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LaGi gidi thiéu

Chua dé hinh hoc gidi tich khéng gian Oxyz tuy khéng phai [a khé nhung cling khéng
han 1a dé& vdi nhiing ban hoc sinh mdi b4t dau chd dé nay. Ebook nhé nay nhdm mang
t6i cho ban doc cai nhin khai quat va co ban nhat vé van dé chd dé nay théng qua
cac ly thuyét co ban va vi du minh hoa kém |&i gidi chi tiét sé& phan nao giup cac ban
dé tiép can hon. Nbi dung Ebook khéng qua dé nang nhing bai toan khoé va 14t 1éo
tuy nhién van sé cé nhing bai todn du dé khién ban dau dau va tén kha nhiéu céng
stc dé gidi quyét nd. Bén canh d6 thi phan trinh bay va hinh vé cting duoc dau tu
nhiéu céng suc vdi mong mudn ban doc cé thé hiéu, tudng tuong va suy luan ra
nhing hudéng di ma |0i gidi da giadi quyét cac bai toan trong do. Ki thi THPT Quéc Gia
ngay mot tdi gan, day co 1& 1a luc thich hop nhat dé cac ban cung nhin lai va 6n tap
nhing kién thic da qua va dong thdi cung cap thém cho minh mét sé kinh nghiém
dé gidi quyét cac bai toan hay xuat hién trong cac dé thi, tap thé tac gid mong rang
cuén sach nay sé giup ich cho cac ban mét phan nao dé trong qué trinh 6n luyén.
N6i dung ebook duoc tham khao tU rat nhiéu ngudn, cac ban xem & cudi cla tai liéu
nay. DU da cé ging dé bién soan tuy nhién khéng thé tranh khoi nhing thiéu sét, moi
y kién phan hdi vui long gui vé dia chi

Tap chi va tu liéu toan hoc
Link lién két. https://www.facebook.com/OlympiadMathematical/


https://www.facebook.com/OlympiadMathematical/

Muc luc

Chuong 1.
Chuong 2.
Chuong 3.
Chuong 4.
Chuong 5.
Chuong 6.

M& dau hinh hoc toa dé khéng gian

Ly thuyét vé phuong trinh duong thing

Cac bai toan vé phuong trinh mat phang

Céc bai todn vé phuong trinh mat cau

Cac bai toan cuc tri trong hinh hoc khéng gian Oxyz
Phuong phap toa dé hoéa hinh cé dién

32
107
17
261
352






TAP CHi VA TU LIEU TOAN HOC

CHINH PHUC OLYMPIC TOAN



| Hinh hoc gidi tich khéng gian Oxyz

&
M& dau hinh hoc toa dé
khéng gian

Tém tdt noi alung

Trong chuong nay chung ta sé di tim hiéu cadc khai niém va céng thic co ban, qua dé
fim hiéu cac dang toan lién quan tdi nhiing céng thic nay nham gilp cic ban hoc
sinh ndm ving ly thuyét co ban dé di sdu hon vao cac dang bai tap khé hon.

S

A. KIEN THUC CAN NAM.
I. HE TRUC TOA DO TRONG KHONG GIAN.

Trong khéng gian, xét ba truc toa 6 Ox, Oy, 0z vudng goc véi nhau timg doi mot va chung mot diém
gdc O. Goi i, j, k 1a cac vecto don vi, twong Gng trén cac truc Ox, Oy, Oz . Hé ba truc nhu vy goi

1a hé truc tea dé vubng goc trong khdng gian.
ZA

Y
<y

Chay. i'=j =k =1vaij=ik=kj=0.

II. TOA DO CUA VECTO.

1. Pinh nghia.

Tacévecto u=(x; y;z)u=xi+yj+zk.
2. Tinh chat.

Cho a=(a;a,a,), b=(b;b,;b,), keR

o dtb=(ath;a,th, a*h,)
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Tap chi va tu liéu toan hoc |

o ka = (ka; ka,; ka,)

o |a=h
e a=bsqja,=h,
a3=b3
e 0=(0;0;0), i =(10;0), j=(0;1,0), k =(0;0;1)
a, = Kb,
7 ol b5 20)a=Kb 3 _2 _3a
e a cingphuong b(b#0)<a=kb(keR) < {a, =kb, & 2=2== (b, b, b,=0)
_kb bl 2 b3
8, = Kb,
o db=alb+a,h +ah,
e alb < ab+ab,+ab,=0
e d’=a’+a+a;
e l|a|=ya’+a;+a;
. cos(é, 5): ab__ ab +3,0, + b, (voi @, b =0).

El ‘5‘ - \/af +a§+a32.\/bf+b22+b32
III. TOA PO CUA DIEM.
Cho 2 diém A(X,; Ya; 2, ), B(Xg; Ya; Zg ) khi do thi

. ABz\/(xB—xA)2+(yB—yA)2+(zB—zA)2

e Toadd trung diém M cua doan thing AB M (XA ; Xs X Ya ; Ye X Za er Z j

e Toadd trongtdm G cuatam gidc ABC G(XA+X3‘3+XC;yA+);B+yC;ZA+Z§+Z°j

e Toado trong ttm G cua tir dién ABCD

G(XA+XB+XC+XD.yA+yB+yc+yD.ZA+ZB+ZC+ZCJ

4 4 4

IV. TICH CO HUGNG CUA HAI VECTO
1. Pinh nghia
Trong khong gian Oxyz cho hai vecto a = (a,;a,;a,), b= (b,;b,;b,). Tich c6 huéng cia hai vecto
a va b, kihigu la [ a,b ], duoc xdc dinh boi
a4 & |a &

[a,b]= [ ,
b, b |b b
Chu y. Tich c6 hudng cua hai vecto 13 mét vecto, tich vo hudng cua hai vecto 1a mot s6.

2. Tinh chét
. [5, B]L 5;[5, 5} 1b

a &
bZ b3

}: (azba _aebz; aSbl _aib ;a1b2 _aZbl)
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| Hinh hoc gidi tich khéng gian Oxyz
. [a6]=[64]
o [ilklik]=nilki]=]
. ‘[5,5]‘=|§|.‘5‘.sin(é,5)

e ab cung phuong @[5, 5]: 0 (chimg minh 3 diém thang hang).

3. Ung dung cia tich ¢6 hwéng

0

Diéu kién déng phang ciia 3 vecto a, b va ¢ < [5, BJ.E
Dién tich hinh binh hanh ABCD S .., =| AB, AD |

Di¢n tich tam giac ABC S, ;. :%

58, ]
Thé tich khéi hop ABCDA'B'C'D’ V,pep nacp = ‘[ﬁ, E].M‘

Thé tich ttr dién ABCD V., :%‘[ﬁs’, FC’].E‘.

Tich vé hweéng cia hai vecto thuong sir dung dé chimg minh hai duong thang vudng goc, tinh
g6c giira hai duong thang.

Tich c6 hwong cia hai vecto thuong sir dung dé tinh dién tich tam giac; tinh thé tich khéi tir
dién, thé tich hinh hop; chimg minh cac vecto dong phang — khong ddng phang, chiing minh
cac vecto cung phuong.

d1b<ab=0.

d,b cung phuong < [é, 6] =0.

a, b, ¢ ddng phing <[&,b]c=0.

B. CAC DANG TOAN CO BAN

Dang 1. Tim toa dd ciia vecto, ciia diém
Dinh nghia d=a,i +a,.j +a,Kk & d=(a,;a,;8,), OM =xi+y.j+zk & M (x;y;2)
Tinh chat Cho d=(a;a,;a,);b =(b;b,;b,). Taco

a+h

(a +b;a, +b,;a, +b;)
ka = (ka,;ka,; ka, )

- |a=h
a=b<qa,=h,
a3=b3

AB =(Xg —Xpi Ve — YaiZs — 2,
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Tap chi va tu liéu toan hoc |
CAC BAI TOAN MINH HOA.

cau1 |

Trong khong gian véi hé truc toa do Oxyz , cho cac vecto thoaman a=—i + j -3k, b= (3;0;1),

¢ =2i +3], &:(5;2;—3).

a) Tim toa d6 cua cac vecto a + b, 33 - 2¢C.
b) Tim toa do cac vecto d+b-¢;38-2¢+3d
¢) Phan tich vecto d theo 3 vecto & : b :C

Loi gidi
a) Taco
o a=(-1 3) b=(301) = d+b=(21-2).
o 3d=(-33-9),2¢=(4,6,0) =3d-2¢ =(-7;-3,-9).
b)Tacc')
o d=(-11-3),b=(301),c=(2,3,0) = a+b-c=(0,-2-2).
o 33=(-3,3-9),2¢ =(4,6;0),3d =(15;6;,-9) = 3d—2C +3d =(8;3;-18).
=-m+3n+2p
) Giast d =ma+nb+pc ={2=m+3p om= ﬁ,p:l.
ERRET R T
-3=-3m+n

Vay d == 194 +ﬁb+i
11

11 11

Trong khong gian voi hé truc toa do Oxyz, cho cac diém A(L-3;1);B(2;51) va vecto

OC =-3i +2j +5k.
a) Tim toa d6 cua diém D sao cho t gidc ABCD Ia hinh binh hanh.
b) Tim toa d6 diém E sao cho tur gidc OABE la hinh thang c6 hai day OA; BE vaOA=2BE.
¢) Tim toa d6 diém M sao cho 3AB+2AM =3CM .
Lot gidi
a) Goi D(x;y;z). Taco BC =(-5,-3,4), A—C:(—4;5;4).

Ma _—i # %3 = BC, AC khéng cung phuong.

AD=(x-1y+3z-1)
X=1=-5 X=-4

ABCD 14 hinh binh hanh < AD=BC < {y+3=-3&{y=-6.Viy (-4,-6;5).
z2-1=4 z=5

b) Goi E(x;y;z). Taco (TA=(1;—3;1),@=(2;5;1)
Ma %i—??: — OA, OB khéng cung phuong.

Taco EB=(2-x;5-y;1-2).Tirdé cho tasuy ra
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| Hinh hoc gidi tich khéng gian Oxyz

1=4-2x
OA=2EB < -3=10-2y & x=
1=2-2z2

Y =

N W

c) Goi M (x;y;z). Taco
e AB=(180)=>3AB=(3;24;0)
. m:(x—l;y+3;z—1) :>2Wz(2x—2;2y+6;22—2)
e CM=(x+3y-2,z-5) =3CM =(3x+9;3y-6;3z-15)

3+2x—-2=3x+9 X=-8
3AB+2AM =3CM < 124+2y+6=3y-6 < <y=236
0+2z-2=3z-15 z=13
Vay M (~8;36;13).
Trong khong gian v6i hé truc toa do Oxyz, cho hinh hop ABCD.A’B’C’D’ biét A(30;2),
B(2;1;,2), D(L-11), C'(4;5,-5). Xac dinh cac dinh con lai ciia hinh hop ABCD.A’B’C’D".

Loi gidi
Goi C(x;y;z). Taco ﬁ:(l;l;l);D—C:(x—l;y+1;z—1).
x-1=1 X=2
Tu giac ABCD 2 hinh binh hanh <> AB=DC < {y+1=1&{y=0=C(20;2).
z-1=1 z2=2
Goi D'(x;y;z). Tacd D'C'=(4-x;5-y;-5-12); ﬁf=(1;1;1).
4-x=1 X=3
Ta giac DCC'D’ Ia hinh binh hanh«<> D'C'=DC <> {5-y=1 <{y=4 = D'(3,4,-6).
-5-z=1 z=-6
Goi A'(x;y;z).Tacé AD'=(3-x;4-y;-6-2); AD=(0;-10).
3-x=0 X=3
Ta giac ADD'A’ 13 hinh binh hanh< AD'=AD < {4-y=-1<{y=5 = A'(3,5-6).
—6-2z=0 z=-6
Goi B'(x;y;z). Taco A’—I3’:(x—3;y—5;z+6); D'C'=(311).
x-3=1 X=4
Ta giac A'B'C'D’ 1a hinh binh hanh<> AB'=D'C' < {y-5=1<:{y=56 = B'(4;6;,-5).
z+6=1 z=-5
Dang 2. Tich phan vé hwéng caa 2 vecto va tieng dung
Cho d=(a,;a,;a,);b =(b,;b,;b,). Taco
e adb=ah +ah,+ab,
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Tap chi va tu liéu toan hoc |

=0< ab +a,b, +ab, =0

. f:a.ﬁ ab +ab, +ab,
cos(a,b) 5‘6‘ \/al +a’ +a3\/bl +b? +b?
e AB= \/ yA) (zB—zA)2

CAC BAI TOAN MINH HOA.
“Cio 1
Trong khong gian v6i hé truc toa do Oxyz, cho cic vecto d=(12;1), 5:(3;—1; 2),
c—(4 -1 3) :( =3; 5) i=(Lm;2), (meR).

d) Tim m dé UJ_(B
e) Tim m de¢ (u,a)=60".

Loi gidi
a+2c), [a+2b|.
, b=(3-12) ab=13+2,(-1)+1.2=3.
=(4,-1,-3)=2¢ =(8;-2,—6) = d+2¢ =(9;0;,-5)
d 3

( :
25=(6;—2;4):é+2 (7:0:5) = |a+2b|=\/7°+0°+5 = /74

(=)
N—r
w
o
w
D
>
=
Qy
—_
Ul

Vay a(bc) ( b).c
c)Tmhcacgoc( b), (a+b,38-2c).

a=(L21), b=(3-12) =cos(4b)= 13+2(71)+12 (a.b)=7054
o N1 427 417 4|32+ (-1)" + 27 2\/7
4.(-5)+1.8+3.9

é+5:(4;1;3),35—2 c=( 589):>cos(a+b3 )

V4?41 +3° /(-5)" + 82 +92

15

= Tz

Trang | 6
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| Hinh hoc gidi tich khéng gian Oxyz
d) Tim m dé m(6+6).
b+d=(6-4-3), i=(Lm;2).

uL(b+d) ( ) 0 ©6-4m-6=0<=<m=0.
e) Tim m dé (u,ad)=6

. 1 2m+3 1
U,a)=60 = cos == — = =~ & +6m*+30=4m+6
(6.9) (6.9) 2 \/g.\/m2+5 2
3
dm+6=>0 m>-= _ N
<:>{f5mz+30— 4m+6)° < 2 em= 12+5 129'
=(4m+6) 10m? +48m+6=0

Trong khong gian vai hé truc toa do Oxyz, cho hai vecto @ va b sao cho (5,6) =120, |é| =

\5\:3. Tinh \a+6\ va \5—26\.

Lo gidi
Taco [a+b| =(a+b) =|a +|b| +2Ja||b|.cos(a:b) :4+9+2.2.3.(-%):7
Vay ‘§+5‘=
Taco [a-26 =(a-2b) =[af +4]o| ~4la].|p|.cos(a:b) :4+36—4.2.3.(—%j:52

Vay \a-zB\:z@.
Trong khong gian véi hé truc toa do Oxyz, cho cac diém A(2;-11), B(3;52), C(8;4;3),
D(-2;2m+1-3).

a) Tinh AB,BC,AC.
b) Ching minh tam giac ABC la la tam giac vuong.
¢) Tim toa d6 diém M nam trén truc hoanh sao cho MA=MB .

d) Tim m sao cho tam giac ABD vuéng tai A.
e) Tinh sb do goc A cua tam giac ABC .

Loi gidi
a) Tinh AB,BC, AC..

AB =(16;1)= AB =1° +6° +1* =/38
BC =(5;-11)= BC = /5" +(-1)* +1* =33
AC =(6;5;2) = AC =67 +(5)° +2 =65

b) Chiing minh tam giac ABC la la tam giac vuong.
AB.BC =15+6.(-1)+1.1=0 = AB L BC => AABC vudng tai B.
¢) Tim toa d6 diém M nam trén truc hoanh sao cho MA=MB .

Tacd M € Ox= M (x;0;0)
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Tap chi va tu liéu toan hoc |

MA=MB = \(2-x)’ +(-1) +2 =/(3-x)’ +5°+2°
< x*—4x+6=x"-6x+38 < x=16.Vay M (16;0;0).
d) Tim m sao cho tam giac ABD vuong tai A.
AB =(1,6;1), AD = (—4;2m +2;-4)
AABD vuong tai A = AB.AD=0 < —4+12m+12-4=0 <:>m:—%.

e) Tinh s6 do goc A cua tam giac ABC .
ABAC 1.6+65+1.2

AB.AC  +/38.4/65

Chay Vi AABD vudng tai B nén c6 thé dung hé thirc lwrong trong tam giac vuéng

AB =(1,6;1), AC =(6;5;2), cosAzcos(ﬁ,TC) = = A=408".

tan A:§:ﬁ = A=407%
AB /38

Dang 3. Van dung cong thire trung diém va trong tam

M 1a trung diém AB < M(XA;XB;yA;yB;ZA;ZB)

G la trong tim AABC < G[XA+);"3+XC;yA+3;’B+yc ;ZA+Z?|’3+Zc)

CAC BAI TOAN MINH HOA
=
Trong khong gian véi hé tryc toa d6 Oxyz , cho tam giac ABC c6 A(1;3;2), B(3;-5;6), C(2;1;3)

a) Tim toa do cia diém M 1 trung diém cua canh AB.

b) Tim toa @6 hinh chiéu trong tim G cua tam giac ABC Ién truc Ox .

¢) Tim toa do diém N ddi xtng véi diém A qua diém C .

d) Tim toa d6 diém F trén mat phang Oxz sao cho ‘ﬁ+@+ﬁ‘ nho nhat.

e) Tim toa do diém B’ ddi xiing véi diém B qua truc tung.
Loi gidi
a) Tim toa d6 cua diém M 1a trung diém cua canh AB.
1+3 3-5 2+6
22 2
b) Tim toa do hinh chiéu trong tdm G cua tam giac ABC Ién truc Ox.

G latrong cua tam giac ABC :G(1+z+2;3_:+1'2+2+3j hay G(Z;—%;l—slj.

Ta c6 diém M 1a trung diém cua canh AB = M ( : j hay M (2;-1,4).

Hinh chiéu cta cia G 1én truc Ox l1a H (2;0;0).

¢) Tim toa d6 diém N ddi xting véi diém A qua diém C.

Goi N(x;y;z),tacé N dbi xting véi diém A qua diém C < C la trung diém cua AN
3+y , 2+12

=1+X,1 , 3= & x=3,y=-1z=4.
2 2 2

=2

Vay N(3; -1 4).
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| Hinh hoc gidi tich khéng gian Oxyz

d) Tim toa d6 diém F trén mat phang (Oxz) sao cho ‘ﬁ+@+ﬁ‘ nhé nhat.
|[FA+FB + FC|=[3FG|=3FG.

Do d6 ‘ﬁ+@+ﬁ‘ nho nhit < FG nho nhit < F 1a hinh chiéu cua G 1én mp(Oxz).

Vay F (2; 0; l—?,lj

e) Tim toa do diém B’ ddi xting véi diém B qua truc tung.
Hinh chiéu cua B 1én truc Oy la H (0;-5;0).

B’ ddi xting véi dieém B quatruc tung < H 1a trung diém cua doan BB’ = B'(-3;-5;-6).

Dang 4. Chirng minh 2 vecto cung phwong, khong cung phwong
Chiy 4 cing phuong b < Ik eR:a=kb (5#0) %:%:% (b,,b,.b, #0)
2 3
CAC BAI TOAN MINH HOA

| caul |

Trong khong gian véi hé tryc toa do Oxyz , cho cac vecto a=(3;2;5), b = (3m+2;3;6—n). Tim

m,n dé &, b cung phuong.

Loi gidi
Taco a=(3;25), b=(3m+2;3,6-n)

3m+2 5 3
<:>m=6,n=——.

2

Tathdy ring d,b cung phuong khi
Trong khong gian véi hé truc toa dd Oxyz , cho cac diém A(1,2;3), B(2,11), C(0;2;4).
a) Chung minh A, B,C 1a 3 dinh caa mét tam giac.

b) Tim toa do diém M e mp(Oyz) sao cho 3 diém A,B,M thang hang.

_3_6-n
2 5

Loi gidi
a) Tacé AB=(L-1-2), AC=(-10;1).
Taco il # _TZ = AB, AC khéng cung phuong.
Vay A, B,C la 3 dinh cia mot tam giac.
b) Tim toa do diém M e mp(Oyz) sao cho 3 diém A,B,M thang hang.
Tacd M emp(Oyz)= M (x;0;2), m=(x—1; -2;7-3), ﬁ=(1;—1;—2).

Tacé A B,M thing hang < AB,AM cung phuong @XT_lz_—i:Z—_ZS < x=3z2=-1.

Vay M (3;0;-1).
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Tap chi va tu liéu toan hoc |

Dang 5. Tich c6 hwéng caa hai vecto va ing dung
Ta can chi y cac tinh chét sau

. [3b]1& [ab]16.  [ab]=-[5.a]
e avab cing phuong < [5,6] =0 a,b,c ddng phang @[Q,B].E =0
e Dién tich hinh binh hanh ABCD S, :‘[ﬁ,ﬁ].

e Dién tich tam giac ABC S, =%[ﬁ,ﬁ:’].

e Thé tich khéi hop ABCD.AD'CD’ V,ues xpcr =‘[E,E}.M’

e Thé tich khéi ttr dién ABCD V., :%‘[E,E].ﬁ‘ .

CAC BAI TOAN MINH HOA

Trong khong gian voi hé truc toa 4o Oxyz, cho 4 diém A(30;1), B(-1L2), C(-110),
D(2;,-1;,-2).
a) Chang minh rang A, B, C, D 1a 4 dinh caa mot ta dién.
b) Tinh thé tich t dién ABCD. Suy ra d¢ dai duong cao cua ti dién qua dinh A.
Lot gidi
a) Chang minh riang A, B, C, D 1a 4 dinh cua mot ta dién.
AB =(-2;11), AC=(-2;1,-1), AD=(L-1-3).

=N [EA—C] =(-2,-4,0) = E[EA—C] =220 = AB, AC, AD khong ddng phing

Vay A,B,C,D la4 dinh caa moét tu dién.
b) Tinh thé tich t& dién ABCD. Suy ra d6 dai dudng cao cua tir dién qua dinh A.
AB =(-2;11), AC=(-2;1;,-1), AD=(L-1-3).

= [E’ E] - (_2; —4; 0) =Vogeo = %‘E[E, EJ‘ = % (d.v.t.t)
Tacé BC =(0;0;-2), BD =(3;-2;-4)

N [ﬁ, ﬁ] =(~4-6,0)= S,pcp = %‘[ﬁ ﬁ)] =13,

L Voo _ V13
Veco :gd(A;(BCD)).SABCD < d(A;(BCD))= % -5
ABCD

Trong khong gian véi hé truc toa d6 Oxyz, cho 4 diém A(-3;515), B(0;0;7), C(2;,-14),
D(4;-3;0). Chimg minh AB va CD cit nhau.

Loi gidi
Taco AB=(3;,-5-8), AC=(5-6;-11), AD=(7;-8;-15), CD =(2;-2;-4)
= [ﬁﬁ] =(7,-7,7)= E[E E] =0< AB, AC, AD ddng phing
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| Hinh hoc gidi tich khéng gian Oxyz

< A,B,C,D cung thuoc mot mat phang (1)

| AB,CD |=(4-4;4) %0 < AB, CD khong ciing phuong. (2)
Tur (1) va (2) suy ra AB va CD ct nhau.

| caus |

Trong khong gian voi hé truc toa do Oxyz , cho hinh hop ABCD.EFGH véi A(L,11), B(2;12),

E(-12;-2), D(3;1;2). Khoang cach tir A dén mp(DCGH ) bang?

Loi gidi

[AB=(L0) oo
Taco {AD=(2;0;1):{AB,AD}_(0,1,0), AE = (-2,1,-3)

[ AB, AD |.AE =15V, = | AB. AD ] AE| -1

{ﬁ =(1,0;1)

AE = (—2;1; —3) - [ﬁ, E] - (_1;1;1) = Shere = ‘[E’E]‘ =3 = SpceH

Vaeco.eron = (A,(DCGH ))SDCGH =d (A,(DCGH )) =\M = ?

DCGH
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Tap chi va tu liéu toan hoc |

MOT SO BAI TOAN TONG HOP

Cho hai vecto a=(2;3;-1) ; b=(0;-2;1).

Tinh 2a+2b ; b+5a ; ab ; [a;B] ; [5+25;5§—3B]

Loi gidi
Taco o
e 2a+2b=2(2;3;-1)+2(0;-2;1)=(4;2;0).
e b+5a=(0;-2;1)+5(2;3;-1)=(10;13;-4)
o ab=20+3(-2)-11=-7
. [5;5]=(1;—2;—4)
e [a+2b;5a-3b]
Taco a+2b=(2;3;-1)+2(0;-2;1)=(2;-1;1)
5a-3b=5(2;3;-1)-3(0;-2;1) =(10;21;-8)
Suy ra | a+2b;5a-3b | =(~13;26;52)

Cho vecto a= (2&;—1;4). Tim vecto b cung phuong véi a biét ab=20.

Lot gidi
Gia sir Bz(x;y;z).
Vi vecto b cung phuong véi a nén ton tai s6 k sao cho x =22k ; y=—k ; z=4k.

Lai c6 ab=20.Suy ra 8k+k +16k =20. Suy ra k=g.

. (8\/2 4_16}

Viy b=

Cho vecto a = (LL11); b= (L-13). tim vecto ¢ c6 d6 dai bang 3, vudng géc véi hai vecto a, b

va tao véi tia Oz mot goc tu.

Loi gidi
‘6‘:3 VX +yP+22 =3 (1)
Goi toa do cua vecto Ez(x; y;z). Theo gia thiét ta co ac=0 x+y+z=0 (2)
bc=0 x-y+3z=0 (3)
jc<0 z<0 (4)
T (2),(3) suyra x=-2z, y =z, thay vao (1) ta dugc z* :g.
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| Hinh hoc gidi tich khéng gian Oxyz

X=+/6
Két hop diéu kien (4) taco y:—g . Vay c—(\f —% _gj
__6
2
Cach2Do c.Lla, cLb néntdntaisé p saocho c= p.[é; 5}:(4p ;-2p 5 -2p).
J6

Vild=324p =9 p=£"

Tir d6 Ez{—\/é; ? ; ?j hodc E:(J@;_@;_ﬁ]

2 2

JEJEJ

Mat khac ¢ tao voi Oz mot goc ti nén c.k <0. Vay E:(\/E Y |-

2 2

Xét su ddng phing cua ba vecto a , b , ¢ sau day
a) a=(26-1), b=(4-3-2), c=(-4,-2;2).
b) a=(2-43), b=(L2-2), c=(3-21).

Loi gidi
Pé xét su ddng phing cua ba vecto a, b , ¢ taxét tich hdn hop T :[5,5].5

Néu T =0 thi ba vecto a, b, ¢ ddng phing.

Néu T =0 thi ba vecto a, b, ¢ khong ddng phing.

a) Tacd [a; b|=(-150,-30) = | ab | c=(-15).(-4)+0.(~2) +(-30).2=0.
Vay ba vecto a , b , ¢ ddng phang.

b) Tacd [ab |=(2:7;:8) = | ab | c=2.3+7.(-2)+8.1=0.

Vay ba vecto a, b, c ddng phang.

Cho ba diém A(2;5;3); B(3;7;4);C(x;y;6). Tim x;ydé A,B,C thang hang?

Lo gidi
Taco AB=(1;2;1) ; AC =(x-2;y-5;3)
X—-2=3
. x-2 y-5 3 Xx=5
Taco ——=2—"="=1y 5 & .
1 2 1 _3 7 |y=6

Cho bén dinh A(1;-1;1),B(1;3;1),C(4;3;1),D(4;-1;1).
a) Chiang minh A, B,C, D ddng phang va tir giac ABCD 12 hinh chit nhit.
b) Tinh do dai cac duong chéo va goc gitra hai duong chéo.

Loi gidi
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Tap chi va tu liéu toan hoc |

a) AB =(0;4;0); AC =(3;4;0); AD =(3;0;0)
| AB,AC |=(0;0;-12) ; | AB,AC | AD =0.3+0.0+0.(~12) = 0.
Vay A,B,C,D dong phang.
[E,E}:(O;O;—lz);tﬁ nén A,B,C khong thing hang.
DC =(0;4;0) nén DC = AB hay ttr giéc ABCD Ia hinh binh hanh.
Mit khac AB.AD =0.3+4.0+0.0 =0 nén t& giac ABCD Ia hinh chi nhat.
b) Tacd AC =+/32 +42 =5: BD = AC =5

33+4(-4) 7

cos(AC,BD) = T =>E = (AC,BD)=73"44",

Cho 4 diém A(2;-1;6),B(-3;-1;-4),C(5;-10) va D(1;2;1).
a) Chizng minh tam giac ABC 1a tam gidc vuong va tinh ban kinh dudng tron ni tiép tam giéc.
b) Tinh thé tich ta dien ABCD.

Loi gidi
a) Chuang minh tam giac ABC la tam giac vudng va tinh ban kinh dudng tron noi tiép tam giac.
e Chang minh tam giac ABC Ia tam giéac vubng
Taco AB =(-5;0;-10),AC =(3;0;-6), BC =(8;0;4)
Xét AB.AC =24+0-24=0 nén AC L BC nén AABC vudng tai C .
Vay AABC vudng tai C.
e Tinh ban kinh dudng tron ni tiép tam giac AABC .

A , S
Theo cOng thic S,,5c = Pyge F < 1 =255,
AABC

Taco AB =55, AC =3/5,BC =45,

Khi d6 vi AABC la tam giac vudng tai C nén S :%.AC.BC :%.3@.4\/3 =30

AABC
Chu vi tam giac AABC P, =

Vay r =28 Swac _ 30 =5.

I:)AABC 6\/_

b) Tinh thé tich ti dién ABCD.

AB+AZC+BC:5«/§+3\£§+4\/§:6\EI

Theo cong thic V., :%‘[@TC]E‘
Taco AB=(-5;0;-10), AC =(3;0;-6), AD =(-1;3;-5)

Véi [ AB, AC | =(0;-60;0), | AB, AC |.AD| =|0-60.3+0|~180.

Vay V,oop = é‘[AB AC AD‘ 1 180-30.
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| Hinh hoc gidi tich khéng gian Oxyz

Cho ba diém A(10;0); B(0;0;1); C(211).

a) Ching minh ba diém A, B, C khdng thang hang.

b) Tinh chu vi va dién tich tam giac ABC.

¢) Tim toa d6 diém D biét ABCD Ia hinh binh hanh.

d) Tinh d6 dai duong cao cua tam gidc ABC.

e) Tinh cac goc cua tam giac ABC .

f) Xac dinh toa do6 tuc tam cua ABC.

g) Xéc dinh toa do tam dwong tron ngoai tiép tam giac ABC .

Loi gidi

a) Taco AB(-10;1); AC(LL1) suyra AB#KkAC.
Do d6 AB; AC khong cung phuong suyra A, B, C khdng thdng hang.
b) Tacod AB(-10;1); AC(LL1); BC(2,10)= AB=+2; BC=+5;
AC =+/3; [ﬁﬁ] =(-12;-1).

