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LOI NOI PAU

Doc gia thAn mén, toi nhan thiy “TS hop va Xdc suat” 1a mot mang kién thic 16n dudc dé cap xuyén sudt
trong qua trinh tich luy kién thic ctia cdc ban hoc sinh tit cAp tiéu hoc, trung hoc c¢d s va trung hoc phd

thong. Nay toi viét tai liéu nay nham cung cp cho hoc sinh mot sd vin dé dai cuong vé t6 hop va xac suit.

Khong chi huéng dén cac ban c6 muc tiéu on thi tét nghiép trung hoc phd thong, tai liéu ndy con huéng dén
nhitng ddi tugng c6 muc tiéu cao hon nhu 6n thi hoc sinh gidi, tham gia cac ky thi danh gia ning luc, dinh
gia tu duy,... do cic trudng dai hoc t3 chiic, hoic don gian 1a danh cho mot s6 hoc sinh muén tim hiéu thém

kién thiic, rén luyén tu duy, tiép cin véi cac bai toan phiic tap ma khong dudc dé cap trong sach gido khoa.

Miic du da cb gang trau chudt, ti mi trong viéc suu tim va bién soan ciing nhu viét 1i giai, song khong thé
tranh khdi nhitng 16i ddnh mdy hoic tinh todn, rAt mong nhin dudc su gép y tit quy doc gia. Hy vong tai liéu

nay sé& 1a ngudn tham khao nhd hitu ich.
Than ai!

Mai Tran Nhat Khoa
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CHUONG 1. C

G e

Trong chuong nay, ching ta sé bat dau lam quen v6i nén ting cdt 16i clia giai tich
t6 hop thong qua cdc quy tic dém so cip bao gdm quy tic cong, quy tac nhan va

nguyén ly bu tru.

Hoc sinh cin nim dudc tu duy chia trudng hdp ciing nhu ndm dudc cac phép dém
cd ban nay nham phuc vu cho nhiing bai toan phtc tap phia sau, doi héi su nhay bén

trong tu duy.
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QUY TAC CONG, QUY TAC NHAN
g 1 VA NGUYEN LY BU TRU

@ Quy tac cong

Gia stit mot cdng viéc co thé dude thuc hién theo phuong an A hodc B. Phuong d4n A c¢6 m cach thuc hién,
phuong an B ¢ n cach thuc hién khong tring véi bat ki cach nao ctia phuong an A. Khi dé, cong viéc c6
thé thuc hién theo m + n cach.

R - m-+n
Cong viéc )
cach

Tong quat:

Gia st mot cong viée c6 thé dudc thuc hién theo k phuong an. Phuong 4n thid nhat c6 m, céch thuc hién,
phuong 4n thu hai c6 m, cach thuc hién,. .., phuong 4n thd k c6 my, cach thuc hién. Hon nita, mdi céch thuc
hién ctia phuong an nay khong triing véi bat ki cach nao cia phuong 4n khac. Khi d6, c6 thé thuc hién cong

viéc theo my + msy + ... + my, cach.

Note. Diu hiéu d& nhan biét quy tic cong — trong bai c6 tlf "hay", "hodc",...
@  Quy tac nhan

Gia st mot cong viéc dudc chia thanh hai cong doan. Cong doan thid nhat c6 m cach thuc hién va dng véi

mdi cach do c6 n cach thuc hién cong doan thi hai. Khi d6, cong viéc c6 thé thuc hién theo m.n cich.

Cong viéc

A
o N
Cong doan 1 Cong doan 2
m cach n cach
- /
~
m - n cach

@
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Tong quat:

Gia st mot cong viée nao d6 bao gdm k cong doan. Cong doan thd nhit c6 n; cich thuc hién, cong doan
thit hai c6 n, cach thuc hién,. .., cong doan thit k c6 ny, cach thuc hién. Khi d6, c6 thé hoan thanh cdng viéc

theo n.n9...n; cach.

Note. DAu hiéu d€ nhan biét quy tac nhian — trong bai c6 tir "va", "dong thoi",...
® Nguyén ly bu tru

Cho hai tap hgp A va B. Khi d6

|AUB|=|A|+ |B|—|AN B|

hay
n(AUB)=n(A)+n(B)—n(ANB)

Trong d6 |A| = n (A) goi 1a luc lugng hay sé phdn it clia tap hop A.

A B
Tap A Tap B

Phan giao AN B

Cho ba tap hop A, B va C'. Khi do

|JAUBUC| = (JAl+ |B|+|C|) = (JANnB|+ |BNC|+|ANC|)+ (|JAnBNC|)

Tong quat:

Gia st Ay, As, ..., A, 12 cic tap hitu han phan ti. Khi d6

AT UL UA = ) A

1<i<n

— D lAin4y]

1<i<j<n

+ Y [ANA N A

1<i<j<k<n

— (D) AN AN N A,

©)
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@ Baitap

Tir Ha No6i vao Nghé An mbi ngay c6 7 chuyén thu hoa va 2 chuyén mdy bay. Ban An muén ngay Chii nhat

nay di tit Ha Noi vao Nghé An bang tau hoa hoidc mdy bay. Hdi ban An ¢ bao nhiéu cach chon chuyén

di?
Ha Noi Z § Nghé An

Loi giai. C6 hai phuong an doc lap, di bang tau hod hoic di bang mdy bay. Ta diing quy tic cong, s6 cich ma An

c6 thé di chuyén la
7T+2=9

Mot ngudi c6 4 cai quﬁn khac nhau, 6 c4i 40 khac nhau, 3 chiéc ca vat khac nhau.

a) D€ chon mot cai quan hodc mdt cdi 4o hodc mot cai ca vat thi s6 cach chon 1a?

b) SO cach chon mot bd gom mot quan, mot 4o va mot ca vat 1a?

Loi giai. a) Theo quy tic cong (phuong an chon 1a doc 14p), sb cach chon thod man l1a
4+6+3=13
b) Theo quy tic nhan (cong viéc can chon cé lién quan véi nhau — "mot bd"), s6 cach chon thod man l1a

4.6.3 =27

Mot trudng THPT cit mot hoc sinh di du trai hé toan qubc. Nha trudng quyét dinh chon mot hoc sinh tién

tién 16p 11A hoic 16p 12B. Biét ring 16p 11A c6 31 hoc sinh tién tién va 16p 12B c6 22 hoc sinh tién tién.

Hoi nha trudng c6 bao nhiéu cach chon?

Loi giai. Nha trudng c6 thé chon hoc sinh tién tién doc 1ap tit 16p 11A hoic 16p 12B. Theo quy tic cong, sb cich
chon kha di la
31422 =53

@
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Trén gid sach c6 10 quyén sach Vin khéc nhau, 8 quyén sach Todn khac nhau va 6 quyén sach Tiéng Anh

khac nhau. Hoi ¢6 bao nhiéu cach chon hai quyén sach khac mon?

Loi giai. Ta chia thanh céc trudng hop kha di nhu sau.

Truong hop 1: Chon Vin va Toan, theo quy tic nhén, s6 cach chon thoa man la
10.8

Truong hap 2: Chon Vin va Tiéng Anh, theo quy tic nhan, s6 cich chon thoi man 1a
10.6

Truong hop 3: Chon Toan va Tiéng Anh, theo quy tic nhan, s6 cich chon thoa man la
8.6

Vay tdng s6 cach kha di (theo quy tic cong) 1a

10.8 +10.6 + 8.6 = 188

Trén ban c6 8 ciy buit chi khac nhau, 6 ciy but bi khac nhau va 10 cudn tip khac nhau. Mot hoc sinh mudn

chon mot do vat duy nhit hodc mot cay biit chi hodc mot ciy but bi hodc mot cudn tap thi s6 cach chon

khac nhau la

Loi giai. Theo quy tic cong, sd cach chon thod mén 1a

8+6+10=24

Mot b6 hoa c6 5 bong hoa hdng trang, 6 bong hoa hong d6 va 7 bong hoa hdng vang. Hoi c6 miy cach

chon 14y ba bong hoa c6 dii cd ba mau?

Loi giai. Theo quy tic nhan, c6 cach chon thoa mén 1a

5.6.7 =210

®
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Mot cau lac bd cau 16ng c6 10 tay vot nam va 8 tay vot nii. Héi c6 bao nhiéu cach 1ap mdt doi nam nit dé

tham gia mot gidi diu doi nam nit?

Loi giai. Mot doi gdm nam 14n nu (c6 su lién quan v6i nhau), theo quy tic nhén, s6 cach chon thoa man la

10.8 = 80

[ Cau8
An mubn qua nha Binh d€ cting Binh dén choi nha Cudng. Tt nha An dén nha Binh c6 4 con dudng di, tit
nha Binh téi nha Cudng c6 6 con dudng di. Hdi An c6 bao nhiéu cach chon dudng di dén nha Cudng?

P —
V=— —0O— 0

Loi giai. DE dén nha Cuong, An phai di qua nha Binh, day 1a cong viéc c6 su lién quan dén nhau, chia 1am hai

cong doan. Theo quy tic nhan, sb cach di ctia An c6 thé cé la

4.6 =24

S6 dién thoai cho mdi thué bao ctia mot nha mang c6 10 chii s6 va c6 cac dau s6 1a 081, 082, 083, 084,
085, 088, 091 hoic 094. Gia st hién tai, nha mang d6 da cip sb cho tdng 35 triéu thué bao. Hoi, néu

khong c6 thém cac dau s mdi va khong thu hoi cac dau so da cap thi nha mang d6 con cé thé cung cap

bao nhiéu thué bao nura?

Loi giai.  Gia st s6 dién thoai cho thué bao c6 dau sé 081 1a 081abede fg. Khi d6 a, b, ¢, d, e, f, g c6 thé 1a 1 trong
10 chit s6 tir 0;1;2; ...; 9.

Vi thé, theo quy tic nhén, d6i v6i dau s6 081, cac vi tri a, b, ¢, d, e, f, g ¢6 thé chon la
10-10-10-10-10-10- 10 = 107 = 10 (triéu sd)
Tuong tu nhu thé cho cac dau s6 con lai, theo quy tic nhén, c¢6 tdng

10.8 = 80 (triéu sb)

©®
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Vay nha mang c6 thé cung cip thém

80 — 35 = 45 (triéu thué bao)

[ Caulo0

Dung sau chit $60;1:2:3:4:5c6 thé 1ap dudc bao nhiéu
a) Mat khiu c6 bén chit s6 khac nhau?
b) Sb tu nhién c6 bén chit sd khac nhau?

¢) S6 tu nhién 1é c¢6 bdn chit s6 khac nhau?

Loi giai.  a) Goi s6 can 1ap c6 dang abed. Trong d6, a ¢6 thé 1a 1 trong céc chit s6 0; 1;2; 3; 4; 5 (sdu sd).
Tiép theo, b c6 thé 1a 1 trong nim sd con lai,... Tuong tu cho ¢, d.

Theo quy tic nhan, s6 mat khiu c6 thé c6
6.5.4.3 = 360

b) Véi a # 0, a ¢6 thé 12 1 trong nim chit sb con lai. Hon nita, b khong can phai khac khong va b phai khac a nén b

cling ¢6 nam cach chon.

Tuong tu; ¢, d chi con 4, 3 cach chon lan lugt. Theo quy tic nhan, s6 c6 thé lap dugc
5.5.4.3 =300

¢) Sb tu nhién 18 véi rang budc a # 0 va d € {1;3;5}. Nhu thé d chi ¢6 3 cich chon.

Tiép theo, a con lai 4 s6 d€ chon (khac d va khic khong). Tuong tu; b ciing c¢6 4 cach chon (chi can khac d va a). Cubi

cung, c con lai 3 cach chon.

Theo quy tic nhén, sb c6 thé lap
3.4.4.3 =144

# Caull

Trong mot cong vién, c6 cc con dudng ndi bon dia di€m A, B, C va D nhu hinh dudi. C6 bao nhiéu cich

chon mot dudng di tir A dén D? Chi tinh céc dudng di qua mdi dia diém nhiéu nhit mot 1an.

A C

—_
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Loi giai. Ta chia lam 2 phuong 4n d€ di tit A dén D nhu sau.

Phuong dn 1: Pi tit A qua B r6i dén D. C6 3 céch di tit A dén B va 2 céach di tit B dén D. Theo quy tic nhan, c6
tdng 3.2 = 6 (céch di).

Phuong dn 2: Pi tit A dén C 16i dén D. C6 3 cach di tit A dén C va 4 céach di tt C dén D. Theo quy tic nhan, c6
tong 3.4 = 12 (cach di).

Theo quy tic cong, c6 tdng s cach di Ia
124+ 6 =18

[ Caul2
Mot khod td hdp véi dia quay c¢6 40 vach sd (xem hinh dudi). Mat ma ctia khoa 1a mot day gdom 3 sd, ki

hiéula a — b — ¢, mdi s 1a mot sb tu nhién tir 0 dén 39. DE mS khod, can quay miit sd ngudc chiéu kim
ddng hd cho dén khi diém mbc gip vach s6 a 1an thit ba, rdi quay miit s6 theo chiéu ngudc lai cho dén khi
diém mbc gip vach sd b 1an thi hai, cudi cung quay mit sd ngudc chiéu kim dong ho cho dén khi diém
mbc gip vach s6 ¢ 1an dau tién. Néu a, b, ¢ phai khac nhau ddi mot, thi ¢6 bao nhiéu cach chon mat ma

cho khod t6 hgp trén?

diém mbc

mit sb

Loi giai.  Goi sb c6 ba chit s6 cin 1ap cho mat khiu c6 dang abc.
Dé thdy, a c6 thé chon cic sb thudc tap {0; 1;2;...; 39} (40 sb).
Tiép theo, b c6 thé chon 39 s6 con lai.

Cubi cung, ¢ c6 thé chon 38 sb con lai.

Vay, theo quy tic nhan, t& hdp sb c6 thé co
40.39.38 = 59280
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[ Caul3

St dung nguyén ly bu tru, giai cac bai toan sau:

a) Mot 16p hoc c6 180 sinh vién. Trong do, ¢ 55 sinh vién chon mon Anh Van, 45 sinh vién chon mon
Phap Van va 15 sinh vién chon hoc ca Anh Van va Phap Van. Hdi c6 bao nhiéu sinh vién khong theo hoc
Anh Vian ctiing khong hoc Phap Van?

b) Gia st c6 1200 sinh vién hoc tiéng Anh, 850 sinh vién hoc tiéng Phap, 100 sinh vién hoc tiéng Ptic, 90
sinh vién hoc ca tiéng Anh va tiéng Phép, 15 sinh vién hoc c4 tiéng Anh va tiéng Pic, 10 sinh vién hoc
ca tiéng Phap va tiéng Diic. Néu tit ca 2050 sinh vién déu hoc it nhit mdt ngoai ngit thi c6 bao nhiéu sinh

vién hoc ca ba thif tiéng?

Loi giai. a) Goi tdng s6 sinh vién cla 16p hoc 1a S| = 180. S6 sinh vién chon Anh Vin 1a |A| = 55, s6 sinh vién
chon Phap Vin 1a | B| = 45. S sinh vién chon c4 hai mon 1a |[A N B| = 15.

Theo nguyén ly bu trir, sd sinh vién khong hoc ca Anh va Phap Vin 1a

S| —|[AUB|=|S|—(|A|+ |B] — |AN B|) = 180 — (55 + 45 — 15) = 95
b) Goi |A[, |B|, |C| 1an lugt 1a s6 sinh vién chon tiéng Anh, Phap va Diic.
Theo nguyén ly bi trlr, s6 sinh vién hoc ¢4 ba thi tiéng 12

JAUBUC|=(JA|+|B|+I|C|)—(|JAnB|+|BNC|+ |AnC|)+ (JAnBNC|)
= 2050 = (1200 + 850 + 100) — (90 + 10 4+ 15) + (|JAN BN C|)
<~ |ANBNC|=15

[ Cauld

Tung dong thdi hai con xtic xac khac nhau va ghi lai s6 cham xuat hién trén méi con xtc xac. Cé bao

nhiéu két qué c6 thé x4y ra ma téng s6 chAm xut hién trén hai mit 12 bdi ctia 5?

Loi giai. Ki hiéu (a;b) 1a tip cic két qua c6 thé c6 dé€ tdng a + b 12 boi clia 5. PE d& bai xy ra néu va chi néu
a+b=>5hoica+ b= 10 véi didukién 2 < a + b < 12.

Xéta +b=>5 gom cac két qua (1;4),(2;3),(3;2), (4,1).
Xéta + b = 10 gdm céc két qua (4;6), (5;5), (6;4).

Vay téng c6 4 + 3 = 7 bo s 6 thé thoa man dé bai. [ ]
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[#' Cau 15 — Phat trién tir ky thi American Invitational Mathematics 2001

Cho mot bang 6 vuong c6 kich thudc 4 x 4 nhu hinh vé minh hoa duéi. Biét rang cac 6 vudng nay sé dudc

t0 mau bdi mot trong hai mau: xanh hoac dé. Hoi c6 bao nhiéu cach td sao cho khong c6 hinh vudng cé

kich thuéc 3 x 3 nao dudc to toan bd bdi mau dé? (Cac cach to 1a khac nhau qua phép dbi xiing, quay)

Mot cdch t6 thod man

Loi giai. Bing cach dém thong thudng thi bai nay cuc ki phic tap va rat dé dém thiéu trudng hop. Tuy nhién, dé y
thiy thi dé bai mong mudn la "khong c6 hinh vudng c6 kich thude 3 x 3 nao dugc t6 toan bd bdi mau dd", thé nén
ménh dé pht dinh (ngudc lai) ctia diéu nay 12 "ton tai it nhit 1 6 vuong c6 kich thudc 3 x 3 dudc to toan mau do".
That vy, ta sé& tinh s6 phan tii thuan 16i cho phan bul nay, cubi ciing lay tong tit ca cc cach to trir di két qua d6 thi bai

toan sé két thuc.

Goi A, B, C, D lan ludt 1a tp hop cic cach to ma hinh vudng 3 x 3 & cdc vi tri "Trén—Trai, Trén—Phai, Dudi—Tréi,
Duéi—Phai", dudc t6 toan bd bang mau do.

Téng s6 cach t& mau tuy y 16 6 vudng (sit dung 2 mau) 1a 216 (cach).

Trong 1u6i 6 vudng 4 x 4, ta ¢ ding 4 vi tri d€ dit mot hinh vudng 3 x 3. Hinh minh hoa cic bién cb6 A, B, C, D (cic

viing mau do 1a phan bat budc phai to do).

Bién co A Bién co B Bién co C Bien co D

Theo nguyén i b trir, sd cach to thod min dé bai 1a
216 _|AuBUCUD|
Mait khac

|JAUBUCUD| = |A|+ |B|+ |C| + |D|
—(|JANB|+|ANC|+|AND|+|BNC|+|BnND|+|CNDJ)
+(JANBNC|+|ANBND|+|ANCND|+|BNCND|)
—|AnBNnCND|
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V6i bién c¢b A, ta bit budc phdi td d6 9 6 thudc hinh vudng 3 x 3 trén-trai. Khi d6 sé con 16 — 9 = 7 6 tréng tu do.

Céc 6 nay td mau nao ciing dudc nén sé ¢6 27 cach. Tuong tu cho B, C, D. Tt dé
7
Al = |B| =[C| = |D[ =2

Tiép theo, xét phan giao gitta 2 bién c6 ké nhau (vi du A N B nghia la ca 2 hinh vudéng 3 x 3 ctia A va B déu phi to
dd toan bo). Khi d6, s6 & dd bi ép budc chinh 1a phan HOP cta 2 hinh vudng nay

ANB BnD cnDbD AncC

Dé thdy, v6i 4 bién cb giao ké nhau nay, hgp cda hai hinh vudng 3 x 3 ludn tao thanh mot hinh chit nhat phti 12 6. Ta
bat budc to dé 12 & nay, va con lai 16 — 12 = 4 6 tu do, do d6

|JANB|=|BnD|=|CNnD|=]|AnC|=2"

Vi phan giao gitta 2 bién c¢d & vi tri chéo nhau, s6 6 bi ép budc td dd sé 16n hon

AND BNnC

Ta thiy ving mau dd bao phti 14 8, chi con lai ding 2 6 trong & géc dudc tu do t& mau, nén
|AND|=|BnC|=2?

Tiép theo, xét phan giao giita 3 bién cb dong thoi

ANBNC BNCND ANnCnND ANBND
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Dé thiy, khi két hop 3 hinh vudng 3 x 3, viing t6 dé chiém 15 6 (chira lai ding 1 6 & géc cho viéc chon mau tu do).

Nén s6 cach to vao & tu do nay 1a
|JANBNC|=|BNCND|=|ANCND|=|ANnBND| =2

Cudi cung, phan giao clia c& 4 bién ¢d |[A N BN C N D| yéu cau phi dé toan bd 16 6 vudng, tic khong con 6 nao tu

do, s6 cach t6 12 20 = 1.
Vay theo nguyén li bu trit, s6 cich to thoa man dé bai 12

210 —(4-27") + (4.2 +2-2%) — (4-2") +1 = 65089
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g 2 HOAN VI, CHINH HOP VA TO HOP KHONG LAP

® Hoan vi

Khi sap xép n phan ti cia mot tip hop theo mot thi tu, ta dugc mot hodn vi ciia n phan ti d6. S6 cac hodn

vi cia n phan td (n > 1) bang P, =n(n — 1) (n — 2)...2.1 va ki hiéu 1a P, = n! (doc 1a n giai thita).
@  Chinh hgp

Cho tap hop A c6 n phan ti (n > 1) va sd nguyén k v6i 1 < k < n. Mdi cach 14y k phan tif cia A va sap
xép chiing theo mdt thi tu goi 12 mot chinh hop chap k ctia n phan ti d6. S6 cac chinh hop chap k cta n
phan tif (1 < k < n) bing

Ar=npn—-1)(n-2)...(n—k+1)=

n

® To hep

MB&i tap con gdm k phan ti (1 < k < n) clia mot tap hgp gdbm n phan ti dude goi 1a mot 16 hop chap k cla
n phan ti d6. Sb cac t6 hop chap k clia n phan ti (1 < k < n) bing

n!
ch— "
" (= k)
Note. Phan biét hodn vi, chinh hop va t& hop; hodn vi — xép tit ca phan ti cia mot tip hop, chinh hop —
xép ¢6 thit tw tf mot lugng phan ti cia mot tp hop, td hop — chon nhung khdng xép thit tw tit mot luong
phan ti ctia mot tip hop.
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@ Baitap

g A
[ Caul
C6 5 cuon sach Toan hoc khac nhau va 3 cuon sach Sinh hoc khac nhau. C6 bao nhiéu cach xép cac cuon

sach nay thanh mot day trén gia sach?

Loi giai. Xép 5 + 3 = 8 quyén sach thanh mot ddy 13 hoan vi ctia 8 phan i hay 8! (c4ch). [ |

Mot cudc khiéu vii ¢6 10 nam va 6 nii. Ngudi ta chon c6 thi tu 3 nam va 3 nit d€ ghép thanh 3 cip. Hoi

¢6 bao nhiéu cach chon?

Loi giai. Chon c6 thi tu — ta dung chinh hgp. S6 cach chon 1a

Ady AR

Trong khong gian cho 4 diém A, B, C, D. Tu céc di€m trén ta 1ap cdc vecto khdc vecto khong. Hoi c6 thé

lap dugc bao nhiéu vecto?

Loi giai.  Vecto 1a mot doan thang c¢6 hudng nén viéc 1ap cic vecto tuong duong véi viéc chon c6 thif tu 2 trong 4
diém da cho, ¢6 A2 (cich). [ |

Tir 5 bong hdng vang, 3 bong hong trang va 4 bong hong do6 (cac bong hoa xem nhu d6i mot khac nhau),

ngudi ta mubn chon ra mdt bé hoa gdm 7 bong, hdi c¢é bao nhiéu cach chon bé hoa trong d6 c6 ding 1

bong hong d6?

Loi giai. Dau tién, chon 1 bong hdng dd, c6 C} (cich).
Tiép theo, 6 bong con lai chon trong tdng sb bong vang va tring, c6 C§ (cach).

Cudi ciing, theo quy tic nhan, s6 cach chon
c}.c8
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Tir 10 ban hoc sinh, trong d6 gdm 6 nam va 4 nit. Ngudi ta can 1ap mot ddi tinh nguyén vién gébm 3 thanh

vién sao cho trong d6 c6 it nhat 1 ban nit. Hoi ¢6 bao nhiéu cach 1ap mot doi nhu thé?

Loi giai. Tong s6 cach 1ap dugc mot doi 3 thanh vién nhu thé 1a CF, (cdch).

Miit khdc, "it nhit 1 ban nita", 1a 3, ta sé& dung bién cb ddi lai véi tdn tai 1a v6i moi V. Nhu thé ta chon ra mot ddi chi

toan nam, co C’g (cach).

Vay theo nguyén 1y bu trit, s6 cich 1a
Gy — C§

C6 bao nhiéu sb c6 5 chit s0, cac chit s6 12 d6i mot khac nhau, dugc tao thanh tif cac chit s6 1,2, 3,4, 5?

Loi giai.  S6 c6 5 chit s6 khac nhau tit céc chit s6 1,2, 3,4, 5 12 hodn vi ctia 5 giai thira, hay 5!. |

Tir cac chit s6 0, 1,2, 3,4, 5,6, 7 ta lap dudc bao nhiéu sb tu nhién c6 8 chit s6 d6i mot khac nhau?

e *? e . A A A P e — 2,0 A - , A
Loi giai. Goi so can 1ap c6 dang ajaz...ag v6i a; # 0. Nén a; ¢6 7 cach chon so.
Hon nita, cdc s6 con lai sé di 1a hodn vi ctia 7 chit s6 con lai, cé 7! cach.

Theo quy tic nhan, s6 c6 thé c6
7.7!

[# Cau8— THPT — 2018
Baban A, B, C mbi ban viét ngiu nhién 1én bang mot sd tu nhién thudc doan [1;17]. C6 bao nhiéu sé6 ma

tong céc chif s6 ctia ching chia hét cho 3?

Loi giai.  Goi s6 d6 c6 dang abe. Trong doan [1;17], ta liét ké céc tap s6 nhu sau.
— S6 chia hét cho 3 (du 0) {3;6;9;12;15} (5 sb).

— S& chia hét cho 3 (du 1) {1;4;7;10;13; 16} (6 sb).

— Sb chia hét cho 3 (du 2) {2;5;8;11;14; 17} (6 s6).

Truong hop 1: a,b,c mdi sd déu chia hét cho 3 (du 0). C6 CL.CE.CE (cach).

Truong hop 2: a,b, c mdi sd déu chia hét cho 3 (du 1). C6 CL.CE.C (cach).

©
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Truong hop 3: a,b, c mdi sd déu chia hét cho 3 (du 2). C6 CL.CE.C (cach).

Truong hop 4: Hoan vi ctia 3 s a, b, ¢ trong d6 a, b, c mbi s6 chon sao cho ¢6 sb chia hét cho 3 (du 0), cho 3 (du 1)
va cho 3 (du 2) — tdng s6 du lai 1a 0 + 1 + 2 = 3 vén chia hét cho 3. C6 3. (C1.C¢.CF).

Vay téng c6 cac sb 1a
C3.C3.C3 + C§.C4.C + C§.C4.C4 + 31, (C3.C§.CF)

[ Cau9 — THPT — 2026

Trong mot trd chdi ban Binh cin vudt qua mdt thi thach. Theo yéu cau clia thi thach, Binh can dién tit
ca 15 sb thudc tap hop {0;1;2;3;4;5;6;7;8;10; 11;12; 15; 16; 20} vao 15 6 vudng trong hinh dudi thda

min dong thdi ba diéu kién sau:
— Mai 6 dién diing mot s6 va mbi s6 chi dudc sit dung mot 1an;
— Hiéu hai s6 & hai 6 bat ki khac nhau trén cung mot hang khong chia hét cho 5;
— Hiéu hai s6 & hai 6 bat ki khac nhau trén cliing mot cot khong chia hét cho 5.

