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MO DAU

Toan hoc t6 hop 13 mét trong nhing linh vuc duoc nghién ciru tir kha
som. Hién nay trong gido duc phd thong, toan hoc to hop 1 mot trong
nhimg ndi dung quan trong, n6 thudng xuyén xuat hién trong cac dé thi dai
hoc va cao dang & nudc ta. Mic du & mirc d6 khong kho nhung hoc sinh
van gip kho khan khi giai quyét cac bai toan nay. Con trong cac ky thi
Quéc gia va Qudc té, cac bai toan td hop ludn co6 mit va 1a mot thir thach
thue su v6i cac thi sinh, thdm chi quyét dinh thanh tich ddi voi cac doi
tuyén dy thi.

Trong lun vin nay da dé cap dén mot sé bai toan to hop trong toan
hoc phé thong, cu thé 1a cac bai toan té hop str dung cac phuong phap dém
tir co ban dén nang cao. Dy co thé coi 13 tai liéu tham khao hitu ich cho
gi4o vién va hoc sinh THPT vé chu dé nay.

Luan van gom ba chuong:

Chuong 1- Co s& 1y thuyét vé to hop.

Chuong 2- Mt s6 bai toan t6 hop co ban.

Chuong 3- Mot sb bai toan to hop str dung phép dém nang cao.

Do su han ché vé trinh do kién thac va thoi gian nén cac bai toan td
hop trong luan vian con it, chua c6 nhiéu bai toan khé. Ngoai ra khoa luan
cling khong thé tranh khéi nhiing sai sot & nhiéu goc d9, rat mong nhan

duogc sy dong gop ¥ kién cua quy thay co va cac ban.



CHUONG 1 - CO SO Li THUYET VE TO HQP

Chuong nay s& nhic lai mot s6 1y thuyét vé tdp hop va hé théng Iy
thuyét co ban cua toan to hop nhu: Hoan vi, chinh hop, td hop. Céc noi
dung nay ciing dugc giang day cho hoc sinh trung hoc pho théng hé co ban,

nang cao va hé chuyén nghanh toan.

1.1 Nhiic lai vé tap hgp
Tap hop con
Pinh nghia: Cho tap hop 4. Tap hop B goi la tap con cua tap A4 khi
moi phén tor cua tdp B déu thude 4.
Bc A& (VxeB=xed)
Tinh chit:
-Moitap hop 4 déucé2tipconla ¢ va 4.

- Tap A c6 n phan tir thi s6 tap con cia 4 1a 2".

Tap hop sip thi tw

Mot tap hop hitu han ¢6 m phan tir dugc goi 13 sap tht tu néu véi mdi
phan tir cua tap hop d6 ta cho twong tmg mot sé ty nhién tir 1 dén m, sao
cho v&i nhitng phén tir khac nhau (mg v&i nhitng s6 khac nhau.

Khi d6 bo sip ther ty m phan tir 1a mot day hiru han m phan tir va hai
bo sip thir tu (a],az,...,am) va (bl,bz,...,bm) bang nhau khi moi phan tir
tuong tmg bang nhau.

(a,a,,...,a,)=(b,b,,...b,) = a;=b; i=12,.,m.

oy s ;= b;
S6 phan tir ciia mdt s6 tap hop

Tap hop A c¢6 hiru han phan tir thi s6 phan tir cia 4 duge ki hiéu 1a:
|4 hodc n(A4).

A, B, C 1a 3 tap hop hiru han, khi do6



|4 B|=|4|+|B]|~|4B]
|AUBUC|=|4|+|B|+|C|-|AnB|-|BNC|-|Cnd|+|4nB~C
Tong quat: Cho A4, 4,,..., 4, 1a n tap hop hitu han (n>1).
Khi d6

|A1U---UAn|=§‘A,-‘— 3 ‘AimAkh

1<i<k<n

n

+ Y Ao A A ED T 40 A0 4,
1<i<k</<n

1.2 Quy tic cdng va quy tic nhin
Quy tic cong
Pinh nghia (Tai liéu chudn kién thirc 12).
Mot cong viéc dugc hoan thanh bdi mot trong hai hanh dong. Néu hanh
dong nay c6 m cach thuc hién, hanh dong kia c6 n cach thuc hién khong
trung v&i bat ki cach nao cua hanh dong thr nhat thi cong viée d6 c6 m + n
cach thuc hién.
Tong quat

Mot cong viéc dugc hoan thanh bdi mot trong cac hanh dong
L, D,..T,.

Ti ¢6 m; cach thuc hién.

T ¢6 my cach thuc hién

Th ¢6 my cach thuc hién.

Gia str khong c6 hai viéc nao c6 thé 1am dong thoi thi cong viée d6
cO my +my + ...+ m, cach thuc hién.
Biéu dién duwéi dang tap hop:

Néu X, Y 1a hai tap hop hiru han, khong giao nhau thi



X +Y]=[X]+]Y]
Néu X 1-X5,....,X, 1a n tap hitu han, ttng do1 mot khong giao nhau
thi
X1+ X) 4+ X, | =X | +] X |+ +] X,
Néu X, Y 1a hai tap hitu han va X c Y thi
¥] =\ x|= ]|
Quy tic nhan (Tai lidu chuan kién thire 12).
Gia str dé hoan thanh mot nhiém vu H can thuc hién hai cong viéc
nhé la Hy va H,. Trong do:
H, c6 thé lam bang n; cach.
H, cé thé 1am béng n, cach, sau khi da hoan thanh cong viéc H;.
Khi d6 dé thuc hién cong viéc H s& c6 ny.n, cach.
Tong quat
Gia st dé hoan thanh mot nhiém vu H can thuc hién k cong viéc

nho 1a Hy, H,,...,H, trong do:
H; c6 thé 1am bang ny céch.

H, c6 thé lam bang n, cach, sau khi da hoan thanh cong viéc Hj.

H, c6 thé 1am bang n;, cach, sau khi d4 hoan thanh cong viéc H,_;.
Khi d6 dé thuc hién cong viéc H s& c6 ny.ny...ny; cach.
Biéu dién dwéi dang tip hop:
Néu A, 4,,...,4, 12 n tap hop hitu han(n >1), khi d6 s6 phén tir cua tich
dé cac cac tap hop nay bang tich ctia sd cac phan tir moi tap thanh phan.
Dé lién hé v6i quy tic nhan hiy nhé 13 viée chon mot phan tir cua tich dé

cac Ay x Ay x..x A, dugc tién hanh bang cach chon lan lugt mot phan tir



cua 4, mot phﬁn to cua 4,,..., mot phﬁn tu cua 4, . Theo quy tdc nhan ta

nhan dugc dang thuc: |4 x 4y x...x 4,| = ‘Al‘.‘Az‘...‘An‘ :

1.3 Giai thira va hoan vi
Giai thura

Pinh nghia: Giai thua n, ki hi¢u 1a »! 1a tich cua n s6 tu nhién lién
tiép tir 1 dén n.

n'=123...(n-1).(n), neN, n>1.

Quy udc : 0!=1.
I!=1.
Hoan vi
Dinh nghia

Cho tap hop 4, gdm n phan tir (n>1). Mot cach sap tha ty »
phén tr cua tap hop 4 duogc goi la mot hodn vi cua n phﬁn tir do.
Kihiéu: P, 1a s6 cac hoan vi ctia n phﬁn tur.

P

n

zn!:1.2...(n—1).n

1.4 Chinh hop, t6 hop

Chinh hgp

Dinh nghia

Cho tap hop A4 gdm n phan tr (n>1). Két qua cua viéc 1ay k& phan
tr khac nhau tir » phan tir cua tdp hop 4 va sip xép ching theo mot thir tur
nao d6 duoc goi 1a mot chinh hop chap k cta n phan tir di cho.

Ki hiéu: A,]; 13 sb cac chinh hop chap & cta n phan ti.

!
Cong thuec: A,lf :( n.k)'
n—k)!

Zn.(n—l)...(n—k-l—l) (voi 1<k <n).

Chu y



Mot chinh hop n chap n dugc goi la mot hodn vi cia n phﬁn tur.
Ay =P, =n!.
T6 hop
Dinh nghia
Gia sir tip 4 ¢6 n phan tir (n > 1). Mdi tdp con gdm k phan tir cia
A duoc goi 1a mot to hop chap k cua n phan tir di cho (1 <k <n).
Ki hiéu: Cﬁ (1 <k <n)lasdcactd hop chap k cia n phan tir.

Cong thuc: Cﬁz n—'
kl(n—k)!
Chi y
Ch=1.
ct=c"* (0<k<n).

ch+cil=ckt (1<k<n).

n+l
1.5 Chinh hop Lip, hoan vi Lip va t6 hop Lip

1.5.1 Chinh heop lap
Pinh nghia (Phirong phdp gidi todn t6 hop)

Mot cach sdp xép co thir tw r phan tir c6 thé 1ip lai cia mot tip n
phan tr dugc goi 13 mot chinh hop lap chap r tir tap n phan tir. Néu A 13 tap
gdém n phan tir d6 thi mdi chinh hop nhu thé 1a mot phan tir cta tap A,
Ngoai ra, mdi chinh hop ldp chap r tir tip n phan tir 14 mot ham tir tap r
phan tir vao tip n phan ttr. Vi vy sb chinh hop lip chap r tir tp n phan tir
la n*.

Pinh 1y 1.5.1 86 cdc chinh hop lip chdp r tir tdp n phan tir bang n’
Churng minh



RO rang c6 n cach chon mot phén tor tr tap n phﬁn ttr cho mdi mot
trong 1 vi tri cta chinh hop khi cho phép lip. Vi vy theo quy tic nhan, cé
n” chinh hop 13p chép r tir tdp n phén tir.

Chi y.
S6 cac chinh hop lap chiap p cta n phan tir1a n? .
Nhu vy chinh hop c6 1ap lai 1a khi giita cic phan tir yéu to thir ty 12

cdt 161, con yéu t6 khac biét khong quan trong.

1.5.2 Hoan vi lap

Trong bai toan dém, mot sd phan tir c6 thé giébng nhau. Khi d6 can
phai can than, tranh dém ching hon mdt lan.
Pinh 1y 1.5.2 S6 hodn vi ciia n phén tir trong dé cé n; phan tiv nhw nhau
thugc logi 1, ¢é n: phan tiv nhw nhau thugc logi 2, ... va c6 ni phén ti

; . M n!
nhw nhau thuéc loai k bang .
n'n,!.n!

Chitng minh
bé xac dinh s6 hoan vi trude tién ching ta nhan thay c6 ¢ cach giir
n; s6 cho n; phan tir loai 1, con lai n —n; cho trong.

Sau d6 c6 C", cach dat n» phan tir loai 2 vao hoan vi, con lai n — n; — n2

n—=m
chd tréng.
Tiép tuc dat cac phan tir loai 3, loai 4 , ... , loai k — 1 vao chd trong trong
hoan vi. Cubi ciing c6 G, Cach dat nk phan tir loai k vao hoan vi.

Theo quy tic nhan tit ca cac hoan vi c6 thé la:

crce,..Ch S

n—-n * n—m—.—m_ n, Inz I.../”lk !



1.5.3 T6 hop lip

Mot td hop 1dp chap k ctia mot tap hop 1a mdt cach chon khong co
thir tu k phan tir c6 thé 1ap lai ctia tip da cho. Nhu vay mot to hop lap kiéu
nay 1a mot diy khong ké thir tw gdm k thanh phén 13y tir tip n phan tt. Do
d6 co the lak > n.
Dinh Iy 1.5.3 S4 16 hop lgp chdp k tir tdp n phan tii bang c*, ..
Churng minh

MGdi t6 hop lap chap k tir tdp n phan tir c6 thé biéu dién bang mot
diy n—1 thanh démg va k ngdi sao. Ta dung n — 1 thanh démg dé phan cach
cac ngan. Ngan th i chira thém mot ngdi sao mdi 1an khi phan tir the i caa
tap xuat hién trong t6 hop.

M&i diy n — 1 thanh va k ngdi sao tng véi mot té hop lip chap k cua
n phan tir . Do d6 mdi diy tng voi mot cach chon k chd cho k ngdi sao tir
n+k—1 chd chira n — 1 thanh va k ngéi sao. P6 1a diéu can chirg minh.
Chu y.

S6 t6 hop c6 lap chap p cua nla CP = C5+p_1: CZ;;_P

T hop ¢6 1p lai khi mot phan tir c6 thé xuat hién nhiéu 1an va th tu

cua cac phan tir khong can dé y.



CHUONG 2 - MOT SO BAI TOAN TO HQP CO BAN
Chuong 1 di trinh bay 1y thuyét co ban cta toan to hop. Dua trén co
so 1y thuyét d6 trong chuong nay khoa luan s& tip trung trinh bay mot sb
bai toan t6 hop co ban, phtt hop véi hoc sinh THPT khi tham gia cac ki thi

tbt nghié¢p, cao déng, dai hoc.

2.1 Mt s6 bai toan dém khéng lip

Trong cac bai toan vé phép dém khong lap, mdi phan tir can dém chi
c6 thé xuat hién tdi da mot 1an. Pé giai cac bai toan dém khong ldp nguoi
ta str dung hai quy tic chinh cua phép dém 1a quy tic cong va quy tic nhan,

cling nhu str dung hai phuong phap dém tryc tiép hodc dém gian tiép .

