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@" VUI CUNG TOAN

BANG CONG THUC PAO HAM|

Ham so cap

Nguyén ham — Tich phdn

Ham hop

Phép todan

Quy tic dao ham cua ham hop
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AX .
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(8)(tanx)’ _ coslzx (19)(cosu)’ =—u'.sinu )(ax_'_bj d‘ i
(9)(cotx) =1 (20)(cotu) =—~ oxtd) (ecx+d) (ex+d)

in’ sin’ u 2

(10)( ) _ ilT X (21)(a”) —a' Inay' (32)[ax +bx+cj adx +2aex+(£)e—cd)

’ ) S dx+e (dx+e)
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1 oo
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CHUONG = NGUYEN HAM - TICH PHAN

1. Khai niém nguyén ham

Dinh nghia

Cho ham sd f(x) xédc dinh trén K. Ham s6 F(x) dugc goi la nguyén ham cua ham sé f(x) néu
F'(x)=f(x),véimoi xe K .

Dinh ly

Cho F(x) 1a mot nguyén ham cta ham s6 £ (x) trén K . Khi do:

e V6i mdi hang s6 C, ham sé F(x)+C cling la mot nguyén ham ctia ham s6 £ (x) trén K .

e Néu G(x)la mot nguyén ham cua ham s6 £ (x) trén K thi ton tai hing s6 C sao cho G(x)=F(x)+C
voimoi x € K

Nhu vdy, moi nguyén ham cta ham s f(x) trén K déu c6 dang F(x)+C, véi Cla hing sb. Ta goi
F(x)+C,CeR laho tht ca céc nguyén ham cia ham s6 f(x) trén K, ki higu [ f(x)dx va viét:

[ fGodx=F(x)+C

Nhuw vay
F(x) 1a mot nguyén ham cua f(x)
& F'(x) = f(x)
@I f(x)dx=F(x)+C (ho nguyén ham)
Chii y

(1) Biéu thitc £ (x)dx duge goi la vi phan ciia nguyén ham F (x) ctia f(x), ki higu la dF (x)
Vay, dF(x) =F'dx=f(x)dx
(2) Moi ham s6 f'(x) lién tuc trén K déu c6 nguyén ham trén K .

(3) Khi tim nguyén ham ctia mot ham sb ma khong chi 1 tap K thi ta hiéu 1a tim nguyén ham cta ham sb
do6 trén tap xac dinh cua no.

@[ /'()de=f(x)+C

2. Nguyén ham cia mgt ham so so cap

i Nguyén ham ciia ham s6 hrong gidc
Nguyén ham cua ham so6 lily thura (5) Icosxdx:sinx+C
(1) |0dx=C

'[ (6) Isinxdx:—cosx+C
) jldx=x+c
ol (7) I dx=tanx+C
(3) [x“dx= -+ C (a%-1) COS X
a+

) 1 (8) .[ =—cotx+C

Nguyén ham ciia ham s6 y=— sin’ x ,
x Nguyén ham cia ham so mii
4) jldx=1n|x|+c ©) Iexdx:e"+C
X
10 "dx——+C O<a=l
' ( )I Ina ( )
Céng thirc nguyén ham bo sung
11) |kdx=kx+C _2 +b)"
( )J. (13) J.’\/;dJC—EX x+C (15)]&)&?4‘[) dx_l (ax ) +C
(12) jidx=—1+c | a  ntl
X’ x (14) dex=2J§+c (a#0, n#-1)
X
(16) [ f[u(x)]a (x)dx = F[u(x)]+C
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@'l VUI CUNG TOAN Nguyén ham — Tich phdn
3. Cac tinh chit ciia nguyén ham
(1) [#f (x)dx=Fk[ £ (x)dx, voi k 1d hing s khac 0

@) [[f(x)+g(x)]dx=[r(x)dx+[g(x)dx
3) j[f(x)—g(x)]dx=jf(x)dx—jg(x)dx

Vi du 1: Tim ho nguyén ham ctia ham s6 f(x) = cosx+6x

= Loi gidai
Ta co: jf(x)dx = I(cosx+6x)dx = Icosxdx+6jxdx =sinx+3x> +C.
4
Vi du 2: Tim ho nguyén hoam ctia ham s6 £ (x) = al +22x
x
= Loi gidi

Ta co: jf(x)dx:IX4 _2xdx:'[(x2 —%jdx:szdx—2jldx:x?3—21n|x|+C.
X

2
X

X

Vi du 3: Tim nguyén ham F (x) ctia ham s6 f(x)=sinx+cosx thod man F(%):Z
= Loi gidi
Taco [ f(x)dx = [(sinx+cosx)dx = —cos x+sinx+C
Ma F(%j=2<:>—cos%+sin%+c=2<:>1+C=2<:>C=1
Vay F(x)=—cosx+sinx+1.
Vi du 4:Cho F(x) 13 mot nguyén ham cia f(x)=e" +2x théa man F(O)=%. Tinh F (1)
» Loi gidi
Ta c6 F(x)zj(e*+2x)dx:e"+x2+C
Ma F(0)=1+C=%:>C:%:F(x)ze“rxz+%.

Vay F(l):el+12+%:e+%
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Bai 2. TICH PHA

1. Dién tich hinh thang cong
Hinh thang cong

Cho ham s6 y = f(x) lién tuc va khong dm trén doan [a;0].
Hinh phéng gi6i han boi:

» @0 thi ham s6 y = f(x),

» truc hoanh,

» hai duong thang x=a,x=b (a<b)

duoc goi 1a hinh thang cong. (@)

Dién tich hinh thang cong

Néuhamsd y=f (x) lién tuc va khong am trén doan [a;b] thi dién tich S cuta hinh thang cong gioi han
bai:

D6 thi ham sd y = f(x) , truc hoanh va hai dudng thing x=a,x =5 (a < b)

duoc tinh boi cong thic: S =F(b)—F(a)

v Trong d6 F(x) 1a mdt nguyén ham cua f(x).

2. Khai niém tich phan

Cho ham s6 f'(x) lién tuc trén doan [a;b]. Néu F(x) 1a mot nguyén ham cua f(x) trén doan [a;b] thi

b
hiéu sd F(b)—F(a) goi la tich phén tir a dén b cua ham sb £ (x), ki hiéu If(x)dx.

b

=F(b)—F(a)

a

v Viét .b[f(x)dx:F(x)

b
v Goi '[ 1a dau tich phan; a 1a can dudi; b 1a can trén,
v’ f(x)dx 1a biéu thirc du6i dau tich phan,
v' f(x) 1a ham s6 duéi dau tich phan
Chii y

() Truomg hop a=h: j.f(x)dx=0;Tru(‘mgth a>b: J.f(x)dx=—J.f(x)dx

b

b
(2)Tich phan khong phy thugc vao bién so x hay ¢, nghta la [ f(x)dx=[f(¢)dz.
(3)Néuham s6 f(x) c6 dao ham f’(x) va f’(x) lién tuc trén doan [a;b] thi

j F(x)dv= 1 (8)- £ (a)

(4)Y nghia hinh hoc ciia tich phéin

Néu ham s6 y= f (x) lién tuc va khong am trén doan [a;b] thi dién tich § 4

ciia hinh thang cong gi6i han boi: do thi ham sé y = f(x), truc hoanhva hai

duong thang x = a,x = b, duoc tinh boi cong thirc:

S:}f(x)dx 0

b X

(5)Toc do v(t) >0 tai moi thoi diém ¢ e [a;b] thi quing duong di chuyén trong khoang thoi gian tir @ dén

b dugc tinh theo cong thirc:

0983.900.570 Vo Cong Truong 5 2025-2026



@/ VUI CUNG TOAN Nguyén ham — Tich phdn
b

I /(x)dx dugc godi 1a gia tri trung binh cia
~a

(6)Cho ham s6 f(x)lién tuc trén doan [a;b]. Khi d6

ham s6 f (x) trén doan [a;5].
3. Tinh chit ciia tich phan
Cho hai ham s y= f( ) y= g( ) lién tuc trén doan [a;b] , k 1a sb thuc. Khi d0, ta co cac tinh chat:

Tinh chit 1: jlcf dx kjf
Tinh chit 2: jl:f(x)+g(x):|dx:J'f(x)dx+j.g(x)dx; j[f(x)—g(x)]dx:jf(x)dx—j{g(x)dx

Tinh chit 3: jf(x)dx=jf(x)dx+jf(x)dx v6i ¢ e(ab)

a

[0 CAC DANG TOAN CO BAN

Dan {
M Ap dung dinh nghia, tinh chdt va bing céng thirc nguyén ham co bdn.

1 '[ f dx 0 (Tich phén c6 hai can giéng nhau thi bang 0).

b
f (x)dx=—[ f(x)dx (Tich phan ddo can— thém déu trir).

a

k.f(x)dxzkif(x)dx voi keR.

1
~
—
=

W
R [ R | R —

x):ldx:j-f(x)dxij‘g(x)dx.

5 | Trong doan [a;b], ton tai ce[a;b] thi jf(x)dxzjf(x)dx+if(x)dx

a a

M Y nghia hinh hoc ciia tich phén
Néuham s6 y = f(x) lién tyc va khong am trén doan [a; 5] thi dién tich cua hinh thang cong gii han béi:

b
dd thi ham s6 y= f(x) , truc hoanh, hai duong théng x=a,x=bla S= If(x)dx

ViduS:Choif( dx = 5vajg )dx=2. Tmhj[zf 3g(x)]dx
0
aLo’tgtal

Ta co J}.[2f(x)—3g(x)]dx=2j.f( dx — 3jg Jdx=2.5-3.2=4.

VnduﬁChojf )de =1, jf t)dr =—4. Tmhjf

\@\Lo’tgml
Taco: [ f(¢)de= [ f(x)dx, [ f()dy=]rf(x)dx
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4

Khi do: jf dx+jf jf(x)dx.

:jf(x)dx:jf( jfxdx=—4—1=—5.vay j.f(y)dy:—S.

Vi du 7: Tinh dién tich hinh thang cong giéi han bai do thi ham sé y = f (x) =e", tryc »h y=¢'
hoanh, truc tung va dudng thang x=1.
= Loi gidi
Hamsd y = f(x)=e" khong am trén doan [0;1] va c6 mot nguyén ham F(x)=e¢" /1
Dién tich hinh thang cong la § = F(l)—F(O) =e' -’ =e—1 (dvdt). 0 1 X
Dang toin @ TICH PHAN HAM SO CHO BOI NHIEU CONG THU
Cho ham sb f g(x) KMLX D en tyc trén D Tinh J jf( )dx
0 ham so = ién tuc trén D . Tinh J = X
(x) h(x) khix>b '
Xét be [a;c].
Buée 1. Kiém tra ham s6 £ (x) c6 lién tuc tai x =5 ?
Ttc la kiém tra hm f(x) = 11m f(x) = f(b) = hm g(x) =)}1_)r£1 h(x) :f(b)
Buérc 2. Tach can: J = jf )dx = jg dx+jh
Buére 3. Tinh céc tich phan thanh phan, suy ra ket qua.
. x? -1 khi x>2 :
Vi du 8:Cho ham so = . Tinh tich phan I = x)dx
) /() {x2—2x+3 khi x<2 P !f( )
= Loi gidi
lim f(x)=lim (x*—1)=3
Ta co {HZ =2 ( , ) va f(2)=
)}annf(x) = }ann(x —2x+3):3
Do d6 ham s6 da cho lién tuc tai x=2.
‘ T ' X, ’ x ’ 23
Taco: I = dx = —2x+3)dx —1)dx=| —— 3 —- =—
aco .!.f(x) !(x X+ ) +.2[(x ) (3 X"+ le+[3 xl 3

0983.900.570 Vé Cong Truong 7 2025-2026
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1. Tinh dién tich hinh phang
Pinh Ii 1
Dién tich hinh phang gi¢i han bdi 4 dudng: y = f(x), truc hoanh

Y

Ox:y=0, x=a, x=b (a<b) duoc tinh béi cong thirc: %\ y=flz)

S=j|f(x)|dx (1)

O
S
=y

H¢ qua
Dién tich hinh phang gi¢i han béi 4 duong: y=f(x), y=g(x), ul y = f(x)

x=a, x=b (a<b) dugc tinh béi cong thirc:

S= I (1)-g (e @

b - -
b

1

Ol a

Pl

Chu y

1) N)éu hinh phang gi6i han khong du 4 dudng nhur trén (thiéu it nhat 1 trong 2 duong thang x=a, x=5)
thi ta thuc hién nhu sau:

Gidi phuong trinh [ (x) — g(x) =0, tim cac nghiém x,, x,,..., x, (20i la cac hoanh d¢ giao diém) = Chon
can dudi trong cong thire (1), (2) 1a s6 nho nhit va can trén 1a sé 16n nhét trong cac sé a,b (néu co),
Xiy Xyyerrs X, .

(2) Néu phuong trinh f(x)—g(x)=0 c6 n nghiém x,,x,,...,x, €[a;b] (gia sir x, <x, <...<x,) thi tich
phan (*) dugc tach thanh tong (phan doan tich phan) nhu sau:
=[[(f()-g(x))ax j (f(x)—g(x))dx

a X

+

j f()-g(x))d

2. Thé tich vat thé
Dinh li 2

Cat mot vat thé (K) boi hai mat phang (P) va (Q) vuong
gbc voi truc Ox lan luottai x=a, x=>b (a <b). Mot mit phfmg
tlly y vudng goc véi Ox tai diém x(a <x<b) cit (K) theo thiét
dién c6 dién tich 1a S(x). Gia st S(x) lién tyc trén doan [a;b]

Khi d6, thé tich ¥ ciia phan vat thé (K ) gi6i han boi hai mat phang (P) va (Q) dugc tinh boi cong
thire

V:iS(x)dx 3)

Mot s6 bai toan ta phai xay dung cac hé truc dé ap dung cong thirc ing dung.

3..Tinh thé tich khdi tron xoay

Dinhli3 7

The tich khoi tron xoay dugce sinh ra khi quay quanh truc Ox hinh phang .
gi6i han (D) boi cac duong: y=f(x), Ox, x=a,x=b (a<b) dugc

tinh bd1 cong thirc: .

=[] dx @)

0983.900.570 Vé Cong Truong 8 2025-2026
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Chu y

(1) Thé tich khéi tron xoay duoc sinh ra khi quay hinh phang gi6i han béi do thi YA
ham s6 x =g (), truc hoanh va hai dudng thang y=c,y=d quanh truc Oy : -
—— - -
(C)I)C=g(y) ‘i\:::i
(Oy):x=0 \
1
y=c __
--:_—_CF_
y=d - >

v, =z Tg(»)Fdy

(2) Néu hinh phing gi6i han khong du 4 dudong nhu trén (thiéu it nhét 1 trong 2 duong thing x=a, x=b)
thi ta thuc hién nhu sau:

Gidi phuong trinh £ (x) =0, tim céc nghiém x,, x,,..., x, (0i la cc hoanh d¢ giao diém) - Chon can dudi
trong’c()ng thl:}‘C (1), (2) 1a s6 nho nhit va can trén 13 s6 16n nhat trong
cac sO a,b (n€u co), x,, x,,...,X, .

(3) (M6 réng) Thé tich vat thé tron xoay dugc sinh ra khi quay quanh
truc Ox hinh phang gi6i han béi cac duong: y=f(x); y=g(x);
x=a;x=b (Véi f(x).g(x)=0,Vx e[a;b]) duoc tinh béi cong thuc: =

14 Zﬂj).‘fz (x)—g2 (x)‘dx (5)

3 CAC DANG TOAN CO BAN

Dan

Phwong phap

Pinh Ii 1 )

Dién tich hinh phang gi6i han boi 4 dudng: y = f(x), truc hoanh )

y= f(z
Ox:y=0, x=a, x=b (a<b) duoc tinh béi cong thirc: %
b
S=]|f (x)|dr (1) Y /4 T
H¢ qua
Dién tich hinh phang gi6i han boi 4 duong: y =f(x), y=g(x), Y y = f(x)

x=a, x=>b (a<b) dugc tinh bdi cong thirc:

S=[lr(x)-g(lar @

y=g(x)

b=

1

1

1
&

Ol a

o
-

T

<

Budrc 1. Xac dinh y= f(x), y=g(x), x=a, x=b theo hinh v&

Néu hinh phang gidi han khong da 4 duong thi can a 13 hoanh d6 giao diém cuc trai (nho nhat) va can b
1a hoanh d¢ giao diém cuc phai (16n nhét) cua 2 dudng y = f(x), y =g(x)

(Giai phuong trinh hoanh d¢ giao diém f (x) = g(x) va chon nghiém nho nhat 1a cén a, nghiém lén nhat
lacan b) )

Buorc 2. Lap cong thue tinh dién tich (1) va tinh két qua

2) Néu hinh phéng duoc phan chia ra nhiéu phﬁn boi cac giao diém co6 hoanh do X3 Xyseeis X, € [a;b]thi
dung cong thirc phan doan tich phan:

0983.900.570 Vo Cong Truong 9 2025-2026



@' VUI CUNG TOAN Nguyén ham — Tich phdn

=1/ ()-s(lae= s ()= (aes flr (-t [l () -

Xét dau f(x)—g(x) trén timg doan tich phan dé bo dau gia tri tuyét di.

Trén doan [m;n]:

Néu f(x)-g(x)=0 (duong y = f(x) ndm phia trén duong y = g(x)) thi ‘f(x)—g(x)‘ =71 (x)-g(x)
Néu f(x)—g(x)<0 (dudng y = f(x) ndm phia dudi duong y = g(x)) thi ‘f(x)—g(x)‘ =g(x)-f(x)

Vi du 9:Goi S 1a dién tich hinh phang (H) gi6i han béi cac duong y = f(x), truc hoanh
0 2
va hai dudng thang x =~1, x =2 (nhu hinh v&). B4t a = [ f(x)dx,b= [ f(x)dx, m¢nh
—1 0
b—a. B. S=-b-a.
a—>b. D. S=b+a.
, s Loi gidi
Ta thay:
Hinh phing dugc gi6i han boi 4 duong: y = f(x), truc hoanh Ox:y =0, x=a, x=b
2
Vay di¢n tich hinh phing d cho 1a S = [|f(x)—-0|dx
-1
Do hinh phing dugc phan chia ra 2 phan bai giao diém O c¢6 hoanh d6 x =0 nén

5= 17 (5)=0fx = ]| (3) -0l [ 4) ol

=j[o_f(x)]dﬁi[f(x)—o]dx=—jf(x)dx+jf(x)dx=—a+b (Chon A)

Vidu 10:  Goi S la dién tich mién hinh phing duoc t6 ddm trong hinh v&. y
Ménh dé nao dung?

-1

7o 2%

y=s(x)

AL Sz_jlf(x)dx_jf(x)de. S=j1f(x)dx —jf(x)dx /10

1 2 1 2
C. S=—If(x)dx+jf(x)de. S= If(x)dx +If(x)d.x
-1 1 -1 1
= Loi gidi
Ta théy:
Hinh phfmg duoc gidi han boi dd thi ham s6 y=f (x) va truc hoanh Ox:y =0
Giao diém cuyc trai c6 hoanh d6 x=—1, giao diém cuc phai c6 hoanh d§ x=2.
2
Vay dién tich hinh phing da cho 1a S= j | (x)-0|dx
-1
Do hinh phang dugc phan chia ra 2 phan boi giao diém c6 hoanh d6 x =1 nén
2 1 2
S = (1 (x)=0ldx= [| £ (x)—0[dv+ [ £ (x)~0]dx
—1 -1 1

2

:i[f(x)—ojdwj[O—f(x)]dx:if(x)dx_jf(x)dx (Chon B)

1

1 "2 «x

0983.900.570 Vo Cong Truong 10
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@' VUI CUNG TOAN Nguyén ham — Tich phdn

Vidu 11: Dién tich phan hinh phang gach chéo trong hinh v& bén dugc tinh theo ¥
cong thirc nao dudi day? 2 _93eq
) y=x —2x—

A. j(Zx—Z)dx. B. [ (2% —2x—4)dx. ,

2 2

C. [(-2%* +2x+4)dx. D. [(-2x+2)dx.
2 -1

= Loi gidi
Ta thiy:
Hinh phang duoc gi6i han boi 2 d6 thi ham sé y=x* —2x—1, y=—x>+3
Giao diém cuc trai c6 hoanh d6 x=-1, giao diém cuc phai ¢6 hoanh d§0 x =2 va hinh phéng khong bi
phan chia.
Vay dién tich hinh phing di cho la

S:i‘(x2—2x—l)—(—x2+3)‘dx=j[(x2—2x—1)—(—x2+3ﬂdx:.2[(2x2—2x—4)dx (do trén doan

[-1;2] phan d6 thi y =—-x+3 ndm trén d6 thi y = x* —2x—-1). (Chon B)
Vidu12: Chobahamsé y=f(x),y=g(x) va y=h(x) c6 dd thi v

nhu hinh v&. Dién tich mdi mién dugc ghi bang sb trong hinh. I v pl)
' ¢ -~ — =

Tinh L [1(x)— g(x)] dx+ jo [/ (x)—g(x)]dx Y BZ/ . ‘o

x Loi gidi sYQROm 4

6 6 i ! !

L [7(x)— g(x)]dx +j0 [/(x)—g(x)]dx 5 5 —y = h(z)

6 3 6 : 1'. -

= [, [h(0) = g(0)]dx+ [ [/ ()= g()]dx+ [ [/ (x) - g(x)]dx of 13 6 =

=—(6+4+3)+(5+8)-3=-3

Dan
Phwong phdp: Dung Dinh li 1
Buorc 1. Xéac dinh y=f(x), y=g(x), x=a,x=b

Néu hinh phang gi6i han khong dii 4 dudng nhu trén (thiéu it nhét 1 trong 2 dudng thang x =a, x=5) thi

ta thuc hién nhu sau:

Gidi phuong trinh f (x) — g(x) =0, tim cac nghiém x,, x,,..., x, (20i la cac hoanh d¢ giao diém) = Chon
can dudi trong cong thie (1), (2) 1a s6 nho nhit va can trén 1a sd 16n nhét trong cac sé a,b (néu co),
Xiy Xyyerrs X, .

Buwéc 2. Lap cong thirc tinh dién tich va tinh két qua

Vidu 13: Tinh dién tich hinh phéng gi6i han bdi ham $b y =x*—4x* +4, y= X, duong th:fmg x=0,
x=1.
7 = Loi gidi
Hinh phang da cho giéi han du 4 duong.
1 1
Dién tich hinh phang da cho 1a S = ”x“ — 4y’ +4—x2‘dx = ”x4 —5x" +4|dx = %
0 0
Vidu 14: Tinh dién tich hinh phang giéi han boi d0 thi ham sd y = x* —4x+3, truc hoanh va hai duong
thang x=1,x=2.
- Loi gidi
Truc hoanh c6é phuong trinh y =0. Hinh phang da cho gidi han da 4 duong.

Dién tich hinh phang da cho 1a S = j‘(xz —4x+3)—0‘dx = J?‘xz —4x+3‘dx zg.
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Vidy 15: Tinh dién tich hinh phing gi6i han boi cdc dudng cong y=x(1-x) va y=x"—x.

_y » Loi gidi
Hinh phang da cho gi6i han khong da 4 duong.
Gidi phuong trinh hoanh d6 giao diém ctia 2 dudng y=x(1-x) va y=x"—x

x=0
Ta co: x(l—x)—(x3—x):0<:>x3+x2—2x:0<:> x=—2=a
x=1=b
1
Vay dién tich hinh phang da cho 1a S:”x(l—x) (x -X ‘dx ”x +x*=2x dx—i
)

Dang toin @ TINH THE TICH VAT THE TRON XOA
Phwong phdp: Dung dinh 1i 2 K
Thé tich khi tron xoay dugc sinh ra khi quay quanh truc Ox hinh phang

gi6i han boi cac dudng: y = f(x),Ox, x=a, x=b (a <b) dugc tinh boi T

cong thirc: '

V=x[[f®] dx 3)

Buéc 1. Xac dinh y=f(x), Ox:y=0,x=a,x=b () T

Néu hinh phang gi6i han khong dt 4 duong nhu trén (thiéu it nhat 1 trong 2 duong thang x =a, x =b) thi
ta thuc hién nhu sau:

Gidi phuong trinh f(x) =0, tim céc nghiém x,, x,,..., x, (g0i 1a cc hoanh d¢ giao diém) - Chon can dudi
trong cong thirc (1), (2) 1 s nho nhat va can trén 1a s6 10n nhat trong cac sd a,b (néu co), x,, X,,..., x,.

Buwéc 2. Lap cong thuc tinh thé tich (3) va tinh két qua

Vidu 16: Tinh thé tich khéi tron xoay sinh ra khi quay hinh phing gidi han bdi cac dudng sau xung quanh
truc Ox: y=x"+3,y=0,x=0, x=2.

9 = Loi gidi
Hinh phéang da cho gi6i han du 4 dtr(‘)’ng nhu Dinh i 2.
Thé tich khdi tron xoay dd cho 1a V =7 j dx = 2,527[

Vidu 17: Tinh thé tich ciia vat thé tao nén khi quay quanh truc Ox hinh phang D gidi han boi do thi
(P):y=—x"+2x vatryc Ox.
7 = Loi gidi
Hinh phang da cho gi¢i han khong da 4 duong nhu Dinh 1i 2.
Giai phuong trinh hoanh d6 giao diém cta 2 dudng y = —x* +2x va y=0

) 5 x=0=a
Taco: x"+2x=0<
x=2=b
OV s h 22 l6r
Thé tich khoi tron xoay da cho 1a V:ﬂj(2x—x ) dx:F.
0
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@" VUI CUNG TOAN

Nguyén ham — Tich phdn

L BAI TOAN THUC TE

> QUY TAC TONG QUAT GIAI BAI TOAN THUC TE VE NGUYEN HAM, TICH PHA

Bude 1: Poc hiéu va phan tich dé bai 7 v ,

DXéc dinh r6 dai lugng can tim (vi du: quang duong, thé tich, dién tich, tong chi phi, doanh thu, thay doi
dan s0...).

DXéc) dinh 16 ham sé (hoic toc dp thay doi cua dai luong) di cho va bién ciua n6 (vi du: thoi gian ¢, vi
tri x).

[1X4c dinh diéu ki¢n ban diu hodc khodng bién thién (a;b).

Buwdc 2: Xay dung mo hinh toan hoc

U Lwa chon cong cu todn hoc

Nguyén ham va Tich phan dya trén Pinh li co ban cta Giai tich, trong do:

o Nguyén ham 13 phép toan nguwoc ciia dao ham, giup tim lai ham gbc f (x) khi biét téc do thay do6i

f'(x) ctano.

Vi du: Tim ham quang duong s(t) khi biét tbc do v(t) = s'(t) .

o Luong tich liiy 12 nguyén ham cta toc dp tich liy
e Tich phin J. f'(t

tr a dén b, khi biét toc dp thay doi ciand f'(x).
Vi du: Tich phan toc do (tdc do thay ddi quang duong) cho ta quing duong di duge.
ULdp cong thirc twong wng voi cong cu todan hoc
Buéc 3: Giai md hinh toan hoc
[Tim nguyén ham, tinh tich phan tim dai lugng theo yéu cau dé toan.
[Kiém tra diéu kién x4c dinh, loai cac dai khong phu hop véi thyc té.
Buwéc 4: Tra 101 dap 4n va dién giai két qua
[ Kiém tra tinh hop Iy cua két qua (co phu hop voi bbi canh khong?).
[Dién dat két qua du6i dang ngén ngit thuc té: Pap 4n dung cau hoi ban dau cua dé.

t)dt tinh tong tich lity hodc sy thay doi rong cua mét dai luong f(x) trong doan

ON CONG CU TOAN HO
Linh vuc Dai lwgng dwgc cho: Df'u ll{’qng can tlin: Phép toan ap dung
. Ko Z. Nguyén ham (ham goc) hay n .
ung dung Toc do¢ thay doi tich phan (Cong cu toan hoc)
Gia toc chuyén dong a(7) | Toc do chuyén dong v(¢) v(t)= j t)dt+C
Vatli o o .y " :
(chuyén Toc d6 chuyén dong v(7) Vi tri hay Quéang duong s(7) s(t)= Iv( )dt+C
dong) L e 2 e Quang duong di dugc tur thoi _qh
Toc do chuyén dong v(7) didm 1, dén 1, A(s) —L v(t)ds
) Téc d6 thay do6i doanh thu | _,
Kinh té R'(t) Tong doanh thu R(t) IR dt+C
(san xuat, 7 = —
. Toc do thay doichi|
kinh donh,.. ’ 0 i phi =|C
) phi C'(1) Tong chi phi C(7) IC (r)dt+C
Swr tin Lo . Luong tang truong ) _
tlzu’(rngg Toc do ting truong f (t) (VD: Lugng ting din s6) _[ f(t)de+C
(dan sb, sinh | (VD: Toc d6 tang dan so) Luong ting truong cua f(7) tir Af = J-bf (e
vat,...) a dén b ‘
g . _ 1o s . f
(vat chat) | (VD: Téc do dong chay) (VD: Luong tich lily dong chay)
hay Su tha . . di tich 1y ct
y o Y | Tée 86 thay déi £(¢) SL_rthlaybdm tich liiy cua f(¢) tur Af = J.bf(t)dt
a dén a
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@'I VUI CUNG TOAN Nguyén ham — Tich phdn
Hinh phang gi6i han boi | Di¢n tich hinh phing tr x=a b

y=1@. y=g(*) dnxeb s=,1f (¥)-g(x)ex
Thé tich vat thé hinh thanh khi .
thjét dién ngang chay tr x=a | V =I A(x)dx
dén x=> ¢
Thé tich vat thé tron xoay sinh ra .
khi quay hinh phang quanh Ox | V' =7 L £ (x)dx
(th x=a dén x=b)

Dién tich thiét dién ngang
Hinh hoc A(x) cua mot vat the

Hinh phing giéi han boi
y=f(x), Ox

L0 CAC DANG BAI TOAN THUC TE THUONG GAP ' '
Dang toin @ BAI TOAN CHUYEN DONG (QUANG DUONG, TOC PO VA GIA TOC)
Phwong phap:
Buéc 1, 3, 4: (nhu quy tdc tong qudat)
Buwdc 2: Xay dung mo hinh toan hoc
UILwa chon cong cu todan hoc
=Xét méi quan h¢ giita cdc dgi lwgng quang dwong s(t) va toc dp v(t) theo thoi gian t

+ Tdc d6 14 dao ham cua quang duong: v(t)=s"(7)

+ Quéng duodng la nguyén ham cia toc do: Iv(t)dt =s(t)+C

=Xét méi quan h¢ giita cic dgi lugng téc dp v(t) va gia tic a(t) theo thoi gian t
+ Gia téc 14 dao ham ciia toc d6: a(t)= V(1)

+ Tdc d6 1a nguyén ham cua gia toc: ja(t)dt =v(t)+C

» Tinh quéing dwong chuyén dpng: Mot vat chuyén dong véi toc do v(¢), quang duong chuyén dong cia
b
vat trong khoang thoi gian t=a dén t=b (a < b) la s = jv(t)dt .
» Tinh toc d¢ chuyén dpng: Mot vat chuyén dong véi gia toc a(t) , toc do cuia vat d6 trong khoang thoi

)
gian Ar=¢,—1, la v= Ia(t)dx :
» Tinh toc d¢ trung binh ciia chuyén déng: Mot vat chuyén dong véi toc do v(t) , toc d6 trung chuyén
. : 1
dong cua vt trong khoang thoi gian r=a dén t=b (a<b) la v = > '[v(t)dt .
—a

a

Vidu 18: Mot 6 t6 dang chay thi ham phanh va chuyén dong cham dan véi toc dd cham dan déu duoc tinh
theo ham s6 v(¢)=18—2¢ (m/s). Tinh quing dudng 6 t6 chay duge tir lac hdm phanh dén khi ding hén.
= Loi gidi

Taco [v(t)di=[(18-2)dt =18t +C

Tai thoi diém him phanh thi 1 =0, s =0, ta co: S(O) =0<180-0°+C=0=C=0

Nén s(¢)=18¢—¢

Khi dimg han thi v=0,tacé: 18—-2t=0<1=9

Vay quang duong 6 t6 chay dugc tir lac hdm phanh dén khi ding han 1a s(9)=18.9-9° =81 (m)
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Vidu 19: nguGi ta th:él mot yét tr mot vi tri trén cao cho ‘roi xuéng mat dat theo -
phuong thang dimg. Biét gia toc trong truong tai noi tha vat bang 9,8 rp/sz. Gia su lyc
tac dong cua khong khi d6i voi vat trong qua trinh roi la khong dang ke. Biét rang sau Q
4 giay thi vat bét, dau c;ham mat dat. H("gi Vi tri cua vat truge khi tha roi cao bao nhiéu )
mét so voi mat dat? (két qua lam tron dén hang phan muoi)

= Loi gidi

Ta c6 tbe dO cua vat v(t) = Iadt = I9,8dt =9,8t+C (m/s) voi t (giay) la thoi gian
tinh tir luc bat dau tha

V6it=0 thi v=0 nén C =0, suyra v(r)=9,8¢ (m/s).

Do cao (mét) ciia vat h(t) = [vdt = [9,8tdr = 4,9¢ +C,

V6i =0 thi #=0 nén C, =0, suyra h(t)=4,9 (m).

Sau 4 giay thi cham mat dat nén do cao cla vat trude khi tha roi béng h (4) =4,9.4° =78,4 (m)
Vidu 20: Mot vién dan duoc bin théng dimng 1én trén tir 6 cao 2 m véi tde do tai thoi diém A
t cho béi cong thire v(#)=100-9,8 (m/s), (¢ =0 1a thoi diém vién dan duge bén 1én). Tim ‘I‘
d cao (tinh theo km ) cua vién dan so véi mat dat ¢ thoi diém 1 gidy sau khi vién dan dat do
cao lon nhat (lam tron den hang phan tram).

= Loi gidi

Goi /(t) 1a do cao (tinh bang mét) cia vién dan tai thoi diém ¢ (tinh bang gidy).

Taco: h(t)=[v(¢)dt = [(100-9,8¢)dr =—4,9¢ +100¢ +C.

Tai thoi diém 1=0,tacod h(t)=2=>C=2.

Vay h(t) =—4,9¢> +100¢ +2 (12 ham bac hai)

Ta c6: (1) dat gi tri 16n nhdt khi = Z—O’f’

. e e iR 500
Hay vién dan dat d6 cao 16n nhat tai thoi diém ¢ = T

Do d6 d9 cao clia vién dan so véi mit dat & thoi diém 1 gidy sau khi vién dan dat do cao 16n nhat 1a
h(S_OOHj ~507,3m~0,51km.
49
Vidu 21: Ca hoi Thai Binh Duong dé‘n mua sinh san thuong boi tir bién |
ngugc dong vao song va dén thuong ngudn cac dong song dé dé tring. Gia st
: 2 2t L e 42
ca boi nguoc dong song voi toc do 1a v(z) = — +4(km/ h).Neu coi thoi diém

ban dau 7 =0 1a lic c4 bat dau boi vao dong song thi khoang cach xa nhat ma
con cé c6 thé boi duge 1a bao nhiéu km?
= Loi gidi
Quang duong con cé boi dugc khi boi nguge dong 1a

S(f) = Iv(z)dz =I£—%+4)dt = —%zz +dt+C

Vi §(0)=0 nénsuyra C=0.

1 1 1
Do dé: S(r)= —gﬁ +4f = —g(z2 —~20¢+100)+20 = —g(t—IO)z +20<20.
Vay khoang cach xa nhat ma con cé c6 thé boi dugc 1a 20 km .
Vi du 22: Mot vat chuyén dong voi tbe d6 10m /s thi ting toc véi gia toc a(t) =3¢+¢". Tinh quing duong

vat di duoc trong khoang thoi gian 10 gidy ké tir lac bat dau tang tdc.
= Loi gidi
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2 3
Ham téc do 1a mot nguyén ham ca gia toc a(z), ta co: J.a(t)dt = j(3t +1 )dt = %+ % +C.

Lay méc thoi gian e ting the 1a £ =0, ta c6: v(0)=10=C=10.
3 2
Ta duge: v(1) = t—+3i+10.
3 2
Sau 10 gidy ke tir lac tang téc, quang duong vat di duoc la
10/ 3 2 4 3 10
s = t—+3i+10 dx = t—+t—+10t =Mm .
o\3 2 12 2 .
Vidu 23: Mot 6 t6 chuyén dong vai tbe do 20m /s thi ham phanh nén toc d6 cia xe thay doi theo thoi gian
t (gidy) dugc tinh theo cong thirc v(¢)=20-50¢ (0<¢<4). Tinh toc do trung binh ciia 6 o trong khoang
thoi gian tir lac him phanh dén luc ding han.

w Loi gidi
Téc d6 6 t6 lac ham phanh 1a 20 m/s hay v(t) =20-50t=20<=1=0
O t6 dimg khi téc d¢ bang 0 hay v(1)=20-50t=0 <t =4

Vay tdc d6 trung binh ciia 6 t6 trong khoang thoi gian tir lac him phanh dén luc dimg han 1a
4

4
= 4iojv(t)dt=i'([(20—50t)dt=10 (m/s)

0
Vidu 24: Mot xe 0 t6 dang chuyén dong déu thi ngudi 1ai xe nhin thay
chudng ngai vat trén duong. Sau 1 gidy thi nguoi lai xe bat dau dap phanh.
O t6 chuyén dong cham dan déu véi gia tbc a =—5m /s> . Biét rang ké tir lac
nhin thay chuéng ngai vat cho dén khi dimg han thi xe di thém dugc quang
duong 41,6 mét. Toc do cua xe khi nguoi 1ai xe bat dau phanh 1a bao nhiéu
m/s?

= Loi gidi

Goi toc do cua xe khi bat dau phanh 14 v, (m / s)

Téc 40 tai thoi diém ¢ ké tir lic bét dau phanh 1a: v(¢) = [(=5)dt=—5t+C.

Toc d6 clia vat tai thoi diém bat diu phanh xe 1a v, (m/s) néntacéd v(0)=v, = C =v, = v(t)=-5t+v,

Quang duong vat di duoc tai thoi diém ¢ ké tir khi bit dau dap phanh la S(r):jv(t)dt

:I(—5t+v0)dt:—§t2+vot+c.
Ta o S(O):O:>C=0:>S(t):—§t2+vot.
Khi xe ding han ta c¢6 v(t)=0< =5t +v, =O<:>t=vg°.

2 2 2
Quang dudng xe di duoc tir khi bit diu dap phanh dén khi dimg hén 1a S =S [%0] = -5(10) PR

(m).
Quang duong ngudi 14i xe di tir khi nhin thiy chuéng ngai vt dén khi dap phanh 1a v, (m).
2
Theo bai ra ta c6 phuong trinh r—‘()) +v, =4L6.
. . v, =16
Giai phuong trinh ta dugc .
v, =—26

Vay téc d6 khi ngudi 14i xe bat dau phanh 1a 16 (m/s).
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Dang toin = KINH TE (SAN XUAT, KINH DOANH,...)
Phuwong phap:
Budrc 1, 3, 4: (nhu quy tdc tong quat)
Buwdc 2: Xay dung mo hinh toan hoc
[ Lwa chon cong cu toan hoc

Dai lugng dwgc cho: N u})é%: ll:;gnn%hc;; tlgg ha Phép toan ap dung
Toc d¢ thay doi guy , g y (Cong cu toan hoc)
tich phan
Tdc do thay ddi doanh thu R'(r) | Tong doanh thu R(r) R(t)=[R(t)dt+C
Téc d6 thay ddi chi phi C'(1) Téng chi phi C(¢) c(r)=[C'()de+C

Vi du 25: Mot gia dinh san xut chiéu c6i & Nga Son mdi ngay san xuit duoc
x chiéc chiéu (0 <x<20) Chi phi bién dé san xuat x chiéc chiéu ( tinh bang
nghin dong) cho béi ham sé sau: C’(x)=3x" —4x+10. Biét rang chi phi ¢o
dinh ban dau dé san xuét 1 500 nghin déng. Gia sir gia dinh nay ban hét chiéu
moi ngay voi gia 270 nghin dong / chiéc chiéu. Tinh lgi nhuan toi da theo don
vi nghin dong ma gia dinh do6 thu dugc?

, , C , = Loi giai ,
Chi phi dé san xuat x chiéc chiéu ( tinh bang nghin dong) 1a ham so:
C(x)=[C'(x)dx = [ (3x* —4x+10) dx = x* —2x> +10x +c.
Do chi phi ¢ dinh ban dau dé san xuét 1a 500 nghin dong nén ¢ =500
Twr d6 ta c6 1gi nhuan theo don vi nghin dong ma moi ngay gia dinh dé thu dugc la:
L(x)=270x—(x" = 2x* +10x+500) = —x" +2x° +260x — 500

x=10
L'(x)=-3x"+4x+260=0 < . 26-
Y

Ma 0<x<20 nén x=10.

Loi nhuan t0i da ma gia dinh d6 thu duge 1a: L(10)=1300 ( nghin dong)
Vidu 26: Chu mot trung tdm thuong mai muép cho thué mét §6 gian hang nhu nhau. Nguoi do mudn ting
gia cho thu€ cia moi gian hang thém x (triu dong) (x > 0). Toc do thay doi doanh thu tir cac gian hang do
dugc biéu dién boi ham s6 T (x) = —20x +300, trong d6 T'(x) tinh bang triéu dong. Biét rang néu ngudi do
tang giévthué cho médi gian hang thém 10 triéu dong thi doanh thu 1 12000 tri¢u dong. Tim gié tri cta x (triéu
dong) dé ngudi do cé doanh thu 1a cao nhat?

= Loi gidi

Ta co: T(x) = [ T'(x)dx = [ (-20x+300)dx =—10x" +300x+C,C e R.

Khi nguoi d6 ting gia cho thué mdi gian hang thém 10 triéu dong thi doanh thu 1 12000 tri¢u dong.

Nén tng véi x =10 tacé T(10) =12000 suy ra 12000 =—10.10" +300.10+C = C =10000.

Vay T(x)=—-10x>+300x+10000. Ta c6 T(x) 1a mot ham s6 bac hai v6i hé s6 @ <0 va do thi ham s co
dinh 1a 7(15;12250).

Vay doanh thu cao nhat ma ngudi d6 ¢6 thé thu v& 1a 12250 triéu dong va khi d6 mdi gian hang da tang gia
cho thué thém 15 tri¢u dong.
Vidu 27: Tbc do giai ngan 2 ty tién tro cAp M (f) danh cho mot viing A bi thiét hai vé [ lut ti 1é thuan véi
binh phuong caa (100—1), trong d6 ¢ 1a thoi gian tinh bang ngay (0<¢<100) va M(¢) 1a sd tién con lai
chua giai ngén. Hoi sO tién con lai chua giai ngan sau 40 ngay 13 bao nhiéu triéu dong, biét ring toan bo sd
tién s€ dugc giai ngan trong 100 ngay.

= Loi gidi
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M (1)
(100 —¢)*
Theo cong thic nguyén ham, ta c6 M(t):[ M (t)dt = j k(100—z)2dz=jk(10000—200t+t2)dz

Vi M'(t) ti 1é thuan voi binh phuong cua (100 —¢), nén ta co =k =M (t)=k(100—1)*

3
:1{10000z—100z2 +%j+C

Tir gia thiét, ta c6 sb tién con lai chuwa giai ngan tai thoi diém =0 13 bang 2000 triéu dong
= M (0)=2000 < C =2000.

3

Khi d6 M(¢) = k{lOOOOt ~100¢ + %j +2000

Vi toan b sb tién s& duoc giai ngan trong 100 ngdy nén ta co

3
1030 j+2000 =0

M100)=0< k[lOOOO.lOO—lOO.lOO2 +

k= —2000 < k=-0,006.

3
10000.100 —100.100° + 100

3

Suy ra M(t) =—0,006 [1 00007 —100¢” + %j +2000 = —0,002¢* + 0,6t — 60z + 2000

Vay s6 tién con lai chua giai ngan sau 40 ngay 1a M (40) = 432 (triéu dong)

Vidu 28: Hai cong ty, cong ty A va cong ty B, cung ra mé‘g san pham canh tranh thi truong méi vao cing
thot diém. Thi phan dugc do bang s6 luong khach hang luy ké. ;

Cong ty A: Bat dau véi 0 khach hang. Trong giai doan dau, chién dich marketing hi€u qua giup toc do thu
hat khach hang méi cua ho ting déan theo thoi gian, duge mo ta béi ham f'(¢)=2¢+7 (nghin khach
hang/thang), véi ¢ 1a s6 thang ké tir khi ra mat.

