£ D& thi chon dbi tuyén Nghé An 2026 — 2027 Thoi gian 180 phat

1 Ngay thi th& nhat

(¢ Cau 1. Cho da thitc hé s6 thuc P(x) c6 bac d > 5, hé s6 cao nhéat bang 1 va P'(x) > 0 v6i moi
z > 1. Xét day s6 (2, )n>1 X4c dinh béi

P'(n)

=1 = - = 1.
=l = eI P O

P N
(n+1) — P(n) _1>’ o,
P'(n)
Chiing minh réng cac day (z,), (y,) déu hoi tu va tim cac gi6i han tuong ting.

a) Xét day s6 (Yn)n>1 xac dinh béi y, = n <

b) Dit 2, = 21 + 22 + - - - + 2. Chitng minh ring day (z,,) hoi tu.
(€ Cau 2. Cho ham s6 f: R" — R* thoa man f(1) =1 va

F@)+ fly) + f(2) + F(8) < fe +y + 2 +1) < dmax{f(2), f(y), (=), [ (1)}
v6i moi z,y, 2,t > 0.
a) Chtng minh rang f ting ngat va f(2026) = 2026.
b) Tim tat ca ham s6 f thoa man bai toan.

(¢ Cau 3. Cho tam gidc ABC nhon noi tiép dudng tron (O), tryc tam H. Diém P di dong trén
dudng thang BC va nam ngoai doan BC. OP lan luct cat AC, AB tai Q, R. Dyng Y, Z lan luot 1a
hinh chiéu ctia Q, R len AB, AC.

a) Chitng minh ring Y Z luén di qua mot diém cd dinh khi P thay doi.
b) Goi giao diém ctia QY va RZ 1a S, SH va Y Z la X. Chiing minh réing XA 1 XP.

(¢ Cau 4. Cho s6 nguyén duong k > 1. V6i mdi s6 nguyen duong n, goi o4(n) la tong liy thita bac
k clia cac wdc nguyen duong ctia n. Goi n 1a mot s t6t néu n | ox(n).

a) Chitng minh ring o4(n) 1a hAm nhan tinh va ton tai mot day vo han cac s6 toét ny < ny < ng < - - -
sao cho n; | ;1 v6i moi i > 1.

b) Chitng minh ring véi moi sé nguyén duong r, ton tai mot s6 tot c6 it nhat » uéc nguyén t6 phan
bict.



= D& thi chon doi tuyén Nghé An 2026 — 2027 Thai gian 180 phuat

2 Ngay thi thit hai

(¢ Cau 5. Cho tam giac ABC khong can ngoai tiép duong tron (I). Duong tron (I) tiép xic véi
BC,CA, AB lan luct tai D, E, F. Goi K la truyc tam ctia tam giac BIC.

a) CK, BK lan lugt cat DE, DF tai S, T, va ST cat EF tai R. Ching minh rang IR 1 AK.

b) Chitng minh ring AK, BC va dudng thang Euler ctia tam giac K BC dong quy hodc doi mot
song song.

(¢ Cau 6. Cho da thitc monic

P(z)=2"+ ap_12" ' + -+ + a1z + ag,
v n > 2, he s6 thuc, tat cd nghiem cia P(x) déu la s6 thyuc va khéc 0.
a) Chimg minh rang 2026a; + 2027a3,; > 0 v6i moi k =0,1,...,n — 2.
b) Hoi s6 lugng hé s6 khéc 0 ctia da thiec P(x) nho nhat 1a bao nhieu?

(¢ Cau 7. Cho hai s6 nguyén n, k théa man 2 < k < n. Trong mot 1& hoi, ¢6 n ngon den duge dat
tréen mot vong tron va danh s6 1,2,...,n theo chiéu kim dong ho. Mdi ngon dén ¢ mot trong hai
trang thai: sang hoic tat.

Trong mdi lugt ghi, trang thai clia cdc ngon deén dude gitt ¢6 dinh. Mot ngudi di quanh vong tron
theo chiéu kim dong ho. Khi ding tai ngon dén thi 4, ngusi dé ghi lai sd ngon den dang sang trong
k ngon den lién tiép theo chiéu kim dong ho, bat dau tit ngon den thi 4; sau ngon deén thi n lai dén
ngon den thit 1. Goi s6 ghi dudc tai ngon den thit 7 14 s;. Sau mot vong, ngudi dé thu duge ban ghi
(81,89, -, Sn)-

a) X4c dinh diéu kien cta n,k dé v6i moi cach b tri trang thai clia cac ngon deén, ban ghi
(81,82, -.,8,) xac dinh duy nhéat cach bo tri do.

b) Trong sudt 1& hoi, trang thai clia cac ngon den c6 thé duge thay doi tity ¥ gifta cac lugt ghi. Xac
dinh s6 ban ghi (sy, ss,...,s,) phan biét c6 thé thu dugc.



Chuong

CHON DTQG NGHE AN 2026 — NGAY 1

(Baitoan 0.1, ] (lim Olympic - Nghé An TST - P1)
Cho P(z) 1a da thitc thda man deg P =d > 5 va P'(z) > 0 v6i moi z > 1.
P'(n)
Pt 1) — Pl
P(n+1) — P(n)
Pi(n)

Ching minh rang hai day (z), (y») hoi tu va tim giéi han cia chiing.

Xét day (z,) duge xéc dinh bdi 1 =1 va 241 = T, v6i moin > 1.

