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PE CHINH THU'C

Licu y: Thi sinh tri 161 mdi cau hol trén mit to gidy thi dgc Igp
Ciu 1. (5,0 diém) Xét him s £ :(0;+%0) - (0;+0) 6 (1)=2 va thoa mén diéu kién
S(x+)(f (9)-S(x) £ (¥)=1-f(x) (), Vx,y>0

a) Tinh f(2421). Chimg minh ring f(x) >nL+1 v6i moi s6 nguyén duong n va f(x)>1 v6i moi sé

thye duong x.

b) Pat g(x)= , chimg minh ring g(2x)=2g(x), v6i moi s6 thyc dwong x va tir d6, tim tit

1
f(x)-1
ca cic ham s6 f(x) thod man yéu ciu bai toan.

Céu 2. (5,0 diém) Ta goi cip s6 nguyén duong (a;5) co thir twr 12 “HV2026” néu abla™ +b* +a.
a) Chimg minh ring néu (a;b) 12 HV2026 thi a 1a luy thira bic 24 ciia mot sd nguyén duong va tén

tai cic s nguyén duong ,v 1 udc clia b _sao cho blu‘” +v* 1,

i sl ” o v+l u +1 .
b) Xét day so (u,),(v,) cho boi: u, =1,y =2, véi moi n21 thi u,,, =-=2 va v,,, =—=—_ Chimg
u v

n n

minh réng v6i moi n21, cic s6 u,,v, nguyén duong va (2'; u,v,) 1a HV2026. ‘
Ciu 3. (5,0 diém) Cho tit gidc 4BCD khéng phai hinh thang va néi tiép duong tron (0). Gia sit c6
E,F 1an lugt thugc ciac doan 4B,CD sao cho duc‘mg tron ngoai tiép tam gidc ECD c0 tim la diém 1
va tiép xic véi 4B, dudng tron ngoai tiép tam gidc FAB c6 tim 1a diém J va tiép xic véi CD. Hai
dudmg tron (I),(J) ndy cit nhau tai P,Q. Goi M 1a giao diém cliia F4,DE, N la giao diém ciia
FB,CE va K la giao diém cua IE, JF.
a) Chirng minh ring EF 1a trung tryc cia doan thing MN va cic duong thing OK, EF, PQ dong quy.
b) Chirng minh riing c4c diém M,N,P,Q cing thugc mot duong tron.
Ciu 4. (5,0 diém) Tai chuong trinh Trai hé Hing Vuong lin thir XX nam 2026, Ban t chirc di sip
x&p 26 bubi giao lwru va nghe giang bai ctia cac cyru hoc sinh dat huy chirong IMO cia Viét Nam. Biét
réing c6 tit cd n hoc sinh méon To4n ding ky va vi theo sip xép chwong trinh, m3i budi s& cé diing 20
hoc sinh tham gia va 2 hoc sinh bt ky tham gia chung khéng qua 1 budi. Tim gia trj nhé nhét cia n
trong timg trudng hop sau (cd xdy dung vi du cu thé):
a) Mbi hoc sinh dugc tham gia khong qud 2 budi.
b) C6 mét s6 hoc'sinh dugc tham gia nhiéu hon 2 budi.
- £ 0 JR—
HO V8 1N TBLSINRL ....ouiisiimanismsivaiis sabmiaimmmn SG bdodanh: ......oeeeueeveeannnnnn.

e Thi sinh khong dugc sir dyung tai liu.
e Cin bd coi thi khong gidi thich gi thém.
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Ciu Noi dung Piém

Ciul |Xéthimsd f:(0;+w)— (0;+w) cd f(1)=2 va thoa man diéu kién
(5 diém) F(x+y)(f(w)-7(x) S (2) =11 (x) £ (), Yx,¥>0 (*)
a) Tinh f(2421). Chimg minh ring f(x) >% véi moi sé nguyén duong n va f (x)>1
vé&i moi sb thyre dwong x.
_ 1
b) bat g(x)= _f(x)-l :

d6, tim tat ca cdc ham sp f(x) thoa mén yéu ciu bai toan.