Cong ty B: Nho ¢6 uy tin tur trude, ho bat dau voi 10 nghin khach hang dat trudc san pham. Sau do, ho
duy tri mot toc d6 thu hit khach hang méi 6n dinh 1a 10 nghin khach hang/thang. :
Hoi sau khoang bao nhiéu thang k& tir khi ra mat, tong so lugng khach hang liiy ké cua cong ty A bang tong
s0 lugng khach hang lily ke cua cong ty B (tinh ca 10 nghin khach hang ban dau) ?

= Loi gidi

Goi P, (¢) 1a sb lugng khach hang luy ké clia cong ty A véi ¢ 1a s6 thang ké tir khi ra mit san pham
(t>0)

Taco P, (t)=[f(t)dt=[(2t+7)dt =1 +7t+C.

Cong ty A bét dau v6i 0 khach hang nén P,(0)=0<0’+7.0+C=0< C=0.

Vay P,(t)=t"+7t.

Vicong ty B bét dau voi 10 nghin khach hang dat trude san pham. Sau d6, ho duy tri mot téc do thu hut
khach hang méi 6n dinh 1a 10 nghin khach hang/thdng, nén s6 lugng khach hang liiy ké cua cong ty B sau ¢
thang ra mét san phdm 1a P, (¢£)=10+10¢ (¢>0).

t=-10

Taco P,(1)=P,(t) <=1 +7z=10+10z©[
Vit>0nént=5.
Viy sau 5 thang ra mat, tong so lugng khach hang Ity ké ciia cong ty A bang tong sd lugng khach hang
Ity ké cua cong ty B (tinh ca 10 nghin khéach hang ban dau).
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toin @ TANG TRUONG (DAN SO, SINH VAT,...)
Phuong phap:
Buéc 1, 3, 4: (nhu quy tdc tong qudt)
Buéc 2: Xay dung mé hinh toan hoc
[JLwa chon cong cu todn hoc

Dai lwgng dwgc cho: Dai lwgng crﬁn tim: Phép toan ap dung

Toc d) thay doi Nguyén ham (ham goc) hay tich phan (Cong cu toan hoc)
Luong tang truong

: : = t)de+C
(VD: Lugng tang dan so) I / ( )

Luong ting trudng cua f(¢) tra dén b | Af =jbf(t)dt

Téc d¢ tang trudng £ (¢)
(VD: Téc do tang dan sb)

Vidu 29: Mot nghién ctru chi ra ring sau x thang ké tir bay gid, dan sb cia dia phuong A s& ting véi toc
d6 v(x)=10+2+/2x+1 (nguoi/thang). Dan sb cua dia phuong A s& ting thém bao nhiéu trong 4 thang t6i.
1 (ax +b)"!
a  n+l

Viét két qua lam tron dén hang don vi. Cho biét J(ax +b)'dx = +C

= Loi giai
Cich I. Dung nguyén ham ) 7
Goi f(x) la dan so cua thanh pho sau x thang ké tir bay gio.

Téc do thay déi cuia dan sd 18 v(x) =10+2+/2x+1.

Suy ra f(x):I(IO+2\/2x+1)dx=10x+2_[\/2x+1dx.

1 3 3
Do [v2x+1dx = [(2x+1)%dx =§(2x+1)2 +C,néntacd f(x) =10x+§(2x+l)2 +C
S6 dan trong 4 thang toi 1a
3
f(4)— £(0)= 10.4+§(2.4+ )2+ C—[O+§+ c) ~ 57 (ngudi).

Cadch 2. Dung tich phan

S6 lwong dan s ting trong 4 thang (tir 0 dén 4) 1a j;(lO + 2\/2x+1)dx = % ~57
Vidu 30: Trong mot dich cim, téc d6 ting sd trudng hop mic bénh ciia mot thanh phd duoc ude luong boi
N'(t) =10-¢"* (truong hop/ngay) trong d6 N(¢) 1a s6 truong hop mic bénh sau thoi gian ¢+ ngay ké tir khi
bat dau dich. Biét rang thoi diém t,)ét giz‘?lu dich ¢6 5 truong hop mac bénh. Udc luong sé truong hop mac bénh
cta thanh pho sau 10 ngay dich bat dau.

= Loi gidi
0,2t

Taco N(t)= [ N'(t)dt = [10-¢"* dr =10[ (e"* ) dr =10- +C =50-" +C.

Ine”
Theo gia thiét, N(0)=5 suyra 50+ C =5, suyra C =45
Vay N(t)=50-¢** —45.

N(10) =50-e"*"" — 45 ~ 324 (trudong hop).

Vay sau 10 ngay ké tir khi dich bat dau, thanh pho 6 khoang 324 truong hop mic bénh.
Vidu 31: Nguoi ta quan sat mot quan thé vi khuan dang tang trudng, ban dau
ggm 500 vi khugm Sau mot ngay va sau bon ngay ké tir khi bt dau quan sat,
s0 luong vi khuén cua quén thé do twong tmg la 600 vi khuén, 1300 vi khuan.
Goi P(7) 1a s6 lugng vi khuan cua quan theé do tai thoi diém ¢ ngay ke tur khi bat
dau quan sat, 0 <7 < 10. Nguoi ta udc tinh toc do tang trudng cua quan thé vi
khuan d6 duge mo ta boi P'(7)= at +bt (vi khudn/ngay), trong d6 a, b 1a

hang s6. Hoi s6 luong vi khuan cia quan thé d6 sau 9 ngay ké tir khi bat dau &

quan sat 1a bao nhiéu? -
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= Loi gidi

Taco P'(f)=at+bt = P(t) = [(at + bt ) dt =%at2 +§bt\/;+C
Ban dau gdm 500 vi khuan nén P(0)=500=C= 500 = P(¢) :%atz +§bt\/;+500.
Sau 1 ngdy c6 600 vi khuan nén P(1)=600=> %a+%b+500 =600 = %a+§b =100 (1)

Sau 4 ngay ¢6 1300 vi khuan nén P(4) =1300 = 8a +%b+500 =1300= 8a+§b =800 (2).

Tr(l)va(2Q)tacoa=0vab=150= P(r)= 100/t +500.

Vay s6 vi khuan sau 9 ngay 1a P(9)=3200.
Vidu 32: Quadicu tra cac nha phan tich kinh t€ da nhén dinh rang toc do tang trudng kinh t&(GDP) ciia mot
qudc gia sau ¢ nim tinh tir ddu nam 2004 14 30+%\/§ ti USD/nam. Biét rang GDP ctia qudc gia d6 vao

d4u nam 2004 1a 100 ti USD. Hay dy doan GDP cua québc gia d6 vao dau ndm 2015 bang bao nhiéu ti USD
(lam tron két qua dén s6 thap phan hang don vi)
= Loi gidi
Nguyén ham cua ¢g(¢) =30+ % 5+t 1aham s S(7) mo ta GDP ciia qudc gia sau ¢ nam (duoc tinh tir nim
2004). o
GDP tang thém tinh tir nam 2004(z =0) dén dau nam 2015 (¢ =11) la

11

2
j g(t)dt = j (30+ J5+1 ja’t {3004 8 ?) ~347,6 (ti USD).
2 r M 0 N
Nhu vay, tong gia tri GDP tinh dén dau nam 2015 bang 347,6+100=437,6 ~438(ti USD).
Vidu 33: Cay ca chua khi trong c6 chiéu cao 5 cm. Tc d ting chiéu cao cia cdy ca chua sau
khi tréng duoc cho boi ham sb v(t) =-0,1£ +¢°, trong do6 ¢ tinh theo tuan, v(t) tinh béng
centimét/tuan. Goi /(¢) 1a d cao cia cdy ca chua ¢ tudn thir 7. Vao thoi diém cay ca chua do

phat trién nhanh nhét thi cay ca chua cao bao nhiéu centimét?( 1am tron két qua dén hang phan
muoi).

= Loi gidi
3

4
Tacéd: h(t)=[(-0,1£ +¢* )t = [ -0,1£ d¢ Pa="+licC.
aco: h(t) J.( + )d J. +'[ TR
Cay ca chua khi trong c¢6 chiéu cao 5 cm nén h(0)=5,suyra C=5.

-t
Do d6 h(t)=——+—+5.
40 3
3
Ta chi cAn tim gié trj 16n nhét ctia (r) =%+t3 +5 véi 1€[0:10].
2
Ta co: h'(t)=%+t 110(—t+10), suy ra A'(¢)=0 khi ¢ bang 0 hogc 10.

Ta thay h(0)=5; h(10)= ? Khi do, (r) dat gié tri 16n nhat bang % trén doan [0;10].

) ‘. 265
Vay chiéu cao toi da cua cdy ca chua d6 1a =5 88,3( cm).
Vidu 34: (D¢ thi tot nghiép nim 2025) Ddi v6i nganh nudi trong thuy san, viéc klem soat lwong thudc ton

du trong nudce la mot nhiém vu quan trong nham dap tng cac tiéu chuin an toan vé méi trudng. Khi nghién
ctru mot loai thude tri bénh trong nudi trong thity san, ngudi ta sir dung thude d6 mot 1an va theo ddi ndng do
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thudc ton du trong nudc ké tir lic st dung thude. Két qua cho thdy néng d6 thude y(t) (don vi: mg/lit) ton

du trong nudc tai thoi diém ¢ ngy (¢>0) ké tir lac sir dung thude, théa man y(¢)>0 va y'(¢t)=k.y(t)

(t > 0) , trong d6 k& 1a hang sé khac khong. Po nong do thude ton du trong nude tai cac thoi diém £ =6 (ngay);

¢ =12 (ngay) nhan duoc két qua Ian luot 1a 2 mg/lit; 1 mg/lit. Cho biét y(r)=e*") (1>0).

a) g(t)=kt+C (¢t>0)véi C 1a mot hang s xac dinh.

b ko2
6
¢) C=4In2.

d) Nong do thude ton du trong nudc tai thoi diém = 21 (ngay) ké tir luc sir dung thude 16n hon 0,4 mg/lit.

= Loi gidi

Taco: y'(1)= g'(t).eg(’) =ky(t)= g'(t).eg(t) = ket = g'(t).eg(’) = g'(t)=k

= [ g'(t)dt = kdt . Do 6 g(¢)=kt+C

ok . |v(6)=2 2 =€ 6k+C=1n2 k:_ln_z
Theo gia thiét ta co: = = = 6

_ _12k+C _
y(12)=1 " [i=e 12k+C=0" | coam2
02 o
Vay y(t):e o 2, g(t):—ln?thernZ.
In2
Vi r=21tacé y(21)=e ¢ :g<o,4 mg/lt.

Chon: a) dung, b) ding, ¢) sai, d) sai.
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toin @ SU TICH LUY (VAT CHAT: LONG, KHI, PIEN,...)
Phuong phap:
Buéc 1, 3, 4: (nhu quy tdc tong qudt)
Buéc 2: Xay dung mé hinh toan hoc
[ Lwa chon cong cu todn hoc

Dai lwgng dwgc cho: Pai lwgng c,?ln tim: Phép toan ap dung
Toc d) thay doi Nguyén ham (ham goc) hay tich phan (Cong cu toan hoc)
Tde do tich Iy f () Luong tich lily _[f()a+C
(VD: Tdc d6 dong chay) (VD: Luong tich lity dong chay)
Téc d¢ thay doi f(¢) Su thay doi tich liiy cia f(¢) tr a dén b | Af = jb f(t)dt

Vidu 35: Mot hd boi co dang hinh hop chir nhat c6 chiéu cao 3,0 (m) dang
khéng chira nude. Nguoi ta can thay nuéec méi cho hd boi nén ding may
bom dé bom nuée vao hd, gia sir A(¢) (m) la chidu cao cia myc nude da
dugc bom vao tai thoi diém ¢ gio. Biét rang téc d6 ting chiéu cao cuia muyc

Jt+3
5

. Hoi

nudc tai gio thir ¢ ké tir lic bdt dau bom nudc vao hd 1a h'(1) =

sau bao nhiéu gio ké tir luc bt dau bom thi hd dat duge do sau 2,1(m) (Két
qua 1am tron dén hang don vi).
= Loi gidi

t)=[r () dt——_[t+3);dt:%(t+3):+C.
@M 923?. ()= 2(e+ L3y 2B
4 9\/_

4
o =2le(e+3) =1833=1=6.

h(0)=0

h(r)= 21<:>20(t+3)

Vay sau khi bom khoang 6 gio thi d6 sau ctia myc nude trong hd 1a 2,1 (m).
Vidu 36: Nudc bdc hoi tir mot bat hinh ban cdu co6 ban kinh r(cm) véi toc do —Tlem

V'(¢)=—+*, trong d6 ¢ 1a thoi gian tinh bang gio. Gia st ban kinh cua bat 1a » =10cm '
va ban dau (luc 7 =0) bat chtra day nudc. Hoi sau bao nhiéu gid (1am tron két qua dén
hang phan chyc) thi bat can nudce?

= Loi gidi

Vi bét c¢6 dang 12 1 nira hinh cau véi ban kinh » =10cm nén ta c6 thé tich cua bat khi chira day nudc 1a

V =l-f7z"103 = 2000”(07%3)
23
Theo dinh nghia nguyén ham, ta cé lugng nudc trong bat 1a V' (¢) = J.V' (t)dt = j(—rz )dt =—r't+C.
. . \ ; 2 2
Biét tai thoi diém ban diu (¢ =0) thi bat ddy nudc nén ta co V(0) = 020” o C= 020” .

Suy ra V() =—10%¢ + 2020”, (r =10)

20007

Bat can nudc khi V(1) =0 < —10%¢ + =0 =1~20,9 gio.
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Vidu37: Cudng d6 dong dién trong mot diy dan tai thoi diém ¢ gidy la:
1(¢t)=0'(¢)=3t"—6t+5,v6i O(t) la dién lugng truyén trong day dan tai thoi
diém ¢. Biét khi =1 giay, dién luong truyén trong day dan 1a Q(1)=4. Tinh
dién lugng truyén trong day dan khi ¢ =3 .
= Loi gidi

Taco: O(t)= [ Q' (¢)dt = [(3£* —6t+5)dt = =3 +5¢ +C.

Do O(1)=4 nén I’-3.1°+5.1+C=4=C=1

Nhu viy Q(t)=r =3t +5¢+1.

Vay 0(3)=3"-3.3"+53+1=16.

Viduy 38: Mot bé ban dau chira day nudc, bé co dang hinh tru Vc'riqchiéu cao bang 9 m va ban
kinh day bang 2 m. Nudc bat dau chay ra tor mot voi nudc & day be. Goi V(¢) 1a the tich chat
1ong d4 thoat ra tai thoi diém ¢ (phut) sau khi mé voi thi V' (¢) = k(45—1),(0 <t <45). Biét sau
15 phiit d6 cao cia muc nudc trong bé bang 4 m. Sau 42 phut, thé tich chét 16ng con lai trong

bé 14 bao nhiéu lit (1am tron két qua dén don vi).
v Loi gidi
Theo dé bai, ta co:
Chiéu cao bé H =9m
Ban kinh ddy bé R =2m
Thé tich ban dau cua bé: ¥, = 7R*H = 7(2*)(9) =367z(m’ )

Téc do thodt nude: V' (r) = k(45—1)(m’ / phut).

Sau 15 phut, d cao myc nude trong bé 1a 4 m.
V(¢) 1a the tich chat long da thoat ra tai thoi diém ¢ (phut) sau khi mo voi.

L4y nguyén ham: V(f) = j V' (t)dt = j k(45—1)dt
V()= k[ 45—yt =k(j45dz—jtdt):» 40, =k(45t—§}+€

Biét tai thoi diém ban dau (f = 0) bé diy nudc nén V(0)=0
2

2
:>V(O)=k(45.0—%j+C:Oz>C=O. Vay V(t):k[45t—%j.

Sau 15 phut, d6 cao muc nudc trong bé 13 4 m, vy nude thoat ra 1a 5 m.
Thé tich nu6c con lai sau 15 phut 1a: ¥(15) = 7R*h(15) = z(2* ) (4) =167 (m")

Thé tich nudc da thoat ra sau 15 phit 1a: 7(15) = V=V i =367 —1671 =207
Thay ¢ =15 va V(15) =20z vao cong thuac V(¢):
2 2
=207 = k| 45-15- 12 | = k(562.5) = 207 = k= S () = 45—
2 225 225 2

2
Tinh V(42): V(42)= 7| 45.40- 22" | 8064”(;113).
225 2 225

8064r 367 4r (m3)

Vay thé tich chét 16ng con lai trong bé 1a: V =367 — =—=—
225 225 25

Poi: =V = 2—75”-1000 =1607 ~ 503(/)

Két qua: Sau 42 phut, thé tich chét 1ong con lai trong bé 1a khoang 503 lit.

®

h
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Vi du 39: Nhé Tit c6 mdt bon chira nudce hinh tru cao 300 cm, duong kinh QO
cm. Bon day nude thi ban Ti v6 y md van xd. Muc nudc ha véi van tde
h(t)= ét—% (¢ tinh bang phut, %' (f) cm/ phit). Sau 1,5 gid (tic 90 phut)
thi Tit méi phat hién sy ¢b. Hoi lugng nu6e da mat 14 bao nhiéu 1it? (Iam tron
két qua dén hang don vi)

w Loi gidi

Tim A(¢): Tich phan véan tbc: h(z) = I(it—g t= Lt2 —Qt+C
54 3 108 3

Do bdn ban dau day 4(0)=300= C =300.

1 10
Vay h(t)=—¢* ——1+300
ay h(t) 108 3

Luong nudc mat sau 1,5 gio:

D6 gism muyc nude: Ah= jjo B ()t = h(z)[)" = h(90)—(0) = 75-300 = 225 cm

Ban kinh bdn  =30cm . Thé tich nude mat (mot hinh tru cao 225 cm):

AV = zr* Ah = -30% - 225 =2025007 cm® ~ 636173 cm’ ~ 636 lit.
Két luan: Nudc bi that thoat xap xi 636 lit.

Nguyén ham — Tich phdn
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todn @ TINH DIEN TICH HINH PHAN
Phuong phap:
Buéc 1, 3, 4: (nhu quy tdc tong qudt)
Buéc 2: Xay dung mé hinh toan hoc
[ Lwa chon cong cu todn hoc

Pai luone duwoc cho Dai lugng c,?ln tim: Phép toan ap dung
a1 Trong qut Nguyén ham (ham goc) hay tich phin (Cong cu toan hoc)
Hinh phiang gi6i han boi| . : , b
o= fy. 00 Di¢n tich hinh phang tir x=a dén x=b | §=[|f(x)|dx
Hinh phang giéi han béi , . b
= f(xI; , yg= g%x) Dién tich hinh phang tr x=a dén x=5b | S= L f(x)—g(x)|dx

Xem Binh li 1, Bai 3: Ung dung hinh hoc cia tich phén

UILdp cong thirc twong wng voi cong cu todn hoc

Tir cc diéu kién da cho, l4p cong thirc y = f(x), y=g(x)vaxac dinh cac can a, b
Thay vao cong thirc nhu trén. ; : :

DANG PHUONG TRINH CUA CAC PUONG THUONG GAP

D%ng Phwong trinh Tinh chit/ Pic diém Hinh dang
duong
Pus Qua 2 diém : a1
. — ax+b —b A
o I e Y
a
y =t
binh S (_—b,ﬂj T 2a
2a 4a
Parabol y=ax’ +bx+c Truc d6i xtmg x = —b
a ‘ / N
Dién tich bang 2/3 dién tich hinh } “\/ x
chir nhat ngoai tiép v B e SR

Tam (a;b), ban kinh R v 4

\
Duong 2 2 2

X —a) +(y—-b) =R -
tron (x=a) +(y-b) Dién tich: S =zR* N
[ y=b+ ,Rz_(x_a)2 Phia trén tdm 7 (a;b) °r

duong

tron y=h— /Rz—(x—a)z Phia dudi tam 1 (a;b) = 2

Tiéu diém F,, F,

>
X

Tidu cy FF, =2¢ 5 |3,
x_2+y_2:1 Cac dinh Al(—a;O),A2(a;0), ’ /-——-‘\4
Elip LB B,(0;-b), B, (0;b) e ~—f
voi b2 =a’ - ¢ Truc 16n 4.4, =2a, truc bé /
BB, =2b b |B,

Dién tich: S = 7ab
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Tiéu diém F, F,; /

P Tiéucu FF, =2c
2V o
Hypebol a b Céc dinh 4, (-a;0), 4,(a;0)
voi b* =c* —-a* Truc thyc 4 A4, =2a, tryc a0
BB, =2b
Duong i i
cong y=sinx, y=cosx | Tuan hoan chuki 27 T V0 A N
hinh sin AT
Yi
DPuing Tam d6i xtmg 1(x,;y,), voi
cong bic | y=ax’ +bx’ +cx+d -b
3 xlzg;ylzy(xl) \
/ 0 \_/ T

Vi du 40: Cf)ng truong Dai hoc Bach Khoa Ha Noi ¢6 hinh dang parabol, chiéu
rong 8 m, chi€u cao 12,5 m. Dién tich ctia cong bang bao nhi¢u?
= Loi gidi

Cach 1:

Xét hé truc toa do nhu hinhrvé rpé truc (:If')i xung cua parabol trung véi truc tung,
truc hoanh trung véi dudng tiép dat ciia cong.

Khi d6 parabol c6 phuong trinh dang y =ax” +c.

Vi (P) di qua dinh 1(0;12,5) néntacod c=12,5.

(P) cit tryc hoanh tai hai diém A(—4;0) va B(4;0) nén ta c6

—c 25 25 ,

0=16a+c=>a=—=—-—.Dodo (P):yz——x +12,5.
16 32 32

4

Dién tich cua cong la: S = j (—éxz +12,5jdx = ﬂ( m’).
AGEY) 3

Cach 2:

Ta c6 parabol di cho c6 chiéu cao 1a 4~=12,5m va ban kinh day
OD =0E =4m.

Do d6 dién tich parabol da cho la: S = %.Zr.h = ?( mz) .

40\

Vidu41: Ong X mubdn lam cira rio st c6 hinh dang va kich thudc nhu hinh vé bén, biét duong cong phia
trén 1a mot parabol, chat liéu 1am 14 inox. Gia 1 m* vat tu va cong lam 13 1.300.000 dong. Hoi 6ng X phai tra
bao nhiéu tién d€ lam cai ctra sat nhu vay.

0983.900.570 V& Cong Truong 26 2025-2026



) . ,
@ VUI CUNG TOAN Nguyén ham — Tich phdn

WA
P
L DN
asm | ]
| I
| I
I |
-1,9 01 11.9 >
38m
= Loi gidi
Ta chon h¢ truc toa do nhu hinh vé. Trong do6 7 —B;B ,J B,B
10 5 10 5
Duong cong phia trén 1a mét parabol ¢ phuong trinh dang y =ax” +b,véi a,beR.
Do Parabol di qua cc diém /,J va chiéu cao cong 1a % m néncod y= —%xz +% .
Dién tich S cua ctra rao sét la dién tich phz‘in hinh phéng gi61 han boi dd thi ham sé y= —% X+ 5 , truc
. . 1 1
hoanh va hai duong thang x = ——9;x = L4 .
10 10
Q
10
Taco S= I [—ﬂxz +2]dx=% .
w361 2 75

10

1226 x1300000 ~ 21077330 (dong).

Vay ong X phai tra so tién d€ lam cai ctra sat 1a:

Vidu 42: Mot cong ty thué tho v€ logo cong ty nhu hinh v& 1én mét birc tuong lon. Logo c6 dang 1a mot
bong hoa c6 6 cach hoa giong nhau, sap x&p cach dé nhu hinh v&. o

]Dé chinh x4c hoa kich thudc va hinh dang nhu, hinh v€&, moi canh hoa duogc thiét ké nhuqsau: Trong mat
phang Oxy (mot don vi tng voi 1 mét trén thyc t€), mot canh hoa dugc xem la mdt hinh phang gidi han boi

X ; -3)° .

do thi ham s6 béc ba y = % +1 (C)va mot dudng parabol (P):y=ax’ +bx+c (a#0). (C) va(P) cat
nhau tai hai diém 0(0;0), M (6;2) va (P) di qua diém N(3;0). Biét rang chi phi v& logo ndi trén dugc tinh
dya trén mdi mét vudng canh hoa dugc vé, m(x)i‘mét vuodng dugc bao gia la 210 nghin ddng.

Hay tinh chi phi v& logo d6 (don vi: nghin dong, lam tron két qua dén hang don vi).

q = Loi gidi
(P) diquadiém O(0;0)nén c=0

36a+6b=2

(P) di qua 2 diém M (6;2) va N(3;0) nén ta c6 hé phuong trinh =
9a+3b=0 -1
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Suy ra: (P):y:éx2 —%x

Coar tia , . of (x=3) 1, 1
Khi d6, dién tich cua logo 1a S=6j0 2—7+1 - §x —Ex dx =24

Chi phi v& logo 14 24.210 = 5040 (nghin ddng)

Vi du 43: Mai chua d6i xtng qua truc, ¢6 bién dang f(x)=6-¢"+1, 0<x<6
CéNng chua dang parabol, rong 4 m va cao 3 m.
MOoi ctra soO kich thudc 1mx0,5m .

Mt tién phia trudc ciia mat s€ dugc son mau vang day 0,1mm .
Hoi: Can bao nhiéu lit nudc son? (lam tron két quan dén hang phan muoi)

= Loi gidi
Ta can dién tich mat tién trir dién tich cong va ba ctra so.
1) Dién tich mat tién
(O s -05x _ -0.5x 6 2
4, =2[ (6% +1)dx =2[~12¢ "% +x | ~34,81m

2) Phuong trinh, dién tich cong
Gia st g(x)=ax’ +b . Diéu kién

g<0>=3:»b=3,g’<0>=o,g(2)=o:a=—%.

Vay g(x)= —%xz +3.

2
2
=8m

0

Dién tich cong: 4, = 2'[02(—%)8 + 3de = 2[—&)& +3x}

Ba ctra s6, mdi cai 0,5m> = 1,5m?.

Vay dién tich can son vang 4= 4, — 4, —1,5=34,81-8—1,5=2531m".

4) Thé tich nuéc son:

25,31m*> =253100cm’, day 0,1mm =0,01cm.

V =A4-day =253100-0,01=2531cm’(=2,5 lit ).
Vidu 44: O bé boi thanh phd s& xdy mot cau truot nude moi. Cau trugt dai 5 m va c6 thé truot tir ca hai
phia. Nhitng ngudi than trong trugt vé bén trai, noi mép trugt duge cho boi f(x) = e

Nhimng ngudi va mao hiém truot vé bén phai, noi mép truot cao va déc hon, mé hinh béi

4,
g(x)= —§x +x+1

Tai x =0 hai dudng cong nbi tron v6i nhau (khong gy, khong goc nhon). (Pon vi x, y tinh bang mét.)

Hai thanh bén cua cau trugt dugc 0p nhya. Can bao nhiéu m* nhua?
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Dién tich 6p nhua (mot bén)
0
Trai: A, = j_z e'dx=e"—e? ~0,86m".

Phai: 4, = r(—ixz +x+1jdx = {—if +lx2 +x}
oL 9 27 2

wen =0,86+3,50=4,36m".

Hai bén: 4=2-4,36=8,72m".

Vidu 45: Mot hoa van trang tri dugc thiét ké gdm hai dudng tron déng, tam va bbn phan

ctia bon duong parabol chung dinh (dinh 1a tdm cua hai duong tron). Biét rang hai duong

tron d6 co ban kinh lan lugt 1a 20 cm va 16 cm; bon duong parabol dé d6i mdt cat nhau

tai bén diém (khac dinh cua parabol) 13 bn dinh ctia mét hinh vudng noi tiép dudng tron

nho (nhu hinh v& bén). Tinh di¢n tich phan t6 dam (két qua dugc tinh theo cm® va lam

tron dén hang don vi).

3

=3,50m">.

0
Tong mot bén: 4,

= Loi gidi
Dién tich phan vanh khuyén: S, = 7(20° —167) = 1447 cm’.
Chon hé truc nhu hinh vé.
Ta ¢6 parabol (P) c¢6 dang y = ax’

Phan tich hinh V& ta théy (P) di qua diém (8\/5;8\/5) nén

8\/§:a(8x/§)2 =a=

1
82
1
Suyra (P):y=—=x"
y y 8\/5
842 2 3 P2
Khi d6, dién tich phan canh hoa la: S, :8.I (x—szjdx:&{x——x—} 32 e
s U 82 2 242,

5 12
Vay dién tich phan to dam la: S =§,+ S5, =1447 + ST ~ 623 cm’.

Vi du 46: Nguoi ta trong hoa vao phan dat dugc gach soc duoc gidi han boi dudng trung binh MN cia
manh dat hinh chit nhat ABCD va mot dudng cong hinh sin (nhu hinh v&). Biét 4B =27(m),AD =2( m).

Tinh dién tich phan con lai.

= Loi gidi
Chon hé toa 9 Oxy (nhu hinh bén). Do dudng cong di qua diém 0(0;0) 4 * B
A . N
nén c6 dang y =sin(ax) M £ -
D C

Theo d¢, ta thdy duong cong qua diém (%;1] nén 1= sin(a %) =a=1

Suy ra duong cong hinh sin la y =sinx
Dién tich hinh chit nhat1a S, =4~ .
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Dién tich phﬁn dat duoc té mau den 1a S, = 2I sinxdx=4.
0

Tinh dién tich phan con lai: S=S, -8, =47 -4=4(z-1).

Vi du 47: Mot khu dét c6 hinh dang 1a mot hinh tron voi duong kinh d =20 m . Ngudi ta mudn trong rau
trén dai dat rong 10 m lay tam ctia duong tron khu dat 1am tdm do6i xing. Dién tich phan dat trong con lai bao

nhiéu m* ?
= Loi gidi
Ta x4c dinh hé toa d6 dit vao tdm khu dit nhu hinh v&. Khi d6 phuong trinh
duong tron khu dat co tim O va ban kinh 10m 1a: x* +y* =100.

Ta c6 phan nira cung tron phia trén Ox c6 phuong trinh: y =/100— x> .

Khi d6 dién tich trdng rau bang hai 1an dién tich hinh phing giéi han béi truc
hoanh, @ thi y=f(x) va hai dudng thing x=-5x=5. Do do:

5
S:ZI\/IOO—dex.
-5

Vay dién tich phan dat con lai 1a: 710> —S ~218.
Vi du 48: Day clia mot bé boi c6 dang hinh elip véi bén dinh 4, 4,,B,, B,
nhu hinh v& bén. Biét chi phi phan l4t gach xanh t6 d¢am 1a 300.000 déng /m’
va phan 14t gach tring con lai 1a 100.000 dong /m”. Héi s6 tién dé lam day bé

boi theo cach trén gan nhat v&i sO tién nao dudi day, biet

A A, =10m,B B, =6 m va tir gidc MNPQ la hinh chit nhat c6 MO=4m ?
= Loi gidi
Vi elip c6 d0 dai truc lon 2a=10=a=5, 40 dai truc bé
2b =6 < b =3 nén elip co6 dién tich la S(E) =mab=157x.

2 2

Y

’ !
Gan h¢ truc toa do Oxy sao cho 4,4, trung Ox, B,B, trung Oy khi d6 /
A

\

| »
{.l

10

\'\
\\\ \% T’ ///
N Z?//

o

/

elip c6 phuong trinh chinh tac % + ry =1 = \

:>y=i§\/25—x2
Vi MQ=4:>d(O,MN)=2 nén MN cé phuong trinh la y=2 va
N(x:2),x,>0.

2 2
VidiémNe(E):stﬂ_:l:sz:lz_S:sz:ﬁ,
259 9 3

Suy ra M[—iﬂj,N(#QJ

5
3

0

=Y

545 . ]
Nén dién tich phan lat gach trang la: S, = 2.I JF (% N25-x7 - Z)dx (Tinh bang MTCT va luu bién)
e d

Suy ra dién tich phan lat gach xanh 1a S, = Sz~ S, =157, (Tinh bang MTCT va luu bién)

Vay chi phi cAn tim 1a: 7 = S,.100000+ S,.300000 ~ 12072179 déng.
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Vidu 49: Nguoi ta lat gach trang tri mét manh san hinh chit nhat c6 kich
thude 14mx12m nhu hinh v€ bén dudi, trong d6 (£),(F,) la hai parabol
dbi xtmg truc voi nhau qua truc ddi xting vudng goc véi chiéu dai cua
manh san, (C) 1a dudng tron c6 tim tring voi tim clia manh san va lan
luot c6 duy nhat mot diém chung véi cac parabol d6 (tham khao hinh vé&
biét phan gach dam 1a phéan lat gach). Chi phi cho phan lat gach 1a 240
nghin dong mot mét vuéng. Trong trudng hop hinh tron (C) ¢ dién tich
16n nhét thi chi phi 1at gach 1a bao nhiéu triéu dong? (két qua lam tron t6i
hang phan chuc).
= Loi gidi
Chon hé truc toa d0 Oxy nhu hinh vé vé1 M (0;m)(m < 0) 1a dinh cta

parabol B.

Khi d6 Pl:y=7_mx2+m va (C):x*+y" =nt’.

Pé P,(C) c¢b6 mot diém chung duy nhét thi phuong trinh sau co
nghiém duy nhat.

. 2 . 2 2
X+ / mx2+m =m’ < x —7 m x2+—m *Im+18 =0
36 36 18

Ycbt @—m2+7m+18;0c>—2émé9
Khi d6, ban kinh 16n nhat cua (C) khi m=-2=r=2.

Hoanh d6 giao diém cua (B):y= ixz —2 vatruc hoanh 1a x =422

6
Dién tich phan 4t gach 1a § =4 | (1)8 - 2jdx +rt = 18482 +4r

a5\4 3
S tién lat gach 1a: 2408 = 5361 nghin dong.

12m

14m
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todn @ TINH THE TICH VAT THE TRON X0A
Phuong phap:
Buéc 1, 3, 4: (nhu quy tdc tong qudt)
Buéc 2: Xay dung mé hinh toan hoc
[ Lwa chon cong cu todn hoc

Pai lwong cin tim: Phép toan ap dung
Nguyén ham (ham goc) hay tich phin (Cong cu toan hoc)
Thé tich vat thé tron xoay sinh ra khi

H‘ h hl oo h - " ,
yli f(xl; agi gi6i han  boi quay hinh phang quanh Ox (ttr x=a d¢n | V =7x Ib 7 (x)dx
, X = b ) a

Hinh  ohi s h b Thé tich Vét}hé tron xoay sinh ra khi
nh - phang  glot han 5ol quay hinh phang quanh Oy (trt y=a dén | y = I ’ f? ( y)dy
x=f(y), Oy _p a
y=b)
Xem Dinh li 3, Bai 3: Ung dung hinh hoc cia tich phin
UILdp cong thirc twong wng voi cong cu todn hoc
Tur céc dicu kién da cho, 18p cong thire y = f(x) hay x= () va x4c dinh céc can a, b

Dai lwgng duge cho

Thay vao cong thirc nhu trén. :
CAC VAT THE TRON XOAY THUONG GAP

Vit thé Cac yéu to va dai lwong Cong thirc
Hinh nén e Dinh 13 diém S. e Lién hé giira ban kinh, chiéu
e Truc (Puong cao): SO. cao va d¢ dai duong sinh:
¢ Duong sinh: SM, S4, SB, ... PP+’ =0
e Mit day la hinh tron tdm O, ban kinh | ¢ Chy vi day: -p =27rl
OM.

e Thiét dién qua truc: ASAB can tai S. » Dién tich day: |S, = zr’|
e Chiéu cao: . ¢ Dién tich xung quanh:

e Ban kinh day: [r=04=0B=0M|. S, =nrl|
@ Hinh thanh: Quay A |° Do dai dudng sinh: e Dién tich toan phén:
SOM vuong tai O quanh /=S4=SB=SM]| S, =S, +8, = vl + 7o,
canh SO, ta dugc hinh nén | 4 Goc & dinh: ASBI. - d
nhu hinh, e Hay S, =mr(l+r)
e Goc gitra duong sinh va mat day: .
e The tich:
SAO = SBO = SMO,. 1 1
V==hS,==hnxr|
3 3
Hinh nén cut e Chiéu cao: & ¢ Dién tich xung quanh:

e Ban kinh 2 day: 7, r, S, =7(r+n)l

Hinh nén cut L4 Bub‘ng sinh: /

e Dién tich toan phan:
S,=8,+54+S4

=7r(r1 +r2)l+7rr12 +7ry’

e Thé tich:

V:%ﬂh(rf +722+r1r2)
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Hinh tru

& Hinh thanh: Quay hinh
chit nhat ABCD quanh
duong trung binh OO0', ta
¢0 hinh try nhu hinh vé.

e Truc: O’0.

e Duong sinh: 4D, BC, ...

e Mat day la 2 hinh tron tam O va O

e Thiét dién qua truc: La hinh chir nhat
ABCD.

e Chiéu cao: .
e Do dai duong sinh: [/ = AD = BC|.
Ta co: .

¢ Ban kinh day:
lr=04=0B=0'C=0D|

e Chu vi day: .

¢ Dién tich day:

_ 2
S, =nr|

¢ Dién tich xung quanh:
S, =27r.h|

e Dién tich toan phén:
Sy, =98,,+28,=2zrh+ 2717,

Hay S, = 27zr(l+r)
e Thé tich khi tru:
V=hS,=hnxr

Mit cau

®Hinh thanh: Quay
duong tron tdm 7 , ban kinh

AB
R= — quanh truc 4B ,ta

c0 mat cau nhu hinh vé.

e Tam: /,

e Ban kinh: R=14A=1B=1IM .

e buong kinh: 4B =2R.

e Thiét dién qua tim mit cau la dudng
tron tam / , ban kinh R .

e Dién tich:

.

e Thé tich:

47 R’
=

V=

Chom cau

e Ban kinh mat cau: r
e Ban kinh chom cau: a
e Chiéu cao chom cau: # .

e Dién tich:
S =2nrh= 7z'(a2 +h2)
e Thé tich:

V=nh’ (r—ﬁ]
3

:éﬁh(hz +3a2)

Vidu 50: San van dong Tréng Dong (Do tap doan VinGroup dau tu xay dung tai Thanh phd Ha Noi) 1a san
c6 mai vom véi stre chira 135000 chd ngdi, ¢6 hinh dang cai Tréng Pong Pong Son (tron xoay) gom 3 phan,
gid st c6 hinh dang va kich thudc nhu sau:

Tang tréng (phén trén cing): Co bién (dudng sinh) 13 cung tron c6 tim nam trén “mit trong”, cao 30
m, “mit tréng” (day trén) c6 duong kinh 200 m, duong kinh day dudi 170 m.

Than trong (phan giira): Co bién 1a duong hypebol d6i xtmg, cao 30 m, dudng kinh eo 160 m;

Chan tréng (phin dwdi): Hinh non cut, cao 20 m, duong kinh day trén 170 m, duong kinh day duéi
200m.

Tinh thé tich ctia san van dong (Dé lap may diéu hoa khong khi cho phi hop), 1am tron dén don vi ngan
mét khoi.
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W“ ‘_ T

| . ,‘l.' HITI,: I 7
.- //Mf]ﬂﬂ { eI

e “«— Cung tron
30m
% 170 m

30m | — —— - - - 160 m fewEe s e Hypebol
* 170 m
20 m / \#— Poan thang
N2 \
200 m
= Loi gidai

Chon truc quay Oy va chia Tréng Dong lam 3 khdi tron xoay nhu sau:
1. Thé tich phin Chén tréng (V,)
Pay 14 hinh nén cut véi cac thong so:

o Chiéucao # =20 m.

e Ban kinh day trén » = ? =85 m.

e Ban kinh day dudi R = 2—20 =100 m.

Ap dung cong thic: ¥, :ém (R*+7° +R-7) =§;z-20-(1002 +85” +100-85) = @ =1715007

C6 thé tinh bang céng thirc tich phén:
Chon h¢ truc sao cho day dudi qua y=0

Phuong trinh dudng thang c6 dang y =ax+b

\ 2 _ |a-100+b6=0 4 400
Puong thang qua A4(100;0), B(85;20) nén =a=——;b=—n
a-85+b=20 3 3
Phuong trinh duong thang 1a y = —§x+? =>x= —%y+100

2 . b A £ 20 4 00 3 ’
Thé tich phan chan trong: V, = 7Z'I0 xdy= ﬂjo —Zy +100 | dy =1715007
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2. Thé tich phin Thén trong (V,)
Phén nay c6 bién 1a duong Hypebol d6i xtmg qua truc eo.

e Chiéucao h, =30 m (tr y=—15 d&n y=15).

« Ban kinh tai eo (nho nhét): r

min

=@:80 m.
2

e Bénkinh tai hai day: R, = ? =85 m

ase

Chon hé truc sao cho duong kinh eo nim & y =0. TAm cung tron nam trén mit tréng nén tam /(a;0).

2 2
Phuong trinh Hypebol c6 dang: Lo

a b
e Taieo:y=0, x=80=a=80.

85 15° | ﬁ_ 85°-80° 825 b = 19200

e Taibitn: y=15, x=85= ——-——=1= = = i
' Y 807 b’ b 80° 6400 11
2 2 y2 1T,
e Suyra x” =80 1+b—2 :6400+?y .

X . A LA 5 5 15 11, 11 5 N
Thé tich than trong; szzzj_lsx dy:;zj_ls 6400+ dy = 7| 6400y+-y" | =2002507

-15
3. Thé tich phan Tang trong (V)
Bién 13 cung tron c6 tAm nam trén mat trong.
o Chiéucao /, =30 m.

 Bankinh mat trén: R, =100 m.

e Ban kinh day dudi: R =85 m.

bottom
Chon h¢ truc sao cho mit trong nam ¢ y =0. Tam cung tron nadm trén mat trong nén tam /(a;0).

2
ottom *

Phuong trinh cung tron c6 dang: (x—a)2 +y’' =R,

(100-a)* +0* =R,

Cung tron di qua diém M (100;0), N (85;-30) nén {

(85—a)’ +(-30)’ =R,
Suy ra (100—a)’ +0* =(85—a)’ +(-30)’
Tinh dugc a = 12—5, Ry yom = LAl
2 2
‘ (. 15y, (75Y 125 [(75) A
Phuong trinh cung tron 1a | x — - +y = > =>x= > + >~ v~ (chon cung tron bén phai tdm)
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Thé tich phan tang tréng (tinh tir y =30 dén y =0):

2
2
Vs =7Z'£ x’dx = 7Z'J. {125+ (g} —sz dx ~ 860994,4842

Téng két qua
Tong thé tich ¥V =V, +V, +V, = 1715007 + 2002507 + 860994, 4842 ~ 2028881.553

Vay thé tich sdn van dong Trong Pong 1a 2029 (ngan mét khi)

Vidu 51: Mot cai tréng dang hinh tron xoay, c6 duong sinh dang parabol (hinh
v&), duong kinh 1 m, hai mit tréng ¢ duong kinh 0,7 m va chiéu cao cia trong 13
1 m. Thé tich khéi giéi han boi bé mit cua tréng gan véi sb nao?
= Loi gidi
Xét hinh phing (H) (hinh v&). Thé tich khéi duge giéi han béi bé mit cua trong

la thé tich khoi tron xoay khi quay hinh phang ( H ) quanh truc hoanh.
Goi phuong trinh parabol di qua 3 diém A4,B,C la
(P):y =ax’ +bx+c(a,b,c eR,a# 0)
Thay toa d¢ cac diém 4(0;0,5),B(-0,5;0,35),C(0,5;0,35)

Ly

Af0:0.5)

€(0,5:0,35)
(H)

vao phuong trinh cua (P) ta dugc: -
Cc= 0,5 a= _096
0,25a-0,5b+¢c=0,35=:b=0 k. |
0,25a+0,5b+c=0,35 |c=0,5 E-0.50) ©

:>(P):y:—0,6x2 +0,5

Thé tich cin tim V =7 j * (—0, 6x> + 0,5)2 e = 2097 0, 64( m3)
0.5 2000

Vidu 52: Mot thung chira rugu bang gd 1a mot hinh tron xoay nhu hinh bén c6 hai mit
day 1 hai hinh tron bang nhau, khoang cach gitta hai d4y 1a 8 dm. Puong cong mit bén
ctia thung 14 mot phan cua dudng elip c6 do dai truc 16n bang 10 dm, truc bé bang 6 dm.
Héi thung g nay dung duoc bao nhiéu lit ruou?
= Loi gidi
Chon hé truc toa d0 Oxy nhu hinh vé.
x2 y2

Khi d6 duong Elip c6 phuong trinh: 55 + ry =1.