@ Xét day (y,) duge xac dinh béi y, =n ( — 1) v6éi moi n > 1.

n
@ Dit 2, = Z x; v6i moi n > 1. Ching minh ring day (z,) hoi tu.
i=1

@ Lo giai.
@ Viét P(X) = ag X%+ ag_1 X* 1+ .- +ag véi ag > 0do P'(z) >0, Vz > 1.
Dit Q(n) = P(n+ 1) — P(n) — P'(n) thi Q la da thiic bac d — 2 c6 h¢ s6 cao nhat bing a4C3. Mat
khac, P’ 1a da thitc bac d — 1 ¢6 hé s6 cao nhat bing dagy. Vi vay

I . nQ(n) aqC? _d=1
nooo " T nbeo Pl(n) | dag | 2

Vi P/(z) > 0 trén [1,+00) nén P tang ngat trén khodng nay. Béi vay z,, > 0 v6i moi n > 1 va
Tn _ P(n+1)— P(n) .Y

Tni1 P'(n)
Do d > 5 nén ton tai N sao cho vdi moi n > N ta déu c6 vy, > 1. Khi d6 v6i moi n > N thi
Ty n
Tn+1 = In.

e
Nhan lién tiép céc bat ding thic trén, véi n > N ta dugc
N
0 xS —mi.
n
Theo nguyén 1y kep ta suy ra duge lim z, = 0.
n—oo

d—1

@ Chon hai s6 thyc o, S sao cho 1 < a < B < 5

V\lyn—>d—

nén y, > [ v6i moi n du Ién.

1\ 3 1
Lai ¢6 lim n ((l + —) - 1) = a < 3 theo Lagrange cho ham s f(z) = z® trén (1, 1+ —).
n— 00 n n

Do d6, véi moi n dua 16n, ta c6 duge

T n

Tu =1+ %, ta thu duge z,4+1 < x, (

S
N————
=]
<\
S
o
=
5}
B

Tn+1
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Nhan lién tiép dé suy ra ton tai hiing s6 C' > 0 sao cho

C
0<.’Ens—a
n

o0
2 1 <
v6i moi n du 16n. Vi o > 1 nén chudi E e hoi tu bang céch st dung dinh 1y Lagrange cho ham

n=1

o0
sO g(x) = trén (n,n + 1). Theo tiéu chuan so sanh, chudi z, = Z xn hoi tu.
n=1

xa—l

Nhan xét.

Bén chét trong ching minh trén ta da ching minh lai tiéu chuan Raabe nhu sau:

Véi chudi s6 thuyc duong Z an thod man lim n ( . A 1) > 1 thi chudi hoi tu.

n—00 An+1

[ Baitoén 0.2. ] (Lim Olympic - Nghé An TST - P2)
Cho ham s6 f: R — RT thda man f(1) =1 va
F@)+ 1)+ F2) + £(8) < Fla+y+2+1) < dmax{f(), F@), £(2), F(O)}
v6i moi x,y, z,t > 0.
@ Ching minh ring f tang ngit trén RY va £(2026) > 2026.

@ Tim tat ca cAc ham s6 f thoéa méan.

@ Lai giai.
@ Truée hét, lay 0 < x < y va dit h = % > 0. Thay (z,y, z,t) béi (2, h, h, h) dé suy ra
f(u) = f(z+3h) = f(z) +3f(h) > f(z).
Vay f ting ngat tren RT.
Tiép theo, thay (x,vy, z,t) béi (n,1,1,1) suy ra
F(n+3) > f(n) +3£(1) = f(n) +3.
Béing quy nap suy ra duge f(3n+ 1) > 3n + 1 v6i moi s6 nguyén n > 0, do d6 f(2026) > 2026.
Cach 1. C6 dinh x > 0. Véi mdi m di 16n, goi a,, 1a sd nguyén duong 16n nhat théa man

™)

am =1 (mod 3), m < 4™,
Ta c6 0 < 4™z — a;y, < 3, nén a,, /4™ — z. BSi tinh ting ngat cia f va nhan xét trén nén
4mf($) — f(4mx) 2 f(am) > amf(l) = Qm.
Cho m — oo suy ra f(z) > z.
Tuong tu, goi by, 1a s6 nguyén duong 16n nhat thdéa man
by =1 (mod 3), bins 4™,
Khi d6 0 < 4™ /z — b, < 3, nén 4™ /b,, — x. Ta ¢c6
binf(z) < fbma) < f(4™) = 4™
Cho m — oo suy ra f(z) < z. Do d6 f(z) = x v6i moi = > 0.
Cach 2. Cho z = y = z = t = u trong gia thiét, khi d6 4f(u) < f(4u) < 4f(u) nén
fdu) = 4f(u), Yu >0

Trang 2 £l LIM Olympic - CLB én chuyén, HSG



Chuong 1. Chon DTQG Nghé An 2026 — Ngay 1

T day ta suy ra duge véi moi x,y, z,t > 0 thi

f@)+ fly) + f(z) + f(¢) ot fle+y+z+1t) _f(x+y+z+t)
4 - 4 B 4 '
Hon nita, khi thay (z,y, z,t) béi (z,z,y,y) ta duge

f(:c+y) s f(w);rf(y)’ Vg4 50

2
@ fou) > FEO M) _ fE0 4@

2 2

() fBu) _ f(u) | fQ2u)+4f(u)  f(2u)  3f(u)

Fau) 2 = 2 2 1 =2 T 3
N

+
Suy ra f(2u) > 2f(u) nén f(u )>2f(

Ta ¢6 f(2u) >

f(u) + f(3u)
2

IV

\wl:

(2u)
2

Mat khac f(2u) = 4f (g) nén f(u) >  hay f(2u) < 2f(u). Vay f(2u) = 2§ (u) v6i moi u > 0.

r+Y

Vivayvéimoix,y>0,tacéf(m+y)=2f( )>f( )+ f(y).
Tt f(1) =1 va f(2u) = 2f(u), bing cach lap lai ta duge f(2F) = 2F véi moi k € Z.

