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Y GW%/

HAM SO LUONG GIAC VA PHUONG
TRINH LUONG GIAC

§1. GIA TRILUONG GIAC CUA GOC LUONG GIAC

LY THUYET CAN NHO

B) cocLonG GlIAC

{3 Géc lwong gidc va sb do cha géc lwong gidc: Trong mit phang, cho hai tia Ou, Ov. Xét tia
Om cung nam trong mit phang nay.

Ghi nhé 1:

e Néu tia Om quay quanh diém O, theo mdt chiéu nhét dinh tit Ou dén Ov, thi ta n6i n6 quét
mot géc lugng gidc véi tia dau Ou, tia cudi Ov va ki hiéu 1a (Ou,Ov).

Ghi nhé 2:
e Khi tia Om quay mot géc a°, ta néi sd do cia géc lugng gidc (Ou,Ov) biang a°, ki hiéu
sd(Ou,Ov) = a° hoac (Ou,Ov) = a°.

e Mbi géc lugng gidc gbe O dudc xac dinh béi tia dau Ou, tia cudi Ov va s6 do o° ctia n.
m

som
sd(Ou,Ov) = 360° sd(Ou,Ov) = 405° sd(Ou,Ov) = —540°

e Sb do cia cac goc luong gidc c6 cung tia ddu Ou va tia cudi Ov sai khdc nhau mot boi
nguyén ctia 360° nén ¢ cong thiic tdng quat 1a

sd(Ou,0v) = a° +k360°, vOi k € Z
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BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

{3 Hé thifc Chasles: V6i ba tia Ou, Ov, Ow bat ki, ta c6

sd(Ou, Ov) + sd(Ov,Ow) = sd(Ou,Ow) +k360°  véi k € Z.

B3 p0N VI PO GOC VA PO DAI CUNG TRON

{3 Don vi do géc:
e Don vi d6 (°): Chia dudng tron thanh 360 cung tron bang nhau thi géc & tim chan bdi cung
d6 sé c6 s6 do 1a 1°.
e Don vi radian (rad): Trén dudng tron, néu mot cung tron c6 do dai bang ban kinh thi ta néi
cung d6 c6 sd do 1a 1 rad. Khi d6, goc & tAm chin cung d6 ciing c6 sb do 1 rad.
A\ Khiviét s6 do mét goc theo don vi rad, ta thuong khéng viét chit rad sau sé do. Chdng

han goc 5 ta hiéu la goc 5 rad.
e Mbi lién hé gitta do va radian:

N . 180\ °
1 —@rad vd lrad—(7)

{3 D& dai cung tron: Mot cung ctia dudng tron ban kinh R c6 s6 do o rad thi sé c6 do dai 1a
Il =Ra.

K} GIA TRI LUONG GIAC CUA MOT GOC LUONG GIAC

{3 Dudng tron lugng giac:
e Trong mit phang toa do, dudng tron tim O ban kinh

2 R sin 4 Y
1, cung véi goc A(1;0) va chiéu quay duong (nhu quy B
udc) goi la duong tron lugng giac.
M- - Yo

e Cho géc luong gidc sb do o. Trén dudng tron lugng 3
gidc, ton tai duy nhit diém M sao cho géc luong gidc J
(OA,OM) bing o (hinh bén). Khi d6, M goi 1a diém  A’\ X0 0 A x
bi€u dién clia goc c6 s6 do a trén dudng tron luong
giac.

B/

{3 Cac gia tri lwgng giac cua géc lugng giac

Ghi nhé 1:  Gia st M (xo;yo) trén dudng tron ludng giac biéu dién cho goc lugng gidc c6
s6 do o thi

® Tung dd yo clia diém M goi 1a sin cla ¢ va ki hiéu 1a sin o, hay sin ot = yy.

@ Hoanh do x( ctia di€m M goi 1a cdsin ctia o va ki hiéu 1a cos o, hay cos a = x.

sin o
® tano =
cos o

, V6i cosa # 0.

cos
@ cota =

IR s Nouyén Thanh Nhan - 0839.2199.39
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1. clA TR LUONG GlAC cUA coc LonG clAc | AT

Ghi nhé 2: Ta c6 cac két qua sau dudgc suy ra tif dinh nghia

@ Vi—1<xpy<lnén-—-1<sinx<1l; —1<cosa<l.

@ sin(o+k2m) =sina; cos(o+k27w) = cosa.

@ tan(a+kmw) =tana; cot(o+km)=cota.

3 QUAN HE GITA CAC GIA TRI LUQNG GIAC

{3 Céng thitc luong gidc co ban: Dbi véi cac gia tri lugng gidc, ta c6 cdc hiang dang thiic sau

e D

@ sin®o+costa = 1.

@ l+cot?a=

1
@ 1+tan’o =
c

T
, V0l 00 # — +km.
0sZ o 7 2

. ae km
— , VOi o0 # k. @ tana-cota =1, véi o # —.
sin” & 2

\. J

{3} Gia tri luogng giac cta cac goc cé lién quan dic biét:

® Hai géc d6i nhau: o va —a:

@ Hai gbc bu nhau: @ va 7w — o.

r

e cos(m

e sin(m

(m—
e tan(mw—
e cot(m—

\.

o)

(04

o

)
o)
)

= —Ccos¢
=sino
= —tanQ

—coto

® Hai goc honkémnhau m: a vax + 7

r

e cos(0t+m)=—cosa
e sin(a+7m)=—sina
e tan(0+ ) =tanc
e cot(a+m) =cota
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BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

T
@ Hai géc phu nhau: o va 5~ a

e p

cos <— — oc) =sinQ

—a

°
Z.
=

[ J
(@)
o
=

[ ]
—t
o
=

S SIS

@ PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT Iol Pdi don vi gilra dé va radian. Pd dai cung tron

@ St dung cong thiic chuyén ddi gitta s6 do do va s6 do radian:

R T 180\°
a) 1 —mrad b) lrad = (?) .

@ Xét dudng tron ¢ ban kinh R.
e Cung tron ¢6 s6 do a (0 < a < 27) thi ¢6 do dai 1a [ = Ra.

o Cung tron c6 56 do a® (0 < a < 360) thi c6 do dai la [ = %.R.

— N\ PR P , , .
=Bai 1. D0di so do cua cdc gdc sau ra radian.

a) 72° b) 600°; c) —37°45'30".

= Bai 2. Ddi s do clia cic gbc sau ra do.

ST

3n
— b) —; —4.
5 ) 5 )

a)

= Bai 3. Mot duong tron c6 ban kinh 36 m. Tim do dai cla cung, biét s6 do tuong ting nhu sau:

37 1
- 1° —
a) 7 b) 5 c) 3

= Bai 4. Mot vé tinh dudc dinh vi tai vi tri A trong khong gian. Tit vi tri A, vé tinh bat dau chuyén
dong quanh Trdi D4t theo quy dao 1a dudng tron véi tam 14 tAm O clia Trai DAt, ban kinh 9000 km.
Biét rang vé tinh chuyén dong hét mot vong clia quy dao trong 2 h.

a) Hay tinh quiang dudng vé tinh da chuyén dong dudc sau: 1 h; 3 h; 5 h.

b) Vé tinh chuyén dong dudc quang dudng 200000 km sau bao nhiéu gid (1am tron két qua dén
hang don vi)?

=Bai 5. Kim phiit va kim gid ctia dong hd 16n Buu dién Ha Noi theo thd tu dai 1,75 mét va 1,26
mét. Hdi trong 15 phut, mii kim phiit va kim gi vach dudc cung tron c¢6 d6 dai biang bao nhiéu mét?
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1. GIA TR LUONG GIAC CUA GOC LUONG GIAC \ \

DT I9| $6 do clia géc lugng gidc. Hé thirc Chasles

o Khi xdc dinh sb do clia géc lugng gidc, ta can chd y dén chiéu quay (chiéu duong ngudc kim
dong ho, chiéu am cling kim dong hd). Tur d6 xac dinh chinh x4c sb do clia goc lugng gidc
(Ou,Ov).

o Gia st «° 1a mot s6 do ctia goc lugng gidc (Ou,Ov). Suy ra sb do cic goc lugng gidc c6 cung
tia dau Ou, tia cudi Ov ¢c6 dang a° +k-360°, v6i k € Z.

o Hg thic Chasles: sd(Ov,Ow) = sd(Ou, Ow) — sd(Ou, Ov) + k360° vé6i k € Z.

=Bai 6. Xdc dinh s6 do ctia goc lugng gidc (Ou, Ov) dudc biéu dién trong hinh bén dudi.

b

v

u

@v

b) c)

=Bai7.
Xéc dinh sb do céc goc lugng gidc (Ou,0v), (Ov,0m) va (Ou,0Om) m
dugc minh hoa & hinh bén.

135°

— s £ 3 £ 5
=Bai 8. Cho goc lugng giac (Ou,Ov) c6 so6 do la Tﬂ: goc lugng giac (Ou,Ow) c6 so do la Tﬂ Tim
s6 do céc goc lugng gidc (Ov, Ow).

DT 'e' Tinh cdc gid tri lwong gide cla mét géc luong gidc

{3 Phuong phap: St dung nhém cong thiic lién hé giita cac gid tri luong giac d€ tinh todn.

{3 Chd y:
Néu dé bai c¢6 gi6i han mién cla géc «, thi ta can xem trén
mién do, céc ti sd luong gidc tuong ing s& mang dAu nhu thé
nao. Cu thé:

Goc phan tu
Gia tri lugng giac | 1 | II | IIT | IV
sin o +|1+|—=| =
cos Qo +1 ==+
tan o + =+ | —
cotox + 11—+ =

=Bai9. Tinh cic gid tri lugng gidc (néu c6) clia mdi goc luong gidc sau

T 3n T
—+k27. b) —— +k2m. — + k7.
a)3+7t ) 4+7t c)2+7r
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BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

=Bai 10. Tinh céc gid tri lugng gidc con lai ctia goc «, biét

1 2 3
) sino = 3 va 90° < & < 180°; b) sina:—gvén<a<7ﬂ.

3 T 4 3rm
c)cosoc:gvéo<oc<§. d)cosoc:§V217<a<27r.

=Bai 11. Tinh cé4c gi4 tri luong gidc con lai ciia géc o, biét
3n T

a) tana:2vé7r<a<7; b) tana:\/§Vé10<OC<§;
¢) sink=0,8 vatana < 0. d) cosax =0,8 vatana +coto > 0.

DT Iol Tinh gié tri cta bidu thirc M lién quan dén céc gid tri lwvong gidic

{3 Huéng 1:
o Tir ti s6 luong gidc da cho, ta tinh todn cic gid tri lugng gidc c6 trong biéu thiic M.
e Thay tit ca gi4 tri vita tim dudc vio M, suy ra két qua.

{3 Huédng 2:

e Bién ddi biéu thiic M veé ti sd luong gidc da cho.
e Thay két qua vao M, suy ra két qua.

= Bai 12. Huyét 4p clia mdi ngudi thay d6i trong ngay. Gid st huyét 4p tam truong (tdc 1a dp luc
madu lén thanh dong mach khi tim gian ra) clia mot ngudi nao do & trang thai nghi ngoi tai thoi diém ¢
dugc cho bdi cong thiic:

Tt
B(t) =80+ 7sin —
(1) + sin >

trong d6 ¢ 12 s6 gid tinh tir ldc ntta dém va B(¢) tinh bing mmHg (milimét thuy ngan). Tim huyét 4p
tAm truong clia ngudi nay vao cac thoi diém sau:

a) 6 gio sang; b) 10 gis 30 phut sang;

c) 12 gid trua; d) 8 gio tbi.

Bai 13. Chocosa = ~3 vO1 ) < o < 7. Tinh gia tri cua bi€u thic M = 3sino +2cos .

2

= Bai 14. Cho tan = 2. Tinh gia tri biéu thiic M = cos’® @ — sin® ct.

2sin — 3cos &
5sin® @ +cos3 o

=Bai 15. Cho cota = 3. Tinh gia tri bi€u thic M =

. x | S T
=Bai 16. Bict sinx = 3 Tinh gia tri biéu thic A = cos (5 +x> +cos (2 — x) +cos (37 +x).

DT Iel RGt gon biéu thirc, chirng minh déng thirc
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1. GIA TRI LUGNG GIAC CUA GOC LUGNG GIAC

=Bai 17. Riit gon cic biéu thic sau:

a) A= sin? o + sin? o tan? o; b) B= sin? ot cos? @ + cos? o + sin® o;

2sinfo—1 1—cosa 1

¢) C= d) D=

sin® o — sincos o sin o l4cosa’

= Bai 18. Chiing minh cic dang thiic sau:

1 +sin’a
a) cos*a —sin* ot =2cos? ot — 1. b) %:1+2tan2a.
1 —sin“ o
2+sin’ o 2 1
C) +—_2:3tan2a+2. d) 1—cot*o = — — — -
I —sin“ o sin“¢  sin” O
=Bai 19. Cho A, B,C la cac géc clia tam gidc. Ching minh cic dang thic sau:
a) sin(A+B) =sinC. b) cos(A+B)+cosC = 0.
: B C
¢) sin = cos . d) tan(A—B+C) = —tan2B.

BAI TAP TONG HOP TU LUYEN CHO CAC DANG TOAN

o Tinh céc gi4 tri lugng gidc clia géc a, biét

) sino= —Fvaz<a< k. b) cosa = L va0< o<~
@) sine =~ va 5 coser = va X

15
c) tana = Y va —90° < o < 90°; d) cota=—-2,4va —180° < ax < 0°.

P 3.7
e Biet s1noc:§va§<a<7r. Tinh gia tri cua cac biéu thuc sau:

3sino )
- 2coso—tana’

a) A

cot> @ — sin o

b) B=———.
) tan o +2cos o

0 Banh xe ctia ngudi di xe dap quay dudc 11 vong trong 5 gidy.
a) Tinh goc (theo do va radian) ma banh xe quay dudc trong 1 gidy.

b) Tinh quing dudng ma ngudi di xe da di dudc trong 1 phiit, biét rang dudng kinh banh xe
dap 1a 680 mm.

o Tinh d6 dai cung tron trong céc trudng hop sau
a) Puong tron ¢ ban kinh R = 5 va cung c6 sb do 72°.
b) Pudng tron ¢ ban kinh R = 18 va cung c6 s6 do 150°.

o Bénh xe c6 duong kinh (tinh c4 16p) 12 55 cm. Néu xe chay véi van téc 40 km/h thi trong mot
gidy banh xe quay dudc bao nhiéu vong?
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BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC
Trong hinh vé bén, mam banh xe 6 t6 dudc chia thanh nam
phan biang nhau. Viét cong thic s6 do tdng quat clia goc
lugng giac (Ox,ON).

0 Hai 1i 12 mot don vi chiéu dai hang hai, dugc tinh biang do dai Cue Bic
; L\ 4 '
mot cung chan mot goc o = (@) cua dudng kinh tuyen (Hinh %}/_
¢

bén). PGi s6 do « sang radian va cho biét 1 hai li bang khoang bao
nhiéu kilomét, biét ban kinh trung binh cla Trai Dat 1a 6371 km. L yo

N N A 2 24 N N o w= (@)
Lam tron két qua dén hang phan tram.

Puding xich dao
Cuc Nam
0 Chuting minh cdc hé thic sau
1 +sin*a — cos* o 2 sin ot(1 4 cos &) _ sino+tanor
1 —sin®a—cosba 3cos?a’ cos2a (1 +sina)  cosa+cotor’
2 )
tan @ — tan cos“o—sin“a
c) tan — tan = tanatan f3; d 5 5 = sin” ot cos? a.
cotff —cota cot? @ —tan? o
1 —4sin’xcos®x : 5 sin®x — cos®x + cos* x 4
e) 5 = (sinx —cosx)~; = tan” x.
(sinx 4 cosx) cos®x —sin”x +sin”x
o Chiing minh céc hé thiic sau khong phu thudc vao x.
) A sin®x + cos®x +2 b) B 1 +cotx 2+2cot’x
a) A= ; = - :
sin*x 4 costx 41 l—cotx (tanx—1)(cot?x+1)
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@ BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. Hoc sinh tra 18i tir cau 1 dén cau
25. Moi cau héi hoc sinh chi chon mot phudng an.
Cdu 1. Khang dinh nao sau day 1a ding?

A. 1 rad = 60°. B. 1rad = (%) . C.1lrad=1°. D. 1 rad = 180°.

Cau 2. Déi sb do clia géc 108° sang don vi radian.

INEL B. ~. c. T p. Z.
2 10 5 4
Cau 3. béi s6 do ctia géc 70° sang don vi radian.
7 r 70 7
. —. B. —. . —. D. —.
18 18 ¢ /4 187

- o 2 ) , T . an
Cadu 4. Dai s6 do cia goc B rad sang don vi do.

A. 6°. B. 15°. C. 10°. D. 5°.
Cau 5. Dai s6 do ciia goc —5 rad sang don vi do, phut, gidy.

A. —286°. B. 286°28'44". C. —286°44'28". D. —286°28'44”.

Cdu 6. Trén dudng tron cung c6 s6 do 1 rad 1a cung

A. c6 d6 dai bang nita dudng kinh. B. c6 do dai bang dudng kinh.
C. c6 d6 dai bang 1. D. tuong tng v6i goc & tam 60°.

~ . . . NPT IEIR s & T
Cau 7. Tinh d6 dai ¢ cia cung trén dudng tron c6 ban kinh bang 20 cm va so6 do T

A. /=294 cm. B. /=339 cm. C. /=149 cm. D. /=393 cm.

Cdu 8. Tinh d6 dai cia cung trén dudng tron c6 sd do 1,5 va ban kinh bang 20 cm.

A. 40 cm. B. 60 cm. C. 30 cm. D. 20 cm.
Cau 9. X4c dinh s6 do ctia géc luong gidc dude biéu dién trong hinh bén. v
A. 405°. B. 385°. C. —405°. D. 45°.

AN

Cau 10. Xdc dinh sb do clia goc lugng gidc dudc biéu dién trong hinh bén.
A. 450°. B. —450°. C. 810°. D. 90°.

@v <

Th.$ Nguyén Thanh Nhan - 0839.2199.39 [



BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

Cau 11. Xac dinh sb do ctia géc lugng gidc dudc biéu dién trong hinh bén. v
A. 45°. B. —315°. C. 315°. D. 405°.

u

. . PO > N 1
Cau 12. Cho géc lugng giac (Ou,Ov) cb so do la — 8%¢ lugng giac (Ou, Ow) c6 so0 do la R Tim

s6 do clia céc goc lugng gidc (Ov, Ow).

A. §+k27r,kGZ. B. k2m, k € Z. C.n+Rk2m, keZ. D. kr, k € Z.

Cau 13. Mot chiéc dong hd, c6 kim chi gio OG chi s6 9 va kim phiit OP chi sb
12. S6 do céc goc lugng gidc (OG, OP) 1a

A. —270° +k360°,k € Z. B. —90° 4+ k180°,k € Z.

C. 90° +£360°,k € Z. D. 270° 4+ k360°,k € Z.

Cau 14. Trén duong tron ludng gidc c6 diém gbc 14 A. Piém M thudc dudng tron sao cho géc luong
gidc (OA,0M) c6 s do 45°. Goi N la di€ém dbi xting véi M qua truc Ox. S6 do cac géc lugng gidc

(OA,ON) 1a
A. 135° 4+ k360°. B. —45°.
C. 315°. D. —45° +k360°,k € Z.

Cau 15. Géc luong gidc nao sau diy c6 cac diém biéu dién trén dudng tron luong gidc goc A tao
thanh mot hinh vudng?
AT B. 7, c.'m
3 2 3
Cau 16. Goéc luong gidc nao sau day c6 cac diém biéu dién trén dudng tron luong gidc gbc A tao
thanh mot tam gidc déu?

km k2w km
A. —. B. k. . —. D. —.
3 & €3 2

Cau 17. Cho « thudc géc phan tu thit nhat clia dudng tron luong gidc. Hiy chon két qua ding trong
cac két qua sau day.

D. k.

A. sina > 0. B. cosa < 0. C. tana <O0. D. cota < 0.
Cdu 18. Cho o thudc géc phan tu thi ba cta dudng tron lugng gidc. Khing dinh nao sau day la
sai?

A. sina > 0. B. cosa < 0. C. tano > 0. D. cota > 0.

- 2 . . g ax ) ... 4. 206m
Cau 19. Cho diém M (xp;yp) trén dudng tron lugng giac biéu dién cho goc lugng giac c6 so do K

Khang dinh nao sau déy 1a ding?

A. M thudc géc phan tu thi I ctia dudng tron ludng gidc.

B. M thudc géc phan tu thit II ctia dudng tron ludng gidc.

C. M thudc géc phan tu thi I1I ctia dudng tron lugng gidc.

D. M thudc géc phan tu thid IV clia dudng tron lugng gidc.
Cau 20. Véi moi « € R thi tan (20177 + o) bing

A. —tana. B. coto. C. tana. D. —coto.

Th.S Nguyé&n Thainh Nhan — 0839.2199.39




1. GIA TR LUONG GIAC CUA GOC LUONG GIAC \ \

N £ o N
Cau 21. V4i moi so thuc a, ta ¢6 sin (7 + Oc) bang

A. —sinao. B. cosa. C. sino. D. —cosa.

Cau 22. Biét A, B,C 1a cic goc clia tam gidc ABC, ménh dé nao sau diy ding.

A. sin(A+C) = —sinB. B. cos(A+C) = —cosB.
C. tan(A+C) =tanB. D. cot(A+C) = cotB.
N 12
Cau 23. Cho géc o thdoa man sinazﬁvég<a<7r. Tinh cos .
A. coso = ! B. cosa = > C. cosa = > D. cosa =
' 13 ' 13 ' 13 ' 13
2 . . 5 3 .
Cadu 24. Cho géc a thdoa man cos o = 3 van << Tinh tan .
A. tano . B. tanc C. tano 4 D. tano 2
Ctano = ———. L tano = —. Ltano = ———. Ltano = ——.
V5 V5 V5 V5
. . 3sina —2cosQ
Cau 25. Cho géc a thdoa man tan o = 2. Tinh gia tri biéu thic P = h C(,)S :
Scosa+7sino
4 4 4 4
A.P=——. B. P=—. C.P=——. D.P=—.
9 9 19 19

PHAN Il. Cau tric nghiém ding sai. Hoc sinh tra 18i tir cdu 26 dén ciu 30. Trong mdi
y a), b), ), d) @ mai cau, hoc sinh chon ding hoac sai.

Cau 26.
Cho luc gidc déu ABCDEF noi tiép trong dudng tron lugng gidc (thd ty di y
tif A dén cac dinh theo chiéu ngugc chiéu kim dong ho). Xét tinh ding sai B
ctia cac khang dinh sau:
) n
a) Cac goc lugng gidc (OA,OB) c6 so do la 3 + k2w, k € Z.

( )
. 2
b) Cac gbc lugng gidc (OA,OC) c6 so do la ?717 + k2w, k € 7. D
2 2n
¢) Cac goc lugng giac (OA,OF) c6 s0 do la 3 +k2m k € 7. E
( )

d) Céc goc lugng gide (OA, OF) c6 sb do 1 §+k27r,k cZ.

. P | T S
Cau 27. Cho biét sino = —3 Xét tinh ding sai cia cac khang dinh sau:

. 3 2V2 . 242
a) Neua € <7‘L’,7ﬂ:) thi cosax = T\/_ b) Néu o € (—g;O) thi cosax = —T\/_.

. 3 2 . 3 2
¢) Neua € <7T7n) thi tan = \/T_ d) Neu o € (ﬂ,%r) thi tana = —\/T—.

Cdu 28. Cho biét cos o = —0,8. Xét tinh diing sai ciia cac khang dinh sau:

, , 3
a) Néu o € <g7r) thi sin & = 0,36, b) Néu o € <7r; 7”) thi sin & = —0,36.
3

. T 4 . b9
¢) Néeua e (5,7r> thi cota = —3 d) Néu a € (5,71'> thi coto = T

Cau 29. Cho diém M (xo;yo) trén dudng tron lugng gidc biéu dién cho goc lugng gidc c6 s6 do a thda

cota = —. Xét tinh diing sai ctia cdc khang dinh sau:
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BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

3 . 9 49
a) tano = 7 b) xg vaygcung dau. c¢) sinfa = 33" d) cos?a = 3"

Cau 30. Trong chiang dua nudc rit, banh xe ctia mot van dong vién dua xe dap quay dugce 30 vong
trong 8 gidy.Biét rang ban kinh ctia banh xe 1a 35 cm. Chon chiéu quay ctia banh xe la chiéu duong.
Xét van V cua banh xe.

Xét tinh ding sai ctia cdc khang dinh sau:

a) Sau 1 gidy, van V cia banh xe quay dudc 4 vong.

b) Sau 1 phut, van V ctia banh xe quay dugc 225 vong.

¢) Sau I phiit, van V clia banh xe quay dugc mot géc c6 sd do 1a 4507.

d) D0 dai quang duong ma van dong vién dua xe dap da di dudc trong 1 phut 1a 494,8 m (lam tron

dén hang phan chuc).

PHAN I1l. Cau tric nghiém tra 18i ngan. Hoc sinh tra 16i tir cAu 31 dén ciu 35 vao 6
két qua.

- o 3. .m 3sina C
Cadu 31. Biéetsina = — va — < o < 7. Tinh gia tri ctia cac biéu thic A = ———— (lam tron

) . 5 2 2cos o —tan o
den hang phan chuc).
KQ:

~ . . % T s 2 r 3
Cau 32. Mot dudng tron cd ban kinh 30 cm. Tim do dai cta cung c6 s6 do 13 (keét qua tinh bang don

vi cm va 1am tron dén hang phan trim).

KQ:

Cadu 33. Banh xe ctuia ngudi di xe dap quay dugc 15 vong trong 8 gidy. Tinh d0 dai quang dudng ma
ngudi di xe da di dugc trong 2 phiit, biét ring dudng kinh ctia banh xe dap 1a 700 mm (két qua tinh
bang m va lam tron dén hang don vi).

KQ:

Cdu 34. Kim git dai 6 cm va kim phuit dai 11 cm ctia dong ho chi 4 gio. Héi thdi gian it nhat d€ hai
kim vudng géc v6i nhau 1a bao nhiéu? Liic d6 tdng quang dudng hai dau mut kim gid va kim phuit di
dudc 1a bao nhiéu? (két qua dudc tinh bang don vi cm va 1am tron dén hang phan trim)

KQ:

Cau 35.
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Thanh OM quay ngudc chiéu kim dong hd quanh gbc O cia né trén o

mot mit phang thang ding va in bong vudng géc xudng mit dit nhu anh sing

hinh bén. Vi tri ban du cla thanh 1a OA. Hdi d6 dai béng O'M cia
60 .

OM khi thanh quay dudc el vong la bao nhiéu, biet do dai thanh OM

12 10 cm? Két qua tinh theo don vi cm va 1am tron dén hang phan

muoi.

KQ:
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BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

§2. CAC PHEP BIEN POI LUGNG GIAC

LY THUYET CAN NHO

n Cong thirc cong:
@ sin(a+b) = sinacosb + cosasinb.

@ cos(a+b) =cosacosb —sinasinb.

tana +tanb

® tan(a+b) = m

B} cong thirc nhan doi:

® sin2a = 2sinacosa.

® cos2a=2cos?a—1=1-—2sin%a.

a Cong thirc ha bac:

@ sinta— 1 —cos2a
2

@ tanza: ﬂ'

1+cos2a

B3 cong thirc bién ddi fich thanh téng:

1
® cosacosb = 5 [cos (a+b) +cos (a—Db)).

1
@ sinacosh = 3 [sin (a4 b) 4 sin (a — b)].

1
@ cosasinb = 5 [sin (a+ D) —sin(a —b)].

1
@ sinasinb = =5 [cos (a+ D) —cos (a—D)].

sin(a — b) = sinacosb —
cosasinb.

cos(a—b) = cosacosb + sinasinb.

tan( b) tana —tanb
an(a —b) = ————.
1 +tanatanb
cos2a = cos?a —sin®a.
2tana
tan2a = ———
1 —tan“a

) 1+ cos2a
cos“q = ———.
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2. cAc prEP BiEN DO LUONG cliAC | NN
B} cong thirc bién déi tdng thanh tich:

b —-b b —b

@) cosa+cosb:2cosa+ cosa2 (@) cosa—cosb:—Zsina+ sina2

—b b —b

® sina—l—sinb:2sina cosa2 ) @ sina—sinb:2cosa; sina2 .

@ PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT 'o' S dung cdng thirc cdng, cdng thirc nhan déi

=Bai 1. Khai trién:

a) cos <x+ g), b) cos (x— g), c) sin(x+60°);
d) sin <%—x>; e) tan (a—l—%); f) tan <%—2a).
=Bai2. Chosing = —% va 3771- < o < 2m. Tinh cos &, tan ¢¢; cos2¢ va sin (Oc+ I?Tﬂ:)

— ~ 3
=Bai3. Chotana = —2V§1§< a < . Tinh cos o, cos (a—%) va tan <06—|—§).

=Bai4.

Mot sdi cap R dudc ge"in vao mot cot thezlng ding & vi tri cach mat
dat 14 m. Mot soi cap S khéac ciing dude gan vao cot d6 & vi tri
cach mat dat 12 m. Biét rang hai sdi cdp trén cung dudc gan véi
mit dat tai mot vi tri cach chan cot 15 m (Hinh bén).

a) Tinh tan o, § d6 o 1a goc gitta hai sgi cap trén.

b) Tim géc a (1am tron két qua dén hang don vi theo don vi
do).

DT lel S&r dung cdng thirc bién ddi fich thanh téng

= Bai 5. Hiy tinh gi4 tri clia cac biéu thiic sau:

a) A =cos45°cos15°. b) B =cos75°sin15°.
: 0 s o . 11z 5w
¢) C=sin75°sin15°. d) D—smﬁcosﬁ.

= Bai 6. Bién ddi cac biéu thifc sau day thanh mot tong:
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BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

a) cos5asin3a. b) 2cos(a+b)cos(a—b).

¢) sin(a—b)cos(b—a). d) 2sin(a+Db)sin(a—b).

DT lel S&r dung cong thirc bién di tdng thanh tich

= Bai 7. Bién ddi cc biéu thic sau day thanh mot tich.

a) A =sina -+ sin3a+ sinSa. b) B=1+cosx—+ cos2x+ cos3x.

= Bai 8. Ching minh
a) sin65°+sin55° = v/3cos5°. b) cos12° —cos48° =sin18°.

¢) sin20° — sin 100° 4 sin 140° = 0. d) tan9° —tan27° —tan63° +tan81° = 4.

=Bai 9. Mot thiét bi tré ki thuat s6 lip lai tin hiéu dau vao bang cach lap lai tin hiéu d6 trong mot
khoéng thdi gian cb dinh sau khi nhan dudc tin hiéu. Néu mot thiét bi nhu vAy nhan dudgc ndt thuan
fi(t) = 5sint va phat lai dugc ndt thuan f>(¢) = Scost thi am két hop 1a f(1) = f1(t) + f>(t), trong
d6 ¢ 12 bién thoi gian. Ching to rang am két hop viét duge dudi dang f(¢) = ksin(z + @), tdc 1a am két
hop 1a mot séng 4m hinh sin. Hay xac dinh bién do am k va pha ban dau ¢(—7 < ¢ < 7) clia séng
am.

=Bai 10. Trong Vit li, phuong trinh téng quét ctia mot vt dao dong diéu hoa cho bdi cong thiic
x(t) = Acos(wt + @), trong d6 ¢ 1a thdi diém (tinh biang gidy), x() 1a li d cla vat tai thdi diém ¢,A 1a
bién do dao dong (A > 0) va ¢ € [—x; x| 1a pha ban dau ctia dao dong. Xét hai dao dong diéu hoa ¢
phuong trinh:
(r) =2cos (nH— 717) (cm)
x1(t) = St
1 3 6 )
T
x2(t) = 2cos <§t - 5) (cm).
Tim dao dong tdng hop x(¢) = x; (¢) +x2(¢) va st dung cong thic bién ddi tdng thanh tich dé tim bién
do va pha ban dau ctia dao dong tdong hop nay.

BAI TAP TONG HOP TU LUYEN CHO CAC DANG TOAN

o Tinh

T CA, . 1 . T
a) cos(oH——),bletsma:—Va0<oc< —.

3 V3 2

T < 1 T
b) tan (a—z>,biétcoso¢: 3 Véz <o<T.

