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Ciu 1. (4,0 diém) Chohiamsé f:Q— Q théamin f()=2 va
FOp)=f)f () - f(x+y)+1 v6imei x,y Q.
a) Chimg minh f(n)=n+1 véimoi neN,
b) Tim tit ca céc ham s6 f(x) thoa man.
Chu 2. (4,0 diém) D3y sé nguyén hiru han a,,a,,...,a, dugc goi 13 “dgp” néu a, <a, <...<a, (n22) va
tdn tai hai da thic P(x), O(x) véi hé s6 nguyén c6 béc dwong sao cho:

(x-3)(x—a)...(x~a,) +1= P(x)Q(x).

a) Chimg minh P(x)=0(x).

b) Tim tht ci céc ddy sb nguyén “dep”.
Chu 3. (4,0 diém)

a) Gia sir p, r 12 hai s6 nguyén t6 ph4n biét 16n hon hon 3. Chimg t6 ring moi u6c nguyén t6 16n hon 3
clia hai s6 27 +1 va 2" +1 déu khéc nhau timg d6i mét.

b) Véi p>3 12 mot s6 nguyén t6, chimg minh 2% +1 c6 c6 ft nhit mt wéc sb nguyén t6 ¢ théa man
q>p+S.

¢) Véi k>1 1a s6 nguyén duong bt ki, ki hiéu S(k) 12 tdng c4c wéc nguyén tb cia k. Tim tht ca céc s6
nguyén duong 1é »n (n>1) sao cho S2" +1)=S(n).
Ciu 4. (4,0 diém) Cho tam gidc ABC c6 géc A nhon, AB < AC va ndi tiép dudng trdn tim O. Goi D14 diém
trén tia d6i cf'xa tia BC, dudng thing qua C va song song véi AB cét dudng thing 4D tai E. Goi I13 giao diém cua
hai dudng thing AC va BE.

a) Chtmg minh duong thing ID di qua trung diém CE.

b) K14 diém trén dudmg thing CE sao cho AK = BK. Chimg minh OK 14 phan gic cia géc IKD.

¢) Goi M 13 diém trén dudng trdn ngoai tiép tam gidc ABC sao cho DM =DC (M #C), N 13 diém trén
dudng tron ngoai tiép tam gide ABE sao cho DN = DE (N # E) va P14 giao diém ctia hai dudng thing 4M va

BN. Chig minh MDC = 2MPI.
Cau 5. (4,0 @iém) C6 49 qua béng v6i 7 mau khic nhau, mdi mau c6 ding 7 qua béng. Ta xép ngiu nhién tit ca
49 qué béng thinh mot hing ngang. Trong hing ngang d6, mét qua béng F dugce goi 1a “44¢” néu & mbi bén
ciia F' tdng s6 c4c qua béng khéc mau véi F déu la sb 1&.

a) Tim mét c4ch xép c6 ding 3 qua béng “45¢”.

b) Tim s6 hrong qua béng “¢4¢” nhé nhét c6 thé.

¢) Néu bb sung thém diéu kién 13 m8i qua béng phai clng méu véi it nhit mdt qua béng k& né, thi s6 lugng
qué béng “¢ét” nhé nhét c6 thé 13 bao nhiéu?

HET
Thi sinh khong duoc sic dung tai liéu;
Gidm thj khong dugc gidi thich gi thém.
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( Baitoan 0.1. ) (Lim Olympic - Hué TST - P1)
Cho ham s6 f: Q — Q théa man f(1) =2 va f(zy) = f(z)f(y) — f(x +y) + 1 v6i moi z,y € Q.
@ Chitng minh f(n) =n+ 1 véi moi n € N.
@ Tim tat ca cdc ham s6 f(x) thoa man.

@ Ldi giai.

@ Thay y = 1 vao phuong trinh da cho, ta duge f(z) =2f(z) — f(z + 1) + 1.
T day suy ra duge f(z+1) = f(x) + 1 v6i moi z € Q.
Layz=0taco f(0) = f(1) —1=1. V6in > 1, tit f(1) = 2 va hé thic trén, bang quy nap ta c6
f(n) =n+1, két hop f(0) = 1 suy ra diéu phai chiing minh.

@ Lzp lai hé thic f(x +1) = f(z) +1,ta cd f(x +m) = f(x) + m véimoi z € Q va m € N.
V6i m 1a s6 nguyén duong thi f(0) = f(—m) + m, nén f(-m) =1—m.
Lic nay st dung ¥ 1 dé suy ra f(a) = a + 1 véi moi a € Z.
Xét s6 hitu ti % bét ki, trong d6 a € Z va b € N*.