Hai céch dién goi 1a gidng nhau néu s6 dién 6 mdi 6 tuong tng trong 15 6 1a giébng nhau (khong tinh dén
thi tu dién cac s6 vao 15 6 vuong). Goi H 1a s cach dién khac nhau dé€ ban Binh vuot qua dudc thii thach.

H .
Gia tri cia 0 bang bao nhiéu?

Hang 5

Hang 4

Hang 3

Hang 2

Hang 1

Cot 1Cot 2Cot 3Cot4Cot S

Loi gidi. Goi hai s6 & hai 6 bit ki 1a 2 va y. P hiéu ctia ching khong chia hét cho nhau thi z, 3 phai khac nhau
hay = # y.

Mt khdc, hiéu hai s trén cting hang/cot khong chia hét cho 5 thi ddy cac sd nay phai dugc xép theo dudng chéo ciia
bac thang.

Ta liét ké cac bo sd nhu sau.
— Chia 5 (du 0) {0;5;10; 15; 20} == c6 5 s.

— Chia 5 (du 1) {1;6;11; 16} = c6 4 sb.
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— Chia 5 (du 2) {2;7;12} = c6 3 sb.

— Chia 5 (du 3) {3;8} = ¢62 sb.

— Chia 5 (du 4) {4} = ¢6 1 s6.

Lan ludt hodn vi cdc sd nay vao hang/cot tuong dng. Khi d6 H = 5!.41.3!.2!.1!,

Vi thé

H  5141.31.21.1!
H_otansl2idl e
30 30

[ Caulo0

Trong hinh sau dy, mdi canh ctia tam gidc déu dudc chia thanh 6 doan thang bang nhau béi 5 diém nam

bén trong cling véi hai dau mut. Hdi ¢6 bao nhiéu tam giac c¢6 dinh 1a cdc chAm diém & trong hinh:

Loi giai. Trong tam gidc nay c6 tit ca 18 diém, chon ngiu nhién 3 diém tir 18 diém dé€ tao thanh tam gidc (bao gdm

cé cac diém cho 1a thflng hang), co6 Cfg (cach).

Chon 3 di€m trén 1 canh bat ki (1 canh ¢6 7 diém) dé€ dém dugc 3 diém thang hang, c6 C2 (cdch). Suy ra 3 canh c6
3.C2 (céch)

Viy s6 tam gidc c6 thé ¢ 1a
C3 —3.C3
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# Caull

Hinh sau day dugc tao thanh ti hai ho dudng thang vudng géc, mdi ho gdbm 6 dudng thang song song.

Hoi ¢6 bao nhiéu hinh chit nhat khac nhau dudc tao thanh?

Loi giai. Trong hinh, 1an lugt c6 6 dudng thang ké ngang va doc. Hinh chit nhat dudc tao thanh tir 2 duvng ké
ngang va 2 dudng ké doc bat ki (hinh vudng 12 hinh chit nhat). Chon 2 dudng trong 6 dudng ké ngang va 2 dudng
trong 6 dudng ké doc d€ tao thanh hinh chit nhat. C6 C2.CZ (hinh tao thanh). [ |
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HOAN VI VONG TRON, HOAN VI LAP
g 3 VA HOAN VI LECH

@ Hoan vi vong tron
Khi xép n phan ti vao mdt vong tron khép kin, sb hodn vi ctia chiing 12
(n—1)!

@ Hoan vi lap

Khi ta xép n phan ti ma trong d6 c¢6 cdc nhém phan ti gibng hét nhau lip lai ny, ny, ng, ..., 7y 1an thi sb

hoan vi cua ching la
n!

P(nl,ng,ng,...,nk) = I ] I
ni-.naing:... Nk

® Hoan vi léch (Cong thirc Derangement)

Mot hodn vi clia n phan tif sao cho khong c6 phan tif nao xuit hién & ding vi tri ban du ctia né dudgc xdc

dinh bdi (sau day goi 1a Cong thiic Derangement va ki hiéu 1a D,,)

n k
D, = n'z<k—1|)
k=0 )

=

Trong d6 ngodic vudng 1a ham 14y phan nguyén bé nhit khong vudt qua sd do, tic 1a 1am tron xudng hoic
¢6 thé hidu 1 bo phan thap phan di, vi du [4, 15] = 4; [4, 5] = 4; [4,999] = 4.

Ngoai ra, D,, con dugc xac dinh béi

Chirng minh

Goi D,, 12 s6 hoan vi 1éch ctia n phan td. Ta xét phan tif du tién, d€ hoan vi 1éch, phan ti ndy khong ducc

& vi tri cia n6, do d6 ta con lai n — 1 phan ti.

Gia st phan tif dau tién ma ta dang xét chon diing vi tri thid i (v6i i € {2;3;...;n} hay i = 2,n) con lai thi
ta s€ ¢ hai trudng hgp xay ra.

Truong hop 1: Néu i chon ding vao vi tri clia phan tif dau tién ma ta dang xét, thi khi d6 phan tif dau tién

ma ta dang xét véi i da d6i chd cho nhau (thoa mén hoan vi 1éch), khi d6 ta con lai n — 2 phan t hay chinh
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la D, _s.

Truong hop 2: Néu i khong chon ding vao vi tri ctia phan tif dau tién ma ta dang xét thi tiic 1a con lai n — 1
phan ti hay chinh 1a D,,_;.

Ta c6 hé thiic truy hoi

Xét hiéu so

Chia tit c cac vé cho n! dudc

n! n! n! n! (TL - 1)‘ n!
it
D, D, (_1)n
— = Uy —_— = Up—-1 < Up — Up—1 =
nl (n—1)! n!

Ta dé thy day 1a day truy hdi c6 cac phan ti trung gian (& gitia ddy) doi mot triét tiéu nhau dén g nén

Tu do suy ra

Chiing minh xong.

Note. Hoén vi 1éch 1a nhanh nho ctia phuong phap dém Truy hoi.
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@ Baitap

C6 bao nhiéu cach xép 6 ngudi ngdi quanh quanh mot cdi ban tron?

Loi giai.  C6 6! (cach). [ |

Gia stt c¢6 4 lon son do, 3 lon son xanh duong, 2 lon son vang va 1 lon son xanh 14. Mdi lon di d€ son

diing mot cdn phong. Cac lon son c6 cing mau sac giong hét nhau. C6 bao nhiéu cach d€ dung s6 son do

son cho 10 can phong.

Loi giai.  S6 phan tit 12 10 (lon son), theo hodn vi lip, ta dudc: (cach) [ ]

10!
41.31.21.1!

C6 bao nhiéu tir (c6 nghia hoic khdng nghia) c6 thé dudc tao ra bang cach sap xép céc chit cai trong tir

PEPPER?

Loi giai.  S6 phan tit 1a 6 (chit cdi), trong d6 P lip lai 3 1an, E lip lai 2 1an, R lip lai 1 1an. Theo hodn vi lip, ta
dudgc

6! .
3171 (cach)

Tu tap X = {1;2;3;4;5;6;7;8} 1ap dudc bao nhiéu sd tu nhién c6 11 chit s6 sao cho chit s6 1 c6 mit 4

lan, cac chii so khac c6 mat 1 1an?

Loi giai.  Goi s6 can 1ap c6 dang @iazas ... ag, tong ¢ 11 chit sd hay chinh 1a 11 phan ti&. Trong d6 chit s6 1 c6
miit 4 1an, cdc chit s6 khac xuit hién mot 1an (tdc 12 11 — 4 = 7 phan ti con lai xuét hién ding 1 1an). Theo cong thifc

hodn vi Iip thi c4c s6 thod man la
11! 11!

RIRIRIRIRIRIR T

[ Caus

Cho tap hgp A = {1;2;3;4;5;6;7}. Goi S 1a tap hgp céc sb c6 5 chit s6 dugc 1ap nén tii cac chit s6 thude

tap A. Chon ngiu nhién mot s6 ti tap S. Biét xac suit d€ s6 dugc chon c6 chit sd 5 xult hién 3 1an va hai
a+b

chit s6 con lai khong triing nhau bang % voia,b € N* va % 12 phan s6 t6i gidn. Khi d6 1000 bing bao

nhiéu?
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Loi giai.  V6i khong gian mau, goi s6 cAn 1ap c¢6 dang abede. Khi d6, a ¢6 thé chon sb tir {1;2;3;...;7} (7 cach).
Tuong tu nhu thé cho b, ¢, d, e cling ¢6 7 cach. Liic nay, khong gian mau

n(Q) =7.7.7.7.7="1°

Goi A 1a bién cb: "sd dudc chon c6 chit s6 5 xuat hién 3 1an va hai chit s6 con lai khong tring nhau".

Goi s6 can 1ap c6 dang 555ab. Véi a, b, ta chi can chon ngiu nhién 2 sb trong tap A \ {5}, nghia 1a a, b con 6 su lua
chon, do la {1;2;3;4;6;7}.

Khi d6 s cach chon phu hgp cho a, b 1a CZ (cich).

Tuy nhién, trong s6 c6 5 chit sb can lap 4y, chit s6 5 lip lai 3 1an nén

_ 22
Vay xdc suit clia bién cd
5!02
A 316 300 b
P(A):n():?’! g:a—i- -

n(Q) 7 16807 b 1000

Cho mot ban ¢d tiéu chuén kich thuée 8 x 8. Pit ching 1én ban cd sao cho ching khong tin cong 14n
nhau; nghia 12 méi hang hodc mdi cot chi chifa t6i da mdt quan Xe. C6 bao nhiéu cach dit 8 quan Xe nay

1én ban c0 trong céc trudng hgp sau:
a) 8 quan Xe gidéng hét nhau;
b) 8 quan Xe hoan toan khac nhau (gia st chiing dugc son 8 mau sic khac nhau);

¢) 8 quan Xe c6 mau sic lip lai (4 quan son mau Xanh duong, 3 quan son mau Do va 1 quan son mau
Xanh 13).

Li gidi.
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a) 8 quan Xe gidng hét nhau thi ta chi can hodn vi 8 phan ti nay, c6 8! (c4ch)
b) PAu tién, hodn vi 8 phan tif ¢6 8! (cich), sau d6 son 8 mau khac nhau cho chiing, c¢6 8! (c4ch).
Vay s cch thod man 1a: (8!)2 = (8!)2

(81?2
41311

¢) Theo hoan vi ldp, ta dudc: (cach)

[# Cau7 — Trich trong sach A Path To Combinatorics For Undergraduates — AIME 1990

Trong mdt cudc thi ban cung tén, tam muc tiéu dudc sfip xép thanh ba cot treo, hai cot treo 2 bén mdi bén

c6 ba muc tiéu, cot treo chinh giita c6 hai muc tiéu. M6t xa thd phai ban tring ca tdim muc tiéu theo quy
tac sau: trudc tién, xa thi chon mot cot dé ban triing mot muc tiéu. Sau do, xa thi phai ban tring muc tiéu
chua bi ban triing thip nhét con lai trong cot da chon. Néu tuan theo cac quy tic nay, c6 bao nhiéu thi tu

khac nhau ma tdm muc tiéu c6 thé bi ban tring?

Loi giai. Hodn vi lip ton tai 1a bdi: ta c6 8 14n ban, véi 2 cot c6 3 bia sé lip lai 3 1an, véi cot c6 2 bia sé lap lai 2
l4n. Nghia 13, goi cic bia & cot 1 dudc ki hiéu Ia (M; M; M), cot 2 ki hiéu 1a (N; N), cot 3 ki hiéu 1a (P; P; P). Theo

cong thiic hoan vi ldp, ta dudc s6 cach 1a

31.31.2!

= 560 (c4ch)

[# Cau8 — Trich trong sich A Path To Combinatorics For Undergraduates — AIME 1984
Mot khoa toan c6 23 thanh vién. Ho mubn chia thanh 5 nhém (mdi nhém 3 ngudi) va 2 nhém (mdi nhém
4 ngudi). C6 bao nhiéu cach chia nhu thé?

Loi giai. Theo cong thiic hoan vi lip, ta dudc sb cach

23!
(31Y5.(41)2

Tuy nhién, néu ta chi chia thanh 5 nhém va 2 nhém nhu thé lai ton tai hodn vi, do chiing khong phén biét v6i nhau.

Nghia 1a s6 cach lic nay thuc su 12

23!
(31)5.(41)2 23!
5121 BL21.(31)5.(41)2

Néu chia thanh 5 nhém khac nhau (mdi nhém 3 ngudi) va 2 nhém khac nhau (mdi nhém 4 ngudi) thi cac nhém mdéi

®
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thuc su phan biét, Itic 4y, sb cach sé ding lai 1a
23!

(31)5.(41)2
Ddp 4n cubi phai 1a
23!
51.21.(31).(4!)2

[ Cau)9
C6 6 bi thu dugc danh sb thit tu tit 1 dén 6 va 6 cai tem ciing dudc danh sb tir 1 dén 6. Ngudi ta dan céc
tem thu vao céc bi thu (mdi thu chi ddn 1 tem). Hoi ¢6 bao nhiéu cach ddn tem thu sao cho khong c6 bi

thu nao dudc dan tem c6 sb triing vé6i sb trén bi thu?

g e e e e e
'TEM) 'TEM) 'TEM) 'TEM) 'TEM) 'TEM)
{ IR { IR { IR { IR { IR { IR

Bi thu 1 Bi thu 2 Bi thu 3 Bi thu 4 Bi thu 5 Bi thu 6

Loi giai. Dau tién, nhan thiy day 1a bai toan hoan vi léch do c6 dit kién "khong c6 bi thu nao dudgc din tem cé sd

triing véi sb trén bi thu".

Khi d6 s6 cach thoa man 1a

{1+n!} _ [1+6!

(&

} ~ [265,241] = 265

e

[ Caulo

Tai mot bai gilt xe mdy c6 5 khach gti xe. Khi giii xe, mbi khach dugc phat mot phiéu giti xe dudc danh
s6 tir 1 dén 5 tuong tng vdi xe ctia ho. Khi khich quay lai ldy xe, nhan vién giif xe 14y nham x4p phiéu va
phat ngiu nhién 5 phiéu cho 5 khach (mdi ngudi nhan ding 1 phiéu). Cé bao nhiéu cach phat phiéu sao

cho khong c6 khach nao nhan ding phiéu gti xe ctia minh?

Loi giai. Nhan thiy day 1a bai toan hodn vi 1éch (khdng c6 khach nao nhan diing phiéu gii xe ctia minh). Nén ap
dung cong thiic ta dugc

[1—%5!

] ~ [44,513] = 44
(&

Mot thay gido c6 4 ma dé dudc danh s6 tir 1 dén 4. Gia sit c6 4 em hoc sinh ciing c6 ngay sinh tuong ting

tir 1 dén 4. C6 bao nhiéu cach phat dé sao cho khdng c6 em hoc sinh nao nhan dugc dé c6 ma tring véi

ngay sinh cia minh?

Loi giai. Khi d6 s6 cich thod man 1a

1441
[ i }z[9,196}—9

®
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[ Cau 12 — Chuyén KHTN — Ha Noi — 2026

C6 6 bi thu dudc danh sb thi tu tir 1 dén 6 va 6 cai tem ciing dudc danh sb tir 1 dén 6. Ngudi ta dan céac
tem thu vao cac bi thu (mdi thu chi ddn 1 tem). Hdi c6 bao nhiéu cach dan tem thu sao cho c6 it nhat mot

bi thu dudc ddn tem c6 sb tring véi s trén bi thu?

Loi giai. Bién c6 dbi cda: "it nhit mot bi thu dude din tem c6 s6 triung vdi s6 trén bi thu", 1a "khong c6 bi thu nao

dudgc dan tem c6 s6 triing v6i s6 trén bi thu d6". Bai toan trd thanh bai toan hodn vi léch.

Khi d6 s6 cach thoa man 1a

o [1+6!

} ~ 6! — [265,241] = 6! — 265 = 455
e

Co6 4 cai 6 khoa va 4 chia khoa khac nhau. Mdi chia khoa chi md dudec mot & khoa. C6 bao nhiéu cach dé

sau 4 1an md kho4 khong c6 & khoa nao dudc mé?

Loi giai.  S6 cach thoa min la

{1+4!

e

} ~[9,196] = 9

Mot 16p hoc ¢6 7 hoc sinh ndp bai ki€ém tra 1én ban gido vién. Gido vién mudn phat tra lai vai cho cac

em nhung vo tinh xdo tron hoan toan cdc bai 1am va phat ngau nhién. C6 bao nhiéu cach phat bai sao cho

khong c6 hoc sinh nao nhan diing bai ki€m tra ctia minh?

Loi giai. Sb cach thod man la
1+ 7
“ T ~ (1854, 480] = 1854
e
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[ Cau 15— Thi thit Tot nghiép Sé Pong Nai — 2026

Hé théng gém cédc vat nhu sau dugc goi 1a mdng n:

— Mot mang nghiéng c¢6 n 16 doc theo ddy. Tinh tif trén cao xudng, cac 16 1an lugt c6 dudng kinh 1a
1,2,3,...,n.

— n qua béng c6 dudng kinh 1a cic sb nguyén duong khong 16n hon n, trong d6 c6 thé ¢ nhiéu qua

bong c6 cung dudng kinh.

(hinh vé dudi day mo ta mdng 4)

Xét mdng n, tha lin n qua béng tit dinh mang xudng, 1an luct tiing qua. Dbi v6i mdi qua béng, khi lin
dén 16 c6 duong kinh 16n hon hoic bang dudng kinh ctia né thi né sé lot vao dong thdi dong 16 nay lai.
Déi v6i mot thi tu cdc qua bong sau khi tha Iidn, néu cac qua bong déu lot vao 16 thi thi tu cdc qua bong
4y duogc goi 1a day dep.

Hai ddy dep gibng nhau khi va chi khi thif tu ban kinh ctia béng lot 16 1a nhu nhau.

C6 thé tao dudc bao nhiéu ddy dep khac nhau d6i v6i mdng 5 biét ring c6 diing mot qua c6 duong kinh 1a

4 va mot qua c6 duong kinh la 5?

Loi giai. Xét mdng 5, goi diy dep c6 dang xyz45 véirang buoc z < y < 2.

Hon nifa, vi ¢6 hai qua c6 dudng kinh 1an Iugt 1a 4,5 nén ba qua bong con lai sé chon tir tap cac gia tri {1;2;3}.
—zr<]l=2a=1

—y<2=ye{l;2}.

—2<3=z€{1;2;3}.

Ta liét ké cdc bo thoa man. Gom {1;1;1;4; 5}, {1;1;2;4;5},{1;1;3;4;5}, {1;2;2;4; 5}, {1;2; 3;4;5}.

Vi thé, sb day dep c6 thé c6
5! 5 5! 5! |
g+g+ﬁ+§+5.:320
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5 4 CHINH HOP LAP VA TO HOP LAP

@  Chinh hop lap

Mot bo sap thit tu & phan tit dudc 14y tir tip hop cé n phan tit (c6 thé lap lai) clia tip hop A dudc goi 1a mot
chinh hop ldp chap k ctia n phan ti ciia A. S6 chinh hop lip chap k ctia n phan ti 14

Note. S6 k c6 thé 16n hon n.
2 o
@ To hgp lap

Mot bo gdm k phan tif khong phan biét thi tu dudc 14y tir tip hop A gdm n phan ti (c6 thé dudc 14y lip lai)
dudc goi 1a mot 16 hop Idp chap k ctia n phan ti ctia A. S6 t8 hop 1ip chap & ctia n phan ti 13

Cn = CnJrkfl
Note. S6 k c6 thé 16n hon n.

C6 thé hiéu t6 hop 1ip mdt cach cu thé nhu sau: Cho tap hop A c6 n loai phan ti, loai 1 ¢6 m, phan ti, loai
2 ¢6 mo phan ti...., loai n ¢6 m,, phan td. Mot tip con gom k phan ticlia Avéi 0 < k < m;,Vi=1,...n
dudgc goi 12 mot tS hop 1dp chip k cia n phan ti (phan biét) cia A.
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@ Baitap

C6 bao nhiéu day nhi phan c6 do dai bang 7?

Loi giai. Day nhi phian gdm 2 ki tu 0 va 1, c6 d6 dai bang 7 nghia 1a ¢6 7 vi tri. M&i vi tri chon 1 trong 2 ki tuy dé
dit vao, dbi véi ca 7 vi tri, c6 27 = 128 (day) — chinh hop lip. [ |

C6 4 loai buit bi: xanh, dd, vang, tim va mdi loai c6 it nhit 6 ciy bt (cac biit ciing loai 12 gidng nhau).

Hoi ¢6 bao nhiéu cach khdc nhau d€ mua 6 cay biit.

Loi giai. Ap dung cong thic t8 hop lip, sb cach

Cff+6—1 = CS = 84



MAI TRAN NHAT KHOA
XAC SUAT CO PIEN VA
Chuong I I XAC SUAT CO PIEU KIEN
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Chuong nay cung cip cho cic ban hoc sinh mién kién thiic vé cac quy tic tinh xdc
suat, 1am quen véi mot sd khai niém, khong gian mau, bién cd, phép thi,... Tt d6

dan dén mot bai todn xdc suit.

CHUONG II. X

Céc ban hoc sinh can van dung dudc nhitng quy tac dém so clp co ban di dugc dé
cip & Chuong I dé€ dinh hudng tu duy va gidi quyét triét d€ mang kién thic khong

dé lién quan dén van dé "Xéac suat"!
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s 1 KHONG GIAN MAU VA CAC LOAI BIEN CO

@ Phép thir ngau nhién va khong gian mau

Phép thit ngdu nhién (goi tat 1a phép thir) 1a mot hoat dong ma ta khong thé biét trudc dudc két qua ciia né.

Tap hop tat ca cac két qui c6 thé xdy ra clia phép thit ngiu nhién dugc goi 1a khéng gian mdu, ki hiéu 1a Q

(doc 1a omega).

@ Bién co

MBbi tap con ctia khong gian mau dudc goi 1a mot bién co, ki hidu 1a A, B, C, ... Mot két qua thuoe A dudc
2oi 1a két qua 1am cho A xay ra hoidc két qud thudn lpi cho A. Bién cé chdc chdn 1 bién cb ludn xay ra, ki
hiéu 13 Q va bién cé khong thé’ 1a bién cd khong bao git xay ra, ki hiéu 12 @.

@ Mot so loai bién co

Bién c6 ddi ctia bién c6 A (ki hiéu 1a A) xay ra khi va chi khi A bi phii dinh — nghia 1a A khong xdy ra.

i a

Cho A va B 12 hai bién cd. Bién c6: “A hoic B xay ra”, dudc goi 12 bién cé hgp cia A va B va dudc ki hiéu
la AU B. Néu A, B la tip con ctia khong gian mau € thi bién cb A U B 1a tap con clia khong gian mau.

[0

|7
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Cho A va B 1a hai bién cb. Bién cb: “A va B déu xdy ra”, ducc goi 1a bién co giao ctia A va B va dudc ki

hiéu 1a AN B. Néu A, B 1a tip con ctia khong gian mau (2 thi bién c6 AN B 1a tp con ctia khong gian mau.

O

Hai bién c6 A va B dudc goi 1a xung khdc néu A va B khong dong thdi xdy ra.

Note. Hai bién c6 A va B 1a xung khic khi va chi khi AN B = @.

Yo

Hai bién c¢b A va B dudc goi 1a doc Idp néu viéc xay ra hay khong xay ra ctia bién cb nay khong lam anh

hudng t6i xac suat xay ra cua bién co kia.

Note. Néu hai bién cd A va B doc lap thi A va B, A va B, A va B ciing doc lap.
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@ Baitap

[ Caul
Minh muén goi dién cho Ngoc nhung Minh quén mét chit s6 cudi cling ctia s6 dién thoai. Minh chon ngiu
nhién mot chit s6 cho chit s6 cudi cung dé goi thi.

a) Mo ta khong gian mau ctia phép thi.

b) Goi A 1a bién ¢ chit s6 Minh chon dugc 1a sb chia hét cho 3. Viét tip hdp mo ta bién cb A.

Loi giai. a) Chit s6 cudi ciing cda sb dién thoai thudc tap khong gian mau Q = {0;1;2;...;9}.

b) Tap mo ta bién cd Ala A = {0;3;6;9}.

|
Mot tS trong 16p 11B c6 4 hoc sinh nita 1a Huong, Hong, Dung, Phuong va 5 hoc sinh nam 1a Son, Tung,
Hoang, Tién, Hai. Trong gid hoc, gido vién chon ngiu nhién mot hoc sinh trong t& d6 1én bang dé kiém
tra bai. Xét cdc bién cb sau.
H: “hoc sinh d6 la ni”;
K: “hoc sinh d6 c6 tén bat dau la chit cai H”.

a) Mo ta khong gian mau.

b) Néu ndi dung ctia bién cd hop M = H U K. Mdi bién cb6 H, K, M 12 tip con nao ctia khong gian mau?

Loi giai. a) Khong gian mAiu bao gdm tén ctia 9 ban hoc sinh 1a
Q) = {Huong, Hong, Dung, Phuong, Son, Tung, Hoang, Tién, Hai}

b) Noi dung ctia bién ¢6 hop M = H U K 1a: "hoc sinh d6 1a nit hoic hoc sinh d6 ¢6 tén bat diu 1a chit cai H".

Miit khac
H = {Huong, Hong, Dung, Phuong}
va
K = {Huong, Hong, Hoang, Hai}
Do dé

M = H U K = {Huong, Hong, Dung, Phuong, Hoang, Hai}



MAI TRAN NHAT KHOA
[ Cau3
Mot hop dung 25 tim thé cling loai dudc danh sb tir 1 dén 25. Riit ngdu nhién mot tim thé trong hop. Xét
cac bién cd P: “s6 ghi trén tAm thé 1a s6 chia hét cho 47, Q: “s6 ghi trén tAm thé 13 sd chia hét cho 6”.

a) M6 ta khong gian mau.

b) N6i dung ctia bién cb giao S = PQ 1a gi? Mdi bién ¢ P, Q, S 1a tp con nao clia khong gian mau?

Loi giai. a) Khong gian miu Q = {1;2;3;...;25}.

b) Noi dung cta bién cb giao S = PQ la: "s6 ghi trén tim thé viia chia hét cho 4 viia chia hét cho 6".

Mt khac
P = {4;8;12;16;20; 24}
va
Q = {6;12;18;24}
Do d6

S=PnQ ={12;24}
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< 2 XAC SUAT CO PIEN VA QUY TAC TINH XAC SUAT

@ Xac suat cua biéen co

Gia st mot phép thii c6 khong gian mau gdm hitu han céc két qua c6 cung kha ning xay ra va A 1a mot bién

cd. Xac suét clia bién cb A 1a mot sd, ki hiéu 1a P (A) va dude xdc dinh bdi

Trong d6: n (A) = [Q4] van (Q) = || 1an luct la ki hiéu s6 phan ti (luc lugng) cla tap A va €. Hay c6

thé hi€u n (A) = |Q,4] 12 s6 két qua thuan 16i cho bién cd A va n () = || 1a s6 két qua c6 thé xay ra.

Note.
0<P(A)<1

— P (A) = 0 nghia la xdc suat d€ bién c6 A xay ra la khong thé.
— P (A) = 1 nghia la xdc suat d€ bién c6 A xay ra la chac chan.
Bién cb dbi ctia bién cd A (ki hiéu 1a A) va x4c suit ctia bién cd d6i nay c6 mdi lién hé véi bién cb6 A

P(A)=1-P(A)

@  Quy tac nhan xac suat doi véi hai bien co doc lap

Néu hai bién cb A va B doc lap thi
P(AB) = P(A).P(B)

Note. Diu hiéu dé 4p dung quy tic nhan — trong d& bai c6 chit "va", "dong thoi",...
®  Quy tac cong xac suat
Néu A va B 1a hai bién cb bat ki thi

P(AUB)=P(A)+P(B)— P(AB)
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Néu A va B 12 hai bién c6 xung khic (tic 1a AN B = @) thi
P(AuB)=P(A)+ P(B)

Note. D4u hiéu dé 4p dung quy tic cdng — trong dé bai c6 chit "it nhat", "hoic",...
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@ Baitap

Gieo mdt dong tién can dbi va dong chat bon 1an. Xac suat d€ ca bon lan xuat hién mit sip 1a?

