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CHUONG @ VECTO VA HE TOA PO TRONG KHONG GIAN

BAI 1: VECTO VA CAC PHEP TOAN TRONG KHONG GIAN

#Vecto trong khong gian

Vecto trong khong gian 1a mot doan thing c6 hudng.

Cac khai ni¢gm lién quan dén vecto trong khéng gian dwoc dinh nghia twong tw nhw vecto trong mdt
phing:

OPé dai vecto 13 khoang cach tir diém dau dén diém
cudi ctia vecto do.

0 Gid vecto 1a duong thing di qua diém dau va diém
cudi clia vecto.

OHai vecto dugc goi 13 ciing phwong néu gia cua
chiing song song hoac trung nhau.

[OHai vecto cung phuong thi chung ciung hwong hoac
nguwoc huwong.

[JHai vecto duoc goi 13 bang nhau néu ching cing
hudéng va cung do dai.

OHai vecto dugc goi 1a déi nhau néu chung nguoc hudng va cing do dai.

OVecto ¢6 diém dau trang diém cudi duoc goi 1 vecto-khéng. Vecto-khong cing phuong, cing huéng
vO1 moi vecto.

pATong va hiéu caa hai vecto. tich ciia vecto véi mot so.
Tong cuia hai vecto

Trong khong gian, cho hai vecto @, b . Liy diém O bat ki va hai
diém A, Bbsao cho Od=d,AB=b . Ta goi OB 1a tong cta hai vecto a-’/

a vab, kihiéu a+b.

Phép lay tong ctia hai vecto dugc goi 1a phép cong vecto.
i : S o
iéu cuia hai vecto o) a+b

Trong khéng gian, cho hai vecto d,b . Ta goi a+(—b) la hiéu cua
hai vecto @ va b , ki higu @b . >
Phép 14y hidu cua hai vecto duge goi 1a phép trir vecto. /

Tich cua vecto voi mot so a a-b
Trong khong gian, cho s thuc & # 0 va vecto @ # 0. 0 B
b

_Tich cua s6 k v6ivecto a 1a mot vecto, ki hiéu ka , cung hudng voi a
neu k >0, nguoc hudng voi a néu k <0 vaco do dai bang |k|.|a].
(1) Céc tinh chat vé phép toan vecto trong khong gian tuwong ty nhu trong mat phang
(2) Hai vecto a va b ( b khac 0 ) cting phuong khi va chi khi ¢6 s6 k sao cho a = kb .
(3) Ba diém phan biét 4, B,C thing hang khi va chi khi c¢6 s§ k khac 0 dé AB=kAC .

Cac quy tidc vé phép todn vecto.

, Véi ba diém 4,B,C . Ta co: B
1. Quy tac ba | — — —.
diém AB+BC=AC. e
Quy ba diém dung dé cong hai vecto c6 diém cuoi
clia vecto nay tring v6i diém du cua vecto kia A C
Véi ba diém A4,B,C . Ta co: B
2. Quy tac| AB—AC=CB.
hiéu vecto Quy tic hiéu vecto ding dé trir hai vecto ¢ cing
diém dAu (hay tring diém cudi) A C

0983.900.570 2 2024-2025
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3. Quy tic|Néu ABCD la hinh binh hanh thi
hinh binh | AB+ AD = AC.
hanh

C

4. Quy tic | Cho hinh hép ABCD-A'B'CD". Ta cé:
hinh hép AB+ AD+ AA' = AC'.

5. Quy tic Néu M la trung diém cia doan thang AB thi

trung diém | (1) MA+MB=0; A M B
dognthang | (2) JA+IB=2.IM (v6idiém I tuy )
2 . A
6. Quy tic Néu G la trong tam cua tam giac ABC thi
trong tam tam | (1) GA+GB+GC =0;
gidc (2) IA+IB+IC =3.IG (véidiém I tuy ) s C

Cho tir giac (hay t dién) ABCD, goi M, Nlan
luot 14 trung diém cia 4D, BC va G la trung
7. Quy tic diém ctia MN . Khi d6, diém G goi la trong tim N
trong tim tir | cha t giac (hay tir di¢n) ABCD .
gigc (hay nr|Néu Gla trong tam cua to giac (hay tor di¢n)
dién) ABCD thi B D
(1)@+@+@+@=6; M
(2) IA+IB+IC+ID=4.1G (v6idiem [ tuyy)

RATich vo huwdng cua hai vecto
jc giita hai vecto trong khong gian

Trong khong gian, cho # va ¥ 14 hai vecto khac 0. Liy mot

diém A batki, goi B va C la hai diém sao cho AB=u, AC=v. /
u

Khi do, ta goi BAC 1a gbc giita hai vecto 4 va v, ki hiéu (u,v ) B
Nhdn xét:
(1) 0" <(u,7)<180° 4 3 C

(2) Néu (i,v)=90° thi ta néi 4 va v vudng goc véi nhau, ki

A%
b \
hiéu i L 7. 2

Tich vo hwong cua hai vecto

Trong khong gian, cho hai vecto # va v khac 0. Tich vo hudng cua hai vecto «# va v 1a mot so, ki hiéu

u v, duogc xac dinh boi cong thirc
i -v =lii [{V]- cos (&, V).
Chui y:
(1) Trong truong hop ii=0 hodc v=0, ta quy uéc u-v=0.
Q) i-u=u’=il5u* 200 =0=1i=0

<y
<!

(3) Vi hai vecto i va v khac 0, taco cos(i, V)=

7

<y
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(4)V(’yihaivector i va v khac 0,taco s Lv<i-v=0.

Tuong tu nhu trong mat phang, tich vo hudng cua hai vecto trong khong gian ciing c6 cac tinh chat sau:
Vi ba vecto a, b ¢ vasd k, tacod:

(1) a-b=b-d Q) a- (b +c) G-b+ad-c (3)(k5)-5=k(&"5)=c7~(k5).

LJ CAC DANG TOAN THUONG GAP

Dang @ RUT GON BIEU THUC VECTO. CHUNG MINH HE THUC VECTO
Phuwong phap.
St dung cac quy tic cta cic phép toan vecto dé bién doi vecto
Vi du 1:Cho hinh hép ABCD.A'B'C'D' . Tinh tdng AB+ AD+ A'C' .
v Loi gidi
Theo quy tac hinh binh hanh ta c6,
AD+ AB = AC .
AB+AD+A'C'=AC+A'C'=2.AC.
Vi du 2:Cho tt dién ABCD . Chimg minh AC + BD = AD+ BC .
v Loi gidi

Ta co:

AC+BD =(AD+DC)+(BC+CD)

=(@+R?)+(FC+@):(E+ET)+@=E+§? (Ppcm). B ==
Vi du 3:Cho tir dién ABCD . Goi G 1a trong tam cua tam giadc BCD va O la trung b
diém doan thang AG . Chung minh rang;

(1) 304+ 0OB+0C+0D =0;

(2) 3MA+MB+MC +MD =6MO (M la diém bét ki trong khong gian).

= Loi gidi

(1) 304+ OB+0C+0D=0;

Vi G latrong tam cia ABCD nén 30G=0B+0C+0D.

Vi O 1a trung diém doan thang 4G nén 0OA+0G =0.

Do do: 3@+@+@+@:3(@+@):6.

(2) 3MA+MB+MC +MD =6MO (M 1a diém bat ki trong khong gian).
Theo quy t tac ba diém, ta co:
3MA+MB+MC+MD

B

Vidu 4:Cho hinh la phuong ABCD.A'B'C'D' ¢6 canh bang 2 . Tim d6 dai cua cc vecto sau:
(1) G=BA+BC+BB'; (2) b=BC-BA+C'A
= Loi gidi B ¢
(1) G=BA+BC+BB'; S N
”zﬂ+f€+ﬁ:@:>|d|:‘@‘:BD’:%E. ‘ : ’

(2) b=BC—BA+C'4 L
b=BC-BA+C'A=AC+C'A= CC:‘b‘ ‘cc‘ cC=2. ] IR uC

Vi du 5: Cho hinh 13p phuwong ABCD.A'B'C’'D" . Xéac dinh céac goc:

A D

0983.900.570 4 2024-2025
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1) (E’,TD') 2) (E,TC') A3) (ﬂé,zTC') @) (E,CTB‘)
w Loi gidi

o (i8.17) A D

Ta co E:ﬁ,suyra (E,W):(@,E):BAD:90°. B A C 7

@ (4.4

Ta c6 A'—C':E, suy ra (E,TC”):(E,R’):BAC:%%DO tam ;A’ ’
gidc ABC vudng cin tai B) ‘,»""::::::_ """ - AP

(3) (4B,D'C') e ]

Tacd D'C'=DC = AB , suy ra (E,ﬁ)z(ﬁ,ﬁ)z(ﬁ,@)z@’.
@) (E,ﬁ)

Tacd C'B'=CB=DA, suy ra (E,ﬁ) = (E,m) =180° (do AD va DA déinhaunén nguoc hudng).

> BAI TAP THAM KHAQO

Céau 1. Cho tr dién ABCD . Ménh dé nao dudi day 1a ménh dé dung?
A. BC+AB=DA-DC. B. AC—AD=BD-BC.
C. AB—AC=DB-DC. D. AB—AD=CD+BC.
Cau 2. Cho hinh lap phuong ABCD.EFGH , x=CB+CD+CG E H

A ¥=CE. B. y—CH. ~N P

C. 3= EC. D. %= GE. , ’
Cau 3. Cho hinh hop ABCD.A'B'C'D’ (xem hinh dudi), tong cuia DA+ DC+ DD’ la
vecto nao dudi day? B ¢

A. DB’ . B. DB.

C. BD. D. BD'. ”
Cvﬁu 4. Cho hinh hop ABCD.A'B'C'D'. Pang thiic nao sau day la
dang thtrc dung?

A. BA+BC+ BB'=BC'.

B. BA+BC+ BB'=BD'.

C. BA+BC+ BB'=BD.

D. BA+BC+ BB'=BA'.
Cau 5. Cho hinh hop ABCD.A'B'C'D'. Goi 1, J lan luot la trung
diém cua AB' va CD'. Khang dinh nao dudi day 1a dung?

A. AI=CJ . B. D'A'=1J. C.BI=DJ.
Cau 6. Cho hinh 1ap phuong ABCD.A'B'C'D'. Ménh d¢€ nao sau day sai? A’ D

A. AB+AD+ AA'= AC". B |

B. AC=AB+AD. i c’

c.18]-[cs} |

D. AB=CD. .
Céau 7. Cho hinh chép S.4BCD c6 day la hinh binh hanh tdm O . Tinh tong T b
SA+SB+SC+SD . B ¢

A. 280 B. 450 C. 350 D. 0

= Loi gidi
Chon B

0983.900.570 5 2024-2025
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Vi O 14 trung diém cua AC,BD nén SA+SC =250, SB+SD =250 .
Do d6 SA+SB+SC+SD =480 .
Cau 8. Cho tirdién ABCD. Goi G latrong tam tam giac ABD . Khi d6
A.@+@+@=3FG. B. CA+CB+CD =3GC.
C. CA+CB+CD=2CG . ‘ D.@+@+@:FG. q
Cau 9. Cho ta dién ABCD. Goi M,N lan lugt 1a trung di€m cia AB, CD va G la trung diém ctia MN .
Trong cac khang dinh sau, khang dinh nao sai?
A. GA+GB+GC=GD. B. MA+MB+MC +MD =4MG .
C. GA+GB+GC+GD=0. D. GM +GN =0.
Céu 10. Cho tir dién déu 4BCD , M va N theo thir tu 13 trung diém cua canh 4B va CD . Ménh dé nao sau
day sai?.

A. AC+BD=AD+BC. B. MN = (4D + BC).
C. AC+BD+ AD+BC =—4NM . D. MC+MD—4MN =0.
Céu 11. Cho hinh hép ABCD.A'B'C'D’ véitam O . Hiy chi ra déng thirc sai trong cac dang thirc sau day.
A. AB+BC+CC'=AD'+D'O+0C’ B. AB+ AA = AD + DD’
C. AB+BC'+CD+D'A=0 D. AC'=AB+AD+ AA' .

Cau 12. Cho tir dién ABCD . Goi M, N lan luot 1a trung diém cta 4B, CD va G la trung diém cua MN .
Trong cac khang dinh sau, khang dinh nao sai?

A. MA+ MB+MC + MD = 4MG B. GA+GB+GC =GD
C. GA+GB+GC+GD=0 D. GM +GN =0.
Cau 13. Cho hinh 1ap phuong ABCD.A'B'C'D' canh a.Dit x= A4 + AC’. Do dai ciia x bing
A. (1443)a. B.@. C. a\6 . D. a2 .
A D
. !
! c
P I D
B c

Ciau 14. Cho hinh hop ding ABCD.A'B'C'D', trong d6 mit day 1a hinh binh hanh v6i DAB =120° . Biét do
dai cac canh AB =25cm, AD =12c¢m va AA' =12cm. Tinh |AB+ AD + AA'|.

A’ B
o ¢
P ;
P ¢
A. l2(cm). B. V469 (cm) C. «/613(cm), D. 25(cm).

Cau 15. Cho lang tru dimg ABC.A'B'C’. Pay la tam giac ABC vudng tai B . Khi d6 goc gitra vecto BA va

vecto B'C’ bang bao nhiéu?
A. 45° B. 120° C. 90° D. 30°

0983.900.570 6 2024-2025
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A O
B/
A C
<>
B
= Loi giai
Chon C

Tacd B'C' = BC
Do d6 (ﬂ; B’C') = (ﬂ;ﬁ?) = ABC
Ma tam gidc ABC vudng tai B.Nén ABC =90° = (Ei;B’C’) =90°
Céu 16. Cho hinh 14p phuong ABCD.A'B'C'D' . Khang dinh nao sau day 13 sai?

A’ D
5 :
! c’
O S— »
B = C
A. (ﬁ;ﬁ):%c’. B. (E;TC’):%O. C. (ZJ;BT)'):%O. D. (ﬂ;@):wx
= Loi gidi
Chon D

A’ D'
|
| <
Al
A D
B c
2
A. ““2/_. B. a\2. C.0. D. a*.

0983.900.570 7 2024-2025
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BAI 2: TOA PO CUA VECTO TRONG KHONG GIA

JUHE toa do trong g
Trong khong gian, cho ba truc Ox,Oy,0Oz d61 mgt vudng goc. 2]
Goi i, /,k 1an luot 1a ba vecto don vi trén cac truc Ox, Oy, Oz . Hé
ba truc nhu vay dugc goi 1a hé truc toa do Descartes vudng goc
Oxyz trong khong gian hay goi don gian la h¢ to d6 Oxyz .

A , ;\f
han xet:,

(1) Piém O dugce goi la gde toa do. o 1

(2) Cac truc Ox,0Oy,Oz dugc goi la céc truc toa do. 1-;)@&”\"1\ i

(3) Cac mit phang (Oxy),(Oyz),(Ozx) d6i mot vudng goc véi b J TN—
X Yy

nhau dugc goi la cac métphéng toa do.
(4) Khong gian v6i hé toa do Oxyz con dugce goi la khong gian Oxyz .

(5) Vi i, j,k 1aba vecto don vi d6i mot vudng goc véinhaunén i> = j>=k>=1vai-j=j-k=k-i =0.

pAToa do chaa (}iém va vecta
Toa do cuia diém
Trong khong gian Oxyz, cho diém M . Néu OM =xi +yj +zk thita go1 bd

ba sb (x; y;z) 1a toa d6 cua diém M ddi voi hé truc toa do Oxyz va viét

M =(x;y;z) hodc M (x;y;z); x 1a hoanh d9, y 1a tung do, z 1a cao d cua
diém M .

Toa do cua vecto

Trong khong gian Oxyz , cho vecto . Néu d =ai +a,j + a3l; thi ta goi bg ba .
s0 (a;3a,3a,) 13 toa do cua vecto a doi voi hé toa dd Oxyz vaviét d =(a;a,5a;)
hodc d(a;a,;a;).
(1) Piém O c6 toa dd (0;0;0)
(2) Toa do ctia didm M 1a toa do cta vecto OM , tirc 1a M = (xyz)e OM = (x3332).
a,=b
(3) Cho d =(a;;a,;a,), b=(b;by;b,). Khidé: a=b < {a, =b,
a, = b,

TOA DO CAC DIEM PAC BIE ] ]
Diém thudc truc toa dj Diém thudc mdt phang toa dj
Mer<:>M(x;0;O) Me(Oxy)<:>M(x;y;0)
M €Oy < M(0;y;0) M € (Oxz) < M (x;0;z)
M €0z < M(0;0;z) M e(Oyz) = M (0;y;2)
Hinh chiéu ciia diém lén truc toa dp Hinh chiéu ciia diém lén mdt phing toa dé
Hinh chiéu cua diém M (x; V; z) lén: Hinh chiéu cua diém M (x; ¥; z) 1én:
& Truc toa dd Ox 1a diém H (x;0;0) & Mit phing toa d§ (Oxy) 1a diém H (x;;0)
& Truc toado Oyla diém H (O; V; 0) & Mat phéng toa do (Oxz) la diém H (x; O;Z)
& Truc toa dd Oz1a diém H (0;0;z) & Mit phing toa d§ (Oyz) 1a diém H (0;y;z)
Diém doi xieng ciia diem qua truc toa dp Diém doi xirng ciia diém qua mat phang toa dp
Diém d6i ximg cua diem M (x;y;z) qua: Diém ddi xtmg ciia diém M (x;y;z) qua:
& Truc toa d0 Ox 1a diém M '(x;—y;—z) @ Mt phing toa d6 (Oxy) 1a diém M '(x;y;—z)

0983.900.570 8 2024-2025
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& Truc toa d0 Oy 1a diém M'(—x;y;—z) @ Mt phing toa d6 (Oxz) 1a diém M'(x;—y;z)
@ Truc toa d0 Oz la diém M'(—x;—y;z) & Mit phang toa do (Oyz) 1a diém M'(—x;y;z2)

Diém ddi ximg cua diem M (x;;z) qua gbc toa dd O 1a diém M '(—x;—y;—z)

LJ CAC DANG TOAN THUONG GAP

Dang @ XAC DINH TOA PO BIEM BANG HE THUC VECTO, TOA PO DIEM PAC BIET...
Vi du 6: X4c dinh toa d6 diém M trong cac trudng hop sau
(1) MO =2i -3k (2) OM =20A4+i véi A(2;-3;1)
x Loi gidi

(1) MO=2i -3k
Tacé6 OM =-2i +3k . Do d6 M (-2;0;3).
(2) OM =204+ véi A(2;-3;1)
Tacé OM = 2(2?—3j+/€)+3/€ =47 4] +5k . Vay M (4;-4;5).
Vi du 7: Trong khong gian Oxyz , diém nao sau day thudc truc Oz ?
A. M (0;5,0) B. N(4;0;0) C. P(0;0;6) D. 0(4:5;0)
w Loi gidi
Chgn C
Piém thudc truc Oz cb dang toa do (O; O;z) nén chon P(O; 0;6) .
Vi du 8: Trong khong gian Oxyz , diém nao sau ddy nam trén mat phang toa do (Oyz) ?
A. N(0;4;-1) B. P(-2;0;3) C. M (3;4,0). D. 0(2;0;0)
= Loi gidi
Chon A
Diém thuoc mit phang toa do (Oyz) c6 dang toa d§ (0;y;z) nén chon N(0;4;-1).
Vi du 9: Trong khong gian Oxyz , toa d6 hinh chiéu ctia M (2;1;4) l1én truc Ox la
A. (2;0;0). B. (0;1,0). C. (0;0;4). D. (0;1;4).
= Loi gidi
Chon A
Hinh chiéu ctia M (x; y;z) 1én truc Ox c6 dang toa do H (x;0;0) nén chon (2;0;0).
Vidu 10: Trong khong gian Oxyz , hinh chiéu vudng goc cia diém M (5;—6;2) 1én mat phang (Oxz) c6

toa do la
A. (0;-60). B. (5;0;2). C. (5;-6;0). D. (0;-6;2).
w Loi gidi
Chon B

Hinh chiéu cia M (x;y;z) 1én truc (Oxz) c6 dang toa do H(x; O;Z) nén chon (2; 0;0).
Vidu 11: Trong khong gian Oxyz , diém dbi xtmg voi diém M (4;—5;3) qua truc Oz cé toa dg la
A. (4;-5;-3). B. (—4;5;3). C. (-4;5;-3). D. (0;0;3).
= Loi gidi
Chon B
Diém déi xtng ctia M (x;;z) qua truc Oz c6 dang toa dd M '(—x;—y;z) nén chon (—4;5;3)

Vidu 12: Trong khong gian Oxyz , diém d6i xing cua diém M (—1;2;— 2) qua mit phang (Oxz) 1a diém
A. H(1;2;2). B. E£(0;2;0). C. F(-1-2;,-2). D. G(-1;2;2).
= Loi gidi

0983.900.570 9 2024-2025
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Chon C
Diém déi xtmg ctia M (x; y;z) qua mit phing (Oxz) c6 dang toa do M '(x;—y;z) nén chon F(-1-2;-2)

Dang @ XAC DINH TOA PO DIEM CHO BOI HINH V
Vidu 13: Trong khong gian Oxyz, cho hinh hdp chir nhat .::T
E

OABC.EFGH c6 cac canh O4=5, OC =8, OF =7 (xem hinh vé

diréi day), X4e dinhiton 46 céc dism A, B, E, G , H
. Loi gidi =/ G

-

Ta c6: OA =5. nén diém A(5;0;0) i

Theo quy tic hinh binh hanh, ta co: O i g %,

OB =04+0C =5i+8.j nén diém B(5;8;0) 5/’ """"""" Y

OH =OC + OF =8.j + 7k nén diém H(08;7) AL v

xr

Theo quy tic hinh hop, ta co:

OG =0A+OC +OE =5i+8.j+7k nén diém G(5:8;7)

Tacod: AeOx va OA=5 néndiem A(5;0;0)

Do diém Be (Oxy) nén co cao do béng 0 va hinh chiéu cia diém B lén truc Ok, Oy lan luot 1a diém
A, C nén c6 hoanh do béng 5, tung do béng 8

Vay diem B(5;8;0)

Tuong ty cho diém H

Chiéu diém G 1én mat phang (Oxy) ta duge diém B(5;8;0) suy ra diém G c6 hoanh do bang 5, tung do
bang 8 va GB=EO =7 suy ra, diém G ¢o cao do bang 7

Vay diem G(5;8;7)
Vidu 14: Cén truc chan dé 1a kiéu cot quay dugc su dung
dé phuc vu cong viéc xEp d& hang hoa chu yéu ngoai cac
cang bén, bai (hinh anh minh hoa). Ta chon h¢ truc Oxyz
thoa truc Ox tring véi truc chan dé, truc Oy vudng goc véi
truc Ox vatruc Oz trung véi truc can cau (theo don vi mét,
nhu hinh v&). Goi M 1a vi tri tai dinh can cau, H 1a hinh
chiéu ctia M 1én (Oxy). Biét tay can KM cua can tryc dai

50m, truc can OK dai 50m, (12@) :60°;(E;(TH) =45°.

Xac dinh cao do cua diem M .

A. @ B. 93,3. C.75. D. 60 .
= Loi gidi

Chon C )

Ta goi E 1a hinh chiéu cua M 1én Oz.

Ta co:

EK = MK .cos60° = 50.% =25m

=z, =OE=0K +KE=50+25=75m.
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Cau 18. Trong khong gian Oxyz, cho diem M théa man MO =3k—2i+4 ;. Toa dd dicm M bang
A. (3;-2;:4). B. (-2;4;3). C. (2,-4;-3). D. (3;2;4).
Cau 19. Trong khong gian Oxyz, cho véc-to AO = 3(;+ 4}) —2k+ 5} . Toa d6 cua diém A4 1a
A. (3;17;-2). B. (-3;-17;2). C. (3;-2;5). D. (3;5;-2).
Cau 20. Trong khong gian Oxyz , di€ém nao sau day thudc truc Oy ?
A. M(0;5;0) B. N (4;00) C. P(0;0;6) D. 0(4;5;0)
Céu 21. Trong khong gian Oxyz , diém nao sau ddy ndm trén mét phang toa do (Oxz)?
A. N(0;4;-1) B. P(-2;0;3) C. M (3;4,0). D. 0(2;00)

Céu 22. Trong khéng gian Oxyz, cho diém M thoa man OM =(2x—4)i—4;j+(y—1)k . Khi diém M €Oy
thi gi4 tri x+2y bang

A. 2. B. 4. C.1. D. 3.
Cau 23. Trong khong gian Oxyz , toa do hinh chiéu cia M (2;1;4) 1én truc Ox la
A. (2;0;0). B. (0;1,0). C. (0;0;4). D. (0;1;4).
Céu 24. Trong khong gian Oxyz , hinh chiéu vudng goc cia diém M (—l; 2;—2) trén truc Oz 1a diém
A. H(0;0;—1). B. E(-1;2;0). C. F(0;0;,-2). D. G(0,0;2).
Céu 25. Trong khong gian Oxyz, toa do hinh chiéu cia M (-2;1;4) 1én (Oyz) la
A. (-2;0,0). B. (0;1,0). C. (0;0;4). D. (0;1;4).

CAu 26. Trong khong gian Oxyz, hinh chiéu vudng géc ctia diém M (5;-6;2) 1én mit phang (Oxy) c6 toa
dola

A. (0;-6;0). B. (5;0;2). C. (5;-6;0). D. (0;-6;2).
Cau 27. Trong khong gian Oxyz, cho vecto OM =;—3}'+4l; . Goi H 1a hinh chiéu vudng gboc ciia M trén
mit phang (Oxy). Khi dé, toa do cta diém H 1a

A. (1,-3;4). B. (1;4;-3). C. (0;0;4). D. (1;-3;0).

Céu 28. Trong khong gian Oxyz, cho A4(1;2;3). Diém d6i xtmg v6i 4 qua truc Oy c6 toa dd 1a
A. (1;2;-3). B. (-1;2;-3). C. (0;0;3). D. (-1;2;3).

Cau 29. Trong khong gian Oxyz, diém dbi xtng cia 4 (1; 2;3) qua mit phang (Oyz) 1a diém nao dudi day
A. O(-1;2;3). B. N(1;-2;3). C. P(1;2;-3). D. M (1;-2;-3).

Cau 30. Cho hinh 1ap phuwong ABCD.A'B'C'D" c6 d¢ dai z

canh bang 1. Goi M,N,P,Q lan lugt 1a trung diém cua f

AB,BC,C'D',DD" . Chon hé toa d0 Oxyz nhu hinh vé, xac B

dinh toa do cac diém M, N, P,Q.

A. M O;l;l , N l;0;1 , P 1;1;0 , O 1;1;1 .
2 2 2 2
B. M 0: 51, v L:0:1 P(1;1;0), O L1t
° 929 5 29 9 ) PRl ) > 92 .
C. M 0;1;1 ,N(l;o;l l (1,1, )
2 2 2
1 111 1 P
D. M| 0;—=;1|, N| —;—;— —;0 I;1;
2 (222) (2 jQ[ 2) -‘I/

0983.900.570 11 2024-2025



) .
@ Vo Cong Truong Tai liéu on thi Tot nghiép THPT theo chuong trinh méi 2018 Mon Toan

Cau 31. Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh vuong canh
a, SAD 1a tam gidc déu va nam trong mit phing véi day. Goi M
va N lan luot 1a trung diém cua BC va CD. Chon hé toa do Oxyz
nhu hinh v& duéi. Xac dinh toa do cac diém S,M,N theo a.