) 4 2
¢) cos(a+b),sin(a—b), biet sina = 5,00 <a<90°vasinb = 5,90O < b < 180°.
o Chiing minh céc dang thic sau

1 5 3
a) sin* ot +cos* ot = 1 —EsinZZa; b) sin® ot + cos® o = §+§cos4a.

e Chiing minh c4c dang thic sau

T T
a) 2sin <Z + oc) sin (Z - oc) =cos20a; b) sina (14 cos2a) =sin2acosa;
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1+sin20 —cos2a 1 2
; =tanq; d) tano — =— .
1+sin20 +cos2a tan o tan2¢

o Chiing minh céc dang thiic sau:
. T . T
a) cosa+sina = v/2cos <Z —a) =+/2sin (Z +a>.
T T
b) cosa —sina = v/2cos <Z —|—a> = /2sin <Z —a).
e Tam giac ABC vudng tai B va co6 hai canh géc vuong la AB = A
4, BC=3. Ve diém D nam trén tia d6i cla tia CB thda mén

CAD = 30°. Tinh tanBAD tu do tinh do dai canh CD (lam
tron dén hang phan chuc). 4

B 3 C D
o Dao dong ctia mot vat 1a tdng hop clia hai dao dong diéu hoa cling phuong, c6 phuong trinh lan

ludt 1a x; = 6cos 1007t (mm) va x, = 6sin 100777 (mm), (¢ tinh bang gidy). Tinh li d6 clia vat tai
thoi diém t = 0,25 gidy.
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@ BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. Hoc sinh tra 18i tir cau 1 dén cau
20. Moi cau héi hoc sinh chi chon mot phuong an.
Cdu 1. Khang dinh nao sau day 1a khang dinh sai?

A. cos(a—b) =sinasinb+ cosacosb. B. cos(a+b) = sinasinb — cosacosb.
C. sin(a—b) = sinacosb — cosasinb. D. sin(a+b) = sinacosb + cosasinb.

Cau 2. Khang dinh nao sau day 1a khiang dinh ding?

A. sina+ cosa = v/2sin (a— %) B. sina+cosa = v/2sin <a+ %)

C. sina+cosa = —/2sin (a—%). D. sina +cosa = —/2sin <a—|—g>.
Cau 3. Cho céc géc lugng gidc a,b va T = cos(a+ b) cos(a—b) —sin(a+ b) sin(a — b). Ménh dé sau
day dung?

A. T =sin2b. B. T = sin2a. C. T = cos2a. D. T = cos2b.
Céu 4. Cho sina = —— v6i 0 < o < ~. Khi d6, gid tri ciia sin (a+ ”) bin

- - \/g 2 ag . 3 g
3 1 3 2 1 3 2
AL B. V3, V2 c. V6L p.Y3_V2
3 2 6 2 2 6 2

. gL 3 . 3m .. T
Cdu 5. Biétsino = ~3 var<a< > Tinh sin (a+g> .

A 3, B.>. c. 433 p. 4733

5 5 10 10

R ) 3 . 3 3m 3 T
Cau 6. Cho goc a thdéa man cos @ = 1 va > < o < 2m. Tinh cos (§ — Ot) .

A 3+4/21 8 3—21 c 3V3+V17 b 3vV3-7

. g . g . g . . 8 .

. AL . 5 3 T .

Cau 7. Biét sina = B;cosb =35 <ac< T0<b< 5 Tinh sin (a+D).
56 63 33
A. —. B. —. .- D. 0.
65 65 ¢ 65 0

~ 1 1
Cau 8. Cho hai géc nhon a;b thoa cosa = g;cosb =7 Tinh cos (a+b) -cos(a—b).

113 115 117 119
. _m. B- _m. C- _m. D- _m.

Cau 9. Cho tan @ = 3. Khi d6 gia trj ctia tan (Oc + %) la

A. l B. H C. -4 D. —2.
17 7

Cau 10. Cho tan o = 2. Tinh tan ((x — g)

2

A - B.
3

W[ =
(OS]

~ 3 .
Cau 11. Chosina = 1 Khi d6 cos2a bang
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A B. _.. .l p. L.
8 8 8 8
5 . 3m
Cau 12. Cho géc a théoa man cos o = - va 5 <oa< 27. Khi d6 tan2a biang
120 119 120 119
A.P=——. B.P=——. P=— D.P=—.
119 120 ¢ 119 120
- A . ... S
Cadu 13. Neéu sinx+ cosx = 5 thi sin2x bang
1 1 —1
A —. B. —3 C. -. D. —.
4 4 2 2
N . o 4 3m o s
Cau 14. Cho goc o théa man sin2q = —sVa < a < w. Khi d6 sin o — cos @ bang
A B. - . ¥ p. Y.
V5 V5 3 3
N 2 .
Cau 15. Cho géc a théa man cos2o = —3 Khi d6 (1 +3sin2a) (1 —4COS2OC) bang
21
A. 12 B. — C. 6. D. 21.
2
. T, 1 3
Cdau 16. Cho0< a,f <§Vath0amantanoc:§ anf} = - Goc o+ B c6 gia tri bing
Az B. . c.Z. D. 2.
3 4 6 2
- 3 1
Cau 17. Cho0<x,y < — 5 thoa man cotx = T coty = = Téng x + y bang
Az B. 27, c.Z. D. 7.

4 4 3
Cau 18. Néu tan o va tan 8 13 hai nghiém ctia phuong trinh x?> + px+¢g = 0 (¢ # 1) thi tan (ot + 8)
bing

2 2
A 2. S c. 2. D. -2

q—1 qg—1 1—¢g 1—¢q
Cau 19. Cho hai dao dong diéu hoa cung phuong cé phuong trinh 1an ludt 1a x| = 5005(1007rt+
7)(cm) va x, = 5cos(1007zt — £/2)(cm). Phuong trinh dao dong tdng hop cia hai dao dong trén
la

3 3
A. x =5v/2cos (1007rt+%) (cm). B. x = 5v/2cos (100717— %) (cm).
3 3
C. x=10cos (100717— %) (cm). D. x = 10cos (1007rt+ TE) (cm).

Cau 20. Mot vat thuc hién dong thai hai dao dong diéu hoa cling phuong, cling tan s6 theo cic phuong

T . .
trinh: x; = 2cos (5717 + 5) (cm) ; x; = 2cos(5xt)(cm). Bién dd cia dao dong tong hgp cua hai dao
dong trén la

A. 2. B. 4. C. 2V2. D. V2.

PHAN Il. Cau trée nghiém ding sai. Hoc sinh tra 18i tir cdu 21 dén ciu 25. Trong mdi
y a), b), ), d) 8 mai cau, hoc sinh chon ding hoac sai.

12
Cau 21. Chosina = - va g < o < 7. Xét tinh ding sai ctia c4c khang dinh sau:
119

5
- 200 = ———.
a) cosu kR b) cos2«x 69"
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BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

B e 2 ) & n(a+7) =L

) T
¢) sin <a+—> 7

3

n i 3 12 L ) . . )
Cdu 22. Chosinax = —,cos 3 = — va0° < a, B < 90°. Xét tinh dung sai cia cac khang dinh sau:

5 13
4 25 56 63
a) cOsQ = — 7. b) sinﬁ:@. c) sin(oc+/3):6. d) cos(a—B):6.
- 4 T . T o ST S
Cadu 23. Bictcos2a = ~5s Va I<ac< 5 Xét tinh ding sai ctia cac khang dinh sau:
9 16 3 4
a) cosa:g. b) sinoc:g. c) tana:Z. d) cotoc:g.
Cau 24.
Trén mot manh gidy hinh vuéng ABCD, bic An dit mot chiéc den pin D N c
tai vi tri A chiéu chum sang phan ki sang géc C. Bac An nhan thiy géc
chiéu sang ctia dén pin gi6i han bdi hai tia AM va AN, & d6 cic diém
R 1 1
M, N lan lugt thuoc BC,CD sao cho BM = EBC’ DN = §DC (Hinh bén).
Xét tinh diing sai ctia cac khang dinh sau: M
—_— 1
a) tanBAM = 5
—_— 1
b) tanDAN = 3 A B

¢) BAM +DAN = 60°.
d) Géc chiéu sang ctia den pin bang 30°.

Cdu 25. Phuong trinh dao dong diéu hoa ctia mot vat tai thdi diém ¢ gidy dudc cho bdi cong thiic
x(t) = Acos (@t + @), trong d6 x(¢) (cm) 1a li do cta vat tai thdi di€m ¢ gidy, A la bién do dao dong
(A >0), ¢ € [~r; 7] la pha ban dau cla dao dong va o 1a tan sb géc. Xét hai dao dong diéu hoa c6
phuong trinh 1an luot 13

x1(t) = 3cos (%t + g) (cm) va xp(t) = 3cos (%t - g) (cm).

Dit x(¢) = x; (t) +x2(¢) 1a phuong trinh tdng hop ctia hai dao dong nay. Xét tinh diing sai ctia cac khang

dinh sau:
a) Tan sb goc ctia dao dong tdng hop 1a g
b) Phuong trinh clia dao dong tong hop 1a x(¢) = 3cos (%t + 1_7r2> :
¢) Bién d6 ctia dao dong tdng hop trén bing 3.
d) Pha ban dau ctia dao dong tdng hop trén 1a 1—%2 .
PHAN IIl. Cau tric nghiém tra 18i ngan. Hoc sinh tra 16i tir cAu 26 dén cau 30 vao 6

két qua.

~ 1 3 N
Cadu 26. Cho hai géc a va b v6i tana = 5 vatanb = 1 Khi do, tan (a + b) bang bao nhiéu?
KQ:
Cdu 27.

Th.S Nguyé&n Thainh Nhan — 0839.2199.39
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Cho hinh vuéng ABCD nhu hinh vé bén. Tinh tanx (két qua 1am tron dén hang D c
phan trim).
KQ: 7
E
X 5
A B

sin + sin2Q
1+coso+cos2¢

Cdu 28. Biét

KQ:
Cdu 29.

Cho tam gidc ABC nhu hinh vé. Biét B = 2C = 2a, AB = 2, A
AC = 3. Tinh d6 dai canh BC.

KQ:

=n-tana,n € N. Giatrin bﬁng bao nhiéu?

2a

Cau 30.

Trén néc mdt toa nha thang ding c6 mot cot dng-ten
cao 5 m. Tu mot vi tri quan sat A cao 7 m so v6i mait
dét va cach tdoa nha 14 m c6 thé nhin thiy dinh B va
chan C cua cot ang-ten véi goc BAC = 10°. Tinh chiéu
cao clia toa nha (tinh bang mét va két qua lam tron dén
hang don vi).

KQ:
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Chuong 1. HAM SO LUGNG GIAC VA PHUONG TRINH LUONG GIAC

§3. HAM SO LUQNG GIAC VA PO THI

<@> KIEN THFC CAN NHO

n Ham sb y = sinx

Tap xac dinh: ¥ =R.

y
Tap gid tri: [~ 1 1], tic [a T —%V\ """
—ISSinxgl,VXER. _ 1 ° T X
______ M%\

Ham s0 y = sinx la ham so6 1€ nén do thi ham so
nhén goc toa do O lam tam doi xing.

Ham sb y = sinx tuan hoan véi chu ki T = 27, nghia 1a sin(x + k27) = sinx, véi k € Z.
N A . A <A A X 3 T T . <A A X
Ham sO y = sinx dong bién trén moi khoang (—5 +k27r;5 +k2n>, nghich bién trén moi

T 3n
khoang (5 +k2m; > -|-k271'> vOi k € Z.

a Ham sO y = cosx

Tap xac dinh: 7 =R.

y
Tap gid tri: [—1; 1], tdc Ia _n—Wn _____

—1<cosx<1,Vx€R. N/ _____ L""Mx

Ham s0 y = cosx Ia ham so chan nén do thi ham so
nhén tryc Oy lam truc doi xing.

Ham s6 y = cosx la ham s6 tuan hoan véi chu ki 7 = 27, nghia 1a cos(x + k27) = cosx, véi
ke Z.

Ham s y = cosx dong bién trén mdi khodng (—7 + k27;k27), nghich bién trén mdi khoang
(k2m; w4+ k2m) véi k € Z.

Ham sb y = tanx

' y ' '
Diéukiencosx7é0<:>x7ég+kn,kez.
Tapxécdinh:.@:R\{%—Hﬁt,keZ}. .
Tap gid tri: R; La ham s6 1&. | : 0 g ™ x
La ham s6 tudn hoan v6i chu ki 7' = 7, nghia Ia tan(x+ |
km) = tanx, véi k € Z. | : : :

Ham s6 y = tanx dong bién trén mdi khoang (—% +km; 5 +kx) véi k € Z.
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3. HAM SO LUONG GIAC VA DO TH| \ \
n Ham so y = cotx

o Dbiéukién sinx #0 < x £ km k € Z.
Tap xac dinh: Z =R\ {km,k € Z}.

Tap gia tri: R.

La ham so 1é.

L2 ham s tuan hoan véi chu ki T = 7, nghia
la cot(x+ km) = cotx, véi k € Z.

SIE

Ham s6 y = cotx nghich bién trén mdi
khoang (km;m + km) v6i k € Z.

|
g
|
S
[N}

@ PHAN LOAI, PHUONG PHAP GIAI TOAN

DT 'ol Tim tap xdc dinh clia ham sé luvong gidc

Ta chi y mot so dieu kién sau:

a) y= Fx) xac dinh < g(x) #0.

g(x)
b) y= R/ f(x) xdc dinh < f(x) > 0, trong d6 n € N*.

¢) y = tan[u(x)] xéc dinh < u(x) xdc dinh va u(x) #£ g kT k€ Z.

d) y = cot[u(x)] xdc dinh < u(x) xac dinh va u(x) # kn,k € Z.

=Bai 1. Tim tip xdc dinh clia cdc ham s6 sau day:

2sinx+3 1+ cosx sinx —3

2 y=""20 b y = o o) y= Snx=3
CcoSx 1 —cosx cosx—+1
2+4+3cos2x 1+ cosx B 2sinx+3

d = = =
)y sinx ®)y 1 +sinx Dy sinx—1

2sinx—3 2sinx+3
= — h)y y=—— i =+/3-2 .
gy 2sinx+3 )y cosx+2 Dy cosx

=Bai 2. Tim tip x4c dinh clia cic ham sb sau day:

a) y=2tanx+3 b) y = 2tan2x — 4sinx o) y=cot<x+§)+1

DT '9' Tinh chén 1& clia ham sb
Ta thuc hién cac budc sau:

@ Tim tap xdc dinh 2 clia ham s6 — Tap Z phii d6i xiing.
® Tinh f(—x) (chd nao c6 bién x, ta thay bdi —x) va thu gon két qua. Khi d6

e Néu f(—x) = f(x): ham s da cho 1a ham chan.

e Néu f(—x) = —f(x): ham sb da cho 1a ham 1&.
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BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

e Néu khong roi vao 2 trudng hop trén, ta két luan ham s6 khong chin, khong 18.

® Ham s y = sinx la ham so |é. @ Ham s6 y = cosx 1a ham s6 ch3n.

® Ham s6 y =tanx 13 ham so [é. @ Ham s0 y = cotx la ham so Ié.

= Bai 3. Xét tinh chan, 1é cia cac ham sb:

2

a) y=sinx-cosx; b) y =tanx+ cotx; c) y=sin“x.
DT @ Tim gid tri 16n nhét - gid tri nhd nhat
Ta thuong dung mdt trong 3 phuong phap sau:
@ St dung céc bat dang thic co ban
@ —1<sinx<1,Vx€eR; @ —1<cosx<1,VxeR;
® 0 <sin’x,cos?x < 1,Vx € R; @ 0 < |sinx|,|cosx| < 1,Vx € R.

@ St dung diéu kién c6 nghiém

@ sinx = f(m) c6 nghiém khi —1 < f(m) < 1.
@ cosx = f(m) c6 nghiém khi —1 < f(m) < 1.

@ asinx—+ bcosx = ¢ c6 nghiém khi a® +b* > 2.

@ S dung bang bién thién: Lap bang bién thién ctia ham s6, tir d6, két luan.

=Bai 4. Tim gia tri I6n nhit va gid tri nhd nhét cla cac ham sb sau

1 — 2sin?
a) y=2sinx+3 b)y:¥ ) y=+2+cosx—1
d) y=4sinxcosx+ 1; e) y=4—3sin’2x. f) y:(3—sinx)2+1

=Bai5. Tim x dé ham s6 y = (sinx+3)? — 1 dat gid tri nho nht.

=Bai6. Tim x d€ ham s6 y = 1 — 3v/1 — cos2x dat gi4 tri nhd nhét.

=Bai 7. Tim gid tri 16n nhit vi nhd nhit ctia ham s6 sau

a) y=2sin’x —3sinx+ 1 b) y = 2cos?x+ 3cosx —2 C) y=cos2x —sinx+3

=Bai 8.

BT s Nouyén Thanh Nhan - 0839.2199.39




3. HAM SO LUONG GIAC VA DO TH|

Khi du quay hoat dong, van tdc theo phuong ngang ctia mot
cabin M phu thudc vao géc lugng giac o = (Ox,OM) theo
ham s6 v, = 0,3sina (m/s) (Hinh bén).

a) Tim gid tri I6n nhit va gid tri nhd nhét cda v,

b) Dua vao dd thi cia him s6 sin, hdy cho biét trong
vong quay dau tién (0 < o < 27), goc o & trong cac
khoang nao thi v, tang.

DT '0' D6 thi haim sé luong gidc

=Bai 9. Xét sy bién thién ctia mbi ham sd sau trén cac khoang tuong dng:

a) sinx trén khoang ( T 77:) (_21% _2371:)
y= X ek 5 5
2 2 2 2

b) y = cosx trén khoang (—20x; —197), (—97; —87x).

= Bai 10. Mot dao dong diéu hoa c6 phuong trinh li dd dao dong 1a: x = Acos (@t + @) , trong d6 ¢

1a thoi gian tinh bang gidy, A 1a bién d6 dao dong va x 1a 1i d6 dao dong déu dudgc tinh bang centimét,
2r T

o > 0. Khi do, chukiTcﬁadaod(f)nglélT:E . Xéac dinh gia tri cua li do khi r =0, t:Z’ t=

T 3T

Sit=gt= T va vé do thi biéu dién li do cta dao dong diéu hoa trén doan [0;27] trong cic trudng
hop:
T T
a) A=3cm, ¢ =0; b)A:3cm,(p:—§; c)A:3cm,gD:§.
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Chuong 1. HAM SO LUGNG GIAC VA PHUONG TRINH LUONG GIAC

A

@ BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phudng 4n lua chon. Hoc sinh tra 18 ti cau 1 dén cau

20. M&i cau héi hoc sinh chi chon mét phuong an.

Cau 1. Tap gid tri ctia ham s& y = cosx 12 tap hop nao sau day?

A.R. B. (—o030].

Cdau 2. Tap gid tri cia ham s6 y = sin2x 1a
A. [-2;2]. B. [0;2].

Cadu 3. Ménh dé nao duéi day sai?

A. Him scf> y = tanx tu:?m hoan véi chu ki 7.

C. Ham s0 y = cotx tuan hoan véi chu ki 7.
Cau 4. Ham sb y = sin2x c6 chu ky tuan hoan 1a
B.T=".

2
Cdu 5. Ménh dé nao duéi day diing?

A.T=2mx.

A. Ham s6 y = sinx 12 ham s6 chin.
C. Ham s0 y = tanx la ham so chan.

Cau 6. Tim ham s6 18 trong c4c ham s sau:

2

A. y=sin“x. B. y =xcos2x.

C. [0;4oo]. D. [-1;1].

C. [-1;1]. D. [0;1].

B. Ham s y = cosx tuin hoan véi chu ki 7.
D. Ham s0 y = sin2x tuan hoan véi chu ki 7.

D. T =4nr.

B. Ham sb y = cosx 12 ham s6 chén.
D. Ham s0 y = cotx la ham so chan.

C. y=xsinx. D. y =cosx.

Cau 7. Ham sb nao trong cac ham s6 dudi day 12 ham s6 chan?

A.y:sin(x—kg). B.y:cos<x+g>.

Cdu 8. Tim tap x4c dinh ctia ham sb y = cotx.
A. 2 =R\ {k§|k€ Z}.
C. 2 =R\{k2n|k € Z}.

Cau 9. biéu kién x4c dinh ctia ham sb y =

1—3cosx T
sinx

C. y =sin2x. D. y =tanx — sin2x.

B. 2 =R\ {kxlk € Z).
D. 9= R\{g +halee 2.

a

k
A.x;«éngkn,keZ. B. x4 k27, k€ Z. c.x¢7”,kez. D.x4kx, keZ.
Cau 10. Vé6i ky hiéu k € Z, diéu kién xac dinh ctia ham soy:%la
— X
A. x # kT, B. x # k. c.x7ég+kn. D.x;«ég+k2n.

~ N 2 T
Cau 11. Véi ky hiéu k € Z, didu kién xdc dinh ciia ham s6 y = tan (2 _ 5) 1a

T

5w
3 B)C;"é E+kﬂ

A.x%%-l—k

T

5
C.x%g—i-kﬂ:. D.x7é1—72t+k2.

Cau 12. Tim diéu kién x4c dinh cia ham s6 y = tanx + cotx.

A. x#kr ke 7.

Cau 13. Tap xic dinh cia ham s6 y =
cosx—+1

IEZ s Nouyen Thanh Nhan - 0839.2199.39
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3. HAM S LUONG GIAC VA BO TH| \ \
A. 2 =R\ {n+kmkeZ). B. 7 — R\ {k2m:k € Z}.
C. .@:R\{g+kn;keZ}. D. 2 =R\ {n+Kk2m;k € Z}.

a .. -1 2 ., . o 2 o N Z . /4
Cau 14. Tim gia tri 16n nhat, gia tri nho nhat ctia ham s6 sau y = 1 4 3sin <2 - Z)

A. miny = —2, maxy = 4. B. miny =2, maxy = 4.
C. miny = —2, maxy = 3. D. miny = —1, maxy =4.

Cdu 15. Tim gid tri 16n nhit, gia tri nhd nhit ctia ham sd sau y = 3 — 2 cos? 3x.

A. miny =1, maxy = 2. B. miny = 1, maxy = 3.
C. miny =2, maxy = 3. D. miny = —1, maxy = 3.

Cau 16. Tim gia tri 16n nhit, gid tri nhd nhit cia ham sb sau y = v/2sinx + 3.

A. maxy =+/5, miny = 1. B. maxy = /5, miny = 21/5.
C. maxy =+/5, miny = 2. D. maxy = /5, miny = 3.
-~ .z . 2, A .z . 2 A 2 N A 4
Cau 17. Tim gia tri I6n nhat, gia tri nho nhat ctia ham so sau y = —
1+ 2sin“x
. 4 ) 4
A. mmy:§,maxy:4. B. mlny:§,maxy:3.
C. miny:§,maxy:2. D. minyzi,maxy:4.

Cdu 18. budng cong trong hinh dudi diy 1a do thi ciia mot ham sb trong bdn ham sb dugc liét ké &
bdn phuong dan A,B,C,D. Hdi ham s6 d6 1a ham sb nao?

A. y=1+sinx. B. y=1—sinx. C. y =sinx. D. y =cosx.

Cau 19. budng cong trong hinh vé bén dudi 1a do thi ctia mdt trong bdn ham sd dugc liét ké & bbn
phuong 4n A, B, C, D. Héi d6 13 ham s6 nao?

A. y=cosx+1. B. y=2—sinx. C. y=2cosux. D.y=cos’x+1.
Cau 20. Ham s6 nao trong cc ham s sau c6 do thi & hinh vé dudi day?
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y

3 -7

SRS
)
[O%)
)
=

A. y=—tanux. B. y=cotx. C. y =tanx. D. y= —cotx.

PHAN II. Cau trég nghiém ding sai. Hoc sinh tra 18i tir cdu 21 dén ciu 25. Trong mdi
y a), b), c¢), d) 8 moi cau, hoc sinh chon ding hoac sai.

Cadau 21.

Cho ham sb y = 2sinx c¢6 dd thi nhu hinh bén. Xét tinh diing
sai cta cac khang diph saw: 2
a) Tap xdc dinh ctia ham sd 1a R.
b) Tap gia tri ctia ham s6 1a [—1;1].
¢) Ham sb dong bién trén khoang (—2;2). -3
d) Do thi ham sb cat dudng thang y = —1 tai ding 2 diém  — :
phén biét. i

Xét tinh diing sai ctia cac khang dinh sau:
a) Ham sb dong bién trén khoang (—7; ).
b) Ham sd nghich bién trén khoang (—27; —7).
¢) Trén doan [—27;27], ham sb c6 gid tri 16n nhit bang 1.
d) Trén doan [—27;27], c6 ding 3 gid tri clia x &€ ham s6 nhan gi4 tri bang 0.

Cau 23. Cho ham s6 y = cotx ¢ do thi nhu hinh bén duéi.
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3. HAM SO LUONG GIAC VA DO TH| \ \

I

27

(ST
vl

Xét tinh ding sai ctia cdc khang dinh sau:
a) Tap xdc dinh cia ham s 1a R\ {k7,k € Z} ..
b) Ham sb nghich bién trén (—7; pi).
¢) Trén [—7; 7| c6 dung ba gia tri ctia x d€ cotx = 0.
T
d) Trén [0; 7], cotx < 1 khi va chi khi x € (Zﬁ>

CAu 24. Cho ham sb y = f(x) = 2sin®x — 5. Xét tinh diing sai ctia cdc khing dinh sau:
a) Ham s6 tuan hoan véi chu ki 27.
b) Ham s6 1a mot ham s6 chan.
., . 2, A 9 N A . n oy
¢) Gia tri 16n nhat cida ham so dat dugc khi x = > +km, véik € Z.

d) Gia tri nhé nhét ctia ham sb bang —3.

Cdu 25. Huyét 4p la dp Iuc mdu can thiét tac dong 1én thanh dong mach nham dua mau di nudi dudng
cic md trong co thé. Nhd luc co bop clia tim va stic can cia dong mach ma huyét 4p dudc tao ra. Gia
st huyét ap clia mot ngudi thay d6i theo thdi gian dugc cho bdi cong thiic: p (t) = 120+ 15 cos 1507,
trong d6 p () 1a huyét ap tinh theo don vi mmHg (milimét thiiy ngan) va thdi gian ¢ tinh theo don vi
phit. Xét tinh diing sai ctia cac khang dinh sau:

2 N T
a) Ham so p(¢) tuan hoan véi chu ki 7

b) Thoi diém ¢ = 0, huyét ap clia ngudi nay 1a 120 mmHg.
¢) Huyét 4p tam thu (huyét 4p cao nhét) clia ngudi nay 1a 135 mmHg.
d) Huyét 4p taim tuong (huyét 4p thip nhét) cia ngudi nay 1a 105 mmHg.

PHAN I1l. Cau tric nghiém tra 18i ngin. Hoc sinh tra 18i tir cau 26 dén cau 30 vao 6
két qua.

CAu 26. Tim gid tri 16n nhit ctia ham sb y = v/5 — v/3cos 2x. (K&t qua lam tron dén hai chit sb thap
phéan)
KQ:

Cau 27. Xét ham s6 f(x) = cos2x trén [0;27] ¢6 dd thi nhu hinh vé.
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BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

Goi T 1a tap hop tit ca cdc gia tri cla x € [0;27] d€ cos2x = 0. Tinh tdng tit ca cdc phan ti ctia T (1am
tron dén hang phan chuc).

KQ:
Cdu 28. Hing ngay, Mt Trdi chiéu sdng, bong ctia mot toa chung cu cao 40 (m) in trén mit dat, do
, 8 d6 S dudgc tinh bang mét, con

dai béng clia toa nha nay dugc tinh bang cong thiic S (¢) = 40 ‘cot %t
t1a s giij tinh tir 6 gid sang. Tim do dai bong clia tda nha tai cic thoi diém 8 gid sang (lam tron dén
hang phan chuc).

KQ:
Cau 29. Gia st khi mot con séng bién di qua mot cdi coc & ngoai khoi, chiéu cao ctia nuée dude mo
hinh hod bdi ham s6 A(t) = 90cos (%t), trong d6 h(t) 1a do cao tinh bing centimét trén myc nudc

bién trung binh tai thdi diém ¢ gidy. Tim chiéu cao ctia séng (cm) (la khoang cach theo phuong thang
ding gitta day va dinh ctia s6ng).

KQ:
Cau 30. Cho hai diém A, B thudc d6 thi ham sb y = sinx y
trén doan [0; 7], cdc di€m C, D thudc truc Ox thoéa man H
27
ABCD 1a hinh chit nhit va CD = ~. Tinh do dai doan 0 X
3 D Cc
KQI y=S8inx
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4. PHUONG TRINH LUONG GIAC CO BAN \ \
§4. PHUONG TRINH LU’QNG GIAC CO BAN

KIEN THOC CAN NHO

n Phuong trinh sinx = a.

™ Trudng hop a € {—1;0;1}.

sin .
sin
AR A/E A
v' cos
0 cos
B/

sinx=1sx=%+k2n sinx=—1x=—-2+k2n [sinx = 0 < x — kx|

™ Trudng hop a € {:I:2 :I:\é_ \/_} Ta bAm may | SHIFT @ [a] d€ d6i s a vé géc o hodc

B° tuong vng.

@ Cong thuc theo don vi rad:

sin

. x=o+k2n
sinx =a & kel Nai---F-2
X=T—o+k2rm a

@ Cong thuc theo don vi do: 0

, lx = B° +Kk360°
SInx = a <

JkeZ
x = 180° — B° 4+ k360°

& Truong hop a € [—1;1] nhung khac cdc s6 & trén.

) x = arcsina + k2w
SINX = a < ) :
Xx =7 —arcsina + k21

@ Cong thiic mé rong cho hai ham f(x) va g(x)

£(x) = g(x) +k2m

() = g +ham EF

sinf (x)] = sin[g(x)] < [

a Phuong trinh cosx = a.

™ Trudng hgp a € {—1;0;1}.

Th.S Nguyén Thainh Nhan — 0839.2199.39



BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

A
1o) cos A\ O cos 0 cos
B/

[cosx=1ox=km| [cosx=—lox=natkem| |[0s¥x=0&x=F+kn

sin

1 2 3 2 o e 2 A .
W Trudng hop a € {ii;ig;i\g}. Ta bam may | SHIFT |[cos|[a]dé doi sO a vé gc a hodc

B° tuong vng.
@ Cong thuc theo don vi rad:

xX=o+k2x
cosx =a <& kel
xX=—-o+Kk2m

cos

@ Cong thuc theo don vi do: 0

x = B°+k360°
cosx=a < ,
x = —B° +k360°

™ Trudng hop a € [—1; 1] nhung khéc céc s6 & trén.

x = arccosa -+ k2w
cosx=a <& kel
X = —arccosa+ k2w

@ Cong thiic mé rong cho hai ham f(x) va g(x)

£(x) = g() +h2m

flx) = —g(x)+k27r’k €z

cos[f (x)] = cos[g(x)] & [

B Phuong trinh tanx = a.

3 A o e A A , %
& Trudng hop a € {o; ig; +1; iﬁ} . Ta bAm mdy | SHIFT [a] d€ ddi sb a vé géc a hoic
B° tuong tng.
tang
@ Cong thuc theo don vi rad: N4
tanx=a<x=o+kn, ke

0
@ Cong thuc theo don vi do: /

tanx=a < x = B°+kl180°,k€Z

@ Truong hop a khac céc sb & trén thi

| tanx = a < x = arctana+ k7w, k € 7.

Th.S Nguyé&n Thainh Nhan — 0839.2199.39
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n Phuong trinh cotx = a.

3 ) U
© Trudng hop a € {i%;il;iﬁ}. Ta bam may | SHIFT de doi so a vé géc o hodc

T
B° tuong tng. Riéng a = 0 thi @ = >

cotang

» Q

@ Cong thuc theo don vi rad:

cotx=a<x=a+kn, keZ

o
@ Cong thuc theo don vi do:
M
cotx=a < x=PB°+kl80°, ke Z
@ Trudng hop a khéc cac s6 & trén thi
| cotx =a << x =arccota+km, k € Z.

<§)>> PHAN LOAI, PHUONG PHAP GIAI TOAN

DT '0' Gidi cdc phuong trinh lvong gidc co bén

e Nhian dang (bién ddi) vé diing loai phuong trinh co ban, xem s6 a quy ddi vé goc "dep" hay
xAu;

e Chon va rap cong thuc nghiém.

= Bai 1. Giai c4c phuong trinh sau:

a) sin3x = —\/; b) 2sin (%—x) —1 ¢) 2sin(x—45°)—1=0

2
d) cos(x—?n):l e) vV2cos2x—1=0 f) 3cosx—1=0.

= Bai 2. Giai c4c phuong trinh sau:

2) tan3x=—? b) v3tan (g—x> —1 ¢) tan (x—45°) —1=0
d) sinx—+v/3cosx=0 e) V3cotx—1=0 f) sinx+4cosx =2+ sin2x.

= Bai 3. Tim nghiém clia cic phuong trinh ludng gidc sau trén khodng cho trude
a) v/3tanx—3 =0 trén (0,37). b) V2sin(x—1)=—11trén (— 2,2

¢) 2cos <3x— g) 1 =0uweén (—7,7). d) tan(3x+2) —+/3 =0 trén (—

~—

).