Loi giai. Goi A 1a bién c6: "bdn 1an gieo déu xuit hién mit sip".

Dé c6 khong gian miu khi gieo mot dong xu (chi c6 mit sip hoic ngiia)
n(Q) =2222=2"=16

Chi ¢6 mot két qué xdy ra cho bién ¢ A4, d61an (A) = {S;5;S; S}.

Vay xac suat clia bién co A

Gieo mot con xtc xac hai 1an. Xdc suat dé it nhat xuat hién mit sau cham 1a?

Loi giai. Goi A 1a bién c6: "it nhat xuit hién mit sdu chim khi gieo mot con xtic xac hai lan".
Dé c6 khong gian miu khi gieo mot con xiic xic (gdm s6 chim tir 1 dén 6)
n(2) =6.6 =236

Xét bién cb ddi A: "ca hai lan gieo déu khong xuat hién mit 6 chAm, nghia 14 s6 chim ti da diing lai & 5 va s6 chim

t6i thiéu dirng lai 6 1"

T do
n(A) =5.5=25
Vay xdc suit clia bién cb A

— 25 11

Gieo mot con xuc xic hai lan. Tinh xac suét dé bién cb c6 téng hai mit bang 8?

Loi giai. Goi A 1a bién c6: "tdng khi gieo mot con xtic xac hai 1an bang 8"
Goi cép (z;y) thoa man x + y = 8.

Dé c6 khong gian mau
n(Q) = 6.6 = 36
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Xét bién cb A, céc cip thod man c6 thé c6 1a
(z;y) € {(2;6),(3;5),(4;4),(5;3),(6;2)}

Viy xac suat cia bien ¢o A

[# Caud — THPT — 2025

Ban Nam tham gia cudc thi gidi mat thu. Theo quy tic ctia cudc thi, ngudi choi can chon ra sau sb tif tap
S = {1;2;3;4;5;6;7;8;9} nhu hinh vé sao cho méi vi tri chi dudc xép mot sb. Mat thu sé dudc gidi néu
cdc bo ba sd xuit hién & nhitng bd ba vi tri (A, M, B); (B, N,C); (C, P, A) tao thanh céc cip s cong
theo tht tu d6. Ban Nam chon ngiu nhién sdu s trong tap S va x&p ngiu nhién vao cac vi tri dudgc yéu

A . 2 A ~ s 9. A 2, 1A N A Y B .z . 2 4 v LN
cau. Goi xdac suat dé ban Nam giai dudc mat thu 6 1an chon va xeép do 1a a. Gia tri cua — bang bao nhiéu?
a

(42
() (2

()
B W) C

Loi giai. Chon c6 th ty 6 sb trong 9 s6 d€ xép vao cdc canh clia tam gidc = n (Q) = AS.

Miit khac, néu bo ba s xuét hién & cac canh clia tam giac 1ap thanh cip s6 cong thi

M:A—i—B
2

N:B—I—C
2

P:A+C
2

Nhdn xét: DE diéu kién trén thoa man thi bo sb dit vao cac vi tri A, B, C 12 bd sb cung 1é hoiic cling chin (thi méi

chia hét cho 2).
Va dé thiy mdi vi tri chi dugc xép mot s, tic 1a

M+ A, B,C,P,N
N#AB,C,PM <+
P+ A B,C,M,N

A+B

#C <= A+ B #2C

Hay c6 thé n6i bd ba s6 (A, B, C) khong thé 1ap thanh cip s cong nita.

&
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Truong hop 1: Bo s d6 12 18.
Céc bd sb thoa man: (1;3;7),(1;3;9), (1;5;7),(1;7;9), (3;5;9), (3; 7;9).
Truong hop 2: Bo s6 d6 1a chin.
Cic bo s6 thoa man: (2;4;8), (2;6;8).
Vay c6 tit ci 8 bo s6 thoa man, ma mdi bo s6 dy lai c6 3 giai thita cac ddi chd nén xic suit ctia bién cb

A) 83 4 4
n(4) ):—:a:>f:78 o7 = 5040
a - 3!

Aj

[ Cau 5 — Thi thi Tot nghiép S Hué — 2026

An va Binh rit giéi Todn, cling tham gia mdt tro choi, dau tién An bdc ngiu nhién mot thé tir hop thit nhit
chita sau thé gibng nhau dudc danh sb tir 1 dén 6, tiép theo Binh b6c ngiu nhién mot thé tir hop thit hai

chita bon thé gidng nhau dudc danh sb tir 1 dén 4. Goi s6 An bdc dudc 12 a va sd ctia Binh 14 b, sau d6 hai
a

ngudi cung tinh gid tri cta tich phan / = / 2%dx. Néu két qua I 1a mot s6 nguyén thi An thing, ngudc

0
lai Binh thang. Tinh xdc suit d&€ An thang cudc (két qua dudc lam tron dén hang phan trim).

Loi giai.  V6i a thudc tap tir 1,2, 3, ...,6 va b thudc tap tir 1,2, 3, 4. Ta c6 khdng gian miu

n()=64=24

Xét tich phan
r , I LR oS R N 5 |
I=|[2dx= = — =
b+1l, b+1 b+1 b+l
0
41 2 ) ’ )
Truong hop 1: b= 1thi [ = 1 ?(1) Neéu An thang thi I phai nguyén nén tuong ducng vdi viéc (1) chia het

cho 2 hay a:2. Suy raa € {2;4;6}.

ad .
Truong hop 2: b =2 thi [ = 5 hay a:3. Suyraa € {3;6}.

(l4 . 2
Truong hop 3: b = 3 thi [ = ) hay a:4. Suy ra a € {3;6}. Suy ra dy cang chinh la trudng hgp 1 (chia hét cho 2)
a € {2;4;6}.

5
Truong hop 4: b = 4 thi [ = % hay a:5. Suyraa € {5}.

Vay xdc sut clia bién cb
3+2+3+1 3
—— = —-=0,38
6.4 8 ’
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An va Binh thi d4u véi nhau trong mot tran béng ban, ngudi thang trude 3 séc sé gianh chién thing chung

cudc. X4c suit An gianh chién thing mbi séc 1a 0,4. Tinh x4c suit d€ An thing chung cudc.

Loi giai. Xac suit d€ An gianh chién thing ca 3 séc la

0,4.0,4.0,4 = (0,4)*

Hai xa thd cuing ban vao bia. X4c suat ngudi thi nhat ban tring 12 80%. Xac suit ngudi thit hai ban tring

12 70%. X4c suit d€ c hai ngudi ciing bin tring 122

Loi giai.  Xac suét d€ ca hai ngudi cuing ban tring 12

80%.70% = 56%

Mot thi sinh tham gia ki thi THPT Quédc gia. P& bai thi mén Todn gém 50 ciu hoi tric nghiém, ban d6

lam dudc chic chan ding 40 ciu. Do khong con di thdi gian nén ban bat budc phai khoanh biia 10 cau

con lai. Hdi xdc suét d€ ban d6 dudc 9,2 diém 1a bao nhiéu?

) I Aae Lo A1 D
Loi giai. Trong 4 phuong an A,B,C,D. Xdc suat chon dugc ciu ding la 1 va xac suat chon dudc cau sai la 1

Ban nay di c6 sin 8 diém, can dugc 9.2 diém thi ban 4y can lui tring 6 trong 10 ciu con lai, c6 C’fo (cach).

O

Vay xdac suat cia bién co

Hai d6i thi ngang tai nhau, cung thi d4u v6i nhau d€ tranh chiic vo dich. Ngudi thang cudc 1a ngudsi dau

tién thang dudc 6 van diu. Hét budi sang, ngudi I da thang 5 van, con ngudi IT chi méi thang 3 van. Budi
chiéu hai ngudi sé tiép tuc thi d4u. Xac suat dé ngudi I vo dich bang

Loi giai.  Xét bién cd "ngudi I thua — nghia 1 ngudi II thing lién tiép ba van budi chidu", c6 xac suit



MAI TRAN NHAT KHOA

1\* 7
P=1l-p=1-(=) =2
p=1-(3) =3

Vay xic suit dé ngudi I thang

Mot phan mém tao dé thi trac nghiém 50 cau hdi bang cach hoan vi 4 ddp an tric nghiém trong ciing ciu

héi v6i nhau. Xac suat dé c6 hai dé thi dudc tao ra chi ¢6 su gibng nhau & nim cau hdi gan nhit véi gia tri

nao sau day?

Loi giai.  Xac suét chon dugc hai ciu héi c6 sy gidng nhau la
Suy ra xdc suit chon dugc hai ciu hoi khdc nhau 1a

Chon 5 cau héi ¢6 sy gidng nhau trong 50 cau, ¢6 C2, (cach).

i5§45(]5
24 ) \24) 0

Viay xac suat

# Caull

Trong ki thi THPT Quédc Gia nim 2016 c6 mon thi bat budc 1a mon Tiéng Anh. Mén thi nay thi dudi hinh
thifc tric nghiém véi bon phuong an tra 16i A, B, C, D. Mbi céu tra 18i diing dudc cong 0,2 diém; mbi cau
tra 15i sai bi trtr 0,1 di€m. Ban Hoa vi hoc rat kém mén Tiéng Anh nén chon ngiu nhién ca 50 ciu tra 19i.

Tinh x4c suat dé€ ban Hoa dat dudc 4 diém mon Tiéng Anh trong ki thi trén.

Loi giai.  Goi z, y 1an ludt 1a s6 cau diing va s6 cau sai ma ban Hoa khoanh dudc.

Ta c6 hé phuong trinh (v6i tong s6 cAu va tdng s6 diém dat dugc) nhu sau.
z+y =230 z =30
<
0,2z —0,1y =4 y =20
Az A ac s s 1 03
Mot mit, xac suat chon dugce ciu dung va sai lan lugt 1a 1 va —.

Mait khac, chon 30 cau ding trong 50 cau, c6 C’gg (cach).

1 30 § 20 030

Viy x4c suit
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[# Cau 12 — Lién truong Ha Néi

Cho mot bang 6 vuong 3 x 3 nhu hinh vé dudi. Pién ngiu nhién 9 sb thuoc tip hop X =
{0;1;2;3;4;5;6;7;8;9} vio 9 & vudng trong bang (mdi 6 dién mot sd khac nhau). Goi Y 1a bién cb

X X % > X . A A A 12n <A . A a 40 N
"mdi hang, moi cdt bat ki trong bang déu cé it nhat mot so 18". Biet xdc suat P (V) = 7 (v6ia,b € Nva

% 13 phan s6 t6i gian). Khi d6 tong ctia a + b biang bao nhiéu?

Hinh vé minh hoa

Loi giai. Tong s6 cach dién 9 s tir tap X (c6 10 s6) vao 9 6 1an(Q) = A, = 10!
Tap X ¢6 5 sd chdn {0,2,4,6,8} va5s61é {1,3,5,7,9}.

Dé théa min Y, ta khong dudc c6 hang nao hoic cot nio chiia toan s6 chin.

Trong 9 sd dudc chon, sd lugng sb chin k c6 thé 1a 4 hoic 5.

Trudng hap 1: Chon 5 18, 4 chdn. C6 C2 - C2 = 5 cach chon b sb.

V6i 4 56 chin, ¢6 6 - P - 6! = 103680 cédch sip xép c6 it nhat 1 hang/cot toan chin.
S6 céach thda Y 1a 5 - (9! — 103680) = 1296000.

Truong hop 2: Chon 4 18, 5 chén. C6 C’§ . C’g’ = 5 cach chon bo sb.

S& céch sap xép c6 it nhét 1 hang/cot toan chin tinh theo bu trir 1a 233280.

Sé cach théa Y 1a
5- (9! — 233280) = 648000

Téng s6 cach thda bién cd Y 1a
1296000 + 648000 = 1944000

Xac suit

1944000 15
PO="90r =%

Vay a = 15,b = 28 = a + b = 43.

Loi gidi by Tuyensinh247



MAI TRAN NHAT KHOA
XAC SUAT CO PIEU KIEN
CONG THUC XAC SUAT TOAN PHAN
s 3 PINH LY BAYES

@ Xac suat co dieu kién

Cho 2 bién cb A va B. Xdc suét ctia bién ¢ A tinh trong diéu kién bién cb6 B da xay ra dudc goi 1a xdc suét
c6 diéu kién ctia A trong diéu kién B. Ki hiéu P (A|B).

Cong thic tinh x4c suét c6 diéu kién dbi v6i 2 bién cd A, B bat ki

_ P(ANB) P(AB) n(AB)
PAB) == = PmB) ~ nB)

hay
_P(AnB) P(AB) n(AB)
P(Bl4) = P(A)  P(A)  n(4)

Néu hai bién c¢6 A, B doc lap thi
P(A|B)= P (A|B) = P(A),P(B|A) = P (BJA) = P(B)
Néu hai bién c¢b A, B xung khic thi
P(AIB)=0 vi P(ANB)=0

Note.
P(A|B)+ P (AB) =1

P(AB)+ P (AB) = P(B),P(AB)+ P (AB) = P(A)

Céch ghi AB hay A N B la nhu nhau.

DAu hiéu 1am bai: trong dé bai c¢6 chit "biét...".

Y nghia ctia xdc suit c¢6 diéu kién 1a thu hep pham vi tim kiém.
D6i v6i hai bién cb A, B bat ki; ta ¢ cong thic nhan xac suét

P(AB) = P(A).P(B|A) = P(B).P (A|B)
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@  Cong thiurc xac suat toan phan va dinh ly Bayes
Cong thitc Xac suit Toan phan dugc xdc dinh bsi
P (B) =P (A)P(B|A)+ P (A) P (B|A)

hay
P(A)=P(B)P(A|B)+ P (B) P (AB)

Mot cach tdng quat nhét, ta dudc (ap dung tuong tu cho bién cb B)
P(A)=>_ P(By) P(A|B)
k=1

Pinh Iy Bayes 12 mot trudng hop dic biét clia Xdc suit c6 diéu kién va dp dung cho hai bién cb A, B; ta

dugc
' _ P(AB) P (A) P (B|A)
P(A|B) = P(B)  P(A)P(BJA)+ P (A) P(B[A)

Mot cich tdng quat nhét
P (Ay) P (B|Ag)
> P(A) P(B|A)

k=1

P (A B) =
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@ Baitap

Dién ngdu nhién céc s6 thudc tap S = {0; 1;2; 3;4; 5; 6; 7; 8} vao cdc 6 clia bang 6 vudng c6 kich ¢& 3 x 3
sao cho mdi s6 dudc dién vao diing mot 6, hai & khac nhau dugc dién hai s6 khac nhau. Tinh x4c suit cia
bién c¢b s6 0 dugc dién vao 6 chinh gilta ctia bing 6 vudng, biét rang mdi hang va mdi cot clia bang déu

c6 it nhat mot sb chin.

Loi gidi. Goi A 1a bién c6: “Mdi hang va mbi cot déu cé it nhat mot s6 chin”; B 1a bién cb: S6 0 dugc dién vao
6 chinh gitta”; C 1a bién cb: “O chinh giita ctia bang 12 mot s6 chdn”. S6 cach xép 4 s6 18 vao 9 6 sao cho khong c6
hang hoic cot ndo toan sd 18

n(A) = Cy — (3.C§ +3.C5) = 90

S& cach xép sao cho 6 giita 1a s6 chin va thod man A (4 s6 1 nam & 8 6 xung quanh va khong tao thanh hang hoic cot
toan 1é)
n(CNA)=Cg— (2.0 +2.C3) =50
Tu dé ( )
n(CNA 50 5
PCA=—F—FF"">-=—=—-
(C14) n(A) 90 9
Vi 5 s6 chin {0;2;4; 6; 8} c6 vai tro nhu nhau trong viéc 14p day céc vi tri chin, nén x4c suit s6 0 niam G vi tri d6 khi

da biét vi tri d6 1a chin 1a

P(B|C) = % — P(B|A) = P(B|C).P(C|A) =

©| ot
O =

ot =

[ Cau2— PE MINH HOA — 2025

C6 hai chiéc hop, hop I ¢6 6 qua bong mau do va 4 qua bong mau vang, hop I ¢6 7 qua béng mau do va
3 qua béng mau vang, cic qua boéng cé cling kich thude va khéi luong. Ly ngiu nhién mot qua béng tir
hop I bd vao hop II. Sau d6, 14y ngau nhién mot qua bong tir hop I1. Tinh xdc suat d€ qua bong dudc 1ay
ra tit hop II 12 qua béng dudc chuyén tit hop I sang, biét rang qua bong dé c6 mau dé (lam tron két qua

dén hang phan trim).

Loi giai. Goi A 1a bién c6: "qua bong dudgc 14y ra tir hop II 1a qua bong dudc chuyén tir hop I sang”.

Goi B la bién co: "biét qua bong d6 c6 mau do".
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— Xét s6 phan t ctia n(AB): "qua béng lay ra tit hop I 1a tit hop I chuyén sang va né ¢6 mau do".

Liy 1 qua trong 6 qua béng d6 tir hop I, sau d6 1dy 1 qua mau dd trong chinh qua vira 1y d6. S6 cach thuc hién nhu
vay:
— ct.o}

— Xét s6 phan t cia n(B): "biét qua béng 14y ra tit hop II ¢ mau do".

Truong hop 1: Tu hop I 14y 1 qua dd trong 6 qua d6 (ltic nay hop I ¢6 tdng 7 + 1 quéa do, do ta méi 1iy 1 qua do tir
hop I qua); sau d6 14y 1 qua dé tir hop 11, c6

= C5.0714
Truong hop 2: Ti hop 11y 1 qua vang trong 4 qua vang (ltic nay hop II vin con 6 qua dé, do ta chi 14y 1 qué vang tir

hop I); sau d6 lay 1 qua dd ti hop I, c6
= C;.C4

Vay xdc sut ctia bién cd

P(AB) n(AB) Cct.ct 3
“B) =5 (B) n(B) CLCl,+Cij.C; 38 0,08

@ Cau3
Theo doi thai tiét hai huyén ké nhau A va B ngudi ta nhan thiy trong cing mot ngay, néu huyén B khong
mua thi kha ning huyén A khong mua 1a 65%, con néu huyén A khong mua thi kha ning huyén B khong

mua 12 60%. Hon nifa, x4c suét ca hai huyén A vd B c¢6 mua trong cing mot ngay 1a 10%. Haiy tinh xac

suat d€ it nhAt mot trong hai huyén c6 mua trong mot ngay (1am tron két qua dén hang phan trim).

Loi giai. Goi A 1a bién c6: “huyén A c6 mua” va B 1a bién cb: “huyén B c6 mua”.
Pit P (A) =z, P(B) = y va P (AB) = 0, 1.
Theo dé bai, ta c6

P (A|B) =0,65 = P (A|B) = 0,35 = Pp(ég _F (f)__P]zng)

z—0,1
l-y
< x+0,35y =0,45 (1)

=0,35

Theo dé bai, ta c6

o . P(BA) P(B)-P(AB)
P (BlA) = 0,6 = P (B[4) =0,4= P@A)  1-PA)

y_071 _
l—z
<~ 0,42 +y=0,5 (2)

0,4
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T (1) va (2) suy ra
55 16

172" 7 43
Vith P(AUB) =z +y—0,1~0,59.

Mot thii kho ¢6 mdt chim chia khod gdm 9 chiéc, bé ngoai chiing giébng hét nhau nhung trong d6 chi c6

ding 2 chiéc m& dudc kho. Anh ta thi ngiu nhién tiing chia (chia nao khong tring thi bd ra). Tinh xéc
suit dé€ md dudc kho & 1an thi ba. Biét két qua c6 dang phan s6 t6i gian ¢, tinh T =a + b ?

Loi giai.  Goi A; 1a bién cb: “M& dugc khéa & 1an thi chia thd 57, véi i € {1;2;3;...;9}.
Goi B 1a bién c6: “Mé dudc khéa & 1an thi chia thi 3”.

Ta c6 B: “Lan 1 mé khong dudc va 1an 2 mé khong dudc va 1an 3 mé dudgc”.

Do d6
B=A;, -4, 4
Ma
P(B) =P (A;-A;y- As)
=P (A;) P (Ay | A1) - P (As| A - Ay)
Mait khac .
6
P(A1)=§7 P (A | 1)=§7 P (A3 | Ay-Ag) =<
762 1 a
=B =557 67
—a+b=1+6=7
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[ Cau 5 — Thi thi Tot nghiép S6 Nghé An — 2025

Cim A (Influenza A) 1a bénh nhiém trung dudng ho hip cip tinh do cdc virus cim mua gy nén. Virus

cim A c6 thé lay truyén truc tiép trong khong khi thong qua dudng hd hp. Gia st Virus ciim A c6 kha
ning lay nhiém dbi véi ngudi ngdi trong vong ban kinh 2m 13 85% va ddi v6i ngudi ngdi cach hon 2m 1a
5%. An 1a mot hoc sinh bi nhiém ctiim A nhung ban than khong hay biét. An di du thi cudi ky. Phong thi
clia An c6 24 ban dugc xép vao 24 chd ngdi clia mdt phong thi c6 4 diy, mdi diy c6 6 chd ngdi. Khoang
cach giifa hai ngudi theo hang ngang 13 1,6m va theo hang doc 1a 1,1m .Do khong biét truéc An bi ctim A
nén cic thi sinh dudc xép ngiu nhién vao phong thi. Mot ban ciing phong ctia An sau khi du thi di kiém
tra thiy khong bi nhiém ctim A. Tinh x4c suét dé thi sinh d6 ngdi gan An trong vong 2m (két qua 1am tron

dén hang phan trim).

L OO OO
L OO OO

Loi giai. Goi G 1a bién cb: “ngdi gin trong 2m”, N 14 bién c6 “bi nhiém ciim A”.

P(G)-P(N|G)

P(G|N) = ()

P(G)- P (N|G)

PG PG+ P PG

V6i P (N|G) =0,15va P (N|G) = 0,95.

Goi I 1a ving 8 chiéc ghé & giita 16p hoc, II 1a viing bao gdm 4 chiéc ghé ma mdi chiéc ghé & mot goc 16p va 111 1a

viing con lai (8 ghé).

Khi d6, xac suit d€ ban hoc sinh ngdi & viing 1, 11, III 1an lugt 1a
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Thé vao (*) ta dudc
P (G|N) =~ 0,05

@ Caué6
Trong mdt tdi c6 mot sb chiée keo cung loai, chi khdc mau, trong d6 c6 6 cdi keo mau cam, con lai 1a keo
mau vang. Ha 14y ngiu nhién mot cdi keo tif trong tii, khong tra lai. Sau d6 Ha lai 1iy ngiu nhién thém

mot cai keo khac ti trong tui. Biét rang xac suat Ha lay dudgc ca hai cai keo mau cam la % Hoi ban dau

trong tui c6 bao nhiéu cai keo?

Loi giai. Goi tdng sd keo lan = s6 keo vang 1a (n — 6).

Lan thif nhit — Xdc suét iy dudc keo cam 13

Slo

LAan thif hai — Xdc suét liy dudc keo cam 1a

Theo bai ra, ta c6

@ Cau7
C6 hai dong xu c6 hinh thiic gibng nhau, trong dé c6 mot dong xu can ddi dong chit va mot dong xu
khong can ddi c6 xac suat khi tung dong xu xuit hién mit ngta 1a 3 Mot ngudi 1iy ngiu nhién mot dong

xu trong hai dong xu da cho, tung dong xu c6 3 1an thi déu thay xuat hién mit ngia, xac suat dé ngudi do

lay dudc dong xu can ddi 1a bao nhiéu? (két qua 1am tron dén hang phan mudi).

Loi giai.  Goi A 1a bién c6: “chon dugc dong xu cin d6i”, A 1a bién cb: “chon dudc dong xu khong can dbi”.

— P(A):P(Z):%

Goi B 1a bién cb: “tung dong xu 3 1an déu xuit hién mit ngtia”.

e P(B)=P(A)-P(B|A)+ P (A)- P (B|A)
=0,5-(0,5)%+0,5- (g)g
Theo dinh Iy Bayes
P(A|B) P(A)P- (J;()B\A)
0,5-(0,5)°

= ~ 0,3
0,5-(0,5)> +0,5- (2)°
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LGp 12A ¢6 2 hoc sinh nam va 15 hoc sinh ntt, 16p 12B ¢6 25 hoc sinh nam va 10 hoc sinh nit. Chon ngau
nhién ba em hoc sinh tif 16p 12A va hai hoc sinh tit 16p 12B d€ 1ap thanh mot t6 ndm em hoc sinh di du
dai hoi chi doan. Chon ngu nhién mdt trong nim em hoc sinh nay bau lam t5 trudng. Biét xac suat dé

hoc sinh 16p 12A dudc 1am tS trudng, néu biét hoc sinh nit dudc 1am t& trudng va cé xac suat khong bé

hon 0,6. Hay tim gid tri 16n nhat cta z?

Loi giai.  Goi X 1a bién cb: “chon dudc hoc sinh 16p 12A 1am tS trudng”, Y 1a bién cd: “chon dugc hoc sinh nit
lam t6 truéng”.

P(X) P(Y|X)
= PO PIVIX) 5
P(Y|X)-P(X)+P(Y|X)-P(X) "~
Véi
l P(X)=2 = p(X)=1-°=2
5 N 5 5
15
P(Y|X):15+:c
- 10 2
P(Y‘X):25+10:?
Thé vao ta dudc
3 15
5 z+15 15 9 4 B
§ 15 2.220’6(E>x+152x+15+35(:>x§37’5:>xMax_37
5 x4+15 5 7
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Tro choi DO Min dudc choi trén mot bang kich thudc (gém 64 8). Hé thdng sap xép ngiu nhién 24 qua
min vao 24 6 khac nhau trén bang: 40 6 con lai la cac 6 an toan. Bang dudc chia lam hai vung:
— Vung vién: gdm 28 6 ndm & mép ngoai cuing ciia bang.
— Vung 16i: gdm 36 & ndm hoan toan bén trong.
Mot ngudi choi chon mé ngiu nhién mot 6 trén bang. Gia sit 6 dudc md 12 mot 6 an toan va c6 ding 3 qua
min nam trong cac 6 ké canh hoic k& géc v6i né. Hoi xdc suat dé€ 6 ngudi choi vita mé nam trong ving

16i 12 bao nhiéu ? (két qua 1am tron dén hang phan trim).

|:| Viing vién (28 6)

[] Ving 15i (36 8)

Loi giai. Bang Do Min kich thudc 8 x 8 gdm 64 6, trong dé c6 24 qua min va 40 6 an toan. Ta chia 64 6 nay thanh

3 loai dua trén vi tri va s 6 k& xung quanh.

— Ving 16i: gdbm 36 6. Mdi 6 16i tiép xtic v6i 8 6 ké.

— Vung vién (khdc géc): gdbm 24 6. Mdi 6 vién tiép xtc véi 5 6 keé.
— Gée: gdbm 4 6. Mbi 6 goc tiép xtic véi 3 6 ké.

Goi F 1a bién cb: “O dudc mé an toan va nam k& ding 3 qua min”.
Goi A, B, C lan lugt 1a céac bién cb: “O ngusi choi md nim trong ving 16i”, “O ngudi choi md & vung vién (khac
g6c)” va “O ngudi choi mé & goc”.

xéc suit d€ 6 dugc md nam trong vung 16i khi biét n6 an toan va ké 3 qua min la

_n(ANE) n(AE)
P(AIE) = n(E)  n(AE)+n(BE)+n(CE)

— n(AE) (O md thude vung 16i):

S6 céch chon 1 6 an toan trong viing 16i: 36 cach.

Sé cdch dit 3 qua min vao 8 6 ké né: Cj cach.

