SOGIAODUC VAPAOTAO KY THI CHQN HQC SINH GIOI CAP TiNH THPT - GDTX

TINHPAK LAK NAM HQC 2025 - 2026
: Mbén thi: TOAN
DE CHINH THUC Naay thi: 10/3/2026

(Dé thi ¢6 02 trang, 05 cdu) Thoi gian 1am bai: 180 phiit (khdng ké thoi gian giao dé)

Ciu 1. (4,00 diém)

a) Trong mit phing Oxy, dd thj clia ham s6 y=x’ —3pmx® +4m* (m 14 tham sb)
c6 2 diém cuc trj A4, B. Tim tét ca cAc gi4 trj clia tham s6 m dé tam gidc OA4B 14 tam
giac vudng cén.

b) Tir xd A dén xa B chi c6 2 con dudng AFB

hodic AEB (véi AFBE I3 hinh chit nhét nhu hinh vé) va  F———

céc doan dutmg AF, AE c6 46 dai l4n luot 13 Skm va s
3km. Nguoi ta mubn xdy mét con duong méi tir xa 4 - r
dén xa B bing cach nhir sau: chon mot vi tri K tréndoan B K E

dudmg BE, xay con duong méi di thing tir vi trf diém K
dén x& A 1di sau d6 nang cap doan dudmg tir xa B dén K dé dua vao sir dung. Hoi vi tri
diém K cich xa B bao nhiéu km dé chi phi xdy con duéng BKA thdp nhat? Bit ring

chi phf x4y m&i km dudng méi gép % lan chi phi nang chp 1km dudng ci.
Cau 2. (4,00 diém)
a) Giai phuong trinh (3x—1)v3x-2=7x"—13x+38.
Ayz(\/x2+1+1)=3 9+ 5% +3y

(xzy-l)\/fy+xy—5 +3x%y=7x*—4x+8.

b) Giai hé phuong trinh

Cau 3. (4,00 diém)

2) Cho da gidc déu A, 4,...4,, ndi tiép dudmg tron (O;+/2). Chon ba diém bét d tir

36 dinh cta da gi4c déu trén. Tinh xéc suit dé ba diém d6 12 ba dinh ciia mot tam gidc
vubng c6 dién tich bang mot s6 nguyén.



b) Cho hinh chép S.ABCD c6 déy la hinh vudng canh 2a, tam giac SAB cén tai
dinh S va ndm trong mit phing vudng goc véi day. Goi H,E lan luot 13 trung diém cuia
AB, BC. Khoang céch tir diém A dén dén mat phang (SED) bang #. Goi G latrong
thm tam gic SCD. Tinh thé tich khéi chép G.AHED.

Cau 4. (4,00 diém)

a) Cho tam giac nhon ABC c6 cac dudng cao BE, CF. Goi K la tryc tdm tam
gidc AEF. Biét BKC =90°, BC =8 cm. Tinh do dai doan théng AK.

b) Tir tip X ={xeN[x<100}, c6 bao nhiéu cAch chon ngiu nhién b6 ba s6
(a; b; ¢) sao cho db thi him s6 béc hai y = ax® - 2bx +c di qua diém A(1;0) va cd dinh
khéng trung voi diem A7

Cau 5. (4,00 diém)

a) Cho day s6 (u,) théa man u, =11 va u,, +15n+1=4u,, VneN'. Xac dinh
cOng thitc téng quét cta (u,) va tim tét ca gid trj n dé u_ 13 mét sd chinh phuong.

b) Trudng ctia Hoang c6 tét ca 12 n 16p. Lép dong nhét trudmg c6 M hoc sinh.

Hom nay, 16p Hoang cé gio hoc ngoai khéa véi chit dé “Théng K& va Tinh Toén”. Nh6m
truémg nhém cua Hoang phén c6ng cac ban lam viéc nhur sau:

o Hodng lap day sb a,; a,; ...; a, 1a 56 hoc sinh timg 16p trong truéng.

