SO GIAO DUC VADPAO TAO  KY THI CHON PQI TUYEN DU THI HOC SINH GIOI
HA TiNH QUOC GIA THPT NAM HOQC 2024 — 2025

Mon thi: TOAN
Thoi gian 1am bai: 180 phut
(Pé thi c6 1 trang, gom 4 bai) Ngay thi: 18/09/2024

PE THI CHINH THUC

Bai 1. (5 diém) Cho day s6 (u, ) xéc dinh béi:

2024n+1

U, :(122025, U, —m

(un +1),‘v’n eN

a) Chimg minh rang diy (un) c6 gidi han hitu han va tim gi61 han do.

b) Tinh lim n(u, —2024).

n—>+0

Bai 2. (5 diém) Xét ham s6 f : R — R khac ham hing thoa man

f(xf(y)+y)+f(x+y)=2f(y)+f(xy)+1,‘v’x,yER
a) Ching minh rang véi moi x € R, f(x) =—1 khi va chi khi x=0.
b) Tim tat ca cac ham sé f thoa mén diéu kién trén.

Bai 3. (5 diém) Cho tam gidc ABC nhon, khong can noi tiép duong tron (O) c6 cac duong
cao AD, BE, CF. Goi A, 1a diém d6i xing cia B qua F, A 1a diém dbi ximg cia C qua
E. Goi X la giao diém cia DE va AB,Y 1a giao diém cua DF va AC.

a) Chimg minh rang bén diém XY, A, ,A. cung thuoc mot dudng tron.

b) Goi B, la diém dbi xtmg ctia C qua D, B, 1a diém d6i xtng ciia 4 qua F, C, la
diém d6i xtmg cua 4 qua E, C, la diém ddi xing cua B qua D. Ching minh rang ban

kinh dudng tron ngoai tiép ctia cac tam giac 44,4, BB.B,, CC,C, bang nhau.
Bai 4. (5 diém) Vi x va y nguyén, x | ylaky hiéu y chia hét cho x.

a) C6 ton tai hay khong cac s nguyén a,b,c 16n hon 1 va thoa man dong thoi ba tinh
chat: @ 2° =1, b[2° =1 va c |2 1.

b) Tim tat ca cip sd nguyén duong (a,b) sao cho a’ |b* —1.

- Thi sinh khong dwoc su dung tai liéu.
- Can bg coi thi khong giai thich gi thém.



SO GIAO DUC VA PAO TAO KY THI CHON POI TUYEN HSGQG

HA TINH NAM HOQC 2024 — 2025

HUONG DAN CHAM MON TOAN

Chi ¥ : - Moi cdch gidi diing, ngdn gon déu cho diém twong iing.

- Diém toan bai khéng qui tron.

CAU

NOI DUNG

PIEM

2,0d

Dé thiy u, >0,VneN". Tac/m u, > 2024+1,Vn e N" bang quy nap.
n

0,5

Khi 7 =1, khang dinh ding do gia thiét.

Gia st khang dinh dung v6i n. Thé thi

unﬂ:2024n+1(u”+1)22024n+1 2025+l >2024n+1 1
2025n+1 20251 +1 n

Vi vay khang dinh dtng véi n+1. Theo nguyén li quy nap ta suy ra

u, > 2024+l,‘v’n eN.
n

n n+l

> —>2024 +—.

0,5

2024n+1 n

" 2025n+1 2025n+1
= (u, ) 1a day khong tang.

*
u, <0=u, <u,VneN

Vivay,x¢tu, , —u

Ma (un) bi chdn dudi boi 0 nén c6 gi61 han hitu han. Dat limu, =L > 0.

0,5

Tir cong thirc truy hdi cho n — +o0 tacd L= %(L +1)= L =2024.

