE)@COS(ZL),?):O@E'T;ZO@albl-i-agbg:O.

@ |d| = /a2 + as.

@ V6i A(xay), B(rgiys) thi AB = [AB]> = \/(x5 — 24)? + (ys — ya)*.

B Phuong tich

Cho duong tron (O) va mot diem M. Dung céat tuyén M AB véi (O), B
ta dinh nghia: Phuong tich ctia diém M déi véi dusng tron (O) 1a
mot s, ki hieu 1a Py o) va duge xac dinh béi cong thiie:

Pujoy= MA-MB = d* — R? véi d = MO.

Néu M nam ngoai duong tron (O) va MT la tiép tuyén ctia (O) thi A
Pajoy = MT? = MT?. Nghia Ia MA- MB = MT?.

B-DANG TOAN VA BAI TAP

& Dang 1. Tinh fich vé hudng véa binh phuong vé huéng dé tinh dé dai

Kiét thic can nhé.

(canh)? x /3

canh X /3
1 .

® Dien tich tam gidc déu Sy g, = ;

suy ra chiéu cao tam giac déu =

@ Dien tich hinh vuong Sunhwung = (cnh)? suy ra duong chéo hinh vuong = cach x /2.

D sA TAP VAN DUNG
<O Bai 1.
Cho tam gidc déu ABC canh a, tam O, A

a) Tinh AB - AC va AB - BC.
b) Tinh (OB + OC)(AB — AC).

¢) Tinh (AB + 2AC)(AB — 3BC).

D Loi gidi.

2

() Tacc’)jél_B)-A_C’):‘zél_B»’-‘A_C’)‘cos(A_B),A_C”):a-a-cos60°:%.
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1. Tich vo6 hudng cla hai véc-to Luon nd luc dé dat duoc thanh qua

y J J J
(O] Tacéz4—B)~B—C’):—B_A)-B_(Z'):—‘E4)’-‘B—C’)‘cos(ﬁ,B—C’)):—a-a~COSGOO:—%2.

b) (OB +0C) (AB - AC).
Goi H la trung diém ciia BC. Khi d6 ta c6 OB + OC = 20H va AB — AC = CB.
suyra(@ﬂf*’)(@—@):2@’-073’:2’07?"-)0_19’]cos(0_ﬂ’,c_3’):z-OH-CB-
cos 90° = 0.
¢) Ta c6 (AB +2AC) (AB - 3BC) = AB> — 3AB - BC +2AB - AC — 6AC - BC' (%)
Ta lai co
© AB? = 2.
— s — a,2

2

© AB-AC = .
—_— — _— — CL2
® AC’~BC’:CA-C’B=E.
— — — — 9 CL2 (I2 CL2 CL2
Thay vao (x), suy ra (AB—|—2AC’> (AB—BBC’) =a +3-§+2‘3—6-§:§.
U
<> Bai 2.
Cho tam gidc ABC déu canh a, duong cao AH. A
a) Tinh AB - AC va BA - AH.
b) Tinh z = (CB — CA) (2CA - 34H).
B — c
H
® Loi gidi.
a)
— > — — — > a2
@ AB.AC = ‘AB‘ : ’AC‘ cos (AB,AC) = ©..
—_ — —_——> — —— —_ 2
© BA.-AH — —ABAH — — ‘AB‘ : ‘AH‘ cos (AB, AH) = —a- C‘T\/gcos:aoo - —3%.

b) Taco (CB — CA) (20A—34H) =2CB - CA—3CE - AH — 2CA* + 3CA- AH (%)

Ta lai co

—_— —> 0,2
@ CB-AH =0. (i AH 1 BO).
@ CA%=¢?

e e 3a?

Sy
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Chuong 2. Tich vo hudng clia hai véc-to Luén nd luc dé dat duoc thanh qué

y J J J
Thay vao (+) ta duge Z = (CB — CA) (204 — 34H) = —%‘2.
O
> B&i 3.
C h

o hinh vuong ABCD canh a, tam O.
a) Héytim14—B)~l3—C’)vaE~B_l)).
b) Hay tinh z = (A_B)+A_D>) (B—D>+B—C’)>

c) Hay tinh ON - AB va NA - AB, v6i N la diém tren canh BC.

o Loi gidi.
A D
O
a
B N C

a) Ta ¢6 AB - BC = AB - BC - c0s90° = a-a-0 = 0.
TacéAB-BD:AB(AD—AB):AB-AD—AB-AB:O—a2=—a2.

b) = = (AB + AB) (BB + BC) = AC (BD + AB) = AC-BB+AC-AD = 04 AC-AD cos 45° -

a 2-a~£:a2.
2
¢) Tac6 ON-AB = (BN — BO)-AB = BN -AB—~BO-AB = 0+ BO-BA = BO- BA-cos45° =
av/2 . V2 ad®
Tac6 NA-AB = (NB+ BA)-AB = NB-AB - AB- AB =0 — a® = —a®.
O
<o Bai 4.
C - h
o hinh thoi ABCD tam O canh bang 7, géc BAC = 60°.
a)HéytinhA_B)-A_C’)vaA_B)-O_A). b)HéytinhA_C’)-B_D)vaA_B)-O_B).
. ® Loi gidi. .
Tu de bai ta ¢c6 AABC va AADC' la tam giac deu.
A D
B¢ ¥
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1. Tich v6 huéng cla hai véc-to

Luon nd luc dé dat duoc thanh qua

yV J J J
a) TacéfTé-fTézAB-AC-cosGO":7-7-%:%.
Tac6 AB-0A = ~AB- AC =~ AB- A0 = -
b) Ta c6 AC - BD = AC - BD - cos 90° = 0.
Ta c6 AB-OB = BA- BO = BA- BO - cos 30° = %ﬁ?z%
L]

a) Hay tinh AB-CD

c¢) Goi I 1a trung diém ciia CD.

$>Bai 5. Cho hinh thang ABCD c6 day 16n BC = 3a, day nhé AD = a, dudng cao AB = 2a.

b) Héytinhé_é-B—D)vaA—é-Eﬁ

Hay tinh goc gitta AI va C'D

 Loi gidi.
A D
H I
B E C

Dung DE | BC, E € BC = ABED la hinh chit nhat.

a) E-@zﬁ-@zDE-CD-COS(lSEﬂ.
Tam gidc DEC vudng can tai E nén DC = 2av/2.

— — 2
Do d6 AB - CD = 2a - 2av/2 - <—£> = —4a2.

2
b)
@13_(,*’~E)’:BO.BD-COS(@):BC.BD-%ZBO-BE:&R
@ Ta c6
AC-BD = (BC - BA)(AD - 4B)

c¢) Goi H la trung diém ctia AB,

— BC-AD-BC-AB— BA-AD+ BA - AB
= BC-AD-cos0°—0—0+ AB? - cos 180°

= 3a® —4a® = —d>.

khi d6 AABD = AHAI = ABD = BIA. Do HI | AB nén

Al L DB. Do d6 goc gitta Al va C'D la 90°.

O
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Chuong 2. Tich vo hudng clia hai véc-to Luén nd luc dé dat duoc thanh qué

y J J J
$>Bai 6. Cho tam gidc ABC c¢6 AB =2, AC = 3, BAC = 60°.
a) Tinh AB - AC va do dai canh BC b) Cho diém M théa MB + 2MC = 0. Tinh
do dai AM
® Loi gidi.
C
3
60°
B 2 A

®,TB’-,T(J’:AB-AO-cos6O°=2-3-<%):3

1) BC?:B—C’Q:(E—E)Z:AC2+AB2—2E-E=4+9—2-3=7;»Bczﬁ.

® Phan tich: De tinh AM ta dua vao ding thic MB +2MC = 0 va bidu dlen AM theo hai
véc-to AB AB. Sau d6 sit dung dang thitc binh phuong vo huéng, tic la AM AM? =(---)%dé
tim ra AM? = AM. D6 1a huéng xit 1i thuong gip cho dang toan nay.

@ Taco MB+2MC = 0 @AB—AMJFQ(AC—AM): 0 AM = JAB + SAC.

— l-— 2-—0\2 1 4 4— — 4 4 2

9 9 9
2/1
Vay AM = 73

0J

$>Bai 7. Cho tam giac ABC ¢6 AB = av2, BC = 5a, ABC = 135°. Goi diém M thuoc AC sao
cho 2AM = 3CM. Tinh BA- BC. Tim x, y sao cho BM = a:BA—i—yBC’ va tinh do dai doan BM.

D Loi gidi.

135°
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1. Tich vo6 hudng cla hai véc-to Luon nd luc dé dat duoc thanh qua

y J/ J J

_ —— 2
® BA-BC = BA-BC -cos135° = a\/2 - 5a - (—L—) = —5a2.

—> P 2—> —>
@ Tacé 2AM:3CM;»AM=%MC<:>BM—BA g<BC BM) @BMngAJr%BC.

9 3

Vayz ==, y=-2.

r=sy=;

2 3-5\2 9 4 12— 9 4

T ’BMQ:(—BA —BO) — 2 BC? BA? BA-BC = — 92502 + — - 242
© Ta co oAty 950 T 5P T o 95 WU T gy eat T

12 L 17302

1
Vay BM = Y1130

5

$>Bai 8. Cho tam giac ABC ¢6 AB =2, AC = 3, BAC = 1200.
a) Tinh AB - AC va do dai duong trung tuyén AM

b) Goi AD la phan giac trong cuia goc A ctia tam gidac ABC'. Phan tich AD theo hai véc-to AB
va AC'. Suy ra do dai doan AD

® Li gidi.
A

D M

@A_B>-A_C>:AB-AO-COS§AE':2.3-(308120°:2-3-(—1):—3.

2 a—— 1 —> —_—>
@ Do M la trung diém ciia BC nen AM = 5 (AB +AC).

2 — 2 2 — —
AM _Z—l</i/li+AC’> = 1 (AB* + AC? +24B - AC) = 7 -
7

5

T
T

Vay AM =

BD AB 2
Do AD 1 ha A —_— ===
® Do a duong phan giac trong cua goéc A nén ta co DC 3AC %
SuyraBngDC’@AD—ABz§<AC’—AD>@AD_EAB+—

—>

AC.
5

— 3-— 2-—>\ 9 12 — — 36 36 36
T ’AD2:AD2:( AB AC) _ At A 2 ap g = 0 0 _0b
© Tacs 50Ty 2% +25 *35 55195 25
36
95 .

474/528 ’ B Nguyén Quéc Duong - @ 0375113359 m




Chuong 2. Tich vo hudng clia hai véc-to Luén nd luc dé dat duoc thanh qué

y J/ J J
O

$>B&i 9. Cho tam giac ABC ¢6 AB = 2a, BC' = a\/7, AC = 3a. Goi M la trung diém cta AB,
N thuoc AC sao cho AN = 2NC va D thuoc M N sao cho 2DM = DN.

a) Tim z, y sao cho AD = zAB + yA_C: b) Tim AB - AC va do dai doan AD
® Loi gidi.
A
M
D N
B C

—

W) & 34D = AN + 270 & 34D = S AC+ 4B,

o

a) Taco DN =2MD < AN —AD =2 (AD -

SuyraEz%E—k%A_B).\/ayx:

Nejl

Y =

Wl =

b)

@ Tac6 BC = AC—ADB = BC? = AC*+AB*—2AB-AC = AB-AC = % (402 + 9a2 — Ta?) =

3a>.
> 2— 1-—5\? 1 4 4 4 . 4 . 4
T ’AD2:AD2:<—A —AB) — ZAB%24L S AC?24+ —ABAC — —q24 2214 —q2 —
® Taco gAC + 3 gAB + g ACT+ o C=ga®+ga*+ga
12,
—a’.
9
@AD:%\/;
3
0]
$©Bai 10. Tinh goc gitta hai véc-to trong cac truong hop sau
@ = (-2 T =(3-4
b =(-1-3) b = (4;3)
a = (2;-5)
c) < -
b =(3;7)
® Loi gidi
@ = (1;-2 I 1(=1) + (=2)(— 2 -
a) {_> ( ) :>cos(a,b)— a4 — = )+ (=2)(=3) =£:>(a,b):
b =(~1;-3) |3|-M VI F (=22 /(C1)P 1 (32 2

@ 3@+ (-4
7] m V3 (=42 /(42 + (3)?

=0= (@, b) =090
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Luon nd luc dé dat duoc thanh qua

1. Tich v6 huéng cla hai véc-to
y J J J

@ = (1;-2 Lo T b 2(3) + (=5)(7 V2, -
c) < - ( ) :>cos(a,b>= ¢ — = () + (=5)( = \/_:><a,b>:

b =(-1;-3) @ ’b‘ V2 (=5 B+ (1) 2

135°.

U
$>Bai 11. Cho hai véc-to @, U ¢6 cung do dai bang 1 va thod méan |27 — 37| = 4. Tinh
cos (U, V).