Chu vi tam gidc ABC 12 p=+/2++/3++/5 va S, =%‘[EE}‘ =%\/1+4+ =§.

c) Goi D(a;b;c) saocho A,B, C, D labén dinh hinh binh hanh.
-1=2-a a=3
Tacd AB=DC <{0=1-b < b=1=D(310).

1=1-c c=0
1 1 J6
d) Tacé S ah =ipbh =lch =h =32 h =y2:h =3,
) ABC 2 2 2 C a \/g b \/_
e) Ap dung cdng thicc ham sé cosin cho tam gidc ABC ta c6
+cosA=2375 g a—goe
24342
+oosBo 2¥578 V2 _ g g
252 \b
+cosC_3Jr5 2—£:>C 39°
24543 5
Cach khac c6 thé ding cong thac cos A :cos(A_B’,A—c') _ABAC
AB.AC
f) Goi H (a;b;c) latoa do truc tim tam gidc ABC
MB_C:O 2a+b-2=0 a=1
Taco {BH.AC =0 &ia+b+c-1=0 <1b=0=H(L0;0).

[E;E]ﬁ:o —a+2b-c+1=0 |c=0
Céach khac Tam gidc ABC vudng tai A nén truc tdm tam giac ABC 1a A(1;0;0).

g) Goi 1(a;b;c) latoa do tam dudng tron ngoai tiép tam giac ABC
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Tap chi va tu liéu toan hoc |

IA=1IB 2 2
1-a) +b*+c? = /a’*+b*+(1-c
Taco {IB=IC = \/( ) \/ ( )

(A8 AC | B =0 Ja+b7 +(1-c)’ = /(2-a)’ +(2-b) +(1-c)

—2a+2c=0 a=1
<<{d4a+2h=5 RS bz%:l(l;l,lj
—a+2b+c-1=0 c=1

Céch khac Tam giac ABC vudng tai A nén tdm duong tron ngoai tiép tam giac 1a trung diém

I(l;%;lj cua BC.

Trong khong gian Oxyz cho 4 diém A(2;-1;6),B(-3;-1;-4),C(5;-10) va D(1;2;1).

a) Chizng minh tam giac ABC 13 tam giac vudng va tinh ban kinh dudng tron noi tiép tam giac.
b) Tinh thé tich t& dién ABCD.

Loi gidi
a) Chirng minh tam gidc ABC la tam giac vuéng.
+) Ching minh tam giac ABC la tam giac vudng
Taco AB=(-5;0;-10),AC =(3;0;-6), BC =(8;0;4)
Xét AB.AC =24+0-24=0 nén AC L BC nén AABC vudng tai C .
Vay AABC vubng tai C.
b) Tinh thé tich t dién ABCD.

Theo cong thic Vo, = %‘[ETCJE‘
Tacd AB=(-5;0;-10), AC =(3;0;-6), AD =(-1;3;-5)
Voi [ AB,AC |=(0,-60;0), [ AB, AC |.AD|=|0-603+0|~180.

Vay V,oop = %‘[E,E].ﬁ‘ - %.180 =30.

Trong khong gian véi hé toa dd Oxyz cho 3 diém A(2;3;-1),B(-10;2),C(L-2;0)
a) Tinh dién tich tam giac ABC
b) Tim toa d6 diém D trén Oz sao cho tir dién ABCD c6 thé tich bang 4
c) Timtoa do diém E trén (Oyz) sao cho AE//BC
d) Tim toa do diém H trén Ox sao cho DH L AC
e) Cho BF Ia phan giac trong ctia tam gidc ABC . Xac dinh toa d6 diém F
Loi gidi

a) Tacé AB=(-3-33),AC=(-1-51)=| AB,AC |=(12,0,12)

Khi d6 dién tich tam gidc ABC S, —%‘ AB, AC ] % 2.12° = 6+/2 (dvdt)
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| Hinh hoc gidi tich khéng gian Oxyz

b) Goi D(0;0;z).Tacé
AD(3;3,2-3)=| AB, AC | AD =12.3+0.3+12.(2-3) =122 #0 < 2 %0

18 25128 1
=Veco 2436‘[AB, AC|.AD|-4 Sh2z=4oz=22
Vay diém D(0;0;2)hodc D(0;0;-2)

c) Goi E(0;y;z).Tacod AE =(-2;y-3;z+1),BC =(2;-2;-2)

Ta co AE //BC khi E;ﬁcfmgphu:(mg_72:y_—_z3 ijl(:) y=51z=1
Vay E(0;5;1)

d) Goi H(x;0;0).Taco

m(x;o;—Z) hoac m(x;o;z)

-Xx-2=0 {x:—z

DH L AC < DH.AC=0< PN
—X+2=0 X=2

F_BA_ J(=3) +(-3) +(

e) Goi F(x;y;z). BF la phan gi4c trong tam gidc ABC = A

Ma F nam giira A,C:ﬁ:_;F—(f: y=—-—"F—-=

7 -2
Vay F| —:0;—
y (5 Sj

Trong khong gian véi hé toa 46 Oxyz cho 4 diem A(0;0;3),B(L15),C(-3;0;0),D(0;-3;0)
Chung minh 4 diém A, B,C, D ddng phang va tinh dién tich AACD
Loi gidi
Taco AB(L12); AC(-3;0;,-3); AD(0;-3,-3)

3 372 Y Jroma

= AB. AD,AC |=1.9+1.9+2.(-9) =0

— AB, AC, AD ddng phing =4 diém A, B,C, D ddng phing
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Dién tich AACD S,,., :%‘[ﬁ,ﬁ]‘zé‘\kzwz +(—9)2.

Tap chi va tu liéu toan hoc |

Trong khong gian véi hé toa d6 Oxyz cho bén diém A(L0;1), B(-LL2), C(-110),

D(2,-1-2).

a) Chiing minh rang bon diém A, B, C, D khong ddng phang.
b) Tinh d6 dai duong cao DK cua tam giac BCD.
¢) Tinh thé tich khdi ta dién ABCD, tir d6 suy ra dg dai duong cao AH cua ta dién.
d) Xac dinh toa d6 trong tam, truc tam tam giac ABC.
e) Tim trén mat phang (Oxy) diém M sao cho MA=MB =MC .

a) Tacd AB=(-2,1,1), AC =(-2;1;-1), AD =(L-L-3).

Loi gidi

| AB,AC |=(-2-4;0), AD.| AB,AC |=2+0.
Do d6, bén diém A, B, C, D khéng ddng phing.
b) Taco BC =(0;0;-2), BD=(3-2-4), | BC,BD |=(-4,-6;0), BC =2.

%‘[?C@]‘ =%\/42 +62 =413

SABCD =

Mit khéc, ta c6 S,uep :%DK.BC — DK :%zx/ﬁ.

Vay DK =+/13.

¢) Thé tich khéi tir dien ABCD 13 V,gep :%‘[ﬁ,ﬁ]ﬁj‘ :%

Lai €6 V,gep :%AH.SBCD — AH :% :%3,
ABCD N
1
Vay AH =—
‘ V13

d) Toa do trong tdm tam giac ABC la

Xy + X5 +X
x —-A"%8 "%

© 3

%=h+h+%=
3

, _IatZtZ

¢ 3

Gia sur tryc tam K cua tam gidc ABC la K (a;b;c). Taco

AK =(a-Lb;c-1),BK =(a+Lb-1Lc-2),CK =(a+Lb-1c)

AK.BC =0
BK.AC =0
R.[E,E}:o
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| Hinh hoc gidi tich khéng gian Oxyz

e) Gia s M (x;y;0)e(Oxy), taco
AM? =(x-1)" +y?+1, BM? =(x+1)" +(y—1)° +4, CM? =(x+1)" +(y-1)".
4x-2y=-4
4x -2y =0
Hé nay vé nghiém dan dén bai toan khong c6 diém M thoa man.

Cho hinh chép SABC ¢4 SC = AC = AB =a+/2, SC L (ABC), tam gi4éc ABC vuéng tai A. Trén
SA, BC lan luot 1y cac diém M, N sao cho AM =CN =t trong d6 0 <t < 2a.

a) Tinh d¢ dai doan MN .
b) Tim t d\ ngin nhat.

MA = MB = MC < MA? = MB? = MC? @{

¢) Tim t @& MN 1a doan vudng goc chung ciia SA va BC.
Loi gidi
Chon hé truc toa d0 Oxyz nhu hinh V&, ta c6

S(O;a\/z;a\/f) A7

B(aﬁ;o;o)

A=0

A=0(0;0;0); B(av/2;0,0); C(0;av2;0); S(0;av/2;av2).

: t ot t t
Ta tinh duoc toa d6 cac diém M| 0;:—:— |: N —;\/5( ——j ——j 0<t<2a).
o) 7z) 0<t=2)
t
2

W(%;ﬁ(a—t); jz):MN [MN]| = \/—+2a t)’ +— =3t —4at+2a’ .

Tim t d& MN ngin nhat.

MN ngin nhit <>+/3t* —4at+2a’ nho nhat.

2 2
Tacs 3 —dateza - |[JR-22) 422 |22 vte(0;2a)
J3 3 3
2a

2
DAu bang xay ra khi va chi khi ft—— =0st=—.
i [ ﬁ] 3

Trang | 19



Tap chi va tu liéu toan hoc |

a\/g @

Vay MN ngin nhit 1a MN:T@tz 3

Tim t @é MN la doan vuéng géc chung ciia SA va BC .

Cach 1.

MN 14 doan vudng goc chung caa SA va BC khi va chi khi MN ngin nhét

av6 2

3 3’

Cach 2. MN 1a doan vuéng goc chung cua SA va BC khi va chi khi
{W.STA:O {—2a(a—t)+at:0 2a

- _

& MN =——

. St=—.
MN.BC =0 —at+2a(a—t)=0 3

Vay MN la doan vuéng goc chung ciia SA va BC khi va chi khi t = 2—:
[ cau ¢
Cho bon diém S(3;1;2), A(5;3,1), B(23;4), C(1,2,0).
a) Ching minh rang SA L (SBC) , SB L (SAC), SC L (SAB).

b) Goi M, N, P lan luot 1a trung diém caa BC, CA, AB . Chirng minh rang SMNP 1a tir dién
déu.

Loi gidi
a) Taco SA=(2;2;-1), SB=(~1;2;2), SC =(-2;1,-2).

SA1SB

Taco SA.SB=-2+4-2=0, SASC=-4+2+2=0> .
SA L SC

Vay SAL(SBC).

Chirng minh twong tu ta cling c6 SB L (SAC), SC L (SAB).

b) Ta co M(E S. 2) N(3E 1) P(Z;3;§j.

2 2 2 2 2 2
Suyrawz(ﬁ;o;—% MN—N— MP:(Z,
2 2 2
Wz(l;l;Zj:NP——g\/— Wz( §;E;OJ:SM :—3\/5.

2 2 2 2 2

mz(o;E;—Ej:SN_N_ (—,2;1]:spzﬂ.
2" 2 2'7"2

2
Do MN =MP = NP =SM = SN =SP nén SMNP 1a tir dién déu.

I\JII—‘

(Hién nhién S khong thé dong phang voi (MNP)).

Cho hai diém A(2;3;1),B(3;-4;1). Tim diém M thuoc truc Oy sao cho bieu thuc
T =2MA? + MB? dat gi4 tri nho nhat ?

Loi gidi
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| Hinh hoc gidi tich khéng gian Oxyz

Diém M thugc truc Oy nén toa d¢ diém M (0;y;0) = MA(2;3-y;1); MB(3;,—4-y;1).

Tacd T=2MA?+MB? =2[ 2° +(3-y) +1 | +| 3 +(-4-y) +1* |~ 3y* ~ 4y + 54
:3(y_zj2+@>@

3 3 3

Pé T dat gia tri nho nhat thi y = % =M (O;%;Oj

Cho hai diém A(-16;6), B(3;-6;—2) Tim diém M thudc mat phang (Oxy) sao cho biéu thic
T =MA+ MB dat gié tri nho nhat ?

Lo gidi

Céch 1.
Vi z,.2, <0 nén A, B khéc phia d6i véi mét phang (Oxy) .
Goi N 1a giao diém cia AB va (Oxy). Lay M e (P) taco MA + MB > AB = NA+NB.
Déau “=" xay ra khi va chi khiN =M .
Suy ra T = MA+MB nhoé nhat khi va chi khi N =M hay 3 diém A, B, M thing hang.
Cén tim diém M thoa man

~1-x=-3(3-x) X=2
MB < MA=-3MB < {6-y=-3(-6-y)<{y=-3

d B’(Oxy)) z=0 z=0

Vay M (2;-3,0).

Céch 2.
Phuong trinh mét phang (Oxy) 1a z=0.

Xét vi tri trong doi cla A, B d6i véi mat phang (Oxy) ta co
T, Ty =6(-2)=-12<0. Vay A, B khéc phia dbi v6i mat phang (Oxy) .
Puong thing AB qua A(-16;6) va nhan AB=4(L-3;~2) lam véc to chi phuong, suy ra AB c6

X=-1+t
phuong trinh < y=6-3t.
zZ=6-2t

Goi N la giao diém ctiia AB va (Oxy), suy ra toa do diém N Ia nghiém cua hé

X=-1+t
X=2
y=6-3t
Sy =—
2=6-2t
z=0
z=0

Ta ching minh T = MA+ MB nho nhét khi va chi khi N =M
That vay, lay M e (P) tacé MA + MB > AB = NA+ NB.

Dau “="xay ra khi va chi khiN =M . Vay M (2;-3;0).
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Tap chi va tu liéu toan hoc |

Trong khong gian véi hé toa dd Oxyz , cho ba diém A(2018;0;0), B(0;2018;0),C (0;0;2018).Co
bao nhiéu diém trong hinh cua tir dién OABC ma toa do Ia cac s nguyén.
A. C23016 B. (323018 C. C23017 D. C23019
Loi gidi
Phuong trinh mit phang (ABC) 13 x+y+z = 2018

Theo gi4 thiét bai toan diém trong ciia hinh tir diégn OABC c0 toa d¢ nguyén la diém (x; y; z)véi
x>0,y>0,z>0
X+Yy+y<2018
X,y,ZeZ
bat x=x+1Ly=y+lz=2+1=x+y+2'<2015= x'+y'+2'<2014.
Vay x'+y'+z2'=2014-1,t >0,te Z= x'+ y'+z'+t = 2014.
Sé nghigm nguyén khong am (x';y'z';t) ciia phuong trinh nay 1a Cy,.,, =Cy,, twong Gng Véi
nghiém nguyén duong (X; y; z)cua bat phuong trinh X+ y+y < 2018.
Chon dap an C.
Ccauts

Trong khdng gian voi hé toa do Oxyz, cho hinh lang tru ABC.ABC, c0 toa d6 cac dinh

a3 a

A(0;0;0), B(O;a;O),C(— > Oj va A (0;0;2a). Goi D 1a trung diém canh BB, va M di dong

trén canh AA, . Dién tich nho nhat S_;, ctia tam giac MDC,
2 2 2
min — 2 \/g B. Smin = 2 \/g C. Smin = D. Smin = 2 \/E
4 4 4 4
Lot gidi

A. S

3a

Theo gia thiét, ta co CC, = AA = C[ L) Za] D(0;a;a) va M (0;0;t)(0<t < 2a).

Tacé DC (% = ‘2a ] DM =(0;-a;t—a)

- 2t-3a) +6a> _ g’
Vivay S,oc = ;‘[DC M= av/4t? 1iat+15a =a\/( 4a) +6a Zafzsmif :

Chon dap an C

Trong khong gian véi hé toa do Oxyz, cho hinh lang tru ABC.AB,C, c0 toa dd cac dinh
A(30;2),B(210),C(3-22) va A(L2;3). Goi M la mot diém trén mat phang (AB,C,). Dién
tich toan phan S cua tir dién MABC c6 gia tri nho nhat gan nhat véi gid tri nao sau day?
A. 10 B. 12 C. 1 D. 13

Loi gidi

Taco (ABC):x+y+z-3=0;d(A;(ABC))=+3;AB =+6; AC =2+/2;BC =14
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Goi H la hinh chiéu vudng g6c cua M 18n mat phang (ABC). Theo pytago va cong thac dién tich ta

co St = SABC + SMAB + SMCB + SMCA

p
o3+ J6.4/a? +3 +/144/b +3++/84/c* +3
2

o34 682 +18 +~/14b? + 42 +~/8¢? + 24
2

(VB s Lab + Be) + (VB + a2 + 28

22\/§+ 2

Trong d6 a,b,c lan luot 13 khoang cach tir H dén cac canh AB,BC,CA va

JEa+J1_4b+J§c:ZSABC =43

Chon dap an B.
Cho tu dién S.ABC c¢6 SC =CA= AB =a+/2,SC L ABC, tam giac ABC vudng tai A.Céc diém
M eSA,N e BC saocho AM =CN =t(0<t<2a). Do dainhé nhat |, cia doan thing MN .

a2 _a\/g Cl. a\/_ D. | zﬁ

L= — . L= min
min 3 min 3

Al

Loi gidi
Ta chon hé truc toa d6 Oxyz sao cho O trung véi A, tia Ox chira AC, tia chira AB va tia Oz cung
hudng véi CS . Khi do, ta co

A(0;0,0),B(0;av2;0),C(a2;0,0), 5 (av2;0;a+/2
Va M(“ 0, V2 ] (\/2 W2. vz j
2 2

2
Tacod W=(\/§( )i—%J

Do dai doan thing MN 4

2

2 2
I :\/Z(a—t)2 +%+% =/3t° —4at +2a° =\/3(t—§) A Zﬂ:ﬂmm =ﬁ

3
Chon dap an C.

Cho hinh Iap phuong ABCD.A'B'C'D" canh bing a. Xét hai diém M,N 1a cac diém di dong

trén cac doan thang AD',DB sao cho AM =DN = k(O <k < a\/i). Tim d¢ dai nhoé nhat | cta
doan thang MN .

a\f

af

Al

=—af C.l.

Loi gidi
Ta chon hé truc toa d6 Oxyz sao cho O trung véi A, tia Ox chira AC, tia chira AB va tia Oz chira
tia AA'. Khi do, ta co
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k .k K.k
e ()
2
2
Khi d6 MN = 3k? —2ay/2k + =\/3£kﬂJ +%2%3lmm _a3

Chon dap an A.

Trong khong gian véi h¢ toa do Oxyz, cho ba diém A(4;0;2), B(0;3;2),C(L0;-2). Ban kinh

duong tron noi tiép bang

INE! g 10++26 c 12-+/26 5 /481
2 10 5 10426
Loi gidi
Taco AB=(-4,3,0); AC =(~3,0,4) = AB=AC =5; c6 BC =+/26.
Dién tich tam gidc ABC 1a S, %[E,EJ =—“4281
Ta lai c6 cong thuc S, = AB+BCHAC, =r= Bwee NI V48l
2 AB+BC+AC 5+26+5 10++/26

Vay ta chon dap an D

Trong khong gian véi hé toa do Oxyz, cho ba diém A(L2;0), B(212), C(-13;1). Ban kinh

dudng tron ngoai tiép bang

A.2V2 g c 1o D.\3
J10 L2
Loi gidi
Taco AB=(L-12) ; AC=(-2;11)= AB=AC =3; ¢ BC =+/14.

35

Dién tich tam gi4c ABC 13 S, :%\[E,A—c]‘ s

AB-AC-BC . _AB-AC-BC_33.14 9
4RAABC Aee 4SABC 4 \/g \/]3

2

Ta lai cd cong thac S, =

Vay ta chon dap an B.
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Trong khong gian véi hé toa do Oxyz, cho ba diém A(L2;1), B(-10;2), C(3;0;0). Tam duong

tron ngoai tiép tam giac ABC c6 toa do 1a (a;b;c) va bin kinh duong tron ngoai tiép 13 R, g -

Gia tri ciia biéu thic T =a+b+c+R,,,. nam trong khoang nao dugi day?

A. (0:2) B. (2;Zj C. [5 Ej
2 2
Loi gidi
Cap VTCP cua mat phiang (ABC) Ia AB=(-2;-2;1) va AC =(2;-2;-1). Suy ra VTPT cua mat
phang (ABC) 1a (ABC)n, g, =[AB; AC1=(4;0;8)=4(10;2).

Suy ra phuong trinh tong quat ciia mat phang (ABC):x+2z-3=0.
Goi tam duong tron ngoai tiép tam giac ABC la
K e (ABC)

K(aibic)={KA=KB e {(a=1)’+(b—2) +(c-1) = (a+1)’ +(b-0)
KA=KC

a+2c=3
<< da+4db-2c=1 < bz—%@K(l‘—%;lj
—4a+4b+2c=-3

c=1

2
Suy ra ban kinh duong tron ngoai AABC 1a R, =KA= \/(1—1)2 +(——— 2) +(1—1)2 =

SuyraT=a+b+Cc+R, g :1—%+1+%:4.

Cau 25
nghﬁng gian véi hé truc toa do Oxyz cho hinh thang ABCD vudng tai A va B. Ba dinh
A(121), B(2;0;-1), C(6;10) Hinh thang c6 dién tich bing 6+/2 . Gia s dinh D(a;b;c), tim
ménh dé ding?
A . a+b+c=6 B.a+b+c=5 C.a+b+c=8 D.a+b+c=7
Loi gidi
Tacé AB=(1-2-2) = |AB|=3; BC =(4,11) = |BC|=32.

Theo gia thiét ABCD 1a hinh thang vudng tai A va B va c6 dién tich bing 6+/2 nén

%AB(AD+BC):6\/§ @%.3.(AD+3\/§):6\/§:> AD=+2 = AD:%BC.

Do ABCD Ia hinh thang vuéng tai A va B nén ﬁ:%%.
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a—1:ﬂ a=Z

3 3

S, .o, , 1 7
Gia sir D(a;b;c) khi do ta c6 b—2=§© b=§:>a+b+c=6.

c—l:1 c:i

3 3

Chony A.

Trong khong gian Oxyz cho mat phang («):x—z-3=0 vadiém M (L11). Goi A ladiém thudc

tia Oz. Goi B Ia hinh chiéu ciia A In (). Biét rang tam giac MAB can tai M . Dién tich cua
tam gi4c MAB bing
A. 643 B. # C. 3—“223 D. 33

Loi gidi

x=t
Goi A(0;0;a). Duong thang AB qua A vavudng goc véi («)céd phuong trinh 1y =0

z=a-t
x=t
, =0 —_
B 1 hinh chi¢u cia A 1én (a)néntoa do B thoa man hé y . suy ra B(aT’L?’;o;aTsj.
z=a-
X-2-3=0

Tam gidc MAB can tai M nén

a+1Y’ a-5)
MA=MB < 1+1+(1-a)’ :(T] +1+(T]

o Néu a=-3thitoadd A(0;0;—3) va B(0;0;-3) trung nhau, loai.
e Néu a=3thitoadd A(0;0;3), B(3,0;,0).

_3V3

Dién tich tam giac MAB bang S =é\[mm]\_73

0
1
QD
Il
w

Chony B.

Trong khdng gian véi hé toa do Oxyz , cho bén diém tao thanh tir giac 16i A(2,1-1), B(L2;-2)

, C(3;1,1), D(5;3;7). Dién tich cua tir giac 16i nay co gia tri bang?

A. 36 B. %
C. @ D. 2.6 .
Loi gidgi
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B

A
D
C
Co AB=(-11-1),AC =(10;2), AD =(3;2;8)
Tacod cosBAC = AB.AC =— V15 = BAC ~140,76°,
AB.AC 5
e COSBAD= ABAD ___ 9 — BAD ~126,3°,
AB.AD /231
e CcosCAD= ACAD _ 19 = CAD ~14,46°.
AC.AD /385
Suy ra BAD + DAC = BAC, do d6 4 diém tao thanh tir gisc ABDC .
Do cos BAD :—L:sin BAD:@, cosCAD =£:>sinCAD :ﬂ.
V231 J71 /385 /385
Dién tichcantim1a S =S,., + S50 = % AC.AD.sinCAD +%AD.AB.sin BAD = @

Trong khong gian véi hé toa do Oxyz, cho bon diém tao thanh mot tir giac 16i A(0; 0; 4),
B(2,10), C(4,-12),D(L-2;7). Tinh dién tich cua tt giac 16i.

A. % B. 66 .
C. % D. 96,
Loi gidgi
B
A C

D
Tacé AB=(2;1-4), AC=(4;-1~2), AD=(L-2;3)= AB=+21; AC=+21;AD =14
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cos BAC = AB.AC = E = BAC = 44,4°
AB.AC 21
VéGi {cos BAD = AB.AD = _2\/6 = BAD ~134,4° = BAD = DAC + BAC
AB.AD 7
cos DAC = AD.AC =0= DAC =90°
AD.AC

Suy ra ta giac 16i 1a ABCD = S,;.5 = Susec + Spaco = %(‘[ETC]‘ +‘[EE}D - %

| Cau |
Trong khong gian véi hé toa do Oxyz, cho nam diém tao thanh mot hinh chop co day la tr giac
v6i A(0;0;3), B(2;-1;,0), C(3;2;4), D(1;3;5), E(4 2;1). Binh ciia hinh chop tuong ng la

A. Diém C. B. Diém A.
C. biém B. D. Piém D.
Loi gidi

Xét dap an A chon diém C 1a dinh ta c6
E=(2;—1;—3),ﬁ=(1;3;2),ﬁz(4; 2;—2), E:(?,; 2;1).
[ﬁ,ﬁ].ﬁzm—z.?—z.?:o

Voi [AB’ AD] =(n-17)= [ AB,AD|.AC=37-27+17=14

Suy ra A;B;D;E dong phang. Vay diém C 1a dinh cua hinh chép.

Trong khong gian véi hé toa dd Oxyz cho nam diém tao thanh hinh chop ti giac c6 toa do 1a
A(3,-11),B(2;3;1),C(12;2),D(4;-2;0),E(23,-1). Thé tich hinh chép tuong tng bang

A. 2 B 2
3
C.1 D. 8
3

Loi gidi

Taco AC=(-231),AD =(L-1L-1), AE =(-L4-2).
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[E,E} =(—2;—1;—1),[E,ﬁ]ﬁ =2-4+2=0= AC,D,E ddng phang.

Phuong trinh mat phang (ADC):2x+y+z-6=0.
Thay toa ¢ diém B vao phuong trinh mét phang (ADC)ta dugc 2.2+3+1-6=0 v0 ly. Vay B
khong thuoc mét phang (ADC).

cos CAD = ADAC _ -6 — CAD ~157,8°
AD.AC /42
Mat khac < cosCAE = AEAC _ 12 = CAE ~ 45,6°
AEAC 746
cos DAE = AD.AE _1 — DAE ~112,2°
AD.AE 7

= CAE + DAE = CAD = Tt gi4c qua bdn diém A,C,D,E latu giac 16i ACED.

D
Do d6 hinh chép co dinh 12 B va mat day 1a tir giac 16i ACED.

Taco h=d(B,(ACED))=

=
¢ S, = SACE+SADE—%‘[ —]%‘ AD,AE]:M@
® VB.ACED ; ACED * ( (ACED)) %4\/616=§

Trong khong gian Oxyz cho hai ba diem A(3;1,0);B(0;-3;0);C(-113).Goi I (a;b;c)la tam
dudng tron noi tiép cia AABC . Gid tri ciia biéu thuc T = a+b+c nam trong khoang nao dudi day

A. (0;1) B. (gzj

C. 1;§ . D. (2:4).

(3] (2.4
Loi gidi
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D
C

K ning phan giac cho ta cach xac dinh toa do diém D Giao la chan dudng phan giac cua géc BAC
. Puoc xac dinh la

Tuong ty, tim duong tron nop tiép | lai 1a chan duong duong phan giac cua goc ABD

J26

TaCé BA:5, BD:T

IA.ID = IA ID = 5+3J26 -10+26 15 N
> —+—=0—+—=0=>1 : ; :(a,b,c).
BA BD 5 26 10++/26 ' 10++/26 '10++/26

Vay T=a+b+c= 426 z1,35€(1'§].

10++/26 ‘2

Trong khdng gian Oxyz, tap hop céc diém théa man |x|+|y|+|z|<2 va |x—2|+|y|+|z]<2 1a

mot khéi da dién c6 thé tich bang

4
A. 3 B. —.
3
C.2. D. 8.
3
Loi gidi
Phwong phap
T c4c gia thiét da cho, x4c dinh cac diém dau mat. Tinh thé tich.

ZA

B 1

CO 0<|x|+|y|+|z] <2 va 0<|x—2|+|y|+|z|< 2 nén tim cac diém dau mut.
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X|+]y|+|z|=0=>x=y=2=0=0(0;0;0)

|x—2|+|y|+|z7|=0=x=2,y=2=0= A(2;0;0)

[X+[yl+[2|=2

=X =[x-2|<x=2-x<x=1

Xét h¢ phuong trinh
{|x_2|+|y|+|z|:2

y=0z=41

y=+17=0 = B(l;O;l), B'(1;0;—1),(:(]_;1;0)’C'(1;_1;0)

:>|y|+|z|:1:{
Dung hinh suy ra tap hop cac diém thoa mén 1a bat dién B.OCAC'.B'
Tacé OB =~/ +1°> =+/2, do d6 hinh bat dién déu B.OCAC".B' c6 canh bing ~/2
3
(2] V2 4

Vay thé tich cua bat dién déu la V = 3

caus |

Trong khong gian véi hé toa do Oxyz tap hop céc diém M (x;y;z) thoda man |x|+|y|+|z|=3

la mot hinh da dién (H ). Tinh thé tich cua khoi da dién tao bsi (H)

A 3 B.

C. 2. D.

wloo w|h~

Lot gidi
[X+y+z=3
X+y+z2=-3
X+y—-z=3

X+y—-z=-3

Theo gia thiét taco |x|+|y|+|z|=3 < = 8 mit phang chira cac mat cua mot hinh bét

X—y+z=3
X—y+z=3
-X+y+2=3

| —X+y+z=-3
dién déu c6 do dai canh a=32.
3
22 _(32) 2

Vay thé tich caa hinh can tinh 1a V = R 36

3
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&
Ly thuyét vé phuong trinh

dudng thang

Tom tét noi dung
Tiép sau chuong dau tién, trong cic chuong sau nay chudng fa sé di fim hiéu vé ly

thuyét vé cac ddi tuong do 1a duong thang, mat phang, mat cau va méi lién hé gita
chung. Ta sé bat dau vai ly thuyét vé phuong trinh dudng thang.

S

A. CAC KIEN THUC CAN NHO.
. Géc gita hai dudng thdng.

Cho duong thang d 6 vicp u =(a;b;c) va duong thang d* ¢ vicp u'=(a’;bc").
Goi ¢ 1a goc gitra hai duong thang do ta c6:

u.u' . L,
coso = _ laa'+bb'+cc’| (OS(pSQOO)
dllgl VaZ+b?+c?a?+b?+c?

Il. Goc gita dudng thdng véi mat phdng.