Hung lap ddy s6 b; bys ...; by, v6i b, 1a s6 luong cic 16p trong trudng ma sb hoc
sinh trong méi 16p d6 khéng it hon i hoc sinh.

e Son tinh gi4 trj S 14 tong lap phuong moi sé ma Hodng 14p durgc.

o Antinh gi4 trj A laténg tht ca gi4 trj b, ma Hing lép dugc.

Binh tinh gi4 trj B Ia tong tét ca gia trj ib,.

Chi tinh gi4 trj C 14 téng tét ca gid trj i%5,.

Chimg minh ring: S = 4—3B+3C.

e HET -—



Epsilon 1365 = 1; 0,99%%5 ~ 0,03; 1, 01365 ~ 37,78

LOI GIAI THAM KHAO DE THI CHON HSG CAP TiNH THPT -

GDTX TINH PAK LAK NAM HOC 2025 — 2026

Cau 1 (4,00 diém).

a)

b)

Trong mat phang Oxy, dd thi ctia ham s6 y = x® — 3mx?® + 4m® (m 1a tham s6) c6 2 diém cuc

tri A, B. Tim tat ca céc gid tri ctia tham s6 m dé tam gidc OAB la tam giac vuong can.

Tir xa A dén xa B chi c6 2 con duong AFB hodc AEB (véi AFBE la hinh chit nhat nhu hinh
vé) va cac doan duong AF, AE c6 do dai lan luot 1a 5 km va 3 km. Nguoi ta muén xay mot
con dudng méi tir xa A dén xa B béng cach nhu sau: chon mét vi tri K trén doan duong BE,
xay con dudng méi di thang tir vi tri diém K dén xa A rdi sau d6 nang cap doan duong tir xa
B dén K dé dua vao st dung. Hdi vi tri diém K cach xa B bao nhiéu km dé chi phi xay con
dudng BK A thip nhat? Biét rang chi phi xdy méi km dudng mdi gip Z lan chi phi nang cap 1
km duong cu.

5 km A
Fi
3 km

] ]

B K E
Loi giai
Tap xac dinh: 7 = R.
= §)

Tacéy’ = 3x* — 6mx = 3x(x —2m) = 0 &
x = 2m.

DéE d6 thi ham s6 c6 2 diém cuc tri A, B thi phuong trinh 3y’ = 0 phai c6 2 nghiém phan biét,
tacla2m # 0 < m # 0.

Khi d6, toa do 2 diém cuc tri la: A(0;4m>) va B(2m; 0).

Ta thdy A € Oy va B € Ox, do d6 tam giac OAB ludn vuéng tai goc toa do O.

Dé tam giac OAB vuéng can tai O thi OA = OB.

|am®| = |2m| < 2|m|* = |m]|.

Vi m # 0 nén chia hai vé cho |m| ta dugc:

/3

1 2
2m2=1©m2:§¢>m=:tT.

Vay m = j:?.

Trang 1



Epsilon 1365 = 1; 0,993% =~ 0,03; 1,01%6° ~ 37,78

b) Pit EK = x (km), diéu kién 0 < x < 5.Suy ra BK = BE — EK = 5 — x (km).
Quang dudng méi xay di thang tir K dén A 1a canh huyén ctia tam giac vuong AEK:

AK = VAE2 + EK? = /32 4 x2 = \/x2 + 9.

Goi chi phi nang cap 1 km dudng cii la C, suy ra chi phi xdy 1 km dudng mdi la ZC €
Tong chi phi xdy dung va nang cap la:

f(x):ZC-AK+C-BK:C(Z\/x2+9+5—x).

2 A A X 2 A 2 S A 5 A
Dé chi phi thap nhat, ta can tim gia tri nho nhat cia ham so6 g(x) = Z\/ x? +9 — x trén doan
[0; 5].

5x
Tacé g/(x) = —— — 1< 5x = 4/x* 4 9.
3 4+/x2+9

Vi x > 0, binh phuong 2 vé ta dugc:
25x%2 = 16(x% 4 9) < 9x* = 144 & x* = 16 < x = 4 (thda man).