chimg minh rﬁng g(2x)=2g(x), v6i moi s6 thyc duong x va tir

a) Tinh f(2421). Chimng minh ring f (x)>% v6i moi s6 nguyén duong n va
n

3,0
7 (x)>1 véi moi s6 thure duong x.
Trong (*), thay y=1, tacé f(x+1)-(f(x)-2f(x))=1-21(x) hay
1 _— 0,5
f(x+1)=2——— vdi moi x> 0.
G275
Ta s& chimg minh bing quy nap ring 1 (n) =1+—1-, VneN'. Khing dinh ding véi
n
n=1. Gia sit ding véi n>1 thi f(n+1)=2—f(ln) = ':j =l+ﬁ. 0,5
2422
Theo nguyén Iy quy nap thi khing dinh ding. Vi thé f (2421)= TR

Tir déing thite f(x+1)=2- >0 suyra f(x)>% v6i moi sd thye x>0 va ciing

1
f()
f()

ta chirmg minh 1 (x)> n—+1 diing v6i moi s6 nguyén dwong n béing quy nap theo n

tir ding thire niy ta dugc —— 2—f(x+1)<2—%=% suy ra f(x)>§. Tiép theo | 0,5

Thét vy v6i n=1 di chimg minh & trén, gia sir f(x)> -'—_:_1- v6i s6 nguyén duong
n

n+l n+l
—— dén
n+l+l n+2 . Tir bt ding | 0,5

n, tiép theo ta cin chimg minh bat dang thirc f(x)>

2—f(x+l)<2—L L suy ra f(x)>"—+% Tur

thirc trén va ding thirc ——
n+l n+l

f()




dé ta c6 bat ding thirc f(x)> % véi sb nguyén duong n. Vi thé cho n—> 4o ta
n

duge f(x)21 vdi moi x>0.

Néu ton tai a>0 dé f(a)=1 thi thay vao gia thiét, ta c6
f(a+1)(f(a)-sf(a)f(1)=1-f(a)f(1) hay f(a+1)=1.
Tix ddy quy nap dugc f(a+n)=1, VneN".

0,5

Trong (*) thay x,y thod man xy=1 va x+y=a+n (v6i n>2 déhé phuong trinh
ndy cé nghiém duong). Ta c¢6 ngay f(a+n)(2-f(x)f(¥))=1-f(x)f(y) ma
f(a+n)=1 nén c6 vd ly, diéu nay cho thdy luén phai c6 f(x)>1, Vx>0.

0,5

b) Dit g(x)= , chimg minh ring g(2x)=2g(x), véi mei so thyc dwong

N
f(x)-1

x va tir 46, tim tat ca cic ham sb f (x) thoa man yéu ciu bai toan.

2,0

tacod f(x)=1 +—' nén thay vao (*), ta co

1
oMY &(x)
g(x)g(»)-(1+g(x+y))=g(x)-(g(x)+g(»)+1) Vi x,y>0. (**)

Véi g(x)=

0,5

Vi f(1)=2 nén g(1)=1. Thay x=y=1 thi g(2)=2. Thay y=1 vao (**), ta cé

g(x)-(1+g(x+1))=g(x)-(g(x)+2) nén g(x+1)=g(x)+1 véi x>0. Do d6
g(x+2)=g(x)+2.

Trong (**), thay y =2 thi 2g(x)-(1+g(x+2))=g(2x)-(g(x)+2+1), si dung déing

thirc & trén, ta cé ngay g(2x)=2g(x) véi moi x>0.