Cho dwong thang d 6 vicp u =(a;b;c) va mat phang () ¢6 vipt n=(A;B;C).
Goi ¢ la goc hop boi duong thang d va mat phang (o) ta co:

sin u.n |Aa+Bb+Cc|
(P: =
dllnl VA2 +BZ+C?2Aa? +b2+c?

lll. Khodng cach to diém M, (x;y,;2,) dén dudng thdng A cé vicp u.

e Cachl.
+ Viét phuong trinh mat phang (o) qua M, va vudng goc véi A.
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+ Tim toa do giao diém H ciia A va mat phang (o) = d (M;A)=M,H .

e [MMo]
e Céch 2. Sir dung cong thuc: d(Ml,A):T(vol M,eA)

IV. Khodng céach gitra hai dudng thdng chéo nhau.

Cho hai duong thang chéo nhau A di qua M, (X,; Yy Z,), €O Vicp U va duong thang A' di qua

M (X'o;y'e:2'), covicp u'.
e Cachl
+ Viét phuong trinh mat phang (o) chira A va song song véi A'.
+ Tinh khoang cach tir M, dén mat phang (o) =d(A,A")=d (M, (a)).

‘[G,J’].MOM(',

[u7]

e Céch 2. Str dung cong thirc: d (A,A") =

V. Phuong trinh dudng phén giac trong.

Pay 1a mot dang todn maéi xuét hién trong ki thi THPT Quédc Gia 2018 va da lam bao nhiéu trai tim
tan v& , hém nay ching ta ngdi day va nhéc lai né mét lan nira.
Xét tam giac ABC, khi d6 duong phan giac trong goc A c6 vécto chi phuong la

=1 AB+- 1 AC
AB AC
Va nguoc lai duwong phan giac ngoai cua goc A cé vecto chi phuong 1a
G- L AB- L AC
AB AC

Péi voi hinh thoi ABCD canh a tacé AC =a L AB+LAD)
AB AD

B. CAC DANG TOAN.

Dang 1. Viét phuong trinh dudng thang A di qua hai diém phan biét A, B .

Céach gidgi: Xac dinh vecto chi phuong cta A 12 AB .

Dang 2. Puong thang A di qua diém M va song song véi d .

Céch gidi:

Trong truong hop dac biét:
o Néu A song song hoic tring béi truc Ox thi A c6 vecto chi phuong 14 a, =i = (10;0)
e Néu A song song hoic tring béi truc Oy thi A c6 vecto chi phuong 14 a, = j = (0;1,0)

o Néu A song song hoic tring béi truc Oz thi A ¢6 vecto chi phuong 1a a, =k =(0;1,0)

Cac truong hop khéc thi A ¢ vecto chi phuong 1a a, =a, , véi a, 1a vecto chi phuong cua d
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Dang 3. Viét phuong trinh duong thang A di qua diém M va vudng goc véi mét phang (a).
Cach gidgi: Xac dinh vecto chi phuong ctia A 12 a, =n_, véi n, 1a vecto phap tuyén cia (a).
Dang 4. Viét phuong trinh duong thang A di qua diém M va vuéng goc véi hai dwong thang d,,d,
(hai duong thang khong cting phuong).
Céch gidi: Xéc dinh vecto chi phuong cua A 14 a, = [a,a:] ,V6i a,,a, lan luot 14 vecto chi phuong
cua d,,d,.
Dang 5. Viét phuong trinh duong thang A di qua diém M vubng goc véi duong thang d va song
song véi mét phang ().
Céch gidi: Xac dinh vecto chi phwong cia A la i = [E,E] , Vi a, 1a vecto chi phuong cua d
n, 1a vecto phap tuyén cua (a).
Dang 6. Viét phuong trinh duong thang A di qua diém A va song song véi hai mat phang («),(3)
; ((«),(B) 1ahai mt phang cat nhau)
Cach gidgi: Xac dinh vecto chi phuong cua A la i = [nj,n?], Voi E,@ lan luot 13 vecto phap
tuyén cta («),(8).
Dang 7. Viét phuong trinh duong thang A 14 giao tuyén cua hai mat phang () va ().
Cach gidi:

e Lay mot diém bat ki trén A , bang cach cho mét an bang mot sé tly Y.

e Xac dinh vecto chi phuong cua A la i = [nj,n?] , VO E,@ lan luot 13 vecto phép tuyén

cua (a),(f).

Dang 8. Viét phuong trinh duong thing A di qua diém A va cit hai duong thang
d,,d,(Aed,Aed,).
Cach gidi: Xac dinh vecto chi phuong cua A la i = [nj, nj] , VoI ni, n? lan luot 14 vecto phap tuyén
cua mp(A.d,),mp(Ad,).
Dang 9. Viét phuong trinh dudng thang A nam trong mat phang (e) va cét hai dwong thang d,,d,

Cach gidgi: Xac dinh vecto chi phuong cia A 13 a, = AB, véi A=d,n(a),B=d,n(a)
Dang 10. Viét phuong trinh duong thang A di qua diém A, vudng goc va cit d .
Céch gidi:
e Xacdinh B=ANd.
e Viét phuong trinh duong thang A di qua A,B.
Dang 11. Viét phuong trinh duong thang A di qua diém A, vudng goc véi d, vacit d,, véi Agd,

Céch gidi:
e Xacdinh B=AnNd,.

e Viét phuong trinh duong thang A di qua A,B.
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Dang 12. Viét phuong trinh dwong thang A di qua diém A, cit duong thang d va song song véi
mat phang («).
Cach gidi:

e Xacdinh B=ANd.

e Viét phuong trinh duong thang A di qua A,B.
Dang 13. Viét phuong trinh dudng thang A nam trong mét phang (er) cét va vudng goe duong thang
d.
Cach gidi:

e Xicdinh A=dn(a).

e Duong thing A di qua A va c6 vecto chi phuong ciia A 14 a, = [i,@] véi a, la vecto

chi phuong ciia d , n, 1a vecto phap tuyén ciia (a).
Dang 14. Viét phuong trinh dudng thang A di qua giao diém A cua duodng thang d va mit phang
(a), namtrong (@) va vudng géc duong thang d (¢ day d khdng vudng goc véi (a)) .
Céch gidi:
e Xicdinh A=dn(a).
e Duong thing A di qua A va co vecto chi phuong cua A 12 a, = [E,E] ,Véi a, 1a vecto

chi phuong ciia d , n, 1a vecto phap tuyén ciia (a).
Dang 15. Viét phuong trinh dudng thang A 1a duong vudng géc chung cua hai dudng thang chéo
nhau d,,d,.
Céch giai:
AB Ld;
BLld,
e Viét phuong trinh duong thang A di qua hai diém A, B.
Dang 16. Viét phuong trinh dudng thiang A song song véi dudng thang d va cat ca hai dudng thang
d,,d,.
Céach gidi:
e Xacdinh A=And,,B=And, sao cho AB,a, cing phuong, vdi a, 1a vecto chi phuong

e Xacdinh A=And,,B=And, sao cho {

cua d.
e Viét phuong trinh duong thang A di qua diém Ava c6 vecto chi phuong i = aj .
Dang 17. Viét phuong trinh duong thang A vudng gdc véi mat phang (a) va cit ca hai duong thiang
d,.d,.
Céch gidi:
e Xac dinh A=And,,B=And, sao cho E,E cung phuong, voi E 1a vecto phap tuyén
cua (a).
e Viét phuong trinh duong thang A di qua diém Ava c6 vecto chi phuong i = E .
Dang 18. Viét phuong trinh A 13 hinh chiéu vudng goc cua d 1én mét phing («).

Céch gidi : Xac dinh H € A sao cho AH L a, ,véi a, 1a vecto chi phuong cua d .
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e Viét phuong trinh mét phang () cha d va vudng goc véi mat phang (a).
e Viét phuong trinh duong thang A 1a giao tuyén cua hai mt phing () va ()
Dang 19. Viét phuong trinh A 14 hinh chiéu song song ciia d 18n mét phang (e) theo phuong d'

Cach gidi :
e Viét phuong trinh mt phang (3) chira d va co thm mét véc to chi phuong Uy .

e Viét phuong trinh duong thang A 1a giao tuyén ciia hai mt phang («) va ().

CAC BAI TOAN MINH HOA
Trong khong gian voéi hé toa do Oxyz cho hai diem A(0;0;-3),B(2;0;-1) va mat phing
(P):3x-8y+7z-1=0.

a) Viét phuong trinh duong thang d di qua A va vudng goc véi (P).

b) Tim toa d¢ giao diém | cua duong thang AB véi mat phang (P).

c) Tim toa d diém C nam trén mat phang (P) sao cho AABC la tam gidc déu.
d) Tim diém M c6 hoanh d6 bing 1 sao cho AM +BM dat gia tri nho nhét.

e) Timdiém N thudc mat phang (P) sao cho AN?+BN? dat gia tri nho nhét

Loi gidi
a) (P):3x—8y+7z-1=0=(P) ¢6 1 VTPT la n=(3,-8;7)
Do d L (P)=d nhan n=(3;-8;7) lam VTCP.

X =3t
Duong thang d di qua A(0;0;-3), c6 1 VTCP 1a (3;-8;7), c6 phuong trinh: < y = -8t
z=-3+Tt
b) Taco: AB(2;0;2)=> Duong thang AB ¢6 1 VTCP la (10;1)
Xx=t
Duong thang AB di qua A(0;0;-3), c6 1 VTCP Ia (10;1), c6 phuong trinh: <y =0 |l e AB=
z=-3+t

Gia sir toa do diem | (t;0;-3+t)

I e(P):>3.t—8.0+7(—3+t)—1:O<:>10t—22:O<:>t:131 =1 (1—;;0;—%).

c) AABC la tam gidc déu = CA=CB = C nam trén mit phang (Q), 1a mat phang trung truc cua

AB

Ma Ce(P)=CeA=(P)n(Q)

Goi J la trung diém cua AB= J (1,0;-2)

Mt phiang (Q) diqua J(1;,0;-2) vaco 1 VTPT la nj =(10;1) c6 phuong trinh la:
1(x-1)+0+1(z+2)=0<= x+2+1=0
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{3x—8y+72—1:0

) e
X+7+1=0 COlVTCP”—I-[n,nJ—(Z, 1,-2)

Cho X=O:{—8y+7z—1=0©{y=—l =N(0;-L-1)eA
z+1=0 z=-1
X=2t
Phuong trinh duong thang A:Jy=-1—t
z=-1-2t

Do CeA= Giasiy C(2t;-1-t;-1-2t)

Khi d6, AABC 1a tam gidc déu khi AC = AB < AC? = AB?
t=1
& (2t) +(1+t) +(2-2t) =22+ 0*+ 22 = 9t* -6t -3=0 = 1.

Véi t=1=C(2-2-3).

Vi t:—%:C(—g;—z;—E].

d) M c6 hoanh o bang 1 = M e(a):x=1

Ta thay A(0;0;-3) va B(2;0;-1) nam ¢ hai phia so véi mét phang (o). Khi d6, goi giao diém cua
doan thang AB véi (o) 1a M,

Taco AM +BM > AB, dau “=" xay ra khi va chi khi M tring M,
= (AM +BM ) __ = AB khi va chikhi M tring M,

mi

X=t
Taco Mye AB:{y=0  =Giastr M,(t;0;-3+t)
z=-3+t
M, e(a):x=1 =t=1=M,(1,0;,-2)
Vay, M (1,0;-2).

e) Taco: (3.0-8.0+7.(-3)-1)(3.2-8.0+7(-1)—-1)=(-22).(-2) >0
= A(0;0;-3) va B(2;0;-1) nim cung phia so véi mat phang (P):3x—8y+7z-1=0
— 2 —2 — s —\2 —  ——\2
Taco: AN2+BN2=AN" +BN :(AJ +JN) +(BJ +JN)
=EZ+2.E.N+N2+§2+2EW+NZ=AJZ+BJ2+2.(H+Q).N+2JN2
—AJ?+BJ?+20.IN+2IN’>=AJ?+BJ%+2IN?
Ma AJ =BJ =%; khong doi

= ANZ?+BN? dat gié tri nho nhat khi va chi khi JN nhé nhit
Goi H la hinh chiéu vudng goc cia J 1én (P). Buong thang IH c6 1 VTCP la (3;-8;7), di qua

X=1+3t
J(3,0;-2), c6 phuong trinh: | y = -8t
z2=-2+Tt
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Giasu H(1+3t;-8t;—2+7t),taco: H €(P)=3(1+3t)-8.(-8t)+7.(-2+7t)-1=0

S122t-12=0t=2 = H(lg;_is;_@]

61 (61 61 61
IN,,, =JH khi vachikhi N triing H(7—9 _48._ 80
61" 61 61

61 61 61

y+2 z

Cho hai diém A(1;4;2), B(~1;2;4), duong thang A:X—_ll = =5
a) Viét phuong trinh duong thang d di qua trong tim G cua tam giac OAB va vudng goc véi mat
phang (OAB).
b) Tim toa d6 diém M thudc duong thang A sao cho MA® + MB? nho nhét.
Loi gidgi
a) Do G latrong tdm cua tam giac OAB = G(0;2;2).
Taco: OA=(1;4;2),0B=(-12;4)= [ﬁ; @] =(12,-6;6).

Do duong thang d di qua trong tim G caa tam gidc OAB va vudng goc véi mat phang (OAB) =

duong thang d c6 vécto chi phuong 1a u = %[ﬁ,(ﬁ} =(2,-11).

X =2t
Taco d:{ y=2-t,teR
z=2+t
L ) Xx=1-t
b)A—:yL:E:A: y=-2+t,teR.
-1 1 2
z2=2t

Do M thudc duong thang A suy rata gia st M (1-t;—2+t;2t).
Taco: MA=(t;6-t;2-2t), MB=(-2+t;4—-t;4-2t).
MAZ + MB? =12t2 - 48t + 76 =12(t - 2)° +28>28.
D4u dang thic xay rakhi <t=2.
Suy ra M (-1,0;4).
Cho duong thang A, la giao ciia hai mat phang x—2y+z—4=0 va x+2y—2z+9=0. Buong

thing A2:X1_1=y12=2;1.

a) Viét phuong trinh mat phang (P) chira duong thang A, va song song véi duong thang A, .
b) Cho diém M (2;1;4) . Tim toa d6 diém H thudc duong thang A, sao cho doan thaing MH ¢c6
d6 dai nho nht.

Loi gidi
a) Do A, la giao cua hai mat phang x—2y+z-4=0 va x+2y—2z+9=0
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x:—§+m
2

Suyra A, : y=—?+3t,te]R.

=4t

Taco A, qua M (—2;—%;0) va cé VTCP u; =(2;3;4).

Taco A, qua N(42;1) vaco VTCP u, =(1,1;2)

Do mit phang (P) chira duong thang A, va song song véi duong thing A,

Suy ra VTPT cua mat phing (P) la n, = [uj@] =(2,0;-1).

Mit phing (P) qua M(—g;—%; jcéVTPT E=(2;0;—1):>(P):2x—z+5=0.
b) Pé MH c6 do dai nho nhat thi MH L A, .

Gia st H(1+t;2+t;1+2t) = MH = (-1+t;1+t; -3+ 2t).

Tacod MH.U2 =0 L. (1+1)+1.(-1+1)+2.(-3+2t) =0 =t =1= M (2;3;3)

[ Cau

Cho duong thang d :

x-1 y+3 z-
1 2

a) Tim toa d¢ diém | thudc dwong thang d sao cho khoang cach tir | dén mat phang (P) bang
2

b) Tim toa d¢ giao diém A cua duong thang d va mét phang (P). Viét phuong trinh tham sé cua

3 vamat phang (P):2x+y-2z+9=0

duong thang A ndm trong mat phang (P), biét A di qua A vavudng goc véi d .

Loi gidi
a)Tacd | ed = | =(1-t;-3+2t;3+t)
2(1-t -3+2t)-2(3+t)+9 - =
d(|,(P))=2<:> | ( )+( + ) ( + )+ |:2 <::>|2 2t|:2 <:>|:t 4
22 412 4 (-2)° t=-2

Véi t=4=1(-357)
Voi t=-2=1(3,-7;1).
b)DoAed = A=(1-t;—3+2t;3+t)
Ae(P) e 2(1-t)+(-3+2t)-2(3+1)+9=0c2-2t =0t =1 = A=(0;-1;4)
C6 n=(2;1,-2) la véc to phap tuyén caa mat phang (P).
u=(-12;1) la véc to chi phuong clia dudng thang d .
Goi Vv la véc to chi phuong cua duong thing d .

VivLn vavLlu nénchonv= [ﬁ;ﬁ] =(5;0;5) cung phuong véi véc to (1,0;1)
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X=t
Phuong trinh tham sé duong thang Ala { y=—-1

z=4+t
Cho duodng thang d:%:%:ilz va mat phing (P):x+y-2z+5=0va diem

A(L-12). Viét phuong trinh duong thang A cit d va (P) lan luot tai M,N sao cho A la

trung diém ciia doan thang MN .

Loi gidi

Do M ed= M =(-1+2t;t;2+t)

Xy =2X, — Xy =32t
Vi A la trung diém cua doan thang MN nén toa d6 diém N lasy, =2y, -y, =—-2—-t

Zy=22,—17, =2-t
Vi Ne(P)= 3-2t+(-2-1)-2(2-1)+5=0 = t=2 =M =(3,2,4) , AM =(2;3;2)
Puong thing Adi qua A vanhan AM 1am véc to chi phuong c6 phuong trinh la:

x-1 y+1 z-2

2 3 2
Cho duodng thang d : X%z = iz = ZTJ“O’ mit phang (P): 2x+y—2z-1=0. Timtoa d¢ giao diém
cua d va (P). Viét phuong trinh mat phang chira d va vudng goc véi (P).
Lot gidi
X=2+t
Phuong trinh tham sb cia duong thang d : {y=-2t (teR).
z=-3+3t

Goi M =d N (P). Toa dd diém M 1a nghiém cua h¢ phuong trinh:

t=2
X=2+t 2
z=-3+3t x=Z 7 3
& 2 =>M|—;-3,—|.
y=-2t y=-3 2 2
2X+y—-2z-1=0
=

3
2
Goi (Q) la mat phang chira d va vudng goc véi (P).
Puong thang d c6 vecto chi phuong G:(l;—2;3), (P) c¢6 vecto phap tuyén ﬁ=(2;1;—2). Goi

Ny L u

chon n(o) = ﬁ,ﬁ =(1;8;5).
fo L @ =|u,n|=(1;8;5)

ﬁ(Q) la vecto phap tuyén cua (Q). Khi d(’){

Tacod A(2,0,-3)ed = Ae(Q).
Phuong trinh m3t phang (Q) di qua diém A(2;0;-3) va c6 vecto phap tuyén nq) =(18;5) la
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1.(x—2)+8(y—0)+5(z+3)=0= x+8y+5z+13=0.

Cho dudng thing d : XT_l - VT” - il va diém A(1;0;—1). Viét phuong trinh mit phang qua A
va vudng goc véi d . Tim toa do hinh chiéu vubng goc cua A trén d .

Léi gidi
Duong thing d c6 vecto chi phuong U =(2;2;-1). Goi (P) 1a mat phang qua A va vudng géc véi
d. (P)Ld,chon n=u=(2;2;-1) 1 vecto phap tuyén cua (P).
Phuong trinh mét phang (P): 2(x-1)+2(y—-0)-1.(z+1)=0=2x+2y-z-3=0.

Xx=1+2t
Phuong trinh tham sb cua duong thang d : {y=-1+2t (teR).
z=—t

Goi H hinh chiéu vudng goc ciia A trén d = H ed = H (1+2t;-1+2t;—t)

AH =(2t;-1+2t;1-t). Taco mJ_G:m.G=0<:>4t+2(2t—1)—(1—t)=0<:>t=%.

Vay H(i—l;—l}
3 3 3

Cho duong thing d :XT_1=V—+11=§ va hai diém A(L;-1;2), B(2:-1;0). Xéc dinh toa do M
thuoc d sao cho tam giac ABM vuéng tai M .

Lot gidi
biém M thudc duong thing d :XT_1=y—+1=%:> M (1+2t;-1-t;t).

Vecto AM (2t;-t;t—2), BM (2t-1;-t;t).

Tam giac ABM vudng tai M < AM L BM < AM.BM =0
t =
& 2t(2t-1)+(-t) +(t-2)t=0= 6’ 4t =0 =

wlin O

+V6i t=0=M(L-10).
+ V6i tz% =M (Z—§Ej
Vay c¢6 hai diém M thoa mén yéu cau bai toan.

Cho mat phang (P): x—y+2z-3=0 va hai diémA(L;-2;1), B(2;1;3). Viét phuong trinh

duong thang AB va tim toa do giao diém cua duong thang AB véi mat phang (P).

Loi gidgi
Taco A(1;-2;1), B(2;1;3) :E(l;B;Z).
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Puong thing AB co véc to chi phuong AB = (1;3;2)va di qua diem A(1;-2;1) c6 phuong trinh

x=1+t
tham s 1a: {y = —2+3t.
z=1+2t

Toa do giao diem | ciia duong thang AB véi mat phang (P) 1a nghiém cua hé phuong trinh

Xx=1+t
Y=arst o gt (243t 2(1+2t)-3=0
z=1+2t
X—y+2z-3=0
x=0
o2A=-2ot=-1=1y=-5=1(0;,-5-1).
z=-1

Vay toa do giao diém cia duong thang AB véi mat phang (P) 1a 1(0;-5;-1).

Cho diém A(1;2;3) va hai dudng thang d, :

X-2 y+2 7-3 q x=1 y-1 z+1
-1 17t a1 2 1
a) Tim toa do diém A’ ddi ximg véi diém A qua duong thang d, .

b) Viét phuong trinh duong thang A di qua A, vudng goc voi d, va cat d,

Lot gidi
a) Mat phang () di quaA(1;2;3) va vudng géc véi d, c6 phuong trinh la:
2(x-1)—(y-2)+(z-3)=0<2x-y+2-3=0

Toa do giao diém H cua d, va (a) la nghiém cua hé:

Xx-2 y+2 -3 x=0

2 -1 1 ©1y=-1=H(0;-12)
2x-y+2-3=0 7=2

Vi A' d6i ximg v6i A qua d, nén H 14 trung diém cia AA’ = A'(-1;-4;1)
b) Vi A diqua A vudng goc véi d, vacét d,, nén A di qua giao diém B cua d, va ()
Toa do giao diém B cua d, va (a) la nghiém cua hé:

x-1 y-1 z+1 |X=2

-1 2 1 ©1y=-1=B(2;-1;,-2)
2X—-y+2-3=0 7=-2

Vecto chi phuong cia A la i=AB :(l;—3;—5).
x-1 y-2 z-3

Vay phuong trinh ciia A la 3 :
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Cho diém A(1;2;-1), mat phang (P): x—y+2z-5=0, duong thang d : X—_lzy—_llzi

a) Viét phuong trinh dwong thang d, di qua A, cat va vudng goc voi d .

b) Viét phuong trinh duong thang d, di qua A, cat d va song song véi (P).

c) Viét phuong trinh duong thang d, di qua A, cit d va mat phang (P) lan lugttai M, N sao
cho A 14 trung diém doan thang MN .

d) Viét phuong trinh dudng thang d, di qua A, cat d va mat phang (P) lan lugt tai M, N sao
cho 3AM = AN .

Léi gidi
Mat phang (P) di qua K (5;0;0) va c6 mét vec to phap tuyén la n, = (1;-1;2).
Dudng thing d di qua E(1;1;0) va cd mot vecto chi phuong 1a u =(-2;-1;-2).
Xx=1-2t
Puong thang d c6 phuong trinh tham s 1a {y=1—t (t la tham sb)
z=-2t
a) Viét phuong trinh duong thang d, di qua A, cat va vudng géc véi d .
Céch 1.
Goi H(1-2t;1-t;-2t) 1a giao diém cua duong thang d véi dudng thang d,. Vi duong thang d,

di qua A, cat va vubng goc véi d nén ta co

AH =(-2t;-1-t;1-2t) Lu < AHU=0 & —2(-2t)-1(-1-1)-2(1-2t) =0 <t :%.

2 10'7), nén u, =(-2;-10;7) la mot vecto chi phuong ciia duong thing d, .

Do d6 ﬁ:[——;——,—

9° 99
x-1 y-2 z+1
-2  -10 7

Vay d, c6 phuong trinh chinh tac Ia d, :

Céch 2.
Goi (Q) la mat phang chira A va d, khi 6 mat phang (Q) c6 mét vecto phap tuyén 13

ng =[ U AE | =(-3;2;2).
Puong thang d, nam trong mat phang (Q) cat va vudng goc véi d nén nd c6 mot vecto chi phuong

la E:[G;Q] =(2;10;-7).

x-1 y-2 z+1
10 -7
Nhén xét: Trong thuc hanh gidi toan trac nghiém ching ta chi can dung may tinh cam tay bam tric

Vay d, c6 phuong trinh chinh tic Ia d, :

tiép u, = [ﬁ;[ﬁ;ﬁﬂ cho ra ngay mér vec to chi phirong cua d, .
b) Viét phuong trinh duong thang d, di qua A, cat d va song song véi (P).
Céch 1.
Goi (Q) la mt phang chira A va d, khi ¢6 mat phang (Q) ¢6 mét vecto phap tuyén 13
ng =[ U AE | =(-3;2;2).
Vi d, di qua A, cit duong thang d nén d, =(Q).
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Vi d, <(Q) va d, //(P) nén d, co mot vecto chi phuong Ia u, = [ ng;ng | = (~6;-8;-1).

x=1 y-2 z+1
8 1

Do d6 d, c6 phuong trinh chinh tic la

Céch 2.
Goi H(1-2t;1-t;-2t) la giao diém ciia duong thang d voi dudng thang d,. Vi duong thang d,

song song véi mat phang (P)nén ta co
AH = (—2t;-1-t;1-2t) L n, < AH.n, =0 <> 1(~2t)~1(-1-t) +2(1-2t) =0 &> zg.

Do d6 m:[—g;—g;—%j, nén d, c6 mot vecto chi phuong 1a uj=(6;8;1).

x=1 y-2 z+1
8 1
c) Viét phuong trinh duong thang d, di qua A, cit d va mat phang (P) lan lugttai M, N sao cho

Do d6 d, c6 phuong trinh chinh tic la

A 1a trung diém doan thang MN .

Cach 1.

Vi M =d,nd néntoadd diém M c6 dang M (1-2t;1-t;-2t).

Vi A 14 trung diém cia doan MN nén
Xy = 2X, — Xy, Xy =1+2t
Yo =2Ya—Yu ©3Yy =3+t < N(1+2t;3+t;-2+2t).
Z, =22,—1,, z, =—2+2t

Vi N =d, n(P) néntoa dd diém N théa man phuong trinh mat phang (P), do d6

1+2t—(3+t)+2(—2+2t)—5=0<:>t:1—51.

Khi d6 AM :(_2_52;_%_%)’ nén d, c6 mot vecto chi phuong 1a u: =(22;16;17).

x=1 y-2 z+1

Vay d. c6 phuong trinh chinh tic la
ay d; cop g trinh chinh ta 16 17

Cach 2.
Vi M =d,nd néntoado diém M c6 dang M (1-2t;1-t;-2t).
Goi (P’) 1a mat phiang d6i xang véi (P) qua A.
Liy B(x;y;z) ladiémtay y trén (P), goi B'(x’;y’;2) la diém ddi xtng véi B qua A.
X=2X,—X'=2-X
Taco{y=2y,—-y'=4-y <B(2-x;4-y';-2-17').
1-2z,-171'=-2-17
Vi Be(P) néntacd (2—-x)—(4—-y')+2(-2-2')-5=0=x'-y'+27'+11=0  (*).
Vi B la diém tiy y trén (P) va B’ ddi xing véi B qua A ¢ toa do B’ thda man phuong trinh (*)
nén mat phang (P’) c6 phuong trinh 1a x—y +2z+11=0.
Vi N e(P), M ddixang véi N qua A nén M =d n(P’). Do dé taco
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11 (17_ 6 22j
5 5 5

(1-2t)—(1-t)+2(-2t)+11=0 <:>t:€ =M

Khi d6 AM :[—2—52;—§;—%), nén d, co mot vecto chi phuong 1a u, = (22;16;17).
x-1 y-2 z+1
T 16 17
d) Viét phuong trinh duong thang d, di qua A, cat d vamat phang (P) lan luot tai M, N sao cho
3AM = AN .
Vi M =d, nd néntoadd diém M codang M (1-2t;1-t;—2t) = AM = (-2t;-1—-t;1-2t).

Xét hai truong hop sau:

Vay d, c6 phuong trinh chinh tac 1a

Trwong hop 1: 3AM = AN

Xy —1=3(-2t) X, =1-6t
Sy, —2=3(-1-t) &1y, =-1-3t & N(1-6t;-1-3t;2-6t).
zy +1=3(1-2t) z, =2-6t
Vi N €(P) néntaco
(1-6t)—(-1-3t)+2(2-6t)-5=0 ot=t :m:[_i;_ﬁ;ﬁj
15 15 1515
Do d6 d, c6 mot vecto chi phuong 1a uj=(2;16;—13).
Vay d, c6 phuong trinh chinh tic 1a X2—1 = y1_62 = Z_Jlr;
Trwong hep 2: —3AM = AN
X, —1=-3(-2t) X, =1+6t
Sy —2=-3(-1-t) &1y, =5+3t < N(1+6t;5+3t;—4+6t).
7y +1=-3(1-2t) Zy = —4+6t
Vi N €(P) néntaco
(1+6t)—(5+3t)+2(-4+6t)-5=0 <:>t:E :mz(—%;—%;—gj
15 15 15 15

Do d6 d, ¢6 mt vecto chi phuong 1a u, = (34;32;19).
x=1 y-2 z+1

32 19
Két lugn: C6 hai truong hop cua duong thang d, 1a

Vay d, c6 phuong trinh chinh tic 1a

x-1 y-2 z+1, _ x-1 y-2 z+1
2 16 -13 34 32 19

y-1 z+1

Cho diém A(0;1;2) va hai duong thing d,: X=Y—1_2*1 g . XxZ1_y+l_2-2
21 1 1 2 1

a) Viét phuong trinh mt phang (P) qua A, dong thai song song véi d, va d, .
b) Tim toa do cac diém M thudc d,, N thugc d, sao cho ba diém A,M,N thing hang
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Loi gidi

a) Taco u, =(2;1;,-1), u, =(1,-2;1) lAVTCP cua d, va d,.
Cé [Jl;@]:(—l;—B;—S)
Mit phang (P) song song véi d, va d, = n, =(L3;5).
Phuong trinh (P) 1a: 1(x—0)+3(y—-1)+5(z2-2)=0< x+3y+5z-13=0.
Vay phuong trinh (P): x+3y+5z-13=0.
b) M ed, = M (2m;1+m;-1-m);N ed, = N (1+n;-1-2n;2+n).
Pé ba diém A M,N thing hang < AM =k AN (k;«to;m;ﬁﬁ)

< (2m;m;-3-m)=k(1+n;-2-2n;n)

2m=k(1+n) k=3

o im=k(-2-2n)<=n=-1 (TM)
-3-m=kn m=0

Vay M (0;1-1),N(0;11).