2.1.1 Bai ton lap s
Bai 1:
Cho tdp hop céc chit s6 X ={ 1, 2,...,9}. Tir tgp hop X cé thé Igp
dwoc bao nhiéu sé chdn cé 6 chir sé khdc nhau tirng doi mét.
Giai:
Goi s6 can lap 1a Z=W, aeX.
Vi n 14 s6 chin nén ag € {2; 4; 6;8} c6 4 cach chon. Con a;,a,,a3,a4,a5
1a mdt bd phan biét c¢6 tht ty dugc chon tr X do d6 nd 1a mot chinh hop
chdp 5 cta 8 (Trur di s6 as da chon). Co Ag cach chon.
Vay co 4.Aé5 =224 sb thoa man bai toan.
Bai 2:
Cho tdp hop cdc chiv s6 X ={0, 1, 2,...,7}. Tir tdp hop X c6 thé Igp
dwoc bao nhiéu sé tw nhién cé nam chir sé6 khdac nhau tieng déi mét théa

~

man >

a. La so chan.



b. La sé tién (chit sé sau I6n hon chit sé dirng trwée ni).
Giai:
Goi s6 can 1ap 1a ZZW» aeX,a #0.
Vi n 1a 56 chin nén as €10, 2, 4, 6}.
Trudng hop 1: Néu as =0 thi a5 c6 1 cach chon.
Khi do6 a;,a,,a3,a,4 1a mot by phan biét co thir tu duoc chon tr X\{0}
do d6 n6 1a mot chinh hop chap 4 ctia 7. C6 A5 céch chon,
Vay c6 A7=840 sb thoa man bai toan.
Truong hop 2: Néu as duoc chon tir {2, 4, 6} thi asco 3 cach chon.
a; dugc chon ftur tap X\{0, a5} nén a; cd 6 cach chon.

a,,az,a, 1a mot by phan biét thir tu duoc chon tr X\{ay, a5} do do
n6 1a mot chinh hop 6 chip 3. C6 47 cach chon.

Vay ¢6 3.6. 42 =2160 sb thoa mén bai toén.
Vay s6 cac s6 chan gdm 5 chir s6 phan biét hinh thanh tir X 1a:
840+2160=3000 sb.
b) Vi n lasd tiénnén a; <a, <..<as vado a; # 0
nén 1< gy <a, <...<as.
MBbi cach chon ra 5 chit s6 thi chi ¢6 1 cach sap xép tir nho dén 16n.
Vay sb cac s can tim 1a s cach chon ra 5 chir s6 tir tip X\ {0}.
Vay ¢6 C3=21 sb théa man didu kién.
Bai 3:
Cho A={0, 1, ..., 5}, cé bao nhiéu sé cé 6 chit sé khic nhau va
chi 56 2 dirng canh chir sé 3.

Giat:

10



Ta “dan” hai chit s6 2 va 3 thanh mot chit s6 kép. C6 hai cach dan 23
hodc 32. Bai toan tr¢ thanh: “Tir nam chit sé thudc B={0;1;4;5;s6 kép} c6
thé 1ap dugc bao nhiéu s6 tu nhién c¢6 nam chir s6 khac nhau”

Goi s6 ¢6 nam chit s6 dugc 1ap tir B 1a n=ayaya3a4as , a; € B, a; #0.
a; dugc chon tirtdp B\{0} nén a; c6 4 cach chon.
a,,dsz,dy,as 1la mot by phan biét thr ty dugc chon tr X\{g,} do do
no la mot hoan vi cia 4. C6 4! cach chon.
Vay ¢6 2.4.4 | = 192 s thoa méin bai toan.
Bai 4:

Tirtgp A=10, 1, ..., 5} cé thé lgp dwgc bao nhiéu s6 c6 6 chiv so
sao cho méi chii s6 xudt hi¢n nhiéu nhét mét lin. Tinh t(fng tit cd cdc sé
do.

Giai:

Xét truong hop céac sd lap duoc tir A ¢ 6 chit sd (ca trudong hop s6 0
dtng dau).

Cod B, = 6!=720 so.

Ta thiy cac sb trong tdp A déu xuat hién 120 lan trén cic hang trim
nghin, hang chuc nghin, hang nghin, hang tram hang chuc va hang don vi.

Vay tong tat ca cac s lap duoc trong trudng hop nay la:

T=120(0+1+2+3+4+5)10° +120(0+1+2+3+4+5)10% +...

100 -1
+120(O+1+2+3+4+5):120.15. 0

Xét truong hop s6 0 dimg dau 0ayazauasag, a; € A\{0},i=2,6.
C6 Ps=5!=120 s6.
Ta théy cacsb 1,2, 3, 4, 5 déu xuit hién 24 14n trén céc hang chuc nghin,

hang nghin, hang tram hang chuc va hang don vi.

11



Vay tong céac s6 1ap dugc trong truong hop nay 1a:

5_
K=24.1510 1.
10

Tong cac s lap duoc ¢ 6 chit s6 1a: Py — Py =600 sb.
Téng tat ca cac sb do 1a:

6 5
S:T—K:12O.15-110 1—24.1510 !

=195999840.

Bai 5:
C6 bao nhiéu sé tw nhién cé 7 chi sé khdc mhau va lén hon

685000 lgp tir A= {0, 1, ..., 9}.

Giai:

Go1 s0 can tim la:

n=aya,..a; , n>685000,a; € A,a; #0,i=1,7.
Truong hop 1: S6 ¢6 dang m (az =25,a3 #6,8).
az co thé nhan 3 gia tri 5, 7, 9 nén ¢ 3 cach chon.
ay,as,ag,a7 1A mot bd 4 s6 co thir tu lap tir 4\ {6,8,a5} .
C6 A7 cach chon bo 4 s c6 ké thir tu.
Vay co 3. A;‘ s6 théa méan bai toan.
Truong hop 2: S6 c6 dang W.
a3,a4,0s,dg,a71a MOt bO 5 phan tir tir 4\ {6,9} va c6 ké tha tu céc
phan tur.
Co A .
Truong hop 3: sb c6 dang W v6i a; >6.

a; c63 cachchonla?7,s,o.

12



ay as,ay,ds,dg,a; 14 mot bd 6 phan tir tr A\ {a;} va c ké thir ty céc
phan ti.
Co AS sb.
Vay c6 3.47 + A3 3.45 + 43 + AS = 69720 sb thoa man bai toan,
Bai 6:
C6 bao nhiéu so tw nhién cé 6 chir sé khdic nhau trong dé méi sé
c6 tong ciia ba chir sé6 dau nhé hon tong ciia ba chit s6 cuéi mét don vi.
Giai:
Goi s can tim 1a:
7= aays @ %0,
Tacod 1+2+3+4+5+6=21. Vay tong cta ba chit s6 dau 1a 10.

D@ thiy 1+3+6=1+4+5=2+3+5.
Vay c6 3 cach chon 3 nhéom 3 chi s6 dau (1,3,6 hoac 1,4,5 hoac 2,3,5).

V6i 1 cach chon nhém 3 chit s6 thi c6 3! cach dé 1ap ra s6 qyayas .

V6i 3 56 con lai thi co 3! cach dé 1ap ra s6 aasag .
Vay ¢6 3.31.31=108 sb can tim.
Bai 7:

Tir cdc chiv s6 1,2,3,4,5,6,7.8,9 ¢6 thé lap dwoc bao nhiéu s tw
nhién gom 6 chir s6 khdc nhau va tong cdc chiv sé hang chuc, hang
trim, hang nghin bing 8.

Giai:
Goi sb can tim la:

Z:alaz...% , a1 #0,q; 6{1,2,...,9},i=1,6.

Theo baira a, +a, +a, =8.

13



Tacd 1+2+5=1+3+4=8. Vay c6 hai cach chon nhém 3 s6 dé tong céc chir
s6 hang chuc, hang trim, hang nghin bang 8.

Véi mdi nhém ¢co 3 ! =6 cach lap ra $b as,a,,as.

V&i 3 chit sd con lai a,a,,a, la 1 bo s6 c6 the ty duge chon tir
tap{L2,...9}\{a,,a,,a,} . C6 4. céch.

Vay c6 2.3!4] =1440 s thoa mén bai toan.

Bai 8:

Tir tip A={1,2,3,4,5,6,7 c6 thé lgp dwoc bao nhiéu sé tw nhién gom

5 chit 56 khdc nhau va nhét thiét phdi cé hai chii sé 1 va 5.

Giai:

Trong 5 chir s6 thi ¢6 2 chit s6 14 1 va 5. Ta chi can chon ra ba sb thudc tap
hop {2,3,4,6,7} . S6 cach chon 14 C.=10.

V6i 5 s6 duoc chon ra cé 5! cach thanh lap sb thoa man.

Vay c6 51C2 =1200.

Bai 9:

Tir tdp 4={0,1,2,3,4,5,6} co thé ldp dwoc bao nhiéu sé chéin gom 5
chit s6 khdc nhau trong dé cé diing hai chiv sé 1é va hai chir sé 1é nay
dirng canh nhau.

Giai:

Vi c6 3 56 16 nén c6 6 ‘sd kép’ sau 13, 31, 15, 51, 35, 53. Bai toan tré thanh
c¢6 bao nhiéu s6 chan c6 4 chir s6 khic nhau duoc lap tir tdp B ={0,2,4,6,50
kép}.

Goi 4,,4,, 4, lan luot 1a tap hop cac s6 chén c6 4 chit sé khac nhau duogc lap
tir tap B trong d6 ¢ sd kép’ dumg & vi tri thir nhét, thir hai, tht ba.

Truong hop 1 : s kép dung & vi tri thi nhat.

Ba chit s6 con lai dugc chon tir tip {0,2,4,6} : C6 4; cach chon
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n(4)=4; =24
Trudng hop 2 : s6 kép dung & vi tri thtr hai hodc thi ba .
S6 dung dau duge chon tir tap {2,4,6}: c6 3 cach chon
Hai chit s6 con lai duoc chon tir tap {0,2,4,6} \{chir s6 dau}: Co A céach
chon.
Vay n(4,)=n(4,)=3.4; =18
Vay c6 6(24+18+18)=360 s6 thda man bai toan.
Bai 10:
S6 360 c6 bao nhiéu wéc tw nhién ?
Giai :
Phén tich 360 ra thira s6 nguyén t6 : 360 =2°3%5
S6 d 13 wde cua 360 phai c6 dang d =2".3"5" vO1 0<m<3,0<n<2,0< p<l.
Vay theo quy tic nhan, ta c6 (3+1)(2+1)(1+1) =24 wéc tu nhién ctia 360.
Téng qudt héa
Pé tim sb cac ude cua sd A ta thuc hién theo cac bude sau :
Budc 1 : Phan tich A ra thanh thira s6 nguyén to.
A=ph.p=.ph.pk. V6i p. #1,i=1k va doi mot khac nhau.
Budc 2 : S6 d 12 udc cia A phai c6 dang
d=p.ps.pd..p. vol 0<a <n,0<a,<n,,0<a,<n,..,0<a, <n,.
Budc 3 : S6 cac wdce tu nhién ciia A 1a (m, +1)(ny +1)(ny +1)...(n, +1) .
Bai 11:
C6 bao nhiéu sé nguyén dwong la wéc ciia it nhit mét trong hai sé
5400 va 180002
Giai :
bat 4= {x € N,x|5400} ; B= {x eN,x

18000}.

Yéu cau bai toan 1a tim |A U B|
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b b

Trudc hét ta tim |A B

AN B|

Ta co

5400 =2°3"5"
18000 = 2*.3%.5°

Van dung két qua téng quat ctia bai 10 ta co
|4|=(3+1)(3+1)(2+1) =48
|B|=(4+1)(2+1)(3+1)=60
Mat khéc tap hop 4~ B 1a tap cac udc nguyén duong cua 5400 va 18000,
vithé 4N B ciing 1a tap hop cia cac uwéc duong cua ude chung 16n nhit cua
5400 va 18000.
Ma (5400,18000) =235,
Vay ta co
|[ANB|=(3+1)(2+1)(2+1)=36.
Cudi cing ta co
|4U B|=|A|+|B|-|4 " B|=48+60-36="72
Bai 12:
C6 bao nhiéu sé nguyén ciia tip hop {1,2;..;1000} ma chia hét cho 3
hodc 5?
Giai :
Dat §={1;2;..;1000} ; 4={xeS|xi3} ; B={xeS|xi5}
Yéu cau bai toén 1a tim |4 U B|

Ta co

16



Mit khac ta thdy 4~ B 14 tap cac sb nguyén trong S chia hét cho ca 3 va 5
nén no phai chia hét cho BCNN cua 3 va 5, ma BCNN(3,5)=15 nén

|AmB|=[m}=66.
15

Vay ta co
|4 U B|=|4]+|B|—|4n B|=333+200-66 = 467

2.1.2 Bai toan chon vit, chon ngudi, sip xép.
Bai 13:
C6 12 ciy giong 3 loai : xodi, mit, 6i trong d6 6 xoai, 4 mit, 2 éi. Muén
chon ra 6 cdy giong da trong. Héi c¢é bao nhiéu cdch :
a. Chon ra méi loai diing 2 cay.
b. Chon ra méi logi c6 it nhit mét cay.
Giai :
a. Chon 2 cdy xo0ai ¢6 C; =15 cach.
Chon 2 cay mit ¢6 C; =6 cach.
Chon 2 cay 6i ¢c6 C2 =1 cach.
Viy theo quy tic nhan c6 15.6.1=90 cach
b. Goi A 1a tap hop cach chon 6 cay trong 12 cay.
n(4)=C =924
Goi B la tap hop cach chon 6 cay khong du 3 loai.
Céch chon chi c6 xoai: 1 cach chon.
Céch chon chi ¢6 x0ai va mit: C;, —1=209 cach chon.
Céch chon chi ¢ x0ai va di: ¢¢ —1=27 cach chon.
Cach chon chi ¢6 mit va 6i: 1 cach chon.
Do d6 n(B)=1+209+27+1=238

Vay s cach chon co du céc loai 13: 924238 =686 cach.
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Bai 14:

M5t thay gido cé 20 cudn sdch doi mot khdac nhau. Trong dé6 c6 5
cuén sach vin hoc, 4 cuon sdach Gm nhac va 3 cuon sich hi hoa. Ong
muon ld'y ra 6 cuon va dem tang cho 6 hoc sinh A, B, C, D, E, F méi
em mét cuén sao cho sau khi ting sdch xong, méi mét trong ba thé logi
vin hoc, am nhac va héi hoa déu con lai it nhit mét cuon. Hoi c6 bao
nhiéu cach tang ?