Lap bang bién thién
X 0 4 5
(%) — 0 +-
15 5v/34 — 20
flx) | 4 \ ¥ _ 4
4

Dua vao bang bién thién, ta thidy ham s dat gia tri nhé nhat tai x = 4.
Khi x = 4, vi tri diém K cach xa B mot khoang la BK = 5 — 4 = 1 (km).
Vay vi tri diém K cach xa B 1 km.

Cau 2 (4,00 diém).

a) Giai phuong trinh 3x — 1)4/3x — 2 = 7x* — 13x + 8.

b) Giai hé phuong trinh
xy?’(vV/x2+14+1) =3,/9+y2+ 3y
(x?y — 1)/x%y + xy — 5+ 3x%y = 7x* — 4x + 8.

Loi giai
a) Piéukién:3x —2> 0 < x > ;
Phuong trinh tuong duong vdi:

[Bx—1DV3x—2—xBx—1)=7"—13x+8—-32>+«x
3x—2—»2
V3IxX—2+x
& Bxr—1DW3Bx—2—x)=4x*—12x+8

&S Bx—1)- =4(x* —3x+2)

Trang 2



Epsilon 1365 = 1; 0,99%% = 0,03; 1,01%6° ~ 37,78

—Bx—1D(x2—3x+2)

V3x—2+x
& (2—3x+2) {4+

—4(x*—3x+2) =0

3x —1

V3x—2+4+x

2 . 2 y % A
Véix > 3 taco3x —1 > 0, v/3x — 2 > 0 nén biéu thirc trong ngoac vuéng luén duong.

= 0.

=98
Dodé:a* —3x+2=0& 4 (thoa man).

Tap nghiém cta phuong trinh 1a § = {1;2}.

b) Xét phuong trinh thit nhat ctia hé: xy*(vV22 +1+1) =3/  +9+y. Q)
Dé thdy \/y2+9 > /y? = |y| > —y, nén vé phai luén 16n hon 0, Vy € R.
Do d6 vé trai duong, suy rax > 0vay # 0.

Chia 2 vé ctia (1) cho y* > 0:
3
x(Vai+141) = ?(\/y2+9+y).

Vix >0nénx(v/x24+1+1) >0,ma/y>+9+y > Onénbétbuécy >0

Véiy > 0, ta co:
2l A = D <,/1+ +1> )

Xéthamsb f(t) = t(v/2+1+ 1) voit > 0.
Tacd i) =vVE+14+14 ———
f ,——+ =

Phuong trinh (2) c6 dang f(x) = f (3) Sx= S & xy =3.

> 0, Vt > 0, suy ra ham s6 dong bién trén (0; + o).

Thay xy = 3 vao phuong trinh thit hai caa hé:
(x:3—Dvx-3+3—-54+3:x-3=7x"—4x+8 Bx—Dv3x—2="7x"—13x+8.
Day chinh l1a phuong trinh & cau a), cho ta nghiém x = 1 hodc x = 2.
™ Véix =1= y =3 (thbaméany > 0).

& Viix =2=by = g (théa man y > 0).
A o A . . 3
Vay hé c6 cac nghiém (x; y) la (1;3) va <2; 5).
Cau 3 (4,00 diém).

a) Cho da gidc déu A1A; ... Ase noi tiép dudng tron (O; +/2). Chon ba diém bét ki tir 36 dinh cta
da gidc déu trén. Tinh xac suat dé ba diém do 1a ba dinh ctia mot tam giac vudng ¢ dién tich
bang mot s6 nguyén.

b) Cho hinh chép S.ABCD c6 ddy 1a hinh vuéng canh 24, tam gidc SAB can tai dinh S va ndm
trong mat phang vudng géc véi ddy. Goi H, E lan lugt 1a trung diém ctia AB, BC. Khoang cich
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Epsilon 1365 = 1; 0,993% =~ 0,03; 1,01%6° ~ 37,78

b)