1
Xétrzgn—n,trongdémeN* vaneN,khidétacéf(zﬁn) sz(z—n>=2ﬂn.

N N N — 1 N —
Chon N > m la lay thua cia 2, ta c6 f (2—n) =% VA f( 2nm> >(N-m)f (2”) znm.

i -5 (30) 2 () 4 (Y5) 24 () 252

Suyraf(;n—n) S2%nenf(r)—rv01m017'>0codangr—;vdlmeN* n € N.
3 n 2"
Cudi cung, v6i z > 0 tuy y, dat r, = Lz—nxj VA Sy = % v6i moi n du 16n.

Khi d6 r,, = x v s, — z. Vi f dong bién nén r, = f(r,) < f(z) < f(sn) = sn.

Cho n — oo, ta duge f(z) = x v6i moi z > 0, thit lai thay thod man.

s

( Baitodn 0.3. J (Lim Olympic - Nghé An TST - P3)

Cho tam gidgc ABC nai tiép dudng tron (O) va cé tryc tam H. Diém P nim trén duong thing
BC nhung khong thuoc doan BC. Dudng thang OP cit AB, AC lan lugt tai R, Q. Lay Z € AC,
Y € AB sao cho RZ 1. AC va QY L AB.

Qj) Chitng minh ring dudng thing Y Z di qua mot diém c6 dinh khi P di chuyén.
@ Hai duong thing QY va RZ céat nhau tai S. Duong thing SH cit Y Z tai X. Ching minh

riing XA L XP.
@ Lai giai.
Cach 1.
(1) Goi AH cit YZ tai M.
. AM A
Ta dé c6 AAMY ~ AAOQ (g.g) = 10 = % = cos BAC = AM = AO - cos BAC.

Goi N Ia trung diém BC ta c6 AH = 20N = 2A0 - cos NOC = 2A0 - cos BAC = 2AM = AH.
= Y Z di qua M la trung diém AH c6 dinh.

£l CLB Todn Lim - OLYMPIC - 8 0789102019 Trang 3
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(2) Goi D,T lan lugt 13 hinh chiéu ctia A tren BC, RQ.
Goi YZ cit AT tai U va K 1a hinh chiéu ctia O trén AD.
Ta c6 —1 = X(ASTU) = X(AHTM) ma M la trung diém AH = XT// AH.
Lai c6 tt gidc AKTO noi tiép = ZMKT = LZAOQ = LAMY = ZKMX = MKTX la hinh thang
can = MK, XT c6 chung trung tryc. Ma AM = %AH = ON = DK = AD va MK c¢6 chung

trung truc nén ta c6 AXTD la hinh thang can = 5 diém A, X, T, D, P cing nam trén dudng tron
duong kinh AP = ZAXP = 90°.

Trang 4 £ LIM Olympic - CLB 6n chuyén, HSG



Chuong 1. Chon DTQG Nghé An 2026 — Ngay 1 %y LIM EDU

Cach 2.

o . AE AF
(1) Xét phép vi tu quay f tam A, bién B thanh E. Ta c¢6 A5 = osA= T, suyra f(O) = F.

Miit khac, ta ¢6 ZARZ = ZABE = 90°, ZAQY = ZACF = 90°, déng thdi ZRAZ = /BAE va
ZQAY = /ZCAF. Do d6 f(R) = Z va f(Q) =Y.

Suy ra f((ABC)) = (AEF). Vi bén diém A, E, H, F cing thuoc dudng tron dudng kinh AH nén
tam cia (AEF) 1a N. Do d6 f(O) = N.

Vi O, R, Q thing hang nén N, Z,Y thing hang. Vay duong thing Y Z luon di qua diém cé dinh N.
(2) Lay T=EFNYZ. Vi f(BC)=EF, f(QR)=YZ va P=BCNQRnén f(P)=T.

Do RZ 1 AC va QY L AB nén S la tryc tam ctia tam gidc AQR. Suy ra bén diém A,Y, S, Z cing
thuoc duong tron duong kinh AS.

Goi L # A la giao diém thit hai ctia hai dudng tron (AEFH) va (AY SZ).
Khi d6 ZALH = ZALS = 90°, suy ra H, L, S thang hang. Do d6 X = HL N NT.

Ap dung dinh 1i Miquel cho ti giac toan phan tao béi bén duong thing AB, AC, EF,Y Z, ta dugc
bén diém F,Y,T, L ddng vien. Vi thé ZLTN = LLTY = LLFY = ZLFA = /LHA.

Vi N la tam cta (AEFH) nén NA= NL. Do d6 ZNLA = ZLAN (mod ).

Laic6 LH 1 LA va A, N, H théng hang nén /NLH = /LHA. Suyra ZLTN = /NLH = /NLX.
Mat khéac, do N, T, X thing hang néen ZLNT = ZLNX. Béi vay ANLT ~ ANXL.

Tt d6 % - % hay NX - NT = NL? = NA2.

Dit U = f1(X). Vi f(O)=N, f(P)=T va f(U) = X, khi d6 ta c6 OU - OP = OAZ.

Vay U la anh nghich déo ctia P qua dudng tron (O).

Do P € BC, con B,C nam trén (O) nén U thuoc dudng tron (OBC).