Giai:
Co C162 cach chon 6 cudn sach bat ky trong 12 cubn trong do.
Co C55 C% cach chon 6 cudn c6 5 cudn vin hoc.
Co Cf Cg cach chon 6 cudn c6 4 cuén am nhac.
Co Cg’ CS cach chon 6 cubn c6 3 cudn hoi hoa.
Vay ¢6 C —(C3Ch+CiCE+C3C3)=805 cach chon théa min diéu
kién.
Véi mdi cach chon ta ¢ 6! Cach ting.
Vay s6 cach tang théa man 1a 805.6!=579600 cach.
Chi y: Dbi v6i bai nay ta c6 thé dung cach phan chia trudng hop thoa
man diéu kién (cach giai tryc tiép).
Bai 15:
Déi thanh nién xung kich ciia truwong A cé 12 hoc sinh, gom 5 hoc
sinh khoi I6p 10, 4 hoc sinh khéi I6p 11 va 3 hoc sinh khoi lop 12.
a. Co bao nhiéu cdach chon ra 4 hoc sinh di lam nhiém vu sao cho
hoc sinh thugc khéong qud 2 khoi l6p.
b. C6 bao nhiéu cich chia sé hoc sinh dé thanh 2 to, méi té6 cé 6
nguwoi sao cho té nao ciing cé hoc sinh khéi lép 12 va c6 it nhit hai

hoc sinh khéi lép 10.
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Giai:
a. S6 cach chon 4 hoc sinh tir 12 hoc sinh 1a C142 =495.
S& cach chon 4 hoc sinh ma mdi khdi 16p co it nhét 1 em duoc tinh nhu

Sau:

Khéi 16p 10 c6 2 hoc sinh, cac khdi 16p 11, 12 ¢6 1 hoc sinh c¢6
C3C4C5=120 cach.

Khéi 16p 11 c6 2 hoc sinh, cac khdi 16p 10, 12 ¢6 1 hoc sinh c6
CsC3C5=90 cach.

Khdi 16p 12 ¢6 2 hoc sinh, cac khdi 16p 10, 11 ¢6 1 hoc sinh ¢
CLCLC3=60 cich.
Vay s cach chon 4 hoc sinh ma mdi khdi 16p c6 it nhat 1 hoc sinh 1a
120+90+60=270.
Vay sd cach chon thoa man 1a 495-270=225.

b. Ta chon 6 hoc sinh théa man dé bai vao td 1, 6 hoc sinh con lai tao

thanh t6 2.

C6 C2C3C} cach chon td 1 trong dé ¢6 2 hoc sinh khdi 16p 10, 3 hoc
sinh khdi 16p 11, 1 hoc sinh khéi 16p 12.

Co C52C4%C32 cach chon t6 1 trong d6 c6 2 hoc sinh khdi 16p 10, 2 hoc
sinh khdi 16p 11, 2 hoc sinh khéi 16p 12.

C6 C2CZCY céch chon tb 1 trong d6 6 3 hoc sinh khéi 16p 10, 2 hoc
sinh khdi 16p 11, 1 hoc sinh khéi 16p 12.

Cé C2C4C3 cach chon td 1 trong dé ¢ 3 hoc sinh khdi 16p 10, 1 hoc
sinh khéi 16p 11, 2 hoc sinh khéi 16p 12.
Vay c6 CZ2CCi+C2CiCi+C3ciCi+C3Cic?= 600 cach chia td thoa

man dé bai.
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Bai 16:
Cé n nam, n nit. Cé bao nhiéu cdch sip xép sao cho:
a. 2n ngwoi ngdi quanh mét ban tron.
b. 2n ngwoi ngoéi vao hai day ghé doi di¢n sao cho nam nir ngoi doi dién.
Giai:
a. Nguoi thir nhat ¢6 1 cach chon chd ngdi vi chd ngdi nao ciing khong
phan biét so vdi ban tron.
Sau khi c6 chuan ctia ngudi thir nhat thi n—1 nguoi con lai ¢6 (n—1)!
cach xép chd ngdi.
Vay co (n — 1)! Céch.
b. Xép n nam vao 1 day ghé c6 n! cach.
Xép n nir vao 1 diy ghé c6 n! cach.

Doi chd n cip nam nit d6i dién ¢6 2.2...2=2.2...2 =2" cach.
%/—/

n
Vay ¢6 (n!)>2" cach xép nam nit ngdi déi dién nhau.
Bai 17:

Mt hop dung 2 vién bi dé, 3 vién bi tring, 5 vién bi vang. Chon
ngdu nhién 4 vién bi tiv hop d6. Héi cé bao nhiéu cdach chon dé trong dé
sé vién bi ldy ra khong dii cd 3 mau, biét rang cdc vién bi la khdc nhau.
Giat:

Co C? cach chon 4 vién chi ¢c6 mau vang.
Co C? cach chon 4 vién khong c6 mau vang.
Co C;‘ cach chon 4 vién khong c6 mau tring.
Co Cg cach chon 4 vién khong c6 mau do.
Trong C?’ cach chon 4 vién bi khong c6 bi trang c6 chira C? cach chon 4
vién chi ¢6 mau vang.
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Trong Cg cach chon 4 vién khong c6 bi do c6 chira Cg1 cach chon 4 vién
chi c6 mau vang.

Vay c6 C3+Ci+C3+Cq-C4-C4=105 cach chon.
Bai 18:

Trong mét mén hoc, thdy gido cé 30 cdu héi khdc nhau gom 5 ciu
kh6,10 cdu trung binh, 15 cdu dé. Tir 30 cdu héi dé cé thé lip dwoc bao
nhiéu dé kiém tra, méi dé gom 5 cau héi khdc nhau, sao cho trong méi
dé nhit thiét phi cé dii 3 loai cau héi va so cau héi dé khéng it hon 2.
Giai:

Goi A 1a tap hop cach chon dé 6 3 cau dé, 1 cau kho, 1 cau trung binh.
Goi B 1a tap hop cach chon dé c6 2 cau d&, 2 cau kho, 1 cau trung binh.
Goi C 1a tap hop céach chon dé c6 2 cau dé, 1 cau kho, 2 cau trung binh.
Goi D 1a tap hop cach chon thoa mén yéu cau bai ra.
Tacd D=AUBUC
Ngoai ra A, B, C d61 mgt khong giao nhau.
Theo quy tic cong ta c6 : |D|=|4|+|B|+|C| (1).
Theo quy tic nhan ta c6 :
|4 = C}5.C5.Cly = 22750
|B| = C}5.C5.Cl, =10500
|C| = CF.Cs.CHy = 23625
Thay vao (1) ta ¢ |D|=56875.
Viy c6 56875 cach chon dé kiém tra thoa man bai toan.
Bai 19:

MGét dji thanh nién tinh nguyén cé 15 ngwoi gom 12 nam, 3 nir.

H@i ¢6 bao nhiéu cdch phén cong dji thanh nién tinh nguyén dé vé gitp

do 3 tinh mién nui, sao cho maoi tinh co 4 nam va 1 nit.
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Giai:
Dau tién ta chon 4 nam va 1 nit cho tinh thir nhat. Theo quy tic nhan sb
cach chon 1a :»n, = C},.C; =1485
Sau d6 chon 4 nam va 1 nit cho tinh thr 2. 4 nam duogc chon trong 8 nam
con lai va 1 nir s€ dugc chon trong 2 nitr con lai. Theo quy tdc nhan s6 cach
chon la:

n = Cg.C; =140
S6 con lai thudce tinh thir 3.
Vay sb cach phan cong 13 n =n,.n, =1485.140 = 207900
Bai 20:

Déi thanh nién xung kich ciia mét trwong phé thong cé 12 hoc
sinh gom 5 hoc sinh 16p T ,4 hoc sinh I6p L va 3 hoc sinh I6p H. Cin
chon 4 hoc sinh di lam nhiém vu, sao cho 4 hoc sinh khong thugc qua 2
trong 3 lop trén. Hoi co bao nhiéu cach chon nhw viy?

Giai:

Goi A 1a tap hop moi cach chon 4 hoc sinh trong 12 hoc sinh.
Goi B 14 tap hop cach chon khong thoa mén yéu cau dé bai.
Goi C 1a tap hop céach chon théa man yéu cau dé bai.

TacO A=BUC;BNC =0

Theo quy tic cong ta c6 |4|=|B|+|C| = |c|=|4]-|B| (1)

D& thiy |4 =C}, = 495

Pé tinh |B|, ta nhan thdy s& chon 1 16p ¢ 2 hoc sinh, hai 16p con lai mdi
16p 1 hoc sinh. Theo quy tic cong va quy tic nhan ta cé
|B|=C:.C,.C; +C;.C; .C; +C3.C,.C; =120+90+60 =270

Thay vao (1) ta ¢ |C|=495-270=225.

Vay c6 225 céach chon.
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Bai 21:

C6 bao nhiéu cich phéin bé 100 sin phdam cho 12 civa hang biét
rang méi civa hang phii cé it nhét mét san phim.
Giai:
Ta c6 thé dung 99 vach ngan dé ngin 100 san phdm. Chon 11 vach ngin
trong s6 99 vach ngin trén ta duoc mot cach phan bd san pham cho 12 cira
hang thoa man bai toan.
Vay ¢6 C. cach phan b
Téng qudt: Sé cach phan bé k san phdam cho n cira hang trong dé moi cira
hang c6 it nhat mét san pham la €
Bai 22:

Mot l6p hoc co 45 hoc sinh. Co bao nhiéu cdach chon nhom 5 ban
vao ban can sw cua lop sao cho co mot ban lam lop truong.
Giai:
Trude hét ta chon 5 hoc sinh trong 45 hoc sinh cta 16p. Co C3, cach.
Sau d6 trong 5 hoc sinh nay ta chon mot ban lam 16p truéng. C6 5 cach.
Vay c6 5. C;, cach chon thoa man bai toan.
T 5ng quat: S6 cdch cach chon nhém k ban trong s6 n ban vao mot nhém
sao cho co mot ban lam truong nhom la kC!
Bai 23:

C6 bao nhiéu cich chon mét nhém nguwoi trong sé n ngwoi sao cho
co mgt ngwoi lam nhom truong.
Giai:
Gid su nhom c6 k nguoi (k>1)(vi phai luén c6 mot nguoi lam truéng
nhom).
Trudc hét ta chon k nguoi trong n ngudi. Co C* cach.

Sau d6 trong k ngudi nay ta chon mdt ban lam truédng nhom. Coé k cach.
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Do d6 c6 kC! cach chon nhom cé k nguoi (k>1) trong d6 luén c6 mot
nguodi lam nhém truong.

n 4 . 4 A
Vay c6 > kCl cach chon mot nhdm ngudi trong s6 n ngudi sao cho c6 mot
k=1

nguoi lam nhom trudng.
Bai 24:
C6 bao nhiéu cich chon mét nhém ngwoi trong sé n ngwoi sao cho
co mot nguwoi lam nhom truong, mot nguwoi la nhom pho.
Giat:
Gid st nhom c6 k nguoi (k>2)(vi phai luén c6 mot nguoi lam nhom
truong , mot nguodi 1a nhém pho).
Trude hét ta chon k ngudi trong n ngudi. C6 C* cach.
Sau d6 trong k ngudi nay ta chon mét ban lam nhoém truéng . Cé k cach.
Trong k-1 nguoi con lai ta chon mdt ban lam nhém phé. Co k-1 céch.
Do d6 c6 k(k-1)C; cach chon nhém cé k nguoi (k>1) trong d6 luon co

mot nguot [am nhom trudng , mot nguoi 1a nhdém pho.

Vay ¢6 > k(k-1)C) cach chon mdt nhém nguoi trong s n nguoi sao cho
k=1

c6 mot ngudi lam nhoém trudng , mot nguoi 1la nhém pho.
Bai 25 : ( Hodn vi vong quanh)
a. Tinh s6 hodn vi vong quanh ciia n phéin tir khdc nhau.
b. Mot hoi nghi ban tron co phdi doan cua cac nwoc : Anh 3 nguoi, Nga
5 ngwoi, My 2 ngwoi, Phdp 3 ngwoi, Trung Quéc 4 ngwoi. Hoéi cé bao
nhiéu cdach sdp xép ché ngéi cho moi thanh vién sao cho ngwoi cing
quéc tinh thi ngéi canh nhau.
Giai :

a. Néu sap xép mot phan tir vio mot vi tri ndo d6 (cha y vi tri dau tién

khong dong vai tro gi do day la hoan vi theo dudng tron), thi n—1
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phan tir con lai duoc sap xép vao n—1 vi tri con lai. S6 cach chon d6
la (n—1)!
Vay sb hoan vi vong quanh ctia n 13 (n—1)!
b. Néu mot phai doan nao ngdi vao chd trudce thi theo phan a bon phai
doan con lai c6 4! Cach sap xép.
Nhu vay c6 24 cach sap xép cac phai doan ngdi theo qudc gia minh. Bay
gid ta xem ¢ bao nhiéu cach sip xép chd ngdi cho ndi bd timg phai doan.
Tir gia thiét ta co
31 Cach sap xép cho phai doan Anh.
51 Cach sap xép cho phai doan Nga.
2! Cach sép xép cho phai doan My.
31 Cach sip xép cho phai doan Phap.
41 Cach sip xép cho phai doan Trung Qudc.
Theo quy tic nhan s6 cach sip xép cho hoi nghi 1a
n=413151213141=4976640 cach sap xép.
Chi ¥ : Ta c6 thé mé rong phan 1 cia bai 25 nhw sau :
S6 cdch sdp xép m s6 khdc nhau tir tdp hop n s6 {1,2;..;n) [én mét dwong

tron bang ! .
m(n - m)!

