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TOA PO KHONG GIAN

A.LY THUYET CHUNG.
.g':Dinh nghia:
Trong khong gian Oxyz, truc Ox;Oy;Oz doi mot vuong goc
voi nhau nhu hinh. Cac vecto don vi trén tttng truc Ox;Oy; Oz

lan lugt 1a i =(1;0;0);7 =(0;1;0);k =(0;0;1). £

N N N 9 / Y
—— Néu i =ai +a,j +ak thi d=(a;a,;a,). /
£
1. Vécto
Xét hai vécto 4 :(al;az;a3) vab= (bl;bz;b3) ta co:
a,=b,
(1) Hai vécto bﬁng DA e i=bo a,=b,.
a, =b,
(2) CONG — T VECLO: ..o ﬁig=(alibl;azib2;u31b3).
(3) Tich ctia Mot S Vi VECHO: ovvvvvveerereerrreeeeeeeereenns ki+b= (ka;ka,;kay).
(8) DO di VECtO @ ¢ oo A= (a,) +(,) +(a,)
ab=a|.[b|.cos(a;b
(5) Tich vo hudng hai vécto: ... . ‘ ‘ ‘ ‘ ( )
ab=a.b +a,b,+a,b,
——> Goc gitra 2 vécto: cos(ﬁ :b ) = _’a'bﬁ = - Zl'bl +a§ L, +a32.b3 - =
AL ) (0 ¢ ) ) 40+
Chii j:  Khi 3.6 >0 thi cos(d;h)>0 = (@8 ) 12 goc nhon,
Nguoc lai néu .b <0 thi cos(ﬁ;l;) <0=> (E;E) la goc tu.
(6) Vécto @ vudng goc vécto D oo ib=0< a.b +a,b,+a,b,=0
a, =kb,
(7) Vécto @ ciing phuong vécto b« ...................... [E ;b ] —Ohodcd=kb < {a,=kb, .
a, =k.b,
(8) Vécto @;b;¢ dong PhANG: ....ooeoveeveeeeeeereeeereees [E;E]Z 50"
(9) ABCD 1a hinh binh hanh ....coeooersersersensee AB=DC.
« Bién soan: Gv 25 0/J ok Ton- 093.337.6281 Trang 4
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(10) Tich c6 hudng ctia hai VECto ....c.occeveeevcrneecnncnnee [Zi :b } | |72 % ;- o s ; n
b2 b3 bl b3 bl b2
Qui tic: Che tl truedc ra sau — 6 gitta ddi ddu
HOBC ottt [E[’;E]:|ﬁ|.‘g‘.sin(ﬁ;5)
(1 1) Dién tich tam gidc ABC ..., S = %‘[E,A—C]
(12) Thé tich tér dién ABCD ..o Vg = %‘[E ; A_C']E‘
(13) ThE tich hop ABCD.ABCD oo V s awen = ‘[E JAD |4
2. Diém
Xét hai diém A(xA;yA;zA) va B(xB;yB;zB) ta co:
(1) Toa do vécto Y EOR Ez(xB—xA;yB—yA;zB—zA).
(2) Do dai vécto ﬁ: ................................................ E‘ :\/(xB —xA)2 +(yB —yA)Z +(zB —zA)2 .
Mer—)M(x;O;O)
(3) M thuoc cac truc toa dO: ..oovvvvvveeiceieicieeeeene MeOy— M(O;y;O)
MeOz —>M(0;0;z)
Cdch nho: Thudc cai gi — cai do co.
M e(Oxy)—)M(x;y;O)
(4) M thudc cac mat phéng toa dO: cvveeeeeeeee Me (Oxz) - M (x;O;z)
M e(Oyz)—)M(O;y;z)

Cdach nho: Thudc cai gi — cai do co.

(5) 11a trung diém AB: I[xA;xB;yA;yB;ZA;ZBJ

—>ﬁ+ﬁ§=6:>‘v’M:]\T.A+m=2ﬁ
(6) G1a trong tam AABC: G(xA+xB+xC YatYstYc -ZA+ZB+ZCJ

3 3 3
—>GA+GB+GC =0= VM : MA+ MB+MC =3MG

(7) G1a trong tam chop ABCD: G[xA+xBZxc+xD;yA+yBZyc+yD ;ZA+ZBzzc+ZDj

—_— — —  — -

—->GA+GB+GC+GD=0=>VM: MA+ MB+ MC+ MD =4MG
(8) N&u diém M chia doan AB theo ti 8 k (m’ _ k.ﬁa’) thi ta c6:

. _x, —kx,
X, xMzk(xB—xM) M1k
yA _yM :k(yB_yM) < Yu= yAl__];CyB :MLXA]___I;:CB ’yAl__kkyB ’.ZAl__kk'ZBJ V(,n kil
2, =2y =k(z; - 2y) z,—kz,

Mk
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(9) Ung dung tam ti cy ca 7 diém:
o
. o Cyc tri d6 dai vecto:
Cho n diém A ;A,;..;A va cac hé s6 k;k,;...;k, sao cho k=k +k,+...+k, #0

va duong thang d hodc mat phang (P) Tim diém M trén duong thang d hodc mat

phang (P), sao cho ‘k, MA, +k,. MA, +...+kn.MAn‘ nho nhat.
Hudng giai quyét:
Buéc1: Goi I la diém thoa man k_IA, +k,IA, +...+k IA =0.
Buéc 2: Ap dung quy tic ba diém bién doi:
k. MA, +k,.MA, +...+ kn.MAn‘ - ‘(k1 Tk, +...kn)ﬁ‘ =K ‘M‘

Budc 3: Tim d6 dai nho nhat cua cac vecto da cho xay ra khi M xay ra ¢ vi tri nao?
EEJ Vidu1.
Trong khong gian Oxyz, cho hai diém A (1; 1; 1) ;B (3 ;1,‘0) va mit phang (P ) . Tim M trén
mit phang (P) dé ‘]\I’—{ + Mé‘ dat gia tri nho nhat.
= Loi gidi
Goi I(x; y;z) 13 diém thoa IA+IB =0
Dé thoa duoc diéu nay ta thdy [ la trung diém AB.

Taco m+m=m+a+m+ﬁzm+(a’+@jzm
_‘t,_d

=0
Khi 6 [MA -+ ME|=[2Mi] =2 Mi .
Vay ‘m +MB dat gia tri nho nhat< ‘1\71: ‘ nho nhat
< M la hinh chiéu vuéng goc ctia I 1én (P) .
.6CL)’C tri dé dai binh phuong vecto:

Cho da gidc A/A,...A, vacachéso k;k,;...;k, sao cho k=k +k,+...+k,>0. Tim

difm M trén duong thing d hoic mit phing (P) , sao cho tong

S=k, -Z\/Iz"ll2 +k, -Z\/IAz2 +..+k, I\/IA?r dat gia tri nho nhat.
Huéng gidi quyét:

Buéc1: Goi I la diém thoa man k.IA +k,.IA, +...+k IA =0.
2 — 3\ 2 — A 5\ 2 —\2 _— —\2

= (MAl) = (MI+IA1) = (MI) + 2(MI.IA1)+(IA1)

Ap dung quy tic ba diém bién doi:
S=k,-MA? +k,- MA? +...+k -MA?

_ ,{(ﬁ) . Z(mI—A;)+(TA;)Z}+...+kn [(Mi) +2(MiIa,)+(14, )}

Buéc2: Thiy ring MA? = ‘MAI

& Bién soan: Gv % Dbkt (- 093.337.6281 Trang 6
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= (K kot b, ) MI (K TAZ 4ot k- TAZ )4t zﬁ{klﬁl#...Jr kn.EJ

=0

= (ky+ky .ot ke, YMI? (K, TA] + ..+ K, - TA?)

Buwdc3: Do k>0, dé S:kl-MAl2 +k, MA: +..+k, MAE dat gi tri nho nhat thi ta

xac dinh vi tri diém M can tim.

» Chii j: Cho da giac A/A,...A, vacachésé k;;k,;...;k, sao cho k=k +k,+...+k,<0. Tim

diém M trén d hodc (P) , sao cho tong S =k, MAf +k, ]VIA; +o.t+k ]\/IAS dat gia tri
16n nhat. Ta ciing thuc hién teong tu.

E.vic:

Trong khong gian Oxyz, tim diém M nam trén mit phing (P) chita AABC sao cho
MA? +2MB’* +3MC? dat gid tri nho nhat.

e 2.

= Loi gidi
Goi I(x;y;z) 1a diém thoa IA+2IB+3IC =0
Vi moi diém M ta co:
MA? + 2MB? +3MC? = (M+ﬁ)2 n 2(1\7i+ﬁé)2 +3(E+E)Z

_— s —2 —_—— s —2

_— s —2
—MI +2MI.IA+IA +2MI +4MI.IB+IB +3MI +6MI.IC+IC

= 6MI? +(IA? + 2IB? +3[C2)+2Aﬁ[ﬁ+2ﬁ+3EJ
h’ﬁ—J

—6MI? + (1A2 +2IB* + 31c2)

Vay MA? +2MB? +3MC? dat gia tri nhd nhat< MI =0 nhé nhat & M=1

& Bién soan: Gv % DIk (iore- 093.337.6281 Trang 7
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3. Hinh chiéu vuéng géc

//'/J . Ve
" Hinh chiéu

len

Truc Ox: M’(a;0,0)

vuoéng goc

HCVG Ién (Oxy); (Oxz); (Oyz) tuong tw

->{Truc Oy: M’(0;b;0)

.o z
S
'g' I;"\I'(U; 0; e)
~ |
S I
Sary M'(a;0; ¢ |
E M (a; b;c)

|
Q) I
2 |
-~ I
= o

)‘\_ e
- N
-~ - \
~ AN

M'(a;0;0) ~

M'(a; b;0)
T

. Ddi xUing

qua

Truc Oz: M'(O,'O,’C)‘

Chiéu lén cdi i cdi do co.

M'(0; b;¢)

M'(0; b; 0)
Ml el Rt et P

Y

Truc Ox: M’ (a;-b;-c)

boi xitng

HCVG lén (Oxy); (Oxz); (Oyz) tuong tw
A

X M'(—a;b;c)
S
= !
VQ 14 [ 1
R M'{a;—b;c) | M{a;b;c)
N |
LINY |
S) I
= | -
,§ <0 T2
- L~ Yy
/ |
|
&
: N )

%{Truc Oy: M’ (-a;b;-c)

Truc Oz: M’ (-a;-b;c)

Doi x1bng qua cdi i cdi do giir.

RN . i 35 (tic thém ddi triv).

« Bién soan: Gv 2 GJ ot (T~ 093.337.6281
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5. Géc

4 o~ . 7 — \ — - — ﬁ-a
Goc gitra hai vécto 1 va v: cos(u;v):

——>Goc gitra:

(1) Hai dudng thing d,;d,: ..ooovvvvvveeeeeeeeee cos(d, ;d, )‘ = ‘_Lflliz‘
] i
(2) Hai mét phang (a,);(, )t oo cos((al);(az))‘ = ‘?1712‘
i
(3) Pudng thing d va mit phang (): wevvreree sin(d;(a)) = Moy Ha
ﬁ(a) .‘ﬁd‘
6. Khoang cdch
(1) Hai di8M A Bt oo E‘ = (xB —xA)2 +(yB yA)Z +(zB —ZA)2
(it MM, |
(2) DIfm M, vA A oo d(M,;A)= 7
i
S a(a8) - d(My30)
[d,;1, |.MN
(3) Hai dudong A;A, (MeANeEA,): . d(A;A,) =
‘[“1?“2]‘
[45:c5] 7]
%}d(Al;Az) = S —
| AB;CD|
(4) Piém M, va mat (a):ax+by+cz+d=0: ....... d(Mo;(a))z ‘axo +byf +cz, +d‘ .
")
)
M) (o)~

& Bién soan: Gv aié‘ DIk (iore- 093.337.6281 Trang 9
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B. CAC DANG BAI TAP.

R~ Dang 1.1. Tim toa dd diém thda diéu kién cho trudc
P Céng thuc lién quan thudng dung:

Cho ba diém A(xA;yA;zA),B(xB;yB;zB),C(xC;yC;zC)

* Néu d=a,i +a,j +ak thi ﬁ:(al;az;aB).

Khi d6 Oﬂ=ml;+m27+m3ﬁ thi O—)M=(m1;m2;m3):>M(ml;m2;m3).

Khi do m:ml?+m2]7+m3l_<' thi Z\T(j:(ml;mz;mg):M(—ml;—mz;—m3).

(1) Toa d6 vécto AB oo E:(xB—xA;yB—yA;zB—zA).

(2) P dai vécto AB oo A_B"=\/(xB—xA)2+(yB—yA)2+(zB—ZA)2 .
M e Ox — M(x;0;0)

(3) M thu0c cac truc toa dO: ..coovveeeveeeeeeeceeeeeieen, MeOy—)M(O v; 0)
MeOz— M(0;0;z)

Cdach nho: Thudc cai gi — cai do co.
Me(Oxy)—>M(x;y;0)

(4) M thudc cac mat phéng toa dO: cveveeiee M e(Oxz)—>M(x;0;z)
Me(Oyz)—)M(O;y;z)

Cdch nho: Thudc cai gi — cai do co.

(5) 1 1a trung di€m AB: I(xA;xB;yA;yB;ZA;ZBJ

—>a+ﬁ3’:6:VM:m+m:2ﬁ

YatYptYc Zatzp+2

4

(6) G 1a trong tam AABC: G(xA XX

’ 3 3

:

—>GA+GB+GC =0= VM : MA+ MB+MC =3MG

(7) G 1a trong tam chép ABCD: G[ 4 34 € "D, 1

X, X+ X+ Xy Y +Yg Yo+, Z,+Z+Z+2,
7
4

—_— s —  — -

—->GA+GB+GC+GD=0=>VM: MA+MB+MC+ MD=4MG

(8) Néu diém M chia doan AB theo t s8 k (z\ﬂ = km) thi ta co:

. :xA—k.xB
xA—xMzk(xB—xM) M1k
Yi—Yu :k(yB—yM) ey, = Yu—ky, —~M X, —kxg ’.yA Y ’.ZA Thnen voi k#1.
1-k 1-k 1-k 1-k
ZA_ZM:k(ZB_ZM) z,—kz,
ZM =
1-k
< Vidy 1.1.1
Trong khong gian Oxyz, cho diém M thoa man hé thitc OM = 2;+7. Toa do cua
diém M la
A. M(0;21).  B. M(2;0;1). C. M(2150). D. M(0;32).

« Bién soan: Gv X2 It (Tn- 093.337.6281
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Loi gidi

< Vidy 1.1.2
Trong khong gian Oxyz, di€m M nam trén mit phang (Oxy thi
A. x, =0. B.y, =0. C.z, =0. D. z,, =1.

“ Vidy 1.1.3

Trong khong gian Oxyz, M’ 1a hinh chi€u vudng goc ctia M(3,2,1) trén Ox. M’
co toa do la

A. (0;0;1). B. (3;0;0). C.(-30;0).  D.(0;20).

< Vidy 1.1.4
Trong khong gian Oxyz, cho bdn diém A(2; 0;0), B(O; 2;0), C(O;O;Z) va D(Z; 2;2)
.Goi M,N lan luot la trung diém AB va CD. Toa d¢ trung diém I ctia MN la:

A. 1(1;—1,-2). B. 1(1;1,-0). C. I(%;%;l]. D. 1(1;1;1).

< Vidy 1.1.5
Trong khong gian Oxyz , cho AABC biét OA= —i+2k B(l,' 3 —l) ,
0C = 2(; + ; +k ) . Trong cac khang dinh sau khang dinh nao sai?

A. Diém G(% ;2 ;lj la trong tam cua AABC.

B. AB=+2BC.
C. AC<BC.

D. Diém M(O;g;%j la trung diém ctia AB.

.......................................................................................................................................................

& Bién soan: Gv 72%%05 - 093.337.6281 Trang 11



Ting Fep Ly Thugét Nim hoc: 2023-2024

R~ Dang 1.2. Tim toa dé diém ddac biét

01

Chan
dudng
cao

* Dinh nghia dudng cao: la doan vudng gdc ké tir mot dinh dén canh day thi
goi la duong cao ctia tam gidc do.
* Chan dudng cao: la giao diém cta duong cao va canh ddy.

* Bai todn: Tim toa do chan duong cao ké tir dinh A trong AABC.
Buéc 1: Tim toa do AH BH BC.

He AH
Bubc2: Do{ ~“" 5 AHBC=0
AH 1 BC
Do H e BC - BH, BC cung phuong — BH =k.BC
AH.BC=0
Budc 3: Tircacyéutotréntacohé: <x . y . —H(?)
BH _ JBH _ “BH _

Yoo Yae  Zme

* Dinh nghia tryc tdm: la giao diém cua ba duong cao.

e Bai todn: Tim toa dd truc tam H cua AABC.

Buwoc 1: Tim toa d0 AH; BH; CH; AB; AC; BC.

He AH —r
Buéc2: Do{ ‘"’ _, AHBC=0
AH 1 BC
Tryc
02 .. BH.AC=0
tam Tuong tw ta dwoc —<
CH.AB= 0
AH.BC =0
Bugc 3: Tl cac yéu to trén ta c6 hé: BH.AC =0— H(?).
CH.AB=0
* Pinh nghia dudng phan gidc:
la dueong thang chia géc d6 thanh 2 goc bang nhau.
e Chdn dudng phan gidc:
la giao di€m ctia duong phan gidc va canh day.

e Bai todn: Tim toa d¢ chan duong phan giac trong D ké tit dinh A trong

Chan | AABC.
dudng Buéc 1: Theo tinh chat duwong phan gidc: Di « B4y
03 hé DC BC

phan — BA ==
gidc Do DeAC:DA—ﬁDC
trong

Tinh ty s¢’ % bing cic toa do diém ma dé ra.
x; = k.x;
Budc 2: Ap dung i =kb < 1y, =k.y,. D& tim toa do D.
z; =kz;

& Bién soan: Gv %%ﬁ %n- 093.337.6281 Trang 12
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* Dinh nghia tdm dudng tron ndi tiép tam gidc:
la giao di€ém ctia 3 duong phan gidc trong.

* Bai todn: Tim toa d6 chan tam duong tron nodi tiép AABC.
» Cach 1. Ap dung tinh chat:
“Cho AABC, I li tim duong tron ni tiép, ta c6 BC.IA+ AC.IB+ AB.IC =0(*)”

Buoc 1: Tinh AC; AB; BC ta duoc cac hé“mg s0O.
Buoc 2: Tinh ﬁ; I_]é; E
BuGc 3: Thay vao (*) va thu gon—1(?).

P Céch 2. Ap dung tinh chat giao diém 3 duong phan giac (2 Tan):

Ldan 1: Xét AABC, goi D la chan duong phan giac goc A

Budc 1: Theo tinh chat duong phan giac: DA _ ﬁ
X DC  BC

Tam BA

dusng Do D AC= DA=—=.DC.
tron , . »

0 4 n- Tinh ty s6 BA bang cdc toa dj diém ma dé ra.
noi BC

ti€p x; =kx,

Budc 2: Ap dung i =kb < y, =ky, - Détimtoado D.
z; =kz,

Lin 2: Xét AABD, goi I 1a chan duong phan gidc goc B

Buoc 3: Theo tinh chat duwong phan giac: ID_BD
IA BA

DolecAD—I1D=_2P 14,
BC

Tinh ty s6 % bang cdc toa dj diém ma deé ra.

X, = k.xg
Buoc 4: Ap dung 4 = kb < v, =ky;- Pétimtoado I.

z; =kz,

< Vidu1.2.1

Trong khong gian Oxyz, cho AABC cé A(2;3;1);B(0;—1;2) va C(l;O;S).T‘lm toa
do chan duong cao H ha ttr dinh A cta AABC.

A. H(E;E;Ej. B. H(2;0,1). C. H(§;3;1—1]. D. H{Dx4&).
3’33 3.3'8

Loi gidi

.......................................................................................................................................................
.......................................................................................................................................................
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< Vidy1.2.2
Trong khong gian Oxyz, cho ba di€ém A(1;2;—1), B(Z;l;l), C(O;1;2). Goi

H(a;b;c) la triec tam cua tam giac ABC. Tong a+b+c béng
A. 4. B. -2. C. 2. D. 4.

= Vidy 123
Trong khong gian Oxyz, cho AABC c6 A(l; 2; —1), B (2; —1;3) va C (—4; 7;5). Tim
toa do diém D la chan duwong phéan giac trong ctia gdc B.

A. D(-2,2,-1). B. D(—%; 1—31,- 1] C. D(2;3-1) D. D(3-111)

& Bién soan: Gv a%%%pé - 093.337.6281 Trang 14
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& Vidy 1.2.4

Trong khong gian Oxyz cho hai diém A(Z; 2;1), B(—%;%;gj. Biét I(a;b;c) la tAm

duong tron ndi ti€p cta tam giac OAB. Tinh S=a+b+c.
A. S=-1. B. 5=2 C.S=1 D. S=0

& Vidy 1.2.5
Trong khong gian Oxyz, cho hinh hop ABCD.A'B'C'D'. Biét toa do cac dinh

A(-3;2;1); C(4;2;0); B'(-2;1;1); D'(3;5;4). Tim toa do diém A’ ctia hinh hop.
A.S=-1. B. 5=2 GESEil DrS=s

& Bién soan: Gv 0%%%05 - 093.337.6281 Trang 15
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Ting Fep Ly Thugét Nim hoc: 2023-2024
R~ Dang 1.3. Tim toa dd vecto thda diéu kién cho trudc
P Céng thuc lién quan thudng dung:

Xét hai vécto Zi:(al;az;as) va l;:(bl;bz;bs) ta co:

a,=b
(1) Hai vécto bang nhau: ........ccooovvvvveeeerreereeeeien. i=b<ia,=b,.
a, =b,
(2) CONG — TIT VECLO: ovvveeeeeeeeeeeeeeesseee e Ziil;:(alibl;azibz;asibs).
(3) Tich cta MOt SO VO VECO: v ki+h= (k.al skay; k.a3).
4) DO dai VECO T ¢ e, ‘Ei‘ = \/(al)z +(a2 )2 +(a3)2
a, =kb,
(5) Vécto @ cting phuong vécto b : ...ccooveevvveeee... [Zz’ ;b } —0hodci=kb < {a, =kb,
a, =kb,
(6) ABCD 13 hinh binh hanh ..o AB=DC.

@ Vi duy 1.3.1
Trong khong gian Oxyz, cho ba diém A(3;2;1), B(1;,-1;2),C(1;2;-1). Tim toa d6
diém M thoa man @. = 2@—A_C' .
A. M(O;Z;l). B. M(z;o,-l). C. M(—2;—6,-4). D. M(O;l;Z).

@ Vidy 1.3.2
Trong khong gian Oxyz, cho ba diém A(l; 2; —l),B(Z; -1; 3),C(—3;5;1). Tim toa
d6 diém D sao cho t& gidc ABCD la hinh binh hanh.
A. D(—4;8;-3). B. D(2,3;2). C. D(3,1;4).  D. D(2:3;1).

< Vidu 1.3.3
Cho AABC biét A(2;4;-3) co trong tam G(2;1;0). Khi d6 AB+AC c6 toa do 2
A.(0;-9;9).  B.(0;9;-9). C.(0;4;-4). D.(0;-4;4).

.......................................................................................................................................................
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R~ Dgng 1.4. Lién quan dé dai
P Céng thuc lién quan thudng dung:

Xéthaivéctoﬁ—(a'a'a)vél;—(b'b 'b)VéA( X, Y2 ) (B,yB, )taco
(a) +

(2.) +(a)"

_—>|”| =i’ = (”’1)2 +(a, )2 +(a3)2

(1) DO dai VECLO @ ¢ oo ‘ ‘ \/

(2) Do dai vécto AB: oo ‘E‘:\/x —X ) ( ) (z —ZA)Z.
(3) Tich vo huwdng hai vécto: ..., ib = ‘a‘ ‘b‘ cos (E )
4) Goc gitta hai vécto 1 va T coovvevcecrvrreccnne, cos(ﬁ ,l;) li

dl.|b

P Bai todn lién quan thudng gdp:
Cho hai vecto i va v co ‘ii‘ =m; ‘6‘ =n va tao voi nhau mot goc «. Tinh ‘ﬁ+5‘ hodc ‘ﬁ—f}"
hodc tuy vao yéu cau bai toan.
Hudng gidi quyét
Bude1:  Bién ddi ([ii+7]) =(i+3) = +2i.5+7"
Bu6c2: Ap dung: v ‘ﬁ‘z
ib= ‘ﬁ‘.‘g‘.cos(ﬁ;l;)
Dé bién doi:
1% +201.9 +9° =i +2Jii|.|o|cos (i#;7) +[5]  (*)
Budc 3: Lap cac dir kién gia thiét vao (*) = ‘ii - 7)‘ =?
= Vidy 1.4.1
Trong khong gian Oxyz , cho tam giac ABC biét A(l;O;—Z),B(Z;l;—l) ,
C(l;— 2; 2). Tim chu vi caa ABC.

A.23+V5. B.\B3+2+2y5. C. 3+2410. D.3+10+25.

.....

= Vidy1.4.2
Trong khong gian Oxyz, cho hai diém A(1;-3;5) va B(3;m—2;4m), meR. Tim
meZ dé& doan théng AB=3.

A 23+5.  B.\B3+v2+245. €. \3+210. D. /3+10+245.

-----

.......................................................................................................................................................
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< Vidy 1.4.3
Trong khong gian Oxyz, cho ba diém A(Z;O;O), B(O;3;1), C(—3;6;4). Tim diém
M thudc doan BC sao cho MC =2MB. Tim &0 dai doan AM.
A. 2. B. \29. C. 247. D. 3.

< Vidy 1.4.4
Trong khong gian Oxyz, cho hai vecto i va o tao véi nhau mot goc 120° va ‘ii‘ =2

9|=5. Tinh [i+3].

A 7. B. \/39. C. \19. D. -5.

4

“ Vidy 1.4.5
Trong khong gian Oxyz cho @ va b tao v6i nhau mot goc 120° . Biét rang

3| =4; [p| =3, gid tri cita biéu thite A=[3~b|+[7+b] 12
A. A=4/50. B. A=50. C. A=26. D. A=+[37 +:13.
Loi giai
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R~ Dang 1.5. SY cung phucng
P Cong thuc lién quan thudng dung:

Xét hai vécto Zi:(al;az;as) va l;:(bl;bz;bs) ta co:

a,=b
(1) Hai vécto bang nhau: ........ccooovvvvveeeerreereeeeien. i=bo a,=b,.
a,; =D,
a, =kb,
(2) Vécto @ cung phuong vécto D oo [Zz';l;} —0 hodc d=kb < a,=kb,.
a, =kb,

< Vidy 15.1
Trong khong gian Oxyz, cho ﬁ:317—2;+l_<', 5:6f+mf—nE. Tinh S=m+n khi
cac vecto i, v cung phuong
A. 5=-6. B. S=-1. C.5=3. D. 5§=5.

< Viduy 1.5.2
Trong khong gian Oxyz, cho ba diém A(Z; —1;5), B(5; —5;7), M(x; y;l). Vi gia tri
naocua x , ythi A,B, M th:fmg hang.
A . x=4y=7. B.x=-4y=—7. C.x=4y=—7. D.x=-4y="7.
Loi giai

“ Vidy15.3
Trong khong gian Oxyz, cho hai diém A(—2; 3;1) va B(5; 6; 2). Duong thang AB

A 2 2 ’ ” N AM
cat mdt phang (Oxz) tai diéem M. Tinh ti sO BM

.......................................................................................................................................................
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R~ Dang 1.6. SY déng phéng
P Céng thuc lién quan thudng dung:

Xét hai vécto Zi:(al;az;as) va l;:(bl;bz;bs) ta co:

- -1 (la, al| |a. a
(1) Tich co huwdng ctia hai vecto @ va b : ............. abl=1% 3 ° *; hW
- - bz b3 b3 bl bl b2
= (a2b3 —azb,; ab,—ab,; ab,— azbl).
(2) Ba vécto @; b; ¢ dong phang: .........ccoeveeeeveennee. d;b |.¢=0.
(3) B&n diém A, B,C,D tao thanh tit dién: ........... _E,A_c'].ﬂ)' £0

< Vidu 1.6.1
Trong khong gian Oxyz, cho hai vecto 4 :(1; 2;1), b= (1; —1;2). Tim vecto dong

phang véi hai vecto 4 va b trong cac vecto sau:
A. ¢=(-231). B.d=(1-11). C.m=(3L1). D.i=(242).

< Vidy 1.6.2
Trong khong gian Oxyz, cho cac diém A(l; 0;1), B (1; —2,'1), C (1;1; —1). Trong cac
diém sau, diém nao nam trong mit phang (ABC ) ?

A. M(2,0;-1)  B. E(1;,2;3) C. N(-L21) D.F(-231)

< Vidy 1.6.3
Trong khong gian Oxyz, cho bon diém A(O; 0;4), B(Z;l;O), C(l; 4;0) va
D(a;b;0). Diéu kién can va du cua a, b d€ hai dudng thing AD va BC cung
thudc mot mat phéng
A.3a+b="7. B. 3a-5b=0. C. 4a+3bh=2. D.a-2b=1.
Loi giai
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< Vidy 1.6.4
Trong khong gian Oxyz , cho cac vécto ﬁz(—2;0;3) , 5:(0;4;—1) va

< Vidy 1.6.5
Trong khong gian Oxyz, cho bdn diém A(l;—Z;O), B(l;O;—l), C (O;—1;2) va
D(0;m;p). Hé thuc gitta B(a;b;c)e(S). va p d€ bon diém A, B, C, D dong
phang

A . 2m+p=0. B.m+p=1. C. m+2p=3. D.2m-3p=0.
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R~ Dang 1.7. Ung dung tich c¢6 huéng
P Céng thuc lién quan thudng dung:

Xét hai vécto Zi:(al;az;as) va l;:(bl;bz;bs) ta co:

(1) Bén diém A, B,C,D tao thanh ti dién: ....... [E,TC}E £0.
& A,B,C,D khéng dong phang
(2) Dién tich AABC: cooooooeceeeeeeeeeeeeeeeeeeeeeeeeeee s.. =x[aBac].
AABC 2
.
=bPuong cao AABC: S,,,.=~AHBC=AH=—24 =%
2 BC ‘BC
(3) Dién tich hinh binh hanh ABCD: ... S,ip =251 = ‘[E, A—C]
(4) Thé tich t dién ABCD: coeeeveooeeeesseeeeeseeeese V= %‘[TB,TCJ.E‘ .
=Dbuwong cao chép ABCD:
. 3V ‘[E’,A_'c]ﬂj
V isen :§d(A,(BCD)).sABCD =d(A,(BCD))= S =
ABCD ‘[BC, BD}‘

P Bai todn tinh dién tich tam gidc:
Trong khong gian Oxyz, cho A(...), B(...),C () Tinh dién tich tam giac ABC
Hudng gidi quyét
Buéc1: Tim toa d6 cac vecto E,TC .

Buéc2: Tim toa d6 caa Vecto[E,A—C’l .

12 527 an

Buéc3: Sudung Sy, = E‘[AB, AC] d€ tinh dién tich AABC.
Néu bai toan yéu ciau tinh dwong cao trong tam gidc:

25 0 N

Buoc4: StdungsS,,,, = % AHOB= AH = ﬁ dé tinh d¢ dai duwong cao AH.
P Bai todn tinh thé tich tu dién:

Trong khong gian Oxyz, cho A(...),B(...),C(...),D(...). Tinh thé tich t& dién ABCD

Hudng gidi quyét
Buéc1: Tim toa d6 cac vecto AB, AC, AD.
BuGc2: Tinh [E,A_C'}E)'.
=2 7271 23l s~ P,
Bu6c3: Sirdung V = g‘[AB, AC]AD‘ d& tinh thé tich tt dién ABCD.

Néu bai todn yéu ciu tinh khoang cich ha tir dinh:

Buéc4: Siadung V. . = %d(A,(BCD)).SABCD =d(A,(BCD))= WS saiily g
ABCD

khoang cach
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< Vidu1.7.1
Trong khong gian Oxyz, cho hai diém A(l; 2 ;—1), B(O ;=2 ;3) . Tinh dién tich tam
giac OAB vdéi O 1a gbc tao do.

< Vidy 1.7.2
Trong khong gian Oxyz, cho A(1;2 ,-—1), B(O ) ;3). Tinh d6 dai duong cao AH
ha tit dinh A ctia tam giac OAB.

“ Vidy17.3
Trong khong gian Oxyz , cho bdn di€ém A(l;—Z;O) , B(2;0;3) ’ C(—2;1;3) va
D(O;l;l). Thé tich khoi t¢ dién ABCD bf?mg:
A. 6 B. 8 C.12 D. 4
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= Vidy17.4
Cho t&r dién ABCD c6 A(-1-2;4),B(-4;-2;0),C(3;-21), D(L1;1) Tinh d6 dai
duwong cao DH cua tit dién ABCD

A. DH=3 B. DH=2 C. DHzg D. DH =

< Vidy 1.7.5
Trong khong gian Oxyz, cho te dién ABCD biét A(3;—2;m),B(2;O;O), C(O;4;O)

, D(O ;0 ;3) . Tim gid tri duwong ctia tham s6 m d€ thé tich t& dién bé“mg 8.
A. m=8 B. m=4 C. m=12 D. m=6
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R~ Dang 1.8. Lién quan goc¢

P Céng thuc lién quan thudng dung:

Xét hai vécto g = (”1?”2?”3) vab= (bl;bz;bs) ta co:

Zig ‘ ‘b‘ cos(a b)

(1) Tich vé huwdng hai vécto: ..., .
b=a.b +a,b,+a,b,

[

—)

a,.b, +a,b,+a,b,

b )+ (0 () o) )+

Chil yj: Kh'ﬁl;>0th1cosab >0 :>( b)lagocnhon

—> Goc gitra 2 vécto: cos(ﬁ ;5 ) =

Nguoc lainéu 4. b <0 thi cos(ﬁ )<O:>(a b) la goc tu.

(2) Vécto i@ vudng goc vécto D oo ib=0c a.b,+a,b,+a,b,=0
< Vidy 1.8.1
Trong khong gian Oxyz, cho i = (—3; 4;0),13 = (5; 0;12). Tinh c6sin cta goc gitta 4

Vél;.
3 B L c. .3 p !
13 2 2 2

< Vidy 1.8.2
Trong khong gian Oxyz, cho ba diém A(—l; -2; 3), B (O; 3;1), C (4; 2;2). Cdsin ctia
géc BAC bang

9 9 9 9
A ——— B. -— C. — D. ——
2+/35 J35 35 2435

Loi gidi

< Vidy 1.8.3
Trong khong gian Oxyz, cho hai véc to 4 = (2 1 2) ( 2,2 ) Tat ca gia tri

ctia m dé hai véc to ii = 23 +3mb va ¥ =mi —b vudng goc véi nhau 1a
o E264V2 o 26242 c 122426 426142
6 © 6 W =

Loi giai

& Bién soan: Gv %%ﬁ - 093.337.6281 Trang 26



Ting Fep Ly Thugét Nim hoc: 2023-2024

< Vidy 1.8.4
Trong khong gian Oxyz, cho AABC c6 toa do cac dinh A(—4;9; —9), B(2;12; —2)

va C(—m—2;1—m;m+5). Tim m d& AABC vuong tai B.
A.m=-1 B. m=0 C.m=2 D. m=-4

< Vidy 1.8.5
Trong khong gian vdi hé toa do Oxyz, cho vecto u :(1;1;— 2) , U= (1,'0;m). Tim m
dé goc gitra hai vecto i, U bang 45°.
A.m=2 B.m:2—\/g C.m:2+\/g D.m:2i\/g
Loi giai
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R~ Dang 1.9. TGm ty cy
P Bai todn cyc tri do dai vecto:
Cho n diém A;A,; ...; A, v cic hé 6k ;k,;...;k, sao cho k =k +k,+...+k,#0 va duwong
thing d hodc mit phing (P). Tim diéin M trén dwong thing d hodc mat phing (P), sao cho

kl.M+k2.m+...+kn.m‘ nhé nhat.

Hudng gidi quyét
Buéc1: Goi I la diém thoa man k.IA, +k,IA, +...+k IA =0.
Budc 2: Ap dung quy tic ba diém bién d6i:
kl.AE+k2.m+...+kn.M‘ =‘(k1+k2 +...kn)z\71" =\k”ﬁ‘

Buoc 3: Tim d9 dai nho nhat ctia cac vecto da cho xay ra khi M xay ra ¢ vi tri nao?
P Bai todn cyc tri d6 dai binh phuong vecto:
Cho da gidc A/A,...A, vicichésd k ;k,;...;k, sao cho k=k +k,+...+k, >0. Tim diém M
trén dwong thing d hodgc mdt phing (P), sao cho tong S=k, - MA? +k,- MAZ +...+k -MA? dat
gid tri nho nhit.
Hudng gidi quyét
Buéc1: Goi I la diém thoa man k.IA +k,IA, +...+k IA =0.

. — 2 — 3\ 2 — s —\2 — i\ 2 _ —\2
Buéc2: Thay ring z\/mf:‘z\/m1 =(MA1) :(MI+IA1) =(MI) +2(MI.IA1)+(IA1)

Ap dung quy tac ba diém bién doi:
S=k,-MA? +k,- MA? +...+k -MA?

_ k[(ﬁ) R Z(mI—A;%(I—@)z}.Ah [(ﬁ) +2(ML14,)+(1a, )}

= (K kot b, ) MI (K TAZ 4ot k- TAZ )4t zﬁ{klﬁl#...Jr kH.EJ

=0
:(k1+k2 +...+kn)MI2 +(k1 A + .+ k, -IA:)

Budc3: Do k>0,d€ S=k,-MA? +k,-MAZ+..+k, -MA? dat gia tri nho nhat thi ta xac
dinh vi tri diém M can tim.

ij: Cho da gidc A/A,...A vacachésd k;;k,;...;k, saocho k=k +k,+...+k, <0.
Tim diém M trén d hodc (P), sao cho tong S=k -MA +k,- MA; +...+k,-MA?
dat gia tri 16n nhat. Ta cling thuc hién tuong tu.

< Vidy19.1

Trong khong gian Oxyz, cho bon diém A(Z; —3;7),B(0,- 4;1),C(3,' 0;5) va D(B; 3,'3).

» Ch

=

Goi M 1a diém nam trén mit phing (Oyz) sao cho biéu thirc ‘MA +MB+MC + MD‘

dat gid tri nho nhat. Khi d6 toa d¢ diém M la
A. M(o;l;—z) B. M(O;l; 4) C. M(O;l;—4) D. M(Z;l;O)
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& Vidy1.9.2
Trong khong gian Oxyz, cho OA =1+ -3k, B(2;2;1). Tim toa d6 diém M thudc
truc tung sao cho MA? + MB? nho nhat.

A. M(0;-2;0) B. M[o;g;oj C. M(0;-3,0) D. M(0;—4;0)
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R~ Dang 1.10. Toa dé héa
P Céng thuc lién quan thudng dung:

Xét hai vécto Zi:(al;az;as) va l;:(bl;bz;bs) ta co:

(1) Tich co huwdng ctia hai vecto 7 va T [E,lﬂ: T ; 5 ; hW
b2 bS bS bl bl b2
= (a2b3 —azb,; ab,—ab,; ab,— azbl).
a, =kb,
(2) Vécto @ cling phuong vécto b: ..ocvvvvvveeeeen. [Zz’ ;lﬂ =0 hodc d=kb < a,=kb,.
a,=kb,
(3) Ba vécto 7; E; ¢ dong phang: .......cc..coevveevvenne. [Zf;lﬂ.&' =0.
A 1% 24
(8) Dien tich AABC: ooeeeeseoeseseseseeseseses S =§‘ AB, AC}‘.
(5) The tich t& dién ABCD: oo V= %‘[TB,E}@‘ .
(6) Thé tich kh&i hop ABCD: eoeeveveesoeeseerseeree V= ‘[E,E} .TA"
(7) Thé tich kh&i hop ABCD.ABCD : ... V= ‘[Eé,ﬁ} .M‘.
(8) Goc:
.~ . o 2 . _ o ‘ﬁl’ '_'Q‘
* Gitta hai mat phang: ..........cccovviinnnnnen. cosy =(cos|n,, N, || = 7=
| ”PH ”Q‘
; .. ‘Ziﬁ’
* Gitta hai deong thang: ...........ccccoeeiinnnnnee. cosy = Cos(a,a’) = -q‘ -
al.|a
e , ey ]
* Gitta duong thang va mat phang: .................. sing = sm(a,n) = H H
al.|n

Meo nhé cong thirc vé goc trong hinh hoc Oxyz :
= Cungloai dung Cos (Gdc giita deong véi duong , mit phang véi mat phang).
* Khdcloai dung Sin (Goc gitta duong va mat).

9) Khoang cach

* Tir diém d&n mit phang :..........coooeeeeeeccccicieen d(M,,(a))= [A%, + By, + Cz, + D|
VA% +B*+C?
‘[MOM,ﬂ]
* Tir diém dén duong thang:............cooevererveennee. d(M,A)= ﬁ‘
u
7 ‘[a,a’].MM" 174
* Hai duong thang chéo nhau:..........ccccccuvuenneee. d(d,d’) = — =t
I:IZ,IZ’] Vday
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» Cdch “gdn” tryc:

e Budc 1:

* Budc 2:

e Budc 3:

* Budc 4:

Chon hé truc toa d6é Oxyz

@ Xac dinh ba duong dong quy va ddi mot cat nhau trén co sd ¢6 san ctia hinh
(nhw tam dién vudng, hinh hip chit nhat, hinh chop ti¢ gidc déu ...),

o Duya trén cdc mat phang vuong géc dung thém dwong phu.

Toa dd hoa cac diém cua hinh khéong gian.

o Tinh toa d§ diém lién quan truc ti€p dén gia thiét va két luan cua bai toan.
Tinh todn chu yéu dwa vao quan hé song song, vudng goc cung cdc dir liéu bai todn.

Chuyén gid thiét qua hinh hoc gidi tich.

= Lap cac phurong trinh duong, mat lién quan.

o Xd4c dinh toa d6 cac diém, véc to can thiét cho két luan.

Gidi quyét bai todn.

o S dung cac kién thirc hinh hoc giai tich d€ giai quyét yéu cau ctia bai toan
hinh khong gian.

¥ Céch chon hé toa dé mdt sé hinh khéng gian.

A. Hop.

0O Hinh hép 1ap phwong - Hinh hop chit nhat ABCD.A'B'C'D’

* Véi hinh lap phuong . .

Chon hé truc toa d6 sao cho: TA’ D'
A(0;0;0), B(4;0;0),C(a;4;0), D(0;;0), e o
A’(O; O;a), B’(a; O;a) ) C'(a;a;a), D'(O; a;a)

» Vi hinh hop chit nhit. §

Chon hé truc toa d0 sao cho: fil,', ___________________ D_L‘
A(0;0;0), B(a;0;0), C(a;b;0), D(0;1;0), '
A’(O;O;c), B'(a; O;c), C’(a;b;c), D’(O; b;c) B ¢

P Chay: Tam dién vudng 1a mot nira ctia hinh hop chir nhat nén ta chon hé truc toa d6 tuwong
ti nhw hinh hop chit nhat.
0O Hinh hp ding c6 day la hinh thoi ABCD.A'B'C'D'

Chon hé truc toa d6 sao cho: Z
> G toa dd tring véi O=ACABD. Pa 24
» Truc Oz diqua 2 tam cua 2 day B!
> bat AC=a,BD=b,AA'=c thi

A 0;—2;0 , B E;0;0 ,C O;E;O , D —Q;O;O i A ! 7
2 2 2 2 /,":::-—--i ——————— s
(0.0.) of0.0.) o _b.o. i
C},B[E,O,CJ,C(O,E,CJ, D[—E,O,CJ. "L ) ol 1y

A'(O;—E;
2

Cl

P Chay: Véilang tru ding ABC.A'B'C' c6 ddy ABC la tam gidc can tai B thi ta chon hé toa
d6 tuong tu nhu trén véi gdc toa do la trung diém AC, BeOx,C €Oy con truc Oz
di qua trung diém hai canh AC, AC'.
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B. Chdp.
O Hinh chép déu

(1) Hinh chép tam gidc déu S.ABC, AB=a,SH=h.
Chon hé truc toa d6 sao cho:

> GOc toa d¢ trung véi O la trung diém BC

> AeOx.

> BeOy

2 6

Khi d6 A{”{ 0; o} B(O i;oj,c(o;—ﬁ;o], s[ﬁ

;O;hj

(2) Hinh chép t gidc déu S.ABCD, AB=a,SH=h.
Chon hé truc toa d6 sao cho:

> Goc toa d¢ trung véi O= ACNBD

> BeOx.

> CeOy.

> §5e0z.

Khi do: A[O— a2, J (i;o;oj,c{o;ﬂ;o],
2 2
L s

-0 o] S(0;0;h).