Bang con lai 64 — 1 (6 dang mg) — 8 (0 k&) = 55 6. SO cach dit 21 qua min con lai vao 55 6 nay: C23 cach.

— n(AE) =36-C3 - C2}
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— n(BE) (O mé thudc ving vién, khic géc):

S6 céch chon 1 6 an toan & vung vién (khac goc): 24 cach.

S6 céach didt 3 qua min vao 5 6 ké n6: C3 céch.

Bang con lai 64 — 1 — 5 = 58 . S6 cach dit 21 qué min con lai vao 58 6 nay: C2: cich.
— n(BE)=24-C2.C3

—n(CE) (O mé thudc 4 géc):

S6 cach chon 1 6 an toan & géc: 4 cach.

S céch dit 3 qua min vao 3 6 ké né: C céch.

Bang con lai 64 — 1 — 3 = 60 0. S6 cach dit 21 qué min con lai vao 60 6 nay: C2} cach.

— n(CE)=4-C3%-C2}

Vi thé :
36-C3 - C33
36-C3-C2l+24-C3-CH +4-C3-CY

P(A|E) = ~ 0,67

[ Caulo0

Nhan dip ki niém 95 nim ngay thanh 1ap Poan Thanh nién Cong san HO Chi Minh (26/03/1931 —
26/3/2025), cac ban hoc sinh lua chon tham gia hoat dong tinh nguyén hoic bi€u dién vin nghé. Ldp
12C1 ¢6 50% s6 hoc sinh tham gia hoat dong tinh nguyén va con lai 50% s6 hoc sinh tham gia biéu dién
vin nghé. Biét ring cac ban nit déu tham gia biéu dién vin nghé. Trong s cic ban nam c6 20% tham gia
bi€u dién vin nghé va 80% tham gia hoat dong tinh nguyén. Chon ngiu nhién mot hoc sinh trong 16p.

Biét rang hoc sinh nay tham gia biéu dién vin nghé, tinh xac suit dé hoc sinh nay 1a nit (lam tron két qua

dén hang phan trim).

Loi giai. Goi M 1a bién c6: “Hoc sinh dudc chon 1a nam” == M 1a bién cb: “Hoc sinh dugc chon 1a nii”.
Goi N 1a bién cb: “Hoc sinh tham gia biéu dién vin nghé” = N la bién c6: “Hoc sinh tham gia tinh nguyén”.
Theo bai ra o - o -

P(N)=P(M)-P(N|M)+P (M) -P(N|M)

(:>O,5:P(M)-O,8—|—O-P(M)
= P(M)=0,625
Theo dinh ly Bayes
0,375 -1

P(N|M) = 05 =0,75

g)
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Hé nhém mau ABO gdém bdn nhém mdu 1a A, B, O va AB véi ti 1¢ phan bd trong cdng dong khac nhau
& tiing ching toc. O Viét Nam, ti 1& nay 1a: nhém méu A khoang 20%, nhém méu B khoang 30%, nhém
mau O khoang 45% va nhém mau AB khoing 5%. Biét rang mot ngudi cé nhém mau AB c6 thé nhan
mau ctia bat ki nhém mau nao. Néu ngudi d6 c6 nhém mau: A, B hoidc O thi chi ¢6 thé nhan dugc mdu tir
ngudi cing nhém mau véi minh hodic ngudi c6 nhém mau O. Ly ngiu nhién mot ngudi cho mau va mot

ngudi nhian mau. Biét ring qua trinh truyén mdu thuc hién thanh cong, xic suit ngudi nhan mau thudc

nhém mdau B 1a bao nhiéu (1am tron két qua dén hang phan trim)?

Loi giai. Goi M 1a bién cb: “qua trinh truyén mau thanh céng”, N 1a bién cb: “ngudi nhan mau thuéc nhém B”.
Theo bai: P (4) =0,2; P(B) =0,3; P(0) = 0,45, P(AB) = 0, 05.
Trudng hop 1: ngudi nhan 1a A thi nhan tu A hoac O

— P=0,2-(0,2+0,45) =0,13
Truong hop 2: ngudi nhan la B thi nhén t B hodac O

= P=0,3-(0,340,45) = 0,225
Trudng hop 3: ngudi nhan 1a O thi nhan t O

= P =0,45-0,45=0,2025
Truong hop 4: ngudi nhan 1a AB thi nhan tit ca
— P=0,05-(0,240,3+0,45+0,05) = 0,05

Viy xdc suit c6 diéu kién
0,225
P(N|M)= d ~ 0,37
(N|M) 0,13 + 0,225 40,2025 + 0,05 ’
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Ba ngudi ban An, Bo va Chau déu mudn di xem mot tran béng dd. Kha ning mdi ngudi di dudc phu
thudc vao cic yéu tb sau:
— An: Néu troi khong mua, An ¢6 70% kha ning di xem béng d4. Néu trdi mua, kha ning gidm xudng
con 40%. Theo du béo thdi tiét, kha ning trudi mua trong ngay dién ra tran dau 1a 30%. Viéc An di xem
béng d4 hoan toan phu thudc vao thoi tiét.
— Bao: Viéc Bao di xem béng da hoan toan phu thudc vao viée An c6 di hay khong. Néu An di, Bao c6
80% kha ning di. Néu An khong di, Bo chac chan sé khong di.
— Chau: Chau 1a mot ngudi rit doc 1ap. Kha ning Chau di xem béng da khong phu thudc vao viéc An va

Bao c6 di hay khong. Chau ¢6 60% kha nang di xem bong da.

Goi xdc suit dé€ it nhat 2 trong ba ngudi ban cling di xem béng d4 1a P. Tinh gi4 tri ctia 2500P?

Loi giai. Lan ludt goi tén cdc bién cb A, B, C, D, E c6 ndi dung: Trdi mua, An di, Bio di va Chau di.
Truong hop 1: An di, Bao di va Chau di

= P((C)-P(D|C)-P(E)=(0,3-0,440,7-0,7)-0,8-0,6 =0,2928
Trudong hop 2: An di, Béo di va Chau khong di

= P(C)-P(D|C)-P(E)=(0,3-0,4+0,7-0,7)-0,8-0,4=0,1952
Truong hop 3: An di, Bao khong di va Chau di

— P(C)-P(D|C)-P(E)=(0,3-0,4+0,7-0,7)-0,2-0,6 = 0,0732
Téng tit ca cic trudng hap, ta dudc

1403

05612 = ——° 9500P — 1403
) 2500

[ Caul3

Céc hoc sinh tir s6 1 dén s6 5 mdi em dang cAm mot thé s c6 ghi ding s6 clia minh. Thu lai tit ca cc thé
s0 clia cdc em ndy, tron 1én roi phat lai ngau nhién cho méi em mot thé. Sau d6, chi ting qua cho hoc sinh
c6 s6 16n nhit trong nhitng hoc sinh nhan lai ding thé s6 ctia minh. Vi du, néu c4c em nhan lai thé s6 nhu

dudi day, thi chi hoc sinh s& 5 méi nhan dudc qua.

2 4 3 1 5

Hoc sinh 1  Hoc sinh2  Hoc sinh 3  Hoc sinh4  Hoc sinh 5

)
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Loi giai. Goi B la bién cb: "C6 hoc sinh nhan dugc qua”.
Goi A 1a bién cb: "Hoc sinh nhin qua c6 sb thi tu 1a chin".

Khi 4y ta can tinh P (A|B). Ta dé thiy khong gian mau "Cé hoc sinh nhan dudc qua"hoan toan tuong duong véi "it

nhét mot ngudi nhan ding thé ctia minh". Theo cong thiic Derangements, s truong hop khong c6 ai nhan diing thé 1a

D5 = 5! - ()" =44

5=51) =
k=0

Do d6, s6 phan ti ctia khong gian miu B la

n(B)=5!—44 =120 — 44 = 76

Ta xét t6i s6 phan tii c6 16i cho n (AB). Luu y rang hoc sinh nhan dugc qua phai c6 s thit tu 1a chén, tic 1a ta xét véi
trudng hop em hoc sinh ¢6 s6 thi tu 12 2 va 4.

Truong hop 1: Em hoc sinh c6 sb thd tu 12 2 nhan qua. Bay gio ta ¢ dinh hoc sinh s6 2 nay (nhan diing thé 2), va di
nhién céc em hoc sinh ¢6 sb 3, 4, 5 phai nhan sai thé ctia minh. Vi néu 3, 4, 5 nhan diing thi sb sé& 16n hon 2, khi d6 2

sé khong nhan dudc qua. (Hoc sinh s6 1 nhan diing hay sai khong quan trong vi 1 nhd hon 2).

Téng s6 hodn vi clia 4 em con lai 13 4! (vi 2 da c¢b dinh nhan ding thé nén ta chi xét 4 em). D& dém sb trudng hop "3,
4, 5 déu nhan sai thé", ta dung nguyén 1i bu trir: 1iy tong s6 cach tri di s6 cach "tdn tai it nhat 1 hoc sinh trong nhém
3,4, 5 nhan ding thé".

Goi A1, As, A3 1an ludt 1a bién cb ngudi 3, 4, 5 nhan ding thé trong khong gian 4 phan tif nay.
— 1 ngudi nhan ding thé, 3 ngudi con lai hodn vi: C1.3!.
— 2 ngudi nhan ding thé, 2 ngudi con lai hodn vi: C3.2!.
— 3 ngudi nhan ding thé, 1 ngudi con lai hodn vi: C3.1!.
Theo nguyén li bu tri, tdng két Truong hop 1 ta c6 sb cach thoa man la
THy =4 — |[AjUA U Ag| =41 — (C3.31 = C5.2! + C3.11) =24 — (18 =6+ 1) = 11

Truong hop 2: Em hoc sinh c6 s6 thi tu 12 4 nhan qua. Bay gio ta ¢b dinh hoc sinh s6 4 nay va di nhién hoc sinh s6 5

phai nhan sai thé ctia minh (néu 5 nhan ding thi 4 khong c6 qua). Cac hoc sinh 1, 2, 3 nhan thé nao ciing dudc.

Téng s6 hoan vi cho 4 ban (trit ban s& 4 da c6 dinh) 12 4!. Ta loai bd di nhiing trudng hop "sd 5 cling nhan ding thé".

Néu s6 5 ciing nhin ding, ta ¢ dinh luon 4 va 5, vay 3 ban con lai hodn vi tuy y c6 3! cich.
Nén sb cach thod man Truong hop 2 1a

THy=4!-3!'=24-6=18



MAI TRAN NHAT KHOA

Vay xdc suat cia bién co can tim 1a

11418 29
P(B)  n(B) 76 %6 76

P(A|B) =
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GIOI THIEU CAC PHUONG PHAP PEM, BO DE

Chuong I I I VA CONG THUC PAC BIET

A

-

-

UucCh

A

~

2
A 2

AP PEM, BO PE VA CONG TH

-

-

A

CHUONG III. GIOI THIEU CAC PHUONG PH

-

AC BIET

Chuong nay cung cp cho cic ban hoc sinh nhiing 16i tiép can mot bai toan dém —
xéc suét theo nhiing cdch kha "riéng". Pong thdi khdi quat thanh mot s cong thiic,
bd dé hay gip vé mang T6 hop & X4c suit nay. Hon nita, chuong II con dé cap dén

cac phuong phap dém gitip tiép cin mot bai todn Pém — X4c suét trd nén don gian!
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g 1 BAI TOAN CHIA KEO CUA EULER

-=-=-=— Bii todn chia keo ctia Euler VA Phuong phap Vach ngin thuc chit 12 mot, do d6 minh chi dé cap

dén "Bai toan chia keo ctia Euler"!

@ Bai toan goc thar nhat

Bai toan 1: C6 bao nhiéu cach chia n chiéc keo giéng hét nhau cho & dia tré, sao cho mdi dia tré c6 it nhat
1 chiéc keo?

Diéu nay tuong duong vdi viéc tim sb nghiém nguyén (z1, o, ..., 1) clia phuong trinh:

T+ To+ a3+ +Tp=n

Khi d6, s6 cach chia thoa man 1a

Chirng minh

Xép n chiéc keo thanh mot hang ngang. Giiia n chiéc keo nay sé c6 n — 1 khoang trong. D€ chia thanh k
phan ma phan nao ciing c6 it nhit 1 keo, thi tuong ting ta can dit k — 1 cai vach vao cic khoang tréng do.

Tu do ta c6 cong thuc trén.
Vi du: C6 bao nhiéu cach chia 8 cai keo cho 4 em hoc sinh sao cho mdi em c6 it nhét 1 céi keo?

Giita 8 vién keo nay, c¢6 7 khoang trng. Mudn chia s6 keo nay cho 4 em hoc sinh, ta can 3 vach ngin dit

vao 7 khoang trong nay (khi d6 sb keo dudc chia thanh 4 phan).
@ ‘ @ ‘ @ ©®© © @ ‘ @ @
Khi 4y, s6 cach chia thoa man 1a Cy | = C2.

@ Bai toan goc thi hai

Bai toan 2: C6 bao nhiéu cich chia n chiéc keo giéng hét nhau cho k dia tré, sao cho c6 thé c6 dia tré

khong nhéan dugc keo?

&
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Diéu nay tuong duong véi viéc tim sd nghiém nguyén khong 4m ctia phuong trinh:

T1+To+x3+ -+ 2 =1

Dé chiing minh Bai todn s6 2 nay. Ta sé dua n6 vé Bai toan quen thudc s 1. RS thiy, diéu kién chia keo ban

Z
A

dau cta Euler 14 1, 29, x5, . . ., ¥, > 1. Bay gid ta sé bién d6i s6 "0"thanh sb "1"nhu sau.

Ty + Tyt T3+ 0+ T =1

—

(@ + D)+ @+ D)+ (@s+ 1)+ -+ (o +1)=n+k-1
—

(w1 + D)+ (e + D)+ (23 + 1)+ -+ (v +1)=n+k
—

Thé nén theo Bai toan 1, thi ta cé sd cach chia thoa man 1a

Ck:—l

n+k—1

Note. Luu ¥ ring trong cc bai toan phan 16n chi s6 nhé hon s& 12 & va chi s6 16n hon 1a n. Trong d6 can
hiéu n 12 s6 vat phdm can chia va k 1a s6 ddi tuong nhan. Hon nita, can thuc su luu y, trong hai bai todn

dang xét, cac vién keo 1a hoan toan giong nhau — khong ton tai hoan vi.
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@ Baitap

C6 bao nhiéu céach chia 10 cai keo gidng hét nhau cho 3 ban hoc sinh sao cho ban nao ciing c6 it nhat mot

cai keo?

Loi giai. Theo Bai toan chia keo sb 1, ta c6 cach chia thod man la

Cy=1 = Cioy = Cf = 36

C6 bao nhiéu cach chia 10 cai keo gibng hét nhau chia cho 3 ban hoc sinh sao cho c6 thé c6 ban khong

nhan dudc keo?

Loi giai. Theo Bai toan chia keo s6 2, ta c6 cach chia thod man la

=1 3-1 2
Crin_1 = Clors—1 = Ciy = 66

[ Cau 3 — Thi thi Tot nghiép Sé Phii Tho — 2025

C6 bao nhiéu s6 tu nhién ¢ 4 chit sO ma tdng tat ca cac chi s6 clia s6 d6 bang 7?

Loi giai.  Goi s6 tu nhién can 1ap c6 dang T1@ox374 véi didu kién dé né c6 4 chit sb thi a > 1,b, ¢, d > 0. T6i day

ta co
1+ T2+ T3+t =7

I Z 1
x2,x2,23 >0

Néu theo bai todn chia keo Euler thong thuong thi x; > 1, nghia la x1, z2, x3, x4 > 1. Trong bai toan nay, chi c6

x1 > 1 nén ta phai bién d6i nhu sau.

1+ (rp+ 1)+ (3 + 1)+ (24 +1) >7+3
xlzl

ro+l,zs+1l,z4+12>1

1+ (ke + 1)+ (z3+ 1)+ (x4 +1) > 10

<z >1

ro+1l,xs+1,24+12>1
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Vay theo Bai todn chia keo s6 1 (mdi em nhén it nhit mot chiéc keo), ta dudc sb bd sd thod min 1a
CaTi=Clpy =Gy =84

Note. Luu y ring trong nhiéu bai todn, ta phai linh hoat st dung Bai toan 1 hay 2 ctia Euler dé ti uu, khong gudng ép
phéi quy vé 1 hay 2. |

C6 bao nhiéu bo s6 tu nhién x; thod man x; + x5 + x5 + 24 + 5 < 44?

Loi gidai. Can nh6 ring s6 tu nhién 1a s6 cac chit s6 thoa man x; > 0 v6ii € {1;2;3;4;5}. Thé nén ta c6

1+ a9+ a3+ x4+ 25 <44

Sé ton tai mot s6 tu nhién N nao d6 1am cho diu bang xay ra, nghia 1a

1 +x9o+ax3+x4+ 25+ N=44

Toi day, bai toan chinh thiic quay vé dang chia keo cho cdc em hoc sinh sao cho c6 thé c6 em khong nhén dudc keo.

Ap dung Bai toan chia keo s 2. Ta dudc s6 bo sb thoa man sé 1a

k—1 _ 6—-1 _ 5
Cn+k71 - C144—&-6—1 - C49
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C6 bdn ngin (trong mot gid dé sach) dudce danh s6 thi tu 1, 2, 3, 4 va bay quyén sach khac nhau. Ban An
xép hét bay quyén sach néi trén vio bén ngin d6 sao cho mdi ngiin cé it nhit mot quyén sach va cic quyén
sach dugc xép thang ding thanh mot hang ngang véi gdy sach quay ra ngoai 6 moi ngan. Khi da xép xong
bay quyén sach, hai cich xép ctia ban An dugc goi 1a gidng nhau néu ching théa man dong thdi hai diéu
kién sau day:
+ Véi tiing ngin, sb lugng quyén sach 6 ngin d6 1a nhu nhau trong ca hai cach xép.

+ V6i ting ngin, thi tu ti trai sang phai cla cdc quyén sach dudc xép 1a nhu nhau trong ca hai cach xép.

Ngan 1 Ngan 2 Ngan 3 Ngan 4

Goi T'1a so cach x€p do61 mot khac nhau cua ban An. Gia tri cua =0 bang bao nhiéu?

Loi giai. Vi c6 dit kién "it nhit", nén ta quy v& bai toan: c¢6 7 chiéc keo chia cho 4 em hoc sinh sao cho méi em c¢6

it nhat mot chiéc.

Hon nita, can luu y rang 7 chiéc keo (tuong ting 7 quyén sach) 1a hoan toan khac nhau nén ta phai nhan thém 7 giai
thita cach ddi chd cho 7 quyén sach khéac nhau nay. O bai todn chia keo ma ta dé cap, nhiing vién keo 1a hoan toan

gibng nhau nén khong c¢6 chuyén can nhin thém giai thita cich déi chd.
Vay theo Bai todn chia keo s6 1, ta dudc s6 cach xép thoa man sé 1a

: T 1. C3
T:7!~C§:11:7!-C§=>%:75006 = 2016

Nhan dip dau nim méi, gia dinh bac An c6 chudn bi 11 bao 1i xi giébng nhau nhung dudc danh sé 4n tir 1
dén 11 bang bit da quang d€ dé& phan biét. Sau d6, bac An ra ngan hang rit 15 td tién c6 ménh gia 100000
dong va 12 td tién c6 ménh gia 500000 dong. Goi T tdng s6 cach xép sao cho bao 1i xi nio ciing c6 it nhit

1 t0 tién va mbi bao chifa dii cd 2 ménh gid trén. Tinh gid tri cla ﬁ‘?

Loi giai. Vi c6 dit kién "it nhat", nén ta quy vé bai toan chia keo s6 1.
Ta lan lugt bé tling t3 tién c6 2 ménh gid d6 vao 11 bao li xi gidng hét nhau. Theo quy tic nhén, ta dugc
T Cchcop

T=Cl3-1.Clhoi =Cl.cl) = = = 1001
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Mot mang 1udi thanh phd dudc chia thanh cac tuyén dudng 6 vudng cé kich ¢5 8 x 10 véi dd dai nhu nhau
(tham khao hinh vé). Anh 14i xe Taxi dang & vi tri A vA mudn chd khach dén dia diém B. Tai xé chi c6
thé di 1én hoic ré phai khi di qua tiing giao 16 d€ di dén diém B sao cho quing dudng di dugc ngan nhat.
Do nhu cau khach hang muén tham quan m6t phan khu phd va muén chuyén huéng ding 5 1an trong khu

phd nay. Goi T 1 tdng s6 cich di ctia anh Taxi trén. Tinh gid tri ca T

B

A

Loi giai. Vi du 1 cich di thoa min

n
Diém dic biét 1a cho du ban c6 di nhu thé nao thi quy luat van sé 1a: Tong s6 6 di qua phai ludn 1a 10 va Tong s6 6 di
Ién ludn 1a 8.

Véi céch di trén thi ta goi quang dudng di 1én tir A dén 1, tir 2 dén 3, tlt 4 dén 5 1an luct 12 a, b, c.

Goi quang dudng di sang phai tir 1 dén 2, tir 3 &én 4, tir 5 dén B 1an luct 1a z; y; 2.

Hon nita, mbi bu6e di déu phai di 1én hoic di sang phai it nhat 1 6 nén ta sé st dung Bai todn chia keo sb 1 ctia Euler.

Dau tién, xét quing dudng di 1én a, b, ¢, ma tdng s6 6 di 1én 1a 10. Nén bai todn trd thanh chia 10 chiéc keo cho 3 em

sao cho em nao ciing c6 it nhat mot cai keo. Ta dudc s6 cach thoa man

3—1 __ 2
C(1071 - C’9
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Tiép theo, xét quing dudng di qua phai z; y; z véi tdng sb 6 sang phai 1a 8 Tuong tu, ta dugc
Cyoy =07

Cubi cling, do méi chi xét 1 trudng hop 1a di 1én ngay tir dau (tir A dén 1), ta ciing cAn phai xét thém trudng hop 2 1a
di sang phai ngay tir dau (tit A qua 6 bén canh ching han). Nén tong 2 trudng hop, ta cé sb cach di thod man dé bai

C3.C3 + C3.C3 =2 (C3.C3) = 1512

[ Cau8— VMO — 2012

Cho mdt nhém c6 5 ¢d gdi, ki hidu 1a Gy, Go, ..., G5 va 12 chang trai dudc xép vao 17 chiéc ghé dudc sap
thanh mot hang ngang sao cho cic diéu kién sau dong thsi thoa mén:

— M&i ghé c6 ding mot ngudi ngdi;

— Thif tu ngdi clia cac cd gdi, xét tir trai qua phdi 1a Gy, G, G3, G4, Gs;

— Giita G va G4 ¢6 it nhét 3 chang trai;

— Gilta G4 va G5 c6 it nhét 1 chang trai va nhiéu nhit 4 chang trai.

> 3 trai

/\ 1§trai§4
Y~ O\
8- 00000000000

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
~— _ ~— S ~— ~
T1 T2 T3 T4 Ty Te

C6 tat c4 bao nhiéu cach xép nhu vay?

Loi giai. Goi 21, 2, ..., 6 14n lugt 14 s6 chang trai & bén trdi G, & gilta G, Ga, 6 gitta G3, G4, & gitta G4, G5 va
6 bén phai Gf.

Theo bai ra, ta co

1+ a9+ a3+ x4+ 25+ 6 =12

x223

Diéu kién clia Bai toan chia keo s6 1 ctia Euler 12 z; > 1 nén ta sé bién d6i hé phuong trinh rang budc nay tré vé dang

quen thudc bing thao tic

Ty 4+ 22+ (23 — 2) + 24 + 25 + 26 = 12 T+ w2 + 23+ 14 + 25 + 36 = 14
r3—2>3-2 —=<r3-2>1
1<z5<4 1<z5<4

T6i day, chinh 12 Bai toan chia keo sb 1 ctia Euler.
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Xét diéu kién 1 < x5 < 4 ta c6 cic trudng hop sau.
Truong hop 1: x5 = 1 thi
i+ rot+arstargs+1l+tag=1ld<—= 1 +x9+23+2x4+265=13
Suy ra trudng hgp nay c6 Ci:’:;ll = O, (cich).
Tuong tu cho 3 trudng hop con lai 1an luot 1a: Ci’;}l =}y, Cff,ll = Ci, C’ir’oill = Cg.

Déi v6i bai toan chia keo thi cic vién keo 1 gibng hét nhau nén khong ton tai hodn vi, tuy nhién diy 1a cdc chang trai
(7 ban) nén ta phai hodn vi cho 7 chang trai nay. Con céc cd gdi sd di da dudc danh sb thi tw G, Go, G3, G4, G, tiic

12 da dudc cd dinh nén ta khong hoén vi nita.
Vay s6 cach xép thoa min tit ci cic yéu cau trén 12
12

12! (Ciy + Ciy + Cily + Cg) =121 Ct
k=9

[ Cau 9 — Thi thir Tot nghiép S6 Bic Ninh — 2026
Trong gid thuc hanh, mot hoc sinh dugc giao mot thanh gb dai 15¢m (c6 14 vach chia déu trén thanh gb).

Hoc sinh d6 thuc hién ngiu nhién hai nhat cat tai cac vach chia cm d€ chia thanh gé thanh 3 doan. Tinh
xéac suit dé 3 doan gd thu dudc c6 thé ghép thanh 3 canh ctia mot tam gidc (két qud lam tron dén hang

phan tram).

15cm

Nhat cit 1 Nhat cit 2

¢

Loi giai. Thanh gb c6 14 vach, ta chon ngiu nhién trong 14 vach chia d6 d€ thuc hién 2 nhét cach. Khong gian

X

mau

n(Q) = 0124

Goi A 12 bién cb: "3 doan gb thu dudc c6 thé ghép thanh 3 canh clia mot tam giac".
Suy ra bién cb dbi ctia A 12 A: "3 doan g6 thu dudc khong thé ghép thanh 3 canh clia mot tam gidc".
Goi a; b; ¢ 1an luct 1a 3 canh ciia tam gidc cAn 14p thanh. Va di nhién

a+b+c=15=a+b=15—-c¢
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Theo bét dang thiic trong tam gidc thi
a+b>c
a+c>b

b+c>a

Xét diéu kién thif nhat va két hop véi diéu "di nhién". Ta dugc

a+b>c
—= 15—c>c<=2c<15<=¢c<7,5

at+b=15—c¢

Thanh gd dai 15cm, ta thuc hién 2 nhat cit thi bién thanh gb thanh 15cm thanh 3 thanh gb nhé hon c¢é d6 dai trung
binh 1a 7,5 cm. Bién c6 dbi cta diéu nay khi va chi khi céc canh ctia tam gidc (3 thanh gb nhd) phai 16n hon 7,5, 1a 8.

S6 cach chon thoa mén (theo bai todn chia keo Euler s6 1)
3C3| =3C?
Sé di nhan thém 3 1a vi ap dung cho ca 3 canh.

Vay xdc sut clia bién cd

3C32
=1-"~0,31
n () Cty

[#' Cau 10 — Trich trong sach A Path To Combinatorics For Undergraduates — AIME 1984
Trong 3 ciy phong, 4 ciy sdi va 5 cdy bach duong thanh mot hang ngang. Tinh xac suét d€ khong c6 hai

ciy bach duong nao nam canh nhau?

Loi binh: Day 12 bai toan thi vi két hop gitta hodn vi lip va chia keo Euler.

12!

Loi giai.  Xét khong gian miu, theo cong thiic hodn vi lip, ta dugc: n(Q) = EIG]

(cach).

Goi A 1a bién cb: “khong c6 hai ciy bach duong nao canh nhau”.

Ta xét 7 cdy con lai, d6 1a 3 ciy phong va 4 cdy so6i. Chiing 13p lai 1an ludt 12 3 1an va 4 1an. Nén s6 cach xép 7 cy con
|

lai ay la: 300 (cach).

Giita 7 cay nay, c6 8 khoang tréng, chon 5 khoang tréng trong 8 khoang tréng iy dé trong 5 ciy bach duong vao (diéu
ny dam bao khong c6 hai cdy bach duong nao canh nhau). C6: C§ (céch).