X+1 y z-3

Cho diém A(L2;3) va duong thang d : i Viét phuong trinh duong thang A di

qua A, vudng goc véi duong thang d va cit truc Oz .

Lot gidi
Duong thang A cat truc Oz tai B(0;0;b) = BA=(12;3-b) la VTCP cua duong thang A .
Vi Ald e BAU, =0 2+2-2(3-b)=0<b=1=BA=(12;2).

x-1 y-2 z-3

Vay phuong trinh A 1a d: 5 >

Cho céc diém A(2;1,0), B(L2;2), C(L10) va (P):x+y+z—-20=0. Xac dinh toa do diém D

thuoc duong thang AB sao cho dudng thang CD song song véi mét phang (P)

Lo gidi

X=2-t

Tacoé AB=(-1 1 2) Phuong trinh dudng thang AB 1a: {y =1+t.
z=2t

Diém D thuge duong thang AB nén D(2-t, 1+t, 2t) = CD =(1-t, t, 2t).
Puong thing CD song song véi mit phing (P) = CD J_@

=1-t+ t+ 2t:0<:>t:_—1:>D E; 1; -1].
2 2 2

51
Vay D| =;=:-1].
ay (22 j
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| Hinh hoc gidi tich khéng gian Oxyz

| Cauls_
x-1 y+1 z X o y-1 z+1
2

Cho diém A(L-2;1) va hai dudng thang d, : =~ = =
-1 -3 -1 2 1
a) Viét phuong trinh dwong thang d, di qua A cét hai duong thang d,, d,.

b) Viét phuong trinh duong thang d, di qua A cat d, va vudng goc vai d,.

LI N A S

Loi gidi
a) Goi giao diém cua duong thang d, véi hai duong thang d,, d, lan luot 1a M, N.
Tacé: M (1-t,—1+2t,-3t), N(-u,1+2u,—1+u)

= AM =(-t,2t+1,-3t-1), AN =(-u—-1, 2u+3,u-2)

1
—t=k(-u-1) ~t+ku+k=0 tZE

Cé AM,N thang hang nén =12t +1=k(2u+3) << 2t—2ku -3k =-1< 1k =1
—3t—1:k(u—2) —3t—ku+2k=1 ku=—%

:>W=(—1, 2, _—5j :l(_1;4;_5)
2 2 2

Phuong trinh duong thang d, di qua A c6 VTCP u, =(-1,4;-5) la:

x-1 y+2 z-1

1 4 5
b) Goi giao diém ciia duong thang d, véi duong thang d, 1a M.
Taco: M (1-t,-1+2t,-3t), AM =(-t,2t+1,-3t 1)
d, cO VTCP Ia u, = (-12;1).
d, Ld, = AM.U, =0 =t :—% :m=(%;0;%j=%(1;0;1).
X=1+v

Phuong trinh duong thang d, di qua A c¢6 VTCP u, =(1,0;1) la: {y=-2 .

z=1+v

Cho diém A(—4;-2;4) va dudng thang d : X;rg _y-1_ztl

-1
diqua A , catvavudng goc voi d

. Viét phuong trinh duong thing A

Léi gidi
Duong thang d c¢6 VTCP u(2;-14)
X=-3+2t
Goi M=And .Tac6 Med:iy=1-t = M (-3+2t;1-t;—-1+4t).
z=-1+4t
CO AM (1+2t;3—t;-5+4t).
Taco ALd < AMU=0<2(1+2t)—(3-t)+4(-5+4t)=0t=1

AM =(3;2;-1) nén phuong trinh duong thang A di qua A va nhan AM 1am VTCP Ia;
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X=-443t
y=-2+2t.
z=4-t

Cho mit phang (P):2x+3y—z-7=0 va A(3;5;0). Viét phuong trinh duong thang d di qua A

va vudng goc véi mat phang (P) . Tim toa d diém doi xing cua A qua (P) .

Loi gidi
Mat phang (P)cé VTPT n(2;3;-1) .
Do d diqua A vavudng goc véi mat phang (P)nén d nhan n(2;3;-1) 1a VTCP.
X=3+2t
Phuong trinh duong thang d 1a {y =5+3t.
z=—t

Toa do hinh chiéu H cua A 1én (P) langhiém (x;y;z) cua hé

=5+3t =2
J =177 S HE2).

2Xx+3y—-z-7=0 t=-1
Goi A'(x’;y'z") 1a diém ddi xing ctia A qua (P), suy ra H la trung diém cia AA’
Vay A'(-1-12) .

[ Cau 13

Cho duodng thing A:

x+1 y-2 z-3

-2 1 3
duong thang d di qua A , vudng goc voi hai duong thaing AB va A .

va hai diém A(l;—l;l) : B(—l; 2;3) . Viét phuong trinh

Lot gidi
Taco AB=(-2;3;2).
Vecto chi phuong cia duong thing A: u=(-2;1;3) .
Do duong thang d vudng goc voi hai duong thang AB va A nén d co vecto chi phuong 13
Vz[ﬁ;ﬁ] =(7;2;4).

Mait khac d diqua A. Vay phuong trinh d 14 :X_l= y+l_ Z_l.

Cho mit phang (P):x+y+2-1=0 va hai diém A(-1;—1;—2), B(0;1;1). Tim toa do hinh chiéu

7 2 4

vudng goc ciia A trén (P). Viét phuong trinh mat phiang di qua A, B va vudng goc véi (P).

Lot gidi
Goi H 1a hinh chiéu vuong goc ctia A trén (P).
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Ta co n=(1;1;1)1a vecto phap tuyén cia mt phang (P). AH L(P) nén dudng thang d qua A, H

X==1+t
c6 phuong trinh la: {y=-1+t .Do Hed < H (t—l;t—l;t—Z).
7=-2+t

Ma H e(P) <:>t—1+t—1+t—2—1:0<:>3t—5:0<:>t:2 Suy ra H(

oolr\J
ooll\J

3

3

Goi (Q) 1a mit phang di qua A,B va vudng géc véi (P).

Taco AB=(1;2;3) va n=(1;1;1).

Do d6 vecto phap tuyén ctia mat phang (Q) 1a: J‘z[ﬁ;a]:(—l;Z;—l) :

Phuong trinh mit phang (Q) 12 (x+1)-2(y+1)+(z+2)=0<x—2y+2+1=0 .
1

Cho diém A(2;5;3) va duong thing d : % = % =

z2-2

2

a) Tim toa do hinh chiéu vuéng goc caa diém A trén duong thiang d .

b) Viét phuong trinh mit phang () chira d sao cho khoang cach tir A dén (&) 16n nhat

Loi gidi
X=1+2t
a) PTTSchad: qy=t teR
z2=2+2t

Goi H 1a hinh chiéu vudng géc cua diém A trén duong thang d .
Hed o H(1+26t2+2t), AH (2t -Lt-5;2t-1).

Duong thang d ¢ VTCP u=(2;1,2).

AH Ld < AHU=0 < 2(2t-1)+1(t-5)+2(2t-1)=0=t=1 = H (3,1,4).
b) Goi K 14 hinh chiéu vudng géc cia A 1én mit phang («).
Taco d(A(a))=AK <AH =32 = maxd (A, (a))=3V2, dat dugc khi K=H .
Khi d6 mat phang («) di qua H vanhan AH =(L-4;1) lam VTPT,
Phuong trinh mét phang («): 1(x-3)—4(y-1)+1(z—-4)=0 < x-4y+z-3=0.

Cho dudng thang A: X12 yzlzil va mit phiang (P):x+ y+z-3=0. Goi | 1a giao diém
cia A va (P). Tim toa d6 diém M thudc (P) sao cho MI vudng goc véi A va Ml =414
Loi gidi
) . X=2+t
Taco AX2-YE2_Z A dy—_1-2t
1 - -1 _—

Vi | 1a giao diémciia A va (P), l e A= I (2+t;-1-2t;-t),
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Ma | e(P):> Toa d6 diém | thoa man phuong trinh: 2+t-1-2t-t-3=0 < -2t =2 t=-1.
Suyra 1(311).
Goi M (a;b;c) = MI =(1-a;1-b;1-c).
Vi M thudc (P) = a+b+c-3=0(1)
Vi MI vudng géc véi A = MI Lu, = Ml.u, =0
o1(1-a)-2(1-b)-1(1-c)=0=a-2b—c+2=0(2)
Vi Ml =414 & MI? =224 & (a-1)" +(b-1)" +(c-1)" =224  (3)
Tu (1);(2)va(3) tacéd hé phuong trinh:
a+b+c-3=0 b=2a-1
a-2b-c+2=0 <4 c=-3a+4
(a-1)"+(b-1)°+(c-1)" =224 |(a-1)"+(2a-2) +(-3a-3)" =224

b=2a-1 b=2a-1
<<c=-3a+4 <<c=-3a+4.
14a®> —28a-210=0 a=5
a=-3
. b=9
Véi a=5=7 l:>M(5;9;—11).
, b=-7
Voi a=-3= :>M(—3;—7;13).
c=13

Vay M (5;9;-11) hoic M (-3;-7;13).

Cho duong thang A:

X+2 y-1 z+5
B

thudc A sao cho tam giac MAB c6 dién tich bang 3\5.

Loi gidi

va hai diém A(-2;1;1), B(-3;-1;2). Tim diém M

Taco M eA= M (-2+t;1+3t;-5-2t ), AM =(t;3t;-6-2t ), AB=(-1;-2;1).
S, =3\/§@%‘[m;ﬁ ] =35 < (t+12)° +(t+6) +t* =180

t=0

t=-12

Vay M (-2;1;-5) hoic M (-14;-35;19) théa yéu cau bai toan.

x-1 y+1 z |

Cho duong thang A : - =- -7 vahai diem A(L-12), B(2;-10). Tim toa d6 diém M

<:>t2+12t:0<:>[

thudc duong thing A sao cho tam giac AMB vuéng tai M .
Loi gidi
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X=1+2t

Phuong trinh tham s clia duong thang A : {y =-1—t .Goi M (1+2t;-1-t;t) € A.
z=t

Khi d6 ta c6 MA(=2t;t;2—t); MB(1-2t;t;-t)

Tam gidc MAB vubng tai M nén ta co

MAMB =0 < —2t(1-2t)+t* +t(t-2) =0 < 6t — 4t =0 =

wln O

V6i t=0= M (1,-10) .
Vi tzgzM(Z;_—s;gj.
3 3 33
Vay M (3-10) hoic M Z_—SE .
3 3 3

Cho diém A(L-10) va mat phang (P):2x—2y+z-1=0. Viét phuong trinh tham sé ctia duong

thang di qua Ava vudng goc véi (P). Tim toa d6 diém M (P) sao cho AM vudng gdc véi OA

va d6 dai doan AM béng ba lan khoang cach tir A d@én (P).

Lot gidi
x=1+2t
Phuong trinh tham s6 cua duong thang A di qua Ava vudng goc véi (P)la (A) @ <y =-1-2t
z=t

_ |2+2+0-1
) 22+(—2)2+12
.Suyra AM =3 (1).

Goi M(a;b;c)e(P)=2a-2b+c-1=0 (2).

Lai c6 OA(L-10); AM (a-Lb+1c) ma AM vudng goc véiOA nén

Taco d(A(P))

=1. Do d6 dai doan AM bang ba lan khoang cach tir A dén (P)

OAAM =0<a-1-b-1=0<b=a-2 (3)
b=a-2
2a—2b+c-1=0
Khi d6 M (a;a—2;-3)

Tir (2);(3) taco hé{ =2a-2(a-2)+c-1=0<c=-3

AM =3 < J(a-1)’ +(a-1) +9* =3 a-1=0ca=1.
Vay M (1-1,-3).

Cho dudng thang A : g = yT—l = % . Xéc dinh toa ¢ diém M trén truc hoanh sao cho khoang cach

tr M dn A bing OM

Loi gidi
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Duong thang A di qua diém A(0;10) va cd vecto chi phuong v =(2;1,2).
Do M thugc truc hoanh, nén M c6 toa do (x,0,0), suy ra: AM =(x;-1,0).

[wAv] _Joxraxes

Mood

:[V,m}:(Z;ZX;—x—Z).:d(M,A):
\V5x* +4x+8
3

Suy ra: M (-1,0;0)hoac M (2;0;0)

Tacé d(M,A)=0M < =|X < x*-x-2=0< x=-1hoac x=2.

Cho dudng thang A: 2 _36 =Y +21 = 272 3 didm A(L7;3).Viét phuong trinh mat phing (P) di
qua A vawvudng goc véi A . Xac dinh toa do diém M thudc A sao cho AM =24/30.

Loi gidi

Duong thing A ¢6 vecto chi phuong la v = (-3;-2;1).
Vi (P) qua A(L7;3)vanhan v 1am vecto phap tuyén, nén (P) c6 phuong trinh:

-3(x-1)-2(y-7)+(z-3)=0<=3x+2y-z-14=0
M thuéc A nén M (6—3t;—1-2t;—2+t).
Taco: AM =(5-3t;-8-2t;-5+t).

AM =24/30 & (5-3t)" +(-8-2t)" +(-5+t)° =120

S TtP-4t-3=0t=1 hoéct:—%.

Suy ra M (3;-3;-1) hoic M 5_1;_1;_£j
7 7 7

Cho mit phang (P): x-2y+2z-5=0 va hai diém A(-3;0;1) va B(L-13). Trong cac duong

thang di qua A vasong song véi (P), hay viét phuong trinh duong thing ma khoang cach tir B

dén duong thang do 1a nho nhat.

Loi gidi

Goi A la dwong thang can tim; A nam trong mat phang (Q) qua A va song song véi (P).
Phuong trinh (Q):x—2y+2z+1=0.
Goi K, H lan luot 12 hinh chiéu ciia B trén A, (Q).Tacé BK = BH nén AH la duong thang can
tim.

x-1 y+1 z-3
Toadd H=(x;y;z) theaman:{ 2 =~ —2 2 :>H=(— j

X-2y+2z+1=0

11

9 )

|-
|~
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— (26_11 2) x+3 y z-1

. Vay phuong trinh A —— =2 =——,
ay p g 26
Cau 28

Cho hai diém A(2;0;0), B(0;0;8) va diém C sao cho AC =(0;6;0). Tinh khoang c4ch tir trung
diém | cua BC dén duong thang OA

Loi gidi
T AC =(0;6;0) va A(2;0;0) suy ra C(2;6;0), do do 1(L3;4).
Phuong trinh mit phang (&) qua | vavudng géc véi OA la: x—1=0.

— Toa d6 gia diém cua () véi OA 1a K(1;0;0).

= Khoang céch tix | dén OA 13 IK = /(1-1) +(0-3)" +(0-4)’ =5.

Cho hai dwong théng d, :g:

y—_llzilz;dz:x:—1+2t;y:l+t;z:3

a) Chang minh rang d,;d, chéo nhau.
b) Viét phuong trinh duong thang d vudng géc véi mat phang (P):7x+y—4z=0 va cit hai
duong thang d,va d, .

Loi gidi
M, (0;1,-2)ed M,(-11,3)ed
a) Taco d,: 41( )€ l;2: 42( )€ 2.
0, (2;-11) u,(2;10)
Taco [U;U,]=(-12;4);MM,(-10;5)=[U,;U,].M;M, =210
Vay d,;d, chéo nhau.
b) Buong thang d vudng goc véi mét phang (P): 7x+y—-4z=0=0 =", (7;1-4).
, Ny, LU
Goi(Q) la mat phang chtra d, va d :{ @ = [U;0,] = (-3,-15,-9) =, = (1,5;3).

i, LG,
My (1,5;3)
; = (Q):x+5y+3z+1=0.
M, (0:1-2)¥(Q)
Duong thang d,cit (Q)tai A:-1+2t+5(1+t)+3.3+1=0<t=-2= A(-5-13).
Dé d cit d,;d,thi d phai di qua A(-5;-13).
A(-513)ed -
: ( )€ :d:x+5:y+1:z 3.
U=(7;1,-4) 7 1 4

cauo |

Cho duong thang d, :

x=1_ y+12 = Z;rl; d, lagiao tuyén cia (Q): x+y—z—2=0 vamit phing

(R):x+3y-12=0
a) Chiing minh rang d, va d,song song véi nhau. Viét phuong trinh mat phang (P) chta ca 2

duong thang d, va d,.
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b) Mat phang Oxz cat hai duong thang d, va d, lan luot tai A;B. Tinh dién tich tam giac OAB

Lot gidi

a) d, la giao tuyén cua hai mat phang (Q): x+ y—gz—2=0;(R):x+3y_12:0, d, di qua M ;N
X+y—-z-2=0
X+3y-12=0
Lay x =0, h¢ phuong trinh c6 nghiém (0;4;2) = M, (0;4;2).
L4y x =3, hé phuong trinh c6 nghiém (3;3; 4)3 N2(3;3;4)_

] {M2(0;4;2) y {Ml(l;—Z;—l)

|6, =M,N, (3-%2)" |G, =MN(3-L2)
Taco U, =0,;M, ¢d, =d, || d,.

fe LG, (3-12)

P) chua d, va d,: _ =n =|u;MM, |=(1511-17).
(%) ' ’ {ﬁPLMlMZ(—l;G;B) P [l ' 2} ( )

vai toa do M, ; N, Ia nghiém caa hé phuong trinh {

o
c

i, (15,15 -17)
= (P):15x+11y-17z-10=0.

€6 (P): M, (0;4;2)
b) Vi AABe(Oxz) nény, =y, =0
Vi Aed, nén A(-5;0;-5), Bed, = B(12;0;10)
=> OA =(-5;0;-5),08 =(12,0;10) = | OA,OB | = (0;-10;0)

= Syom = %‘[O—A, cﬁ] =%.10 — 5(dvd).

Cho duong thang A: XT_l =

%:ilz va mit phang (P):x—-2y+z=0.Goi C lagiao diém cia

A véi (P), M 1a diém thuoc A. Tinh khoang cach tir M dén (P) biét MC =/6 .

Loi gidi
Pudng thing c6 vecto chi phuong v = (2;1;,-1) va mat phang (P) c6 vecto phap tuyén n= (L-2;1)

Goi H lahinh chiéucua M trén (P), taco cos HMC =‘cos(\7,ﬁ)

|2—2—1| 1

V66 6

d (M,(P)) =MH = MC.cos HMC =MC |cos .11 6.

Trong khdng gian véi h¢ toa dd Oxyz , cho mat phang (P):x—2y+2z-1=0 va hai duong thang

X+l y z+9 x=1 y-3 z+1

A==l 2T A
1 1 6 "2 1 =2

sao cho khoang cach tir M dén duong thang A, va khoang cach tir M dén mat phang (P) béng

. Xac dinh toa d6 diém M thudc duong thang A,

nhau.

Lot gidi
Puong thang A, qua diém A(L3;-1) va c6 vecto chi phuong U =(2;1-2).
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MeA =M (t-Lt;6t-9).
MA=(2-t:3-t;8-6t), [ MA U] = (8t-14,20-14t:t—4) = [ MA,u | =3V/29t" -8t + 68

[MAG] _avoor “sat-es _ pepe—er

Khoang cach tr M dén A,:d(M,A,)="—

‘U‘ B \/22+12+(—2)2
Khoang cach tir M dén (P):d(M;(P)) = [FLrt-2te12-18-4 |11t_20|.
\/12 +(-2)" +22 3
t=1
\/29t2—88t+68=@ <:>35t288t+53:0c>[t_§
35

Véi t=1= M (0;1-3)
53 (18_53_ 3)

Voit=—=M —
35 35 35

35

3
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BAI TAP TONG HOP

Cau 1. Trong khong gian Oxyz, cho A(1;7;0) va B(3;O;3). Phuong trinh duong phén giac trong
cua AOB la?

X_ Yy ¢ X_ Yy ¢ :

A (d)i—==== B.(d):===== C. (d):

(d) 4 5 3 (d) 3 5 7 (d)

Cau 2. Trong khdng gian véi hé toa 6 Oxyz, cho mit phang

_Y D. (d): =Y

Y
-

NN

z X
5 5
P):x+y—-z+9=0, dudng thang

o | <
/‘\\‘|\<

d :XT_3 - yT_?’ :% va diém A(1;2;-1). Viét phuong trinh dwong thang A di qua diém A cét d va

song song véi mat phang (P).

x-1 y-2 z+1 B x-1 y-2 z+1
-1 2 A 1 2 -1
C. x—1:y—2:z+1 D x—1:y—2:z+1
1 2 1 -1 2 1
Cau 3. Trong khong gian voi hé toa do vuong goc Oxyz , cho mit phiang (P):x+2y+z-4=0 va

A

X+l _y _z+42
13

cit va vudng goc véi duong thang d 12

.x—lzy—lzz—l 'x—1:y+1:z—1 C'x—lzy—lzz—l Dlx+1:y+3:z—1

duong thang d :

. Phuong trinh dudng thang A ndm trong mét phing (P), dong thoi

A B
5 -1 -3 5 -1 2 5 2 3 5 -1 3
X=2-t
Cau 4. Trong khong gian voi hé toa d6 Oxyz cho hai duong thing d:{y=1+2t va
2=4-2t
L X=4 y+l z X \ A 1N . \ 2 ) ,
d’: T "5 7 Phuong trinh nao duédi day la phuong trinh duong thang thuéc mat phang chua

d va d’ ddng thoi cach déu hai duong thang do.

-x—2 _ y—lz z2-4 B. x+3: y+2: Z+2 C. x—3:l:z;2 D x+3: y—2 _ Z+2
3 1 -2 1 -2 2 1 -2 2 -1 2 -2
A R . . 2 x-1 y-1 z

Cau 5. Trong khong gian Oxyz, cho duong thing (d)'T:—_1:§

(P):x+3y+z=0.Duong thing (A) di qua M (L12), song song véi mt phang (P) dong thoi cat

A

va mat phing

duong thang (d) c6 phuong trinh 1a

x-3 y+1 z-9 X+2 y+1 7-6

A. B.
1 -1 2 1 -1 2
C. x—1:y—1:z—2 D. x—1:y—1:z—2
-1 2 1 1 -1 2
Cau 6. Trong khong gian Oxyz, cho ba duong thang d, :X—_l:X: z+1; d,: X+2 = y_lzi;
2 3 -1 1 -2 2
X+3 y-2 245 . 3 . . . , . .
d,: = = . Buong thang song song véi d,, cat d; va d, c¢6 phuong trinh 13

3 4
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aAXl_ oy _z+l x4l y-3 2z o x-1 y-3 z  x2l y z-1
-3 - 8 -3 -4 8 -3 -4 8 -3 -4 8
X=1+t
Cau 7. Trong khong gian Oxyz , duong vudng géc chung cua hai duong thang d :<y =0 va
z=-5+t
x=0
d':3y=4-2t" c6 phuong trinh la
z=5+3t
A X4y z42 pox-4 y -2 L x+4 y z-2 o x-4 y z+2
-1 3 1 2 -3 2 -2 3 2 -2 3 2

Cau 8. Trong khdng gian Oxyz, cho diém A(L 2; 1), duong thing d c6 phuong trinh

X-3 y-3 z . , .
TZyTZE va mat phang (&) c6 phuong trinh X+Yy-2z+3=0. Puong thang A di qua diém

A, cit d vasong song véi mat phang (o) c6 phuong trinh la

x-1 y-2 z+1 x-1 y-2 z+1

A. B.

1 -2 -1 1 2 1
c x—1=y—2=z—1 D. x—1=y—2=z+1
1 2 1 -1 -2 1
" « . 2 o e e 2 x-1 vy z-3
Céu 9. Trong khong gian Oxyz, cho diém A(1L;-11) va hai duong thang A'_:I:_l’
X y+l 722 X \ 2 . .2 N L n 1 4 2 .
A 1T T Phuong trinh duong thang di qua diém A va cat ca hai duong thang A, A’ la
A x—1=y+1=z—1 B. x+1=y—1=z+1
—6 1 7 -6 -1 7
C. x—1:y+1:z—1 D. x—1:y+1:z—1
—6 -1 7 6 1 7
Cau 10. Trong khdng gian véi hé truc toa d6 Oxyz , cho tam gidc ABC biét diém A(L 2; 3), duong
X =5t
trung tuyén BM va dudng cao CH c6 phuong trinh tuongingla{y=0  va X1_64 = yI; = 2;3
z=1+4t -
. Viét phuong trinh dudng phén giac goc A.
A x-1 y-2 z-3 B x-1 y-2 z-3

7 -1 10 4 13 5
x—1=y—2=z—3 D x—1=y—2=z—3

2 -3 -1 2 -11 -5
Céau 11. Trong khéng gian Oxyz , cho tam giac ABC véi A(3;0;0),B(0;6;0),C(0;0;6) . Phuong
trinh nao dudi day 1a phuong trinh dudng thang di qua tryc thm cua tam giac ABC va vudng goc Véi
mat phang (ABC).

C.

x+1:y+2:z+3 B x—2:y—1:z—1
2 1 1 2 1 1

x—3:y—6:z—6 D x—lzy—3:z—3
2 1 1 2 1 1

A

C.
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X=1-t
Céu 12. Trong khong gian Oxyz , cho hai duong théngdl: X=2 = y+12 = 213 vad,:<y=1+2t.
z=-1+t
Puong thang A di qua diém A( 1;2;3), vuéng géc vai d, va cit d, c6 phuong trinh 1a
A_x—1=y—2=z—3 B.x—1=y—2=z—3
-1 -3 -5 1 3 5
C_x—lzy—2=z—3 I:).x—lzy—2:z—3
1 3 -5 1 -3 -5
x=1-t
Céu 13. Cho hai duong thing d,: X=2=Y*2_273. 4 .}y _11 2t va diém A(12;3). Buong

-1 1
z=-1+t

thang A diqua A, vubng goc véi d, va cat d, co phuong trinh 1a

x-1 y-2 7-3 x-1 y-2 7-3

A B
1 3 1 -1 -3 -1
C_x—lzy—222—3 D.x—lzy—2:z—3
1 3 5 1 -3 -5

Cau 14. Trong khéng gian voi hé toa do Oxyz , viét phuong trinh dwong vudng goc chung cua hai

Xx-2 y-3 1+4 x+1 y-4 z-4

duong thang d : vad’:
3 -5 3 -2 -1
AE_X_Z__l X-2 y-2 7-3
11 1 S 2 3 4
C.x—2:y+2:z—3 Dl: —2:z—3
2 2 2 2 3 -1

Cau 15. Trong khdng gian véi hé toa & Oxyz , cho mat phang (P): X +2y+z—4=0 vadudng thing
d :XTJr1 = % :igz. Viét phuong trinh dudng thang A nam trong mat phang (P), dong thoi cit va

vubng goc véi dudng thiang d .

x-1 y-1 z-1 x-1 y-1 z-1

A B
5 -1 -3 5 1 -3
C-x—1:y+1:z—1 I:)lx+1:y+3:z—1
5 -1 2 5 -1 3

Cau 16. Trong khéng gian Oxyz, cho hai duong thing d13x_13:y_232212;

d,: X_35 = y;‘].: 2=2 vamit phang (P):x+2y+3z-5=0. Duong thang vudng géc véi (P), cit
d, va d, c6 phuong trinh 1a
A'x—1:y+125 B.x—2:y—3:z—1
1 2 3 1 2 3
C'X—3:y—3:Z+2 I:).x—1:y+125
1 2 3 3 2 1
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Cau 17. Trong khéng gian Oxyz, cho hai diem A(2; 2; 1), B(—%; g; %) Puong thing di qua tim

dudng tron ngi tiép tam giac OAB va vudng gdc véi mat phang (OAB) c6 phuong trinh 1a

A.x+1:y—3:z+1 B.x+1:y—8:z—4

1 -2 2 1 —2 2
5 11 5)
X+> y—-= z-= X+= y—-— z+-=
c_ 3.7 3_" &6 D 9_>9_""9
1 -2 2 1 -2 2

Cau 18. Trong khdng gian Oxyz , cho ba diém A(LL1), B(-12;0), C(2;—3;2). Tap hop tat ca cac

diém M cach déubadiém A, B, C la mot duong thang d . Phuong trinh tham sé cua duong thang
d la:

X=-8-3t X=-8+3t Xx=-8+3t X=-8+3t
A Jy=t B.qy=t C.iy=-t D.{y=t
z=15+T7t z=15-Tt z=-15-T7t z=15+T7t

Cau 19. Trong khong gian véi hé toa 46 Oxyz , cho céc diém A(a;0;0),B(0;b;0),C(0;0;2).Goi |

la tm mat cau ngoai tiép tr dién OABC. Biét ring khi a va b thay d6i thoa man diéu kién:
2a+b=4thi tam | thuoc mot duong thang ¢b dinh A . Phuong trinh dudng thang A twong Gng 1a

X=1-t X=t X=2-t Xx=1-2t
A qy=2t B.<y=2+2t C.iy=1+2t D.qy=t
z=1 z=1 z=1 z=1

Cau 20. Trong khong gian Oxyz, cho ba duong thang c6 phuong trinh lan luot
d,: X=3_y+1_ 2_2, d,: xtl_y _z+4 d,: xX+3_y-2_z DPuong thang song song
2 1 —2 3 -2 -1 4 -1 6

d,, cat d, va d, c6 phuong trinh 14

Xx-3 y+1 z-2 Xx-3 y+1 z-2

A B
4 1 6 —4 1 —6
C_L”:l:ﬂ D.X__1=l:i4
4 -1 6 4 -1 6

x-1 y-2 z-3
2
(a):x+y—z—-2=0. Trong cac dudng thing sau, dwong thang nao nam trong mit phing (« ), ddng

Cau 21. Trong khéng gian Oxyz, cho duong thing d: va mit phang

thoi vudng goc va cat duong thang d ?

A.AZ:X_Z:y_4:Z_4 B.A4:X_1:y_1:5
1 —2 3 3 -2 1
C_As:x—Szy—Zzz—S D. Al:x+2:y+4:z+4
3 -2 1 -3 2 -1

Cau 22. Trong khong gian toa do Oxyz , cho tam giac ABC biét A(1;0;-1), B(2;3;-1), C(-211)
. Phuong trinh duong thang di qua tim duong tron ngoai tiép cua tam giac ABC va vudng goc véi
mit phang (ABC) 1a
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A.
x-3 y-1 z-5 B.
3 -1 5
Cau 23. Trong khong gian véi hé toa d6 Oxyz, cho diém M (2; 1;0) va dwong thang

y-2

z+1 Xx-3 y-2 1-5
1 3 -1

c Xt _y_z+t
1 2 2 3 1 5

z
5

w | x

_1 1 14 2 . 7 N A 7 -
:XT = yT+ = il . Phuong trinh tham so cta duong thang d di qua M, cat va vudng goc véi A

A

la
X=2+t X=2-t X=1+t X=2+2t
A d:sy=1-4t B.d:sy=1+t C.d:cy=-1-4t D. d:q y=1+t
7=-2t z=t 7=2t z=-1
Cau 24. Trong khéng gian véi hé toa d6 Oxyz, cho diém A(1;2;3) va mit phang
(P):2x+y—4z+1=0, duong thang d di qua diém A, song song véi mat phang (P), dong thoi cat

truc Oz . Viét phuong trinh tham s cua duong thang d .