That vay

Chon m phan tir khac nhau trong n phan tr d3 cho (khong ké thtr tu sip
xép).

n!

So cachchonla n,=C'=——.
(n—m)!m!

Véi m phan tir duoc chon xép m s6 d6 1én duong tron . Theo hoan vi vong
quanh s cach sip xép 1 n, = (m—1)!

Theo quy tac nhan s6 cach sap xép m s6 khac nhau 1én duong tron 1a
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n! n!
n=n.n, :m,(m_l)!:—

Bai 26: ( Bai toan vui)

M5t civa hang cé 10 lon nwéc gidi khdt déi mot khéc nhau ding dé
bay hang. Ngwoi ta xép cdc lon dé thanh hinh qud niii, sé lon tir hang
dwdi cing dén hang trén cing lan lwot la 4, 3, 2, 1. Hiang ngdy nguoi ta
déi vi tri cdc lon cho nhau sao cho khéng cé hai ngay bay nhw nhau. Héi
bdt dau tir ngay 1.1.2000 thi c6 thé tién hanh dén ngay nao ?

Giai :
C6 10 vi tri khac nhau, bay 10 lon nudc giai khat d61 mot khac nhau, vay sb
cach bay la

10!=3628800
Vay can c6 3628800 ngay dé bay hét tat ca cac cach.
Do cr 4 ndm thi c6 mot nim nhudn, nén sd ngdy cua chu ki 4 nam 1a
365.4+1=1461 ngdy
Ta théy 3628800 =2483.1461+1137
Ta lai luu y rang nhitng nam chia hét cho 400 khong phai nam nhuan. nhu
vay khong ké nam 2000, trong 2483. 4 nim c6 thém 24 nam chia hét cho 4
ma khong phai nam nhuan.
Vay 3628800ngay =2483.4nam +1137+24 =9935nam +66 ngay.
Nhu vay c6 thé bay téi ngay thir 66 ctia nim 11936.
Do ndm nay la ndm nhuan nén 66 =31+29+6.

Viy ngdy cudi ciing co thé bay 1a mong 6 thang 3 nim 11936.

2.1.3 Bai toan tuong tw
Bai 27: Co bao nhiéu sb tu nhién gdm 4 chit sé sao cho khong co chit sb

nao lap lai qua 1 lan.
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Bai 28: C6 bao nhiéu so ty nhién gdm 5 chit s6 va chir s6 dimg sau bé hon
chit s6 dimg trude.

Bai 29: C6 bao nhiéu sé ti nhién gém 6 chit s6 khac nhau 13 sb 1¢ va nho
hon 600000.

Bai 30: C6 bao nhiéu sb tir nhién gém 5 chit s6 khac nhau 1a sé chin va
nho hon 25000.

Bai 31: T 4={1,2,...,9} dugc bao nhiéu s6 chin c6 3 chit s6 khac nhau
va khong 16n hon 789.

Bai 32: C6 thé 1ap duoc bao nhiéu s6 tu nhién ¢ 5 chir s6 khac nhau duge

lap tir tp £={0,1,2,3,4,5,6,7} sao cho mot trong ba chit s6 dau tién 1a 1.

Bai 33: C6 20 hoc sinh (8 nit trong dé ¢6 Lan, 12 nam trong dé ¢6 Nam va
Ti).

a) C6 bao nhiéu cach chon ra mot to 7 ngudi trong d6 cd nhiéu nhat 2
trong 3 ban Ti, Nam va Lan.

b) C6 bao nhiéu cach xép thanh mot hang doc sao cho Lan dung dau va
cac ban nam luén ding canh nhau nhung Ti va Nam khong dung canh
nhau.

Bai 34: Mot hop dung 6 qua cau xanh danh s tir 1 dén 6, 5 qua cau do
danh s tir 1 dén 5, 4 qua cau vang danh so tir 1 dén 4.

a) C6 bao nhiéu cach ldy ra 3 qua cdu cung mau, 3 qua ciu cung so.

b) Co bao nhiéu cach lay ra 3 qua cau khac mau, 3 qua cau khac mau va
khac s6?

Bai 35: Trong ky thi két thiic mon toan hoc roi rac ¢6 10 ciu hoi. Co bao
nhiéu cach gan diém cho cac cau hoi néu tong sd diém 1a 100 va mdi cau

hoi it nhét 5 diém.
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Bai 36: Mot ban dai c6 2 diy ghé ddi dién nhau, mdi diy gom 6 ghé.
Nguoi ta mudn sap chd ngdi cho 6 hoc sinh nam va 6 hoc sinh nit vao ban
noi trén. Hoi ¢ bao nhiéu cach sip xép trong mdi truong hop sau:

a) Bat ky hai hoc sinh ngdi ciing nhau hodc d6i dién nhau déu khong cing
gi6i tinh.

b) Bét ky hai hoc sinh ngdi d6i dién nhau déu khong cling gidi tinh.

Bai 37: O mot truong tiéu hoc ¢ 50 hoc sinh gioi toan dién, trong d6 co 4
cap anh em sinh d6i. Can chon ra 3 hoc sinh trong 50 em néi trén di du trai
he. Héi c6 bao nhiéu cach chon ma trong nhom 3 em dugc chon khong cod
cap anh em sinh doi nao.

Bai 38: c6 5 nha todn hoc nam, 3 nha todn hoc nit va 4 nha vat li nam. Lap
mot doan cong tac 3 nguoi can co ca nam va nit, cAn ¢6 nha toan hoc va
nha vat li. Hé1 c6 bao nhiéu cach.

Bai 39:M6t hop dung 4 vién bi do, 5 vién bi trang, 6 vién bi vang. Nguoi ta
chon ra 4 vién bi tir hop d6. Hoi co bao nhiéu cach chon dé sb bi lay ra
khong du 3 mau.

Bai 40 :Trong mot 16p hoc ¢6 7 nam sinh va 4 nit sinh wu ta ( trongdd cé
nam sinh Cuong va nit sinh Hoa). Can lap mot ban can sy 16p gdom 6 nguoi
vGi téu cau c6 it nhat 2 nit, ngoai ra biét Cudng va Hoa khong thé 1am viéc
cung nhau trong ban can su.

Bai 41: Doi dy tuyén bong ban ¢6 10 , 7 nam trong d6 c¢6 danh tha nam 1a
Vi Manh Cudng va danh thi nit 1a Ngé Thi Thu Thuy. Nguoi ta can lap
mot doi tuyén bong ban qudc gia tir doi du tuyén noi trén. Doi tuyén qubc
gia ¢4 3 nit va 4 nam. Hoi c¢6 bao nhiéu cach 1ap doi tuyén qudc gia sao cho
trong doi tuyén qudc gia c6 mit chi mot va mot trong 2 danh tha noi trén.
Bai 42:C6 6 qua ciu xanh danh s6 tir 1 dén 6, 5 qua cau do danh sd tir 1
dén 5 va 4 qua cau vang danh sb tir 1 dén 4. Hoi c6 bao nhiéu cach 1y ra 3

qua cau vira khac mau, vira khac so.
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2.2 Mot so bai toan dém co lap
Trong cac bai toan dém cé 1dp, moi phan tir can dém co6 thé xuat hién
nhiéu lan. Dé giai cac bai todn dém co 1ap, nguoi ta thuong quy vé cac bai

toan dém khong 1ip va st dung thém mot s6 kién thirc khac.

2.2.1 Bai to4n 1p s6.

Bai 43:

Cho tap hop A= {0;1;2;3;4;5;6;7}

Hoi cé thé lip dwoe bao nhiéu sé tw nhién c6 5 chir sé dwoc ldp tir A?
Giai:

Vi céc chit s6 c6 thé tring nhau nén mdi s6 twong ng voi mot phép
bién ddi c6 lip 5 phan tir bét di truong hop c6 sb 0 dimg dau (bang mot
phép bién doi c6 lap 4 phan tir tir 0;1;2;3;4;5;6;7)

Vay sb cac s bang 8° —8* =28672
Bai 44:

Cho tdp hgp A=1{1;2;3;4;5;6}

Héi cé thé ldp dwoc bao nhiéu sé c6 4 chii s6 sao cho méi so tao thanh
chia hét cho 4.

Giai:

Ta da biét d€ mot s6 co tir hai chit s6 trd 1én chia hét cho 4 thi dicu kién can
va di 13 hai s6 cubi cua sb d6 phai chia hét cho 4.

Tur tap A c6 thé 1ap dugc cac sb sau chia hét cho 4:

12, 16,24, 32, 36, 44, 52, 56, 64

Dé chon dugc cac sb thoa man yéu cau dé bai, ta can tién hanh qua cac
budc:

Budc 1 chon hai sb cudi. Theo trén c6 9 cach chon.

Budc 2 chon s6 hang tram c6 6 cach chon.
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Budc 3 chon sd hang nghin ¢6 6 cach chon

Theo quy tic nhan s6 cach chon 13 9.6.6=324

Vay ¢6 324 s6 thoa man bai toan.

Bai 45:

C6 thé ldp dwoc bao nhiéu so cé 6 chir sé sao cho sé 1 c6 mdt téi da 5
lin, cdc 6 2,3,4 ¢é mt t6i da 1 lan.

Giai:

Vi cac s6 2, 3.4 ¢6 mat téi da 1 1an nén ta phai 1ap ra s6 c6 6 chit sb tir
{1;2;3;4} nén s6 1 phai c6 mat tdi thiéu 3 1an.

Goi As; 1a tap hop céc sd ¢6 6 chit s6 trong d6 s6 1 6 mit 3 1an. Khi d6 mdi
$6 2, 3, 4 co mat ding mat lan.

A4 12 tap hop cic sb ¢o 6 chit s6 trong d6 s6 1 ¢6 mat 4 1an. Khi d6 mdi s6
2,3, 4 c6 mat téi da mot 1an.

As 13 tap hop cac s6 c6 6 chit s6 trong d6 s6 1 ¢6 mat 5 1an. Khi d6 mdi s6
2,3, 4 ¢6 mat téi da mot 1an.

Khi d6 As ,A4 ,As d6i mot roi nhau nén theo quy tic cong

| 4| +] 4, +] 45| 14 86 cac s6 c6 6 chit s thoa man diéu kién dé bai.

Tinh A3

Budc 1 chon 3 vi tri trong 6 vi tri dé dat 3 chir sd 1

S6 cach chon 13 », =C? =20

Budc 2 ba vi tri con lai dat ba s6 2, 3, 4

S6 cach chon n, =3!1=6

Vay |4;|=nn, =20.6=120

Tinh A4

Budc 1 chon 4 vi tri trong 6 vi tri dé dat 4 chit sb 1.

S6 cach chon 1a n, =C? =15

Budc 2 hai vi tri con lai dat hai trong ba s6 2, 3, 4.
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S6 cach chon n, = 42 =6
Vay [4,|=n.n,=15.6=90
Tinh As
Budc 1 chon 5 vi tri trong 6 vi tri dé dat 5 chir sb 1.
S6 cach chon 13 n, =C =6
Budc 2 mot vi tri con lai ddt mot trong ba sb 2, 3, 4.
S6 cach chon n, = 4! =3
Vay |4;|=n.n,=63=18.
Vay s6 cac s6 c6 6 chit s6 can tim 1a 120+90+18=228 so.
Bai 46:
Cho tip hgp 4={0;1;2;3;...;9}
Cin ldp ra cdc sé tw nhién cé 7 chi s6 thod méan dong thoi cdc tinh chit
sau:
a. Chir sé 6 vi tri thir 3 ( hang van) la mét sé chan.
b. D6 la sé khong chia hét cho 5.
c. Cdc chii sé ¢ vi tri 4,5,6 ( hang nghin, hang trdm, hang chuc) déi mot
khdc nhau. Héi c6 bao nhiéu sé nhw viy?
Giai:
Ta giai bai toan dém c6 lap trén bang quy tic nhan nhu sau:
Budce 1 chon sb & vi tri thit 3 . Co 5 cach chon.
Budc 2 chon sb & vi tri cudi cung. Do sb can chon khong chia hét cho 5 nén
c6 8 cach chon (loai 0 va 5).
Budc 3 chon sb & vi tri thir nhat. C6 9 cach chon (loai 0).
Budc 4 chon s6 & vi tri thit 2. C6 10 cach chon.
Budc 5 chon ba s6 & vi tri 4, 5, 6. D6 1a cach chon 3 phan tir (ké ca thir tu

sap xép) trong 10 phan ta. C6 4, =720 cach chon.
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Theo quy tic nhan sé cic s6 thoa man 1a: 5.8.9.10.720=2592000 sb thoa

man bai todn.

Bai 47:

So6 dién thoai & mét thanh phé cé 6 chir sé

a. C6 bao nhiéu sé dién thoai ma cdc chir so xép theo thir tw ting din.

b. C6 bao nhiéu soé dién thoai gom 3 cip 2 sé giong nhau.

¢. C6 bao nhiéu sé dién thoai ma sé 6 c6 mdt ding 2 lan, sé 2 va sé 5 méi

$6 ¢6 mdt diing mét lan va hai sé con lai cé tong chia hét cho 3.

Giai:

a. Ung voi mot cach chon ra 6 phan tir phan biét tir tip 4= {0;1;2;...;9} thi
c6 diing mot cach sap xép 6 phan tir y theo thir tu ting dan. Vi vay sb
day s6 c6 6 chit sb sap xép theo thir ty ting dan chinh bang sb cach chon
ra 6 phan tir phan biét tai tap hop A.

