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Thuc hién. Nhém SATP, CLB PiMC truong THPT Chuyén Tién Giang

Mdc di da co gdang hét siie, nhung do thoi gian han ché nén khé tranh sai sét. Nhém tdc gid
mong nhan duge nhiéu phan hoi tit ban doc dé 1oi giai dugc hoan thién hon nia qua dia chi mail
ctgpimc@gmail. com.

& Cau 1 (TST Dong Thap 2026).
Cho ham s6 f: [0;1] — [—2026; 2026] thoa man

Pl = yfi—u: f ( = x)3) V€ [0:1].

a) Xét day sd (u,) xéc dinh bdi cong thic ug = a € (0;1) VA Uy = /(1 —uy)3.
Chitng minh rang, u, € (0;1) va

f((l) — (_1)n ’ \/3 ULU .. . Up * f(un)
v6i moi s6 nguyén duong n.

b) Chitng minh ring, f(z) = 0 véi moi z € [0; 1].

& Loi giai.

a) Dau tien, ta sé chitng minh u,, € (0;1) biang phuong phap quy nap. Ré rang, ug = a € (0;1).
Gia sit, u, € (0;1) v6i s6 tu nhien n > 0. Ta co,

0<t,<1=30<1-u4,<1=30<(1-u.)’ <.

Do d6, un+1 = /(1 — u,)? € (0;1). Vay theo nguyén 1y quy nap, u, € (0;1) véi moi n > 0.
Cubi cung, ta chitng minh hé thic f(a) = (=1)" - Jurus ... Uy, - f(u,) v6i moi sé6 nguyén
duong n. T hé thic truy hoi ciia day so, ta co,

(un)5 =1 = tUn_y = /1 — thn_1 = tim,

wire

véi moi n € ZT.
Mat khéc,

flun1) = =Tty - f (VU= wa)?) = =i f(wa),
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v6i moi n € Z. Khi dé6,

fla) = f(uo) = —/uy - f(wa)
= (=) - (=uz) - f(uz) = (=1)*Yuruy - f(uy)

= (=1)"Juuy ... up - fun)
véi moi n € Z*.

b) Ro rang, f(1) =0, dan dén f(1) = 0. Lay a € (0;1) tuy ¥, xét day s6 (u,) xéc dinh béi cong

thic ug = a € (0;1) va uy41 = /(1 — u,)3. Ta co,

2
. AM—GM [ 61/15 ( 24 )2
2 _ .2 3
. =u-(1-— < . s ==

vGi moi n € N.

Suy ra,
(I ) < 2
n n+1 1257
véi moi n € N. Khi do,
24 \* )
Uiy« - - U < (ﬁ) néu n = 2k

0<U1U2"'Un=

k
ULUL * * * UokUok4+1 < UTUS * * * Uk < <E5> néu n = 2k + 1.

Suy ra, nHToo Juius .. U, =0
Mit khac, tit dinh nghia ham f, ta ¢6, f(u,) bi chan, do dé,

lim [(~1)" - i - f ()] = 0

n—-+4o0o

Theo két qua cau a), ta co, f(a)

= (=1)" - Yuruy.. Uy - f(uy), dén dén, f(a) = 0 v6i moi
€ (0;1). Hon ntta, do f(0) = f(1) =

0 nén f(xz) =0 véi moi z € [0;1].

& Cau 2. Cho tam gidgc ABC (AC < BC) c6 dudng phan giac AD/LQG B/C”).\Goi K la
trung diém ctia AB, trén tia d6i clia tia CB lay diém E sao cho ACK = AEC. Gia st
CL=0CFE.

a) Chiing minh rang DA = DB.

b) Goi J la diém thuoc doan thing BC sao cho CA = CJ. Goi I la tam dudng tron noi
tiép tam gidc ABC. Goi L la giao diém ctia DK va AJ, M 1a giao diém cta CL va
dudng tron ngoai tiép tam giac BIC, G la giao diém ctia IM va AB. Chiing minh ring
cac diém B, L, D, M, G cing thuoc mot duong tron.

& Lai giai.

a) Goi A’ I diém déi xing ctia A qua C.