Thing ruou 13 vat thé tron xoay do hinh phang gii han béi dudng
elip, truc Ox, cac duong thang x = —4;x =4 quay xung quanh truc Ox .

E{-0,5:0)

2 2
9 .
Tacéd x—+y—:1<:>y (25 x ) suy ra thé tich thung ruou la
25 9 25

__V“
4 5% -4 0
T 97 ¢ or X N\
V=[ryde=—=[(25-x")dx=="| 25x -
J 259, 25 3 :

4

X
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Vidu 53: Lam tron dén don vi ngan mét khdi: ¥ ~ 2029 (ngan
mét khdi)Trong cac lang nghé ché tao d4 my nghé, ngudi ta lam
duogc nhiéu dd trang stc bang da rat dep. Mot ngudi tho thi cong
ché tao vong deo tay hinh tron bang da xanh, biét rang ban kinh
vong ngoai cuia vong 1a 7cm , ban kinh vong trong 1a Scm (hinh
v&). Tinh thé tich cua chiéc vong (theo don vi do 13 cm’® va lam
tron dén hang don vi).
= Loi gidi

Gén hé truc toa do nhu hinh v&. Gdc toa d6 1a tim cta chiée vong,
Truc Ox la truc ddi xting cua vong, Oy di qua tAm mdt thiét dién cat
ngang cta vong. Khi d6 phuong trinh dudng tron thiét dién 1a

(C):x +(y—6) =1 y=6+1-x°
Vong duge tao ra bang cach quay duong tron (C):x” +(y - 6)2 =1

quanh truc Ox
Theé tich cua chiéc vong la

Vo :ﬂﬁ(mmf dx—j(6—m)2 dx}

-1 ~-1

= nj 241-xdx =127 ~1 l8(cm3)
-1

Vidu 54: Mot ly tra sira dang hinh nén cut, c6 duong kinh day ly
6cm, duong kinh miéng ly 9cm, chiéu cao 13,4cm, & miéng ly co

r

su dung mot nép ddy co hinh dang ntra mit cau va & dinh cta nira mat
cau nay c¢6 mot hinh tron c6 duong kinh 2cm dé cim Ong hat, mat
phang chira hinh tron nay song song voi mat phang chira _miéng ly

H

%}
o
=

(tham khao hinh v& sau). Thé tich bén trong cua ly bao gdm ca thé -3
tich ctia nap 1a bao nhiéu cm>? (1am tron két qua dén hang don vi). =
w Loi gidi
Chon hé truc Oxy (don vi trén truc 1a centimet) vdi truc Ox di —
qua tam cua 2 day hinh noén cut va géc toa do O trung véi tam cla
day 16n nhu hinh vé trén.
Khi d6 toa d6 cac diem A4,B,C lan luot la Yo
A(~13,4;0), B(~13,4;3),C(0;4,5). B 7 '\
Goi phuong trinh duong thang di qua BC c¢6 dang y=ax+b. Taco he ] ‘: 1: 1: _-.D
phuong trinh '(}_,‘_ ) 0 b Jr
a= 15 _-.-'-'--"--_\\".-’
~13,4a+b=3 134
- 134
O0a+b=4,5 9
b=—
2
. . 2 . 15 9
Phuong trinh duong thang BC 1a y = 13—4x+ 5
Khi d6 thé tich ciia phan than ly tra sita chua bao gdm nap 1a
0 2
1
o (22002 3800
an134 2 20
biém C, D thu¢c phuong trinh dudng tron tim O(0;0),R =4,5 ¢6 dang: x* +y* =—
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7 (ﬁlj
2 27

Thay y =1, ta duogc: x = X—l—

81
Suyra y=,[——x°
yray 4
Khi d6 thé tich nap cua ly tra stra 1a
77

V,= j; [J%—xz T a’x:—g?ﬂi;/ﬁ (2)

Tir (1) va (2) thé tich bén trong cta ly bao gdm ca thé tich cua nip 1a
38197 83777
20 12
Viduy 55: Nguoi ta cég hai hinh cau ¢ ban kinh lan luot 1a R =13 cm va r= J41 em va C)
rr}c}t phan ctia mat tru dé l[am ho 16 dung ruou nhu hinh v€ dudi day. Bict giao cua hai h‘inh
cau la duong tron c6 ban kinh 7 =5 cm va c6 ctia ho 16 1a mot hinh tru c6 ban kinh day bang

V=V+V,= ~791(cm’)

\/g cm, chiéu cao bang 4 cm. Gia st @6 day cta ho 16 khong dang ké. Hoi ho 16 dung duoc
t6i da bao nhiéu lit ruou? £
= Loi gidi
Chon h¢ truc toa do Oxy nhu hinh v&.
Ta c6 hd 16 duoc tao thanh tir hinh phang trén khi n6 quay @
xung quanh truc Ox .
Phuong trinh cung cong 16n la A

X +y° =169 = y=4169—x . )

Phuong trinh cung cong nho 1a w

(x—16)> +17 =41 = y= /41— (x—16) | : 1

X ., A 1A 13 —13 0 12 22 26
Thé tich ho 16 1a ‘

X

V= nj (169-x" dxmj [41-(x-16)’ ]dxijdx

-13

:7{8750 950 20) 9760 ( )z10,2 (1)

=——1~10220,6
3 3
V~i du 56: Dé’dét duoc mot vat trang tri trén mat ban, nguoi ta thiét ké mot chan dé nhu sau. Lé}{ mot kh(f)i
g0 c6 dang khoi chop cut tir gide déu vai d§ dai hai canh day lan luot bang 7,4cm va 10,4cm , bé day khoi
gd bang 1,5¢m . Sau d6 khoét bo di mot phan cua khéi gd sao cho phan d6 c6 dang vat thé H, & d6 H nhan
duoc béng cach cit khoi cau ban kinh 5,5¢m boi mot mat phéng cat ma mat cit 1a hinh tron ban kinh 3, 5¢m
(xem hinh dwoi)

Yy

7,4cm

10,4cm

(H)

Thé tich ctia khéi chan dé bang bao nhiéu centimét khdi (khong lam tron két qua cdc phép tinh trung gian,
chi lam tron két qua cuoi cung den hang phan muwoi)
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Xét trén mat phéng toa dd Oxy c6 dudng tron ?zn[; géﬁl;l;a dd O , ban kinh 5,5¢m 1a duong tron thiét dién
16n nhét cat khdi cau dé cho. Goi (P) la mit phang di qua tdm O ciia khdi cdu va (Q) 1a mit phang song
song voi (P) sao cho cach khéi cau 1 khoang 13 a va biét rang dudng tron giao tuyén tao boi (Q) c ban
kinh bang 3,5cm .

Khi 4y a 1a nghiém ctia phuong trinh hoanh d¢ giao diém giita duong tron (C):y =+/5,5" —x* va dudng
thdng y =3,5. Ttc ta cd phuong trinh sau:

5.5 -3 =350 x=,55-35 =32

Nhan thay vat thé H dé khoét vao khoi chop cut c6 dang 1a chom cau c6 ban kinh bang 3,5c¢m, khi ay
chiéu cao ctia chom nay chinh bing 4 =5,5—a =5,5-32(cm) <1,5¢m (hop 1¢)

5,5
Khi dy thé tich (H) 1&: V, =7 j (\/5,52 -x )zdx = A(cm3) (1)
32

Tai khéi chop cut, ta thuc hi@n cit mot mat phéng qua du:(‘mg cao khdi chop E
va vudng goc voi hai ddy, khi ay ta m6 hinh héa dugc mat cat 1a hinh thang
vuong ABCD nhu hinh vé dudi (trong d6 4, D lan luot 1a tdm mat day bé va
day 16n cua chop cut) B L A

Goi E=ADNBC, BT

1,5
theo dinh li Thales ta co: £ _AB o Ed _37 < EA=3,7(cm)
ED CD  EA+1,5 5,2 .
Suy ra ED=EA+ AD =52cm. Goi V, 1a thé tich khdi chop déu day 1a hinh 52

vuong canh 7,4cm vadudngcao EA=3,7cm va 'V, la thé tich khdi chop déu day 1a hinh vuong canh 10,4 cm

D

va duong cao ED =5,2cm thi khi Ay thé tich khdi chop cut bang:
1
v, =V,~V, :g((10,4)2 5,2-(7,4)" 3,7)=119,94(en’) (2)
T (1) va (2) ta suy ra thé tich khdi chan dé 1a ¥, -, =119,94— 4=94,7(cm’)

Vidu 57: Mot ly thiy tinh c6 hinh dang phan chira nudc 1a mot hinh parabol tron xoay. Hinh dang nay dugc
tao ra bang cach quay mot phan ctia dudng parabol quanh truc ddi ximg cua nd. Biét phan chira nudc cia ly
c6 chiéu cao tinh tir day ly 1én dén miéng ly 1 10 cm, dwong kinh miéng ly 1a 8 cm (chi tinh phan chira nuéc,

khong tinh phan thay tinh).

8cm
/ ! !

Ban dau, nguoi ta d6 vao ly mot luong nude c6 thé tich bang Z thé tich cta ly khi n6 chtra day nuée. Sau

d6, ngudi ta d6 thém vao ly mot lugng nudc co thé tich bing véi lugng nude da d6 ban dau. Hoi sau khi do
thém, chiéu cao ctia muc nude trong ly da ting thém bao nhiéu centimet so véi lac ban dau (1am tron dén hang
phan trim)?
= Loi gidi
Taco: (P):y" =2px
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4 , 8
x=10,y=4=p=—=>(P):y =—x Y
Y p=5=>P)y = y
A ' 8 arx?|" AR
Theé tich nudc trong ly: V = 7Z'I yidx = 7Z'j —xdx = =807.
0 0 5 5 0 0 1 hly h2: 10z
h ) j
‘A , . P 8 1 4h, ;
Chiéu cao cua nudce ban dau: ﬂjgxdx =2 807 & < 20 h =5. A :
0 -

Chiéu cao cia muc nudc sau khi do thém:
1

nhf§xdx=2 Lsoree _s0on-52
J5 T S , .

Chiéu cao cia muc nudc ting thém so v6i ban dau: / = hy,—h = 52 -5~ 2,07 (cm).
Vi du 58: Lp vo clia mot 10 phan g hat nhan bang kim loai va dugc tao bai hinh phang () gidi han boi
nhanh bén phai truc tung clia cc duong hypebol (H,), (H,)va hai duong thing y=-12,y =6 khi quay
quanh truc Oy (tham khao hinh v&).

Y
6L - _
(Hi)
o X
Al
Hy |
|\\III
"u‘
‘\i\l‘
\
\
12-—-—-— - Y
(H,)

Biét (H,)di qua diém (\/5;0) ¢6 tidu cu bing 1047, (H,) di qua diém (@;0) c6 tidu cu bing 106

va don vi trén cac truc toa do béng mét. Thé tich khdi kim loai cén sit dung dé 1am vo 1o phéan tng hat nhan
bang bao nhi€éu mét khoi? (Két qua lam tron dén hang don vi).

. Loi gidi
; e yz Y
Gia sir (H,)c6 phuong trinh chinh tac: — —= =1, (H,)c6 phuong
1 1 B — === -
2 2
trinh chinh tic: x_z_y_z =1 (H1)
a, b x
) O 1
Vi (H,)c6 tiéu cu bing 10y/7 suy ra ¢, =57 =4 +b> =175. Mat ,—1"|
2~ ||
2 2 \\
khéc di qua (+/35;0)suy ra @’ =35=> 4" =140. Vay (Hl):;_s_lyzt_o - 1. \
\".
Tr do6 ta c6 thé xem nhanh bén phai cua (H ]) la ham so i\
\
1 . . \
x:g(y):54/y2+140 (ham s6 theo bién y ). R Y
Tuong ty: (H,) cé tiéu cu bing 106 suyra ¢, = 5J6 = a,> +b,> =150.
2 2
Mat khic (H, ) di qua (v30;0)suy ra a,” =30=>b,’ =120. Vay (Hz):;‘—o—é—():l.

Tur d6 ta c6 the xem nhanh bén phai cua (H,) la ham s6 x=/h(y)= E\/yz +120 (ham s6 theo bién y).
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Dit thé tich khéi kim loai can st dung dé lam vo 10 phan Gng hat nhan bang V. Tiur d6 ta co:

v=r| (&()-#()y=x[ 12{ 1% 1140 —i(y +120)}d

@V:zj 35—3o)dy=5;zj dy =907 ~283(m’).

Vidu59: Khong khi trong 16p c6 thé xem 1a mot vat sy v
thé thu dugc khi quay tiét dién cua 16p quanh truc Ox . '
Bén dudi la mién A bi chan phia trén boi

1 C 1
f(x)= —Ex“ +4 va phia duéi bdi g(x)= sz +2 trén

I
[3%]
[3¥]

tsl

doan [-2;2]. Khi quay mién 4 quanh truc Ox , ta dugc
thé tich khong khi trong lop Hay tinh thé tich d6 bang
bao nhiéu dm® (lam tron két qua dén hang don vi)

(Quy udc: 1 don vi=1ldm .)

w Loi gidi
1. Thé tich V, do duong bién trén quay y
uanh truc x: f U
a ' ) < > o, m \_A
vo=xl (feyd=n[ -1yt 4] a 1 4 RN
f_”j,z(f(x)) x—7rj72 —Ex + x | o b ]
i i - ! | : i
{ Lx 12 T 182,35dm’ T 7 C i S '~
=7 ———-——+16x| =182,35dm O S -
2569 25 B \_/
2. Thé tich ¥, do duong bién dudi quay ¢ | V V, V

quanh truc x:
2

~ 69,53dnm’

-2

2 5 3
_ 2 2 _ 2(1 2 _ 1 x X
V:g_ﬂjlz(g(x)) dx—ﬂ'J-2(Zx +2j dx—ﬂ'|:g?+?+4x:|

3. Thé tich khong khi trong 16p (mién kep giita hai dwong) 1a hidu: V = V,-V, =1 13dn’.

Vidu 60: Mot chiéc ddng hd cat nhu hinh vé, gém hai phén d6i xing nhau qua mt

phang nam ngang va dat trong mét hinh tru. Thiét dién thang ding qua truc ciia n6 la -
hai Parabol chung dinh va d6i xttng nhau qua mit phing nim ngang. Ban dau luong

L ool ST

cat don hét & phan trén ctia dong ho thi chiéu cao ctia myc cat bang 5 chiéu cao cua el
mw- I cm

bén d6 (xem hinh v&). Cat chay tir trén xudng dudi voi luu lwong khong di
14,75 cm® / phit. Khi chiéu cao cua cat con 4( cm) thi bé mit trén cling cla cat tao

thanh mot duong tron cé chu vi 87 (em). Biét sau 20 phut thi cat chay hét xuéng

phan bén duédi ctia dong ho. Hoi chiéu cao cua khoi tru bén ngoai? (Lam tron dén chir -

sO thap phan thir nht)

= Loi gidi
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Gian hé truc toa d6 nhu hinh vé.
Goi phuong trinh parabol (P) 1a y =ax’ +bx+c(a#0).
Theo  gia  thiét, duwong  tron  thiét dién chu  vi
8z(cm):27r =87 < r=4( cm).

Vi parabol (P) di qua ba diém O(O;O),A(4;4)Vé B(—4;4), suy ra

_1
c=0 a—4
16a+4b=4<:b=0.. : -
16a—4b=4 c=0

2

Nén phuong trinh parabol (P):y = %x .

Thé tich phan cat ban dau chinh bang thé tich khi tron xoay sinh ra khi quay nhanh phai ciia parabol (P)
quanh truc Oy va bang thé tich cat chay trong 20 phut.

Ta co:

Thé tich cét chay trong 20 phit: 20.14,75=295( cm’).

t 2 295
Suyra V=r|(2 dy =295( cm’ ) < 27h* =295 < h=,|[—— (cm).
y {( Jr) dy=295(cm’) S (em)
N A , . R s 3 295
Vay chiéu cao ctia khoi try bén ngoai la: 2Eh=3 2—z20,6( cm).
7
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tron xoay)

Phwong phap:

Buéc 1, 3, 4: (nhu quy tdc tong qudt)
Buéc 2: Xay dung mé hinh toan hoc
[ Lwa chon cong cu todn hoc

Pai luone dwoc cho Pai hrgng cin tim: Phép toan ap dung
a1 uong auo Nguyén ham (ham goc) hay tich phan (Cong cu toan hoc)
Dién tich thiét dién ngang A(x) | Thé tich vat thé hinh thanh khi thiét di¢n b
AN ‘ . V= A(x)dx
cua mot vat thé ngang chay tr x=a dén x =5 a

Xem Binh li 2, Bai 3: Ung dung hinh hoc cia tich phén
ULdp cong thirc twong wng voi cong cu todan hoc
Tu cac diéu kién da cho, l1ap cong thure 4 (x) va xac dinh cac can a, b
Thay vao cong thirc nhu trén.
CAC VAT THE THUONG GAP

Kl(;;)élnda Hop chir nhat Lap phuong Lang tru Chop
c a
a | a

Hinh | |

minh I | a

hoa b - = //l___"__

) 1

Cong V=abe V=d V=Bh V=-Bh

thirc ) 3
tinhthe | . . . Bang lap phuong | Bang dién tich day Biang mét phan ba dién

|| BEtE Sl canh nhan chiéu cao tich ddy nhan chiéu cao

Vidu 61: Mot binh hoa c6 dang khéi tron xoay véi chiéu cao 1a 25 cm (tham khao

hinh v&). Khi cat binh hoa theo mt mit phang vudng goc vai truc clia no thi ta luén -
£ 4 , 5, 4 25 :
duogc thiét dién 1a mot hinh tron cd ban kinh R =§x3 —gxz +§x+£(dm) Voi !

xe [O; %} 1a khoang cach tir mt cit t6i mat day cua binh hoa (tinh theo don vi dm).

e A A B 1 A J r B N 2 A 5 1
Luong nudc can do vao binh d€ mirc nude trong binh cao bang = chiéu cao cua binh

chiém ti 1& bao nhiéu phan trim so v&i thé tich ctia binh hoa? (Két qua 1am tron dén
hang don vi).
= Loi gidi
Dién tich cua mat cét vuong goc voi truc tai vi tri cach mat day cua binh hoa mot khoang x(dm) la:

2
Sy =2k = 2 =21 2 2 (am*)
9 3 3 36
5 5 2
Luong nudc d6 day binh hoa 1a: V:I2S(x)dx:ﬂf2 LS S dxz3,66(dm3)
0 019 3 3 36

AR a1 s 20 A,
Luong nudc do vao binh cao bang 3 chi€u cao cua binh la

s 5 2
V= J-03S(x)dx = ﬁjj(%f —gxz +§x+§j dx ~ 3,37(61’"3)
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A 2 1A A - r A A \ 3 A ) r 1 M 2 <A 5 3
Vay ti 1€ phan tram lugng nudc can d6 vao binh dé murc nudce trong binh cao bang 3 chiu cao cua binh

so voi thé tich cua binh hoa la %-100.

Vidu 62: Mot 1éu cam trai c6 dang nhu hinh v& duoi, khung 1éu dugc tao thanh tir hai parabol giéng nhau
c6 chung dinh O va thugc hai mat phang vuéng géc nhau (mdt parabol di qua 4,0,C va mdt parabol di qua
B,D,0), bon chan tao thanh hinh vuong ABCD c6 canh la 2\/5 (m), chiéu cao tinh tir dinh 1éu 13 2 (m).
Biét mat cat ctia 1éu khi cat boi mot mat phang song song v6i mit phang (4BCD) ludn 1a mot hinh vudng.
Tinh thé tich cia 1éu (don vi 1a m?).

= Loi gidi
Tacod: AB=22 = AC=4. Chon h¢ truc Oxy nhu hinh vé.

) A 9 BN/

. oy . 1 2
Khi do, mit cit tai x = 13 hinh vuéng c6 dién tich S(¢) = 5(2\/5 ) =4t

Vay thé tich cua léula V = .[S(t)dt = j4ldt = [21 ] =8m’.

Vidu 63: San van dong Sport Hub (Smgapore) 1a san c6 mai
vom ky vi nhét thé glorl bay 1a noi dién ra 18 khai mac Pai hoi
thé thao Pong Nam A duoc to chuc tai Singapore nam 2015 .
Nén sin 1a mot elip (E) co tryc 16n dai 150m, tryc bé dai 90m
(hinh v&). Néu cit san van dong theo mot mit phang vudng goc
v6i truc 16n cta (E)va cit elip & M,N (hinh v&) thi ta dugc
thiét dién ludn 1a mot phan caa hinh tron ¢6 tim I (phan t6 dam
trong hinh 4) véi MN 13 mot day cung va goc MIN =90°. Bé
lap may diéu hoa khong khi thi cic k§ su can tinh thé tich phan
khong gian bén dudi mai che va bén
trén mat san, coi nhu mat san la mot
mit phing va thé tich vat liéu 1a mai
khong déng ké. Biét rang cach tinh
cong suat can du 1a 200 BTU / m’ .
Hoi can it nhat bao nhiéu chiéc diéu
hoa cong suat 50000 BTU?
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= Loi gidi

N
Chon h¢ truc nhu hinh vé
Ta cn tim dién tich ciia S(x) thiét dién.
Goi d(O,MN) =
2 2
(E) > P r P
75 45
Lic dé MN =2y =2 /452 1—— 904/
_MN 90 ERNN % 1__
NG J’ 2 U 75

2
S(x):lﬂRZ_l]#: lﬂ_l R2:(7r—2)%. 1_x_2 )
4 2 4 2 2 75
Vay thé tich khoang khong bén dudi mai che va bén trén mét san la
2
V= j )22 [ X 1115586
75%

-75

S6 chiéc didu hoa can lap 14 115586.200: 50000 = 462, 344

Viy can 463 chiéc diéu hoa.
V,i du 64: Mot kién trac su chiu trach nhiém th{ét ké mot toa nha cao 30 mét. Mat
cat ngang tai moi do cao, vuong goc voi truc thang ding, luén 1la mot hinh vudng
(xem hinh v¢).
Mat day toa nha 1a hinh vuéng c¢6 canh L, =26 m, mat dinh Ia hinh vudng c6 canh
L,, =20 m.Mit cit ngang tai vi tri hep nhit ctia toa nha: Hinh vudng c6 canh
L. =13,75m. Mit cit ciia toa nha theo mat phang ding chira dudng chéo day co
dang la hinh phang gi6i han boi hai duong cong parabol dbi xtng nhau qua truc
thang ding di qua tam day cua toa nha. Tinh thé tich cta toa nha d6 (lam tron dén

hang don vi, don vi tinh: mét khoi).
v
/ / i i
/('IIIIImmlmm.'mﬂn .'IIII

Chon h¢ truc toa do Oxy nhu hinh vé.

Goi L(x) 1a ham bién thién cta d¢ dai duong chéo mat cat
cua toa nha tai do cao x.

Theo dé ta 6, L(x)la mot parabol di qua ba diém

(0;13\/5) (30 10J_) ( 55*/_] trong d6 x, 1a vi tri toa

nha c¢6 canh canh L, =13,75m.
5542
5

—_—

'--E-:.

_

'-.
==
f—

"_i‘;:

L(x):a(x—xo)2 +

= Loi gidi
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L0)=a0-) S E a5

8

Ta co6 hé: =
L(30)=a(30—x0)2+¥=10\/5 a(30—x0)2=¥
=105(L
x| )
(30-x,)" 25 x0:17,5(TM):>a:£

50

N

Suy ra L(x) 25()6—17,5)2 +

552
8
2

Do do, dién tich thiét dién 1a §(x)=2[L(x)] = 2{5@ ~17,5)" +

0 | A2 24_55\/5}2
0 8

Viy thé tich cta toa nhala - V=[S (x) dx = | 2{%(%17,5)

5542 |
8|

dx ~8976m’.

Vidu 65: Mot bon hinh tru dang chua dau, quqc dat nz‘glm ngang, co chiéu dai bon

1a 5m, ¢6 ban kinh day Im. Nguoi ta da rat dau trong bon twong (g voi 0,5m cua )

duong kinh day. Tinh thé tich ciia lwong dau con lai trong bon theo don vi m®.(Iam DK’ !
o

tron dén hang phan chuc)

= Loi gidi

Chon hé truc toa @0 nhu hinh vé
Thiét dién cat truc Ox tai diém c6 hoanh do 1a x.

Khi d0, ta co AB=21—-x". N 1\5
Suy ra dién tich hin chit nhat ABCD bang 5-24/1—x" =10y1—x> . 4 P R S
Vay thé tich lugng dau con lai trong bon la \Ci i

0,5 !
V:IOI\/I—xzdx:12,6(m3). ' !
-1

Vi du 66: Cho hai khdi try c6 ban kinh day bang 3 va co truc 14 hai dudng thang cat
nhau va vudng goc voi nhau (xem hinh v&). Goi (H) 1a phan giao nhau cua hai khéi
try d6. Tinh thé tich cua (H).
= Loi gidi
Chon hé truc toa d0 nhu hinh vé&.
Mit phang vudng goc véi tia Ox tai diém c6 hoanh do x, cat hinh (H) theo thiét

dién 1a mot hinh vuéng c6 canh 4B .

Ta co
2

GABJ =R —x"=9-x"= AB’ =36—4x". 4
Vay nén dién tich thiét dién 1a il
S(x)= AB*> =36—4x"
Thé tich cua (H) 1a

3 3
V=2|8(x)dx=2{(36-4x" Jdx =144(d.v.L.1).

[ (e =2 (304 i -
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L BAI TOAN THAM KHAO
O NGUYEN HAM

Cau 1. Kihiéu A(x) 1a chiéu cao ciia mot cdy (tinh theo mét) sau khi trong x nam. Biét rang sau nim dau

‘A A , - (4 A , R 1 LA A ' 2 ’ J - A
tién cady cao 3 m. Trong cac nam ti€p theo, cay phat trién vdi toc d0 4 (x) = — (tinh theo mét/nam). Chiéu
X

cao ctia cdy d6 sau 5 nam (Iam tron dén hang phan muoi) bang bao nhiéu mét?
Dap dn: 5,3.

j 7 (x)dx =j£

Tacd h(1)=+2In1+C=3,suyra C =3.Do dd h(5)=+2In5+3~5,3(m).

= Loi gidi

dx=+21n|x|+C, suyra h(x)=21n|x|+C.

Cau 2. Mot vat duge ném 1én tir d6 cao 300m véi toe dd duge cho boi cong thuc
v(t) =-9,81¢+29,43 (m/s). Goi h(t)(m) 1a d6 cao cua vat tai thoi diém #(s) . Sau bao nhiéu gidy ké tir khi

bat dau duge ném 1én thi vat d6 cham dat (lam tron két qua dén hang don vi ctia mét)?
Dadp dn: 11.
= Loi gidi
, 9,81 ,
Ta c6 h(t) = j w(t)dt = j(—9,81z +29,43)dr = - =1 429,431+ C.

Vi vat dugc ném 1én tir do cao 300m nén A(0)=300. Suyra C =300.

9,81

Vay h(t)=— > 1 +29,43¢+300 . Khi vat bat diu cham dat tng voi A(f)=0.

Nén ta co —%t2+29,43t+300=0<:>tz11 hodc t~-5.

Do >0 nén ¢t =11 (s).

Ciu 3. Mot may bay dang chuyén dong thang déu trén mat dat voi tbe do v=3(m/s) thi bat dau ting tdc
v6i d6 bién thién toc d6 13 ham sb a(¢) c6 d6 thi ham sb 13 duong thang nhu hinh vé.

a

-+

15 t(s)
Sau 15s ting toc thi may bay dat dén toc d du 16n dé phong khoi mit dat. Hay tinh toc do (m/s) khi may
bay bat dau roi khoi mat dat.
Dap an: 678.
q , = Loi gidi
Duong thang a(¢) = mt+n di qua goc toa do O(0;0) va diem A(16;90) nén suy ra
mO0+n=0 n=0
= = a(t) =6t
m.15+n=90 m==6
Ta hiéu ring, nguyén ham cua gia tbc a(f) chinh 1a téc d6 cia vat chuyén dong. Do d6 ta co
(o) = [a(t)dt = [ &dt =3¢ +C.
Tai thoi diém bat dau tang tdc thi xem nhu £ =0 va téc d6 lac d6 1a v=3(m/s)
Suyra v(0)=3<3.0+C=3<C=3=v()=3+3.
Vay téc d6 may bay dat duoc khi bat dau phong khoi mat dat 1a
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v(15)=3-15* +3=678(m/ s).

Céau 4. Mot nghién ctru chi ra ring sau x thang ké tir biy gio, dan sé ciia thanh phd A sé ting véi toc do
w(x) =10+2/2x+1 (ngudi/thang). Dan sb cua thanh phd sé ting thém bao nhiéu trong 4 thang t6i. Vit két
1 + n+l
1 (ax+0) N

qua 1am tron dén hang don vi. Cho biét J. (ax+b)'dx =
a n+l

C
Dadp dn: 57.
) ’ = Loi gidi
Goi f(x) la dan so cua thanh pho sau x thang ké tir bay gio.
Téc do thay déi cua dan sé 1a v(x) =10+22x +1.
Suyra f(x)= I(10+2\/2x+1)dx :10x+2_|.\/2x+1dx .

1 3
Do [v2x+1dx= %J(2x+1)2d(2x+1) = %(2x+1)2 +C, nén ta c6

3
f(x) =10x+§(2x+1)2 +C
S6 dan trong 4 thang t6i 1a

@ 10)=104+2 4+ +C—(0+§+Cjz57(ngu€yi).

Ciau 5. San pham A c6 ham lgi nhuan bién theo san lugng 1a M7 =—1000+1000. Biét rang, néu chi ban
dugc 100 san pham thi cong ti 16 50000 don vi tién té (1 don vi tién té 1a 1000 dong). Ta tim dugc ham loi
nhuan theo O 1a mot ham s6 bac hai ¢6 dang 7Z'(Q) =aQ’ +bQ+c, tinh 7000a + LO +c?

Dap dn: 1.

= Loi gidi

Tacod 7= j (-1000 +1000)dQ = —500* +1000Q + C, C 1 hang sd.

Vi 7(100) = —50000 don vi tién do bi 15, nén ta c6

7(100) = =50(100)> +1000(100) + C = —50000.

Vay C =350000.

Ham lgi nhuan 13 7(Q) =—-500 +10000 + 350000

Khi d6 7000a+i+c=1
1000

Ciu 6. Mot vat chuyén dong véi ham sb gia toc 1a a(¢) . Biét rang d6 thi ham s6 a(¢) trén doan [0;6]
dugc cho nhu hinh dudi day va toc do tai thoi diém =0 1a v(0)=1(m/s).

y

ot — — — — —

0 .
Tai thoi diém 1=6 giay, tdc do cuia vat 1a bao nhiéu? (lam tron két qua dén chir sb thap phan thi nhét).
Dap dn: 8,7.

= Loi gidi
Tur d6 thi ta co

0983.900.570 Vo Cong Truong 48 2025-2026



) ‘ ,
A?' VUI CUNG TOAN Nguyén ham — Tich phan

—t ,05¢<2

a(r)=1 2
V32, 323

,2<1<6
4 2
gt2+l ,0<1<2
Ma v(0)=1(m/s) nén v(¢)=[a(r)dt =
\/§;\/5ZZ+3\/§2—\/§HC ,2<1<6

Vi toc d0 1a ham so lién tuc nén

()= tim (1) 5 V2 01 -0 5 e BNE2

t—2" x—2* 2

Do d6 v(6)=1+32+23~8,7(m/s).

Céiu 7. Mot vat chuyén dong véi gia téc duge cho boi ham sb a(t)= SCost( m/sz) . Luc bat dau chuyén

dong vat co téc 46 2,5m/ s . Tinh gia tdc cuia vat tai thoi diém tc do dat gia tri 10n nhét trong 7(s) dau
tién.
Dap an: 0.
= Lot gidi
Van née ciia vt duoc biéu dién boi ham s6 w(¢) = [ a(r)dt = [ Scostdt =Ssint +C.
Khi bit dau chuyén dong, vat co tdc @0 2,5m /s nén ta co:
v(0)=2,5<5sin0+C=2,5<C=2,5.

Suy ra v(¢) =5sinz+2,5. Ma 5sint+2,5<7,5. Vay toc do dat gia tri 16n nhat tai ¢ = % Khi do, gia toc
ciia vt tai thoi diém 1 =2 1a a| Z | =5cos| Z |=0(m/s?).
2 2 2

Ciu 8. Mot vién dan duoc bin thang ding 1én trén tir mat dat véi tée do tai thoi diém ¢ (¢ =0 1a thoi diém
vién dan duoc bin 1én) cho bai v(r) =180—9,8¢(m/ s) . Tim d6 cao ciia vién dan (tinh tir mat dat) khi n6 dat
d6 cao cuc dai (Iam tron két qua dén hang don vi).

[

Dap dan: 1653.

= Loi gidi
D0 cao A(¢) cia vién dan tai thoi diem ¢ 1a

2
h(t)=j(180—9,8t)dt=180t—9,8%+0=180t—4,9z2 +C.

Thay ¢ =0 ta dugc #(0)=C=0. Vay A(t) =180t —4,9¢*(m).

" 1
Vién dan dat do cao cuc dai tai thoi diém ¢, = ﬂ . Khi do,

b

B, =1802,,, 4,9, ~1653(m).
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Cau 9. Mot ho nude bi 6 nhiém duge xir li béng mdt chat diét khuan. Toc do phat trién cua so luong vi
3000
(1+0,26)*’
nudc va ¢ 1a s6 ngay tinh tir khi hd nudc duoc xur Ii. Biét s6 lugng vi khuan ban dau 1a 10000 con/ml nudc.

Str dung mo hinh nay xac dinh luong vi khuan sau 5 ngay.

khuén séng sot dugc md hinh boi B (f) = — t>0 véi B(t) 1a sb luong vi khuan trén mdi m!

, 1 n+l
Cho biét [ (ax-+b)"dv = 1ax+h)" ¢
a n+l
Dap dan: 2500.
, ., ) = Loigiai
Tdc do phat trién cia so luong vi khuan song so6t dugc mo hinh cho béi cong thirec dao ham
B(t)= —Loz,t >0288
(1+0,2¢)
Nguyén ham cua B'(¢) 1a ham B(f) biéu dién sb lwong vi khudn sbéng sot trong ngay thir 7.
Taco
-3000
B(t) =|———=dt=-3000|(1+0,2¢)"dt
© J(1+0,2t)2 -[( )
=15000(1+0,2t)" +C = 15000
1+0,2¢

Vi s luong vi khuan ban dau 1a 10000con / mI nudc nén ta c6
B(0)=10000 = 15000+ C =10000 = C =-5000.

Vay ham s biéu thi s6 lugng vi khuan sdng sot tai ngay thir ¢ 1a
B(f) = 15000

1+0,2¢
S6 vi khuan sau 5 ngay sé& 1a B(5) = 2500(con / ml).

—-5000.

Céu 10. Nguoi ta thay nudc moi cho mot bé boi c6 dang hinh hop chit nhat c6 d6 sau 1a h, =280cm . Gia sit
h(t) 1a chiéu cao (tinh bang cm) cia muc nudc bom duoc tai thoi diém t gidy, biét rang téc do ting cua

A r s A ) \ ’ 1 N 1 A A . A r r % ‘A
chiéu cao myc nudc tai gidy thir ¢ 1a 4 (¢) = %\3/1 + 3 va luc dau ho boi khdng c6 nude. Hoi sau bao nhiéu

*A 1 r 3 A A 5 A . \ \ A 5 A \ .
giady thi nuéc bom dugc 7 dd sau cua ho boi? (Iam tron két qua dén hang don vi).

n+l
1 (ax+b) N
a n+l

a) Cho biét [(ax+b)"dr = C

Dap dan: 7234.
= Loi gidi
Ta biét rang, chiéu cao A(¢) ctia muc nudc bom duoc chinh la nguyén ham cua toc do ting 4 (f) cia chiéu
cao muc nuoc.

, 1 3 h
h(t)=|h()dt = | —3t +3dt =——(t+3)3 +C.
@) j @) J.500 2000( )

Luc ban dau (tai # =0) hd boi khong chira nudc, nghia 1a
7

4 3
h(t)=0<:>i(0+3)3+C=0<:>C=— 3 .
2000 2000
: 3 : 3
Suy ra muc nudc bom duogec tai thoi diem ¢ giay la h(t) =—— (¢ +3)3 - .
y . C tg giay 1a h(z) zooo( ) Y

s <A r M 3 A A 5 A s A r
Theo gia thiét, luong nude bom dugc bang " dod sau cta ho boi nén ta co
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7
h(l‘)—gh1 @i(t+3)g— 3 —§~280<:>(t+3)g—140004 33
4 2000 2000 4 ’

—t~7234 (s)

Céu 11. Béi vé6i cac du an xay dung, chi phi nhan cong lao dong dugc tinh theo sé ngay cong. Goi m(z) 1a
s6 luong cong nhan dugc st dung & ngay thi ¢ (ké tir khi khai cong du an). Goi M (¢) 1a s6 ngay cong duoc
tinh dén hét ngay thir s (ké tir khi khoi cong du an). Trong kinh té xay dung, nguoi ta di biét rang
M (t) = m(t) . Mot cong trinh xay dung dy kién hoan thanh trong 400 ngay. S6 luong céng nhan dugce sir
dung cho boi ham s6 m(f) =800—2¢, trong d6 ¢ tinh theo ngay (0 < < 400), m(¢) tinh theo ngudi. Pon gia
cho mdt ngay cong lao dong la 400000 ddng. Tinh chi phi (ty d6ng) nhan cong lao dong cua cong trinh dé
(cho dén luc hoan thanh).

Dap an: 64.

= Loi gidi
j m(t)dt = j (800—2¢)dt =800¢ — > +C
Tai =0 thi M(1)=0=C=0
Vay M(t) =800t —¢
S6 ngay cong tinh dén khi hoan thanh dy an 1a: A/(400) = 800.400—400° =160000 (ngay)
Chi phi nhan cong lao dong ctia cong trinh d6 la: 160000.400000 = 64 ty VND

Cau 12. Mot quan thé vi sinh vat c¢6 toc do ting s6 lwong ca thé duoc ude lugng boi P (¢) = 150/t (ca
thé/ngay) véi 0<<10trong d6 P(¢) 1a s6 lugng ca thé vi sinh vat tai thoi diém ¢ ngay ké tir thoi diém ban
dau. Biét rang ban da‘iuv quan thé c6 1000 ca thé. 7 7 . ’ )

U6c luong so ca thé ctiia quan thé sau 5 ngay ké tir thoi diém ban dau (két qua 1am tron dén hang tram).

Dap dan: 2100.

= Loi gidi
1 3
P(t)= [ P'())dt = [150~/t dt =150[ > dt :15O%t2 +C =100t +C.

Theo gia thiét, ta c6 P(0)=1000, suy ra C =1000 .
Do d6 P(f) =100¢+/t +1000.
P(5)=100-5-/5+1000 = 500/5 +1000 ~ 2100 (cé thé).
Cau 13. Mot vat chuyén dong doc theo mot dudng thang (c6 gin truc toa d6 Ox véi do dai don vi bang
1m). Biét ring vat chuyén dong véi tc do (tinh theo m/s) 1a v(£) =2¢—1*(0<t <10, tinh theo gidy) va luc
dau vat & vi tri co toa dd x, = 2. Tai thoi diém 7 =6 gidy, vat cach vi tri ban dau bao xa?
Dap dn: 36.
w Loi gidi
t3
Tacod x(t) = |v(t)dt = |(2t—t* Mt =2 tdt - |t*dt =t ——+C.
()= [v(oydr =[ (2~ Y =2[var- | 3

Theo gia thiét, x(0)=x,=2,suyra C=2.
3

Vay x(t):tz—%+2,0StS10.

63

Ta c6 | x(6)—x(0) |=|6> —?+2—2‘ =-36|=36.

Vay tai thoi diém ¢ = 6, vat cach vi tri ban dau 36 m.

Ciau 14. Gia sir toc d0 ting truong ctia mot quan thé mudi thoa man cong thie N (£) =0,2N(¢),0<t <5,
trong d6 ¢ 1a thoi gian tinh theo ngay, N(¢) 1 s6 ca thé mudi tai thoi diém ¢. Biét rang ban dau quan thé
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mudi c6 2000 c4 thé. Pat y(f) =In N(r),0 <t <5. Chung t6 rang y (r)=0,2. T d6, tim dugc N(¢) véi
0<t<5.

Khi d6, hiy tim sb luong c4 thé cua quan thé mudi sau 3 ngay (két qua lam tron dén hang trim).

Dap an: 3600.

= Loi gidi
N'(t) _ 0.2N(1) _

— Y

YO =[nNo] =— 0N

Suy ra y(f) = jy’(z)dt = jo,zdt =0,2t+C.7

Do do, InN(1) =0,2t+ C, suy ra N(¢) =e"** =C,-e** (v6i C, =¢").
Tac6 N(0)=2000, suy ra C, =2000, suy ra N(t)=2000-¢"*,0<¢<5.
N(3)=2000-¢"** =~ 3600 (ca thé).

Cau 15. Trong mot dich cum, tdc do tang ) truong hop méc bénh ctia mot thanh phé dugc udc lugng boi
N'(t) =10-¢"* (truong hop/ngay) trong d6 N(¢) 1a sb truong hop mic bénh sau thoi gian ¢ ngay ké tir khi
bat dau dich. Biét rang thoi diém bat dau dich co 5 truong hop méc bénh. Udc luong s truong hop mac
bénh ctia thanh phé sau 10 ngay dich bat dau.
Dap dan: 324.
= Loi gidi
&2[

>+C =50- " +C.

Tacd N(t)= J‘N(t)dt j1o e“fdz—loj "Y' dr =10-

Ine”?
Theo gia thiét, N(0)=5 suyra 50+C =5, suyra C =—45.

Vay N(t) =50-&"* —45.
N(10) =50-""" —45 ~ 324 (trudong hop).
Vay sau 10 ngay ké tir khi dich bét dau, thanh phd c6 khoang 324 trudng hop mic bénh.

Céu 16. Khi nghién ciru dich s6t xuat huyét & mot dia phuong, cac chuyén gia y t& udc tinh rang tai ngay
tht m c6 F(m) nguoi mac bénh (sau khi da lam tron dén chir s6 hang don vi). Biét rang toc do lan truyén

) 1 ) .
bénhla F (m)= 5 50 " va ngay dau tién (m =0) nguoi ta phat hién ra 50 bénh nhan. Hay xac dinh so nguoi
m+

méc bénh ¢ ngay thw 10.

Dap dan: 278.

’ = Loi gidi
Tur gia thiét ta co
1

F(m)= jF (m)dm = jidm 75In|2m+1|+C

F0)=C=50

Vay F(m)=75In|2m+1|+50.

S6 ngudi mic bénh & ngay thir 10 1a: F(10) =~ 278.

Cau 17. Mot xe 6 t0 sau khi cho hét dén do da bat dau chuyén dong véi toc do dugc bicu thi bing do thj 1a
dudng cong parabol nhu hinh bén dudi. Biét rdng sau 5 phut thi xe dat dén toc d¢ cao nhat 1000 m/phut va
bat dau gidm toc dg, di dugc 6 phut thi xe chuyén dong déu.

1000

8] 5 6 10

Hoi quing dudng xe da di duoc trong khoang 10 phat dau tién 1a bao nhidu mét?
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Dap an: 8160.
. Loi gidi
Dura vao db thi ta co phuong trinh toc d6 ciia 6 t6 14 w(r) = —40¢> +400¢ voi t € [0;6] va v=960 v&i 1> 6

. Trong khoang 6 phit dau phuong trinh quing duong 1a S(¢) = j (—40¢* + 400¢ )it = —?ﬁ +200£* +C.
Tai thoi diém xe 6 to xuat phat ta c6 £, =0 va S(z,)=0 suy ra C =0 nén phuong trinh quing dudng la
S(t)= —? £ +200¢ .

Trong khoang 6 phut dau 6 t6 di dugc quing duong 1a S(6) = 4320m va 4 phut tiép theo 6 t6 di duoc quing
duong 1a 960x4 = 3840m
Vay quang duong 6 t6 di dugc trong 10 phut dau 1a 4320+ 3840 = 8160 m.

Céu 18. Mot vat chuyén dong trong 4 gid véi toe do v(km/h) phu thudc vao thoi gian ¢(h) co dd thi tdc do
12 mot dudng parabol c6 dinh 7(3;10) va truc dbi ximg vudng goc vai truc hoanh nhu hinh v&. Tinh quing

duong vat di chuyén duoc trong nira thoi gian sau cta chuyén dong d6 (két qua lam tron dén hang phan chuc
va tinh theo don vi km)
v

0F---

1

O o e o o o o o e e - - -

@]

Ddp sé: 19,3.
= Loi gidi
Dua vao do thi ta tim duoc toc do v(¢) =~ +6t+1,¢ €[0;4].