P Chay: Ngoai cach chon hé truc nhu trén ta c6 thé chon hé truc béng cach khac.
Chang han véi hinh chép tam gidc déu ta ¢ thé chon H=0, truc Oy diqua H va

song song voi BC.
0 Hinh chép S.ABCD <6 SA 1 (ABCD),SA=h

Néu day la hinh chi nhat.
Chon hé truc toa d6 sao cho:
> Goc toa do trung véi A=0
> BeOx.

> DeOy.

> 5e€0z.

Néu day la hinh thoi.

Chon hé truc toa d6 sao cho:

> Goc toa do trung véi O=ACNBD
> BeOx.

> CeOy.

> 0Oz//SA.

» Chiiy: Cho hinh chép S.ABC c6 SA L(ABC), néu day ABC la:
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e Tam gidc vuong tai A thi cach chon hé truc nhu hinh chép S.ABCD c6 day la
hinh chi* nhat.
e Tam gidc can tai B thi ta chon hé truc toa do nhu hinh chép S.ABCD c6 day la
hinh thoi, khi d6 goc toa do la trung diém canh AC.
0 Hinh chop S.ABC c6 (SAB) L(ABCD)

Duwong cao SH =h ctia ASAB la dwong cao ctia hinh chép. 4 g

Néu AABC vudngtai A, AB=a, AC=b

Chon hé truc toa d6 sao cho:

> GoOc toa do trung véi A=0

> BeOy.

> CeOz.

> Oz//SH. A s
Khi d6 A(0;0;0), B(0;4;0),C(b;0;0), AH =c = H(0;c;0), >

S(O; c;h) T

» Cha y:  Cho hinh chép c6 SA L(ABC), néu day ABC la:

e Tam gidc vudng tai B ta chon B=0O, vudng tai C chon C=0.

e AASB cantai S, AABC cantai C thitachon H=0,CeOx,BeOy, Se0Oz
< Viduy 1.10.1
Cho hinh chép S.ABCDco6 ddy ABCD la hinh vudong canh 4, mat béen SAB la tam
gidc déu va nam trong mat phang vuong gdéc v6i mat phang (ABCD). Goi G 1a
trong tam ctia tam giac SAB va M, N lan luot la trung diém caa SC,SD. Tinh
cosin ctia goc gitta hai mat phang (GMN) va (ABCD).
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< Vidy 1.10.2
Cho hinh chop S.ABC c6 day ABC la tam giac vuong tai A, ABC =60°, BC=2a.
Goi D la diém thoa man 358 =25D . Hinh chiéu cua § trén (ABC) la diém H
thudc doan BC sao cho BC=4BH . Biét SA tao v6i day mot goc 60°. Goc gitra hai
duong thang AD va SC bang

A. 90° B. 30° C. 60° D. 45°

< Vidy 1.10.3

Cho hinh chép S.ABCc6 SAvudng géc véi mit phang ddy. Goi M 1a trung diém
ctia va H la trung diém ctia AM. Biét HB=HC, HBC =30 ; gdc gitra mit phéng
(SHC ) va mat phang (HBC) bang 60" . Tinh cosin ctia goc gitta duong thang BC
va (SHC)

E p. Y13 c. ¥ p. L
2 4 4 2
Loi gidi
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= Vi dy 1.10.4

Cho ling tru ABCD.A,BC,D, c6 day ABCD 1a hinh chit nhat, AB=a, AD=ay/3.
Hinh chiéu vuong goc ctia diém A, trén mgt phang (ABCD) trung voi giao di€ém
AC va BD . Géc gifta hai mat phang (ADD,A,) va (ABCD) bang 60°. Tinh
khoang cach tir diém B, dén mat phang (AlBD) theo a.
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< Vidy 1.10.5

Cho hinh chép S.ABCD c6 day ABCD la hinh thang vudng tai A va B,

AB=AD=2a, BC=a, gbcgitta (SBC) va (ABCD) bang 60°.Goi I la trung diém

cua canh AB. Biét (SDI ) va (SCI ) cung vudng goc voi (ABCD). Tinh thé tich

khoi chép S.ABCD theo a.

343 715
5

5

32°\15 84°\/15

C. D.
5 5

A. B.
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PHUONG TRINH MAT CAU

A.LY THUYET CHUNG.

.goinh nghia:
| Trong khong gian Oxyz, mat cau (S) tam | (a; b;c) ban kinh

c6 phrong trinh la.
(x—a)2 +(y—b)2 +(z—c)2 =i

1. Phuong trinh

LOAI 1 LOAI 2
Phuwong Trinh (x—a)2+(y—b)2+(z—c)2 =R? x*+y? +2z° —2ax—2by—2cz+d =0
Tdam Lay hé s6 ty do trong ngodc +—1. L&y hé s trude x;y;z +-2.
XacDinh | g, A o4 R=Aa*+b*+c*—-d.
. Lay can bac 2 vé phai. o s 2
Kinh Diéu kién ton tai: a°+b° +c“—d>0.

2. Vi tri tuong déi
Trong khong gian Oxyz, ta c6 3 ddi tuong dé xét vi tri twong doi voi mat cau:

(1) biém M(a; b;c).
Trong khong gian Oxyz, cho diém M va mit cau S(I;R). Khi do:

Diém
Nam ngodi Nam trén Nam trong
<IMn(S)=H < IMN(S)=M=H < IMN(S)=0
IM >R IM=R IM <R

Mait cau
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(2) Mt phang («): Ax+By+Cz+D=0

Trong khong gian Oxyz, cho mat phang (a) : Ax+By+Cz+D =0 va mat cau S(I; R) . Khi do:

Mit phing
Khong cat Tiép xiic Cit theo giao tuyén la duong tron
< ()N (S)= < ()n(S)={M] < (a)n(S)=C(I';7)
d(I;(a))>R d(I;(a))zR d(I;(a))<R
< Mit phang tiép xtc = (a) cat mat cau theo giao

mat cau tai diem M. tuyén la duong tron cé tam I' va

ban kinh r.
R=[r? +d2(1;(a)) .

Mat cau

(3) Puong thang A: % _ 3/_19]/0 S
a c

Trong khong gian Oxyz, duwong thang A: % S _E7 %0 ya mit cau S(I;R). Khi do:
a

b c
Duong thang
Khong cit Tiép xiic Cit tai hai diém A;B
S AN(S)=0 < An(S)={H] < ANn(S)={A;B}
d(I;A)>R d(I;A)=R d(I;A)<R
< Duong thang tiép AR’
xdic mat cau tai diém H R=\/T +d2(1;A)-

Mat cau
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B. CAC DANG BAI TAP.
R~ Dang 2.1. Xdc dinh tdm - bdn kinh - nhan biét phucng trinh mat cau

LOAI 1 LOAI2
Phuwong Trinh (x—a) +(y—b) +(z—c) =R? x> +y* +2° —2ax—2by—2cz+d =0
(1) Heé s trwdce x,y,z bing nhauva | (1) Hé sd trwde x?,y%,2z° bang
béng 1. nhau va bf?mg 1.
Nhan xét (2) Heé s6 triede cac ngodc bang nhau | (2) Phuong trinh day du «%, %, z°
vabang 1. (3) Thoa man diéu kién ton tai
(3) V& phaila hang s§ duong. Pab?ect—d>0
Tam Lay hé s6 ty do trong ngodc +—1. Lay hé so trudce x;y;z +-2.
XacDinh | g, e R=Ja? +b* +c* —d.
. Lay can bac 2 vé phai. X . s s
Kinh Diéu kién ton tai: a“+b° +c"—d >0.

< Vidy 2.1.1
Trong khong gian Oxyz , cho miat cau (S) c6 phuong trinh
x% +y? +2z° —2x+ 4y —6z—2=0. Xac dinh toa d tdm [ cua mat cau (S)?

A. (5-2:3). B. (2,0;1). C. (2:1,0). D. (-2;4;-6).

& Vidy 2.1.2
Trong khong gian Oxyz, mat cau (S) : (x—1)2 +(y+ 2)2 +2z° =9 cb toa do tam la
A. I1(1;-2;0).  B.I(-1;2;0). C.I1(1;2;0).  D.I(-1;-2;0).

< Vidy 2.1.3
Trong khong gian Oxyz, mat cau ¢d phuong trinh nao sau day c6 toa do tam la
1(-1;1;0)?

A. 2x* +2y° =(x+y)2—zz+2x—1—2xy.B. x’+y*+2z°-2x+2y=0.

C. xX*+y*+2°+2x—2y+1=0. D. (x+y)2=2xy—zz+1—4x.

.......................................................................................................................................................
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< Vidy 2.1.4
Trong khong gian Oxyz, phuong trinh nao sau day la phuwong trinh mat cau?

A X +y*+2°-2x=0. B. x*+y* -z +2x—y+1=0.
C. 2x* +2y° =(x+y)2—zz+2x—1. D. (x+y)2 =2xy—z° 1.

< Vidy 2.1.5
Trong khong gian Oxyz , cho phuong trinh

(S):x2+y2+22—2mx+6(m—1)y—22—m+3=0. Tim gia tri cua m d€ dwoc (S) la

phuwong trinh mat cau

7
— <=2 =0
A" 10 B. m> . C. {m D. {m
2 m>1 m>1
m>1
Loi giai
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R~ Dang 2.2. Phuong trinh mat cau cé tam va di qua mét diém
P Trong khong gian Oxyz, viét phuong trinh mit cau (S)

Loai Phuong phap

Ttr gia thiét ta da ¢4 sén tdm | vaban kinh R.
Tam I(a;b;c) va ban kinh R. . 2 2 2 )
Phwong trinh (S):(x—a) +(y—b) +(z—c) =R".

> Ban kinh mat cau

Tam I(u;b;c) va qua dié’mM(xo;yo;zo). R=IM=‘IT/I":\/(xo—a)2+(y0—b)2+(zo—c)2 .

» Mat cau co tam I(a;b;c) va ban kinh R=IM.
< Vidy 2.2.1

Trong khong gian Oxyz, phwong trinh mat cau tam [ (—1;2;—3), ban kinh R=3
la:

-----

= Vidy 2.2.2
Trong khong gian Oxyz, cho mat cau tam [ (O; —4,'1) duong kinh bang 4.Phuong
trinh ctia mat cau la

A. 2P +(y+4) +(z+1) =2. B. x*+(y+4) +(z-1) =16.

C.x*+(y-4) +(z-1) =4. D. x*+(y+4) +(z-1) =4.

-----

& Vidy 2.2.3

Trong khong gian Oxyz, mdt cau tam [ (1; 2; 3) di qua diém A(l;l;Z) c6 phuong
trinh la

A (x-1) +(y-1) +(z-2) =2. B. (x-1) +(y—2) +(z-3) =2.

C. (x—l)2 +(y—2)2 +(z—3)2 =2. D. (x—l)2 +(y—1)2 +(z—2)2 =42.

.....

.......................................................................................................................................................
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R~ Dang 2.3. Phuong trinh mat cau nhan hai diém lam dudng kinh
P Trong khong gian Oxyz, viét phuong trinh mit cau (S)

Loai Phuong phap

> Goi I la tam mat cau (S)

=1 la trung diém caa MN

2 7 2 72

Nhan M(xM;yM;ZM)Vé N(xN;yN;ZN) :I[‘XM—'_‘XN YImtYy .ZM+ZNJ.

lam duong kinh

» Ban kinh méat cau R= @ =IM.

< Vidy 2.3.1

Trong khong gian Oxyz, cho hai diém A(l; 0; —3) va B (3; 2;1). Phuong trinh mat
cau duong kinh AB la

A P +y+2°-2x-y+z-6=0. B. x* +y* +z° +4x—2y+2z=0.
C. x2+y2+zz—4x—2y+22=0. D. x2+y2+z2—4x—2y+22+6=0.
Loi giai

< Vidy 2.3.1

Trong khong gian Oxyz, cho hai vecto E=(—l;—2;3) va %=(—7;—4;—5).
Phuong trinh mat cau dwong kinh AB la
A. (x—4) +(y-3) +(z-1) =104.  B.(x—4) +(y-3) +(z-1) =26.
C.(x+4) +(y+3) +(z+1) =26.  D. (x+4) +(y+4) +(z+1) =104.

« Bién soan: Gv 42 G J ot (T~ 093.337.6281
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R~ Dang 2.4. Phuong trinh mat cdu qua 4 diém khéng déng phdng
P Trong khong gian Oxyz, viét phuong trinh mit cau (S)

Loai Phuong phap

> Goi I (a ;b ;c) 13 toa &0 tAm mat cau can tim.

> Mt cau (S ) di qua 4 diém

bi qua 4 diém A;B;C;D khong dong 1A’ = IB®
phang < IA=IB=IC=ID <{IA*=IC* =>toadod I.
IA? =ID?

» Mat cau co tam I(a;b;c) vaban kinh R=1IA.

& Vidy 2.41
Trong khong gian Oxyz , néu mdt cau . (S) . di qua bdén diém

M(2;2;2),N(4;0;2),P(4;2;0) va Q(4;2;2) thitam I ctia (S) c6 toa d6 la
A. (,21). B. (3;1;1). C. (£31). D. (-1-10).

< Vidy 2.4.2
Trong khéng gian Oxyz, cho 4 diém A(2;0;0), B(0;2;0),C(0;0;2), D(2;2;2).

Viét phwong trinh mét cau (S) ngoai tiép t& dién ABCD.
A. (,21). B. (3:1;1). C. (£31). D. (-1-10).

.......................................................................................................................................................
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R~ Dang 2.5. Phuong trinh mat cau tam | thudc (P) vé qua ba diém
P Trong khong gian Oxyz, viét phuong trinh mit cau (S)

Loai

Phuong phap

Tam Ie(P) vadiqua A;B;C.
Vi (P):cex+B.y+~.z+6=0 hojc (P) la
cdc mat phﬁng (Oxy),(Oxz),(Oyz) .
&  Nhan xét:
Trong truwong hop I € mot trong cdc
mit phang (Oxy),(Oxz),(Oyz) bai

todn sé don gidn hon.

& Vidy 2.5.1

» Goi I(u;b;c) la tAm mat cau

» Taco I e(P)= aa+Bb+v.c+65=0(1).
» Mt cau (S) di qua ba diém A;B;C
IA* =1B* (2)
IA*=1C* (3)

» T (1);(2) va (3)=1 lathoahé:

<:>IA—IB—IC<:>{

aa+pBb+vy.c+6=0
IA® = IB? =toadd I.
IA? =1IC?
» Mat cau co tam I(a;b;c) vaban kinh R=1IA.

Trong khong gian Oxyz , viét phuong trinh mat cau di qua 3 diém
A(—Z; 3; 3),B(—1;1;2),C(4; 2; 2) va cd tAm ndm thudc mit phéng (Oyz).

A. 2% +(y-9) +(z+10) =209, B. x*+(y-9) +(z+10)" =209.
C. x? +(y+9)" +(z+10)" =209. D. x*+(y+9) +(z+10) =209.
Loi giai
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R~ Dang 2.6. Phuong trinh mat cau tam | thudc d va qua hai diém
P Trong khong gian Oxyz, viét phuong trinh mit cau (S)

Loai Phuong phap

Tam I ed vadiqua A;B.

» Goi I(u;b;c) la tAm mat cau

> Ta co Ied:>l(x0+at;yo+bt;zo+ct).

Void: 2" Yo Y 275 hodc d la cic e = =
a b c > Viét IA;IB theo t va tinh 0 dai |IA|; IB‘
truc Ox;0y;0z. " : g
o > Mat cau (S) di qua hai diéem A;B

& Nhan xét: o

Trong truwong hop I e mot trong cic S IA=IB< ‘IA‘ = ‘IB‘ =t=?.

truc Ox;Oy;Oz bai todn sé don gian > Ttr t=? =toa dd I .

hon

» Mat cau co tam I(a;b;c) vabankinh R=1A.

& Vidy 2.5.1

Trong khéng gian Oxyz, cho mét cau (S) di qua 2 diém A(1;2;3),B(2;0;,-2), va
c6 tam nam trén truc Ox . Viét phuong trinh mét cau (S)?

A. (x+1) +(y+2) +22=29. B. (x+3) +y%+2° =29.

C. X2 +y’ +(z+3) =29. D. (x-3) +y?+2°=29.

& Vidy 2.5.2

Trong khong gian Oxyz, tim ban kinh mat cau qua 2 diém A(3; —1;2) , B (1;1; —2)
vacétam T thude A:X =YL %,
2 1 -1
A. R=7. B. R=+/3. C.R=25. D.R=8.
Loi giai
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R~ Dang 2.7. Phuong trinh mat cau ti€p xuc mat phdng - dudng thdng
P Trong khong gian Oxyz, viét phuong trinh mit cau (S)

Loai

Phuong phap

Tam I(a;b;c) va tiép xuc véi (P) .
Vi (P): Ax+By+Cz+D=0 hodc (P) la
cdc mat phﬁng (Oxy),(Oxz),(Oyz) .
& Nhan xét:
Trong trieong hop 1 tiép xiic mot trong

cdc mat phing (Oxy),(Oxz),(Oyz) bai

todn sé don gidn hon.

> Ban kinh mat cau
i _|Aa+Bb+Ce+D
JA? + B2 +C?

Tiep xuc (a)
Tiep xuc (Oxy).
Tiep xuc (Oxz)

Tiep xuc (Oyz)

> Mat cau tAm I(a;b;c) va ban kinh de(I;(a)).

Tam I(u;b;c) va tiép xuc véi A.
x

Vei AT oI o JET
a b c

cic truc Ox;0y;0z.

& Nhan xét:
Trong trwong hop 1 tiép xiic mgt trong
cic truc Ox;Oy;Oz bai todn sé don

Qidn hon.

%0 hodc A I

& Vidy 2.7.1

> Ban kinh mat cau

[7:041]

( =

R= d([ Ox)—«/y1+z Tiep xuc Ox-
d(1;0y) =[x} +2} Tiep xuc Oy

_d(I,Oz) =Jx’+y? Tiep xuc Oz

» Mat cau tAm I(a;b;c) va ban kinh R:d(I;A).

a(I; A) Tiep xuc A

Trong khong gian Oxyz, viét phuong trinh mét cau tam I(1;-2;1) va tiép xtc v6i

(Oxy).

.....

& Vidy 2.7.2

Trong khong gian Oxyz, tim ban kinh mat cau di qua diém B(1;3 ;0) va tiép xuc
v6i (Oyz) tai M(0;3;-2).

Al —3;1;1 . B. I E;3;—2
5 2

.....

C.9g11).  « 'D. I(2,42):
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& Vidy 2.7.3

Trong khong gian Oxyz, cho ba diém A(l;—2;—4),B(2;3;4),C(3;5;7). Tim

phuong trinh mdt cau c¢é tam la A va ti€p xtuc véi BC.

A (x-1) +(y+2) +(2+4) =§ B. (v+1) +(y+2) +(z+4) =§
C. (x-1) +(y+2) +(z+4) =§ D. (x-1) +(y+2) +(2+4) =%
Loi giai

& Vidy 2.7.4

Trong khong gian Oxyz, cho B(1;1;9), C(1;4 ;O) .Mt cau (S ) diqua B va ti€p xtic
vOi (Oxy) tai C cé phuong trinh la:

A. (x-1) +(y-4) +(z-5) =25 B. (x+1) +(y-4) +(z-5) =25
C. (x—1) +(y+4) +(z-5) =25 D. (x-1) +(y—4) +(z+5) =25
Loi giai

« Bién soan: Gv 42 G J ot (T~ 093.337.6281

Trang 47

Nam hoc: 2023-2024



Ting FHap Ly Tyt

Nam hoc: 2023-2024

R Dang 2.8. Phuong trinh mat cdu cét mat phdng - dudng thang
P Trong khong gian Oxyz, viét phuong trinh mit cau (S)

Loai

Phuong phap

Tam I(u;b;c) va cat (P) theo giao tuyén
la dwong tron tam I’ ban kinh r.
Vi (P): Ax+By+Cz+D=0 hodc (P) la
cdc mdt phang (Oxy),(Oxz),(Oyz).
& Nhan xét:
Trong trieong hop 1 tiép xiic mot trong
cdc mat phing (Oxy),(Oxz),(Oyz) bai

todn sé don gidn hon.

‘Aa+Bb+Cc+D‘
NA?+ B*+C?

> Ban kinh: R? :dz(l;(a))+r2 =OH? + HM?

> Tinh d(I;(a))

» Mat cau tam I(a;b;c) va ban kinh R.

Tam I(a;b;c) va cit A tai A(xA;yA;zA)
,B(xB;yB;zB) va H la trung diém AB.
z

— 275 poje A I
a b c

cic truc Ox;0y;0z.

vei AT YV

> Tinh d(I;A)=

2
» Ban kinh: R* =d° (I;(a))+ AH? = OH? +£
4

> Mat cau tam I(a;b;c) va ban kinh R:d(I;A).

& Nhén xét:
Trong truwong hop 1 tiép xiic mgt trong
cic truc Ox;Oy;Oz bai todn sé don

Qidn hon.

< Vidy 2.8.1
Trong khong gian Oxyz, cho mat cau (S) :(x— 2)2 +(y +3)2 +(z —4)2 =25. Mat
phang (Oxy) cat mat cau (S) c6 giao tuyén 1a mot duong tron cé ban kinh bang:

A. 21 B. 3 C. 6 D. 8

.....

< Vidy 2.8.2
Trong khong gian Oxyz, cho diém 1(2;4;1) va (P):x+y+z—4:O. Tim phuong
trinh mit cau (S) tam I sao cho (S) cdt (P) theo duong tron c6 dwong kinh bang 2
A. (x+2) +(y+4) +(z+1) =4 B.Aa= 5 (g + 2)° +(2-4) =3
D. (¥82) +(y-4) +(z=1) =3
Trang 48

C. (x—2)2 +(y—4)2 +(z,—1)2 —4
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.....

& Vidy 2.8.3
Trong khéng gian Oxyz, cho diém A(-2;-4;5). Phuong trinh nao dudi day la

phuong trinh ctia mat cau tam la A va cit truc Oz tai hai diém B, C sao cho
AABC vuong.

A (x+2) +(y+4) +(z-5) =40 B.(x+2) +(y+4) +(z-5) =82

.....

< Vidy 2.8.4
Trong khong gian Oxyz, cho mat cau (S) co tam [ (1;—1;2) va duong thang

d:xT_lzll:% buong théng d cit mit cau (S) tai hai difm A va B véi

AB=10. Viét phwong trinh ctia mit cau (S).
A. (S):(x=1) +(y+1) +(z-2) =31 B.(S):(x+1)

.....
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A.LY THUYET CHUNG.
1. Phuong trinh

TOA DO KHONG GIAN Oxyz

PHUONG TRINH MAT PHANG

» Phuong trinh mit phang (P) : Ax+By+Cz+D=0 v6i A*+B*+C?>0.C4 vécto phap

tuyén la ﬁ:(A;B;C).

> Mat phang (P) di qua diém M(x,;y,;

tuyén c6 dang (P):A(x—x0)+B(y—y0)+C(z—zO):O.

Cac mat phrfmg dac biét:

zo) va nhan vecto 7= (A ;B;C ) lam vecto phap

TINH CHAT MAT PHANG PHUONG TRINH HE SO PAC BIET
(a) di qua/chtra gbc O. ( a): Ax+By+Cz=0 D=0

(a) song song/chtta Ox . (a) By+Cz+D=0 A=0

() song song/chira Oy . (a): Ax+Cz+D=0 B=0

(a) song song/chtta Oz . (a) Ax+By+D=0 C=0

(a) song song/trung (Oxy). (a) Cz+D=0 A=B=0

(a) song song/trung (Oxz). ( ) By+D=0 A=C=0

() song song/triing (Oyz). (a): Ax+D=0 B=C=0

Nhan xét:

Mt phang khong chita 4n nao thi mit phang sé song song hodc chita truc do

hodc mat phang khéng chita 4n nao thi mat phang sé song song hoéc chita mat

phang dé.

2. Vi tri tuang d8i hai méat phdng
Cho mit (a) :Ax+By+Cz+D=0; (ﬁ) : Ax+B'y+C'z+D'=0. Khi d6 ¢6 cac truong hop sau:

Trh”z S (@)n(B)=d (e)1(5) («)=(5) () L(8)
Hinh veé y 7
Xay ra
khi & chi A,B.¢ A_B_c.D | AN C.D | 4aBpidae
Khi A" B C A" B C D A" BV g D
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B. CAC DANG BAI TAP.
R~ Dang 3.1. Xd&c dinh vecto phdp tuyén
> Trong khong gian Oxyz, vecto 1= (a; b;c) #0 1a vecto phap tuyén ctia mit phing (P)
thi vecto 711 =k.ji cling la vecto phap tuyén ctia mat phang ( P) .
»  Mit phang trong khéng gian déu c6 phuong trinh dang (P) : Ax+By+Cz+D =0 trong
d6 A?+B’+C?>0.Khi dé vecto 7i = (A; B; C) 1a vecto phap tuyén ctia mat phang.
»  Nhan xét:
* Khi &y hé s6, luu y 1ay dung th tu hé s6 truede x-y-z.
* Thém/bét, phai thém/bét ca hoanh — tung — cao do

< Vidy 3.1.1
Trong khong gian Oxyz, vecto nao dudi day la mot vécto phap tuyén ctia mat

phéng(Oxy)?
A.i=(30,0). B.m=(LL1). C. j=(0;50). D.k=(0;0,1).

< Vidy 3.1.2
Trong khong gian Oxyz, cho mit phang (P) :3x—z+2=0. Vecto nao dudi day la

mot vecto phap tuyén ctia (P)?

A. i, =(3;0;-1). B.7,=(3-L2).  C.ii,=(3-10).D. i, =(-1,0;-1).

“ Vidy 3.1.3
Trong khong gian Oxyz, cho mit phing (P) :2y+x+3z—-1=0. Vecto nao dudi day

1a mdt vecto phap tuyén cua (P)?
A. 7, =(1;2;—1). B. 1, =(1;2;3). C.n =(l;3;—1). D. 1, =(2;3;—1).
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R Dang 3.2. Phuong trinh mat phang di qua ba diém déng phang
» Trong khong gian Oxyz, viét phuong trinh mat phang («)
Loai Phuong phap

(1) Pi qua A;B;C khong thang hang.

» Tim vécto ﬁ va TC

/E<B:/ > Vécto phép tuyén cta (a) e [E,TC}
A
[e3

(2) Di qua A(a;O;O);B(O;b;O);C(O;O;c).
(Phuwong trinh doan chin)

> Phuong trinh (P):£+%+E:1.
a c

Luu y:

a b

& Vidy 3.2.1

trinh mat phang (ABC) la
A. x-5y-z+4=0. B. x-5y+z-2=0.
C. x+5y+z-2=0. D. x+5y-z+4=0.

* V6i phurong trinh doan chan thi vé& phai =

\ e 7 7 7Y/ X z
* Bai toan co thé “gai” nhu sau: (P):—+Z+—=O

Trong khong gian Oxyz, cho ba diém A(—1;0;3), B(Z; —1;1), C (1; —1;0). Phuong

< Vidy 3.2.2

Trong khong gian Oxyz, cho ba diém M(Z; O;O), N(O;—l;O), P(O; 0; 2). Mat phéng
(MNP) c6 phuong trinh la:

A £+ Yy +E: 1 B £+E+E:1
2 -1 2 2 Js?
C f.,.l.,.le, D. £+l+zzo
2 -1 2 2 —1. 2
Loi giai
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< Vidy 3.2.3
Trong khong gian Oxyz, phuong trinh mat phang di qua ba diém A(—S; O;O) ;
B(O;4;O) va C(O;O;—Z) la:

A. 4x-3y+6z+12=0. B. 4x+3y+6z+12=0.

C. 4x+3y—-6z+12=0. D. 4x—-3y+6z-12=0.

< Vidy 3.2.4
Trong khong gian Oxyz, viét phuong trinh mt phang (P) di qua A(l;l;l) va
B(O; 2;2) dong thoi cit cac tia Ox, Oy lan luot tai hai diem M, N ( khong trung
véi goce toa do O ) sao cho OM =20N

A. (P):3x+y+2z—-6=0. B. (P):2x+3y—z-4=0.

C. (P):2x+y+z—4:O. D. (P):x+2y—z—2:0.
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R~ Dang 3.3. Phuong trinh mat phdng di qua hai diém va chda vecto
» Trong khong gian Oxyz, viét phuong trinh mat phang («)

Loai Phwong phap

Qua A;B vachwta e_{:(al;az;as) hoac

chita/song song truc toa do. . , - ., , 5
ﬂ/ & 8t - ; > Tim vécto AB va co san vécto a.

n

> Vécto phap tuyén cua (a) tn= [ﬁ;é’} .

a o T
< Vidy 3.3.1
Trong khong gian Oxyz, cho bon diém A(L0; —1). Phuwong trinh mit phang qua

A va chtra truc Oy la:
A. x—z+4=0. B.x+z=0. C. x-1=0. D. x—-y—-z-4=0.

< Vidy 3.3.2
Trong khong gian Oxyz, mat phang (P) di qua A(3; O;O),B (O; 0;4) va song song
truc Oy co phuong trinh

A. 4x+3z-12=0. B. 3x+4z-12=0.

C. 4x+3z+12=0. D. 4x+3z=0.

“ Vidy 3.3.3
Trong khong gian Oxyz, cho bon diém A(—l; 6;3),B(2; O;6),C(1; 2 —1),D(2;4;0).
Phuong trinh mét phang qua AB va song song v6i CD la:
A. x—z+4=0. B. x+z+4=0.
C. x+y-z+4=0. D. x-y-z-4=0.
Loi giai

.......................................................................................................................................................

.......................................................................................................................................................
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R Dang 3.4. Phuong trinh mat phang trung truc cva doan thdng
» Trong khong gian Oxyz, viét phuong trinh mat phang («)

Loai Phwong phap

La mat phang trung truc doan thang AB
A

» Vécto phap tuyén ctia mit (a) la: i = AB.
N > Tim toa d0 trung diém I cua doan AB.
o : > Mét phang (a) qua diém 1.
B

< Vidy 3.4.1
Trong khong gian Oxyz, cho hai diém A(4; 0;1) va B(—Z; 2;3).Mét phang trung
trgc ctia doan thang AB cé phuong trinh 1a

A. 3x-y-z=0. B. 3x+y+z-6=0.

C. x+y+2z-6=0. D. 6x-2y—-2z-1=0..

“ Vidy 3.4.2
Trong khong gian Oxyz, cho hai diém A(—S; 2;1) va B(5; — 4;1) . Goi M la hinh
chiéu vudng géc cua A trén (Oxy) ,va N la diém d6i xting véi B qua (Oyz) . Viét
phuong trinh mat phang trung truc (P) ctia doan thang MN.

A. x+y+z-3=0 B. 2x-y+z-2=0

C. 2x-y+z+2=0 D. 4x+4y—-2z+21=0.
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R Dang 3.5. Phuong trinh mat phang qua 2 diém, vuéng géc mat phang
» Trong khong gian Oxyz, viét phuong trinh mat phang («)

Loai Phwong phap
Qua diém A;B va vudng goc
(6): Ax+By+Cz+D=0.
b\ » Tim cdp vécto AB va n =[E3';ﬁ(é)]
e )
s > Vécto phép tuyén (a) la: ii = [AB ;ﬁ(b)} .
S 7
_______ » Mat phang (a) qua diém A.
A
\B
(8%

< Vidy 3.5.1
Trong khong gian Oxyz , cho hai diém A(2;4;1),B(—1;1;3) va mit phang
(P) :x—3y+2z-5=0. Lap phuong trinh mit phang (Q) di qua hai diém A, B va
vuong goc voi mat phang (P) .

A. 2y+3z-11=0 B. 2x-3y-11=0

C. x-3y+2z-5=0 D. 3y+2z-11=0.

< Vidy 3.5.2
Trong khong gian Oxyz, mat phang (P) di qua hai diém A(O;l;O), B (2;3;1) va
vudng goc véi mat phang (Q) :x+2y—z=0 co phrong trinh la

A. 4x-3y+2z+3=0 B. 4x—-3y—-2z+3=0

C. 2x+y—-3z-1=0 D. 4x+y—-2z-1=0.

Loi gidi
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R~ Dang 3.6. Phuong trinh mat phang qua diém, vuéng géc 2 mat phang
» Trong khong gian Oxyz, viét phuong trinh mat phang («)

Loai Phwong phap
Qua M(xo;yo;zo) va 1L 2 mat
(P):Ax+By+Cz+D=O,
(Q): Ax+By+Cz+D'=0.

> Tim cdp vécto ﬁ(P) va ﬁ(Q).

> Vécto phép tuyén (a) la: 7i=| i i, |-
(Q i > Mat phéng (a) qua diém M(xo;yo ;zo) .
< Hodc bai todn sé gap:
“Qua M (xo Yo ;zo) va vudng goc voi giao tuyén cta
_____ N (P): Ax+By+Cz+D=0; (Q): Ax+By+Cz+D'=0"
o M

< Vidy 3.6.1
Trong khong gian Oxyz , cho hai mit phang (a):3x—2y+22+7 =0,
(ﬁ):Sx—4y+32 +1=0. Phuong trinh mat phang di qua gdc toa d6 O dong thoi
vuong goc voi Cé(a) va (ﬁ) la:

A. 2x-y-2z=0. B. 2x-y+2z=0.

C. 2x+y—-2z=0. D. 2x+y—-2z+1=0.

< Vidy 3.6.2
Trong khong gian Oxyz, cho (a):3x—2y+22+7:0 va (ﬁ):Sx—4y+32+1:O.
Phuong trinh (P) qua goc toa d¢ dong thoi vuodng goc voi (a) va (ﬁ) la:
A. 2x+y-2z+1=0 B. 2x+y-2z=0
C.x-y-2z=0 D. 2x-y+2z=0.
Loi gidi
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Ting FHap Ly Tyt

Nam hoc: 2023-2024

R Dang 3.7. Phuong trinh mat phang song song mat phdng khac
» Trong khong gian Oxyz, viét phuong trinh mat phang («)

Loai Phwong phap
(1) Qua M(x,;y,;z,) va song song Y Cdch 1:
(ﬁ) :Ax+By+Cz+D=0. » Vécto phéap tuyén (a) la: Fi(”) = ﬁ(u) = (A; B;C) )
n,;‘ . > Mat phang (a) qua diém M.
$ Cdch 2:
Arrl ---------- » Do ()//(8)= (a): Ax+By+Cz+D'=0 (D=D')

/ﬁ M

» Thay diém M vao (a)=D'=2?=(a).

(2) Song song (P): Ax+By+Cz+D=0 va
cach (P) mot khoang bang k.

7 % f

A

k fﬁ'f v

pd
(814 M

< Vidy 3.7.1
Trong khong gian Oxyz, mat phang qua diém A(—1;1;2) va song song voi mat

» Vi (a)//(P)=(a): Ax+By+Cz+D'=0 (D= D').

> Vi (a) cac P) mot khoang béng k

= d((a)(P)) =k
ID-D’

JA? + B +(C?

» C6 D'= phuong trinh mat (P) hoan chinh.

M)

d(M;(P))=k

= =k=D'=?

phang (a) :2x—2y+z-1=0 c6 phuong trinh la
A. 2x-2y+z+2=0 B. 2x-2y+z=0
C. 2x-2y+z-6=0 D. 2x-2y+z-2=0

& Vidy 3.7.2
Trong khong gian Oxyz, cho mat phang (Q): x+2y+2z-3=0 va mit phing (P)
khong qua O, song song mat phing (Q) va d ((P) ;(Q)):l. Phuwong trinh mat
phang (P) la
A, x+2y+2z+3=0
C. x+2y+2z+1=0

B. x+2y+2z=0
D. x+2y+2z-6=0

.......................................................................................................................................................
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< Vidy 3.7.3
Trong khong gian Oxyz, cho mat phang (P) di qua giao tuyén ctia hai mat phang

(al):Bx—erz—Z:O, (az):x+4y—5=0 dong thoi song song véi mat phang
() :2x+21y—z+7=0. Viét phwong trinh cia mit phing P .

A. (Q):2x—-2y+z+4=0 B. 2x+21y—z-23=0

C. (Q):2x—2y+z-19=0 D. (Q):2x—2y+z-8=0

Loi gidi

< Vidy 3.7.4
Trong khong gian Oxyz, cho mat phang (P) :2x—2y+z-5=0. Viét phuong trinh
mét phang (Q) song song v4i mt phang (P) , cach (P) mot khoang bang 3 va cat
truc Ox tai diém c6 hoanh d6 duong.

A. (Q):2x—2y+z+4=0 B. (Q):2x—2y+z-14=0

C. (Q):2x—2y+z-19=0 D. (Q):2x—2y+z-8=0
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Nam hoc: 2023-2024

R~ Dang 3.8. Phuong trinh mat phdng qua diém, song song/vudng géc

dudng thang

» Trong khong gian Oxyz, viét phuong trinh mit phang (a)

Loai

Phuong phap

Qua M(x0 Yo ;zo) va vuong goc

d:x—X:y—Y:z—Z.

a b fj » Tim vécto iid:(a;b;c).
@ > Vi (o) Ld = vécto phap tuyén (a) la: fi=ii,.
> Mat phang (a) qua diém M(xo;yo;zo).
AT
N
|

Qua M(xo;yo;zo),N(xé;y(')'z(’)) va song

> Tim vécto u, =(a;b;c);m.

< Vidy 3.8.1

x-X y-Y z-Z > Vi (a)//d:> vécto phap tuyén (a): ﬁz[ﬁd;m]
a b ¢ > Mit phang («) qua diém M(x,;y,;z,)-
A . . . \ 2 x-1 y z+3
Trong khong gian Oxyz, cho diém A(1;2 ;3) va duong thang d: EE

Phuong trinh mat phang chtta diém A va vuong goc duong thang d 1a
A. 2x+2y+z-1=0 B. 2x+y+z=0
C. 2x+2y+z-9=0 D. x+y+z-1=0

@ Vidy 3.8.2

Trong khong gian Oxyz, mat ph:fmg chtta hai diém A(l;O;l), B(—1;2;2) va song
song voi truc Ox cé phuong trinh la
A. x+y—z=0 B. x+2z-3=0
C. 2y-z+1=0 D. y-2z+2=0
Loi giai
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R Dang 3.9. Phuong trinh mat phang qua diém, chia dudng thang
» Trong khong gian Oxyz, viét phuong trinh mat phang («)

Loai Phwong phap
Qua M(xo;yo;ZO) va chiia > Ldy A tuyy thudc d, dé nhat ta lay A(X;Y;Z).
x-X y-Y z-Z . , —_—
d: = = . »> Tim vécto AM va u,.

a b c
Tﬁn » Vécto phap tuyén ctia mat phang (a) la:

ﬁ=[m;ﬁd]

M
A 7 ﬁ’i/ > Mat phang (o) qua diém M(x,;y,;%,)-

« Vidy 3.9.1

Trong khong gian Oxyz, cho diém A(l;2 ;3) va duong thang d :%le =z+3.

Phuong trinh mit phang chita diém A va duong thang 4 la
A. 23x+17y+z-60=0 B. 23x-17y+2z-14=0
C. 23x-17y-z+14=0 D. 23x+17y—z+14=0

< Vidy 3.9.2
Trong khong gian Oxyz , viét phuong trinh mit phang (P) di qua diém

M(3;—4;7) va chtta truc Oz.
A. (P):4x+3y=0 B. (P):3x+4y=0
C. (P):4y+3z=0 D. (P):3x+4z=0

Loi gidi
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Nam hoc: 2023-2024

R Dang 3.10. Phuong trinh mdt phang chia d,d’ va d cdt d
» Trong khong gian Oxyz, viét phuong trinh mat phang («)

Loai Phwong phap
Chia d: XX Y=Y _272 5
a b c
_X, _Y' _Z, U
a2t - =yb, =2z —, d,d" catnhau | » Tim vécto i, va i, .
a c

ﬁjﬂ:

d ! B
) de
M ™
¥ d A Ugr

< Vi duy 3.10.1

x—1:y+2:z—4 va x+1_y
-2 1 3 1 -1
A, 2x-y+9z-36=0

C. 6x+9y+z+8=0

> Vécto phap tuyén (a) la: ﬁ=[ﬁd,;ﬁd].

> Mat phang (a) qua diém Aed hoac Bed'.

_Z ; 2 <6 phuong trnh Ia

B. 2x-y-z=0
D. 6x+9y+z-8=0

Trong khong gian Oxyz , mit phang chta hai duong thang cat nhau

& Vidy 3.10.2

1 1 2 '
A x+y-z+3=0

C. x+2y—-2z+3=0

B. x+y-z+31=0
D. x+2y-2z+12=0

Loi gidi

Trong khong gian Oxyz, cho hai duong thing cat nhau d: % = yTJrZ _z-1 va
d': iy _z+l mat phang chtta hai duong thang da cho ¢ phuwong trinh 1a
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Nam hoc: 2023-2024

R Dang 3.11. Phuong trinh mdt phang chua d, d’ va d song song d’
» Trong khong gian Oxyz, viét phuong trinh mat phang («)

Loai Phwong phap
Chtta d: > =X Y=Y _222
a b c
p =X y-Y z-Z > Tim Aed va Bed
a b' c > Tim vécto AB, U, va ii,.
va d songsong d'. ) ) » oL T .
7, > Vécto phap tuyén (a) la: n =[AB;ud} hoac
T i :[E ;ad,]
B U ‘ v 7
> Mat phang (a) qua diém Aed hodc Bed'
?id

& Vidy 3.11.1

x-1 y+2 z-1
d,: = =
1 1
trinh la

C. 7x+3y—-5z-4=0

Trong khong gian Oxyz , cho

A. 5x+3y+7z+4=0

duong

thing d,:

B. 5x+3y—-7z+4=0
D. 7x+3y—-5z+4=0

x+1_y-1_ =z

= va
1 2

.Khi d6 mat phang (P) chtta 2 duwong thang trén c6 phuong
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Nam hoc: 2023-2024

R~ Dang 3.12. Phuong trinh mdt phang chua d va song song d’
» Trong khong gian Oxyz, viét phuong trinh mat phang («)

Loai Phwong phap
Chtta d:x_X=y_Y=Z_Z va song
a b c
song véi d': x—’X’ _ y;’Y' =z—’Z’. > Tim Aed, do dc(a):Ae(a).
a c

ﬂdﬂ ﬁn
/ T

& Vidy 3.12.1

> Tim vécto u, va iu,.

» Vécto phéap tuyén (a) la: 7 :[ﬁd,;ﬁd].

> Mat phang (a) qua diém Aed.

x=3+t

z=1+2t

phang (a) chtta d, va song song vdi d,.
A. (@):5x—13y—4z+7=0
C. (a):5x+13y+4z-7=0

B. («):5x—13y+4z+7=0
D. («):5x+13y+4z+7=0

Trong khong gian Oxyz, cho duong thang d, 11y =-2—t, goi d, 1a giao tuyén ctia

hai m3t phang (P):x—y+22=0 va (Q):x+2y+z—3=0. Viét phuong trinh mat
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Nam hoc: 2023-2024

R Dang 3.13. Phuong trinh mat phang chua d va vuéng géc mat khéc
» Trong khong gian Oxyz, viét phuong trinh mat phang («)

Loai Phwong phap
Chtta d: X=X _ y-Y _z=2 va vuong
a b c

goc (P):Ax+By+Cz+D=O.

& Vidy 3.13.1

A. 2y+3z-11=0
C. 2y-3z+6=0

< Vidy 3.13.2

.x—l_y z+1
2 1
A . x+2y+z=0

C.x-2y+z=0

> Tim Aed:Ae(P).
> Tim vécto i, va fi(p).

> Vécto phap tuyén (a) 1a: 7i = [n(P) ,-ad].
> Mat phang (a) qua diéfm Aed.

Trong khong gian Oxyz , cho hai diém A(2;4;1),B(—1;1;3) va mat ph:fmg
(P):x-3y+2z+3=0. Phuong trinh mat phang («) di qua hai diém A,B va

vudng gdc véi mat phang (P) la:

B. 2y-z+6=0
D. 2y-3z-6=0

Trong khong gian Oxyz , phuong trinh mat phang (P) chita duong thang

e va vudng gdc véi mit phang (Q) :2x+y—z=0. la:

B. x+2y-1=0
D. x-2y-1=0
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Ting FHap Ly Tyt

R Dang 3.14. Phuong trinh mdt phang cdch déu 2 dudng thang
» Trong khong gian Oxyz, viét phuong trinh mat phang («)

Loai Phwong phap

Cach déu hai dwong thang d,;d,

> Kiém tra d,;d, chéo nhau nén VTPT ctia mat

A
dy
/r phing (a) 1a 7, =[iid1;ﬁd2] :
/I_? l—| / > Do (a) cach déu d ;d, nén d(A,(a))=d(B,(a)).
= ' Tim D.