(SR ]

2
7

DT '9' Gidi cac phuong trinh lvgong gidec dang mé réng

e Bién ddi vé mot trong céc ciu tric sau
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@® sinu = sinv @ cosu =cosv ® tanu =tanv @ cotu = cotv

e Chii y cdc cong thiic bién ddi luong gidc sau:

@ —sinx = sin(—x). @ —cosx = cos (T —x).
® sinx = cos (g—x). @ cosx =sin <g—x>.

= Bai 4. Giai c4c phuong trinh sau:

a) sin3x = sin2x b) sin2x —sinx =0 ¢) sinSx+sinx =0

d) cos2x—cosx=0 e) cos8x+cosx=0 f) cosdx—sinx=0

= Bai 5. (B.2013). Giai phuong trinh sin5x +2cos’x = 1

DT 'e' Vén dung thuc tién

=Bai6. Sb gid c6 dnh sang mit trdi ctia mdt thanh phd A & vi dd 40° bac trong ngay thi 7 ctia mot
nim khong nhuan dudc cho bdi ham s6
T

d(t) =3sin [182

(z—80)} F12v6ir € Zva0 <1t < 365.

a) Thanh phd A c6 ding 12 git c6 anh sdng miit trdi vao ngdy nao trong nim?
b) Vao ngay nao trong nim thi thanh phd A c6 it gid ¢6 dnh sang mit trdi nhat?

¢) Vao ngiy nao trong nim thi thanh phd A c6 nhiéu gio c6 anh sdng mit troi nhit?

=Bai7.
Trong Hinh bén , khi dudc kéo ra khdi vi tri can bing &
di€ém O va buong tay, luc dan hdi ctia 10 xo khién vat A ‘
gan & dau cuia 10 xo dao dong quanh O. Toa dd s (cm) I—Wm—-—'
clia A trén truc Ox vao thoi diém ¢ (gidy) sau khi budng
T
tay dugc xac dinh bdi cong thic s = 10sin <10t + 5) . 0 s X

Vao céc thoi diém nao thi s = —5v/3 cm?

=Bai 8. Van toc v; (cm/s) cta con lic don thi nhit va van téc v, (cm/s) ctia con lic don thit hai
theo thdi gian ¢ (gidy) dudc cho bdi cac cong thic

2t w\ : T
vi(t) = —4cos (? + Z) va v(t) = 2sin <2t—|— g> :

Xac dinh cdc thoi diém ¢ ma tai d6
a) van toc ctia con lac don thi nhét bﬁng 2 (cm/s);

b) van tdc ctia con lic don thif nhit gip hai 1an vén tdc clia con lac don thi hai.

BAI TAP TONG HOP TU LUYEN CHO CAC DANG TOAN

b -7 2n
© Giii phuong tinh: 3 VAan (2x— 5) —0voi = <x<

4 3
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@ Gii phuong trinh: tan (x+30°) + 1 = 0 v6i —90° < x < 360°.

0 Giai cdc phuong trinh sau:

a) cos3x = sin2x
1
d) cos(2x+30°) = 5
T
g) cos <2x—|—z> +2-0

o Giai cac phuong trinh sau:

a) tanx = V3.

c) tan(x+48°) = tan25°.

o Giai phuong trinh

a) tan<2 +7r>+tan(7r
X 6 3 by

):0. b)

1

T
b 3x—2cos— =0
) cos3x cos4 5

c) cos <2x+§> =—

&) 2cos (x—%) —0 f) 2cos(2x—60°)—1 =0

|
h) cos (;ﬁ —300) —1 i) sin®2x=

b) cot(x—g) —1.

3
d) tan (x+ TE) = tang.

sin2x+2cosx —sinx — 1
=0.
\/§+tanx

o Mot qué dan phdo dudc ban ra khéi nong phdo véi van toc ban dau c6 do 16n vy khong ddi. Tim
gbc ban o d& qua dan phdo bay xa nhit, bd qua stic can ctia khong khi va coi qua dan phao dudc

ban ra tit mat dat.

o D9 sau h( m) ctia muc nudc & mot cang bién vao thdi diém ¢ (gio) sau khi thuy triéu 1én 1an dau
tién trong ngay dudc tinh x4p xi bdi cong thic h(t) = 0,8cos0, 5¢ + 4.

a) Do sau clia nu6e vao thoi di€ém ¢ = 2 12 bao nhiéu mét?

b) Mot con tau cin muc nu6c sau tdi thi€u 3,6 m dé c6 thé di chuyén ra vao cang an toan.
Dua vao dd thi ctia ham sb cosin, hdy cho biét trong vong 12 tiéng sau khi thuy triéu 1én
1an dau tién, & nhitng thdi diém ¢ no tau c6 thé ha thuy. Lam tron dén hang phan trim.
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@ BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. Hoc sinh tra 18i tir cau 1 dén cau
20. Moi cau héi hoc sinh chi chon mot phuadng an.

Cau 1. Phuong trinh nao sau day vo nghiém?

1
A. sinx = 5 B. tanx = /3. C. sinx=3. D. cosx = ——
Cau 2. Nghiém cia phuong trinh sinx = —1 la
A.x:—§+k7r,k€Z. B. x—kx,k € Z.
3
C. x:77r+k7r,keZ. D.x:—g+k27r,keZ.
N foa o V3
Cau 3. Tim tat ca cac nghiém ctia phuong trinh sin3x = -
- -
= E R ey x= gk ke
A. SR . B. o .
X:?—FT,](GZ x=?+k27t,k€Z
: k - 2
=24 ez x= T KT e
9 3 3 3
C. . D. .
_27'L'+k7t kel _27t+k27l' ke
_x_ 9 37 _'x_ 3 3 b
Cau 4. Nghiém cta phuong trinh 2sinx+1=01a
11 — —7
A. x:Tﬂ%—kZﬂ?Véx:?n%—ldn’. B. x:%+k2ﬂvéx:%+k27r.
— 7 — 7
C. x:—ﬂ+k7rvéx:—7r+k7r. D.x:—ﬂ—i—kZEVéx:—ﬂ—i—kZﬂT.
6 6 6 6
Cau 5. Tap nghiém ctia phuong trinh sin2x =1 1a
T T T
A. {Z+2kn,k€Z}. B. {Z+kn,keZ}. C. {km,k e Z}. D. {§+2k7r,keZ}.
A . V3 o
Cadu 6. Phuong trinh cosx = —— ¢ tap nghiém la
A. {x:i%+k2n;kez}. B. {x:i§+kn;kez}.
C. {r=2Z+i2mkez}. D. {x=+Z +kmkeZ].
Cau 7. Tap nghiém ctia phuong trinh cos2x = —1 la
A. —km.k € 7. B. {—%+kn,kez}.
T
C. {—§+k27r,k€Z}. D. {90° +k180°,k € Z}.
Cadu 8. Phuong trinh 2cosx — 1 = 0 c6 nghiém la
A x=EZ +k2m kL. B.x=+Z+km kel
C.x::tg+27r,k€Z. D.x:j:§+k27r,keZ.

Cau 9. Sé nghiém cia phuong trinh 2cos (x — g) = 1 trong khoang (0;7) la
A. 4. B. 1. C. 2 D. 3.
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Cau 10. Phuong trinh sinx — cosx = 1 ¢c6 mdt nghiém la

T T 2
A ——. B. -—. .= D.
2 4 3 "
Céu 11. Nghiém ctia phuong trinh sin* x — cos*x =0 1a
A. x=m+k2m. B. x = k. C.x=2+kn. D.x=" k=,
2 4 2
. . 2 . .
Cau 12. Xét trén (—m; 7r), phuong trinh sinx = 3 ¢6 bao nhiéu nghiém?
A. 1. B. 3. C. 2 D. 4.

~ 3 £
Cau 13. Cho phuong trinh sin2x = % Goi n 1a s cac nghiém cta phuong trinh trong doan [0; 37]

thi gid tri cia n la

A. n=28. B. n=5. C.n=6. D.n=2.

Cau 14. Tinh tong céc nghiém x € [0;20187] clia phuong trinh sin2x = 1.
4071315 4071315 8141621 8141621
A s=—t20F g gD o g 2SN p g S ET
2 4 2 4

Cau 15. Tim s6 nghiém thudc khoang (—7; 7r) clia phuong trinh cosx + sin2x = 0

A. 1. B. 4. C. 2 D. 3.
Cau 16. Phuong trinh sin5x — sinx = 0 ¢6 bao nhiéu nghiém thudc doan [—20187;20187]?

A. 16145. B. 20181. C. 20179. D. 16144.
Cau 17. Do thi clia cac ham sb y = sinx va y = cosx cat nhau tai bao nhiéu diém c6 hoanh do6 thudc
doan [—27:' 5717} ?

0 K 2 N

A. 5. B. 6. C. 4 D. 7.

~ e . £ . N T R -
Cau 18. Vai gia tri cia tham so m thi phuong trinh cos (x - 5) —2m = 0 vo nghiém?

1 1
m<—> mS—E m<—1 m< —1
A. : B. . .
m 1 > 1 m>1 m>1
2 -2
CAu 19. Tim tit ci cdc gid tri nguyén ciia tham sd m d€ phuong trinh cos® tx = m? — 9 ¢6 nghiém.
A. 5. B. 2. C.1. D.3.

Cdu 20. Cho van tdc v (cm/s) clia mot con lac don theo thdi gian ¢ (gidy) dudc cho bdi cong thic
. v/ ) . , <, v 4 N . » A A g ., .1 2 A
v = —3sin (1 , 5t + §> Xac dinh cac thoi diém r ma tai d6 van toc con lac dat gia tri 16n nhat.

S7 4n Tn 4w
A.t=—+—k keZ. B.t=—4+—k keZ.
89+43 ) (€ E +43 ) K€
T T T T
-4 A D.t=—+4+— 7.
t 9+3k,ke t 9+3k,ke

PHAN II. Cau trég nghiém ding sai. Hoc sinh tra 18i tir cdu 21 dén ciu 25. Trong mdi
y a), b), ), d) 8 mai cau, hoc sinh chon ding hoac sai.
Cdu 21. Cho phuong trinh cos2x = 0. Xét tinh ding sai ctia cac khang dinh sau:

a) x = 0 la mot nghi€ém cua phuong trinh.

A ) N N T L
b) Nghié€m cua phuong trinh 1a x = 5 +km,véik € Z..
Th.S Nguyén Thanh Nhan — 0839.2199.39



BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

1
¢) Phuong trinh c¢6 cuing tip nghiém véi phuong trinh cos?x = 5
d) Trén (0;27), phuong trinh c6 ding 2 nghiém.

CAu 22. Cho phuong trinh sinx = cosx. Xét tinh ding sai ctia cdc khang dinh sau:
3n
a) x= T la mot nghiém cia phuong trinh.

T
b) Nghiém cua phuong trinh la x = 5 + k27, v6i k € Z..

¢) Phuong trinh c6 cung tap nghi€ém véi phuong trinh tanx = 1.
d) Trén (0;27), phuong trinh c6 ding 2 nghiém.

Cdau 23. Nhiét dd ngoai trdi & mot thanh phd vao céc thdi diém khéc nhau trong ngay c6 thé dugec mo
phong bdi cong thiic
T
h(t) =29 + 3sin [ﬁ(z . 9)]

véi h tinh bang do C va ¢ 1a thoi gian trong ngay tinh bing gid (0 <t < 24). Xét tinh ding sai ctia cic
khéng dinh sau:

a) Nhiét do ngoai troi cao nhét bang 29 °C.

b) Nhiét do ngoai trdi thip nhét bing 26 °C.

¢) Nhiét d6 ngoai troi cao nhét vao thdi diém 12 gid trua.

d) Nhiét do6 ngoai trdi thap nhat vao thdi diém 3 gid sang.

CdAu 24. Hing ngay, Mit Troi chiéu sdng, bong ctia mot toa chung cu cao 40 (m) in trén mat dat, do

X T .
dai bong cua toa nha nay dugce tinh bang cong thiic S (1) = 40 ‘cot Et , 3 d6 S dugc tinh bang mét, con

t 12 6 gid tinh tif 6 git sang. Xét tinh diing sai clia cac khang dinh sau:
a) 0<S(r)<1.
b) Do dai bong ctia tda nha tai thoi di€ém 12 gid trua 1a 0 (m).
¢) Do dai béng clia toa nha tai thoi diém 2 git chiéu 1a 401/3 (m).
d) C6 diing 2 thdi diém trong ngay ma do dai béng ctia toa nha bang chiéu cao ctia toa nha.

Cdu 25. Muc nudc cao nhit tai mot cang bién 12 16
. 2 « X N EEN . 9 X h(m)
m khi thuy triéu lén cao va sau 12 gio khi thuy triéu
xubng thip thi muc nuéc thip nhat 12 10 m. Do thi & 16
hinh bén mé ta su thay ddi chiéu cao clia muc nuéc tai
cang trong vong 24 gid tinh tit lic nia dém. Biét chiéu
cao cia muc nudc A (m) theo thoi gian 7 (h) (0 <7 < 10
A . T L
24) dudc cho boi cong thic h = m + acos (ﬁt) vGi

m, a 1a cac sb thuc duong cho truée. Xét tinh ding sai
ctia cic khang dinh sau:

a) Luc 12 gio trua thi muc nudc thap nhat.
b) Liic 12 git khuya thi muc nudc cao nhit.

¢) Ham s6 i dudc xdc dinh béi = 13 + 3 cos (%t)

d) Tai thdi diém 8 gid sang hoic 4 gid chiéu thi chiéu cao clia muc nuée 1a 11,5 m.

PHAN [1l. Cau tric nghiém tra 18i ngdn. Hoc sinh tra 18i tir cau 26 dén cau 30 vdo 6
két qua.
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Cdu 26. Tim nghiém ctia phuong trinh cotx = 2 trén khoang (0; 7). (két qua lam tron dén hang phan
tram)
KQ:
Cau 27. Tim nghiém am I6n nhit ctia phuong trinh sin2x = —1. (két qua 1am tron dén hang phan
chuc)

KQ:

Cdu 28. Chiéu cao & (m) ctia mot cabin trén vong quay vao thdi diém ¢ gidy sau khi bat dau chuyén

dong dugc cho bdi cong thic i(r) = 30+ 20sin <%t + g) . Sau bao nhiéu gidy thi cabin dat do cao 40

m lan dau tién?

KQ:

Cdu 29. Gia st mot vat dao dong diéu hoa xung quanh vi tri cin bang theo phuong trinh

x=2cos <5t—%>.

O day, thoi gian 7 tinh bing gidy va quang dudng x tinh bing centimét. Hay cho biét trong khodng thoi
gian tir 0 dén 6 gidy, vat di qua vi tri can bang bao nhiéu 1in?

KQ:

Cau 30. Cho dd thi ham s6 y = cos2x va do y
thi ham s6 y = cosx cit nhau tai hai giao diém

c6 hoanh d x = a va x = 8 nhu hinh bén dudi y = cos

Tinh gid tri sin (B — o) (két qua lam tron dén 7\ o /\ B 7

hai chit sb thap phan). / | | x
KQ: M
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DAP AN TRAC NGHIEM

<> DAP AN TRAC NGHIEM BAI 1

1. B||2. c||3. B||4. B||5. D|l6. A||7 DJ|[s. cC|[9. A][10. C
11. B||12. C|[13. D||14. D||15. B||16. C||17. A|[18. A||19. B||[20. C
21. B|[22. B||[23. D||24. B|[25. D

cau27. @S®S(@DP@S |
Ccau29. @P(D®)P()P()D |

Cau26. @)P(b)P(c)s(ds
Cau28. (a)s()s(e)p(d)s
Cau30. @)s®bP()P@D

| Cau 31.

DAP AN TRAC NGHIEM BAI 2

1. B||2. B||3. c||4 B||5. cC||6. B||7. c||8. D||9. D|[10. B
11. B||12. C||13. B||14. A||15. D||16. B||17. B|[18. A|[19. B|[20. C

—2,1| [Cau32. 6,28 [Caus3. 495 | |Cau34. 657 |Causs. 75 |

Ccau22. (2)S()S(c)b(d)D |
Cau24. (@P(®)P(c)S(@)sS

Cau21l. @)P(b)P()P()P
Cau23. (a)s()s(ec)s(ds
Cau2s. (@P(®)S(c)s@P

| [Cau27. 041|[Cau28. 1 |[Cau29. 2,5 |[Cau30. 19 |

|Cau 26. 1

@ PAP AN TRAC NGHIEM BAI 3

1. D||2. cC|[3. B|l4 c||5. B||6. B||T 8. BJ||9. 10. A
11. D||12. C|[13. D||14. A|[15. B||16. A][17. 18. D| [19. 20. A
Cau2l. @Pb)S(c)s@s Cau22. (@)s®P()P(@D
Cau23. (@)b()s(c)S@P Cau24. (a)s()bP(c)P(d)S
Cau2s. (@)s(®S(e)p@P
|Cau26. 3,97||Cau27. 12,6 ?639“328' [Cau29. 180 ||Cau30. 0,5

DAP AN TRAC NGHIEM BAI 4
1. C|[2. DJ|[3. A|l4+ D|[5. B|l6. Al||7 8. DJ|9. 10. D
11. D|[12. C]|[13. C|[14. A|[15. B]|[16. A||17. 18. Al |19. 20. B
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DAY sO. CAP SO CONG VA CAP sO
NHAN
s1. DAYSO

LY THUYET CAN NHO

D ©INH NGHIA DAY s6
{3 Dinh nghia day s6: M&i ham s6 u xac dinh trén tip cac s6 nguyén duong N* dudc goi 1a mot
day sb vo han (goi tit 1a day s6). Ki hiéu u = u(n).

@ Ta thuong viét u,, thay cho u(n) va ki hiéu day s6 u = u(n) bdi (u,). Do d6 day s6 (u,)
dugc viét du6i dang khai trién uy,uz,u3, ..., u,,..., trong dé

e 1 12 s6 hang dau;

e 1, 12 56 hang thi n va 1a s6 hang tdng quat ctia day sb.

@ Néu Vn € N*,u,, = c thi (u,) dugc goi la day s6 khong ddi.
X Dinh nghia day sb hifu han:

e Mbi ham sb u xdc dinh trén tap M = {1,2,3,...,m} v6i m € N* dugc goi la mot day s6 hitu
han.

e Dang khai trién ctia n6 12 uy,up, u3, ..., u,,, trong d6 u; 1a s6 hang dau, u,, 1a s6 hang cudi.

B) CAcH cHO MOT DAY s6

Ta thuong gap mot trong cac cach sau day:

@ Liét ké céc s6 hang (chi dung cho cac day hitu han va c6 it s6 hang);
@ Day sb cho biang cong thifc clia s6 hang tong quat;

@ Day sb cho bing phuong phap md ta;

@ Day sd cho biang phuong phép truy hdi, nghia la

e Cho sb hang dau (hay vai s hang dau).

e Cho hé thiic truy hoi, tiic 1a hé thifc biéu thi s6 hang thii #n qua s6 hang (hay vai sd hang)
ddng trudce nod.
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1. DAY SO

DAY sO TANG, DAY sO GIAM
® Day s6 (u,) dugc goi la day sb ting néu ta c6 u, | > u, v6i moi n € N*,

@ Day s6 (u,) dugc goi 1a diy sb gidm néu ta c6 u, | < u, v6i moi n € N*,

€3 DAy s6 Bl CHAN
® Day sb (u,) dudc goi la bi chin trén néu ton tai mot sé6 M sao cho u, < M,Vn € N*,
@ Day s6 (u,) dudgc goi 12 bi chiin dusi néu ton tai mot sd m sao cho u, > m,Vn € N*.

® Day s6 (u,) dugc goi 1a bi chidn néu né vira bi chin trén vira bi chin dudi, tic 1a ton tai cac sb m,
M sao chom < u, <M,Vn € N*,

@ PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT Iol Tim cdc sé hang clia ddy sé cho bdi céng thirc tdng quét

=Bai 1. Cho day s6 (u,), biét u, = 3nn_1 Tim ba s6 hang dau tién clia dy sd.

— S 243047

=Bai 2. Cho diy s6 (u,) dugc xdc dinh bdi u, = %
n

a) Viét nim s6 hang dau ctia day.

b) Day sb c6 bao nhiéu s6 hang nhan gia tri nguyén?

= . < A < ) 2n+1
=Bai 3. Cho day s0 (u,) c6 so hang tong quat u, = n—:—z .
n
a) Viét nim s6 hang dau ctia day sd. b) Tim s hang thi 100 va 200.
c) Sb Ty 12 s6 hang thi may? d) Day sd c6 bao nhiéu s6 hang 12 s6 nguyén?

DT 'e' Tim cdc s6 hang cla déy sé cho bdi cong thirc truy hoi

=\ ~ A . X up=-1 20 A X ea 5 ~ A
=Bai 4. Cho day so (up), biet { : v6i n > 0. Tim ba s0 hang dau tién ctia day so.

Uprl = Uy +

u1:1

=Bai 5. Cho diy s6 (u,) dugc xéc dinh béi
up =2uy—1+1,(n>2).

a) Hay viét dang khai trién ctia ddy sb trén.
b) Tinh ug.

u1=1,u2:1

=Bai 6. Cho diy s6 (u,) dudc xéc dinh béi { ) (day s Phi-bd-na-xi).

Uy = Up_ 1+ Up_2, (n >
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IV chuong2 DAY SO. CAP SO CONG VA CAP SO NHAN

a) Hay viét dang khai trién ctia day sb trén.
b) Tinh u7.

DT Ie' Xét su tdng gidm clia ddy sé

{3 Phuong phap 1: Xét diu cia hiéu sb u,41 — uy.
o Néu u, 1 —u, >0,Vn € N* thi (u,) 1a dy sb ting.

o Néu u, 1 —u, <0,Vn € N* thi (u,) 1a ddy sb giam.

£} Phuong phap 2: Néu u, > 0,Yn € N* thi ta c6 thé so sanh thuong —= vdi 1.

n

Up+1
Up
Up+1
Un

o Néu

> 1 thi (u,) 1a ddy s6 ting.

e Néu

< 1 thi (u,) 1a ddy s6 giam.

Z N P 2 . u 2,0
Neu u, < 0,Vn € N* thi ta c6 thé so sanh thuong ALVIEN

Up
o Néu 1 | thi (up) 12 day s6 ting.
Un
o Néu 1 < 1 thi (uy,) 12 diy sb giam.
Up
=Bai 7. Xét tinh ting gidm cla diy sb sau (u,) v6i
2n+1 4" —1
a) u, = n. b) u, = 1 c) un:m.
n
d) n = o e) u, = (—1)" f) u,=+/n—+n+3.

= Bai 8. Anh Thanh vira dudc tuyén dung vao mot cong ty cong nghé, dudc cam két luong nim dau
s& 12 200 triéu dong va luong mbi nim tiép theo sé dudc ting thém 25 triéu dong. Goi s, (triéu dong)
la luong vao nam thd » ma anh Thanh lam viéc cho cong ty do. Khi do ta co:

s1 =200,s, =s,_1+25v6in > 2.
a) Tinh luong cua anh Thanh vao nam thi 5 lam viéc cho cong ty.

b) Chiing minh (s,,) 1a ddy sb ting. Giai thich y nghia thuc té ctia két qua nay.

DT 'O' Xét tinh bi chan cla ddy sé

o D€ chiing minh day s (u,) bi chin trén bdi M, ta chiing minh u,, < M,Vn € N*.
o D& ching minh day sb (u,) bi chin dudi bsi m, ta ching minh u,, > m,Vn € N*.
o D& chitng minh diy sb bi chiin ta chitng minh né bi chin trén va bi chin duéi.

o Néu day s6 (uy,) ting thi bi chiin duéi béi u;; diy sd (u,) gidm thi bi chin trén béi u;.
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=Bai 9. Xét tinh bi chin cda cac day sb (u,) sau, véi

1 . 3n—1
a) un:?- b) un:251nn2 c) u":3n+1'
2
n+1 1 2n—1
d) sty = o _ | _ |
) Un 27’[2—3 e) U n(n+1) f) uy n2+2
8n+3

= Bai 10. Chiing minh ring day s6 (u,) x4c dinh bdi u, = 12 mot day s6 bi chin.

3n+5

= s . Cx g . 3 P |
=Bai 11. Chiing minh rang day so (u,) v6i u, = ﬁ bi chan trén bdi %

DT 'e' Vén dung thuc tién

= Bai 12. Biét ring nim 2016, dan s6 ctia Viét Nam 1a 93,422 triéu ngudi. Ty 1é ting dan s hang
nim ctia Viét Nam 12 1,07% thi sb dan P, (triéu ngudi) cta Viét Nam sau n nim, k€ tif nim 2016,
dugc tinh biang cong thic B, = 93,422(1 +0,0107)". Hdi néu ting truéng theo quy luat nhu vay thi
vao nim 2026, dan s6 Viét Nam khoang bao nhiéu triéu ngudi?

= Bai 13. Chi Huong vay tra gop mot khoan tién 100 triéu dong va dong y tra dan 2 triéu dong mbi
thang vdi 14i suat 0,8% s tién con lai ctia mdi thang.
Goi A, (n € N) 1a s6 tién con ng (triéu dong) cla chi Huong sau 7 thang.

a) Tim lan ludt Ag,A1,A>,A3,A4,As,Ag d€ tinh sb tién con nd ctia chi Huong sau 6 thang.

b) Du doan hé thiic truy hoi ddi véi day s (A,).

BAI TAP TONG HOP TU LUYEN

o Tim 4 sb hang dau tién ctia cdc day s (u,) biét sb hang téng quat:

l+n 2" —1
a) U, = ——. b) u, = . c) u, = (—1)"/4"
1+(—=1)" T 2nm
d) un:L. e) u,,:sinzn—JrcosL.
n 4 3
. . . 2n+1
o Cho day so (u,) v6i so hang tong quat u,, = njz :
n

a) Tim 4 sb hang dau tién ctia day s (uy,).
Z 105 < 4 P A 9 ~ A
b) SO =1 la s0 hang thi may cua day so (uy,)?

Viét nam sb hang dau tién ctia ddy s (u,,) va du dodn cong thic sb hang tdng quat u, theo n clia
cic day s6 (u,) sau

) uy =3 b) u =1
a
Upi1 = l—l—u%,Vn > 1. Un+1 :2un+37vn > 1.
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IV chuong2 DAY SO. CAP SO CONG VA CAP SO NHAN

o Xét tinh ting gidm ctia ddy sd (uy,), biét

1
a) u, =n>—2n+1. b) u,=—--—2.
n
V2 1 1 1
_ Ve Duy=——+—— 4.+ —
o) =g e e R

o Viét Nam la quéc gia nam & phia Pong ban dao Pong Duong thudc khu vic Dong Nam A. Véi
dan s6 udc tinh 93,7 triéu dan vao dau nidm 2018, ti 1& ting dan s6 hang nim 12 1,2%. Gia st ti 1&
ting dan sb tif nim 2018 dén nim 2030 khong thay ddi thi dan sd nudc ta dau nim 2030 khoang
bao nhiéu?

e Ong An gti tiét kiém 100 triéu dong ki han 1 thang véi 13i sudt 6% mot nim theo hinh thic tinh
13i kép. So tién (triéu dong) ctia dng An thu dugc sau n thang dudc cho bdi cong thiic

0,06>”
A, = 100(”7 .

a) Tim s6 tién 6ng An nhan dudc sau thang thid nhét, sau thang thit hai.
b) Tim sb tién dng An nhan dudc sau 1 nim.

€) Chi Mai giii tién tiét kiém vao ngan hang theo thé thic 13i kép nhu sau: Lan dau chi gii 100 triéu
dong. Sau d6, cii hét 1 thang chi lai glii thém vao ngan hang 6 triéu dong. Biét 13i suit clia ngan
hang 12 0,5% mot thang. Goi P, (triéu dong) 1a sb tién chi c¢6 trong ngan hang sau n thang.

a) Tinh s tién chi c6 trong ngan hang sau 1 thang.
b) Tinh sb tién chi c6 trong ngan hang sau 3 thang.

¢) Du doén hé thic truy hoi dbi véi day P,.
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1. DAY SO

@ BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. Hoc sinh tra 18i tir cau 1 dén cau
16. MGi cau héi hoc sinh chi chon mot phuong an.

Cau 1. Cho day sb (uy), biét u, = (—1)" - 2n. Ménh dé nao sau day sai?

A. uz = —6. B. u, =4. C. uy =-8. D. u =-2.
Cdu 2. Cho day s6 (uy) v6i u, = 2n+ 1. Tim us.
A. 11. B. 2. C. 1. D. 3.
CdAu 3. Cho day sb (uy), biét u, = ?,"L—l Ba s hang dau tién cia day sd d6 1an luct 1a nhiing s6 nao
dudi day?
ik el cud ol
P ~ A . . 90e up = 3 A P P ~ A
Cau 4. Cho day s6 (uy) xac dinh bdi {un+1 _ m p— Tim s6 hang thd hai cia day so
A uy=2. B. u, = V10. C. up = 10. D. u, = V2.

uy =1

Phan ti thii 5 ctia ddy bang
Upy1 =Up+2,Vn > 1.

Cau 5. Day (u,) gdm c6 5 phan tii cho béi {

A. 7. B. 5. C. 9. D. 3.

o 2 uy=uy =1 .
Cau 6. Cho day so (up) : { e Tim s6 hang thi 7 cua day.

Up = Up—1 + Uy—2,Yn > 3.

A. u; =13. B. u; =21. C. u;=17. D.u;=17.

Cau 7. Cho day s6 (uy,) v6i u, = ﬁ Sé 14 1a s6 hang thit bao nhiéu ctia day?
2n+5 17

A. 4. B. 7. C. 5. D. 6.

Cadu 8. Cho day s6 (uy), biét u, = ntl . Sb 8 12 s6 hang thit méy cia diy s6?
2n+1 15

A. 7. B. 6. C. 5. D. 8.

Cau 9. Cho céc day sb sau, diy s6 nao la diy ting?
11 1 111
A. 1;—5;5;—1. B. 1;5; 4_1; 6 C. —1;3;5;3. D. 2;4;6; 8.

Cau 10. Day s6 nao c6 cong thiic sd hang téng quat du6i day 1a day s ting?
1 n
A. u,= (5) . B. u,=(-3)". C. u, = 2020 —3n. D. u, = 2018 +2n.

Cau 11. Trong céc day sb (u,) sau day, hdy chon day sb giam.
n*+1

A. u,= \/_—\/n—l. B. u, = sinn. C.u,= D. (—1)”(2"+1),

Cau 12. Trong cic day s (u,) sau, diy s nao la day sb bi chin?

1
A. u, = ”1' B. uy, = V2 + 1. C.up=2"+1. D. up, =n+-.
n

n+
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IV chuong2 DAY SO. CAP SO CONG VA CAP SO NHAN

Cau 13. Cho day sb (u,) biét u,, = 2". Ménh dé nao sau day 1a ménh dé diing?

A. U,y =22 B. 2 =2"+2. C. Upp=2-2" D. u, 2 =4-2"
N . . 1 2 3 4 £ 2 ) .
Cadu 14. Cho day (u,) la: 0; 5; 5; 4_1; 5’ SO hang tong quat (u,) 1a
_ 2 _
a L g. "1 L iy
n n n+1 n+1

Cau 15. Cho day sb c6 céc sb hang dau 1a: —2;0;2;4:6;. ... S6 hang tdng quat ctia ddy s6 nay 1a cong
thic nao dudi day?
A.u,=-2(n+1). B. u, = —2n. C. u,=2n—4. D.u,=n-2.

u1:2

Cau 16. Cho day s6 (uy,), dugc xac dinh { S6 hang téng quat u,, cla diy s6 1 sd hang

Upt+1 = 2uUy.
nao dudi day?

A. u, =2" B. u, =2"1 C. u,=2. D. u, =n"".

PHAN II. Cau trég nghiém diang sai. Hoc sinh tra 16i tir cau 17 dén cau 20. Trong mbi
y a), b), c¢), d) 8 moi cau, hoc sinh chon ding hoac sai.

N 2 2n+1 .
Cau 17. Cho day so (u,) v6i u, = % Xét tinh dung sai cia cac khang dinh sau:
n

104 p 2
a) u3+us = 35 b) (u,) c6 ding mot sO hang la so nguyén.
¢) (u,)laday sb gidm. d) (u,) la day sb bi chin,

Cau 18. Cho day s6 (uy), v6i u, = 2024". Xét tinh diing sai clia cac khang dinh sau:

a) 2 —2024. b) S6 hang thit 71+ 1 13 1, = 2024" + 1.
ui
¢) Day s6 (uy,) 1a mot day s ting. d) Day sb (u,) 1a ddy s6 bi chin.