Vay xdac suat cia bién co

(.
play~MA) _ma KT
n(Q) 12! 99

31415!
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[ Caull
Trong mdt trd chdi t chic & hoi chg, ba vién bi 1an lugt dudc thd ngdu nhién xudng mot mit phang

nghiéng vao cic 6 dudc danh s tir 1 dén 9 nhu hinh vé (gi4 sit kha ning vién bi roi vao mdi 6 1a nhu
nhau). Ban An sé triing thudng néu téng clia ba s6 ma vién bi roi vao nhd hon 7. Goi x4c suét dé An tring

thudng trong 1an choi d6 1a phan s6 t6i gian c6 dang T' = %. Gid tri ctia 7297 bing?

y é

11234567 ,8]9

Loi giai. Goi 21, 2, 23 1an lugt 12 s6 ma cac vién bi rai tring v6i 21, r2, 23 € {1;2;3;...;9} hay
x; €{1;2;3;..;9},i=1,2,3
Khi do, khdng gian mau
n(Q) = 9.9.9 = 729

Mt khéc, theo dé bai thi
1 +x2+a3<7

ZT; Z 1
Khong mét tinh tdng quat, diu bang thuc su xay ra néu
r1+xo+a3+ k=7
€Ty Z 1
Goi A 12 bién cb: "téng clia ba s6 vién bi roi vao nhd hon 7".

Nghiém ctia phuong trinh nay hoan toan tuong duong véi viéc: "chia 7 chiéc keo giéng nhau cho 4 dia tré sao cho

mbi dida tré nhan it nhat mot vién keo"(theo bai toan chia keo Euler s6 1).

Do d6

Viy xdc sut ctia bién cb A
n(A) 20

=-— = 7297 =20
n(Q) 729
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[ Cau 11 — Thi thit Tot nghiép Sé Ha Tinh — 2026

Xép 8 quyén sich gibng nhau vao mot gia sich gdm 10 ngin. Goi P 1a xac suit dé€ xép 8 quyén sach vao

10 ngiin sao cho sb6 quyén sach trong mdi ngiin khong qud 2 quyén séch, c¢6 4 ngin hoic 6 ngin chiia ding
1 quyén sach va cac ngin lién ké v6i ngin chida 2 quyén sach 12 ngin khong c6 quyén sach nao. Tinh gid
tri cua 12155P.

Loi binh: Day 12 bai toan thi vi két hop gitta hodn vi 1ip va chia keo Euler.

Loi giai. Dau tién, xép 8 quyén sach vao 10 ngin (chia 8 chiéc keo cho 10 em bé) sao cho c6 thé cé ngin khong

chita quyén sach nao. Theo cong thic chia keo Euler thi khong gian miu: n(2) = 0118;;_1 = C’% (céch).
Goi x, y, z 1an luct 12 s6 ngin chia 0, 1,2 quyén séch.

Hodn vi l3p ton tai 12 bdi: viéc xép 8 quyén sach vao 10 ngin sach hoan toan tuong duong véi viéc tim sd hodn vi (lip)

ctia day sO gom x s0 0, y s0 1 va z s0 2.

Theo bai ra, ta c6 diéu kién rang budc

— (1): Téng s6 ngin = +y + z = 10;
— (2): Tong s6 sach 0z + 1y + 2z = §;

— (3):y € {4;6}.

Truong hop 1: V6i y = 4. Giai hé phuong trinh trén ta dugc x = 4,2z = 2.

Tiic 1a trudng hop nay ta can xet xem “cdc ngin lién ké v6i ngin chiia 2 quyén sach 1a ngin khong c¢6 quyén sach nao”.

DE diéu d6 xdy ra, khi va chi khi cac s6 2 phéi ndm céch nhau it nhat 1 6 0.

Ta xép 4 sb 0 thanh mot hang ngang, gitta chiing c6 3 khoang tréng cdng véi 2 khodng tréng & dau miit 12 ¢6 5 khoang
tréng. Ta chon 2 trong 5 khoang tréng d6 dé dit s6 2, ¢6 C2 (céch). Tiép theo trong 3 khoang tréng con lai, ta dit 4 sb

1,c6 Cyr 5y = CZ (cdch).
Truong hop 2: V6i y = 6. Giai hé phuong trinh trén ta dugc x = 3,z = 1.
Gibng trudng hop 1, ta ciing xét “cac ngin lién ké véi ngin chida 2 quyén sach 13 ngiin khong c6 quyén sich nao”.

Ta xép 3 sb 0 thanh mot hang ngang, gitia ¢6 2 khoang trong cong vé6i 2 khoang tréng & dau muit 14 c6 4 khoang tréng.
Ta chon 1 trong 4 khodng tréng d6 dé dit s6 2, c6 C} (céch). Tiép theo trong 3 khodng tréng con lai, ta dit 6 s6 1, ¢6

Ciri_q = C2 (céch).

Viy x4c suat ctia bién cb
C2-Cg+C;-C; 131
Y, - 12155

= 12144P =131
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[ Caul2
Cho da gidc déu (H) noi tiép trong mot dudng tron ban kinh bang 10cm. Chon ngiu nhién 5 dinh ciia

(H) d€ tao thanh mot ngii gidc. Biét xac sult dé€ ngii gidc thu dugc c6 ding 2 canh la canh cla da gidc

(H) bing To38" Hay tinh chu vi cla da gidc (H) (lam tron két qua cudi cuing dén hang don vi clia cm).

Ay
Ay

A As

Loi giai.  Gia st da gidc (H) c6 n dinh. Chon ngu nhién 5 dinh, ta c6 khong gian mau C?.

Mubn ngii gidc thu dugc c6 ding 2 canh la canh cta (H), thi mién da gidc nay phai dugc chia thanh 3 vung. Chon 2
dinh lién k& cta (H), c6 CZ (c4ch). Bai todn trd thanh: “chia n — 5 vién keo vao 3 ving clia da gidc”, c6 C2~L | =
C2?_ (céch).

-, 4r  Xe a2 . -1y RN L2 2~
Hon nira, v6i moi dinh, chung lai lap lai nén c6 5 ngu gidc thoa man.

Theo dé bai thi n
g.cg.cf;_ﬁ 455
(o5 1938
Vay chu vi cua da giac ¢c6 n = 20 dinh va ban kinh R = 10

<—n=20

1
360. —

C =n.2.R.sin TQO = 20.2.10.5in (9) ~ 63cm
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s 2 BO PE KAPLANSKY VA BO PE MENAGE

@ B dé Kaplansky cho day hang ngang

Cho n phan ti dudc xép thanh mot hang ngang. S6 cach chon ra k phan i sao cho khong c6 hai phan ti
nao dung canh nhau dudc xac dinh béi

k
On—k—l—l

Chirng minh

Sau day ta sé st dung phuong phdp vdch ngdn (chia keo Euler) dé€ chiing minh b3 dé nay. Cu thé

Ta xem céc phan ti khéong dugc chon 1a cac vach ngin.

Goi cac phan tit dudc chon 12 & va khi d6 céac phan ti khong dudc chon sé lan — k.

Dau tién, ta xp n — k phan tif khong dudc chon thanh mot hang ngang (dai dién 1a cac ngudi que) va cic 6

vudng dai dién cho cac khoang trong.

n — k + 1 vi tri trong

A

~—

n — k déi tuong khong dugc chon

Gitta n — k phan tit khong dugc chon sé c6 n — k — 1 khoang tréng xen gitta (1a cdc 6 vudng) va cong thém
2 khoang tréng & 2 dau mut (2 6 vudng ngoai ria) thi ta thuc sucén —k —1+2 =n — k4 1 vi tri con

trong.

Tiép theo, ta dit & phan tit dudc chon vao cdc vi tri con tréng nay. Can luu y rang mdi vi tréng chi dudc dit
1 phan ti (vi b6 dé 1 chi ra ring khong c6 2 phan ti nao ké nhau dudc chon), thé nén sb cach chon thoa man
phai 1

k
On—k-l—l
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Chiing minh xong.
@ Bé dé Kaplansky cho vong tron khép kin

Cho n phan tif dugc xép thanh mot vong tron. S6 cach chon ra k phan tif sao cho khong c6 hai phan ti nao

ding canh nhau dugc xac dinh bdi

n—k n—=k

Chirng minh

Ta ddnh s6 thif tu cho c4c phan tit 1,2, 3, ..., n xung quanh mot vong tron.

Khi chon ra k phan ti thudc vao tap 1,2, 3, ..., n thi ta ludn c6 hai trudng hop xdy ra. Cu thé nhu sau.
Truong hop 1: Phan ti dugc danh sb thi tu 12 1 dudc chon.

B& dé 2 chi ra rang khong c6 2 phan tif nao k& nhau dudc chon nén céc phin ti ké d6i tugng dudc danh sb
thid ty 12 1 sé khong dugc chon, nghia 12 dang dé cap phan tif dugc danh sb thit ty 12 2 va n. Liic nay, ta phai
chon ra k phan t& tit k — 1 v n — 3 phan ti con lai.

T6i day, tif mot vong tron ta da bién né thanh hang ngang vi phan ti dudc danh sb thif tu 1a 1,2 va n da bi

loai bo.
Theo b6 dé 1, ta dé dang c6 sb cach chon thod man 12
k k-1
C(n—S)—(k—l)-H = Cn—k—l
Truong hop 2: Phan ti dugc danh sb thi tu 12 1 khong dudc chon.
Liic nay, con lai n — 1 phan i va ta chi can chon ra k phan tii trong s ay.

Theo b6 dé 1, ta dé dang c6 s6 cach chon thod man 12

C(kn—l)—k—i-l = CS—I@
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T6i day, vin dé can chiing minh chuyén thanh vin dé can chiing minh méi, 1a

_ n
Coh oy +Chy = e kCS—k (*)
Can nhd lai cong thiic tinh t6 hdp chap & ctia n phan ti 13
ok _ n!
" Kl (n— k)
Hon thé, cong thifc rit gon giai thira
n!=n.(n—1)!
Mot mat
L k=) n—k—1)— (k=1 (k—1!(n—2k)
Mat khac
ok _ (n—k)! _ (n—k)! :(n—k)(n—k—l)!:n—kck_l
R R (n—k—k)! kl(n—2k)! k(k—1)(n—2Kk) n okl
Tu do6 suy ra dugc
k
Ckfl — Ck
n—k—1 n k n—k

Véy nén (x) bi“mg

k k k+n—k n
Ch o+ Ch o =Chy, (n— + 1) =Ch_, ( ) = (i

n—k n—=k n—=k
Chiing minh xong.

Note. Luu ¥ ring trong cic bai toan phan 16n chi s6 nhd hon sé 12 k va chi s6 16n hon 1a n.
® Bo de Kaplansky Suy rong cho day hang ngang

Cho n phan tit dudc xép thanh mot hang ngang. S6 cach chon ra k phan ti sao cho giita hai phan tif dugc
chon lién tiép c6 it nhit s phan ti tréng dudc x4c dinh bsi
Ok:

n—(k—1)s

@ Bo de Kaplansky Suy rong cho vong tron khép kin
Cho n phan tif dugc xép thanh mot vong tron. S6 cach chon ra k& phan tit sao cho gitta hai phan tif dugc chon
lién tiép c6 it nhét s phan tit trong dugc xdc dinh bdi

n
k
n— ks Cn—ks

@
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® Bo dé Menage

S0 cach xép n cap vo chong vao mdt ban tron ¢6 2n ghe sao cho cac 6ng ngodi xen ké cac ba va khong cé

ciip vo chdng nao canh ngdi canh nhau dudc xéc dinh bdi
_ 2n

M, = 2.n!. )=k (n— k)

w3 (D g Gl (0= )

Note. 3 b3 dé ®, @, ® mai ban doc tu chiing minh.
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©® Baitap

C6 10 cai ghé xép thanh mot hang ngang. C6 bao nhiéu cach xép 4 ban A, B, C, D vao 10 ghé nay sao

cho khong c6 2 ban nao ngdi gan nhau?

Loi giai. Dau tién, xép 4 ban c6 4 giai thita cach ddi chd.
Tiép theo, st dung bd dé Kaplansky s6 1, ta dudc
k 4
Crnkr1 = Clo—ap1

Khi 4y, sb cach xép thod min dé bai 1a
41.c4

Mot hoi nghi c6 10 dai biéu ngdi quanh mot ban tron. Can chon ra mot nhém gdm 3 dai biéu dé€ 1ap ban

thu ky. Tinh s6 cich chon sao cho trong ban thu ky khong c6 bat ky 2 dai biu nao ngdi canh nhau tai ban

tron.

Loi giai. Ap dung bS dé Kaplansky s 2 cho ban tron, ta dudc sb cach chon thoa man 1a

. 10 .
Cfo_3 = 700? = 50

n 10
n—k " 10-3

[ Cau3 — Trich trong sach Principles and Techniques in Combinatorics

Hai muoi 1im hiép si clia Vua Arthur dang ngdi tai chiéc ban tron quen thudc ctia ho. Ba ngudi trong s6
ho dudc chon ngau nhién - v6i moi t& hop ba ngudi déu c6 kha ning dudc chon nhu nhau - va dudc cit di
tiéu diét mot con rong hung dit. Goi P 13 x4c suat d€ c6 it nhit hai trong s6 ba ngudi dudc chon da ngdi

canh nhau tai ban tron. Néu P dudc viét dang phan sb tdi gian, hdy tinh tdng clia tif s6 va mau sd.

Loi giai. Bién ¢ dbi cia "it nhét hai ngusi ngdi canh nhau", chinh la "khong c6 hai ngudi nao ngdi canh nhau".
Chon ngiu nhién 3 ngudi trong 25 ngudi, ta c6 khong gian mau

n(2) = 035
Hon thé, d€ chon ra 2 ngudi ma khong c6 ai ngdi canh nhau chinh 12 b8 d& Kaplansky s6 2, ta dé c6 s6 cach chon thoa
man

25

n(4)

&)
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Vay x4c suit clia bién ¢d "it nhit hai trong ba ngudi dudc chon ngdi canh nhau", dudc xéc dinh bdi

25 .

_ B3B3 11
P(A)=1-P(A) =1- B =3 — 22— 11446 =57
25

Doc theo mdt hanh lang c6 20 buc trung bay dudc xép thanh mot hang ngang danh sb thi tu tir 1 dén 20.
Ban t3 chiic su kién can chon ra 5 buc dé€ dit 5 chiéc gidé réng sao cho khong c6 hai chiéc gid nao dugc dit
& hai buc ké nhau. Sau khi cb dinh vi tri cia 5 chiéc gio, ban t8 chic tiép tuc 1iy 15 bong hong (gidng hét

nha) d€ cam vao 5 gid nay sao cho mdi gid ¢6 it nhat mot bong hoa. Hoi ban t6 chic ¢6 tat ca bao nhiéu

cach thuc hién viéc chon buc va cam hoa?

Loi giai. Trudc tién, ta chon 5 buc tir 20 buc xép thanh hang ngang sao cho khong c6 2 buc nao lién ké. Pay chinh
12 b6 dé Kaplansky sb 1.

Ap dung b6 dé, ta dudc
5
C30-5+1
Tiép theo, ta can chia 15 bong hoa vao 5 gié sao cho mdi gié c6 it nhit 1 bong. Pay chinh 1a bai ton chia keo cta

Euler.

Ap dung cong thiic chia keo Euler, ta dudc
Cisy

Cudi cling, vi c6 dit kién "chon buc va cim hoa'"nén theo quy tic nhan, ta dudc s6 cach thod man dé bai

Cho_5:1-075 1, = 4372368
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[ Cau5s
Cho da gidc déu (H) c6 20 dinh. Ngudi ta mubn 14p mot tam gidc ¢6 3 dinh déu 1a 3 dinh cda (H). Hoi
c6 bao nhiéu c4ch 1ap dugc mot tam gidc nhu thé sao cho khong c6 canh ndo cia tam gic triing vdi canh

cua da giac da cho?

Loi giai. Tuong tu, ta dudc
20
ng’O,S — 800

Cho da gidc déu (H) c6 24 dinh. Ngudi ta 1ap mot ti gidc ¢6 4 dinh 12 4 dinh cla (H). Tinh sb ti gidc

dugc 14p thanh ma khong c6 canh nao 1a canh cua (H).

Lui gidi.

C

Can phai 1am r6 dif kién "khong c6 canh nao 1a canh ctia (H)", cAu nay tuong duong véi viéc ta can 1ap mot td gide
c6 2 dinh khong ké nhau. Néu gid st ¢6 2 dinh ké nhau thi n6 ciing sé 1a canh ctia da gidc (H ) nén sé khong thoa man

dé bai. T6i day, ta dudc phép st dung bd dé Kaplansky sb 2. S6 tif gidc 1ap dudc 1a

24
mC§4_4 == 5814

@
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[ Cau7 — Ky thi chon Hoc sinh Giéi Thanh Phé Ha Ni nién khoa 2020-2021
Cho da giac déu 30 dinh A;A,...Asy. Hdi c6 bao nhiéu tam gidc c6 3 dinh 1a 3 diém trong 30 diém

Ay, A, ..., Ago ddng thdi khong c6 canh nao 1a canh cia da gidc.

Loi giai. Tuong tu, ta dugc

30
mcg)o_g == 3250

[ Cau 8 — Ky thi chon Hoc sinh Giéi Thanh Phé Ha Noi nién khoa 2025-2026
Cho da giac 16i ¢6 10 dinh A, A,, ..., A;y. C6 bao nhiéu tam gidc c6 ba dinh 12 dinh ctia da gi4c da cho,

trong d6 khong c6 hai dinh nao clia tam gidc 12 hai dinh ké nhau cla da giac?

Loi giai. Tuong tu, ta dugc
10
10— 3Ci0-3 =50

Xép ngiu nhién 5 ciip vo chong vao 10 ghé tréng dudc dit xung quanh mot chiéc ban tron sao cho nam
va nit ngdi xen ké nhau. C6 bao nhiéu cach dé€ xép sao cho khong c6 bat ky cip vg chong nao ngdi canh
nhau? (nhu hinh minh hoa duéi, goi M;, M, ... 1an ludt 1a vi tri ma cac 6ng chong hodic ba vo ngdi, xen

ké d6 goi a, b, ... 1 c4c vi tri tréng tuong dng).

Loi giai. D€ gidi quyét bai toan, ta thuc hién theo hai budc: xép chd cho 5 ngudi chong trude, sau d6 xép chd cho

5 ngudi vo vao cac khoang tréng xen ké.
— Xép chd cho 5 ngudi chong

Vi day 12 ban tron (cdc ghé khong phan biét), s6 cach xép 5 ngudi chdng My, Ms, M3, My, M5 vao ban tron 12 hoan
vi vong quanh
(5 —1)! = 4! = 24 (cach)

— Xép chd cho 5 ngudi v¢ (St dung BS dé Ménage)
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Khi 5 ngudi chong da ngdi vao vi tri, ho tao ra 5 khoang trong xen ké (tuong dng véi a, b, ¢, d, e nhu trong hinh minh
hoa). Céc khoang trong nay git diy di dugc phan biét bsi vi tri clia cic ngudi chdng ngdi canh né.

Gia st khoang tréng thi i ndm giita dng chong M; va M; 1 (véi quy uéc Mg = M7). Bai toan yéu cau khong c6 cip
vg chong nao ngdi canh nhau, dong nghia véi viéc ngudi vg W; khong dude ngdi vao khodng trong thii 7 — 1 va thd 4.

Ap dung véi n = 5, ta tinh dugc sb Menage

Do d6, ¢6 13 cach xép 5 ngudi vo thda min yéu cau.

Theo quy tic nhan, tong s cach xép ngiu nhién 5 cip vo chdng vao ban tron sao cho nam nif xen ké va khong c6 v
chdng nao ngdi canh nhau la
4! x Us = 24 x 13 = 312 (céch)

Cho mdt da gic (H) c6 60 dinh ndi tiép mot dudng tron O Ngudi ta 1ap mot ti gidc tuy y c6 bdn dinh 12

cac dinh cta (H). Xéc suat dé 1ap dugc mot td gidc c6 bon canh déu 1a dudng chéo ctia (H ) 1a bao nhiéu?

Loi giai. Can phdi 1am 16 dif kién "t gidc c6 boén canh déu la dudng chéo ctia (H)", cAu nay hoan toan tuong
duong véi viéc ta can 1ap mot tif gidc c6 2 dinh khong ké nhau. Gia st néu c6 2 dinh ké nhau thi n6 ciing sé 1a canh
clia da gidc (H), lic iy s& khong c6 dudng chéo nén khong thod man dé bai. T6i day, ta dugc phép st dung bd dé
Kaplansky s 2.

Chon 4 dinh ngau nhién tir 60 dinh. Ta c6 khong gian mau

n () = ng
Vay xdc suit clia bién c¢d
60 o
P(4) = n(A) _ 60—4 60—4 _ 26235
n(Q) Ca, 32509

[ Cau 11 — Thi thit Tot nghiép Sé Hai Phong — 2026

Mot da giac déu 20 dinh, tit ca c4c canh ciia da gidc son mau xanh v tit ca cac dudng chéo clia da gidc

d6 son mau db. Goi X 1a tip hop tit ci cac tam gidc c6 ba dinh 1a cic dinh ctia da gidc déu trén. Ngudi

x ca N A~ . p A, 32 . p N NI

ta chon ngau nhién tu X mdt tam giac. X4ac suat dé chon dugc tam giac c6 ba canh cung mau la 7 véi
a

; 13 phén s6 t6i gian. Khi d6, a + b bang?

a,b € N* va

@
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Loi gidi.

Mubn 14p dudc tam gidc c6 ba canh cling mau (dd) thi nghia 1a 3 dinh cda tam gidc iy khong c6 2 dinh nao ké nhau.
Gia st néu c6 2 dinh ctia tam gidc k& nhau thi n6 sé vuéng vao 1 canh mau (xanh) ctia da gidc nén sé khong thoa dé
bai. T6i day, ta dugc phép sit dung bd dé Kaplansky sb 2. V6i C, 1a khong gian méu: "chon ngiu nhién 3 diém thudc

da giac".

Vay x4c sut ctia bién cd

40 a
3 57 b 7 *

[ Cau 12 — Thi thir Tot nghiép S& Thai Nguyén — 2026

Cho da gidc déu 32 canh. Chon ngiu nhién mdt ti gidc c6 cic dinh 1a dinh cla da gidc. Xdc suit dé i

gidc d6 c6 ca 4 canh déu khong la canh ciia da gidc ban diu bang % v6i % 12 phan s tdi gian. Khi d6 gid
tri ctia S = a — b bang bao nhiéu?
Loi giai. Tuong tu, ta dugc
323%4 Cira o 585
70212 :g:@ﬁa—b:585—899:—314

[# Cau 13 — Ky thi SPT dot 1 — Truong Pai hoc Su pham Ha Noi 1 — 2026
Cho bang 6 vudng kich thudc 2 x 15 (xem hinh v¢).

Chon ngiu nhién 5 hinh vudng dé t6 mau. Tinh x4c suit d& khong c6 2 hinh vudng nao dudc td mau chung
dinh.
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Loi giai. Ludi 6 vuong c6 tit ca 2.15 = 30 (hinh vudng).
Dé ¢6 khong gian mau "chon 5 hinh vudng tit 30 hinh vudng"
n(Q) = C350

Goi A 1a bién c6: "khong c6 2 hinh vudng nao dudc t6 mau chung dinh". Cau nay tuong dudng vdi viéc chon 5 hinh

vuong, chiing phai niam & 5 cot hoan toan khong k& nhau va méi cot chi duge chon diing 1 hinh vudng.
Ap dung bd dé Kaplansky dé chon 5 cot khong ké nhau tit 15 cot
Cls_541
V6i mdi cot trong 5 cot da chon, ta c6 2 cach chon hinh vudng dé€ t6 mau (chon 6 & hang trén hodc 6 6 hang dudi)
95
Theo d6, sb phan ti thuan 10i cho bién cb A
n(A) =2°.CP5 54
Vay xdc suit clia bién ¢d A

n(A)  2°.C%5 5. 352
n(Q)  C3 3393

P(4) =
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[# Cau 14 — Ky thi SPT dot 2 — Truong Pai hoc Su pham Ha Noi 1 — 2026
Cho 24 hinh tii gidc dudc sap xép thanh hai 16p:

+ 12 hinh t giac & bén trong tao thanh mot vong.

+ 12 hinh ti§ gidc con lai xép chong ra phia ngoai.

Chon ngiu nhién 5 hinh ti gidc. Tinh xdc suit d€ trong 5 hinh dugc chon khong c6 hai hinh nao chung
dinh.

Loi giai. Goi A 1a bién c6: "trong 5 hinh chon dugc khong c6 hai hinh nao chung dinh".

Dé ¢6 khong gian mau "chon ngau nhién 5 hinh tit 24 hinh td giac"

n(Q) =C3y
Ap dung bd dé Kaplansky cho 12 hinh tif gidc
12 5
-5 Clas

Tai mdi cip ti gidc c6 2 su lua chon (trong hoic ngoai), dbi véi 5 nhém nhu thé, c6 2° (cach chon).

Tt d6, s6 phan tit thuan 16i cho bién cb A
12
5

(A) =2 .ﬂ0f2_5
Viy xdc suat ctia bién cb A
12
5 5
py A _ Tt
() C3, 1771
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g 3 CONG THUC BERNOULLI

® Cong thirc Bernoulli

Cho bién cb A c6 xdc suét thanh cong 1a p va xdc suét thét bai 1 ¢. Trong n 1an thuc hién phép thi déc ldp,

xéc suit dé bién c6 A xay ra k 1an 1a
Chphg =Clpt.(1—p"
Note.
Trong dé bai c6 dit kién djc Idp thi d6 ciing 1a dau hiéu dé 4p dung cong thiic Bernoulli.

Trong trudng hop phai liét ké nhiéu trudng roi sau d6 tinh tdng cdc trudng hop. Thi ta c6 thé dung tong

sigma (khai trién nhi thiic Newton).
Y Crprg = Ckpr(1—p)
k=0 k=0

V6i g =1 — plavipva g lahai bién cd dbi nhau.

@ Cong thitc Bernoulli mé rong

Cong thitc Bernoulli trén chi 4p dung cho phép thi c6 2 két qué 1a Thanh cong hoidc Thit bai. Bay gid, ta xét
néu bai todn c6 nhiéu phép thi déc ldp. Gia st mot phép thi T' ¢6 i két qua xay ra lan lugt 14 17, 15, T, ..., T3,
vGi x4c sut tuong tng 14 py, pa, ps, ..., p;. Néu ta thuc hién phép thit d6 n 1an déc ldp thi xéac suat dé két qua
Ty, Ty, Ts, ..., T; xuét hién 1an ludt &y, ko, ks, ..., k; 12

n! . .
P(k’bkg,kg, ,k’z) '|.p1k1 .pgkz.pgkd...pikl

AT
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@ Baitap

Mot xa thi 1an ludt ban 6 vién dan vao mdt muc tiéu véi x4c suét ban tring trong mdi 1an ban 13 0,8. Tim

xac suat sao cho c¢6 khong qua 2 vién tring muc tiéu?

Loi giai. Do xa thii bin 6 vién dan mot cach doc 1ap nén ta c6 thé dung cong thiic Bernoulli.
Goi p 12 xdc sut d€ xa thi d6 bin tring bia, nghia 12 p— 0, 8 va xdc suit dé xa thi d6 ban trugtlap = 1—¢ =10, 8.
Hon nita, vi 6 1an ban nhu thé tic 1a n = 6. Can Iuu ¥ ring "khong qud 2 vién", nghia la k € {0;1;2}.