Quéng dudng s(¢) vét di chuyén dugc trong thoi gian 4h 1a mot nguyén ham cua v(¢),z €[0;4]
t3

Taco s(t)=|(-t*+6t+1)dt=——+3> +t+C.

aco s(t) I( + +) PR

Quéng dudng vét di chuyén dugc trong 2h dau 1a s(2) = ? +C(km).

) . 92
Quang duong vat di chuyén dugc trong 4h 13 s(4) = 5 +C(km).
Quing duong vat di chuyén duoc trong nua thdi gian sau cua chuyén dong la:

s(4)—s(2)=?(km)zl9,3(km).

Céu 19. Mot bac thg xy bom nuée vao bé chira nuée. Goi 4(¢) 1a thé tich nude bom duoc sau ¢ gidy. Cho
h'(t)=3at® +bt (m3 /s) va ban dau bé khong co nude. Sau 5 gidy thi thé tich nude trong bé 13 150m” . Sau
10 gidy thi thé tich nudc trong bé 1a 1100m° . Hoi thé tich nudc trong bé 1a bao nhiéu m? sau khi bom dugc
20 giay.
Dap an: 8400.
w Loi gidi
Ta co: h'(t)=3at’ +bt
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= h(t)=[(3ar’ +bt )t = at’ +%bt2+C :>h(t):at3+%bt2 +C

Chon t:O:>h(0):0:C=0:h(t)zat3+%bt2

Sau 5 gidy thi thé tich nuéc trong bé 1a 150m>: h(5)=150 <1254 +§b =150

Sau 10 gidy thi thé tich nuc trong bé 1a 1100m° : A(10) =1100 <> 1000a +50b = 1100

25
125a+—b=150 =1
Ta c6 hé: “ 2 @{a

1000a+50b=1100 \?=2

=h(t)=r+71
Nén thé tich nudc trong bé sau khi bom duge 20 gidy 1a /(20) =20’ +20° = 8400m’

Céu 20. Doanh thu ban hang ctia mot doanh nghiép khi ban mét loai san pham 1a s6 tién R (x) (triéu dong)
thu dugc khi x don vi san pham duoc ban ra. Toc do bién dong (thay doi) ciia doanh thu khi x don vi san
pham da dugc ban 1a ham s6 M, (x)=R'(x) . Dai dién cua doanh nghiép cho biét téc d bién doi clia doanh
thu khi ban mot loai san phém dugc cho boi M, (x) =500-0,1x, 6 d6 x 1a sd luong san phém da ban. Tim
doanh thu ctia doanh nghiép khi da ban 2000 san pham 1a bao nhiéu trim triéu dong?
Dap dn: 800.
= Loi gidi

Doanh thu cua doanh nghi¢p 1a R IM j 500-0, lx)dx 500x —%x +C.

Vi R(0)=0 nén C=0. Viy R(x)zSOOx—%xz.

Doanh thu ctia doanh nghiép khi ban 2000 san pham la:

R (2000) =500.2000— 2LOQOOO2 =800000 tridu dong.

Céu 21. Trong lugng cua mot bao thai nguoi nang khoang 0,04 ounce (1 ounce = 28,3485 gram) sau 8 tuan
tudi. Trong sudt 35 tuan tiép theo, trong lwong ctia bao thai ndy dugc du doan ting véi toe do

2436 —0,193¢
B'(t) = —0,1931\2
(1+784e™7")
Hay tinh trong luong cuia bao thai sau 25 tuan tudi (Lam tron két qua dén chit s6 hang phan tram).

& NOVAGEN

8 <r<43 v&i B(f) 1a cAn ning tinh bang ounce va ¢ 1a thoi gian tinh bang tuan.

().IE r ‘.‘
THANG T @
THANG § THANG §

Dap an: 2,15.
= Loi gidi

0983.900.570 Vo Cong Truong 54 2025-2026



@'l VUI CUNG TOAN Nguyén ham — Tich phdn
Theo gia thiét, trong lwong ctia bao thai nay duoc du doan ting véi tc d6 1a ham sb B'(r), nén B(f) chinh
la nguyén ham cua B'(¢):
: 2436¢ "
B= [ B = [
Dt u =1+784¢ "™
= du =784.(—0,193).e " dt =—151,312¢™*""" dt

2436 du 2436 2436
B(t)=—- — = +C= oaosy TG
151,312 w=  151,312u 151,312.(1+784e"")
Sau 8 tuan tudi thi bao thai can ning khoang 0,04 ounce nén:
B(8)=0,04 < 2436 +C=0,04<= C=0,04 2436

151,312(1+ 784e™*'*%)
Do d6 ta ¢6 ham sb can ning cia bao thai la:

2436 2436
B(1) = Sooary T U= EEYVINE
151,312(1+ 784e ) 151,312(1+784e ™)
Cén nang ctia bao thai sau 25 tuan tudi la:

2436 2436

B(25) = sy 70,04 1544
151,312(1+ 784¢ ) 151,312(1+784¢ ™)

C151,312(1+ 784e M)

8<r<43.

~2,15.

1000
(1+0,3)"
t>0, trong d6 B(¢) 1a s6 lwong vi khuan trén mdi ml nudc tai ngay thir ¢. S6 lwong vi khuan ban dau 1a
500 con trén moi ml nude. Biét rang muc dJ an toan cho nguoi sir dung ho boi 1a s6 vi khuan phai dudi

3000 con trén mdi ml nuéc. Hoi sau bao nhiéu ngay thi ngudi ta phai xir 1i va thay nude méi cho hd boi.
Dap dn: 10.

Céu 22. Tdc d0 phat trién ctia s6 luong vi khuan trong hd boi dugc mé hinh boi ham sé B'(¢) =

= Loi gidi
Theo gia thiét, s6 luong vi khuan ting véi téc d6 1a ham s6 B'(f), nén B(¢) chinh la nguyén ham cua B'(f)

B = [ B (1)t = [ — gt =1000] (1+0,31) *dt = ———0
(1+0,31) 0,3(1+0,3¢)

S6 luong vi khuén luc ban dau 1a 500 con trén mdi ml nude nén:
B(O)=500©—&+C:500<:> C:w.

0,3(1+0,3.0) 3
Suy ra ham s6 biéu thi cho s6 lugng vi khuan tai ngay thir ¢ 1a:
B(t) = - 1000 +11500.

0,3(1+0,3¢) 3
S6 lugng vi khuan dudi 3000 con trén m&i ml nude thi ngudi boi van an toan, ta co:
1000 11500

B(t) <3000 < — + <3000

0,3(1+0,3¢) 3

_ 1000 - 2500
0,3(1+0,37) 3

Vay vao ngay thir 10 hd boi khong con an toan, can phai thay nudc méi.

< 1+0,3t<4 <1 <10.

CAu 23. Mot tAm van g0 chi duoc hd tro & hai dau O va L, cach nhau 4 m. TAm véan vong Xuéng dudi do
trong lugng cua n6 tao thanh mot dudong cong. Xét trén hé truc Oxy nhu hinh v€ dudi, don vi mdi truc 1a
mét, duong cong trong hinh v€ ¢6 phuong trinh y = f(x).

Khi d6 1" (x) =$(12x—3x2) v6i 0<x<4. Hoi tim van bi vdng xudng so véi phuong ngang mot

khoang 16n nhat bao nhiéu cm (két qua 1am tron dén hang phan muoi).
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= Loi gidi
Khoang vong xudng 16n nhat so véi phuong ngang cua tam van la bang voi f(x) min. Do do, ta can di tim

S @) =]s ()dx
S =] f (x)x

Ta ¢6 f'(x):J.f”(x)dx:I[%(ux—hz)}k:ﬁ(%xz _x3J+C:$(6x2 _¥)+C

ham f(x). Vata s€ sir dung cac cong thirc dé tim duoc ham £'(x) . Thyc hién nhu sau:

C , 1 1 (6, x
Tiép dén, tacd f(x)= X)dx = || —(6x* =X’ )+C ldx=—| =X == |+Cx+D
P f@=]f I(350( ) 350137 4
x3 4
=~ -~ _1Cx+D
175 1400
D=0 D=0
o | f(0)=0
Dua vao hinh vé€, ta co =Xt 44 & 8
f@=0 |—- +4C+D=0 C=——
175 1400 175
X x* 8
Suyra f(x)= - - X.
yra =175 " 100 175
s x> x' 8 \
Xéthamso f(x)= - x trén doan [0;4]

175 1400 175

Tacod f'(x):i(@c2 —x3)—i:0<::>L(6x2 —x3)=i<:>6x2 - =16 -x"+6x>-16=0
350 175 350 175

x=2-2J3(L)
olx=2+23(1)
x =2(tm)

O =f@=0f (D)=~ ~-0,057.

Vay tam van bi vong xudng so vdi phuong ngang mot khoang 16n nhat 1a 0,057 m hay 5,7cm .
Cau 24. Mot bac thg xay bom nudc vao bé chira nuge. Goi V() la thé tich nuéc bom dugce sau ¢ giay. Biét
rdng V' (t) = at® + bt va ban ddu bé khong co nude. Sau 5 gidy, thé tich nudc trong bé 1a 15m°, sau 10 gidy,

thi thé tich trong bé 1a 110m°. Thé tich nudc trong bé sau khi bom dugc 20 gidy bang
Dap dan: 220

= Loi gidi
Ta c¢6 V(t)—.[(at2 + bt )t _ar b e
3 2
PN X 11 A . . A . at’  bt?
Luc dau, bé khong c6 nudce, nén V' (0)=0,suyra C=0,va V(¢) = EY + e
[N A .7 y FEERY 3 A , a '53 b'52
Sau 5 giay, thé tich nudc trong bé 1a 15m”, nén ta co + =15
2
, . . 10 5-10°
Sau 10 gidy, thé tich nudc trong bé 1a 110m°, nén ta cd 2 + =110
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3 2
a-5 +b 5 _1s a:i
Xét h¢ phuong trinh: 3 , 2 , = io
a-10 +b-10 110 h=L
3 2 5
) ) 2 3 2 2
Thé tich cua bé sau 20 gidy la V(20)=%+%=840m3

Cau 25. Goi A(t)(cm) 13 mirc nude & mot bon chira sau khi bom nude vao bon duoc ¢ gidy. Biét ring
W (t)=k-3[t valic ddu bdn khong c6 nude. Sau 162 gidy, muc nudce ciia bon 1a 27 cm. Biét bdn chira nude
cao 12,96m , hoi sau bao nhiéu gidy bon chira nudc sé day.

h(t)

Dap an: 2954
w Loi gidi
3 4
Theo bai ta co: /' (¢) =k -3t :h(t):zk-ﬁ +e
Tai: t=0>h=0=c¢=0

Tai: t=162 > h=27cm
Ta dbi: 12,96m =1296cm

4
3 4 hi) 1296 Sher £V 1296
= h(162) = k1621 =27 === 2 & 4 4=(162j = e 1=2954
(162) ik~1623

Céu 26. Mot bé nudc hinh hop chir nhat cao 1 m va ¢ ddy 14 hinh vudng canh 2 m. Ban dau bé day nudc.
Nguoi ta m¢o mdt cai voi & day, nudc chdy ra véi toc d ty 1€ thudn vdi can bac hai cua d§ cao cia nude tai
bat ki thoi diém nao. Gia sir d§ cao cuia nudc trong bé tai thoi diem ¢ 1a A(z) va V(¢) 1a thé tich cua nudc
hién tai sau ¢ phat mé voi thi ta co V' (¢) = k- Jh(t)(k € R) . Biét rang, muc nudc giam 19 cm sau 2 phut, hoi
sau bao nhiéu phut thi bé can nudc.

Dap an: 20
q = Loi gidi o
Vi bé nude cd dang hinh hdp chir nhat cé chiéu cao A(¢) va c6 day ludn la hinh vuéng canh 2 m nén thé
tich ctia hinh hop tai thoi diém ¢ 13 V(¢) = 22.h(t) = 4h(?)
Suy ra V' (t) = 4K (¢)
x

Uk k- _k _k _k
Taco V' (1) =k-Jh(t) < 4k (t) = k- Jh(t) = NIO) 4<:>(2«/h(t)) 4<:>(«/h(t)) 5

1)
(t)
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Nguyén ham 2 vé, ta dugc \/h(t) = j%dt = %t +C

Ta c6 d6 cao ctia nudc tai thoi diém ban déu bang 1 m tirc 4(0) =1 nén ta co /A(0) = J1= % 0+C=C=1

Suy ra +/A(t :§t+1

Lai co, sau 2 phat, myc nudc giam 19 cm (hay 0,19m) thi d0 cao cua nudc trong bé béng
h=1-0,19=0,81 nén ta co6 h(2)=0,81

< Jh(2) =4/0,81 :%.2“@1{:—0,4
vay Jh(t) = _(;’4

Bé can nudc khi chidu cao ctia nude trong bé bang 0 hay A(f)=0=—-0,05t+1=0=¢=20.
Vay sau 20 phut thi bé can nuéc.

t+1=-0,05¢+1

Céu 27. Mot miéng thit nudng duge lay ra khoi ngan da cua ta lanh va dé trén ban dé ra dong. Nhiét d cua
miéng thit nuéng khi n6 dugc lay ra khdi ngan da 1a —4°C va ¢ gio sau do, nhié¢t do cua miéng thit nuéng
tang v6i toc d6 T'(£) =T ™" C/gid. Nhiét do cia miéng thit sau 2 gid 1a bao nhidu d6 C (két qua lam
tron dén hang phan chuc).

Dadp dn: 6,1

= Loi gidi

B1: Tim ham nhiét d6

Nhiét o T'(¢) 1a nguyén ham cua toc do thay doi nhiét do 77 (¢)

T())= [T ()dt = [ 7 dt

1
Str dung cong thitc nguyén ham cua e : J.e”xdx =—e" +C.
a

T(t)=17- SR R T e
-0.35

B2: Tim C:

Nhiét d6 ctiia miéng thit khi né6 duoc iy ra khoi ngan da 1a —4 C. DPiéu nay c6 nghia 1a tai thoi diém
t=0,7(0)=—4.

T(0)=-20e"?"+C=-4=-20'+C=—4=C=16

T(t)=-20e"" +16

B3: Tinh nhiét d ctia miéng thit sau 2 gio (1 =2): T'(2) =—20e**? +16~6,1'C

Két luan: Vay nhiét do cta miéng thit sau 2 gio 1a khoang 6,1°C.
Cau 28. Mot cai cay duge gieo trong tir hat trong mot chiée chau. Chidu cao ciia né sau ¢ (ndm) duoc cho
boi ham s6 A(¢) (don vi mét). Toc do thay doi chiéu cao cia nd sau ¢ (nim) 1a 4 (¢)=0,2¢+0,15 (mét/nim)
v6i (0 <t <4). Sau khi trong duoc 4 niam, cay dugc 1y ra khoi chau va trong xudng dat, chiéu cao clia no

.. . L. .2 : 11 ) \ . .
theo thoi gian khi nay thay doi véi toc do 4 (1) = — (¢ > 4) . Hoi sau 4 nam trong xuong dat cay cao bao
t

nhiéu mét? (két qua lam tron dén hang phan muoi).

Dap an: 9,8

. ‘ = Loi gidi
B1. Tinh chiéu cao cua cay sau 4 nam dau (trong chau):
Dé tim A(z), ta 1dy nguyén ham cua /() :
t2
h(t) = '[(0,2t+0,15)dt = 0,25+ 0,15t +C =0,1¢> +0,15¢+ C

Vi cdy gieo tir hat, chidu cao ban dau tai =0 1a 4(0)=0
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h(0)=0,1(0)’ +0,15(0) +C=0=C=0
Vay, h(t)=0,1£* +0,15¢
Chiéu cao cua cdy sau 4 nam (khi ldy ra khoi chau) 13 A(4):
h(4)=0,1(4)> +0,15(4) =0,1(16)+0,6 =1,6+0,6 = 2,2 (mét)
B2. Tinh chiéu cao ting thém cia ciy sau 4 nim trong xudng dét:

Tbc do thay dbi chiéu cao trong giai doan nay 1a /'(¢) = u cho t>4
4
Chiéu cao ting thém trong giai doan nay 14 tich phan ca 4'(f) tir =4 dén =8
Ah = Jj Ea’t =11-[In|¢|]} = Ah=11(In(8) —In(4)) =11In(2) ~ 7,62
t

B3. Tinh tong chidu cao cta ciy sau 4 nim trong xudng dat (tirc 13 tong cong 8 nam):

Tong chiéu cao = Chiéu cao sau 4 nim dau + Chiéu cao ting thém sau 4 nam trong xudng dat
Tong chiéu cao = h(4)+ Ah

Tong chiéu cao =2.2+7.62=9.82~9,8 mét.

Cau 29. Vi khuan HP (Helicobacter pylori) giy dau da day sau ngay thtr #(z >1) véi s6 luong 1a F(¢) néu

. La , 11
phat hi€én sém thi bénh nhan s€¢ dugc curu chira. Biét rang F (¢) = % +1 va sau 1 ngay bénh nhan c6 2000
t

con vi khan trong dg day. Sau 15 ngéy bénh nhan phat hién ra bi bénh. Hoi khi dé c6 bao nhiéu con vi khuén
trong da day. Vict két qua lam tron dén hang don vi...

Dap dan: 3007
= Loi gidi

Tacd F(¢) =IF'(t)dt 21(%+ljdt =¥lnt+t+C

CéF(l)zzooo:chzooo:»C=1999:F(z)=$mt+z+1999

Vay sau 15 ngay thi s6 con vi khuan trong da day 1a F(15) = % In15+15+1999 = 3007 (con)

Cau 30. Vi nudc va dau khong hoa tan vao nhau nén néu dau d6 vao nuée sé tao thanh mot mang hinh try
trén bé mat nudc. Ban kinh 7(¢) cia mang nay lan ra voi toc do ti 16 thuan véi chidu cao A(f) clia mang dau.
Gia str mot lit dau bi d6 trén mat ho tinh ling. Ban kinh ban dau ciia vét tran 1a 20 cm va sau 2 gidy né ting
1én 50 cm. Hoi sau bao nhiéu phit (1am tron dén hang phin muoi) thi ban kinh vét tran dat 5 mét?

Dap dn: 35,6

= Loi gidi
Vi mang dau nay lan c6 dang hinh try, nén ta c6 thé tich khdi dau V =77 (¢) - h(¢) (thé tich nay 1a khong
;. Vv
doi) = h(t) = —;
zr-(t)

Ban kinh r(¢) ciia mang dau lan ra véi tée do 7' (£), ma téc do lan ra 7 (7) ti 1é thuan vé6i chiéu cao h(f)
ctia mang dau nén theo tinh chit cta hai dai luong ti 18 thuan, ta c6 ' (¢)=k-h(t) (*)

vao biéu thire (¥) ta duge 7 () =k r

Thay 7= 5 0 72 (0)

vikl il dai lugng khong ddi nén dit g
T T
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’ a
0" 020

Nguyén ham 2 vé, ta duoc 7 (f) = j 3adt < r*(t) =3at +C

Khi do r () =k

&3 0)-r0=3as[rn] =3

Tir gia thiét: ban kinh ban dau cta vét tran 13 20 cm va sau 2 gidy no ting 1én 50 cm, ta c¢6 hé phuong trinh
{r(O) =20 {C —20° =8000
=

r(2)=50  |3.2a+C =50’
C=8000
= = 7 (t) = 58500t + 8000 (cmr)
a=19500

Dbi 5m =500cm
Bén kinh vét tran dat 4 m tuong duong véi r(¢) =500 = 500° = 58500¢ +8000
. 500° —8000

~ 2136,61(s) = 35,6 phut
58500 <) P

Cau 31. Theo dinh luit [am mat ctia Newton thi toc dd lam mat ciia mot vat ti 18 thuan véi chénh 1éch nhiét
do gitra vat do va moi truong xung quanh, véi dieu kién la chénh léch nay khong qué lon. Gid st 7'(¢) 1a
nhiét do ctia vat thé (don vi: d6 C) tai thoi diém ¢ (don vi: phat) va T, 1a nhiét d6 ciia moi truong xung
quanh, chénh 1éch giita nhiét do ctia vat thé va méi truong xung quanh 1a y(¢) = 7(¢) ~T thi y (@) =k-y(t)
vol k la héng 6. Mot cbe nude dang & nhiét 46 phong la 22°C dugc dua vao ngdn mat tu lanh c6 nhiét do
1a 5°C. Sau 30 phit, nhiét d6 ctia céc nude dugc do lai 1a 16 C . Hoi sau mot tiéng trong ti lanh, nhiét 4o
coc nudce la bao nhiéu d6 C (két qua lam tron dén hang don vi).

Dadp dn: 12

7 v Loi gidi
boi 1 gio = 60 phut; ’
YCBT la xac dinh nhiét 6 cua coc nudc sau 1 gio hay 7(60).
N y () L
Tacod y (1) =ky(t) = o k<[Iny@)] =k
y(t
Nguyén ham 2 vé, ta duoc In y(¢) = j kdt =kt +C = y(t) ="
(Khi dit coc nudc vao ti lanh thi khi d6 nhiét d6 moi truong xung quanh 7, = 5)
Khi 6 y(¢)=T(¢)~T, tuong duong véi €' =T(t)~5=¢&""“ +5=T(¢)
Tacod & +5=T(0) = e +5=2 =" =17<C=In17
Suyra T(t) =" +5
Biét: sau 30 phut, nhiét do cta coc nudce 1a 16°C nén ta co
T(30)=16 =™ +5=16 "™ =11<30k+In17=In11
< 30k=Inl1-1In17= lnl—1 <k =Lln1—1
17 30 17

LInﬂt-ﬁ—lnﬂ

Suyra T(¢)=e* 7 +5

’ ~iln—+lnl7 °
Vay nhiét d§ ctuia coc nudce sau 1 gid trong tu lanh 1a 7(60)=e¢ * V7 +5~12 C.
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[ TiCH PHAN|

Cau 32. Hiéu suét ctia tim 1a luu lugng mau duoc bom boi tim trén mot don vi thoi gian (luu Tvong mau
chay vao dong mach chui). B¢ do hiu suat cta tim, ngudi ta bom A(mg) chat chi thi mau vao tdm nhi phai,
chay qua tim roi vao dong mach cha va do nong d6 chit chi thi mau con lai & tim dén thoi diém T(s) khi
chat chi thi may tan sach. Goi c(¢) 1a ndng d6 (mg /1) chét chi thi mau tai thoi diém #(s) thi hiéu suit cua

tim duoc xac dinh boi F = —

_4 (I/s).Biet c(t)=—t(12—1¢) voi 0<¢<12. Tinh hiu suat cua tim khi
_[O c(t)dt 4

bom 8 mg chit chi thi mau vao tim nhi phai (1am tron dén hang phan trim theo don vi //s ).

Dap an: 0,11
‘ = Loi gidi

Tu d¢ bai ta co: ’

A =8mg (lugng chat chi thi mau dugc bom vao).

c(t)= %t(lZ—t); 0<r<l12.

T 1a thoi diém chét chi thi mau tan sach. Didu nay co nghiala ¢(7)=0.

1
T () :Zt(12—t):0, tacd t=0 hodc t=12.
Vi T 1a thoi diém chéat chi thi mau tan sach (sau khi bom), nén 7' =12 gidy.
A A o, 2]

Vay ta can tinh IO Zt(l2 —t)dt .

jolzi(IZt—tz)dt - %ﬁz(m—ﬂ)dt

=1{125—5} =l{6t2—ﬁ} :1[(6(12)2—@]—[6(0)2-@D
472 3 4 3], 4 3 3

= 1(6(144)—@—0J =72
4 3

Tinh hiéu suit cta tim F :
A 8

jOT codi T2

F =

1
F =§(I/s):0,11(1/s)
Két qua: Hiéu suat ciia tim 1a khoang 0.111/s

1 b
— j F(x)dx.

Gia str nhiét d6 (tinh bang ~C) tai thoi diém ¢ gio trong khoang thdi gian tir 6 gid sang dén 12 gio trua &
mot dia phuong vao mot ngay nao dé dugc mo hinh hoa boi ham s6 7'(¢) =20+1,5(t —6),6 <t <12. Nhiét

Céu 33. Gi4 tri trung binh ctia ham s6 lién tuc f(x) trén doan [a;b] dugc dinh nghia 1a

d6 trung binh vao ngay do trong khoang thoi gian tir 6 gio sang dén 12 gid trwa 1a bao nhiéu “C.
Dap dan: 24,5
= Loi gidi

0983.900.570 V& Cong Truong 61 2025-2026



) ‘ ,
A?' VUI CUNG TOAN Nguyén ham — Tich phan

Tinh tich phan ciia ham s6 T(f) =20+1,5(t —6),6 <t <12 tir 6 gid sang dén 12 gid trwa
_leT(t)dt - Lu(zo +1,5(t — 6))dt =147

147 s
6

Gi4 tri trung binh cta ham nhiét do trén khoang tir 6 gid sang dén 12 gio trua 1a

Nhu vy nhiét d6 trung binh vao ngay do6 trong khoang thoi gian tir 6 gid sang dén 12 gid trua trwa 13 24,5

Cau 34. Trong lyc ciia Trai Dat tic dung 1én mot vé tinh trong qua trinh vé tinh nay dugc phong 1én tir mat
Mm
rZ

dat toi vi tri cach tam Trai Dat »(m) xéac dinh boi cong thic F(r)=G trong 46 M =6.10* kg 1a khbi

lwong Trai Pat, m (kg) 1a khéi lugng vé tinh va G=6,67-10"" N-m? / kg* 1 hing s6 hap dan. Trong luc
nay sinh cong W = r F(h)dh(J) khi vé tinh thay dbi tir vi tri cach tdm Trai Dat a (m) 1én vi tri cach tm

Trai Dt b (m) (ngudn: http://hyperphysics.phy-astr.gsu.edu/hbase/wint.html). Cong ti thiéu dé phong mot
vé tinh nang m =1000kg tlr mat dat 1én do cao 35780 km so véi mat dat 1a -10'°(J), biét ban kinh Trai
Pt 13 6370 km. Gié tri ctia ¢ 1am tron dén hang don vi la

Ddp sé: 5
= Loi gidi 7 ’
Vi cong thure tinh lyc sinh cong W s& dugce tinh khi v¢ tinh thay doi tir vi tri cach tam trai dat a(m) 1én vi
tri cach tdm trai dat b(m) nén dé phong 1 vé tinh 1én do cao 35780 km so v&i mit dat thi
b=35780+6370=42150km =42150000m va a =6370km = 6370000m

Taco: =[2G MM gy - [ 6710 . 010”1000

6370000 h? 6370000 h?

dh~5.10"

Vi cong tdi thiéu dé phong vé tinh bang cong cia trong lyc W va bang 5.10'
Suyra a=5.
Cau 35. Mot bé nu6e hinh non tron xoay nhu hinh v& ¢6 chiéu cao 10 m va ban kinh day 4 mét duoc do
nude dén do cao 8§ mét. Cong dé bom hét nude ra tr mot voi ¢ dinh bé dugc tinh theo cong thure
10 9
W =9,8. L x.S(x).dx (don vikiloJun), trong d6 S(x)(m*) 1a dién tich cua 16p nuéce cach mét bé x(m).
Tinh W (kJ) (két qua lam tron dén hang don vi).

—

.
- -'
l4m

S
8

o0

Dap dan: 3363.
7 7 ’ = Loi gidi
Dé tinh dugc cong d€ bom hét nude ra thi ta can di tim dugc ham S(x).
Lép nudc cach mat bé 1a mot hinh tron song song va cach mit bé x(m) . Gia st 16p nude hinh tron d6 co
ban kinh 1a 7(m). Ta gén truc toa do nhu hinh sau.
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Y

f | D
ul | [ A X
tW

Tir gia thiét, ta co6 OC = x(m) = AC =10—x(m); 04 =10(m); OB = 4(m) . Vi mit nudc cach bé song song
v6i mat bé nén CD/ /OB .

Khi d6, ta 4p dung hé quda cua dinh 1y Talet trong tam giac 0OA4B, ta ¢o
AC CD lO—x:£<:>r:4(10—x):20—2x

= =
OA OB 10 4 10 5
2
Suy ra S(x) = zr’ :ﬂ(20;2xj
2
Vay W=9,8-Ll°x-7r(20_2xj dx ~ 3363(kJ).

o 1 .
Cau 36. O 45 C, phan ung hoa hoc phan huy N,O; xay ra theo phuong trinh N,0; — 2NO, + 502 voi

nong d6 c(t) (mol/L) ciia N,O;(c(f) > 0) tai thoi diém ¢ gidy (¢ >0) thoa man ¢ (¢) =—0,0005.c(¢) . Biét
khi # =0, ndng d¢ ban dau ctia N,0, 14 0,05 mol / L va ndng do trung binh ciia N,O,(mol / L) tir thoi diém

Ibc(t)dt . Nong d6 trung binh ciia N, O,

a

a gidy dén thoi diém b gidy (a <b) duoc cho boi cong thirc
—a

tir thoi diém 10 gidy dén thoi diém 20 gidy 1a a-10™(moL/ L) . Tinh a (lam tron két qua dén hang don vi).
Dap dan: 496
7 ‘ ‘ . Loi gidi
beé tinh dugc nong dd trung binh, ta can di tim c(¢).
Theo gia thiét, ta c6 ¢ (t) = —0,0005.c(t) = C(—(:)) =-0,005 < (Inc(t)) =-0,0005
C
Nguyén ham 2 vé, ta dugc Inc(f) =—0,0005¢ + C = () = e **""¢
Biét tai £ =0, thi ¢(0)=0,05mol /L < 0,05=¢“ =C =In0,05
Suy ra C(t) — 6—0,0005t+1n0,05
C6 noéng do trung binh tr thoi diém 10 gidy dén thoi diém 20 gidy bang

1
Ibc(t)dt = 2010 J‘lzo g 0:00051+1n0.05 70 0,0496 ~ 496.107
_a a j—
Vay a =496

CAu 37. O nhiét do 37°C, mot phan tng hoa hoc tur chat dau 4, Chuyén ho4 thanh chit san phém B theo
phuong trinh: 4 — B. Gia sir y(x) 1a ndng do chat 4 (don vi mol L) tai thoi gian x (gidy), y(x)>0 voi
x>0, thoa man hé thirc: y'(x) =—7-10" p(x) voi x>0. Biét réng tai x=0, néng d6 (dau) cua 4 1a
0,05molL™. Gia sir ta tinh ndng d6 trung binh chat 4 (don vi mol L") tir thoi diém a (gidy) dén thoi diém

b \ 7
b (gidy) voi 0 < a < b theo cong thuc 5 ! j y(x)dx . Xac dinh ndng d¢ trung binh cua chat 4 tir thoi

diém 15 giay dén thoi diém 30 gidy. Viét két qua 1am tron dén phan tram.
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Dap an: 0,05

. Loi gidi
Tacé: ¥ (x)=-7.10" y(x) = % =-7.10" < (In y(x)) =-7.10"*
x

Lay nguyén ham hai vé ta duoc: < In y(x)=—-7.10"*x+C
Mit khac tai x =0, ndng d6 (dau) ciia 4 1a 0,05molL™ nén In y(0)=C < C=1n0,05

" 1 30
Suyra y(x)=e 0 *00 pan x)dx = 0,05 .
yra y(x) 30_15f15 y(x)

Ciu 38. Hé thong loc nudc bé boi vo ciing quan trong khi tién hanh xay dung cong trinh boi 16i dé nguon
nudce dugce lam sach thuong xuyén va gilt v¢ sinh cho nguoi boi. Trong qué trinh van hanh loc nudce thi
luong nude trong bé s& thay doi theo thoi gian. Luong nude trong bé giam néu hé thong dang xa nude ban ra
khéi be va tdng néu hé thong dang cap thém nudce sach cho bé. Biét rang 1 gallon gan bang 3,785 lit, dung
tich ctia bé 12 1000 gallon va thoi diém 6 gio sang bé chira 250 gallon nuwéc. Ham sd f(¢) biéu thi cho toc
d6 thay d6i luong nude trong bé theo thoi gian ¢ gio, tir thoi diém 6 gid sang dén 6 gid chiéu dugc cho boi
100¢ khi 0<¢<3
£(£)=4900—200¢ khi 3<¢<6 v&i mdc thoi gian 7 =0 tai thoi diém 6 gio sang. Hoi ¢ thoi diém 6 gio
1007 —900 khi 6 <z <12

chiéu thi trong bé chira nhiéu gallon nuéc ?

Dap an: 700.
w. Loi gidi

+) Goi F(¢) 1a mot nguyén ham cua ham so f(¢)

Vi f(t) bi€u thi cho téc d¢ thay d6i luong nudc trong bé theo thoi gian ¢ nén F(¢) chinh la lugng nuéc

c6 trong bé theo thoi gian 7.

+) Lugng nuéc trong bé lic 6 gio sang (img véi t=0)1a F(0)=250.

Luong nude trong bé luc 6 gio chidu (tng voi t=12)1a F (12) .

Taco Tf(t)dt:F(u)—F(O):F(12):F(0)+1J2f(t)dt

3 6 12
& F(12) =250+ [100¢dz+ [ (900 —200¢)d¢ + [ (100 —900)dz = 700 gallon.
0 3 6
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Céu 39. Nguoi ta cho mot chiée xe dién mo hinh chay thir nghiém trén mot duong thang trong 24 gidy véi

%t khi 0<t<8
toc do v(t)=14 khi 8<t<16 (decimet/gidy), trong d6 ¢1a khoang thoi gian tinh bang gidy ké tir

—%t+12 khi 16 <t<24

lac xe bét ddu chuyén dong. Trong 24 gidy chay thir nghiém do, chiéc xe mé hinh di dugc quing dudng bao
nhiéu decimet?
Dap an: 64.
= Loi gidi
Trong 24 gidy chay thir nghiém d6, chiéc xe mé hinh di duoc quing duong 1a:

24
5= Iv(t)dt:I:%tdt+L]64dt+jli4(—%t+l2jdt
0

8
- (ltzj +(4z‘)‘16 +(_lt2 +12tj
4 s |\ g

Céu 40. Mot xe mo to dang chay véi toc d6 20 m/s thi tai xé giam gia va kéo phanh. Ttr thoi diém do, xe
chuyén dong cham déan déu voi toc dd dwoe mo ta béi phuong trinh: v(¢)=—4¢+20 (m/s), trong d6 thoi

24

=64(dm/s)

0 16

gian ¢ duoc tinh bang gidy. Hoi tir luc giam ga va kéo phanh dén khi dimg han, mé t6 di chuyén dugc quing
duong bao nhiéu mét?

Dap dan: 50

= Loi gidi

Téc d6 ban dau 1a 20 m/s. Xét v(t) =20 < —4¢+20=20 <=0 (gidy).

Do d6 thoi diém kéo phanh 13 thoi diém 7 =0 (gidy).

Khi dimg han toc do 1a 0 m/s. Xét v(¢)=0< —4t+20=0<>1 =5 (gidy).

Do d6 thoi diém xe ding han 13 thoi diém 7 =0 (giay).

5 5
Vay quing duong can tim la § = [v(¢)de = [ (~4¢+20)de = (=26 +20¢)

0 0

5
, =30 (m).
CAu 41. Mot 6 t0 bt dau chuyén dong nhanh dan déu véi toe d6 v, (1) =2¢ (m/s). Bi dugce 12 gidy, nguoi
1ai xe gap chudng ngai vét va phanh gip, 6 t6 tiép tuc chuyén dong cham dan déu véi gia’téc i
a=-12 (m/s). Tinh quang duong s (m) di dugc cua 6 t6 tur luc bat dau chuyén dong dén khi ding han?
Dadp dn: 168.
= Loi gidi

Giai doan 1: Xe bat dau chuyén dong dén khi gip chudng ngai vat thi quing dudng xe di duoc la:
12

12 12
S, = [w(dt = |2t =¢* .
0

0

=144 (m)

Giai doan 2: Xe gip chuéng ngai vat dén khi dimg han. O t6 chuyén dong cham dan déu voi toc do
v, (1)= ja(t)dt = I(—lZ)dt =—12t+C. Tbéc @ «cia xe khi gip chuéng ngai vat la:
v,(0)=v,(12)=2.12=24 (m/s)=-12.0+C=24=C=24=v, (1) =—12t+24.
Thoi gian khi xe gip chudng ngai vat dén khi ding han 1a nghiém ctia phuong trinh: —12¢+24=0< =2
. Khi d6 quang duong xe di dugc la:
2 2
2
S, = [v,(0)dt = [ (—12t+24)dt = (~6¢" +24¢) =24 o).
0 0

Vay tong quang duong xe di duoc la: S = S, +S, =144m+24m = 168(m)
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Cau 42. Mot phﬁn ctia bé mat phia trén cua cac gon song cua nudc bién c6 hinh dang dd thi ham s bac ba
khi gin hé truc toa dd Oxy . Biét rang d6 thi ham sb bac ba ¢ cac diém cuec trj 1an luot 1a M (—2;1) va

N(O; 1, 2) , don vi trén hé truc toa do la mét.

A B

Haivitri 4 va B c¢6 hoanh d6 1an luot 1a —3 va 1 ndm trén dudng cong cua cac gon song d6. Tinh d6 dai
duong cong AB (Két qua lam tron dén hang phan tram). Biét rang d0 dai duong cong c6 phuong trinh
y=f(x) tr diém C(c;f(c)) t6i diém D(d;f(d)) véi c<d dugc tinh boi cong thic

d

T=[\1+(/"(x)) dr.

Dap dan: 4,07.

w Loi gidi

Goi ham s bac ba 1a y=f(x)=ax3+bx2+cx+d co f'(x)=3ax2+2bx+c
f(-2)=0 w {f(—z):l
7'(0)=0 £(0)=12
Thay vao tim dugc a =-0,05; b=-0,15;¢=0;d =1,2 suyra f'(x)=-0,15x"-0,3x

Do M(—2;1) va N(O;l,2) 13 hai diém cyc tri nén {

1
Vay d¢ dai duong cong 4B la: [, = j \/1 +(-0,15x? —0,3)2dx ~ 4,07 mét.
-3

Céu 43. Téc d6 tang truong chiu cao sau khi trong (don vi: centimet/nam) ctia mot loai cy ldy gd ¢ nim
thtr ¢ duge cho bdi ham sb 7' (¢) =log, , (20 +1)+30. Tir nim thir 20 dén ndm thir 30 sau khi trong, cdy cao

thém duoc bao nhidu mét? (Lam tron két qud dén hang phan tram).
Dap an: 6,41.
= Loi gidi
Ttr ndm tht 20 dén nam thir 30 sau khi trong, cdy cao thém dugc

30
[[Tog, , (20¢+1)+30]dx ~ 640,6 cm ~ 6,41m
20

Cau 44. Mot 6 t6 dang chay véi téc do 12m/s thi ngudi 1ai xe dap phanh. Tur thoi diém do, 6 t6 chuyén
dong cham dan déu véi toe do v(¢)=—2¢+12(m/s), trong d6 ¢ 1a khoang thoi gian dugc tinh bang gidy, ké
tur lac l;)ét dau dap phanh. Quéang duong 6 t6 di chuyén dugc trong 10 gidy cudi cting bang bao nhiéu? (lam
tron ket qua den hang don vi).

Dap so: 84.

= Loi gidi

Khi 6 t6 dimg hén thi v() =0 < -2t +12=0 < 1=6 (s).

Do d6, trong 10 gidy cudi cing thi c¢6 4 gidy 6 t6 chuyén dong véi toc do 12m/s va 6 gidy cudi ciing 6 to
chuyén dong cham dan déu voi toe do v(¢)=—2¢+12(m/s).

Vay quing duong 6 tot di chuyén dugce trong 10 gidy cudi ciing bang:

6
S =412+ [(-26+12)dt = 48+ 36 =84(m).
0
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Céu 45. Nu6c chdy ra tir mdt chiée bé véi toc do v(¢) =(500—5¢) lit/phit, (v6i ¢ 1a thoi gian tinh bang

phit). Tinh téng lwong nudc chay ra trong 20 phut dau tién.
Dap an: 9000.

= Loi gidi
, . 20 20

Téng lugng nude chay ra trong 20 phit dau tién 1a | v(¢)dr = (500—5¢)dt =9000 (lit).
0 0

Cau 46. Chi phi (tinh bang nghin dong) trén mdi don vi san pham ciia mot quy trinh san xuat banh keo dugc
mo hinh hoéa béi cong thic c(f) =0,005¢* +0,02¢+12,5; trong d6 0<¢ <12 1a thoi gian, tinh theo thang.
Chi phi trung binh trén mdi don vi san phdm d6 trong khoang thoi gian mot ndm bang bao nhiéu nghin
ddng? ( két qua lam tron dén hang phan muoi)

Dap an: 12,9.

= Loi gidi
Chi phi trung binh trén mdi don vi san phdm trong khoang thoi gian mot nam 1a
643

1 12
—[(0,005¢* +0,02¢ +12,5)dt = —~12,9.
129 50
Céu 47. Nhiét d6 trung binh ctia Trai Pt c6 xu hudng ting do ndng d6 CO, trong khi quyén. Gia st lugng

CO: trong khi quyén (tinh bang ppm - parts per million) dugc mé ta boi phuong trinh:
C(t)=200+20¢—2¢*, trong d6 ¢ dugc tinh theo ndm, £ =0 g v6i ndm 2025 . Mbi quan hé giira nhiét do

trung binh cua Trai Dat Tinh T (t) (tinh bang °C) va ndng d6 CO, dugc md ta boi phuong trinh:
= j kC(x)dx véihang s6 k =0.005 (mirc d6 anh hudng cua CO, 1én nhiét do). Néu khong c6 bién

phap giam phat thai CO,, nhiét d¢ trung binh cua Trai Dat c6 thé ting thém bao nhiéu °C tir nam 2025 dén
nam 2040 ?

Bap an: 1 5.
= Loi gidi
Su thay doi1 cua nhi¢t d0 trung binh cua Trai Dat t nam 2025 dén nam 2040

T=0.005 [ (200+20¢ - 2¢*)dt =15
0

Néu khong c6 bién phap giam phat thai CO,, nhiét do trung binh ciia Trai Dat ¢6 thé ting thém khoang
15°C tir nam 2025 dén nim 2040
Céu 48. Mot vat chuyén dong trong 3 gio v6i toc do v (km/h) phu thudc vao thoi glan t (h), c6 db thi tbc

d6 nhu hinh bén dudi. Trong khoang thoi gian 1 gio ké tir khi bit ddu chuyén dong, dd thi d6 1a mot phan
ctia d thi parabol c6 dinh 7(2;22), khoang thoi gian con lai ctia dd thi 1a mot doan thang song song véi truc

hoanh. Tinh quing duong S (km) ma vét di chuyén dugc trong 3 gid d6?
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9]

Dap dan: 53.

= Loi gidi
Goi phuong trinh chuyén dong cta vat trong 1 gio dau la: w(t)=at> +bt+c.
v(0)=10
c=10 a=-3
Tur dd thi, ta cd: {1(2) =22 < {4a+2b+c=22 < {b=12
b da+b=0 c=10
ey 2

Suy ra: v(t) =3¢ +12¢+10.
1

Quiéng duong di dugce trong gio dau la: S, = J.(— 3t +12¢t +10)dt =15 (km).
0

Tai thoi diém 7 =1, téc d6 cua vat 1a: v(1) =19 (km/h).

Quiéng duong vat di duoc trong 2 gio tiép theo 1a: S, =19.2=38 (km).
Quang duong vat di dugc trong 3 gio la: §=.S, +.5, =53 (km).

Cau 49. Mot lyc 30 N can thiét dé kéo gian mat 10 xo thém 4 cm so véi chiéu dai ty nhién 18 cm. Hay tim
cong can thiét 1a bao nhiéu Jun (J) dé kéo gian 16 xo tir chiéu dai 20 cm dén 24 cm.

0 x

(a) Lo xo chura bi kéo gidn (trang thai tir nhién)

X

| |
}1'H-Mﬁn‘ﬁagH:»‘*‘%M&H-H-.ﬁh-;

(b) L6 xo dwoc kéo gidn thém x don vi so voi chiéu dai tw nhién.
Dap dn: 1,2
‘ = Loi gidi

Gia str dat 1o xo trung voi truc Ox va dau tu do ¢ goc toa do (nhu Hinh b). Theo dinh luat Hooke, lyc F(x)
can dé kéo gian 10 xo thém x mét so v&i chidu dai ty nhién 1a F(x) = kx.