= Vidy 3.14.1
x-2 y-2 z-3

> Viét phwong trinh mat phang ( a) :

7

Trong khong gian Oxyz ,cho hai duong thang d,: 5 1 3

=X 2_ 1y _12 _z7b Phuong trinh mit phang (cr) céch deu d;d, 1a:
A. Tx-2y—-4z=0

d2
B. 7x-2y—-4z+3=0

D. 14x-4y—-8z+3=0

C. 2x+y+3z+3=0

< Viduy 3.14.2

Trong khong gian Oxyz viét phuong trinh mat phang (P) song song va cach déu

7 - 1 z-
hai duong thang dl:x—lzzzzi va dzzgzy—lzz 12,

B. (P):2y—2z+1=0

A. (P):2x-2z+1=0
D. (P):2y-2z-1=0

C. (P):2x-2y+1=0

Loi gidi

Trang 66
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R~ Dang 3.15. Phuong trinh mat phdng lién quan mat cau
» Trong khong gian Oxyz, viét phuong trinh mat phang («)

Loai Phwong phap

» Tim tam [ va tinh ban kinh (S)

Qua A va tiép xtc mit cau (S) tai M > (o) ti€p xtic véi mét cau (S) tai M e(S) thi (a)
di qua diém M.

s > Vécto phéap tuyén (a) 1a: 7i = MI .

> Mat phang (a) qua diém M e (S)

O Luu y:

Khi bai todn khong cho ti€p diém thi ta phai st dung

7 cac dir kién ctia bai toan tim dwoc 7 cua (a) va (a)
c6 dang: Ax+By+Cz+D=0 (D chua biét).

St dung diéu kién tiép xuc: d(I,(a)) =R détim D.

< Vidy 3.15.1
Trong khong gian Oxyz , cho mat cau (S):(x—l)2+(y—2)2+(z—3)2:81. Viét
phuong trinh mat phang (a) ti€p xtc voi (S) tai diém P(—5;—4; 6).

A x+y—-z+1=0 B. x+2y—-2z+1=0

C. 2x+y+2=0 D. 2x+y—-z+1=0

< Vidy 3.15.2
Trong khong gian Oxyz, cho hinh cau (S):(x—1)2+(y—2)2+(z—3)2 =1. Viét
phuong trinh mit phang (a) chita truc Oz va ti€p xtic v6i (S)

A. 3x-4y=0 B. 3x+2y—-z=0

C. 2x+3y+1=0 D. 3x—-4y-2=0
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< Vidy 3.15.3
Trong khong gian Oxyz , viét phuong trinh (P) song song VOi
(Q):x+2y—2z+1=0 va tiép xtic v6i mit cau (S):x% +y* +z° +2x—4y—2z-3=0
x+2y—-2z-10=0
A. B. x+2y-2z+12=0
x+2y—-2z+8=0

x+y-z-1=0
C. 2x+y—-3z+2=0 D
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Nam hoc: 2023-2024

PHUONG TRINH PUONG THANG

A.LY THUYET CHUNG.
1. Phuong trinh
X=x,+at
P Phuong trinh tham s6 dwong thang A:{y =y, +bt (teR) ¢ di€m M (255 9952,) €A Vécto
z=2z,+ct
chi phuong :(a;b;c).
P Phuong trinh chinh tic duong thang A: % Y _byo =Z"% o6 diém M(xy57y52,) €A
a c

Vécto chi phuong 1 = (a;b;c).
> Giao tuyén hai mdt phdng:
Cho hai mat phang (a) :Ax+By+Cz+D=0 va (7) : A'x+By+C'z+D' =0 catnhau.

Goi A 1a giao tuyén ctia chting. Khi d6, duong thang A c6 VTCP la |i = [ﬁ( 'ﬁ( ﬁ)} :

2. Vi tri tudng ddi hai dusng théng
Xét hai duong thang d

17

d, lan Iwot c6 VICP i ;u, va cac diém M, ; M, nam trén d,;d, .

\ 4
[ﬁl;Mle} [ﬁlfﬁz]Mle
| I
I e— Comaae
=0 =0 ] a0y L E
d]_ = dz dl //dz dl chéo d2 ::: dl de =1

. *
03 - . - ®ennnsnssnunnnnnnnnns® CasEEmEEsEEEEEEEEEEs
CammsmssmssnsEnEnnas CasEEmEEsEEEEEEEEEEs
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3. Vi tri tuong déi gitfa dusng thdng vat mét phdng

> Trong khong gian Oxyz,
X _YTYo _27%

cho duong thang A z . va mit phing (a) :Ax+By+Cz+D=0.
a c

xX=x,+at
Ta viét lai phwong trinh A dwéi dang tham s6: A:1y =y, +bt thay x;y;z vao mit phing (a) .

z=2z,+ct
Duoc phuong trinh: A(xO +at)+ B(yo +bt)+C(zO +ct)+D =0.
Dt f(t)=A(x,+at)+B(y, +bt)+C(z, +ct)+D.
Khi d6: A(x, +at)+B(y, +bt)+C(z,+ct)+ D=0« f(t)=0

Ta co6 cac truong hop sau:

Néu f(t) =0 vO nghiém f(t) =0 c6 1 nghiém f(t) =0 v0 s0 nghiém

Thi Duong thang A // (a) . | Duong thang Am(a) =1. Duong thang A (a)

4. Vi tri tudng dai gitfa dusng thdng va mat cau

Trong khong gian Oxyz, duong thang A: 7% Yo _E7%0 yy mit cau S(I;R). Khi dé:

a b c
Duong thang
Khong cit Tiép xiic Cit tai hai diém A;B
< AN(S)=0 < An(S)={H] < AN(S)={A;B}
d(I;A)>R d(I;A)=R d(I;A)<R

= Du’(‘)f\ng the&mgvtié'p Xuc AB®
mat cau tai diém H < R= e +d (I;A)-

Mat cau

"
5. Khodng cdch lién quan dén dudng thang

Phuwong phap 1 Phwong phap 2
> Lap (a):{iuZM ( ) ‘[MOM,;{}
dM;A)==—7——

Khoang cach tt M dén A.

> Tim toa do H:(a)mA.
> Khi d6, d(M;A):MH.

N . DA
Khoang cach A, va A, chéo | > Lap (@): JIA, d(A;A,)
2 2

nhau.

» Khido d(A;A,)=d(N;(a))
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B. CAC DANG BAI TAP.
R~ Dang 4.1. X&c dinh vecto chi phuong

»  Trong khong gian Oxyz, vecto i =(a;b;c) =0 1a vecto chi phuong ctia duong thing A

thi vecto 7= k.ii cfing la vecto chi phuong ctia duong thang A.
X=x,+at
»  Phuong trinh tham s§ A:dy =y, +bt (te R) co6 vécto chi phwong i = (a;b;c).

z=z,+ct
, X—X — z—z .
»  Phuwong trinh chinh tac A: oY by 0 — % ¢6 vécto chi phuong i = (a ;b ;c).
a c

> Nhan xét:
* V6i phuwong trinh tham sd 18y dung thi tu hé s6 trudc tham so't.
* V6i phuong trinh chinh tac 1dy hé s6 dwéi mau.
* Néu gia thiét chuwra diing cau tric, ta phai sap xép lai roi méi 18y hé s6
< Vidy 4.11

x=2-t
Trong khong gian Oxyz, duong thang d:<y =1+ 2t c6 mdt vecto chi phuwong la:
z=3+t
A. i, =(-123). B.i,=(213). C. i, =(-1;21). D. i, =(211).
Loi giai

& Vidy 4.1.2

Trong khong gian Oxyz, dwong thang d:

phuong la:
A. i, =(22;-1). B.i,=(221). C. i, =(312). D.i,=(211).

< Vidu 4.1.3
x-1 y=2 sl
)

Trong khong gian Oxyz, cho duwong thang d: nhan véc to

ii =(a;2;b) lam véc to chi phuong. Tinh a+b.
A. 8. B. 8. C. 4. D. 4.

.......................................................................................................................................................

.......................................................................................................................................................
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R Dang 4.2. Phuong trinh dudng thang qua diém & cé sén VTCP
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai Phuong phap

Qua M, co vécto chi phwong 4 = (a;b;c)

X=x,+at
» Phuong trinh §y =y, +bt

z=2z,+ct

7% Y7V 275 {a;b;c}io.
a b c

» Luuy: Phurong trinh tim dwgc khong nam trong

hoac

cac phuong an, ta cé thé thay toa d¢ diém
ma duong thang di qua dé kiém tra

& Vidy 4.21

Trong khéng gian Oxyz, phuong trinh tham s6 ctia duong thang di qua diém
M(Z; 0; —1) va c6 vécto chi phuong a = (2; —3;1) la

x=4+2t x=-2+2t x=-2+4t x=2+2t
A.<y=-6 . B.jy=-3t . C.iy=-6t . D.jy=-3t
z=2-t z=1+t z=1+2t z=-1+t
Loi giai

“ Vidy 4.2.2

Trong khong gian Oxyz, phuong trinh ndo dudi day la phrong trinh chinh tac ctia
x=1+2t
duong thang d:{y=3t ?

z=-2+t
A Xty _z-2 g Xl _y_z+2
2 3 1 1 3 2
c xtl_y_z-2 p X1 y_z+2
2 3 2 2 3 1
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R~ Dang 4.3. Phuang trinh dudng thang qua hai diém
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Nam hoc: 2023-2024

Loai Phuong phap

Qua hai diém A va B. » Chon A hodc B la diém ma Adi qua.

> Nhan AB lam VTCP —ii = AB.
» Luuy: Phurong trinh tim dwgc khong nam trong

cac phuong an, ta cé thé thay toa d¢ diém
ma duong thang di qua dé kiém tra.
« Vidy 4.3.1

Trong khong gian Oxyz, cho hai diém M (1; -2; 1), N (O; 1 3) . Phuong trinh duong
thang qua hai diém M, N la

A x+1:y—2:z+1' B. x+1:y—3:z—2.
-1 3 2

& Vidy 4.3.2

Trong khong gian Oxyz, cho AABC cé A(—l; 3;2), B(2; 0;5), C(O; —2;1) . Viét
phuong trinh duwong trung tuyén AM cua AABC
A AM:x+l= y—3: z—2.

B, apM. Y t_y=3_z+2
2 —4 1 2 -4 1
C.AM:X_1:y+3=Z+2. D.AM:x_Z:y+4=Z+1.
2 4 -1 1 -1 3
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Ting FHap Ly Tyt

Nam hoc: 2023-2024

R Dang 4.4. Phuong trinh dudng thang la giao tuyén hai mat phang
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai

Phuong phap

Giao tuyén ctia hai mt phang
(a):Ax+By+Cz+D:0 va
(8): Ax+By+Cz+D'=0

7 ~

Un

« Vidy 4.4.1

» Cho 1 trong 3 an x;y;z =0 d€ tim 2 an con lai
By+Cz+D=0 {

: ’ . & y:?:M(O;?;?)
By+Cz+D'=0

x=0——>{
z="7

> Vecto chi phuong ii = [ﬁw ;1 f].
» Luu y: Phuong trinh tim duoc khong ndm trong

cac phuong an, ta c6 thé thay toa do diém
ma duong thang di qua dé kiém tra

Trong khong gian Oxyz , cho hai mit phéang (P) :2x+y—z-1=0 ,
(Q):x—2y+z—5:0. Khi d6 giao tuyén ctia hai mit phang (P) va (Q) c6 mot
vecto chi phwong la

A.i=(5-21).

D. ii= (—1,- 3 —5).

“ Vidy 4.4.2

Trong khéng gian Oxyz , cho hai mit phang (a) :2x+y—z+3=0 va
(ﬁ):x+y+z—1:0. Puong thang A 1a giao tuyén ctia hai mat phang (a) va (ﬁ)

c6 phuong trinh chinh tac 1a

x_y+l z-2 B x_y+l_ z-
"2 3 1 127 -3 s

C'x—2:y+3:z—1 D_f:y_zzz_"'l
1 -1 2 2

.......................................................................................................................................................
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Ting Fep Ly Thugét Nim hoc: 2023-2024

“ Vidy 4.43
Trong khong gian Oxyz, cho mat phang (P):x+y—52+4=0 va duong thang

x+1 y+1 z+5

d: > i 5 Goi (Q) 14 mt phang chtta d va vudng gdc voi (P) Giao
tuyén d' cua (Q) va (P) di qua diém nao sau day?
A. M($0;1).  B. N(-4;0,0). C. P(4;2;2). D.P(-3-10).

& Bién soan: Gv 02%%05 - 093.337.6281 Trang 75



Ting Fep Ly Thugét Nim hoc: 2023-2024

R~ Dang 4.5. Phuong trinh dudng thdng qua diém, song song d
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai Phuong phap

Qua M(xo;yo;zo) va song song vdi d . > Chon M(xo?]/or'zo) I3 diém ma A di qua.

i, > Do A/ld=iu, =1,
d Iy » Luu y: Phuong trinh tim duoc khong ndm trong
: cac phuong an, ta c6 thé thay toa do diém
A

ma duong thang di qua dé kiém tra
< Vidy 4.5.1

Trong khong gian Oxyz, cho ba diém A(O; —1;3) , B(l; 0;1), C (—1;1;2). Phuong

trinh nao dwdi day la phuong trinh chinh tac ctia dwong thang di qua A va song
song v6i duong thang BC?

1 3 x =2t
+ j—
A DY zTe B.{y=-1+t.
-2 1 1
z=3+t
-1 -1
c.i=_¥ z== D. x-2y+z=0.
-2 1 1
Loi giai

& Vidy 4.5.2

Trong khong gian Oxyz, cho hai diém A(l; —2; —3); B(—l; 4;1) va duong thang
-2
4.2y = ZJZ“?’. Phuong trinh nao duéi day la phuong trinh cua dudng

thang di qua trung diém ctia doan AB va song song véi d ?

A Xyl z+d e B

11 2 | L )

C. x—l:y—1:z+1. D. E:y—2:z+2
A ) 1 =1 T2

.......................................................................................................................................................
.......................................................................................................................................................
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Ting Fep Ly Thugét Nim hoc: 2023-2024
R~ Dang 4.6. Phuong trinh dudng thang qua diém, vuéng géc mat
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai Phuong phap
Qua M(x0 Yo ;zo) va vudng goc
(a) :Ax+By+Cz+D=0. > Chon M(xo;yo;zo) la difm ma A di qua.
A L
. » Do AL ()=, =7,
ila T » Luuy: Phurong trinh tim dwgc khong nam trong
/< 1 | cac phuong an, ta cé thé thay toa do diém
& : ma duong thang di qua dé kiém tra
M g

« Vidy 4.6.1
Trong khong gian Oxyz, viét phuong trinh ctia duong thang A di qua A(Z; 3;0)

va vudng gbc véi mat phang (P) :x+3y—z+5=07?

x=1+t x=1+t x=1+3t x=1+3t
A Jy=1+3t. B.<y=3t . C.qy=1+3t. D.< y=1+3t.
z=1-t z=1-t z=1-t z=1+t
Loi giai

= Vidy 4.6.2
Trong khong gian Oxyz, cho cac diém A(l; 0; 2), B(l,- 2;1),C (3; 2;0) va D(l;l; 3).
Duong thang di qua A va vudng géc véi mat phang (BCD) c6 phuong trinh la

x=1-t x=1+t X=2+t x=1-t
A jy=4 . B.<y=4 . C.qy=4+4t. D.jy=2-4t.
z=2+2t z=2+2t z=4+2t z=2-2t
Loi giai

.......................................................................................................................................................
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Ting FHap Ly Tyt

Nam hoc: 2023-2024

R Dang 4.7. Phuong trinh dudng thang qua diém, vuéng géc d,d’
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai

Phuong phap

Qua M (xo Yo ;zo) va vudng goc hai

duong d, va d,.

< Vidy 4.71

A:;vc—1=y+3=z—1’ :
3 2 1 1

x=-1-t
A Jy=1+t
z=1+3t
x=-1-t
C.jy=1-t
z=3+t

A,.x+1:y

» Chon M(xo;yo;zo) la difm ma A di qua.
> VICP: i, =i, i, |.
» Luu y: Phuong trinh tim duoc khong ndm trong

cac phuong an, ta c6 thé thay toa do diém
ma duong thang di qua dé kiém tra

Trong khong gian Oxyz cho diém M (—1;1;3) va hai duong thang

2 :iz. Phuwong trinh nao dudi day 1a phuong

trinh duong thang di qua M va vudng goéc véi A va A'.

x=-—t
B. <y=1+t.
z=3+t
x=-1-t
D.{y=1+t
z=3+t
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Ting FHap Ly Tyt

Nam hoc: 2023-2024

R~ Dang 4.8. Phuong trinh dudng thdng qua diém, song song (a) vudng

goécd
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai

Phuong phap

Qua M (x0 Yo ;zo) va song song
(a):Ax+By+Cz+D=O va vuong goc d

d
s

M

A

> VICP: i, =| i

» Chon M(xo;yo;zo) la difm ma A di qua.

il |

» Luuy: Phuong trinh tim dugc khong nam trong

cac phuong an, ta c6 thé thay toa d¢ diém
ma duong thang di qua dé kiém tra

— o e
T g Ud

A /

< Vidy 4.8.1

Trong khong gian Oxyz, cho diém M(l;—3 ;4), duong thang d c6 phuong trinh:

-5 , . . .
x—§2 =Y : _z72 va mat phang (P): 2x+z—-2=0. Viét phuong trinh duong

thang A qua M vudng goc véi d va song song voi (P)

A x—1:y+3:z—4. B. x—1:y+3:z—4

1 -1 -2 -1 -1 -2
C. x—1:y+3:z—4' D. x—1:y+3:z+4'
1 1 -2 1 -1 2
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Ting Fep Ly Thugét Nim hoc: 2023-2024
R Dang 4.9. Phuong trinh dudng thang qua diém, vuéng géc d, cét o’
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai Phuong phap
> Lap () - o) =t
s o . \ ap («): = .
Qua M(xo;yo;zo) va vudng goc d, va p Q”“M(xo?]/o?yo) quaM(xo;yo;yo)
cat d, . » Goi N =d, n(«)—> giai hé theo t > N(?).
M
: qua
> Khi d6 duong thang A: {N
i, = MN

» Luuy: Phuong trinh tim dugc khong nam trong
cac phuong an, ta c6 thé thay toa d¢ diém
ma duong thang di qua dé kiém tra

& Vidy 4.9.1

Trong khong gian Oxyz, cho diém A(2;1;3) va duong thing d: x+l_y-1_z-2 .

—2 2

Duong thang di qua A, vudng goc véi d va cat truc Oy c6 phuong trinh 1a
x=2t x=2+2t x=2+2t x=2t

A. Jy=-3+4t. B.<y=1+t . C.qy=1+3t. D.<y=-3+3t.
z=3t z=3+3t z=3+2t z=2t
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Ting Fep Ly Thugét Nim hoc: 2023-2024

“ Vidy 4.9.2
Trong khong gian Oxyz , cho diém A(l; -1 3) va hai duong thang:
x—-4 y+2 z-1 x—2 y+1 z-1
d: = = ,dy = =
1 4 -2 1 -1
A, vuodng goc véi duong thang d, va cat duong thang d, .

. Viét phuwong trinh duong thang d di qua

A x—l:y+1:z—3. B. x—l:y+1:z—3.

2 -1 -1 6 1 5
C x-1 y+1 z-3 x-1 y+1 z-3
6 -4 -1 2 1 3
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Ting Fep Ly Thugét Nim hoc: 2023-2024

R Dang 4.10. Phuong trinh dudng thang qua diém, vuéng géc & cdt d

» Trong khong gian Oxyz, viét phuong trinh duwong thang A
Loai Phuong phap

—

d
> Lap (oz):{l =
Qua M(x,;¥,;2,) va vubng goéc va d. quaM(x,;¥;Yo) | qua

M
: qua
> Khi d6 duong thang A : N
i, = MN

< Vidy 4.10.1

M(x,
» Goi N=dn(a)—> giai hé theo t > N(?).

TZ()=I/£

/yo'yo)

» Luu y: Phuwong trinh tim dugc khong nam trong
cac phuong an, ta c6 thé thay toa d¢ diém
ma duong thang di qua dé kiém tra

Trong khong gian Oxyz, cho diém A(1;0;2) va dudng thang d :xT—lz%:%L
Duong thang A di qua A, vudng goéc va cat d c¢6 phuong trinh 1a
A,A;x_2=y_l=z_1_ B. A X1 -1y z—2.
1 1 -1 11 1
coa X2yt =z DAY Y _Z°2
2 2 1 1 3 1
Loi giai
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Ting Fep Ly Thugét Nim hoc: 2023-2024
R~ Dang 4.11. Phuong trinh dudng thang qua diém, song song (o) & cdt d
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai Phwong phap
. : song song (o ey =1
Qua M(xo,yo,zo) Vasongsolng > Lap (5)3{ 8]’\4 g(. ) @{ ()~ o) L
(a): Ax+By+Cz+D=0 vacit d. quaM(xy;Ysiyo)  (quaM(xy;9,;Y,)
i d > Goi N =dn(B)—> giaihé theo t —>N(?).
M
! qua
> Khi d6 duong thang A : [N
i, =MN

» Luu y: Phuwong trinh tim dwgc khong nam trong
cac phuong an, ta c6 thé thay toa d¢ diém
ma duong thang di qua dé kiém tra

< Vidy 4.11.1

Trong khong gian Oxyz , cho diém A(3;2,-4) va mat phing
: -2 +4 z-1
(P):Sx—Zy—3z—7 =0, duong thang d: ey 5 = Sy Phuong trinh nao sau
day la phuong trinh duong théng A diqua A, song song (P) va cit duong th:fmg
a?
x=3+11t x =3+54¢ x=3+47t x=3-11t
A.{y=2-54t . B.{y=2+11 .  C.{y=2+54t . D.{y=2-47t .
z=-4+47t z=-4-47¢t z=-4+11t z =—4+54¢

& Bién soan: Gv %%ﬁ - 093.337.6281 Trang 83



Ting Fep Ly Thugét Nim hoc: 2023-2024
R Dang 4.12. Phuong trinh dudng thang qua diém & cét d, d,
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai Phuong phap
Qua M(xo;yo;zo) vacat d, va d,. » Cach 1:
A M quaM
> Viét (a):{qua o1 — ldy N ed,batky.
/N 2d My =MN
_ r/ dy
Ug M quaM
Yy > Viét (5):{"”“ el ——, ldy Qed,batky.
dy U, - Az n(.i) = MQ
)/ > Khi d6 duwong thang A= (oz)m(ﬁ) — phuong
o trinh giao tuyén.
A

» Cich 2:
> Viét : —, 14 bat ky.
ie (a) {DAl = ay QeA batky

iy =MQ
> Goi N:(a)mAz — giai hé theo t:>N(?).
qua M
i, =MN

qua M {‘7”“ M

» Khi d6 duong thang A :{

» Lwu y: Phuong trinh tim dugc khong nam trong cac phuong én, ta cd thé thay toa do diém
ma duong thang di qua dé kiém tra
< Vidy 4.12.
x—2 _ y—lz z+1 vad,: x+1: y—-3 _ z+2
-2 4 -2 3 -1
phuong trinh duong thang A qua A(O; 2; —4) va cat hai duwong thang d, va d,.

. Viét

Trong khong gian Oxyz, cho 4, :

x=t x=t x=t x=~t
A Jy=2-2t . B.{y=2+2t . C.qy=2+2t . D.qy=2-2t .
z=—-4+3t z=—-4+3t z=-4-3t z=-4+3t
Loi giai
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< Vidy 4.12.1

x=3+t
Trong khong gian Oxyz, cho 1(1;1;2), d:qy=-1+2t va dZ:x—I2=%=%.
z=4
Phuong trinh duong thang A qua I va cat hai duong thang d,,d, 1a
x=1+2t x=2+2t x=t x=1+2t
A Jy=1+t . B.<y=t : C.qy=t . D.<y=1-t .
z=2+t z=3t z=1-3t z=2+t
Loi giai
< Vidy 4.12.3
, . 1 z-
Trong khong gian Oxyz, cho diém M(1;2;1) va dlzfz%zz—f,

x+1 y-1 z-1
2 1 A
trung di€ém ctia AB ¢6 phuong trinh

d . Puong thang A cat d,, d, Tan luot tai A va B sao cho M la

x=—t x=t x=-—t x=2-t
A. Jy=1+2t. B. <y=1+2t. C.qy=1-2t. D.<y=3-2t.
z=1 z=1 z=1 z=1
Loi giai
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Ting Fep Ly Thugét Nim hoc: 2023-2024

R Dang 4.13. Phuong trinh dudng thang ndm trong (o) & cdt di d,

» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai Phwong phap

Nam trong (a):Ax+By+Cz+D:0 va > Coi {Mdlm(a)

cit d, va d,.

A

/)

N=d, m(a)'
do M

d , qua
> Khi d6 duong thang A : N

o N
‘ » Luu y: Phuong trinh tim dugc khong nam trong

cac phuong an, ta c6 thé thay toa d¢ diém
ma duong thang di qua dé kiém tra

< Viduy 4.13.1

Trong khong gian Oxyz, cho mat phang (P):4x—3y +11z-3=0 va hai duong

thing d, :_i1 :yT_S = ZTH va d, :x_14 :%:% . Viét phuong trinh duong thang
d cat ca hai dwong thang d,,d, dong thoi duong thang d nam trong (P)
x=—1+3t x=1+3t x=1+3t x=—1+3t
A Jy=5-7t . B.qy=1-t . C.qy=2-2t. D.<{y=5-T7t.
z=2-2t z=1-2t z=2-1t z=2-2t
Loi giai

& Bién s

oan: Gv 7 Ikt Tlan- 093.337.6281 Trang 86



Ting FHap Ly Tyt

Nam hoc: 2023-2024

R~ Dang 4.14. Phuong trinh dudng thang ndm trong (o) & vuéng géc d

» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai Phwong phap

Nam trong (a):Ax+By+Cz+D=O va

vudng goc d . > Goi N=dm(a).

d qua N

. » Khi d6 duong thang A:4
n i U

<=t

» Luu y: Phuong trinh tim dugc khong nam trong

f | A cac phuong an, ta c6 thé thay toa d¢ diém
/ N ma duong thang di qua dé kiém tra

T
1

& Vidy 4.14.1

P), cit va

—

(P):x—y+22—6=0. Duong thang A ndm trong

. -3 z- :
Trong khong gian Oxyz, cho duong thang d:g:yTzz—; va mat phang

vudng goc vdi d cod

< Vidy 4.14.2
x y+1

2

voi A ¢6 phueong trinh la:

phuong trinh la:
x—-2 y+2 z+5 B x+2 y-2 z-5
1 7 3 1 7 3
C. x—2:y—4:z+1. - x+2:y+4:z—1.
1 7 3 1 7 3

z 1.

Trong khong gian Oxyz cho duong thing A:E__:T va mit phang

(P) :x—2y—z+3=0. Duong thang d nam trong (P) dong thoi cat va vudng goc

x=1+2¢ x=-3 x=1+t x=
A Jy=1-t . B.<y=—t. C.iy=1-2t. D. y=1-¢
z=2 z=2t z=2+3t z=2+2t
Loi giai
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Ting FHap Ly Tyt

Nam hoc: 2023-2024

R Dang 4.15. Phuong trinh dudng thang qua diém va // d’ cét di, d;

» Trong khong gian Oxyz, viét phuong trinh duwong thang A

/'\

» Cdch 2:

Loai Phuwong phap
Qua M(x,;,;2,) va /jd vacét d, va d, | > Cich 1:
1 s i o 4, [
et («): =N Lo
/k D dl n((‘) = ud ;ud1:|
- dz
ﬁd [ , M
4 , d qua
M >>V@t@ﬂ;¥‘ ol o
% e od, |y =i, |
(| » Khi d6 duong thing d=(a)n(3)— phuong
« . . B
trinh giao tuyeén.
x'; da

. A Hd’ quaM A A, \
i > Viet (a): <. o ,lay Med batky.
iy 4 ) dl 1’1(“) =u,
M
aw N » Goi N =(a)nd, — giai hé theo t=N(?).
//]\T
. e quaN
~_+ I » Khi d6 duong thang A:< " .
- i, =1,

» Lwu y: Phuong trinh tim dugc khong nam trong cac phuong én, ta cé thé thay toa do diém

ma duong thang di qua dé kiém tra.

& Vidy 4.15.1

Trong khong gian Oxyz, cho hai duong thang d, va d, Tan luot c6 phuong trinh 1a

1 -1 z- ; . .
EzﬂzzVélEzy—zz—l.li)uebng thang d cat ca hai duwong thang d,,d, va
1 2 1 1 2 3

e a s 2 x-4 y-7 z-3 , C 11
song song voi duong thang A: =T T c6 phuong trinh la
A x+1 y+1 z+4 B x-1 y+l1 z-4

14 27 14 20
C x+1 y-1 z+4 D x-1 y-1 z-4
1 4 20 1 4 20

.......................................................................................................................................................
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R Dang 4.16. Phuong trinh dudng thang la dudng vuéng géc chung
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai Phuong phap

La duong vudng goc chung cua d, va d,

d —
= MN(?) (toa d6 theo t;k).

2

[ Me
>>G01{

€

> MN la duong vudng goc chung

@{ﬁrmwﬁ{t? :{M(?).

i, MN=0 (k=2 |N(?)
M
, ql/llil
> Khi d6 dudng thing A : [N
i, = MN

» Luuy: Phuong trinh tim dugc khong nam trong
cac phuong an, ta cé thé thay toa d¢ diém
ma duong thang di qua dé kiém tra

< Vidy 4.16.1

x=1+2t x=1+s
Trong khong gian Oxyz, cho duong thing d,:{y=2+t vad,:{y=2+s. Viét
z=-2+5t z=1+3s
phuong trinh duong vudng goc chung ctia hai duwong thang d,;d,.
x=-1+2t x=1-2t x=t x=2—t
A. Jy=-5t B.jy=2-t. C.iy=-1+t. D.qy=-1
z=11t z=1+t z=2+t z=1+2t
Loi giai
« Bién soan: Gv 42 G J ot (T~ 093.337.6281 Trang 90



Ting FHap Ly Tyt

Nam hoc: 2023-2024

R Dang 4.17. Phuong trinh dudng thang 1a dudng phan gidc
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai

Phuong phap

Puong phan gidc goc trong,

Puong phan gidc goc ngoai tao boi hai

Xét 2 duong thang d, va d,. cd 2 vécto chi phuong

lan Iwot la i, =(al;b1;cl);ii2 =(a2 ;b, ;cz) thoa man

duong thang d, va d,.
l 2 a+bl+c =a;+b+c
A 1 1 1 "2 2 2°
dl 5

* Néu u,.u, >0 thi vécto chi phwong ciia phin gidc

— — —

trong | =u +1u,|, phdn gidc ngodi |0 =1, —1,|.
1 2 1 2

* Néu u,.u, <0 thi vécto chi phwong ciia phin gidc trong

=

U=, —

, |, phin gidc ngoai |0 =u, +u,|.

> Diém di qua thdéa A=d, Nd,.

< Vidy 4.17.1

x=1+3t

Trong khong gian Oxyz, cho duong thang d:1y=-3 . Goi A la duong thang di
z=b5+4¢

quadiém A (1,- -3 5) va cé vecto chi phuong i = (1; 2; —2) .DBuong phan gidc cta goc

nhon tao boi d va A c¢6 phuong trinh la

x=-1+2t x=-1+2¢ x=1+7t x=1-t
A . Jy=2-5 . B.{y=2-5 . C..y=-3+5. D.qy=-3
z=6+11 z=—-6+11t z=5+t z=5+Tt
Loi giai

.......................................................................................................................................................
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R~ Dang 4.18. Lién quan hinh chiéu
» Trong khong gian Oxyz, tim

Loai Phuong phap
(1) Hinh chiéu vuong géc A(x, v, :z ua A ua A
889C A(X1¥.72,) > viet AT ST
lén (): Ax+By+Cz+D=0. L(a) 7 |t =1,
A » Goi H 1aHCVG ctia A 1én
A
(a)=H=dn(a)>t=2=H(?).
UA Tl
T « CT nhanh: H(xM —At;y,, —Bt;z,, —Ct) vOi
A +H | / t_AxM+ByM+CzM+D
- ! B A? +B*+C? '
(2) Hinh chiéu vuéng goc A(x,;y,;z,) | Cdch1:
ua A
lén A':x_xozy_yozz_zo. >>Vié’t (a): qua‘:ﬁ@ [z — .
a b c LA Moy = U

o » Goi H la HCVG ctia A lén A’

Byas
o | :H:A’m(a)—)tz?:H(?).
A ] Cach 2:
H
\

» Tham sO hda HeA:Ez(?t).

> H la hinh chidu cia A thi AH.ii,=0=t=?

> Toadd H.
(3) Hinh chiéu vudng goc cia A’ 1én Cdch 1:
(a):Ax+By+Cz+D=O. N SA qua A

> Viet (5): S I
Cach 1. J_(a) s = [n(”) ;uA}

> A la hinh chiéu vudng goc ctia A’ 1én (a)
= A=(a)n(3) > phuong trinh giao tuyén.
Cidch 2:

» Tim A=(a)nd —giai hé tim t= A(?).

> Ldy Med(M=A).

> Goi H la hinh chi€u vuong goc cia M 1én (a)

> Goi A 1a hinh chiéu vudng gbc cua d 1én (a)

A
qua
> A H
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% CT nhanbh:
x:xo—at+(a(B2+C2)—A(b.B+c.C))k

Ay =y, —bt+(b(A?+C?)=B(a.A+cC)k voi
z=z,—ct+(c(A?+B*)-C(a.A+b.B))k

t:Ax0+By0+CzO+D.
Aa+Bb+Cec

> Diém chiéu Ién mat
= Vidy 4.18.1
Trong khong gian Oxyz, cho (P):6x+3y—2z+24=0 va diém A(2;51). Tim toa

d6 hinh chiéu vudéng géc H cua A trén (P)
A. H(4;—2;3). B. H(—4;2;3). C. H(4;2;3). D. H(4;2;—3).

> Diém chiéu |én dudng
< Vidu 4.18.1

Trong khong gian Oxyz, cho A(l;l; —l) va duong thing d: x—4_y-4_z-2

2 -1
Hinh chiéu vudng goc ctia diém A 1én duong thang d 1a:
A.N(2;23).  B. P(6;6;3). C. M(25-3). D.Q(1L4).

> Pudng chiéu 1én mat

= Vidy 4.18.1

F—3"'y=1 "‘z+1
|

(P):x—z—4:0. Viét phuong trinh duong thang 1a hinh chiéu vuong géc cua

va mit phang

Trong khong gian Oxyz, cho duong thang d:

duong thang d 1én mat phang (P)

x=3+3t x=3+t x=3+t x=3-t
A Jy=1+t . B.<y=1+t . C.oy=1 . D.jy=1+2¢t.
z=-1-t z=-1+t z=-1—t¢ z=-1+t¢
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Loi gidi
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R~ Dang 4.19. Lién quan déi xUng
» Trong khong gian Oxyz, tim

Loai Phuwong phap
(1) M’ 1a diém d6i xting cia M qua S Vit A quaM qua M
(a): Ax+By+Cz+D=0. L) T =,

% CT nhanbh:
(x, +2At;y,, +2Bt;z, +2Ct)
M’ ‘o Ax,, +By,, +Cz,, + D
= A% 4 B2 42 > Goi M' la diém d6i xitng cia M qua (a)<:>H la
trung diém MM'= M'(?).

> Goi H la HCVG ctia M 1én (a)
=H=dn(a)>t=?=H(?).

(2) M’ 1a diém d6i xéing cia M qua M uaM
& 1 > viet (o) {7 o e
AXTH YTV 2720 LA Moy =Ha
a b c > Goi H 1a HCVG ctia M 1én A

% CT nhanh:
(2x0 -x,, +2at;2y,~y,, +2bt;2z,~z,,
M o a(xM —x0)+b(yM —y0)+c(zM —zo)
a? +b* +c?

N =A0(a)>t=2=H(?).
> Goi M’ 1a diém d6i xting cia M qua A< H la
trung diém MM'= M'(?).

(3) A 1a duwong thang d6i xting d qua > Tim giao diém [ =d m(oz) valdy Med (bat ky).

a): Ax+By+Cz+D=0. M
(o)t > vie du{q““ S
‘ d J_(Oé) U, =n,

> Tim giao diém H =d'm(a)

> Goi M' la di€ém d6i xting cia M qua (a)<:> H la

I
¥
trung diém MM'= M'(?).
UA . » 7 ‘ quﬂM,
2w » Hinh chiéu cua d la A: )
) qua |

> Diém déi xing diém qua mat
= Vidy 4.19.1
Trong khong gian Oxyz, cho diém M(l;l;O) va mat phang (P) :x+y—2z+4=0.

Tim toa d6 ctia diém N d6i xting véi M qua mit phang (P) :

A.N(2,11).  B. N(-L-L4). C. N(2130). D.N(321).
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> Diém déi xing diém qua dudng
< Viduy 4.19.1

Trong khong gian Oxyz, cho duwong thang d: x+l_y ;3 _z¥2 va hai diém
A(3; 2;0) B(l; 0;5). Tim toa do A’ la dém d6i xtiing ctia diém A qua 4.
A. A'(-10;4). B. A'(-20;1). C. A(L31).  D. A'(321).

> Pudng déi xung dudng qua mat
< Vidy 4.19.1

Trong khong gian Oxyz, cho mit phang (P):x+ y+z-3=0 va duong thing
:%:%:Z—_lz. Duong thang d' ddi xtng véi d qua mat phang (P) co
phuong trinh la
A x—lzy—lzz—l. B, x—lzy—lzz—l.
1 -2 7 1 2 7
C. x+1=y+1=z+1. D. x+1=y+1=z+l.
1 2 7 1 -2 7

Loi gidi

.......................................................................................................................................................
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VI TRI TUONG POI

A.LY THUYET CHUNG.
1. Diém va mat cau, mét phdng va dudng thdng
Xét diém M (xo ;yo;zo) voi:
> Mit cau (S) :x? +y° +2° —2ax—2by—2cz+d =0 tdm I, ban kinh R.
» Mit phang (P) : Ax+By+Cz+ D=0 cb vecto phap tuyén 7,,

> Puong thang d: ¥ Xy _y-Yo_z-
a

Z I4 2 -
7 % 6 vecto chi phuwong u, .
c

Ta c6 cac vi tri twong d6i sau:

Diém
Tinh IM va so sanh véi ban kinh R
5 IM>R Diém M ndm ngodi mat cau
Mat cau e S A . A
IM =R biém M nam trén mat cau
IM<R Diém M ndm trong mit cau
Thay toa dd M (x,;y,;z,) vao (P): Ax+By+Cz+D=0
Miit phiang  Ax,+By,+Cz,+D=0 Diém M nam trong mat phang
Ax, +By,+Cz,+D#0 Diém M ndm ngodi mat phang
A \ x - X y - Y Z - Z
Thay toa d0 M(x.;vy.;z.) vao d: L= L= 0
y € : ( o' Yo o) a b c
- X - Y - Z 2 Y A \ 2
Y= %0 _ Fo ; I biém M nam trén duwong thang
a c
xo_Xoiyo_Yoizo_Zo . )
a b c biém M nam ngodi duong thang
1 trong 3 phin s6" # nhau
x=X,+at
Puong thing Thay toa do M(xo;yo;zo) vao d:qy=Y, +bt
z=2,+ct
x, =X, +at
Yo =Y, +bt —cho clng gia tri ¢ Diém M nam trén duong thang
z, =2, +ct
x, =X, +at
Y, =Y, +bt —>khong cho cung gia tri Diém M nim ngoai duong thang
z, =2, +ct
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2. M@t cdu va mat phdng, dudng théng
Xét diém mat cau (S) s +y2 +22— 2ax—2by—2cz+d =0 tam I, ban kinh R, v&i:

> Mit phang (P) : Ax+By+Cz+ D=0 cb vecto phap tuyén 7,,

> Puong thang d: X=X _ y_bYO _27% ¢4 vecto chi phuong i, .
a c
Ta ¢ cac vi tri twong d6i sau:
Mt cdu
Tinh d(I, P ) va so sanh voi ban kinh R
) ( (P )) >R Mit phang khong cit mat cau
Mat phang - -
( P )) R Mat phang tiép xiic mat cau tai M
( P)) <R Mit phang cdt mat cau (*)
Tinh d(I,(d)) va so sanh voi ban kinh R
, d(I;d)>R Duong thang khong cdt mat cau
Duong thang - -
d(I;d)=R Duong thang tiép xiic mit cau
d(I;d) <R Duong thang cidt mat cau (* *)

(*): Mt phang cat mat cau theo giao tuyén la dudng tron ¢6 tam I' va ban kinh 7.

Bidu thic lién h¢ R=[r*+d* (I;(P))

(* *) : Puong thang cat mat cau tai hai diém A;B.

Biéu thtrc lién hé R = \/ ’13 +d* (I;A)
3. M@t phdng va mat phang, dudng théng
Xét diém mat phang (P) : Ax+By+Cz+D =0 c6 vecto phap tuyén 7, , voi:
> Mat phing (Q): A'x+By+C'z+D'=0 c6 vecto phap tuyén i,
_Xo _ y_Yo _ Z_Zo

> Puong thang d: a 6 vecto chi phuong i, .

b c
Ta c6 cac vi tri tuong doi sau:
Miit phing (P)
Xét ti 18 2 vecto phap tuyén ctia 2 mit phing
% . g - g Mit (P) et mit (Q)
M(_i?gl)ldng % = g = % # % Mat (P) song song mat (Q)
%:5:%:% Mat (P) trung mat (Q)
AA+BB+CC =0 Mt (P) vudng goc mt (Q)

Tham s héa Hed = H(?) va thay vao mit phang (P)

Puong thang Drame s A(xo +at)+ B(y, +bt)+C(zO +ct)+D=0< f(t) -
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f(t)=0 v6 nghiém Puong thang song song mt (P)

f (t) =0 co 1 nghiém Duong thang cdt mat (P)

f (t) =0 v0 sO nghiém Duong thang ndam trong mat (P)
Xét tich vo hudng vécto chi phuong cta d va vecto phap tuyén cta (P)

Aa+Bb+Cc=0 va M(X,;Y,;Z,)¢(P) Duong thing song song mét (P)

Aa+Bb+Cc#0 Puong thing cit mat (P)

Aa+Bb+C.c=0 va M(XO;YO;ZO) e (P) Duong th:fmg nam trong mat (P)

4, Pudng thang va dudng thdng
Xét hai dwong thang d,;d, 1an lugt c6 VTCP i, ;ii, va céc diém M,; M, ndm trén d,;d,.

-------------------
o e

----------------------

Duong thing

d

1

2} [ﬁlfﬁz]Mle
|
______ L. o J
é ~0 | L= i i =0 |
4 /d, d, chéol, dNd, =1

S Q
--------------------------------------------

Duong thing d,

d, trung d,

d, song song d,
X, +at =x, +at’
Va xét hé tuwong giao (I) 1S Y, Tat =y, +at’
zy +a,t =z +agt’

1

, # kii, va (I) c6 nghiém duy nhat d, cit d,

l

k
#kii, va (I) vo nghiém d, chéo d,

=
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B. CAC DANG BAI TAP.
R Dang 5.1. Vi tri tuong ddi véi mat cau

Mt ciu
Tinh d(I, P)) va so sanh vodi ban kinh R
i ( (P )) >R Mit phang khong cdt mat cau
Mat phang - p
( (P )) R Mat phang tiép xiic mdt cau tai M
( P )) <R Mit phang cidt mit cau
Tinh d(I,(d)) va so sanh vdi ban kinh R
) d (I ; d) >R Duong théng khong cit mit cau
Duong thang - -
d(I;d)=R Duong thang tiép xiic mit cau
d(I;d)<R Duong thang cdt mat cau
Tinh IM va so sanh véi ban kinh R
w IM >R Diém M nam ngodi mit cu
Dlem «A? N A o A
IM=R biéem M nam trén mat cau
IM<R Diém M ndm trong mit cau

& Vidy 5.1.1
Trong khong gian Oxyz, cho mit cau (S):x° +y* +2z° —4x—2y+2z-3=0 va mot
diém M (4;2;-2). Ménh dé nao sau day la dung?

A.Diém Mndm trén mit cau (S) : B. Diém Mnam trong mét cau (S) .

C. Diém Mnam ngoai mit cau (S ) D. Diém M1la tAm ctia mat cAu (S ) )
Loi giai

& Vidy 5.1.2
Trong khong gian Oxyz, cho mit cau (S):x*+y* +2z° —2x-2y+2z-1=0. Mt
phing nao sau day ti€p xtic voi mit cau (S)?
A. 2x+y—-2z+1=0. B. x+2y+2z-1=0.
C. 2x-y-2z+1=0. D. 2x-2y—-z-2=0.

.......................................................................................................................................................
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@ Vidy 5.1.3

Trong khong gian Oxyz, cho duong thang (A):x—_l:yT+2 :iZ va va mdt cau
(S) : *+y*+2° —2x+2y—4z+2=0. 55 diém chung ctia (A) va (S) la
A. 0. B. 1. C. 2. D. 3.