Goi V # O la giao diém thit hai ctia AO véi (OBC). Ta c6 f((OBC)) = (NEF) va f(AO) = AN =
AD. Ma (NEF) cét AD tai N, D, dong thdi f(O) = N, nén f(V) = D.

Vi bén diém O, U, V, B dong vién nén Z(UO,UV) = Z(BO, BV) (mod 7).

Do OA = OB, ta c¢6 Z(BO, AB) = Z(AB, AO) (mod 7). Mit khéc, Z(AB, BV) = Z(BC, AB)
(mod 7). Suy ra Z(BO, BV) = £(BC, AO) (mod 7), vado d6 Z(UO,UV) = £(BC, AO) (mod ).

Tit OU - OP = OA? va O,U, P thing hang, ta c6 AOUA ~ AOAP.

Vi thé Z(AU,UO) = £(AO, AP) (mod 7).

Do d6 Z(AU,UV) = L(AO, AP) + Z(BC, AO) = £(BC, AP) (mod ).

Vi f({U)=X, f(V)=D nén L(AX,XD) =—-Z(AU,UV) = L(AP,BC) = ZAPD (mod 7).
Vay bén diém A, X, D, P cing thuoc mot dudng tron.

Ma AD | DP nén ZAXP = /ZADP =90°. Suyra XA L XP.

Cach 3. (Loi giai cia ban D6 Dic Viét Hung)
Dau tién ta chitng minh bé dé sau:

€3 CLB Toén Lim - OLYMPIC - @ 0789102019 Trang &
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&
&

Bd dé 0.1.

Cho AABC noi tiép (O). P la diém bat ki nim trén duong thing BC nhung khong thudc doan thing
BC. Goi AO cét (O) tai I, PI cat (O) tai G. Lay Q thuoc AC sao cho ZBGQ = 90°. Chitng minh

ring P, O, Q thing hang.

Chitng minh. Goi GQ cit BC tai J, AI cit BC tai L, AC cat PI tai K.
Ta ¢6: LZAGI = /BGQ =90° = ZQGK = /BGA=/BCA=/ZQC/J.
61 _rG
CK PC’
GJ _ PG _BG
CK PO ©©°
Ngoai ra, ta ¢c6: ZGBJ = LGBC = LGAC = LGAK va /BGJ = LAGK = 90°.
GB GA )
QA  Sgga sin/ZAGQ-GA  sin ZAGQ G_B
QK Saok " sinZQGK -GK ~ sinZQGK GJ

o Wl bty A2, B FE_, _ FE_OE LA
€0 enelaus ta co: CKk IA PI— PI_AC I nen

Q4 Ol PK _ sinZAGQ GB CK LA
QK OA PI ~ sinZQGK GJ AC LI
QA OI PK sin/AGQ GB CI LA

QK OA ' PI ~ sinZQGK AC BG LI

= Tit giac CJGK noi tié(p — APGJ ~ APCK —

Ma ta c6 APGB ~ APCI do tit gidc BGIC noi tiép nén

QA OI PK _ sinZAGQ BA
QK OA PI  sin/ZQGK BI

i N TRe—— BA sin/BIA sin ZBCA _ sinZQGK
e o "BI _ sinZBAI sinZ(90° — ZBCA)  sinZAGQ
Suy ra 8—2%% =1 hay P,0,Q thang hang.

Quay trd lai bai toan ban dau:

Trang 6 £ LIM Olympic -
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Chuong 1. Chon DTQG Nghé An 2026 — Ngay 1 ﬁ%}% l‘!;\‘glhl";‘!l)mlJ

Goi AO cat (O) tai I, PI cat (O) tai G, (BGQ) cat YZ tai X'.

Hai duong cao cuia AABC la BE,CF va dudng cao cuia AAQR la AT.

Ap dung bd dé da chiing minh, ta c¢6: ZBGQ = 90° ma ZQY B = /ZBEQ = 90°.

T do B,G,Q, X', Y, E dong vien.

Ta c6: LX'GC = LX'GQ + LQGC = £LX'YQ +90° — LBAC = LZYQ + LAQZ = LAZX'.

Suy ra tit gidc X' ZCG nai tiép, két hgp bo dé ta da ching minh thi ta c6: C,G, R, X', Z, F dong vién.
Ta c6: S 1a trye tam AAQR nén SY - SD = SZ - SR nén S ¢6 cung phuong tich dén hai duong tron
(X'ZR) va (X'YQ). Suy ra S thuoc truc ding phuong ciia hai dudng tron nay hay S thuoc X'G.

Taco HE-HB = HF - HC nén H c6 cuing phuong tich dén hai dudng tron (X'EB) va (X'CF). Suy ra
H thuoc truc ding phuong ciia hai duong tron nay hay H thuoc X'G.

T cac nhan xét trén ta c6: X' chinh 1a X trong dé bai va SX - SG = SY - SQ = ST - SA.

Suy ra tit gidc AXTG noi tiép hay X € (AP) hay XA 1 XP.

[a )

(_Bai toén 0.4. ] (Lim Olympic - Nghé An TST - P4)
Cho s6 nguyén duong k 16n hon 1. V6i mdi n € N*, goi o (n) 1a tong céc lity thita bac k clia cic

u6c nguyén duong ctia n. Ta goi n la s6 tot néu n | op(n).
@ Chitng minh ring o 14 ham nhan tinh s6 hoc va ton tai mot day vo han céc s6 tot
< ng <e=-
théa man n; | n4; véi moi ¢ > 1.