&
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A

AI

Ta dé y rang t1t gidc ADA’E 1a hinh binh hanh, va BA’ // CK, do dé bién dbi goc thi
BA'C = ACK = AEC = CA'D,
suy ra CA’ tiép xic v6i (BDA'), do d6 CA* = CA”? =CD - CB.
Ta suy ra C'A tiép xuc véi (BDA), do d6 BAD = DAC = x@, suy ra DA = DB.
b) Trude hét, ta bién déi goc thi
JAD = CAJ — CAD = CJA— ABD = JAB,

suy ra AL la tia phan giac cua DAB.

Do DK cung la tia phan giac ctia ADB nén L la tam duong tron noi tiép ctia tam giac ADB,
do d6 B, L, I thang hang.
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Ta ¢6

o ——

cﬁ:180°—@=90°+/@=90°+@:90°+B—’30-=§?¢*=§7va7,
suy ra B, L, D, M dong vién.
Ta cling ¢6 GML = IMC = IBC = ABI = (/}"B\L, suy ra B, L, M, G dong vien.
Do d6 nam diém B, L, D, M, G cuing thuoc mot dudng tron.

& Cau 3. Tim tét ci cac s6 nguyén duong n > 2 sao cho ton tai vo sé bo n sé nguyen duong
lien tiép c6 tong la s6 chinh phuong va khong 1a lity thita ctia 2.

& Li gidi.

Dap s6. Tat ci cic s6 n théa man la cac s6 sao cho v,(n) khong la s6 nguyén duong chin.
Vé6i a > 0, dat

n(n+1)

S(a,n)=(a+1)+(a+2)+...+(a+n)=na+ 5
la tong ciia n s6 nguyen duong lién tiép.

Chitng minh n =2%-b (a > 0 chan, b 1é) khong thoa man. Ta ¢6

n(n+1)

5 = 2%z + 2°~1p(2°b + 1).

S(z,n) =nz+
D@ thiy s6 nay chia hét cho 2! nhung khong chia hét cho 2. Do d6 v,(S(z,n)) =a — 1 la s6 1é
nén S(a,n) khong thé 1a sé chinh phuong.

i
Chitng minh n 1é théa man. Xét a = k*n — Bt voi k> 1. Khi d6

S(a,n) = na+

—n(n2+ D =n<a+ n—;—l) = (kn)?

12 s6 chinh phuong, ciing khong phai 1a liiy thita cia 2.
k*b —2°b — 1

Ching minh n = 2*-b (a,b 1é) thoa man. Xét x = 5

véi k 1a s6 nguyén duong 1é

d 16n va c6 mot uée nguyen t6 18. Khi do

n(n+1)

S(z,n) = nx + = 2%bx +2°715(2°b + 1) = 2*7 b (22 + 290 + 1) = 2% k%p°

13 s6 chinh phuong, ciing khong 1a liy thia ctia 2.

& Cau 4. C6 7 diém phan biet duge danh dau tit 0 dén 6. Mot con chau chiu xuat phét
tit diém khac 0 va thue hién n — 1 1an nhay dén n vi tri. Chau chau ¢6 thé nhay dén 6 khac
hodc nhay lén roi dap xudng vi tri ma chau chau dang diing, tuy nhién chau chau khong thé
nhay tit vi tri 2 dén vi trf 0 hoac tit vi tri 2 dén vi tri 6. Mot hanh trinh dugc dinh nghia la
vi tri cia chau chiu qua céc buée nhdy. Goi u, 1a s6 hanh trinh khac nhau ctia chau chau
sau n buéc nhay.

a) Tim cong thic truy hoi cia day (u,).

b) Chitng minh rang a6 - Usges 12 tong clia 2 s6 chinh phuong.

g
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& Loi giai.
a) Véi mdi s6 nguyen duong n, goi a, 14 s6 hanh trinh ma chau chau két thic tai diém 2, b, 1a
s6 hanh trinh chau chiu két thic tai diém khac 2. Khi d6 u,, = a, + b,,.
NoL =1, ta.dide a; = 1,b; = 5.
Xét hanh trinh c¢6 do dai n + 1.

- Néu buéce thit n chau chau nhay dén diém s6 2 thi ¢6 a, hanh trinh théa man. Chau chau
6 4 cach dé nhay dén diém khac 2 va c¢6 1 cach dé nhay dén diém sb 2.

- Néu budc thit n khong phai 1a diém s6 2 thi ¢6 b, hanh trinh théa man. Chau chau c6 6
cach dé nhay dén diém khac 2 va c6 1 cach dé nhay dén diém sb 2.

Do d6 any1 = an + b, va by = 4a, + 6b, v6i moi n > 1.