= Vidy5.1.4
Trong khong gian Oxyz, cho mit cau (S) va mit phang (P) lan luot ¢6 phuong
trinh x% +y°+2° -2x+2y—2z-6=0, 2x+2y+z+2m=0. Cé bao nhiéu gia tri
nguyén cua m dé (P) ti€p xtic véi (S ) ?

A. 1. B. 4. C.0. D. 2.

< Vidy 5.1.5

Trong khong gian Oxyz, cho mat cau (S):(x—Z)2 +(y +1)2 +(z—1)2 =1va duong
x=1+t

thing A:{y=2+mt.Gi tri cia m d&€ A khdng cat mat cau (S) la:

z=-t
m>1 m=1
A. . B. . C. -1<m<l1. D. meR.
m<-1 m=-1
Loi giai
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R Dang 5.2. Vi tri tuong déi véi mat phang
Mt phing (P)

Xét ti 18 2 vecto phap tuyén ctia 2 mit phing
A B C

Xig;ﬁa Mat (P) cat mit (Q)
Mﬁt(g’)ld”g % =§=§¢§ Mat (P) song song mit (Q)
A B C D < N <
z=§=6=ﬁ Mat (P) trung mat (Q)
AA+BB+CC =0 Mgt (P) vudng géc mit (Q)

Tham s6 héa Hed = H(?) va thay vao mat phang (P)
Puwoc phrong trinh: A(xo +at)+ B(yo +bt)+C(z0 +ct)+ D=0 f(t) =0.

f(t)=0 v6 nghiém Duong thing song song mét (P)
f (t) =0 c¢d 1 nghiém Duong thang cidt mat (P)
Puong thing f (t) =0 vo s6 nghiém DPuong thang nam trong mit (P)

Xét tich v6 hudng vécto chi phuwong ctia d va vecto phap tuyén cua (P)

Aa+Bb+Cc=0 va M(X,;Y,;Z,)¢(P) Duong thing song song mét (P)

Aa+Bb+Cc#0 Puong thing cit mét (P)

Aa+Bb+Cc=0 va M(XO;YO;ZO) € (P) Duong thang ndam trong mat (P)

Thay toa do M(xo;yo;zo) vao (P):Ax+By+Cz+D:O

Diém Ax, +By,+Cz,+D=0 Diém M ndm trong mat phang
Ax,+By,+Cz,+D#0 Diém M nam ngodi mat phang
& Vidy 5.2.1

Trong khong gian Oxyz, cho hai mat phang (a) va (6) c6 phuong trinh
(a):x—2y+32+1=O,(B):Zx—4y+62+1=0.Ménhd‘énéo sau day dung?
A-(a)/I(5) B (a)=(p) C-(2)1(8)  D-(a)n(p)

.....

< Vidy 5.2.2
Trong khong gian Oxyz, cho mit phang (P) : 2x+1y+3z+1=0 va duong thiang d:
x=-3+t
y =2-2t. Trong cac ménh dé sau, ménh dé nao diung?
z=1
A.d cit (P)  B.d//(P) CliciP) D. d 1(P)
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Loi gidi

& Vidy 5.2.3
Trong khong gian Oxyz, cho (P): x+y+mz+1=0 (véi mla tham s8) va d :

% - % = % . Tim tat ca cac gia tri cua m d€ (P) song song voi d.
A . m=-2 B. m=-1 C.m=1 D. m=2

@ Vidy 5.2.4
Trong khong gian Oxyz, cho hai mat phang (a):mzx—y+(m2—2)z+2=0 va

(ﬁ) :2x+m?y—2z+1=0. Hai mt phang (a) va (ﬁ) vuong goc voi nhau khi
A. |m|=+3 B. || =1 C.lm=v2  D.|m=2

< Vidy 5.2.5
Trong khong gian Oxyz , cho hai mit phang (P):Zx—3y+52—1=0 va

(Q): 4x+(m—’3’>)y+(m2 +1)z—7 =0 (m la tham s8). Tim m d& hai mat phang song

A. m=3 B. m=43 C. m=-3 D. m=0

.......................................................................................................................................................

& Bién soan: Gv % Dbkt (- 093.337.6281 Trang 103



Ting FHap Ly Tyt

Nam hoc: 2023-2024

R Dang 5.3. Vi tri tuong déi véi dusdng thang

\ 4
[ 1’@] [ﬁl’ﬁZ]MlMZ
|
______ L. N
=R
d, =d, d,//d, 4, chéot dNd, =1
Hodctaco thexétnhusaw
DPuong thang d,
Xét i, = kii, (k+0)
u, =ki, va M, ed, d, trung d,
u, =k, va M, ¢d, d, song song d,
Duong thing X, +at =x; +at’
d, Va xét hé twong giao (I) DY, Fat =y, +ant’
zy +a,t =z, +at’
i, # ki, va (I ) c6 nghiém duy nhat d, cit d,
i, # kii, va (I) vO nghiém d, chéo d,
@ Vidy 5.3.1
x=-3+2t x=5+1

A. (8;-13;23)

B. (0;-3;2)

z=6+4t

Trong khong gian Oxyz, toa d§ giao diém cua d: y=-2+3t vad:qy=-1-4tla

z=20+¢

C. (—7;—8;—2) D. (3;7;18)
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& Vidy 5.3.2

x=2t
Trong khong gian véi hé toa do Oxyz, cho 4 :%z % = z=2 vad,:qy=-3—-t.
z=0
Ménh dé nao sau day dung?
A. d, va d, dong phang B. d, cat va vuong goc véi d,
C. d, vuong goc d, va khong cat nhau D. d,//d,
Loi giai
“ Vidy 5.3.3
x=1+at x=1-t
Trong khong gian Oxyz, cho hai duong thang d,:{y= ; dy iy =242t
z=-1+2t z=3-t'
(t;t' € R). Tim a d€ hai duong thang d, va d, cat nhau.
A.a=2 B.a=1 Ca=-1 D.a=0

“ Vidy 5.3.4
Trong khong gian Oxyz , gid tri nao ctia tham s§ m thi duong thang

x=1+t
d:x2—1=y22=z—3 song song v6i duong thang A:dy =2+t (te]R) la
z=2+2t
Al B. 4 C.2 D. 3
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< Vidy 5.3.5
x-1 y-3 z+5

Trong khong gian Oxyz, cho duong thang d : (m # 0) va duong

m 1 m
x=5+t

thang A:{y=3+2t.Tim gid tri ctia s thuc m d€ d va A catnhau
z=3-t
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R~ Dang 5.4. GOC

(1) Hai duwong thang d,;d,: w.ooeeeeeeeeeveceeeeeerecee. cos(d, ;d, )‘ = “_L,lluliz“ :
1772
R i, 73
(2) Hai mat phang (a);(ct,)t e cos((al);(az))‘ =L Tl
1172
\ 2 .. 2 ] ﬁ(w) 'ﬁd
(3) buong thang d va mat phang (a) ................ sm(d;(a))‘ = ‘q ‘
|- s

Chi 3j: 0° <((a),(8)) <90°
< Vidy 5.4.1
Trong khong gian Oxyz , cho mit phang (P):8x—4y—8z—11=0 , mat phang
(Q) : \/Ex—x/ay +7=0. Tinh géc gitta hai mat phang (P) va (Q) :
A. 45° B. 15° C. 30° D. 120°

.....

& Vidy 5.4.2

Trong khong gian Oxyz, tinh goc gitta hai duong thang d, : X 1—3 _y _z-1 va

x+1 y-1 z-3

1 2 4

A. 30° B. 45° C. 60° D. 90°

.....

d

< Vidy 5.4.3

Trong khong gian Oxyz , tim m dé sO0 do gbéc gitta hai duong théng
x=1+t¢ x=2+mt

Sy =1-t vad,:iy=3+t bdng 60°.

z=—3+\/§t z=\/5t

A. 30° B. 45° C. 60° D. 90°
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Loi gidi

@ Vidy 5.4.4
Trong khong gian Oxyz, cho mét phang (P):x—2y+22—5:O. Xét mat phang

(Q) : x+(2m—1)z +7=0, véi mla tham sd thuc. Tim tat ca gia tri cia m dé (P) tao

vOi (Q) goc %?

< Vidy 5.4.5
Trong khong gian Oxyz, cho mit phang (P) c6 phuong trinh: ax+by+cz-1=0
v6i c<0 di qua 2 diém A(O;l;O), B(l;O;O) va tao voi (Oyz) mot gée 60°. Khi d6
a+b+c thuoc khoang nao dudi day?

A. (5;8) B. (8;11) C. (35) D. (0;3)

.......................................................................................................................................................
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R~ Dang 5.5. Khodng cdch

(1) Hai difm A;B: cooeeveeeeeeeseeeeeeeeeeeeoessseeeeeeesssensnnnns ‘E‘:\/(xB—xA) +(y, - ]/A) (z _ZA)z.
[ﬁ;MMOJ
(2) DIfm M, VA A oo d(M,;A)= 7
u
—i i d (A A)=d(M,;A)
i, ;1i, |.MN
(3) Hai duong A;A, (MeA;NeA,): ween d(A;A,)=

]

‘[AB ;CD .BD‘
AB&CD d(Al;Az) —

cheo nhau —_— —
| AB;CD|
(4) piém M, va mat (a):ax+by+cz+d=0: ....... d(Mo;(a))z ‘axo +byf +cz, +d‘ .
o)
tads)
vt (o))

@ Vidy 5.5.1
Trong khong gian Oxyz cho (P):3x+4y+2z+5=0, diém A(2-1 3). Tinh

khoang cach d tir A dén (P)

A d:E B d:ﬂ C d:E D dzﬁ
9 3 29 J29

.....

= Vidy 5.5.2
Trong khong gian Oxyz, cho A(10;0), B(0;-2;0), C(0;0;3), D(L,-1-2). Khoang

céch tir di€m D dén mét phing (ABC) bang:

C. 7 D.%

N
Sl

.....
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< Vidy 5.5.3
Trong khong gian Oxyz, cho A(—4; 4;0), B(Z; 0;4), C(l;—2;l). Tinh khoang cach

tit C dén duong thang AB.
A.2 B. V13 C. 32 D. 12

< Vidy 5.5.4
Trong khong gian Oxyz, cho (P):2x+y—22+5=0 va (Q):—Zx—y+22+1=0.

Khoang céch gifta hai mit phang (P) va (Q) la:

< Vidy 5.5.5
Trong khong gian Oxyz , cho (P):x—Zy—z+1:0 va A: 3 1 1

Khodng cach gitta A va (P) bang

Al Bﬁ C.0 D. 2
6 6
Loi giai

& Vidy 5.5.6

Trong khong gian Oxyz, cho d: x;lz y;:lz 2;1 vad: x2—1: yIZ = 213. Tinh

khoang cach & gitta hai duong thang d va d'.

A h= —10\/2 B. h= —8\/2 C.h= —22\/2 BAlL = —4\/2
21 21 21 21

Loi gidi

.......................................................................................................................................................
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TOA PO KHONG GIAN

A.LY THUYET CHUNG.
.g':Dinh nghia:
Trong khong gian Oxyz, truc Ox;Oy;Oz doi mot vuong goc
voi nhau nhu hinh. Cac vecto don vi trén tttng truc Ox;Oy; Oz

lan lugt 1a i =(1;0;0);7 =(0;1;0);k =(0;0;1). £

N N N 9 / Y
—— Néu i =ai +a,j +ak thi d=(a;a,;a,). /
£
1. Vécto
Xét hai vécto 4 :(al;az;a3) vab= (bl;bz;b3) ta co:
a,=b,
(1) Hai vécto bﬁng DA e i=bo a,=b,.
a, =b,
(2) CONG — T VECLO: ..o ﬁig=(alibl;azib2;u31b3).
(3) Tich ctia Mot S Vi VECHO: ovvvvvveerereerrreeeeeeeereenns ki+b= (ka;ka,;kay).
(8) DO di VECtO @ ¢ oo A= (a,) +(,) +(a,)
ab=a|.[b|.cos(a;b
(5) Tich vo hudng hai vécto: ... . ‘ ‘ ‘ ‘ ( )
ab=a.b +a,b,+a,b,
——> Goc gitra 2 vécto: cos(ﬁ :b ) = _’a'bﬁ = - Zl'bl +a§ L, +a32.b3 - =
AL ) (0 ¢ ) ) 40+
Chii j:  Khi 3.6 >0 thi cos(d;h)>0 = (@8 ) 12 goc nhon,
Nguoc lai néu .b <0 thi cos(ﬁ;l;) <0=> (E;E) la goc tu.
(6) Vécto @ vudng goc vécto D oo ib=0< a.b +a,b,+a,b,=0
a, =kb,
(7) Vécto @ ciing phuong vécto b« ...................... [E ;b ] —Ohodcd=kb < {a,=kb, .
a, =k.b,
(8) Vécto @;b;¢ dong PhANG: ....ooeoveeveeeeeeereeeereees [E;E]Z 50"
(9) ABCD 1a hinh binh hanh ....coeooersersersensee AB=DC.
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(10) Tich c6 hudng ctia hai VECto ....c.occeveeevcrneecnncnnee [Zi :b } | |72 % ;- o s ; n
b2 b3 bl b3 bl b2
Qui tic: Che tl truedc ra sau — 6 gitta ddi ddu
HOBC ottt [E[’;E]:|ﬁ|.‘g‘.sin(ﬁ;5)
(1 1) Dién tich tam gidc ABC ..., S = %‘[E,A—C]
(12) Thé tich tér dién ABCD ..o Vg = %‘[E ; A_C']E‘
(13) ThE tich hop ABCD.ABCD oo V s awen = ‘[E JAD |4
2. Diém
Xét hai diém A(xA;yA;zA) va B(xB;yB;zB) ta co:
(1) Toa do vécto Y EOR Ez(xB—xA;yB—yA;zB—zA).
(2) Do dai vécto ﬁ: ................................................ E‘ :\/(xB —xA)2 +(yB —yA)Z +(zB —zA)2 .
Mer—)M(x;O;O)
(3) M thuoc cac truc toa dO: ..oovvvvvveeiceieicieeeeene MeOy— M(O;y;O)
MeOz —>M(0;0;z)
Cdch nho: Thudc cai gi — cai do co.
M e(Oxy)—)M(x;y;O)
(4) M thudc cac mat phéng toa dO: cvveeeeeeeee Me (Oxz) - M (x;O;z)
M e(Oyz)—)M(O;y;z)

Cdach nho: Thudc cai gi — cai do co.

(5) 11a trung diém AB: I[xA;xB;yA;yB;ZA;ZBJ

—>ﬁ+ﬁ§=6:>‘v’M:]\T.A+m=2ﬁ
(6) G1a trong tam AABC: G(xA+xB+xC YatYstYc -ZA+ZB+ZCJ

3 3 3
—>GA+GB+GC =0= VM : MA+ MB+MC =3MG

(7) G1a trong tam chop ABCD: G[xA+xBZxc+xD;yA+yBZyc+yD ;ZA+ZBzzc+ZDj

—_— — —  — -

—->GA+GB+GC+GD=0=>VM: MA+ MB+ MC+ MD =4MG
(8) N&u diém M chia doan AB theo ti 8 k (m’ _ k.ﬁa’) thi ta c6:

. _x, —kx,
X, xMzk(xB—xM) M1k
yA _yM :k(yB_yM) < Yu= yAl__];CyB :MLXA]___I;:CB ’yAl__kkyB ’.ZAl__kk'ZBJ V(,n kil
2, =2y =k(z; - 2y) z,—kz,

Mk
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(9) Ung dung tam ti cy ca 7 diém:
o
. o Cyc tri d6 dai vecto:
Cho n diém A ;A,;..;A va cac hé s6 k;k,;...;k, sao cho k=k +k,+...+k, #0

va duong thang d hodc mat phang (P) Tim diém M trén duong thang d hodc mat

phang (P), sao cho ‘k, MA, +k,. MA, +...+kn.MAn‘ nho nhat.
Hudng giai quyét:
Buéc1: Goi I la diém thoa man k_IA, +k,IA, +...+k IA =0.
Buéc 2: Ap dung quy tic ba diém bién doi:
k. MA, +k,.MA, +...+ kn.MAn‘ - ‘(k1 Tk, +...kn)ﬁ‘ =K ‘M‘

Budc 3: Tim d6 dai nho nhat cua cac vecto da cho xay ra khi M xay ra ¢ vi tri nao?
EEJ Vidu1.
Trong khong gian Oxyz, cho hai diém A (1; 1; 1) ;B (3 ;1,‘0) va mit phang (P ) . Tim M trén
mit phang (P) dé ‘]\I’—{ + Mé‘ dat gia tri nho nhat.
= Loi gidi
Goi I(x; y;z) 13 diém thoa IA+IB =0
Dé thoa duoc diéu nay ta thdy [ la trung diém AB.

Taco m+m=m+a+m+ﬁzm+(a’+@jzm
_‘t,_d

=0
Khi 6 [MA -+ ME|=[2Mi] =2 Mi .
Vay ‘m +MB dat gia tri nho nhat< ‘1\71: ‘ nho nhat
< M la hinh chiéu vuéng goc ctia I 1én (P) .
.6CL)’C tri dé dai binh phuong vecto:

Cho da gidc A/A,...A, vacachéso k;k,;...;k, sao cho k=k +k,+...+k,>0. Tim

difm M trén duong thing d hoic mit phing (P) , sao cho tong

S=k, -Z\/Iz"ll2 +k, -Z\/IAz2 +..+k, I\/IA?r dat gia tri nho nhat.
Huéng gidi quyét:

Buéc1: Goi I la diém thoa man k.IA +k,.IA, +...+k IA =0.
2 — 3\ 2 — A 5\ 2 —\2 _— —\2

= (MAl) = (MI+IA1) = (MI) + 2(MI.IA1)+(IA1)

Ap dung quy tic ba diém bién doi:
S=k,-MA? +k,- MA? +...+k -MA?

_ ,{(ﬁ) . Z(mI—A;)+(TA;)Z}+...+kn [(Mi) +2(MiIa,)+(14, )}

Buéc2: Thiy ring MA? = ‘MAI

& Bién soan: Gv % Dbkt (- 093.337.6281 Trang 6



Ting Fep Ly Thugét Nim hoc: 2023-2024

= (K kot b, ) MI (K TAZ 4ot k- TAZ )4t zﬁ{klﬁl#...Jr kn.EJ

=0

= (ky+ky .ot ke, YMI? (K, TA] + ..+ K, - TA?)

Buwdc3: Do k>0, dé S:kl-MAl2 +k, MA: +..+k, MAE dat gi tri nho nhat thi ta

xac dinh vi tri diém M can tim.

» Chii j: Cho da giac A/A,...A, vacachésé k;;k,;...;k, sao cho k=k +k,+...+k,<0. Tim

diém M trén d hodc (P) , sao cho tong S =k, MAf +k, ]VIA; +o.t+k ]\/IAS dat gia tri
16n nhat. Ta ciing thuc hién teong tu.

E.vic:

Trong khong gian Oxyz, tim diém M nam trén mit phing (P) chita AABC sao cho
MA? +2MB’* +3MC? dat gid tri nho nhat.

e 2.

= Loi gidi
Goi I(x;y;z) 1a diém thoa IA+2IB+3IC =0
Vi moi diém M ta co:
MA? + 2MB? +3MC? = (M+ﬁ)2 n 2(1\7i+ﬁé)2 +3(E+E)Z

_— s —2 —_—— s —2

_— s —2
—MI +2MI.IA+IA +2MI +4MI.IB+IB +3MI +6MI.IC+IC

= 6MI? +(IA? + 2IB? +3[C2)+2Aﬁ[ﬁ+2ﬁ+3EJ
h’ﬁ—J

—6MI? + (1A2 +2IB* + 31c2)

Vay MA? +2MB? +3MC? dat gia tri nhd nhat< MI =0 nhé nhat & M=1

& Bién soan: Gv % DIk (iore- 093.337.6281 Trang 7



Ty Fap Ly Tyt

Nam hoc: 2023-2024

3. Hinh chiéu vuéng géc

//'/J . Ve
" Hinh chiéu

len

Truc Ox: M’(a;0,0)

vuoéng goc

HCVG Ién (Oxy); (Oxz); (Oyz) tuong tw

->{Truc Oy: M’(0;b;0)

.o z
S
'g' I;"\I'(U; 0; e)
~ |
S I
Sary M'(a;0; ¢ |
E M (a; b;c)

|
Q) I
2 |
-~ I
= o

)‘\_ e
- N
-~ - \
~ AN

M'(a;0;0) ~

M'(a; b;0)
T

. Ddi xUing

qua

Truc Oz: M'(O,'O,’C)‘

Chiéu lén cdi i cdi do co.

M'(0; b;¢)

M'(0; b; 0)
Ml el Rt et P

Y

Truc Ox: M’ (a;-b;-c)

boi xitng

HCVG lén (Oxy); (Oxz); (Oyz) tuong tw
A

X M'(—a;b;c)
S
= !
VQ 14 [ 1
R M'{a;—b;c) | M{a;b;c)
N |
LINY |
S) I
= | -
,§ <0 T2
- L~ Yy
/ |
|
&
: N )

%{Truc Oy: M’ (-a;b;-c)

Truc Oz: M’ (-a;-b;c)

Doi x1bng qua cdi i cdi do giir.

RN . i 35 (tic thém ddi triv).

« Bién soan: Gv 2 GJ ot (T~ 093.337.6281
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Ting FHap Ly Tyt

Nam hoc: 2023-2024
5. Géc

4 o~ . 7 — \ — - — ﬁ-a
Goc gitra hai vécto 1 va v: cos(u;v):

——>Goc gitra:

(1) Hai dudng thing d,;d,: ..ooovvvvvveeeeeeeeee cos(d, ;d, )‘ = ‘_Lflliz‘
] i
(2) Hai mét phang (a,);(, )t oo cos((al);(az))‘ = ‘?1712‘
i
(3) Pudng thing d va mit phang (): wevvreree sin(d;(a)) = Moy Ha
ﬁ(a) .‘ﬁd‘
6. Khoang cdch
(1) Hai di8M A Bt oo E‘ = (xB —xA)2 +(yB yA)Z +(zB —ZA)2
(it MM, |
(2) DIfm M, vA A oo d(M,;A)= 7
i
S a(a8) - d(My30)
[d,;1, |.MN
(3) Hai dudong A;A, (MeANeEA,): . d(A;A,) =
‘[“1?“2]‘
[45:c5] 7]
%}d(Al;Az) = S —
| AB;CD|
(4) Piém M, va mat (a):ax+by+cz+d=0: ....... d(Mo;(a))z ‘axo +byf +cz, +d‘ .
")
)
M) (o)~

& Bién soan: Gv aié‘ DIk (iore- 093.337.6281 Trang 9



Ting FHap Ly Tyt

Nam hoc: 2023-2024

B. CAC DANG BAI TAP.

R~ Dang 1.1. Tim toa dd diém thda diéu kién cho trudc
P Céng thuc lién quan thudng dung:

Cho ba diém A(xA;yA;zA),B(xB;yB;zB),C(xC;yC;zC)

* Néu d=a,i +a,j +ak thi ﬁ:(al;az;aB).

Khi d6 Oﬂ=ml;+m27+m3ﬁ thi O—)M=(m1;m2;m3):>M(ml;m2;m3).

Khi do m:ml?+m2]7+m3l_<' thi Z\T(j:(ml;mz;mg):M(—ml;—mz;—m3).

(1) Toa d6 vécto AB oo E:(xB—xA;yB—yA;zB—zA).

(2) P dai vécto AB oo A_B"=\/(xB—xA)2+(yB—yA)2+(zB—ZA)2 .
M e Ox — M(x;0;0)

(3) M thu0c cac truc toa dO: ..coovveeeveeeeeeeceeeeeieen, MeOy—)M(O v; 0)
MeOz— M(0;0;z)

Cdach nho: Thudc cai gi — cai do co.
Me(Oxy)—>M(x;y;0)

(4) M thudc cac mat phéng toa dO: cveveeiee M e(Oxz)—>M(x;0;z)
Me(Oyz)—)M(O;y;z)

Cdch nho: Thudc cai gi — cai do co.

(5) 1 1a trung di€m AB: I(xA;xB;yA;yB;ZA;ZBJ

—>a+ﬁ3’:6:VM:m+m:2ﬁ

YatYptYc Zatzp+2

4

(6) G 1a trong tam AABC: G(xA XX

’ 3 3

:

—>GA+GB+GC =0= VM : MA+ MB+MC =3MG

(7) G 1a trong tam chép ABCD: G[ 4 34 € "D, 1

X, X+ X+ Xy Y +Yg Yo+, Z,+Z+Z+2,
7
4

—_— s —  — -

—->GA+GB+GC+GD=0=>VM: MA+MB+MC+ MD=4MG

(8) Néu diém M chia doan AB theo t s8 k (z\ﬂ = km) thi ta co:

. :xA—k.xB
xA—xMzk(xB—xM) M1k
Yi—Yu :k(yB—yM) ey, = Yu—ky, —~M X, —kxg ’.yA Y ’.ZA Thnen voi k#1.
1-k 1-k 1-k 1-k
ZA_ZM:k(ZB_ZM) z,—kz,
ZM =
1-k
< Vidy 1.1.1
Trong khong gian Oxyz, cho diém M thoa man hé thitc OM = 2;+7. Toa do cua
diém M la
A. M(0;21).  B. M(2;0;1). C. M(2150). D. M(0;32).

« Bién soan: Gv X2 It (Tn- 093.337.6281
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Ting Fep Ly Thugét Nim hoc: 2023-2024

Loi gidi

Chon C
Tu OM =2i +] =(2,1,0)= M(2;1,0).
< Vidy 1.1.2
Trong khong gian Oxyz, di€m M nam trén mit phang (Oxy) thi
D. z, =1

A. x, =0. B.y, =0. C.z,=0.
Loi giai
Chon C
Hinh chiéu ctia diém M, (xo Yo zo) 1én mat phang (Oxy) la M'(x0 Yo O)
< Vidu 113

Trong khong gian Oxyz, M’ 1a hinh chiéu vudng goc ctia M(3,2,1) trén Ox. M’
co toa do la

A. (0;0;1). B. (3;0;0). C.(-30;0).  D.(0;20).
Loi giai
Chon B
Hinh chi€u ctia diém M, (xo Yo zo) trén Ox la M'(x0 ; 0; 0)

< Vidy 1.1.4

Trong khong gian Oxyz, cho bon diém A(Z; O;O), B(O; 2;0), C(O; 0;2) va D(Z; 2;2)
.Goi M, N TIan luwgt 1a trung diém AB va CD. Toa d0 trung diém I cta MN la:

11
A.I1($-52).  B.I(130). C. 1[5;5;1j. D. I(1;11).
Loi giai
Ta 6 M(1;1,0), N(L1;2). Suy ra toa d¢ trung diém I1(1;1,1).
< Vidu1.1.5

Trong khong gian Oxyz , cho AABC Dbiét OA =i +2k , B(l,' 3 —l) ,
& = 2(; + ; +k ) . Trong cac khéng dinh sau khéng dinh nao sai?

A.Diém G(% ;g ;lj la trong tam cuia AABC.

B. AB=2BC.
C. AC<BC.

D. Diém M(O;g;%j la trung diém ctia AB.

Loi giai
Chon C
OA =i +2k > A(-1;0;2)
CTC=2(7+]+E)—>C(2;2;2)

AC=(32;0) |AC=3+2"+0°=113
., = > = AC > BC nén chon C.
BC=(L-13) |BC=\12+(-1) +3 =411

Tt

Ta cod

& Bién soan: Gv 72%%05 - 093.337.6281 Trang 11



Ting Fep Ly Thugét Nim hoc: 2023-2024

R~ Dang 1.2. Tim toa dé diém ddac biét

01

Chan
dudng
cao

* Dinh nghia dudng cao: la doan vudng gdc ké tir mot dinh dén canh day thi
goi la duong cao ctia tam gidc do.
* Chan dudng cao: la giao diém cta duong cao va canh ddy.

* Bai todn: Tim toa do chan duong cao ké tir dinh A trong AABC.
Buéc 1: Tim toa do AH BH BC.

He AH
Bubc2: Do{ ~“" 5 AHBC=0
AH 1 BC
Do H e BC - BH, BC cung phuong — BH =k.BC
AH.BC=0
Budc 3: Tircacyéutotréntacohé: <x . y . —H(?)
BH _ JBH _ “BH _

Yoo Yae  Zme

* Dinh nghia tryc tdm: la giao diém cua ba duong cao.

e Bai todn: Tim toa dd truc tam H cua AABC.

Buwoc 1: Tim toa d0 AH; BH; CH; AB; AC; BC.

He AH —r
Buéc2: Do{ ‘"’ _, AHBC=0
AH 1 BC
Tryc
02 .. BH.AC=0
tam Tuong tw ta dwoc —<
CH.AB= 0
AH.BC =0
Bugc 3: Tl cac yéu to trén ta c6 hé: BH.AC =0— H(?).
CH.AB=0
* Pinh nghia dudng phan gidc:
la dueong thang chia géc d6 thanh 2 goc bang nhau.
e Chdn dudng phan gidc:
la giao di€m ctia duong phan gidc va canh day.

e Bai todn: Tim toa d¢ chan duong phan giac trong D ké tit dinh A trong

Chan | AABC.
dudng Buéc 1: Theo tinh chat duwong phan gidc: Di « B4y
03 hé DC BC

phan — BA ==
gidc Do DeAC:DA—ﬁDC
trong

Tinh ty s¢’ % bing cic toa do diém ma dé ra.
x; = k.x;
Budc 2: Ap dung i =kb < 1y, =k.y,. D& tim toa do D.
z; =kz;

& Bién soan: Gv %%ﬁ %n- 093.337.6281 Trang 12



Ting Fep Ly Thugét Nim hoc: 2023-2024

04

* Dinh nghia tdm dudng tron ndi tiép tam gidc:

la giao di€ém ctia 3 duong phan gidc trong.

* Bai todn: Tim toa d6 chan tam duong tron nodi tiép AABC.
» Cach 1. Ap dung tinh chat:
“Cho AABC, I li tim duong tron ni tiép, ta c6 BC.IA+ AC.IB+ AB.IC =0(*)”

Buoc 1: Tinh AC; AB; BC ta duoc cac héng s0O.
Buoc 2: Tinh ﬁ; I_]é; E
BuGc 3: Thay vao (*) va thu gon—1(?).

P Céch 2. Ap dung tinh chat giao diém 3 duong phan giac (2 Tan):

Ldan 1: Xét AABC, goi D la chan duong phan giac goc A
Buoc 1: Theo tinh chat duwong phan giac: bA_BA

5 DC BC
Tam A
dudng Do De AC=DA="_-.DC.
tron ) . 7
A Tinh ty s6 BA bang cdc toa dj diém ma dé ra.
nol BC
ti€p x; =kx,

Buéc 2: Ap dung 4 = kb < Y, =ky; - Dé tim toa @0 D.
z; =kz,
Lin 2: Xét AABD, goi I 1a chan duong phan gidc goc B
Buoc 3: Theo tinh chat duwong phan giac: % BD

" BA’

DolecAD—I1D=_2P 14,
BC

Tinh ty s6 % bang cdc toa dj diém ma deé ra.

X, = k.xg
Buoc 4: Ap dung 4 = kb < v, =ky;- Pétimtoado I.

z; =kz,

< Vidu1.2.1

Trong khong gian Oxyz, cho AABC cé A(2;3;1);B(0;—1;2) va C(l;O;S).Tim toa
do chan duong cao H ha ttr dinh A cta AABC.

A. H(E;E;Ej. B. H(2;0,1). C. H(§;3;1—1]. D. H{Dx4&).
3’33 &

3
Loi gidi
Chon C
Goi H (x ;Y ;z) 1a chan dwong cao hai tir dinh A ctia AABC
Ta co: ﬁ=(x—2;y—3;z—l), ﬁi=(x;y+l;z—2), B—C'=(1;1;1).
H la chan duong cao ha tir dinh A ctia tam giac ABC
© AH 1 BC va BH, BC cung phuong

« Bién soan: Gv 42 G J ot (T~ 093.337.6281
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5

X =—

— +y+z="6 3

x—2+y-3+z-1=0 Xty

= Six—-y=1 IS —z Va HEgl—1
x_y+l_z-2 y= Y=3 " 3373

1 1 1 X—z=-2 11

z=—

3

& Vidy 1.2.2

Trong khong gian Oxyz, cho ba diém A(l; 2; —1), B(Z;l;l), C (0;1,'2). Goi
H(a;b;c) 1a tryc tam cta tam gidc ABC. Tong a+b+c bang
A. 4. B. -2. C. 2 D. 4.
Loi giai
Chon D

. A_B'=(1;—1;2)
AH:(u—l;b—Z;c+1)

Tacod<__, va E:(—l;—l;S):>[E,/Té}z(—l;—&—Z).
BHz(a—Z;b—l;c—l) —
BC =(-2;0;1)
AH 1 BC
Do H I3 truc tam AABC < {BH 1 AC
H (ABC)
ﬁ.ﬁzo —2(a—l)+(c+1)=0 —2a+ c=-3 a=2
< {BH.AC=0 o 1-1(a-2)-1(b-1)+3(c-1)=0 = {-a—b+ 3¢=0 <{b=1.

(
[4B,aC|aH=0  [-1(a-1)-5(b-2)-2(c+1)=0 |-a-Sb-2c=9 [c=1

Vay a+b+c=4.
< Vidy 1.2.3
Trong khong gian Oxyz, cho AABC c6 A(l; 2; —1), B(Z; -1 3) va C(—4; 7; 5). Tim
toa do diém D la chan duong phan giac trong cuia goc B.

A. D(-2,2,-1). B. D(—% 1—31 1] C. D(2;3-1) D. D(3-111)

Loi giai

Chon B
| aB= ‘AB‘ aB_J% _1
Ta co: . i
BC = ‘BC‘ 2J_ BC 226 2

Theo tinh chat phan giac: bA_4B_1 — AD= lA—)C
DC BC 2 3

AD=(x-Ly-2;z+1
Goi D(x;y;z) thiq__, (x Y o )
AC =(-5;5;6)

& Bién soan: Gv 72%%05 - 093.337.6281 Trang 14
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— 1—
= AD==AC. > ]/—2:§ = yZE =D —Z; 1—1;1 .-
3 3 3
6
3

& Vidy 1.2.4
A . . o« A? 8 4 8 \ A
Trong khong gian Oxyz cho hai diém A(2; 2;1), B[—g Y gj Biét I(a b; C) la tam

duong tron ndi tiép cua tam giac OAB. Tinh S=a+b+c.
A. 5=-1. B.5=2 C.5=1 D. 5=0
Loi giai
Chon B
Cach 1:

Ta cé: OA=3, OB=4.
Goi D la chan dwong phan giac trong géc AOB va D thudc doan AB.
DA _OA _3

Theo tinh chét cua phan giac trong: — =—— = —DA=->DB=D 0;2;— .
DB OB 4 7

Tacé AD=|-2,-2.2| = ap=22
7’7 7

Goi I la tam duwong tron ndi ti€p AOAB =1 thudc doan OD.

Theo tinh chat cua phan gidc trong AOAD: LN P —ID= —;—510 =1 (O 1; 1)

10 AO 21
Vay S=a+b+c=2.
Cach 2:

Ap dung: “Cho AOAB, I la tdm duong tron ndi tiéh, ta cé AB.IO+OB.IA +OAIB=0(*)"
Ta co: OA=3, OB=4, AB=5.

E = (—a; —b—c) - 5.5 = (—Sa; —5b; —5c)
Va {14 =(2—a;2—b'1—c) > 4.1A = (8- 44;8—4b; 4 4c)

B=|-2-g2 b——c —>3.IB = (-8-31;4-3b;8-3¢)
3 3

~5a+8-4a-8-3a=0 -124=0 a=0
(#) ©5.10+4.IA+3.IB=0< {-50+8-4b+4-3h =01 -12b+12=0< 1b=1
~5¢+4-4c+8-3c=0 —-12¢+12=0 c=1

& Bién soan: Gv 02%%05 - 093.337.6281 Trang 15
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< Vidy 1.2.5

Trong khong gian Oxyz, cho hinh hop ABCD.A'B'C'D'. Biét toa do cac dinh
A(-3;2;1); C(4;2;0); B'(-2;1;1); D'(3;5;4). Tim toa do diém A’ ctia hinh hop.
A.S=-1.

B.S5=2 C.5=1 D. S=0
Loi giai
Chon B

Goi A'(x;;¥,:2,)iC (%, 9,12,

TAm ctia hinh binh hanh A'BCD' 1a 1( 1.3.5

2 2 A \

X, +x,=1
Vi I la trung diém A'C’' nén qy,+y,=6

z,+2,=9
4 _— /‘.—_: ——————————————————
Ta co AC(?;O;—l); A'C'(x2 —X; yz—yl;zz—zl) S T
ST e
X, =X =1 A -
Do ACC'A’ la hinh binh hanh nén <y, -y, =0

z,—z, =-1
Xét cac hé phuong trinh

x, +x,=1 - x, =-3
X, =x, =1

x,=4
{%"'yz :GQ{%:B
yz_%:o y2=3

z,+z,=5 - z,=3
z,—z =-1

z,=2
Vay A'(-3;3;3)

« Bién soan: Gv X2 It (Tn- 093.337.6281
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Ting Fep Ly Thugét Nim hoc: 2023-2024
R~ Dang 1.3. Tim toa dd vecto thda diéu kién cho trudc
P Céng thuc lién quan thudng dung:

Xét hai vécto Zi:(al;az;as) va l;:(bl;bz;bs) ta co:

a,=b
(1) Hai vécto bang nhau: ........ccooovvvvveeeerreereeeeien. i=b<ia,=b,.
a, =b,
(2) CONG — TIT VECLO: ovvveeeeeeeeeeeeeeesseee e Ziil;:(alibl;azibz;asibs).
(3) Tich cta MOt SO VO VECO: v ki+h= (k.al skay; k.a3).
4) DO dai VECO T ¢ e, ‘Ei‘ = \/(al)z +(a2 )2 +(a3)2
a, =kb,
(5) Vécto @ cting phuong vécto b : ...ccooveevvveeee... [Zz’ ;b } —0hodci=kb < {a, =kb,
a, =kb,
(6) ABCD 13 hinh binh hanh ..o AB=DC.
& Vidy 131

Trong khong gian Oxyz, cho ba diém A(3;2;1), B(1;,-1;2),C(1;2;-1). Tim toa d6
diém M thoa man OM = 2AB—AC .
A. M(0;21).  B. M(20;1). C. M(-2;-6;4). D. M(0;3,2).
Loi giai
Chon C
AB=(-2;-31)=2AB=(-4;-6;2) — . __
— ( )= ﬁ( ):>OM:2AB—AC:(—2;—6;4):M(—Z;—6;4).
AC=(-2;0;-2)=-AC=(2;0;2)
& Vi dy 1.3.2
Trong khong gian Oxyz, cho ba diém A(l; 2; —1),B(2; -1; 3),C(—3;5;1). Tim toa
d6 diém D sao cho t& giadc ABCD la hinh binh hanh.
A. D(—4;8;-3). B. D(2,3;2). C. D(31;4).  D. D(2:3;1).

Loi giai

Chon A
Ta co: E)'=B—C: R (xD -Ly,-2;z, +1)=(—5;6;—2):> D(—4;8;—3).
= Vidy13.3
Cho AABC biét A(2;4;-3) c6 trong tam G(2;1;0). Khi d6 AB+AC c6 toa do la

A.(0;-9;9).  B.(0;9;-9). C.(0;4;,-4). D.(0;-4;4).
Loi gidi
Chon A A
Goi M la trung diém doan BC, G la trong tam AABC
Ta céﬂam_c’=2M=2.%A—G'=3(o;—3,-3)=(0,-—9,-9). ]
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Ting Fep Ly Thugét Nim hoc: 2023-2024
R~ Dgng 1.4. Lién quan dé dai
P Céng thuc lién quan thudng dung:
Xét hai vécto Zi—(a'a'a)vél;—(b'b 'b)vé A( X, Y2 ) ( Y2 )taco
(1) DO dai VECEO @ 1 woeveeeeeeeeeeeeeeeeee e ‘ ‘ \/ ) ) ( ) .

_—>|”| =i’ = (”’1)2 +(a, )2 +(a3)2

(2) Do dai vécto AB: oo ‘E‘:\/x —X ) ( ) (z —ZA)Z.
(3) Tich vo huwdng hai vécto: ..., ib = ‘a‘ ‘b‘ cos (E )
4) Goc gitta hai vécto 1 va T coovvevcecrvrreccnne, cos(ﬁ ,l;) li

dl.|b

P Bai todn lién quan thudng gdp:

Cho hai vecto i va v co ‘ii‘ =m; ‘6‘ =n va tao voi nhau mot goc «. Tinh ‘ﬁ+5‘ hodc ‘ﬁ—f}"

hodc tuy vao yéu cau bai toan.

Hudng gidi quyét
7 oA A2 — — 2 — — 2 —2 — — —2

Buwoc 1: Bién doi (‘u+v‘) :(u+v) =U"+2U0+0
— -2
i =i
ab :‘ﬁ‘.‘b‘.cos(ﬁ;b)
Dé& bién doi:

Bu6c2: Ap dung:

1% +201.9 +9° =i +2Jii|.|o|cos (i#;7) +[5]  (*)
Budc 3: Lap cac dir kién gia thiét vao (*) = ‘ii - 7)‘ =?
“ Vidy 1.4.1
Trong khong gian Oxyz , cho tam giac ABC biét A(l;O;—Z),B(Z;l;—l) ,
C(l;— 2; 2). Tim chu vi caa ABC.

A.23+V5. B.\B3+2+2y5. C. 3+2410. D.3+10+25.

.....

Chon C
Theo cong thitc tinh d6 dai ta dwoc

AB=[(2-1) +(1-0) +(-1+2) =5;
BC=+1+9+9=410;
AC=+/0+4+16=25.

Chu vi ctia ABC: +/3++/10+2+/5.

< Vidy 1.4.2
Trong khong gian Oxyz, cho hai diém A(l;—3;5) va B(3;m—2;4m), meR. Tim
meZ dé& doan théng AB=3.

A 23+5.  B.\B3+v2+245. €. \3+2410. D. 3+10+25.

.....

Chon D
& Bién soan: Gv %%%Q% - 093.337.6281 Trang 18
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Theo cong thitc tinh d6 dai ta dwoc:
AB=\[2* +(m+1)] +(4m—5)" =\17n" ~36m+30.

m=1

AB=3 < 17m’ —38m+30 =3 < 17m? —38m +21=0 < 21.
m=—

17

Ma meZ nén m=1.
< Vidy 1.4.3
Trong khong gian Oxyz, cho ba diém A(Z;O;O), B(O;3;1), C(—3;6;4). Tim diém
M thudc doan BC sao cho MC =2MB. Tim &0 dai doan AM.

A. 2. B. 29 . C. 7. D. 3.
Loi giai
Chon B
Gia st M(a;b;c):ﬁ/f:(a;b—&c—l) va ﬁ:(—3;3;3).
1
a=—.-3
1 )
Diém MeBC: MC=2MB = BM = 2BC & b—3:%.3<:> b=4 = M(-1;4;2).
1 c=2
c-1==-.3
3

Vay AM=19+16+4 =29

“ Vidy 1.4.4
Trong khong gian Oxyz, cho haivecto i va 9 tao véinhau mot goc 120° va ‘ﬁ‘ =2
5|=5. Tinh [ii+3].

AT, B. +/39. C. V19 D. -5.

.....

7

Chon C

Taco: (|ji+3]) =(ii+3)
=i+ 2U0+7% = |ﬁ|2 +2[ui] |7 cos(ﬁ;z7)+|z7|2 =22+ 2.2.5.[—1}52 =19.
2

Suy ra |ﬁ+5|:\/1_9.
“ Vidy 1.4.5
Trong khong gian Oxyz cho @ va b tao v6i nhau mot goc 120° . Biét rang
3| =4;[p| =3, gia tri cuia biéu thire A=|i-b|+[3+b]1a

A. A=4/50. B. A=50. C. 2o\ D, 423 Nie

.....

Chon A
Taco: [0 =(i-5) =[a 225+

—|2

b

~16-2[f] [p| cos120°+9 =37
-2 -\ 2 2 S =2 =
Tuong tu [d+b| =(d+b) =[d[ + 235 +[p| =16+ 2[d] [p|cos120°+9-13

Do d6 A:‘E—E‘+‘E+E‘:\/§+\/l_3.
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Ting Fep Ly Thugét Nim hoc: 2023-2024
R~ Dang 1.5. SY cung phucng
P Cong thuc lién quan thudng dung:

Xét hai vécto Zi:(al;az;as) va l;:(bl;bz;bs) ta co:

a,=b
(1) Hai vécto bang nhau: ........ccooovvvvveeeerreereeeeien. i=bo a,=b,.
a,; =D,
a, =kb,
(2) Vécto @ cung phuong vécto D oo [Zz';l;} —0 hodc d=kb < a,=kb,.
a, =kb,
< Vidy 151

Trong khong gian Oxyz, cho ﬁ:317—2;+l_<', 5:6f+mf—nE. Tinh S=m+n khi

cac vecto i, v cung phuong

A. S=-6. B. S=-1. C.5=3. D. S=5.
Loi giai
Chon A
6 =3k k=2
Cacvecto i, v cung phuwong < d=kii < {m=-2k <<m=-4=5=-6.
-n=k n=-2

< Vidy15.2
Trong khong gian Oxyz, cho ba diém A(Z; —1;5), B(5; —5;7), M(x; y;l). Véi gia tri
naocua x , ythi A,B, M théng hang.
A . x=4y=7. B.x=-4y=-7. C.x=4y=-7. D.x=-4y="7.