@ Chitng minh rang véi moi r € N*, ton tai mot s6 tot ¢6 it nhat r wdc nguyén t6 phan biét.

@ L gisi.
CD Vi (a,b) = 1 nén mdi uéc duong ctia ab biéu dién duy nhat dusi dang uv véi u | a va v | b. Vi thé

or(ab) = Z Z(uv)k = Zuk ka = or(a)or(b).

ula wvlb ula v|b

£l CLB Todn Lim - OLYMPIC - 8 0789102019 Trang 7
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Ta chiing minh ring tit mdi sé tot m > 1 luon xay dung duge mot sé tot m’ > m sao cho m | m/.
Néu ton tai mot sd nguyeén t6 ¢ | ox(m) nhung ¢ t m, dit m’ = mq. Do (m, q) = 1, ta c6

ox(m') = or(m)(1 + ¢*).
Mit khéac, m | or(m), ¢ | ox(m) va (m,q) = 1, nén mq | ox(m). Béi vay m’ 1a s6 tot.

Xét truong hop moi uéc nguyen t6 clia ox(m) déu la uée ctia m. Viét

S S
i b;
m=]]w"  onlm)=]]p"
=1 i=1

Do m | o (m) nén b; > a; v6i moi i. Lai ¢6 oy(m) > mPF, nen ton tai J sao cho b; > kaj. Dat
1
m =p¥ T m.

Ta c6 vp,(m') = 2a; + 1 nén

2a;+1 aj
ap(m’) = Z p;zk Hak(p?i) - (1 +p§aj+1)k) <Zp§zk> Hak(p;zi) - (1 +p§aj+1)k) sl

h=0 i#j h=0 i#j
Vib; > kaj+12>2a;+1vab; > a; v6ii+#j, tacom'|ox(m).
Suy ra m’ | ox(m'), nén m’ cling la s6 t6t.
Bay gio lay mot ude nguyen t6 1& p ciia 28 + 1. Khi do6
ar(2p) = (1+25)(1 + pY).
Tacop|1+2¥va2|1+p" nen 2p | ox(2p). Do d6 ny = 2p la s6 tét. Ap dung lien tiép ta thu
duge day vo han céc s6 tot ny < ng < --- thoéa man n; | njiq.

(é\, Tt § trén, ta chi can chiing minh nhan xét sau 1a bai toan duge giai quyét:
Nhan xét. V6i tap hitu han P C PP, chi ¢6 hitu han s6 t6t ma moi uéc nguyén té déu thude P.
Dau tién ta ching minh bd dé sau:

BS dé 0.2.

V6i hai s6 nguyén t6 phan biét p, ¢, ton tai hing s6 C) 4 sao cho
vp(0k(g")) < Cpg +logy(a+1), Va >0
qk(a+1) —1
gt —1

& Néu p 18, dit d = ord,(¢") Khi d6 d | p — 1, nén p 1 d.

# Néu dfa+1thiptg®@th — 1, do d6 vy(ok(g?)) = 0.

# Néu d | a+ 1, 4p dung LTE ta c6

1
ka+1) _ 1) — kd _ q <a+ )
Up (q ) Up (q ) + Up -

1
Viptdneén v, (%) = yg(a+1) < logs(a+ 1).

Mat khac, or(¢) | ¢"¢t1) _ 1 nen

vp(ok(g?) < vp (qkd — 1) + logy(a + 1).

4 _ 1) 1a mot hiing s6 chi phu thuoc vao p, q.

Ching minh. Ta c6 ok (q*) =

trong d6 v, (¢"

& Néu p = 2 thi ¢ 1&. Néu a + 1 1¢, ox(¢”) la tong ctia mot s6 16 céc s6 1é, nén va(ox(¢”)) = 0.
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Chudng 1. Chon DTQG Nghé An 2026 — Ngay 1 838 LIM EDU

Néu a + 1 chéin, ap dung LTE ta c6
v (qk(aH) - 1) =vp(g" —1) +wa(¢* +1) + va(a+1) - 1.
Vi thé

va(ok(g®)) = va(d" +1) +v2(a+1) = 1 S wap(¢" +1) — 1+ logy(a +1).
trong d6 va(g® + 1) — 1 13 mot hiing s6 chi phu thuoc vao g.

Nhu vay, trong moi trudng hgp déu ton tai hing s6 Cp 4 sao cho

vp(ak(q“)) < Cyig +logs(a +1).

O
D@ y ta chi can xét cac s t6t c6 cling mot tap uéc nguyen to 1a {p1,...,ps} C P va
S
== Hp;-”
i=1
13 mot s6 tot. Dat M = max{a,...,as}. Viog(p]’) =1 (mod p;) nén p; t o (p") nen
a; = vp,(n) < vp, (0k(n)) = Y _ v (ok(P})) D Cpigp; + (s — 1) logy(M + 1).
J#i J#i
bat C; = Z Cp;p; v& C = max{C1,...,Cs}. Chon i € {1,2,...,s} sao cho a; = M, ta dugc
J#i
M<C+(s—1)logy(M +1).
Dé y v6i M dii 16n thi C + (s — 1) logy(M + 1) < M, do d6 M bi chan.
Vi thé cac s6 mil aq,...,as chi c6 hitu han gia tri. Suy ra chi c6 hitu han s6 t6t ma moi wdc nguyén

td déu thuoc P, tir d6 ta c6 diéu phai ching minh.
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CHON DTQG NGHE AN 2026 — NGAY 2

-

(Baitoan 05. ) (Lim Olympic - Nghé An TST - P5)
Cho tam giac ABC khong can ngoai tiép duong tron (I). Duong tron (I) tiép xic vé6i BC,CA, AB
lan lugt tai D, E, F. Goi K 1a tryc tam ctia tam giac BIC.
@ CK,BK lan lugt cit DE,DF tai S,T, va ST ciat EF tai R. Chitng minh ring IR | AK.
@ Chitng minh ring AK, BC va dudng thang Euler ctia tam gidac K BC' dong quy hoiic doi mot

song song.