Do d6 s6 cac so dién thoai ma cac chir sé xép theo thir ty ting dan la

Ct =210.

b. S6 diy s6 gom 6 chir s6 dang ababab bang sd cac diy sb c6 hai chir s6
ab. Pay 1a phép dém c6 lip nén sd diy s ab 13 10.10=100 sb.

c. Budc 1 chon hai vi tri dé dat hai con s6 6. S6 cach chon 1a €2 =15.

Budc 2 chon hai vi tri trong bon vi tri con lai dé xép hai s6 2 va 5. Cach

xép nay ké ca thir tw nén sb cach chon 1a 4> =12

Budc 3 dé v rﬁng A\{6;2;5) ={0;1;3;4;7;8;9} . Téng hai sd trong tap noi trén

chia hét cho 3 1a cac tong sau

0+0;0+3;0+9;1+8;3+3;3+9;4+8;7+8,9+9

Vi hai vi tri con lai ¢6 3 cach dat hai sb 0,0; 3,3; 9,9.

Vé6i hai vi tri con lai c6 12 cach dat cac cap sb

(0,3);(0,9);(1,8):(3,9)5(4.8)5(7.8).

Vay s6 cach chon ¢ bude 3 1a: 3+12=15.
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Theo quy tac nhan s6 may dién thoai c6 6 chir s6 théa man yéu cau la

15.12.15=2700 sb

2.2.2 Bai toan dém sir dung t6 hop Lip.
Bai 48:

M¢pt éng bo c6 15 chiéc keo dinh phan phdt cho 6 diva con ciia

minh.
a. Co bao nhiéu cach phat.
b. C6 bao nhiéu cdch phdt sao cho méi con nhin dwoc it nhit mét
chiéc.
Giai

a. Ching ta gia thiét nhiing chiéc keo 1a giébng hét nhau nén hai cach
phan phat dugc goi 1a khic nhau néu c¢6 mot vai dira con nhan duoc
sb keo khac nhau.

Khi ¢6 mdi cach phan phat twong tmg voi mot to hop lap gém 15 phan tir

clia tip A gom 6 dira con.

Ta tim dugc sb cach phan phat bang C'3

b. Trudc hét ong bd phét cho mdi dira con mot chiéc keo, 9 chiéc con lai
ong bd lai phat cho 6 dira con nhu & phan a.

Ta c6 s6 cach phan phat 1a ¢,
Bai 49:
C6 bao nhiéu cdch phin phdt 7 quyén vé va 5 cdi bit cho 3 hoc
sinh?
Giai
Vi nhiing quyén v dugc xem 13 gidng hét nhau va nhimng cai but
cling dugc xem 14 gidng hét nhau nén cac cach phan phat dugc xem la khac

nhau néu co6 hoc sinh nhan dugc s6 vé khac nhau hoac so6 but khac nhau.
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M3di cach phan phat 7 quyén vé tmg véi mot t6 hop ldp 7 phan tir cia
tap A ting voi 3 em hoc sinh.

Do d6 co6 €] cach phan phat vo.

MB&i cach phan phat 5 chiéc but tng véi mot to hop lap 5 phan tir cia
tap A ting v6i 3 em hoc sinh.

Do d6 c6 C: cach phan phat but.

Vay s6 cach phan phat cudi cing cho 3 hoc sinh 1a C].C: =756
Bai 50:

Mot cira hang banh bich quy co 4 logi khac nhau. Co bao nhiéu
cdch chon 6 hép banh? Gia sir la ta chi quan tim dén loai banh ma ta
khéng quan tém dén hdp banh cu thé nao va thir tw chon chiing.

Giat:
S6 cach chon 6 hop banh bang s to hop lap chap 6 clia 4 phan tu.

Taco C°

¢ o1 =Cy =84 cach chon 6 hop banh bich quy.
Bai 51:

Gid sir trong mét dia qud cé tdo, cam, 1é, méi logi cé it nhit 4 qua.
Tinh sé cdch liy 4 qud ti dia nay néu gid sir rang thir tw cdc qud dwoc
chon khong quan trong, va cdc qua thugc cung mot logi la khong phdn
biét.
Giai:

MJi phuong 4n chon 4 qua tir 3 loai qua néu trén 1a mot to hop lip
chap 4 tir tap 3 phan tir {tdo, cam, 18}
Taco C;

Y., =Cd =15 cach chon

Bai 51:
Phuong trinh x; +x2 + x3 = 15 c6 bao nhiéu nghiém nguyén khong
am?

Giai
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Chung ta nhan thdy mdi nghiém ciia phuong trinh (mg véi mot cach
chon 15 phén tor tr mot tap cd 3 loai, sao cho co xi phén tr loai 1, x» phﬁn
tr loai 2 va x3 phén tr loai 3 duogc chon. Vi vay $6 nghi¢m bé'mg sb to hop
lap chap 15 tir tap c6 3 phan tir va bang €175 ,= 136.

Bai 52:

Phwong trinh x,+x,+..x, =n,neN (1) cé bao nhiéu nghi¢m tu

nhién.
Giai:

Néu (ki,ky,....k,,) 1a mot nghiém ty nhién cua phuong trinh (1) thi ta co
thé cho ung voi nd mot td hop lap chap n cia m phﬁn tw ky,ky,....k,, .

Pao lai néu c6 mot td hop lap chap n cua m phﬁn ter kiéu (ki kys.kyy,)
thi ta tim dugc nghiém tu nhién cua phuong trinh di cho bang canh dat

x,=k,voii=1,2, ..., m.

Viy s6 nghiém ty nhién cta (1) 1a CJ} =CJ!

n+m—1-
Bai 53:
Tim sé6 nghiém tw nhién cia phwong trinh: X+xy+..+x,=n
m
(voi ne N) (1) véi x; > ay,xy > ay,....x,, >a,, 1<a;<a,, > a;<n.
i=1
Giai:

Ta thdy mot nghiém ctia phuong trinh (1) thoa man nhiing diéu kién da
cho tmg v6i mot cach chon mudi mot phan tir trong do X1 phan tir loai mot,
X, phﬁn tu loai hai, ..., x, ph?m tu loai m. Trudc tién ta chon g phﬁn tr
loai mot, a, phan tir loai hai,..., @, phan tir loai m. Sau d6 chon thém

m
(n—Y_a; ) phan ti thudc mot trong m loai.
i=1
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Nheviyco: Cp = o =c =1 o=cm
m+n—1- 3 a; m+n—1- 3% a;
i=1 i=1
Bai 54:
Mot xe dwa p cong nhdn tir xi nghiép vé nha, xe dirng 6 n tram
(tai méi tram so cong nhin xuong xe tir 0 dén p ngwoi). Héi cé bao
nhiéu kha ning khdc nhau dé tit ci cdc cong nhin xuéng xe & n tram.
Giai:
Ta gia so n tram 1a A4, 4,,..,4, va sd ngudi xubng tai mdi tram 13
ay,ay,...,a, .
Mdi cach giai phong p nguoi & n tram co thé biéu dién bang don thuc
A Ay A VG ap+ay +..+a, =p.
S6 kha ning khac nhau dé tat ca cac cong nhan xudng 1a t6 hop co lip

chip p cua n phﬁn to 4, 4,,...,4,.

Co @ = C,f p- kha niang khac nhau dé n coéng nhan xudng xe.
Bai 55:
C6 bao nhiéu sé tw nhién nhé hon 10" va cé tong cdc chi so6 bang p
(p<9).

Giai:

Mbi sb m c6 thé déng nhat véi mot nghiém cua phuong trinh

x1+x2 +...+xn= pP-

Taco Cy =C), sO.
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2.2.3 Bai toan dém sir dung chinh hgp Lip.
Bai 56:

Tinh xdc sudt ldy lién tiép dwoc 3 qud cdu dé ra khéi binh kin
chita 5 qua cau dé va 7 qua cau xanh, néu sau méi lin ldy mét qud ciu
ra lgi bo no tro lai binh.

Giai:

Ta thiy sb cach ldy duoc 3 qua cdu d6 1a 5° , vi mdi lan ldy ta co 5
qua cau do trong binh.

S6 cach lay 3 qua ciu bat ki trong binh 1a 12° , vi mdi lan lay cau

trong binh déu ¢ 12 qua.

, N 3
Nhu vay xac suat can tim la 15?

Bai 57:

Tir bang chir cdi tiéng Anh cé thé tao ra dwoc bao nhiéu xiu cé dé
dai n.
Giai:

Theo quy tac nhan, vi ¢6 26 chit cai va vi moi chir c6 thé dugc dung lai nén

ching ta c6 26" xau véi do dai n.

2.2.4 Bai toan dém sir dung ho4n vi lip.
Bai 58:

C6 thé nhin dwoc bao nhiéu xdu khdc nhau bang cdch sip xép lai
cdc chir cdi ciua tr SUCCESS?
Giai

Vi mét sb chit cai cua tr SUCCESS 1a nhu nhau nén cau tra 10i
khong phai 1a s6 hoan vi cta 7 chit cai duoc. Tur nay chura 3 chr S, 2 chit C,

1 chit U va 1 chit E. Pé xac dinh sd xau khac nhau c6 thé tao ra duoc ta
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nhan théy co C73 cach chon 3 chd cho 3 chit S, con lai 4 chd tréng. Co Cf
cach chon 2 chd cho 2 chir C, con lai 2 chd trong. C6 thé dit chit U bang
C) cach va C| cach dit chit E vao xau. Theo quy tic nhan, sé cic xau

khéac nhau c6 thé tao duoc la:

71412111 7
3 2 1 1_ — =
¢7.C4.C2. G 3141212000001000 31211001 420.

Bai 59:

C6 bao nhiéu sé cé 8 chir sé trong dé sé 1 Igp lai 3 lin, sé 2 lgp lai
2 lan, con cdc chiv sé khdc c¢é mét diing mét lin dwoc Igp tiv tip A={0, 1,
veer9).
Giai:
Tat ca cac sb c6 8 chir s6 trong do s6 1 lap lai 3 lan, sb 2 lap lai 2 lan, con
cac chit sb khac c6 mat ding mat lan duoc lap tr (a,b,c,1,1,1,2,2) 1a

| P
ﬁ =3360 sd.
Chon 3 sba, b, c tir A\{1, 2} c6 Cj céch.
C6 C; .3360=188160 s6 ké ca sb 0 dung dau.
Ta xét trudng hop s6 0 dimg dau:
Chon 2 sé trong A\{0, 1, 2} ¢ C72 cach.

11113121

Trong truong hop s6 0 ding dau co C72 = 8820 sb.

C6 188160 —8820 =179340 sb.
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2.2.5 Bai toan phan bd cac dd vat vao trong hop

Mot s bai toan dém c6 thé giai bang cach liét ké nhiing cach dat cac
d6i tuong khac nhau véo trong nhitng hop khac nhau. Ty vao timg bai cu
thé ma chung ta dit cac d6i tuong vao nhitng cai hop.
Dinh ly 2.2.5

S6 cdach phdn chia n @6 vit khdc nhau vao trong k hép khic nhau

, ) o, N ; roe ra . N n!
sao cho co n; vat dwoc dat vao hop thiri, voii =1, 2, ..., k bang —
n!n,!.n!

Bai 60:

C6 bao nhiéu cdich chia 6 ngwoi vao méi toa tau hang 1, hang 2,
hang 3, hang 4 trong tong sé 48 ngwoi da mua vé.
Giai:

Trudc tién ching ta théy toa tau hang 1 co thé nhan duoc 6 nguoi 1én
bang €%, cach, con lai 42 nguoi.

Toa tau hang 2 c6 thé nhan dugc 6 ngudi 1én bang ¢, cach, con lai
36 nguoi.

Toa tau hang 3 co thé nhan dugc 6 nguoi 1én béng Cs.cach, con lai
30 nguoi.
Cubi cing toa tau hang 4 c6 thé nhan duoc 6 nguoi 1én bang ¢4, cach.

G A 48 s
Vi vay tong cdng co C;,.Cy,.Cy..Co = PG cach chia.

Bai 61:

C6 bao nhiéu cdch chia nhitng xdp bai 5 quin cho méi mot trong 4
nguwoi choi tie mét cé bai chudn 52 quan?
Giai:

Trude tién ching ta thdy ngudi du tién c6 thé nhan duoc 5 quan bai

bang C:,cach
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Nguoi thir hai co thé duge chia 5 quan bai bang ¢}, vi chi con 47
quan.

Nguoi thir ba co thé dugc chia 5 quan bai bang €3, vi chi con 42
quan.
Cudi cung ngudi thir tw nhan duge 5 quéan bai bang ¢, cach.

) ~ /’( ~ r 5 5 5 _ . r .
Vi vay tong cong c6 C.,.C;,.C;,.Ci, = 55155301 cach chia.

2.2.6 Bai toan tuwong tw

Bai 62: Cho tap hop 4= {1;2;3;4;5;}

Hoi c6 thé 1ap dugc bao nhiéu s c6 5 chir s6 sao cho mdi s6 tao thanh chia
hét cho 8.

Bai 63: Co thé 1ap dugc bao nhiéu s6 ¢ 6 chit sb sao cho sd 3 c6 mit tdi
da 3 14n, s6 2 c6 mat tdi da 2 1an, cac s con lai co mit tdi da 1 1an.

Bai 64: Mot ban co hinh chit nhat chira n ¢t va p dong.

a. Co bao nhiéu cach dat n vat gidng nhau vao n 6 cia ban cd sao cho
khong c6 hai vat nao ¢ trong cung mot cot.

b. Cling cau hdéi trén trong trudong hop n vat 1a khac nhau.

Bai 65: Tim sb cach xép 30 vién bi giéng nhau vao 5 hop khic nhau sao
cho hop 1 c6 it nhat 5 bi, biét rang hop 2 va hop 3 khong chira qua 6 bi.