A. S(O;O;&J;M(a;O;O);N(g;E;OJ.
2 22

B. S(O;O;a\/g);M(a;O;O);N(E;g;gj

2
.C. S(O;O;#J;M(a;O;O);N(%;O;ﬁj.

D. S O;Q;g ;M(a;O;O);N 0;2;2 .
2 2 22

Céu 32. .Cho tir dién déu ABCD canh a. Goi K 1a trung diém 4B, goi
M , N lan lugt 1a hinh chi€u vuéng goc cia K 1én AD, AC . Chon h¢ toa do
Oxyz nhu hinh v&. Xac dinh toa do cac diém K, M, N theo a.

o5 o als) [ o5 30,
24 777 12 2 T2 )

a\/g'o_a\/g a\/?_’_3a_

s 5N 5T
6 3 8§ 8

o o a6 ) [ 30,
6 b 9 3 2 b 2 b
Ciu 33. Can truc chan dé 1a kiéu cot quay duoc sir dung dé phuc vu

cong viéc xép dd hang héa chii yéu ngoai cac cang bén, bai (hinh anh
minh hoa). Ta chon h¢ truc Oxyz thoa truc Ox trung véi truc chan dé,

A. K(O;O;O),M

, N

B. K(0;0;0),M

C. K(0;0;0),M N

.D.K(O;O;O),M{&-O'a 01§ 43 3";0}

sy T T >N —
24 12 8 8

truc Oy vudng goc voi truc Ox vatryc Oz tring véi truc can cau (theo
don vi mét, nhu hinh v&). Goi M 14 vi trf tai dinh cn cau, H 14 hinh
chiéu cuia M 1én (Oxy). Biét tay can KM cua can truc dai 50m, truc

cAn OK dai 50m, (%,W) = 60°;(f;ﬁ) =45°. Piém M c¢6 cao do

z,, 1a bao nhiéu. Toa d6 cua diém H 1a
A. (25V2;2542,0).  B.(2525,0). o 236,256 () [5V2.5V2 )

2 2 2 2
v Loi gidi

Chon C )
Ta goi E 1a hinh chiéu cua M 1én Oz . Ta co:

ME = MK .sin 60° = 50.? =253,

Suy ra OH = ME =25\3m.
Goi P,Q lan luot 1a hinh chiéu cia M 1én Ox,Oy .

Vi (?;ﬁ):45°:»0p:0g=011.%:¥.
V@ydiém H co6toado {#;#, J
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BAI 3: BIEU THUC TOA PO CUA CAC PHEP TOAN VECTO
iWBiéu thirc toa dd ciia tong, hiéu hai vecto va tich ciia mét s6 véi mot vecto

Trong khong gian Oxyz , cho hai vecto @ =(a,;a,;a,) va b =(b;b,;3b,) vasb thuc k . Khi do:

(1) @+b=(a,+b;a, +ba,+b,) | 2) @—b =(a,~b;a, —by;a,~b,) | 3) ka =(ka;ka,;ka,)

a, = kb,
Hai vecto @ va b cting phuong khi va chi khi ton tai s6 k sao cho 4 a, = kb,
a, = kb,
a a, a
hay Lt=—=2==(h.b,b,#0
Y %5, b 0E570)

pABiéu thirc toa dd ciia tich v hwong]
Trong khong gian Oxyz, tich vo huéng cua hai vecto a =(a;;a,;a,) va b =(b;;b,;b;) duoc xac dinh boi

cong thirc G-b = ab, +a,b, +ab,.

hdn xeét:,

(1) @ Lb < ab +a,b, +ab, =0, (a,b khac 0)

Q) |a|=ya} +a; +a;

(3) COS(C_i,B): _Ef’é = - alzb]"'cizbz +2a3b32 >
|a|.|b| \/al ta, +a, '\/bl +b2 +b3

&1Vin dung

@) AB:(xB_xA;yB_yA;ZB_ZA)

@) AB:‘E‘z\/(XB—XA)2+(yB—yA)2+(zB—zA)2 .

(3) Toa d¢ trung diém M cua doan thang AB 1a M[XA erxB ;yA eryB ;ZA ersz.

,(d,b khac 0).

(4) Toa d¢ trong tam G cua tam giac ABC la G(XA FXp ¥ Xe Yat Vet Ve 24+ 25 +ch.

37 3 7 3

(5) Ba diém phén biét 4, B, C thing hang khi va chi khi 4B, AC cing phuong hay AB =k.AC, k € R

L CAC DANG TOAN THUONG GAF ‘
Dang @ XAC DINH TOA PO CUA VECTO, BIEU THUC VECTO

Vidu 15: Trong khong gian Oxyz, cho hai diém A(l;l;—2) va B(Z; 2;1). Vecto AB ¢6 toa do la
= Loi gidi
Tacd AB=(x,—x,;3y, — vz, —2,)=(2-12-11-(-2)) =(1;1;3).
Vidu 16: Trong khong gian Oxyz, cho ba vecto a =(2;-1;0), b=(-1,-3;2), ¢ =(-2;—4;-3). Xac dinh

toa do cua u =2G-3b+¢
w. Loi gidi
Tacod: 4 =2d—3b+7¢ :(2.2—3.(—1)+(—2);2.(—1)—3.(—3)+(—4);2.0—3.2+(—3)) =(5;3;-9).
Vidu 17: Trong khéng gian Oxyz, cho hai diém 4(1;3;2) va B(3;-1;4). X4c dinh toa do vecto
ii =2BA—OB
w. Loi gidi
Tac6 BA =(-2;4;-2) suy ra 2BA =(—4;8—-4) va OB =(3;-1;4)
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Viy ii =2BA— OB =(-4-3;8—(~1);—4-4)=(-7;9;-8).

Dang @ XAC DINH TOA PO CUA DIEM THOA PIEU KIEN CHO TRUO
Vidu 18: Trong khéng gian Oxyz, cho ba diém A(l;2;—1), B(2;—1;3) va C(—3;5;1) . Tim toa do diém D

sao cho 4B =2DC.

w. Loi gidi
Goi D(x;y;z) 1a diém can tim.

Tacod: AB=(1;-3;4), DC=(-3-x;5-y;1-z).

7
x=—r
1=2(-3-x) 2
AB=2DC <1-3=2(5-y) = y=g.
4=2(1-z) see]
7 13

1)
2

Vidu 19: Trong khong gian Oxyz, cho hai diém M (1;—-2;2) va N(1;0;4). Toa d¢ trung diém ciia doan
thing MN 1a

Vay D(

2

= Loi gidi
La
2
—2+0
=
2+4
=

_ Xy Xy
2

:yM+yN _
2

_Zytzy

2

X

Goi I 1a trung diém MN . Ta co: —1.

1

3

z

1

Vay 1(1;-1;3).
Vidu 20: Trong khong gian Oxyz , cho tam giac ABC, biét A(l;—2;4) , B(O; 2;5) , C(5; 6;3) . Toa d6 trong

tam G cuatam gidc 4ABC la
= Loi gidi

xG:xA+xB+xC=1+O+5:2
3 3
242
Do G la trong tdm tam giac ABC nén yG=yA+J;B+yC = +3 +6=2.
ZGZZA+ZB+ZC=4+5+3:4
3 3

Vay G(2;2;4).
Viduy 21: Trong khong gian toa d Oxyz cho ba diém M (1;1;1), N(2;3;4),P(7;7;5). Tim toa do diem Q
S 6 i AP B Lt (St

. Loi gidi

Ta co: W\/:(1;2;3),QTD:(7—xQ;7—yQ;5—zQ).

M N
1=7- X X, = 6
MNPQ 1a hinh binh hanh < MN =QP <12=7-y, <1y, =5.
3=5-z, |z,=2 ¢ g
0983.900.570 14 2024-2025
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Vay 0(6;5;2).

Vi du 22: Trong khong gian Oxyz, cho ba diém A(2;-1;5),B(5-5;7), M (x;y;1). Xac dinh toa do diém

M débadiém A,B, M thiang hang.

= Loi gidi
Ta cé:AB=(3;—4;2), AM =(x—2;y+1;—4).
. —_— -2 1 -4 x=-4
A,B,M thang hang. < 4B, AM cung phuong @%:%:7 <:>{ -
— y:

Vay M(-4:7:1).
Vi du 23: Trong khong gian Oxyz, cho ba diém A(2;0;0), B(0;3;1), C(-3;6;4). Tim diém M thudc
doan BC sao cho MC =2MB .
w Loi gidi
Gia sit M (a;b;c) = BM =(a;b—3;¢—1) va BC =(-3;3;3).

1
a=—.(—3)
| 3 a=-1
DiémMeBCsaochoMC=2MB:W=§E® b—3=%.3<:> b=4 .
c=2
c—lzl.3
3

Vay M (-1;4;2).
Vidu 24: Trong khong gian Oxyz, cho hai diém A(1;2;-1) va B(0;-2;3). Tim toa d¢ chan dudng cao ké
tr dinh O cua tam giac OAB.

= Loi gidi

Goi H (x; y;z) 1a diém can tim.

Tacod: AH =(x—1;y-2;z+1), AB=(-1;~4;4).
x—1=k.(—1) x=—k+1

Vi A, H, B thang hang nén AH =k.AB <1 y-2=k.(-4) = {y=—4k+2 = H(~k+1;~4k +1;4k 1)
z+1=k4 z=4k-1.

= OH = (—k +1;-4k +2;4k -1).
Vi OH L AB nén 071.@=o@(—k+1).(—1)+(—4k+2).(—4)+(4k—1).4=0@k=§.

33
Vay H Q;E;Q .
33733733

Dang @ TINH SO PO CUA CAC BAI LUONG HINH HO
Viduy 25: Trong khong gian Oxyz, cho hai diém 4(1;2;3) va B(-14;1). Goi I 1a trung diém ctia doan

thang 4B. Tinh IA.BA.

= Loigisi
Vi [ latrung diém AB nén [(0;3;2). Suy ra 14 =(1;—1;1) va BA =(2;—2;2).
Vay IA.BA=12+(-1).(-2)+1.2=6.
Viduy 26: Trong khong gian Oxyz, cho hai diém 4(0;2;1) va B(3;—2;1). Do dai doan thing 4B bang
. Loi gidi

Taco AB=(3;—4,0) nén AB =[AB|= 3 +(-4) +07 =5.
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Viduy 27: Trong khong gian Oxyz, cho tam giac ABC biét A(1;0;—2),B(2;1;-1), C(1;—2;2). Tinh chu
vi cua AABC.

w Loi gidi
Theo cong thure tinh d dai vecto, ta dugc
AB=\J(2-1) +(1=0)' +(=1+2) =3:BC=\14+9+9 =\10; AC=\0+4+16=245.
Chu vi cua ABC: \/§+\/E+2\/§.
Vidu 28: Trong khong gian Oxyz,cho A(1;2;-1), B(0;3;1); C(3;2;0). Tinh dién tich AABC (néu co).
. Loi gidi
Taco: AB=(-1;1;2) va AC =(2;0;1) khong cing phuong nén ba diém A4; B;C 1ap thanh tam giac.

Va ABAC=-12+1.0+2.1=0= AB 1 AC = AB 1 AC nén AABC vudng tai A.

Mat khic AB=\J(—1) +12+2> =6 va AC=~2210+1" =5

Vay dién tich tam giac ABC la S—%AB AC =— \/_\/_—g
Vidu 29: Trong khong gian Oxyz, cho A(—1;-2;3), B(0;3;1), C(4;2;2). Tinh s6 do BAC .

w Loi gidi

Ta cd: BAC = (@,E)

AB :(1;5;—2),E =(5;4;-1)

cos (4B, 4C) - ABAC _ 15+54+(—2)(—1) :9@

|4B|[ac J +574(2) 54 70
Vay BAC=(AB,AC)z40°29'

= BAI TAP THAM KHAO
@ BAI TAP TRAC NGHIE
Cau 34. Trong khong gian Oxyz, cho hai vécto a =(3;0;1), ¢ =(1;1;0). Tim toa do cua véc to b thoa min

dang thic b—a+2¢=07

A. b =(-1;2;-1). B. b =(-2;1;-1). C. b=(1;-2;1). D. b =(1;2;1).
Ciu 35. Trong khong gian Oxyz , cho hai diém A(1;1;—1) va B(2;3;2). Vécto AB cotoaddla
A. (1,23). B. (-1,-2;3). C. (3;51). D. (3;41).
Cau 36. Trong khong gian Oxyz, cho A(—l; O;l) va B(l;—l;2) toa do véc to AB 1a
A. (2;-1;1). B. (0;—1;-1). C. (-21-1). D. (0;-1;3)
Cau 37. Trong khong gian Oxyz, cho vecto a= (1;2;— 2). Tinh d6 dai vecto a.
A. \&\:2\/5. Nal=8. C. \&\:3. D. \&\:
Cau 38. Trong khong gian Oxyz, cho diém A(—4;3;12). B¢ dai doan thang OA4 bang
A.13. B. 11. C.17. D. 6.
Cau 39. Trong khong gian Oxyz , cho hai diém A( )Va B(4‘ 2;—2). Do dai doan thang 4B bing
A 2. B. 4. C. V2. D. 22.
Cau 40. Trong khong gian Oxyz, cho hai diém 4(2;3;4) va B(3;0;1). Do dai vecto 4B la
A. 19, B. 19. C. Vi3, D. 13.
Céu 41. Trong khong gian Oxyz, cho cac diem A(1;2;0),B(-10;1),C(0;2;—1). Tinh do dai cua vecto

AB-2AC.
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A. 21, B. 21. C. 3. D. 13.
Cau 42. Trong khong gian Oxyz, cho a= (—3;1;2) va b= (O; —4;5). Gié trj cua a.b bang
A. 10. B. -14. Q.6 D. 3.

Cau 43. Trong khong gian Oxyz, cho hai vecto u =( ) =(0;1; 1) khi do
A. iy =1-+3. B. uv=3-3. C.iiv=
b=

Cau 44. Trong khong gian Oxyz, cho ba vecto a = ( L;1; O)

0. D. uv=1.
(1 1 0) = (1;1;1 . Trong cac ménh dé sau,

ménh dé nao sai?

A.\&\:JE. B.alb. C.H=«/§. D.hlc.
Cau 45. Trong khong gian Oxyz, cho hai vecto u= (2;-11), v= (—3;4;-5) . Sb do clia goc giira hai vecto U
va v bang

A. 150°. B. 120°. C. 60°. D. 30°.
Céu 46. Trong khong gian Oxyz , cho hai diém 4(3;-2;3) va B(-1;2;5). Tim toa d trung diém / cua doan
thang 4B .

Al I(=2:2:1). B. 1(1;0;4). C. 1(2:0:8). D. 1(2-2-1).
CAu 47. Trong khong gian Oxyz, cho hai diém 4(1;2;0), B(-1;0;,—2). Tim toa d6 trung diém M cia doan
thang AB.

A. M (-1-1-1). B. M (0;1;-1). C. M(0;2;-2). D. M(-2;—-2;-2).
CAu 48. Cho hai diém M(l;—2;3) va N(3; 0;—1) . Tim toa d¢ trung diém I cua doan théng MN .

A. 1(4-22). B. 1(2;-1;2). C. I(4-21) D. 1(2;-1;1)

Cau 49. Trong khong gian Oxyz , cho diém A(l; 2;4) , B(3; 4;2). Tim toa do diém M, biét B 1a trung diém
cua AM.

A. M (-1;0;6). B. M(2;2;-2). C. M (2;3;3). D. M (5;6;0).
Cau 50. Trong khong gian Oxyz, cho hai diém M (3;1;4) va N(0;2;-1). Toa do trong tdm clia tam gidc
OMN 1la

A. (-31;-5). B. (-1-1-1). C. (3;3;3). D. (L11).

Cau 51. Trong khong gian Oxyz cho diém A(l; 2;4) , B(2;4;—1). Tim toa d§ trong tdm G cua tam giac
OAB.

A. G(6;3;3). B. G(2;1;1). C. G(2;1;1). D. G(1;2;1).
Céu 52. Trong khong gian d6 Oxyz, cho ba diém A(1;,0;,-2),B(2;1;-1), C(1;—2;2). Tim toa do trong tdm
G cuatam giac ABC.

A. G(4;—1;—1). B. G(—i 1. lj C. G(i;—l;—lj.
333 33 3

Cau 53. Trong khong gian Oxyz, cho ba diém A(l;3;4); B(l; 0; —2)V£1 C(4; O;l). Toa do trong tdim G cua
tam giac ABC la

A. G(3;0;2). B. G(21;1). C. G(21;,-1). D. G(3;0;-1).
Cau 54. Trong khong gian Oxyz, cho tam gidc 4BCc6 A(1;-2;3), B(-1;,0;2)va G(1;-3;2)l1a trong tam
ctia tam giac ABC . Tim toa d6 diém C.

A. C(3-7:1). B. C(2;—4;-1). C. C(1-1-3). D. C(3;2;1).
Cau 55. Trong khong gian Oxyz, cho tam giac ABC co6 trong tdm G(—3;1;4) va A(l; O;—l), B(2;3;5). Toa
do diém C 1a

A. C(—6;2;0). B. C(4;2;—1) C. C(—12;0;8) D. C(3;—1;—5)
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Céu 56. Trong khong gian Oxyz , cho bon diem A(1;0;2), B(-2;1;3), C(3;2;4), D(6;9;—5). Hay tim toa
do trong tam cua ta dien ABCD?

A. (2;3-1). B. (2;-3;1). C. (231). D. (-2;3;1).
Céu 57. Trong khong gian Oxyz, cho cac diém A(1;0;3), B(2;3;-4), C(-3;1;2). Tim toa d6 diém D sao
cho tr gidc ABCD 1a hinh binh hanh.

A. D(-2;4;-5). B. D(4;2;9). C. D(6;2;-3). D. D(—4;-2;9).
Céu 58. Trong khong gian Oxyz, cho ba diém A(—4;1;,-5); B(2,-4;7); C(3;-2;9). Toa do diem D dé
ABCD 1a hinh binh hanh la

A. (2;3-3). B. (-3;-3;3). C. (-6;5-12). D. (-3;3;-3).
Cau 59. Trong khong gian Oxyz, cho hinh binh hanh 4BCE vé6i A(3;1;2),B(1;0;1),C(2;3;0). Toa dd
dinh E la

A. E(4;4:1). B. £(0;2;-1). C. E(1;3;-1). D. E(4;4;-2).
Cau 60. Trong khong gian Oxyz, cho hai diém 4(1;-2;3); B(2;-3;4).Tim diém M e (Oxy) sao cho ba diém
A,B,M thang hang

A. M (1;1;0). B. M(3;-5;7). C. M (-3;50). D. M (-2;1;0).
Cau 61. Trong khong gian Oxyz, cho céc diém A(3;—4;O) , B(—l; 1;3) , C(3,1,0). Tim toa d6 diém D trén
truc hoanh sao cho AD = BC.

A. D(-2;1,0), D(-4;0;0) B. D(0;0;0), D(-6;0;0)

C. D(6;0;0),D(12;0;0) D. D(0;0;0), D(6;0;0)
Cau 62. Trong khong gian Oxyz cho ba diémM(2;3;—1) , N(—l; 1;1) va P(l;m—l;2). Tim m dé tam giac
MNP vudng tai N

A. m=-6, B.m=0, C.m=-4, D.m=2,
Cau 63. Trong khong gian Oxyz , cho ba diém A(l;—l;l),B(3;2; —2),C(—3;1;5) . Tim toa do diém M(x; y;z)
. - - , 2 .
thoa man MA—-2AB =4CM . Khi d6 tong S=2+2——7 bang
X y z
A. 6. B. -15. C. l6. D. -13.

Céu 64. Trong khong gian Oxyz, cho hai diém A4(1;2;3), B(-2;—4;9). Piém M thudc doan thing 4B sao
cho MA =2MB. P dai doan thang OM 1a

A.5. B. 3. C. 7. D. /54.
Cau 65. Trong khong gian Oxyz, cho tam giac ABC cé A(l;l;l), B(—l; 2;3) va C(3;2;1). Goi M 1a diém

thudc duong thing BC sao cho BM =2BC . Dé BMDA 14 hinh binh hanh thi toa &6 D 1a
A. D(51;1). B. D(5;1;-1). C. D(5;-1;-1). D. D(-51;-1).

@ BAI TAP TU LUA.

CAu 66. Trong khong gian Oxyz , cho tam gidc ABC co A(1;1;1), B(-1;2;3) va C(3;2;1).
a)Tim toa do diém M théa hé thie MA—3MB =4MC .
b)Tim toa do diém N thudc mat phéng toa do (Oyz) sao cho 3 diém B, C, N théng hang.

¢)Tim toa do diém D thudc truc toa dd Ox sao cho tam giac ABC vuodngtai D.
d)Tim toa d§ chan duong cao AH cua tam giac ABC.
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& Tam giac thwong:

Cho tam giac ABC d¢ dai 4
BC=a,AC=b,4AB=c,
B H M (&

duong cao AH =h,, trung
tuyén AM = m,, phan gidc AD, ban kinh duong tron ngoai
tiép 1a R, ban kinh duong tron noi tiép 1a r. Ta co:
e Dinh li césin: a* =b" +c* —2bc.cos A
e Dinh lisin: —*— =2 € _p

sind sinB sinC
b +c’-a°

2bc
) b*+c* a
“ 2 4

bc . AB _DB

2h, AC DC

a

e Dién tich:

1
1) S==.ah
Wv=s il

e cosAd=

2
o m

2 S :%bc.sinA

abc
(@ s=22
4) S=pr
(5) S =\[p(p=a)(p=b)(p—c) (véi p=2225)

&«  Tam  giac A

vuoéng:

Cho tam giac ABC

vuong tai A co

duong cao AH va B A C

trung tuyén AM .
Ta co:

e BC® = AB* + AC* (Pi-ta-go)
o AH.BC = AB.AC

e AC*=CH.BC
e AB* = BH.BC
1 1 1
[ ] = —+
AH? AB* AC?
o qpy - ABAC
\/AB2 + AC?
o An = BC
2

1 .
e Di¢n tich: S = E.AB.AC (bang ntra tich do

dai 2 canh goc vudng)
o Ti so luwong giac:

AC . .
sin B = —— (sin = doi/huyén),
B ( yén)
cosB = AB (cos = ké/huyén),
BC

tan B = € (tan = d6i/ke)
AB

< Tam giac vudng cin: @ Tam gidc déu:
Cho tam giac 4ABC vuodng can tai 4

c6 duong cao AH . Ta co:

e AB=AC=a C
a2

a3
e BC=a\2 2 A=

B R Alzaé

Q
o AH =a— °
2 4 B 3
e Dién tich: e B
2 2 2 ==
AB :AC :BC 6
2 2 4

S:

e Dién tich: § =

Cho tam gidc ABC déu canh a, c6 tAm I
va duong cao AH. Ta co6:

a*\3
4

@ Nira tam gisc déu:

aﬁ 2a

0 (e

a

* HE THUC LUONG TRONG TU GIA

1 5
& Hinh thang: Dién tich hinh thang ABCD c6 day AB,CD: S = E(AB + CD).h (v61 A 1a chiéu cao va &

bang khoang céch giita AB va CD)

< Hinh thang vuong: Dién tich hinh thang 4ABCD vudng tai 4,D: S = %(AB + CD).AD
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@ Hinh binh hanh: Dién tich hinh binh hanh ABCD: S = %(AB +CD).h (v6i h 1a chiéu cao va h bing
khoang cach gilta AB va CD)

@ Hinh thoi: Dién tich hinh thoi ABCD: § = % AC.BD (bang ntra tich d6 dai 2 dudng chéo)

S= % AB.sin A (bang ntra tich ¢ dai mot canh véi sin mot goc)

@ Hinh chir nhat: Dién tich hinh chit nhat ABCD:S = AB.BC (bang tich chiéu dai va chiéu rong)
& Hinh vuong: Cho hinh vuéng ABCD canh a, tam O

eAC=BD=a2 e 0A=03:0C=0D=a% e Dién tich: S =a*

** HE THUC LUQONG TRONG PUONG TRO
e Dién tich hinh tron ban kinh R: S =7.R* e Chu vi duong tron ban kinh R: C=27z.R

[ Trong tAm tam giac 1a giao diém 3 dudng trung tuyén

[Tryc tam tam giac la giao diém 3 duong cao

[JTam duodng tron ngoai tlep tam gi4c 1a giao diém 3 dudng trung truc
[1Tam dudng tron ndi tiép tam giac 14 giao diiém 3 dudng phan giac

%+ UNG DUNG TICH CO HUONG

A,B,C thang hang < [E, Z?J =0 A, B, C, D dong phang < [E,R’} AD=0
ABCD 1a hinh binh hanh ABCD 1a mét hinh tir dién (hay 4, B, C, D khong dong
<(AB=DC va [E,E}t()) phing) @[E,TC’].E;&O
Dién tich tam gidc ABC: S = %‘[Ez, A—C]‘ Dién tich hinh binh hanh ABCD: S = ‘[E, E]

7 , Thé tich khéi hop ABCD.A'B’C'D’: V = ‘[E, AC] H‘ .
Thé tich khéi ttr dién ABCD:

Ay ‘ AB, AC .ﬂ)‘
V= g‘[AB’ AC]'AD‘ Chiéu cao: /= [ ]

]
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% LIEN KET HE TRUC TOA PO VOI CAC HINH KHONG GIAN THUONG GAP

1. Hé toa do véi hinh chép

1. Hinh chép co canh bén (SA) vuong goc voi mdt day
Day la tam gidc déu Day la tam gidc can tai A Day la tam gidac cin tai B

S

;-
Ay

B Fu
Goi O 1a trung diém BC. Chon hé | Goi O 1a trung diém BC. Chon | Goi O 1a trung diém AC. Chon hé

truc nhu hinh vé, AB=a=1. hé tryc nhu hinh v&, a =1. truc nhu hinh v, a =1.
Toa @9 cac diem: O(0;0;0), Toa do cac diém: Toa do cac diém:
y 0‘\/30 o100 0(0;0,0), 0(0;0;0),

e & 20 || A(0;04;0),  B(-0B;00), | 4(~04;0;0), B(0,0B;0),
c(l;o;o),s o;ﬁ;OH . C(OC,0,0),S(0,0 ,(ZSAJ C(OC,0,0),S( OA,0,0HJ.
2 o =54
Day la tam gidc vuong tai B Day la tam gidc vuong tai A Day la tam gidc thwong

S .

B

Chon h¢ truc nhu hinh v&, a =1. Chon hé truc nhu hinh v&, ¢ =1 | Dung dudng cao BO cua A4BC.

Toa d¢ cac diém: B=0(0;0;0), | Toa dé cac diém: Chon h¢ tryc {1hu hinh v€, a=1.
A(O;AB;O), C(BC,O;O), AEO(O;O;O)’ Toa d6 cac diem: 0(0;0;0),
B(0,0B;0), C(A4C;0;0), A(-04;0;0), B(0,0B;0),
S| 0;AB;BH |.
( ) j 5(0,0;54).

C(0C;0,0), S(—OA;O; OHJ ;

=S4
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Day hinh vuong, hinh chir nhat
S ¥4

B4 C
Fa J
Chon hé truc nhu hinh vé, a =1.
Toa d0 cac diém la:

A=0(0;0;0), B(0;4B;0),

Day la tam giac, mat bén la tam
gidc thuwong

Vé duong cao CO trong AABC.
Chon hé truc nhu hinh, a =1.
Ta c6: 0(0;0;0),

A(0;04;0),B(0;-0B;0),
C(0C;0;0), S(O;OH;OKJ

=SH

3. Hinh chép déu

C(A4D; AB;0), D(AD;0;0), S(0;0;

Day la hinh thoi

Chon hé truc nhu hinh v€, a =1.
Toa do céc diém la:

0(0;0,0), A(04;0,0),
B(0;0B;0), C(-0C;0;0)

D(O; -0D; O), S(OA;O; OHJ .