tir diém H dén mat phang (SED) bang aT\/E- Goi G 1a trong tdm tam gidc SCD. Tinh thé tich
khéi chép G.AHED.
Lui giai
Khong gian mau: Chon 3 dinh bat ky tir 36 dinh 1a n(Q)) = C3, = 7140.
Dé 3 dinh tao thanh mot tam gidc vudng ndi tiép dudng tron thi tam gidac d6 phai nhan 1 trong
18 duong kinh cta da giac lam canh huyen.
Gid stt canh huyén 1a BC = 2R = 2+/2.
Chon 1 diém A khéc B, C trong 34 diém con lai.
Dién tich tam giac vuéng la § = ;B C - h = h+/2,v6i h 1a khoang cach tit A dén BC.
Méi cung nhé chan gitta 2 dinh ké nhau c6 s6 do 10°.
Khodng cach h = Rsin(k - 10°) = 1/2sin(10° - k), véi k € {1,2,...,17}.
Khi d6 S = /2 +/2sin(10° - k) = 2sin(10° - k).
Dé S 1a s6 nguyén, ma 0 < 2sin(10° - k) < 2,nén S € {1;2}.

1
™ Truong hgp1: S = 1 < sin(10° - k) = 5 10° - k € {30°,150°} < k € {3,15}.
Ung véi méi duong kinh, c6 4 diém A théa man.
™ Truong hgp2: S =2 < sin(10°-k) =14 10°-k =90° < k = 9.
Ung v6i mbi duong kinh, c6 2 diém A théa man.

S6 tam gidc vudng c6 dién tich nguyén la: 18 x (4 + 2) = 108 tam giac.
Xac suét can tim la: P = L
T 7140 595

Do /ASAB can tai S va ndm trong mat phang vudng géc véi ddy nén dudng cao ctia chép chinh
la SH. Dat SH = h.

Ké HK | ED tai K, ké HL 1 SK tai L. Khi 6 HL | (SED) = d(H, (SED)) = HL = “Y°,

2
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Epsilon 1365 = 1; 0,99%6% =~ 0,03; 1,013% ~ 37,78

Khodng céch tir trung diém H ctia AB dén duong thang ED trong hinh vuéng ABCD canh 2a
g 3a
Trong tam giac vuong SHK:

1 1 1 1 1 1

HI? ~ SHE T HRZ © (av/6/2)? :h_2+(3a/\/§)2
2 1 5 1
32 R TR T R T g =3

’ 1
Khoang cach tir trong tam G cia ASCD xuong day la d(G, (ABCD)) = §SH =
Dién tich da giac AHED la:

1 1 5a>
SAHED=SABCD—SHBE—SCDE=(2a)2—E-a-a—E-Za-az =
2 1 1 5 2 5 3
Thé tich: Vg.amep = 5+ d(G,(ABCD)) - Synpp = 5 - a- -‘2’_ = %,

Cau 4 (4,00 diém).

a) Cho tam gidc nhon ABC c¢6 cac dudng cao BE, CF. Goi K 1a tryc tdm tam gidc AEF. Biét
BKC = 90°, BC = 8 cm. Tinh d9 dai doan thang AK.

b) Tirtap X = {x € IN | x < 100}, c6 bao nhiéu cach chon ngau nhién bo ba sb6 (a; b; ¢) sao cho
d6 thi ham s6 bac hai y = ax? — 2bx + ¢ di qua diém A(1;0) va c6 dinh khong trung véi diém
A?

Loi giai

Trang 5



Epsilon 1365 = 1; 0,99%%° == 0,03; 1,01%%° =~ 37,78

b)

Chitng minh K ciing nam trén duong tron véi B, C, E, F.

Ta c6 cac duong cao BE, CF cuia AABC nén BEC = BFC = 90°.

Suy ra 4 diém B, C, E, F cung thudc dudng tron tam M (trung diém BC), duong kinh BC = 8.
Ban kinh duong tron nay la 4 cm.

Mat khac, gia thiét cho BKC = 90°, suy ra diém K cing nam trén dudng tron tim M duong
kinh BC.

Nhu vay, 3 diém E, F, K cting nam trén dudng tron (M) c6 ban kinh bang 4.

Mat khac dudng tron ngoai tiép AAEF dbi xting véi dudng tron ngoai tiép AKEF qua EF
nén ban kinh dudng tron ngoai tiép AEFK 1a 4 cm.

Tim goc BAC.

Vi t giac BCEF ndi tiép nén AEF = ABC suy ra AAEF -~ AABC (g.g).