Vay limu, =2024.

n—»0

0,5

3,0d

B6 dé. Cho sb thuc ¢ € (0; 1) va hai day sb thuc khong 4m (c,),s1> (a,),s
théa man: a,, <ga, +c,,Vn>1. Khidénéu limc, =0 thi lima, =0.

n—>+w0 n—>+00

0,5

Chirng minh. Vi lim ¢, =0, nén v61 moi ¢ >0 ton ta1 n, € N sao cho

n—»+0o0
c, <& NVnzn,.
Khi @6, vo1 moi n > n, +1 ta cod
2
a,<qa, , +e<q(qa, ,+e)+e=qa,,+(q+De<--

n—ng—

<q"™a, +(q 1+---+q+1)8<q"_"°ano +1L (1)

0,5

n—ny

Vi g €(0,1) nén lim ¢""a, =0. Do d6 ton tai n, >n, sao cho

q" "a, <&,Nnzn (2)
2-q
I-q
Do (a,),., 1a ddy sb thuc khong 4m nén lim a, = 0.

n—>+w

Tr(l)va(2)suyraa, <

g,Vnzn,.

0,5




Tro lai bai toan. Pat v, =n(u, —2024),VneN'.

7 14 1 * *
Ap dung két qua ¢ cau a, taco u, 22024+—,VvneN nénv >21,VneN.
n

Lai c6 tir cong thirc truy hoi suy ra

Vart 4 9004 = M(V_n + 2025j,‘v’n eN’
n

n+l ©2025n+1

Vo _2024n+1.v_n+ 1

n+l 2025241 n 2025n+1

_, :(n+1)(2024n+1)v+ n+1 neN'

"t n(2025n+1) " 2025n+1

Sy 1= (n+1)(2024n +1)(v” _1)+l,Vn CN
n(2025n+1) n

VneN

0,5

Mit khdc lim (n+1)(2024n+1) 2024 2025
>+ n(2025n + 1) 2025 2026

(n+1)(2024n+1) L2025 "
n(2025n+1) 2026
2025 1

2026 (vn - 1) +;,‘v’n >1,.

A A . *
nén ton tai n, e N sao cho

=>v,, —1<

0,5

Do lim 1 =0, ap dung bo dé cho diy cac s6 thuc khong 4m (vn - 1) ta

n—+wo g nzny

suy ra: lim n(u, —2024) = lim v, =1.

n—>+0 n—>+o0

0,5

2,0d

bit g(x)=f(x)+1,VxeR.Khi d6 tir phuong trinh ham ban déu ta c6
g(xg(y)—x+y)+g(x+y):2g(y)+g(xy),Vx,y eR (1)

Ki hiéu P(u,v) 1a phép thé x =u,y=v vao (1).
P(0,0)=2g(0)=3g(0)=g(0)=0.

P(x,O):> g(—x)+g(x):O,‘v’xeR:> g la ham lé.

0,5

Gid st ton tai x, € R,x, # 0 sao cho g(x,)=0. P(x,x,) chota
g(x,—x)+g(x+x)=g(xx,),VxeR

O day thay x bdi —x ta co

g(xO +x)+g(x0 —x) = g(—xxo),‘v’x eR

Din dén g(xxo):g(—xxo),VxeR.

1,0

Ma g la ham 1¢é nén g(xxo)zo,VxeR:g(x)zO,VxeR
= f(x)=-LVxeR, volivi f khong la ham hang.
Vay g(x)=0<:>x:O,nén f(x)=—1<:>x=0.

0,5




P(x,x) = g(xg(x))+g(2x) = 2g(x)+g(x2),Vx eR.
Thay x béi —x vachuy g laham1é ta co

, 1,0
g(xg(x))—g(zx)=—2g(x)+g(x2)3{g(xg(x))_g(x ),‘v’xeR
g(2x)=2g(x)
Lai c6 P(-2,2)= g(-2g(2)+4)=2g(2)+g(-4).
Ma g(-4)=-g(4)=-2g(2) nén g(-2g(2)+4)=0 0,5

Cau | . _9¢(2)+4=0 (Ap dung caua) = g(2)=2= g(1)=1.