Loi giai
Chon A
Ta co @':(3;—4;2), M=(x—2;y+l;—4).
. — —— -2 1 4 =—4
A, B, M thang hang. < AB, AM cung phuong @%:%:7 @{x b
e y:

“ Vidy15.3
Trong khong gian Oxyz, cho hai diém A(—Z; 3;1) va B(5; 6; 2). DPuong thing AB

, ; A
cat mat phang (Oxz) tai diém M. Tinh ti s6 %

AL B.1. C.%. D. 2.

2

Loi gidi
Chon A
M e(Oxz) = M(x0;z); AB=(7;31) = AB=+/59; AM =(x+2;~3;z~1)
x+2="Tk x=-9
A,B,M thing hang = AM=k.AB < {-3=3k < {-1=k = M(-9,0,0).
z-1=k z=0
AM 1

BM =(-14;6;-2), AM =(7;-3;-1) = AM =59, BM =259 = =
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R~ Dang 1.6. SY déng phéng

P Céng thuc lién quan thudng dung:

Xét hai vécto g = (”1?”2?”3) vab= (bl;bz;bs) ta co:

(1) Tich c6 huéng ctia hai vecto @ va R G0 |= [ ; Zl ZZJ
=( —aby; ab,—a,b,).
(2) Ba vécto @; b; ¢ dong phang: .........ccoeveeeeveennee. Gb |2 =
(3) Bon diém A, B,C, D tao thanh tt dién: .......... _E,A_c'].ﬂ)' £ 0.
& Vidy 1.6.1

Trong khong gian Oxyz, cho hai vecto 4 :(1; 2;1), b= (1; —1;2). Tim vecto dong
phang véi hai vecto 4 va b trong cac vecto sau:
A. ¢=(-231). B.d=(1-11). C.m=(3L1). D.i=(242).
Loi giai
Chon D
Ta co [Ei;ﬂ = (5;—1;—3).

Xét dap &n A, | ;b | =

ﬁl

01
/\
v

+

(-1).1+(-3).1=-14 %0 (Loai).
Xétdép anB, [d;b |d =51+ ( 1).(~1)+(-3).1=30 (Loai).

Xét dép an C, | ;b |t =5.3+(~1).(~1)+(~-3).(~1)=19 %0 (Loai).
4

Xét dép 4n D, | 4;b |ii=5.2+(~1).4+(~3).2=0 ( Thoa man).
< Vidy 1.6.2
Trong khong gian Oxyz, cho cac diém A(l; 0;1), B (1; —2,'1), C (1;1; —1). Trong cac
diém sau, diém nao nam trong mat phang (ABC ) ?
A. M(2;,0;-1)  B. E(1;,2;3) C. N(-1,21) D. F(-231)
Loi giai
Chon B
Ta c6 AB=(0;-2;0); AC =(0;1;,-2).

Taco | AB, AC |=(4,0,0).

m =(1;O,'—2),' E =(0;2;2); ﬁ=(—2;2;0); ﬁ=(—3;3;0).

Xét | AB, AC |- AM =4.1+0.0+0.(~2) =4 %0, do d6 bén diém khong dong phing.
Xét | AB, AC |.AE=4.0+0.2+0.2=0, do d6 bén diém dong phéng.

Xét _TB,E_ AN = 4.(—2) +0.2+0.0=-8%0, do d6 bon diém khong dong phang.

Xét | AB, AC | AF = 4.(~3)+0.3+0.0=—12 %0, do d6 bén diém khéng déng phéng.
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< Vidy 1.6.3
Trong khong gian Oxyz, cho bon diém A(O; 0;4), B(2;1;0), C(l; 4;0) va
D(a; b;O). biéu kién can va du cua 4, b d€ hai duong théng AD va BC cung
thudc mot mat phéng
A. 3a+b=T7. B. 3a-5b=0. C.4a+3b=2. D.a-2b=1.
Loi giai

Chon A
Eé :(2,'1,' —4)

Ta co Ez(a;b;—4) ., ( )
AC=(14;,-4

—{E,A_'c} - (12,4;7).

Hai duong thang AD va BC cung thudc mdt mat phang
& bdn diém A, B, C, D dong phing < [@,TC}E —0e3a+b=T.

< Vidy 1.6.4
Trong khong gian Oxyz , cho cac vécto E:(—Z;O;B) , l;=(0;4;—1) va

¢ = (m—2;m2;5). Tim gia tri cham d€ 4, b va dong phang.

=-2 =-1
AT BT C.m=2. D. m=5.
m=-4 m=-2
Loi giai
Chon A
Taco ;b |=(-12-2;-8).
PR N o A & - 7 = 2 m=—2
Tacé a, b va ¢ dong phang @[a;b].e=0©m +6m+8=0< 4
m=—

< Vidy 1.6.5
Trong khong gian Oxyz, cho bén diém A(l;—Z;O), B(l;O;—l), C (O;—1;2) va
D(0;m;p). Hé thuc gitta B(a;b;c)e(S). va p d€ bon diém A, B, C, D dong
phang

A. 2m+p=0. B.m+p=1. C. m+2p=3. D.2m-3p=0.

Loi gidi

Chon D
Taco AB=(0;2;-1), AC=(-112), AD=(-Lm+2p).

Suy ra [A_B',A_'CJ = (5;1; 2).

Bon diém A, B, C, D dong phang khi [@,E}E =0 m+2p=3.
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Ting Fep Ly Thugét Nim hoc: 2023-2024
R~ Dang 1.7. Ung dung tich c¢6 huéng
P Céng thuc lién quan thudng dung:

Xét hai vécto Zi:(al;az;as) va l;:(bl;bz;bs) ta co:

(1) Bén diém A, B,C,D tao thanh ti dién: ....... [E,TC}E £0.
& A,B,C,D khéng dong phang
(2) Dién tich AABC: cooooooeceeeeeeeeeeeeeeeeeeeeeeeeeee s.. =x[aBac].
AABC 2
.
=bPuong cao AABC: S,,,.=~AHBC=AH=—24 =%
2 BC ‘BC
(3) Dién tich hinh binh hanh ABCD: ... S,ip =251 = ‘[E, A—C]
(4) Thé tich t dién ABCD: coeeeveooeeeesseeeeeseeeese V= %‘[TB,TCJ.E‘ .
=Dbuwong cao chép ABCD:
. 3V ‘[E’,A_'c]ﬂj
V isen :§d(A,(BCD)).sABCD =d(A,(BCD))= S =
ABCD ‘[BC, BD}‘

P Bai todn tinh dién tich tam gidc:
Trong khong gian Oxyz, cho A(...), B(...),C () Tinh dién tich tam giac ABC
Hudng gidi quyét
Buéc1: Tim toa d6 cac vecto E,TC .

Buéc2: Tim toa d6 caa Vecto[E,A—C’l .

12 527 an

Buéc3: Sudung Sy, = E‘[AB, AC] d€ tinh dién tich AABC.
Néu bai toan yéu ciau tinh dwong cao trong tam gidc:

25 0 N

Buoc4: StdungsS,,,, = % AHOB= AH = ﬁ dé tinh d¢ dai duwong cao AH.
P Bai todn tinh thé tich tu dién:

Trong khong gian Oxyz, cho A(...),B(...),C(...),D(...). Tinh thé tich t& dién ABCD

Hudng gidi quyét
Buéc1: Tim toa d6 cac vecto AB, AC, AD.
BuGc2: Tinh [E,A_C'}E)'.
=2 7271 23l s~ P,
Bu6c3: Sirdung V = g‘[AB, AC]AD‘ d& tinh thé tich tt dién ABCD.

Néu bai todn yéu ciu tinh khoang cich ha tir dinh:

Buéc4: Siadung V. . = %d(A,(BCD)).SABCD =d(A,(BCD))= WS saiily g
ABCD

khoang cach
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< Vidu1.7.1

Trong khong gian Oxyz, cho hai diém A(l; 2 ;—1), B(O ;=2 ;3) . Tinh dién tich tam
giac OAB vdéi O 1a gbc tao do.

A V2 g V29 c V8. b 7.
6 2 2 2
Loi giai
Chon B
(ﬂ = (1; 2; —1) -
Tacd:{_., =| 04,08 |- (4-3-2)
OB =(0;-2;3)

- 3[0A,08 |- L (3 + (2 - 2
2 2 2
= Vidy1.7.2

Trong khong gian Oxyz, cho A(1;2 ;—1), B (O ;=2 ;3). Tinh d6 dai duong cao AH
ha ttr dinh A ctia tam gidc OAB.

A V13 B V23 c. V29 p. Y377
2 13 3 13
Loi giai

Chon D

{o7=(1;2;1) L
Tacd: |, =| 04,08 |~ (4;-3;-2).
OB=(0;-2;3)

:szg‘@,@] =%J4z +(=3) +(-2) _V2.

2
Mt khdc ta c6: OB =07 +(-2)° +3 =\13vaS$,,,, = % AH.OB
) V29 s
:AHZZSAOAB: -2 _ @Zﬂ
OB 13 \/13 13
= Vidy1.7.3

Trong khong gian Oxyz , cho bon diém A(l;—Z;O) , B(2;0;3) , C(—2;1;3) va
D(0;1;1). Thé tich khéi tt dién ABCD bang:
A. 6 B. 8 C.12 D. 4
Loi giai

Chon D
Ta cé: AB=(L2;3); AC=(-3;3,3); AD=(-131).
[E,A_c'] —(-3,-12;9);
[A_'B,TC]E — (=3).(-1)+(~12).3+9.1= 24

1 = 1
Vopen = g‘[AB, ACJ.AD‘ = |-24=4.
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= Vidy1.7.4
Cho t¢ dién ABCD c6 A(—1,-—2,-4),B(—4;—2,-o),c(3;—2;1),D(1,-1,-1) Tinh d6 dai
dwong cao DH cua ti dién ABCD ,

A. DH=3 B. DH =2 C. DH:% D. DH:%

Loi giai
Chon A
E = (—3; 0;— 4)

E’:(4;O;—3)

= [E, A_Cl - (0;-25;0) = ‘[E, TC] = (0 +(-257 +0* = 25.

‘[AB,AC]AD‘ S

D3
‘[AB,AC}‘ 25

AD=(2,3-3)= ‘[E,A_C'}E‘ 75 < DH =

“ Vidy 175
Trong khong gian Oxyz, cho t dién ABCD biét A(S;—Z;m),B(Z;O;O), C(O;4;0)

, D(0;0 ;3) . Tim gid tri dwong ctia tham s& m d€ thé tich tt dién bang 8.

A. m=38 B. m=4 C. m=12 D. m=6
Loi giai
Chon D
Ta c6: DA =(3;-2;m—-3), DB=(2;0;-3), DC =(0;4;-3).
The tich t dién: V =1‘[ﬁ, FC}.@‘©8=1\24+8(m—3)\©{m=_6.
6 6 m="6

Vi m dwong nén m=6.
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R~ Dang 1.8. Lién quan goc¢

P Céng thuc lién quan thudng dung:

Xét hai vécto g = (”11'”2?”3) vab= (bl;bz;bs) ta co:

(1) Tich vé huwdng hai vécto: ..., ?:‘ ‘ ‘b‘ Cos(a b)
ab=a.b +a,b,+a,b,
Zi.q a.b +a,b,+a,b,

— Gc gitra 2 vécto: cos|a ;5 = )
’ SN T TS Ty

Chil yj: Kh'ﬁl;>0th1cosab >0 :>( b)lagocnhon

Nguoc lainéu 4. b <0 thi cos(ﬁ )<O:>(a b) la goc tu.

(2) Vécto i@ vudng goc vécto D oo ib=0c a.b,+a,b,+a,b,=0
< Vidy 1.8.1
Trong khong gian Oxyz, cho i = (—3; 4;0),13 = (5; 0;12). Tinh c6sin cta goc gitta 4
vab.
- B. - c.-2 D. .
13 2 2 2
Loi giai
Chon A
_ b ~35+4.0+0.12 3
Ta co: cos q —
|- b «/ )+ 42 407 52 vy B
“ Vidy 1.8.2
Trong khong gian Oxyz, cho ba diém A(—l; -2; 3), B (0; 3;1), C (4; 2;2). Cosin cuia
goc BAC bffmg
9 9 9
A ——— B. —— C. — D. ——
2J_ {35 35 24/35
Loi giai
Chon D
Ta c6 cosBAC = cos(ﬁ E) LAC ma: E = (1;5; —2), R =(5,'4;—1).
4Bac
1.5+5.4+(-2)(- 1) 27 9

cos(AB Ac) \/12+52 \/52+42 = s

“ Vidy 183
Trong khéng gian Oxyz, cho hai véc to d = (2 1 2)

( \/_\/_) Tat ca gia tri

ctia m dé hai véc to ii =23 +3mb va §=mi—b vuong goc voi nhau la

126+\/_ . 26+/2 c 1142 +/26 . +26 +2
6 "6 X 18 4 6

.....

Chon D
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ii:2a+3m5=(2;2—3mﬁ;—4+3mﬁ)
5:mﬁ—5:(2m;m+\/§;—2m—\/§)

Khi dé: 52.5=o@4m+(2—3mﬁ)(m+J§)+(—4+3mﬁ)(—2m—ﬁ)=o.
s OmNE 662 =0 o = EY26 N2

6

Ta co:

< Viduy 1.8.4
Trong khong gian Oxyz, cho AABC co toa do cac dinh A(—4;9; —9), B(2;12; —2)
va C(—m—2;1—m;m+5). Tim m d& AABC vuong tai B.

A.m=-1 B. m=0 C. m=2 D. m=-4
Loi giai
Chon D
BA= (—6; -3; —7)
Tacd{__,

BC = (—m—4;—m—11;m+7)

Vi tam gidc ABC vuodng tai B nén BA-BC=0<m=—4.
< Vidy 1.8.5
Trong khong gian véi hé toa do Oxyz, cho vecto u :(1;1;— 2) , U= (1;0;m). Tim m

dé géc gitta hai vecto i, U bang 45°.

A m=2 B.m=2-+/6 C.m=2+6 D.m=2++6
Loi giai
Chon B
. u.o 1
Ta c6: cos(u,0)=cos45° < ———=—
(@) EACR
1-2m 1
= - =
12 +12 +(-2) NI +m? N2
_ 1-2m=>0
1-2m 1 i om=Bram o ) ,
JoLem? 2 (1-2m) =3+3m*
m<1 m<£
o2 o2 om=2-+6
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R~ Dang 1.9. TGm ty cy
P Bai todn cyc tri do dai vecto:
Cho n diém A;A,; ...; A, v cic hé 6k ;k,;...;k, sao cho k =k +k,+...+k,#0 va duwong
thing d hodc mit phing (P). Tim diéin M trén dwong thing d hodc mat phing (P), sao cho

kl.M+k2.m+...+kn.m‘ nhé nhat.

Hudng gidi quyét
Buéc1: Goi I la diém thoa man k.IA, +k,IA, +...+k IA =0.
Budc 2: Ap dung quy tic ba diém bién d6i:
kl.AE+k2.m+...+kn.M‘ =‘(k1+k2 +...kn)z\71" =\k”ﬁ‘

Buoc 3: Tim d9 dai nho nhat ctia cac vecto da cho xay ra khi M xay ra ¢ vi tri nao?
P Bai todn cyc tri d6 dai binh phuong vecto:
Cho da gidc A/A,...A, vicichésd k ;k,;...;k, sao cho k=k +k,+...+k, >0. Tim diém M
trén dwong thing d hodgc mdt phing (P), sao cho tong S=k, - MA? +k,- MAZ +...+k -MA? dat
gid tri nho nhit.
Hudng gidi quyét
Buéc1: Goi I la diém thoa man k.IA +k,IA, +...+k IA =0.

. — 2 — 3\ 2 — s —\2 — i\ 2 _ —\2
Buéc2: Thay ring z\/mf:‘z\/m1 =(MA1) :(MI+IA1) =(MI) +2(MI.IA1)+(IA1)

Ap dung quy tac ba diém bién doi:
S=k,-MA? +k,- MA? +...+k -MA?

_ k[(ﬁ) R Z(mI—A;%(I—@)z}.Ah [(ﬁ) +2(ML14,)+(1a, )}

= (K kot b, ) MI (K TAZ 4ot k- TAZ )4t zﬁ{klﬁl#...Jr kH.EJ

=0
:(k1+k2 +...+kn)MI2 +(k1 A + .+ k, -IA:)

Budc3: Do k>0,d€ S=k,-MA? +k,-MAZ+..+k, -MA? dat gia tri nho nhat thi ta xac
dinh vi tri diém M can tim.

ij: Cho da gidc A/A,...A vacachésd k;;k,;...;k, saocho k=k +k,+...+k, <0.
Tim diém M trén d hodc (P), sao cho tong S=k -MA +k,- MA; +...+k,-MA?
dat gia tri 16n nhat. Ta cling thuc hién tuong tu.

< Vidy19.1

Trong khong gian Oxyz, cho bon diém A(Z; —3;7),B(0,- 4;1),C(3,' 0;5) va D(B; 3,'3).

» Ch

=

Goi M 1a diém nam trén mit phing (Oyz) sao cho biéu thirc ‘MA +MB+MC + MD‘

dat gid tri nho nhat. Khi d6 toa d¢ diém M la
A. M(o;l;—z) B. M(O;l; 4) C. M(O;l;—4) D. M(Z;l;O)

Loi giai

Chon B
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Taco AB=(-27;-6), AC=(1,3;-2), AD = (1;6;-4)nén| AB, AC | AD=-4 0.

Suy ra AB, AC, AD khong dong phang.
Goi G la trong tam t& dién ABCD . Khi d(’)G(Z;l; 4)

Ta ¢6 ‘MA + MB+MC +MD‘ _ ‘4MG‘ — 4MG.

Do dé ‘MA + MB+MC + MD‘ nhoé nhét khi va chi khi MG ngén nhat.

Vay M la hinh chiéu vuong goc ciaG 1én mat phéng(Oyz) nén M (O; 1; 4) )
& Vidy1.9.2
Trong khong gian Oxyz, cho OA =17+7—312',B(2; 2;1). Tim toa do diém M thudc
truc tung sao cho MA? + MB? nho nhat.

A. M(0;-2;0) B. M[O;%;OJ C. M(0;-3,0) D. M(0;-4;0)

Loi giai
Chon B
Cach 1.

Do M €Oy, nén M(O,‘y;O).

Tinh MA® + MB? =2y* -6y +20= f(y).
. g 3 .

Do do f(y) nho nhat khi va chi khi yzg. Vay M(O;g;O].

Cach 2.
, . o 33

Ta cod A(l;l;—B). Goi I la trung diém ctia AB. Suy ra I 5;5;—1 .
— 2 2 — s —\2 —  —\2

Khi d6 MA? + MB? = MA +MB :(MI+IA) +(M1+IB)

— 2 —2 —s2 —_— SN
—oMI +IA +IB +2MI.(IA+IB):2]\/HZ+IA2+IBZ:2MIZ+9.
Do d6 MA? + MB? dat gié tri nho nhat

< khi MI c6 d6 dai ngan nhat
< M la hinh chiéu vudng gbc cta I trén truc tung.

Vay M(O;g;OJ.
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R~ Dang 1.10. Toa dé héa
P Céng thuc lién quan thudng dung:

Xét hai vécto Zi:(al;az;as) va l;:(bl;bz;bs) ta co:

(1) Tich co huwdng ctia hai vecto 7 va T [E,lﬂ: T ; 5 ; hW
b2 bS bS bl bl b2
= (a2b3 —azb,; ab,—ab,; ab,— azbl).
a, =kb,
(2) Vécto @ cling phuong vécto b: ..ocvvvvvveeeeen. [Zz’ ;lﬂ =0 hodc d=kb < a,=kb,.
a,=kb,
(3) Ba vécto 7; E; ¢ dong phang: .......cc..coevveevvenne. [Zf;lﬂ.&' =0.
A 1% 24
(8) Dien tich AABC: ooeeeeseoeseseseseeseseses S =§‘ AB, AC}‘.
(5) The tich t& dién ABCD: oo V= %‘[TB,E}@‘ .
(6) Thé tich kh&i hop ABCD: eoeeveveesoeeseerseeree V= ‘[E,E} .TA"
(7) Thé tich kh&i hop ABCD.ABCD : ... V= ‘[Eé,ﬁ} .M‘.
(8) Goc:
.~ . o 2 . _ o ‘ﬁl’ '_'Q‘
* Gitta hai mat phang: ..........cccovviinnnnnen. cosy =(cos|n,, N, || = 7=
| ”PH ”Q‘
; .. ‘Ziﬁ’
* Gitta hai deong thang: ...........ccccoeeiinnnnnee. cosy = Cos(a,a’) = -q‘ -
al.|a
e , ey ]
* Gitta duong thang va mat phang: .................. sing = sm(a,n) = H H
al.|n

Meo nhé cong thirc vé goc trong hinh hoc Oxyz :
= Cungloai dung Cos (Gdc giita deong véi duong , mit phang véi mat phang).
* Khdcloai dung Sin (Goc gitta duong va mat).

9) Khoang cach

* Tir diém d&n mit phang :..........coooeeeeeeccccicieen d(M,,(a))= [A%, + By, + Cz, + D|
VA% +B*+C?
‘[MOM,ﬂ]
* Tir diém dén duong thang:............cooevererveennee. d(M,A)= ﬁ‘
u
7 ‘[a,a’].MM" 174
* Hai duong thang chéo nhau:..........ccccccuvuenneee. d(d,d’) = — =t
I:IZ,IZ’] Vday
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» Cdch “gdn” tryc:

e Budc 1:

* Budc 2:

e Budc 3:

* Budc 4:

Chon hé truc toa d6é Oxyz

@ Xac dinh ba duong dong quy va ddi mot cat nhau trén co sd ¢6 san ctia hinh
(nhw tam dién vudng, hinh hip chit nhat, hinh chop ti¢ gidc déu ...),

o Duya trén cdc mat phang vuong géc dung thém dwong phu.

Toa dd hoa cac diém cua hinh khéong gian.

o Tinh toa d§ diém lién quan truc ti€p dén gia thiét va két luan cua bai toan.
Tinh todn chu yéu dwa vao quan hé song song, vudng goc cung cdc dir liéu bai todn.

Chuyén gid thiét qua hinh hoc gidi tich.

= Lap cac phurong trinh duong, mat lién quan.

o Xd4c dinh toa d6 cac diém, véc to can thiét cho két luan.

Gidi quyét bai todn.

o S dung cac kién thirc hinh hoc giai tich d€ giai quyét yéu cau ctia bai toan
hinh khong gian.

¥ Céch chon hé toa dé mdt sé hinh khéng gian.

A. Hop.

0O Hinh hép 1ap phwong - Hinh hop chit nhat ABCD.A'B'C'D’

* Véi hinh lap phuong . .

Chon hé truc toa d6 sao cho: TA’ D'
A(0;0;0), B(4;0;0),C(a;4;0), D(0;;0), e o
A’(O; O;a), B’(a; O;a) ) C'(a;a;a), D'(O; a;a)

» Vi hinh hop chit nhit. §

Chon hé truc toa d0 sao cho: fil,', ___________________ D_L‘
A(0;0;0), B(a;0;0), C(a;b;0), D(0;1;0), '
A’(O;O;c), B'(a; O;c), C’(a;b;c), D’(O; b;c) B ¢

P Chay: Tam dién vudng 1a mot nira ctia hinh hop chir nhat nén ta chon hé truc toa d6 tuwong
ti nhw hinh hop chit nhat.
0O Hinh hp ding c6 day la hinh thoi ABCD.A'B'C'D'

Chon hé truc toa d6 sao cho: Z
> G toa dd tring véi O=ACABD. Pa 24
» Truc Oz diqua 2 tam cua 2 day B!
> bat AC=a,BD=b,AA'=c thi

A 0;—2;0 , B E;0;0 ,C O;E;O , D —Q;O;O i A ! 7
2 2 2 2 /,":::-—--i ——————— s
(0.0.) of0.0.) o _b.o. i
C},B[E,O,CJ,C(O,E,CJ, D[—E,O,CJ. "L ) ol 1y

A'(O;—E;
2

Cl

P Chay: Véilang tru ding ABC.A'B'C' c6 ddy ABC la tam gidc can tai B thi ta chon hé toa
d6 tuong tu nhu trén véi gdc toa do la trung diém AC, BeOx,C €Oy con truc Oz
di qua trung diém hai canh AC, AC'.
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B. Chdp.
O Hinh chép déu

(1) Hinh chép tam gidc déu S.ABC, AB=a,SH=h.
Chon hé truc toa d6 sao cho:

> GOc toa d¢ trung véi O la trung diém BC

> AeOx.

> BeOy

2 6

Khi d6 A{”{ 0; o} B(O i;oj,c(o;—ﬁ;o], s[ﬁ

;O;hj

(2) Hinh chép t gidc déu S.ABCD, AB=a,SH=h.
Chon hé truc toa d6 sao cho:

> Goc toa d¢ trung véi O= ACNBD

> BeOx.

> CeOy.

> §5e0z.

Khi do: A[O— a2, J (i;o;oj,c{o;ﬂ;o],
2 2
L s

-0 o] S(0;0;h).

P Chay: Ngoai cach chon hé truc nhu trén ta c6 thé chon hé truc béng cach khac.
Chang han véi hinh chép tam gidc déu ta ¢ thé chon H=0, truc Oy diqua H va

song song voi BC.
0 Hinh chép S.ABCD <6 SA 1 (ABCD),SA=h

Néu day la hinh chi nhat.
Chon hé truc toa d6 sao cho:
> Goc toa do trung véi A=0
> BeOx.

> DeOy.

> 5e€0z.

Néu day la hinh thoi.

Chon hé truc toa d6 sao cho:

> Goc toa do trung véi O=ACNBD
> BeOx.

> CeOy.

> 0Oz//SA.

» Chiiy: Cho hinh chép S.ABC c6 SA L(ABC), néu day ABC la:
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e Tam gidc vuong tai A thi cach chon hé truc nhu hinh chép S.ABCD c6 day la
hinh chi* nhat.
e Tam gidc can tai B thi ta chon hé truc toa do nhu hinh chép S.ABCD c6 day la
hinh thoi, khi d6 goc toa do la trung diém canh AC.
0 Hinh chop S.ABC c6 (SAB) L(ABCD)

Duwong cao SH =h ctia ASAB la dwong cao ctia hinh chép. 4 g

Néu AABC vudngtai A, AB=a, AC=b

Chon hé truc toa d6 sao cho:

> GoOc toa do trung véi A=0

> BeOy.

> CeOz.

> Oz//SH. A s
Khi d6 A(0;0;0), B(0;4;0),C(b;0;0), AH =c = H(0;c;0), >

S(O; c;h) T

» Cha y:  Cho hinh chép c6 SA L(ABC), néu day ABC la:

e Tam gidc vudng tai B ta chon B=0O, vudng tai C chon C=0.

e AASB cantai S, AABC cantai C thitachon H=0,CeOx,BeOy, Se0Oz
< Viduy 1.10.1
Cho hinh chép S.ABCDco6 ddy ABCD la hinh vudong canh 4, mat béen SAB la tam
gidc déu va nam trong mat phang vuong gdéc v6i mat phang (ABCD). Goi G 1a
trong tam ctia tam giac SAB va M, N lan luot la trung diém caa SC,SD. Tinh
cosin ctia goc gitta hai mat phang (GMN) va (ABCD).

Loi giai
Chon A
Chon hé truc toa do Oxyznhu hinh vé.

S
Khidé S O;O;E ;A _—a;O,'O ; B E;O;O ;
2 2 2

C E;a;O ; D _—a;a;O
2 2

NG 3 3 6=
=G O;O;a— ;M Z;E;a— ;N —E;E;a— ) ’
6 42 4 42 4 n

Ta cé (ABCD) c6 vécto phap tuyén la k = (0;0,1), ey

(GMN) €6 véc-to phap tuyén la ;1 = [@,GTV} = {O;—ﬁ'z].

24 74
P
Goi g0=(GMN)m(ABCD),ta cod cosa=————= 4 —2@.
n|.lk @ 13
24
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< Vidy 1.10.2
Cho hinh chop S.ABC c6 day ABC la tam giac vuong tai A, ABC =60°, BC=2a.
Goi D la diém thoa man 358 =25D . Hinh chiéu cua § trén (ABC) la diém H

thudc doan BC sao cho BC=4BH . Biét SA tao v6i day mot goc 60°. Goc gitra hai
duong thang AD va SC bang

A. 90° B. 30° C. 60° D. 45°
Loi giai

Chon A

z
Ta c6 AH? = BH? + BA*> —2BH.BA.cos60° <

2
LA RPN S T ”\/_
4 272 4
Lai c6 tan60°=S—H:SH=AH\/_:—.
AH 2
Chuan hda va chon hé truc toa &0 sao cho
B .| ¢ z

H(0;0;0), C 3.00], 4 o,-ﬁ;o s 00,2 ],
2 2 2

B[—E;O;Oj. D A
2 Yy

2" 2 474 44

—_—

Tacod DA= [% £ %J == (\/g, 2; \/5) 1a mot véc-to chi phuong ctia AD.

SC-= [S;O;—gj =0= (l; 0; —1) la mot véc-to chi phwong cua SC.

Ta c6 ii.o =0 = AD 1 SC. Vay goc giita hai dwong thang AD va SC bang 90°.
< Vidy 1.10.3
Cho hinh chép S.ABCc6 SAvudng géc véi mit phang ddy. Goi M 1a trung diém
ctia va H la trung diém ctia AM. Biét HB=HC, HBC =30 ; géc giita mat phang
(SHC ) va mat phang (HBC) bang 60" . Tinh cosin ctia goc gitta duong thang BC

va (SHC)
A p. 1 el ope
2 4 4 2
Loi gidi
Chon B

Tt M la trung diém BC va H la trung diém AM
HB=HC suy ra AM 1 BC, hay tam gidc ABCcandinh A.

Pit BC = a:>BM—E Do HBC =30° :HM—a\/_ AM—T\/_.

bat SA=b.
bat hé truc toa do nhu hinh vé:
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aax/_

Ta ¢ A(o 0;0), B[Z

Ta c6 HC = [—5 a3, OJ SH = [o,ﬁ;—bj.
2 6

— —’}zi_ub\@_ ab azx/g]

- .

2 7

Nén [HC, SH
12

Suy ra (SHC) c6 mdt véc-to phap tuyén la n, = (Zb\/g; 6b; a\/g) )
(HBC) c6 mot véc-to phap tuyén la k =(0;0;1).

Géc ((SHC);(HBC)) 60" nén

-

122 +36b2 + 342

1257 +360° + 30 = 2|avf3| = b - .

& cos60’ =

cos((SHC),(HBC)) =TT

1|+

Khi dé (320 361\/_ a3 ] BC c6 vecto chi phuong 7:(1; 0;0)

- 3a
n,.i )
Goi @zBCﬁ(SHC),ta cd: sinp = = =

| |i \/95{ 274
+3a
4

Do cosp =4/1-sin’p = /1

J>|%|
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= Vi dy 1.10.4

Cho ling tru ABCD.ABC,D, c6 day ABCD 1a hinh chit nhat, AB=a, AD=a+/3.
Hinh chiéu vudng gdc ctia diém A, trén mat phang (ABCD) tring véi giao diém
AC va BD . Géc giita hai mat phang (ADD,A,) va (ABCD) bang 60°. Tinh
khoang cach tir diém B, d&n mét phang (AlBD) theo a.

A. w2 B. £ c 2 D. ]
2 4 2 2
Loi giai
Chon D
Goi H latam ddy ABCD va dat AH =x.
Chon hé truc toa d6 nhw hinh vé.
: Ay D,
Bl ,',Ii Ol
m :
-
O el ; A

Taco A(0;0,0), B(2;0;0). D(0;a/3;0), C(a;a/30), LZ a3 J A{%;é;x].

gy T L o J — (0ex5:0) = [EEHM@;@&ZJ&J

n= (2x; O;a) 1a vécto phap tuyén caa (A,AD).
Lai c6 k = (0;0;1) 1a vécto phap tuyén ctia (ABCD) .

2

Nén theo gia thiét, ta c6 cos60°= L = 2a=v4x’ +a° = x=

71 .

@ (a a\/_ }, ﬁ)’:(_%;$;_x}3[@,ﬁ)}=(c¢x 3,11x,0)
Phuong trnifh (AlBD):x 3+y—a\/§:O,

5 ne (s_ﬁﬁ]
1 2 :

Vi A1B1=AB nén B ,T, >

)-22.

Vay d(B,,(ABD
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< Vidy 1.10.5
Cho hinh chép S.ABCD c¢6 day ABCD la hinh thang vudng tai A va B,

AB=AD=2a, BC=a, gbcgitta (SBC) va (ABCD) bang 60°.Goi I la trung diém
cua canh AB. Biét (SDI ) va (SCI ) cung vudng goc voi (ABCD). Tinh thé tich
khéi chép S.ABCD theo a.

NELRE g, 715 ¢, 35 p, 815
5 5 5 5
Loi giai
Chon C
. |(SDI)L(ABCD)
(C1) L (ABCD) nén SI L (ABCD). :

Dat SI=x, x>0, toa d6 cac diém la I(O;O;O),
A(-4;0;0), B(4;0;0), C(a;4;0), D(-a;24;0), S(0;0;x).

Suy ra S_C' = (a; a; —x), C—lj = (—Za; a;O)

= [S?,ST)} = (ax; 2ax; 3112)
Nén 12 = (x;2x;3a) 1a véc-to phap tuyén cua (SCD) . x / c

Ma k= (0;0;1) 1a véc-to phép tuyén cua (ABCD) nén theo gia thiét dé bai, ta c6

n, .k
cosGO":_,lﬁ@ 34 =i<:>x:@.
n|. k|  \5x*+9a® 2 5
) AB(BC+CD) _, . . o
Matkhac S,, ., = 5 =3a° nén thé tich khodi chép la
1 1 3a\/1_5 ) 3a3\/1_5
VS‘ABCD :§SI'SABCD :g. 5 .3a :T.

et
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PHUONG TRINH MAT CAU

A.LY THUYET CHUNG.

.goinh nghia:
| Trong khong gian Oxyz, mat cau (S) tam | (a; b;c) ban kinh

c6 phrong trinh la.
(x—a)2 +(y—b)2 +(z—c)2 =i

1. Phuong trinh

LOAI 1 LOAI 2
Phuwong Trinh (x—a)2+(y—b)2+(z—c)2 =R? x*+y? +2z° —2ax—2by—2cz+d =0
Tdam Lay hé s6 ty do trong ngodc +—1. L&y hé s trude x;y;z +-2.
XacDinh | g, A o4 R=Aa*+b*+c*—-d.
. Lay can bac 2 vé phai. o s 2
Kinh Diéu kién ton tai: a°+b° +c“—d>0.

2. Vi tri tuong déi
Trong khong gian Oxyz, ta c6 3 ddi tuong dé xét vi tri twong doi voi mat cau:

(1) biém M(a; b;c).
Trong khong gian Oxyz, cho diém M va mit cau S(I;R). Khi do:

Diém
Nam ngodi Nam trén Nam trong
<IMn(S)=H < IMN(S)=M=H < IMN(S)=0
IM >R IM=R IM <R

Mait cau
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(2) Mt phang («): Ax+By+Cz+D=0

Trong khong gian Oxyz, cho mat phang (a) : Ax+By+Cz+D =0 va mat cau S(I; R) . Khi do:

Mit phing
Khong cat Tiép xiic Cit theo giao tuyén la duong tron
< ()N (S)= < ()n(S)={M] < (a)n(S)=C(I';7)
d(I;(a))>R d(I;(a))zR d(I;(a))<R
< Mit phang tiép xtc = (a) cat mat cau theo giao

mat cau tai diem M. tuyén la duong tron cé tam I' va

ban kinh r.
R=[r? +d2(1;(a)) .

Mat cau

(3) Puong thang A: % _ 3/_19]/0 S
a c

Trong khong gian Oxyz, duwong thang A: % S _E7 %0 ya mit cau S(I;R). Khi do:
a

b c
Duong thang
Khong cit Tiép xiic Cit tai hai diém A;B
S AN(S)=0 < An(S)={H] < ANn(S)={A;B}
d(I;A)>R d(I;A)=R d(I;A)<R
< Duong thang tiép AR’
xdic mat cau tai diém H R=\/T +d2(1;A)-

Mat cau
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B. CAC DANG BAI TAP.
R~ Dang 2.1. Xdc dinh tdm - bdn kinh - nhan biét phucng trinh mat cau

LOAI'1 LOAI 2
Phuwong Trinh (x—a) +(y—b) +(z—c) =R? x> +y* +2° —2ax—2by—2cz+d =0
(1) Heé s trwdce x,y,z bing nhauva | (1) Hé sd trwde x?,y%,2z° bang
béng 1. nhau va bf?mg 1.
Nhan xét (2) Heé s6 triede cac ngodc bang nhau | (2) Phuong trinh day du «%, %, z°
vabang 1. (3) Thoa man diéu kién ton tai
(3) V& phaila hang s§ duong. P+t —d>0
Tam Lay hé s6 ty do trong ngodc +—1. Lay hé s6 trude x;y;z +-2.
XacDinh | g, e R=Ja? +b* +c* —d.
. Lay can bac 2 vé phai. . .
Kinh Diéu kién ton tai: a* +b*+c*—d>0.
< Vidy 2.1.1

Trong khong gian Oxyz , cho miat cau (S) c6 phuong trinh

x% +y? +2z° —2x+ 4y —6z—2=0. Xac dinh toa d tdm [ cua mat cau (S)?

A. (5-2:3). B. (2,0;1). C. (2:1,0). D. (-2;4;-6).
Loi giai
Chon A
X +y?+z28 —2x+4y—6z-2=0 < x* —2x+1+y* +4y+4+2°—62+9=2+1+4+9
Toa dd tAm ctia mat cau (S) la I _—Z;i;_—G = (1;—2;3).
-2 -2 -2
& Vidy 2.1.2
Trong khong gian Oxyz, mat cau (S) : (x—l)2 +(y+ 2)2 +2z°=9 cb toa do tam 1a
A. I1(1;-2;0).  B.I(-1;2;0). C.I1(1;2;0).  D.I(-1;-2;0).
Loi giai
Chon A
Mat cau (S) : (x—l)2 +(y+ 2)2 +2?=9 ¢ toa do tam la: I(l;—2;0) )
« Vidy 2.1.3
Trong khong gian Oxyz, mat cau c6 phuong trinh nao sau day co toa do tam la
1(-1;1;0)?
A. 2x% +2y° =(x+y)2—zz+2x—1—2xy.B. x*+y*+2°-2x+2y=0.
C. xX*+y*+z*+2x -2y +1=0. D. (x+y)2=2xy—zz+1—4x.
Loi giai
Chon C

Phuong 4n A: 2x° +2y° = (x+y)2 —z* +2x-1-2xy

< 2x2 +2y2 =x? +y2 +2xy—22 +2x—-1-2xy
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oxt+yt+z - 2x+1=0c(x —l)2 +1y°+z% =0 khong la phwong trinh mét cau loai A.

Phuong én B: x° +y +z° —2x+2y =0 la phuong trinh mt cau tam I(1;-1;0) loai B.

Phuong an C: x? +y” +2° +2x—2y+1=0 la phuong trinh mét cau tam 1(-1;1;0) nhan

C.
& Vidy 2.1.4
Trong khong gian Oxyz, phuong trinh nao sau day la phuong trinh mat cau?
A. xX*+y°+2°-2x=0. B. x* +y’ —z* +2x—y+1=0.
C. 2x°+2y° = (x+y)2 —z° +2x-1. D. (x+y)2 =2xy—z° 1.
Loi giai
Chon A
+ Phuong an A:
x*+y* +2°=2x=0 c6 tam 1(1;0;0) va R=+1"+0?+0° =1 la phurong trinh mét cau.
+ Phuong an B:

x* +y* —z° +2x—y+1=0 khdng la phwong trinh mit cau vi hé s6 trede z° khac hé s
truede x° va y>.
+ Phwong an C: 2x* +2y° =(x+ y)2 —z°+2x-1
S 2% +2y* =x" +yP +2xy—z° +2x -1
< x% +y? +2° - 2xy — 2x +1=0 khdng la phwong trinh mét cau.
+ Phuong an D: (x+ y)z =2xy—z°-1
S xP+y’ +2xy=2xy—z" -1
< x* +y° +z° +1=0 khong la phwong trinh méat cau vi x* +y* +z* +1>0Vx;y;z.
< Vidy 2.1.5
Trong khong gian Oxyz p cho phuong trinh

(S):x* +y* +2* —2mx+6(m—1)y—2z—m+3=0. Tim gia trj ctia m d€ duoc (S) la

phuong trinh mat cau

7
2 <=2 =0
A ™10 B. m>=. c.|™ p.|"
2 m>1 m>1
m>1
Loi giai
Chon A

(S):x* +y* +2* —2mx+6(m—1)y —2z—m+3=0 la phuong trinh mit cau phai co:

m<—
10.

m>1

m? +9(m—1)" +2° +m-3>0 <10m’ ~17m+7>0 =
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R~ Dang 2.2. Phuong trinh mat cau cé tam va di qua mét diém
P Trong khong gian Oxyz, viét phuong trinh mit cau (S)

Loai Phuong phap

Ttr gia thiét ta da ¢4 sén tdm | vaban kinh R.
Tam I(a;b;c) va ban kinh R. . 2 2 2 )
Phwong trinh (S):(x—a) +(y—b) +(z—c) =R".

> Ban kinh mat cau

Tam I(u;b;c) va qua dié’mM(xo;yo;zo). R=IM=‘IT/I":\/(xo—a)2+(y0—b)2+(zo—c)2 .

» Mat cau co tam I(a;b;c) va ban kinh R=IM.

< Vidy 2.2.1
Trong khong gian Oxyz, phwong trinh mat cau tam [ (—1;2;—3), ban kinh R=3
la:
A. (x+1) +(y—2) +(z+3) =9 B. (x+1) +(y-2) +(2+3) =3
C (x—l)2 +(y+2)2 +(z—3)2 = D. (x+1)2 +(y—2)2 +(z+3)2 =9
Loi giai
Chon A

Phuong trinh mjt cau tam (-1;2;-3), ban kinh R=3 la:(x+1) +(y-2) +(z+3) =9
= Vidy 2.2.2

Trong khong gian Oxyz, cho mat cau tam [ (O; —4,'1) duong kinh bang 4.Phuong
trinh ctia mat cau la

A. 2P +(y+4) +(z+1) =2. B. x*+(y+4) +(z-1) =16.
C. x*+(y-4) +(z-1) =4. D. x*+(y+4) +(z-1) =4.
Loi giai
Chon D

Duong kinh ctia mat cau bang 4 nén ban kinh R =2
Phuong trinh ctia mat cau tam I(O; —4,'1) 1a x? +(y+ 4)2 +(z —1)2 =18
= Vidy 2.2.3

Trong khong gian Oxyz, mdt cau tam I (1; 2; 3) di qua diém A(l;l;Z) c6 phuong
trinh 1a

>
—_
=
|
[
~—~—
N
+
—_
<
|
~—
N
+
—_
N
|
N
~
N
Il
&
—_
=
|
[
~—
N
+
—_
<
|
N
~—
N
+
—_
N
|
w
~—
N
Il
N

.....

Chon B
Ban kinh ctia mit cau la R=1A=+0>+12+1> =+/2.
Phuong trinh ctia mdt cau tam I(l,' 2;3) qua A(l;l; 2) lél(x—l)2 +(y— 2)2 +(z—3)2 = 20
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R~ Dang 2.3. Phuong trinh mat cau nhan hai diém lam dudng kinh

P Trong khong gian Oxyz, viét phuong trinh mit cau (S)

Loai Phuong phap

> Goi I la tam mat cau (S)

=1 la trung diém caa MN

2 7 2 72
MN

Nhan M(xM;yM;ZM)Vé N(xN;yN;ZN) :I[‘XM—'_‘XN YImtYy .ZM+ZNJ.

lam duong kinh

& Vi dy 2.3.1

cau duong kinh AB la

» Ban kinh méat cau R= — IM .