=54

2. Hinh chop co mdt bén (SAB) vuong goc voi mdt day

Day la tam giac can tai C (hodc
déu), mat bén la tam gidc can
tai S (hodc déu)

Goi O 1a trung diém BC, chon hé
truc nhu hinh, a = 1.

Ta co: 0(00;0), 4(0;04;0),
B(0;-0B;0), C(OC;0,0),

5(0,0;50)

Day la hinh thang vuong

i
ra
Chon hé truc nhu hinh vé, a =1.

Toa do cac diém la:
A=0(0;0,0),

B(0;4B;0), C(A4H;AB;0),
D(A4D;0;0), S(0;0;54).

Day la hinh vuong-hinh chir nhdt
Az . S

Dung h¢ truc nhu hinh, chon a =1.
Ta co:

A= O(O;O;O) , B(4B;0;0),
C(AB;AD;O), D(O;AD;O),

o]

AH;0; AK

=SH

Hinh chép tam gidc déu
S,

Goi O la trung diém mét canh day.
Dung hé truc nhu hinh vé va a =1.
Toa d diem:

Hinh chép tir gidc déu

Toa do diém:

Chon hé truc nhu hinh véi a =1.
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0—0

0(0;0;0), { AB3

JB( o).

0(0;0;0), 4 ;0,0 |, B| 0; ABz‘/_ :
=04 =0B
C(E-o-oj S| 0;—— AB‘/_
’ fgﬂ - C —ABﬁ;O;o D| 0; —ﬂ ;0 |5 8(0;0;50).
- S

AB\/_

=—04 =0B

Hinh lap phwong, hinh hgp chit nhdt

-
§:

Di
|
B’ : 1!
I )
|
AD €1
- D
B -

Yy
Dung hé truc nhu hinh v& véi a = 1. Toa d6 diém:
A= 0(0;0;0), B(O;AB;O), C(AD;AB;O),
D(4D;0;0), 4'(0,0,44'),

B’(O; AB; AA’), C'(AD; AB; AA’), D'(AD;O;AA').

II. Gin toa d§ ddi véi hinh ling tru

Lang tru dvieng day la hinh thoi

A 1 “ D

v
.

B

U
Goi O 1a tdm hinh thoi day, dung hé truc nhu hinh vé.
Toa d6 diém: 0(0;0;0), 4(—04;0;0), B(0,0B;0),
C(0C;0,0), D(0;—0D;0), A'(-04;0;44"),

B'(0;0B;44'), C'(0OC;0,CC"), D'(0;—OD;DD')

Lang tru tam gidc déu

3

BI

A»’

Goi O 1a trung diém mot canh déy, chon hé truc nhu

hinh v& v6i a = 1. Ta c6: 0(0;0;0), A(AzB 0; OJ
B(—%;O;Oj, C(0;0C;0), A'(04;0;44'),

B’( AzB OBB') C'(0;0C;CC').

Lang tru xién cé ddy la tam gidc déu, hinh chiéu
cua dinh trén mdat phang doi dién la trung diem mot
canh tam gidc ddy

2. Lang tru xién:

Lang tru dwng co day tam gidc thuong

z

BF

A}'

V& duong cao CO trong tam gidc ABC va chon h¢
truc nhu hinh v€ véia = 1.

Toa do diém la:

0(0;0;0), 4(04;0,0), B(—0B;0;0), C(0;0C;0),

A'(04;0,44"), B'(~OB;0;BB"), C'(0,0C;CC").

Lang tru xién co day la hinh vuong hodc hinh chii
nhdt, hinh chiéu ciia mot dinh la mot diém thudc
canh day khong chvra dinh do
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(:

Dung hé truc nhu hinh v&, ta d& dang x4c dinh dugc | Dung hé truc nhu hinh v&, ta d€ dang x4c dinh dugce

cacdiem O, 4', B', C', A. cac diém O, A4, B, C", D', A.
Tim toa d9 cac diém con lai thong qua hé thirc vecto | Tim toa d§ céc diém con lai thong qua h¢ thirc vecto
bing nhau: 44’ = BB'=CC' . bang nhau: A4'=BB'=CC'=DD'.
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& BAI TOAN THUC TE

> QUY TAC TONG QUAT GIAI BAI TOAN VECTO VA TOA PO KHONG GIA
Buéc 1: Poc hiéu va phén tich dé bai
[JX4c dinh van dé thuce té dang duoc dé cap (lién quan dén vecto lyc, vecto van tdc, toa do,...).
[1X4c dinh cac yéu t hinh hoc trong dé (diém, duong, mat phang, goc, khoang cach, dién tich, thé tich...).
[Tim hiéu cac dai luong da biét va dai luong can tim.
OChu y dén don vi do luong va diéu kién thuc té (gi61 han, mdc thoi gian, pham vi,...).
[JLién hé chung véi cac kién thirc vé vecto/toa do.
[1V& hinh phéc thao néu co thé dé tryc quan hon.
Buéc 2: Xay dung moé hinh toan hoc
1. Chon hé truc tog dp Oxyz (néu cin va chwa c6 sin)
0Chon géc toa d0 va céac truc sao cho thuén loi nhat.
(1Dt gde & mot diém dac biét (tam, dinh, giao diém...).
[bit cac truc song song hodc trung voi cac canh/duong dé nhén biét.
[INho vy, toa d6 cac diém s& don gian (nhiéu s6 0, 1).
2. Dya vao dir ki¢n hinh hoc, biéu dién sang diéu kién vé vecto, toa dp va thiét Igp phwong trinh, h¢
phwong trinh hay ham sé
Buéc 3: Giai md hinh toan hoc
[Giai phuong trinh, hé phuong trinh, hay khéo sat ham s6 dé tim dai lugng theo yéu cau dé toan.
[JKiém tra diéu kién xac dinh, loai céc dai khong phu hop véi thuc té.
Budre 4: Tra 1oi dap 4n va dién gidi két qua
[ Kiém tra tinh hop Iy cta két qua (c6 phu hop véi bdi canh khong?).
[Dién dat két qua dudi dang ngén ngir thwe té: Pap an ding cau hoi ban dau cua dé.

BANG CHUYEN POI DU KIEN HINH HQC THANH PIEU KIEN VE VECTO, TQA PQ

Dir kién hinh hoc

Diéu kién vé vecto

Diéu kién vé toa do

Hai duong thang song
song

Hai vecto chi phuong cua
hai duong thang cung
phu(yng nhau

Hay a = k.b

2 03
e e bb b —750
ll lZ l3 ( s )

Hai duong thang vuong
goc

Hai vecto chi phuong cua
hai duong thang vuéng goc
nhau

Hay ab=0

ab +a,b, +ab, =0

Piém M 1a trung diém
cua doan thang 4B

(1) MA+MB=0;
(2) IA+ 1B =2.IM (véi
diém I tuy )

M Xy+Xp VitV Z4F 25 .
2 7 2 72

(hay 3 diém 4,B,M
thang hang)

Hay AM =k.AB

_ —— — = )CA+XB+XC yA+yB+yC
R =0: X, =777, ==
biém G la trong tdm (1) EA +EB J;GC g’ o ¢ 3 ¢ 3
cua tam gidc ABC (2) IA+IB+1C =3.IG (v6i Z,+zy+2,
diém [ tuy y) Zg T3
DlémElétémcfla e X +X.+x.+x e 45 o
hinh binh hanh ABCD | (1) EA+ EB+EC+ED=0; | X; =2 B4 CTop ;g =T 4yc Lo,
(hay diém E latrong | (2) J4A+IB+IC+ID =4.IE s s otz 4z
A VY , e AT4pT4cT4p
tam cua tur giac (tor (v6i diém 1 tuy ¥) Zp =
dién) ABCD) 4
Diqém M thuoc duong |
thang AB AM , AB cung phuong Xy =X4 _ Y =V _ Zu —Za

Xp =Xy Y= Va4 Zp—Z4
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Diém M thudc mat T T T
phang (4BC) =m.AB+n.AC

_— ab +a,b, +a.b
Goc gitra hai vecto cos(a b) | ||b| cos(a,b)z \/az +alzl+a22-i/b2 -3|-1372+b2
1 2 3 1 2 3
BAC :(AB,AC)
Go6c A cuatam giac 1BAC Tinh toa dd 2 vecto ZB, AC va 1ap cong thirc
ABC COS(AB AC) W tinh géC nhl'I trén.

» CAC DANG TOAN THUONG GAP

|
Cac budéc 1, 3, 4 thue hién nhw quy tic tong quat, ta chi xem xét buéc 2.
Budc 2: Xay dung moé hinh toan hoc
1. Vé hinh va phan tich luc
[ Xac dinh vat chiu tac dung luc.
(V& tat ca cac lyc tc dung, ghi ro: Diém dat; Phuong, chiéu; Ky hiéu do 16n (néu co).
2. Biéu dién hop lie ciia nhiéu luc
0T rwo’ng hop: Cac luc phan bé khéng cin doi

Hop luc F ctia3 luc F, F duogc biéu dién theo quy tic hinh hop (nhu hinh v&). Khi d6 ta co:
F =F1 +F2 +F3 = 0A+OB+0C =0D+0C = OE

Tinh dp I6n ciia hop lwe: tiyy theo gid thiét, ta c6 thé sir dung cd cdch sau dé tinh.
@ Swr dung cdc cong thirc hé thirc lwong trong tam gidc

Tinh OD, OF . Suy ra, d6 16n cia hop luc la |F| =OE

@ Hay ta cé thé ding céng thirc nhanh nhw sau:

Tinh || = £+ 5] = {[E + | +2|F|.|17|.cos(17,172)

Khi d6, do 16n cua hop luc 1a |F| |F;2+F|—\/| E, |F| +2|E2| |F| cos(Flz,F)
& Gid thiét cho géc tao béi cdc luc
A =[F+E+F[ =(F+E+R)

- (flf +(E)2 +(}7)2 +2F,.F, +2F, F,+2F, F,

3

= |]7|2 +|1'7|2 +|f|2 +2F.F+2]7.173+2E.173
Véi F |F| |F| 2|F| |F|c0s(E,}72)

—_—

E-Fs=|F1| +[E] 2] [Floos 7. F)
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o =[] < 2 e )

O Trwong hop: Cdc lwe phin bé cin déi va cé dé Ién bang nhau

Hinh 1 Hinh 2

(1) Ba luc tao thanh cac canh bén cta hinh chép tam giac déu S.4BC véi day c6 tdm O .
Khi do, hop luc 1a
F =171+172+}73=S71+@+§‘=3.@
(2) Bén luc tao thanh cac canh bén cta hinh chép tir gidc S.ABC vé6i day 1a hinh binh hanh tim O .
Khi do, hop luc l1a
F‘=I71+F;+173+}74 =SA+SB+SC+SD =450

Tinh d¢ lon cua hop luc:

& Str dung céc cong thirc hé thirc lugng trong tam giac dé tinh cac dai luong trung gian va tinh do 16n cta
h D lLIC.
Cach 2. Dung phwong phdap
1. Vé hinh va phan tich luc

[1Xac dinh vat chiu tac dung luc.

[1Ve€ hé truc toa d0 Oxyz thich hop.

[JV& tat ca cac luc tac dung, ghi rd: Piém dit; Phuong, chidu; Ky hiéu d6 16n (néu cb).

() Meo: Chon hé truc sao cho nhiéu lyc nim trén cac truc hodc cac mit phing chinh, d& phan tich thanh
cac thanh phan.
2. Biéu dién lyc trong hé toa dp Oxyz

[JTrong khong gian Oxyz mdi luc F ¢o dang toa do F= (xF;yF;zF)
Trong do:
ox, =F.cosa, y, =F.cos 3, z, =F.cosy

oF 1ado 16n cta luc F hay F :|F|

oa, B,y lan luot 1a gbc gitra luc F v cac truc toa do Ox, Oy, Oz
3. Biéu dién hop lwe ciia nhiéu luc

ONéuco 3 lue F=(x5132), F, =(x,3132,), Fy, =(x33 1552, ) thi hop luc 1a
ﬁ=E+E+E=(xI + X, + X5 Y+ Y, + V32 + 2, + Z,)

(1D 16n ctia hop luc H 1a
e 2 2 2
‘H‘:\/(xl+x2+x3) +(n+y,+y;) +(z+2,+2,)

[1Cong thirc trén co thé mo rong cho n luc.

[1Diéu kién can bang: Néu hop luc F =0 thi vat can bang.
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Vidu 30: Co6 ba luc cung tac dong vao mat vat. Hai trong ba luc nay hop véi nhau mot goéec 100° va co6 do
16n 1an luot 12 25 N va 12 N. Luc thi ba vuodng goc vo1 mat phéng tao boi hai luc da cho va c6 @ 16n 4 N.
Tinh d¢ 16n cua hop luc cua ba lyc trén (Iam tron dén hang phan chuc).
= Loi gidi
Pap an: 26,1.
Cach 1. Dung phwong phap vecto
Cach 1.1
Phdn tich lyc:
Goi F,,F,,F, 1a ba lyc tic dong vao vat tai diém O lan lugt c6 do .
16n 25N,12N,4N. B
V& OA=F,, 0B =F,,0C = F, , dung hinh binh hanh OADB , ODEC '
Khi d6 hop luc tac dong vao vat la:
F=0A+0OB+0C=0D+0C =OE .
Phdn tich hinh hoc:
Ap dung dinh 1y c6sin trong tam gidc OBD, ta co:
OD’ = OB’ + BD* —20B.BD cos OBD =127 +25% —2.12.25.c0s 80° = 769 — 600. cos 80°

Vi OC L (OADB) nén OC L OD, suy ra ODEC la hinh chir nhat. Do d6 tam giac ODE vuong tai D.

Vay d6 16n cta hop luc 1 F = OF =JOD? + ED* ~ 26,1
Cdch 1.2. Gidi bang céng thirc nhanh
Hop luc cia hai lyc dau tién 1a F12 F + F

P 16n hop lye cta hai lue 4o 1a ‘Ez

:\/E2+1722+2-E-Fz -cos(Fq,Fz’) ~25,78 (N)

—_—

Luc 173 vudng goc voi mit phing tao boi hai luc fl va Fz nén vecto E vuong goc vecto F,

12

=\/F;2 +ES+2-F - F, -cos(E,E) ~ 26,1
Cich 1.3

Ta nhan xét duoc: (171,1?2) =100°, (17],173) = (172,F 90°

w

)
Tinh dugc: Ffz:\ﬁr+\E\2—2\E\.\E\cos( ;) =25 +12? ~2.25.12.c05100° = 769~ 600.c0s 100°
E.F =|E[ +|E| ~2|F][F]cos(F.F) =25 + 4 ~2.254.c0s90° =641
F.F =|E[ +|E[ ~2|E] [F]cos (. ) =12° + 4 ~2.12.4.c0s90° =130
2 = — —p2 — N2 2 e
Thay vo tinh [F| =|F+FE+F| =(F+F, +F) :(Fl) +(F) +(F) +2F.F,+2F, F,+2F,F,
:‘Flr+‘Fz‘2+‘E‘2+2}71.F2+2F2.E+2EE
Vay d6 16n hop lyc cia 3 lyc 13 | F |~ 26,1
Cach 2. Dung phwong phadp toa do ﬁz
Chon hé truc nhu hinh vé. Ta co:
F, =(25¢c08100%25¢c0s10%0), F, =(12;0;0),
Fy=(0:0:4) 4
Toa do cua hop luc la
F=F+F+F, =(12+25c0s100%25c0s10%4) o)
Vay dog 16n cua hop luc la
[F| =J(12+25¢05100°)" +(25cos10°)° +4° =261 )
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Vidu 31: Mot chiéc dén chum treo c6 khoi luong m =8kg duoc thiét ké voi N

dia dén duoc gitr boi bon doan xich S4, SB, SC, SD sao cho S.ABCD 14 hinh g

chop tir gidc déu c6 ASC =60° (Hinh).

Biét P=mg trong d6 g 1a vecto gia téc roi tyr do ¢6 do 16n 9,8m /s>, P l1a

trong luc tac dong vat co donbila N, m la khéi luong cua vat c6 don vi kg . B
; A 12 2 =2 X. . ; ; , £ | by . R TR e 4
Tinh dg 16n cua lyc cang cho moi sgi xich (tinh chinh x4c dén hang phan muo1). 4 >o
= Loi gidi D

Pap an: 17,0

Phdn tich hinh hoc:

Vi S.4BCD 1a hinh chop t& gidc déu nén
SA=SB=SC=S8D

Ma ASC =60° nén tam giac SAC déu

Phdn tich lyc:

TacoP=89,8=78,4N

Goi O 1a trung diém AC .

Ta c0, hop luc cua 4 soi xich la

F =8A4+SC+SB+SD=2S0+280 =450

Pé dén chum dimg yén thi hop luc cta cic soi xich

phai can bang véi trong luc hay 4S0="P hay
4S0=P < SO=19,6
Xét tam giac déu SAC, ta co:

B 19,643
2

S4=—50 =
2

~16,97

Vay d¢ 16n cua luc cang cho mdi soi xich gan bang 17,0 N
Vidu 32: Mot chiéc may do dac tric dia dugc dit trén mot gia d& ba chan. Trong luc tac
dong 1én chiéc may c6 do 16n 12 30 N va dwoc phan bd thanh ba lyc 1én ba chan cia gia dd.
Ba luc c¢6 d6 16n béng nhau va goc tao boi mdi chan ctia gia dd va mit dat1a 60°. Hoi do
16n cia mdi luc 12 bao nhidu N (lam tron két qua dén hang phan chuc)?
= Loi gidi

Dap an: 11,5.
Phdn tich hinh hoc:
Ba chan cta may trac dia tao thanh 3 canh bén cta hinh chép

A S
tam gidc déu S.ABC c6 SAO=SBO =SCO = 60°
Tam giac SAO vudng tai O, ta cd: sin SA0 = %

SO SO  S02\3

snSA0 sin60° 3
Phdan tich lyc:
D9 16n ctia hop luc 1a [F =30

Suy ra S4 =

Do 16n luc tac dong 1én mdi chan gia dd 1a
F|=|F|=|F|=s4=sB=sC

Hop luc Ién 3 chan giad d& la

o -
F=F+F+F=5i+58+5C=350 hay S0=-F

F _30_

Suy ra SO = 3 10
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5023 1023
3 3

Vay d6 16m ctia mdi luc 1a S4 = ~11,5

Vidu 33: Mot gio hoa treo trong nha lam bang 3 soi ddy khong gidn, mdi soi dai A ~h
60(cm) miéng ké 1a mot miéng gd can déi hinh tron ban kinh 20(cm), ba soi day duge
that mot dau bén trén va do gia g0 tai 3 diém tao thanh tam giac déu (gia su moi thit cua “\“\‘
3 soi day va mbi ndi ciia mdi so1 day voi miéng gd khong dang ké). Biét luc chiu dung AR R
ctia mdi soi ddy bang nhau va mdi soi chiu khong qua 15N trong luong cia miéng gia gb / |\
la 5N . Tinh trong luong tdi da cua cac chau hoa dé day treo khong bi duit (donvi N, két ‘
qua 1am tron d&én hang phan chuc).
= Loi gidi

Pap an: 23,3.

Phdn tich hinh hoc:

Ba soi day tao thanh 3 canh ben ctia hinh chép tam giac déu S.4BC cb cac canh bén S4 = SB =SC = 60
va ban kinh duong tron ngoai tiép ddy R =04 = 0B = 0C =20

Tam giac SAO vudng tai O, ta co:

SO =~ISA* — 04> =/60" —20* =208 ; cosASO_iv_Z 2(;\({_ {

Phdan tich lyc:
Goi: .
Trong Iugng chau hoa can tim 1a W(N)
Trong luong miéng gd1a P, =5 (N)
Tong trong lugng can treo: P = W+F. =W+5

Do 16m lyc cang (chiu dung) moi day: 7 = ‘F ‘ ‘F ‘
MGdi day tao voi phuong thang dimg goc o = 4SO
Hop luc cua 3 lyc cang la
F=F+F,+F,=84+5B+S5C=3.50
Suy ra d 16m cta hop luc la |F| =3.50 = 3. cos ()
Vi hé cin bang nén F=P hay ‘F‘ =
Suyra 3.Tcos(a)=W+5 hay T = s
3cos(a)
Do mdi luc day chi chiu luc cang t6i da 10 N
W+5 V8

Néntaco T <10 hay <10, suy ra W£10.3cos(a)—5=10.3.?—5z23,3

3cos(a)
Vay trong lugng ti da ctia cac chau hoa dé day treo khong bi dirt 1a gan bang 23,3 (N)

& BAI TAP THAM KHAQO

Cau 67. Co ba luc F, F,, F, cung tdc dong vao mdt vat. Ba luc nay d6i mot hop v6i nhau mot goc 60° va cod
d6 16n 1an luot 1a 3N,6 N va 9N . Tinh d6 16n (N) cta hop luc caa ba lyc trén.
= Loi gidi
})ap an: 25
F a; F b; F =c thi |al=3, |b|—6 |c|=9,(a; b) (b ¢)=(c;a)=60°
Ta co:

- — 2 - - - - - = - -
Fh,=a+b+5:»m,\ =@+b+3Y =Gl +|b | +|cP +2a-b+2a-c+2b-¢

=9+36+81+18+54+27 =225 =|F, | = 25(N)
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Cau 68. C6 ba luc cung tdc dong vao mot vat. Hai trong ba luc ndy hop véi nhau mot goc 120° va c6 do 16n
lan lwot 1a 10 N va 8 N. Lyc thir ba vudng goc v6i mit phang tao boi hai luc da cho va c6 do 16n 6 N. Tinh d6
16n ctia hop luc cta ba luc trén. (Lam tron két qua dén hang don vi)

= Loi gidi

Dap an: 11

Goi FI,F’Z,F; lan luot 1 ba luc tac dong vao mat vat dat tai diém O
nhu Hinh.

Ta co 131 =&,ﬁz =@,E=R’.

Do 16n cac lyc: F,=04=10N,F, =OB=8N, F;=0C=6N.

Dung hinh binh hanh OADB . Theo quy tic hinh binh hanh, ta ¢
OD =0A+OB.

Suy ra oD =(0A+OB)? ~04 +OB +204-0B.

Ma OA-OB =OA-OB-cos(OA4,0B) , suy ra OD* = 04> + OB +2-0A4-OB-cos120’ .

Dung hinh binh hanh ODEC .

Téng luc tac dong vao vatla F = OE =0A+0OB+0C .

Do 16n cta hop luc tac dong vao vatla F = OE .

Vi OC L (OADB) nén OC L OD, suy ra ODEC la hinh chir nhat.

Do d6 tam giac ODE vudng tai D .

Khi d6, OE* =0C* + OD* =OC* + OA> + OB*> +2-0A-OB -c0s120°.

Suy ra OF = \/OC2 +0A4> +OB*> +2-04-0OB-cos120°

=J6> +10° +8> +2-10-8-cos120" ~11

Dod6 F=OE =11N. )
Cau 69. Treo mot vat nang cod trong lugng 30 N bdi ba soi diay giong hét nhau, cac soi ddy doi mot tao véi
nhau mot goc 90" nhu Hinh. Goi fl, ]72 ,E 1an luot 1a cac luc cing ctia ba soi day ndi trén. Do 16n cua luc ﬁl

bang bao nhiéu Niuton? (Lam tron két qua dén hang don vi)

= Loi gidi
Dap an: 52
Xét tir dién déu SABC c6 cac canh S4,SB,SC biéu dien d6 16n cac
luc cang day va SP biéu dién do 16m cua trong luc tdc dung 1én vat nang
S.
Taco \FI\ =54,

F,|=SB,

F|=SC,| P|=SG va SG+SP =0, trong 46
G la trong tam cua tam gidc déu ABC.
bat x=SA,x>0:>AC=xx/§.
2 2[AC\/§j_x\/€

Khido AG=—AM =—
3 3 2 3

Mait khac SG = SP =30 nén xét tam gidc SAG vudng tai G, ta co

2
SA2 = SG* + AG? & x* =30° +2% & x =303 = 52(N).
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Cau 70. C¢6 ba luc cung tac dong vao mot vat. Luc E ,Fz hop vo1 nhau mdt goe 110° va c6 do 16n lan luot 1a

24 Nva 16 N. Lyc 173 vudng goc voi mit phang tao béi hai luc 171,}72 va ¢6 d0 16n 4 N. Tinh d6 16n cua hop
luc cua ba luc trén (don vi N, lam tron Kkét qua dén hang phén chuc).
= Loi gidi
Dap an: 24,2

Ta cé: ‘E+E+E‘:\/‘E+E+Er :\/(E+E+E)2 — [F +F} +F} +2FF, +2F, F, + 2F,F,

= [+ F + F +2FFycos1 10" + 2F, F,c0890" + 2F,Fc0s90" =247 +16> +4° +2.24.16.cos1 10°

=24,2
Cau 71. Nguoi ta treo mot chiée dén trang tri c6 trong luwgng 200N 1én tran nha bang ba soi day khong gian,
bﬁng nhau tai ba diém A,B,C tao thanh tam giac déu. Mdi soi day tao v&i mat phéng trAn nha mot g6c 30 dén
duogc giir ¢ trang thai can bang (tham khao hinh v&). Hay tinh lyc cing trong mdi soi day (két qua lam tron
dén hang don vi).

= Loi gidi
Pap an: 133

x. . 400
Luc cang cua moi soi day la TN . 4 B

Khi can bang: 7, +7T, + 1. +P=0
Céc lyc T,,T,,T. c6 d 16n bing nhau déu 1a T(N), hop
lyc theo phuong song song v6i mét tran bang 0.
Theo phuong thang diung: P
T,sina+T;sina+T.sina=P<<3Tsina=P
vay T=— L2200 490 550w
3sina 3sin30 3 )
Cau 72. Mot chiéc 6 t6 dugce dat trén mat day dudi cua mot khung sat cd dang hinh hop chir nhat voi day trén

13 hinh chit nhat 4BCD , mit phang (ABCD) song song v&i mit phang nam ngang. Khung sit d6 duoc budc
vao moc E cua chiée can cdu sao cho cac doan day cap EA,EB,EC,ED c6 d6 dai béng nhau va cung tao voi
mat phang (ABCD) mot goc bang 60° (hinh v8).

Chiéc can cau kéo khung sit 1én theo phuong thang dimg. Trong luong ctia chiéc xe 6 to bang bao nhiéu
Niuton? (1am tron dén hang don vi), biét rang cac luc cing E»E ,E,E déu ¢ cuong d6 1a 3500N va trong
lwong cta khung sat 1a 25000 .
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= Loi gidi

Dap an: 9624.
Goi 4,,B,,C,, D, lan luot 1a cac diém sao cho

EA =F,EB, = F,,EC, = F,,ED, = F;.

Vi EA,EB,EC,ED c6 do dai bang nhau va cling tao v&i mit phang
(ABCD) mét goc bing 60° nén Ed,, EB,, EC,, ED, c6 d dai bang nhau
va cling tao voi mit phang (A131C1D1) mot goc bang 60° .

Vi ABCD 1a hinh chit nhat nén 4 B,C,D, cling la hinh chira nhat.

Goi O latam cua hinh chirnhat 4, B,C,D,. Tasuyra EO L (AIBICIDI)

Do d6 goc giita duong thang E4, va mit phang <A131C1D1) bang goc
EAO suyra E40=60".