3?(l))d Do do P(x,l) cho ta: g(x+1):g(x)+1,‘v’xeR (2) 0,5
Mit khac g(—l)z—g(l):—l nén P(—l,y) cho ta
g(y-g(»)-1)+g(y-1)=2g(y)+g(-y).vyeR.

Ap dung (2) ta suy ra g(y—g(y)):O,‘v’yeR 0>
=y-g(»)=0YyeR=g(y)=yVyeR
= f(y) = y—1,Yy e R. Thtr lai ta thdy thoa man. 0.5
Vay: f(x):x—l,VxeR ’
Cau
3a

2,0d




Xét thé hinh nhu hinh v&. Cac trudng hop khac tuong tu.

Goi H 1a tryc tam cua tam gidc ABC. Ta co PEQ\B — HBA = HDE 1,0
= TG giac B,HDX noi tiép = AA4,.AX = AH.AD.
Tuong tu, ta cO AA..AY = AH.AD 10
= AA, AX = AA_AY = X,Y, 4,, A ddng vién. ’
Goi N la tdm duong tron Euler cua tam giac ABC.
Ta c6 tir gidc ABDE 1oi tiép = XA.XB = XD.XE 0,5
= ©x/0) = Pxiw) TIONG T ) = 1)
= XY la tryc dang phuong cua (N) va (0) = XY L ON. 0.5
Ma O,N,H thang hang nén XY 1 OH. (1) ’
. Ticduatacd XY va 4,4 ddisong trong BAC.
€A 1o 46 goi O, 1 tim duong tron A4, 4, thi XY 1 40, Kéthop véi (1)suy | 0.5
3b ra AO, ||OH.

3,0d i
Goi 7 la trung diém cua AH thi [ 1a tdm duong tron di qua 4,H,E,F.
Goi P 1a giao di@}m cua (AEF) va (O). Khi d6 APFB ~ APEC (g.g) ma 05
A,, A lan lugt d6i xtmg véi B,C qua F,E nén suy ra ’
APA4,B ~ APA.C (c.g.c).
Tu do ta co @ = @? = @4 = @ suy ra tir giac APA, A, noi tiép
hay ba dudong tron (Oa ),(1),(0) dong truc AP suy ra 0,1,0, thang hang. 0.5
Chung to6 OO, chia d61 4H. Ma AO, || OH nén AO,HO la hinh binh hanh
= A0, =0H.
Vi vay, ban kinh dudng tron ngoai tiép tam giac A4 A, bang OH. 0.5
Ching minh twong ty voi1 hai tam giac BB .B,,CC,C, ta suy ra dpcm. ’
Gia st ton tai cac s6 nguyén a,b,c >1 thoa min yéu cau bai toan. 0.5
Thé thi do a [2° —1 nén « 1&. Tuong tu, b,c 1a cac s6 1é. ’
Xét p 1a wdc nguyén t6 nho nhat trong tat ca cac udc nguyén té cua a,b,c.
Khong mét tinh tong quat coi p |a. 0,5

Cau | g th p le.bat h=ord 2. Ap dung dinh ly Fermat nhé tasuy ra 4 | p—1.

2‘,‘(?(1 Ngoai ra tir gia thiéttaco a [2° —1=h|b=h |(b,p —1). 0,5
Chu y n€u b, p—1 cung chia hét cho s6 nguyén to0 ¢ nao do thi g 1a mot udc
nguyén t6 ciia b nhd hon p, méu thudn. Vi vy (b,p—1)=1 0.5

=>hll=>h=1=pl2-1=1, vo li.
Vay khong ton tai cac s6 nguyén a,b,c > 1 thoa man yéu cau bai toan.




3,0d

Néu a =1 hodc b =1 thi hién nhién ta c6 a’ [b* —1.
Xét a,b>1. Goi p 1a udc nguyén t6 nho nhét cua a. Thé thi p |b* -1

:,{(bap)=1

ord b la
=ord, b |(a,p—1)=1:>p |b—1.