Vi can luc 30 N dé kéo gian 10 xo 4 cm, tirc 0,04m, nén 30=%-0,04 = k=750(N/m)

Do d6 F(x)=750x.

Cong dé kéo gian tir 20 cm dén 24 cm (tirc x tang tir 0,02m dén 0,06m ) 1a
0,06

=375((0,06)* -(0,02)* ) =1,2J

0,02

0,06 0,06 1,
W= j F(x)dx = j 750xdx = 750| — x
0,02 0,02 2

Vay cong can thiét 1a 1,2 .

Céu 50. Trén Dao Rin (Insel des Todes) ngoai khoi bo biéq Brasil ¢¢ loai ran doc 1a Lancehead. Trong mot
chuyén tham hiém cach day 20 ndm, nguoi ta da thong keé so lugng ran trén dao. Khi dé cé khoang 2000 con

, . s 2 : 1
ran, va toc d¢ tang truéng quan thé dugce cho boi: N (¢) = %(23 —2t)
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Trong d6: ¢ tinh bang nim, N’ (¢) tinh bang nghin con ran/nam, N(¢) 1a kich thuéc quan thé (tinh bang
nghin con ran) tai thoi diém ¢ nam.
Yéu cau: SO lugng ran tang thém trong 20 ndm qua la bao nhi€u nghin con?

2

Dap dn: 2
= Loi gidi
Téc do ting trudng N (¢) da biét.
S rén ting thém bang:
U _201 _1 220_1 B
A],\f = [ N@di=] 5 ,2t)dt = %[2& t ]\0 =5 (460-400) =2
Két qua: AN =2 (nghin con ran) nghia la tang thém 2000 con.
Céu 51. Mot khinh khi cau thay d6i toc do 1én cao v theo biéu d6 bén. N6 khai hanh & @6 cao 350 m so véi

muc nudc bién.

tvinm/s

2

0

50 IUWUU tins ®
£

Hoi sau 200 s, khinh khi cau & dd cao bao nhi€u mét so véi muc nudce bién.
Dadp dn: 400.

‘ 7 = Loi gidi
Tu do thi, ta c6 ba doan thang va cac tap xac dinh:
2, 0<¢<50,
v(t)=1-0,04t+4, 50<¢<150, (v tinhbangm/s, ¢ tinh bang s)
0,04z -8, 150<¢ <200,
D0 cao tdng thém la tich phan x4c dinh cua v trén [0;200]:

[ 2d =24 =100m
0
[ (-0,041 + 4)dr =[ 0,026 + 4z]\:)° —0m

jf;:’ (0,041 —8)dr =[ 0,02¢> ~8¢ |

Vay tong mirc ting d6 cao 1a 100+0—50=50m .
Sau 200 s, khinh khi cau ¢ d6 cao 350+ 50 =400m so voi myuc nudc bién.

200
150

=-50m

Céu 52. Cho hinh v& du6i day 1a d6 thi toc do v(¢) cia mot vat (#=0 la thoi diém vat bat dau chuyén
dong). Tinh tdc do trung binh (m/s) cta vat 10 gidy dau tién.
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v(m/s)

l .................... L L L L T "
0 9 1 7 10 t(s)
Dap dn: 2
. = Loi gidi
Theo do thi ta co: (m/s)
, 1
PT duong thang OB :v = Et ;
PT duodng thang BC:v=t-1
PT duong thang CD:v =3 | |
s s 2 23 1t-------- "B """"" E‘ """""""" i """""""" E
PT duong thang DE :v=—=¢+—— | | | | -
. 303 0 2 4 7 10 t(s)
—t, 0<t<2
2
S (t) t—1, 2<t<4
uy ra: v(t)= .
Y 3, 4<1<7
—%H—, 7<t<10

Quang duong chuyen dong cua vat trong 10 glay la:
S_j (t)dt = j dt+j dt+j dt+'[
0

S=j%tdr+}(t ldt+j3dt+_[[—gt+§jdt—20( )
0 2

Téc do trung binh cia chuyén dong la: v, = % =2(m/s)

Cau 53. Mot cai dap c6 mit cit co dang hinh thang cin cao 20 mét, day 1on rong 50 met va day nho rong 30
mét. Nudc cach dinh dap 4 mét (tham khéo hinh v€). Ap suat thuy tinh tac dung 1€n dap duogc tinh theo cong

thic F = 9800‘[:0 h(x).k(x)dx(N), trong &6 h(x) va k(x) 1an luot 13 chicu dai va do sau ciia 16p nude tai vi
tri cach ddy x(m), %, 1a d6 cao cua nuéc trong hd. Biét rang F =a-107(N), tinh a (lam tron két qua dén

hang phan mudi).

50m

20m

Dap an: 4,4.
= Loi gidi
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Také AB song song v6i day va ki hiéu cac diém nhu hinh. oM N 50m P Q
Vi nudc cach dinh dap 4 m nén do cao cia nuéc trong hd = =/
hy =20—4=16(m). Khi d6, k(x)=16—x;h(x)=AB. \ ko) /
‘ s JENLMO o\
Vi mit cdt cia dap c6 dang hinh thang can, nén khi ké thi
FP 1 MQ z
ENPF 1a hinh cht nhat va AEMN=AFPQ. Suy ra E 30m F o
MQ— NP —
MN = Q2 NP _ 50230 =10(m).

Suy ra h(x)=AB=30+2A4K .

Trong tam gidc EMN ,tacd AK //MN nén &p dung dinh ly Thalgs, ta cé
EK AK EK-MN 10x 1
—=——=4K = = =—X.

EN MN EN 20 2

Suy ra A(x)=30+x.

Khi d6 4p suat tinh thuy tic dung 1én dap nudce 1a

F =9800 I;6(16 — )30+ x)dx = 44322133.33 ~ 4,4.10" (N)
Viy a=4,4.

Céu 54. Gia sir anh Nam nhay du tir mot chiéc truc thing. Vao thoi diém 19 gidy sau khi roi khoi truc
thang, anh Nam mé chiéc du ciia minh trong 2 gidy, anh Nam cham dat sau 19 giay ké tir luc bung du. Tai
thoi diém ¢ (gidy), vi tri cia anh Nam cach mat dat mot khoang 4(¢) mét va toc do roi cua anh Nam (tinh

bang m /s ) 1a mot ham s6 dugc cho boi cong thirc:

khi 0<¢<19
v(t)=H (t)=437t—783 khil9<t<21
-6 khi 21 < < 40.

D0 cao vi tri cia anh Nam khi bat ddu nhay ra khoi tryc thing bang bao nhiéu m.
Dadp dn: 1720.
= Loi gidi

40 10 21 40
h=[|K (o)t = [|-80|dt+ [ 37t —783| dt + |6 | dt
0 0 19 21

2
~ 804" +[783t—372t j
19

Vay do cao vi tri cua anh Nam khi bt dau nhay khéi truc thang béng 1720 m.

21

+61]., =1720.

Cau 55. Tai mot nha may, goi C(x) 1a tong chi phi (tinh theo triéu dong) dé san xuat x tan

san phim 4 trong mot thang. Khi d6, dao ham C'(x), goi 1 chi phi can bién, cho biét toc do gia ting tong
chi phi theo luong gia ting san pham duoc san xuat. Gia sir chi phi can bién (tinh theo triéu dong trén tan) cta
nha may duoc udc lugng béi cong thic C (x)=5-0,06x+0, 00072x, 0 < x <150.

Biét rang C(0) =30 triéu dong, goi 1a chi phi cd dinh. Tinh tong chi phi khi nha may san xuat 100 tin san
pham A trong thang.

Dap dn: 470.

= Loi gidi
Ta co:
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100 100
C(100)-C(0) = j C (x)dx = j (5-0,06:x +0,00072x" )dx
0 0
100 100 100

=5j a'x—o,06j xdx+0,00072jx2dx
0 0 0

100

5100 3100
=5x]," =0,03x% "~ +0,00024x’| ~ = 440.

Suy ra C(100) = C(0)+440 =30+ 440 = 470 (triéu dong).

Vay khi nha may san xuit 100 tdn san pham A trong thang thi tong chi phi 1 470 triéu dong.
Céu 56. Toc d6 (dam/gid) ciia mot may bay khi bay nguoc chiéu gié duge cho boi cong thirc
v(t)=30(16—1") v6i 0<r<3.Khi tdc do tirc thoi dat 400 dim/gic thi may bay da di dugc quing duong

bao xa ké tir thoi diém bay nguoc chidu gié (két qua lam tron dén hang don vi cua dim)?

(=
=
(=

Dap dan:740.
= Loi gidi
Taco s(t) = j30(16—t2)dt =480 — 107 .
0
(gi0).

]
3

Khi tc d tire thoi dat 400 dam/gio tic 1a 30(16 -1 ) =400 < ¢ =

Khi d6 may bay da bay dugc quang duong la

24 (@3

s =480-———10| — | ~ 740 (dam)
3 3

Cau 57. Tai mot nha may san xuat mot loai phan bén, goi P(x) la lgi nhuan (tinh theo tri¢u déng) thu duoc
tir viéc ban x tin san phém trong mot tuan. Khi d6, dao ham P’ (x), goi la lg1 nhuan can bién, cho biét tbc
do tang lo1 nhuan theo luong san phém ban dugc. Gia st lgi nhuan can bién (tinh theo tri¢u déng trén tén)
ctia nha may duoc udc lugng boi cong thirc P'(x) =16-0,02x,0 < x <100.
_Tinh lo1 nhuén nha may thu dugc khi ban 90 tén san pham trong tuan. Biét rang nha may 15 25 triéu dong

néu khong ban dugc lugng san pham nao trong tuan.

Dap dan: 1359.

N ‘ ) w= Loi gidi i .

Do nha may 16 25 tri¢u dong néu khong ban dugc lugng san pham nao trong tuan, nén ta c6 P(0)=-25.

Loi nhuan khi nha may ban 90 tan san pham la:

P(90) =[P(90) — P(0)]+ P(0) = TP’ (x)dx + P(0) = T(l 6—0,02x)dx — 25

90
90> 0°

90 90 2
= [16[ dx—0,02jxdxj—25 =16(x)[" —0,02(%] = 16(90—0)—0,02[7—?} =1359
0 0

(triéu dong)

0

Céu 58. Mit cit ngang ctia mot dng dan khi nong 13 hinh vanh khuyén nhu Hinh. Khi bén trong éng duoc
duy tri & 150 C. Biét rang nhiét d6 T (GC ) tai diém A trén thanh dng 1a ham sé cua khoang cach x(cm) tir

. . , 30
A déntdm cuamadtcatva 7 (x) =—— (6 <x <8).
X
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Tim nhiét d6 mit ngoai ctia éng. (viét két qua dudi dang sé thap phan va lam tron dén hang don vi).
Dap dan:740.

= Loi gidi
Do nhiét d6 cua khi bén trong dng luén dugc duy tri & 150°C, nén T'(6) =150.

8
Nhiét d6 mit ngoai ctia éng 1a T'(8) =[T'(8) - T'(6)]+T(6) = IT'(x)dx +7(6).
6

8 8 8
Ta c6 jT'(x)dx:j—ﬁdx=—3ojldx=—3o-(1n|x|)|§ =-30In8+301n6.
6 6 X 6x

Vay nhiét do bén ngoai mat 6ng 1a 7(8) =—30In8+30In6+150~141'C
Céu 59. Qua diéu tra cac nha phan tich kinh té di nhan dinh rang téc d6 ting truong kinh t§(GDP) cua mot
qudc gia sau ¢ nam tinh tir dau nam 2004 1a 30 +%\/ 5+¢ ti USD/nam. Biét rang GDP ciia quéc gia d6 vao

dau ndm 2004 1a 100 ti USD. Hay dy doan GDP cua qudc gia d6 vao dau ndm 2015 bang bao nhiéu ti USD
(l1am tron két qua dén s6 thap phan hang don vi)
Dadp dn: 438.
= Loi gidi
1 . C
Nguyén ham cia g(¢) =30+ 5 J5+¢ 1ahamso S(7) mo ta GDP ctia quoc gia sau ¢ nim (duoc tinh tir nim

2004).
GDP ting thém tinh tir nim 2004(¢ =0) dén dau nam 2015 (¢=11) la

3 11

11

1 5
[ g = | (30%\/5”]&: 30r+@ ~347,6 (i USD).
0 0

0
Nhu vay, tong gia tri GDP tinh dén dau nam 2015 bang 347,6+100=437,6 (ti USD).
Céau 60. Don dat hang cua nha may cho mot loai may diéu hoa khong khi 1a khoang 6000 chiéc mdi tuan khi
gia 1a 331 USD/chiéc va khoang 8000 chiéc moi tuan khi gia la 303 USD/chiéc. Ham cung dugc cho boi
p=0,0275x, trong d6 x la s6 lugng may diéu hoa dugc ban voi gia p USD mot chiéc. Tong thang du tiéu
dung va thang du san xuit bang bao nhiéu nghin USD (gia sir ham cau 1a ham bac nhét)

|
. _B

Dap an: 2075.
= Loi gidi
Ham cau co dang p=ax+b. Do don dat hang ctia nha may cho mot loai may diéu hoa khong khi 1a 6000
chiéc mdi tudn khi gia 1a 331 USD/chiéc va 8000 chiéc mdi tuan khi gia 1a 303 USD/chiéc nén ta co:
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331=6000a +b a=-0,014
{303=8000a+b®{b=415.

Véy ham cau 1a p=-0,014x+415.

Xét phuong trinh —0,014x+415=0,0275x < x =10000, khi d6 p =275.

1000

Thang du tiéu dimg 1a [ (<0,014x + 415 —275)dx = 700000 (USD).
0

10000
Thing du san xut 1a J. (275-0,0275x)dx =1375000 (USD).
0

Téng thing du tiéu dung va thing du san xuit bang 2075000 USD
Cau 61. Chi phi nhién liéu dy kién C (tinh béng triéu d6 la mdi nam) khi st dung mdt loai xe tdi cia mot
cong ty van tai tir nim 2020 dén nam 2030 1a C =5,6+2,2t,0<¢<10, trong 46 ¢ =0 tuong trng véi nam
2020. Néu cong ty st dung mot loai xe tai khac c6 dong co hi¢u qua hon thi chi phi nhién li¢u du kién s&
giam va tuan theo md hinh C, =4,7+2,04¢,0 <¢<10. Cong ty c6 thé tiét kiém duoc bao nhiéu tri¢u do6 khi
su dung loai xe tai voi dong co hiéu qua hon?

= Loi gidi
Tong chi phi nhién li¢u khi cong ty van tai st dung xe tai loai thir nhat trong 10 nam la

10 10 10
S, =jc1 dt:j(5,6+2,2t)dt=(5,6t+1,1t2)0 =166 (triéu d6 la)
0 0

Téng chi phi nhién liéu khi cong ty vén tai sir dung xe tai loai thtr hai trong 10 nam la

10 10
0
S, = [C,dt=[(4,7+2,040)dt = (4,7t+1,02z2)10 =149 (triéu d6 la)
0 0

Vay khi str dung loai xe tai véi dong co hi¢u qua hon, cong ty tiét kiém dugc

166—149 =17 (triéu do la)
Cau 62. Mot tran dich 1ay lan dén murc sau khi bung phét ¢ tuan s nguoi nhidm bénh 1a

N, () =0,1¢ +0,5¢ +150,0 < ¢ < 50. Hai muoi lam tuan sau khi dich bénh bung phat, mot loai véc xin da
dugc phat trién va tiém cho cong chang. Khi do, sé ngudi nhiém bénh dugc diéu chinh theo mé hinh
N,(t) =—0,2¢* + 6t +200,25 < ¢t <50.

Hay udc tinh gan dung s6 ngudi ma véc xin da ngin ngira khoi dich bénh trong thoi gian xay ra dich bénh.

Dap dan: 4531.

’ = Loi gidi

Thoi gian ¢+ ma dich bénh két thuc thoa man phuong trinh

~0,2> +6t+200=0<1=50 (vit>0).

Nhu vay khi ¢6 véc xin tiém cho cong chung tir tuan thir hai muoi 1dm t&i tuan thir nam muoi thi két thuc
dich (theo mo hinh chi ra).

S6 ngudi ma vac xin di ngan ngira khoi dich bénh trong thoi gian xay ra dich bénh 1a
50

T[Nl(’)—Nz(t)]dt = (03¢ 5,550 )ar

25

2
=(O,lt3—5,5~t——50tj
2

50

~4531.

25

0983.900.570 Vo Cong Truong 74 2025-2026



) . ,
@' VUI CUNG TOAN Nguyén ham — Tich phdn

Céu 63. Ham ciu va ham cung ciia mdt san pham dwoc md hinh hoa bai: Ham ciu: p =—0,2x+8 va ham
cung: p=0,lx+2, trong 6 x 1a s6 don vi san pham, p 1a gia ctia mdi don vi san pham (tinh bang triéu
ddng). Tinh tong thing du tiéu dung va thing du san xuit d6i véi san pham nay bing bao nhiéu triéu dong?
Dap dn: 60.
= Loi gidi
Xét phuong trinh —0,2x+8=0,1x+2 < x=20,khidéo p=-0,2-20+8=4.
20
0

20
Thing du tiéu dung la j (—0,2x +8—4)dx = (0, 1x” + 4x)‘ =40 (triéu dong)
0

20 2 20
Thing du san xuit 1a j [4-(0,1x+2)]dx = (2x -0,1 %J =20 (triéu dong)

0

0

Téng thing du tiéu dung va thing du san xut di v6i san pham nay bang 60 (triéu dong)
Céu 64. Doanh thu tir mot quy trinh san xuét (tinh bang triéu d6 la mdi nam) dugc du kién s& tuén theo mé
hinh R=100+0,08¢ trong 10 nam. Trong cung khoang thoi gian do, chi phi (tinh bang tri¢u dé la moi nam)
duogc duy kién s& tuan theo mé hinh C = 60+0,2¢”, trong d6 ¢ 1a thoi gian (tinh bang ndm). Udc tinh loi
nhuén (triéu d6 la) trong khoang thoi gian 10 ndm. (1am tron két qua dén hang don vi)

Dap dan: 337.

= Loi gidi
Ham loi nhuan 1a P=R—C=40+0,08:—0,2.

U'Ge tinh 1¢i nhuan trong khoang thoi gian 10 nam 1a
10

10 10 3
dez = j(40 +0,08¢—0,2¢* Jdt = (401 +0,04¢> - 0,2 %j ~ 337 (triéu d6 la)
0

0

0

Céu 65. Nguoi thg hd ndng mot x6 nude bi ri 1én cao 20 m véi tée do ¢b dinh. Cho trong luong cua x6 1a
3N, trong lugng ban dau ctia nue 1a 2N . Biét ring x6 nudc bi ri nén luong nudce trong x6 s& chay ra voi
tdc d6 khong ddi trong thoi gian nang x6 nudc 1én. Nguoi ta udce tinh rang luong nudc trong x0 sé& thay doi
theo d0 thi 1a hinh bén. Hoi ngudi tho hd da dung mot cong 1a bao nhiéu dé nang x6 nudc 1én cao 20m, véi
gia st rang bo qua trong lugng soi day?

Y
trong{lwong nwéoc
2
20 x

o

Do cao cia nede

Dap dn: 20.
w= Loi gidi
Vi trong lugng ciia x6 12 3N khong thay d6i nén cong dua x6 1én cao 20m la W.,=P,-h=320=60(J).
Trong lugng cua nudce thay ddi tuy thudc vao dg cao ctia x6 so vo1 mat dat. Goi x 1a d6 cao ctia x6 so véi
mat dat, khi d6 f(x)=ax+b 1a trong luong ctia nude twong ing voi do cao x .
D6 thi ham sé f(x)=ax+b di qua 2 diém 4(0;2) va B(20;0) nén

a0+b=2 b=2

1
= = f(x)=——x+2.
a20+b5=0 a= L S &) 10

10
Cong sinh ra khi dua nudc tir mat dat 1én cao 20m 1a

_[f(x)dx: I(—%x+2]d :(_ZLOXZ +2xj

=20(J).

Vay cong toan bo dé dua ca x6 va nude 1én cao 20m 1a: 60+20 =80(J).
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Cau 66. Con dudong c6 phuong trinh f(x) =x-¢' ™. Con song nam doc truc Ox . Mién dat trong cdy an qua
duogc gioi han boi d6 thi cia f(x), truc Ox va dudng thing ding qua diém P c6 hoanh d6 x =2 (xem
hinh).

y

Nguyén ham — Tich phdn

/o® 9[

Fluss X

Quy udc 1 don vi=100m .
MG&i ciy can 20m”. Hoi trong duoc bao nhiéu cay?
Biét F(x)=(—1-x)e'™ 1a mot nguyén ham ciia f(x).
Dap dn: 805.

o = Loi gidi
Dién tich mién can tinh

A= J~02 f(x)dx = J.Oz xe' dx = [(—l —x)e'_x] (2)

Doira m*: A~1,61-(100)> =16100m" .

. 3 161
So cay trong dugc: B = 62—(?0 =805ca

:—§+ezl,6l
e

Céu 67. Mot chiéc cong co6 hinh dang 1a mot parabol c6 khoang cach gitra hai chan cong 1a 8 m. Nguoi ta
treo mot tdm phong hinh chit nhat c¢6 hai dinh M, N ndm trén Parabol va hai dinh P, O nam trén mat dat
nhu hinh vé& bén. O phan ph1a ngoal phong ngu(n ta mua hoa dé trang tri voi chi phi 200.000 dong /m’, biét
MN =4 m, MQ =6 m. Hoi s6 tién (ngan dong) dé mua hoa trang tri gan v4i s6 ndo sau day?
y
# ™%

\
N\
\

Dap an: 3733.

= Loi gidi
Gaén hé truc toa do Oxy nhu hinh v&.
Phuong trinh parabol c6 dang (P):y = ax’ +bx+c.

1
A(-40)e(P) |16a-4b+c=0 |?T 73
Taco: {B(4,0)e(P) <116a+4b+c=0<1b=0
N(2,6)€(P) da+2b+c=6 c=8
1,
:>(P):y——5x +8
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4
Di¢n tich dé trang tri hoa la: § = | (—%xz + 8] dx— Sy pp = % —4.6= 53—6 .
-4

Vay sb tién dé mua hoa trang tri: ? -200000 ~ 3733300 dong.

Cau 68. Bac Nam lam mdt cai ctra nha hinh parabol c6 chiéu cao tir mat dat dén dinh 13 2,25 mét, chiéu
rong tiép giap voi mat dat 1a 3 mét. Gia thué moi mét vuong la 1500000 dong. Vay so tién bac Nam phai tra
gan bang bao nhiéu ngan dong?

g
}I 9

Dap dan: 6750.
= Loi gidi
Goi phuong trinh parabol (P) .y =ax® +bx+c. Do tinh ddi xtng cia parabol nén ta c6 thé chon hé truc
toa dd Oxy sao cho (P) c6 dinh 7/ €Oy.

9
Z:c,(ze(P)) czz
Ta c6 h¢ phuong trinh: %a—%b+c=0(Ae(P))<:> a=-1.
9 3 b=0
Za+5b+c:O(Be(P))
R 2,9
Vay (P):yz—x +Z.
Dua vao db thi, dién tich cira parabol la:
3 3 9
2 2 3 4
S:I(—x2+2jdx:2j(—x2+2jdx:2 i+2x :2 m’.
s 4 0 4 34 ), 2

2
S6 tién phai tra la: %.1500000 = 6750000 dong.

Ciu 69. Cho mot manh vuon hinh chit nhat 4BCD ¢6 chiéu rong 1 2 m, chiéu dai gap ba chiéu rong.
Ngudi ta chia manh vuon bang cach dung hai duong parabol, mdi duong parabol ¢6 dinh 14 trung diém mdi
canh dai va di qua hai mat ciia canh dai d6i dién. Tinh ti s dién tich phan manh vuon nim & mién trong hai
parabol véi dién tich phan con lai (1am tron dén hang phan trim).

Dap an: 0,98.
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= Loi gidi

Chon hé truc toa @ nhu hinh vé.

2 2 . N )
Ta 1ap duoc phuong trinh cac parabol 1a y = §x2 va y= —§x2 +2. Khi 6 manh vuon naim ¢ mién trong

: . . . 2 2
hai parabol 1a hinh phang gidi han boi 2 duong y = §x2 va y= —§x2 +2.
B
2
Khi d6 dién tich ctia manh vuon ndm trong hai parabol la: § =2 j (—g)f + 2)dx: 42 m?.
0

Dién tich hinh chit nhat 1a: 12 m”.
Khi d6 ti s6 dién tich phan manh vudn nam & mién trong hai parabol vé6i dién tich phan con lai 1a:
42 2432

12-42 7

Cau 70. Mot vién gach hoa hinh vudng canh 40 cm dugc thiét ké nhu hinh bén dudi. Dién tich hoa van
trang tri bang bao nhiéu? (lam tron dén hang don vi)

~0,98.

v o
=20

y =./20x

x2

20

y=

Dap dn: 533.
= Loi gidi
Dién tich mét canh hoa 1a dién tich hinh phéng duogc tinh theo cong thurc sau:

20
1
S =1|20x ——x* |dx
1 ! ( 20 )
NEN, NEERE |
3 60
Dién tich hoa vin trang tri bang bon 1an dién tich mot canh hoa duoc tinh theo cong thirc sau:
20 20
§=45 = 4](«/20x —%Oxzjdx = 4@.\/20.«/;3—$x3} _ 1600
0

=——~533( cm’
3 ~533(em’)
Cau 71. Mot cong chio co dang hinh Parabol chiéu cao 18 m, chiéu rong chan dé 12 m. Nguoi ta cang hai
so1 day trang tri AB,CD nam ngang dong thoi chia hinh gid1 han boi Parabol va mat dat thanh ba phan c6

-2 ().

0

0

dién tich bang nhau. Ti s6 % bang bao nhiéu?
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18m

I2m
Dap an: 0,79.
w Loi gidi

Chon hé truc toa 6 Oxy nhu hinh v&.
Phuong trinh parabol ¢6 dang y = a.x’(P). - e -
(P) di qua diém c6 toa do (—6;—18) suy ra
12 —18—a(—6)2<:>a——l=>(13)' _—lx2 Bi -

) i 5 Y 5 : B
Tur hinh v€ ta co: £=ﬁ. 4 -

X, ' !

Dién tich hinh phing gi6i ban boi Parabol va duong thang

X2

. : e . . 1
Dién tich hinh phang gidi han bdi Parabol va duong thang CD: y = -3 x,” 1a

X 3
S, :21{—1962 —(—lxzzﬂdx:2[—l-x—+lx§x]
oL 2 2 2 3 2 . 3

PRI 1 . AB 1
Tur gia thiét suy ra S2:2S1<:>x§:2x13<:>ﬁ:_ AV _N

Ny —=—=—7==%0,79.
x, 2 > cD x, 2
Cau 72. M6t hoa van hinh tron tim O, ngoai tiép tam giac déu 4BC c¢6 canh AB = 43 cm. Duong cong
qua ba diém A, B,C 1a mot phan cua parabol. Dién tich phan gach chéo bang bao nhiéu?
y

Dap an: 37,5.
= Loi gidi
Do tam giac ABC 14 tam giac déu c6 canh 443 cm nén

CD:4\/§-§:6( cm):>OC=§CD:4( cm) vi OD =2( cm).
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Gan tryc toa dd Oxy nhu hinh v&, ta c6 A(—2\/§; —2) , B<2\/§; —2), C(0;4).

Phuong trinh duong parabol di qua 3 diém 4, B,C c6 dinh C c6 dang y = ax” +4(P).
Thay toa d6 diém B(2J§;—2) vao (P) suyra a= —% =(P):y= —%xz +4

Phuong trinh dudng tron tAm O ban kinh O4 =4 1a x* +y* =16.

— Phuong trinh mot phan cung nhé AB c¢6 dang y = —m

243
Vay dién tich phan gach chéo bang J. K_%XZ + 4] —(—\/16 —x2 )}dx ~ 37,54( cm2) .
,2,\/?

Cau 73. Mot khu dét ¢6 hinh dang 1a mot hinh tron véi dudng kinh d =20 m . Ngudi ta mudn trong rau trén
dai dat rong 10 m lay tdm cia duong tron khu dat lam tam doi xung. Dién tich phan dat trong con lai bao
nhiéu m’* ?

Dap dn: 123.
= Loi gidi
Ta x4c dinh hé toa d6 dit vao tam khu dat nhu hinh v&. Khi d6 phuong trinh dudng tron khu dat c6 tam O
va ban kinh 10m 1a: x* +y* =100.
Taco phén ntra cung tron phia trén Ox c6é phuong trinh: y =~100—x" .
Khi d6 dién tich trong rau bang hai 1an dién tich hinh phang gi¢i han béi truc hoanh, do thi y = f(x) va

5
hai duomg thing x=—5;x=5. Do do: S =2[100—-xdx.
-5

Vay dién tich phin dat con lai 1a 710* — S = g ~50/3~122,8 (m*).
Cau 74. Mot bién quang céo c6 dang hinh elip véi bon dinh 4,, 4,, B,, B, nhu hinh v& bén. Biét chi phi son
phan t6 ¢am 13 200.000 dong /m* va phan con lai 1a 100.000 dong /m” . Hoi sb tién dé son theo cach trén
gan nhat vai sb tién nao dudi day, biét A A, =8 m,B B, =6m vatua gihc MNPQ la hinh chit nhat c6
MQ =3 m? (don vi ngan dong)

Dap an: 7322.

0983.900.570 Vo Cong Truong 80 2025-2026



) ‘ ,
A?' VUI CUNG TOAN Nguyén ham — Tich phan

= Loi gidi
Gia st phuong trinh elip (E): x_2 +—=1,
a

Theo gia thiét ta co
AA4,=8 2a=28 a=4
13. & &
BB,=6 |2b=6 " |a=3
:>(E):ic—6+%=1:>y=i%\/16—x2 .

Dién tich cua elip (E ) la S(

)= ab= 127z(m2).

v6i d: y:%:M(—Z\E;%J va N(2\/§;%j.

E
M=dn(E)

Taco: MO=3=
N=dn(E)

4
Khi d6, dién tich phin khong to mau la S =4 j (%\/16—)8 jdx =47-6\3( m’).
23

Dién tich phan t6 mau 1a §’' = S(E) —-S =87+ 6\/3 .

S tién dé son theo yéu cau Céu toan 1a

T= 100000><(4;;—6J§ )+ 200000x(87z+ 63 ) ~ 7322000 dong.

Céu 75. Mot manh vuon hinh elip ¢6 truc 16n bang 100 m, truc nho bang 80 m dugc chia thanh 2 phan boi
mot doan thang ndi hai dinh lién ti€p cia elip. Phan nho hon trong cdy con va phan 16n hon trong rau. Biét
loi nhuén thu dugc 1a 2000 m&i m? tréng cay con va 4000 moi m’ tréng rau. Hoi thu nhap tir ca manh vuon

1a bao nhiéu? (don vi triéu dong)

.“
40

50

Ciy con

Dap dan: 24.
= Loi gidi
2 2

Dién tich hinh phang gi¢i han boi elip (E): 5+ % =11a S=rab.
a

Dién tich manh vuon elip ¢6 a =50, =40 1a §, =2000~

Dién tich trong cay con 1a: S, =S, —S.,, = (71—2)500( mz).
Dién tich trong rau la: S =8-S = (37r + 2) 500( m’ ) .

Thu nhap tir manh vuon 1a: S, -2000+ S, - 4000 ~ 23991000 (ddng).

Cau 76. Mot khu vuon dang hinh tron c6 hai duong kinh 4AB,CD vudng goc voi nhau, 4B =12 m. Nguoi

ta lam mot hd ca c6 dang elip v6i bon dinh M, N, M', N’ nhu hinh v&. Biét MN =10 m ,
M'N'=8 m, PO =8 m. Dién tich phan trong ¢ (phan gach soc) bang bao nhiéu mét vuéng?
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e 4

Dap dn: 30.
= Loi gidi
Ta chon hé truc toa do nhu hinh vé

Khi d6 phuong trinh dudng tron la: x* + 1> =36 = y =436 —x°

2 2 2
Phuong trinh elip la: R A PN y =14, /1 e
25 16 25

Do tinh d6i xtmg nén dién tich phan trong co sé la:
2
S = 4_[:{«/36—)3 4 1—%de: 30,03( m?)

Cau 77. Kién tric su thiét ké mot khu sinh hoat cong déng c6 dang hinh chit nhat véi chiéu rong va chiéu
dai 1an luot 13 60m va 80m. Trong d6, phan duoc t6 mau dam 13 san choi, phan con lai dé trong hoa. Mdi
phan trong hoa ¢ dudng bién cong 1a mot phan ciia parabol véi dinh thude mot truc ddi ximg cua hinh chir
nhat va khoang céch tir dinh d6 dén trung diém canh tuong tmg ciia hinh chit nhat bang 20m (xem hinh minh
hoa). Dién tich cia phan san choi 1a bao nhiéu mét vudéng?

B

Dadp dan: 3200.

= Loi gidi
bat hé truc toa d0 Oxy nhu hinh v&. y
Nhan thiy hai phan tréng hoa dang duong parabol c¢6 dién tich nhu nhau.
Vay ta xét dudng parabol & bon hoa phia dudi ¢6 dang (P):y=ax’ +bx+c ™ R /
Ta c6 dd thi (P) di quabadiém1a 0(0;0),7(30;20) va A(60;0). Thay vao
ta thu dugc hé phuong trinh

1
a=—— I
20|====—==2—_

c=0 45 s ~

4 20 m
900a+30b+c=20=<b=— Az

3 o 30 60
3600a+60b+c=0 =0
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Nhu vy, ta c6 phuong trinh parabol d6 1a y = —% X+ gx va dién tich ctia phan trong hoa phia dudi 1a
60
Shoa = J‘

60
—sz +ix}dx: J.(—sz +ﬂxjdx:800 (mz)
ol 45 3 oL 45 3

Khi d6, dién tich cua phan san choi la S = 60.80-2S, , =3200 (m2 ) .

Céu 78. M6t vién gach hoa hinh vuéng canh 4 dm. Ngudi thiét ké da sir dung bon duong parabol ¢6 chung
dinh tai tdm vién gach dé tao ra bon canh hoa (dugc t6 den nhu hinh v€ dudi). Gia st dé hoan thién son va
phi1 bong vién gach thi chi phi phan canh hoa (mau den) 14 400 nghin/m?, chi phi phan con lai (mau tring)
1a 300 nghin/ m*.Tinh chi phi (don vi nghin dong) dé son va phu bong ca vién gach (két qua lam tron dén
hang don vi).

Dap dn: 53.
= Loi giai
Chon h¢ toa d¢ nhu hinh v€ (1 don vi trén truc bang 1 dm ), cac
2
canh hoa tao bdi cac duong parabol c6 phuong trinh y= % ,

2 2 2
y=—x—, x=—y—, x=2.

2 2 2
Dién tich mét canh hoa (ndm trong goc phan tur thir nhat) béng
dién tich hinh phang giéi han bdéi hai d6 thi ham so
2
X

r== ,¥=+2x va hai duong thing x=0, x=2.

Do do dién tich mot canh hoa béng:

o — X 22 ~ X |2 4 )
.(l;[ 2.)(?—7}(1)(3:[7 X —z 0:§(dm)
.« A ’ A I3 "~ . 4 16 2 4 2
Suy ra dién tich phan canh hoa dugc té den la —.4 = —(dm ) = —(m )
3 3 75
Dién tich phan mau tring con lai la: 4.4 _16 = g(dmz) = i(mz)
3 3 75

S6 tién can dung la: 2 400+ 300=10 153 nghin dong.
75 75 3

Cau 79. Khu vuc trung tam mot quang truong (xem hinh vé bén dwoi) c6 dang hinh tron duong kinh 4B
bang 12m. Nguoi ta trang tri khu vuc niy bang hai duong parabol dbi xtg nhau qua 4B, nam trong hinh
tron, di qua cac diém A B, va c6 dinh cach mép hinh tron 1m. Phan giéi han bai 2 parabol dugce trong hoa
v6i chi phi 300 nghin dong mdi mét vudng, phan con lai dugc lat gdm st v6i chi phi 900 nghin dong mdi
mét vudng. Tong chi phi dé hoan thanh khu vuc ndy 1a bao nhiéu triéu dong?(lam tron két qua dén hang don

Vi).
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Dadp dan: 54.
‘ = Loi gidi w ‘
Ta c6 dién tich phan parabol gidi han boi parabol di qua A, I, B va duong thang 4B bang

%AB.OI = %.12.5 =40(m’). Do d6 di¢n tich phan trong hoa bing 40.2=80(n).

Suy ra dién tich phan lat gbm st bang 7.6” —80 =36z —80 (mz) .

Vay tng chi phi bang 80.0,3+0,9.(367—80) ~ 53,7876 (triéu dong)
Cau 80. Dé tham gia 18 h’(f)i hoa trang, Ban An du d;nh lam mot ghiéc mat na nira mét‘b::ing chét }iéu giéy
cing. Hinh dang cta chi€éc mat na dugc ban thiét ké trén mat phang toa do Oxy 1a phan hinh phang gidi han
boi hai duong parabol (B),(£) lan luot c6 dinh 1a goc toa dd O va diém (0;12), cung nhén truc Oy lam
truc ddi xtng va cung di qua diém M (15;18). MOi don vi trén céc truc toa d6 c¢d do dai lem . Sau d6, ban
v& hai hinh thoi bing nhau c6 do dai cac duong chéo 1a 242 cm va 4/2 cm dé khoét 1am mét (minh hoa
nhu hinh vé dudi day)

e} 15

Cong doan cudi cung 1a t6 mau xdm cho mdt mat cia mat na. Tinh dién tich can t6 mau theo don vi cm?.
Dap dan: 224.

w= Loi gidi
Goi parabol c6 dinh O c6 phuong trinh 13 y = ax’ (a > O) , ta c6 parabol di qua diém M (15; 1 8) nén ta co

18 18
15°a =18 <> a =——, phuong trinh parabol la y = —x".
225 P 8 P Y 225

Goi parabol c6 dinh 13 I c¢6 phuong trinh dang y = bx* +12, parabol di qua diém M nén ta c6 phuong

2

trinh 15°h+12=18 < b= i, phuong trinh parabol 1a y = ix .
225 225

15
Dién tich mitnala S, =2I[ix2+12—£x2}dx =240 (cm”)
. [ 225 225

Dién tich hai hinh thoi lam mét 1a S, = 2.% 2242 =16 (em?).

Dign tich cin son mat na 1a § =5, -5, =240-16 =224 (cm’).
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Céu 81. M6t khu vudn hinh elip (E) c6 d6 dai truc 16n bing 10m va truc nho bang 8m (nhu hinh v&). Khu

vuc A dé trong hoa; khu vuc B dé trdng co, 13 nira hinh tron c¢6 tAm 1a mot tiéu diém cua elip (E) ban kinh

bang Im con lai 1a khu vuc C (phan t6 ddm) ngudi ta 1at gach.

Dién tich phan l4t gach bing bao nhiéu m’® (két quda lam tron dén hang phan tram)
Dap an: 7,38.
w Loi gidi
Chon hé truc toa dd Oxy sao cho (E) c6 truc 16n ndm trén truc hoanh va truc nhd nam trén truc tung. Khi
2 2

do (E):%+ly—6=1:>y2 (25 x)

Dién tich cta phan B 1a S, ——( )
Dién tich ciia phan C 13 § = gj\/zs ~x*dv- S, ~7,38(m?).
3

Cau 82. San truong c6 mot bon hoa hinh tron tdm O. M6t nhém hoc sinh 16p 12 dugc giao thiét ké bon hoa,
nhom nay dinh chia bon hoa thanh bn phan boi hai dudng parabol c6 cing dinh O va d6i xtng nhau qua O.
Hai duong parabol nay cat duong tron tai bdn diém A4; B; C; D tao thanh mot hinh vuong c6 canh ba‘ing 4 m

(nhu hinh vé). Phan dién tich S,;S, dung dé trong hoa, phan dién tich S, ; S, dung dé trong co. Biét kinh phi

tr?)ng hoa 1a 150.000 d(k)ng/mz,’ kinh phi dé tréng c6 la 100.000 d6ng/m>. Hoi nha trudng can bao nhiéu triéu
dong d¢ trong bon hoa do6? (ket qua lam tron dén hang phan tram)

Dap an: 3,27.
= Loi gidi
Chon hé tryc toa do nhu hinh v€. Vi hinh vuéng ABCD c¢6 canh bang 4

:>AC:4\/§:>OA:ATC:2\/§

Do d6 phuong trinh duong tron tim O béan kinh 242 13 x> +37 =8.
Goi phuong trinh parabol di qua O, 4, B1a y=ax’ +bx+c

Parabol di qua O(0;0)=c¢=0

Parabol di qua 4(—2;2)=4a—-2b=2

2

Parabol di qua B(2;2):>4a+2b=2.D0 do a:%;b=0:>y:

2
Dién tich S, = I[\/S—xz —%xzjdxz7,6l65.
)

Tong dién tich S, +S, =7R*>— (S, +,)~9,8997.
Do d¢ tong s6 tién 1a 0,15.28, +0,1.(S, +S,) ~3,27 (triéu dong)

1
2

Céu 83. Cong chinh nha bac Binh c¢6 2 canh ctra kém, son tinh dién, bang nhau va co hoa tiét gidng hét
nhau. Khi khép ctra tao ra mot duong khép kin ABGCDEFA (nhu hinh anh dudi).
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Biét AF = DE =2,4(m); AB=CD=0,5(m);0G =3(m), O la trung diém cua EF , dudng cong BGC la
cung tron ¢ ban kinh bang OG (G 1 trung diém cung BC). Do da str dung lau nim nén 16p son tinh dién
d3 bi xudng cap. Bac Binh mudn son mdi lai cira, gia thanh dé son mai lai ctra 1 300 nghin dong trén mot
m” dién tich cira. Hoi bac Binh phai tra khoan tién bang bao nhiéu triéu dong (két qua dwegc lam tron dén
hang phan trdam).

Dap dan: 3,75.

= Loi gidi
Dung h¢ truc toa do nhu hinh vé o
Tacdo OH =AF =2,4va OB=0C=0G =3 4B —T—~C p
— CH = BH =\JOB> ~OH* = \|3* -2,4 =138 7]
= HA=HD=HC+CD=1,8+0,5=2,3 BC
= AD=4,6
Dién tich hinh chit nhat ADEF 1a S, = AD.AF =4,6><2,4=11,O4(m2). F 7] X

Toa d6 cac diém B(—1,8;2,4) va C(1,8; 2,4) = Phuong trinh duong
thang BC:y =2,4
Phuong trinh dudng tron tim O, ban kinh OG =3: x> +)* =9.
= Phuon trinh ctia cung tron BGC:y =~9—x" .
1,8
Dién tich hinh phang gi¢i han bdi cung BGC va day la S, = J. ( 9—x* — 2,4)dx
-1,8
Chi phi son: (S, +5,).0,3~3,75 (triéu dong).
Cau 84. Hinh v& bén dudi minh hoa mit cét ding cua mat trudc mot pgéi nha c6 dang hinh chit nhat i
S5mx5,5m véi céc kich thudc duge cho nhu trong hinh bén dudi. Phan t6 dam trong hinh vé tmg véi phan
kinh dugc 1dp dat, phan con lai 16t gach men. Phan lap kinh dugc chia lam 2 mién (H,) va (H, ), trong d6
mién (H,) c6 duong bién cong 1a mot phan cia parabol. Chi phi lap kinh 1a 1,5 triéu dong cho 1m? va chi

phi 16t gach men 14 0,28 triéu dong cho 1m?. Tdng chi phi cin hoan thanh mit trudc ngdi nha 1a bao nhiéu
triéu dong? (lam tron két qua dén hang phan muoi).

' ‘ Izm
59957 2] [ ——
|2.5'm
5m

Dap an: 36,6.

Dién tich mién (H]) béng S, = %.5.2 = ? (m?)

Dién tich mién (H,) bang S, =5.2,5=12,5 (m?)
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Chi phi lip kinh bang 1, 8.[23—0 +12, sj = % (triéu dong)

Chi phi 14t gach men bang 0, 25.(5.5, 5-12,5—- ?j = f—j (triéu dong)

Téng chi phi bang O35 49, 36,583333.
2 12 12

Céu 85. Hai ham s6 y = f(x);» = g(x) déu la nhitng ham s bac hai c6 db thi nhu hinh v& bén dudi.