@ L gidi.
DAu tién ta chitng minh bé dé sau:
BS dé 0.1.
Cho tam giac ABC ngoai tiép duong tron (I). K la tryc tam ctia tam giac BIC, M, N lan lugt la
trung diém ctia AC, AB. Chiing minh ring M N la duong déi cuc ciia K tng véi (I).

M N

N
Q

Chatng minh. Goi D, E lan lugt la tiép diém ctia (I) véi BC,CA. DE cit BI, CI, KC lan lugt tai L, J,T.
Theo két qua quen thudc, ZBLA = 90°. Suy ra ML = MA= MB. Tt d6 ZMLB = /MBL = Z/LBC,
suy ra ML//BC hay L € MN.

Mit khac, do ZLTC = ZLJC = 90° nén IL - IT = 1.J - IC = r?%, suy ra L va T nghich déo qua (I).
Xét cuce va déi cuc ting véi (I), ta thu duge KC = dy.

Tuwdoé K €edp,suyraLedg. Ma L€ MN, MN L IK nén MN = dg. O
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1,8

Cach 1.
@ Ap dung bd dé, goi dudng trung binh dinh A cit DE, DF lan luot tai H, L.

Do DE = d¢ va HL = dg nén CK = dy ma DE cét CK tai S = (SHED) = —1. Tuong tu ta
cing ¢6 (LTFD) = —1 = (DESH) = (DFTL) = EF,ST,HL dong quy tai R. Ma EF = dg4,
HL=dgx = AK=dgr= IR 1 AK.

(2) Goi J la tam dudng tron bang tiép AABC, AI cit BC tai N = BKC.J la hinh binh hanh
= M la trung diém K.J.

IA JA NA 2AI
V%LIN IN = JA-JN =JA-IN = AN-1J = (AI4+IN)(IN+NJ)=2AI-NJ = NI
Goi G la trong tam AKBC = in' =2 (do MJ = MK).

IA 1 GK
Trudng hop 1: AK//BC = MN//AK = N la trung diém AJ = 757 = IG//AK//BC.
Trudng hgp 2: AK cit BC tai U. Ap dung dinh li Menelaus cho AAKJ véi M, N,U thing hang
UA NJ MK UA NJ UA 1J GK

=5 UKk NA T - =>U—K—ﬁ=>ﬁ'ﬁ'a=1=>I,U,Gthanghangtheodmhh
Menelaus dao AAK J.
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Cach 2. (Loi giai y 2 khong st dung y 1)
Truong hgp AK||BC cac ban chitng minh tuong tu cach 1.
Ta xét truong hop AK cit BC. Ta c6 mot sd két qua quen thude lién quan tdi diém Feuerbach:
Cho tam gidc ABC ngoai tiép (I). F. 1a diém Feuerbach. (I) tiép xtc BC tai D. M la trung diém BC.
H 1a hinh chiéu ctia A léen BC.

(1) F.D la phan giac goc HF,M.

(é\) N, P lan lugt 1a trung diém AC, AB. Khi d6: PN, DF,, EF dong quy.
Quay trd lai bai toan: Ta c6 két qua quen thuoc: K 1a déi cyc ctia dudng trung binh tng v6i BC' cla
tam gidc ABC dan dén: AK, BC cit nhau tai S thudc tiép tuyén tit F. cta (I). Goi T 1a tam (BKC).
M la trung diém BC va H la hinh chiéu ctia A léen BC.
Yéu cau bai toan tuong duong: I, T, S thing hang.
Ta can c6: — S—D

T™M SM

’IEO hét_hl’rc Ne_wtont_hi ta thﬂu’qe: SH.SM = SD? suy ra:

SD SH SD-SH DH
SM SD SM-SD DM

L ID 21D
o R 2ID DH
Ta can ching minh rang: TK — DM

Goi MI cat AH tai G. D" déi xting D qua I.
Ta c6 tinh chit quen thuoc: MI||AD' va AM, EF, DI dong quy tai X.

DH IG AD'" XD’
Th inh i T O: = — = i
eo dinh 1i Thales ta c6 DM I T X7

Goi EF cat BC tai J, ta c6: (JD, BC) = —1 dan dén chiéu xuyén tam B ta dugc: (KI, XD) = —1. Theo

XD' XK 2ID
hé thic Maclaurin ta c6: XI.XK = XD'. XD suy ra: T — XD~ Ik

Do d6 ta thu duge diéu can chiing minh.
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[
[ Bai todn 0.6. ] (Lim Olympic - Nghé An TST - P6)
Cho da thitc monic

P(z) =2" + ap-12™ 1 +--- + a1z + ag,
véi n > 2, hé s6 thue, tat ca nghiém ctia P(z) déu 1a s6 thuc va khac 0.
(1) Chiing minh riing 202647 + 2027a7,; > 0 v6i moi k = 0,1,...,n — 2.
@ Hoi s6 lugng hé s6 khéc 0 ctia da thite P(x) nhé nhat 1a bao nhieu?

\.