Cau 19. Cho day s6 (uy,), biét u, = sin [(Zn — 1)%] . Xét tinh ding sai ctia cac khing dinh sau:

a) S6 hang dau tién cta day la u; = 1. b) Day (u,) la day s6 ting.
©) Upis = Up, VOimoin > 1. d) Tong 12 sb hang diu cta day s bing 0.
Cau 20.
Goi u, 1a tong dién tich clia cdc hinh vudng c6 6 hang thi 7 trong  Hang tha 1 -
hinh bén (moi 6 vudng nho 1a 1 don vi dién tich). Xét tinh dung sai
ctia cac khang dinh sau: Hang thir2 B B

a) up=1. b) uy =4. Hang thi 3
¢) uj+ur+us+us=100. d) u, =n®v6ine N*. " & B 8
oo 5 D R

PHAN I1l. Cau tric nghiém tra 18i ngin. Hoc sinh tra 18i tir cau 21 dén cau 25 vao 6
két qua.

CaAu 21. Cho day s6 (u,) c6 uy =2, up = 3 va 1 = 2uy +u,_1 v6i moi n > 2, n € N. Tim sb hang
tht tu ctia ddy s6 do.

KQ:
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1. DAY $O \ \

Cdu 22. Néu ti 1& lam phat 13 3,5% mdi nim v gid trung binh ctia mot ciin ho chung cu méi tai thoi
diém hién tai 12 2,5 ti dong thi gid trung binh ctia mot ciin hd chung cu mdi sau n nim nita dugc cho
bdi cong thiic

A, =2,5-(1,035)" (ti dong).
Tim gi4 trung binh (ti ddng)ctia mot cin ho chung cu méi sau 5 niAm nita (két qua 1am tron dén hang
phan trim).

Cdu 23. Gid ctia mot chiéc may photocopy liic méi mua 1a 50 triéu dong. Biét rang gid tri clia nd sau
mbi ndm st dung chi con 75% gia tri trong nim lién trude d6. Tinh gid tri con lai (triéu dong) cla chiéc
may photocopy d6 sau 5 nim ké tit khi mua (két qua 1am tron dén hang phan chuc).

Cdau 24. Mot vi sinh diic biét X c¢6 cach sinh sdn vo tinh ki la, sau mot gio thi dé mot 1an, dic biét
séng dudgc t6i gio thid n (v6i n 1a s6 nguyén duong) thi ngay 1ap tic thdi diém d6 né dé mot 1an ra 2"
con X khéc, tuy nhién do chu ki clia con X ngan nén ngay sau khi dé xong lan thi 2, né lap tiic chét.
Héi rang, néu tai thdi diém ban dau c6 ding 1 con thi sau 5 git ¢6 bao nhiéu con sinh vat X dang séng?

Cdau 25. Bic Hung d€ 10 triéu dong trong tai khon ngan hang. Vao cudi mdi nim, ngan hang tra lai
3% vio tai khoan ctia bac Ay, nhung sau d6 sé tinh phi duy tri tai khoan hing nim 1a 120 nghin dong.
Tim s6 du trong tai khoan ctia bac Hung sau 4 nim (tinh bang triéu dong va két qua 1am tron dén hang
phan chuc).

KQ:

_ HET—
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§2. CAP SO CONG

LY THUYET CAN NHO

n Dinh nghia

Cép s6 cong 1a mot diy sb (hitu han hodc vo han), trong d6 ké tir s6 hang thi hai, mdi s6 hang déu bing
s6 hang diing ngay trudc né cong véi mot sd khong ddi d. Nghia 1a

Upi1 = Up+d VOin € N*,

e SO d dudc goi la cong sai cua cap soO cOng.

e Dic biét khi d = 0 thi cip s6 cong 1a mot day s6 khong ddi (tat ca cac sd hang déu bang
nhau).

B} sé hang téng qudt

Néu cép sb cong (u,) c6 s6 hang dau u; va cong sai d thi sd hang tdng quat u,, ctia né dugc xac dinh
theo cong thic

up=u;+(n—1)d

E) Tinh chét clia ba sé hang lién tiép

Goi ug_1,ug, g1 12 ba sd hang lien tiép ctia mot cip sb cong thi

_ Ug—1 Uy ]

Uy vOik > 2

I3 16ng » s6 hang ddu clia mét cép sé cong
Cho (u,) 1a mot cip s6 cong vdi s6 hang dau 1a u; va cong sai d. Dit

Sp=uyt+uy+uz+---+u,

Khi do:
G n(u1+un) _ n(u2+un_1) _ n(u3 +Un—2) — ..
n 2 2 2
hoac
n
Sn = 5(2M1+(”—1)d)
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2. cirsdcone NN

<§)>> PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT 'ol Chirng minh déy sé Ia mét cép sé cong

Ta can chitng minh u,, | —u, = d, v6i d 1a mot s6 khong ddi (cong sai).

= Bai 1. Trong céc dy s6 sau, ddy s6 nao 1a cip s6 cong? Vi sao?

15 _ 117

10,2, 14,26, —38; b) =, 2.2, —, &

a) 9 ) ) ) 2 ) 2’47 ) 4 72’
©) V1,v2,V3,V4,V5; d) 1,4,7,10,13.

=Bai 2. Viét 5 s hang dau ctia mbi day (u,) sau va xem n6 c6 phai 1a mot cip s6 cong hay khong?
Néu day 1a mot cip sd cong, hiy tim cong sai.

a) uy =3n+2 b) uy, =3"—1
uy =2
= (n+2)2—n? d
0) tp=(n+2)%—n ){un+1:3—un,v(’iin21.

— Ne 2, . - ~ A N A A A A 3 . A . N A X A L
= Bai 3. Ching minh céc day so sau la mot cap s6 cong. Xac dinh cong sai va so hang dau tié€n cua
cap so cong do.

a) Day sb (u,) v6i u, = 19n—35. b) Day s6 (uy) v6i u, = —3n+1.

DT Iel Codng sai, sé hang ddu va sé hang tdng quét clia cdp sé céng

=Bai 4. Cho cip s cong (u,) c6 s6 hang dau u; = 4 va cong sai d = 3.
a) Viét cong thiic sb hang téng quat u,,.
b) Sb 832 Ia s6 hang thif mAy ctia cip sb cong trén?

¢) S6 2024 c6 1a s6 hang nao clia cip s6 cong trén khong?

=Bai 5. Viét sdu s6 xen gitta hai s6 3 va 24 dé€ dudc cip s6 cong c6 tam s6 hang. Tim clp sb cong
do.

Ne A A A . N A P 7 9 A A A s A
= 6. Tim so hang dau, cong sai va so hang tong quat cua cap so cong, biet

uy =27 b) ug = Sup
uis =59. u13 = 2ug+5.
Uy +ug—ug=—7 d) Uz —u7; = —38
ug —uy = 2u4 up - uy =75.
Uy +us = uy+up+u3 =9
e) 2, .2, .2
u1+u2+u3 = 35.

us- u4——
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DT Iel Téng clia n s6 hang dau tién clia mét cp sé cong

Téng ctia n s6 hang dau tién: Dt S, = uy +us +uz + - - - +u,. Khi dé

on(utuy)  n(uptu,—1)  n(uztu, o)
o 5, = = = =...

2 2 2

nn—1)

2a,’.

® Viu, =u;+ (n—1)d nén cong thic trén c6 thé viét lai 1a S, = nu; +

=Bai 7. Cho mot cip sd cong (u,) c6 uz + usg = 100. Hiy tinh téng ctia 30 sd hang dau tién cla
clp sb cong do.

=Bai 8. Cho mot cip s cong (u,) c6 Sg = 18 va S1p = 110. Tinh Sy.

— Ne A A N A . 2 A A A s A
=Bai 9. Tim so0 hang dau va cong sai cda cap so cOng, bict

2) ut +us 4 u3 =155 b S3=12
S3=21. S5 = 35.
Sy =20

=Bai 10. Tim s hang téng quat ctia cipsdcong, biét { 1 1 1 1 25 vacapsbcong

Uy uy uz ug 24
c6 cong sai la mot sO nguyén am.

=Bai 11. Tinh céc téng sau

a) S=1+4+3+54+---+2n—1)+2n+1). b) § = 1002 —99%+982 — 9724 ... +22 — 12,

DT lel Tinh chét cGia cép s céng

® Néu a; b; c theo thi tu 1ap thanh cip s6 cong thi a + ¢ = 2b.
@ Luuy:
e Néu cho ba s lién tiép ctia mot cip s6 cong, ta c6 thé xem ba s d6 1a
a—d;, a, a+d
e Néu cho bén s6 lién tiép ctia mot cip s6 cong, ta c6 thé xem ba sd d6 1a

a—3d; a—d;, a+d; a-+3d.

=Bai 12. Tim ba s6 hang lién tiép ctia mot cip s6 cong biét tdng ctia ching bang 27 va tdng cc
binh phuong cua ching 1a 293.

= Bai 13. Tim bbn sb hang lién tiép ctia mot cip sb cong, biét tdng clia chiing bang 10 va téng binh
phuong ctia ching bang 30.

= Bai 14. Ba gbc ctia mot tam giac vudng 1ap thanh mot cip sd cong. Tim ba géc do.

=Bai 15. Cho a, b, ¢ 12 ba sb hang lién tiép ctia mot cip sb cong. Chiing minh ring

a) a?+2bc = c*+2ab.
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b) 2(a+b+c)* =9[a*(b+c)+b*(a+c)+c*(a+Db)].

¢) b*+bc+c?, a* +ac+c?, a* +ab+ b* cling 1a mot cip s6 cong.

DT '9' Van dung, thuc tién

= Bai 16. Mot ngudi trong 3003 ciy theo mot hinh tam gidc nhu sau: “Hang thi nhéit c6 mot cay,
hang thif hai c6 2 cdy, hang thi ba c6 3 cy, ...”. Héi c6 bao nhiéu hang cay dudc trong nhu thé?

=Bai 17. Ban A mudn mua mén qua ting me va chi nhan ngay Qudc té phu nit 8/3. Do d6 A quyét
dinh tiét kiém tif ngay 1/1 ctia nim d6 v6i ngay dau la 500 dong/ngay, ngay sau cao hon ngay trudc
500 dong. Hoéi diing dén ngay 8/3 ban A c6 di tién d€ mua qua cho me va chi khong? Gia st ring
mén qua A du dinh mua khoang 800 ngan dong va tif ngay 1/1 dén ngay 8/3 ¢6 s6 ngay it nhat 1a 67
ngay.

= Bai 18. Mot gia dinh cin khoan mot cai giéng dé€ 1dy nudc. Ho thué mot doi khoan giéng nudc.
Biét gid ctia mét khoan dau tién 12 80000 ddng, ké tif mét khoan thi hai gia cia mbi mét khoan ting
thém 5000 dong so véi gia cia mét khoan truée d6. Biét can phai khoan sau xudng 50m méi c6 nuée.
Hoi phéi tra bao nhiéu tién dé khoan ci giéng d6?

=Bai19. Anh Nam dudc nhin vao lam viéc & mot cong ty vé cong nghé véi mic luong khdi diém
1a 100 triéu dong mot ndm. Cong ty sé ting thém Iucng cho anh Nam mdi nam 1a 20 triéu dong. Tinh
téng s6 tién luong ma anh Nam nhan dugc sau 10 nidm lam viéc cho cong ty do.

BAI TAP TONG HOP TU LUYEN

Cho cép s6 cong (u,) v6i u; =9, cong sai d = —2. Viét ba s6 hang dau clia cip sb cong do.

Cho cap s6 cong (uy) c6 sO hang dau u; = 2 va cong sai d = 3. Hay viet nam so hang dau cta
cap sO cOng nay.

Cho day s6 (uy) v6i u, = 5Sn— 1. Ching minh ring (u,) 1a mot cip sb cong. Tim sb hang dau u,
va cong sai d cua no.

Cho day sb6 (u,) v6i u, = —2n+ 3. Ching minh rang (u,) 12 mot cip sb6 cong. Xic dinh s hang
dau va cong sai clia cip s6 cong nay.

Tim nim sb hang dau va sb hang thi 100 ctia cip s cong (uy,) : 10,5, .. ..

S6 hang thii 10 ctia mdt cip sb cong (u,) biang 48 va s hang thi 18 biang 88. Tim s6 hang thit
100 ctia cip s cong do.

Cin liy tong ctia bao nhiéu sd hang diu cla cap sd cong 2,5,8,. .. d€ dudc két qua bang 345?

Mot nha thi diu ¢6 20 hang ghé danh cho khan gi. Hang thid nhét c6 20 ghé, hang thi hai c6 21
ghé, hang thif ba ¢6 22 ghé, .... Cti nhu thé, s6 ghé & hang sau nhiéu hon s6 ghé & hang trudc 1a
1 ghé. Trong mot gidi thi diu, ban t§ chifc da ban dudc hét sé vé phat ra va sb tién thu dugc tir
ban vé 12 70800000 dong. Tinh gid tién ctia mdi vé (don vi: ddng), biét sd vé ban ra bang s6 ghé
danh cho khdn gi4 clia nha thi diu va cac vé 1a dong gid.

Gia ctia mot chiée xe 6 to liic m&i mua 1a 680 triéu dong. Ctd sau mbi nam st dung, gid clia chiéc
xe 0 td giam 55 triéu dong. Tinh gia con lai cta chi€c xe sau 5 nam st dung.
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Mot kién triic su thiét ké mot hoi trudng véi 15 ghé ngdi 6 hang thid nhit, 18 ghé ngdi & hang thi
hai, 21 ghé ngdi & hang thif ba, va cif nhu vay (s6 ghé & hang sau nhiéu hon 3 ghé so vé6i s6 ghé
& hang lién trudc né). Néu mudbn hoi trusng d6 co stic chifa it nhit 870 ghé ngdi thi kién tric su
d6 phai thiét ké t6i thiéu bao nhiéu hang ghé?

Vao nim 2020, dan s6 ctia mot thanh ph6 1a khoang 1,2 triéu ngudi. Gia st méi nim, din s6 clia
thanh phd nay ting thém khoang 30 nghin ngudi. Hiy udc tinh dan s6 ctia thanh phd nay vao
nam 2030.

Chiéu cao (don vi: centimét) ctia mot dida tré n tudi phat trién binh thudng dudc cho bdi cong
thic:
Xp=T15+5(n—1).

(Ngudn: https://bibabo.vn)
a) Mot dia tré phat trién binh thudng c6 chiéu cao nim 3 tudi 1a bao nhiéu centimét?

b) Day s6 (x,) c6 1a mot cip sb cong khong? Trung binh mot niam, chiéu cao mbi difa tré phat
trién binh thudng ting 1én bao nhiéu centimét?

O mot loai thuc vat ludng boi, tinh trang chiéu cao cdy do hai gene khong alen 1a A va B cling
quy dinh theo kiéu tuong tic cong gop. Trong kiéu gene néu ci thém mot alen trdi A hay B thi
chiéu cao cdy ting thém 5 cm. Khi trudng thanh, cdy thp nhét cla loai nay véi ki€u gene aabb
c6 chiéu cao 100 cm. Hdi ciy cao nhit véi ki€u gene AABB c6 chiéu cao bao nhiéu?
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@ BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. Hoc sinh tra 18i tir cau 1 dén cau
16. MGi cau héi hoc sinh chi chon mot phuong an.

Cau 1. Trong céc day sb hitu han sau, diy sd nao 1a cip s6 cong?

A. 2;8; 32, B. 3;7;11; 16.
C. (uy) v6i u, =4+ 3n. D. (v,) v6i v, = n?.
Cdu 2. Cho cép sb cong (u,) biét u, =3 — 5n. Tim cong sai d clia cip s cong (uy,).
A. d=3. B. d=-5. C.d=-3. D.d=5.
Cdu 3. Tim gid tri clia x, y sao cho diy s —2,x,4,y theo thd tu 1ap thanh mot cip s6 cong.
A.x=2y=8. B.x=1,y=17. C.x=2,y=10. D.x=—-6,y=2.
Cdau 4. Cho9, x, —1, y1a 4 s6 1ap thanh cap s6 cong, khi d6 gia tri cta x,y la
x=4 x=2 x=2 x=4
A. . B. . C. . D. .
y=—06 y=-—6 y=35 y==6
Cdu 5. Tim sd hang thid 11 cia cip sb cong c6 s6 hang dau bang 3 va cong sai d = —2.
A. -21. B. 23. C. —17. D. —19.

Cau 6. Cho hai s6 —3 va 23. Xen ké giita hai sd di cho n s6 hang d€ tit ca cic sd d6 tao thanh cip sb
cong c6 cong sai d = 2. Tim n.

A. n=14. B. n=15. C. n=13. D.n=12.
Cau 7. Cap sb cong (u,) c6 ug = 12, ujo = 24. Tim s6 hang dau u;.
A. u =3. B. uy =2. C. uy =5. D. u; =-3.
Cau 8. Cho cép s6 cong (u,) v6i u; =2, d = 9. Khi d6 s6 2018 1a s6 hang thit méy trong day?
A. 223. B. 225. C. 224. D. 226.
Cau 9. Cho day s6 (uy), biét: u; = 3,1, 1 = ty +4 v6i n > 1. Tim uj00p.
A. 3900. B. 4000. C. 3999. D. 4200.
Cau 10. Cho cép s6 cong (u,) théa man {Z,: i It . Tim s6 hang thif hai ctia cip sd cong nay.
A. u, =09. B. u; =6. C. up =3. D. u, =12.
Cau 11. Tinh s6 hang dau u; va va cong sai d cla cap s cong (uy,), biét {ul s —uz =10
u+ug="17.
A. uy = —36,d = 13. B. u; = 36,d = 13.
C. uy =36,d = —13. D. uy = —36,d = —13.

Cau 12. Mot cip s6 cong c6 15 sb hang. Biét tdng ctia 15 s6 hang d6 bang 120 va cong sai bang —4.
Tim s6 hang dau.

A. u; = -20. B. u; = 36. C. u; = 540. D. u; = 64.
Cau 13. Cho cip sb cong (u,) c6 u; = 3 va cong sai d = —2. Tinh Syo17 = uy +up + -+ usg17.
A. Sy17 = —4060211. B. Spo17 = —4060221. C. Spo17 =4072323. D. S»017 =4073232.
Cau 14. Tinh t6ng S =1+5+9+ -+ 397 ta dugc két qua
A. 19298. B. 19090. C. 19920. D. 19900.
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Cau 15. Ong X vay clia cong ty A mot khoan tién 72 triéu dong va dng nay trd ng cho cong ty A nhu
sau: O quy thd nhit dng tra 3 triéu dong va ké tir quy thi 2 mifc tra sé ting thém 0,2 triéu dong mbi
quy. Hoéi sau bao 14u thi 6ng X trd hét ng?

A. 5 nam. B. 6 nam. C. 3 nam. D. 4 nam.

Cdu 16. Mot da gidc c6 n canh va c6 chu vi bang 158 cm. Biét s6 do cdc canh ciia da gidc 1ap thanh
mdt cAp sd cong va cong sai d = 3 cm va canh 16n nhét c6 do dai 1a 44 cm. Pa gidc c6 s6 canh n
bing

A. n=>5. B.n=7. C.n=6. D. n=4.

PHAN II. Cau tric nghiém ding sai. Hoc sinh tra 18i tir cdu 17 dén ciu 20. Trong mdi
y a), b), c¢), d) 8 moi cau, hoc sinh chon ding hoac sai.

Cau 17. Cho cip s6 cong (u,) c6 s hang téng quat u, = 7n— 3. Xét tinh diing sai ctia cdc khang dinh

sau:
a) S6 hang diu cda cip sb cong (u,) lau; =4. b) Cong sai clia cip s6 cong (u,) 1ad = —3.
C) U012 = 14081. d) S]()() = 697.

Cau 18. Cho cip sb cong (u,) biét u; = 5 va d = 3. Xét tinh ding sai ctia cc khang dinh sau:

a) Ugg = 299.

b) S6 hang téng quét ctia cip s6 cong (u,) 1a u, = 3n+5.
¢) S6 1502 1a s6 hang thit 500 ctia cAp sb cong (uy,).

d) Tong cia 150 s6 hang dau bang 34275.

Cau 19. Cho (uy,) 1a cip sb cong c6 us +ugq = 22, uy - us = 21 va cdng sai d duong. Xét tinh ding sai
clia cdc khang dinh sau:

a) S6 hang daula u; = 1. b) Cong sailad =4.
c) Sioo = 24850. d) uy+us+ug+---+ujo; = 6520.

Cau 20. Khi ki két hgp dong lao dong v6i ngudi lao dong, mdt doanh nghiép dé xuét hai phuong an
tra luong nhu sau:

o Phuong 4n 1: Nim thif nhat, tién luong 12 120 triéu. K& tif nim thi hai trd di, mbi nim tién luong
dudc tang 18 tri€u.

o Phuong 4n 2: Quy thi nhét, tién luong 13 24 triéu. K& tir quy thif hai tré di, mdi quy tién luong
dudc tang 1,8 triéu.

Xét tinh diing sai ctia cac khang dinh sau:

a) Theo phuong 4n 1, tong sb tién ngudi lao dong nhan dudc sau 3 nim 1a 414 triéu dong.
b) Theo phuong 4n 2, téng sb tién ngudi lao dong nhan dudc sau 3 nam 1a 416 triéu dong.
¢) Néu ki hgp dong lao dong 3 nim, thi phuong an 2 c6 1gi hon.

d) Néu ki hop dong lao dong 10 nim, thi phuong 4n 1 ¢6 16i hon.

PHAN I1l. Cau tric nghiém tra 18i ngin. Hoc sinh tra 15i tir cau 21 dén cau 25 vao 6
két qua.

Cau 21. Cho cép s6 cong (uy,) c6 u; = 123 va uz — uy5 = 84. S6 hang 117 biang bao nhiéu?

KQ:
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Cdau 22. Béic Binh mudn trong ciy ca phé trén mot ngon ddi nhu sau: Tir trén dinh ddi trong hang thi
nhét 2 cy; di xuéng hang thi hai 5 cy; di xuéng hang thi ba 8 cy; . ..; di xudng hang cudi cuing dudi
chan doi trong 26 cdy. Theo cach trong nhu trén bac binh trong dudc bao nhiéu ciy ca phé?

Cdu 23. Mot cong ty tra luong cho anh A miic luong 12 4,5 triéu dong/quy va ké tir quy lam viéc thi
2 thi mic luong sé ting thém 0,3 triéu ddong mdi quy. Hdi tong s tién (tinh bang triéu) sau 3 nim lam
viéc anh A nhan dudc la bao nhi€u?

KQ:

Cdu 24. Bé An luyén tap khiéu vii cho budi da hdi cudi khéa. Bé bat dau luyén tap trong 1 gid vao
ngay dau tién. Mdi ngay tiép theo, bé ting thém 5 phiit luyén tp so v6i ngay trudc dé. Hdi sau mot
tuan, tong thdi gian bé An da luyén tip 1a bao nhiéu phiit?

Cdu 25. Mot cau thang biang gach c6 tdng cong 30 bac. Bic dudi cung cin 100 vién gach. Mbi bac
tiép theo can it hon hai vién gach so vé6i bac ngay truSc d6. Héi can bao nhiéu vién gach dé xay cau
thang?

— HET—
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$3. CAP SO NHAN

LY THUYET CAN NHO

n Dinh nghia

Céip s6 nhan 12 mot ddy s6 (hitu han hodc vo han), trong d6 k€ tir s6 hang thi hai, mdi s6 hang déu 1a
tich ctia s6 hang ding ngay trudc né véi mot sd khdng dbi g. Nghia 1a

Upy1 = Upg VOI n € N,

S6 ¢ dudc goi 1a cong boi clia cap s6 nhan.

Khi g = 0 cp s nhan ¢6 dang u;,0,0,...,0,...

Khi g = 1 cAp sb nhan c6 dang uy,uy,uy,...,uy,...

Khi u; = 0 thi v6i moi ¢ cap s6 nhan c6 dang 0,0,0,...,0,...

B3 56 hang téng quat

Néu mot cip s6 nhan c6 s6 hang dau u; va cong bdi ¢ thi s6 hang téng quat u, clia né dudc xic dinh
bdi cong thuc

U, =uy-q" ' v@in > 2.

Tinh chét cia ba sé hang lién tiép

Gia SO uy_1, ug, ug,1 12 ba sd hang lién tiép ctia mot cAp sd nhan thi

u,% = Up_1 - Ukt VvOik>?2

B8 1éng clia » s6 hang déu ctia mét cép sé nhan
Cho cip s6 nhan (u,) v6i cong bdi g # 1. Dit S, = uy +u + - - - +uy,. Khi d6

e Néug+#1thi

w (1-¢")

S —

e Néug=1th

S, = nuy
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<§)>> PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT 'o' Chirng minh déy sé Ia mét cdp sé nhan

=Bai 1. Trong céc diy s6 sau, ddy nao la cip s6 nhan? Xdc dinh s6 hang dau va cong bdi clia cap
s6 nhan.

a) Day sb (u,) v6i u, = (—3)2"+1 b) Day s6 (u,) v6i u, =n-521.

= Bai 2. Ching minh cic diy sb sau 1a cip sd nhan. Hay tim cong boi va s6 hang dau cta cip sb
nhan doé.

. ae . e 5
a) Day (up) v6i u, = (—1)".3%". b) Day (vy,) v6i v, = 3

=Bai 3. Cho day s6 (u,) xéac dinh b&i u; = 1, u, | = 5.u, + 8, v6i n > 1. Chiing minh (v,) v6i
Vv = u, +2 12 cip s6 nhan.

DT Iel Céng bdi, sé hang ddu, sé hang tdng quat

=Bai 4. Cho cip s6 nhan (u,) vdi cong bdi duong, biét u; = 3 va us = 48.

a) Tinh ug.

b) Hoi s6 1536 1a s6 hang thid may?

= Bai 5. Giiia cic s6 160 va 5 hiy cheén 4 s6 nita d€ tao thanh mot cap s6 nhan. Tim 4 s6 do.

=Bai 6. Tim s6 hang diu u, cong bodi ¢ va sd hang tdng quét u,, clia cip s6 nhan (u,) biét

) Uy +us =51 b) U] +ug = 165
a
uy +ug = 102. us + uqg = 60.
us—up =72 uyt+uy+u3=13
c) d)
us —uz = 144. U4+ us +ug = 351.

DT Iel Tinh téng clia » s6 hang dau tién clia moét cp sé nhan

= Bai 7. Cho cip sb nhan (u,) v6i u, = 12.2" 1,
a) Tim s6 hang dau u; va cong boi g. b) Tinh tdng ctia 10 sd hang dau tién.

c) Tinh tdng S' = uz +ug+ ...+ uis.

= Bai 8. Tim cong bdi ctia mdt cAp sd nhan c6 sd hang dau 12 7, s6 hang cudi 1 448 va tdng sb céc
so hang la 889.

=Bai9. Tim s6 hang dau ciia mot cap s6 nhan, biét rang cong bdi 12 3, tdng s6 cac s6 hang 13 728
va s6 hang cudi 12 486.
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= Bai 10. Tinh tdng sau:

1 2 2 212
S=142+4+...+128 b)S=—-+-4+—+...+—.
a) +24+44...+ )S=3H+3+ T+
1 1 1
A=1 24 ...432018 B=2 14— — et —
©) +343% 443 d) t5-7t T

DT Ie| Tinh chét ctia cép s6 nhéan

=Baill. Tima débasbda—2;a—4; a+2 theo thif ty 14p thanh cip s6 nhan.

=Bai 12. Tim 3 s6 hang lién tiép ctia mot cip sd nhan biét tdng ctia chiing 1a 19 va tich 13 216.

=Bai 13. Tim céc sd duong a va b sao cho a,a +2b,2a + b theo thi tu 1ap thanh mot cap sb cong
va (b+1)%, ab+5, (a+1)? theo th ty 1ap thanh mot cAp sé nhan.

2
7y_Z

— Ne 2, . v A A 2 2, A N A A A A N A
= Bai 14. Ching minh rang néu 3 so , theo thu tu 1ap thanh mot cap so cOng thi 3 so

y—Xx

< | =

x,,z 1ap thanh mot cAp s6 nhan.

=Bai 15. Cho ba sb tao thanh mot cip sb cong c6 tdng 21. Néu thém 2, 3, 9 1an lugt vao sb thi
nhat, sb thif hai, s6 thi ba tao thanh mot cip sé nhan. Tim 3 sb do6.

= Bai 16. Ba s6 khac nhau c6 tdng bang 114 c6 thé coi 1a ba sb hang lién tiép ctia mot cip sé nhan
hoic coi 1a s6 hang thif nhit, thif tu va thi 25 cta 1 cAp s6 cong. Tim cic sb do.

DT 'ol Vén dung, thuc tién

= Bai 17. Mot khu riing c6 trit lugng gd 1 4.10° mét khdi. Biét tbc do sinh trudng ciia cic ciy &
khu ritng d6 12 4% mdi nim. Hdi sau 5 nim, khu riing d6 sé c6 khoang bao nhiéu mét khbi g?

=Bai 18. Ty I¢ ting dan sb cla tinh M 1a 1,2%. Biét rang s6 dan cta tinh M hién nay 1a 2 triéu
ngudi. Néu lay két qua chinh xdc dén hang nghin thi sau 9 nim nita s6 dan ctia tinh M sé 12 bao nhiéu?

=Bai 19. Mot ngudi giri ngan hang 150 triéu dong theo thé thiic 1ai kép, 1ai sut 0,58% mot thang
(k€ tif thang thy 2, tién 1di dudc tinh theo phan trim clia téng tién 1di thang truéc dé va tién gbc clia
thang trudc d6). Sau it nhat bao nhiéu thang, ngudi d6 ¢ 180 triéu dong?

= Bai 20. Mot ctia hang kinh doanh, ban dau ban mit hang A vdéi gia 100 (don vi nghin dong). Sau
do, clra hang ting gid mit hang A 1én 10%. Nhung sau mot thdi gian, cira hang lai tiép tuc ting gid
mit hang d6 1én 10%. Hoi gia clia mit hang A ctlia clta hang sau hai lan ting gid 1a bao nhiéu?

BAI TAP TONG HOP TV LUYEN

o Trong céc day so sau day nao la cap so nhan? Hay xac dinh cong bdi cua cap so nhan do.

a) 1;4; 16; 64, 256. b) 2; —2;3; —3;4; —4.
1 1 1 1
_1. e e . R
O —L3i 557 Ty
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Z .1 1 L
e Biet ba so _§;b; 135 theo thu ty 1ap thanh cap so nhan. Tim b.

@ Cho cip s6 nhan (u,), biétug = 2,u3 = 18.
a) Tim cong boi.
b) Tinh téng 10 sd hang dau tién ctia cip s6 nhan doé.

o Cho mot cap s6 nhan (u,) c6 cac sd hang déu khong am va thod man uy = 6 va uy = 24. Tinh
tong ctia 12 s6 hang dau tién clia cap sd nhan do.

e Tim s6 hang dau u; va cdng bdi ¢ clia cip s6 nhan trong cic trudng hop sau:

. Uy —uz +us = 65
_ — 16. b
a) up 4Vabts ) {u1+u7=325.

Cho ba s6 khac nhau 1ap thanh cip s6 cong, binh phuong clia cac s6 d6 1ap thanh cip s6 nhan.
Tim cic s6 do.

Tim s0 do bon goc ciia mot td giac, biet so do cac goc do 1ap thanh mdt cap so nhan c¢é so hang
cuoi gap tam lan so hang dau tién.

S6 do ba kich thudc ctia hinh hop chit nhat 1ap thanh mot cap s6 nhan. Biét thé tich ctia khéi hop
12 125 cm? va dién tich toan phan 1a 175 cm?. Tinh tng s6 do ba kich thuéc ctia hinh hop chit
nhat dé.

Bac Niam gti tiét kiém vao ngan hang 100 triéu dong véi hinh thiic 13i kép, ki han mot nim véi
13i sudt 8%/ nam. Tinh s6 tién ca gbc va 1ii bac Nam nhan dugc sau 10 nim (Gia st 13i suit
khong thay ddi trong sudt thdi gian gti tién).

® 00 0 © o

Mot ngudi giii tiét kiém vao ngan hang theo hinh thiic nhu sau: Hang thang tif dau mdi thang
ngudi dé sé giii cb dinh s6 tién 5 triéu dong véi 1i suit 0,6% trén thang. Biét rang 13i suét khong
thay ddi trong qua trinh gii, thi sau 10 nim s6 tién ma ngudi d6 nhan dudc ca von 1an 13i khodng
bao nhiéu?

Nim 2020, mot hang xe 6 t6 niém yét gia ban loai xe X 1a 900.000.000 dong va du dinh trong
10 nim tiép theo, mbi nim gidm 2% gid ban so v6i gia ban ctia nim lién trudc. Theo du dinh do,
nim 2025 hang xe 6 t6 niém yét gid ban loai xe X 1a bao nhiéu (két qua 1am tron dén hang phan
nghin)?

Té bao E. Coli trong diéu kién nuoi cly thich hop ci 20 phiit lai nhan déi mot 1an. Néu lic du
¢6 10'2 & bao thi sau 3 git sé phan chia thanh bao nhiéu té bao?