Taco |F|=|F|=|F| =|F] = 4700N nén E4 = EB, = EC, = ED, =3500N .

Tam gidc £04 vudng tai O nén EO = EA,.sin E4,0 =3500.sin 60° = 17503 .

Ta co: E+E+E+I74:EA1 +EB +EC, +ED, :4Eﬁ0+0711+0C1 +0B, + 0D, =4FO.

Vi chiéc khung sét chira xe 6 t6 & vi tri can bang nén 771 + FZ +F3 + E =P ,v&i P 1a trong lyc tac dung 1én
khung sat chira xe 6 6.

Suy ra trong lugng cua khung sat chira chiée xe 6 t6 1a: ‘f" = 4‘@‘ =4.1750~/3 =7000~3N

Vi trong luong ciia khung sit 1a 2500N nén trong luong cua chiée xe 6 t6 1a: 70004/3 —2500 ~ 9624 N .
Céu 73. Mot chiée den trang tri (gdm cac bong dén gan vao mot gid hinh tron) nhu hinh bén duoi. Bén dugc treo
song song voi mét phang nam ngang boi ba soi day khong dan xuat phat tir diém O trén tran nha va lan luot
budc vao badiém A4, B,C trén gia sao cho tam giac ABC déu. Do dai cua ba doan ddy OA, OB, OC déu bang
L , trong lugng cta chiéc dén 1a 27N , ban kinh ctia gia hinh tron 14 0,5m .

Biét rang mdi soi day do duoc thiét ké dé chiu dugc lyc cang tdi da1a 12V . Hoi chiéu dai t6i thiéu cia mdi
s¢i day la bao nhiéu mét? (két qua lam tron dén hang phan tram).

= Loi gidi
Dap an: 0,76.
Goi G la trong tAm tam giac ABC. Vi tam giac ABC déunén G 1a
tam duong tron ngoai tiép tam giac ABC. Do d6, GA=GB=GC =0,5m.

Goi F 1a dd 16n cta céac luc cang F,F, ,F; trén mdi soi day. Khi do,
F =F(L) 1a mot ham s véi bién sé 1a L.

Theo bai ra ta c6 0O4A=0B=0C=L nén OGJ_(ABC) va
| -Josl-[oci -

Do do, ‘E‘:‘E‘:‘E‘ Vi vdy ton tai hiang sé6 c#0 sao cho

E = cOA, FzchT?, ngca?.
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Suy ra E+E+E=c(@+@+O—C)=3c0—G.

Mat khac, ta lai co F{ + 172 + F; =P v6i P a trong luc tac dung 1én chiéc den.
Ma trong luc tac dung Ién chiéc dénla 27N

nén ‘ﬁ‘=27©3c|0G|=27N©c=%.

Tam giac A0G vudng tai G (do OGJ_(ABC)) nén ta suy ra 0G =04 —GA :\/L2 -0,5" (m) véi
L>0,5.
Do d6, OG =L’ -0,5" = ¢ =

9
Jr-05

L .
L (i L>05).
w/L2—0 5?

Ta c6 luc cang toi da ctia mdi soi day 1a 12N .
9L
Lr'-0,5

Khi do,

FHE\ =clo4|=

247
Suyra F(L)<12< <12 & 3L<4 2 -0,5 <9 <161> ~4 <71 24:>LZT*/_.V@y

27

chiéu dai téi thiéu cua mdi soi day 1a — ~0,76 (m).

Cau 74. C6 ba luc cung tac dong vao mot cai ban nhu hinh v€. Trong d6 hai luc £}, F, c6 gia nam trén mat
phéng chira mit ban, tao véi nhau mot géc 110° va c6 do 1én lan lugt 1a 9N va 4N, luc F, vudng goc voi

mat ban va ¢6 do 16n 7N . B 16n hop luc cia ba lyc trén la a(N ) , tim gid tri cua a. (két qua quy tron vé sb
nguyén).

= Loi gidi
Dap an: 11.
Ta co

= F = [ =[] = ] + B 2] B cos( ).

=9 +42+2.9.4.cos110° ~8,5

. - | — — 2 | —2
F=F+F+F=F,+ F=[F|=|k, + E| =[5 +[E] =857 +7 ~11v.
Vay a sdp xi bang 11.
Cau 75. Mot chiéc can don tay dang can mot vat c6 khoi lugng m = 3 kg dugc thiét ké véi dia can duoc gitr boi
bdn doan xich SA4, SB ,SC, SD sao cho S.ABCD 14 hinh chop tur giac déu cd ASC =90°. Biét d6 16n caa luc
xo . 2 iy .
cdng moi soi xich cé dang aT(N ) . Biét trong luong cua vat nang dugc tinh theo cong thitc P =mg, lay

g =10m/s*>. Khi d6 gi tri cia @ bang bao nhiéu?
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B
e
D
= Loi gidi
Dap an: 30.

Ta md hinh héa chiéc can boi hinh chép déu S.4BCD véi s
a2 I
4

{5 -[5i-f71-

a\2

4 . :5.

Ta co: ASAC vudng cantai S nén AC =

B“
4 ) s

Suy ra BD:AC:%.Tfrd(’)suyra AB=AD=CD=BC =

Vay cac mit bén déu 1a tam giac déu.
Tacod: SA+SB+SC+SD =450 ma SA+SB+SC+SD =

Suy ra 450 = P<:>SO—1P nén ta co SO_lP—lmg—lE» 10=E.
4 4 4 4 2
N N . N 1 15 1 a
Do ASAC vudng cantai S nén SO:EAC <:>?:5.5<:>a:30.

Vay a=30.
Cau 76. Nguoi ta treo mot bong dén c6 khdi lugng m =1 kg bang cach ludn soi diy qua mot cai méc ciia dén
va hai dau day dugc gan chit trén tran nha. Hai nira soi ddy c¢6 chiéu dai bang nhau va hop v6i nhau mot goc
bang 60°. Tinh lyc cing ciia mdi nira sgi day 1a bao nhiéu? Liy g =10m/s’.

60°

(1am tron két qua dén hang phan trim)

= Loi gidi
Dap an: 5,77
Ta co ﬁ:mg nén P:‘P|=m-|§‘=10N.

Bong dén & vi tri cAn bang nén 13+f
Suyra 7"=P=10N.Vi T Tva(

T 10 103

Nén3 T- cos(30) =T =

B

T,=0hay P=T" v6i T, +T, =T
7.T)=6

~5,77.
3
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Cau 77. Cho ba luc F :]\ﬂ 17 :]\ﬁ ]? =MC cung tac dong vao mot 6 to tai diém M va 6 to dung yén.

Cho biét cuong do hai luc F 1,F déu bang 25 N va goc AMB =60". Khi d6 cuong do luc F 1a (Két qua lam
tron dén hang phan mudi)
A

= Loi gidi

Dap an: 43,3

Ta c6: F,+F,=MA+MB=MD (Vi D 1a diém sao cho 4MBD 14 hinh binh hanh)
Ta co:

MA= MA|=|F,|=25N, MB= MB|=|F,|=25N

Do AMB =60° nén aMAB 1a tam giac déu. Khi d6: MD=2.-=—"= 25\/_ =253
Do 6 t6 dimg yén nén F, + F, + F, =0

Suy ra: I:“3 =—(ﬁ{ +ﬁ'2):>‘133‘=‘—(151 +}E’2) =|W|=MD=25\/§(I\D

Vay cudng do ciia F, 1a 2543 ~43,3(N).
Cau 78. Ta da biét trong tam cua tir dién ABCD 1a mot diém I thoa man Al =3IG , 6d6 G la trong tdm
ctua tam giac BCD . Ap dung tinh chat trén dé€ tinh khoang céch tir trong tdm ctia mot khoi rubik (dong chat)
hinh t& di¢n déu dén mot mat ciia nd (don vi cm), biét rang chiéu cao cua khoi rubik 1a 8cm .

8 cm
Y
= Loi gidi
Dap an: 2
Dat tén khoi rubik 1a tir dién déu ABCD c6 G la trong tam tam giac BCD, A

— 1
I 1a trong tam t& dién ABCD . Do 46, Al =31G = IG = ZAG

Vi chiéu cao cta rubik bang 8cm nén AG =8cm = IG = i.s =2(cm)

Vay khoang cach tir trong tAm ctia mot khoi rubik (d6ng chét) hinh tir dién

déu dén mot mat clia nd bang 2cm . B

Céu 79. Cho biét bon doan thang ndi tir mot dinh cua tir dién dén trong tim

mat ddi dién ludn cit nhau tai mot diém goi 1a trong tdm cua ta di¢n d6. Mot

phan tir metan CH, duoc cau tao bdi bén nguyén tir hydrogen & cac dinh cia C

mot t dién déu va mot nguyén tu carbon ¢ trong tam cua tur dién. Goc lién két 1a goc tao boi lién két
H—-C—-H la gbc gitra cac duong ndi nguyén tir carbon voi hai trong s6 cac nguyén tir hydrogen. Tinh sé do
goc lién két nay (1am tron két qua dén hang don vi cua do).
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H

H
w Loi gidi

Pap an: 109

Xét t dién ABCD ¢6 G 1a trong tm thi GA+ GC+GC+GD =0 va GA=GB=GC =x

Ta co: —@=§f§?+@,

binh phuong hai vé ta dugc

GA® = GB* +GC? + GD* +2GB-GC +2GB -GD +2GC -GD

< x° =3x" +2x> cosa+2x” cosar +2x° cos o <> —2x”> = 6x” -cosa .

:cosaz_?l:azlwo
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Cac buéc 1, 3, 4 thyee hién nhw quy tic tong quat, ta chi xem xét buéc 2.
Budc 2: Xay dung mo hinh toan hoc
1. Chon hé truc toa dé Oxyz (néu chwa c6 sin)
JChon géc toa d0 va céac truc sao cho thuan loi nht
OPat gbc 6 mot diém dic biét (tdm, dinh, giao diém...).
[/bat cac truc song song hodc trung voi cac canh/dudng d& nhan biét.
[JNho vay, toa do cac diém s& don gian (nhleu 00, 1)..

2. Dya vao dir ki¢n hinh hoc, biéu dién sang diéu kién vé vecto, toa dé va thiét lgp phwong trinh, hé
phuwong trinh hay ham so

(xem phdn quy tic tong qudt)

Vi du 34: Hé thong dinh vi toan cau GPS 1a mot hé thong cho phép xéc
dinh vi tri ctia mot vat thé trong khong gian. Trong cing mot thoi diém,
vi tri ciia mot diém M trong khong gian s€ dugc xac dinh boi bon vé tinh
cho trude nho cac bo thu phat tin hi¢u dit trén cac v¢ tinh. Gia su trong
khong gian v6i hé toa d6 Oxyz, co bdn vé tinh 1an luot dat tai cac diém
A(3;1;0), B(3;6;6), C(4;6;2), D(6;2;14); vi tri M (a;b;c) thdéa man
MA=3, MB=6, MC =5, MD =13 . Khoang cach tir diém M dén diém
O bang bao nhiéu?

= Loi gidi
Dap an: 3.
Do vi tri M(a;b;c) thoaman MA=3,MB=6,MC =5,MD =13
AM =(a-3;b—1l;¢c)=(a—3) +(b—1) +c* =3’
=a’+b’+c* —6a—-2b+1=0(1)
BM =(a-3;b—6;c—6)=(a—3) +(b—6) +(c—6) =6
= a’ +b* +c* —6a—-12b—12c+45=0(2)
CM =(a—4b—6;c—2)=>(a—4) +(b—6) +(c—2) =5’
=a’ +b’ +c’ —8a—12b—4c+31=0(3)
DM =(a—6;b—2;¢—14)=>(a—6)" +(b—2) +(c—14) =13’
=a’+b’ +c* —12a—4b—28c+67 = 0(4)
10b+12c =44 a=1
Tu (1),(2).(3).(4) ta co hé phuong trinh < {2a+10b+4c =30 < {b=2
6a+2b+28c =66 c=2
= M (1;,2;2) = OM (1,2;2) = OM =1’ +2° +2° =3.
Vay khoang céach tir diém M dén diém O bang 3.
Vidu 35: Véi hé truc toa d0 Oxyz sao cho O nam trén mat nudc, mat phang (Oxy) la mat nude, truc Oz
hudng 1én trén (don vi do: mét), mot con chim béi ca dang & vi tri cach mat nudc 2m , cach mit phing (Oxz)
, (Oyz) lan lugt 1a 3m va lm phéng thang xudng vi tri con c4 cach mat nudc 50cm , cach mit phang (Oxz),

(Oyz)lan lugt 12 1m va 1,5m. Toa d6 diém B luc chim boi c4 vira tiép xtic voi mat nudc 1 (a;b;c). Tinh
T=5a+15b+25¢c.
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. \“ :
{/ k
1’*
oM Y
\ va
T I = / A
g ﬁh’ '. - 7 . "E.. . .‘

= Loi gidi
Dap an: 28.
Ta quy u6c Im =1 don vi trong hé toa do Oxyz .
Goi vi tri ctia con chim boi ¢4 ban dau 13 C, khi d6 né cach phia trén mdt nuéc 2m nén z. =2, ngoai ra
cach miat phang (Oxz), (Oyz) lan lugt1a 3m va Im nén y. =3 va x. =1. Do d6 toa d6 diém C(l;3;2).
Goi vi tri cua con ca la A4, khi di con ¢4 dang dudi mat nudc 50cm = 0,5m nén z, =-0,5, ngoai ra cach
mat phang (Oxz), (Oyz)lan lugt1a 1m va 1,5m nén y, =1 va x,=15.Do d6 tao do diém A(1,5;1;—0,5)

Vi diém B luc chim boi cé vira tiép xuc voi mat nudc nén B € (Oxy) hay ¢ =0 khi do toa do B(a;b;O) .

7
a=-—
a—1=0,5k ;
Ta c6 3 diém A4,B,C thang hang nén: CB=kCA < {b-3=-2k < b:g.
-2=-25k
k=2
5

Vay B(%;%;Oj suyra I’ =5a+15b+25¢=28.
Vidu 36: Trong khong gian v6i hé toa do Oxyz (don vi trén mdi truc toa do 12 1m ), mot cabin cap treo xuat
phat tir diém 4(10;3;0) va chuyén dong déu theo dudng cép thang dén vi tri D cach 4 4050 m. Biét dudng
di cta cabin cung phuong vdi vecto ;(2; —2;1) va sau 3 phut ké tir khi xuat phat thi cabin dén vi tri B c6

hoanh d¢ x, = 550 . Hoi thoi gian di chuyén cia cabin trén quing duong 4D 14 bao nhiéu phut?

= Loi gidi
Dap an: 15
4050m
A(10;3;0)  B(550; y: 2p) D
3 phat
U =(2;—2;1)

Ta co: AB=ku, k0 (do AB va u cung phuong)

540 =2k k=270
< (5405, =3;2,) =k(2;-2;1) &1y, -3=-2k &<y, =-537.
2, =k 2, =270
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Suy ra B(550;—537;270).

= AB=\/(550-10) +(~537-3)’ +(270-0)’ =810 (m).

Mat khac A—D:@:S hay AD=5A4B.
AB 810

Ma vén toc khong doi chuyén dong déu theo cap thiang dén D va thoi gian di chuyén tr 4 dén B 1a 3
hut
P Nén thoi gian di chuyén cta cabin trén quang duong AD la 5-3=15 (phut).
Vidu 37: Hinh bén du6i minh hoa so' d6 mot ngdi nha trong
khong gian Oxyz, trong d6 nén nha, bon birc tuong va hai mai nha z
déu 12 hinh chir nhat. Tinh sé do gbc ddc ctiia mai nha, tirc 1a s6 do
cia géc nhi dién c6 canh 1a duong thing FG , hai mat (FGQOP) pr ot A

va (FGHE).

Q(2,5/4)

E(0;0;3)

= Loi gidi

Dip 4n: 26,6. , b
Dé tinh goc ctia mai nha, ta tinh s6 do ctia goc nhi dién ¢ canh e I B(4:50)
1a duong thing FG , hai mit lan lugt 1a (FGOP) va (FGHE).

Do mit phing (Oxy) vudng géc voi hai mat phang (FGOP)
va (FGHE), FP=(Oxy)"(FGQP), FE =(Oxz)"(FGEH ) nén PFE la géc phang nhi dién can tim.
Tu gidc OAFE la hinh chit nhatnén x, =x, =4, z, =z, =3.
Do F nam trén mit phrfmg (Oxz) nén toa do diém F (4; 0;3) .
Tacd FP= (-2;0:1), FE = (—4;0;0) suy ra:
FPFE  (-2)(-4)+0x0+1x0 25
FPFE [ o) +0* +1 J(-4) +00 400 5
Do d6, PFE = 26,6°. Vay goc dbc mai nha khoang 26,6°.
Vidu 38: Trong khong gian vdi he toa do Oxyz (don vi do lay theo
km ), mot Radar phat hién mot chiéc may bay di chuyén véi toc do va "

huéng khong doi tir diém A(812;600;5) dén diém B(950;530;6) B~
A /

X

0(0;0,0) A

cos PFE = cos(FP;ﬁ) =

trong 10 phut.

Néu may bay tiép tuc giir nguyén tdc do va hudng bay thi toa do N\
cia méy bay sau 10 phut tiép theo 12 C(x;y;z).Khid6 x+y+z bang
bao nhiéu?

= Loi gidi

Dap an: 1555.

Do chiéc may bay di duyén véi toc do va huéng khong ddi tir 4 dén B trong 10 phut vatir B dén C trong
10 phut.

Nén suy ra 4B = BC va A4,B,C thang hang.

Suy ra B 1a trung diém cta AC

o = XatXe 950:812+x
B
2 o x=1088
= yB=yA+TyC@ 530=220Y 460
Z,+z S5+z z=7
ZB:— 6:
2 2

Vay x+y+z=1555.
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Vi du 39: Nhan dip 18 30/4/2025, tai Quang truong trung tam TP. Hb Chi Minh
d1en ra man trinh dién may bay truc thing kéo cd T quoc va co Dang. Hai may bay /\%
cat canh cung lac tir mot dia diém. _Sau mot thoi gian chiéc thir nhat cach diém xuat %
phat 3 km v€ phia Nam va 1 km vé phia Déng, dgng thot cach mat dat 1 km. Chiéc
thir hai nam cach diém xuat phat 2 km vé phia Béc va | km vé phia Téy, dong thoi
cach mat dat 500m. Cung thoi diém do, mot chién si cong an dimg trén mét dat quan
sat thiy hai chiéc may bay néi trén. Biét rang, so v&i cac vi tri quan sat trén mit dat,
vi tri chién si cong an dung co téng khoang cach dén hai chiée mdy bay la nho nhat. [ S
Khoang cach tir vi tri chién si cong an quan sat dén dia diém xudt phét cia hai chiéc
may bay 12 bao nhiéu km (két qua lam tron dén hang phan trim).
= Loi gidi
Dap an: 0,47
Xét hé truc toa d§ Oxyz voi diém xuét phat ctia hai may bay la géc O(O, 0, 0) , truc Ox: hudng dong, truc Oy:
hudéng Bic, truc Oz hudng 1én trén va mat d4t 1a mat phéng (Oxy) . Pon vi trén mdi hé truc toa d6 1a 1 km.
Sau mot thoi gian may bay thtr nhat cach diém xuét phat 3 km vé phia Nam va 1 km vé phia Dong, dong
thoi cach mit dét 1 km nén mdy bay thir nhat c6 toa d¢ 1a 4(L;-3;1).
Tuong ty may bay thir hai c6 toa d la B(—l; 2;0,5) .
Goi C la diém doi ximg véi A qua (Oxy). Tacé C(L,-3;-1)
Chién si cong an dimg trén mat dat, nén c6 toa do P(x,,0).
C6 PA+ PB = PC + PB> BC.Dau bang xay ra khi va chi khi P, B,C thang hang
N
x+1:y—2:—0,5: 3
-5  -15 1

y=§

BC =(2;-5-15) va BP=(x+1,y-2;-0,5)=

N

—p[ZL L ol or= [relio=Y2 204714045
3°3 99 3

& BAI TAP THAM KHAO

Cau 80. Hinh sau day minh hoa so dd mét ngdi nha trong hé truc toa do Oxyz, trong do nén nha, bdn buc

tuong va hai mai nha déu 1a hinh chir nhat. Biét F (a;b; c) . Gia tri cua téng a+b+c bé“mg bao nhiéu?

Q(2:5'4)
r4
H -~ A PR204) G(4;5;3)
E(0;0:3) 5
E F
: L
'é -------------------- B(4;50)
¢ > X
0(0:0:0) A
= Loi gidai
Dap an: 7.

OP =(0;-5,0), GF =(a—4;b-5,c-3)
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a—-4=0 a=4
Do PQGF 14 hinh chit nht nén ta c6 QP = GF <> {b—5=-5<>4b=0 nén a+b+c=17.
c-3=0 c=3
Céu 81. Mot bé ca ddy nudc c6 dang hinh hop chit nhat ABCD.EFGH véi AB=6 (dm), AD =8 (dm) va

canh bén bang 10 (dm). Mt chu cé con boi theo nhirng doan thang tir diém G dén cham mit day cta ho, rdi

tir diém d6 boi dén vi tri diém M 1a trung diém ctia AF dugc md hinh hoa nhu hinh vé& sau:
E F

|
1
|
. |
’ |
T - |
ﬂlfn’ !
P |
-
|
|
|
|
|

D c
Pé dudng di ngan nhat thi cha ca boi dén diém dudi day hd cach B4 va BC nhiing doan bang a va b.
Khi d6 tong D =3a+ 6b bao nhiéu ?

w Loi gidi

Pap an: 20. A7

Dung h¢ truc Oxyz nhu hinh vé E -

Khi do toa d cac diém 1a B(0;00), C(8;0;0), A0

M NS .

D(8;6;0), 4(0;6;0), G(8;0;10), F(0;0;10). A :

Tacé: M 1a trung diém ctia AF = M (0;3;5). /" E kY BN 1 o

Con ¢4 boi tir diém G dén cham mat day ho tai v ~ "‘E_ NN =27
diém I(x;;0)e(Oxy) voi 0<x<8,0<y<6. ' \\v\;,: "s:://

Goi N 1a diém ddi ximg cua diém M qua (Oxy) N TI:- =}~'- [-- 3%
= N(0;3;-5). \\

Quéng duong di chuyén ciaconcala G—1—M D C N

Ta co: IM +1G=IN+1G =GN

= J(0-8) +(3-0) +(-5-10)' =298.
Dé IM + IG nho nhat thi ba diém I, G, N thang hang
Suy ra IG, NG cung phuong.

IG=(8-x;—;10),  NG=(8-315).
Do do 8—_x:—_y:E.
8§ -3 15

Suy ra ng, y=2 :1(2;2;0}.

| o0

Khi d6, a=d(1,BA)=—~, b=d(I,BC)=2.

(O8]

Vay D:3a+6b:3-§+6'2:20.
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Cau 82. Hai chiéc kinh khi cdu A va B bay 1én tir cuing mot vi tri O trén mat
dat. Sau mot khoang thoi gian, kinh khi cdu A ndm cach diém xuét phat 4 km
vé phia Dong va 3km vé phia Nam, dong thoi cach mat dat 1km ; kinh khi ?

cau B nam cach diém xuét phat 1km vé phia Béc va 1,5km vé phia Ty, dong ?‘1
thoi cach mit dt 0,8 4m (hinh minh hoa bén dudi). Cung thoi diém do, mot 4 ,
ngudi ding trén mit dat va nhin thiy hai kinh khi cau noi trén. Biét rang, so ... i L e
v6i cac vi tri quan sat khac trén mat dat, vi tri ngudi 6 dimg c6 téng khoang |
cach dén hai kinh khi cau 1 nho nhat. Hoi tong khoang cach nho nhit 4y bang

bao nhiéu kilomét? (Lam tron két qua dén hang phan trim). nem

= Loi gidi

Z4

Bic

Dap an: 7,03. i )
Chon h¢ truc toa do Oxyz sao cho diém xuat phat 1a géc O nhu hinh v€ trén.

Khi d6 toa @6 hai kinh khi cau la A(3;4;1), ( I; —% %)

Goi M l1a vi tri ngudi quan sat va B'( I; —% —%j 1a diém dbi xtmg v6i B qua mit phang (Oxy).

2 2
Khi d6 MA+MB:MA+MB'2AB':\/(3+1)2+(4+%j +(1+§] ~7,03km

Dau bang xdy ra khi va chi khi M, 4, B' thang hang va M thudc doan AB'. Piéu nay ludn xay ra.
Ciu 83. Mot chiée xe dang kéo cang soi day cap 4B trong cong truong xay dung, trén d6 da thiét 1ap hé toa
dd Oxyz nhu hinh vé dudi voi do dai don vi trén céc truc toa do bﬁng Im . Biét AB = (x; V; Z) .Tinh x+2y—z

(lam tron dén hang phan muweoi).

H

TS

K
»
x

= Loi gidi
Dap an: 43,5.
Xét AOBH vuong tai H , ta co:

1 15 B158

BH =OB.sin30° =15.—=—=0K . OH =OB.cos30°=15.—=—""=.
2 2 2 2

Do diém A€ Oz va O4=10nén A4(0;0;10).

Do diém K € Ox va OK=%nén (125 00]

1543

DodiémHeoyvaOH_ J_ H(O—OJ.
Suy ra AB=0B—0A=0H +0OK —O0A = (125 15;/_ —10}

153

Vay x+2y—2—3 2——(— ) 43,5.
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Cau 84. Trong khong gian vdi hé toa do Oxyz (don vi trén mdi truc toa d6 1a 1m ), mot cabin cap treo Xuét

phat tir diem 4(10;3;0) va chuyén dong déu theo dudng cép thang dén vi tri D cach diém 4 mét khoang
3780m. Biét duong di ciia cabin ciing phuong véi vecto i =(2;—2;1) va sau 3 phut ké tir khi xuat phat thi

cabin di dén vi tri B c6 hoanh d6 x, =550 . Hoi thoi gian di chuyén cia cabin trén quing duong 4D 1a bao

nhiéu gidy?

D
<7
o
A 3780 m
<,
g
Dap an: 840.

Goi toa do diém B(550;y;z).
Tacod: AB= (540;y—-3;z).

= Loi gidi

Do dudng di cua cabin cung phuong véi vecto u =(2;—2;1) nén ta co:
540 y-3 =z {y—3=—540 {y:—537
— = =~ N

22 = B(550;—537;270).
2 2 1 |z=270

z=270

Quéing dudng AB bing AB=1[540° +(-537-3) +270° =810(m).
AB

3.60

Van toc cua cabin bang v =

=4,5(m/s).

Thoi gian dé cabin chuyén dong déu tir diém 4 dén diém D la: 3 7850 =840 (s).

Cﬁ}l 85. Pé chuan b1 cho mot budi trién 1dm quéc té, cac trang surc ¢o gia tri 1on dugc dat bao mat trong céc
khoi chop tir gide déu S.ABCD va dit 1én phia trén mot tru hinh hop chit nhat ABCD.A'B'C'D’ ¢6 day 1a hinh
vudng (nhu hinh v&). Chon hé truc toa d0 Oxyz (don vi trén moi truc la mét) sao cho A4'(0;0;0),
A(O; 0; 1),B (O; 0, 5;1) . Biét réng, ban t6 chire sy kién du dinh dung céac tam kinh cuong luc hinh tam giac can

c6 canh bén 1 60 cm dé 1ap rép thanh khoi chép néi trén. Khi do, toa do diém S 1a (a;b;c). Tinh gié tri cua
a+b+c. (1am tron két qua dén hang phan tram)

Sa.
T

D= e |
|I -I | II
| A" | I.
|I P B’

D' '
= Loi gidi
Dap an: 1,98.
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Do6i 60 cm=0,6 (m)
Taco SA=0,6 (m)
A/(0;0,0Y, A(0;0;1),B(0;0,5:1) = AB:%, AA'=1.