Nén theo cdng thiic bernoulii thi x4c suét can tinh dugc xic dinh bsi

2.0,8°.(1-0,8) 04+ ¢t.0,8'.(1-0,8)5"' +C2.0,8.(1-0,8)°2 = 3‘;’—25
Hay c6 thé viét dudi dang tong sigma
N 6-k _ 93
kzzocﬁ.o,g.(l—o,s) = 3008
Nhap k = x trong may tinh. |

Gieo mot can xtc xic can doi va dong chat 6 lan. Tinh x4c suét d€ c6 3 lan xuét hién mit 6 cham, 2 1an

xuat hién mat 5 cham va 1 lan xuat hién mat 4 cham.

Loi giai.  Gieo xtic xic 6 1an, suy ran = 6.

Xét phép thit 7 (mit 6 chAm) c6:

1
p1 = G
k1 =3
Xét phép thit 75 (mit 5 chAm) c6:
b2 = é
ko =2
Xét phép thit T, (mit 4 chAm) c6: )
p3 = %
ks =1

Theo cong thifc Bernoulli mé rong, ta dugc xic suét ciia bién cb

o (s) (5) (5)
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Trong mot dé kiém tra 15 phiit mdn Toén c¢6 20 cau tric nghiém. Mdi cau tric nghiém c6 4 phuong 4n tra
161, trong d6 chi c6 1 phuong 4n tra 16i ding. An giai chac chan ding 10 cau, 10 ciu con lai Iua chon ngau
nhién dép 4n. Biét ring mdi ciu tra 18i ding dudc 0,5 diém va tra 16 sai khong bi trir diém. Xdc suit dé
An dat dudc diing 8 diém 1a P. Khi d6, 100P bang? (két qua lam tron dén hang phan chuc).

Loi giai. An di c6 sin 5 diém (vi da diing 10 cau), nén mubn dudc 8 diém thi An phai diing thém 6 cau trong 10

cau con lai (vi mbi cau 0,5 diém).

Goi p la xac suat dé An lui ding thi suy ra p = 1 (vi chi c6 1 cau ding trong 4 cau) va xac suat dé€ An lui sai la
1

—1- -,
q 1

Céc ban ciing khong can quan tim k va n bing bao nhiéu déu, chi can dé y s6 nao bé hon 1a k va 16n hon 1a n.

Theo cong thiic Bernoulli thi

1 6 1 10—6
P:C§O<4> <1—4> = 100P ~ 1,6

Mot bai kiém tra gdm 50 cau héi tric nghiém véi 4 phuong an Iua chon (chi c6 1 ddp an diing, va mbi

dap 4n diing dugc 0,2 diém). Ban Minh lam ding 40 ciu dau va khoanh bita 10 cau cudi do khong dd thdi

gian. Tinh x4c suit d€ ban Minh dugc it nhat 9,4 diém trong bai kiém tra nay?

Loi giai. Ban Minh dang c6 sin 40 ciu tic 1a 8 diém (mdi cau 0,2 diém). Mubn dugc it nhit 9,4 diém thi Minh
can ding thém it nhét 7 cau trong 10 cau con lai. Tic 1a k € {7;8;9;10}.

ick 1 k 1_1 10—k:_ 919
—10\4 4 262144

Theo cong thiic Bernoulli thi
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Trén mit san ¢6 v& mot truc s (hinh minh hoa). Ban dau, Nam diing tai vi tri O trén truc sd va tung mot
dong xu can dbi, dong chit mot cach doc 1ap. Néu dong xu ra mit ngtia (ki hiéu 12 V) thi di chuyén 1 don
vi theo chiéu duong. Néu dong xu ra mit sap (ki hiéu 1a S) thi di chuyén 1 don vi theo chiéu Am. Nam
thuc hién 8 1an tung dong xu mot cach doc 1ap. Néu Nam di chuyén dudgc it nhit 4 don vi theo chiéu duong
thi sé thang cudc. (Chang han, néu két qua 8 lan tung ddng xula N - S — N —-N—-N—-N - N — N

thi Nam thing). Tinh xé4c suét thing ctia Nam?

S N
START
o x

S50 4 -3 2 -1 0 1 2 3 4 5
Thang cudc Thang cudc

Loi giai. Vi Nam tung ddng xu 8 1an nén néu ta goi k 12 s6 1an Nam tung dong xu ra mit ngiia N thi s6 1an tung ra
mitsap S séla (8 — k).

Nam di chuyén dugc it nhit 4 don vi theo chiéu duong thi sé thang tiic 1a
k—(8—Fk)>4<2k>12
< k>6
Mak > 6 nghiala k € {6;7;8}.
S S PSR |
Mat khac, xac suat d&€ mat ngua xuat hién la 3

Theo cong thiic Bernoulli thi

@ Cau7

Mot loai vé s6 gdm 4 chit s6, mdi chit s6 lay tir 0 dén 9 (cdc chit s6 c6 thé gidng nhau). Két qua quay
thudng ciing 1a mot diy 4 chit s6 ngau nhién (dong xdc suit va doc 1ap véi vé). Quy udc tring thudng nhu
sau:

— Giai khuyén khich: vé trung véi diing 2 chit s6 & két qua (ding vi tri).

— Giai nhi: vé tring véi ding 3 chit sb & két qua (ding vi tri).

— Gidi dic biét: vé triing v6i ding ca 4 chit s6 & két qua (ding vi tri).

Ban Minh mua mét t3 vé s6 va thiy ring td vé sd d6 tring giai. Tinh xac suit d€ Minh tring giai Nhi?

Loi giai. Minh chi c6 giai khi triing 2 chit s6, 3 chit s6 va 4 chit sb hay néi cach khic k € {2;3;4}.
Hon nifa, vé gom 4 chit s6 hay tiic 1a n = 4.

. 1 N 7 A N A z ~ ’ 2, . . s A ~ ~, A 7 1
Goip = 0 l1a x4c suat ma ban ay c6 thé triung thudng tai vi tri bat ki trong 4 chit s0 d6. Suyrag=1— —

10°
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Goi B 1a bién cb: "td vé sb d6 tring gidi".
Goi A 1a bién c6: "Minh tring giai Nhi". Luu y ring tring giai Nhi tuong duong véi viéc k = 3.

Vay theo dinh ly Bayes va cong thic Bernoulli thi

(i

el

P(A|B) =

>3(1 1o> _
o) (w)

Hop I c6 13 bi db va 8 bi xanh, hop II ban diu khong chiia bi nao. Tién hanh gieo mdt con xic xic cin
d6i va dong chét bon 14n lién tiép. O mbi 1an giao, néu s6 chAm thu dudgc 1a 1 hodc 2 thi ta 14y mot vién
bi d6 tit hop I sang hop 11, néu s6 chAm 14 3 hoic 4 hoic 5 thi ta lay hai vién bi d6 va mot vién bi xanh tu
hop I sang hop I, néu s6 chadm bang 6 thi ta lay ba vién bi dé va mot vién bi xanh tit hop I sang hop I1.

Tinh x4c suit d€ sau bon lan gieo xiic xic hdp II ¢6 3 vién bi xanh, néu biét ring hop I c6 s6 vién bi d6 va

s6 vién bi xanh biang nhau (két qua lam tron dén hang phan trim).

Loi giai. Goi T 1a két qua ctia cic 1an gieo xuc xac. Ta 1an ludt c6 xac suét

. 2 1 ) .
— Gieo ra mat 1 hodc 2 cham, suy ra p; = 6= 3 Theo bai ra, khi nay ta lay 1 vién bi d6 tit hop I bo sang hop I (va
0 lay bi xanh).

: y y £ 3 1 .. o 4 A 1oz s g N .
— Gieo ra mat 3,4 hoac 5 cham, suy ra py = 6= 3" Theo bai ra, khi nay ta lay 2 vién bi dé va 1 bi xanh tit hdp I bd

sang hop I1.

S 1 ) .
— Gieo ra mat 6 cham, suy ra p3 = 5 Theo bai ra, khi nay ta lay 3 vién bi d6 va 1 vién bi xanh tit hop I bd sang hop
IL.

Goi x,y 1an luot 1a s bi d6 va bi xanh da chuyén tir hop I sang hop 11 sau 4 1an gieo. Theo dé bai, @& hop I con lai s6
bi d4 va s6 bi xanh bang nhau thi
B-—ax=8-y<=zr—y=13-38

<~z —y=>5(x)

Goi k1, k2, k3 1an lugt 1a s6 1an xuit hién két qué p1, po, p3 trong 4 1an gieo (k1 + ko + k3 = 4)(*x).

Két hop vé6i cc phép thit T, ta c6 hé phuong trinh (sb bi d6 va s6 bi xanh di chuyén tit hop I sang hop II).

1k1 +2ky +3ks == k1 +2ko+3ks ==
S
0k1 + 1ko + 1ks =y ko+ks=vy
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Thé vao (x), dugc

(k1+2k2—|—3k3)—(k‘2+/€3):5<:>/€1+(2k‘2—k2)+(3k3—k3)25
< ki +ky+2k3=5

Tit diéu nay va (xx), dugc
ki+ko+ks=4
<~ 2k —k3=5—4
ki1+ ko +2ks3 =5
— k=1
= k1 + ko =3

Tiép theo, can tim cac bd s6 (k1, ka2, 1) thod man ki +ko = 3. Cac bd sd thoa man 1a (1;2; 1), (2;1; 1), (3;0; 1), (0; 3; 1).

Theo cong thiic Bernoulli mé rong, xac suit ctia bién ¢b H: "hop I va hop II c6 s6 bi dd biang sd bi xanh"dudc xdc

dinh béi
41 I\t /1\? /1\!
PH) =—— . (Z2) - ([2) - (=
(H) 102! 1! (3) <2> <6>

e () () ()
e () () ()
e () () ()

Goi K 1a bién cb: "hop 11 c6 3 bi xanh". Hon nifa, tf cdc bd sb kia, ta thiy chi c6 bo s6 (1;2; 1) 1a ¢6 3 bi xanh (vi
diéu kién bi xanh truéc dso kg + ks =3 =2 + 1.

P(KﬂH):l!;li.l!(;)l.(;)Q.(é)l

Cuoi cung, theo dinh ly Bayes ta c6 xac suat ctia bién co

Nén

P(KNH) 54
P(K|H)=—— " =" ~0,43
(K|H) P (H) 125
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s 4 TO HOP HINH HOC

@ Mét so két qua

Cho n diém trong khong gian, trong d6 khong c6 3 diém nao thang hang.

— S6 dudng thang di qua 2 diém

Ch
— Sb vectd nbi hai diém bat ki
n?
A ~ _> A . - R A N
— SO vecto khac 0 noi hai diém bat ki
2
A
— S6 tam gidc tao thanh
03

n

— Néu trong n diém khong c6 4 diém nao dong phang thi s tit dién tao dudc tao thanh

04
Cho da giac 16i n dinh.
— S tam gidc c6 3 dinh 1a dinh cla da gidc
03
— S6 tam gidc vudng (khi n chin)
nC%,
2
— S6 tam gidc vuodng (khi n 18)
0
— Sb tam gidc t (khi n chin)
2
2
— Sb tam gidc ti (khi n 18)
2
2

— S6 tam gidc nhon bing sb tam gidc trir di tong s6 tam gidc vuong cdng v6i s6 tam gidc ti.



— Sb tam gidc nhon (khi n chin)

— S6 tam gidc nhon (khi n 18)

MAI TRAN NHAT KHOA

3 2 2
C3 —n C’E+Cn_2
2 2

03—n02 -1

n n
2
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@ Baitap

[ Cau1— Thi thi Tot nghiép S Nghé An — 2026

Trong mot tro chdi, c6 26 chiéc dén dudc bd tri cach déu nhau trén mot vong tron 16n. Khi ngudi choi bim

nit, hé théng mdy tinh sé chon ngiu nhién 3 chiéc dén d€ thap sang ddng thoi. Néu tim ciia vong tron
nam hoan toan bén trong tam gidc tao bdi 3 béng dén dudc thip sang d6 thi ngudi choi dudc nhan mot
phan qua. Mbi ngudi choi thuc hién 5 1an bam niit. Tinh x4dc suit d&€ mot ngudi choi may man gianh duge

it nhét 2 phan qua (khong lam tron két qud & cdc phép tinh trung gian, chi lam tron két qud cudi ciing dén

hang phdan muoi).

Loi giai. Theo dif kién d& bai: "tdm ctia vong tron nam hoan toan bén trong tam gidc tao bdi 3 bong den", diéu nay

tuong duong vdi viéc ta can 1ap dudc tam gidc nhon.
Pau tién, chon ngiu nhién 3 bong deén (3 diém) dé tao thanh mot tam gidc bat ki, ta c6 khong gian miu
n(Q) =C3
26

Nhu da biét, s6 tam gidc nhon bing sb tam gidc trit di (sd tam gidc vudng + sd tam gidc tl) va dudc xac dinh bsi

C3s — | 4C3 +26C35 _ 5

2 2

Thé nén, xac suit d€ chon dudc tam giac nhon trong 1 1an bam niit 12

3 2 2
n(A) 9 9 1
n(§2) C3, 50

Goi A 1a bién c6: "mot ngudi choi may méin gianh dugc it nhit 2 phan qua".
Suy ra bién ¢ ddi clia A 1a : "mdt ngudi choi may man gianh dudc 0 hoic 1 phan qua”.

Vi s6 phép thir 12 n = 5 thi theo cong thifc Bernoulli ta c6 xdc sut ctia bién cd A dudc xac dinh béi

_ 1 11 k 11 5—k
P(A):1—P(A):1—ZC§(5O> (1—50) ~0,3
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[ Cau 2 — Thi thir Tot nghiép S6 Cao Biing — 2026

Cho mdt hinh bt gidc déu ABCDEFGH ndi tiép trong mot dudng tron tim O. Gan ngiu nhién tdm
s6 tu nhién {9;10; 11;12; 13; 14; 15; 16} vao tdm dinh cta bat gidc déu nay (mdi sd gin ding mot dinh).
Chon ngau nhién mot tam gidc c6 ba dinh ldy tif tdm dinh clia bat gidc da cho. Goi xdc suit dé thu dudc
mot tam gidc vudng v6i ba sb trén ba dinh cla tam gidc (theo mot thi tu nao d6) 1ap thanh mot cap sb

A s m L S SR T ¥ ‘A
cong la — (m,n € N*, — la phan so to1 gian). Gia tri cua m + n bang bao nhiéu?
n n

Loi giai. 2 diéu kién xay ra dong thoi: 1ap dudc tam gidc vudng va lap thanh cip s6 cong. Ta ding cong thiic nhin

X4c suét.

Goi A 1a bién cb: "lap dudc tam gidc vudng ti bat gidc déu ndi tiép dudng tron".

Thé nén khong gian mau sé 1a: "chon ngiu nhién 3 dinh clia bat gidc d€ tao thanh tam gidc bat ki".
n(Q) = C3

— S tam gidc vudng dudc tao thanh theo cong thiic

n(A) = 4CQH =4C% =24
2

Goi B 1a bién cb: "sb dudc danh thi tu trén 3 dinh clia tam gidc 1ap dugc 1an ludt tao thainh mot cip sb cong”.
— Ta liét ké cac truong hop:

Truong hap 1: Cp sb cong c6 cong sai d = 1, tacé cdc bd sd thoa man la: (9;10; 11), (10; 11;12), (11; 12; 13), (12; 13; 14), (13
C6 6 bd.

Truong hop 2: Cip s6 cong c6 cong sai d = 2, ta c6 cac bd sd thod man: (9; 11;13), (10; 12; 14), (11;13; 15), (12; 14; 16).
C6 4 bo.

Truong hop 3: Cip s cong c6 cong sai d = 3, ta c6 cac bd sb thod man: (9;12;15), (10; 13; 16). C6 2 bd.

Tong c6: 6 + 4 + 2 = 12 bd.
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Vay xdac suat cia bién co

PLAB) = PAP(E) = ) A = 25 5 = = = 107
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Mot khung hinh trang tri ¢6 dang mot da gidac déu 12 canh A; A,... A5 dudc gan cb dinh trén mot tran
nha. Ban Diing c6 12 béng dén gdm bdn béng mau doé va tdm béng mau xanh, c6 cong sut doi mot khac
nhau. Ban Diing 13p ngiu nhién 12 béng dén vao 12 dinh A;, A,, ..., A1 sao cho mdi dinh cé ding mot
bong dén. Goi P 1a xac suit d€ mbi hinh vudng (c6 bdn dinh 1a céc dinh clia da gidc da cho) déu c6 it nhit

mot bong den mau dé. Gid tri cia 3190P bang bao nhiéu?

A

Loi giai.

Chon ngu nhién 4 dinh tir 12 dinh d€ tao thanh hinh vudng, c6 khong gian mau
n(Q) = Cly
Dé théy, s6 hinh vudng c6 thé tao thanh tir 12 dinh ctia da gidc da cho 1a
12
— =3 (hinh
1 (hinh)

Goi A la bién cb: "mdi hinh vudng déu c6 it nhat mot bong dén mau do".
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Ban Diing c6 4 béng dén mau dd nén s6 cich xép thoa "c6 it nhit mot bong dén dd cho mdi hinh vuong", 1a céc bo
{(L12),(52:1), (2,11}
Suy ra s6 két qua thuén 1gi cho bién ¢ A
ci.ci.c? +ci.cicr+Ci.ol.cl

Viay x4c suat bien co

n(A) CLCLC3+CLCR.CY+CR.CL.C)
n(Q) Ch

P = = 3190P = 1856
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s S PHUONG PHAP BUOC PHAN TU

@  Phuong phap budc phan ti la gi?
Phucng phap budc phin tif dugc st dung dé giai quyét cac bai toan sap xép mot nhom dbi tugng ma dé bai
mong mudn nhém dbi tugng nay phai diing canh nhau.

Vi du: Cho mot diy cic ddi tugng dude danh sb thd tu riéng biét thude vao tap S = {1;2;3;...; 10}. Hdi
¢6 bao nhiéu cach xép cac dbi tugng nay thanh mot hang ngang sao cho tap céc chit s6 X = {1;2;3} luon

ding canh nhau?

— PAu tién, ta xem cac phan ti thudc vao tap X 1a mot khdi thdng nhit. Nghia 1a tit 3 phan td, ta xem tap
X chila 1 phan tif duy nhét.

— Tiép theo, tlf cdc phan tii con lai thudc vao tip Y C S = {4;5;6;...; 10} (7 phan ti) cong thém mot khbi
théng nhat {1;2; 3}, tic khi nay téng s6 phan tif phdi 1a 7 + 1 = 8. Hon nita, 8 phan ti nay c6 thé ddi vi tri

cho nhai nén ta phai hodn vi 8 phan ti nay, c6 8! (cich).
— Cudi cung, vi 3 chit s6 trong tap X c6 thé ddi vi tri cho nhau, nén ta hodn vi 3 phan ti nay, c6 3! (cich).

Vay theo quy tic nhan, sb cach xép thoa man yéu cau dé bai 1a 8!.3! (cach).

Budc Hanh dong Cach tinh

Budc 1 | Budc k phan ti lai thanh nhém | Coi X = {a;, ay, ..., ax}
X.

Budc 2 | Sdp xép X van — k phan ti con | Lic nay ta con (n — k) phan t gbc + 1 phan tir X.

lai. Téng cong ¢6 n — k + 1 phan ti. SO cach xép la
(n—k+ 1)L
Budc 3 | Hodn vi ndi bd nhoém X. C6 k! cach sap xép cic phan tif bén trong X.
Budc 4 | Tong hop Kétqua: P = k! x (n — k +1)!.
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@ Baitap

Xép 6 hoc sinh A, B, C, D, E, F vao mot diy ghé dai (mdi ghé chi c6 ding mot ban ngdi), c6 bao nhiéu

cach xep sao cho A va F' luén ngoi canh nhau?

Loi giai. Taxem 12 mot khoi thdng nhit, khi d6 con lai 4 phan tir 1a B, C, D, E cong v6i khoi thdng nhit nay.
Téng phai c6 4 + 1 = 5 phan ti. Ta xép 5 phan ti nay vao day ghé dai, c6 5! (cach).

Miit khic, A va F cling c6 thé ddi chd cho nhau, nén ta hodn vi 2 phan ti ndy, c¢6 2! (c4ch).

Vay, s cach xép thoa man: 5!.2! (cich). |

Xép 6 hoc sinh A, B, C, D, E, F vao mdt diy ghé dai (mdi ghé chi c6 diing mot ban ngdi), c6 bao nhiéu

cach xé&p sao cho A, B va C 1uén ngdi canh nhau?

Loi giai. Taxem 12 mot khdi théng nhat, khi d6 con lai 3 phan tif 1a D, E, F cong véi khéi théng nhat nay.
Téng phai ¢6 3 + 1 = 4 phan ti. Ta xép 4 phan t nay vao day ghé dai, c6 4! (cach).

Miit khic, ABC ciing c6 thé ddi chd cho nhau, nén ta hodn vi 3 phan ti nay, c6 3! (cich).

Vay, s cach xép thoa man: 4!.3! (c4ch). [ ]

Ban Khoa mudn xép 9 quyén sach Toén, 12 quyén sach Ly va 3 quyén sach Hod 1én mot ké sich sao cho

cac quyén sach cung loai thi dudc xép canh nhau. Hoi ¢6 bao nhiéu cach xép nhu thé?

LUi gidi.  Talan lugt s6 3 khdi phan tif thong nhat: [ TTT... ||LLL... |HHH|.

9 12
Ban than mdi phan td trong khdi théng nhét nay sé ton tai hoan vi riéng cho ching, nghia la: 9!.12!.3! (c4ch).
Ban than mdi khi théng nhit nay lai sé ton tai hon vi riéng cho chiing, tiic 1a: 3! (cich).

Vay, s cach xép thoa man: 9!.12!.3!.3! (cich). |

Ban Khoa c6 3 quyén sach Todn, 2 quyén sach Ly va 4 quyén sach Hod. C6 bao nhiéu cach xép sao cho

céc quyén siach Toan va Ly phdi diing canh nhau?

Loi gidi.  Ta c6 2 khéi théng nhit: | TTT |, va 1 khéiroi: |H |H |H | H|.

Bay gid, ta cAn hoén vi cho 4 + 1 + 1 phan ti (g6m 4 Ho4 va 2 khéi thong nhét Todn va Ly - dbi véi khdi thdng nhat
thi ta xem s phan ti budc lai thanh 1). C6 (4 + 1 + 1)! (c4ch).
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Tiép theo, ban than cac quyén Toan va Ly trong khi thong nhét Ay lai ton tai cac hodn vi, c6: 3!.2! (cich).

Vay, sb cach xép thoa man: (4 + 1 + 1)!.31.2! (c4ch). [ ]

Tinh sb cac sd tu nhién do6i mot khac nhau c6 6 chit s& dugc tao thanh tif cic chit sé thudc vao tap
S = {0;1;2;3;4;5} sao cho 2 chii s6 3 va 4 diing canh nhau?

Loi giai.  Goi sb cin lap c6 dang: arazaz ... ag, trong dd a; # 0 va ay # as # ag # ... # ag.
Ta xét trudng hop ma s6 can lap khong c6 chit s6 0 ditng dau.

Néu mudn {3} va {4} ding canh nhau. Ta xem chting 1a mot khéi théng nhit .

Khi d6, sé phan tit can sap xép la {0;1%2;5} + {314 = 5. C6 5! (s6).

Hon nita, {3} va {4} c6 thé hoan vi cho nhau nén c¢6 2! (s6).

Vay & truong hop nay, 1ap dugc 5!.2! (s6).

Ta xét trudng hop ma s6 can 1ap c6 chit s6 0 ditng dau va c6 dang: Oasas . . . ag.

Néu muén {3} va {4} ding canh nhau. Ta xem ching 1a mot khéi thong nhét 34 ]

Can luu y ring, véi chit s6 0 diing & dau thi s6 phan tir can sap xépla 3 4+ 1 =4.C6 4! (s6).

{125} {34}
Hon niia, {3} va {4} ¢6 th€ hoan vi cho nhau nén ¢6 2! (s).
Vay & trudng hop nay, 1ap dugc 4!.2! (sb).
Theo nguyén Ii bu trit, s cdc s6 1ap dugc 1a: 5!.2! — 41.2! = 2!(5! — 4!). [ ]
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Trong mot 1an 1am bai tip vé nha bd mon Giai tich. Ban Khoa vo tinh thiy dudc cac ki hiéu:

b
* Tich phﬁn/ f(z)dz;
» Tong ) _ f(x);

* Tich ﬁf(x)

Ban Khoa thac mac c6 bao nhi€u hoan vi cua cac ki hiéu thudc vao tap

b b n n n n
Q:{ | sty [ f<x>dx;Zf<x>;zf<x>;ﬂf<x>;nf<x>}

Sao cho khong ¢6 hai ki hiéu nao giéng nhau diing canh nhau? (xem céc ki hiéu dudc viét theo mot hang

ngang)

Loi giai. Danh s6 thid tu cho céc ki hidu 1an lugt nhu sau.
b
/ flx)dx =1
a
n
> fla)=2 = O ={1;1;2;2;3;3}

[I/@)=3
J

Bai toan tuong duong véi viéc tim s6 hoén vi cta tap ' = {1;1;2;2; 3; 3} sao cho khdng c6 hai s nao gidng nhau

ding canh nhau.

£ DN i DU
S0 cac hoan vi tuy y: 319191 (hoan vi lap).

Goi A; (i € [1;3]) 1a s6 hodn vi ¢6 cdp (4;4) ding canh nhau.

Theo nguyén li bu trit, s6 hodn vi thoa dé bai: — (A1 U Az U A3).

!
21.21.2!

Xét s6 phan t clia tap Ay 1a |A;| = (1;1) (it nht 1 cip ding ké nhau):

Ta buoc hai s6 (1; 1) thanh mot khoi | 1; 1] Khi 4y, con lai cdc s6 {2;2; 3;3}. Thé nén, ta can hodn vi 4 + 1 = 5 phan

tt nay. Tuy nhién, néu hodn vi nhu thé thi 14p hodn vi s& xuét hién (cdc s6 2 va 3 déu lip lai 2 14n). Suy ra

R 2 5! P
Hon nita, ¢6 t6i 3 phan ti nhu the, tic |A1| = |As| = |A3] = |A1]| + |A2] + | 43| = 3.ﬁ. Tuong tu, xét sO phan
tl giao | A1 N As| (it nhit 2 cip diing ké nhau): o
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Ta budc hai bd s6 (1;1),(2;2) thanh mot khéi , . Khi 4y, con lai cic s6 {3;3}. Thé nén, ta cin hodn vi

2 + 2 = 4 phan ti nay. Tuy nhién, néu hoan vi nhu thé thi 1ap hodn vi sé xuit hién (sb 3 lip lai 2 1an). Suy ra

4!
|A1 ﬂAQ’ = 5

Hon nifa, ¢6 t6i 3 phan giao nhu thé, tic
4!
’Al M AQ‘ = ’Al N Ag‘ = ’AQ N Ag‘ - ’Al N AQ‘ + ’Al N Ag‘ + ’AQ N Ag‘ = 35
Xét s6 phan ti giao |A1 N As N A3 (it nhit 3 cdp ding ké nhau):
Budc ca 3 cap, c6 3! (cach).
Vay theo nguyén li bu trit, s6 hodn vi thoa man 1a

6!
— (A1 U A U Ag) = [(|A1] + [A2] + |As]) — (JA1 N Az + [A1 N As| + [A2 N As]) + (|41 N A2 N As|)]

6! 5 Al
T o919t —— | - — 1 —
~ 20202 [(3'2!.21> (3-2!> + 3.] = 30
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s 6 BAI TOAN TO MAU

@ Day hang ngang

S6 cach t6 k£ mau cho n 6 vuodng trai thanh hang ngang sao cho khong c6 hai 6 vudng canh nhau dugc to
cung mau dudc xac dinh béi
k(k— 1)1

@ Day ban tron

2.1. Bién thé t6 mau chu trinh vong tron.

S6 cach td k mau cho n 6 vudng xép thanh mot vong tron khép kin sao cho khong c6 hai 6 vuong canh nhau

dugc t6 cung mau dudc xac dinh bdi

(k=1"+(=D)"k-1)

2.2. Bién thé t6 mau chu trinh banh xe (c6 tam)

Dé giai quyét bai todn nay, ta ciing ding cong thiic da dé cap & 2.1. Tuy nhién, v6i tim O nhu trén thi ta
can t6 mau cho né trude. Gia st ¢6 k& mau to cho n vung, thi khi t6 mau cho tdm O trudc —ta con lai k — 1
(mau). Tiép theo, 4p dung quy tic nhan, ta dudgc k.S (cach to) — véi S 1a sb cach td mau cho cc ving con
lai (tiic 1a khong tinh tim O). Cudi cuing, mot cach tdng quat nhét, ta dugc cong thiic td mau cho bién thé
"banh xe", nay la

Bk —2)" + (=1)"(k —2)]

Chiing minh. Gia st ¢6 k mau va dudc té vao n 6 trong. Hoi s6 cach to6 mau ngiu nhién sao cho khong ¢

hai 6 canh nhau nao cung mau?
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Xét 6 thit nhat, c6 k mau c¢6 thé chon.
Xét 6 thi hai, c6 (k — 1) mau d€ lua chon (khong triung vé6i 6 thit nht).