Tinh dién tich phan t6 dam (Iam tron dén hai chit s6 thap phan).
Dap an: 5,21.
= Loi gidi
Viham sé y = f(x) 1a ham s6 béc hai va do thi y = f(x) cit truc Ox tai cdc diém c6 hoanh do —1 va 4

nén f(x)=a(x+1)(x—4).
Do thi y=f(x) di qua diém (0;3) nén a:?:f(x)z—%(x+l)(x—4)

Tuong ty g(x) :—%(x+1)(x—4) .

4
Do d6 dién tich phan t6 dam bang I{f(x+l)(x—4)+%(x+1)(x—4)de = % ~5,21
-1
Cau86. Cho parabol (Pl) : y=—x"+6 cit truc hoanh tai hai diém phan biét A va B; parabol (Pz) di qua hai
diém A; B va c¢ dinh ndm trén dudng thang d:y =a,(0<a <6). Goi S, 1a dién tich hinh phang gi6i han
bdi (B) vad; goi S, la dién tich hinh phang gi6i han boi (B) va truc hoanh ( tham khdo hinh v&). Biét
rang S, =S, . Tinh gié trj ctia biéu thac T =a’ —12a” +108a

—v 6

B
1 A\
Ddp dn: 216.

= Loi gidi
Hoanh d¢ giao diém cua (B) va d 1a nghiém ciia phuong trinh: a=-x"+6=x=+6-a.
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Ttr gia thiét phuong trinh ctia (P) cét truc hoanh tai 2 diém c6 hoanh d6 ++/6 nén c6 dang; y= k(—x2 + 6)

,ma (B,) di quadiém (0;a) nén a=k(-0%+6)=k =%.

Vay (P): yzg(—x2 +6)

— NG
Khidotaco S, = (] (6—x2—a)dx:ﬂ\/6—a.(6—a); S, = f 2(—xz+6)a’x:ﬁa
= 3 66 3

Do §, =S, nén ta co:
§\/6—a.(6—a)=¥a© 6—a.(6—a):\/ga

< a’—12a° +108a =216

=T=216
Cau 87. Mot cong ty da dat hang viée xay dung logo doanh nghiép cua minh ‘béng ‘gS va déng thiét ké theo
mau bén dudi. Hinh tron s€ 1am bang go c6 tam tai diem O(0;0). Phan lam bang dong (la phan t6 dam)
duogc gidi han boi d6 thi ham sé y = x° —x va dudng thang c6 phuong trinh y = x. (1 don vi = Im).

Biét rang 1 mét vudng tAm dong c6 gia 600000 dong va khong bi hao phi; chi phi nhan céng lam phan
dong 1a 30% so voi gia tien tam dong, va chi phi cho hinh tron bang go, van chuyén va lap dat tai cho 1a mot
khoan c6 dinh la 2700000 dong. Hoi cong ty phai tra bao nhiéu triéu dong cho viéc ché tao va lap dat logo
doanh nghiép cua minh?

Dap dn: 4,26.

‘ q o = Loi gidi
Dé nghi stra bd sung don vi phan dé bai: (1 don vi = 1m)
x=0

x:i\/g
X

2 2 ‘\/5 4 ﬁ
Dién tich phan dong la: S = ZJ. 2x—x")dx =2 {xz - 7} =2.
0

0

Ta co: x3—x=x<:>x3—2x=0<:>[

Sé tién phan ddng 1a: 600000.2 =1200000 ddng.

S6 tién nhan cong lam phan dong la: 1200000.30% = 360000 dong.

Tong so tién cong ty phai tra la:

1200000 + 360000 +2700000 = 4260000 dong = 4,26 triéu dong.
Cau 88. Trong hinh vé& dudi ddy, doan 4D dugc chia lam 3 bai cac diém B va C sao cho
AB = BC = CD =2 . Ba nira duong tron c6 ban kinh bang 1 1a 4EB, BFC va CGD c6 duong kinh twong
ung la AB,BC va CD. Cac diém E,F,G lan lugt 1a tiép diém cua ti€p tuyén chung EG vdi 3 ntra duong
tron. Mot duong tron tim F , ban kinh bang 2 . Dién tich mién bén trong duong tron tim F va bén ngoai 3
nua duong tron (mién td6 dam) bang bao nhiéu? (két qua lam tron dén hang phan muwor).
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A B C D

Dap dn: 9,6.
= Loi gidi

Dién tich hinh tron tim F, ban ban kinh bing 2 Ia YA

S,=n2"=4r.

Dién tich nira hinh tron ban kinh bang 1 1a S, = %.ﬂ'. P==

: 3 1
Dién tich goc phan tu IBE 1a S, = Zﬂ. p==2

Dung h¢ truc toa d0 Oxy nhu hinh vé.
Toa d6 cac diém F(O;l),](—Z;O) .

Phuong trinh dudng tron tim F , ban kinh bang 2 1a x* + ( y— 1)2 =4.
= Cung nho EK nam trén dd thi y=1-+4-x" .
Hoanh d9 giao diém K 1a nghiém ciia phuong trinh 1-+/4—x* = 0,(x < 0).

Tacd 1-v4—-x* =0 4—x’=1=x=—3 (vi x<0).
N
Dién tich tam giac cong IEK 1a S, = j (1 —4-x )dx.
-2
Dién tich mién t6 ddm trong hinh la:
NG

S=8,-8,-2(S, —SC)=47I—%—2£%— (1—\/4—x2)dez9,6.

-2

Cau 89. Ong A c¢6 manh dat hinh chir nhat chiéu dai 16m, chiéu rong 6m. Ong A mubn thiét ké manh dat d6
thanh ba phan boi duong cong hypebol (nhu hinh v€). Ong A dy dinh trong hoa & hai phan dat duoc gisi
han béi duong cong hypebol va chiéu dai manh dat, phan dat con lai 6ng lat da. Biét chi phi trong hoa 1a

150.000 dong/1m* va lat da 1a 300.000 dong/1m*. Tinh chi phi ma ong A bo ra dé hoan thanh dy dinh cta
minh, (don vi triéu dong, két qua lam tron dén hang phan chuc).

1 G Pk 5

Dap an: 23,1.
= Loi gidi
Chon hé toa d0 Oxy nhu hinh v&, don vi trén hé truc 1a mét.
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2 2

Khi d6, hypebol c6 phuong trinh chinh tic 1a x_2 —2}—2 =1, (a>0,b>0).
a

Ta thly hypebol di qua hai diém  P(1;0), D(3;8) nén wohy
12 02 32 82
?_?=1;?_b_2=1:>a2=1;b2=8' B D

2 2 g

Vay phuong trinh hypebol 1a xT - % =1= y=+8x> -8

Di¢n tich manh dét hinh chit nhat ABCD 1a S =6.16=96m’
Dién tich trong hoa (hai phan dit dugc gidi han boi dudng cong hypebol va chiéu

\ i

3
dai manh dét) la S, =4[/8x* -8 ~38m’
1

Dién tich phan 1atda 1a S, =S-S5, ~58m’
Tdng chi phi ma 6ng A bo ra dé hoan thanh du dinh ctia minh 1a
0,15.5, +0,3.5, ~ 23,1 triéu dong.

Két qua lam tron dén hang ph?m chuc la 23,1 triéu

Cau 90. Mot nghé si dang thuc hién vé& tranh tudng 3D nghé thuat dé trang tri noi
that. Mdi burc tranh gé)m mot hinh luc gidc déu c6 canh b?mg 30 cm, trén mdi canh ctia hinh luc giac déu co
mot cadnh hoa hinh parabol, dinh cta parabol cach canh luc giac déu 30 cm va nam phia ngoai hinh luc gic,
duong parabol d6 di qua hai dau mut ciia mdi canh (xem hinh dudi). Biét tong gia v& tranh 3D (bao gdm
cong va vat tu) 1a 500.000 dé)ng/mz. Hoi ngh¢ si nhan dugc bao nhiéu tién sau khi hoan thanh btrc tranh?
(Lam tron dén nghin dong gan nhat.)

Dadp dn: 297.
= Loi gidi

Dién tich luc giac 1a dién tich cia 6 tam gidc déu canh 0,3m: S, =6.

(Oa 34)1 \/g — 27\/5 (mZ)

200
Dién tich 6 canh hoa la di¢n tich 6 parabol d =0,3m; h=0,3m
S, = 6.zh.d = 6.2.0,3.0,3 = 2(mz)
3 3 25

Téng dién tich buic tranh: S=S8, +S,
9 273

Tong gia tién dé v& birc tranh 14 : | =+ =——— |.500 ~ 297 (nghin)
25 200

Cau 91. Dé trang tri mot 6 hinh chit nhat véi kich thude 80 cmx60 cm trén tuong cin phong clia minh, anh
Binh d3 t6 mau 2 hoa tiét gi¢i han boi cac parabol (P) , parabol (C ) va cac canh ciia 6 chit nhat bing mau
vang (ki hiéu soc nghiéng) va mau xanh (viing t6 dam) (nhu hinh v&). Biét ring cac parabol (P) va (C) dbi
, _ 3 . 1600 : o .
xting nhau qua duong thang 4B va dién tich phan mau vang bang = cm’ . Tinh tong s tién (don vi:

triéu dong) ma anh Binh cin phai tra dé mua son trang tri. Biét mdi lo son, son dugc tdi da 30 cm” . Cho
biét gia cua mot lo son vang la 50000 déng, gia cua mot 1o son xanh la 30000 déng (biét rﬁng mdi lo son
khong dugc ban 1€).
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40 cm 10 cm

B
—
10 cm
Dap an: 667.
= Loi gidi
Chon h¢ truyc Oxyz nhu hinh vé. u 40 em 10om
AB:y=ax+b diqua A(70;60), B(10;0) o ~
Suy ra
70a+b =60 a=1
= .
10a+b=0 b=-10
AB:y=x-10. 10+10V16 fpm=mmmmmma e e e e e e e
2
Svgmgzg-D-h trong d6 D la khoang cach
giita hai diém ciia parabol nam trén Ox va h
la khoang cach tir dinh xudng truc Ox .
1600
35 33 o
Suyra h=——= =20.
2D 2-40 —_—
10 cm

Goi [ la= dinh cua  parabol
(P) cy=ax’ +bx+c di qua C(O; 60) , 0 dinh 1(20; 40)

1
¢ =60 %0
Suy ra {400a+20b+c=40=b=-2 .
—i:20 c=60
2a

1,
=(P):y=—x"—-2x+60.
(P)y=24

I' 1a dinh cua (C)

II' di qua 1(20;40) va L 4B.

Suy ra phuong trinh /7":1(x—20)+1(y—-40)=0< x+y-60=0.
Goi H=ABNII' thitoadd H théa man hé phuwong trinh
x—y—-10=0 x=35

= = H (35;25).
x+y—-60=0 y=25
H 14 trung diém cua 11’

x, =2x, —x, =50
Suyra{ b T T = 1'(50:10)
Y =2y, -y, =10
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C' 1a diém ddi xtng cia C qua H .
Suy ra C'(70;-10).
(C):x=my* +ny+ p diqua C'(70;,-10) va co dinh I'(50;10)

1
100m-10n+p=70 |~ 3o
=<20m+n=0 =<<n=-1 .

100m +10n+ p =50 p=55

1
C)ix=—1y>—y+55

(C)rx=pgyi=y

Phuong trinh tung do giao diém ciia DE va (C) 1a

8O:%y2—y+55:>y:10+10\/8

10+10+/6 1
_ 2 - 2
So= | (80—(2—0)/ —y+55jjdy~773 (em?).

0

1600

3
0

S6 hop son vang can 1a 2—? ~ 26 (hop son), s6 hop son xanh can 13 ~18 (hop son).

S4 tién can la ‘ )
26-30000+18-50000 =1680000 (dong)=1,68 (triéu dong).

Céu 92. Sau khi doc xong truyén ngan rat cam dong “Chiéc 14 cudi ciing” ctia nha vin O.Henry, ban An
mubn thiét ké hinh anh mot chiée 14 dé giri dén chi em Johnsy va Sue. Chiéc 14 1a mot hinh phing duoc gisi
han boi hai phan parabol gidng nhau. Biét mot parabol c6 dinh 1 diém O va truc ddi xtng cta hinh phang
nay la mot duong thang tao véi phuong ngang goc 60°. Vi cac kich thudc duge cho nhu hinh v€, hay tinh
dién tich cta chiéc 1a. (1am tron két qua dén hang don vi clia cm?)

50cm

]
]
K
: 20cm !

Dap dan: 745.

= Loi gidi

0983.900.570 V& Cong Truong 92 2025-2026



] . ,
A" VUI CUNG TOAN Nguyén ham — Tich phdn

Chon h¢ truc Oxy nhu hinh vé.
Vi parabol ¢6 dinh la diém O(0;0) va di qua diem 4(20;50)

nén phuong trinh parabol 1a: y = 1

Xét tam gidc ABC : cot60° = i—g < BC = # cm

50cm

Suy ra toa do diém B(—M 20; 0].

Phuong trinh dudng thing AB : y= P3x+50-203 . B

B D L T —"

o 1 o1
Xét phuong trinh hoanh d¢ giao diém cua parabol y = gxz / 20cm

x=20

va dudng théng AB: \/§x+50—20\/_:lx2 =
8 x=-20+83

Vay dién tich cua chiec 14 1a
20

s=2. | (\/gx+50—20\/§—1x2jdx ~ 745 (cm?).
20483 8

Cau 93. Bac An 1én ké hoach 1am mdt cai bién quang cdo phfmg, c6 thiét ké 1a ph'?ln dugc to mau dam trong
hinh v€ bén. Pudng cong (P) 12 mot parabol ¢ dinh 1a diém F , ¢6 truc d6i xang 1a FH va di qua cac diém
A,B. Tk gidc ABCD la hinh chir nhat, 4B =8m, BC =3m,EH =6m, FH =2m . Bac An ki hop déng Vo1
cong ty X v6i don gia 1a 1,1 triéu ddng/ 1 m* . Hoi s tién ma bac An phai tra sau khi lam xong céi bién
quang co 13 bao nhiéu triéu déng ( 1am tron két qua dén hang phan chuc)?

D

A

Dap an: 27,9.
’ w= Loi gidi
Gan hé truc toa d§ nhu hinh v€, mot don vi trén truc 1a Im, khi do y
tir cac gia thiét ta co:
H(O;O),A(—4;O), B(4;O), C(4;3),D(—4;3),E(O;6),F(O;2)

Puong thang DE di qua D va E nén c6 phuong trinh 1a y = %x +6

Puong thang CE di qua C va E nén c6 phuong trinh 13 y = — % x+6

Parabol (P) c6 phuong trinh dang y =ax” +2 di qua B(4;0) nén

1 1
a= g Suy ra phuong trinh cia parabol 1a y = —gxz +2.
‘ . 4T3 1 o 3 1
Dién tich phan t6 ¢dm bang J. {— X+6— (g x*+ 2]}dx + I{— 7" +6— (g x*+ Zde
0

0
I[—x——x +4}dx+'|‘{—§x—lx +4}dx—76 m’
4 8 3

4
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S tién bac An phai tra 1a 7?6 x1,1~ 27,9 triéu dong.

ax* +bx+c
4x -
s6 y=f(x) c6 duong tiém can dimg x =1 va dudng tiém cén xién cdt parabol tai diém A(3;1). Ky hiéu

Cau 94. Cho ham sb bac hai trén bac nhit f (x) = va parabol (P) ¢ dd thi nhu hinh v&. Ham

cac dién tich hinh phang S,,S, lan luot 1a cic phan dién tich duoc t6 ddm va khong t6 mau nhu hinh v&. Biét
: o 32 7 s . . . .
rang gid tri S, +S, = 5 va f(4)= 7 Tinh gia tri ctia S, (Két qua lam tron dén chit s6 hang phan chuc).

Y Vv = f(=)

Ss < .1’4’( 3: ].)

1
1
i
1 -l
[e) | 4 T
1
S| ,':’

B
Dap dn: 0,94.
= Loi gidi
Goi diém B(xz;yz)
Str dung cong thirc tinh dién tich hinh phang giéi han boi duong thang va parabol, ta co:

3
M:Sl—i—Sz=%<:>(xl_x2)3=64©xl_x2=4©{

Phuong trinh parabol (P):y =ax(x—4) di qua diém A(1;3) nénsuyra a= —%
Khi d6 phuong trinh parabol (P) 1a y = —%x(x—4) khi d6 B(—l;—gj
Khi 6 phuong trinh duong thang AB ciing 1a duong tiém can xién ctia ham s6 y = f (x) c6 phuong trinh
. 2
la y : gx —1. | |
D06 thi ham s6 c6 dudng tiém can dung 1a duong thang x =1 nén suy ra d =4
_ax’+bx+c (ix_lj(4x_4)+k

. . 7
Taco f(x) PRI 9 ma f(4):Z nén k =1

2
o (3x—lj(4x—4)+l

S

= —x-1|+———
4x—d (4x—4) 3 (4x—4)
Phuong trinh hoanh d¢ giao diém giita y = f (x) va parabol la:

Vay f(x)

x =2,89868083208 =
= et 40 120 +4x- 1520 | X =1,18919299206 = b
3 (4x—4) 37 3
x =~1,08787382504(loai)

b
Vay S, =| EJVEVD [P N (N S | Y
ALE (4x-4) \ 37 '3
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CAu 95. Kién tric su thiét ké mot con duodng dé chia khu dét hinh chit nhat ABCD véi AB=40m,

AD = 60m thanh hai phan (hai 1¢ duong 1a cac duong cong HEK va PQIR ). Trong d6 phan gidi han boi
duong cong HEK va cac doan AH, AB, BK 1a san choi, phan gidi han boi dudng cong POIR va cac doan
PD,DC,CR dé tréng hoa (tham khdo hinh v¢). Néu gén mot h¢ truc toa do vudng goc cé truc hoanh, truc
tung lan luot cing phuong véi cac dudng thang AB, AD thi duong cong POIR 1a mot phan cia do thi ham

sd bacba y = f(x).Pudng cong HEK nhan dugc bang céch tinh tién dudng cong POIR theo phuong
thang dimg 1én phia trén 10m. Biét AP =30m, BR =20m, diém O cach cac canh 4B, AD lan lugt 25m
va 20m, diém I cach cac canh 4B, AD lan luogt 25m va 35m. Goi S, 1a dién tich phan san choi va S, 1a

dién tich phan trong hoa. Tinh g (1am tron két qua dén hang phan tram).
2

A B

/\’LE\_/K
H 14
————

D

Dap dn: 0,43.

= Loi gidi
Chon h¢ truc toa do Oxy sao cho truc Ox trung v4i canh e
AB, truc Oy tring voi canh 4D . Khi d6 ta c6 A(0;0), o
P(0;-30), 0(20;-25), 1(35;-25), R(40;,-20) A ’ >

Goi duong cong PQIR c¢6 phuong trinh la

K
y=/f(x)=ax’+bx’ +cx+d , tir d6 ta c6 hé phuong trinh /\‘E\_/
Hy 1

1

d=-30 7700 p-/w
8000a +400b +20c +d =25 b

42875a+1225b+35¢c+d =-25 ~ 3935

640004 +1600b +40¢ +d =20 =5 ]

d=-30 C
Ta suy ra dudng cong POIR 1a d6 thi ham s6 y = f(x) = L e 30350
7000 35 28

Va duong cong HEK 13 d thi ham s yzg(x):Lx -—x +—x-20

40
) 39
Dién tich phan san choi S, = || — = 2+—x 20 | |dx = 600m®
P ! H g(x)] I{ (700 28 ﬂ
Dién tich phan trong hoa 13
i Ml o3 0,3 30+60 |dx =1400m’
S, = x)+60|dx =|| —x ——x"+—x-30+ x = m.
’ !U() ] I{700 357 28 }
Vaytiséﬂ=@=3 ~ 0,43
S, 1400 7
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Céu 96. Hinh v& dudi ddy cho biét mot mién D (duoc té ddm) nam trong hinh vudng canh bang 4, mién D
nay gom nhitng diém c6 khoang céach tdi tam hinh vuoéng nho hon hodc bang khoang cach téi canh gan nhat

cua hinh vudng.

4

Tinh dién tich mién D, v&i két qua 1am tron dén chit s6 thap phan tht nhat.

Dap an: 3,5.

“Tur dinh nghia “tap hop céc diém cach déu 1 diém va 1 duong
thang (diém khong thudc duong thang) la mot dudng parabol”, ta
suy ra mién D dugc gidi han boi 4 dudong parabol c6 tiéu diém la

= Loi gidi

tdm hinh vudng va duong chuén la canh cua hinh vuong.

Dung hé¢ toa do nhu hinh v€, tim phuong trinh cac duong parabol
ro1 dya vao Ung dung cuia tich phan tinh dugc dién tich mién D la:

2422 1
S=4 I (——x2+1j
0 4

Ciu 97. Nha bac Ba c6 tat cd 8 canh ctra sit hinh chit nhét véi
chiéu dai 2m va chiéu rong 1m . Hai mit ctia mdi canh cira duoc
thiét ké nhu hinh vé duéi day. Trong d6, phan dugc t6 ddm duoc
son mau xanh, phan con lai dugc son mau trang. Mdi phan son
mau trang c6 duong bién cong 1a mot phan cia parabol c¢6 dinh

dr+ j (2v1-x)dx

644280

3

nam trén canh cua hinh chit nhat. Biét rang chi phi dé son mau xanh 14 120 nghin dong/m” va chi phi son

mau trang 14 110 nghin dong /m* . Hoi, dé son toan bo sd cira sit trén, bac Ba phai ton bao nhiéu tri¢u dong

(1am tron két qua dén hang phan tram theo don vi triéu dong).
0.5m

Dap an:3,63 .

= Loi gidi
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Xét dd thi parabol trén hé truc toa d6 Oxy nhu sau:
Goi parabol c6 phuong trinh 1a: y = ax® +bx+c
Parabol di qua cac diém c6 toa do (-0.5;1),(0.5;1),(0;0), nén ta c6 hé sau:

c=0 c=0
a.05*+b05=1 =<a=4.

Y

a(-0.5")+b.(-05)=1 (6=0
Vay ta c6 phuong trinh parabol y = 4x”.
Dién tich hinh phing giéi han boi y =4x>, y=0,x=0,x=0.5 la:

0.5 1
S, = J. Ax’dx = —
0 6

Dién tich cua phan t6 dam dugc son mau xanh ciia moi mdt canh ctra la

1 2
S,=4.5=4—-—=—.
6 3 :
Dién tich cua phan khong t6 dam t6 dam dugc son mau trang cia moi mat canh ¢

crala S,=12-5, :2—%:?

0.5 x

Co tat ca 8 canh cura sat hinh chir nhat, mdi canh ¢6 2 mat, vay co tat ca 16 mat nhu hinh vé.

. , 3 2 32
Vay tong dién tich phan t6 ddm dugc son mau xanh la: 165, = 16.5 = 3—(m2)

2 A A LI A oA an N 4 64, ,
Tong dién tich phan khong t6 dam dugc son mau trang la: 165, =16.— = —(m )

. 7 2 ‘ s
Tong chi phi d€ son mau xanh la: 3?.120 =1280 ( nghin dong)=1.28 ( triéu dong)

Téng chi phi dé son mau trang la: %.1 10 ~ 2346 ( nghin déng) ~ 2.35 ( triéu dong)
Téng chi phi son 1a: 1.28+2.35 =3.63 ( triéu dong).

Cau 98. M6t manh vuon hoa dang hinh tron ¢ ban kinh bang 6m . Phan dét trong hoa 1a phan to trong hinh
v& bén. Biét hai hinh chit nhat ABCD , MNPQ ¢6 AB = MQ = 6m va kinh phi trong hoa 1a 100000 dong

/m* . Tinh sé tién can dé trong hoa? ( don vi: triéu dong, két qua 1a tron dén hang phan chuc).

Dap an: 10,2.
= Loi gidi
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Chon h¢ toa do Oxy sao cho nhu hinh vé
Khi d6 phuong trinh dudng tron tim O ban kinh bang 6 1a x* + y* =36
Dién tich phan trong hoa 1a

33

S=6 -4 (»\/36—x2 —3)dx ~101,75 (m?)
3

S tién can dé trong hoa 1a S.0,1~10,2 ( triéu dong)

Céu 99. Mot cira vom c6 dang hinh parabol duogc ldp cac tAm kinh hinh
tron duong kinh 1m va cc tAm kinh hinh vuéng c6 canh 1m nhu hinh v&.
Phan con lai ctia cira dugc son mau trang tri voi mire gia 1,2 triéu dong
/m?. Chi phi son mau 14 bao nhiéu triéu déng (két qua 1am tron dén hang
phan chuc)?

A B
Dap dn: 8,1.
= Loi gidi
Chon h¢ truc toa do Oxy nhu hinh v&.
Goi phuong trinh Parabol ¢6 dang y =ax” +bx+c.
Do Parabol qua céc diem (0;4); (2;2) va (—2;2) nénta cé

1

4a+2b+c=2 |97
=<4a-2b+c=2=>b=0
c=4 c=4

Suy ra y:—%x2 +4.

Parabol cit truc hoanh tai hai diém 4, B c6 hoanh d6 1a nghiém cua phuong trinh
xX= 2\/5

X = —2\/5 .

2 1 - ’
Dién tich vom ctra la S = j (——xz +4jdx: T 4x
S5\ 2 6

—lx2+4:0<:>|:
2

2
: ; . 1
Dién tich cac tam kinh bang: 6+ 37{5) .

3242

Suy ra dién tich phan con lai 1a: S = — 6——

4
322
3

Gia tién son 1a ( —6—7} 2~8,1 triéu.

Cau 100. Dé trang tri mot bang gd hinh chit nhat 4BCD c6 chiéu dai 4B =8dm va chiéu rong
AD = 6dm , nguoi ta thiét ké mot logo 13 hinh phang gi6i han boi nira duong tron dudng kinh MN =6dm
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tiép xtic véi BC , hai duong cong IM, IN 13 mot phan cua cac dudng parabol c6 truc dbi xtmg l1an luot 1a
AB,CD véi I 14 trung diém ctua AD (tham khao hinh v&).

& dm

A 1 D

5dm

3dm

B C
Phan logo duoc son mau xanh véi chi phi 50000 dong/ 1dm? va phin con lai cta bang gd dwoc son mau

trang voi chi phi 30000 dong/ 1dm*. Hoi can bé ra bao nhiéu nghin dong dé trang tri bang gd trén (két qua
lam tron dén hang don vi)?
Dap dn: 1923,
. Loi gidi
Dién tich hinh chit nhat 4BCD bing 6.8 =48dm’.

6 dm
Dién tich cia nta dudng tron dudng kinh MN bing A v D
- . I 4
S= %JZ'RZ = l7r.32 = 27rdm2.
Ta xac dinh phuong trinh cua parabol.
Chon h¢ truc toa do Oxy nhu hinh vé: 5dm
Goi phuong trinh parabol ¢6 dinh N 1a y=ax’ +bx+c,
theo bai ra ta co:
v
5 M =
y(()) =3 c=5 4= 9 X
Y3)=0 . Jog3p1c=0 e ,_ 10 i
_3  |6a+h=0 3
2a c=5 |

-

5, 10
Va =—x"——x+5.
ay y 9 3

Dién tich ctia hinh phang gii han boi y = gxz - ? x+5, tryc hoanh va hai duong thang x = 0;x =3 bang:
3
S, = J-(éx2 —&x+5jdx = S(dmz).
o\ 9 3

Do tinh d6i xtng nén hinh phang gii han boi parabol c6 dinh M , truc dbi xing AB, truc hoanh va hai
dudng thing x =0;x=3 c6 dién tich bang 5(dm’).

Téng dién tich phan bang gd son mau xanh 1a: (% 7T+ 10) dm”.

Dién tich ctia phan bang gd son mau tring 1a: S’ = 48— (% T+ 10) = (38 22 7[) dm’.
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Chi phi cAn bo ra 1a: (% T+ 10J 50000+ (38 - % ﬂj :30000 ~ 1923 (nghin ddng).

Cau 101. Dé chuan bi quang ba san pham ngudi ta trang tri tam pano dang parabol nhu hinh v&, biét
OS=8m, AB=6m véi O la trung diém ctia AB . T4m pano dugc chia thanh ba phan dé trang tri v6i mirc

chi phi khac nhau: phan trén 1a phan ké soc gia 100000 dong/m2, phan giira 1a hinh quat tim O bén kinh
3 m duoc to dam gia 200000 dong/m2, phan con lai gia 150000 dong/m2. Tinh tong chi phi dé trang tri

tdm pano (don vi triéu dong, két qua 1am tron dén hang phan trim).
S

A B
0

Dap dn: 4,44.
= Loi gidi
Chon h¢ truc Oxy véi tia Ox trung véi tia OB, tia Oy trung
voi tia OS nhu hinh vé.
Khi d6 ta c6: 4(-3;0), B(3;0), S(0;8).

Suy ra parabol c6 phuong trinh la: y = —§x2 +8 (P) .

Ria cua hinh quat Ia cung tron cua duong tron (C) c¢6 phuong
trinh:

X4y =90 y=4J9—x* .

Hoanh d6 diém N 1a nghiém phuong trinh

355
-

—§x2+8: 9—x*,0<x<3<x==

Tacéod y, :—ng2+8=2

Suy ra N[#g]

'8

Phuong trinh ON : y = X.

3
J55
Vi tdm pano d6i xtmg qua truc Oy nén ta co:
BN

8
Diéntichphﬁnké soc: S, =2. J (—§x2+8— 9—x2dez17,94m2.
0

Dién tich phan t6 dam: S, = 2.

W
o'—.ao‘é.“

( 9—x" ——— ]dx~1068m

3
Dién tich phan con lai: S = J(—gxz +8jdx—(S] +S,)~3,38m’.
-3

Tong chi phi dé trang tri tim pano 1a
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100S, +200S, +150S ~ 4440 (nghin dong) ~ 4,44 (triéu dong).

Cau 102. Trong co khi ché tao, mot chi tiét may hinh dia tron c6 dang nhu hinh vé bén, nhan AB va CD
1am cac truc d6i xtrng. Ngudi ta can pha son ca hai mit cua chi tiét. Biét rang dudng tron 16n c¢6 ban kinh 5
dm, cac duong tron nho déu c6 ban kinh bang 2 dm, AB = CD =4 dm va chi phi son 12 103.000 dong/m?2. Chi
phi dé son hoan thién chi tiét may bang bao nhiéu nghin dong (két qua dwoc lam tron dén hang don vi)?

Dap dn: 82.
= Lot gidi
Dua vao dé bai ta ¢6 hinh v& nhu sau véi hé truc Oxy
tuong Ung:

Nhu vdy ta can tinh dién tich cta hinh (O;5):
x? +y* =25 trir di dién tich ctia 4 phan hinh tron nam trén
trong duong tron. o

Ta di xét mét (/,1B), dé thay dudong tron nay cd tam
1(4;0)va ban kinh R =2 va phuong trinh dudng tron nay
A (x—4)°+)" =4

Goi E va F lan luot 1a giao cta (O) véi (I) va truc
Ox (nhu hinh v¢)

Suyra F 387 25— (387j vaF(5,0)

Dién tich ciia mot nira phén hinh tron ndm bén trong
(O)dugc gi6i han bdéi mot phan cia (/):

y=4/4—(x—4)>, mot phan cta (0): y =+25-x", va truc Ox

Suy ra dién tich ctia 4 phan hinh tron nam bén trong (O) 1a:
37 S
M=4]2. J. «/4—(x—4)2dx+ I N25—x7dx
2 S

Dién tich 2 mit cAn son ctia chi tiét may 1a: 2.(7.5* — M)
Vay chi phi dé son chi tiét may 1a: 1,03.2. (.52 — M) ~ 82 (nghin dong)

Cau 103. Mot khoang san cua mgt ngdi nha c6 hinh dang 1a mot phz‘?ln cua parabol, néu chon hé truc toa do
Oxy nhu hinh v& bén duéi thi parabol ¢6 phuong trinh 13 y = x*. Chii nha mudn thiét ké mot ho nudi ca
canh c6 dang hinh tron ban kinh 1, hinh tron dugc thiét ké tiép xtic voi 2 nhanh cua parabol, phia trén cta
hinh tron ngan bai mot buc tudng mong tiép xtic véi hinh tron. Phan dat con lai cia khoang san gidi han boi
duong tron, 2 nhanh cua parabol va bure tuong duoc thiét ké trong hoa (phan gach soc trong hinh). Tinh dién
tich ma chii nha thiét ké dé trong hoa, biét rang don vi trén mdi truc toa do 1a mét. (Két qua lam tron dén
hang phan tram).
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___—v¥ee

=y

O

Dap an: 1,36.

= Loi giai
Y=Yt Vl_xz
Y=Yo— V1-x?

+ Do Parabol ludn ti€p xic nira dudi cua dudng tron nén ta co
2 2
Yo —N1-x* =x 3
2

’ =X =—= =
4%

(=) =

9 39 -39
+ (AB) co6 phuong trinh: y=— va 4| —;— |,B| —,—
(48) e phusmg o =5 v {35 )8( 5.

+Goi 1(0,y,) suyra: (C):x* +(y—,)’ 1:>[

>
4

3
Khi d6: Dién tich can tim la: S = i G —xzjdx— 127 ~1,36.
;3
Cau 104. Mot bién quang céo c6 dang hinh vudng 4BCD canh bang 4m va I 1a trung diém cua doan
thang CD . Trén tam bién d6 c6 duong parabol dinh / di qua 4, B va cat duong chéo BD tai M (tham
khao hinh ve).
Chi phi son phan t6 hinh t6 ong (c6 dién tich S, ) 1a 200000 dong/m”, chi phi son phan t6 dam (c6 dién
tich §,)1a 150000 dong/m” va phan con lai 1a 120000 ddng/m”. S§ tién can chi tra dé son tim bién quang

c40 1 bao nhiéu nghin dong?
D | o

S‘.l .\.\-\

A B
Dap dan: 2465.
= Loi gidi
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* Gan hé truc toa d® Oxy nhu hinh v&. Y
 Khi @6 BD:y=-x+4 va Parabol (P):y=ax’+bx+c qua ba diém

A=0(0;0),B(4;0),1(2;4) nén co dang: y=—x"+4x.

« M (1;3) 1a giao diém cua BD va (P).

4

sy sefleees)oafesiee) w0 N
1 2 O=A 1 2 1 X

4

S2:j|—x2+4x|dx—%:3?7(m2),

0

4
A g \ PO . 16
Dién tich con phan con lai la S, =4 —”—x2 + 4x|dx =3 (m2 ) .
0
« S4 tién can chi tra dé son tAm bién quang céo la:

200000- S, +150000- S, +120000- S, :200000-%+150000-3?7+120000-%=2465 000 dong.

Cau 105. Kién trac su thiét ké mot khu vui choi ¢6 dang hinh chir nhat véi chiéu rong 30m va chiéu

dai 50m . Trong d6, phan t6 mau dam trong co6 nhung Nhat, phan con lai trai tham c6 nhan tao. Mdi phan
trdng c6 nhung Nhit c6 dudng bién cong 1a mot phan cta parabol voi dinh 1 thudc truc ddi ximg cua hinh
chir nhét va khoang cach tir dinh / dén trung diém cta canh 4B bang 10m (xem hinh minh hoa). Biét gia
c6 nhung Nhat 1a 140000 dong/m?, gia cé nhan tao 1a 100000 ddng/m>. Tinh téng sd tién dé trdng va trai

tham c6 hét khu vui choi theo don vi triéu dong.
10m

30m

50m
Dap an: 166.
= Loi gidi

Xét hé truc toa do Oxy nhu hinh v&.
Goi phuong trinh parabol (P) c6 dang: y=ax’+bx+c.
Khi d6 (P) di qua gbc O, diém C(15;10) va D(-15;10).
_2

c=0 T4
Ta c6 hé phuong trinh: <225a+15b+¢c=10<1b6=0

225a—-15b+c =10 c=0

2,
Vay (P): y=—x".
iy (P): y 15
Khi dé6:
Dién tich hinh chir nhat 1a: S =50.30 = 1500(m2) .
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15
Dién tich trdng c6 nhung Nhat 1a: S, = 2. j (10 - 435)«2 j dx =400 (m’).
-15

Dién tich trai thdm nhén tao la: S, =S5—S, =1500-400=1 100(m2 ) .

Tong s tién dé trong va trai tham co hét khu vui choi la:

400.140000+1100.100000 =166000000 (dong) =166 (tri¢u dong).

Cau 106. MG0at birc tuong hinh chir nhat ABCD ¢6 kich thudc lan lugt 12 6 m va 4m duogc ban Minh trang
tri bang cach v& hai dd thi ham s f(x) =a" (O <a# 1) va g(x) =log, x (0 <b=# 1) dbi xtmg nhau qua
dudng thing y = x . Biic tudng dugc chia 1am 3 phan (tham khao hinh v&).

Phan H, dugc son mau xanh da troi, phan H, son mau vang va phan H , dugc son mau xanh 14 cay. Ban
Minh can mua céc hop son ma mdi hdp chi son dugc mdt mau twong ing véi cac mau ma ban Minh dinh son.
Biét rang mdi hop son chi son duoc téi da 3 m® tudng, gid mot hop son mau xanh da troi 1a 120000 dong, gia
mot hdp son mau xanh 14 cay 1a 140000 dong, gia mot hop son mau vang la 160000 dong. Cira hang chi ban

$0 cac hdp son la cac s6 nguyén duong. Ban Minh can bao nhiéu tri¢u dong dé son burc tuong do?
Y

2

Dap an: 1,3.

= Loi gidi _
Do thi ham s6 f(x)=a" (0<a=#1) va dd thi ham s6 4 y=a
g(x) =log, x (0<b #* 1) d6i xing nhau qua duong thang r v
y=xnén a=>b.
Ta thiy: D4 thi ham sb g(x)=log, x diqua diém B(3;2) : -

nénsuyra b=+/3. o H,
Viy ban Minh da v& hai dd thj cia ham s6 £ (x)=+/3" va

g(x)=logﬁx.

Ta co:
log£2

B =2ox=logz2=S8, = | (2—\/§x)dxz5,23m2.
-3

Do d6 can mua 2 hop son dé son phan H, véi so tién 1a 2.0,12 =0,24 (triéu dong).
1 3
logﬁx=—2<:>x:§ = Sy, :J.(logﬁx+2)dxz7,15 m’ .

1

3
Do d6 can mua 3 hop son dé son phan H, v&i sb tién 1a 3.0,14 =0,42 (triéu dong).
Sy, =Sucy =Sy, =Sy, ©6.4-5,23-7,15=5, ~11,62m’.
Do d6 can mua 4 hop son dé son phan H, véi sb tién 1a 4.0,16 = 0,64 (tridu dong).
Vay sb tién ban Minh can dung dé son buc tuong do6 1a: 0,24 +0,42+0,64 =1,3 (triéu dong).
Cau 107. Vuon hoa cua mot truong hoc ¢ hinh dang duogc gi()i‘ han bo1 mot duong elip co bdn dinh
A,B,C,D va hai duong parabol c6 cac dinh lan lugt la £, F' (phan t6 dam cua hinh v€). Hai duong parabol

0983.900.570 V& Cong Truong 104 2025-2026



A'}' VUI CUNG TOAN Nguyén ham — Tich phan

c6 cung truc ddi ximg AB , d6i xing nhau qua truc CD , hai parabol cit elip tai cac diém M, N, P,Q. Biét
AB =8m,CD =6m, MN = PO =33 m, EF =2m . Chi phi dé trdng hoa trén vuon 1a 300.000/ m* . Hoi s6
tién trong hoa cho ca vuon 14 bao nhiéu triéu dong. Két qua lam tron dén hang phan tram

C
M P

N Q

Dap dn: 4,81.
= Lot gidi
Chon hé truc toa d6 voi géc toa do 1a trung diém cua EF
(xem hinh v¢)
Khi d6 (E) c6 do dai truc lén AB=2a=8=a=4
Do daitrucbé CD=2b=6=5b=3.

2 2

\ X y
Phuong trinh (£ ) la; —+—=1
g (E) TR

Parabol c6 phuong trinh x =my* +1 (vi diém F(1;0))

33

Do PQ=3\/§:>P(xO;TJ(xP >0), ma Pe(E) nénta

2
33
X, 2
co: —+—-—

" 16 9

=l=>x,=2

33 )

Mat khéc Parabol di qua P:>2=a-[TJ +1:>a=2;47.

2
Xét phan hinh phang thudc goc phan tu thir nhat khi d6 duong cong (E) c6 phuong trinh x = 4, ,1 - %

4
Parabol ¢6 phuong trinh x = 2 Y +1

2
Dién tich hinh phang gidi han bdi cac duong y =0,y = 3\/5, x=4, /1 - y? va x = %yz la:

3% y2 4y2
S, = 4 1-——-—-1
=l {\/ o 27 7
Diéntichelip la: S=7ab=12rx.

Dién tich phan t6 ddm 1a: S, =S -4, —¥2> 5, ~16,03m> = T =300.000S,,, ~ 4,81 tri¢u dong.

Céau 108. Huong ung chinh sach hién dai hoa nong thon, nguoi dan ¢ khu phé A ddng 1ong cling nhau
gop tién deé bé tong mot duong di trong khu phd (phan dugc t6 dam trong hinh ve).

0983.900.570 V& Cong Truong 105 2025-2026



) . ,
@ VUI CUNG TOAN Nguyén ham — Tich phdn

v

Biét rang khi chon hé truc toa d6 Oxy véi don vi do dai trén mdi truc toa d6 1a 10m, cac dudng cong
‘ , 1 3 3 1 5 1
AB,CD 1a mép duong dugc cho bdi do thi ham s6 f(x)=—x"—=x+= va =—x —=x+—, don
b CHOTS At ‘ f(x)=g7% gty v 8lx)= ;¥ g, dong
thoi 16p bé tong duoc d6 day 16cm va gia tién 1m® bé tong 1a 1080000 ddng. Tinh sb tién (don vi triéu dong)
can dung dé db bé tong con dudng d6 (1am tron két qua dén hang don vi).
Dadp dn: 253.

7 = Loi gidi ‘ ’
Dién tich cua hinh phéng gi6i han boi hai do6 thi ham s0 da cho Ila
7
3 1 5 1 117
S = dx — X = x4+ —x—Zx+ dx-—ddt
_'[(f( I { 2 (32 8 2]} (dvdo).
Do don vi d0 dai trén mdi truc toa do 1a 10m nén dlen tich thuc té cua con dudng la
§ =117 102 22925 (o
8 2
292
Thé tich khdi bé tong can do la: V = Sh—%016 234( )

S tién can dung dé d6 bé tong con dudng d6 1a: 234.1,08 ~ 253 triéu dong.

CAu 109. Béc Binh mubn nho thg trang tri mot birc twong hinh chit nhat ADEF véi kich thuée EF = 6m,
DE =3m sao cho can xtng hai nira. Phan gach chéo 1a hinh gi¢i han boi duong gap khiic AFED va nira

duong tron duong kinh AD , dugc thué son véi don gia 250000 dong mdi mét vudng. Phan mau tring gidi
han boi nira duong tron duong kinh 4D va mot duong parabol (co dinh A cach duong thaing 4B mot
khoang bang 2m va di qua hai diém B, C nam trén canh 4D thoa man AB = CD =1,5m ) dugc thué trang
tri bang birc phu diéu dip bang xi mang v6i don gia 1950000 dong moi mét vudng (tham khao hinh vé&).
Hoi bac Binh phai tra bao nhiéu triéu dong dé trang tri birc tuong nhu vay (két qua lam tron dén hang phan
muoi)

¢ 6

m
| £
7 s
e -//’/ |
o e I
A
f__/ / I
L

E

d 4H
- I T~
7 VRN am
/’ ;/ : \“
i : | \
7 / : ' ¥
¥ Y
/ | 5
[ 1.5m
A B C D
Dap an: 20,7.
= Loi gidai

Tacd S, =6.3=18(m’)

1
Dién tich nira duong tron dudng kinh AD1a S, = 57{32 927[ (mz)
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Chi phi cho phan gach chéo la F = (1 8— 97”).0, 25 ( triéu dong)

Xét hé truc toa dd Oxysao cho D(3;0),E(3;3)= H(0;2),C(1,5;0)
Parabol nhin dinh 1a Hva d qua B,Cco phuong trinh dang y=ax’+2 thoa min

2
a 3 +2=O<::>a:—§
2 9
8
:>(P):y=—§x +2

1,5
Dién tich phan gi6i han boi parabol va 4D 1a S, = j (— X +2)dx =4(m*)
-1,5

O | o0

Chi phi cho phén ddp phu diéu 1a F, =(S, -,).1,95= (97” —4).1,95 (triéu dong)

Vay téng chi phila F + F, = (18 —97”}.0, 25 +(97” - 4). 1,95 ~ 20,7 (triéu dong).
Cau 110. Mot cong ti dang thiét ké mot bang quang céo hinh chit nhat ABCD c¢6 kich ‘thu('yc AB=12m
va AD =8m . Phan trung tdm cua bang sé dugc in ndi dung quang céo, dugc mo ta 1a phan t6 ddm (xem
hinh minh hoa). Hai dudng cong trong hinh 13 mot phan cta d6 thi ham s c6 dang y = % , duong tiém
can dimg va tiém can ngang ctia d6 thi ham s6 nay déu cach diém 4 mot khoang bang 5 )rcn Do thi giao voi
canh AB tai diém E thoa man j— = % Dién tich phﬁn in ndi dung quang céo 1a bao nhiéu mét vuong

(lam tron két qua dén hang phan mudi)?
o1 | ¢

N

____________ E"""""""""F
A " E B
Dap dan: 73,5.
‘ v Loi gidi
Gén h¢ truc toa do Oxy nhu hinh v&. D6 ti ham s6 c6 T7CD 1a: x=0,7CN la: y =0 nén ta co:
d=0 b
=>y=—
a=0 d cx
Ta co6:
£:l<:>AE:l-AB:l‘12:5,6
AB 15 15 15
= E(0,6;-5)
NP £ e .2 R b b 3
D6 thi ham so0 di qua diem E(0,6;-5) nén —5 = S—="33=>y=——.
c-0,6 c X
Ta co: S=j‘1[5+§jdx=20—31n5,5' -[ 3a=3m>
- x 0.6 x 3

Dién tich phan in ndi dung quang céo bang:

S s —S—S8 = 12.8—(20—31n5)—31n3—35 ~73,5(dvdr). .
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Céu 111. Dé trang tri mot blrc tudng hinh chir nhat co kich thudc 3m x 4m trong phong, ban Hoa v& 1én
tudng mot hinh nhu sau: Trén mdi canh ctia mot hinh luc giac déu c6 canh 2dm , v& mot canh hoa hinh
parabol. Dinh ciia parabol cach canh 3dm va nam phia ngoai hinh luc giac déu. Pudng parabol di qua hai
dau mut ctia mdi canh hinh lyc giac (tham khao hinh v&).

b L

Hoi ban Hoa c6 thé v& tdi da bao nhiéu hinh c6 cing kich thude nhu vy 1én birc tudng can trang tri?
Dap dn: 35.

