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CHi DAN LICH SU - CHUONG IV. VECTO

CHUONG

vV KHI CAC MUI TEN BIET CONG

vO'Il NHAU

N\, CAU CHUYEN MO PAU

Ngay 16 thang 10 nam 1843, nha toan hoc Ireland William Rowan Hamilton di dao cung vo
doc kénh dao & Dublin. Pa nhiéu nim 6ng tim cach "nhan" cac bd ba sé dé mé ta phép quay
trong khong gian ma chua thanh cong. Pén cau Broom, 1i giai bat chot loé 1én. Qué phin
khich, ong ldy dao khic ngay cong thirc 1én da thanh ciu: i? = j2 = k? = ijk = —1.

Tir nhitng con s6 ki la ay (quaternion), Hamilton dit ra hai tir ma em dung & Chuong IV:
"vecto" (vector — tir tiéng Latin "vehere", mang, chd) va "vé hwéng" (scalar).

I NHONG NGUOI DAT NEN MONG

(r— N | Ki su Stevin chimg minh quy tic cong lyc bang mot thi nghiém tuong
| tuong tuyét dep (nam 1586): vat mot chudi hat déu nhau lén lang tru
tam giac. Néu chudi tu truot thi né s& quay mii — mot ¢d may chuyén
dong vinh ctru, didu khong thé c6. Vay chudi ding yén, va tir d6 suy ra
lyc trén mit phang nghiéng.

Simon Stevin | Ong khic hinh chudi hat 1én trang bia sach v6i ciu chim ngon: "Diéu ki
Simon Stevin i 2 2 . ) \ N A A 7
1548 - 1620 ! diéu chang phai la diéu ki diéu". Stevin cling 1a ngudi pho bién cach
slonginicg | viet s0 thap phén o chau Au.
e — = | Than dong Hamilton biét hon chuc ngdn ngir tr nhd, 21 tudi da 1a gido
' su thién van. Quaternion cua 6ng la "to tién" cia phép toan vecto trong

khong gian.

Cudi thé ki XIX, Josiah Willard Gibbs (Mi) va Oliver Heaviside
(Anh) tich phan "vecto" ra khoi quaternion, xdy dung giai tich vecto

W. R. Hamilton | gon gang nhu ngay nay: tong, hiéu, tich vO6 hudng
Sir William Rowan Hamilton 1 = — -
1805 - 1865 a-b= I&I . |b|COS(a, b)
Ireland i
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B CONG TRINH QUA HiNH ANH

Chudi khéng tw quay = luc cdn bdng

Chuéi hat ciia Stevin (1586): canh dai gdp d6i cé s6 hat gap d6i, nhung chudi van cén bang.

( )

Here as he walked by
on the 16th of October 1843
Sir William Rowan Hamilton

i2=j2=k?=ijk=-1

(m6 phoéng nodi dung tdm bia trén cau Broom, Dublin)

_ _J

Néi dung tam bia ki niém trén cau Broom (Dublin). Hang nam, ngdy 16/10 van c¢é "Cuée di bé Hamilton" theo
dung I trinh ciia ong.

DONG THO' GIAN

Thoi diém Sw Kién
1586 Stevin: quy tic hinh binh hanh cho lyc (dang chudi hat).
1687 Newton ding quy tic hinh binh hanh dé tong hop chuyén dong trong
Principia.
1843 Hamilton kham ph4 quaternion trén cdu Broom.
1844 Hermann Grassmann xay dung "1i thuyét mé rong" — khong gian nhiéu
chiéu.
1881 _ 1884 Gibbs soan tai liéu Cdc yéu t6 ciia gidi tich vecto; Heaviside dung vecto
viét lai cac phuong trinh dién tir.
Ngay nay Vecto 1a ngon ngit ciia vat li, dd hoa may tinh, tri tué nhén tao.

B} T0AN HOC QUANH TA

& CHUONG NAY PANG "LAM VIEC" O PAU?

> Vit li: luc, van tdc, gia toc déu 1a vecto; tong hop luc bang quy tic hinh binh hanh.

> Hang khong, hang haii: van toc thuc ciia may bay = van toc riéng + van tdc gio (cong hai
vecto).

> Tro choi dién tir va dd hoa 3D: mdi chuyén dong, va cham, anh sang déu duoc tinh bang
vecto va tich vo hudng.

> Tri tué nhan tao: mdi tir, mdi birc anh dwoc biéu dién thanh mot vecto nhidu chiéu; "goc"
gitta hai vecto do 6 giong nhau.
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% EM CO BIET?

» Tich v6 huéng gitip may tinh quyét dinh mot mat ciia vat thé 3D c¢6 quay vé phia camera hay
khong: chi can xét dau cua 7 - .

» Hamilton viét thu cho con trai ké lai khoanh khic ay: 6ng cam thdy "mot mach dién nhu vira
khép kin, va mot tia lira 1oé 1én".

E CAU HOI SUY NGAM

Céu 1. Mot may bay bay vé hudng bac véi van téc 800 km/h, gi6 thdi vé hudng dong 60 km/h. Van
tdc thuc cliia may bay ¢ do 1on bao nhiéu?
Goi y: Hai vecto vuéng géc: V8002 + 602 ~ 802,2 km/h, léch vé phia déng mét géc a voi
60 .
tana = —, nic a = 4, 3°.
800
CAu 2. Trong hinh chudi hat cua Stevin, canh dai gép d6i canh ngén. Vi sao luc kéo cua 8 hat trén
mat dbc thoai lai b:?mg luc kéo cta 4 hat trén mat doc ding?
Goi y: Thanh phan trong luc doc mdt nghiéng ti 1é véi sin géc nghiéng; véi cing chiéu cao, sin géc

nghiéng ti 1¢ nghich véi g dai canh, nén sé hat x sin géc ¢ hai bén bang nhau.
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BAI CHUONG IV. VECTO’

7  CAC KHAI NIEM MG PAU

© MUC TIEU BAIHOC
» Nhan biét khai niém vecto, do dai cua vecto, gia cua vecto, vecto-khong.
> Nhan biét hai vecto ciing phuong, ciing hudng, nguoc hudng, hai vecto bang nhau.

» Biéu thi duoc mot s6 dai luong trong thuc tién nhu luc, van tdc béng vecto.

+ CAU CHUYEN MO DAU - Ban tin bao va “miii tén” trén ban dé

Ban tin thoi tiét lac 7 gio sang: “Tdm bdo dang & trén ving bién phia dong, di chuyén theo
hieomg tdy tdy béic, méi gio di dwoc khodang 15 km.” Trén man hinh, cac chuyén gia vé mot miii
tén tir vi tri hién tai clia tm bao dén vi tri du bdo sau 24 gio.

B

Vi tri du bao T
Tl Z 5 A—-

1?1/]1

Pbat lién

T

Tam bao hién tai

Chi n6i “bio di dwoc 15 km mdi gid” 1a chua dit — ngudi dan ven bién can biét bao di vé dau.
Nhiét d6 30°C chi can mdt con sd; con van tdc cua bio, luc déy cua gio, do dich chuyén cua con
tau... can ca do 16m 1n huéng. Toan hoc goi nhitng “miii tén” nhu vay 13 vecto.

Khai niém vecto dugc hoan thién vao cudi thé ki XIX nho céc nha khoa hoc J. W. Gibbs (M¥)
va O. Heaviside (Anh) khi nghién cru dién tir hoc. Ngay nay, vecto ¢ mit & khip noi: tir d6
hoa may tinh, tro choi dién ti dén dinh vi GPS va tri tué nhan tao.

n TOM TAT LY THUYET

= 1. Khai niém vecto

» Vecto la mot doan thang c6 hudng, nghia 1a trong hai diém mut cia doan thang da chi rd
dieém dau, diém cuoi.
g moR A o R Ao 7 LOA TIR T8 5 f1cA 1y 2 T o
» Vecto c6 diém dau A, diém cuoi B ki hiéu 1a AB; vecto con dugce ki hiéula a, b, x, ...
o A A A O =4 N g . ,
» D¢ dai cia vecto 1a khoang cach giira diém dau va diém cuoi: |AB| = AB; d6 dai cua a ki
hiéu 1a |d|.

» Puong thang di qua diém dau va diém cudi cua vecto goi la gia cua vecto.

% CHUY

— — .
» AB va BA 14 hai vecto khac nhau (du c6 cung do dai).

— —

> V6i hai diém phan biét A, B ¢6 dung hai vecto khac 0 1a AB, BA. Véi n diém phan biét c6
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=4 2 2 o R Ke 1 . < A 7 < R A ) 7
n(n — 1) vecto khac 0 c¢6 diém dau, diém cuoi 1a hai trong n diém do (di€m dau cé n cach
chon, diém cudi ¢c6 n — 1 cach chon).

= 2. Hai vecto’ cling phwong, cung hwéng, bang nhau

> Hai vecto dugc goi 1a ciing phwong néu ching co gia song song hoic tring nhau.
» Néu hai vecto cling phwong thi chung hodc cling hwéng, hoic ngwee hwéng. (Chi khi hai
vecto cung phuong mdi noi téi cung hudng hay ngugc hudng.)

PR ‘A A , < A Fxe X r
» Hai vecto d, b bang nhau, ki hiéu d = b, néu chung cung d9 dai va cing hwéng.

i \5,5/

- -
Trong hinh: d va b cung huéng; d va ¢ ngugc hudng; d khong cung phuong voi @; d = .

& VECTO-KHONG

5 \ 5 z _— —
» Vecto c6 diem dau va diém cudi trung nhau (44, MM, ...) goi la vecto-khéng.
» Quy udc: vecto-khong co do dai bang 0 va cung hwéng (do d6 cung phuong) véi moi vecto.

3 N . - — —_— - =
Vi vay moi vecto-khong déu bang nhau, ki hi¢u chung 1a 0: AA = MM = 0, |O| =0.

. X 3. R 2 , ’ A R -
» V6i moi diém O va vecto d cho trude, c6 duy nhat diém A sao cho 04 = a.

* KET QUA QUAN TRONG

—

» Ba diém phan biét A, B, C thing hang < AB va AC cung phuong.

—

> Tit gidc ABCD 13 hinh binh hanh & 4B = DC & AD = BC (SGK, Bii 4.3).

9 o R 2 = _ TS
» M la trung diém ctia doan AB & AM = MB.
» C6 thé dung vecto biéu dién lwe, van tdc, gia tdc: hudng cia vecto chi hudng cia dai lugng,
do dai cua vecto ti 1€ vdi do 1on cua dai lugng.

IE) cAc panG TOAN

Dang 1. Xac dinh vecto — b6 dai vecto

& PHUONG PHAP GIAI

> Pém vecto. Hai diém phan biét A, B xac dinh dung hai vecto khac 0la 4B va B4 .Tun
diém phan biét 1ap dugc n(n — 1) vecto khac 0: diém d4u c6 n cach chon, diém cubi co
n — 1 cach chon.

> Pém gia. MGi duong thang chira it nhét hai trong cac diém da cho 1a gia cia it nhat hai
vecto. Khi ¢6 nhi€u diém cung nam trén mot duong thang, cac cap di€m do chi cho mét gia
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chung.

» Tinh d¢ dai. |ﬁ | = AB: tinh d6 dai doan thing AB bang dinh li Pythagore, tinh chit cua
hinh (dudng chéo, dudng trung tuyén, trong tim, dudng trung binh), hé thirc luong trong tam
giac vuong hodc dinh li cosin.

A . e T -2 T3 LTI, oo A 9 A o N ]
> Sai lam thuong gap: coi AB va BA 1a mét vecto (dém thiéu mot nira); quén rang G chia

X . A 2
trung tuyén theo ti s6 AG = EAM .

» Vi du 1. Cho bdn diém phén biét 4, B, C, D. C6 bao nhiéu vecto khac 0 c6 diém diu va diém
cudi 1a hai trong bbn diém d6?
Loi gidi
Diém dau c6 4 cach chon; v6i mdi diém dau, diém cudi (khac diém dau) c6 3 cach chon. Vay co
4 -3 =12 vecto, do la:

— — —
AB, AC, AD BA, BC,B

|

—_ D > = —

,CA,CB,CD, DA, DB, DC.
A

)

» Vi du 2. Cho hinh chit nhat ABCD c¢6 AB = 4, AD = 3; 0 1a giao diém cta hai dudng chéo.
Tinh [4C|, |DB|, |04| |BC|
D_ &
O,
AR B

Loi gidi
Tam gidc ABC vuong tai B, BC = AD = 3, nén AC = VAB? + BC2 =+/16 + 9 = 5. Hai duong
chéo ctia hinh chit nhat bang nhau nén DB = AC = 5.

5

0 1a trung diém ctia AC nén OA = % =3

viy [ = |55 = . o] = [ =

P Vidu 3. Cho tam giac déu ABC canh a, M 1a trung diém cta BC. Tinh |AM| va |MB|.
A

Loi gidi
M 1a trung diém cta BC nén MB = %

Trong tam gidc déu, trung tuyén AM ciing 1a duong cao, nén tam giac ABM vudng tai M:
AM = VABZ — BM? = \/ £_28

Vay |AM| =Tvé1|MB| =2
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» Vi du 4. (Van dung) Cho tam giac ABC ¢6 AB = 3, AC = 5, BAC = 120°. Goi M 1a trung diém
— —
AM| va |46,

—
cua BC, G la trong tdm cua tam giac. Tinh |BC |,

Léi gidi
Tinh BC. Theo dinh li cosin:
BC? = AB? + AC? — 2 - AB - AC - cos120° = 9+25—2-3-5-(—§) = 49, nén BC = 7.

ABZ+BC2-AC? _ 9+49— 11

Tinh AM. Trong tam giac ABC: cosB = :
2-AB-BC 2:37 14

Tam giac ABM c6 AB = 3, BM =%, nén
AM? = AB? + BM?> —2-AB-BM -cosB=9+2—-2.3.2.2=2_2-2

2 14 4 2 4"
Suy ra AM = ?.

|

Tinh AG. G 1a trong tdm nén G nam trén doan AM va AG = gAM ==
NiE
2

Vay |B_C’| =7, ~ 2,18,

A—>M|= A_G)|=?z 1,45.

Chii y: dimg nham AM v6i = = 3,5: dang thirc AM = == chi diing khi goc A vuéng. Géc A ti thi

AM < %; o0 day AM =~ 2,18, con ngén hon ca hai canh AB, AC.

~. Bai tap luyén tap

Bai 1. (Van dung) Cho bay diém phan biét, trong d6 c6 ding bdén diém nam trén duong thang d;
ngoai cac bd ba diém nam trén d, khong co ba diém nao thiang hang.

a) Co bao nhiéu vecto khac 0 ¢6 diém dau, diém cudi 1a hai trong bay diém d6?

b) C6 bao nhiéu vecto trong s6 d6 ¢o gia la duong thang d?

¢) Cac vecto d6 co tat ca bao nhiéu gia khac nhau?

Bai 2. Cho hinh vuéng ABCD canh 2a, tam O; M 1a trung diém cua AB. Tinh do dai cic vecto A_C),
—_— — —
OB,0OM, MD.
D s

APLUS HA NOI 0943.480.099 CHIENMATH.COM Trang 476



TOAN 10 - APLUS Tap 1 - Ban dé va 1o giai

Bai 3. Cho tam giac ABC vuodng tai A c6 AB = 6, AC = 8. Goi M la trung diém cua BC, G 1a trong
. - 1— |—
tam cta tam giac. Tinh |BC|, |AM|, |AG|.

Q

Bai 4. (Van dung) Cho hinh vuéng ABCD canh 4. Goi M 1a trung diém cua BC, N 1a diém trén

— =] |— . .

canh CD sao cho CN = 1. Tinh |AM|, |MN , |AN|, tir d6 chirng minh tam giac AMN vuong.
D N C
A B

Bai 5. (Van dung) Cho tam gidc ABC vudng tai A c6 AB = 15, AC = 20. Diém M thay ddi trén
canh BC. Tim gia tri nho nhét cua |,W’ |; khi d6 tinh |B_)M |

Dang 2. Hai vecto’ cung phwong, cung hwéng, ngwoc hwéng

& PHUONG PHAP GIAI

» Xac dinh gia cua hai vecto: hai gia song song hodéc trung nhau thi hai vecto cung phuong.

> Véi hai vecto cting phuong, so sanh chiéu di tir diém dau dén diém cudi dé két luan cing
hudng hay ngugc hudng.

> Ba diém phan biét 4, B, C thing hang < 14_B), AC cung phuwong. Mudn chirng minh thing
hang, ta chi ra hai vecto ¢6 chung mét diém va cing phuong.

» Chu y: chi xét cung hudng hay nguoc hudng khi hai vecto da cung phuong. Hai vecto
“khong cung hudng” chua chic ngugc hudng.

P Vi du 5. Cho hinh binh hanh ABCD tdm 0. Tim cac vecto khac 0 co6 diém dau, diém cubi thude
tap {4; B; C; D; 0} va:

M d

a) cung phuong voi AB;

e d
b) cung hudng véi AO.
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Loi gidi
a) Gi4 ctia vecto can tim song song hoic trung v6i AB. Trong nam diém di cho, chi c6 hai dudng
thing nhu vay chira it nhat hai diém: AB va CD (dudng thing qua O song song véi AB khong

chra diém nao khac).
— —

Céc vecto cin tim: AB, BA, CD, DC.
— g

b) Vecto ciing huéng véi AO phai nam trén duong thang AC va c6 chiéu tir phia A sang phia C.

, A . —_— ) — —
Cac vecto can tim: AO, OC, AC.

|

—

» Vi du 6. Cho ba diém phan biét A, B, C thang hang, B nam giita A va C. Hai vecto BA va BC
cung hudng hay nguoc hudng? Hai vecto AB va AC thi sa0?

Loi gidi

Bon vecto da cho déu c6 gia 1a duong thang AC nén chiing cung phuong.

B nam giita A va C nén, nhin tir B, hai diém 4 va C & vé hai phia: BA va BC nguoc huwéng.

Nhin tir 4, hai diém B va C ¢ cing mot phia: AB va AC cung hudng.

» Vi du 7. (Van dung) Cho hai vecto d, b khong cung phuong. Chimg minh ring néu vecto ¢
cing phuong véi ca d va b thi ¢ = 0.

Loi gidi

Vi vecto-khong cung phuong véi moi vecto nén d, b khong cung phuong kéo theo d # 0 va
b % 0.

Gia str & # 0; goi d 1a gia cua €. Vi d cung phuong véi & nén gié cia d song song hodc trung véi
d; tuong tu, gia cla b song song hodc trung voi d.

Hai dudng thang cung song song hodc trung v6i d thi song song hodc tring nhau. Do d6 gia ctia d
va gia cua b song song hodc trung nhau, tirc 13 a, b cung phuong — mau thuin véi gia thiét.

Vay é = 0.

Nhdn xét: két qua nay cho thay “cing phwong” c6 tinh bic ciu qua mét vecto khac 6; qua vecto-

khong thi khong (moi vecto déu cung phuong voi 6).

. Bai tap luyén tap

Bai 6. Quan sat hinh bén. Chi ra cac cdp vecto cung phuong; trong d6, cap nao cung hudng, cap
nao ngugc hudng?

P
lﬁ
}' /
Bai 7. Cho hinh binh hanh ABCD tam O; M, N lan luot 1a trung diém cua AB, CD. Tim céc vecto
khac 0 c6 diém diu, diém cudi thude tap {4; B; C; D; 0; M; N} vi ngwoe hwéng véi AM.
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Bai 8. Cho ba vecto @, b, ¢ déu khac 0. Cac khing dinh sau ding hay sai? Vi sao?

a) Néu d va b cing huéng véi ¢ thi @ va b cing huéng.

b) Néu @ nguoc huéng véi b va b nguoe huéng véi ¢ thi @ ciing hudng véi &,

¢) Néu b khong cing huéng véi @ thi b nguoc huéng véi .
Bai 9. (Van dung) Cho hinh thang ABCD c6 hai day AB, CD; M, N lan luot 1a trung diém cta AD,
BC.

. —_— — — .
a) Ching minh ba vecto AB, MN, DC d6i mét cung hudng.

b) Cho AB = 7,CD = 3. Tinh |I\W | Trong cac vecto ¢ diém dau, diém cudi thudc tap

{A; B; C; D; M; N}, c6 vecto nao khac IWV) ma bﬁng IWV) khong?
D @

A B
Bai 10. (Van dung cao) Cho tam giac ABC. Co6 ton tai diém M sao cho ba vecto MA, MB, MC doi
mot cung phuong khong?

Dang 3. Hai vecto bang nhau — Chirng minh déng thirc vecto

& PHUONG PHAP GIAI

» d = b < d, b cing huéng va cing do dai. Thidu mot trong hai didu kién thi hai vecto khong
bang nhau.

> Cong cu chinh: tir gidc ABCD 13 hinh binh hanh < AB = DC; M 13 trung diém ciia AB &
AM = MB ; dudng trung binh ciia tam giac (hinh thang) song song va bang nira canh day
(nira tong hai day).

» Dung diém M sao cho oM = a: qua O ké dudng thang song song (hoic tring) véi gia cua d,
ldy M trén d6 sao cho oM cung hudng v6i a va OM = |d].

> Nguoc lai, tir AB = DC (bén diém khong thing hang) suy ra ABCD 13 hinh binh hanh, rdi
dung tinh chét hai dwong chéo cit nhau tai trung diém ciia mdi dwong dé chimg minh
trung diém tring nhau, ba diém thing hang.

> Sai lam thwong gdp: viét sai thir ty dinh, ching han tir hinh binh hanh ABCD lai két luan
— = — —
AB = CD (thyc ra AB, CD ngugc hudng).

P Vi du 8. Cho hinh binh hanh ABCD tam O. Tim cac vecto khac AB ma bang ﬁ, va cac vecto
khac OA ma bing 04, c6 diém diu, didm cudi thuoc tap {4; B; C; D; O).
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Loi gidi

— > = — — —
AB, BA, CD, DC. Trong d6 BA, CD ngugc huéng
—_— —

L= —
v6i AB; con DC cung huéng va DC = AB. Vay AB = DC.

Theo Vi du 5, cac vecto cung phuong voi AB 1a

Céc vecto cung phuong véi 04 nim trén duong thang AC. Vi O 1a trung diém ciia AC nén o

cung hudng voi OA va CO = OA. Cac vecto con lai trén AC hodc ngugc hudng voi OA (A0, OC,
AC), hoac dai ghp doi (CA).

v == S
Vay vecto bang AB la DC; vecto bang OA 1a CO.

» Vi du 9. Cho tam giac ABC c6 M, N, P lan luot 1a trung diém cua BC, CA, AB. Ching minh
—> ] —
NP = CM = MB.

Loi gidi
a —_— —
M 1a trung di€m cua BC nén CM = MB.
NP la duong trung binh cua tam giac ABC nén NP || BC va NP = %BC =CM.

—

T gidc NPMC c6 NP || MC, NP = MC nén la hinh binh hanh; suy ra NP = CM.
—_— = —
Vay NP = CM = MB.

e

» Vidu 10. (Van dung) Cho bén diém A, B, C, D. Chimg minh rang néu AB = CD thi AC = BD.
Loi gidi

; — - .2 . —> _—> e —
NéuAB =0thi A = B, C = D vahién nhién AC = BD. Xét AB # 0.
Truong hop 1: bon diém khong cung nam trén mot dudng thang. Khi d6 gia AB, CD khong tring
nhau, nén AB || CD; hon nita AB = CD va AB, CD cung huéng, nén ABDC 1 hinh binh hanh.

D
Cﬁ
L’B
A

Trong hinh binh hanh ABDC, hai canh d6i AC, BD song song, bang nhau va AC , BD cung huoéng.
Vay AC = BD.

Truong hgp 2: bon diém cung nam trén mot duong thang. Chon trén dudng thang d6 mot truc so;
goia,b,c,dla toa d6 cia A, B, C, D. Khi d(’)fl_B):@nghTa lab—a=d-—c, suy ra
c—a=d-—b,ticla AC va BD cung hudéng, cung do dai.

. —_ = — =
Vay trong moi truong hop, AB = CD kéo theo AC = BD.

P Vi du 11. (Van dung cao) Cho tr giac ABCD c6 AD khong song song voi BC. Goi M, N, P, Q
lan luot 1a trung diém ctua AB, BC, CD, DA; I, ] lan luot 13 trung diém cuia hai duong chéo AC, BD.

T S
a) Chang minh MI = JP.

APLUS HA NOI 0943.480.099 CHIENMATH.COM Trang 480



TOAN 10 - APLUS Tap 1 - Ban dé va 1o giai

b) Chirng minh ba doan thang MP, NQ, IJ c¢6 chung trung diém.

N

A M = p
Loi gidi

a) MI la duong trung binh cta tam gidc ABC (M, I 1a trung diém cua AB, AC) nén MI || BC,
MI = BC va M] cing huéng véi BC.

JP 1a duong trung binh cua tam gidc DBC (J, P la trung diém cua DB, DC) nén JP || BC,
JP = 2BC va P cing huéng voi BC.

Do d6 1\71),]_]3) cung hudng, cung d6 dai: Mi = ]_P)

b) Tuong tu, IP la dudng trung binh cua tam gidc CAD nén I[P || AD. Vi MI || BC va AD khong
song song v4i BC, ba diém M, I, P khong thang hang. Két hop véi Mi = ]_P), ta giac MIPJ 1a hinh
binh hanh; hai duong chéo MP, I] cit nhau tai trung diém ctia mdi duong.

Mat khac, MN va QP cung la dudng trung binh ting vdi canh AC (trong cac tam giac ABC, ADC)

nén MN = ﬁ’) va MNPQ 1a hinh binh hanh; hai duong chéo MP, NQ ciing cit nhau tai trung
diém ctia mdi duong.

Vay trung diém cta MP ciing 1 trung diém cua IJ va ciia NQ: ba doan thang MP, NQ, I] ¢
chung trung diém.

Nhdn xét: § tuong then chét 1a “tim hai vecto bang nhau dé c6 hinh binh hanh, réi dung tinh chét

dudng chéo”. Piém chung d6 duoc goi la trong tAm cia tir giac ABCD.

. Bai tap luyén tap

Bai 11. Cho lyc giac déu ABCDEF tam 0. Tim céc vecto khac 54) ma béng ﬁ, va cac vecto khac

-3 y» =3 .2 A L2 Loan 1 4 ) . A
AB ma bang AB, c6 diém dau, diém cuoi 1a cac dinh cua luc giac hoac tam O.

Bai 12. Cho tir giac ABCD. Goi M, N, P, Q lan luot 1a trung diém cua AB, BC, CD, DA. Chiing
L =
minh MN = QP.

Bai 13. Cho hinh binh hanh ABCD. Dyng diém E sao cho BE = AC. Ching minh DC = CE, tir do
suy ra C 1a trung diém ctia DE.
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Bai 14. (Van dung) Cho tam giac ABC c6 trong tdm G; M 1a trung diém cua BC. Goi D 1a diém d6i
. . —_—> — — —>
xtng voi G qua M. Chitng minh BD = GC va AG = GD.

Bai 15. (Van dung) Cho hai hinh binh hanh ABCD va ABEF, trong d6 F khong thuoc duong thang
CD. Chimng minh DCEF 13 hinh binh hanh va DF = CE.

Dang 4. Vecto biéu dién Iwc, van téc — Bai toan thwe té

& PHUONG PHAP GIAI

> Chon ti 1& (chang han 1 6 img v6i 100 N, 1 cm tng véi 5 km/h), 10i v& vecto ¢6 hudng 1a
huéng cua dai luong, do dai ti 1¢ voi do 1on. Nguoc lai, do do dai vecto rdi nhan véi ti 16 dé
doc do 16n.

» Chuyén dong trén mot dudng thang c6 dong chay (song, biang chuyén, 16i di tw dong...): di
xudi thi van toc thuc cling hudng voi dong va bang tong hai van toc; di ngwee (van tdc riéng
16n hon) thi van toc thuc c6 hudng clia van tdc riéng va bang hi¢u hai vén toc.

» Hai vecto van toc bang nhau khi hai vat di cing hwéng va ciing toc dd — du & hai vi tri khac
nhau.

> Chii y: vat dimg yén hoic lo limg chiu hai luc can bang: cung phuong, nguoc hudng, cing
do 1on.

» Vi du 12. Hai cand 4, B ¢ van tdc riéng cung bang 15 km/h, chay trén mot khuc séng thang c6
van toc dong nudc 3 km/h; ca nd A xudi dong, ca nd B nguoc dong. Biéu dién vecto van toc dong
nude va cac vecto van toe thuc cua hai ca nd (1 6 ing v6i 3 km/h), roi nhan xét vé phuong, hudéng
va d¢ dai cia ching.

Loi gidgi

Goi ¥ 1a vecto vén toc dong nudc; 17,4), v_B) 1a vecto van tdc thuc cta hai ca nd.

Ca no A xudi dong: 15 + 3 = 18 (km/h), cung hudng véi dong nude. Ca né B nguoc dong:
15 — 3 = 12 (km/h), ngugc hudng véi dong nudce.

Theo ti 16 dd chon: ¥ dai 1 6, U, dai 18:3 = 6 6, vy dai 12:3 = 4 6.

—p v (dong nuoc, 3 km/h) 16 3km/h

® v, (18 km/h)
4—— V; (12 km/h)
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H
VA| = 6|7,

\ - / re 2 N r L2 IR ivad
Ba vecto cung phuong; v cung hudng véi v, con vg nguge hudng véi v va voi vy;

[vs| = 419l

P Vi du 13. Ba ban cung kéo mot chiée thung; cac lyc kéo dat tai diém O dugc biéu dién nhu hinh
bén (1 6 tmg v6i 100 N). Néu huéng, do 16n ctia mdi luc va chi ra cap luc cing phuong.

16« 100N
F3
. O |-
Ty 1 —_
F Fq

Loi gidi

17": dai 3 6, huong sang phai: d¢ 16n 3 - 100 = 300 (N).
1?; dai 2 6, hudng sang trai: d§ 1én 2 - 100 = 200 (N).
1?; dai 1,5 6, huéng 1én trén: d6 16n 1,5 - 100 = 150 (N).

IT":, 1?; cung nam trén dudng nim ngang qua O nén cing phuong, va nguoc hudng; 173) c6 gia thing
dtng nén khong cung phuong véi hai luc kia.

» Vi du 14. (Van dung) O san bay, mot 16i di tw dong dai 60 m chay v6i van toc khong doi. An
dung yén trén 16i di thi sau 60 gidy t6i dau bén kia; néu vira dung trén 16i di vira budc déu cing
chiéu chay thi An chi mat 24 giay. Binh budc trén 16i di nguoc chiéu chay véi cung toc do bude
chan nhu An.
a) Tinh van toc cua 16i di va téc d6 budc chan cia An (so véi 16i di).
b) Binh di hét 16i di trong bao 1au? Vecto van tdc thuc (so v6i mit dat) cia Binh co huéng thé
nao?
¢) Biéu dién vecto van tdc U cta 16i di, cac vecto van toc thuc 171) ctia An (khi budc cung chiéu)
va 172) cua Binh theo ti 1€ 1 6 ung v&i 0,5 m/s; nhan xét.

chiéu chay cta 16i di
_—

.
An Binh
[ E— Y A—— |

Loi gidi
a) Khi ding yén, An di cung 16i di: || = 60: 60 = 1 (m/s). Khi budc cung chiéu, van tdc thyc
cua An la 60: 24 = 2,5 (m/s), béng téng van tdc 16i di va tdc dd budce chan, nén tde d6 bude chan
la2,5—-1=1,5(m/s).

b) Binh budc ngugc chiéu véi tde dd 1,5 m/s, 16n hon 1 m/s, nén Binh van tién theo hudng bude
chan, nguoc hudng véi 16i di, v6i van tée thue 1,5 — 1 = 0,5 (m/s). Thoi gian di hét 16i di:
60:0,5 = 120 (giay).

¢) Theo ti 16 1 6 tung v6i 0,5 m/s: 4 dai 2 6, v, dai 5 6 (cung hudng véi i), v, dai 1 6 (nguoge
huéng véi u).

—pp 1 (16i di, 1 m/s) 16<0,5m/s

$ v, (An, 2,5 m/s)

<4—v, (Binh, 0,5 m/s)

Ba vecto cung phuong; |171)| = 5|172)| nén Binh mét thoi gian gép 5 1an An (120 = 5 - 24).
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. Bai tap luyén tap

Bai 16. Mot may bay bay vé huéng dong v6i van téc 800 km/h, mot may bay khac bay vé hudng
tdy v4i van tdc 600 km/h. V& cic vecto van toc ciia hai may bay (1 cm ung véi 200 km/h). Hai
vecto van toc d6 co quan hé gi?

Bai 17. Mot vat chim hoan toan va lo' lieng trong nudc. Trong luc Pva luc déy Archimedes F tac
dung 1én vat c6 quan hé gi vé phuong, hudng va d6 dai?

Bai 18. (Van dung) Trén mit phing toa d6 Oxy (mdi don vi trén cac truc ing voi 10 km), mot xe
xudt phat tir M (0; —1) chuyén dong thang déu; vecto van tdc cua xe (tinh theo gid) duoc biéu dién

boi ¥ = 04 voi A(1;2). Xe ¢6 di qua didm N(3; 8) khong? Néu c6 thi sau bao 1au?

Bai 19. (Van dung) Trén mot hai dd (mdi 6 vudng ¢ canh g véi 5 hai i, phia trén 1a hudng bic),
vecto van tdc cua nam con tau P, Q, R, S, T duoc biéu dién boi cac mili tén xuit phat tr vi tri cia
tau; do dai mdi miii tén Gng voi quing dudng tau di trong 1 gio.
a) Tau nao cé vecto van tdc béng vecto vén tdc cta tau P? Tau ndo cd vecto van tde nguoc
huoéng véi cta tau P?
b) Tinh tdc do (hai 1i/gid) ctia mdi tau. Tau nao chay nhanh nhat?
¢) Hai tau P va S ¢6 cung toc d6. Vecto van tdc cia chiing ¢6 bang nhau khong?

B
S

t
e,

==
 —c

16 5hdili

* BAI TOAN PIEM NHAN

Nhitng bai todn giau y twéng, gan véi thuce tién hodc doi héi tong hop nhiéu kién thire ciia bai.

Hay ti suy nghi truwée khi xem 1oi gidi ¢ phan Huwéng dan gidi.
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Diém nhin 1. Cap treo 1én dinh nii. Mot hé thong cap treo gdm hai duong cap thing, song song,
n6i ga A du6i chan nui v6i ga B trén dinh nai. M3i dwong cap dai 1 500 m, ga B cao hon ga A 1a
900 m. Cac cabin chay déu véi toc do 6 m/s: trén dudng cap thi nhat cac cabin di Ién, trén dudng
cap thir hai cac cabin di xudng; hai cabin lién tiép trén cung mot dudng cap cach nhau 120 m.

Ga B

Ga A

a) So sanh vecto van tdc ctia hai cabin bat ki trén cting mot duong cap; ciia hai cabin trén hai
dudng cap khac nhau. V& vecto van téc cia mot cabin di 1én va mot cabin di xudng theo ti 16
1 cm ung véi 2 m/s.
b) Mot cabin di tir ga A 1én ga B mit bao 1au? Mdi phut c6 bao nhiéu cabin rdi ga A?
¢) Liic 8 gio, cabin X roi ga A di 1én, cing lac cabin Y roi ga B di xudng. Sau bao nhiéu gidy hai
cabin ¢ cung d6 cao? P cao d6 hon ga A bao nhi€u mét?
d) Mbi gidy, cabin di 1én cao thém bao nhiéu mét theo phuong thang ding?
Goi y
Céc cabin trén mot dudng cap chay cung hudng, cung toc do. V6i cau ¢ va d, hdy dit quing
dudng s cabin da di doc theo cap va do cao h tuong tng, rdi dung hai tam gidc dong dang.

Piém nhin 2. Hinh binh hanh 4n quanh trye tim. Cho tam giic nhon ABC khong cén, ndi tiép
duong tron tdm O ban kinh R; H 1a tryc tdm, M 1a trung diém cua BC. Goi A’ 1a diém dbi xung voi
A qua O va N 1a trung diém cua AH.

A

a) Chirng minh BH = A'C; suy ra M 1a trung diém cua HA'.
b) Chirng minh oM cung hudng véi AH va AH = 20M.
¢) Ching minh AN = NH = OM. Tt d6 suy ra MN = R va trung diém ctua OH cling la trung
diém ciia MN.
Goi y
AA' 1a duong kinh, nén cac goc ABA', ACA’ 1a goc ndi tiép chin nira duong tron. So sanh A'C véi

BH, A'B vé6i CH (cuing vudng goc vi mot duong thang). O cau b, im mot dudng trung binh.
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LUYEN TAP THEO CAU TRUC BE THI

PHAN I. Cau trac nghiém nhiéu phwong an lwa chon (Moi cdu chi chon mét phirong én.)
Cau 1. Vecto c6 diém dau D, diém cudi E dugc ki hi¢u la
— — —
A.ED B.DE C.DE D. |DE|
Céu 2. Cho hai duong thang song song d va d’. Trén d iy hai diém phan biét A, B; trén d’ 13y ba
diém phéan bi¢t C, D, E. S6 vecto khac 0 c¢6 diém dau, diém cudi thuodc tap {4; B; C; D; E} va cung
phuong véi AB 1a

A. 8 B. 20 C.4 D. 6

Cau 3. Trén ludi 6 vudng & hinh bén, vecto nao nguge hu’é’ng voi a?

=
=2k

A7 B. m C.p D. g
Ciu 4. Cho hai vecto @, b khac 0 va c6 cing d¢ dai. Khing dinh nao sau day ding?
A. d, b cing phuong B. Néu @, b c6 chung diém ddu thi d = b
C.Néu d # b thi d, b nguge huéng D. Néu d, b cung huéng thi d = b
Céu 5. Khang dinh nao sau day sai?
A. |6| =0 B.0 cung phuong v6i moi vecto
C.0 cung hudng véi moi vecto D. A4 * BB véi hai diém phan biét A, B

Céu 6. Cho hinh binh hanh ABCD. Vecto nao sau day bang AB?
— — — —
A.CD B.DC C.BA D. AD
Céu 7. Cho M 1a trung diém cua doan thing AB. Khing dinh nao sau day dang?
—_— — s —_— — —_— —
A.MA = MB B. AM = BM C.AB = AM D.AM = MB
Céu 8. Cho tam giac déu ABC c6 canh bang 2. P9 dai cia vecto BC 1a
A.2 B.V3 C.4 D.1

Cau 9. Cho hinh vuéng ABCD canh a. B¢ dai cua vecto R la

A.a B. 2a C. ax/f D. aTZ
Céu 10. Ba diém phan biét 4, B, C thang hang khi va chi khi
— — — —
A.AB = AC B. AB va AC cung phuong
— — —_— —
C. |AB| = |AC| D. AB va BC nguoc huéng
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Céu 11. Cho luc gidc déu ABCDEF tim 0. Vecto nao sau day bang 0B?

— — —
A.EO B. BO C.oC

Tap 1 - Ban dé va 1o giai

_)
D.EB

Céu 12. Trén mot ban dd thoi tiét, van toc gié tai mot tram quan tric dugc biéu dién boi vecto dai
2,5 cm, hudng vé phia dong béc, theo ti 1& 1 cm ung véi 8 km/h. Gio tai tram do

A.
B.
C.
D.

thoi vé phia dong bac véi téc d6 3,2 km/h
thoi vé phia tdy nam véi toc do 20 km/h
thoi vé phia dong bic véi toc d6 20 km/h
thoi vé phia dong bac véi toc d6 10,5 km/h

I PHAN II. Cau trac nghiém dung sai (O mdi y a), b), ¢), d) chon Piing hodc Sai.)

Cau 1. Cho hinh binh hanh ABCD tam O, khong phai 1a hinh chit nhét.

Y
a)
b)
¢)

d)

Cau 2. Cho tam giac ABC ¢c6 M, N lan luot 1a trung diém cua AB, AC.
A

b)

¢)
d)

APLUS HA NOI 0943.480.099
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—

=]
=
<
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W
I
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=
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=
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NM va BC cung hudng.
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Cau 3. Cho hinh vuéng ABCD canh 6, tam O.

E.. ..h
A... y
Y Mg¢nh dé Diing Sai
_)
a) |AC| = 62. O O
H
b) |OA| = 3. O O
¢) 04=0C ] O
Co dung 6 vecto khac 6, ¢6 diém dau, diém cudi thude tap
d) ] [l

{4; B; C; D; 0}, cung phuong voi AC (ké ca A_C)).

A . = 7 . - . oas R , R =4 = . \
Cau 4. Hai luc Fy, F, cung dit tai di€ém O cia mdt vat, F1| = |F2| = 50 N; hai lyc cung phuong

nhung ngugc hudng.

Y Ménh dé Dung Sai
a) F, =F, O O
b) | Giacua Fl) va gia cua Fz) tring nhau. O O
¢) | Néu vé theo ti 1& 1 cm tmg v6i 10 N thi mdi vecto luc dai 5 cm. O O
d) 1?1) va I*TZ) 12 hai luc can bang. [ O

| PHAN IlI. Cau tréc nghiém tra 1&i ngén

Céu 1. T n diém phéan biét (n = 2) 1ap duoc ding 56 vecto khac 0 c6 diém ddu, diém cudi 1a hai
trong n diém d6. Tim n.
Dap $6: | | | | |

Céu 2. Cho tam giac ABC vudng tai A c6 AB = 8, AC = 15, M 14 trung diém cta BC. Tinh |ﬁw’ |
Dap $6: | | | | |

CAu 3. (Van dung cao) Cho hinh binh hanh ABCD tam 0. Xét tt ca cac vecto khac 0 ¢6 diém dau,
diém cudi thudc tap {A4; B; C; D; O}; hai vecto bﬁng nhau chi tinh 1a mot. C6 bao nhiéu vecto doi
mot khac nhau?
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Céu 4. Cho tam giac déu ABC canh 6, G 1a trong tim. Tinh |1ﬁ | (lam tron két qua dén hang phan
mudi).
Dip s6: | | | | |
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PE KIEM TRA SO 1

TOAN 10 - TRAM TOAN APLUS Cdu triic theo dinh dang dé thi tot nghiép THPT tir ndm 2025
BAI 7. KHAI NIEM VECTO

. o ! HO VA teN: (oo Lop: ..........
Thoi gian lam bai: 60 phut

Phan I: 0,25 diém/cdu - Phan II: ding 1y 0,1d: 2y 025d 3y0,5d: 4y 1
d - Phan III: 0,25 diém/cdu - Phan 1V: 0,75 diém/bdi.

PHAN I. Trac nghiém nhiéu phwong an lwa chon (72 cau - 3,0 diém)
Cau 1. Vecto 1a

A. mot doan thang B. mot duong thing

C. mdt tia D. mét doan thang c6 hudng
Cau 2. B0 dai cia vecto 4B la

A. khoang cach giita hai diém A va B

B. s6 do goc giira duong thang AB va truc Ox

C. toa dd cta diém B

D. ludn bang 1
Céu 3. Cho hinh vuéng ABCD. S6 vecto khac 0 ¢6 diém dau, diém cudi 1a cac dinh cta hinh vudng
va c6 do dai bang canh ctia hinh vudng 1a

A. 4 B.6 C.8 D. 12

A 4 9 é Y
Cau 4. Gia cua vecto 4B 1a

A. doan thang AB B. duong thing AB C.tia AB D. diém B

Céu 5. Cho hinh thoi ABCD. Vecto nio sau diy bang BC?
— — — —
A. AB B. DA C.AD D.CD
Céu 6. Cho ba diém phan biét A, B, C thiang hang, A ndm giita B va €. Khang dinh nao sau day
dang?
— — — —
A. AB va AC ngugc huong B. BA va BC ngugc hudng
— — — —
C. AB va AC cung hudng D. CA va AB ngugc huéng
Céu 7. Khang dinh nio sau ddy diung?
A. Hai vecto c¢6 ciing d6 dai thi bang nhau
B. Hai vecto cung phuong thi cung hudng
C. Hai vecto bang nhau thi c6 cing d6 dai
D. Hai vecto ngugc hudng thi khong cung phuong
Cau 8. Cho tam giac ABC ¢co6 M, N, P lan luot 1a trung diém cta BC, CA, AB. Vecto nao sau day
bing MN?

S

g
A. PA B.
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Cau 9. Cho tam giac ABC vudng can tai A c6 BC = 4. B¢ dai cua vecto AB 1a
A.2 B. 22 C.4 D. 42

Céu 10. V6i diém 0 va vecto d@ cho trude, sé diém A thoa man 04 =dla
A.0 B. v 56 C.2 D. 1

Céu 11. Cho lyc gidc déu ABCDEF tam 0. Vecto nao sau diy ngwoc hwéng voi 042

¢—3

A.CB B.FE C.EF D. 0B
Céu 12. Tha mot vién bi sit vao cbe nude, vién bi chim xudng day cdc. Khi vién bi dang chim,
trong luc Pva luc déy Archimedes F tac dung 1én vién bi

A. cung hudng, |ﬁ| > |ﬁ| B. khong cung phuong
B| > |F|

C. nguoc huéng, |P| < |F| D. nguoc huéng,
PHAN II. Trac nghiém dang sai (4 cau — 4.0 diém)
Cau 1. Cho hinh chit nhat ABCD c¢6 AB = 2+/3, AD = 2, tam O.

D_ -
AB= ~'B
Y Ménh dé Dung Sai
a) |ac| =4 O O
b) BA =CD. O O
o |0B|=4D| O | O
d) ADvacCB cung phuong, ngugc hudng. O O
. — =
Cau 2. Cho ttr gidc ABCD thod man AB = DC.
Y Ménh dé Pung Sai
a) ABI| CDvaAB = CD. [l L]
b) | Tt gidc ABCD la hinh binh hanh. L] L]
¢) 4D = BC. O O
d) AC=BD. O O
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Cau 3. Cho ba vecto @, b, & déu khac 0.

Y Ménh dé Pung Sai
a)  Néu d nguoc huéng véi b thi d, b khong cung phuong. ] ]
b) Néud=bvab=¢Cthid=2¢. O O
¢) Néud, b cing phuong va |d| = |B| thi d = b. ] ]
d) Néud = b thi gié ciia @ va gid cta b tring nhau. L] L]

Céu 4. Trén hai dudng ray thang, song song, chay theo huéng dong — tay c6 ba doan tau: tau 1 chay
vé phia dong véi van toc 60 km/h; tau 2 chay vé phia tay véi van téc 60 km/h; tau 3 chay vé phia

A e A A s> = = A \ A A ;) \
dong véi van toc 40 km/h. Goi vy, v,, v3 lan lugt la vecto véan toc cia ba tau.

Tau 1 Tau 2
(EIIIII:II:I]j E[I:ll:ll:ll:]]
Tau 3
(E o | E!D
bong —»
Y Ménh dé Pung Sai
) b =7, O

e A W JENRY 7
b)  v; va v; cung hudng.

¢) | Néu vé theo ti 1& 1 cm tmg véi 20 km/h thi vecto V5 dai 2 cm.

O o
O ojg o

— > ’
d) v, va v; cung huéng.

| PHAN Ill. Tréc nghiém tra 1&i ngén (6 ciu 1,5 diém)
Céu 1. Trén duong thing d ldy nim diém phan biét A, B, C, D, E theo thu ty d6. C6 bao nhiéu
vecto khac 6, c6 diém dau, diém cudi 13 hai trong nam diém do, cing hudng véi AB (ké ca A_B))?
Dip s6: | | | | |

Céu 2. Cho hinh chit nhat ABCD ¢6 AB = 5, BC = 12. Tinh |1§)’ |
pipsi: [ ] ]

Céu 3. Cho lyc giac déu ABCDEF tam O ¢ canh bang 2. Tinh |A_)C | (lam tron két qua dén hang

phan trdm).
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Cau 4. Cho hinh binh hanh ABCD tam 0. C6 bao nhiéu vecto khac 6, ¢ diém dau, diém cudi thude
tap {4; B; C; D; 0}, bing OB (ké ci 0B)?

Dap so: | | | | |

CAu 5. Cho hinh thoi ABCD c6 canh bang 5 va ABC = 60°. Tinh |E3’| (Iam tron két qua dén hang
phan trdm).

Ry D

Dap so: | | | | |

CAu 6. Trén mot so dd, luc 25 N dugce biéu dién boi vecto dai 1 cm. Mot luc ¢6 d6 1én 175 N duge
biéu dién béi vecto dai bao nhiéu xentimét?
Dap §0: | | | | |

| PHAN IV. Tw ludn (2 bai - 1,5 diém)
Bai 1. Cho hinh binh hanh ABCD tdm 0. Goi M, N lan luot Ia trung diém cta AB, CD.
a) Chung minh AM = NC vata giac AMCN 1a hinh binh hanh.

b) Tim cac vecto (khac W) bﬁng W, ¢ diém dau, diém cudi thude tap {4; B; C; D; 0; M; N}.
¢) Chirng minh ba diém M, O, N thang hang.

Bai 2. (Van dung) Mot con thuyén vuot song theo hudng vudng goc voi bo véi van tdc riéng 4
m/s; dong nudc chay song song v4i bd vai van toe 3 m/s.
a) V& (theo ti 18 1 cm tng v&i 1 m/s) vecto vén toc riéng v, cia thuyén va vecto van téc dong
nuéce v,, ¢6 chung diém dau. Hai vecto dé ¢ ciing phuong khong?
b) Vecto van tdc thue ¥ cia thuyén duoc biéu dién boi duong chéo (xuat phat tir diém dau
chung) ciia hinh chit nhat dyng trén hai vecto vy, v,. Tinh d¢ 16n van td¢ thyc cta thuyén.

— HET —
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PE KIEM TRA SO 2

TOAN 10 - TRAM TOAN APLUS Cdu triic theo dinh dang dé thi tot nghiép THPT tir ndm 2025
BAI 7. KHAI NIEM VECTO

. o ! HO VA teN: (oo Lop: ..........
Thoi gian lam bai: 60 phut

Phan I: 0,25 diém/cdu - Phan II: ding 1y 0,1d: 2y 025d 3y0,5d: 4y 1
d - Phan III: 0,25 diém/cdu - Phan 1V: 0,75 diém/bdi.

PHAN I. Trac nghiém nhiéu phwong an lwa chon (72 cau - 3,0 diém)
Cau 1. Vecto-khong la vecto
A. c6 do dai bang 1 B. c¢6 diém dau va diém cudi tring nhau
C. co gia song song vdi truc Ox D. khong c6 hudng
Céu 2. Vé6i hai diém phan biét A, B, khing dinh nao sau day dang?
—_— = — —
A.AB = B4 B. [4B| = |B4|
— — — —
C. AB va BA cung huéng D. AB va BA khong cung phuong
Céu 3. Cho bén diém A, B, C, D, trong d6 khong co ba diém nao thiang hang. S6 duong thang 1a gia

- 2 A <X A+ 1 . A < A 71N
cua cac vecto khac 0 co diém dau, dieém cuoi 1a hai trong bon dieém do 1a

A. 6 B.4 C.8 D. 12
Cau 4. Hai vecto cung hudng thi

A. bang nhau B. cung d6 dai

C. cung phuong D. c6 chung diém dau

Céu 5. Cho hinh binh hanh ABCD tam 0. Vecto nio sau ddy bang B0?

— — — —
A. 0D B.DO C.0B D. CO
Céu 6. Cho M 1a trung diém ciia doan thang AB. Hai vecto nio sau ddy ngugc huéng?
— — — = — — s T
A.AM va AB B. MA va MB C.AM va MB D. BM va BA

Cau 7. Cho tam giac ABC vudng tai A c6 AB = a va ABC = 60°. B dai cua vecto BC 1a

A.aV3 B.~ C. %5 D. 2a
. . L2 —_—> —_—>
Cau 8. Cho tam giac ABC. C6 bao nhiéu diém D thod man AD = B(C?
A.0 B.2 C.1 D. vd sb
Cau 9. Tt gidac ABCD la hinh binh hanh khi va chi khi
—_ = — = -— = — =
A.AB =CD B.AD =CB C.AC =BD D.AB =DC
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Céu 10. Cho luc gidc déu ABCDEF tim 0. Vecto nao sau day bang AF?

— — — —
A. BO B. BE C.DE D. FA

Céu 11. Cho hinh thang ABCD ¢6 hai day AB, CD véi AB = 2CD; M 1a trung diém ctia AB. Khing
dinh nao sau day dung?

— = —_— = — — —_— =
A.MB =CD B.DM = BC C.MB =DC D.AD =CM
Céu 12. May bay A bay vé hudng bic véi van téc 700 km/h, méay bay B bay vé hudng nam voi van
téc 700 km/h. Hai vecto van toc ctia hai may bay
A. bang nhau B. cung hudng
C. cung d¢ dai, ngugc hudng D. khong cung phuong
| PHAN II. Tric nghiém ding sai (4 ciu 4,0 diém)
Céu 1. Cho tam giac déu ABC canh 2a, M 1a trung diém cua BC.

A
B M C
Y Ménh dé Pung Sai
a) |4B|=|BC|. O O
b) AB = AC. O O
o |am| =2 O O
d) MB=CM. O O

Céu 2. Cho lyc giac déu ABCDEF tam O.
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Y Ménh dé Pung Sai
a) BC = FE. O | O
b) OB va OF cing hudng. [ ]
¢ |aD|=2[4B| O O
d) 4 =FD. O | O

Céu 3. Cho tir giac ABCD c6 M, N, P, Q lan luot 13 trung diém ctua AB, BC, CD, DA.

Y Diing Sai
a) | MN cing huong voi AC. O O
v [ =3 | 0 | o
¢) | MN = PQ. O O
d Mg = NP. O | O

Céu 4. Hai ban An va Binh cung 1am cho mét chiéc xe chuyén dong thing trén duong: An kéo &
phia trude véi Iyc 80 N, Binh day ¢ phia sau voi luc 60 N; ca hai lyc déu theo hudng chuyén dong
ctia xe. Luc can tac dung 1én xe ¢6 d6 16n 140 N va nguoc hudng chuyén dong.

Y Mg¢nh dé Diing Sai
a) | Luc cua An va lyc cia Binh ngugc hudng. ] O
b) | Luc can ngugc hudng vadi lyc cia An. ] [l
¢) | Vecto luc can b?mg vecto luc cua Binh. ] O
a0 Néu lyc cia An duogc biéu dién boi vecto dai 4 cm thi, v6i cung ti 16, - .

luc ciia Binh dugc bicu dién bdi vecto dai 3 cm.

| PHAN Ill. Tréc nghiém tra 1&i ngén (6 ciu 1,5 diém)
Céu 1. Cho tam gidc ABC c6 M, N, P lan luot 14 trung diém cta BC, CA, AB. C6 bao nhiéu vecto
khac 0, c6 diém dau, diém cudi thuoc tap {4; B; C; M; N; P}, cung phuong véi BC (ké ca BC )?
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Céu 2. Cho hinh thoi ABCD ¢6 AC = 6, BD = 8. Tinh |H§ |

Dap so: | | | | |

Cau 3. Cho tam giac ABC vudng tai A c6 AB =9, AC = 12. Goi G la trong tdm cia tam giac ABC.
Tinh |B_G) | (1am tron két qua dén hang phan trim).

B

Dap so: | | | | |

CAau 4. Cho chin diém 1a cac nit ciia mét ludi & vuong 2 X 2 nhu hinh bén. C6 bao nhiéu vecto, co6

diém diu, didm cudi 12 hai trong chin diém d6, bing AB (ké ca AB)?

7

Dap so: | | | | |

CAu 5. Cho hinh binh hanh ABCD c6 AB = 4, AD = 3 va BAD = 60°. Tinh |E)’| (Iam tron két qua

dén hang phan tram).
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Céu 6. Mot flycam cit canh tai diém A cta cong vién, bay theo hudéng dong 120 m roi bay theo
huéng bic 50 m thi dén diém B (d6 cao khong dbi). Tinh d6 dai (theo mét) cua vecto dich chuyén

_)
AB.

ho

Dap so: | | | | |

PHAN IV. Tw luan (2 bai — 1,5 diém)

— > =

Bai 1. Cho tam gidc ABC. Dung cac diém D, E sao cho AD = BC va AE = CB.

a) Chiing minh ABCD va AEBC la céc hinh binh hanh.

b) Chirng minh A la trung diém cua DE.

¢) Tim céc vecto (khac A_B)) bé’mg A_B) , c6 diém dau, diém cudi thuodc tap {4; B; C; D; E}.
Bai 2. (Van dung) Trén mit phang toa d6 Oxy (mdi don vi trén cac truc tmg véi 10 m), mdt robot
giao hang xuat phat tir diém M (1; 0), mdi phit dich chuyén dung bang vecto 04 véi A(2;1).

a) Sau 1 phut, 2 phut, 3 phut, robot & nhiing diém nao?
b) Robot c6 di qua diém N (9; 4) khéng? Néu co thi sau bao nhiéu phiit?

. 2\ . 4 k2 4 7 . _) \ r r.e _) \ _) H
¢) Goi P 1a vi tri cua robot sau 3 phut. Chung minh MP cung hudng v6i OA va |MP| =3 |0A|.

— HET —
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HUONG DAN GIAI CHI TIET

BAI 7. KHAI NIEM VECTO - Méi bai gom d@é va 10i gidi ngay bén dudi

IE] L0 GIAI BAI TAP CAC DANG TOAN

Dang 1. Xac dinh vecto — Do dai vecto

Bai 1. (Van dung) Cho bay diém phan biét, trong d6 c6 ding bon diém nam trén duong thang d;

ngoai cac bd ba diém nim trén d, khong co ba diém nao thing hang.

a) Co bao nhiéu vecto khac 0 ¢6 diém dau, diém cudi 1a hai trong bay diém d6?

b) C6 bao nhiéu vecto trong sé d6 co gia 1a duong thang d?

¢) Cac vecto d6 co tat ca bao nhiéu gia khac nhau?
Loi gidgi
a) Diém dau c6 7 cach chon, diém cudi c6 6 cach chon. Viay co6 7 - 6 = 42 vecto khac 0.
b) Vecto c6 gid d phai c6 ca diém dau va diém cubi thudc d, tic 1a thude bén diém nim trén d.
Co6 4 - 3 = 12 vecto nhu vay.
¢) Mbi cap hai diém (khong ké thtr ty) xac dinh mot duong thang. S6 cap hai diém 1a % =21;
trong do co 42;3 = 6 cap nam trén d nhung chung chi cho mét dudng thang d. Cac cip con lai cho
cac dudng thang d6i mot khac nhau (vi khong c6 ba diém nao khéc thiang hang).
Vay sb giala 21 — 6+ 1 = 16.

Bai 2. Cho hinh vuéng ABCD canh 2a, tam O; M 1a trung diém cua AB. Tinh d6 dai cac vecto A_)C,

— —
OB, OM, MD.
D s
A M B
Loi gidi

AC = VABZ + BC? = VAaZ + 4a? = 2a+/Z, nén |AC| = 202,
Hai duong chéo cua hinh vuéng bing nhau va cit nhau tai trung diém O ciia mdi dudng, nén

08 =" _ o3

OM la duong trung binh cta tam gidc ABC nén OM = % =a

Tam giac AMD vuong tai A, AM = a, AD = 2a, nén MD = Va? + 4a? = av/s.
Vay |A_)C| = Za\/f, |0_B)| = a\/i, |0_)M| =a, |M5| = av/5.
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Bai 3. Cho tam giac ABC vuodng tai A c6 AB = 6, AC = 8. Goi M la trung diém cua BC, G 1a trong

tdm cua tam giac. Tinh |B_)C , |A_)M|, E|

Loi gidgi
BC = VAB? + AC? = /36 + 64 = 10.

AM 1a trung tuyén tmg v6i canh huyén nén AM = % =5.

10

G nim trén doan AM va AG = §AM =3

Vay |B_c’| = 10, |A_’M| =5, |A_G’| =2

Bai 4. (Van dung) Cho hinh vuéng ABCD canh 4. Goi M 1a trung diém cua BC, N 1a diém trén

— = | . .
canh CD sao cho CN = 1. Tinh |AM , |MN , |AN|, tir @6 chung minh tam giac AMN vuong.
D N C
M
A - B

Loi gidi

Tam gidc ABM vudng tai B, BM = 2: AM = \/AB% + BM? = /16 + 4 = 2+/5.

Tam giac MCN vudng tai C, MC = 2, CN = 1: MN = 4 + 1 = +/5.

Tam giac ADN vuédng tai D, DN = DC — CN = 3: AN = /16 + 9 = 5.

Taco AM? + MN? = 20 + 5 = 25 = AN?. Theo dinh li Pythagore dao, tam gidc AMN vudng tai
M.

Vay |ﬁw’| = 2\/5, |1WV>| = \/g, |ﬁv’| = 5 va tam giac AMN vuodng tai M.

Bai 5. (Van dung) Cho tam giac ABC vudng tai A c6 AB = 15, AC = 20. Diém M thay ddi trén
; khi do tinh |BM |

. . , —_
canh BC. Tim gia tri nhé nhat cta |AM

Loi gidi

|A_)M | = AM. Goi H 1a chan dudng cao ké tir A. V&i moi M thudc BC, duong vudng goc ngan hon
duong xién nén AM > AH; dau bang xay rakhi M = H.

BC = /152 + 202 = 25. T AH - BC = AB - AC (hai lan dién tich) suy ra AH = % =12.

Khi M=H : theo hé thirc luong trong tam gidc vudng, AB? = BH-BC , nén

BM = BH =22 -9,
25

APLUS HA NOI 0943.480.099 CHIENMATH.COM Trang 500



TOAN 10 - APLUS Tap 1 - Ban dé va 1o giai

Vay gia tri nhd nhat cua |AM| la 12, dat duoc khi |BM| =09.

Dang 2. Hai vecto cung phwong, cung hwéng, ngwoc hwéng

Bai 6. Quan sat hinh bén. Chi ra cac cap vecto cung phuong; trong do, cip nao cung hudng, cap
nao ngugc hudéng?
|7

A

Loi gidi

Trén ludi, X va Z déu di sang phai 2 6, 1én 1 6; y di sang trai 2 6, xudéng 1 6. Gia cua ba vecto nay
c6 cung dd doc nén song song hodc tring nhau: ¥, y, Z d6i mot cling phuong.

- N \ r ~ \ n N e A - - - r r.e 9 = N

X va Z cung hudng (hon nira cung do dai nén x = 2); y nguoc hudng vdi ca X va z.

— N2 .7 < ’ A \ —> r A = r A A /.

mvan co gia thang ding nén cung phuong; m huéng 1€n, n huéng xuodng nén chung nguoc
hudng.

Gia xién cua X, y, Z khong song song véi gia thang dung cua m, 71, nén cac cdp con lai khong
cung phuong.

Véy c6 bon cap cung phuong: (¥;y), (X; 2), (¥; Z), (im; 1); chi cap (X; Z) cung hudng, ba cdp con
lai ngugc hudng.

Bai 7. Cho hinh binh hanh ABCD tam O; M, N lan luot 1a trung diém cua AB, CD. Tim céc vecto

khac 0 c6 diém dau, diém cudi thudc tap {A; B; C; D; O; M; N} va nguge hudéng voi AM .

Loi gidi
Vecto nguoc hudng véi AM trude hét phai cung phuong véi no, tic la c6 giad song song hoic
trung voi AB.
Trong bay diém da cho, cac dudng thang song song hoic tring véi AB va chira it nhat hai diém 1a
AB (chtta A, M, B) va DC (chita D, N, C). Puong thang MN di qua O nhung song song véi AD,
khong song song véi AB.
AM c6 chiéu tir A dén B; DC ciing c6 chiéu d6 (vi AB = DC). Vecto nguoc hudng phai co6 chiéu
tir B vé A (trén AB) hoic tir C vé D (trén DC).

—_— — — —_— — —
Trén AB: MA, BM, BA; ttén DC: CN, ND, CD.

. é ~ A ~
Viy ¢6 6 vecto nguoc huong voi AM nhu da liét ké.
Bai 8. Cho ba vecto @, b, ¢ déu khac 0. Cac khing dinh sau ding hay sai? Vi sao?
a) Néu d va b cung huéng véi ¢ thi d va b cing huéng.
b) Néu d nguge huéng véi b va b nguoe huéng véi ¢ thi @ cing huéng véi &,

¢) Néu b khong cing huéng véi @ thi b nguoc huéng véi .
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Loi gidi

a) Dung. Ba vecto cung phuong (gia cla d, b cing song song hodc tring voi gia cta C), va trén
phuong chung d6 d, b déu c6 chidu ctia ¢, nén @, b cing huéng.

b) Bung. Ba vecto cung phuong; trén phuong chung, d@ va ¢ déu cé chiéu nguoc voi chidu cia B,
nén d, ¢ co cung mot chiéu, tic 13 cing hudng.

¢) Sai. V¢i tam giac ABC, 1y d = A_B), b = AC: hai vecto khong cung phuong nén b khong cung
huéng va cling khong nguoc hudng véi d.

Bai 9. (Van dung) Cho hinh thang ABCD c6 hai day AB, CD; M, N lan luot 1a trung diém ciia AD,
BC.

. —_ — = .
a) Chung minh ba vecto AB, MN, DC d6i mét cung hudng.
b) Cho AB = 7, CD = 3. Tinh |1\W | Trong cac vecto co diém dau, diém cudi thudc tap

{A; B; C; D; M; N}, c6 vecto nao khac I\WV) ma béng W khong?

Loi gidi

a) MN la duong trung binh cta hinh thang nén MN || AB || CD; ba vecto da cho cung phuong.

Ba diém diu A, M, D ndm trén canh bén AD, ba diém cudi B, N, C nam trén canh bén BC, va cac
doan AB, MN, DC song song v&i nhau. Vi vy ca ba vecto déu ¢6 chiéu di tir canh bén AD sang
canh bén BC: chung d6i mét cung hudng.

by MN =222 = T2 = 5 nen |1Wv’| =3

Vecto bang MN phai cung hudéng vai MN , nén nam trén mot trong cac duong thang AB, MN, CD
va c6 chiéu tir canh bén AD sang canh bén BC. Cac vecto nhu vay chi co AB (d6 dai 7), MN (do
dai 5) va DC (d6 dai 3).

Vay |MN| = 5 va khong c6 vecto nao khac MN bang MN. (Pic¢u do chi xay ra khi AB = CD, tic
la ABCD 1a hinh binh hanh.)

Bai 10. (Van dung cao) Cho tam giac ABC. C6 ton tai diém M sao cho ba vecto MA, MB, MC d6i
mot cung phuong khong?

Loi gidi

Gia sir c6 diém M nhu vay. Xét hai trudong hop.

Truwong hop 1: M tring v6i mot dinh, chang han M = A. Khi d6 MB = 4B va MC = AC cung
phuong, nén A, B, C thang hang — vo Ii.

Truong hop 2: M khac ca ba dinh. m, MB cung phuong va c6 chung diém M nén M, A, B thang
hang, tirc 1a M thudc duong thang AB. Tuong tw, M thudc dudng thang AC. Hai duong thang AB,
AC chi c6 mot diém chung 13 A, nén M = A — trai voi gia thiét cia trudng hop nay.

Vay khong ton tai diém M thoa man yéu cau.
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Dang 3. Hai vecto bang nhau — Chirng minh déng thirc vecto

Bai 11. Cho lyc giac déu ABCDEF tam 0. Tim céac vecto khac 0A ma bang ﬁ, va cac vecto khac

B Ry .2 A .2 Leqx s oas , ., < n
AB ma bang AB, c¢6 diém dau, diém cuoi 1a cac dinh cua luc giac hoac tam 0.

Loi gidi
Luc giac déu duoc chia thanh 6 tam giac déu OAB, OBC, OCD, ODE, OEF, OFA, nén céc ti giac
0ABC, OAFE, ABOF, OCDE c6 bbn canh bang nhau, 13 hinh thoi.
s — L2 —> — . —_—> — .
—Béang OA: 0 1a trung diém cia AD nén DO = OA; hinh thoi 0ABC cho CB = 0A; hinh thoi
OAFE cho EF = 0A.
— Bang AB: hinh thoi ABOF cho FO = AB; hinh thoi OABC cho OC = AB; hinh thoi OCDE cho
— = —
ED = 0C,nén ED = AB.

Khong con vecto nao khac: cac vecto cung phuong voi 04 chi ndm trén AD, BC, EF, va ngoai
04 chi c6 ba vecto vira néu 1a cung hudng, cung d6 dai voi no. Lap luan tuong tu cho AB (cac
duong thang AB, FC, ED).

— —

e I e S L = —
Viy cac vecto bang OA 1a DO, CB, EF’; cac vecto bang AB 1a FO, OC, ED.

Bai 12. Cho tir giac ABCD. Goi M, N, P, Q lan luot 1a trung diém cua AB, BC, CD, DA. Chting
e S~
minh MN = QP.

Loi gidi

. 1 —_ .2
MN 1a duong trung binh ctia tam giac ABC: MN || AC, MN = EAC va MN cung huéng vaoi AC.
QP la dudng trung binh cua tam giac ADC: QP || AC, QP = %AC va Q_P> cung hudng voi AC.

— — . — —
Vay MN, QP cung hudng va cung d6 dai, trc 1a MN = QP (va MNPQ 1a hinh binh hanh).

Bai 13. Cho hinh binh hanh ABCD. Dung diém E sao cho BE = AC. Chung minh DC = CE, tir d6
suy ra C 1a trung diém ciia DE.
Loi gidi
— — : .
Vi BE = AC va B khong thugc duong thang AC nén tor giac ACEB 1a hinh binh hanh, suy ra
CE = 4B.
— — =

ABCD 1a hinh binh hanh nén AB = DC. Do @6 DC = CE.
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Hai vecto DC , CE cung huéng va c6 chung diém C nén D, C, E thang hang va C nam giira D, E;
lai c6 DC = CE. Vay C la trung diém cta DE.

Bai 14. (Van dung) Cho tam giac ABC c6 trong tdm G; M 1a trung diém cua BC. Goi D 1a diém d6i
. . — - — -
xtung voi G qua M. Chiing minh BD = GC va AG = GD.

Loi gidi
T gidc BGCD c6 hai duong chéo BC, GD cit nhau tai trung diém M cia mdi duong nén 13 hinh
binh hanh. Do dé BD = GC.
G 1a trong tAm nén G nam trén doan AM va AG = 2GM. D d6i xing v6i G qua M nén D nam trén
tia GM, GD = 2GM.

2 — —
Vay A, G, M, D thang hang theo tht tu d6, AG va GD cung huéng, AG = GD = 2GM. Suy ra
AC = E)’, ttc 1a G 1a trung diém cta AD.

Bai 15. (Van dung) Cho hai hinh binh hanh ABCD va ABEF, trong d6 F khong thudc duong thing
CD. Chiing minh DCEF 13 hinh binh hanh va DF = CE.

Loi gidgi

— — —_— = — =
ABCD la hinh binh hanh nén AB = DC; ABEF 1a hinh binh hanh nén AB = FE. Suy ra DC = FE.
Bén diém D, C, E, F khong thang hang (vi F khong thudc duong thang CD) va DC = FE , nén t
giac DCEF 1a hinh binh hanh.
Trong hinh binh hanh DCEF, hai canh d6i DF, CE song song, bang nhau va cung hudng. Viy
—_—  —
DF = CE.

Dang 4. Vecto biéu dién Iwc, van téc — Bai toan thwe té

Bai 16. Mot may bay bay vé hudng dong véi van toc 800 km/h, mot may bay khac bay vé hudng
tdy v4i van toc 600 km/h. V& cic vecto van toc ciia hai may bay (1 cm ung véi 200 km/h). Hai
vecto van toc d6 co quan hé gi?

Loi gidi

= —> )\ \ A A o . ,
Goi v1, v, lan lugt 1a vecto van toc ctia hai may bay.

APLUS HA NOI 0943.480.099 CHIENMATH.COM Trang 504



TOAN 10 - APLUS Tap 1 - Ban dé va 1o giai

Theo ti I1¢ 1 cm Gng v6i 200 km/h: 171) dai 800: 200 = 4 (cm), hudéng dong; 172) dai 600: 200 = 3
(cm), huéng tiy (mdi 6 trong hinh tmg véi 1 cm).

—

— —_—
V2
-—

16« 200 km/h

. ~ \ . A AL > ; N s 41—
Huéng dong va huéng tdy nguoc nhau nén vy, v, cing phuong, ngugc huéng, va |v;| = ] 73]

Bai 17. Mgt vat chim hoan toan va lo Iirng trong nudc. Trong luc Pva luc déy Archimedes F tac
dung 1én vt c6 quan hé gi vé& phuong, hudng va d6 dai?

Loi gidi

Vit lo ltng nghia 1a vat dung yén trong nudc, nén P va F 1a hai lyc can bang: |I_5 | = |I?' |

Trong luc c6 phuong thing ding, huéng xudng; luc diy Archimedes c6 phuong thing dung,
hudng 1én.

-

P

Vay PvaF cung phwong, nguoc hudng va ¢ d6 dai bang nhau.

Bai 18. (Van dung) Trén mit phing toa d6 Oxy (mdi don vi trén cac truc ing voi 10 km), mot xe
xudt phat tir M (0; —1) chuyén dong thang déu; vecto van tdc cua xe (tinh theo gid) duoc biéu dién
boi ¥ = 04 véi A(1;2). Xe co di qua diém N (3; 8) khong? Néu co thi sau bao 14u?

Loi gidi

Vi # = 04 véi 0(0;0), A(1; 2) nén mdi gid xe dich chuyén nhu di tir O dén A: hoanh do tang 1,
tung do tang 2.

Sau t gio xe ¢ diém (t; —1 + 2t); chang han sau 1, 2, 3 gio xe ¢ (1;1), (2;3), (3;5).
Mudn hoanh d6 bang 3 thi t = 3; khi dotung dola—1+2-3 =5 # 8.

1d N

Of'1 23 4
M

Vay xe khong di qua N (sau 3 gid xe ¢ (3; 5), nam phia duéi N).
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Bai 19. (Van dung) Trén mot hai dd (mdi 6 vudng ¢ canh tmg v6i 5 hai i, phia trén 1a hudng bic),
vecto van toc clia ndm con tau P, Q,R,S, T duoc biéu dién bdi cac mii tén xuAt phat tir vi tri clia
tau; d6 dai mdi mili tén Umg voi quang duong tau di trong 1 gio.

a) Tau nao cé vecto van tdc bé“mg vecto van tdc cta tau P? Tau ndo cd vecto van tde nguoc

hudng véi cua tau P?
b) Tinh toc do (hai 1i/gid) ciia mdi tau. Tau nao chay nhanh nhat?
¢) Hai tau P va S ¢6 cung toc d6. Vecto van tdc ctia chiing ¢ bang nhau khong?
B

i f

o

16 5hdili

Loi gidi

Doc trén ludi (sang phai, 1én trén 1a duong): mili tén cua P va R déu di sang phai 3 6, 1én 4 6; clia
Q di sang trai 3 6, xudng 4 6; ctia S di sang phai 4 6, xudng 3 6; cuia T di sang tri 6 6.

a) Mili tén ciia R cung hudéng va cung d6 dai v6i mili tén ciia P, nén vecto van tdc cia tau R bang
vecto van tdc ciia tau P (di hai tau ¢ hai noi khac nhau). Mili tén cua Q c6 gia song song voi gia
miii tén cta P, chiéu nguoc lai, nén tau Q c6 vecto van tde ngugc hudng voi tau P.

b) Miii tén cua P, Q, R, S 1a canh huyén cia tam giac vudéng c6 hai canh goc vudng 3 6 va 4 6,
nén dai V3% + 42 =50, tng v6i 5 -5 = 25 (hai 1i/gid). Mii tén cua T dai 6 6, ng véi 30 hai
1i/gio.

Vay béntau P, Q, R, S cung chay 25 hai li/gio; tau T chay nhanh nhat, 30 hai li/gio.

¢) Khong. Mili tén cta S (phai 4, xuéng 3) khong song song v4i miii tén cta P (phai 3, 1én 4) —
thuc ra hai gia vuéng goc voi nhau — nén hai vecto khong cuing phuong, cang khong bang nhau.
Cung toc do chi 1a cing d6 dai.
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* LO'1 GIAI BAI TOAN PIEM NHAN ‘

Pi¢m nhéan 1. Cap treo Ién dinh nii. Mot hé thong cap treo gdm hai dudng cap thang, song song,
ndi ga A dudi chan ndi voi ga B trén dinh nai. Mdi duong cap dai 1 500 m, ga B cao hon ga A 1a
900 m. Céc cabin chay déu véi téc dd 6 m/s: trén duong cap thir nhat cac cabin di 1én, trén dudng
cap thir hai cac cabin di xudng; hai cabin lién tiép trén cung mot dudng cap cach nhau 120 m.

Ga B

Ga A

a) So sanh vecto van tdc ctia hai cabin bat ki trén cting mot duong cap; ciia hai cabin trén hai
dudng cap khac nhau. V& vecto van téc ciia mot cabin di 1én va mot cabin di xudng theo ti 16
1 cm ung véi 2 m/s.
b) Mot cabin di tir ga A 1én ga B mit bao 1au? Mdi phut c6 bao nhiéu cabin rdi ga A?
¢) Lic 8 gio, cabin X roi ga A di 1én, cung lic cabin Y roi ga B di xudng. Sau bao nhiéu gidy hai
cabin ¢ cung d6 cao? B9 cao do hon ga A bao nhiéu mét?
d) Mdi gidy, cabin di 1én cao thém bao nhiéu mét theo phwong thing dimg?
Loi gidgi
a) Cac cabin trén cung mot duong cap chay theo cung mét hudéng (doc theo dudong cap) véi cung
tdc d6 6 m/s, nén vecto van toc cia chung bf"lng nhau, du cic cabin ¢ nhitng vi tri khac nhau.
Hai dudng cap song song, mot chiéu 1én, mot chiéu xuéng, nén vecto van tc cua hai cabin trén
hai duong cap cung phwong, nguwoc hwéng va cing do dai; chung khong bang nhau.
Theo ti 1€ 1 cm ung vdi 2 m/s, mdi vecto van toc dai 6:2 = 3 (cm): vecto cua cabin di 1én hudng
theo chiéu tir A dén B, vecto cua cabin di xudng hudng theo chiéu tir B dén A, hai vecto ndm trén
hai duong thang song song.
b) Thoi gian di hét duong cap: 1500: 6 = 250 (gidy), tirc 1a 4 phut 10 giay.
Hai cabin lién tiép cdch nhau 120 m nén cabin sau roi ga chdm hon cabin trudc 120: 6 = 20
(gidy). Mbi phiit c6 60: 20 = 3 cabin 10i ga A.
¢) Goi K 1a chan duong vudng goc ha tir B xudng mit phing ngang qua A: tam giac AKB vudng
tai K, AB = 1500 m, BK = 900 m (hinh dudi).

900

APLUS HA NOI 0943.480.099 CHIENMATH.COM Trang 507



TOAN 10 - APLUS Tap 1 - Ban dé va 1o giai

Mot cabin da di dugc quang duong s (m) doc theo cép tinh tir A thi & diém X; ha XH L AK. Hai

51 ~ N A ~ h s
tam gidc vuong AHX va AKB dong dang nén 500 = Ts00°

tuc 1a d§ cao cua cabin so voi ga A la
h = %s. Do cao ti 1€ voi quang duong da di doc cap.

Sau t gidy, X da di 6t m tinh tir A; Y da di 6¢ m tinh tir B, ttc 1a cach A (doc theo cap) 1500 — 6¢
m. Hai cabin cung d6 cao khi 6t = 1500 — 6t, tic la t = 125 (giay).

Khi d6 mdi cabin cach diém dau doc theo cap 6 - 125 = 750 m, diing nira dudng cap, va do cao

sovéigaAlah = 2750 = 450 (m).

d) Mdi gidy cabin di dugc 6 m doc theo cap, nén Ién cao thém % -6 = 3,6 (m).

Vay: van toc cac cabin cung dudng cap bang nhau, khac dudng cap thi nguoc hudng; mot chuyén
1én mat 250 gidy, mdi phiit co 3 cabin roi ga; X va Y ngang nhau sau 125 gidy, & d6 cao 450 m;
modi gidy cabin 1én cao 3,6 m.

Nhdn xét — Mo rong

Hai vecto bang nhau khong can “nam chong 1én nhau”: moi cabin trén mot dudng cap, & bat ki vi
tri nao, déu co cung mot vecto van tdc. Noi cach khac, mot vecto co thé “dat” tai bt ki diém nao:
v6i mdi diém 0, ¢6 duy nhat diém A sao cho 04 bang vecto da cho.

Con s6 3,6 m/s & cdu d chinh 13 6 dai hinh chiéu cua vecto van tdc 1én phwong thiang dimg; phan
hinh chiéu 1én phuong ngang la %- 6 = 4,8 m/s, va 3,6% + 4,82 = 62. O Bai 8, ta s& thdy vecto
van toc bang tong ciia hai vecto thanh phan nay.

Sai 1am thuong giap ¢ cau c: cho rang hai cabin gip nhau & do cao 900:2 = 450 m “vi di dugc
ntra dudng” ma khong gidi thich — 1ap luan dung phai dua vao viéc do cao ti I¢ voi quang duong
doc theo cap.

Piém nhin 2. Hinh binh hanh 4n quanh trye tim. Cho tam giic nhon ABC khong cén, ndi tiép
duong tron tdm O ban kinh R; H 1a tryc tdm, M 1a trung diém cua BC. Goi A’ 1a diém d6i xung voi
A qua O va N 1a trung diém cua AH.

A

a) Chirng minh BH = A'C; suy ra M 1a trung diém cua HA'.
b) Chimg minh OM cing huéng voi AH va AH = 20M.
¢) Ching minh AN = NH = OM. Tt d6 suy ra MN = R va trung diém ctua OH cling la trung
diém ciia MN.
Loi gidi
a) AA’ 1a duong kinh nén ACA’ = 90°, tc 1a A'C L AC. Mit khac BH 1 AC (BH nam trén dudng
cao ké tir B). Suyra BH || A'C.
Tuong tu, ABA" =90°nén A'B L AB;ma CH L AB,nén CH || A'B.

T giac BHCA' ¢6 hai cip canh d6i song song nén 14 hinh binh hanh. Do d6 BH = A'C.
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Trong hinh binh hanh BHCA’, hai duong chéo BC va HA' cit nhau tai trung diém ctia mdi duong.
Trung diém ctia BC 1a M, nén M ciing 13 trung diém ctia HA'.
b) Trong tam giac AHA": O 1a trung diém cua AA’, M 1a trung diém cia A’H, nén OM 1a duong
trung binh. Do d6 OM || AH va OM = %AH, tuc la AH = 20M.
Hai vecto OM va AH d&u c¢6 chidu tir canh AA’ sang canh A’H (diém dau 0, A thudc canh AA’;
diém cudi M, H thudc canh A'H ), nén ching cung hudng.
.2 —_— — 1 —_— —

¢) N 1a trung diém cta AH nén AN = NH va AN = NH = EAH = OM. Céc vecto AN, NH cung

L— L — —_— s —
hudéng voi AH, do do cung hudng véi OM. Vay AN = NH = OM.
Tur A_)N = W: vi tam giac khong can tai A nén O khong thudc duong cao AH, bon diém A, N, M,
0 khong thing hang; tir giac ANMO 13 hinh binh hanh, suy ra MN = 0A = R.
Tit NH = OM: ti gidc NHMO 13 hinh binh hanh, nén hai dudng chéo NM va HO cht nhau tai
trung diém ctia mdi dudng. Vay trung diém ctua OH ciing 1a trung diém ctia MN.
Nhdn xét — Mo rong
Goi I 1a trung diém cta OH. Theo cdu c, I 1a trung diém ctia MN va MN = R, nén IM = IN = §
Lam tuong tu véi cac canh CA, AB ta dugc sau diém (ba trung diém canh, ba trung diém cua HA,
HB, HC) cung cach I mét khoang g: d6 1a dwong tron Euler (duong tron chin diém).
Toan bo 10i giai chi dung mot y: hai vecto bang nhau < hinh binh hanh, két hop tinh chat hai
dudng chéo cta hinh binh hanh. Cau b con cho mot hé thuc dep: AH = 20M; & Bai 9 ta sé& viét
gon thanh AH = 2 OM.
Sai 1am thuong gip: két ludn BHCA' 13 hinh binh hanh chi vi “M 1a trung diém cua BC” — thyc ra
ta chua biét M 1a trung diém ctia HA'; diéu d6 12 hé qua, khong phai gia thiét.

LO GIAI LUYEN TAP THEO CAU TRUC DE THI

| PHAN 1. Trdc nghiém nhiéu phwong an Iwa chon
Cau 1. Vecto c6 diém dau D, diém cudi E dugc ki hiéu 1a
— — —
A.ED B. DE C.DE D.| E|
Loi gidi
Ki hiéu vecto ghi diém dau trudce, diém cubi sau va c6 miii tén & phia trén, nén vecto c6 diém dau
5 , —
D, diém cuodi E la DE.
=R 2R A 2R Ao S 1.7 TLIA 2 2. A SNE 2
Con ED la vecto co6 diém dau E, diém cudi D; DE 1a ki hiéu doan thang (hodc do dai doan thang);

— . —
|DE| 14 d6 dai cua vecto DE.
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I Chon dap an B.

Céu 2. Cho hai dudng thing song song d va d’. Trén d 13y hai diém phéan biét A, B; trén d’ 13y ba
diém phéan bi¢t C, D, E. S6 vecto khac 0 ¢6 diém dau, diém cudi thudc tap {4; B; C; D; E} va cung
phuong véi AB 1a

A. 8 B. 20 C.4 D. 6
Loi gidi
Vecto cung phuong véi AB phai c6 gia song song hodc trung véi d, tirc 13 c6 ca diém dau va diém
cudi cing nam trén d hodc cing nam trén d’.
Trén d c6 2 - 1 = 2 vecto (A_B), B_A)); trén d’ ¢6 3 - 2 = 6 vecto. Vay c6 2 + 6 = 8 vecto.
bap s6 20 14 s6 tht ca cac vecto khac 0 1ap tr nam diém (5-4), ké ca cac vecto nbéi mot diém cua

d voi mot diém cua d’ — nhitng vecto nay khong cting phwong vai AB.
Chon dap an A.

Céu 3. Trén ludi 6 vudng & hinh bén, vecto nao ngwec hwéng voi a?
A7l B. m C.p

Loi gidi

Doc trén ludi: d di sang phai 3 6, 1én 1 6; m sang phai 6 6, 1én 2 6; 7 sang trai 3 6, xubng 1 6; p

sang phai 3 6, xudng 1 6; g sang trai 1 6, xudng 3 6.

D. g

<.

— = .7 <\ A A e s 7 5 > A <\ re D> = N z \ —

mvan co gia cung do doc véi gia cua a nén cung phuong vdi a; m cung huéng, con n nguoc

huéng véi d.

p va g trong nhu “quay ngugc lai” nhung gia cta chang cat gia cua d, nén khong cung phuong
ye = A A & \ e 7 A A \ [ d

v6i a — khong thé noi cung hudong hay ngugce hudng. Vay vecto can tim la n.

Chon dap an A.

CAau 4. Cho hai vecto a, b khéc 0 va co cling d6 dai. Khang dinh nao sau day dung?

A. d, b cing phuong B. Néu d, b c6 chung diém dAu thi d = b
C.Néud # b thi d, b nguoc hudng D. Néu d, b ciing huéng thid = b
Loi gidi

Hai vecto bang nhau khi va chi khi chung cung huéng va ciung d6 dai. Pa c6 |d| =

, hén néu
thém d, b cing huéng thi @ = b.

Cac khfmg dinh con lai sai. V6i tam giac ABC céan tai A, hai vecto 14_3), A_>C c6 chung diém dau,
cing d6 dai nhung khong cing phuong; vi vdy ching khong bang nhau, ciing khong nguoc
hudng.

Chon dap an D.
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Céu 5. Khang dinh nao sau day sai?

A. |6| =0 B. 0 cing phuong véi moi vecto
C.0 cung hudng véi moi vecto D. zﬁ * BB véi hai diém phan biét A, B
Loi gidi

Theo quy udc, vecto-khong c6 do dai bang 0 va cing huéng (do d6 cung phuong) véi moi vecto,
nén ba khing dinh |6| =0, “0 cung phuong voi moi vecto”, “0 cung huéng véi moi vecto” déu
dang.

. —_— > . . N S —p —_—> —
Hai vecto AA, BB déu la vecto-khong, ma moi vecto-khong déu bang nhau, nén AA = BB = 0.

Vay khang dinh “AA # BB” la khang dinh sai.
Chon dap an D.

Céu 6. Cho hinh binh hanh ABCD. Vecto nao sau day bang AB ?

o — — —
A.CD B.DC C.BA D. AD
Loi gidi
. — —
ABCD la hinh binh hanh nén AB || DC, AB = DC va hai vecto AB, DC cung hudng. Do do
— =
AB = DC.

— — L= — L=
Céc vecto CD, BA ngugc hudong voi AB; vecto AD khong cung phuong voi AB.
Chon dap an B.

Céu 7. Cho M 1a trung diém cua doan thiang AB. Khing dinh nao sau diy dang?

— — — = — — — —
A.MA = MB B. AM = BM C.AB = AM D.AM = MB
Loi gidi
M 1a trung diém cta AB nén M nam gitta A, B va AM = MB. Hai vecto AM, MB cung hudng

(cung c6 chicu tir A dén B) va cung d6 dai, nén AM = MB.

Céc dang thuc con lai sai: MA va MB nguoc hudng; AM va BM ngugc hudéng; AB = 2AM nén
AB vi AM khong cung do dai.

Chon dap an D.

Cau 8. Cho tam giac déu ABC c6 canh bang 2. P9 dai cua vecto BC 1a
A.2 B.V3 C.4 D.1
Loi gidi
. —_—> . ” —> . \
D¢ dai cta vecto BC 1a do dai doan thang BC: |BC | = BC = 2 (canh cua tam giac deu).

Gia tri V31a do dai duong cao cua tam giac déu canh 2, khong phai d6 dai canh BC.
Chon dap an A.

Cau 9. Cho hinh vuéng ABCD canh a. D¢ dai cua vecto A_C) la
A.a B. 2a C. a2 D. a2

2
Loi gidgi
Tam gidc ABC vudng can tai B nén AC = VAB? + BC2 = /a2 + a? = av/2.
A |72 2 g B2 s na 88 - z
Vay |AC | = a2 (gia tri —- 1a d¢ dai nira dudng chéo).
Chon dap an C.
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Céu 10. Ba diém phén biét A, B, C thang hang khi va chi khi

— — — —
A.AB = AC B. AB va AC cung phuong
C. |A_B)| = |;1_5| D. AB vi BC nguoc huong
Loi gidgi

1 2 - —2 . . , = —>
Néu 4, B, C thang hang thi AB, AC c6 cung gia nén cung phuong. Nguogc lai, néu AB, AC cung
phuong thi hai duong thang AB, AC song song hodc tring nhau; ching c6 chung diém A nén
trung nhau, tirc 1a A, B, C thang hang.

Céc diéu kién khac khong twong dwong: AB = AC kéo theo B = C (trai gia thiét);

— —
4B| = [ac|

< A A o N . 2 _— S
khong cho biét gi vé phuong; khi B nam giita A va C thi A, B, C thang hang nhung AB, BC
cung hudng.

Chon dap an B.

lai

Céu 11. Cho lyc gidc déu ABCDEF tam 0. Vecto nao sau day bang 0B?

— —

— —
A.EO B. BO C.o0cC D. EB
Loi gidi
Tam O cua luc giac déu 1a trung diém cua duong chéo BE, nén E, O, B thfing hang theo thu ty do
— L= — —
va EO = OB. Do d6 EO cung hudéng, cung d6 dai véi OB, tuc 1a EO = OB.
Céc vecto con lai khong bang OB: BO ngugc hudng voi OB; OC khong cung phuong véi OB; EB
cung hudng véi OB nhung EB = 20B.

(Ngoai EO , Cac vecto F_)A, DC cling bang O_B).)
Chon dap an A.

CAau 12. Trén mot ban dd thai tiét, van toc gi6 tai mot tram quan tric duge biéu dién bai vecto dai
2,5 cm, hudng vé phia dong béc, theo ti 1& 1 cm ung véi 8 km/h. Gio6 tai tram do
A. thdi vé phia dong bic véi téc d6 3,2 km/h
B. thoi vé phia tdy nam véi toc d6 20 km/h
C. thdi vé phia dong bic véi toc dd 20 km/h
D. thdi vé phia dong bic voi toe d 10,5 km/h
Loi gidi
Hudng cua vecto 1a hudng cua gio: gio thdi vé phia dong bac.
Do dai vecto ti 1& voi toe do gio: 2,5 - 8 = 20 (km/h). S6 3,2 ¢6 duoc do chia nhdm 8: 2,5; s6 10,5
do cong nham 8 + 2,5; con “phia tdy nam” 1a huéng ngugc lai.
Chon dap an C.
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| PHAN II. Tric nghiém ding sai
Cau 1. Cho hinh binh hanh ABCD tam O, khong phai 1a hinh chit nhét.

Y Diing Sai

a) AB=DC v

b) AD vaCB cung hudng. v

¢ 0A=c0 v

o |i2| =53 v
Loi gidgi

a) Phng. ABCD 13 hinh binh hanh nén AB || DC, AB = DC va AB, DC cung huéng. Viy
— =
AB = DC.

— — e — —
b) Sai. ABCD la hinh binh hanh nén AD = BC; ma BC ngugc hudéng véi CB, nén AD va CB
ngugc hudng, khong cung hudng.
¢) Piing. O 1a trung diém cua AC nén CO va OA cung hudng (cung c6 chiéu tir phia C sang phia

A)va CO = 0A. Vay 04 = CO.
d) Sai. Hinh binh hanh c6 hai duong chéo bang nhau 1a hinh chit nhat. Vi ABCD khéng phai 1a

hinh chit nhat nén AC # BD, tirc Ia |A_c’| * |ﬁ)’|.

Céu 2. Cho tam gidc ABC c6 M, N lan luot 14 trung diém cta AB, AC.

Y Diing Sai
_) A H A r

a) | MN va BC cung huéng. v
— —

b) |MN| =§|BC|. Y%

¢) AM = MB. v

d) | NM va BC cing hudng. v

Loi gidi

a) Plng. MN 13 duong trung binh cta tam gidc ABC nén MN || BC. Hai vecto MN, BC cing ¢6
chiéu tir canh AB sang canh AC (véi M, N thudc cac canh AB, AC) nén chiing cing hudng.

, P A \ . ) .y 1 e s |52 1|52
b) Pung. Theo tinh chat duong trung binh cua tam gidc: MN = EBC’ tac la |MN| =3 |BC|.
¢) Ping. M 13 trung diém cia AB nén AM , MB cing hudng (cung ¢ chiéu tir A dén B) va
AM = MB. Vay AM = MB.
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— L= —
d) Sai. MN cung huéng voi BC (vi MN || BC va M, N thugc cac canh AB, AC), con NM ngugc

L — — L=
hudéng voi MN. Do d6 NM nguoc huéng voi BC.

Cau 3. Cho hinh vuéng ABCD canh 6, tam O.

D‘. ..h
A.:.
Y M¢énh dé Diing Sai
a) |A_c’| = 6v2. v
b) |E4’| =3, v
¢©) 04=0C v
Co dung 6 vecto khac 6, c6 diém déau, diém cudi thude tap
d) \ s AR LA 2 A v
{4; B; C; D; 0}, cung phuong voi AC (ké ca AC).
Loi gidi

a) Duing. AC 1a dudng chéo cta hinh vuéng canh 6: AC = V62 + 62 = 6v2. Vay |A_c’| = 6v2.
q 3 o R 2 ~ |77 AC A % _a 2 3 A
b) Sai. O 1a trung diém cua AC nén |0A| === 3v2 # 3 (s6 3 1a nira canh ciia hinh vuéng,
bang khoang céach tir O dén AB).
— —_— . 3 . - - 2

¢) Sai. OA va OC cung d¢ dai nhung nguoc hudng (O nam gitra A va C), nén OA # OC; dang thuc
ding la 04 = (0.
d) Piing. Cac duong thang ndi hai trong nam diém 1a AB, BC, CD, DA, AC, BD; chi c6 dudng

2 . —_—— — — — —
thang AC (chua A, 0, C) song song hoac trung vdi AC. N6 cho 6 vecto: A0, OA, OC, CO, AC, CA.
Viy c6 dung 6 vecto.

I?_:| = |F2)| = 50 N; hai lyc cung phuong

. = = - . 42 , ~ ~
Cau 4. Hai luc Fy, F, cung dit tai di€ém O cia mdt vat,

nhung ngugc hudng.

Y M¢énh dé Diing Sai
) F=F v
b) | Gi4 cta 1?1) va gia cua 1?2) trung nhau. v
¢) Néuvétheotilé ] cm ung véi 10 N thi mdi vecto luc dai 5 cm. v
d) }7)'1 va IT"; 1a hai Iyc can bang. v

Loi gidi

a) Sai. Hai luc c6 cung d¢ 16n nhung ngugc hudng nén Fl) * P_'z) .

b) Piing. Hai vecto luc cung phuong nén gia cua chiing song song hodc trung nhau; hai gia cung
di qua diém dat O nén chung tring nhau.

¢) Pung. Do dai mdi vecto lyc 1a 50: 10 = 5 (cm).
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d) Pung. Hai luc cung dét tai O, cung gia, ngugc hudng va c6 cung do 16n 50 N nén 1a hai lyc can
bang.

| PHAN Ill. Tréc nghiém tra 1&i ngén

Cau 1. Tir n diém phan biét (n = 2) 1ap duoc ding 56 vecto khac 0 ¢ diém dau, diém cudi 1a hai
trong n diém d6. Tim n.

Loi gidi

Piém dau c6 n cach chon, diém cudi cé n — 1 cach chon, nén sb vecto khac 0la n(n—1).

Ta con(n—1)=56=8-7. Vin(n—1) tang khi n tang (n = 2) nén n = 8 1a nghiém duy
nhat.

Vayn = 8.

Pip s6: 8

Céu 2. Cho tam giac ABC vudng tai A cb AB = 8, AC = 15, M 14 trung diém cua BC. Tinh |,W’ |
Loi gidi
Tam giac ABC vudng tai A nén BC = VAB? + AC? = /64 + 225 = /289 = 17.

AM 13 duong trung tuyén mg voi canh huyén nén AM = % = g = 8,5.

Vay |ﬁ4’ | =85.
Pap s6: 8,5

Céu 3. (Van dung cao) Cho hinh binh hanh ABCD tam 0. Xét tit ca cac vecto khac 0 c6 diém dau,
diém cudi thudc tap {A4; B; C; D; 0}; hai vecto bﬁng nhau chi tinh 1a mot. Co6 bao nhiéu vecto doi
mot khac nhau?

Loi gidi
Tir nam diém lap duoc 5 - 4 = 20 vecto khac 0. Ta tim c4c cdp vecto bang nhau.
—_— = =

e e e
Canh cuta hinh binh hanh: AB = DC, BA = CD, AD = BC, DA = CB.

.2 —_ s s — — =
Nua duong chéo (O 1a trung diém cua AC, BD): AO = 0C, OA = CO,BO = 0D, OB = DO.
Bon vecto AC, CA, BD, DB khong bang vecto nao khac: cac vecto cung phuong voi chung chi
nam trén hai duong chéo, ma trén mdi duong chéo chi ¢ hai vecto (ngugc hudng nhau) dai bang
duong chéo do.
C6 8 cap bang nhau, mdi cip lam sb vecto giam di 1. Vay c6 20 — 8 = 12 vecto doi mot khac
nhau.
Pap s6: 12

Céu 4. Cho tam giac déu ABC canh 6, G 14 trong tdm. Tinh |A_G) | (lam tron két qua dén hang phan
muoi).
Loi gidi
Goi M 1a trung diém cta BC. Tam giac ABC déu nén dudng trung tuyén AM ciing 1a duong cao,
BM = 3: AM = VABZ — BM?2 = /36 — 9 = 3+/3.
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G 1a trong tAm nén AG = §AM = § 3v3 = 2v/3 ~ 3,46.
Lam tron dén hang phan mudi: |E | ~ 3,5.
Pip so: 3,5
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n PAP AN VA LOI GIAI BE KIEM TRA SO 1

». Bang dap an nhanh

(=)
3
(=]
o
[y
(—]
[,
o
o
(38}

Cau 1 2 3 4 5
Dép an D A C B C A C A B D B D

Chu a) b) ) d)
1 5) 5} 5) 5)
2 5) 5} 5) S
3 S o) S S
4 S o) o) S
Chu 1 2 3 4 5 6
Dap sb 10 13 3,46 2 8,66 7

| PHAN 1. Trac nghiém nhiéu phwong an Iwa chon
Cau 1. Vecto 1a

A. mot doan thang B. mot dudng thang
C. mdt tia D. mjt doan thing cé hwéng
Loi gidi

Theo dinh nghia, vecto 12 mdt doan thfmg c6 hudng, tic 1a trong hai diém mut da chi rd diém nao
la diém dau, diém nao la diém cudi.

Mot doan thang thong thuong chua co hudng; dudng thang va tia déu khong phai 14 vecto.

Chon dap an D.

. —_—>

Cau 2. B0 dai cua vecto AB 1a

A. Khoang cach giira hai diém A va B

B. sb do goc giita dudng thang AB va truc Ox

C. toa do cua diém B

D. ludn bang 1
Loi gidgi
D¢ dai cta vecto AB 1a khoang céch gitra diém dau A va diém cuoi B: |AB| = AB.
Do dai vecto 12 mot sd khong am phu thude vao vi tri hai diém 4, B; nd khong phai 1a sb do gbc
hay toa d6 va khong nhét thiét bang 1.
Chon dap an A.

Céu 3. Cho hinh vudng ABCD. S§ vecto khéc 0 c6 diém diu, diém cudi 1a cac dinh ctia hinh vudng
va c6 d6 dai bang canh cua hinh vudng 1a
A. 4 B.6 C.8 D. 12
Loi gidi
Céc doan thang ndi hai dinh cta hinh vudng c6 d6 dai bang canh 13 bdn canh AB, BC, CD, DA
(hai duong chéo dai hon canh).
- 2 — —
MOoi canh cho 2 vecto (chang han AB va BA), nén c6 4 - 2 = 8 vecto.
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I Chon dap an C.

Ciu 4. Gid cua vecto AB 1a
A. doan thing AB B. dwong thing AB  C.tia AB D. diém B
Loi gidi
Gia cia mot vecto 1a duong thang di qua diem dau va diém cudi cua vecto do.

Viy gia cua AB 1a duong thang AB (khong phai doan thang hay tia AB).

Chon dap an B.
. . —
Cau 5. Cho hinh thoi ABCD. Vecto nao sau day bang BC?
— — — —
A. AB B. DA C.AD D.CD
Loi gidi

Hinh thoi ABCD 13 mét hinh binh hanh nén AD || BC, AD = BC va AD, BC cing huéng. Viy
- —
BC = AD.
—_— - . 4 7 . 2
Cac vecto AB, CD c¢6 cung do dai voi BC (bon canh cua hinh thoi bang nhau) nhung khong cung

phuong véi BC, nén khong bang BC'; con DA ngugc hudng véi BC.
Chon dap an C.

Cau 6. Cho ba diém phan biét A, B, C thang hang, A nam giita B va C. Khang dinh nao sau day
dang?

— — — —
A. AB va AC ngugc huwéng B. BA va BC nguogc hudng
— — — —
C. AB va AC cung hudng D. CA va AB ngugc hudng
Loi gidgi

A nam giita B va C nén tir A, hai diém B va C & vé hai phia: AB vi AC nguoc hudng.
Cac khéng dinh con lai sai: tir B, hai diém A, C & cung mot phia nén B_)A, B_C) cung hudng; ﬁ va

AB déu co chidu tir phia C sang phia B nén cung hudng.
Chon dap an A.

Céu 7. Khang dinh nao sau day ding?

A. Hai vecto c¢6 cung do dai thi bang nhau

B. Hai vecto cung phuong thi cung hudng

C. Hai vecto bang nhau thi cé cung d¢ dai

D. Hai vecto ngugc hudng thi khong cung phuong
Loi gidi
Hai vecto bang nhau thi cing huéng va cing d6 dai, nén khang dinh “hai vecto bang nhau thi c¢6
cung d6 dai” la dung.
Céc khang dinh con lai sai: hai vecto A_B), BA c6 cung d¢ dai, cung phuong nhung ngugc hudéng
(nén khong bang nhau va khong cing huéng); hai vecto nguoc huéng thi luén ciing phuong.
Chon dap an C.
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Cau 8. Cho tam giac ABC co6 M, N, P lan luot 1a trung diém ctua BC, CA, AB. Vecto nao sau day
bing MN?

— —> —

A.PA B. AP C.NM D. PB
Loi gidi
M, N lan luot 1a trung diém cia BC, CA nén MN 1a duong trung binh cua tam gidc ABC:
MN || AB va MN = > AB = AP.

Tk giac PMNA c6 MN || AP va MN = AP nén la hinh binh hanh, suy ra MN = PA (cling co
—_— =
MN = BP).

—_— — .

— L — . —
Céc vecto AP, NM, PB déu nguoc hudng voi MN nén khong bang MN.
Chon dap an A.

Cau 9. Cho tam giac ABC vuong can tai A c6 BC = 4. D¢ dai cua vecto AB 1a

A.2 B. 212 C.4 D. 42
Loi gidai
Tam gidc ABC vuong can tai A nén AB = AC va AB? + AC? = BC?, tirc 1a 2AB? = 16, suy ra
AB = 2V2.
Vay |ﬂ3’| = 2+/2 (gi4 tri 2 14 d6 dai duong trung tuyén ké tir A, khong phai do dai canh AB).
Chon dap an B.

. o2eR \ > . A g: A 1 R
Cau 10. Véi diém 0 va vecto a cho trudce, so diém A thoa man OA = a la

A.0 B. v s6 C.2 D.1
Loi gidi
Qua O c¢6 duy nhit mot dudng thing song song hodc tring véi gia cia d; trén duong thang d6 c6
duy nhit mét diém A sao cho 04 cung huéng voi d va OA = |d| (khid = 0 thi 4 = 0).
Vay c¢6 dung 1 diém A thoa man 04 =a.
Chon dap an D.

Céu 11. Cho lyc gidc déu ABCDEF tam 0. Vecto nao sau diy ngwoce hwéng voi 042

¢—38

— — —

_)
A.CB B. FE C.EF D. OB
Loi gidi
Céc tir giac OABC va OAFE 1a hinh thoi (luc gidc déu gém 6 tam gidc déu chung dinh 0), nén

— = — =
CB = OA va EF = 0A.
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Do d6 CB, EF cung hudng véi OA, con FE (ngugc chicu voi EF) ngugc hudng voi OA.
0B khong cung phuong voi 04 (gia OB cit gia OA tai 0) nén khong thé ngugc hudng vai no.
Chon dap an B.

Céu 12. Tha mot vién bi sit vao coe nude, vién bi chim xudng day cdc. Khi vién bi dang chim,

trong luc Pva luc day Archimedes F tac dung 1&n vién bi

A. cung hudng, |ﬁ | > |ﬁ' | B. khong cung phuong
C. nguoc huéng, |P| < |F| D. nguoc huéng, |P| > |F|
Loi gidi

Trong lyc c¢6 phuong thing dimg, hudng xudng dudi; luc ddy Archimedes c6 phuong thing dung,
hudng 1én trén. Vay ﬁ, F cung phuong va ngugc hudng.