5

@ Ngudi ta thiét k& mot cai thadp gdm 11 tang theo cach: Dién tich bé mit trén ctia mdi ting bang
ntia dién tich mit trén ctia tang ngay bén dudi va dién tich bé mit trén ctia tang 1 bang nta dién
tich dé thap. Biét dién tich dé thap 1a 12288 m?, tinh dién tich mit trén ciing.

@ Ong An vay ngan hang 1 ti ddng v6i 1ai suat 12%/nam. Ong da tra ng theo cach: Bat dau tif thang
thd nhét sau khi vay, cudi mdi thang 6ng trd ngan hang cung s tién 1a a (ddng) va da tra hét no
sau ding 2 nim ké tif ngay vay. Héi sd tién mdi thang ma 6ng An phai tra 13 bao nhiéu dong (1am
tron két qua dén hang nghin)?
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@ BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. Hoc sinh tra 18i tir cau 1 dén cau
16. Moi cau hai hoc sinh chi chon mot phuong an.

Cau 1. Trong céc day sb hitu han sau, diy sé nao 1a cip s6 nhan?

A. 2:4;8;16;32;63. B. 1;-2:4;-8;16;—32.
111

C. 1;3;9;27;54;162. D. 4;2;1;§;Z;E'
Cdu 2. Trong cic day (u,) cho bdi s6 hang tong quat duéi day, diy nao 1a mot cip sd nhan c6 cong
bdi bang 2?7

A. u, =2n+3. B. u, =2". C.u,=2"+3. D.u,=n+2.
Cau 3. Tim cong boi ctia cip s6 nhan (u,,) biét s6 hang téng quét u,, = 32"

A. g=09. B. ¢=2. C. g=3. D.g=6.
CdAu 4. Chp sd nhan (u,) c6 u; =3, ¢ = 2. Tim u;.

A. u) =6. B. up =5. C. up = —6. D. u,=1.
CaAu 5. Cho cp s nhan (u,) biét u; = 3 va cong bdi g = —2. Tim u5.

A. u; =192 B. u; =-9. C. u3=-192. D. u; = 384.

N L 2 s 1
Cau 6. Cho cap so nhan (u,), bict u; =2,q = 3 Tim ugg.

2 2 3 2
A- ﬁ. B- m. C- ?. D- ?.
Cau 7. Tinh téng 10 s hang dau tién cta cAp s6 nhan (u,), biét u; = —3 va cong bdi g = —2.
A. Sjo=—1023. B. S10 = 1025. C. S0 =—1025. D. S1p = 1023.
Cau 8. Mot cép sb nhan (u,) c6 u; = —5, uy = 10. Téng clia 15 sb hang dau ctia cip s6 nhan d6
la
4 2
A. 2. B. -. C. - D. 0.
3 3
uy = 1
Cau 9. Day sb (u,) xac dinh béi 1 v6in>1. Tinhtdng S =u;+ur+...+uio.
Up+1 = Eun
5 1023 1023
A S=—-. B.S=——. .S=2. D. —.
2 2048 ¢ 512
Cau 10. Giatri ciatong S = 1 +3 432 +--- 432018 bing
32019 -1 32018 -1 32020 -1 32018 -1
AL S=———. B.S=—. = D.S=——7——.
S 7 S > C.S 3 S 5
Cau 11. Cho cép s6 nhan (u,) c6 us = 15 va ug = —1875. Cong bdi clia cip sb nhan la
A. g=3. B. ¢=-3. C. g=-5. D.g=5.
A A A A , | ui0 = 8uzg A as . A 2 A 1s
Cau 12. Cho cap so0 nhan (u,) c6 . Cong boi g cta cap so nhan la
u)+uy =144
A g=2. B. ¢g=-3. C. ¢g=3. D. g=-2.
Cau 13. Cho cip s6 nhan véi u; = 3,q = —2. S6 192 1a s6 hang thit méy ctia cip s6 nhan?
A. us. B. u. C. uy. D. ug.
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3. CAP sO NHAN ‘-

Cau 14. Xic dinh x d€ 3 sb 2x — 1; 2x; 2x + 3 theo thif tu d6 1ap thanh mot cap s6 nhan.
3 4 3 4
A x=—-. B.x=—-. LX= D.x=-.
by 1 X 3 C.x 1 X 3
Cau 15. Cho tam gidc ABC c6 ba géc A,B,C theo thid tu 14p thanh modt cip s6 nhan v6i cong boi
g = 2. Tinh s do géc A.
2 4m
C. —.

AL B. L. D. %
2 7 7 7

Cdu 16. Mot thg thii cong mudn vé trang tri mot hinh vudng kich thudc 4m x 4m bang cach vé mot
hinh vudng méi véi cac dinh 1a trung di€m cac canh ctia hinh vudng ban dau, va t6 kin mau 1én hai tam
gidc d6i dién (nhu hinh vé). Qud trinh v& va to theo quy luat d6 dudc lip lai 5 1an. Tinh sb tién nudc
son dé ngudi thg d6 hoan thanh trang tri hinh vudng trén? Biét tién nudc son 1 m? 1a 60000 dong.

A. 575000 dong. B. 387500 dong. C. 465000 dong. D. 232500 dong.

PHAN Il. Cau trzT'\E nghiém ddng sai. Hoc sinh tra 15i tir cAu 17 dén cau 20. Trong mdi
y a), b), ¢), d) 8 moi cau, hoc sinh chon ding hoac sai.

Cau 17. Cho cép s6 nhan (u,) véi sb6 hang dau u; = —5, cong boi g = 2. Xét tinh diing sai clia cac
khang dinh sau:

a) ug = 1280. b) u,=-5-2".

¢) 160 12 mot s6 hang ctia cip s6 nhan trén. d) Tong ciia 10 sb hang dau bang —5115.

CaAu 18. Cho mot cip sd nhan (u,) c6 cac s6 hang déu khong am va thod man uy = 6 va uy = 24. Xét
tinh diing sai ctia cdc khang dinh sau:

a) Cong bdi ctia cip sd nhan 1a g = 42. b) S6 hang thii ba ciia cip s6 nhan bing 12.
¢) S;» =12285. d) 3072 12 mot s6 hang ciia cap sb nhan.

Cau 19. Cho day s6 (uy,), biét u; =8, u, 4 = 4u, — 9 v6i n € N*. Dit v, = u, — 3 véi n € N*,

a) V1 = 5.

b) Day s6 (v,) 1a mdt cip s6 nhan c6 cong bodi g = —3.

¢) Cong thiic ctia s6 hang tdng quat v, la v, = 5-(=3)" 1.
d) Cong thiic ctia s6 hang tdng quat u, 1a u, =3 +5-(=3)""1.

n

ﬁ viin € N* Xeét

Cau 20. Cho day sb (uy,) c6 tdng n sd hang dau dugc tinh bdi cong thic S, =
tinh diing sai ctia cic khang dinh sau:

a) SO hang thi nhit cta day 12 u; = —3.

b) S6 hang thi hai ctia day 12 u, = —4.

1

¢) SO hang tong quat ctia day s6 1a u, = 2

. . 1
d) Day so (u,) la mot cap s nhan c6 cong boi la ~3
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IV chuong2 DAY SO. CAP SO CONG VA CAP SO NHAN

PHAN I1l. Cau tric nghiém tra 18i ngin. Hoc sinh tra I18i tir cau 21 dén cau 25 vao 6
két qua.

CaAu 21. Cho cép s6 nhan (u,) c6 s6 hang dau u; = 2 va cong boi ¢ = —2. Gi tri us bang bao nhiéu?

KQ:

Cau 22. Mot cip s6 nhan c6 s6 hang dau u; = 3 va cong boi ¢ = 2. Tong 8 s6 hang dau tién cla cip
s6 nhan biang bao nhiéu?

Cau 23. Ba s6 phan biét tao thanh mdt cAp sd nhan c6 tdng bing 78; ddng thdi chiing 1a s6 hang thi
nhét, thd ba va thi chin cia mot cip sd cong. Tinh tdng ctia ba s6 do.

CaAu 24. Mot qua bong dudc tha thang diing tir d6 cao 10m roi xudng dét va ndy 1én. Gia st sau mbi
mot 14n roi xubng, né nay lén duge mot dd cao bang 75% do cao vira roi xubng. Tinh tdng quing dudng
qua bong di chuyén dugc ké tir lic tha xudng dén khi qua bong cham dét 1an thi 10 (1am tron két qua
dén hang phan mudi cia mét).

Cdu 25. Anh Diing ki hgp dong lao dong trong 10 nim v6i phuong 4n tra luong nhu sau: Nim thd
nhét, tién luong ctia anh Diing 14 120 triéu dong. K& tif nim thi hai trd di, mi nim tién luong ctia anh
Diing dudc ting 1én 10%. Tinh tong sb tién luong anh Diing linh dugc trong 10 nim dau di Iam (1Am
tron két qua dén hang don vi theo don vi triéu dong).

KQ:

_ HET—
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DAP AN TRAC NGHIEM

<> DAP AN TRAC NGHIEM BAI 1

1. C||2. All3. c|la. B||5. c|l6e. A||7. DJ|[s. A|[9. D]|[10. D]
11. A|[12. A|[13. D|[14. B|[15. C|[16. A]
Caul7 @PpDb)P()s@b Cauls8. @)Pp(b)s(e)pds
Cau19. @)s®s)p@b Cau20. @)Pp(Db)s(e)p(d)s
[Cau21. 19 |[Cau22. 2,97|[Cau23. 11,9|[Cau24. 336 | [Cau25. 10,8
<> DAP AN TRAC NGHIEM BAI 2
1. cC||2. B||3. B|l4. A|]|5. c||6e. D||7. DJ|[s. B|[9. cC|[10. A]
11. C||12. B||13. B||14. D||15. D||16. D|
Caul17. @)PpD®)S(e)P()S Caul1s. (@) S()P(D
Caul19. @PDb)s(e)b)Ss Cau20. (@)s()s(c)s@ds
[Cau21. 11 ] [Cau22. 126 | [Cau23. 738 | [Cau24. 525 | [Cau 25. 2130]
@ DAP AN TRAC NGHIEM BAI 3
1. B||2. B||[3. A|ll4. A|]|5. All6. D||7. DJ|[8. A|[9. DJ|[10. A]
11. C||12. C||138. C|[14. C]||15. C]|[16. C]

Caul7? (@)s®)s()s@p

Cauls. @)s®P()PD

Caul19. (@)s()s(e)s(@)s

Cau20. @)Pp(b)s(c)sds

[Cau21. 32 |[Cau22. 765 | [Cau23. 78 | |Cau24. 655 |[Cau25. 1912]
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CAC SO DAC TRUNG DO XU THE
TRUNG TAM CUA MAU SO LIEU GHEP
NHOM

s1. MAU SO LIEU GHEP NHOM

LY THUYET CAN NHO

D 56 LEU GHEP NHOM

{3 Dinh nghia: MAu s liéu ghép nhém thudng dugc trinh bay dusi dang bang tin sb ghép nhém
c6 dang nhu sau:

Nhém [ur;uz) [ur;uz) oo (ks Ugv1)

Tan s6 n 2 a M

{3 Chay:

o Béng trén gdm k nhém [u jsu j+1) véi 1 < j < k, mbi nhom gém mot sb gid tri dugc
ghép theo mot tiéu chi xac dinh. Trong mot so trudng hop, nhém sd lidu cudi cling
c6 thé 1y dau muit bén phai.

e COmaun=n;+ny+---+n.

e Gi4 tri chinh giita mdi nhém dugc dung lam gid tri dai dién cho nhém 4y. Vi du

1
nhom [uy;uy) c6 gid tri dai dién la 5 (U1 +up).

e Hiéu uj;| —u; dugc goi la do dai cia nhom [uj;u;;1). Ta thudng phan chia céc

N R P P
chom c6 do dai L bang nhau va L > % v6i R 1a khoang bién thién, & 1a sO nhom.

{3 Mbt s6 quy tic ghép nhém chia mau so liéu: Mbi mau s6 liu c6 thé duge ghép nhém theo
nhiéu céch khac nhau nhung thudng tuan theo mot sd quy tic sau:

o St dung tif k = 5 dén k = 20 nhém. C3 mau cang 16n thi can cang nhiéu nhém sb liéu. Cac
nhém c6 cung do dai biang L thod min R < k - L, trong d6 R 12 khoang bién thién, k 12 s6
nhom.

e Gi4 tri nho nhét ctia mau thudc vao nhom [u1;u;) va cang gan u; cang tot. Gia tri 16n nhat
clia mau thudc nhém [ug; uy 1) va cang gan uy | cang tot.

B s Nouyén Thanh Nhan - 0839.2199.39




1. MAU O LIEU GHEP NHOM

B} 56 TRUNG BINH

Cho méiu s liéu ghép nhém (BANG 1)

Nhoém [ul;uz) [ui;ui+1) [uk;u;ﬁq)
Tan so ni n; ng

{3} Céng thirc tinh:

7

S6 trung binh ctia mau s6 liéu ghép nhom ki hiéu 1a x va

nmxiy+...+npxg
n

X =

Ui +ujt

> (v6ii=1,...,k)la gia tri dai dién

trong d6, n = ny + ... +ng 1a ¢6 mau va x; =

cua nhom [u;;ujy1).

\

{3 Chi y: Dbi véi s6 liéu roi rac, ngudi ta thudng cho ciac nhém duéi dang k; — ko, trong d6
ki, ko € N. Nhém k; — ky dudc hiéu 12 nhém gom cic gid tri ki, ky + 1, ..., kp. Khi d6, ta can
hiéu chinh mau s6 liéu ghép nhém dé dua vé dang Bang 1 tru6e khi thuc hién tinh toan céc sb dic
trung bing cch hiéu chinh nhém ky — ky v6i kq, ky € N thanh nhém [k; —0,5;k +0,5). Chang
han, véi dit liéu ghép nhém diém thi mon Todn trong bang

Piémthi |[1-4[5-7[8—10
SO hocsinh| 5 20 10

sau khi hiéu chinh ngudi ta dugc bang:

Diém thi | [0,5;4,5) | [4,5;7,5) | [7,5;10,5)
S0 hoc sinh 5 20 10

{3 Y nghia: S6 trung binh ctia mau s6 liéu ghép nhém x4p xi cho sb trung binh ctia mu s6 liéu
gdc, n6 cho biét vi tri trung tim ctia mau s liéu va c6 thé dung dai dién cho mau sb liéu.

MOT

{3 Céng thitc tinh: DE tim mbt ciia mu s6 liéu ghép nhém (BANG 1) , ta thuc hién theo cic
budc:

7

e Budc 1: Xdac dinh nhém c6 tan s6 16n nhit (goi 12 nhém chita mét), gia st 12 nhém
m: [Ums Um1)-

N — Nm—1 T
(nm - nmfl) + (nm _nerl)

e Buéc 2: Mt dudc xac dinh 1a My = u,, +

Trong do, n,, 1a tan s6 nhém m (quy udc ny = ng+1 = 0) va h la do dai ctia nhom.

\

{3 Chii y: Ngudi ta chi dinh nghia mét cho miu ghép nhém c6 do dai cac nhém bing nhau. Mot
mau c6 thé khong c6 mbt hodic ¢6 nhiéu hon mot mot.

{3 Y nghia: Mbt ctia mau s6 liéu ghép nhém xap xi cho mét ctia mau sb lidu gbe, né dudc dung dé

do xu thé trung tim ctia mau s6 liéu.
Th.S Nguyén Thanh Nhan — 0839.2199.39
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Chuong 3. CAC SO DAC TRUNG DO XU THE TRUNG TAM CUA MAU SO LIEU GHEP NHOM

@ PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT Iel Ghép nhém mau sé liéu

=Bai 1. Béang thong ké sau cho biét thdi gian chay (phiit) cia 30 van dong vién (VDV) trong mot
giai chay Marathon.

Thoi gian | 129 | 130 | 133 | 134 | 135 | 136 | 138 | 141 | 142 | 143 | 144 | 145
SoVbV | 1 2 1 1 | 2 13 31415 2 |5

Hay chuyén mau s6 liéu trén sang mau s liéu ghép nhém gém sdu nhém c6 do dai bang nhau va
bang 3. Xac dinh gia tri dai dién ciia moi nhom.

= Bai 2. Can ning (kg) ctia 35 ngudi trudng thanh tai mot khu dan cu dudc cho nhu sau:

43 51 47 62 48 40 50 62 53 56 40 48
56 53 50 42 55 52 48 46 45 54 52 50
47 44 54 55 60 63 58 55 60 58 53.

Chuyén miu s6 liéu trén thanh dang ghép nhém, ciac nhém cé do dai bang nhau, trong d6 c6 nhém
[40;45). Xéc dinh gid tri dai dién cia mdi nhom.

DT '9' Tinh sd trung binh ctia mau sd liéu ghép nhém

=Bai 3. Anh Vin ghi lai cu li 30 14n ném lao clia minh & bang sau (don vi: mét):

72.1

72,9

70,2

70,9

722

71,5

72,5

69,3

72,3

69,7

72,3

71,5

71,2

69,8

72,3

71,1

69,5

722

71,9

73,1

71,6

71,3

72,2

71,8

70,8

72,2

722

72,9

72,7

70,7

a) Tinh cy li trung binh ctia mbi 1an ném.

b) Téng hop lai két qua ném clia anh Viin vao bang tan s6 ghép nhém theo mau sau:

Culi (m) | [69,2;70) [ [70;70,8) [ [70,8;71,6) | [71,6;72,4) | [72,4:73,2)
S4 1an ? ? ? ? ?

¢) Hay udc lugng cy li trung binh mbi 1an ném tif bang tan s6 ghép nhom trén.

d) Kha ning anh Vin ném dugc khoang bao nhiéu mét 1a cao nhit?

= Bai 4. Tim cin ning trung binh clia hoc sinh 16p 11D cho trong bang sau:

Can ndng
SO hoc sinh

[40,5:45,5) | [45,5:50,5)
10 7

[50,5:55,5) | [55,5:60,5) | [60,5;65,5) | [65,5;70,5)
16 4 2 3

=Bai 5. Két qua khao sit cAn ning ctia 25 qua cam & mdi 16 hang A va B dugc cho & bang sau:
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1. MAU O LIEU GHEP NHOM

Can nang (g) [150;155) | [155;160) | [160;165) | [165;170) | [170;175)
S6 qua cam & 16 hang A 2 6 12 4 1
SO qua cam 6 16 hang B 1 3 7 10 4

a) Hay udc lugng can ndng trung binh ctia mdi qua cam & 16 hang A va 16 hang B.

b) Néu so sdnh theo sb trung binh thi cam & 16 hang nao niing hon?

DT lel Tinh mét clia mau sb liéu ghép nhém

= Bai 6. Bang sb liéu ghép nhom sau cho biét chiéu cao (cm) ctia 50 hoc sinh 16p 11A.

Khoang chiéu cao (cm) | [145;150)
S0 hoc sinh 7

[150;155)
14

[155;160)
10

[160;165) | [165;170)
10 9

Tinh mdt ctia miu s6 liéu ghép nhém nay. C6 thé két luan gi tir gid tri tinh dugc?

= Bai 7. Két qua kiém tra mon Todn cta 16p 11D nhu sau

567569 108554545 74528910
5356575 8495656188797 9

a) Lap bang tan sd ghép nhoém clia mau sb liéu trén ¢6 bdon nhém tng véi bdn nita khodng [3;5),
15:7), [7:9), [9;11).

b) Mbt clia bang s6 liéu ghép nhém trén 13 bao nhiéu (Iam tron két qua dén hang phan mudi)?

@ BAI TAP TU LUYEN

o Mau s6 lidu sau ghi lai cAn niing ctia 30 ban hoc sinh (don vi: kildgam):

17 40 39 40,5 42 51 41,5 39 41 30
40 42 40,5 39,5 41 40,5 37 39,5 40 41
38,5 39,5 40 41 39 40,5 40 38,5 39,5 41,5

Hay chuyén mau s6 liéu trén sang dang ghép nhém véi 8 nhém c6 do dai bang nhau.

e Ngudi ta dém sb xe 6 t6 di qua mot tram thu phi mbi phiit trong khoang thdi gian tir 9 gi dén 9
gid 30 phiit sang. Két qua dugc ghi lai & bang sau:

15

16

13

21

17

23

15

21

6

11

12

23

19

25

11

25

7

29

10

28

29

24

6

11

23

11

21

9

27

15

a) Tinh sb xe trung binh di qua tram thu phi trong mdi phuit.

b) Téng hop lai s6 liéu trén vao bang tan sb ghép nhém theo mau sau:

[6;10] [ [11;15] | [16;20] | [21;25] | [26;30]
S61an| 2 ? ? ? ?

¢) Hay uéc lugng trung binh sb xe di qua tram thu phi trong mdi phiit tif bang tan s6 ghép

nhom trén.
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e Mot thu vién thdng ké s6 luong sach dudc muon mdi ngay trong ba thang & bang sau:

S& sach | [16;20] | [21;25] | [26:30] | [31;35] | [36;40] | [41;45] | [46;50]
Sdngay| 3 6 15 27 22 14 5

Hay udc lugng sb trung binh va mét cia mau sb liéu ghép nhém trén.

o Mot cong ty xay dung khao sat khach hang xem ho ¢6 nhu ciu mua nha & mifc gid nao. Két qua
khao sat dugdc ghi lai 6 bang sau

Murc gia . _ ' _ .
(tricu dongim?) | [10514) | [14:18) | [18:22) | [22:26) | [26:30)
Sé khach hang 54 78 120 45 12

a) Tim mdt cia mau sb liéu ghép nhém trén.
b) Cong ty nén xdy nha & miic gia nao d€ nhidu ngudi c6 nhu cau mua nhét?

e S6 cudc goi dién thoai mdt ngudi thuc hién mdi ngay trong 30 ngay dudc Iva chon ngiu nhién
dudc thong ké trong bang sau:

SO cudc goi | [3;5] | [6:8] | [9;11] | [12;14] | [15;17]
SO ngay 5 13 7 3 2

a) Tim mot ciia mau so liéu ghép nhom trén.

b) Hiy du doan xem kha niing ngudi d6 thuc hién bao nhiéu cudc goi mdi ngay 1a cao nhit.
@ BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lwa chon. M&i ciu héi hoc sinh chi chon mét
phudng an.

Cau 1. Khdo sét thoi gian tap thé duc ctia mdt sd hoc sinh khéi 11 thu dudc mau s6 liéu ghép nhém
sau:

Thoi gian | [0;20) | [20;40) | [40;60) | [60;80) | [80; 100)
Sdhocsinh| 5 9 12 10 6

Mau s6 liéu ghép nhém da cho c6 tit ca bao nhiéu nhém?

A. 3. B. 4. C. 5. D. 6.
Cau 2. Khao sat thdi gian tap thé duc ctia mot s6 hoc sinh khéi 11 thu dudc mau sd liéu ghép nhém
sau:

Thdi gian | [0;20) | [20;40) | [40;60) [ [60;80) [ [80; 100)
Séhocsinh| 5 9 12 10 6

C4 mau ctia mau s6 lidéu ghép nhém trén 13 bao nhiéu?
A. 5. B. 12. C. 20. D. 42.

Cau 3. Khao sat thdi gian tap thé duc ctia mot s6 hoc sinh khéi 11 thu dudc mau sb liéu ghép nhém
sau
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Thoi gian | [0;20) | [20;40) | [40;60) | [60:80) | [80; 100)
S6 hoc sinh 5 9 12 10 6

Do dai cia mo6i nhoém trong mau s6 liéu ghép nhom trén 1a bao nhiéu?

A. 5. B. 12. C. 20. D. 42.
Cdau 4. Khao sat thoi gian tap thé duc cia mot s6 hoc sinh khéi 11 thu dudge mau sb liéu ghép nhém
sau:

Thoi gian | [0;20) | [20;40) | [40,60) | [60;80) | [80;100)
S0 hoc sinh 5 9 12 10 6

Gia trj dai dién cia nhém [40; 60) la
A. 0. B. 42. C. 50. D. 100.
Cau 5. Miic thudng tét (triéu dong) cho cac nhan vién ctia mdt cong ty dudc thong ké trong bang sau

Muc thudng tét | [5;10) | [10;15) | [15;20) | [20;25) | [25;30)
S6 nhan vién 13 35 47 25 10

Gia trj dai dién cia nhém [15; 20) la
A. 5. B. 17,5. C. 30. D. 130.

Cau 6. Khi théng ké chiéu cao ciia hoc sinh khdi 16p 12 trong mot trudng trung hoc, ta thu dudc mau
s6 liéu ghép nhém sau

Chiéu cao (cm) | [150;156) | [156;162) | [162;168) | [168;174) | [174;180) | [180; 186)
S6 hoc sinh 5 13 40 26 8 3

P06 dai cia mbi nhém trong mau sd liéu ghép nhém trén 1 bao nhiéu?
A. 3. B. 6. C. 40. D. 100.

Cau 7. Khi théng ké chiéu cao ctia hoc sinh khéi 12 trong mot trudng trung hoc, ta thu dudc mau sd
liéu ghép nhom sau

Chidu cao (cm) | [150;156) | [156;162) | [162;168) | [168;174) [ [174;180) | [180; 186)
S6 hoc sinh 5 18 40 26 8 3

C6 bao hoc sinh khdi 12 ¢6 chiéu cao tir 162 cm dén dudi 168 cm?
A. 3. B. 6. C. 40. D. 100.

Cdu 8. Thai gian truy cap Internet mdi budi tdi ctia mot s6 hoc sinh dudc cho trong bang sau:

Thoi gian (phdt) | [9,5;12,5) | [12,5;15,5) | [15,5;18,5) | [18,5;21,5) | [21,5;24.5)
S& hoc sinh 3 12 15 24 2

C6 bao nhiéu hoc sinh truy cap Internet mbi budi tdi c6 thdi gian tir 18,5 phit dén dudgi 21,5 phuit?
A. 24, B. 15. C. 2. D. 20.

Cdau 9. Cong ty X tring thau may dong phuc cho hoc sinh trudng ¥ va ho da dua ra ¢d quan tay dua
vao s6 do vong eo ctia hoc sinh nam nhu sau:

Vong eo | [60;64) | [64;68) | [68;72) | [72;76) | [76;80)
Céquan| S M L XL XXL
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Va nha trudng da gii s6 do ctia 40 hoc sinh ctia mot 16p d€ cong ty udc luong ti 1é cac ¢d quan khi may
cho hoc sinh 16p 11

646774716064 |73|79|66|69
63|65|67 (75|78 |77 |71|71|63 |60
616571 71|66 |7363|77|65|63
741711626767 7271|7179 |66

Cong ty may 700 quan 4o dong phuc cho hoc sinh 16p 11 thi nén may s6 lugng quan 4o ¢d S la bao
nhiéu chiéc?

A. 129. B. 137. C. 140. D. 153.
Cau 10. Khio sat thai gian tap thé duc cia mot s6 hoc sinh khdi 11 thu duge mau sb liéu ghép nhém
sau:

Thdi gian | [0;20) | [20;40) | [40;60) [ [60;80) [ [80; 100)
Séhocsinh| 5 9 12 10 6

Nhom chita mét ctia miu s6 liéu ghép nhom trén 1a
A. [20; 40). B. [40; 60). C. [60; 80). D. [80; 100).

Cau 11. Khi théng ké chiéu cao ctia hoc sinh khéi 12 trong mot trudng trung hoc, ta thu dudc mau sb
liéu ghép nhom sau

Chidu cao (cm) | [150;156) | [156;162) | [162;168) | [168;174) [ [174;180) | [180; 186)
S6 hoc sinh 5 13 40 26 8 3

Nhém chita mét cia mau sb liéu ghép nhém trén 1a
A. [150; 156). B. [162; 168). C. [168; 174). D. [180; 186).
Cau 12. Cho mAu s6 liéu véi cd mau n dugc cho dudi bang tan sb ghép nhém

Nhom [upsup) | luosuz) | ... | (g ugs1)
Gia tri dai dién cl (6} R Ck
Tan so ni ny .. ng

Sé trung binh X ctia mau s6 lidu trén dudc tinh bang cong thic nao sau day

up+ur~+...+ug c1t+er+... .+

A.)_C: B_X:

n n
nuy +nouy + ...+ Ny D )_C_n1c1+n2c2+...+nkck
. . X = . .

C.x=

Cau 13. Khdo sat vé can niing ctia cac hoc sinh 16p 11D3 ngudi ta dudc mot mau dit liéu ghép nhém
nhu sau:

Can nang | [30;40) | [40;50) | [50;60) | [60;70) | [70;80) | [80;90)
S0 hoc sinh 2 10 16 8 2 2

S6 trung binh ctia mau s liéu trén 12
A. 56. B. 50. C. 60. D. 55.

Cau 14. Thong k& vé thoi lugng mdi tran diu bi-a trong vong ti két gidi dAu European Open ngudi
ta dudc mau s6 liéu ghép nhém nhu sau

Thoi gian | [9,5;12,5) | [12,5;15,5) | [15,5;:18,5) | [18,5;21,5) | [21,5:24,5)
S& tran 3 12 15 24 2
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S6 trung binh ctia mau sb liéu trén gan nhit véi gid tri nao sau diy
A 17. B. 17.5. C. 18. D. 185

Cau 15. Doanh thu ban hang trong 20 ngay dudc Iva chon ngiu nhién ctia mdt ca hang dudc ghi lai
& bang sau (don vi: triéu dong)

Doanh thu | [5;7) | [7;9) | [9;11) | [11;13) | [13;15)
SO ngay 2 7 7 3 1

S6 trung binh ctia mau s6 liéu trén thudc khodng nao trong cic khoang dudi day?
A. [7;9). B. [9;11). C. [11;13). D. [13;15).

Cau 16. Trung tam ngoai ngit thong ké bang diém moén Tiéng Anh ctia mot khéa hoc trong bang bén
duéi

bi€ém [0;2) [ [2:4) | [4:6) | [6:8) | [8;10)
Hocvién| 10 | 30 | 55 | 42 9

Sé trung binh ctia mau sb liéu thudc khoang nao trong cic khoang dudi day?
A. [8;10). B. [4;6). C. [2;4). D. [6;8).

Cau 17. Khio sit vé s6 gio muon sach thu vién ctia hoc sinh khéi 11 trudng Y ta dugc mot mau sb
liéu ghép nhom nhu sau

S6 gis mugn | [0;4) | [4:8) | [8;12) | [12;16) | [16;20)
SO hoc sinh | 54 78 120 45 12

M6t ctia mau sd liéu ghép nhém trén gan nhit véi gia tri nao sau day

A. 120. B. 12. C. 8. D. 9.
Cau 18. Khio sat thoi gian tap thé duc ctia mot s6 hoc sinh khi 11 thu duge mau s6 liéu ghép nhém
sau

Thoi gian (phut) | [0;20) | [20;40) | [40;60) | [60;80) | [80;100)
S0 hoc sinh 5 9 12 10 6

M6t clia mau s6 liéu trén 1a

A. 42. B. 52. C. 53. D. 54.

PHAN II. Cau tric nghiém ding sai. Trong mdi y a), b), c), d) 8 mdi cau, hoc sinh chon
ding hoac sai.

Cau 19. Cho miu sé liéu ghép nhém vé diém thi va s6 ngudi du thi nhu sau:

Di€m thi [2;4)|[4;6)[[6:;8)|[8;10)|[10;12)
Songudiduthi| 4 20 9 16 15

a) Do dai mbi nhém ctia miu sb liéu ghép nhém trén 1a 2.
b) C6 miu clia miu sb liéu ghép nhom trén 1a 62.
¢) S6 trung binh ctia mau s6 liéu ghép nhém trén 12 7,56 .

) < 14
d) Mot cua mau so liéu ghép nhom trén 1a 57
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Cau 20. Két qua khéo sat cAn ning ctia 25 qua cam & mdi 16 hang A, B dudc cho & bang sau:

Can nang (gam) [150;155) | [155;160) | [160;165) | [165;170) | [170;175)
SO qua cam 6 16 hang A 2 6 12 4 1
SO qua cam 6 16 hang B 1 3 7 10 4

a) Gid tri dai dién nhém [150;155) bing 152,5.

b) Can ning trung binh ctia mdi qua cam 16 A 1a 163,7 (gam).

¢) Can ning trung binh ctia mdi qua cam 16 B 1a 162,1 (gam).

d) Theo s6 trung binh thi cam & 16 hang B ning hon cam & 16 hang A.

Cau 21. S6 lugng ngudi di xem mot bd phim mdi theo do tudi trong mot rap chiéu phim (sau 1 gid
dau cong chiéu) dugc ghi lai theo bang phan phbi ghép nhém sau:

b6 tuoi | [10;20) | [20;30) | [30;40) | [40;50) | [50;60)
SO ngudi 6 12 16 7 2

a) Gia tri dai dién nhom [50;60) 1a 55.

b) P6 tudi dugc du bdo 1a it xem phim d6 nhat 1a thudc nhém [50;60).
¢) Nhém chita mét 1a nita khoang [30;40).

d) D6 tudi dudc du bdo 1a thich xem phim d6 nhiéu nhit 14 31 tudi.