Trong khong gian Oxyz, cho hai diém A(l; 0; —3) va B (3; 2;1). Phuong trinh mat

A P +y+2°-2x-y+z-6=0. B. x* +y* +z° +4x—2y+2z=0.
C. x2+y2+zz—4x—2y+22=0. D. x2+y2+z2—4x—2y+22+6=0.
Loi giai
Chon C

Goi I 1a trung diém cta AB= \/(3—1)2 +(2—0)2 +(1+ 3)2 —2J6 =R

x,+x, 1+3
I=—=_=2
2 2
Khi d6 yI:yAZyB:OZZ:I = 1(2;1-1).
ZI:ZAZZB:—BZJrl:_l

Phuong trinh mat cau can tim: x* +y° +z* —4x -2y +2z =0.
& Vidy 2.3.1

Phuong trinh mat cau duwong kinh AB la

Loi gidi
Chon B
Tacé AO(-L-2;3) = A(L2;-3); BO(~7;-4;-5). = B(7;4;5).

A. (x—4) +(y-3) +(z-1) =104.  B.(x—4) +(y-3) +(z-1) =26.
C. (x+4)2+(y+3)2+(z+1)2 =26. D. (x+4)2+(y+4)2+(z+1)2 =104.

Trong khong gian Oxyz, cho hai vecto E:(—l;—2;3) va %:(—7;—4;—5).

Phuong trinh mdt cau duong kinh AB thi tam 1a trung di€ém ctia AB = [ (4; 3;1)

o AB \/(7—1)2 +(4-2)" +(5+3) 4
2 2 2
2

Phuong trinh mdt cau (x—4)2 +(y —3)2 +(z —1) =28
2

Vay phuong trinh mat cau (S) (x—4)2 +(y—3) +(z—1)2 =26
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R~ Dang 2.4. Phuong trinh mat cdu qua 4 diém khéng déng phdng
P Trong khong gian Oxyz, viét phuong trinh mit cau (S)

Loai Phuong phap

> Goi I (a ;b ;c) 13 toa &0 tAm mat cau can tim.

> Mt cau (S ) di qua 4 diém

bi qua 4 diém A;B;C;D khong dong 1A’ = IB®

phéng

< IA=IB=IC=ID < {IA*=IC* =>toadd I.
IA? = ID?

» Mat cau co tam I(a;b;c) vaban kinh R=1IA.

& Vidy 2.41

Trong khong gian Oxyz , néu mdt cau . (S) . di qua bdén diém
M(2;2;2),N(4;0;2),P(4;2;0) va Q(4;2;2) thitam I ctia (S) c6 toa d6 la
A. (,21). B. (3;1;1). C. (£31). D. (-1-10).
Loi giai
Chon B
Goi phuong trinh mat cau: (S): x* +y? +2* + 2ax +2by +2cz+d =0 <a2 +b*+c*—d> 0).
Vi M,N,P,Qe (S) nén ta cd hé phuwong trinh
2°+2°+2°+4a+4b+4c+d=0 [g=-3
4 +0°+2°+8a+4c+d=0 b=-1
2=
4 +2°+0°+8a+4b+d=0 c=-1
4422 4+2°+8a+4b+4c+d=0 (d=8

= 1(3;1;1) 1a tam mit cau ().

< Vidy 2.4.2

Trong khong gian Oxyz, cho 4 diém A(Z;O;O) , B(O;Z;O),C(O;O;Z), D(2;2;2).
Viét phwong trinh mét cau (S) ngoai tiép t& dién ABCD.
A. (,21). B. (3;1;1). C. (£3,1). D. (-1-10).

Loi giai

Chon B
Goi phwong trinh mat cau c6 dang x* +y° +z° + 2ax+2by + 2cz+d =0.

Vi mat cau ngoai ti€p t dién ABCD nén toa d¢ cac diém A,B,C,De (S) !

444a+d=0 a=-1
. |4+4b+d=0 b=-1

Ta co: &
4+4c+d=0 c=-1

12+4a+4b+4c+d=0 d=0

Suy ra phuong trinh mat cau la x* +y* +z° —2x -2y —2z=0.
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R~ Dang 2.5. Phuong trinh mat cau tam | thudc (P) vé qua ba diém
P Trong khong gian Oxyz, viét phuong trinh mit cau (S)

Loai Phuong phap

Tam Ie(P) vadiqua A;B;C.

» Goi I(u;b;c) la tAm mat cau
» Taco I e(P)= aa+Bb+v.c+65=0(1).
» Mt cau (S) di qua ba diém A;B;C

Vi (P):a;x+ﬁ.y+7.z+6=0 hodc (P) la 1A% — IB? (2)
cdc mgt phang (Oxy),(Oxz),(Oyz). S IA=B=ICo IA?=1C? (3)
&  Nhan xét:

Trong truwong hop I € mot trong cdc
mit phang (Oxy),(Oxz),(Oyz) bai

todn sé don gidn hon.

» T (1);(2) va (3)=1 lathoahé:
aa+pBb+vy.c+6=0
IA?* = IB? —toadd I.
IA? = IC?

& Vidy 2.5.1

A(—Z; 3; 3),B(—1;1;2),C(4; 2; 2) va c6 tAm n3m thudc mit phéng (Oyz).

A. 2% +(y-9) +(z+10) =209, B. x*+(y-9) +(z+10)" =209.
C. x? +(y+9)" +(z+10)" =209. D. x*+(y+9) +(z+10) =209.
Loi giai
Chon B

Vi méit cau ¢ tdm I thudc mat phéng (Oyz) nén tam c6 dang [ (O; b;c).
Vimit cau di qua ba diém A(-2;3;3), B(—11;2),C(4;2;2) nén ta c6:
IA=IB=IC=R < IA*=IB*=IC*=R*
4+(3—b)2 +(3—c)2 :1+(1—b)2 +(2—c)2
©{1+(1b)z+(2c)2 _16+(2-b) +(2c)
{40+9—6c+c2 =65+4-4c+c’
b=9

—2c=20 _[c=-10
= = = 1(0;9,-10), R=IA =4 +36+169 =/209.
b=9 b=9

Phuong trinh mat cau la x* + (y - 9)2 + (z +10)2 =209.
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R~ Dang 2.6. Phuong trinh mat cau tam | thudc d va qua hai diém
P Trong khong gian Oxyz, viét phuong trinh mit cau (S)
Loai Phuong phap

. - > Goi I(a;b;c) 1a tam mit cau
Tam I ed vadiqua A;B.

X—x _ Yy > Ta cd Ied:>l(x0+at;yo+bt;zo+ct).
Véi d: o Y Yo _ % hodgc d la cic = — - o
a b c > Viét IA;IB theo t va tinh do dai

truc Ox;0y;0z.
&  Nhan xét:

IA

7

» Mt cau (S) di qua hai diém A;B

Trong trudmg hop 1 < midt trong cdc o IA=IB& ‘IA‘ - ‘IB‘ =7,
truc Ox;Oy;Oz bai todn sé don gian > T t=2 =>toa dd I
hon sm 1

& Vidy 2.5.1

c6 tim nam trén truc Ox . Viét phuong trinh mat cau (S) ?

A. (x+1) +(y+2) +22=29. B. (x+3) +y%+2° =29.
C. X2 +y’ +(z+3) =29. D. (x-3) +y?+2°=29.
Loi giai
Chon B

Vi mit cau ¢ tam [ thudc truc Ox nén tam c6 dang [ (x; O;O).
Vimit cau di qua A(1;2;3),B(2;0;,-2), nén IA=IB < IA® =B’
<:>(1—x)2+4+9:(2—x)2+4<:>2x:—6<:>x:—3:>IA=\/42+22+32 =29.

Do d6 phwong trinh mét cau la (x +3)2 +y?+2°=29.

;

» Mat cau co tam I(a;b;c) vabankinh R=1A.

Trong khong gian Oxyz, cho mét cau (S) di qua 2 diém A(l; 2; 3),B (2; 0; —2), va

< Vidy 2.5.2
Trong khong gian Oxyz, tim ban kinh mat cau qua 2 diém A(S; —1;2) , B (l,'l,' —2)
vacotam I thupe A:X=Y1_Z 5
2 1 -1
A. R=7. B. R=4/3. C.R=2J5. D.R=8.
Loi gidi

Chon A
\ IA = (2t1+¢;-t)
Vi mat cau co tam I thudoc A nén I(2t;1+t;—t) = <) 4 .
IB=(1-2t;t;-2+t)
Vimit cau di qua hai diém A(3;-1;2),B(4,1;,-2), nén IA=1IB
=N (21‘)2 +(1+t)2 +(—t)2 = (1—21‘)2 +(t)2 +(—2+1t)2

<:>4t+12=0©t=—3:1A=\/(—6)2+(—2)2+(3)2 — i
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R~ Dang 2.7. Phuong trinh mat cau ti€p xuc mat phdng - dudng thdng
P Trong khong gian Oxyz, viét phuong trinh mit cau (S)

Loai

Phuong phap

Tam I(a;b;c) va tiép xuc véi (P) .
Vi (P): Ax+By+Cz+D=0 hodc (P) la
cdc mat phﬁng (Oxy),(Oxz),(Oyz) .
& Nhan xét:
Trong trieong hop 1 tiép xiic mot trong
cdc mat phing (Oxy),(Oxz),(Oyz) bai

todn sé don gidn hon.

> Ban kinh mat cau
i _|Aa+Bb+Ce+D
JA? + B2 +C?

Tiep xuc (a)
Tiep xuc (Oxy).
Tiep xuc (Oxz)

Tiep xuc (Oyz)

> Mat cau tAm I(a;b;c) va ban kinh de(I;(a)).

Tam I(u;b;c) va tiép xuc véi A.
x

Vei AT oI o JET
a b c

cic truc Ox;0y;0z.

& Nhan xét:
Trong trwong hop 1 tiép xiic mgt trong
cic truc Ox;Oy;Oz bai todn sé don

Qidn hon.

%0 hodc A I

& Vidy 2.7.1

(Oxy).

Chon A

> Ban kinh mat cau

[7:041]

( =

R= d([ Ox)—«/y1+z Tiep xuc Ox-
d(1;0y) =[x} +2} Tiep xuc Oy

_d(I,Oz) =Jx’+y? Tiep xuc Oz

» Mat cau tAm I(a;b;c) va ban kinh R:d(I;A).

a(I; A) Tiep xuc A

Trong khong gian Oxyz, viét phuong trinh mét cau tam I(1;-2;1) va tiép xtc v6i

.....

Do mit cau (S) tiép xuc (Oxy) = R= d(I;(Oxy)) = \/2 = M =ik,

Vay phuong trinh mit cAu can tim: (x —1)2 +(y+ 2)2 +(z —1)2 =0

& Vidy 2.7.2

v6i (Oyz) tai M(0;3;-2).

Chon B

Goi I(a;b;c)l‘a taAm mat cau (S)

Al —3;1;1 . B. I E;3;—2
5 2

Trong khong gian Oxyz, tim ban kinh mat cau di qua diém B(1;3 ;0) va tiép xuc

C. I(3THay. . I(2:42)

.....

Vi () tiép xtic v6i mdt phing (Oyz)tai M(0;3;-2)
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Nén hinh chiéu ctia I 1én mit phing (Oyz) la H (0 ;b ;c) trung voi M.
Do d6 b=3,c=-2va I(a;3;-2).

IB? =IM2<:>(a—1)2+4:a2 <:>—2a+5=0<:>a=§:>I(g;3;—2j-

& Vidy 2.7.3
Trong khong gian Oxyz, cho ba diém A(l;—Z;—4),B(2;3;4),C(3;5;7). Tim

phuwong trinh mdt cau c¢é tam la A va ti€p xtic véi BC.

A (x-1) +(y+2) +(z+4) =§ B. (x+1) +(y+2) +(z+4) :§
C. (x=1) +(y+2) +(z+4) =§ D. (x-1) +(y+2) +(z+4) =Zi5
Loi giai

Chon A
E=(l;5;8), Eﬁ=(l;2;3) :[E;Fd}z(—lﬁ;—S)

[#5:5]
CI
5

Vay phuong trinh mat can tim la: (x —1)2 + (y + 2)2 + (z + 4)2 =5

Mt cau c6 tam la A va tiép xtc véi BC = R= d[A;(BC)] =

“ Vidy 2.7.4
Trong khong gian Oxyz, cho B(1;1;9), C (1;4 ;O) .Mt cau (S ) diqua B va tiép xuc
vOi (Oxy) tai C c6 phuwong trinh la:

A. (x-1) +(y-4) +(z-5) =25 B. (x+1) +(y-4) +(z-5) =25
C. (x-1) +(y+4) +(z-5) =25 D. (x-1) +(y-4) +(z+5) =25
Loi giai
Chon A

Goi I(a;b;c)lé tAm mit cau (S)

Vi (S) ti€p xtc voi mat phéng (Oxy)tai C (1;4,'0)

Nén hinh chiéu ctia I 1én mit phing (Oxy) la H (a ;b;O) trung voi C.
Do d6 a=1b=4va I(1;4;c).

IB=IC? &3 +(c-9) =¢? <-18c+90=0 < c=5.

2

Vay phuong trinh mat can tim la: (x —1)2 + (y - 4)2 + (z —5) 25.
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R Dang 2.8. Phuong trinh mat cdu cét mat phdng - dudng thang

P Trong khong gian Oxyz, viét phuong trinh mit cau (S)

Loai

Phuong phap

Tam I(u;b;c) va cat (P) theo giao tuyén
la dwong tron tam I’ ban kinh r.
Vi (P): Ax+By+Cz+D=0 hodc (P) la
cdc mdt phang (Oxy),(Oxz),(Oyz).
&  Nhan xét:
Trong trieong hop 1 tiép xiic mot trong
cdc mat phing (Oxy),(Oxz),(Oyz) bai

todn sé don gidn hon.

‘Aa+Bb+Cc+D‘
NA?+ B*+C?

> Ban kinh: R? :dz(l;(a))+r2 =OH? + HM?

> Tinh d(I;(a))

» Mat cau tam I(a;b;c) va ban kinh R.

Tam I(a;b;c) va cit A tai A(xA;yA;zA)
,B(xB;yB;zB) va H la trung diém AB.
z

voi A" Y Yo _Z7%0 pose A g
a b c

cic truc Ox;0y;0z.

& Nhén xét:
Trong truwong hop 1 tiép xiic mgt trong
cic truc Ox;Oy;Oz bai todn sé don

Qidn hon.

< Vidy 2.8.1

> Tinh d(1;A) =t

2
» Ban kinh: R* =d° (I;(a))+ AH? = OH? +£
4

> Mat cau tam I(a;b;c) va ban kinh R:d(I;A).

Trong khong gian Oxyz, cho mat cau (S)Z(x—2)2+(]/+3)2+(2—4)2 =25. Mat

phang (Oxy) cat mat cau (S) c6 giao tuyén 1a mot duong tron cé ban kinh bang:

A. 21

Chon B

B. 3

C.6 D. 8

Loi giai

Mat cau (S) c6 tam: 1(2;-3;4), R=5.
Goi H la tam dwong tron cat nén H la hinh chiéu cua I. Vay H(2;-3;0).

Ban kinh dwong tron: r = JR?—IH? =52 —4? =3.

< Vidy 2.8.2

A. (x+2)2+(y+4)2+(z+1)2 =4
C. (x—2)2+(y—4)2+(z,—1)2 —4

Trong khong gian Oxyz, cho diém 1(2;4;1) va (P):x+y+z—4:O . Tim phuong
trinh mt cau (S) tam I sao cho (S) cdt (P) theo duong tron c6 duong kinh bang 2

B. (x-1) +(y+2) +(z—4) =3
D. (722} #(y-4) +(z-1)' =3

Loi giai
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Chon C

, 2+4+1-4
Ta ¢6: d(I,(P))=—n— = 3.
e ( ( )) V12 412 +17

Goi R 1a ban kinh mét cau, ta cé: R® =4? (I,(P))+r2 =3+1=4.

= (S):(x—2) +(y-4) +(z-1) =4.
& Vidy 2.8.3
Trong khéng gian Oxyz, cho diém A(-2;-4;5). Phuong trinh nao dudi day la

phuong trinh ctia mat cau tam la A va cit truc Oz tai hai diém B, C sao cho

AABC vuong.
A. (x+2)2 +(y+4)2 +(z—5)2 =40 B. (x+2)2 +(y+4)2 +(z—5)2 =82
C. (x+2) +(y+4) +(z-5) =58 D. (x+2) +(y+4) +(z—5) =90
Loi giai
Chon A

Do AB=AC nén AABC vuong tai A.

Goi H trung diém BC - AH=BH=HC.

Do @6 H la hinh chiéu ctia diém A 1én truc Oz.
Xét AABH: AB® = AH® + BH?* =2AH?

= R=AHN2 =d(A,02)2 = x,7 +y,2 2 = 2410
Vay mat cau c6 phuong trinh: (x+ 2)2 +(y + 4)2 +(z—5)2 =40
< Vidy 2.8.4
Trong khong gian Oxyz, cho mit cau (S) c6 tam I(1;,-1;2) va duong thing
Ly
1 -1
AB=10. Viét phwong trinh ctia mit cau (S).

z \ 2 < VPN . RN \ I
=—. Puong thang d cat mat cau (S) tai hai diém A va B vdi

A (S):(x=1) +(y+1) +(z-2) =31 B.(S):(x+1)
C. (S):(x-1) +(y+1) +(z2—2) =27 D.(S):(x+1) +(y-1) +(z+2)" =27

.....

Chon C
Goi H la trung diém AB ta c6: Isz(I,d)vé I[H 1d.

H(1+t;—t;t):>ﬁz(t;—t+1;t—2).
Vi: [H Ld=IHu, =0 t=1.
= H(2-31)=d(I,d)=1H=+2.

2
Xét AIAH : TA = AH? + IH? = [%} +(J§)2 =27.

Vay phuong trinh mat cau (S) : (x —1)2 +(y +1)2 +(z = 2)2 =2
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A.LY THUYET CHUNG.
1. Phuong trinh

TOA DO KHONG GIAN Oxyz

PHUONG TRINH MAT PHANG

» Phuong trinh mit phang (P) : Ax+By+Cz+D=0 v6i A*+B*+C?>0.C4 vécto phap

tuyén la ﬁ:(A;B;C).

> Mat phang (P) di qua diém M(x,;y,;

tuyén c6 dang (P):A(x—x0)+B(y—y0)+C(z—zO):O.

Cac mat phrfmg dac biét:

zo) va nhan vecto 7= (A ;B;C ) lam vecto phap

TINH CHAT MAT PHANG PHUONG TRINH HE SO PAC BIET
(a) di qua/chtra gbc O. ( a): Ax+By+Cz=0 D=0

(a) song song/chtta Ox . (a) By+Cz+D=0 A=0

() song song/chira Oy . (a): Ax+Cz+D=0 B=0

(a) song song/chtta Oz . (a) Ax+By+D=0 C=0

(a) song song/trung (Oxy). (a) Cz+D=0 A=B=0

(a) song song/trung (Oxz). ( ) By+D=0 A=C=0

() song song/triing (Oyz). (a): Ax+D=0 B=C=0

Nhan xét:

Mt phang khong chita 4n nao thi mit phang sé song song hodc chita truc do

hodc mat phang khéng chita 4n nao thi mat phang sé song song hoéc chita mat

phang dé.

2. Vi tri tuang d8i hai méat phdng
Cho mit (a) :Ax+By+Cz+D=0; (ﬁ) : Ax+B'y+C'z+D'=0. Khi d6 ¢6 cac truong hop sau:

Trh”z S (@)n(B)=d (e)1(5) («)=(5) () L(8)
Hinh veé y 7
Xay ra
khi & chi A,B.¢ A_B_c.D | AN C.D | 4aBpidae
Khi A" B C A" B C D A" BV g D
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B. CAC DANG BAI TAP.
R~ Dang 3.1. Xd&c dinh vecto phdp tuyén

> Trong khong gian Oxyz, vecto 1= (a; b;c) #0 1a vecto phap tuyén ctia mit phing (P)

thi vecto 711 =k.ji cling la vecto phap tuyén ctia mat phang ( P) .
»  Mit phang trong khéng gian déu c6 phuong trinh dang (P) : Ax+By+Cz+D =0 trong
d6 A?+B’+C?>0.Khi dé vecto 7i = (A; B; C) 1a vecto phap tuyén ctia mat phang.
»  Nhan xét:
* Khi &y hé s6, luu y 1ay dung th tu hé s6 truede x-y-z.
* Thém/bét, phai thém/bét ca hoanh — tung — cao do

< Vidy 3.1.1
Trong khong gian Oxyz, vecto nao dudi day la mot vécto phap tuyén ctia mat

phang (Oxy)?

A.i=(30,0). B.m=(LL1). C. j=(0;50). D.k=(0;0,1).
Loi giai
Chon D
Do mit phang (Oxy) vuong goc voi truc Oz nén nhan vécto k= (0; 0; 1) lam mot véc to
phap tuyén
& Vidy 3.1.2

Trong khong gian Oxyz, cho mit phang (P) :3x—z+2=0. Vecto nao dudi day la
mdt vecto phap tuyén cua ( P) ?
A. i, =(3,0;,-1). B. 7, =(3-12). C. ,=(3,-10).D. 7, =(-1;,0;-1).
Loi giai
Chon A
Vecto phap tuyén cia mat phing (P):3x—z+2=0 1a i, =(3;0;-1).
< Vidy 3.1.3
Trong khong gian Oxyz, cho mit phing (P) :2y+x+3z—-1=0. Vecto nao dudi day
1a mdt vecto phap tuyén cua (P)?
A. i, =(52;-1). B. 71, =(123). C. 7, =(1;3,-1). D. #,=(2;3,-1).
Loi giai
T (P) :2y+x+3z-1=0 néu ldy nhanh hé s6 va =7 = (2;1; 3) la sai do chua lay dung
hé s6 trudc x —y —z.
Ma ta phai sap xép dting nhu sau: (P) 2y+x+3z-1=0 (P) TR+ 3z — 1510
Nén =7, =(1;2;3).
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R Dang 3.2. Phuong trinh mat phang di qua ba diém déng phang
» Trong khong gian Oxyz, viét phuong trinh mat phang («)
Loai Phuong phap

(1) Pi qua A;B;C khong thang hang.

» Tim vécto ﬁ va TC

/E<B:/ > Vécto phép tuyén cta (a) e [E,TC}
A
[e3

(2) Di qua A(a;O;O);B(O;b;O);C(O;O;c).

(Phwong trinh dogn chin) x Y z
‘ » Phuong trinh (P):—+E+—:1.
a

c
Luu y:

a b

& Vidy 3.2.1

trinh mat phang (ABC ) la

A. x-5y-z+4=0. B. x-5y+z-2=0.
C. x+5y+z-2=0. D. x+5y—z+4=0.
Loi giai
Chon D

Ta co E = (3;—1; —2);E = (2; -1 —3)

Mt phang (ABC) 6 vec to phap tuyén n= [TC,A_BJ = (—1; —5;1) :

Phuong trinh mit phang (ABC) 1a ((x+1)-5y+z-3=0<—x—-5y+z-4=0
< Vidy 3.2.2

(MNP) c6 phuong trinh la:

N A — B. 2+Z1 21,

2 -1 2 P

c ¥ 2 D. I+ L2

2 -1 2 b1 2

Loi gidi
Chon C

Ta c: M(2;0;0),N(0;-10), P(0;0;2) = (MNP): >+ L 4+ 2 =1
2y - 140

Lwu y phwong dn D “gai”

* V6i phurong trinh doan chan thi v& phai =1

\ e 7 7 7Y/ X z
* Bai toan co thé “gai” nhu sau: (P):—+Z+—=O

Trong khong gian Oxyz, cho ba diém A(—1;0;3), B(Z; —1;1), C (1; —1;0). Phuong

Trong khong gian Oxyz, cho ba diém M(2;0;0), N(0;-10), P(0;0;2). Mt phing
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< Vidy 3.2.3
Trong khong gian Oxyz, phuong trinh mat phang di qua ba diém A(—3; O;O) ;

B(O;4;O) va C(O;O;—Z) la:

A. 4x-3y+6z+12=0. B. 4x+3y+6z+12=0.
C. 4x+3y—-6z+12=0. D. 4x-3y+6z-12=0.
Loi giai
Chon A

Phuong trinh mat phang (ABC): %+%+% =1<4x-3y+62z+12=0.

< Vidy 3.2.4

Trong khong gian Oxyz, viét phuong trinh mat phéng (P) di qua A(l;l;l) va
B(O; 2;2) dong thoi cit cac tia Ox, Oy lan luot tai hai diem M, N ( khong trung
véi goc toa do O ) sao cho OM =20N

A. (P):3x+y+2z—-6=0. B. (P):2x+3y—z-4=0.
C. (P):2x+y+z—4:O. D. (P):x+2y—z—2:O.
Loi giai
Chon D

Gia s (P) di qua 3 diém M(a;0;0), N(0;5;0), P(0;0;c)

Suy ra (P):£+Z+E=1

a b c

111
—+—+-=1 =

Ma (P) di qua A(3:3,1) va B(0;2:2) nénta co h¢ | 7 bz © =22
—+—:1 c
b ¢

Theo gia thuyét ta c6 OM =20N < |a|=2|b| < |p|=1< {Z f il

Trudng hop 1. b=1 =c=-2 suyra (P):x+2y—z—2:O

Truong hgp 2. b=-1 :c:—g suy ra (P):x—2y+3z—2:O
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R~ Dang 3.3. Phuong trinh mat phdng di qua hai diém va chda vecto
» Trong khong gian Oxyz, viét phuong trinh mat phang («)

Loai Phwong phap

Qua A;B vachwta e_{:(al;az;as) hoac

chtta/song song truc toa do.

n

> Tim vécto AB va cd sin vécto a .

> Vécto phap tuyén cua (a) tn= [ﬁ;é’} .

a o T
< Vidy 3.3.1
Trong khong gian Oxyz, cho bon diém A(L0; —1). Phuwong trinh mit phang qua

A va chtra truc Oy la:
A. x—z+4=0. B.x+z=0. C. x-1=0. D. x—-y—-z-4=0.
Loi giai

Chon B

Lay OeOy.Taco OA= (1;0;—1);@ =(0,5,0)= n =[&;ujy} = (1;0;1) .

Phuong trinh mat phang (ABC ) la: x+z=0.
< Vidy 3.3.2
Trong khong gian Oxyz, mat phang (P) di qua A(3; O;O),B (O; 0;4) va song song
truc Oy c6 phuong trinh

A. 4x+3z-12=0. B. 3x+4z-12=0.
C. 4x+3z+12=0. D. 4x+3z=0.
Loi giai
Chon A

i —

o, = (0:3,0); AB=(=3,0;4) =1, =| u,,.AB | =(4,0;3)

Do d6 (P):4(x—3)+3z=0<>4x+3z-12=0
< Vidy 3.3.3
Trong khong gian Oxyz, cho bon diém A(—l,' 6;3),B(2; O;6),C(l; 2; —1),D(2;4;O).
Phuong trinh mit phang qua AB va song song v6i CD la:

A. x—z+4=0. B. x+z+4=0.
C.x+y—-z+4=0. D. x-y-z-4=0.
Loi giai
Chon A

Ta co fTB = (3; —6;3);6 = (1; 2;1)
Mt phang (ABC ) o vec to phap tuyén "= —é[@; C—D} = (1; 0; —l) )

Phuong trinh mit phang (ABC) la (x+1)+0(y—6)—(2—-3)=0<>x-z+4=0
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R Dang 3.4. Phuong trinh mat phang trung truc cva doan thdng
» Trong khong gian Oxyz, viét phuong trinh mit phang (a)

Loai Phwong phap

La mat phang trung truc doan thang AB
A

» Vécto phap tuyén ctia mit (a) la: i = AB.
N > Tim toa d0 trung diém I cua doan AB.
o : > Mét phang (a) qua diém 1.
B
< Vidy 3.4.1

Trong khong gian Oxyz, cho hai diém A(4; 0;1) va B(—Z; 2;3).Mét phang trung

trgc ctia doan thang AB cé phuong trinh 1a

A. 3x-y-z=0. B. 3x+y+z-6=0.
C. x+y+2z-6=0. D. 6x-2y—-2z-1=0..
Loi giai
Chon A

Mit phang trung truc ciia doan thang AB cd vécto phap tuyén la AB= (—6; 2; 2) va di
qua trung diém [ (1; 1; 2) ctia doan thang AB.
Do d9, ta c6:—6(x—1)+2(y—1)+2(z—2) =0« —6x+2y+2z=0<>3x—y—z=0.
< Vidy 3.4.2
Trong khong gian Oxyz, cho hai diém A(—S; 2;1) va B(5; — 4;1) . Goi M la hinh
chiéu vudng goc ctia A trén (Oxy), va N la di€m di xting v6i B qua (Oyz). Viét

phuong trinh mat phang trung truc (P) ctia doan thang MN.

A. x+y+z-3=0 B. 2x-y+z-2=0
C. 2x-y+z+2=0 D. 4x+4y—-2z+21=0.
Loi giai
Chon D

M la hinh chiéu cta A(—3; 2;1) trén truc (Oxy) néntacé M (—3; 2;0).
N la d6i xténg voi B(5;—4;1) qua (Oyz) nén ta co N(—5;—4;1).

Goi I la trung diém MN. Ta ¢ I(—4;—1;%].

Phuong trinh mat phang 2(x+4)+ 2(y +1)—1[z—%) =0 ©4x+4y—-2z+21=0.

& Bién soan: Gv 02%%05 - 093.337.6281 Trang 56



Ting Fep Ly Thugét Nim hoc: 2023-2024
R Dang 3.5. Phuong trinh mat phang qua 2 diém, vuéng géc mat phang
» Trong khong gian Oxyz, viét phuong trinh mat phang («)

Loai Phwong phap

Qua diém A;B va vudng goc
(6): Ax+By+Cz+D=0.

b\ » Tim cdp vécto AB va ﬁ=[ﬁ;ﬁ(é)]
Tia .
iis » Vécto phap tuyén () la: ﬁ:[AB;ﬁ(b)]

> Mat phang (a) qua diém A.

< Vidy 3.5.1
Trong khong gian Oxyz , cho hai diém A(2;4;1),B(—1;1;3) va mit phang

(P) :x—3y+2z-5=0. Lap phuong trinh mit phang (Q) di qua hai diém A, B va

vuong goc voi mat phang (P) .

A. 2y+3z-11=0 B. 2x-3y-11=0
C. x-3y+2z-5=0 D. 3y+2z-11=0.
Loi giai
Chon A

Ta cé: AB= (—3; -3, 2), vecto phap tuyén ctia mp(P) la Z = (1; -3 2) .
Tt gia thiét suy ra n= [E,Z} =(0;8;12) la vecto phép tuyén ctia mp(Q).
Phuong trinh (Q) di qua A(2;4;1) 1a: 0(x—2)+8(y—4)+12(z-1)=0 < 2y+3z-11=0.

< Vidy 3.5.2
Trong khong gian Oxyz, mat phang (P) di qua hai diém A(O;l;O), B (2;3;1) va

vudng goc véi mat phang (Q) :x+2y—z=0 co6 phrong trinh la

A. 4x-3y+2z+3=0 B. 4x—-3y—-2z+3=0
C. 2x+y—-3z-1=0 D. 4x+y—-2z-1=0.
Loi gidi
Chon B

Ta cé E = (2;2;1), vecto phap tuyén mat phéng (Q): VTQ = (1; 2;—1) s

Theo dé bai ta c vecto phap tuyén mat phang (P) s rz = % AAB= (4;—3;— 2) 4
Phuong trinh mat phang (P) c6 dang 4x—-3y—-2z+C=0.

Mat phang (P) di qua A(0;1;0) nén: -3+C=0<C=3.

Vay phuong trinh mat phang (P) la 4x-3y—-2z+3=0.
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R~ Dang 3.6. Phuong trinh mat phang qua diém, vuéng géc 2 mat phang
» Trong khong gian Oxyz, viét phuong trinh mat phang («)

Loai Phwong phap
Qua M(xo;yo;zo) va 1L 2 mat
(P): Ax+By+Cz+D=0, > Tim cap vécto ﬁ(P) va ﬁ(Q).
(Q):A'x+B’y+C’z+D' =0. > Vécto phéap tuyén (a) la: 7 :[ﬁ(g);ﬁ@)]
Q Tin > Mat phang (a) qua diém M (x,;v,;%,) -

Hodc bai todn sé gap:
V73 . . \ A 7 7 . . A~ 2
Qua M (xo Yo ,zo) va vuong goc vOi giao tuyen cua

Tip (P): Ax+By+Cz+D=0; (Q): Ax+By+Cz+D'=0"

o M

< Vidy 3.6.1
Trong khong gian Oxyz , cho hai mit phang (a) :3x—2y+2z+7=0,

(ﬁ):Sx—4y+32 +1=0. Phuong trinh mat phang di qua gdc toa d6 O dong thoi

vuong goc voi Cé(a) va (ﬁ) la:

A. 2x-y-2z=0. B. 2x-y+2z=0.
C. 2x+y—-2z=0. D. 2x+y—-2z+1=0.
Loi giai
Chon C

Véc to phap tuyén ctia hai mat phang lan luot 1a 71 = ( 2) 1, (5; —4; 3).
Khi &6 vecto phap tuyén méit phang can tim 1a 7i = [fi f] (25 2)
Phuong trinh mit phang di qua gdc toa d6 O, VIPT 7 (2 ) 2x+y—-2z=0.

< Vidy 3.6.2
Trong khong gian Oxyz, cho (a):3x—2y+2z+7:O va (ﬁ):Sx—4y+32+1:O.

Phuong trinh (P) qua goc toa d¢ dong thoi vuong goc voi (a) va ( 3) la:

A. 2x+y-2z+1=0 B. 2x+y—-2z=0
C.x-y-2z=0 D. 2x-y+2z=0.
Loi giai
Chon B

(a):8x—2y+2z+7=0 c6 7, =(3;-2;2).

(8):5x—4y+3z+1=0 c6 i, =(5;-4;3).

Ta co fi=[?zl;ﬁ2]=(2;1;—2).

Phuong trinh mat phang (P) la 2(x—0)+1(y—0)—2(z—0):O<:>2x+y—2,z:O.
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R Dang 3.7. Phuong trinh mat phang song song mat phdng khac
» Trong khong gian Oxyz, viét phuong trinh mat phang («)

Loai

Phuong phap

(1) Qua M(x,;y,;z,) va song song
(ﬁ):Ax+By+Cz+D:O.

3£ Cdch 1:

» Vécto phéap tuyén (a) la: Fi(”) = ﬁ(u) =(A;B;C).

> Mat phang (a) qua diém M.

3t Cdch 2:

» Do ()//(8)= (a): Ax+By+Cz+D'=0 (D=D')
» Thay diém M vao (a)=D'=2?=(a).

(2) Song song (P): Ax+By+Cz+D=0 va
cach (P) mot khoang bang k.

7 % f

A

k fﬁ'f v

pd
(814 M

& Vidy 3.7.1

A. 2x-2y+z+2=0
C. 2x-2y+z-6=0

Chon A

» Vi (a)//(P)=(a): Ax+By+Cz+D'=0 (D= D').
> Vi (a) cach (P) mot khoang béng k

= d{(o): () = k=) =
= ‘D_D' =k=>D'=?
N/ o

» C6 D'= phuong trinh mat (P) hoan chinh.

Trong khong gian Oxyz, mat phang qua diém A(—1;1;2) va song song voi mat
phang (a) :2x—2y+z-1=0 c6 phuong trinh la

B. 2x-2y+z=0
D. 2x-2y+z-2=0

.....

Co (P) song song (a):Zx—2y+z—1:O nén (P):2x—2y+z+m=0, voi m=-1.
Do (P) di qua diém A(—1;1;2) nén 2-2+2+m=0<m=2 (nhan)

Vay mat phang can tim 1a (P):2x—2y+z+2=0.

« Vidy 3.7.2

phang (P) la
A. x+2y+2z+3=0
C. x+2y+2z+1=0

Chon D

Trong khong gian Oxyz, cho mat phang (Q): x+2y+2z-3=0 va mit phing (P)
khong qua O, song song mat phing (Q) va d ((P) ;(Q)):l. Phuwong trinh mat

B. x+2y+2z=0
D. x+2y+2z-6=0

.....

Goi phuwong trinh mit phang (P) co dang x+2y+2z+d=0 Véi d=0;d=-3.

o d((P)(0) -1 12

d=0
=1l= j
d=-6

S B
1?4224 27
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Két hop diéu kién = (P) c6 dang: x+2y+2z-6=0.
< Vidy 3.7.3
Trong khong gian Oxyz, cho mat phang (P) di qua giao tuyén ctia hai mat phang

(al) :3x—y+z-2=0, (az) :x+4y—-5=0 dong thoi song song véi mat phang
(a3) :2x+ 21y —z+7=0. Viét phwong trinh cia mt phang P .

A. (Q):2x—2y+z+4=0 B. 2x+21y—z-23=0
C. (Q):2x—2y+z-19=0 D. (Q):2x-2y+z-8=0
Loi giai
Chon B

(P)// ()= (P):2x+21ly—z+m=0(m=-7)
(al):3x—y+z—2=0
(az):x+4y—5=0
3x-y-2=0
x+4y—-5=0

Goi d la giao tuyén cua (al);(az) d :{

3x+z—-2=0

Cho —%
x—-5=0

= M(5;0;-13) va —°>{ — N(3,10)

Me(P)=25+21.0—(-13)+m=0=m=-23
Ne(P)=21+21.1-0+m=0=>m=-23
Vay 2x+21y—z—-23=0.
< Vidy 3.7.4
Trong khong gian Oxyz, cho mit phang (P) :2x—2y+z—-5=0. Viét phuong trinh
mgt phang (Q) song song v6i mat phang (P) , cach (P) mot khoang bang 3 va cat
truc Ox tai diém c6 hoanh d6 duong.
A. (Q):2x—2y+z+4=0 B. (Q):2x—2y+z-14=0
C. (Q):2x—2y+z-19=0 D. (Q):2x—2y+z-8=0

-----

Chon B
(Q)//(P)nén mat ph:fmg (Q):Zx—2y+z+C:0; C#-5, chon M(O;O;S)G(P)
5+C| {C=4
=3
C=-14

Ta ¢6 d((P);(Q))=d(M?(Q))=\/22+(_2)z+1z

C=4=(Q):2x—2y+z+4=0 khi d6 (Q) cat Ox tai di€m M, (-2;0;0)c6 hoanh do
am nén treong hop nay ( Q) khong thoa dé bai.

C=-14=(Q):2x—2y+z—-14=0 khi d6 (Q)cét Ox tai diém M, (7;0;0)c6 hoanh do
duong do d6 (Q):2x—2y+z-14=0 thoa dé bai.

Vay phuong trinh mat phang (Q) :2x—2y+z-14=0.
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Nam hoc: 2023-2024

R~ Dang 3.8. Phuong trinh mat phdng qua diém, song song/vudng géc

dudng thang

» Trong khong gian Oxyz, viét phuong trinh mit phang (a)

Loai

Phuong phap

Qua M(xo;yo;zo) va vuong goc
x-X y-Y z-Z
- ; .

d

Cc
d
iy Tla

> Tim vécto i, :(a;b;c).
> Vi (a)J_d:> vécto phap tuyén (a) la: n=1u,.

> Mat phang (a) qua diém M(xo;yo;zo).

Qua M(xo;yo;zo),N(xé;y(')'z(’)) va song
x—X _ y-=Y _z-Z

song d:

> Tim vécto u, =(a;b;c);m.

> Vi (a)//d:> vécto phap tuyén (a) TEs [ﬁd;m]

a b ¢ > Mit phang («) qua diém M(x,;y,;z,)-
< Vidy 3.8.1
Trong khong gian Oxyz, cho diém A(l; 2 ;3) va duong thang d: XT_l = % = ZT+3
Phuong trinh mat phang chtta diém A va vuong goc duong thang d 1a
A. 2x+2y+z-1=0 B. 2x+y+z=0
C. 2x+2y+z-9=0 D. x+y+z-1=0
Loi giai
Chon C

Ta c6 i, =(22,1).

Vi (a)J_d:> vécto phap tuyén (a) la: n=1, :(2; 2;1).
Mat phang (P) c6 phuong trinh la 2(x-1)+2(y—2)+(z—-3)=0 < 2x+2y+z-9=0.

< Viduy 3.8.2

A. x+y-z=0
C. 2y-z+1=0
Chon D

Ta co Ez(—Z;Z;l).

Trong khong gian Oxyz, mit phang chtta hai diém A(l;O;l), B(—1;2;2) va song

song voi truc Ox cé phuong trinh la

B. x+2z-3=0
D. y-2z+2=0
Loi giai

Vecto phap tuyén cua (P) la T ) = [E,ﬂ =(0;1;-2).

Mt phang (P) c6 phuong trinh la 0(x—1)+(y+0)-2(z-1)=0 < y—2z+2=0.
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R Dang 3.9. Phuong trinh mat phang qua diém, chia dudng thang
» Trong khong gian Oxyz, viét phuong trinh mat phang («)

Loai Phwong phap
Qua M (x,;y,32,) va chiia > Lay A tuy y thudc d, dé nhat ta 1dy A(X;Y;Z).
x-X y-Y z-Z R ERNe v R
d: T, T > Tim vécto AM va u,.
Tﬁn > Vécto phap tuyén ctia mat phang (a) la:
~ n =[m;ﬁd]

A 7 ﬁ’i/ > Mat phang (a) qua diém M(xo;yo;zo).

< Vidy 3.9.1

Trong khong gian Oxyz, cho diém A(l;2 ;3) va duong thang d :ngl =z+3.

Phuong trinh mit phang chita diém A va duong thang 4 la

A. 23x+17y+z-60=0 B. 23x-17y+z-14=0
C. 23x-17y-z+14=0 D. 23x+17y—z+14=0
Loi giai
Chon C

i, =(34;1). Goi M(0;1,-3)ed= AM =(-1-1-6).

Vi {dC(P) nén mét phing (P) c61 VIPT la 7i =[ﬁ i J:(zs-—17-—1)
Ae(P) ' r o Tl
5 . qua A(L2;3
Mat phang (P): {VTPT E‘ip = (23; -17;-1)
=(P):23(x-1)-17(y—-2)-1(z—3)=0= 23x-17y -z +14=0.
< Vidy 3.9.2
Trong khong gian Oxyz , viét phuong trinh mit phang (P) di qua diém

M(B;—4;7) va chita truc Oz.

A. (P):4x+3y=0 B. (P):3x+4y=0
C. (P):4y+3z=0 D. (P):3x+4z=0
Loi gidi
Chon A

Ta cod O—M = (3;—4;7), vecto chi phuong cta truc Oz la Ez (0;0;1).
Mit phang (P) qua M(3;—4;7) c6 1 vecto phap tuyén ﬁ:[%,(ﬂ} =(4;3;0)

nén 6 phuong trinh 1a 4(x—3)+3(y+4)+0(z—7)=0<« 4x+3y =0.
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R Dang 3.10. Phuong trinh mdt phang chia d,d’ va d cdt d
» Trong khong gian Oxyz, viét phuong trinh mat phang («)

Loai Phwong phap

Chita d: X=X Y=Y 272

a b c
d.= P y;’Y' = Z;,Z,, d,d catnhau | > Tim vécto i, va ii,.

o » Vécto phap tuyén () la: ﬁ=[ﬁd,;ﬁd].
— > Mat phang (a) qua diém Aed hoac Bed'.
d’ o
/D/ o /

< Vi duy 3.10.1

Trong khong gian Oxyz , mit phang chta hai duong thang cat nhau

Xl _yv2_zo4 o xtl_ ¥ 242 ¢ ohuong trinh I
2 1 3 1 -1 3

A. 2x-y+9z-36=0 B. 2x-y-z=0
C. 6x+9y+z+8=0 D. 6x+9y+z-8=0
Loi giai
Chon C
buong thang d : X 21 ]/IZ z-4 di qua diém M(l;—2;4), c0 VTCP la iil =(—2;1;3)
buong théng d, :x—lrl =ll =¥ c6 mot VICP la i, =(1; -1 3).

= (P)qua diém M(1;,-2;4) c6 mot VTPT la 7i=| 1,1, | =(6;9;1).
Phuong trinh mit phang (P) la: (P):6(x—1)+9(y+2)+(z—4)=0<>6x+9y+z+8=0.
< Vidy 3.10.2

Trong khong gian Oxyz, cho hai duong thang cat nhau d: % = yT+2 = %L va
d: xi-l % = 274—1 mgt phang chita hai duong thang da cho c6 phuwong trinh 1a
A. x+y-z+3=0 B. -x+y-z+31=0
C. x+2y-2z+3=0 D. x+2y—-2z+12=0
Loi giai
Chon A
DPuong thang d: = = yT = T di qua diém M(O = 1) c6 VICP1a u, = (1; 2 3)

Puong thang d’ X . 1 % = z;l c6 mot VICP 1a i, = (1;1;2) .