Vién bi chim xubng nén trong luc 16n hon luc day Archimedes: |I_5 | > |ﬁ' |

Chon dap an D.

| PHAN II. Tric nghiém ding sai
CAu 1. Cho hinh chit nhat ABCD ¢6 AB = 2v/3, AD = 2, tam 0.

D_ e
B

AB= ~IB
Y Mg¢nh dé Diing Sai
a) |A_C’| =4 v
b) BA=CD. v
o [08|=[aB] v

— —

d) | AD va CB cung phuong, nguoc huéng. v

Loi gidai
a) Pung. Tam gidc ABC vudng tai B c6 BC = AD = 2 nén AC = VAB2 + BC2 =12 + 4 = 4.
Vay |A_)C| =4,

— — — L — —
b) Pung. ABCD 1a hinh chit nhat nén AB = DC. Vecto BA ngugc hudng véi AB, vecto CD nguoc
L= — — . —_ =
hudéng v6i DC, nén BA va CD cung huong; lai c6 BA = CD = 24/3. Vay BA = CD.
¢) Pung. BD = AC = 4 va 0 la trung diém cta BD nén OB =2; lai c¢c6 AD =2 . Vay
— —
|0B| = |4D| = 2.
— = —

— — e —
d) Pung. AD || BC nén AD, CB cung phuong; AD = BC ma BC nguoc hudng voi CB, nén AD va

_)
CB nguoc hudng.
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— —>
Cau 2. Cho tr gidc ABCD thoa man AB = DC.
Y Ménh dé Diing Sai
a) AB | CDvaAB =CD. v
b) T giac ABCD la hinh binh hanh. v
¢) 4D =BC. v
d) A4 =BD. v
Loi gidi

a) Ding. AB = DC nén hai vecto cung phuong va cung d¢ dai: gia AB, CD song song hoac trung
nhau, nhung khong thé trung nhau vi 4, B, C, D 1a bdn dinh cia mot tir giac. Vay AB || CD va
AB = CD.

b) Pung. Tt gidc ABCD c6 hai canh ddi AB, CD song song va bang nhau nén 1a hinh binh hanh
(day 1a két qua cua Bai 4.3, SGK).

¢) Ping. ABCD i hinh binh hanh nén AD || BC, AD = BC va AD, BC cing huéng. Viy
AD = BC.

d) Sai. Hai duong chéo AC, BD cua hinh binh hanh cit nhau tai trung diém ctia mdi dudng nén
gia cua chung khong song song va khong trung nhau. Do d6 AC , BD khong cung phuong, cang
khong bang nhau.

CAu 3. Cho ba vecto a, b, ¢ ddu khac 0.

Y Ménh dé Piing Sai
a) Néu d nguoc huéng véi b thi d, b khong cung phuong. v
b) Néud=bvab=Cthid=C¢. v

¢) Néud,b cung phuong va |d| = |B| thid = b. v
d) Néud =D thi gid cua d va gia cia b tring nhau. v

Loi gidi

a) Sai. Hai vecto chi dugc xét cung hudng hay ngugc hudng khi chung cung phuong; vi vay hai
vecto nguoc hudng thi luén cung phuong. Chiang han, véi M 1a trung diém cia doan thing AB,
hai vecto m, MB nguoc huéng va cb cung gia AB nén cung phuong. Khang dinh da cho sai
(nham 14n giita cung phwong va cing hudng).

b) Diing. a = b nén a, Bcfmg huéng va |d| = |B|, b = &nén B, ¢ cung huéng va |B| = |¢]. Suy
ra d, ¢ cung huéng (cing huéng véi b) va |d| = |¢], nén d = &.

¢) Sai. Phan vi du: véi hai diém phan biét A, B, hai vecto A_B), B_)A cung phuong, cung d dai
nhung nguoc huéng nén khong bang nhau.

d) Sai. Phan vi du: v6i hinh binh hanh ABCD ta ¢6 AB = DC, nhung gi4 AB va gia DC I3 hai
dudng thang song song, khong tring nhau.
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Céu 4. Trén hai dudng ray thing, song song, chay theo hudng dong — tay ¢ ba doan tau: tau 1 chay
vé phia dong voi van téc 60 km/h; tau 2 chay vé phia tiy voi van téc 60 km/h; tau 3 chay vé phia

A 1A A s> > > A \ A A , \
dong véi van toc 40 km/h. Goi vy, v, v3 1an lugt 1a vecto véan toc cia ba tau.

Tau 1 Tau 2
Tau 3
(I:J i s | DD
bong —»
Y Mg¢nh dé Diing Sai
b) v, va U5 cing hudng. v
¢)  Néu v& theo ti 1¢ 1 cm tng v6i 20 km/h thi vecto 73 dai 2 cm. v
d) v, vav, cung hudng. v

Loi gidi

a) Sai. v;, 1, c¢6 cung d6 dai 60 km/h nhung mét vecto huéng déng, mot vecto hudng tay, nén
ching ngugc huéng va v; # v,.

b) Puing. Hai dudng ray song song nén v;, v cung phuong; ca hai cing hudng vé phia dong, nén
cung hudng.

¢) Pung. D6 dai cua v3 13 40: 20 = 2 (cm).

d) Sai. v, huéng vé phia tay, Vs huéng vé phia dong; hai vecto cing phuong nhung nguoc
hudng.

| PHAN IlI. Tréc nghiém tra 1&i ngén
Cau 1. Trén duodng thfmg d 1§y nam diém phan biét A, B, C, D, E theo tht tu d6. C6 bao nhiéu
vecto khac 6, c6 diém dau, diém cudi 13 hai trong nim diém do, cing hudng véi AB (ké ca 14_B))?
Loi gidi
Moi vecto c6 diém dau, diém cubi 1a hai trong nim diém déu ndm trén d nén cing phuong véi
AB. Vecto XY cung hudng voi AB khi va chi khi diém diu X dung trude diém cudi Y theo thir tu
A,B,C,D,E.
biém dau A: 4 vecto (AB, AC, AD, AE); diém dau B: 3 vecto; diém dau C: 2 vecto; diém dau D: 1
vecto (ﬁ ).
Vayco4+3+2+1=10 vecto.
Pap s6: 10

Céu 2. Cho hinh chit nhat ABCD c6 AB = 5, BC = 12. Tinh |B_D)|.

Loi gidgi
Tam giac BCD vuong tai C co CD=AB=5 |, BC =12 nén
BD =+/BC? + CD? = /144 + 25 = /169 = 13.
H
Vay |BD| =13.
Dip s6: 13
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Céu 3. Cho lyc giac déu ABCDEF tam O c6 canh bang 2. Tinh |A_C) | (lam tron két qua dén hang

phan trim).

Loi gidai

Tam giac ABC ¢6 AB = BC = 2 va ABC = 120° (goc trong cua luc giac déu).

Theo dinh li cosin: AC? = AB? + BC? —2- AB - BC - cos120° =4+ 4—-2-2-2-(-3) = 12.
Suy ra AC = V12 = 2+/3 ~ 3,464. Lam tron dén hang phan trim: |A_)C| =~ 3,46.

Pap s6: 3,46

Cau 4. Cho hinh binh hanh ABCD tam 0. C6 bao nhiéu vecto khac 6, 6 diém dau, diém cudi thude
tap {4; B; C; D; 0}, bing OB (ké ca OB)?

Loi gidi
Vecto bang 0B phai c¢6 gia song song hoic trung véi BD. Trong nim diém da cho, chi c6 dudng
thang BD (chira B, 0, D) thoa man diéu do.

2 — L — —
Trén duong thang BD, cac vecto cung huéng véi OB 1a DO, OB, DB; trong d6 DB = 20B, con
DO = 0B (vi 0 1a trung diém cua BD).

S T S

Vay c6 2 vecto bang OB 1a OB va DO.
Pip s6: 2

CAu 5. Cho hinh thoi ABCD c6 canh bang 5 va ABC = 60°. Tinh |E3’| (Iam tron két qua dén hang
phan tram).

Y D

Loi gidi
Tam giac ABC ¢6 BA = BC =5 va ABC = 60° nén la tam giac déu, do d6 AC = 5.
Goi 0 1a giao diém cta hai dudng chéo. Hai duong chéo cua hinh thoi vudng géc véi nhau tai

trung diém cia mdi duong nén tam gidc ABO vudng tai O va AO =AZ—C=§. Suy ra
BO = VAB? — A0? = \[25 -= =%§.

, \ —_
BD = 2B0 = 53 ~ 8,660. Lam tron dén hang phan tram: |BD| ~ 8,66.
Dip s6: 8,66
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CAu 6. Trén mot so do, luc 25 N dugc biéu dién boi vecto dai 1 cm. Mot luc ¢6 do 1ém 175 N duge
biéu dién boi vecto dai bao nhiéu xentimét?

Loi gidi

Do dai vecto ti 1€ voi d0 16n cia lyc: 1 cm tng véi 25 N.

Luc 175 N duoc biéu dién bai vecto dai 175: 25 = 7 (cm).

Pap s6: 7

| PHAN IV. Tw luén
Bai 1. Cho hinh binh hanh ABCD tam 0. Goi M, N lan luot 13 trung diém cua AB, CD.
a) Chimg minh AM = NC va t& gidc AMCN 13 hinh binh hanh.

b) Tim cac vecto (khac W) bﬁng W, c6 diém déau, diém cudi thude tap {4; B; C; D; 0; M; N}.
¢) Chirng minh ba diém M, O, N thang hang.

Loi gidi
—  — — —
a) ABCD 1a hinh binh hanh nén AB = DC, tic 1a AB = DC va AB, DC cung hudng.
M, N lin luot la trung diém cta AB, DC nén AM =2 AB = >DC = NC; AM cing huéng voi AB,
— L= — — —_— —
NC cung hudéng voi DC, nén AM, NC cung huéng. Vay AM = NC.
Bon diém A, M, C, N khong cung nim trén mot dudng thang va AM = NC nén tix giac AMCN la

hinh binh hanh (Bai 4.3).
b) 0, M lan luot 1a trung diém cta AC, AB nén OM la dudng trung binh cia tam gidc ABC:

OM || BC, OM = %BC , va oM cung hudng véi CB (hai vecto cting c6 chiéu tir canh AC sang canh

AB).
Tuong tu, N, O lan luot 1a trung diém cta DC, DB nén NO la duong trung binh cta tam giac

1 — e —_— =
DCB: NO || CB, NO = EBC’ va NO cung hudng v6i CB. Do d6 NO = OM.
Céc vecto cung phuong voi OM nim trén AD, BC hoic trén dudng thang qua O song song v6i BC
(duong thang nay chia M va N). Cac vecto trén AD, BC va hai vecto MN , NM co do dai
BC = 20M; trén dudng thing MN, ngoai OM chi c6 NO cung huéng véi CB vi co do dai %BC .
v ==
Vay vecto bang OM 1a NO.

¢) Theo cau b), NO = OM nén hai vecto NO, OM cung hudng; chung c6 chung diém O nén ba
diém N, 0, M thang hang. Hon nita NO = OM nén O 14 trung diém ctia MN.

Bai 2. (Van dung) Mot con thuyén vuot séng theo hudng vudng goc véi bo véi van tde riéng 4
m/s; dong nudc chay song song v4i bd vai van toe 3 m/s.
a) V& (theo ti 18 1 cm tng vdi 1 m/s) vecto vén toc riéng v, cta thuyén va vecto van téc dong
nuéce v,, ¢6 chung diém dau. Hai vecto dé ¢ cing phuong khong?
b) Vecto vén toc thuc ¥ ctia thuyén duge biéu dién boi duong chéo (xuat phat tir diém dau
chung) ciia hinh chit nhat dyng trén hai vecto vy, v,. Tinh do 16n van td¢ thuc cta thuyén.
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Loi gidi

> g Lo A 7 r 1N, T QN R ISR \ r \
a) v; dai 4 cm, c6 gia vudng goc vaoi bo; v, dai 3 cm, cb gia song song voi bo va hudng theo dong
nudc.

dong
- Z nuoc
Vi Vv =

==
\%)

Gia cua hai vecto vuong goc voi nhau nén khong song song va khong trung nhau. Vay V1, Uy
khong cuing phwong.

b) Hinh chit nhat dung trén hai vecto c6 hai canh dai 4 cm va 3 cm, nén duong chéo dai
V4% + 32 =5 (cm).

Theo ti 16 1 cm @ng véi 1 m/s, van tde thue cua thuyén co d6 16n |#] = 5 m/s. (O Bai 8, ta s& biét

¥ chinh 1a tdng v; + v5.)
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n PAP AN VA LOI GIAI BE KIEM TRA SO 2

». Bang dap an nhanh

Cau 1 2 3 4 11 12
Papsan B B A C A B D C D A C C

)]
=)
|
=]
o
—
<

Chu a) b) ) d)
1 5) S S o)
2 5) S 5) 5)
3 o) o) S o)
4 S o) S )
Chu 1 2 3 4 5 6
Dap sb 8 5 7,21 4 3,61 130

| PHAN 1. Trac nghiém nhiéu phwong an Iwa chon

Cau 1. Vecto-khong la vecto

A. c6 do dai bang 1 B. ¢6 diém diu va diém cudi tring nhau
C. c6 gia song song vdi truc Ox D. khong c6 hudng
Loi gidi

Theo dinh nghia, vecto-khong 1a vecto ¢ diém dau va diém cudi tring nhau.

Vecto-khong c6 d6 dai bang 0 (khong phai 1), va theo quy udc nd cing hudng véi moi vecto, nén
“khong c6 hudng” 1a sai.

Chon dap an B.

Céu 2. Véi hai diém phan biét 4, B, khiang dinh nao sau dy ding?

— = — —
A.AB = BA g|AB| = |BA|
— — — —
C. AB va BA cung huéng D. AB va BA khong cung phuong
Loi gidi

|AB| = |BA| = AB, nén khang dinh vé d6 dai la dung.
Hai vecto AB , BA c¢6 cung gia 1a dudong thang AB nén cung phuong, nhung ching nguoc hudng;

do @6 chiing khong cung huéng va khong bang nhau.
Chon dap an B.

Cau 3. Cho bbn diém A, B, C, D, trong d6 khong c6 ba diém nao thang hang. S6 duong thang 1a gia
cuia cac vecto khac 0 ¢6 diém dau, diém cudi 13 hai trong bdn diém d6 1a
A.6 B. 4 C.8 D. 12
Loi gidi
Gi4 ciia vecto XY 1 duong thang XY; hai vecto XY , YX c6 chung gia.
Vi khong c6 ba diém nao thang hang nén mdi cip hai diém xac dinh mot dudng thang khac nhau:
AB,AC,AD, BC, BD, CD.
Vay c6 6 duong thang (trong khi sé vecto khac 0la4-3= 12).
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I Chon dap an A.

Cau 4. Hai vecto cung hudng thi

A. bing nhau B. cung d¢ dai
C. cung phwong D. ¢6 chung diém dau
Loi gidi

Chi khi hai vecto cung phuong mai xét chung cung huéng hay nguoc hudng, nén hai vecto cung
hudng thi cung phuong.

Hai vecto cuing huéng khong nhat thiét bang nhau hay cing d6 dai (chang han AB va AC v6i B 1a
trung diém ciia AC), va khong nhét thiét co chung diém dau.
Chon dap an C.

Céu 5. Cho hinh binh hanh ABCD tam 0. Vecto nio sau ddy bang BO?

D =G

— — — —
A.O0D B. DO C.0 D. CO
Loi gidai
_)

, oD cung huéng (ciing c6 chiéu tir B ¢én D) va BO = 0D. Do d6

=

0 1a trung diém ciia BD nén B
—_—
BO = 0D.

—_— — L — L=
Céc vecto OB, DO ngugc hudng voi BO; vecto CO khong cung phuong voi BO.
Chon dap an A.

Céu 6. Cho M 1a trung diém cua doan thang AB. Hai vecto nio sau ddy ngugc hudng?
— — — — — — — —

A. AM va AB B. MAva MB C. AM va MB D. BM va BA
Loi gidgi
M nam gitta A va B nén tr M, hai di€ém A, B ¢ vé hai phia: MA va M B ngugc huéng.
Céc cap con lai déu cung huong: AM va AB cung c6 chiéu tr A dén B; AM va MB cling vay; BM
va BA cling ¢6 chiéu tir B dén A.
Chon dap an B.

Cau 7. Cho tam giac ABC vudng tai A c6 AB = a va ABC = 60°. B dai cua vecto BC1a

A. a3 B. % C. “Tﬁ D. 2a
Loi gidi
Trong tam giac ABC vuodng tai A: cosABC = E, nén BC = =2 - = T = 2a.

BC cos60 >
Vay |BC| = 2a. (Gié tri av/3 1a do dai canh AC = AB - tan60°.)
Chon dap an D.
Céu 8. Cho tam gidc ABC. C6 bao nhiéu diém D thoa mén AD = BC?
A.0 B.2 C.1 D. vo sb
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Loi gidi

. 2.2 —> , L2 N —_—
Vi diém A va vecto BC cho trude, cd duy nhat mét diem D sao cho AD = BC.
Diém D d6 chinh 1a dinh thir tu ciia hinh binh hanh ABCD (t gidc ABCD 13 hinh binh hanh khi va
chi khi AD = BC).
Chon dap an C.

Cau 9. Tu gidc ABCD 1a hinh binh hanh khi va chi khi

— = — = — = —_— —
A.AB =CD B.AD =CB C.AC =BD D.AB =DC

Loi gidi

Theo két qua cua Bai 4.3 (SGK), to giac ABCD la hinh binh hanh khi va chi khi AB = DC.

— —

. — — — —

Vi hinh binh hanh ABCD thi AB, CD ngugc hudéng; AD, CB nguoc hudng; AC, BD khong cung
phuong. Vi vay cac dang thirc con lai déu sai.

Chon dap an D.

Céu 10. Cho luc gidc déu ABCDEF tim 0. Vecto nao sau day bang AF?

¢G—8

— —

— —

A.BO B.B C.DE D. FA
Loi gidi
Céc tam gidc OAB, OAF déu nén tr gidc ABOF c¢6 bon canh bang nhau, 1a hinh thoi. Do d6
—_— =
AF = BO.
Céc vecto con lai khong bang AF: BE cung hudéng voi AF nhung BE = 2AF; DE khong cung
phuong véi AF ; FA ngugc hudng véi AF.

L= — — Q —

(Ngoai BO, cac vecto CD, OF ciing bang AF.)
Chon dap an A.

Céu 11. Cho hinh thang ABCD ¢6 hai day AB, CD véi AB = 2CD; M 1a trung diém cta AB. Khing
dinh nao sau day dung?

A
— = — = — = — =
A.MB = CD B.DM = BC C.MB =DC D.AD =C
Loi gidi
2 AB . —_— —
M 1a trung di€m cua AB nén MB = 5 = CD. Hai vecto MB, DC cung phuong (AB || CD) va

cung c6 chiéu tir canh bén AD sang canh bén BC, nén cing hudng. Vay MB = DC.

Y o o S A 2 o d B d —_— —_—
Céc khang dinh con lai sai do nham chiéu: €D ngugc huéng véi MB; tht MB = DC suy ra MBCD
la hinh binh hanh nén I\WD) = R') , do do D_)M ngugc hudng véi B_C) ; tuong tw AMCD 1a hinh binh

— — — L —
hanh nén AD = MC, con CM ngugc hudng vdi AD.
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I Chon dap an C.

Céu 12. May bay A bay vé huéng bic véi van téc 700 km/h, méy bay B bay vé hudng nam véi van
tdc 700 km/h. Hai vecto vén tc clia hai may bay

A. bang nhau B. cung hudng
C. cung d¢ dai, ngwoc hwéng D. khong cung phuong
Loi gidgi

Hudng bac va hudng nam nguoc nhau nén hai vecto véan tdc ciing phuong va ngugce hudng; hai
van tc cing bang 700 km/h nén hai vecto c6 cung do dai.

Vi nguoc hudng nén hai vecto d6 khong bang nhau.

Chon dap an C.

| PHAN II. Tric nghiém ding sai
Céu 1. Cho tam giac déu ABC canh 2a, M 1a trung diém cua BC.

A
B M c
Y Mg¢nh dé Diing Sai
w  |4B| = |BE| v
b) 4B = AC v
c) |A_)| = aTa v
d) MB=CM. v
Loi gidgi

2 oz A ~ |73 =2
a) Puing. Tam gidc ABC déu canh 2a nén |AB| = AB =2a=BC = |BC|.

b) Sai. AB va AC o cung d6 dai nhung khong cung phuong (gia AB, AC cat nhau tai A), nén
ching khong bang nhau.
¢) Sai. Tam giac ABC déu nén AM vira 1a trung tuyén vira 1a duong cao, BM = a. Tam giac ABM

vuong tai M: AM = VABZ — BM? = Vaa? — a2 = aV3. Viy [AM| = av3 # 22 (s6 2L 1a 0

dai duong cao cua tam giac déu canh a, khong phai canh 2a).

—

d) Ping. M 13 trung diém cia BC nén M nim gita B va C, CM = MB = a. Hai vecto CM, MB

cung c6 chicu tir € dén B nén cung hudng, lai c6 cung d6 dai a. Vay MB = CM.

Céu 2. Cho lyc giac déu ABCDEF tam O.
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Y Mg¢nh dé Diing Sai
a) BC=FE. v
b) OB vaOE cung hudng. v
¢) |_D’| =2 |_B’|. v
d) AC = FD. v

Loi gidi

a) Piing. Luc gidc déu gdom 6 tam giac déu chung dinh 0, nén cic t gidc O0ABC, OAFE 13 hinh

thoi; suy ra CB = OA va EF = OA, do d6 CB = EF. Doi chi€u ca hai vecto, ta dugc BC, FE cung

huéng va cing d6 dai, tire 13 BC = FE.

b) Sai. O 1a trung diém ctia BE nén tir 0, hai diém B, E & vé hai phia: OB va OF nguoc hudng.

¢) Pung. Luyc gidc déu gdm 6 tam gidc déu chung dinh O nén OA = 0D = AB; O 1a trung diém

cia AD nén AD = 20A = 2AB. Vay |E’| =2 |ﬂa’|.

d) Piing. Tt gidc ACDF c6 hai duong chéo AD, CF bang nhau va cét nhau tai trung diém O cta

mdi duong nén 1a hinh chit nhat. Trong hinh chit nhat ACDF, hai canh ddi AC, FD song song va
9 . — — — =

bang nhau, hai vecto AC, FD cung hudéng. Vay AC = FD.

Céu 3. Cho tir giac ABCD ¢6 M, N, P, Q lan luot 1a trung diém cta AB, BC, CD, DA.

Y Dung Sai
% A r r.. _9
a) | MN cung huéng véi AC. v
b)  [MN|=:|ac| v
¢©) MN = Pg. v
d) Mg = NP. v
Loi gidi

a) Ping. MN la duong trung binh cta tam giac ABC nén MN || AC; hai vecto MN , AC cung co
chiéu tir canh BA sang canh BC (v&i M, N thudc cac canh BA, BC) nén cung hudng.

£ . 1 — 11—
b) Piing. Theo tinh chat duong trung binh cua tam giac ABC: MN = EAC’ tuc 1a |MN| =3 |AC|.
¢) Sai. QP la duong trung binh cta tam giac ADC nén Q_P) cung hudng voi AC va QP = %AC ; do
— — — e — =
d6 MN = QP. Vecto PQ nguoc hudéng véi QP nén MN + PQ.
d) Pung. MQ la duong trung binh ctia tam giac ABD nén MQ || BD, MQ = %BD; hai vecto I\TQ),
BD cung c6 chiéu tir canh AB sang canh AD nén cing hudng. Twong tu, NP 1a dudng trung binh

cua tam giac CBD nén NP || BD, NP = %BD va NP cung hudng véi BD (cung c6 chiéu tir canh

— — 1 —_— —
CB sang canh CD). Do d6 MQ, NP cung huéng va cung d¢ dai EBD’ tac la MQ = NP.
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Céu 4. Hai ban An va Binh cung 1am cho mét chiéc xe chuyén dong thiang trén duong: An kéo &
phia trude voi luc 80 N, Binh dy ¢ phia sau voi luc 60 N; ca hai lyc déu theo huéng chuyén dong
ctia xe. Luc can tac dung 1én xe ¢6 d6 1on 140 N va nguoc hudng chuyén dong.

Y Mg¢nh dé Diing Sai
a) | Luc cua An va luc cta Binh ngugc hudng. v
b) | Luc can nguoc hudng voi luc cua An. v
¢) | Vecto luc can bﬁng vecto luc cua Binh. v
d) Néu lyc cia An duogc biéu dién boi vecto dai 4 cm thi, v6i cung ti 16, v

luc ctia Binh dugc biéu dién boi vecto dai 3 cm.
Loi gidi

a) Sai. An kéo & phia trudc, Binh ddy ¢ phia sau, nhung theo gia thiét ca hai lyc déu theo hudng
chuyén dong cua xe. Vay luc cia An va lyc cia Binh cing huéng, khong nguoc hudng (mot luc
kéo va mot lyc ddy van co thé cung hudng).

b) Puing. Luc cia An theo hudng chuyén dong, con luc can nguoc huéng chuyén dong, nén hai
lyc nguoc hudng.

¢) Sai. Luc can nguoc hudng vai luc cua Binh va ¢6 d6 16n khac (140 N so véi 60 N), nén hai
vecto lyc khong bang nhau.

d) Piing. Vecto dai 4 cm biéu dién Iyc 80 N nén ti 18 1a 1 cm tng véi 80:4 = 20 (N). Luc 60 N
ctia Binh duoc biéu dién boi vecto dai 60: 20 = 3 (cm).

| PHAN IlI. Tréc nghiém tra 1&i ngén
Céu 1. Cho tam gidc ABC c6 M, N, P lan luot 14 trung diém cia BC, CA, AB. C6 bao nhiéu vecto
khac 0, c6 diém dau, diém cudi thuoc tap {4; B; C; M; N; P}, cung phuong véi BC (ké ca BC )?

Loi gidi

Vecto cung phuong voi BC c6 gia song song hoic trung véi duong thang BC.
Puong thang BC chtra ba diém B, M, C, cho 3 - 2 = 6 vecto: BM, MB, MC, CM, BC, CB.
— — 2

NP la dudng trung binh cta tam giac ABC nén NP || BC, cho thém 2 vecto NP, PN. Puong thang
qua A song song v6i BC khong chira diém nao khac cua tap di cho.

Vay co 6 + 2 = 8 vecto.

Pip s6: 8

Céu 2. Cho hinh thoi ABCD ¢6 AC = 6, BD = 8. Tinh |H§ |
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Loi gidi
Goi 0 1a giao diém cta hai dudng chéo. Hai duong chéo cua hinh thoi vudng géc véi nhau tai

trung diém O ctia mdi dudng nén 0A = AZ—C =3,0B = ? =4,

Tam giac OAB vudng tai 0: AB = VOA2 + OB2 = /9 + 16 = 5.
Vay |ﬂ3’| =3
Pip s6: 5

Cau 3. Cho tam giac ABC vudng tai A c6 AB =9, AC = 12. Goi G la trong tdm cuia tam giac ABC.
Tinh |B_G) | (1am tron két qua dén hang phan trim).

B

Loi gidi
Goi N 1a trung diém cua AC; khi d6 AN = % =6 va G thuoc duong trung tuyén BN véi
BG =ZBN.

Tam giac ABN vuong tai A: BN = VAB2 + AN? = /81 + 36 = /117 = 3/13.

2 ‘ \ —_—
Suy ra BG == - 3v/13 = 2V/13 ~ 7,211. Lam tron dén hang phan tram: |BG| ~ 7,21.
Pap s6: 7,21

CAu 4. Cho chin diém 1a cac nat cua mot ludi 6 vuong 2 X 2 nhu hinh bén. C6 bao nhiéu vecto, co

diém dAu, diém cudi 13 hai trong chin diém d6, bing AB (ké ca AB)?

Loi gidi

4B di sang phai 1 6 va Ién trén 1 6 (dudng chéo cia mot 6 vudng, hudng 1én phai).

Mot vecto bang AB phai cting hudng, cing d6 dai, tirc 14 ciing di sang phai 1 6, 1én 1 6. Diém dau
ctia né phai thudc hai cot bén trai (¢ con sang phai dugc 1 6) va hai hang bén dudi (dé con 1én
duogc 1 0):¢6 2 - 2 = 4 cach chon.

M&i diém dau nhu vy cho diing mot vecto (dudng chéo ctia mot 6 vudng). Vay cé 4 vecto.
Pap s6: 4

Cau 5. Cho hinh binh hanh ABCD c6 AB = 4, AD = 3 va BAD = 60°. Tinh |B_D)| (lam tron két qua

dén hang phan tram).

60°
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Loi gidi
Ap dung dinh li cdsin cho tam giac ABD
BD? = AB* + AD* — 2 - AB - AD - cos60° = 16+9—2-4-3-%: 13.
7 3 —_—>
Suy ra BD =+/13 = 3,606. Lam tron dén hang phan tram: |BD| =~ 3,61.
Pap sb: 3,61

Céu 6. Mot flycam cit canh tai diém A cta cong vién, bay theo hudéng dong 120 m roi bay theo
hudng bac 50 m thi dén diém B (d6 cao khong d6i). Tinh d6 dai (theo mét) cua vecto dich chuyén

e
AB.

ho

0 —_____lm ______ .

Loi gidi

G(_)ié;{ la diém flycam d6i hudng. Hudng dong vudng goc v6i hudng bac nén tam gidc AKB
vuong tai K, véi AK = 120 m, KB = 50 m.

Theo dinh li Pythagore: AB = v/1202 + 502 = /14400 + 2500 = /16900 = 130 (m).

Vay |1ﬁ| = 130 m, ngan hon quing dudng bay thyc t& 120 + 50 = 170 (m).

Pap so: 130

| PHAN IV. Tw luén

— > =

Bai 1. Cho tam gidc ABC. Dung cac diém D, E sao cho AD = BC va AE = CB.

a) Chung minh ABCD va AEBC 1a cac hinh binh hanh.

b) Chirng minh A 13 trung diém cta DE.

¢) Tim céc vecto (khac zﬁ) bé'mg A_B) , c6 diém dau, diém cudi thuodc tap {4; B; C; D; E}.
Loi gidi

. . L == —> ”
a) T giac ABCD 1a hinh binh hanh khi va chi khi AD = B(C; dang thiic nay dung theo cach dung
diém D (va A khong thuc duong thang BC). Vay ABCD 1a hinh binh hanh.
Tuong tu, to gidc AEBC 1a hinh binh hanh khi va chi khi AE = ﬁ; dang thirc nay ding theo cach
dung diém E. Vay AEBC 1a hinh binh hanh.
e - . — = . — —
b) Ta c6 AD = BC, AE = CB, ma hai vecto BC, CB ngugc huéng va cung do dai, nén AD, AE
nguoc huéng va AD = AE = BC.
Hai vecto A_D), AE nguoc hudng va c6 chung diém dau A nén D, A, E thang hang, A nam giita D
va E. Két hop voi AD = AE, ta c6 A 1a trung diém cta DE.
E 4 A »D

Y /
N /

¢) Tt hinh binh hanh ABCD: AB = DC.
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Vecto bang AB phai c¢6 gia song song hoic tring voi AB. Cac dudng thang nhu vay di qua it nhat

hai diém cua tap chi c6 AB va DC: duong thang qua C (hodc D) song song v&i AB 1a DC; dudng

thing qua E song song v&i AB khong chira diém nao khac cta tap, vi EA || BC (duong thiang EA

ciing di qua D), EB || AC va EC cat AB (hai duong chéo ctia hinh binh hanh AEBC).

Trén hai duong thang AB, DC chi ¢ AB vaDC cung hudng véi AB , va hai vecto nay cung d¢ dai.
e T

Vay vecto (khac AB) bang AB 1a DC.

Bai 2. (Van dung) Trén mit phing toa d6 Oxy (mdi don vi trén cac truc Gmg véi 10 m), mot robot
giao hang xudt phat tir diém M(1; 0), mdi phut dich chuyén diing bang vecto 04 véi A(2;1).

a) Sau 1 phut, 2 phit, 3 phut, robot & nhimg diém nao?

b) Robot c6 di qua diém N(9; 4) khéng? Néu co thi sau bao nhiéu phiit?

¢) Goi P la vi tri cua robot sau 3 phut. Chirng minh MP cung hudng véi OA va |M P| =3 |0A|.
Loi gidi
a) Mdi phut robot dich chuyén giéng nhu di tir 0(0; 0) dén A(2; 1): hoanh d6 ting 2, tung do ting
1. Xuat phat tir M (1; 0), sau 1 phit robot & M; (3; 1), sau 2 phut & M,(5; 2), sau 3 phut & P(7; 3).
b) Sau t phiit robot & diém (1 + 2t;t). Robot t&i N(9;4) khi 1+ 2t = 9 vat = 4; ca hai diéu
kién déu cho t = 4. Vay robot di qua N sau 4 phut.
¢) Theo cach dich chuyén, MM; = M;M, = M,P = OA. Hai vecto MM;, MM, cung hudng va
c6 chung diém M; nén M, M,, M, théng hang; tuong tu, M;, M,, P théng hang. Vay bon diém M,
M;, M,, P nam trén mot duong théng theo dung thu tu do.

— . — . =
Do d6 MP cung hudéng voi MM; , tac la cung huéng véi OA , va

MP = MM, + M;M, + M,P = 30A. Viy |1W3| =3 |E4’|.

1 % N

=N W
AY

A M,
M,
ol M 3 5 7 9
Kiém tra bang dinh li Pythagore: 0A=22+12=+5 va
MP =/(7-1)2+ (3-0)2 =45 =35 =3 0A.
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BAI CHUONG IV. VECTO’

8  TONG VA HIEU CUA HAI VECTO

© MUC TIEU BAIHOC

» Thyc hién dugc phép cong, phép trir hai vecto; van dung thanh thao quy tic ba diém, quy tic
hinh binh hanh va quy tac hi¢u.

> Biéu thi duoc trung diém ciia doan thang, trong tim ciia tam giac bang dang thirc vecto; xac
dinh dugc diém thoa man mdt dang thirc vecto.

» Van dung téng, hiéu cua hai vecto vao cac bai toan téng hop luc, téng hop van tde trong
thuc té.

4+ CAU CHUYEN MO DBAU - Phi céng va con gié ngang

Mot may bay huin luyén gitr miii hudng vé phia bic va bay voi van toc 300 km/h so v6i khong
khi. Bong mét ludng gi6 thdi tir tdy sang déng voi van téc 55 km/h. May bay thuc sy bay theo
hudng nio va nhanh bao nhiéu so v6i mat dat?

A ... B
- b 4
ac = :
g :
59
T o 1 5
AW
e
=) Sy
=] :49
2| i§
o 1
© :
= :
< :
<« :
> :
©
(0]

gi6 55 km/h

Cau tra 151 nam & phép cong hai vecto. Van toc thuc cia may bay (so véi miat dat) 13 tong cia
van toc riéng va van tdc gi6; nd duoc biéu dién bai duong chéo OB cua hinh chit nhat OABC.
Do d6 may bay bay véi toc d6 v/3002 + 552 = 305 (km/h), theo hudng léch khoi hudng bac vé
phia dong khoang 10°; sau mot gio, gié da “day” né sang phia dong 55 km. Mubn bay ding
hudng bic, phi cong phai 1ai chéch vé phia tdy — chéch bao nhiéu, em s& tinh dugc & Dang 5.
Niam 1586, nha khoa hoc Simon Stevin (sinh & Bruges, nay thudc Bi) cong bd quy tic “tam giac
luc”, thuc chét chinh 13 quy tic cong vecto. Bai hoc nay bién truc giac vat li 4y thanh cac phép
toan vecto chinh xac.

“ TOM TAT LY THUYET

= 1. Téng cua hai vecto

¢ DINH NGHIA - QUY TAC

. = = X ~ L2 < ~ 73 5> 52 7 = cqn LR
Cho hai vecto a, b. Lay mot diém A tuy y, v€ AB = a va BC = b. Vecto AC dugc goi la tong

ciia hai vecto @ va b, ki hiéu d@ + b. Phép l4y tong ciia hai vecto duge goi la phép cong vecto.
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Ql
= o}

A

i+b

— —

> Quy téc ba diém: v6i ba diém bt ki A, B, C, ta c6 AB + BC = AC.

e I
C

> Quy tic hinh binh hanh: néu ABCD 13 hinh binh hanh thi AB + AD =

* TINH CHAT CUA PHEP CONG VECTO'
» Giaohodn: @+ b = b + a.

» Két hop: (&+5)+5

¢ -

a+ (B + ¢); tong nay dugc viét gonla d + b + .

> Cong véi vecto-khong: d +0 =0 + d = d.

& Rooa a0 2 & g o R T’ Y
Quy tdc noi dudi (mo rong quy tac ba diém): A1A, + AA; + -+ A,_1A4, = A1A,.
Chii y: |d@ + b| < |d| + |b| (bt déng thirc tam gi4c), ddu bing xay ra khi va chi khi d, b cing
hudng hodc mot trong hai vecto bang 0. Vi vay, n6i chung khéng dwgc cong do dai khi cong
hai vecto.

= 2. Vecto dbi — Hiéu cua hai vecto

» Vecto co cung d6 dai va ngwec hwéng voi d duge goi la vecto doi cua a, ki hiéu —d. Vecto
déi cita 0 14 0. Vi hai diém A, B bét ki: — AB = BA.
> dva b 12 hai vecto dbi nhau & @ + b = 0.
> Hiéu cta hai vecto: d — b = d + (—5) Phép lay hi¢u cta hai vecto dugc goi 1a phép trir
vecto.
N

A

Quy tic hiéu: voi ba diém 0, M, N bat ki, MN = 0_)N — 0_)M

, = - 9 9 , 2. 1K L, 2l , X
Chii y: Néu b + ¢ = d thi ¢ = d — b: ¢6 thé “chuyén vé, d6i dau” nhu v6i dang thirc so.

= 3. Trung diém, trong tam va trng dung vat li

* HAI KET QUA QUAN TRONG

> I 1a trung diém ctia doan thang AB < 1A +1B =0
_ = =

» G 1a trong tdm cua tam giac ABC & GA+ GB + GC = 0.
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N

% TONG HOP LUC, TONG HQOP VAN TOC

: = T 3 g 9 A A Bn 08 2 25 LT neR. o as
» Hai luc F;, F, cung tac dung vao mot vat (chat diém) c¢6 hop luc 1a F; + F,, biéu dién bdi
duong chéo ctia hinh binh hanh dung trén hai luc.
> Thuyén c6 van tbc riéng v,, dong nude ¢ van tde 1, thi vén tdc thuc cua thuyén (so v6i bo)
e
la v, + v,.
> Vat ding yén dudi tac dung cua cac luc thi tong cac luc bing 6; dic biét, hai luc can bang
13 hai vecto d6i nhau.
A 7 a z £ = = a8 2 3
Cong thiec do Ilon hop Ilwc: néu F; , F, hop v6i nhau goc a thi
- =2 5 5 . - - R , , L,
|F1 ar F2| = F{ + F; + 2F,F,cosa, v6i F; = |F1|, F, = |F2|. Cong thiic ¢6 dugce khi ap dung
dinh 1i c6sin cho tam giac tao boi hai canh ké va duong chéo cua hinh binh hanh luc; goc xen
giita ctia tam giac d6 bang 180° — a.

IEN cAc panG ToAN

Dang 1. Tinh téng, hiéu — RGt gon biéu thirc vecto

& PHUONG PHAP GIAI

% 2R Re _a 2 9 2 2 A o S T L o 2
» Noi dudi: diém cudi cua vecto trude trung diém dau cua vecto sau thi AB + BC = AC. Co
thé doi chd cac vecto (tinh chat giao hoan) dé chung ndi dudi nhau.

A R —_ = . e 2 2 — > —  —
» Doi dau: — AB = BA; gap hiéu thi d6i thanh tong, chdng han AB — CB = AB + BC.

G rom 5 o A N1y T SR A8 o F0R Ko o
» Quy tac hi€u: hai vecto chung diém dau thi OB — OA = AB (vecto hi¢u di tir diém cuodi cua
vecto trir dén diém cudi cta vecto bj trir).
& s 3 2 A L 1L 3 5 8T L AT AR
» Quy tac hinh binh hanh: néu ABCD 1a hinh binh hanh thi AB + AD = AC.
> Tim vecto ¥: chuyén vé, d6i dau dé dua vé X¥ = (biéu thirc da biét), roi rat gon vé phai.

Sai lam thwong gap: viet AB — AC = BC (dung la CB); cong do dai thay cho cong vecto.

— = — —

P Vi du 1. Cho bon diém A, B, C, D. Rut gon: a) AB+ CD + BC; b) AB—CB—AD; «¢)
—_ = —
DA — DB + CB.
Loi gidi

Ro o & AR 2e e I S T e I R I =
a) Doi cho dé cac vecto noi dudi: AB + CD + BC = AB+ BC + CD = AC + CD = AD.
b) boi dau: —CB =BC , —AD = DA . Do dé
e e e T e e e
AB — CB —AD = AB+ BC + DA =AC + DA =DA+ AC = DC.

Z . —_— - — e I T T S S

¢) Theo quy tac hi¢u, DA — DB = BA. Dod6 DA — DB + CB = BA+ CB = CB + BA = CA.
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—

— = — — =
P Vi du 2. Cho hinh binh hanh ABCD tam O. Tinh: a) AB + AD; b) AB — AD; ¢) OA + OC; d)
AB + CD.

Loi gidi
c — s —
a) Theo quy tac hinh binh hanh: AB + AD = AC.
b) Hai vecto c6 chung diém dau A; theo quy tic hiéu: AB — AD = DB.
¢) 0 1a trung diém cta AC nén OA 0C 14 hai vecto di nhau: 04 + OC = 0.
d) ABCD 1a hinh binh hanh nén CD BA Do d6 AB + CD AB + BA =44 = 0.

» Vi du 3. (Van dung) Cho hinh binh hanh ABCD tdm 0. Tim vecto X trong mdi truong hop sau:
L, = = —_ L, =/ = = -

a)Xx+BA=BD; b)OA+x=0D—-0C+DC; c)AB—Xx=0D + OC.

Loi gidai

2 = == 53 . , .2 A ~ z A o
a) Chuyén vé: x = BD — BA. Hai vecto c6 chung diém dau B nén theo quy tac hiéu,

A
—> —> —> o d —> - 7 . 3 - = —
b) Rut gon vé phal OD — 0C = CD, ma CD + DC = 0, nén vé phai bang 0. Do d6 OA + x = 0,
tirc X = — 04 =A0.
o — = S5 =
Vi O 1a trung diém ctia AC nén AO = OC. Vay x = OC.
¢) Mau chét 1a thay oc bang vecto bang nd dé hai vecto & vé phai ndi dudi nhau: O 13 trung diém
— — . —_— > s — =
cua AC nén OC = AO0.Khid6 OD + OC = AO + OD = AD.
2 — P —_— s — Z - .
Pang thuic tro thanh AB — x = AD, suy ra X = AB — AD = DB (quy tac hi¢u).
H

- - -
Vay:a) X = AD; b)X = 0C; ¢) X

_°l

. Bai tap luyén tap

—  — —_ = s -

— — —
Bai 1. Rat gon: a) MN + PQ + NP; b) AB — AC + BC; c) OA — OB CA; d) AB + BC + CA.

— = —_ =

Bai 2. Cho luc glac déu ABCDEF tam O (hinh v&). Tinh: a) OA+ OC; b) AB+AF; ¢)
OA + 0B + 0C + OD + OF + OF.

5 ~. — —_ =

Bai 3. Cho hinh binh hanh ABCD tam O. Tim vecto bang moi vecto sau: a) OB — OC; b) BA — BC;
—_ = —
c)DA—-DB + DC.
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Bai 4. (Van dung) Cho tam giac ABC; M, N, P 1an luot 13 trung diém cta BC, CA, AB (hinh v&).
A

B C

< R A \ R A 1r . , R ~ N —_—> e d
a) Tim vecto c6 diém dau va diém cuoi 1a hai trong sau di€m da cho, bang PB + MC.

B S S S
b) Chirng minh AN + BP + CM = 0.
¢) Biét tam gidc ABC déu canh 2, tinh |PB + MC|.

— =

Bai 5. (Van dung) Cho hinh chit nhat ABCD tdm O ¢6 AB =8, AD = 6. Dat i = 0A+ 0B,
#=0A—0B+0C—0D,w=AB + 0C — OD. Tinh do dai cta cic vecto i, ¥, .

Dang 2. Chirng minh dang thirc vecto’ ‘
& PHUONG PHAP GIAI
» Bién ddi vé nay thanh vé kia; hodc bién dbi twong dwong déng thirc can chirng minh vé& mot
déang thirc diing; hodc chimg minh hiéu hai vé bang 0.
- - o
» Chen diém: AB = AM + MB hoac AB = OB — OA véidiém M, O tuy y. Nén cheén diém
“d3c biét” cua hinh: trung diém, trong tdm, tAm hinh binh hanh.
2 e L2 b d —> - o 4 —_—> —_—> -
» Dung cac dang thure da biét: trung diem (IA + IB = 0), trong tam (GA + GB + GC = 0),
e =
hinh binh hanh (AB = DC, AB + AD = AC).
Chii y: Khi ¢6 nhiéu hinh binh hanh, hay viét dang thirc cta ting hinh rdi cong lai.

P Vidu 4. Cho bon diém A, B, C, D. Chirng minh AB + CD = AD + CB.
Loi gidi
o —_ s s =
Chén diém D vao vecto AB: AB = AD + DB

Khi d6 AB + CD = AD + DB + CD = AD + (CD + DB) = AD + CB. Ta ¢6 didu phai ching
minh.
P Vi du 5. Cho hinh binh hanh ABCD va diém M tuy y. Chirng minh MA + MC = MB + MD.

Loi gidi
Bién doi twong duong: MA + MC = MA - MB =MD — MC.
Theo quy tac hi€u, MA — MB = BAvaMD — MC = CD, nén dang thic can chung minh tuong
duong véi BA = CD.

— —

Dang thirc nay ding vi ABCD 1a hinh binh hanh. Vay MA + MC = MB + MD.
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» Vi du 6. (Van dung) Cho t gidc ABCD; M, N lan luot 1a trung diém cia AB, CD va O 1a trung

» e I e e
diém cua MN. Chiing minh OA + OB + OC + OD = 0.
N
Léi gidi
Chén diéem M vao OA, OB va chén diém N vao OC, OD:
_— = = — —_— — —_— — —_— — —_—  —
0A+OB+0C+0D=(0 +MA)+(0M+MB)+(0N+NC)+(0N+ND
L= = = — — —_— — —_— —

Nhom lai: 0A+OB+0C+0D=(MA+MB)+(NC+ND +(0M+0N)+

2 o R — —> - @ —>
Vi M, N, O lan lugt 1a trung di€ém cua AB, CD, MN nén MA+ MB =0, N

- — =2
OM + ON = 0.
—_— > > = = ,
Vay OA + OB + OC + OD = 0. Diém O nhu vay goi la trong tam cua tir giac ABCD.

+W).
ND =0,

P Vi du 7. (Van dung) Cho hai hinh binh hanh ABCD va AB'C'D' ¢6 chung dinh A (hinh v&).

e s e T
Chting minh BB’ + C'C + DD' = 0.

Loi gidgi
Y tuéng: moi vecto déu duoc “chén” diém chung A, sau d6 dung quy tic hinh binh hanh cho timg
hinh.
e = T S S S e T T
Theo quy tac hiéu: BB' = AB' — AB, C'C = AC — AC', DD’ = AD" — AD.
Cong lai va nhom theo tung hinh binh hanh:
—_— — — —_— — — — - —
BB +C'C +DD' = (AB' + AD' — AC') — (4B + AD — AC).
. —_ = = — X 2
Theo quy tac hinh binh hanh, AB + AD = AC va AB' + AD' = AC’, nén moi biéu thirc trong
ngoic bang 0.
—_— > —
Vay BB'+ C'C + DD' = 0.
. Bai tap luyén tap
. 2 . e e
Bai 6. Cho bon diém A, B, C, D. Ching minh: a) AB+BC+CD+DA=0; b

e - =

C —AD = BC — BD.

e I - -

Bai 7. Cho sau diém A, B, C, D, E, F. Chiing minh AD + BE + CF = AE + BF + CD.
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Bai 8. (Van dung) Cho tam giac ABC. Dung ra phia ngoai tam giac cac hinh binh hanh ABI]J,
BCPQ, CARS (hinh v&). Chémg minh RJ + IQ + PS = 0.

b R

e
Q P

Bai 9. (Van dung) Cho tam giac ABC c6 trong tdm G. Goi A’, B', C' 1an luot 1a cac diém ddi xtimg

. .2 > — =,
v6i G qua trung diém ctia BC, CA, AB (hinh v€). Chung minh GA" + GB' + GC' = 0. Tur d6 ¢6 nhan
xét gi vé diém G ddi voi tam giac A'B'C'?

Dang 3. Tinh dd dai cua vecto tong, vecto hiéu

& PHUONG PHAP GIAI
> Dung quy tic ba diém, quy tic hinh binh hanh hoic quy tic hiéu dé dua tong (hiéu) vé mot
vecto' MN, rdi tinh d6 dai doan thing MN.
> Véi tam giac ABC: goi M 14 trung diém ctia BC va D la diém ddi xing véi A qua M thi
_—_  — -_— - —_—
ABDC 14 hinh binh hanh, nén |AB + AC| = AD = 2AM; con |AB - AC| = |CB| = BC.
» Tinh do dai doan théng nho dinh i Pythagore, tinh chét cia tam giac déu, hinh vuong, hinh
thoi hodc dinh 1i cosin.
Sai lam thuong gap: |@ + b| = |@| + |b| hay |d@ — b| = || — |b| - hai déng thitc nay chi dung
khi hai vecto cung hudng.

. \ — — —_— —

> Vi du 8. Cho tam gi4c déu ABC canh a. Tinh |AB + AC| va |AB - AC|.

Loi gidi

Goi M 1a trung diém cua BC va D 1a diém dbi xing voi A qua M. TG giac ABDC c6 hai dudng
chéo AD, BC cit nhau tai trung diém M cta mdi duong nén 1a hinh binh hanh. Theo quy tic hinh

— 5 —
binh hanh, AB + AC = AD.
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AM 1a dudng cao coa tam giac déu canh a nén AM =—" . Do do

—_ —

|AB +AC| = AD = 2AM = av/3.
L = = = — —

Theo quy téc hiéu, AB — AC = CB nén |AB - AC| =CB =

=

Vay|ﬂ3’+A_c’|=a 3va|,ﬁ—A_c’ = a.

—

P Vidu 9. Cho hinh vuéng ABCD canh a. Tinh | B+ AD

— _— =
, |AB —AD| va |AB + AC|.
Loi gidi
2 — S — —  —

Theo quy tic hinh binh hanh, AB + AD = AC nén |AB + AD| = AC = av/2 (dudng chéo ca
hinh vudng canh a).

Z .. —_— s — — —
Theo quy téc hi¢u, AB — AD = DB nén |AB — AD| = DB = aV2.
Goi M 1a trung diém ciia BC va E 1a diém d6i xtmg véi A qua M thi ABEC 13 hinh binh hanh, nén
— = —
AB + AC = AE.

A

2
Tam giac ABM vuong tai B c6 AB=a , BM=% nén AM=\[a2+aT=—. Vay

|E3’+A_c’| = AE = 2AM = a\/5.

» Vi du 10. (Van dung) Cho hai vecto d, b c6 |d| = 3, E| = 5. a) Ching minh 2 < |d + B| <8.
b) Khi nao |d + B| = 8? Khi nao |d + E| =2? ¢) Tinh |d + B| khi hai vecto ¢6 gia vudng goc voi
nhau.

Loi gidi

véi AB = 3, BC = 5.

Ql
(= 51

G
A

a+b

a) Néu A, B, C khong thiang hang thi theo bat dang thic tam giac: BC — AB < AC < AB + BC,
tuc 2 < AC < 8.

Néu A, B, C thing hang: khi d, b cung hudng thi B nam giita A va C, AC = 3+ 5 = 8; khi d, b
nguoc hudng thi C nam trén tia BA, AC =5 —3 = 2.

Trong moi trudng hop, 2 < |d + b|<s8.

b) Tu 1ap luan trén: |d + B| = 8 khi va chi khi @, b cung huéng; |d + B| = 2 khi va chi khi @, b
ngugc hudng.

¢)Khi @ L b, tam giac ABC vuéng tai B nén la + E| = AC =+/32 + 52 = /34.

Nhdn xét: A6 dai ciia vecto tong chi bang tong cac do dai khi hai vecto cung hudng.
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. Bai tap luyén tap

—

Bai 10. Cho hinh chit nhat ABCD c6 AB = 4, AD = 3 (hinh v&). Tinh |E§ + 4D | |AB - AD|,
|E4)+A_B>|vz‘1 |A_C)+ﬁ))|.

D_ C
3
-

—

. ___ —_— -
Bai 11. Cho hinh thoi ABCD canh 2 ¢6 BAD = 60°. Tinh |AB n AD| va |AB _ D|.

Bai 12. (Van dung) Cho tam gidc ABC c6 AB =5, AC =8, BAC = 60° (hinh v€). Tinh
|AB - AC| va |AB + AC| (Iam tron két qua dén hang phan trim).
C

A
A —B

Bai 13. (Van dung) Cho tam giac ABC. Chung minh rang |AB + AC| = | B — AC| khi va chi khi
tam giac ABC vuodng tai A.

Bai 14. (Van dung cao) Cho hinh vuéng ABCD canh 2 c6 tam O va diém M thay d6i trén canh BC
(hinh v&).

L = — —
a) Chiing minh MA + MC = MB + MD.

N crog ) I vy 7] , , .2
b) Tim gi4 tri nho nhat cua |MA + MC | va vi tri tuong Umg cua diem M.

Dang 4. Trung diém, trong tam — Xac dinh diém thoa man dang thirc vecto’

& PHUONG PHAP GIAI
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> Dung quy tic hiéu, quy tic ba diém dé gom cac vecto, dua dang thirc da cho vé dang

AM = B, trong do diém A va vecto 7 da biét; khi do6 diém M duoc xéc dinh duy nhét.
—_— — = L, — S — >

» Nhéan dang: MA + MB = 0 © M la trung diém cia AB; MA + MB + MC = 0 © M la trong
tam tam giac ABC.

» Neéu bien doi dan dén mot dang thirc ludn sai (chang han AB = BA véi A # B) thi khong co
diém nao; néu dan dén mot d'fmg thirc luon dung thi moi diém déu thoa man.

> Tim tap hop diém: dua vé |174> | = R (I c¢b dinh, R > 0 khong d6i) thi M thudc duong tron

N = 7
tam [ ban kinh R; dwa vé IM cung phuong v&i mot vecto ¢o dinh thi M thugc mot duong
thang.

— —

» Vidu 11. Cho tam giac ABC. Xac dinh diém M thoa man MA — MB + MC = 0.
Loi gidai
. . — — —
Theo quy tac : MA — MB = BA . Do do
—

— —_— —> — — — —_— —
MA—-MB+MC =0 BA+MC = = AB & CM = BA.
Vay M 1a diém duy nhat thoa man CM = BA, tic 1a M 1a dinh tht tu cia hinh binh hanh ABCM.

. . L2 —_—> - - —
P Vidu 12. Cho tam giac ABC. Xac dinh diém D thoa man DA + DB — DC = 0.
Loi gidi

’ . — =
Theo quy tac hi¢u, DB —-DC =CB . Do do
—_ - — > —_ = > — —_ —
DA+DB—-DC=0©DA+(CB=0< CB=—-DA=AD.
Vay D 1a diém duy nhét thoa man AD = CB (tir A dung vecto bing CB), tirc 1a ADBC 1a hinh binh
hanh.

» Vi du 13. (Van dung) Cho tam giac ABC c6 trong tdm G va tam giac A’B’C’. Chiing minh rang
néu ﬁ + BB + CC'=0thiG cling 1a trong tim cua tam gidc A’B'C’. Diéu nguoc lai co dung
khong?

Loi gidi

Chiéu thuin. Chén cac diem A, B : C

—_ = =

ﬁ+ﬁ+ﬁ)’:(ﬂ+ﬂ)+(@)+ﬁ)+(6_€+ﬁ):(6 + GB + C)+(H+B_)B'+ﬁ)

o]

Téng thir nhat bang 0viGla trong tim tam giac ABC; tong thir hai bang 0 theo gia thiét. Do d6

_ — = )
GA'+ GB' + GC' = 0, tc G 1a trong tdm tam giac A'B'C’.
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Chiéu ngwoe lai. Gia st G 1a trong tdm chung cua hai tam gidc. Chén diém G :
e A — — —_— —_— i A —_—
AA'+ BB’ +CC' = (4G +BG +CG) + (GA' + GB' + GC').

e i — = — - — = ) - R
Ta ¢o AG+BG+CG=—(GA+GB+GC)=0 va GA'+GB'+GC'=0 , nén
e e s
AA"+ BB'+ CC' = 0.

4 . . . . é é é =
Két luan: hai tam giac ABC va A'B'C’ c6 cung trong tdm khi va chi khi AA" + BB+ CC' = 0.
Day 1a cong cy hiru ich dé chimg minh hai tam gidc c6 ciing trong tam.

. Bai tap luyén tap

—_— —

Bai 15. Cho hinh binh hanh ABCD. Xac dinh diém M thoa man BM = AB + AD. Chtng minh C la
trung diém cta DM.

Bai 16. Cho doan thang AB c¢6 trung diém I va diém M khong thudc duong thang AB. Goi D la
didm dbi xtmg véi M qua I (hinh v&). Chimg minh MA + MB = MD va suy ra |MA + MB| = 2MI.

Bai 17. Cho tam giac ABC. Xéac dinh diém D thoa man DB + DC = BC.

Bai 18. (Van dung) Cho tam giac ABC . Tim tit ca cac diém M thoa man: a)
— > = — — > = =
MA + BC = MB + AC; b) MA+ BC = MC + BA.

Bai 19. (Van dung cao) Cho tam gidc ABC . a) Tim tdp hop cac diém M thoa man
—_— — — —_— — L —_— s - —
MA + MB — MC| = |MB — MC|. b) Tim tap hop cac diém M sao cho vecto MA + MB — MC

. —_—>
cung phuong véi vecto BC.

Dang 5. Téng hop lwc, tdng hop van téc

& PHUONG PHAP GIAI

» Biéu dién céc luc (van téc) béng cac vecto c6 chung diém dat; hop luc (van tdc téng hop) 12
vecto tong, duoc biéu dién boi duong chéo cua hinh binh hanh.

» Tinh d6 16n: hai vecto cung hudng thi cong do 16n, ngugce hudng thi trir 46 16m; vudng goc
: r . r b \ H _) 2
thi dung dinh i Pythagore; tao véi nhau goc a thi dung |F1 + F2| = F} + F? + 2F,F,cosa.
> Vat dimg yén (can bang): tong cac luc tac dung 1én vat bang 0.
> Qua séng: dong nude song song véi bd, nén thoi gian sang song chi phu thude thanh phan
van téc vudng goc voi bo.
> Van tdc cua vat 1 d6i véi vat 2 (van tc twong ddi) bang 171) = 172) — day la ing dung ctia phép
tru vecto.
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P Vi du 14. Hai lyc 171), IT"Z clng tac dung vao diém 0, c6 d6 16n 1an luot 1a 3 N va 5 N va hop véi
nhau goc 60°. Tinh d¢ 16n cia hop luc.

F> (5N)

50°
F,G3N) A
Loi gidi

e == 2
bit OA = F;, OB = F, va dyng hinh binh hanh OACB. Theo quy tac hinh binh hanh, hop luc
> - - —
F = F]_ + F2 = OC
Trong tam giac OAC: OA = 3, AC = OB =5, 0AC = 180° — AOB = 120° (hai gbc ké mdt canh
cua hinh binh hanh bu nhau).
Theo dinh 1i cosin: 0C? = 0A? + AC? —2-0A - AC - cos120° =9 + 25+ 15 =49, suy ra
oc =17.
Vay hop luc c6 d6 lon 7 N.

» Vi du 15. Mot con thuyén xudt phat tir diém A dé sang bo bén kia ciia mot con song rong 120 m.
Mili thuyén ludn hudng vudng goc véi bo, van toc riéng cia thuyén 1 2,4 m/s, dong nude chay véi
van tdc 1 m/s (hinh v&). Tinh d6 16n van toc thuc ctia thuyén, thoi gian sang séng va quing duong
thuyén bi trdi xudi theo dong nudc.

¢H N @

H /
: /
: /
N A/
:Vp ot
ALY

o
—
Vr V  dong nuoc

—_—

Loi gidgi

Van téc thuc cua thuyén 1a ¥ = v, + ,,. Vi 1, vudng goc véi bd con 1, song song véi bd nén hai
vecto vudng goc, va |v| = /2,42 + 12 = /6,76 = 2,6 (m/s).

Goi H 1a diém & bd bén kia dbi dién voi A (AH vudng goc voi bd) va N 1a diém thuyén cap bo.
Sau t gidy, thuyén di dugc 2,4t (m) theo phuong vudéng goc véi bo va bi dong nude day t (m) doc
theo bo.

Thuyén cap bo khi 2,4t = 120, tc 1a t = 50 (s). Khi d6 thuyén bi tréi xudi mot doan
HN =1-50 = 50 (m).

Vay van toc thuc c¢6 d6 16n 2,6 m/s, thoi gian sang song 13 50 s va thuyén bj troi xudi 50 m.
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» Vi du 16. (Van dung) Mot chiéc do mdy can chd khach tir bén A sang bén B & ngay bén kia
song (AB vudng gbc voi bo, sdng rong 200 m). Van tdc riéng cua do 1a 5 m/s, dong nudc chay voi
van toc 3 m/s (hinh v&).

3 m/s l

dong nuécT
_

ey
o
<!

ITI

a) Nguoi 1ai do phai gitr mili do hop voi bo (vé phia thuong ngudn) mot géc a bang bao nhiéu
dé do di thang tir A dén B (Iam tron két qua dén hang phan mudi ciia d6)?
b) Khi d6 do sang song hét bao nhiéu gidy?
¢) Néu nguoi 1ai do gitr mili do vudng goc voi bo thi do sang song hét bao lau va cap bd cach
bén B bao xa?
Loi gidi
a) Van toc thyc ¥ = 17; + 17,1) phai c6 hudng tir A dén B, tirc 1a vudng goc vdi bo. Ba vecto 17,'3, 17,1),
¥ tao thanh mot tam gidc vudng (vudng tai diém cudi cua V) v6i canh huyén |17T> | = 5 va mot canh
gbc vuong |17n>| = 3.
Goéc a gitra 1, va by thoa man cosa = % = 0,6, suy ra a ~ 53,1°: do phai chéch miii vé phia
thuong nguén dé thanh phén van téc doc bo triét tiéu van tde dong nudec.
b) D6 16m van toc thyuc: |#] = v/52 — 32 = 4 (m/s). Thoi gian sang song: t = ? = 50 (s).
¢) Néu giit miii do vudng goc véi bd thi thoi gian sang song 1a % = 40 (s), nhung trong thoi gian
d6 do bi tréi xudi 3 - 40 = 120 (m), tirc 1a cap bo cach bén B 120 m vé phia ha luu.
Nhdn xét: mudn sang song nhanh nhat thi git miii vuéng goc v6i bo; mudn sang ding bén doi
dién thi phai chéch miii vé phia thuong ngudn va chap nhan di cham hon.

. Bai tap luyén tap

Bai 20. Hai luc }7)'1 , IT"; ¢6 cung do 16n 10 N cung tac dung vao mét vat. Tinh d6 16n hop luc khi goc
gitra hai lyc la: a) 0°; b) 90°; ¢) 60°; d) 120°.
Bai 21. M4t vat chiu tac dung cua ba luc F;, F,, F; va dung yén. Biét F;, F, vuéng goc véi nhau va

¢6 d6 16n 1an lugt 12 6 N va 8 N (hinh v&). Tinh d¢ 16n va néu huéng cia 1?3) .

F (8 N)

O R 6N

Bai 22. (Van dung) Tré lai cau chuyén mé dau: may bay co van toc riéng 300 km/h, gi6 thoi vé
hudng dong voi van tée 55 km/h. San bay dich nam cach diém xuét phat 600 km vé phia béc.
a) Néu phi cong giit mili may bay hudng béc, tinh d6 16n van téc thuc clia may bay.
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b) Van gitt mili huéng bic, khi may bay bay t6i ngang san bay dich (sdn bay ndm & phia tdy cta
may bay) thi may bay cach san bay bao xa?

¢) Phi cong phai gitt mili may bay theo huéng ndo dé may bay bay thing t6i san bay dich? Khi
d6 chuyén bay mat bao nhiéu phut (lam tron két qua dén hang don vi)?

Bai 23. (Van dung) Troi ling gio, mua roi thing dimg voi van toe 6 m/s. Mot ban di xe dap trén
dudng nam ngang véi van toc 4,5 m/s (hinh v§).

a) Tinh d6 l6n van tdc ctia hat mua ddi véi nguoi di xe dap.

b) Nguoi di xe dap thdy cac hat mwa roi theo phuong hop voi phuong thing dimg mot goc bao
nhiéu (1am tron két qua dén hang phan muoi cia d6)? Mua “hit” vao nguoi tir phia trude hay
phia sau?

Bai 24. (Van dung cao) Mot con song rong 120 m ¢6 dong nude chay véi van tée 5 m/s; mot chiée
xudng c6 van tdc riéng 3 m/s xuat phat tir diém A & mot bo. a) Giai thich vi sao du giit miii theo
huéng nao, xudng ciing khong thé cap bd bén kia tai diém dbi dién v6i A. b) Nguoi lai phai gift mii
xudng theo hudng nao dé xudng bi tréi xudi it nhat? Tinh quing duong troi xudi nho nhét do.

% BAI TOAN DIEM NHAN \

Nhitng bdi todn gidu ¥ twéng, gdn véi thiee tién hodc doi hoi tong hop nhiéu kién thire cia bai. Hay

ti suy nghi truée khi xem 16 gidi & phan Hwedng dan gidi.

Piém nhin 1. Cum dén tin hi¢u gitra ngd tw. Mot cum dén tin hiéu giao théng c6 trong lwong 300

N duoc treo tai diém O bﬁng hai sgi cap OA, OB ndi véi dinh cua hai ¢t dén ¢ hai bén duong (hinh

v&). Cap OA hop voi phuong nam ngang goc 30°, cap OB hop véi phuong nam ngang goc 45°. Bo
, = = 2

qua khoi lugng cua céc soi cap. Goi Ty, T, 1an luot 1a luc cang cua cap OA, OB tac dung l1én diém O

o
va P 1a trong lyc cia cum dén.

L

. , N . 2o ' e e e N A .y ’ ,
a) Giai thich vi sao khi dat n6i du6i nhau, ba vecto Ty, T,, P tao thanh mét tam gidc. Tinh cac
gbc cia tam giac do.
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b) Tinh d6 16n ciia hai lyc cing (Iam tron két qua dén hang phan muoi). Soi cap nao chiu lyc 16n
hon?
¢) Mi soi cap chi dugc phép chiu luc cing tdi da 250 N. Céch treo trén c6 an toan khong? Néu
thay d6i do cao cac diém treo dé hai soi cap d6i xing nhau qua phwong thing dimg va cling
hop véi phwong nam ngang goc a, thi a phai I6n hon hoic bang bao nhiéu d¢ dé an toan (Iam
tron két qua dén hang phan mudi)?
Goi y
Cum dén dimg yén nén tong ba lyc tic dung vao diém O bing 0 — d6 chinh 1a “tam giac lyc” cua

Stevin. Hay tinh cac goc ctia tam giac luc roi ap dung dinh 1i sin.

Pi¢m nhan 2. Luc gidc va hai tam gidc song sinh. Cho luc giac 16i ABCDEF. Goi M, N, P, Q, R,
S lan luot 1a trung diém cua cac canh AB, BC, CD, DE, EF, FA (hinh v¢).

. —_— by 4 - -
a) Chimg minh MN + PQ + RS = 0.
b) Chirng minh hai tam giac MPR va NQS c6 cung trong tam.

¢) Cho ABCDEF 1a luc giac déu canh 2. Chting minh tam gidc MPR déu va tinh |1W3) + MR |
Goi y
- _ = =2 ek = q S, 2 - AL A 1A .
Cau a): datu = MN + PQ + RS va viét u theo hai cach bang quy tac noi dudi — mot lan di qua

cc dinh B, D, F, mot 1an di qua cac dinh A, C, E — roi cong hai két qua. Cau b): dung tiéu chuin
hai tam giac c6 cung trong tam da ching minh & Vi du 13 (Dang 4).

LUYEN TAP THEO CAU TRUC BE THI

I PHAN I. Cau trac nghiém nhiéu phwong an lwa chon (Moi cdu chi chon mét phirong én.)
Céu 1. Véi ba diém bat ki 4, B, C, khang dinh nao sau day dung?

— — > =

—_— > = - e —_— =
A.AB+BC =CA B.AB + BC = AC C.AB+ AC =BC D.AB—-AC =B

— = .
Cau 2. Cho hinh binh hanh ABCD. Vecto CB + CD bang

— — — —
A.BD B. AC C.CA D. DB
Cau 3. Véi ba diém 0, M, N bat ki, ON — OM bang
— — — —
A.NM B. MN C.MO D. 00

. —
Cau 4. Vecto doi cua vecto AB 1a

— — — —
A. BA B. AB C. AA D. —BA
e
Cau 5. Rat gon AB + CA + BC tadugc
— — - —
A.AC B. BA C.0 D.CB
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Céu 6. Cho I 13 trung diém cta doan thing AB. Khing dinh nao sau day ding?

- = S - = > - > S e
A.IA+1IB =0 B.IA—-IB =0 C.AI+1B =0 D.IA=1
Céu 7. Cho tam gidc ABC c6 trong tim G. Khang dinh ndo sau day dung?
—_— s = — —_ = =
A.AG+BG+CG = AB B.GA+ GB =GC C.
e - -
GA+GB+GC=AB D.GA+GB+GC =0
— =
Cau 8. Cho hinh binh hanh ABCD tam O. Vecto OA — OB bang
— — — — —
A. AB B.DC C.0C+0D D.CD
. . e d 4 1
Cau 9. Cho tam giac ABC vudng tai A c6 AB = a, AC = aV/3. |AB - AC| bang
A. 2a B.av3 —a C.a+a3 D. a2
— =3 .
Cau 10. Cho hinh vudng ABCD canh 2. |AB + AD| bing
A. 4 B. 2V2 C.2 D. V2
Cau 11. Hai lyc c6 d0 16n 3 N va 4 N cung tac dung vao mot vat va vuong goc voi nhau. Do 16n
cua hop lyc 1a
A.7N B.1N C.12N D.5N
Cau 12. Cho bon diém phan biét A, B, C, D. Vecto AC — BC + BD bang
— — — -
A. AB B. DA C.AD D.0

PHAN II. Cau tréc nghiém dl’mg sai (())'111(3‘1')5 a), b), ¢), d) chon Bung hoac Sai.)
Cau 1. Cho hinh binh hanh ABCD tam O.

Y
-_—_
a) AB+AD =
b) 4B —AD =
_—_
¢) 0A+O0B+
d) AB+CD =

M¢énh dé

Céu 2. Cho tam gidc déu ABC canh 2, M 1a trung diém cua BC.

Y
—_— —
a) AB+ AC =
—  —
b) AB+AC|
—_ —
o |a —AC|
—_— —
d) MB+MC|
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Céu 3. Cho bon diém phan biét A, B, C, D.

Y M¢énh dé Piing Sai
a) 4B+ CD = AD + CB. O O
b) 4B —CD = AC + DB. O O
¢) AB+BC +CD = DA. O O
d) DA-DB =BA. O O

Cau 4. Hai luc 1?1), 1?2) c6 d6 16n 1an luot 12 6 N va 8 N cung tic dung vao diém O va hop vdi nhau
gbc a.

Y Ménh dé Pung Sai
a) Khia = 0°, hop luc c6 do 16n 14 N. | ]
b) | Khi a = 180°, hop luc c¢6 do 16n 2 N va cung huéng véi F,. [ ]
¢) Khia =90°, hop luc c6 0 16n 14 N. | ]
d) Khi @ = 120°, hop luc c6 do 16n 2v/13 N. | |

| PHAN IlI. Cau tréc nghiém tra 1&i ngén

—_— =
Céu 1. Cho hinh chit nhat ABCD ¢6 AB = 6, AD = 8. Tinh |AB n AD|.

Dap so: | | | | |

Cau 2. Cho tam giac déu ABC canh 4. Tinh |A_B) +AC | (lam tron két qua dén hang phan tram).

Dap so: | | | | |

Cau 3. Hai lyc c¢6 d¢ 16n 7 N va 8 N cung tac dung vao mdt vat va hgp voi nhau goc 60°. Tinh 36
16n ctia hop luc (don vi: N).
Dap $6: | | | | |

Cau 4. Mot con tau chay thang vé hudng bic véi van toc 8 m/s so voi mit nude. Trén boong tau,
mot hanh khach di ngang tir man trai sang man phai (hudng dong) véi van toe 1,5 m/s so véi tau.
Tinh d¢ 16n van toc ctia hanh khach so v6i mat nude (don vi: m/s, lam tron két qua dén hang phan
tram).

Ddp s6: | | | | |
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PE KIEM TRA SO 1

TOAN 10 - TRAM TOAN APLUS
BAI 8. TONG VA HIEU CUA HAI
VECTO HO VA ten: v Lop: ..........
Thoi gian lam bai: 60 phuit Phan I: 0,25 diém/cdu - Phan II: ding 1y 0,1d: 2y 025d: 3y 0,5d; 4y 1
d - Phan III: 0,25 diém/cau - Phan IV: 0,75 diém/bai.

Céu triic theo dinh dang dé thi tot nghiép THPT tir nam 2025

| PHAN 1. Trac nghiém nhiéu phwong an lwa chon (12 ciu - 3,0 diém)
Cau 1. Cho ba diém phan biét M, N, P. Vecto MN + NP bang
—_— —> —
A.PM B.NM C.MP D.
Céu 2. Cho hinh binh hanh MNPQ. Khing dinh nao sau day dung?
—_— — = —_— — - —_— — — —_— —
A.MN+MQ=MP B.MN+MQ=NQ C.MN+MP=MQ D.MN-MQ=MP

ol

Cau 3. Cho ba diém phan biét 4, B, C. Vecto AB — AC bang

A.BC B.CB C. 44 D. CA
Céu 4. Khang dinh nao sau day sai?

A.d+b=b+dvéimoid,b B.d+ 0 =d véi moi d

C.|5+B|= |&|+|E| v&imoi @, b D.d + (—d) = 0 véimoi d

Cau 5. Cho bon diém phan biét M, N, P, Q. Rut gon MN — PN + PQ ta duoc

— — — -
A. MO B. QM C.NQ D.0
Cau 6. Cho M la trung diém cia doan thang AB va O 1a mét di€m bat ki. Vecto OA — OM bang
— — — —
A.MB B. AM C.BM D. BA
Cau 7. Cho tam giac ABC c6 trong tam G, M 1a trung diém cta BC. Vecto GB + GC bang
— — — —
A.AG B.GM C.GA D. AM
\ —  —
Cau 8. Cho luc giac déu ABCDEF tam O. Vecto AB + AO bang
— — — —
A.AD B. BO C.CA D. AC
— =] .
Ciu 9. Cho hinh vuéng ABCD canh a. [AD — CD| bing
A.0 B.a C.2a D. av2
— =
Ciu 10. Cho hinh chir nhat ABCD ¢6 AB =3, BC = 4. [4B + BC| bing
A7 B.5 C.1 D. 12

Cau 11. Hai lyc c6 cung d6 16n 20 N cung tac dung vao mét vat va hop véi nhau goc 120°. B 16n
cua hop luc la

A. 40N B.20V/3 N C.ON D.20N
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Céu 12. Cho tam giac ABC. Piém M thoa min MA + MB +
A.
B.
C.
D.

trung diém cua doan thang BC

trong tam cua tam giac ABC

diém M sao cho ABCM 14 hinh binh hanh
diém M sao cho ABMC 14 hinh binh hanh

| PHAN II. Tric nghiém ding sai (4 cau— 4,0 diém)
Céu 1. Cho tam gidc ABC vudng tai A c6 AB = 6, AC = 8; M 1a trung diém cua BC.

Y
a)
b)
¢)

d)

Ménh dé
|4B - 4c| = 10.
|4B +4c| = 10.
MB + MC =G.
|4B + CA| = 14.

—

MC=01a

Céu 2. Cho lyc giac déu ABCDEF tam 0, canh bang 1 (hinh v&).

d)

Céu 3. Cho hinh binh hanh ABCD va diém M tuy .

Y
a)
b)
¢)
d)

APLUS HA NOI 0943.480.099

Ménh dé

—_— s — —

MA + MC = MB + MD.

—_— >

MA — MB = AB.

_ s
DA+ DC = DB.

_ = = =
BA+BC+DB =0

CHIENMATH.COM

Tap 1 - Ban dé va 1o giai

Ping  Sai
] ]
L] L]
] ]
L] L]
Piang  Sai
] ]
L] L]
L] L]
] ]
Ping  Sai
L] L]
] ]
L] L]
] ]

Trang 553



TOAN 10 - APLUS Tap 1 - Ban dé va 1o giai

Céu 4. Mot flycam can bay tir diém A dén diém B cach A 1,2 km vé phia déng. Gio thdi vé hudng
nam vé6i van tdc 6 m/s; van tc riéng cua flycam (so v6i khong khi) c6 do 16n 10 m/s. Ngudi diéu
khién chon hudng bay sao cho flycam di chuyén diing theo duong thing AB.

Y Mg¢nh dé Diing Sai

2) Vecto vén tdc riéng cua flycam phai chéch vé phia bic so v6i hudng O 0
dong.

b)  Van tdc thuc cua flycam (so v&i mat dét) ¢6 d6 16n khoang 11,7 m/s. H O

¢) | Flycam bay tir A dén B hét 150 giay. L] L]

d) | Goc giita hudng cua van tdc riéng va hudng dong 16n hon 40°. H ]

PHAN IIl. Trac nghiém tra l&i ngan (6 ciu— 1,5 diém)

Cau 1. Cho hinh chit nhat ABCD c6 AB = 4, AD = 2. Tinh |E§ + A_c’| (lam tron két qua dén hang
phan trdm).
Dap $6: | | | | |

CAu 2. Cho hinh thoi ABCD canh 5 c6 BAD = 120°. Tinh |ﬂ;’ —AD | (1am tron két qua dén hang
phan tram).
Dap $6: | | | | |

. . e d e d
Céu 3. Cho tam giac ABC can tai A c6 AB = AC = 5, BC = 6. Tinh |AB + AC|.

Dap so: | | | | |

Cau 4. Hai lyc c6 d6 16n 5 N va 8 N cung tac dung vao mot vat; hgp luc cia chung c¢6 d6 16n 7 N.
Tinh goc giita hai lyc (don vi: d9).
Dap $6: | | | | |

Céu 5. Mot vat dung yén dudi tac dung ciia ba lyc dong quy; hai trong ba luc ¢6 do 16n 5 N va 12
N va vuong goc voi nhau. Tinh d6 16n cua lyc thir ba (don vi: N).
Dap sé: | | | | |

Céu 6. Tai mot nga tu, 6 t6 thir nhat chay vé huéng doéng véi van toe 15 m/s, 6 t6 thir hai chay vé
huéng béic v6i van téc 20 m/s. Tinh d6 16n vén tdc cia 6 t6 thir hai d6i voi 6 to thir nhét (don vi:
m/s).

Dap so: | | | | |

PHAN IV. Tw luan (2 bai — 1,5 diém)
Bai 1. Cho tam giac ABC. Goi M, N, P lan luot 1a trung diém cua BC, CA, AB.

C

—  —

a) Chimg minh AP + AN = AM (goiy: APMN 1a hinh binh hanh).

APLUS HA NOI 0943.480.099 CHIENMATH.COM Trang 554



TOAN 10 - APLUS Tap 1 - Ban dé va 1o giai

. vl - - -
b) Chimg minh AM + BN + CP = 0.
. \ — —
¢) Cho tam giac ABC d€u canh a. Tinh |AP + AN|.
Bai 2. (Van dung) Mot chiéc dén duoc treo vao tran nha boi hai soi day OA, OB (hinh v¢). Luc

cang ciia mdi day c6 do 16n 50 N, hai day hop v&i nhau goc 120° va ddi xtimg nhau qua phuong
thang dimg.

a) Tinh d6 lon hop luc cta hai lyc cang ddy va néu hudng cua hop luc do.

b) Biét dén dimg yén. Tinh trong lwong cua dén.

¢) Néu treo chinh chiéc dén d6 bang hai day hop voi nhau goc 60° (van dbi xtng qua phuong
thang dtmg) thi lyc cing cia mdi ddy bang bao nhiéu (lam tron két qua dén hang phan mudi)?

— HET —
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PE KIEM TRA SO 2

TOAN 10 - TRAM TOAN APLUS
BAI 8. TONG VA HIEU CUA HAI
VECTO HO VA teNn: e Lop: ..........
Thoi gian lam bai: 60 phuit Phén I: 0,25 diém/cdu - Phan II: ding 1y 0,1d; 2% 025d: 3y 0,5d: 45 1
d - Phan III: 0,25 diém/cau - Phan IV: 0,75 diém/bai.

Céu triic theo dinh dang dé thi tot nghiép THPT tir nam 2025

| PHAN 1. Trac nghiém nhiéu phwong an lwa chon (12 ciu - 3,0 diém)
Cau 1. Cho ba diém phan bi¢t 4, B, C. Vecto BA + CB bang
— — —
A.CA B. AC C.BC D.

=l

— =
Cau 2. Cho hinh binh hanh ABCD. Vecto BA + BC bang

— — — —

A.BD B. AC C.DB D.CA
Cau 3. V&1 bon diém phan biét 0, A, B, C, vecto OB — OA + BC bang

— — — —

A.CA B. AB Cc.ocC D. AC

CAu 4. Hai vecto @, b 14 hai vecto dbi nhau khi va chi khi
A.d=b B. |d| = |b| C.i-b=0
Cau 5. Cho bon diém phan biét A, B, C, D. Rat gon AB

- —

— —
A. AC B.0 C.AD D.BD

. —_-— —_—>
Cau 6. Cho tam giac ABC c6 trong tam G. Vecto GA + GB bang

- —_— - -
A.GC B. AB C.CG D. 0
Céu 7. Cho hinh binh hanh ABCD tam 0. Khing dinh nao sau dy ding?
_—_ = — _—_ s —_— = - — -—
A.0OA+0B=AB B.OA—0B=DC C.0A+0C=0 D. A0 = 0A

. L2 e d —_— -
Cau 8. Cho tam giac ABC. Biém M thoa man MB + MC =0 la
A. trung diém cta doan thang AB B. trung diém cua doan thang BC
C. trong tam cua tam giac ABC D. diém A
Cau 9. Cho tam giac déu ABC canh 2 va M la trung diém cua BC. |AB + MC| bang
A.3 B.V3 C.2V3 D.1
— =]
Ci 10. Cho hinh chir nhat ABCD ¢6 AB = 5, AD = 12. |4B — AD| bng
A.7 B. 17 C.V119 D. 13

Cau 11. Hai lyc ¢6 d6 16n 5 N va 12 N cung hudng, cung tac dung vao mdt vat. B9 16n cta hop luc
la
A.7N B. 13N C.17N D. 60 N
Céu 12. Mot ca nd chay nguoc dong trén mot khic song thang; van tde thyc cia ca nd (so v6i bod)
1a 18 km/h, van tdc dong nuéc 1a 3 km/h. Van tdc riéng ciia ca nd (khi nudc ding yén) co do 16n 1a
A. 21 km/h B. 15 km/h C. 18 km/h D. v/333 km/h
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| PHAN II. Tric nghiém dung sai (4 ciu - 4,0 diém)
Cau 1. Cho hinh vuéng ABCD canh 2, tam O.

Y Ménh dé
— —

a) |AB+A4D| = 4.
—  —

b) |04+ 0B|=2
—  —

o |4B +D¢|=o.

d) |4B - CB| = 2v2.

Tap 1 - Ban dé va 1o giai

Piang  Sai
] ]
] ]
L] L]
] ]

Céu 2. Cho tam giac ABC c6 trong tdm G, M 1a trung diém cua BC va D 1a diém ddi xang véi G

qua M (hinh v§).

Y Ménh dé
a) | GBDC la hinh binh hanh.

b) GB+GC=GD
o d L d —
¢) GA+GD =0.
e I S S <

d) GA+GB+GC =GD.

Cau 3. Cho tr giac ABCD; 1, ] lan luot 1a trung diém cua AB, CD.

Y Ménh dé
a) JA=IB.

—
b) 'AC + BD = AD + BC.
H

- —_ =
¢ [J=IA+AC+CCJ
_— —

d) |C+BD|=2]]

Ping  Sai
L] L]
] ]
L] L]
] ]

Ping = Sai
L] L]
] ]
L] L]
] ]

Cau 4. Mot vat chiu tac dung cua hai lyc 1?1), 1?2) ¢6 cung d6 16n 30 N va hop véi nhau goc 60°.

Y Ménh dé
a) | Hop luc c6 do 16n 60 N.

b) | Hop luc nam trén dudng phan gidc ctia goc tao boi hai lyc.

2y 2 A A s A = = .
¢) D¢ vat ding yén can tac dung thém lyc F; = — (F1 + Fz).

d 1én.
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PHAN IIl. Trac nghiém tra 1&i ngan (6 ciu— 1,5 diém)

—)—)—>|

Cau 1. Cho hinh chir nhat ABCD ¢6 AB = 9, AD = 12. Tinh |A + AC + AD|.
Dap $6: | | | | |

. . —_—> e d
Cau 2. Cho tam giac ABC vudng tai A c6 AB = 5, AC = 12. Tinh |AB + AC|.

Dap so: | | | | |

Céu 3. Cho hinh thoi ABCD tim O ¢6 AC = 8, BD = 6. Tinh |E)’ +BO |
pipsis [T T ]|

Cau 4. Hai luc F, F, ¢6 d6 16n 1an lugt 12 6 N va 10 N va hop véi nhau géc 60°. Tinh |F1 - F2|
(don vi: N, 1am tron két qua dén hang phan tram).
Dap $6: | | | | |

Cau 5. Mot van dong vién boi sang bo bén kia clia mot con song, ludn gilt hudéng boi vudng goc
v6i bd v6i van toe 1,5 m/s so v6i nude. Sau 40 gidy, anh Ay t6i bd bén kia tai mot diém cach diém
d6i dién v6i chd xudt phat 30 m vé phia ha lwu. Tinh van téc cta dong nudc (don vi: m/s).

Dip s6: | | | | |

Cau 6. Mot vat dung yén dudi tac dung cua ba luc déng quy c6 do 16n lan luot 12 10 N, 10 N va
10+/3 N. Tinh goc giira hai luc c6 cung 36 lon 10 N (don vi: d9).
Dap $6: | | | | |

PHAN IV. Tw luan (2 bai— 1,5 diém)
Bai 1. Cho hinh binh hanh ABCD tdm O va M 1a diém tuy .
L S = —
a) Chiing minh MA — MB + MC = MD.
B T e I
b) Chirng minh OA + OB + OC + OD = 0.
¢) Xac dinh diém N sao cho Mi + IW?) +NC=0va ching minh N thudc doan théng BO.
Bai 2. (Van dung) Hai con tiu xuét phat cing ltc tir cing mot bd ciia mot con song thiang rong 300
m dé sang bo bén kia. Van tdc riéng clia hai tau c6 ciing d6 16n 5 m/s; tau A ludn giir mili vudng goc

v6i bo, tau B ludn giit mili tao voi bd goc 60° vé phia thuong ngudn (hinh v&). Vén toc dong nude
la 2 m/s.

. ———
dong nudc 2 m/s

5 m/s
5 m/s
60°

A B

a) Tinh thoi gian sang séng ctia mdi tau (lam tron két qua dén hang phan mudi).

<4300 m—p

b) Tau nao sang dén bo bén kia trude? Vi sao?
¢) Tinh d6 16m van tdc thyuc cta tau A (Iam tron két qua dén hang phan tram).

— HET —
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HUONG DAN GIAI CHI TIET

BAI 8. TONG VA HIEU CUA HAI VECTO - Méi bai gom dé va loi gidi ngay bén duwdi

IE] L0 GIAI BAI TAP CAC DANG TOAN

Dang 1. Tinh téng, hiéu — RGt gon biéu thirc vecto

— — =

Bai 1. Rut gon: a) MN + PQ + NP; b) AB — AC + BC; ¢) OA — OB — CA; d)AB + B
Loi gidi

S
+
9

—_ s s —

Re 1 X 32 %s L D = —
a) Boi cho dé cac vecto noi duéi: MN + PQ + NP = MN + NP + PQ = MP + PQ = MQ
b) Theo quy tic hiéu, AB — AC = CB. Do d6 bidu thirc bang CB+BC=CC=0.

— = =

¢) Theo quy tic hiéu, OA— OB = BA ; dbi dau: —CA=2AC. Do d6 bidu thuc bang
—_— s —
BA + AC = BC.

e I T

s L2 —_—> —> —
d) Theo quy tac ba diém: AB + BC + C C+CA=AA=0.

— —_ =

Bai 2. Cho luc gisc déu ABCDEF tam O (hinh v&). Tinh: a) ﬂ+ 0C; b) AB+AF; o)
—_ s 5 /s s =
OA+ OB + 0C + 0D + OF + OF.

Loi gidi
Cac doan théng 0OA, OB, ..., OF chia lyc giac déu thanh sau tam giac déu béng nhau c6 chung
dinh O, nén OA = OB = :-- = OF va bﬁng canh cua luc giac.

a) T(r gidc OABC c6 bon canh bang nhau nén 13 hinh thoi, do d6 13 hinh binh hanh. Theo quy tic
— — —
hinh binh hanh: 04 + OC = 0B.
. — — —
b) Tuong tu, ABOF 1a hinh thoi nén AB + AF = AO.
—_— —> —E)

¢) 0 la trung diém cta ba duong chéo AD, BE, CF nén 0A+ D=6, B + =6,

—

- - - 2 2
0C + OF = 0. Cong ba dang thirc, ta dugc téng cia sdu vecto bang 0.

—

Bai 3. Cho hinh binh hanh ABCD tdm 0. Tim vecto bang mdi vecto sau: a) OB — 0C ; b) BA - BC ;
—_ = =
c)DA—-DB + DC.

Loi gidgi

S
sl
I
[
I
a
S
<
(€]
(@]
Q
Q
5.
<
g
S
(S
o
oo
=
(&
=
o
=

a) Hai vecto chung diém dau O; theo quy tic hiéu,
ABCD la hinh binh hanh.
—_— — C—)

b) Hai vecto chung diém dau B; theo quy tic hiéu, BA — BC =
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0 Theo o quy thc hiéu, DA — DB = BA. Mit khac DC = AB (vi ABCD 13 hinh binh hanh). Do dé
DA—DB +DC = BA+ AB = BB = 0.

l
|
|

Bai 4. (Van dung) Cho tam giac ABC; M, N, P 1an luot 13 trung diém cta BC, CA, AB (hinh v&).

< R A \ R A 1r . , W2 ~ N —_—> e d
a) Tim vecto c6 diém dau va diém cuoi 1a hai trong sau di€m da cho, bang PB + MC.

. 4 —_ —_ —
b) Chimg minh AN + BP + CM = 0.
¢) Biét tam gidc ABC du canh 2, tinh |PB + MC|.
Loi gidi
Theo tinh chdt duong trung binh: PN || BC, PN = ~BC; NM || AB, NM =2 AB:; MP || CA,
MP = %CA. Twr d6 cac tr giac APMN, PBMN, PMCN déu 1a hinh binh hanh.
— — e
a) PMCN 1a hinh binh hanh nén MC = PN. Do d6 PB + MC = PB + PN. Vi PBMN 1a hinh binh
z —_— = — e
hanh nén theo quy tac hinh binh hanh, PB + PN = PM. Vay PB + MC = PM.
—_— — — —
b) T cac hinh binh hanh trén: AN = PM (hinh binh hanh APMN), BP = MN (hinh binh hanh
PBMN), CM = NP (hinh binh hanh PMCN).
—_ s s S — — —> - 7 %o .
Do d6 AN + BP + CM = PM + MN + NP = PP = 0 (quy tac noi duoi).
2=

=PM=:-AC=:.2=1
2 2
L = =
Bai 5. (Van dung) Cho hinh chit nhat ABCD tdm O c6 AB =8, AD = 6. Pitu = 0A + 0B,
R e I R
vV=0A—-—0B+0C—-0D,w AB + OC OD Tinh @6 dai cua céc vecto U, U, w.
Loi gidai
— — R A T |
Tinh |u]. 0 1atrungd1emcuaBD nén OB = DO. Do d6 i = DO + OA = DA va |u| = DA = 6.
—_ s = — —_ —
Tinh |¥|. Theo quy tic hiéu, 0A— OB =BAva0C — 0D = DC.MaDC = AB (vi ABCD 1a hinh
chir nhit) nén v = B4 + AB =0, suy ra || = 0.
R — _— = a a
Tinh |w|. Ta c6 OC — 0D =DC=AB. L4 y diém E sao cho B la trung diém cua AE thi

lll

—

— - — —>
BE=AB,dodéw=A + BE = AE va |w| = AE = 2AB = 16.
— > — o2 > =2 4= R =2 ” , 2 A
Vay |u| =6, |[v| =0, |w| =16. Luuy: v = BA+ DC vaw = AB + DC chi khac nhau ¢ so hang

dau (B_A) hay A_B)) nhung d6 dai khac han nhau: hai vecto dbi nhau triét tiéu, hai vecto bang nhau
thi “don” lai.
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Dang 2. Chirng minh dang thirc vecto’

— = —

Bai 6. Cho bén diém A, B, C, D . Ching minh: a) AB+BC+CD+DA=0; b)

—_ e s —
AC — AD = BC — BD.

Loi gidi

a) Ap dung lién tiép quy tac ba diém:

e i e e e e e
AB+BC+CD+DA=AC+CD+DA=AD+DA=AA=0.
b) Theo quy tac hiéu: AC — AD = DC (chung diém dau A) va BC — BD = DC (chung diém dau

B). Hai vé cuiing bang DC nén dang thirc duoc ching minh.

_ s > =

Bai 7. Cho sdu diém 4, B, C, D, E, F. Chimg minh AD + BE + CF = AE + BF + CD.
Loi gidi
Xét hiéu hai vé, nhém tirng cip vecto co chung diém dau rodi ding quy tic hiéu:
-_— > —

(ﬁ+ﬁ+ﬁ’?)—(ﬁ+3_ﬁ+ﬁ)))=(ﬁ—,ﬁ)+(ﬁ—3_ﬁ)+(ﬁ—ﬁ)>)=ED+FE+DF

‘ —_ s s s = s = = =
MaED + FE + DF = FE + ED + DF = D
—_ = —

F
Hiéu hai vé bing 0, do d6 AD + BE + CF = AE + BF + CD.

Bai 8. (Van dung) Cho tam giac ABC. Dung ra phia ngoai tam giac cac hinh binh hanh ABI]J,

T T S S
BCPQ, CARS (hinh v&). Chimg minh RJ + IQ + PS = 0.

7 R

Q P

Loi gidgi

. I s - - e T
Cheén cac dinh cta tam giac: Rf = RA+ AJ,IQ = IB + BQ, PS = PC + CS.
Cong lai va nhoém theo ting hinh binh hanh:
- s — - — = —_ =
Rj +10 + PS = (A]+IB)+(BQ+PC)+(CS+R )
Trong hinh binh hanh ABIJ: Z]) = LTI) nén A +IB
Trong hinh binh hanh BCPQ: BG = CP nén BQ + PC = CP + PC = 0.

- =

Trong hinh binh hanh CARS: CS = AR nén CS + RA = AR + RA = 0.

Vay IT]) + I_Q) + PS =0. Nhgn xét: két qua khong phu thudc hinh dang clia tam giac va ctia ba
hinh binh hanh.

l
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Bai 9. (Van dung) Cho tam giac ABC c6 trong tdm G. Goi A’, B', C’ 1an luot 1a cac diém ddi xtimg

. .2 > — =,
vGOi G qua trung diém cta BC, CA, AB (hinh v€). Chung minh GA’ + GB' + GC' = 0. Tu d6 ¢6 nhan
xét gi vé diém G ddi voi tam giac A'B'C'?

Loi gidai
Goi M 1a trung diém cua BC. T& giac GBA'C c¢6 hai duong chéo GA’ va BC cit nhau tai trung
. X , —
diém M cta moi dudng nén 1a hinh binh hanh. Theo quy tac hinh binh hanh: GA' = GB + GC.
S R T =T !
Tuong tu: GB" = GC + GA va GC" = GA + GB.
, s B e —_ = = —_ = = - .
Cong ba ding thirc: GA' + GB + GC' = (GA + G + Gc) + (GA +GE +GC) =0, vi G la trong
tam tam giac ABC.

— s — — )
Vay GA' + GB' + GC' = 0, tlic 1a G ciing la trong tdm cta tam gidc A'B'C’.

Dang 3. Tinh dd dai cua vecto tong, vecto hiéu

Bai 10. Cho hinh chi nhat ABCD ¢6 AB = 4, AD = 3 (hinh v&). Tinh |H§ +AD

b

[CA + 28| va ¢ + 53]

Loi gidi
Tam gidc ABD vuong tai A nén BD = VAB2 + AD? = /16 + 9 = 5; hai duong chéo cta hinh
chir nhat bang nhau nén AC = BD = 5.

—_— S — ¢ — —
—AB + AD = AC (quy tac hinh binh hanh) nén |AB + AD| = AC = 5.

—_— s — 2 . _— —
_AB — AD = DB (quy tic hiéu) nén |AB - AD| =DB =5,

~ CA+ AB = CB (quy tic ba diém) nén |CA + AB| = CB = AD = 3.

P —_— = —_— = — = _— = — =
_ Chén didm: AC + BD = (AD n DC) n (Bc n CD) —AD + BC + (Dc n CD) — AD + BC.
Lay diem K sao cho D 1a trung diem cua AK thi DK=AD =BC . Do d6
—_ s s = — —_ =
AC+BD=AD+DK=AKV2‘1|AC+BD|=AK=2AD=6.

Vay bbn do dai can tim lan luot 1a 5; 5; 3; 6.
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. S —  — — —
Bai 11. Cho hinh thoi ABCD canh 2 ¢6 BAD = 60°. Tinh |AB + AD| va |AB Sy |
D C
A = B

Loi gidi

¢ —_— s — — —
Theo quy téc hinh binh hanh, 4B + AD = AC nén |AB + AD| = AC.
Tam giac ABD c¢6 AB = AD = 2 va BAD = 60° nén la tam giac déu, suy ra BD = 2. Goi O la
giao diém ciia hai dudng chéo thi A0 1a dudng cao clia tam giac déu ABD: AO = Zzﬁ = /3, do @6
AC =240 = 243.

s . —_—>
Theo quy tac hi¢u, AB — = DB nén

AD = DE nén |4B

Vay |E’+E’| =2x/§va‘1|AB— D| = 2.

Bai 12. (Van dung) Cho tam giac ABC ¢c6 AB =5, AC =8, BAC = 60° (hinh v¢&). Tinh
|4B — 4C| va |4B + AC| (1am tron két qua dén hang phan tram).
C

AL— B

Loi gidi
Tinh |AB - AC|. Theo quy tic hiéu, AB — AC = CB nén |AB - AC| = BC. Theo dinh i cosin:
BC?=5%2+82—-2.5-8-c0s60° = 25 + 64 — 40 = 49, nén BC = 7.

_— — e —" .
Tinh |AB + AC|. Dung hinh binh hanh ABDC thi AB + AC = AD. Trong tam gi4c ABD: AB = 5,
BD = AC = 8 va ABD = 180° — BAC = 120° (hai goc ké mot canh cia hinh binh hanh bu
nhau).
Theo dinh 1i cosin: AD? =52+8%2—2-5-8-c0s120° =25+ 64 +40 =129 , nén
AD =129 ~ 11,36.
Vay |E’ —A_c’| = 7va |ﬂ3’ +A_c’| = V129 ~ 11,36.

. . N —_> e d —_> o d . .

Bai 13. (V4n dyng) Cho tam giac ABC. Chimg minh ring |AB + AC| = |AB — AC| khi va chi khi
tam giac ABC vudng tai A.
Léi gidi
Goi M 1a trung diém ciia BC, D 1a diém d6i xting voi A qua M thi ABDC 14 hinh binh hanh. Khi

e s e
d6 AB + AC = AD va AB — AC = CB.

— — — .

Do d6 |AB T AC| = |AB = AC| & AD = BC, tic 1a hinh binh hanh ABDC c6 hai dudng chéo
bang nhau.
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Hinh binh hanh c6 hai dudng chéo bang nhau khi va chi khi né 1a hinh chit nhét, tic la
BAC =90°.

e d — —_—> —_—> o . . ., n .
Vay |AB + AC| = |AB = AC| khi va chi khi tam gidc ABC vudng tai A.

Bai 14. (Van dung cao) Cho hinh vuéng ABCD canh 2 c6 tam O va diém M thay d6i trén canh BC
(hinh v¢).

R I S S
a) Chimmg minh MA + MC = MB + MD.
. . r — — . .2
b) Tim gia tri nho nhat cua |MA + MC | va vi tri tuong Umg cua diém M.
Loi gidi
a) Goi M’ 1a diém ddi xing v6i M qua 0. Khi M khéc C, t& gidc AMCM' ¢6 hai dudong chéo AC,
. . ~ —
MM’ cat nhau tai trung diém O ctia moi duong nén 1a hinh binh hanh, do d6 MA + MC = MM'.
Khi M tring C thi M’ tring A va dang thirc ndy van ding.
Lap luan twong tw voi hai duong chéo BD, MM’ (ciing cit nhau tai trung diém O ):
—_— s — —
MB + MD = MM'.
_— s s — 5 —
Vay MA + MC = MB + MD (cung bang MM").
b) Tir cau a), |m +1TC’| = MM’ = 2MO . Goi K 1a trung diém cua BC thi OK L BC va
0K =2=1.
V6i moi diém M thudc canh BC: MO > OK = 1 (dudng vudng goc ngin hon dudng xién), dau
bang xay ra khi M trung K.
Vay gia tri nhd nhat cua |MA + MC | bang 2, dat dugc khi M 1a trung diém cua BC.

Dang 4. Trung diém, trong tam — Xac dinh diém thoa man dang thirc vecto’

Bai 15. Cho hinh binh hanh ABCD. Xac dinh diém M thoa man BM = AB + AD. Chimg minh C la
trung diém cua DM.

Loi gidi

z — S — — — 2
Theo quy tac hinh binh hanh, AB + AD = AC, nén BM = AC. Vay M la diém sao cho ACMB la
hinh binh hanh.

— =

Khi do W = A_B) (hai canh d6i cua hinh binh hanh ACMB). Mit khac AB = DC (vi ABCD 1a
hinh binh hanh), nén CM = DC.

Hai vecto D_C), W/I bﬁng nhau nén D, C, M théng hang, C nam gita D, M vaDC = CM. Vay C l1a
trung diém cta DM.
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Bai 16. Cho doan thang AB c¢6 trung diém I va diém M khong thudc duong thang AB. Goi D la
didm dbi xtmg véi M qua I (hinh v&). Chimg minh MA + ME = MD va suy ra |MA + MB| = 2MI.

Loi gidi
T giac MADB c6 hai dudng chéo AB va MD cit nhau tai I 1 trung diém ciia mdi duong nén 1a
hinh binh hanh.

2 . —_— — —
Theo quy tac hinh binh hanh tai dinh M: MA + MB = MD.

Do do |m’ + MB | = MD = 2MI (vi I 1a trung diém cia MD).

Nhdn xét: két qua |m + MB | = 2MI van dung khi M thudc duong thing AB; day la cach nhanh

nhit dé tinh d6 dai cuia tong hai vecto chung diém dau.

—_ = =

Bai 17. Cho tam gidc ABC. Xac dinh diém D thoa man DB + DC = BC.
Loi gidi
Chuyén vé, doi dau: DB = BC — DC = BC + CD = BD (quy tac ba diém).

Hai vecto DB va BD la hai vecto déi nhau; chiing bang nhau khi va chi khi cing bang 6, tuc la D
trung B.

Thu lai: véi D = B thi BB + BC = BC, dang. Vay D la diém B.
Sai lam thwong gdp: nham véi dang thire DB+DC=0 (khi d6 D mdi 1a trung diém cta BC).

Bai 18. (Van dung) Cho tam giac ABC . Tim tit ca cac diém M thoa min: a)
—_— s — — e e T
MA + BC = MB + AC; b)MA+ BC = MC + BA.

Loi gidi
q [ — = —  — —_— — — =
a)ChuyénVé' MA+ BC = MB + AC & MA—- MB = AC — BC.
— e T e -
Vé trai: MA — MB = BA (quy tac hiéu). Vé phai: AC — BC = AC + CB = AB.
_— — —_— — .
Diang thiic tro thanh BA = AB. Vi A # B nén BA, AB 1a hai vecto dbi nhau khac O khong thé

bang nhau. Vay khong cé diém M nao thoa man.

2 e e T | o e e
b) Chuyén vé: MA + BC = MC + BA & MA—- MC = BA — BC.
Theo quy tac hiéu, ca hai vé déu bang CA. Pang thirc diing v&i moi M, nén moi diém M trong mat
phang déu thoa man.
Bai hoc: khong phai dang thirc vecto nao ciing xac dinh dung mot diém; can bién doi dén cung rdi
méi két luan.
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Bai 19. (Van dung cao) Cho tam gidc ABC . a) Tim tdp hop cac diém M thoa man
—_— - — — — 2 —_— — —
MA + MB —MC| = |MB —MC|. b) Tim tap hop cac diém M sao cho vecto MA + MB — MC

A .. _)
cung phuong véi vecto BC.
Loi gidi

0i D la diém
— = =

G
q — = —
MB — MC = CB, nén voi moi diem M: MA+ MB — MC = MA+ CB = MA + AD = MD.

a) Pang thic da cho twong dwong voi MD = |C_B>| = BC. Vay tap hop cac diém M 1a duong tron
(C) tam D, ban kinh BC (dudng tron nay di qua A, vi DA = BC).

b) MD cung phuong voi BC khi va chi khi M trung D hodc dudng thing MD song song (hodc
tring) véi BC, tic 1a M thudc duong thiang d di qua D va song song véi BC.

Vi AD = CB nén AD Il BC va d chinh 1a duong thang di qua A, song song véi BC. Vay tap hop
can tim 1a duong thang di qua A va song song véi BC.

Dang 5. Téng hop lwc, tdng hop van téc

Bai 20. Hai lyc ?’1 , IT"Z c6 cung do 16n 10 N cung tac dung vao mot vat. Tinh d¢ 16n hop luc khi géc
gitra hai luc 1a: a) 0°; b) 90°; ¢) 60°; d) 120°.