. Hon nita theo dinh ly Fermat nho ta ¢6 ord b |p—1

Xét hai truong hop:

0,5

THI1. p>3. Ap dung bo dé LTE ta c6
Vp(b“—l)zvp(b—1)+vp(a)
:>bvp(a):vp(ab)Svp(b—1)+vp(a)jvp(a)(b—l)évp(b—l).
Ma v, (a)=1nén b-1<v (b-1)= p"' <b-1.

Tuy nhién, bang quy nap ta chimg minh duoc
2*>x,VxeN= p"'>2"">p -1, mau thuan.

0,5

TH2. p=2. Ap dung b6 d¢ LTE ta c6

v, (b =1)=v,(b* = 1) =1+, (a)
:bvz(a)zvz(ab)ﬁvz(bz—1)—1+v2(a)D(b—l)vz(a)ﬁvz(bz—l)—l.
Ma v, (a)>1nén b-1<v,(b*~1)-1.

0,5

Néu b=1(mod4) thi b—1<v,(b—1)=>2"" <b-1. Tuong ty THI ta c6
dicu vo Ii.

0,5

Néu b=3(mod4) thi b—1<v,(b+1)=2"" <bh+1. D dang kiém tra >4
khong thod nén b <3 => b =3. Ngoai ra, dang thirc xdy ranén v, (a)=1. Dat

a=2a, trong d6 a, 1& = (24,) 13** —1=>a] 19" —1.

0,5

Tuong ty nhu trén, néu a, >1, ta c6 udc nguyén t6 nho nhat cua a, la uédc
cia 9-1 = 2la,, voli. Viviy a,=1=a=2.

Tom lai cac cap sb nguyén duong (a,b) thoa man la (1,k),(k,1),(2,3), trong
d6 k e N" bat ki.

0,5




SO GIAO DUC VA DAO TAO  KY THI CHON PQI TUYEN DU THI HQC SINH GIOI
HA TINH QUOC GIA THPT NAM HQC 2024 - 2025

Mbén thi: TOAN
Thoi gian 1am bai: 180 phut
(Dé thi c6 1 trang, gom 3 bai) Ngay thi thtr hai: 19/9/2024

PE THI CHINH THUC

Bai 5. (6 diém) Dat S 1a tap hop cac da thirc P(x)=a, x*" +a,, x*"" +...+ ax +a, hé s
thuc thoa man dong thoi ca hai dicu kién sau:

i) Vé6ii=0,1,...,2n, thi 2024 <q, <2025.
ii) Ton tai mot sd thuc a sao cho P(a) =0.

a) Chimg minh rang ton tai mot da thirc c6 bac 4048 trong tap hop S.

b) Tim s6 nguyén duong # nho nhat sao cho ton tai da thicc f € S théa man deg f = 2n.

Bai 6. (7 diém) Cho tam giac ABC nhon, khong can noi tiép duong tron (0) Duong trung
tryc cua cac doan thaing AB, AC lan luot cat AC, AB tai E,F. Puong thang EF cit
duong thang BC tai D. Puong thang AD cat duong tron (O) tai diém thir hai 1a S.

a) Goi M,N lan luot 1a cac diém ddi xtmg v6i O qua AC, AB. Chimg minh ring sau
diém A,S,E,F,M,N cung thujc mot duong tron.

b) Qua 4,B,C lan lugt ké cac dudng thang song song voi BC,CA, AB, ching cit nhau
tao thanh tam giac XYZ. Goi H 1a truc tAm cua tam gidc ABC, I 13 diém ddi xtmg voi
H qua O. Chimg minh rang duong tron Euler cta cac tam giac XYZ, HIX ,HIY ,HIZ
dong quy tai S.

Bai 7. (7 diém) V&i moi s6 nguyén duong 7, d€m so cach dién cac so6 0,1,...,5 vao cac 6 cua
bang 6 vudng n x n thoa man:
a) Tong céac so trong moi hang déu chia hét cho 2, con tong cac s trong moi cdt deu chia

hét cho 3.

b) Tuong tu cdu a, nhung thém diéu kién tong cac sd trong mdi dudng chéo chinh chia hét
cho 6, (moi bang 6 vuong n x n c6 hai duong chéo chinh).