= (P)qua diém M(0;-2;1) c6 mot VTPT la 7 =[ ,, 1, | =(L1;-1).
Phuong trinh mat phrfmg(P) la: (P) :1(x—0)+1(y+ 2)—1(2 —1) A< x iy =z £3=10,

& Bién soan: Gv 02%%05 - 093.337.6281 Trang 63



Ting FHap Ly Tyt

Nam hoc: 2023-2024

R Dang 3.11. Phuong trinh mdt phang chua d, d’ va d song song d’

» Trong khong gian Oxyz, viét phuong trinh mat phang («)

M, ¢d,
MM, =(2;-3;1).
Mt phang (P) chtta 2 duong thang d,, d, nén di qua diém M, (1;— 2 ,'l) va cO mot

Loai Phwong phap
x-X y-Y z-Z
" a b c '
y-Y z-7 > Tim Aed va Bed'
v ¢ > Tim vécto AB, i, va ii, .
va d song song d’ . , . L T . .
o > Vécto phap tuyén (a) la: n =[AB u d} hoac
T 7i= [E ;ad} .
B U ‘ )
> Mat phang (a) qua diém Aed hoac Bed'
?id
v A
< Vidy 3.11.1
7 -1
Trong khong gian Oxyz , cho duong thiang d, :xT+1 = yT :g va
x-1 y+2 z-1 Cas o u 2 . . 2 A g
d,: R . Khi d6 mat phang ( P) chita 2 duong thang trén cé phuong
trinh la
A. 5x+3y+7z+4=0 B. 5x+3y—-7z+4=0
C. 7x+3y—-5z-4=0 D. 7x+3y—-5z+4=0
Loi giai
Chon D
+d, di qua M, (-1;1;0) va c6 mdt vecto chi phuong i (l 2);
+d, diqua M (1 -2; 1) va c6 mot vecto chi phuwong u ( 2)
Nhan xét: {”1 =y,

vecto phap tuyén: 1?1,)' = [Mle,ujJ =(-7;-3;5).
Phuong trinh mit phang (P):=7(x-1)-3(y+2)+5(z-1)=0<> 7x+3y—5z+4=0.
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R~ Dang 3.12. Phuong trinh mdt phang chua d va song song d’
» Trong khong gian Oxyz, viét phuong trinh mat phang («)

Loai Phwong phap
Chtta L?Y:JC_X:iV_Y:LZ_Z va song
a b c
song voi d':x_,X, :y_,Y, :Z_,Z'. > Tim Aed, do dc(a):Ae(a).
a b c > Tim vécto iU, va i,.

MW'/ Tnn » Vécto phéap tuyén (a) la: 7 :[ii U d] .

/ > Mat phang (a) qua diém Aed.
A U,

& Vidy 3.12.1

x=3+t

z=1+2t

phang (a) chtta d, va song song vdi d,.

A. (a):5x-18y—4z+7=0 B. («):5x—13y+4z+7=0
C. («):5x+13y+4z—7=0 D. («):5x+13y+4z+7=0
Loi giai
Chon D
x=3+t

+d, :

.
z=1+2t

+ Mgt phang (P) :x—y+2z=0 cé mot vecto phap tuyén 1?13)' = (1;—1;2) .

+ M3t phang (Q) :x+2y+z—-3=0 c6 mot vecto phap tuyén % = (1; 2;1).

e

Goi d, = (P)m(Q) = d, c6 mot vecto chi phwong LZ = [n(P),@J = (—5;1;3).

y=-2-t diqua MI(S;—Z;l) va c6 mot vecto chi phuwong ;1:(1;—1;2);

Trong khong gian Oxyz, cho duong thang d, 11y =-2—t, goi d, 1a giao tuyén ctia

hai m3t phang (P):x—y+22=0 va (Q):x+2y+z—3=0. Viét phuong trinh mat

Mt phang (a) chita duong thang d, va song song véi duong thang d, nén cé mot
vecto phap tuyén % = [Z,IZJ =(-5;-13;-4).
Phuong trinh mit phang (P): -5(x—3)-13(y+2)-4(z—1)=0<5x+13y +4z+7 =0.
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Nam hoc: 2023-2024

R Dang 3.13. Phuong trinh mat phang chua d va vuéng géc mat khéc
» Trong khong gian Oxyz, viét phuong trinh mat phang («)

Loai

Phuong phap

Chita 4. X=X _y=Y _z-2

va vuong
a b c

goc (P):Ax+By+Cz+D=O.

& Vidy 3.13.1

A. 2y+3z-11=0
C. 2y-3z+6=0

Chon A

> Tim Aed:Ae(P).
> Tim vécto i, va fi(p).

> Vécto phap tuyén (a) 1a: 7i = [n(P) ,-ad].
> Mat phang (a) qua diéfm Aed.

Trong khong gian Oxyz , cho hai diém A(2;4;1),B(—1;1;3) va mat ph:fmg
(P):x-3y+2z+3=0. Phuong trinh mat phang («) di qua hai diém A,B va

vudng gdc véi mat phang (P) la:

B. 2y-z+6=0
D. 2y-3z-6=0

Loi giai

Taco AB=(-3-32) va n, =(1,-3;2).

n= [E,ﬁp} = (0;8;12) . Chon vécto phap tuyén ctia mit phang (a) la n= (O; 2; 3) .

Mt phang (a) can tim 1a mat phang di qua A(Z; 4;1) vanhén 7i=(0;2;3) lam vécto
phap tuyén c6 dang: 0(x—2)+2(y—4)+3(z-1)=0 hay 2y+3z-11=0.

< Vidy 3.13.2

Trong khong gian Oxyz , phuong trinh mat phang (P) chita duong thang

:xT—lz%:zT-I—l va vudng gdc véi mit phang (Q):2x+y—z:O. la:
A . x+2y+z=0 B. x+2y-1=0
C.x-2y+z=0 D. x-2y-1=0
Loi giai
Chon D
Ta co d:xT_l=z=ZT+1:>d di qua M(l;O;—l) va c6 véc to chi phuwong 1, :(2;1;3)

Mit phang (Q) 12x+y—z=0=1, = (2;1; —1) la véc to phap tuyén.
d=(P)=1i, L(P),(Q) L(P)=1, L(P)=(P) c6 vécto phap tuyén

|=(-48,0)=-4(1-20).

= Phuong trinh mit phang (P) la: 1(x—1)— Z(y —0)+O(z +1) =0 x-2y-1=0.
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R Dang 3.14. Phuong trinh mdt phang cdch déu 2 dudng thang
» Trong khong gian Oxyz, viét phuong trinh mat phang («)

Loai Phuong phap

Cach déu hai dwong thang d,;d,

di A > Kiém tra d,;d, chéo nhau nén VTPT ctia mat
/}/ phang () 1a 7, = [iidl;ﬁdz] :

/ ) l—l / > Do (a) cach déu d ;d, nén d(A,(a))=d(B,(a)).
. : Tim D.

a5 > Viét phwong trinh mat phang ( a) :

< Vidy 3.14.1
A . . \ 2 x-2 y—-2 z-3
Trong khong gian Oxyz ,cho hai duong thang d,: > 1 " 3 ;

d = x-1_y-2_ ZA_fl- Phuong trinh mit phang (cr) céch deu d;d, 1a:

2 4
A. Tx-2y—-4z=0 B. 7x-2y—-4z+3=0
C. 2x+y+3z+3=0 D. 14x-4y—-8z+3=0
Loi giai
Chon D
Ta co d, qua A(Z 2; 3) vaco u _(2 13), , qua B(l 2; 1) va co (2 14)

Do (a) cach déu d,;d, nén (a) song song voi d;d, =1, = [udl;ud2 ] = (7; -2; —4)

= (a):7x-2y—4z+D=0.

Ta co d(A,(a)):d(B( )) ‘1?/_2‘ ‘1\3/_1‘ (a):14x—4y—82+3=0.
< Vidy 3.14.2
Trong khong gian Oxyz viét phuong trinh mit phang ( ) song song va cach déu
- 2 —2 1 2
hai duong thang dl:x——lz%zg va zzg—y_—l Z——l
A. (P):2x—2z+1=0 B. (P):2y—2z+1=0
C. (P):2x-2y+1=0 D. (P):2y—2z-1=0
Loi gidi
Chon B
Ta ¢ d, qua A(2;0;0) vacé i, =(-1;1;1) ; d, qua B(0;1;2) va ¢ i, (2 -1;-1).
Do (a) céch déu d,;d, nén () song song voi d,;d, =7i=| i, |=(0;1;-1)
= (a):y-z+D=0.
ID| |-1+D| 1

Tacc’)d(A,(P))=d(B,(P))<:>$: 5 =D =3 (a):2y-22+1=0.
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R~ Dang 3.15. Phuong trinh mat phdng lién quan mat cau
» Trong khong gian Oxyz, viét phuong trinh mat phang («)

Loai Phwong phap

» Tim tam [ va tinh ban kinh (S)
> (a) ti€p xuc véi mat cau (S) tai M e(S) thi (a)

Qua A va tiép xuc mdt cau (S) tai M
di qua diém M.

7l > Vécto phap tuyén (a) la: 7i = MI .

> Mat phang (a) qua diém M e (S)

O Luu y:

Khi bai todn khong cho ti€p diém thi ta phai st dung
; cac dir kién ctia bai toan tim dwoc 7 cua (a) va (a)

c6 dang: Ax+By+Cz+D=0 (D chua biét).
St dung diéu kién tiép xuc: d(I,(a)) =R détim D.

< Vidy 3.15.1
Trong khéng gian Oxyz, cho mit cau (S): (x—l)2 +(y—2)2 +(z—3)2 =81. Viét
phuong trinh mat phang (a) ti€p xtc voi (S) tai diém P(—5;—4; 6).

A x+y—-z+1=0 B. x+2y—-2z+1=0
C. 2x+y+2=0 D. 2x+y—-z+1=0
Loi giai
Chon D

M3t cau (S) co tam I=(L 2;3). Do (a) tiép xtc voi (S) tai diém P(—5;—4;6) nén (a)
c6 VTPT Ia n=1IP =(~6;-6;3).
Phuong trinh mit phang (o) la: —6(x+5)—6(y+4)+3(z—6)=0<> 2x+2y—z+24=0.
< Vidy 3.15.2
Trong khong gian Oxyz, cho hinh cau (S): (x—l)2 +(y—2)2 +(z—3)2 =1. Viét

phuong trinh mit phang (a) chita truc Oz va ti€p xtic véi (S).

A. 3x-4y=0 B. 3x+2y—-z=0
C. 2x+3y+1=0 D. 3x—-4y-2=0
Loi giai
Chon A
Mt phang («) chira truc Oz c6 dang : Ax+By=0 (A2 + B? 7&0)
|A+2B
=1

Taco: d(I,(a)):3<:>W

<4AB+B*=0<4A+B=0.Chon A=3B=-4=(a):3x—4y=0.
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< Vidy 3.15.3
Trong khong gian Oxyz , viét phuong trinh (P) song song VOi
(Q):x+2y—2z+1=0 va tiép xtic v6i mit cau (S):x% +y* +z° +2x—4y—2z-3=0
x+2y—-2z-10=0
A. B. x+2y-2z+12=0
x+2y—-2z+8=0

x+y-z-1=0
C. 2x+y—-3z+2=0 D.
x+y—-z+2=0

Loi giai
Chon D

Mat cau (S)c6 tam I(-1;2;1) va ban kinh R= \/(—1)2 +2241°+3=3
Do (P)//(Q) nén phweong trinh ctia (P) co dang: x+2y—2z+D=0vdi D #1.
Vi (P) tiép xic mat cau (S): d(I,(P)) =R=3

[-1+4-2+D|
=

\/12 +2° +(—2)2

Vay c6 hai mgt phang thoa man: x+2y—2z-10=0 va x+2y—2z+8=0.

D=-10
D=8

:3<:>‘1+D‘:9c{

Gt
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PHUONG TRINH PUONG THANG

A.LY THUYET CHUNG.
1. Phuong trinh
X=x,+at
P Phuong trinh tham s6 dwong thang A:{y =y, +bt (teR) ¢ di€m M (255 9952,) €A Vécto
z=2z,+ct
chi phuong :(a;b;c).
P Phuong trinh chinh tic duong thang A: % Y _byo =Z"% o6 diém M(xy57y52,) €A
a c

Vécto chi phuong 1 = (a;b;c).
> Giao tuyén hai mdt phdng:
Cho hai mat phang (a) :Ax+By+Cz+D=0 va (7) : A'x+By+C'z+D' =0 catnhau.

Goi A 1a giao tuyén ctia chting. Khi d6, duong thang A c6 VTCP la |i = [ﬁ( 'ﬁ( ﬁ)} :

2. Vi tri tudng ddi hai dusng théng
Xét hai duong thang d

17

d, lan Iwot c6 VICP i ;u, va cac diém M, ; M, nam trén d,;d, .

\ 4
[ﬁl;Mle} [ﬁlfﬁz]Mle
| I
I e— Comaae
=0 =0 ] a0y L E
d]_ = dz dl //dz dl chéo d2 ::: dl de =1

. *
03 - . - ®ennnsnssnunnnnnnnnns® CasEEmEEsEEEEEEEEEEs
CammsmssmssnsEnEnnas CasEEmEEsEEEEEEEEEEs
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3. Vi tri tuong déi gitfa dusng thdng vat mét phdng

> Trong khong gian Oxyz,
X _YTYo _27%

cho duong thang A z . va mit phing (a) :Ax+By+Cz+D=0.
a c

xX=x,+at
Ta viét lai phwong trinh A dwéi dang tham s6: A:1y =y, +bt thay x;y;z vao mit phing (a) .

z=2z,+ct
Duoc phuong trinh: A(xO +at)+ B(yo +bt)+C(zO +ct)+D =0.
Dt f(t)=A(x,+at)+B(y, +bt)+C(z, +ct)+D.
Khi d6: A(x, +at)+B(y, +bt)+C(z,+ct)+ D=0« f(t)=0

Ta co6 cac truong hop sau:

Néu f(t) =0 vO nghiém f(t) =0 c6 1 nghiém f(t) =0 v0 s0 nghiém

Thi Duong thang A // (a) . | Duong thang Am(a) =1. Duong thang A (a)

4. Vi tri tudng dai gitfa dusng thdng va mat cau

Trong khong gian Oxyz, duong thang A: 7% Yo _E7%0 yy mit cau S(I;R). Khi dé:

a b c
Duong thang
Khong cit Tiép xiic Cit tai hai diém A;B
< AN(S)=0 < An(S)={H] < AN(S)={A;B}
d(I;A)>R d(I;A)=R d(I;A)<R

= Du’(‘)f\ng the&mgvtié'p Xuc AB®
mat cau tai diém H < R= e +d (I;A)-

Mat cau

"
5. Khodng cdch lién quan dén dudng thang

Phuwong phap 1 Phwong phap 2
> Lap (a):{iuZM ( ) ‘[MOM,;{}
dM;A)==—7——

Khoang cach tt M dén A.

> Tim toa do H:(a)mA.
> Khi d6, d(M;A):MH.

N . DA
Khoang cach A, va A, chéo | > Lap (@): JIA, d(A;A,)
2 2

nhau.

» Khido d(A;A,)=d(N;(a))
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B. CAC DANG BAI TAP.
R~ Dang 4.1. X&c dinh vecto chi phuong

»  Trong khong gian Oxyz, vecto i =(a;b;c) =0 1a vecto chi phuong ctia duong thing A

thi vecto 7= k.ii cfing la vecto chi phuong ctia duong thang A.
X =Xx,+at
»  Phuong trinh tham s§ A:dy =y, +bt (te R) co6 vécto chi phwong i = (a;b;c).
z=z,+ct
z—

»  Phuong trinh chinh tic A: % Y _by 0 = Z7% ¢4 vécto chi phuong i = (a ;b ;c).
a c

»  Nhan xét:
* V6i phuwong trinh tham sd 18y dung thi tu hé s6 trudc tham so't.
* V6i phuong trinh chinh tac 1dy hé s6 dwéi mau.
* Néu gia thiét chuwra diing cau tric, ta phai sap xép lai roi méi 18y hé s6

< Vidy 4.1.1
x=2-t
Trong khong gian Oxyz, duong thang d:<y =1+ 2t c6 mdt vecto chi phuwong la:
z=3+t
A. i, =(-123). B.i,=(213). C. i, =(-1;21). D. i, =(211).
Loi giai
Chon C
Theo dinh nghia thi duong thang d c6 mot VICP 1a i, = (—1; 2; 1) .
< Vidy 4.1.2

-1 -1 2- .. ,
X~ _Yor_<c7z c60 mot vecto chi

Trong khong gian Oxyz, duong thang d:

2
phuong la:
A. i, =(2,2;-1). B.i,=(221). C.i,=(132). D.i,=(211).
Loi giai
Chon A

x-1_y-1_ 2—z®d:x—l=y—l=z—2

Ta viétlai d:
2 1 2 2 -1

=i, =(2;2;-1).

< Vidu 4.1.3
x-1 y-2 zZ°M

Trong khong gian Oxyz, cho duwong thang d: nhan véc to

1 2
U= (a; Z;b) lam véc to chi phuwong. Tinh a+b.
A. 8. B. 8. C. 4. D. 4.
Loi giai

Chon B

Duong thang d c6 mot véc to chi phuong 1a 7 = (2;1; 2).

ii=(a;2;b) lam VTCP ctia d suy ra il va ¥ cling phuong nén 2 27 g N

Yy 1 2 b=4

Vay a+b=8.

& Bién soan: Gv 72%%05 - 093.337.6281 Trang 72



Ting Fep Ly Thugét Nim hoc: 2023-2024
R Dang 4.2. Phuong trinh dudng thang qua diém & cé sén VTCP
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai Phuong phap

x:x0+at

» Phuong trinh §y =y, +bt
Qua M, co vécto chi phuwong &':(a;b;c) v 4t
<0
7% Y7V 275 {a;b;c} #0.
a b c
» Luuy: Phurong trinh tim dwgc khong nam trong

hoac

cac phuong an, ta cé thé thay toa d¢ diém
ma duong thang di qua dé kiém tra

< Vidy 4.21
Trong khéng gian Oxyz, phuong trinh tham s6 ctia duong thang di qua diém
M(Z; 0; —1) va c6 vécto chi phuong a = (2; —3;1) la

x=4+2t x=-2+2t x=-2+4t x=2+2t
A.<y=-6 . B.jy=-3t . C.iy=-6t . D.jy=-3t
z=2-t z=1+t z=1+2t z=-1+t
Loi giai
Chon D
x=2+2t
Puong thzfmg di qua diém M(Z; 0; —1) vacd VICP 4= (2; —3;1) la Jy=-3t
z=-1+t
< Vidy 4.2.2
Trong khong gian Oxyz, phuong trinh nao dwéi day la phuwong trinh chinh tac ctia
x=1+2t
duong thang d:{y=3t ?
z=-2+t
A.x_ﬂzz:z—Z B.x_—lzz:z+2
2 3 1 1 3 =2
C.x_“Ll:Z:Z_Z D.x_—lzz:z+2
2 3 -2 2 3 1
Loi giai
Chon D
x=1+2¢
Do duong thang d:{y=3t  diquadiém M (1,' 0; —2) va c6 véc to chi phuong
z=-2+t
ii=(2;3;1) nén c6 phuong trinh chinh tacla x2—1 = % = 212.
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R Dang 4.3. Phuong trinh dudng thang qua hai diém
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai Phuong phap

Qua hai difm A va B. » Chon A hodc B la diém ma Adi qua.
> Nhan AB 1am VICP —ii = AB.
» Luuy: Phurong trinh tim dwgc khong nam trong

cac phuong an, ta cé thé thay toa d¢ diém
ma duong thang di qua dé kiém tra.

« Vidy 4.3.1

Trong khong gian Oxyz, cho hai diém M (1; -2; 1), N (O; 1 3) . Phuong trinh duong
thang qua hai diém M, N la

A x+1:y—2:z+1' B. x+1:y—3:z—2.
-1 3 2 1 -2 1
c. Xx_yt z-3 p. X_y-l_z-38
-1 3 2 1 2 1
Loi giai
Chon C

Ta co: z\ﬁ = (—1; 3; 2).

Duong thzfmg MN qua N nhan MN =(—1; 3; 2) lam VTCP: X =y_—1 27_3
“ Vidy 4.3.2
Trong khong gian Oxyz, cho AABC ¢6 A(-1;3;2), B(2;0;5), C(0;-2;1) . Viét
phuong trinh duwong trung tuyén AM cua AABC

A AM:x+l=y—3=z—2.

B. AM:x—lzy—3=z+2.

2 -4 1 2 —4 1

x—1:y+3:z+2. D.AM:x_Z:y+4:Z+1.
2 4 -1 1 -1 3

C. AM:

Loi giai
Chon A

Goi M(x;y;z) la trung diém BC. Khi do M(l;—1;3)
Tac AM =ii =(2;-4;1)
x+1_ y-3 _2-2

Khi d6 phuong trinh dwong trung tuyén AM : 5 i 7
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R Dang 4.4. Phuong trinh dudng thang la giao tuyén hai mat phang
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai

Phuong phap

Giao tuyén ctia hai mt phang
(a):Ax+By+Cz+D:0 va
(8): Ax+By+Cz+D'=0

7 ~

= Vidy 4.4.1
Trong khong gian Oxyz

vecto chi phwong la
A.i=(5-21).
C.u= (1;3;5).

Chon C

» Cho 1 trong 3 an x;y;z =0 d€ tim 2 an con lai
By+Cz+D=0 {

: ’ . & y:?:M(O;?;?)
By+Cz+D'=0

x=0——>{
z="?

> Vecto chi phuong i = [Fiw ;1 f].
» Luu y: Phuong trinh tim duoc khong ndm trong

cac phuong an, ta c6 thé thay toa do diém
ma duong thang di qua dé kiém tra

, cho hai mat phéang (P):2x+y—z—l:O ,

(Q):x—2y+z—5:0. Khi d6 giao tuyén ctia hai mit phang (P) va (Q) c6 mot

B. ﬁ=(2;1;—1).
D. u= (—1; 3; —5) .

Loi giai

Goi d= (P)m(Q) . Khi d6 mot vecto chi phwong ctia d la u = [ﬁp,ﬁg] = (—1,' -3; —5).

Vay u = (l; 3;5) cling la mot vecto chi phuong cta 4 .

“ Vidy 4.4.2

6 phuong trinh chinh tac la

E_y+1_z—2
"2 3 -1
C. x—2=y+3=z—l.
1 -1 2
Chon B

Trong khéng gian Oxyz , cho hai mit phang (a) :2x+y—2z+3=0 va
(5):x+y+z—1:O. Puong thang A 1a giao tuyén ctia hai mat phang (a) va (6)

e
T
z+1

_y+l
3

y=2
-3

B.

D.

Loi gidi

() €6 mét vecto phap tuyén la 7, =(2;1;-1).
(ﬁ) c6 mot vecto phap tuyén la i, = (1;1;1). Ta ¢ [ﬁ{v,ﬁ“,] = (2;—3;1).

Vi duong thang A 1a giao tuyén ctia hai mit phang (a) va (ﬁ) nén A c¢6 mot vecto chi

phuong i, = [ﬁ”,fiﬂ] =(2;-3;1).

x50
2x By —2z+3=0
Goi M:(a)m(ﬁ),thi M e A vatoa dd M thdéa man W, LK A y=-1
x+y+z-1=0
zZ L2
Vay M(0;-1;2).
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Puong thang A di qua M(0;-1;2) va nhén i, =(2;-3;1) lam mt vecto chi phuong

c6 phurong trinh chinh tac la ;C Y 21 2 1 2 .
= Vidy 4.43
Trong khong gian Oxyz, cho mat phang (P):x+y—52+4=0 va duong thang
d: x;l = yi_l = 225 . Goi (Q) la mit phang chtta d va vuong gdc véi (P) Giao
tuyén d' cua (Q) va (P) di qua diém nao sau day?
A. M($0;1).  B. N(-4;0,0). C. P(4;2;2). D.P(-3-10).
Loi giai
Chon C

Goi duong thang d’ 1a hinh chiéu vudng goc ctia duong thang d trén (P)
Puong théng d di qua diém A(—l;—l;—5) vaco i, =(2;1;6).

(P) c6 vecto phép tuyén 7, =(1;1;-5) .

(Q) chtta d va vudng gbc voi (P) :>(P) (Q):d’.

Vecto phap tuyén cta ( ) la n —[np,u ] (11;—16;—1).

Phuong trinh ctia mat phang (Q) la:1lx-16y-z-10=0.

Do (P)m(Q): d’ nén vecto chi phwong ctia duwong thang d' 1a

u, = [*Q, ]=—27(3,2,1) suy ra d’' c6 vecto chi phuong la 1, _(3 2; 1)

x+y—5z+4=0
GQiI:dm(P),khidétQadéllénghiémcﬁahé x+1 y+1 z+5-
2 1 6

Giai hé ta duoc (x; y;z) =(1; 0;1).
x=1+3t

Do d6 d':4y=2t ,suy radudng thing d' di qua diém P(4;2;2).
z=1+t
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R~ Dang 4.5. Phuong trinh dudng thdng qua diém, song song d
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai Phuong phap

Qua M(xo;yo;zo) va song song vdi d . > Chon M(xo?]/or'zo) I3 diém ma A di qua.

i, > Do A/ld=iu, =1,
d Iy » Luu y: Phuong trinh tim duoc khong ndm trong
: cac phuong an, ta c6 thé thay toa do diém
A

ma duong thang di qua dé kiém tra
< Vidy 4.5.1

Trong khong gian Oxyz, cho ba diém A(O; —1;3) , B(l; 0;1), C (—1;1;2). Phuong

trinh nao dwdi day la phuong trinh chinh tac ctia dwong thang di qua A va song
song v6i duong thang BC?

1 3 x =2t
+ j—
A DY zTe B.{y=-1+t.
-2 1 1
z=3+t
C-x_—lzz:z_—l' D. x-2y+z=0.
-2 1 1
Loi giai
Chon A

Duong thang A di qua A vasong song BC nhan BC = (—2;1;1) lam vecto chi phwong

A 2 +1 -
= Phuong trinh chinh tac cia duong thang A: LA A Z—3
< Vidy 4.5.2

-2 1 1

Trong khong gian Oxyz, cho hai diém A(l; —2; —3); B(—l; 4;1) va duong thang
-2
d: XIZ _Y = ZJZFS. Phuong trinh nao duwdi day la phuong trinh cia duong

thang di qua trung diém ctia doan AB va song song vdi d ?
x_y-t_z+l
11 20 '
- -1
c X 1 y-1_ z+l. D
1 -1 2

Loi giai

W

-1 2
_y—2_z+2

1
X
- TH T 2

Chon B

Trung diém ctia AB la I (0;1; —l)

Ta c6 d//A nén duong théng A can tim ¢6 U, =1, = (1; —1;2)

1 2

. -1
Phuong trinh duwong thang A :% ¥ x_+1
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R~ Dang 4.6. Phuong trinh dudng thang qua diém, vuéng géc mat
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai Phuong phap
Qua M(x0 Yo ;zo) va vudng goc
(a): Ax+By+Cz+D=0. » Chon M(x,;Y,;z,) ladiém ma A di qua.

A L

. » Do AL ()=, =7,
ila T » Luuy: Phurong trinh tim dwgc khong nam trong
/< 1 | cac phuong an, ta cé thé thay toa do diém
& : ma duong thang di qua dé kiém tra

M ¢

& Vidy 4.6.1

va vudng gbc véi mat phang (P) :x+3y—z+5=07?

x=1+t x=1+t x=1+3t x=1+3t
A Jy=1+3t. B.<y=3t . C.qy=1+3t. D.< y=1+3t.
z=1-t z=1-t z=1-t z=1+t
Loi giai

Chon B

A L(P)=ii, =ii, =(1,3;-1) nén chi dap an A hoac B dung.

Thtr toa d6 diém A(Z; 3,'0) vao ta thay dap an B thdéa man
< Vidy 4.6.2

x=1-t x=1+t xX=2+t x=1-t
A. Jy=4t . B.<y=4 . C.qy=4+4t. D.<y=2-4t.
z=2+2t z=2+2t z=4+2t z=2-2t
Loi giai

Chon C
Ta c6 BC =(2;0;-1),BD =(0;-12)
dJ_(BCD):ﬁA =n :[ﬁ;B—Dl:(—l;—Q—Z)

(BCD)

Khi d6 ta loai dap an A va B

Trong khong gian Oxyz, viét phuong trinh ctia duong thang A di qua A(Z; 3;0)

Trong khong gian Oxyz, cho cac diém A(l; 0; 2), B(l,' 2;1),C (3; 2;0) va D(l;l; 3).
Duong thang di qua A va vudng géc véi mat phang (BCD) c6 phuong trinh la

1=2+t¢ t=-1
Thay diém A(1;0;2) vao phuong trinh ¢ phwong an Ctaco (0=4+4t < <t =-1.
2=4+2¢ n=-1

Nén chon phuong an C

« Bién soan: Gv 42 G J ot (T~ 093.337.6281

Trang 78



Ting FHap Ly Tyt

Nam hoc: 2023-2024

R Dang 4.7. Phuong trinh dudng thang qua diém, vuéng géc d,d’
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai

Phuong phap

Qua M(x0 Yo ;zo) va vudng goc hai
duong d, va d,.

» Chon M(xo;yo;zo) la difm ma A di qua.
> VICP: i, =i, i, |.
» Luu y: Phuong trinh tim duoc khong ndm trong

cac phuong an, ta c6 thé thay toa do diém
ma duong thang di qua dé kiém tra

< Vidy 4.7.1
Trong khong gian Oxyz cho diém M(—l;l; 3) va hai duong thang
AT y*8 27l X+ Y2 phyong trinh nao dudi day 13 phuong
3 2 1 1 3 =2
trinh duong thang di qua M va vudng goéc véi A va A'.
x=-1-t x=-t
A Jy=1+t B. <y=1+t.
z=1+3t z=3+t
x=-1-t x=-1-t
C.jy=1-t D. <y=1+t
z=3+t z=3+t
Loi giai
Chon D
+) VICP cta A, A’ Tan luot la i =(3;2;1) va 6=(13-2) ; [4,0]=(-7;7;7)
+) Vi d vuong géc véi A va A’ nén u ( 11 )
x=-1-t
+) d diqua M(—1;1;3) nén d:{y=1+t
z=3+t
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R~ Dang 4.8. Phuong trinh dudng thdng qua diém, song song (a) vudng

goécd

» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai

Phuong phap

Qua M(x0 Yo ;zo) va song song

(a):Ax+By+Cz+D=O va vuong goc d

d
M Tn
A T ﬁ:ry / T:':d
ALH /S

< Vidy 4.8.1

x+2 y-5 z-—
3 -5

A x-1_ y+3:z—4.

1 -1 -2
C.x—1:y+3:z—4'
1 1 -2
Chon C

» Chon M(xo;yo;zo) la difm ma A di qua.
> VICP: i, = iiy i, |.

» Luuy: Phuong trinh tim dugc khong nam trong

cac phuong an, ta c6 thé thay toa d¢ diém
ma duong thang di qua dé kiém tra

Trong khong gian Oxyz, cho diém M(l;—3 ;4), duong thang d c6 phuong trinh:
2 va mit phang (P): 2x+z—2=0. Viét phuong trinh duong

thang A qua M vudng goc véi d va song song voi (P)

B. x—1:y+3:z—4

-1 -1 -2
D. x—1:y+3:z+4'
1 -1 2

Taco u, = (3;—5;—1) la véc to chi phwong ctia 4.

1, :(2;0;1) la véc to phap tuyén caa (P) .

[i,;7, |=(-5;-5;10).

Do A vuong goc véi d va song song voi (P) nén i = (1;1;— 2) la vécto chi phuong A.

Khi d6, phuong trinh ctia A la

x-1 y+3 z-4

-2
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R Dang 4.9. Phuong trinh dudng thang qua diém, vuéng géc d, cét o’
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai

Phuong phap

Qua M(xo;yo;zo) va vuong goc d, va

cat d, .

& Vidy 4.9.1

Chon A

Goi duong thang can tim 1a A

d

x =2t
A. Jy=-3+4t.
z =23t

x+1 y-1 z-2

1 -2

Trong khong gian Oxyz, cho diém A(Z;l; 3) va duong thr?mg d:

—

1ld M = 1,
> Lap (a): & .
quaM(xO;yO;yO) quaM(xo;yo;yo)

» Goi N=d, m(a) — giai hé theo t—)N(? .

M

, qua
> Khi d6 duong thang A: {N
i, = MN

» Luuy: Phuong trinh tim dugc khong nam trong

cac phuong an, ta c6 thé thay toa d¢ diém
ma duong thang di qua dé kiém tra

x+1 y-1 z-2
—2 2

Duong thang di qua A, vudng goc véi d va cat truc Oy c6 phuong trinh 1a

x=2+2t x=2+2t x =2t

B.<y=1+t . C.qy=1+3t. D.<y=-3+3t.

z=3+3t z=3+2¢t z =2t

Loi giai

cd VICP 1 = (1;—2;2).

Goi M(O;m;O)eOy,ta co mz(—Z;m—l;—3)

Do Ald < AM.ii=0 =-2-2(m-1)-6=0 =m=-3

x =2t

Tacé A 6 VICP AM = (—2;—4;—3) nén c6 phuong trinh <y =-3+4t.

= Vidy 4.9.2

z =23t

Trong khong gian Oxyz , cho diém A (1; -1 3) va hai duong thang:
x-4 y+2 z-1 x—2 y+1 z-1
d : = = ,dy = =
1 4 -2 1 -1

A, vudng goc véi duong thang d, va cat duong thang d, .

. Viét phureong trinh duong thang d di qua

A x—1:y+1:z—3' B. x—1:y+1:z—3.
2 -1 -1 6 i 5

C. x—1:y+1:z—3. D. x—1:y+1:z—3.
6 -4 -1 2 1 3
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Loi giai
Chon A
Ta co: U, = (1; 4, —2)
x=2+t
x-2 y+l z-1

d
271 4

nén phwong trinh tham sé cua d, : <y =-1—t (t € R)
z=1+t

Goi duong thang d cat duong thang d, tai M(2+t; —1—t;1+t)
Taco: AM =(L+£;-t;t-2)
Duong thang d di qua A; M nén vecto chi phuong i, =(1+t; —t;t—Z)
Theo dé bai d vudng goc d, =i, Lil, < ii i, =0 1.(1+t)+4(-t)-2(t-2)=0=t=1
=i, =(2-L-1)
x-1 y+1 z-3

-1 -1

Phuong trinh dwong thang d qua A(l,' -1 3) 61, = (2,' -1 —1):
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R Dang 4.10. Phuong trinh dudng thang qua diém, vuéng géc & cdt d
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai Phuong phap

1d ﬁ( ) = ﬁ
> Lap (oz): &

Qua M(x,;¥,;2,) va vubng goéc va d. quaM (x,;YoiY) | quaM(x,
» Goi N=dn(a)—> giai hé theo t > N(?).

M

, qua
> Khi d6 duong thang A: {N
i, = MN

» Luu y: Phuwong trinh tim dugc khong nam trong

/yo'yo)

cac phuong an, ta c6 thé thay toa d¢ diém
ma duong thang di qua dé kiém tra

< Vidy 4.10.1
Trong khong gian Oxyz, cho diém A(1;0;2) va dudng thang d :xT—lz% 2+

Duong thang A di qua A, vudng goéc va cat d c¢6 phuong trinh 1a

A,A;x_2=y_l=z_1_ B. A X1 -1 y_z-2 2
1 1 -1 101 1
ca X2yl z-1 DALY 272
2 2 1 1 -3 1
Loi giai
Chon A

Goi giao diém cua A va d la B(t+1;t;2t—1). Khi @6 Zzﬁz(t,t,Zt—@.
Vi duong thang A vudng géc véi duong thang d co I/Z = (1,1, 2) thi:
F+t+2(2t-3)=0et=1=u, =(L1,-1).

x-2 y-1 z-1

Phuong trinh duong thang A thoa man yéu cau bai toan 1a A: e 1
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R~ Dang 4.11. Phuong trinh dudng thang qua diém, song song (o) & cdt d
» Trong khong gian Oxyz, viét phuong trinh duong thang A
Loai Phwong phap
Qua M(x,;Y,;%,) vasong so,ng > Lap (9): {song song () - {ﬁ(ﬁ) =7, .
(a): Ax+By+Cz+D=0 vacatd. quaM(x,;Y,;Y,)  (quaM(x,5y,:9,)
i d > Goi N =dn(B)—> giaihé theo t —>N(?).
M
; qua
> Khi d6 duong thang A: [N
i, =MN
» Luu y: Phuong trinh tim duoc khong nam trong
cac phuong an, ta c6 thé thay toa d¢ diém
ma duong thang di qua dé kiém tra

< Vidy 4.11.1

Trong khong gian Oxyz, cho ba diém A(—1;0;3), B(Z; —1,'1), C (1; —1;0). Phuong
trinh mat phang (ABC ) la

A. x-5y—-z+4=0. B. x-5y+z-2=0.
C. x+5y+z-2=0. D. x+5y-z+4=0.
Loi giai
Chon D

Ciul. Trong khong gian Oxyz, cho diém A(B; 2,'—4) va mgt phang (P):3x—2y—3z—7 =0,

duong thang d:

x—-2 y+4 z-1
-2

. Phuong trinh nao sau day la phwong trinh dwong

thang A di qua A, song song (P) va cat duong thang d ?
x=3+11 x =3+54t x=3+47t x=3-11
A.jy=2-54t . B. {y=2+11t . C.Jy=2+54t . D. <y=2-47t .
z=-4+47t z=—-4-47t z=—4+11 z=—4+544
Loi giai
Goi % = (3; -2;— 3) 1a vecto phap tuyén ctia mat phang (P) .

Puong thang d di qua diém M(Z; —4; 1) va co vecto chi phuwong LZ = (3; _ 2) '

Gid st And=M nén M(2+3t;—4—2t;1+ 2t) khi d6 vecto chi phwong ctia duong

than

g Alau, =AM =(3t-1,-2t—6;2+5).

Tacé AM Ln, . < AMn . =0 nén 3(3t—1)—2(—2t—6)—3(2t+5)=0<:>t=9.
7

(?) (?)
—{11. 54 47}
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Chon vecto chi phuong ctia dudng thdng A c6 toa dd la (11; —54; 47) do d6 phuong
x=3+11t

trinh dwong thang can tim 1a {y =2-54¢ .
2= —4+4Tt
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R Dang 4.12. Phuong trinh dudng thang qua diém & cét d, d,
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai Phuong phap
Qua M(xo;yo;zo) vacat d, va d,. » Cach 1:
A M qua M
> Viét (a):{qua o1 — ldy N ed,batky.
/N 2d My =MN
_ r/ dy
Uq M quaM
Yy > Viét (5):{"”“ el ——, ldy Qed,batky.
dy U, - Az n(.i) = MQ
)/ > Khi d6 duong théng A= (oz)m(ﬁ) — phuong
o trinh giao tuyén.

» Cdch 2:

o quaM quaM . R
> Viét (04):{DA @{ﬁ( )=ATQ»,lay QeA, batky.
1 «

> Goi N:(a)mAz — giai hé theo t:>N(?).
qua M
i, =MN

» Khi d6 duong thang A :{

» Lwu y: Phuong trinh tim dugc khong nam trong cac phuong én, ta cd thé thay toa do diém
ma duong thang di qua dé kiém tra
< Vidy 4.12.
x—2 _ y—lz z+1 vad,: x+1: y—-3 _ z+2
-2 4 -2 3 -1
phuong trinh duong thang A qua A(O; 2; —4) va cat hai duwong thang d, va d,.

. Viét

Trong khong gian Oxyz, cho 4, :

x=t x=t x=t x=~t
A Jy=2-2t . B.{y=2+2t . C.qy=2+2t . D.qy=2-2t .
z=—-4+3t z=—-4+3t z=-4-3t z=-4+3t
Loi giai

Chon D
Goi (P) la mat phang qua A va chita d,
{quaB(Z;l;l)
d iy
i, = (2; —1;3)
Goi (Q) la mit phang qua A va chita d,
{quaC(l; 3-2)
d,:q.,
U, = (—2; 3;—1)

vh AB :(2;—1;3) =1, :[ﬁl;ﬁ}:(—z 2,'2)

va AC = (—1;1; 2) =1, = [ﬁZ;A_(f} — (7;5;1)

x=t
Khi d6 A 1a giao tuyén ctia (P) va (Q) =i, =[ 7i,;fi, |=-8(L-2;3)= A:dy=2-2t .
z=—4+3t
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< Vidy 4.12.1

x=3+t
Trong khong gian Oxyz, cho 1(1;1;2), d:qy=-1+2t va dZ:x—I2=%=%.
z=4

Phuong trinh duong thang A qua I va cat hai duong thang d,,d, 1a

x=1+2t xX=2+2t x=t x=1+2t

A Jy=1+t . B.<y=t . C.Jy=t . D.jy=1-t .

z=2+t z=23t z=1-3t z=2+t
Loi giai

Chon A
And = A(3+t;-1+2t;4); And, = B(—2+u;1;2+2u).
IA=(2+t-2+2t2); IB=(-3+w;u-1 2u).
2+t=k(-3+u) f=2
I, A, Bthing hang < IA =kIB & {2+ 2t =k(u-1) & {k=-1= [A=(4;2;2) =2(2,1.1).
2 =2ku ku=1
x=1+2t
Duong thang A cé phuong trinh 1a: A:{y =1+t .
z=2+t
= Vidy 4.12.3

-1’
. Puong thang A cat d,, d, Tan luot tai A va B sao cho M la

Trong khong gian Oxyz, cho diém M(1;2,'1) va dl%zy ;l z-3
p :x+1:y—1zz—1

202 R |
trung di€ém ctia AB ¢6 phuong trinh
x=—t x=t x=—t x=2—t
A. Jy=1+2t. B. <y=1+2¢t. C.qy=1-2t. D.<y=3-2t.
z=1 z=1 z=1 z=1
Loi giai
Chon A

Do A=AnNd, suy ra uj=[£,ﬁ}=(4;—6;—l) nén A(t;—1+2t;3—t).
Vi M la trung diém AB, suy ra B(2—t;5—2t;t—1).

_ —_f_ 11— Al(2;3;1
Theogiélthié't,Bedznén2 i 1<:>t: :{ ( )

1 -1 B(0;1,1)
= =k
Duong théng A di qua hai diém A(Z;B;l), B(O;l;l) nén A:qy=1+2t.
Zi=il.
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R Dang 4.13. Phuong trinh dudng thang ndm trong (o) & cdt di d,
» Trong khong gian Oxyz, viét phuong trinh duwong thang A
Loai Phwong phap

Nam trong (a):Ax+By+Cz+D:0 va > Coi {Mdlm(a)
cht d, va d,. " [N=d,n(a)
dQ M

d , qua
> Khi d6 duong thang A : N

o N
‘ » Luu y: Phuong trinh tim dugc khong nam trong

A
/a) cac phuong an, ta c6 thé thay toa d¢ diém
ma duong thang di qua dé kiém tra
< Viduy 4.13.1

i_y—S_z_-kl x-4 y z-

Trong khong gian Oxyz, cho mat phang (P):4x—3y +11z-3=0 va hai duong

thang d, : L vad,: Z =2 % Viét phuong trinh duong than
Eh-TT 3 2"y "1 2 p 8 & &
d cat ca hai dwong thang d,,d, dong thoi duong thang d nam trong (P)
x=-1+3t x=1+3t x=1+3t x=-1+3t
A Jy=5-7t . B.qy=1-t . C.qy=2-2t. D.<{y=5-T7t.
z=2-2t z=1-2t z=2-1t z2=2-2¢
Loi giai
Chon D
x=—t x=4+t

Phuong trinh tham s6 ctia dwong thang d,: iy =3+2t vad,:{y=t
z=-1+3t z=3+2t

Goi A=dnd, = A(—t;3+2;-1+3t).
Goi B=dnd, = B(4+1;t;3+2t').
Ae(P)  [-4t-3(3+2t)+11(-1+3t)-3=0  (¢=1
Be(P) @{4(4+t')—3t’+11(3+2t')—3_0 {t’:—Z
= A(-15;2), B(2-2;-1) = AB=(3;-7;-3).

x=-1+3t
Vay phuong trinh duong thang d 1a {y=5-7¢ .

z=2-2t

Vi dc(P) nén cod {
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R~ Dang 4.14. Phuong trinh dudng thang ndm trong (o) & vuéng géc d
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai Phwong phap
Nam trong (a) :Ax+By+Cz+D=0 va
vudng goc d . > Goi dem(a).
d ) quaN
~ > Khi dé duwong thang A:q I
Na ﬁd uA = |:n((\) ;udj|
» Luu y: Phuong trinh tim duoc khong ndm trong
g | A cac phuong é7n, ta c6 thé thay toa do diém
A N ma duwong thang di qua dé€ kiém tra
< Vidy 4.14.1
A . . g x y-3 z-2
Trong khong gian Oxyz , cho duong thang d: 51 T 3 va mat phang

(P):x—y+22—6=0. Duong thang A ndm trong

P), cat va vudng goc vdi d co

—

phuong trinh la:
A x—2=y+2=z+5_ B. x+2=y—2=z—5.
1 7 3 1 7 3
C x-2 y-4 z+1 x+2 y+4 z-1
1 73 ! 73
Loi giai
Chon D
i, =(L-132), #,=(25-3), Goi I=d(P), Ied=1(2t;3+t;2-3¢)
Ie(P) =2t—(3+1)+2(2-3t)-6=0 <t=-1=1(-2;25)
s
Theo gia thiét {ﬁ If,d =1u :[np,u] (1;7;3)
u, Ln,
2 L
Va duong thang A di qua diém I.Vay A: x-]i-2=y7 =235.
< Vidy 4.14.2
y+1 z-1
Trong khong gian Oxyz cho duong thing A: I_T:T va mit phang

(P) :x—2y—z+3=0. Duong thang 4 nam trong (P) dong thoi cat va vudng goc

voi A ¢6 phueong trinh la:

x=1+2t x=-3 x=1+t¢ x=1
A Jy=1-t . B.<y=—t. C.iy=1-2t. D. y=1-¢
z=2 z =2t z=2+3t z=2+2t
Loi giai
Chon D
x=t
TacéA:Ezy—H:Z—le y=-1+2t
1 2 1
z=1+t
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Goi M:Am(P) :>MeA:>M(t;2t—1;t+1)
Me(P)=t-2(2t-1)—(t+1)+3=0 <4-4t=0=1t=1= M(L1;2)

Véc to phap tuyén ctia mit phang (P) lan= (1; -2; —1)

Véc to chi phuong ctia duong thang A 1a 1= (1; 2 ;1)

Puong thang d nam trong mat phang (P) dong thoi cat va vudng goc véi A

= Puong thang d nhan %[;,ﬂ - (0; -1 2) lam véc to chi phwong va M (1;1; 2) ed

x=1
— Phuong trinh duong thang d:{y=1-t
z=2+2t
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R Dang 4.15. Phuong trinh dudng thang qua diém va // d’ cét di, d;
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai Phuwong phap
Qua M(x,;,;2,) va /jd vacét d, va d, | > Cich 1:
> & , d’ qua M
> Viét (oz):{” i o
/\ o) dl 1’1((‘) =| U, ;udl]

> viet (5): 117 e
ié ( ) - 2‘:’ ﬁ(ﬂ)=[ﬁd,;iid2}

» Khi d6 dudng thang d =(«)n(3) — phuong

trinh giao tuyén.

r'/ ds
Uy
M
d1 ar]g
\@
/”/ ds

A d » Cach 2:
S~ ) d uaM ) )
/r > Viét (a): H <~ [z - léy MEdlbét k}"
iin A odp |y THy
M
0N » Goi N =(a)nd, — giai hé theo t=N(?).
P N
. PN . quaN
~_+ I » Khi d6 duong thang A:< " .
g i, =i,

» Lwu y: Phuong trinh tim dugc khong nam trong cac phuong én, ta cé thé thay toa do diém
ma duong thang di qua dé kiém tra.
< Vidy 4.15.1
Trong khong gian Oxyz, cho hai duong thang d, va d, Tan luot c6 phuong trinh 1a
1 -1 z- . . 7
%:% :E va %:y_z :%1. Puong thang d cat ca hai duwong thang d,,d, va

song song v&i duong thang A: x—4_y-rf_z-3

c6 phuong trinh la

4 -2
A x+1=y+1=z+4' B. x—1=y+1=z—4'
1 4 -2 1 4 -2
C. x+1:y—1:z+4. D. x—lzy—lzz—4.
1 4 -2 1 4 —2
Loi giai
Chon B

Goi (P) la mat phang chtta hai dwong thang d, va d

Khi d6 (P) qua M(0;-1;0) va c6 i, =(L2,1), i =(14;-2).