Loi gidai

Goi F 1a d6 16n hop luc. Ap dung cong thicc F? = F? + FZ + 2F,;F,cosa v6i F; = F, = 10, ta ¢o
F? =200 + 200cosa.

a) a = 0°: hai lyc cung huéng nén F = 10 + 10 = 20 (N).

b) @ = 90°: F2 = 200 nén F = 10v/2 ~ 14,14 (N).

¢) @ = 60°: F2 = 200 + 100 = 300 nén F = 10v/3 ~ 17,32 (N).

d) @ = 120°: F2 = 200 — 100 = 100 nén F = 10 (N).

Nhdn xét: goc gitra hai luc cang 16n thi hgp luc cang nhé.

e A A . , o = = = \ /. A A = =2 A , 7. \
Bai 21. Mot vat chiu tac dung cia ba luc F;, F,, F5 va dung yén. Biet F;, F, vudng gbéc voi nhau va

¢6 d6 16n 1an lugt 12 6 N va 8 N (hinh v&). Tinh d¢ 16n va néu huéng cia F_'3) .

F> (8 N)

Fi (6 N)
Loi gidi
., O = e - - o
Vatding yénnén F; + F, + F; = 0,suyra F; = — (F1 + Fz).
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Hop luc 1?1) + IT"Z duogc biéu dién boi duong chéo cua hinh chit nhat dung trén hai lyc vudng goc,
nén c6 do 16n V62 + 82 = 10 (N).

Vay 1?3) c6 d6 16n 10 N, cung phuong va ngugc hudng véi hop luc 1?1) + IT"Z .

Bai 22. (Van dung) Tré lai cau chuyén mé dau: may bay co van toc riéng 300 km/h, gid thoi vé
hudng déng voi van tde 55 km/h. San bay dich ndm cach diém xuat phat 600 km vé phia béc.
a) Néu phi cong gitt mili may bay hudng bic, tinh 6 16n van tdc thuc cia méay bay.
b) Vén giit miii huéng béc, khi may bay bay téi ngang san bay dich (sdn bay nam & phia tay cta
may bay) thi may bay cach san bay bao xa?
¢) Phi cong phai gitt mili may bay theo hudng nio dé may bay bay thang tGi san bay dich? Khi
d6 chuyén bay mat bao nhiéu phut (lam tron két qua dén hang don vi)?
Loi gidi
Goi v; 1a vén toc riéng (46 16n 300 km/h), v, 1a van tbc gi6 (huéng dong, 55 km/h); van toc thuc
av=uv 4+,
a) 1, huéng  bic, v, huéng dong nén  hai  vecto  vudbng  goc:
|%] = /3002 + 552 = /93 025 = 305 (km/h).
b) Chuyén dong vé phia bac chi do van tdc riéng (300 km/h), chuyén dong vé phia dong chi do

gi6 (55 km/h). May bay t6i ngang san bay dich sau % = 2 (gio); trong thoi gian d6 gié day no
sang phia dong 55 - 2 = 110 (km). Vay may bay cach san bay dich 110 km.

¢) Bé ¥ huéng biac, phi cong phai lai 1éch khoi hudng bic vé phia tdy mot goc a sao cho thanh
phan hudng tiy cla van toc riéng triét tiéu van téc gid: 300sina = 55, suy ra sina = % va
a = 10,6°.

Khi d6 tam giac van tdc vudéng co canh huyén |171 | = 300 va mot canh goc vudng |172 | = 55, nén
|#| = /3002 — 552 = /86975 ~ 294,92 (km/h).

rors; ~ 20345 (gi6) ~ 122,07 (phiit) ~ 122 phut.

Vay phi cong phai l4i 1éch vé phia tay khoang 10, 6° so v6i hudng béc, va chuyén bay mat khoang
122 phut — chi hon 2 phut so vai khi troi lang gio, nhung may bay ha canh dung noi.

Thoi gian bay: t =

Bai 23. (Van dung) Troi ling gio, mua roi thing dimg voi van toe 6 m/s. Mot ban di xe dap trén
dudng nam ngang véi van toc 4,5 m/s (hinh v§).

vy (4,5 m/s)

Vm (6 m/s)
uong di

a) Tinh d6 16n vén toc cia hat mwa déi véi ngudi di xe dap.

b) Nguoi di xe dap thay cac hat mua roi theo phuong hop véi phuong thang dimg mot goc bao
nhiéu (lam tron két qua dén hang phan mudi ctia d6)? Mua “hat” vao ngudi tir phia trudc hay
phia sau?
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Loi gidi

Goi 17,:, 17,; lan luot 1a van téc cta hat mua va cua nguoi di xe dap (so voi mat dét). Van toc cua
hat mua d6i véi nguodi 1a % = v, — vy = vy, + (- 17,:)

a) U, huéng thing dung xubng dudi, — v, ndm ngang, huéng ngugc chidu di; hai vecto nay
vuong goc nén |u| = \/62 + 4,52 = \/56,25 = 7,5 (m/s).

b) Goi f8 1a gbc gitra #i va phuong thang dung. Trong tam giac van tdc vudng: tanf = ‘%5 = 0,75,
suyra B = 36,9°.

Vi U c¢6 thanh phan ndm ngang huéng nguoc chiéu di, nén d6i véi ngudi, hat mua chuyén dong tir
phia truée, chéch xudng, vé phia sau: mua hat vao nguoi tir phia truée. Mudn che mua t6t, ban
4y nén nghiéng 6 vé phia trudc mot goc khoang 36,9° so véi phuong thang ding.

Bai 24. (Van dung cao) Mot con song rong 120 m ¢6 dong nude chay véi van tée 5 m/s; mot chiée
xudng c6 van tdc riéng 3 m/s xuat phat tir diém A & mot bo. a) Giai thich vi sao du giit miii theo
hudng nio, xudng ciing khong thé cap bd bén kia tai diém d6i dién voi A. b) Nguoi lai phai giit miii
xudng theo hudng nao dé xudng bi trdi xudi it nhat? Tinh quang duong tréi xudi nho nhat do.
Loi gidai

PR B T T s S 2 N NN a2 A
Van toc thuc v = v, + v,. Pat AN = v, (AN =5, hudng xuoi dong) va NT = v, thiv = AT. Vi
NT = 3 khong d6i nén diém T chay trén duong tron tim N, ban kinh 3 (hinh v&).

a) Xuodng cap bo tai diém dbi dién véi A khi va chi khi ¥ vudng goc v6i bo. Hinh chiéu cia T 1én
dudng thang AN (song song v6i bd) cach N khong qua 3, nén nam trong doan tir 2 dén 8 tinh tir A
theo chiéu dong chay, tc 1a khong bao gio tring A. Do d6 ¥ luén c6 thanh phan xudi dong,
xudng khong thé cap bo tai diém ddi dién.

b) Goi 0 1a goc giira ¥ va hudng xudi dong. Quang dudng tréi xudi bang 120 - %, nén cang nho
khi 0 cang 16n. Géc 8 = NAT 16n nhét khi AT tiép xac voi duong tron, tirc NT L AT.

Khi d6 tam giac ANT vuodng tai T: sinf = % = g, AT = V52 — 32 = 4 nén cosf = g.

Quiéng dudng trdi xudi nho nhat: 120 - ‘3‘—;“; = 160 (m). Luc d6 v, L ¥: miii xudng hop véi hudng
ngugc dong mot goc ¢ voi cosep = E, @ =~ 53,1°.

Vay phai giit miii xudng chéch vé phia thugng ngudn, hop véi bd goc khoang 53,1°; khi do

xudng bi troi xudi it nhat 1a 160 m.
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* LO'1 GIAI BAI TOAN PIEM NHAN ‘

Pi¢m nhan 1. Cum dén tin hi¢u giita nga tw. Mot cum dén tin hiéu giao thong c6 trong lugng 300
N duoc treo tai diém O bang hai soi cap 0OA, OB nbi véi dinh cua hai cot dén & hai bén duong (hinh
v&). Cap OA hop voi phuong ndm ngang goc 30°, cap OB hop voi phuong ndm ngang goc 45°. Bo
qua khéi lugng cua cac soi cap. Goi 7_"; YT; lan lwot 14 luc cing cia cap OA, OB tac dung 1én diém O

5
va P 1a trong lyc cia cum dén.

a) Giai thich vi sao khi dit ndi dudi nhau, ba vecto 7_"1), 7_"2), P tao thanh mdt tam giac. Tinh cac
gbc cua tam giac do.
b) Tinh d6 16n cta hai lyc cang (Iam tron két qua dén hang phan mudi). Soi cap ndo chiu luc 16n
hon?
¢) Mbi soi cap chi dugc phép chiu luc cing t6i da 250 N. Cach treo trén c6 an toan khong? Néu
thay d6i do cao cac diém treo dé hai soi cap d6i xing nhau qua phwong thing dimg va cling
hop véi phuong nam ngang goc a, thi a phai I6n hon hoic bang bao nhiéu d¢ dé an toan (Iam
tron két qua dén hang phan mudi)?
Loi gidgi
a) Cum dén dung yén nén 7_"1) + 7_"2) + P = 0. Tr mét diém X, VEXY = '171) vavYZ = '172) Theo quy
tic ba diém, XZ = 7_"1) + 7_"2) = —P, tiuc la ZX = P.Ba luc d61 mot khong cung phuong nén X, Y, Z

. — > — i~
la ba dinh cua mét tam giac; ba canh XY, YZ, ZX bicu dién dung ba lyc.

Vi P hudng thang dimg xubng dudi nén XZ hudng thang ding 1én trén.

- ’I_'l) hudng doc theo cap vé phia A, hop voi phuong nam ngang goc 30°, tirc 13 hop véi phuong
thang dung goc 60°. Do d6 YXZ = 60°.

- ’I_'z) hop v6i phuong thang dimg goc 90° — 45° = 45°, nén goc giita 7Y (nguoc hudng voi ’I_'z))
va ZX (huéng thing dimg xubng) 1a XZY = 45°.

—XYZ =180° — 60° — 45° = 75°.
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b) Dit T, = |Fl’| =XY,T, = |Fz’| =YZ, P = ZX = 300. Theo dinh Ii sin trong tam gidc XYZ:
) T, 300

sin45°  sin60°  sin75°
_ 300sin45° __300sin60°

Vé6isin75° = 0,9659: T; = e 2196 N)vaT, = el 269,0 (N).

Kiém tra lai: thanh phan ndm ngang cua hai lgc cang triét tiéu nhau
( 219,6c0s30° ~ 190,2 ~ 269,0c0s45° ), con tong cac thanh phan thang dung
219,6sin30° + 269,0sin45° ~ 109,8 + 190,2 = 300 can bang véi trong lugng. Vay cap OB
(dbc hon) chiu luc 16n hon.

¢) ViT, = 269,0 > 250 nén cép OB bi qua tai: cach treo trén khong an toan.

Khi hai cap dbi xting va cing hop véi phuong nim ngang goc a, tam giac luc XYZ c6 hai goc &
X, Z cing bang 90° — a nén can tai Y, voi XY = YZ = T va goc & dinh XYZ = 2a.
Goi H l1a trung diém cua XZ thi YH L XZ va XYH = a. Trong tam giac vudng XHY :

XH = XYsina, tirc 3(2)—0 = Tsina, hay T = :iﬂ.

biéu kién an toan: T < 250 & sina > % =06 a=369 (vi0°<a<90.

Vay moi soi cap phai hop voi phuong nam ngang goc it nhat khoang 36, 9°.

Nhdn xét — Mo rong

Vi sao day dién luén vong? Cong thuc T = ﬁ cho thdy cap cang gan nam ngang thi lyc cing
cang 16n, va khi & dan t6i 0° thi T 16n khong gidi han. Khong thé kéo mot soi day co vat treo &
gitra “thang tap”, nén day dié€n, cép treo, day phoi bao gio ciing c6 do vong.

Tong quat hoa. Neu hai cap hop voi phuong nam ngang cac goc «, f thi tam giac luc co cac goc
90° — ,90° — a, a + f (d6i dién lan luot v6i Ty, Ty, P), nén Ty =

Pcosf Pcos .
sin(a+p)’ 2= sin(a+[3): so1
cap dbc hon ludn chiu lyc 16n hon.

Sai lam thirong gdp: cho rang mdi soi cap “ganh mot nira” trong luong (150 N). Thuce té ca hai
luc cing déu 16n hon 150 N vi mét phan Iyc cang chi ding dé “kéo ngang” can bang 1an nhau.

Pi¢m nhén 2. Luc giac va hai tam giic song sinh. Cho luc giac 16i ABCDEF. Goi M, N, P, Q, R,
S lan luot 1a trung diém cua cac canh AB, BC, CD, DE, EF, FA (hinh v¢).

. —_— - - —
a) Ching minh MN + PQ + RS = 0.
b) Chirng minh hai tam giac MPR va NQS c6 cung trong tam.
¢) Cho ABCDEF 1a luc giac déu canh 2. Ching minh tam giac MPR déu va tinh |1\ﬁ) + MR |
Loi gidi
R T S
a) batu = MN + PQ + RS.
1 SPPe - —_— = — = —
Céch viét thir nhét (di qua B, D, F): i = (MB + BN) + (PD + DQ) + (RF + Fs).
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Cdch viét thir hai (di qua A , C , E ):
=(W+R+ﬁ)+(ﬁ+ﬁ)+ﬁ)+(ﬁ+ﬂ+ﬂ).

Cong hai dang thirc va nhém céc vecto c6 chung mot trung diém:

ﬁ+ﬁ:(W+1W3))+(B_)N+ﬁ)+(P_C)+P_D))+(D_Q)+R2))+(RE+RF)+(FS+AS)+(A_C)+EE)

. 5 e —_ —_— 4 -

Vi M, P, R la trung diém cia AB, CD, EF nén MA + B =PC+PD=RE+RF=0.ViN,Q,
o — = —  — =

S la trung diém cia BC , DE , FA nén BN+ CN=—(NB+NC)=0, tuong tu

- e %a — = = =
DQ+EQ=FS+AS=0.Cu610ﬁngAC+CE+EA=AA=0.

Do d6 % + % =0. Néu 7 # 0 thi % + i 1a vecto cung huéng véi i va c6 do dai 2|@| > 0, vo 1.

N — —_— —> —_—> —
Vay @ = 0, tic MN + PQ + RS = 0.

—_— s — >
b) Goi G 1a trong tAm tam giac MPR: GM + GP + GR = 0. Chén cac diém M, P, R:

— —_— = —_— = -
GN+GQ+GS=(GM+MN)+(GP+PQ)+(GR+RS) (GM+GP+GR)+(MN+PQ+ S)=0

(theo cau a).
Vay G cling la trong tam tam gidc NQS: hai tam gidc MPR va NQS c6 cung trong tam.
¢) Goi 0 1a tam lyc giac déu. Cac tam giac OAB, OC D, OEF déu canh 2 nén cac trung tuyén OM,

OP, OR ciing la duong cao: OM = OP = OR = = /3, va OM, OP, OR lan lugt vudéng goc

véi AB, CD, EF.

Hai canh AB va CcD cach nhau mot canh BC nén
MOP = MOB + BOC + COP = 30° 4+ 60° 4+ 30° = 120°; twong tw POR = ROM = 120°.

Theo dinh i cosin: MP? =3 +3 —2-3-c0s120° =9, nén MP = 3; tuong tu PR = RM = 3.
Vay tam giac MPR déu canh 3.

Goi K 1a trung diém cta PR va M’ 1a diém dbi xting véi M qua K. T giac MPM'R c6 hai dudng

4 . Y x. —_— —
chéo cat nhau tai trung diém K cua moi dudng nén 1a hinh binh hanh, do 46 MP + MR = MM’ va
|1\WJ> + I\ﬁ| = MM’ = 2MK (két qua quen thuoc & Dang 4). Ma MK 1a dudng cao cua tam gidc

deucanh3 MK = ;/_

Vay |MP + MR| = 34/3.

Nhdn xét — Mo rong

Y twéng then chét 1a tinh mot vecto theo hai con dudng rdi cong lai dé moi “phan thira” triét tiéu
— ki thuat rat hiéu qua khi d& bai ¢6 nhiéu trung diém.

Két qua a), b) dung v&i moi luc giac (khong can 10i, khong can déu). Véi luc gidc déu, hai tam
giac MPR, NQS déu 1a tam giac déu canh 3 va tao thanh ngoi sao sau canh quen thudc; trong tdm
chung cua chiing chinh la tam 0.

Nhin truée Bai 9: khi di c6 phép nhan vecto véi mot sd, tinh chat dudng trung binh cho ngay

—_— 12 1= — 1= .. 1 .
MN = EAC’ PQ = ECE’ RS = EEA’ va cau a) chi con mot dong. Loi gidi ¢ day cho thay chi voi

phép cong vecto ta van di dén cing mot két qua.

LOI GIAI LUYEN TAP THEO CAU TRUC BE THI
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| PHAN 1. Tric nghiém nhiéu phwong an Iwa chon
Cau 1. Véi ba diém bat ki A4, B, C, khang dinh nao sau day ding?

— -

i T —_ = — — =
A.AB +BC =CA B.AB + BC = AC C.AB+ AC =BC D.AB—-AC =B
Loi gidi
Theo quy tac ba diém, v6i ba diém bat ki 4, B, C ta c6 AB + BC = AC (diém cuoi cua AB trung

: A A =2 2 . . . . z . e d —_—> —_—>
diém dau cua BC). Khang dinh véi hi€u sai vi theo quy tac hi¢u AB — AC = CB.

Chon dap an B.

— =
Cau 2. Cho hinh binh hanh ABCD. Vecto CB + CD bang

—

A.BD B. AC C.C D. DB
Loi gidi
Ap dung quy tic hinh binh hanh tai dinh C ciia hinh binh hanh ABCD (hai canh CB, CD va dudng
chéo CA): CB + CD = CA. Vecto AC 1 vecto dbi cuia két qua nén khong dung.
Chon dap an C.

—

CAu 3. V&i ba didm 0, M, N bét ki, ON — OM biing

— —

— —
A.NM B. MN C.MO D. 00
Loi gidi
’ . —_— —_— —_— . . .2 7. 7 L2 7.
Theo quy tac hi¢u: ON — OM = MN (vecto hi¢u di tir di€ém cudi M cua vecto trir dén diém cudi N

P N T Re o 1A 2 A :
cua vecto bi trir). Vecto NM la vecto doi cua ket qua nén sai.
Chon dap an B.

. —
Cau 4. Vecto doi cua vecto 4B 1a

— — — —
A. BA B. AB C. AA D.—BA
Loi gidgi
Vecto doi cua AB c6 cung do dai va ngugc hudéng voi AB, d6 1a BA: —AB =BA. Luu y
_— — — >
—BA = AB chinh 1a AB, con AA = 0.
Chon dap an A.
—_ = =
Cau 5. Rut gon AB + CA + BC ta dugc
— — - —
A. AC B. BA C.0 D.CB

Loi gidi
2 2 g % e e e T e T e T
Doi cho dé cac vecto noi duodi: AB+ CA+ BC =AB+BC+CA=AC+CA=AA=0.
Sai 1am thuong gip 1a cong hai vecto diu theo dung thr ty viét (E + cA khong nbi duéi); can
d6i chd trudc dé cac vecto nbi dudi nhau.
Chon dap an C.

Céu 6. Cho I 14 trung diém cta doan thang AB. Khing dinh nao sau day ding?

- =

4 e d — — — - — e d -
A.JA+IB=0 B.IA-IB=0 C.AI+IB=0 D.IA=1
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Loi gidi
.2 —_ — . . 7.
I 1a trung di€m cta AB nén IA, IB c¢6 cung d6 dai va ngugc hudng, tic 1a hai vecto doi nhau:
- 2 - . - = - 2 = -
IA + IB = 0. Hai vecto nay ngugc hudng nén IA # IB; con Al + IB = AB # 0.
Chon dap an A.
Céu 7. Cho tam gidc ABC c6 trong tim G. Khang dinh ndo sau day dung?
—_ s = — _ = =
A.AG+BG+CG = AB B.GA+ GB =GC C.

o -

- o d - e d —
GA+GB+GC=AB D.GA+GB+GC =0

Loi gidi
1 . - —= —= -
Theo tinh chat trong tam: G la trong tdm tam giac ABC & GA+GB+GC =0. Tu d6
— = - = L= e e e T
GA + GB = — GC = CG (khong phai GC), vaAG + BG + CG = 0 # AB.
Chon dap an D.
CAu 8. Cho hinh binh hanh ABCD tam 0. Vecto 04 — OB ban
— — —

A. AB B.DC C.0C+0D D.CD

Loi gidi

Theo quy thc hiéw: OA— OB = BA. Vi ABCD 13 hinh binh hanh nén BA = CD . Vay

—_—) —> . ’ .
OA = OB = CD; cac vecto AB, DC ngugc hudng véi két qua nén sai.
Chon dap an D.

. . —_—> —> s

Cau 9. Cho tam giac ABC vudng tai A c6 AB = a, AC = av/3. |AB - AC| bing

A. 2a B.aV3 —a C.a+aV3 D. a2
Loi gidi
Theo quy tic hi¢u, AB — AC = CB nén |AB = AC| = BC . Tam giac ABC vuong tai A:
BC = VAB? + AC? = a? + 3a? = 2a.
Luu y: d6 dai cia vecto hidu khong bang hiéu cac do dai av/3 — a.
Chon dap an A.

— =]
CAu 10. Cho hinh vudng ABCD canh 2. |AB + AD| bing

A. 4 B. 212 C.2 D.V2
Loi gidi
—_— —

G -— — -
Theo quy téc hinh binh hanh, AB + AD = AC nén |AB + AD| = AC. AC 1a dudng chéo cua hinh
vubng canh 2: AC = 22 + 22 = 2+/2.
Két qua 4 sai vi dd cong hai d6 dai AB + AD; hai vecto 14_B>, AD khong cung hudng nén khong

dugc cong do dai.
Chon dap an B.

Cau 11. Hai lyc c6 d6 16n 3 N va 4 N cung tac dung vao mot vat va vuéng goc vai nhau. Do 16n
cua hop lyc 1a
A.7N B.1N C.12N D.5N
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Loi gidi

Hop luc duoc biéu dién bai duong chéo cua hinh chit nhat dung trén hai lyc vudng goc nén c6 do
16n V32 + 42 = /25 = 5 (N). Khéng dugc cong d6 16n (3 +4 = 7) vi hai lyc khong cing
hudéng.

Chon dap an D.

l

CAu 12. Cho bén diém phan biét 4, B, C, D. Vecto AC — BC + BD bing
— — — -
A.AB B. DA C. AD D.0
Loi gidi
Péi ddu: — BC = CB. Khid6 AC — BC + BD = AC + CB + BD = AB + BD = AD.

Chon dap an C.

| PHAN II. Tréc nghiém dung sai
Cau 1. Cho hinh binh hanh ABCD tam O.

Y Ménh dé Piing Sai

a) AB +AD = AC v

b) 4B —AD = BD v
—_ /> /> = -

¢) 0A+0B+0C+0D=0 v

d AB+CD=0 v

Loi gidi

|
|

a) Pung. Theo quy tic hinh binh hanh tai dinh A: AB + AD = AC.
’ . g —_—> —_—> 7. —_—> —
b) Sai. Theo quy tic hi¢u: AB — AD = DB. Vecto DB la vecto do6i cua BD (khac 0) nén
—_ S =
AB — AD #+ BD.

!

— =

¢) Ping. 0 1a trung diém cua AC va cta BD nén OA + 0C = 0

—_— =

B+0D =0. Cong lai, téng

-

r N -
cua bon vecto bang 0.
—_— = —

—_— = — = -
d) Pung. ABCD 1a hinh binh hanh nén €D = BA, do d6 AB + CD = AB + BA = AA = 0.

Cau 2. Cho tam giac déu ABC canh 2, M 1a trung diém cua BC.

Y Ménh dé Piing Sai
a) AB +AC = AM. v
b) E’+A_C’|=2\/§. v

— —
) AB—AC|:2.

d) |MB+ MC| =2. v
Loi gidgi
a) Sai. Goi D I3 diém dbi xtmg voi A qua M thi ABDC I3 hinh binh hanh nén 4B + AC = AD.

+
—

— L— . —
Vecto AD cung hudéng véi AM nhung c6 d6 dai AD = 2AM + AM, nén AB + AC + AM.
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b) Ping. AM 1a dudng cao cia tam giac déu canh 2 nén AM =27\/§=\/§. Do @6
— —
|4B +4C| = AD = 24M = 2.3,

z .. —_— > = — —
¢) Ping. Theo quy tic hiéu, AB — AC = | |

—

C
d) Sai. M 13 trung diém ciia BC nén MB + MC = 0

Céu 3. Cho bon diém phan biét 4, B, C, D.

Y Ménh dé Piing Sai
— = —_— =
a) AB+CD = AD + CB. v
b) 4B —CD = AC + DB. v
—_— = = —
¢) AB+ BC + CD = DA. v
d) DA-DB = BA. v
Loi gidi
, v a2 —_— s s /= = —_— = — =
a) Ding. Chén diém D: AB + CD = AD + DB + CD = AD + (CD + DB) — AD + CB
b) Dung. Chen diém:
—_— = — — — = — = —_— — —_— s s =
AC+DB:(AB+BC)+(DC+CB)=AB+D +(BC+CB)=AB+D — AB — CD.
¢) Sai. Theo quy tac ba diém, AB + BC + CD = AD. Vi A # D nén AD va DA 1a hai vecto doi

nhau khac 6, khong bang nhau.

—

d) Pung. Theo quy tic hiéu (hai vecto chung diém dau D): DA — DB = BA.

Cau 4. Hai luc Fl), I?z) c6 dd 16m 1an luot A 6 N va 8 N cung tac dung vao diém 0 va hop v6i nhau
gbc a.

Y Ménh dé Piing Sai
a) Khia = 0°, hop luc c6 do lon 14 N. v
. . _)
b) | Khi a = 180°, hop luc c¢6 do 16n 2 N va cung huéng voi F;. v
¢) Khia =90°, hop luc ¢c6 40 16n 14 N. v
d) Khia = 120°, hop luc c6 d6 16n 2+/13 N. v
Loi gidi

a) Puang. Hai luc cung hudng nén hgp luc cung hudng véi chiing va c6 do 16n 6 + 8 = 14 (N).
b) Sai. Hai lyc ngugc hudng nén hop luc c6 do 16n 8 — 6 = 2 (N) va cung hudng véi luc c6 do

16n 16n hon, tic 13 cing huéng véi Fy (8 N), khong phai F,.
¢) Sai. Hai lyc vuong goc nén hop luc ¢6 d6 16n V62 + 82 = 10 (N), khong phai 14 N.
2
d) Piing. |F{+FZ’| =62+82+2-6-8-cos120° = 36 + 64 — 48 = 52 nén

|F + | = V52 = 2v13 (V).
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PHAN IIl. Trac nghiém tra I&i ngan

—_— =
Céu 1. Cho hinh chit nhat ABCD ¢6 AB = 6, AD = 8. Tinh |AB n AD|.

Loi gidi
— —

: — —
Theo quy tic hinh binh hanh, AB + AD = AC nén |AB + AD| = AC.

Tam giac ABC vuong tai B ¢c6 AB = 6, BC = AD = 8 nén AC = V62 + 82 = /100 = 10.

Pip s6: 10

Cau 2. Cho tam giac déu ABC canh 4. Tinh |AB + AC | (1am tron két qua dén hang phan tram).

Loi gidi

Goi M 1a trung diém cua BC, D 1a diém dbi ximg v6i A qua M thi ABDC 1a hinh binh hanh, nén
—_ 5 — — =

AB +AC = AD va |4 + AC| = AD = 24M.

AM 13 duong cao cia tam giac déu canh 4 nén AM = %g =2v3 . Do do
—_— —

|4B +4C| = 4v3 ~ 6,928.

Lam tron dén hang phan trim: 6,93.
Pap s6: 6,93

Cau 3. Hai lyc ¢6 d6 16n 7 N va 8 N cung tac dung vao mdt vat va hgp vai nhau goc 60°. Tinh do
16m ctia hop luc (don vi: N).

Loi gidi

Goi F la d6 16n cua hop luc. Ap dung dinh 1i cosin cho hinh binh hanh luc:
F2 = F2 + F} + 2F F,c0s60° = 49 + 64+ 27 -8 -~ = 169.

Suyra F = v/169 = 13 (N).

Pip s6: 13

Cau 4. Mot con tau chay thfmg vé huéng bic v6i van tdc 8 m/s so vi mit nude. Trén boong tau,
mot hanh khach di ngang tir man trai sang man phai (hudng dong) véi van tée 1,5 m/s so véi tau.
Tinh d6 16n van tdc cua hanh khach so véi mit nudce (don vi: m/s, lam tron két qua dén hang phén
tram).

Loi gidgi

Van tdc cua hanh khach so véi mit nude bang tdng cia van tdc tau so voi mit nude (v;, hudng
béc, 8 m/s) va vén tc hanh khach so véi tau (v, hudng dong, 1,5 m/s): ¥ = v, + v,.

Hai vecto vudng goc nén |v| = \/82 + 1,52 = \/66,25 ~ 8,139 (m/s). Lam tron dén hang phan
tram: 8,14.

Pap s6: 8,14
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n PAP AN VA LOI GIAI BE KIEM TRA SO 1

». Bang dap an nhanh

Cau 1 2 3 4
Dép an C A B C A C A D D B D B

W
(=)
3
(=]
o
[y
(—]
[,
o
o
(38}

Chu a) b) ) d)

1 5) 5} 5) S

2 S S 5) o)

3 o) S o) o)

4 o) S o) S
Chu 1 2 3 4 5 6
Dap sb 8,25 8,66 8 120 13 25

| PHAN 1. Trac nghiém nhiéu phwong an Iwa chon
Cau 1. Cho ba diém phan biét M, N, P. Vecto MN + NP bang
— — —
A.PM B. NM C.MpP D.
Loi gidi
Theo quy tac ba diém (diém cudi cia MN trung di€ém dau cia NP): MN + NP = MP. Vecto PM

la vecto doi cua két qua nén sai.
Chon dap an C.

ol

Céu 2. Cho hinh binh hanh MNPQ. Khing dinh nao sau day dung?

— S = —

—_— s — — s — — —

A.MN +MQ =MP B.MN+MQ=NQ C.MN+MP=MQ D.MN-MQ=MP
Loi gidi
Ap dung quy tic hinh binh hanh tai dinh M cua hinh binh hanh MNPQ (hai canh MN, MQ va
duong chéo MP ): MN + I\TQ) = MP . Khing dinh c6 hiéu sai vi theo quy tic hiéu
— s —
MN — MQ = QN.
Chon dap an A.

Cau 3. Cho ba diém phan biét 4, B, C. Vecto AB — AC bang
— — — —
A.BC B.CB C. AA D.CA

Loi gidi
Theo quy tac hi¢u (hai vecto chung diém dau A): AB — AC = CB. Vecto BC 1a vecto doi cua két
qua nén sai.
Chon dap an B.
Céu 4. Khang dinh nao sau day sai?
A.d+b =b+dvéimoid,b B.d+0 =d véimoid

C.|d+b| = @l + |b| véi moi d, b D.d + (—d) = 0 véimoi d
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Loi gidi

Tinh chat giao hoan, tinh chit cong véi vecto-khong va ding thie @ + (—d) = 0 ludn ding.

Ding thuce |d + b | = lal + |B | chi dung khi d, b cing huéng (hodc mét trong hai vecto bing 0).
Ching han, v6i b = —d # 0 thi vé trdi bing 0, con vé phai bing 2|d| > 0. Vay khéng dinh nay
sai.

Chon dap an C.

Cau 5. Cho bon diém phan biét M, N, P, Q. Rat gon MN — PN + PQ ta duoc
— — — -
A. MQ B. QM C.NQ D.0

Loi gidi
— =

Do6i dau: — PN = NP.Do d6 MN — PN + PQ = MN + NP + PQ = MP +
Chon dap an A.

Céu 6. Cho M 1a trung diém ciia doan thang AB va 0 1a mot diém bat ki. Vecto 0A — OM bang
— — — —
A.MB B. AM C.BM D. BA

Loi gidi

Theo quy tac hi€u (hai vecto chung di€ém dau 0): 0A — OM = MA. Vi M 1a trung diém ctia AB
nén MA = BM (cung huong, cung do dai).

Céc vecto AM va MB déu ngugc huéng voi MA nén khong diung; con BA cung hudng voi MA
nhung dai gip doi.

Chon dap an C.
. .2 o d —_—> s
Cau 7. Cho tam giac ABC c6 trong tam G, M 1a trung diém cia BC. Vecto GB + GC bang
— — — —
A. AG B.GM C.GA D. A

Loi gidi
. e — — — —
G 1a trong tam tam gidc ABC nén GA + GB + GC = 0,suyra GB + GC = — GA = AG.
Vecto AM cung hudng véi ¢ nhung dai hon (AG = gAM ), con GM chi dai bang mot nira AG,

nén déu sai.
Chon dap an A.

\ — =
Cau 8. Cho lyc giac déu ABCDEF tam O. Vecto AB + AO bang

—

— — —
A.AD B. BO C.CA D. AC
Loi gidi
Céc doan thang ndi O vé6i cac dinh chia lyc gidc déu thanh sau tam giac déu bang nhau, nén
AB = BC = CO = 0A, tiic ABCO 1a hinh thoi.
Theo quy tic hinh binh hanh tai dinh A cta hinh thoi ABCO (hai canh AB, AO va dudng chéo
—_— s =
AC): AB + A0 = AC.
Chon dap an D.

— =

Cau 9. Cho hinh vuéong ABCD canh a. | D — CD| bang

A.0 B.a C. 2a D. a\/f
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Loi gidi

boi dau: —CD = DC,nén AD — CD = AD + DC = AC.

Do d6 |1ﬁ — E)’| = AC = Va? + a? = a2 (dudng chéo cia hinh vudng canh a).
Chon dap an D.

Ciu 10. Cho hinh chit nhat ABCD ¢6 AB = 3, BC = 4. [4B + BC| bing
A.7 B.5 C.1 D. 12
Loi gidi
Theo quy tic ba diém, AB + BC = AC. Tam giac ABC vuong tai B nén AC = V32 442 =5,
Vay |1ﬁ + BC | = 5 (khong phai 3 + 4 = 7, vi hai vecto khong cung hudng).
Chon dap an B.

Cau 11. Hai lyc ¢6 cung d6 16n 20 N cung tac dung vao mét vat va hop véi nhau goc 120°. B 16n
cua hop luc la

A.40N B.20V3 N C.ON D.20N
Loi gidgi
Goi F 1a do 16n hop luc: F?2 = 20% 4+ 20%2 +2-20- 20 - cos120° = 400 + 400 — 400 = 400,
nén F = 20 N.
(Hinh binh hanh Iyc 13 hinh thoi c6 goc 120° tai diém dat; duong chéo xuat phat tir diém dit chia
hinh thoi thanh hai tam gic déu canh 20.)
Chon dap an D.

—

Cau 12. Cho tam giac ABC. Piém M thoa méin MA+MB+MC=01
A. trung diém cua doan thang BC
B. trong tim cua tam giac ABC
C. diém M sao cho ABCM 14 hinh binh hanh
D. diém M sao cho ABMC 14 hinh binh hanh
Loi gidi
Theo tinh chat trong tam: MA + MB + MC=0oMla trong tdm cua tam giac ABC.
Néu M 1a trung diém ciia BC thi MB + MC = 6, khi d6 tong bang MA # 0. Pinh thtr tu cia hinh
binh hanh ABCM hay ABMC nam ngoai tam giac nén khong tring véi trong tim, do d6 ciing
khong thoa man dang thic.
Chon dap an B.

| PHAN II. Tric nghiém ding sai
Céu 1. Cho tam gidc ABC vudng tai A c6 AB = 6, AC = 8; M 1a trung diém ctia BC.

Y Ménh dé Piing Sai
— —>

a) |AB — AC| = 10. v
— —>

b) |AB + AC| = 10. v

©) MB+MC=0. v
— —

d) |AB + CA| = 14. v
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Loi gidi
a) Piing. Theo quy tic hiéu, AB — AC = CB nén |E’ - A_c’| = BC =62 + 82 = 10.
b) Piing. Goi D 14 diém déi xtng véi A qua M thi AB + AC = AD; hinh binh hanh ABDC c6 gbc

A vudng nén 1a hinh chit nhat, do d6 AD = BC = 10.

¢) bing. M la trung diém cua BC nén I\TB) , m 13 hai vecto ddi nhau, c6 téng béng 0.
—_ s > — — — =

d) Sai. AB + CA = CA + AB = CB nén |AB +CA| = CB =10 # 14.

Céu 2. Cho lyc giac déu ABCDEF tam 0, canh bang 1 (hinh v&).

Y Diing Sai
a) OB + OF = BF v
b) 4B +CD + EF = AF. v
0) |E4’—0_C’|= 3 v

—_ = =
d) |A +BC+CD|=2.
Léi gidi

a) Sai. 0B = BA = AF = FO = 1 nén OBAF 1a hinh thoi. Theo quy tic hinh binh hanh tai dinh
O: OB + OF = OA. Con BF = OF — OB (quy tac hi¢u); hai duong chéo OA, BF cua hinh thoi

. — L= —_— > =
vudng goc voi nhau nén BF khong cung phuong véi OA, do d6 OB + OF +# BF.

. —_— = —_— —

b) Sai. OBCD va OAFE 1a cac hinh thoi nén CD =BO va EF =0A . Do @6
i T e — Ra .
AB + CD + EF = AB + BO + OA = AA = 0, khac AF (ba vecto da cho khong noi dudi nhau nén
khong dung quy tic ba diém dé duoc AF ).
¢) Puing. Theo quy tac hi¢u, OA — OC = CA. Tam giac ABC ¢c6 AB = BC = 1, ABC = 120° nén
CA>=14+1-2-1-1-cos120° = 3, CA = /3.
d) Pung. Theo quy tac ba diém, AB + BC + CD = AD. AD la duong chéo di qua tdm O nén
AD = 20A = 2. Vay AB + BC + E)’| = 2 (khong duogc cong do daibacanh 1 + 1+ 1 = 3).

Céu 3. Cho hinh binh hanh ABCD va diém M tuy .

Y Mg¢nh dé Diing Sai
— —> —

a) MA+ MC = MB + MD. v

b) MA— MB = 4B. v

¢) DA+DC =DB. v

d BA+BC+DB=0 v
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Loi gidgi
a) bung. MA+ MC = MB + MD & MA — MB = MD — MC < BA = CD (quy tac hi¢u); dang
thirc cubi diing vi ABCD 12 hinh binh hanh.
b) Sai. Theo quy tac hi¢u, MA — MB = BA. Vi A # B nén BA va AB 1a hai vecto doi nhau khac
- Q 2 . . —_— s = —
0, khong bang nhau; khang dinh sai (dung ra MA — MB = BA = CD).
¢) Piing. Theo quy tic hinh binh hanh tai dinh D ciia hinh binh hanh ABCD: DA + DC = DB.
+

e = =

d) Ping. Theo quy tic hinh binh hanh tai dinh B : B BC=BD . Do do
- s s s s = -
BA+ BC+ DB =BD + DB = BB = 0.

Céu 4. Mot flycam can bay tir diém A dén diém B cach A 1,2 km vé phia dong. Gio6 thoi vé hudng
nam vé6i van toc 6 m/s; van tdc riéng cua flycam (so v6i khong khi) c6 do 16n 10 m/s. Ngudi diéu
khién chon hudng bay sao cho flycam di chuyén dting theo duong thang AB.

Y Ménh dé Diing Sai
2) Vecto van tdc riéng cua flycam phai chéch vé phia bic so voi huéng v
dong.
b) | Van tdc thuc cua flycam (so véi mat dét) ¢6 d6 16m khoang 11,7 m/s. v
¢)  Flycam bay tir A dén B hét 150 giay. v
d) | Goc giita hudng cia van tde riéng va hudng dong 16n hon 40°. v
Loi gidi

a) Pung. Van tbc thyc ¥ = v, + @ phai huéng dong, ma gi6 huéng nam, nén v, = ¥ — 17g) co
thanh phan hudng bac deé tri¢t tiéu gio: flycam phai chéch vé phia bac.
b) Sai. v, 1a canh huyén cia tam giac van téc vudéng c6 mot canh goc vuodng la |17g) | = 6, nén
|5| = V102 — 62 = 8 (m/s). Gi tri V102 + 62 ~ 11,7 1 sai 1am do cong nhu hai vecto vudng
g6c 7y, vy,

, o 1200
¢) Pung. Thoi gian bay: t = 5 = 150 (s).

d) Sai. Goi 6 1a goc gitra 17; va hudng dong thi sinf = 16—0 =0,6,suyraf = 36,9° < 40°.

| PHAN IlI. Tréc nghiém tra 1&i ngén
Cau 1. Cho hinh chit nhat ABCD c6 AB = 4, AD = 2. Tinh |ﬂ3’ + ﬂ:’| (lam tron két qua dén hang
phan tram).
Léi gidi
Goi M 1a trung diém cta BC, E 1a diém dbi ximg véi A qua M thi ABEC 1a hinh binh hanh, nén
e —_— =
AB + AC = AE va |AB +AC| = AE = 2AM.
Tam giac ABM vuodng tai B c6 AB = 4, BM = BZ—C = 1nén AM = V4% + 12 = /17.
—  — 2 A
Vay |AB T AC| = 2V17 ~ 8,246; lam tron dén hang phan tram: 8,25.
Pap sb: 8,25
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Ciu 2. Cho hinh thoi ABCD canh 5 c6 BAD = 120°. Tinh |4B — AD| (tam tron két qua dén hang
phan tram).
Léi gidi
I S S — —
Theo quy tic hiéu, AB — AD = DB nén |AB - AD| = BD.
Ap dung dinh li cosin cho tam giac ABD
BD? = AB% + AD? — 2 - AB - AD - cos120° = 25 + 25 + 25 = 75, nén BD = 5v/3 ~ 8,660.
Lam tron dén hang phan trim: 8,66.
Pap s6: 8,66

. . —_—> e

CAu 3. Cho tam giac ABC can tai A c6 AB = AC = 5, BC = 6. Tinh |AB + AC|.
Loi gidi
Goi M 1a trung diém cua BC, D 1a diém dbi xtmg v6i A qua M thi ABDC 1a hinh binh hanh, nén
—_— s —_— =
AB + AC = AD va |AB +AC| = AD = 24M.
Tam giac ABC can tai A nén trung tuyén AM ciing 1a duong cao, BM = 3. Theo dinh li
Pythagore: AM = V5% — 32 =4,

—_— —
Vay |AB +AC| =2-4=8
Pip so: 8

Cau 4. Hai luc c6 36 16n 5 N va 8 N cung tac dung vao mot vat; hgp luc cta chung c¢6 do 16n 7 N.
Tinh goc gitra hai luc (don vi: d9).

Loi gidi

Goi a la gbéc giita hai Iwc. Tiu cong thac F?=Ff+ F} + 2F,F,cosa
49 =254+ 644+ 25 8cosa, tirc 80cosa = —40.

Suy ra cosa = —% , nén a = 120°. (Kiém tra: khi hai lyc vudng goc, hop luc bang

V52 4+ 82 = 9,4 N; ¢ day hop luc chi 7 N nén gbc gilra hai lyc phai 1a goc ti — phu hop.)
Pap s6: 120

Cau 5. Mot vat dung yén dudi tac dung cta ba lyc dong quy; hai trong ba lyc ¢6 d6 16n 5 N va 12
N va vudng goc vai nhau. Tinh d6 16n cia lyc thir ba (don vi: N).
Loi gidgi

e S S S - - - - - =
Vatdingyénnén F, + F, + F, = 0, suyra Fy = — (F1 + Fz) va |F3| = |F + F2|.

. - - - -
Hai lyc F,, F, vudng goc nén |F1 + F2| = /52 + 122 = /169 = 13 (N).
Pip s6: 13

Cau 6. Tai mdt nga tu, 6 to thu nhét chay vé hudéng dong voi van tdc 15 m/s, 6 to tha hai chay vé
hudng bic véi van toc 20 m/s. Tinh d6 16n van tde cua 6 t6 tht hai d6i voi 6 to thir nhat (don vi:
m/s).

Loi gidgi

Vian toc cua 6 to thir hai dbi v6i 6 t6 tha nhat 1a 1 = v, — v, = 172> + (— 171), trong do 172) hudng
béc (20 m/s), — v, hudng tay (15 m/s).

Hai vecto ndy vudng goc nén || = V202 + 152 = /625 = 25 (m/s). (Ngudi ngdi trén 6 t6 thi
nhat thiy 6 t6 thir hai di vé phia bic, chéch sang phia tay.)

Pap sb: 25
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| PHAN IV. Tw luén
Bai 1. Cho tam giac ABC. Goi M, N, P lan luot 13 trung diém cua BC, CA, AB.

&

L = .
a) Ching minh AP + AN = AM (goiy: APMN la hinh binh hanh).
R e S
b) Chirng minh AM + BN + CP = 0.
. R — —
¢) Cho tam gide ABC déu canh a. Tinh |4P + AN .
Loi gidi
a) PM 1a duong trung binh cta tam gidc ABC nén PM || AC va PM = %AC = AN. Tu giac APMN
c6 PM || AN vi PM = AN nén 13 hinh binh hanh. Theo quy tc hinh binh hanh: 4P + AN = AM.
— s > = = =
b) Tuong tu, BPNM va CNPM la cac hinh binh hanh nén BN = BP + BM va CP = CN + CM.
2 —_— = — — = — — —_— =
Cong ba déng thitc: AM + BN + CP = (AP + BP) + (AN + CN) + (BM + CM).
Vi P 1 trung diém cta AB nén AP va BP 13 hai vecto dbi nhau, tong bang 6; tuong tu cho hai cap
con lai (do N, M 1a trung diém cua AC, BC). VayA_)M + B_)N + 53) =0.
AP + AN| = |AM| = AM. Tam giac ABC déu canh a nén trung tuyen AM ciing
a3

2
Vay |M3+ﬁv’| =%§.

¢) Theo cau a),

la duong cao: AM =

Bai 2. (Van dung) Mot chiéc dén duoc treo vao tran nha boi hai soi diy 0A, OB (hinh v&). Luc
cing cua mdi day co do 16n 50 N, hai day hop v&i nhau goc 120° va ddi xtimg nhau qua phuong
thang dung.

a) Tinh d6 16n hop lyc cia hai Iyc cang day va néu hudng cua hop luc do.
b) Biét dén dtng yén. Tinh trong luwong cta dén.
¢) Néu treo chinh chiéc dén d6 bang hai day hop voi nhau goc 60° (van dbi xtng qua phuong
thang dimg) thi lyc cing ctia mdi ddy bang bao nhiéu (lam tron két qua dén hang phan muoi)?
Loi gidgi
a) Goi 7_":, 7_";) la Iyc cang cua hai day (dat tai O, huéng doc theo day vé phia A, B). Hai lyc co
cung do lon 50 N va hop voi nhau goc 120° nén
- =2 - -
|T1 + T2| =502 + 502 + 2 - 50 - 50 - cos120° = 2500, tirc |T1 + T2| =50 N,
Hinh binh hanh dyng trén hai luc 1a hinh thoi nén hop luc nim trén dudng phan giac cua goc
AOB; vi hai day dbi xtig qua phuong thiang démg nén hop luc ¢6 huéng thang ding 1én trén.
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= —> —> - - —> —>
b) Bén ding yén nén P+ T; + T, =0, suy ra P = — (T1 -+ Tz). Viay trong luong cia deén la

P =50N.

¢) Goi T 1a d6 16n lyc cing ciia mdi day. Hop luc cta hai luc cing van phai can bang vai trong luc
nén c¢6 do 16n 50 N: T2 + T? + 2T2cos60° = 5072, tirc 3T2 = 2500.

SuyraT = % ~ 28,9 (N). Nhan xét: goc giita hai ddy cang nho thi lyc cing ciia mdi day cang
nho.
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n PAP AN VA LOI GIAI BE KIEM TRA SO 2

». Bang dap an nhanh
Cau 1 2 3 4 5 6 7 8 9 10 11 12
bép an A A D D B C C B B D C A

Ciu 2) b) ) d)
1 S b S b
2 b b b S
3 S b b b
4 S b b S
Cau 1 2 3 4 5 6
bap sb 30 13 5 8,72 0,75 60
| PHAN 1. Trac nghiém nhiéu phwong an Iwa chon
Cau 1. Cho ba diém phan bi¢t 4, B, C. Vecto BA + CB bang
— — — —
A.CA B. AC C.BC D. AB

Loi gidi
e - -

D6i chd hai vecto dé chiing ndi dudi nhau: BA + CB = CB + BA = CA (quy tic ba diém). Vecto
AC 13 vecto déi ciia két qua nén sai.
Chon dap an A.
— =
Cau 2. Cho hinh binh hanh ABCD. Vecto BA + BC bang
— — — —

A.BD B. AC C.DB D. CA
Loi gidi
Ap dung quy tic hinh binh hanh tai dinh B cuia hinh binh hanh ABCD (hai canh BA, BC va duong

chéo BD): BA + BC = BD. Vecto DB la vecto doi cua két qua nén sai.

Chon dap an A.
Cau 3. V&1 bon diém phan biét 0, A, B, C, vecto OB — OA + BC bang
— — — —
A.CA B. AB C.ocC D. AC
Loi gidgi

— > — —_— > D =

Theo quy tic hiéu, 0B — 04 = AB. Do d6 OB — OA + BC = AB + BC = AC (quy thc ba diém).
Chon dap an D.

Céu 4. Hai vecto d, b 1a hai vecto dbi nhau khi va chi khi
A.d=b B. |d| = |b| C.i-b=0
Loi gidi
Ta cé: @ va b 1a hai vecto déi nhau khi va chi khid + b = 0.

1=
Qu
+
S
Il
ol
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Diéu kién |d| = |B | chua du (con cin hai vecto nguoc huéng); con d = b hay d — b = 0 1a diéu
kién dé hai vecto bang nhau.
Chon dap an D.

- i
Céu 5. Cho bon diém phan biét A, B, C, D. Rt gon AB — DC + BC — AD ta dugc
- — —
A AC B.0 C.AD D. BD
Loi gidi
2e — = — =
boi dau: —DC =CD , —AD = DA Khi do
e - - e
AB—DC+BC —AD = AB + BC + CD + DA = 44 = 0.
Chon dap an B.
. — =
Cau 6. Cho tam giac ABC c6 trong tam G. Vecto GA + GB bang
- —_— - -
A.GC B. AB C.CGq D.0
Loi gidi
. —_— > = > e — =
G 1a trong tam tam giac ABC nén GA + GB + GC = 0, suyra GA+ GB = —GC = CG. Vecto GC

nguoc hudng voi két qua nén sai.
Chon dap an C.

Céu 7. Cho hinh binh hanh ABCD tam 0. Khing dinh nao sau dy ding?

— S — —_— = — — = - — =
A.O0A+ OB = AB B.0OA—- 0B =DC C.0A+0C=0 D. A0 = 0A
Loi gidi

— . %o e I
0 1a trung diém ciia AC nén OA, OC 1a hai vecto doi nhau: OA + OC = 0.
e - = L= — —
Cac khang dinh con lai sai: OA — OB = BA = CD (ngugc huéng véoi DC); AO va OA nguoc
— — .9 —
huéng; OB — OA moi bang AB.
Chon dap an C.

. .2 — — g
Cau 8. Cho tam giac ABC. biém M thod man MB + MC =0 la

A. trung diém cua doan thiang AB B. trung diém ciia doan thang BC
C. trong tam cua tam giac ABC D. diém A
Loi gidgi

—_ —_ - _—) —> . Re N .

MB + MC = 0 nghia la MB, MC la hai vecto doi nhau: M nam gitta B, C va MB = MC. Vay M la
trung diém cua doan thang BC.

Chon dap an B.

Céu 9. Cho tam gidc déu ABC canh 2 va M 1a trung diém cua BC. |A_B) + W| bang

A.3 B./3 C.2V3 D. 1
Loi gidi
.4 — = e e
M 1a trung di€m cta BC nén MC = BM. Do d6 AB + MC = AB + BM = AM.
. 5 2 sz oA o 178 0 T 2v3 A 28 oA&
AM 1a duong cao cua tam giac déu canh 2 nén (AB + MC | AM = - = /3 (khong phii tong

dodai2+1=3).
Chon dap an B.
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— =] s
Céu 10. Cho hinh chit nhat ABCD c6 AB = 5, AD = 12. |AB _ AD| bing

A7 B.17 C. V119 D. 13
Léi gidi
2 .. —_— s — _— —
Theo quy tic hiéu, AB — AD = DB, nén |AB - AD| = DB = VAB? + AD? = /25 + 144 = 13.
Luu y: khong dugce tinh hiéu do dai 12 — 5 = 7.

Chon dap an D.

Cau 11. Hai lyc ¢6 6 16n 5 N va 12 N cung hudng, cung tac dung vao mét vat. B9 16n cta hop luc
la
A.7N B.13 N C.17N D. 60N
Loi gidi
Hai lyc cung huéng nén hop luc cing hudng véi chung va c6 do 16n bang tong do 1on:
5412 = 17 (N). (Két qua 13 N chi dting khi hai lyc vudng goc.)
Chon dap an C.

Céu 12. Mot ca nd chay nguoc dong trén mot khic song thang; van tde thyc cia ca nd (so v6i bod)

1a 18 km/h, van toc dong nude 1a 3 km/h. Van tdc riéng cua ca nd (khi nudc ding yén) co do 16n 1a
A.21 km/h B. 15 km/h C. 18 km/h D. v/333 km/h

Loi gidi

Vin tbc thuc bang tong ctia van tdc riéng va van téc dong nude. Ca nd chay ngugc dong nén véan

toc riéng va van toc dong nudc 1 hai vecto nguoc huéng; van tdc thuc cing hudng véi van tde

riéng va c6 d6 lon béng hiéu hai do 16n.

Do d6 v, — 3 = 18, suy ra 1. = 21 km/h. Két qua 15 km/h sai vi dé trir van toc dong nude nhu

khi xu6i dong; /333 km/h chi dung néu hai van tdc vudng goc.

Chon dap an A.

| PHAN II. Tric nghiém ding sai
Cau 1. Cho hinh vuéong ABCD canh 2, tam O.

Y Ménh dé Piing Sai
—_—
a) |AB+AD|=4 v
b) |04+ 0B|=2 v
c) AB +DC| =0 v
d) |4aB-CB|=2v2. v
Loi gidi

a) Sai. 4B + AD = AC (quy thc hinh binh hanh) nén do dai bing AC = V22 + 22 = 2v/2, khong
phai 4 (khong dugc cong hai 4§ dai AB + AD = 4).

_a — — —_ S = —
b) Ping. O 1a trung diém cua BD nén OB = — 0D. Do d6 OA+ OB = 0A -0
dai DA = 2.

H r A
= DA, c6 do
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¢) Sai. ABCD Ia hinh vuéng nén DC = AB (cht y: €D méi la vecto doi cia AB) ay diém E sao
H
DC

— —> —
cho B la trung diém cua AE thi BE = AB = , do do AB +DC = AB + BE = A va
|AB+DC| = AE =4 # 0.

d) Plng. AB — CB = AB + BC = _C“>nén|_l?>—ﬁ?)|=AC=\/22+22=2\/§.

Céu 2. Cho tam giac ABC c6 trong tdm G, M 1a trung diém cua BC va D 1a diém ddi xang véi G
qua M (hinh vg).

Y Mg¢nh dé Diing Sai

a) | GBDC 1a hinh binh hanh. v

b) GB + GC = GD. v

©) GA+GD=0. v

d) GA+GB + GC = GD. 4
Loi gidi

a) Pung. T giac GBDC c6 hai duong chéo GD va BC cit nhau tai M 13 trung diém cia mdi
duong nén la hinh binh hanh.

b) Piing. Theo quy tac hinh binh hanh tai dinh G cta hinh binh hanh GBDC: GB + GC = GD.
— > = _ = =
¢) Pung. G 1a trong tdm nén GA + GB + GC = 0; thay GB + GC = GD (hinh binh hanh GBDC()
dugc GA +GD = 0. (Ciing thdy dugc tir GA = 2GM = GD va hai vecto nguoc hudng.)
o e — > 2 . .
d) Sai. GA + GB + GC = 0, con GD # 0 (vi D # @), nén khang dinh sai.

Cau 3. Cho tr giac ABCD; 1, ] lan luot 1a trung diém cua AB, CD.

Y Mg¢nh dé Diing Sai
a) JA=1IB. v
b) AC+ BD = AD + BC. v

©) IJ=IA+AC+(J. v

d) |_C’+B_’|=21]. v
Loi gidi

a) Sai. I 1a trung diém ctia AB nén 171), 1B c6 cung d¢ dai nhung ngugc huéng; chung la hai vecto
d6i nhau (I71> +1B = 6), khong bang nhau.

— = — = — — = — = - .z
b) Piing. (AC +BD) — (4D + Bc) = (Ac = AD) +(BD - Bc) =DC + CD = 0, nén hai vé
bang nhau.

g %o A S S -
¢) Pung. Theo quy tac ndi dudi: IA + AC + CJ = 1.

S
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e e - > = — .
d) DPung. Ta c6 [J=IA+AC+C] va I[IJ=IB+BD+DJ Cong lai:
e I e — = e T A T T T T S S S s
J+1 = (IA+IB)+(AC+BD)+(C]+D]) =AC +BD,vilA+1B =0, Cj + DJ = 0. Ly

P I e i e
K sao cho J la trung diém cua [K thi JK =1, do d6 AC+ BD =1] +]JK =1K va
—_
|AC + BD| = IK = 21J.
. . = = .

Cau 4. Mot vat chiu tac dung cua hai luc Fy, F, ¢6 cung do 16n 30 N va hop véi nhau goc 60°.
Y Ménh dé Piing Sai
a) Hop lyc c6 do 16n 60 N. v
b) | Hop luc nam trén duong phéan gidc cta goc tao boi hai lyc. v

2 A — - o
¢) D¢ vat dung yén can tac dung thém lyc F; = — (F1 + FZ). v
d) Néu goc giira hai lyc tang 1én thanh 90° thi do 16n ctia hop luc ting v
lén.
Loi gidi

N =
a) Sai. |F1 + F2| =302 + 302 +2-30-30 - cos60° = 2700 nén |F1 + F2| = 30v3 ~ 52 (N),
khong phai 60 N. Chi cong dugc do 16n 30 + 30 = 60 khi hai lyc cuing hudng.
b) Pung. Hai luc cung d6 16n nén hinh binh hanh dung trén hai lyc 1a hinh thoi; duong chéo cia
hinh thoi 1a dwong phén gic ctia goc tai dinh, nén hop luc nam trén duong phén giac cua goc giira
hai luc.

. S = T - - -

¢) Pling. Vit dimg yén khi tong cic lucbing 0: F, + F, + F, = 0 © F, = — (F1 + FZ).

d) Sai. Khi géc bing 90°: |F; + B3| = V302 + 307 = 30vZ, nho hon gié trj 30v3 khi goc bing
60°. Goc giita hai luc tang thi hop lyc giam, nén khang dinh sai.

| PHAN IlI. Tréc nghiém tra 1&i ngén

—_ S —

Cau 1. Cho hinh chit nhat ABCD c6 AB = 9, AD = 12. Tinh [AB + AC + AD|.

Loi gidi
Theo quy tac hinh binh hanh, A C. Lay diem K sao cho C 1a trung di€m cua AK thi

—_ > s —
CK = AC = AB + AD.
— |—> - —

—_— S = —
Dodoé AB+ AC+ AD = AC+CK =AKva|AB+AC+ A |=AK=2AC.

oy ]
I
X
Il

Ma AC = /92 + 122 = 15 nén |ﬂ3’ +AC +ﬂ)’| = 30.
Pip s6: 30

. . —_—> 4
CAu 2. Cho tam gidc ABC vudng tai A c6 AB = 5, AC = 12. Tinh |AB + AC|.
Loi gidi
Goi D 1a diém sao cho ABDC 1a hinh binh hanh; hinh binh hanh nay c6 gbc A vudng nén 1a hinh
e e
chit nhat, va AB + AC = AD.
Hai duong chéo cua hinh chit nhat bang nhau nén |A_B) + A_)C| = AD = BC = /5% + 122 = 13.
Pap s6: 13
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. — —
Ciu 3. Cho hinh thoi ABCD tim 0 ¢6 AC = 8, BD = 6. Tinh |40 + BO|.
Loi gidgi
_a —_— — —_ s S — =
O la trung diém cua BD nén BO = OD. Do d6 AO + BO = A0 + 0D = AD.
Hai dudng chéo cua hinh thoi vudng goc voi nhau tai trung diém ctiia méi duong nén tam giac
AOD vudng tai 0 c6 OA = 4,0D = 3: AD = V4% + 32 =5,
— =
Vay |A0 + BO| =,
Pip s6: 5

Cau 4. Hai luc F,, F, c6 d6 16n 14n luot 13 6 N va 10 N va hop véi nhau goc 60°. Tinh |F1 - F2|
(don vi: N, lam tron két qua dén hang phan tram).
Léi gidi

e —_— = — . .
Pit OA=F,, OB=F, thi 0A=6 , OB=10 , AOB = 60° vi theo quy tic hiéu

- s > - —

F, —F, = OA — OB = BA.

Theo dinh 1i cosin trong tam gidc OAB: AB? = 62+ 102 —2 -6 - 10 - cos60° = 136 — 60 = 76.
- - 7 5 - -

Do do |F1 - F2| =76 ~ 8,718; lam tron dén hang phan trim: 8,72. (Luu ¥: |F1 - F2| khéc

10— 6 = 4.

Pap s6: 8,72

Cau 5. Mot van dong vién boi sang bo bén kia ciia mot con song, ludn gilt hudng boi vuéng goc
v6i bd v6i van te 1,5 m/s so voi nude. Sau 40 gidy, anh Ay t6i bo bén kia tai mot diém cach diém
dbi dién v6i chd xuat phat 30 m vé phia ha luu. Tinh vén tdc cua dong nude (don vi: m/s).

Loi gidi

Van tdc thuc cua van dong vién la téng ctia van tdc boi (vudng gbéc voi bo) va van tdc dong nudce
(song song v&i bo). Quang dudng bi troi doc theo bo chi do dong nudce gay ra.

Trong 40 gidy, dong nudc ddy van dong vién tréi 30 m, nén vén téc dong nude 1a % = 0,75 (m/s).
(Séng rong 1,5 - 40 = 60 m.)

Pip s6: 0,75

Cau 6. Mot vat dung yén dudi tac dung cia ba luc dong quy co do 16n lan luot 1a 10 N, 10 N va
10v/3 N. Tinh goc giira hai luc c6 cung do 1én 10 N (don vi: dd).
Léi gidi
e I T S - - - - -
Vatding yénnén F, + F, + F, = 0, suy ra |F1 + F2| = |F3| = 10+/3, trong d6 |F1| = |F2| = 10.
Goi a la goc gitia Fy, Fy: 300 = 100 + 100 + 200cosa, nén cosa = 5 va a = 60°.
Pap s6: 60

| PHAN IV. Tw luén
Bai 1. Cho hinh binh hanh ABCD tim 0 va M 1a diém tuy .
e e S T
a) Chirng minh MA — MB + MC = MD.

T T S T
b) Chirng minh OA + OB + OC + OD =

0.
— —

¢) Xac dinh diém N sao cho Iﬁ +NB+NC =0va chirng minh N thudc doan théng BO.
Loi gidi
— = — =

a) Theo quy tic hiéu, MA — MB = BA. Vi ABCD 13 hinh binh hanh nén BA = CD.
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—_— s — =
Do 6 MA — MB + MC = CD +
0—> —

C C

b) O 1a trung diém cua AC nén +0C = 6; O 1a trung diém cua BD nén O_B) +0D =0. Cong

e e e
lai: OA+ OB + OC + 0D = 0.

% —_— > — .

¢) Theo tinh chat trong tdim, NA + NB + NC = 0 & N 1a trong tam cda tam giac ABC. Vay N la
trong tam tam giac ABC.
Trong tam giac ABC, O 1a trung diém cua AC nén BO 1a mot dudng trung tuyén. Trong tam N

nam trén trung tuyén BO va BN = %BO, do d6 N thudc doan thang BO (ndm giita B va 0).

Bai 2. (Van dung) Hai con tau xuit phat cting luc tir cing mot bd ctia mot con soéng thiang rong 300
m dé sang bo bén kia. Van tdc riéng clia hai tau c6 ciing d6 16n 5 m/s; tau A ludn giir mili vudng goc
v6i bo, tau B ludn giit mili tao voi bd goc 60° vé phia thuong ngudn (hinh v&). Vén toc dong nude
la 2 m/s.

s -—>
dong nudc 2 m/s

<4300 m—p

5 m/s
5 m/s
60°
A B

a) Tinh thoi gian sang séng ctia mdi tau (lam tron két qua dén hang phan mudi).
b) Tau nao sang dén bo bén kia trude? Vi sao?
¢) Tinh d6 16n van téc thyc cta tau A (1am tron két qua dén hang phan tram).
Loi gidi
a) Dong nudc chay song song voi by nén khong lam thay d6i chuyén dong theo phuong vudng
goc voi bo; thoi gian sang séng bang chiu rong cua song chia cho phan van tdc riéng theo
phuong vuong goc véi bo.
Tau A: van tdc riéng vudng goc voi bonén t, = % = 60 (s).
5v3
2

Tau B: phan van tdc riéng theo phuong vudng goc véi bo 1a 55in60° = ~ 4,33 (m/s), nén
300

= 40+/3 = 69,3 (s).

b) t, < tg nén tau A sang bo trude. Phan van toc vudng goc véi bd khong vuot qua do 16n van
toc riéng 5 m/s va chi dat 5 m/s khi giit miii vuéng géc voi bd, nén d6 1a cach sang séng nhanh
nhat.

¢) Van toc thuc ciia tau A 1a v, = v, + v, v6i v, L v, nén |v;| = V52 + 22 = /29 ~ 5,39 (m/s).

tB=
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CHUONG IV. VECTO’

9 TICH CUA MOT VECTO VOI MOT

s6

» Thuc hién dugc phép nhan mdt vecto vdi mot so va van dung céc tinh chat ctia phép toan
nay.

» Dung vecto dé dién ta hai vecto cung phuong, ba diém thang hang, trung diém cua doan
thang, trong tdm cla tam giac.

» Phan tich dwgc mot vecto theo hai vecto khong cing phuong; xac dinh dugc diém thoa mén
mot dang thirc vecto.

» Van dung vao cic bai toan thyc té: don bay, khdi tdm, can bang vat thé, chuyén dong thang
deu.

+ CAU CHUYEN MO BAU - “Hay cho téi mét diém twa...”

Tuong truyén Archimedes ting néi: “Hay cho t6i mét diém tiea, t6i sé nang ca Trdi Pat.” Ong

1a ngudi dau tién phat bicu chinh x4c nguyén 1i don bay: hai vat ning m,, m, treo & hai dau A,

B ctia mot thanh cimg nhe s& can bang khi diém tya M nam trén doan AB va khoang céach tir M
MA my

dén mdi vat ti 1&¢ nghich véi khoi luong cua vat do: =2
1

Vé6i qua nang 2 kg & A va 3 kg & B, diém tya phai léch vé phia vat ning hon: MA: MB = 3: 2.
Bang ngdn ngir vecto, diéu kién can bang chi gon trong mot dong:

2MA +3MB =0,
Pé doc va giai duoc dang thic nay, ta can mot phép toan mdi: nhan mét vecto véi mot so.
Ciing nho phép toan ay, cac ki su xac dinh duoc khoi tAm cia can ciu, may bay hay tau thuy —
yéu t6 quyét dinh chung co gitr dugc thiang bang hay khong.

“ TOM TAT LY THUYET

= 1. Tich ciia mét vecto véi mot s6

¢ DINH NGHIA

Cho sb thuc k # 0 va vecto d@ # 0. Tich clia vecto @ v6i s6 k 1a mot vecto, ki hiéu kd, duoc
xac dinh nhu sau:

> kd cung hwéng voi d néu k > 0, ngwoe hwéng véi d néu k < 0;
> kd c6 a9 dai [kd| = |k| - |4].

> Quy udc: 0d = 0 va kO = 0 vé&i moi s6 thuc k.
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* TINH CHAT

Vi hai vecto d, b bat ki va hai sé thuc k, ¢ bat ki:

k(ta) = (kt)a;

(k +t)d = ka + ta;

k(@ +b) = kd + kb; k(d —b) = kd — kb;

la =d; (—1a=—a.

Nho céc tinh chét nay, ta bién d6i cac biéu thirc vecto giéng nhu bién d6i da thirc: chang han
2d+3d =5d,2(@a—b)+b=2d—b.

v

v

v

v

= 2. Diéu kién cung phwong — Ba diém thing hang
¢ DIEU KIEN CUNG PHUONG

> Hai vecto @ va b (b # 0) cling phuong khi va chi khi ¢6 sé k sao cho @ = kb.

> Ba diém phan biét A, B, C thing hang khi va chi khi ¢6 sb k sao cho AB = k AC.

» Cho hai diém phan biét A, B. Piém M thudc duong thing AB khi va chi khi c6 s t sao cho
AM = t AB; khi d6 M thudc doan AB khi va chikhi 0 < ¢ < 1.

» Hé qua: v6i diém O bat ki, M thudc duong thang AB khi va chi khi
OM = (1 —1t) OA + t OB v&i mot so t nao d6 (tong hai hé so bang 1).

= 3. Trung diém, trong tam

* CONG THU'C CAN NHO (O Ia diém tuy y)

L2 b —> —
» [ 1a trung diém cua AB: [A+IB =0 va OA+ OB =20I.

. o - —_— = — —

» G 1a trong tdm tam gidc ABC: GA+ GB + GC =0 va OA+ OB+ 0C =3 0G.
o2 . _—_ = — — 22—
» M latrung di€m BC, G la trong tam tam gidc ABC: AB + AC = 2 AM; AG = EAM;

— —_—
GA =-2GM.

Trong hinh: N 1a trung diém AC ; MN 1a duong trung binh coa tam giac ABC nén

—

—_ 152 1
MN = EBA = _EAB'
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= 4. Phan tich mot vecto theo hai vecto khong cung phwong

¢ DINH Li

Cho hai vecto d, b khéng ciung phwong. Khi d6 moi vecto % déu phén tich dugc mét cach duy
nhit dudi dang % = x@ + yb (x, y € R).
Hé qua: néuxd +yb=x'd+y'bthix =x'vay =y'. Dic biét, xd + yb = 0 khi va chi khi

4
A A9

x =y = 0. Py 1a cong cu “so sanh hé s&” dung rat nhiéu trong bai.

% MO RONG: KHOI TAM CUA HE CHAT DIEM

Khoi tAm cua hé chat diém A4, A,, ..., 4, c6 khoi lugng m,, m,, ..., m, la diem M thod man

s o
m1 MA1 + mz MAZ + -+ mn MAn = 0.
. - A X N - —_— e NN
Voi diém O bat ki: (mq + my, + -+ m,) OM = m; OA; + my, OA, + -+ m, OA,,. Chon O
la mot dieém da biét (thuong 1a mot dinh) ta tinh duwoc OM r6i dung M.
Y nghia: mot tAm van nhe mang cac vat ning nam can bang khi duoc d& ding tai khéi tim cua

hé vat — gidng nhu diém tya ctua don bay. Trong tAm tam giac 1a khoi tAm cia ba vat ning bang
nhau dit ¢ ba dinh.

IE] cAcpanc ToAN

Dang 1. Xac dinh vecto k-a — Tinh dé dai — Rat gon biéu thirc

& PHUONG PHAP GIAI

» ka cung huéng voi d khi k > 0, nguoc hudng khi k < 0; do dai |ka| = |k| - |a].
> Tim k trong dang thirc MN =k P_Q) : xét hudng ciia hai vecto dé biét ddu cuia k, so sanh do
o B MN
dai @€ co |k| = —.
PQ
» Rut gon biéu thirc: pha ngodc, gom céc vecto giéng nhau nhu voi da thic; két hop quy tic ba
diém, quy tic hiéu, quy tic hinh binh hanh va cac dang thirc vé trung diém, trong tAm.
» Tinh d¢ dai: rat gon biéu thirc thanh mot vecto X_Y) roi tinh doan XY (dinh li Pythagore, dinh
li cosin, tinh chét hinh dic biét).
N o n z . . , 4 —_—
> Sai lam thuong gap: quén dau khi hai vecto ngugc hudng (viet GA = 2 GM thay cho
GA=—2 G_)M); viét d6 dai bang mot s6 am; cong do dai |5 + B| = |a| + |E| khi hai vecto

khong cung hudng.

» Vi du 1. (Nhén biét) Cho doan thiang AB dai 6 cm va diém M thudc doan AB v6i AM = 2 cm.
‘ . s — — — — — —
Tim s0 k trong moi dang thuc: a) AM = k AB; b) MA =k MB; c) BM = k AB.
Loi gidai
M thudc doan AB nén MB = AB — AM = 6 — 2 = 4 (cm).
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a)mva‘nﬁ cfmghué’ng,%= 2 = § Vay k = §

b) M nam giita A va B nén Wi, MB nguoc hudng; % = % = % Vay k = —%.
c) BM huéng tir B vé phia A, nguoc hudng voi ﬁ; % = % =2 Vay k = —-.
P Vi du 2. (Thong hiéu) Rut gon i = 2(d — 3b) — 3(d — 2b) + d.

Loi gidgi

Ph4 ngodc: i = 2d — 6b — 3G + 6b + d.

Gom céc vecto gibng nhau: % = (2 — 3 + 1)d + (=6 + 6)b = 0d + 0b.
Vay % = 0.

z . A — — —
P Vi du 3. (Théng hiéu) Cho tam giac déu ABC canh a c6 trong tam G. Tinh [GA + 2 GB + 3GC
theo a.
Loi gidi
z a e e DA o %
Y tudng: tach ra tong GA + GB + GC = 0 cang nhi€u lan cang tot.
— — — e = —_— = —
GA+2GE +3GC = (GA+GB +GC) + (GB + GC ) + GC.
A , . = — — —_— — .

Vi G 1a trong tdm nén tong trong ngodc thur nhat bang 0 va GB + GC = — GA = AG. Do do bicu

9 —_ = —
thirc bang AG + GC = AC.

— — —
Vay|GA+2(;B+3GC| = AC = a.

P> Vidu 4. (Van dung) Cho hinh chit nhat ABCD c6 AB = 8, AD = 6. Tinh:
_— s =
a) |AB +AC + AD

b

b)|2@’—,ﬁ+54’|.

Loi gidi
¢ — S — — = —

a) Theo quy tac hinh binh hanh, AB + AD = AC, nén AB + AC + AD = 2 AC.

. . —_— = —
Tam giac ABC vuong tai B: AC = /8% + 62 = 10. Vay |AB + AC + AD| = 2AC = 20
— — — — el e —
b) CA=—-AC = —-AB — AD,dod62AB — AD + CA=AB — 2 AD.
Lay diém E sao cho D la trung diém cua AE, khi d6 2AD = AE va AB — 2AD = AB — AE = EB

(quy tic hiéu).
B

A

Tam giac ABE vuong tai A c6 AB = 8, AE = 12 nén EB = v/82 + 122 = /208 = 4+/13.
—_— s =

Vay |2 4B — AD + CA| = 413 ~ 14,42.

— — . — —
Chii y: khong duoc tinh |AB - 2AD| = AB — 2AD hay AB + 2AD: hai vecto AB, AD khong

cung phuong.
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. Bai tap luyén tap

Bai 1. (Nhan biét) Cho I 1a trung diém cua doan thiang AB; G 1a trong tAm tam giac ABC va M 1a

L N . ~ . — — — — — —

trung diém BC. Pién so thich hgp vao chd cham: a) AB = ---IB; b)IA = +--AB; ¢) AG = +-- AM,;
— — — —
d)GM = ---AM; e) MG = --- GA.

2 i g i g e d —_— a4 .2 . e d
Bai 2. (Thong hiéu) Rut gon: a) 3(d + 2b) —2(d + b); b) 2AB + 3 BC — AC (bi€u thi theo AB
va R')).

Bai 3. (Théng hiéu) Cho hinh vuong ABCD canh a, tim O . Tinh |2 0A + E’| va
—  — —
|4B + 4D + 20|
Bai 4. (Van dung)
a) Cho hai vecto d, b khong cing phuong. Tim cac sé thuc x, y thoa méin
(x — 1d +2b = 2d + (y — 1)b.
b) Cho tam giac ABC. Xac dinh diém M thoa man 2 AM — 3 AB = AC — AM.

—

Bai 5. (Van dung) Cho hinh thoi ABCD canh a ¢6 BAD = 60°. Tinh |2 B+ D| va |

theo a.

D C

& PHUONG PHAP GIAI

» Dung quy tic ba diém dé “di vong” qua cac diém da biét, chang han AM = AB + BM; dung
L = = =
quy tac hicu BN = AN — AB.
% . — 1 — .2
» Trung tuyén, trong tdm ctia tam giac ABC: AM = 3 (AB + AC ) (M 1a trung diém BC),
— 1/ —
AG = (4B + AC).
3
» DPiém chia doan thang: néu M thudc doan BC va BM =t - BC thi AM = (1 —t) AB + t AC.
> Giao diém I ciia hai dudng thing: viét Al theo hai cach (mdi cach ding mét an), rdi so sanh
hé s nho tinh duy nhat ctia cach phan tich.
> Chii y: diém chia cang gan dau nao thi hé s6 ctia dau 4y cang 16n; kiém tra nhanh bang cach
xem tong hai hé s c6 bang 1 khong.
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» Vi du 5. (Nhin biét) Cho hinh binh hanh ABCD, M 14 trung diém BC. Biu thi AM theo AB va
AD (SGK, Bai 4.11).

D &
A.l;

Loi gidi

e -
Theo quy tic ba diém: AM = AB + BM

—_— 1= — —

M 1a trung diém BC nén BM = EB ; ABCD 1a hinh binh hanh nén BC = AD.
Vay AM = 4B + EAD'

» Vi du 6. (Thong hiéu) Cho tam gidc ABC c6 trong tdm G; N 1a diém trén canh AC sao cho
AN =1 AC. Biéu thi AG va BN theo d = AB, b = AC.

l =

Loi gidi
. - R - 1,75 =
Goi M la trung diém BC: AM =2 (@ +b), A

—_— s —
— AB

N thudc canh AC, AN = —AC nén AN
+

VayAG =§a+§b vaBN = —d

» Vi du 7. (Van dung) Cho tam giac ABC. Goi M 14 trung diém AB, N 1 diém trén canh AC sao

cho AN = 2NC, I 1a giao diém ctia BN va CM. Biéu thi Al theo A_B), AC va ching t6 I 1a trung diém
cua CM.

Loi gidai
— 1
Taco AM = EAB va AN =

—

AC.

wIiN

2 z . = — — — 25—
I thudc duong thang BN nén c6 so s d¢ Al = (1 —s)AB +sAN = (1 —s) AB +?AC.
A 2 2 A o JR ] 7 0 2 _t 3 =
I thudc duong thang CM nén coso t de Al =t AM + (1 —t) AC = 5AB + (1-1t)AC.
88 T LA ] Boms o TR R o 3 t .2s
Vi AB, AC khong cung phuong nén cac hé s6 tuong tng bang nhau: 1 — s = Sva—= 1-t.

Tir phuong trinh dau, t = 2 — 2s; thay vao phuong trinh sau: 2?5 =2s—1os= %’ suyrat = %

A 1 12 - 1 - 1/ - , . L2 )
Vay Al = ZAB +5AC. Honnttat = Echo Al = E(AM +AC), tuc [ 1a trung diém cua CM.
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. Bai tap luyén tap

Bai 6. (Théng hiéu) Cho tam gidc ABC c6 M 1a trung diém BC, D 1a trung diém AM. Biéu thi AM ,
— —_— —
BD theo AB, AC.

= —

Bai 7. (Théng hiéu) Cho hinh binh hanh ABCD tim 0. Biéu thi A0, BD va OC + OD theo @ = AB,

E—d
b =AD.

Bai 8. (Théng hiéu) Cho tam giac ABC. Piém M thudc canh BC sao cho MB = 2MC. Chiing minh

Bai 9. (Van dung) Cho hinh thang ABCD c6 hai day AB, CD véi AB = 3CD. Goi M 1a trung diém
cua canh BC. Biéu thi AC, AM va DM theo AB, AD.

B

Bai 10. (Van dung cao) Cho tam giac ABC. Cac diém M, N, P lan luot thudc cac canh BC, CA, AB
sa0 cho BM = 2BC, CN = > CA, AP = 2 AB.
a) Biéu thi AM, BN, CP theo AB, AC.

e e S
b) Chirng minh AM + BN + CP = 0.
¢) Chung minh hai tam giac ABC va MNP c6 cung trong tam.

Dang 3. Chirng minh dang thirc vecto c6 tich véi sé

& PHUONG PHAP GIAI

» Chén diém (quy tic ba diém) va ding cac dang thirc trung diém, trong tim: T4 + 1B = 6,
— — e I T T e e —
OA+ OB =201;GA+GB+GC=0,0A+ 0B+ 0C =306.

» Bién ddi vé phirc tap thanh vé don gian; hodc dwa ca hai vé vé cing hai vecto khong cing
phwong rdi so sanh.

» Meo: viét cing mot vecto theo hai “dudng di” khac nhau rdi cong vé theo vé (xem Vi duy 8).

> Pé ching minh hai tam giac ¢ ciing trong tdm: chirng minh trong tim G ciia tam giac nay
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thoa mén dang thirc trong tdm ciia tam giac kia.

» Vi du 8. (Théng hiéu) Cho tir giac ABCD; M, N lan luot 13 trung diém AB, CD. Chting minh
— —_—> —
AC + BD = 2 MN.

N c
D
A M =
Loi gidai
bi tr M dén N theo hai duong: MN = MA + AC + CN vaMN = MB + BD + DN.
z ;L — —_— — — — — —
Cong vé theo vé: 2 MN = (MA + MB) + (AC + BD) + (CN + DN).
.2 — —> - L2
M la trung diém AB nén MA+MB=0 ; N la trung diém CD nén
— — — -
CN+DN =—(NC+ND)=0.
— = —
Vay AC + BD = 2 MN.

» Vi du 9. (Van dung) Cho tam gidc ABC c6 trong tdm G; A’, B', €' lan luot 1a trung diém BC,
—_— — —
CA, AB. Chitng minh AA" + BB’ + CC' = 0 va hai tam gidc ABC, A'B'C’ ¢6 cung trong tam.

Lai gidgi
n Y 1/ —N\ = 1/ —\ 1/ —

Theo cong thire trung tuyén: A4’ = - (4B + AC), BB' = 5 (BC + BA), CC' = 5(CA + CB).

Cong vé theo vé, cac vecto ddi nhau triét tiéu tung cap:

ﬂ+ﬁ+c‘_>c’:l[(ﬁ+3_’)+(ﬁ+ﬂ)+(
—) 1/ —_— —)
Tuong tu, GA’:E(GB+GC),

_— = = =

. —> e N
Cong lai: GA' + GB'+ GC' = GA+ GB + GC = 0.
Vay G ciing 1a trong tdm tam giac A'B'C": hai tam gidc c6 cung trong tam.

. Bai tap luyén tap

Bai 11. (Nhan biét) Cho tam giac ABC c6 trong tdim G. Chimg minh ring v6i moi diém O:
—_ = = —
0OA+ OB+ 0C =306.

Bai 12. (Théng hiéu) Cho tam gidc ABC va I 1a trung diém AB. Ching minh ring vecto
s = = — . L 5 —
v=MA+ MB — 2 MC khoéng phu thudc vao vi tri cua diém M, vav = 2 CI.
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Bai 13. (Van dung) Cho hai tam giac ABC va A'B'C’ ¢6 trong tam lan luot 13 G, G'. Chiing minh
e —_— —_— 4 B . N N . .
AA"+ BB’ + CC' = 3 GG'. T d6 suy ra diéu kién can va du dé hai tam giac cé cung trong tam.

Bai 14. (Van dung cao) Cho luc giac ABCDEF. Goi M, N,P,Q,R, S lan luot 1a trung diém cua
cac canh AB, BC, CD, DE, EF, FA. Chung minh hai tam gidc MPR va NQS co6 cung trong tam.

Dang 4. Chirng minh ba diém thang hang, hai dwéng thang song song

& PHUONG PHAP GIAI

» A, B, C thang hang: chi ra AB = k AC. Thuong phén tich cé hai vecto theo cung hai vecto
khong cung phuong d, b 1di so sénh hé s6.

» NéuAB = xd + yb va AC = x'd + y'b thi 4, B, C théng hang khi va chi khi c6 sé k dé
x=kx' vay=ky'

» Vi diém O co dinh: M thudc duong thang AB khi va chi khi OM = a OA + £ O
a+p =1

» AB || CD: chirta AB = k CD va diém A khong thudc duong thang CD.

véi

> Sai lam thuong gdp: chira MN =k P_Q) v6i bon diém khéc nhau roi két ludn thiang hang —
hai vecto phai c6 chung mét diém.

—

AC

— 1 —

» Vi du 10. (Van dung) Cho tam giac ABC. Lay cac diém M, N sao cho AM = %AB, AN =
va diém P sao cho C 1a trung diém BP. Chimg minh M, N, P thang hang.

wIN

Loi gidi
- 15 == 2
batad = AB b=AaC (hai vecto khong cung phuong). Ta c6 AM = >4, AN = gb
e T —_— = — R -
Clatrungd1emBPnénCP BC=b—a,dodd AP =AC+CP=—-a+2b
1, 29 (— — - 35, o7
SuyraMN AN — AM = — —sa+sbvaMP = AP —AM = —-a+ 2b.
Cichésbtile:—2=3-(=3)va2=3-2 nén MP = 3MN.
2 2 3’
Hai vecto MP, MN cung phuong va c6 chung diém M, do d6 M, N, P thang hang.
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» Vi du 11. (Van dung cao) Cho tam giac ABC c6 trong tam G. Mot duong thang d di qua G cit
cic canh AB, AC lin luot tai M, N (khéc A). Chimg minh 2 + 2= = 3.

Loi gidi

. .2 - 173 12 1 - 1=
Goi / la trung diém BC: AG = ;AB +§AC = ;AM +§AN.

, —>

G thudc duong thang MN nén c6 sd t dé A
diém gbc A).

—

=(1- t)A—)M + t AN (4p dung hé qua ¢ muc 2 voi

0 e % (hA 5 2 2 A A, AL v 1
Hai vecto AM, AN khong cung phuong nén so sanh hé so: ™o 1—tva e t.

Cong hai dang thirc: 4+ = 1, tc lyi=3.
3x 3y x y

Vay 2 + 25 = 3 Kiém tra: khid || BC thi AM = 24B, AN =24Acva2+2=3.
AM AN 3 3 2 2

~. Bai tap luyén tap

Bai 15. (Nhan biét) Cho tam gisc ABC c6 trong tim G, I 1a trung diém BC. Chimg minh
AC =2 EI), tir 46 suy ra ba diém A, G, I thang hang.

Bai 16. (Thong hiéu) Cho hinh binh hanh ABCD. Lay diém M trén canh AB v&i AM = §AB va
diém N trén dudng chéo AC voi AN = %AC . Chiing minh M, N, D thang hang.

D —C

\

*’
1Y B

Bai 17. (Théng hiéu) Cho tir gidc ABCD ¢o AB = 2DC. Chtrng minh ABCD 1a hinh thang. Goi I 1a
giao diém hai dudng chéo; biéu thi Al theo AC.
D
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Bai 18. (Van dung) Cho tam giac ABC. Piém D thudc canh BC sao cho BD = 2DC, I 1a trung
diém ctia AD, E 13 diém trén canh AC sao cho AE = EAC . Chiing minh B, I, E thang hang va tinh ti

% IB
IE

Bai 19. (Van dung cao) Cho tam gidc ABC va cac diém M, N, P thoa man MB — 3MC = 6,
— —_— = = - . 2 .2
AN = 3NC, PA+ PB = 0. Chimg minh M, N, P thang hang va N la trung diém cua MP.

A

"U

Dang 5. Xac dinh diém thoa man dang thirc vecto — Bai toan khoi tam

& PHUONG PHAP GIAI
» Chén mét diém da biét (thuong 1a mot dinh A) vao cac vecto dé dua déng thirc vé dang
AM = 7, trong d6 ¥ biéu thi duoc qua cac vecto di biét; tir 46 dung M.

. — — o R . MA _n
» Véim,n > 0: mMA +nMB = 0 khi va chi khi M thuoc doan AB va—— = —, tlc

— n —
AM = —AB.
m+n
» Véi ba, bon diém: “gdp” tung cap diém thanh mot diém (trung diém hodc diém chia doan
thang) dé dwa vé dang thirc chi con hai diém.
> Chii y: néu tong cac hé s6 bang 0 thi vé trai 1a mot vecto khong ddi (khong phu thuge M),
nén déng thirc hoac ding véi moi M, hoac khong co diém M nao.

» Vi du 12. (Théng hiéu) Cho hai diém phan biét A, B. Xéc dinh diém K sao cho KA + 2 KB = 0
. . .4 R - 11— 2= .
va chiing minh véi moi diém O: OK = 3 0A + 3 OB (SGK, Bai 4.13).

Loi gidai
—

A —_— — —_— - - — —
ChéndlémAvéoKB:KA+2(KA+AB)=O<=>3KA+2 =0 o AK = 24B.

o
wIN

Vay K 1a diém thuoe doan AB véi AK =2 AB.
2 phan 1 phan
K B
— —
( B— OA) =

—_— > —

Véi moi diém 0: OK = 0A + AK =

o =
w N
Wk
N
+
w N
oy

+
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» Vi du 13. (Thong hiéu — Giai bai toAn mé dau) Mot thanh cing AB dai 1,5 m (khdi luong
khong dang ké) mang vat 2 kg & A va vat 3 kg & B. Diém tya M phai cach A bao nhiéu mét dé thanh
can bang?
Loi gidi

5 : 1A X . — — -
Thanh can bang khi diém tuya M 1a khoi tam cta hai vat: 2 MA + 3 MB = 0.

o — — — = — — > —

Chen diém A: 2 MA + 3 (MA + AB) =0 & 5 MA+34B =0 & AM =

—

AB.

vl | w

Do d6 AM = z 1,5 = 0,9 (m). Vay diém twa cach 4 0,9 m, cach B 0,6 m — gf?m vat nang hon,

dung nhu nguyén 1i don bay.

» Vi du 14. (Van dung) Cho t gisc ABCD. Goi I, ] lan luot 1a trung diém ciia AB, CD va G’ 1a
trong tam tam giac BCD.
g oy d —_—> —

a) Chirng minh c6 duy nhat diém G thoa min GA + GB + GC + GD = 0, va G 1a trung diém ctia
I].

I . i M \ \ - 3 _)/
b) Chung minh A4, G, G’ thang hang va AG = ZAG .
D J &
A I =
Loi gidi
o5 _— = - = = —
a) Vi, ] la trung diem AB, CD nén GA+ GB = 2GI va GC + GD = 2 GJ.
Do d6 dang thirc da cho twong duong voi 2 Gl +2 G_>] 0o Gl + _]> = 6, trc G 1a trung diém

cta IJ. Trung diém cua IJ 1a duy nhat nén diém G ton tai va duy nhat
. —_— = = —>
b) G' 1a trong tdm tam giac BCD nén GB + GC + GD =3
—> — —
GA+3GG' =0.
.2 — - N — — — 3/
Chen diém A: GA + 3 (GA + AG') = 0 © 4 4G = 3AG' & AG =2AG.
Vay A, G, G' thang hang va G chia doan AG’ theo ti s6 AG: GG’ = 3:1. Nhdn xét: G 1a khdi tam
ctia bon vat ning bang nhau dit & bon dinh — goi 1a trong tim ca tir giac.

GG'. Pang thirc da cho tré thanh

. Bai tap luyén tap

Bai 20. (Théng hiéu) Cho tam glac ABC. Xéac dinh diém M sao cho MA+MB +2MC =0 va
ching minh v6i moi diém O: 04 + OB + 2 0C =4 OM (SGK, Bai 4.14).

—_ —

Bai 21. (Thong hiéu) Cho tam gidc ABC va diém N thoa man NA + 2NB +3NC = 0. Bidu thi
AN theo AB, AC , tr d6 néu cach dung diém N.
Bai 22. (Van dung) Ba qua ning 3 kg, 1 kg, 2 kg 1an lugt dugc dit tai ba dinh A, B, € ciia mot tim
van mong hinh tam giac (khdi luong tim van khong dang ké). Goi K 1a diém trén canh BC sao cho
BK = 2KC.

a) Chung minh khéi tim M cta hé ba qua nang 1a trung diém cua doan AK.

b) Bi€u thi AM theo AB, AC.
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¢) Néu ba qua nang cé khéi luong béng nhau thi khdi tdm 13 diém dic biét ndo ciia tam giac
ABC?

Bai 23. (Van dung) Cho hai diém phén biét A, B va hai s6 thuc m, n khéng dong thoi bang 0.
a) Chirmg minh rang néu m + n # 0 thi ¢6 duy nhit diém M thoa man m MA +nMB = 6, va
—_— n —
AM = —AB.
m+n

b) Chirng minh ring néu m + n = 0 thi khong c6 diém M nao thoa man dang thirc trén.

7 . L2 —> e d -
¢) Ap dung: xac dinh diém M thod man 3 MA — MB = 0.

Dang 6. D6 dai vecto tdng — Tap hop diém — Gia tri nhé nhat

& PHUONG PHAP GIAI

> Véi cacsd my, ..., m, cotong k = my + -+ m, # 0: goi I 1a diém thoa mén
my 1A, + -+ m, I4, = 0 (khéi tam). Khi d6 véi moi diém M:
my M—Al) + .4 mnM_)An = km, nén d6 dai cua tong bang |k| - MI.

» Néu tong cac hé sb bang 0 thi tong vecto khong phu thude M: rat gon nd thanh mot vecto co
dinh.

» Téap hop diém: MI = R (khong ddi) thi M chay trén dudng tron tim I ban kinh R; MI = MJ
thi M chay trén duong trung truc cua doan IJ.

> Gia tri nho nhat cia MI khi M chay trén duong thang d: dat khi M 1 hinh chiéu vudng goc
H cta I trén d, va bang IH.

» Vi du 15. (Van dung) Cho tam giac ABC c6 trong tdm G, I 1a trung diém BC. Tim tap hop céac
» — = — 3I— —
diém M thoa man |MA + ME + MC| = >|ME + MC|.

Loi gidai

Vi G la trong tam tam gidc ABC nén MA + MB + MC = 3 MG ; vi I 1a trung diém BC nén
—_— — —

MB + MC =2 MI.

Ding thire da cho tro thanh 3MG = 2 - 2MI & MG = MI.

G vaIl1a hai diém phén biét ¢6 dinh. Vay tp hop cac diém M la dudng trung truc A cua doan
thang GI.
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» Vi du 16. (Van dung cao) Cho doan thang AB dai 6 cm va duong thing d song song v&i AB,
cich AB mot khoang 4 cm. Tim diém M trén d dé MA + 2 MB| nho nhét va tinh gia tri nho nhit
do.

>

AR

N,:‘_':‘_______L"m

A

o

Loi gidgi

. .2 —) —= — . 2
Goi K 1a diém thoa man KA + 2KB = 0. Theo Vi du 12, K thudc doan AB v6i AK = EAB =4
(cm).

o — — — — — — — —

Chén diéem K: MA+ 2MB = 3 MK + (KA + ZKB) = 3MK,nén ([MA+ 2MB| = 3MK.
Goi H 1a hinh chiéu vuong goc cua K trénd. Vid || AB nén KH = 4 cm, va véi moi M € d ta co
MK > KH = 4 (dudng vudng goc ngin hon dudng xién).
Do d6 |MA + 2 MB| = 3MK > 12, du bing xay ra khi M = H.

Vay gia tri nho nhat bﬁng 12 cm, dat khi M 1a hinh chiéu vuong goc trén d cla diém K thudc doan
AB v6i AK = 4 cm.

Sai ldm thuong gdp: danh gia |MA + 2 MB| < MA + 2MB 1di di tim gia tri nho nhét cia
MA + 2MB — d6 1a mot bai toan khac va khong cho két qua dung.

. Bai tap luyén tap

Bai 24. (Théng hiéu) Cho hai diém phan biét A, B. Tim tap hop cac diém M thoa min
—_— —
MA + MB| = 2MA.

Bai 25. (Van dung) Cho tam gidc ABC c6 trong tim G. Tim tip hop cac diém M thoa mén
—_— — — — —
MA + MB + MC| = |MB — MC|.

Bai 26. (Van dung) Cho hai diém phan biét A, B. Tim tip hop cic diém M thoa min
— — — —
2 MA + MB| = |M4 + 2 MB|

Bai 27. (Van dung cao) Cho hinh vuéng ABCD canh 4. Diém M thay ddi trén duong thang BC.
Tim gié tri nho nhét cia |m +MB +2 M_D)| va chi ra vi tri cua M khi do.

* BAI TOAN DIEM NHAN \

Nhitng bdi todn gidu ¥ twéng, gdn véi thiee tién hodc doi hoi tong hop nhiéu kién thire cia bai. Hay
ti suy nghi truée khi xem 1o gidi & phan Hwedng dan gidi.
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Piém nhin 1. Can bang banh xe 6 td. Banh xe 6 t6 bi “léch tim” (khdi tAm khéng trung véi tim
truc 0) s& 1am xe rung lic khi chay nhanh. Tho sira xe khic phuc bang cach kep thém nhiing qua
chi nho 1én vanh banh sao cho khéi tim ctia phan khdi lugng bi 1éch cing cac qua chi trd vé dung
diém 0.

May can bang cho biét phan léch ciia mot banh xe twong dwong véi hai khdi luong nho: 40 g tai

diém A; va 20 g tai diém A, trén vanh. Trén vanh co6 sau vi tri kep chi A4, A4, ..., Ag chia vanh
\ y M -, = —_— —_—
thanh sdu cung bang nhau. Pat u = 0A,, v = 0A;.

a) Ching minh O_AZ) = U + U, roi biéu thi O—AZ, 0—A5), 0_A6) theo U, .

b) Tho kep hai qua chi c6 khdi luong x (g) tai A, va y (g) tai A¢. Tim x, y dé banh xe duoc can
bing, tirc 13 40 0A, + 20 04, + x 0A, + y 04, = 0.

¢) Néu kep chi tai A, va Ag thi can bao nhiéu gam chi & mdi vi tri? Phuwong 4n nao t6n it chi
hon? C6 thé can bang banh xe chi véi mot qua chi kep tai mot trong séu vi tri trén khong?

Goi y
Moi vecto OA déu biéu thi dugc theo hai vecto khong cung phuong u, U; diéu kién can béng tré
thanh mét déng thirc pti + q¥% = 0, khidé p = ¢ = 0.

Diém nhin 2. Puong thing Euler. Cho tam giic nhon ABC khong déu, noi tiép duong tron tim 0.

Goi H 1a tryc tdm, G 1a trong tim cuia tam giac, M 13 trung diém cua BC va D 1a diém d6i xtmg véi
A qua 0.

|

—

a) Chung minh tir gidc BHCD 1a hinh binh hanh; tir 6 suy ra AH = 2 OM.
I T I S S e S —
b) Chimg minh OA + OB + OC = OH vaHA+ HB + HC = 2 HO.
. .2 8 — — . GH
¢) Chiing minh ba diém O, G, H thang hang va OH = 3 0G. Tinh ti sO s
Goi y
Goc ndi tiép chan nira duong tron 13 géc vudng, nén DB L AB, DC 1 AC. O céc cdu sau, hiy
—_—  — — 2
dung OB + OC = 2 OM va dang thirc trong tam.
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LUYEN TAP THEO CAU TRUC BE THI

PHAN I. Cau trac nghiém nhiéu phwong an lwa chon (Moi cdu chi chon mét phirong én.)
Céu 1. Cho d # 0. Vecto —3d

A. nguoc huéng véi d, co6 do dai 3|d| B. cung huéng véi d, c6 do dai 3|d|

C. nguoc huéng véi d, c6 do dai —3|al D. cung huéng voi d, c6 do dai |d|

Céu 2. Cho I 13 trung diém cta doan thing AB. Khang dinh nao sau day ding?

— — — — — — - =
A. Al = 2AB B.AB=21A C.AB =2AI D.IA=1IB
Céu 3. Cho tam gidc ABC c6 trong tdm G, M 1a trung diém BC. Khang dinh nio sau day diing?
— 1 — — — 22— —_— 1=
A. AG ZEAM B.GA=2GM C.AG ZEAM D. MG ZEAM

Céu 4. Cho I 14 trung diém ciia doan thiang AB. Véi diém O bat ki, ta c6
—_— — —

—_— = — — > = e -
A.OA+0B =201 B.OA+ 0B =0l C.0A+OB=EOI D.0OA—- 0B =201

Cau 5. Rt gon 2(d + 5) —(a- 5) ta duoc

A.d+b B.3d +b C.d+3b D.d-3b
Céu 6. Cho hai vecto d@ va b v6i b # 0. Hai vecto d, b cung phuong khi va chi khi

A.ld| = |b| B.d=bh

C.i+b=0 D.cosd k déd = kb

Céu 7. Cho tam giac ABC va D la diém d6i xting véi B qua C. Vecto AD bang
— — — — — — — —
A.AC - 2AB B.AB —2AC C.2AC+ AB D.2AC — AB

Céu 8. Cho doan thing AB va diém M thoa man MA = —2 MB. Khang dinh nao sau dy ding?

A. M thudc doan AB va MA = 2MB B. M la trung diém AB
C. M nam ngoai doan AB D. M thudc doan AB va MB = 2MA
Cau 9. Cho tam giac ABC c6 trong tam G. Vecto AG bing
1/ — 1/ — 2/ — —_— —
A.5(4B +4C) B. (4B + AC) C.2(4B + AC) D. 4B + AC
2 3 3
CAu 10. Cho |a| = 4. D dai cua vecto —za la
A. —6 B.6 C.: D.2

.« 10 R . .2 —_—> _ - . —_—
Cau 11. Cho hai diém phan bi¢t 4, B va diém K thoa man KA + 3 KB = 0. Khi d6 AK bang
1— — 1— 33—
A. ZAB B.3AB C. EAB D. ZAB
Cau 12. Trén mot con duong thfmg, mot xe may di theo hudng tir A dén B v&i van tde U; mot xe tai
di theo chiéu nguoc lai voi tde do g?ip 1,5 lan téc do cua xe may. Van tde W cla xe tai la

B w
Bee
A & B
A.W=157 B.W=—15% c.wz—ga D.Wzgﬁ
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I PHAN II. Cau trac nghiém dﬁng sai (O)'méwi)? a), b), ¢), d) chon Dung hoac Sai.)

Céu 1. Cho tam gidc ABC c6 M 1a trung diém BC va G 1a trong tam.

Y
a)
b)
¢)

d)

CAu 2. Cho hinh binh hanh ABCD tim 0; dit & = AB, b = AD.

Y
a)
b)
¢)

d)

. R . A — g =
Cau 3. Cho hai diém phan biét A, B va diém M thoa man 2 MA —5MB = 0.

Y
a)
b)
¢)

d)

DI = %DB. pitd =

b)

Ménh dé

+
al
Il

<l

o
o'
+
W=
al

o]

3 & gl ol
L gl

N

Ménh dé
-, >
AC=a+b
A0 =2d+2p
2 2

g -
BD=a-b

7 L2 —_— 15 -
Néu N 1a trung di€ém CD thi AN =Ea+b.

Ménh dé
M thudc doan théng AB.
— 55—
MA: MB = 2:5.
C — 2=/ 53
Véimoi diém 0: OM = _EOA +§OB'

Cau 4. Cho hinh binh
— —
B,b = AD.
D M C
A B
Mg¢énh dé
- 2=
BI' =2 BD.
Al=2G+1b.
3 3
L2 5 — 2—>
Badiém A4, I, M thang hang va Al = EAM'

¢)

d)
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PHAN IlII. Cau tric nghiém tra I&i ngan
Cau 1. Cho tam gidc ABC vudng tai A ¢6 AB =6 cm, AC =8 cm. Piém M thoa min
—_— — — . .
2MA + MB + MC = 0. Tinh d¢ dai AM (don vi: cm).
Dip s6: | | | | |

Céu 2. Cho hai vecto d, b khong cung phuong va i = 2d — 3b, = —4d + mb. Tim sé m dé 4, B
cung phuong.
Dap sé: | | | | |

Céu 3. Cho hai vecto d, b ¢6 gia vudng goc v6i nhau, |d| = 2, |E| = 3. Tinh |3d — 25| (lam tron
két qua dén hang phan tram).
Dap s6: | | | | |

Céu 4. Mot bac nong dan ganh hai thing hang bang mot chiéc don ganh AB dai 1,6 m (coi don
ganh 1a thanh ctng c6 khéi luong khong dang ké). Thing ¢ dau A ning 18 kg, vai bac dit cach dau
A 0,64 m va don ganh nam can bang. Hoi thung & ddu B ning bao nhiéu kilogam?

«—1,6 m——>
0,64 m

<

s
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PE KIEM TRA SO 1

TOAN 10 - TRAM TOAN APLUS Cdu triic theo dinh dang dé thi tot nghiép THPT tir ndm 2025
BAI 9. TICH VECTO VOI MOT SO

. N ] HO VA tEN: .o Lop: ..........
Thoi gian lam bai: 60 phut

Phan I: 0,25 diém/cau - Phan II: diing 1y 0,1d: 2y 025d; 35 0,5d; 4y 1
d - Phan III: 0,25 diém/cau - Phan IV: 0,75 diém/bai.

| PHAN 1. Trac nghiém nhiéu phwong an lwa chon (12 ciu - 3,0 diém)
Cau 1. Cho vecto d c6 |d| = 3. Vecto b nguoc huéng véi @ va ¢6 do dai bang 6. Khing dinh nio
sau day dang?

A b =—2d B.b = 2d C.E:—%& D.b = —6d

Ciu 2. Véia, b 13 hai vecto bat ki va k 1a sé thuc bat ki, khfmg dinh nao sau day sai?

A k(@ +Db)=kd+bB.(-1)d=—d C.0d=0 D.1d=d
Céu 3. Cho M 1a trung diém ciia doan thang AB. Vecto MA bang
1— 1— — —
A.-AB B.—-AB C.2AB D.-2AB
Cau 4. Cho tam giac ABC c6 trong tam G. Vi diém O bat ki, vecto OA + OB + OC bang
— — — -
A. 0G B.30G C.20G D.0
Cau 5. Rat gon 3(& — 5) — 2(& — 25) ta dugc
A.d—7b B.d—b C.5d—7b D.d+b

CAu 6. Cho ba diém phan biét A4, B, C. Déng thirc nao sau day khéng suy ra duogc ba diém 4, B, C
thang hang?

— — e I — — — —
A.AB = 2AC B.CA+CB=0 C.BA = -3BC D. |AB|=2|AC|
CAu 7. Cho hinh binh hanh ABCD tam 0. Vecto OB bing
1/— — — — 1/— — 1/ —
AL (AD _ AB) B.AB — AD c.t (AB n AD) p.1 (AB _ AD)
2 2 2
Cau 8. Cho hinh thang ABCD c6 hai day AB, CD va AB = 2CD. Vecto AC bang
— 11— — — — 11— 1/ — —
A.AB +3AD B.AD + 2 AB C.AD +3AB D.E(AB +AD)
Cau 9. Cho vecto d co |d| =6 va b = —%&. D6 dai cia vecto d + b 1a
A. 10 B.2 C.4 D.6

Cau 10. Cho a, b 1a hai vecto khong cung phuong. Vecto nao sau day cung phuong vdéi
i=d-—2b?