¢L6igi6i
Taco 20 — 37| =4 20 -30)=162402-12-70-T+902=16
s 48P =12 |2 | P cos (T, D)+ 9T =16
& 4—12cos (W, V) +9 =16
—> — 1
& =—=.
1 cos (u, V) 1
Vay cos (2, V) 7 O
$>Bai 12. Cho hai véc-to U, U c6 cung do dai bang 1 va thod méan |27 — 37| = 3. Tinh
cos (i, 7).
® Loi gidi.
Taco 20 —37| =3 20 -30)’=92402-12.0-T+97% =
e 4T —12|T] - |T|cos (T, D)+ 9|T> =9
& 4—12cos (4, 7)+9=9
- — 1
= = -
cos (u, V) 3
U

Vay cos (U, ¥

$>Bai 13. Cho hai véc-to @, b c6 ciing do dai bang 1 va goc tao béi hal véc-to d6 bang 60°. Xac

dlnhcosmcuagocglu’ahalvectouVavVcnu—a+26 T=a-b.
® Loi gidi.
- 7 — Fig - 7 1 N -
Tacoa-b=|a -‘b‘-cos(a,b)zl-l-cos60°:§.Tu’d0
- - — i —> i —9 - 7 _’2 — 2 - 7 -2 ]- ]-
. u~v:<a—|—2b)<a—b>:a +a-b—-2b"=|q| +a-b—2’b‘ :1—1—5—2:——

— — >\ 2 —> - 7 - — - 7 Fig 1 —
o [TP=(7-7) :a2—2a-b+b2:|a|2—2a-b+‘b‘ —1-2.2+1=1=7|=1

- 1
- b ) 7
Vaycos(?[,b): ¢ - =2 :—i. O
@5 ViU

$>B&ii 14. Cho 2 véc-to @ va b véi |T| = 6, ‘_b’( = 3w (@,7) = 45°. Hay tih cdc tich vo
huéng

e
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Chuong 2. Tich vo hudng clia hai véc-to Luén nd luc dé dat duoc thanh qué

y J/ J J

‘ 2 7 (27~ T). b (37 +4) (<27 + 33).

@ Loi gidi.

—

Taco@-b =3 -’b’-COS<6,7;>:6-3-00845029\/5.

—2|BP—T- b =2-62—9v2="T2—9V2.

&
sy

o
S
|
=y
I
[N}
&
|
)
=

— — — — — — 2
b) (37 +4%) (2@ +30) =632+ @ b +120°=—6[a>+ T b +12‘b‘ — —108 + 9V/2.

O
$>Bai 15. Cho hai véc-to @ va U thoa man |7| = 3, |T| = v2 va |@ — 37| = 3. Tinh |27 + 7.
® Loi gidi.

Tac6 9= |7 -3V = U] —60-T+9|7)*=27-60-7.Suyra @ -7 =3.

2
Tit do |27 + T = 4|7 + 47 - T+ 7P =432 + 43+ (vV2) =26,
Vay |27 + 7| = V/26. O

$>Bai 16. Cho hai véc-to @ va b thod man |@] = ]Z" — 1w ‘23— Z" — V3. Tinh @- b v
’a’+3‘.

® Loi gidi.

$>Bai 17. Cho tam gidc ABC vuong tai A c6 AB =3, BC = 5.
a) Tinh BA-CA. b) Tinh AB - BC.

o — 11— — 11— — 3 —
c) Goi D, E, F la cac diem théa man AD = §AB, CE = §CA va BF = ﬁBC’. Chting minh
DE 1 AF.

® L3i gidi.

a) Ta c6 BA L CAnén BA-CA = 0.
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1. Tich vo6 hudng cla hai véc-to Luon nd luc dé dat duoc thanh qua

V' J J J
AB 3 ¢

b) TacodcosB = —n = 2.

TecoonB= o
Tac6 AB-BC =—-BA-BC =—-BA-BC -cosB=-9.

) Tacéﬁ:ﬁ_,ﬁ:%m_%ﬁ. .
Talaicéﬁ:ﬁ_m’:%@+,@’:%@_,@>+@: .
33— 8-—

EAC’JrﬁAB.
T d6 suy ra A D B
DE - AF = (—A ——AB)-(—A —AB)
2 ¢ 3 11 C+11
3 8 8 3 — —
= 2 AC? - S AB? (-——)-AB-A
22 ¢ 33 + 22 33 ¢
3 9 8 o, 18
= 22(5 3%) = 3 +66 0=0.
Suy ra DE L AF.
]

$>Bai 18. Cho tam giac ABC c6 goc A nhon. Dyng bén ngoai tam gidac ABC cac tam gidc vuong
can dinh A 1a ABD va ACE. Goi M la trung diém ciia doan BC. Chitng minh ring AM vuong
goc v6i DE.

 Loi gidi.

— nén@:B/E.

. CAD = CAB + BAD = BAC + 90°
a CoO — — —
BAE = BAC + CAE = BAC 4 90°

AB = AD, AC = AFE
Co NABD va ANACE vuong can tai Anén ¢ —
BAD = CAE = 90°.

Ta cb
240 . DE = (4B + AC) (AE - AD)
— AB-AE+AC-AE —AB-AD — AC - AD
AB-AE-cosBAE—l—O—O—EAC’-AD.cosCAD:0.

D

Do d6 AM L DE. O

$>Bai 19. Cho tam giac ABC vuong tai A, dudng cao AH. Goi I, J lan lugt 1a trung diém ctia
AH va HC. Ching minh BI 1 AJ.

® Loi gidi.
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Chuong 2. Tich vo hudng clia hai véc-to Luén nd luc dé dat duoc thanh qué

y J/ J J
— 1
AJ = (AH + AC)
Ta c6 I, J la trung diém AH, HC nén N % .
- - BI:§(BA+BH)
Ta c6 BAH = ACH do cung phu CBA.
. AC  HA
Ta c6 AABC ~ AHBA (g — g) nenE B = AC-HB = AB - HA.

Ta c6

—>

\IJ.BI (AT + AC) (BA+ BH)
— AH-BA+AH-BH+AC-BA+AC-BH
—AH-BA-CB.SHAB+0+0+AC’-BH-COSHC’A:0.

Do do BI 1 AJ. OJ

> Bai 20. Cho tam giac ABC can tai A. Goi H la trung diém ciia doan BC, D la hinh chiéu
vuong géc ctia H trén AC, M la trung diém ctia doan HD. Chitng minh AM 1 DB.

® Loi gidi.
. AH HC
Taco6 AAHD ~ AHCD (g — g), nenE D = AH-HD = HC-AD.

Do H la trung diém BC nén BH = HC’ va HB = —HC
Ta c6 M la trung diém ctia HD nén 2AM = AH + AD. Ta c6

9.AM-BD = <ﬁ+zﬁ>(B—I‘j+ﬁ)
— AH-BH+AH-HD+AD-BH + AD-HD
= 0—AH -HD  -cosAHD +AD -CH -cosHCD + 0= 0.

Do d6 AM L DB. )

O

> Bai 21. Cho hinh chit nhat ABCD, dung BH 1 AC. Goi M, N lan lugt la trung diém ctia
AH va DC. Ching minh BM 1 MN.

® Loi gidi.

o
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1. Tich vo6 hudng cla hai véc-to Luon nd luc dé dat duoc thanh qua

y J/ J J

Ta 6 M, N la  trung diém AH, DC nén

—_—> 1  — > _—> —_—>
BM=§(BA+BH),MA=—MH
P —— ]_ g —
MN:§(MD+MC).
Bién doi M N, ta co
MN:§(MA+AD+MH+H0):5(A0+H0).
Tacé[—TB\C’:@dogﬁngphuvéi BCH. B
M
H
D N C
 BH AB

Do ABCD 1a hinh chit nhat nen AD = BC. Ta c6
4-BM-MN = (BA+BH)(AD+HC)=BA -AD+BA-HC+BH-AD+BH - HC
= 0—BA'HC-COSB/R'-FBH-AD'COS@-FO:O.
Do d6 BM L MN. 0

& Dang 3. Chirng minh hé thirc thudng gap

$>Bai 22. Cho H la trung diém ctia AB vad M la mot diém tity ¥. Chitng minh MA - MB =
HM? — HA?.

® Loi gidi.

Do H la trung diém AB nén HA=—HB. Taco

MA-MB = (MH+ HA)(MH + HB)
— MH-MH+MH-HB+HA-MH+HA-HB
HM?+MH - (HB+ HA) — HA- HA = HM? — HA?,
M
A H B
Vay MA-MB = HM? — HA?, hay ta c6 diéu phai chiing minh. U

> Bai 23. Ching minh véi bén diém A, B, C, D bat ky ta co
AB-CD+AC-DB+ AD - BC =0.
(He thitc Euler - c6 thé diung hé thitc nay dé chiing minh ba duong cao dong quy).
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Chuong 2. Tich vo hudng clia hai véc-to Luén nd luc dé dat duoc thanh qué

y J J J
® Loi gidi.
Ta co
AB-CD+AC-DB+ AD - BC
— AB(AD — AC) + AC(AB — AD) + AD(AC — AB)
AB-AD - AB-AC + AC-AB — AC-AD + AD - AC — AD - AB
= 0.

0J

rang

$>Bai 24. Cho tt giac ABCD. Goi I, J theo thit tuy 1a trung diém ctia AC, BD. Chiing minh

AB? + BC? + CD? + DA? = AC? + BD? + 41.J2.

t ¢ ¢ 00T

® Loi gidi.

Trude hét ta ching minh déng thic sau
(AB + CD)? = A1.J>.

That vay ta c¢6

(AB+CD)* = (AI+1J+JB+CI+1J+JD)
2
= |(AI+Cl)+(JB+JD)+2-1J
\_\:_/ \q:_/
0 0
= 4.1
C
D
I
J
A B
Ta c6

AB? + BC? + CD? + DA? = AC? + BD? + 41.J>

AB® + BC? + CD* + DA* = AC* 4 BD* + (AB + CD)’
(AD? — AC?) — (BD? — BC?) = 2AB - CD

(AD - AC) - (AD + AC) — (BD - BC) - (BD + BC) = 2AB - CD
CD (AD + AC) - CD (BD + BC) = 2AB - CD

CD (AD + AC - BD - BC) = 2AB - CD

CD [(AD + DB (AC + CB)| = 2AB - CD

C’_D>[A_B)+A_B)} :2A—B>-C—D)(lu6n ding).

O
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1. Tich vo6 hudng cla hai véc-to Luon nd luc dé dat duoc thanh qua

V' J J J
> Bai 25. Cho tam giac ABC'. Chitng minh ring
a) 248 - AC = AB? + AC? — BC2. b) BC? = AB? + AC? — 2AB - AC - cos A.
D Li gidi.
a) Ta co b) Ta c6
BC? = BC? = (AC — AB)? BC? = BC? = (AC — AB)?
— AC? —2AB - AC + AB> —AC?—2.AC-AB + AB?
= 2AB - AC = AC? + AB*> — BC”. — AC® + AB>— 2. |AC| - |AB| - cos A
= AB* + AC? —2AB - AC - cos A.
O
<o Bai 26.
Cho tam giac ABC c6 I la trung diém ctia BC va AH la duong A
cao. Ching minh
2
a) AB? + AC? = 2AI% + BQC :
—_—> —> 1 _
b) BC - TH = 3(AB* — AC?). ER :
D Li gidi.
a) Ta co
AB?+ AC? = AB®+ AC?
— (Al +1B)*+ (Al +1IC)?
= (AI+1B)*+ (Al - IB)?
= AP’ +2A] IB+1B*+ AI* — 241 - 1B + 1B’
2AT% + 21 B?
2
= 241242 (—%BC)
= 2AI° + %BC?
b) Ta co
1 1 - —
1 — —> — —>
= 5 (AB-AC)- (AB + AC)
= | B2l =2BC Al
— 2BC(IH + HA)
— BC-IH+BC-HA
— BC-TH.
O
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Chuong 2. Tich vo hudng clia hai véc-to Luén nd luc dé dat duoc thanh qué
y J/ J J
<> Bai 27.
Cho tam gidc ABC, trung tuyén AM. Chitng minh ring y
a) AB - AC = AM? — }lBCQ.
2 2\ _ R
b) ape - 2AB +AC?) - BC?
4
(dinh lj duong trung tuyén) B f M t C
® Loi gidi.
a) Ta c6
. (AB?42AB-AC+ AC)’ - (AB? - 2AB - AC + AC?)
AB - AC = 1
_ (AB+AC)? — (AB — AC)?
B 4
_ (2AM)?* - CB?
B 4
2 2 2
_d4AMP-BC* ., BC*
4 4
b) Ta co
—_ 1 — — 2
AM? = AM? = [E(AB + AC)]
= ;l(ABQ + AC? + 2AB - AC)
= }l 2(AB? + AC?) — (AB? + AC? — 2AB - AC)|
- }L 2 (AB® + AC?) — (AB — AC)?|
= }1 2(AB? + AC?) — B(?]
1
=1 [2(AB* + AC?) — BC?|
[
¢ Bai 28. Cho tam giac ABC, biét AB = ¢, BC' = a, AC = b c6 trong tam G. Chiing minh ring
2 12 2
GA? + GB? + GC? = %
(He thic Lep-nit)
® Loi gidi.

o
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1. Tich vo6 hudng cla hai véc-to Luon nd luc dé dat duoc thanh qua

Vi G 1a trong tam tam giac ABC nén ta co

GA+GB+GC =70
(GA+GB+GC)?*=0

=

& GA*+GB2+GC2+2GA-GB+GB-GC +GC-GA) =0

& 3(GA*+ GB?+ GC?) — (GA2 + GB? — 2GA - GB) — (GB* + GC* — 2GB - GC)
—(GC?+GA? —2GC -GA) =0

& 3(GA2+ GB*+GC?) = (GA—GB)*+ (GB — GC)? + (GC — GA)?

& 3(GA2+ GB*+ GC?) = BA2 + CB® + AC?

& GA2-|—GB2+G02:—G2+?:+C2.

$>Bai 29. Cho tam gidc ABC' c6 trong tam G. Chitng minh rang, v6i moi diém M ta luon c6
MA? + MB?* + MC? = GA* + GB* + GC* + 3MG*.