Bai 66: C6 bao nhiéu cach phan chia 10 nguoi thanh 3 nhém trong do
nhém 1 ¢6 2 nguoi, nhom 2 ¢6 3 ngudi, nhom 3 c6 5 nguoi.

Bai 67: Co bao nhiéu cach phan bd 6 do vat khac nhau cho 6 nguoi (khong
phan bi¢t thur tu cac dd vat ma mdi nguoi nhan dugc) sao cho céac diéu kién
sau théa man: Nguoi tha nhat nhan dugc 1 d6 vat, nguoi thir hai nhan
duge 2 dd vat, ngudi thr ba nhan dugc 3 dd vat, ngudi thr tu nhan dugc 1

do vat. Hai ngudi con lai khong nhan dugce do vat nao.
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Bai 68: Co bao nhiéu s6 c6 6 chir s6 trong d6 sd 1 xuét hién 2 1an, va chir
s6 hang nghin 14 s6 chan lap tir 4 = {O, 1, ..., 9} .

Bai 69: C6 bao nhiéu sb tao ra tir tt ca cac chit sd cta s6 1234321 sao cho
céc chir s6 16 ludn chiém hang 1¢é.

Bai 70: (Pé thi dai hoc 2007) C6 bao nhiéu bd ba s6 nguyén khong am
(x1,%,x3) thoa man diéu kién x; +x, +x3 <15, v6i x; > 2,x, <4.

Bai 71: Tim s6 nghiém nguyén khong 4m ctia phuong trinh

X| + Xy + X3 + x4 =20, thoa man didu kién x; <3;x, >2;x3 > 4.
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CHUONG 3 - MOT SO BAI TOAN TO HQP SU DUNG
PHEP PEM NANG CAO

Chuong nay trinh bay mot s6 bai toan sir dung cac phuong phap dém
nang cao thuong gip trong cac dé thi hoc sinh gioi, dé thi qudc gia, thi

quéc té.
3.1 Mot so bai toan sir dung nguyén Iy bu trir.

3.1.1 Nguyén ly bu trir.

Khi hai cong viéc c6 thé dugc lam dong thoi, ta khong thé dung quy
tac cong dé tinh sd cach thyc hién nhiém vu gdm ca hai viéc. Dé tinh dung
s6 cach thuc hién nhiém vu nay ta cong sd cach 1am mdi mot trong hai viée
roi trir di s6 cach lam ddng thoi ca hai viéc. Ta c6 thé phat biéu nguyén ly
dém nay bang ngdn ngir tap hop. Cho A, A, 14 hai tap hitu han, khi d6

AU Ao| = |Ai1] + |Az| — |A1 M Ag.
Twr d6 vai ba tap hop hiru han Ai, A, A3, ta co:
| 4,V A, 4| :‘|A1| + A+ A=A N4 |~ A4NA |- A4NA4| +]| 4 N4, N4
Va bang quy nap, voi k tap hitu han A, Ao, ..., Ak ta cé:
|ATU A2 U .. U A =N = N2+ N3 — ... + (-1)FIN,
trong d6 Nim (1 < m < k) 1 tong phan tir ctia tit ca cac giao m tap lay tir k
tap da cho, nghia la

N,= 2 404 .04 |

m
1<i; <@y <..<iy, <k

Bay gid ta dong nhat tdp Am (1 < m < k) véi tinh chat A, cho trén tap vil
try hitu han U nao d6 va dém xem c¢6 bao nhiéu ph?ln tir cua U sao cho
khong thoa mén bat ky mot tinh chat An ndo. Goi N 1a s6 can dém, N 12 s6
phan tir cua U. Ta co:

N=N-|AIUA U..UA|=N-N;+No— ...+ (=1)Ny,
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trong d6 N 12 tong cac phan tir ciia U thoa man m tinh chat lay tir k tinh
chat da cho. Cong thic nay duoc goi 13 nguyén 1y bu trir. N6 cho phép

tinh N qua cac N trong truong hop cac s6 niy dé tinh toan hon.

3.1.2 Cac bai toan giai bang phwong phap bu trir.
Bai 72:

Mot chuyén bay c6 67 hanh khdch. Trong dé c6 47 ngwoi siv dung
tot Anh, 35 ngwoi siv dung tét titng Pirc, 20 ngwoi siv dung tot tibng
Phdp. Hon nita c6 23 ngwoi siv dung tot hai thir ticng Anh va Pirc, 12
nguwoi siv dung tot hai tiéng Anh va Phdp, 11 nguwoi siv dung tot hai tiéng
Dirc va Phdp. Va c6 5 ngwoi siv dung tét ca ba thir tiéng. Tim so hanh
khdch khéng sir dung dwoc bit ki ngoai ngiv nao?

Giai

Goi A, B, C lan luot 1a cac hanh khach str dung tbt ngoai ngir 1a tiéng
Anbh, tiéng P, tiéng Phap.

Sb cac hanh khach biét it nhat mot ngoai ngir 1a:
|4uBUC|=|4|+|B|+|C|-|AnB|-|BNC|-|CnA4|+|4AnBNC|

=47+35+20-23-12-1+5=61
Vay s hanh khach khéng sir dung duoc bat ki ngoai ngit ndo 1a 67 — 61 =6
Bai 73:

Gido vién chii nhi¢m ciia mét I6p tiéu hoc yéu cau Iép truéng bdo
cdo thong ké theo méu va doc trwée 16p. Bin bdo cdo nhw sau:

Lop co 45 hoc sinh, 30 hoc sinh nam.

Lép cé 30 hoc sinh dat diém tot, trong d6 c6 16 hoc sinh nam.

C6 28 hoc sinh choi thé thao, trong sé nay cé 18 hoc sinh nam va
17 hoc sinh dat diém tot.

C6 15 em dat diém tot va tham gia choi thé thao.

Hay chi ra riang I6p trwéng di théng ké sai.
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bat

R 14 tap hop hoc sinh ca 16p.

A 12 tap hop hoc sinh nam.

B 14 tap hop hoc sinh ¢o diém tét.

C 14 tap hop hoc sinh choi thé thao.

Khi d6 s6 hoc sinh nit, khong choi thé thao, c6 két qua khong tot
bang

n=|R|-|A4uBUC|
=|R|-|4|-|B|-|C|+|4 " B|+|BNC|+|C " 4|-|AnB~C
=45-30-30-28+16+18+17-15

=-7

Két qua trén 13 vo 1i.
Vay 1op trudng dé bao céo sai.
Bai 74:

C6 bao nhiéu cdch sip xép 8 con xe lén ban co quoc té da bi gach
di mot duwong chéo chinh sao cho khong cé con nao dn con nao.
Giai:

C6 8! Cach sip xép 8 con xe 1én ban cd qudc té sao cho khong co
con ndo an con nao. Ta can dém sb cach xép khong hop 18, tirc 1a sd cach
xép c6 it nhat mot con xe nam trén duong chéo.

Goi A; la tap hop céac cach x€p c6 quan xe ndm & 0 (i,j). ta can tim

|4,L...4]. Nhung d& dang thiy rang |4|=7.|4 mAj‘ =6l,...|4 N..n 4]=1nén
theo nguyén 1y bu trur ta co
Mﬁh&uﬁ=Q7FQ6HQ5FW—QDb8F5+§—W7i

Nhu vay s6 cach sap xép 8 con xe lén ban co quoc té da bi gach di mdt

duong chéo chinh sao cho khong c6 con nao an con nao bang :
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18! !
8!—(8!—§+&—...—&j:8!(l—l+...+ij
20 3! 8! 21 3! 8!

C6 n ld thw va n phong bi ghi san dia chi. Bé ngdu nhién cdc ld

Bai 75:

thw vao cdc phong bi. Héi xdc sudt dé xdy ra khong mét ld thw nao ding
dia chi.
Giai

Mdi phong bi ¢6 n cach bo thur vio, nén c6 tat ca n! cach bo thu.
Vén dé con lai 1a ¢ém s cach bo thu sao cho khong 14 thu nao dung dia
chi. Goi U 1a tap hop cac cach bo thu va An 14 tinh chét 14 thu thir m bo
dung dia chi. Khi d6 theo cong thirc vé nguyén 1y bu trir ta co:

N =n! —=N; +Ny— ... + (=1)"Ny,

trong d6 Nim (1 < m < n) 1a sd tat ca cac cach bo thu sao cho co6 m 14 thu
ding dia chi. Nhan xét réng, N la téng theo moi cach léy m 14 thu tir n 14,
v6i mdi cach lay m 14 thu, co (n-m)! cach bo dé m 14 thu nay dung dia chi,

ta nhan duoc:

N — 1 1 1 .

Nm=C"(n-m) =" va N =nl(l-—+— —..+(=1)" —), trong d6
k! 1! 2! n!

! . . . .

m=_ " 1548 hop chap m cua tp n phan tir (s6 cach chon m doi

m!(n—m)!
Iy NP L. Ao 1a 1 1
tuong trong n doi twong dugc cho). Tur d6 xdc suat can tim la: 1 — m + o

1 ne A 17 s 1N ot L, x 1A ak o 1
— ...+t — . Mot diéu 1y thi 1a x4c suat nay dan dén e! (nghia la con >
n:
1 : 1
5) khi n kha 16n.
SON trong bai toan nay duoc goi la s6 mat tht tu va duoc ky hi¢u 1a

D,. Duéi day 1a mot vai gia tri cia Dy, cho ta thdy D, ting nhanh nhu thé

nao so voi n:
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n (23|45 (6 |7 8 9 10 11

D |1]2]9]44 |265 1854|1483 |13349 | 1334961 | 1468457
n 3 6 0

Bai 76:

Trong tdp S={1,2,..,280} c6 bao nhiéu sé khong chia hét cho 2, 3,
57
Giai:

Ta dém xem trong tip S c6 bao nhiéu sé chia hét cho it nhat mot
trong cac $6 2,3,5,7.
Kihiéu 4 ={keS|ki2),4, ={keS|ki3}, 4 ={keS|ki5}, 4, ={keS|ki7}.

Khi d6 4, U4, U4, U4, 14 tap hop cac sé chia hét cho it nhat mot trong cac

)

$62,3,5,7

Ta co |A|_{ 80}

|A(\A|—|:2i§)}:46;,41 A3|_|:2282}_28aAlmA4|:|:2;8;)}=20;
|A20A3|=[$}=18;Az A4|={%}=13,A30A4|—{2;?}=8;

280 28
|AlﬁAzﬁA3|=[3—}=9, AlﬁAzﬁA4|={E}=6,

280 28
|4040@F£7J:¢@m@m@F&EJ:,

Do do6 theo nguyén 1y bu trir ta co
|4, L4, 04,0 4,]=216.

Vay trong tap S ¢6 280 — 216 = 64 s6 khong chia hét cho 2, 3, 5, 7.
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Bai 77:
C6 bao nhiéu sé tw nhién khdc nhau khéng vwot qud 1000 ma la

boi cua 10, 15, 35 hodc 55.

Giai
Dat
S, ={1<n<1000:10/ n}
S, ={1<n<1000:15/n}
S, ={1<n<1000:35/n}
S, ={1<n<1000:55/n}
Khi do ta co
|S1|—{w}—100
10
15,|= 1000 _
L 15 ]
5= 1000 _ ¢
L 35 ]
15, = 1000 _ ¢
L 55 ]
Mat khac
S, NS, ={1<n<1000:10/n,15/n} ={1<n<1000:30/n}
S, NS, ={1<n<1000:10/7,35/n}={1<n<1000:70/n}
S, NS, ={1<n<1000:10/n 55/n}:{1 <1000:110/ n}
S, NS, ={1<n<1000:15/n,35/n}={1<n<1000:105/n}
S, NS, ={1<n<1000:15/n,55/n}={1<n<1000:165/n}
S, NS, ={1<n<1000:35/n,55/n} ={1<n<1000:385/n}
Vi vay
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1000 |
30

1000 |
L 70
71000 |
110 |
1000 |
105 |
1000 |
165 |
1000 ]
| 385 |

1S,NS,|= =33

1S, N Sy| = =14
NaME
1S, N S,|=

1S, NS,|=

1S, S,|=

Laico
S,NS, NS, ={1<n<1000:210/n}
S,NS, NS, ={1<n<1000:330/n}
S,NS; NS, ={1<n<1000:770/ n}
S,NS;NS, ={1<n<1000:1155/n}
Vi vay

1000 |
| 210 |
1000 |
| 330 |
N et AE: 10001 _
| 770
1000}

|&m&m&hh§5

1S, S, N S,|=

IS, S, NS,|=

Vataco

5,8, NS, NS, ={1<n<1000:2310/n)
Vi vay

WngﬂSﬂﬁ&F{%%%}zo

Cudi cung ta ap dung nguyén li bu trir
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|SluS2uS3uS4|=Z4:S,.— Y sas|+ Y sns As|-[sns, s s,
i=1

1<i<j<4 I<i< j<k<4

=(100+66+28+18)—(33+14+9+9+6+2)+(4+3+1+0)-0 3.
=147

3.1.3 Cac bai toan twong tuw

Bai 78: Tim s6 cac s6 nguyén tir 1 dén 10000 ma khéng chia hét cho 4, 6,
7, va 10.

Bai 79: Tim sb luong cac s6 nguyén duwong tir 1 dén 10000 ma khong phai

12 mot binh phuong hoic 14p phuwong cua sb nguyén.