Goi I =ACNBD,I'=A'C'nB'D'
Vi S.ABCD 1la kh01 chop tir gidc déu nén ABCD 14 hinh vudng va

SI 1L (ABCD).

Vi ABCD.A'B'C'D’ la  hinh hop chtr nhat nén
(ABCD)||(A’B’C’D’),H'J_(A'B’C’D’).

Do d6 S]J_(A'B'C'D'). Suy ra S,I,]' thang hang. Vi vy
SI'L(A'B'C'D").

’ 2
Xét tam gidc vuong ABC c6 AC =+ AB* + BC* = \/_ = \{1— .

Xét tam giac vudng SIA c6 SI =+ SA> — Al 0,6 —(Tj = %04
Goi I' 14 trung diém ctia A'C' = II' = AA' =1=>SI'=II' + ST =1+ */290_4 - 20;?.

Taco AA'B'B 13 hinh chit nhat va 4’(0;0;0), 4(0;0;1),B(0;0,5;1)= B'(0;0,5;0) Oy
Ma A4'(0;0;0)=0, A4(0;0;1)€ Oz = D' € Ox.

Vi ABCD 1a hinh vuéng nén 4'B'C’'D' 1a hinh vudng canh % = A'D'= % = D'(O,S;O; 0)

= 1'(0,25;0,25;0).

20+/94

20

Vi 1'(0,25;0,250) 1a hinh chifu cia S trén mdt phing Oxy va SI'=——"—

20+\/ﬁ] 20+\/§

:S£0,25;0,25; =>a+b+c=0,25+0,25+ ~1,98.

Cau 86. Hai chiéc flycam dugc diéu khién cung bay 1én tai mét dia diém. Sau mot thoi gian bay, chlec flycam
thir nhat bay dén vi tri diém A4 cach mat dat Sm, cach diém xuét phat 3m vé phia nam va 2m vé phia dong

Chiéc flycam thi hai bay dén diém B cach mat dat Sm, cach diém xuat phat 6m vé phia bac va 6m vé phia
tay. Chon hé truc toa d6 Oxyz voi géc O dit tai diém xuét phat cua hai chiéce flycam, mat ph'flng (0xy) trung
v6i mit dat (coi nhu phang) c6 truc Ox hudng vé phia nam, truc Oy hudng vé phia déng va truc Oz hu(')’ng

thang ding 1én troi (don vi do mbi truc 1a mét). Trén mat dat, ngudi ta xac dinh duge mot vi tri sao cho tong

khoéang cach tir vi tri d6 dén hai chiéc flycam ngin nhat.

oB

Hoi khoang cach tir diém xuat phét dén vi tri d6 bang bao nhiéu mét?
= Loi gidi
Dap an: 2,5.
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Tacod A(3;2;5),B(—6;-6;5). Goi M lamot vi tri trén mt dat = M € (Oxy) = M (x;;0).
Khi d6 tong khoang cach tir diém M dén hai diém 4 va B la:
MA+MB =|(3-x) +(2= ) +5 +(x+6) +(y+6) +5°

Z\/(B—x+x+6)2+(2—y+y+6)2+(5+5)2 =745

-3

min(MA+ MB) =735 xiy rakhi 2% =27Y 3 [ [PTETONY J¥=o
6+x 6+y 5 2-y=6+y _ 5

Do d6 vi tri dé téng khoang cach tir nd dén hai chiéc flycam ngan nhat 1a M (_?3;—2; Oj

Vay OM = (%3)2 +(=2) =2,5(m).

Céu 87. Mot ngdi nha gdm hai phan. Phan than nha dang hinh hop chit nhat ABCD.OMNK c6 chiéu dai
1200cm , chiéu rong 900cm , chi€u cao 450cm . Phan méai nha dang hinh chop S.ABCD ¢ cac canh bén bang

C e, . 1 . . . N
nhau va tao v&i mat ddy goc o voi tana = g . Chon h¢ truc toa do Oxyz sao cho M thudc tia Ox, K thudc tia

Oy, Athugc tia Oz (nhu hinh v¢). Biét S (a;b;c) (don vi cua a,b,cla centimet). Tinh gia tri cua biéu thirc

P=a+b+ec.
z

b

LY

WO
L e
"

o

|/ 1200 cm N

= Loi gidi
bap an: 1650.
Goi /,J lan luot la tdm cua hai day ABCD,OMNK
Vi S.4BCDc6 cac canh bén bang nhau nén
SI L(ABCD)=>SI 1 (Oxy).

Theo gia thiét ta c6 17 L (Oxy)= S e1J.

z)

Laico a =SCI,
ON = AC =+/900" +1200° =1500 ',r"A: e

1 L WP 1 i 450 cm
:>CI=EAC=750 B A .--m" ' ; -

Tu d6 suy ra: Shszzmeee- prssmmmsspeseesooo

SI =CIl.tana = 750% =150 \:"'::.':“ 900 cm

_______

= SJ = ST +1J =150+ 450 = 600 1200 m nl
Viy §(450,600;600)= a+b+c=1650.
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Céu 88. Mot toa nha duoc thiét ké dé 1am 2 phong day hoc c6 trang bi may chiéu. Mai nha 1a dang mai vat
CDFE nhu hinh v&. Chiéu dai ciia mdi phong hoc 1a O4 =30m va chiéu rong 14 OB =20m , chiéu cao cac
buc tudng BD =10m va EA=6m. T vitri P cach B mot khoang 10 m, ngudi ta xdy cac bac thang cao dan
vé phia cudi ciia phong hoc dé dit cac day ban ghé hoc sinh trén cac bac thang d6. Chiéu rong mdi bac thang
12 2 m va chiéu cao mdi béc thang 1 20 cm.

=
L IR
-]

Chu toa nha mudn lap gia treo may chiéu tai vi tri I 1a giao cia DE va CF nhy hinh v&, vudng goc voi
mit san sao cho khong vudéng vao dau hoc sinh khi hoc sinh d6 dimg tai béc thang ngay dudi may chiéu (
chiéu cao hoc sinh d6 13 1,8 m) va ciing khong che khuat tim nhin cta hoc sinh ng6i ¢ hang ghé sau cung, tai
vitri X trung diém SQ, theo phuong vudng goc buc tuong OBDC (chiéu cao mit hoc sinh so véi bac thang
tai d6 1a 1,2m). Héi tong do dai thanh treo may chiéu va ca than méy chiéu 16n nhat 1a bao nhiéu mét? Két qua
lam tron dén hang phan muoi.

= Loi gidi

Dap an: 4,8. ) i

Xét hé toa do Oxyz vaoi O 1a goc toa dg, cac diem 4 € Ox, B € Oy,C € Oz c6 toa do khong am.

Khi d6 A4(30;0;0), B(0;20;0), D(0;20;10); E(30;0;6) , 1(15;10;8) 1a trung diém DE nén hinh chiéu cia
diém I trén san la T(15;10;0) suy ra toa do diém V' (15;20;0), vay V' cach P mot khoang béng 5m. Tuc la
bac thang tai vi tri U dang la bac thang thtr 3, co chiéu cao 60 cm so véi mat san. Vay toa do diém
U(15;10;0,6).

Tir d6 toa d6 dinh dau hoc sinh dung 1a K(15;10;2,4). Khoang cach IK =8—-2,4=5,6m. (1)

Mit khéc toa d6 diém X (15;10;2) nén toa d6 mét hoc sinh ngdi tai X 1a diém Z(15;10;3,2) suy ra hiéu
khoang cach tir diém / dén san va tir diém Z dén sannhala 8—3,2=4,8m (2)

Diéu (1) va (2) cho thdy tong do dai cua thanh treo va thdn may chiéu khong qua 4,8 mét dé thoa méan dong
thoi ca 2 diéu kién.

Cau 89. Trong khong gian chon hé truc toa dg cho trudce, don vi do 1a kilomet, mot rada phat hién mgt may
bay chién d4u bay thang véi toc d6 va hudng khong doi tir diém M (1 100;650;14) dén diém N trong 20
phat. Néu dén N may bay tiép tuc giit nguyén vén tdc va hudng bay thi toa do ctia may bay trong 10 phit

tiép theo la Q(1500;860;16) Biét mot khau phao ¢ toa dd vi tri diém E (17% 370; %) duoc bin ra vai toc

d6 khong d6i gap 5 1an van tdc may bay nham ban tring may bay tai vi tri N . Sau bao nhiéu phit khi may
bay bay tir M thi nguoi di€u khién phao phai ban.
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w Loi gidi
bap an: 8. i
Do van toc cia may bay khong doi nén thoi gian va quang duong 1a hai dai lugng ti 1€ thuén.
Thoi gian may bay di chuyén tir M dén Q 1a 30 phiit nén MN _20_2 ,do d6 MN = 2ATQ.
MQ 30 3’ 3
Tacd MN =(x, —1100;y, —650;z, —14); MO =(400;210;2)
=§ .400+1100 = 1109
Suyra §y, :%-210+650=790 hay N(g 790; %J
Zy =g-2+14 =ﬁ
3 3
W:(@ 140; 4)
3 '3
Taco ME = (ﬂ —280; —gj
3 3
800 4
Khido —3 =140 3 1 e vadiém M, E, N thing hang; M nim gita £ va N:
~1600 ~ 280 -8 2 > B g hang; g ;
3 3
ME =2MN .
N M £

Gia str sau x phit khi may bay bay tir M thi ngudi diéu khién phao phai béan.
Khi d6 van téc khau phao la

kildémet/phut; van tdc may bay la % kildmet/phut.

EN 5.MN _MN

20—x 20 4
Suy ra 3 =—MN<:>20—x:12<:>x:8.
20-x 4

Viy sau 8 phut khi may bay bay tir M thi nguoi diéu khién phao phai bén.
Céu 90. Nguoi ta thuong dung cau truc thap (nhu hinh v&) dé van chuyén vat lidu xay dung; than thap vudng
goc v6i mat dat, can nang vuong goc than thap dung dé lam diém tua nang vat liéu, trén can nang c6 bo phan
goi la Xe con, 6 thé chay doc can nang nharp di chuyen vat liéu. Ban dau vt liéu ‘0 mit dat, ciu truc dung
moc cau nang vat li€éu Ién cao theo phuong thang ding va cao hon 1m so véi vi tri can dat, sau d6 gitt nguyén

Theo dé bai

dd cao va cau truc quay can nang mot goc o € (O°;180°) sao cho quy dao tao thanh mot cung tron cho dén
khi mit phang (P) chita cin nang va diém can dit vudng géc véi mat dat (vat lidu va diém can dit cing nim
trén mot nira mit phing (P) so v6i than thap). Tiép dén diéu chinh xe con nham di chuyén va ha vat liéu

xubng 1m theo phuong thang dimg dung vi tri can dat. Gia sir rang trong khong gian voi hé truc toa do Oxyz
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, than thap 1a truc Oz va mat dét 1a mat phéng Oxy (don vi tinh béng mét); vi tri ban dau cua vat liéu 1a diém
A(6;8;0) va vi tri can dat vét liéu 1a diém B(4;-3;15). Tinh quang dudng vét liéu da di chuyén (két qua lam

tron dén hang phan chuc).

s
N
g Thin thap
IR
BAIX]
= Loi gidi
Pap an: 37,7.
Yk AI(6; 8)
9] x
(O
A"(8;—6)

Goi A', B’ 1an luot 12 hinh chiéu cta diém 4 va diém B trén mat phang (Oxy).

Luc dau vat liéu & vi tri A’(6' 8) di chuyén thiang dung theo phuong song song véi phuong ciia truc Oz
quéng duong 16m (phai cao hon d6 cao 15m cua vi tri diém dén 1m)

Tiép theo ciu truc quay can nang di chuyén tir vi tri diém 4’ dén vi tri diém 4" (di chuyén mot goc c6 do
16n 90°), khi d6 vat liéu di chuyén mot quang duong / = R = OA’.E = 105 =5m.

Tiép dén diéu chinh xe con nham di chuyén tir vi tri 4" dén vi tri B' (voi B’ 1a trung diém ctua 04"), tirc 13
vat liu di chuyén quang duong A"B'=5m.

Cubi ciing méc cau ha vét liéu xudng 1m theo phuong thang dimg ding vi tri can dit la diem B(4;-3;15).
Vay tong quang dudng di chuyén cia vat liéu 1a: 16+ 5n1+5+1~37,7m.

Céu 91. Nguoi ta can lap mot camera phia trén san bong dé phat séng truyén hinh mot tran bong da, camera
c6 the di dong dé ludn thu (jugc hinh’énh ro n,ét V‘é dién bién trén san. Cac ki su du dinh’tréng bon chiéq C(f)g
cao 30 m va suir dung h¢ thong cap gan vao bon dau cot dé gilt camera ¢ vi tri mong mudn. M6 hinh thiét ké
duoc xay dung nhu sau: Trong hé truc toa d6 Oxyz (don vi do dai trén mdi truc 1a 1 m), cac dinh ctia bon
chiéc cot 1an lugt 1a cac diém M (90;0;30), N (90;120;30), P(0;120;30),0(0;0;30) (Hinh v&). Gia st K, la
vi tri ban ddu ciia camera c6 cao do bang 25 va KM=K,N=KP=K,. Dé theo ddi qua bong dén vi tri
A, camera dugc ha thap theo phwong thing dimg xudng diém K, c6 cao do bang 19. (Ngudn:
https:/mww.abiturloesumg.de; Abitur Bayern 2016 Geometrie V).
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0030 PO 120 30)

M9 0 30

TN 120 : 30)
w

”
7

——————

Toa do vécto K K, =(a;b;c) véi a,b,c 1a cac sb thyc. Tinh P=a+b+3c?

= Loi gidi

Pap an: 18.

M, N

Goi M,,N,,B,K lan lugt 1a hinh chiéu cia M, N, P,K, 1én mit phang (Oxy).

Ta théy MNPQ.M N,FPO la hinh hop chir nhat.

Goi K' 1a giao hai duong chéo M P va NQ.Khi d6 KQ=KP=KN =KM .

Taco KM =K, N =K ,P=K,Q va camera dugc ha thap theo phuong thang dimg tir diém K, xudng diém

K, nén céc diém K'K,,K,,K théng hang.

Taco K,(x;»;25) va K, (x;519).

Suy ra R(O;O;—Q .Vay P=a+b+6¢c=0+0+3.(-6)=-18.

Céu 92. Trong khong gian véi mot hé truc toa do cho trude ( don vi do 13y theo kilomet), ra da phat hién mot
chiéc may bay bay thang véi tbe do va huéng khong doi tir diém A4(800;500;7) dén diém B(940;550;9)

trong 10 phat. Néu may bay tiép tuc giit nguyén toc do va hudng bay thi toa d6 ctia may bay sau 5 phut tiép
theo 1a diém C(x;y;z) .Tinh x+y+z

= Loi gidi

Dap an: 1595.
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Do may bay giit nguyén tdc do nén van tdc cia may bay trén quing dudng 4B va BC la nhu nhau. Ta co:

ﬁzB—Cc>AB:2BC.
10 5
Va may bay giit nguyén hudng bay nén hai vecto 4B; BC cung hudng.
140 = 2(x—940) x=1010
Do d6 AB=2BC <{50=2(y—-550) <1 y=>575
2=2(z-9) z=10
Vay x+y+z=1595

Cau 93. Truot nudc 1la mat tro choi van dong duoc nhiéu nguoi yéu thich trong cac cong vién nudc. Mot cai
mang trugt nudce cd thiét ké dang cung tron voi hai dau matla 4 va B . Chon hé truc toa do Oxyz véi goe O

dit tai hinh chiéu cia 4 trén mit dat, mdt phing (Oxy) tring véi mét dat va truc Oz huéng thing dimg 1én

troi, don vi do 1dy theo mét (tham khao hinh v& dué6i day). Biét cac diém 4, B va mot diém C nam trén mang
truot 1an luot c6 toa do 1a (0;0;5),(6;7;1) va (5;0;2). Do dai mang truot nude d6 bang bao nhiéu mét (lam

tron két qua dén hang don vi ciia mét)?

B

= Loi gidi

Pap an: 14.
Taco: 4
— AB =
[4C, 4B

—

0;0;5),B(6;7;1),C(5;0;2).
6;7;—4),@ :(5;0;—3),Rf =(-1-7;1)

= (21;2:35); 4B=+/101; AC=+34;

A(0; 0; 5

—

o
—_] 1

BC=

[u—

]‘ CN2PP+27 4357 (1670 C(5; 0; 2)
2 2 '

Sy = 5‘[/10, AB .
Bén kinh duong tron ngoai tiép tam gidc ABC o

bang:

Cr(s; 0; 0) - ! B(67 7; 1)

B'(6;7;0)
p_ ABACBC _ J1014/344/51 _ 174253005 s 12
45, e J1670 1670 T
2
AC*+BC*—AB* 46

- .Suyra C~1,7641= A+B~nr—-1,7641~1,3775.
2.AC.BC 51

Suy ra s6 do cung ACB bang 2(A+B) =2, 755=«a

4.

cosC =

Suy ra d6 dai cung ACB bing R ~14,1056 ~ 14(m) .
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Cau 94. Tram kiém soat khong luu dang theo ddi hai may bay. Gia su trong khong gian voi hé truc toa do
Oxyz , don vi do lay theo kilomet, tai cuing mdt thoi diém theo doi ban dau: may bay thir nhat ¢ toa do
A(0;35;10) , bay theo huéng vecto v, = (3;4;0) véi téc d6 khong doi 900 (km/ h) va méay bay thir hai & toa
do B(31;10;11), bay theo hudng vecto v, =(5;12;0) vdi tbe do khong déi 910 (km/ k). Biét ring khoang

cach an toan tdi thiéu giita hai may bay 1a 5 hai 1y (khoang 9,3 km). Néu hai may bay tiép tuc duy tri huéng
va toc do bay nhu trén thi sau it nhat bao nhiéu phut (k€ tir thoi diém theo doi ban dau), hai may bay vi pham
khoang céach an toan (két qua lam tron dén hang phan tram)?

= Loi gidi

Dap an: 8,42.
D61 900 (km / h)=15km /phuat

910km/h:%km/phﬁt

Vecto van toc may bay tht nhat u, = my, véi m >0,

w|=m|v|=15=m=3=1=(9,12,0)

Vecto van toc may bay thu hai u, =nv, véin >0,

Z‘:mm:ﬂ:nzzjzz(ﬁ,m,o)
6 6 6

Sau t phut duy tri huéng bay, may bay tht nhat bay dén vi tri M thoa mén

AM =tu, = (96;12£,0),1 > 0= M (9£;12¢ +35;10)

May bay thir hai bay dén vi tri N thoa man

ﬁ:z@:(%z;w;o}z >0=> N(3—§t+31;14t+10;11j

Khoang cach hai may bay la:

2
MN:\/(3—65t+31—9t) +(141+10-12¢-35)" +(11-10)’

2
@MN:\/(%t_mj +(2t—25)2+12 <9,3=18,42<¢<10,56

=t=8,42
Ciu 95. Trong khong gian véi hé truc toa @ Oxyz , mot tim bang dong chat c6 dang hinh vuéng ABCD tam
0" dugc treo nghiéng béi 4 soi day I4,1B,1C,ID gin c6 dinh tai diém /(0;0;9) nhu hinh v&. Biét diém

0'(0;0;5), 4(—2:4/2;5), diém D(asbic) véi a>0,c>5 vi géc O'ID dat gid tri lon nhét. Goi

F\,F,,F,,F, lan luot 1 lyc cing cua day IB,IC,ID,IA , biét

F|=50N va |F;| = 40N .
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|

C1
A1

Tinh khéi lugng m(kg) cua tim bang (1am tron két qua dén hang don vi) ( cho gia toc trong trudng
2=9,8m/s”) va trong luong cua tim bang dugc tinh bang cong thirc P =mg).

w Loi gidi

Pap an: 15.

Taco OA=2,4C=4,4B=2J2, 0O'D=2, I
OT=414=25.
Vi 0' la trung diém AC = C(V2;—2;5)= 1C =245 .
Vi diém O’ 1a tAm cuia hinh vuong
ABCD=0D 1L 0'A=O0D.0A=0=a=b.

Goc O'ID dat gia tri 16n nhit < cos O'ID nho nhét
Ap dung dinh 1y cosin trong tam giac O'ID ta c6

*C

B-
2 ry2 1 2 2
cosO’ID:]D rO -0 _12+D :£+122,/i:£(bdtCauchy).
2ID.O'I 81D 8 2ID 16 2

— OID=30" va ID =23

v {1D=2\/§®{a2+b2+(c—9)2 12@{(c—9)2—(c—5)28

O'D=2 a2+b2+(c—5)2:4 a2+b2+(c—5)2:4
c=6
< J6 (do a>0,c>5).
a=b=—
2
Suy ra:

D(?;?ﬁ}:ﬂ?[—g;—g%j:w:2J§,13=2ﬁ

Vi I4=1C =245 = tam gidc IAC cén tai [ nén |F|=|F,|=40N .

Dung I4 = F,,IC, = F, va H la trung diém A4,C, .
: . . 10" 2
Tam giac IAO' vudng tai vudng tai O'= cos 410" = 571 =

S
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IC)|=2|IH|=21H = 2|F;|.cos 410" = 3245 . '

. D1
Dung IB, = F,,ID, = F,va K la diém thir 4 ciia hinh binh hanh /B KD, . B1
ID)|=|iK| = Ik .

Ap dung dinh 1i cosin trong tam giac IBD ta co: °
cos B IK = cos BIO" = 1B +OT —O'B _ 7 — BIK =19". o

2[IBO'T 14
Mit khac IKB, = DIO'=30" = IBK =131°. B
Ap dung dinh 1i sin trong tam giac IB,K ta co:

| IK - ‘IBI K- IBI.'sinl(f)Slo _ 50.§in1§1° 7547

sin131°  sin30 sin 30 sin 30
Khi vat can bang 171+I72+173+1?4=—73<:>ﬁ F, F,|=mg .

<:>‘2E+F(‘ =mg & Z@Jr‘ﬁ(‘ =mg <:>32\/§+75,47 =mg =>m=15kg.
Céu 96. Trén phan mém mo phong viée diéu khién drone giao hang trong khong gian Oxyz . Mot d6i gdm ba
drone giao hang 4; B; C dang c6 toa do 1a A(LL1); B(57;9); C(%1L4). Goi d,; d,; d, lan luot 1a
khoang céch gilta mdi cdp drone giao hang trén. Tinh d, +d, +d, (két qua lam tron dén hang phan chuc).
= Loi gidi

Dap an: 31,5.
Giast: d, = AB;d, = BC;d, = AC khi d¢ ta co:
d, =\(53-1 +(7-1) +(9-1) =229
d, =\(9-5) +(11- 7)+(4 9)' =57

dy=J(9-1) +(1-1) +(4-1) =173
Suy ra: d, +d, +d, = 2329 +/57 +/173 = 31,5.

Céu 97. Xét Trai Dat trong khong gian Oxyz, voi O 1a tim Trai DAt, tia Ox chira giao diém cua kinh tuyén

géc va xich dao, tia Oz chuia diém cuc bac N, tia Oy giao xich dao tai diém thudc ban cau bong, mot don
vi dai trong khong gian Oxyz tuong tmg v6i 6 371 km trong thyc té. Biét rang néu diém M co vi d9, kinh
d0 twong tng 1a a'N; B’E(0<a<90,0<p<180) thi diém M c6 toa do 1a
M(cos a’ cos °;cosa’ sin B°;sin o’ )

Z.Il

C

sin a®

\a® cos a’sin f°

. (0]
<5 : —
(v
A H
X

Tinh khoang céch gitta hai vi tri trén bé mat Trai Pat 1a cau Hién Luong (cii) (Quang Tri) c6 vi
do, kinh d6 twong Gmg 1a 17,0045° N; 107,0517° E va Dinh Boc Lap (TP H6 Chi Minh) ¢ vi d9, kinh do
tuong tmg 1a 10,777°N; 106,695° E (don vi: km, 1am tron két qua dén hang chuc)

w Loi gidi

0983.900.570 54 2024-2025



) .
@' Vo Cong Truong Tai liéu on thi Tot nghiép THPT theo chuong trinh méi 2018 Mon Toan

Pap an: 690.
Vi diém M ¢6 vi 30, kinh do tuong tng 1a a’N; B°E (0 <a<90,0<p< 180) thi diém c6 toa do 1a
M (cos a’ cos B°;cos a’ sin 3°;sin ao) nén ta c6 toa do trong khong gian Oxyz cua
- cau Hién Luong (cii) (Quang Tri) (goi 1a diém A) 1a
A(c0s17,0045" cos107,0517°;cos17,0045° sin107,0517%;sin17,0045° ),
suy ra OA(cos17,0045" cos107,0517";cos17,0045" sin107,0517°;sin 17,0045
- Dinh Déoc Lap (TP H6 Chi Minh) (goi 13 diém B) 1a
B(c0s10,777° cos106,695"; cos 10,777 sin106,695";sin10,777°),
suy ra OB(c0s10,777° cos106,695°;cos10,777° sin106,695"; sin 10,777° )
Vi 4, B thudc mat dét nén \071\ = ‘@\ =1, nén cos AOB = OA.OB hay AOB = arccos(@.@ )

Mat khéc duong tron di qua A, B c6 ban kinh 1 va chu vi 27 nén cung nho AB cua dudng tron c6 do dai
arccos (@, 073)

360 ' ,
Do mot don vi dai trong khong gian Oxyz twong tng véi 6 371 km trong thyce té nén khoang cach gitra hai
arccos (OTAI, O—B)

360 ’ ’
Cau 98. Thién thach véi kich thude chi 30 cm dén 40 cm dén tir ving khong gian gitra cac hanh tinh, khi
xuyén vao khi quyén Trai Pat ¢ dd cao 150 km so véi myc nude bien, tao ra vung khong khi boc chay quanh
nd rong vai tram mét gay nén hién tugng sao bang. Xem Trai Dat 1a khoi cau c6 ban kinh 6400 km. Chon hé
truc toa dd Oxyz trong khong gian c6 goc O tai tAm Trai Dat va don vi d¢ dai trén moi truc toa o 1a 1000
km. Mot thién thach (coi nhu mot hat) dugc phat hién & vi tri diém M (4, 29;7; O) va dang chuyén dong théng
v6i toc do khong d6i 960 km/phut dén tim Trai Dat. Xac dinh thoi diém (don vi phut) thién thach bi boc chay
ke tur lac phat hién (1am tron két qua dén hang phan tram).

xap xi bang

diém 4, B 1a .27, 6371~ 690 (km)

= Loi gidi

Pap an: 1,73.
Khoang cach tir thién thach tir luc phat hién dén tAm trai dat: OM = «/4, 29° +7% =8,21 nghin km.
Quing dudng thién thach da di tir luc bi phat hién dén khi bdc chay 1a
d = OM — (R +150) = 8210 — (6400 +150) = 1660 km

Thoi gian can tim 1a: £ = 1660 = 83 ~ 1,73 phut.
960 48

Cau 99. Trén phan mém mo phong viéc diéu khién drone giao hang trong khong gian Oxyz (don vi mét). Mot
d6i gdm 4 drone giao hang 4, B, C, D xép doi hinh bay c6 dang tam giac 4; B; C va D nam trén canh BC sao
cho DB =4DC (Hinh vé bén dudi).
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A

B w C
Tai thoi diém cac drone c6 toa do 1a A(80;20;80), B(70;20;20), C(420;120;120). Khoang céach giita

drone A va drone D bang bao nhiéu mét (két qua lam tron dén hang don vi)?

v Loi gidi
Dap an: 282.
Taco: CB=(-350;-100;-100).
x, —420=-70
Goi D(x,;p32,), €0 CT):%C—BQ vp —120=-20 = D(350;100;100).
z, —120=-20

Do d6 khoang cach giita drone A va drone D bing AD = /2707 + 80 +20% =104/797 ~ 282,31188 .