 Loi gidi.
Vi G la trong tam tam giac ABC = @)4— GB+GC=0.
Ta co
MA?+ MB?+ MC? = (J\TG’+CT4’)2+(J\TC$+@’)2+(J\TG'+G_C')2

= MG?+2MG -GA+ GA? + MG? +2MG - GB + G B2
+MG? +2MG - GC + GC?

= GA®+GB*+GC® +3MG + 2MG - (GA + GB + GC)
GA® + GB® + GC? + 3MG* + 2MG - §
GA* + GB* + GC* +3MG>.

Nhan xét: Tit ding thic M A% + MB? + MC? = GA? + GB?> + GC? + 3MG2.

®@ Vi A, B, C ¢b dinh nén diém M c6 tong binh phuong cac khodng cach tit d6 dén cac dinh ciia
tam giac nhé nhat chinh 1a trong tam ciia tam giac.

®@ Néu tam giac ABC noi tiép dusng tron (O, R) thi 3(R? — OG?) = GA? + GB?+ GC? (vé6i diem
M = 0).

$>Bai 30. Cho tam giac ABC' c¢6 trong tam G. Chiing minh ring, v6i moi diém M ta luon c6

MG? = - (MA?+ MB? + MC?) — % (AB?+ BC? + CA?).

W

® Loi gidi.

Vi G la trong tam tam giac ABC = MA+ MB+ MC =3MG.

y J/ J J

e
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Chuong 2. Tich vo hudng clia hai véc-to Luén nd luc dé dat duoc thanh qué

y J/ J J

Binh phuong hai vé ta dugc

OMG? — (MA+MB+MC)2
— MA24+ MB2+ MC?>+2MA-MB+2MB-GC +2MC - MA
= 3(MA®+ MB*+ MC?) — (MA® + MB? —2MA - MB)
—(MB2+M02—21W9’.1\TC’)—(MC2+MA2—2W-W)

= 3(MA* + MB®+ MC?) — (MA - MB)" - (MB - MC)" — (MC - MA)®
= 3(MA? 4+ MB?+ MC?) — BA® - CB® — AC?
= 3(MA®+ MB*+ MC?) — (AB* 4+ BC* 4+ CA?).

|

Chia c4 hai vé cho 9 ta dugc diéu phai chiing minh

MG* = - (MA* + MB* + MC?) — (AB2 + BC? + CA?).

oal»—*

OJ

2 BOI 31. Cho tam gidc ABC, goi H la tryc tam, M la trung diém ctia canh BC. Chiing minh
rang BC? =4MH - MA.

D Loi gidi.

AB + AC = 2AM
HB+ HC =2HM

Vi M la trung diém ciia canh BC nén ta c6 {
Do do6

AMH -MA = 9MH-2MA
- (EI#C_H’)-(EJJFCTJ)

— BH-BA+BH -CA+CH-BA+CH-CA
= B—I_‘I)~B—A)+C'—I‘I)~CT4)(V1HIE\1'CI‘IICtém cia AABC)
= BH-(BC+CA)+CH - (CB + BA)
— BH-BC+BH-CA+CH-CB+CH-BA
= B—H>-B—C’>—|—C’—H)-C’—B)(V1Hlatr1.mtam cia AABC)
— BH-BC—-CH-BC
BT (BT - )
— BC-BC
— BC”.
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1. Tich vo6 hudng cla hai véc-to Luon nd luc dé dat duoc thanh qua

y J/ J J

U

3o BCII 32. Cho tam gidc ABC ¢6 AD, BE, CF lan lugt 1a cdc duong trung tuyén. Chiing minh
rangAB CF+BC-AD +CA- BE— 0.

o Ldi gidi.

A

AB + AC = 24D
Do AD, BE, CF lan lugt 1a cac duong trung tuyén nen ta ¢6 { BA + BC = 2BE.
CA+CB=2CF

Do dé

AB-CF+BC-AD +CA-BE

(AB -2CF + BC - 2AD + CA - 2BE)

[AB - (CA+ CB)+ BC - (AB + AC) + CA- (BA+ BC)]
AB-CA+AB-CB+BC-AB+BC-AC+CA-BA+CA- BC|
(AB-CA+CA BA)+ (AB-CB+BC - AB) + (BC - AC + CA- BC)|

AB-CA—CA-AB) + AB-CB—CB-AB)Jr(B_C)-A_C)—A_C)-B_C))}

(
(AB-CA-CA-AB)+ (AB-CB-CB- 4B

Oil\DIP—‘[\DII—‘[\DIF—‘MII—‘[\DI»—‘

O
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Chuong 2. Tich vo hudng clia hai véc-to Luén nd luc dé dat duoc thanh qué

y J/ J J

2

¢ Bai 33. Cho tam giac ABC. Chitng minh S = %AB-AC’ sin A = %\/14—3)2 AC? — (A—B) . A—C’))

® Loi gidi.

BH
Ké duong cao BH. Ta ¢6 sin A = BA = BH = BA-sin A. Do
dé

S = %AC’-BH

= %AC’~BA~SinA
= %AB-AC-sinA

1 2
= \/(éAB -AC - sinA)

_ y@z.m.sm

= %\/A—B)Q-A_C)z-(l—cosQA)

= %\/(14_3)2-14_672—14_3)2'14_672'C082A)
1 [ - 2
- 5\/AB2-AC2 - ()AB‘ - ‘AC) -cosA)

- ;a8 3 (48 70)

OJ

$9 Bai 34. Cho tam giac ABC, biét BC = a, AC = b, AB = c va I la tam dudng tron nai tiép
tam giac ABC. Chiing minh rang

a) alA+bIB +cIC =0,

b) alA? + bIB? + cIC? = abe.

& Loi gidi.
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1. Tich vo6 hudng cla hai véc-to Luon nd luc dé dat duoc thanh qua

a)

y J/ J J
Qua C dung duong thing song song véi I A, cit dudng thing BI tai E.

Qua C dung duong thing song y song véi IB, cit duong thang Al tai F.

IECF la hinh binh hanh nén IC' = IE + [ F. (1)

Goi D la giao diém ctia Al va BC. Vi ID /| CE va AD la

duong phan giac nén ta co 4
Tuong tu ta chitng minh duge
IF=-°TA (3
Tt (1), (2) va (3) suy ra b D ¢
0= T~ TA & aTA 4 0B + 10 = T.

Ta c6 aI_A)—l-bI_B)—i—cI_C): 0 = (aI_A)—l—bI_B)—l—cI_C)) = 0.
& a’TA> + VPIB + IC* + 2abIA - IB + 2bel B - IC + 2acIA - IC = 0.(x)
— — —\ 2 — —_— —> -—
Ma AB? = (IB — TA) = IB? - 2IA- I + I A?
= 2TA-IB=1B>+TA>— AB® = A + IB* — AB.
Tuong tu ta co .
2IB-IC = IB*+1C* — BC>.
2IC - TA = IC? + A? — AC?.
Thay vao (x) ta c6
a’IA* + b IB® + *1C? + ab (IA* + I B® — AB?) 4 be (I1B* + 1C* — BC?)
“+ac ([C’2 + 1A% — AC’Q) =0
& IA%(a® + ab+ ac) + IB*(b* + ab + be) + IC*(c* + ac + be)
—(abAB? + beBC? + acAC?) = 0
& alA*(a+b+c)+bIB*(b+a+c)+ cIC?(c+ a+b) — (abc® + bea® + ach®) = 0

& (a+b+c)(alA*+bIB* + cIC?) — abc(c+a+b) =0
& (a+b+c)(alA* +bIB* + cIC?) = abc(c + a + b)

Vi a+ b+ c# 0 nén chia cd hai vé cho a + b + ¢ ta dugc al A? + bIB? + cIC? = abe.

C-BAI TAP TRAC NGHIEM

<O

Cadu 1. Cho duong tron tam O ngoai tiép tam giac déu M N P. G6c nao sau day bang 120°7
A. (MN,NP). B. (MO,ON). C. (MN,OP). D. (MN,MP).
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Chuong 2. Tich vo hudng clia hai véc-to Luén nd luc dé dat duoc thanh qué

® L3i gidi.

@ Dung MQ = NP. Khi d6 MN PQ 1a hinh thoi nén

(MN,NP) = (MN,M@Q) = NMQ = 120°.
© (MO,0N) =180° — (OM,ON) = 180° — MON = 60°.
© Taco OP L MN = OP L MN = (MN,OP) = 90°.

© (MN,MP) = NMP = 60°.
M Q

Chon dap an @

¢ CAu 2. Tam giac ABC vuodng tai A, ¢6 goc B = 50°. Heé thitc ndo sau day la sai?
A. (BC,AC) = 40°. B. (AB,CB) = 50°.
C. (AC,CB) = 120°. D. (AB,BC) = 130°.
D Loi gidi.

® Tac6 (BC,AC) = (CB,CA) = BCA = 40°

© Tac6 (AB,CB) = (BA,BC) = ABC = 50°

© Tac6 (AC,CB) = 180° — (CA,CB) = 180° - BCA = 140°

© Tac6 (AB,BC) = 180° — (BA, BC) = 180° — ABC = 130°

A
Q
B C

Chon dap an @

> CaU 3. Cho hai vée-to @ =447 +67 v b =37 —77.Khi d6 @ - b bing
A. —30. B. 30. C. 43. D. 3.

® Loi gidi.

y J/ J J

o
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1. Tich vo6 hudng cla hai véc-to Luon nd luc dé dat duoc thanh qua

V' J J J
Tacé @ = (4;6), b = (3;,—7)néen @ - b = 12 — 42 = —30.
Chon dap an @ O
> Céu 4. Cho hai vée-to OM = (—2;—1), ON = (3;—1). Tinh goc (OM,ON).
2
A. 135°. B. —135°. c. V2 . V2
2 2
® Loi gidi.
Ta c6 ‘OM’ V10 va OM -ON = —6+1 = —5. Do d6
OM - ON - 2
cos (OM,ON) = OM-0 5 V2 = (OM,ON) = 135°.
‘OM‘ ‘ON‘ T VEV/IO 2
Chon dap an @ O
¢>C@u 5. Cho hai véc-to @ = (1;—2), b = (—1; —3). Tinh goc giita hai véc-td @ va b.
A. 45°. B. 60°. C. 30°. D. 135°.
® Loi gidi.
Ta c6 |@| = b) VIOva @b =—1+6=5. Do do
- a0 5 V2 >
cos(d,b)= — = =— = (d,b) =45
(@.7) 7| - ’ b‘ vh-v10 2 (@.7)
Chon dap an @ OJ
$> Cau 6. Cho hai véc-to @ = (4;3), b= (1;7). Géc gitta hai véc-to @ va b biing
A. 30°. B. 90°. C. 60°. D. 45°.
® Loi gidi.

Ta ¢6 |@] = 5, ]Z’]:m/ﬁva @b =4+21=25 Dodé

S @b 2 2 >
cos (7 7) = 2V B V2 (2 ) s
3] - \ b) 5-5v2 2
Chon dap an @ O
> Cau 7. Goc gitta hai véc-to @ = (3;—4), ¥ = (—8 — 6) béng
A. 45°. B. 60°. C. 30°. D. 90°.
® Loi gidi.

—>

Taco @ -0 =—24+24=0nén
LT = (d,7) =090

Chon dap an @ O
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Chuong 2. Tich vo hudng clia hai véc-to Luén nd luc dé dat duoc thanh qué

y J J J
> CAu 8. Cho hai véc-to @ = (2;1), b = (3; —2). Tich vo huéng ctia hai véc-td @ va b bing
A. 0. B. 1. C. 4 D. —4.
® Loi gidi
Tac6@ b =6—2=14,
Chon dap an @ O
> CAau 9. Cho tam gidc déu ABC c6 canh bing m. Khi d6 AB - AC bing
2 2
A. —m2V3. B. 2m?2. c. = D. —=-
® Loi gidi.

Do tam giac ABC déu nén (A_B), A—C’>> — BAC = 60°. Suy ra

N . 2
AB-AC:AB-AC-COSBAC:m~m-COSGOO:m?.

Chon dap an @ OJ
$>Cau 10. Cho ba diém A(3;—1), B(2;10), C(4; —2). Tich vo huéng AB - AC bing
A. 40. B. —12. C. 26. D. —26.
® Loi gidi.
Ta c6 AB = (—1;11), AC = (1;—1) nén
AB-AC =—-1-11=—12.
Chon dap an O]
$>Cau 11. Cho hinh vuong ABCD canh bang a. Khi d6 AB .- AC bang
2 2 a’v/2 a’
A. a°. B. a2V2. C. ) D. —.
2 2
® Loi gidi.
Hinh vuong ABCD canh a, c6 AC' = av/2 va (fTé, A_C’)) — BAC = 45°.
— — —_— — 2,/2
Do d6 AB - AC = AB - AC - cos (AB, AC) = a® - cos 45° = ;f
A D
B C
Chon dap an (C) O

¢S Cau 12. Cho tam giac deu ABC c6 canh bang 4. Khi do6 AB - AC bang
A. —6. B. 6. C. 8. D. -8.
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1. Tich vo6 hudng cla hai véc-to Luon nd luc dé dat duoc thanh qua

V' J J J
® Loi gidi.
Do tam gidc ABC déu nén <@, E) = BAC = 60°. Suy ra
AB-AC = AB - AC - cos BAC = 4 - 4 - cos 60° = 8.