0,5

Trong (**), thay x,y — 2x,2y,taco
1g(x)g(»)-(1+28(x+)) =42 (9)-(22(x) + 28 (») +1)-
Chia timg vé ciia déing thirc nay cho (*¥), ta c6

1+g(x+y) _ 1+g(x)+8(y)
1+2g(x+y) 1+2g(x)+2g(y)

Céch 1: Do g(x)>0 véi moi x>0 nén tir g 12 ham cgng tinh ta dugc g 13 ham

,suyra g(x+y)=g(x)+g(»)

don di¢u ting suy ra g(x)=cx, trong d6 ¢ la hing sé duong. Thir lai ta dugc
g(x)=x hay f(x)=l+l voi moi x>0.
X

Céch 2: Thay ngugc lai vao (**) thicé g(x)g(»)=g(xy). Vi thé ham ndy vira cng
tinh vira nhin tinh trén R* nén g(x)=x, Vx>0.

Thay ngugc lai duge f(x)= l.+%, Vx>0, Thi lai, ta thdy ham ndy thoa man,

1,0

Ghi chy: néu hoc sinh chwa giai duge cau a) ma lam céu b) thi vén tinh diém binh thuong.




Ciau2
(5 diém)

Ta goi cip s6 nguyén duong (a;b) c6 thir tyr 1a “HV2026” néu ab|a™ +5* +a.
a) Chimg minh réng néu (a;b) 12 HV2026 thi a la luy thira bic 24 ciia mdt s6 nguyén

dwong va tdn tai c4c sé nguyén dwong »,v 12 u6c ciia b sao cho blu430 +v¥ +1.

24 480
b) Xét day s6 (u,),(v,) chobéi: u, =1y, =2, véimei n>1 thi u,,, = v+l y,, =2 +1
u, v,

Chimg minh ring véi moi n>1, cic sd u,,v, nguyén duong va (u:‘.; u,v,) 1a HV2026.

a) Chimg minh ring néu (a;b) 1a HV2026 thi a la luy thira bic 24 cila mot s0
nguyén duong va ton tai cdc sd nguyén duong u,v la wéc cia b sao cho| 3,0

blu‘m +v2 +1.

Xét mot cdp s6 (a;b) 14 HV2026. Néu a=1=1* thi a 1 liiy thira bac 24 ciia 1. Néu

a>1 thita dit a® +b* +a=abc v6i ceN’. RO rang phai c6 albz‘. Xét mét udc

nguyén to p ciia a suy ra p ciing la uéc ciia b va dit x=v,(a), y=v,(b) thi e
trrdc hét cé 0 <x <24y.
Néu x<24y thi v,(a+a)=v,(a)=x nén theo tinh chit ciia s6 mil diing, ta c6
v, (aZl +b* + a) =min {v,, (a2l +a),v‘D (bz' )} =ik
1,0

Chii y ring v, (ab)=x+y>x nén khong thé c6 phép chia hét. Do dé x =24y, suy
rav, (a) chia hét cho 24. Piéu nay diing véi moi uéc nguyén td p tuyy cua a nén

phii c6 a 12 luy thira bic 24 ciia mot sé nguyén duong nio dé.

Do chimng minh trén ta dugc c6 sd nguyén duong « sao cho a=u?*, két hop véi

24
u™ Ibz‘ suy ra uls . Tiép theo tir (u* )2' +b* +u* =ubc ta duge u*® +(£’-) +1=bec | 1,0
u

suy ra blu“so +v* +1 trong 46 v thda man b=uv.

24
b) Xét day sb (u,).(v.) cho béi: u =1y =2, véi moi n21 thi u,, =>2 e P
uﬂ
4w - . ik . = < . 2 0
» =M. Chimng minh ring v6i moi n>1, céc sé u,v, nguyén duong va|
14

(2 u,v,) 1a HV2026.




Pé don gian, dit 4=24, B=480. Ta s& chirng minh bang quy nap theo n>1 ring
u,,v, €N, ddng thoi u, |v/ +1 va v, |u”, +1.