- Thi sinh khong dwoc sw dung tai ligu.
- Can b¢ coi thi khong giai thich gi thém.



SO GIAO DUC VA PAO TAO KY THI CHON PQI TUYEN DU THI HQC SINH GIOI

HA TINH QUOC GIA THPT NAM HOQC 2024 - 2025

HUONG DAN CHAM MON TOAN

Chu y: - Moi cdch gidi diing, ngdn gon déu cho diém twong ing.

- Diém toan bai khéng qui tron.

CAU

NOI DUNG

PIEM

Cau 5a
2,0d

RO rang, voi1 n=2024, ta c6 thé chon a,, =2024,Yv0<k<n va
a,,.,=2025V0<k<n thi P(-1)=0.

2,0

Cau 5b
4,0d

Ta s& chung minh 7 =2024 13 s6 nguyén duong nho nhét thoa man.

Gia st ton tai da thic P(x) c6 bac 2n <2.2024 va da thic ndy c6 mot
nghiém thuec.

Ta c6 thé thdy P(x)>2024>0 v6i x>0, do d6 nghiém cta da thirc trén 1a
s am.

Nén dat O(x) = P(—x) thi OQ(x) phai c6 mot nghiém thuc duong.

0,5

Bay gi0, ta chi can chimg minh rang O(x) >0 véi x> 0.

Ta ¢ O(1) =2024(n +1)— 20251 = 2024 —n > 0.

0,5

Gia sit x#1. Khi d6, O(x) >0
& 2024(x" + x4+ 4+1) > 2025(x 7 ...+ x)

x2n+2 _1 x2n _1 x2n+2 _1 1
<2024 1 |22005x | L o T sl ——
x -1 x -1 x(x™ —1) 2024

0,5

2n+2
Vi 1 <2024 nén chi can chimg minh 2—121+l= n+l
x(x™" =1) n

T (n+1x

, hay chung

2n-3

minh ax*" +nx>" 7 + ..+ nx" +n>(n+1)x +...+(n+1)x,

vo1imoi x>0.

0,5

Nhung véi moi ke N ta cé mx**" < gx”‘ + gx”‘” theo BDT AM-GM.

0,5

Ngoai ra, ta ¢6 x* + x> " <x* +1 (diéu ndy tuong duong véi

(x' =1)(x*"" —1)> 0 va rd rang la ding). Cong cac bat dang thirc loai thir
nhét cho tat ca cac k tir 0 dén n—1 va loai thi hai cho tat ca cac & 16 tir 1
dén 2n—1 ta c6 dpem.

0,5

Do d6, voi n <2024 mot da thire nhur vay khong thé ton tai. Vay dap s 1a
n=2024.

0,5




Cau 6a
3,0d

KX

Ta c6 cac tam giac ABE, ACF lan luot can tai £, F nén

ABE = ACF = BAC = B,C,E,F ddng vién = DB.DC = DE.DF. Lo
Mit khac 4,S,B,C nam trén dudng tron (O)= DA.DS = DB.DC 10
— DE.DF = DADS = 4,S,E,F dbng vién. (1) ’
Lai c6 O,M dbi xting v6i nhau qua AC nén MEA=OEA =OFA
— M e(AEF). Tuong tw N €(AEF). 1,0
Két ho’p véi (1) ta c6 diéu phai chimg minh.
Xét thé hinh nhu hinh vé€, cac truong hop khac lam tuong tu.
Dudng cao qua 4,B,C cua tam gidc ABC cit lai (O) lan luot tai
H,H, ,H,. Goi P ladiém déi xing ctia O qua BC.
Nhan thiy MF || HH, . Mit khic tir cu a, 4,5,M,E,F déng vién. Do d6 1.0
(MS,MF)=(AS,AF)=(H,S,H,B)(mod )
=S,M,H, théng hang. Tuong tw, S,N,H, théng hang.
Nhu vdy S nam trén dudng thang ddi xing cia OH qua AC,AB,nén S la
diém Anti - Steiner cua duong thang OH trong tam giac ABC. Dan dén S
cling nam trén duong thang do6i ximg voi OH qua BC.
Cau 6b | = S, P, H, thang hang.
4,0d Bay gio, goi G 1a trong tam cua tam giac ABC. Ta c6 phép vi ty tdm G ti
1,0