A. —33d + 6b B.2d—b C.d+2b —d—2b

D.
Cau 11. Cho hai didm phan biét A, B va diém I thoa man A — 2B = 0. Khing dinh ndo sau day
dang?

A. A la trung diém IB B. I 1a trung diém AB

C. B la trung diém Al D. I thudc doan AB
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A ~ \ Y M 14 ki . H 2\ H r.: _) H hY H
Cau 12. Mot thung hang chiu tdc dung cua hai lyc F; va F, voi F, = —3 F; va |F1| = 10 N. Hop

> g e d
1LICF=F1+F2

¢6 d6 16n 20 N va cing huéng véi F,

¢6 d6 16 40 N va cing huéng véi F,

0= 2

¢6 d6 16n 20 N va nguoc huong voi 171)

D. ¢6d 16n 30 N va nguge hudng voi F,

| PHAN II. Tric nghiém ding sai (4 ciu 4,0 diém)

Cau 1. Cho tam giac ABC c6 trong tam G; M, N

Y Ménh dé
—_— 12
a) MN =_BC.
— — 1
b) BN =-AB+AC.
— 1=
¢ BG=:BN.
—_— = —
d) GM + GN = =GA.

Céu 2. Cho hai vecto @, b khong cing phuong va i = 2d + b

Y Ménh dé
a) U+ =3d-2b.

b) 24— =3d-b.

¢) U vav cung phuong.

d) | Vecto w = 4d + 2b cung huéng véi Z.

Cau 3. Cho tam giac ABC c6 trong tam G
—_— 4 —
2NA+ NC =0.

Y Ménh dé
a) | M thudc doan théng AB vaMB = 2MA.
— 22—
b) AN = EAC'
—_— 12
¢) MN = ;BC.
d) | Badiém M, N, G thang hang.

APLUS HA NOI 0943.480.099
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lan luot 1a trung diém AB, AC.

Ping  Sai
] ]
] ]
] L]
] ]
, % =d—3b.
Ping  Sai
] L]
] ]
] L]
] ]
. Cac diém M, N thoa man 2MA + MB =0 va
Ping  Sai
] L]
] L]
] ]
] ]
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Cau 4. Cho tam giac ABC vuodng tai A c6 AB =9, AC = 12 va G 1a trong tam cua tam giac.

B
G

A C
Y Mg¢nh dé Diing Sai
a) |4B+4c|=15 O O
by |ac-24B|=6 O O
o |6B+a6c|=5 O O
d) | Néu diém E thoa man EA + 3 EC = 0 thi BE = 3v10. O O

| PHAN Ill. Tréc nghiém tra 1&i ngén (6 ciu— 1,5 diém)

—

. .2 —_—> —> r MB
Cau 1. Cho tam giac ABC va diém M thudc canh BC thod man AM =-AB +-AC. Tinh ti s0 e

[ W]
ulw

Dap so: | | | | |

Céu 2. Cho tam giac ABC ¢6 M 1a trung diém BC, N 1a diém trén canh AC sao cho NC = 2NA. Goi
I 1a giao diém ciia AM va BN. Biét Al = x AM. Tim x.

Dap so: | | | | |

CAu 3. Cho hinh binh hanh ABCD va diém M thudc canh CD sao cho DM =§Dc. Biét

AC = x AM + y AB. Tinh x + y (lam tron két qua dén hang phan tram).
Dip so: | | | | |

Cau 4. Cho hinh vuéng ABCD canh 4. Tinh
Dip s6: | | | | |

|

AB + %A_D)| (lam tron két qua dén hang phan tram).

Cau 5. Cho tam giac déu ABC canh 3 c6 trong tam G. Tinh |AB + AC + 2 AG| (lam tron két qua
dén hang phan tram).
Dap s6: | | | | |

Cau 6. Ba qua nang, mdi qua 2 kg, dugc dat tai ba dinh ctia mét tAm van mong hinh tam giac ABC
(khdi luong tam van khong déng ké). Biét trung tuyén AM cua tam gidc dai 9 cm. Khoi tdm cta hé
ba qua nang cach A bao nhiéu xentimét?

Dip so: | | | | |
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| PHAN IV. Tw ludn (2 bai - 1,5 diém)

Bai 1. Cho tam giac ABC. Goi M 1a trung diém AB, N 1a diém trén canh AC sao cho AN = 2NC, K
1a trung diém MN.

a) Biéu thi AK theo AB, AC.
. L2 L2 M d —_—) —>
b) Goi D la trung diém BC. Biéu thi KD theo AB, AC.

¢) Goi G 1a trong tdm tam gidc ABC. Ching minh duong thang GK song song véi duong thang
AB.

Bai 2. (Van dung) Mot tam ké gd hinh vudng ABCD canh 40 cm (khéi lugng khong dang ké) duoc
dd boi mot chan try duy nhit. Trén ké dat bon chau cay ¢ bon goc: 1 kg tai A, 1 kg tai B, 3 kg tai C
va 3 kg tai D. K& ding viing khi chan tru dat dung tai khdi tim M cia hé bdn chau cay.

a) Goi I, J 1an luot 1a trung diém cua AB, CD. Chiing minh 1\71’ +3 1\7]) = 6, tor d6 xac dinh vi tri
diem M.

b) Tinh khoang cach tir chan try dén goc A (lam tron két qua dén hang phan muoi cta xentimét).

¢) Néu thay chau ¢ D bang mot chau khac (cac chau con lai giit nguyén) thi chdu méi phai ning
bao nhiéu kildgam dé chan try ndm trén dudong chéo AC?

— HET —
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PE KIEM TRA SO 2

TOAN 10 - TRAM TOAN APLUS Cdu triic theo dinh dang dé thi tot nghiép THPT tir ndm 2025
BAI 9. TICH VECTO VOI MOT SO

. N ; HO VA tEN: .o Lop: ..........
Thoi gian lam bai: 60 phut

Phan I: 0,25 diém/cau - Phan II: diing 1y 0,1d: 2y 025d; 35 0,5d; 4y 1
d - Phan III: 0,25 diém/cau - Phan IV: 0,75 diém/bai.

| PHAN 1. Trac nghiém nhiéu phwong an lwa chon (12 ciu - 3,0 diém)
Cau 1. Véik < 0vad # 0, vecto kd
A. cung hudng voi @ B. vudng goc véi d
C.bing 0 D. ngugc hudng véi d

Céu 2. Vi vecto d va cac s6 thuc k, t, vecto (k + t)d bang

A.kd +td B. ktd C.ka+t D.k +td
Céu 3. Cho hinh binh hanh ABCD tam 0. Khang dinh nao sau day sai?
—_ > = = — = —
A.OA+0B+0C+0D=0 B.AB + AD =2 A0
— — — —
C.AC=2CO0 D.BD =2B0O
L2 . L2 —_— —> —
Cau 4. Cho hai diém phan biét A, B. Piém M thoa man MA + MB =0 1a
A. diém A B. trung diém AB C. diém B D. khong ton tai
Céu 5. Cho hai vecto @, b. Vecto % thoi man 2(¥ — @) = 3b — % 1
A.%=2d+3b B.i=2d+b C.i=2d-b D.i=-Zd+h
Céu 6. Cho hinh binh hanh ABCD. Goi N 1a trung diém cta canh CD. Vecto BN bang
— 1 — 1 11— — —_— 1
A.AD _EAB B. AD +5AB C.EAB — AD D. AB _EAD

Ciu 7. Cho hai vecto a , b khong cung phuong va cac sd thuyc x , y thoa man
(x—2)d+ (y+1)b=0.Giatrictax +yla
A. 0 B.3 C.—-1 D.1
Cau 8. Cho hai diém phén biét A, B. Diém M thudc doan thing AB khi va chi khi c¢6 s6 t sao cho
— -—
AM =t AB véi
A t<O0 B.0<t<1 C.t>1 D.ttuyy
. . 2 -— 13 .
Cau 9. Cho doan thang AB dai 6 cm va diém M thod man AM = — EAB‘ Do dai doan BM 1a
A. 12 cm B.3 cm C.6cm D.9cm
Cau 10. Cho ta giac ABCD; 1, ] lan luot 1a trung diém cua hai duong chéo AC, BD. Vecto
AB + CD bang
- - - 12
A.2]1 B.IJ C.21 D'EU

— —

Céu 11. Cho tam giac ABC va diém M thoa man MA +MB — MC = 0. Khang dinh nao sau day
dang?

A. M 1a trung diém cua AB B. M 1a trong tam tam giac ABC

C. Ttr giac ACBM la hinh binh hanh D. Tt gidc ABCM la hinh binh hanh
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Céu 12. Mot 6 to chuyén dong thang déu, sau 2 gio di duoc tir A dén B véi AB = 120 km. Xe tiép
tuc di théng véi van tde khong ddi; goi C 1a vi tri clia xe tai thoi diém 3,5 gio ké tir ltc roi A. Khéng

dinh nao sau day dung?

>le

—

- 7
A.AC =ZA

| PHAN II. Tric nghiém ding sai (4 ciu 4,0 diém)

Céu 1. Cho hinh binh hanh ABCD tim 0; M 14 trung diém
Y Ménh dé
_ = —
a) AC + BD = 2 AB.
— 1=
b) OM =_CB.
—_— 11— —
©) DM =5AB-AD.
—_— — —
d) 0A+0B=20M.

Cau 2. Cho tam giac ABC va diém N thod man ZNA + NB + 3

BC sao cho BK = 3KC.

Y Ménh dé
— — —
a) NB+3NC = 4NK.
b) N la trung diém cua doan thing AK.
— 1 1
C) AN =EAB +EAC'
d) | Véimoi diém 0: 6 ON = 204 + OB + 3 0C.

AB.

—

NC

Cau 3. Cho tam giac ABC va diém M thudc canh BC sao cho 3MB = 2MC.

Y Ménh dé

— 33—
a) BM =-BC.

_) 3
b) MB = _EMC'

— 33 2

. . X . - 7 /2

d) Goi N la trung diéem AM. Khi 46 BN = ——AB +
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D. AC = 4B
Piing Sai
[ L]
[ L]
[ L]
L] L]
=0. Goi K 1a diém thudc canh
Piing Sai
[ L]
L] L]
[ L]
L] L]
Piing Sai
L] L]
[ L]
[ L]
L] L]
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Cau 4. Ba ban, mbi ban nang 40 kg, dung & ba goc A4, B, C cia mot chiéc bé hinh tam giac déu
canh 6 m (b6 qua khdi luong ciia b, coi mdi ban 1a mot chat diém).

Y Mg¢nh dé Diing Sai

a)  Khoi tAm cta hé ba ban 1a trong tam G cua tam giac ABC. ] O

b) | Khdi thm cach mdi ban 2+/3 m. | O
Néu ban ¢ C di chuyén dén trung diém I cta canh AB thi khdi tAm cua

¢) T | ]
hé 1a diém 1.

d) Néu ban ¢ C duge thay bﬁng mot ban nang 80 kg (hai ban ¢ A, B gilt O 0

nguyén) thi khbi tim méi cach € mot khoang 2v/3 m.

| PHAN IlI. Tréc nghiém tra 1&i ngén (6 v 1,5 diém)

Cau 1. Cho doan thing AB dai 12 cm va diém M thod man MA = 3 MB. Tinh d¢ dai MB (don vi:
cm).

Dap so: | | | | |

Cau 2. Cho tam giac ABC. Goi M 1a trung diém ctia AB, N 1a diém thod min AN = k AC va P I
diém thoa man BP = 3 BC. Tim s6 k dé ba diém M, N, P thing hang.
pipsi [ ] ||

Ciu 3. (Van dung) Cho tam giac ABC c6 dién tich bang 36 cm? va diém M thoa man
—

173 172 . . .
AM = EAB + EAC' Tinh dién tich tam giac MBC (don vi: cm?).
Dap sé: | | | | |

Cau 4. Cho hinh chit nhat ABCD c¢6 AB = 6, AD = 8; 0 la giao diém hai duong chéo. Tinh
— = —
AB +AD +20B|

Dap so: | | | | |

CAu 5. Cho hinh thang ABCD vudng tai A va D, ¢c6 AB = 6, CD = 2, AD = 4. Tinh |ﬂ)’ + B_c’|

(lam tron két qua dén hang phan trim).

Dap so: | | | | |
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CAu 6. Ba thén A, B, € nim doc mot con duong thfmg, B nam gita AvaC,AB =4km, BC =6

km. S6 hoc sinh tiéu hoc cua ba thén 1an luot 13 100, 200, 200. Xa du dinh xay truong tai diém M

trén duong la “khdi tAm” cia ba thon véi trong s6 1a sd hoc sinh, toc la
— — — > . .

100 MA + 200 MB + 200 MC = 0. Truong cach thon A bao nhiéu kilomét?

o 99 o 999 an

A B @
4 km 6 km

Dap so: | | | | |

| PHAN IV. Tw luan (2 bai - 1.5 diém)
Bai 1. Cho hinh binh hanh ABCD. Goi M 1a trung diém CD, N 1a diém trén canh BC sao cho

—_—> -

1 o -
BN =§BC.Déta=AB,b = AD.

> — — — R
a) Biéu thi AM, AN, MN theo a, b.
b) Goi G 1a trong tAm tam giac AMN. Biéu thi AC theo a,b.
¢) Chuing minh G khong thugc duong chéo AC.

Bai 2. (Van dung) Mot can ciu thap ¢ canh tay AB nam ngang dai 40 m (coi khbi luong canh tay
khong dang ké). DPbi trong 6 tan dat ¢ dau A, kién hang dugc treo vao canh tay, con try thap do canh
tay tai diém M thudc doan AB. Canh tay can bﬁng khi M 13 khéi tim cua hé gém ddi trong va kién
hang.

2 tan

0 0 B

a) Khi treo kién hang 2 tdn ¢ dau B, viét dang thirc vecto ma diém M phai thoa man dé canh tay
c4n bang va tinh d6 dai AM.

b) Gilt nguyén vi tri try thap nhu & cau a). Néu kién hang dugc treo tai trung diém P cua doan
MB thi kién hang phai ning bao nhiéu tan dé canh tay van can bang?

— HET —

APLUS HA NOI 0943.480.099 CHIENMATH.COM Trang 617



TOAN 10 - APLUS Tap 1 - Ban dé va loi giai

HUONG DAN GIAI CHI TIET

BAI 9. TICH VECTO VOI MOT SO - Méi bai gom dé va loi gidi ngay bén dudi

BN 191 GlAI BAI TAP CAC DANG TOAN

Dang 1. Xac dinh vecto k-a — Tinh dd dai — Rat gon biéu thirc

Bai 1. (Nhan biét) Cho I 1 trung diém cua doan thang AB; G 1a trong tAm tam giac ABC va M la
L N . ~ .z — — — — — —
trung diém BC. Pién so thich hgp vao chd cham: a) AB = ---IB; b)IA = ---AB; ¢) AG = -+ AM;
— — — —
d)GM = ---AM; e) MG = --- GA.
Loi gidi
— = — —
a) AB, IB cung huéng va AB = 2IB nén AB = 2 IB.

— L — 1 — —
b) IA nguoc hudéng voi AB va IA = EAB nén [A = —

AB.

N |-

—

¢) G thudc doan AM, AG = %AM , hai vecto cung hudng nén A_G) = %AM .

_-— —_— , 2 , Y 1 N4 11—
d) GM va AM cung hudng (déu huong ve M), GM = EAM nén GM = EAM'

T s AH g A 2 A 1 2 o 1 N
e) MG va GA cung hudéng (déu huong vé A); MG = EAM’ GA = EAM nén MG = EGA‘ Vay
— 1=
MG = - GA.
2 1 1

’ A 1
Pap so: a) 2; b)_? c)3, . )2.

2 N - N - —_—> - — L2 . —_—>
Bai 2. (Théng hiéu) Rut gon: a) 3(d + 2b) — 2(d + b); b) 2AB + 3 BC — AC (biu thi theo AB
va R).
Loi gidi
a)3(d +2b) —2(d@+b) =3d + 6b — 2d — 2b = d + 4b.
b) Theo quy tac ba diem, AC=AB+B . Do do

e - - - S

— —
2AB+3BC—-AC=2AB+3BC—-AB—B(C=AB+2BC.

Bai 3. (Théng hiéu) Cho hinh vuéng ABCD canh a, tam O . Tinh |2ﬁ+ﬂ3’| va
— — —
|AB+AD+2C0|.
Loi gidi
.2 —_— = e e
O la trung diém cua AC nén 20A=CA. Do d6 20A+AB =CA+ AB =CB, suy ra
—_— —
|20A+AB| =CB =a.
2 —_— = — . —_— =
Theo quy tdc hinh binh hanh, AB+AD =AC ; lai ¢c6 2CO0=CA . Do @6
— — e T
AB+AD +2C0 = AC + CA = 0.
Vay hai d¢ dai can tim 1an lugt béngavé 0.

Bai 4. (Van dung)
a) Cho hai vecto d, b khong cung phuong. Tim cac s6 thyc x, ¥ thoa man
(x—1d+2b =23 + (y — 1)b.

APLUS HA NOI 0943.480.099 CHIENMATH.COM Trang 618



TOAN 10 - APLUS Tap 1 - Ban dé va 1o giai

|

—

—3AB = AC —

<l

b) Cho tam giac ABC. Xac dinh diém M thoa mén 2 A
Loi gidi

<

a)Via, b khong cing phuong nén cach phan tich theo a, bla duy nhat. So sanh hé s6: x — 1 = 2
vaz=y—1.
Vayx =3,y =3.

2 z i — — — —_— 1
b) Chuyén vé nhu véi phuong trinh: 3AM = 3AB + AC & = AB + EAC'
— —

Ly diém E thuoe canh AC v6i AE = ZAC. Khi do AM =

=l gl

+ AE, nén M la dinh thtr tu cua

—_— =

hinh binh hanh ABME (dung tir B vecto BM = AE).
. — —_— — — —
Bai 5. (Van dung) Cho hinh thoi ABCD canh a ¢6 BAD = 60°. Tinh |2AB +AD| va |AB —2 D|

theo a.

D C
A = B
Loi gidi
Tinh do dai thir nhat. Lay diém F sao cho AF = 2 AB (B 1a trung diém AF) va dung hinh binh

—

. —_— s —
hanh AFPD.Khi d6 2 AB + AD = AF + AD = AP.
Trong tam giac AFP: AF = 2a, FP = AD = a, AFP = 180° — FAD = 120°. Theo dinh li cosin:
AP? = 4a%* + a? —2-2a-a-cos120° = 5a? + 2a? = 7a*.

Vay |2E3’+H)’| = V7.

l

Tinh d6 dai thi hai. Ly didm E sao cho AE = 2 AD. Khi d6 AB — 2 AD = AB — AE = EB.
Trong tam giac ABE : AB=a , AE=2a , BAE =60° . Theo dinh Ili cosin:
EB? =a?+4a?—-2-a-2a-cos60° = 3a?.

e d e d . .
Vay |AB —2 AD| = a+/3. (Nhan xét: tam giac ABE vuong tai B vi AE? = AB? + EB2.)

Dang 2. Phan tich mét vecto theo hai vecto khong cung phwong

Bai 6. (Théng hiéu) Cho tam gidc ABC c6 M la trung diém BC, D 1a trung diém AM. Biéu thi AM ,
— — —
BD theo AB, AC.

Loi gidi

.2 E— 11— 12
M 1a trung diém BC nén AM = EA +EAC'

.2 e e e
D 1a trung diém AM nén AD = EAM =3 B +ZAC'

2 e _— s — 3—/ 11—

Theo quy tac hi¢u: BD = AD — AB = _ZAB +ZAC'
e 12 1 2 3— 1
Vay AM = EAB +EAC vaBD = _ZAB +ZAC'
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A .2 Ry Gl g - S =
Bai 7. (Thong hiéu) Cho hinh binh hanh ABCD tam 0. Bi¢u thi AO, BD va OC + 0D theo a = AB,
fd Emrd
b =AD.

Loi gidai
‘ - - = e d 15 1 -
Theo quy tic hinh binh hanh, AC = @ + b; O 14 trung diém AC nén A =za+s; b
g v > d
Theo quy tic hiéu: BD = AD — AB = —d +b
— — —_ s ) = -
0 1a trung diém AC nén OC = A0, do d6 OC D=A0+0D=AD =b

+
Bai 8. (Théng hiéu) Cho tam giac ABC. Piém M thudc canh BC sao cho MB = 2MC. Chting minh

Loi gidi

M thudc canh BC va MB = 2MC nén BM ——BC hai vecto BM, BC cung hudng nén

Do do AM = AB + BM = A + > (4C - AB) = 4B + 2 AC (didu phai ching minh).

Bai 9. (Van dung) Cho hinh thang ABCD c6 hai day AB, CD véi AB = 3CD. Goi M 1a trung diém
cua canh BC. Bi¢u thi AC, AM va DM theo AB, AD.

Loi gidi
. — — 1 —_— 11—
AB || CD, hai vecto DC, AB cung huéng va DC = EAB nén DC = 3 B.
. e e T
Theo quy tac ba diem: AC = AD + DC = -AB + AD.

—

3
2 o R A TR 1/, 2 14— - 2— 1
M 1a trung diém BC nén AM = > (AB + AC) = 5 (34 + AD ) = 24F + > AD.

Bai 10. (Van dung cao) Cho tam giac ABC. Cac diém M, N, P lan luot thudc céc canh BC, CA, AB
sao cho BM = ch, CN = §CA, AP = %AB.

— —

a) Biéu thi AM, BN, CP theo AB, AC.

— D =

b) Chirng minh AM + BN + CP = 0.
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¢) Chung minh hai tam giac ABC va MNP c6 cung trong tam.

Loi gidi

T I e N e 22— 11—
a) AM = AB +3BC = B+§(AC—AB)=§AB+§ ¢
—_— = 1= —_— — 1— — 22—
BN=BC+§CA=( C—AB)—5 C=—-4B +2AC.
—_ = S 11— —

CP =CA+ AP =3AB — AC

o

A 2 z A K o T D 1 AR o TR L2 A
b) Cong ba dang thirc: hé so cuaABla§—1+§=0, hé so cuaACla§+§—1=0.Vay

s e e S
AM + BN + CP = 0.
) Goi G la trong tam tam giac ABC . Chén diém:

Vay G ciing la trong tam tam giac MNP.

Dang 3. Chirng minh dang thirc vecto c6 tich v&i s

Bai 11. (Nhin biét) Cho tam gidc ABC c6 trong tdm G. Chung minh ring véi moi diém O:
—_ = = —
0OA+ OB + 0C = 306.

Loi gidi
Chén diém G vao tung vecto:
_— > = —_— = —_— — —_— = — —_— = =
0A+OB+OC=(OG+GA)+(OG+GB)+(OG+GC)=306+(GA+GB+GC).

— =

Vi G 1a trong tAm tam giac ABC nén tong trong ngoic bang 0. Vay 0A + OB +0C =306.

Bai 12. (Théng hiéu) Cho tam gidc ABC va I 1a trung diém AB. Chimg minh ring vecto
s = = — . L 5 —

v=MA+ MB — 2 MC khoéng phu thudc vao vi tri cua diém M, vav = 2 CI.

Loi gidgi

a —_— > S — —  —
Chén diém C: MA = MC + CA, MB = M(C + CB.
— — > =

Do do v = ZITC I CT)A + CB —2MC = CA + CB: vecto nay khong chtra M, tic la khong phu
thudc vao vi tri cia M.
.4 —_ = — N —
I 1a trung diém AB nén CA + CB = 2CI. Vay v = 2CI.
Nhdn xét: tong cac hé s6 1 + 1 — 2 = 0 1a li do ¥ khong phu thude M.

Bai 13. (Van dung) Cho hai tam giac ABC va A'B'C’ ¢6 trong tam lan luot 13 G, G'. Chiing minh
— e —_—> —_—> A . N \ . .
AA"+ BB' 4+ CC' = 3 GG'. T d6 suy ra diéu kién can va du dé hai tam giac c6 cung trong tam.

Loi gidi

—_ > — —_— 5 > —

AG+ GG +G'A' , BB'=BG+GG'+GB

Theo quy tic ba diem: AA’
— 5 — —
CC'=CG+ GG +G'C'.
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Cong Ve theo ve:
— —_— — -

—_ - — — o,
AA" + BB+ CC' = 3GG' — (G +GB + C) + (G’A’ +G'B + G’C’) = 3 GG, vi hai tong trong

ngoac déu bang 0.
—_— — —

—_— — —
Do d6 hai tam giac ¢6 cung trong tim & GG' = 0 & AA' + BB’ + CC' = 0.

Bai 14. (Van dung cao) Cho luc giac ABCDEF. Goi M, N, P, Q, R, S lan luot 1a trung diém cua
cac canh AB, BC, CD, DE, EF, FA. Chiing minh hai tam gidc MPR va NQS c6 cung trong tam.

Loi gidai
— = = — = =

Liay diém O tuy y. Theo cong thic trung diém: 20M = OA+ OB, 20P = 0C + 0D ,
—> — —_—
20R = OE + OF.

. _— = =
C@nglal:2(0M+0P+0R)=0A+0B+0C+0D+0E+0F.

—_— = = —_ s s = = =
Hoantoantuongm:2(0N+0Q+05)=0 +0C + 0D + OF + OF + OA.

B
Goi G4, G, lan lugt 1a trong tam hai tam giac MPR, NQS. Tu hai dang thuc trén: 6 0G; = 6 0G5,
suy ra G; = G,.
Vay hai tam giac MPR va NQS c6 cung trong tam (do ciing 1a “trong tam” cia sau dinh luc giac).

Dang 4. Chirng minh ba diém thang hang, hai dwéng thang song song

Bai 15. (Nhan biét) Cho tam giac ABC c6 trong tim G, I 1a trung diém BC. Chimg minh
AG =2 G_I), tir d6 suy ra ba diém A, G, I thang hang.
Loi gidi
.4 — — —
I 1a trung diém BC nén GB + GC = 2 GI.
. — = — =
G 1a trong tam tam gidc ABC nén GB + GC = — GA = AG.

Tur hai dang thac trén: AG = 2 GI. Hai vecto AG, GI cung phuong va c¢6 chung diém G nén 4, G,

I thing hang.

Bai 16. (Théng hiéu) Cho hinh binh hanh ABCD. Lay diém M trén canh AB véi AM = %AB va
diém N trén dudng chéo AC voi AN = %AC . Chiing minh M, N, D thang hang.

Loi gidi
— 5> — —

Pitd = AB, b = AD. Khi d6 AM =§avaAN =§Ac =§a+§5.
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G . - —_— e 1 - — -_— e d 15 3>

Theo quy tac hi€u: DM = AM — AD =§a—b;DN = AN — AD =Za—zb.
A 3— 1. 3 -
TathayZDM :Za—zb = DN.

Hai vecto DN, DM cung phuong, c6 chung diém D nén M, N, D thang hang.

Bai 17. (Théng hiéu) Cho ti gidc ABCD ¢6 AB = 2 DC. Chimg minh ABCD 13 hinh thang. Goi I 13

. « R . <R . _) _)
giao diém hai duong chéo; bicu thi Al theo AC.

Loi gidi
AB = 2 DC nén hai vecto AB, DC cung hudng; hai duong thang AB, DC song song hodc trung
nhau. Vi ABCD 1a tir giac nén A khong thudc duong thang DC, do d6 AB || DC: ABCD 1a hinh
thang c6 AB = 2CD.

AB _

Vi AB || CD nén tam giac IAB ddng dang v6i tam giac ICD, suy ra% =5 = 2.

3 . 2 — N d - 2
I nam gitta A va C, Al = ;AC va Al cung hudéng vdoi AC. Vay Al = EAC‘

Bai 18. (Van dung) Cho tam giac ABC. Piém D thudc canh BC sao cho BD = 2DC, I 1a trung
diém ctia AD, E 13 diém trén canh AC sao cho AE = %AC . Chiing minh B, I, E thang hang va tinh ti

Bai 19. (Van dung cao) Cho tam gidc ABC va cic diém M, N, P thoa man MB -3MC = 6,
— —_— = = = . > . 2
AN = 3NC, PA+ PB = 0. Chimg minh M, N, P thang hang va N la trung diém cua MP.

A

"U
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Loi gidi
- == = - \
biata = AB, b = AC va chén diém A vao tirng dang thuc
— — - — — — — - — -
MB—3MC=0=>(AB—AM)—3(AC—AM)=0=>2AM=3b—a : tirc
-_— 15 37
AM=—Ea+5b
— — — — - — 3> 15
AN=3NC=3(AC—AN)(=>4AN=3b,tucAN=Zb,Pl rungdlemABnenAP—Ea
1
2

Bai 20. (Thong hiéu) Cho tam giac ABC. Xac dinh diém M sao cho MA +MB +2MC =0 va
. . L2 -_— —_—> - _— .

chung minh v6i moi diem 0: OA + OB + 20C = 4 OM (SGK, Bai 4.14).

Loi gidgi

—

Goi I 1 trung diém AB: MA + MB = 2 Ml.
Ding thirc di cho trd thanh 2 Mi+2MC =0 < Ml
4

— =

Véi moi diém 0, chén M: OA +0B+20C =

+MC=0:MIa trung diém cua doan IC.
— — — —
0M+(MA+MB+2MC) — 40M.

2 . .2 —_— —> —_— — L2 .
Bai 21. (Thong hiéu) Cho tam giac ABC va diém N thoda man NA + 2NB + 3 NC = 0. Bicu thi
AN theo 4B , ac , tir 6 néu cach dung diém N.
Loi gidi

A — —
Chén diém A: NA + 2(NA +AB) n 3(NA +AC 7=

)
o
=
=~
+
)
S
(v
+
w
I~
ol

— -— — -— 1= 1
Suyra6 AN = 2AB + 3AC, ‘u'IcAN=§AB+EAC.
— = —

Céach dyng: ldy E thudc canh AB véi AE = —AB va F 13 trung diém AC. Khi d6 AN = AE + AF
nén N la dinh thir tu cua hinh binh hanh AENF .

Bai 22. (Van dung) Ba qua nang 3 kg, 1 kg, 2 kg lan luot dugc dit tai ba dinh A, B, C cia mot tim
van mong hinh tam giac (khdi luong tim van khong dang ké). Goi K 1a diém trén canh BC sao cho
BK = 2KC.
a) Chung minh khéi tim M cta hé ba qua nang 1a trung diém cua doan AK.
b) Biéu thi AM theo AB, AC.
¢) Néu ba qua niang c¢6 khdi luong bang nhau thi khéi tam 1a diém dic biét nao ctia tam giac
ABC?

Loi gidgi
2. — — =
a) Khoi tam M thoa man 3 MA + MB + 2 MC = 0.
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— — — >
K thuoc canh BC, KB = 2KC va KB, KC ngugc huéng nén KB+ 2KC=0. Do d6
— — — — — —
MB+2MC=3MK+(KB+2KC)=3MK.

— — - —_— — .2 2.
Thay vao: 3MA+3 MK =0 & MA+ MK = 0. Vay M 1a trung diém cta AK — nhu thé hai qua
nang & B, C duoc thay béng mot qua 3 kg dat tai K.
2 -— 1 22 e 1 e 1
b) BK = -BC nén AK = - AB +§AC,dod()AM=EAK= AB + - AC.
c) Néu ba qua nang cung co khdi lugng m thi
—

— e d — — —_— — - ‘. .
m (MA +MB + MC) = 0 © MA + ME + MC = 0: khdi tam la trong tam ctia tam gidc ABC.

o W

Bai 23. (Van dung) Cho hai diém phén biét A, B va hai s6 thuc m, n khéng dong thoi bang 0.
a) Chirmg minh rang néu m + n # 0 thi ¢6 duy nhit diém M thoa man m MA +nMB = 6, va
—_— n -
AM = —AB.
m+n
b) Chiing minh rang néu m + n = 0 thi khong c6 diém M nao thoa man dang thirc trén.
¢) Ap dung: x4c dinh diém M thoa man 3 MA —MB = 0.
Loi gidi
o5 — — — - — — — n - .
a) Cheén didm A: m MA + n(MA + AB) =0 (m+n)MA=-n4B & AM = ——4E (chia
dugc vim +n # 0).
Vecto A_)M duoc xac dinh duy nhét nén diém M tdn tai va duy nhat.
b)Néum+n=0thin=—-m= 0vadéngthactréthanhm(m—ﬁ) =0 mBA=0,vo
livim # 0va A # B. Vay khong c6 diém M nao.
. o -1 11— 1 2 .
¢) Voim=3,n=—-1:AM = EAB = _EAB' Vay M nam trén duong thang AB, ngoai doan

AB vé phia A, v6i AM = > AB (A nim gitta M va B).

Dang 6. D6 dai vecto tong — Tap hop diém — Gia tri nhé nhat

Bai 24. (Théng hiéu) Cho hai diém phan biét A, B. Tim tdp hop cic diém M thoa min
— —
| M4 + MB| = 2ma.
Loi gidi
Goi [ 1a trung diem AB: MA + MB = 2 MI, nén dang thtrc trd thanh 2MI = 2MA & MI = MA.
A va I 1a hai diém phén biét c6 dinh. Vay tap hop cac diém M 1a duong trung tryc cta doan thang
Al (dudng thang vudng goc v6i AB tai diém E thudc doan AB voi AE = %AB).

Bai 25. (Van dung) Cho tam gidc ABC c6 trong tam G. Tim tip hop cac diém M thoa mén
—_— — — — —
MA + MB + MC| = |MB — MC|.
Loi gidgi
— s — — z . — = =
G 1a trong tam nén MA + MB + MC = 3 MG theo quy tac hiéu, MB — MC = CB.
Ding thire trd thanh 3MG = BC & MG = =,

Vay tap hop cac diém M 1a dudng tron tdm G, ban kinh %.
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Bai 26. (Van dung) Cho hai diém phan biét A, B. Tim tip hop cac diém M thod maén
— — — —

2 MA + MB| = |MA + 2 MB|.
Loi gidi

. .2 —_— b d — -— == - . - 1

Goi K, L la cac diém thoa man 2KA+ KB =0 va LA+ 2LB =0; khi d6 AK=§ B,
—_—> 2=
AL = EAB'
V6i moi M : 2MA+MB =3MK va MA+2MB=3ML . Dang thitc tr& thanh
3MK = 3ML & MK = ML.
Do d6 M thudc duong trung truc cia KL. Vi AK = %AB va BL = %AB nén K, L dbi xtng nhau
qua trung diém I ciia AB; trung diém cua KL chinh 1a I.
Vay tap hop cac diém M 1a dudng trung truc cua doan thang AB.

Bai 27. (Van dung cao) Cho hinh vuéng ABCD canh 4. Diém M thay ddi trén duong thang BC.
Tim gia tri nho nhat cua I\ﬂ + I\ﬁ +2 I\E) | va chi ra vi tri cia M khi d6.
Loi gidi

_)

. A .2 . - — — — =
Goi E 1a trung diém AB va I 1a trung diém ED. Khid0 IA+IB+ 21D = 21E + 21D = 0.
o — — — — — — —
ChéndlémI:MA+MB+2MD=4MI,nén|MA+MB+2MD = 4MI.

D C
i ——————— d
A )i B

Goi H 1a hinh chiéu vudéng goc cia I trén BC. Khoang cach tir E d¢én BC bang EB = 2, tir D dén
BC bang DC = 4; I 1a trung diém ED nén [H = sz = 3 (duong trung binh cua hinh thang).
V61 moi M thuoe BC: MI > [H = 3, suy ra |MA+ MB + 2MD| > 12; dau bang khi M = H. Vi

E, D cach AB lan luot 0 va 4 nén I cach AB mot khoang 2, do d6 H 1a trung diém cua BC.
Vay gia tri nho nhat bang 12, dat khi M 1a trung diém cua BC.
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* LO'1 GIAI BAI TOAN PIEM NHAN ‘

Pi¢m nhan 1. Can bing banh xe & t6. Banh xe 6 to bi “léch tam” (kh6i tim khong tring véi tim
truc 0) s& lam xe rung lac khi chay nhanh. Tho sira xe khic phuc bang cich kep thém nhiing qua
chi nho 1én vanh banh sao cho khéi tim cuia phan khdi lwong bi 1éch ciing cic qua chi trd vé dung
diém 0.

May cén bang cho biét phan léch ciia mot banh xe twong duong véi hai khdi lwong nho: 40 g tai

diém A; va 20 g tai diém A, trén vanh. Trén vanh co6 sau vi tri kep chi A4, A4, ..., Ag chia vanh
\ y M -, = —_— —_—
thanh sdu cung bang nhau. Pat u = 0A;, v = 0A;.

a) Chimg minh 04, = % + ¥, rdi bidu thi 0A,, 0Aq, OA, theo T, .

b) Tho kep hai qua chi c¢6 khdi lugng x (g) tai A4 va y (g) tai Ag. Tim x, ¥ dé banh xe duoc can
bing, tirc 1a 40 04, + 20 04, + x 04, + y 04, = 0.

¢) Néu kep chi tai A, va Ag thi can bao nhiéu gam chi & mdi vi tri? Phuwong 4n nao tén it chi
hon? Cé thé can bang banh xe chi v&i mot qua chi kep tai mot trong sau vi tri trén khong?

Loi gidi

a) Sau diém chia vanh thanh siu cung bang nhau nén A;04, = A,04; = 60° va
0A; = 0A, = 0A;. Cac tam giac 0A;A,, 0A,A; déu, nén tir giac 0A;A,A; ¢6 bdn canh bing
nhau: d6 Ia hinh thoi.

W4

As Ag

Theo quy tac hinh binh hanh: 04, = 0A; + 0A; = U + 7.

Ay, As, Ag 14n luot dbi xtmg voi A;, Ay, A; qua 0, nén 04, = —%, 0A, = —1i — b, 04, = —7.
b) Thay vao diéu kién can bang:
400 +20(W + V) —xU —yB = 0 & (60 — x)U + (20 — y)¥ = 0.

Vi U, ¥ khong cung phuong nén 60 — x = 0 va 20 —y = 0. Vay can kep 60 g chi tai 4, va 20 g
chi tai Ag (tong cong 80 g).

c) Vi hai qua chi x (g tait A4, , ¥y (9 tai  Ag
400+ 20U+ D) —xU—y@+9) =0 (60 —x —y)i + (20 —y)B = 0.

Suyray = 20, x = 40: kep 40 g tai A, va 20 g tai As, tong cong 60 g — it hon phuong 4n & cau b)
20 g. (Pay chinh la dat mdi khéi lwong 1éch mot qua chi bang né & vi tri ddi ximg qua 0.)
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Phan léch tuong tng vé&i vecto 40U + 20(d + ¥) = 60U + 20%. Mot qua chi w (g) tai Ay can
bang dwoc khi w O_Ak) = —(60% + 20%). Nhung mdi vecto O_Ak) l1a mot trong +u, +9, +(U + V),
c6 hai hé sb theo @, ¥ i 18 1: 0, 0: 1 hogc 1: 1, khong thé ti 1€ 3: 1 nhu 60U + 207.

Vay khong thé can bang banh xe chi véi mot qua chi kep tai mot trong sau vi tri di cho.

Nhdn xét — Mo rong

Ban chit cua bai toan 1a diéu kién khoi tAm: hé cac khdi luong m; dat tai P; can bﬁng quanh truc
O khi va chi khi Ym; ﬁ: =0. May can bang thuc chit “do” vecto mét can bang
w = 60U + 207.

Néu dugc kep chi & bat ki diém nao trén vanh (ban kinh R) thi chi can mot qua, dat o diém ddi
dién v6i huéng cua w. Vecto w 1a dudng chéo ctiia hinh binh hanh dung trén 60U va 20v; goc
gita 1 va ¥ bang 120° nén goc cua hinh binh hanh ddi dién voi duong chéo 4y bang 60°. Theo
dinh i cosin: [W|? = R?(60% + 202 — 2 - 60 - 20 - cos60°) = 2800R?, nén qua chi can khoang
204/7 ~ 52,9 g — nhe hon cé hai phuong 4n trén.

Bai toan ciing minh hoa strc manh cta viéc phan tich theo hai vecto khong cing phuong: mot diéu
kién “hinh hoc” dugc d6i thanh mot hé phwong trinh bac nhat rat don gian.

Diém nhin 2. Puong thing Euler. Cho tam giic nhon ABC khong déu, noi tiép duong tron tim 0.
Goi H 1a tryc tdm, G 1a trong tim cila tam giac, M 13 trung diém cua BC va D 1a diém d6i xtmg véi
A qua 0.

—

a) Chung minh tir gidc BHCD 1a hinh binh hanh; tir d6 suy ra AH = 2 OM.
b)Chl'rngminhaél)+0_B)+0_C)=ﬁvém+lﬁ+ﬁ=ZH_O).
¢) Chirng minh ba diém 0, G, H thang hang va OH = 30G. Tinh ti s %.
Loi gidi
a) AD la duong kinh nén ABD = 90° (goc ndi tiép chan nira dudng tron), titc DB 1 AB. Mit khac
CH 1 AB (H la tryc tam). Do do CH || DB.
Tuong tu, ACD = 90° nén DC L AC, ma BH L AC, do d6 BH || DC.
T giac BHCD c6 hai cap canh ddi song song nén 1a hinh binh hanh. Hai duong chéo BC, HD cit
nhau tai trung diém mdi dudng, nén M 1a trung diém cua HD.
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0 la trung diém AD la  trung diém HD nén

—>—>O—>—>—>

M
a — = — —
b) M 1a trung diéem BC nén OB + OC = 20M = AH. Dodé OA + OB + OC = H = OH.
— —>+

+
oS

.8 —_— > — — — — = —
Chén diéem O: HA+ HB + HC =3H0+(0A+OB OC) =3H0 + 0OH =2HO.
— — —

—_ s — .
¢) G la trong tdm nén OA + OB + OC = 3 0G. Keét hop véi cau b): OH = 3 0G.

Hai vecto W-I), 0G cung phwong, c6 chung diém O nén 0, G, H thing hang (dudng mau do trong
hinh).

— — _—_ s = — S .
Tu OH = 30G suy ra GH = 0OH — 0G = 20G, nén G nam gitta O va H va GH = 2G0. Vay
GH
5—2.

Nhan xét — Mo rong

Puong thiang di qua 0, G, H duoc goi 1a dwong thing Euler cia tam giac, do Leonhard Euler
phat hién nim 1765. Két qua dung cho moi tam giac khong déu (véi tam giac vudng hay tam gidc
ti, chirng minh cau a) chi can stra lai mot chut); tam giac déuco0=G=H.

Hé qua tha vi: tam giac ABC 1a tam giac déu khi va chi khi trong tim tring voi tAm dudng tron
ngoai tiép (vi khi d6 OH =30C = 0: tryc tAm ciing tring voi hai diém 4y, nén mdi trung tuyén
dong thoi 1a dudng cao va tam giac c6 ba canh bang nhau).

Ding thic 0A + OB +0C = OH (dinh 1i Sylvester) con cho mét cach dung nhanh tryc tam: tu O

— — —
cong ba vecto 04, OB, OC.

LOT GIAI LUYEN TAP THEO CAU TRUC BE THI

| PHAN 1. Tric nghiém nhiéu phwong an Iwa chon

Céu 1. Cho @ # 0. Vecto —3d

A. nguoc hudng véi d, co do dai 3|d| B. cung huéng véi d, c6 do dai 3|d|
C. nguoc hudng véi a, co6 do dai —3|aj D. cung huéng voi @, c6 do dai |al
Loi gidi
Vi —3 < 0 nén —3a nguoc hudng v6i a; do dai |—3al = |-3| - |a| = 3]al.

Phuong an “d6 dai —3|d|” sai vi do dai ciia mot vecto khong thé am.
Chon dap an A.

Céu 2. Cho I 13 trung diém cta doan thing AB. Khang dinh nao sau day ding?

o =

— — — — — —
A.Al =2AB B.AB =21A C.AB =2 Al D.IA=1IB
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Loi gidi

— — — —

Al va AB cung huéng, AB = 2Al, nén AB = 2 Al.

Dang thiic AB = 2 IA sai hudng (IA nguoc hudng voi AB); IA = IB sai vi hai vecto nay nguoc
hudéng.

Chon dap an C.

Cau 3. Cho tam gidc ABC c6 trong tim G, M 1a trung diém BC. Khang dinh nio sau day ding?

- 1 - - a4 2= — 1
A.AG =AM B.GA=2GM C.AG =AM D.MG =AM
Loi gidi
2 . — 25
G thudc doan AM, AG = gAM va hai vecto cung hudéng, nén AG = EAM'
AG = EAM sai vé do dai. Hai dang thuc con lai sai vé hudng: ding ra GA = —2GM va
— 1—
MG = —EAM
Chon dap an C.
Cau 4. Cho I 14 trung diém ciia doan thiang AB. Véi diém O bét ki, ta c6
— — — —_— = = — = 1= — — —
A.0A+0B =201 B.OA+O0B=0I C.0A+0B=EOI D.OA—-0B =20I

Loi gidi
— = — (—> —

Chén diém I: OA + OB = 201 + (1A + IB) =201, viI1a trung diém AB nén IA + IB = 0.

Con OA — OB = BA (quy tac hi€u), n6i chung khac 2 OI.
Chon dap an A.

Cau 5. Rt gon 2(d + 5) —(a- E) ta dugc
A.d+Db B.3d+Db C.d+3b D.d — 3b
Loi gidi
2(@+b)—(@-b)=2d+2b—d+b=d+3b.
Két qua d + b ¢6 dugc khi quén doi dau —b ltc bod ngoac.
Chon dap an C.

CAu 6. Cho hai vecto d@ va b véi b # 0. Hai vecto @, b cing phuong khi va chi khi

A.|d| = |b| B.d=bh

C.d+b=0 D.cosdkdéd=kb
Loi gidi
Theo didu kién cing phuong: v6i b # 0, d va b cling phuong khi va chi khi ¢6 s6 k dé @ = kb.
Hai ddng thic d = b,d+b =0 chi la cac truong hop riéng k = 1, k = —1; con |a| = |B| khong
cho biét gi vé phuong.
Chon dap an D.

Cau 7. Cho tam gidc ABC va D 1a diém di xtng véi B qua C. Vecto AD bang
— — — — —  — — —
A.AC - 24B B.AB — 2 AC C.2AC + AB D.2AC — 4B
Loi gidi
— — — —

C 1a trung diém BD nén AB +AD = 2AC,suyra AD = 2AC — AB.
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Phuong én AB — 2 AC 1a vecto doi cia AD (sai dau khi chuyén ve).
Chon dap an D.

Céu 8. Cho doan thing AB va diém M thoa man MA = —2 MB. Khang dinh nao sau dy dung?

A. M thudc doan AB va MA = 2MB B. M 1a trung diém AB
C. M nam ngoai doan AB D. M thudc doan AB va MB = 2MA
Loi gidi

MA = —2 MB nén MA, MB ngugc hudéng: M nam giita A va B. So sanh d¢ dai: MA = 2MB.
Do d6 M khong phai trung diém AB; con “MB = 2MA” 1a nham vai tro ctia hai doan.
Chon dap an A.

Cau 9. Cho tam giac ABC c6 trong tdm G. Vecto 4G bing
A.l(ﬁ+ﬁ) &l(zﬁ+A_)C) C.E(_B)+_C)) D.
2 3 3

=l

Loi gidi
. o2 — 1™ — — 22— — 1
Goi M 1 trung diém BC: AM = E(AB + Ac). Vi AG = 2AM nén AG = 5( B+AC).
o 2075 0 TA NI 1% AR AL o A ¢ X
Phuong 4n 3 (AB + AC ) 1a 161 quén hé so 5 cua cong thirc trung tuyén.
Chon dap an B.

CAu 10. Cho |a| = 4. D dai cua vecto —%d la

A.—6 B. 6 .2 D.2
Loi gidai
—ga = —§| -1d| = g .4 = 6. Do dai khong thé am nén —6 bi loai; g 14 18i chia thay vi nhan.

Chon dap an B.

Lo . .2 —> —> — . —>
Cau 11. Cho hai diém phan bi¢t 4, B va diém K thoa man KA + 3 KB = 0. Khi d6 AK bang

1 —_— 12 3=
A.>4B B.3AB C.2 4B D.24B
Léi gidi
a —_— — —_— - - — — = — 33—
Chén diém A vaoKB:KA+3(KA+AB) =0 4KA+34B =0« AK = -4B.

K nam gan B hon (dau c6 hé s 16n hon) nén %ﬁ 1a dap s6 sai.
Chon dap an D.

CAau 12. Trén mot con dudng thing, mot xe may di theo hudng tir A dén B véi van toc U; mot xe tai
di theo chiéu nguoc lai véi toc dd gap 1,5 lan toc d6 ctia xe mdy. Van toc w cla xe tai la

G w
a_ |
A ‘Q; B
AW = 1,50 B.W = —1,50 C.w=-2% D.W =127

Loi giGi
Xe tai di ngugc chiéu nén w ngugce hudng voi v, hé s6 am; toc do gap 1,5 1an nén |w| = 1,5|7|.
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Vay w = —1,5¢. Phuong an 1,5 sai huéng; — %17 sai 0 1on (nham thanh xe may nhanh gip 1,5
lan xe tai).
Chon dap an B.
| PHAN II. Tric nghiém ding sai
Céu 1. Cho tam giac ABC c¢6 M 1a trung diém BC va G 1a trong tam.

Y Ménh dé Piing Sai

a) 4B+ AC = AM. v

b) GA=2G6M v

o A =17 +1AC v

d) BG=2BC. v
Loi gidi

5 — = — —_— — — e 2 . .

a) Sai. Cheén diem M: AB + AC = 2 AM + (MB I MC) = 2AM. Vi AM +# 0 nén khang dinh sai

(thiéu hé s6 2).

— = — — 2
b) Sai. G thuoc doan AM, GA = 2GM, nhung GA, GM ngugc huéng nén GA = —2 GM. Khang
dinh sai d4u.

— 27= 2 1(73 , 2 13 12 . .
¢)Ping. AG =AM == -~ (AB + AC) = S AB + 3 AC. Khing dinh ding,
d) Sai. G khong nam trén duong thing BC nén BG khong cung phuong véi BC ; ding ra
—_— 1/ —_—> 2 . .
BG = 3 (BA + BC). Khang dinh sai.

CAu 2. Cho hinh binh hanh ABCD tim 0: dit d = AB, b = AD.

Y Ménh dé Piing Sai
a) AC=d+b. v

b) A_o’=§a+§5 v

© BD=d-b v
d) Néu NlatrungdlemCDthA =§&+l_;. v

Loi gidi

a) Pung. Theo quy tic hinh binh hanh: —AB+AD =ad+b. Khang dinh déng.
+

A - 12 15 il = 2 . I
b) Pung. O 1a trung diém AC nén A EAC =sa+t; b. Khang dinh dang.
o g d - -— = - 2o - = 2 o S
¢) Sai. Theo quy tac hiéu: BD = AD — AB = b — @, 1a vecto d6i cia @ — b. Khang dinh sai.
— 1= > 15 — —>
d) Dung. AN = AD + EDC =b+ 5@ (vi DC = AB). Khing dinh dung.
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L . 2 — — =
Cau 3. Cho hai diém phan bi¢t A, B va diém M thod man 2 MA —5MB = 0.
Y Mg¢nh dé Diing Sai
a) M thudc doan thang AB. v
b) AM =34B. v
¢) MA:MB = 2:5. v
C e — 2=  5—3

d) | Vo6imoidiém 0: OM = —50A+EOB. v

Loi gidi
a) Sai. 2MA = 5MB nén MA, MB cung huéng: M nam trén duong thang AB nhung & ngoai
doan AB (Vé phia B, vi MA > MB). Khéng dinh sai.

: . 2 — — — - — — — 55— 2
b) Diing. Chen diém A: 2 MA — 5 (MA +AB) =0 & —3MA =54F & AM = 24B. Khing
dinh dung.

— — . .
¢) Sai. Tht 2MA = 5MB suy ra 2MA = 5MB, tic MA: MB = 5: 2 (khoang céch ti 1€ nghich véi
d6 10n hé s6), khong phai 2: 5. Khang dinh sai.

.9 — — — — - — — —>
d) Ping. Chén didm O: 2(0A—0M)—5(03—0M) —0©30M=-20A+508, tic

—

oM

2= 5—=> . IR 5 .
—3 0A + 3 OB (tong hai h¢ so bang 1). Khang dinh ding.

Céu 4. Cho hinh binh hanh ABCD; M 1a trung diém CD va I 1a diém thudc doan BD sao cho

—

DI = -DB. Ditd = AB, b =AD.

D M C
A
Y M¢énh dé Diing Sai
a) Bl = %B_D) v
b) 4l =2d+:b. v
y , — 22—
¢) Badiém A, I, M thang hang va Al = SAM. v
d) I 1latrong tAm cta tam giac ABD. v

Loi gidi
1 2 . - ==
a) Dung. [ thudc doan BD va DI = §DB nén BI = EBD; hai vecto BI, BD cung hudng nén

- 22— 2 .
Bl =< BD. Khang dinh dung.

. =4 1= - 1/5 = 15 27 2 . . 2. x A K
b) Sai. Al = AD +§DB=b+§(a—b)=ga+§b.Khangdmhsal(dmchohalheso).

, T = 1> 1, P =2 1, 272 2/ 15 P\ 2577 2 L.
¢) biung. AM = AD +5D625a+b’ con AI=§a+§b=§(Ea+b)=§AM. Khang dinh

ding.
d) Sai. Trong tdm G cta tam giac ABD thod man AG = g(& + 5), khac Al = %& + EB Khang

dinh sai (I thyc ra la trong tam cta tam giac ACD).
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PHAN IlII. Trac nghiém tra i ngan
Ciu 1. Cho tam giac ABC vudng tai A ¢c6 AB=6 cm, AC =8 cm. Piém M thoa min
—_— > — = . .
2MA + MB + MC = 0. Tinh d¢ dai AM (don vi: cm).
Loi gidi
. 5 — — — 2 — — >
Goi [ 1a trung diém BC: MB + MC = 2 MI. Pang thuc da cho tr¢ thanh 2 MA + 2 MI = 0, thic M
1a trung diém cua Al
Tam gidc ABC vudng tai A ¢6 BC =+/62+82=10; trung tuyén tmg v&i canh huyén
BC
Al =—=5.
2
Do d6 AM == = 2,5 (cm).
Pap s6: 2,5

Chu 2. Cho hai vecto @, b khong cung phuong va % = 2d — 3b, % = —4d + mb. Tim sé m dé 4, B
cung phuong.
Loi gidai
i # 0 nén i, ¥ cung phuong khi va chi khi c6 s k dé = ki, tec —4d + mb = 2kd — 3kb.
Via, b khong cung phuong nén 2k = —4 vam = —3k. Suyrak = —2, m = 6.
Pip sb: 6

Céu 3. Cho hai vecto d, b ¢6 gia vudng goc v6i nhau, |d| = 2, |E| = 3. Tinh |3d — 25| (lam tron
két qua dén hang phan tram).

Loi gidgi
. 2 — L, = - )

Léy diém O va dung OP =3d, 00 =2b. Khi d6 OP=3-2=6, 00=2-3=6 va
POQ = 90°.

Theo quy tic hiéu, 3d— 2b=0P —0Q =QP . Tam giac OPQ vudng tai O nén
QP =62 + 62 = 612 ~ 8,485.

Vay |3d — 2b| ~ 8,49. (Chi ¥: |3@| — |2b| = 0 khong phai dép s6.)

Pap so: 8,49

Céu 4. Mot bac nong dan ganh hai thing hang bang mot chiéc don ganh AB dai 1,6 m (coi don
ganh 1a thanh ctng c6 khéi lwong khong dang ké). Thing ¢ dau A ning 18 kg, vai bac dit cach dau
A 0,64 m va don ganh nam can bang. Hoi thung & ddu B ning bao nhiéu kilogam?

«<——1,6m——>
fO,64 m

&

Loi gidi
Goi M 1a diém dat vai, m (kg) 1a khéi lugng thung & B. Pon ganh can bang khi M 1a khbi tim ctia
hai thung: 18 MA + mMB = 0.
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M nam giita A va B nén m, MB nguoc hudng; dang thirc twong duong véi 18 - MA = m - MB.
V6i MA = 0,64 m,MB =1,6—-0,64 =0,96 (m): 180,64 = 096m & m = 12.

Vay thiing & dau B niang 12 kg.

Pip s6: 12

APLUS HA NOI 0943.480.099 CHIENMATH.COM Trang 635



TOAN 10 - APLUS Tap 1 - Ban dé va loi giai

n PAP AN VA LOI GIAI BE KIEM TRA SO 1

». Bang dap an nhanh

)]
=)
|
=]
o
—
<

Cau 1 2 3 4 11 12
Dép an A A B B D D D C B A C C

Chu a) b) ) d)

1 5) 5} S 5)

2 5) S S o)

3 o) S o) S

4 o) S o) S
Chu 1 2 3 4 5 6
Dap sb 1,5 0,5 1,67 4,47 8,66 6

| PHAN 1. Trac nghiém nhiéu phwong an Iwa chon

Céu 1. Cho vecto d ¢6 |d@| = 3. Vecto b nguoc huéng véi @ va cé do dai bing 6. Khing dinh nao
sau day dang?

A.b=-2d B.b=2d C.b=--d D.b = —6d
Loi gidi
b nguoc huéng véi d nén b = kd véi k < 0; so sanh do dai: |k| = % = g = 2.Vay k = —2.

4

roAA qN: A aA ax: o re1 A A 1oan 1he A 9 A8
—6d c6 do dai 18 (nham do dai voi hé so); —E(_ila lay nham ti s0 -

Chon dap an A.

Cau 2. Vi d, b 1a hai vecto bt ki va k 1a sb thue bat ki, khang dinh nao sau day sai?
A k(d+b)=kd+b B.(-1)d = —d C.06=0 D.1d=d
Loi gidgi
Theo tinh chét phan phéi, k(@ + b) = kd + kb. Ding thic k(d +b) = kd + b chi ding khi
k =1 hoac b= 6, nén sai trong truong hop tong quat (chang han k = 2, b 6).
Ba dang thirc con lai 1a cac tinh chat va quy udc cua phép nhan vecto véi mot so.
Chon dap an A.

Céu 3. Cho M 1a trung diém ciia doan thang AB. Vecto MA bang

12 12 - —_—

A.-AB B.--AB C.2AB D. -2 AB

Loi gidi
1 —_— x g A 0

MA = EAB; vecto MA huéng vé A, con AB huéng vé B, nén hai vecto ngugc hudng. Vay
— 1—
MA = —-AB.
Chon dap an B.
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Cau 4. Cho tam giac ABC c6 trong tam G. Vi diém O bat ki, vecto OA + OB + OC bang
—_ o d o —
A.0G B.30G C.20G D.0
Loi gidi

— = —)(—>—>—>

Chen diém G: 04 + OB + 0C =306 + (GA + GB + GC) = 306, vi G 1a trong tam nén tong

trong ngodc bang 0.
Tong bang 0 chikhi 0 = G.
Chon dap an B.

Cau 5. Rat gon 3(d — l_;) —-2(a- 25) ta dugc
A.d—7b B.d—b C.5d—7b
Loi gidi
3(d—b)—2(@a—2b)=3d—3b—2d+4b=d+bh.
Két qua d — 7b c6 duoc khi quén doi dau —2b trong ngodac thw hai.
Chon dap an D.

=
Q
+
(>

CAu 6. Cho ba diém phan biét A4, B, C. Déng thirc nao sau day khéng suy ra duogc ba diém A, B, C
thang hang?

— — —_— = - — — — —

A.AB = 24C B.CA+CB=0 C.BA=-3BC Q|A |=2|AC|

Loi gidgi

L2 . 5 . . . .2 \ 5 _— —
Ba diém phan biét thang hang khi va chi khi hai vecto c6 chung diém dau (chang han AB, AC)

2 — — — — e T J

cung phuong. Cac dang thic AB = 2 AC, BA = —3 BC ¢6 dang d6; CA + CB = 0 nghia 1a C 1a
trung diém AB.

—_—> —_—> oz .
Con [4B| = 2|AC| chi cho AB = 24C, khong cho biét phuong: tam gide co AB = 4, AC =2,
BC = 3 thoa man ma ba dinh khong thang hang.
Chon dap an D.

CAu 7. Cho hinh binh hanh ABCD tam 0. Vecto 0B bang

AMAB-7B) BB c.}(AB+7B)  b.}(%B-7D)
2 2 =2
Loi gidi

—_— > — — 1= 1 —
Theo quy tic hiéu, DB = AB — AD; O la trung diém BD nén O EDB = E(AB = AD)

Chon dap an D.

Cau 8. Cho hinh thang ABCD c6 hai day AB, CD va AB = 2CD. Vecto AC bang

— 1 — — — 11— 1/ —
A.AB +3AD B.AD + 2 AB C.AD +- 4B D.E( B+ D)

Loi gidgi

AB || CD, hai vecto DC, AB cung huéng va DC = —AB, nén DC = EA

e - e

Theo quy tic ba diém: AC = AD + DC = AD + %AB Phuong an co6 2 AB 13 nhim ti sO hai day.
Chon dap an C.
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Cau 9. Cho vecto d ¢6 |d| = 6 va b = —;51. Do dai ctia vecto d + b 1a
A. 10 B.?2 C.4 D.6
Loi giGi

i+b=d—2d==d,nén|d+b|=1-6=2.
3 3 3
bép s6 10 c6 dugc khi cong hai 6 dai 6 + 4 —sai vi d@, b nguoc hudng.

Chon dap an B.

Cau 10. Cho a, b 1a hai vecto khong cung phuong. Vecto nao sau ddy cung phuong vdi

—

Uu=a-—2b?
A.—3d + 6b B.2d—b C.d+2b D.—d—2b
Loi gidi

—3d + 6b = -3(a - 25) = —3uU nén cung phuong véi U.

M&i vecto ciing phuong véi % c6 dang kd — 2kb: hé sé cta b bing —2 1in hé sb cua d. Ba vecto
con lai khong co tinh chat nay.

Chon dap an A.

e I

Céu 11. Cho hai diém phan biét A, B va diém I thoa man IA — 2B = 0. Khang dinh nao sau day
dang?

A. A 14 trung diém IB B. I 1a trung diém AB
C. B 1a trung diém Al D. I thudc doan AB
Loi gidi

— — . - —
IA = 2 IB: hai vecto IA, IB cung huéng va [A = 2IB.
Do d6 B thudc doan 1A véi IB = %IA, tic B 1a trung diém cua Al; diém I nam ngoai doan AB.
Chon dap an C.

Cau 12. Mot thung hang chiu tdc dung cua hai luc F; va F, véi F, = —3 F; va |F1| =10 N. Hop

- - e
11,1'CF=F1+F2

A. ¢6 6 16n 20 N va cing huéng véi F,
B. ¢6 d6 16n 40 N va cing huéng voi F,
C. ¢6 do 1om 20 N va ngwoc hwong voi }7)'1

D. ¢6 d6 16n 30 N va ngugc hudng véi 1?1)

Loi gidi

- g - - - . i

F=F —3F =-2F,. Vi =2 <0 nén F ngugc huéng voi F; (cung huong véi F,), d6 16n
2-10 = 20 (N).

Dap s6 40 N 1a cong nham hai d6 16n 10 + 30, trong khi hai Iyc ngugc hudng.
Chon dap an C.
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| PHAN II. Tric nghiém duing sai
Cau 1. Cho tam giac ABC c¢6 trong tam G; M, N lan luot 1a trung diém AB, AC.

Y Ménh dé Diing Sai
a) AWV):%B_) v

b) BN =—4AB +3AC. v

c) l??) =§B_)N v
d) GM+GN =%ﬂ. v
Loi gidi

. 7 _1(772 _ 1B 1572 NP . 2 . ,
a) Pung. MN = AN — AM = > (AC = AB) = EBC (MN la dudng trung binh). Khang dinh dling.
_)

— — .

b) Diing. BN = AN — AB = ZAC — AB. Khing dinh ding.

|
|

¢) Sai. BN la trung tuyén nén G thuéc doan BN véi BG = %BN , hai vecto cung hudng:
=2 257 152 J . .
BG = EBN’ khong phai EBN' Khang dinh sai.
d) Piing. M N 1a trung diém AB AC nén

- - 1/ - 1/ - - 1/ - - 1=/ 1=/ 2
GM+GN=E(GA+GB)+E(GA+GC)=GA+E(GB+GC)=GA—EGA=EGA. Khing

dinh dung.

Chu 2. Cho hai vecto d, b khong cung phuong va i = 2d + b, % = d — 3b.

Y Ménh dé Piing Sai
a) 1 +¥=3d-2b. v
b) 24— =3d-b. v
¢) U vav cung phuong. v
d)  Vecto W = 4d + 2b cing huéng véi 4. v

Loi gidi

a) Pung. % + ¥ = (2 + 1)d + (1 — 3)b = 3d — 2b. Khing dinh dtng.

b) Sai. 24 — ¥ = 4d + 2b — d + 3b = 3d + 5b, khéc 3d — b (két qué sai ndy c6 dugc khi quén
dbi ddu —3b). Khéng dinh sai.

¢) Sai. Néu# = ki thi 2d + b = kd — 3kb, suy rak = 2 va —3k = 1 — vd li. Vay #, ¥ khong
cung phuong. Khang dinh sai.

d) Pung. w = 2(2d + 5) = 2% v6i 2 > 0, nén W ciing hudng véi %. Khang dinh dung.
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Ciu 3. Cho tam giac ABC c¢6 trong tdm G. Cac diém M, N thoa man 2 MA +MB=0 va
2NA+NC=0.

Y M¢énh dé Diing Sai

a) M thudc doan thing AB va MB = 2MA. v

b) AN =24C. v

c) MN = éB_C) ) v

d) Badiém M, N, G thang hang. v
Loi gidi

a) Ping. MB = —2 MA: hai vecto nguoc hudng nén M nam giita A va B, dong thoi MB = 2MA.
Khang dinh dung.
—

.2 — — — = — .
b) Sai. Chén d1émA:2NA+(NA+AC):0<:>3NA+ =0

— 1

N =§ C, khong phai

e

4 2 . .
C. Khang dinh sai.

winN

— 1

¢) Piing. Chén diém A vao hai ding thic da cho dugc AM =AB, AN = ZAC. Do do
—_— D > 11— — 1= 2 .
MN = AN — AM = 3 (AC — 4B ) = 3 BC. Khing dinh ding,

v 1= - 1= - 12 1= — 1—-2 12 —2 1-—

d) Sai. Tu AM=§AB,AN=§AC VéAG=§AB+§AC: MN=—§AB +§AC, MG=§AC.
A_ T A —_ . kK .1 k a1/ 2 . .
Néu MG = k MN thi 0 = —3Vaz;=3-Vvo li. Khang dinh sai.

Cau 4. Cho tam giac ABC vudng tai A c6 AB = 9, AC = 12 va G la trong tdm cua tam giac.

B
G

A G
Y M¢énh dé Diing Sai
a) |4B + ﬂ:’| =15 v
b) |ac -24B | -6 v
o |GB+ ﬁ| =5 v
d) | Néu diém E thoa man EA + 3 EC = 0 thi BE = 3v10. v

Loi gidi

, . \ s A - - - .7 A . A
a) Dung. Goi M la trung diéem BC: AB + AC = 2AM . Tam giac ABC vudng tai A nén
BC =97 + 127 = 15 va trung tuyén AM = =" Do do |ﬁ3’ +A_c’| = 2AM = BC = 15. Khéng
dinh dung.
b) Sai. Lay diém F trén tia AB v6i AF = 2AB = 18, khi d6 AC — 2AB = AC — AF = FC. Tam
gidc AFC vudng tai A nén FC = V182 + 122 = 64/13 = 21,6. Gia tri 6 la 16i léy hiéu hai d6 dai
18 — 12 trong khi hai vecto khong cling phuong. Khang dinh sai.
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—

4 3 A A B 7 = /4 15
¢) Ding. ¢ la trong tdm nén GB + GC = —GA = AG . Trung tuyén AM = 5 = 7,5,
2 —_— = 2 .
AG =2AM = 5. Vay |GB + GC| = 5. Khing dinh ding
_a — —_— — - — 33— .
d) Sai. Chén diém A: EA + 3 (EA +AC) =0 AE = ZAC’ nén E thudc canh AC véi AE = 9.

Tam giac ABE vudng tai A: BE = V92 + 92 = 9/2. Gi4 tri 3v/10 tng v6i AE = 3 (nhim thanh
AE = 2 AC). Khing dinh sai.

| PHAN IlI. Tréc nghiém tra 1&i ngén

. .2 -_— 2 3—2
Cau 1. Cho tam giac ABC va di€ém M thudc canh BC thoa man AM = EA EAC Tinh ti sb —.
Loi gidi
G . _— ] v 32 32 3 /=2 - 3
Theo quy thc hiéu: BM = AM — AB = —24E +2AC = 2(AC — AB) =2BC.
Do d6 BM = —BC vi MC = BC — BM = %BC

=1,5. (Hé s6 cua AC 16n hon nén M gan C hon.)

Cau 2. Cho tam giac ABC ¢6 M 1a trung diém BC, N 1a diém trén canh AC sao cho NC = 2NA. Goi
I 1a giao diém ciia AM va BN. Biét Al = x AM. Tim x.

Loi gidi

— —_— x— x—

Al = x AM :EAB +EAC

N thudc canh AC va NC = 2NA nén A_)N = §AC I thuéc dudong thing BN nén co sb s dé
— — — — s

Al=(1—-5s)AB+sAN = (1—-5s)AB +§AC.

2 A R ATD TP A 3 X X _S A
So sanh h¢ s6 (AB, AC khong cung phuong):zz 1 —svas = Suyral—s==-&s=- nén

2s 1
xX=—==-
3 2 7
Vay x = 0,5, tuc [ 1 trung diém ctia AM.

Dip s6: 0,5

wln
Sl w

CAu 3. Cho hinh binh hanh ABCD va diém M thudc canh CD sao cho DM =§Dc. Biét
— — — 7 7 A
AC = x AM + y AB. Tinh x + y (lam tron két qua dén hang phan tram).

—

R 1 . 1 —_ = 1
DC = AB nén DM =§AB va AM = AD +§AB, suy ra AD =AM—§AB.
VvV

i AM, AB khong cung phuongnénx = 1,y = g

Pap s6: 1,67
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—

Cau 4. Cho hinh vuéng ABCD canh 4. Tinh |AB +

—

A

N |-

(1am tron két qua dén hang phan trim).
Loi gidai

. A —_ = 1— — — 1 S = —
Goi M 1a trung diéem BC. Vi BC = AD nénEAD = BM,do d6 AB +-AD = AB + BM = AM.
Tam giac ABM vuodng tai B, AB = 4, BM = 2 nén AM = V42 4+ 22 = /20 = 4,472.

— 11—

Vay [4B + 2 4D| ~ 4,47.
Dap s6: 4,47

N

Cau 5. Cho tam gidc déu ABC canh 3 c6 trong tim G. Tinh |AB +AC + 2AG| (Iam tron két qua
dén hang phén tram).
Loi gidi

e —d
G

|

— =

Goi M la trung diem BC: AB + AC =2 AM = 2 - 3AG.Dodo AB + AC +2AG =5AG

3v3
2

N|w

Tam giac déu canh 3 c6 trung tuyén AM = == nén AG = EAM =/3.
— — —
Vay [AB + AC + 2AG| = 513 = 8,660 ~ 8,66.

Dip s6: 8,66

Cau 6. Ba qua nang, mdi qua 2 kg, dugc dat tai ba dinh ctia mét tAm van mong hinh tam giac ABC
(khdi luong tam van khong déng ké). Biét trung tuyén AM cua tam gidc dai 9 cm. Khoi tdm cta hé
ba qua nang cach A bao nhiéu xentimét?
Loi gidai

& o N L. o 4 —_—> —_—> —
Ba qua nang co6 khoi lugng bang nhau nén khoi tam G thoa man 2 (G +GB + GC ) =0, tuc G la
trong tdm tam giac ABC.

Trong tdm nam trén trung tuyén AM véi AG = §AM = g -9 = 6 (cm).

Pip s6: 6

PHAN IV. Tw luan

Bai 1. Cho tam gidc ABC. Goi M 1a trung diém AB, N 1a diém trén canh AC sao cho AN = 2NC, K
1a trung diém MN.

a) Biéu thi AK theo AB, AC.
b) Goi D la trung diém BC. Biéu thi KD theo AB, AC.
¢) Goi G 1a trong tAm tam giac ABC. Chimg minh dudng thing GK song song véi duong thing

AB.
A
M,
B X c
Loi gidi
— 11— 2 — 22—
a) AM = EAB; N thudc canh AC, AN = EAC nén AN = EAC'
.5 — 1 — 11— 1—
K 1a trung didm MN nén AK = 5(AM + AN) = 2AB + 3 AC.
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e 12 1 — —_— - 1 1\ == 1 1\ ——2 12 1=
b)AD=EAB+EAC,dodoKD=AD—AK=(E—Z)AB+(E—§)AC=ZAB+EAC

4 12 12 - —_— a4 1 1\ = 1 -2 . - -2
¢) AG = 4B + AC, suy ra GK = AK — 4G = (; - 5) AB = ——AB: hai vecto GK, AB ciing
phuong

Mit khic K khong thuoc duong thiang AB : néu c6 thi AK =t AB , mau thuan véi
- 12 1= X
AK = - AB + 2 AC (cach phan tich 1a duy nhat). Vay GK || AB.

Bai 2. (Van dung) Mot tam ké gd hinh vudng ABCD canh 40 cm (khdi lugng khong dang ké) duoc
dd boi mét chan tru duy nhét. Trén ké dit bdn chau cay O bon goc: 1 kgtai A, 1 kgtai B, 3 kg tai C
va 3 kg tai D. K& dung vitng khi chan try dat dung tai khéi tim M cua hé bdn chau cay.

40 cm

a) Goi I, J 1an luot 1a trung diém cua AB, CD. Chiing minh 1\71) +3 1\7]) = 6, tor d6 xac dinh vi tri
diém M.
b) Tinh khoang cach tir chan try dén goc A (Iam tron két qua dén hang phan mudi cia xentimét).
¢) Néu thay chau ¢ D bang mot chau khac (cac chau con lai giit nguyén) thi chdu méi phai ning
bao nhiéu kilogam dé chéan try nam trén duong chéo AC?
Loi gidi
%o — — — — - P
a) Khoi tdm M thod man MA+ MB +3MC +3MD =0. Vil, J la trung diém AB, CD nén
— — — = — —
MA+ MB =2MI,MC + MD =2M].
—> —> — —> — - o
Thay vao: 2MI+6M]=0 MI+3M]=0 . Chén diém I
— — o - — 39
MI+3(MI+I])=0<:>IM=ZI].
Vay M thu¢c doan I] véi IM = %I] = 30 cm (gan canh CD — phia c6 hai chau ning).
b) I] L AB (duong ndi trung diém hai canh ddi cta hinh vudng) nén tam giac AIM vudng tai I,
Al = 20 cm, IM = 30 cm.
AM =+/202 + 302 = /1300 =~ 36,06. Vay chan try cach goc A khoang 36,1 cm.
¢) Goi khéi luong chau méi & D 1a m (kg) va M’ la khbi tim méi. Chon diém goc A:
— —_— — —> —_— —> —_— —_— —>

1+1+3+m)AM'=1-AB +3AC +mAD =4AB + (3+m)AD (vi AC = AB + AD).
M’ thudc dudng chéo AC khi va chi khi AM' cung phuong v6i AC = AB + AD, tirc hai hé s6 theo
A_B),zﬁbéngnhau%}: 3+mem=1.
Vay chau méi ¢ D phai nang 1 kg.
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n PAP AN VA LOI GIAI BE KIEM TRA SO 2

». Bang dap an nhanh

=)
|
=]
o
—
<

Cau 1 2 3 4 5 11 12
Dép an D A C B B A D B D C C A

Cau 2) b) 0) d)
1 S b b b
2 b S b b
3 S S b b
4 b b b S
Cau 1 2 3 4 5 6
bap sb 6 0,6 6 12 8,94 5,6
| PHAN 1. Trac nghiém nhiéu phwong an Iwa chon
Caul.Véik <0vad # 0, vecto kd
A. cung huéng voi B. vudng goc voi a
C.bing 0 D. nguoc huéng véi d

Loi gidi

Theo dinh nghia, véi k < 0 thi kd nguoc hudéng véi d, do d6 cung phuong (khdng vudng goc) véi
d; do dai |k| - |@| > 0 nén kd = 0.

Chon dap an D.

Céu 2. Véi vecto d va cac s6 thuc k, t, vecto (k + t)d bang
A.kd +ta B. kta C.ka+t D.k +ta
Loi gidi
Theo tinh chat phan phdi ddi voi phép cong cac s6: (k + t)d = kd + td.
Céc bicu thirc kd + t va k + td cong mot vecto voi mot sé nén khong co nghia; ktd nodi chung
khéac (k + t)a.
Chon dap an A.

Cau 3. Cho hinh binh hanh ABCD tam 0. Khang dinh nio sau day sai?

—_ s = = —_— = —
A.OA+0B+0C+0D=0 B. AB + AD = 2 A0
— — — —
C.AC=2CO D.BD = 2BO
Loi gidgi
0 1a trung di€m AC nén AC = 2C0, nhung AC huéng tir A dén C con CO huéng tr C vé A: hai
vecto ngugc huong. DﬁngraA_C)=—2C_0)=20_C).
2 . . —_— - — i e S —_— ) -
Ba khang dinh con lai ding: AB+ AD = AC=2A0; OA+0C=0 va OB+0D =0,
— — 2
BD = 2 BO vi O 1a trung diém BD.
Chon dap an C.
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5 5 —_— e d -
Cau 4. Cho hai diém phan bi¢t A, B. Diém M thoda man MA + MB =0 la

A. diém A B. trung diém AB C. diém B D. khong ton tai
Loi gidi
MA = — MB: hai vecto ngugc hudong va cung do dai, nén M nam gitta A, B va MA = MB, tic M
1a trung diém AB.

Chon dap an B.

Céu 5. Cho hai vecto @, b. Vecto % thod man 2(¥ — @) = 3b — % 1

A.%=2d+3b B.i=2d+b C.i=2d-b D.¥=-2d+b
Loi gidi
Pha ngoac va chuyén vé nhu voi phuong trinh:
28 -2i=3b-%©3t=2d+3b o F=2d+b.
Phuong 4n 2d + 3b 1a quén chia cho 3.
Chon dap an B.

Céu 6. Cho hinh binh hanh ABCD. Goi N 1a trung diém cta canh CD. Vecto BN bang
— 1 — 11— 11— — —_— 1

A.AD _EAB B. AD +EAB C.EAB — AD D. AB _EAD

Loi gidi
—_— = 11—

—_— > — —
BN = BC + CN; vi ABCD la hinh binh hanh nén BC = AD,va C .

— — 1 — 11— — 1 — —
Vay BN =AD—EAB.(Lu'uy: AD +5AB = AN, cbnz B —AD
Chon dap an A.

Ciu 7. Cho hai vecto da, b khong cung phuong va cac sb thuc x , y thoa min
(x=2)a+(y+ 1)b = 0. Gidtrictax +yla
A.0 B.3 C.-1 D.1

Loi gidi

Vi d, b khong cing phuong nén pd + gb = 0 chi khip =g =0. Do déx—2=0,y+1=0,

ttcx =2,y = —1.

Vayx +y =1.

Chon dap an D.

CAiu 8. Cho hai diém phan biét A, B. Piém M thudc doan thfmg AB khi va chi khi c6 sb t sao cho
— — .
AM =t AB véi
At <0 B.0<t<1 C.t>1 D.ttuyy
Loi gidgi
Néu AM = t AB thi M thudc duong thang AB va AM = |t| - AB. M thudc doan AB khi AM cung
huéng voi A_B) (hoac M = A)vaAM < AB,ttc 0 <t < 1.
Véit < 0, M nim ngoai doan vé phia A; voit > 1, M ndm ngoai doan vé phia B.
Chon dap an B.

—

CAu 9. Cho doan thing AB dai 6 cm va didm M thoa man AM = — %AB. Do dai doan BM 1a
A. 12 cm B.3cm C.6cm D.9 cm

APLUS HA NOI 0943.480.099 CHIENMATH.COM Trang 645



TOAN 10 - APLUS Tap 1 - Ban dé va 1o giai

Loi gidai

—_ e d 2 2 o 'O .
AM nguoc hudng voi AB nén M nam trén duong thang AB, khac phia véi B 461 véi A;
AM == 6 =3 (cm).

A nam giita M va B nén BM = BA+ AM = 6 + 3 = 9 (cm). Dap s6 3 cm 1a nham M thudc doan
AB.

Chon dap an D.

Céu 10. Cho ta giac ABCD; I, ] lan luot 1a trung diém cua hai duong chéo AC, BD. Vecto
AB +CD bang

- - - 12
A.2]1 B. IJ Cc.21l D'EU
Loi gidi
. % . - — = I
bi tir I dén J theo hai duong: I] al] =1C+ CD+ DJ

r r 4 b d —
Cong ve theo vé, voi IA+IC =0vaBJ + Df =
Chon dap an C.

Céu 11. Cho tam giac ABC va diém M thoa man MA + MB — MC = 0. Khang dinh nao sau day
dang?

A. M 1a trung diém cua AB B. M la trong tam tam giac ABC
C. Tw giac ACBM 1a hinh binh hanh D. Tt gidc ABCM 1a hinh binh hanh
Loi gidi

2 . —_— — =, e T —_— =
Theo quy tac hi¢u, MB — MC = CB. Bang thuc tr¢ thanh MA + CB = 0 & AM = CB.
Do do t&r gitc ACBM c6 AM = CB nén 13 hinh binh hanh. T& gidc ABCM 13 hinh binh hanh lai

can AM = BC —ngugc hudng véi két qua trén.
Chon dap an C.

Céu 12. Mot 6 to chuyén dong thang déu, sau 2 gio di dugc tir A dén B v6i AB = 120 km. Xe tiép
tuc di théng voi van toc khong doi; goi C 1a vi tri cua xe tai thoi diém 3.5 gio ké tir lac roi A. Khéng
dinh nao sau day dang?

°0 530 0

120 km
— 7= — 4 — - 3= w4 7=
A AC=-A B.AC =-AB C.AC=;4B D.AC =-AB
Loi gidi

Goi ¥ 1a van toc cia xe (km/h). Chuyén dong thang déu nén vecto dich chuyén sau t gid 1a tv:
AB =25 va AC = 3,5%.

, T2 3,572 73 c 4 , 77
Do do AC = TAB = ZAB (khi d6 AC = 210 km). Phuong an EAB la quén chia cho thoi gian 2
gio.
Chon dap an A.
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| PHAN II. Tric nghiém duing sai

Céu 1. Cho hinh binh hanh ABCD tdm 0; M 14 trung diém AB.

Y Ménh dé Diing Sai
a) AC+BD = 24B. v
b) OM =CB. v

o DM =148 -D v

d) 04+ 0B =20M. v

Loi gidi

—

—_ D D S — — =
a) Sai. AC = AB + AD, BD = AD — AB nén AC 4+ BD = 2 AD; vecto nay khong cung phuong
v6oi AB nén khac 2 AB (két qua sai c6 dugc khi viet nham BD = AB — AD). Khang dinh sai.
b) Piing. 0, M lan luot 1a trung diém AC, AB nén OM la dwong trung binh ciia tam giac ABC:
oM = %BC va OM cung hudng véi CB. Khang dinh dtng.
—_— > 11— — 2 .
¢) bing. DM = AM — AD = EAB — AD. Khang dinh dung.
d) Ping. Chén diém M: OA + OB = 2 0M + (MA + MB) = 2 OM. Khing dinh dtng.

—

Cau 2. Cho tam giac ABC va diém N thoa man 2 lﬁ + N_B) +3NC =0. Goi K 1a diém thudc canh
BC sao cho BK = 3KC.

Y Ménh dé Diing Sai
—_— — —)

a) NB+3NC =4NK. v

b) N la trung diém ciia doan thing AK. v

o AN =1iB+ldc v

_— = —
v

d) Vi moi diém 0: 60N = 204 + OB + 3 0C.
Léi gidi
. —_— — —
a) Puang. K thudc canh BC, KB = 3KC(, hai vecto KB, KC ngugc huéng nén KB + 3
— — — — — — g .
do NB +3NC = 4 NK + (KB +3KC) = 4 NK. Khing dinh ding.

H
C

:6. Do

— — — 2 — —_— >
b) Sai. Vi NB+3NC =4NK nén dang thuc da cho tré6 thanh 2NA+4NK =0, tuc
NA=-2NK:N thuoc doan AK v6i NA = 2NK, khong phai trung diém. Khang dinh sai.

P — —_— —  — - — — —
¢) Piing. Chén diém A: 2NA + (NA +AB) +3(NA+AC) =0 6AN = 4B + 3 AC, titc
— 11— 1 2 .
AN = EAB + EAC' Khang dinh dung.
d) Pung. Cheén diém N: 204+ OB +30C = 6 ON + (2NA+NB +3NC) = 6 ON. Khang
dinh dung.
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Cau 3. Cho tam giac ABC va diém M thudc canh BC sao cho 3MB = 2MC.

Y Mg¢nh dé Diing Sai
a) BM ng_C) v
b) MB=-2MC. v
c) AM =§A_B)+§_)C v

. .2 o TR 7= 12
d) | Goi N la trung diem AM. Khi d6 BN = _EA +§AC' v

Loi gidi

2 - - . .3 p
a) Sai. 3MB = 2MC nghia la MB: MC = 2:3, nén BM = EBC va BM = EBC; gia tr1§ la nham ti

N

s0. Khang dinh sai.
—_— 2 —_— 22 33—
b) Sai. MB, MC ngugc hudéng va MB = EMC nén MB = _EMC’ khong phai _EMC Khing

dinh sai.

2 — — 2/ = 3— 22—
¢) bing. VlBM—EBC AM = B+E(AC— B)zEAB +s C. Khang dinh déng.
2 — 33— 22— — 3—) 1—
d) Dlillg T BM:EBC co AM:E B+E C 9 nén AN = EA E C va

N _Tn B TR

BN = AN — AB

Céu 4. Ba ban, mdi ban ning 40 kg, ding & ba goc A, B, C cua mot chiéc bé hinh tam giac déu
canh 6 m (b6 qua khdi luong ciia b, coi mdi ban 1a mot chat diém).

&
©
A0 Op
<«<—6m———>

Y Mg¢nh dé Diing Sai
a)  Khoi tim cta hé ba ban 1a trong tdm G cua tam giac ABC. v
b) | Khdi tAm cach mdi ban 2+/3 m. v
0 Néu ban ¢ C di chuyén dén trung diém I cta canh AB thi khdi tdm cua v

hé 1a diém 1.
Néu ban 6 C duoc thay b?mg mot ban nang 80 kg (hai ban & A, B giir

d .
) nguyén) thi khdi tim méi cach € mot khoang 2v/3 m.

Loi gidi
: Z. —_ > = =
a) DPung. Ba ban nang bang nhau nén khoi tam G thod man 40 (G +GB + GC ) =0, tic G la
trong tim tam giac ABC. Khang dinh dung.
b) PDing. Trung tuyén cua tam giac déu canh 6 m dai 3v3 m, nén

GA =GB = GC =2 3Y3 = 2/3 (m). Khing dinh diing.
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‘. . — — — — — — — — —

¢) Ping. Khoi tim M méi thoda man MA + MB + MI = 0; vi MA + MB = 2 MI nén 3 MI = 0,

tic M = I. Khang dinh dung.

dy Sai. Goi I la trung diém AB . Khdi tim moéi M thoa maén

— — — > —_— = - . . .2 . 33
40MA+40MB +80MC =0 MI+MC =0, nén M la trung diém CI va MC === 2,6

(m), khong phai 2v/3 m. Khing dinh sai.

| PHAN IIl. Tréc nghiém tra 1&i ngén

Cau 1. Cho doan thfmg AB dai 12 ¢cm va diém M thoa mén Wi =3 I\E) Tinh d6 dai MB (don vi:
cm).

Loi gidgi

— — — — . g

MA = 3MB nén MA, MB cung huéng va MA = 3MB > MB: M nam trén duong thang AB,
ngoai doan AB vé phia B (B nam giita A va M).

Khi d6 MA = AB + MB, thc 3MB = 12 + MB, suyra MB = 6 (cm).

Pap s6: 6

Cau 2. Cho tam giac ABC. Goi M 1a trung diém cua AB, N 1a diém thoa mﬁnA_)N = kA_C) vaPla
diém thoa man BP = 3 BC. Tim s6 k dé ba diém M, N, P thing hang.

Loi gidi
= e d = 4 e 15 — =
bat a=A4 , b=AC . Ta co AM =-a , AN = kb ,
- - - - = - -
AP=AB+3BC=d+3(b—d)=-2d+3b
—= 15 a4 5 5 -
SuyraMN=—5a+kbvaMP= —=a+3b

2 p , — — — - 1 5 1
M, N, P thang hang < co S@tdéMNZtMP(ViMPiO)@—EZ—EtVék=3tc>t=§,
k=2
5
Vay k = 0,6.
Pip s6: 0,6

Cau 3. (Van dung) Cho tam gidc ABC c6 dién tich bang 36 cm? va diém M thoa min
— 13 1 . . .
AM = EAB + EAC' Tinh dién tich tam gidc MBC (don vi: cm?).
Loi gidi
Téng hai hé s6 1a % + § = 2, nén ta viét AM = 2
. L2 —_—
Goi K la diém thoa man A
K thudc canh BC.
Sy 57 1
T AM = EAK suy ra M thugc doan AK va MK = gAK.
Hai tam gidc MBC va ABC c6 chung day BC; vi A, M, K thang hang va K thudc BC nén ti sb hai
dudng cao ha tir M va tir A xuéng BC bang % = % (dinh li Thalés).

—

3 2 . , 2 (2 -
= 24B +2AC. Khi d6 BK = AK — AB =E(AC—AB) =

—

BC, nén

ulnN

A 1 36
Vay Supc = gSABC =% - 6 (cm?).

Pip s6: 6
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Cau 4. Cho hinh chit nhat ABCD c6 AB =6, AD = 8; 0 la giao diém hai dudng chéo. Tinh

_— = —

AB + AD + 2 0B|.

Loi gidi

Theo quy tac hinh binh hanh, AB + AD = AC. O 1a trung diém BD nén 20B = DB = AB — AD.
— — — — — —_— — —

Do d6 AB + AD + 2 0B = (AB +AD) + (AB —AD) = 24B.

— — —
Vay (AB + AD + 20B| = 2AB = 12.
Pap s6: 12

CAu 5. Cho hinh thang ABCD vudng tai A va D, ¢c6 AB = 6, CD = 2, AD = 4. Tinh |ﬂ)’ + B_c’|

(lam tron két qua dén hang phan tram).

Loi gidi
Goi M, N lan luot la trung diém cua AB, CD . Pi tt M d&n N theo hai duong:
—_— S — —_— s = —
MN = MA + AD + DN va MN = MB + BC + CN.
2 z = D 5 = = 5 = — —
Cong ve theo vé, voi MA+ MB = 0, DN + CN = 0: AD + BC = 2 MN.
Goi H 1a hinh chiéu cia N trén AB: AH=DN=1, HM =AM —AH =3-1=2,
NH = AD = 4. Do 36 MN = v22% + 42 = +/20.
Vay |E)’+B_c’| = 2420 = 4y/5 ~ 8,944 ~ 8,94.
Dip so: 8,94

CAu 6. Ba thén A, B, € nim doc mot con duong thfmg, B nam gita AvaC,AB =4km, BC =6
km. S6 hoc sinh tiéu hoc cua ba thén 1an luot 1a 100, 200, 200. Xa du dinh xay truong tai diém M
trén duong la “khdi tAm” cia ba thon véi trong s6 1a sd hoc sinh, tic la

— — — >
100 MA + 200 MB + 200 MC = 0. Truong cach thon A bao nhiéu kildmét?

o 99 e 9299 oo
e @ ®
A B (€
4 km 6 km
Loi gidi
. . 7 — —= —= - .2
Chia hai vé cho 100: MA+2MB+2MC =0 . Chen diém A

— — — - — 22— 22—
5MA+2AB+2AC=0(:>AM=EAB+EAC.
s - .3 5 — 5
B nam gitta A va C nén AC cung hudng voi AB va AC = 10 = EAB’ tuc AC = EAB'
-— 2 - 73 7
Dodc’)AM=(§+1)AB=§AB,suyraAM=E-4=5,6(km).

Vay trudng cach thon A 5,6 km (ndm giira B va C, cach B 1,6 km).
Dip s6: 5,6
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| PHAN IV. Ty luén
Bai 1. Cho hinh binh hanh ABCD. Goi M 1a trung diém CD, N 1a diém trén canh BC sao cho
BN =BC.Djtd = AB, b = AD.
a) Biéu thi A_)M, A_)N, MN theo a,b.

b) Goi G 1a trong tam tam giac AMN. Biéu thj A_G) theo a, b.
¢) Ching minh G khong thugc duong chéo AC.

Loi gidi

- A - - 12 15 =
a)DC =an nAM=AD+ED =Ea+b
— — — —

— =

b) G la trong tdm tam gidc AMN nén (dp dung OA+OM+0N=30C véi 0=4 ):
- - - 3> 4 7
3AG=AM+AN=Ea+§b.

1
2
= 1 P gk 2 5 z s A A - T __zs & S A
¢) AC = a + b. Neu G thugc duong chéo AC thi AG =t AC = ta + tb v6i sO t nao do.
Vi céach phén tich theo d, bla duy nhatnén t = % vat = g— vo0 li. Vay G khong thudc duong chéo

Bai 2. (Van dung) Mot can cau thap c6 canh tay AB nam ngang dai 40 m (coi khdi lugng canh tay
khong dang ké). béi trong 6 tan dat & dau A, kién hang dugc treo vao canh tay, con tru thap do canh
tay tai diém M thudc doan AB. Canh tay can béng khi M 1a khéi tAm cua hé gém dbi trong va kién
hang.

2 tan

e : B

a) Khi treo kién hang 2 tdn ¢ dau B, viét dang thirc vecto ma diém M phai thoa man dé canh tay
c4n bang va tinh d6 dai AM.
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b) Gilt nguyén vi tri tru thap nhu & cau a). Néu kién hang duogc treo tai trung diém P cta doan
MB thi kién hang phai ning bao nhiéu tin dé canh tay van can bang?
Loi gidi
a) Céanh tay can bang khi M 1a khdi tim ciia dbi trong (6 tan tai A) va kién hang (2 tan tai B):
6MA + 2 MB = 0.
.2 — — e d — — — —_—
Chen diém A: 6 MA +2 (MA + AB) =0 & 8 MA + 248 =0 & AM =

—

AB.

ENII

Vay AM = i 40 = 10 (m), khi d6 MB = 30 m.

b) P 1a trung diém MB nén MP = 15 m va Aﬁ) ngugc hudong voi I\ﬂ) Goi khbi lugong kién hang
la m (tan); canh tay can bang khi 6 MA +m MP = 0.

Vi MA , MP nguoc huéng nén ding thic ndy twong duong véi 6 - MA=m-MP , tic
6 -10 = 15m, suy ra m = 4 (tan).

Vay kién hang phai ning 4 tan. Nhdn xét: diém treo cang gan tru thi can ciu nang duoc kién hang
cang nang; vi thé trén canh tay can cau thap ludn ghi tai trong cho phép giam dan theo khoang
cach dén try.
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CHUONG IV. VECTO’

VECTO TRONG MAT PHANG TOA

PO

» Nhan biét toa dd cia vecto va toa do cua di€ém doi voi mot hé truc toa do.

» Thuc hién cac phép toan vecto béng toa do: téng, hiéu, tich ciia mot sé voi mot vecto; tinh
d6 dai vecto va khoang cach giira hai diém.

» Dung toa do dé xét hai vecto cung phuong, ba diém thang hang; tim toa do trung diém, trong
tam, dinh ctia hinh binh hanh.

» Van dung toa do vecto vao céac bai toan thyc té: chuyén dong thang déu, hop luc va can bang
lue, chon vi tri tdi uu.

4+ CAU CHUYEN MO PAU - Budi theo con tau trén man hinh radar

Tai Trung tdm phdi hop tim kiém ctru nan hang hai, man hinh radar duoc coi nhu mot mét
phing toa d9, mdi canh 6 vudng tmg véi 10 km. Liic 6 gio, radar ghi nhan mot tau ca gip nan &
vi tri A(2; 1); luc 8 gio, tau da troi téi B(6;4). Coi tau troi thang déu, kip truc can tra 10i ngay:
lic 11 gio' tau ¢ dau va tréi véi toéc dé bao nhiéu?

Ay

11

>

A 6 gio .
o 2 6 p

MBJi gio tau dich chuyén theo vecto %A_B) Néu viét dugc vecto nay dudi dang mot cip 6, chang
han (2;1,5), thi tim vi tri Iic 11 gio' chi can mot phép cong, con tinh tdc dd chi can khai mot
cin bac hai.

Bai hoc niy gan cho mdi vecto mot toa dd va bién cac phép toan vecto thanh phép tinh trén cac
con s0. Loi giai day du ¢ Vidu 19.

“ TOM TAT LY THUYET

= 1. Toa do6 cua vecto, toa do cua diém

& HE TRUC TOA PO

Hé truc toa do Oxy gdm hai truc Ox (truc hoanh) va Oy (truc tung) vudng goéc voi nhau tai goc
toa d6 0. Vecto don vi trén Ox 1a 7, trén Oy 1a J, véi [T] = |J] = 1. Mit phang chira hé truc Oxy
goi 1a mit phang toa do Oxy.
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* TOA PO VECTO - TOA DO DIEM

—

» U= (x;y) © U= xl+ yJ; x 1a hoanh d§, y 1a tung df cua u.

> 7= (1;0),7= (0;1),0 = (0;0).

» Hai vecto bang nhau khi va chi khi chung c¢6 cing toa d6: (x;y) = (x;y") © x = x' va
y=y"

» Toa do cua diém M la toa do ctia vecto OM: M(x;y) & OM = (x; y); khi d6

OM = /x? + yZ?.

= 2. Biéu thirc toa d6 clia cac phép toan vecto’

* CONG THUC

Cho i = (x;y), ¥ = (x';y") va sb thyuc k:

J
0

U+ v =(x+xy+y), u—v=(x—x"y—v"); ki = (kx; ky).

> || = /x% + y2.
> V6i il # 0: ¥ cung phuong v6i % < ¢6 s6 k sao cho x' = kx, y' = ky. Khi xy # 0, didu
kién nay twong duong voi % = %
Chii y. Hai vecto i = (x;y), ¥ = (x';y") cing phuong khi va chi khi xy’ — x'y = 0. Cach viét

nay khong can chia, nén dung dugc ca khi c6 toa do bang 0.

% VECTO NOI HAI PIEM — TRUNG DIEM — TRONG TAM

Cho A(x4;¥4), B(xp;yg), C(xc; Yc):
T N AL, _
> AB = (xz — %43 Y5 — ya) (“ngon trir gb¢”); AB = \/(xz — x4)* + (y5 — Ya)*.

> Trung diém I cta AB: [ (mzﬂ yA;yB)_

A ) on Xa+xg+x +yp+
» Trong tAm G cla tam giac ABC: G( 4 33 ¢, ¥a 3/33 yc).

» ABCD 13 hinh binh hanh & AD = BC (v6i A, B, C khong thing hang), tic 1a
Xp =Xa+Xc—Xp,¥p =YatYc— VB
» A’ d6i xtng voi A qua B < B la trung diém cta AA": A'(2xg — X4; 2V — Va)-

» Vat chuyén dong thang déu tir A véi vecto van toc ¥: sau thoi gian t, vat & diém M véi

- > X A o Ar 1N |2
AM = tv; toc d0 cua vat 1a |v|.
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IEN cAc panG TOAN

Dang 1. Toa dd vecto, toa dd diém va cac phép toan

& PHUONG PHAP GIAI

N = = — A 0 TR 1N " <\ A 9y
» Poctoadd: u =xt+yj © u = (x;y); toadd ciia AB 1a “ngon trir goc™:
—
AB = (xg — X4 Y5 — Ya)-
» Tinh toan theo tung toa dd: hoanh do vdi hoanh d9, tung d6 véi tung do.
> Phan tich & theo @, b: dit & = ma + nb, cho cac toa do tuong Ung bang nhau rdi giai hé hai
phuong trinh bac nhét hai an m, n.
> Tim diém M (x;y) thoa man mot ding thirc vecto: viét toa do timg vecto theo x, v, thay vao
dang thirc roi cho hai toa d6 cua hai vé bang nhau.

1 1 7 —> —_—> I3 I
Sai 1am thwong gap: lay “goc trir ngon” khi tinh AB (ra BA); quén doi dau khi tror mdt toa do
am.

» Vi du 1. Choa=2(—5] va b= —3j. Tim toa d0 cua cic vecto d, b,i=23—b va
# =d+3b.

Loi gidi

Theo dinh nghia toa d6 cua vecto: @ = (2; —5); b = 07 + (—3)] nén b = (0; —3).

2d = (4,—10),do @6 u = (4 — 0;—10 — (=3)) = (4, 7).

3b = (0;—9),dod6 ¥ = (2 + 0; =5 + (—9)) = (2; —14).

Vayd = (2,-5),b = (0;-3), 1 = (4 -7), D = (2, —14).

» Vidu2.Chod = (1;2),b = (=3;1), ¢ = (—7; 0). Phan tich ¢ theo d va b.

Loi gidi

m—3n=-7

2Zm+n = 0

Tu phuong trinh thr hai, n = —2m. Thay vao phuong trinh tht nhat: m + ém = —7, suy ra
m=—1van=2.

Thir lai: —d + 2b = (-1 — 6; -2+ 2) = (=7;0) = &

Vay é = —d + 2b.

Giésﬁ8=mc'i+n}_5.VimEi+nB=(m—3n;2m+n)nén{

» Vidu 3. Tim x, y dé hai vecto i = (2x — 1;3) va ¥ = (5;y + 1) bang nhau.
Loi gidi
Hai vecto bang nhau khi va chi khi cac toa do tuong timg bang nhau:
{2x—1=5®{x=3

3=y+1 y=2

Ui=v&e
| Vayx =3,y =2;khid6 % =% = (5;3).
» Vi du 4. (Van dung) Cho ba diém A(2;1), B(1;—2), C(0;3). Tim toa do diém M sao cho
— —_— — >
MA—-2MB+3MC = 0.
Loi gidi

. . — — —
Goi M(x;y).KhidoMA=R2—-x;1—y),MB=(1—x;—-2—-y),MC = (—x;3 —y).
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Hoanh d0 coa vé trai: (2—x)—2(1—x)+3(—x) =—2x . Tung d0 coa vé trai:
1-y)—2(-2-y)+3(3-y)=14—2y.

2 , = . (—2x=0 x=0
Pang thire da cho tuong duong véi {14 —2y=0 = {y _
The lai véi M(0;7) : MA=(2;,—6) , MB=(1-9) , MC=(0;—4) va
(2;—6) —2(1;—9) + 3(0; —4) = (0; 0).

Vay M(0;7).
Nhdn xét. Tong cac hé s6 141 — 2+ 3 = 2 # 0 nén diém M ludn ton tai va duy nhat; néu tong

cac h¢ so bang 0 thi x, y bi triét ti€u va bai toan c6 thé vd nghiém hodc c6 vo s6 nghiém.

. Bai tap luyén tap

Bai 1. Cho @ = (3;—1), b = (—2;4). Tim toa d¢ cic vecto 2d + b, @ — 3b vi —%E.

. A Ny - - —_— - —_

Bai 2. Tim toa d¢ cac di€ém M, N, bi¢t OM = 31— jva ON = —2j. Tu d6 tim toa d6 cia MN va
tinh d6 dai MN.
Bii 3. Cho d = (2;1), b = (~1;3). Tim toa d6 cua vecto % thoa man 2% — & = 3(b + %).
Bai 4. (Van dung) Cho tam gidc ABC véi A(2; 1), B(—1;3), C(4; —2). Tim toa d6 diém D sao cho
AD = 2AB — AC. Chung minh B 1a trung diém cia doan CD.
Bi 5. (Van dung) Cho d = (2;1) va b = (1; 1).

a) Biéu dién m&i vecto 7, ] theo @ va b.

b) Chirg minh moi vecto % = (x; y) déu biéu dién duoc theo d, b; viét biéu dién do.

¢) Ap dung: phan tich é = (5; —3) theo d, b.

Dang 2. B dai vecto — Khoang cach — Nhan dang tam giac

& PHUONG PHAP GIAI

> [l = x2 4+ y% AB = /(x5 — x0)2 + (V5 — Ya)*.

» Nhan dang tam giac: tinh ba canh 10i so sanh. Tam giac can, déu: so sanh d6 dai; vuong:
dung dinh 1i Pythagore d4o; ti hay nhon: so sanh binh phwong canh 16n nhit véi tong binh
phuong hai canh kia (h¢ qua cua dinh 1i cosin).

» Piém thudc truc Ox c6 dang M (x; 0), thudc truc Oy c6 dang M (0; y). Diéu kién cach déu:
MA = MB & MA? = MB?; tam duong tron ngoai tiép tam gidc ABC 1a diém I voi
I1A%? = IB? = IC?.
Chi y: ludn binh phuong dé khir can; khi khai trién MA? = MB?, cac s6 hang x? (hoic y?)
tri€t ti€u va con lai phuong trinh bac nhét.
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» Vidu 5. Cho A(1;3), B(4;7), C(=3; 6). Tinh d dai cac canh cia tam giac ABC, cho biét d6 1a
tam giac gi va tinh dién tich cua né.

. B
C‘<

31 Ya
-3 o' 1 4

L

AB=(3;4) nén AB=+32+42=5 ; AC=(—43) nén AC=+(-42+32=5 ;
BC = (=7;—1) nén BC = /50 = 5v2.

Ta c6 AB = AC va AB* + AC? = 25+ 25 = 50 = BC?. Theo dinh li Pythagore déo, tam giac
ABC vudng can tai A.

Diéntich:Sz%AB-ACz%-S-S:E.

2

A .y A ~ . Xz AR I Y 25
Vay tam giac ABC vuong cén tai A va c6 dién tich bang -

» Vi du 6. Cho A(=2;3), B(4;1). Tim diém M trén truc tung sao cho M cach déu A va B. Tam
giac MAB c6 gi dac bigt?

Loi giai

Vi M thudc truc tung nén M(0;y). Khi d6 MA? = (-2)>+ (B —y)2=y?—6y+13 va
MB? =42 + (1 —y)? =y? =2y + 17.

MA=MB & y?>—-6y+13=y?-2y+ 17 -4y =4 &y =—1.Vay M(0; —1).

Khi d6 MA? = MB? = 20 va AB? = 6% + (—-2)? = 40 = MA? + MB2.

Vay M(0; —1) va tam giac MAB vudng can tai M.

» Vidu 7. (Van dung) Cho A(1;1), B(4;2). Tim toa d6 diém C sao cho tam giac ABC vudng cin
tai A.