Xét 6 thit ba, ciing ¢6 (k — 1) mau d€ lya chon (khong trung véi 6 thd hai, nhung c6 thé tring véi 6 thi
nhét).

Ct nhu thé cho dén 6 thd n thi ciing ¢6 (k — 1) mau d€ Iua chon.

Thé nén sb cach t6 mau la
kE(k—1)(k—=1)...(k—=1) =k(k—1)""!

(S& di s6 mil 1a n — 1 vi ngoai 6 thd nhit ra, n — 1 6 con lai mdi 6 déu c6 k — 1 cach chon mau).

Bai to4n & trén dang xét khi cac 6 dugc trai déu thanh hang ngang.

Bay gio ta xét mo hinh ban tron.

Gia st c6 n 0 trong xép thanh vong tron va k mau. Héi sb cach t6 sao cho céc 6 canh nhau khac mau?

Goi f(n) la thd dé bai mong muon, "so cach td mau n O trong trén mdt vong tron sao cho khong c6 hai 6

canh nhau nao cung mau".

Nhiing bai todn vé ban tron, ta thuing quy vé bai toan gbc 1a dudng thang. Néu ta cit vong tron tai mot diém

dé bién vong tron thanh hang ngang thi ta ciing c6 s6 cach té mau 1a
k(k —1)"

Gia du trén ban tron ¢6 1,2, 3, ..., n 0 trong thi khi ta bién né thanh hang ngang, s& c6 hai trudng hop xay

ra
Truong hop 1: Mau 6 1 khac mau 6 n. Pay la thi dé bai mong mudn - chinh 1a f(n).

textbfTruong hop 2: Mau 6 1 eing mau 6 n. Vi ching c6 ciing 1 mau nén ta sé chap 2 6 tréng Ay lai coi nhu

1 6, khi d6 trén ban tron ¢6 1,2, 3, ..., n — 1 6 tréng, va sb cach t6 hop 1¢ ldc nay chinh 1a f(n — 1).

Thé nén

fn)+ fln—1) = k(k — 1)

Khi c6 3 diém trd 1én thi mdi goi 1a "vong tron"nén n > 3.
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Va khi d6
fB3) = k(k = 1)(k - 2)
Vi 6 thif nhét ¢6 k mau, 6 thit hai ¢6 (k — 1) mau (khac 6 thid nhét), 6 thi ba ¢6 (k — 2) mau (khac 6 thd
nhét va thd hai).
Tur cong thic

fn)+ f(n—1)=k(k— 1>n—1

Suy ra
fn) =k(k—1)""" = f(n —1)
Mt khéc
@) =kk=1k=2)=[(k =D+ Uk D[k -1) =1 = (k- D[k -1 -1 = (k—1)° - (k- 1)
Tuong tu
fA) =k(k =1 = f3) = (k=1)"+ (k- 1)
Va
fG)=k(k—1)" = f(4) = (k—1)" — (k- 1)
Dé thiy quy luat ctia dy truy hoi: S6 hang cudi 1a —(k — 1) khi n 18 va1a +(k — 1) khi n chén. Tic 12 diu
ctia s6 hang cudi phu thudc vao (—1)".
Vay
fn)=(F-=1)"+(=1)"(k—1)

Note. Bai todn t&6 mau ciing thudc phuong phap dém Truy hoi.
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@ Baitap

Gia st trong mot budi thi thit THPTQG, c6 mot diy ban gdm 5 ghé xép thanh mot hang ngang. Gidm thi

c6 4 loai ma dé khac nhau. Héi c¢6 bao nhiéu cach phat ma dé cho 5 ban hoc sinh ngdi vao 5 ghé dé sao

cho hai ban ngdi canh nhau luoén c6 ma dé dé khac nhau?

Loi giai.
Ap dung cong thiic t6 mau cho day hang ngang (v6i s6 mau k = 4 va sé viing n = 5), ta dugc

k(k —1)""1 = 4(4 — 1)°~! = 324 (c4ch)

[ Cau2— Thi thir Tot nghiép S6 Quang Ninh — 2026

Trong mot cudc thi, c6 7 thi sinh da dudc xép ngdi cb dinh quanh mdt ban tron va gidm thi c6 3 ma dé

khdc nhau (gi4 st s6 lugng dé thi ctia mdi ma 1a nhiéu tuy y). Hdi c6 bao nhiéu cach phat dé cho cic thi

sinh, mdi thi sinh 1 dé sao cho hai thi sinh ngdi canh nhau thi khic ma dé?

Loi giai.
Ap dung cong thiic t6 mau cho day ban tron bién thé 2.1. (v6i s mau k = 3 va sb ving n = 7), ta dudc

(k—=1)"+(=1D)"(k—1) = (3=1)" 4 (=1)7(3 — 1) = 126 (cich)

[ Céau 3 — Thi thi tot nghiép S6 Pong Thap — 2026
Béc Huy dinh t6 mau hinh vé 13 hinh tron dugc chia thanh 5 phan

O,A,B,C,D bﬁng 6 mau khac nhau (mdi phan t& mdt mau) sao
cho hai phan hinh canh nhau thi khong dudc t6 cing mau (2 phan c6
chung bién dudc goi la canh nhau: C' va D dudc goi l1a canh nhau; C

va A goi 1a khong canh nhau...). Bac Huy c6 bao nhiéu cach t6 mau

thoa man yéu cau trén?

Li gidi.

Ap dung cong thiic t& mau cho diy ban tron bién thé 2.2. (v6i s6 mau k = 6 va sb viing n = 4 — khong tinh tim O),
ta dudc
El(k—2)"+ (—1)"(k —2)] =6 [(6 —2)* + (—1)*(6 — 2)] = 1560 (cich)
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[ Caud

Hinh luc gidc déu A;A;A3A,AsAg dude chia thanh 6 tam gidc
OAlAQ, 01421437 OA3A4, OA4A5, OA5A6, OAGAl, tI'Ol’lg dé O la
tam cla luc gidc da cho. Ta to mau cic mién tam gidc déu bdi mot

trong 3 mau: xanh, do, vang sao cho mdi hinh tam giac déu chi dudc

t6 bdi mdOt mau va hai mien tam giac déu ke nhau thi c6 mau khac

nhau. Héi c6 bao nhiéu cach té6 mau nhu vay?

As

Loi gidi.  Ap dung cong thic t6 mau cho diy ban tron bién thé 2.1. (v6i s mau k = 3 va sb ving da gidc n = 6),
ta dudc
(k—D"+(-D"k—-1)=(3-1)5+(=1)5(3 = 1) = 66 (cich)
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s 7 PHUONG PHAP PEM TRUY HOI

@® Baitap

[ Caul

Trén mit ho ¢6 10 14 ciy hoa sting xép thanh mot hang ngang. Trén 14 ngoai ciing ¢6 mdt con éch.

VN

O T OTOTOTOTOTOT O

Mbi buéc, con éch sé nhdy qua 14 ké bén 14 n6 dang diing hodc nhdy bd qua 14 d6 d€ sang 14 tiép theo.

Con éch khong bao gid nhay 1ui. Hoi con éch c6 bao nhiéu cach dé nhdy sang 14 ngoai cling bén phai?

Loi giai.  Goi sb cach con éch nhay dén 14 thit n 1a f,,.

Trudc khi két thiic & 14 thi n (v6i n > 3), con éch c6 hai Iva chon
Nhdy tit 14 thid n — 1 sang 14 thif n. S6 cach tuong tng 12 f,,_;.
Nhay tir 14 thd n — 2 sang 14 thit n. S6 céch tuong dng 1a f,, .

Ta c6 hé thic truy hoi
fl = ]-7f2 =1
fn = fn-1+ fn-2 (Véin > 3)

Tinh 1an luot ta dugce day sb: 1,1,2,3, 5,8, 13,21, 34, 55.
Dé dang tim dugc fi9 = 55 (cach). [ |

L4t nén mot 16i di hinh chit nhat c¢6 kich thude 2 x 10 (mét) bang cac vién gach hinh chit nhat c6 kich

thuée 1 x 2 (mét). Cac vién gach c6 thé diat nam doc hodc nam ngang. Hoi c6 tit ca bao nhiéu cach lat

|

L6i di (2 x 10) Gach doc 2 gach ngang

nén cho kin 16i di d6?

Loi giai. Goi S,, 1a s6 cach lat kin 15 di hinh chif nhat kich thuéc 2 x n bing cdc vién gach kich thudc 1 x 2.

Dé 14t kin phan cubi clng ctia 16i di d6 dai n, ta xét cac trudng hop c6 thé xay ra & doan két thiic
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Truong hop 1: Két thic bing 1 vién gach dit thang diing (chiém kich thuéc 1 x 2). Phan 16i di con lai phia trudc c6
kich thudc 2 x (n — 1), suy ra ¢6 S,,—; cach lat.

1 vién doc

Truong hop 2: Két thic biang 2 vién gach dit nim ngang chdng 1én nhau (chiém kich thudc 2 x 2). Phan 16i di con lai

phia trudc c6 kich thude 2 x (n — 2), suy ra ¢6 S, céach lat.

_____________

2 vién ngang

Téng s6 cach lat 1a tong ctia hai trudng hop trén
Sp = Spn—1+ Sn—2
Miit khéc, xét cac truong hop ban dau
Néun = 1 (16i di 2 x 1), chi ¢6 1 c4ch lat duy nhét 12 dung 1 vién gach dit ding.
Néu n = 2 (16i di 2 x 2), c6 2 cach lat thod man: 2 vién gach dit diing hoic 2 vién gach dit ngang chong 1én nhau.

Thé nén, ta c6 hé thiic truy hdi
S1=1,5 =2
Sp = Sp—1+ Sn—2 (n > 3)

St dung hé thiic truy hoi trén dé tinh dén n = 10, ta tim dudc S;o = 89.

Vay c6 tit ca 89 céch 14t kin 16i di 2 x 10. [ |
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[ Cau3
Ban can lat kin mot nén dudng hinh chit nhat kich thude 2 x 10 bing cac vién gach c6 san. C6 hai loai

gach dé lva chon:

* Gach don (kich thudc 2 x 1): C6 thé dit ditng hodc nam ngang. Tuy nhién, néu dit nim ngang thi

bat budc phai dit 2 vién chong 1én nhau d€ 1ap day chiéu cao 2 don vi ctia con dudng.

* Gach ddi (kich thudc 2 x 2): La mot khdi vudng duy nhét.

-

Nén duong Gach don  Gach doi

Hoi: C6 tat ca bao nhiéu cach khac nhau dé lat kin con dudng nay?

Loi giai.  Goi S, 1a s6 cach 14t kin nén dudng kich thudec 2 x n.
Theo diéu kién ctia dé bai, dé 14t kin phan cubi cling clia con dudng do dai n, ta c6 cic trudng hop sau.

Truong hop 1: Két thiic bang 1 vién gach don dit thang ding (chiém kich thuéc 2 x 1). Phan dudng con lai c6 kich
thude 2 x (n — 1), suy racd S, cach lat.

Truong hop 2: Két thiic bang 2 vién gach don dit nim ngang chong 1én nhau (chiém kich thude 2 x 2). Phan duong

con lai ¢6 kich thude 2 x (n — 2), suy ra ¢6 S,,—2 cach lat.

Truong hop 3: Két thiic bang 1 vién gach doi (chiém kich thudc 2 x 2). Phin duong con lai ciing c6 kich thudc

2 X (n — 2), suy ra c6 thém S,,_» céch lat.
Téng s6 cach lat1a S, = S,,_1 + Sp_2 + S, _o. Rt gon lai, dugc
Sp = Sn—1+ 25,2
Mait khac
Néun = 1 (dudng 2 x 1), chi ¢é 1 cach 14t duy nhét 12 dung 1 vién gach don dit ding.
Néu n = 2 (dudng 2 x 2), ¢6 3 cach lat thoa man: 2 vién gach don diing, 2 vién gach don ngang, hoic 1 vién gach doi.

Thé nén, ta c6 hé thic truy hdi
S1=1,5=3
Sp = Sn—1+ 25,2 (TL > 3)

St dung hé thic truy hoi trén dé tinh dén n = 10, ta tim dudc S;o = 683. [ |
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[ Caud
C6 tit ca 18 hinh vudng nhd dit canh nhau thanh m6t hang ngang. Ta tién hanh t6 mau cho céc hinh
vudng, mdi hinh vudng hoic td mau den hodc t6 mau xdm, sao cho khong c6 hai & mau den canh nhau va

khong c¢6 nhiéu hon hai 6 mau xam canh nhau. Hoéi ¢6 tat ca bao nhiéu cach té mau cho 18 6 vudéng nho

H N NN NN

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

nay?

. : O mau den (Khong c6 2 6 den canh nhau) D : O mau xam (T6i da 2 6 xdm canh nhau)

Loi giai.  Goi z,, 13 s6 cich t6 két thic biang mau den.
Goi ¥, 1a s6 cach to két thic biang diing 1 6 mau xam.
Goi 2, 1a s6 cach to két thic bang ding 2 6 mau xam.

Theo diéu kién ctia dé bai, néu 6 thi » mau den thi 6 thi » — 1 12 mau xam (1 hoic 2 6 xam tuy ¥, do khong c¢6 2 &
den lién k&). Nghia 1a

T = Yn—1 + 2Zn—1

Néu 6 thi 7 mau xdm thi 6 thit n — 1 ¢6 thé 1a den hodc 1a xdm. Nghia la

Tong s6 cach td 12 S, = x,, + yn + 2,. Bang cdc phép thé, ta c6 thé ching minh dudc diy sb thoa man hé thiic
Sp = Sn—2+ Sn—3

Mit khéc

— Néun = 1, ¢6 2 cach t6 thoa man, 1a (D, X).

— Néun = 2, ¢ 3 cach t6 thoa man, 1a (BPX, XD, XX).

— Néu n = 3, ¢6 4 cach to thoa man, 1a (XD, XX, XX, XbX).

Thé nén, ta c6 hé thic truy hoi:
S51=2,5=3,5=4
Sp =52+ Sn-3 (TL > 4)

Tt d6, tim dudc S = 265. |
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s 8 PHUONG PHAP PEM QUY PAO

@ Bai toan duong di ngan nhat trén lugi 6 vudng

Khong gian 2 chiéu: Cho mot 1udi 6 vudng c6 kich thude m x n. Gia st c6 mot con kién “thong minh”

mudn di tir A dén B v6i dudng di ngan nhét, thi sb hoan vi thoa man la

(m+n)!

_ m
mln! C

m+n

m-+n

Vi du: Cho luéi 6 vudng c6 kich thuée 2 x 3 nhu hinh vé&. Mot con kién xuét phét tit diém A mubn bo t6i
diém B sao cho con dudng nay ddm bao 12 ngin nhat. Mdi 1an di chuyén, n6 chi dudc phép bo 1én trén hoic

bo sang phai ctia lugi 6 vudng nay. Hoi c¢6 bao nhiéu con dudng ngan nhét nhu thé ?

B

A

Diém dic biét 1a du ban c6 di nhu thé nao thi quy luat van 1a: 2 budc 1én trén va 3 budc sang phéi. Vay theo

cong thiic hodn vi lip, s6 con dudng thoa man 1a

(2+3)! 2 3
“or3l = Chy3=Coys
Khong gian 3 chiéu: Cho mot 1udi 6 vudng c6 dang 1a mot khdi hop chit nhat c6 kich thude m x n x p. Gia

st c6 mot con kién “thong minh” mudn di tit A dén B véi dudng di ngan nhét, thi s6 hoan vi thoa man 1a

(m+n+p)!
m!.n!l.p!

m-+n—+p

.C,.,.CP

n+p p

(m+n)! _ (m+n+p)
m!.n! m!l.n!l.p!

Note. Nhing 16i giai cho cac vi du dudi day dudc trinh bay theo cong thiic , cac

ban mubn st dung cong thiic t6 hop — tuy y.
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@ Baitap

Tim s6 dudng di ngin nhét tit diém O dén diém P trén ludi 6 vudng (xem hinh duéi). Trong cdc trudng
hop sau: (gid st chi c6 thé di 1én hodc di sang phai)

Y

O Xz

(i) Tuyén dudng d6 phai di qua diém A ;

(ii) Tuyén dudng d6 phai di qua doan dusng AB ;
(iii) Tuyén duong d6 phai di qua ca hai diém A va C';
(iv) Doan dudng AB khong thé di qua dudc.

Loi giai.  V6i hé truc toa d6 (Oxy) nhu trén hinh vé. Toa do cac diém lan lugt 1a
0(0;0), A(3;2), B(4;2),C(6;3), P(8;5)

Céc toa do nay cho biét diéu gi ? V6i hoanh do clia cac diém, vi du 14y diém A(3;2) c6 hoanh do 1a x = 3, nghia Ia ta

phéi sang phai 3 budc va véi tung dd y = 2, nghia la phai di 1én trén 2 budc dé dén dugc diém nay.

V6i (i) — tuyén duong di tr O — P ma phai di qua diém A. Tiic 1a tuyén dudng ngan nhét can xét1a O — A — P.
Ta chia thanh 2 tuyén dudng 1a (O — A), (4 — P).

Hai tuyén dudng nay chia lu6i 6 vudng to thanh 2 1udi 6 vudng nhé c6 kich thude 2 x 3 va 3 x 5 (xem hinh vé).
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Vay theo cong thiic minh da dé cap, dudng di ngin nhét chinh 14 hoan vi lip clia 2 tuyén dudng chia nhé nay, tic

(2+3)!
O—>A:T?ﬂ2022+3203+3
(345)!
AHP:W:C§+5:C§+5
. . . . 24+3)! (3+5)!
Theoquytécnhﬁn,céctuyéndubngngénnhét:O—>A—>P:(O—>A)><(A—>P):( +3) ><( +5) =

21.3! 315!
560

Véi (ii) — tuyén dudng di tir O — P ma phai di qua doan AB. Tic 1a tuyén duong ngin nhit can xét1a O — A —
B — P. Ta chia thanh 3 tuyén dudng nhé, 1a (O — A), (A — B), (B — P).

Quan sat hinh vé cho 3 tuyén duong.

Dé théy, c6 2 tuyén dudng nhd tao thanh ludi 6 vudng méila (O — A) : 2 x 3va (B — P) : 3 x 4. Hon nifa tuyén
dudng (A — B) khong thé tao thanh ludi 6 vudng (vi chi 1a mot dudng thing), hay néi cach khéc, s6 cach di tir A
dén B chi c6 duy nhit 1 con dudng.

(2+3)! (3+4)!

g X g =30

Vay céc tuyén dudng c6 thé c6 (va ngin nhét) la:

.....

Céc tuyén dudng nhd 1an lugt tao thanh 1uéi c6 kich thude: (2 x 3), (1 x 3) va (2 x 2).

2+3)! (1+3)! (2+2)
2130 113l T aral

Vay sb cdc con dudng ngan nhat: = 240
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Véi (iv) — doan dudng AB khong thé di qua dudc. Ta c6 thé dung phan b trong trudng hop nay, nghia 1a 1iy toan bd
s6 con dudng ngin nhét di tit O — P trit di s6 con dudng ngan nhit ma di doan AB (chinh 12 y (ii) da tinh & trén —
la tuyén dudng O — A — B — P).

Miit khéc, tuyén dudng ngin nhét di tt O — P chinh 13 1u6i 6 vudng c6 kich thude 5 x 8.

Vay sb con dudng ngan thod man (iv) 1a

(B8  @+3 . (3+4)

5181 213 T

[ Cau?2

Tim s6 luong dudng di ngan nhét tir diém A dén B trong mang ludi dudng phd nhu trong hinh vé néu
di€ém P bi déng khong thé di qua.
B
P
A
Loi giai.
B
P
A

Ta sé& ding phan bu cho bai nay. Cu thé ta sé iy tong cach di ngan nhat tit A — B trit di cach di tt A — P va
P — B.Nghiala
446! 2+4)! (2+2)

ne o X o
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[ Cau 3 — Thi thi Tot nghiép Sé Thai Nguyén — 2025
Hai 16 bdt giao hang tu dong gidng nhau cling xuét phat tir vi tri A va B ctia mot khu do thi duge quy

hoach & ban ¢G (nhu hinh vé).

Sang trai
) B

—
Ionp Sugny

Lén trén
—_—

I

—_—
Sang phai

MBbi tuyén phd trong khu do thi coi nhu mdt canh ctia mét hinh vudng. R6 bdt xuét phat tir vi tri A chi
c6 thé di chuyén sang phai hoic 1én trén, ro bot xuat phat tir vi tri B chi c6 thé di chuyén sang trai hoiic
xudng dudi (v6i xac sudt nhu nhau mdi khi c6 su lua chon). Hai ro bt déu di chuyén dén diém xuét phat

ctia nhau. Biét riang toc do di chuyén cia hai rd b6t 1a nhu nhau, xac suat d€ hai rd b6t gip nhau tai mot

diém nao d6 trong hanh trinh cia minh bang bao nhiéu (két qua lam tron dén hang phan trim) ?

Loi gidi.

Sang trai
C B
X
g
D lg
o
S
M =
£ N
3
—
A P
Sang phai

Khong gian mau 1a: “sd con dudng ma A t6i B va sd con dudng ma B t6i A”.
R& théy, s6 con dudng tit A — B <= B — A phti kin 1u6i 6 vudng c6 kich thudc 4 x 4. Nghia la

@) = |45 2

Miit khac, vé6i ludi 6 vudng c6 kich thudc 4 x 4, ma téc do ctia 2 r6 bdt nay 12 nhu nhau nén dé chiing gip nhau tai

mot diém nao d6 thi diéu nay din dén viéc mdi con 16 bét phai di dugc trude d6 4 budc trude khi gip nhau.

Chiing sé& chic chan gip nhau tai cic diém {C,D, M, N, P} (thod mian mdi r6 bbt di ding 4 budc thi gip nhau tai
diing c4c di€ém d6). Vicac conduong A — C +—= B — C,A— D<= B — D, A— M < B — M,
hon nita cic diém {C, D} dbi xding qua {M} 1an lugt 1a { P, N'} nén ta chi cin xét cac con duong: A — C, A —

D,A— M.
@
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— Xét s con dudng di tir A — C: ta chi c6 duy nhét 1 cch di (vi 2 diém nay 1 duong thang, khong tao thanh 1udi).
Tir day, suy ra B — C ciling ¢6 1 cach di duy nhat.
Va hon niia, do tinh d6i xing nén A — P <= B — P ciing ¢6 1 cich di duy nhét.

— Xét s6 con dudng di tt A — D: 16 thiy, 2 diém nay tao thanh mot 1usi 6 vuong nhé c6 kich thudc 1 x 3. Thé nén

s6 con dudng 1a
(1+3)!

11.3!
(1+3)!

11.3!

Tur day, suy ra B — D clng c6 (con duong).

(1+3)!
1!.3!

Va hon nifa, do tinh d6i xing nén A — N <= B — N ciing c6 (con dudng).

— Xét s6 con dudng di tr A — M: o thdy, 2 diém nay tao thanh mot 1uéi 6 vudng nhod c6 kich thude 2 x 2. Thé

nén s6 con dudng la
2+2)!
21.21
24 2)!
2!1.2!

Tir day, suy ra B — M ciing c6 (con duong).
Can luu y ring truong hop nay khong c6 tinh dbi xting (vi 1a tim dbi xting).

Vay xdac suat cia bién co

2.(1.1) + 2. [(1(1}?:)}!2; [(22T22!)!]2 ~ 0,37
[ A4l ]

Trong khong gian, cho mot hinh hdp chit nhat ABC'D.A’B'C" D’ ¢6 kich thude 3 x 4 x 4 tao thanh mot
1u6i cac khéi 1ap phuong don vi (tham khao hinh vé). Mot con kién thong minh di chuyén trén 1uéi di tir
A dén C’" v6i duong di ngan nhat. Biet ¢6 T cach di chuyén c6 thé. Tinh gia tri cua 0

A D’
|
1 | 1 / / |
2
| | [N TR N (R
B/ N "l "l "l C: /
I (AR T (I I (AT %
| I N A i | N N
//r \/74’7\777W7T7/17\7"T* I Ry
1 ST TSSA T ISR Al /
D il G CRTal (el |
I, Iy " "

P IR S T g P . S B
S Voo v v ol /
! i 7 T I Sl
e R R /
FH-h-A-t-Ar - =f -+ -4 _|_ _
PG [ Roid ) sl 1V /D
R R (A B

N I I o /
D el AR I EA A B

- . - -

. 2 2 .
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Loi giai. Theo cong thifc dudng di ngin nhit trong khong gian 3 chiéu, ta dugc

4+ 4)! T
A—)C’ZM—T:—:HS’E)

31414 10
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s 9 DAY SO CATALAN

@ Day so Catalan
Bai toan. Cho mang 1uéi 6 vudng c6 kich thudc n x n. Ta xét cac dudng di tit di€ém O(0;0) dén diém c6
toa d0 M (n, n). (chi di sang phdi hodc di lén)

Xét diéu kién rang buéc: dudng di nay bang moi cach khong dudc vudt qua dudng phén gidc tao bsi duong
thang y = « (tic 1a c6 thé cham vao dudng thang nay, mién khong vudt qua).

Khi 4y, ta néi s6 cac duong di thod man diéu kién trén goi 1a diy sd Catalan (sau day ky hiéu 1a C,,).

Hon thé, s6 cac con duong thod min bang

n n 1 n
C,=Cy, — ot = n—HCM

Chitng minh. D€ ching minh cong thifc niy, ching ta sé 1ay s6 dudng di tu do trit di s6 dudng di vi pham

diéu kién. Tu d6, thuc su dudc sb cach di thoa man diéu kién dé bai.
bi qua phai n budc, 1én trén n bude. Khi do, sb cach di tu do 1a

n
2n

Mot cach di goi 1a vi pham néu va chi néu ton tai cach di ma vudt qua dudng chéo chinh (dudng thing
y = x) it nhAt mot 1an. Ta goi y = = + 1 12 viing ma khién cach di clia ta bi vi pham.
Ta xét mot duong di vi pham 1an dau tién tai mot diém bat ky.

St dung phép bién hinh, cu thé 12 phép 14y dbi xing. Tir diém pham luat ta liy dbi xiing qua dudng thang
y=x+ 1.

Dbi xiing diém O(0;0) qua dudng thang y = = + 1 1a diém O'(—1;1).

Ta muén di tit O(0;0) dén di€ém M (n;n). Nhu thé, sb dudng di vi pham ciing tuong duong véi viée di tit
O'(—1;1) &n M(n;n).

Xét vecto
—
O'M=n+1n-1)

@3
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D€ y ring, hoanh d6 va tung do6 clia vectd nay 1an ludt 1a s6 budc sang phai va sb budc di 1én. Tir d6, tong
s6 budc phai 1a
m+1)+(n—-1)=2n

Suy ra, s6 dudng di vi pham 1a

Viy s6 dudng di thoa diéu kién dé bai

n n—1 __ m
2n CZTL - CQn

n+1

Chirng minh xong.