Thay z = %, y = b vao phuong trinh da cho, ta duge

a

f@=1(3) 10 -1 (5+b) +1

Do f(a) =a+1, f(b)=b+1"af(%+b>=f(%

a+1=bf(%>—b+1

) + b, ddng thic trén tré thanh

Suyraf(%)=%+1hayf(q)=q+1v6imoiq€@.

Thit lai thiy thod man, do d6 f(z) = x + 1, Vz € Q 1a nghiém ham duy nhét thod méan.

[’ Bai todn 0.2. } (Lim Olympic - Hué TST - P2)
Day s6 nguyéen hitu han aj,a,...,a, dudc goi 1a dep néu a; < az < -+ < a, (n > 2) va ton tai
hai da thitc P(z), Q(z) véi he s6 nguyén c6 bac duong sao cho
(x —a1)(x —az) - (x —a,) +1=Pz)Q(x)
@ Chitng minh P(z) = Q(x).
@ Tim tat ca cac day s6 nguyén dep.

@ L&i giai.

@ Thay x = a; vao dang thitc da cho, ta duge P(a;)Q(a;) =1 v6i moi i = 1,2,...,n.
Vi P(a;), Q(a;) 1a cac s6 nguyén nén P(a;) = Q(a;) = £1. Do dé, da thitcc P(x) — Q(x) c6 n nghiem
phan biét a1, as,...,a,.
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Mit khac, deg P + deg Q@ = n va hai da thitc déu c¢6 bac duong, nén deg P,deg @ < n — 1. Suy ra
P(z) — Q(z) la da thic khong, tic la P(z) = Q(x).

@ Theo § trén, ta c¢6 (z — a1)(z — ag) -+ (z — a,) + 1 = P(z)? nén n 1a s6 chin.

Khong mat tinh téng quat, gid st a1 = 0 (néu khong ta c6 thé tinh tién cac gia tri).

Khid60=a;<as<--<apvaa;>i—1véimoii=2,...,n.

bat F(z) = z(x — a2) -+ (z — an) + 1. Vi F(z) la binh phuong ciia mot da thitc va n chén, ta ¢
l) i (2a2 —1)(2az — 1) ---(2a, — 1) 27 1-3:5---(2n — 3)

2 AL 2%

1'3'5"2;1(2”_3) & 1'3'256'7'9 =% > 1, khi déF(%) < 0, mau thuin.

Vay ta suy ra duge n = 2 hodc n = 4.

o= r(

Néu n > 6 thi

2a9 — 1
4

& V6i ay = 1, da thitc F(x) = 22 — 2 + 1 khong thé 1a binh phuong ciia mot da thiic bac nhét.

& Véi ag = 2, ta c6 F(z) = z(x — 2) + 1 = (z — 1) Do d6, day (0,2) la dep.

2a3 —1)(2a4 — 1)
16

(Bag— 1) Bag— 1)y~ 1) < 16

. 1 5
Truong hop 1:Néun=2th‘10§F(§)=1— ,suyraa2§Enénagzlhoécagzz

Trudng hop 2: Neun=4thi0< F <%) =1- (20— 1){ . Suy ra

19 _ .
Viaz > 1 vaag > 2, ta duge 3(2a4 — 1) < 16, titc la ag < 5 Két hop véi aq > 3 va aq nguyeén, suy
raas=3.Vil<ay<az<3nénas =1, az=2.

Khi d6 F(z) = z(z — 1)(z — 2)(z — 3) + 1 = (22 — 3z 4+ 1)?, nén day (0,1,2,3) 1a dep.

Téng quét ta cé tat ca day dep la @,a +2) va (a,a+ 1,a 4+ 2,a + 3)} v6i a € Z do

(x—a)(x—a—2)+1=(x—a—1)?2

(x—a)(:c—a—1)(:v—a—2)(:v—a—3)+1=((:v—a—l)(m—a—2)—1)2

s

( Baitoan 0.3. ) (Lim Olympic - Hué TST - P3)

-

@ Gia stt p,r 1a hai s6 nguyén t6 phan biét 16n hon 3. Ching té rang moi wéc nguyén to 16n
hon 3 ctia hai s6 2P + 1 va 2" 4+ 1 déu khac nhau ting doi mot.

@ V6i p > 3 1a mot sé nguyén td, chiing minh 27 + 1 ¢6 it nhat mot wée sé nguyén t6 g thoa
man q¢ > p + 5.

@\) V6i k > 1 la s6 nguyén duong bat ki, ki hieu S(k) la tdng cac wéc nguyéen té ciia k. Tim tat
cé cdc s6 nguyen duong 1& n (n > 1) sao cho S(2" + 1) = S(n).