Chon dap an @ O
@)C@) 13. Cho hinh vuong M NPQ c6 I, J lan lugt 1a trung diém ctia PQ, M N. Tich vo6 huéng
QI - NJ bang N

_— —> _— ——> _— — PQ2
A. PQ-PI. B. P(-PN. C. PM - PQ. D. -—~.
T ——— . S ——— 8
® Loi giai.
=7 l— 11— P_)2
Tac6 Ol - NJ = 0B ‘80 = - P&
2 2 4
Q ! P
M N
J
Chon dap an @ d
$>Cau 14. Cho ¥ va T 1a hai vée-to khéc 0. Khi d6 (T + 7)2 bing
A. ©?+ 72 B. w2+ v2-2u¢7v. C. (¥u+7V)2+2uv. D. @2+ 77?+2u7.
@ Loi gidi.
Ap dung hing ding thic (7 + )% = 02+ 02420 7.

Chon dap an @ O

¢ CAu 15. Cho tam gidgc ABC c6 BAC = 60°, AB = 5, AC = 8. Ci4 tri ciia BC - AC bing
A. 64. B. 60. C. 20. D. 44.
® Loi gidi.

Ap dung Dinh 1y co-sin ta c6

BC? = AB%+ AC®—2-AB- AC cos BAC
524+82—2.5-8¢c0s60° =49 = BC =1T.

Khi d6
o 2 2 _ 2 2 2 K2
BC~AC’=C’B-C’A:CA +CB* - AB :7 +8 —5 _
5 2 2
A c

492/528 ' B Nguyén Quéc Duong - 0375113359




Chuong 2. Tich v6 hudng cuia hai véc-to

Luén nd luc dé dat duoc thanh qué

y J/ J J
Chon dap an @ OJ
¢S Cau 16. Cho hinh vuong ABCD tam O, canh a. Gia tri cta BO-BC bang
A. %2. B. 37a2' C. —a2 D. @2
® Loi gidi.

D

Hinh vuong ABC'D tam O suy ra BO = M va OBC = 45°.

Ta c6 BO - BC = BO - BC' - cos
D

OBC = a—ﬂ-a-cos45°

C

2

B
Chon dap an @

OJ

&> Cau 17. Trong tam gidc c6 AB = 10, AC = 12, goc BAC = 120°. Gia tri ctia AB - AC
bang
A. 30.

B. 60.

C. —60. D. —30.
® Loi gidi.

Ta ¢6 AB - AC = AB - AC - cos BAC = 10 - 12 - cos 120° = —60.
A

B C
Chon dap an @ O
$>Cau 18. Cho hai véc-to @ = (=32), b = (~1;—7). Tim toa do véc-tc ¢ biét @
b - T =-20.
A. 7 =(-1;-3). B. 7=(-1,3). C. 7=(1;-3). D. Z2=(1,;3).
o Loi gidi.
Dat @ = (m;n) v6i m,n € R.
a-7=9 —3m+2n=9 m=—1
Khi do < - & &
b7 =-2 —1m—"TTm=-20 n = 3.
Vay ¢ = (—1;3).
Chon dap an O
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1. Tich vo6 hudng cla hai véc-to Luon nd luc dé dat duoc thanh qua

y J/ J J

$> Cdau 19. Cho hinh thang vuong ABCD c¢6 day 16n AB = 4a, day nhé CD = 2a, dudng cao
AD = 3a, I 1 trung diém ctia AD. Cau nao sau day la sai? N
A. AD-CD =0. B. AD-AB =0. C. DA-DB =o. D. AB-DC = 8a>.

 Loi gidi.

WADLCDvaADLABnenAD CD=0vaAD-AB = 0.
Ta c6 AB - DC = AB - DC - cos 0° = 8a2. N
Mat khac DA khon%)v_uong goc VOCDB nén DA- DB # 0.

A4 B
Chon dap an @ O
> Cau 20. Cho tam gidc ABC vuong can tai A ¢6 BC' = av/2. Tinh CA.CB.
A CA.CE-avi B GA-GB-a  C. CA-CE-"2 D.GA-GB-a
® Loi gidi.

Tam gidc ABC vuong can tai A c6 BC = ay/2. Suy ra
AB? + AC® = BC* = AB = AC =a.

Khi d6 CA-CB = CA - C’BCcos45° = a2

AR ! B
Chon dap an @ O
&> CA@u 21. Cho hinh vuong ABCD canh a. Goi E la diém déi xing ctia D qua C. Khi d6 AE-AD
bang
A. V/5a?. B. 5a2. C. 2d°. D. v3a2.

D Ldi gidi.
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Chuong 2. Tich vo hudng clia hai véc-to Luén nd luc dé dat duoc thanh qué

y J/ J J

Ta c6 AB /| CE va AB = CE suy ra ABEC la hinh binh
hanh.

Goi M la giao diém ctia AE va BC.

= M Ia trung diém BC = MB = 3.

Tam giac ABM vuong tai A co

2 —_—
AM = JABZ + BM? = \/a2+“Z - “*2/5 v cos BAM =
AB 2
AM /5

Tam giac ADE vuodng tai D ¢6

AE =/ AD? + DE? = \/a? + (2a)% = aV/5.

Khi do ZEZE = AE-AB-COSW = a\/5~a-i = 2a2.
V5
A B
M
C
Chon dap an @ O
< CGU_ZE. Cho tam gidc d_éu) ABC canh a = 2. Héi ménh iii nao sau day sai?
A. (AB-AC)-BC =2BC. B. BC -CA=-2.
C. (AB+BC)-AC = —4. D. (AC - BC)-BA=-4.
® Loi gidi.

© Taco (AB-AC) - BC = AB - AC - cos60° - BC =2 BC (diing).
@ —CB-CA=DBC-CA-cos120° = —2 (diing).
® (A_B?+B_5)-A—5:A_C+-A_C’):4#—4 (sai).

® (A0 - BC). BA— 4B - BA— 4 (ding).
C

Chon dap an @ O

g‘)_)Cé}I_?& Cho hai diém A, B ¢6 dinh thoéa man AB = 4. Goi diém C théa man AC = 3 va
AB - AC = k. Héi ¢6 may diem C dé k =8 ?
A. 2. B. 0. C. 3. D. 1.

B Nguyén Quéc Duong - 80375113359 ‘7

495/528



1. Tich vo6 hudng cla hai véc-to Luon nd luc dé dat duoc thanh qua

y J/ J J

® Loi gidi.
e RS ¥ —_ —_ —_— 2
Tacé AB- AC = AB - AC - cos BAC =12 -cos BAC =8 & cos BAC = 3
Vay ton tai 2 diém C théa man (vi day la géc hinh hoc).

Chon dap an @ O
$> Cau 24. Cho tam giac déu ABC canh a. Gi4 tri ciia AB.-BC+BC-CA+CA-AB bang
3a? a2\/§ ay/3 a2\/§
A.—T. B. 5 C. 5 D. — 5
® Loi gidi.
Ta ¢6
2(AB - BC + BC .0 + O D)
= AB(BC+CA)+BC (CA+ AB) + CA (AB + BC)
— _AB - BC -~ CA = 342
e = —s — —s — 9 0,2 3012
C
A B
Chon dap an @ OJ
> C@u 25. Cho tam gidc ABC c6 AB = 10, AC = 12, BAC = 120°. Khi d6 AB - AC bing
A. 60. B. —60. C. -30. D. 30.
® Loi gidi.
Tac6 AB - AC = ‘EB” - ‘/Té‘ cos (AB, AC) = 1012 - cos 120° = —60.
Chon dap an O
$> Cdu 26. Cho tam gidc ABC ¢6 AB = /2, BC = 3,@ = 135°. Do dai canh AC béang
A. 225 B. 5. C. V5. D. V17.
® Loi gidi.

Tacé/l—CZ’):B—C’>—B—x4>,suyra
—> —\ 2 —> — —_— —
ACQ:(BC—BA) — BC?+ BA2—-2.BC-BA
— 3242 —2.BC-BA-cos135°
)
:9+2—2-3-\/§-T\/_=17.

Vay AC = V1T,
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Chuong 2. Tich vo hudng clia hai véc-to Luén nd luc dé dat duoc thanh qué

y /7 /7
A\
B C

Chon dap an @ O

$>Céu 27. Cho bitt (@, b) = 120°, 7] =3, ‘6" — 5. Do dai clia vée-td @ — b bing
A. 4. B. 2. C. V19. D. 7.

o Li gidi.

Ta ¢6

—|2 — — —
@ - b‘ — 2+ b2—2~|6’|~‘b‘~cos(a’,b)=9+25—2~3-5-cosl20°=49.
Suyra‘a’—z> =T7.

Chon dap an @ OJ

¢S Cau 28. Cho hinh vuong ABCD canh a. Khi d6 AB-AD bang
2

a

A. 5 B. a2 C. 0. D. a.

® Loi gidi.

Vi AB 1| AD nén ta c6 AB-AD = 0.

D C
AD B
Chon dap an @ O
4> Céu 29. Cho hinh vuong ABCD canh a. Khi d6 AC - (CD + CA) bing
A. —3ad2. B. 242 C. -1 D. 3a2.
o Loi gidi.

Vi ABCD 1a hinh vuong canh a nén AC = av/2.

AC. (OB + CA) = — 04 (€D + )
— _CA-CD-CA-CA
= —CA-CD -cos45° —2a%> = —a® — 24%> = —3d°.
D C

Chon dap an @ O
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1. Tich vo6 hudng cla hai véc-to Luon nd luc dé dat duoc thanh qua

y J/ J J
$>Cau 30. Cho tam gidc ABC vuong tai A, 6 AB = 3,AC = 5 va AH duong cao. Khi dé
OB-HC bang

225 225
A. V34 B. —v34. C. - E7R D. eV
® Loi gidi.
Theo hé thiic lugng trong tam giac vuoéng
N SR U S R RN
AH?2 ~ AB?2  AC? 9 25 225 BREYS
va HB-HC = AH?. 9975
Tac6 HB- HC = HB- HC - cos 180° = —AH? = S
B
H
A C
Chon dap an @ O
¢ Cau 31. Cho tam gidc ABC vuong tai A, c6 AB = ¢, AC' = b. Khi d6 BA-BC bang
A. b2 B. ¢ C. b2+c D. v -
® Loi gidi.
Ta co
BA.BC - BA. (AC— AB) - AB . (AF - A7)
— AR~ AB-AC = AB® = ¢
B
A C
Chon dap an O
4> Céu 32. Cho hinh vuong ABCD canh a. Khi d6 (AB + AC) - (BC + BD + BA) bing
2
A. 2av2. B. —3%. C. 0. D. —2a2.

498/528 '

® Loi gidi.

Chon A la dlem_goc ta co
AB+AC’—2AB+AD

BC + BD + BA = 2BD = 2AD — 2AB.
Khi dé

(ﬁJrA_C’)(B_C’Jr@jLﬂ)

(2?3’ + E) : (2@ - 2@’)
— _4AB? 424D = —242.
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Chuong 2. Tich v6 hudng cuia hai véc-to

Chon dap an @

Luén nd luc dé dat duoc thanh qué

y J/ J J

> Cau 33. Cho tam giac ABC ¢6 AB = ¢, BC = a, AC = b. Khi 6 (AB + AC)) - BC biing
A. v® —ad. B. » — 2. C. a2 - D. & — b

D Li gidi.
Taco (A8 + A0) - BC = (A + AC) - (A0 - AB) = AC* — AT =12 — &

Chon dap an

OJ

$> Cau 34. Cho hinh vuong ABCD canh a. Trén cac canh AB, BC,CD, DA lan luct lay cac

—_ — 2
diém M, N, P, sao cho AM = BN = CP = DQ =2 v6i 0 < < a. Khi PM - DC = % thi gia

tri ctia x bang

3a a a a
A —. B. -. C. - D. -
4 4 2 3
T D — —
® Loi gidi.
Chon dicm A lam goc, tacs__, .
PM = PD + DA+ AM = BM + DA+ AM = AM + BM — AD.
Khi d6 ,
PM -DC = (AM + BM — AD) - AB = (AM + BM) - AB = - > 0.
Suy ra AM + BM cuing huéng voi AB
:WEWF+§MM¢x>a—x®x>g.
— — — 2
(AM+BM)-AB:|x—(a—$)|-a:|2x—a|-a:%
a x:% (loai)
=2z—al==-¢
2 3a .
z=r (nhan)
Vayx:i%a.
P
D C
N
Q
AR B
M
Chondé,pém@ O

$> Cau 35. Cho hinh thang vuong ABCD c6 ddy 16n AB = 4a, day nhé C'D = 2a, dudng cao
AD = 3a va I 1a trung diém ciia AB. Khi d6 DA - BC bang
A. 0. B. —4a2. C. —9q% D. —15a2.
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1. Tich vo6 hudng cla hai véc-to Luon nd luc dé dat duoc thanh qua

y J/ J J

® Loi gidi.

Tam glac CIB 1B vuong tai I c6 C'I = Sa va IB = 2a nén BC = a/13.
Ta c6 DA-BC = CI - ( CB)=-CB-CI.

(CB CI) —CB*+CI?—2CB-CI.