X=1+5t X=t Xx=1+3t x=1-t
A y=2-6t B.<y=2t C.qy=2+2t D.{y=2+6t
z=3+t z2=2+t z=3+t z=3+t
Cau 25. Trong khong gian Oxy , cho diém M (—1;1;2) va hai duong thing d : X=2 _ y;rS = le
. X+1 y Z \ 2 1 FA \ \ \ < . A <
, d .T:§:—2. Phuong trinh nao duéi day 1a phwong trinh duong thing di qua diém M | cat d
va vuodng goc veéi d' ?
X=-1-T7t X=-1+3t Xx=1+3t X=-1+3t
A Jy=1+T7t B.{y=1-t C.qy=1-t D. {y=1+t
2=2+1t z2=2 7=2 7=2

Cau 26. Trong khong gian Oxyz, Cho mit phiang (R):x+y-2z+2=0 va dudng thang

A, g = % = Z_—_ll . Puong thing A, nim trong mat phang (R) dbng thoi cit va vudng goc véi duong
thang A, c6 phuong trinh 14
X= X =t X=2+t X=2+3t
A dy=-3t B. {y=-2t C.iy=1-t D. y=1-t
z=1-t z=1+t z=t z=t
Cau 27. Trong khéng gian Oxyz, cho duong thing d :XT_l = ll = 2—12 va mat phang

(P):2x—y—2z+1=0. Dudng thang nam trong (P), cit va vudng goc véi d 6 phuong trinh 1a

Xx-2 y+1 z2-3

X+2 y-1 z+3

B.
3 4 1 3 4 -1
C'x—2:y+1:z—3 D. x—1:y+1:z—1
3 4 1 3 4 1
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Cau 28. Trong khdng gian véi hé toa dd Oxyz , cho hinh vudng ABCD biét A(1;0;1), B(L0;-3) va

diém D c6 hoanh d6 4&m. Mat phang (ABCD) di qua géc toa o O . Khi d6 duong thang d 14 truc
dudng tron ngoai tiép hinh vudng ABCD ¢6 phuong trinh

X=-1 x=1 x=-1 X=t
A d:qy=t B.d:xy=t C.d:qy=t D.d:qy=1
z=-1 z=-1 z=1 Z=
A A - , 8438 A
Cau 29. Trong khong gian Oxyz , cho tam giac nhon ABC c6 H (2;2;1), K _5;5;5 , O lan luot

Ia hinh chiéu vuéng goc cua A, B, C trén cac canh BC, AC, AB. Puong thang d qua A va
vudng goc véi mat phang (ABC) cé phuong trinh 1a

Ad_x+4_y+1_z—1 x—§ y—g z+g
1 2 2 Bd:—3-_3__ 3
1 —2 2
x+;Ir —197 z—lj D d_z_y—6_2—6
C.d: R 1 =2 2

Cau 30. Trong khong gian véi hé toa do Oxyz cho ba diém A(3;-2;4), B(53,-2), C(0;4;2),
duong thang d cach déu badiém A, B, C c6 phuong trinh 1a

x:§+26t x:l—1
3 X = 4.+ 26t 6 X = 4.+ 26t
A. y:§+22t B.{y=2+22t C. y:%+22t D.y=2+38t
4 z=g+27t z2=27t z=g+27t
Z:§+27t 4 4

. . , X—3 -3 z
Cau 31. Trong khdng gian vai hé truc toa do Oxyz , cho duong thang d : I = yT = 3
(a):x+y-z+3=0 va diém A(L 2;-1). Viét phuong trinh duong thing A di qua A cit d va

, mat phang

song song véi mat phang («).

A x—1:y—2:z+1 B, x—lzy—2:z+1

1 2 1 -1 -2 1
x—1:y—2:z+1 D x—1:y—2:z+1

1 -2 -1 -1 2 -1
Cau 32. Trong khdng gian Oxyz, cho hai duwong thang d, va d, lan luot c6 phwong trinh la

C.

X y+1

1= _i va %z y_—21 = ZT_l Puong thang d cit ca hai duong thang d,, d, va song song véi

Xx—4 y-7 z-3

duong thang A: c6 phuong trinh la

4 -2
A. B. C. D.
x+1 y+1 z+4 x-1 y+1 z-4 x+1 y-1 z+4 x-1 y-1 z-4
1 4 =2 1 4 =2 1 4 =2 1 4 =2
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X-3 y+2 z+1
—4 1 1

Cau 33. Trong khong gian Oxyz, cho hai duong thing chéo nhau d: va

A yT—l = 2;22 . Phuong trinh nao duéi day la phuong trinh dudng thang vudng goc chung caa

dvad'?
A. X_+1 — y_+1 — z B. — — ) + — Z _ _ —
1 2 2 2 2 1 2 2 1 2 2
Cau 34. Trong khong gian Oxyz , cho ba diem A(3;,-2;4), B(5;3;-2), C(0;4;2), duong thang d
cach déu ba diém A, B, C c6 phuong trinh 13

x;l y-1 z Cx1=y1

x =31 26t x=2 414t
3 X=4+26t 6 X =4+ 26t
A. y:§+22t B.{y=2+22t C. y:%+22t D.{y=2+38t
4 z:g+27t 7=27t z:g+27t
2=+ 2Tt 4 4

Cau 35. Trong khdng gian Oxyz , cho ba diém A(1;2;-1), B(2;0;1), C(-2;2;3). Duong thang A
ndm trong mat phang (ABC) quatruc tdm H ciia AABC va cling tao véi cdc dudng thang AB, AC
Mot goc a < 45° ¢6 Mot vecto chi phuong 1a U =(a;b;c) véi a 1a mot s6 nguyén t6. gia tri cua biéu
thizc ab+bc+ca bang.

A. —67 B. 23 C. -33 D.-37
Cau 36. Trong khdng gian Oxyz , cho ba diém A(1;2;-1), B(2;0;1), C(-2;2;3). Duong thang A
ndm trong mat phang (ABC) quatruc tdm H ciia AABC va cling tao véi cdc dudng thang AB, AC
Mot goc a > 45° ¢6 mot vecto chi phuong 1a U =(a;b;c) véi a 1a mot s6 nguyén t6. gia tri cua biéu
thirc ab+bc +ca bang

A. —67 B. 23 C. -33 D.-37
Xx-3 y-3 z-3

2 1

Cau 37. Trong khong gian Oxyz, cho hai duong thang d,: va

X+5 y+2 7 .

5 3 =5 cat nhau tai diém 1(1;1;2). Viét phuong trinh duong thang A 13 phan giac ciia
g6c nhon tao bai d; va d,.

d,

x-1 y-1 z-2 BA_x—l_y—l_z—2
32 23 13 8 5 3
:x—l:y—lzz—Z I:).A:x—lzy—lzz—Z
—4 5 1 4 1 1

A A:

C.A

Xx-3 y-3 z-3
2 1

Cau 38. Trong khong gian Oxyz, cho hai duong thang d,: va

X+5 y+2 z
d,:—=—=—

6 3 2
géc tu tao boi d, va d,.

cat nhau tai diém 1(1;1;2). Viét phuong trinh duong thang A 13 phan giac ciia

x-1 y-1 z-2 BA_x—l_y—l_z—2
32 23 13 8 5 3

A.A:
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x—lzy—lzz—Z D.A:x—lzy—l:z—Z
-4 5 1 4 1 1
Cau 39. Trong khdng gian Oxyz, cho duong thing A 1a giao tuyén cua hai mat phing

C.A:

(P):x+my-mz+1=0;(Q):mx+y+z+m=0. Duong thang A" qua géc toa dd O va song song
v6i duong thang A. Ba diém A,B,C lan lugt di dong trén Oz,A,A'. Gia tri nho nhat cua
AB + BC +CA bang

Al B.24/2

C.2 D.\2
Cau 40. Trong khéng gian Oxyz, voi m la sd thyc thay d6i thi mat phang

(P):(m?+1)x—(2m* —2m+1)y+(4m+2)z—m? +2m=0 ludn chira mot dudng thang A cb dinh.
Viét phuong trinh duong thang A.

X =-1-4t X=t
A Ajy=-1-2t B.qy=-1-2t
z=t z=-1-4t
X=-1+4t X=-1-2t
C.Ay=-1-2t D.qy=-1-4t
z=t z=t

Cau 41. Trong khong gian Oxyz, cho diém A(L0;6). Biét c6 hai diém M,N phan biét thudc truc
Ox sao cho cac duong thang AM, AN cling tao véi dudng thang chia truc Ox mét goc 45°. Tong
cac hoanh d6 cua hai diém M, N bing

A 4 B. 2 C.1 D.5
Cau 42. Trong khdng gian Oxyz, cho hai diém A(a;0;-2),B(2;b;0). Goi («)la mat phang chira
A vatruc Oy;(/) la mat phang chira B va truc Oz. Biét rang («),(4)cét nhau theo giao tuyén la

duong thing A c6 vecto chi phuong U(2;1;2). Tinh do dai doan thing AB

A. 21 B. \5 C. 246 D.2+2
Cau 43. Trong khong gian véi hé toa do Oxyz , cho dudng thang A g = y_—ll = Z—_ll Hai diém M

va N lan luot di dong trén cac cac miat phang (a):x=2; (B):2=2 sao cho trung diém K cua

MN luén thudc duong thang A. Gia tri nho nhét cua d6 dai MN bang

p 85 g, 5 c 35 0.5
5 5 5 5
n n . LA R . 2 X y—l z-1 Y
Cau 44. Trong khong gian vaéi hé toa 6 Oxyz , cho duong thang A : iR Hai diem M ,

N lan luot di dong trén cac cac mit phang («):x=1 (B):z=0 sao cho trung diém K cia MN

ludn thudc duodng thang A . Gia tri nho nhit caa d6 dai MN bang
A V3 g 35 c 205 o 23
2 10 5 5
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Cau 45. Trong khong gian véi hé toa do Oxyz, cho mat phang (P):x—2y+2z-1=0 hai dudng

X1 _y=3_ 2.4 X5 Y _Z¥S ikt ring c6 hai diém AB thudc d, va hai diém
-3 2 6 4 -5

C,D thudc d, sao cho AC,BD cung song song véi (P) dong thoi cach (P) mot khoang bang2 .

Tinh AC+BD.

A. 6452 B. 52 C. 5452 D.62

Cau 46. Trong mit phang (P) vudng goc véi d ddng thoi ciing cach diém | mét khoang bing v/42

thang d, :

. Goi A, B lan luot 14 hinh chiéu vuéng géc cua | 1én hai duong thang d6. Tinh OA? +OB?.

A. 104 B. 102 C. 106 D.100
Cau 47. Trong khdng gian Oxyz, cho ba diem A(1;2;3), M (-1;2;3),N(-1;0;2) va mat phang
(P):x-2y+3z+2=0. Diém C(a;b;c) thuoc mit phang (P) sao cho ton tai cac diém B thudc
tia AM , diém D thudctia AN sao cho tir giac ABCD la hinh thoi. Gié trj biéu thic a +b + ¢ bang?

A. -14 B. -10 C. -12 D.-13

Cau 48. Trong khong gian Oxyz , cho diém M (0;12) va duong thang A: ng = yIZ = 212

phang (P) thay déi song song véi A, cach A mot khoang bing 2+/2 . Khoang céch tir diém M dén

. Mt

(P) c6 gia tri I6n nhat bang?

A. \/%eri B. Euﬁ C. §+8\/§ D.§+2\/§

Cau 49. Trong khdng gian Oxyz, cho hinh thoi ABCD biét A(LL1) va diém C thudc mat phing
(P):x+y+z+1=0. Cac diém M (-10;3), N(5%-2) lan luot thuoc tia AB, AD. Do dai canh
hinh thoi ABCD bang?

A. 15 B. 60 C. 30 D. 45
x=1+3t
Cau 50. Trong khong gian Oxyz , cho duong thang d :{ y =1+ 4t . Goi A 1a duong thang di qua diém
z=1

A(LL1) va c6 vec to chi phuong U =(-2;12). Puong phan gidc cua géc tl tao bsi d va A c6
phuong trinh la

x=1+27t X =-18+19t x=1-t X =-18+19t
A d:qy=1+1t B.d:qy=-6+T7t C.d:qy=1+17t D.d:xy=-6+T7t
z=1+t z=-11-10t z=1+10t z=11-10t

Cau 51. Trong khong gian véi hé truc toa do Oxyz , cho hai duong thing d : XIZ = y;S = 212 ,

x-2 y-1 z-2
1 2

H la giao diém ctia duong thang AA’ va mat phang (P). Mot duong thang A thay doi trén (P)

nhung ludn di qua H ddng thoi A cat d va d’ lan luot tai B, B'. Hai duong thang AB, A'B’ cit

nhau tai diém M . Biét diém M lubn thuoc mot duong thang c¢b dinh co vécto chi phuong

u=(15-10;-1). Tinh T =a+b?

d':

va hai diém A(a;0;0), A'(0;0;b). Goi (P) Ia mat phang chia d va d';
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A. T=8 B.T=9 C.T=-9 D.T =6
Cau 52. Trong khong gian Vi hé toa o O%YZ | cho hai didm A(LL-1),B(2-2;2), vadiém M di

dong trén duong thing A: == X = LL . Tim gi4 tri nho nhat ca biéu thic MA+ MB

A /46 + \/1855 /46 + 185 46+~/1855 /46 + 185

185
Céu 53. Trong khong gian Oxyz cho ba diém A(12;3), 3 4,4), C(2;6;6) va I a; b c) la tam

duong tron ngoai tiép tam giac ABC . Tinh a+b+c.
A 83 B. 32 c X D. 10
5 3 5
Cau 54. Trong khdng gian véi hé toa do Oxyz, cho diém M (2;-1-6) va hai duong thang

x-1 y-1 z+1 q X+2 y+1 z72-2

d,: > =1 %= . buong thang di qua diém M va cit ca hai duong
thang d,, d, tai hai diém A, B. D¢ dai doan thang AB bang
A. /38 B. 2410 C.8 D. 12
X=1+t
Cau 55. Trong khong gian véi hé toa do Oxyz, cho hai duong thing d,:qy=2-2t va
z=-3-t
X=4+3t
d, 11y =3+2t. Trén duong thang d, liy hai diém A, B thoa md AB =3. Trén duong thang d, lay
z=1-t
hai diém C, D théamin CD =4 Tinhthé tich V cua te dién ABCD.
A V=7 B.V =221 C.V:4—\/271 D,V=5_*/Z
3 6
Cau 56. Trong khong gian voi hé toa do Oxyz, cho hai duong thang d, : x=1_ yl—lz erl va
d, :XTJrlzy—_ll:%. Puong thing qua diém M (L11) vacit d,, d, lan luot tai A, B. Tinh ti s
MA
MB
MA_S B MA_2 c MA_1 D MA_,
MB 2 MB 3 MB 2 MB
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x-1 y-2 z+3
2 -1

Cau 57. Trong khdng gian véi h¢ toa ¢ Oxyz, cho hai duong thang 1a A, : va

x-1 y-2 743

duong thang A, : cit nhau tai diém C. Goi A va B lan luot 13 hai diém nam trén

-2 1 -m
A,Va A,, sao cho AB = 6. Ban kinh dudng tron ngoai tiép tam gidc ABC dat gia tri Ién nhat bang:
INWNE) B. 3 C. 243 D.2J7
X=a-at+1
Cau 58. Trong khdng gian véi hé toa do Oxyz, cho diém A(3;1,-1) vaduongthang A4 y=2-t
z=-b+Dbt

, V6i a va b 1a nhitng tham s6 thuc. Khi khoang cach tir A dén duong thang A dat gid tri 16n nhat thi
biéu thuc T = a® +b? +4b+2a+ 2019 dat gia tri nho nhat twong ting bang:

A. 2014 B. 2015 C. 2016 D. 2020
Cau 59. Trong khéng gian Oxyz, cho mit phang («):2x+y—2z-2=0, dudng thang

X+l y+2 743
1 2

d

va diém A(%;l;lj. Goi A la duong thang nam trong mat phang (), song

song véi d ddng thoi cach d mot khoang bang 3. Puong thang A cat mat phang (Oxy) tai diém
B. Do dai doan thang AB bang.

AL g V2L c. ! p 3
2 2 3 2

Cau 60. Trong khdng gian voi hé toa do Oxyz, cho 4 duong thing c6 phuong trinh lan luot
X=2-t X=2-3t X=1+t X=1+2t

d:qy=1+2t , d,:qy=4 , d,i{y=-2t, d,:{y=1-t . Puong thang A cat ca 4 duong
Z=-2+t z=-1+2t z=3-t z2=2+3t

thang trén c6 vecto chi phuong tuong tng 1a

A. (2,-13,11) B. (4;-26;23) C. (12;-21;11) D. (-2;13)

Cau 61. Trong khong gian véi hé toa do Oxyz, cho 4 duodng thing co phuong trinh lan luot
X=3-2t X=3-t X=4+2t X=1+3t

d:{y=1+t , d,:qy=3+t, d,:qy=3-t , d,:<y=2 . Puong thang A cat ci 4 duong
z=-1+t z=1+2t z=2-t z=1-2t

thang trén c6 phuong trinh chinh tic tuong ng 1a:

A x—2:y—4:z—3 B.x_—lz;zzz
-1 13 18 1 3 5

c Xl y_z=2 D X=2_Yy-2_17
-2 1 2 3 12 -1

Cau 62. Trong khong gian véi hé toa d6 Oxyz, cho 4 duong thang c6 phuong trinh lan luot
X=1-t X=2-t X=4+2t X=4+3t

d:{y=2+t, d,:{y=t , d,:dy=7+4t, d,:{y=4+t . Puong thang A cat ca 4 duong
z=2t Z1=-2+2t z=-3-t z=1+t

thang trén va cat mat phang (Oyz) tai diém c6 cao do bang
A. 3 B. 1.
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C. 4. D. 2.

x-3 y+1 z-3
-1 2

va

Céau 63. Trong khong gian véi hé toa dd Oxyz, cho hai duong thang A, :

dusng thing A, : XL Y=2 222 50 Ala giao didm cia A, VA A,, diém Be A, VA CeA,,
2 2 1

diem D e (Oxy)co toa dd nguyén, sao cho ti gidc ABCD Ia hinh thoi. Khoang cach tir D dén géc toa

doo O bang:
A. 20 B. 92 C. 65

Cau 64. Trong khong gian véi hé toa d6 Oxyz, cho hai duong thang A, :

83

_y_z-2
1

=272 va duong

Nix U

x-1 y-3 z+2
-2
D e(a):2x—y+4=0, sao cho tir giac ABCD la hinh thoi véi BAC >90°. Puong thang BC cét mt

thang A, : . Goi Ala giao diém coa A, va A,, diém BeA,, CeA,va

phang (B):x+y-8=0 tai diém E cach géc toa d6 O mot khoang OE bang:

A. 62 B. 4410 C. 313 D. 2319

3
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HUGNG DAN GIAI

Céu 1. Trong khong gian Oxyz, cho A(1;7;0) va B(3;0;3). Phuong trinh duong phan giac trong

cua AOB Ila?
Xy

A (d)i—===
( ) 4 5

B.(d):2=Y=2  c.(d):X-

Y Y
5 7

z X z X
3 '3 7 6
Loi gidi
OA=(L7;0)=0A=52
Tac6 {OB=(3,0;3)=0B=32 .
AB =(2;,-7;3)= AB =462
Goi | (a;b;c) 1a tam duong tron ndi tiép tam gidc OAB..

Lai c6 AB.OI +OB.Al +OABI =0 = /62 (a;b;c) +3v2(a~Lb—7;¢c) +5v2(a~3;b;c~3) =0

w7
a/62 +3V2(a-1)+5J2(a-3)=0 J62 +842
& 1by/62+32(b-7)+5v2b=0 PN bzﬂ
62 +842

C\/@+3C\/§+5\/§(C_3):0 15\/5
~J62+8V2

:»|( 182 212 | 152 ]:a_( 182 22 152 ]
Voz+ez ez a2 oz +ez) \Je2+8\2 oz +6z ez +ovz )

Puong thing Ol nhan OI la mat VTCP nén nhan u =(6;7;5) la mot VTCP,

_y
-

. , X z
Két hop vai Ol qua O(0;0;0) = Ol :E T
Chony C.

Nhgn xét. Trudc tién c6 thé noi ludn véi cac ban kia 1a 16 giai theo phuong phap truyén théng, con
dbi véi thi tric nghiém ta c6 thé twong ludn cong thic vao thi bai toan s& duoc giai quyét nhanh hon

rat nhiéu!

Cau 2. Trong khong gian véi hé toa do Oxyz , cho mat phang (P):x+y—z+9=0, dudng thang

d :—XI3=—y;3 =§ va diém A(L2;-1). Viét phuong trinh duong thing A di quadiém A cét d
va song song véi mat phang (P).
A x—lzy—2:z+1 B, x—lzy—2:z+1
-1 2 -1 1 2 -1
C. x—lzy—2:z+1 D. x—lzy—2:z+1
1 2 1 -1 2 1
Léi gidi

Ta c6 mot véc to phap tuyén caa mat phang (P) 1a n=(11-1).
Goi B=ANd thiB(3+1;3+3t;2t) = AB =(2+1;3t +1, 2t +1).
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Do duong thang A song song véi mét phang (P) nén taco
ABN=0 < 2+t+3t+1-2t-1=0 <t=-1.
Véi t=-1 thi AB =(1-2;-1) =Mt véc to chi phuong ciia dwong thang A 13 u=(-12;1).

x-1 y-2 z+1

Vay phuong trinh duong thang A la 1 5 .

Chony A.

Cau 3. Trong khong gian voi hé toa do vudng géc Oxyz, cho mit phing (P):Xx+2y+z-4=0

X+1 y z+42

va duong thang d :T =13 Phuong trinh dudng thing A ndm trong mit phing (P),
ddng thoi cat va vudng goc voi duong thang d 12
A. C. D.

x-1 y-1 z-1 B_x5—1:y+11:z;l x-1 y-1 z-1  x+1 y+3 z-1

5 -1 -3 5 2 3 5 -1 3
Léi gidi

Goi A=dnA = A=dn(P)

X+l y 742 x=1
Toadd A thbamdnhé¢ { 2 1 3 <y=1=A(LL1).

X+2y+z2-4=0 7=1
Do Ac(P) va A_Ld nénnhén U=[n,; U, |=(5-1-3) 1a mdt vécto chi phuong.

x-1 y-1 z-1

Duong thang A di qua A(L11) nén A c6 dang

-1 3
Chony A.
X=2-t
Cau 4. Trong khoéng gian voi hé toa d6 Oxyz cho hai duong thing d:{y=1+2t va
2=4-2t
d’: X%A' = y_;l _z Phuong trinh nao dudi day 1a phuong trinh duong thang thudc mit phang chira

d va d’ ddng thoi cach déu hai duong thang do.
A.

x=2 y-1 z2-4 B_XJer:erZZZZJZrZ C. XIBZ%:ZEZ D.X+13:y;2:2+22
3 1 2 - - - -
Loi gidi

Puong thang d di qua A(2;1;4) va cb véc to chi phuong Jl =(-12,-2).
d" di qua B(4;-1;0) c6 véc to chi phuong u, =(L-2; 2).
2.4 141 4

Taco U =—U, V& —— #—=%—nén d//d’.
1 -2 2
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Puong thing A thugc mit phang chira d va d’ ddng thoi cach déu hai duong thang d6 khi va chi khi
Alldlfa" hay A diém 1(3;0;2) va co6 mot vé hi ph lau=(1-2;2

a a trung diem ;0; va CO mot vec to chi phuong la u=(1,-2;2).

d(Ad)=d(Ad) y A qu g ( ) \% p g ( )

Khi d6 phuong trinh cia A: XT_?’ Y 2;22 :

Chony C.

Cau 5. Trong khong gian Oxyz, cho duong thang (d):XT_lzy—_ll:% va mat phang

(P):x+3y+2z=0. Duong thang (A) di qua M (11;2), song song véi mat phang (P) dong thoi
cat duong thang (d) c6 phuong trinh 1a
x-3 y+1 z-9

A B. x+2:y+1:z—6
1 -1 2 1 -1 2
C. x—lzy—lzz—z D x—lzy—lzz—Z
-1 2 1 1 -1 2
Loi giai
X=1+t
Phuong trinh tham sé cua (d):{y=1-t,teR.
z=3t

Mat phang (P) c6 véc to phap tuyén n=(1;3;1).
Goi And =A(1+t;1-t;3t).

= MA = (t;~t;3t - 2) 1a véc to chi phuong cia A = MAN=0=t-3t+3t-2=01=2,

= MA=(2;-2;4)=2(1;,-1;2). Vay phuong trinh dwong thang A Xl_l = y—ll = Z;2 .
Chony D.

Cau 6. Trong khong gian Oxyz , cho ba dwong thang d, :XT_l :%: Z+11; d,: XIZ = y—21 = ; ;

X+3 y-2 1z+5
d,: = =

2 2 = Puong thang song song véi d,, cit d, va d, c6 phuong trinh 1a
A X1l vy z+#1 x4l y-3 z . x-1 y-3 z . x-1 y z-1
3 4 8 3 4 8 3 4 8 3 4 8
Lo gidi

Goi d 1a duong thang song song véi d,, cit d, va d, lan luot tai cac diém A, B.
Goi A(1+2a;3a;-1-a) va B(-2+b;1-2b;2b) = AB=(b-2a-3;-2b-3a+1L2b+a+1).
Duong thang d, c0 véc-to chi phuong U =(~3;-4;8).

b-2a—3=-3k a:g

Puong thing d song song véi d,nén AB =ku < {—2b—3a+1=-4k < b:E.
2b+a+1=8k 1

k==

2
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Nhu vay A(1;0;-1) va B :(—%;—2;3].

Phuong trinh duong thang d x_—1:l:z_+1.
-3 -4 8
Chony A.
X=1+t
Cau 7. Trong khong gian Oxyz , dudng vudng goc chung cia hai dudng thang d :{y =0 va
Z=-5+t
x=0
d':qy=4-2t" c¢6 phuong trinh la
z=5+3t
AXA_Y_ 242 pox-4 Yy 222 oo x+4 Yy 222 5 X-4 y 742
-1 3 1 2 -3 2 -2 3 2 -2 3 2
Loi gidi
Gia st AB la duwong vubng goc chungcua d va d' véi Aed, Bed'.
A(a+10;a-5)

Taco uy =(L0;1), u, =(0;-2;3), { = BA=(a+12b-4a-3b-10).

B(0;4-2b;3b+5)

. (dLAB [u,.BA=0 [(a+1l)+(a-3b-10)=0 a=3
Khido ¢ S & =
d'LAB |y BA=0 |-2(2b-4)+3(a-3b-10)=0 |b=-1
A(40-2) - .
= = BA=(4,-6;-4)=u=(-2;3;2) 1amot VTCP cua AB.
B(0;6;2)
x . X-4 y z+2
Két hop voi AB qua A(4;O;—2):>AB.—2:§:T.
Chony D.
Cau 8. Trong khdng gian Oxyz, cho diém A(L 2; —1), dudng thang d 6 phuong trinh
Xx-3 y-3 z _ . .. . . \ 2 . 2
o -3 3 vamit phang (&) c6 phuong trinh X+y—2+3=0.Duodng thang A di qua diém
A, cit d vasong song véi mat phang (a) c6 phuong trinh la
A. B. C. D.
x-1 y-2 z+1 x-1 y-2 z+1 x-1 y-2 z-1 x-1 y-2 z+1
1 -2 -1 1 2 1 1 2 1 -1 -2 1

Loi gidi
Goi B(3+t; 3+3t; 2t) la giao diém ciia d va A. Puong thing A nhan AB =(2+t; 1+3t; 2t+1)

lam vec to chi phuong.
Vi A/l(a) nén AB.n, =0.Suyra (2+t)+(1+3t)—(2t+1)=0 < 2+2t=0 < t=-1.

Suy ra diém B(2; 0; —2).
Vec to chi phuong cta dudng thing A: AB = (L -2, -1)

x-1 y-2 z+1

Phuong trinh duong thang A 5 1
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Chony A.
A ~ . .2 oo s 2 x-1 vy z-3
Cau 9. Trong khdng gian Oxyz, cho diém A(L-1;1) va hai dudong thang A'T =1~
X y+l 722 \ \ 2 . . X N e a1+ o4y 2 '
A 1= 5 -1 Phuong trinh duong thang di qua diém A va cat ca hai duong thang A, A
la
A x—1=y+1=z—1 B. x+1=y—1=z+l
—6 1 7 —6 -1 7
C. x—1=y+1=z—1 D. x—1=y+1=z—1
—6 -1 7 6 1 7
Loi gidi

Goi d 1a duwong thang can tim.
Goi B(1+2t;t;3-t)=d nA, C(t;-1-2t; 2+t")=d N A’

— AB = (2t;t+1;2-1), TC(t'—l; -2t 1+t').

(= 3

2t=k(t'-1) 2t—kt'+k=0 2

C6 A, B, C thing hang nén AB=kAC = {t+1=—2kt' <{t+2kt'=-1 < k=%
2—-t=k(1+t') t+kt'+k=2 1

RT

2'2
Puong thang cin tim qua A vanhan G = 2AB =(-6; —1; 7) 1a véc to chi phuong nén c6 phuong trinh

:@:[—3;—1'1].

x-1 y+1 z-1

-6 -1 7
Chony C.
Cau 10. Trong khdng gian véi hé truc toa do Oxyz, cho tam gidc ABC biét diém A(L 2; 3),
X =5t
duong trung tuyén BM va duong cao CH c6 phuong trinh twong tng 1a {y=0 va
z=1+4t
X—4_y*2_ 273 ik phuong trinh duong phan giac goc A.
16 -13
A. B. C.
x-1 y-2 z-3 x-1 y-2 z-3 x-1 y-2 z-3 D x;1:y112:z—53
7 -1 10 4 13 5 2 3 -1 T
Loi gidi

Gia sir B(5b; 0; 1+4b)e BM, C(4+16c; —2—-13c; 3+5c)eCH .

, 5+16¢c  13c 6+5cC
Toa d6 trung diem M caa AC Iél\/l( +2 ;—7' +2 j
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5+16C=5t
1§ c=0
M e BM = _TC=0 o t_1:>C(4;—2;3).
2
6+25C:1+4t

Goi vecto AB =(5b-1; —2; 4b—2)

Vecto chi phuong cua CH la: Vv:(16; -13;5).

Do AB L CH nén ABu =0 < 16(5b-1)-13(-2)+5(4b—-2)=0 <> b=0 = B(0; 0; 1).
AB=(-1-2;,-2), AC=(3,-4;0)

Pt E=%=(—%; —%: —%) @{g; —g; 0), G=E+@=(i; _Q;_Ej.