PHAN IIl. Cau tric nghiém tra 16i ngan.

Cau 22. Cho miu s6 liéu ghép nhém vé diém thi va sd ngudi du thi nhu sau:

biém thi [0;3,5([3,5;7)|[7;10,5) | [10,5;14) | [14;17,5) [ [17,5;21)
SO ngudi du thi 15 8 16 2 17 18

Tinh diém thi trung binh tif miu s6 liéu ghép nhém trén (két qua 1am tron dén hang phan chuc).
KQ:

Cau 23. Cho mau s6 liéu ghép nhém vé diém thi va sd ngudi du thi nhu sau:

Di€m thi [0;3)[[3;6)[[6:9([9;12)|[12;15)[15;18)
Songudiduthi| 8 12 13 1 19 10

Tinh diém thi trung binh tif miu s6 liéu ghép nhom trén.
KQ:
A. 7,95 . B. 9,00 C. 6,00. D. 9,45 .

Cdu 24. Cho mau sb liéu ghép nhém vé diém sd va s6 hoc sinh nhu hinh duéi day

Diémsé |[[2:;4.5([4.5;7)[[7:9.5]19,5;12)[[12;14,5)|[14,5;17)
S0 hoc sinh 1 6 3 10 9 1

Tim mét cia mau s6 liéu ghép nhém trén (két qua 1am tron dén hang phan chuc).

KQ:
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Cdu 25. Mot cong ty bat dong san khao sat khach hang xem ho c¢6 nhu cau mua cin hd & miic gia
nao. Két qua khio sat dugc ghi lai 6 bang sau:

Miic gia (triéu dong/m?) | [28;32) | [32;36) | [36;40) | [40;44) | [44;48)
So khach hang 40 78 120 51 11

Cong ty nén xay nha & miic gia nao dé nhiéu ngudi c6 nhu cau mua nhét?

KQ:
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§2. CAC SO PAC TRUNG PO XU THE TRUNG TAM

LY THUYET CAN NHO

Cho mau s6 liéu ghép nhém

Nhom | [ug;un) | ... | [msthms1) | - | [trs tiger1)
Tan so n . 7 . Ny

n Trung vi M, clia mdu sé liéu ghép nhém

{3} Céng thirc tinh:

@ Gia sd nhom [uy,; U, 41 ) chida trung vi;

@ n,, la tan so cua nhém chia trung vi;

Khi do

n
5~ (it tny)

M, = upy + : (um—i-l - um)

N

{3 Y nghia: Trung vi cia mau sb liéu ghép nhém xap xi cho trung vi ctia mau s6 liéu gbc, n6 chia
mau so liéu thanh hai phan, moi phan chia 50% gia tri.

B3 1¢ phan vi clia méu sé liéu ghép nhém
o Goi Q, la td phan vi thif  cia miu s6 liéu ghép nhém (r = 1,2, 3);

o NhOm [u,; 1) chifa td phan vi thi r va n,, 1a tn s6 ctia nhém chia ti phan vi thi 7;

Khi do6 ta c6 cong thiic tinh Q, nhu sau:

n
r-Z—(n1+n2+---+nm,1)

O =uy, + : (um—H - ”m)
N

CHU Y

Céc tif phan vi ctia mau s liéu ghép nhém xép xi cho cdc td phan vi ciia miu s6 lidu gbe, ching
chia mau s6 liéu gom 4 phan, mdi phan chia 25% gid tri.

@ PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT '0' Tinh frung vi clia mdu sé liéu ghép nhém
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=Bai 1. Thai gian (pht) truy cap internet mdi budi tdi cia mot s6 hoc sinh dudc cho trong bang
sau:

Thoi gian (phut) | [9,5;12,5) | [12,5;15,5) | [15,5;18,5) | [18,5;21,5) | [21,5;24,5)
S0 hoc sinh 3 12 15 24 2

Tinh trung vi ciia mau so liéu ghép nhom nay.

= Bai 2. Két qua khdo sit can ning ctia 25 qua bo § mdt 16 hang cho trong bang sau:

Can nang (g) | [150; 155) | [155;160) | [160; 165) | [165;170) [ [170;175)
S& qué bo 1 7 12 3 2

Hay tim trung vi ciia mau s6 liéu ghép nhém trén.

= Bai 3. Trong mdt hoi thao, thdi gian chay 200 m ctia mot nhém céc van dong vién dudc ghi lai &
bang sau

Thai gian (gidy) | [21;21,5) | [21,5;22) | [22;22,5) | [22,5;23) | [23;23,5)
S6 van dong vién 5 12 32 45 30

Dua vao bang s6 liéu trén, ban td chiic mudn chon ra khoang 50% s6 van dong vién chay nhanh nhit
dé tiép tuc thi vong 2. Ban tS chiic nén chon cdc van dong vién c6 thdi gian chay khong qua bao nhiéu
gidy (két qua 1am tron dén hang phan chuc)?

DT 'e' Tim t& phan vi cia méu sé liéu ghép nhém

= Bai 4. Thai gian (phiit) truy cap internet mdi budi ti ctia mot s6 hoc sinh dugc cho trong bang
sau:

Thoi gian (phut) | [9,5;12,5) | [12,5;15,5) | [15,5;18,5) | [18,5;21,5) | [21,5;24,5)
SO hoc sinh 3 12 15 24 2

Tim td phan vi thit nhit Q; va td phan vi thii ba Q3 ctia mau sb liéu ghép nhém.

= Bai 5. Bang bén cho biét tin s6 ghép nhém sb liéu théng ké can ning ctia 40 hoc sinh 16p 11A
trong mot trudng trung hoc phd thong (don vi: kildgam). Xac dinh ti phan vi ctia mau s liéu ghép
nhom.

Nhém | [30;40) | [40;50) | [50;60) | [60;70) | [70;80) | [80;90)
Tansd| 2 10 16 8 2 2

= Bai 6. Thai gian luyén tip trong mot ngay (tinh theo gid) clia mot s6 van dong vién dudc ghi lai
G bang sau:

Thoi gian luyén tap (gio) | [0;2) | [2;4) | [4:6) | [6:8) | [8;10)
S6 van dong vién 3 8 12 12

a) Hay xdc dinh c4c t phan vi cia mau s6 liéu da cho.

b) Hun luyén vién mudn xic dinh nhém gdm 25% cic van dong vién c6 sb gio luyén tap cao
nhat. Hoi huan luyén vién nén chon cac van dong vién c6 thdi gian luyén tap ti bao nhiéu gioc
trd 1€n vao nhom nay?
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= Bai 7. Mot phong kham thdng ké s6 bénh nhan dén kham bénh mdi ngay trong thang 4 nim 2022
G bang sau:

S6 bénh nhan | [1;10] [ [11;20] | [21;30] [ [31;40] | [41;50]
S6 ngay 7 8 7 6 2

a) Hay udc luong cdc ti phan vi ctia mau s6 liéu ghép nhom trén.

b) Quan Iy phong kham cho ring c6 khoang 25% s6 ngay kham c6 nhiéu hon 35 bénh nhan dén
kham. Nhan dinh trén c6 hgp ly khong?

@ BAI TAP TU LUYEN

0 Bang bén cho ta bang tan s6 ghép nhom s liéu thong ké chiéu cao cia 40 [ "Nhém | Tan s6

mau cay E”j mc?t vuon thuc vat (don vi: centimét). Xac dinh trung vi, td phan [30;40) 4
vi cia mau so liéu ghép nhom trén. [40;50) | 10
[50;60) 14
[60;70) 6
[70;80) 4
[80;90) 2

n=40

© Mau s6 licu dudi day ghi lai te do cita 40 6 o khi di qua mot tram do tdc do (don vi: km/h):

485 43 50 55 45 60 53 55,5 44 65
51 62,5 41 44,5 57 57 68 49 465 53,5
61 495 54 62 59 56 47 50 60 6l
495 525 57 47 60 55 45 47,5 48 61,5

a) Lap bang tan s6 ghép nhém cho mau so liéu trén c6 sdu nhom ting v6i sdu nita khoang:

[40;45), [45:50), [50;55), [55;60), [60;65), [65;70).

b) Xéc dinh sb trung vi, td phan vi cia mau sd liéu ghép nhom trén.

o Trong tuan 1€ bao vé moi trudng, cac hoc sinh khdi 11 tién hanh thu nhit vd chai nhua d€ tai ché.
Nha truong théng ké két qua thu nhit vé chai ctia hoc sinh khéi 11 & bang sau:

S6 v6 chai nhua | [11;15] [ [16;29] | [21;25] | [26;30] | [31;35]
S6 hoc sinh 53 82 48 39 18

Hay tim trung vi ctia mau s0 liéu ghép nhém trén.

o Trong mot hdi thao, thdi gian chay 200 m ctia mdt nhém céc van dong vién dudc ghi lai & bang
sau:

Thoi gian (giay) | [21;21,5) [ [21,5:22) | [22;22,5) | [22,5;23) | [23;23,5)
S6 van dong vién 5 12 32 45 30

Dua vao bang s liéu trén, ban t6 chifc mudn chon ra khoiang 50% sb van dong vién chay nhanh
nhét dé tiép tuc thi vong 2. Ban t§ chiic nén chon cdc van dong vién c6 thdi gian chay khong qua
bao nhiéu gidy?
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e Mot hing xe 6 to théng ké lai s6 1an giip su c¢d vé dong co ctia 100 chiéc xe cling loai sau 2 nim

st dung dau tién & bang sau:

So lan gap su co

[1;2]

3;4]

[5;6]

[7:8]

9;10]

So xe

17

33

25

20

5

a) Hay u6c luong cac td phan vi ciia mau sb liéu ghép nhém trén.

b) Mot ngudi cho rang cé trén 25% xe ctia hang gip khong it hon 4 su cb vé dong co trong 2

nim st dung dau tién. Nhan dinh trén c6 hop 1i khong?
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s1. DPUONG THANG VA MAT PHANG TRONG

KHONG GIAN
KIEN THGC CAN NHO

B cAc kHAINIEM MG AU

{3 Mit phang: DE biéu dién mit phang, ngudi ta dung hinh binh hanh hay mét mién géc

aw E

Ki hiéu (P) hodc mp(P) Ki hiéu (o) hodc mp(«)

{3 Diém thudc mat phing: Cho diém A, B va mit phang ().

® Khi A thudc mit phiang (), ta ki hiéu A € ().

@ Khi B khong thuoc mit phang (o), ta ki hidu B ¢ ().
A\ Ddu hiéu nhén biét A € (@) la diém A thudc mot /< \ A
P

duong thing nam trong (o)

{¥ Biéu dién hinh khéng gian 1én mdt mit phing:

® Dung nét vé lién dé bi€u dién cho nhiing dudng trong thiy va dung nét dit doan (- -
- -) dé biéu dién cho nhitng dudng bi che khuit.

@ Quan hé thudc, song song dugc gitt nguyén, nghia la

e Néu hinh thuc té diém A thudc dudng thang A thi hinh biéu dién phai giit
nguyén quan hé do.

e Néu hinh thuc té hai duong thang song song thi hinh biéu dién phai giit nguyén
quan hé do.
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Hinh biéu dién clia cdc md hinh khéng gian thudng gip:

A
N
A D
|
|
B : c
|
I
B D D e ---#D
// A
B C
C B C

Hinh tt dién Hinh chop tu gidac ddy hinh binh hanh Hinh 1ap phuong, hop chii nhat

) CAcC TiNH CHAT THUA NHAN
Xét trong khong gian, ta thita nhan cdc tinh chit sau:
{3 Tinh chat 1: C6 mdt va chi mot dudng thang di qua hai di€ém phan biét.
{3 Tinh chit 2: C6 mdt va chi mdt mit phang di qua ba diém khong thang hang.

{3 Tinh chat 3: Ton tai 4 diém khong cuing thudc mot mit phang.

Mot mit phang hoan toan xdc dinh néu biét ba diém khong thang hang thudc mit phang
d6. Ta ki hiéu mit phang di qua ba diém khong thang hang A, B, C 1a (ABC). Néu c6 nhiéu
diém cung thudc mdt mit phang thi ta néi nhiing di€ém d6 dong phang. Néu khdng c6 mit
phang nao chifa cic diém d6 thi ta néi nhitng di€ém d6 khong dong phdng.

¥ Tinh chat 4: Néu mot dudng thang c6 hai diém thudc mot mit phing thi tt ca cac diém cia
dudng thang déu thudc mit phang do.

Cho dudng thang d va mit phang ().

® Khi d nam trong (&), ta ki hiéu d C (a) hodc (P) Dd . (khong dugc viétd € ()
nhé!!!)

@ Khi d khong ndm trong (o), ta ki hiéu d ¢ ().
A\ Ddu hiéu nhén biét d C (o) la trén d c6 hai diém phdn biét thudc (o)

{3} Tinh chit 5:

Néu hai mit phang phan biét c6 diém chung thi cic diém chung cta hai mit
phing 12 mot dudng thang di qua diém chung do. E

Pudng thiang chung d (néu c6) clia hai mit phiang phan biét (P) va a
(Q) dudc goi la giao tuyén clia hai mit phiang d6 va ki hiéu 1a d =

(P)N(Q).

{3 Tiph chit 6: Trén mdi mit phang cac két qua da biét trong hinh hoc Phazlr,{lg déu ding.
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CACH XAC DINH MOT MAT PHANG

Ba cich xac dinh mot mit phang

(a,b).

e Mot mit phang dugc xac dinh néu biét n6 di qua ba diém A, B,C khong thang hang ctia
mit phang, ki hiéu (ABC).

o Mot mit phang dugc xac dinh néu biét n6 di qua mot dudng thang d va mot diém A khong
thube d, ki hidu (A, d).

e Mot mit phang dudc xac dinh néu biét né di qua hai dudng thang a,b cat nhau, ki hiéu

3 HiNH CHOP VA HINH TU DIEN

¥ Hinh chép:

@ Dinh nghia: Cho da gidc A14,...A, va cho diém S nim ngoai mit phang chia da gidc do.
Nbi S véi cac dinh A1, A,, ... A, ta dudc n mién da gidc SA1A>,SA»A3,...,SA,_1A,. Hinh
gdm n tam gidc d6 va da gidc A1A»A3...A, dudc goi 12 hinh chdp S.A1AA3.. . A,,.

®@ Céac tén goi:

Dbiém S goi 1a dinh clia hinh chép.

Pa giac A1A,...A, goi la mat ddy cia hinh
chop.

Cic doan thang A145,A»A3, ..., A,_1A, goi la
cac canh day cua hinh chop.

Cic doan thang SA;,SA,,...,SA, goi la cac
canh bén cua hinh chop.

Cac mién tam giac
SA1Ay,8ALA3,. .. ,SA,— 1A, goi la cadc mdt bén
cta hinh chép.

X Hinh t& dién:

S

@ Dinh nghia: Cho bén diém A, B,C,D khong dong phang. Hinh gdm bén tam gidc ABC,
ACD, ABD, BCD dudc goi la hinh td dién va dudc ki hiéu la ABCD.
@ Cha y:
e Hai canh khong c6 dinh chung goi 14 hai canh déi dién, dinh A
khong nam trén mot mit dude goi 1a dinh dbi dién véi mat

e Hinh chop tam gidc con dudc goi la hinh td dién.

e Hinh ti dién c6 bén miit 12 nhiing tam gidc déu hay c6 tét
ca cdc canh bang nhau dudc goi 12 hinh tif dién déu.

do.

C
Hinh tu dién

82



<§)>> PHAN LOAI, PHUONG PHAP GIAI TOAN

DT 'e' Cdc quan hé co ban

® Ching minh diém A thudc («): Ta chiing té diém A thudc duong thang A nam trong o, nghia

B
ACA
Ac(a) '

® Chiing minh dudng thang d ndm trong («): Ta chiing té d c¢6 hai di€ém phan biét cuing thudc
(a), nghia la
Ac ()
Be (o) =dC(a).
A, Bed

® Ching minh A 13 diém chung ctia hai mit phang (&) va (B):Ta thudng st dung mot trong hai

cach sau Ac (@)
€ (o
{AG(B) =Ac (ax)N(B).
hoac
dC (@)
AC(B) =Ac(a)n(P).
dNA=A

=Bai 1. Cho tam gidc ABC va diém S khong thudc mit phiang (ABC). Ly D, E 1a cc diém 1an lugt
thudc cac canh SA,SB (D, E khac S).

a) Puong thang DE c6 nim trong mit phang (SAB) khong?

b) Gia st DE cit AB tai F. Chiing minh ring F 12 diém chung ctia hai mét phang (SAB) va (CDE).

=Bai 2. Cho hinh chép S.ABCD, goi O 1a giao diém ctia AC va BD. Liy M, N 1an ludt thudc cac
canh SA, SC.

a) Chiing minh riang dudng thang MN nim trong mit phang (SAC).
b) Chitng minh rang O 12 di€ém chung ctia hai mit phang (SAC) va (SBD).

=Bai 3. Cho hinh ti dién ABCD. Goi I 1a trung diém canh CD. Goi M, N 1an ludt la trong tAm clia
cac tam giac BCD,CDA.

a) Chiing minh ring cic diém M, N thudc mit phang (ABI).

. .. GM GN 1
b) Goi G la giao diém cua AM va BN. Chu inhrang — = — = ~.
) Goi G la giao diém cua va ng minh rang —— = =5 =3

DT Iel Xdc dinh giao tuyén clia hai mét phéng

Cho hai mit phang («) va (B) cit nhau. P& xdc dinh giao tuyén ctia chiing, ta di tim hai diém
chung phan biét. Cu thé, ta thudng gip mdt trong ba trudng hop sau:

® Hai mit phang (o) va (B) c¢6 sin hai di€ém chung phan biét: Khi d6 giao tuyén la duong thang
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qua hai di€ém chung do.
® Hai mit phang (&) va (B) thiy tru6c mot diém chung A:
e A la diém chung thd nhit hay A € ()N (B).

e Ta tim diém chung th 2: Trong (&) tim mot dudng thang d, trong (B) tim mat
dudng thing d; sao cho chiing c6 thé cit nhau (ddng phang). Goi B = d; Nd,, suy ra
B e (@)N(B). Viy AB = () N (B).

® Hai mit phang (&) va (B) chua thiy di€ém chung: Ta m& rong mit phiang dé€ tim diém chung
tuong tu nhu cach tim diém chung 6 muc s6 @.

= Bai 4.
Cho tif gidgc ABCD sao cho cic canh d6i khong song song v6i nhau. Ly S
mot diém S khong thudc mit phang (ABCD). Xéc dinh giao tuyén clia
a) Mit phang (SAC) va mit phang (SBD).
b) Mit phang (SAB) va mit phang (SCD). B

)
¢) Mit phang (SAD) va mit phang (SBC)

=Bai 5.

Cho ti dién ABCD. Léy cac diém M thudc canh AB, N thudc canh A

AC sao cho MN cit BC. Goi I 1a diém bén trong tam gidc BCD. Tim

giao tuyén ctia mit phang (MNI) v6i cac mit phang (ABC), (BCD), N
(ABD), (ACD).

alcl)3 fll;n(;. chop S.ABCD day 1a hinh binh hanh tam O. Goi M, N, P lan S
lugt 1a trung diém cta canh BC, CD, SA. Tim giao tuyén clia
a) (MNP) va (SAB)
b) (MNP) va (SBC)
c) (MNP)va (
d) (MNP) va (

<

MNP) va (SAD)
MNP) va (SCD)

=Bai 7. Cho hinh chép S.ABCD c6 didy ABCD 1a hinh binh hanh. Goi M, P lan lugt 1a trung diém
. 1 . .
cua SA,BC. N la diém trén canh SB sao cho BN = ZBS . Xac dinh giao tuyén ctia mat phang (MNP)

véi cdc mit phang

a) (ABCD). b) (SAD). ¢) (SCD).

I T



DT Iel Tim giao diém clia dudng théng va mét phéng

Mudn tim giao diém ciia duwong thdng d va mdt phdng (P) (phdn biét, khong song song), ta
tim giao diém ciia d vdi mét dwong thdng a nam trong (P). Xét hai khd ndng:

® Néu dudng thang a dé tim, nghia 12 c6 sén a C (P) va a cit
dugc d. Khi d6

ed

M
e GoiM =dnNathi .
MecacC (P)

o Vay M =dN(P).

® Néu dudng thiang a khé tim, ta thuc hién cac budc sau:

e Tim mot mit phang (Q) chia duong thang d va dé
tim giao tuyén véi (P);

e Tim (Q)N(P) =a.
e TimM =dNa,suyraM =dN(P).

=Bai 8. Cho tif dién ABCD. Goi M, N lan lugt la trung diém ctia AC va BC. K 1a diém nam trén BD
sao cho KD < KB.

a) Tim giao di€ém ctia CD v6i mit phang (MNK).
b) Tim giao diém ctia AD v6i mit phang (MNK).

=Bai9. Cho tii dién ABCD. trén canh AC va AD lay hai diém M, N sao cho AC = 3AM va AN =
2 o .
§AD. Goi O la diém bén trong tam giac (BCD).

a) Tim giao di€ém cta BC véi (OMN). b) Tim giao di€ém cta BD v6i (OMN).

=Bai 10. Cho hinh chép S.ABCD c6 day 1a hinh binh hanh. Goi M Ia trung diém cta SC.
a) Tim giao diém I clia dudng thang AM va mit phang (SBD). Ching minh IA = 2IM.
b) Tim giao diém E ctia dudng thang SD va mit phiang (ABM).

¢) Goi N 1a mot diém tuy y trén canh AB. Tim giao diém ctia dudng thang MN va mit phang
(SBD).

=Bai11. Cho ti gidc ABCD va mdt diém S khong thudc mit phang (ABCD). Trén doan AB lay
mot diém M, trén doan SC 1ay mot diém N (M, N khong trung véi cac dau muit).

a) Tim giao di€ém ctia duong thang AN véi mit phang (SBD).
b) Tim giao diém clia dudng thang MN v6i mit phing (SBD).

DT Iol Chirng minh ba diém théng hang

Muén chiing minh ba diém A, B, C thdng hang, ta chitng minh ba diém dé ldn luot thudc hai
mdit phdng phan biét (&) va (B), nghia la chiing ciing ndm trén mot duong giao tuyén.
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e TacoA=anNb,maaC (a),bC (B) nén
Ae(a)n(B) (1)

e Tuong tu ta ciing tim xem B va C tuong tng la giao cia cap
dudng thang nao nam trong (&) va (B). Tir do, suy ra

Be(a)n(B) (2)

va

Ce(a)n(B) (3)
Tt (1), (2), (3) suy ra A, B, C cung thudc dudng giao tuyén nén chiing thang hang.

=Bai 12. Cho tif dién ABCD c6 G la trong tdim tam gidc BCD, Goi M, N, P 1an lugt 1a trung diém
cua AB, BC, CD.

a) Tim giao tuyén cia (AND) va (ABP).
b) Goi I =AGNMP,J =CMNAN. Ching minh D, I, J thang hang.

= Bai 13. Cho hinh chép S.ABCD c6 day 1a hinh binh hanh. Goi O 1a giao diém ctia AC va BD ;
M, N lan ludt 1a trung diém cta SB, SD; P thudc doan SC va khong 1a trung diém cta SC.

a) Tim giao diém E clia dudng thang SO va mit phang (MNP).
b) Tim giao di€ém Q clia dudng thang SA va mit phang (MNP).

¢) Goil,J,K lan luct 1a giao diém ctia QM va AB, QP va AC, ON va AD. Chiing minh ring I,J,K
thang hang.

@ BAI TAP TU LUYEN

o Cho tii dién ABCD. Trén AB, AC lay 2 diém M, N sao cho MN khong song song BC. Goi O 1a
mot diém trong tam gidc BCD.

a) Tim giao tuyén cia (OMN) va (BCD).
b) Tim giao di€ém cta DC, BD v6i (OMN).

o Cho hinh chép S.ABCD c6 day ABCD 1a hinh thang v6i AB song song v6i CD. O 1a giao diém
cua hai duong chéo, M thudc SB.

a) Xdc dinh giao tuyén clia cdc ciip mit phang: (SAC) va (SBD); (SAD) va (SBC).
b) Tim giao diém SO N (MCD); SAN (MCD).

€ Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh tam O. Goi M, N lan lugt 12 trung diém

cua AB, SC.
a) Tim I = ANN(SBD). b) Tim K = MNN(SBD).
. KM 2 1B
¢) Tinh ti s6 —. d) Ching minh B, I, K thang hang. Tinh —.
KN IK

s



@ Cho hinh chép S.ABCD véi diy ABCD 1a hinh binh hanh. Goi M Ia diém bét ky thuoc SB, N
thudc mién trong tam giac SASCD.

a) Tim giao di€ém ca MN va mit phang (ABCD)
b) Tim SC N (AMN) va SD N (AMN)
¢) Tim SAN(CMN)
e Cho t dién ABCD . Goi M 1a trung diém AB, K 1a trong tdm cta tam gidc ACD.
a) Xac dinh giao tuyén ctia (AKM) va (BCD).
b) Tim giao diém H ctia MK va mp(BCD). Chiing minh K 1a trong tAm ctia tam giac ABH.
¢) Trén BC lay diém N. Tim giao di€ém P, Q ctia CD, AD véi mp(MNK).
@ Cho hinh chép tt gidc S.ABCD c6 ddy khong la hinh thang. Goi M 12 trung diém ctia SA.
a) Xdc dinh giao di€ém K ciia dudng thang CD véi mit phang (SAB).
b) Xdc dinh giao diém E ctia dudng thang SB véi mit phang (MCD).
¢) Xdc dinh giao tuyén ctia hai mit phiang (SAB) va (SCD).
d) Xdc dinh giao tuyén clia hai mit phang (MCD) va (SBC).

e) Goi O la giao diém ctia AC va BD,I 1a giao diém cia MC va DE. Chiing minh riang ba
diém S, 1,0 thang hang.

o Cho hinh chép S.ABC. Goi D, E, F 1an lugt 12 ba diém trén ba canh SA, SB, SC sao cho DE cit
ABtai I, EF cat BC tai J, FD cat CA tai K. Chiing minh ba diém 7,J, K thang hang.

o Cho hinh chép S.ABCD cé didy ABCD va hinh binh hanh. Goi G 1a trong tim ctia tam gidc SAD,
M 1a trung diém ctia SB.

a) Tim giao diém N ctia MG va mit phiang (ABCD).
b) Chitng minh ba diém C, D, N thang hang va D la trung diém ctia CN.
© Cho hinh chép S.ABCD, ddy ABCD 1a hinh binh hanh tam O. Goi M 1a trung diém ctia SC.

a) Xéc dinh giao tuyén ctia (ABM) va (SCD).

b) Goi N la trung diém ctia BO. Xdc dinh giao di€ém I clia (AMN) v6i SD. Ching minh
S 2
ID 3

§2. HAI DPUONG THANG SONG SONG

@ KIEN THOC CAN NHO

BB Vi Ri TUoNG DOI CUA HAI BUONG THANG

Trong khong gian, cho hai dudng thang a va b.

B Th.S Nguy@n Thanh Nhan — 0839.2199..



{}¥ Céc trudng hdp cé thé xay ra:

e Néu a va b ddng phang (cung thuéc mot mit phang) thi ching cé cac kha ning: cit nhau;
song song nhau hodc trung nhau.

e Néu a va b khong ddng phang (khong ton tai mit phang chua dudc ca a va b) thi ta ndi a va
b chéo nhau.

) = e

*gcath * @ song song b * g trung b *achéo b
*Kihiéuanb=M *Kihiéua [/ b *Kihiéua=»b * a, b khong diém chung
{¥ Cha y:

Cho hai dudng thang a va b phan biét.

e Khi kiém tra hai dudng thang a va b song song hay cit nhau thi trude tién ching
phai ddng phang (ciing thudc mot mit phang nao do);

e Khi a va b khong c6 diém chung thi chiing c6 thé song song hoic chéo nhau. Van dé
ndy cac ban hay bi nham 14n, can chi y.

) CAC DINH LY VA HE QUA CAN NHG

¥ Dinh Iy 1: Trong khong gian, qua mot diém khong nam trén dudng thing cho trudc, cé mot va
chi mot duong thang song song v6i dudng thang da cho.

{3 Dinh Iy 2: Hai dudng thang phan biét cling song fuafe thang thit b@iﬁ% Etﬁdéi
nhau. V] \] i
) . b
{3 Dinh Iy 3: Néu ba mit phang phan a
biét d6i mot cit nhau theo ba giao . )'\\
tuyén phan biét thi ba giao tuyén do P
hodic dong quy hodc ddi mot song

song v4i nhau.

A\ Hé qud: Néu hai mdt phdng phdn biét lan luot chita hai dwong thing song song thi giao
tuyén ciia chiing (néu cé) ciing song song vdi hai duong thding dé hodc tring vdi mot trong
hai duong thdng do.

@ PHAN LOAI, PHUONG PHAP GIAI TOAN

DT Iel Xét vi tri twong ddi clia hai dudng théng

Cho hai dudng thing a va b phan biét. Xét vi tri tuong dbi ctia a véi b, ta thuc hién cac budc sau:
<& Budc 1: Kiém tra xem hai dutng thang a va b c¢6 dong phang khong?

o Néu a va b khong dong phang thi a va b chéo nhau.
o Néu a va b ddng phang chuyén sang budc 2.

<& Budc 2: Kiém tra xem a va b c6 diém chung hay khong?

I



o Néu a va b khong c6 diém chung thi a // b.

o Néu a va b c6 mot diém chung thi a va b cit nhau.

=Bai 1. Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh. Xét vi tri tuong dbi clia cac cip
dudng thang sau

a) ABvaCD. b) SA va SC. c) SA vaBC.

=Bai 2. Cho ti dién ABCD c6 M, N lan luot 12 trung diém ctia AB,AC. Xét vi tri tuong ddi cia cic
cip dudng thang sau

a) MN va BC. b) AN vaCD. ¢) MN vaCD.

DT Iel Chirng minh hai dudng thdng song song

Phuong phap thuong dung:

® St dung cac két qua ciia hinh hoc phang nhu:

e Cip canh d6i hinh binh hanh thi song song nhau;...

e Dudng trung binh ctia tam gidc thi song song va bang niia

canh day. A
@ St dung ti 1¢ (Pinh ly Talet) (hinh vé bén) £
. AE AF
Neu — = — thi EF // BC.
e Neu 1B~ AC 1 / G
2
e Chuy ti I trong tam: AG = gAM . B M C

= s . . N s e Al AM
=Bai 3. Cho ti dién ABCD. Goi M, N lan ludt la cac diém thudc cac canh AB, AC sao cho B

AN N 0
E; I, J lan lugt la trung diém cua BD, CD.

a) Ching minh r:?lng MN /| BC.

b) T gidgc MNJI 1a hinh gi? Tim diéu kién dé td giac MNJI 1a hinh binh hanh.

=Bai4. Cho tii dién ABCD c6 I, J lan lugt 1a trong tadm cla tam gidc ABC va ABD. Chiing minh
rf?mg 1J /| CD.

=Bai5. Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh thang, ddy 16n AD. Goi I va J lan ludt 1a
trong tdm ctia cic tam gidc SAD va SBC. Mit phang (ADJ) cit SB, SC lan luct tai M, N. Mit phang
(BCI) cit SA, SD tai P, Q.

a) Ching minh MN song song véi PQ.

b) Goi E la giao di€ém ctia AM va BP; F 1a giao diém ctia CQ va DN. Chiing minh EF song song
v6i MN va PQ.
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DT Iel Xdc dinh giao tuyén 4 cla hai mat phéng cét nhau

Ta thuc hién mot trong hai cach sau day:
@ Cach 1: Tim hai diém chung phan biét (da xét & bai hoc truée)

@ Cach 2: Tim 1 diém chung. Sau d6 néu hai mit phang c6 cip duong thang song song nhau
thi giao tuyén d sé di qua di€ém chung va song song (hoic tring) véi mot trong hai dudng
thang do.

— N e . « A A X A AM AN . A 2
= Bai 6. Cho tu dién ABCD. Trén AB, AC lan lugt lay M, N sao cho — = —. Tim giao tuyen cua

) AB AC
hai mat phang (DBC) va (DMN).

=Bai 7. Cho tit dién ABCD. Goi M, N lan ludt 1a trung diém ctia AD va BD; G la trong tAm tam
gidc ABC. Tim giao tuyén ctia hai mit phing (ABC) va (MNG).

=Bai 8. Cho hinh chép S.ABCD c6 diy ABCD 1a hinh binh hanh. Diém M thudc canh SA. Diém E,
F lan luot 1a trung diém ctia AB va BC. Tim

a) (SAB)N (SCD). b) (MBC)N (SAD). ¢) (MEF)N (SAC).

d) ADN (MEF). e) SDN(MEF).