Loi gidi

Goi C(x;y) . Tam giac ABC vuong can tai A khi va chi khi AC=AB va
BC? = AB? + AC? = 2AB%.

x—1D2+(@y—-12=10

(x—4)2+(y—-2)?%2=20

Trir vé theo vé hai phuong trinh: [(x — 1)? — (x — 4)?] + [(y — 1)? — (y — 2)?] = —10, tic 1a
(6x —15) + (2y —3) = —10, hay y = 4 — 3x.

Thay vao phwong trinh dau: (x — 1)+ (3 —3x)? =10 & 10(x — 1)? = 10 & x = 2 hoic
x = 0.

Véix =2thiy =—2; véi x = 0 thi y = 4. Kiém tra: C;(2; —2) va C,(0; 4) déu c6 AC? = 10,
BC? = 20.

AB? =3%2 +12 =10, néntaco hé{
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Ay
Cz 3

C:

Vay c6 hai diém thoa man: C(2; —2) hodc C(0; 4). Hai diém nay d6i xtrng nhau qua A, dung nhu
hinh vé goi y.

. Bai tap luyén tap

Bai 6. Cho i = (—5;12) va d = (m; 3). Tinh |1, |-24| va tim m dé |d| = 5.

Bai 7. Cho A(—2;0), B(4;0), C(1; 2). Ching minh tam gidc ABC can. Tinh cosC va cho biét tam
giac ABC nhon, vuong hay tu. Tinh dién tich tam giac ABC.

Bai 8. (Van dung) Cho tam giac ABC v6i A(5;5), B(—2;4), C(7;1). Tim toa d6 tdm I va ban kinh
R cua dudng tron ngoai tiép tam giac ABC.

Bai 9. (Van dung) Cho A(1;2), B(4;4). Tim diém M trén tryc hoanh sao cho |1\T4’ + I\TB)| nho

nhét va tinh gia tri nho nhat 6.

Dang 3. Hai vecto’ cuing phwong — Ba diém thang hang

& PHUONG PHAP GIAI

» % = (x';y") ciing phuong v6i i = (x; ) # 0 < c6 56 k sao cho ¥ = kil © xy' —x'y = 0.
Khi ¥ = kii: cung hudéng néu k > 0, nguoc hudéng néu k < 0.

) —_— — ;7 2 4 0 S .
» A, B, C thang hang & AB, AC cung phuong. Néu AC = k AB thi: k < 0 khi A nam giira B
va C; 0 < k < 1 khi C nam giira A va B; k > 1 khi B nam giita A va C.

> Giao diém cua hai duong thang AB va CD: goi I 1a diém thoa méan Al =t A_B), 10i ding diéu
kién C, D, I thang hang dé tim t.
Sai IAm thwong gip: Viétx;’ = y;’khi c6 toa d6 bang 0; két luan “cing hudng” chi vi hai vecto
cung phuong.

» Vidu 8. Timmdéd = (2;-3) va b= (m; 6) cung phuong. Khi d6 hai vecto cung hudng hay
ngugc hudng?

Léi gidi

Vid # 0 nén b cing phuong véi @ khi va chi khi ¢6 sé k sao cho b = kd, tirc lam = 2k va
6 = —3k.

T 6 =—3ksuyrak =—2,dodom = —4.

Khi d6 b = (—4; 6) = —2d; vi —2 < 0 nén b nguoc hudng véi d.

Vay m = —4 va hai vecto nguogc huong.
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» Vi du 9. Chirng minh ba diém A(1; 1), B(3;2), C(7; 4) thang hang. Trong ba diém d6, diém nao
nam giira hai diém con lai?

Loi gidgi

AB = (2;1), AC = (6;3) = 3 AB. Hai vecto AB, AC cung phuong va c6 chung diém dau A nén
A, B, C thang hang.

e e d . N X . . <
Vi AC = 3AB v6i 3 > 0 nén B, C nam cung phia doi véi 4; lai c6 AC = 3AB > AB nén B nam
gitrta A va C.

Viay A, B, C thang hang va B nam giita A va C.
» Vidu 10. Cho A(—1;2), B(2; 0), C(m; —4). Tim m & A, B, C thang hang.
Loi gidgi
e d - —
AB = (3;-2)#0,AC = (m+ 1;-6).
, p — —
A, B, C thang hang < ¢6 s0 k sao cho AC = k AB, ticlam + 1 = 3k va —6 = —2k.
Te—6 =—-2ksuyrak =3,dodom+1=09,taclam = 8.
Vay m = 8.

» Vi du 11. (Van dung) Cho bdn diém A(—1;0), B(1;1), €(0;5), D(1; 4). Tim toa do giao diém
I ctia hai duong thang AB va CD.
Loi giai
— — .
AB=(2;1),CD=(1;-1). Vi2-(-1)—1-1=-3+0 nén hai vecto nay khong cung
phuong: hai duong thing AB, CD cat nhau.
I thudc dudng thing AB nén Al = t AB = (2t; t) voi mot sb t ndo do, tic 13 I(—1 + 2t; t).
I thuoc duong thang CD nén cl = (=14 2t;t —5) cung phuong voi D = (1, -1) :
(—1+2)- (1) —(t—-5-1=0e6-3t=0t=2.

o8 — —
Do d6 1(3;2). Kiém tra: CI = (3; —3) = 3CD.
Ay

NLC

D

Vay I(3; 2). Vi Al = 2 AB nén B 1a trung diém ciia Al; giao diém ndm ngoai ca hai doan AB va
CD.

~. Bai tap luyén tap

Bai 10. Timm dé 4 = (m; 2) va ¥ = (8;m) cung phuong. V&i mdi gia tri tim dugc, cho biét hai
vecto cung huéng hay ngugc hudng.

Bai 11. Cho A(1; —2), B(3;2). Tim diém C trén truc tung sao cho 4, B, C thang hang.

Bai 12. (Van dung) Cho A(1; 1), B(m; 3), C(9; m). Tim m dé A, B, C thang hang. V&i mdi gia tri
ctia m, cho biét diém nao nim gitra hai diém con lai.
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Bai 13. (Van dung cao) Cho A(3;1), B(5;2). Tim diém M trén truc hoanh sao cho [MA — MB)|
16n nhét va tinh gia tri 16n nhat do.

Dang 4. Trung diém, trong tam, dinh hinh binh hanh

& PHUONG PHAP GIAI

» Ap dung cong thirc trung diém, trong tim. Bai todn nguoc: xz = 2X; — X,
X¢c = 3x; — x4 — xp (tuong tu cho tung d9).

> Hinh binh hanh ABCD: kiém tra A, B, C khong thang hang rdi ding AD = B_C) (chu y thw tw
céc dinh), hodc dung tinh chat hai duong chéo AC, BD c¢6 chung trung diém.

» Pé bai chi n6i “bdn dinh ctia mot hinh binh hanh” (khéng néu thir tw) thi phai xét ba truong
hop duong chéo.

» Biét ba trung diém M, N, P ctia BC, CA, AB: APMN 12 hinh binh hanh nén
Xg =Xy + Xp — Xm, Ya = YN + Yp — Yu (twong tu cho B, C).

» Vidu 12. Cho A(2; 4), B(—4; 1), C(5; —2). Tim toa d¢ trung diém I ctia AB va trong tim G cia
tam giac ABC.

Loi gidi
Trung diém I cta AB: x; = 2+(2_4) =—1,y, = % = g
Trong tam G: x¢ =@= 1, y¢ =%(_2)= 1.

Vayl(—1;§) va G(1;1).

P Vidu 13. V6i A, B, C nhu ¢ Vi du 12, tim toa do diém D dé ABCD l1a hinh binh hanh va tim tdm
cta hinh binh hanh d6.

Loi gidi

— —

AB = (—6;—3) va AC = (3; —6) khong cung phuong (vi (—6) - (—6) — 3 - (—=3) =45 # 0) nén
A, B, C khong thang hang.

ABCD 13 hinh binh hanh & AD = BC = (9;—3) © xp —2 =9 viyp — 4 = =3 & D(11; 1).

Tam I cta hinh binh hanh 13 trung diém cua dudng chéo AC: I (ZZL5 ; 4+(2_2)) = G ; 1); day cling

1a trung diém cua BD.

Vay D(11; 1) va tam hinh binh hanh 1a I (g 1),

» Vi du 14. Tim toa d diém A’ dbi xtng v6i A(2; 4) qua diém B(—4; 1).

Loi gidi

A’ @6i xtimg v6i A qua B nén B 1a trung diém cta AA’.

Doddoxy =2xg—x4=2-(—4)—2==-10vay,, =2yg —y,=2-1—4=-2.
Vay A'(—=10; —2).

APLUS HA NOI 0943.480.099 CHIENMATH.COM Trang 660



TOAN 10 - APLUS Tap 1 - Ban dé va 1o giai

» Vi du 15. (Van dung) Cho ba diém A(1;1), B(5;2), C(2; 4). Tim tat ca cac diém D sao cho 4,
B, C, D 1a bén dinh ctia mot hinh binh hanh.
Loi gidi
— — 9
AB = (4;1),AC =(1;3)va4-3—1-1=11+# 0nén A, B, C khong thang hang.
Vi dé bai khong néu thir tu cac dinh, ta xét xem dinh nao ddi dién véi D, tic 1a doan nao 1a duong
chéo khong chira D.

— Pudng chéo AC (hinh binh hanh ABCD): AD = BC = (=3; 2), suy ra Dy (—2; 3).
— Pudng chéo AB (hinh binh hanh ACBD): AD = CB = (3; —2), suy ra D, (4; —1).
— Pudng chéo BC (hinh binh hanh ABDC): BD = AC = (1; 3), suy ra D5(6; 5).
Ay
_.D3
Gl ]
D].r\—"”’ I/I
\\\\\ IIB
A \\\ 'I, -
° TNp, X

Vay c6 ba diém thoa man: D(—2; 3), D(4; —1), D(6;5).
Nhdgn xét. A, B, C lan luot 1a trung diém cua D, D,, D,D3, D3D;: tam giac ABC la tam gic trung
binh cia tam giac D, D, D;.

. Bai tap luyén tap

Bai 14. Cho A(3; —1), B(=1;5), C(4;2). Tim toa d6 trung diém M cua BC, trong tim G cla tam
giac ABC va dinh D ctia hinh binh hanh ABCD.

Bai 15. (Van dung) Tam giac ABC c6 M(1;2), N(3; —1), P(=2; 4) lan luot 1a trung diém cua cac
canh BC, CA, AB. Tim toa d0 cac dinh A, B, C.

Bai 16. (Van dung) Tam giac ABC c6 A(1;5), trong tim G (2; 1); dinh B nam trén truc hoanh, dinh
C nam trén dudng thang y = x. Tim toa d6 B va C.

Bai 17. (Van dung) Hinh binh hanh ABCD c6 A(2; 3), C(4; —1); dinh B ndm trén tryc hoanh, dinh
D nam trén truc tung. Tim toa d§ B, D va tinh chu vi hinh binh hanh.

Dang 5. Bai toan thwc té: chuyén dong, lwc, chia doan thang

& PHUONG PHAP GIAI

» Chuyén dong thang déu xuat phat tir A voi vecto van toc U: vi tri sau thoi gian t 14 diém M

0 = A AR - PPV 848 9 A 5 0% . g S
véi AM = tv; toc d bang |v|. Hai vat gap nhau khi tai cung mot thoi diém chiing c6 cung
toa do.
» Hop luc béng téng cac lyc (cong theo toa dJ). Vat can béng khi téng cac luc bﬁng 0. Luc co
hudng da biét theo vecto U duogc viét 1a ati v6i a > 0; do 16n cua luc 1a ali].
2 — —
» Diém M thudc doan AB v6i AM =t-AB (0 <t <1):. AM =tAB.
Chii y don vi: d6i don vi trén truc (km, hai li, m) va don vi thoi gian trude khi két luan; toc do
1a @ dai cia vecto van tdc, khong phai tong hai toa do.
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» Vi du 16. Mot ca nd xuat phat tir A(1; 2), chuyén dong thang déu véi vecto van toc ¥ = (3; 4)
(don vi d0 dai trén cac truc: km; van tde: km/h).

a) Tim vi tri ctia ca nd sau 2 gio va tdc d6 cua ca nd.

b) Sau bao 1au ca né t6i diém c6 hoanh do bang 13?
Loi gidgi

—

Sau t gid, cand & diém M v6i AM = tv = (3t; 4t), tic 1a M(1 + 3t; 2 + 4t).

Ay
18 ................................/.?N
/7 -
4
/
/
/
/
/
//
1.0 sssnnsonssssssnai
;M
/7 .
2
/
ﬁ
1 : i
0'1 7 13

X
a) Véi t = 2: M(7;10). Toc do ctia cand: |¥] = /32 + 42 = 5 (km/h).
b) Hoanh d¢ bang 13 © 1+ 3t = 13 & t = 4; khi d6 tung d6 12 2 + 4 - 4 = 18. Vay sau 4 gio
ca nd toi diém N(13; 18).
» Vidu 17. Cho A(—=1;3), B(5; —3). Tim diém M thudc doan AB sao cho MA = 2MB.
Loi gidai
2 . —_— —
M thudc doan AB nén AB = MA+ MB = 3MB, suy ra AM = EAB‘ Hai vecto AM, AB cung
— 22—
hudéng nén AM = EAB‘
AB = (6; —6) nén AM = (4; —4), suyra M(—1 + 4;3 — 4) = (3; —1).

Kiém tra: MA = |(—4;4)| = 4V2 va MB = |(2; —2)| = 2v/2, dung 1a MA = 2MB.
Vay M(3; —1).

» Vi du 18. (Van dung) Mot chiéc dén 1ong trang tri nang 60 N dugc treo tai diém O nho hai soi
day budc vao tuong ciia hai toa nha (hinh v&). Chon hé truc Oxy c6 Ox nim ngang, Oy hudng
thang dimg 1én trén. DAy thir nhat kéo diém O theo hudng cua vecto i = (—3; 4), day thir hai kéo
theo hudng ciia vecto W = (4; 3). Tinh lyc cing cia mdi soi day, biét hé dimg yén.

L] L0
i SN
L] L
[ ][] LI
[ ][] L0
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Loi gidi
Trong lyc tic dung lén den: P= (0;—60) . Luyc cang 7_"-1) cing huéng v6i U nén

7_": = au = (—3a;4a) véia > 0, tu(yngtuT_"Z = bw = (4b;3b) v6i b > 0.

N A AT D7 . af—3a+4b =0
H¢ dingyénnén T; + T, + P = 0, tlic la{4a 4 3b—60 =0
Tu phuong trinh dau, a=2 Thay vao phuong trinh sau:

3
= +3b=60©2=60b=72suyraa=96

D6 16n luc cing: |ﬁ’| = alii] =9,6-5 = 48 (N) va |TZ| =blw|=72-5=36(N).

Ay
‘,"“(Q; 60)
Tl -
T>
0 L
P

!

Vay luc cing ciia ddy thtr nhat 1a 48 N, ciia day tht hai 1a 36 N.
Nhdn xét. 48 + 36 = 84 > 60: tong hai lyc cing 16n hon trong lugng dén. Diy cang gan phuong
nam ngang thi lyc cing cang 16n, vi thé khong nén cang day treo gan nhu nam ngang.

» Vi du 19. (Gidi cAu chuyén mé ddu) Tau troi thang déu, lac 6 giov ¢ A(2; 1), lac 8 gid &
B(6; 4); mbi don vi dai trén man hinh Gng véi 10 km. Tau & dau luc 11 gid va troi voi tée do bao
nhiéu?

Loi giai

Trong 2 gid (tir 6 gid dén 8 gio), tau dich chuyén theo AB = (4; 3), nén mdi gio tau dich chuyén

- 1-2
theo vecto v = EAB = (2;1,5).
—

Lac 11 gio (t =5 gio ké tir 6 gid), vi tri M cua tau thoa min AM = 5 = (10;7,5), nén
M(12;8,5).

Téc do: |9] = \/22 + 1,52 = \/6,25 = 2,5 (don vi dai mdi gid), tirc 14 2,5 - 10 = 25 (km/h).

Vay luc 11 gio tau ¢ vi tri M(12;8,5) va troi voi tdc d6 25 km/h.

. Bai tap luyén tap

Bai 18. Mot tuyén cap quang thang ndi hai tram A(—2; 1) va B(10; 7) (don vi trén cac tryc: km).
Nguoi ta dat hai b khuéch dai tin hiéu M, N chia doan AB thanh ba doan béng nhau (M gﬁn A
hon). Tim toa d6 M, N va d6 dai mdi doan (lam tron dén hang phan tram).
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Bai 19. Mot chit didm O chiu tac dung ciia hai luc F, = (3;4) va F, = (—1;2) (don vi: N). Tinh
d6 16m cua hop luc va tim luc P_'3) can thém vao dé chit diém can béng.

4y

Bai 20. (Van dung) Mot robot hut bui xuat phat tir gdc 0. Mdi 1énh “A” dua robot dich chuyén
theo vecto d@ = (2; 1), mdi 1énh “B” dua robot dich chuyén theo vecto b= (—=1; 3) (hinh v§).

a) Sau 3 1énh “A” va 2 Iénh “B”, robot & vi tri nao?

b) Can bao nhiéu 1énh mdi loai dé robot t6i diém (5; 13)?

Ay

Qy

v

Bai 21. (Van dung cao) Trén man hinh radar ciia mot tram kiém soat hang hai (don vi trén céc tryc:
hai 1i), lac 6 gio tau P & A(0; 0), tau Q & B(20;0). Hai tau chuyén dong thing déu voi cic vecto
van toc vp = (9;5) va vy = (3;3) (don vi: hai li/gio).

sy

104 -
’,/’ ’/’
‘a; ,/” ’/’
L7 tau Q
tau P <
‘AC ’ / ve
- : S |
[ 10 v 30 X

a) Viét toa do vi tri cia mdi tau sau t gio.

b) Tim thoi diém hai tau gan nhau nhét va khoang cach nhé nhat d6 (lam tron dén hang phan
tram).

¢) Hé thong phat canh bao khi hai tau cach nhau duéi 5 hai li. Hé thong c6 phat canh bao khong?

* BAI TOAN DIEM NHAN \

Nhitng bai todn gidu y twong, gdn véi thuc tién hodc doi hoi tong hop nhiéu kién thirc ciia bai. Hay
tw suy nghi truée khi xem 1oi gidi ¢ phan Hudng dan gidi.
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Pi¢m nhéan 1. Tram bom bén bo song. Hai lang A va B nam cung phia mot con song thang. Chon
hé truc Oxy co truc Ox 1a bo song, don vi trén cac truc la kilomét; khi d6 A(1; 2) va B(7; 4). Nguoi
ta x4y mot tram bom tai diém M trén bo song roi dat hai duong dng thang MA, MB dan nudc vé hai
lang.

Lang B

® ninin;

ranga @
®
oo vt

A? §4km
izkm Q Q Q i
T x(km)

o 1 2 3 4 5 6 7 8

a) Néu dat tram bom tai diém P trén bd song cach déu hai lang thi tong chiéu dai dudng dng
PA + PB la bao nhiéu?
b) Tim vi tri M trén bo séng sao cho tong chidu dai dwdng 6ng MA + MB nho nhét. Tinh gia tri
nhé nhét do.
¢) Chi phi 1am duong 6ng 1a 500 triéu dong mdi kilomét. Chon vi tri & cau b thay cho vi tri & cau
a thi tiét kiém dugc khoang bao nhiéu triéu déng (1am tron dén hang don vi)?
Goi y
Cau b: 1iy diém A’ d6i xtng v6i A qua bo song thi MA = MA’ v6i moi M trén bo. Khi nao tong
MA’ + MB nhé nhat?

Pi¢m nhin 2. Hai tam gic chung trong tim. Cho tam giac ABC vé6i A(1; 1), B(7;4), C(4; 10).

A A L2 _— 1= 1=
Trén cac canh BC, CA, AB lan luot lay cac diém M, N, P sao cho BM = EBC’ CN = ECA’
g 1
AP =§AB.
Ay c
N,
B
P
A

a) Tim toa do cac diém M, N, P.
b) Ching minh hai tam giac ABC va MNP ¢6 cung trong tam.
r 1l ,. % —_— — — —_— — —
¢) Thay so §b61 sO k tuy y thudc khoang (0;1): BM = k BC, CN = k CA, AP = k AB. Chung
minh két luan & cau b van ding.
d) Véi cac diém M, N & cau c, tim k dé dudng thing MN song song véi AB.
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Goi y
Cau c: hai tam giac c6 cung trong tam khi va chi khi tong toa do ba dinh cua chiing bang nhau.

Cau d: viét toa do MN theo k rdi dung diéu kién cing phuong.

LUYEN TAP THEO CAU TRUC DE THI

I PHAN I. Cau trac nghiém nhiéu phwong an lwa chon (V6i ciu chi chon mét phwong én.)

CAu 1. Toa d0 cua vecto U = 31— 4] 1a

A. (3;-4) B. (—4;3) C. (3;4) D. (=3;4)
Ciu2.Chod = (2;—1),b = (—=3;4). Toado ciad + b 1a

A. (—1;5) B. (5; -5) C.(—1;3) D. (1; -3)
Cau 3.Choa = (1; —2). Toa do cia —3a la

A. (—3;6) B. (3;6) C.(-3;-6) D. (3; —6)
Cau 4. Cho A(1; 2), B(—3; 5). Toa do ciia AB 1a

A. (4;,-3) B. (—4;7) C.(=2;7) D. (—4;3)
Cau 5. Do dai cua vecto i = (—6;8) 1a

A. 14 B. 10 C.2 D. 100
Céu 6. Cho A(2; —3), B(4; 7). Trung diém ciia AB la

A. (—1;-5) B. (6;4) C.(1;5) D. (3;2)
Cau 7. Cho A(1; 3), B(—2;4), C(4; —1). Trong tam tam giac ABC la

A. (1;2) B. (3; 6) C.(1;3) D. (2:1)
Cau 8. Hai vecto u = (2;m) va ¥ = (—4; 6) cung phuong khi

A.m=3 B.m=-3 C.m=12 D.m=-12
Cau 9. Khoang cach giita hai diém A(—1;2) va B(2;6) 1a

A.7 B. 25 C.\7 D.5
Cau 10. Cho A(1;0), B(3;2), C(4;5). Toa do diém D dé ABCD 1a hinh binh hanh 1a

A. (6;7) B. (2;3) C. (0; -3) D. (2; -3)
Cau11.Cho i = (x + 1;4), ¥ = (3; 2y). Néu i = v thi x + y béng

A.5 B. 3 C. 4 D.6

Céu 12. Mot vat xuat phat tir A(0; 1) chuyén dong thang déu vdi vecto van toc ¥ = (2; 3) (don vi
dd dai: m; van tdc: m/s). Sau 3 gidy vat & diém
A. (2;4) B. (6;9) C. (6;10) D. (6;12)
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I PHAN II. Cau trac nghiém dﬁng sai (0'1115I)3 a), b), ¢), d) chon Dung hoac Sai.)

Caul.Chod = (3;-4),b = (1;2).

Y Ménh dé Pung Sai
a) |a|l=7. ] ]
b) @+ 2b = (5;0). O O
¢)  dvab cing phuong. ] ]
d) Vecto (—6;8) ngugc hudng voi d. O O
Cau 2. Cho A(1;2), B(3; 6), C(5; 2).
Y Ménh dé Diing Sai
)  BA = (2;4). O O
b)  Tam gidc ABC cén tai B. L] L]
¢)  Trong tam tam gidc ABC 1a G (3; 7). O O
d) ABCD la hinh binh hanh khi D(7; 6). O O
Cau 3. Cho A(—2;1),B(1;3) vaM(m; 7).
Y Ménh dé Diing Sai
a) 4B = (3;2). O O
b) A, B, M thang hang khi m = 7. L] L]
¢) Khim = 7, B la trung diém cia AM. O O
d) Khim=7,4M = 34B. O O

Céu 4. Mot ca nd chuyén dong thang déu, lic 7 gio & A(1;2), luc 9 giv ¢ B(9;8) (don vi do dai
trén cac truc: km).

Ay
9 gio

7 gio

v
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Y M¢énh dé Piing Sai
a) | Vecto vén toc (dich chuyén mdi gid) cia cand 1a ¥ = (4; 3). ] ]
b) | Tbéc do cta cand la 10 km/h. O O
¢) Luc 10 gio cand ¢ diém (13;11). O O
d) | Cand dén diém C(17;14) luc 12 gio. O |

| PHAN IIl. Cau tréc nghiém tra 1&i ngén
Cau1.Chod = (1;—-1), b = (2;3), ¢ = (7;3). Biét ¢ = md + nb, tinh m + n.

Cau2. Timm déd = (m; —2) va b = (3; 6) clng phuong.
Dap 56: | | | | |

Dap so: |

Cau 3. Cho A(2;5), B(—1;1), C(5;0). Goi G(a; b) la trong tdm tam giac ABC. Tinh a + b.
Ddp s6: | | | | |

Céu 4. Cho A(2; 3), B(—1;—1). Goi C 1a diém ddi xting voi A qua B. Tinh d6 dai doan thang AC.
Dap 50: | | | | |
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PE KIEM TRA SO 1

TOAN 10 - TRAM TOAN APLUS
BAI 10. VECTO TRONG MP TOA
$510) HO VA B oo Lop: ...
Thoi gian lam bai: 60 phiit Phén I: 0,25 diém/cdu - Phan II: ding 1y 0,1d; 2% 025d: 3y 0,5d: 45 1
d - Phan III: 0,25 diém/cau - Phan IV: 0,75 diém/bai.

Céu triic theo dinh dang dé thi tot nghiép THPT tir nam 2025

| PHAN 1. Trac nghiém nhiéu phwong an lwa chon (12 ciu - 3,0 diém)

Céu 1. Trong mit phang Oxy, toa d6 cua vecto don vi J 1a

A. (0;0) B. (1;0) C.(1;1) D. (0;1)
Céu 2. Vecto U = (—2;5) duge viét 1a

A.51—2] B.-27+5] C.-21-5] D. 27+ 5]
Cau 3. Cho didm M(3; —7). Toa do ciia OM la

A. (3;-7) B.(—3;7) C.(7;-3) D. (-7;3)
Ciu4.Chod = (4;-2),b = (1;3). Toadd cua 2d — b la

A. (7;-1) B. (9; -1) C.(7;-7) D. (3; -5)
Céu 5. Cho A(2; —1), B(—1;3). D6 dai AB béng

A. 25 B.\/5 C.5 D. 3
CAau 6. Vecto nao cung phuong véi a = (1; —3)?

A. (3;1) B. (—2;6) C. (2;6) D. (—1;-3)
Céu 7. Cho A(5; 3), B(—1; —7). Trung diém cta doan AB 1a

A. (6;10) B. (3;5) C. (4;-4) D. (2;-2)
Cau 8. Cho A(0;2), B(3; —1), C(6;5). Trong tam tam giac ABC la

A. (2;3) B. (9; 6) C.(3;2) D. (3;3)
Can9.Choi = (x — 2;3), v = (1;y + 4). Néu 1 = ¥ thi x + y bang

A.2 B. 4 C.6 D. 0
Cau 10. Cho A(1;2), B(3; —2). Piém ddi xtmg véi A qua B 1a

A. (2;0) B. (5;-6) C.(—-1;6) D. (4;0)
Céu 11. Cho A(—1;4), B(5; 1). Piém M thudc doan thing AB sao cho AM = 2MB c6 toa d6 1a

A. (11;-2) B.(1;3) C. (z;g) D. (3;2)

Cau 12. Hai luc P_'l) = (2;3), P_'z) = (4;5) (don vi: N) cung tac dung vao mot vat. B 16n ctua hop
luc la
A.10N B. 14 N C.7N D. 100 N
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| PHAN II. Tric nghiém ding sai (4 cau 4,0 diém)

Ciul.Chod = (2;-1),b = (1;3), ¢ = (7; 0).

Y M¢énh dé Piing Sai
a) d+b=(3;2). O O
b) | |b| = 10. O O
©) é=3d+b. O O
d) Vecto i = (—6;3) cung hudng véi d. ] [l

Cau 2.Cho A(—1;1), B(2;5), C(10; —1).

Y Ménh dé Pung Sai
a) AB=5. ] ]
b)  Tam gidc ABC can tai B. L] [
¢) Tam giac ABC vuong tai B. H H
d) | Dién tich tam giac ABC bang 25. ] [l
Ciau 3. Cho A(1; 2), B(—2;—4), C(m; 6).
Y M¢énh dé Piing Sai
a) AB = (—3;—6). O O
b) | A, B, C thang hang khi m = 3. O |
¢) Khim = 3, A la trung diém cua BC. [l ]
d) | Khim = 3, A nam giira B va C. O O

Cau 4. Trén mit phing toa do (don vi d6 dai: trim mét), mot drone giao hang xut phat tir 0(0; 0),
bay 2 phut véi van tde v; = (3; 4) roi dbi hudng, bay tiép 3 phut véi vén tée v, = (—4; 3) (don vi
van toc: tram mét/phut). Goi B 1a vi tri ctia drone khi két thiic chuyén bay.

Y Ménh dé Pung Sai
a) | Sau 2 phit dau, drone & diém A(6; 8). ] ]
b)  Quing dudng drone bay trong 2 phut dau 1a 1000 m. H H
¢) B(—6;17). O O
d) | Khoang cach tir B &én 0 nho hon 1500 m. O O

| PHAN Ill. Tréc nghiém tra 1&i ngdn (6 ciu 1,5 diém)
Cau 1. Cho d@ = (3; —4). Tinh |—24d.

Dap so: |

APLUS HA NOI 0943.480.099 CHIENMATH.COM Trang 670



TOAN 10 - APLUS Tap 1 - Ban dé va 1o giai

Céu 2. Puong thiang di qua hai diém A(—1;5) va B(3; —3) cit truc hoanh tai diém M (x; 0). Tim x.
Dip s6: | | | | |

— —

Cau 3. Cho A(1; 1), B(4; 2), C(6; 5). Piém M(x; y) thod min MA + MB — MC = 0. Tinh x + .
Dap $6: | | | | |

Cau 4. Tinh chu vi tam giac ABC véi A(1; 1), B(4;5), C(7; 1).
Dap $0: | | | | |

Céu 5. Cho A(1; 1), B(4;5) va diém C(c; 1) v6i ¢ > 1. Tim ¢ dé tam gidc ABC can tai A.
Dap $6: | | | | |

CAu 6. Trén man hinh radar (mdi don vi dai ung voi 4 km), mot tau tuan tra chay thfmg déu: lac 8
gid tau & A(2; 3), lac 8 gio 30 phuat tau & B(5; 7). Toc d cua tau 1 bao nhiéu kilomét/gid?

Ay

8 gic
- gio 30

B

8 giv
3 g

A
6] 2 5

Dap so: | | | | |

PHAN IV. Tw luan (2 bai — 1,5 diém)

Bai 1. Cho A(1;4), B(—2;—-2), C(4; 1).
a) Chung minh A, B, C 1a ba dinh ctia mdt tam giac. Tim trong tdm G cua tam giac.
b) Tim toa d6 diém D dé ABCD 1a hinh binh hanh.
¢) Tim diém M trén truc hoanh sao cho 4, B, M théng hang.

Bai 2. (Van dung) Lic 7 gio, tau P roi cang A(0; 0) voi van toc i = (3; 4); cung lic d6 tau Q roi
cang B(20;0) v6i van tbc W = (—1;4) (don vi d6 dai: km; van tc: km/h). Ca hai tau chuyén dong
thang déu.

a) Tim vi tri hai tau sau 2 gio va khoang cach giita chung khi do.

b) Hai tau c6 gip nhau khéng? Néu co, tim thoi diém va vi tri gip nhau.

¢) Tau nao chay nhanh hon?

— HET —
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PE KIEM TRA SO 2

TOAN 10 - TRAM TOAN APLUS
BAI 10. VECTO TRONG MP TOA
$510) HO VA B oo Lop: ...
Thoi gian lam bai: 60 phiit Phén I: 0,25 diém/cdu - Phan II: ding 1y 0,1d; 2% 025d: 3y 0,5d: 45 1
d - Phan III: 0,25 diém/cau - Phan IV: 0,75 diém/bai.

Céu triic theo dinh dang dé thi tot nghiép THPT tir nam 2025

| PHAN 1. Trac nghiém nhiéu phwong an lwa chon (12 ciu - 3,0 diém)

Cau 1. Toa d0 cua vecto d = —47 la

A. (0; —4) B. (—4;0) C. (—4;—4) D. (4; 0)
Céu 2. Hai vecto 2 = (x; y) va ¥ = (x';y") bang nhau khi va chi khi

A.x=x"vay=y' B.x=y'vay=x'

C.x+y=x'+y D.x?+y?=x"?+y"
Cau3.Chod = (~1;3),b = (2;—5). Toadd cia d + b la

A. (=3;8) B. (1;-2) C.(1;8) D. (=1;2)
Céu 4. Cho diém M(—4;3). Do dai OM bang

A. 1 B.7 C.5 D. 25

Cau 5. Cho A(3; —2), B(—1;4). Toa do ciia BA 1a

A. (—4;—6) B. (—4;6) C.(2;2) D. (4, —6)
Cau 6. Vecto ndo cung huéng voi a = (3; —2)?

A. (3;2) B. (—6;4) C.(2;3) D. (6; —4)
Cau 7. Cho A(4; 1), B(—2;5), C(1; —3). Trong tam tam giac ABC la

A.(3;3) B.(1;1) C.(-1;1 D. (1;3)
Céu 8. Cho A(3; 1) va trung diém cua AB 1a I(1; —2). Toa d6 diém B la

A (z-3) B. (5; 4) C. (-1;-5) D. (-5;—1)

Céu 9. Ba diém A(1; 2), B(2;4), C(m; 8) thang hang khi
A-m=28 B.m=6 Cm=3 D.m=4
Cau 10. Hai vecto u = (m; —3) va ¥ = (2; 1) cung phuong khi

A.m=—§ B.m=6 C.m=—6 D.m=§

Cau 11. Vecto % nguoc hudéng voi d = (3; —4) va c6 d6 dai bang 10 1a
A. (6;—8) B. (—6;8) C.(-3;4) D. (8;—6)

Céu 12. Mot vat chuyén dong thang déu trén mat phing toa do (don vi trén cac tryc: mét). Lic bit
dau quan sat, vat & A(1; 2); sau 2 gidy vat & B(7; 10). Tc d6 cua vat 1a
A.5m/s B. 10 m/s C.7m/s D. 14 m/s
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| PHAN II. Tric nghiém dung sai (4 ciu - 4,0 diém)

Caul.Chod = (1;2),b = (3; -1).

Y Ménh dé Pung Sai
a) 2d+b=(53). O O
b) |d—b|=+5. O O
¢)  dvab cing phuong. ] ]
d) Vecto & = (—1;5) phan tich duge thanh & = 2d — b. O O

Chu 2. Cho A(=3;2), B(1;5), C(4; 1).

Y Ménh dé Diing Sai
a) AB = BC. ] ]
b)  Tam giac ABC vudng tai B. H [l
¢) V6iD(0;—2), t giac ABCD 1 hinh vudng. ] L]
d) | Véi D(0; —2), hai duong chéo cua tir gidc ABCD cit nhau tai [ G ; z) ] ]
Céu 3. Cho A(2; 3), B(—1; —3) va diém M thudc doan AB sao cho MA = 2MB.
Y Ménh dé Diing Sai
)  BA = (-3;-6). O O
b) M(0;-1). L] L]
¢) | M lagiao diém cua duong thang AB véi truc tung. [l ]
d) | Puong thiang AB cit truc hoanh tai N(1;0). ] ]

Céu 4. Mot chit diém O & trang thai can bang dudi tac dung cia ba luc IT": = (1;3), IT"Z =(4;,-1)
va Fs (don vi: N).

Ay

v

F

Y Ménh dé Pung Sai
a) F_'l) + Fz) = (5;2). ]
b) F=(52).

- 1
¢) | Do 16m cua F; bang 7 N.

O O O
O O o o

d) Do 16n hop luc cia F,, F, nho hon |Fl’| + |FZ’|
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PHAN IIl. Trac nghiém tra 1&i ngan (6 ciu— 1,5 diém)
Cau 1. Cho A(=2; 3), B(4; —5). Tinh d6 dai AB.
Dap 562 | | | | |

Ciu2.Chod = (2;—-3), b = (—1;4). Tinh |3d + 2b| (1am tron dén hang phan trim).

CAu 3. Hinh binh hanh ABCD ¢6 A(1; 2), B(5;3) vatam I(4;6). Biét D(a; b), tinh a + b.
Dap 562 | | | | |

Dap so: |

Ciu 4. Timm dé 4 = (m; 4) va ¥ = (9; m) cung hudng.
Dap $6: | | | | |

Céu 5. Cho A(1; 1), B(7;9). Piém M(x; y) thuoc doan AB sao cho AM = 4. Tinh x + y.
Dap $0: | | | | |

Céu 6. Mot thuyén may xuat phat tir 0(0;0). Van tdc riéng cua thuyén (khi nudc dung yén) l1a
v, = (6;2), van tbc ciia dong nudc 1a v, = (—2;1) (don vi van tdc: km/h; don vi d6 dai trén cac
truc: km). Sau 2 gid, thuyén cach O bao nhiéu kilomét?

&)
<V

Dap so: | | | | |

PHAN IV. Tw luan (2 bai — 1,5 diém)

Bai 1. Cho A(1; 1), B(4; 3), C(—1;4).
a) Chiing minh tam gidc ABC vudng can tai A va tinh dién tich cua né.
b) Tim toa d6 tdm I va ban kinh R cta dudng tron ngoai tiép tam giac ABC.
¢) Tim toa d6 diém E sao cho A 1 trong tim clia tam giac BCE.

Bai 2. (Van dung) Mot xe ty hanh & vi tri A(—3; 2) can chay théng vé tram sac S(5; 8) voi toc do
khong d6i 20 km/h (don vi do dai trén cac truc: km).
a) Tinh quing duong va thoi gian xe chay vé t6i tram.
b) Tim vi tri ctia xe sau 12 phut ké tir lac xuat phat.
¢) Trén dudng di, sau bao nhiéu phut ké tir luc xuat phat thi xe di qua diém co tung do bang 5?
Tim toa d6 cua diém do.

Ay tram sac
5
7
7
7
’
7
7
7
]
7
//
A »
@ )
-3 (0] 5
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— HET —
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HUONG DAN GIAI CHI TIET

BAI 10. VECTO TRONG MP TOA PO - Moi bai gom dé va loi gidi ngay bén dudi

BN 191 GlAI BAI TAP CAC DANG TOAN

Dang 1. Toa dd vecto, toa dd diém va cac phép toan

Bii 1. Cho & = (3; 1), b = (—2;4). Tim toa do céc vecto 2d + b, d — 3b va —~b.
Loi gidi

2d = (6;—2)nén2d + b = (6 — 2;—2 + 4) = (4; 2).

3b = (—6;12) nénd — 3b = (3 — (=6); =1 — 12) = (9; —13).

—2b= (-3 2-3-4) = W-D).

Vay 2d + b = (4;2),d — 3b = (9; —13), —%B = (1, -2).

W2 Ny - > - - N ;o N L, T
Bai 2. Tim toa d6 cac diém M, N, biét OM = 37 —jvaON = —2j. Tur d6 tim toa d6 cua MN va
tinh d6 dai MN.
Loi gidi
Toa dd caa mot diém 1a toa d6 cua vecto ndi géc 0 voi diém do.
OM = (3; —1) nén M(3; —1); ON = 07 + (=2)] = (0; —2) nén N(0; —2).
MN = (0—3;-2 — (1)) = (—3; —1), do d6 MN = \/(—=3)% + (—1)% = V10.
Vay M(3; —1), N(0; —=2), MN = (—=3;—1) vi MN = v10.

Bai3.Chod = (2;1), b = (—1;3). Tim toa do clia vecto ¥ thod man 2% — d = 3(5 +X).
Loi gidi

Bién ddi nhu vé6i déng thirc sé: 2% —d = 3b + 3% © % = —d — 3b.

3b=(=3;9) nén ¥ = (-2 — (=3);—1—9) = (1, -10).

Thir lai: 2% — d = (2 — 2, —20 — 1) = (0; —21) va 3(b + %) = 3(0; =7) = (0; —21).
Vay % = (1; —10).

Bai 4. (Van dung) Cho tam gidc ABC véi A(2; 1), B(—1;3), C(4; —2). Tim toa d6 diém D sao cho
AD = 2AB — AC. Chung minh B 1a trung diém cua doan CD.

Loi gidi

AB = (—3;2), AC = (2;—3) nén 248 — AC = (=6 — 24 + 3) = (—8; 7).

Goi D(x;y) thi AD = (x—2;y—1). Toux—2=—-8vay—1=7suyraD(—6;8).

4+(6), —22+8) = (—1;3), chinh la diém B.

Trung diém cua CD 1a (

9 — — — — — — 2

Cach khac (khong can toa do): AD = 2AB — AC & AC + AD = 2 AB, day chinh la dang thuc
trung diém: B 1a trung diém ctia CD.

Viy D(—6; 8) va B 1a trung diém cta CD.

Bai 5. (Van dung) Chod = (2; 1) va b = (1; 1).
a) Bidu didn mdi vecto 7,  theo d va b.
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b) Chirg minh moi vecto % = (x; y) déu bidu dién duogc theo @, b; viét bidu dién do.
¢) Ap dung: phan tich ¢ = (5; —3) theo @, b.

Loi gidgi

a) Dit T=md+nb =

n=-1.Vayi=da—b.

2Cm+nm+n), taco2m+n=1vam+n=0, suyyram=1,

Dit]=pd+qb,taco2p+q=0vap+q=1,suyrap =—1,q =2.VayJ = —d + 2b.

b) u = x?+yf=x(a—5)+y(—&+25) = (x —y)d + (2y — x)b.

) Véi x=5 y=-3 ¢=8d—11b . Thir lai:
8(2;1) —11(1;1) = (16 — 11;8 — 11) = (5; —3).
Vayi=d—b,]=—d+2bvaé=8d—11b. Y nghia: hai vecto khong cing phuong d, b ¢6
thé thay cho 7,  dé biéu dién moi vecto ctia mit phang.

Dang 2. b6 dai vector — Khoang cach — Nhan dang tam giac

Bai 6. Cho il = (—5;12) va d = (m; 3). Tinh ||, |—2%| va tim m dé |d| = 5.
Loi gidgi
|| = /(=5)% + 122 = y/169 = 13.
—21 = (10; —24) nén |—21| = /102 + (—24)2 = /676 = 26, dung bang 2||.
ldl=5©m?+9=25om? =16 © m = +4.
Vay || = 13, |-2i| = 26 vam = 4 hodc m = —4.

Bai 7. Cho A(—2;0), B(4;0), C(1; 2). Chimg minh tam giac ABC can. Tinh cosC va cho biét tam
giac ABC nhon, vuong hay tu. Tinh dién tich tam giac ABC.
Loi gidi
CA? = (-3)?2+(-2)>=13, CB?*=32+(-2)>=13, AB*=6>=36. Vi CA=CB =13
nén tam giac ABC can tai C.
2 2_ 2 —
Theo hé qua cua dinh li cosin: cosC = CA+CH 4B _ 131336 _ _2 - 0, nén goc C tu
2-CA-CB 2-13 13
(€ = 112,6°).

Canh AB nam trén tryc hoanh, AB = 6, dudng cao ha tir C bang |y.| = 2,nén § =

1

6-2=06.
2

Viay tam giac ABC can tai C, tu (tai C) va c6 dién tich béng 6.

Bai 8. (Van dung) Cho tam giac ABC v6i A(5;5), B(—2;4), C(7;1). Tim toa do tdm I va ban kinh

R cua dudng tron ngoai tiép tam giac ABC.

Loi gidi

Goi I(x; y). Tam dudng tron ngoai tiép cach déu ba dinh: 1A% = IB? = IC?.

IA2=1B?© (x—5)?%+(y—-5)?2=x+2)2+(y—-4)?*e -14x—-2y+30=0<7x+y =15

IA2=IC2 (x—-5)?2+(y-5)2?=x-7)?+(@y-1)?e4x—-8y =0 x =2y.
Thay x =2y vao 7x+y=15: 15y =15, nén y=1, x=2 . Do do I(2;1) va
R=1A=+3?+4%=5.
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4

\

Kiém tra: IB = \/(—4)2+ 32 =5,IC =52+ 02 = 5. Vay I(2;1) vaR = 5.

Bai 9. (Van dung) Cho A(1;2), B(4;4). Tim didm M trén truc hoanh sao cho |1\T4’ + MB | nho
nhét va tinh gia tri nho nhat 6.
Loi gidi
Vi M thudc truc hoanh nén M(x;0). Ta cé M4 = (1-x;2), MB = (4—x;4), suy ra
—_— —
MA + MB = (5 — 2x;6).
— — X :
Do d6 |MA + MB| = /(5 —2%)% + 36 = /36 = 6; diu “="xdy rakhi 5 — 2x = 0, tirc 1a x =

N |0

Y nghia hinh hoc. Goi I (5; 3) la trung diém ctia AB thi MA + MB = 2 MI. Tong nho nhat khi M1
nho nhat, tirc 1a khi M 13 hinh chiéu vudng goc cuia I trén tryc hoanh.

Ay
B

o M

x

A 5 8 02 as e ik 2 T A o sl s
Vay M (E; 0) va gia tri nho nhat cia |MA + MB| bang 6.

Dang 3. Hai vecto’ cling phwong — Ba diém thang hang

Bai 10. Timm dé 1 = (m; 2) va ¥ = (8;m) cung phuong. Vi mdi gia tri tim dugc, cho biét hai
vecto cung hudng hay ngugc hudng.
Loi gidi
Hai vecto cing phuong © m-m—8-2=0 m? =16 © m = 4 hoic m = —4.
Véim = 4:u = (4;2), v = (8;4) = 2u; vi 2 > 0 nén hai vecto ciing huéng.
Véim=—4:u = (—4;2),v = (8;,—4) = —2u; vi —2 < 0 nén hai vecto nguoc hudng.
Vay m = 4 (cung hudng) hodc m = —4 (ngugc hudng).
Bai 11. Cho A(1; —2), B(3;2). Tim diém C trén truc tung sao cho 4, B, C thang hang.
Loi gidi
Vi € thudc truc tung nén C(0; y). Ta co AB = (2;4), AC = (=1;y + 2).
g 9 A T —1=2k 5 3 A 1
A, B, C thang hang © AC = kAB & {y+2 — 4k Tu phuong trinh dau, k = —5; suy ra

y+2=-=-2,taclay = —4.
Vay C(0; —4).
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Bai 12. (Van dung) Cho A(1;1), B(m; 3), C(9; m). Tim m dé A, B, C thang hang. V&i mdi gia tri
ctia m, cho biét diém nao nam giita hai diém con lai.
Loi gidgi
AB = (m—1;2) , AC =(8;m—1) . Ba diém thang hang
e(m-1)(m-1)-8-2=0(m—-1)2=16 © m =5 hoicm = —3.
Véim =5: B(5;3), C(9;5), AB = (4;2), AC = (8;4) = 2 AB. Vay B la trung diém cta AC,
nén B nam giira A va C.

. — — — .
Véi m = —-3: B(—3;3), C(9;-3), AB = (—4;2), AC = (8;—4) = —2 AB. Hai vecto ngugc
hudng nén A nam giita B va C.
Vay m = 5 (B nam giira) hodc m = —3 (4 nam giira).

Bai 13. (Van dung cao) Cho A(3;1), B(5;2). Tim diém M trén truc hoanh sao cho |MA — MB|
16n nhét va tinh gia trj 10n nhat do.

Loi gidi

Vé&i moi diém M, theo bat dang thic tam giac: |[MA — MB| < AB; dau “=" xay ra khi va chi khi
M, A, B thang hang va M nam ngoai doan AB.

A, B ¢6 tung d6 duong nén nam cung phia ddi véi truc hoanh; giao diém ciia duong thang AB véi
truc hoanh (néu c6) luén nam ngoai doan AB.

Goi M(x;0) . AB=(21) , AM=(x—3;-1) . A , B , M thing hang
©x-3)'1-2-(-1)=0ex=1.Vay M(1;0).

Olf/M N X

Khi d6 [MA — MB| = AB = /22 + 12 = /5. Vi diém N khac M trén truc hoanh, tam gidc NAB
khong suy bién nén |[NA — NB| < AB.
Vay M(1; 0) va gié tri 1on nhét cua |MA — MB| 1a+/5.

Dang 4. Trung diém, trong tam, dinh hinh binh hanh

Bai 14. Cho A(3; —1), B(—1;5), C(4;2). Tim toa d9 trung diém M cta BC, trong tdm G cia tam
giac ABC va dinh D ctia hinh binh hanh ABCD.
Loi gidi
2 \ ) —1+4 5+2\ _ (3 7
Trung diem M cua BC: M( S ) = (2,2).
3+(=1)+4 —145+2\ _ ..
=) = (22).
— — g
AB = (—4;6), AC=(1;3) va(—4)-3—6-1=—-18+ 0 nén A, B, C khong thang hang.
ABCD 13 hinh binh hanh & AD = BC = (5;—3) © xp —3 =5viyp + 1 = =3 & D(8; —4).
A 3.7 \
Vay M (5;5), G(2:2) va D(8; —4).

Trong tam G: G (
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Bai 15. (Van dung) Tam giac ABC ¢6 M(1;2), N(3; —1), P(—2;4) lan luot 13 trung diém cua cac
canh BC, CA, AB. Tim toa d6 cac dinh A, B, C.

Loi gidai
. —_— 11— —
MN la duong trung binh ctua tam gidc ABC nén NM = 3 B = AP. Do d6 APMN la hinh binh
hanh (hinh v¢).
Ay
B
PSS
AT i
0 y .
N
c

T AP = NM suy ra Xg=Xy+xp—xy=3+(-2)—1=0 va
Ya=Yn+Yp—Vu=—-1+4—-2=1,tacla A(0; 1).

P la trung diém ctua AB nén B(2xp — x4;2Yp — Va) = (—4; 7). N 1a trung diém cua AC nén
C(2xy — 245 2yn — ya) = (6; =3).
Thir lai: trung diém cua BC 1a (%Jre; 7+(23)

Vay A(0; 1), B(—=4;7), C(6; —3).

) = (1,2), dang 1a diém M.

Bai 16. (Van dung) Tam gidc ABC c6 A(1;5), trong tdm G (2; 1); dinh B nam trén tryc hoanh, dinh
C nam trén duong thang y = x. Tim toa d6 B va C.

Loi gidi

Vi B thudc truc hoanh nén B(b; 0); vi € thudc dudng thang y = x nén C(c; ¢).
1+b+c=3-2@{b+c=5®{b=7 .
5+40+c=3-1 c=-2 €= =2

Kiém tra A , B , C khong thang hang: AB =(6;-5) , AC=(-3;-7) va
6:-(-7)—(-5)-(-3)=-57=«#0.

Vay B(7;0) va C(—2;—2).

G 1a trong tdm tam giac ABC nén {

Bai 17. (Van dung) Hinh binh hanh ABCD ¢6 A(2; 3), C(4; —1); dinh B nam trén tryc hoanh, dinh
D nam trén truc tung. Tim toa d§ B, D va tinh chu vi hinh binh hanh.

Loi gidi

Hai duong chéo cta hinh binh hanh cit nhau tai trung diém ctia mdi dudng. Trung diém cia AC 1a
1(3; 1).

B(b; 0), D(0; d) va I la trung diém ctia BD nén 222 = 3, %%

=3, Td = 1, tirc 1a B(6; 0), D(0; 2).
Kiém tra A , B , C khong thing hang: AB = 4;-3) , AC = (2;,-4) va
4.-(—4)—(-3)-2=-10 % 0.

AB =42+ (-3)2=5 , AD=.(-2)?+(-1)2=+5 , nén chu vi bing
2(AB + AD) = 10 + 21/5 ~ 14,47.

Vay B(6;0), D(0; 2) va chu vi hinh binh hanh bang 10 + 2+/5.
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Dang 5. Bai toan thwec té: chuyén dong, lwc, chia doan thang

Bai 18. Mot tuyén cap quang thang ndi hai tram A(—2; 1) va B(10; 7) (don vi trén cac tryc: km).
Nguoi ta dat hai bo khuéch dai tin hiéu M, N chia doan AB thanh ba doan b?mg nhau (M gﬁnA
hon). Tim toa dd M, N va do dai mdi doan (Iam tron dén hang phﬁn tram).

Loi gidgi

- 1 - 1= 2

AB = (12;6). ViAM = MN = NB = EAB nén AM = EAB = (4;2) va AN = EAB = (8;4).
SuyraM(—2+4;1+2)=(2;3)vaN(—-2+8;1+4) = (6;5).

D6 dai mdi doan: AM = V42 4 22 = /20 = 25 ~ 4,47 (km).

Vay M(2;3), N(6; 5) va mdi doan dai khoang 4,47 km.

Bai 19. Mot chét diém O chiu tac dung cta hai lyc IT": =(3;4) va 172) = (—1;2) (don vi: N). Tinh
d6 16n cua hop luc va tim luc F; can thém vao dé chit diém can béng.

4y

v

Loi gidgi
- - b d
Hopluc: F =F, +F, = 3+ (—-1);4+2) = (2;6).
D6 16n cta hop luc: |F| = V22 + 62 = V40 = 2v/10 ~ 6,32 (N).
2 om S = T T T - >
Chat diém can bang khi F; + F, + F3 = 0, tuc la F3 = —F = (—2;—6).
Vay hop luc c6 d6 1on 2v10 ~ 6,32 Nva Fs = (—2; —6).

Bai 20. (Van dung) Mot robot hat bui xuat phat tir gdc 0. Mdi 1énh “A” dua robot dich chuyén
theo vecto @ = (2; 1), mbi 1énh “B” dua robot dich chuyén theo vecto b= (—=1; 3) (hinh vé¢).

a) Sau 3 1énh “A” va 2 Iénh “B”, robot & vi tri nao?

b) Cén bao nhiéu 1énh mdi loai dé robot t6i diém (5; 13)?

Ay

@]
Qy

v

Loi gidgi

Sau nhiéu 1énh, robot dich chuyén theo téng cac vecto tuong tng; thir tu thuc hién cac 1énh khong
anh huong dén vi tri cudi cling.

a) 3d + 2b = (6;3) + (=2; 6) = (4;9). Robot xuat phat tir O nén dimg & diém (4;9).

b) Goi m, n lan lugt 1a sé 1énh “A” va s lénh “B” (m, n 1a s tu nhién). Can co

ma + nb = (5; 13), tic 1a {1an+_32 i i3-
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Tir phuong trinh dau, n = 2m — 5. Thay vao phuong trinh sau: 7m — 15 = 13 & m = 4, suy ra
n = 3.
Vay can 4 1énh “A” va 3 1énh “B”.

Bai 21. (Van dung cao) Trén man hinh radar ciia mot tram kiém soat hang hai (don vi trén céc truc:
hai 1i), lac 6 gio tau P & A(0;0), tau Q & B(20; 0). Hai tau chuyén dong thang déu vdi cac vecto
van toe vp = (9;5) va vy = (3;3) (don vi: hai 1i/gi0).

4y
104
’/’// ,/”
\7 ’//, /,/ N
/ s
tau P Z
A B / Ron
Q

= ‘ 2 A

g 10 30 X

a) Viét toa d6 vi tri cia mdi tau sau t gio.
b) Tim thoi diém hai tu gan nhau nhét va khoang cach nhé nhat d6 (lam tron dén hang phan
tram).

¢) Hé thong phat canh bao khi hai tau cach nhau duéi 5 hai li. Hé thong c6 phat canh bao khong?
Loi gidgi
a) Sau t gio (t = 0), tau P & P, v6i AP, = t vp, tirc 1a P,(9¢t; 5t); tau Q & Q¢ v6i BQy = t vy, tiic
la Q.(20 + 3¢; 3¢t).
b) P,Q, = (20 — 6t; —2t) , nén
P.Q? = (20 — 6t)? + 4t% = 40t — 240t + 400 = 40(t — 3)% + 40 > 40.
Dau “=" xay ra khi t = 3. Vay hai tdu gin nhau nhat lac 6 + 3 = 9 (gio), khi d6 P3(27;15),
Q5(29; 9) va khoang cach bang V40 = 210 ~ 6,32 (hai li).
¢) Khoang cach giita hai tau luén khong nhé hon 6,32 hai 1i > 5 hai li, nén hé thong khong phat
canh bao.
Nhdn xét. Khoang cach ban dau 1a 20 hai li, giam dan dén 6,32 hai i lac 9 gio roi ting trd lai. Chi
so sanh vi tri ctia hai tau & vai thoi diém rdi rac thi d& bo sot thoi diém nguy hiém nhat.
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* LO'1 GIAI BAI TOAN PIEM NHAN ‘

Pi¢m nhén 1. Tram bom bén bo song. Hai lang A va B nam cung phia mot con séng thang. Chon
hé truc Oxy c6 truc Ox 1a bo song, don vi trén cac truc 1a kilomét; khi d6 A(1; 2) va B(7;4). Nguoi
ta x4y mot tram bom tai diém M trén bo song roi dat hai duong dng thang MA, MB dan nudc vé hai
lang.

Lang B

e gy

Lang A ’
?
L e

AT §4km
we ¥ @
R I A 1
o 1 2 3 4 5 6 7 8

SONG

a) Néu dat tram bom tai diém P trén bd song cach déu hai lang thi tong chiéu dai duong 6ng
PA + PB la bao nhiéu?
b) Tim vi tri M trén bo séng sao cho tong chidu dai dwdng 6ng MA + MB nho nhét. Tinh gia tri
nhd nhét d6.
¢) Chi phi 1am duong 6ng 1a 500 triéu dong mdi kilomét. Chon vi tri & cau b thay cho vi tri & cau
a thi tiét kiém dugc khoang bao nhiéu triéu dong (1am tron dén hang don vi)?
Loi gidgi
a) P(x; 0) cachdéu AvaB: (x —1)? +4 = (x — 7)?> + 16 © 12x = 60 © x = 5, nén P(5;0).
Khi 46 PA = PB = \/42 + 22 = /20, nén PA + PB = 2120 = 4V/5 ~ 8,944 (km).
b) Goi A’(1; —2) 1a diém d6i xtng v6i A qua truc Ox. V&i moi M trén truc Ox, truc Ox 1a dudng
trung tryc ciia AA' nén MA = MA'. Do 346 MA + MB = MA' + MB > A'B.
Dau “=" xay ra khi M nam trén doan A’B (diéu nay thuc hién dugc vi A’ va B nam khac phia ddi
— — —
voi Ox ). Goi M(x;0) : AB=(6;6) , A'M =(x—1;2) cung phuong vé6i A'B
©6(x—1)—-6-2=0x=3.

séng

Vay M(3;0) va gid tri nho nhit 1a A'B =62 + 62 = 64/2 ~ 8,485 (km). Kiém tra:
MA =22 + 22 = 24/2, MB = V42 + 4% = 4/2, téng bing 6+/2.

¢) Puong 6éng ngin hon 4v5—6v2 =~ 0,459 (km). S& tién tiét kiém dugc la
500(4V5 — 6v/2) ~ 229,495 (tri¢u ddng), lam tron dén hang don vi dugc 229 trigu dong.
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Vay nén dat tram bom tai M (3; 0), cach chan duong vudng goc ha tir lang A xudng bo song 2 km
vé phia lang B.

Nhan xét — Mo rong

Pinh luit phin xa anh sang. Tai M(3;0), hai ng MA, MB cung tao véi bd séng goc 45° (vi
MA = (—=2;2), MB = (4; 4)). Bay chinh la duong di cua tia sang tir A phan xa trén guong Ox tGi
B: 4anh sang luén “chon” dudng ngin nhat (nguyén 1i Fermat).

Sai JAm thwong gip: cho rang diém cach déu hai lang 1 diém t6t nhat. Piém cach déu chi 1am
hai 6ng dai bang nhau; cau ¢ cho thay né tén hon khoang 459 m ong.

Mé rong. Néu hai lang & hai bén bo song (chang han 6ng dan khi di ngdm dudi 1ong song) thi
khong can lay dbi ximg: M 1a giao diém cua doan AB véi bo. Con khi mudn |MA — MB| 16n nhat,

ta lai tim giao diém cua duong théng AB véi truc, nhu ¢ bai tdp Van dung cao ctia Dang 3.

Di¢m nhin 2. Hai tam gidc chung trong tim. Cho tam giac ABC vé6i A(1; 1), B(7;4), C(4; 10).
A 4 . & —_— 1= 1=

Trén cac canh BC, CA, AB lan luot lay cac diem M, N, P sao cho BM = ;BC, CN = ECA’

— 1

AP = ;AB.

Ay

v

a) Tim toa do cac diém M, N, P.
b) Chirng minh hai tam giac ABC va MNP c6 cung trong tam.

c1. .. ¢ — — — —_— — —
¢) Thay so §b61 sO k tuy y thudc khoang (0;1): BM = k BC, CN = k CA, AP = k AB. Chung
minh két luan & cau b van ding.
d) Véi cac diém M, N & cau c, tim k dé dudng thing MN song song véi AB.

Lai gidi

a) BC = (—=3;6), CA = (=3; —9), 4B = (6; 3). Do do:
—_— 1=

—-BM =-B( = (—=1;2), suy ra M(6; 6);

_CN = %a = (—1;-3),suyra N(3;7);

_AP = %A_B) = (2;1), suyra P(3;2).

147+4 1+4+1

b) Trong tam tam giac ABC : G(T, .
(6+3+3_6+7+2
3 7 3

)= (4;5) . Trong tam tam giac MNP :

) = (4;5). Hai trong tam trung nhau.
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Ay

X

O
c)Tacod xy = x5 + k(xc — x5), xy = xc + k(x4 — x¢), xp = x4 + k(xg — x,). COng lai:

xM +xN +xP :xA +xB +xC +k[(xc_x3) + (xA —XC) + (xB —XA)] - xA +xB +xc.
Tuong tu yy + Yy +¥p = V4 +¥p + Y. Vay voi moi k, tam giac MNP c6 cung trong tam
G(4; 5) voi tam giac ABC (két qué dung voi moi tam giac, khong phu thude toa do cu thé).

d) M(7 — 3k;4 + 6k), N(4 — 3k; 10 — 9k), nén MN = (—3;6 — 15k). Puong thang MN song
song voi AB thi MN cung phuong véi AB = (6;3)
(—3)-3—6(6—15k) = 0 © 90k = 45 © k =~

vor — Lo (L. 5
Véik =2 M (557), N (3
trung voi AB.
Vay k = %; khi d6 MNP 1a tam gidc trung binh cta tam giac ABC.

,%) 1a trung diém ctia BC, CA, va MN la dudng trung binh nén khong

Nhan xét — Mo rong

Loi giai bing vecto (khéng cin toa d9). V4i G 1a trong tAm tam gidc ABC :

—_— = = — = = — = — - - -

GM + GN + GP = (GA+GB+GC)+k(BC+CA+AB) =0+k-0=0,nén G ciing 14 trong

tam tam giac MNP.

Mé rong. Khi k thay d6i, tam giac MNP “xoay” bén trong tam giac ABC nhung trong tam ludn

dung yén. Dién tich cua né thi thay do6i: goi S 1a dién tich tam gidc ABC. Vi AP =k - AB va

AN = (1—k)-AC nén Sypy =2 AP - AN - sind = k(1 — k) -3 AB - AC - sinA = k(1 — k)S.

Tuong tu Sgyp = Scym = k(1 — k)S. Ba tam giac nay cung véi tam giac MNP ghép thanh tam
2

gidc ABC, nén Synp = S — 3k(1 — k)S = (1 — 3k + 3k?)S = [3 (k - %) + ﬂ S.

Vi k = 7 duge Syyp =55 (voi s6 ligu clia bai: S = 22,5 va Syyp = 7,5). Dién tich tam gidc

MNP nhé nhét, bang %S ,khik = %z dung 1a truong hgp tam giac trung binh ¢ cau d.

LOT GIAI LUYEN TAP THEO CAU TRUC BE THI

| PHAN 1. Tric nghiém nhiéu phwong an Iwa chon
Céu 1. Toa d0 cua vecto u = 31— 4 1a
A. (3;—4) B. (—4;3) C.(3;4) D. (—3;4)
Loi gidi
Theo dinh nghia, ## = xT+ yJ © % = (x; y): hoanh d6 1a hé s6 cua 7, tung do 1a hé s6 cua J. Voi
U=31—4)tacou = (3;—4).
Chon dap an A.
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Chu2.Chod = (2;—1),b = (—3;4). Toadd ciiad + b 1a
A. (—1;5) B. (5;-5) C.(—1;3) D. (1;-3)
Loi gidi
Cong céc toa do twong tng: d + b = (2 + (—=3); =1 + 4) = (=1;3). (Vecto (5;=5) lad — b.)
Chon dap an C.

Cau 3. Cho a = (1;—2). Toa do cua —3d la
A. (—3;6) B. (3;6) C.(—3;-6) D. (3; —6)
Loi gidgi
Nhan s6 —3 véi timg toa do ctia d: —3d = (=3 - 1; -3 (=2)) = (=3;6).
Chon dap an A.

Cau 4. Cho A(1; 2), B(—3;5). Toa do cia AB 1a
A. (4;-3) B. (—4;7) C.(—2;7) D. (—4;3)
Loi gidi
Toa do cua vecto bang toa d0 diém cudi trir toa do diém dau (“ngon trr goc”):
AB = (=3 —1;5—2) = (—4;3). Vecto (4; —3) Ia BA.
Chon dap an D.

Cau 5. Do dai cua vecto U = (—6;8) 1a
A. 14 B. 10 C.2 D. 100

Loi gidgi

|i| = /(—6)2 + 82 = /36 + 64 = /100 = 10.

Chon dap an B.

Céu 6. Cho A(2; —3), B(4; 7). Trung diém ciia AB la
A. (—1;-5) B. (6;4) C.(1;5) D. (3;2)
Loi gidi
Trung diém I ctia AB ¢6 x; = % =3,y =22

Chon dap an D.

=2.VayI(3;2).

S =

Cau 7. Cho A(1; 3), B(—2;4), C(4; —1). Trong tam tam giac ABC la

A. (1;2) B. (3;6) C.(1;3) D.(2;1)
Loi gidi
o= DT _ gy =3O 5 Vay trong tam 13 G(1; 2).

3
Chon dap an A.

3

Cau 8. Hai vecto u = (2;m) va ¥ = (—4; 6) cung phuong khi

A.m=3 B.m=-3 C.m=12 D.m=-12
Loi gidi
Vi % # 0 nén i, ¥ cing phuong khi va chi khi ¢6 sb k sao cho @ = k¥, tc 1a 2 = —4k va

m = 6k;suyrak = —%,m = —3.Khid6 v = (—4;6) = —2u.
Chon dap an B.
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Cau 9. Khoang cach giita hai diém A(—1;2) va B(2; 6) l1a
A.7 B. 25 C.\7 D.5

Loi gidi

AB = (3;4) nén AB = /32 + 42 = /25 = 5.

Chon dap an D.
Céu 10. Cho A(1;0), B(3;2), C(4;5). Toa do diém D dé ABCD 1a hinh binh hanh 1a

A. (6;7) B. (2;3) C. (0; -3) D. (2; -3)
Loi gidi
— — o
AB = (2;2) va AC = (3;5) khong cung phuong nén A, B, C khong thang hang.
ABCD 13 hinh binh hanh & 4D = BC = (1;3) ©® xp — 1 = 1 va yp — 0 = 3 & D(2;3). (Piém
(6; 7) tng véi hinh binh hanh ABDC, khong phai ABCD.)
Chon dap an B.

Cau11.Cho i = (x + 1;4), ¥ = (3; 2y). Néu 1 = v thi x + y béng
A.5 B.3 C.4 D.6
Loi gidi

Uu=voex+1=3vad=2ysx=2vay=2Dodox+y=4.
Chon dap an C.

Cau 12. Mot vat xuat phat tir A(0; 1) chuyén dong thiang déu véi vecto van toc ¥ = (2; 3) (don vi
d6 dai: m; van tdc: m/s). Sau 3 giay vat o diém
A. (2;4) B. (6;9) C. (6;10) D. (6;12)
Loi gidi
. - R . -_— - o -_— -

Sau t giay vat ¢ diém M véi AM=tv . Vé6i t=3 : AM=3v=(6;9) , nén

M(0 + 6;1+9) = (6; 10). (Piém (6;9) 1a két qua khi quén cong toa d cia diém xuit phat.)

Chon dap an C.

| PHAN II. Tric nghiém ding sai
Cau1.Chod = (3;—4), b = (1;2).

Y Ménh dé Piing Sai
a) |d|=7. v
b) G+ 2b = (5;0). v
¢)  dvab cing phuong. v
d) Vecto (—6; 8) nguoc huéng voi d. v

Loi gidi

a) Sai. |d| = /32 + (—4)2 = /25 = 5 # 7. $6 7 1a két qua cua phép cong nhim 3 + 4 thay cho
cong thtc tinh d6 dai.

b) Piing. 2b = (2;4) nén d + 2b = (3 + 2; -4 + 4) = (5; 0).

¢) Sai. Néub = kd thi 1 =3k va2 = —4k, tic lak = %Vé k = —%: v6 1i. Vay @, b khong cling
phuong.

d) Pung. (—6;8) = —2(3; —4) = —2d v6i —2 < 0 nén vecto (—6; 8) nguoc hudng vdi d.
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Cau 2. Cho A(1; 2), B(3;6), C(5;2).

Y Ménh dé Diing Sai
a) BA = (2;4). v
b) Tam giac ABC cén tai B. v
A . \ 10
¢) Trongtam tam giac ABC 1a G (3; ?). v
d) ABCD la hinh binh hanh khi D(7; 6). v
Loi gidi

— —
a)Sai. BA=(1-3;2—-6) = (—2; —4); vecto (2;4) 1a AB.
b) Piing. BA = \/(=2)2 + (—=4)? = V20, BC = /(5 — 3)2 + (2 — 6)% = v/20. Vi BA = BC nén
tam giac ABC can tai B.
1+3+5 24642 10 . .10

3 =3 Y= 3 —?.VayG(B, 3)'
d) Sai. AB = (2;4), AC = (4; 0) khong cung phuong nén A, B, C khong thing hang. ABCD 1a
hinh binh hanh & AD = BC = (2; —4) & D(1 + 2; 2 — 4) = (3; —2). Piém (7; 6) tng v6i hinh
binh hanh ABDC, khéng phai ABCD.

¢) bung. x; =

Céu 3. Cho A(=2;1), B(1;3) va M(m; 7).

Y Ménh dé Diing Sai
a) 4B = (3;2). v
b) A, B, M thang hang khi m = 7. v
¢) Khim = 7, B la trung diém ctia AM. v
d) Khim=7,4M = 34B. v

Loi gidi

a) Ping. AB = (1 — (=2);3 - 1) = (3;2).

— 2 — —
b) Pung. AM = (m +2;6). A, B, M thang hang © AM = kAB © m+ 2 =3k va 6 = 2k
>k=3m=17.
¢) Sai. V6im = 7: M(7;7), trung diém cia AM 13 (
phai trung diém ctia AM.

. — —

d) Péing. Véim = 7: AM = (9;6) = 3(3;2) = 3 4B.

= (3;4) # B(1;3). Vay B khong

—2+7_1+7)
2 2
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Céu 4. Mot ca nd chuyén dong thang déu, lic 7 gio & A(1;2), luc 9 giv ¢ B(9;8) (don vi do dai
trén cac tryc: km).

Ay

gl 9 givr .
2__A
7 givy

o 1 5
Y Mg¢nh dé Diing Sai
a) | Vecto van toc (dich chuyén mdi gid) cia cand 1a o = (4; 3). v
b) Tbc dd cia cand la 10 km/h. v
¢) Luc 10 gio cand ¢ diém (13;11). v
d) | Canod dén diém C(17;14) luc 12 gio. v

Loi gidi

a) Pung. Trong 2 gid (tir 7 gio dén 9 gio), ca nd dich chuyén theo AB = (8;6), nén mdi gid dich
chuyén theo ¥ = %A_B) = (4;3).

b) Sai. AB = (8;6) nén trong 2 gio (tr 7 gid dén 9 gid) ca ndé di duoc quing dudng
AB = +/82 + 62 = 10 (km). Téc do cua ca nd 1a 10: 2 = 5 (km/h), khong phai 10 kmv/h: 10 km 1a
quang duong di trong 2 gio.

¢) Pung. Lic 10 gio, ca nd di chay 3 gid ké tir A: vi tri M thoa min AM = 3% = (12;9), nén
M(1+12;2+9) = (13;11).

d) Sai. AC = (16; 12) = 4% nén ca nb dén C sau 4 gior ké tir 7 gio, tic 1 lac 11 gior (khong phai
12 gio).

| PHAN IlI. Tréc nghiém tra 1&i ngén

Caul.Chod = (1;—-1), b = (2;3), ¢ = (7;3). Biét ¢ = md + nb, tinh m + n.
Loi gidi

m+2n=7

) ) -m+3n=3

Cong ve theo vé hai phuong trinh: 5n = 10, suyran=2vam=7 — 2n = 3.
Thir lai: 3d +2b = (3 + 4; -3+ 6) = (7;3) = . Dodé m + n = 5.

Pip s6: 5

md +nb = (m + 2n; —m + 3n),nén{

Ciu2. Timm déd = (m;—2) va b = (3; 6) cling phuong.
Loi giGi
Vi b = (3;6) # 0 nén @ cung phuong véi b khi va chi khi ¢6 sé k sao cho @ = kb, tirc 1a
m = 3k va —2 = 6k.
Tit—2 =6k suyrak = —3,dodom =3-(—3) = -1
y 3’ 3 )
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Kiémtra: d = (—=1; =2) = —%l—;
Pap s6: -1

Cau 3. Cho A(2;5), B(—1;1), C(5;0). Goi G(a; b) la trong tam tam giac ABC. Tinh a + b.
Léi gidi

a=x6=@=2,b=y6=5+;+0=2.
Do d6 G(2;2) vaa+ b = 4.
Pap s6: 4

Céu 4. Cho A(2; 3), B(—1; —1). Goi C 1a diém d6i xtng voi A qua B. Tinh d6 dai doan thang AC.
Loi gidi

B 14 trung diém ctia AC nén C(2xp — x,4; 2yp — Va) = (—4; —5).

AC = (—6;—8), do d6 AC = \/(—6)% + (—8)% = 10.

Céch khac: AC = 2AB = 2,/(—3)? + (—4)2 = 10.

Pap so: 10
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n PAP AN VA LOI GIAI BE KIEM TRA SO 1

Tap 1 - Ban dé va 1oi giai

». Bang dap an nhanh

Cau 1 2
bép an D B
Cau
1
2
3
4
Cau 1
Pap s6 10

3
A

a)

vABvVERUER )

2
1,5

4
C

b)

wn

-3

| PHAN 1. Trac nghiém nhiéu phwong an Iwa chon

Céu 1. Trong mit phang Oxy, toa d6 cua vecto don vi J la

A. (0;0) B. (1;0)

Loi giai

C.(1;1D

16

v T 9 wn

D. (0;1)

7=0-T+1-7nénj= (0;1); con (1;0) la toa dd ciia T va (0; 0) 1a toa d cua 0.

Chon dap an D.

Céu 2. Vecto 1 = (—2;5) duge viét 1a

A.51—2f B. 20+ 5]

Loi gidi

Theo dinh nghia toa dd cia vecto: U= (x;y) ©uUu=xi+Yyj.

U =—21+5].
Chon dap an B.

C.—-21—5]

.2 -_—
Cau 3. Cho diém M (3; —7). Toa d6 cia OM la
A.(3;-7) B. (~3;7)

Loi gidi

Toa do cua diém M chinh 1a toa do ctia vecto OM: OM = (3 — 0; =7 — 0) = (3; =7).

Chon dap an A.

C.(7;-3)

— —

Ciu4.Chod = (4;-2),b = (1;3). Toadd cua 2d — b la
A. (7;-1) B. (9;-1)

Loi giai

C.(7;,-7)

D. 27+ 5]

11

12

40

Véi U =(—2;5) ta co

D. (-7;3)

D. (3; -5)

2d = (8;—4)nén2d—b = (8 — 1;,—4 — 3) = (7;=7). (Vecto (%, —1) 1a 2d + b.)

Chon dap an C.

Céu 5. Cho A(2; —1), B(—1;3). D6 dai AB béng

A. 25
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Loi gidi
AB = (~1-2;3 - (—1)) = (=3;4) nén AB = /(=3)Z + 42 = /25 = 5.
Chon dap an C.

Cau 6. Vecto nao cung phuong véi d = (1; —3)?
A.(3;1) B. (—2;6) C.(2;6) D. (—1;-3)
Loi gidi
Ta ¢ _TZ = _% = —2 nén (—2;6) = —24, tc la vecto (—2; 6) cung phuong voi d.
Ba vecto con lai khong cting phuong véi d vi ti s6 cac toa do khong bang nhau: % * _i3; % * _%;
SO
1 -3

Chon dap an B.

Céu 7. Cho A(5; 3), B(—1; —7). Trung diém ctia doan AB 1a
A. (6;10) B. (3;5) C.(4;-4) D. (2;-2)
Loi gidgi
Trung diém I cta AB: x; = 5+(2_1) =2,y

Chon dap an D.

__3+(=7) _
===

—2.Vay I(2; -2).

Cau 8. Cho A(0; 2), B(3;—1), C(6;5). Trong tdm tam giac ABC la

A. (2;3) B. (9;6) C.(3;2) D. (3;3)
Loi gidi
xg =520 = 3,y = 2D 2 2 Viy trong thm 12 G (3; 2).

Chon dap an C.

Can9.Choi = (x — 2;3), v = (1;y + 4). Néu 1 = ¥ thi x + y bang
A.2 B. 4 .6 D.0
Loi gidi
Uu=vex—2=1va3=y+4ox=3vay=—-1.Dodox+y=2.
Chon dap an A.

a

Céu 10. Cho A(1;2), B(3; —2). Piém ddi xtng véi A qua B 1a

A. (2;0) B. (5;—6) C.(—1;6) D. (4;0)
Loi gidi
Goi A" 1a diém d6i xtmg voi A qua B thi B 1a trung diém cua AA
Xg=2Xp—X4=2-3—1=5,y,, =2y —ya=2-(=2)—2=—6. Vay A'(5;—6). (Diém
(2;0) 1a trung diém cua AB.)
Chon dap an B.

Céu 11. Cho A(—1;4), B(5; 1). Piém M thudc doan thang AB sao cho AM = 2MB c6 toa d¢ 1a

A. (11; -2) B. (1;3) C. (2;3) D. (3;2)

Loi gidi
M thuge doan AB vi AM = 2MB nén AM =2AB. Do d6 AM =248 =2(6;-3) = (4;-2) va
M(—1+4,4—-2)=(3;2).
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Diém (1; 3) tng v6i AM = §AB (nham vai tro cta hai ddu mat); diém (11; —2) c6 MA = 2MB

nhung nam ngoai doan AB; diém (2 ; g) 1a trung diém ciia AB.

Chon dap an D.

Cau 12. Hai luc I?_: = (2;3), I*TZ) = (4; 5) (don vi: N) cung tac dung vao mot vat. B 16n ctua hop
luc la

A.10N B. 14 N C.7N D. 100 N
Loi gidi
Hop luc F = F, + F, = (2+4;3+5) = (6;8), c6 do lon |[F| = V67 + 82 = 10 (N). (Khong
dugc cong hai toa do: 6 + 8 = 14 khong phai do 16n cta hop luc.)
Chon dap an A.

| PHAN II. Tric nghiém ding sai

Ciul.Chod = (2;-1),b = (1;3), ¢ = (7; 0).

Y Ménh dé Diing Sai

a) d+b=(32). v

b)  |b| = 10. v

¢) é=3d+b. v

d) Vecto i = (—6;3) cung huéng véi d. v
Loi gidi

a)Ping.d+b=2+1,—-1+3)=(3;2).

b) Sai. |b| = V12 + 32 = V10 # 10.

¢) Piing. 3d = (6;-3) nén3d +b = (6+1;,-3 +3) = (7,0) = &

d) Sai. u = (—6;3) = —3(2; —1) = —3a v6i —3 < 0 nén U nguoc hudng véi d (hai vecto cing
phuong nhung khong cung huéng).

Céu 2. Cho A(=1;1), B(2; 5), C(10; —1).

Y Ménh dé Diing Sai
a) AB =05. v
b)  Tam giac ABC cén tai B. v
¢) Tam giac ABC vuong tai B. v
d) | Dién tich tam giac ABC bang 25. v

Loi gidi

a) Ping. AB = (3;4) nén AB =32 + 42 = 5.

b) Sai. BC = (8; —6) nén BC = /8% + (=6) = 10, khéc BA = 5; do d6 tam gidc ABC khong
can tai B.

¢) Plng. AC = (11;—2) nén AC? = 121 + 4 = 125; AB? + BC? = 25 + 100 = 125 = AC?.
Theo dinh i Pythagore dao, tam giac ABC vudng tai B.
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d) DPung. Vi AB?+ BC? =125=AC? nén tam gidc ABC vudong tai B , do do
S=-AB-BC=5-5-10 = 25.

Céu 3. Cho A(1;2), B(—2; —4), C(m; 6).

Y Ménh dé Piing Sai
a) 4B = (—3;—6). v
b) | A, B, C thang hang khi m = 3. v
¢) Khim =3, A1atrung diém cua BC. v
d) | Khim = 3, A nam giira B va C. v

Loi gidi

a) Ping. AB = (=2 — 1, —4 — 2) = (—3; —6).
— : — —

b) Ping. AC = (m— 1;4). A, B, C thing hang & AC = kAB & m—1 = —3k va 4 = —6k
2

:>k:—§,m—1=2,m=3.

243, 446

¢) Sai. V6im = 3: €(3; 6), trung diém cua BC 1a (
phai trung diém ctia BC.
d) Ping. Véim = 3: AC = (2;4) = —

va C.

) ( )iA(l:Z).VayAkhang

—> . —
AB; hai vecto AB, AC nguoc hudng nén A nam giira B

!.A)IN

Céu 4. Trén mit phang toa do (don vi do dai: trim mét), mot drone giao hang xuat phat tir 0(0; 0),
bay 2 phit v&i véan téc v; = (3; 4) rdi dbi hudng, bay tiép 3 phut véi van toc v, = (—4;3) (don vi
van toc: tram mét/phut). Goi B 1a vi tri ctia drone khi két thiic chuyén bay.

Y Ménh dé Piing Sai

a) | Sau 2 phut dau, drone & diém A(6; 8). v

b) Quing dudng drone bay trong 2 phut dau 1a 1000 m. v

¢) B(—6;17). v

d) | Khoang cach tir B &én O nho hon 1500 m. v
Loi gidi

a) Piing. Sau 2 phat diu, drone & diém A véi 04 = 27, = (6; 8), tirc 13 A(6; 8).

b) Pung. Quing dudng bay trong 2 phut dau: 0A = 2|171> | =2v32+42 =10 (tram mét), tae la
1000 m.

¢) Pung. Trong 3 phut sau, drone dich chuyén theo vecto 3 v, = (—12;9) ké tir diém (6; 8), nén
B(6—12;8+9) = (—6;17).

d) Sai. OB = \/(—6)2 + 172 = /325 ~ 18,03 (trim mét), tic 1a khoang 1803 m, 16n hon 1500
m.
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| PHAN IlI. Tréc nghiém tra 1&i ngén
Cau 1. Cho a = (3; —4). Tinh |—2al].
Loi gidi
—2d = (—6;8) nén |—2d| = /(—6)? + 82 = Y100 = 10.
(Cach khac: |[-2d]| = |-2] - |@| =2 /32 + (=4)2 =25 = 10.)
Pap so: 10

Céu 2. Puong thang di qua hai diém A(—1;5) va B(3; —3) cit truc hoanh tai diém M (x; 0). Tim x.
Loi gidi

— —

AB = (4;-8), AM = (x + 1; -5).

A,B,Mthinghang © (x +1) - (-8) —4-(-5) =0 x+1=25< x =15.

Pip s6: 1,5

Cau 3. Cho A(1; 1), B(4; 2), C(6;5). Piém M(x; y) thoa min MA + MB — MC = 0. Tinh x + y.
Loi gidi
m+1\TB>—m=((1—x)+(4—x)—(6—x);(1—y)+(2—y)—(5—y))=(—1—x;—2—y)

Vecto nay béngﬁkhi vachikhix = -1,y = —-2.Dodé M(—1;-2) vax +y = —3.

Pap so: -3

Cau 4. Tinh chu vi tam giac ABC v6i A(1; 1), B(4;5), C(7; 1).

Loi gidi

AB=.(4-1)2+(-1)2=5 , BC=,/(7-42+(1-5)2=5 ,
AC=J7-1)2+(1-1)2=6.

Chu vi tam gidc ABC: AB+BC +CA=5+5+6 = 16.
Pap s6: 16

Céu 5. Cho A(1; 1), B(4;5) va diém C(c; 1) v6i ¢ > 1. Tim ¢ dé tam giac ABC can tai A.

Loi gidi

AB=+324+42=5AC=/(c—1)24+02=c—1(vic>1).

Tam giac ABC cantai A © AC=AB & c—-1=5&c=6.

Khi @6 4B = (3;4), AC = (5; 0) khong cung phuong, nén A, B, C ding la ba dinh cua mdt tam
giac.

Pap so: 6
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Céu 6. Trén man hinh radar (mdi don vi dai Gmg v6i 4 km), mot tau tuan tra chay thang déu: luc 8
gio tau & A(2; 3), lic 8 gid 30 phit tau & B(5; 7). Tdc d6 cua tau la bao nhiéu kilomét/gio?

Ay

8 gio 30
7

B

8 gio
5|89

A
1) 2 5

Loi gidi

AB = (3;4) nén AB = v3? 4+ 42 =5 (don vi dai), trc 1a 5 - 4 = 20 (km).

Tau di quang dudng d6 trong 30 phit = 0,5 gidy, nén toc do cia tau 1a % = 40 (km/h).
Pap so: 40

| PHAN IV. Tw luén
Bai 1. Cho A(1;4), B(—2;-2),C(4; 1).
a) Chung minh A, B, C 1a ba dinh ciia mdt tam giac. Tim trong tdm G cua tam giac.
b) Tim toa d6 diém D dé ABCD 1a hinh binh hanh.
¢) Tim diém M trén truc hoanh sao cho 4, B, M théng hang.
Loi gidgi
a) AB = (~3;—6), AC = (3;-3). Vi # = nén 4B, AC khong cing phuong, do d6 4, B, C
khong thang hang, tirc 1a A, B, C 14 ba dinh ciia mot tam giac.

1+(-2)+4 _a+(-2)+1

Trong tam G: x; = =1,y¢ =—F = 1. Vay G(1;1).

—_— = —
b) ABCD 14 hinh binh hanh & AD = BC. Ta c6 BC = (6;3) nénxp — 1 = 6 vayp — 4 = 3, tic
14 D(7;7).

— ] — —
¢) M thudc truc hoanh nén M(x;0), AM = (x —1; —4). A, B, M thang hang ©& AM = k AB
@x—lz—3kva‘1—4=—6k:>k:§,x—1:—2,x:—1.

Vay M(—1;0).

Bai 2. (Van dung) Lic 7 gio, tau P roi cang A(0; 0) voi van toc i = (3; 4); cung lic d6 tau Q roi
cang B(20;0) v6i van tbc W = (—1;4) (don vi d6 dai: km; van tc: km/h). Ca hai tau chuyén dong
thang déu.

a) Tim vi tri hai tau sau 2 gio va khoang cach giita chung khi do.

b) Hai tau c6 gip nhau khong? Néu c6, tim thoi diém va vi tri gap nhau.

¢) Tau nao chay nhanh hon?
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Loi gidi

Sau ¢t gio (ké tir 7 giv), tau P & diém P, voi AP, = til, tac 1 P,(3t; 4t); tau Q & diém Q, véi
BQ, = tw, tic 1a Q, (20 — t; 4t).

a) Voi t=2 : P68 , 0Q,(188) . Khoang cach gira hai tau:
P,Q, = /(18 — 6)2 + (8 — 8)2 = 12 (km).

b) Hai tau gap nhau khi tai cing mot thoi diém t ching ¢ cung toa do: 3t = 20 — t va 4t = 4t
& t = 5. Vay hai tau gap nhau sau 5 gio, ttc 1a lic 12 gio, tai diém E(15; 20).

Ay
204 ,RE
Vol
P
// \‘
Vi \
’ \
/ \
’
t=2 ,/ 12 km \ 2
8 JILEERELERRREERRLLY ®
/ \
’ \
,
A/ U ik
0 15 20

¢) |ul =32+ 42 =5 (kmh), |[W| =/(-1)2+ 42 =17 ~ 4,12 (km/h). Vay tau P chay
nhanh hon.
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n PAP AN VA LOI GIAI BE KIEM TRA SO 2

». Bang dap an nhanh

Cau 1 2 3 4 11 12
Dép an A A B C D D B C D C B A

)]
=)
|
=]
o
—
<

Chu a) b) ) d)

1 5) S S o)

2 5) 5} 5) 5)

3 S o) o) S

4 o) S S o)
Chu 1 2 3 4 5 6
Dap sb 10 4,12 12 6 7.6 10

| PHAN 1. Trac nghiém nhiéu phwong an Iwa chon

Cau 1. Toa d6 cua vecto d = —47 la
A. (0;—4) B. (—4;0) C.(—4;-4) D. (4;0)
Loi gidi

d=—47=0 T+ (—4)7nén d = (0; —4): hoanh d¢ bang 0, tung d6 bang —4.
Chon dap an A.

Céu 2. Hai vecto 2 = (x; y) va ¥ = (x’;y") bang nhau khi va chi khi

Ax=x'vay=y' B.x=y'vay=x'
C.x+y=x"+9y D.x? +y% =x"? +y'"?
Loi gidi

Hai vecto bang nhau khi va chi khi chung c¢6 cing toa do: x = x' vay = y'.

Diéu kién x2 + y? = x'2 + y'2 chi cho biét hai vecto c6 ciing do dai; chang han (1;0) va (0; 1)
¢6 cung d6 dai nhung khong bang nhau.

Chon dap an A.

Ciu3.Chod = (—1;3),b = (2;-5). Toadd ciiad + b 1a
A. (—3;8) B. (1;—2) C. (1;8) D. (-1;2)
Loi gidi
Cong céc toa do twong tmg: d + b = (—1+42;34(-5)) = (1; —2). (Vecto (—3;8) lad — b.)
Chon dap an B.

Céu 4. Cho diém M(—4;3). Do dai OM bang
A1 B.7 C.5 D. 25
Loi gidgi
OM = (—4;3) nén OM = \/(—4)2 + 32 =25 = 5.
Chon dap an C.
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CAu 5. Cho A(3; —2), B(—1; 4). Toa do ciia BA I
A. (—4;-6) B. (—4;6) C.(2;2) D. (4;-6)
Loi gidi
“Ngon trir goc”: B4 = (x4 —xp;V4a—vg) =B —(-1);—2—4) = (4, —6). Vecto (—4;6) la
AB.
Chon dap an D.
CAau 6. Vecto nao cung huéng véi a = (3; —2)?
A. (3;2) B. (—6;4) C.(2;3) D. (6; —4)
Loi giGi
(6; —4) = 2(3; —2) = 2a voi 2 > 0 nén vecto (6; —4) cung hudng véi d.
Vecto (—6; 4) = —2d ngugc hudng vé6i d; hai vecto (2;3), (3;2) khong cung phuong véi @ (vi
2xlwalzdy
37 2937 2

Chon dap an D.

Cau 7. Cho A(4; 1), B(—2;5), C(1; —3). Trong tam tam giac ABC la

A. (3;3) B.(1;1) C.(—1;1) D. (1;3)
Lai gidi
xg =28 =1y, = 22D = 1 iy trong tam 1a G (1; 1),

Chon dap an B.

Ciu 8. Cho A(3; 1) va trung diém cua AB 14 I(1; —2). Toa d6 diém B la

A. (2; —g) B. (5; 4) C.(~1;-5) D. (=5;-1)
Loi gidi
I la trung diém clua AB nén Xp=2x;—%x4=2-1—-3=-1 ,

Y8 =2y —ya=2-(-2)—1= -5 Vay B(-1,-5).
Chon dap an C.

Céu 9. Ba diém A(1; 2), B(2;4), C(m; 8) thang hang khi
A.m=28 B.m=6 Cm=3 D.m=4
Loi gidi
—> - — 2 0 — —_—>
AB = (1;2)#0, AC=(m—1;6). Ba diém thing hing © AC=kAB ©m—-1=k va
6=2k=>k=3,m=4.
Chon dap an D.

Cau 10. Hai vecto u = (m; —3) va v = (2; 1) cung phuong khi

A.m:—g B.m=6 C.m=-6 D.mz%

Loi gidi
Vi % # 0 nén # cing phuong véi ¥ khi va chi khi ¢6 sé k sao cho % = kB, tic 1a m = 2k va
—3=k;suyram = —6.Khido u = (—6;—3) = —37.

Chon dap an C.
Cau 11. Vecto % ngugc hudng véi @ = (3; —4) va c6 d6 dai bang 10 1a
A. (6;—-8) B. (—6;8) C.(-3:;4) D. (8; —6)
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Loi gidi

U nguoc huéng voidnénu = ka véi k < 0. Vi |u| = |k| - |d| = 5|k| = 10 nén k = —2, tic 1a
u = (—6;8).

Vecto (6; —8) = 2d dai 10 nhung cung hudng véi d@; vecto (—3;4) nguge hudéng nhung chi dai
5; vecto (8; —6) dai 10 nhung khong cung phuong véi d.

Chon dap an B.

Cau 12. Mot vat chuyén dong théng déu trén mat phéng toa do (don vi trén cac truc: mét). Luc bét
dau quan sat, vat & A(1; 2); sau 2 gidy vat & B(7; 10). Toc do cia vat la

A.5m/s B. 10 m/s C.7 m/s D. 14 m/s
Loi gidi
AB = (6; 8) nén trong 2 gidy vat di duoc AB = V62 + 82 = 10 (m). Tdc d6 cia vat 14 10:2 =5

m/s). Gia tri 10 m/s 1a quang dudong chua chia cho thoi gian; gid tri 7 m/s la @, khong phai do
2

dai vecto.
Chon dap an A.

| PHAN II. Tric nghiém ding sai
Cau1.Chod = (1;2),b = (3; -1).

Y Ménh dé Piing Sai
a) 2d+b=(53). v
b) |d—b|=+5. v
¢)  dvab cing phuong. v
d) Vecto & = (—1;5) phan tich duoc thanh & = 2d — b. v

Loi gidi

a) Ping. 2d = (2;4) nén 2d + b = (2+3;4 + (1)) = (5;3).

b) Sai.d —b = (1-3;2—(=1)) = (—2;3) nén |d@ — b| = \/(—2)? + 32 = V13 # V/5. Gié tri
/5 xuét hién khi tinh nhdm 2 — (—1) = 1.

¢) Sai. Néu b = kd thi 3 = k va —1 = 2k, tirc lak = 3 vak = —=: v6 li. Vay d, b khong cung
phuong.

d)Ping. 24 — b = (2—3;4— (-1)) = (-1;5) = C.

Cau 2. Cho A(-3;2), B(1;5), C(4; 1).

Y Ménh dé Piing Sai
a) AB=BC. v
b) | Tam giac ABC vudng tai B. v
¢) VéiD(0;—2), tir gidc ABCD 14 hinh vuéng. v
d) | Véi D(0;-2), hai dudng chéo ciia tir gide ABCD céit nhau tai I (3; g) 77

Loi gidi
— —
a) Ping. AB = (4;3) nén AB = 5; BC = (3;—4) nén BC = 5. Vay AB = BC.
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b) Ping. AC = (7; —1) nén AC? = 50; AB? + BC? = 25 + 25 = 50 = AC? nén tam gi4c ABC
vuong tai B (dinh li Pythagore dao).

¢) Piing. AD = (0 — (—3); =2 — 2) = (3; —4) = BC nén ABCD 13 hinh binh hanh. Hinh binh
hanh nay c6 ABC = 90° (vi AB? + BC? = AC?) va hai canh k& AB = BC = 5 nén la hinh vuédng.
d) Ping. 4D = (0 — (=3); =2 — 2) = (3; —4) = BC nén ABCD 13 hinh binh hanh; hai duong

chéo AC, BD cit nhau tai trung diém ciia mdi duong. Trung diém cua AC 1a (_3;4 ; 22;1) = G ; z),

140 5+(=2)
2 I

tring voi trung diém ( ) ctia BD. Vay hai duong chéo cit nhau tai G, g)

Céu 3. Cho A(2;3), B(—1; —3) va diém M thudc doan AB sao cho MA = 2MB.

Y M¢énh dé bing Sai

a) BA = (=3;-6). v

b) M(0;-1). v

¢) | M lagiao diém cua duong thang AB véi truc tung. v

d) | Puong thiang AB cit truc hoanh tai N(1;0). v
Loi gidgi

a) Sai. BA = (2 — (=1);3 — (—3)) = (3;6); vecto (—3; —6) la AB.
b) Piéng. M thuoc doan AB va MA=2MB nén AM=§AB va

2_> 2

3AB = =(-3;,-6) =(—2;—-4),suyraM((2—-2;3—4) = (0;-1).

¢) Pung. AM = ;AB = (—2; —4) nén M(0; —1) c6 hoanh d¢ bang 0, tirc 1a M thudc truc tung; M
cling thugc duong thang AB, va duong thang AB khong trung véi truc tung (vix, = 2 # 0) nén
cat tryc tung tai dung mot diem. Vay M la giao diém cia AB vdi truc tung.

d) Sai. Goi N(x;0) 1a giao diém coa AB véi truc hoanh: AN = k AB
& (x—2;-3) =k(—3;-6) =>k—— x—2——— x—— Vay AB cit tryc hoanh tal( ;0),
khong phai (1; 0).

—
AM =

w

Céu 4. Mot chit diém O ¢ trang thai can bang dudi tac dung cia ba luc IT": = (1;3), IT"Z =(4;,-1)
va F, (don vi: N).

Ay

v

i)
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Y Ménh dé Diing Sai

a) F+F=(52). v

b) E = (5;2). v

¢) Do 16n cua F, bing 7 N. v

- = - -

d) | Db 16n hop luc ctia F,, F, nhé hon |F1| + |F2|. v
Loi gidi
a)Ding. F, + F, = (1 + 4,3 + (-1)) = (5; 2).

2 .2 9 S = T

b) Sai. Chat diém can bang nén FF+FE+F=0 |, suy ra

F_‘3) =— (F_‘l) + F_'z)) = (=5;=2) # (5; 2); vecto (5; 2) 1a hop luc cua F_'l), FZ)

¢) Sai. F; = —(F + F) = (=5;-2) nén |F3| = /(=5)7 + (=2)? = v29 ~ 539 (N), khong
phai 7 N.

d) Ping | +F|=v57+22=v29~539 ; |R|+|B|=vI0+v17~729 . Vvay
5,39 < 7,29.

| PHAN IlI. Tréc nghiém tra 1&i ngén
Cau 1. Cho A(=2;3), B(4; —5). Tinh do dai AB.
Loi gidi
4B = (4 - (-2);=5—-3) = (6;8).
Do d6 AB = /62 + (=8)2 = /100 = 10.

Pap s6: 10

Ciu2.Chod = (2;-3), b = (—1;4). Tinh |3d + 2b| (1am tron dén hang phén trdm).

Loi gidi

3d = (6;—9), 2b = (—2;8) nén 3d + 2b = (4;—1).

|3d + 2b| = \[42 + (=1)? = V17 ~ 4,1231. Lam tron dén hang phin trim ta duoc 4,12.
Pap so: 4,12

Cau 3. Hinh binh hanh ABCD ¢6 A(1;2), B(5;3) va tam I(4; 6). Biét D(a; b), tinh a + b.

Loi gidgi

Tam [ 1a trung diém ctia hai duong chéo AC va BD.

I'1atrung diém cia BD néna = 2x, —xg =8 —5=3vab =2y, —yp =12—3 =09,

Vay D(3;9) via + b = 12. (Khi d6 C(7;10); AB = (4;1) va AD = (2;7) khong cimg phuong
nén ABCD dung la hinh binh hanh.)

Pap s6: 12

Cau 4. Timm d&é 4 = (m; 4) va ¥ = (9; m) cung hudng.
Loi gidi
i =(m;4) # 0. Hai vecto cung huéng < c6 sb k > 0 sao cho ¥ = ki, tic 1a 9 = km va
m = 4k.

Thay m = 4k: 4k? :9@k=§hoéck=—§;vik>0nénk=§,suyram=6.
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Kiém tra: U = (6;4), ¥ = (9;6) = %fi. (V6i m = —6 hai vecto ngugc hudng.)

Pip s6: 6

Céu 5. Cho A(1; 1), B(7;9). Piém M(x; y) thuoc doan AB sao cho AM = 4. Tinh x + y.

Loi gidi

4B = (6;8) nén AB=10 . Vi M thuéoc doan AB va AM =4 = %AB nén
— —

AM = 0,4 AB = (2,4;3,2).

SuyraM(1+2,41+3,2)=(34;42),dodox+y=7,6.
Dip s6: 7,6

Céu 6. Mot thuyén may xuat phat tir 0(0; 0). Van tdc riéng cua thuyén (khi nudc dimg yén) la
U1 = (6;2), van tc cua dong nuée 12 v, = (—=2; 1) (don vi vén tdc: km/h; don vi do dai trén cac

truc: km). Sau 2 gio, thuyén cach O bao nhiéu kilomét?

O| X
Loi gidi
Van téc thuc cia thuyén bang tong van téc riéng va van téc dong nudc:
D=0, +7, =(6+(=2);2+1) = (4;3) (km/h).

Sau 2 gid thuyén ¢ diém M véi OM = 2% = (8;6), nén OM = 82 + 62 = 10 (km).
Dip s6: 10

| PHAN IV. Tw luén
Bai 1. Cho A(1; 1), B(4; 3), C(—1;4).
a) Chiing minh tam gidc ABC vudng can tai A va tinh dién tich cua no.
b) Tim toa d6 tdm I va ban kinh R cta dudng tron ngoai tiép tam giac ABC.
¢) Tim toa do diém E sao cho A4 1a trong tdm cua tam giac BCE.
Loi gidi
a) AB = (3;2), AC = (—=2;3), BC = (=5; 1), nén AB = AC = /13 va BC = /26.
Vi AB? + AC? = 13 + 13 = 26 = BC? nén tam gidc ABC vuong tai A (dinh 1i Pythagore dao);
lai 6 AB = AC nén tam gidc ABC vudng can tai A. Dién tich: S = ~AB - AC = 2.
b) Tam giac ABC vuodng tai A nén tam duong tron ngoai tiép la trung diém cua canh huyén BC:
F(EED N - (50 ar=2E =20

2 2 2’2 2 2’
¢) A la trong tam tam giac BCE S xp=3xy—xg—%x=3—-44+1=0 va
YE=3Ya—Yp—Yc=3-3-4=—-4
o A 9 —_ —_
Kiém tra B , € , E khong thang hang: BC =(-5;1) , BE =(—4,-7) va
(=5):(=7)—1-(—4) =39 +0.Vay E(0; —4).

Bai 2. (Van dung) Mot xe tu hanh & vi tri A(—3;2) can chay thing vé tram sac S(5; 8) véi toc do
khong d6i 20 km/h (don vi do dai trén cac truc: km).

a) Tinh quing duong va thoi gian xe chay vé t6i tram.

b) Tim vi tri ctia xe sau 12 phit ké tir luc xut phat.
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¢) Trén dudng di, sau bao nhiéu phuat ké tir luc xuét phat thi xe di qua diém c6 tung do bang 5?
Tim toa do cua diém do.

Ay tram sac
fo S e )S
2
‘-
’
s
s
s
7
s
]
s
52
A »
e LD
-3 (0] 5

Loi gidi
a) a8 = (5—-(—3);8—2) =(8;6), quang duong AS =82+ 62 =10 (km). Thoi gian:
10

—5 = 0,5 (gi0), tirc 1a 30 phi.

b) 12 phiit = = gid, xe di dwoc 20 - 7 = 4 (km). Goi M la vi tri ciia xe khi do thi M thuoe doan AS
— —

vaAM =4 = 0,4 AS, nén AM = 0,4 AS = (3,2; 2,4), suy ra M(=3 + 3,2;2 + 2,4) = (0,2; 4,4).

¢) Dbiém N trén doan AS thoa man A_)N = SZS' =(8s;6s) voi 0<s<1, nén

N(—=3+8s;2+6s). Tungdd bang 52+ 6s=5 s = %; khi d6 N(1;5) la trung diém cia

AS.

Xe di duge - 10 =5 (km), mdt - = - gio;, tire 1a 15 phit. Vay sau 15 phut ké tir lic xuat phat,

xe di qua diém N(1;5).
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CHUONG IV. VECTO’

BAI
11 TicH vO HUONG CUA HAI VECTO'

© MUC TIEU BAIHOC

» Xac dinh dugc goc gitta hai vecto; tinh dugce tich vo hudng theo dinh nghia va theo toa do.

> Van dung cac tinh chat ciia tich vo hudng dé tinh do dai, tinh goc, chimg minh dang thirc va
ching minh hai dudong thang vudng goc.

» (iai cac bai toan toa do: tam giac vudng, truc tdm, hinh chiéu vuong goc, diém nhin mot
doan thang dudi goc vudng.

> Van dung tich v6 hudng vao thyc tién: cong cila luc, phan tich lyc, cong suat clia tim pin
mat troi.

4+ CAU CHUYEN MO PAU - Kéo vali — strc lwc di dau?

O san bay, An kéo chiéc vali bang tay kéo chéch 1én, con Binh day vali theo phwong ngang. Ca
hai déu dung luc 40 N va cing dua vali di dugc 50 m. Theo nghia Vit li, ai sinh ¢ong 16n hon?

dich chuyén 50 m

Vat li cho biét: néu luc F lam vat dich chuyén tt M dén N thi cong cua luc Ia
A= |ﬁ' | - MN - cosa, v6i a 1a goc gitra luc va huéng dich chuyén. Binh ddy theo phuong ngang
néna = 0°va A = 2000 J. An kéo tay kéo hop v6i phuong ngang goc 60° nén cong chi con
1000 J: phan lyc hudng 1én trén, vudng goc véi hudng di, khong sinh cong.

Biéu thtc “d6 dai nhan d6 dai nhan cosin ciia goc xen gitra” xudt hién rt nhiéu trong Toan hoc
va Vat 1i. Nguoi ta goi n6 1a tich vé hwéng cta hai vecto. Loi giai day du ¢ Vi du 21.

“ TOM TAT LY THUYET

= 1. Goc gilra hai vecto

— — 5

Cho hai vecto %, B khéc 0. Tir mot diém O tuy ¥, vé OA = %, OB = . Sé do cia goc AOB goi
la géc giira hai vecto u, U, ki hiéu (U, V).
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» 0° < (u,v) <180°va (u,v) = (¥,1).

» Néu (4, ¥) = 90° thi ta n6i ¥ vudng géc véi v, ki hiu s L 3.

» (4, ¥) = 0° khi va chi khi hai vecto cung huéng; (¢, ¥) = 180° khi va chi khi hai vecto
nguoc huong.