Chon v =(2; —11; —5) la vecto chi phuong cita dwdng phan gidc goc A.

x-1 y-2 z-3
11 -5

Vay phuong trinh duong phan giac goc A la:
Chony D.

Céu 11. Trong khong gian Oxyz , cho tam giac ABC v¢i A(3;0;0),B(0;6;0),C(0;0;6) . Phuong
trinh ndo dudi day 1a phuong trinh dudng thang di qua truc tm cua tam giac ABC va vudng goc
véi mat phang (ABC).

X+1 y+2 z+3 |3x—2_y—1_z—1 Cx—3_y—6_z—6 I:)x—l_y—3_z—3
2 1 1 2 11 2 1 1 21 1

A

Loi gidi
AH.BC =0
Tacé H(a;b;c) 1 truc tam tam giac ABC néntacd s BH.AC =0
[ﬁ,ﬁ:’].m:o
Tacod AH =(a-3;b;c) ; BH =(a;b-6;c) ; BC =(0;-6;6) ; AC =(~3,0;6) ; AB=(-3;6;0).
= | AB, AC |=(36;1818).
AHBC=0 —6b+6c=0 —6b+6¢c=0 a=2

Tacd 1BH.AC=0 < {-3a+6c=0 ©1-3a+6c=0 <1b=1 - H(211).
[E,A—c],m:o 36(a—3)+18b+18c=0 [2a+b+c=6 [c=1

Duong thang di qua truc tim H (2;1;1) cua tam giac ABC va vudng goc véi mat phang (ABC) c6

_ 1= = Xx-2 y-1 z-1
vecto chi phuong U =—| AB, AC |=(2;1;1) ¢6 phuong trinh 13 = = .
ip g 18[ ] (231) cop gtrinh 12 — 1 1

Chony B.
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x=1-t
Cau 12. Trong khdng gian Oxyz , cho hai dudng thang d,: X=2 = y+12 = 213 vad,:<y=1+2t
- z=-1+t

. Puong thang A di qua diém A( 1;2;3), vudng géc vai d, va cit d, c6 phuong trinh 1a

A_x—1=y—2=z—3 B.x—1=y—2=z—3
-1 -3 -5 1 3 5
C_x—1=y—2:z—3 D.x—lzy—2:z—3
1 3 -5 1 -3 -5
Lot gidi
Xx=1-t
Med,:{y=1+2t = M (1-t;1+2t;-1+1).
z=-1+t

Vecto chi phuong cua d, la G(Z;—l; l); m(—t;Zt—l;—4 +t)
Theo yéu ciu bai toan: UAM =0 < —2t—(2t-1)-4+t=0 <t=-1 nén AM (1;,-3;-5).
Puong thing A di qua diém A( 1;2;3) nhan AM (1;-3;-5) lim vecto chi phuong nén

X=1 y-2 z-3

A .
1 -3 -5

Chony D.
Xx=1-t

; d, 14y =1+2t vadiém A(L2;3). Duong
z=-1+t

X-2 y+2 z-3

Cau 13. Cho hai dudng thang d, : n .

thang A diqua A, vudng goc véi d, vacat d, co phuong trinh 1a

D.
A-xl—lzy;2=213 B'x—llzy—32=z—13 C.Xl_1=y;2=2;3 x=1 y-2 2-3
1 -3 -5
Loi gidi

Goi B(1-t;1+2t;—1+t) la giao cua A va d,.

Taco AB=(-t;2t-1t-4)

Puong thing A vuéng goc véi d, suy ra AB.d, =0« —2t+1-2t—4+t=0<t=-1
Suy ra AB=(1-3;-5)

Vay duong thang A di qua A , vudng goc véi d, va cat d, co phuong trinh 13 Xl_l = y—32 = 2_53

Chony D.
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Cau 14. Trong khéng gian véi hé toa d6 Oxyz , viét phuong trinh dwdng vubng goc chung cua hai

x—2: y—3:z+4 vad'

duong thang d : xt1_y-4_z-4

3 -5 3 2
B. C.
A_%:%:ZT_l Xx-2 y-2 7-3 x-2 y+2 17-3 D.gzy%zzz—_lg
2 3 4 2 2 2 a
Loi gidi

Tacd M ed suy ra M (2+2m;3+3m;—4—-5m). Tuong tuN ed’suy ra N(—-1+3n;4—2n;4—n).
Tir do tacé MN =(-3+3n—2m;1-2n—3m;8—n+5m).

MN Ld
MN Ld’

2(-3+3n-2m)+3.(1-2n-3m)-5(8—n+5m)=0 —38m+5n=43 m=-1
=3 .
3(-3+3n-2m)-2.(1-2n-3m)-1(8—-n+5m)=0 “1-sm+14n=19 ~ |n=1

Suy ra M (0;0;1), N(2;2;3).

Ma do MN la duong vubng géc chung cua d va d’ nén {

Taco MN =(2;2;2) nén dudng vudng géc chung MN 1a = =2 =

P <

z-1
—1 .

| >

Chony A.
Cau 15. Trong khong gian véi hé toa do Oxyz , cho mét phang (P):x+2y+z-4=0 va duong
X+1 'y z+2

thang d : > C1T 3 Viét phuong trinh duong thang A nam trong mat phang (P), dong
thoi cat va vudng goc véi duong thiang d .
A. C. D.
x-1 y-1 z-1 B_X5_1:y1_122_31 x-1 y+1 z-1  x+1 y+3 z-1
5 -1 -3 - 5 -1 2 5 -1 3
Lo gidi

Vecto phép tuyén cua mat phang (P) la e =(1:2;1).
Vecto chi phuong cua duong thang d 1a G, =(2;1;3).

X=-1+2t
Phuong trinh tham s6 cta duong thang d :4y =t
z2=-2+3t

Xét phuong trinh: —1+2t+2t—2+3t—4=0<7t—7=0t=1.
Suy ra giao diém cia duong thang d va mat phang (P) l1a A(1;1;1). Taco: AeA.

Vecto chi phuong ctia duong thang A 1a G, = [ﬁ(P) ,Ud} =(5;-1;-3).
1

Phuong trinh chinh tic cua duong thing A: x;l = y_l : _31 .

Chony A.
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Cau 16. Trong khong gian Oxyz, cho hai duong thing dl;x_13:y_23224£2;

d, va mat phang (P): x+2y+3z-5=0. Duong thang vudng goc véi (P),

X=5_ y+1 z-2
3 2
cat d, va d, co phuong trinh la
B. C.
A.x_—lzy_+1:5 Xx-2 y-3 z-1 X-3 y-3 z+2 D.X—_lz
L 2 3 1 2 3 1 2 3 3
Loi giai

y+1
2

Goi M va N Ian luot 1a giao diém ciia duong thing (P):5+%+5:1 cin tim véi d, va d, , khi
a C

d6 M (3—-t;3-2t;-2+t), N(5-35;-1+25;2+5) = MN =(2-3s+t; -4+ 25+ 2t; 4 +s-1).

Puong thang (P):1+%+5:1 vudng goc vai (P) suy ra MN cing phuong véi n, =(12;3). Do
a c

2-3s+t  —4+2s+2t 4+s-t

do
1 2 3

t=2 . .
@{ 1:M(l;—l;o). Vay duong thiang can tim qua
S =

M (1,-10) va c6 vecto chi phuong 1a U= (23) la XT_l = yTJrl % .
Chony A.
Cau 17. Trong khong gian Oxyz, cho hai diém A(2; 2;1), B(—g; —; 5) Puong thiang di qua

tam duong tron ndi tiép tam giac OAB va vudng goc véi mat phang (OAB) cé phuong trinh 1a

A-x+1:y—3:z+1 Blx+1:y—8:z—4
1 -2 2 1 -2 2
1 5 11 2 2
X+= y—— z-= X+— -—— I+—
C 3 3 6 D _ 9 _
1 -2 2 1 -2 2
Loi gidi

Xét bai toan: Cho AABC, goi | la tdm dwong tron ngi tiép tam giac ABC . Goi a,b ,c la dé dai
cac canh. Khi dé ta c6 alA+b.IB+c1C=0.

Chitng minh. Goi D va E lan luot 1a chan cac duong phan giac cua AABC ké tir B va C . Dung
tia Ax song song BD cat CE tai M . Dung tia Ay song song CE cat BD tai N .

Trang | 76



| Hinh hoc gidi tich khéng gian Oxyz

Taco: Al = AM + AN . Mat khac AEAM ~ AEBI , suy ra %:%
. EA AC b
Honntra, —=—+=—
EB BC a
Dodéﬂzgzngﬁ.ﬂxmgtu:m:gﬁ
BI a a a

Tirdo suy ra Al =2 1B+ S1C < alA+bIB+cIC =0
a a

Goi | (a;b;c) 1a tam duong tron ndi tiép tam giac OAB..

Ap dung bai toan trén cho AOAB , ta dugc AB.IO +OB.IA+OAIB =0 (*).
Tac6 OA=3, OB=4, AB=5; 10 =(-a;-b;—c),

IA=(2-a;2-b;1-c), @:(_—S—a;ﬂ—bé—c).
3 3 3
—5a+4(2—a)+3(—§—aj=0
3
a=0
Tir (*) taco —5b+4(2—b)+3(%—b]=0 = ib=1.
c=1

—50+4(1—c)+3(%—cj=0

Do d6 1(0;1,1).
Mit khéc, ta co: [E’&@] =(4;-8;8).
Suy ra vec to chi phuong cua duong thing can tim 1a u = (L, -2 2).

Vay duong thang can tim c6 phwong trinh 1a % = y_—21 = %
x+1 y-3 z+1

—2 2

Nhgn xét: Biém K (-1,3-1)ed nén phuong trinh duong thang d viét lai
Chony A.

Cau 18. Trong khdng gian Oxyz, cho ba diém A(LL1), B(-12;0), C(2;-3;2). Tap hop tat ca
cac diém M cach déuba diém A, B, C 1a mot dudng thang d . Phuong trinh tham sé cia duong

thang d 1a:
X=-8-3t X=-8+3t X=-8+3t X=-8+3t
A Jy=t B.<y=t C.iy=-t D.qy=t
z=15+Tt z=15-Tt z=-15-T7t z=15+Tt

Léi gidi
Taco AB=(-2;1-1); BC =(3,-5;2).
Tathdy AB va BC khéng cung phuong nén ba diém A, B, C khong thing hang.
M céach déu hai diém A, B nén diém M niam trén mit trung truc cia AB .
M céach déu hai diém B, C nén diém M niam trén mit trung truc cia BC .
Do d6 tap hop tat ca cac diém M cach déu ba diém A, B, C la giao tuyén caa hai mit trung truc
cua AB va BC.
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Goi (P), (Q) lan luot 14 cc mat phang trung truc cia AB va BC.
K (O;E;lj 1a trung diém AB; N (1;—1;1j 1a trung diém BC.
2 2 2 2
Mat phang (P) diqua K vanhan AB = (=2;1,—1) lam vécto phép tuyén nén phuong trinh mat phang
(P):—2x+(y—gj—(z—%]:0 hay (P):2x—y+z+1=0.
Mat phing (Q) diqua N vanhan BC = (3;-5;2) 1am vécto phap tuyén nén phuong trinh mét phang

(Q):3(x—%)—5(y+%}+2(2—1):0 hay (Q):3x-5y+2z-6=0.

i 2X—-y+2+1=0
Tacé d:
3x-5y+2z-6=0
Nén d cé vécto chi phuong ﬁ:[ﬁ,ﬁ}:(—&lﬂ).
X=-8-3t
Cho y =0 tas& tim dugc x=-8, z=15 nén (-8;0;15)ed . Viy < y =t
z=15+Tt

Chon y A.
Cau 19. Trong khdng gian véi hé toa do Oxyz, cho cac diem A(a;0;0),B(0;b;0),C(0;0;2).Goi
| 12 thm mat cau ngoai tiép ti dien OABC . Biét rang khi a va b thay dbi thoa man diéu kién:
2a+b=4thi thm | thudoc mot duong thang c¢b dinh A . Phuong trinh duong thang A twong Gng
la

X=1-t X=t X=2-t X=1-2t
A qy=2t B.<y=2+2t C.jy=1+2t D.qy=t
z=1 z=1 z=1 z=1
Loi gidi

tr dién OABC Ia tir dién vudng va da biét tim mit cau ngoai tiép tir dién vudng tai dinh O la:

| _A+B+C :(g;g;lj:(g;4—2a;1j:(g;2_a;1j
2 2 2 2 2 2

bat a=2t=I(t;2-2t;1)

x=1-t
Suy ratam | thudc mot duong thang ¢ dinh co phuong trinh A:{y =2t

z=1
Chon dap an A
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Cau 20. Trong khéng gian Oxyz, cho ba dudng thing c6 phuong trinh lan luot
dl:x—3:y+1:z—2’ d,: xt1_y _z+d d,: x*+3_y-2_z Puong thang song
2 1 -2 3 -2 -1 4 -1 6
song d,, cat d, va d, c6 phuong trinh 1a
A. B.
x-3 y+1 z-2 x-3 y+1 -2 C.XTH:ll:Z;e4 D.)(T_1=11=ZL64
4 1 6 4 1 -6
Léi gidi
X=3+2u X=-1+3v
Taco d,:qy=-1+u, d,:qy=-2v
z=2-2u z=—-4-v

Goi d, 1a duong thang can tim.

Goi A=d,nd, = A(3+2u;-1+u;2-2u), B=d, nd, = B(-1+3v;—2v;—-4-v).
AB =(-4+3v—2u;1-2v—U;—6-Vv+2u).

d, song song d, nén AB = ki, voi U, =(4;-16).

—4+3v—2u =4k v=0
AB=ki, = {1-2v-u=-k <{u=0 .
—6—-Vv+2u =6k k=-1

Puong thing d, di qua A(3;-1;2) vaco viep la Uy =(4,-16) nén d, : x=3_y+l_z-2

Chony B.

Cau 21. Trong khéng gian Oxyz, cho dwong thang d: X1_1= y;2: 2-3

(a):x+y-2-2=0. Trong cic duong thang sau, duong thang nao nam trong mat phang («),
ddng thoi vubng goc va cit duong thang d ?
X=2 y-4 z-4

va mit phang

A.AZ. B.A4:X__l:y__1:£
-2 3 3 -2 1
C.A3:X_5:y_2:2_5 D. A1:X+2:y+4:2+4
3 —2 1 -3 2 -1
Loi gidi
X=1+t
Phuong trinh tham s6 ctia duong thang d 3y =2+2t,
z=3+t

Taco | ed = I (1+t;2+2t;3+t). Mat khéc
le(a)=>1+t+2+2t—(3+t)-2=0t=1= 1(2;4,4).
Vecto chi phuong cia d 13 u=(12;1). Vecto chi phap tuyén cua (e) 1a n=(11-1)

Trang | 79



Tap chi va tu liéu todn hoc |

Ta c6 [ﬁ,ﬁ] =(-3,2;—1). Duong thang can tim qua diém 1(2;4;4), nhan mot VTCP la
X=2-3t
[l], ﬁ} = (—3; 2; —1) nén cé phuong trinh tham s6 y=4+2t.
z=4-t
Kiém tra A(5;2;5) € A,, thiy A(5;2;5) thoa min phuong trinh (*).Vay chon C.
Chony C.
Cau 22. Trong khong gian toa d6 Oxyz, cho tam giac ABC hiét A(L0;-1), B(2;3;-1),
C(-211). Phuong trinh duong thang di qua tim dwdng tron ngoai tiép cua tam giac ABC va
vudng goc vaéi mat phang (ABC) la
A. D.
x-1
x-3 y-1 z-5 B C.T:—:— Xx-3 y-2 7-5
3 -1 5 3 -1 5
Loi gidi
Tacé: AB=(13,0); BC =(-4;,-2;2), AC=(-3,12)
— AB? =10, BC® =24, AC? =14 = AABC vudng tai A.
Tam | cua dudng tron ngoai tiép tam giac 1a trung diém cua BC = | (O; 2;0).

Puong thing d cin tim di qua 1(0;2;0) va nhan vecto u = %[E,A—CJ =(3,-15) lam véc to chi

x-3 y-1 z-5

phuong. Phuong trinh chinh tic cua duong thang d 13

-1 5
Chony A.
Cau 23. Trong khong gian véi hé toa d6 Oxyz, cho diém M(2; 1;0) va dwong thing
:XT_l:yTH:il . Phuong trinh tham s6 ciia duong thang d di qua M, cat va vudng goc Vi
A la
X=2+t X=2-t X=1+t X=2+2t
A d:iqy=1-4t B.d:sy=1+t C.d:xy=-1-4t D.d:{ y=1+t
z=-2t z=t z=2t z=-t
Loi giai
d
oM l_j
—

I A

Goi | =dNA. Do I eA nén I (2t+Lt-1;—t). Suyra MI =(2t—1 t-2; —t).

Taco A c6 vecto chi phuong U =(2;1;-1).
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Taco d LA@WJ_U<:>W.U=O<:>(2t—1).2+(t—2).1+(—t).(—1)=O<:>6t—4=0<:>t=§.

Suy ra MI = (%—ﬂ —%j, tir d6 suy ra d c6 mot vecto chi phwong 1a Uy =(1-4;-2) va di qua

X=2+t
M (2; 1;0) nén c6 phuong trinh d :{y=1-4t.
z7=-2t

Chony A.
Cau 24. Trong khdng gian véi hé toa d6 Oxyz, cho diém A(1;2;3) va mat phang

(P):2x+y—4z+1=0, duong thing d di qua diém A, song song vai mit phing (P), dong thoi

cat tryc Oz . Viét phuong trinh tham s cia duong thang d .

X=1+5t X=t Xx=1+3t x=1-t
A qy=2-6t B.qy=2t C.qy=2+2t D.qy=2+6t
z=3+t z2=2+t z2=3+t z=3+t
Loi gidi

Goi B(O;O;b) 1a giao diém cua duong thang d va truc Oz
Tacd u, = AB =(-1-2;b—3) . Viduong thing d song song véi mat phing (P) nén:
ABn, =0 -2-2-4(b-3)=0b=2,

Suy ra u, = AB = (-1 -2;-1)=-1(12;1).

Chony B.
Cau 25. Trong khéng gian Oxy, cho diém M (-1;1;2) va hai duong thang
d: X=2 = y+3 = Z_l, d": X+1=X:i. Phuong trinh nao dudi day la phuong trinh duong
3 2 1 1 3 2
thing di qua diém M , cit d va vuéng goc vai d’ ?
X=-1-7t X=-1+3t x=1+3t X=-1+3t
A ly=1+Tt B. ly=1-t C.ly=1-t D. ly=1+t
2=2+Tt 2=2 z2=2 7=2
Loi giai

Goi duodng thang can tim1a A, A lagiaocua A va d .

Khi d6: A(2+3t;-3+2t;1+t), MA=(3+3t;—4+2t;-1+t).

Do A vudng goc véi d' nén: MAU, =0 & 7t-7=0&1t=1,

Khi d6 MA =(6;-2;0), hay vecto chi phuong cua A 1 (3;-1;0).
X=-1+3t

Véy phuong trinh A: {y=1-t
z=2

Chony B.
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Cau 26. Trong khong gian Oxyz, Cho mit phing (R):x+y-2z+2=0 va dudng thing
A, :§=%=Z—_11. Puong thang A, nam trong mat phang (R) ddng thoi cit va vuéng goc voi
duong thang A, c6 phuong trinh 1a
X=t X=t X=2+t X=2+3t
A Jy=-3t B.qy=-2t C.qy=1-t D.sy=1-t
z=1-t z=1+t Z= Z=
Loi giai
X =2t
Phuong trinh tham s6 ciia duong thang A, 1a {y =t
z=1-t
Goi 1(X;Y;2) 14 giao diém cta A, va (R).
X =2t
¢ x=0
Khi @6 toa @6 cua | la théa man Z:l . = y=0:>I:(0;O;1).
N z=1
X+y—-2z+2=0

Mat phang (R) c6 VTPT fi=(11-2); Dudng thang A, c6 VTCP U =(2,1-1).
Khi d6 [A,0]=(L-3;,-1).
Puong thang A, nam trong mat phang (R) dong thoi cat va vudng géc vai duong thang A, .
Do d6 A, di qua | =(0;0;1) vanhan [A,u] lam mot VTCP.
Xx=t
Vay phuong trinh ctia A, la 1y =-3t.
z=1-t

Chony A.

, -1 -2 ,
Cau 27. Trong khong gian Oxyz, cho duwong thang d:XTzll:ZT va mat phang

(P):2x—y—2z+1=0. Dudng thang nam trong (P), cit va vudng goc véi d c¢6 phuong trinh 14

X+2 y-1 z+3 Xx-2 y+1 z-3

B.
3 4 1 3 4 -1
C.x—2:y+1:z—3 D. x—1:y+1:z—1
3 4 1 3 4 1
Loi gidi
X=1+t
Phuong trinh tham s ctia d 1<y =t . Goi M =d n(P).
z2=2+t

Khido M ed nén M (1+t;—t;2+t); M e(P) nén 2(1+t)—(-t)-2(2+t)+1=0=t=1.
Vay duong thang d cat mat phang (P) tai M (2;-13).
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Goi Uy =(L,-11) va n=(2;-1-2) lan luot la vecto chi phwong clia d va vecto phap tuyén caa mat
phang (P).

Khi dé mét vecto chi phuong ciia duong thang can tim 1a u= [E, F\] = (3; 4,1).

Xx-2 y+1 z-3

Vay phuong trinh duong thang can tim 1a 2 1

Chony C.
Cau 28. Trong khong gian véi hé toa o Oxyz, cho hinh vudng ABCD biét A(10;1), B(L0;-3)

va diém D c6 hoanh do am. Mat phang (ABCD) di qua gbc toa do O . Khi d6 dwong thang d 1a
truc duong tron ngoai tiép hinh vudéng ABCD cé phuong trinh

X=-1 x=1 X=-1 X=t
A . d:y=t B.d:qy=t C.d:qy=t D.d:xy=1
z=-1 z=-1 z=1 z=t

Loi gidi

Taco AB =(0;0;—4)=-4(0;0;1). Hay AB c6 véc-to chi phuong k =(0;0;1).
Mit phang (ABCD) c6 mot véc-to phép tuyén: [EASB} =(0;4;0)=4(0;1,0), hay j=(0;30) la
Mot véc-to phap tuyén cia mét phang (ABCD).
_[AD L AB _ |AD Lk
Vi nén<__.  _.
{ADC(ABCD) {ADL]
Puong thang AD c6 véc-to chi phuong 13 D R] =(1,0;0).
X=1+t
Phuong trinh duong thang AD 1a {y =0
z=1

Do d6 D(1+t;0;1).

Mgt khdc AD = AB e [t? +0°+(1-1)’ =4 {t j

Vidiém D c6 hoanh d6 &m nén D(-3;0;1).
Vitdm | cua hinh vudng ABCD la trung diém BD, nén | =(-10;-1).

Puong thing d 14 truc duang tron ngoai tiép hinh vubng ABCD ¢4 véc-to phap tuyén la j =(0;1,0)

x=-1
, nén phuong trinh duong thang d la d:{y=t
z=-1

Chony A.
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Céu 29. Trong khong gian Oxyz , cho tam giac nhon ABC ¢6 H(2;2;1), K(—g;%;g], O lan

luot 14 hinh chiéu vudng goc cia A, B, C trén céc canh BC, AC, AB.Puongthing d qua A
va vudng goc véi mat phang (ABC) c6 phuong trinh 1a

X+4 y+1 z-1 x—§ y—E z+g
B 1 -2 2
4 17 19
X+ — - 7-= X y—-6 z-6
Ddi-=—=—+-
Cd:—2-—3 -3 1 =2 2

Léi gidi

B C

H
Ta c6 ta giac BOKC 4 tir giac noi tiép duong tron (vi ¢6 hai géc vudng K, O ciing nhin BC dudi

mot goc vudng) suy ra OKB =0CB (1)
Ta c6 tir gidlc KDHC 1a ttr gi4c ndi tiép duodng tron (vi ¢é hai goc vudng K, H cling nhin DC duéi
mot g6c vuong) suy ra DKH =OCB (2)

Tur (1) va (2) suy ra DKH =OKB. Do d6 BK la duong phéan giéc trong cia goc OKH va AC la
duong phéan giac ngoai cia goc OKH .

Tuong tu ta chirmmg minh dugc OC 1a duong phén giac trong cua goc KOH va AB la duong phén
giac ngoai cua goc KOH .

Taco OK =4; OH =3; KH =5.

Goi |, J lan luot 1a chan duong phan giac ngoai ciia goc OKH va KOH .

Tacdé | = ACNHO taco E:K—O:ﬂ:ﬁ:ﬂmzﬂ(_&_g;_ﬂr).
IH KH 5 5
Tacdé J=ABNKH taco ﬁzolzﬂjﬁzﬂm:J(le;4;_4).
JH OH 3 3
Duong thang 1K qua | nhan RZL%;§;2—:j=%(4;7;S) lam vec to chi phuong ¢6 phuong trinh
X=-8+4t
(IK):qy=-8+Tt.
z=-4+5t
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Puong thang OJ qua O nhan OJ = (16;4;,—4) = 4(4;1,—-1) lam vec to chi phwong c6 phuong trinh
X = 4t’
(03):qy=t".
z=—t'
Khi do A=1K n0OJ, giai hé ta tim dugc A(—4;-11).
Taco 1A=(4,7;5) va IJ =(24;12;0), tatinh [ 1A,1J | = (~60;120;-120) = —60(L - 2;2).
u

Khi d6 duong thang di qua A vavudng goc véi mat phang (ABC) c6 véc to chi phuong u = (1,-2;2)

nén c6 phuong trinh x+4 = y+l _Z —1 .
-2 2
Nhdn xét.

e Mau chdt ciia bai toan trén 1a chiing minh tryc tim D cua tam giac ABC 1a tam duong tron
noi tiép tam giac OHK . Khi do, ta tim toa d6 diém D dua vao tinh chat quen thudc sau: “Cho
tam giac ABC v&i | 1a tam dudng tron noi tiép, ta cd a.lA+b.IB+c.IC =0, véi a=BC,
b=CA, c=AB”. Sau khi tim duoc D, ta tim duoc A véichiyring A< DH va OA L DA

e Ta ciing c6 thé tim ngay toa do diém A bang cach chitng minh A 1a tim duong tron bang
tiép goc H cua tam giac OHK . Khi do, ta tim toa 6 diém D dya vao tinh chat quen thudc
sau: “Cho tam giac ABC Vvéi J 1a tam duong tron bang tiép géc A, ta co
—a.JA+bJB+cJC=0,véi a=BC, b=CA, c=AB”.

Chony A.
Cau 30. Trong khdng gian véi hé toa d6 Oxyz cho ba diém A(3;-2;4), B(5;3;,-2), C(0;4;2),
duong thang d cach déu ba diém A, B, C c6 phuong trinh 1a
X= 8 + 26t X= =
3 X =4+ 26t 6 X =4+ 26t
A. y:§+22t B. {y=2+22t C. y:%+22t D. {y=2+38t
4 z:g+27t 72=2T7t z:g+27t
Z=—+2T7t 4 4
3
Loi gidgi

. . 1 . N »
Goi | 1atrung diém cua AB suy ra I£4;E;1j va (P) 1a mat phang trung truc cua doan AB.
Mt phang (P) diqua | vanhan AB = (2;5;—6) lam vec to phap tuyén c6 phuong trinh 1a:

2(x—4)+5(y—%)—6(z—1):0c>4x+10y—122—9:0.

Goi J 1a trung diém caa AC suyra J

7N\

3 )
E;L‘ 3) va (Q) la mat phang trung truc cua doan AC
Mat phang (Q) di qua J vanhan AC =(-3;6;-2) lam vec to phap tuyén c6 phuong trinh la:

—3(x—gj+6(y—l)—2(z—3):0c>6x—12y+4z—9:0.Khi do d =(P)n(Q)
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Ta ¢6 d co vecto chi phuong U =[ AB;AC |=(26;22,27) va di qua M la nghigm cia he

{4x+10y—122 -9=0

,tachon x=4 suyra y=2 va z=g.vay M 4;2;g .
6x-12y+4z-9=0 4 4

X =4+ 26t
Phuong trinh tham s6 caa d 1a:y =2+22t
Z= 9 + 27t
4
Chony B.
A A . i LA n \ 2 x=3 y-3 z <
Cau 31. Trong khong gian véi hé truc toa do Oxyz , cho duong thang d . = =5 = s mat

phang («):x+y—-z+3=0 vadiém A(L 2;-1). Viét phuong trinh duong thang A di qua A cét

d va song song véi mat phang ().

A x—lzy—2:z+1 B. x—1:y—2:z+1

1 2 1 -1 2 1

x-1 y-2 z+1 D x-1 y-2 z+1

1 -2 -1 -1 2 -1
Loi gidi

Goi M=And =M ed = M (3+t;3+3; 2t) = AM =(2+t;1+3t; 1+ 2t).

C.

Mt phing () ¢6 VTPT la n=(L1 -1).
AM /] (@) & AMA=0 2+t +1+3t-1-2t=0 o t=-1= AM =(1, -2, -1).

x-1 y-2 z+1

Vay A:
ay > 1

Chony C.