Dé ¥ rang any1 = an + by = Uy VA by = Gpy1 — an NéN v6i moi n > 1 thi

Unt2 = Any2 + bto
= (@pt1 + bpt1) + (4antq + 6bpy1)
= Un+1 + (4@nt1 + 6(an+2 — ant1))
= Un41 + (60042 — 2a541)
= Upy1 + 6Upyr — Uy,

= 7un+1 = 2un
Ta tinh duoc ay = 6, by = 34, do d6 us = as + by = 40.
Vay day s6 (u,) duge xac dinh bdi u; = 6, uy = 40 VA Uyy0 = TUpy1 — 2u, v6i moi n > 1.
b) V6i n € Zso, dat v, = u2 | — Uplns2. Khi d6, v6i moi s6 nguyén duong n,
2
Un+1 = Upyo — Un4+1Un+3

—= un+2(7un+1 - 2un) - un+1(7un+2 - 2un+1)

2
= 2Up, 1 — 2UpUpo

= Wi
Ta suy ra v, = 2" v, = 2" 1(u2 — ujug) = —2"*2 v6i moi sd nguyén duong n.
2
Do d6 u3ge; — Uz026Uz02s = —22°%8, suy ra usgestzges = Usgyr + 22928 12 tdng clia hai s6 chinh

phuong.

& Cau 5. Cho n > 2 la s6 nguyen duong. Xét cac da thic f(z),g(x), h(z) he s6 thuc c6
bac khong vugt qua n. Mot s6 thuc z duge goi 1a 6t néu cac gia tri f(zo), (o), h(zo) tao
thanh mot cap s6 cong theo mot thit tu bat ki nao d6. Gia st rang chi ¢6 hitu han s6 tét nhu
vay.

a) Chiing minh ring s6 lugng s6 tot khong vuot qua 3n.

b) Hay xay dung bo ba da thic f(z),g(z), h(z) thod man c6 3n sb tot.

& Lai giai.
a) Xét cac da thic
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b(z) = h(z) + f(x) — 29(x),
co(z) = f(z) + g(z) — 2h(z),
va xét P(z) = a(x)b(x)c(x). Khi d6 x 1a s6 t6t khi va chi khi P(x) = 0.

Do ¢6 hitu han s6 t6t nén P(z) la da thic khéc 0. Do a(z), b(z), ¢(x) ¢6 bac khong qua n nén
da thic P(x) ¢6 bac khong qua 3n.

Do vay da thic P(z) c6 khong qua 3n nghiém thyc, hay c¢6 t6i da 3n sb tot.

Xét Q(z) =(x—1)(x—2)...(x —n). Da thitc ndy c6 n nghiém thyc phan bigt 1a 1,2,...,n.

Do Q(i) = Q(i+1) nén ton tai x; thuoc (z;4+4 1) sao cho Q'(x;) =0 véimoii =1,2,...,n—1.
Dat m = min_(|y(z;)]). Xét ¢ € (0,m) thi

i=1n—1

@ phuong trinh Q(x) = ¢ ¢6 di n nghiém thyc phan biét,
® do —c € (—m,0), phuong trinh Q(z) = —c cing ¢6 di n nghiém thyce phan biét.

Chon céac da thic f(z) = %, g(x) = %@(x), h(z) = 0 thi cdc da thic a(z) =

Q(x) + ¢, b(z) = —2Q(z) va c¢(z) = Q(x) — ¢ déu ¢6 n nghiem thyc phan biét. Do d6, bo ba
da thic f, g, h nay théa man bai toan.

& Cau 6. Cho tam gidc ABC c6 dudng tron noi tiép (1) tiép xic véi cac canh BC,C A, AB
tai D, E, F. BI,CI, DI lan lugt cit dudng thing EF tai M, N, K. Cac diém P,(Q nim trén
BM,CN sao cho CP va B@ cung song song vii Al.

a) Chitng minh riang cac dudng tron ngoai tiép ciia cac tam giac IBC, IM N, IPQ c¢6 mot
diém chung khéc I.

b) Goi S la giao diém ctia EF va BC, T la giao diém ctia hai tiép tuyén tai E va F clia
dudng tron ngoai tiép tam gidc AEF. Ching minh ring dudng thing qua S vuong goc
véi TK di qua tam dudng tron ngoai tiép tam giac DM N.