@ Lai giai.
Ta chitng minh bé dé sau:
BS dé 0.2.
d
Gia st Q(z Z biz' la da thiic bac d > 2 va ¢6 d nghiém thue, ké ca boi.
=0
Néu ton tai t € {0,1,...,d — 2} sao cho by = b1 =0 thi bg = by = -+ = b1 = 0.

Chitng minh. Ta chiing minh bd dé bang quy nap theo d. V6i d = 2, hién nhién.
Gia stt b dé ding véi cac da thitc bac d — 1. Xét da thiic Q bac d. Truong hgp ¢ = 0 1a hién nhién. Xét

d—1
1<t<d-2vaviét Q'(x Z ch trong d6 ¢; = (j + 1)bj41. Theo dinh 1y Rolle, Q' ¢6 d — 1 nghiém
7=0
thyc. Hon nita, ¢, = thy =0 va ¢ = (t + 1)byy1 = 0. Do t — 1 < d — 3, gia thiét quy nap ap dung dugc
cho @ ,suyracg=cy=--=¢c;=0,hay by =by=-+- = b1 = 0.
Gio ta can ching minh by = 0. Gia st ngudc lai rang by # 0 va goi r1,72,...,7rq 1a cdc nghiém thyc cta
Q. Khi d6 moi r; déu khac 0. Vi by = b = 0, theo dinh Iy Viete,
d
1 b 1 b
$1o o > Lot
i=1 8 0 1ciggea b9 0
d 1 d
Dodézr—2=<2—> -2 > =0, vo Iy vi r; la sb thuc khac 0.
i=1 ¢ =1 T8 1<i<j<d et
Vay by = 0 va b6 dé dude ching minh. O
@ Gia sit ton tai k € {0,1,...,n — 2} sao cho ax = apr1 = 0. Ap dung b dé cho Q = P va t = k, ta
duge ap = a; = -+ = a1 = 0. Dic bigt, ap = 0, nén P(0) = 0, trai v6i gia thiét moi nghiem cta

P déu khac 0. Vay ay, a1 khong thé dong thoi bang 0, tit d6 c6 diéu phai chitng minh.
@ Ta ¢6 ag # 0 vi P khong c6 nghiém 0, con hé s6 cao nhat bang 1. Theo ¥ 1, trong hai hé sb lién
tiép ag,ary1 luon co6 it nhat mot hé s6 khac 0.
& Néun = 2m, xét m — 1 cap (a1,a2), (a3, a4), ..., (a2m—3, a2m—2). Mdi cap c6 it nhat mot he sé
khac 0; cling vé6i ag v as, = 1, da thiic c6 it nhat m + 1 hé sé khac 0.
& Néu n = 2m + 1, xét m cip (a1, a2), (as,aq),...,(aam—1,a2m). Cung véi ag va agm+1 = 1, da
thitc c6 it nhat m + 2 hé s6 khac 0.
Ta chitng minh cac can nay déu dat dugc.
& V6i n = 2m, lay P(z) = (z? — 1)™. Da thitc nay c6 ding m + 1 hé sé khac 0.
m
& Véin=2m+1, xét Q(z) = xH(w2 — j?) ¢6 céc he s6 cta 221 2?1 2 ddu khéc 0,
i=1
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nén da thitc Q c¢6 ding m + 1 hé s khac 0.

Chon quanh méi nghiém ctia @Q mot khoédng nho, sao cho cac khoang doi mot rdi nhau va gia
tri cia @ tai hai dau mdi khodng trai dau. Vi chi ¢6 hitu han dau mut, ton tai € # 0 di nhé
dé Q(z) + ¢ van trai dau tai hai dau ctia titng khoang. Theo dinh 1y gia tri trung gian, da thic
P.(z) = Q(z) + £ ¢6 mot nghiém trong mdi khoang. N6 ¢6 bac 2m + 1, nén tat ca cac nghiém

déu thyc; dong thoi P-(0) = & # 0, nén khong nghiém nao bang 0.
Da thitc P- nay c6 ding m + 2 hé s6 khac 0.

Z 2 2 n
Vay s6 lugng hé s6 khac 0 nhé nhat 1a [5] 1

[

[

Bai todan 0.7. ] (Lim Olympic - Nghé An TST - P7)

Cho hai s6 nguyén n, k théa man 2 < k < n. Trong mot 1& hoi, c6 n ngon den duge dat trén mot
vong tron va danh s6 1,2, ...,n theo chiéu kim dong ho. M&i ngon dén 6 mot trong hai trang thai:
sang ho#c tat.

Trong mdi lugt ghi, trang thai ctia cdc ngon den duge giit ¢6 dinh. Mot ngudi di quanh vong tron
theo chiéu kim dong ho. Khi ding tai ngon den thit 7, ngudi d6 ghi lai s6 ngon den dang sang trong
k ngon deén lién tiép theo chiéu kim dong hd, bat dau tit ngon deén thit i; sau ngon deén thi n lai
dén ngon den thit 1. Goi s6 ghi duge tai ngon den thi i 1a s;. Sau mot vong, ngudi dé thu duge

.

ban ghi (s1,82,...,8n).

@ Xéc dinh diéu kién ctia n,k dé véi moi cach bd tri trang thai ciia cac ngon deén, ban ghi
(81,82, ...,8,) XAc dinh duy nhét cach bé tri dé.

@ Trong sudt 1& hoi, trang thai clia cac ngon deén c6 thé duge thay doi tity ¥ gitta cac lugt ghi.
Xac dinh s6 ban ghi (s1,s2,...,5,) phan biét c6 thé thu dugc.