= Loi gidi

22\/§ Y
Y 63 . .

Gin truc toa d0 Oxy cho mot canh hoa. Dién tich ctia mot canh hoa l1a dién tich

Dién tich cta hinh lyc gidc déu canh bang 2dm 1a: 6.

phang hinh phang duéi han béi do thi do thi ham s6 (P): y = ax® +bx+c¢ sao cho (P)
c¢6 dinh 7(0;3) va cét truc hoanh tai hai diém (-1;0) va (1;0).
Phuong trinh parabol (P) la: y =-3x"+3. —1 1

2 (@] frd
Dién tich mdt canh hoa dugc trang tri la: S = j | -3x%> +3|dx =4dm”. / \
-1

Dién tich ctia mdt bong hoa dugc trang tri la: 6\/§ +6.4=24+ 6\/5 dm’
Dién tich btrc tuong hinh chir nhat c6 kich thuéc 3mx4mla: 3.4 =12m"> =1200dm”.

_ 1200 3489
24+ 643

Vay ban Hoa c6 thé trang tri toi da 34 hinh c6 cling kich thudc nhu vay 1én birc tudng can trang tri.

Ti 1€ dién tich cta buc tuong hinh chir nhat va dién tich mot bong hoa 1a:

Cau 112. Cho hinh vuéng OABC canh bang 8, diém M nam trong hinh vudng sao cho khoang cach tir M
dén cac canh OA, OC clng bing 3. Parabol (B) di qua cdc diém O,A,M, Parabol (P,) diqua cac diém
0,C, M. Tinh dién tich phan t6 dam (hinh v& bén). (két qua 1am tron két qua dén hang don vi).

C B
\‘.
}
: %\--;—-ﬂ-----\\
0" : A
Dap dan: 32.

= Loi gidi
Cho h¢ truc toa do Oxy sao cho tia Ox trung tia OA, tia Oy trung tia OB.
Goi S, 1a dién tich hinh phang gidi han boi cac dudng (P,), y=0;

0983.900.570 V& Cong Truong 108 2025-2026



| . ,
@ VUI CUNG TOAN Nguyén ham — Tich phdn
S, 1a dién tich hinh phang gi6i han béi cac duong (B, ),x =0;

S, 1a dién tich hinh phang giéi han boi cac duong (R)va(pR).
Tur hinh V& ta thdy dién tich hinh phang can tim 1a S =S, —[S,+S5,-S,] (%)

Goi phuong trinh (B) 1a y=ax’ +bx+c.

1
a=——
c=0 5
Vi () di qua 0(0;0),M (3;3), 4(8;0) nén {9a+3b+c=3 < b:§
64a+8b+c=0
c=0.
Suy ra y:—§x2+§x.
8
Ta thay (P) va(PR) dbi xtmg qua OM nén S, =S, =j —%x2+§x]dx=%
0

Goi S, 1a dién tich hinh phang gi6i han béi cac duong (B),OM : y = x, do tinh chét d6i ximg nén

3
S; =28, :2J.K—§x2 +§xj—x}dx:%

0

256 256 9}%%32.

Thay va (*) ta dugc S = 64—(—+———
15 15 5 3

Cau 113. Kién tric su thiét ké mot khu sinh hoat cong dong c6 dz:mg hinh vuéng ABCD cc')~d(f) d?li dl{éfng
chéo AC =45m. Trong do, phan dugc t6 mau dam la san choi, phan con lai dé trong hoa. Moi phan trong
hoa c6 duong bién cong la‘} mot phz‘in cua parabol voi cac dinh ‘thu(f)c mot truc d(‘)@ XI'ng cua hinh vuong,
khoang cach tir dinh d6 dén dinh twong ing cta hinh vudng bang 15m. Ban thiét ké khu sinh hoat nhan tam
hinh vuéng ABCD lam tam ddi xing va trén hinh bén ta c6 AM = MN = NB . Dé trang tri cho phan san
choi tén 500 nghin dong /1m?, dé trong hoa tén 200 nghin dong /1m* . Tong sb tién can dung 14 bao nhiéu

triéu dong? (Két qua lam tron dén hang don vi).

Dap dan: 349.
= Loi gidi

0983.900.570 V& Cong Truong 109 2025-2026



) . ,
@ VUI CUNG TOAN Nguyén ham — Tich phdn
Gan hé toa &0 Oxy nhu hinh v&:

A| 0; » ,B . ;0 ,C1 0; -5 ,D % ;0
2 2 2 2
Do hinh vuong ABCD c6 AC =45mnén do dai canh hinh vuong la:

g AC _ 45

NI
45?

Dién tich hinh vuéng ABCD 1a: S ,,., = AB* = B =1012,5 m’

AB 152
— m

Vi AM = MN = NB nén AM=Z\4N=NB=T: 2

15 45 15

Po dai canh AH:AM.cos45°:?,OH 0OA- AH_?—?_ls HM:AM.sin45°=§.

Vay toa dg cua diém M = (% 15)

Parabol di qua diém M va c6 dinh 1a diém E(O; %j c6 phuong trinh dang: (P) Ty = ax? +§ (1)

Thay toa d6 diém M(%;ISJ vao (1) ta dugc: 15 = a(ljj %@a:%.

2 15

Vay phuong trinh parabol (P) (Y= 5 X+ ER

Dién tich hinh phang giéi han boi (P), duong thang y =15, truc Oy va duong thang x=?5 1a:

5 5 15
2 2 >

:J{IS_(E 2, ﬂ JIE 1_5_21 IENE
0 15 0 2

0 0

Dién tich tam giac AAHM la: S, =S, = ; AH.HM —% 1? 1?—28 125m*.

15
2x° |2

=37,5m".

Dién tich trong hoa la: S,,,, = 8.(SI + SZ) = 8.(37,5 +28, 125) =525 m’

Dién tich san choi la: S, =S 0 — Sy, =1012,5-525=487,5 m’.

Téng sd tién can dung la: 487,5.500000 + 525.200000 = 348750000 d

Vay s6 tién can dung dé trang tri san va trong hoa 1a 349 triéu dong.
CAu 114. Ban An thuc hién thiét ké mot logo hinh con mit cho mot phong kham nhan khoa. Logo 1a mét
hinh phing gi6i han béi hai parabol y = f(x) va y=g(x) c6 céc kich thudc nhu hinh v& duéi ddy (phan
dugc t6 mau den) va mot hinh tron ¢ ban kinh bang 0,5dm & giita 13 phan con nguoi (phan dugc t6 mau
xanh), don vi trén mdi truc toa do 1a decimet. Biét réng chi phi dé son phﬁn con nguoi hinh tron mau xanh la
25000 dong/dm? va chi phi dé son phan con lai mau den 1a 20000 ddng/dm?. Chi phi dé son logo trén 1a
bao nhiéu nghin d6ng? (Két qua 1am tron dén hang don vi).
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Dap an: 249.
= Loi gidi

Goi phuong trinh parabol y = f(x) la f(x) =ax’ +bx+c v6i a =0 di qua cac diém co toa do lan luot 13
(2:1),(0;2),(-21).
a=——

4 1

Lap hé phuong trinh ba an, tir d6 suy radugc 46=0 nén f (x) = —sz +2
c=2

Goi phuong trinh parabol y =g (x) 1a g(x)=mx* +nx+p véi m=0 di qua cac diém c6 toa do lan luot
1a (-2;0),(0;-1),(2;0).

1
m=—
4 1
Léap hé phuong trinh ba an, tir d6 suy ra dugc {n=0 nén g(x)= sz -1
p=-1

. 1 1 1
Phuong trinh hoanh d¢ giao diém: f(x) = g(x) = —sz +2 :sz -l 5x2 =3 x zi\/g

Dién tich hinh tron dugc son mau xanh 1a: S, = 77 = 7r(0,5)2 =0,257 (dm?)

Dién tich hinh phang gi6i han boi hai duong thang y = f (x) va y= g(x) la:

& el |
S,= [ |f(x)-g(x)de=[ | —3x*+2|-| x> 1| dx
& G\ 4 4
, el 1
Dién tich phan son dugc t6 mau den la: S, =S, -, = J' (_sz+2]_(zxz_l)‘dx_0’25”
5

Chi phi dé son logo 1a:
N3

J

&

T =0,257.25000 { (—%xz + 2) —G x’ —1)‘ dx — 0,254.20000 ~ 249 nghin dong.

Cau 115. Mot hoa van hinh tron tim O, ngoai tiép tam giac déu 4BC c6 canh AB = 2\3em. Duong
cong qua ba diém 4, B,C 1a mdt phan cua parabol (xem hinh v§).
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Tinh dién tich ciia phan hinh phang gi6i han boi duong tron va parabol (phan khong gach) theo don vi cm’
(két qua lam tron dén chir s6 thap phan thur hai).
Dap an: 3,18.

w Loi gidi
Gan hé truc toa do Oxy nhu hinh vé.
y
Khi ds 4(—3;0),B(+/3:0),C(0;3).
Parabol di qua ba diém A(—\/g;O),B(\/g;O),C(Oﬁ) nén .

parabol c6 phuong trinh 1a y = —x" +3.
Dudng tron ngoai tiép tam gidc ABC c6 tam O(0;1) va
ban kinh R =2 nén c¢6 phuong trinh 1a x* +(y—1)" = 4.
Suyra y=1-+4—x* (Phin nim dudi truc hoanh).
Dién tich phan gach 1a S = J.:/jg—xz +3 —(1 - \/E) dx

O,

Do d6 dién tich phan khong gach 1la
S'=72 -8 =318 (cm’).

Cau 116. Vién gach men dﬁng~dé 1at nén nha 1a mot hinh vuéng c6 canh bﬁng‘SO cm (xem hinh bén dudi).
Moi vién gach c6 4 bong hoa, moi bong hoa géom 4 canh hoa. Moi canh hoa (phan mau xanh) 1a phan giao
nhau cta hai hinh tron c6 cung ban kinh va khoang cach gitra hai tam la 2042 cm.

WA Y

AVA

Uéc tinh ¢ cong doan trang men, phan mau xanh c6 chi phi 50 nghin dng trén mot mét vudng, con phan
mau tring c6 chi phi 30 nghin déng trén mot mét vudng. Tinh chi phi (don vi: ti dong) ciia cong doan trang
men nay, khi co s¢ du dinh san xuat 100000 vién gach nhur thé (lam tron két qua dén hang phan tram).

Dap an: 2,65.

= Loi gidi
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Xét % vién gach men (vung hinh vudng chira mot canh hoa). %

Vi phan canh hoa (mau xanh) 13 phan giao nhau ciia cac dudng tron c6 khoang
cach gitra cac tam la 20+/2 nén mét canh hoa la phan giao ctia hai phan tu hinh
tron tam A, B (hinh v€), c6 ban kinh » =20.

MJi phan tu hinh tron tim A, B c6 dién tich S = i;z 207,

Dién tich hinh vudng c6 4B 1a duong chéo: S, =20.
Suy ra dién tich cuia mot canh hoa la 25 - S, = %7[ .20° -20° = [g —1) 207,
Do do6
[1Dién tich phan mau xanh 1a S, = 16(% - 1) 207 (cm?).
[1Dién tich phan mau trang S, =80 —S, (cm”).
S6 tién trang men mot vién gach 1a T'=5S +3S, =26506,19298 dong.
Dé san xuat 100000 vién gach thi sb tién trang men 1a 1000007 = 2650619298~ 2,65 (ti dong)
Cau 117. Trang tri mot san hinh chir nhat kich thudt 28m x 16m, trong d6 hai Parabol (P1) d6i xtmg voi

(P,) qua dudng thing di qua hai trung diém ctia chiéu dai san (hinh v&), khodng cach giita hai dinh Parabol

bang 4m. Chi phi trang tri cho phan hoa van 1 180 ngan dong trén mot mét vudng, phan trang 14 160 ngan
dong trén mot mét vudng. Tong chi phi trang tri cho san 14 bao nhiéu triéu dong? (lam tron két qua dén
hang phan muo1)

A~ ——
¥ % ;’\

= Loi gidi
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bat hinh chir nhat vao hé toa do Oxy sao cho tam hinh chir Yy
nhat trung véi géc toa dd, chiéu dai cia hinh chit nhat vuong goc 14
v6i truc Ox.

Theo dé bai ta co Parabol (B) di qua cac diém
A(0;-2),B(-8;14),C(8;14)

c=-2 c=-2
Tur day ta c6 hé phuong trinh {64a-8b=16<<b=0
64a+8b=16 | I :
1 5 0 xr
Suyra (B):y=—x"-2
yra(R)y=7 e
1

Suy ra (Pz):y:—zx2 +2

Goi S,,S, lan lugt 1a dién tich phan hoa vin va dién tich phan
tréng

Ta co:

-242 1 22
S =2 I §x2—4dx+ J. §x2—4dx 14
-8 242
S, =16.28-35,

Tong chi phi trang tri 1a 180.000S, +160.000S, =74.4 (tri¢u dong)

Céu 118. Khudn vién nha ban Thiy Duong ¢ dang nira hinh tron, trén d6 ngudi thiét ké phan dé trong
hoa ¢6 dang ctia mot canh hoa hinh parabol c¢6 dinh tring véi tAm va c6 truc d6i xtmg vudng goc voi dudng
kinh ctia ntra hinh tron, hai ddu mat ciia canh hoa ndm trén nira dudng tron va cach nhau mot khoang bang 4
m. Phan con lai ctia khudn vién danh dé trong c6 Nhung Nhat. Biét cac kich thude cho nhu hinh v&, chi phi
trong hoa va co Nhung Nhat tuong tmg 14 250.000 dong/m? va 150.000 dong/m?. Hoi chi phi dé trong hoa
va trong c¢6 Nhung Nhat trong khuon vién dé hét bao nhiéu triéu dong (lam tron két qua dén hang phan
chuc)?

Dap an: 5,9.
= Loi gidi

Chon h¢ truc toa do Oxy nhu hinh vé. y

Xét parabol c6 dinh 1a gbc toa d6 va di qua diém
(2;4): Phuong trinh (P) c6 dang: y = ax’

Vi A(2;4) € (P) nén 4=a2’ <a=1

=(P):y=x’

Xét AOAB vudng tai B, theo dinh ly Pythagore ta
co:

OA> =AB* +OB* =4 +2* =16+4=20=R=04=25
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Phuong trinh dudng tron (C) ¢6 tim O, ban kinh R=2+/5 la: x> +)* =20.

= |y| =+20—x
2

Dién tich phan trong hoa la: S, = J. (\/20 —x* —-x’ )dx .
)

7R?

Dién tich trong co6 Nhung Nhat 1a: S, = -8, =107 -5,.

Tong chi phi dé trong hoa va trong c6 Nhung Nhat trong khudn vién do 1a:

250000.S, +150000.5, =250000.S, +150000.(107z — S, ) = 5906351 (d6ng) ~5,9 (tridu dong).

Vay chi phi dé trong hoa va trong c6 Nhung Nhat trong khuén vién nha ban Thiy Duong gan bang 5,9
triéu‘

dong.
Cau 119. Doc b(‘): nudc c6 mot duong xe dap. Trén mét doan dai 20 m, ngp’c‘ﬁ ta mudn thay béng tuyén moi
di vong mot cai giéng (duong kinh 2 m). Cac doan noi phai tron (chuyén ti€p ém). ’ ’

Dién tich phan t6 mau can lat gitta bo va tuyén mai 1a bao nhiéu mét vuong (lam tron két qua dén hang don
vi)

..........

wes ALPO'NQ Xe dap cl
— tUyEN MG
mmmws  phén |4t gach

Dadp dn: 61.

= Loi gidi
1) Chon mé6 hinh ham )
bat hé "[I'l,lC Ox)f thuz:m tién nhu hinh; do hinh dang do6i xting qua truc 4
Oy va can chuyén tiép tron vao truc Ox, ta chon da thuc bac 4:
Sy =ax* +bx’ +e,  f(x)=4ax’ +2bx -10 0
Céc diém ddc trung: 5 A\ X
- biém thap nhat 7°(0;—-6). ¢
- Pinh phai H(10;0) (chuyén tiép tron vao truc Ox); dinh trai d6i &

xung. .

Suy ra cac diéu kién:

f(0)=—6=c=-6,

£'(0)=0 (dang do ddi xing),

£(10)=0=10000a+100b—6=0,

£'(10)=0=4000a+20b=0.

Giai hé: a =—-0,0006,b=0,12,c=—6.

Vay f(x)=-0,0006x"+0,12x> -6

2) Dign tich phan lat

Di¢n tich ntra phai (tir 0 dén 10) duoc cho bdi tich phan:
_ 10 I 5 3 10

A4 = jo f(x)dx =] =0,00012x" +0,04x 6x]‘0

=—12+40-60=-32

Gia tr1 am chi do quy udc phia duédi truc Ox ; ntra di¢n tich 1a 32 m?.
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Déi xtng qua Oy = tong dién tich hinh t6 (chua trir giéng): 4=2-32=64m".

Trir dién tich miéng giéng (ban kinh r=1m): S, =7r* ~3,14m’.

Vay dién tich can lat: S, =64-3,14~61m’.
CAu 120. Hinh bén minh hoa mat cét ding cua mot con kénh dat trong hé truc toa d6 Oxy . Py cua con
kénh 1a mot dudng cong A0B cho boi ham s6 bac ba c6 dang y = f(x) = ax® +bx* + cx+d . Hiy tinh dién
tich hinh phéng t6 dam trong hinh v¢, biét don vi trén mdi truc toa do 1a mét va dd thj ham sd y = f(x) nhan

A A \ - A \ , - A . <A A 5 1N \ A \ . 5 2
goc toa do O va di€m B la cac diém cyc tri. Viet két qua 1am tron dén hang don vi cua m” .

A y5‘ B
10, *
o
Dadp dn: 42.
= Loi gidi
Hamsd y=f(x)=ax’ +bx’ +cx ma £ (0)=0=¢=0
-1
/ aq=—
Mit khac f (10)=300a+20b=0 o 100
f(10)=5<1000a+100b =5 b:i
20

Do d6 f(x) :_—lx3 +ix2 =5& {x = :.[IO[S—f()c)]abcz42m2 .
100 20 x=10 =

Cau 121. Ong A 1am mét logo bang tdm nhya phang, ¢6 hinh dang la mot hinh ¢6 truc dbi xtmg. Biét

duong vién AE,CF ¢ hai bén 1a hai nhanh ciia mdt parabol va phan 10m EIF phia du6i day cling la mdt

parabol, hai nhanh phia trén 13 hai doan thang nhu hinh bén dudi. Cho biét

AC =6dm, AB = 3\/50’77’1, EF =2dm va khoang céach giita AC va EF bang 8 dm. Hoi dién tich cta logo d6

bang bao nhiéu dm’ . Viét két qua dudi dang s thap phan. Viét két qua lam tron dén hang phan mudi.
A 6dm C__

8dm
E 2dm F
Dadp dn: 24,3.
= Loi gidi
Xét hé toa d0 Oxy nhu hinh vé. y
” C.
Khi d6 nira bén phai truc tung la hinh phang (H) gioi han béi cac duong: . .
y=x’-Ly=x+5y=-x"+1,x=0
Ta co: B
_ _ ! 2 3 2 - 2 8dm

S=2S, _2(J'O[x+5—(1—x )l [ [x+5—(x —1)]dx)~ 24,3dm’ . B
Cz:lu 122.’ Tu mét miéng tg”)n hinh vuéng, ngudi tho lam qhéu canh da tao I
mau va cat di phan hinh phang khong t6 dam trén hinh, phan t6 ddm duoc A L x

2ldm

giit lai 1am khuén quay thanh cic dén dé dat cac chau hoa. Tinh dién tich

0983.900.570 V& Cong Truong 116 2025-2026




@l VUI CUNG TOAN Nguyén ham — Tich phdn

hinh phang d3 bi cit bo (don vi em?) biét duong cong trong hinh 1a mot parabol c6 dinh nam trén dudng
chéo cua hinh vuong (1am tron két qua dén hang phan muoi)

2 em

10 em .
:':-.,-""2 t'mll-"

2 em| ™,

10 cin 2 qm
Dap an: 58,7.
= Loi gidi
Chon h¢ tru nhu hinh v€ suy ra phuong trinh Parabol c6 5
dang y =a(x—2v2)(x+22). -
Dinh Parabol c6 toa do 1a (0; \/5) thudc Parabol suy ra

1
a=——7z=.
42

A A .1 2y, 16
Dién tich phan Parabol la il J:Z \/5(8 X )dx— 3

02 em

- ; 12° 16 176 .
Dién tich cAn tim 1a § =———-4.2-—==——~58,7 (cm’) 2 e,
2 3003 J
Cau 123. Khu vuon nha dng Ba c6 dang hinh tron, ban » Wom 4000 Ny X

kinh 10 m. Ong Ba du dinh trong hoa Hong & khu vuc S, va
hoa Ly ¢ khu vuc hinh ban nguyét S,. Vi S, 1a phan dién tich gidi han boi duong parabol di qua tam hinh
tron va S, 1a phan dién tich gi6i han béi nira duong elip khong chira tim hinh tron (kich thudc nhu hinh vé).

Biét rang kinh phi trong hoa Hong 1a 100.000 dong/ m” , kinh phi trong hoa Ly 1a 150.000 dong / m2 . Hoi
ong Ba phai mat bao nhiéu tri¢u dong de trong hoa Ién hai dai dat d6 (1am tron két qua dén hang phan muo1)

Si 16m

6m

Dap dn: 22,7.
= Loi gidi

Phuong trinh parabol di qua tdm hinh tron 1a y = % x* va phuong trinh duong tron 1a x* + y* =100.

Dién tich dai dat trong hoa Hong 1a dién tich hinh phang dugc gidi han boi parabol (P), hinh tron (C) va

2
hai dudng thang x =-8,x=8. Khi d6 S, =f8‘\/100—x2 —%}dx&nﬂ =108,73m".
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Xét nira hinh tron chira hinh ban nguyét, ta thdy nita hinh tron tao boi hinh ban nguyét va nita hinh elip véi

hinh elip c6 do dai hai ban truc a =5,h=10= Sipy =mab = 507m”.

—S 10°7-507

22

Tong s6 tién 6ng Ba can phai chi dé trong hoa 1a 7 =100000S, +150000- S, ~ 22,7 triéu dong.

S(C)

Vay dién tich hinh ban nguyét 1a S, = =257m’.

Cau 124. "Bai toan tinh dién tich hinh cang cua". Tir bang gb hinh vuéng 4BCD @06 dai canh 12 cm,
nguoi ta chia hinh vudng nay thanh 9 hinh vuéng nhé bang nhau ré1 vé mdt hinh cang cua dugc gidi han boi
cac cung phan tu cia cac duong tron tam 4, £, F,G (xem hinh v&). Tinh dién tich hinh cang cua theo don vi

cm® (phan t6 dam trong hinh v&). Viét két qua 1am tron dén hang don vi.

A G B
/F
D E C
Dap dan: 37.

= Loi gidi
Dt hé truc toa d6 nhu hinh vé ta c6 toa do cac diém:
A(0;12); B(12;12); C(12;0); D(0;0); £(8;0); G(4;12); F'(8;4)
Phuong trinh dudng tron tdim A4 c¢6 ban kinh R =12 12

(C):x*+(y—12)* =144 = y =12—144 - x*

Phuong trinh duong tron tdam E c6 ban kinh R =8

(Ce): (=8 +2* =64 = y =64~ (x—8)’ /
Phuong trinh duong tron tdim G ¢6 ban kinh R =8 /

4
(CG):(x—4)2+(y—12)2=64:>y=12—«/64—(x—4)2 F

Phuong trinh duong tron tim F ¢ ban kinh R = 4 /

(Co):(x=8) +(y—4) =16 = y =4+ /16— (x-8)’
S:j:( Jo4—(x—8) —12+144—x )dx+j(«/64 (x—8) —4— 16— (x—8) )d
+f 12(12— Jo4—(x—4y" —12+ 144 x)a’

4

Cau 125. Vao ngay 8/3, tir mot tam bia hinh vudng canh 8(dm), An ding cac do thi cia ham sé y = f(x)
va x= f(y) dé vé hoa tang me, nhuy hoa dugc vé béng duong tron ¢6 tdm 1a tm hinh vudng va ban kinh
bang 2(dm) . Khi dat trong hé toa d0 Oxy thi diém 4(2;0) va duong cong 4B 1a mot phan cia do thi ham
da thirc bacba y = f(x) = %x3 +ax” +bx+c. Biét rang ty 1& phan t6 ddm chiém % dién tich hinh vudng.

Tinh abc.
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Dap dan: 72.

= Loi gidi
Dién tich hinh vudng cta hinh vé la: 8.8 = 64(dm2)
Dua vao dd thi hinh v& ta co: A(2;0); B(4;4) .

Lai c6 y:f(x):%x3 +ax’ +bx+c di qua A(2;0); B(4;4) nén ta co:

4a+2b+c=-4
f—
16a+4b+c=-28

(1)

8+a-4+b-2+c=0 {

64+a-16+b-4+c=4

= N =

Ta c6 dién tich phan tring 1a 8._[24 (% X +ax’ +bx+ cjdx
Véy dlén tich phé‘in in dém la: Sindam = Shv B Sptrang =64-8- J.24 [% x3 + ax2 +bx+ c}dx

64—8-]:(;;3 + ax? +bx+c)dx
Theo bai cho ta co; —2dam — -2

S, 64 4

:>‘[4 lx3+ax2+bx+c x:2<:>lx4+lax3+lbx2+cx|4=2
2\ 2 8 3 2 2

<:>30+%a+6b+2c:2(2)

a=-3
Tu (1) (2)suyra: <b=6
c=-4

Vay abc=72.

Céu 126. Mac Fish mudn 1am logo trong sudt dan 1én ctra s6. Nha thiét ké dua ban v& nhu hinh. (don vi
trén mdi tryc toa d¢ 1a decimét). Dién tich logo 12 bao nhiéu dm” . Két qua lam tron dén hang don vi.

Ya
7
2 dm
0 .

/ X

Jdm

£
- -
| dm 8 dm
Dap dn: 28.
= Loi gidi
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Dua vao do thi, ta c6 dién tich logo 1a dién tich dugc gi6i han béi hai duong parabol y = f(x), y = g(x) va
hai duong thiang x =4,x=-5.
Quan sat dd thi, ta théy
+) Parabol y = f(x)=ax’ +bx+c diqua3 diém A(0;2), B(4;0),C(—4;0)

c=2 c=2
={16a+4b+c=0<4b=0 :>f(x):—lx2—2
16a—4b+c=0 a=_—1 8
8
o3 e=-3
Parabol y = g(x)=cx’ +dx+e di qua 3 diém M (0;-3), N(4;0), E(—4;0) < 116c+4d -3=0< c:%
l6c—4d -3=0 =0

:>g()c):%x2 -3.

Vay dién tich logo bang J: f (x)—g(x)|dx= J:‘%xz - S}Jx = % =28, 02(dm2)

Cau 127. Hinh 1 1a mot tac phém du thi ctia nha thiét ké san khiu trong mot cudc thi thiét ké san khau
ngoai troi to chirc tai mot quang truong. Khi mo rong san khau trung tdm, ta dugc Hinh 2. Qua trinh thiét ke
san khau trung tam dugc mo ta nhu sau:

A __ H -5

Hinh 1 Hinh 2
Budc 1. V& hinh vuéng ABCD c¢6 d6 dai canh bang 2, va Iy trung diém ctia bon canh lan lugt 13 E, F,G, H

Budc 2. V& d0 thi ciia cac ham bac hai di qua ba diém B,C,H va ham bac hai di qua ba diém F,D, 4.
Budc 3. Twong ty nhu Budc 2, vé& d0 thi ciia cac ham béc hai di qua ba diém 4, B,G va ba diém C,D,E

A3 . 5 : 2+
Biét rang: Dién tich phan t6 den trong Hinh 2 dugc cho bdi cong thirc: #
Hay tinh gia tri cia p—q. (Vi p,q 1a cac sb nguyén.)
Dap dn: 15.

= Loi gidi
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Chon h¢ truc toa do Oxy nhu hinh vé: .
Géc toa 46 O 1a giao diém cua hai dudng chéo AC va
BD A H

Truc Ox = EG;0y = HF
Khi d6 ta dé& suy ra dugc: AC:y=—x va dd thi ham sb

bac hai di qua F,D, 4 la:y=2x" -1 1
Xét phuong trinh hoanh do giao diém cua dwong thang E 5 2 G x
AC va d6 thi ham s6 bac hai di qua F,D,A ta duogc:
x=-1
2 +x-1=0<= 1
Xx=—
2 B = C

Ta goi S, la dién tich ving dugc t6 mau xanh nhu hinh

1
E 2 s

312
2

1
trén, khi do: S, :L‘E(l—sz)dx:(x—g)fj
2

A A Ao \ A 13 1
Dién tich phan t6 mau cam trong hinh trén la: S, = 3

_ -8
Vay dién tich t6 mau den nhu hinh 2 1a S=8(S1+S2)=8{g—%+éJ=8\/53 7:>{p ;
q:

Vay p-q=15
Cau 128. Cho duong tron tam O, ban kiqh bang 2. Trén duc‘)‘ng7tr(‘)n, lay 6 diém chia déu duc‘{ng tron, 1an
luotla 4,B,C,D,E,F . V& cung tron C, ti€p xtic vdi hai doan thaing O4 va OB, di qua hai diem 4 va B.
Tuong ty, v€ cung tron C, tiép xtc v6i hai doan thang OB va OC , di qua hai diém B va C . Tiép tuc bang
cach tuong ty, ta vé cac cung tron C,,C,,C;,C, tiép xuc voi cac cap doan théng lién tiép tao boi cac diém
trén. . ’ ’ ’ ‘

Hoi: Dién tich phan dugc bao bdi 6 cung tron C, dén C, 1a bao nhi€u? (lam tron két qua dén hang phan
tram)

Dap dn: 3,46.
= Loi gidi
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Gian hé truc toa d6 nhu hinh vé :

y

Ta dé c6 dugc goc AOF =§ suy ra duong thang OA4: y = J3x
do 6 diém A(1:+/3)

Dé tién tinh toan: Ta xét riéng dién tich t6 dam dugc tao bdi cung
tron C, voi hai doan théng OA4;0B

D@ thiy dugc dudng cong C, 1a db thi ham s6 parabol dbi xtmg
qua truc Oy . Do d6 ham sb parapol d6 c6 dang: y=ax® +b va dd
thi ham sb nay di qua diém 4, B.

a—ﬁ
Ta co: {a+b=\/§:> 2 3 3

Vay (C):y=—x"+—
2a=13 3 1 2 2
2
Khi d6 dién tich t6 ddm duogc tao boi cung tron C, véi hai doan thfmg 0OA4; 0B la: Xy
(. - \B
S =2 | —x" —3x+— |dx
1 J.o( 2 \/_ 2 J

Suy ra dién tich phan dugc bao béi 6 cung tron C, dn C, la

S =68, =12j01(§x2 —\/§x+§}lx:2\/§z3,46

b=

Cau 129. Trong Cong vién Toan hoc c6 nhitng manh dat mang hinh dang khac nhau. Mdi manh duoc
trong mot loai hoa va nd duoc tao thanh bdi mot trong nhitng duong cong dep trong toan hoc. O d6 c6 mot
manh dat mang tén Bernoulli, n6 dugc tao thanh tir duong Lemmiscate c6 phuong trinh trong hé toa d6 Oxy

1a 16y* =x° (25 — xz) nhu hinh v& bén dudi (don vi trén truc 1a mét). Biét chi phi dé trdng hoa trén manh dét

Bernoulli 1 150 nghin dong/m” . S6 tién can dung dé trong hoa trén manh dat nay bang bao nhiéu nghin

dong? .
y

=y

Dap dan: 6250.

= Loi gidi
x=0
x=45

Suy ra duong Lemmiscate cit truc hoanh tai ba diém 1a A(—S; 0) , O(O; O) va B (5; O) .

Ta cod y:O<:>x2(25—x2):0<:>{

1
Tu phuong trinh 16y =x*(25-x* )< y* =—x*(25-x°
phuong =2 (25-x7) @y = (2547
Suy ra y:iix\/ZS—xz .

\ . . 1
Xét goc phan tu thir nhat, duong Lemmiscate c6 phuong trinh 13 y = Zx\/25 —x*;xe[0;5]

125 5_as,, =125 )
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S tién can dung dé trdng hoa trén manh dét nay la: 12TS.ISO = 6250 nghin dong

0 THE TiICH KHOI TRON XOA
Cau 130. Cho (H) 1a hinh phing gi6i han béi parabol y =x" va duong tron x* +»” =2 (phan to d4m

trong hinh bén). Tinh thé tich ¥ cta khdi tron xoay tao thanh khi quay (H) quanh truc hoanh.
¥

N

Dap dan: 9,22.

= Loi gidi

2
. =1 x=1
Véi y=x" thay vao phuong trinh duong tron ta duge x> +x* =2 < {x & {
X =

=2 |x=-1
Hon nita x° + y° 2<:>[y__ 2-x
y=~2-x
y=+2-x"
Thé tich can tim chinh 1a thé tich vat thé tron xoay (H,): jc i 1_1 quay quanh Ox
Ox
y=x
b6 di phén thé tich (H,): ;C i 1_1 quay quanh Ox .
Ox

1 5 1
Dodé V=7 j(\/Z—xz) dx—j(xz)2 dr |= 27 <02
e bl 15
Cau 131. Trong mat phéng, cho duong elip (E ) c0 d6 dai truc 16n la 44" =10, @0 dai truc nho la BB'=6
, duong tron tAm O c¢6 dudng kinh 13 BB’ (nhu hinh v& bén du6i). Tinh thé tich ¥ cua khéi tron xoay cd
duoc bang cach cho mién hinh hinh phang gi61 han boi duong elip va dugc tron (dugc to dam trén hinh ve)
quay xung quanh truc 44'.

B

Dap dn: 75 4.
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= Loi gidi

Chon h¢ truc Oxy nhu hinh vé.
Gia su phuong trinh chinh tic cua elip c6 dang y
x2 y2
E)i—+==1(a>b>0).
( ) Cl2 b2 ( )
Theo gia thiét ta co
AA"=10 2a=10 a=>5
= =
BB =6 2b=6 h=3
2

2
3
:>(E):x—+y—:1:>y:i—\/25—x2.
25 9 5
Puong tron tim O béan kinh OB c¢6 phuong trinh

X4y =9=y=4J9-x".

Goi ¥, 1a thé tich khéi tron xoay do hinh phang gidi han boi cac duong y = 2\/25 —x*, y=0,x=0,x=5

quay xung quanh truc Ox .
Goi ¥, 1 thé tich khéi tron xoay do hinh phing gidi han boi cic duong y=+9-x>,y=0, x=0,x=3

quay xung quanh truc Ox .

Thé tich khoi tron xoay can tim 1a ¥ =2(V, - 7;) [ I 25 —x’ )dx— EIZ(9 —x’ )dxj =247 ~754

Cau 132. Mot dd choi duge thiét ké g(‘A)m hai mit cau (Sl ),(Sz) c6 cung ban kinh R =1 théa man tinh
chét: tam cua (Sl) thudc (Sz) va nguoc lai (xem hinh v€). Tinh thé tich phﬁn chung V' cua hai khdi cau tao
boi (5,) va (S,).

Dap an: 1,31.
v Loi gidi
Chon hé truc toa d6 nhu hinh v&. Thiét dién tao boi mat phang
(P) vuéng gbc voi truc Ox va mit cau tim (O, R) 1a hinh tron,
Dién tich thiét dién la S(x)=7(R*-x*) (Trong d6 x la khoang
cach tir O dén mit phang (P) )
Thé tich cn tinh 1a:
57R’

3 R

V= 2jS )dx = 27zj ~x)dv=27 Rx-2| = ~1,31
3 ) 12

Y 2

2 2

Cau 133.  Cho hinh chit nhat ABCD c¢b AB =4, 4D =5 . Cit hinh chir nhat theo duong gap khiic MNP
v6i BM =2,DP =3, PN =2 va bo di phan hinh thang vuéng MNPC (tham khéo hinh v&). Goi (H ) 1a phan
hinh phéng con lai cua hinh chit nhat d3 cho sau khi cit bo. Tinh thé tich cua vat thé tron xoay tao thanh khi
quay (H) quanh truc 4B.
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B C

A D

Dap dn: 256.
= Loi gidi
Gén hé truc toa d6 nhu hinh vé: y
V=V pe =25 dy=757( dvtt )

Puong thing MN di qua M (2;4),N(3;3) codang x=6—.

197
VENMB:ﬂI§(6_y)2dy:T( avie). ) e —\

Thé tich khéi tron xoay tao thanh khi quay () quay quanh truc

Oy: D x

19 244
V= VADPE + VENMB = 757[+T7r = z

~256 A=0

Chu 134. Mot vat trang tri c6 dang khoi tron xoay tao thanh khi quay mién (R) (phan gach chéo trong
hinh v&) quay xung quanh truc 4B . Biét 4BCD 1a hinh chit nhat canh 4B =3 cm, 4D =2 cm; F 1a trung
diém cua BC; diém E cach AD mdot doan b?mg 1 cm. Thé tich cua vat thé trang tri trén la (quy tron dén
hang phan muoi)

Dap dan: 16,5.

= Loi gidi
Chon hé truc Oxy c6 O=A4;BeO0x;DeOy.
Ta co: A(O;O);D(O;2);B(3;O);E(l;1)

D
Pudng tron tdm /(0;1) chtra cung ED ¢6 phuong trinh la:
\‘ o
X +(y-1)7=1. 1 -F

Nén cung trén cua duong tron tdm / c6 phuong trinh 1a:

y=1+1-x". 4 1 B X

Thé tich cua vat thé trang tri la:
2
V:ﬁﬂ)(1+\/1—x2) dx+7zf1312dle6,5( Cm3).

Cau 135. Mot vat trang tri c6 dang mot khoi tron xoay duoc tao thanh khi quay mién (/) (phan mau xém

trong hinh v& bén) quanh truc AC . Biétring AC =2 cm, B la trung diém ctia AC . Mién (H) dugc gi6i

han béi doan thang BC va céc cung tron ban kinh 1 cm ¢6 tim 4 va B . Thé tich ctia vat trang tri d6 bang
bao nhiéu? (Lam tron dén chir s6 thap phan thir nhat)
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D

A B C
Dap an: 2,9.
w Loi gidi
Gaén hé truc toa do Oxy v61 O= B, tia Ox=BC,
Duong tron tim B(0;0),R=11a x*+)* =1=)* =1-x°
buong tron tim A(-1,0),R=11a (x+1)*+3° =1= )" =1—(x+1)".
Phuong trinh hoanh d6 giao diém ciia 2 dudng tron 1a

1-x =1-(x+1) ex=——1op _—l;éj
2 274

V=zjl_;(l—xz)dx—njf;(l—(nx)z)dx:%mm cm’

Ciu 136. Mot vat trang tri c6 dang mot khdi tron xoay duoc tao thanh khi quay mién (R) (phan gach chéo
trong hinh v&) quanh truc MN. Biét ring ABCD 1a hinh chir nhat v6i AB =6cm, AD =10cm va M, N lan
luot 14 trung diém cua AB, CD. Hai dudng cong la dudng Elip c6 hinh chit nhét co sé 1a 4BCD va duong
tron tiép xtic voi hai canh 4D va BC (tham khao hinh v&). Tinh thé tich cta vt trang tri d6 (két qud lam

tron dén hang phan chuc theo don vi cm’).
A D

M N

) = Loi gidi

Gan vao hinh chir nhat ABCD h¢ truc toa d0 Oxy voi

gbc O trung voi giao hai duong chéo, cac diém M, N nam
trén Ox (tham khéo hinh v&). ‘ , A 3
Do MN 1a truc d6i xing cia mién (R) nén khoi tron
xoay duoc tao thanh khi quay mién (R)quanh truc MN
tring v6i khoi tron xoay dugc tao thanh khi quay phan (R) el o 3 S
nam phia trén MN quanh MN. M N
Goi V,, V,,V tuong Gmg la thé tich cta cac khdi tron
xoay duogc tao thanh khi quay Elips (£), hinh tron (C) va B C
mién (R) quanh MN (hay quanh Ox), tacé V =V, -V,. =3

Y

1 1 2 2
Elip (E) c6 cac ban truc azEAD:5, szAB:3 nén cod phuong trinh ;—5+%:1.

5 2
Taco V, = ﬂj9(l—x—jdx: ﬁ(9x—ix3j
° 25 25 )

Hinh tron (C) c6 tdm tai O, ban kinh R =3 khi quay quanh MN tao thanh khdi cdu tim O, ban kinh

5

=607 (cm’).

bang 3. Do d6 7, =§;z.33 =367 (cnr’).

Vay thé tich cta vat trang tri d6 1a: V =V, -V, =24z ="T75(cm’).
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Ciu 137. MOt cai trong truong c6 khoang cach gitta hai mat trong 13 1 m. Mot mit phing qua truc cia
trong cdt phan xung quanh cua trong theo hai cung ctia elip (E) (tham khao hinh v&). Biét ring elip (E) c6

truc 16n va truc nho 1an luot 1a 2 m va 1 m. Hay tinh thé tich ctia phan khong gian ma cai tréng di néu chiém
cho.

cung elip

Dap an: 0,72.
= Loi gidi
Xét hé truc toa do0 Oxy nhu hinh v€ (truc hoanh trung véi truc cua b
tréng, gbc toa dd O tring véi tam tréng, don vi: m).

Theo gié thiét elip (£) c6 phuong trinh 1a

2 2
A DN
11 .
4

The tich cua cai trong la

o 1\/_22 1 % 11z
V=272'.([(5 1—x ) dx:Eﬂ'.([(l—x )dxz—.

48

Vay thé tich ciia cai trong truong 1a % =0, 72( m’ ) .

Ciu 138. Mot binh cim hoa dang khéi tron xoay véi day binh va miéng binh cé duong kinh 1an luot 1a 2
va 4. Mit xung quanh ctia binh 1a mot phan ctia mit tron xoay khi quay dudng cong y = Jx-1 quay quanh
truc Ox . Thé tich ctia binh cim hoa d6 bang bao nhiéu?
Dap an: 23,6.
= Loi gidi
Vi day binh va miéng binh c6 duong kinh lan luot 12 2 va 4 nén ban kinh cia ~ ¥A
day binh va mi¢ng binh lan lugt 1a 1 va 2.