> Quy udc: goc gitia 0va mot vecto bat ki co thé nhan gia tri tuy ¥ tir 0° dén 180°; vecto 0
duoc coi la vuong goc véi moi vecto.
7 0 SR g se A s T 29 q A £ 2 2R s

Chu y: @€ tim goc gitta AB va BC, phai dwa hai vecto vé chung goc, chang han v&€ BD = AB.

———

Khi d6 (ﬁs’,B_c’) — DBC = 180° — ABC.

= 2. Tich v6 hwéng cua hai vecto

|

* DINH NGHIA

= —

Tich v6 hudng cua hai vecto #, ¥ khac 0 1a mot s6, ki hiéu % - ¥, x4c dinh boi

u-v=|ul-|v|- cos(u,v).
> Quy udc: néusi =0 hoic B=0thiz % =0.

rUulveu-v=0.

v

2.

v

Véiu, Dkhac0:%-3>0o 0°

Binh phwong vé huéng: 4% =4 -1 = |U
< (4, 7)

<90% %7 <0 e 90° < (47) < 180°.

= 3. Biéu thirc toa do va tinh chat

|
N

* BIEU THU'C TOA PO
Véiu = (x;y), v = (x;y):
ru-v=xx"+yyiulvexx'+yy =0;

» )2 = x2 + y?, tac 1a U] = /x% + y2;

u-v xx!+yy! L e
—— = véi U, v khac 0.
T8l [x2+y2[xr2+yr2

» cos(u,v) =

4 TINH CHAT

i
l
N
l
>~

V61 moi vecto U, v, W va moi so thuc k:
» U V=7 -U(glaohodn); u- (W+w)=u-Uv+uU
» (kw) - v=k@-v) =1u- (kv);

if;’)2=u +2U- v+ v '(u+13’)-(17.’—1'5)=172—1'52

W (phan phdi);
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- . I3 , > — - > —)
> Cong ctia lyc F lam vat dich chuyén tir M dén N: A = F'- MN = |F| - MN - cos (F, MN).
» Tinh d6 dai: binh phuong vo huéng | + ¥|? rdi ldy can bac hai. Tinh goc: ding cong thirc
cos(u, V).

» Chung minh vudng goc, tim tryc tim, chan dudng cao: dung diéu kién - ¥ = 0.

IE] cAc panc ToAN

Dang 1. Géc gitra hai vecto — Tich vo hwéng theo dinh nghia

& PHUONG PHAP GIAI

> Pua hai vecto vé chung gbc (ding vecto bang nhau hoic vecto d6i) rdi doc goc trén hinh.

> Tinh ||, || va gbc (@, ), 16i 4p dung U - ¥ = | - |B| - cos(@, B).

» Poi hudng mot vecto thi tich vo hudng d6i ddu: (=) - ¥ = — (4 - ¥); chang han
— — —_— =
AB -BC =—BA-BC.

» Khi khé xéac dinh goc: phan tich cic vecto theo hai vecto da biét do dai va tich vo hudng cia
chung, rdi khai trién nhu nhéan da thirc.

> Sai lam thirong gap: coi (A_B) , BC ) 1a géc ABC. Hai vecto nay khong chung gbc; thuc ra
— — —
(4B, BC) = 180° — 4BC.

.70). (7.5

P Vi du 1. Cho tam giac déu ABC canh a. Tinh (AB,AC AB,BC) va cac tich vd6 huong
—_ - — —

AB - AC, AB - BC.

Loi gidi

— —

. — — 2 —_—

Hai vecto AB , AC chung goc A nén ( B ,AC) =BAC=60° . Do do
—_— s — a2

AB -AC = a-a- cos60° =<

Hai vecto AB, BC chua chung goc. Lay diém D sao cho BD = AB, khi d6 D nam trén tia doi cua

tia BA va (ﬂa’,B_c’) = (B_D’,B_c’) = DBC = 180° — 60° = 120°.

C
120
60°
A s *D

—_— — a?

SuyraAB-BC =a-a-cosl120° = -
— — — — — > 2 = a?
vay (4B, 4C) = 60°, (AB,BC) =120°,AB-AC =vaAB-BC =-%.
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e e

—_— — — —
P Vi du 2. Cho hinh vuéng ABCD canh a, tam O. Tinh AB - AC, AC - BD, AB - CD va AO - BC.

/450

-
O™,

Loi gidi
Hinh vuéng canh a c6 hai dudong chéo AC = BD = a+/2, vudng goc v6i nhau tai trung diém O
ciia mdi duong, va BAC = CAD = 45°.
—_ —
AB - AC = a- a2 - cos45° = a?.
— =
AC 1 BD nén AC - BD = 0.

— — — — —2
CD =—ABnénAB-CD = —AB = —a?.
— 11— —_— = — = 11— — 1
A0 =-ACvaBC = AD,nén A0 - BC = ZAC - D:;a\/i-a cos45° ==
—_— — — - —_— > —_— — a?
Vay AB - AC = a? AC-BD =0,AB - CD = —a? va AO - B =
. . -— > —
P Vi du 3. Cho tam giac ABC vuong tai A c6 AB = 3, AC = 4. Tinh BA - BC va 4B - BC.
(64
4

Loi gidi
Theo dinh 1i Pythagore, BC = V32 + 42 = 5, nén cosB = % _3

. — — , o —x ,
Hai vecto BA, BC chung gc B nén BA - BC = BA-BC -cosB=3-5-2=09.

—

» Vi du 4. (Van dung) Cho tam gisc déu ABC canh a c¢6 trong tdm G . Tinh AB - AG va

=

H
T =GA-GB+GB - GC + GC - GA.

LN
A B
Loi gidi
Trong tam giac déu, trong tim G ciing 1a tAm duong tron ngoai tiép va AG 1 tia phan giac clia goc

A. Dudng trung tuyén co do dai —\/_ nén GA = GB = GC = z a;/_ %g

2
(AB,AG) BAG = 30°, nén AB - AC = a - “‘F ‘ZF_“?
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Cdach 1 (tinh tirng tich): mdi goc AGB, BGC, CGA bang 120°, nén mdi tich trong T béng
a? a?

2 2
L . c0s120°=—Z.Dod6 T = 3'(—_) -7
3 6 6 2

\ e I S . X
Cach 2 (khong can goc): G 1a trong tdam nén GA + GB + GC = 0. Binh phuong v6 hudng hai ve:
a2

2
GA2+GBZ+GC2+2T=0,‘u’1c12‘13-a?+2T=0,suyraT=—7.

e TR TR @ : a? . : : 8
Vay AB-AGz? va T=—7 . Céh 2 dung dugc cho moi tam giac:

T =—>(GA® + GB? + GC?).

~. Bai tap luyén tap

— — — —

Bai 1. Cho tam giac ABC vuong can tai A c6 AB = AC = a. Tinh AB - AC, AB -BCvaCA- CB.

— —

Bai 2. Cho tam gidc ABC c¢6 AB =5, AC =8, A=60°. Tinh AB - AC, rdi dung dang thirc
— — —
BC = AC — AB dé tinh BC.

C:
8
e 5 B
—

Bai 3. Cho hinh chir nhat ABCD ¢6 AB = 4, AD = 3. Tinh AC - BD.

D &

3

A 4 B

2 \

Bai 4. (Van dung) Cho hinh vudng ABCD canh a, M 14 trung diém cua BC. Tinh AM - AC va
_— —
AM - BD.
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— — —

. \ —_— = —
Bai 5. (Van dung) Cho luc giac d€u ABCDEF canh a, tam O. Tinh AB - AC, AB - AD, AB - CD va
— —

AB - DE.

Bai 6. (Van dung cao) Cho tam gidc ABC ¢6 BC=a, CA=b, AB =c. Ching minh

b2+c?-a? _ = = > > —— a?+b?%+c?

— —
AB-AC=TV2‘1AB-BC+BC-CA+CA-AB=—

Dang 2. Tich vé hwéng theo toa dé — Géc — Diéu kién vudng goc

& PHUONG PHAP GIAI

» UV =xx"+yy'; cos(U, V) = I_’I ijll 1i suy ra goc.
» Nhan ra goc dac bi¢t qua gia tri cosin: 0, + 2, + f = ¥, : néu khong phai gia tri dic biét thi

dung may tinh cam tay va lam tron theo yéu cau.

> Tim tham s6 dé hai vecto vudng goc: giai phuong trinh xx’ + yy’ = 0.

> Géc giira hai vecto khac 0 13 géc nhon khi va chi khi % - % > 0 va hai vecto khong cing
huéng; 1a goc ti khi va chi khi 1 - ¥ < 0 va hai vecto khong ngugc hudng.

> Chity: |u+ ¥| = |ti — | © U - ¥ = 0 (binh phuong hai vé ri riit gon).

P Vidu5.Chou = (1;2), v = (—1;3). Tinh ¥ - ¥ va goc giira hai vecto.

Loi gidi

i-v=1-(-1)+2-3=5;[d] =v12+22 =5, 3| = /(=12 + 32 = 10.
(@, 3) = 5 5 V2

COSTLT) = FEVh ~ 52~ 2

Vayu - v = 5va (U, v) = 45°.

» Vidu 6. Timm dé i = (m; 2) vudng goc voi v = (3; —6).
Loi gidai
Uulve3dm+2-(-6)=03m=12 o m=4.
Viym =4 khid6i = (4;2) vaZi-% = 12 — 12 = 0.

» Vidu 7. (Van dung) Cho d = (2;1) va b = (m; 3). Tim m dé goc giita d@ va b 1a géc nhon.

Loi gidi

Hai vecto déu khac 0. Géc giita ching 1a géc nhon khi va chi khi cos(d, 5) > 0va (a, 5) #0°,
thcla d-b > 0 va d, b khong cing hudng.

i-b=2m+3>0om>—-

@, b cing huéng khi b =kd véi k> 0: tir tung do, 3=Fk-1 nén k= 3; tr hoanh do,
m = 2k = 6. Vay hai vecto cung hudng khi va chi khi m = 6.

Vay goc giilta d va bla goc nhon khi va chi khim > — % vam # 6.

Sai lam thwong gap: chi giai d - b>0va quén loai trudng hop goc bang 0°.
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. Bai tap luyén tap

Bai 7. Chod = (3;4), b = (=1;2). Tinhd- b, (d+b) - (d - b) va goc gitta d, b (Iam tron dén
o).

Bai 8. Timm dé d = (m; 1) vudng goc véi b = (2;m — 3).
Bai 9. Tim c4c vecto 7 vudng goc véi ¥ = (1; —2) va ¢ do dai bang 2+/5.

Bai 10. (Van dung) Chod = (1;2), b = (3; —1). Tim sé thuc k dé vecto kd + b vudng goc véi

vecto d — b.
Bai 11. (Van dung) Cho 1 = (m; 1) va ¥ = (1;m). Tim m dé goc giita hai vecto bang 60°.

Bai 12. (Van dung cao) Cho i = (m;2) vav = (m + 1; —3). Timm & |i + ¥| = |d — ¥].

Dang 3. Van dung tinh chat — Do dai, géc, dang thirc, cwec tri

& PHUONG PHAP GIAI

Do dai: |1 + ¥|? = |u|? + 21 - ¥ + |¥|?, r6i lay cin béc hai.

v

> Neuoc lai, tir d6 dai suy ra tich vo huéng: % - % = = (|7 + 7|2 — |%|% — |3]2).
g y g -
1

N . o —_— R 2 1 5 —_— — 5
D(_)daltrungtuyen:AM=E(AB+AC) nén AM? = 5 (AB? + 2 4B - AC + AC )

v

v

Chimg minh déng thire: chén diém (trung diém, trong tAm, tim) theo quy tic ba diém dé xuat
hién céac vecto ddi nhau hodc ¢ tong bang 0.

» Két qua hay dung: néu I 13 trung diém cta AB thi MA - MB = MI? — 1 A? véi moi diém M.

» Vidu 8. Cho |d| = 3,
Loi gidi
@-b=3-4-cos120° = —6.

- —)2 - - - - - -
|d+b| =d*+2d-b+b>=9—-12+16 =13,nén|d + b| =13.

|2d — b|" = 4% — 4@ - b + b? = 36 + 24 + 16 = 76, nén |2d — b| = 2/19.
Vayd-b = —6,|d + b| = V13 va |2d — b| = 2v/19.

b| = 4, (& b) = 120°. Tinh @ - b, |d@ + b| va |2d — b|.

» Vidu9.Cho |d| = 2, |b| =3 va|d+b| = 4. Tinh @- b va cos(d,b).

= ab 3 1

cos(d,b) = AT 2 6=1.
A >3 >N 1
Vayad-b = S va cos(d,b) = n
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P Vi du 10. (Van dung) Cho tam giac ABC c6 AB = 4, AC = 6, BAC = 120°; M 1a trung diém
— =

cia BC. Tinh d6 dai trung tuyén AM va cdsin ciia goc gitta hai vecto AM, BC

€
6
VA
A ;! B

Loi gidi

— —
AB-AC = 4-6-cos120° = —12.
L2 . n —> 1/ — ,

M la trung diém cua BC nén AM = 5 (AB + AC ) . Do do
AM? i(AB2+2AB AC+AC)=1(16—24+36)=7,suyraAM V7

e

BC = AC — AB nén  BC2=36+24+16=76 , BC=2J19 ; va
—_— s 1 —

AM - B =5( C+AB) (AC AB):-(36—16)—10

-_— — 10 5
cos (AM,BC) = 2= = == ~ 0,434.
Vay AM ﬁvacos(AM,Bc) ﬂ%

» Vi du 11. (Van dung) Cho doan thang AB c6 trung diém I. Chiing minh rang véi moi diém M

MA - MB = MI? — [A%. Ap dung: tinh MA - MB khi AB = 6, MI = 5

Loi gidgi
— —

Vi I 1a trung diém cta AB nén IB = — IA.

Theo quy tic ba diém, MA = MI + IA va MB = Mi + IB = MI — IA.

Do d6 MA - MB = (MI + IA) (1\7’ - IA) = MI% — [A? (dpcm)

Ap dung: IA = 3 nén MA - MB = 25— 9 = 16.
» Vi du 12. (Van dung cao) Cho hinh vuéng ABCD canh 1. Piém M thay ddi trén canh AB. Tim

I SR I VRN R P [y~
gia tri nho nhat va gia tri 1én nhat cia MC - MD

D I
+

1}

1

1

1

1

1}
I
1
1
1
1
1
A M

Trang 712
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Loi gidi

Goi I la trung diém cua CD . Theo Vi du 11 (4p dung cho doan CD ):
— — 1

MC - MD = MI? — IC? =M12_Z'

Do d6 bai toan quy vé tim gia tri nho nhat, 16n nhat cia MI khi M chay trén canh AB.
Goi K 1a trung diém cia AB thi IK L AB va IK =1; MI?> = IK? + KM? = 1 + KM? véi

0<KM<:.
5 3 _— —>
Dodo 1< MI? <, suyra;<MC-MD <1
Vay gia tri nho nhat bang % dat khi M 1a trung diém cta AB; gi4 tri 16n nhat bang 1, dat khi M
tring A hodc B. (Kiém tra: khi M = A, AC - AD = /2 -1 - cos45° = 1)

. Bai tap luyén tap

Bai 13. Cho |d@| = |b| = 1 va |d — b| = v/3. Tinh géc giita d va b.
Bai 14. Cho d L b, |d| = 3, |b| = 4. Tinh |d + b| va (@ + b) - (2d — b).

Bai 15. Cho tam gidc ABC ¢6 AB =5, AC =7, BC = 8. Tinh 4B - AC, s do gbc A va do dai
dudng trung tuyén AM.

Bai 16. (Van dung) Cho hinh chit nhat ABCD va diém M tuy y. Ching minh
MA% + MC? = MB? + MD?.

A B

Bai 17. (Van dung) Cho hai vecto don vi @, b thod man @ + 2b vudng géc v6i 5d — 4b. Tinh goc
gitta d va b.
Bai 18. (Van dung cao) Cho tam giac déu ABC canh 3, trong tdm G. Ching minh rang véi moi

diém M: MA - MB + MB - MC + MC - MA = 3MG? - Tir d6 tim gia tri nho nhat cua ve trai.

Bai 19. (V4n dung cao) Ching minh ring véi bén diém A, B, C, D bat ki
—_ D s S — = .

AB -CD + AC - DB + AD - BC = 0 (h¢ thuc Euler). T d6 chiing minh ba dudng cao cia mdt tam
giac dong quy.

Dang 4. Chirng minh hai dwérng thang vudng géc — Tinh géc trong hinh hoc

& PHUONG PHAP GIAI

» Chon hai vecto “co s¢” chung gdc da biét d dai va tich vo huéng (ching han hai canh ké
cua hinh vudng, hinh chit nhat, tam giac).
> Phan tich cac vecto can xét theo hai vecto co sé (quy tic ba diém, trung diém, trong tim).

» Khai trién tich vo hudng: bang 0 thi hai duong thang vudng goc; khac 0 thi ding cong thirc
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cosin dé tinh goc giira hai vecto.
» Chu y: v6i hinh vuong, hinh chit nhat co thé chon hé truc toa do6 rdi tinh nhu Dang 2; hai
cach cho cung két qua.

» Vi du 13. Cho hinh chir nhat ABCD c6 AB = 2a, AD = a; M la trung diém ctia AB. Ching minh
MC 1L MD.

L(‘rigidi
—_  — —_— —  —
MC = MB + BC va MA = — MB, AD = BC.
— — —_— —
Do dé MC - MD = (Bc + MB) : (Bc MB) —BC?—MB?=a?—a?=0.

Vay MC L MD, tac la CMD = 90°.

» Vi du 14. (Van dung) Cho hinh vuéng ABCD canh a; M, N lan luot 13 trung diém cta BC, CD.
Chirng minh AM L BN va tinh cos (A_)M ,Ev’)

D N c

M
A B
L
— — — —
Chon hai vecto co sé AB, AD: AB = AD = a, AB - AD =0
— 1 D — — — 11— — - 11—
AM = AB + L AD; BN = BC + CN = AD — > AB; AN = 4D + 1 AB.
AM -BN = (4B +34D)- (AD —;A4B) = —3a? +3a? = 0,nén AM L BN
2 2
AM - AN =1 2+ a’? = a%; AM?> = AN? =a +——5%.
2
VayAMJ_BN v cos (AM,AN) = oz = =
4

P Vi du 15. (Van dung cao) Cho tam giac ABC ¢c6 BC =a,CA=b,AB=c;M,N lan luot 1a
trung diém cua CA, AB. Chimg minh hai dudng trung tuyén BM va CN vudng goc v6i nhau khi va
chi khi b2 + ¢? = 5a2.

A

Loi gidi
— - -
biatu = AB, v AC Theo Dang 1,4 - ¥ =

b2%+c?-a?
2
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—_— -_— - 1o - = -_— -— 1- -

BM =AM —AB=-v—-u;CN =AN —AC=-u—-v

BM-CN =11 $—30% =202+ =21 5 —3 (b +c?)
2 B 75 2 % 2 2_cq2

Thayz_i-ﬁ:B_)M-C_)N=5(b+C a)_4-(b8+c)=b+c8 5a

— —
Vay BM L CN & BM - CN = 0 & b? + ¢? = 5a? (dpcm).
Chang han tam giac ¢c6 a = 2, b = ¢ = v/10 ¢6 hai trung tuyén BM, CN vudng goc.

. Bai tap luyén tap

Bai 20. Cho tam giac ABC can tai A, M 1a trung diém cua BC. Dung tich v hudng, ching minh
AM 1 BC.

Bai 21. Ching minh rang hinh binh hanh ABCD c6 hai dudng chéo vudng goc khi va chi khi né 1a
hinh thoi.

Bai 22. (Van dung) Cho hinh chit nhat ABCD ¢6 AB = a, AD = a+/2; M 1 trung diém cua AD.
Ching minh BM 1 AC.

D Cc
M;
A B

Bai 23. (Van dung) Cho tam giac déu ABC canh a, diém M thudc canh BC sao cho BM = %BC.
. . . . % _)

Tinh d¢ dai AM va c6sin cia goc gitra hai vecto AM, BC.

Bai 24. (Van dung) Cho tam giac ABC c6 AB = 4, AC = 6, A = 60°. Piém M thudc canh BC sao

cho BM = k BC. Tim k dé AM 1 BC, rdi tinh BM.

Bai 25. (Van dung cao) Cho hinh vuéng ABCD canh a. Diém M thuoc duong chéo AC sao cho

AM = iAC , N 1a trung diém cua CD. Chiing minh tam giac BMN vudng can.

D N c

Dang 5. ’ng dung trong méit phang toa do

& PHUONG PHAP GIAI

AB-AC’

=l

al

. . —_— —
» Tam giac ABC vuong tai A © AB - AC = 0; goc A: cosA =

. — — —_— —
» Tryc tam H(x;y): giaih¢ AH - BC = 0, BH - AC = 0.
» Hinh chiéu vuéng goc H cua diém A trén duong thang BC (chan dudng cao): BH = t BC va
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AH -BC = 0; diém d6i xtmg ctia A qua BC 1a A’ v6i H 1a trung diém cta AA’".
» Piém M (khac A, B) nhin doan AB duéi goc vudng: MA - MB = 0.
» Cuec tri cia m . M—B> khi M chay trén mot duong: viét thanh ham bac hai theo toa do caa M,

— — y
hoidc dung MA - MB = MI? — [A? (I 1a trung diém AB).

P Vidu 16. Cho A(1;1), B(3;5), C(5; —1). Ching minh tam giac ABC vudng can. Tinh dién tich
tam giac va s6 do goc B.

Loi gidi

— —> —_— —

AB = (2;4), AC = (4;—2),nén AB - AC =8 —8 =0, tirc 1a AB L AC.

AB = 4 + 16 = 2v/5 va AC = V16 + 4 = 2+/5, nén tam giac ABC vudng cén tai A.

Dién tich: § = ~AB - AC = 5 2V/5 - 2/5 = 10. Tam gidc vuong can tai A nén B = 45°.

—4+24 2

24/5-2v10 2

Kiém tra bang tich vo huéng: BA = (—2; —4), BC = (2; —6), cosB =

Vay tam giac ABC vuong can tai A, c¢6 dién tich béng 10 va B = 45°.

P Vidu 17. Tim tryc tdm H cta tam giac ABC v6i A(1;4), B(—2;—2), C(4; 1).

Loi giai

Goi H(x;y). Taco BC = (6;3), AC = (3;—3),AH = (x — 1;y — 4), BH = (x + 2,y + 2).
_AH BC=0o6(x—-1)+3(y—-4) =0 2x+y=6,

— —
~-BH - AC=03x+2)-3(y+2)=0x=y.
Thayy =xvao2x +y =6dugcx =y = 2.

—

2 — — —
Kiém tra: CH = (—2;1), AB = (—3;—6),CH - AB = 6 — 6 = 0. Vay truc tam la H(2; 2).

4

» Vi du 18. Cho A(1;4), B(6; 1). Tim céc diém M trén truc hoanh sao cho AMB = 90°.
Loi giai
— —
M thudc truc hoanh nén M(x; 0); MA = (1 — x;4), MB = (6 — x; 1).
AMB=90° & MA-MB=0& (1-x)(6—x)+4=0x>—7x+10=0& x =2 hoic
x =5.
Vay c6 hai diém thoa mén 1a M, (2; 0) va M,(5;0). D6 1a giao diém cua truc hoanh véi dudng
tron duong kinh AB.
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Ay

b

o M, M X

P Vi du 19. (Van dung) Cho tam giac ABC véi A(1;5), B(—2;1), C(4;4). Tim toa d6 chan
duong cao H ké tir A, toa do diém A’ ddi xing voi A qua duong thang BC, va tinh dién tich tam
giac ABC.

Loi gidai

H thuoc dudng thang BC nén BH =tBC =t(6;3) , suy ra H(=2+6t;1+3t) va
AH = (6t — 3;3t — 4).

— —
AH-BC=0o6(6t—3)+33t—4) =045t —-30=0o t =
H 1a trung diém cta AA' nén A'(2-2—1;2-3 - 5) = (3; 1).

A_’H:(1;—2),AH:\/§;BC:\/36+9:3\/§.Dientichs:§Bc-AH:%-3\/5-\@:%.

15

Vay H(2;3), A'(3;1) va Sppc = P

. Vay H(2; 3).

winN

—

» Vi du 20. (Van dung cao) Cho A(1;2), B(5; 4). Tim diém M trén tryc hoanh sao cho MA - MB
dat gia tri nho nhét.

Loi gidgi

Goi M(x; 0): MA = (1 — x;2), MB = (5 — x; 4).

—_— — , 3 .
MA-MB=(1-x)(5-x)+8=x>-6x+13=(x—3)2+4>4, dau biang xay ra khi
x = 3.

Vay M (3;0) va gia tri nho nhat bang 4.

Cdch nhin hinh hoc: goi 1(3;3) 1a trung diém cua AB, ta c6 MA -MB = MI? — [A? = MI? — 5.
Gi tri nho nhat ung voi MI nhd nhét, tirc 1a M 14 hinh chiéu cua I trén truc hoanh; khi d6 MI = 3
ViMA-MB=9-5=4.

. Bai tap luyén tap

Bai 26. Cho A(1;1), B(5; 3), C(4; 5). Ching minh tam giac ABC vudng tai B. Tim toa d6 diém D
sao cho ABCD la hinh chit nhat va tinh dién tich hinh chir nhat d6.

Bai 27. Giai tam giac ABC (tinh cac canh va cac goc, s6 do goc lam tron dén do) véi A(1;2),
B(5;3), C(2;6).
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Bai 28. (Van dung) Tim tryc tam H cua tam giac ABC v6i A(4; 4), B(1; 1), C(7; 3). Nhan xét vi
tri ciia H so v&i tam giac.

4

v

Ol

Bai 29. (Van dung) Cho A(2; 1), B(6; 3). Tim diém C trén tryc tung sao cho tam giac ABC vudng.

Bai 30. (Van dung) Cho A(0; 2), B(4; 0). Tim toa do diém C sao cho tam giac ABC vudng cén tai
A.

Bai 31. (Van dung cao) Cho A(1; 1), B(6;2). C6 bao nhiéu diém C trén truc hoanh, c6 hoanh do 1a
s6 nguyén, sao cho goc ACB 1a goc ti?

Dang 6. Bai toan thwc té — Céng cua lwc

& PHUONG PHAP GIAI

» Cong cua luc khong d6i F 1am vat dich chuyén trMd&nN:A=F- I\WV) = |ﬁ| - MN - cosa,

v6i @ 1 goc gitra luc va huéng dich chuyén. Néu F = (x; ), MN = (x';y") thi
A=xx"+yy'
» Luyc do bang N, quing dudng do bang m thi cong do bang J. Khi 0° < @ < 90°: A > 0; khi
a=90":4=0;khi9° < a <180°: A < 0 (cong can).
e - . . =
» Phan tich F = F; + F, v6i F; cung phuong, F, vuong goc voi hudng dich chuyén: F, khong
sinh cong, cong cua F béang cong cua P_'l) .
2 5 \ —_ - —_ - —_ —_ >
» Nhiéu luc cung tac dung: tong cong bang cong cia hop luc, F; -d + F, - d = (F1 ah Fz) -d.
> Sai lam thwong gap: ding goc giita lyc va phuong ngang trong khi vat chuyén dong trén mat
dbc. Phai ding goc giita luc va hwéng dich chuyén.

» Vi du 21. (Gidi cu chuyén mé dau) An kéo vali bang luc 40 N theo tay kéo hop v6i phuong
ngang goc 60°, di duge 50 m; Binh ddy vali bang lyc 40 N theo phuong ngang, ciing di dugc 50 m.
Tinh cong mdi ban sinh ra.

Loi gidi

Ap dung A = |ﬁ'| - MN - cosa véi |17"| =40 N, MN = 50 m.

An: a = 60°, A1 =40 -50 - cos60° = 1000 (J). Binh: « = 0°, A, = 40 - 50 - cos0° = 2000 (J).

Luc cia An gém thanh phan nim ngang 40cos60° = 20 (N) va thanh phan thing dimg
40sin60° ~ 34,6 (N). Thanh phan thang dimg vudng goc voi hudng dich chuyén nén khong sinh
cong.

Vay Binh sinh céng gap doi An.
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» Vi du 22. Luc F= (3;4) (N) 1am vat dich chuyén tir M(1; 1) dén N(5;2) (don vi trén cac truc
1a mét). Tinh cong cua luc va goc giita luc véi hudng dich chuyén (1am tron dén do).

Loi gidai

= 5 —

MN = (4;1),néncongcialyclaA=F -MN =3-4+4-1=16().
> n 16 o

|F| =5, MN = +/17, nén cosa = e 0,776,suyraa = 39°.

Vay cong cua luc bang 16 J va goc giita luc v6i hudng dich chuyén xap xi 39°.

P Vi du 23. (Van dung) Mot cong nhan kéo thung hang co6 trong luong |ﬁ | = 300 N Ién mot mat
phang nghiéng goc 30° so vdi phuong ngang, bang luc |ﬁ' | = 200 N song song v6i mat doc; thung
di duoc 4 m doc theo mit dbc. Tinh cong cua luc kéo F, cua trong luc P va cua phan luc N (vuong
g6c voi mat doc) trén quang duong do.

Loi gidi

Hudng dich chuyén 1a hudng di 1én doc mit doc, hop véi phuong ngang goc 30°.

Luc kéo cung hudng véi dich chuyén: Az = 200 - 4 - cos0° = 800 (J).

Trong lyc huéng thang xudng, con hudng dich chuyén chéch 1én trén phuong ngang 30°, nén goc
giita chiing bang 90° + 30° = 120°. Do d6 Ap = 300 - 4 - cos120° = —600 (J).

Phan lyc vudng goc v6i mit dbc, tie 1a vudng goc véi hudng dich chuyén: Ay = 0.

Vay Ap =800 J, Ap = —600 J (cong can), Ay = 0; tong cong bang 200 J. Nhdn xét:
|Ap| = 300 - 2 = 600 diing bang trong lugng nhan do cao thing dugc nang 1én (4sin30° = 2 m).

. Bai tap luyén tap

Bai 32. Mot nguodi kéo xe chd hang vai luc 200 N theo sgi day hop vai phuong ngang goc 30°; xe
di duoc 100 m trén duong nam ngang. Tinh cong ciia lyc kéo (1am tron dén hang don vi).

quang duong 100 m
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Bai 33. Mot hop trugt 4 m trén mat ban nam ngang. Tinh cong cua trong luc Pva cong cua lyc ma
sat c6 d6 16m 15 N (nguoc hudéng chuyén dong) trén quing duong do.

FITIS I
< ]
5 —_—
A =
huéng chuyén dong

Bai 34. Luc F ¢6 do 1on 50 N hop voi hudng chuyén dong goc 30°. Phan tich F thanh F, cing
phuong chuyén dong va P_'z) vudng goc v6i phuong chuyén dong. Tinh do 16n mdi luc thanh phan va

cong cua F trén quang duong 10 m.

huéng chuyén dong

Bai 35. (Van dung) Mot nguoi kéo thung gd di 20 m trén san nam ngang bang soi day hop véi
phuong ngang goc 37°; yéu cau lyc kéo phai sinh cong it nhat 3000 J. Luc kéo phai c¢6 do 16n toi
thiéu bao nhiéu niuton (lam tron dén hang don vi)? Néu ha day xuong con hgp véi phuong ngang
g6c 20° thi lyc t61 thi€u gidm bao nhiéu niuton?

Bai 36. (Van dung cao) Hai nguoi dtng trén hai by mot con kénh thang, ding hai soi day kéo mot
chiéc thuyén di doc theo kénh. Day thir nhét c6 luc kéo |Fl’| = 400 N va hop v6i huéng di cua
thuyén goéc 30°; day thir hai hop véi hudng di cia thuyén goc 45° (vé phia bo bén kia).

O _ e®

hudng di ctia thuyén F 2

® ®

a) Dé thuyén khong bi kéo 1éch vé phia bd nao, cac thanh phan vudng goc voi huéng di ciia hai
luc phai tri¢t ti€éu nhau. Tinh |P_'2) |

b) Tinh tong cong cia hai Iyc khi thuyén di duge 100 m (1am tron dén hang don vi).

¢) Neu nguoi thir hai cling kéo véi luc 400 N (van gitr goc 45°) thi thanh phan luc day thuyén
1é€ch sang ngang c6 do 16n bao nhi€u (Iam tron dén hang phan muoi)?

* BAI TOAN PIEM NHAN

Nhitng bai todn gidu y twong, gdn véi thuc tién hodc doi hoi tong hop nhiéu kién thirc ciia bai. Hay
tw suy nghi truée khi xem 1oi gidi ¢ phan Hudng dan gidi.
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Piém nhin 1. TAm pin mit troi trén mai nha. Nha ban Minh & Ha Noi 1ap mot tim pin mit troi
hinh chi nhat trén mai nha ddc vé phia nam. Xét mit cat thang ding theo huéng Bic — Nam di qua
tAm pin va chon hé truc Oxy nhu hinh: truc Ox nim ngang, hudéng vé phia nam; truc Oy thing
dtng, hudéng 1én trén; don vi trén mdi truc 1a mét. Trong mat ct nay, tam pin la doan théng MN voéi
M(0; 3), N(—1,6; 4,2); dién tich cta tAm pin 1a 2 m?.

2

O --1
|| Nam‘
Béc @12

Pé tinh lugng nang tim pin himg duoc, cac ki su dung hai vecto nam trong mat cat trén (toa do

ctia chung 1y theo hai truc Ox, Oy nhung tinh bang don vi riéng):

* Vecto anh ning E: hudng tir tAm pin vé phia Mat Troi (nguoc chiéu tia nang), c6 d6 dai bang

cuong do bic xa, tinh b'fmg W/m2.

* Vecto dién tich S cua thm pin: vudng goc voi doan MN, huéng vé phia mit hing ning (phia

trén) ctia tAm pin, c6 do dai bang s6 do dién tich tAm pin tinh bang m? (¢ day |§ | =2).

KhiE -S> 0, cong sudt birc xa ma tdm pin nhan dugc (tinh bang W) 1a P = E-S. (Luc Mat

Troi 1éch vé phia dong hay phia tiy, vecto E cho dusi day 1a phan anh ning di duoc cac ki su

quy vé mat cit; cong thirc trén van ding.)

a) Tim toa d6 cta Sva goc nghiéng cua tim pin so véi phuong ngang (Iam tron dén do).

b) Luc 9 gid sang mot ngay mua dong, E_'_: = (600; 450). Tinh cong suét tim pin nhan duoc va

e e 7
goc gitta E; voi S (lam tron dén d9).
\ \ e d s
¢) Gitlra trra mot ngay mua he, Méat Troi gan nhu ¢ dinh dau va E, = (0; 1000). Tinh cong suat
tAm pin nhan dugc. Cong suit d6 bang bao nhiéu phan trim céng suit tim pin nhan duoc néu
duogc dit vudng goc voi tia ning?

d) Giit nguyén diém M va do dai MN, nguoi ta co thé xoay tdm pin dén vi tri MN; (N; & phia
béc va cao hon M). Tim toa d6 cua N; dé luc 9 gio sang ngay mua dong néi & cau b, tim pin
nhan duoc cong suét 16n nhét. Tinh cong suat 1on nhat do.

Goi y
a) Goi § = (x;y): didu kién 1a S - MN = 0, |S| = 2 vay > 0 (S huéng Ién trén). b), ¢) Tinh tich
v6 huéng theo toa do. d) Viét P = |E1)| . |§| - cos (E)g) khi ndo cosin 16n nhat?

Piém nhin 2. Pwong thang Euler. Cho tam giac ABC ¢6 BC = a, CA= b, AB = c, ndi tiép
duong tron tdm [ ban kinh R; G la trong tdm cua tam gidc. Goi H la diém thoa man
e e -
IH=IA+1B +IC.
. — _— = .
a) Chung minh AH - BC = 0va BH - CA = 0. Tu d6 suy ra H 1a tryc tam cua tam giac ABC.

— —

b) Chimg minh IH = 3 IG, tir d6 suy ra ba diém I, G, H thang hang.

|

s
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2
¢) Ching minh TA-1B = R? - 67, roi suy ra IH? = 9R? — (a? + b? + ¢?).
d) Ap dung cho A(—1;1), B(7; 1), C(1; 7): tim toa d6 cua I, H va kiém tra lai cong thirc ¢ cau

C.
Goi y
e T e - - = g
a) AH=IH—-IA=1B+1C va BC =1IC —IB; nh¢ ring IB = IC = R. c) Binh phuong vo
— = e
huéng hai vé cia AB = IB — TAvacualH =I1A+1B +IC.

LUYEN TAP THEO CAU TRUC DE THI

I PHAN I. Cau trac nghiém nhiéu phwong an lwa chon (Moi cdu chi chon mét phirong én.)

Cau 1. Cho hinh thoi ABCD c¢6 BAD = 70°. Goc giira hai vecto AB va CB bing

A. 35° B. 70° C.110° D. 145°
CAu 2. Cho hai vecto %, ¥ khéc 0. Tich vé huéng % - ¥ bing

A. |u| - |9] - sin(u, v) B. |u| - |9] - cos(u, v)

C. |u| - |v] D. |u + 7|

Chu3.Chod = (2;—1), b = (3;4). Tich d - b bing

A.5 B. 10 C. -2 D.2
Céu 4. Hai vecto U = (4;m) va v = (2; —1) vudng goc khi

A.m= -8 B.m=8 Cm=2 D.m=-2
Cau 5. Cho |d| = 5, |b| = 2, (d,b) = 60°. Tich d - b bing

A.5 B. 10 C.5V3 D. -5

CAau 6. Cho hai vecto d, b khéc 0 thoaman @ - b < 0. Khang dinh nao sau day dung vé goc gitra hai
vecto d6?

A. Gobc do 1a goc nhon B. Goc d6 1a goc ti hodc bang 180°
C. Goc d6 bang 90° D. Géc d6 bang 0°
— —

Cau 7. Cho hinh vuéng ABCD canh 2. Tich AB - BD bang

A.0 B. 4 C.—4 D. —2v2
Céu 8. Goc giita hai vecto d = (1; —V3) va b= (v/3; —1) bang

A. 120° B. 60° C. 150° D. 30°
Cau 9. Cho A(1; 2), B(3; 1), C(2;4). Tam giac ABC

A. vuong tai C B. vuong tai B C. vudng tai A D. déu
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Céu 10. Cho % = (3; 4). Binh phuong v6 huéng %2 bang

A. 25 B.7 C.5 D. 49
Cau 11. Cho |d| = |b| = 1vad L b. D6 dai |d + b| bang

A.0 B. 2 C.1 D.2

Cau12.Luc F = (2;3) (N) 1am vat dich chuyén theo vecto d= (4;0) (m). Cong cua lyc la
A.8] B.12] C.201J D.0J

I PHAN II. Cau trac nghiém dung sai (O mdi y a), b), ¢), d) chon Piing hodc Sai.)

Caul.Chod = (1;2), b = (—4;2).

Y Ménh dé Pung Sai
a) d-b=(—44). O O
b)  |b| = 20. O O
¢ (@+b)-d=5s. O O
d) cos(&, a+ B) = g ] [l

Céu 2. Cho tam giac déu ABC canh 2 va M 1a trung diém cua canh BC.

Y Ménh dé Diing Sai
a) AB-AC =2 ] Ll
b) AM-BC = 0. O O
©) AB-BC =2 O O
d) AM-4B =3. O O

Cau 3.Cho A(2;1), B(4;3), C(4; —1).

Ménh dé Pung Sai
a) AB-AC =8 O O
b) | Tam gidc ABC vudng cén tai A. ] L]
¢) ABC = 45°. [ L]
d) Diém M(3;0) thoa man AMB = 90°. O O
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Céu 4. Mot nguoi kéo xe chd hang bang soi ddy hop véi phuong ngang goc 45°, luc kéo co do 1on
100 N; xe di dugc 20 m trén dwong nam ngang.

v

quang duong 20 m

Y Ménh dé Diing Sai

a) | Cong cua lyc kéo bang 10002 J. O O
Néu kéo theo phuong ngang véi luc ¢6 cing do 16n thi cong cia luc

b) 1A ] ]
kéo 16n hon.

¢) | Thanh phan cia lyc kéo vudng goc véi mat duong sinh cong duong. H [l

d) Mubn cong cua luc kéo chi bang 1000 J (cung d6 16n lyc, cting quing O 0O

duodng) thi day phai hop vdi phuong ngang géc 60°.

| PHAN IlI. Cau tréc nghiém tra 1&i ngén
Ciul.Chod = (3;-2),b = (4;5). Tinh @ - b.

Céu 2. Tim s6 thuc m dé vecto U = (m; 3) vudng goc voi vecto ¥ = (6; —4).
Dap $0: | | | | |

Dap so: |

Céu 3. Cho hai vecto d, b ¢6 |d| = 3, B| =2 vad — b vudng gbc véi @ + 2b. Tinh sé do goc giita

avab (theo don vi d6, 1am tron dén hang don vi).

Dap so: | | | | |

Céu 4. Mot vat chiu tic dung dong thoi cua hai luc khong d6i IT": =(2;3) va IT"Z = (4;—-1) (don vi
N), dich chuyén tir M(1;2) d&én N(6;4) (don vi trén cac truc 1a mét). Tinh tong cong cua hai lyc
(theo don vi J).

Dip s6: | | | | |
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PE KIEM TRA SO 1

TOAN 10 - TRAM TOAN APLUS
BAI 11. TICH VO HUONG HAI
VECTO HO VA ten: v Lop: ..........
Thoi gian lam bai: 60 phiit Phén I: 0,25 diém/cdu - Phan II: ding 1y 0,1d; 2% 025d: 3y 0,5d: 45 1
d - Phan III: 0,25 diém/cau - Phan IV: 0,75 diém/bai.

Céu triic theo dinh dang dé thi tot nghiép THPT tir nam 2025

| PHAN 1. Trac nghiém nhiéu phwong an lwa chon (12 ciu - 3,0 diém)

Céu 1. Cho hai vecto @, b khac 0 thoa mén la + B| = |a| + |B| Gée (a, B) béng

A.0° B. 90° C. 180° D. 60°
Chu 2. Véid, b khac 0, d - b = 0 khi va chi khi

A.dLlb B. d, b ciing huéng

C. d, b nguoc huéng D.|d| = |B|
Cau3.Chotu = (=1;3), ¥ = (2;1). Tich 4 - ¥ bang

A7 B.5 C.-5 D.1

Cau 4. Cho tam giac déu ABC canh 4. Tich AB - AC bang
A.16 B.8 C.8V3 D. -8

Chu 5. Goc gitta d = (1;—1) va b = (2; 0) bing
A. 45° B. 135° C.90° D. 30°

Céu 6. Cho |ad| = 2, |B| =5,d-b=—5. Goc gifta &,Bbﬁng

A. 150° B. 60° C.120° D. 30°
Cau 7. Vecto nao sau diy vudng goc véi u = (2; 3)?
A. (3;2) B. (—3;2) C.(2;-3) D. (—2;-3)
Céu 8. Cho vecto % ¢6 |1i| = 3. Binh phuwong v6 hudng %% bang
A3 B. 3 C.9 D.6
— —
Cau 9. Cho hinh vuéng ABCD canh a, tdm O. Tich OA - OC bang
2 2
A. —a? B. - C.0 D.—-%
2 2

Cau 10. Cho A(1; 1), B(2;3), C(m; 0). Tam giac ABC vudng tai A khi
Am=2 B.m=-1 Cm=1 D.m=3

- - 2 \
CAu 11. Véi moi vecto a, b, (5 + b) bang
- - - - - .2
A.d*+d-b+b*  B.d*+b? C.d*+2d-b+b* D.(ldl+|b|)

Cau 12. Mot vat c6 trong luong 10 N trugt tir dinh xuéng chan mdt mat ph:fmg nghiéng dai 2 m,
nghiéng goc 30° so voi phuong ngang. Cong cua trong luc trén quang dudng d6 bang
A.10V3 7 B.107J C.20J D.0J
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| PHAN II. Tric nghiém ding sai (4 cau 4,0 diém)

Ciul.Chod = (2;-1),b = (1;2), ¢ = (3; 1).

Y M¢énh dé Piing Sai
a) dLb. O O
by d-¢=5. | |
¢) | Goc giita d va ¢ bang 45°. ] L]
d (i+b)-¢=8. O O

Céu 2. Cho |d| = 2, |b| = 3, (db) = 60°.

Y Ménh dé Piing Sai
a) d-b=3v3. O O
b) |da+b|=5 O O
¢©) |d—b|=v7 O O
d) (@a+2b)-(@a-b)=-11. O O

Céu 3. Cho A(1;2), B(—2;6), C(9; 8).

Y M¢énh dé Piing Sai

a) Tam gidc ABC vudng tai A. [l ]

b) | Dién tich tam giac ABC bang 25. O O
— 2

¢) CcosABC =—. ] L]

d) | Tryc tdm cua tam giac ABC 1a diém H(—2; 6). ] [l

Céu 4. Mot vat chiu tac dung cua luc khong doi F= (30; 40) (don vi N) va dich chuyén thang tir
M(0;0) dén N(10; 0) (don vi trén cac truc 1a mét).

Y M¢énh dé Piing Sai

a) |F|=70N. O O

b) | Cong ciia luc F biang 500 J. L] L]
. . > — > s

¢) | Cosin cuia goc gifta F va MN bang 0,6. [ [

d) Trén cing quang dich chuyén do, luc (0; 80) (N) sinh cong 16n hon B B

luc F.

| PHAN IlI. Tréc nghiém tra 1&i ngdn (6 ciu— 1,5 diém)
Cau 1. Chou = (3;4), v = (—2;1). Tinh tich vd huéng U - (U + 27).
Ddp s6: | | | | |
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Céu 2. Tinh s do goc giita hai vecto d = (1; \/§) vab = (—2;0) (theo don vi d9).
Dap sé: | | | | |

—

CAu 3. Cho |d| = 3, |b| =4, |d + b| = 6. Tinh @ - b.

Cau 4. Cho A(0; 1), B(4;5), C(6; —1). Truc tam cua tam giac ABC 1a H(a; b). Tinh a + b.

Dap so: | | |

Dip s6: | | | | |
Céu 5. Cho A(—1;3), B(3; 1). Piém M thay doi trén tryc tung. Tim gia tri nho nhét cia MA - MB.
pipsi: [ |||

Céu 6. Mot nguoi kéo kién hang di 20 m trén san nim ngang bang soi diy cang thing, luc kéo c6
do 16n 250 N va sinh cong 4 kJ. Tinh goc gitra day kéo va phuong ngang (theo don vi d9, lam tron
dén hang don vi).

Dap sé: | | | | |

PHAN IV. Tw luan (2 bai — 1,5 diém)
Bai 1. Cho tam giac ABC v6i A(—1;1), B(3; 1), C(2; 4).
— — .

a) Tinh AB - AC va s6 do goc A.

b) Tim toa do tryc tdm H cua tam giac ABC.

¢) Tim toa d6 chan duong cao D ké tir € va tinh dién tich tam giac ABC.
Bai 2. (Van dung) Mot nguoi kéo thung hang trén mit san nam ngang bang soi day hop véi
phuong ngang goc a (0° < a < 90°); luc kéo c6 do 16n 150 N, thung di dugce 20 m.

[y

F

quang duong 20 m

a) Tinh cong cua luc kéo khi @ = 30° (lam tron dén hang don vi).

b) Khi ¢ = 30°, phéan tich lyc kéo thanh hai lyc thanh phﬁn: mot Iyc cung phuong va mot luc
vudng goc voi phuong chuyén dong. Tinh do 16n mdi lyc thanh phan.

¢) Bé cong cua luc kéo khong nhoé hon 2000 J thi goc a 10n nhat bang bao nhiéu do (Iam tron
dén hang don vi)?

— HET —
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PE KIEM TRA SO 2

TOAN 10 - TRAM TOAN APLUS
BAI 11. TiCH VO HUONG HAI
VECTO HO VA teNn: e Lop: ..........
Thoi gian lam bai: 60 phiit Phén I: 0,25 diém/cdu - Phan II: ding 1y 0,1d; 2% 025d: 3y 0,5d: 45 1
d - Phan III: 0,25 diém/cau - Phan IV: 0,75 diém/bai.

Céu triic theo dinh dang dé thi tot nghiép THPT tir nam 2025

| PHAN 1. Trac nghiém nhiéu phwong an lwa chon (12 ciu - 3,0 diém)
Céu 1. Cho hai vecto @, b khac 0 thoa man d@ = —3b. Géc (a, B) bang
A. 180° B. 0° C.90° D. 120°

Céu 2. Vi moi vecto i, tich U - 4 bang
A. |ul? B. |u| C.0 D. 2|u|

Ciu3.Chod = (4;—3),b = (1;2). Tich @ - b bang
A.—10 B. 10 C.2 D. -2

Céu 4. Cho |d| = 4, |b| = 3, (& b) = 120°. Tich d - b bing

A.6 B. -6 C.—6v3 D. 12
Cau 5. Goc gitta d = (2;1) vab = (—1; —3) bing

A.90° B. 45° C.135° D. 120°

. . ~ —_—> —>
Cau 6. Cho tam giac ABC vuong tai A c6 AB = a, B = 60°. Tich BA - BC bang
2

A. 2a? B. a? C.= D. a?V3
Cau 7. Tét ca cac gia tri cia m dé hai vecto 2 = (m; —2) va ¥ = (m; 8) vudng goc la

A.m=—2hodcm =2 B.m=4

C.m=16 D.m = —4 hoacm = 4
Ciu 8. Cho A(0; 0), B(3;4), C(4;3). Gia tri cosBAC 1a

A2 B.L c.z D.2

25 25 25 5

Ciu9.Cho |d| =1, |b| = 2,d-b = 1. Do dai |d@ + b| bing

A N7 B.3 C.\5 D.7
Cau 10. Cho hai vecto da, b ¢6 cung d6 dai. Khang dinh nao sau day ludn ding?

A.d=b B.dlb

C.(d+b)L(da—b) D. (d+b)-(d—b) = 24
Céu 11. Cho A(1;2), B(3;4). S6 diém M trén tryc tung sao cho AMB = 90° 1a

Al B.0 C.2 D. v6 s6

Céu 12. Mot ngudi xach tai hang di 4 m trén duong ndm ngang, tay giit tui bang lyc 50 N hudng
thang dtng 1én trén. Cong cua luc ma tay tic dung 1én tai trén quing dudng d6 bang
A.50] B.200J C.10017J D.0J
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| PHAN II. Tric nghiém dung sai (4 ciu - 4,0 diém)

Caul.Chod = (3;1),b = (-1;2).

Y Ménh dé Pung Sai
a) d-b=-1 O O
b) |d|- |B| = 5v/2. O O
¢) | Goc gita d va b 1a goc tu. O O
d) Vecto (1; —3) vudng goc véi a. O O

Cau 2. Cho hinh vuéng ABCD canh 2, tam O; M 1a trung diém cua CD.
A 2 B

Y Ménh dé Pung Sai
a) AB-AD =0 O O
b) AC-4B =4 O O
¢) AM-BD =0 O O
d) 0A-0B=0. O O
Ciu 3. Cho A(—2;0), B(2;0), €(0;2V3).
Y Ménh dé Pung Sai
a) Tam giac ABC déu. L] L]
b) 4B -AC =8. O O
¢) A4B-BC =-s. ] O
d)  Tryc tAm tam giac ABC 1a H(0; 2). ] L]

Céu 4. Mot vat chiu tic dung cua lyc khong doi F= (6;8) (don vi N), dich chuyén thing tir
A(0;0) dén B(3; 4) 10i tir B dén C(3;10) (don vi trén cac truc 1a mét).

Y Ménh dé Diing Sai
a) | Cong cta luc F trén doan AB bang 50 J. [l L]
b)  Cong cua luc F trén doan BC bing 60 J. L] Ll
¢)  Tbng cong cua luc F trén ca hai doan 16n hon 100 J. L] Ll
d) | Cosin ciia goc gitia F va BC bing 0,8, [ O

APLUS HA NOI 0943.480.099 CHIENMATH.COM Trang 729



TOAN 10 - APLUS Tap 1 - Ban dé va 1o giai

| PHAN Ill. Tréc nghiém tra 1&i ngén (6 ciu— 1.5 diém)

Cau 1. Chod = (—2;5), b = (3;1). Tinh (2d + b) - b.

Dap $6: | | | | |
Cau 2. Cho tam giac ABC c6 AB =6, AC =5,BC =7. TinhA_B) -AC.
Dap $6: | | | | |

Céu 3. Cho |a| = 2, |E| =4, (4, B) = 120°. Tim s thuc k dé vecto @ + kb vuong goc véi b.

Céu 4. Tim s6 thuc m dé vecto i = (2m — 1; 3) vudng goc véi vecto ¥ = (4; —2) (viét két qua
dudi dang sb thap phan).
Dip s6: | | | | |

Dap so: | | |

Céu 5. Cho A(1;1), B(4;2), C(2;5). Tinh s6 do goc BAC (theo don vi d9, 1am tron dén hang don
vi).

Dap so: | | | | |

Céu 6. M6t du khach kéo vali 1én mét con ddc thing nghiéng 10° so v6i phuong ngang, di duoc 30
m doc theo mit doc. Tay kéo hop v6i phuong ngang goc 50°, luc kéo c6 d6 16n 60 N. Tinh cong
cua luc kéo (theo don vi J, lam tron dén hang don vi).

F

Dap so: | | | | |

| PHAN IV. Tw ludn (2 bai — 1,5 diém)
Bai 1. Cho ba diém A(—2; 1), B(2; 3), C(4; —1).
a) Chung minh tam gidc ABC vudng can tai B va tinh cosBAC bang tich vo hudng.
b) Tim toa d6 diém D sao cho ABCD 1 hinh vuéng.

¢) Tim céac diém M trén tryc tung sao cho AMC = 90°.

Bai 2. (Van dung) Trén bai dat canh mot bo song théng c6 hai cot mdc A, B. Chon hé truc toa do
Oxy sao cho bd song nam trén truc Ox va don vi trén mdi truc 1a 10 m; khi d6 A(1;3), B(7;3).
Mot ngudi mudn dimg tai diém M trén bo song sao cho nhin hai cot mbe dudi mot goc vudng, tirc
la AMB = 90°.

Ay A
®

o

>V

song

a) Tim toa do diém M.
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b) Tinh khoang cach tir M dén mdi ¢t mbc (theo don vi mét, 1am tron dén hang phan muoi).

¢) Néu nguoi d6 dimg tai gbc toa do O thi goc AOB 1a goc nhon hay goc tu? Vi sao?
— HET —
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HUONG DAN GIAI CHI TIET

BAI 11. TICH VO HUONG HAI VECTO - Méi bai gom dé va 16 gidi ngay bén diGi

IE] L0 GIAI BAI TAP CAC DANG TOAN

Dang 1. Géc gitra hai vecto — Tich vo hwéng theo dinh nghia

— =
C

. . —_ > D —
Bai 1. Cho tam giac ABC vuong can tai A c6 AB = AC = a. Tinh AB - AC, AB - BC va CA - CB.
Loi gidgi

— —
ViAB 1 AC nén AB - AC = 0.
Tam gidc vudng can tai A nén B = € = 45° va BC = av/2.

7 —_— —> b 7 —_— — —_—
Lay E sao cho BE = AB dé dua vé chung goc B: (AB ,BC) = EBC = 180° — 45° = 135°.

e
135°
A B ¥
Dodo AB -BC =a \/f-c05135°=a-a\/§-(—g)=—a2.

. — —
Hai vecto CA, CB chung gbc C nén CA-CB=a-av2 - cos45° = a?.

—>—)

Vay AB - AC = 0,AB - BC = —a? va CA - CB = a>.

Bai 2. Cho tam gidc ABC c6 AB =5, AC =8, A=60°. Tinh AB - AC, rdi ding ding thic
—_ = —
BC = AC — AB dé tinh BC.

C
8
e 3 B
Loi gidi
_)

Theo dinh nghfia, AB-AC =58 cos60° = 20.

. : — s —
Binh phuong vo hudng hai ve cua BC = AC — AB

BC? = AC? — 2AB - AC + AB? = 64 — 40 + 25 = 409.
—_— —
Vay AB - AC = 20 vaBC = 7.
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— —
Bai 3. Cho hinh chit nhat ABCD ¢6 AB = 4, AD = 3. Tinh AC - BD.
D G
3
A 4 B

Loi gidi
e d s

g - . —> —_—
Theo quy tac hinh binh hanh, AC = AD + AB; theo quy tac hi¢u, BD = AD — AB
—_ — —  — — —
Do d6 AC - BD = (AD +AB) : (AD —AB) — AD?>—AB?=9—16 = —7.

|

Vay AC - BD = —7. (Két qua am cho biét goc gitra hai vecto AC, BD 1a goc tu.)

2 \

Bai 4. (Van dung) Cho hinh vudng ABCD canh a, M 14 trung diém cua BC. Tinh AM - AC va
— =
AM - BD.

A
Loi gidi
— — . —_— —
biat AB, AD lam hai vecto “co s6”: AB = AD =avaAB -AD =0
—_— e s 1 S —
AM=AB+BM=AB+EAD;AC=AB+AD;BD=AD—AB.
2 2 5
AM A_C)=(zﬁ+%zﬁ)))-(zﬁ+A_D))—ABz+§AD2—a2+a7=3%(céc tich AB - AD bing
0).
2 2
AM -BD = (AB +34D) - (AD — AB) = —AB? + AD? = —a? + = = - %
2 2 2 2
L = 32 [ — a?
VyAM C=TvaAM-BD:—?

—_— s s =

Bai 5. (Van dung) Cho luc gidc déu ABCDEF canh a, tim 0. Tinh AB -AC,AB - AD, AB - CD va
— —
AB - DE.

1
Q

Loi gidi

Luc gidc déu dugc chia thanh sdu tam gidc déu canh a c6 chung dinh 0. Do d6 AD = 2a,
BAD = 60°; tam giac ABC cantai B c6 ABC = 120° nén BAC = 30° va AC = aV/3.

—_ — 302 — —

AB -AC = a-avy3-cos30° =T;AB~AD =a-2a-cos60° = a?.

—_— S —

Tér gisc BCDO c6 bén canh bing a nén 13 hinh thoi, do d6 CD = BO. Mit khic BO = A0 — A
v6i A0 = 1 AD (0 Ia trung diém ciia AD).
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2 2
SuyraA_B)~E))=%A_B)-xﬁ—AB2=a7—a2=—a7.
. —_— —
DE = — 4B (hai canh ddi song song, bang nhau, ngu:orc hu:(’)'ng) nén AB - DE = —a?.
—_— — 32 — — —_— —>
Vay AB - AC = —, AB - AD = a? AB-CD=——VaAB DE = —a?.

2

Bai 6. (Van dung cao) Cho tam gidc ABC c6 BC=a, CA=b, AB =c. Ching minh

— 2
AB-AC=""""C\aZAB-BC+BC CA+CA-AB = - “2*<
Loi gidi
— — — I —
Tx BC = AC — AB, binh phuong vO6 huéng hai ve: a? =b?—2AB - AC + c? , suy ra
— —  p2ic2_g2
AB - AC = ——

—

Theo quy tic ba diém, AB + BC + CA = A4 = 0. Binh phuorng vo huo’rng hai vé:

—_ =
A32+BCZ+CA2+2( B-BC+BC-CA+CA- AB)=0.
—_ s s — — a?+b2+c2
Do d6 AB - BC + BC - CA + CA - AB = — =22 (dpem).

Nhdn xét: dang thirc thir nhat chinh 1a dinh 1i cosin a? = b? + c¢? — 2bccosA viét dudi dang tich
v6 hudng.

Dang 2. Tich vé hwéng theo toa ddé — Géc — Diéu kién vudng goc

Bai 7. Cho d = (3;4),b = (=1;2). Tinh d- b, (d + b) - (@ — b) va goc giira &, b (lam tron dén
o).

Loi gidi

G-b=3-(-1)+4-2=-5.

- —)2 - el - .2 N
ld|>=25, |[p| =5, nén (a+b)-(a—b)—a —b2=20. Kiém tra bing toa d¢:
da+b=(2 6) a—B—(4-2)va2 4+46-2=20.

cos(d, E) ==~ 0447, suyra (d,b) ~ 63,43",

Véayd-b =5, (a + b) . (a = b) = 20 va goc gitta d, b xap xi 63°.

Bai 8. Tim m dé @ = (m; 1) vudng goc véib = (2;m — 3).

Loi gidi

ilbo2m+@m-3)=0e3m=3om=1.

Thir lai: véim = 1 thid = (1;1),b = (2 —2)vad-b=2—-2=0. Vaym = 1.

Bai 9. Tim cac vecto @ vudng goc véi ¥ = (1; —2) va co do dai bang 2+/5.
Loi gidi
Goi 1l = (x;y). Pieukién U L ¥: x — 2y = 0, ttc 1a x = 2y; khi d6 U = (2y; y).
il =4y> +y> =5yl =2V5 & |yl =2 e y =2 hojey = —2.

Vay c6 hai vecto thoa man: U = (4;2) vau = (—4;—2).

Bai 10. (Van dung) Cho d = (1;2), b = (3; —1). Tim sb thuc k dé vecto kd + b vudng goc véi
vecto @ — b.

Loi gidi

ki+b=(k+3;2k—1)vad—b = (-2;3).
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(ki+b) L(i—b) o —2(k+3)+32k—1)=0o4k—9=0ck="2

Cach khac: (kd +b) - (@ —b) = kd®>+ (1 —k)da-b—b*> =5k + (1 —k)-1—10 = 4k — 9.

av ik =2
Vay k = "
Bai 11. (Van dung) Cho i = (m; 1) va ¥ = (1;m). Tim m dé goc giira hai vecto bang 60°.
Loi gidgi
u-v=2m,|u|l =|v| =vm?+ 1, nén cos(u,v) = %
2m 1

——om?—4m+1=0om=2++3hoicm=2—+3.

m2+1 2

u,7) =60°
Ca hai gia tri déu duong nén cos(U, v) = % > 0 thoa mén. Vay m = 2 + /3.

N

Bai 12. (Van dung cao) Cho i = (m;2) vav = (m + 1; —3). Timm & |i + ¥| = |1 — 9.

Loi gidi
Hai vé déu khong &mnén |[U + 9| = [ — V| © @+ D)2 =@ —-V)? e 4u- V=0 U L V.
U-v=m(m+1)—6=m?*+m—-6=0m=2hoicm=-3.

Kiém tra véim = 2: U + ¥ = (5; —1), i — ¥ = (—1;5), hai vecto cling c6 d6 dai v/26.
Vay m = 2 hoic m = —3. Y nghia hinh hoc: hinh binh hanh dung trén %, ¥ ¢6 hai duong chéo
bang nhau khi va chi khi n6 13 hinh chit nhat.

Dang 3. Van dung tinh chat — D6 dai, géc, dang thirc, cwec tri

Bai 13. Cho |d@| = |b| = 1va |d — b| = v/3. Tinh goc giira & va b.

Loi giai
-2 — - - -
|d—b| =a—2d-b+b%nen3=1-2d-b+1,suyrad-b=—=.
- 7 ab 1 a , a > T o
cos(d,b) = A 7 Vay géc giita d va b bang 120°.

Bai 14.Chod L b, |d| = 3, |b| = 4. Tinh |d@ + b| va (@ + b) - (2d — b).
Loi gidi

Vid Lbnénd-b=0;dodo|d+b| =9+0+16=25va|d+h|=5
(@+b)-(2d—b)=2d*+d-b—b>=18+0—16 = 2.

Vay |@+b| =5va(d+b)-(2d—b) = 2.

Bai 15. Cho tam gidc ABC ¢6 AB =5, AC = 7, BC = 8. Tinh 4B - AC, s do gbc A va do dai
dudng trung tuyén AM.

Lai gidi
2 2_ 2 —_
TfIB_C')=14_)—14_B>:_B)‘_C')=AB+A§ BC =25+4-29 64=5.
COsSA = ig:ig = % = %, suyra A ~ 81,79°.
AM? = %(ABZ +24B - AC +AC2) = 2(25 + 10 + 49) = 21, nén AM = V21.
— — ,\

Vay AB - AC =5, A = 82° vaAM = v21.
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Bai 16. (Van dung) Cho hinh chit nhat ABCD va diém M tuy y. Ching minh
MA? + MC? = MB? + MD?.

M
A

,””" // //’I

P =27 i / !

= c/

,/ ’II

A B

Loi gidgi

. i . e T S — = S
duong chéo. Khi d6 0A+0C=0, OB+0D=0 va

Goi O la giao diém hai
0A = OB = 0C = 0D (hai dudong chéo ciia hinh chir nhat bang nhau va cit nhau tai trung diém

mdi duong).

MA2 + MC? = (1\70’ + 54’) 0A _’) + 0A% + 0C? = 2MO? + 0 A2

2+(1\To’+ﬁ’)2=2M02+21\W)’-(0A+oc

Tuwong tu, MB? + MD? = 2M0? + 0B? + 0D?.
Vi0A = 0B = 0C = 0D nén MA? + MC? = MB? + MD? (dpcm).

Bai 17. (Van dung) Cho hai vecto don vi d, b thoa man @ + 2b vuong goc voi 5a — 4b. Tinh goc

gitta d va b.

Loi gidi

(@+2b) - (5d — 4b) = 5a>
ggocnen6a b—3= 0,trcla a

— 4G -b+10G - b — 8b2
b=

NII—\ ”

Hai vecto vu.
LN _ @b _
cos(a,b) =15=
Bai 18. (Van dung cao) Cho tam gidc déu ABC canh 3, trong tim G. Ching minh rang véi moi

. . s s s s — 9 .
diém M: MA - MB + MB - MC + MC - MA = 3MG* - Tir do tim gid tri nho nhat cua ve trai

= Vay goc gilra d va b béng 60°.

Loi gidai
¥ — o — — —
Chén diém G: MA MG + GA, MB = MG + GB, MC = MG + GC
MA - MB = MG? + MG - (G + B)+G B; viét tuong tu cho hai tich con lai roi cong lai:
— — — — — =
MA - MB + MB - MC + MC - MA = 3MG? + 2 MG - (GA+GB+GC)+T,
— = — — — -
trong do T = GA GB + GB - GC+GC GA . Vi GA+GB+GC=0 va theo Vi du 4,
2
T = —? = —2 ta duoc vé trai bing 3MG? — - 2 (dpem).
Vi MG? > 0 nén vé trai khong nho h(yn—g, dau bang xay rakhi M = G
Vay gia tri nho nhat bang — %, dat khi M trung trong tam G.
, C, D bat ki

Bai 19. (Van dung cao) Ching minh ring véi bon diém A, B
—_— D > > — — .
AB -CD + AC - DB + AD - BC = 0 (hé thuc Euler). Ttr 46 chirmg minh ba dudng cao cia mdt tam

giac déng quy.
Loi gidi

—_ - —> _)—) - . —_ - _)—) - - —> = -
bat AB =b,AC =¢,AD =d.Khid6CD =d—-c,DB=b—d,BC =c —b.

b

Trang 736
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Vé trai bang
b-(d-&)+é-(b—d)+d-(6-b)=b-d—b-é+é b—¢-d+d-¢—d-b =0 (dpcm).
Ap dung: cho tam giac ABC, goi H 1a giao diém cia hai duong cao ké tir B va C, tic 1a
— = —_— —

HB-CA=0vaHC-AB =0.

Ap dung hé thitc cho bon diém H, A, B, C: HA-BC+ HB-CA+ HC -AB =0, suy ra
HA - BC = 0, tirc 13 HA L BC (hoic H = A).

Vay H ciing thudc duong cao ké tir A: ba dudng cao cta tam giac dong quy.

Dang 4. Chirng minh hai dwérng thang vudng géc — Tinh géc trong hinh hoc

Bai 20. Cho tam giac ABC cin tai A, M 1a trung diém cta BC. Dung tich v6 huéng, ching minh
AM 1 BC.

Loi gidi

—_— 1 — —_ > —

AM=—(A +AC)vaBC =AC—A
—_ — — —

AM - BC = ~(AC + 4B) - (AC — AB) = 5 (AC? — AB?) = 0 vi AB = AC.

Bai 21. Ching minh rang hinh binh hanh ABCD c6 hai dudng chéo vudng goc khi va chi khi no 1a
hinh thoi.
Loi gidai
—_ > — —_ S — — =
AC = AB + AD va BD = AD — AB, nén AC - BD = AD? — AB>.
Do d6 AC 1L BD < AD? = AB? & AD = AB, tic 1a hinh binh hanh c6 hai canh ké bang nhau.
Vay hai duong chéo vudng goc khi va chi khi ABCD 1a hinh thoi.

Bai 22. (Van dung) Cho hinh chit nhit ABCD c6 AB = a, AD = av2; M 1a trung diém cua AD.
Chtng minh BM 1 AC.

D C
M;
A B

Loi gidgi

. M i 4 L.
Chon hai vecto co s6 AB, AD véi AB - .
1 — —_ S —

0
—_— > —
BM = AM — AB =5AD—ABV2‘1AC=AB + AD.

_)
A

sl

BM - AC = AD? — AB? =~ 2a% — a? = 0.

Vay BM L AC. (Néu AD # av/2 thi két ludn khong con dung: didu kién cin va du 1a
AD? = 2AB?)

Bai 23. (Van dung) Cho tam giac déu ABC canh a, diém M thudc canh BC sao cho BM = éBC .
Tinh d¢ dai AM va cosin cua goc gitra hai vecto AM, BC.
Loi gidi

—_— —_— 2
Diti =AB, 5 =AC: |i| = 9| =a, U -p =<
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— — - — — -
AM = AB +3BC =i+ (5 — i) =t +7.
2 2
AM? =2g2 4 2.2 1 102 T ey Ay =27
9 9 2 9 9 3
2 2 2
AM-BC = (3i+39)- G- =2 -9-2a?+3a? -0 -$=5-5=-%
3 3 3 3 3 6 3 6
a2
M BC S 1V
cos (AM ,BC) = —=—
VéyAM=%7ve‘1cos(A_)M,B_C>)=—\1/—Z.

Bai 24. (Van dung) Cho tam gidc ABC ¢6 AB = 4, AC = 6, A = 60°. Diém M thudc canh BC sao
cho BM = k BC. Tim k dé AM 1 BC, rdi tinh BM.

Loi gidi

Piti = AB, v = AC: U? = 16,92 =36,1U -V =4 -6 -cos60° = 12.
— — — — L

AM =AB+kBC=(1—-k)ui+kvvaBC=v—1u.

— —

AM -BC=(1—-k)@ 5 —u2)+ k@ —1u-0) = —4(1 — k) + 24k = 28k — 4.
AMJ.BC(:)ZSk—4=0<:)k=7.

BC? =16+36—24=28,nénBc=2\/7vaBM=§-2«/_=¥.

Viy k = 2va BM = 2 M chinh 12 chan dudng cao ké tir 4.

Bai 25. (Van dung cao) Cho hinh vuéng ABCD canh a. Diém M thuoc duong chéo AC sao cho
AM = %AC , N 1a trung diém ctia CD. Chirng minh tam giac BMN vudng can.

D N c

Loi gidai
—

. — — — — —
Chon hai vecto co s6 AB, AD (AB = AD =a, AB -AD =0). Ta c6 AM = (AB +AD) va

kIH

—_— v —_— 3 1 —_— 1 3

ME = AB — AM = >4F — - AD; MN = AN — AM =>AB +2AD.

V) D 3 2 3 5

MB - MN = —a? — —a? = 0,nén MB L MN.

MB? = 2a? + a2 =202 vaMN? =L a? + 2 a? = 242, nén MB = MN.
16 16 16 16 16 16

Vay tam giac BMN vudng can tai M.

Dang 5. ’'ng dung trong mat phang toa do

Bai 26. Cho A(1;1), B(5; 3), C(4; 5). Ching minh tam giac ABC vudng tai B. Tim toa d6 diém D
sao cho ABCD la hinh chit nhat va tinh dién tich hinh chir nhat do6.

Loi gidi

— — —_— = . .

BA = (—4;—-2),BC = (—1;2),BA-BC =4 — 4 = 0, nén tam giac ABC vuong tai B.
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ABCD 1a hinh chit nhat khi va chi khi ABCD 1a hinh binh hanh (vi d3 c6 goc B vuong), tic la
AD = BC: D(1—1;1+2) = (0;3).

AB =16 + 4 = 21/5, BC = /1 + 4 = +/5, nén dién tich bang AB - BC = 10.

Vay D (0; 3) va dién tich hinh chi nhat bang 10.

Bai 27. Giai tam gidc ABC (tinh cic canh va cac goc, sd do goc lam tron dén do) vai A(1;2),
B(5;3), C(2;6).

Loi gidi
AB = (4;1),AC = (1;4), BC = (=3;3), nén AB = AC = V17 va BC = 3v2.
cosd =228 1 _ 3 cuyrad ~ 61,93°.
AB-AC 17 17
., R . R ~ 4 180°-6 ,93° . 2
Tam giac can tai A nén B=C=———~59,04 . Kiém tra:

2
BABC  12-3 3
sasc Vi v oL
Vay AB = AC =17, BC = 32,4 ~ 62°, B = C =~ 59°.

cosB =

Bai 28. (Van dung) Tim tryc tdm H cua tam giac ABC véi A(4; 4), B(1; 1), C(7; 3). Nhan xét vi
tri ciia H so v&i tam giac.

Ay

Loi gidai
Goi H(x;y). BC = (6;2),AC = (3;—1),AH = (x —4;y —4), BH = (x — 1,y — 1).
AH BC=0o6(x—4)+2(y—4) =0 3x+y = 16.
— —
BH-AC=03x-1)-(y-1)=0e3x—y=2.
Cong hai phuong trinh: 6x = 18, nén x = 3, y = 7. Kiém tra: CH = (—4;4), 4B = (-3;-3),
—_— —>
CH-AB=12-12=0.
— — 9 .
AB -AC =(-3)-3+4+(—3)-(—1) = —6 < 0 nén goc A tu; vi vay truc tam H(3; 7) nam ngoai
tam giac.
Bai 29. (Van dung) Cho A(2; 1), B(6; 3). Tim diém C trén tryc tung sao cho tam giac ABC vuong.
Lai gidi
Goi C(0; y). Xét ba truong hgp theo dinh goc vuodng.
Vuéng tai A: AB = (4;2),AC = (=2;y — 1), -8 +2(y —1) = 0 & y = 5.
Vuéng tai B: BA = (—=4; —2), BC = (=6;7 — 3), 24— 2(y —=3) =0 & y = 15.
. — —
Vuong tai C : CA=(2;1-y) , CB =(6;3—7y) ,
12+(1-y)3-y)=0©y?—4y+15=0 , phuong trinh v6 nghiém (biét thirc
16 — 60 < 0).
Vay c6 hai diém thoa mén: € (0; 5) va C(0; 15).
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Bai 30. (Van dung) Cho A(0; 2), B(4; 0). Tim toa do diém C sao cho tam giac ABC vudng cén tai
A.

Loi gidi

Tam giac ABC vudng can tai A khi va chi khi AC L AB va AC = AB.

— . —

AB = (4;-2) ) Goi AC = (x;y) : 4x -2y =0y =2x ;

x2+y?2=205x2 =20 x = +2.

Véix = 2: AC = (2;4), C(2;6). V&i x = —2: AC = (=2;—4), C(=2; —2).
Vay C(2;6) hodc C(—2; —2).

Bai 31. (Van dung cao) Cho A(1; 1), B(6;2). Co bao nhiéu diém C trén truc hoanh, c6 hoanh db 1a
s0 nguyén, sao cho goc ACB 1a goc tu?

Loi gidi

Goi C(x;0): CA= (1—2x;1),CB = (6-x,2),CA-CB=(1—-x)(6—x)+2=x%—T7x+8.
Goc ACB ta khi va chi khi CA - CB < 0 va A, B, C khong thing hang (goc khac 180°).

x2-7x+8<0& 7_Tm <x< 7+;/ﬁ, tic 1a khoang 1,44 < x < 5,56; cac s6 nguyén la
2; 3; 4; 5.

Puong thiang AB cit truc hoanh tai diém c6 hoanh d6 —4, nim ngoai khoang trén, nén khéng c6
truong hop thang hang.

Vay ¢6 4 diém C thoa man.

Dang 6. Bai toan thwc té — Cong cua lwc

Bai 32. Mot nguodi kéo xe chd hang vai luc 200 N theo sgi day hop vai phuong ngang goc 30°; xe
di dugc 100 m trén dudong nam ngang. Tinh cong cua lyc kéo (1am tron dén hang don vi).

v

quang duong 100 m
Loi gidi
Xe chuyén dong theo phuong ngang nén goc giita luc kéo va hudng dich chuyén 1a a = 30°.

Cong cua luc kéo: A = 200 - 100 - cos30° = 10000+/3 ~ 17320,5 (J).
Vay cong cua luc kéo xap xi 17321 I.

Bai 33. Mot hop truot 4 m trén mit ban nam ngang. Tinh cong cua trong luc Pva cong cua lyc ma
sat ¢6 do 16m 15 N (nguoc hudng chuyén dong) trén quang duong do.

FINS

s
huéng chuyén dong
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Loi gidi

Trong luc c6 phuong thang dimg, vudng géc v6i huéng dich chuyén nim ngang, nén cong cia
trong luc bang |1_5| -4 -c0s90° = 0.

Luyc ma sat nguoc huéng chuyén déng nén hop véi hudng dich chuyén goc 180°; cong cua lyc ma
sat1a 15 - 4 - cos180° = —60 (J).

Vay cong ctia trong luc bang 0 va cong ciia lyc ma sat bang —60 J (cong can).

Bai 34. Luc F co d6 16n 50 N hop v6i hudéng chuyén dong goc 30°. Phan tich F thanh 1?1) cung
phuong chuyén dong va 172) vudng goc v6i phuong chuyén dong. Tinh do 16n mdi luc thanh phan va
cong cua F trén quang duong 10 m.

F

huéng chuyén déng

Loi gidi

e e > . g D >
ViF =F, +F, voi F; L F,nén F 1a duong chéo cua hinh chit nhat c¢6 hai canh biéu dien F;, F;
goc gilra Fva F_'l) bang 30°.
- —
|F1| = 50c0s30° = 25v3 ~ 43,3 (N); |F2| = 50sin30° = 25 (N).
= 0 E -
F, khong sinh cong, nén cong cua F bang cong cua F;: A = 253 - 10 = 250y/3 ~ 433 (J).
Kiém tra tryc tiép: 50 - 10 - cos30° = 250+/3.
Vay |IT":| ~ 43,3 N, FZ| = 25 N va cong cua F xap xi 433 J.

Bai 35. (Van dung) Mot ngudi kéo thung gb di 20 m trén san nam ngang bang soi day hop véi
phuong ngang goc 37°; yéu cau luc kéo phai sinh cong it nhat 3000 J. Luc kéo phai c6 d6 16n tdi
thiéu bao nhiéu niuton (lam tron dén hang don vi)? Néu ha day xudng con hop véi phuong ngang
gdc 20° thi Iyc tdi thiéu giam bao nhiéu niuton?

Loi gidi
Cong cioa luc kéo F 1a A=F-20-cosa . Piéu kién A > 3000 twong duong voi

3000 150

— 20cosa  cosa’

Véia =37 F > —> ~ 2% ~ 187,8 (N), tic la lyc téi thiéu khoang 188 N.
cos37 0,7986

150 150

~

- ~ 159,6 (N).
c0s20°  0,9397
Vay luc t6i thiéu khoang 188 N; khi ha day xudng 20°, lyc tdi thiéu giam khoang
187,8 — 159,6 ~ 28 (N). (O day chi xét yéu cau vé cong, khong xét ma sat.)

Véia =20 F >
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Bai 36. (Van dung cao) Hai nguoi dtng trén hai by mot con kénh thang, ding hai soi day kéo mot
chiéc thuyén di doc theo kénh. Day thir nhét c6 luc kéo |Fl’| = 400 N va hop v6i huéng di cua
thuyén goc 30°; day thir hai hop v6i hudng di cta thuyén goc 45° (vé phia bo bén kia).

o *®

huéng di cia thuyén

® ®

a) Dé thuyén khong bi kéo 1éch vé phia bd nao, cac thanh phan vudng goc voi huéng di cia hai
luc phai triét tidu nhau. Tinh |F2’ |
b) Tinh tong cong cua hai lyc khi thuyén di duoc 100 m (lam tron dén hang don vi).
¢) Néu nguoi thir hai ciing kéo v6i luc 400 N (van gitt goc 45°) thi thanh phan lyc day thuyén
léch sang ngang c6 d6 16n bao nhiéu (1am tron dén hang phan mudi)?
Loi gidgi
a) Thanh phin vuéng goc véi huong di cua F; c6 do 16n 400sin30° = 200 (N), cia F, I
=2 . o Cq A TN N =4/ -
|| sin45°. Hai thanh phan trigt tiéu nhau khi || - = = 200, suy ra |F;| = 2002 ~ 282,8 (N).
b) Téng cong béng tong cong cua tung luc:
A =400 - 100 - cos30° + 200v/2 - 100 - cos45° = 20000+/3 + 20000 =~ 54641 (J).
¢) Khi |F2’ | = 400 N, thanh phin ngang cia F, 13 400sin45° = 200v/2 ~ 282,8 (N), 16n hon 200
N cia F,. Thanh phin l1éch con lai c6 do 1on 2002 — 200 ~ 82,8 (N), hudng vé& phia bor cuia
nguoi tha hai.
Vay |F2’ | ~ 282,8 N, tong cong khoang 54641 J, va luc léch khoang 82,8 N.

* LO'I GIAI BAl TOAN PIEM NHAN

Piém nhin 1. TAm pin mit troi trén mai nha. Nha ban Minh & Ha Noi 1ap mot tim pin mit troi
hinh chit nhat trén méi nha ddc vé phia nam. Xét mat cét thang dimg theo hudng Bic — Nam di qua
tam pin va chon hé truc Oxy nhu hinh: truc Ox nam ngang, huéng vé phia nam; tryc Oy thang
dang, hudng 1én trén; don vi trén mdi truc 12 mét. Trong mat cit nay, tAm pin la doan théng MN voi
M(0; 3), N(—1,6; 4,2); dién tich cta tAm pin 12 2 m>.
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Dé tinh luong nang tim pin himg dugc, cac ki su ding hai vecto nam trong mit cit trén (toa do

ctia chung ldy theo hai truc Ox, Oy nhung tinh bang don vi riéng):

* Vecto anh ning E: huéng tir tim pin vé phia Mat Troi (nguoc chiéu tia nang), c6 d6 dai bang

cuong do bic xa, tinh bﬁng W/m2.

* Vecto dién tich S cua tAm pin: vudng goc voi doan MN, huéng vé phia mit hing ning (phia

trén) ctia tAm pin, c6 d dai bang s6 do dién tich tAm pin tinh bang m? (¢ day |§ | =2).

KhiE -S> 0, cong sudt birc xa ma tdm pin nhan dugc (tinh bang W) 1a P = E-S. (Luc Mat

Troi 1éch vé phia dong hay phia tdy, vecto E cho dusi day 1a phan anh nang di duoc cac ki su

quy vé mat cit; cong thirc trén van ding.)

a) Tim toa d6 cta Sva goc nghiéng cua tim pin so véi phuong ngang (Iam tron dén do).

b) Luc 9 gid sang mot ngay mua dong, E_'l) = (600; 450). Tinh cong suét tim pin nhan duoc va
gbc giira E_'l) voi S (1am tron dén do).

¢) Gitta trua mot ngdy mua hé, Mit Troi gan nhu ¢ dinh dau va I:TZ) = (0; 1000). Tinh cong suat
tdm pin nhan duoc. Cong suat d6 bang bao nhiéu phan trim cong suat tim pin nhan duoc néu
dugc dat vudng goc voi tia nang?

d) Giir nguyén diém M va do dai MN, nguoi ta co thé xoay tdm pin dén vi tri MN; (N, & phia
béc va cao hon M). Tim toa d6 cua N; dé luc 9 gio sang ngay mua dong néi & cau b, tim pin
nhan duoc cong suét 16n nhét. Tinh cong suat 1on nhat do.

Loi gidi

— .2 .
a) MN=(-16;12) , MN=,256+144=2 . Goi S=(xy) voi y>0
S MN=06-16x+12y=0oy=">x.

§|:2@x2+%x2:4@x2=1,44; vi y>0 nén x>0, x=12, y=1,6 . Vay

-

S = (1,2;1,6).

=

Goc nghiéng B ciia tdm pin 1a goc giita MN vi vecto (—1; 0) chi hudéng bic: cosf = %i =0,8,
nén = 36,87° = 37°.

b)P, =E, -5 =600-12+450- 1,6 = 720 + 720 = 1440 (W).

e d n - = 1440 - = o o
|E1| = V6002 + 4502 = 750, nén cos (El,S) = =2 =096,suyra (El,S) ~ 16,26° ~ 16°.

)P, =E-S=0-1,2+1000-16 = 1600 (W). Néu dit vuong goc voi tia ning thi § cung

huéng v6i E,, va cong suit bing |1?2’ | 8] = 2000 (W). Ti I¢ 1a 202 = 80%.

d) V&i moi vi tri ctia tAm pin, P = |E_'1)| . |§| - COS (E_'l),f) < 750 - 2 = 1500 (W); dau bang xay ra
2

. \ 2 . = \ r r.: H 4 \ _) H
khi va chi khi S cung huéng véi E;, tic 1a S; = ﬁEl = (1,6;1,2).

Khi d6 MN; L S;, MN; = 2, N; ¢ phia bac (x < 0) va cao hon M: MN; = (—1,2;1,6) (kiém tra:
(-1,2)-1,6+1,6-1,2 =0). Vay N,(—1,2; 4,6).

S

g

tia ndng

Vay N; (—1,2; 4,6) (tam pin nghiéng khoang 53°) va cong suét 16n nhat 1a 1500 W.
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Nhan xét — Mo rong

Bét dang thuc E-S< |E | . |§ | (ddu bang khi hai vecto cing hudng) 14 chia khoa ciia cau d: tdm
pin “himg” nhiéu ning nhat khi n6 vuéng goc véi tia nang.

Thu vi 14 & cau d, xoay tdm pin chi tang thém 60 W (khoang 4%), vi csin ctia goc nho thay doi
rht cham. Nhung tim pin déc 53° d6 vao trua mia hé chi nhan E, - S, = 1000 - 1,2 = 1200 W, it
hon han 1600 W. Vi phai dung hoa giita miia dong va mua he, & Viét Nam nguoi ta thudng lap
tam pin ¢ dinh v&i goc nghiéng xap xi vi d6 noi lip dat (Ha Noi khoang 21°).

Mb hinh “cong sut bang tich vo huéng” con dung cho luu luong gié qua canh quat, luong mua
roi vao mai nghiéng, anh sang chiéu 1én mit ban...

Piém nhin 2. Pwong thang Euler. Cho tam giac ABC ¢6 BC = a, CA= b, AB = c, ndi tiép
duong tron tam I ban kinh R; G la trong tdm cua tam gidc. Goi H 1a diém thoa man
e e -
IH=IA+1B +IC.

— — —_— =

a) Chiing minh AH - BC = 0 vaBH - CA = 0. Tu d6 suy ra H 1a truc tam cua tam gidc ABC.
b) Chirng minh TH=3I¢ , tr d6 suy ra ba diém I, G, H thing hang.
T =4 c? .
¢) Chimg minh IA - IB = R? — — 10i suy ra IH? = 9R? — (a? + b? + ¢?).
d) Ap dung cho A(—1;1), B(7; 1), C(1; 7): tim toa d6 ctia I, H va kiém tra lai cong thirc ¢ cau
C.

Loi gidi
e e - e I

+I¢ va BC=1IC—1IB , nén
-(I_C’—IB):ICZ—IBZ:RZ—Rzzo.
_)

~

|
l

e I

Twong tw, BH = IA +IC, CA = IA — IC vi BH - CA = 1A% — IC? = 0.
Nhu vay H nam trén duong thang qua A vudng goc v6i BC va trén duong thang qua B vudng goc
v6i CA, tic 1a H 1a giao diém cta hai duong cao: H 1a tryc tim clia tam giac ABC.
- o = — — — . —_ —

b) G la trong tam nén [A + IB + IC = 31G. Do @6 IH = 3 1G: hai vecto [H, IG cung phuong nén
I, G, H thang hang, va G nam gitta I, H voi GH = 2GI (khi tam gic khong déu).

— — — - = - = - = c?
¢) T AB=IB—1IA:c?=1B*—2IA-IB+1A*>=2R?>—-2IA-IB, suy ralA-IB = R? -5

—_ = 2 a? = — 2 b2
Tuong tu, IB - IC =R —?,IC-IAzR -

- 2 >

1H2=(E4’+ﬁ3’+ﬁ’)2:3R2+2(E4’-ﬁ3’+ﬁ3’-1 +IC-1 )=3R2+2(3R2—

a?+b2%+c?

40 oz (g2 4 7 4.2)
d) Goi I(x;y) . IA=IB cho (x+1)?=(x—-7)%, taic la x=3 . IA=1IC cho
16+(y—1)2=4+(@F-TPc12y=36cy=3 . Viy 1(3;3) va
R? =1A% =16 + 4 = 20.
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H=TA+IB+IC = (—4;-2) + (4, —2) + (=2;4) = (=2;0) , nén H(1;3) . Kiém tra:
—(—6:6) , AH-BC=0 ; BH=(-62) , CA=(-2-6) ,

— —

0
Z;3 ,I_G’=(— ;0)vé1316‘=(—2;0)=1H.

a’? = BC? =72,b% = CA? = 40, ¢?> = AB? = 64; cong thirc cho [H> =9 - 20 — 176 = 4, ding
bang IH? = (—=2)? 4+ 0% = 4.
Vay 1(3;3), H(1; 3), IH = 2 va cdng thirc ¢ cau ¢ dugc nghiém dung.

Nhdn xét — Mo rong

Puong thang di qua tim dudng tron ngoai tiép, trong tdm va tryc tim goi 1a dwong thang Euler
cua tam giac (Leonhard Euler phat hién nam 1765). Tich v6 hudéng cho mot chiing minh chi vai
dong.

T IH? > 0 suy ra bat dang thirc dep a? + b? + ¢ < 9R?, diu bang xay ra khi va chi khi H = I,

ture 1a tam giac deu.
- =

Vi tam giac vuong tai A: [ 1a trung diém cua BC nén IB + IC = _6V2‘11_)H = I71>, tec laH = A,
dung nhu ta da biét.

LO GIAI LUYEN TAP THEO CAU TRUC DE THI

| PHAN I. Tric nghiém nhiéu phwong an lwa chon

CAu 1. Cho hinh thoi ABCD c¢6 BAD = 70°. Géc giita hai vecto AB vi CB bing
A. 35° B.70° C.110° D. 145°
Loi gidi
ABCD 12 hinh binh hanh nén CB = DA. Lay diém E sao cho AE = DA thi E nam trén tia doi cua
tia AD.
. — — — — — —
Khi do (AB,CB) _ (AB,AE) = BAE = 180° — BAD = 110°.

bap s6 70° 1a goc gitta AB va AD; nham nhu vay 1a do quén rang CB ngugc hudng véi AD.

Chon dap an C.

Chu 2. Cho hai vecto %, ¥ khac 0. Tich vo huéng % - ¥ bing

A. |u] - |9] - sin(u, ¥) B. |u| - |¥] - cos(u, v)
C. |ul - |v] D. [u + V|
Loi gidi

Theo dinh nghia, % - ¥ = || - || - cos(, ¥); day 1a mot s6 thuc, co thé duong, 4m hodc bang 0.
Céc biéu thirc con lai khong dung: ching han khi % L ¥ thi @-© =0, trong khi
[u] - [9] - sin90° = [u] - |¥] # O.
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I Chon dap an B.

Ciu3.Chod = (2;—1), b = (3;4). Tich d - b bing
A.5 B. 10 C.-2 D. 2
Loi gidi
Theo bidu thirc toa dd, d-b =23+ (-1)-4=6—4 = 2.
Két qua 10 1a do bo sot diu trir, tinh (—1) - 4 = 4; két qua —2 1a do d6i ddu nham c4 hai tich.
Chon dap an D.

CAu 4. Hai vecto 4 = (4;m) va v = (2; —1) vudng goc khi
A.m= -8 B.m=38 Cm=2 D.m=-2
Loi gidi
Hai vecto vudng goc khi va chi khi tich vo huéng cia ching bang O:
U-v=4-2+m-(-1)=8—-m=0m=8.
Thir lai: voim = 8thiti = (4;8) = 4(1;2) vau-¥=8—8=0. Gia trim = —81a do chuyén
vé sai dau.
Chon dap an B.

Ciu 5. Cho |d| = 5, |b| = 2, (4,b) = 60°. Tich d - b bing
A.5 B. 10 C.5V3 D. -5
Loi gidi
b= |&|-|B|-cos60°:5-2~%=5.
Két qua 5v/3 sai do dung nhdm sin60°; két qua 10 sai do quén nhan véi cos60°.
Chon dap an A.

CAu 6. Cho hai vecto d, b khéc 0 thoaman @ - b < 0. Khang dinh nio sau dy ding vé goc giita hai
vecto d6?

A. Goc d6 1a goc nhon B. Géc d6 1a géc tu hoic bing 180°
C. Goc d6 bang 90° D. Goc d6 bang 0°
Loi gidi

Vi |a] - |B| >0nénd-b=|dl- |B| . cos(d,B) <0e cos(&, B) <0&90° < (d, B) < 180°.
Luu y truong hop (&, B) = 180° (hai vecto ngugc hudng) cling cho tich vo huéng am, nén khong

thé noi goc d6 ludn 1a goc ti. Goc nhon hodc 0° cho tich dwong, goc 90° cho tich bang 0.
Chon dap an B.

— =

Céu 7. Cho hinh vuéng ABCD canh 2. Tich AB - BD bang
A.0 B. 4 C.—4 D. —2v2
Loi gidi
5 —_—
BD =22 va ABD = 45° . V& BE = AB thi
_—_ — —_— —> ——
(AB,BD) = (BE,BD) = EBD = 180° — 45° = 135°.
Do d6 AB - BD = 2 - 24/2 - cos135° = 2 - 2¢/2 - (—?) = —4.

—_ s s = — = =2

D 0
Cach khac: BD = AD —ABnén AB-BD = AB-AD —AB =0—4 = —4.
Chon dap an C.

APLUS HA NOI 0943.480.099 CHIENMATH.COM Trang 746



TOAN 10 - APLUS Tap 1 - Ban dé va loi giai

Cau 8. Goc gitra hai vecto a = (1; —\/§) vab = (\/§, —1) bang
A. 120° B. 60° C. 150° D. 30°
Loi gidi
d-b=v3+v3=2v3ldl=|p|=vI+3=2
cos(d, 5) = %?: = \/??:, nén (&, B) = 30°. Pap s6 150° sai do nham d4u khi nhan (—\/§) S (=1D).
Chon dap an D.

Cau 9. Cho A(1;2),B(3;1), C(2;4). Tam giac ABC

A. vuong tai C B. vudng tai B C. vuong tai A D. déu
Loi gidgi
— — —_— — . .
AB = (2;-1),AC = (1;2),AB-AC=2-14+(—1)-2 =0nén AB L AC: tam giac vuong tai A.
O hai dinh con lai: BA-BC =(-2;1)-(-1;3)=5+#0 ,

CA-CB = (-1;-2) - (1;—3) = 5 # 0; tam giac khong déu vi AB = /5 con BC = v10.
Chon dap an C.

Céu 10. Cho % = (3; 4). Binh phuong v huéng 2 bang
A.25 B.7 C.5 D. 49
Loi gidi
Binh phuong v6 huéng bang binh phuong d6 dai: 1% = i - 1 = |i|? = 32 + 4% = 25.
Dap s6 5 1a d¢ dai ||, chwa binh phuong; dap s6 7 1a do cong nham 3 + 4.
Chon dap an A.

Cau 11. Cho |d| = |b| = 1vad L b. D6 dai |d + b| bang
A. 0 B. 2 C.1 D. 2

Loi gidi

Vid Lbnénd-b=0;dodo|d+b| =a?+2d-b+b5>=1+0+1=2va|da+5|=+2

Dép s6 2 1a do nham |d + B| =|d| + |B |, ddng thirc chi ding khi hai vecto cing huéng. V& hinh

hoc, |51 +b | la do dai duong chéo cua hinh vuong canh 1.
Chon dap an D.

Cau 12. Luc F= (2; 3) (N) 1am vat dich chuyén theo vecto d= (4; 0) (m). Cong cua lyc la

A.81J B.12] C.201J D.0J
Loi gidi
Cong cua luc bang tich v huéng cua luc va vecto dich chuyén: A = F-d=2-4+3-0=8 ).
Viét F = (2;0) + (0;3): thanh phan (0; 3) vudng goc v6i hudng dich chuyén nén khong sinh
cong. Pap s6 20 J 1a do ldy nham (2 + 3) - 4.
Chon dap an A.
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| PHAN II. Tric nghiém ding sai
Caul.Chod = (1;2),b = (—4;2).

Y Mg¢nh dé Diing Sai
a) d-b=(-44). v
b)  |b| = 20. v
¢) (d+b)-d=5. v
d) cos(d, a+ 5) = g v

Loi gidgi

a) Sai. Tich v6 hudng cua hai vecto 1a mot sb: a - b=1- (—4)+2:-2=—-4+4=0, khong
phai vecto (—4; 4) (do chi 1a cac tich hoanh d9, tung d¢ twong ung, chua cong lai).

b) Sai. |b| = \/(—4)% + 22 = v/20 = 2v/5, khong phai 20 (20 1a |b
c) Ding. (d+5)-5 =@ +b-d=(12+22)+ 0 = 5 (hodc tinh truc tiép: d + b = (—3;4) va
(=3):1+4-2=05).

d) Ding. d+b=(-3;4) 6 do dai [(=3)2+42=5 , |d|=+5 ~va
@-(@+b)=1-(=3)+2-4=>5néncos(dd+b)=

2 .
; quén lay can bac hai).

a-
|d@|-|a@+b] 55 5

Céu 2. Cho tam giac déu ABC canh 2 va M 1a trung diém ctia canh BC.

Y M¢énh dé Diing Sai
a) AB-AC =2 v

b) AM-BC=0 v

©) AB-BC=2 v
d) AM 4B =3 v

Loi gidi

—_— — 1

a) Pung. AB - AC = AB - AC - cos60° = 2 - 2-E= 2.
b) Piing. Tam giic déu nén trung tuyén AM ciing la dudng cao: AM L BC, do d6 A_)M . B_C) =0.
¢) Sai. Dua v& chung gbc: (E’,B_C’) =180° —4BC = 120° ,  nén
—_— —
AB-BC =2-2-c0s120° = =2 # 2.

- 2V3 . o e o Ao 5l iim ([TTH T8 T o .
d) Pung. AM = - = V3 va AM cling la duong phan giac nén (AM,AB) = MAB = 30°; do do

B_g
2
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Chu 3. Cho A(2; 1), B(4;3), C(4; —1).

Y Mg¢nh dé Diing Sai

a) AB-AC =8. v

b) | Tam giac ABC vudng cén tai A. v

¢) ABC =45°. v

d) | Piém M(3;0) thoa min AMB = 90°. v
Loi gidai

— — —_— — .

a) Sai. AB = (2;2), AC = (2;—=2), nén AB - AC = 2 -2+ 2 - (—2) = 0, khong phai 8 (8 1a tich
hai do dai AB - AC = 2+/2 - 24/2, chi bang tich v6 hudng khi hai vecto cing hudng).

b) Pung. AB L AC va AB = AC =22 + 22 = 2+/2, nén tam gidc ABC vudng can tai A.

BABC _ 248 E, nén ABC = 45° (phu

Puing. BA = (—=2; —2). BC = (0; —4): cosABC = -
¢) Biing. BA = (~2;-2), BC = (0;~4): cosABC = 220 = 20 _ )

hop véi tam giac vudng can tai A).

— — — — I
d) Sai. MA = (-1;1), MB = (1;3), MA-MB = -1+ 3 = 2 # 0, nén AMB # 90°.

Céu 4. Mot ngudi kéo xe chd hang bang soi ddy hop véi phuong ngang goc 45°, luc kéo co do 16n
100 N; xe di dugc 20 m trén dudng nam ngang.

.

quang duong 20 m

Y M¢énh dé Diing Sai
a) | Cong cua lyc kéo bang 1000+/2 J. v
Néu kéo theo phuong ngang véi luc ¢ cing d6 16n thi cong cua luc
b) | . v
kéo 16n hon.
¢) | Thanh phan cia lyc kéo vudng goc véi mat duong sinh cong duong. v
d) Mudn cong cua luc kéo chi bang 1000 J (cung d6 16n luc, ciing quéng v
duong) thi day phai hop v6i phuong ngang goc 60°.
Loi gidi

a) bing. A = 100 - 20 - cos45° = 2000 g = 1000v2 ~ 1414 (J).

b) Piing. Kéo theo phuong ngang thi goc giita luc va hudng dich chuyén bang 0°, cong bang
100 - 20 - cos0° = 2000 (J), 16n hon 1000v2 ~ 1414 (J).

¢) Sai. Thanh phin vuéng goc v6i mat dudng ciing vudng goc v6i hudng dich chuyén, nén cong
ctia n6 bang 0 chir khong dwong.

d) DPung. Goi a la goc gita day va phuong ngang ( 0°<a<90° )

100 - 20 - cosa = 1000 < cosa = % o a = 60°.
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PHAN IIl. Trac nghiém tra I&i ngan
Ciu1.Chod = (3;-2),b = (4;5). Tinh @ - b.

Loi gidi

Véid = (x;),b=(x;y)thid-b =xx'+yy'
Dodéd-b=3-4+(=2)-5=12—10 = 2.
Dap so: 2

Céu 2. Tim s6 thuc m dé vecto U = (m; 3) vudng goc voi vecto ¥ = (6; —4).
Loi giGi

iltoi t=0om 6+3-(-4)=0o6m-12=0cm=2.
Thirlai: véim =2thid = (2;3) vau-v=12—12 = 0. Vaym = 2.
Pap s6: 2

Céu 3. Cho hai vecto @, b ¢6 |d| = 3, B| = 2vad — b vudng gbc véi @ + 2b. Tinh sé do goc giita

davab (theo don vi d6, 1am tron dén hang don vi).

Loi giGi
(@-b)-(d+2b)=d*>+2d-b—d-b—2b>=9+d-b—8=3d -b+1.

Hai vecto vudng gécnénd-b+1 =0, teclad-b = —1.

cos(d, E) = % = —%, suy ra (d, 5) ~ 99,59°; lam tron dén hang don vi duoc 100.

Pip s6: 100

Cau 4. Mot vat chiu tic dung dong thoi cua hai luc khong d6i ?’1 =(2;3) va IT"; = (4;—-1) (don vi
N), dich chuyén tir M(1;2) dén N(6;4) (don vi trén cac truc 1a mét). Tinh tong cong cua hai lyc
(theo don vi J).

Loi gidi

MN = (5; 2). Tong cong cua hai lyc bang cong cua hop luc F; + F, = (6; 2).
A=(F1+F2)~MN=6~5+2-2=34(J). Kiém tra: F, - MN = 16, F, - MN = 18, tong bing
34.

Pap s6: 34
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n PAP AN VA LOI GIAI BE KIEM TRA SO 1

». Bang dap an nhanh

Cau 1 2 3 4 11 12
Dép an A A D B A C B C D D C B

)]
=)
|
=]
o
—
<

Chu a) b) ) d)

1 5) 5} 5) S

2 S S 5) o)

3 o) o) S S

4 S S ) S
Chu 1 2 3 4 5 6
Dap sb 21 120 5,5 5 —4 37

| PHAN 1. Trac nghiém nhiéu phwong an Iwa chon
Ciu 1. Cho hai vecto @, b khac 0 thoa man |& + 5| =|a| + |B| Goce (d, B) béng
A.0° B. 90° C. 180° D. 60°
Loi gidi
Binh phuong hai vé (déu khong am): G2 +2d-b + b2 = |a|? +2ld| - |b| + |B| . suy ra
d@-b = |dl - |b|, tic 1a cos(d,b) = 1 va (db) = 0°.

, 5,2 5.2 ,
Goc 90° mg véi dang thic |d + b| = |d|? + |b| , khong phai dang thirc da cho.
Chon dap an A.

Ciu 2. Véid, b khac 0, @ - b = 0 khi va chi khi

A.dLb B. d, b cing huéng
C. d, b nguoc huéng D. |d| = |b|
Loi gidi
Vi a , b khéc 0 nén lal - B| >0 ; do do
a-b=|d|- |E| . cos(&,g) =0 cos(c’i,l—;) =0 (a,E) =90°,taclad L b.
Néu hai vecto cing huéng thid - b = |d]| - |5| > 0; néu nguoc huéng thi d - b = —|d| |B| < 0;
con diéu kién |d| = |B| khong cho biét gi vé goc giita hai vecto.
Chon dap an A.
Ciu 3. Cho % = (=1;3), ¥ = (2;1). Tich % - ¥ bang
A7 B.5 C. -5 D.1

Loi gidi

Theo biéu thirc toa do: 1 - ¥ = (—=1)-2+3-1=-2+3 = 1.

Dap s6 5 1a do nhan chéo hoanh d6 véi tung do: (—1) - 1+ 3 - 2 = 5, sai quy tic nhan hoanh d%
v6i hoanh d¢, tung d6 véi tung do.

Chon dap an D.
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Céu 4. Cho tam giac déu ABC canh 4. Tich AB - AC bang
A. 16 B.8 C.8V/3 D. -8
Loi gidi
Hai vecto AB, AC chung goc A nén goc giita chung la BAC = 60°.
- —2 1
AB -AC = AB - AC - cos60° = 4-4--=8.
Chon dap an B.

Chu 5. Goc gitta d = (1;—1) va b = (2; 0) bing

A. 45° B. 135° C.90° D. 30°
Loi gidi
d-b=1-2+(-1)-0=2,]dl =2, |b| = 2.
vz

cos(d, B) = % = nén (d, B) = 45°,
Chon dap an A.

Chu 6. Cho |d| = 2, |B| =5,d-b=—5. Goc gifta d, b bang

A. 150° B. 60° C.120° D. 30°
Loi gidi
(@B) =22 = =5 = 1 1n (4,b) = 120°
cos(a,b) = apl s 2 nén (a,b) = .

A 1k V3
cOsin bang — >
Chon dap an C.

Cau 7. Vecto nao sau diy vudng goc véi u = (2; 3)?

A. (3;2) B. (-3;2) C.(2;-3) D. (—-2;-3)

Loi gidi
Vecto (x; y) vudng goc v6i d = (2; 3) khi va chi khi 2x + 3y = 0.

4—-9=-5#0;v0i(—2;,-3):—=4—-9=-13#0.
Chon dap an B.

Céu 8. Cho vecto % ¢6 |1i| = 3. Binh phuong v6 hudng % bang
A3 B. 3 C.9 D.6
Loi gidi
Theo dinh nghia, %% = % - 1 = |1 - |u] - cos0° = |i|? = 32 = 9.
Dap s6 6 1a do nham 32 vai 2 - 3; dap s 3 1a do dai cua vecto, chua binh phuong.
Chon dap an C.

— —
Cau 9. Cho hinh vuéong ABCD canh a, tdm O. Tich OA - OC bang

a? a?