Véi n=1 thi rd rang u,,v, e N’ va (u,";u,v,):(l;Z). théa man 1-21* +2% +1 suy ra
(u*;uv,) 12 HV2026.
Gi4 sir khing djnh ding dén » > 1. Khi d6, ta s& c6 ngay

A
+1 eN' vay, "*'+1 eN’.
u v

n n

u

22

Tiép theo, ta cin chitng minh ring u,,, |v2, +1 va v, 4", +1.

0,5

Ta ¢ v,,v, =ub, +1 nén v,,v, =1 (modu,,,) va vj,v; =1 (modu,,,).

n+l n+l

Matkhéc, v/ +1=u,,u, nén v} =-1 (modu,,, ), két hop véi déng du thirc trén, ta co
ngay v n+| =-1 (modu,m) hay Upn Iv #l

n+l

0,5

A
vn+l

Suy ra u,, LN nén U, W, =1 (modv,, ) va u;,u’, =1 (modv,,).

n+l

Chiy u’

c6 u®,=-1 (modv,,) hay v,,,|u”,+1. Quy nap hoan tit.

+I=v,,v, nén u,, =-1 (modv,,,), thay vao dbng dir thirc trén, ta ciing

n+l

Cudi ciing, ta cin chimg minh (a,b) =(u*; u,v,) 1a HV2026 hay quy vé

.4-2] + u24v24 + u

Piéu nay tuong duong véi u,v, [’ +v* +1.Déy r%mg VGi n>2 tacod

n-n|n

e u®+1=vyv _ nénchiahétcho v, suyrav,

n-1

e v*+1=u,,u, nén chia hét cho u,, suyra u,[u;* +v** +1.

Cudi ciing, ciing tir v?* +1=u,,,u,, ta co ged(u,,,)=1, VneN" nén phép chia hét &

n+l "

trén la ding. Vi thé nén (u,, HTRY ) 1a HV2026.

Cau3l
(5 diém)

Cho tir gidc ABCD khoéng phai hinh thang va ngi tiép dudng trdn (0). Gia s ¢6 E,F lan
luot thude céc doan AB,CD sao cho dudng trdn ngoai tiép tam gidc ECD c6 tim 13 diém
1 va tiép xtic v6i AB, dudmg trdn ngoai tiép tam gidc FAB 6 tam 1a diém J va tiép xic
véi CD. Hai duéng tron (I),(J) ndy cét nhau tai P,Q. Goi M 1a giao diém cia F4,DE,

N la giao diém cia FB,CE va K 1a giao diém cua IE,JF.

a) Chitng minh ring EF 13 trung trirc ciia doan thdng MN va céc dudng thing OK, EF, PQ

ddng quy.
b) Chimg minh ring céc diém M, N, P,Q cing thudc mdt dudng fron.




14

a) Chimg minh rang EF la trung tryc cia doan thing MNva cic dudmg thing
OK,EF, PQ dong quy.

3,0

Cho AB,CD cit nhau & diém T. Xét phuong tich tir T dén cic dudng tron thi
TE:=TC-TD =TA-TB=TF?. Vi thé nén TE =TF.

0,5

Do 46 TEF =TFE va c6 bién déi goc DEF =TEF - AED = TFE — ECD = FEC.

Vithé EF 1a phan gi4c cia CED. Tuong tir EF ciing 1a phan gidc AFB. Do d6, hai
tam gidc EMF,ENF bing nhau va ME = NE, MF = NF. Suy ra EF la trung tryc
cia doan MN.

1,0

Cho EF catlai (/),(J) lan luot tai cic diém V,U . Khi d6, vi EF 1a phén gidc cia
DEC nénV la trung diém cung CD cua (1), kéo theo VC =VD. Tix d6 suyra 0,1,V
thing hang. Tuong tur thi 0,J,U thing hang.

0,5

Tiép theo, ta cho OK cit EF & S.Chuy rang IK||OU (cing vudng goc véi AB)

5 . SK SE SK SF
theodinh Iy T i —==—. , ta cil —=—
nén theo djnh ly Thales thi S0 - SU Tuong tyr, ta ciing ¢6 50" SV

0,5

Do d6 ta cé

SE SF —= = — =

—_—=— E.SV =SF.SU.