Mat khac % — cos BAC nén ti s déng dang ctia 2 tam giac nay 1a k = cos BAC.

Dan dén R’ = R - cos BAC (v6i R va R’ 1a ban kinh dudng tron ngoai tiép AABC va AAEF).
g

Ap dung dinh ly sin cho AABC: 2R = 375\ = R=

sin BAC 2sinB/A\C = sin EEZ

Thay vao biéu thuc trén: 4 = (LA -c0s BAC < cot BAC = 1 = BAC = 45°.
sin BAC

Tinh d6 dai AK.

Trong A AEF, ta c6 ban kinh dudng tron ngoai tiép R’ = 4 va goc EAF = 45°.

Ap dung dinh ly Sin cho AAEF: EF = 2R’ sin BAC =2-4-sin45° = 4/2.

Goi N la tam duong tron ngoai tiép A AEF, I 1a trung diém canh EF.

Theo tinh chat duong thang Euler, khoang cach tir dinh dén truc tam gap doi khoang céch tir
tam ngoai tiép dén canh déi dién: AK = 2 - N1I.

Trong tam gidc vudng NIF (vudng tai I):

2
NI =+/NF2—IF2 = \/(R’)2 — (EZ—F) =42 — (2v2)2 =+/16 —8 = 22

Vay d6 dai doan thing AK = 2- NI = 2-2+/2 = 44/2cm.

DSthihémsédiquaA(l;O)suyraa-12 —2b-14+c=0&a-+c=2b.
D4 thi la parabol ctia ham s6 bac hai nén a # 0.
; R : P2 b X 2z

Toa d6 dinh khong trung voi A suy ra = #1=-a# b,dandén a # c.
Vay ta can chon bd 3 s6 (a,b,c) tix X saochoa + ¢ =2b,a # cvaa # 0.
Diéu kién a + ¢ = 2b ddng nghia véi viéc a va ¢ phai ciing tinh chan 1. Ung v6i mbi cach chon
a-+c

> € X.
Trong tap X c6 51 s6 chén (tir 0 dén 100) va 50 s6 1& (tir 1 dén 99).

(a, ¢) théa man, c6 duy nhat mot gia tri b =

& Truong hop 1: a va c cung chan.
Chon a € X 1a s6 chin khéc 0: ¢6 50 cach.
Chon ¢ € X 1a s6 chan khéc a: ¢6 51 — 1 = 50 cach.
S6 cach chon bo (a, ¢) trong trudng hgp nay 1a: 50 X 50 = 2500 cach.

& Truong hgp 2: a va ¢ cung lé.

Trang 6



Epsilon 1365 = 1; 0,99%% = 0,03; 1,0136° ~ 37,78

Chon a € X 1a s6 1é: ¢6 50 cach (do khong chira 0).
Chon ¢ € X 1a s6 18 khac a: ¢6 50 — 1 = 49 cach.
S6 cach chon bo (a, ¢) trong trudng hgp nay 1a: 50 x 49 = 2450 cach.

Vay c6 tt ca 2500 + 2450 = 4950 cach chon.

Cau 5 (4,00 diém).

a)

Cho day s6 (u,) théa man u; = 11 va Upt1+ 151 + 1 = 4u,, Vn € IN*. Xac dinh cong thuc
tong quat cia (u,,) va tim tat ca gia tri n dé u, 1a mot s6 chinh phuong.
b) Trudng ctia Hoang c6 tat ca 1a n 16p. Lop dong nhat trudng c6 M hoc sinh. Hom nay, 16p
Hoang c6 git hoc ngoai khoa véi chti dé “Théng Ké va Tinh Toan”. Nhém trudng nhoém cia
Hoang phan cong cac ban lam viéc nhu sau:

& Hoang lap day sb ay; as; . . .; a, 1a s6 hoc sinh titng 16p trong truong.

& Hung lap day sb by; by; .. .; by voi b; 1a sb lugng cac 16p trong trudng ma sb hoc sinh
trong mdi 16p d6 khong it hon i hoc sinh.