A. —a? B.— C.0 D. ——
2 - 2

Loi gidi
— —

.2 —_— — AC
0 la trung diém ciia AC nén 04, OC nguoc huéng, (OA, 0C)=180°,va0A=0C ="=22
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Tich v6 hudng am nén goc phai 16n hon 90°; dap s6 60° 1a do bo quén dau trir, con 150° ing voi

Véi (=3;2): 2-(=3)+3-2=0, thoa man. Véi (3;2): 6 +6=12%0; véi (2;-3):

av2

2
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2 2
DodoOA-oc:%i-%i-cosmm=“7-(—1)=—“7
— —

Luu y: 0 1a gia tri cua 04 - 0B (hai duong chéo vudng goc), khong phai cua OA - OC.
Chon dap an D.

Cau 10. Cho A(1; 1), B(2; 3), C(m; 0). Tam giac ABC vudng tai A khi
A.m=2 B.m=-1 Cm=1 D.m=3
Loi gidi
4B = (1;2),AC = (m — 1; —1).
. . —_— —>
Tam giac vuongtaiA @ AB-AC=01-(m—-1)+2:-(-1)=0m-3=0m=23.
Véim = 3: C(3;0), ba didm khong thing hang va AB - AC = 2 — 2 = 0. Gid tri m = 1 13 do tinh

—
sai AC = (m+1;-1).
Chon dap an D.

- .2
Cau 11. Véi moi vecto d, b, (d + b) béng

- - - - - -, 2
A.@*+d-b+b*  B.d*+b? C.a*+2d-b+b* D.(ld|l+]|b])
Loi gidi
Theo tinh chat phan phdi va giao hoan:

- 2 —. —. = = - - -
(@+b) =(d@+b)-(@d+b)=ad*+d-b+b-d+b*=d*+2d b+Db>
2 bd - 9 - 2 -
Biéu thirc @ + b? chi ding khi d@ L b; biéu thire (|d| + |b|) chi dung khi d, b cung huéng (hodc
mot trong hai vecto bang 6).
Chon dap an C.

Cau 12. Mot vat c6 trong luong 10 N trugt tir dinh Xuéng chan mot mat phflng nghiéng dai 2 m,
nghiéng goc 30° so véi phuong ngang. Cong cua trong luc trén quing duong d6 bang

A.10V3] B.10J C.20J D.0J
Loi gidi
Trong lyc hudng thang xubng; hudng dich chuyén di xuéng doc mat doc, hop véi phuong ngang
gdc 30° nén hop véi phuong thing dimg goc 90° — 30° = 60°.
Cong cuia trong lyc: A = 10 - 2 - cos60° = 10 (J). Dap sb 10+/3 J sai do dung nhim goc nghiéng
30° lam goc giira luc va huéng dich chuyén.
Chon dap an B.

| PHAN II. Tric nghiém ding sai
Caul.Chod = (2;-1),b = (1;2), ¢ = (3; 1).

Y Ménh dé Piing Sai
a) dLb. v
b) a-c=>5. v
¢)  Goc giira d va ¢ bang 45°. v
d (i+b)-é=8. v
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Loi gidi

a)Pung.d-b=2-1+(-1)-2=0,nénd L b.
b)Ping.d-¢=2-3+(-1)-1=6-1=5.

¢) bung. |d| = /5, |¢] = V10, cos(d, ¢) =ﬁﬁz%=g, nén goc giita d@ va ¢ bang 45°.
d)Sai.d+b=(3;1),nén(d+b)-¢=3-3+1-1=10#8.

R
b

S
c

Céu 2. Cho |d| = 2, |b| = 3, (db) = 60°.

Y Ménh dé Diing Sai
a) d-b =33 v
b) |d+b|=5 v
) |a—b|=+7. v
d) (d+2b)-(i—b)=—-11 v

Loi gidgi

a) Sai.d-b = |d| - |B| - c0s60° =2-3- % = 3, khong phai 3v/3 (gia tri 3v3 c6 duoc khi dung
nham sin60° thay cho cos60°).

b) Sai. Ta c6 @-b=2-3-c0s60° =3 nén |d+5| =a’>+2d-b+b>=4+6+9=19,
|&+B|=\/1_z4,36, kh6ngphéi5(5=|&|+|5| chi dang khi hai vecto cung hudng).

¢) iing. Ta cod-b=2-3-c0s60° = 3nén |[d—b| =a?>—2d-b+b?=4—6+9=7, do
do |d — b| = /7.

d) Ding.
(@+2b)-(d—b)=d*>-d b+2b-d—2b>=ad*+d-b—2b>=4+3—18=—11.

Cau 3. Cho A(1; 2), B(—2;6), C(9; 8).

Y Ménh dé Diing Sai

a) | Tam giac ABC vudng tai A. v

b) Dién tich tam giac ABC bang 25. v

¢) cosABC = % v

d) | Tryc tdm cta tam giac ABC 1a diém H(—2; 6). v
Loi gidi

— — — — . .
a) Piang. AB = (—3;4), AC = (8;6), AB - AC = —24 + 24 = 0, nén tam giac ABC vuong tai A.
b) Pling. AB =9 + 16 = 5, AC = V64 + 36 = 10, nén S :%AB - AC :%- 5.10 = 25.

¢) Sai. BA = (3;—4), BC = (11;2), BC =125 = 5V5; cosABC = 200 = 2 =

a
@©

A
@l

+

w1
@l

dpan B ABos ao o

(Gia tri =il la cosin cua goc C.)

d) Sai. Tam gidc vuong tai A thi hai canh géc vuong AB, AC ciling 1a hai dudng cao, chung cat
nhau tai 4; vay truc tim 1a A(1; 2), khong phai diém (—2; 6) (d6 1a dinh B).
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Cau 4. Mot vat chiu tac dung cta luc khong d6i F = (30; 40) (don vi N) va dich chuyén thfmg tr
M(0; 0) dén N(10; 0) (don vi trén cac truc 1a mét).

Y Ménh dé Piing Sai
a) |F|=70N. v
b) | Céng cta luc F bing 500 J. v
. T
¢)  Cosin ciia goc giita F va MN bang 0,6. v
a) Trén cung quéing dich chuyén do, luc (0; 80) (N) sinh cong 16n hon v
luc F.
Loi gidi

a) Sai. |F| = /302 + 402 = v/2500 = 50 (N), khong phai 70 N (khong duoc cong hai toa do
30 + 40).

—_— > — .
b) Sai. MN = (10;0), cong ctia lyc: A = F - MN = 30 - 10 + 40 - 0 = 300 (J), khong phai 500 J
(500 = |F| - MN = 50 - 10 1a két qua khi b quén géc gifra luc va huéng dich chuyén).

, 5> ——\  FMN _ 300 _
¢) Piing. cos (F, MN) = T = 5035 = 06-

d) Sai. (0; 80) - (10; 0) = 0: luc (0; 80) vuong goc vdi MN nén cong cua nd bang 0 < 300 (J).

| PHAN IlI. Tréc nghiém tra 1&i ngén
Cau 1. Chou = (3;4), v = (—2;1). Tinh tich vo huéng u - (U + 27).
Loi gidi
Céch 1: U+20=08-44+2)=(-1;6) , nén
T -@+28)=3-(-1)+4-6=—3+24=21.
Ciach2:%- (@ +20) =u2+ 285, voit? =9+ 16 =25vat -5 =3 (-2) +4-1=—2; do
d6 két qua bang 25 — 4 = 21.
Pap s6: 21

Céu 2. Tinh s6 do goc giita hai vecto d = (1; \/5) vab = (—2;0) (theo don vi d9).
Loi gidi

d-b=1-(-2)+v3-0=-2;]d|=vi+3=2,|b|=v4+0=2
Lo ab -2 1 . /57 .
cos(a,b) = ] =5, = —pnén (a,b) = 120°.

Pip so6: 120

Ciu 3. Cho |d| = 3, |b| = 4,
Léi gidi

@+b|=6.Tinhd-b.

-2 - - -
Binh phuong vo huéng: |d + b| = a®+2d-b+ b? tecla 36 =9 +2d- b + 16.
36—-9-16 _ 11

—=15,5.
2 2

Suyrad-b =
Pap s6: 5,5
Cau 4. Cho A(0; 1), B(4;5), C(6; —1). Truc tam cua tam giac ABC 1a H(a; b). Tinh a + b.
Loi gidi

Goi H(x; y). Tacé BC = (2;—6), AC = (6;—2), AH = (x;y — 1), BH = (x — 4;y — 5).

APLUS HA NOI 0943.480.099 CHIENMATH.COM Trang 755



TOAN 10 - APLUS

— —
AH-BC=02x—-6(y—1)=0e x—3y =-3.
— —
BH-AC=06(x—4)-2(y—-5)=0©3x—y=7.

suyrax = 3.

—_— —
CH-AB=-12+12=0.)
Pip s6: 5

Tap 1 - Ban dé va 1oi giai

Tir phuong trinh thi nhat, x = 3y — 3; thay vao phuong trinh thit hai: 9y —9 —y =7 & y = 2,

. — -—
Vay H(3;2) va a+b=3+2=5 . (Kiém tra: CH=(-3;3) , AB=(44) ,

—

Céu 5. Cho A(—1;3), B(3; 1). Piém M thay doi trén tryc tung. Tim gia tri nho nhét cia MA - MB.

Loi gidi
— —
M thudc truc tung nén M(0; y); MA = (-1;3—y), MB = (3; 1 —y).

tung).
Pip s6: —4

MA-MB = -3 + B-—y)A—-y) =y?—4y = (y—2)? — 4 > —4, dau bang xay rakhi y = 2.
Vay gia tri nho nhat bang —4, dat tai M (0; 2) (hinh chiéu cta trung diém I(1; 2) ctia AB trén tryc

Céu 6. Mot nguoi kéo kién hang di 20 m trén san ndm ngang bang soi day cang thang, luc kéo ¢
d6 16n 250 N va sinh cong 4 kJ. Tinh goc gitta day kéo va phuong ngang (theo don vi d9, lam tron

dén hang don vi).
Loi gidi

la goc gitta day va phuong ngang.

P6i4 k) =4000J. T A = |I3| -d - cosa ta co cosa = 2000 _ 0,8.

25020

Suy ra @ ~ 36,87°; 1am tron dén hang don vi dugc 37.
Pap s6: 37

| PHAN IV. Tw luén
Bai 1. Cho tam giac ABC v6i A(—1;1), B(3; 1), C(2; 4).
— — .
a) Tinh AB - AC va so do goc A.
b) Tim toa d¢ truc tam H cuia tam giac ABC.
¢) Tim toa d6 chan duong cao D ké tir € va tinh dién tich tam giac ABC.
Loi gidi
— — —_— —
a)AB = (4;0),AC = (3;3),nén AB-AC =4-3+0-3=12.

AB-AC ~ 43V2 2
— —

— —
BHAC:0C>3(X—3)+3(}/—1):O<:>x+y:4

2 - — —
D(2;1). Kiém tra: CD = (0;—3) vaCD -AB =0-4+ (=3) -0 =0.
CD =3,nénSypc =5AB-CD=>-4-3=6.
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Cong vé theo vé hai phuong trinh: 4y = 8, nény = 2 vax = 2. Vay H(2; 2).
¢) Vi A, B ¢6 cung tung do 1 nén AB song song voi truc Ox; chan duong cao ké tir C(2;4) la

Kién hang chuyén dong theo phuong ngang nén goc a giira luc kéo va hudng dich chuyén chinh

AB =4, AC = /3% + 32 = 32, nén cosA = 224 = _12__ Q, suyra A = 45°.

b) Goi H(x;y). Taco AH = (x + 1,y — 1), BC = (=1;3), BH = (x — 3;y — 1), AC = (3;3).
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Vay AB - AC = 12, A = 45°, H(2; 2), D(2; 1) va dién tich tam gidc ABC bang 6.

Bai 2. (Van dung) Mot nguoi kéo thung hang trén mit san nim ngang bang soi diy hop véi
phuong ngang goc a (0° < a < 90°); luc kéo ¢6 d6 16n 150 N, thung di dugc 20 m.

v

quang duong 20 m

a) Tinh cong cua luc kéo khi @ = 30° (1am tron dén hang don vi).
b) Khi & = 30°, phan tich luc kéo thanh hai lyc thanh phﬁn: mot luc cung phuong va mét luc
vudng goc voi phuong chuyén dong. Tinh d6 16n mdi luc thanh phan.
¢) DBé cong cua luc kéo khong nhé hon 2000 J thi géc a 16n nhat bang bao nhiéu d6 (lam tron
dén hang don vi)?
Loi gidi
a) Thung chuyén dong theo phuong ngang nén goc gitta lyc kéo va hudng dich chuyén bﬁng a.

Véia =30°: 4 =150-20-cos30° = 3000 - ? = 1500+/3 ~ 2598 (J).

b) Goi F 1a lyc kéo, viét F = F_'l) + P_'z) véi Fl) cung phuong chuyén dong, Fz) vuodng goc véi phuong
chuyén dong. Khi a = 30°: |F1’| = 150c0s30° = 75v3 ~ 129,9 (N), |FZ’| = 150sin30° = 75
M.

Chi F; sinh cong; F, vudng goc voi huong dich chuyén nén c6 cong bang 0.

¢ Cong cua lyc kéo 1la A =150-20-cosa =3000cosa . Ta can
3000cosa = 2000 < cosa = %

. o « ho 4k o ‘ 20 a 2 z 2
Khi a ting tor 0° dén 90° thi cosa giam, nén cosa = 39 @=aqy, trong doé cosay = 3

ay ~ 48,19°.
Vay goc a 16n nhat xap xi 48°.
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n PAP AN VA LOI GIAI BE KIEM TRA SO 2

». Bang dap an nhanh

Cau 1 2 3 4 5 6 11 12
Dép an A A D B C B D C A C B D

|
=]
o
—
<

Cau a) b) 0 d)
1 b b b b
2 b b S b
3 b b b S
4 b S S b
Cau 1 2 3 4 5 6
bap sb 8 6 0,25 1,25 58 1379
| PHAN 1. Trac nghiém nhiéu phwong an Iwa chon
CAu 1. Cho hai vecto a, b khac 0 thoa man @ = —3b. Géc (&, B) bang
A. 180° B. 0° C.90° D. 120°
Loi gidi
Vid = —3b véi —3 < 0 nén d va b nguge huéng; do d6 (a, B) = 180°.
o N - - -2 - -2 -
Kiém tra bang tich v huéng: d - b = —3b? = =3|b| vald| - |b| = 3|b| , nén cos(d,b) = —1.
Chon dap an A.
Céu 2. Vi moi vecto i, tich 1 - i bang
A. |i)? B. |u] C.0 D. 2|u|

Loi gidi

Néu # 0 thi (%, %) = 0°nén -4 = |d| - |d| - cos0®° = |i|%; néud = 0 thi ca hai vé déu béng
0.

DAy chinh 1a binh phuong vo huéng: 12 = [ul?.

Chon dap an A.

Ciu3.Chod = (4;—3),b = (1;2). Tich @ - b bang

A.—10 B. 10 C.2 D. -2
Loi gidi
Theo biéu thirc toadd: G-b =41+ (=3)-2=4—6 = —2.
Dap s6 10 1a do bo déu trir ciia —3; déap s6 2 13 do nham déu két qua.
Chon dap an D.
Ciu 4. Cho |d| = 4, |b| = 3, (& b) = 120°. Tich d - b bing
A. 6 B. —6 C.-6V3 D. 12

Léi gidi
d-b=dl-|b| cos120° = 4-3-(-3) = —6.
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Goc tli nén tich vo hudng am; dép s6 6 1a do 14y nham cos120° = %
Chon dap an B.

Chu 5. Goc gitta d = (2;1) vab = (—1; —3) bing

A.90° B. 45° C.135° D. 120°
Loi gidi
*-B:z-(—1)+1-(—3):—5,|a|:\/§,|B|:
-5 \/i R I o
cos(d, b) \/_\/_ 5= - nén (d,b) = 135°.
Chon dap an C.

~ _— =

Céu 6. Cho tam gidc ABC vudng tai A c6 AB = a, B = 60°. Tich BA - BC bang

a?

A. 2a? B. a? C.— D. a3
Loi gidi
Trong tam giac ABC vudng tai A: cosB = —, nén BC = cosio = 2a.

. —_— = z — 1
Hai vecto BA, BC chung goc B, nén BA - BC =BA-BC -cosB =a-2a 5= a?.
Chon dap an B.

Céu 7. Tét ca cac gia tri cia m dé hai vecto 2 = (m; —2) va ¥ = (m; 8) vudng goc la

A.m = —2hoiacm =2 B.m=4

C.m=16 D.m=—4hoacm =4
Loi gidi
ilvei-v1=0om-m+(-2)-8=0 m? =16 © m = —4 hoic m = 4.

Chinéum = 4 lathidugidtrim = —4 (véim = —4: U - v = 16 — 16 = 0).
Chon dap an D.

Cau 8. Cho A(0;0), B(3;4), C(4-3). Gié tri cosBAC la

A2 B. - c.z D.2
25 25 =25 5
Loi gidi
— — —
=(3;4),AC =(4;3),AB-AC=3-44+4-3=24,AB = AC =5.
cosBAC = AB ac =22 bap 56 = 13 do bo sot mot trong hai tich 3 - 4, 4 - 3; dap s6 2 1a cosin
AB AC 55 25 25 5
cua goc giita AB va truc Ox.
Chon dap an C.
Ciu9.Cho |d| = 1, |b| = 2,d - b = 1. Do dai |d + b| bing
A7 B. 3 C.V5 D.7

Loi gidi
-2 - — —
|d+b| =a*+2d-b+b*=1+4+2-1+4=7,nén|d+b|=
Dép s6 7 1a do quén 14y cin bac hai; dép sb v/5 1a do bo sot sb hang 2d - b; dap sé 3 = |d| + |B|
chi ding khi hai vecto cung huéng.
Chon dap an A.
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Céu 10. Cho hai vecto d, b ¢6 ciing do dai. Khing dinh nao sau day luon ding?

A.d=h B.dlb
C.(@+b)L(da-h) D.(d+b)-(d—b) =24
Loi gidai

(G+5)-(@—-b)=a—b2>=1al>—|b| =0, nén (@+b) L (a—b): hai duomg chéo cia
hinh thoi vudng goc véi nhau.

Céc khang dinh khac khong luén ding: hai vecto (1;0) va (—1; 0) ¢6 cung d6 dai nhung khong
vudng goc, ciing khong bing nhau; con 2d2 1a két qua cua viéc khai trién sai déu (@2 + b? thay
cho @2 — b?).

Chon dap an C.

Céu 11. Cho A(1;2), B(3;4). S6 diém M trén tryc tung sao cho AMB = 90° 1a

A1 B.0 C.2 D. vo sb
Loi gidgi
Goi M(0; y) : MA = (1;2—y) : MEB = (3;4 - y) :

MA-MB=3+2—-y)(4—y)=y?—6y+11.

Phuong trinh y? — 6y + 11 = 0 c6 biét thirc 36 — 44 < 0 nén vo nghiém: khong c6 diém nao.
(Puong tron dudng kinh AB ¢6 tam (2; 3), ban kinh v/2 < 2 nén khong ct truc tung.)

Chon dap an B.

Cau 12. Mot ngudi xach tai hang di 4 m trén duong nam ngang, tay gitr tii bang luc 50 N huéng
thang dimg 1én trén. Cong ctia luc ma tay tac dung 1én thi trén quing dudng d6 bang

A.501] B. 200J C.1001J D.0J
Loi gidi
Lyc cta tay hudng thang dung, con tii dich chuyén theo phuong ngang, nén goc giita luc va
huéng dich chuyén bang 90°.
Cong cua lyc 14 50 - 4 - c0s90° = 0 (J). Pap s6 200 J 1a do quén nhan véi cos90°: theo nghia Vat
i, luc vudng goc voi huéng dich chuyén khong sinh cong.
Chon dap an D.

| PHAN II. Tric nghiém ding sai
Caul.Chod = (3;1),b = (-1;2).
Y Ménh dé Piing Sai

a) d-b=-1. v
b) ldl-|b] =5v2.

¢)  Goc gitta d va b 1a goc tu.

RGN

d) Vecto (1; —3) vudng goc véi d.
Loi gidi
a)Pung.d-b=3-(-1)+1-2=-3+2=-1.
b) Ping. |d| = V10, |b| = V5, nén |d| - |b| = V50 = 5v2.
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¢) Ping. cos(d,b) = < 0 va cos(d, b) # —1 (hai vecto khong cung phuong), nén goc gitta
chung 1a goc tu (xap xi 98 ).
d) Ping. (1;-3)-a=1-3+ (—=3) - 1 = 0, nén vecto (1; —3) vudng goc vdi d.

Cau 2. Cho hinh vuéng ABCD canh 2, tam O; M 1a trung diém cua CD.
A 2 B

Y M¢énh dé Diing Sai
a) AB-AD =0 v
b) AC-AB =4 v
¢) AM-BD =0 7/
d) 04-0B=0 v

Loi gidgi

a) Pung. ABCD la hinh vuong nén AB 1 AD, do d6 AB - AD = 0.

b) Pling. AC = 22 va CAB = 45°, nén AC - AB = 22 - 2 - f =4,

¢) Sai. Chon hé truc toa d6 sao cho D(0;0), C(2;0), B(Z,Z), A(0;2); khi do M(1;0),
— — —
M= (1;-2),BD =(—-2;-2)vaAM -BD = -2+ 4 =2 # 0.
— —

d) Pung. Hai duong chéo cua hinh vudng vudng géc voi nhau tai O, nén OA - OB = 0.

Ciu 3. Cho A(—2;0), B(2;0), €(0;2v3).

Y M¢énh dé Diing Sai

a) Tam giac ABC déu. v

b) 4B -4C =8. v

¢©) 4B-BC=-8. v

d)  Tryuc tdm tam giac ABC la H(0; 2). v
Loi gidai

a) Ping. AB = 4, AC = \/22 +(2v3) = 4. BC = \[(—2)2 +(2v3)" = 4. nén tam gide ABC

déu.
—

b) Piing. 4B = (4;0), AC = (2;2v3),AB-AC=4-2+0-2J3=8.

¢ Ping. BC = (-2;2V3) AB-BC=4-(-2)+0-243=-8 (phi hop vdi
4-4.-cosl120° = —8).

24240 0+0+2\/_) ( \/_) vi

d) Sai. Trong tam giac déu, tryc tim trung vé&i trong tam G( P 0;,—

i ~ 1,15 # 2 nén H(0; 2) khong phai truc tam.
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Céau 4. Mot vat chiu tic dung cua lyc khong doi F= (6;8) (don vi N), dich chuyén thing tir
A(0; 0) dén B(3; 4) rdi tir B dén €(3; 10) (don vi trén céc truc 1a mét).

Y Ménh dé Piing Sai
a) | Cong ctia luc F trén doan AB bang 50 J. v
b) | Cong cua luc F trén doan BC bing 60 J. v
¢) | Tong cong cia lyc F trén ca hai doan 16n hon 100 J. v
d) | Cosin ciia goc gitia F va BC bing 0,8, v

Lai gidi

a) Ping. AB = (3; 4), cong trén doan AB: F-AB = 6 -3 + 8- 4 = 18 + 32 = 50 (J).

b) Sai. BC = (0;6), cong trén doan BC: F-BC =6-0+8-6 =48 (J), khong phai 60 J
(60 = |I?' | - BC = 10 - 6 1a két qua khi bé quén goc giita lyc va hudng dich chuyén).

¢) Sai. Téng cong: 50 + 48 = 98 (J), nho hon 100 J (ciing bing F - AC = 6 -3 + 8 - 10 = 98),

d) Diing. |F| = v36 + 64 = 10, BC = 6, nén cos (F,BC) = l’;ifc =22 =08

| PHAN IlI. Tréc nghiém tra 1&i ngén
Ciu 1. Chod = (—2;5), b = (3;1). Tinh (2d + b) - b.
Loi gidi
d-b=(-2)-3+5-1=—1vab*=3%+1%=10.
Do d6 (2d +b) - b = 2d- b + b? = —2 + 10 = 8. Kiém tra biing toa do: 2d + b = (~1;11) va
(-1)-3+11-1=S8.

Pap s6: 8
. —_—>
Cau 2. Cho tam giac ABC c6 AB = 6, AC =5,BC =7.Tinh AB - AC.
Loi gidi

—

L —  — — —

Binh phuong v6 huéng hai vé cia BC = AC — AB: BC? = AC* — 2 AB - AC + AB2.
2 2_ 2 -

Suy raAB - AC = ABTHACIBC? _ 36+25-49 _ o

2
Pip s6: 6

Ciu 3. Cho |d| = 2, |l_;| =4, (q, B) = 120°. Tim sé thuc k dé vecto @ + kb vudng goc véi b.
Loi gidi

G-b=2-4-cos120° = —4 va b? = 16.
(@+kb)-b=a-b+kb>=—4+16k =0 k =5 = 0,25,

Pap so: 0,25

Céu 4. Tim s6 thuc m dé vecto i = (2m — 1; 3) vudng goc véi vecto ¥ = (4; —2) (viét két qua
dudi dang so thap phan).

Loi giGi

ﬁlﬁ@ﬁ-ﬁ=0®4(2m—1)+3-(—2):0<:>8m—10=04:>m=%=1,25.

Thit lai: véim = 1,25 thi % = (1,5;3) vaZ -9 = 6 — 6 = 0.

Pap so: 1,25
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Céu 5. Cho A(1;1), B(4; 2), €(2;5). Tinh s6 do goc BAC (theo don vi d9, 1am tron dén hang don
vi).

Loi gidi

AB = (3;1),AC = (1;4),AB-AC=3-1+1-4=7, AB =10, AC = V17.

—_— 7 7 DA o
cosBAC = 0T = 770 ~ 0,5369, suy ra BAC = 57,53°.

Lam tron dén hang don vi: 58.
Pap s6: 58

Céu 6. Mot du khach kéo vali 1én mét con ddc thing nghiéng 10° so v6i phuong ngang, di duoc 30
m doc theo mit doc. Tay kéo hop vdi phuong ngang goc 50°, Iuc kéo c6 do 16n 60 N. Tinh cong
cua luc kéo (theo don vi J, lam tron dén hang don vi).

Loi gidi

Hudng dich chuyén hop véi phuong ngang goc 10°, luc kéo hop véi phuong ngang goc 50° (cing
phia), nén goc giita luc va hudng dich chuyén 1a 50° — 10° = 40°.

A =60-30-cos40° ~ 1800 - 0,7660 ~ 1378,9 (J); lam tron dén hang don vi dwoc 1379.

Pap s6: 1379

| PHAN IV. Tw luén
Bai 1. Cho ba diém A(—2; 1), B(2;3), C(4; —1).
a) Ching minh tam gidc ABC vudng can tai B va tinh cosBAC bang tich vo hudng.
b) Tim toa do diém D sao cho ABCD 13 hinh vuong.
¢) Tim céc diém M trén truc tung sao cho AMC = 90°.

Loi gidgi
— — _— =

a) BA=(-4,-2) , BC=(%-4) , BA-B(=-8+8=0 nén BALBC ;

BA = BC = /20 = 2+/5. Véy tam giac ABC vudng cn tai B.

AB=(42) , AC=(6;-2) , AB-AC=24—4=20 , AC=+40=2y10 ;
A _ 20 V2 .. Sy e

cosBAC—Nglzm—Z,phuhqpvorlBAC—45.

— =

b) Tam giac ABC vudng can tai B nén ABCD la hinh vuéng khi va chi khi AD = BC(C:
D(—2+2;1—4) = (0;-3).
. — —
©) Goi M(0;y): MA = (=2;1—y), MC = (4, -1 —y).
— — —
AMC =90 MA-MC =0 -8+(1-y)(-1—-y)=0y?-9=0y=43.
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Vay cosBAC = g D(0; —3) va c6 hai diém M(0; 3), M(0; —3). (Cac diém M nay cung voi B, D

nam trén dudng tron dudng kinh AC.)

Bai 2. (Van dung) Trén bai dat canh mot bo song théng c6 hai cot mdc A, B. Chon hé truc toa do
Oxy sao cho bd song nam trén truc Ox va don vi trén mdi truc 1a 10 m; khi d6 A(1;3), B(7;3).
Mot nguoi mudn dimg tai diém M trén bd song sao cho nhin hai ¢6t mdc dudi mot goc vudng, tirc
la AMB = 90°.

Ay
A
°

[ o]

xv

séng

a) Tim toa d6 diém M.
b) Tinh khoang cach tir M dén mdi cot mbe (theo don vi mét, 1am tron dén hang phan mudi).
¢) Néu nguoi d6 dimg tai goc toa do O thi goc AOB 1a goc nhon hay goc ti? Vi sao?
Loi gidi
— —
a) M thudc truc Ox nén M(x;0); MA = (1 — x;3), MB = (7 — x; 3).
AMB=90° & MA-MB=0 (1-x)(7—x)+9=0©x>-8x+16 =0 (x—4)? =0 x = 4

Vay chi c6 mot diém thoa mén 1a M (4; 0).

b) MA = (=3;3), MB = (3;3), nén MA = MB = 9 + 9 = 3v/2 (don vi do dai trén truc).

Mbi don vi tng v6i 10 m, nén MA = MB = 30v/2 ~ 42,43 (m), lam tron dén hang phan mudi
duoc 42,4 m.

— — —_— — — —
¢)0A=(1;3),0B=(7;3),0A-0B=1-7+3-3=16 >0, nén cosAOB > 0; hon nita OA,
0B khong cung hudng.

Vay goc AOB 1a goc nhon. (Piéu nay phu hop véi cau a: trén truc Ox chi tai M(4;0) goc nhin
moi bang 90°; cac diém khac déu nam ngoai duong tron duong kinh AB nén nhin AB dudi goc
nhon.)
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~

k< 0: ngugc hudng

SO PO TU DUY TOAN 10 + . ’
: k>0: cung hudéng;

7 2
+ TRAM TOAN APLUS -

AB: diém dau A, diém cudi B ,
A A =% = =
DO dai: I1ABI=AB \ A LUUY - DE NHAM

Gia: dudng thang chira vecto @ Quy tic ba diém: diém cubi vecto
trudc trung diém dau vecto sau

Ikal = Ikl - |al

@ clung phuong b+#0< a=kb

¥=ma +nb (d,b khong cling phuong)

Vecto-khong 0: diém dau tring diém cudi
@ Quy tac hiéu: hai vecto phai b
chung diém dau s

@-b 1a moét SO, khéng phai vecto

G6c (@, b): dua hai vecto vé chung -
u=xi+yjei=(xy)

diém dau

WAIN IVH

—
AB = (xp — Xa; Yy —Ya)

Cung phuong: gia song song hodc trung nhau
H+V=(+x; y+y), kii=(kv;ky)

XA+ Xg Ya+YB

Cung phuong thi cung huéng hoac ngugc huéng \
Trung diém I( 5 5 )

i =b: cing hudng va cling do dai
% S g e ' CHUONG IV )
Xa+Xp+Xc Ya +y8+.VC>

Trong tam G(i,
3 3

— —
ABCD hinh binh hanh < AB=DC

VECTO

o — = —
Ba diém: AB+ BC=AC

Hinh binh hanh: AB + AD = AC \ , — -
% + MO RONG - NANG CAO

i — — —
Hiéu: OB — OA=AB

.; - 1 > =

® ) trung diém BC: AM = E(AB+AC)

ed — —
Vecto dobi: —AB=BA
2
® VA -MB=MI* - % (Itrung diém

AB)

® la+bl=la’+2a b+

TRONG TAM

= R N N
® AM=kAB & M thudc duong thang

4% Téng hop Iuc: quy tic hinh binh hanh

r Céng cla luc: A=F-d

Chiing minh vudng géc: a@-b=0

e e - -
Itrung diém AB: IA+IB=0

— — — . A
MA + MB =2MI véi moi M \

. — — - -
G trong tam: GA+ GB+ GC=0
Chiéng minh ba diém thang hang

= -
albeda-b=0

D MEO NHO': A, B, C thang hang < AB = kAC;
MA + MB+ MC =3MG
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ON TAP TOAN 10 - TAP MOT

IV  VECTO

© PHAM VI KIEN THUC

» Bai 7. Cac khai niém mé déu: vecto, vecto-khong, d6 dai cua vecto; hai vecto cung
phuong, cing huéng, ngugc hudng; hai vecto bang nhau.

> Bai 8. Tong va hi¢u ciia hai vecto: quy tic ba diém, quy tic hinh binh hanh, quy tic hiéu;

R z a I e

vecto doi; tinh chat trung di€m, trong tam (IA + IB = 0, GA + GB + GC = 0); tong hop luc,
téng hop van tdc.

> Bai 9. Tich ciia mét vecto véi mot so: dinh nghia, tinh chit; diéu kién dé hai vecto cing
phuong, ba diém thang hang; phan tich mot vecto theo hai vecto khong cuing phuong.

> Bai 10. Vecto trong mat phfmg toa dg: toa do cua vecto, toa do cta diém; biéu thirc toa do
clia cac phép toan vecto; do dai vecto, khoang cach giira hai diém; toa do trung diém, trong
tam.

> Bai 11. Tich vé huéng ciia hai vecto: goc giita hai vecto; dinh nghia, tinh chat va biéu thirc
toa do cua tich vo hudng; diéu kién vuong goc; ung dung tinh d6 dai, goc va cong cuia luc.

B CAU TRUC MOI BE (90 phat — 10 diém)

Noi dung Phan1  PhanII | Phan III Phan IV
Khai niém, téng — hiéu vecto 4 ciu | ciu | ciu
(Bai 7, 8)
Tich vecto véi mot sé (Bai 9) 2 cau 1 cau 1 cau 1 bai
1)\
Toa do cua vecto (Bai 10) 3 cau 1 cau 2 cau ( o,ng
ghép)
Tich v6 hudng, tmg d Bai .
Ve um“f’ll)mg wg(Bal 4 s leaw | 2cau | 1 bai

A NHING LOI THUONG GAP - BOC TRUO'C KHI LAM BE

» Hai vecto bang nhau phai cing huéng va cung do dai; chi “cting phwong” hodc chi “ciing
d6 dai” thi chua du.

2 a2 = = = R % R <
» Quy tac ba diém AB + BC = AC can diém cuoi vecto trude trung diem dau vecto sau;
P S e S . 5
quy tac hiéu OB — OA = AB can cung diém dau.
> D¢ dai clia tong khéng bang tong cac do dai: |d + E| <la| + |B|, mubn tinh |d + B| hay
-2 - -
dyng hinh hodc dung |d + b| = a? + 2d - b + b2
» Goc giita hai vecto phai xac dinh khi hai vecto chung diém dau: trong tam gidc ABC,
(ﬂa’ , B_c’) = 180° — B chu khong phai B.

» Tich v huéng a - bla mot s6 (khong phai vecto); né am khi goc giita hai vecto 14 goc ti.
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|
» Toa do cua A_B> béng toa do diém cubi trir toa do diém dau (“ngon triwr g("ic”); hinh binh hanh
ABCD tmg v6i AB = DC (dtng thi tu dinh).

» Voia # 0vak <0, vecto kd ngwee hwéng voi a va co do dai |k| - |dl.
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DE ON TAP CHUONG - SO 1

TOAN 10 - TRAM TOAN APLUS Cdu triic theo dinh dang dé thi tot nghiép THPT tir ndm 2025
ON TAP CHUONG 1IV. VECTO

. o ; HO VA tEN: .o Lop: ..........
Thoi gian lam bai: 90 phut

Phan I: 0,25 diém/cau - Phan II: diing 1y 0,1d: 2y 025d; 35 0,5d; 4y 1
d - Phan III: 0,25 diém/cau - Phan IV: 0,75 diém/bai.

| PHAN 1. Trac nghiém nhiéu phwong an lwa chon (12 ciu - 3,0 diém)
Céu 1. Cho hinh thoi ABCD ¢6 tam 0. Khang dinh nao sau day ding?
S — —  — — — S —
A. 04 =0C B.AB = AD C.[B| = |aD| D.4B = CD
Céu 2. Cho tam giac ABC vudng tai A c6 AB = 4, AC = 6. Goi M 1a trung diém cua AC. Do dai

, = .
cua vecto BM bang

A.V/13 B. 2V/13 C.5 D.7
Cau 3. Cho bon diém A, B, C, D bat ki. Vecto AB — DB — CD bang
— — — —
A.BC B.CA C.AD D. AC

Cau 4. Cho hinh chit nhat ABCD c6 AB = 8, AD = 15 va 0 la giao diém cua hai duong chéo. Do
dai cta vecto AB + 0D bang

A.; B.17 C.32—3 D. 15

Céu 5. Cho hinh thang ABCD c¢6 hai day 1a AB va CD, trong d6 AB = 3CD. Khang dinh nio sau
day dung?

— — — — —

g —_— 1
A.AB=3CD B.AB =-3CD C.CD =-34AB D.AB = -3

+
=<
a
+

CAu 6. Cho hinh binh hanh ABCD ¢6 tam 0. V&i moi diém M, vecto m + M
— — —

A.2MO B.4 MO C.MO D
Ciu7.Cho d = (2;-3), b = (—1; 4). Toa do ctia vecto 3d — b 1a

A. (7;-5) B. (5;-5) C.(7;-13) D. (—7;13)
Céu 8. Cho hai diém A(1;3), B(5; —1). Toa d¢ trung diém cua doan thing AB 1a
A. (4;—4) B. (2; -2) C. (6;2) D. (3;1)

CAu 9. Hai vecto 4 = (m — 1; 2) va v = (6; —4) cung phuong khi va chi khi
Am=-2 B.m=4 C.m=-3 D.m=2
Céu 10. Cho tam giac ABC vudng tai A c6 ABC = 30°. Gc giita hai vecto AB va BC bang
A. 150° B. 30° C. 60° D. 120°
Ciu 11. Cho hai vecto d, b thoa min |d| = 2,
d — 2b bing
A. 60° B. 30° C.120° D. 150°
Cau 12. Cho hinh thang ABCD vuong tai A va D, c6 day 16n AB = 2a va AD = DC = a. Tich vo
hudng AC -BD bang
A. —3a? B.0 C.a? D. —a?

E| =1va(a, 5) = 120°. Géc giita hai vecto d va
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| PHAN II. Tric nghiém dung sai (4 ciu - 4,0 diém)

. L2 g —_—> > . .2
Cau 1. Cho tam giac ABC va diém D thoa man AD = AB + AC. Goi M 1a trung diém cta BC.
Y Ménh dé Diing Sai
a) T giac ABDC la hinh binh hanh. [l ]
b) | M la trung diém cta doan thing AD. H [l
©) DB+ DC = AD. O O
d) MA+MB+MC+MD =0, O O

Cau 2. Cho tam giac ABC c¢6 M 1a trung diém cua BC, G 1a trong tdm va N 1a diém thudc canh AC
sao cho AN = 2NC.

Y Ménh dé Dung Sai
a) GM=1AB+>AC. O | O
b) MN =:AB-24C. O O
¢) BN=-4B+24AC. O O
d) Badiém B, G, N khong thang hang. [l ]
Céu 3. Trong mit phang Oxy, cho ba diém A(—1; 2), B(3;4), C(5; —2).
Y Ménh dé Diing Sai
a) 4B = (4;2). O O
b)  Tu giac ABCD 1a hinh binh hanh khi D (9; 0). ] ]
¢) Diém E(=5;0) thudc duong thing AB. [l L]
d) BC = 2v10. O O
Cau 4. Mot vat chiu tac dung cua ba luc Fl), Fz), F_'3) va dung yén. Biét |I71)| =80 N, F_'2)| =150 N va

. . - = s
gbc gitta hai luc F;, F, bang 120° (hinh v§).
F;
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Y M¢énh dé Piing Sai
a) F,-F, = —6000. O | O
b) |F3’ | =230N. O O
©) cos(l?;,l?z)) = —1—;. L] [
d)  Luyc 1?3) vudng goc voi luc 1?1) . [ [

| PHAN Ill. Tréc nghiém tra 1&i ngdn (6 ciu 1,5 diém)

CAu 1. Cho hinh thoi ABCD ¢6 hai dudng chéo AC = 12 va BD = 16. Tinh |A_c’ + E)’|.

Dap so: | | | | |

Céu 2. Cho doan thing AB dai 12 cm. Piém M thoa man MA = —2 MB va diém N thoa min
NA = 2 NB. Tinh d6 dai doan thing MN (don vi: cm).
Dip sé: | | | | |

Cau 3. (Van dung) Trong mit phing Oxy, cho tam giac ABC véi A(2;5), B(—1; —1), C(8;2).
Piém M(x;y) thudc canh BC sao cho dién tich tam giac ABM gip d6i dién tich tam giac ACM.
Tinh x + y.

Dip s6: | | | | |

Céu 4. Trén mot ban d6 (don vi trén mdi truc 1a 1 km), ba tram quan tric dit tai A(1;5), B(—=3;1),
C(8;3). Mot tram thu dit liéu dugc dit tai diém G thoa man GA + GB + GC = 0. Tinh khoang cach
tir G dén tram A (don vi: km, lam tron két qua dén hang phan mudi).

Dap §6: | | | | |

u 5. Cho duong tron tam O ban kinh 5 va mdt day cung AB c6 do dai 8. Tinh tich vo hudng

—

- AB.
Dap $6: | | | | |

NEE

@)
&>

. Cho hinh thoi ABCD canh 2 ¢6 BAD = 60°. Goi M 1a trung diém cua canh CD. Tinh
BD.
Dap §6: | | | | |

u

=l
o

| PHAN IV. Tw ludn (2 bai - 1,5 diém)
Bai 1. Cho tam gidc ABC. Goi D 1a trung diém cta BC, E 1 diém trén canh AC sao cho AE = §Ac
.2 7. . N —_ - ey d
va F la diém doi xtng véi B qua A. Pata = AB, b = AC.
.2 e Gl Sl 4 5 7
a) Biéu thi AD, AE, AF theo a, b.
b) Chirng minh ba diém D, E, F thang hang va tinh ti s6 %.
¢) Cho A(0; 0), B(3;0), C(0; 6). Tim toa d6 cua D, E, F va kiém tra lai két qua cau b).
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Bai 2. (Van dung) Mot thuyén budm chay thing theo huéng dong. Gio tac dung 1én canh budm
mot luc F ¢6 do 16n 600 N, chéch vé phia bic va hop voi hudng dong mot goc 60° (hinh vé nhin tir
trén xudng). Nho séng thuyén can nudc, thuyén khong bi diy ngang ma chi chay theo huéng dong.

Bac

i ’ Pong

huéng di ctia thuyén

a) Phan tich F thanh tong cua luc ?’1 hudng dong va luc 172) huéng bic. Tinh do 16n cia 1?1) va 1?2)
(lam tron két qua dén hang phan muoi).

b) Tinh cong cua luc F khi thuyén di duoc 2 km. Luc 172) sinh cong bang bao nhiéu?

¢) Chon hé truc Oxy c6 T huéng dong, 7 hudng bic (luc tinh bang niuton, d6 doi tinh bang mét).
Viét toa do cua F. Néu thuyén doi sang huéng dong bac ma luc gid khong ddi thi trén quing
duong 2 km, cong cta F bang bao nhiéu kilojun (1am tron két qua dén hang don vi)?

— HET —
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DE ON TAP CHUONG - SO 2

TOAN 10 - TRAM TOAN APLUS Cdu triic theo dinh dang dé thi tot nghiép THPT tir ndm 2025
ON TAP CHUONG 1IV. VECTO
Thoi gian lam bai: 90 phut

HO VA teNn: e Lop: ..........
Phan I: 0,25 diém/cau - Phan II: diing 1y 0,1d: 2y 025d; 35 0,5d; 4y 1
d - Phan III: 0,25 diém/cau - Phan IV: 0,75 diém/bai.

PHAN I. Trac nghiém nhiéu phwong an lwa chon (72 ciu - 3,0 dgiém)
Cau 1. Cho hai diém phan bi¢t A va B. C6 bao nhiéu diém M thoa man |MA| = |MB |?
Al B. vo s6 C.2 D.0

Céu 2. Cho tam giac déu ABC canh a va H 1a trung diém ctia BC. P9 dai cia vecto CA-HC bang

ALY B. 25 c.z D.a
T, - 5 .
Céu 3. Cho hinh chit nhat ABCD. Khang dinh nao sau day sai?
—_— - — — =
A.AB + AD = AC B. AC = BD
—_— s = —_— — —_ —
C.AB — AD = DB D. |4B + 4D| = |4B — 4D|
—_—> —_—> —_—> 3
Cau 4. Cho hinh binh hanh ABCD ¢6 tam O. Vecto OA + OB + CD bang
- — — —
A.0 B. AC C.DB D. CA

Cau 5. Cho tam giac ABC. Goi M 1a trung diém cta AB va N la diém thudc canh AC sao cho
NC = 2NA. Vecto MN bing

173 12 13 12 13 22 173 12
A.—=-AB +-AC B.-AB —-AC C.—-AB+-AC D.-AB +-AC
2 3 2 3 2 3 2 3
.2 . —_—> 4 5 .

Cau 6. Cho ba diém phan bi¢t 4, B, C thod man AB = —3 AC. Khang dinh nao sau day ding?

A. C nam gitta A va B B. B nam giita A va C

C. A ndm giira B va C D. A, B, C khong thang hang
Céu 7. Cho a = (—4; 5). Toa dd cua vecto —2a 1a

A. (8;-10) B. (-8;10) C. (8;10) D. (—6;3)
Céu 8. Cho hai diém A(—1;4), B(4; —8). D6 dai doan thing AB bang

A. 169 B. V119 C.17 D. 13
Céu 9. Ba diém A(=3; 1), B(—1;4), C(3;m) thang hang khi va chi khi

A.m=28 B.m=9 C.m=10 D.m =13
Céu 10. Cho % = (4; —1), ¥ = (2;3). Tich v6 hudng 7 - ¥ bang

A. (8;-3) B. 11 C.-5 D.5

. SR —_— =

Cau 11. Cho hinh thoi ABCD canh a c6 BAD = 60°. Tich v6 huéng BA - BC bang

AZ B.-% c. 2 p. - f

2 2 2 2

Céu 12. Cho hai vecto @, b khac 0 thoa méan la + b | =|a- b |. Khang dinh nao sau dy dung?

A. @ va b cing huéng B. |a| = |B|

C.dlb D. d va b nguoc huéng
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| PHAN II. Tric nghiém ding sai (4 cau 4,0 diém)
Cau 1. Cho tam giac déu ABC canh 3 va M 1a trung diém cua BC.

Y M¢énh dé Piing Sai
a) |1\T4’+1W3’+1\TC’|:0 ] L]
b) |,H3’—A_c’|=0 O O
¢) AB-AC=2 O O
d 4M-BC=3. O O

—

Cau 2. Cho tam gidc ABC c¢6 trong tim G. Diém I thoa man TA+21B +31C =0 va diém E thoa
man EA +2 EB = 0.

Y M¢énh dé Piing Sai
a) Al = gﬂa’ +AC. O O
b) Gl =:AC. O O
©) VdiindiémM,tac()m+2m+3m=61\71). [ [
d) Badiém C, I, E thang hang va IC = 2IE. O O

Céu 3. Trong mit phang Oxy, cho ba diém A(—2; 4), B(—1;—3), C(6;2).

Y M¢énh dé Piing Sai
a) 4B = (1;,-7). O O
b) AB =+/58. | O
¢) Tu gidc ABCD la hinh binh hanh khi D(5;9). ] ]
d) | Piém déi xtmg v6i A qua B 1a A’ (—2;7). O O

Cau 4. Trong mit phing Oxy, cho ba diém A(1; —2), B(5; 0), C(3;2).

Y M¢énh dé Piing Sai
a) AB-AC = 16. O O
b) | Tam giac ABC cén tai A. L] [
¢) cosBAC = 0,6. | ]
d) | Dién tich tam giac ABC bang 6. O O

| PHAN IlI. Tréc nghiém tra 1&i ngdn (6 ciu— 1,5 diém)
Céu 1. Trén vinh Ha Long, mot thuyén kayak xuat phat tir bén A4, chéo 6 km theo huéng dong dén
diém B, roi 5 km theo huéng bic dén diém C, sau d6 2 km theo hudng tdy dén diém D. Tinh
khoang cach tir D dén bén A (don vi: km, 1am tron két qua dén hang phan mudi).

Dap so: | | | | |
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Cau 2. Cho tam giac ABC c6 AB = 3, AC = 7. Goi AD la dudong phén giac trong cua goc A (D
thudc canh BC). Biét AD = x AB + yA_)C, tinh x — y.
Ddp s6: | | | | |

Céu 3. Cho hai vecto @ = (3;1) va b = (1; —2). Tim sb thuc k dé vecto @ + kb c6 d6 dai nho nhat
(viét két qua dudi dang s6 thap phan).
Dap 562 | | | | |

Céu 4. Cho tam giac ABC c6 A(—1;3), B(5;5), C(3; —3). Tinh d6 dai dudng trung tuyén ké tir
dinh A cua tam giac (1am tron két qua dén hang phan tram).

Dap so: | | | | |
Céu 5. Cho tam gidc ABC ¢6 AB = 3, AC = 5 va M la trung diém cta BC. Tinh AM - BC.
Ddp s6: | | | | |

Cau 6. Cho tam giac ABC vudng can tai A. Goi M, N lan luot 12 trung diém cua AC va AB. Tinh s6
do goc giira hai vecto BM vaCN (don vi: d6, 1am tron két qua dén hang don vi).
Dap 56: | | | | |

PHAN IV. Tw luan (2 bai— 1,5 diém)
Bai 1. Cho hinh binh hanh ABCD. Goi M 1a trung diém cia canh AB va N 1 diém thudc duong
chéo BD sao cho BN = %BD. bita = 14_B>, b = A4D.

a) Biéu thi cac vecto AN , m, CN theo a,b.

b) Ching minh ba diém C, N, M thiang hang va N 1a trong tim cia tam giac ABC.

¢) Trong mit phing toa do Oxy, cho A(0;0), B(6;0), D(2; 4). Tim toa d6 cac diém C, M, N va
kiém tra lai két qua cau b).

Bai 2. (Van dung) Trén sin bong d4, khung thanh rong 7,32 m. Chon hé truc Oxy (don vi trén mdi
truc 1a 1 m) c6 truc Ox la vach ciu mon, géc 0 1a trung diém cua khung thanh; hai cot doc &
A(—3,66;0) va B(3,66; 0). Cham phat dén 1a P(0; 11); mét cau thu dang giit bong tai Q(10;11)
(hinh v€). Goc nhin khung thanh AB tir vi tri dat bong goi 1a goc sut.

a) Tinh khoang cach tir chAm phat dén dén mdi cot doc va tinh goc sut APB (lam tron két qua
dén hang phan muoi cua do).

b) Tinh goc sut AQB (1am tron két qua dén hang phan mudi caa d6). Tir vi tri ndo st bong thudn
lgi hon?
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¢) T Q, cau tha sit bong lan thang theo hudng ciia vecto i = (—1; —2). Bong co di vao khung
thanh khong? Néu khong, bong cit vach ciu mon tai diém cach cot doc gan nhat bao nhiéu
mét?

— HET —
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HUONG DAN GIAI CHI TIET

ON TAP CHUONG 1V. VECTO - Méi cdu gom dé va loi gidi ngay bén diudi

Kl 54P AN VA LO1 GIAI BE ON TAP SO 1

“. Bang dap an nhanh

Cau

1
Dép an C C D A B B C D A A B D

Cau a) b) c) d)

1 b b S b

2 S S b D)

3 b S D) b

4 b S 5) S
Cau 1 2 3 4 5 6
Pap s6 20 16 6 2,2 -32 1

| PHAN 1. Trac nghiém nhiéu phwong an Iwa chon

Céu 1. Cho hinh thoi ABCD ¢6 tam 0. Khang dinh nao sau day ding?

— = — — — — —_ =

A.04 = 0C B.AB = AD Q|AB|=|AD| D. 4B = CD
Loi gidi
Hinh thoi c¢6 bon canh bang nhau nén AB = AD, tuc la |AB| = |AD |: khang dinh nay diung.
Hai vecto A_B>, AD ¢6 gi4 1a hai dudng thang cit nhau nén khong cing phuong, do d6 khong bang
nhau (du c6 cung do dai).

. e | — =

O 1a trung diém cta AC nén OA va OC ngugc huéng; ABCD 1a hinh binh hanh nén AB = DC, suy

ra AB va CD ngugc hudng. Vi vay hai dang thitc OA = OC va AB = CD d¢u sai.
Chon dap an C.

Cau 2. Cho tam giac ABC vuong tai A c6 AB = 4, AC = 6. Goi M 1a trung diém cua AC. Do dai

, = .
cua vecto BM bang

A.V13 B. 2v/13 C.5 D.7
Loi giai
A

— = » c
|BM| = BM. Vi M la trung diém ctia AC nén AM = 5° = 3.

Tam gidc ABM vuodng tai A nén BM = VAB? + AM?2 =16 + 9 = 5.
Luu ¥: 2v/13 13 d6 dai canh BC; con 7 = AB + AM 1a tong hai do dai, khong phai do dai cua B_)M
Chon dap an C.

Cau 3. Cho bon diém A, B, C, D batki. Vecto AB — DB — CD bang
— — — —
A. BC B. CA C.AD D. AC
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Loi gidi
Trir mét vecto 1a cong véi vecto ddi cua nd: —
—_ s s s s =
Do 3 AB — DB — CD = AB+ BD + DC = AD
Chon dap an D.
Cau 4. Cho hinh chit nhat ABCD c6 AB = 8, AD = 15 va 0 la giao diém cua hai duong chéo. Do
dai cita vecto AB +0D bang
= B. 17 c.2 D. 15
=2 2
Loi gidi
2 —_— = —_ s > = —
O 1a trung diém cua BD nén OD = BO. Suyra AB + OD = AB + BO = AO.
17

Pudng chéo AC = VABZ + BC? = /64 + 225 = 17, nén |E’ + ﬁ)’| =A0=%=2

Két qua 32—3 = AB + 0D la sai 1am do cong cac do dai: do dai ctia vecto tong noi chung khong
bang tong cac do dai.
Chon dap an A.

Céu 5. Cho hinh thang ABCD c¢6 hai day 1a AB va CD, trong d6 AB = 3CD. Khang dinh nio sau
day dung?

— — — — — — —

- 1
A.AB=3C B.AB = -3C C.CD =-34 D.AB=—§CD

Loi gidgi
, — L=

Vi AB || CD va céc dinh dugc lay theo thu tu A, B, C, D nén AB cung hudng voi DC, tic 1a nguoc
hudng voi CD.

— L= . — —
Vecto —3 CD ngugc huéng voi CD va c¢6 d6 dai 3CD = AB, nén AB = =3 CD.
bang thuc AB = 3 CD sai vé hudng; hai dang thuc CD = —3 AB va AB = _ECD sai ve ti s0 do

. e 13

dai (dung phaila CD = — EAB)'
Chon dap an B.

—  —

Cau 6. Cho hinh binh hanh ABCD c¢6 tam 0. V&i moi diém M, vecto MA + MB + MC + MD bang

— — — -
A.2MO B.4MO C.MO D.0
Loi gidi
O 1a trung diém cua AC nén MA+ MC =2MO ; O cling la trung diém cia BD nén
—_— — —
MB + MD =2 MO.
z = = = — — s = ..
Cong ve theo vé: MA + MB + MC + MD = 4 MO. Tong nay chi bang 0 khi M trung O, nén dap
s6 0 khong dung véi moi diém M.
Chon dap an B.

Ciu7.Cho d = (2;—3), b = (—1; 4). Toa do ctia vecto 3d — b 1a
A. (7;-5) B. (5; -5) C.(7;,-13) D. (—7;13)
Léi gidi
3d=(3-2;3-(-3)) =(6;-9).
3d—b=(6—(—1);=9 —4) = (7;—13). (Toa d6 (5; —5) la cta vecto 3d + b.)
Chon dap an C.
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Céu 8. Cho hai diém A(1; 3), B(5; —1). Toa d6 trung diém ciia doan thang AB 1a
A. (4;—4) B. (2;-2) C. (6;2) D.(3;1)
Loi gidi
Xa+xp _ 145

Goi I 1a trung diém cta AB: x; = - = 3,y = @ = # =1.VayI(3; 1).
Luu ¥: (6; 2) 1a tong cac toa d6 chwa chia doi, con (4; —4) 1a toa do cua A_B)

Chon dap an D.

Cau 9. Hai vecto 4 = (m — 1;2) va v = (6; —4) cung phuong khi va chi khi

A.m=-2 B.m=4 Cm=-3 D.m=2
Loi gidi
Vi % # 0 nén %, ¥ cung phuong khi va chi khi c6 sb k sao cho % = k¥, tic lam — 1 = 6k va
2 = —4k.
Tu 2 = —4k ta dugc k = —%, suyram—1=-3&m= -2 Thulai: u = (-3;2) = —%17.
Chon dap an A.

Cau 10. Cho tam giac ABC vudng tai A c6 ABC = 30°. Goc giiia hai vecto AB va BC bang
A. 150° B. 30° C. 60° D. 120°

Loi gidi

Hai vecto AB, BC chua chung diém dau. Lay diém E sao cho BE = AB (B la trung diém cua AE),
. — = — = —_—

khi do (4B, BC) = (BE, BC) = EBC.

Goc EBC ké bu v6i goc ABC nén EBC = 180° — 30° = 150°.

C
A ‘ E

Dap s6 30° 1a sai 1Am thuong gip do 14y ludn goc ABC khi hai vecto chua chung diém dau.
Chon dap an A.

Cau 11. Cho hai vecto @, b thoa min |d| = 2, B| =1va(d, B) = 120°. Goc gitra hai vecto d va
d — 2b bing
A. 60° B. 30° C.120° D. 150°
Loi gidai
Tacod-b=2-1-cos120°=—1,dod6d (d—2b)=d>-2d-b=4+2=6.

|a—2b]  =a2—4d-b+45% =4+4+4 =12, nén |d — 2b| = 2/3.

6
2:24/3
Néu b6 s6t diu trir Iy @ - b = 1) thi tir s6 bang 2, |d — 2b| = 2 va s& ra nhdm 60°.
Chon dap an B.

Suy ra cos(d, d — 25) = = ?, tic 1a goc can tim bang 30°.

Cau 12. Cho hinh thang ABCD vuong tai A va D, c6 day 16n AB = 2a va AD = DC = a. Tich vo
hudng AC -BD bang
A. —3a? B.0 C.a? D. —a?
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Loi gidi

w}
Sl
<3
=
[0)e]
=
§,
(0]
<
=N
o
=l
<
m‘
w}
o
Il
N |-
~
o
=
>
=

Phan tich theo hai vecto vuong géc AB, AD: v

e = e - =

AC=AD+DC=AD+%AB;cc‘)nBD=A —A

4B - AD = 0, AB? = 4a?, AD® = a® nén AC - BD = AD? — 2 AB? = a® — 2a? = —a?.
D C

<

A B
Tich v huéng khac 0 nén hai dudng chéo khong vudng goc. Két qua —3a? 1a do quén hé sb %,

viét nham AC = AD + AB.
Chon dap an D.

| PHAN II. Tric nghiém duing sai

Cau 1. Cho tam giac ABC va diém D thod man AD = AB + AC. Goi M la trung diém cua BC.
Y M¢énh dé Diing Sai
a) Tu giac ABDC 1a hinh binh hanh. v
b) M la trung diém cua doan thing AD. v
¢) DB+DC =AD. v
d)  MA+ MB + MC + MD = 0. v

Loi gidi
a) Puang. Tu gia thiét, AD — AB = AC, tic la BD = AC. Vi A, B, C khong thang hang nén
BD || AC va BD = AC, do d6 tur giac ABDC 1a hinh binh hanh.
—_ s D — L.

b) Pung. Vi BD = AD — AB = AC nén ABDC la hinh binh hanh véi hai duong chéo AD va BC.
Hai duong chéo cat nhau tai trung diém ctia mdi duong, nén trung diém M cia BC ciing 1a trung
diém ctia AD.

—_— = — — — — — — — — -
¢) Sai. DB + DC = (AB —AD) + (AC —AD) = (AB +Ac) — 24D = —AD. Vi AD # 0 nén

—

—_— =
DB + DC # AD.
—_— s D — 5
d) bing. Tue BD = AD — AB = AC suy ra ABDC la hinh binh hanh, nén M la trung diém chung
) —_— — S —_— = > ‘ L2
cua hai duong chéo AD va BC. Do d6 MA + MD = 0va MB + MC = 0; cong ve theo vé, tong

bbn vecto bang 0.
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Cau 2. Cho tam giac ABC c6 M 1a trung diém cta BC, G la trong tdm va N la diém thudc canh AC
sao cho AN = 2NC.

Y M¢énh dé Piing Sai
a) GM = gA_B) + §A_)C ) v
b) MN =148 -14C. v
c) BN = — 4B + EA_)C ) v
d) Badiém B, G, N khong thang hang. v
Loi gidi
o2 — 11— 1
a) Sai. M la trung di€ém cua BC nén AM = 3 B +-AC. Trong tdm G thudoc doan AM ,

1 Ny B . o A 1 153, 172 A .
GM=§AM va GM cung huong voi AM , nén GM =5AM :EAB +gAC , khong phai
1 1 P 4 2—>
;4B +ZAC (d6la AG =§AM).

b) Sai. N thudc canh AC va AN = 2NC nén AN =

>

C; M 1a trung diém cta BC nén
H

— 1 1 — s s — 1 1 1= 11— .
AM :EAB +EAC.D0 d6 MN = AN — AM = 3 C—EAB _EAC = _EAB +EAC’ khong phai
_)

1 1 LT —_— -_— s Cn ,
EAB - EAC (d61a NM = AM — AN, lay hi€u theo thur tu nguoc).

, R \ R - 22 .
¢) DPang. N thuoc canh AC va AN =2NC nén AN =§AC , do do
—_— - — — 22—

BN = AN — AB = — AB +§AC.
- d v 1 12 v 2= 12 - g 22 .
d) Pung. BG = AG — AB ZEAB +§AC — AB = _EAB +§AC va BN = — AB +§AC. Gia su
— —

BG =k B_)N Vi AB, AC khong cung phuong nén hé s6 twong tmg phai bang nhau: —% =—kva
1

w |

= gk, tic 1a dong thoi k = %Vé k= %z v6 li. Vay B, G, N khong thang hang.

Céu 3. Trong mit phang Oxy, cho ba diém A(—1;2), B(3;4), C(5; —2).

Y Ménh dé Diing Sai

a) 4B = (4;2). v

b) | Tu giac ABCD la hinh binh hanh khi D(9; 0). v

¢) Diém E(—5;0) thuoc dudng thing AB. v

d) BC = 2+10. v
Loi gidgi

, —_—>
a) Pung. AB = (xg — x4y —Ya) = B —(—1);4 - 2) = (4 2).
— = —

b) Sai. ABCD 1la hinh binh hanh ©AD=BC . Vi BC=(2;—-6) nén

D(=1+2;2— 6) = (1; —4), khong phai D(9; 0). V&i D(9;0) ta c6 CD = (4; 2) = AB, tic 14 i
giac ABDC mdi 1a hinh binh hanh (sai thu ty dinh).

— — e
¢) Pung. AF = (—5—-(-1);0—2) = (—4; —2) = — AB, nén AE va AB cung phuong. Do d6 4,
B, E thang hang, tirc E thudc duong thang AB (hon nita A 1a trung diém cta BE).

d) Ping. BC = (5 — 3; 2 — 4) = (2; —6), nén BC = /22 + (—6)2 = /40 = 2/10.
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CAu 4. Mot vt chiu tic dung ciia ba luc F,, F,, Fi va ding yén. Biét |F1’ | =80N, F | =150 Nva
goc gitra hai lyc IT":, 1?2) bang 120° (hinh v&).
F;
120°
0 Fi

Y M¢énh dé Diing Sai

a) F -F, =—6000. v

b) |F3’ |=230N. v

c) cos(ﬁ,ﬁz)):—i—;. v

d) LycF, vudng goc véi luc F,. v

Loi gidi
- — - = 1
a) Ping. F, - F, = |F1| : |F2| - c0s120° = 80 - 150 - (‘E) = —6000.

e T T S — - -
b) Sai. Vit ding yén nén F,+F+F,=0 , tic F,=-— (F1 + Fz) . Do db
N —Y - 5 o2 o
|F3| =F, +2F -F,+F, =6400—12000+ 22500 = 16900, suy ra |F3| = 130 N.
Con s6 230 N 1a tong hai do 16n 80 + 150, chi dting khi hai lyc cing hudng.

i L > - =\ =2
¢) Piing. Vat ding yén nén F, = — (F1 + Fz) va |F3| = 6400 — 12000 + 22500 = 16 900,

= I - - 2 R
tiic |F3| =130N.Taco Fs-F, = —F, - F, — F, = 6000 — 22500 = —16 500, nén
- = —16500 11
cos (F3 'FZ) T 130150 13
- - -
d) Sai. Vat dimg yén nén F, = — (F1 + Fz), do d6

A
2

- o — e
F;-FL=—F, —F -F,=—-6400 4+ 6000 = —400 # 0. Vay F; khong vuéng goc voi F;; goc

. g N o A . = A = —400 1
gitra hai luc nay 16n hon 90° mdt chut (vi |F3| = 130 N nén cos (F3 , Fl) = om0 = _E)'
| PHAN IIl. Trac nghiém tra I&i ngén
. . e d —_—>
Cau 1. Cho hinh thoi ABCD c6 hai duong chéo AC = 12 va BD = 16. Tinh |AC + BD|.
Loi gidi
Theo quy tdc ba diém, AC = AB + BC va BD = BC + CD. Vi ABCD la hinh binh hanh nén

— — —_ — — — — '
CD = — AB, do d6 AC + BD = 2BC + (AB + CD) = 2BC.
Hai duong chéo ciia hinh thoi vudng goéc véi nhau tai trung diém O cia mdi duong nén OB = 8,
0C = 6 vaBC =V0B2 + 0C? = /64 + 36 = 10.
— = — = —_ = = .
Vay |AC + BD| = 2BC = 20. (Céch khac: dung CE = BD thi AC + BD = AE; tam giac ACE
vuong tai C nén AE = V122 + 162 = 20.)
Dip s6: 20
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Céu 2. Cho doan thing AB dai 12 cm. Piém M thoa man MA = —2 MB vi diém N thoa min
M’ =2 N_B) Tinh d6 dai doan théng MN (don vi: cm).

Loi gidi

Biéu thi theo diém dau A:

— — —

MA = —2MB & — AM = —2(

—

B — AM < AM =-AB.

—_— = — =3 =
A )(:)

w
o
| E
N
!
wiN

— — —

NA=2NB o — AN—Z(AB AN)(:)
—_— = - 2

DodéMN=AN—AM=(2—§)AB= AB, suyra MN =3-12 = 16 (cm).

Nhan xét: M nam giira A va B (AM = 8 cm), con N nam trén tia d6i coa tia BA (AN = 24 cm).
Hai ding thirc chi khac nhau mot ddu trir nhung cho hai vi tri rat khac nhau.
Pip s6: 16

Céu 3. (Van dung) Trong miat phang Oxy, cho tam giac ABC vé6i A(2;5), B(—1; —1), C(8;2).
Diém M (x; y) thudc canh BC sao cho dién tich tam giac ABM gap d6i dién tich tam giac ACM.
Tinh x + y.

Loi gidi

Hai tam giac ABM va ACM c6 chung duong cao ké tir A xudng duong thang BC, nén ti s dién
tich bang ti s6 hai day: BM = 2MC.

M thupe canh BC va BM = 2BC nén BM =
M(-1+6;—-1+2)=(51).
Vayx+y=5+1=6.

Pip s6: 6

— —

—
BC. Ta c6 BC = (9;3), suy ra BM = (6;2) va

wIN

Céu 4. Trén mot ban d6 (don vi trén mdi tryc 1a 1 km), ba tram quan tric dit tai A(1;5), B(—=3;1),
C(8; 3). Mot tram thu dir liéu duoc dat tai diém G thoa mén ﬁ + ﬁ;’ + G_C) = 0. Tinh khoang cach
tir G dén tram A (don vi: km, lam tron két qua dén hang phan mudi).

Loi gidi

Dang thiic GA+GB+GC=0 ching t6 G la trong tam cua tam gidc ABC: x; = EAC)E

33— 3 tie G(2;3).

=2,

Y6 =
ﬁ = (1 —2;5-3)=(-1;2), nén GA = /(—-1)? + 22 = V5 =12236..~22 (km) (Iam tron

dén hang phan mudi).
Pip s6: 2,2

Cau 5. Cho duong tron tam O ban kinh 5 va mot day cung AB c6 d¢ dai 8. Tinh tich vd6 hudng
04 - 4B.
Loi gidi
Goi H 1a trung diém cta AB. Tam g1ac OAB can tai O nén OH 1 AB, tuc la HO -AB = 0.
A0 - AB = (AH+H0)-AB —AH-AB=AH -AB=4-8=32 (hai vecto AH , AB cing
hudng).

D —d
A
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— —

Vay OA - AB = — A0 - AB = —32. Bén kinh chi bao dam day AB ton tai: két qua khong phu
thudc vao ban kinh.

Pap s6: —32
Cau 6. Cho hinh thoi ABCD canh 2 c¢6 BAD = 60°. Goi M la trung diém cua canh CD. Tinh
— —
AM - BD.

Loi gidi

| PHAN IV. Tw luén
Bai 1. Cho tam giac ABC. Goi D 1a trung diém cua BC, E 1a diém trén canh AC sao cho AE = §AC
. R L. . - —_ = —_
va F 1a diém doi xtng véi B qua A. Pata = AB, b = AC.
.2 B e e ] I
a) Biéu thi AD, AE, AF theo a, b.
b) Chirng minh ba diém D, E, F thang hang va tinh ti s6 %.
¢) Cho A(0;0), B(3; 0), C(0; 6). Tim toa d6 cua D, E, F va kiém tra lai két qua céu b).
Loi gidi
L2 —_—> 1/ e d 15 1>
a) D 1a trung diém ctia BC nén AD = E(A z! C) =Zd +:b.
F &

E thugc canh AC va AE = §AC nén AE = éI_J), 61 xting v6i B qua A nén A 1a trung diém cia
— — N
BF,do d6 AF = —AB = —a
—_—> g 15 12> = — — = 1=
b) ED = AD — A =Ea+gb,EF=AF—AE=—a—§b.
— 15 1~ — —_— = = 9
Ta thay EF = —2 (Ea + gb) = —2 ED: hai vecto EF, ED cung phuong va c6 chung diém dau E,

nénba diém D, E, F théng hang.
Hé s6 —2 < 0 nén EF vAED nguoc hudng, tirc E ndm gitta D va F; dong thoi EF = 2ED.

Véy% =2.
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3+0  0+6

0 D(2225) = (3;3); AE =1AC = (0;2) nén E(0;2); A la trung diém cia BF nén
F(2:0-3;2-0—0) = (—3;0).

_— 3 e —= I3 2 X
ED = (5; 1), EF = (—3;-2) = —2 ED: dung nhu két qui cau b) (D, E, F thing hang, E nim
gitta D va F, EF = 2ED).

B A B

Bai 2. (Van dung) Mot thuyén budm chay thing theo hudéng dong. Gid tac dung 1én canh budm
mot luc F ¢6 d6 16n 600 N, chéch vé phia bic va hop véi huéng dong mot goc 60° (hinh v& nhin tir
trén xudng). Nho sdng thuyén can nude, thuyén khong bi diy ngang ma chi chay theo huéng dong.

Bac

bong

v e
huwoéng di cua thuyén

a) Phan tich F thanh téng cta luc ?’1 hudéng dong va luc IT"Z huéng bac. Tinh d6 16n cia 1?: va 1*72)
(lam tron két qua dén hang phan muoi).
b) Tinh cong cua luc F khi thuyén di duoc 2 km. Luc 172) sinh coéng bang bao nhiéu?
¢) Chon hé truc Oxy c6 T huéng dong, 7 hudng bic (luc tinh bang niuton, d6 doi tinh bang mét).
Viét toa do cua F. Néu thuyén d6i sang hudng dong bac ma lyc gié khong doi thi trén quéing
duong 2 km, cong cua F bang bao nhiéu kiléjun (1am tron két qua dén hang don vi)?
Loi gidi
a) Dung hinh chit nhat nhan vecto biéu dién F 1am duong chéo, hai canh theo hudéng dong va
huéng béc. Khi d6 F = F, + F, v6i |Fl’ | = 600cos60° = 300 (N) va
|FZ’ | = 600sin60° = 300v3 ~ 519,6 (N).
b) 6 doi d cia thuyén huong dong, |d| = 2000 m va (F,d) = 60°. Cong cua luc F I
F-d =600 -2000 - cos60° = 600 000 (J), tac 600 kJ.
Fz) vudng goc voi d nén Fz) .d=0: luc nay khong sinh cong. Toan bd cong do 1?1) sinh ra:
300 - 2000 = 600 000 (J), khop voi két qua trén.
¢) F = (600c0s60°; 600sin60°) = (300; 300v3).
Huoéng dong bac hop véi huoéng dong goc 45°, nén do doi méi 1a
d’ = (2000c0s45°; 2000sin45°) = (1000VZ; 10002).
Céng cua lyc F 1a
F-d = 300-1000vZ + 300v3 - 1000vZ = 300 000vZ(1 ++/3) ~ 1159111 (J).
Vay cong khoang 1159 kJ, gan gap doi so vai khi chay theo hudng dong, vi goc gitra luc gio va
hudng di giam tir 60° xuong 15° (ki€m tra: 600 - 2000 - cos15° = 1159 111 J).
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IEN ©4P AN VA LOI GIAI BE ON TAP SO 2

“. Bang dap an nhanh

)]
(=)
|
(= ]
=}
J—
<
[
J—

Cau 1 2 3 4 12
Dép an B A B D A C A D C D B C

Cau a) b) ) d)
1 S S o) S
2 S o) o) S
3 o) S o) S
4 15) 5) S 5)
Chu 1 2 3 4 5 6
Dap sb 6,4 0,4 -0,2 5,39 8 143

| PHAN 1. Tric nghiém nhiéu phwong an Iwa chon
Cau 1. Cho hai diém phan biét A va B. C6 bao nhiéu diém M thod man |MA| = |MB |?
A1 B. v6 s6 C.2 D.0

Loi gidai

7 Vi A 5 2 g N

|MA| = |MB| & MA = MB © M thugc duong trung truc cta doan thang AB. Puodng trung truc
¢6 vo s6 diém nén c6 vo s6 diém M thoa man.
Luu y: néu yéu cau hai vecto bang nhau, ching han AM = We’, thi chi c6 dung mot diém M
(trung diém ciia AB).

Chon dap an B.

Céu 2. Cho tam gidc déu ABC canh a va H 1a trung diém ciia BC. D6 dai ciia vecto CA-HC bang

A Y7 B.23 c.2e D.a
- 2 2 2
L

—_— = —_ s = —
Vi—HC = CHnén CA— HC = CA+ CH.
Goi K 1a trung diém cua AH. Theo tinh chat trung diém, CA + CH = 2 CK (do6 ciing la vecto CE
v6i CAEH 1a hinh binh hanh).

2 2
TamgiécCHKqungtaiHc()CH=%,HK=%AH=1-i§=%§,nén61(= /a:+3116=a7ﬁ.

E

B

- —

Vay |CA = HC| = 2CK = aTﬁ (Néu viét nham thanh CA — CH = HA s ra két qua sai aTﬁ.)
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I Chon dap an A.

Cau 3. Cho hinh chit nhat ABCD. Khang dinh nao sau day sai?

—_ - — —_ —

A.AB + AD = AC B.AC = BD

—_ - — _— — _— —
C.AB — AD = DB D.|AB+AD|:| B—AD|
Lai gidi

— = z —_— s =

Theo quy tic hinh binh hanh, AB + AD = AC ; theo quy tic hiéu, AB — AD = DB. Hai dang thirc
nay dang.

Hinh chit nhat c6 hai dudng chéo bing nhau nén |AB T AD| = AC=DB = |AB = AD|: déng
thire vé do dai nay ciing ding.

Hai vecto AC , BD ¢6 cung do dai nhung gia AC va BD cit nhau nén ching khong cung phuong,

2 0 . . —_—> —_—>
do do6 khong bang nhau. Vay khang dinh sai 1a AC = BD.

Chon dap an B.
— = =
Cau 4. Cho hinh binh hanh ABCD c¢6 tam 0. Vecto OA + OB + CD bang
- — g4 -
A.0 B. AC C.DB D.CA

Loi gidi

ABCD la hinh binh hanh nén DC = AB, suy ra CD =BA . Theo quy tic ba diém,
e

OB + CD = OB + BA = OA.

Do d6 tong da cho bang 2 OA. Vi O la trung diém cua AC nén 2 OA = CA.

Luuy: AC = — CA 1a vecto nguoc hudng véi két qua, nén khong phai dap sb.
Chon dap an D.

Cau 5. Cho tam giac ABC. Goi M 1a trung diém cta AB va N la diém thudc canh AC sao cho
NC = 2NA. Vecto MN bing

13 152 13 12 1= 22 1= 12
A.—-AB +-AC B.-AB —-AC C.—=AB+-AC D.-AB +-AC
2 3 2 3 2 3 2 3
Loi gidi
1 — 1 =
N thudc canhACvéNCzZNAnénANzEAC, tl'IcANzg C; M 1a trung diém cia AB nén

b 1
AM = AB.
—_—

— —
Do d6 MN = AN — AM = —
Chon dap an A.

N |-
%l
+
W
al

Céu 6. Cho ba diém phan biét A, B, C thod man A_B) =-3 A_)C . Khéng dinh nao sau day ding?

A. C nam giita A va B B. B nam giita A va C
C. A nam giira B va C D. A, B, C khong thang hang
Loi gidi

T AB = —3 AC: hai vecto AB, AC cung phuong va cé chung diém dau A nén A4, B, C thang
hang.

Hé s0 —3 < 0 nén AB va AC ngugc hudng: hai diem B, C nam vé€ hai phia cia diém A. Vay A
nam gitra B va C (va AB = 3AC).

Chon dap an C.
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Cau 7.Cho a = (—4; 5). Toa d0 cua vecto —2d 1a
A. (8;-10) B. (=8;10) C. (8;10) D. (—6;3)
Loi gidgi
Nhén timg toa df cua d véi —2: —2d = ((—2) - (—4); (=2) - 5) = (8; —10).
Luu y: (—8; 10) 1a toa d6 cua 2d (quén dau trir), con (—6; 3) 1a két qua sai do 1ay mdi toa do trir
di 2.
Chon dap an A.

Céu 8. Cho hai diém A(—1;4), B(4; —8). D6 dai doan thang AB bang
A. 169 B.V119 C.17
Loi gidi
AB = (4— (=1);—8 — 4) = (5;-12).
AB = |ﬁ3’| = /52 + (—12)? = V169 = 13. (Két qua 169 la ABZ, chua l4y cin bc hai.)
Chon dap an D.

<

13

Céu 9. Badiém A(=3; 1), B(—1;4), C(3;m) thang hang khi va chi khi
A.m=28 B.m=9 C.m=10 D.m =13
Loi gidi
— — — - 2 — — . R
AB = (2;3),AC = (6;m—1). Vi AB # 0 nén A, B, C thang hang & AC = k AB véi s0 k nao
do.
So sanh hoanh dg: 6 = 2k © k = 3;sosanhtungdo: m—1=3-3 =9 & m = 10.
Chon dap an C.

Céu 10. Cho # = (4; —1), ¥ = (2; 3). Tich v6 hudng 7 - ¥ bang
A. (8;-3) B. 11 C.-5 D.5
Loi gidi
U-v=4-2+(-1)-3=8-3=5.
Tich vo hudng ciia hai vecto 1a mot s6, khong phai mot vecto, nén (8; —3) khong thé 1a két qua;
con 11 1a do bo s6t dau trir (8 + 3).
Chon dap an D.

Cau 11. Cho hinh thoi ABCD canh a c6 BAD = 60°. Tich vo huéng BA - BC bang
a? a? a?3 a?/3
A — B.—— C. > D. ——

Loi gidi

Hai géc ké mot canh cta hinh thoi bu nhau nén ABC = 180° — 60° = 120°. Hai vecto BA, B
chung diém dau B nén (B_A), B_C)) = ABC = 120°.

A _ ok a? £ X z 2 ~ _a?

BA-BC =a-a-cosl20° = - (Néu nham goc thanh 60° s€ ra ?.)

Chon dap an B.

Céu 12. Cho hai vecto @, b khac 0 thoa méan la + b | =la - b |. Khang dinh nao sau day ding?
.ldl = |p|

d va b cing huéng B
1b D. @ va b nguoc hudng

Qu

A.
C.
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Loi gidi

Hai vé déu khong a4m nén c6 thé binh phuong:
@*+2d-b+b?>=a*—2d-b+b*=4d-b=0dLb.

Y nghia hinh hoc: hinh binh hanh dung trén hai vecto d, b ¢6 hai dudng chéo bang nhau, nén dé
l1a hinh chir nhat.

Piéu kién |d| = |B| khong suy ra duge: ching han @ = (1;0), b = (0;2) thoa man gia thiét
nhung |a| # |B| (Diéu kién |d| = |B| twong duong véi (d + B) 1(a— B))

Chon dap an C.

| PHAN II. Tric nghiém ding sai
Cau 1. Cho tam giac déu ABC canh 3 va M 1a trung diém cua BC.

Y Ménh dé Piing Sai
—_— = —

2) |MA+MB+MC|=O v

b) |_B’ A_C’| =0 v

c) AB - AC = v

d) 4M-BC=3. v
Loi gidi

5 — — — s > = —

a) Sai. M la trung diém cua BC nén MB + MC = 0, do d6 MA + MB + MC = MA. AM 1a duong
cao cua tam giac déu canh 3 nén |1E4’| =AM = i # 0 (tong ba vecto bang 0khi M 1a trong

tam, con & day M 1a trung diém cua BC).
—_— —_— —_—> ’ . v -— X . .
b) Sai. AB — AC = CB (quy tic hiéu), nén |AB = AC| = CB = 3 # 0 (khong duoc ldy hiéu hai
do dai AB — AC = 0).
_— — 1 9
¢) bing. AB - AC = AB - AC - cos60° =3 -3 5=
d) Sai. Trong tam gidc déu, trung tuyén AM dong thoi 1a duong cao nén AM L BC, do d6

— = .
AM - BC = 0, khong phai 3.

Céu 2. Cho tam giac ABC c6 trong tdm G. Piém I thoa min T4 +2IB+3 IC =0 va diém E thoa
man E_A) +2 EB = 0.

Y Ménh dé Diing Sai
a) Al = %A_B) + é_)C v
b) Gl =2A4C. v
©) VdimoidiémM,tacém+2m+3m=61\71). v
d) Badiém C, I, E thang hang va IC = 2IE. v
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Loi gidi
a) Sai. Biéu thi theo diém dau A:
—_— =

— — — — —_ = — — 2
TA+2IB+3IC = —A1+2(AB—A1)+3(AC—A1) = 2 4B + 3 AC — 6 Al Vay déng thirc

. 1-=2 12 L1212 . R4« 2R 1 X
da cho twong duong véi Al = EAB + EAC’ khong phai EAB + EAC (hai h¢ so bi doi cho).

b) Ping. Biéu thi theo diém dau A4, d'fmg thirc xac dinh I cho 6ZI) =2 A_B) +3 A_)C , tire
- 1 1 . b d 1 1 - - b d 1 1\ —2 1—-
Al =7 AB +3AC; lai c6 AG = ; AB +; AC. Do d6 GI = Al — AG = (E - E)AC =2 AC.

¢) Puing. Chén diém I vao mdi vecto:
— — — — — — — —
MA +2MB +3MC = (1+2+3)M1+(1A+213+3lc) = 6 MI.
. . — — - — —), , —= 2— . 2 , , .
d) Sai. T EA+ 2EB = Osuy ra 3AE = 2AB, tic AE = EAB' Tur dang thtic xac dinh [ suy ra
o d 11— 11— 1/ oy d .2 .2 B
Al =1 AB +>AC =~ (AE + AC). Vay I la trung diém cia CE: ba diém C, I, E thing hang
nhung IC = IE, khong phai IC = 2IE.

Céu 3. Trong mit phang Oxy, cho ba diém A(—2; 4), B(—1;—3), C(6;2).

Y Ménh dé Diing Sai

a) 4B = (1;-7). v

b) AB =+/58. v

¢) T giac ABCD la hinh binh hanh khi D(5;9). v

d) | Diém dbi xtmg voi A qua B 1a A’ (— % ; %) v
Loi gidi

a) Ding. AB = (x5 — x4, ¥5 — ya) = (—1— (-2); -3 —4) = (1, -7).

b) Sai. 4B = (=1 — (=2); =3 — 4) = (1; —7) nén AB = |ﬂa’| = /12 + (-7)2 =50 = 52,
khong phai v/58 (gi4 tri v/58 c6 dugc khi tinh sai ddu x5 — x, = —1 — 2 = =3).

c) Dbing. AB = (1;,=7) va AC = (8; —2) khong cung phuong nén A, B, € khong thang hang.

ABCD 13 hinh binh hanh & 4D = BC = (7;5) © D(=2 + 7;4 + 5) = (5;9). Viy véi D(5; 9)
thi ABCD 13 hinh binh hanh.
d) Sai. B 1a trung diém coa AA" nén x4 =2x5—x,=-2—(-2)=0 |,

Yar =2y —Ya = —6 — 4 = —10, tirc A’(0; —10). Diém (—%,%) 1a trung diém cua doan AB chtr

khong phai diém ddi ximg ctia A qua B.

Céu 4. Trong mit phang Oxy, cho ba diém A(1; —2), B(5;0), C(3;2).

Y Ménh dé Piing Sai
a) AB-AC = 16. v
b) Tam gidc ABC can tai A. v
¢) cosBAC = 0,6. v
d) | Dién tich tam giac ABC bang 6. v
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Léi gidi
— — — —
a) Ping. AB = (4;2), AC = (2;4)nén AB-AC =4-2+2-4 = 16.

b) Piing. AB = V42 + 22 = 2/5, AC = /22 + 42 = 2+/5. Vi AB = AC nén tam giac ABC cén
tai A.

) ——  AB-AC 16 16 . .. e
¢) Sai. cosBAC = 2BAC - 22 20 = 0,8, khong phai 0,6 (0,6 1a gia tri ciia sinBAC).
, == 16 T — > _
d) Puing. cosBAC = T 0,8 nén sinBAC =+/1— 0,8 = 0,6.

Dién tich § = %AB - AC - sinBAC = % 2v5 - 25 - 0,6 = 6.

| PHAN IlI. Tréc nghiém tra 1&i ngén
Céu 1. Trén vinh Ha Long, mot thuyén kayak xuét phat tir bén A4, chéo 6 km theo huéng dong dén
diém B, roi 5 km theo huéng bic dén diém C, sau d6 2 km theo hudng tdy dén diém D. Tinh
khoang cach tir D dén bén A (don vi: km, 1am tron két qua dén hang phan mudi).
Loi gidi
Theo quy tac ba diém, d§ doi cua ca hanh trinh 1a AD = AB + BC + CD.
— — —_— =
AB (6 km, huéng dong) va CD (2 km, hudng tay) nguoc hudng, nén AB + CD la vecto hudng
dong c6 d6 dai 6 — 2 = 4 (km); vecto nay vuong goc véi BC (5 km, hudng béc).
Do d6 AD = V42 + 52 = \/41 ~ 6,40; lam tron dén hang phan mudi, AD ~ 6,4 km.
D 2kme~

alny \

4 5 km

A 6 km i >

Luu ¥: quing dudng thuyén da chéo 1a 6 + 5 + 2 = 13 (km), 16n hon nhiéu so véi khoang cach
AD.
Pap s6: 6,4

Cau 2. Cho tam giac ABC c6 AB = 3, AC = 7. Goi AD 1a dudng phan giac trong ctua goc A (D
thudc canh BC). Biét A_D) = x:ﬁ + yA_)C, tinh x — y.
Loi gidi

AB

Theo tinh chat dudng phan gic trong clia tam giac: % == ;, nén DB = %BC . Vi D thudc

— 3 —

canh BC nén BD = BBC'

—_— s — = 3 = = 7 — 3 —

AD=AB+BD=AB+—(AC—AB)=—AB+—AC.
10 10 10

- = .2 . < 7 3
Vi AB, AC khong cung phuong nén cach bieu thi la duy nhat: x =, Y=1- Do do
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Céu 3. Cho hai vecto @ = (3;1) va b = (1;—2). Tim sb thuc k @& vecto @ + kb c6 d6 dai nho nhét
(viét két qua dudi dang sb thap phan).
Loi giGi
S -2
d+kb=3+k1—2k),nén|d+kb| =3+k)?*+ (1—2k)*=5k?+ 2k + 10.
Ham s6 bac hai f(k) = 5k? + 2k + 10 c¢6 hé sd cua k? duong nén dat gia tri nho nhat tai
2

k=—2=—-1=_02khidé|d+kb| =2
25 5 5

Nhan xét: véi k = —0,2thid + kb = ( ) va (a + kb) b= 1—4 — ? = 0: do dai nho nhat dat

duoc khi d + kb vudng goc véi b.
Pap s6: —0,2

Céu 4. Cho tam giac ABC c6 A(—1;3), B(5;5), C(3; —3). Tinh d6 dai duong trung tuyén ké tir
dinh A ctia tam giac (lam tron két qua dén hang phan trim).
Loi gidi

Goi M 14 trung diém cia BC: M (5+3 5+(2 3)) = (41).

=(4—(-1);1-3) = (5;—2), nén AM = /52 + (=2)2 = /29 ~ 5,385 ~ 5,39.
Dép s0: 5,39

— —

Céu 5. Cho tam gidc ABC ¢6 AB = 3, AC = 5 va M 14 trung diém cta BC. Tinh AM - BC.
Loi gidi
1/— — —
M 12 trung diém ctia BC nén AM = E(AB AC) theo quy tic hiéu, BC = AC — AB.
Do d6 AM - BC = (Ac +AB) (A_C’—A_’ =2(AC? - AB?) =2 (25-9) = 8.

— —

Nhén xét: két qua khong phu thudc vao goc A. Pac biét, khi AB = AC thi AM - BC = 0: trung
tuyén cila tam giac can dong thoi 1a dudng cao.
Pap so: 8

Cau 6. Cho tam giac ABC vudng can tai A. Goi M, N lan luot 1a trung diém cta AC va AB. Tinh s6

do goc gitra hai vecto BM va CN (don vi: do, 1am tron két qua dén hang don vi).

Loi giai
. — — T I - e |
bat AB=AC=a ; khi d AB-AC=0 . Ta c¢o BM=AM—AB=EAC—AB va
—_ s D 11— —
CN=AN—AC=5 B — AC.
”V . TN 1402 _1,p2 578 . 727 2 2 2
BM~CN=—EAC _EAB +ZAB-AC=—a ; BM? ——AC + AB _T va tuong tu
CNz_Sa
4
_— —) —(12 4 _— — , .
cos (BM,CN) =z = g suyra (BM, CN) ~ 143, 13°; 1am tron dén hang don vi dugc 143°.
4

G

M

A N B
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Luu y: hai dwdng thang BM, CN cit nhau theo goc khoang 37°; con goc giita hai vecto 1a goc ti
vi tich v6 hudng cua chung am.
Pap s6: 143

| PHAN IV. Tw luén
Bai 1. Cho hinh binh hanh ABCD. Goi M 1a trung diém cua canh AB va N 1a diém thudc duong

—_— - —_—>

chéo BD sao cho BN = §BD. Pitd = AB, b = AD.

a) Biéu thi cac vecto A_)N, W, CN theo a, b.

b) Chirng minh ba diém C, N, M thiang hang va N 1a trong tAm ciia tam giac ABC.

¢) Trong mit phang toa do Oxy, cho A(0;0), B(6; 0), D(2;4). Tim toa d cac diém C, M, N va
kiém tra lai két qua cau b).

Loi gidi
- - - - 1_) - 1,7 - 2—) 1
a)AN=AB+BN=a+§BD =d+3(b—d)=3d+:b.
. - v 15 g e oyl 15 =
Theo quy tac hinh binh hanh, AC = d + b; lai co AM =-a Do déo CM = AM — AC = —Ea—b

vaCN = AN — Ac_—l —§.

—

CM: hai vecto CN, CM cung phuong va c¢6 chung diém dau C,

wlin S

. _2f 1o P\ _
b) Ta cé ?'N —3( Zaﬂ b) =
nén ba diem C, N, M thang hang.
Hon nita CN = gm, trong d6 CM 1a duong trung tuyén ciia tam giac ABC (M 14 trung diém cia
AB): N thu¢c doan CM va CN = ECM, nén N la trong tdm cua tam giac ABC.
(Ciing c6 thé kiém tra truc tiép:
—_— = — —_— - — IR N IR —>
NA+NB+NC=-3AN+AB+AC=—(2d+b)+d+(d+b)=

— — —> 1

¢) DC = AB = (6;0) nén C(8;4); M la trung diém ciia AB nén M(3;0); BN = 5 = —( 4;4)

o (6-2:9) = (42)
8

i = 10 2= & 9 \ A 2 . s
CM = (—5;—4),CN = (— < —5) = ECM nén C, N, M thang hang. Trong tam cua tam giac
ABC c6 toa do (0+:+8 c #) = (g; g), trung voi N. Két qué cau b) dugc kiém chung.
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Bai 2. (Van dung) Trén san bong d4, khung thanh rong 7,32 m. Chon hé truc Oxy (don vi trén mdi
truc 1a 1 m) c6 truc Ox 1a vach ciu mon, géc 0 1a trung diém cua khung thanh; hai cot doc &
A(—3,66;0) va B(3,66; 0). Cham phat dén 1a P(0; 11); mét cau thu dang giit bong tai Q(10; 11)
(hinh v€). Goc nhin khung thanh AB tir vi tri dat bong goi 1a goc sut.

a) Tinh khoang cach tir cham phat dén dén mdi cot doc va tinh goc sut APB (lam tron két qua
dén hang phan mudi cua do).
b) Tinh goc sut AQB (1am tron két qua dén hang phan mudi caa d6). Tir vi tri ndo st bong thudn
loi hon?
¢) Ttr Q, cau thu sut bong lan thang theo hudng ciia vecto U = (—1; —2). Béng c6 di vao khung
thanh khong? Néu khong, bong cit vach cidu mon tai diém cach cot doc gan nhat bao nhiéu
mét?
Loi gidi
a) PA = (—3,66; —11), PB = (3,66; —11), nén
PA = PB = /3,662 + 112 = \/134,3956 ~ 11,59 (m).

P_)A . P_B) = _3‘ 662 + 112 — 107,6044-, nén Cosm — 107,6044
134,3956

~ 0,8007 va APB =~ 36, 8°.

— — — —
b) QA4 = (—13,66;—11), 0B = (—6,34; —11), nén QA - QB = 13,66 - 6,34 + 121 = 207,6044.

QA =./13,66% + 112 = 17,538 va QB = /6,34%? + 112 = 12,696, nén

cosAQB ~ ——L% . 0,9323 va A0B ~ 21,2°.
17,538:12,696

Goc sut tai cham phat dén 16n hon khoang 15, 6°: tir d6, khung thanh “m¢” rong hon trudc mat
nguoi sut, nén sut tir P thuan loi hon.

¢) Goi N(x; 0) 1a diém bong cat vach cau mon. Bong lan thang theo hudng % nén

QN = (x — 10; —11) cing huéng v6i & = (—1; —2), tirc 13 QN = ti voi t > 0.

So sanh tung d9: —11 = —2t & t = 5,5; so sanh hoanh d: x — 10 = —5,5 © x = 4,5.

Vi 4,5 > 3,66 nén N(4,5;0) nam ngoai khung thanh: bong khong vao luéi ma di chéch ra ngoai
cOt B mot khoang 4,5 — 3,66 = 0,84 (m).
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CHUYEN PE  TOAN 10 NANG CAO - BOI DUGNG HOC SINH GIOI

4  VECTO VA NG DUNG

© GIOI THIEU CHUYEN BE

Vecto gilp giai nhiéu bai todn hinh hoc phang ma khong phai vé thém duong phu:
chimg minh ba diém thang hang, hai duong thing song song hay vudng goc; tinh ti s6 d6 dai, ti
s6 dién tich; tim tap hop diém; tim gia tri nhd nhat, 16n nhét cta do dai vecto hay cua téng binh
phuong khoang cich. Chuyén dé nay nang cac ki nang ctia Bai 7 — Bai 11 (SGK) 1én muc thi
hoc sinh gioi.

> A. Phan tich vecto theo hai vecto khong ciing phuong; diém chia doan thang; tim ti cu;
hang dang thirc Lagrange; tich vo hudng.

> B. Nam dang toan, tir phan tich vecto dén cac dang thiic vecto dic biét trong tam giac; mdi
dang c6 vi du giai mau (c6 vi du mirc HSG) va bai tap tu luyén, nhidu bai 13y tir dé thi HSG
(c6 ghi ngudn).

> C. 24 bai thi HSG, Olympic cap tinh, cum truong va cap truong (Ha Noi, Hai Duong, Bic
Ninh, Vinh Phic, Ha Nam, Nghé An, Quang Tri, TP HO Chi Minh) c6 ghi nguén.

> D. Phat trién bai toan: 6 bai (trong d6 c6 mot bai toan thuc té), phat trién tir ¥ tudng cia cac
de thi.

N KiEN THUC MO RONG

= 1. Phan tich vecto — Thang hang

& PHAN TiCH VECTO

» Cho U, ¥ khong cling phuong. Moi X biéu dién duy nhat dang ¥ = mi + nv; do d6
mi+nv=mu+nvem=m,n=n

> Ba diém phan biét A, B, C thing hang < AB = k AC voi k € R & véi diém 0 bét ki,
— — — .
OC=t0A+(1—1t)0Bvéit€ER.

—  —  04A-kOB

» Piém M chia doan AB theo ti s6 k # 1 (m =k MB): OM = 1_k0 . Néu M thuoc doan

— — —
ABvaAM =t-ABthiOM = (1 —t) 0A + t OB.

= 2. Tam ti cw

* DIEM THOA MAN BANG THU'C VECTO CO TRONG SO

Cho cac diém Ay, ..., A, va cic s0 kyq, ...,k c6 tong k = ky + -+ + k,, # 0. Ton tai duy nhat
diém I (tAm ti cu) sao cho k; E + -+ k, 17,: = 6, va voi moi M:
—> —> —>
ky MA, + -+ k, MA,, = k MI.
> Hé qué: khi M chay trén dudng thing d, gia tri nho nhét cia | Tk, Aﬂi| bing |k| - d(I, d),
dat khi M 1a hinh chiéu cua I trén d.

» Hang dang thire Lagrange: Yk;MA? = k MI? + Yk;1A?; khi k > 0, biéu thirc Y k;MA? nho
nhét khi va chikhi M = 1.
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> Tinh hing s6: $k;/AZ = 2 Y. k; kjA;A? (binh phong v6 huéng hai vé ctia Sk; T4; = 0 va
\ TA . TA 2 2 2
dung 2TA; - TA; = 14?2 + 1A% — A,A?).
» Néuk = 0 thi Tk; MA, 1 vecto khong dbi; khi do, vai diém 0 cb dinh,
SkiMA? = 2MO - (Sk; 0A;) + Sk;0AZ, nén tap hop cc diém M c6 Sk;MAZ bing mot

hang s cho trudc thuong 1a mot duong thang.

= 3. Tich vé hwéng

¢ CONG THUC VA IP'NG DUNG

> 1B = |l - |Bleos(t, §) = 5 (1% + |B|> — [ — B12): %+ & < [ - |51, ddu bing khi &, 7

cung huéng.
2, .2_ .2
» Trong tam giac: A_B> . A_)C s i L

— —

., 2 2

> Véil 1a trung diém AB: MA - MB = MI? — %; MA? + MB? = 2MI? + %;
— —
MA? — MB? = 2 MI - BA.

% DANG THUC VECTO PAC BIET TRONG TAM GIAC

—_ s > S
» Trong tdm G: GA + GB + GC = 0.

» Tamnditiep I: alA+bIB +cIC =

» Tam ngoai tiép O, truc tim H: OH = OA + OB + OC; OH = 3 &v') (dudng thang Euler).

IE] cAc DANG TOAN VA PHUONG PHAP GIAI

Dang 1. Phan tich vecto — Ti s6 — Ba diém thang hang

& PHUONG PHAP GIAI

» Chon hai vecto “co s6” khong cung phuong (thuong la AB , AC ) va biéu dién moi vecto can
xét theo hai vecto do.

> Ba diém thang hang: chimg minh hai vecto twong tng cung phuong; hodc ching minh
AM = a AN + B AP véia + B = 1 thi M thudc dudng thing NP.

» Tim giao diém, ti s6: dit tham s trén hai dudng thang roi dong nhit hé s6 (dwa vao tinh duy
nhat ctia phan tich); véi cac duong thang di qua dinh cua tam giac, c6 thé tim ngay giao diém
dudi dang tam ti cw cua ba dinh.

> Sai lam thwong gap: quén diéu kién “khong cung phwong” ciia hai vecto co sé khi dong
nhdt hé s6; nham dau khi chuyén hé thirc MA = k MB sang AM.

» Vi du 1. Cho tam giac ABC va ba diém M, N, P (khac céc dinh) 1an luot ndm trén cac dudng
) — — — —_— — —

thang BC, CA, AB, thoa man MB = m MC, NC = nNA, PA = p PB.
a) Chung minh rang M, N, P thang hang khi va chi khi mnp = 1 (dinh li Menelaus).
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b) Ap dung: M 1a diém d6i xting voi B qua C, N 1a trung diém cta AC, P 1a diém thudc canh AB
voi AP = %AB (hinh v&). Ching minh rang M, N, P thang hang.

Loi gidi
L =, = L )

a) Pat u = AB, v = AC. Cac diém khac dinh nén m, n, p khac 0 va khac 1 (chang han m =1

din dén B = 0).

— — R S = —

MB =mMC © i — AM = m (3 — AM ) © AM =

- -
mv—-u

i - =
nNAe v—AN = —nAN @ v =(1—n)AN
— -— - p—l -

PA=pPB e —4P =p (i - 4P) & i = 24P,
s g . m@-n) == p-1 -3 : AR AD A : A A
Thay vao: AM = p—) AN — _— AP. Hai vecto AN, AP khong cung phuong, nén M thudc
duodng thang NP khi va chi khi tong hai hé sb bang 1:

m(1-n) __p-1

m—1 p(m_l):1@pm(1—n)—(P—1)=p(m—1)@l—mnpzo_

Vay M, N, P thang hang khi va chi khi mnp = 1.

b) C 1a trung diém cta MB nén MB = 2 MC , tic m=2. N 1a trung diém cia AC nén
— b 4 = 12 1

NC = — NA, ticn = —1. P thudc canh AB va PB = 2PA nén PA = _EPB’ thcp = -
Tacomnp=2-(-1)- (— %) = 1. Vay M, N, P thang hang.

Nhén xét: m < 0 khi va chi khi M nam trong doan BC (twong tw véin, p). Vimnp = 1 > 0, mét
dwong thang khéng di qua dinh nao hodc cat ding hai canh cia tam gidc, hodc khéng cat canh
nao.

P Vi du 2. Cho tam giac ABC. Léy diém P thudc canh AB véi AP = éAB va diém N thudc canh
AC véi AN = 2NC. Goi I 1a giao diém cua BN va CP; duong thang Al cat BC tai M. Tinh céc ti sb

B M C
Loi gidi
Y twong. Tim cac $6 x, v, Z dé I 1a tam ti cu cua A, B, C véi cac hé sd x, v, z; khi d6 moi duong
thang ndi mot dinh vai I déu xac dinh dugc ngay.

1 e 4 g 4 - —_— =
AP=§AB nén PB =2PA, taic 2PA+PB=0. AN =2NC nén NA+2NC =0, hay
2 NA + 4NC = 6(nh€m v6i 2 dé hé s6 clia A trong hai hé thirc bang nhau).

Goi J 1a diém thoa man 2]71) +]_B) +4]_)C = 6(t6ng cac hé sd bé'mg 7).
—_ = - - — — — e
—~Tue2PA+PB=0suyra2JA+JB =3JP,nén3JP + 4JC = 0: ] thuoc doan CP.
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—

— — - — — — — -
—Tu2NA+4NC=0suyra2JA+4JC =6JN,nén JB + 6JN = 0: J thudc doan BN.
Dod(')]légiaodiémcﬁaBNVéCP,tL'tc]EIVéZI_)A+173)+4I_)C=6.

. <R . _) _) = .
Goi M' la diém thudéc doan BC voi M'B+4M'C=0 (toc BM' =4M'C ). Khi do
== 7 e A A T Iy ~ I 5 ’ A RO
IB+4IC=5IM', nén 2IA+5IM" = 0: [ thuéc doan AM' va IA = EIM . Nhu vay M’ 1a giao
diém cua Al v6i BC, thc M' = M.

~ BM . Al 5
Vay—=4va— =-.
Mc M 2
P , Z , % AP AN _ z . v oA 5 e P .
Nhdn xét: tomg qudt, néu E=%, N thi I la tam #i cw voi cdac hé so x, y, z, va
Al +z AP AN .. , . a1 5 A ..BM CN AP 11
—=y—=—+—(dmh li Van Aubel; ¢ day =+ 2 =E)' Dong thoi —+-—-—=4----=1
M x PB ' NC 2 MC NA PB 2 2

(dinh li Ceva).

. Bai tap tw luyén

Bai 1. [HSG tinh Toan 10, S6 GD&PT Hai Dwong, 2016 — 2017] (%) Cho hinh binh hanh
ABCD. Goi M 1a trung diém canh CD, N 14 diém thudc canh AD sao cho AN = ;AD. Goi G 1a trong

tam tam giac BMN, duong thiang AG cit BC tai K. Tinh ti s6 %.

Bai 2. (%) Cho tam giac ABC c6 trong tim G va dién tich S. Mot dudng thing d di qua G cit cac
canh AB, AC lan luot tai M, N. Tim gia tri nho nhit va gia tri 1on nhét cua dién tich tam giac AMN.
A

B : €

Bai 3. [Khao sat di tuyén HSG Toan 10 lan 2, THPT Tran Pha — Vinh Phic, 2021 — 2022]
(%) Cho tir giac ABCD. Goi M, N, P, Q lan luot 1a trung diém cua AB, BC, CD, DA; 0 1a giao diém
cia MP va NQ; G 1a trong tim tam giac BCD. Chimg minh rang ba diém 4, 0, G thang hang.

Dang 2. Tam ti cw — GTNN cua dé dai vecto va téng binh phwong

& PHUONG PHAP GIAI
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> Tim diém I thoa man Y k; 17: =0 (biéu dién ZI) theo hai vecto co so, hodac dung toa do).

» Do dai vecto: |Zki I\ﬂ: | = |k| - MI; bai toan trd thanh tim khoang cach nho nhat (16n nhat)
tir diém c6 dinh I dén diém M.

> Tong binh phuong: dung hang dang thirc Lagrange Yk;MA? = k MI? + Yk; 1A%,

> M chay trén dudng thang d: MI > d(I,d). M chay trén dudng tron (O; R):
IR —0I| <MI <R+ 0I, dau b?mg tai giao diém cua duong théng Ol v6i duong tron.

» Chu y: néu M chi chay trén mot doan thcfng (mot canh) ma hinh chiéu cua I lai nam ngodai
doan do, thi gia tri nho nhat dat tai dau mit gdn hinh chiéu hon.