Cau 100. Mot chié'c‘méy bay khong nguoi lai bay 1én tai m(f)t‘diém. Sau mot thoi gian bay, chiéc may bay
cach diém xuat phat vé phia Bac 55km va vé phia Tay 20km , dong thoi cach mat dat 1, 5km . Khi d6, khoang
cach cua chiéc mdy bay véi vi tri tai diém xudt phat bang bao nhiéu kilomét? ( két qua 1am tron mot chir sb
thap phan)

i

Dap an: 58,5
Chon h¢ truc toa do Oxyz, véi géc dat tai diém xuit phat cua chiéc may bay, mat phéng (Oxy) trung voi

= Loi gidi

mit dat, truc Ox hudng vé phia Bic, truc Oy huédng vé phia Tay, truc Oz hudng théng ding 1én troi, don
vi do 13y theo kildmét (xem hinh v&).
z |

Bic
Khi d6, chiéc may bay co toa do A(55;20;1, 5) . Khoang cach giita chiéc may bay va vi tri xuat phat la

04 =455 +20° +1,5° =585

Ciau 101. Con bio Yagi gy thiét hai nghiém trong vé& ngudi va tai san cho nudc ta, trong d6 ning né nhat
la tai thon Lang Nu, xa Phuc Khanh, huyén Bao Yén, tinh Lao Cai, 1 quét va sat 16 dét da vai lép 40 ngoi
nha. Ca nude di chung tay ung ho va xay dung lai nha san cho ngudi dan Lang Nu theo thiét ké nhu hinh v&
dudi day.
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\Z
= 1|g &

Gia sir 4p dung h¢ truc toa do Oyz nhu hinh v& (don vi trén cac truc 1a mét). Xét mot bén ciia mai nha gém
¢6 mot hinh chit nhat CDFE va mot hinh thang ADFG véi cac diém G(6;-6;6); C(3;4;8); F(4—4;7)
va diém I 13 trung diém CE .

Biét goc giita hai vecto DC va AB bang «¢°. Tim a (Két qua 1am tron dén hang don vi).

= Loi gidai
Pap an: 45
Xét hé truc toa do Oxyz , ta co: A
Vi 4,G d6i xtmg qua (Oxz) nén toa d¢ diém E Ilg C
A la A(6;6;6). E B
. D
Vi 4B // (Oxy) va B e(Oyz) nén toa d diém G
B 1a B(0;6;6).
Vi D,F @d6i xtmg qua (Oxz) nén toa d¢ diém o 6 3
D 1a D(4;4,7).
Khi d6: 4B =(~6;0;0); DC =(~1,0;1).
6

x /

cos(D—C,ﬂ%): 2?14_3 = (-0)(-1)+00+01 __0 =£:cosa.
|DC|-| 48] J(=6) +07 407 [(=1) +0* +1° 62 2

= a=45".

Cau 102,. C6 hai tram thp phat song tin hiép mit dat dat & hai diém O, 4 va vé tinh thu phat tin hi¢u tai & vi
tri M, bict v€ tinh di chuyén luén cach mat dat 35000km. Tin hi€u tai O phat 1én v¢ tinh M roi tuyeén dén tram
thu tai 4. Xét hé truc Oxyz duoc chon thoa O(0;0;0), 4(30;40;0) M (x;y;35)( don vi toa do 1a ngan km).
Biét vén tbe trung binh tmyén tin hiu gitra v¢ tinh v6i tram thu phat khoang 270000km/s. M4t tin hi¢u phat
tor O dén M, 161 truyén vé A mat it nhat bao nhiéu gidy ( lam tron dén hang phan tram).

= Loi gidi

Dap an: 0,32
Ta c6, d0 dai quang duong truyén tin hi¢u

T =OM+MA=\[¥ + 7 +35 +/(30-x) +(40— )’ +35°
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> \(x+30-x)" +(y+40— ) +(35+35)° =10J74 (ngin km)

10:/74
270

Thoi gian it nhat dé A nhan duoc tin hiéu tir O 1a: ~ 0,32 (s).

Cau 103. Hai chiéc khinh khi cau bay 1én tir cung mot dia diém. Sau mot thoi gian chiée thir nhat cach diém
xuét phat 300 m vé phia Nam va 100 m vé phia Pong, ddng thoi cach mit dat 100 m. Chiéc tht hai ndm cach
diém xuat phat 200 m vé phia Bic va 100 m vé phia T4y, dong thoi cach mat dit 50 m. Cung thoi diém do,
mot nguoi dung trén mat dat quan sat théy hai chiéc khinh khi cau néi trén. Biét réng, so v&i cac vi tri quan
st trén mat dat, vi tri ngudi dung co tong khoang cach dén hai chiéc khinh khi cau 12 nho nhét. Tinh khoang
cach tir vi tri ngudi quan sat dén dia diém xuat phét cua hai chiéc khinh khi cau (két qua 1am tron dén hang
don vi).
= Loi gidi

Dap an: 47
Chon hé truc Oxyz véi gbc O dit tai diém xuét phat cta hai khinh khi ciu, mit phang (Oxy) tring véi mat
dat v6i truc Ox hudng vé phia Nam, truc Oy hudng vé phia Dong va truc Oz hudng thang dimg 1én troi, don
vi do 14y theo mét.
Goi A,B,M lan luot 13 vi tri ctia khinh khi cau thir nhét, khinh khi cau thir hai va ngudi quan sét.

Khi do 4(300;100;100), B(~200;-100;50), M (a:b:0)
Goi B' 1a diém ddi ximg cua B qua mit phang (Oxy).
Suy ra B’(—ZOO;—IOO; —50)

Tacd6 MA+ MB = MA+ MB' > AB’
Do d6 MA+ MB nho nhat khi bang AB" hay M 1a giao diém cua 4B’ vi mat phang (Oxy).

Suyra 4,B’,M thang hang hay AM , AB cung phuong
e AM =(a—300;5—100;-100)
04

AB'(-500;—-200;-150)

100
a=300 _b=100_-100_2_ |“7 "3
500 200 -150 3|, 100

3

Suy ra M(—@,—@ Oj

373

Vay khoang céach tir vi tri nguoi quan sat dén dia diém xuat phat ctia hai chiéc khinh khi cau la:

1002
3

OM = ~47.

Cau 104. Tu mat nude trong mot bé nudc, tai ba vi tri d6i mot cach nhau 2 m, nguoi ta lan luot tha day doi
dé qua doi cham day bé. Phan day doi (thfmg) nam trong nudc tai ba vi tri d6 lan luot ¢6 do dai 1a 4 m, 4,4
m, 4,8m. Biét day bé 1a phang. Hoi day bé so voi mit phang nim ngang mot goc
bao nhiéu d6? (két qua lam tron dén hang phan chuc). S
= Loi gidi
Dap an: 21,8.

Chon h¢ truc toa do Oxyz nhu hinh vé, ta c6 cac toa do diém twong ung nhu sau:

0(00;0), B(2:0;0), 4(1;+/3;0),0'(0;0;4), B'(2:0;—4,8) , 4'(1;+/3;4,4)

Ta co: W=(1;\/§;—0,4);

OB =(2:0:-0.8) = iip =[ 04108 | =(~0.843:0:-243) N
Ho,, =(0;0;1). 0 ;
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Suy ra goc can tim 1a o = ((Oxy),(O’A’B’)), Vo
-0.813.0+0.0+(-243).1 sy
\/(—o, 8V3) +07 +(-243) VP 07 4 1 29

Vay day bé so voi mit phing nim ngang mot goc bang 21,8°.
Cach khac:

Goi ba vi tri trén mit nuéc 1a 4, B,C . Day bé (A'B'C’) théa man A B
AA'=4,BB'=4,4,CC' =4,8.

Goi M, N lan luot trén BB';CC" sao cho AA'= BM =CN .

Cosa =

=>a~21,8°.

C
Khi do: 4'B' = 2“/_ \B'C' = |MN” +(NC'~MB')’ = 2*/_ LAC = @.
Theo cong thirc Herong ¢6 S, = @ .
Theo cong thirc dién tich hinh chiéu ta c6
cos((4BC),(4'B'C"))= Sue _ 5, ((4BC),(4'B'C"))~21,8 do.

Syper 29
Cau 105. Mot phan san truong dugce dinh vi boi cac diém A, B,C, D nhu hinh
veE.

25m B

w9t

Budc dau chiing ta 1y thing bang dé c6 cung d6 cao, biét 4BCD 1a hinh thang vuéng & 4 va B V0’1 do dai
AB =25m, AD =15m, BC =18m . Do yéu cau k¥ thuat khi 4t phang phan san trudng phai thoat nudc vé goc

san & C nén nguoi ta lay do cao & cac diém B,C,D Xuong thap hon so vé1 dd cao 6 A 1a 10cm,acm,6cm
tuong g sao cho 4 diém A" B',C',D' dong phang. Tim a
= Loi gidi
‘bap an: 17,2
Gan hé truc toa do nhu hinh v¢ ta co:
B(0;0;0), 4(25;0;0),C(0;18;0),D(25;15;0)
Goi B',C',D' lan lugt 1a cac diém B, C, D sau khi ha xudng ta co:
B'(0;0,10),C’'(0;18;a),D'(25;15;6)
Taco
AB' =(-25,0;,10); AC' =(-25;18;a); AD = (0;15;6)

| AB'; AD"| = (~150;150;-375)

= [ﬁ;ﬁ}TC' =3750+2700—375a = 6450—375a
Do 4,B',C',D' ddng phing nén [A—B’; E].ﬁ =0 6450-375a=0 < a=17,2.

Cau 106. Dé xac dinh vi tri ciia may bay khi dang bay, nguoi ta gan mot hé truc toa d6 Oxyz véi gbe toa
do dat tai mot san bay dé xac dinh toa do cua san bay. Biét rf?lng cao do cua toa d0 may bay chinh la do cao
clia may bay ddi v&i mat dat. Pon vi d6 dai trén mdi truc toa do 1a 100 m. Mot may bay dang bay vdi quy dao
1a mot dudng thang trong khong gian véi van toc bay khong doi. Tai mot thoi diém nao d6, may bay dang &
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vi tri c6 toa dd (200;70;118). Sau 50 gidy, d cao ciia may bay so voi mit dat giam 400 m. Hoi sau 25 gidy
nira, khoang cach tir san bay tdi may bay 1 bao nhiéu km, biét ring trong sudt qua trinh bay ndy, may bay co
di qua diém c6 toa do (80;105;113)?

= Loi gidi

Dap an: 16,8
Goi toa d6 ban diu cuia may bay tai thoi diem =0 la 4(200;70;118).
Sau 50 gidy, do cao gidm 400 m nén toa d§ z gidm 4 don vi, ticla z=114.
Goi toa d§ sau 50 gidy la B(x;y;l 14) .
Vin tbc bay (gia sir bay thing déu):
@ _(x—200.y—70.114—118j _(x—200 y=70 4 j

\7: ) s s s |
50

50 50 50 50
Sau 25 gidy nira (tong 75 gidy), ta co:

OC =0A+75-v =(200+3(x+200);70+@;112)

Xét diém P (80; 105;1 13) . Kiém tra xem diém P c6 nim trén duong thing bay hay khong:

50 50

Gia st ton tai ¢ sao cho: OP=0A+ty

80 =200+ 7.2 =2%0
x=104
y—=170 .
& 1105=70+1- 2= =1 y=98 = Toadd B(104;98;114)
1=62,5
1m3=118- %
50

Suy ra: v =(—1,92;0,56; —0,08),C(56;112;112)
Tinh khoang céch tir sin bay (gdc toa do) dén diém C:

d=0C= \/562 +112% +112% =+/28224 =168 don vi truc 100 mét/ don vi.

. . 1
Vay khoang cach tir san bay dén may bay sau 75 gidy la 168. lOOm =16,8 km.

Céu 107. Trong khong gian chon h¢ tryc toa d6 cho trudce, don vi do lay kilomét, ra da phat hién mot may
bay di chuyén véi van toc va hudng khong doi tir diém M (500;200;8) dén diém N(800;300; 10) trong 20

phut. Néu may bay tiép tuc giit nguyén van toc va hudng bay thi toa do ciia may bay sau 5 pht tiép theo bang
(a;b;c) voi ae N . Tinh a.
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Pap an: 875.
N K

Goi K (a;b;c) 1a toa dd cua may bay sau 5 phut tiép theo. Vi vén tc va hudng bay khong thay doi, bay tir
M dén N trong 20 phit, N dén K trong 5 phut nén ta cé:

M

—

300=4(a—800) |4z=875
MN:%MK:MN=4W@ 100=4(b-300) = {b =325 = a =875.

2=4(c-10) _21
2
Cau 108. Trong khong gian Oxyz, dai kiém soat khong luu san bay dit & goc toa o O(0;0;0), don vi trén

c

mdi tryc tinh theo ki-16-mét. Mot may bay chuyén dong theo duong thing, bay qua hai vi tri
M (-400;-200;350) va N(—100;—100;550). Khi may bay ¢ gan dai kiém soat khong luu nhat thi khoang
cach giira vi tri ctia may bay va dai kiém soat khong luu 12 bao nhiéu km? (lam tron két qua dén hang don vi)
= Loi gidi

Dap an: 536
Ta c6: OM = ON =504/129, do do, tam giac OMN céan tai O.
Vi may bay bay trén doan thang MN nén vi tri may bay ¢ gan dai kiém soat khong luu nhat 13 ¢ trung diém
cua MN.
Goi E la trung diém cuia MN = E(-250;-150;450).
Khoéng cach gitta vi tri ciia may bay va dai kiém soat khong luu khi @6 1a
OF = [(-250)" +(~150)’ +450° =S0T15 ~536 (k).

Cau 109. Trong mdt cudc dién tap phong khong, mot bé phong tén lira phong khong duoc dat tai vi tri
0(0; O;O) (trong khong gian Oxyz véi don vi trén cac hé truc tinh theo ki-16-mét) c6 tam bén t6i da 1a 30 km

va tén ltra duoc phong ra véi van téc khong doi 1a 500 m/s. Mot may bay khong nguoi 1ai bay theo mot duong
thang c6 vécto chi phuong U= (3;—4;0) v6i van téc khong d6i 1a 900 km/h. Khi phat hién méay bay khong
nguoi 1ai tai vi tri A(6; —20;16) thi tén Itra 101 bé phong, khai hoa va da ban ha duge muc tiéu. Hoi khoang
cach tir bé phong tén lira dén vi tri may bay khong nguoi 1ai bi ban ha bang bao nhiéu ki-16-mét? (Gia sir ca

may bay khong ngudi lai va tén lira déu bay theo dudng thang va khong chiu tic dong cia trong luc hay luc
can khong khi).

x Loi gidi
Dap an: 20.
DPo6i 500m/s = 1800 km/h.
Cach 1:
x=6+3¢

Phuong trinh chuyén dong ctia may bay 1a { y = -20—4¢
z=16
Gia sir may bay bi bén ha tai diém M (6 +3¢,-20— 4t;16) sau a giay di chuyén tr A

Quing dudmg AM =,/(3¢)" +(—4¢)’ =~25¢> =v.a =900a

Quéng dudng tén Itra di OM = \/(6+3t)2 +(=20—4¢)" +16> =25¢* +1961 + 692 =1800a

346

t="——

Do do6 OM:2AM<:>\/25t2+196t+692 :2\/25t2 & 75t7 —196t — 692 =0 < 75
t=-2

0983.900.570 61 2024-2025



) .
@' Vo Cong Truong Tai liéu on thi Tot nghiép THPT theo chuong trinh méi 2018 Mon Toan

Voi 129 onr =822 < 46,1333 (10ai)
75 15

Véi t =-2= OM =20 (thoa man)
Cach 2:
Y. o
2z
xZr
B, A(6;—-20;16) B
C6 A0 =(~6;20,~16) = 04 = 2173 .
Gia str may bay bj ban ha ¢ vi tri  B. Vi thoi gian di cta tén ltra bang thoi gian di cia may bay nén
OB _ 4B
18()() 900
0 < x <15 (km).

Co cos(&;%) =

< OB =2AB =2x Vi tén ltra ¢6 tAm bén t6i da 30km nén OB <30 <> 2x<30. Do d6

~18-80 98 49
I3 +(-4) 1076 +(-20) +16  S2V173 5173
OA* + AB*—OB> _ 692+x*—4x>  692-3x’

Ta co cosOAB =

204.4B  22173x 4173
Truong hop 1: May bay bay Cfmg hué’ng U= (3;—4; 0) vabibanha ¢ vi tri B,.
Ta cé cos04B = 2230 5(692-3x")=—4.(49)x = x = 36 23,0666 (10ai)
4173 x 5\/17 15

Truong hop 2: May bay bay nguoc hudng u = (3;-4;0) va bi bén ha ¢ vi tri B, .

Ta cé cos04B = 22230 5(692-3x")=4.(49)x <> x =10(thoa man)

4173 x 5J17
Vay khoang cach tir bé phong tén lira dén vi tri may bay khong ngudi l4i bi bin ha bang 20km.
Cau 110. Trong khong gian chon hé truc toa do cho trudce, don vi do 1a kilomét, ra da phat hién mot may
bay chién dau di chuyén véi van toc va huéng khong doi tir diem M (500;200;8) dén diém N (800;300;10)
trong 20 phat. Néu may bay tiép tuc giit nguyén van tdc va hudng bay thi toa do ciia may bay sau 5 phiit tiép
theo 1a (a;b;c). Tinh a+b+2¢?

= Loi gidi
Pap an: 1221.
Vi tri cila may bay sau 5 phut tiép theo la P(a;b;c) .
MN =(300;100;2); NP =(a—800;b—300;c—10)
Do may bay tiép tuc giit nguyén van toc va hudng bay va thoi gian bay tir M dén N gip bon lan thoi gian
bay tir N dén P nén MN =4NP
300=4(a—800) a=875
< <100 = 4(b—300) < 1b=325
2=4(c-10) c=10,5
T do a+b+2c=875+325+2.10,5=1221.
Céau 111. Trong khong gian véi hé truc toa dd Oxyz (don vi trén mdi truc 12 mét), mot thiét bi phat song
wifi duoc dat tai vi tri / (3; 4; 2). Vung phu song cua thiét bi 1a mot hinh cau c6 ban kinh R =10m. Mot nguoi
st dung dién thoai dimg & vi tri K (x—7;7;1). Sau d6, nguoi d6 di chuyén dén vi tri H (x+11;7;1). Tim gia
trj nguyén ctia x sao cho ca hai vi tri K va H déu c6 thé bat dugc tin hiéu wifi tir thiét bi.
= Loi giai
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Pap an: 1.
Taivitri K va H c6 thé bat dugc song khi va chi h¢ sau dugc théa man

{11(310 (x—10)" +(7-4)" +(1-2)’ <100
<~
H <10 |(x+8) +(7-4)" +(1-2)" <100

{(xlO)z <90 {10-@&3104@
= =

(x+8)'<90  [-8-+90 <x<-8+90

< 10-4/90 < x <-8++/90 (*)
Gia tri x nguyén thda man (*) chicé x=1.
Vay gia tri nguyén cila x cantimla x=1.
Céau 112. Trong khong gian véi hé toa do Oxyz, mot cabin céap treo xuat phat tir diém A(10;3;O) va chuyén
dong déu theo dudng cap co vecto chi phuong 1a 1;(2;—2;1) véi tbe do 4,5 m/s (don vi trén mdi truc toa do
la mét). Mot camera gidm sat an toan dat tai / (50; -10; 50) . Hoi sau bao nhiéu gidy ké tir khi cabin xuét phat
thi cabin gan camera giam st an toan nhat? (két qua lam tron dén hang don vi).
= Loi gidi
Dap an: 12.
Ta bicu dién toa d¢ cua cabin tai thoi diém t (s) nhu sau: M (10+3£;3 -3¢ 1,5¢).

Do camera dit tai diém 7 (50;—10;50) nén khoang céch tir cabin dén camera 1a

MI =J(10+3t=50) +( 3=3¢+10) +( 1,5t=50)" = (3t=40)’ +(13-3¢)’ +( 1,5t-50)’
Xétham f(£)=MI* =(3t—40) +( 13-3¢)" +( 1,5t -50)"
Taco: f(f)=20,25> — 468t +4269

:>f’(t)=4(),5t—468=0:>t:%zlz.

9
Cau 113. Hai chiéc khinh khi cau bay 1én tir cing mot dia diém trong khong gian. Sau mot khoang thoi gian,
chiéc thir nhat nam cach diém xuat phat 3km vé phia Pong va 2 km vé phia Nam, dong thoi cach mat dat 0,5
km, chiéc thir hai ndm cach diém xuat phat 1km vé phia Bic va 1 km vé phia Tay dong thoi cach mat dat
0,3km. Cuing thoi diém d6, mot nguoi dimg trén mit dat va nhin thay hai khinh khi cau néi trén. Biét rang, so
véi cac vi tri quan sat khac trén mat dat, vi tri ngudi d6 dimg c6 khoang cach dén hai khinh khi cau nho nhét.
Hoi tong khoang cach nho nhat y bang bao nhiéu kilomét? (1am tron két qua dén hang phan muoi)
= Loi gidi

Lap bang bién thién, ta suy ra [ronm) f=r (%j

Dap an: 5,1
Xét hé truc toa dd Oxyz véi diém xuat phat cua hai khinh khi cau la goc 0(0,0,0), truc Ox: huéng dong,
truc Oy: hudng Bic, truc Oz hudng 1én trén va mat dét 1a mat phfmg (Oxy) . Pon vi trén mdi hé truc toa do

la 1 km.
Sau mot thoi gian khinh khi cau thir nhat cach diém xuét phat 3 km vé phia Pong va 2km vé phia Nam,
dong thoi cach mat dét 0,5 km nén khinh khi cau thir nhat c6 toa do la 4(3;-2;0,5)

Tuong tu khinh khi cau thtr hai ¢6 toa d0 la B(-11;0,3).
Goi C la diém ddi ximg véi A qua (Oxy). Tacé C(3;-2;-0,5)
Ngudi dimg trén mat dét, nén c6 toa dd P(x,»,0).

2 N641
5

Dau bang xay ra khi va chi khi P, B,C thang hang.

C6 PA+PB=PC+PB>BC=\4 +3 +(~0,8) ~5,06359556.
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Cau 114. Trong khong gian véi hé truc toa d§ Oxyz , mot tam bang déng chét c6 dang hinh vuéng ABCD
tim O dugc treo nghiéng boi 4 soi day 14,1B,1C,ID gin c¢6 dinh tai diém 7(0;0;9) nhu hinh v&. Diém

—_— — — —

0(0;0;5); \/_ \/_ 2;5)va gbc OID dat gia tri 16n nhét. Goi F, ,F,,F,,F, lan luot 1a luc cang cua cac so1
1

F|=50Nva |F,|=40N

Tinh khéi lvong m (kg) cua tAm bang (Két qua lam tron dén hang don vi) (Cho gia téc trong truong g =9,8
(m/s2) va trong luong ciia tAim bang duoc tinh bang cong thirc P =m.g)

O..---------------."‘.i----

B
= Loi gidi

Dap an: 15,
Do O la trung diém cua AC nén C(\/E;—\/E;S) va goi D(a;b;c)

Khi do @=(a;b;c—5); E:(Zﬁ;—%/E;O) ma hai vecto nay vudng goc véi nhau
Tu do 2\/541=2\/§b<:>a=b:>ﬁ‘=(a—\/§;a+x/5;c—5);m=(a+x/§;a—\/§;c—5)
16—4/4-2a°

2
16\/a2+a2+(4—4 4—2a2)

Ta cé: IT)z(a;a;\M—Za2 —4);E=(0;0;—4):>COSOID:

2
Khao sat ham s6 f(a)= 16-4v4-2a tim dugc a = —

16\/a2+a2+(4—4 4—2612)2
Vayt(_)ad(f)cécdiém: A(—\E;«E;S); (—i—\/_ J (\/_ \/_5) (g;gﬁj
Ta co: E:(—ﬁ-ﬁ-—4):\171\=2¢§~ IC=(\/§;—\/5;—4):>‘I—C‘=2«/§

=k2\5=40= k=45
Suyra F, = (4\/_4\/_—16\/_) = (4+10:- 4410: - 16V5)

Tuong tu 1B = [—£ e, —5] ‘IB‘ 2J7; ID= (*/_*/_ J:‘E\:zﬁ

[l 27y sovan

ERTaalEa

Sy 10 B [25J_ 25«/5,_75\/7]_}7_[_25\/5__25\/5,_125\/7}
: - i F =

14 4 14 7

Str dung ti 1€ gitra d§ dai day va dd 1on lyc:
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DéhécénbéngthiE+172+F3+F4=7’={0;0;—32\/_— =

20(;ﬁ J:“)': 20087 355

20(;‘/7 +32./5

Viay khéi lugng cua thanh kim loai 1a: m = L 3 =15,015~15(kg)
g :

Cau 115. Trong hé truc toa do Oxyz cho trude (don vi trén truc 1a mét), cho mot tram thu phat song 5G ¢o

ban kinh viung phu séng cua tram ¢ ngudng 600m dugc dat ¢ vi tri 7 (200;450; 60) . Tim gia tri 16n nhét cta
m (lam tron dén hang don vi) dé mot ngudi ding dién thoai & vi tri M (m+100;m+370;0) c6 the sir dung

dich vu cua tram noi trén.
= Loi gidi
Dap an: 512.
bé nguoi dung dién thoai ¢ vi tri M (m +100;m+370; 0) 6 thé st dung dich vu cta tram néi trén thi
IM <£600.
2 2 2
& (m=100)’ +(m—-80Y’ +(~60)" < 600.
< (m—100)" +(m—80)" +(~60)" <360000.
< 2m* —360m + 20000 < 360000.
< 2m* —360m—340000 < 0.
< m* —180m—170000 < 0.

< 90—+/178100 <m <90++/178100 .
Vay gia tri 16n nhat ctia m (Iam tron dén hang don vi) dé mot nguoi dung dién thoai & vi tri
M (m+100;m+370;0) c6 thé sir dung dich vu ctia tram ndi trén la 512 m.

Trong khong gian Oxyz , mot chiéc may quay phim dugc dit trén mot gia d& ba chan véi diém dat S (O; 0; 5)

va cac diém tiép xtic v&i mat dat cia ba chan 1an luot 1a A(O;l;O), B(—g;—%;OJ, C(?;—%;O] (hinh

vé& bén). Biét lyc tac dung cia may quay phim 1én cac gia d5 S4, SB, SC lan luot 1a E, an E va trong

lwong ctia chiéc may 1a 60 N, gi tri ciia ‘E‘ + Fz + E bang bao nhiéu Newton (1am tron két qua dén hang

phan chuc)?

= Loi giai
Dap an: 61,2.