Khi d6 7 =[ i1 |=(-8;3;2) =(P):-8x+3y+2z+3=0
—8x+3y+2z+3=0

_ x=1
Goi H=d,~(P) d,: ;:1_2t o {y=-1=H(5-14).
z=1+3t ke

x-1 y+1 z-4

DPuong thang d c6 phuong trinh: 7 5
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R Dang 4.16. Phuong trinh dudng thang la dudng vuéng géc chung
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai Phuong phap

[ Med, —— R
> Goi N :>MN(?) (toa do theo t;k).

€4,

La duong vudng gécchung caa d, va d, | > MN la duwong vudng goc chung

@{ﬁl'@zo @{t:? :{M(?).

i, MN=0 (k=2 [N(?)
M
, ql/lﬂl
> Khi d6 dudng thing A : [N
i, = MN

» Luuy: Phuong trinh tim dugc khong nam trong
cac phuong an, ta cé thé thay toa d¢ diém

ma duong thang di qua dé kiém tra

< Vidy 4.16.1
x=1+2¢ x=1+s
Trong khong gian Oxyz, cho duong thing d,:{y=2+t vad,:{y=2+s. Viét
z=-2+5t z=1+3s
phuong trinh duong vudng goc chung ctia hai duwong thang d,;d,.
x=-1+2t x=1-2t x=t x=2—t
A Jy=-5t . B.qy=2-t. C.iy=-1+t. D.qy=-1
z=11t z=1+t z=2+t z=1+2t

Loi giai
Chon B
Goi A la duwong vuong goc chung ctia hai duong thang d,;d, .
Puong thing d, ¢6 VTCP la &, =(2;1;5);d, ¢ VTICP la ii, =(1,1;3).
Goi A=And, = A(1+2t;2+;-2+5t); B=And, = B(1+5;2+5;1+3s).

AB=(s-2t;s-1;3+35-5¢).

[ABu =0 [2(s-2t)+s—t+5(3+3s-5)=0 (18s-30r=-15 |°=O
Taco:i -, < = 7.
ABu, =0 |s—2t+s—t+3(3+3s-5t)=0 11s-18t=-9 =
Suy ra B(1;2;1) va E= —1;—3;i )
2°2
x=1-2¢t
Phuong trinh duong thang di qua B va c6 VTCP u:(—Z; —1;1) 1a J y=28"
z=1+t¢
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R Dang 4.17. Phuong trinh dudng thang 1a dudng phan gidc
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai

Phuong phap

Puong phan gidc goc trong,

Puong phan gidc goc ngoai tao boi hai

duong thang d, va d,.
A

< Vidy 4.17.1

Chon B

x=-1+2¢
A . Jy=2-5t .
z=6+11¢

Xét 2 duong thang d, va d,. cd 2 vécto chi phuong
lan lwot la 7, = (al;bl;cl);ii2 =(a2 ;b, ;cz) thoa man

2 2 2 _ 2 2 2
a, +b; +c; =a, +b; +c;.

* Néu u,.u, >0 thi vécto chi phwong ciia phin gidc

— — —

trong | =1, + 1, |, phdn gidc ngoai |0 =1, —1i,|.

* Néu u,.u, <0 thi vécto chi phwong ciia phin gidc trong

, |, phin gidc ngoai |0 =u, +u,|.

=

U=, —

> Diém di qua thdéa A=d, Nd,.

x=1+3¢

Trong khong gian Oxyz, cho duong thang d:1y=-3 . Goi A la duong thang di

z=5+4t

quadiém A (1,- -3 5) va cé vecto chi phuong i = (1; 2; —2) .DBuong phan gidc cta goc

nhon tao boi d va A c¢6 phuong trinh la

x=-1+2¢ x=1+7t x=1-t
B.<y=2-5 . C..y=-3+5. D.qy=-3
z=—-6+11t z=5+t z=5+Tt
Loi giai

Ta co diém A(l; -3; 5) thudc duong théng d, nén A(l; -3; 5) =dNA.

Mot VTCP ctia duong thang d 1a o = (—3; 0; —4) . Ta xét:

S T VAP
v —;.0—5( 3;0; 4)_( c

Tacod w=u,+7v, =

157157

_gj.

= —%(2; —5;11) la vecto chi phurong ctia duong phan

gidc cta goc nhon tao boi d va A hay duong phan giac ctia géc nhon tao bdi d va A

x=-1+2¢

c6 vecto chi phuong la w, = (2; —5;11) . Do d6 c6 phuong trinh:{ y =2 —5¢

z=-6+11t
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R~ Dang 4.18. Lién quan hinh chiéu
» Trong khong gian Oxyz, tim

Loai Phuong phap
(1) Hinh chiéu vuong géc A(x, v, :z ua A ua A
889C A(X1¥.72,) > viet AT ST
lén (): Ax+By+Cz+D=0. L(a) 7 |t =1,
A » Goi H 1aHCVG ctia A 1én
A
(a)=H=dn(a)>t=2=H(?).
UA Tl
T « CT nhanh: H(xM —At;y,, —Bt;z,, —Ct) vOi
A +H | / t_AxM+ByM+CzM+D
- ! B A? +B*+C? '
(2) Hinh chiéu vuéng goc A(x,;y,;z,) | Cdch1:
ua A
lén A':x_xozy_yozz_zo. >>Vié’t (a): qua‘:ﬁ@ [z — .
a b c LA Moy = U

o » Goi H la HCVG ctia A lén A’

Byas
o | :H:A’m(a)—)tz?:H(?).
A ] Cach 2:
H
\

» Tham sO hda HeA:Ez(?t).

> H la hinh chidu cia A thi AH.ii,=0=t=?

> Toadd H.
(3) Hinh chiéu vudng goc cia A’ 1én Cdch 1:
(a):Ax+By+Cz+D=O. N SA qua A

> Viet (5): S I
Cach 1. J_(a) s = [n(”) ;uA}

> A la hinh chiéu vudng goc ctia A’ 1én (a)
= A=(a)n(3) > phuong trinh giao tuyén.
Cidch 2:

» Tim A=(a)nd —giai hé tim t= A(?).

> Ldy Med(M=A).

> Goi H la hinh chi€u vuong goc cia M 1én (a)

> Goi A 1a hinh chiéu vudng gbc cua d 1én (a)

A
qua
> A H
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% CT nhanbh:
x=x, —at+(a(B2 +C2)—A(b.B+c.C))k

Ay =y, —bt+(b(A?+C?)=B(a.A+cC)k voi
z:zo—ct‘+(c(A2 +B2)—C(u.A+b.B))k

t:Ax0+By0+CzO+D.
Aa+Bb+Cec

> Diém chiéu Ién mat
= Vidy 4.18.1
Trong khong gian Oxyz, cho (P):6x+3y—2z+24=0 va diém A(2;51). Tim toa

d6 hinh chiéu vudéng géc H cua A trén (P)

A. H(4;—2;3). B. H(—4;2;3). C. H(4;2;3). D. H(4;2;—3).
Loi giai
Chon B
Mit phang (P) c6 VTPT ii=(6;3;-2).
X =246t
Goi AH qua A vavudng goc voi (P) = AH :{y=5+3t = H(2+6t;5+3t;1-2t)
z=1-2¢t

Ma He(P)=6(2+6t)+3(5+3t)-2(1-2t)+24=0 < t =—1= H(—4;2;3)

> Diém chiéu |én dudng

< Vidu 4.18.1

x-4 y-4 z-2
2

Trong khong gian Oxyz, cho A(l;l; —l) va duong thing d:
Hinh chiéu vudéng goc ctia diém A 1én duong thang d 1a:
A.N(2;23).  B. P(6;6;3). C. M(25-3). D.Q(114).
Loi giai
Chon A
Liy diém H(4+2t;4+2t;2—t)ed. Khidé AH =(3+243+231).

D& H 1a hinh chiéu cia A thi AH.ii, =0 & (3+2t)2+(3+2t)2—(3-1)=0 &>t =-1.
Ta dwoc hinh chiéu H(Z; 2; 3). Dai chiéu v6i dap anta cd H = N(2; 2; 3) \

> Pudng chiéu 1én mat

& Vidy 4.18.1

sy y-—1 ¢Ier
1 -1

(P):x—z—4=0. Viét phuong trinh duwong thang 1a hinh chiu vudng géc cta

Trong khong gian Oxyz, cho duong thang d: va mit phang

duong thang d 1én mat phang (P) .

x=3+3t x=3+t x=3+t x=3-t
A . Jy=1+t .  B.{y=1+t . C. qy=1 7/ Diiy=1+2¢.
z=-1-t¢ z=-1+t¢ z=-1-t z=-1+t¢

& Bién soan: Gv %%ﬁ - 093.337.6281 Trang 95



Ting Fep Ly Thugét Nim hoc: 2023-2024

Loi gidi
Chon B
x=3+3t
Ta c6 phuong trinh tham sd d:<y =1+t qua M(S;l; —l) c6 VICP i, = (3;1; —1) )
z=-1-t

Vi M(3;1;,-1)€(P) nén M=dn(P).
Goi O=(0; O;O) ed va K 1a hinh chiéu vudng géc ctua diém O lén (P) .
Goi A qua O va vuong goc voi (P)
= A nhan vécto phap tuyén cua (P) lam VICP u, = (1; O;—l).
x=t'
Phuong trinh duong thang A la {y=0 .

z=—t'
x=t' t'=2
., y=0 x=2
Khi d6 K=An(P) < . e = K=(2,0,-2).
z=—t y=0

x-z-4=0 z=-2
Hinh chiéu ctia deong thang d 1én mat phang (P) la duong thang MK .
Vécto chi phuong Z\W( = (—1; -1 —1) = —(1;1;1).
x=3+t

Phuong trinh duong thang MK 1a ¢ y =1+t .
z=-1+t
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R~ Dang 4.19. Lién quan déi xUng
» Trong khong gian Oxyz, tim

Loai Phuwong phap
(1) M’ 1a diém d6i xting cia M qua S Vit A quaM qua M
(a): Ax+By+Cz+D=0. L) T =,

% CT nhanh:
(x, +2At;y,, +2Bt;z, +2Ct)
M’ ‘o Ax,, +By,, +Cz,, + D
A®+B*+C?

» Goi H 1aHCVG ctia M Ién ()
=H=dn(a)>t=?=H(?).

> Goi M' la diém d6i xitng cia M qua (a)<:>H la
trung diém MM'= M'(?).

(2) M’ 1a diém ddi xtmg cia M qua

AXTH YTV 2720

a b c
s CT nhanh:

(2x0 -x,, +2at;2y,~y,, +2bt;2z,~z,,
M o a(xM —x0)+b(yM —y0)+c(zM —zo)
a’+b*+c°

1A

» Goi H laHCVG ctia M 1én A
N =A0(a)>t=2=H(?).

M
> vie (a);{qua%{i“”

> Goi M’ 1a diém d6i xting cia M qua A< H la
trung diém MM'= M'(?).

(3) A 1a duwong thang d6i xting d qua
(a) : Ax+By+Cz+D=0.
d

> Diém déi xing diém qua mat
< Viduy 4.19.1

» Tim giao diém [ =dn (o) valdy Med (batky).
quaM  {quaM
=

L(a)

> Tim giao diém H =d'm(a)

—

> Viét d':{ .
ud' = nn

> Goi M' la di€ém d6i xting cia M qua (a)<:> H la

trung diém MM'= M'(?).

quaM'’

> Hinh chiéu ctia d 1a A :{
qua |

Trong khong gian Oxyz, cho diém M(l;l;O) va mat phang (P) :x+y—2z+4=0.

Tim toa d6 ctia diém N d6i xting véi M qua mit phang (P) :

A.N(2,11).  B. N(-L-L4). C. N(2130). D.N(321).

Chon B

Goi d 1a duwong thang di qua M

Loi giai

b =
va vuodng goc voi (P) =>d:jy=1+t .
z=-2t
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x=1+t

y=1+t

z=-2t

X+y—2z+4=0

= (1+t)+(1+t)-2.(-2t)+4=0 <=6t +6 =0t =—1.

Khi d6 giao diém cua d va (P) la 1(0;0; 2).

Goi N d6i xting v6i M qua mat phang (P) < [ la trung diém MN = N (—1; -1 4)

Toadd I :dm(P) thoa man hé

> Diém déi xing diém qua dudng

< Viduy 4.19.1

x+1 y+3 z+2
===

A(3; 2;0) B(l; 0;5). Tim toa do A’ la dém d6i xting ctia diém A qua 4.
A. A'(-10;4). B. A'(-20;1). C. A(L31).  D. A'(321).

Loi giai

Trong khong gian Oxyz, cho duong thang d: va hai diém

Chon A

Goi (P) la mat phang di qua A va vudng goc véi duong thang d.

Phuong trinh cta (P) la: 1(x—3)+2(y—2)+2(z—0) =0 ©x+2y+2z-7=0.

Goi H lahinh chiéu cia A 1én d, khi d6 H=d(P)

Suy ra H ed=> H(-1+t;—3+2t;—2+2t), mit khac H e(P)

= -1+t-6+4t—4+4t-7=0 =t=2.Vay H(1;12).

Goi A’ la diém d6i xtiing véi A qua d, khi &6 H la trung diém cua AA' = A’(—l; 0;4).
> Pudng déi xung dudng qua mat

= Vidy 4.19.1
Trong khong gian Oxyz , cho mit phang (P):x+ y+z-3=0 va duong thang

1 z- : . . y 3 .
:%:%:Z—f. Puwong thang d' d6i xting véi d qua mdt phang (P) co
phuong trinh la
A x-1 y-1 z-1 B =Ly S Tzl
12 7 R
C x+1 y+1 z+1 D x+1 y-tleeEE
12 1 1 2 7
Loi giai
Chon A
> d khong vudng goc voi (P)
x=t

Phuong trinh tham s8 ctia duong thang d: 4y =-1+2¢.
z=2-¢
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x=t
x=1
. . N ) y=-1+2t
Toa do I:dm(P) la nghiém cua oy =>iy=1= 1(1;1;1).
Z= z=1
x+y+z-3=0
> Ldy diém M(0;-12)ed.
x=t
Duong thang A qua M va vudng goc véi (P) c6 phuong trinh {y =-1+¢.
z=2+t
An(P)=H=H 2, L85
37 33
Voane . . o , (4 1 10
M’ doi xting voi M qua (P)@H la trung diém caia MM'= M 5;5;3
> Puong thang d’ d6i xtting véi d qua mat phang (P)
—=d diqua I(l;l;l)vé M’ ﬂ;1;E co vecto chi phuong M= 1;—g;Z =1(1;—2;7),
3'3° 3 3 3'3) 3

x-1 y-1 z-1

huwong trinh d' 1a
pRHong 27
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VI TRI TUONG POI

A.LY THUYET CHUNG.
1. Diém va mat cau, mét phdng va dudng thdng
Xét diém M (xo ;yo;zo) voi:
> Mit cau (S) :x? +y° +2° —2ax—2by—2cz+d =0 tdm I, ban kinh R.
» Mit phang (P) : Ax+By+Cz+ D=0 cb vecto phap tuyén 7,,

> Puong thang d: ¥ Xy _y-Yo_z-
a

Z I4 2 -
7 % 6 vecto chi phuwong u, .
c

Ta c6 cac vi tri twong d6i sau:

Diém
Tinh IM va so sanh véi ban kinh R
5 IM>R Diém M ndm ngodi mat cau
Mat cau e S A . A
IM =R biém M nam trén mat cau
IM<R Diém M ndm trong mit cau
Thay toa dd M (x,;y,;z,) vao (P): Ax+By+Cz+D=0
Miit phiang  Ax,+By,+Cz,+D=0 Diém M nam trong mat phang
Ax, +By,+Cz,+D#0 Diém M ndm ngodi mat phang
A \ x - X y - Y Z - Z
Thay toa d0 M(x.;vy.;z.) vao d: L= L= 0
y € : ( o' Yo o) a b c
- X - Y - Z 2 Y A \ 2
Y= %0 _ Fo ; I biém M nam trén duwong thang
a c
xo_Xoiyo_Yoizo_Zo . )
a b c biém M nam ngodi duong thang
1 trong 3 phin s6" # nhau
x=X,+at
Puong thing Thay toa do M(xo;yo;zo) vao d:qy=Y, +bt
z=2,+ct
x, =X, +at
Yo =Y, +bt —cho clng gia tri ¢ Diém M nam trén duong thang
z, =2, +ct
x, =X, +at
Y, =Y, +bt —>khong cho cung gia tri Diém M nim ngoai duong thang
z, =2, +ct
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2. M@t cdu va mat phdng, dudng théng
Xét diém mat cau (S) s +y2 +22— 2ax—2by—2cz+d =0 tam I, ban kinh R, v&i:

> Mit phang (P) : Ax+By+Cz+ D=0 cb vecto phap tuyén 7,,

> Puong thang d: X=X _ y_bYO _27% ¢4 vecto chi phuong i, .
a c
Ta ¢ cac vi tri twong d6i sau:
Mt cdu
Tinh d(I, P ) va so sanh voi ban kinh R
) ( (P )) >R Mit phang khong cit mat cau
Mat phang - -
( P )) R Mat phang tiép xiic mat cau tai M
( P)) <R Mit phang cdt mat cau (*)
Tinh d(I,(d)) va so sanh voi ban kinh R
, d(I;d)>R Duong thang khong cdt mat cau
Duong thang - -
d(I;d)=R Duong thang tiép xiic mit cau
d(I;d) <R Duong thang cidt mat cau (* *)

(*): Mt phang cat mat cau theo giao tuyén la dudng tron ¢6 tam I' va ban kinh 7.

Bidu thic lién h¢ R=[r*+d* (I;(P))

(* *) : Puong thang cat mat cau tai hai diém A;B.

Biéu thtrc lién hé R = \/ ’13 +d* (I;A)
3. M@t phdng va mat phang, dudng théng
Xét diém mat phang (P) : Ax+By+Cz+D =0 c6 vecto phap tuyén 7, , voi:
> Mat phing (Q): A'x+By+C'z+D'=0 c6 vecto phap tuyén i,
_Xo _ y_Yo _ Z_Zo

> Puong thang d: a 6 vecto chi phuong i, .

b c
Ta c6 cac vi tri tuong doi sau:
Miit phing (P)
Xét ti 18 2 vecto phap tuyén ctia 2 mit phing
% . g - g Mit (P) et mit (Q)
M(_i?gl)ldng % = g = % # % Mat (P) song song mat (Q)
%:5:%:% Mat (P) trung mat (Q)
AA+BB+CC =0 Mt (P) vudng goc mt (Q)

Tham s héa Hed = H(?) va thay vao mit phang (P)

Puong thang Drame s A(xo +at)+ B(y, +bt)+C(zO +ct)+D=0< f(t) -
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f(t)=0 v6 nghiém Puong thang song song mt (P)

f (t) =0 co 1 nghiém Duong thang cdt mat (P)

f(t)=0 v6 s8 nghiém Puong thang ndm trong mit (P)
Xét tich vo hudng vécto chi phuong cta d va vecto phap tuyén cta (P)

Aa+Bb+Cc=0 va M(X,;Y,;Z,)¢(P) Duong thing song song mét (P)

Aa+Bb+Cc#0 Puong thing cit mat (P)

Aa+Bb+Cc=0 va M(X,;Y,;Z,)e(P) Duong thing nim trong mét (P)

4, Pudng thang va dudng thdng
Xét hai dwong thang d,;d, 1an lugt c6 VTCP i, ;ii, va céc diém M,; M, ndm trén d,;d,.

-------------------
o e

----------------------

Duong thing

d

1

2} [ﬁlfﬁz]Mle
|
______ L. o J
é ~0 | L= i i =0 |
4 /d, d, chéol, dNd, =1

S Q
--------------------------------------------

Duong thing d,

d, trung d,

d, song song d,
X, +at =x, +at’
Va xét hé tuwong giao (I) 1S Y, Tat =y, +at’
zy +a,t =z +agt’

1

, # kii, va (I) c6 nghiém duy nhat d, cit d,

l

k
#kii, va (I) vo nghiém d, chéo d,

=
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B. CAC DANG BAI TAP.
R Dang 5.1. Vi tri tuong ddi véi mat cau

Mt ciu
Tinh d(I, P)) va so sanh vodi ban kinh R
i ( (P )) >R Mit phang khong cdt mat cau
Mat phang - p
( (P )) R Mat phang tiép xiic mdt cau tai M
( P )) <R Mit phang cidt mit cau
Tinh d(I,(d)) va so sanh vdi ban kinh R
) d (I ; d) >R Duong théng khong cit mit cau
Duong thang - -
d(I;d)=R Duong thang tiép xiic mit cau
d(I;d)<R Duong thang cdt mat cau
Tinh IM va so sanh véi ban kinh R
w IM >R Diém M nam ngodi mit cu
Dlem «A? N A o A
IM=R biéem M nam trén mat cau
IM<R Diém M ndm trong mit cau
< Vidu 5.1.1

Trong khong gian Oxyz, cho mit cau (S):x° +y* +2z° —4x—2y+2z-3=0 va mot
diém M (4;2;-2). Ménh dé nao sau day la dung?

A.Diém Mndm trén mit cau (S) : B. Diém Mnam trong mét cau (S) .
C. Diém Mnam ngoai mit cau (S ) D. Diém M1la tAm ctia mat cAu (S ) )
Loi giai
Chon B

Taco x% +y? +27 —4x—2y+2z-3=0 (x—2) +(y-1) +(z+1) =9
= Mat cau (S)Cé tam 1(2;1;—1) vaban kinh R=3
Ma IM =(2;1;-1)= IM =2 + 22 + (-1 =6 < R.
Vay diém Mnam trong mat cau (S).
& Vidy 5.1.2
Trong khong gian Oxyz, cho mat cau (S):x’+y*+z° —2x—2y+2z-1=0. Mit
?

phang nao sau day tiép xtc v6i mat cau (S)?

A. 2x+y—-2z+1=0. B. x+2y+2z-1=0.
C. 2x-y-2z+1=0. D. 2x-2y—-z-2=0.
Loi giai
Chon A

Mat cau (S) 6 tam I(1;1;,-1), ban kinh R = \/12 +1 4+ (A1) FL=2.

2a+1-2(-1)+1 A

Vi (P):2x+y—2z+1=0 thi d(I;(P))=
2? 422 +(-2)
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Vay mit phang ( P) tiép xuc véi mat cau (S)

< Vidy 5.1.3
A . \ 2 -1 y+2 z
Trong khong gian Oxyz, cho duong thang (A) = "3 5 va va mat cau
(S) : x*+y*+2z° —2x+2y—4z+2=0.S6 di€ém chung ctia (A) va (S) la
A. 0. B. 1. C. 2. D. 3.
Loi giai
Chon C

Buong théng (A)di qua M (1;— 2;0) va c6 mot vecto chi phuong la 1 = (1,' 3;— 2)
Mait cau (S) cd tam I(l,' -1 2) va ban kinh R=2.

[ii, MI]  Jo66

i 14

Taco Mi=(0;3;2)va | i, MI |=(8-211) = d(1,A) -

Vi d(I,A) >R nén (A) khong cat mat cau (S)
= Vi dy 5.1.4
Trong khong gian Oxyz, cho mit cau (S) va mit phang (P) lan luot ¢6 phuong
trinh x*+y°+2°-2x+2y—2z-6=0, 2x+2y+z+2m=0. Cé bao nhiéu gia tri
nguyén cua m dé (P) ti€p xtic véi (S ) ?
A. 1. B. 4. C.0. D. 2.

-----

Chon D
(S) c6 tam la I(1;-1;1) vaban kinh R=3.
Do mat cau (S) tiép xtic véi mat phang (P) nén: d(I,(P)) =R

2-2+1+2m| m=14
ol ——JI=3c2m+l=9< :
2% 422 412 m=->5
< Vidy 5.1.5
~ . R 2 2 2 . .
Trong khong gian Oxyz, cho mat cau (S):(x—Z) +(y +1) +(z—1) =1va duong
x=1+t
thing A:dy=2+mt.Gid trj cia m d€ A khong cit mat cau (S) la:
z=-t
m>1 m=1
A. . B. . C. -1<m<1l. D.meR.
m<-1 m=-1

.....

Chon D
Tt phuong trinh duong thang A va mit cau (S) ta co:

(1+t-2) +(2+mt+1) +(~t-1) =1
(t—l) (3+mt +(t+1) —1<:>(m +2)t2+2.3mt+10:O (1)
D& A khong cat mat cau ( ) thi (1) v6 nghiém, hay (1) c6 A'<0<meR
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R Dang 5.2. Vi tri tuong déi véi mat phang
Mt phing (P)

Xét ti 1é 2 vecto phap tuyén ctia 2 mat phang
A B C

At Mat (P) cit mat (Q)
Mﬁt(g’)ld”g %zgzgig Mat (P) song song mit (Q)
A B C D y N <
X=§=E=E Mat (P) trung mat (Q)
AA+BB+CC =0 Mgt (P) vudng géc mit (Q)

Tham s6 héa Hed = H(?) va thay vao mat phang (P)
Puwoc phrong trinh: A(xo +at)+B(y0 +b1t)+C(z0 +ct)+ D=0 f(t) =0.

f(t)=0 v6 nghiém Duong thing song song mét (P)
f (t) =0 c¢d 1 nghiém Duong thang cidt mat (P)
Puong thing f (t) =0 vo s6 nghiém DPuong thang nam trong mit (P)

Xét tich v6 hudng vécto chi phuwong ctia d va vecto phap tuyén cua (P)

Aa+Bb+Cc=0 va M(X,;Y,;Z,)¢(P) Duong thing song song mét (P)

Aa+Bb+Cc#0 Puong thing cit mét (P)

Aa+Bb+Cc=0 va M(X Y, ZO) € (P) DPuong thang nam trong mit (P)

0r tor

Thay toa do M(xo;yo;zo) vao (P):Ax+By+Cz+D:O

biém Ax,+By,+Cz,+D=0 Diém M ndm trong mat phang
Ax,+By,+Cz,+D#0 Diém M nam ngodi mat phang
& Vidy 5.2.1

Trong khong gian Oxyz, cho hai mat phang (a) va ( 16 ) c6 phuong trinh
(a):x—2y+32+1= O,(B):Zx—4y+62+l=0. Ménh dé nao sau day dung?

A ()1(5) B (a)=(8) C.(2)L(8)  D.(x)n(8)
Loi gidi
Chon A
vi o223, 1 enhai mit phing () va (8)song song.
2 4 6 1 '

DPép an B hoc sinh hiéu sai vi nhan thay hai vecto phdp tuyén cuing phuong.
Dép én C hoc sinh hiéu sai diéu kién hai mit phang vudng goc.
Dép 4n D hoc sinh hiéu sai diéu kién hai mt phang cat nhau.
< Vidy 5.2.2
Trong khong gian Oxyz, cho mit phang (P) : 2x+1y+3z+1=0 va duong thiang d:
x=-3+t
y =2-2t. Trong cac ménh dé sau, ménh dé nao diung?
z=1

A.d cit(P)  B.d//(P) C.dc(P) D-d-5(E)
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Loi giai
Chon C
Mat phang (P) : 2x+y+3z+1=0 cb vec to phap tuyén 7i = (2;1; 3) :
x=-3+t
Puong thang d: Jy=2-2t qua M(—B; 2;1) o6 vec to chi phuong la i = (1; —2;0) .
z=1
Ta cé Me(P) va #ii=2-2+0=0 nén dc(P).
& Vidy 5.2.3
Trong khong gian Oxyz, cho (P) : Xx+y+mz+1=0 (vé1 mla tham sO) va d:
% - % = g - Tim tat ca cac gia tri ctia m dé ( P) song song voi d.
A.m=-2 B. m=-1 C.m=1 D. m=2
Loi giai
Chon B
Mit phang (P) : Xx+y+mz+1=0 cd vecto phap tuyén # = (1;1;m) .
DPuong thang d: % _Y =§ di qua diém O(O; O;O) c6 vec to chi phuong 1a i =(1;1;2).

Oe(P)C) {0+0+0.m+1¢0<:> I

Ta co (P) song song voi d < { e Lils2m=0
& Vidy 5.2.4
Trong khong gian Oxyz, cho hai mat phang (a):mzx—y+(m2—2)z+2=0 va
(ﬁ):2x+m2y—22 +1=0. Hai mat phang (a) va (ﬁ) vuong gdc voi nhau khi
A. |m|=+3 B. [m|=1 C.|m=v2  D.|m=2
Loi giai
Chon D
Tacod ﬁ(”) =(m?;,-Lm? —2); ﬁ(ﬁ) =(2;m2;—2).
() L(B) =i, Lit, i i, =0 2m* —m* =2(m* ~2)=0 <> m’ =4 <|m|=2.
Vay ‘m‘zZ.
@ Vidy 5.2.5
Trong khong gian Oxyz , cho hai mit phang (P):Zx—3y+52—1=0 va

(Q): 4x+(m—3)y+(m2 +1)z—7 =0 (m la tham s8). Tim m d& hai mat phang song

song.
A. m=3 B. m=4+3 C. m=-3 D. m=0
Loi giai

Chon C

m3_
4 m-3 m+1 -7 3 m=-3

(PIQ)=5="% =75 " mm_f{m:ﬂ@m—‘?’

5
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R Dang 5.3. Vi tri tuong déi véi dusdng thang

\ 4
[ﬁl;Mle] [ﬁl 'ﬁz]Mle
| [
{—0 | =0 | | =0 | =0 |
d =d, d //d, 4, chéo?s dNd, =1
Hodc ta co thé xét nhu sau:
DPuong thang d,
Xét i, = kii, (k+0)
u, =ki, va M, ed, d, trung d,
u, =k, va M, ¢d, d, song song d,
Duong thing X, +at =x; +at’
d, Va xét hé teong giao (I) DS Y, T at =y, +at’
zy +a,t =z, +at’
i, # ki, va (I ) c6 nghiém duy nhat d, cit d,
i, # kii, va (I) vO nghiém d, chéo d,
& Vidy 5.3.1
x=-3+2t x=5+1
Trong khong gian Oxyz, toa d§ giao diém cua d:qy=-2+3t va d':qy=-1-4t"1a
z=06+4t z=20+¢
A. (8;-13;23)  B.(0;-3;2) C. (-7;-8;-2) D.(3;7;18)
Loi giai
Chon D
-3+2t=5+1¢ A
Giao diém cua d va d' langhiém ctia hé: {-2+3t=-1-4t' < { ,_
6+4t =20+t y

Do dé6 giao diém d va d' la M(3;7;18).
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& Vidy 5.3.2

x=2t
Trong khong gian voi hé toa do Oxyz, cho dlzgz%:z—_; vad,:qy=-3-t.
- z=0

Ménh dé nao sau day dung?
A. d, va d, dong phang B. d, cat va vuong goc véi d,

C. d, vuong goc d, va khong cat nhau D. d,//d,

Loi giai
Chon C
Ta c6: Mot VTCP ctia d, 1a i, =(1;2;-3); VTCP cta d, la i, =(2;-1;0).

T d6 ta co: w1, =0 =, Lu, =d, Ld, (1).

xX_y_z-2
1 2 3 |&_=2 —_
Giao diém d,,d, (néu co) 1a nghiém:< x =2t = 13 -3 "t 313 (Vo ly).
y=-3-t ___tz__ p=—="=
2 -3 3
z=0

Tt &6 ta c6 d, khong cat d, (2)
Tt (1) va (2) ta cé d, vudng goc d, va khong cat nhau.

“ Vidy 5.3.3
x=1+at x=1-t
Trong khong gian Oxyz, cho hai duong thang d,:{y=t ; dy iy =2+2t";
z=-1+2t z=3-t'
(t;t' € R). Tim a d€ hai duong thang d, va d, cat nhau.
A.a=2 B.a=1 Ca=-1 D.a=0
Loi giai
Chon D
1+at=1-t'
Xét hé phuong trinh {t=2+2t" .Tatim a d€ hé c6 nghiém duy nhat.
-1+2t=3-t

Tt phuong trinh thit hai va thit ba cua hé suy ra {t' B

thé€ vao phuong trinh thit nhat

cua hg, ta duoc 1+2a=1. Do d6 dé€ hé cd nghiém duy nhat th1 a=0.
< Vidy 5.3.4
Trong khong gian Oxyz , gid tri nao ctia tham s§ m thi duong thang

x=1+t
d:xz—lzy-ZkZZZ—S song song v6i duwong thang A :dy =2+t (teR) la
" z=2+2t
Al B. 4 C.2 D. 3
Loi gidi
Chon B

x-1 y+2 z-3
2 m

Puong théng d: c6 VTCP 1, :(2;2;m) va qua M(l;—2;3).
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x=1+t
Duong théng Ay=2+t (te]R) c6 VICP i, :(1;1;2).
z=2+2t
Dé thdy M ¢ Ado d6 d//A khi i, ;i, cing phuong hay %:%:%:m:4
< Viduy 5.3.5
Trong khong gian Oxyz, cho duong théng d: x-1 _Y 13 = Z+5 (m * O) va duong
m
x=5+t¢
théng A:{y=3+2t.Tim gia tri cua s6 thuc m dé€ d va A cit nhau
z=3—t
A.m=1 B.m:§ C.m=2 D.m:1
2 2
Loi giai
Chon B
1+mt' =t+5 t'=2t

Ta c6 hé giao diém nhw sau: {3+t =2f+3 < 2mt+1=t+5 :{
~S5+mt'=-t+3 2mt-5=~t+3
4 8 3

Hé c6 nghiém duy nhat thi diéu kién la

= <m .
2m-1 2m+1 2

& Bién soan: Gv % Dbkt (- 093.337.6281 Trang 109



Ting Fep Ly Thugét Nim hoc: 2023-2024

R~ Dang 5.4. GOC

(1) Hai duwong thang d,;d,: w.ooeeeeeeeeeveceeeeeerecee. cos(d, ;d, )‘ = ‘_L,llliz‘ :
-
(2) Hai mit phing (al);(az): .................................. cos((al);(az))‘ _ ‘?1“717;“ .
1172
\ 2 .. 2 ] ﬁ(w) 'ﬁd
(3) buong thang d va mat phang (a) ................ sm(d;(a))‘ =T ‘q ‘
o M

Chi 3j: 0° <((a),(8)) <90°
< Vidy 5.4.1
Trong khong gian Oxyz , cho mit phang (P):8x—4y—8z—11=0 , mat phang
(Q) : \/Ex—x/ay +7=0. Tinh géc gitta hai mat phang (P) va (Q) :
A. 45° B. 15° C. 30° D. 120°

.....

Chon A
(P) ¢6 7, =(8;~4;-8).

(Q) co 1, =(\/§;—\/§;O).

. n.n
Goi « la gbc gitra hai mdt phang (P) va (Q) = cosa = L : f‘ = 1242 = Q = a =45
‘nl‘.‘nz‘ 24 2
« Vidy 5.4.2
Trong khong gian Oxyz, tinh goc gitta hai duong thang d, : XIS =Y > = le va
g x+1 y-1 z-3
1 2 1
A. 30° B. 45° C. 60° D. 90°
Loi giai

Chon C

d, ¢ u, :(1;—\/5;1).
d, ¢6 u, =(1;\/§;—1).
Goi ¢ la géc gitta hai dwong thing d,,d, .

3,4, ‘1.1+(—\/§).\/§+(—1).4 1

Ta cd cosp=—— === p=60°.

-] \/12 +(—x/§)2 +1° .\/12 +(\/§)2 +(—1)2

“ Vidy 5.4.3

Trong khong gian Oxyz , tim m d€ s8 do gdéc gitta hai duwong thang
x=1+t x=2+mt

y=1-t vad,:iy=3+t béing 60°.
z=-3+/2t z=1l2t

A. 30° B. 45° C. 60° D. 90°
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.....

Chon C
Ta c6: duong thang d, c6 vecto chi phuong 1, = (1; ~12 )

Duong thang d, c6 vecto chi phwong i, = (m L2 )

Goi ¢ la goc gitra d,,d,. Ta cd cosp =

i ‘l.m+(—1).1+ \/E.\/E‘
EARES \/12 (-1 +(\/§)2 .\/m2 L +(x/§)2

Theo gia thiét ta c6 ¢ =60° :>M:l <:>|m+l|:\/m2+3c>m:1.
2Nm*+3 2
Vay m=1.
< Vidy 5.4.4
Trong khong gian Oxyz, cho mat phang (P):x—2y+22—5:0. Xét mat phang

(Q) : x+(2m—1)z +7=0, véi mla tham so thuc. Tim tat ca gia tri cia m dé (P) tao

vOi (Q) goc %?

A m=4 B m=2 c m=2 D m=1
) m=\/§ ) m=4 | m=—2\/§ ) m=4
Loi giai
Chon D
Mat phéng (P), (Q) c6 vecto phép tuyén lan luot 1a ﬁp :(1;—2;2), ﬁQ :(1; 0; 2m—l)
Vi (P) tao véi (Q) goc % nén cosgz‘cos(ﬁp;ﬁQ)‘
1+2(2m-1 =
@i: ‘+ (m )‘ <:>2(4m—1)2:9(4m2—4m+2)<:>4m2—20m+16:0<:{m l.
V2 3. e (2m-1) m=4
< Vidy 5.4.5

Trong khong gian Oxyz, cho mit phang (P) c6 phuwong trinh: ax+by+cz—-1=0
v6i <0 di qua 2 diém A(0;1,0), B(1;0;0) va tao v6i (Oyz) mét goe 60°. Khi d6

a+b+c thudc khoang nao dudi day?

A. (58) B. (8;11) C. (35) D. (0;3)
Loi gidi
Chon D
y 1% . . g . |b=1=0
Mat phang (P) di qua hai diem A, B nén {a_lzoznz:b:l.
4 1

Va (P) tao véi (Oyz) goc 60° nén cos((P),(Oyz)) = @

\/u2+b2+c2.x/i_ 2
Thay a=>b=1 vao phuong trinh dugc 2+ = 2= c=—2.
Khi d6 a+b+c=2-2¢(0;3).
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R~ Dang 5.5. Khodng cdch

(1) Hai difm A;B: cooeeveeeeeeeseeeeeeeeeeeeoessseeeeeeesssensnnnns ‘E‘:\/(xB—xA) +(y, - ]/A) (z _ZA)z.
[ﬁ;MMOJ
(2) DIfm M, VA A oo d(M,;A)= 7
u
%)d(A';A)zd(MO;A)
i, ;1i, |.MN
(3) Hai dudong A ; A, (MeAl;NeAZ): .............. d(Al,Az ‘[ ‘ e
‘[AB;CD .BD‘
ifo&,ﬁ ad(Al;Az): S —
[AB;CD}

‘axo +by, +cz, + d‘

(4) biém M, va mat (a):ax+by+cz+d=0: ....... d(MO;(a))=

@ Vidy 5.5.1
Trong khong gian Oxyz cho (P):3x+4y+2z+5=0, diém A(2-1 3). Tinh

khoang cach d tir A dén (P)

Ad=-B B. d= Y13 o = D. 4=
9 3 29 J29
Loi giai

Chon D
Ap dung cong thiic tinh khoang cach tit diém dén mit phing ta co:
o(as(P) [3.2+4.(-1)+2.3+5
, N3 +4% 42 J29°
& Vi dy 5.5.2
Trong khong gian Oxyz, cho A(1;0;0), B(0;-2;0), C(0;0;3), D(1,-1-2). Khoang

céch tir di€m D dén mét phing (ABC) bang:

AL B. = C. 7 D.%

= '

.....

Chon A
Ta c6 phuong trinh mit phang (ABC): %+%+§=1 hay (ABC):Gx—3y+22—6:O.
_[6+3-4-6

. 1
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< Vidy 5.5.3

Trong khong gian Oxyz, cho A(—4; 4;0), B(Z; 0;4), C(l;—2;l). Tinh khoang cach
tit C dén duong thang AB.

A. 2 B. 13 C. 32

-----

D. 12
Chon B

Taco CA=(-5;2,1), AB=(6;-4;4) va | CA, AB|~(12,26;8).

‘[alﬁ}‘ 2 2 2
d(C; AB) = ‘T :“jzzfif*ﬁ - 13,
B‘ +4° +

& Vidy 5.5.4

Trong khong gian Oxyz , cho (P):2x+y—22+5=0 va (Q):—Zx—y+2,z+1:O.
Khoéang cach gifta hai mt phang (P) va (Q) la:
Al B.

w|rN
e
)

D.2
3

Chon C

Do (P)//(Q) nén chon A[O; o;gj e(P)=4((P);(Q))=d(4:(Q))= g =2
= Vidy 555

Trong khong gian Oxyz , cho (P):x—2y—z+1=0 va A XL_yre_z-l

3 1 1
Khoang cach gitta A va (P) bang
A. 1 B. % C.0 D. 2
6 6
Loi giai
Chon B

Dé thdy ii.7i=3.1+(-2).1+(~1).1=0 nén A//(P).

Chon M(l;—2;1)e(A) ta co: d(A,(P)):d(M,(p))_ ‘1_2’(_2)_“1‘ al 5.6

_\/12+(—2)2+(—1)2 6
< Vidy 5.5.6

Trong khong gian Oxyz, cho d: x+l_y+l_z-1 vad': =1 Sy 2_3. Tinh
2 3 2 2 1 1
khoang cach & gitta hai duong thang d va d'.
PN CE . ET SN LT |
21 21 21 21

Chon B
d c6 vecto chi phuong i = (2; 3 2), di qua M(—l; —1;1).
d' c6 vecto chi phuong ' = (2;1;1), di qua M’ (1; -2; 3).
Tac6: [#,i]=(L2-4), MM’ =(2;-3;2) = [,i']- MM’ =1.2+2.(~1)+(-4).2=-8=0.
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=d,d" chéo nhau.

[u,u’}.MM’L 8 _8\/2

i e m

Khi d6: khoang cach h gitta d va d'la: h =

Gt
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