@ BAI TAP TU LUYEN

o Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh binh hanh tam O. Goi M, N 1an lugt 13 trung diém
cua SA, SD. Chiing minh

a) MN [/ AD va MN || BC; b) MO J/ SCvaNO /| SB.

e Cho hinh chép S.ABCD c¢6 ddy ABCD 1a hinh binh hanh tam O. Goi M, N 1an luot 1a trung diém
ctia AB, AD. Goi 1, J, G 1an lugt 12 trong tdm ctia cac tam gidc SAB, SAD va AOD. Chiing minh

a) 1J || MN; b) 1J // BD va GJ /| SO.

e Cho hinh chép SABCD c¢6 ddy ABCD 1a hinh thang d4y 16n AB. Goi E, F 1an luct 1a trung diém
cua SA va SB.
a) Chiing minh EF J/ CD. b) Tim I = AF N (SCD). ¢) Chung minh SI // AB J/
CD.
@ Cho hinh chép S.ABCD c6 diy ABCD la hinh binh hanh. Goi M, N lan lugt 1a trung diém ciia
SA, SB. Goi P 1a mot diém trén canh BC. Tim giao tuyén ctia
a) (SBC) va (SAD); b) (SAB) va (SCD); ¢) (MNP) va (ABCD).
o Cho tif dién SABC. Goi E va F 1an lugt 1 trung di€ém ctia cac canh SB va AB, G 1a mot diém trén
canh AC. Tim giao tuyén clia cc cip mit phang sau

a) (SAC) va (EFC); b) (SAC) va (EFG).

o Cho hinh chop S.ABCD c6 day ABCD 1a hinh binh hanh. Goi G 1a trong tam tam giac ABD, N la

trung diém SG. Tim giao tuyén ctia hai mit phiang (ABN) va (SCD i
Tl



€) Cho t dién ABCD. Goi M,N theo thi ty 12 trung diém cia AB,BC va Q 1a mot diém nim
trén canh AD (QA # QD) va P 1a giao diém ctia CD véi mit phiang (MNQ). Chiing minh ring
PQ /| MN va PQ J| AC.

0 Cho hinh chép S.ABCD c6 day ABCD 1a hinh thang v6i AD 1a day 16n va AD = 2BC. Goi M, N,
P 1an ludt thudc cac doan SA, AD, BC sao cho MA = 2MS, NA = 2ND, PC = 2PB.

a) Tim giao tuyén cda cic cip mit phang sau: (SAD) va (SBC), (SAC) va (SBD).
b) Xdc dinh giao diém Q ctia SB véi (MNP).
¢) Goi K la trung di€ém cta SD. Chiing minh CK = (MQK) N (SCD).

0 Cho hinh chép S.ABCD ¢6 O 1a tam ca hinh binh hanh ABCD, diém M thudc canh SA sao cho
SM = 2MA, N 1a trung diém cta AD.

a) Tim giao tuyén ctia mit phang (SAD) va (MBC).

b) Tim giao di€ém I ctia SB va (CMN), giao di€ém J ctia SA va (ICD).
. . . 2 p . ... + SE
¢) Ching minh ba duong thang ID, JC, SO cat nhau tai E. Tinh ti sO 30"

@ Chohinh chép S.ABCD ¢6 ddy ABCD 1a hinh binh hanh. Goi M, N, P, Q lan lugt la trung diém clia
cic canh AB,BC,CD,DA; goi I,J, K, L 1an ludt 1a trung di€m cta cac doan thang SM, SN, SP,SQ.

a) Chiing minh ring b6n diém I,J, K, L ddng phang va t giac IJKL 13 hinh binh hanh.
b) Ching minh r:ng IK /| BC.

¢) Xdc dinh giao tuyén ctia hai mit phang (IJKL) va (SBC).

§3. PUONG THANG VA MAT PHANG SONG SONG

@ KIEN THOC CAN NHO

BB Vi 1Ri TvONG DOI CUA DUSNG THANG VA MAT PHANG

Cho dudng thang a va mit phang (P). Cin ci vao sd di€ém chung ctia dudng thang va mit phang, ta c6
ba truong hop sau:

L7 e =

* g va (P) khong c6 diém chung.  * a va (P) c6 ding 1 diém chung. * a va (P) c¢6 vo sb diém chung.
* a song song (P). Kihiéua // (P). *acit(P).Kihiéuan (P)=A. *anidm trong (P). Kihiéua C (P).




) CAC DINH LY VA HE QUA CAN NHG

{3 Dinh Iy 1: Néu dudng thang a khong nim trong mit phang (P) va

véi (P), hay

song song v6i mot dudng thiang nao dé trong (P) thi a song song -
/N

alld

ag (P)va {dC

{¥ Dinh Iy 2: Cho hai duong thiang chéo nhau. Cé duy nhit mot mit phang
chita duding thang nay va song song v6i dudng thang kia.

(P)

=a/ (P)

{3 Dinh Iy 3: Néu dudng thang a song song véi mit phang (o). Néu mit d

phing (B) chiia a va cit (o) theo giao tuyén b thi b song song véi a.

A\ Néu hai mdt phing phdn biét cing song song véi mot dwong thdng
thi giao tuyén ciia chiing (néu cd) ciing song song vdi duong thing

do.

@ PHAN LOAI, PHUONG PHAP GIAI TOAN

d d

A

DT Iol Chirng minh dudng théng song song v&i mat phéng

ching t6 cac y sau day

e akhong nidm trén (P);

{3} Phuang phap gidi: DE ching minh dudng thang a song song véi mit phang (P), ta can

e a song song v6i mot dudng thang b nim trong (P). Suy ra

afl (P).
ag (P)
Toém lai a/lb
bC (P)

=a |/l (P)

hinh hoc phang nhu

{3 Chii y: Viée ching minh a // b, ta thudng di dén viéc xét cac yéu td song song da biét trong

Y

IR



@ Cip canh d6i clia hinh binh hanh;

A
@ Duong trung binh trong tam giac; M
AM AN 5
@ Tilé 2B - ac = MN // BC (hinh bén). Dac biét can ¢ .

chu y ti 1€ trong tdm cua tam giac.

=Bail. Cho ti¢ dién ABCD. Goi M va N lan lugt 12 trong tAm ctia cic tam giac ACD va BCD.
Chiing minh ring MN song song véi cic mit phang (ABC) va (ABD).

=Bai 2. Cho ti dién ABCD. Goi G la trong tim tam gidc ABD, di€ém I nam trén canh BC sao cho
BI = 2IC. Chiing minh ring /G song song (ACD).

= Bai 3. Cho hinh chép S.ABCD c6 didy ABCD la hinh binh hanh. LAy M nim trén canh AD sao cho
AD = 3AM. Goi G, N lan luct 1a trong tim cla tam gidc SAB va ABC.

a) Tim giao tuyén ctia (SAB) va (SCD).

b) Chung minh MN song song (SCD) va NG song song (SAC).

=Bai 4. Cho hinh chép S.ABCD c6 didy ABCD 1 hinh binh hanh. Goi M, N 1an lugt 13 trung diém
cua cac canh AB va CD.

a) Ching minh MN song song véi cac mit phang (SBC) va (SAD).

b) Goi E 1a trung diém ctia SA. Chitng minh SB va SC déu song song vdi mit phang (MNE).

= Bai 5. Cho hinh chép S.ABCD c6 day ABCD 1a hinh chit nhat. Goi G 1a trong tam tam gidc SAD
va E 1a diém trén canh DC sao cho DC = 3DE, I 1a trung diém AD.

a) Chiing minh OI song song véi cic mit phang (SAB) va (SCD).

b) Tim giao di€ém P ctia IE va (SBC). Ching minh GE // (SBC).

DT Iel Tim giao tuyén clia hai mat phdng cét nhau

{3 Cac phuong phap da hoc & hai bai trudc:

@ Tim hai diém chung phan biét. Khi d6 giao tuyén la dudng thing di qua hai diém chung
do.

@ Néu hai mit phang 1an ludt chita hai dudng thang song song thi giao tuyén clia ching
(néu c6) cling song song hoic tring véi mot trong hai dudng thang do.

{3 Ta xét thém mét trong hai cich sau:
® Néu dudng th/:aamg a song song véi mit phang (o) va mit phang (B) chia a va cit (o)
theo giao tuyen b thi b song song véi a.
al (@)
hay acC (B) = (P)N(B) =Mx /| a
M e ()N (B)

@ Néu hai mit phang phan biét cing song song v6i mot dudng thang thi giao tuyén clia
chiing (néu c6) ciing song song véi dudng thang doé.
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alfl (a)
)

hay all (B = (a)N(B)=Mx/ a|
M e ()N (B)

=Bai6.
Cho tit dién ABCD c6 G la trong tam AABC, M € CD v6i MC = 2MD. A

a) Chiing minh MG song song véi (ABD).

b) Tim giao tuyén cta (ABD) v6i (BGM).

B D
M
C

=Bai7.
Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi I, K S

lan lugt 1a trung diém cta BC va CD.
a) Tim giao tuyén cla (SIK) va (SAC), (SIK) va (SBD).

b) Goi M la trung diém ctia SB. Chiing minh SD // (ACM).

. .2 ” N .. .. « MF
¢) Tim giao diém F cia DM va (SIK). Tinh ti sO D"

=Bai 8. Cho hinh chép S.ABCD c6 ddy 1a hinh thang, ddy 16n AD. Goi I 1a trung diém ctia SB.
Goi (P) 1a mit phang qua I, song song véi SD va AC. Tim giao tuyén ctia (P) véi cac mit (SBD) va
(ABCD).

=Bai9.

Cho tif dién ABCD. Goi M, I 1an lugt 12 trung diém ctia BC, AC. Mit phang S
(P) di qua di€ém M, song song v6i BI va SC. Xac dinh trén hinh vé cdc giao

diém H, K, N cta (P) v6i cac canh AC, SA, SB. Tt gidc MNKH 1a hinh gi?

=Bai 10.




Cho hinh chép S.ABCD. Goi M, N thudc canh AB, CD. Goi g
(o) 1a mit phang qua MN va song song véi SA. Tim giao
tuyén ctia (&) v6i cac mit clia hinh chép.

=Baill.
Cho hinh chép S.ABCD c¢6 day la hinh binh hanh, O la giao
diém ctia AC va BD, M 1a trung di€m clia SA.

a) Ching minh OM // (SCD).

b) Goi (a) la mit phang di qua M, ddng thdi song song
véi SC va AD. Tim giao tuyén ctia mit phang (o) vé6i
cac mat cua hinh chép S.ABCD. Hinh tao bdi cac giao
tuyén 12 hinh gi?

@ BAI TAP TU LUYEN

o Cho t dién ABCD c¢6 G 1a trong tim tam giac ABD. Trén doan BC 14y diém M sao cho MB =
2MC. Chiing minh ring dudng thang MG song song v6i mit phiang (ACD).

@ Cho hinh chép S.ABCD c6 diy ABCD la hinh binh hanh tam O. Goi M, N, P lan lugt 1a trung
diém cua céac canh SD, CD, BC.

a) Ching minh dudng thang OM song song vé6i cic mit phang (SAB), (SBC).
b) Chiing minh dutng thiang SP song song véi mit phang (OMN).

© Cho hinh chép S.ABCD c6 ddy 1a hinh thang ddy 16n AB, véi AB = 2CD. Goi O Ia giao diém cila
AC va BD, I 1a trung diém cua SA, G 1a trong tim cuia tam giac SBC va E 1a mot diém trén canh
SD sao cho 3SE = 2SD. Ching minh:

a) DI /| (SBC). b) GO J/ (SCD). ¢) SB// (ACE).

o Cho tif dién ABCD. Goi I, J lan ludt 1a trung diém ctia AB va CD, M 13 mot diém trén doan 1J.
Goi (P) 1a mit phang qua M va song song v6i AB va CD.

a) Tim giao tuyén ctia mit phang (P) va (ICD).

b) Xac dinh giao tuyén clia mit phang (P) véi cdc mit clia ti dién. Hinh tao bdi cac giao
tuyén 12 hinh gi?

© Cho hinh chop S.ABCD c6 ddy ABCD la hinh binh hanh tim O. Goi K va J lan lugt la trong tam
cua cac tam giac ABC va SBC.

a) Chiing minh KJ // (SAB).



b) Goi (P) la mit phang chiia KJ va song song véi AD. Xdc dinh giao tuyén ctia mit phing
(P) v6i cac mat ctia hinh chop. Hinh tao bdi cdc giao tuyén 1a hinh gi?

° Cho tii dién ABCD. Liy diém M trén canh AB sau cho AM = 2MB. Goi G la trong tim ABCD
va I 12 trung diém CD, H 1a diém ddi xiing ctia G qua 1.

a) Ching minh GD /| (MCH).
e , A ...« GK
b) Tim giao diém K cia MG véi (ACD). Tinh ti s6 i

€) Cho hinh chép S.ABCD c6 ddy 1a hinh binh hanh tam O, M la trung diém cita SA. Goi (P) la mit
phing qua O, song song v6i BM va SD. Tim giao tuyén ctia (P) va (SAD).

© Cho hinh chép wi gide S.ABCD va E 1a mét diém bit ki thudc canh SA. Goi (P) 1a miit phing qua

E va song song v6i hai dudng thang SB, SD. Goi M, N 1an lugt 12 giao diém ctia (P) va cdc canh
AB, AD.

a) Chiing minh ring EM // SB va EN /| SD.

b) Gia st dudng thang MN cit cac dudng thang BC, CD. Xac dinh giao tuyén ctia mit phang
(P) va cac mit phang (SBC), (SCD).

§4. HAI MAT PHANG SONG SONG

@ KIEN THOC CAN NHO

BB Vi TRi TUONG DOI CUA HAI MAT PHANG
Cho hai mit phang (P) va (Q). Cic trudng hop c6 thé xay ra:

©@ Truong hop 1: (P) va (Q) trung nhau.

@ Trudng hgp 2: (P) va (Q) c6 mot diém chung. Khi d6 chiing sé ¢6 diém chung khéac niia. Tap
hop tit ca cac di€ém chung d6 goi 12 giao tuyén ctia hai mit phang (P) va (Q) (Hinh 1).

@ Trudng hop 3: (P) va (Q) khong c6 di€ém chung. Khi d6 ta néi (P) song song (Q) (Hinh 2).

e Kihiéu (P) // (Q);
/ -
P

e Khi (P) [/ (Q) vaa C (P)thia J/ ().
e

Hinh 1. Hinh 2.

(P), (Q) cit nhau: (P)N(Q) =d (P), (Q) khong c6 diém chung: (P) // (Q)



B3 CACDINHLY COBAN

{X Dinh ly 1:

Néu mit phing (o) chiia hai duong thang cit nhau a, b Va a, b
cling song song v6i mit phang () thi (&) song song véi ( / X

yd

o Muén chitng minh hai mdt phdng song song, ta phdi chitng minh ¢é hai duong thing
cdt nhau thudc mdt phdng nay lan lugt song song véi mdt phdng kia.

o Muén ching minh duong thing a [| (Q), ta chitng minh duong thdang a nam trong
mait phéng (P) va (P) /I (Q).

{3 Dinh ly 2:

Qua mot diém nam ngoai modt mit phang cho trudc c6 mot va chi

. > A
mot mdt phang song song v4i mat phang da cho. ﬁc/ g
yd
{3 Dinh 1y 3: Cho hai mit phing song song.
Néu mot mit phang cat mit phang nay thi ciing
cat mit phang kia va hai giao tuyén song song {3 Dinh Iy 4: (Dinh li Thales) Ba mit
vGi nhau. phang d6i mot song song chan trén hai cat
tuyén bét ki nhiing doan thang tuong ting

ti 18.
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E) HiNH LANG TRU VA HINH HOP

{3} Dinh nghia: Cho hai mit phang (o) // (). Trong
(o) cho da gidc 16i AjA;...A,. Qua cic diém
A1,Az,... A, ta dung cac duong song song v4i nhau
vacit (o) tai A],AL,. .. AL
Hinh tao thanh bdi hai da gidc A1A>...A,, AJA) ... A),
cung véi cac hinh binh hanh AjAALA), ArA3ALA,
..., AyA 1A A), dude goi 1a hinh lang tru va dugde ky
hiéu bdi AjA, ... A, AL AL . AL

e Hai da gidc A1A;...A,, AlA).. A} dudc goi la
hai mdt ddy (bang nhau) ctia hinh ling tru.

e Cic doan thang A1A], AQA,. .., AyA], goi la céc
canh bén cua hinh lang tru.

o Céc hinh binh hanh A;4,ALA], AAzALAL ...
A, A A} A}, goi la cac mdr bén cua hinh lang tru.

e Cac dinh cuia hai da giac day goi la cac dinh cla
hinh lang tru.

{3} Tinh chit:
e Céc canh bén ctia hinh ling tru thi song song va bang nhau.

o Céc mit bén ctia hinh ling tru déu 12 hinh binh hanh.

e Hai ddy ctia hinh ling tru 12 hai da gi4c bang nhau.

Hinh lang tru c¢6 ddy 1a hinh binh hanh goi la hinh hop.

e Cac mat cta hinh hdp la hinh binh hanh.

e Hai mit phang lan ludt chita hai mét dbi dién ctia hinh hop thi song song nhau.

{3 Minh hoa vai md hinh thudng gip:

* Lang tru tam giac * Lang tru td gidc * Hinh hop * Lang tru ngl giac

@ PHAN LOAI, PHUONG PHAP GIAI TOAN

DT lol Chirng minh hai méat phéng song song

X Phuong phap:




Chiing minh trén mit phang nay c6 hai dudng thang cat nhau

> b
cung song song v4i mat phang con lai. M
acétb /6(
a,bC (a) = (@) [/ (B).

all (B),b/ (B)

{¥ Chd y: Hai mit phang phan biét cling song song v6i mit phang thit ba thi song song nhau.

=Bai 1. Cho hinh chép S.ABCD c6 day 1a hinh binh hanh tim O. Goi M, N, P lan lugt 1a trung
diém cua SA, SD va SB.

a) Ching minh ring (MNP) // (ABCD).

b) Ching minh ring (OMN) J/ (SBC).

= Bai 2. Cho hinh chép S.ABCD vé6i ddy ABCD 1a hinh thang ma AD // BC va AD = 2BC. Goi M,
N lan lugt 1a trung diém ctia SA va AD. Chiing minh: (BMN) // (SCD).

= Bai 3. Cho hai hinh binh hanh ABCD va ABEF c6 chung canh AB va khong dong phang. Goi I,
J, K 1an lugt 1a trung diém AB, CD, EF. Chiing minh

a) (ADF) /| (BCE). b) (DIK) J/ (JBE).

= Bai 4. Cho hinh ling tru ABC.A’B'C’. Goi I, J, K 1an ludt 12 trong tAm cic tam gidc ABC, ACC',
A'B'C’. Ching minh ring (1JK) // (BCC'B') va (A'JK) /| (AIB').

=Bai 5. Cho hai hinh vuéng ABCD va ABEF & trong hai mit phang phan biét. Trén cic dudng chéo
AC va BF 1an ludt 14y cac diém M, N sao cho AM = BN. Cic dudng thiang song song v3i AB vé tii M,
N 1an lugt cat AD va AF tai M’ va N'.

a) Chdng minh ring (ADF) // (BCE). b) Chiing minh ring (CDF) /| (MM'N'N).

DT Iel Chitrng minh dudng théng song song véi mat phdng

D€ chiing minh a song song (P), ta thudng st dung mot trong hai cdch sau
{¥ Cach 1: (Pd xét d bai hoc trudc) Ta cin chiing tb cic y sau:
e a khong nam trén (P);
e a song song véi mot duong thang b nim trong (P). Suy ra a // (P) hay

ag (P)
allb =al (P)
bC (P)

{3} Cach 2: Tachiing minh dudng thang a nam trong mit phang (Q) va (Q) // (P) thia /| (P).

=Bai 6. Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh binh hanh. Goi G1, G», G 1an lugt 1a trong
tdm cdc tam gidc SAB, ABC, SBD. Goi M 1a mot diém thudc dudng thflng G,G3. Ching minh G|M //
(SBC).
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=Bai 7. Cho hinh chép S.ABCD c6 day 1a hinh binh hanh tim O. Goi M, N 1an lugt 1a trung diém
ctia SA va CD.

a) Ching minh hai mit phang (OMN) va (SBC) song song véi nhau.

b) Goi I 1a trung di€ém cta SD, J 1a mot diém trén (ABCD) va céch déu AB, CD. Ching minh 1J
song song véi (SAB).

DT '9' Binh Iy Thales

=Bai 8. Cho ba mit phang (P),(Q),(R) d6i mot song song v6i nhau. Pudng thang a cit cic

. R AB 2 2 . .
mat phang (P),(Q),(R) lan lugt tai A,B,C sao cho BC =3 va duong thang b cat cac mat phang

!

(P),(Q),(R) lan luct tai A’,B',C’ . Tinh i s6 B

=Bai9. Cho hinh t dién S.ABC . Trén canh SA 13y cic diém A;,A; sao cho 24A| =2A1A; = A,S
. Goi (P) va (Q) 1a hai mit phang song song véi mit phang (ABC) va lan lugt di qua A;, A, . Mit
phang (P) cit cdc canh SB, SC 1an lugt tai By, C; . Mit phang (Q) cit céc canh SB, SC 1an ludt tai Bs,
C; . Ching minh 2BB| = 2B By = BS va 2CC; = 2C1C, =G5S .

=Bai 10. Cho hinh chép S.ABC ¢6 SA =9,5B = 12,5C = 15. Trén canh SA 13y cc diém M, N sao
cho SM = 4, MN = 3, NA = 2. Vé hai mit phang song song véi (ABC) lan lugt di qua M,N , cit SB
theo thit tu M’, N’ va cit SC theo thit tu M”,N”. Tinh d6 dai cac doan thang SM’ . M'N',M"N" N"'C.

DT le' Hinh hop, hinh Iang tru

= Bai 11. Cho hinh hop ABCD.A’B'C’'D’ va mdt mit phang () cit cdc mit ctia hinh hop theo cic
giao tuyén MN,NP,PQ, OR,RS,SM nhu hinh v&. Chiing minh cac ciip canh dbi ctia luc gidc MNPQRS
song song nhau.

= Bai 12. Cho hinh ling tru tif gidc ABCD.A'B'C'D’ véi ddy la hinh thang AB // CD . M6t mit phang
song song véi mit phang (AA'B'B) cit cac canh AD,BC,B'C’',A'D’ 1an ludt tai E,F,M,H . Héi hinh
tao bdi cic diém E,F,M,H,D,D’,C’,C 1a hinh gi?

= Bai 13. Cho hai hinh binh hanh ABCD va ABEF khong cling nam trong mot mat phang. Trén cac
R ’ . AM BN .

duong chéo AC, BF lan lugt lay cac diém M, N sao cho aC ~BE Qua M vé duong thang song song

véi AB cat AD tai M’, qua N vé dudng thing song song v3i AB cit AF tai N'.

a) Ching minh ring (MNN') J/ (CDE).

b) Goi (P) l1a mit phang di qua M va song song véi mit phang (AFD). Mit phing (P) cat dudng
2 FI . AM 1
thang EF tai I. Tinh —, biet — = —.
FE AC 3

Y



@ BAI TAP TU LUYEN

@ Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh tam O. Goi M, N lan lugt 1a trung diém
ctia SA va CD. Chiing minh hai mit phang (MNO) va (SBC) song song.

@ Cho hinh chép S.ABCD, ddy ABCD la hinh thang c6 AB // CD va AB = 2CD, I la giao diém ciia
AC va BD. Goi M 1a trung diém ctia SD, E 1a trung diém doan CM va G 1a diém d6i xing cia E
qua M, SE cit CD tai K. Chiing minh (IKE) /| (ADG).

e Cho t¢ dién ABCD. Goi Gy, G, G3 1an ludt 1 trong tAm clia cic tam gidc ABC, ACD, ADB.
Ching minh (G1G2G3) // (BCD).

o Cho hinh chép SABC c¢6 G 1a trong tim tam gidc ABC. Trén doan SA 14y hai diém M, N sao cho
SM = MN = NA.

a) Chdng minh ring GM // (SBC).

b) Goi D la diém dbi xting v6i A qua G. Chiing minh ring (MCD) // (NBG).

o Cho hinh hép ABCD.A’B'C’'D’ . Mot mit phang song song véi
miit ddy (ABCD) ctia hinh hop va cit cac canh AA’, BB',CC', DD’

lan ludt tai M,N,M’,N’ . Chiing minh raing ABCD.MNM'N' 1a
hinh hop.

O Mot ké d€ dd bang gb c6 mam ting dudi (ABCD) v mim ting
trén (EF GH) song song v4i nhau. Bac thg mdc do dugc AE =81
cm, CG =92 cm va mubn déng thém mdt mam tang gilta (IJKL)
song song v4i hai mam tang trén va dudi sao cho khoang cach
EI =36 cm (Hinh bén). Hay gitip bac thg mdc tinh do dai GK
dé dit mam tang gitta cho ké& dé do diing vi tri (két qud lam tron
dén mét chit sé thdp phdn).

§5. PHEP CHIEU PHANG SONG SONG

<<q}>> KIEN TH'C CAN NHO

) ©INH NGHIA

Cho mit phang (o) va dudng thang A cit (a). V6i moi diém M trong khong gian ta xdc dinh diém M’

v san: )
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o Néu M thudc A thi M’ 1a giao diém clia A va

(a).

o Néu M khong thudc A thi M’ 1a giao diém cia
(o) va dudng thang qua M song song A.

o biém M’ goi 1a hinh chiéu song song ctia M N
trén (a) theo phuong A. AN

o Phép dit tuong ing mdi diém M véi hinh chiéu
M’ ciia n6 dudc goi 1a phép chiéu song song
1én () theo phuong A.

e Mit phing (o) goi 1a mit phang chiéu; phuong
A goi la phudng chiéu.

B} TiNH CHAT
Phép chiéu song song c6 céc tinh chit sau:

® Bién ba diém thang hang thanh ba diém thang hang.
@ Bién duong thang thanh dudng thang , bién tia thanh tia, doan thang thanh doan thang.
@ Bién hai dutng thang song song thanh hai dudng thang song song hoic tring nhau.

@ Giit nguyén ti s d6 dai ciia hai doan thang cing nam trén mot dudng thang hodc nam trén hai
dudng thang song song.

HINH BIEU DIEN CUA MOT HINH KHONG GIAN

@ Hinh biéu dién cla hinh trong khong gian 13 hinh chiéu song song ctia hinh d6 trén mot mit
phéng theo mot phuong chiéu nao d6é hoic hinh déng dang véi hinh chiéu do.

@ Hinh biéu dién ctia mdt hinh khong gian ( trong truong hdp hinh phiang nim trong mit phang
khong song song véi phuong chiéu) c6 cac tinh chit sau:
e Hinh biéu dién ctia mdt tam gidc 12 mot tam giac.
e Hinh biéu dién cta hinh chif nhat, hinh vuong, hinh thoi, hinh binh hanh la hinh binh hanh.
e Hinh bi€u dién cta hinh thang ABCD véi AB // CD 1a mot hinh thang A’B'C'D’ v6i A'B’ |
C'D’ thoa man AB _AB
CD C'D"
e Hinh biéu dién ctia hinh tron 1a hinh elip.

@ PHAN LOAI, PHUONG PHAP GIAI TOAN

DT '0' Xdc dinh &nh cGa mét hinh qua phép chiéu song song

=Bai l.

Y



Cho hinh hop ABCD.A’B'C'D'.

D c
a) Xdc dinh hinh chiéu cta cdc diém A’, B', D' qua phép chiéu |
song song 1én mit phang (ABCD) theo phucng D'C. A ! B
b) Xéc dinh 4nh ctia tam gidc A'C’B qua phép chiéu song song |
1én mit phang (ABCD) theo phuong DD’ |
Di_ Nl /.___
PN Vo
A B

= Bai 2. Cho hinh ling tru tam giac ABC.A'B'C’. Goi M 1a diém thudc canh BC sao cho MB = 2MC.

a) Xdc dinh hinh chiéu M’ ctia M qua phép chiéu song song 1én miit phang (A’B'C’) theo phuong
AA'.

b) Chiing minh ring M'B' = 2M'C’.

= Bai 3. Phép chiéu song song bién hinh binh hanh ABCD thanh hinh binh hanh A’B'C’D’. Chiing
minh ring phép chiéu d6 bién tim ctia hinh binh hanh ABCD thanh tdm ctia hinh binh hanh A’B'C'D’.

= Bai 4. Phép chiéu song song bién tam gidc ABC thanh tam gidc A’B'C’ . Chiing minh ring phép
chiéu d6 bién dudng trung binh cta tam gidc ABC thanh dudng trung binh cta tam gidc A’B'C’ .

DT Iel Vé hinh biéu dién ctia mét sb hinh khéi don gidn

= Bai 5. V& hinh biéu dién cta c4c hinh sau:
a) hinh luc gidc déu.
b) hinh ngil gidc déu.

¢) tam gidc vudng noi tiép mot dudng tron.

= Bai 6. V& hinh biéu dién ctia hinh chép S.ABCD c6 ddy 1a hinh thang ABCD véi AB song song
CD; AB=2cm,CD =6 cm.

B Th.S Nguy@n Thanh Nhan — 0839.2199..
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TOM TAT LY THUYET (

D cIGI HAN HU'U HAN CUA DAY sO

{ Dinh nghia 1: Day s6 (u,) c6 gidi han 1a 0 khi n dan t6i duong vo cuc néu |u,| c6 thé nhd hon
mot s6 duong bé tuy y, ké tit mot sd hang nao d6 tr di. Ki hiéu

Iim u, =0
n—y—-oo

{¥ Dinh nghia 2: Day sb (u,) c6 gidi han1a a néu lim (u, —a) = 0. Ki hiéu

n—r+oo

lim u, =a
n—r—+oo

A Ta cé thé'viét limu,, = a thay cho cdch viét lil’JIrl up = a (khong cdan viét chi sé6 n — +oo)
n—r—+o0

{3 M6t vai gidi han dic biét: (co thé xem nhu cong thiic)

1 1 1
e lim- =0; e lim— =0; e lim— =0, vdi |g| > 1;
n Vn q"
.1 » )
. hm%=0, voik €EN"; o limC=C,VCeR; e limg" =0, néu |g| < 1.

) DINH LY VE GIGI HAN HI'U HAN CUA DAY s6
{3 Néulimu, = a va limv, = b thi ta cé:

o lim(uy£vy) =atb; hm(@) :g,w/ﬁb%og lim |u,| = |al;
Vn

o lim(u,.v,) = a.b; e lim,/u, = /a, véia > 0;e lim(k.u,) = k.a (k € R).

¥ Dinh Iy "kep gifta":

e Néu 0 < |uy| < vy, Vi € N* valimv, = 0 thi limu, = 0.

e Néuw, <u, <v,,Vn e N*valimw, =limv, =a tkll "i il — il
Tl




TONG CUA CAP 56 NHAN LUI VO HAN

{¥ Clp s6 nhan vo han (u,) c6 cong bdi g thod man |g| < 1 dugc goi 1a cdp s6 nhdn lii vé han.
{7 Cho cip s6 nhan 1t vo han (u,), ta c6 tdng clia cAp s6 nhan 1ui vo han d6 1a
Ui

S=ur+ur+uz+...+u,+...= 1_qa(\Q| <1)

) cISIHAN VO cyc CUA DAY s6

{¥ Dinh nghia 1: Tanéi day sb (u,) c6 gidi han +oo khi n — 40, néu u, c6 thé 16n hon mot sd
duong bat ki, ké tif mot s6 hang nao dé trd di. Ki hiéu

limu,, = +oo

{¥ Dinh nghia 2: Tanéi day sb (u,) c6 gidi han —oo khi n — o0, néu lim(—u,,) = +oo. Ki hiéu

limu,, = —o

X M6t sb gidi han dic biét:
@ limnk = +oo, v6i k € N*. @ limg" = +oo, V6i g > 1.
¥ M6t sb quy tic tinh gidi han v cuc:

® Quy tic tim gi6i han cta tich u, - v,

limu, =L | limv, = o | lim [u, - v,
L>0 +o0 +oo
L>0 —oo —oo
L<0 o0 —oo
L<O0 —o0 o0

® Quy tic tim gidi han cia thuong ="
Vi
limu, =L | limv, | Dau cta v, | lim n
Vi
L T | Tuyy 0

L>0 0 + o0

L>0 0 — —oo

L<O0 0 + —oo

L<O0 0 — +oo

@ PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT lol Kht v dinh dang ?—;

2p g . u
Xét giu6i han: lim —.
Vn

& Phuong phap giai:
B Th.S Nguy@n Thanh Nhan — 0839.2199..




o Dit nhan ti ¥ ¢6 tinh "quyét dinh oo" & tif va mau.
o Khii bé n, dua gi6i han vé dang x4c dinh dudc.
o Ap dung dinh Iy vé gi6i han hitu han d€ tinh két qua.

& Chi y: Trong trudng hop ham mi, ta dit dai lugng "quyét dinh " c6 dang a”.