Déu hiéu: Duong di khong vudt qua dudng chéo, phan hoach da giic,...
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@ Baitap

Cho mot ludi 6 vudng 5 x 5. Mot con kién bo tir diém A & goc dudi bén trai ctia lusi 1én diém B & géc
trén bén phai. Hoi c6 bao nhiéu cach bo ctia con kién sao cho né chi nam & nita dudi so v6i 6 dudng chéo
ctia ludi 6 vudng? (c6 thé di 1én dudng chéo, va né chi dudc di chuyén sang phai hodc 1én trén). Dudi day

la mot cach di thoa man (duwong mau xanh)

Loi giai.

Ap dung truc tiép cong thitc Catalan (vi nhan thay day 12 bai toan dém sd duding di khong vuot qua dudng chéo - chinh
la dudng thing y = x). Ta dudc
1

5+IC§)X5 :42

C6 bao nhiéu cach bat tay nhau ctia 2n ngudi ngdi quanh mdt cai ban tron ma khong c6 cip nao bat chéo

tay véi cdp nao?

Loi giai.  Ap dung truc tiép cong thifc Catalan, dudgc

1 n

C6 bao nhiéu ham so

f:{1,2;3;..;n} — {1,2;3;...;n}

sao cho f 1a mot ham khong giam va v6i moi & ta 6 f (k) < k?

Li gidi.

Trén mot 1uéi toa do kich ¢ n x n. LAy tuy y gid tri ctia 4nh xa (ham s6) f sao cho né ciing chinh 1a cc budc di trén

@)
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1uéi toa do Ay.
Véi diéu kién
fk)<k < [f(@)<z <+ y<uz

Diéu nay hoan toan tuong duong véi viéc duong di khong vudt qua dudng thang y = x.

Ap dung truc tiép cong thic Catalan, dudc
1

n+1 2n

[ Cau3

Trén hé truc toa d6 Oxy, mdt con chiu chiu dang ding tai diém O, n6 bat diu nhay, tai mdi bude nhay,

n6 nhady mot cach ngiu nhién theo chi mot trong hai céch sau véi xdc suét nhu sau:

Yy

B
22— *
O ] 0 =

— Budc lén: Sang phai 1 don vi theo truc = va 1én trén 1 don vi theo truc y.
— Budc xuéng.' Sang phai 1 don vi theo truc x va xudng dudi 1 don vi theo truc y.

Xdc suét dé con chau chiu dén dugc diém B (10;2) sau 10 1an nhay ma khong nhdy xubng diém c6 tung

dd am 12 bao nhiéu phan trim (két qud lam tron dén hang phdan muoi)?

Lo gidi.
Ta sé sit dung tu duy ciia phan Chitng minh céng thiic Catalan dé’ gidi quyét bai todn nay.

Goi a, b 1an lugt 1a tdng s budc 1én va xudng ma con chau chiu thuc hién khi di dén di€ém B (10;2). Hay a, b cling
thod vecto OB = (10;2).

Ta c6 hé phuong trinh
a+b=10 a=206

a—b=2 b=4
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Theo d6, s6 cach di tu do la

4 _ 6
Cﬁ+4 - Cﬁ+4

Luu y: lic nay s6 cach di ty do ciing 1a dudng di ngan nhét (Iip hoan vi) nén ta c6 sd cach chon nhu thé theo cong

thitc dudng di ngan nhét trén ludi 6 vuong.

Vi diéu kién ctia dé bai 1a: "khong nhay xubng diém c6 tung d6 am", tuong duong véi y > 0, nén dé tinh s6 cach di vi

pham, ta cin xét y = —1 (vi mbi budc nhdy 1a 1 don vi).
LAy d6i xing di€ém O (0;0) qua dudng thang y = —1 thu dugc O’ (0; —2).

Goi a, b 1an luct 12 t6ng s6 budc 1én va xudng ma con chau chau thuc hién khi da dén diém B (10;2). Hay a, b thoa
—
vectd O'B = (10; 4).

Ta c6 hé phuong trinh

Theo do, s6 cach di vi pham 1a

3 _ 7
C7+3 - C7+3

Luu y: lic nay s6 cach di tu do ciing 1a dudng di ngin nhét (Iip hodn vi) nén ta c6 sd cach chon nhu thé theo cong

thic dudng di ngan nhét trén ludi 6 vuong.
Ngoai ra, do c6 hai su lua chon nhu thé nén sau 10 budc di thi khong gian mau
n (Q) = 2%

Vay xac suat cia bién co la

Coa — Ci3 _ C8ia— Clis _B g 8%
210 210 512 ’

[# Cau 5 — Bai toan hanh trinh Dyck
Xét hé truc toa do Ozy. Xuht phét tit diém O (0;0) dén diém (2n;0) c6 bao nhiéu kha ning dé€ budc sao

cho mdi budc c6 1a cic vecto z (1; —1) hodc y (1; 1) va khong di xudng dudi truc hoanh (x 1a xubng va

sang phai,y 1a 1én va sang phai)?

Loi giai.
Tuong tu bai todn con chau chiu da dé cap. S6 duong di thod min hanh trinh nay 1a

1
- om
n+1 2

PE 1am rd hon, ta dén véi bai todn sb 6. [ |
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[ Caué6
Mot 16p hoc ¢6 10 hoc sinh dang diing xép hang mua vé xem phim. Gia mdi vé 1a 50.000 dong. Trong d6
¢6 5 ngudi chi mang tS tién ménh gia 50.000 dong va 5 ngudi con lai chi mang td tién ménh gia 100.000
ddng. Cho ring, ban dau trong quay khong c6 tién. Goi T 1a s6 cach xép sb ngudi d6 sao cho khong c6
ngudi nao phai chd tra tién thita (cong viéc khong bi gidn doan). Tim gid tri ctia T'?
Y

n=>5

Minh hoa khin =5

Lo gidi.
Goi x,y 1an luodt 1a s6 ngudi tra tién va sb tién ma nhan vién nhén dugc.

Ta sé 14y t tién ménh gid 50k lam mdc. Bdi ban dau nhan vién khong c6 tién trong quiy, mudn tré lai tién thita cho
nhiing ngudi dua 100k thi phai c6 t6 50k.

Xét nhiing ngudi c6 t& ménh gid 50k tra tién cho nhan vién (va nhan vién ciing nhan thém mot o tién). Nghia la x

tang thém 1 va y cling tang thém 1.

Xét nhiing ngudi c6 t& ménh gid 100k tra tién cho nhan vién (va nhin vién cling nhan thém mot t& 100k va phai dua

lai 50k tién thira). Nghia la z ting thém 1 va y gidm di 1.
Luc nay, bai toan trd vé Hanh trinh Dyck véi cc vectd z (1; —1) vay (1;1).

Ta dugc s6 cach thod man phi 1a
1
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[ Cau7
Cho mdt da gidc 16i ¢6 7 canh A; Ay As...A;. Ngudi ta chia da gidc nay thanh cdc tam gidc bang cich vé
cac dudng chéo khong cit nhau trong da gidc. Goi T 1a s6 cach dé chia da gidc 16i nay thanh cac tam gidc

theo cach trén. Tinh gia tri cia 7.

Loi giai. DEé thiy, mu6n chia mot da gidc n canh thanh céc tam gidc thi s6 dudng chéo can vé thém tuin theo quy

luatlan — 3.
Khi 4y, can vé thém 7 — 3 = 4 dudng chéo. Lic nay, da gidc dugc chia thanh 5 tam gidc.
Véi diéu kién: "cdc dudng chéo khong cat nhau". Téi day, ta dugc phép st dung Catalan

1
57+1025x5 =42
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§1 O HAM SINH

@ Pinh nghia
Dinh nghia 1. Ham sinh cla diy sb thuc ag, a1, as, . . . , Gy, . .. 12 ham s6 dudc xéc dinh béi

G(z) = ap + a1z + apx® + - - + a 2™ + . ..

Pinh nghia 2. Cho day sb thuc ag, a;, as, . . ., a,, ... Ham sb cho bdi cong thiic
& n
x
G(z) = Z an 7
n=0
dudc goi 1a ham sinh dang mu cia day ag, ay, as, . .., ay, . . .

@ Mot s6 dang thirc lién quan dén Ham Sinh

1ix:1+x+x2+x3+~~
1 2 3
m:1+2x+3x +4x” + -
ﬁ:1+nx+%x2+n(n+1z,))!(n+2)x3+"':iio;ciiJrn—lxi
1_i1_x:1—x+a:2—:1:3—|—'--
m:1+2ax+3a2132+4a3m3+'--
1_xrzl+xr+x27"+x3r+---

Hai ménh dé thudng dudc st dung

Ménh dé 1. Cho ham sinh G(z) = (1 + x4+ 22 4 --- )™

(a) Ddt a, la hé so cia x" trong khai trién ciia G(z) thi a, = CT,_;;
(b) (1 —a™)" =1 — Cla™ + C22>™ — - 4 (=1)"a™;

(c)l+x+z*+ - +a™ Y =01-2")"Q+a+2>+ )

@
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Ménh dé 2 (Cong thiic xdc dinh hé s6 tich ctia hai ham sinh). Cho hai ham sinh ciia hai ddy (ay,), (b,) ldn
luot la
A(x) = ap + a1z + aax® + - - -

B([E):b0+b1$+b2$2+

G(z) = A(x)B(z) = (ap + a1z + aga® + - - ) (b + byx + bya® + - - -)

= apby + (aoby + a1by)x + (agbs + a1by + CLQbo)l‘2 + (agbs + a1bs + azby + Clob3)ﬂU3 + .-

Khi d6 hé s6 cta z” trong khai trién ctia G(z) 1a
(lobr + Cllbr_l + a/2br,~_2 + -+ ar,«_QbQ + a,._lbl + Clrbo (*)

Note. Trong cac vi du ting dung ham sinh d€ giai bai toan dém nang cao, chiing ta rat hay st dung dang thiic

(%)
® Ung dung Ham Sinh vao bai toan dém

Y tudng chung clia phuong phép st dung ham sinh gii bai toan dém 1a di tim hé s ctia 2" trong khai trién

ctia ham sinh v6i 7 12 s6 phan ti dudc chon ra trong n d6i tuong véi nhitng diéu kién rang budc cho trudc.
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@ Baitap

Ban An xép 12 quyén sach gidng nhau 1én 3 ngin ké A, B, C. Héi ban An c6 bao nhiéu cach xép 12 quyén

sach sao cho ngin A c6 it nhit 4 quyén, ngin B va ngin C' mdi ngin déu c6 it nhit 2 quyén, nhung ngin

C khéng dugc nhiéu hon 5 quyén?

Loi giai. Theo phuong phap ham sinh, s6 cach xép 12 quyén sach vao 3 ngin ké A, B, C thdéa man dé bai chinh la
hé s6 cta 22 trong khai trién ham sinh tdng G(z) = A(z)B(z)C(z).

Ngin A c6 it nhit 4 quyén (trong khi d6 ngin B va C' mdi ngin c6 it nhit 2 quyén nén ngin A c6 tdi da 8 quyén). nén

ham sinh cho ngén A 1a

: 1 — 2o
x4+m5+x°+x7+x8:m4(1+x+x2+x3+x4):x4.17x
— X

Ngin B c6 it nhét 2 quyén (trong khi d6 ngin A c6 it nhit 4 quyén va ngin C' c6 it nhit 2 quyén nén ngin B c6 tbi da

6 quyén) nén ham sinh cho ngin B 1a

1— 5
B+ 23+t + 2’ +ab =2 (1 + o+ 22 + 2% +2?) :xQ.lix
— X

Ngin C ¢6 it nhit 2 quyén va khong nhiéu hon 5 quyén nén ham sinh cho ngin C 1a

1— 4
$2+x3+x4+x5:x2(1+w+x2+x3):xz.lix
— X

Thé nén

B B 1—ab 1—ad 1—z* 281 —2%)2(1 —a?)
Gle) = A@)B()Cx) =2t ot g at g = (1— )3

= 28(1 — 22° + 210) (1 — o) <1 i w>3

1 \3
— (2% — 12— 2518 4 2517 4 p18 422 <1 >
—x

Do cén tim hé sb cia #'2 trong khai trién cia G(') nén ta chi quan tdm t6i hé s6 cla
U(.T) _ ($8 _ .%'12 _ 2x13 + 21,17 + .1'18 _ 1}22)

véi bac < 12. Do d6 U(z) chi c6 céc hé sb ag, a2 tuong ting véi cac sb hang 2%, —2'2 1a théa man.

, , 1\’ .
Va hé so cia z” trong khai trién V (z) = <1 ) lab, = CJ .

— T

Vay hé s ctia #'2 trong khai trién cla G(7) 1a:

agby +ajsbg =1-Cg —1-C9 =15 -1 = 14.
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BAI TAP TONG HGP

=WOXIBN Thi thit Tot nghiép SG Ca Mau — 2026

Mot truong THPT X ¢6 13 hoc sinh dat dudc giai hoc sinh gidi cip tinh nim 2026. Trong d6 hoc sinh gidi

mon Todn ¢ 3 nif va 5 nam, hoc sinh giéi moén Vat 1i thi ¢6 5 nam. Lanh dao trudng chon ngiu nhién ra 3
hoc sinh d€ du 1€ tuyén duong. Tinh xac suit d€ chon ra dudc 3 hoc sinh c6 di hai mon Todn va Vit 1i, dong

thdi phdi ¢6 hoc sinh nam va hoc sinh nit? (két qud lam tron dén hang phan trdm).

Tra 16i: [0][>][4][2]

=W&XIBY Thi thit Tot nghiép S6 Thanh Hod — 2026

Mot cong ty t6 chiic su kién téng két cudi nim. Trong budi du tiéc c6 4320 ngudi tham gia. D€ 1am ting
tinh thi vi va hp dan ctia budi tiéc, ngudi ta tao ra cic 14 thim ghi cic sb tu nhién gém 6 chit sb khac nhau
6 dang a;azaszasasas duge 1ap tlf cac s6 {0;1;2; 3;4; 5; 6}. Mdi ngudi tham gia du tiéc s& chon cho minh
mot 14 thim va tat ca cac 14 thim dudc boe hét. Gan cubi budi tiéc, ban t6 chifc cong bd nhitng ngudi chon
dugc sb thod man diéu kién a; + ay = as + a4 = as + ag s€ dugc nhan phan thudng dic biét tir cong ty.
Anh Huy 12 nhan vién cong ty c6 tham gia du tiéc va bdc thim tring thudng. Héi anh Huy c6 xdc suat tring

thudng 12 bao nhiéu? (két qud lam tron dén hang phan trim)?

Tra loi: @E@

W XUKY Thi thit Tot nghiép S6 Pa Ning — 2026

Mot giai diu eSports c6 8 doi tuyén tham gia thi dAu loai truc tiép, bat dau tir Tit két (8 doi dudc chia thanh
4 cip, doi thang trong mdi cip sé tién vao Ban két, doi thua bi loai). Ban T chiic danh sb hat giéng cac doi
theo thi tu tif manh dén yéu 1a 1 dén 8. Viéc bdc thim chia 4 cip diu Tt két dudc thuc hién ngiu nhién.
Biét ring khi thi d4u, ddi c6 s6 hat gidng nhd hon sé& ddnh bai doi c6 s6 hat gidng 16n hon, tuy nhién, c6
hai ngoai 1&: P6i s6 8 ludn danh bai Poi s6 1 va Doi s6 7 ludn danh bai Doi s6 2. Tinh xdc suit dé Doi hat

gibng sb 3 gianh chic vo dich gidi dau (két qud lam tron dén hang phan trdm)?

Tra 15i: [0][>][0][3]
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=W XUWN Thi thit Tot nghiép S Hai Phong — 2026

Trong mot ky thi bing hinh thic van dap, ban t3 chiic chuin bi mot b cau hdi gdm 12 cau hdi khac nhau,
mdi cau dugc dung trong mot phong bi kin gidong hét nhau. C6 ba thi sinh A, B va C' cing tham gia. Quy
tac chon cau hoi nhu sau: mdi thi sinh 14n lugt chon ngiu nhién 4 phong bi tif bd 12 cau héi d6 dé xac dinh
phan thi ctia minh (sau khi méi thi sinh chon xong, cdc ciu hdi dudc hoan tra lai d€ thi sinh tiép theo van

chon tlt bo 12 cau ban dau). Biét rang x4ac suat dé xay ra dong thdi hai diéu kién:
+ C6 it nhat mot cau hdi ma ca ba thi sinh A, B, C' déu chon giéng nhau.
+ Téng s6 cAu hoi khac nhau ma ca ba thi sinh da chon dudc 12 ding 9 cau.

<A 2y A A A .2 a 2,0 N ~ A A ’ .z . 2 R 2,
dudc viet dudi dang phan so toi gian 7 (v6i a, b la cac so nguyén duong). Tinh gia tri cua biéu thuc:
S=a+b.

Tra 15i: [5][8][9][3]

WO XIEY Thi thit Tot nghiép S6 Quang Tri — 2026

Cho tap S = {1;2;...;18} gdm 18 s6 tu nhién tit 1 dén 18. LAy ngiu nhién 3 s6 khic nhau thudc S. Xéc
suit dé€ 3 s6 14y ra 1ap thanh cAp sb cong hoic cip s6 nhan 1a % (voi % 12 phan s6 tdi gian, a, b € N* ). Tinh

a+b.
Tra 15i: [4][4][9][ ]

-WOINY Chotap X = {1;2:3;..;14} va7 6 tron a, b, ¢, d, e, f, g dudc bd tri nhu hinh dudi. Mbi 6
tron nhd chi dugc xép diing mot s6 tir X.

Biét rang c6 tt ca T cach chon ra 7 s6 khac nhau tif tip X dé€ xép vao 7 6 tron, sao cho c6 it nhat mot hang
(gdm 3 & thang hang di qua tim g) dudc sap xép theo chiéu ting dan hoic giam dan. Hay xac dinh ba chit

s6 c6 nghia dau tién ctia T'.
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Tra i [1][1][3][ ]

Sudoku 12 tro choi giai db s6, véi muc tiéu dién cdc s6 tir 1 dén 9 vao mot bang sao cho:
— MBbi hang c6 day di cic s6 tir 1 dén 9 ma khong bi Lip lai.

— MG cot ¢6 ddy di cdc sb tir 1 dén 9 ma khong bi 13p lai.

— MBbi 6 vudng nhd ciing c6 day du cac sb tir 1 dén 9 ma khong bi Lip lai.

— Ngudi choi phai dién so vao cac 6 trong sao cho thoa man cac dicu kién trén.

Trong bang sudoku dudi ddy, xdc suat d€ diu "?", 12 s6 7 trén tit ca cic bang sudoku c6 thé c6 1a bao nhiéu?

(lam tron két qua dén hang phan trim).
Tra 15i: [0][>][0][9]

Ban dau cho ba r6 bi riéng biét dung nhitng vién bi c6 ciing kich thudc va khéi luong. RS
I dung 6 vién bi mau d6 va 5 vién bi mau xanh, r6 II dung 6 vién bi mau d6 va 3 vién bi mau xanh, r6 I1I
dung 5 vién bi mau dé va 4 vién bi mau xanh. Tién hanh liy ngdu nhién mot vién bi & rd I bd sang r6 111,
14y ngiu nhién mot vién & 6 11 bd sang rd I11. Sau d6 1iy ngiu nhién mot vién bi & r6 I11. Hiy tinh x4c suat
d€ vién bi lay ra & r6 111 1a ctia r8 I Iic ban dau, néu biét vién bi ldy ra & 16 111 ¢6 mau dé (lam tron két qua

dén hang phan trim)?

Tra 15i: [0][>][0][9]
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=W IKD C6 4 dia tron mau tring va 4 dia tron mau den, mdi loai dudc ghi cac chit cdi A, B, C, D.
Trong s& 8 dia ndy, chon ra 4 dia va xép chiing thanh mot cot hinh tru theo cic quy tic sau. Tinh s cach

xep thda man:

i
—< >
=2

— Néu trong 4 dia dudc chon cé cic dia cung chit c4i, thi dia mau den phai dudc xép phia dudi dia mau

trang c6 cung chit cai d6 (khong bat budc phai nam sit nhau).

— Néu trong 4 dia dudc chon khong c6 dia nao cung chit cdi, thi dia c6 chit D phai dugc xép & vi tri duéi

cung.
Tra 18i: [7][0][8][ ]

WO XIRGN Mot 6 c6 10 hoc sinh, trong d6 ¢6 5 nam va 5 nit. Trong budi thi nghiém, cac em ngdi vao
ban c6 2 diy, méi day 5 ghé dbi dién (cac ghé da dugc danh sb tir 1 dén 10 theo thi ty tif trdi qua phéi, tit

trén xudng duéi theo chiéu kim dong ho).

lOOOOOl
OO00O00O0

i A .
Keét qua cua viéc sap xep sao cho nam ntt ngdi doi dién va xen k& nhau 1a A céch thi 100 bang bao nhiéu?

Tra loi: |:|



MAI TRAN NHAT KHOA

8 CAU 11 &R hoc sinh nit, 3 hoc sinh nam va 2 gido vién. Mot ngudi trong s6 ho s& diing chup anh,
7 ngudi con lai s& ngdi vao cac ghé & hang 1 va hang 2 (mbi ngudi mdt ghé) nhu hinh vé. Héi c6 bao nhiéu

cach sap x€p thoa man céac diéu kién sau:

chup anh

<« Hang 1

X < Hang 2

— Ngudi chup anh phai 1a 1 hoc sinh.
— Hai gido vién phai ngdi vao hai ghé dudc danh diu X & hang 2.

— O mbi hang (hang 1 va hang 2) déu phéi ¢6 it nhat mot hoc sinh nam ngdi.
Tra l6i: [1][5][1][2][0]

WO XIRPY Nhu hinh vé dudi, c6 mot bang gém 7 tam gidc bing nhau ghép lai. Ngudi ta mudn t6 mau
bang nay bﬁng 7 mau sic khéc nhau 1a dd, da cam, vang, luc, lam, cham, tim. Hoi c6 bao nhiéu cach t6 mau
sao cho phan t&6 mau cam nam canh (tiép gidp) v6i ca phan t6 mau doé va phan t6 mau vang? (Biét ring cic

cach xép c6 thé tring nhau qua phép quay thi dudc tinh 12 mot cach duy nhat).

Tra 18i: [4][8]_ ][]



MAI TRAN NHAT KHOA

=W \IRKY Mot kién tric su dang thiét ké cAu thang nhu hinh vé. Véi AC' = 2m va BC' = 5m, hay

tim sO cach thiet ke cau thang thoa man cac dieu kién sau:

50cm om

— C6 2 bac ¢6 chiéu cao 1a 50cm, tat ca cac bac con lai ¢6 chiéu cao 13 25cm.
— Chiéu rong ctia mdi bac 12 bdi s6 ctia 50cm, va chiéu rong ctia cdc bac khong nhét thiét phai bang nhau.
Tra 13 [1][8][9][0]

=W \IRVE Siu nguvi bao gdm Tudn va Trang, ngdi quanh mot chiée ban hinh luc gidge déu nhu hinh

vé. Ho thuc hién mot trd choi véi mot con xiic xac theo quy tic sau:

Ngudi dang giif xtic xac sé tung no.

— Néu s6 chAm xuit hién 1a nhd hon 3, ho sé dua xtic xac cho ngudi bén canh theo chiéu kim dong hd.

— Néu sb chdm 16n hon hoic biang 3, ho sé dua xtic xac cho ngudi bén canh theo chiéu ngudc kim dong ho.

Bit dau tif ngudi Tun gitt xtic xac, sau 5 1an thuc hién quy trinh trén, x4c suét d€ ngudi Trang 12 ngudi gitt

xtic xac 1a a? (Biét Trang ngdi ngay bén canh Tuin theo chiéu kim ddng hd, tham khao hinh vé). Hay tinh
576

a

O Tuin

O Trang
O

Tra 15i: [1][9][4][4]



MAI TRAN NHAT KHOA

=W \IRER Ban c6 6 ddng xu dugce dit trén cdc dinh clia mot hinh luc gide déu. Mdi ddng xu dudc gan
mot gid tri 1a mot s6 nguyén duong trong tap {1;2; 3; 4; 5; 7} va mbi gid tri chi dudc dung mot 1an. C6 bao
nhiéu cach d€ gan gia tri cho cac dong xu sao cho tdng cac gid tri ctia ba ddong xu bat ky tao thanh mot tam

gidc déu 1a biang nhau?

Tra i [7][2][ ][]

a o \IR[Y Tu tap hop s tu nhién 1;2:3;...;25;26, can chon ra 10 sb phan biét d€ gan vao 10 6
vudng don vi nhu hinh vé. Goi T 1a s6 cach chon s sao cho moi s6 & hang trén ludn nhé hon moi s6 & hang
du6i, moi s& bén trai ludn nhd hon moi s6 bén phai cling hang, dong thdi céc s6 thudc cac 6 A, B, C, D theo

L T
thu tu 14p thanh cap so cong. Gia tri 7 bang bao nhiéu?

A

Tra loi: @

Mot nhém ban 1én ké hoach di du lich he, cd nhém quyét dinh di tham quan 5 dia di€ém
A, B,C, D, E. Nhém trudng dé nghi mdi thanh vién trong nhém sﬁp xép thi tu 5 dia diém tham quan theo
s& thich va da nhan dudc dé xuit ctia hai thanh vién Nam va Thang (mdi thanh vién thuc hién sap xép mot
cach doc 1ap). Tinh x4c suit d€ hai ngudi nay c6 it nhit mot dia diém trung nhau vé vi tri trong thi tu da

xép (1am tron két qua dén hang phan trim).

Tra 15i: [0][>][6][3]



MAI TRAN NHAT KHOA

& CAU 18 Pai Hoc Bach Khoa Ha Ndi t chifc phdng van 8 hoc sinh, trong d6 c6 hai hoc sinh trudng
A, hai hoc sinh trudng B, hai hoc sinh trudng C' va hai hoc sinh trudng D. D€ tranh tinh trang gian Ian,
truong Pai Hoc Bach Khoa Ha Noi yéu cau sap xép chd nhu sau:

— Xép 8 ban thanh 2 hang ngang, mdi hang bon ban.

— Hai ban cling trudng khong ngdi canh nhau va ciing khong ngoi d6i dién nhau.

( N
s N\ N\ N\ N
A B C D
S J J J J
s N\ N\ N\ N
D C B A
S J J J J
& J

S6 cach ma Pai Hoc Bach Khoa Ha Noi ¢6 thé sap xép biang bao nhiéu?
Tra 16i: [8][0][6][4]

Cho tap X = {1;2;...;9}. Chon ngiu nhién 4 s6 phan biét, roi dit 1 sb dit vao vong tron
16n, 3 s6 con lai vao ba vong tron nhd. Goi P 1a x4c suit dé tdng cac sb tu nhién trén hai vong nhd bat ky
ludén bé hon s tu nhién & vong 16n chinh giita, dong thdi tong c ba sd tu nhién trén vong tron nhd ludn
16n hon s6 tu nhién & vong tron 16n (biét rang hai cach xép dudgc goi 1a gibng nhau khi xoay tam gidc quanh
tam dudng tron 16n mot gée nao d6 thi dugc cac sd gidng nhau nim cung vi tri). Gid tri 250 236 P biang bao

nhiéu?

Tra 15i: [9][9][3][ ]



MAI TRAN NHAT KHOA

=W \IRNY Cho 6 diém A, B, C, D, E, F nim trén dudng tron nhu hinh vé.

B

Ta c6 thé tao nén cdc dang thiic véctd ¢ dang nhu hinh duéi day. Biét rang mdi 6 chi dién mot chit cai. 0
vé trai ctia dang thiic, cac chit cai dugc dién vao 6 ddi mot khac nhau. Xac suit dé thu dude mot dang thiic

ding 12 bao nhiéu (tinh téng ti sd va mau s khi két quéa dugdc viét dudi dang phan sb ti gian).

Tra 16i: [1][2][9][7]