& Lo giai.

a)

Xét hinh vé bén dudi.
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Chitng minh. Ta bién déi géc, dudc

BAC ABC ACB  —

EMI =AFE — ABI =90° — 5 5 5 = ECI,

suy ra C, E, M, I cung thuoc mot dudng tron.

Mat khac, C, E, I, D cung thuoc dl}_@m’g\trbn/@ﬁng kinh CI, nén C,E, M, I, D cung thudc
duong tron duong kinh C'I, suy ra BMC = IMC = 90°, do d6 M thuoc duong tron ducng
kinh BC.

Chitng minh tuwong ty thi N cling thude duong tron duong kinh BC. |

BM _CN

Tiép theo, ta chiing minhb BP ~ 00

Chitng minh. Goi J, L lan lugt 1a trung diém ctia BC, MN. Goi X,Y la cac diém thuoc
BC sao cho XN va Y M cung song song véi Al.
Tu nhan xét trén, ta duoe JM = JN, do d6 JL L. MN. Do MN 1 Al nén JL J| Al.
Xét hinh thang XY MN thi tt XN // JM /| Y M, véi LM = LN, ta suy ra J la trung diém
cua XY. Do d6 BY = CX. Ta suy ra

BM BY CX CN

BP BC CB CQ’

Goi R la giao diém khéc I ctia dudng tron ngoai tiép tam giac IBC,IMN. Khi d6 R la tam
ctia phép vi tu quay bién BM thanh C'N, va tit ti sd trén thi phép vi tu quay nay ciing bién
P thanh Q. Do vay (/PQ) cing di qua R.

Vay dudng tron ngoai tiép ctia cac tam giac IBC,IM N, IPQ cung di qua R # P.
Trude hét, ta chiing minh nhan xét sau: Nhan xét. A, K, J thang hang.

Chitng minh. Qua K, vé dudng thing song song véi BC cit AB, AC lan lugt tai B',C".
Tu tit giac B'KTF noi tiép duong tron duong kinh 1B, ti giac C'I KE noi tiép dudng tron
duong kinh IC' thi IB'C" = [FE = IEF = IC'B’, suy ra IB' = IC". Do IK 13 dudng cao
nén K la trung diém ctia B'C".

Xét hinh thang BB'C'C ¢6 A la giao diém ctia BB’ va CC’, K, J lan luct la trung diém ctia
B'C’', BC nén A, K, J thing hang theo b6 dé hinh thang. [ |

opljon3- ,Upo] Wl ] UPO] 26y 9P Joyu Anp BUQND UoD,



"Nghi luc va bén bi cé thé chinh phuc moi thd" - Benjanmin Franklin

A Loi gidi tham khdo Ky thi TST Déng Thap 2026 @ Pham Hitu Hiép | Trusng THPT Chuyén Tién Giang

Bay gio, goi V la trung diém ctia AI thi A, V,I,T thing hang va (AI,TV) = —1.

Goi W la giao diém ctia KT va BC thi (SW, DJ) £ (VT,IA) = —1, do d6 S, W lién hgp
v6i nhau véi (DM N).

Ta cling ¢6 (SD,BC) = —1, do d6 (SK, MN) 2 (SD,BC) = —1. Do d¢6, S, K lién hgp véi
nhau déi v6i (DMN).

Ta suy ra KT la dudng ddi cue ciia S d6i véi (DM N), do d6 duong thang qua S vuong goc
véi TK di qua tam duong tron ngoai tiép tam giac DM N.

& Cau 7. Tren bang c6 viét day cac s6 0,1,2,...,n véi 1a n mot sé nguyen duong 1é. An
va Binh cling choi mot tro choi bang cach thay phién nhau xo4 cic s6 ¢6 trén bang. An la
ngudi di trude. Goi A v B lan lugt 1a tong clia cac s6 ma An va Binh da xo4.

a) Gia stt n = 7. Hoi An c6 bao nhiéu cich xod dé ged(A, B) = 1?7

b) Chiing minh ring ton tai vo han s6 nguyén duong n 1é sao cho An luon c6 thé chon
cac s6 dé xoa thda man ged(A, B) chn bat ké cach x6a s6 ciia Binh.

c) V6i n = 81, An thyc hién thao tac xoa cac s6 sao cho gia tri clia ged(A, B) 16n nhat
con Binh thyc hién thao tac xo04 sao cho gia tri ctia ged(A, B) nhé nhat. Hoi gia tri
cudi ciing ciia ged(A, B) 1a bao nhiéu néu An va Binh déu thuyc hién cac thao tac x6a
t6i wu?