@ Lai giai.

@ Dau tién v6i p > 3 1a s6 nguyen t6 va ¢ > 3 1a udc nguyen t6 ctia 2P + 1 thi d = ord,2 = 2p.

That vay, vi 2 = —1 (mod ¢), nén 2% = 1 (mod ¢), nhung 2P # 1 (mod ¢). Do d6 d | 2p va d { p
suy ra d = 2 hoic d = 2p. Néu d = 2 thi ¢ | 22 — 1 = 3, tréi vé6i ¢ > 3. Vay d = 2p. Ddng thdi, tit
2971 =1 (mod ¢), ta con c¢6 2p | ¢ — 1.

Bay gid, néu mot s6 nguyén to6 g > 3 1a udc chung ciia 2P + 1 va 2" + 1, thi nhan xét trén cho ta
d = 2p = 2r, suy ra p = r, trai gia thiét. Vay hai sé6 khong c6 udc nguyén té6 chung nao 16n hon 3.
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@le>3lasénguyént6,nénp51hoacpES (mod 6). Dé §y néu p =1 (mod 6) thi 2 +1 =3

(mod 9), con néu p =5 (mod 6) thi 2”7 +1 =6 (mod 9).

Nhu vay 3 | 22 + 1 nhung 9 1 2P + 1. Mat khéc, 2P + 1 > 3, nén 2P + 1 phai ¢6 mot uée nguyén td
q # 3, dé y them ¢ 1é nén ¢ > 3.

Theoy ltac62p|qg—1,suyraqg>2p+1. Vip>5taco2p+1>p+5 Dodégqg>p+5.

@ Vinlé 2" +1=0 (mod 3), nén 3 luon 1a mot wée nguyen t6 cua 2" + 1.

Gia stt n ¢6 cic ude nguyen t6 16n hon 3 1a py,...,py, véi t > 1. V6i mdi i, do n/p; 1a s6 nguyén
duong 1é, ta c6 2P +1 | 2" + 1.

Theo ¥ 2, ¢6 thé chon mot uSc nguyen té ¢; cia 2P + 1 sao cho ¢ > p; + 5, con theo § 1, céc sb
qi,-..,q doi mot khac nhau. Bé6i vay

S 1) 2 34 @ Fo=Fig5’> B FF ~ +5y
Vi n 1é va cac wdc nguyeén t6 ciia n chi c6 thé 1a 3,py,...,p, tacé S(n) <3 +p1 + -+ ps.
Tu d6 ta c6 diéu mau thuan véi vieec S(2" + 1) = S(n).
Vay n khong c6 ude nguyén t6 nao 16n hon 3. Vin > 1 va n 1é, suy ra n = 3% véi a > 1.
Néu a > 2, thi 9| n va n/9 1&, nén 2" + 1 chia hét cho 2° + 1 =513 = 33 . 19.
Do dé S(2"+1) >3+ 19=22> 3= 5(n), vo li.
Suy ra o = 1, titc la n = 3, thit lai thiy thod man. Vay nghiém duy nhét can tim la

[ &
( Bai toan 0.4. ) (Lim Olympic - Hué TST - P4)

.

Cho tam gidgc ABC c6 géc A nhon, AB < AC va nai tiép dudng tron tam O. Goi D la diém trén
tia d6i ciia tia BC, duong thing qua C va song song v6i AB cit dudng thing AD tai E. Goi I 1a
giao diém ctia hai dudng thing AC va BE.

@ Chitng minh dudng thang ID di qua trung diém CE.

@ K la diém trén dudng thing CE sao cho AK = BK. Chiing minh OK la phan giac ciia goc

@ Goi M la diém trén duong tron ngoai tiép tam gidc ABC sao cho DM = DC (M # C), N

IKD.

la diém trén dudng tron ngoai tiép tam giac ABE sao cho DN = DE (N # E) va P la giao
diém ctia hai dudng thing AM va BN. Chiing minh M DC = 2M P1I.

@ Lai giai.