1 . , )
sO = bién tam gidc ABC thanh tam giac XYZ. Do d6 suy ra H,[ lan lugt
1a tam dudng tron ngoai tiép va truc tim tam giac XYZ.
Ngoai ra, duong tron (HBC) va (O) doi xting v6i nhau qua BC nén P 1a
tam cua (HBC).
— P 14 trung diém ctia HX. Cht y ta cé O 1a trung diém cua HI.

3




Goi R 14 trung diém cta X7 . Thé thi
(SP,S0O)=(SH,,50)=(H,0,SH,)(mod ).

Xét phép ddi xtng qua dudng thang BC ta co
(H,0,8H,)=(HO,HX )(mod )

= (8P,50)=(HO,HX )=(RP,RO)(mod ).

Dén dén S €(OPR) 1a dudng tron Euler ciia tam gidc HLY.

1,0

Tuong tu S cling nam trén duong tron Euler ciia cac tam giac HIY, HIZ.
Hon ntra, duong tron Euler cua tam gidc XYZ 1a (ABC) diqua S.
Vay ta c6 diéu phai chimg minh.

1,0

Cau 7a
3,0d

Xét bang con (n—1)x(n—1) & goc trén bén trai.

r Kk x A . X \ A , s 1a (1)
Ta c6 s0 cach dién cac s6 0,1,...,5 vao cac 0 cua bang nay la 6",

0,5

Véi mdi cach dién nhu vay, 6 ben phai cung cua mdi hang trong n —1 hang
dau tién c6 3 cach dién, 6 bén dudi cing cia mdi cot trong 1 —1 cot dau
tién c6 2 céach dién.

1,0

Khi d6 chi con 6 & goc dudi bén phai chua dugc dién sb, goi x la tong n —1
s6 da duoc dién o hang n, y 1a tong cua n—1 s6 di duoc dién & cot n, ta

co duy nhét ¢ e {0,1,...,5} sao cho 2 lc+x va 3 lc+ y.
Vi vay ¢6 duy nhét cach dién 6 & goc dudi bén phai.

1,0

Ta suy ra so cach dién bang thoa mén 13 T L e B L O]

0,5

Cau7b
4,0d

Xét bang con (n—2)x(n—2) ¢ giita bang (khong tinh hai hang thir 1 va
thir n, khong tinh hai ¢gt thir 1 va thir #) nhu hinh dudi day:

X1 bl bn-2 X2

ai C1

dn-2 e Cn-2

X4 dl vee dn-2 X3

, )P A X A . \
Ta c6 6" cach dién cac sb 0,1...,5 vao cac 6 cua bang nay.

1,0

Dong thoi, cac 6 x,,x, 6 67 cach dién. Khi d6 cac 6 x,,x, c6 duy nhat mot
cach dién (do tdng cac so trong moi dudng chéo chinh chia hét cho 6).

1,0

Ngoai ra dién theo thr tu:
a,,a,,...,a,_, ¢6 6" cachdién, a, , co 2 cach dien,

b,b,,...,b,  c6 6" cachdién, b,_, c6 3 cach dién,

n

J4 -3 I3 A 7 I3 oA
C;5Cys...,C, 5 €O 3" cach dién, ¢, cd 1 cach dién,

d,d,,....d ,c6 2" cachdién, d,_, c6 1 cach dién.

1,5

Suy ra bang di cho c6 6" Y .62.6"32.6".3.3"3 2" = 6" c4ch didn.

0,5

HET
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