S—A:(O;l;—S), S?:(—g;—%;—SJ, @(?;_l;_5J

2
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E=(—§;—%;OJ, BC =(13;0;0), E‘=[§;—%;OJ:AB:BC=AC=3

Tacd SA=SB=SC=+26 nén hinh chiéu ciia S trén (ABC) 1a tam dudng tron ngoai tiép AABC ma lai
c6 AABC déunén SO L(ABC)

Giasit F, =kSA, F, =kSB, F,=kSC (k>0)

= F, +F, + F, = k(SA+SB+SC) = (0;0,~15k)

Theo bii ta lai ¢6 |F; + F + F| =60 =15k =60 = k =4

+|F|=4(s4+5B+5C)=12426 ~ 61,2

Vay |F|+|F,
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& DPE THAM KHAO KIEM TRA THUONG XUYEN

p

EN I. CAU TRAC NGHIEM NHIEU LUA CHON. Mdi cdu héi chi chon mét phwong dn.
Cau 1. Cho hinh hp ABCD.A'B'C'D"'. Ménh dé dung la

A. BA+BC+BB'=BD".B. BA+BC+BB'=BD . C. BA+ BC+BB'=BC'.D. BA+BC+BB'=BA'.
Cau 2. Trong khong gian Oxyz, diém ddi xtmg cia 4(1;2;3)qua mit phang (Oyz) la diém nao dudi day

A. O(-12:3). B. N(1;-2;3). C. P(1;2;-3). D. M(1;-2-3).

Céau 3. Trong khong gian Oxyz, cho hai diém A(1;1;—1) va B(2;3;2). Vécto AB c6toadd 1a

A. (1,2;3). B. (-1,-2;3). C. (3;51). D. (3;41).
Cau 4. Trong khong gian Oxyz, cho badiém A4(—4;1,-5); B(2;—4;7); C(3;-2;9). Toa do diém D dé
ABCD la hinh binh hanh la

A. (2:3;-3). B. (-3;-3;3). C. (-6;5-12). D. (-3;3;-3).

PHAN II. CAU TRAC NGHIEM DI’JN(; SAL Trong méi y a), b), c), d) 6 méi cdu, chon Piing hodc Sai.
Cau 5. Trong khong gian Oxyz, cho cac diém A(3;2;1), B(1;—1;-2) va C(-2;1;3).

a) |E| =22

b) Cho diém M (a;b;c) thoa MA—2MC = AB . Khido, a+b+c=5.

¢) Toa d diém E sao cho diém 4 1a trung diém doan BE 1a (5;5;4).

d) Cho diém D(m;n; p) thudc mit phing (Oyz), sao cho B, C, D thang hang. Khi d6, m+n+p=2.

PHAN III. CAU TRAC NGHIEM TRAO LOI NGAN. Tra loi dap s6 q
Cau 6. Trong khong gian Oxyz, cho hai diem A4(0;-2;1), B(1;1;-2) . Tim toa d6 diém M thudc truc toa do
Oy sao cho tam giac ABM vudng tai M .
Céu 7. Hai chiéc khinh khi cdu cing bay 1én tai mot dia diém. Sau mot thoi gian bay, chiéc khinh khi cau
thtr nhat cach diém xuét phat vé phia Dong 100(km) va vé phia Nam 80(km), dong thoi cach mit dat
1(km). Chiéc khinh khi ciu tht hai céch diém xuét phat vé phia Béc 70(km) va vé phia Tay 60(km), dong
thoi cach mét dat 0,8(km). Xéc dinh khoang cach giita hai chiéc khinh khi cau. (don vi tinh la km va két

qua lam tron dén hang don vi)
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- EEE
PHAN I. CAU TRAC NGHIEM NHIEU LUA CHON. Mdi cdu héi chi chon mét phwrong dn.
Cau 1. Cho tirdién ABCD. Goi I 1 trung diém cua BC . Khing dinh ndo sau day 13 sai?

A. AB+AC =24l . B. AB+ AC=2IA. C. IB+IC=0. D. BI=IC.
Céau 2. Trong khong gian v6i hé toa do Oxyz, cho hai diém A4(3;-2;3) va B(-1;2;5). Tim toa d trung
diém I cua doan thing AB .

A, 1(-2:2;1). B. I(1;0;4). C. 1(2;0:8). D. 1(2;-2;-1).
Cau 3. Trong khong gian Oxyz, hinh chiéu vudng goc ciia diém M (—1;2;—2) trén truc Oz 14 diém

A. H(0;0;-1). B. E(-1;2;0). C. F(0,0;-2). D. G(0;0;2).
Cau 4. Trong khong gian voi hé toa d Oxyz, cho tam gidc ABC co trong tam G(—3;1;4) va
A(1;,0;-1), B(2;3;5). Toa do diém C la

A. C(~6;2:0). B. C(4:2;-1) C. C(~12:0:8) D. C(3-1;-5)

PHAN II. CAU TRAC NGHIEM PUNG SAL Trong méi y a), b), ¢), d) 6 méi ciu, chon Diing hodc Sai.
Cau 5. Trong khong gian Oxyz, cho cac diém A(1;-2;1), B(—1;1;3) va C(2;0;4).

a) AB=(-2;3;4)

b) Toa d6 trong tam tam giac ABC la [%,;,gj

¢) Tich vo huéng AB.CB =7

d) Goc gitra hai vector BC, BA gan bang 72°.

PHAN III. CAU TRAC NGHIEM TRA LOI NGAN. Trd loi ddp s6
Cau 6. Trong khong gian Oxyz, cho tam giac ABC c6 A(3;2;1), B(1;—1;-2) va C(-2;1;3). Tim toa do
chan duong cao AH cua tam giac ABC.
Cau 7. Trong khong gian chon h¢ truc toa do cho trudc, don vi do léy kilomét, ra da phat hién hai may bay
khong ngudi l4i bay voi van toc va hudng khong doi. Chiée thir nhat bay tir diém A(O; 200, 4) dén diém
B(600;300;6); chiéc thir hai bay tir diém M (500;200;8) dén diém N (800;300;10) trong 30 phut. Néu hai
méy bay tiép tuc giir nguyén véan téc va hudng bay thi sau 10 phut tiép theo khoang cach ciia hai chiéc may
bay bang bao nhiéu? (két qua lam tron dén hang don vi)
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PHAN I. CAU TRAC NGHIEM NHIEU LUA CHON. Mdi cdu héi chi chon mét phwrong dn.
Cau 1. Ding thic ndo sau day dung?

A. AB+AC=BC. B. AB-AC=CB. C. AB-AC=BC. D. AB+CA=BC.
Cau 2. Trong khong gianOxyz,cho b=4;—i.Toad) b bang?
A. (-1;4,0). B. (1,4;0). C. (0;-14). D. (4,-10).
Cau 3. Trong khong gian Oxyz, cho hai vecto u =(—1;5;0) va v =(1;—5;—3), toa d§ ctia vecto # +V 1a
A. (2;-10;3). B. (2;10;3). C. (0;0,-3). D. (2;0;3).
Cau 4. Trong khong gian Oxyz cho A(1;2;3); B(-1;2;1);C(3;—1;—2). Tinh tich v6 huéng AB.AC .
A. —6. B. —14. C. 14, D. 6.

PHAN II. CAU TRAC NGHIEM PUNG SAL Trong méi y a), b), ¢), d) & moi céu, chon Diing hodc Sai.
Cau 5. Trong khong gian voi hé truc toa d Oxyz, cho OA =2i+2j+2k, B(~2;2;0) va C(4;1;-1). Khi
d6 cac ménh dé sau dung hay sai?

a) Toa d6 cua diém A1a 4(2;2;2).

b) Toa d6 cua vec to BC 1a BC = (2;-1;-1).

¢) B dai cua vec to AB+ AC 1a 30.

d) Piém P(%; 0; _?lj cach déuba diém 4, B, C.

PHAN III. CAU TRAC NGHIEM TRA LOI NGAN. Trd l6i ddp s6
Cau 6. Trong khong gian Oxyz , cho 4(-1;2;-1), B(1;—1;-3) va C(-2;1;1). Goi H 1a chan duong cao ha
tir B ctia tam giac ABC . Tinh CH (lam tron két qua dén hang phan chuyc)

Cau 7. Cho biét mdy bay Airbus ché hanh khéac dang bay véi vecto van toc @ =(300;—200;400)(don vi:

km/h). Mot may bay quan su B bay nguoc hudng va co toc do gip 3 1an téc do ctia may bay A . Tinh téc do
cuia may bay B.
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PHAN I. CAU TRAC NGHIEM NHIEU LUA CHON. Mdi cdu héi chi chon mét phwrong dn.
Céau 1. Cho hinh hop 4BCD.4'B'C'D". Khing dinh nao sau day sai?

A. AB+AD=AC B. AB+ AD+ AA'= AC'
C. AD+ AD'= AA' D. AA'+ AB = AB'
Cau 2. Trong khong gian Oxyz , diém nao sau day thudc truc Oy ?
A. M (0;5,0) B. N (4;00) C. P(0;0;6) D. 0(4;5;0)
Cau 3. Trong khong gian Oxyz, cho hai vecto a =(-2;5;2) va b= (1,-3;-1), vecto d —b cotoadodla
A. (L-23). B. (-3:8;3). C. (-L21). D. (3;-8-3).
Cau 4. Trong khong gian Oxyz, cho a = (-3:;4;0), b= (5;0;12). Césin cua goc gitra a va b bing
i B.é. C. —é. D. —i.
13 6 6 13

PHAN II. CAU TRAC NGHIEM DPUNG SAL Trong moi y a), b), ¢), d) 6 méi cau, chon Diing hodc Sai.
Cau 5. Trong khong gian v6i toa dd Oxyz, cho hai diém A(l;1;2) , B(—l;3;—9).

Khi d6 cac ménh dé sau dung hay sai?

a) D¢ dai vecto 4B 1a \/129.

b) Tich v6 hudng cua hai vecto OA.AB=-16.

¢) Goi 1 1a diém déi xtng v6i diém B qua diém 4 . Khi d6 toa do diém 7 1a 1 (O; 2;—%).

d) Goi diém M thudc Oy c6 tung d6 duong sao cho A4BM vudng tai M . Khi do6 toa do diém M 1a

M (0;2+45:0).

PHAN III. CAU TRAC NGHIEM TRA LOI NGAN. Trd loi ddp s6
Cau 6. Trong khong gian Oxyz, cho badiém A(2;-1;5),B(5-5;7), M (x;»;1). Tinh x+y d&é4,B, M

thang hang.
Cau 7. Mot kién hang c6 dang hinh hop chit nhat véi day trén 1a hinh chit nhat ABCD . Kién hang d6 duoc
budc vao méc E cua chiée can ciu sao cho cac doan day cap EA,EB,EC,ED c6 d6 dai béng nhau va cung

tao voi miat phang (ABCD) mot goc 45° (Hinh 5). Chiéc can cau kéo kién hang 1én theo phuong thang

ding. Tinh trong lugng cua kién hang (Iam tron dén hang don vi), biét réng cac luc cang E,E,E,E déu

c6 cudng d 1a 100052 ( N).
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lo: 5
PHAN I. CAU TRAC NGHIEM NHIEU LUA CHON. Mdi cdu héi chi chon mét phwrong dn.
Cau 1. Khiang dinh nao sau day sai?

A.(4B,AC)=BAC  B.(4B,AC)=(AC,4B) C. 0°<(4B,AC)<90° D. (4B, AC)=(BA,CA)
Cau 2. Trong khong gian Oxyz , diém nio sau ddy nam trén mit phang toa do (Oyz) ?

A. N(0;4;-1) B. P(-2;0;3) C. M(3;4;0). D. 0(2;00)

Cau 3. Trong khong gian Oxyz, cho vecto d =(-2;6;2), vecto %Ez co toa do la

A. (-6;9;6). B. (-3;9;3). C. (6;9;6). D. (-3;6;3).
Cau 4. Trong khong gian Oxyz, cho hai diém A(0;2;1) va B(3;-2;1). Do dai doan thing AB bing
A. 5. B. 3. C. 25. D. 9.

PHAN II. CAU TRAC NGHIEM PUNG SAL Trong méi y a), b), ¢), d) & moi cdu, chon Diing hodc Sai.
Cau 5. Trong khong gian voi hé toa o Oxyz, cho ba diém 4(1;-2;2), B(-56;4) va C(0;1;-2).

Cac ménh d¢é sau dung hay sai?

a) OA=i—2j+2k

b) Goi M la trung diém cta AB . Khi d6: CM =+/30.

¢) Chu vi tam gidc ABC 1a 3426 ++/86 .

d) Piém M (x;y;z) thoa 24AM +3MB+5MC = AB thi x+y+z=6

PHAN III. CAU TRAC NGHIEM TRA LOI NGAN. Trd loi ddp s6
Cau 6. Trong khong gian Oxyz, cho A(-1;2;-4), B(2;-3;-1) va C(-1;2;4). Biét M (a;b;c) théa
MA-3MB+4MC =0.Tinh S=a+b+c
Cau 7. Mot em bé can nang m =20 kg truot trén cau thang trugt dai 2 m. Biét rang, cau trugt cd goc
nghiéng so voi phuong nim ngang 1a 40°. Do 16n cua trong luc P =mg tic dung 1én em bé, biét
g~10m/s’. Cho biét cong A4 (J) sinh boi mot lyc F ¢6 do dich chuyén d duoc tinh theo cong thirc

A=F-d. Hay tinh cong sinh boi trong lyc P khi em bé truot hét chiéu dai cau truot (lam tron dén hang
don vi).
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PHAN I. CAU TRAC NGHIEM NHIEU LUA CHON. Mdi cdu héi chi chon mét phwrong dn.
Cau 1. Khing dinh néo sau day sai?

2

a

A. cos(a b) ‘ ‘ ‘ ‘ B. ZZ.Z)ZZZ.B.COS(;Z,Z)) C. (5,5)290"@21.5:0 D. &2 =

Cau 2. Trong khong gian Oxyz, hinh chiéu vudng goc ciia diém A(1;2;3) trén mat phang (Oxz) 1a
A. P(0;2;3). B. M(1;0;3). C. N(0;2;0). D. 0(1;2;0).
Cau 3. Trong khong gian Oxyz, cho ba vecto a =(2;-1;0), b= (-1,-3;2), ¢ =(-2;—4;-3), toa do cua
ii=2d-3b+¢ la
A. (53;,-9) B. (-5, -3;9) C.(-3;,-7,-9) D. (3;7;9)
CAu 4. Trén mit phing toa 4o Oxy, cho tam giac ABC biét A(1;3), B(-2;—2), C(3;1). Tinh cosin goc
4 cua tam giac.

A. cosA:i B. cosA:L C. cosA:—L D. cosA:—L
J17 J17

J17 V17

PHAN II. CAU TRAC NGHIEM PUNG SAL Trong méi y a), b), ¢), d) 6 méi ciu, chon Diing hodc Sai.
Cau 5. Trong khong gian v6i hé tryc toa dd Oxyz, cho a =(2;3;1), b= (-1;5;2), ¢ =(4-13).

Piang thirc sau ddy ding hay sai?

a) c= 4f+}‘ +3k

b) ab=15.

¢) a+2b=(0;13;5)

d) Cho biét ¥ =(-3;22;5). Khi d6 ¥ =24 +3b —¢.

PHAN III. CAU TRAC NGHIEM TRA LOI NGAN. Trd loi ddp s6
Cau 6. Trong khong gian Oxyz, cho A(—l; 2;3) , B(—l; 2; —3) . Biét c6 hai diém C € Oy sao cho tam giac
ABC vuéng tai C . Tinh tong tung d6 cta diém C .
Cau 7. Hai chiéc khinh khi cdu bay 1én tir cing mot dia diém. Chiéc thir nhat cach diém xuét phat 2 km veé
phia nam va 1 km vé phia d6ng, dong thoi cach mat dat 0,5 km. Chiéc thir hai nam cach diém xuét phat
1 km vé phia bac va 1,5 km vé phia tay, dong thoi cach mat dat 0,8 km .

Chon hé truc Oxyz véi gdc O dat tai diém xuat phat ctia hai khinh khi

cau, mit phang (Oxy) tring v6i mat dat véi truc Ox hudng vé phia nam, ?
) . Tay
truc Oy hudng vé phia dong va truc Oz hudng thang dirng 1én troi (Hinh A
bén dudi), don vi do 13y theo kilomet. Khoang cach hai chiéc khinh khi ()
cau 1a bao nhiéu (1am tron két qua dén hang phan tram)? . ! Ny
i 5 %
¥
Déng
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lo: 7
PHAN I. CAU TRAC NGHIEM NHIEU LUA CHON. Mdi cdu héi chi chon mét phwrong dn.
Cau 1. Khiang dinh nao sau day sai?

A. AB+BC = AC B. AC+BA=CB C. AB—AC=CB D. AB—-CB = AC
Céu 2. Trong khong gian Oxyz , toa d6 diém ddi ximg ctia M (1; 2;3) qua mit phing (Oyz) la
A. (0,2;3). B. (-1,-2;-3). C. (-1,2,3). D. (1,2,-3).

Cau 3. Trong khong gian voi hé truc toa do Oxyz, cho a =(2;-3;3), b= (0;2;-1), ¢ =(3;-15). Tim toa
do cua vecto u =2a +3b-2¢.

A. (10;-2;13). B. (-2,2,-7). C. (-2-27). D. (-2;2;7).
Cau 4. Trong khong gian Oxyz, gdc gitra hai vecto ivau= (—\/g ; 0; 1) la

A. 120°. B. 60°. C. 150°. D. 30°.

PHAN II. CAU TRAC NGHIEM PUNG SAL Trong méi y a), b), ¢), d) & moi céu, chon Piing hodc Sai.
Cau 5. Trong khong gian Oxyz, cho vecto a = (2;—2; —4), b= (1;—1;1),2 = (1;1 -m;2+ n)

a) d+b =(3;-3;-3)

b) a=2i-2j—4k

o [b|=+3

d) a cung phuong ¢ khi m+n=3

PHAN III. CAU TRAC NGHIEM TRA LOI NGAN. Trd loi ddp s6
Cau 6. Trong khong gian toa d§ Oxyz cho A(2; 5; 3), B(3; 7; 4), C(x;y; 6). Tinh x+y dé ba diém
A, B, C thang hang.
Cau 7. Mot chau cy dugc dit trén mot gia d c6 bon chan voi diem dat S(0;0;30) va cac diém cham mit
dat ctia bén chan lan luot 1a 4(30;0;0), B(0;30;0),C(-30;0;0),D(0;-30;0) (don vi cm). Cho biét trong
Iyc tac dung 1én chiu ciy ¢6 do 16n 60N va duge phan b thanh bén lyc F, F,, F,, F, ¢6 d6 16n bing nhau

nhu hinh v€. Tinh 1?1 +2F, + 31’73 + 4F4 (két qua 1am tron dén hang don vi)

_
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loE §
PHAN I. CAU TRAC NGHIEM NHIEU LUA CHON. Mdi cdu héi chi chon mét phwrong dn.
Cau 1. Khiang dinh nao sau day dung?

A ab=[allf.cos(a.b) B ab=|alfsin(a.5) . ab=|alj D. &b = ab.cos(ab)
Cau 2. Trong khong gian toa d0 Oxyz cho diém M (\/5, O;\/§ ) Tim diém M'e Oy sao cho d¢ dai doan
thiang MM ' ngin nhét.

A. M(0;—2;0). B. M'(v2;0;0). C. M(0;0:3). D. M'(00;0).

Cau 3. Trong khong gian Oxyz voi ;,}',l; lan luot 1a cac vecto don vi trén cac truc Ox, Oy, Oz. Tinh toa
dd cua vecto ;+} —k.

A.i+j—k=(L-Ll). B.i+j—k=(LLl). C.i+j—k=LL-1. D.i+j—k=(-L1).
Céau 4. Trong khong gian Oxyz cho A(1;2;3);B(—1;2;1);C(3;—1;—2). Tinh chu vi tam giac ABC.

A 34438422, B. 24344438 C. 14. D. 6.

PHAN II. CAU TRAC NGHIEM PUNG SAL T rong moi va),b),c),d) & méi cdu, chon Dung hodc Sai.
Cau 5. Trong khong gian voi hé toa d§ Oxyz, cho tam giac ABC véi A(1;2;-1),B(2;-1;3),C(-4;7;5).

a) AO=i+ 2}' —k

b) Tam giac ABC vudng tai B

¢) cos BCA = E

19

d) Co mot diém D trén truc Oy sao cho tam gidc ACD vuodng tai D .

PHAN III. CAU TRAC NGHIEM TRA LOI NGAN. Trd loi ddp s6
Cau 6. Trong khong gian toa d§ Oxyz cho diém A(—l;2; —3),B(O; 2;1), C(—l; 2;1),M € Oy . Tim gia tri
nhé nhét cia biéu thite 7 =|MA -+ MB + MC|
Cau 7. Mot em nho can nang 25kg truot trén cau truot dai 3,5m. Biét cau trugt co goc nguyén 30° so voi
phuong ndm ngang. P9 16n trong lyc P tinh bang cong thirc P =mg véi 2=9,8m/s”. Cho biét cong
A(J) sinh ra boi mot luc F ¢6 d6 dich chuyén d dugc tinh boi cong thitc A = F.d . Tinh cong sinh ra boi

trong luc P khi em nhé truot hét chiéu dai cua cau trugc.
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llo: 9
PHAN I. CAU TRAC NGHIEM NHIEU LUA CHON. Mdi cdu héi chi chon mét phwrong dn.
Cau 1. Cho hinh hop chit nhat ABCD.A'B'C'D’.

n

I

o
i

Vecto nao sau day cung phuong voi BC?

A. DC B. DA C. BB’ D. C'C
Cau 2. Trong khong gian Oxyz gia sit OM =2i+3j —k , khi d6 toa do diém M 1a
A (-231). B. (2;-3;-1). C. (2:3;-1). D. (2;31).

Chu 3. Trong khong gian Oxyz, cho ba diém A(1;2;-1), B(2;-1;3), C(-3;51). Tim toa do diém D
sao cho tir giac ABCD 1a hinh binh hanh.

A. D(-2;8;-3). B. D(-2;2;5). C. D(—4;8;-5). D. D(—4;8;-3).
Cau 4. Trong khong gian Oxyz, cho hai diém A(l; 2;3) va B(—l;4;1). Goi [ latrung diém cua doan
thang 4B. Tinh IA.BA.

A. 4. B. 6. C. 4. D. -6.

PHAN II. CAU TRAC NGHIEM PUNG SAL T rong moi va),b),c),d) & méi cdu, chon Dung hodc Sai.
Cau 5. Trong khong gian Oxyz, cho A4ABC, biét A(-1,0;3),B(4;2;0),C(3;1;-3).

a) G(2;l; O) la trong tdm tam giac ABC

b) D(—Z;—I;O) la mét dinh cta hinh binh hanh ABCD

c)M(a;b;c) thoi min AM =3CB .Khidé a+b+c=-13

d) M (a;b;c) € Ox sao cho BM vudng géc voi dudng thang AC . Khi d6 4a” +b° +c* =162

PHAN III. CAU TRAC NGHIEM TRA LOI NGAN. Trd loi ddp s6
Cau 6. Trong khong gian Oxyz, cho hinh binh hanh MNPQ c6 M (—4;3;3),N(4;—4;2) va P(3;6;-1).
Biét chu vi ctia hinh binh hanh MNPQ bing a +/b v6i a,peN" va a>b. Tinh a—b.

Dap an: 16
Cau 7. Can truc chan dé 1a kiéu cot quay dugc sir dung dé phuc vu cong viéc xép dd hang hoa chu yéu
ngoai cac cang bén, bai (hinh anh minh hoa). Ta chon hé truc Oxyz thda truc Ox trung véi truc chan dé,
truc Oy vudng goc véi truc Ox va truc Oz trung véi truc can cau (theo don vi mét, nhu hinh vé). Goi M 1a

vi trf tai dinh can cdu, A 1a hinh chiéu caa M 1én (Oxy). Biét tay can KM cua can truc dai 50m, truc can

OK dai 50m, (%W) = 60°; (?;071) =45°. Diém M c6 cao dd z,, 1a bao nhiéu
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BAI TAP BO SUNG
PHAN I. CAU TRAC NGHIEM NHIEU LUA CHON. Mdi cdu héi chi chon mét phwong dn.
Céau 1. Cho tir dién ABCD . Ménh dé nao dudi day 1a ménh dé dung?

A. BC+AB=DA-DC. B. AC—AD=BD—-BC. C. AB—AC=DB-DC. D. AB—AD=CD+BC.
Céu 2. Cho tam giac ABC, biét A(L;,-2;4), B(0;2;5), C(5;6;3). Toa do trong tim G clia tam gidc
ABC la

A. G(6;3;3). B. G(4;2;2). C. G(3:3:6). D. G(2;2;4).

Céau 3. Cho tirdién ABCD.Goi G 1a trong tAm cua tam gidc BCD . Khing dinh nao sau ddy la sai?

A. AB+ AC+ AD=3GA.B. AB+ AC+ AD=34G.C. GB+GC+GD=0. D. AB+BC+CD=AD.

Cau 4. Trong hé toa dd Oxy,cho u=i+3; va v=(2;-1;0). Tinh u.v.

A uv=-1. B. uv=1. C. uv=(2-3). D. uv=>5/2.
= Loi gidi
Chgn A

To u=i+3j=u=(13).
Do d6, uv=12+3.(-1)=-1,
Ciau 5. Trong khong gian Oxyz , cho diém A(3;—1;1) . Hinh chiéu vudng goc ctia diém A trén mit phang
(Oyz) 1a diém
A. M (3;0,0) B. N(0;—-11) C. P(0;-1;0) D. 0(0;0;1)
= Loi gidi
Chon B
Khi chiéu vudng gbc mot diém trong khong gian 1én mit phang (Oyz) , ta giit lai cac thanh phan tung do
va cao dd nén hinh chiéu cua A(3;-1;1) 1én (Oyz) 1a diem N(0;-11).
Cau 6. Trong khong gian Oxyz, cho hai vécto a = (3;0;1) , C= (1;1;0) . Tim toa d cta véc to b thoa
mén dang thirc b—-di+2¢=07
A. b=(-1;2;-1). B. b =(-2;1;-1). C. b=(1;-2;1). D. b =(1;2;1).
= Loi gidi
Chon C
Do b-d+2¢=0¢b=ad-2¢=(1;-2;1).

Céu 7. Trong khong gian Oxyz, cosin ctia goc tao boi hai vecto a = (~1;2;0) va b=(0;-2;1) la

AL B. 2. c. . D. =2,
5 =5 25 25
. Loi gidi
ab (-1).0+2.(-2)+0.1 4

NP
Ta co cos(a,b)—‘;l‘.‘];‘ = \/(_1)2+22+02 _\/02+(_2)2+12 S

Cau 8. Trong khong gian vdi h¢ toa d0 Oxyz, cho diém A thoa OA = 2;—3}' +4k va B(Z;l; 4) . Toa dd

clia vécto BA la
A. (0;-4;0). B. (4,-2;8). C. (--1;2). D. (-2;-2;4).