Suy ra 208 - C1 = O_B’2 L OT2 — TB? = 13a? + 9a? — 4a? = 1842,
DA - BC = —9a2.
Vay BC = D o
A¥ - B
I
Chon dap an @ 0
> Cau 36. Cho hinh vuong ABCD c6 I la trung diém AD. Gi4 tri cos (171_5, B?I)) béang
2 1
_Z L c. -~ p. L.
V10 V10 V5 3
® Li gidi.
Goi a la do dai canh hinh vuong ABCD.
TacoAC—a\/_ BI = \2/_
E:AB+AD@BI=AJ-E’=%E—E.
AC Bl = (AB + AD) - (54D - AB) = ~AB* 4 JAD: = a2
L, AC-BI 1 1 1
Khi d6 cos (AC, BI) = __,C = a2 =
‘AC’ \BIl 2 av/5 /10
w2
Nhan xét: Gia tri cos (AC, BI) < 0 vi gée (AC, BI) > 90°.
C
I
A B
Chon dap an O

—

~ — 7 3 = . — £ s _ 2 — g
¢ Cau 37. Cho hai véc-to @ va b déu khac 0. Xac dinh géc (a, b) néu hai véc-to £ - 3D

vaa+b vuong goc véi nhau dong thoi | @] = ‘ —
A. 60°. B. 45°. C 90°. D. 180°.
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Chuong 2. Tich vo hudng clia hai véc-to Luén nd luc dé dat duoc thanh qué

y J J J
Theo dé ta c6
(e -55) (2+7)-
ga—S ~<a+ )—O
220 a2 20 T a7 T =
<:>5a 30 —|—5a b—3a-b=0
sl 34 g—3>* b =0
5 5 @
T b =—1.
R N A A -
Khi docos(a,b): — = = —1. Suy ra goc (a,b):180°.
@]z !
ChQﬂdépéﬂ@ O
Dap an
c. Allc. ¢]lc. Allc. Allc. AJlc. DJlc. DJlc. ¢]lc. c]lc. B
ic. ¢llc. ¢]lc. bDllc. Dllc. DJlc. Allc. ¢|lc. B]lc. ¢c]lc. D
c. cllc. ¢l]lc. Allc. Allc. Blc. D]lc. D|lc. Cc|lc. Allc. C
C. BJ|lc. D]lc. BJ[c. Allc. ¢]lc. BJ[Cc. D
Bar 2. HE THUC LU’(jNG TRONG TAM GIAC
A-TOM TAT LY THUYET
D Hé thac lvong trong tam giac vuong

a) b =a-0. b) 2=a-(.
¢) a* =b*+ A d) B =10"-¢.
1 1 1
e)a-h=b-c. f)ﬁ:§+c_2'
vooob?
e
A
y h b
d b
B C
H

o
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2. Hé thic luong trong tam gidc Luon nd luc dé dat duoc thanh quéd

yV J J J
B Hé thirc lwvong trong tam gidc thuong
a® = b+ — 2bccos A cos A = —
a) Dinh If cosin { b* = a® + ¢ — 2accos B = { cos B = —
& =a®+b*—2abcosC cosC =
b) Dinh If s a b c 9R
inh 1i sin = = - 2R.
’ sinA  sinB  sinC
( 2 2\ _ 2
m? = 2(b*+c*) —a
4
2 2 p2
c¢) Trung tuyén { m? = 2(c +Z )b
2 P2y _ 2
m? = 2(a*+b°) —c .
0 4
d) Cong thiic tinh dién tich tam giéc
1 1. abc
S = éaha = §bcsmA =g Pr= \/p(p —a)(p—b)(p—rc).
) a+b+c N e 1. R . A ooz .

Trong d6 p = — R; r 1an lugt 1a ban kinh dutng tron ngoai tiép va noi tiep tam giac ABC.
E» sBan kinh dudng trén noi tiép (néng cao)
e . s . A B C
Béan kinh duong tron noi tiép tam gidc r = (p — a) tan 5= (p — b) tan 5= (p — ¢) tan 3

3a  3b 3¢
A % X ) PpP=5=5=5 . a/\/g
® Néu ANABC deéu thy 2 2 2 nénr= —5
A=B=C=060°
@ Néu AABC vuong thir — tong hai canh géc ';uéng— canh huyén'
B bo dai duong phén giac (nang cao)
( 4bc
1?2 = . —
o= roP p(p —a)
Do dai duong phan gisc 4 22 = —<C . p(p—b)
- g P gl b_(c+a)2 p\p
4ab
P=_—"—_. —c).
= arop p(p —c)

& Dang 1. Tinh cdc gid tri co bdn

$>Bai 1. Cho tam giac ABC, hay tinh h,, R, r va s6 do cac goc trong cac truong hop sau
a) AB =6, AC =8 vi BAC' = 60°. b) BC =8, AB =5, ABC = 60°.
¢) AB =20, AC = 16, BC = 12. d) BC =19, AC = 15, AB = 6.
e) BC =12, AC =13, m, = AM = 8. f) BAC = 60°, BC = 10, 3r = 5v/3.
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Chuong 2. Tich vo hudng clia hai véc-to Luon nd luc dé dat duoc thanh quad

2)

c)

y J J J
® L3i gidi.

Theo dinh Iy ham cosin, ta c6 BC? = AB?*+AC?—2AB-AC-cos A = 6°+8%—2-6-8-cos 60° = 52.

Suy ra BC = 2/13. B
Dién tich tam gidc ABC

1 1
SAABC = §AB~AC~sinA = 5-6~8-s1n60° = 124/3.

1 9
Ma Spapc = g AH - BC = AH = Saanc

BC
2-12 12 12+/39 o
= AH = V3 = V39 = h, = \/_ JPALL C
2v/13 13 13
Ap dung dinh 1y sin
a BC BC 2¢/13
2R = — = — = = — = — =
sin A sin A 2sin A 2 sin 60°
2v/39
—5
Ta lai ¢6
g B T:T_SAABC_ 25naBC 2123 —V39+7V3
AABC =P D AB+BC+CA  6+8+2v/13 3 ’
2 2 2
o BAEBC-AC? G4 (V) -8 VT
cos B = = = )
o 2BA - BC 2.6-2V13 13

Suy ra B & 73°53, O = 180° — A — B = 46°7'.

Theo dinh 1y ham cosin, ta c6 AC? = AB*4+ BC? —2AB-BC -cos B =52 +8%2—2-5-8-c0s60° =
49,
Suy ra AC' =7. B
Dién tich tam giac ABC N
1 1
SAABC:§AB-BC'-SinB:5-5-85in60°:10. H
1 25a4BC
Mz — ~.AH-BC = AH = 22245¢
) SAABCQ 18 5 . :>5 Be
AH="=Z9Sh, =
- s 27T C
Ap dung dinh 1y sin A
b _AC’iR_ AC 7 _7\/§
~ sinB  sinB © 2sinA 2sin60° 3
Ta lai ¢6
SaaBc 25naBC 2-10 20

Saane =PrS T = = RO 04 54847 T
g o L ABHACT = BC? 547 g 1
BOCSETTTOAB-AC 257 T

Suy ra A ~ 81°47', C = 180° — A — B = 38°13".

Ta c6 AC? + BC? = 162 + 122 = 400, AB? = 20% = 400 = AC? + BC? = AB?, suy ra AABC
vuong tai C'.
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2. Hé thic luong trong tam gidc Luon nd luc dé dat duoc thanh quéd

y J/ J J
1
Vi AABC vuong tai C' nén h, = AC' =16, R = §AB = 10. A
1 1
Dién tich tam giac ABC' Saapc = §AC -BC = 3 16 - 12 = 96.
Ta lai co
g e SAABC _ 25a4B0 2296
AABC =P D AB+BC+CA  20+12+16
BC 12 3 ~
nA=—=—=-= A= 36°52".
AT UB T 20 5 c B
= B =90°— B =90°—37° = 53°%.
19+15+6
d) Tacop= % = 20. Dién tich tam giac ABC

Saasc = /pP(p— a)(p —b)(p — ¢) = 1/20(20 — 19)(20 — 15)(20 — 6) = 10y/14.
MasAABOZ%-AH-BC’éAH:2SAABC—2'10\/ﬁ:201\gﬁ:>h 20/14

BC 19 “ 19 °
A
Ta lai co
Spapc  10V/14 /14
SAABC:pT=>T: = = .
P 20 2
AB? + AC? — BC? :
Ta ¢c6 cosA = QTABC-AOC = B H C
6°+15* —19° -5
2-6-15 9’

Suy ra A ~ 123°45’.
AB? + BC? — AC? 19?4+ 15% — 62
2.-AB- BC - 2.19-15

cos B =
@

57" . R R
Suy ra B =~ 15°13', C' =180° — A — B ~ 41°2".

AB? + AC*  BC? _ AAM? 4+ BC? - 2AC% 4.8 41222132

T 4 2 — 2
a cO AM 5 1 = AB 5 5
31
A
= AB = +/31.
Ta c6 cos A = AB® + AC* — BC?
N 2-AB-AC
(VBI) +132—12° o8
= cos A = = .
R 2-v/31-13 13v/31
Suy ra A ~ 67°14’. B o
cos B — AB? + BC? — AC? H C
- 2-AB - BC
(V3I) +122 — 132 1
= cos B = = .
AT ST RRY
Suy ra B &~ 87°25, C' = 180° — A — B ~ 25°21’.
2 SV}
Tac()sinzAzl—coszAzl—( 8 ) _ 459 in A= 9\/%.
13v/31 5239 3v/31
1 9v55  9v/55
Dién tich tam giac ABC S =_AB-AC -sinA = —--+31-13 =
& g AABC 5 \/_ 13\/3—1 5
29@ 5 U
1 2Saapc 25 355 3v/55
M3 =_-AH-B AH = = = hy = ——.
& Saape = 5 ¢= BC 12 1 Ty

Ta lai co
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Chuong 2. Tich vo hudng clia hai véc-to Luén nd luc dé dat duoc thanh qué

y J J J
. 9v/55
Spun :pr:r:SAABC: 2Sa4BC L 9 _ 9v/55
‘ p  AB+AC+BC V3412413 25431
_ BC BC 10 10v/3
f Taco Sy =20 = R= o 1~ 2sme0 3
Ta co A
S:a_bc:pr - 10bc :10+b—|—c.5\/§
AR A 10v/3 2 3
=
0
& 60be _i 5v3 (10 + b+ c)
& 60bc—200(10+b+c) r
& 3be=10(10+b+c). (1) B H C
Ap dung dinh 1y cosin, ta c6
a’? =b* +c* —2bc- cos A = 10 = b* + ¢ — 2bc - cos 60 < 100 = b* + ¢* — be. (2)
Tu (1) va (2) suy ra
3bc =10(10+ b+ ¢) - 3bc =10(10+ b+ ¢)
100 = b* + ¢ — be 100 = (b + ¢)* — 3be
- 3bc =100 + 10(b + ¢)
3bc = (b+ c)* — 100
- 100 + 10(b +¢) = (b + ¢)* — 100
3bc =100 + 10(b + ¢)
- (b+¢)* —10(b+c) — 200 =0
3bc =100 + 10(b + ¢)
b+c=20
& b+ c¢= —10(loai)
3bc =100 + 10(b + ¢)
b+c=20
=
be = 100
{b:lo
~
c = 10.
Suy ra AABC déu, do d6 A= B = C = 60°.
Ta c6 AH = AB -sin B = 10sin 60° = 5v/3 = h, = 5v/3.
O

%> BAi 2 (THPT Trdn Pha - Tp. HO Chi Minh). Cho tam gidc ABC ¢6 AB = 2, AC = 2v/3, A =
30°. Tinh do dai BC, ban kinh dudng tron ngoai tiép va dién tich tam giac ABC.

® Loi gidi.
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2. Hé thic luong trong tam gidc Luon nd luc dé dat duoc thanh quéd

y J J J
Ta co6
BC? = AB? + AC? — 2AB - AC -cos A = BC? = 22 + (2/3)? —=2-2-2v/3 - cos 30° = 4 = BC = 2.
BC—2R=>R— Bc 2
sinA\;_ ~ 2sin A 2sin 30°
AB-BC-AC 2-2-2V/3
Saapc = = = /3. O

AR 4.2

%> Bai 3 (THPT Lé Trong T&n - Tp. H6 Chi Minh). Cho tam gidc ABC c¢6 AB = 3, BC' = 4 va
ABC = 120°.

a) Tinh tich vo huéng BA - BC.
b) Tinh do dai canh AC.

® Li gidi.

a) Tac6 BA- BC = BA-BC - cos ABC' = 3 - 4 - cos 120° = —6.

b) Ta c6 AC2 = AB?+ BC? —2AB - BC - cos ABC = AC? =32 +42—2.3-4-cos 120° = BC? =
37 = BC = V3T

U

> Bai 4 (THPT Nguyé&n Chi Thanh - Tp. H& Chi Minh). Cho tam gisc ABC ¢6 AB = 5, AC =
8 va BAC = 60°.

a) Tim do dai canh BC' va ban kinh dudng tron ngoai tiép tam gidc ABC.

b) Tinh dién tich tam giac ABC va ban kinh dudng tron noi tiép tam giac ABC'.

® Loi gidi.

a) Taco BC? = AB?+AC?—2AB-AC-cos BAC = BC? = 52482 —2.5:8-c0s 60° = 49 = BC = 7.

BC BC 7 V3
— 2 = = = .
sin A =1 QSinA:R 2 sin 60° 3
1 . 1 )
b) Saapc = §AB -AC -sin A = 3 5-8-sin60° = 10v/3.
SaaBc 2SaaBC 2 10v/3

=/3.

Ta lai c6 = = - B
aalCOSAABC pr=r D AB + BC + AC 5+8+7

4

¢ BAi 5. Cho tam gidc ABC c6 A = 120°, B = 30°, dien tich tam giac ABC bing 9v/3. Tinh cic
canh cua tam giac ABC.

® Loi gidi.
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Chuong 2. Tich vo hudng clia hai véc-to Luén nd luc dé dat duoc thanh qué

y J J J 2
Ta ¢6 C = 180° — (A + B) = 30°.
Khi dé6
( BC  AC  AB
sin120°  sin30°  sin 30°
1
| Saapc = 5 BC - AC -sin 30° = 9v/3
( BC = V3AC BC =63
& (BC-AC=36V3 < {AC =6
| AC = AB AB = 6.
Vay BC = 6v/3, AC =6, AB =6.
20°
A B
O

$>Bai 6. Cho tam gidc ABC c6 AB =3, AC =T va géc B = 60°.
a) Tinh canh BC, béan kinh R.
b) Trén doan AC, BC lay lan lugt cac diém D, E sao cho CD = CE = 4. Tinh doan DE.