Bai 80: Mot s6 duoc goi 1a “khong chinh phuong” néu n6 khong chia hét
cho binh phuong ctia mot sé nguyén dwong bét ki 16n hon 1.
Tim s6 luong céc s6 nguyén “khong chinh phuong” nhé hon 200.
Bai 81: C6 bao nhiéu chudi s6 c6 6 chit s6 ma khong chira “123” hoic
“456”.
Bai 82: Xac dinh tat ca cac nghiém nguyén khong 4m ciia phuong trinh
X +x,+x,+x,=14
Trong d6 x,x,,x,,x, khong vuot qua 8
Bai 83: C6 bao nhiéu sé nguyén duong nho thua 420 va nguyén td cing

nhau véi 420.
3.2 Mot s bai toan giai bing phwong phap song anh

3.2.1 Phwong phap song anh
Pinh nghia (Gidi tich toan hoc roi rac).
Choanhxa f:4—> B
Anh xa 7 duoc goi 1 mot don anh néu véi hai phan tir bat ki a,a, e A ma

a, #a, thi f(a))# f(a,),thcla f(a)=f(a,)=a =a,.
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Anh xa £ duogc goi la mgt toan anh néu véi moi be Bdéu ton tai ae Adé
cho f(a)=b.

Anh xa £ duogc goi la mQt song anh (twong timg 1 — 1) néu vi moi b e Bdéu
ton tai duy nhat ae 4dé cho f(a)=h. Néi cach khac f1a song anh khi va
chi khi no6 vira la don anh, vira la toan anh.

Pinh ly 3.2.1

Cho A va B la hai tap hitu han. Khi do:

Néu c6 mot don dnh f: 4> Bthi |4|<|B]

Néu c¢6 mot toan énh f: A— Bthi |4|>|B|

Néu c6 mot song anh f:A—> Bthi

4|=8]
Phuong phép song anh dira vao mdt ¥ tudng rat don gian: Néu ton tai

mot song anh tir A vao B thi |4|=|B|. Do d6 muén chimg minh hai phén tir

c6 cuing s6 phan tir, chi cdn xay dung mét song anh gitta chiing. Hon nita ta
c6 thé dém duogc sd phan tir cia mot tip hop A bang cach xdy dung mot
song anh tir A vao mot tap hop B ma ta da biét cach dém sd phan tir. Boi B
¢ cung s6 phan tir véi A nhung c6 ciu tric duge mé ta khac A nén ta cé

thé dém dugc so phan tir cia B dé dang hon viéc dém so6 phan tir cia A.

3.2.2 Cic bai to4n to hgp gidi bing phuwong phap song 4nh
Bai 84: (Vo dich Lién Xo).

C6 mét nhém nguwoi ma trong dé méi cdp khong quen nhau cé
diing hai ngwoi quen chung, con méi cip quen nhau thi khéng cé ngwoi
quen chung. Chitng minh sé ngwoi quen ciia moéi ngwoi la nhw nhau.
Giai:

Néu a quen b va tip cac nguoi quen cua a va b (khong ké a, b) lan
luot 12 A va B. Mdi ngudi a’ thude A s& quen v6i mot ngudi duy nhat thude

B (do a’ va b khong quen nhau, hon nita ho da c6 mot nguoi quen chung l1a
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a). Tuong tu mdi nguoi thudc B cling quen v6i duy nhat mot nguodi thude
A . Vay ton tai mot song anh di tr A t61 B, tic a va b ¢o $6 ngudi quen
bang nhau.

Néu a khong quen b thi ton tai ¢ quen ca a va b. Do d6 s6 ngudi quen cia a
va b bang nhau do cing bang sd ngudi quen cia ¢ (suy ra tir trén)

Bai 85:

Xéttgp A={1,2,...n}. Doi véi méi tdp con khéng trong ciia A chiing
ta xdc dinh duy nhit mét tong dan diu theo quy tic sau:

Xép cdc so ciia tdp con theo thir tw ting din va gdn ludn phién cdc
ddu céng, triv cho cdc so lién tiép theo thir tw ciia tdp con sao cho sé lon
nhit cé diu cong. Hay tim tong ciia tit cd cdc tong dan diu.

Giai:

Quy udc tong dan diu cua tap tréng co gia tri 0. Mdi tap con cia A
duoc chia lam hai loai:

Loai 1: C6 chtra n.

Loai 2: Khong chtra n.

Céc tap con loai 1 va loai 2 ¢6 sb phan tir bang nhau vi ton tai mot song anh
gitra chiing nhu sau:

(al,az,...,al.) © (n,al,az,...,ai)

loail loai2
Gidst g, >a,>...>aq,.
Khi d6 téng dan dau caa mot tip con trén bang
(¢, —a,+a,—..)+(n—a +a,—a,+..)=n

' ca@p tap hop con loai 1 va loai 2

Co6 2" tap con cua A suy ra co 2"~
theo dinh nghia trén.

Viy tong cua tat ca cic tong dan ddu bang S =2""n
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3.3 Mot so bai toan giai bang phwong phap ham sinh

Ham sinh c6 thé dugc ap dung trong cac bai toan dém. Noi riéng céc
bai toan chon cac phan tir tir mot tap hop thong thuong s& dan dén cac ham
sinh. Khi ham sinh duoc ap dung theo cach nay, hé s ciia x” chinh 1 sb
cach chon n phﬁn tir, tirc 12 vOi an 1a hé s6 ctia x" voi moi n 16n hon hodc
bang 2 thi ham sinh cua s6 cach chon s& 1a F(x)=Y ax".

0

3.3.1 Bai toan chon cac phin tir riéng biét.
Bai 86:

C6 bao nhiéu cach chon n phén tir phén biét tir tdp hop k phan ti.
Giai:

Bai toan nay co thé giai quyét dé dang bang cong thirc to hop.
Nhung 14n nay ching ta s& st dung ham sinh. Cuy thé
DAu tién ta xét tap hop c6 mot phan tir {a,} . Ta co:
1 cach chon 0 phan tu.
1 cach chon 1 phan tu.
0 cach chon 2 phan tir trd 1én.
Suy ra ham sinh cho s cach chon n phén tir tir tap {a,}1a 1+x.
Tuong ty nhu vdy, ham sinh cho s6 cach chon n phﬁn tor tr tap
{a,}(1<i<k)ciing la 1+x(khong phu thudc vao su khac biét gitra cac {q,}).
Tiép tuc xét tap 2 phan tir {4,,a,}ta co
1 cach chon 0 phan tu.
2 cach chon 1 phan tir.
1 cach chon 2 phan ttr .
0 cach chon 3 phan tir tré 1én.

Suy ra ham sinh cho sb cach chon n phan tir tir tap {a,,a,} 12
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1+ 2x+x" = (1+X)2 = (1+x)(1+x)
Tiép tuc ap dung quy tic nay ta s& dugc ham sinh cho sd cach chon cac
phan ttr tir tap k phan tur.
(1+x)(1+x)...(1+x)=(1+x)k
Tacod CL+CL+C 4.+ CF =(1+x)".
Nhu vdy hé sé cua x" trong (1+x)k 1a ¢’ va bang sé cach chon n phan tir

phan biét tir tip k phan tir.

3.3.2 Bai toan chon cac phan tir ¢ Lip
Dé hiéu cach giai bai toan nay trude tién ta phai md rong, ta cd quy
tic x0dn
Goi 4(x)la ham sinh cho cach chon céc phan tir tir tap hop A va B(x)la
ham sinh cho cach chon cac phan tir tir tap hop B. Néu A va B roi nhau thi
ham sinh cho cach chon cac phan tir tir tdp AU B 1a A(x)B(x)
Quy tic nay dung cho ca trudng hop chon cac phan tir phan biét, ciing
dung cho truong hop chon nhiéu lan ciing mot phan ti.
Bai 87:
C6 bao nhiéu cich chon k phan tir tiv tdp hop c6 n phan tir, trong
dé cho phép mot phén tie ¢é thé dwoc chon nhiéu lin.
Giai:
Chia tap n phan tir thanh hop ctia n tp 4,1<i<n; mdi tap gom duy
nhat mot phan tir thudc tap n phan tu.
Véi moi tip 4, ta co:
1 cach chon 0 phan tu.
1 cach chon 1 phan tu.

1 cach chon 2 phan ti.
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Suy ra ham sinh cua cach chon c6 lap tur tap 4, 1a

x4 2 4=
1-x
Ap dung quy tic xoan suy ra ham sinh cta cach chon c6 lap cac phan tir tir
tap hop n phan tir s& 14 :
I 1 1 1

l-x1l-x 1-x (1—x)"

Bay gio ta can tinh hé so ctuia x* trong

Ap dung khai trién Taylor

A A s X f(k)
Suy ra hé s6 cua x“la =—=C* .
k!

Nhu vy s6 cach chon k phan tir ¢6 1ap tir tap hop c6 n phan tir 1a ¢’ .
Bai 88 :
Co 5 loai keo : keo siita, keo chanh, keo socola, keo dau va keo ca
phé. Hoi co bao nhiéu cach chon 12 cdi keo tir 5 logi keo nay.
Giai :
Theo bai tap trén sb cach chon 12 céi keo tir 5 loai keo nay 1a C:.
Bai 89 :
Bai toan chon qud
C6 bao nhiéu cdich sip xép mot gié n trdi ciy théa man cdc diéu kign
sau :
S6 tdo phdi chan.
86 chudi phdi chia hét cho 5.
Chi ¢6 thé c6 nhiéu nhit 4 qud cam.

Chi co thé co nhiéu nhat mot qua dao.
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Bai toan c6 nhitng diéu kién rang budc rat phuc tap va ta c6 cam giac
nhu viéc giai bai toan 1a v6 vong. Nhung ham sinh lai cho ta cach giai
nhanh gon.

Giai:

Trudc tién ta di tim ham sinh cho tirng loai qua
Chon tao
1 cach chon 0 qua tao.

0 cach chon 1 qua tao.
1 cach chon 2 qua tao.

0 cach chon 3 qua tao.

Nhu thé ta c6 ham sinh A(x) =1t =
—X

Tuong ty ta tim dugc ham sinh cho cach chon chudi 1a :

1

1-x

B(x)=1+x5+x10+...= S

Ham sinh cho cach chon cam va dao hoi khac mot chut.
Chon cam

1 cach chon 0 qua cam.

1 cach chon 1 qua cam.

1 cach chon 2 qua cam.

1 cach chon 3 qua cam.

1 cach chon 4 qua cam.

0 cach chon 5 qua cam.

1-x°

Nhu thé ta c6 ham sinh C()c)=1+x+xz+x3+x4=1 .
—x

Tuong ty ta tim dugc ham sinh cho cach chon dao 1a :
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Ap dung Quy tdc xodn suy ra ham sinh cho cach chon tir ca 4 loai qua la:

142
LN S e e M SRS W6 S O
l-x"1-x" 1-x 1-x (1_x2

A(x)B(x)C(x)D(x)

Nhu vay cach xép gio trai cdy gdom n trai don gian 1a n+1 cach.
Bai 90:
Tim ham sinh dé xdc dinh sé cdch chia 10 qud béng giong nhau

cho 4 dira tré dé méi diva nhén it nhét hai qua.
Giai:

Dé giai bai toan ta tim ham sinh cho sb cach chia bong cho mot dta
tre.
Gia thiét cho mdi dira nhan it nhat hai qua bong nén ta suy ra
0 cach dwra tré nhan 0 qua.
0 cach dwra tré nhan 1 qua.
1 c4ch dra tré nhan 2 qua.
1 cach dra tré nhan 3 qua.
Vay ham sinh cho cach chia d6 1a x* +x* + x* +...
Ap dung quy tic xodn ta tim duoc ham sinh cho cach chia bong cho 4 dira

tré 1a

ﬁj

(x)= (x2 +x +xt +...)4

4
:x8(1+x+x2+x3+...)

8
X

l—x)
=x' z Cf+k_1xk

n=0

_ ko k8
= z X

n=0

4

~

Suy ra s6 cach chia 10 qua bong chinh 14 hé s6 cta x" va bang €2 =10cach.
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3.4 Mt sb bai toan giai bang phwong phap hé thirc truy hoi.

3.4.1 Khai niém mé dau va mé hinh héa bing hé thirc truy hoi

Doi khi ta rat kho dinh nghia mot ddi tuong mot cach tudong minh.
Nhung c6 thé d& dang dinh nghia ddi twong nay qua chinh né. Ky thuét nay
duoc goi 1a dé quy. Pinh nghia dé quy ciia mot ddy s dinh 16 gia tri caa
mot hay nhiéu hon cac sé hang dau tién va quy tic xac dinh céc sd hang
tiép theo tir cac sb hang di trude. Dinh nghia dé quy c6 thé dung dé giai cac
bai toan dém. Khi d6 quy tic tim cac sd hang tir cac sb hang di trude duge
goi 1a cac hé thic truy hoi.
Pinh nghia : Hé thirc truy hoi (hay cong thic truy hoi) ddi voi diy sd {an}
1a cong thirc biéu dién a, qua mot hay nhiéu sé hang di truée cua diy. Day
s6 duoc goi 12 101 giai hay nghiém cua hé thirc truy hdi néu cac sb hang cua

n6 thda man hé thire truy hoi nay.

3.4.2 Céc bai to4n t6 hgp giai bing h¢ thirc truy hdi
Bai 91 (Lai kép):

Gia sir mot nguwoi gui 10.000 do la vao tai khodn cia minh tai mot
ngdn hang véi lai sudt kép 11% méi nam. Sau 30 niam anh ta cé bao
nhiéu tién trong tai khodn ciia minh?

Giai:

Goi P, 1a tong s6 tién c6 trong tai khoan sau n ndm. Vi s tién c6 trong tai
khoan sau n nim bang sb ¢6 sau n — 1 nim cong 13i suat cua nim tht n, nén
ta thdy day {P.} thoa man hé thirc truy hoi sau:

Pu=Pn1+0,11Pn1 =(1,11)Pn

v6i diéu kién dau Po = 10.000 d6 la. Tir d6 suy ra P, = (1,11)*.10.000. Thay
n =30 cho ta P3p =228922,97 d6 la.