SU SV & SE-SV =SF
Tir day suy ra S c6 clung phuong tich dén hai duong tron (7),(/) nén § thude tryuc
ding phuong PQ. Do d6, cic dudng thing PQ,EF,0K ddng quy.

0,5

b) Chirng minh ring cic diém M, N,P,Q ciing thugc mot duong tron.

2,0




BG dé vé ty sa phuweong tich: Cho hai dudng tron (0),(0") cit nhau & 4, B. Khi dé,

l! A A ’P P 13 ';
néu M, M, khong thujc (0),(0") sao cho —A - _MD o1 thi cic diem
‘ AL o) My 1Ty 03

M,,M,,A,B ¢ung thude mdt duong tron.
(Khong yéu cau hoc sinh chitng minh.)

Trd lai bai todn, ta c6 AE 1a tiép tuyén cia (ECD) nén AEM = NCF ,CF la tiép
tuyén cla (F4B)nén EAM = NFC, tir ddy ta c6 hai tam gidgc AME, FNC dbng dang.
MD
MF
Puy _MD-ME _MD ME _NE NC _NE-NC _Puy,

Py MA-MF MF MA NB NF NB-NF Py,

Do d6 % =%{-. Tuong ty thi =%. Dén day xét ty s6 phuong tich 1,0

Chu y ring néu ty sb trén bang 1 thi s& kéo theo ADFE va BCFE néi tiép. Tir day
¢o ADF =180°— AEF =180°— BCD nén 4D || BC, vo1y. Ap dung bd dé cho (1),(J) | 05
cit nhau tai P,0, ta cd M,N,P,Q cling thudc mét dudng tron.

Cau 4
(5 diém)

Tai chwong trinh Trai hé Hiing Vuong l4n thir XX niim 2026, Ban t3 chirc da sap x&p 26
budi giao hru va nghe giang bai ciia cdc cuu hoc sinh dat huy chirong IMO ciia Viét Nam.
Biét ring c6 tit ca n hoc sinh mén Toan tham gia va vi theo sip x&p lich trinh, méi budi s&
c6 ding 20 hoc sinh tham gia va 2 hoc sinh bét ky tham gia chung khéng qué 1 budi. Tim
gid trj nho nhét ctia » trong timg trudng hep sau (¢d xdy dung vi du cu thé):

a) Mbi hoc sinh dugc tham gia khong qué 2 bubi.

b) C6 mét s6 hoc sinh dugc tham gia nhiéu hon 2 budi.

a) M6i hoc sinh dugc tham gia khong qua 2 budi. 2.0

Tong so lurgt tham gia 12 26-20 =520. Vi mbi hoc sinh tham gia khong qua 2 budi
nén so lwgt tham gia s& khong qua 2». Do do, ta c6 2n 520, gidi ra duge n>260. | 1,0
Gié trj nho nhét cén tim 1a 260.

Xay dyng cho »n=260: mdi hoc sinh s& tham gia duing 2 budi. Coi méi budi nhw 1
dinh cia db thj don va hoc sinh (vong (g véi canh. Xép cdc dinh ciia do thi lén
vong tron va mdi dinh s& ndi vai 10 dinh lién trwéc va 10 dinh lién sau. Nhu thé, 1,0
bac mdi dinh 14 20, tng v6i mdi budi c6 20 hoe sinh va vi ddy la do thi don nén 2
26:20 — 260.