= Bai 1. Tinh cic gi6i han sau

) i 2n2+3n—1 b) Ii 33 +2n% +n ) i n?+1
a m--————-—-— m--——-———- C m--———-—--
2 —3n2 n3+4 2nt+n+1
n+1 1 2n+3n 20 -3 n?+3
d) I ( - ) Ii — li l— ——
) lim n+2n n—1 ©) 1m( n+1 n2—1) D 1mn( nz—1
2n+3)(1-3 4 _op? 2t +1 2)?
g) lim 22 t3) (1= 3n) h) lim—— b tim 2 2('” A
2n? —n+5 (n+1)(24n)(n*+1) (2n+1)*(2—n)

= Bai 2. Tinh cic gidi han sau

1+3" _4.3n g ntl gl g2
43 b lim = S R T

= Bai 3. Tinh cic gidi han sau

) i 2n—1 by 1i Van?+3n—1 ) i dn* +1
a) im——— im ¢) lim
4n? +1+3n V3n2+1—2n+1 Vit +4n+14n?
. Vn?—4n—+/4n?2+1 . Vit —14n—4 . n?+V1—n®
d) lim e) lim f) Iim———
V3nZ+1+n 2n—3 Vit 1+ n2
=Bai4. Tim cic gidi han sau:
. 1+24+...+n . I 1 1
a) lim = b) hm{l+§+z—|—...+2—n}
) 2—|—4+8—|—...—i—2n) ) ( 1 1 1 )
1 ( d) 1 —+—...
¢) lim 3001 ) 3 e )

— s 4 . . . 1 -
=Bai 5. Cho day s0 (u,) xac dinh bdi u; = 10 va u, | = §u”+3’ véimoin > 1.

15 : oz
a) Chitng minh day (v,) xdc dinh béi v, = u, — 7T la mot cap so nhan.

b) Tinh limu,,.

DT '9' Khir vé dinh dang o — o

Xét cac giudi han dang: |lim (y/u, — v,) |hodc |1im (/i — \/vn) |

& Phuong phap giai:

e Nhan thém lugng lién hgp:

T



. " (\/E_Vn) (m+vn) g un_Vyzl
@ hm(\/u_n—v,,) = lim N _hm\/ﬂ+vn

m (\/uy, — /v :im(\/u_n_m)(\/%—i_\/v_"):im Up — Vn
@ lim (y/ity = /vn) =1 N lim 2

o Bién d6i biéu thiic can tinh gidi han vé& Dang 1 (phan thiic, dit n¥)

& Chi y: Doi khi, ta con sit dung lién hgp bac ba dé giai cac bai toan tinh gi6i han cla nhiing
diy s6 ma cong thiic tdng quat ctia né c¢6 chiia 4n trong diu cin bac ba.

(VA-B) (\3/22+3/Z-B+32) s

VA-B= 2 =52
VA 4+ V/A-B+B? VA +V/A-B+B?
= Bai 6. Tinh cac gi6i han sau
a) lim(\/n2+2n—n) b) lim<2n—\/4n2—|—n> 9) lim(x/nz—l—n—\/nz—i—Z)
1
d) limn(x/n2—|—2—n> e) lim<\/n2—|—2n—n—1) f) lim

\/n2+2n—\/n2+4.

=Bai 7. Tinh cic gi6i han sau

a) lim<\3/n3+2—n) b) lim<\3/n3—|—1—\/n2+1> 9) lim(x7n3+2—\/n2+n)

DT Iel Mét s6 quy tdc tinh giéi han vé cuc

@ Quy tac tim gi6i han cua tich u, - v,

limu, =L | limv, = oo | lim [u,, - vy
L>0 o0 o0
L>0 —o0 —oo
L<O0 ~+o0 —o0
L<O0 —oo +oo

@ Quy tac tim gi6i han cta thuong —

Vn
limu, = L | limv, | Diu cia v, | lim U
Vn
L too | Tuyy 0
L>0 0 + +oo
L>0 0 - “oo
L<0 0 + —oo
L<0 0 — Foo
=Bai 8. Tinh céc gi6i han sau:
a) lim (2n° +2n—1) b) lim (n—2n?) ¢) limvn?+2n+7
d) lim (V2 =3n—n+2) e lim(1—V1+3n?) f) lim(3"—2-5")

B Th.S Nguy@n Thanh Nhan — 0839.2199..



=Bai 9. Tinh cic gi6i han sau

a) lim2n+5n+1 b) 1im1+2'3n_7n c) 1im1_2'3n+7n
1+ 57 51 _2.6" 21(3n+1 = 5)

=Bai 10. Tinh céc gidi han sau:

2n* 4+-n? -3 2n3 4+ n+4 (3n—1)(n—2)
lim ———————— b) lim ————— li
2) M3 2211 ) m 5n —n? ¢) lim 2n—1
2n+5 2n+5 3n—1)*(n—2
d) lim ——* &) lim 215 b fim 31D (1=2)

V24 1—n Vit 1—yn (1—2n)*

DT Iel Téng clia cép sé nhan Iui vé han

{7 Chp s nhan vo han (u,) c6 cong boi ¢ thod man |g| < 1 dudc goi 1a cdp s6 nhdn lii vé han.

{3} Cho cAp s6 nhan 10 vo han (), Xét S =uy +up +uz+ ...+ u, + .... Khi do, ta c6 cong thiic
tinh

= Bai 11. Tinh cic tdng sau:

I 1 1
a)S:§+?+...+3—n+... b) S=16—-8+4—-2+...

= Bai 12. Hiy biéu dién cic s thap phan vo han tuin hoan sau dudi dang phan sb.

a) A=0,353535.... b) B=5,231231....

= Bai 13. Mot bénh nhin hang ngay phai uéng mot vién thudc 150 mg. Sau ngay dau, trudc mdi 1an
udng, ham lugng thudc cii trong co thé vin con 5%. Tinh lugng thudc c6 trong co thé sau khi ubng
vién thubc ctia ngay thit 5 . USc tinh lugng thube trong co thé néu bénh nhan st dung thudc trong mot
thoi gian dai.

= Bai 14.

Tam gidc ma ba dinh clia n6 1a ba trung di€ém ba canh ctia tam A

giac ABC dudgc goi la tam gidc trung binh cia tam giac ABC.

Ta xady dung day cac tam giac A|B|Cy, AyB2Cy, A3B3C3, ...sa0

CI}IO A1B1C; 1a mot tam gidc gidc déu canh bang 3 va v6i mbi A C

s0 nguyén duong n > 2, tam giac A, B,C, la tam gidc trung binh

clia tam gidc A,_1B,,_1C,_1. V6i mbi sd nguyén duong n, ki hiéu B

S, tuong ting 1a dién tich hinh tron ngoai tiép tam giac A,B,C,.

Tinh t6ng § = S1 + 2+ + Sy +---. B B ¢

= Bai 15. Cho hinh vudng ABCD canh bang 2. Hinh vudéng AB|C| D c6 cic dinh la trung diém
clia cdc canh ctia hinh vuéng ABCD, hinh vudéng A>B,C>D; c6 céc dinh 1a trung di€ém clia c4c canh
cia hinh vudng A|B|C; Dy, hinh vudong A3B3C3D5 c6 cdc dinh 1a trung di€ém clia cic canh cta hinh
vudng ArB,C,D»,..., hinh vuong A,,B,,C,D,, c6 cic dinh la trung diém clia cdc canh cta hinh vudng
A, 1B, 1C,_1D,_1,... (qud trinh chia nho nay duoc ldp lai vé han)




A B
Ay

Goi Sy, S, S3,....5,... lan lugt 1a dién tich hinh vuéng A|B|C1D, A2B,CyD;, A3B3C3Ds,...,
ApB,CyD,,.... Tinh tong S1 + S> + 83+ ... + S, + ...

@ BAI TAP TU LUYEN
2

2 1
o Cho hai day s0 (un), (va) v6i uy =3+ —;v, =5 — —. Tinh cédc gi6i han sau:
n n

a) limu,,limv,.

b) 1im (it + v), im (it — viy), lim (2t - v,,), lim —=.
Vn

o Tinh céc gidi han sau

. 3n42 . 4n?—1

1 ) b) 1 .
2) 1mZn—i—?) ) 1man—i—n

. Vn?+2n-3 . Vn2+2n—n—1
¢ lim—— . d) lim .

n+2 Vn?+n+n
e Tinh cac gidi han sau

. 7.5 27" _ 4ntlpent?

R T R TS

o Tinh céc gi6i han sau

a) lim <\/n2+2n—n>. b) lim (\/n3 T on —nz).
¢) im(vVn?2+3n+2—n+1). d) im(vn?+2n+3—1+n).
e Tinh cac gidi han sau
2) lim sin 10n + cos IOn. b) lim 1 —sinnw
nz+1 n+1

° Tinh tdng cta cdc cip s6 nhan 1ui vo han sau

)ty atet(a) + b b L ()
a _—— —_— = e —_—— cee, —_ —_— —_— .o —_ oo
2 4 8 2 4 16 64 4

Viét sb thap phan vo han tuan hoan 0,444 . .. duéi dang mot phan sd.
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B chuongs. ¢

© 1w gidy, cit mot hinh tron ban kinh R (cm) nhu Hinh a. Tiép theo, ¢t hai hinh tron

2o

0 Cho tam giac vudong ABC vudng tai A, c6 AB=hva
gbc B bing o (Hinh vé bén). Tit A ké AA; L BC, tit A, A
ké AjA; L AC, sau d6 lai ké A,A; L BC. Tiép tuc qué 4 A
trinh trén, ta dudc dudng gip khiic vo han AA|A»A5 ... .y
Tinh do dai dudng gip khiic nay theo & va «. an

ban kinh 5 roi chong 1én hinh
tron dau tién nhu Hinh b. Tiép
theo, ct bon hinh tron ban kinh
R . A s .
1 roi chong 1én cac hinh truéc
nhu Hinh ¢. Ct thé tiép tuc mai.
Tinh t6ng dién tich cta cdc hinh 2)
tron.

Ao ApgAreAigtaddas
Aj Ay As  Ag A Anduhdt C

T Nguyén Ther



§16. GIOI HAN CUA HAM SO

TOM TAT LY THUYET

BB GISI HAN HTU HAN CUA HAM $6 TAI MOT DIEM

{3 Dinh nghia: Cho khoang K chiia di€ém x va ham s6 y = f(x) xdc dinh trén K hodc trén K \ {xo}.
Ta néi ham s6 y = f(x) 6 gi6i han 1a s6 L khi x dan t6i xo néu véi day s6 (x,,) batki, x, € K\ {xo}
va x, — xo, ta cd f (x,) — L. Ki hiéu:

lim f(x) = L hay f(x) — L khi x — x

X—X0

{3 Nhan xét: lim x = xp; lim ¢ = ¢ v6i c 12 hing s6.
X—X0 X—X0

X Dinh Ii vé gidi han hitu han:

a) Giasu lim f(x) =L va lim g(x) = M. Khi do:

© lim [£(x) +g(x)] = L+M; ® lim [f(x) ~g(x)] =L—M;
® lim [f(x)-g(x)] =L-M; @ lim % = A% (néu M #0).

b) Néu f(x) >0va lim f(x) =L, thi L >0 va li_)m V. f(x)=+VL.
X—X(

X—X0

{3} Gidi han médt bén:

e Cho ham s y = f(x) xac dinh trén (xo;b). S6 L dudc goi 1a giéi han bén phai ctia ham s
y = f(x) khi x — xo néu vé6i day s6 (x,) bat ki, xg < x, < b v x,, — X0, ta c6 f (x,) — L.
Ki hiéu:

lim f(x)=L.
Xy

e Cho ham s6 y = f(x) xéc dinh trén (a;x0). S6 L dugc goi la gidi han bén trai ctia ham sb
y = f(x) khi x — xq néu véi diy sb (x,) bAt ki, a < x, < xo va x, — Xo, ta c6 f (x,) — L.
Ki hiéu:

lim f(x)=L.

x%xg
A\ Diéu kién dé'ton tai gidi han:

lim f(x) =L < lim+f(x): lim f(x)=L

X=X x—xg) X=Xy

B} cIGI HAN HI'U HAN CUA HAM $O TAI VO cyC

{3} Dinh nghia:

e Cho ham s6 y = f(x) xdc dinh trén (a; +oo). Ta n6i ham sb y = f(x) c¢6 gi6i han 13 s6 L khi
x — +oo néu véi day sb (x,) bat ki, x, > a v x, — oo, ta c6 f (x,) — L. Ki hiéu:

lim f(x)=L.
. X—>+o0 Th.S Nguyén Thanh Nhéan — 0839.2199..



e Cho ham s6 y = f(x) x4c dinh trén (—oo;a). Ta n6i ham s6 y = f(x) c6 gi6i han 1a s L khi
x — —oo néu véi day sb (x,) bAt ki, x, < a va x, — —oo, tacé f (x,) — L. Ki hiéu:

lim f(x)=L.

X—y—o0

{3 Chay:

e Vdi c, k 12 hang s6 va k nguyén duong, ta ludn co:

® lim c=c @ lim c=c
X—>+o0 X—r—00
. c . c
® lim —=0 @ lim —k=O.
X—>—+o X X—y—o0 X

e Dinh Ii vé gi6i han hitu han ctia ham s6 khi x — xo vin con diing khi x — oo hoiic
X — —oo,

) GIGI HAN VO cuc cUA HAM s6

{¥ Dinh nghia : Cho ham s6 y = f(x) xdc dinh trén (a; +oo). Ta n6i ham sb y = f(x) c6 gidi han
12 —oo khi x — +o0 néu véi ddy sb (x,) bat ki, x, > a va x, — +oo, ta c6 f(x,) — —oo. Ki hiéu:

lim f(x) = —oo.

X—>4-o00

¥ Nhan xét: lim f(x) = 4o & lim (—f(x)) = —o.

X—>+o0 X—r o0
{3 Mot vai gidi han dic biét:

e lim x* = 4o, v6i k nguyén duong.
X—ro0

e lim x
X——o0

. {—I—oonéukchacm

—ooneu k 1é.

X M6t vai quy tic vé gidi han vé cuc:

e Quy tic tim gi6i han cda tich f(x) - g(x)

Jim f(x) =L | lim g(x) | lim [f(x)-g(x)]
L>0 +oo +oo
L>0 —oo —oo
L<O o0 —oo
L<O0 —oo o0
e Quy tic tim gi6i han clia thuong @
g(x)
lim f(x) =L | lim g(x) | Diu ctia g(x) | lim f)
X=X X=X x—xo g(x)
L Foo Tuy y 0
L>0 0 + +o0
L>0 0 - —oo
L<0 0 + —oo0
L<O0 0 — o0

Céc quy tac trén van ding khi thay x — xo bdi x — x(J{, X — Xy hodc x — 400, x — —oo,



<§)>> PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT G Gi6i han cia ham sé khi x — x;. Kh&r dang vé dinh g

Xét gidi han lim @
x=x0 g(x)
& Phuong phap giai: Thay xy vao % d€ kiém tra, sé c6 mot trong cac trudng hop:
g(x

® Tirs6 f(x0) = a va mau sb g(xo) = b # 0, ta suy ra luon két qua

o S _ fw) _a

w0 g(x)  gxg) b

) L 0
@ Ca td s6 va mau so déu bang 0 hay f(xp) = g(xp) = 0, ta xem day la dang v6 dinh o
Khir dang v6 dinh nay bang cich phan tich nhan ti x — xo.
Phan tich f(x) = (x —xp) - f1(x) va g(x) = (x —xp) - g1(x). Khi d6

fim 78— XA A

— — 1
x=x0 g(x) =% (x—xp)g1(x) v g1(x)
Ta tiép tuc tinh gidi han (1).

® Ti s6 f(xg) # 0 va miu sd g(xo) = 0. Ta ap dung cdc dinh Iy lién quan dén gi6i han v
cuc dé tim két qua.

Mot s6 cdch phdn tich nhdn ti thuong ding:
o Néu f(x) = ax? +bx + c ¢6 hai nghiém x1, x thi f(x) = a(x —x1)(x —x2).
o Néu f(x) la mot da thitc béc ba, béc bon,...ta co thé ding phuong phdp chia da thiic.

o Néu f(x) la biéu thiic chiia cdn, ta ding cdch nhén lugng lién hop.

= Bai 1. Tinh cac gi6i han sau

x4 2x  Vatd+l
a) lim . b) lim ——
x—2 4 =0 x*4+2

= Bai 2. Tinh céc gi6i han sau:

)i x> 4+2x—8 b) i 2xr —5x+2 )l 202 —5x+2
a m ———. m --—-————--. C m-—-—-——————-.
x——4 X2 +4x i 1-2x 2 X2 +x—6
33 —5x2 42 B 43x2—9x—2 4x* —3x—7
d) lim————, li ) lim ———— —
)xgl} 3x2 —5x+2 2 XLII% xX3—x—6 D x%lr{ll x+1

= Bai 3. Tinh cic gidi han sau

. Vx+3-2 . x—2 . 2—V5-x2
a) lim———. b) lim ) ¢) lim ———.
=1 2x—=2 x—=2+/x+2-2 x——1 x+1
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1—Vax+1 X’ —4 3+1
d) lim e) lim

x—0 x2—|—3x ' x%Z\/x2—|—3x—1—3. f) Vx+

DT Iel Giéi han cia héim s khi x — . Khir dang vé dinh ;o0 — o0;0 - oo

= Bai 4. Tinh céc gi6i han sau:

5x—2 2% —x+10
li . b) lim —— "
a) e 3 1 ) oo X3 4 3x—3
4 3
. X —=x"+3 .1 2x
O e D tim 2 (m ‘1>-
o lim X3 —3x i (x+1)2(2x+1)?
x—teo (x+1)(2x2 —3) x—too (203 +1)(x —2)3"

= Bai 5. Tinh céc gi6i han sau:

Vx2—x+5 VX2 4+ x+2x i 2x—3

lim ——. b) lim . Iim ————.
W JBm —e R RSV T
. 2x2 —Tx+1 s X242 . x+vVx242
d) lim —————. e) lim {/-—5——. f) lim ————.
x—e  3|x|—7 x——co \| 8x2 —x+5 = /83 +x2 4+ 1
= Bai 6. Tinh cac gi6i han sau:
a) lim <\/x2+x—x). b) lim (\/x2+x—\/x2+2x). ¢) lim x<\/x2+1+x).
X—>+o0 X——+o0 X——o0
=Bai 7. Tinh cic gi6i han sau:
a) lim (\3/x3+x—x). b) lim (\3/x3—|—x—\/x2+x).
X—>—+oo X—r—o0
= Bai 8. Tinh gidi han clia cac ham s6 sau:
a) lim (2 —x*+4x° -3). b) lim (2x° —x*+4x* —3).
X—>r—+oo X—>r—00
¢) lim (—x —x*+4x+2). d) lim (—x —x*+4x+2).
X—>—+oo X—r—o0
e) hm (\/ —I—x—I—x) f) Lim <2x—\/x2—|—x).
X—>—o0
=Bai 9. Tinh céc gi6i han sau:
. 5x% —2x+3 by lim 233 —x+10 o lim 3x* +5x% 47
a) lim ——————. e e
xoteo  x+1 x—teo x2 4 3x—3 x——eo  x3—15x
. X4+ Vx+1 x+3 x+3
d lIim ——. e) lim —. f) lIm —
X——fo0 2X—7 x—>+°°\/x2+x_x X—— m\/x2+x+x

DT 'e' Gi&i han mét bén. Sy ton tai giéi han

Phuong phap tinh lim f(x) va lim f(x) hoan toan tuong tu nhu bai todn tinh lim f(x).

X=Xy x—)xa' X—X0

- u




Luu y: lim f(x) = L khi va chi khi lim f(x) = lim f(x) = L.

X=X X=Xy x—xg

—x* khix<1

=Bai 10. Cho ham sb f(x) = ,
x khix>1.

Tim céc giéi han lim f(x), lim f(x), lim f(x)
x—1+ x—1- x—1

(néu co).

= Bai 11. Tinh gii han cta cdc ham sb sau:

3 —x2+5

lim ——; b) li :

S L ) 3
o 2% 4+V3—x . |x2—4|

¢ lim ———; d) lim .
x—3~ x—3 x——2+ x+2

DT le' Vén dung thuc tién

= Bai 12. Mot cong ty san xuit mdy tinh da xdc dinh dudc ring, tinh trung binh mot nhan vién c6
o e 50¢ X s PN . . N
thé lap rap duge N(t) = ) (t > 0) bd phan mdi ngay sau ¢ ngay dao tao. Tinh thrf N(¢) va cho
—> o0

biét y nghia ctia két qua.

= Bai 13. Mot cai hd dang chifa 200 m? nudc min véi ndng dd mudi 10 kg/ m’. Ngudi ta ngot hoa
nudc trong hd bang cach bom nudc ngot vao hd véi van tbe 2 m3/phit.

a) Viét biéu thic C(¢) biéu thi ndng do mudi trong hd sau ¢ phiit k€ tir khi bt diu bom.

b) Tim gidi han tlir}rl C(t) va giai thich y nghia.
—> o0

= Bai 14. Trong Thuyét tuong ddi ctia Einstein, khdi luong ctia vat chuyén dong véi van téc v cho
bdi cong thiic
mo
m = .
.
2
trong d6 my 12 khoi luong ctia vat khi né diing yén, ¢ 12 van tc dnh sang. Chuyén gi x4y ra v6i khoi
lugng ctia vat khi van téc clia vat gin v6i van tdc dnh sdng?

@<>> BAI TAP TU LUYEN

0 khix<O
1 khix>0.

o Cho ham s6 f(x) = {

a) Tim cac gidi han lim f(x) va lim f(x).
x—0F x—0~

b) C6 ton tai lim f(x)?
x—0

1—2x khix<-—1

Cho ham s6 f(x) =
@ {x2+2 khi x > —1.

Th.S Nguyén Thanh Nhan - 0839.2199..



Tim céc gi6i han lim f (x) va lim f(x) va lim] f(x) (néu co).
xX——

x——1* x——1"

Tinh céc gidi han sau:

2 lim 4x* —x—5

X—— 17x2+5x—2'
x?42x—15

c) hm+—x.

x—3 x—3

Tinh cac gidi han sau

4 — 2
b) I
) x%lmZ X—|—2
2x2 —5x+2

JIFZ—1 ~ VA2
a) lim ——. b) lim
x—0 2x x—2 x2—4
V1i4+x2—1 o V2x+T—x-2
c) 11 m-———. d) lim .
0 2x3 —3x2 x—l x3—4x+3
Tinh cac gidi han mét bén:
) 2 _x+1
a) lim ~—= b) lim ©— "
a1t x—1 x—4-  4—x

x?—5x+6 ST
T MRS fip 609

Cho ham s6 g(x) =

Tinh céc gidi han sau:
1 —2x

a) lim .
x2 41

X—>4-00

b) lim (\/Xz +x+2—x).

x—>+o0

Trong ho c6 chita 6000 lit nu6c ngot. Ngudi ta bom nudc bién c6 ndng do6 mudi 1a 30 gam/lit vao
hd véi tbe do 15 lit/phuit.

a) Ching to rf?lng ndng d6 mudi clia nudc trong hod sau ¢ phit ké tir khi bat dau bom la
(gam/ht)

C(t

(1) = 400 +
b) Nong do mudi trong ho nhu thé ndo néu  — +oo.
0 néutr<0

1 néut>0
trang thai tat/mé ctia dong dién tai thoi diém ¢t =

Cho ham s6 H(t) = { (ham Heaviside, thudng dugc dung d€ mo ta viéc chuyén

0). Tinh lim H(r) va lim H(z).
t—0t t—0~

Chi phi (don vi: nghin dong) d€ sdn xuit x san pham ctia mot cong ty dudc xac dinh bdi ham sb
C(x) = 50000+ 105x.

a) Tinh chi phi trung binh C(x) d€ san xuAt mot san pham.

b) Tinh lirJrrl C(x) va cho biét y nghia ctia két qua.
X—>+o0
ax* +3ax —4a
Cho ham sb f(x) = x—1
2bx+1
f(x) c6 gidi han tai x = 1.

khix <1 LA, L N ” ~ N %
. Biét rang a, b 1a cac so thuc thoa man ham so

khix > 1

I TTY



a) Tim mbi quan hé gitta a va b.

b) Tim gid tri nhd nhit ctia bidu thiic P = a® + b.

§17. HAM SO LIEN TUC

TOM TAT LY THUYET

BB HAM s LIEN TUC TAI MOT DIEM

{3 Dinh nghia: Cho ham s6 y = f(x) x4c dinh trén khoang K va xo € K. Him s6 y = f(x) dugc goi

1a lién tuc tai xo néu

lim
X—X0Q

f(x)

f(xo)

A Néu ham s6 khong lién tuc tai xo thi ta néi ham sé do gidn doan tai xo.

¥ Minh hoa d6 thi:

Yo

Ham s lién tuc tai x

Ham s6 gian doan tai xo

B} HAM s6 LIEN TUC TREN MOT KHOANG

Yol---

ol /
/xo \ X
y=fx)

Ham sb gian doan tai xo

{3 Dinh nghia: Ham s6 y = f(x) dugc goi 1a lién tuc trén mot khoang néu né lién tuc tai moi

di€m clia khoang do.

{3 Chay:

e Ham s6 y = f(x) dugc goi 1a lién tuc trén doan [a;b] néu né lién tuc trén khoang

(a;:6) va lim f(x) = f(a), lim f(x) = f(b).

e Khdi niém ham so lién tuc trén nira khoang nhu [a;b), [a; +o0),... dugc dinh nghia
mot cach tuong ty nhu lién tuc trén doan.
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A o Do thi ciia ham s6 lién tuc trén mot khodng la mot “duong y
lién” trén khodng do. Hinh bén la dé thi ciia mét ham sé lién
tuc tén (a;b). a

1
1
:
S | I
e Ham so da thiic va cdc ham so 'y = sinx, y = cosx lién tuc trén
toan bé tdp sé thuc R.

o Ham s6 phdn thic hitu ti (thwong cuia hai da thiic) va cdc ham
s6 y = tanx, y = cotx, y = /x lién tuc trén ting khodng xdc
dinh cua chiing.

MOT S DINH LY CO BAN

{¥ Dinh Iy 1. Gid sty = f(x) vay = g(x) 1a hai ham s6 lién tuc tai diém x(. Khi d6
e Cichamsby = f(x) +g(x),y = f(x) —g(x) vay = f(x) - g(x) lién tuc tai xo.

f)

e Ham s6 y = =~ lién tuc tai xo néu g(xq) # 0.
g(x)
{3 Dinh ly 2. Su ton tai nghiém ctia phuong trinh trén mot khoang
e Néu ham s6 y = f(x) lién tuc trén doan [a;b] va f(a)- f(b) < O, thi ton tai it nhat
mot di€ém ¢ € (a;b) sao cho f(c) = 0.

e Néu ham s6 y = f(x) lién tuc trén doan [a;b] va f(a)- f(b) < O thi phuong trinh
f(x) = 0 ¢6 it nhit mot nghiém nam trong khodng (a;b).

@ PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT '0' Xét tinh lién tuc ctia ham sé tai mét diém

Cho ham s6 y = f(x) xéc dinh trén tap D. D€ xét tinh lién tuc ctia ham s6 y = f(x) tai diém xo € D,
ta thuc hién cac budc sau:

{3 Budc 1. Tinh f(x).
{¥ Budc 2. Tim lim f(x).

X—X0
{3 Budc 3. So sanh va rit ra két luan.

e Néu lim f(x) = f(xo) thi ham s6 f(x) lién tuc tai di€ém xo.

X—rX0
e Néu lim f(x) # f(xo) thi ham s6 f(x) khong lién tuc (gidn doan) tai diém xo.
X—X0
X% —3x+2
o s YOS fhix£2 .,
=Bai 1. Xét tinh lién tyc ciia ham so f(x) = x—2 tai di€ém xo = 2.
4x =17 khix=2
X2 —6x+5 fux 1
=Bai 2. Xét tinh lién tuc ctia ham sb f(x) = -1 fed x tai di€ém xp = 1.
-2 néu x=1

ETTY



1—+/2x-3
= Bai 3. Xét tinh lién tuc ctia ham sb f(x) = 2—x
—1 néu x =2

ndux#2 . ..
7 tai diém xp = 2.

24+1 nbux>0

= Bai 4. Xét tinh lién tuc ctia ham sb f(x) = { tai di€m xo = 0.

X néu x<0
x—5 X
— N e s s . 2 N A neu x > 5 . R
=Bai5. Xéttinh lién tuc cia ham so f(x) = ¢ v2x—1-3 tai diém xp = 5.

(x—5)2+3 nux<s

DT '9' Xét tinh lién tuc clia ham sé trén mién xdc dinh

{3 Ham da thic lién tuc trén R.

{3 Ham phan thiic hitu ti, ham luong gidc lién tuc trén titng khoang xac dinh ctia chiing.

= Bai 6. Xét tinh lién tuc ctia ham sb sau trén tap xac dinh clia ching.
x> —x—2 2x+1

2 f) =4 x+1 MMxFL b) f() = { (x—1)?
-3 khix=—1 3 khix=1

khi x # 1

= Bai 7. Xét tinh lién tuc cia ham sb sau trén tip xdc dinh clia chiing.
x> —3x+5 khix>1
b) f(x)=<¢3 khix=1
2x+1 khi x < 1.

¥ +3x khix>?2

B flo) = {6x+1 Khi x < 2.

x+1 néux<a

2

. lién tuc trén R.
x néux >a

=Bai 8. Tim cic gia tri cia a &€ ham s6 f(x) = {

DT Iel Tim gid tri cGia tham s& dé ham sé lién tuc - gién doan tai diém cho

trudc.
2 .
-— N, 4 21 < £ 2 - khl 2 A .
=Bai9. Tim tham s6 m d€ ham so0 f(x) = Xohex—m 'x# lién tuc tai xo = 2.
x+m khix=2
2 9y
=\ 3 21 A ﬂ khlx%_l ‘A .
=Bai 10. Tim tham s6 m d€ ham so f(x) = x+1 lién tuc tai xg = —1.
m*+5m  khix=—1
Vax+5-3 Khix> 1
=Bai 11. Tim tham s6 m dé ham s6 f(x) = x2—1 1x gian doan tai xo = 1.
2m—+3 khix <1
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DT 'e' Chirng minh phuong trinh cé nghiém

{3 D€ chiing minh phuong trinh f(x) = 0 c6 it nhit mdt nghiém trén D, ta chiing minh ham s6
y = f(x) lién tuc trén D va c6 hai s6 a,b € D sao cho f(a).f(b) < 0.

{3 D€ ching minh phuong trinh f(x) = 0 ¢6 k nghiém trén D, ta chiing minh ham s y = f(x)
lién tuc trén D va ton tai k khoang rdi nhau (a;;a;11) (i = 1,2,...,k) ndm trong D sao cho

flai).f(air1) <O.

= Bai 12. Chiing minh rang phuong trinh 2x* — 2x> —3 = 0 ¢6 it nhat mot nghiém thudc khoang
(—1;0).

= Bai 13. Chiing minh ring phuong trinh 6x° 4+ 3x> — 31x 4 10 = 0 ¢6 diing 3 nghiém phan biét.

@ BAI TAP TU LUYEN

o Xét tinh lién tuc ctia ham so:

2+1  khix>0 . .,
) tai diem x = 0.
1—x khix <0

a) f(X)Z{

2 .
2 khix > 1 .
b) f(x) = {i * e tai diém x = 1.

khix <1
2
2] 24
Cho ham s6 f(x) = { x+2 KNix7 =2 im a d& ham s6 y = f(x) lién tuc trén R.
a khi x = 2.

o Xét tinh lién tuc cia ham so sau trén tdp xac dinh cta chiing.

x—2 ) -1
khi x # 2 ——  khi 1
a) f(x)=( x*—4 7 : b) f(x) =14 x—1 ix7 .
1 khix=2 3 khix=1

@ Mot bii dau xe 6-16 dua ra gia C(x) (ddng) khi thdi gian dau xe la x (gid) nhu sau:

60.000  khi0<x<?2
C(x) ={ 100.000 khi2 <x<4
200.000  khi4 < x < 24.

Xét tinh lién tuc ca ham s6 C(x).

e Luc hip din do Trai Dt tac dung 1én mdt don vi khoi luong & khoang céch r tinh tif tim ctia n6

GMr .
3 khi0O<r<R ) )
laF(r)= Glfw , trong d6 M la khoi lugng, R 1a ban kinh cua Trai Pat, G la
,

hing s6 hip dan. Ham s6 F(r) c6 lién tuc trén (0; +o0) khong?

o Chitng minh rang phuong trinh x* — x> — 2x% — 15x — 25 = 0 ¢6 it nhat mot nghiém am va it nhit

mot nghiém duong.
:



o Chiing minh ring phuong trinh x> 4+ 4x> —2 = 0 ¢6 ba nghiém trong khoang (—4;1).
o Chiing minh rang phuong trinh x> — 5x> +4x — 1 = 0 ¢6 diing nim nghiém.

o Chiing minh rang phuong trinh x + 1 4 cosx = 0 c6 nghiém.
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