= Loi gidi
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Chon A
A(2;-3;4)
BA=(0;4;0).
Cau 9. Trong khong gian Oxyz, cho diém A(3;-1;1). Hinh chiéu vudng géc ctia diém 4 trén mit phing
(Oyz) 1a diém
A. M (3;0,0) B. N(0;-1;1) C. P(0;-1;0) D. 0(0;0;1)
w Loi gidi
Chon B
Khi chiéu vudng goc mot diém trong khong gian 1én mit phang (Oyz) , ta giir lai cac thanh phan tung d6
va cao d6 nén hinh chiéu cua A(3;-11) 1én (Oyz) 1a diém N(0;-1;1).
Céu 10. Cho hinh chép S.ABCD c6 déy la hinh binh hanh tim O . Tinh téng SA+SB+SC+SD .
A. 250 B. 450 C. 350 D. 0
w Loi gidi
Chon B
Vi O 1a trung diém cia AC,BD nén ﬁ+@:2@, SB+SD=2S50.
Do d6 SA+SB+SC+SD =450 .
Céau 11. Trong khong gian Oxyz , hinh chiéu vudng goc cia diém 4 (1;2;5) trén truc Ox c6 toa do 1a
A. (0;2;0). B. (0;0;5). C. (1,0;0). D. (0;2;5).
= Loi gidi
Chon C
Hinh chiéu vuong goc ciia diém A(1;2;5) trén truc Ox c6 toa do 1a (1;0;0) .
Cau 12. Trong khong gian Oxyz , hinh chiéu vuéng goc ctia diém M (3; 1;—1) trén truc Oy cd toa df la
A. (3;0;-1). B. (0;1,0). C. (3;0;0). D. (0;0;-1).
= Loi gidi
Chon B
Hinh chiéu vudng géc cua diem M (3;1;—1) trén truc Oy c6 toa dd 1a (0;1;0).
Cau 13. Cho ling try ding ABC.A'B'C’. Day 1a tam giac ABC vuéng tai B . Khi d6 goc giita vecto BA va

vecto B'C’ bang bao nhiéu?

A. 45° B. 120° C. 90° D. 30°
= Loi gidi
Chon C A '
I
Tacé B'C'=BC
Do d6 (B4:B'C|=(B4:BC| - BC A ¢
I >
Ma tam giac ABC vuodng tai B.Nén ABC =90° = (BA;B'C ') =90° B

Cau 14. Trong khong gian Oxyz, cho céac diém A(l; 0;3); B(2;3;—4); C(—3; 1;2) . Piém D sao cho tir giac
ABCD 1a hinh binh hanh c¢6 toa d0 l1a
A. D(—4;,-2;9). B. D(4;2;9). C. D(6;2;-3). D. D(-2;4;5).
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= Loi gidi

Chon A
Tacod AB=(1;3;-7) va AC =(~4;1;-1) 12 2 vecto khdng cing phuong.
Suy ra ba diém 4, B, C khong thing hang.
Goi D(x;y;z). Ta co AB = (1;3;-7); DC =(-3-x1-y;2-z).
—3-x=1 x=—4
D8 ttr gidc ABCD 1a hinh binh hanh <> AB=DC < {1-y=3 <<y=-2.
2—z=-7 z=9
Cau 15. Trong hé truc toa dd Oxyz , cho hai diém 1a A(1;3;-1), B(3;—1;5). Tim toa do cia diém M thoa
mén h¢ thic MA =3MB.
A. M(éﬁ 1) B. M[7 ! 3). C. M(Z 1. 3) D. M (4;-3;8).
33 373 33

= Loi gidi

x,—3x,

X
M 1-3

Taco MA=3MB =1y, =yf‘1_—33y3:—3:>M(4;—3;8).
2, :ZA—3ZB _3

1-3

Cau 16. Trong khong gian Oxyz, cosin cia goc tao boi hai vecto a = (-1;2;0) va b= (0;—2;1) 1a

A2 B. . .. D. 2.
5 5 25 25
v Loi gidi
(-1).0+2.(-2)+0.1 4

faee Cos(a b> ‘ ‘ ‘b‘ \/— +22+02.\/02+(—2)2+12 S
Cau 17. Trong khong gian v6i hé toa d§ Oxyz, cho ba diém A(2;—1;5),B(5;—5;7),M(x; y;l) . Vi gia tri
nao cua x,y thi 4,B,M thfmg hang.
A . x=4y=7 B. x=—4,y=-7 C.x=4y=-7 D. x=—4;,y=7
= Loi gidi
Chgn A
Taco AB=(3;-4;2),AM =(x~2;y+1;-4)

3 4

-2 y+1_ _4 x=-4
2
Céau 18. Trong khong gian Oxyz , cho hai diém A(2;— 2;1) (0,1,2) Toa d6 diém M thudc mit phing

A,B,M thing hang < AB, AM cung phuong DN e _
y =

(Oxy) sao chobadiém 4, B, M thiang hang la
A. M(4;-5;0). B. M (2;-3;0). C. M (0;0:1). D. M (4;5;0).
= Loi gidi
Ta cod Me(Oxy):>M(x;y;O); TB=(—2;3;1);W=(x—2;y+2;—1).
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Dé 4, B, M thing hang thi 4B va AM cing phuong, khi dé: 5 3 " 5
— y = —

— _ x=4
x=2_y+2 -l @,{
Vay M (4;-5;0).
Cau 19. Trong khong gian vi h¢ truc toa do Oxyz, cho hai diém A(O;l; —2) va B(3;—l;1) . Tim toa do

didm M sao cho AM =34B .

A. M(9;,-57). B. M(9;5;7). C. M (-9;5;-7). D. M (9;-5;-5).
w Loi gidi
Goi M (x;y;z). Ta co: AM =(xy—Lz+2); AB =(3;-2;3).
x=9 x=9

AM =34B & y—1=—6<1y=-5. Viy M(9;-5;7).
z+2=9 z=17
Céu 20. Cho tir dién ABCD . Ménh dé nao dudi day 1a ménh dé dung?
A. BC+AB=DA-DC. B. AC—AD=BD-BC.C. AB—AC=DB-DC. D. AB—AD=CD+BC.
w Loi gidi

Chgn C
A
B -D
c
AB-AC=CB — — — —.
Cos_. _ _ =>AB-AC=DB-DC.
DB—-DC=CB

Céu 21. Cho hinh hop ABCD.A'B'C'D’ . Biéu thirc nao sau diy dung:
A. AD=A'B'+A'C. B. AB'=AB+AA'+AD. C. AC'=AB+AA'+ AD .D. AD'=AB+ AD+ AC'.
w Loi gidi

Chon C

AB+AA'+ AD = AA'+ AC = AC' .
Cau 22. Trong khong gian vdi h¢ truc toa do Oxyz, cho a = i+ 2}' ~3k. Toa do cua vecto a la
A. (-1;2;-3). B. (2,-3;-1). C. (2-1;-3). D. (-3;2;-1).
= Loi gidi
G=—i+2j-3k=a(-1;,2-3).
Céu 23. Trong khong gian v6i hé toa dd Oxyz cho hai diém A4(-1;5;3) va M (2;1;-2). Toa do diém B
biét M 1a trung diém cta 4B 1a

A. B(%;?a;%j. B. B(-4;9;8). C. B(5;3;-7). D. B(5-3;-7).

= Loi gidi
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Gia sit B(xy;y,525)-

Vi M 1a trung diém ciia 4B nén ta co:

o Xt 2__1+x3
M 2 2 X, =5
B
5
M:yA;yB© 1:% P yB:—3VéyB(5,—3,—7)
Z,tz, 3+zy =7
ZM:— —2:
2 2

Cau 24. Trong khong gian vai hé truc toa d Oxyz, cho ba diém A(1;2;-1), B(2;—1;3) va C(=3;5;1). Tim
toa d6 diém D sao cho ti giac ABCD 1a hinh binh hanh.

A. D(-2;8;-3) B. D(—4;8;-5) C. D(-2;2;5) D. D(—4;8;-3)
= Loi gidi
Chon D

Goi D(xp;y,:z,) can tim

Tt gidc ABCD 1a hinh binh hanh < 4B = DC

Xp—X,=Xo—Xp 2-1=-3-x, x, =—4
SNV =V =Ve—Yp @ T1=2=5-y, <7y, =8
Zp—Z,=Zo—Zp 3-(-D)=1-z, z,=-3

Suy ra: D(—4;8;-3).
Cau 25. Trong khong gian Oxyz , goc giira hai vecto ivau= (—\/3 ; 0; 1) la

A. 120°. B. 60°. C. 150°. D. 30°.

= Loi gidi

Ta co f:(l; 0;0).
L Gn 0 L(=B)+00+01 _ -
Vay: cos(z’,u): l'uﬂ = ( ) = 3 :><i,u)=1500.

H‘“‘ 1.\/(—\/5)2 +0° +1°

CAu 26. Trong hé toa dd Oxy, cho u=i+3j va v= (2;-1). Tinh uy .

A uv=-1. B. uv=1. C. uv=(2;-3). D. uv=5V2.
» Loi gidi

Chon A
Tau=i+3j=u=(13).
Do do, uv=1.2+3.(-1)=-1.
Cu 27. Cho hai véc to a=(1;-2;3), b=(-2;1;2). Khi do, tich vo huéng (a+5)b bing

A 12. B.2. C.11. D. 10.

. Loi gidi

Chon C

a+b=(-1;-1;5)=(a+b)b=—1.(-2)+(-1).1+52=11.
Ciu 28. Trong khong gian voi hé toa do Oxyz, cho ba diém M (2;3;-1), N(-LL1) va P(,m—12). Tim
m dé tam giac MNP vubng tai N .

A. m=-6. B. m=0. C.m=-4. D.m=2.
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= Loi gidi

Ta co

NM =(3;2;-2), NP=(2;m-21).

Tam gidc MNP vudng tai N khi va chi khi NM.NP =0

©32+42(m-2)-2.1=0 & m=0.
Cau 29. Trong khong gian Oxyz, cho hai diém A(2;—2;1), B(0;1;2). Toa do diém M thude mat phéng
(Oxy) sao chobadiém 4, B, M thing hang la

A. M(4;-5;0). B. M(2;-3;0). C. M (0;0:1). D. M (4;5;0).

= Loi gidi
Taco M e(Oxy)= M (x;y;0); E?:(—2;3;1);w:(x—2;y+2;—1).

Dé 4, B, M thang hang thi AB va AM cung phuong, khi do: 5 =T =T &

x=2 y+2 -1 {x=4

Vay M (4;-5;0).
Cau 30. Trong khong gian Oxyz cho 2 véc to Zz=(2;1;—1); l;=(1;3;m) .Tim m dé (Zz,l;) =90°.
A.m=-5. B. m=5. C. m=1. D. m=-2
= Loi gidi
(21;13)=90° S ab=0<5-m=0<m=5.
Céu 31. Trong khong gian Oxyz, cho hai diém A(1;2;3) va B(~14;1). Goi / 1a trung diém cua doan
thang AB. Tinh IA.BA.
A. 4. B. 6. C. 4. D. 6.
= Loi gidi
Chon B
Vi [ 1a trung diém AB nén 1(0;3;2). Suy ra fél=(1;—l;1) va E4=(2;—2;2).
Vay IABA=12+(-1).(-2)+1.2=6.

PHAN II. CAU TRAC NGHIEM PUNG SAL 7 rong moi va),b),c)d) o moi cdu, chon Dung hodac Sai.
Cau 32. Trong khong gian Oxyz, cho ba diém A(2;—l;1) , B(—l;3;—1) , C(S;—3;4) .Trong cac khéng dinh
sau, khang dinh nao dang ? Khang dinh nao sai ?

a) Tich vo hudng cua hai vecto AB va BC bang —52

b) Hinh chiéu vuéng goc cia diém C trén truc Oy cd toa dd la H(0;3;0)

\638

d) Diém D(l; 2;x) véi AABD vudng tai B thi gid tri x =—6

¢) Cosin gitra hai vecto AB, AC bang

= Loi gidi
a) Tich v6 hirdng ciia hai vecto AB va BC bang 52
AB=(-3;4-2) __.__.
Taco: ¢ __. = AB.BC =(-3).6+4.(—6)+(-2).5=-52
BC =(6;-6;5)

Chon PUNG.
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b) Goc ABC la goc tu.
Ta c6: BABC =52>0 nén goc ABC la goc nhon

Chon SAI
¢) Cosin giita hai vecto AB, AC bang =2
’ 638

AB. AC —9-8-6 _ 23
AB[AC (3 + 4 +(2) {3 +(2) 43 O3S

= cos(ﬂé, E) =

AB =(-3;4;-2)
Taco: ¢__.

AC =(3;-2;3)
Chon PUNG
d) Piém D(l;2;x) voi AABD vuéng tai B thi gia tri x =—6
AB =(-3;4;-2)

Ta c6: AABD vudng tai B @ELE@E.B—D:O, Vo1
BD =(2;-1;x+1)
<:>—6—4—2(x+1):0<:>x:—6

Chon PUNG

Ciu 33. Trong khong gian Oxyz , cho ba diém A(1;2;3), B(2;5;4), C(0;2;0).Trong cac khang dinh sau,

khang dinh nao dung ? Khang dinh nao sai ?
a) Khi vecto v =(1;3;-2n) cing phuong véi AB thi n co gia tri la —%
b) Khi ABCD Ia hinh binh hanh thi diém D(—1;~1;-1)
¢) Véidiém E(x;y;-2) dé 4,B,E thang hang thi x+y = —%
d) Piém M €(Oxy) sao cho 4,B,M thiang hang c6 toa do 1a M (-2;7;0)
v Loi gidi
a) Khi vecto v = (1;3;—2n) cung phwong voi AB thi n ¢ gia trila —%

Khi vecto v = (1;3;—2n) cung phuong véi AB thi n co giatrila
Cl4B=(1;31) I 1 1
Ta co6: , dé hai vecto v, AB cung phuong & -=—=—<<n=——
v =(1;3;-2n) 1 3 1 2
Chon PUNG.
b) Khi ABCD la hinh binh hanh thi diém D(-L-1-1)
AB=(1;3;1)
DC :(—a;2—b;—c).
ABCD 1a hinh binh hanh

Goi D(a;b;c), ta co: {

-a=1 a=-1
& AB=DC < {2-b=3 < 1b=-1 = D(-1;-1;-1)
—c=1 c=-1

Chon PUNG
¢) Véi diém E(x;y;-2) dé A,B,E thang hang thi x+y = —%
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BC = (-2;-3;-4)

Pé B,C,E thing haing < B—C, BE cung phuong nhau, ta co:
BE =(x—-2;y-5;-6)

x=-1

=>xt+ty=——

S
2 3 4 2 |y= 2

1
2
Chon PUNG.
d) Diém M e(Oxy) sao cho 4,B,M thang hang c6 toa dd la M (-2;7;0)
AB=(1;3;1)

AM =(m—1;n—-2;-3)

Ta c6 M e(Oxy)= M (m;n;0), v6i { )
Dé 4,B,M thing hang

@A—B,m cung phuong @T: 3 :T<:>

-1 n-2 - -2
mol_n-2_ 23 {m — M (-2,-7;0)

n=-7
Chon SAI
Ciu 34. Trong khong gian Oxyz , cho ba diém A4(2;-11), B(-1;3;-1), C(5;—3;4).Trong c4c khang dinh
sau, khang dinh nao ding ? Khang dinh nao sai ?
a) Tich vo hudng cua hai vecto AB va BC bang —52
b) Goc ABC la goc tu
-23
638
d) Biém D(1;2;x)voi AABD vudng tai B thi gid tri x =—6

¢) Cosin gitra hai vecto AB, AC bang

= Loi gidi

a) Tich v6 hirdng ciia hai vecto AB va BC bang —52

AB =(-3;4;-2)
Taco: ¢ __.

BC =(6;,-6;5)
Chon PUNG.
b) Géc ABC la goc tu.
Ta c6: BABC=52>0 nén goc ABC la goc nhon

= AB.BC =(-3).6+4.(—6)+(-2).5=-52

Chon SAI
¢) Cosin giita hai vecto AB, AC bang =23
638
AB =(-3;4;,-2 . AB.AC _9_8— _
Taco: <. ( ):COS(AB,AC)=iB'£ 0-8-6 = 23
AC =(3;-2;3) ‘ABHAC . \/(_3)2 +42 +(_2)2 _\/32 +(_2)2 +3 638
Chon PUNG

d) Piém D(l;2;x) voi AABD vuéng tai B thi gia tri x =—6
AB =(-3;4;-2)

_—

Ta c6: AABD vuéng tai B <> AB L BD <> AB.BD =0, véi
BD=(2;—1;x+1)

<:>—6—4—2(x+1)=0c>x=—6
Chon PUNG
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Cau 35. Trong khong gian Oxyz, cho cac diém A(4;2;-1), B(1;—1;2) va C(0;—-2;3) . Xét tinh dung sai cta
cac ménh dé sau:

a) AB=(-3;-3;3)

b) | 4B =33

¢) Toa d6 diém M sao cho AB+CM =0 1a (3; 1,0)

d) Toa do diém N thudc mat phéng (Oxy),saocho 4,B,N théng hang 1a (3; 1,0)

= Loi gidi
a) Dung b) Dung ¢) bung d) Dung
a) AB=(1—4;—1-2;2+1)=(-3;-3;3)
b) | AB|=+/(-3)* +(-3)* +3* =33
¢) Goi M(x;y;z) thi MC=(—x;—2—y,3—z2).
-x=-3 x=3
Vi AB+CM =0= AB=MC ={-2-y=-3<{y=1. = M(G3; 1;0).
3—-z=3 z=0

d) Vi N thudc mat ph:fmg (Oxy) néntoa do diém N 1a N (x;3;0)
Ta co: I\I(x—4;y—2; 1);§V(x—l;y+l;—2)
Dé A4,B,N thing hang thi hai vecto AN, BN cung phuong. Do do, AN = kBN (v6i k 1a sb thuc bt ki)

x—4=—l(x—l)
x—4=k(x-1) 2 3
Suyra, < y-2=k(y+1)= y—2:—%(y+l):{x:1.Véy N(3;l;0)
1=-2k O -
k=—
2

Céu 36. Cac ménh dé sau dang hay sai?

a) Trong khong gian véi hé truc toa @6 Oxyz, cho 2 vecto i =mi +2; —3k, v= mj+217+4l€ . Biét rang
u.v =8, khi d6 gid tri cia m bang 5

b) Trong khong gian Oxyz, cho hai vécto u= (,-2;1) va V= (=2;1;1), géc giira hai vecto da cho biang
60°

¢) Trong khong gian vGi hé toa d0 Oxyz, cho hinh lang tru ding ABC.A'B'C' ¢6 A(O; 0;0) , B(2; O;O) ,
C(0;2;0) va A4'(0;0;2). Goc gitta BC' va A'C 1a 90°

d) Trong khong gian Oxyz, goi ¢ la gbc gitra hai vecto a va l;,véi a va b khéc 6,khi d6 cos¢ bang
el

ab

Cau 37. Trong khong gian Oxyz, cho a = (2;1;0),5 =(-10;-2),¢ = (m;—2;4).

a) Céc ménh dé sau dung hay sai?
a)—2d+b = (—5-2;-2)

b)b Lléem=8

¢) cos(ﬁ,lg) =§
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d) |c|=2|a|<m=0

. Loi gidi
a) —2d+b = (-5,-2;-2).

2 +b =(-2.2-1;-2.1;-2) = (-5;,-2;-2)

Chon PUNG.

by b1léom=8.

bléebi=0c-m—-8=0cm=-8

Chon SAIL
¢) cos(&,l;):%

L ab =2 2
COS(“’b)_|a|.\5\_£ﬁ 5
Chon SAIL

d) |¢|=2la| < m=0.

¢ =2la| & m* +20 =245 & m* +20=20 > m=0.

Chon PUNG.

Céu 38. Trong khong gian Oxyz, cho A4BC, biét A(-1;0;3),B(4;2;0),C(31-3).

a) G(2; 1;0) la trong tdm tam giac ABC

b) D(—Z;—l; O) la mét dinh cta hinh binh hanh ABCD

¢) M (a;b;c) thoa man AM =3CB .Khid6 a+b+c=-13

d) M (a;b;c)e Ox sao cho BM vudng goc v6i duong thaing AC . Khi d6 4a® +b° +c* =162
w Loi gidi

a) G(2; 1;0) la trong tam tam gidac ABC.

x=—1+4+3 5
3
G(x;y;z) la trong tdm tam gidc ABC <<y = 0+§+1 =1
Z:3+0—3 _0
3

Chon PUNG.
b) D(~2;-1;0) ld mét dinh ciia hinh binh hanh ABCD.
x+1=3-4 x=-2
D 1a mét dinh cta hinh binh hanh ABCD AD=BC <{y—0=1-2 <{y=—1
z=3=-3-0 z=0
Chon PUNG.
¢) M (a;b;c) thod man AM =3CB. Khi dé a+b+c=-13
AM =3CB.
AM =(x+1;y;2-3); CB=(1;1;3) = 3CB =(3;3;9)

0983.900.570 86 2024-2025



@l Vo Cong Truong

Tai liéu én thi Tot nghiép THPT theo chuong trinh méi 2018 Mén Todn

x+1=3 x=2

AM =3CB < y=3 <1y=3.Vay M(2312)
z-3=9 z=12

Suyra a+b+c=17

Chon SAIL

d) M (a;b;c) € Ox sao cho BM vudng goc voi dwong thang AC . Khi d6 4a” +b* +c* =162

M (a;b;¢) e Ox=b=0;¢=0.

BM =(a—4;-2;0); AC =(41;-6)

BM vuéng goc véi dudng thing AC khi
WLEQW.R*=0@4(61—4)—2.1=0@4¢1=18@a=§

4a* +b* +c* =81

Chon SAIL
Céu 39. Cho hinh 1ap phwong ABCD.A'B'C'D' ¢6 canh bang a . Goi 0,0’ A bid
lan lugt 1a tim ctia hinh vuéng ABCD va A'B'C'D’ . D < o
2 i
a) ABDC =L 5
2 !
- P |
b) AB'BD' =~ S B V-
N PUag &5
¢) |[D4+C'C+ 4B|= a3 D C
d) ‘@+@+W+@ =4a
= Loi gidi
2
a) ABDC' =2
2
Tacod AB.DC' = AB.AB = ‘@HA—B’ cos(A—B,ﬁ) =a.a?2.cosd45°=a’.
Chon SAIL
2
b) ABBD =-<
2
Ta co (E,B'D') =180°— AB'D' =120°, suy ra
1] 1
ABB'D’ =|4B| [B'D|cos120° = (a2 ) (a2 )'(_Ej =—d.
Chon SAIL
) ‘ﬁ+@‘+ﬁ‘ =a3
Tacé DA +C'C+AB=D'A'+DD+D'C'=D'B
Suy ra ‘erWﬁr@‘ =‘EB =BD' =a\/§
Chon PUNG.
d) ‘a;-i‘@;-Fw-FO—D; =4q.
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A n
' [
D f a
- _"‘:L _____ -
oo O~
D C

Tacd OA' +OB +O0C' + 0D’ :(ﬂ+ﬁ)+(@+00’) =200 +200 =400’ .

Suy ra W+O—B'+OC'+OD'\ - 4\00'\ —4q.
Chon PUNG.

PHAN III. CAU TRAC NGHIEM TRA LOI NGAN. Trd loi ddp s6
CAu 40. Trong khong gian Oxyz, cho hai diém B(1;2;-3) va C(7;4;-2). Goi E(x;y;z) la diém thoa man

dang thuc CE =2EB khido x+ y+z bing
= Loi gidi

Pap an: 3

Gia sir diém can tim 6 toa 0 E(x;y;z), khi do CE =(x~7;y—4;z+2) va EB=(1-x;2—y;-3-z).
x—-7=2-2x

Theo gia thiét ta co CE =2EB nén ta ¢6 hé phuong trinh { y—-4=4-2y .
z+2=-6-2z

Giai h¢ phuong trinh ta thu dugc nghiém la (x; y;z) = [3;%;—%) )

2 8 8
Vay diém E cotoa do la E(3;§;—§j. Suy ra x+y+z:3+§—§:3.
Cau 41. .Trong khong gian vi mot hé truc toa do cho trudce (don vi do léy theo kilomét), ra da phat hién
mot chiéc may bay di chuyén véi van téc va hudng khong doi tir diém 4(800;500;7) dén diém
B(940;550;8) trong 10 phut. Néu méy bay tiép tuc giir nguyén van téc va hudng bay thi toa do ciia may bay
sau 10 phut tiép theo D(x;y;z) khido x+y+z="?

A

A
= Loi gjéi q q
Goi D(x;y;z) la vi tri cua may bay sau 10 phut bay tiép theo (tinh tir thoi di€ém may bay ¢ diém B ). Vi
hudng ctia may bay khong ddi nén AB va BD cung hudng. Do véan toc may bay khong ddi va thoi gian bay
tir A dén B bing thoi gian bay tir B dén D nén AB = BD.Do 46, BD = AB = (140;50;1).
x—940=140 x=1080
Mt khac: BD = (x—940; y—550;z—8) nén < y—550=50 <> {y =600
z—-8=1 z=9
Vay D(1080;600;9). Vay toa do ciia may bay trong 10 phit tiép theo 1a (1080;600;9).
88 2024-2025
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x+y+z=1689
Chu 42. Trong khong gian Oxyz, cho hai diém B(1;2;-3) va C(7;4;-2). Goi E(x;y;z) la diém thoa man
dang thirc CE =2EB khi d6 x+ y+z bang

= Loi gidi
Pap an: 3
Gia stt diém can tim ¢6 toa dd £ (x;y;2), khidé CE =(x-7;y—4;z+2) va EB=(1-x;2— y;-3-z).
x=7=2-2x
Theo gia thiét ta co CE =2EB nén ta ¢6 hé phuong trinh s y—4=4-2y .
z+2=-6-2z

Giai hé phuong trinh ta thu duoc nghiém 1a (x;y;z) = [3;%;—%) .

Vay diém E co toa do la E(3;§;—§j. Suy ra x+y+z:3+§—§:3.
Céu 43. Trong khong gian Oxyz cho 3 diém A(2;0;0),B(0;3;1),C(-3;6;4). Goi M 1a diém nim trén
doan BC sao cho MC =2MB . Tinh d6 dai doan AM (Két qua duoc 1am tron & chir sé thap phan thir nhit)
= Loi gidi
Pap an: 54
Goi toa do diém M (a;b;c),do M thuc doan BC va MC =2MB=>CM =2MB (*).
Tacdé CM =(a+3;b—6;c—4) va MB =(-a;3-b;1-c).
a+3=-2a a=-1
Do d6(¥) = {b—6=6-2b=1b=4 = M (~1;42)= AM =(-3;4;2) = AM =29 = 5,4.
c—4=2-2c c=2

Cau 44. Cho hinh lap phuong ABCD.A'B'C'D’. Gia tri tan cia goc gilta hai vecto AD' va A'C’ bang (lam
tron t6i hang phéan tram).
= Loi gidi
Pap an:1,73
A B

U

Ta co (AD', AC)=(4D), E) = D'AC = 60° (do tam gidc AACD' déu).
Vay tan60°=+/3 ~ 1,732
Cau 45. Trong khong gian vdi h¢ toa d0 Oxyz, cho hai diém A(—2;3;1) va B(5;6;2). DPuong théng AB
< - < . « X , 4 AM
cat mat phang (Oxz) tai diém M . Tinh ti so v

= Loi gidi
Dap an: 0,5
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Me(Oxz):M(x;O;z);E?:(7;3;1):>AB:@;m:(x+2;—3;z—l) va A,B,M thing hang

x+2="Tk x=-9
=AM =k.AB(keR) < {-3=3k < {-1=k =M (-9;0;0). BM =(-14;—6;-2); AM =(-7;-3;-1)
z—1=k z=0
AB 1
=BM =259 = —=—=0,5
\/_ BM 2
Cau 46. Trong khong gian Oxyz , cho hai diém A(3;1;-2), B(2;-3;5). Piém M thudc doan 4B sao cho

MA=2MB, toa d diém M la(a;b;c). Khidé a+b+c bing?

. Loi gidi
Goi M (x;y;z). Vi M thudc doan 4B nén:
7
x=—
3—x:—2(2—x) 3
MA=-2MB < {1-y=-2(-3-y) y:—g
—2—Z:—2(5—z) 8
z=—
3

Suyra a+3b+c=0
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