(1) Luon ding theo bd dé hinh thang.
@ Theo bd dé hinh thang ta c6 duge DI di qua trung diém J cia AB = K,O,J thing hang =

K(IDJF)=-1,ma KO L KF do KO L AB = KO la phan gidc ZIKD.
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@ Goi AM cit duong thing qua D song song AB tai P = ZP'DC = ZCBA = 180° — ZP'MC.
= Tt giac DP'MC noi tiép ma DM = DC = P'D la phan giac ngoai ZMP'C.
Ma D(P'JBA) = —1 = D(P'ICA) = —1, hon nita D(P'ICA) = P'(DICA).
= P'(DICA) = —1 ma P’'D la phan giac ngoai ZCP'Anén P'I 1L P'D = P'I 1 AB.
Tuong tu goi BN cit duong thing qua D song song AB tai P” thi ta ciing c6 P"I 1. AB.
= P’ trimg P” trung P hay ta c6 PI la phan gidc ZM PC va tt gidc M PDC noi tiép nén cé
LMDC = LMPC =2/MPI

[
( Bai todn 0.5. ] (Lim Olympic - Hué TST - P5)

C6 49 qua béng véi 7 mau khac nhau, méi mau c¢6 ding 7 qua béng. Ta xép ngau nhién tat ca 49

quéa béng thanh mot hang ngang. Trong hang ngang dé, mot qua béng F duge goi 1a t6t néu &
mdi bén ctia F tong s6 cac qua bong khac mau véi F déu la so 1é.
@ Tim mot cach xép cé ding 3 qua bong tot.
@ Tim s6 lugng qua béng tdt nhd nhat cé thé.
@ Néu bd sung thém diéu kién 1a mdi qua béng phai cing mau véi it nhat mot qua béng ké no,
thi s6 luong qua bong tdt nhé nhat ¢6 thé 1a bao nhieu?
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Chuong 1. Chon DTQG Hué 2026 ) LIM EDU
@ L& giai.
Danh sb céac vi tri trong hang ti trai sang phai 1a 1,2,...,49. Véi mdi qua bong, goi i 1a vi tri ctia n6
trong hang va j la thi ty ctia n6 trong 7 qué béng cuing mau (tinh tit trai sang phai).
S6 béng khac mau ¢ bén trai qua béng dé 1a (i — 1) — (j — 1) = i — j. Tdng s6 béng khac mau & hai bén
bang 42, nén qua béng dé6 tét khi va chi khi 4, j khéac tinh chin, 1é.
Ki hieu A, B,C, D, E, F,G 1a 7 mau, va A™ thé hién ring m qua béng mau A duge xép lién tiép.
( D Xép cac qua bong theo thit tu A°BSC®DSESFSGS ABCDEFG.
Trong 42 qua béng dau, i,j cing tinh chin, 18 nén khong c¢6 béng tét. Con 7 qua béng cudi déu co
j =7, nén chi cac qua boéng & vi tri 44, 46,48 1a tét. Vay cach xép nay c6 ding 3 qua béng tot.
@) Goi z,y lan lugt 1& s6 bong tét ¢ vi tri chén va s6 béng tét ¢ vi tri 18. Khi d6, 2 qua béng ¢6 i chén,
7 1é, con y qua bong ¢6 i 1é, j chén.
Mé&i mau ¢6 4 qua boéng véi thit ti j 18, nén c6 tat cd 7 -4 = 28 qua bong c6 j 18.
Vi ¢6 & qua bong & vi tri chan, nén c6 28 — z qua bong G vi tri 1é.
Do hang ¢6 25 vi tri 1é, ta duge (28 — ) +y = 25, suyra z = y + 3.
Vi vay, tong s6 bong tét 1a z +y = 3 + 2y > 3.
Két hop véi cach xép ¥ 1 cho ta dau biang, nén sé béng tét nhé nhat 1a @ :
/\SD M&éi qua bong t6t 6 vi trf chdn phai ké it nhat mot qua béng ciing mau. Hai qua béng cing mau ké
nhau ¢6 vi tri trong hang va thit tu trong mau déu lién tiép. Vi thé, qua béng ké do c6 i 18, j chan,
titc 1a mot qua bong tét & vi tri 18.
Nhu vay, mdi qua béng thuoc loai 2 ké it nhat mot qua béng thuoc loai y, con mdi qua béng thuoc
loai y chi c6 thé ke t6i da hai qui béng thuoc loai z. Suy ra z < 2.
Két hgp v6i z = y + 3, ta duge y > 3. Do d6, s6 bong tot la z +y = 3+ 2y > 9.
Dé dat du bing, xép céc qua bong theo thit ty A*BCIDIEAFIG* A3B3CPD3E3F3G3.
Mai qua bong déu ké it nhat mot qua béng cing mau. Trong 28 qua béng dau, 4, j cling tinh chin,
18 nén khong c6 bong tot.
Con & phan cudi, béng dau clia mdi nhém c6 thit tir j = 5 trong mau. Cac nhém B3, D3, F3 bit
dau & vi tri chdn nén ca ba béng trong mdi nhom déu t6t. Cac nhém con lai bat dau & vi tri 1é nén
khong c6 bong tot.
Vay cach xép nay c6 ding 3 - 3 = 9 qua béng tot, nén s6 bong tot nhé nhat 1a @ :
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