Bai 92.
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Tim h¢ thive truy héi va cho diéu kign dau dé tinh sé cdc xdu nhi
phén dé dai n va khéng cé hai sé 0 lién tiép. C6 bao nhiéu xdu nhj phin
nhw thé cé dp dai bang 5?

Giai:

Goi an 13 s cac xau nhi phan d6 dai n va khong c6 hai s6 0 lién tiép.
Dé nhan duoc hé thirc truy hoi cho {a.}, ta thiy rang theo quy tic cong, sd
cac x4u nhi phan d6 dai n va khong c6 hai s 0 lién tiép bang s6 cac xau nhi
phan nhu thé két thic bang s6 1 cong véi sd cac xau nhu thé két thuc bang
s6 0. Gid sirn > 3.

Céc x4u nhi phan do dai n, khong c6 hai s6 0 lién tiép két thuc bang
s6 1 chinh 13 xau nhi phan nhu thé, 46 dai n — 1 va thém sb 1 vao cudi cua
chung. Vay chung c6 tat ca 13 an.1. Céc xau nhi phan d6 dai n, khong c6 hai
s6 0 lién tiép va két thuc bang sd 0, can phai co bit thi n — 1 bang 1, néu
khong thi chung c6 hai s6 0 ¢ hai bit cudi cung. Trong trudng hop nay
ching c6 tat ca 13 an. Cubi cung ta c6 duoc:
an = an1 tan2 vOéin=3.

Diéu kién daulaa;=2vaay=3. Khidoas=as+as=as +ap + a3 =2(ax +
ar) +a,=13.
Bai 93. (Bai todn thap Ha Ngi)

C6 3 coc 1,2,3. O coc 1 c6 n dia xép chéng 1én nhau sao cho dia
nam dwdi lon hon dia nam trén. Hay chuyén tit cd cdc dia tir coc 1 sang
coc 3 ¢6 thé diung coc 2 lam coc trung gian véi diéu kign méi lin chi
dwoc chuyén 1 dia tiv coc nay sang coc khdc va luén dim bdo dia nam
dwéi I6n hon dia nam trén.

Bai todn ddt ra la: Tim s6 lan di chuyén dia it nhét can thwe hién
dé gidi xong bdi todn trén.

Giai:
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Phuong phap di chuyén nhu sau: Goi S 14 s6 1an di chuyén dia it nhat can
thuc hién.

Chuyén n — 1 dia tir coc 1 sang coc 2 (liy coc 3 lam trung gian) ta 6 Sn
phép chuyén.

Chuyén dia 16n nhit tir coc 1 sang coc 3. Ta c6 1 phép chuyén.

Chuyén n — 1 dia tir coc 2 sang coc 3 (liy coc 1 lam trung gian) ta 6 Sn
phép chuyén.

Do vay dé chuyén n chiéc dia tir coc 1 sang coc 3, ta cin it nhét
+1+8,, =25, +1 phép chuyén. Vay ta c6 cong thirc truy hdi cua diy sd

1S, =25, +1
Sy5S,S,,... 12
S =1

S

n-1

Ta co

S, =28, ,+1=2(28,,+1)=2%(2S,,+1)+2+1
=2°S,  +27+2+1=..=2""18,+2" 4+ 2" +. .+ 2+1

1_ 2}1—1

=21 42" 42" L+ 2+1=2 > +1=2"-1

Bai 94. (Olympic Bungari, 1995)

Cho so nguyén n>2. Hay tim so cdac hodn vi (a,,a,,...a,) cia I,

2,...,n sao cho ton tgi duy nhdt mét chi so ie{l,2,..,n—1}théa mdan
a,>a,,.
Giai:

Goi Sy 12 s cac hoan vi théa mén diéu kién bai toan. Dé y réng $6
cac hodn vi ma a, =n 1a Sp.1. (B&i vi s6 cac hoan vi Sn.1 13 sb cac hoan vi
(a,a,,.0a,,) cta 1,2,.,n—1 sao cho ton tai duy nhat mot chi sd

iefl,2,..,n—2} thoa man g, >a,,). Con s6 cic hoan vi (a,,a,,...,a,) thda min

diéu kién bai todn véi o, =n(12i<n-1) 1a C-!

n-1"°
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n—1 n—1

Do do S, =5,,+),C =5, +2"' 1. (Do 3¢, =2).
i=1

n-1
i=1

Hién nhién S; =1 . Tuong ty bai tréntacod S, =2"-n-1

3.4.3 Cac bai toan tuwong tw

Bai 95: Ban A viét 6 1a thu cho 6 ngudi khac nhau va di chuan bi sin 6
phong bi ghi sin dia chi ctia ho. Hoi ¢6 bao nhiéu cich bé thu vao phong bi
sao cho khong c6 mot birc thu nao giri diing dén ngudi c6 dia chi duoc ghi
trén phong bi.

Bai 96: Xét da giac déu 12 dinh 4;4,;...;4, v6i tim O. Ching ta t6 mau
cac mién da gidc 044, (1<i<n) (4,=4) bang 4 mau do, xanh da troi,
xanh thdm, vang sao cho hai mién da giac ké nhau dugc t6 boi hai mau

khac nhau. Héi ¢6 bao nhiéu cach t6 mau nhu vay?

3.5 Bai toan giai bang nguyén li cue han - kha niing xay ra nhiéu nhit,
it nhat.
Bai 97.

Cho 1985 tip hop, méi tip hop trong sé dé gom 45 phén tir, hop
cia hai tdp hop bit ki gom 89 phin tiv. Cé bao nhiéu phan tir chira trong
tit cd 1985 tip hop do.

Giai:

Ta s& chirmg minh rang c6 ton tai s0 « € 4 ma a thudc it nhat 45 tap
hop khac 4,,4,,...,4, .

Gia su ngugc lai: Moi ph?m tir cia A déu thudc nhidu nhit 44 tap
hop nén céac phan tir ciia A thudc nhiéu nhat 44.45+1=1981tap hop

Vi hop ctia hai tap hop bt ki co s6 phan tir 1a 89 nén giao cua hai tap
hop bat ki 1a mot phan tr.

Suy ra A giao véi 1984 tap hop khac.
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Suy ra cac phan tir thudc A thudc 1984 tap hop khac (mau thuin).

Vay cac tap hop 4, 4,....,4,, giao nhau boi mot phan tir a duy nhat.
(a 12 duy nhat vi néu ton tai b thudc vao cac tdp hop 4,,4,.... 4, thi khi d6
giao cua hai tap hop bat ki c6 hai phén tir)

Gia sir A* khong chta a. Suy ra A™ giao voi 4, 4,,..., 4, tai 46 phan

tir khac nhau. Do d6 A" ¢6 it nhat 46 phan tir (mau thuin voi gia thiét).

3.6 Bai toan giai bang phwong phap sip xép thir tu.
Bai 98.

Cho 2n+1 s thuc c6 tinh chit tong ciia n s6 bdt ki nhé thua tong
clia n+1 sé con lgi. Chitng minh rang tét cd cdc sé déu dwong.
Giai:

Sap xép cac so da cho theo thi ty ting dan, ta c6

a,<a,<.2da,,,

Theo gia thiét ta suy ra

a +a

n+2 n+3

tota,,, <a+a,+..+a

a1
Suy ra

a, > (an+2 - az) + (an+3 - a3) +...+ (az,ﬁ1 - aM) >0
Vi gi thiét a; 1a nho nhét nén ta c6 diéu phai chimg minh.
Bai 99.

Cho 2n s6 nguyén dwong phén bigt khong vwot qud n? . Ching
minh rang ton tai 3 higu a, —a ; bang nhau.
Giai:

Vi 2n s6 da cho phan biét nén ta ¢ thé sap xép

a,<a,<..<a,,.
biat S=(a,-a))+(a;—a,)+..+(a,, —a,, )

Gia st khong ton tai ba hi€u ai— aj nao bang nhau, khi do
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S>1+1+2+2+..+(n—1)+(n—-1)+n

Suy ra

522.(’1_21)n+n=n2

Hon ntra
S=a, —a <n’ -1

Tir hai bat dang thuc trén suy ra mau thudn.

3.7 Bai toan giai bang phwong phap liét ké cac truwong hop.
Bai 100.

Ngwoi dwa thw phin phdt thw téi 19 nha ¢ mét day pho. Ngwoi
dwa thw phdt hién ra rang khéng cé hai nha lién ké nhau cing nhégn thw
trong cing mét ngay va khéng cé nhiéu hon hai nha cung khong nhin
thu trong ciing mét ngay. Héi c6 bao nhiéu cdich phéin phéi thu?

Giai:

Tir gia thiét tha nhat ta thiy ct hai nha lién tiép c6 mot nha khong
nhan thu.

Suy ra s6 nha khong nhan thu it nhat 13 9 va sd nha nhan thu nhiéu nhat 1a
10.
Suy ra c6 nhiéu nhat 10 ngudi nhan thu trong cting mot ngay

Tir gia thiét tht hai ctr ba nha lién tiép c6 mot nha nhéan thu. Vay it

nhat c6 6 nha nhan thu trong cling mot ngay.
Ta liét ké cac truong hop cua bai toan:

e Truong hop 1: C6 6 nha nhan thu

Gan s6 1 vao 6 vi tri nhan thu va gan s6 0 vao nhimng nha khong nhan
thu.

Ma giita hai vi tri 1 phai c6 mot nha s6 0 nén suy ra ¢6 5 nha khong

nhan thu.
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Con 8 nha khong nhan thu duge sip xép nhu sau:

Hai nha khong nhéan thu ¢ hai vi tri dau, va ¢ hai vi tri cu6i, bon nha con

lai dugc sap x€p vao 5 vi tri xen k€ vdi cac nha nhén thu.

Vay truong hop nay co C! =5 cach xép.

e Truong hop 2: Co6 7 nha nhan thu

7 nha nay xen k€ voi 6 nha khong nhan thu nén con 6 nha khong nhéan

thu dugc sip xép nhu sau:

2 nha dau, 2 nha cuoi, 2 nha con lai xép vao 6 vi tri xen k&. Co C; =15.

2 nha dau, Inha cuoi, 3 nha con lai xép vao 6 vi tri xen k&. C6 C; =20.

1 nha dau, 2 nha cuoi, 3 nha con lai xép vao 6 vi tri xen k&. Co C; =20.

1 nha dau, 1 nha cuoi, 4 nha con lai xép vao 6 vi tri xen k&. Co C; =15.

2 nha dau, 0 nha cuoi, 4 nha con lai x€p vao 6 vi tri xen k&. Co6 C} =15.

0 nha dau, 2 nha cuoi, 4nha con lai xép vao 6 vi tri xen k&. Co C; =15.

1 nha dau, 0 nha cudi, 5 nha con lai xép vao 6 vi tri xen k&. C6 C; =6.

0 nha dau, 1 nha cuoi, 5 nha con lai xép vao 6 vi tri xen k&. Co C; =6.

0 nha dau, 0 nha cuoi, 6 nha con lai xép vao 6 vi tri xen ké&. C6 1 cach.

Vay trong truong hop nay cé 113 cach.
e Truong hop 3: C6 8 nha nhan thu

8 nha nay xen k€ v&i 7 nha khong nhan thu nén co 4 nha khong nhan

thu dugc sap xép nhu sau:

2 nha dau, 2 nha cubi. C6 1 cach.

2 nha dau, 1 nha cudi, 1 nha con lai xép vao 7 vi tri .
1 nha dau, 2 nha cudi, 1 nha con lai xép vao 7 vi tri .
1 nha dau, 1 nha cubi, 2 nha con lai Xép vao 7 vitri.
2 nha dau, 0 nha cudi, 2 nha con lai xép vao 7 vi tri .

0 nha dau, 2 nha cu6i, 2 nha con lai xép vao 7 vi tri .
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0 nha dau, 1 nha cudi, 3 nha con lai xép vao 7 vi tri . C6 C} =35 céch.
1 nha dau, 0 nha cudi, 3 nha con lai Xép vao 7 vitri. Co C; =35 cach.
0 nha dau, 0 nha cudi, 4 nha con lai xép vao 7 vi tri . C6 C! =35 céach.
Vay trong truong hop nay cé 183 cach.

Bing cach chimg minh twong tu ta c6 két qua cho 2 trudng hop con lai:
e Truong hop 4: C6 9 nha nhan thu. C6 47 cach.

e Truong hop 5: C6 10 nha nhan thu. Co6 1 cach.
Vay ngudi dua thu ¢d 5+113+183+47+1=2349 cach phan phdi thu.
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KET LUAN

Luan vin MOT SO BAI TOAN TO HOP PEM di phan loai dugc
mot s6 dang bai tap t6 hop st dung cac phép dém tir co ban dén nang cao.
Ngoai ra ciing da chon loc duoc mot sd bai toan to hgp hay phu hop voi
hoc sinh trung hoc pho thong khi 6n tap chuan bi tham gia vao cac ki thi tét
nghiép, cao ding, dai hoc hay tham gia cac ki thi hoc sinh giéi quc gia,
quéc té.

RS rang cac bai toan to hop 1a rat kho, khong co6 khuén mau nhat
dinh cho viéc giai, do vay luén doi hoéi su sang tao, tu duy khong ngung tur
phia ngudi doc. Mt khéc cac bai toan nay thuong kich thich cho viéc hinh
thanh tu duy todn hoc va ki ning trinh bay, giai quyét van dé cta hoc sinh.
Ngoai viéc phat trién nhitng ki ning nay, cac bai toan td hop con mang tinh
thuc té va tinh thim my cao, vi thé dem lai cho hoc sinh sy dam mé, hing
tha. Toi tin rang mot bai toan t6 hop s& ludn thi vi va dem dén nhitng cudc

tranh luan hap dan hon bat ctr thé loai todn nao khac.
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