® Loi gidi.

AB _ AC C_AB~sinB_3\/§:>
sinC sinB S = AC 14

C =~ 21,79°.

Khi d6 A = 180° — (60° + 21,79°) = 98,21°.

Suy ra BC' = AB2+ AC? — 2AB - AC - cos A = 8.
AC 7

k= 2sinB V3

b) Tacé DE* =CD?*+CE?*—-2-CE-CD -cosC = DE ~
151.

a) Ta co

A

B I C

> Bai 7. Cho tam gidc ABC ¢6 AB =2, AC = 2v/7 vi BC = 4.
a) Tinh géc B, ban kinh duong tron ngoai tiép tam giac ABC va dien tich tam gidc ABC.

b) Tinh do dai duong phan gidc trong clia goc B cta tam gidc ABC.

® Loi gidi.
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2. Hé thic luong trong tam gidc Luon nd luc dé dat duoc thanh quéd

y J J J
0) Ta c6 cosp = AT EBCT-ACT A+16-28 -1
~ ~ 2.AB.-BC 224 2
B = 120°. - -
\ AC 27 2v/21 1
Va R B 2.5in B - 2 . sin 120° - 3 ) SAABC — §AB . BC .

sin 120° = 2+/3.

b) Goi D la chan dudng phan giac trong ctia géc B.
Ta c6

Saapc = Saapp + Sasep
1 —— 1 ——
& /3= 5AB .BD -sin ABD + 5CB .BD -sinCBD

1 1
& 2W/3=-.2.BD- sm60°+§ 4. BD -sin60°

4
s 23 = MBD BD = —
A2 3
D

U

$>Bdi 8. Cho tam gidc ABC c6 AB = 2, AC = 3 va BAC = 120°. Tinh do dai BC, dien tich
tam giac ABC, ban kinh duong tron ngoai tiép va do dai duong phan gic trong AD clia tam gidc
ABC.

® Loi gidi.

Ta co

e BC =+/AB%2 4 AC? —2AB - AC - cos A = /19

1
va SAABC = §AB -ACsin A = ¥
. po BC VAT
~ 2sinA 3
e Vi
Saapc = Sapap + Sapac
1 — 1 —
= %z§AB-AD-sinBAD—|—§AC’-AD-sinDAC
= #z%-Q-AD-sin60°+%-3-AD-sin60°
= —3\2/5——5\/_AD AD_g
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Chuong 2. Tich vo hudng clia hai véc-to Luén nd luc dé dat duoc thanh qué

y J/ J J

OJ

$>Bai 9. Cho tam giac ABC c6 AB =3, AC =5 va BAC = 60°. Goi M la trung diém cta AB
va E 1a tren AC thoa AC = 4AE.

a) Tinh CM va ban kinh duong tron noi tiép AAMC.

b) Tinh tich v6 hudng BE - AC.

® L3i gidi.

a) Ta c6 BC = AB%2+ AC? —2AB - AC - cos A = V19.
2(BC? + AC?) — AB* /79

Suy ra CM = 1 5 A
1 1 3 15v/3 E
Ngoai ra Saanc = =AM - AC -sin A = — - = - 5sin60° = V3
2 22 8 o
V79 3
Vi St 5ty 134V
P= 2 -4 B c
. Saamc  —V237T+13V3
Do d6 r = = .
P 12
b) Tacé BE-AC = (AE-AB)AC = { (AC)2—AB-AC = [ AC?=AB-AC-cos A = 15—3-55 = —g.
0
$>Bai 10. Cho tam gisc ABC c6 AB = 10, BC = 6 va géc B = 120°.
a) Tinh AC va dién tich tam giac ABC.
b) Tinh duong cao AH va ban kinh dudng tron noi tiép tam giac ABC.
¢) Tinh do dai duong phan gidc trong BD cta tam gidc ABC.
@ Loi gidi.
1
a) Ta co AC =/AB2+ BC? —2AB - BC - cos B = 14 vi Saapc = 5 AB-BC-sinB = 15/3.
b) Ta co
AH — 25paB0 _ 2 15v/3 )
BC 14
1 1 14
Vi p o DAABC _ 5\/§:\/§V6ip:&:15.
D 15 2
D
B C
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2. Hé thic luong trong tam gidc Luon nd luc dé dat duoc thanh quéd

y J/ J J
c) Ta cod
SaaBc = Spapp + SaBep
1 — 1 i
& 15\/§=§AB-BD-sinABD+ECB-BD-sinCBD
1 1
& 15V3=--10-BD- sin 60° + =+ 6 BD - sin 60°
15
& 15\/§:4\/§~BD<:>BD:Z.
[
B sA TAP REN LUYEN
$>Bai 11. Cho tam gidc ABC c¢6 AB = ¢, BC = a, AC =b. Goi hg, hy, h. 1an lugt 14 cic duong
cao tuong ng xuat phat tit cac dinh A, B, C va r 1a ban kinh duong tron noi tiép tam giac ABC.
1 1 1 1
Chui h—+—+4+—=-.
ng minh z= o =
® Loi gidi.
1 a 1 b 1 P
T = —ah, = =bhy==ch.=> — = —, — = —, — = — - ==
acoH S a b c :>ha 255" I~ 25, 2SvaS pr:> 5
1 1 1 a b c
VIii=—+—+— = —+-—F=+-—
he Ty Tho T 28725733
_at+b+c_2p
B 29 29
_r_1
S r
]
P 0 2 . 9 2 2 ” 2 \/g
$>Bai 12. Cho tam giac ABC' ¢6 a® + b* = 2¢?. Chiing minh m, + mp + m, = T(Q—i-b—i-c).
® Loi gidi.
2 (12 4+ 2) — a2 2 (a2 4+ 2) — b2 2 (a2 + b2 — 2
VT =mg+my+m. = \/( tc)a +\/ (@ +c) +\/ (@ +b)—c
4 4 4
_ \/2b2+262—a2+\/2a2+202—b2+\/2a2+2b2—c2
B 4 4 4
\/262+a2+62—a2 \/2a2+a2+b2—62 \/402—02
= + +
4 4
B \/3_1)2 \/3& 3c
B 4
= ? a+b+c).
[
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Chuong 2. Tich vo hudng clia hai véc-to Luén nd luc dé dat duoc thanh qué

y J/ J J

. 1
$OBai 13. Cho tam giac ABC khong vuong & A, chiing minh S = a (b? 4 c® — a?) tan A.

@ Loi gidi.
Ta c6
S = =bcsin A
sin A
= =b A
9 e s A
1 2., 2 _ 2
= =bc bt —a -tan A
2 2bc
1
= 3 (62 + a2) tan A
[
$>Bai 14. Cho tam gidc ABC c¢6 BC = a, AC = b, AB = c va trung tuyén AM = g
a) Ching minh 20? = a* — ¢2. b) Chiing minh sin? A = 2sin? B + sin® C.
® Loi gidi.
a) Ching minh 2b* = a® — 2.
Theo cong thiic trung tuyén
20+ %) —a? c\?2 20+ %) —a?
2 _ — =
M = 1 = (3) 1
o202 = a -
b) Chiing minh sin? A = 2sin® B + sin? C..
b
Dinh i ham sin c6 'a = — = 'C =2R=a—2RsinA,b=2Rsin B,c=2RsinC.
) sinA sinB sinC
Theo két qué cau 1), ta c6
2 =a* - & 2(2RsinB)’ = (2Rsin A)* — (2Rsin C)?
& 2sin® B =sin® A —sin*C
& sin? A = 2sin® B +sin? C.
[

$>Bai 15. Cho tam giac ABC.

a) Ching minh réng (p — a)(p — b)(p — ¢) < b) Ching minh rang

1
gabc.

=v] i
N —

D Loi gidi.
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2. Hé thuc luong frong tam gidc

Luon nd luc dé dat duoc thanh qua

a) Ching minh (p —a)(p —b)(p —¢) < %abc.

Vip—a>0;p—>b>0;p—c>0neén ap dung bat ding thitcc Cauchy (AM-GM) ta c6

p—a+p—>b 2p—(a+b a+b+c)—(a+b c
e e e !
Dau“=" xdyrakhip—a=p—b< a=0.

Tuong tu:
a
(p=0p-c)<3. (2
Dau “=" x4y ra khi b = c.
a
b p-a<s  ®
Déu “=" xdy ra khi ¢ = a.

Nhan vé theo vé ctia (1), (2), (3) duge

b) Chiing minh réng }%
Ta co
=
<~
<~
=

(p—a)(p—"b)(p—rc) < éabc.

1
5
S=npr
_ abe
T 4R
S = /oo —a)(p—b)(p— )
S°=npr 1R
p(p—a(p—b)(p—C)Z% ]%bc
r abc abe
= B =pp—a)p-b)p—o) < ~ (theo can (1))
T 1
—_ < Z
R~ 2

- . b
$OBai 16. Cho tam gidc ABC. Chiing minh rang R A > 2v/3.

mg my me

® Loi gidi.
Cong thiic duong trung tuyén, c6
2 204 —a?
. 4

m

2@+ +c) = 4m2+3d?

Cauchy
> 2y/4m2 - 3a2 = 4V/3am,

a4+ 0+ A > 2v3am,.

y J/ J J

e
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Chuong 2. Tich v6 hudng cuia hai véc-to

Luén nd luc dé dat duoc thanh qué

y J/ J J

aA+bv2+c2 2y/3am, a 2v/3a2
> >

(1)

— chia cho a®> > 0

a? a me a2+ b2+ c2
Tuwong tu
b 2/30?
> ____;!fi_____. (2)
my — a®+ b+ c?
2
oL, W g

me — a? + 0%+

Cong vé véi vé (1), (2), (3) ta duge

LA NG

mg my me

Dau “=" x4y ra khi

b + ¢ = 2a°
a4+ =2 sa=b=c
a® +b* = 2¢7
]
B sA TAP VAN DUNG
> Bai 17. Chiing minh ring néu 5m2 = m? + m? thi tam gidc ABC vuong tai A.
@ Loi gidi.
Ta c6
S —m? ot m? e 5 2(b2+z2) — a? _ 2(a2+f) -0 2(a? -I—i)Q) — c?
& 100* + 10¢? — 5a® = 2a® + 2¢* — b* 4 2a* + 2b* — ¢*
& 9b° 4 9¢% = 9a®
s V4+d=d
= AABC vudng tai A
]

¢ Bai 18. Chiing minh ring néu ba géc clia tam giac ABC thoa heé thiic sin A = 2sin B cos C' thi
tam gidc ABC' can.

D Li gidi.
Theo dinh If ham sin ta c6: — b R smA=" suB
11 1 111 S11 . = = 111 = — 111 = —.
i ¢ sinA sinB ° 2R’ 2R
a2 + b2 — 2

Theo dinh Ii ham cos lai ¢6: cos C' =
2ab

Theo dé bai,

2 2 2
sin A = 2sin BecosC < L 2—b m

) 2 _ 2 2 2 2 _ 2 _
5k~ 2R 5ah S a a“+b b cceb=c

Vay tam giac ABC' can tai A. O
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2. Hé thuc luong frong tam gidc

Luon nd luc dé dat duoc thanh qua

y J/ J J

3., 3 _ .3
$>Bai 19. Chiing minh réng néu a = 2bcos C' va bic T _ 42 thi tam gidc ABC' déu.
c—a
o Loi gidi.
Theo deé bai ta co:
V4+cE—a® 5, 3 3
——=deb+lE - =d*btc—a) b+ -d* =d*(b+c)—a
b+c—a
& (b+e)b®+—be)—a*(b+c)=0% (b+c)(b*+c* —bc—a*) =0
b+c=0 (voly)
P+c2—bc—a> =00+ —a®=bc
b? 4 c? —a? b 1
Theo dinh Ii ham cos: cos A = QCbc ab Q_ch =5 = A =60°.
Theo dé, ta lai c6: a = 2bcosC < a = 2b - o +2 7 C o= 0ob=c
a
Vay tam giac ABC' déu. O
- 2 ;1 B 2
¢S Bai 20. Tam giac ABC ¢6 dic diem gl néu + cosb _ _cate .
sin B 4a2 — 2
® Loi gidi.
Ta co:
l4+cosB  2a+c (1+cosB)?> (2a+c¢)? (14+cosB)>  (2a+c)?
sinB  daZ — 2 sin2 B 4a% — 2 1—-cos2B  (2a—c)(2a+c)
l+cosB 2a+c 1+cosB 1—cosB (l14+cosB)+(1—cosB) 1
l—cosB 2a—c 2a+c  2a—c  (2a+c)+(2a—¢)  2a
ﬂ:iél—i—cosB: 2a+C=>COSB:£.
2a +c¢ 2a 2a
2 22
Theo dinh 1f ham cos, ta lai c6 cos B = % = 2£<:>a +2 -V =<a=0b.
ac a
Vay tam giac ABC can tai C. U
$>Bai 21. Tam giac ABC c6 chiéu cao hy = /p(p — a). Chitng minh ABC' 1a tam giac can.
® Loi gidi.
L 1
Dién tich S = iaha =/plp—a)lp—"0)(p—-c) = ah, =2/p(p—a)(p — b)(p — ¢).
Theo dé co:
he = /p(p —a) = a\/p(p—a)=2\/p(p—a)(p—b)(p—0)
Cauchy
& a=2/(p—bp—¢c) < (p—-b+(p—c)=2p—b—c=a.
Dau “=” x4y ra khi vh chi khip—b=p—c < b=c= AABC can tai A. O

¢ Bai 22. Chiing minh réng néu tam gidac ABC ¢6 S =

deu.