Cau 32. Trong khong gian Oxyz , cho hai dwong thang d, va d, lan lugt c6 phuong trinh 13

Xyl z o x_y-1_z-1 Puong thang d cit ca hai duong thang d,,d, va song song

1 2 1 1 -2 3

Xx—4 y-7 7-3

4 22

A. B. C. D.

x+1 y+1 z+4 x-1 y+1 z-4 x+1 y-1 z+4 x-1 y-1 z-4
1 4 =2 1 4 =2 1 4 =2 1 4 2

Lo gidi
Goi (P) la mat phang chira hai duong thang d, va d

véi duong thang A

c6 phuong trinh la

Khi d6 (P) di qua M (0;-1;0) va c6 cap vécto chi phuong u, =(L2;,1), u=(14;-2).
Goi 1 I3 VTPT ciia (P). Khi 6 n=|u;,u|=(-832)

Phuong trinh (P):—8x+3y+2z+3=0
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—-8x+3y+2z2+3=0

Xx=1
: : x=t
Goi H la giao diém cua duong thang d, va (P) 1ot oy=-1=>H(L-14).
y== z=4
z=1+3t

x-1 y+1 z-4

Puong thing d di qua H va c6 VTCP u =(1;4;-2)c6 phuong trinh:

4 -2
Chony B.
Cau 33. Trong khéng gian Oxyz, cho hai duong thiang chéo nhau d: X_43 = lerz = ZI1 va
’. X y_l 7-2 \ \ re 3A . \ N 2 A )
d 5T T 3 Phuong trinh nao dudi day la phuong trinh duong thang vuéng goc chung
ciad vad'?
x+1_y+1_z B x-1_y-1 1z c x+1_y-1_z Dx—1_y—1_z+1
1 2 2 1 2 2 1 2 2 1 2 2
Loi gidi
_|A(3-4a;-2+a;-1+a)ed AB 1 d
sao cho
B(—6b;1+b;2+2b)ed’ AB Ld’

Taco AB=(4a-6b-3b-a+32b-a+3); u, =(-41L1); u, =(-6,12);
{E,Q:o@{—4(4a—6b—3)+b—a+3+2b—a+3=o @{azl
ABu, =0 |-6(4a—6b—3)+b-a+3+2(2b-a+3)=0 [b=0
= A(-1-10), B(0;1,2), AB=(12;2).

g X+l _y+l 2z

Vay phuong trinh dudng thang vudng géc chung cua d va d ' | 1 > =5
Chony A.
Cau 34. Trong khong gian Oxyz , cho ba diém A(3;-2;4), B(5;3;-2), C(0;4;2), duong thing
d cach déubadiém A, B, C co6 phuong trinh 1a
x =24 26t x=1L 14t
3 X =4+ 26t 6 X =4+ 26t
A. y=§+22t B.{y=2+22t C. y=%+22t D.iy=2+38t
9 B 9
z=£+27t Z=Z+27t z=2Tt Z=Z+27t
3
Lot gidi

. 1 — ,
Toa do trung diém cua AB la M (4;5;1j . Tac6 AB=(2;5;,-6) nén phuong trinh mat phang trung

1
tryc ciia AB Ia 2(x—4)+5(y—ij—6(z—l)=0 hay 2x+5y—62—g:0.
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~ - A A 3. . 2 A ~ . - M
Toa dd trung diém cua AC 1a N 5,1,3 .Tacd AC =(-3;6;—-2) nén phuong trinh mat phang trung
: : 3 9
tryc cia AC la -3 X_E +6(y-1)-2(z-3)=0 hay —3x+6y—22+§=0.
2x+5y—62—g:0
Céc didm thuge duong thing d c6 toa do thoa man hé phuong trinh 2

—3x+6y—22+%:0

. 9 ,
Tathay D (4; 2, Zj thoa man hé phuong trinh dé6 nén D € d . Buong thang d c¢6 véc-to chi phuong

X =4+ 26t
la n= [ﬁ E] — (26;22;27). Do d6, phuong trinh duong thang d 1a Jy =2+ 22t .

z=g+27t
4

Cau 35. Trong khong gian Oxyz , cho badiém A(1;2;-1), B(2;0;1), C(-2;2;3). Puong thing
A nim trong m3t phing (ABC) qua truc tim H ciia AABC va cling tao véi cac duong thing
AB, AC mot géc a < 45° c6 mot vecto chi phuong la U =(a;b;c) véi & 1a mot sb nguyén t6.
gia trj cua biéu thuc ab+bc+ca bang.
A. —67 B. 23 C. 33 D.-37

Lo gidi
Taco AB=(1;-2;2), AC =(-3;0;4) = AB.AC —-3+8-5>0 = BAC <90°.

Puong thang can tim song song véi phan giac trong ciia géc A cé vecto chi phuong xéac dinh boi

G:iﬁ+iAT::1(1;—2;2)+1(—3;o;4):[—i;—g;gj:3(—2;—5;11),
AB AC 3 5 15" 3'15) 15

a=-2
Suyra sb=-5.

c=11

Vay ab+bc+ca=-67.
Cau 36. Trong khong gian Oxyz , cho ba diém A(1;2;-1), B(2;0;1), C(-2;2;3). Puong thing
A nim trong mt phang (ABC) qua truc tim H ciia AABC va cling tao véi cac duong thing

AB, AC motgéc a > 45° c6 mot vecto chi phuong la U =(a;b;c) véi & 1a mot sé nguyén t6.
gia trj cua biéu thuc ab+bc+ca bang
A. —67 B. 23 C. -33 D.-37
Loi gidi
Taco: AB =(1;-2;2), AC =(~3;0;4) = AB.AC =—3+8=5>0 = BAC <90°,
Puong thang can tim song song véi phan giac ngoai cua géc A co vecto chi phuong xac dinh boi
1 1 1 1 (14_ 2. 2 j 2

U=—AB———AC ==(1;-2;2)-=(-3;0;4) = == (7;-5;:-1).
" e AC 3( ) 5( ) 15( )
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a=7
Suyra «+b=-5.
c=-1

Vay ab+bc+ca=-37.

Cau 37. Trong khong gian Oxyz, cho hai duong thing d,:*=3-— y;3= 213 va
d, :x%Szy%Z:é cit nhau tai diém 1(1;1;2). Viét phuong trinh duong thing A 13 phan gidc
cua goc nhon tao bai d; va d,.
A_A:x—lzy—lzz—z B.A:x—lzy—lzz—z
32 23 13 8 5 3
C_A:x—lzy—lzz—Z D.A:x—lzy—lzz—z
-4 5 1 4 1 1
Léi gidi
Taco U =(2;2:1), U,(6;3;2) do d6 uu, >0.
Suy ra phan giac caa goc nhon tao béi hai duong thang cé vecto chi phuong 1a
- 11— 1-— 1 1 32 2313) 1
U=—=U+—=U,=—(2;2;1) + ———=(6,3;2 =(—;—;—] 32,23;13
\u\ \u\ \/22+22+1( ) \/62+32+22( ) 21'21°21 21( )
Vay duong thang can tim 14 A x-1_y-1_2-2
32 23 13
Cau 38. Trong khéng gian Oxyz, cho hai duong thing d,: X=3_ y;3= 213 va
d, :X%S:y%zzé cit nhau tai diém 1(1;1;2). Viét phuong trinh dudng thing A 13 phan giac

cua goc tu tao boi d1 va dz.

A_A:x—lzy—lzz—z B.A:x—lzy—lzz—z
32 23 13 8 5 3
C_A:x—lzy—lzz—Z D.A:x—lzy—lzz—z
-4 5 1 4 1 1
Loi gidgi

Taco U, =(2;2:1), U,(6;3;2) do d6 uu, >0.
Suy ra phan giac ctia goc tu tao boi hai duong thing c6 vecto chi phuong 1a
~ 1~ 1~ 1 1 4 5 1 1
u= 2;2;1)————=(6;3;2)= y— —4;5;1
\u\ \u\ J22 2241 1( ) \/62+32+22( ) ( 21’21 21) 21( )
x—=1 _y- 1 z2-2
5 1

Vay duong thang can tim 1a A :
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Cau 39. Trong khong gian Oxyz, cho duong thing A 1 giao tuyén cua hai mat phang
(P):x+my-mz+1=0;(Q):mx+y+z+m=0.Puong thing A" qua gic toadd O va song song

v6i duong thing A . Ba diém A,B,C lan luot di dong trén Oz, A,A'. Gia tri nho nhit cua
AB + BC +CA bang

Al B.2V2
C.2 D.{/2
Loi gidi

Taco u, =[ nging |=(2m;-m? ~1,1-m*) va A di qua M (-10;0).
M3t khac: AB+ AC +BC > BC + BC = 2BC > 2d (A;A').
Vi A’ di qua O vasong song v6i A

jd(A;A,):d(O;A):‘[OI\f;UAJ _ 2\/(1_m2) +2(m2+1) : :ZVT4+12\/§
Wl fam e (me ) e @ome) ™

DAu bang dattai m*> =1<> m=+1, licnay A tring C trang O va B 14 hinh chiéu vuéng gdc cua
O lén A.

Cau 40. Trong khong gian Oxyz, véi M [a sb thuc thay ddi thi mat phing
(P):(m*+1)x—(2m* —2m+1)y+(4m+2)z—m?+2m =0 ludn chira mot duong thing A cb
dinh. Viét phuong trinh dudng thing A .
X=-1-4t X=t
A Ady=-1-2t B.ly=-1-2t
z=t z=-1-4t
x=-1+4t x=-1-2t
C.A:qy=-1-2t D.qy=-1-4t
z=t Z=
Lo gidi

Ta tim dudng thang c¢6 dinh bang céch:
(m®+1)x—(2m* —2m+1)y +(4m+2)z—m’ + 2m =0, vm
o m?(x-2y-1)+2m(y+2z+1)+(x-y+2z)=0,vm

X-2y-1=0 X=-1-4t X=-1-4t
X-2y-1=0
Sy=21+1=0< Sqy=—-1-2t=>A:qy=-1-2t
y+2z+1=0
X—y+2z=0 z=t z=t

Cau 41. Trong khong gian Oxyz , cho diém A(1;0;6). Biét c6 hai diém M, N phan biét thugc truc
Ox sao cho cac duong thang AM, AN clng tao véi duong thang chia truc Ox mot goc 45°.
Tong cac hoanh do cua hai diém M, N bang
Al B. 2 C.1 D.5
Loi gidi
Goi diém M (m;0;0) € Ox = AM (m—1,0;-6) va truc OXx c6 vecto chi phuong i(10;0).
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AV g

) ny 1 [m=
-t

=3 ==
Jm-17+36  \[(m-17+36 V2 Lm=7

Vay tong hoanh d¢ ctia hai diém nay bang -5+7 =2

Cau 42. Trong khdng gian Oxyz, cho hai diém A(&;0;-2),B(2;b;0). Goi () 1a mat phing chira

Vay theo gia thiét c6 cos45°

—|

A vatruc Oy;(/) lamat phing chira B vatruc Oz. Biét ring («),(8)cét nhau theo giao tuyén
1a duong thing A ¢ vecto chi phuong U(2;1;2). Tinh do dai doan thing AB

A B. 5 c. 26 D.2v2
Loi gidgi

Truc Oy,0z lan luot 6 c4c vecto chi phuong ](0;1;0),R’(0;0;1)
O hand —_— =

Cé { yc(a);> n, =[uA, i}=(—2;0;2) va (@) qua géc toa do 0(0;0;0) €Oy nén (ar): x—2=0.
Ac(a)
Oz o

Co c(ﬁ):nﬂ{uA,k]:(l;—z;o) va () ua géc toado 0(0;0;0)€0z nén (B):x-2y =0
Ac(p)

Vi Ae(a)=>a+2=0<a=-2Be(f)=>2-2b=0<b=1
Vay A(-2;0,-2),B(21,0)= AB=+21

Cau 43. Trong khdng gian véi hé toa d Oxyz , cho dudng thing A:%: y__ll - Z__ll Hai diém

M va N lan luot di dong trén cac cac mat phang (@):x=2; (f):2=2 sao cho trung diém K

cia MN luén thudc duong thang A . Gia tri nho nhat cua do dai MN bang

A. % B. ﬁ C. ﬂ D.%
5 5 5 5
Loi gidi
Goi M(2a;b)e(a), N(c;d;2) €(B) . Khi do K(ng;a;d ;bzzj,
a+d=2-2t
Vi K thuoc A nén C+2=a+d_2=£=t<:> b=-2t _ Khido
4 2 2
c=4t-2
MN = (c-2)" +(a—d )’ +(b-2) =(4t—4) +(a—d) +(2t+2)
= \[20t? 24t + 20+ (a—d Y’ z%
a+d=2-2t g 2
b=-2t a=t=3
r X = — 6
Diubingdattai { * % o b=-2 :M(Z;g;—ﬁj,N(g;z;zj
a-d=0 5 5 5) (55
2
3 _
t== C=¢
5 )
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Cau 44. Trong khong gian véi hé toa d6 Oxyz , cho dudng thiang A:g= y_—ll =Z—_11 Hai diém
M, N lan luot di dong trén cac cac mat phang («):x=1 (B):2=0 sao cho trung diém K cua

MN lubn thudc dudng thang A . Gié tri nho nhat cia do dai MN bang

A 3 g 35 c. 25 p, 23
2 10 5 5
Loi gidi
. o L c+l a+d b
GQ' M(l,a,b)e(a), N(C,d,O)E(ﬂ) Khi d6 K T T,E .
e+l _ o
2 a+d=2-2t
R . . |a+d .
Vi K thuoc A nén T:1—t<:> b=2-2t .Khidd
c=4t-1
b_it
2
2 2 P 2 2 2
MN = J(c-1) +(a—d)’ +b? = (4t -2) +(2—2t) +(a—d)
> J(4t-2) +(2-2t)° =200 —24t+8>—
a+d=2-2t 2
b=2-2t a=d=-
D4u bang dat tai c=dt-1 - ] p2 :M(l;g;fj,l\l(z;g;oj
a-d=0 5 55 55
3 7
t== c=z
5 5

Cau 45. Trong khdng gian véi hé toa dd Oxyz , cho mat phang (P) :X—2Y+22-1=0 hai duong

thang d,: x-1_y-3 _Z. d, :X—_Szl Z+5 ikt rang c6 hai diém A, B thudc d1 va hai diém
2 3 2 6 4 5

C,D thuéc 0, sao cho AC,BD cling song song Véi (P) ddng thoi cach (P) mét khoang bang
2 . Tinh AC+BD.
A. 6+52 B. 52 C.5+52 D.6/2
Lot gidi
Ldy A(1+2a;3-3a;2a)ed,;C(5+6c;4c;-5-5¢c)ed, .
C6 AC =(6c—2a+4;4c+3a—3;-5c—2a—5) va theo gia thiét

n,-AC=0<1(6c-2a+4)-2(4c+3a-3)+2(-5c-2a-5)=0<c=-a.
Mat khac AC ||(P) nén

d(AC,(P))=d(A(P))=2& |(1+2a)—\/21§i—27§i);2(2a)—14 i @’Ezf

Khi do A(L3;0),C(50;-5),B(3;0;2),D(-1—4;0) . Viy AC +BD =52 +6.
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Cau 46. Trong mat phang (P) vudng goc voi d ddng thoi cing cach diém | mot khoang bang
J42 . Goi A,B lan luot 14 hinh chiéu vuéng gdc cua | 1én hai dwong thing d6. Tinh OA2 + OB?2.
A. 104 B. 102 C. 106 D.100
Loi gidi
o s ao o JAc(P)  — r— — -
Gia st A la duong thang can tim. Co {A L d =u, = [np,ud } =(-2;3-1).
Ta can tim mot diém thuoc A, ma sir dung duoc gia thiét khoang cach tir | 18n A . Vay ta goi diém
A(a;b;c)e A lahinh chiéu vuong géc cua | 16n A . Vi
Ac(P)=a+b+c+2=0<c=-2-a-b= A(ab;-2-a-b)= IA=(a-Lb+3,-2-a-b)
Theo diéu kién vudng goc ta co

1Au, =0 —2(a-1)+3(b+3)-(-2—-a-b)=0<b= a-13

@

Mat khac IA=d (1,A)=+42 = (a-1)" +(b+3)" +(a+b+2) =42 (2)
Tu (1) va (2) taco
(a;b) =(-3,-4);(5;-2) = A(-3,-4;5); B(5;-2;-5) = OA* + OB* =104 .

Cau 47. Trong khong gian Oxyz, cho ba diém A(1;2;3), M (-1;2;3),N(-1;0;2) va mat phing
(P):x—2y+3z+2=0.Piém C(a;b;c) thuoc mit phang (P) sao cho ton tai cac diém B thuge
tia AM, diém D thuoc tia AN sao cho tir giac ABCD Ia hinh thoi. Gia tri biéu thuc a+b+c
bang?
A -14 B. -10 C. -12 D.-13
Lo gidi
Vi ABCD Ia hinh thoi nén AC chinh la phan giac trong géc BAD va ciing chinh la phan gic trong

goc MAN . Vi vay duong thang AC ¢ véc-to chi phuong 13

X=1+5t
Vay AC:{y=2+2t Tacd C=ACN(P) néntoadd C la nghi¢m cua h¢ phuong trinh
z2=3+t
X—-2y+3z+2=0
Xx=1+5t
= C(-9;-2;1).
y=2+2t
z=3+t

Vay a+b+c=-10.
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Xx-3 y-2 1-2

1 1
Mat phang (P) thay d6i song song véi A, cach A mot khoang bing 2+/2 . Khoang céch tir diém

Cau 48. Trong khong gian Oxyz , cho diém M (0;1;2) va duong thing A:

M dén (P) co gia tri I6n nhat bang?

A. \/%+8\/§ B. J%u\/i C. gwﬁ D.§+2\/§

Léi gidi

Céach 1
Duong thang A qua diém A(3;2;2) , vécto chi phuong 6(2;1;1). Goi H 14 hinh chiéu vuéng goc
cia M 1én A; K Ia hinh chiéu vudng goc cia H 1én (P)

[9WA] Jirovt s fi

‘ﬁ‘ N

Theo gia thiéttacé MH =d (M, A) =

Va A/1(P)= HK =d(A,(P))=2+2. Do dé theo bat ding thic tam giac, ta co:

d(M,(P))<MK <MH +HK:\/1;1+2\/§.

11
X N N - \ N - KA \ 0 ~ T MH T s E P \
Dau bang xay ra khi va chi khiM,H,K thang hang thoa mén MH = HK = HK va (P
au bang xay i ang hang tho ™ 03 (P)
qua K vudng goc véi duong thang MH .
Céch 2
Mat phang (P):ax+by+cz+d =0.Vi A//(P)=n,u, =0.
Do d6 2a+b+c=0<c=-2a-b=(P):ax+by—(2a+b)z+d =0.Cé diém
A(3:22)eA=AlI(P)=d(A(P))=d(A,(P))=2V2.
\3a+2b 2(2a+b)+d| _ 7o |d -al Y
\/a +b% + (2a+b) \/a2+b2+(2a+b)
b— 22 b d
Khi d6 d (M, (P))= b-2(2a+b)+d] | Jd-4a-b
\/a +b% + (2a+b \/a +b% + (2a+b)
DétX:g,y:Btacédiéu kién
a a
a(m (Pt -|X i y‘ L BN
\/1+y+2+y) \/l+y+2+y

Dén day ta s& dung diéu kién ¢ nghiém dé tim gia tri lon nhat cua d (M, (P))

Cau 49. Trong khong gian Oxyz , cho hinh thoi ABCD biét A(111) vadiém C thudc mat phing
(P):x+y+2z+1=0. Céc diem M (-10;3), N(5L-2) lan luot thudc tia AB, AD. Do dai canh

hinh thoi ABCD bang?
A. 15 B. 60 C. 30 D. 45
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Léi gidi

14

Tacod AM =(-2;-12), AN =(4;0;—3) = cos MAN =T

Goi F 1a giao diém AC va MN .
Tacd AF Ila tia phén giac goc

(10
5(-1-x)=-3(5-x) 8
MAN = FM =M £y o, Sy=-3(1-y) o y=2 :F(EE;QJ
AN 8 8 88
5(3-2)=-3(-2-2) 9
‘“3
Taco ﬁZ(g;—il):l(Z;—S;l), nén duong thang AF c6 phuong trinh x-1_y-1_z-1
8 88/ 8 -5 1

x-1 y-1_

z-1

Tacd C=AF n(a) néntoads C langhiémhe § 2 -5
X+y+z+1=0
—2BA.BC.cos ABC

bit AB=a>0.Taco AC? =BA? +BC?

Xx=5

1 ©{y=-9=C(5-93).

z=3

=120 =2a’ + 2a%.cos BAD =120 = 2a* +2a2._1—154 =a=30.

Vay d6 dai canh hinh thoi la 30.
X=1+3t

z=1

c6 phuong trinh la

x=1+27t x=-18+19t x=1-t
A d:qy=1+1t B.d:qy=-6+T7t C.d:qy=1+17t
z=1+t z=-11-10t z=1+10t
Loi gidi

Cau 50. Trong khong gian Oxyz , cho duong thang d :{y =1+4t. Goi A 1a duong thang di qua

diém A(LL1) vacé vec to chi phuong u = (=2;1;2). Buong phan giac cua goc tu tao boi d va A

X =-18+19t
D.d:xy=—6+T7t
z=11-10t

Taco A(LL1)=dnA. Duong thing d co vec to chi phuong u, =(3;4;0).

Puong thang d c6 vec to chi phuong u, = (-2,12).

Co uj.@=—2<O:>cos(u7,@)<0:>(uj,@)>90°.

Do d6 phén giac cia g6c tli tao boi d va A s& di qua A(L1;1) va c6 vec to chi phuong

R 1(340) ;(—2;1;2)

U= (_153
nRE

Vay phuong trinh duong phén giac cua goc tutao boi d va A la d:

1
—(-117;10).
=3 )

Xx=1-t

y=1+17t.
z=1+10t
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Céau 51. Trong khong gian véi hé truc toa d6 Oxyz , cho hai dwdng thing d : X=2 _ y;S = 212

x-2 y-1 z-
1 -2

; H 1a giao diém cua dudng thang AA" va mat phang (P). Mot duong thang A thay doi trén (P)

,d': 2 va hai diém A(a;0;0), A’(0;0;b). Goi (P) 1a mat phang chira d vad’

nhung ludn di qua H dong thoi A cat d va d’ lan luot tai B, B’. Hai duong thang AB, A'B’
cit nhau tai diém M . Biét diém M luén thuoc mot duong thang cb dinh c6 vécto chi phuong
u=(15-10;-1). Tinh T =a+b?

df

A. T=8 B.T=9 C.T=-9 D.T=6
Loi gidi

Nhén xét rang A(a;0;0)eOx va A'(0;0;b) € Oz.

Goi (o) lamat phang chira d va AB va (B) 1a mat phang chua d' va A'B’.

Tacd M thudc duong thang A Ia giao tuyén cua hai mt phang (o) va (B).
Theo gia thiét, A ¢6 mét vécto chi phuong 1a u =(15;-10;-1). Mat phang (o) di qua M, (2;5;2)
va c6 cap vécto chi phuong 1a u, = (L2,1) va u =(15;-10; ~1) = (a) c6 vécto phap tuyén la

n =| u;u | =(8,16;-40) =8(1,2,-5).
Phuong trinh ciia (o) 1a x+2y-5z-2=0. Mt phang (B) di qua M,(2;1;2) va co cip vécto chi
phuong 1a u, =(1-2;1) va u =(15;-10;~1) = (B) ¢6 vécto phap tuyén la

n, =| u;u | =(12;16,20) = 4(3,4;5).
Phuong trinh cua (B) la 3x+4y+5z2-20=0.Khidé A=(a)nOx nén A(2;0;0) va A'=(B)n0z
nén A’(0;0;4). Vay T=a+b =6.
Chony D.
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Léi gidi
MA = |J(t-1)" +(2t-1) +(t+2)" =6t —2t+6
MB = (t—-1)° +(2t+2)’ +(t-1)° = 6t* +2t+9

Suy ra MA+MB =+/6t> — 2t +6 +~/6t% + 2t +9

[ TR

Goi M (t;2t;1+t)e A va

Chon dap an A

duong tron ngoai tiép tam giac ABC . Tinh a+b+c.
46
a 83 B. 3L c.= D. 10
5 3 5
Lo gidi

Taco AB=(2;2,1),BC =(-1,2;2) =| AB,BC | =(2-5;6).

Phuong trinh mat phing (ABC) la 2x—5y+6z-10=0.

Do I (a;b;c) 1a tam dwong tron ngoai tiép tam giac ABC nén
| (ABC) 2a-5b+6c-10=0
IA=IB < 1(a-1)"+(b-2)"+(c-3)’
IA=1C (a—1)° +(b—2)*+(c-3)’

(a-3)"+(b—4)"+(c—4)
(a-2)"+(b—6)"+(c—6)°

2a—5b+6c=10 10
da+4b+2c=27<{b=4 .
2a+8b+6Cc =62 c 49

Vay a+b+c:4—56

Chony C.

Cau 52. Trong khong gian véi hé toa o Oxyz , cho hai diém A(L1-1),B(2;-2;2), va diem M

di dong trén dudng thing A= =2 = LL . Tim gi4 tri nho nhét cua biéu thire MA+MB

A /46+\/1855 /46+ 1855 c /46+\/1855 5 /46+\/1855
' 3 ' 6 ' 12

Cau 53. Trong khong gian Oxyz cho ba diém A(1;2;3), B(3;4;4), C(2;6;6) va | (a;b;c) latam
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Cau 54. Trong khong gian véi hé toa dd Oxyz , cho diém M (2;,-1—6) va hai duong thing

x=1 y-1 z+1 X+2 y+1 z-2

2 41 1t 31 2

duong thang d, , d, tai hai diém A, B. Do dai doan thang AB bing

A. 38 B. 2410 C.8 D. 12
Léi gidi

d, . Puong thang di qua diém M va cit ca hai

x-1 y-1 z+1

Vi A thudc d, : 1= 1 nén A(1+2t;1-t;-1+t).
X+2 1 z-2
Vi B thusc d, : ; - y: == nen B(-2+ 3t -1+t:2+2t).

Suy ra MA=(2t-12-t;5+t), MB=(-4+3t/;t’;8+2t").
Taco, A, B, M thang hang khi va chi khi

2t—1 2—t_0
A4+3t Ot |
5tt'— 4t —7t' +8=0 1)
- . 2t 5+t
| MAMB | =0 < o 6oy =0 S13M-B-t+16=0 ()
_|_
'+ 20t +17t'~14=0 (3)
5+t 2t-1 B
8+2t" —4+3t]

Tu (1),(2) tacod .
t'=-2t+4 t'=-2t+4 t=2,t'=0

Thay vao (3) tadugc t=1,t'=2

5tt' — 4t —7t' +8=0 {t2—3t+2:0 [t=1,t’=2
&S P

Voi t=1, t'=2taduoc A(3;0;0), B(4;16) suy ra AB=+/38 .thoa man.

Chony A.
X=1+t
Cau 55. Trong khong gian véi hé toa d6 Oxyz, cho hai dwong thang d,:qy=2-2t va
z=-3-t
X=4+3t
d,:qy=3+2t. Trénduong thing d, liy hai diém A, B thoamd AB =3 Trén duong thing d,
z=1-t
ldy hai diém C, D thoaman CD =4 Tinhthétich V cua ta dién ABCD.
AV =T B.V =221 C.V=4Tﬁ D,\/=5_*/6z
Léi gidi

Tacd d, di quadiém M (1,2;,-3) va co vicp u, =(1,-2;-1).

Puong thing d, di qua diém N (4;3;1) vac6 vicp u, =(3;2;-1).

Khi do | u,u, |=(4,-2;8) va MN =(3,1,4).

Do d6 [ u;,u, | MN =12-2+32 =42 nén hai dwong thing da cho luon chéo nhau va
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PN ot
d(d;d,)= qu -

Mt khéc, U.u, =0 nén d, Ld,.

Vay Veep = %.AB.CD.d (AB;CD).sin(AB,CD) = 2+/21.

Chony B.
" ~ . A R e . x-1 y-1 z+1
Cau 56. Trong khong gian vagi hé toa @6 Oxyz, cho hai duong thang d, : 1 = 1 = 1
.X+1 y— Z \ 2 - A 1. N AL A . . 2 A
d, =T Ty Puong thing qua diém M (L11) vacét d,, d, lan luottai A, B. Tinhtisd
MA
MB
A MA_3 g MA_2 c MA_1 D MA_,
MB 2 MB 3 MB 2 MB

Loi gidi
Tac d, diqua | (LL-1) va co vecto chi phuonggJl =(L11); d, diqua J(-L10) va cd vecto chi
phuong u, =(2;,-1,2).
Vi [u,u, |=(-8,0;3) va [u;,u, |13 %0 nén d, , d, chéo nhau.
Goi (P) l1a mat phang di qua M (1;1;1)va song song véi d,, d, khi dé: (P):x—z=0. Khi d6
va _d(6,(P) _d(1(P) _2

MB ~d(d,,(P)) d(3,(P)) 1 =2

Chony D.

x-1 y-2 z+3
2 -1

Cau 57. Trong khong gian véi hé toa do Oxyz, cho hai duong thang 1a A, :

x-1 y-2 743
-2 1 —-m
trén A,va A,, sao cho AB =6. Ban kinh dudng tron ngoai tiép tam giac ABC dat gié tri 16n nhat

va duong thang A, : cit nhau tai diém C. Goi A va B lan luot 14 hai diém nam

bang:
A. 42 B.3 C. 243 D.247
Léi gidi
Dé thay A, NA, =C(1,2;,-3).
o 2
: — —\\? U, Uy, m-2Y
sin ACB = 1—(COS(UA1,UA2)) = [1-| =22 | = == -
Uy [ Ua2 m”+5

2
X&t ham s f(m)=(rrr?2;25} :>f'(m)=2-(;12;i]~(m(+12)(5;2m)=O:>m=0;m=—1;m:5
m®+5

Lap bang bién thién ta c6
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max f (m)=%:>sin ACB = /1—(;]2125)2 = J1-f (m)z\/1—7%=§.

Suy ra ban kinh duong tron ngoai tiép tam giac ABC la:

AB 6 3 3
Russc = = = < =23= R n =243
MP€ 2sinACB  2sinACB  sinACB /3 e
2
Cau 58. Trong khong gian véi hé toa do Oxyz, cho diém A(3;1; —1) va duong thang
Xx=a—at+1
A:{ y=2-t ,véiavab lanhingtham sé thuc. Khi khoang céch tir A dén duong thang A dat
z=-b+bt
gia tri 16n nhat thi biéu thac T = a® +b? +4b+2a+2019 dat gia tri nho nhat twong tng bang:
A. 2014 B. 2015 C. 2016 D. 2020

Loi gidi
x=a(l-t)+1
Nhéan thay nhanh: Az y=2-t ,ludn di quadiém B(L10) véi t=1
z=b(t-1)
Goi H 1a hinh chiéu vudng goc cua A 1én duong thang A . Suy ra:
d(AA)=AH<AB=+5=d(AA) =AB=+5.
Xay ra khi B 12 hinh chiéu vudng gdc caa A 1én duong thang A
& ABU, =0 (-2;,0;1).(-a;-Lb) =0 2a+b=0=Db=-2a
Thay vao : T =a®+b*+4b-2a+2019=a’ + 4a®* —8a—2a+ 2019 = 5a* —10a + 2019
T =5(a’-2a+1)+2014 =5(a-1)" +2014 > 2014. Diu “=" xay rakhi: a=-1 b=2.

Vay ta chon dap an A.

Cau 59. Trong khéng gian Oxyz, cho mat phing (a):2x+y-2z-2=0, duong thiang

X+l y+2 743
1 2 2

song song véi d dong thoi cach d mot khoang bang 3. Puong thang A cat mat phang (Oxy) tai

; 1 ) , . ,
va diém A(E;l;l} Goi A la duong thang nam trong mat phang (o),

diém B. Do dai doan thang AB bang.

7 7
= g, Y2t c. t p 3
2 2 3 2
Loi gidi
Cach 1
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Taco: BeOxy va Be(a) nén B(a;2-2a;0).

q: x+1: y+2 _ z+3
1 2 2

Taco: d =(a) nén d va A song song véi nhau va cling nam trong mat phang ().

di qua M (=1-2;-3) va c6 mét vécto chi phuong 1a u=(12;2).

X+1 y+2 z+3 1

GoiC=dn(Oxy)C:y 1 2 2 :C(E;l;Oj.
z=0

(a):2x+y-22-2=0

Goi d'=(a)n(Oxy),suyra d’ thoa he {(0xy)1z =0

: 1 o -
Do d6 d' qua C(E;l; 0) va c6 VTCP Uy =(1,-2;0).