B 7f// e
Taco Jx—l=l<x=2va Jx—1=2<x=5. ol 1
Vay thé tich ctia binh cim hoa 14 /L/ "
5 5 X ’ 157 K. |
— _ 2 j— _ —_ —_ [ Jp——,
V—ﬁfz(\/x 1) dx-ﬂj.z(x l)dx—zz(z sz 5 23,6

Cau139. Chohamsd y=f(x)=ax’+bx’ +cx+d,(a,b,c,d € R) ¢6 dd thi (C). Biét rang do thi (C)
tiép xtic v6i dudng thang y =4 tai diém c6 hoanh d6 4m va dd thi ham sé y = f'(x) cho béi hinh v& dudi
y. Tinh thé tich vt thé tron xoay duoc tao thanh khi quay hinh phang H gi6i han bi do thi (C) va truc
hoanh khi quay xung quanh truc Ox .
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[
¥ J)

-3
Dadp dn: 65,4.
= Loi gidi

Tu hinh v& ta ¢6 duge f'(x)=3x"-3= f(x)=x"-3x+d

Tacé y =4 la dudng thiang co hé sb goc bang 0 nén y =4 1a tiép tuyén tai diém cuc tri X, c0 hoanh d¢
am clia ham s0 f(x) = f(x,)=4.

Tu hinh v€ ta théy duoc f (x) c6 mot diém cyc tri Am 13 x =—1

= f(-1)=4=>d=2= f(x)=x"-3x+2.

Xét phuong trinh f(x)=0< {xx=_—12
Khi d6 thé tich vat thé duoc tao ra khi xoay hinh phang H quanh truc Ox la:

V:”,[l,z(x3 —3x+2)2 dx = 73)957[ = 65,4

Cau 140. Cho hai duong tron (01;10) va (02;8) cit nhau tai hai diém 4, B sao cho 4B 1a mét duong
kinh ctia dudng tron (O, ). Goi (H) 1a hinh phang gi6i han béi hai duong tron. Quay (H) quanh truc 0,0,
ta dugc mot khoi tron xoay. Tinh thé tich ¥ cua khdi tron xoay tao thanh.

Dap an: 335.
= Loi gidi
Céch 1: Ta xay dung h¢ truc toa do0 Oxy nhu hinh vé

Tacé 0,0, =JO4 —0,4 =6.

Taco O, (O;O),O, —6;0).

buong tron (O,;8) ¢ phuong trinh 1a: x* + ) =64

= y=+64—x".

Duong tron (01;10) 6 phuong trinh 1a: (x+6)> +3”> =100 = y =100 —(x+6)" .
_ 6087

Thé tich can tim: V = ni(64—x2)dx—7zj[100—(x+ 6)° | dx
0 0
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Cach 2: Chon h¢ toa d§ Oxy voi O, =0,0,C=0x,0,A=0y.

Canh 0,0, =[O, 4 —0,4* =\10* ~6* =8 = (0,): (x+8)* +)* =100.
Phuong trinh dudng tron (O, ):x* +)* =36.
Ki hi¢u (H, ) 13 hinh phing gi6i han boi cac duomng y =/100—(x+8)’ , truc Ox,x=0,x=2.
Ki hiéu (H, ) 1a hinh phang gi6i han boi céc duomg y =36 -x° , truc Ox,x=0,x=6.
Khi d6 thé tich ¥ can tinh chinh bang thé tich ¥, ctia khoi tron xoay thu dugc khi quay hinh (H,) xung
quanh truc Ox trir di thé tich ¥, ciia khéi tron xoay thu dwoc khi quay hinh (H,) xung quanh tryc Ox .
1 4 2

Taco V,=— —ar =276 =144r .
23 3
1127
Laico V, = ﬁjy dx = nj[loo (x+8)" |dx=—"
1127 32
Dodo V=V, —V, = 14471127 3207 335

Cau 141. Mot khdi ciu co ban kinh 13 5 (dm) , nguoi ta cit bo hai phan ciia khdi cau bang hai mit phing
song song cung vudng goc voi dudng kinh va cach tim mot khoang 3(dm) dé 1am mot chiéc lu dung nudc.

Tinh thé tich nudc t61 da ma chiéc lu ¢6 thé chira duoc.

1
3dm i
1

Dap dn: 415.
= Loi gidi

Cach 1: Svr dung wrng dung cua tich phdn ' 4

Xét duong tron c6 tim O(0;0), ban kinh R =5.
Khi do6 phuong trinh cua duong tron la:
X4y’ =25=y7 :25—x2(C).

Thé tich lu nuéc can tinh chinh 13 thé tich cta
khéi tron xoay khi quay duong tron (C ) quanh tryc
Ox va bo di phén chom cau gidi han bdi 2 mat
phang song song va vuong goc vdi truc Ox va cach
O mot khoang 1a 3.

Thé tich cta lu nuéc la: V = ﬂj (25—x2)dx: 1327 ~ 415(dm3).

Cich 2: Sir dung cdc cong thirc thé tich thong thwong
. o 4
Goi ¥/ Ia thé tich khdi ciu =V == 7.5 =2 ;)0 (dm’).

0983.900.570 Vé Cong Truong 129 2025-2026



A'}' VUI CUNG TOAN Nguyén ham — Tich phan

Goi ¥, 1a tong thé tich 2 chom cau bi cit bai mit phang vudng goc véi dudng kinh va cach tim mot khoang

3(dm) =V, =27k’ (R—ﬁj = 27[-22.[5—2j =ﬁﬂ(dm3).
3 3 3

Khi d6 thé tich ¥ cta lu nudc can tinh 1a: V = V. =2V, = 1327r(dm3) .

Cach 3:

Dit hé truc voi tim O 13 tAm cua mit cau, duong théng ding 1a Ox, duong
ngang 1a Oy . Ta c6 phuong trinh ciia duong tron 16n 1a x? + y* =25 . Thé tich cai
lu 14 thé tich cua vat tron xoay tao thanh khi quay hinh gi6i han boi cac duong

cong y =+/25—-x7, truc Ox, dudng thang x =—3,x=3 quay quanh Ox.

3
= 1327r(dm3)

-3

V:71'J.33(25—x2)dx:7t[25x—%3J

Cau 142. Mot thung ruou vang c6 dang hinh tron xoay c6 hai day la hai hinh

tron bang nhau, khoang cach giira hai ddy bang 80 cm. Pudng sinh ctia mit xung quanh thung 1a mot phan

dudng tron ¢ ban kinh bang 60 cm. Hoi thung d6 ¢ thé dung dugc bao nhiéu lit ruou?
Dadp dn: 771.
= Loi gidi
Phuong trinh duong tron tdim £ ban kinh 60 cm la:

x2+y2:602:>x:i«/602—y2. ;

Thé tich thung ruou dugc sinh ra khi quay hinh phang giéi han boi

40 C

K
x=4/3600—)"; x=0; y =140 quanh Oy. A
v=r[" (3600~y*)dy=770737,4( em®)~ 771 (iit ~a
- _40 y y_ s ~ .

Ciu 143. T hinh chit nhat ABCD c6 chiéu dai 4B =8cm va chiéu rong BC = 4cm , ngudi ta cat bo
mién (R) dugc gidi han bdi canh CD cua hinh chit nhat va hai nira dudong thang parabol c6 chung dinh 1a

trung diém canh 4B, ching 1an luot di qua hai ddu mut C, D cua hinh chit nhit d6 (phan t6 ddm nhu hinh
vE). Phéan con lai cho quay quanh truc AB dé tao nén mot dd vat lam trang tri, thé tich cua vat trang tri do

bang bao nhiéu cmr’ . Viét két qua lam tron dén hang don vi.

D - Cc

A
o 5

Dap dn: 393.
= Loi gidi
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Khi quay hinh chit nhat ABCD quanh truc 4B ta duogc y

khéi tru c6
‘Ban kinh ddy » =BC =5 cm. D 5 -
-Chiéu cao h=AB =10 cm . 8

Do d6 thé tich khdi tru nay c6 thé tich
Vi=r-5 -10:250ﬂ(cm3).
Mat khac, chon hé truc toa d6 nhu hinh vé thi C (5;5)

va parabol bén phai truc Ox c6 dang (E) :y? =2px = 0 s =

Ta co Ce(Pl)<:>p:%:>(Pl):y2:5x hay y=\/§.

Khi @6 mién (R) khi quay quanh truc Ox 6 thé tich

5

=1257

v, = 27[}[52 - Sx] dx= 27r(25x —%xzj
0

0
Vay thé tich phén conlaila V=V -V, =125r = 393(cm3) .

Céu 144. Cho hinh vudng c6 d6 dai 8 cm va mot hinh tron ¢6 ban kinh 5 cm duoc xép chong 1én nhau sau
cho tam cua hinh tron trung véi tdm cia hinh vuéng nhu hinh v€ bén. Biét thé tich V' cta vat thé tron xoay

: M b + N \ A A Ae oo . ’
tao thanh khi quay mo hinh trén quanh truyc XY bang —r;a,beZ" va % la phan so toi gian. Khi do

a
% +2b bang bao nhiéu?
B .
4 3 i
4 o ¥
L /
i S
Dadp dn: 58.
= Loi gidi
Cach 1: Chon hé truc toa @6 nhu hinh vé ¥

Khi d6 phuong trinh dudng tron c6 dang

X+ =25=y=425-x".
y=+25-x

x>0
x=4 lan luot tai (3;4)va (43).

Mot phan tu dudng tron { cat cac duong y =4 va

- \
s
F N
O v i
& /2

O

Do d6 thé tich ctia mé hinh khi quay quanh truc XY 1a

e |

V:27z[j‘(25—x2)dx+i(25—x2)dx+I42dx}=¥ AN 2

0

a =520 a
= —+2b=58.

Suy ra
i {b:3 10
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Cach 2:

V=V, +2r- j[ ~(25- x):|dx=g-53-ﬂ+?~ﬂ'=%-

cau

a =520 a
Suy ra =—+2b=58.
b=3 10

Céu 145. Néu cit chau nude co hinh dang nhu hinh bén bang mit phiang song song va cach mit day
x (em) (0< x <16) thi mit cit 1a hinh tron ¢6 ban kinh R =10++/x (cm). Tim x (don vi cm, lam tron két

. \ ) 5 1 s
qua dén hang phan tram) dé dung tich nudc trong chau bang B thé tich ctua chau?

16 cm 1{)+~/;:. cm

X ClllI

Dap dn: 8,94.

= Loi gidi
Dién tich mat cit ctia chiu la §(x)=7.(10+ \/5)2 = {100+ x+20Vx)

16 7744

Thé tich cua chaula V = IS dx T. [100x+?+20 2 \/_j 3

Dung tich nudc trong chau la
2

V o —jS )dx =1 IOOerx—Jrﬂ.\/x3
2 3
. N T
bé dung tich nudc trong chau bang 5 the tich cta chau thi
> 4 2 > 4 2
2] 1000+ + 20 o |2 3872 1 ro0x X+ 20 23872 o8 04
2 3 2 3 3

Cau 146. Mot khdi tron xoay dugce tao thanh khi quay hinh phang (H ) (phan mau xam trong hinh v&)
quanh truc 45 .

|
|
|
|
Ix
|
|
|
|

Mién (H) dugc gi6i han boi dudng tron dudng kinh 4B va cung tron tim 4. Biét 4B =8cm va diém K
trong hinh v& thoa man 4K =3cm. Thé tich cta khdi tron xoay d6 bang bao nhiéu cm’ (1am tron két qua dén
hang don vi).

Dap an: 135.

= Loi gidi
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Chon hé truc toa d§ Oxy nhu hinh v&, A(—4;0), B(4;0), ’
K(-10). C
Goi C la diém trén cung tron tdm A sao cho KC L 4B,
OK =1=>CK =\JOC* —OK* =+16-1* = /15
— AC =JAK> +CK> =3 +15 =26 __,‘.- x| \»
= 0D =26 -4 = D(26 -4,0). -4 el Jo =

Phuong trinh dudng tron duong kinh 4B : x* +y° =16

= nua trén truc Ox cd phuong trinh: y =+/16—x" .
Phuong trinh duong tron tdm A, ban kinh AC: N e

(x+4) +)* =24= y=[24—(x+4)

2\13—4(

, , 4 2 2
Thé tich vét thé tron xoay dugc tao thanh 14 ¥ = 7 | (\/16—x2 ) de— [ |\24—(x+4) ) dx ~ 135¢m’
-1 —

CAu 147. Chuén bi cho dém hoi dién van nghé chao dén ndm madi, nhém ban Lan da lam mot chiéc mil
“cach diéu” cho ong gia Noel c6 dang mot khoi tron xoay. Mit cat qua truc ctia chiéc mil nhu hinh vé bén
dudi. Biét rr:ing 00'=6cm, OA=10cm ,OB = 20cm , dudong cong AB la mdt phﬁn cua parabol c6 dinh la
diém B . Tinh thé tich cia chiéc mii (1am tron dén hang don vi).

B
o A
OF
Dap dan: 3142.
w= Loi gidi
Chon hé truc toa do nhu hinh vé: v AQmio)  c(s )

Parabol (P) di qua 2 di€m 4,B va c¢6 B la dinh = (P) di qua
4(20;10) va B(0;0)

Taco( )iy=ax’+bx+c. 2 %
Vi (P)qua B(0;0) =c¢=0.

)

Vi (P)qua 4(20;10) =10=20a+20b (1).

Ma B la dinh cua parabol (P) nén = =0=>b=0.

2a

1

Thay 5 =0 vao (1 =—,

ay vao (1) =a 20
2
X
P):y=—.
=(P)iy="1o

2\? 26
=V = n.[[ oj dx+ 7 [ (10) dx =10007 ~ 3142(cm’ ).
20
Vay thé tich ciia chiéc mii la: 3142 (cm3 ) :

Ciu 148. Mot chiée df)ng hd cat nhu hinh v& gdm hai phan ddi xtng nhau qua mat phang nim ngang va
dat trong mot hinh tru. Thiét dién thang ding qua tryc cua nd la hai parabol chung dinh va d6i xtmg nhau
qua mit phang ndm ngang. Ban dau luong cat don hét & phan trén cta déng ho thi chiéu cao ctia muc cat
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N 2 A 5 A r 3 ~ r 5 \ A A r.: 1 LA A
bang 3 chiu cao ctia bén do (xem hinh v¢). Cat chay tir trén xudng dudi voi toc do v(t) =0,2t+13 (em’

/phut). Khi chidu cao ciia cat con 4cm thi bé mit trén cliing cua cat tao thanh mot dwdng tron ¢ chu vi bang
87 cm. Biét sau 20 phut thi cat chay hét xudng phan bén dudi cua dong hé. Héi chiéu cao ctia khoi tru bén
ngoai bang bao nhi€u centimet? (Néu ket qua la so thap phdn thi lam tron dén hang don vi).

-

N\ezity/

8 "‘gf

Dap dn: 21.
= Loi gidi
. . 20 20 i
Thé tich cét ban dau la: [v(¢)de= [0,2¢+13de=300cm’ . :
0 0
Ban kinh dudng tron ddy parabol tron xoay khi chiéu cao cat Gl
con 4cm la: 8—”:4. :
2r

Xét parabol (P):y= a~/x di qua diém A(4;4) nhu hinh v&

Ta co: A(4;4)e(P):4:a\/Z:a:2.

Suy ra (P) iy = 2\/; -

Khi d¢6 thé tich parabol tron xoay tao ra bang cach xoay hinh
phang giéi han boi parabol (P), truc Ox va hai dudng thing x =0, x =/ quanh truc Ox la:

=] () dr= 42
0

B = = ——

h
=27h® (dvtt).

0

Suy ra: 27zh> =300 = h = 150
V4
A 1A Z. . e 3 [150
Vay chiéu cao khoi tru bén ngoai la: 2. N ~2lcm.
T

Cau 149. Mot dén pha dang parabol c6 duong bién (mit cit) cho boi f(x) = %\/;
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Chiéu dai choa 1a 4 cm. Hoi: thé tich khong khi bén trong 1a bao nhiéu cm?®? (Iam tron két qua dén hang
phan mudi)
Dap an: 56,6.

= Loi gidi
Thé tich khoi tron xoay quanh truc Ox :

—7Z'I (f(x))dx = ﬂj( jdx 7Z'J. —xdx

o 1T 9
=r|=x
Bl

:7z~§-16: 7-18=56,6cm’
Ghi chti: Néu quay do thi quanh truc thing dimg thay vi truc Ox , ta ciing tinh duoc thé tich khdi tron xoay,
nhung can chon hé truc sao cho truc Ox hudng 1én trén.

Céu 150. Mot thung 1am kem c6 mit cét dang parabol nhu hinh. Biét phuwong trinh duong bién c6 dang
F(x) =a~/x , hoi dung tich cia thung bing bao nhiéu lit.

PUI\ l"n.um

m-

L.20¢

Dadp dn: 28,3.
= Loi gidi
Tt hinh v&: f(20)=30:a@=30:>a=1—5=3£.

NG
Vay f(x)=35x.

Thé tich khéi tron xoay:
=z[(fe) dv=x[ (N5 xdx =] 45xdx

{45 2}”
=7 —X
2

=7-9000 ~ 28274,33cm’ ~ 28,3 lit.
Ciu 151. Ly ¢ hinh du6i chira dugc bao nhiéu thé tich (don vi cm?). Biét dudng bao mép ly 1a mét parabol
bac hai dang f(x)=ax?. Luu y: truc Ox hudng 1én trén. (1am tron két qua dén hang don vi)

0
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Dap an: 20.
= Loi gidi
Xéc dinh phuong trinh parabol

Lz . 1
Tu hinh thay diem P(8;2) nam trén parabol, nén f(8)=2=64a=2=a= %

|
Va xX)=—x".
ay f(x) 32

Tinh thé tich khéi tron xoay
Muc chat long trai tir x =3 dén toi da x = 8. Thé tich chat 1dng trong ly 1a

2 s 1

14 :ﬂf (f ()" dx = 7Z'J.38(3L2)CZJ dx=r1 . 1024x

T
=7 X
5120

Cau 152. Binh chira nhién liéu cia mot chiéc may bay phan lyc dugc mé ta trong khong gian 1a mot khbi

*dx

~20cm’

3

tron xoay thu dugc khi quay hinh phang gigi han boi do thi ham s6 y = 3 x’\2-x véi (0<x<2) vatruc

. 2 , . , Y ar L. a4 A K JAe s
Ox quanh truc Ox (x tinh theo don vi m). The tich cua binh chira bang 7m3 voi 5 la phén s toi gian.

Khi d6 a+b bang

y= %XZVZ—X
y
%
- - '

Dadp dn: 31.

v Loi gidi
2

Thé tich ctia binh chira 1a V:j;;z[éx%/z—xj dx:l(nf).

Do dd, a=1va b=30 nén a+bH=31.

Cau 153. Mot qua bong bau duc theo quy dinh duoc sir dung trong giai bau duc qubc gia co kich thudc
28(cm) tr dau nay dén dau kia va duong kinh 17(cm) ¢ phan day nhat ( quy dinh c6 phép thay doi mét chut
vé cac kich thude nay) ( Ngudn: NFL).

(-]

Hinh dang ctia mot qua bong bau duc c6 kich thudc néi trén c6 thé duge tao thanh khi quay phan dién tich
hinh phang giéi han bai d6 thi ham s6 f(x) =ax® +bx+c, truc hoanh va cac duong thing x =—4;x =24,

trong d6 x tinh bang centimet (cm). Thé tich ( don vi: cm’, két qua lam tron dén hang don vi) cta qua bong
bau duc c6 kich thudce noi trén bang bao nhiéu?
Dap dan: 3390.
= Loi gidi
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Ta thay d6 thi ham s6 f(x) = ax” +bx+c di qua

chc didm (—4;0),(24;0) va (10;%} nén ta c6 hé

phuong trinh:
__17
(—4)a+(~4)b+c=0 392
28%a+24b+c=0 < bz%
102a+10b+c =2 204
2 c="
49

17 ., 85 +204j2dx_16284

Viy thé tich ciia qua bong bau duc trén la: V = ﬁjj(— TR 3390(cm3)

Bl eV Rt
392 98 49
Cau 154. Mot thung chira rugu c6 dang hinh tron xoay véi duong sinh la mdt cung cua duong tron, hai
day 1 hai hinh tron bang nhau va c6 dudng kinh bang 20cm , khoang cach giira hai day bang 32cm , dudng
kinh 16n nhét ca than thing 1a 24cm (biét cac kich thudce da trir 16p vo thung, tham khao hinh v&). Hoi
phan khong gian bén trong thing chira ruou do cé thé tich bang bao nhiéu 1it? (két qua lay dén chir s6 hang

phan chuc va khong 1am tron).
' 3

C

o $7
o

2cm

Dap dn: 12,9.

= Loi gidi
bat hé truc toa do nhu hinh vé: Yo\
Goi phuong trinh duong tron phia trén truc

hoanh 1a: x” +* —2ax—2by+c=0(a’ +b* =0) t
Puong tron di qua cic diém co toa do:
(0;12),(16;10),(—16;10) nén ta c6 hé sau: B o e e A e
0+144-24b+c=0
256+100-32a-20b+¢c=0 <
256+100+32a—-20b+c=0
24b—c =144 a=0
32a+20b-c=356 < < b=-53
—32a+20b—-c =356 c=1416
Vay phuong trinh duong tron la: —12
x*+)*+106y-1416=0 hay
X +(y+53) =4225=65"

uty 7
2|07

—16 32cm 16

Xét nira duong tron phia trén truc hoanh c6 phuong trinh: y =~/4225-x* —53
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Vay thé tich ctia binh rugu chinh 1 thé tich khdi tron xoay tao béi phan hinh phang gidi han boi d6 thi ham

s6 y =+/4225—x* =53, truc hoanh va hai duong thang x=-16, x =16 quay quanh truc Ox .

v=r| ( 4225 x° —53) dx =12957¢m’® =12,957dm* =12,957 ( lit)
-16
Két qua 1iy dén chir s hang phan chuc va khong lam tron thi 1a 12,9 lit.
Cau 155. Cho cac d6 thi ham sé: y=a', y=a", y=Ax"+Bx+C, a>1, A,B,C € R va dudng tron
(C).Goi (D) 1a mién phang duoc t6 ddm (hinh vé). Quay mién (D) quanh truc Ox ta dugc mot vat thé

tron xoay c6 thé tich bang bao nhiéu (két qud lam tron dén hang don vi)?
Yy

-5 -4 -3 -2[-10 i\2 3 4 5=
Dap dn: 652.
= Loi gidi
bo thi ham $6 y=a" diqua diém (1;2) néntacod a' =2< a=2, tadugc ham sb y=2%y=2".
Do thi (P) ctia ham sd h% = Ax* + Bx+C di qua diém (1;2) , ¢6 dinh (0;4) nén ta co

A+B+C=2 A=-2

_izo C=4
24

Suy ra (P):y=—2x2+4.

Dudng tron (C) 6 tam (0;4), ban kinh bang 3 nén c6 phuong trinh x° +(y—4)2 =9.
y=4+9-x’
y=4-9-x

Quay hinh tron (C) quanh Ox ta dugc vat thé tron xoay c6 thé tich bang
K:ﬂj[(4+\/9—x2) —(4—\/9—x2) }dlemj 9— x’dx ~710,611517 .
-3 -3

Thé tich vét thé tron xoay sinh boi phan dién tich giéi han béi do thi (P) va hai do thi y=2%,y=2"

Ta co x2+(y—4)2 =9<:>[

(phan khong t6 mau) bang
1
v, = 2ﬁj[(—2x2 +4) —(Zx)z}dx ~58,450111.
0
Vay thé tich vat thé can tim 1a ¥V =¥, —¥, =~ 710,611517—58,450111~652.

Ciu 156. Mot vat trang tri c6 dang mot khdi tron xoay duoc tao thanh khi quay mién (R) (phan duoc t6
mau trong hinh v& bén) quanh truc 4B . Mién (R) duogc gidi han bai cac canh AB, AD cia hinh vudng
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ABCD va cac cung phan tu ctia cac dudng tron ban kinh bang 1 cm voi tim 1an luot 13 trung diém cia cac
canh 4D, AB .Tinh thé tich cta vat trang tri d6, lam tron két qua dén hang phan muoi.

D G

A B
Dap an: 12,3.
7 = Loigiai

Chon truc Ox chua diém B, truc Oy chua diém D, va goc toa d6 O 74

trung diém 4 (nhu hinh v&).
2

Goi E,F lan luot 13 trung diém cia AD, AB.Khi d6 E(0;1), F(1;0). .

+ Phuong trinh duong tron c6 tdim E(0;1) va duong kinh AD =2 la: £l
X +(y=1)7°=1.

Suy ra phuong trinh cung trén ctia dudng tron tim E 1a: y =1++1-x a ! 2 )

+ Phuong trinh dudng tron c6 tam F(1;0) va duong kinh 4B =2 la: e F - \
(x=17+y* =1.

Suy ra phuong trinh cung trén ctia dudng tron tim F 1a: y =/1—(x—1)’
Vay, thé tich vat trang tri la:

V:ﬁjol(l+\/1—x2 )2 -dx+7rJ-12(l—(X—l)2)-dxz12,3(cm3)

D C

A (0] B
Dap dn: 201.
= Loi gidi
Phuong trinh Parabol OC c6 dang: y* = ax
Mit khac Parabol di qua diém C(4;4) =>4’ =4a=a=4
Khi d6 phuong trinh dudng cong OC 1 y =+/4x .

Thé tich ctia vt thé thu duoc la: ¥ = 2(7zj: (V4x)? dx) =647 ~201(cm’).

Cau 157.  Ong An c6 mot céi binh dyng rugu, than binh c6 hai phan: phan phia dudi 1 hinh non cut, phan
trén 1a hinh cau bi cat bdé 2 dau chom (hinh 1).
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Hinh 1 Hinh 2

e — — - o — — o

=)

Thiét dién qua truc cta binh nhu hinh 2.

Biét AB=CD=16cm, EF =30cm,h=12cm,h =30cm va gia mdi lit ruou 13 100000 ddng. Hoi sb tién
ong An cﬁq dé @6 C?ﬁy binh rugu la bao nhiéu tri¢u ddng (gia st 46 day cua vo binh ruou khong dang ké)?
(lam tron két qua dén hang phan tram)

Dap an: 1,62.

= Loi gidi

Ta ¢6: CB=+CD*+DB* =20, Goi O,K,I lan luot la I

tAm mat cau, trung diém cua canh AB va cung 4B . Taco ban 4. . B
3 CB g\
kinh mat cau R=—=10,IK =4.
inh mat cau 5 f ; ,{9// 1|I

Thé tich khéi nén cut ¥, = %ﬂ.30(152 +15.8+8") = 40907 c

Thé tich khdi cau: V. = 402()”

Thé tich chom cau: V' = 2-7[-16(10—§j = %

Thé tich binh ruou bang: f

E ¥

V=V +V.-V =40907+ 4020” - 8332” = 154;’8” ~16166.64(cm’) ~16,2(1)

Viy, s6 tién ong An can dé d6 day binh ruou gan bang: 16,2x100.000=1,62 (triéu dong).

0 THE TiCH VAT THE (Khéng tron xoay)

Ciu 158. Trén mot tuyén dudng thang c6 mot doan phai di xuyén qua mot qua ndi nho, do d6 ngudi ta da
tao mot ham chui dé thuén tién cho cac phuong tién giao thong di chuyén, vom ctia ham chui duge d6 bé
tong co dang nhu hinh vé duéi day, véi BC =8(m); IH = 5(m); IK =0,6(m); AB=CD =0,5(m); HT =10(m) .
Biét khi cit vom ctia ham chui bang mét phang vudng goc voi truc cua tuyen duong ta lubn co thiét dién la
mdt hinh phang dugc g101 han boi hai parabol va giao tuyen clia mat cat véi mat dudng. Hoi can bao nhiéu
mét khbi bé tong dé ¢6 vom ctia ham chui. (1am tron két qua dén hang phan mudi)

0983.900.570 V& Cong Truong 140 2025-2026



) . ,
@ VUI CUNG TOAN Nguyén ham — Tich phdn

A B,
Dap an: 69,3.

i = Loi gidi ’
Goi S la dién tich hinh phang gioi han boi hai parabol va giao tuyén Y
cua mdt cat voi mat duong. Thé tich vom cua hdm chui duge do bé tong o
la: V' =S.HT =10S . Gan phan dién tich vao hé truc toa d0 Oxy, ta co Yy’ "'\’\ s
dd thi nhu hinh v&. ’ . \_\
Tur do thi, ta xac dinh dugc hai ham so parabol: /" 2% A
81) -2 112 112 81 e
D=kl - |—— L5 sh=—""Z s o(x)=——=| > =22 77
g ( 4j 405~ 8 405( 4) 1Z g \
5 5 /’f 7 y=1()X '\\
x)=h(x*-16)h=——=h(x)=——(x*-16 Z A
f@)=h(x =16)h == h(x) =—=(x" ~16) )2

=5 st [t B8l e e

Vay thé tich ciia vom la: V' = 104 102208 69,3(m’).

15 3
Cau 159. Dé chuan bi cho hi trai do Poan truong to chirc, 16p 12B du dinh dung mot cai 18u trai c6 dang
hinh parabol nhu hinh vé. Nén cta léu trai 1a mot hinh chit nhat c6 kich thudc bé ngang 3 mét, chiéu dai 6
mét, dinh trai cach nén 3 mét. Tinh thé tich phan khong gian bén trong 18u trai.

G(m)

Dap an: 36.
= Loi gidi
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Xét hé truc toa d6 Oxy nhu hinh vé parabol z

(P):y=ax’+bx+c,a=0 c6 dinh C(0;3), di qua hai diém

A(-3;0) va B(3;0) nén c6 hé phuong trinh

1
0-a+0-b+c=3 a=—§ SRR
9q¢-3b+c=0 <<b=0 . ) ’,< Sy
9a+3b+c=0 c=3 /*(nw) [3)

Suy ra (P):yz—%x2+3

3
Dién tich mat truéc cta 1éu trai la: § =] (3 —%xzjdx =12( m’).
-3
-Chon h¢ truc toa d6 Oxyz nhu hinh vé
3
Khi d6 thé tich phan khong gian bén trong 18u trai 1a ¥ :IIZ dx = 36( m’ )
0

* Ta c6 thé 1am tric nghiém nhw sau: Cong thirc tinh nhanh
: 3 2 . 3
Dién tich phan gach soc 1a: S = gah , Vo1 a la day, & la chiéu cao.

2
Co6 S==-6-3=12( m*);~A=3( m).
+-6:3=12( )i =3( m)
Coi khéi can tinh nhu khéi tru thi khéi co thé tich 1a V=12.3=36( m3).

Céau 160. Mot bon hinh try dang chtra dau, dugce dat nam ngang, c6 chiéu dai bon 14 5 m, c6 ban kinh day
1 m, v6i ndp bon dat trén mat nam ngang ciia mat try. Nguoi ta da rat dau trong bon tuong tng véi 0,5 m

ctia dudng kinh d4y. Tinh thé tich gan diing nhat ctia khdi dau con lai trong bdn (theo don vi m®).

Dap an: 12,6.
w Loi gidi

Thé tich cta bdn chira dau la

V=B-h=57r(cm3).

Goi ¥, 1a thé tich phan dau bj rut ra.

Chon hé truc Oxy nhu hinh vé.

Ta c6 dién tich phan t6 dam la
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B

&
S:2j.(\/_x——jdx—2.[\/l_xdx 2f i 1—x” - —g

%

T

3
\ll—sinztcosz‘-dt—g=2_[cos2t-dz‘—§=2[£—£J—£=Z—£
0

5
Vay thé tich phin dau bj ratra1a V. =I(§—£jdx=(f—£}5.

0

=2

S =y

Viy thé tich phan dau con lai trong bon 1a V,=V-V = 57[—(%—?]5 ~ 12.637( cm3).

Cau 161. Mot nha may nhiét dién sir dung 90 mang Parabol thu nhiét nang lugng mat troi ¢é cung kich
thude, bé mat cong déu nhau (tham khao hinh ve).

M&i mang c6 chiéu rong 2m , bé day cua khdi silic 1am mit mang 1a 2dm , chiéu dai 3m. Pat mang tiép
giap mat dét c6 diém cao nhit cua khdi silic 1am mat mang so voi mat dat 12 5dm . Khi d6 thé tich cua khdi
silic 1am 90 mit méang bang bao nhiéu m’?

Dap dan: 108.

= Loi gidi

Xét hé truc Oxy nhu hinh vé. v

Khi d6 duong Parabol tuong ung
v61 vanh trén va vanh dudi ciia mang s
lan luot 14 (P):f(x)=ax’+b va 2
(Pz):g(x):mx2+n. =

Tacé (B) di qua cac diem (0;0,5) 12 12

- 0 .

va (~1,2;0) 1 1 :

25 ,
= f(x)=——x"+0,5
7 ) 72
(PZ) di qua céc diém (0;0,3) va (—1;0) = g(x) = —%xz +0,3.
, 1,2 1
Dién tich mat cat cua mang S = I f(x)dx— I g(x)dx=0,4.
-1,2 _
9 4 3
Thé tich khdi silic ¥ =90.[ S (x)dx=108(m’).
0
Cau 162. Mot cdc thity tinh c6 dang hinh try dang dung mét lugng nudc, ban kinh trong long day coc 1a 8
cm, chiéu cao trong 1ong cdc 14 10 cm. Tinh thé tich lwong nudce trong cdc (don vi em™), biét khi nghiéng ¢

nude vira lac khi nude cham miéng coc thi ¢ ddy coc muc nude trung voi dudong kinh ctia day coe (lam tron
ket qua déen hang don vi).
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e

f\

Dap dan: 427.
= Loi gidi
Chon h¢ truc toa do Oxy nhu hinh v&.
bat OK =x (0<x<8)
KN =+64—x"
Xét tam giac KMN , ta c6 tan MKN = 10 __MN = MN = \/

8 \/64 x>
1

1 5 5
=S, =—KN-MN=Ex/64—x2 -Z\/64—x2 =§(64—x2).

2

Vay V:%i(64—x2)dxz427(cm3 .

-8

Cau 163. Cho mdt thanh g5 hinh tru 4 c6 déy 1a hinh tron ban kinh 1, va
mot thanh gd hinh ling tru dimg B c6 day 1a hinh vudng canh 2 nhu hinh va.

A

Hai thanh gs ¢6 truc chinh cit nhau va tao v&i nhau mot gdc 30",
truc chinh

true chinh

Trong hai dudng chéo cua tiét dién vudng goc véi truc ctia thanh gd B, 6 mot dudng chéo vudng goc véi
mit phang chtra truc cua ca hai thanh g8, con dudng chéo con lai thi nim trong mit phang d6. Khi dé, phan
thé tich chung ca hai thanh gd 1a az +b. Hay tinh gia tri ctia biéu thirc 10a +3b , biét ring a va b 1a cac sb
hiru ti.

Dap an: 24.

= Loi gidi

Pau tién, ta s& thuc hién 1 lat cit ngang vudng goc voi “dudng chéo vudng gbc v6i mit phang chira truc

clia ca hai thanh g&”
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Ta goi O 1a giao cua 2 truc chinh. Gia sir 1at cit ngang nay, cit truc Ox tai diém c6 hoanh d6 bang x véi
xe[0;1].
Khi d6 ta duogc hinh sau:

X X]

o /’K

1

A B < o

2(1-;;)\\

Khi d6, ta cit thanh g A4 c6 chiéu rong 1a 2+/1—x va thanh gd B c6 chiéu rong 1a 2(1-x)
Con ABCD 1a tir giac 13 hinh binh hanh do 1at cat tao thanh vao phan chung cia 4 va B,

x . . 1
Dé dang tim dugc dién tich tir gidc nay la S (x) = ) A(1—x).441-x>

Vay thé tich can tim 1a
% =2.[;(%.4(1—x).4\/1—x2jdx=l6j.;((l—x)\/l—x2 )dx

a=4
:16“;\/1—x2dx—ﬂx l—xzdx} =16(%—%)=4ﬂ—%:> 5 16 = 10a+3b =24

3

Cau 164. Cho khoi V' c6 day la mién phang bi gidi han boi: P6 thi ham s6 y =3x+—,x>0; truc Ox va
x

hai duong thang x=1 va x=2.
Khi do, moi tiét dién cua khoi V' cat boi mdt phang vuong goc voi truc Ox déu 1a mot tam gidc deéu.
The tich cia khoi V' bang bao nhiéu? (Iam tron két qua dén hang don vi)
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Dap an: 15.
= Loi giai

. o 4
Dién tich ctia tam giac déu 1a S(x) = g(%z +12+ —ZJ
x

2
VflyV=jle(x)dx I*/_(g +12+_jd =§(3x3+12x—ﬂj =35fz

X X 1

Ciu 165. Mot sanh ga c6 thong s6 nhu hinh duéi, duoc thong gi6 bang hai quat, mdi quat c¢6 luu lugng
khoang 80’ / pht.

Hoi: Can bao nhiéu phiit dé trao d6i toan bo khong khi trong sanh? Mai sanh 1a két cdu gd dang parabol.
Dadp dn: 110.

= Loi gidi
Chon hé tryc toa @ Oxy nhu hinh (truc Ox ngang, truc Oy thang dtng).

- Phuong trinh parabol ctia mai ; 5

Goi y=f(x)=ax’ +c.
Diéu kién:
f(0)=10=c=10.

7(10)=0 (vi ntra bé rong sanh 1a 10 m) -10 ! 10 X

=a-10°+10= 0:>a——i
10

Vay y=f(x)= —%xz +10

- Dién tich ‘tié't dién ngang cua sanh

Tiét dién gom hai phan:

- HCN day: 20x8=160m".

- Phan dudi parabol phia trén truc Ox (lay doi ximg hai bén):

10
Sl=2jlof(x)dx=2[—Lx3+10x} _2(_@ 100):133,3;712
0 30 . 30

Tong dién tich mat trude: S =160+133,3=293,3m’

- Thé tich khong khi ctia sanh

Chiéu dai sanh =60m ,

V =5-60=293,3-60~17600m".

- Thoi gian trao d6i hét khong khi

Hai quat: v=2-80=160m"/ phut.

Thoi gian: ¢ = L 17600 =110 phat

v 160

Cau 166. Mai ctia mot nha thi dau rong 20 m va dai 60 m dugc kéo theo dang vom parabol. Hoi thé tich
khong khi tang thém la bao nhi€u mét khoi néu chon chiéu cao dinh mai 10 m thay vi phuong an ban dau 8
m ?
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y

N

Dap dan: 1600.
= Loi gidi

Ta chi can tinh dién tich phan chénh 1éch giita hai dudng mai (mdi va cii) trong mit cit ngang, réi nhan véi
chiéu dai 60 m dé ra thé tich ting.

1) Xac dinh phuong trinh hai parabol

Gia st (trong h¢ truc nhu hinh) parabol ¢6 dang y =ax’ +bx+c.

- V&i mai cao 10 m:

Piéu kién: £(0)=0, £(10)=10, (20)=0.

Giai hé thu duoc a:—%,b=2,0=0.

[
X)=——x"+2x
==

- \{c’yi mai cao 8§ m:
biéu kién: g(0)=0,g2(10)=8,2(20)=0.

Giaira a:—l,b:gc:().
25 5
X)=——x"+—x.
&) 25 5 )
2) Dién tich phan chénh 1éch trong mat cat
20
20 20 1 2 1 1 80
A= )-g)dx=| |-——x+=xpdi=|-——x+=x"| =—m’
J.O(f()g())d J.0[50 5}' {150 SL 3

3) Thé tich ting thém ¥ = 4-60 =i—0-60 =1600m".

Két luan: Chon maéi cao 10 m thay vi 8 m 1am thé tich khong khi ting thém 1600’ .

Cau 167. Thé tich khong khi ciia chiée 18u hdi chg trong hinh 13 bao nhiéu ML (megalit) (lam tron két qua
dén hang phan muoi)

_10 0 10 X
L 1,
Biét bién dang mai 1éu dugc cho bdi hai ham bién: f(x)=20-e ©, g(x)=20-e*
Dap an: 10,6.
w Loi gidi
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10

1 1
Dién tich ntra phéi: 4, = J-OIO 20e 4 dx = {—SOOe 40 } ~176,96 m*

0
Mt cat dbi ximg nén A=A + A, =24, ~353,92m’
Thé tich khong khi: ¥ = 4-30~353,92-30~10617,6m° ~10,6 ML

Cau 168. Mot khdi bé tong co chidu cao 2 mét dugce dit trén mit dat. Néu cét khdi bé tong boi mot mit

phdng nam ngang va cach mat dat x mét (0 < x <2) thi dugc mat cdt [a mot hinh chir nhat c6 chiéu dai 3 m

va chidu rong bang (0,8)" mét (tham khao hinh v&).

/ (0,8)"

o o €I
Tinh thé tich (don vi m’) ctia khdi bé tong d6 (1am tron két qua dén hang phan trim).
Dap dn: 4,84.

= Loi gidi
Ta c6 dién tich ciia mit cat 1a S(x)=3.0,8" (mz)
poi truc Ox 1a truc th:fmg ding Vuéng gbc véi mat dat. Khi do, ta théy kl}éi bé tong bi giéj han })(ﬁ 2 mat
phang vudng gbéc voi truc Ox tai cac diem x =0,x =2;S5(x) 1a dién tich thiét dién cia vat thé bi cat boi mat
phang vudng goc véi truc Ox tai diém x(0 < x <2).Va S(x) 1a ham sd lién tuc trén doan [a;b].

2 2
Vay ¥ =[ S(xdx = 3-0,8" dr~4,84.
Cau 169. Nhan dip di da ngoai, 16p 12A du kién dung mot cai trai cac khung xuong c6 dang hinh parabol

nhu hinh v&. Nén cua 18u trai 1 mot hinh chir nhét c6 kich thuéc bé ngang 3 mét, chiéu dai 5 mét, dinh trai
cach nén 3 mét. The tich phan khong gian bén trong l€u trai bang bao nhiéu mét khoi?

Dap dn: 30.
= Loi gidi
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Chon h¢ truc toa d§ nhu hinh vé, hinh dang khung trai 1a
parabol c6 phuong trinh y = f(x)=ax” +bx+c, vi dinh trai
cao 3 m va bé ngang rong 3 m nén parabol di qua diém (0;3)

va (E;OJ.
2
b=0

Tacod :<3=c S<a=——

2
O:a-(zj +c c=3
2

Suy ra parabol c6 phuong trinh y = f(x) = —gxz +3.

M&i mit phang vudng goc Ox tai diém co hoanh d6 x,0 < x </ cit khdi chot theo mit cat 13 hinh chit nhat
c6 d6 dai cac canh lan luot 13 5 va | £(x)], c6 dién tich S(x)=5.] f(x)], voi —% <x S% .

3 3
Vay thé tich phan khong gian trong trai 1a V = 123 S50f(x)|dx= S.I 3
2 2

—§x2 +3}dx =30m’.

Cau 170. Mot chiée 1éu vai du lich dang hinh cong nhu hinh v&. Khung chinh bao gdém day 1a hinh vudng
canh 2 m va hai xuong day a,b nam trén cac duong parabol dinh S . Biét chicu cao cua léu la

SO =1,35m,0 1a tim ciia day. Tinh thé tich chiéc 1éu theo don vi m*. Viét két qua dudi dang s thap phan.
b S

Dap an: 2,7.
’ = Loi gidi

Gan hé truc nhu hinh vé.

Ta tinh dugc O4=0B=+2.

‘Goi phuong trinh cua dudng

thang a la
y=ax’+bx+c, (a<0).
Ta ¢6 a di qua cic diém

A(—ﬁ;oxB(JE;m,S[o;%)
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27

2a—\2b+c=0 4=
r 1A 27 , 27
Suy ra ta c6 hé 2a+\/5b+c:0<:> b=0 > y=——x+—.
40 20

20 20

. 27
Go1 1(0;y),ye| 0;— |.
o1 1(0; ), ¥ [ 20)

Mit phang vudng goc Oy tai I cét hinh da cho theo 1 thiét dién 1a hinh vuong MNPQ cé dién tich S(y)
Theo gia thiét trén cac diém M, N,P,Q cing c6 tung d6 bang y . Ma hai diém M, P thudc duong a cb

27 27
huong trinh y=—=—-x*+=-
PRHORE T =700 20
Suy ra
, 54-40y «/54 40y «/54 40y «/54—40y 2«/54 40y
X=——ox=t"——"=M ;v Pl ————;y | MP=—"—"7F"+-""-
27 33 EENE 33 BEN
4/108—80 108 —
:MNz—y:S(y)zMszw.
33 27

27
Suy ra thé tich chiéc 1éula V = J‘ZOS( )dy IzOMd =27 (m3)
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