& Son tinh gia tri S 1a tong lap phuong moi s6 ma Hoang lap dugc.

@ An tinh gié tri A 1a tong tat ca gia tri b; ma Hung lap dugc.

@ Binh tinh gia tri B la tong tat ca gid tri i - b;.

& Chi tinh gia tri C 1a tong tat ca gia tri i* - b;.
Ching minh rang: S = A — 3B + 3C.

Loi giai

Hé thuc truy hoi: Upt1 = 4uy — 151 — 1.
bat u, = v, + an 4 b. Thay vao hé thuc:
Upt+1+an+1)+b=4w,+an+b)—15n—1 < v,41 = 4v, +Ba—15)n+ Bb —a —1).
Chon3a—15=0=a=5va3b—a—1=0=b = 2.
Khi d6 v, 41 = 4v,, day la cép sO6 nhan véi cong boi g = 4.
Tacévy =u1 —5:-1—2=11—7=4.Suyrav, =4-4""1 =4",
Vay, cong thic tong quat: u, = 4" + 51 + 2.
Tim 7 d€ u,, 1a s6 chinh phuong:

¥ n=1= u; = 11 (loai).

™ n=2= u, = 28 (loai).

™ n =3 = u3; = 81 = 9% (thda man).

& Véin>4,tact: (2 =4"<4"+5n+2<4"4+2-2"4+1=(2"+1)>

Do u,, bi kep gitta 2 s6 chinh phuong lién tiép nén u, khong thé 1a s6 chinh phuong.

Vay n = 3.

Trang 7



Epsilon 1365 = 1; 0,993% =~ 0,03; 1,01%6° ~ 37,78

b) Thay vi tinh tdng trén toan truong cting mat ltc, ta xét s déng gép ctia mét 16p hoc bat ky
vao cac dai lugng A, B, C.
Gia sur ta xét 16p thu k ¢6 x hoc sinh (x = ay). Ta tinh xem 16p nay dong gép bao nhiéu vao cac
tong A, B va C.
Theo dinh nghia, b; 1a s6 lugng cac 16p 6 tur i hoc sinh trd 1én. Vi 16p dang xét c6 x hoc sinh,
nén no sé duoc “dém” duang 1 lan trong cac gia tri by, by, ..., by. Tt byyq trd di, 16p nay khong
du si sd nén dong gép bang 0.

& Su dong gop vao A: Vi A = by + by + - - - + by, 16p nay déng gép 1 vao méi s6 hang tir
by dén b,. Tong déng gop la: A, = 141441 =x

x 56
& Su dong gop vao B: Vi B = 1by + 2b, + - - - + Mbyy, 16p nay dong gép 1 - 1 vao sb hang
dau, 2 -1vao s6 hang hai, ..., x - 1 vao sO hang thu x.
T - x(x 4 1)
Tong dong gopla: By =14+2434---+x = —
& Su déng goép vao C: Vi C = 12b1 + 22by + - - - + M?byy,.

Téngdénggo’pla Cy =12422432 4.4 x2 = X(x+1)6(2x+1)_

Bay gid, ta tinh gid tri biéu thitc A — 3B + 3C tinh riéng cho su déng gop cua 16p nay:

Ax—33x+3cx=x_3.X(x;1)+3_x(x+1)6(2x+1)

3x(x+1) x(x+12x+1)
x— "1

2 2
_2x—3x"—3x+(*+20Q2x+1)
B 2
=3 —x4 2%+ 2% 4 x
a 2

23
=2 =

2

Nhu vay, mbi 16p c6 x hoc sinh sé déng gép chinh xac bang x* vao téng A — 3B + 3C.
Khi xét trén toan bd trudong gdm # 16p véi s6 hoc sinh lan luot 1a ay, ay, . .., a,, tong gia tri ctia
biéu thic A — 3B + 3C sé la téng cac phan déng gop ctia tat ca n 16p:
A—-3B+3C=a+a3++--+a>
Mt khéc, theo dé bai, Son tinh S la tong lap phuong s6 hoc sinh moi 16p, tic la:
S=a+a+---+a
Vay ta c6 S = A — 3B + 3C (diéu phai ching minh).
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