1
6 (chg + bh. + ahy) thi n6 la tam giac

® Loi gidi.
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Chuong 2. Tich vo hudng clia hai véc-to Luén nd luc dé dat duoc thanh qué

y J/ J J

Theo dé bai, ta co:

1 1 2S5 2S5 2S5 1/¢ b a
= — (ch, + bh, h :—(-— b — —) 1:—(— - —)
S 6(c + +ahy) < 5 6 ¢ a+ c+a b < 3 a+c+b
Cauch
o g G b atafe b a g
a ¢ b a ¢ b
Déu “=" x4y ra khi va chi khi a = b = ¢ = AABC 13 tam gidc déu. 0J

$O Bai 23. Chitng minh tam giac ABC 1a tam gidc déu néu théa man:

2(a® + 8% + ) = a(b® + ) + b(c® + a?) + c(a® + b?).

® Loi gidi.
Ta co:
2(a® + b® + ) = a(b* + ) + b(c? + a?) + c(a® + b?) = ab(a + b) + be(b + ¢) + ca(c + a)
& [0’ + 0> —abla+b)] + [b* + & —be(b+¢)] + [ + a® — ca(c+a)] =0
& (a+b)(a—b*+B+c)b—c)+(ct+a)(c—a)*=0
a—b=0 a=">
& (b—c=0&<b=cea=b=c= AABC déu.

c—a=20 c=a
L]
B sA TAP TRAC NGHIEM
$>Cau 1. Cho tam giac ABC. Trung tuyén AM c6 do dai bing
1
A. 5 202 + 2¢2 — a2, B. V/3a2 —202 —2c2. C. V202 4 2¢2 — a2. D. Vb2 +c2—a?.
® Loi gidi.
b2 2 2 2b2 2 2 2 1
Ta c6: AM? =m?2 = ;C _az :# = AM = 5\/2b2+202—a2.
Chon dap an @ O
¢S Cau 2. Trong tam giac ABC, ménh dé nao sau day diang?
A. a®> =b? + 2 + 2bccos A. B. a%? =%+ ¢ — 2bccos A.
C. a> =b?>+ 2 + beceos A. D. a? = b 4 ¢ — becos A.
® Loi gidi
Theo dinh 1i ham cos ta cé: a® = b? 4+ ¢ — 2bccos A
Chon dap an O

$> Cau 3. Cho tam gidc ABC ¢6 AB = ¢, BC = a, AC = b, p 1a nita chu vi v S 1 dién tich
tam gidc da cho. Xét hai ménh dé sau day:

(i) S* =plp —a)(p —b)(p —¢).

(i) 165 = (a+b+c)(a+b—c)(a—b+c)(—a+b+c).

Trong hai ménh dé trén, ménh dé nao dung?
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2. Hé thic luong trong tam gidc Luon nd luc dé dat duoc thanh quéd

y J J J
A. (i) va (ii). B. Khong cé. C. (i). D. (ii).
® Loi gidi.
e Tacop= %b—i—c.

e Theo cong thic Hé-rong

S:\/p(p_a)(p_b)(p_c):\/(CH—b—I—C)(a—l—b—c)l(g—b+c)(_a+b+c)

. [P =plp—a)p—b)(p—c)
Khi doé 9
165" =(a+b+c)a+b—c)la—b+c)(—a+b+c).
Chon dap an @ 0
> Cau 4. Dien tich tam gidc c6 ba canh 1an luot 1a /3, v/2 va 1 bang
2
A Y2 B. V3. c. Y8 p. X3
2 2 2
® Loi gidi.
. a+btc V3+V2+1
e Tacop= = .
2 2
A e V2
e Theo cong thiic Hé-rong S = \/p(p —V3p-V2)(p—1) = 5
Chon dap an @ 0

$>Cau 5. Cho tam giac ABC vuong can tai A c6 AB = AC = 30cm. Hai duong trung tuyén
BF va CE cat nhau tai G. Dién tich tam giac GFC bang
A. 50+/2cm?. B. 75cm?. C. 15v/105cm?. D. 50cm?.

® Loi gidi.
: - 2 2 2 5AB?
e Theo Pitago, ta c6 BF? = AB?> + AF? = — = BF = 15v/5 = BE.
e Tam gidac GFC cb:

GF+GC+FC 154155

1 2
GF = SBF =5V5,GC = 2BE = 1075, FC = 15,p =

2 2
Khi d6 Sagro = /pp — GF)(g— GO)(p — FC) = T5em?,
E
A ¥ C
Chon dap an OJ
$©Cau 6. Tam gidc c6 ba canh lan lugt 14 5,12,13. Do dai dudng cao ting v6i canh 16n nhat
bang
1
A. 12 B, 12 c. 2 p. ¥
30 13 13
® Loi gidi.
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Chuong 2. Tich vo hudng clia hai véc-to Luén nd luc dé dat duoc thanh qué

y J J J
1
Ta c6 S =+/plp—a)(p—>b)(p—c)=30= §h~13:>h:$—g.
Chon dap an @ O
$>Cau 7. Tam giac c6 ba canh 13 9,10, 11. Dudng cao 16n nhat clia tam gidc bang
2
A O B. 3v2. C. VA, D. 4Vi.
® Loi gidi.
1 60v/2
Taco S=+/p(p—a)(p—0b)(p—rc)=30v2= §hma’x 9 = hypax = T\/_
Chon dap an @ O
¢S Cau 8. Cho tam giac v6i ba canh a = 13,b = 14, ¢ = 15. Duong cao h. bang
3 1 1
A. 5-. B. 12. C. 10-. D. 11-.
55 05 )
o Loi gidi.
) 1 1
Taco S=+/pp—a)p—0b)(p—c)=84= éhc 15 = h, = 113.
Chon dap an @ O

$>Cau 9. Tam giac ABC c6 tong hai goc B va C bang 135° v do dai canh BC bing a. Ban
kinh duong tron ngoai tiép tam gidc bang

2
A. aV3. B. a\2/§. C. aV2. D. a\z/—.
=
® Loi gidii.
av/2
Ta co sinA sin45°_2R:>R_ 2
Chon dap an @ O
$>Cau 10. Cho tam gidc ABC biét A = 60°,b = 10 va ¢ = 20. Dien tich tam gidgc ABC bing
A. 50/5. B. 50. C. 50v2. D. 50v3.
® Loi gidi.

S:%-b-csinA:50\/§.

Chon dap an @ O
$>Cau 11. Cho tam giac ABC biét BC = 5v/5, AC = 5v2 va AB = 5. S6 do ciia goc ER’
bang

A. 135°. B. 45°. C. 30°. D. 120°.
=
® Loi gidi.
AC? + AB? — BC? V2 ——
BAC = =—— = BAC = 135°.
Cos C SAC AL 5 = C 35
Chon dap an @ O

o
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2. Hé thic luong trong tam gidc Luon nd luc dé dat duoc thanh quéd

yV J J J
$>Cau 12. Cho tam gidc ABC ¢6 AB = 4 cm, BC = 7 cm va CA = 9 em. Gia tri cos A bang
2 1 2 1
A ——. B. - C. -. D. -.
3 2 3 3
o Loi gidi.
s AC* + AB® - BC* 2
COTTThacAB T 3w

Chon dap an @

$>Cau 13. Tam giac ABC c6 AC = 3v/3, AB = 3 va BC = 6. S6 do géc ABC bing

g

A. 60°. B. 45°. C. 30°. D. 120°.
® Loi gidi.
AB?+ BC? — AC?* 1 — .
cos ABC = 5AL . BC =3 ABC = 60°.

Chon dap an @

$> Cdu 14. Tam gidgc ABC c6 géc B ti, AB = 3, AC = 4 va c6 dién tich bing 3v/3. Géc A ¢6 sd

| i

do bang
A. 30°. B. 60°. C. 45°. D. 120°.
® Loi gidi.
1 3
TaC()S:E-AB-AC’sinA:i’)\/g:sinA:%.
Nen A = 60°.
Chon dap an O
¢S Cau 15. Tam giac ABC ¢6 AB =12, AC = 13, BAC = 30°. Dién tich tam giac ABC biang
A. 39V3. B. 78V3. C. 39. D. 78.
® Loi gidi.

1
TacéS:E-AB-AC’-sinA:39.
Chon dap én@

l
¢S Cau 16. Tam giac ABC ¢6 BAC = 105°, ABC = 45° va AC = 10. Do dai canh AB bing
A. 56. B. 52ﬁ. C. 5V2. D. 10v2.
@ Loi gidi. .
Taco sinABBC’A - sinf}féc = AB = % - 5\/5'

Chon dap an @

$>Cdu 17. Cho tam giac ABC ¢6 a =2,b= /6 vd ¢ = v/3 + 1. Géc B gan bing

e
L.

A. 115°. B. 75°. C. 60°. D. 53°32".
® Loi gidi.
cosB:M:1$B:6O°.
2ac 2
Chon dap an @ O

e
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Chuong 2. Tich vo hudng clia hai véc-to Luén nd luc dé dat duoc thanh qué

y J/ J J

$> Cau 18. Cho tam giac DEF ¢6 DE = DF =10 cm va EF = 12 cm. Goi I la trung diém ciia
canh F'F. Doan thing DI c¢6 do dai bang

A. 8 cm. B. 4 cm. C. 6,5 cm. D. 7 cm.
® Loi gidi.
DE? + DF? EF?
DI = \/ i — =8.
2 4
Chon dap an @ O

$> Cau 19. Tam giac ABC c6 AB =9, BC =10 va CA = 11. Goi M la trung diém BC va N la
trung diém AM. Do dai BN bang

A. 5. B. V34 C. 6. D. 4Vv2.
® Loi gidi.
2 2 2
v = JAEAE BT s
AB? + AM? — BM?*  11V/19

Ta c6 cos BAM =

2AB - AM BT
Nen BN? = AB% + AN? — 2. AB- AN - cos BAM = 34 = BN = /34
Chon dap an O
¢S Cau 20. Tam giac ABC ¢6 AB =5, BC =8 va CA = 6. Goi G la trong tam tam giac. Do dai
doan thing AG bang
A 12 B. Y2 c. 12 p. Y
2 2 3 3
S ———
® Loi giai.
G — 2\/AB2+A02 _ BC* V58
-3 2 4 37
Chon dap an @ OJ
¢S Cau 21. Tam gidc ABC ¢6 goc A nhon, AB = 5, AC' = 8 va dién tich bang 12. Do dai canh
BC bing
A. 2V/3. B. 4. C. 5. D. 3v2.
® Loi gidi.
nA— 253 A=1 s d="
Y Ve R 75

BC =+AB?2+ AC?—-2-AC - AC -cos A = 5.

Chon dap an @ 0

¢S Cau 22. Tam gidc ABC ¢6 BC = a,CA = b, AB = ¢ va dién tich S. Néu tang canh BC' len
2 lan dong thaoi tang canh AC lén 3 lan va gitt nguyén do 16n ctia géc C thi khi d6 dién tich cta
tam gidc mdi duge tao nén bang

A. 45. B. 6S. C. 2S. D. 3S.
~ . )
® Loi giai.
S’:%-Za-3b-sinC:6S.
Chon dap an O

o
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2. Hé thic luong trong tam gidc Luon nd luc dé dat duoc thanh quéd

y J J J
¢ Cau 23. Cho tam gidc ABC ¢6 BC = 6,CA =4 v AB = 5. Ménh dé nao sau day sai?
A. cos (AB,AC) = g.l B. cos (BA,AC) = ;g
C. cos (BA, C’A) =-3 D. cos (BA, BC’) =
R ——— ——————8)
® Loi gidi.
— — R AB?*+ AC?* - BC? 1
cos (BA,C’A) = cos (AB,AC) = 5 AL AC =3
Chon dap an @ O

¢S Cau 24. Tam giac ABC c6 AB = 10, AC = 24 va dieén tich tam giac ABC biang 120. Do dai
duong trung tuyén AM bang

A. 13. B. 73. C. 26. D. 11v2.
® Loi gidi.
T: "'A—i—liT iac ABC vuong tai A
a cO: sin A = 15 AC — am gidc vuong tai A.
JAR2 2
Nen AM — 320 _vAB 2+ ACT s,
Chon dap an @ OJ
$> Cau 25. Tam giac ABC ¢6 a = 8,b= 7T va ¢ = 5. Dién tich clia tam gidc da cho bang
A. 10V/3. B. 12V/3. C. 5V3. D. 8V3.
® Loi gidi.
S=plp—a)(p—1)(p—c)=10V3.
Chon dap an @ O

¢S Cau 26. Tam giac ABC ¢6 AB =9 cm, AC = 12 cm va BC = 15 cm. Khi d6 duong trung
tuyén AM clia tam giac c6 do dai bang

A. 9 cm. B. 7,5 cm. C. 8 cm. D. 10 cm.
o Loi gidi.
2 2 2
AM:\/AB ;LAO _Bf zg
Chon dap an O
<>? Cadu 27. Tam giac ABC c6 AB =5, AC = 9 va duong trung tuyén AM = 6. Do dai canh BC
balf. 22. B. V17. C. V129. D. 2V17.
o Loi gidi.
AM? = ABQ;ACP - BSQ = BC? = 68 = BC = 217,
Chon dap an @ O

$>Cau 28. Tam giac ABC c¢6 AB = 4, AC = 6 va trung tuyén BM = 3. Do dai canh BC
bang

A. V1T
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Chuong 2. Tich vo hudng clia hai véc-to Luén nd luc dé dat duoc thanh qué

y J/ J J
® Loi gidi.
2 2 2
BM?:BA;fm'—Af:;&ﬂ:2m$30=%£.