& Loi giai.
a) Goi S va T lan lugt 1a tap hop cac s6 An va Binh da xoa.

Déyring A+ B=0+1+---+7=28 va gcd(A, B) = gcd(A, A+ B) = ged(A, 28), nén ta
chi can tinh s6 tap hop cé 4 phan tit ¢6 tong nguyeén t6 ciing nhau véi 28. - Dé A 1¢, trong S
c6 3 50 18 va 1 s6 chin, hodc 4 s6 18 va 3 s6 chan. C6 2 - (g) . (‘11) = 32 bo. - Dé A 18 va chia
hét cho 7, A chi ¢6 thé nhan cac gia tri 1a 7 hodc 21 (do 6 < A < 22). Chi ¢6 hai tap hop S
thoa man, dé 1a {0,1, 2,4}, {3,5,6,7}.

Do vay, ¢6 32 — 2 = 30 cach x6a dé ged(4, B) = 1.

b) Ta ching minh n = 8k — 7 thoa méan (k € Z-,) dé bai.
Khi d6, trén bang c¢6 4k s6 chdn va 4k s6 1&. Chién thuat ctia An nhu sau:
- An x6a mot s6 18 & lugt dau tién.

- O nhimg luot tiép theo, néu Binh x6a s6 chin thi An x6a sé chin. Néu Binh x6a sb 1é va
s6 Iugng s6 1é con lai 16n hon 0, An ciing x6a s6 18.

[+

V6i chién thuat nay, An x6a ding % = 2k s6 chén, do do6 sb s6 1é An x6a 1a s6 chan, tic 1a

A chéan.

Do A+ B =0+1+---+(8k—1) = (8k—1)4k 12 86 chn nén B ciing chén, do d6 2 | ged(A, B).
c) Déyring A+ B=0+1+---+81 =41-81, nén ged(A, B) | A+ B = 41 - 3*. Ta sé chi ra

chién thuat dé An dam bao A chia hét cho 41, va sé chi ra chién thuat dé Binh dam bao B
khong chia hét cho 3.

Chién thuat ctia An. Chia 82 s6 thanh 41 cap (7,4 +41) v6i 0 < i < 40. An bét dau bing
cach lay s6 0.
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K& tir lugt dau tien trd di, néu Binh x6a s6 con lai trong cap thi An x6a mot s6 bat ky trong
cap mdi. Néu khong, Binh da x6a ding mot s6 trong mot cap nao dé. An chi can x6a s6 con
lai trong cap d6. Khi dé, sau lugt ctia An, An dam bao c6 diing mot cap c6 mot trong hai s6
bi x6a.

Do vay, sau khi tat ci cac sd trén bang bi x6a, An lay ding mot sd trong mdi cip. Khi
d6A=0+1+---+40=41-20 = 0 (mod 41). Do d6 An dam béo 41 | gcd(A, B), hay
ged(A, B) > 41.

Chién thuat ctia Binh. Dé ¥ ring c¢6 82 s6 chia hét cho 3, 27 s6 chia 3 du 1, 27 s6 chia 3
du 2. Khi d6, chia 82 sd nay thanh 41 cip:

- 14 cap sb, v6i mdi cap chia hét cho 3,

- 13 cap s6, v6i mdi s trong cap chia 3 du 1,

- 13 cap sb, v6i moéi s6 trong cap chia 3 du 2,

- 1 cap con lai, cap nay chita mot s6 chia 3 du 1 va mot s6 chia 3 du 2.

Khi d6, khi An x6a s6 nao, Binh x6a s6 con lai trong cap. Sau 82 lugt choi, An x6a tong cong
41 s6, va mot trong hai truong hop sau xay ra:

- Trong 41 s6, ¢6 14 s6 chia hét cho 3, 14 s6 chia 3 du 1, 14 s6 chia 3 du 2. Khi d6 A =
14-04+14-1+413-2=1 (mod 3).

- Trong 41 s6, c6 14 s chia hét cho 3, 13 s6 chia 3 du 1, 14 s6 chia 3 du 2. Khi d6 A =
14.0+13-14+14-2 =2 (mod 3).

Trong ca hai truong hgp, A khong chia hét cho 3. Do d6, Binh dam bao ged(A, B) < 41.
Vay gia tri cudi cling ctia ged(A, B) 1a 41.
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