» Vi du 3. Cho tam gidc ABC vudng tai A c6 AB = 6, AC = 8. Diém M thay dbi trén duong tron
ngoai tiép tam gidc ABC. Tim gia tri nho nhat va gia tri 16n nhat cia T = MA? + 2MB? + 3MC?.
Loi gidi
. o ~ T2 = = R 2 2 A A LS S 9 ,
Goi [ 1a diém thod man IA+ 21B + 31C = 0 (tong cac hé sO bang 6). Theo hang dang thirc
Lagrange, T = 6M1? + [A? + 2IB? + 3IC2.
Tinh hang s6 (muc A), v6i BC = /62 + 82 = 10:
2-AB?+1-3-AC%+2-3-BC?

A% + 2IB% + 3]C? = L2AB 1 3:C +2:3BC2 _ 72+192+600
Do d6 T = 6MI1% + 144.
Chon hé truc toa do voi A(0;0), B(6; 0), C(0;8). Khi do 1 (2,22
tiép tam gidc vudbng c6 tam 0(3;4) la trung diém coa canh huyén BC, ban kinh R = 5;
Ol = 1 < R nén I nam trong dudng tron.

= 144.

) = (2;4). Buong tron ngoai

V6i M thuoc duong tron, theo bat ding thirc tam gidc: OM — O < MI < OM + OI , tc
4 < MI < 6. Puong thang 0] (1a duong thang y = 4) cat duong tron tai M, (—2; 4) va M,(8; 4),
v6i Myl = 4, M,I = 6.

Vay Tin = 6 - 16 + 144 = 240, dat khi M = M;(=2;4); Topax = 6 - 36 + 144 = 360, dat khi
M = M,(8; 4).

Kiém tra tai My: MA? = 20, MB? = 80, MC? = 20, nén T = 20 + 160 + 60 = 240.

P Vi du 4. Cho tam giac ABC ¢c6 BC =a,CA=b,AB=c.GoiO,Rval,r lan luot 14 tAm va ban
kinh cac duong tron ngoai tiép, noi tiép tam giac.

a) Chirng minh rang v6i moi diém M: a - MA? + b - MB? + ¢ - MC? > abc. Khi nio xay ra ddu

bang?

b) Chirng minh hé thic Euler OI? = R? — 2Rr; tr do suy ra R > 2r.
Loi gidi
a) Tam I cua duong tron ndi tiép thoa man a TA+bIB+cIC=0 (muc A, chung minh ¢ Vi du
10), tirc I 1a tdm ti cy cia A, B, C voi cac hé séa, b, c,co téng a+b+c>0.
Theo hang dang thirc Lagrange:
a-MA>+b-MB*+c-MC?>*=(a+b+c)MI>?+a-1A>+b-IB? +c-IC?.
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, 3 'Y 1 A2 1p2 1,2 _ GbAB®+bc-BC?+c -CA* _ abc’+bca’+cab®

Tinh hang s0: a-1A*+b-IB“+c-IC* = o = o =

abc(a+b+c) — abc.
a+b+c

Do d6a-MA?>+b-MB? +c-MC? =(a+ b+ c)MI? + abc = abc, dau bang xdy ra khi va

chikhiM = 1.

b) Ap dung dang thic vira ching minh véi M=0 ( OA=0B=0C=R ):

(@a+b+c)R? = (a+b+c)OI? + abc,nén OI? = R? — -2
a+b+c

Goi S, p la dién tich va ntra chu vi cua tam giac. Tu S = % = pr suy ra abc = 4RS = 4Rpr, nén

abe_ _ *RPT _ 2Rr.Vay OI? = R? — 2Rr.
a+b+c 2p

Vi 0I% > 0 nén R? > 2Rr, tic R > 2r; diu bang khi 0 = I, tirc tam giac ABC déu.
Nhdén xét: Chuyén dé 3 chirng minh R = 2r bang céng thirc Heron, vecto cho két qud manh hon —
biét chinh xdc khodng cdch giira tam dwong tron ngoai tiép va tam dong tron noi tiép.

. Bai tap tw luyén

Bai 4. [HSG Toan 10 lin 2, THPT Pong Pau — Vinh Phiic, 2020 — 2021] (%) Cho hinh chir nhat
ABCD c6 AB = 2AD, BC = a. Piém M di dong trén duong thang BC. Tim gi4 tri nho nhét cua

— — —
MA+2MB + 3MC|.

Bai 5. (%) Cho tam giac ABC ¢6 AB=2, BC=3, ABC =120° . Xét biéu thirc
T = 4MA? + MB? + MC>.

a) Tim gia tri nho nhét cia T khi M thay doi trén dudng thiang BC.

b) Tim gié tri nho nhét ciia T khi M thay di trén doan thang BC.

Bai 6. [HSG tinh Toan 10, S6 GD&DT Hai Dwong, 2022 — 2023] (%) Cho hinh chit nhat ABCD
c6 AB>AD . Tim vi tri diém M trén cic canh cua hinh chit nhat sao cho biéu thic
T = MA - MC + MB? + MD? dat gi4 tri nho nhat.

A_ M B

D =c

Bai 7. [HSG cip co sé¢ Toan 10, cum THPT Luc Nam — Bic Giang, 2023 — 2024 (ciu tric
nghiém, trinh bay lai)] (%) Cho tam giac déu ABC c6 canh bang 1. Goi M 1a diém di dong trén
duong thang AB. Tim gia tri nho nhat ctia biéu thirc P = MB? + 2MC?.

Bai 8. [HSG cz"ip treong Toan 10, THPT Tinh Gia 1 — Thanh Hoa, 2023 — 2024 (cau tra loi
ngin, trinh bay lai)] (%) Cho tam gidc ABC c6 trong tim G. Goi H 1a chan dudng cao ké tir A, biét
g 4 12 .2 . 5 —_— —_— \ .

BH = EHC' biém M di dong trén duong thang BC sao cho BM = x BC. Tim x dé d¢ dai vecto

— = .
MA + GC nho nhat.

Dang 3. Tich vé hwéng: goc, dod dai, diéu kién vudng goc

& PHUONG PHAP GIAI
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» Biéu dién hai vecto can xét theo hai vecto co s& U, ¥ da biét ||, |#| va U - ¥ (hodc chon hé
truc toa do khi hinh c6 goc vudng).
> Vudng goc: tich v hudng bang 0, dan dén phuong trinh theo tham s6. Goc cho trude: ding
Xy
> Goéc nho nhat, 16n nhat: biéu dién cosin ciia goc theo mot bién roi danh gia (bat dang thirc
AM — GM, hang dang thirc).

cos(x,y) =

> Ding thirc d§ dai: binh phuong vo huéng mot hé thirc vecto, ching han % + 7 + Z = 0.

» Vi du 5. Cho tam gisc ABC ¢6 AB=6, BC=7, CA=5. Diém M thuéc canh AB véi
AM = 2MB; diém N thoa man AN = k AC (k € R). Tim k d& CM L BN.

Loi gidi
2 2_pr2 _
Pitd = AB, ¥ = AC: [il] = 6, |3 = 5vaii - § = 2B S I _ g
A 7. A T2 25 - - - 2 - - N
M thudc canh AB v6i AM = 2MB nén AM = JU; suy ra CM =AM — AC = Ju—v. Ngoai ra
- — - 5 5
BN = AN —AB =kv—u

CM-BN:Gﬁ—ﬁ)-(kﬁ—ﬁ =205 —Z[ill? — k|B|2 +1i - § = 4k — 24 — 25k + 6 =

— — 6
CMJ.BN@CM~BN=0@—21k—18=0@k=—;.

Vay k = — § (diém N nam trén tia d6i cia tia AC). (Theo dé HSG tinh Hdi Dwong 2017 — 2018.)

» Vi du 6. Cho tam gidc ABC vuédng tai A, AC = a, trong tam G. Tim do dai AB dé goc giira hai
vecto E?), ﬁ nho nhét.

Loi giai
bat hé truc toa do: A(0;0), B(x;0), C(0;a) véi x = AB > 0. Trong tam G(g;g), nén
GB = (2_";_2), GC = (_5.2_“)_

3 3 3’3
- — 2 2 2,2 VaxZraZ Va2 +4a2
CB-GC=-22_ 2 _ _20+al)  op_Yaiia | oo _Yena po g
9 9 9 3 3
. —2(x%+a?)
SRHAE= J(4x2+a?)(x2+4a?)’

(4x2+a?)+(x%+4a?) _ 5(x%+a

7 2 2 r
Theo bét ding thirc AM — GM: /(4x2 + a2)(x2 + 4a?) < > > ). Vi tir s0

-2(x*+a®) 4
;(x2+a2) 5

Goc BGC € (0°;180°) nho nhat khi cosin ciia nd 16n nhét, tirc cosBGC = — g; diéu nay xdy ra khi
4x?+a’=x’+4a’ e x=a.

Vay AB = a (tam giac ABC vudng can tai A). (Pé HSG lan 2, THPT Pong Pdu — Vinh Phiic,
2020-2021.)

am nén cosBGC <
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. Bai tap tw luyén

Bai 9. [HSG Toan 10, THPT Pan Phwong — Ha Noi, 2018 — 2019] (%) Cho tam gidc ABC déu c6

d6 dai canh bang a. Trén cac canh BC, CA, AB lan luot lay cac diém N, M, P sao cho BN = %,

CM = Z?a, AP = x (0 < x < a). Tim x theo a dé duong thiang AN vudng goc véi dudng thing PM.
A

B N (64

Bai 10. [HSG Ton 10 lin 2, THPT Pong Piu — Vinh Phiic, 2020 — 2021] (%) Cho tam giac
ABC can tai A, noi tiép duong tron tdm 0. Goi D 1a trung diém cua AB, E 1a trong tam tam giac
ADC. Chiing minh rang OE 1 CD.

A

N
Bai 11. (%) Cho hinh vudéng ABCD canh a. Cac diém M, N lan luot thay ddi trén cac canh BC, CD
sao cho MAN = 45°. Ching minh rang chu vi tam giac CMN khong doi.

D N C
45° M
A B

Bai 12. [HSG cip co s¢ Toan 10, cum THPT Luc Nam — Bic Giang, 2023 — 2024] (%) Cho hinh
. 2 . .S2 152 w2 12 .
vuong ABCD canh a. Goi E, F 1a cac di€ém xac dinh boi BE = EBC’ CF = — 3 CD; dudng thang BF

cit duong thang AE tai diém I. Ching minh rang AIC = 90°.
D c F

A B

Bai 13. [HSG cép trudng Toan 10, THPT Phung Khic Khoan — Thach That, Ha Noi, 2020 —
2021] (%) Cho luc giac ABCDEF c6 AB 1 EF va hai tam giac ACE, BDF c6 cung trong tam.
Ching minh rang AB? + EF? = CD?.
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Dang 4. Tap hop diém

& PHUONG PHAP GIAI

» Bién doi diéu kién vé mot trong cac dang: MI = R (duong tron), MA = MB (dudng trung
truc), IM-ii=k (dudng thang vudng goc véi 7).

> Dung céc cong thirc trung diém cho MA - IWS’), MA? + MB? va tam ti cy cho tong c6 trong
s0; diéu kién ti s6 MA = k - MB thi binh phuong rdi ding tim ti cy véi cac hé sé 1 va —k?.

» Tong cac hé s6 khac 0: tap hop thuong 1a dudng tron; tong cac hé s6 bang 0: tap hop thuong
1a dwong thiang (muc A).

> Bién luan theo tham s6 (tap rong, mot diém, dudng tron).

» Vi du 7. Cho doan thing AB = 4. Tim tap hop cac diém M thoa méan MA-MB = 5.
Loi gidi

l

Goi I 13 trung didm AB; tac6 IA + 1B = OvaIA = IB = 2.
_)

mJﬁ’:(1\71’+174’)~(171’+13)=M12+1\71’~(1_’A+173’)+174’-1_B’=M12—1AZ=M12—4

Pidukién © MI? —4 =5 MI? =9 & MI = 3.
Vay tap hop cac diém M 1a dudng tron tim I (trung diém AB), ban kinh bang 3.
» Vi du 8. Cho doan thing AB = 2a. Tim tip hop cic diém M thoa man MA? — MB? = 2a?.
Loi gidi
Goi I 1a trung diém AB . Ta co
— — — — — — — —
MA? — MB? = (MA — ME) - (MA + MB) = BA -2 M = 21M - 4B.
Goi H 1a hinh chieu cua M trén duong thang AB . Vi HM 1 AB nén
— — e e
IM - 4B = (1H+HM)-AB =1H - 4B.
) . —_ —> — e d a
Diéu kién © IH - AB = a® > 0, nén IH cung huéng véi AB va IH - 2a = a?, tac IH = i H 1
diém cd dinh, 1a trung diém cta doan IB. Nguoc lai, moi diém M c6 hinh chiéu trén AB 1a H déu
thoa mén diéu kién.
Vay tap hop cac diém M 1a dudng thing vudng goc v6i AB tai H, véi H 1a trung diém cia IB.

» Vi du 9. Cho doan thiang AB = a va sb thuc k > 0, k # 1.
a) Chirng minh rang tap hop cic diém M thoa man MA = k - MB 1a mot duong tron (dudng tron

Apollonius); xac dinh tdm va ban kinh cta duong tron do.
— —

b) Goi C, D 13 hai diém trén dudng thing AB thoa man CA = —k CB, DA = k DB. Chtmg minh
rang CD 1a mot dudng kinh ctia dudng tron ¢ cau a).
Loi gidi
a) MA =k -MB & MA? — k*MB? = 0. Cac hé s6 1 va —k? c6 tong 1 — k? # 0, nén c6 diém I

T 273 - . 2 — 2 (73 — — — kK2 —
thod man /A — k“IB = 0. Chén diém A: — Al — k (AB —AI) = 0,suyra Al = k2—1AB‘
, _ k?a _ _ k2 _a
Do d6 1A = TR IB = |1 k2_1| a= o
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Theo hing dang thirc Lagrange:
4.2 1,2 .2 2.2
MA? — k2MB? = (1 — k?)MI? + [A? — k2IB? = (1 — k2)MI? + % = (1-k)MI? + %
. A 1. 2 _ k?%a? _ ka
ViviyMA=k-MB & MI* = o5 & Ml = 57
P gz soA 5 3 S 4R 2s 77 k2 - 2. T4 ka
Vay tap hop cac diem M la duong tron tam [ (voi Al = k2—1AB)’ ban kinh R = T

L= — — — — = Kk — .= —
b) Tt CA=-kCB : —Ac=—k(AB—Ac), nén AC=—-4F . T DA=kDB :
—> -_—_ = -— k -3 5 moR p
—AD =k(AB—AD), nén AD = ——AB. Hai diém C, D déu thoa min MA = k - MB nén thuge
duong tron.
— -

Miit khac l(A_c’ +4D) =5(L+L)E’ = 2B =4l nén!1a trung didm cia CD. Vi
‘ 2 2 \k+1 k-1 k2-1 ? g : ay

CD 1a mét duong kinh cua duong tron.
%M\
A wD

Nhdn xét: hinh vé ung voia =3,k =2: Al =4, R =2, AC =2, AD = 6. Khik =1, diéu kién
tré thanh MA = MB va tdp hop la dwong trung truc cua AB.

. Bai tap tw luyén

Bai 14. (%) Cho tir gidc ABCD; 1, ] lan luot 1a trung diém cua AB, CD (gia s I # ). Tim tap hop
cac diém M thoa man MA? + MB? = MC? + MD?. Chiig minh rang tip hop d6 di qua trung diém
cua doan I] khi va chi khi AB = CD.

Bai 15. Cho doan thing AB = 2a c6 trung diém I. Tim tdp hop cic diém M thoa min
MA? + MB? = k?, bién luan theo k > 0.

Bai 16. (%) Cho tam gidc déu ABC canh a . Tim tip hop cac diém M thoia man
MA? + MB? + MC? = 2a%.
Bai 17. [HSG cap truong Toan 10 (vong 2), THPT Nguyén Gia Thidu — Ha Noi, 2022 — 2023]

(%) Cho tam gidc ABC c6 BC =a, AB = AC =2
MA? — 2MB? — 2M(C? = a2.

. Tim tap hop cac diém M thod min

Dang 5. Pang thirc vecto dic biét trong tam giac

& PHUONG PHAP GIAI

> Dung tinh chat chia doan ctia duong phan giac trong, phan giac ngoai, chan duong cao (hé
thtrc lugng trong tam giac vudng).

» Biéu dién diém can xét qua hai dau mat cta doan théng chira n6: néu D thudc doan BC thi
ey d DC 52 DB 52 ,. . 4eR X . n , A , .
XD = EX B + EX C v6i moi dieém X; roi thay vao hé thirc can ching minh.

e 4~ s a3l , - - 4 = . Nt s . e _’yA—B)+ZA_C> 2 e,
» Khi da c6 dang thirc x IA + y IB + z IC = 0, chén mot dinh lam goc: Al = , dé giai

X+y+z
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céc bai toan song song, vudng goc, thang hang lién quan dén 1.

» Vi du 10. Chimg minh ring tim I ciia dudng tron ndi tiép tam giac ABC thoa min
alA+bIB+cIC =0.

Loi gidi
Goi D 1a chén duong phan giéc trong goc A (D thudc canh BC). Theo tinh chit dudong phan giac:
DB _ AB _ ab.

suy ra DB = — DC
DC  AC b+c
Do d6 ID = EI_B) + 21_6) = blbizlc.
TSP . IA _ BA ¢ _ b+c
Trong tam giac ABD, BI 1a phan giac cua goc B nén T T i . Vil nam giita A va D

— — — — e
nénald=—(b+c)ID = —(bIB + CIC).

—

- — —
VayalA+bIB +clIC = 0.

» Vi du 11. Cho tam gidc ABC khong déu, c6 BC = a, CA = b, AB = c; I 1a tim duong tron ndi
tiép, G 1a trong tdm. Ching minh rang IG || BC khi va chi khi b + ¢ = 2a. Khi d6, tinh ban kinh r
ctia duong tron noi tiép theo dudng cao hg ké tir A.

Loi gidi
— S = _q .
Pat =AB , v=AC . Chén diém A vao dang thuc cua Vi du 10:
—aZI)+b(ﬁ—ZI)) +c(13—ZI)) =6,nénﬁ = bitcy
a+b+c

\- A1l 5 =2 _ b 1\ c 1\ _ (2b—a—c)u+(2c—a—-b)v
Ngoaira AG = - (u+v),suyra Gl = (a+b+c 3) u+ (a+b+c 3) V= @rbt0) A
NéuE) 0thi2b=a+cva2c= a+b, suyraa =b=c, tra1g1ath1et Vay I + G.
BC =% -1 va U, v khong cung phuong, nén Gl cung phuong voi BC khi va chi khi hai hé s cuia

i, ¥ trong GI 1 hai s6 d6i nhau: (2b —a —c¢) + (2c —a—b) =0 & b + ¢ = 2a. Piém I nam
trong tam giac, khong thuéc BC, nén diéu nay twong dwong IG || BC.

Khi b + ¢ = 2a, hai diém I, G cach déu duong théng BC. Goi K 1a trung diém BC; GK = éAK
nénr =d(I,BC) = d(G,BC) = gd(A,BC) - %

Vay IG || BC®b+c=2a,va‘1khidér=’;—“

oA NS A , in Ly 28 2§ 1 25 h \ ~ s 25 oz r
Kiém tra bang cong thirc dién tich: v = =—==.—= ?a Hinh vé ung voi tam gidc co

a+b+c 3a 3 a
a=5b=6c=4
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. Bai tap tw luyén

Bai 18. (%) Cho tam giac ABC c6 BC = a, CA = b, AB = c va nura chu vi p; I 1a tdm duong tron
noi tiép, J 1a tAm dudng tron bang tiép goc A (dudng tron tiép xtic véi canh BC va phan kéo dai cua
hai canh AB, AC).

. 3 — o d — —
a) Chung minh rang —aJA+ b JB+cJC = 0.
b) Chirng minh ring ba diém A, I, J thing hang va ::—; ==

Bai 19. [HSG tinh Toan 10, S6 GD&DT Ha Tinh, 2021 — 2022 (trich y a)] (% %) Cho tam giac
ABC vudng tai A (BC =a, CA=Db, AB = c), dudong cao AH. Piém I thuéc doan AH sao cho

. . — — - -
Al = 2IH. Ching minh ring a? IA + 2b? IB + 2¢? IC = 0.

C

TUYEN CHON BAI THI HOC SINH GIOI

Cdc bai dwdi ddy dwoc tuyén chon tir dé thi hoc sinh gidi, Olympic, khdo sdt chat lwong ciia cdc
tinh, cum trwong va trieong THPT; véi dé ciia cdc s6, trieong va ki thi, nguon va nam thi dwoc ghi
trong ngodc vuéng. Pé dwoc trinh bay lai thong nhat ki hiéu, giit nguyén dir kién va yéu cau.

Pé 1. [HSG khdi 10, THPT Nguyén Ping Pao — Bic Ninh, 2022 — 2023] (% %) Cho tir giac 16i

ABCE c6 BA = BC = a va tam giac ACE déu c6 canh bing av/3. Trén cac doan thing AC, CE lan
Iuot Iy hai diém M, N sao cho 52 == =k (0 < k < 1).
a) Tim k & MN L EG, véi G 1a trung diém cua doan thang BC.

b) Tim k d&é BM? + BN? dat gi4 tri nh6 nhat.

Dé 2. [HSG Toan 10, THPT Pan Phwong — Ha Noi, 2020 — 2021; THPT Phan Huy Chii —
Qudc Oai, Ha Ndi, 2024 — 2025] (% %) Cho tir giac 16i ABCD c6 hai duong chéo AC, BD cit nhau

APLUS HA NOI 0943.480.099 CHIENMATH.COM Trang 1096



TOAN 10 - APLUS Tap 1 - Ban dé va 1o giai

tai 0. Goi H, K 1an luot 1a truc tAm cia cac tam giac ABO, CDO; 1,] lan luot 1a trung diém cta AD,
BC. Chimg minh ring HK 1 IJ.
D

PN
i

Pé 3. [Khao sat ddi tuyén HSG Toan 10 1an 2, THPT Tran Phii — Vinh Phiic, 2021 — 2022]
(%%) Cho tam gidc déu ABC c6 canh bang a, M 1a diém di dong trén dudng thang AC. Tim gia tri
nhé nhit ctia biéu thie T = |MA + MB + MC| +3 |MA — MB + MC|.

Dé 4. [Olympic Toan 10 lién cum trwong THPT — Ha Noi, 2024 — 2025 (cAu tra 1oi ngin)] (%)
Cho tam giac déu ABC c6 canh bang 2a. Goi d 1a duong thing di qua A va song song voi BC, M 1a
diém di dong trén d. Tim gia tri nho nhét cia |1\T4’ +2MB — MC |

Dé 5. [HSG cép truwong Toan 10, THPT Phung Khic Khoan — Thach Thit, Ha Ni, 2024 —
2025; THPT Dién Chiu 2 — Nghé An, 2023 — 2024] () Cho tam gidc ABC khong can, ndi tiép
duong tron tam O va cé trong tam G. Goi M, N, P lan luot 1a trong tam cac tam giac OBC, OCA,
OAB va G' 1a trong tim cta tam giac MNP. Chiing minh ring ba diém 0, G, G’ thang hang.

Pé 6. [HSG cép truomg Toan 10, THPT Thach That — Ha Noi, 2025 — 2026] (% %) Cho tam giac
ABC, M la diém di dong trén dudng tron ngoai tiép tam gidc ABC. Tim vi tri diém M dé
MB? + MC? — 2M A? dat gia tri nho nhat.

Dé 7. [Olympic Toan 10 cum THPT Ha Péong — Hoai Pirc, Ha Noi, 2018 — 2019] (%) Cho hai tia
Ax, By nam cing phia d6i voi duong thang AB, véi AB = 100 cm, xAB = 45° va By 1 AB. Cung
lac, chat diém X xuit phat tu A chuyén dong trén tia Ax voi van tdc 3v2 cm/s, chat diém Y xuét
phat tir B chuyén dong trén tia By véi van toc 4 cm/s. Sau t gidy, X o vi tri M, Y ¢ vi tri N. Tim gia
tri nho nhat cia MN.

A 700 cm B

Pé 8. [Khao sat doi tuyén HSG 10 lan 1, THPT Thanh Mién — Hai Dwong, 2017 — 2018] Cho
tam giac ABC c6 trong tam G; hai diém D, E x4c dinh boi A_D) = Zﬁ, A_E) = %A_C) Chiing minh

rang D, E, G thang hang.
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Dé 9. [Khio sat doi tuyén HSG 10 1in 1, THPT Thanh Mién — Hai Dwong, 2017 — 2018] (%)
Cho tam giac ABC c¢6 tryc tam H, M 1a trung diém BC. Ching minh rang MH - MA = %BCZ.
A

B : M (3,

Dé 10. [HSG cip truwong Toan 10, THPT Yén Phong s6 2 — Biac Ninh, 2018 — 2019] Cho tam
gidgc ABC ¢6 AB =1, AC = x, BAC = 60°. Cic diém M, N xic dinh boi MC = —2 MB,
NB = —2 NA. Tim x d AM L1 CN.

Dé 11. [HSG cip truwong Toan 10, THPT Yén Phong s6 2 — Biac Ninh, 2018 — 2019] Cho tam

giac ABC co trong tam G . Chung minh ring
—_— = — —

—_— — 1
GA-GB +GB -GC + C~GA=—E(ABZ+BC2+CA2).
Pé 12. [Olympic Toan 10 cum truong THPT Hoan Kiém — Hai Ba Trung, Ha Noi, 2023 —
2024] (% %) Cho tam giac ABC ¢6 I 13 tim dudng tron ndi tiép, BC = a, CA = b, AB = .
. 5 — — e

a) Chung minh rang aIA+ b IB + cIC = 0.

b) Giasota =3,b=5.Timc dé1G L IC,véiG 1a trong tdm tam giac ABC.
Pé 13. [Olympic Toan 10 cum Thach That — Quéc Oai, Ha Noi, 2023 — 2024] Cho tam giac
ABC . Trén canh BC léy diém D sao cho 5 B_D) =3 B_C) va mot diém E thoa min
4EA +2 EB +3 EC =0. Ching minh rang ba diém E, A, D thang hang.

Dé 14. [Olympic Toan 10 cum Thach Thit — Quéc Oai, Ha N@i, 2023 — 2024] (% %) Cho tam
giac ABC c6 AB = 3, BC =4, CA = 5. biém M thay d6i trén dudng tron ngoai tiép tam giac. Tim
gi4 tri nho nhat cia T = MB? + MC? — MA?.
Dé 15. [HSG cip truwong Toan 10, THPT Binh Chiéu — TP H6 Chi Minh, 2023 — 2024] Cho tam
gidc ABC, M 1a diém trén canh AC thoa man MA = —4 I\TC), I 1a trung diém BM, K 1a diém thoa
man BK = x BC. Tim x dé A, I, K thiang hang.

[l

Dé 16. [HSG cip trwong Toan 10, THPT Yén Phong s6 2 — Bic Ninh,
—_—

. .2 — 1= 2
giac ABC va cac diem M, N, P, Q thoa man BM = ZBC,AN =3 B,

023 — 2024] Cho tam

|
S

s == — —
a) Biéu dién NP theo AB, AC.
b) Chirng minh ring ba diém N, P, Q thing hang.

Pé 17. [HSG cép truwong Toan 10, THPT Nguyén Gia Thiéu — Ha Ngi, 2022 — 2023] (% %) Cho
tam giac déu ABC c¢6 cac canh bﬁng a. Cac diém D, E xac dinh boi A_D) =3 ﬁ ,
2BE =AC+ 2BA+ 2BC. Goi N, Q lan luot 1a trung diém cua cac doan thang BC, AE va H la

truc tdm cua tam gidc ABD.

. 5 —_— s > = — = g2
a) Chiing minh rang HC - BE = HC - AC = AC - BE =

APLUS HA NOI 0943.480.099 CHIENMATH.COM Trang 1098



TOAN 10 - APLUS Tap 1 - Ban dé va 1o giai

b) Chirng minh rang hai dudng thang NQ va HC vudng goc véi nhau.
—  11qa?

L — D s = —
¢) Tim tap hop cac diem M thod man MA - MB + MB - ME + ME - MA = .

Dé 18. [HSG Toan 10, THPT Phu Xuyén B — Ha Ngi, 2024 — 2025] (%) Cho dudng tron taim O,
ban kinh R = 5 va diém M c¢b dinh voi OM = 7. Mot dudng thang d thay doi, luén di qua M va cét
dudng tron tai hai diém phan biét A, B. Tinh MA - MB.

Dé 19. [HSG cép tinh Toan 10, S6 GD&DPT Ha Nam, 2024 — 2025] (%) Cho hinh thang ABCD
c6 day AB, CD v6i CD = 3AB. Goi M, N lan luwgt thudc cac canh AD, BC sao cho AM = 3MD,
CN = 2NB; P la giao diém ctia AC va MN, Q 1a giao diém ctiia BD va MN. Tinh %

Pé 20. [HSG vin hoa Toan 10, THPT Quang Tri — Quang Tri, 2025 — 2026] (%) Cho tam giac

2 — — > — — .
ABC c6 trong tam G; cac diém N, P thod man 2BN + 5NC =0va PA =k PC (k # 1). Tim k dé
G, P, N thang hang.

Dé 21. [Olympic Toan 10 lién cum Thanh Xuéin — Cau Gidy, Mé Linh — Séc Son, Pong Anh,
Ha Noi, 2020 — 2021] (%) Cho hinh chir nhat ABCD ¢6 AB = 3v2, AD = /3; 0 1 giao diém hai
duong chéo, I va G 1an luot 1a trung diém CD va OB.

. N - 1/ —2\ 2 12 33—
a) Chimg minh ring 0G = (AB —AD),1G = ; AB — 2 4D.
b) Chirng minh rang AI 1 IG.
¢) Tim tap hop cac diém M thoa man MA? + MB? + MC? + MD? = 37.
Dé 22. [HSG cép truong Toan 10, THPT Phan Huy Chi — Qudc Oai, Ha Ngi, 2024 — 2025]
Cho hinh binh hanh ABCD. Trén dudng chéo BD lay G, H sao cho DG = GH = HB. Goi M 1a giao
diém cta AH va BC, N la giao diém ciia AG va DC. Chimg minh ring 2 AM + 2 AN = 3 AC.

Pé 23. [HSG cum trwong THPT Ha Noi, 2021 — 2022] () Cho tam giac ABC déu canh a, trong
2 — — — -
tam G; diém M thoa man MA + 2 MB + 3 MC = 0.
. 5 —_— —
a) Chiing minh rang 6 GM = AC.
\ . —_— — —
b) Goi D, E, F lan luot la hinh chi¢u cua M 1én BC, CA, AB. Tinh |MD + ME + MF| theo a.
Dé 24. [HSG khdi 10, THPT Nguyén Ping Pao — Bic Ninh, 2022 — 2023] Cho tam giac ABC va
Lo e I e - - . §
hai diém I, J thoaman IC — IB + 1A =0, JA + JB — 3JC = 0. Chitng minh rang IJ || AC.

n PHAT TRIEN BAI TOAN
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Cdc bai dwéi day dwge phdt trién tir y twong ciia cdc dang todn va dé thi trong chuyén dé, mirc do
twong dwong dé thi hoc sinh gioi cap tinh.
Bai 1. (%) Cho tam giac ABC ¢6 dién tich S. Trén cac canh BC, CA, AB lan luot léy cac diém M,
N, P sao cho BM = éBC, CN = gCA, AP = §AB. Goi X, Y, Z lan luot 1a giao diém cua AM va
BN, cua BN va CP, cia CP va AM. Tinh dién tich tam giac XYZ theo S.

A

B M C

Bai 2. (%) (Bai toan thuc té) Trén mot mat ban nam ngang c6 ba coc ¢ dinh 4, B, C. Chon hé truc
toa d6 Oxy trén mit ban (don vi trén mdi truc 1a xentimét) sao cho A(0; 60), B(—60; 0), C(60; 0).
Mot chiéc vong nho M duoc ndi véi ba coc béng ba soi day chun. Coi mdi soi diy chun nhu mot 16
x0 ¢6 chidu dai ty nhién khong dang ké: soi day ndi vong véi coc X kéo vong bang luc ky MX ,
trong d6 k, = k, kg = 2k, k¢ = 3k v6i k = 0,2 N/cm. Bé qua ma sat, kich thudc cta vong va khbi
lugng cac soi day.

B Q QX
. J

a) Chung minh rang hop luc F ctiaba lyc dan hoi tac dung 1én vong bang 6k Mi , voi I 1a mot
diém cb dinh. Tim toa do cua I.

b) Tha vong trén mit ban. Vong ndm can bang & vi tri nao?

c) Ludn vong vao mot thanh thép théng, nhén, gén ¢ dinh trén mat ban, ndi hai diém P(0;40)
va Q(40; 0); vong chi truot duge doc theo thanh. Tim vi tri cdn bang cta vong trén thanh va
d6 16n ctia lyc ma thanh tac dung 1én vong khi d6 (1am tron két qua dén hang phan mudoi).

Bai 3. (%%) Cho tam giac ABC va diém T nam trong tam gidc sao cho
ATB = BTC = CTA = 120°.
L >y - 1A \ . re A D A , . N
a) Goi eq, e,, e la cac vecto don vi 1an luot cung huong voi TA, TB, TC. Chung minh rang
- > = 7
61 + 62 + 93 = 0
b) Chirng minh rang v&i moi diém M: MA + MB + MC > TA + TB + TC.
¢) Ap dung: cho tam giac ABC can tai A c6 BC = 2v/3 va duong cao AH = 4. Tim gia tri nho
nhit cia MA + MB + MC khi M thay d6i trong mat phang.

Bai 4. (k%) Cho tam giac ABC va diém M nam trong tam gidc. Dt S, = Sysc, Sp = Suca >
Sc = Smas-

. . — — -
a) Chung minh rang S, MA + S, MB + S, MC = 0.
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b) Ap dung: cho tam giac ABC nhon cé tryc tim H. Chtng minh rang
—_—> o d —> —
tanA - HA +tanB - HB + tanC - HC = 0.

Bai 5. (%) Cho tam giac ABC ¢6 BC = a, CA = b, AB = c; K la trung diém AB, G 1a trong tam.
a) Tim tép hop cac diém M thoa man MA? + MB? = 2M(C?.
b) Chiing minh rang tap hop d6 di qua G khi va chi khi a? + b? = 2c2.

Bai 6. (% %) Cho tam gidc ABC c6 BC = a,CA = b, AB = c.

a) Chirng minh rang v6i moi s6 thuc x, y, z: x2 + y? + z2 > 2yzcosA + 2zxcosB + 2xycosC.
Diu bang xay ra khi nao?

b) Suy ra cosA + cosB + cosC < %

¢) Tim gié tri 16n nhét ctia P = cosA + cosB + 2cosC.
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HUONG DAN GIAI

CHUYEN DE 4. VECTO VA UNG DUNG

IEN BAiTAP TY LUYEN

Dang 1. Phan tich vecto — Ti s6 — Ba diém thang hang

Bai 1. [HSG tinh Toan 10, S6 GD&DPT Hai Dwong, 2016 — 2017] (%) Cho hinh binh hanh
ABCD. Goi M 1a trung diém canh CD, N 14 diém thudc canh AD sao cho AN = §AD. Goi G 1a trong

tam tam giac BMN, duong thiang AG cit BC tai K. Tinh ti s6 %.

Loi gidi

d —_— = g - e > =2 — =
bat b = AB, d = AD (khong cung phuong); BC = AD =d,DC =AB =b
—_— —_—> 12 - 1> — 1=
AM=AD+5DC=d+Eb,AN=§d
G la trong tm tam giac BMN nén
AG=(AB+AM +AN) =(b+d+3b+3d)=3b+5d

3 2 3 2 9

n . 2 —_— —> t > 4t = n . 2
K thudoc duong thang AG : A =tAG=Eb +;d K thuoc duong thang BC
—_ > — - > — —
AK = AB+ BK = b + sd v61i BK = s BC.
Déngnhéthésé:%=1ve‘1%=s,suyrat=2,5=—.
Vay BK = 2BC, tac X = &

9 BC 9

Bai 2. (%) Cho tam giac ABC c6 trong tdm G va dién tich S. Mot dudng thiang d di qua G cat cac
canh AB, AC lan luot tai M, N. Tim gia tri nho nhit va gia tri 1on nhéat cua dién tich tam giac AMN.

A

Loi gidai
Pbat x = %, y = %. Vi M, N thudc cac canh AB, AC (va khéac A, do d di qua diém G nim trong
. — —_— — —
tam gidc)nénx > 1,y = 1vaAB = x AM, AC =y AN.
R n N 2 1/ a4 x— y—) . —_— — n .
G 1a trong tdm nén AG = E(AB + AC) = EAM + EAN‘ Hai vecto AM, AN khong cung phuong

va G thuoc duong thing MN, nén tong hai hé sd bang 1: §+ % =1, thcx +y=3.

] . . . o Samn _ AM-ANsinA 1
Hai tam giac AMN, ABC c6 chung goc A nén =42 — = —.
S SAB-ACsi xy
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Tex+y=3vay>1lsuyral <x <2, vixy=x(3—x). Tacodx(3—x) =§—(x—§)2 <2
vax(3—x)—2=(x-1)(2-2)20.nén2<xy<-.

Do d6 = < Syuy <.
~ Spun == khix =y =2, tirc AM = 2AB, AN = = AC: d song song véi BC.
—Saun = ;khi x =1hoacx = 2,thic M = B hoac N = C: d 1a duong trung tuyén ké tir B hoac
tir C.
Vay gia tri nho nhét cta dién tich tam giac AMN la %S, gia tri lon nhét 1a g

) 2 ) N
Sai lam thuong gap: chi dung xy < @ ma bo quén diéu kién 1 < x < 2 (do M, N nam trén

cdc canh), nén khong tim duoc gia tri lon nhat.
Bai 3. [Khao sat di tuyén HSG Toan 10 lan 2, THPT Tran Pha — Vinh Phic, 2021 — 2022]

(%) Cho tir giac ABCD. Goi M, N, P, Q lan luot 1a trung diém cua AB, BC, CD, DA; 0 1a giao diém
cia MP va NQ; G 1a trong tim tam giac BCD. Chirng minh rang ba diém A, 0, G thang hang.

Loi gidi

3 . — — 1—
MN, QP lan lugt 1a duong trung binh ctia tam giac ABC, ACD nén MN = QP = EAC‘ Do d6
MNPQ 13 hinh binh hanh va giao diém O cua hai duong chéo MP, NQ 1a trung diém ctia MP.
M, P lan lugt 1a trung diém AB, CD nén OA+ OB =20M, OC + 0D =20P . Suy ra
e = = —_— — -
0A + 0B +0C + 0D = 2(0M + 0P ) = 0.

. —_— — = — 2

G la trong tdm tam giac BCD nén OB + O0C + 0D = 30G . Thay vao dang thuc trén:
— —_— - — —
OA+30G =0, tlhc OA = —-304¢.
Vay 4, 0, G thang hang (0 nam giita A va G, 0A = 30G).

Dang 2. Tam ti cw — GTNN cua do6 dai vecto va tong binh phwong

Bai 4. [HSG To#n 10 lin 2, THPT Pong Piu — Vinh Phiic, 2020 — 2021] (%) Cho hinh chit nhat
ABCD ¢6 AB = 2AD, BC = a. Piém M di dong trén duong thang BC. Tim gia tri nhé nhét cta
— — —

MA + 2MB + 3 MC|.

Loi gidi

Vi AD = BC = a nén AB = 2a. Chon hé truc toa d6 vai A(0;0), B(2a;0), C(2a;a), D(0;a);
dudng thang BC c6 phuong trinh x = 2a.

Goi I 1a diém thoa man IT4)+21_L?)+3I_)C=6. Toa dd cua I : xlzmz%a,
0+0+3a a
YVI=—% T3
. . — — — —
Voi moi M : MA+2MB +3MC =6MI , nén

— — — 5a
MA + 2 MB + 3MC =6M126d(1,BC):6(2a—?):2a.
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Dau bang xay ra khi M 13 hinh chiéu cta I trén BC, tiic M (Za ; %) 1a trung diém BC.
Vay gia tri nho nhat bang 2a, dat khi M 13 trung diém cta BC.

Bai 5. (%) Cho tam giac ABC c¢6 AB=2, BC=3, ABC =120° . Xét biéu thuc
T = 4MA? + MB? + MC?.

a) Tim gi4 tri nho nhat cua T khi M thay ddi trén duong thang BC.

b) Tim gi4 tri nho nhat cta T khi M thay ddi trén doan thing BC.
Loi gidgi
Goi I 1a diém thoa maén 4IA +IB +IC 0 (téng cac hé sb bé'mg 6). Theo dinh li cOsin,
AC?=4+4+9—2-2-3c0s120° = 19.
Theo hing dang thic Lagrange va cong thuc tinh hing s6 6 muc A:

T = 6MI? + 41-AB?+4-1-AC?+1-1-BC? _ EMI? + 1657649 _ ogpz | 101
6 6 6 "
Chon hé¢ truc toa do véi B(0;0), C(3;0); vi AB = 2, ABC = 120° nén A(—1;+/3). Khi d¢
—4+0+3 4V3) _ ( 1 23
I( 6 ’T) - ( 6’
doan BC, trén tia doi cua tia BC.

) Hinh chiéu cua I trén dudng thang BC 1a H ( ;O), nim ngoai

A

9
1

\_120°
H B &

a) V6i M thudc duong thang BC: MI > [H = ﬁ nénT =6 - §+ L 1%9 Gia tri nho nhat ctia

T la dat khi M = H (M nam trén tia di ctia tia BC, BM = 2)

b) Vc’riM(x;O),OSxSB:MIZ = MH? + [H? =(x+g) +22—+3, ddu bang khi x = 0.

Dodc’)T26(% )+ﬂ= 8+ﬂ—25

Vay gia tri nho nhit cia T trén doan BC 1a 25, dat khi M =B (kiém tra:
T =4AB? +0+ BC? =16 +9 = 25).

Sai lam thwong gap: ¢ cau b) van ldy ngay hinh chiéu H ciia I, trong khi H khong thuéc doan BC;
gid tri % khi do khéong dat duorc.

Bai 6. [HSG tinh Toan 10, S6 GD&DPT Hai Dwong, 2022 — 2023] (%) Cho hinh chir nhat ABCD
c6 AB>AD . Tim vi tri diém M trén cac canh cua hinh chit nhit sao cho biéu thirc
T = MA-MC + MB? + MD? dat gi4 tri nhé nhat.

A_ M __B

Léi gidi

Goi O 1a tam hinh chi nhat: O 1a trung diém chung ciia AC va BD, 0A = OB = 0C = 0D = %
— — — — — — — =

ViOC = — 0A nén MA - MC = (Mo + OA) : (Mo - OA) = MO? — 042

e — 5 5 — =2 —  —\?2 5 5
Vi 0D = — OB nén MB? + MD =(M0+03) +(M0—OB) = 2M0? + 20B2.
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Suy ra T = 3M0? + 20B? — 0A? = 3M0? + % Do dai AC khong ddi nén T nho nhat khi va
chi khi MO nho nhat.

Khoang cach tu O dén cac canh AB, CD bé'mg %, dén cac canh AD, BC béng % > %. Voi M
thudc canh AB: MO > %, dau bé‘mg khi M 1a trung diém AB (twong tu vai canh CD); véi M thude
canh AD hodac BC: MO = % > %.

Vay T nho nhdt khi M 1a trung diém cua AB hoic cua CD ; khi d6

_ 3AD? | AB?+AD? _ AB?+4AD?
Tmin = =~ + =% = 4

Bai 7. [HSG cip co sé¢ Toan 10, cum THPT Luc Nam — Bic Giang, 2023 — 2024 (ciu tric
nghi¢m, trinh bay lai)] (%) Cho tam giic déu ABC c6 canh bang 1. Goi M 1a diém di dong trén
duong thang AB. Tim gia tri nho nhat ctia biéu thirc P = MB? + 2MC?.

Loi gidi

—

Goi I 1a diém thoa man I_B) +2IC = 6; khi d6 I thudc doan BC vo6i Bl =

wIN

BC=21Cc=1
3 3

—

(0}

. . — 2 — 2 . — 5 .
Véi moi M : P:(M1+IB) +2(M1+1 ) = 3MI +2M1-(IB+21 )+IB +2IC% =
3MIZ+2+2=3m12+2

9 9 3
M chay trén duong thang AB nén MI > IH, v6i H 1a hinh chiéu cua I trén AB. Vi BI =§BC nén

G _
e

S dau bang khi M = H.
Vay gi trj nho nhét ctia P 1a 2, dat khi M 1a hinh chiéu ciia I trén AB (khi d6 AM = 2).

_2 _Z,
IH =2d(C,AB) =3

U'lNl

SuyraP23~l+Z=
33

Bai 8. [HSG cé"tp treong Toan 10, THPT Tinh Gia 1 — Thanh Hoa, 2023 — 2024 (ciu tra loi
ngin, trinh bay lai)] (%) Cho tam gidc ABC c6 trong tim G. Goi H 1a chan dudng cao ké tir A, biét
= 1752 . 2 . 0 —_— — 5 .

BH = EHC' biém M di dong trén duong thang BC sao cho BM = x BC. Tim x dé d¢ dai vecto
— — ‘

MA + GC nho nhat.

Loi gidi

Dung diém E sao cho AGCE 1a hinh binh hanh, tGc AE = GC ( E co dinh). Khi do
e I e I

MA+ GC = MA+ AE = ME.

Goi F 1a hinh chiéu cua E trén BC. V6i M thuoc dudong thiang BC: ME > EF, diu bang khi
M = F. Ta xac dinh vi tri ctia F.

B H F C
Vi x 12 ti s& d6 dai nén c6 thé chon don vi sao cho BH = 1, HC = 3. Pt hé truc véi géc H, truc
hoanh 14 duong thang BC: B(—1;0), C(3; 0), A(0; h) v6i h = AH > 0.
Trong tdm G G,g), nén ﬁ = (g, —g) va E (g,%) Hinh chiéu cua E trén truc hoanh la

F(;0).
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—

BF = ( 0) BC = (4;0), nén BF = >BC.
Vay d6 dai |MA + GC| nho nhatkhi M = F, tic x = g(gié tri nho nhat bﬁng EF = %AH).

Dang 3. Tich vé hwéng: goéc, dod dai, diéu kién vudng goc

Bai 9. [HSG Ton 10, THPT Pan Phwong — Ha Ni, 2018 — 2019] (%) Cho tam giac ABC déu co
dd dai canh bﬁng a. Trén cac canh BC, CA, AB lan luot léy cac diém N, M, P sao cho BN = g,

CM = %a, AP = x (0 < x < a). Tim x theo a d¢ duong thang AN vudng goc voi dudng thang PM.

A
X
P
B N C
Loi gidi
-, > -3 o - - - o ® a2
bitu=AB,v=AC: |u|=|v|=a,u-v=a-a-cos60 =
-_— — — - — — -
B =u+§(v—u)=—u+§v

N thude BC véi BN =% AN = AB +
nén

2a

M thudc CA v6i CM = —

il — -
5 , AM = 3 ; P thuoc AB v6i AP = x: AP ==u. Suy ra

PM =AM — AP = 2% - 4.
3 a

- = 2, 5 2X,5 X 5 5 a?* 2ax , a®*® ax 2a 5ax
AN-PM =23 3-ZEP+ipP-La.p=L -2, L& 2o e
9 3a 3a 9 3 9 6 9 6
2a®> S5ax 4a
ANJ.PM@TzT(:) =—(thoaman0<x<a) Vayx——5

Nhdén xét: bai todn ndy ciing cé trong dé Olympic 27/4 Todn 10 tinh Ba Ria — Viing Tau 2017 —
2018 (canh bang 3, dip s6 x = g) va dé HSG Todn 10 THPT Tran Phii — Ha Tinh 2019 — 2020

(canh bang 3a, dap sé AP = 4?‘1).

Bai 10. [HSG Toan 10 lan 2, THPT Péng Piu — Vinh Phiic, 2020 — 2021] (% %) Cho tam giac
ABC can tai A, ni tiép duong tron tdm 0. Goi D 1a trung diém cua 4B, E 1a trong tam tam giac
ADC. Ching minh rang OE L CD.

Loi gidi
Chon O lam gbc, dat _’=0A,l—))= B,C = C;tacé|&’|=|l—;|=|5|=R.
a 5 DC:

D 1a trung diém AB

Ngoai ra CD =0D-0C =
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12 OF -CD = (3¢ +b +28) - (@+b—28) = (3+1—4)R2+4d-b—4d -2+ (—~2+2)b -
E=4d-b—4d-¢C.

A

Tam giac can tai A
-2 - -
AB=AC=|d—-b| =|d—¢*=>2R*—-2d-b=2R*-2d-C=>d-b=d-C.

—_— =
Do d6 OFE - CD = 0. Vay OE L CD.

Bai 11. (%) Cho hinh vudéng ABCD canh a. Cac diém M, N lan luot thay ddi trén cac canh BC, CD
sao cho MAN = 45°. Ching minh rang chu vi tam giac CMN khong doi.

D N E
45 M
A B

Loi giai

Chon hé truc toa d6 voi A(0;0), B(a;0), C(a;a), D(0;a). Pat BM =x, DN =y véi
x,y € [0; a]; khi d6 M(a; x), N(y; a), AM = (a;x), AN = (y; a).

— o . AM-AN _ 2
MAN = 4’5 o= g e V2alx+y) = \/(az + x2)(a? + y?).

Hai veé  khong  am; binh  phuong va dat s=x+y , q=xy
2a%s? = a* + a?(s®> — 2q) + ¢ © a%s? = (a? — q)*.

Vias=>0vaa?—q=>0(do0<qg<a®) nénas =a?—q,ticalx+y)+xy=a? (x

Chu vi tam giac CMN bing CM+CN+MN=(a—x)+(a—y)+MN , véi
MN? = (a —x)? + (a — y)2.

Tacdé MN? — (x + y)? = 2a® — 2a(x + y) — 2xy = 0 theo (*), nén MN = x + y.

Vay chu vi tam gidc CMN bang (a — x) + (a — y) + (x + y) = 2a, khong doi.

Nhdén xét: dang thire MN = BM + DN goi ¥ loi giai hinh hoc quen thuéc — quay tam gidc ADN
quanh A mét géc 90° dé AD tring AB, roi chirng minh hai tam gidc bang nhau. Loi gidi bang tich

V6 huedng ¢ trén khéng can vé thém hinh.
Bai 12. [HSG cép co sé Toan 10, cum THPT Luc Nam — Bic Giang, 2023 — 2024] (%) Cho hinh

. .2 . R d 1= 1= 5
vuong ABCD canh a. Goi E, F 1a cac diém xac dinh boi BE = ;BC, CF =— > CD; duong thang BF
cat duong thang AE tai diém I. Ching minh rang AIC = 90°.

D c F
E| Y

A B
Loi gidi
-, = - S - o - - o> - > =R —
bitu=AB,v=AD: |u|=|v|=a,u-v=0;,BC =v,CD = —u.
= =b 1= = o = i= Y S a. .
AE=AB+§BC=u+§v, CFzzu (F nam trén tia doi cua tia CD , CF=5), nén
- - - 15 -
BF =B +CF=5u+v.
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Ithu(f)cBF:B_I)=kB_)F,suyraZI)=iZ+k(% ) (1+ )u+k13.

¥ = A A A A o -
I thuoc AE nén Al cung phuong voi U § tc hé s6 cua U gap 3 lan hé s6 cua v:
k r_) — -
1+2=3k & k=2 Dodo Al =2t +-5.
= v - 6 2> — - 15 35
CI:AI—AC=§u+§U—(u+v)=Eu——v
—_— = N 5 oS 2 2
Al-Cl=Sjp-Lppp .= _%"_,_
25 25 25 25 25

Vay IA L IC, tic AIC = 90°.

Bai 13. [HSG cép trudng Toan 10, THPT Phung Khic Khoan — Thach That, Ha Nai, 2020 —
2021] (*) Cho luc giac ABCDEF c6 AB 1 EF va hai tam giac ACE, BDF c6 cung trong tam.
Ching minh rang AB? + EF? = CD?.

Loi gidai
—> —> -

Goi G la trong tam chung cua hai tam gidc. Khi do GA + GC + GE \
— o d —> —
Trir vé theo vé: (GB — GA) + (D - 6C) + (GF - GE) 0, tirc AB + CD + EF = 0.
_)

— —_— = —_— —
SuyraCD=—(AB+EF),nénCD2=(AB+EF) = AB? + EF? + 2 AB - EF.

— =
Vi AB 1 EF nén AB - EF = 0. Vay AB? + EF? = CD?.

Dang 4. Tap hop diém

Bai 14. (%) Cho tir giac ABCD; I, ] 1an luot 14 trung diém cta AB, CD (gia st I # J). Tim tap hop
cac diém M thoa man MA? + MB? = MC? + MD?. Chiig minh rang tip hop d6 di qua trung diém
cua doan I] khi va chi khi AB = CD.
Loi gidi
Theo cong thirc & myc A: MA2 + MB? = 2M12 +“2- va MC? + MD? = 2MJ2 + <. Biéu kién
CD?-AB?

4

. .2 —_
Goi K 1a trung diém ctia IJ: MI% — MJ? = (MI - M]) Mi + ]) =

& MI2—Mj? =

Goi H 1a hinh chiéu cia M trén duong thang I]. Vi HM L 1] nén K
> 73 _ CD?-AB?
tré thanh KH - I = :

CD?-AB?
Q H thudc tia KJ

Diang thirc ndy xac dinh duy nhit diém H trén duong thang IJ: KH = T

néu CD > AB, thudc tia KI néu CD < AB,va H = K néu AB = CD.

c
D

A B

Vay tap hop cac diém M 1a duong thang A vudng goc v6i I tai H. Puong thing A di qua K khi va
chikhi H = K, ttc AB = CD.

Nhdén xét: véi hinh chit nhdt ABCD ta ¢6 AB = CD, nén A la dwong thang qua tam, song song voi
AB — chinh la truc déi xvmg ciia hinh chit nhét, phi hop véi diéu kién MA = MD, MB = MC.
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Bai 15. Cho doan thing AB = 2a c¢6 trung diém I. Tim tip hop cac diém M thoa man
MA? + MB? = k?, bién luan theo k > 0.

Loi gidi

2

2
MA2+MBZ=(1\71’+171’) +(1\71’+179’) :2M12+21\71’-(174’+173’)+1A2+132=2M12+2a2

k?-2a?

Piéu kién & 2MI? + 2a? = k% © MI? = -

k2-2a?

—Néu k > av/2: tap hop 1a dudng tron tdm I, ban kinh \[

—Néu k = a+/2: MI = 0, tap hop chi gdm diém I.
~Néu 0 <k < av2: khong c6 diém M nao (tap hop rong).

Bai 16. (%) Cho tam gidc déu ABC canh a . Tim tip hop cic diém M thoda man

MA? + MB? + MC? = 2a?.

Léi gidi

Goi G la trong tam tam giac (GA+ GB +GC =0). V6i moi M : MA? + MB? + MC? =
7= =2 2 IYTe GB + GC 2 2 2 2 2 4

2(MG+GA) = 3MG +2MG-(GA+G C)+ GA? + GB? + GC? = 3MG? + GA

GB? + GC?.

Tam giac déu canh a: GA = GB = GC = \/_

= —— nén GA%> + GB?> + GC? = a°.

w|N

Piéu kién © 3MG? + a? = 2a%2 © MG =

Vay tap hop cac diém M 1a dudng tron tim G, ban kinh %5, chinh 14 dudng tron ngoai tiép tam

giac ABC.

Bai 17. [HSG cip trudng Toan 10 (vong 2), THPT Nguyén Gia Thiéu — Ha Noi, 2022 — 2023]

(*) Cho tam giac ABC c¢6 BC =a, AB=AC = W0 Tim tap hop cac diém M thoa min
MA? — 2MB? — 2M(C? = a?.

Loi gidi

Goi J la trung diém BC :; tam giac can tai A nén AJ LBC va
A] AB? — B]Z 10a2 a2 _ 3a

Goi I 1a diém thoa min IA—ZIB 21C—0 Vi IB+ I] nén IA 41] suy ra

AI = EA]: I ndm trén tia dbi cua tia JA v6i JI = EA] = E'

1 d6 IA = = : —IC = 2 2 (@ a8 _ a2
KhidoIA =A] +]Jl =2avalB =1C =./1]*+]B —\[4+4_ :

2

. . — /> — —
Véi moi M : MAZ—ZMBZ—ZMCZ=(1—2—2)M12+2MI~(IA—ZIB—21C)+IA2—
2IB? — 2I1C? = —=3MI? + 4a% — a® — a? = —3MI? + 2a?.

Piéu kién & —3MI? + 2a?% = a? & MI? = “—@ MI = “\[
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——

Vay tap hop cac diém M 1a dudng tron tam I, ban kinh aT\E’ trong do6 I thudc tia ddi cua tia JA véi

JI = % (tam giac IBC vudng can tai I).

Dang 5. Pang thirc vecto dic biét trong tam giac

Bai 18. (%) Cho tam giac ABC c6 BC = a, CA = b, AB = c va nua chu vi p; I 1a tdm duong tron
noi tiép, J 1a tAm dudng tron bang tiép goc A (dudng tron tiép xtic véi canh BC va phan kéo dai cua
hai canh AB, AC).

. 3 — o d — -
a) Chung minh rang —aJA+ b JB +cJC = 0.
b) Chirng minh ring ba diém A, I, J thing hang va j—; ==

Loi gidi
a) J cach déu hai duong thang AB, AC va nam trong goc BAC, nén ] thudc tia phan giac cia goc
A. Tia ndy cit BC tai D (chan duong phan giac trong); J va A ndm khac phia d6i v6i BC nén D
nam gitta A va J.
Nhu 6 Vi du 10: DB = 2 va JD = 25+<¢

b+c b+c
BJ 1a phén giac géc ngoai tai dinh B cua tam giac ABD (goc ngoai tai B cua tam giac ABD ciing
la géc ngoai tai B cia tam giac ABC ). Theo tinh chit duong phan gidc ngoai:
E _ ﬂ _ ¢ _ b+tc
JD BD

= = =
b+c

D nam gitra A va ]| nén hai vecto JA, JD cung huéng, do dd6aJA=(b+c)/JD =bJB+c]JC.
Vay —a]_A) + b]_B) + c]_)C =0.

5 2 — — = — = =
b) Chén diém A vio ding thic & cau a): aAj+b(AB—A]) +C(AC—A]) =0, nén

- bAB+cAC

A] = b+c—a

(vé6ib+c—a=2(p—a)>0).

Tuong ty, ti aTA + bIB + ¢ IC = 0 ta c6 AT = 22224,
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b+c—a

H
Suy ra Al =

a+b+c
Nhén xét: goi r, 1, la ban kinh dwong tron néi tiép, bang tiép géc A. Hai tam gidc vudng tao béi

g o X oA A 3 A A Al A re oA a ,
A, I, ] va cac tiep diéem trén tia AB dong dang nén i rL ket hop voi cdu b) ta dwoc hé thucc
a

quen thuoc pr = (p — a)r, (= 5).
Bai 19. [HSG tinh Toan 10, S GD&DT Ha Tinh, 2021 — 2022 (trich y a)] (% %) Cho tam giac
ABC vuong tai A (BC =a, CA=b, AB = c), dudong cao AH. Piém I thuoc doan AH sao cho
Al = 2IH. Ching minh ring a? 1A + 2b% 1B + 2¢2IC = 0.

Loi gidai

Trong tam gidc ABC vudng tai A véi duong cao AH: BA> = BH - BC, CA? = CH - CB, nén
2 2 .

BH =, HC == (H nim giiia B va C).

HC=2  BH=—2  b2IB+c2IC
HOTB +24]¢ = iBteTie
BC BC a

H thudc doan BC nén I_H) =
. — — — — — —
I thudc doan AH véi Al = 2IH nén IA = —21H. Suyraa®? IA = —2a? IH = —2b%IB — 2¢?IC.
- — - -
Vay a? IA + 2b2IB + 2¢2IC = 0.

IE BAi THI HOC SINH GIOI

Pé 1. [HSG khdi 10, THPT Nguyén Ping Pao — Bic Ninh, 2022 — 2023] (% %) Cho tir giac 16i
ABCE ¢6 BA = BC = a va tam giac ACE déu c6 canh bang av/3. Trén cac doan thang AC, CE lan
Iuot I4y hai diém M, N sao cho 5= = =X = k (0 < k < 1).

a) Tim k & MN L EG, véi G 1a trung diém cta doan thang BC.
b) Tim k ¢¢ BM? + BN? dat gi4 tri nho nhat.

LY
N/

Loi gidgi
Cic goc can dung. Tam gidc ABC can tai B c6 AC? = 3a? = a? + a? — 2a’cosABC nén
cosABC = —%, ABC = 120° va BAC = BCA = 30°. T giac 16i nén B, E nam khac phia d6i véi
AC, do d6 BCE = BCA + ACE = 30° + 60° = 90°.

3a?

_)
Cac tich vo hudéng. AC - CE = avV3- a\/§ -cos120° = - ;

—_— = 302 — — 3a2 — —
AC-CB =a 3-a-c05150°=—T;BA-AC=a-a 3-c05150°=—T;CB-CE=0.

— = =

— — = — — - 1=
a)MN=MC+CN=(1—k)AC+kCEV€1EG=EC+CG=—CE+ECB.
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204 _ 201_

MN -EG = —(1-k)AC - CE +=*AC - CB — k CE? +5CE - cB =200 32020
3a2k = 22 (1 - 5k).

—_— = 1
MNJ.EGC)MN-EGZOQI{ZE.

— — — — — —
b) BM = BA+ k AC R BN = BC + k CE . Do do
— —

BM? = a? + 2k BA - AC + 3a%k? = a? — 3a%k + 3a’k? va

BN? = g2 + 2k BC - CE + 3a2k? = a? + 3a%k2.
13 13a?

2 4 N
Suy ra BM2+BN2=a2(6k2—3k+2)=a2[6(k—%) +>|=—— . dau bang khi

1
k—zE[O,l].

r N 2
Vay: a) k = = b) BM? + BN? nho nhat bing = khi k = 7.

Dé 2. [HSG Toan 10, THPT Pan Phwong — Ha Noi, 2020 — 2021; THPT Phan Huy Chii —
Qudc Oai, Ha Noi, 2024 — 2025] (% %) Cho tir giac 16i ABCD c6 hai dudng chéo AC, BD cét nhau
tai 0. Goi H, K 1an luot 1a truc tAm cia cac tam giac ABO, CDO; 1,] lan luot 1a trung diém cta AD,
BC. Chimg minh ring HK 1 IJ.

Loi gidi
9 a e e 2 D = 9

I, ] 1an luot 1a trung diém AD, BC nén I] = IA + AC a [

z . = - = g 4 — -

ve,voilA+ID =0,C]+B] =0:21] = AC +

—_— 0 s D =
Dodo 2HK - I] = HK - AC + HK - DB.

H la tryc tam tam g1ac ABO nén BH 1 A0, tac HB-AC = 0; K 1a tryc tdm tam giac CDO nén
_— —_— > — —
DK 1 CO, tite DK - AC = 0. Viét HK = HE + B + DK, ta duoc HK - AC = BD - AC.
—_— — — L = =

Tuo*ngtuAHJ.BOvaCKJ.DOnenHA DB =CK-DB = 0. Viét HK = HA + AC + CK, ta
duoc HK - DB = AC-DB.

T T e e B e
Cong lai: 2HK - I =AC-BD +AC-DBE = A -(B + )
Vay HK L IJ.

Pé 3. [Khao sat ddi tuyén HSG Toan 10 1an 2, THPT Tran Phii — Vinh Phiic, 2021 — 2022]
(%%) Cho tam gidc déu ABC c6 canh bang a, M 1a diém di dong trén duong thing AC. Tim gid tri
nho nhét cta biéu thire T = [MA + MB + MC| + 3 |MA — MEB + MC|
Loi gidi
. . — = — —
Goi G la trong tam tam giac ABC: MA + MB + MC = 3 MG.
Dung diém D sao cho 5 = Eél); ABCD 13 hinh binh hanh c¢6 AB = BC nén 1a hinh thoi, D ¢b
. . e A=y T v e ==
dinh. Khi d6 MA — MB + MC = BA+ MC = MC + CD = MD.
SuyraT = 3MG + 3MD = 3(MG + MD).
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Goi K 1a trung diém AC; trong hinh thoi ABCD, K 14 trung diém cta BD va B, G, K, D thiang
hang. G nam trong tam giac ABC, con D ddi ximg v&i B qua K, nén G va D nam khac phia dbi voi
duong thang AC. Do d6 véi M thugec AC: MG + MD > GD, dau bang khi M 1a giao diém cia
doan GD vo1 AC, tac M = K.

Tinh GD: BK = 23, 6K = §BK, KD = BK,nén GD = gBK = 2av3

2 3

Vay gié tri nho nhét cia T 1a 3GD = 2a+/3, dat khi M 14 trung diém cia AC.

2av3

Dé 4. [Olympic Toan 10 lién cum trwong THPT — Ha Noi, 2024 — 2025 (cAu tra 1oi ngin)] (%)
Cho tam giac déu ABC c6 canh bang 2a. Goi d 1a duong thing di qua A va song song voi BC, M 1a
diém di dong trén d. Tim gia tri nho nhét cia |1\T4’ +2MB — MC |

Loi gidgi
Chon hé truc toa d6 véi B(0;0), C(2a;0), A(a; a\/§); khi d6 d c6 phuong trinh y = aV/3.

. 4R ) ~ T2 - = 2 , A~ A a+0-2a a
Goi [ 1a diém thod man IA + 2IB — IC = 0 (tong cac h¢ s0 1 + 2 —1 = 2): x; = =T
= 281020 — @8 (D3 thy T4 = BK v6i K 1a trung diém AC, tic AIBK 12 hinh binh hanh.)

. . — — — —
Voi moi M : MA+2MB —MC =2 MI , nén
MA +2MB — MC| = 2MI > 2d(I,d) = z(aﬁ—%ﬁ) = av3.

d

Déu bﬁng khi M 13 hinh chiéu H cua I trén d, tic M (— % c a\/§) (M nam trén d, cach A mot doan
3?‘1 vé phia B).
Vay gia tri nho nhat bang aV/3.

Pé 5. [HSG cap truong Toan 10, THPT Phung Khic Khoan — Thach That, Ha Ngi, 2024 —
2025; THPT Dién Chau 2 — Nghé An, 2023 — 2024] (%) Cho tam giac ABC khong can, ndi tiép
duong tron tdm O va cé trong tam G. Goi M, N, P lan luot 1a trong tam cac tam giac OBC, OCA,
OAB va G' 14 trong tAm ciia tam giac MNP. Chiing minh rang ba diém 0, G, G’ thang hang.

Loi gidgi
. n ., R — 1/ — — 1/ =
M la trong tam tam gidc OBC nén 0M=§(00+OB+OC)=§(OB+0C); twong tu
— /D )\ = 1 —
0N=§(OC+OA), 0P=§(OA+OB .
L S = 2 = — 2 — —
Cong lai: OM + ON + 0 :5(0 + 0B + c)=5-3 G =20G.
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_— s =

—

G' 13 trong tdm tam gidc MNP nén OM + ON + OP =30G'. Suy ra 30G = ZO_G), tirc
0G" = EOG'

Vay 0, G, G’ thang hang (G’ thudc doan 0G véi 0G' = gOG). Nhgn xét: ldp ludn trén dung voi

moi diém O; tam gidc khong déu nén O # G va ba diém phdn biét.

Pé 6. [HSG cép truomg Toan 10, THPT Thach That — Ha Noi, 2025 — 2026] (% %) Cho tam giac
ABC, M la diém di dong trén dudng tron ngoai tiép tam gidc ABC. Tim vi tri diém M dé
MB? + MC? — 2M A? dat gia tri nho nhat.

Loi gidi

Goi O, R la tm va ban kinh duong tron ngoai tiép, K 1a trung diém BC :

0A = 0B = 0C = OM = R.
2 2
MBZ+MCZ—2MA2=(1W)’+E§) +(1\W)’+0_C’) —2(1W5+ﬁ) =(1+1-2)M0?+
2

(R2+R2—2R2)+2_0)-(_B)+_)C— 0_’).
— — — — — —
Ma OB+0C—-—20A=20K—-20A=2AK nén

MB? + MC? — 2MA? = 4 M0 - AK = —4 0M - AK.

—_ — 7 3 e 4 . T
Ta c6 OM-AK < OM -AK =R -AK , dau bang khi OM cung hudng voéi AK . Do d6
MB? + MC? — 2MA? > —4R - AK.

A

B
NG Y2
Vay biéu thirc dat gia tri nho nhét bang —4R - m, (m, = AK 1a do dai trung tuyén ké tir A) khi M

o & A 5 5 AT g 28 B ok 8 AR zn o g g
la diém trén duong tron sao cho OM cung hudng voi AK, tiic M 1a dau mut cua ban kinh song

song va cing hudng véi trung tuyén AK.

Dé 7. [Olympic Toan 10 cum THPT Ha Péong — Hoai Pirc, Ha Noi, 2018 — 2019] (%) Cho hai tia
Ax, By nam cung phia d6i voi dudng thang AB, véi AB = 100 cm, xAB = 45° va By 1 AB. Cing
lac, chat diém X xuit phat tu A chuyén dong trén tia Ax voi van tdc 3v2 cm/s, chat diém Y xuét
phat tir B chuyén dong trén tia By voi van toc 4 cm/s. Sau t gidy, X & vi tri M, Y & vi tri N. Tim gia
trj nho nhit caa MN.

Loi gidi
Chon h¢ truc toa d6 véi gdc A, tia AB 14 tia Ox, hai tia Ax, By nim trong nira mit phang y > 0:
A(0;0), B(100;0).
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Sau t giay ( t=0 ) AM = 3v2t va tia Ax tao v6i Ox goc 45° , nén
M (3+v/2tcos45°; 3v2tsind5°) = (3t; 3t); BN = 4t va By L AB nén N(100; 4t).

MN = (100 — 3t;t) ,
MN? = (100 — 3t)? + t? = 10t? — 600t + 10 000 = 10(t — 30)2 + 1000 > 1000.

Diu bang khi t = 30. Vay gi4 tri nho nhat caa MN 14 v/1000 = 10v10 ~ 31,6 cm, dat sau 30
gidy (khi d6 M(90;90), N(100; 120)).

Dé 8. [Khao sat di tuyén HSG 10 lan 1, THPT Thanh Mién — Hai Dwong, 2017 — 2018] Cho
tam giac ABC c6 trong tam G; hai diém D, E x4c dinh boi 14_D) = ZA_B), 14_E') = %R Chirng minh
rang D, E, G thang hang.

Loi gidi
— 2 —> —
DE=AE—AD:E C—-2AB
— 1 — —_— 2 5 11— 5—
G 1a trong tdm n nAng(AB+AC),suyraD = G—AD=§AC—§AB
—> 2—> —_— —
Nhan thay 7= GZE C—2AB = DE.
— —
Hai vecto DE, DG cung phuong nén D, E, G thang hang.

Pé 9. [Khio sat ddi tuyén HSG 10 lan 1, THPT Thanh Mién — Hai Dwong, 2017 — 2018] (%)
Cho tam giac ABC c¢6 tryc tam H, M 1a trung diém BC. Ching minh rang MH - M4 = %BCZ.
A

Léi gidi
7 —_— — > — — —
Mlétrungd1émBCnénMB+MC=0V£12MA2(MB+BA)+(MC+CA

_— s — - — —
Do d6 2 MH - MA = MH - BA + MH - CA.
—_— =
H 13 truc tm nén CH L AB, BH L AC. Suy ra MH-BA=(MC+CH :
—_— — —_— )\ = — — — —
MH~CA=(MB+BH)-CA=MB~CA=—MC~CA.

R . —_— ) — — — — —) — BC BC? . e i S
Cong lai: 2MH - MA = MC-(BA +AC) =MC - BC =7-BC =T(ha1 vecto MC, BC cung
hudng).

—_— — 1
Vay MH - MA = ZBC?.

Pé 10. [HSG cap truwong Toin 10, THPT Yén Phong s 2 — Bac Ninh, 2018 — 2019] Cho tam
gidc ABC ¢6 AB =1, AC = x, BAC = 60°. Cic diém M, N xic dinh boi MC = —2 MB,
NB = —2 NA. Tim x d¢ AM L CN.

Lai gigi
MC =—-2MB < (A_c’ A_’M)+2(B A_’M)=6@A_’M=2AB3+AC

— — — — —> — 11— —_ s > 1/ —
NB =-2NA & (AB—AN) 24N 0 < AN =2 4B, nén CN = AN — AC = ; AB — AC.
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—_ ) — X
AB-AC =1 x-cos60° == , AB? =1

5 , AC? = x? . Do do

_— — —_— — — — —_— — Sx
9AM-CN:(2AB+AC)-(AB—3AC):ZABZ—SAB-AC—BACZ:2—7—3x2.

AMLCN@Z—S?"—&CZ=0<:>6x2+5x—4=0<:>x=§hoacx=—§.

. N 1
V1x>0nenx=z.

Dé 11. [HSG cip truomg Toan 10, THPT Yén Phong s6 2 — Bic Ninh, 2018 — 2019] Cho tam
giac ABC co trong tam G . Chung minh rang

— = =

_— = = 1
GA-GB+GB-GC + C-GAz—g(AB2+BCZ+CA2).

Loi gidgi
—_ 5 S >
Vi GA+GB+GC =0 nén
— — =2 5 . . —_ s = > = —
=(GA+GB+GC) = GA%? + GB? + GC +2(GA-GB+GB-GC+GC-GA).
— — —

_)
Suyra GA-GB +
Mat khac GA =

B-GC+GC-GA=—31(GA? + GB? + GC?).

win Q)

2 2 \ A , \ ,(
m, , GB = 3Mb > GC = 3Mc va theo cong thic duong trung tuyén
3
m2 + mZ + m? =Z(a2+b2+cz)

GA? + GB? + GC? =2-2(a® + b2 + ) = 2 (AB? + BC? + CA?).

s nén

—_ s /s > — — 1
VéyGA-GB+GB~GC+GC-GA=—E(AB2+BC2+CA2).

Pé 12. [Olympic Toan 10 cum trwong THPT Hoan Kiém — Hai Ba Trung, Ha Noi, 2023 —
2024] (¥ %) Cho tam gidc ABC c6 I 1a tdm duong tron ndi tiép, BC =a,CA=b,AB =c.

a) Chﬁngminhréngal?l) +bIB + cIC =0.

b) Giasta=3,b=5.Timc dé IG L IC,vé6iG la trong tdm tam giac ABC.
Loi gidi
a) Day 1a dang thic da ching minh ¢ Vi dy 10 (dung tinh chat dudng phan giac trong cila cac goc
AvaB).

b) Viét dang thirc & cau a) véi goc C: a (54) — _I)) +b (C_B) — El)) —cCl = 0, nén cl = aZ:iiB.
Ngoai ra G = CA;CB.
2 2
V6i CA=b, CB = a, a . C_B) — Gl af . a’ _ ab“+a“b+(a+b)abco _ ab(a+b)(1+cosC)
3(a+b+c) 3(a+b+c)

a?b?+b%a?+2a?b%cosC _ 2a?b?(1+cosC)

(a+b+c)? T (a+b+0)?
IG1IC s (CG - CI) Cl=0CG-Cl=CI>. Vi1l+cosC >0, didu kién twong duong
a+b 2ab

—= © (a+b)(a+b+c) = 6ab.

3 a+b+c

CI? =

Véia=3,b=5:88+c)=90 e c= 14—3(th0é min bat dang thirc tam giac 2 < ¢ < 8). Vay
_ &
==
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Pé 13. [Olympic Toan 10 cum Thach Thit — Quéc Oai, Ha Ngi, 2023 — 2024] Cho tam giac
ABC . Trén canh BC 1§y diém D sao cho 5 B_D) =3 B_C) va mot diém E thoa min
4FA +2EB +3EC =0. Chimg minh rang ba diém E, A, D thang hang.

Loi gidai
STD = 350 nin 7D = 78 + (7€ - 75) = 22582
— — 2AB+34C

Il
ol
g
=l
Il

4FEA+2EB +3 c=6=>—4,T’+2(T—,Tb*’)+3(AC—T)
5

— —
Suy ra AE = ;AD.

Vay E, A, D thing hang (E thuoc doan AD véi AE = 2 AD).

Pé 14. [Olympic Toan 10 cum Thach That — Qudc Oai, Ha Ngi, 2023 — 2024] (% %) Cho tam
giac ABC ¢6 AB = 3, BC = 4, CA = 5. Piém M thay d6i trén duong tron ngoai tiép tam giac. Tim
gi4 tri nho nhat cia T = MB? + MC? — MA?.
Loi gidgi

. 2 e A T - — - — —
Goi I 1a diém thoa man IB +IC —IA =0 IB+ AC =0 & Bl = AC, tic ACIB 1a hinh binh
hanh.
Vi moi M
T = (1+1—1)M12+21\71’-(1_B’+1_C’—174’)+132+162—1A2 = MI? +IB? + IC? — [ A2
AB? + BC? = 25 = CA? nén tam gidc vudng tai B. Chon hé truc toa do véi B(0;0), A(0; 3),
C(4;0). Khi d6 Bl = AC = (4;—3), 1(4;—3); IB? = 25,1C? =9, [A> = 16 + 36 = 52, nén
T =MI? - 18.

Puong tron ngoai tiép c6 tim O l1a trung diém AC , 0(2;%) , ban kinh R =§;

0l = \/4 + % = g > R nén I ndm ngoai dudong tron.

V97-5
2

Véi M thugc duong tron: M1 > O — OM = , ddu bang khi M 1a giao diém ctia doan OI véi

duodng tron.

2
VaY Typin = 225 _ 18 = 22271007 _ 4g _ 255057

4 2

Pé 15. [HSG cip truong Toan 10, THPT Binh Chiéu — TP Hd Chi Minh, 2023 — 2024] Cho tam
gidc ABC, M 1a diém trén canh AC thod min MA = —4 MC, I 1z trung diém BM, K 13 didm thoa
man BK = x ﬁ) Tim x dé A, I, K thang hang.

Loi gidgi

— — (A —>)®—>

— 4 =
MA=-4MC e —AM = —4(AC — AM AM = _AC.
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. L2 - 1/ —_— 12 22
I la trung didm BM Al = (4B +4M) =4 +2AC
— — — — —
AK = AB + xBC = (1 —x) AB + x AC.
A, I, K thang hang @A_)szﬂc)l—ngvéxz%n. Suy ra 1—2Tngc>m=£,
4
X =-.
9
S 7
Vayx—g.

Dé 16. [HSG cip truwong Toan 10, THPT Yén Phong s6 2 — Bic Ninh, 2023 — 2024] Cho tam

— —_— > 1= — 22—
giac ABC va cac diém M, N, P, Q thoa mén BM ——BC AN =-AB, AP =EAM,AQ =;AC.

wIN

a) Biéu dién NP theo AB, AC.
b) Chirng minh ring ba diém N, P, Q thing hang.

Loi gidi

— — 1= 3—/™ 1 — 1 3—/™ 12
a)A =A +ZBC:ZA +Z C,Ilél’lA =EAM=§A +§ C.
—_ s — 3 2\ 1 77— 1>
NP=AP—AN=(——— AB +-AC = —=AB +-AC.

8 3 8 24 8
—_— 5 — 2—  2— . ;

b) NQ =AQ —AN = —-AB +_AC . Nhén thay
LYy JE Oy SHECHE v, Sy Sy, B 7,

7 7 24 7 8 3 7

Vay N, P, Q thing hang.

Pé 17. [HSG cép truwong Toan 10, THPT Nguyén Gia Thiéu — Ha Ngi, 2022 — 2023] (% %) Cho
tam giac déu ABC c¢6 cac canh bﬁng a. Cac diém D, E xac dinh boi A_D)=3ﬁ ,

2BE =AC+2BA+ 2BC. Goi N, Q lan luot 1a trung diém cua cac doan thang BC, AE va H la
truc tdm cua tam giac ABD.
. 5 —_— s = = — = g2
a) Chiing minh rang HC - BE = HC - AC = AC - BE = Y
b) Chirng minh rang hai dudng thang NQ va HC vudng goc véi nhau.
11 2

L —_ D D > — —
¢) Tim tap hop cac diem M thod man MA - MB + MB - ME + ME - MA = R

Loi gidi

Xac dinh D, E. Goi F 1a trung diém cua AC. Tu gia thiet: 2BE —2BC = BA + (BA + AC), tlre
— = — — — =

2CE = BA+ BC = 2BF. Vay CE = BF,nén BFEC 1a hinh binh hanh.

4D = 3DC nén D thudc doan AC véi AD = %AC, te D 1a trung diém cia FC; do d6 D ciing 1a

trung diém cua duong chéo BE cia hinh binh hanh BFEC. Tam giac ABC déu nén BF 1 AC, suy
raCE 1 AC.

a) H la tryc tam tam g1ac ABD nén HA L BD va HB L AD; vi B, D, E thang hang va A, D, C
thang hang nén HA - BE = ,HB - AC =
~HC-BE = (HA+A4C) B
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— — —_— = =
—HC-AC=( B+B +EC)~AC=BE-AC(V‘1HBJ.AC,ECJ.AC).
2 2 2
_BE =2BD =2 B_’+3_c’),nén_c’-ﬁr’:2,4_c’-ﬁ+§,462:2(—“—)+3i=“—(géc
4 2 2 2 2
—  —
gitra AC va BA bang 120°)
—_— s > > — — g2
Vay HC - BE = HC - AC = AC - BE = =~
—_— s - = —_— s /s — z 2 L = >
b) NQ =NB+ BE +EQ va NQ=NC+ CA+ AQ ; cong vé theo vé, véi NB+ NC =0,
—_— s 5 — — —
EQ + AQ = 0: 2NQ = BE + CA.
—_— — —_— — —_— — a? a?
Dodo2HC-NQ = HC-BE - HC -AC =% —% = 0. Vay NQ L HC.

— —

— e e S — >
¢) BFEC 1a hinh binh hanh nén FB + FE = FC, do 46 FA+ FB+ FE=FA+FC=0:F la
trong tam tam giac ABE.

. . — — - — -— = —_— = = - —

Véi moi M: MA - MB = (FA = FM) : (FB —FM) = FM? — FM - (FA z! FB) + FA - FB. Cong

voi hai dang thirc tuong tu, vé trai cua diéu kién bang
—_— > = = . - D = = =

3FM? — 2FM - (FA+FB + FE) + 0 = 3FM? + 0, v6i 0 = FA- FE + FE - FE + FE - FA.

” —_—> P 4 e 4 — 1 .
Binh phuong vo6 huéng dang thic FA+ FB+FE =0 az—E(FA2+FBZ+FE2), voi

2 2
FA=%,FB="CFE=BC=a.Dodoo=—3(S+X+a?)=-a’.
2 2 2\ 4 4
3\ 2 2
Piéu kién © 3FM? — a? :%@FMZ =5%<:)FM:%§,

Vay tap hop cac diém M 1a duong tron tam F (trung diém cta AC), ban kinh %g

P& 18. [HSG Toan 10, THPT Phii Xuyén B — Ha Ngi, 2024 — 2025] (%) Cho dwdng tron tam O,
ban kinh R = 5 va diém M cb dinh véi OM = 7. Mot duong thing d thay ddi, ludn di qua M va cit
dudng tron tai hai diém phan biét A, B. Tinh MA - MB.

Loi gidgi

Goi C 1a diem doi xung voi B qua O; khi d6 BC 1a duong kinh va OC = — 0B.

Néu A # C thi BAC = 90° (goc noi tiép chin nira duong tron), tic AC L MB; nbu A = C thi
— - . —_— — —_—  —/\ — —_— —

AC = 0. Trong ca hai truong hop: MC - MB = (MA + AC) -MB = MA - MB.

=
B
-+

khac
176’~_13’=(_0’+0_C’)~(_0’+0_’)=(1W5—@)~(M_0’+@)=M02—032=49—25=24

Vay MA - MB = 24, khong phu thudc vao vi tri ciia duong thang d.

Nhén xét: M nam ngodi dwong tron nén MA, MB ciing huwong va MA - MB = OM? — R? — dai
lwong nay goi la phirong tich cia diém M doi véi dwong tron. Néu M nam trong dwong tron, lip

— —
ludn trén cho MA - MB = OM? — R? < 0.
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Dé 19. [HSG cép tinh Toan 10, S6 GD&DPT Ha Nam, 2024 — 2025] (%) Cho hinh thang ABCD
c6 day AB, CD v6i CD = 3AB. Goi M, N lan luot thudc cac canh AD, BC sao cho AM = 3MD,

CN = 2NB; P la giao diém ctia AC va MN, Q 1a giao diém ciia BD va MN. Tinh %

Loi gidi
L =, — — —_— > S — I T 5
batu =AB,v=AD.ViDC =3AB: AC=AD+DC =3u+vvaBC =AC—AB =2u+v
A - 3> A e 4 12 - — 1 — - 517+1_J)
AM=3MDnnAMzzv,CN=2NBnenBN=§B VaAN=u+§(2u+v)= . Suy ra
—_ - 55 5 5
MN=AN—AM=§u—Ev.

- — 5t (3 5t\ > A A A o = & A 1A A o 0>
PeMN: AP =AM +t N=?u (Z—E)U.PEACnenhc;socuaugap3lanh¢socuav:
3 4 12 12 4 35

-— 5tr 3 5tr\ - A T2 -— -— , 2 A X
QEMN:AQz?u (Z—E)v.QEBDnenAQz(l—s)AB+sAD,tuctonghal hé so
bing 1: S+ 3= 5 _ { @ 1yl

4 12 4 5
27 — — 7 — o 20—
Do d6 MP = —MN, MQ = —MN, nén QP = —=MN
35 35 35
s PQ 4
Vay - =

Pé 20. [HSG vin hoa Toan 10, THPT Quang Tri — Quang Tri, 2025 — 2026] (%) Cho tam giac

.2 4 — — - - 2
ABC c6 trong tdm G; cac diém N, P thod man 2BN +5NC = 0va PA=kPC (k # 1). Tim k d¢
G, P, N thang hang.

Loi gidi

Tit 2BN + 5NC = 0: z(ﬁ—ﬁ;’)ﬁ(a_c’—ﬁ)=6@Ev’=5ﬁ;2ﬁ(wném trén dudng
thang BC, ngoai doan BC, v¢ phia C).

Tw  PA=kPE : GA—GP=k(GC-CP) o 0B = TAR T wmd

— — =
GA =—GB — GC).
Hai vecto GB, GC khong cung phuong. G, P, N thang hang & GP cung phuong véi GN

@:—;z_(1+k)<:>1+k:—§<:>k=—§.
7 . . 72
Vay k = —E(khl do P thudc doan AC voi AP = ;A ).

Dé 21. [Olympic Toan 10 lién cum Thanh Xuéin — Cau Gidy, Mé Linh — Séc Son, Pong Anh,
Ha Noi, 2020 — 2021] (%) Cho hinh chir nhat ABCD ¢6 AB = 3v2, AD = /3; 0 1 giao diém hai

duong chéo, I va G lan luot 1a trung diém CD va OB.
. N - 1/ —2\ 2 12
a) Chimg minh ring 0G = (AB —4D),1G = AE —
b) Chirng minh rang AI 1 IG.
¢) Tim tap hop cac diém M thoa man MA? + MB? + MC? + MD? = 37.

—

AD.

3
4
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Loi gidi

— 1= — 5 i
a) A0=5(AB+AD) (0 la trung diém AC ); G l1a trung diém OB nén
_G)=% A_0)+_B))=3AB:AD;IlétrungdiémCDnén:?l):A_D)+%D_)=1AB+AD

e e e N — - 11— 31—
Suy ra G:AG—AO:Z( B—AD)VaIG:AG—AI:Z B —24D.

A T TR e AL a2 B 1B 9 A

b) ViAB L AD nén AB - AD = 0: Al - 1G ==-AB“ —-AD —Z—O.VayAIJ_IG.

0
¢) O 1a trung diém cia AC va BD nén OA + OB +
véi AC? = AB? + AD? = 21.

e = =

2 2 2 2 vy A 2 YT 2
MA? + MB? + MC? + MD :z(M0+0A) = 4MO +2M0-(0 + 0B +0C + D)+40A = 4MO

Piéu kién & 4M0? + 21 = 37 © MO = 2. Vay tap hop cac diém M 1a duong tron tdm O ban
kinh 2.

Pé 22. [HSG cép truomg Toan 10, THPT Phan Huy Chii — Quéc Oai, Ha Ngi, 2024 — 2025]
Cho hinh binh hanh ABCD. Trén duong chéo BD lay G, H sao cho DG = GH = HB. Goi M 1a giao
diém ctua AH va BC, N 1a giao diém ciia AG va DC. Chimg minh rang 2 AM + 2 AN = 34AC.

D N &

Loi gidai
-— — 3 1= U+ T2

- = - - 3 -— 12 u+217
batu =AB,v = AD.ViDG = GH = HB: AH = B+§BD= G=AD+§DB= :

—

M€ BC nén AM =i + s ; M € AH nén AM cung phuong véi 2

<l
+
<N
w2
&
o
()
Il
|

-_— — 15 2 o R
AM =u +Jv (M 1a trung diém BC).

- — - 9 o — > A 1 —= 1 - N
Tuong tu, N € DC nén AN = ru + v, cung phuong vdi u + 2v nén r = AN =Jutv (N 1a
trung diém DC).

-_— - — -
Dod62AM +2AN =3u+3v=3

al

Pé 23. [HSG cum trwong THPT Ha N
2 — —
tam G; diém M thoa midn MA + 2 MB +

i, 2021 — 2022] (%) Cho tam giac ABC déu canh a, trong
—

0
3MC = 0.

. 5 —_— —
a) Chiing minh rang 6 GM = AC.

b) Goi D, E, F 1an luot 12 hinh chiéu cia M 1én BC, CA, AB. Tinh |MD + ME + F| theo a
Loi gidi
5 e —_— — —_— = =
a) Chén diém G (GA—GM)+2(GB—GM)+3( C—GM):O ., nén
—_ = —

— = — — — = =

6GM = GA+2GE +3GC = 2(GA+GB + GC) — GA + GC = AC.

b) Cac hé s6 1; 2; 3 déu dwong nén M nam trong tam giac. Qua M ké: dudng song song v4i BC
cit AB, AC tai P, J; duong song song vdi CA cit BC, AB tai H, Q; duong song song voi AB ct
BC,CAtai K, I.
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P
/ A\
B KDH ¢
Céc tam giac MHK, MI], MPQ c6 cac canh song song voi cac canh ciia tam gidc déu ABC nén 1a
tam giac déu; do d6 chan dudong vudng goc D, E, F 1an luot 13 trung diém cua HK, I, PQ, va
—_— 1 = D 1 )\ D 1 —
MD = —(MH + MK), ME = —(MI + M]), MF = —(MP + MQ).
2 2 2
— 5 — —

Céc t gidc AQMI, BPMK, CHMJ 13 hinh binh hanh nén MA = MQ + MI, MB = MP + MK,
— =
MC = MH + M]J.

A L2 = = ] = —) 33—
Cong lai: MD + ME + MF = E(MA + MB + MC) = MG
Theocaua),MG=%:§,ij|m)’+m5’+m|:;%:%_

Dé 24. [HSG khéi 10, THPT Nguyén Ding Pao — Bic Ninh, 2022 — 2023] Cho tam giac ABC va
v g - D > - = — - - . \
hai diém I, J thoaman IC — IB + 1A =0, JA + JB — 3JC = 0. Chitng minh rang IJ || AC.

Loi gidgi
- = - S e T - = - =
IC-TB+1A=0oBC+1A=0 o Al = BC, tic IA = CB
- — - > - - - = e - = —
JA+JB-3])C=0o ]C+CA)+(]C+CB)—3]C=0<:>]C=CA+CB , tirc
- - =
¢j = AC + BC.
e e I T —

Dod6I] =IA+AC+CJ =CB +AC + AC + BC = 2 AC

. - — - = L —
Hai vecto I, AC cung phuong. Ma Al = BC khoéng cung phuong véi AC nén [ € AC. Vay
IJ Il AC.

n PHAT TRIEN BAI TOAN

Bai 1. (%) Cho tam giac ABC c6 dién tich S. Trén cac canh BC, CA, AB lan luot 13y cac diém M,
N, P sao cho BM = éBC, CN = §CA, AP = §AB. Goi X, Y, Z lan luot 1a giao diém cua AM va

BN, cua BN va CP, cua CP va AM. Tinh dién tich tam giac XYZ theo S.
A

Loi gidai

Xac dinh diém X . BM = 1BC nén MC =2MB , tic 2MB+MC=0; CN =3CA nén
— —= — . .2 —_ — —

NA = 2NC,ttc NA+2NC = 0. Goi X' la diém thoaman XA+ 4X'B+2X'C = 0.

— — — — —_—
—4X'B+2X'C=6XM,nénX'A+ 6X'M = 0: X' thudoc doan AM.
e i Ty o ST s 5 57 r_3
—XA+2XC=3X'N,nén4X' B+ 3X'N = 0: X thuoc doan BN va BX =;BN.
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Vay X' =X vaBX = 2BN.
Dién tich tam giac ABX. Hai tam giac ABX, ABN c6 chung dinh A, hai canh day BX, BN nim

Ao A . 2 . BX 3 AN 2 ,
trén cung mot duong thang, nén Sypx = HSABN = ;SABN. Tuong tu Sypy = ES = ES' Do do

2
SABX S ;S

Gia thiét khong thay d6i khi d6i vong A»B—C— A (dong thoi M >N P > M ,
X - Y > Z - X), nén hoan toan tuong tu: Sgcy = Scaz = %S.

Ba tam giac ABX, BCY, CAZ cing véi tam giac XYZ chia tam gidc ABC thanh bon phan khong
chong 1én nhau (hinh v&), nén Syy, = S — 3 - %S = g

Vay dién tich tam giac XYZ bang ;

A e 1,,.1 o ih IS p -2)2 2 g o
Nhan xét: néu thay 3 boi - (m = 2), cach lam trén cho Syy; = %S (mot truong hop cua dinh

Ii Routh). Véin = 2, ba dwong thang la ba trung tuyén, dong quy tai trong tam, va Syy, = 0.

Bai 2. (%) (Bai toan thye té) Trén mot mit ban nim ngang c6 ba coc ¢b dinh A, B, C. Chon hé truc
toa do Oxy trén mat ban (don vi trén mdi truc 1a xentimét) sao cho A(0; 60), B(—60; 0), C(60;0).
Mot chiéc vong nho M duoc ndi véi ba coc béng ba soi day chun. Coi mdi soi diy chun nhu mot 16
xo ¢ chiéu dai ty nhién khong dang ké: soi day ndi vong voi coc X kéo vong bang luc ky MX ,
trong 46 k, = k, kg = 2k, ke = 3k voi k = 0,2 N/cm. Bo qua ma sat, kich thudc cta vong va khoi
luong cac soi day.

B 2k ¢ QCX
. J

a) Ching minh rﬁng hop luc F cuaba luc dan hdi tac dung 1&n vong béng 6k 1\71’ , voi I 1a mot
diém cb dinh. Tim toa do cua I.
b) Tha vong trén mit ban. Vong ndm can bang & vi tri nao?
¢) Ludn vong vao mot thanh thép thang, nhin, gan ¢ dinh trén mat ban, ndi hai diém P (0; 40)
va Q(40; 0); vong chi truot dugc doc theo thanh. Tim vi tri can béng cua vong trén thanh va
d6 16n ctia lyc ma thanh tac dung 1én vong khi d6 (1am tron két qua dén hang phan mudoi).
Loi gidi
a) F=kMA+2kME +3kMC =k (MA+2MB +3MC) . Goi I la diém thoa man

I71>+ ZI_B) aF 31_C> =6; theo tinh chét tam ti cu,m aF ZI\TB) aF BW = 6mvéi moi M. Do d6
F =6k MI.

0+2‘(—660)+3‘60 ~10,y, = 60+60+0 — 10. Vay I(10; 10).

b) Trén mdt ban nam ngang, trong lyc va phan lyc ciia mat ban can bang nhau, nén vong can bang

khivachikhi F=0 e M =0 M= 1. Vay vong nam yén tai diém 1(10; 10).

Toadd cua I: x; =
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¢) Thanh nhin chi tic dung lén vong mot luc N vudng goc v6i thanh. Vong can bang
oF+N=0oF vuong goc véi thanh & Mi L P_Q), tic M 1a hinh chiéu H cia I trén duong
thang PQ.
Puong thang PQ c6 phuong trinh x +y = 40 va P_Q) = (40; —40). bat H(t; 40 —t); khi do
— - —
HI = (10 —¢t;t —30) va HI - PQ =40(10 —t) —40(t —30) =40(40-2t) =0t =20.
Véy H(20; 20) — chinh 13 trung diém cta thanh PQ.
Khi do IH =102 + 102 = 102 (cm) va
IN| = |F| =6k -IH = 6-0,2- 10§2 = 12y/2Z ~ 17,0 (N).

.2 e . — —> —
Kiém tra tryc ti€p tai H(20; 20): HA = (—20;40), HB = (—80; —20), HC = (40; —20), nén
F= 0,2[(—20;40) + 2(—80; —20) + 3(40; —20)] = (—12; —12); vecto nay vudng goc voi P_Q)
va ¢6 do dai 12v/2.
Viay vong can bé'mg tai trung diém H (20; 20) cua thanh, va thanh tac dung 1én vong moét luc c6 do
16n khoang 17,0 N.
Nhan xét: voi moi vi tri M trén thanh, |ﬁ| = 6k - MI nhé nhat dung tai vi tri can bcing H — bai

’ e d 5
toan tim gia tri nho nhat cua |Zki MA;| trén mét dwong thang (Dang 2) co y nghia co hoc ro

rang. Thé ning dan hoi % (k - MA? + 2k - MB? + 3k - MC?) ciing nhé nhdt tai H, theo hang dang

thire Lagrange.

Bai 3. (%%) Cho tam giac ABC va diém T ndm trong tam gidc sao cho
ATB = BTC = CTA = 120°.

s R T . 1A | . re A D T , . N
a) Goi e, e,, e la cac vecto don vi l1an luot cung huéng voi TA, TB, TC. Ching minh rang

e +e;+e;=0.

b) Chirng minh rang v&i moi diém M: MA + MB + MC > TA + TB + TC.

¢) Ap dung: cho tam gidc ABC can tai A ¢6 BC = 2v/3 va duong cao AH = 4. Tim gia tri nho
nhat cia MA + MB + MC khi M thay d6i trong mit phang.

Loi gidi

a) |Z+o;+a =3+42(e e +e e +e-a)=3+2-3c0s120°=0 .  Vay
e, +e +e=0.

b) V&i moi vecto X va vecto don vi eé: e-X<|é|l-|x|=|X]. Vi T_A)=TA'€_1) nén

MAza-m’:a-(m+ﬂ’):am+m
=> T \ =D T4 A . \ \ A
Tuong ty MB>e, -MT+TB va MC>e;-MT+TC . Cong lai va dung cau a):
- > >N\ T2
MA+MB+MC2(el+ez+e3)-MT+TA+TB+TC=TA+TB+TC.

X N 5 s SR R A A S o e T T N a 5 ]
Dau bang xay ra khi MA, MB, MC lan lugt cung hudng véi eq, e, ez, tic M nam trén ca ba tia

TA,TB,TC:M =T.
¢) Chon hé truc toa d6 v6i H(0;0), B(—/3;0), C(+/3;0), A(0; 4). Do tinh déi ximg, tim T trén

doan AH: BTC = 120° nén BTH = 60° vaTH = — — = 1, tirc T(0; 1).
Kiém tra: T_A) =(0;3) , T_B) = (—\f§;—1) , T_)C = (\/§;—1) ; CcosATB = % = —% va
cosBTC = _23;1 =— %, con CTA = ATB do dbi xtng. Vay ba géc tai T déu bang 120°.

APLUS HA NOI 0943.480.099 CHIENMATH.COM Trang 1124



TOAN 10 - APLUS Tap 1 - Ban dé va 1o giai

Theo cau b): MA+ MB + MC > TA+TB +TC = 3+ 2+ 2 = 7, diu bang khi M = T. Vay gia
trj nho nhit cia MA + MB + MC bang 7.

Nhdn xét: diém T (diém Fermat — Torricelli) ton tai khi moi géc cia tam gidc déu nhé hon 120°.
Y nghia thyc té: dat tram bom tai T thi tong chiéu dai ba dwong ong thang noi tram véi ba khu
dan cu A, B, C la nhé nhat.

Bai 4. (k%) Cho tam gidc ABC va diém M nam trong tam gic. Dt S, = Sysc, Sp = Suca>
Sc = Smas-
. . — — — -
a) Chung minh rang S, MA + S, MB + S, MC = 0.
b) Ap dung: cho tam giac ABC nhon c6 truc tim H. Ching minh rang
— — —
tand - HA +tanB - HB +tanC - HC = 0.

Loi gidi

a) Duong thfmg AM cit BC tai D (D thudc doan BC, M thudc doan AD). Hai cap tam giac ABD,

ACD va MBD, MCD ¢6 chung duong cao ké tir A, tir M nén 482 =3mBD _ DB oy 1y
Sacp Smcp  DC

Sc _ Sapp—Smep _ DB
Sp Sacp—Smcp  DC’

——  DC-MB+DB-MC  S,MB+S,MC
Do d6 MD = = <

BC Sp+Sc

< . MD _ Sypc S . . , ~ MA _ Sp+S s .
Mat khac — = = ¢ (hai tam giac chung day BC), nén — = 22=¢; M nam giita 4 va
AD SaABC SatSp+Sc

MD Sa

— — — — — — — -
D nén S, MA =—(S, +S.) MD = — (Sb MB +5, MC). Vay Sy MA + S, MB + S, MC = 0.
b) Tam giac nhon nén H nam trong tam giac. Goi AD 1a dudng cao (D € BC), H € AD. Hai tam
gidc vuong BDH va ADC ¢6 HBD = DAC (cung phu v6i goc €) nén dong dang: % = D—g, suy ra

A
BD-DC
HD = b
AD
: ., R AD AD , HD _ BD-DC 1
Trong céac tam giac vuong ABD, ACD: BD = —,DC = —. Do d6 —=——-= va
tanB tanC AD AD tanBtanC
HD S . .
S =— 5= S la dién tich tam giac ABC).
HBC = 4p tanBtanC( : g )
S
Tuong tu S =—-"3 =—— nén Sypc: Syca: S = tanA: tanB: tanC.
8W OHCA = rana’ PHAB = Gnatans’ HBC*OHCA*OHAB
A A ye N A . X oo tanAtanBtanC
Ap dyng cau a) voi M=H r0i nhan hai veé Vvoi — s ta duogc

—_— —> — -
tand - HA + tanB - HB + tanC - HC = 0.
br

Nhén xét: cau a) véi M la tam dwong tron ndi tiép (Sq = %, Sp = Py S, = %) cho lai dang thirc

- — - =
alA+bIB+cIC =0 cua Vidu 10.

Bai 5. (%) Cho tam gidc ABC ¢6 BC = a, CA = b, AB = c; K 1a trung diém AB, G 1a trong tim.
a) Tim tap hop cac diém M thoa man MA? + MB? = 2MC?.
b) Chiing minh rang tap hop d6 di qua G khi va chi khi a® + b? = 2c2.

APLUS HA NOI 0943.480.099 CHIENMATH.COM Trang 1125



TOAN 10 - APLUS Tap 1 - Ban dé va loi giai

Léi gidi
. o . —  —n\2 . — — 5
a) Chén  didm € :  MA =(Mc+c) =MC2+2MC-CA+b ,
MB? = MC? + 2MC - CB + a?.
— = = — — ,
Suy ra MA? + MB? —2MC? = 2MC - (CA + CB) + a® + b? = 4 MC - CK + a® + b? (tong cac
hé s6 1 + 1 — 2 = 0 nén khong con sb hang MC?).

) . —— =2  a’+b? . X >
biéu kién © CM - CK = Goi H la hinh chieu cua M trén duong thang CK :
. R o 78 A ihad 2 An 42 9 a’+b? a’?+b? .
CM - CK = CH - CK. Vé phai duong nén H thugc tia CK va CH - CK = L tic CH = . VOl

m, = CK.
Vay tap hop cac diém M 1 dudng thang A vudng gbc véi trung tuyén CK tai diém H thudc tia CK

2 2
a“+b

sao cho CH = .
am,

2 2
b) G thudc tia CK v6i CG =2m,. G €A & G = H & 2m, = 222 & 8m2 = 3(a? + b2).
3 3 4m,

@

2 _ 2a+2b%-c? 2 2 _ 2y — (2 4 h2 2 12 — 9.2 (hE .
Thaymc—T:Z(Za + 2b* — c*) = 3(a* + b*) © a“ + b* = 2c¢*. Chang han vdi tam

giac déu, A 1a dudng thang qua G song song véi AB.

Bai 6. (%) Cho tam gidc ABC c6 BC = a,CA = b, AB = c.
a) Chirng minh rang v&i moi s6 thuc x, y, z: x2 + y? + z2 > 2yzcosA + 2zxcosB + 2xycosC.
Diu bang xay ra khi nao?

b) Suy ra cosA + cosB + cosC < %

¢) Tim gié tri 16n nhét ctia P = cosA + cosB + 2cosC.

Loi giai

- 1 — - 1 -0 — 1 - . . - - 3
a) bat u = EBC’ v = ZC , W= ZAB (cac vecto don vi). Goc gitta CB va CA bang C, ma
— - . - - N — - - —
BC = — CB, nén goc giita BC va CA bang 180° — C vau - v = —cosC. Tuong tu v - w = —co0sA4,
WU = —cosB

Do d6 0 < (xil + y¥ + zw)? = x? + y? + z? — 2xycosC — 2yzcosA — 2zxcosB, d6 chinh 1a
bat dang thirc can chimg minh.

4 N . — - — = — - — - - - =
Dau bang xdy ra khi xu+yv+zw=0. Vi au+bv+cw=BC+CA+AB =0 nén

au+bv R za zb = . A 9 A
w=— —; thay vao: (x - T) U+ (y - T) ¥ = 0. Hai vecto i, v khong cung phuong, nén
A M 5 . 2 2 . X zZ
dau bang xay ra khi va chi khi - = % =

b) Chon x =y =z =1:3 > 2(cosA + cosB + cos(C), tuc cosA + cosB + cosC < %; dau bang
khi a = b = ¢ (tam giac déu).

¢) Ta can chon x, y, z sao cho yz:zxixy=1:1:2 ; chon x=y=2, z=1:
9 > 4cosA + 4cosB + 8cosC = 4P, tac P < %.

Dau bang xay ra khi % = g = E, chiang hana = b = 2, ¢ = 1 (ba s6 nay thoa méin bat ding thic
4+1-4 1 4+4-1 _ 7 . 9

1 1 7
=-,cosC = -vaP=-+-+-=-
2:2-1 4 2:2-2 8 4 4 4

4
Vay gid trj 16n nhat cia P 1a 2, dat khi a: b: ¢ = 2:2: 1.

tam giac). Khi d6 cosA = cosB =
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