budi bat ky ¢6 chung khong qua 1 hoc sinh. S8 hec sinh 13 n=

b) C6 mét sé hoc sinh dirge tham gia nhiéu hon 2 budi. 3,0




Nhin xét: “2 hoc sinh bat ky tham gia chung khong qua 1 budi” twong dwong véi
“2 budi bét ky c6 chung khong qua 1 hoc sinh tham gia”,
GOl % %0k, 18 s6 budi ma cac hoc sinh 1,2,...,# tham gia. Ta c6 ngay
X, +X, +oo 4 X, =26-20 = 520,
Goi S 1256 bd ({4, B},C) ma hoc sinh C c6 tham gia vao cap bubi {4, B}.
e Dém theo cip budi: S<C2.1=325.
e Démtheo hocsinh C: §=C; +C: +--+C., =—;—(z":x,’ —ix,).

i=l i=l

1,0

Vi x,€Z nén danh gid (x,—2)(x,—3)>0 luén ding, do d6 x? >5x,—6. Do d6

3"x? 253" x, —6n. Thay vio danh gid S, taco 52> x,~3n=1040-3n.

=] =l (=l

Vi thé 325>1040-3n, giai ra dugc »>239. Gid tri nho nhét cin tim la 239.

1,0

Xay dung cho n=239: goi a,b lan luot 14 s6 hoc sinh tham gia 2,3 budi. Ta c6 hé
sau: a+b=239, 2a+35=520a=197, b =42,

Ta coi 26 budi tmg véi 26 dinh ciia mot db thj diy du K,,. Mbi hoc sinh tham gia
2 budi s& tmg v6i 1 canh nbi 2 dinh biéu dién budi twong img. Mbi hoc sinh tham
gia 3 budi s& img vdi 1 tam gidc 1y tir 3 dinh cuia d6 thi. Nhu vay c4n chon céc tam
giac va cac canh hop ly sao cho khong c6 2 canh nao bi tring nhau.

Ta danh sb 26 budi bdi 4,,4,,..., 4,;. Ta chon cic tam giac (sb thir tr mod 26):

7: = {{An AH-I’AH-J} | i= O,l,...,25}, Tz = {{AZI’A21+4’AZI+9} |i= 0,1,---,12},

7; ={{A|’As’ A9}9{A1’AII’AIS}’{AIS’AH’AZI}}‘
Sé lugng cac b ba la 26 +13+3=42. Trong nhém 7;, cac cip dinh co sb thir tir
cach 12,3 (mod 26), trong nhém 7,, céc cip dinh sb thir tir cach 4,5,9 (mod 26),
dbng thoi véi khoang cich 14 4 thi hai diu déu chin; trong nhém 7;, cac khoang
cich 13 4,8 (mod 26) va hai d4u déu 1é. Vi thé khong c6 canh nao bj Iip lai.
Tiép theo, trong 7;, mdi dinh thudc diing 3 tam gidc; trong 7;, c6 mdi dinh chin
thugc 2 tam gidc va mdi dinh 1é thudc 1 tam gidc, trong 7, c¢6 9 dinh 1é (trir cic
dinh 3,19,23,25). Vi thé nén c6 22 dinh thudc 5 tam gidc va 4 dinh thugc 4 tam giéc.
B di 2 canh 4,4,,, A,A4,, va chon tit ci CZ —3-42-2=197 canh con lai ciia db thi,
mbi canh g véi 197 hoc sinh tham gia 2 budi.

Tiép theo ta kiém tra bic ciia mbi dinh, ta xét 22 dinh thudc 5 tam gidc khi d6 mdi
dinh loai nay c6 béc 1a 26-5-1=20, Con bén dinh 3,19,23,25 c6 mdi dinh thugc
4 tam gidc va do bo di canh 4,4,,, 4,4, tir 0 thj K,, ta dugc méi dinh loai nay c6
bic la 26-4-1-1=20,Do dé ta c6 26 dinh véi mbi dinh cé béc 1a 20 hay mbi budi
c6 ding 20 hgc sinh tham gia.

1,0

‘Luru y. Céc bai toan & trén déy c6 thé c6 nhiéu cach gidi. Ban gidm khao cin cir tinh hinh cy
thé dé cho diém néu thi sinh lam khéc céch giai ciia huéng dén cham thi.