@ Loi gidi.
Quy udc cac chi s6 theo modulo n. Véi méi cach bd tri # = (21, x9,...,2,), dit z; = 1 néu deén thi i

sang va r; = 0 néu dén thi 7 tat. Khi d6 s; = z; + @jp1 + - + Tigg_1-
(D Ta chitng minh diéu kién can va dua 1a ged(n, k) = 1.

Truée hét, gid st d = ged(n, k) > 1. Xét cau hinh z trong dé ding cac dén c¢6 chi s6 dong du 1
modulo d sang, va cau hinh y trong d6 ding cac dén c¢6 chi sé6 dong du 2 modulo d sang. Trong k
vi tri lién tiép, mdi 16p dong du modulo d xuat hién ding k/d 1an. Vi thé ca hai cAu hinh déu cho
si = k/d v6i moi i. Hai cAu hinh khac nhau nhung c6 cting ban ghi, nén ta loai truong hop nay.
Ngugc lai, gia st ged(n, k) = 1. T ban ghi, ta ¢ si+1 — $i = xiyk — i. Do ged(n, k) = 1, day chi
s6 1,1+ k,1+2k,...,1+ (n— 1)k modulo n di qua tat ci cdc vi tri. Bit dau tit 21 va dung lién
tiép cac dang thic trén, ta biéu dién duge z; = 21 + C; véi moi 4, trong dé mdi C; hoan toan duge
xac dinh bdi ban ghi.

Thay vdo 81 = 21 + T2 + - - - + Tk, ta dude kxy + C = 81, trong d6 C = C1 + Cy + - - - + Cj, da biét.
Vi k > 0, gia tri 1 duge xac dinh duy nhit nén x1,zo,...,z, cing dugc xac dinh duy nhéat.

Vay diéu kién can va du la (gcd(n, k)= lj

) Dit d = ged(n, k), viet n = dm va k = dg. Xét hai cau hinh z,y va dat ¢; = x; — y;. Hai cAu hinh

cho ciing ban ghi khi va chi khi ¢; + ¢j11 + -+ + ¢iyx—1 = 0 v6i moi 4. Trit hai déng thic lién tiép,
ta dugc cjpx = ¢; v6i moi i. Do dé ¢; khong ddi trén mdi 16p dong du modulo d.
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Goi gia tri ctia hiéu trén 16p thit r 1a ¢,.. Vi mdi doan gom k = dq vi tri lién tiép chita Mg g phan
t thuoc méi 16p dong du modulo d, diéu kién tdng bing 0 tuong duong véi ¢; + co + - -+ + ¢4 = 0.
Ngugc lai, diéu kién nay ciing v6i viec hiéu khong déi trén méi 16p dong du ciing cho ta diéu kieén
diit dé hai ciu hinh cho cting ban ghi.
Gio ta chia cac ngon den thanh d dudng ray.
V6i 1 <r <d, dit Xy = (@1, Tridy - - Zry(m—1)d) € {0,1}™ la dudng ray thit r. Néu mot dudng ray
ctia z chita cd 0 va 1 thi bat buoc ¢, = 0, nén dudng ray dé dudc gitt nguyén trong y. Mot duong
ray toan 1 chi ¢6 thé dugc giit nguyén hoidc doi thanh toan 0; tuong tu, mot dudng ray toan 0 chi
c6 thé dugce giit nguyén hodc déi thanh toan 1.
V6i mbi ciu hinh z = (z1,73,...,2,), goi

¢(z) = {y € {0,1}" : y cho cling bén ghi véi z} .
Nhu vay, ¢(x) 1a 16p gom tat ca cac cau hinh cho cting mot ban ghi vé6i x, con |¢(z)| 14 s6 cau hinh
thuoc 16p d6. Gia st x ¢6 ding v dudng ray toan 1, v dudng ray toan 0 va d — u — v dudng ray hon
hgp (tite ¢6 ca 0 va 1). Dé thu duge mot cau hinh y € ¢(z), ta chon j trong u dudng ray toan 1 dé
déi thanh toan 0, dong thai chon ding j trong v dudng ray toan 0 dé ddi thanh toan 1. Cac dudng
ray con lai dugce gitt nguyén. Do dé theo Vandermonde ta co

min(u,v)
(@) = Y CiCi=Cqyes
J=0
—_ s 1 "
Ta gan cho moi cau hinh = trong so m Xét mot 16p £ ¢6 dung h cau hinh. V6i moi x € L, ta
i

c6 ¢(x) = L, nén |p(z)| = h. Vi thé téng trong s ciia cac cau hinh thudc £ bing
1 1
=h-—=1
Z ARG h

Do d6, khi cong trén tat cd cac cau hmh, mdbi 16p tuong duong, hay mdi ban ghi phan biét, duge

tinh ding mot lan. Béi vay T = Z
2, T

13 s6 ban ghi can tinh.

d!
ulv!(d — u—v)!

S6 cau hinh z ding u dudng ray toan 1 va v dudng ray toan 0 la (9 _ D= pgn

d! ulv!
T = § : (2m _ 2)d—u p., S § : u+v u +o+ 1)(2m . 2)d—u—v
ulvl(d — u —v)! (u+v)!
b= 7 =2

Két hop véi viee (u +v)Cy Y = dCy™Y ~1 ta suy ra duge
T'= (27— 18 4d(g— 1) = PP 4d— D[P - 14,
trong do6 d = ged(n, k) v m = n/d.

Vay s6 ban ghi phan bigt c6 thé thu duge la (T = (24 L d—1)(@2VE— l)d'ﬂ void = ged(n, k).
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