Chon dap an O]
$>Cau 29. Tam gidc ABC ¢6 AB = 4, AC = 10 va duong trung tuyén AM = 6. Do dai canh
BC bing

A. 5. B. v22. C. 2v22. D. 2V6.
® Loi gidi.
2 2 2
MW:ABgmj—%jéBW:%éBC:M@.

Chon dap an @ OJ
&> Céu 30. Tam gidc ABC c6 céc goc ABC = 30°, ACB = 45° va AB = 3. Do dai canh AC
bang

A 2 B. V6. c. 28 p. 26,
2 3 2
T —— ——)
® Loi gidi.
. AC AB 3v/2
T 6 STABE ~smacs - YT o
Chon dap an @ 0
¢S Cau 31. Ban kinh dudng tron noi tiép tam gidc ABC' c6 ba canh 1a 13, 14, 15 bang
A. V2. B. 3. C. 2. D. 4.
o Loi gidi.
A
I
B C

Chu vi AABC la

13414415
-

P 21.

Dién tich tam giac la

S =1/21-(21 —13)- (21 — 14) - (21 — 15) = 84.

Ban kinh duong tron noi tiép 1a

S 84

P 21

Chon dap an @ O
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2. Hé thic luong trong tam gidc Luon nd luc dé dat duoc thanh quéd

522/528 '

$>Cau 32. Tam giac ABC ¢6 AB =1, AC = 3, BAC = 60°. Bén kinh duong tron ngoai tiép
tam giac ABC bang
21
A D . Y1, c. V7 D. V3.

T S——

® Loi gidi.

A

B ’ C

TacéBC:\/AB2+AC2—2AB-AC-COS§R':\/7.
BC 33 V21
2¢in A 2sin60° 3

Ban kinh R ctia dudng tron ngoai tiép tam gidc ABC 1a R =

Chon dap an U
$> Cau 33. Ban kinh dudng tron noi tiép tam gidc ABC c6 ba canh 1a 5, 12, 13 bang
A. V3. B. V2. C. 2. D. 2v2.
@ Loi gidi.
A
I
B C

Chu vi AABC la

5412413
=T

P 15.

Dién tich tam giac la

S =4/15-(15—5) - (15— 12) - (15 — 13) = 30.

Ban kinh duong tron noi tiép 1a

S 30
"TPT 15

Chon dap an @ O

‘ ¢> Cau 34. Tam giac ABC c6 BAC = 75°, ABC = 45° va AC' = 2. Do dai canh AB bling ‘

T— S—

y 4/ J J
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Chuong 2. Tich v6 hudng cuia hai véc-to

Luén nd luc dé dat duoc thanh qué

V' J J J
A. ﬁ B. ﬁ C. @ D. V6.
2 3 2
® Loi gidi.
" Taﬁ%é = 180° - 7505 45° = 60°. o 60
S N B _ sin B sinC ) sin _
Theo dinh Ii sin ta co: e - suB = 10 = suB = AB = AC n B T V6.
Chon dap an @ OJ

$> Cau 35. Cho tam gidc ABC c¢6 AB = 8 cm, AC = 18 cm va c6 dién tich 14 64 cm?. Gia tri
sin A bang
A S B. 2. c. 2 p. V3
9 8 5 2
T —— e —
® Loi gidi.
) 1 . . 25 2-64 8
TacoS—éAB-AC-81nA:>smA—AB'AC—8'18—§.
Chon dap an @ O
. . L — . . . AB
¢ Cau 36. Tam giac ABC ¢6 BAC = 75°, ABC = 45° va AC' = 2. Ti s6 10 bang
6 V6 V6
A - B. —. . . D. —
5 3 C. v6 2
® Loi gidi.
Ta c6 C = 180° — (75° + 45°) = 60°.
L . AB  AC _ AB sinC  sin60° V6
Theo dinh If sin, ta c6: sinC  sin B = AC ~ sinB  sinds° 2
Chon dap an @ O

$>Cau 37. Cho tam giac ABC noi tiép duong tron ban kinh R, AB
BAC biét BAC 1a goc ti.

= R, AC' = RV/2. Tinh géc

A. 120°. B. 150°. C. 135°. D. 105° .
® Li gidi.
 AB BC  CA
Taco sinC sinA sinB 2k
R BC 2R _op
sinC sinA sinB
_ 1
sinC = 3
= o) o
2 B = 450
sin B = £ =< .
2 C = 30°
Do d6 A =180° — (B — C) = 180° — (45° + 30°) = 105°.

Chon dap an @

A. 4V2. B. /33. C. V17.

> Céau 38. Tam giac ABC ¢6 AB =3, AC =4 va tan A = 2v/2. D6 dai canh BC' bing

D. 3V2.
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2. Hé thic luong trong tam gidc Luon nd luc dé dat duoc thanh quéd

y J/ J J

® Loi gidi.

B

A

B C
Vé duong cao BE ctia AABC suy ra E nam gitta A va C, ta co:
AE? + BE* = AB*=9 (1).

Ta lai c¢6 tanAz%;»BE:AE.tanAzwi-AE (2).
Thay (2) vao (1), ta duge AE? +8AFE? =9 = AE =1 = BE = 2V/2.
Do d6 CE = AC — AE=4—1=3.

Vi BC? = BE* + CE?*=8+9=17= BC = V1T.

Chon dap an @ O
$> Cdu 39. Tam gidc ABC ¢6 AB =3, AC = 4 va tan A = —2/2. Do dai canh BC béng
A. 4V3. B. V17. C. 7 D. 3v2.
® Loi gidi.
B
A E C

Vé duong cao BE ctia AABC suy ra E nam gitta A va C, ta c6:
AE? + BE? = AB*=9 (1).

BE
Ta lai ¢ tan A = —— = BE = AE - tan A = —2V2-AE (2).

Thay (2) vao (1), ta duge AE? +8AE? =9 = AE = 1= BE = —2V/2.
Do d6 CE=AC —AE =4—-1=3.
Vi BC? = BE* + CE?=8+9=17= BC = V1T.

Chon dap an O

N 1 <
$> Cau 40. Tam gidc ABC ¢6 AB =17, AC =5vacos(B+C) = —F Do dai canh BC bang
A. 222 B. 4v/22. C. 4V/15. D. 2V15 .
® Loi gidi.
1
Ta c6 cos(B + C) = cos(180° — A) = —cos A = cos A = 5

1
TacéBC?:AB2+AC2—2AB-AC-COSA:72+52—2-7-5-560:>BC=2\/E.

Chon dap an @ O
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Chuong 2. Tich vo hudng clia hai véc-to Luén nd luc dé dat duoc thanh qué

y 4/ J J

. Do dai canh BC

—_
B~ w

> CAau 41. Tam gidc ABC ¢6 AB = 4, AC = 6, cosB = S va cosC =

béang
A. 5. B. 3v3. C. 2. D. 7.

D Loi gidi.
AB? + BC? — AC?
2-AB- AC
&BC? —BC —20=0

BC = —4 (loai)

BC = 5 (nhan).
AC?+ BC? — AB*  6°+5° -4 3 (tho& man)
2.-AC - BC - 2:6:5 4 |

Vay BC = 5.

Tacé6 cosB =

Ta thay cos C' =

Chon dap an @ O]

¢ Cau 42. Tam giac ABC ¢6 BC = /5, AC = 3 va cot C = —2. Do dai canh AB bing
A. 2y/10. B. V2. C. VAL D. ©.

o Li gidi.

Ta c6

cotC' = —2
scot?’C =4
cos’C
sin?C
cos? C
{:)1—(30520 B
ecos?C =4—4cos’C

4
scos’C ==
COS 5

4

VicotC'= -2 < 0= cosC; sinC trai dau, ma 0° < C' < 180° = C' thudc goc phan tu thit II

= cosC' <0
nén cosC = ———.

Vs 2
TacéA32:AC2—|—302—2-AC-BC-COSC=5+9—2-\/5-3-%226=>AC=\/2_6.
Chon dap an O

- in A in B i
¢ Cau 43. Tam gide ABC ¢6 BC = 10 va SH; = SH; = SH;C. Chu vi cta tam giac do
bang
A. 36. B. 24. C. 22. D. 12.
® Loi gidi.
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. Hé thic luong trong tam gidc

Luon nd luc dé dat duoc thanh qua

y J J J
( 5
sinAzg
sinA  sinB  sinC 5 4 3 . 4
Taco 5 4 3 haysinA_sinB_sinC’_t: SmB_; (+)
sinC’:%
\
AB A B .
Ta lai c6 — = ,C = _O va két hop véi (*), ta duge:
sinC  sinB  sin ABC
BC-t _AC-t _AB-t_ JAC="5"
N o B
5 4 3 AB — 350.
V6i BC =10 thi AC =8 va AB = 6.
Vay chu vi cia AABC' 1a 24.
Chon dap ém OJ

> CAu 44. Tam giac ABC c6 BC =12, CA = 9 va AB = 6. Trén canh BC lay diém M sao cho

BM = 4. Do dai doan thing AM bing

A. V109. B. 3v2. C. v20. D. 2v/5.
® Loi gidi.
s e ABHBCI—ACY ¢ 4122 -9 11
ACOCOSE =TT B0 A 2-6-12 16

11
TalaicéAM2:AB2—|—BM2—2-AB-BM-COSB:62—|—42—2-6-4-1—6:19:>AM:\/19.

Chon dap an @

4

BC sao cho 5BM = 2BC. Do dai doan thang AM bang

$> Cdau 45. Cho tam giac can ABC c6 BAC = 120° va AB = AC = a. Lay diém M trén canh

A Y3 — C. a7 p. W6
3 5) 5 4
® Loi gidi.
A
120°
B M C
VibBM =2BC = BM = ;BC’.
Trong AABC, c6
BC? = AB? + AC? —2-AB - AC - cos A = a® + a® — 2a% cos 120° = 3a = BC = 3./a.
Do dé BM = %BC - 252/5.
—180° — 120°
Vi AABC can tai A nen B — M — 30°.
Trong AAMB ¢6
12 2 4 2 2
AM? — AB2+ BM?—2-AB-BMcos B = a® + — _ 2 V3 _ T4 = YT
25 5 25 5%
Chon dap ém@ O

e
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Luén nd luc dé dat duoc thanh qué

Chuong 2. Tich vo6 huéng cla hai véc-to
y J J J
$> Cau 46. Trong tam gidac ABC néu c6 2h, = hy + h, thi
A 2 _ 1 1 g 2 _ 1 1
"sind  sinB  sinC’ " sinA  sinB @ sinC’
C. 2sinA =sin B +sinC. D. sinA4 =2sinB + 2sinC.
@ Loi gidi.
1 1 b-c-sinA
TaC(’)S:ia-ha:§b~c~sinA:>ha:C—Sm.
a
.. 2b-c-sinA a-c-sinB a-b-sinC
Ta lai co =
a b c
2sin A _ sinB n sinC'" 2sin A _ sinB n sin C'
a2 b 2 4Rsin? A 4Rsin? B 4Rsin’C
L2 1
sinA  sinB  sinC’

Chon dap an O
¢S Cau 47. Cho tam giac ABC, biét rang AB = 6 va 2sin A = 3sin B = 4sin C. Chu vi tam gidc
bang

A. 10V/6. B. 26. C. 13. D. 5v/26.
® Loi gidi.
sin A
BC = - AB BC=2-6=12
AB B A :
Ta c6 —— = .O: ,C = sin = 4 = AB + BC + AC = 26.
sinC sinA sinB sin B AC == .6=28
AC = — -AB 3
sin C'
Chon dap an O

$> Cau 48. Cho tam giac ABC vuong tai A, AC = bva AB = c. Lay diém M trén canh BC sao
—— . MB |
cho goc BAM = 30°. Ti so UC bang

A V3 B. 2=¢ c. W3 p. V3¢
b b+c 3c 3b
=
D Loi gidi.
A
309
B\M ¢
I
X
Ké By /| AC va cat AM tai [ = BI 1 AB tai B = AABI vuong tai B.
Trong AABI vuong tai B, ¢6 BI = AB - tan30° = %
Vi BI J| AC nén AMBI -~ AMCA.
oy o ME_ B _ G5 _ Ve
MC  AC b 3b
O

Chon dap an @
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2. Hé thic luong trong tam gidc Luon nd luc dé dat duoc thanh quéd

y 4/ J J

> Cau 49. Hinh binh hanh c6 hai canh 1a 9 va 5, mot duong chéo bang 11. Tim do dai duong
chéo con lai.

A. V91. B. 2/13. C.o. D. 9v3.

® Loi gidi.

D C

A B

——  AD?*4+ DC?— AC? 924+5%2—-11° 1
T 5 AD - fy = ——.
a6 cos ADC 94D - DC 2.9-5 6

Ta lai c6 cos DCB = cos(180° — ﬁ) — —cos ADC = %
Dod6D32:DC2+BC2—20D~Bccoszﬁ=92+52—2~9-5-%:91;»DB:\/9_1.
Chondépém@ U

$> Cau 50. Trong tam gidc ABC néu c6 a? =b - c thi
'higzhlb_hic' B. h2=hy-h.. C'hig:hibJrhic' D'hig:h%Jrh%'
® Loi gidi.
TacéS:%ha-a:%hb-b:%hc-céa:%;b:%;c:%.
Talaicéb-c:a2=>%-%:4}‘§:>hb-hczh2.
Chondépén O
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