. 1
Goi ¢=(A,d")=(d,d"). Taco: cose =|cos(l,, U, )|=—=.
( ) ( ) ® ‘ (d d)‘ NG
Goi H 1ahinh chiéucaa C 1én A.Tacd CH =3 va BC=§TH:¥.
(4

Tacé AC =(0;0;-1) nén AC L(Oxy) = AC LBC.

Vay AB=+AC?+BC? = /1+%:%_

x+1: y+2:z+3
2 2
Tac6: B=AN(Oxy), Ac(a) nén Be(Oxy)n(a) = B(a;2—-2a;0).

Céach 2: Taco: d:

di qua M (-1,-2;-3) va c6 mot VTCP la u=(12;2).

Taco: A/ld vad(Ad)=3 nénd(B;d)=3 @‘[u;MB]‘ =3

g

Taco: MB=(a+14-2a;3); [ﬁ;m]:(4a—2;2a—1;2—4a).

[i:m5]

g

A 1Y 2 ., [9 7
Vay AB=,[la—-=| +(1-2a) +1° =, [=+9+1=—.
2 4 2

3,/(2a—-1)°
=3<:>—( a-l)

Do d6 =3 (2a-1)" =9.
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Chony A.
Cé\U{SO. Trong khong gian véi hé toa dé Oxyz, cho 4 duong thiang c6 phuong trinh lan luot
X=2-t X=2-3t X=1+t X=1+2t
d:{y=1+2t ,d,:qy=4 ,d,:dy=-2t,d,:{y=1-t .Duong thang A citca 4 duong
Z=-2+t z=-1+2t z=3-t z2=2+3t
thang trén c6 vecto chi phuong tuong tng 1a
A. (2;-13,11) B. (4;-26;23) C. (12;-21;11) D. (-2;1;3)
Loi gidi

Véi dang bai toan nay, ta phai tim ra trong 4 duong thang di cho c6 hai duong thang dong phang
véi nhau.Hai duong thang nay hoic song song véi nhau hoic cat nhau. Trudong hop song song sé& rat
dé tim, nhung trudng hop cat nhau s& kho nhin ra va yéu cau phai thir ting cap mot (t6i da s& phai
thir 5 1an).

O bai toan nay ta dé dang nhan thay hai duong thang d, || d,. Suy ra ton tai mot mat phang () chira
ca hai duong thang d, va d,. Talap mét phang () nhu sau:
e Chon mot diém M, (2,,-2)ed, va mot diém M,(2;1;,-2)ed,. Cap VTCP ciia mat phing
(a)la G =(-521) va MM,=(-L-15). Suy ra VTPT cia mat phang (o) Ila
Uy =| U, MMy | = (11,4;3).

e Suy ra phuong trinh téng quét cia mat phiang (o) :11x+4y+3z-20=0.
d, d,

Ta dé dang tim dugc giao diém cua duong thang d, véi mat phang (o) la:
1 1
A=d,n(a)=|=;4=|.
Giao diém ctia dudng thang d, voi mat phang (o) 1a: B=d, N (a) =G%%j
Puong thang A cat ca 4 duong thang d,, d,, d,, d, thi bat budc phai cat dwong thang d, tai diém
A vacat d, taidiémB . Suy ra phai di qua hai diém A va B. Suy ra VTCP ciia duong thang A la:

ﬁ:(ﬂ;_—%;gji(m—za;zs).
9°9 '9) 9
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Cha y. VTCP nay phdi khéng duoc song song Véi hai duong thang d, va d, . Chi can n6 song song
véi mét duong thang trong 4 dwong thang di cho la khéng théa man. O bai toan nay dé thdy nd
khdng song song véi dirong thang nao.

Vay ta chon dap an B.

Cau 61. Trong khong gian vai hé toa d6 Oxyz, cho 4 duong thang c6 phuong trinh lan luot

x=3-2t Xx=3-1 X=4+2t x=1+3t
d:{y=1+t ,d,:{y=3+t,d,:qy=3-t ,d,:qy=2 . Duodngthang A citca 4 duong
z=-1+t z=1+2t 72=2-t z=1-2t

thang trén c6 phuong trinh chinh tic twong Gng la:

A x—2:y—4:z—3 B.x_—lzy—ZZE.
-1 13 18 1 3 5
c X1l y_z2-2 D X=2_y-2_1z
-2 1 2 3 12 -1
Loi giai

Trong 4 duong thang di cho sé& c6 2 duong thang dong phang. Nhan thay khéng c6 hai duong thang
nao song song vai nhau nén ta phai tim cip duong thang cit nhau tao nén mot mit phing chaa chang.
Vé ly thuyét s& phai thir toi da 6 phép thir dé tim ra hai dwong thang cat nhau.
Ta tim ra dwoc hai duong thang cat nhau la d, nd, =(4;2;-1). Ta s& lap phuong trinh mét phang
(o) chira hai duong thang nay.
Cip vécto chi phuong cua mat phang 1a: u, = (-112), u, = (3,0;-2).
Suy raVTPT n, = [uz,uJ =(-2;4;-3).
Khi d6 phuong trinh mat phang 1a: (o):—2x+4y—-3z-3=0.
Goi A=d, A(a)=[ 203 B=d, ()= (24:3).
5 5 5

Puong thang A cit ca 4 duong thang nén phai di qua AB .

113 18) 1

Khi d6 AB = (——,—,—j -£(-11318).

X-2 y-4 17-3

Phuong trinh duong thing A qua B ¢6 VTCP a=(-113;18) la:

1 13 18
Cau 62. Trong khong gian véi hé toa d6 Oxyz, cho 4 duong thang co phuong trinh 1an luot
X=1-t X=2-t X=4+2t X=4+3t
d:{y=2+t, d,:qy=t ,d,:{y=7+4t, d,:{y=4+t . Puongthang A catca 4 duong
z=2t Z1=-2+2t z=-3-t z=1+t

thang trén va cat mat phang (Oyz) tai diém c¢6 cao do bang

A 3 B. 1.
C. 4. D. 2.
Léi gidi

Nhan thay hai duong thang d,//d,. Suy ra ton tai mot mat phang (o) chia ca hai duong thang d, va

d,. Ta lap phuong trinh phuong trinh mat phang (oc) nhu sau:
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Chon mot diém M, (1; 2, 0) e d, vamot diém M, (2; 0; —2) e d,. Cap vec to chi phuong ciia mat phang
(a) 12 u, = (-L52) va MM, = (L,—2;-2). Suy ra vecto phép tuyén ciia mat phang (o) Ia
U, =[u; MM, |=(20:2)
Suy ra phuong trinh cua mét phang (a):2x+2z-2=0
Ta dé dang tim dugc giao diém cua duong thang d, véi mat phang (o) 1a A=d, N (a)=(2;3;-2)
Giao diém ctia duong thang d, voi mat phang d, véi mat phang (o) 1a B=d, n(a)=(13;0)
Puong thang A cat ca 4 duong thang d,,d,,d,,d, hi bat budc phai cat duong thang d, tai diém A
vacat d, tai diém B. Suy ra duong thang A phai di qua A va B
Xx=1-t
Vec to chi phuong cta dudng thing A 13 AB = (=1;,0;2). Suy ra phuong trinh tham s A:Jy =3
z=2t
Suy ra An(Oyz)=(0;3;2).
X—3 _y +1 _z -3
-1 2

va

Cau 63. Trong khong gian véi hé toa ¢ Oxyz , cho hai duong thang A, :

X+l y-2 7-2
-2 2
, diém D e (Oxy) cd toa d6 nguyén, sao cho ti gidc ABCD la hinh thoi. Khoang cach tir D dén goc

. Goi Ala giao diém cua A, va A,, diém Be A, vaC €A,

dudng thang A, :

toa doo O bang:
A. 20 B. 942 C. 65 D. 83
Lo gidi

B

A,

D& dang tim dugc giao diém A=A, NA, =(10;1)
tr giac ABCD I hinh thoi, nén suy ra D nam trén dudng phan gidc goc BAC
céc VTCP cua hai duong thing Ia: u,, =(2,-12)va u,, =(-2;2;1)
s& ¢6 hai duong phan giac cua goc tao bai hai duong thang A, va A,
Trwong hep 1. Ung véi dudng phan giac cd VTCP la
(2-52) (-2,21)

E=E+U_A2.= s T3 _(0;%;1j:%(0;1;3)

uAl UAZ
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x=1
Suy ra, phuong trinh tham s6 cua dudng phan giac d <y =t
z=1+3t

Suyra D=d N (Oxy)= (];—%;Oj = Khong théa méan vi toa do cia D khong nguyén

Truwong hop 2. Ung véi duong phan giac c6 VTCP la

— u. u. (2-12) (-2;21
Uy = DL a2 =( ) )=(ﬂ;—1;1]=1(4;—3;1)
Uyl [Us, 3 3 3 3) 3
X=1+4t
Suy ra, phuong trinh tham sé cua duong phan giac d':< y = -3t
z=1+t

Suy ra: D'=d'n(Oxy)=(-3;3,0)=0D'= 942 . Vay ta chon dap 4n B

Cau 64. Trong khong gian véi hé toa d6 Oxyz , cho hai dudng thang A, :gz % = Z;szé duong

. Goi Ala giao diém ciia A, va A,, diém BeA,, CeA,va

thang Az:x_lz y=3_ ZZZ

-2
De(a):2x—y+4=0, sao cho ta giac ABCD Ia hinh thoi véi BAC >90°. Puong thang BC cit
mat phang (B):x+y—8=0 tai diém E cach gdc toa o O mot khoang OE bang:

A. 62 B. 410 C. 313 D. 2419

Loi gidi

B

AZ
D& dang tim dugc giao diém A=A, N A, =(2;1;0)
tr giac ABCD I hinh thoi véi BAC >90°, nén suy ra D nam trén dudng phan giéc goc ti BAC
céc VTCP cua hai duong thing 1a: u,, =(2;,1-2)va u,, =(1-2;2)
ta kiém tra goc tao boi hai VTCP: E@ =—-4 <0 = g0c tao bai hai vecto nay la goc tu.
Ghi nhg: Néu tich v6 hudng duong thi goc tao boi hai véc to 1a goc nhon va khi d6 ta phai sir dung

U Uy
u

u

VTCP cua duong phan giac gaoc tu la: @ =

Al A2

buong phan giac géc tu BAC c6 VTCP
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— u. u. (25-2) (-2;2
udzﬁjt& =( )+( ):(1;—3;0j:1(3;—1;0)
Uy Uy, 3 3 3 3
X=2+3t
Suy ra, phuong trinh tham sé cua duong phan giac d:{y=1—t
z=0

Suyra D=d n(a)=(-12;0)
Ta c6 4 diém A(2;10),D(-12,0), BeA, = B(2t,;t;2-2t),CeA, = C(1+t,;3-2t,;-2+2t,)
Tu gidc ABCD la hinh thoi suy ra

SR t,=0
AB=CD < (2t,—-2;t, -1,2-2t ) =(-t,-2;2t,-1,2-2t,) < ‘0
, =
X=t
Suy ra: B(0;0;2),C(13;-2). Suy ra dwong thang BC:{y =3t
71=2-4t
x=t
Suyra: E=BCN(B)=[<y=3 |n(x+y—-8=0)=(2;6;-6)
2=2-4

Suy ra OE = 219 . Ta chon dap an D.

3
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Cllacrr

Céc bai todn vé phuong

trinh Mt phang

Tém tdt noi alung

Tiép tuc vdi cac ndi dung ta dang tim hiéu & phan frudc, tfrong chi dé 1an nay ta sé
fim hiéu vé cac bai toan phuong trinh mat phang.

S

A. CAC KIEN THUC CAN NHO.
I. VECTO PHAP TUYEN CUA MAT PHANG

Vecto n =0 la vecto phap tuyén (VTPT) néu gié ciia n vubng géc véi mat phang (o)
Cha y:

o Néu n lamot VTPT ciia mat phang () thi kn (k #0) ciing 1a mét VTPT ciia mat phing
(o) Mot mit phang dugce xac dinh duy nhat néu biét mot diém né di qua va mot VTPT cia
no.

e Néu u,v c6 gid song song hodc nim trén mat phing (o) thi n= [G,\?] lamot VTPT ciia (o)

II. PHUONG TRINH TONG QUAT CUA MAT PHANG
e Trong khdng gian Oxyz , moi mit phang déu c6 dang phuong trinh:
AX+By+Cz+D=0 v6iA*+B*+C? %0
o Néumatphing (o) c6 phuong trinh Ax+By+Cz+D =0 thinécémot VTPT la n(A;B;C)

e Phuong trinh mit phang di qua diém M, (Xo; ¥oiZo) VA nhén vecto ﬁ(A; B;C) khac 0 1a
VTPT la: A(X—X,)+B(y—Y,)+C(z-2,)=0.

e Cac truong hop riéng
Xét phuong trinh mét phang (o) : Ax+By+Cz+D =0 v6i A>+B*+C?%0

= Néu D =0thi mit phing () di qua goc toa dd O.
= Néu A=0,B#0,C =0 thi matphang (o) song song hoic chira truc OX.
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= Néu A=0,B=0,C#0 thi matphang (o) song song hoic chira truc Oy .

= Néu A=0,B#0,C =0 thi mat phang (o) song song hoic chira truc Oz.

= Néu A=B=0,C 0 thi mt phing (o) song song hogc triing véi (Oxy).

= Néu A=C=0,B =0 thi mit phang (o) song song hogc triing véi (Oxz).

= Néu B=C=0,A=0 thi mit phing (o) song song hogc tring véi (Oyz).
chay.
Néu trong phuong trinh () khong chira an ndo thi (o) song song hodc chua truc twong Gng.

" ’ X Z 5 ’ , .,
Phuong trinh mat phang theo doan chan (a): —+%+— =1. O day (o) cat c4c truc toa do tai cac
a c

diém (a;0;0), (0;b;0), (0;0;c) véi abc = 0.

III. VI TRI TUGNG DOI CUA HAI MAT PHANG

Cho 2 mit phang (a): Ax+By+C,z+D, =0 va (B): Ax+B,y+C,z+D, =0

Ai Bl Cl Dl
L] o // B o—=s—=s—F —
(@)(p)es =B = B
= 'Al Bl Cl Dl
L4 (X=B<:>—:—=_=_
(@=()ob-B-5 D

e ()cit()o2B B G ALG

AZ BZ BZ CZ A’Z CZ

e (a)L(B) < AB +AB,+AB,=0
IV. KHOANG CACH TU MOT DPIEM DEN MOT MAT PHANG
Trong khong gian Oxyz, cho diém M (X,; Yo:Z,) va mit phing (o): Ax+By+Cz+D =0
Khi d6 khoang cach tir diém M, dén mit phang (o) duoc tinh:
_ | A%, +By, +Cz,+D|

d(M,, (o
(Mo:(@)) A’ +B*+C?
Cha y. Khoang cach giita hai mat phang song song la khoang céch tir 1 diém thuéc mat phang nay
dén mat phang kia.

V. GOC GIUA HAI MAT PHANG

Trong khdng gian Oxyz , cho hai mat phéng
(o): Ax+By+Ciz+D, =0 va (B): Ax+B,y+C,z+D, =0.

Goc giia () va (B) bing hodc bu véi géc gia hai VTPT n,,n, . Tic Ia:

nn|  |AA+BB,+CC)
n:,‘ JA+B?+C2\[A? +BZ +C!

cos((oc),(B)):‘cos(na,nﬁ)‘: .

it biét ta co (o) L (B) < AA+BB'+CC'=0.
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B. CAC DANG TOAN.

Dang 1. Viét phuong trinh mat phang khi biét mot diém va vecto phéap tuyén cua no.
Phuwong phép. Ap dung cach viét phuong trinh mit phing di qua 1 diém vacé 1 VTPT.

Vi du. Trong khong gian Oxyz, viét phuong trinh mat phang (P) di qua diém A(L0;-2) va c6
vecto phap tuyén n(L -1 2).
Loi gidi
Mt phing (P) di qua diém A(L0;-2) v c6 vecto phap tuyén n(L-12) c6 phuong trinh la:
1(x-1)-1(y—0)+2(z+2)=0 < x—-y+2z+3=0.
Vay phuong trinh mét phang (P) 1a x—y+2z+3=0.

Dang 2. Viét phuong trinh mét phang (o) di qua 1 diem M (X,; Y,; Z, ) va song song véi 1 mét phang

cho truéc.
Phuwong phap.
Cach 1. Thuc hién theo cac budc sau:

e VTPTcua (B) lan, =(AB;C).
o (a)//(B) nén VTPT cua mit phing (o) la n, =n, =(A;B;C).
e Phuong trinh mat phang (o) : A(x—%,)+B(y—Y,)+C(z-2,)=0.

Cach 2.
e Mgt phang (o) //(B)nén phuong trinh (P)c6 dang: Ax+By+Cz+D’=0 (*),véi D'=D.

e Vi (P) qualdiém M(X,;Y,;Z,)nénthay toa dd Mg (Xy; Yo Z,) Va0 (*) tim dugc D'.

Vi du. Trong khdng gian Oxyz, viét phuong trinh mit phang (P) di qua diém M (0;13)va song
song véi mat phang (Q):2x—3z+1=0.

Loi gidi
Mit phang (P) song song véi mit phang(Q):2x—3z+1=0nén mat phang (P) c6 phuong trinh
dang 2x—3z+D=0(D #1).
Mit phang (P) di qua diém M (0;1;3) nén thay toa do diém M vao phuong trinh mat phang phai
théa man. Ta dugc: 20-3.3+D=0< D=9 (thbamén D =1 ).
Vay phuong trinh mit phang (P)la: 2x—3z+9=0.

Dang 3. Viét phuong trinh mdt phang (o) di qua 3 diém A, B, C khong thing hang.
Phuwong phap
e Timtoa dd cac vecto: AB, AC.

e Vecto phap tuyén cua(a)la: n, = [E, E]
e Piém thuoc mat phang: A (hoic B hoic C).
e Viét phuong trinh mit phang qua 1 diém va c6 VTPT E
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Vi du. Trong khong gian Oxyz , viét phuong trinh mét phang di qua ba diém A(L0;-2), B(L1L1),
C(0;-12).

Loi gidi
Tacé AB=(0,1,3),AC=(-L-14) :[ﬁ,ﬁ]#?;—:&;l).
Goi n 1a mot vecto phap tuyén cua mat phang (ABC) tacé <. _ . nén n cung phuong Vi
nlAC

A6,AC ]
Chon n=(7;-3,1) ta dugc phuong trinh m3t phing (ABC)la
7(x-1)-3(y-0)+1(z+2)=0 < 7x-3y+2z-5=0.
Dang 4. Viét phuong trinh mt phang (o) di qua diém M va vudng goc véi duong thang A
Phwong phap

e TimVTCPcia A Ia ua.
e 2.Vi(a)LA nén (a)cdVTPT n, =u,.

e 3. Ap dung cach viét phwong trinh mat phang di qua 1 diémvacé 1 VTPT E

Vi du. Trong khdng gian Oxyz , viét phuong trinh mt phang (o) di qua diém O vavudng goc voi
x=t
duong thang d :{y=—1+2t
Z=2+t.
Loi gidi
Puong thang d c6 vecto chi phuong la: E =(121)
Mt phang () vudng géc véi duong thing d nén (a) c6 mot vecto phap tuyén n, =u, =(121).
Pong thoi (o) diqua diém O nén c6 phuong trinh 1a: x+2y+2z=0.
Dang 5. Viét phuong trinh mit phang (o) chira dudng thang A, vudng goéc véi mat phang (B).

Phwong phap
e TimVTPT cua () la Ng.

e TiIMmVTCPcua A lau,.
e VTPT ciamit phang (o) la: n, = ngu, |

e Ly motdiém M trén A.
e Ap dung céch viét phuong trinh mit phang di qua 1 diém va co 1 VTPT.

X=-—t
Vi dy. Trong khong gian Oxyz , viét phuong trinh mat phang () chtra duong thang d :4y =-1+2t
Z=2+t.
va vudng goéc véi (B): x+2y—z+1=0.
Loi gidi
Puong thing d di qua diém A(0;-12) vacé VTCP la: u, =(-12;1)
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Mit phing (B) ¢6 VTPT lan, =(12;-1).

Mit phang (o) chira dwong thang d va vudng goc véi (B) nén (o) cé mot vecto phép tuyén
n, =|Ug,n, |=(-4,0,-4)=-4(1,0,2).

Phuong trinh mét phang (o) 1a: x+2-2=0.

Dang 6. Viét phuong trinh mét phang (o) qua hai diém A, B va vudng goc véi mat phang (B).
Phwong phap

e TimVTPT cua (B) la n,.

e Tim toa dd vecto AB.

e VTPT ciamit phang (o) la: n, =, AB |.

e Ap dung céch viét phuong trinh mat phang di qua 1 diém va c6 1 VTPT.

Vi du. Trong khéng gian Oxyz, viét phuong trinh mdt phang (o) di qua diem A(L2;-2)
,B(2;-1;4)va vuodng géc véi (B):x—2y—z+1=0.
Lo gidi
C6 AB =(L-3;6). Mat phing (B) c6 VTPT la n, =(L-2;-1).
Mit phang (o) chira A, B va vudng goc véi (B) nén (o) co mot vecto phap tuyén la
n, =| AB,ny |=(15,7:1).

Phuong trinh mat phang (o) la: 156x+7z2+1-27=0.

Dang 7. Viét phuong trinh mat phang (o) chira duong thing A va song song véi A’ (A, A’ chéo
nhau).
Phwong phap

e TIMVTCPcua AvaA' lau, vau,.
e VTPT ctia mat phang (a) la: E:[Q@]

o Liy motdiém M trén A.
e Ap dung céch viét phuong trinh mit phang di qua 1 diém va c6 1 VTPT.

x=1
Vi du. Trong khong gian Oxyz , viét phuong trinh mét phang(P) chtta duong thang d, :{y =1-2t
z=1+ 1t
va song song vai duong thang d, :X—_1 Y. z-1 :
1 2 2
Loi gidi

Puong thing d, di qua diém M, (L11) vecto chi phuong u, (0;-2;1).
Puong thing d, di qua diém M, (10;1) vecto chi phuong U, (12;2).
Taco |u,u, |=(-6:12).

. ) : CnLiu . - e
Goi n la mot vecto phap tuyen cua mat phang (P), ta c6 {a ~* nén n cung phuong voi [ul,uz]
nlu,
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Chon ﬁz(—6;1;2).
Mt phing (P) di qua diém M, (L11) va nhan vecto phap tuyén n=(-6;12)c6 phuong trinh:
—6(x-1)+1(y-1)+2(z-1)=0 < -6x+y+2z+3=0.
Thay toa d¢ diém M, vao phuong trinh mat phang (P) thay khong thoa man.
Vay phuong trinh mat phang (P) 1a:—6x+y+2z+3=0.

Dang 8. Viét phuong trinh mét phang (o) chira duong thang A va 1 diem M
Phwong phap
Tim VTCP cia A la u, , ldy 1 diém N trénA. Tinh toa @6 MN.

VTPT ciia mat phiang (o) 1a: n, = [QW}

Ap dung céch viét phuong trinh mat phang di qua 1 diém va c6 1 VTPT.

x=1
Vi du. Trong khdng gian Oxyz , viét phuong trinh mt phang (o) chitra duong thang d :4y =1-2t
z=1+t
va diém M (—4;3;2)
Loi gidi
Puong thing d di qua diém N(L;1;1) vecto chi phuong u, (0;—-2;1).
Tacé MN =(5;-2;-1).
Mit phang (o) chira duong thing d va diém M nén (o) c6 mot vecto phap tuyén Ia:
n, =[us, MN | =(45,10).
Phuong trinh mit phang (o) 1a: 4x+5y+102-19=0.
Dang 9. Viét phuong trinh mét phang (o) chira 2 duong thang cét nhau A va. A’
Phwong phap

e TimVTCPcua A vaA'lau, vau,.

o VTPT ciia mat phang (o) Ia: n, = [Q@J

o Ly mot diém M trén A.

e 4. Ap dung cach viét phwong trinh mat phang di qua 1 diém va c6 1 VTPT.

x=1
Vi du. Trong khong gian Oxyz , viét phuong trinh mat phang chira duong thang d, 14y =1-2t va
z=1+ 1t

X=1+3t
d,:qy=1-2t.

z=1+t

Loi gidi
Puong thing d, di qua diém M, (L11) vecto chi phuong u, (0;-2;1).
Puong thing d, di qua diém M, (L11) vecto chi phuong U, (3;-2;1).
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Taco [u,u, |=(0;3,6), MM, =(0;0,0)

Do MlMZ[Jl,JZ]:O nén duong thang d,,d, cit nhau.

Mit phang (o) chira duong thang d,,d, cat nhau nén (o) c6 mét vecto phép tuyén la:
n, =|u,u, |=(0:36)=3(0;12).

Phuong trinh mét phang (o) 1&: y+2z-3=0.

Dang 10. Viét phuong trinh mét phang (o) chira 2 song song A va A'.
Phwong phap
e TIMVTCPcua AvaA' lau, vau,,ldy M eA NeA"

e VTPT ciia mat phang (o) Ia: n, = [QW]
e Ap dung céch viét phuong trinh mit phang di qua 1 diém va cé 1 VTPT.

x=1
Vi du. Trong khdng gian Oxyz , viét phuong trinh mét phang (o) chira duong thang d, :qy =1-2t
z=1+t
Xx=4
vad,:qy=3-4t
z=1+2t

Loi gidi

Duong thang d; di qua diém M, (L11) vecto chi phuong uj(O;—Z;l).
Puong thing d, di qua diém M, (4;3;1) vecto chi phuong U, (0;—4;2).
Taco [u,u, |=0, M;M, =(3,2,0).
Do [ujuj] =0 nén dudng thing d,,d, song song
Mt phang (o) chira duong thang d,,d, song song nén (o) o mét vecto phap tuyén la:

n, =| U, MM, |=(-23,6)=—(2-3,-6).
Phuong trinh mit phang (o) 1a: 2x—3y—62+7=0.
Dang 11. Viét phuong trinh mat phang di qua mot diém M va song song véi hai duong thang A va

A’ chéo nhau cho truéc.
Phwong phap

e TIMVTCPcia AVvaA’lau, vau,.

e VTPT ciia mat phang (o) Ia: n, = [@Q]

e Ap dung céch viét phuong trinh mat phang di qua 1 diém va c6 1 VTPT.
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Vi du. Trong khong gian Oxyz , viét phuong trinh mat phang(P) di qua diém A(L0;-2)va song

x=1
song véi hai duong thing d, 1y =1-2t va d, :XT‘lzgzzT_l.
z=1+t
Loi gidi

Duong thang d, di qua diém M, (L11) vecto chi phuong uj(O; -2;1).
Puong thing d, di qua diém M, (L0;1) vecto chi phuong U, (;2;2).
Taco [u,u, |=(-6:12).
Goi n la mot vecto phap tuyén ciia mat phing (P), ta co {gij_l, nén n cung phuong voi [uju?}
2
Chon n=(-6;12) ta dugc phuong trinh m3t phang (P) la:
—6(x—1)+1(y-0)+2(z+2)=0 < —6x+y+22+10=0.

Dang 12. Viét phuong trinh mat phang (o) di qua mot diém M va vudng goc véi hai mat phang
(P),(Q)cho trusce
Phwong phap

e TimVTPTcua (P) va (Q) lan, van,.

e VTPT ciamit phang (o) la: n, = nging |.

e Ap dung céch viét phuong trinh mat phang di qua 1 diém va c6 1 VTPT.

Vi du. Trong khong gian Oxyz, viét phuong trinh mat phang (P) di qua diem M (-1-2;5) va
vudng géc véi hai mat phang (Q):x+2y—3z+1=0va (R):2x—3y+z+1=0.
Loi gidi
VTPT cua (Q)la @(1;2;—3), VTPT cia (R) 1a n,(2;-3,1)
Tacod [@E} =(=7;-7,-7) nén mat phang (P) nhan ﬁ(l;l;l) la mot VTPT va (P) di qua diém

M (-1-2;5) nén c6 phuong trinh la: X+y+z-2=0.

Dang 13. Viét phuong trinh mat phang (o) song song véi mat phang (B) va cach
(B): Ax+By+Cz+ D =0 mot khoang k cho truéc

Phwong phap
e Trén mat phang (B) chon I diém M.

e Do (a)//(B) nén (o) co phuong trinh Ax+By+Cz+D'=0 (D'=D)
e 3.Sirdung cong thirc khoang cach d ((a),(B))=d (M, (B))=k détim D’

Vi du. Trong khong gian Oxyz, viét phuong trinh mat phang (P) song song véi mit phang
(Q):x+2y—2z+1=0 vacach (Q) mot khoang bang 3.

Loi gidi
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Trén mit phang (Q): x+2y—2z+1=0chon diém M (-10;0).
Do (P) song song véi mt phiang (Q) nén phuong trinh ciia mat phang (P) c6 dang:
X+2y—-2z+D=0voi D=1.
s PN PN
\/12 +2° +(—2)2 D =10
Vay c6 hai mat phang théa man yéu cau bai todn: x+2y—-2z—-8=0va x+2y—2z+10=0.
Dang 14. Viét phuong trinh mat phang (o) song song véi mét phing (B): Ax+ By +Cz+ D =0cho
trude va cach diém M mot khoang k cho trude.

Phwong phap
e Do (a)//(B) nén (o) c6 phuong trinh Ax+By+Cz+D'=0 (D'#D).

e Sirdung cong thuc khoang cach d (M, (a))=k détim D’

Vid((P),(Q))=3=d((P).M)=3¢<

Vi du. Trong khong gian Oxyz, viét phuwong trinh mat phang (P) song song véi mit phang
(Q):x+2y—2z+1=0 va (P) cach diém M (1;—2;1) mot khoang bang 3.
Loi giai:
Do (P) song song véi mét phiang (Q) nén phuong trinh ciia mat phang (P) c6 dang:
X+2y—-2z+D=0v¢si D=1.
1-4-2+D| D=4
\/12 +2° +(—2)2 D =14

Vay c6 hai mat phing thoa man yéu cau bai toan x+2y—2z—-4=0va x+2y-2z+14=0.

Vi d((P)M)=3< :3<:>|—5+D|=9<:{

Dang 15. Viét phuong trinh mét phang (o) tiép xtc véi mat cau (S).
Phuwong phap
e Timtoadd tdm | vatinh ban kinh cua mat cau (S).
e Néu mit phing (o) tiép xtc véi mat cau (S) tai M e(S) thi mat phang (o) di qua diem
M vac6 VTPT la MI.
»  Khi bai todn khdng cho tiép diém thi ta phai sir dung cAc dit kién ciia bai toan tim dugc VTPT
cua mat phang va viét phuong trinh mat phang co6 dang: Ax+By+Cz+D =0 (D chua biét).

e Sirdung diéu ki¢n tiép xtc: d(1,(a))=R détim D.

Vi du. Trong khong gian Oxyz, viét phuong trinh mit phang (P) song song véi mat phang
(Q):x+2y—2z+1=0 vatiép xtic véi mat cau (S):x* +y* +z° +2x—-4y—-2z-3=0

Loi gidi

Mit cau (Q) c6 tam 1(-12;1) vaban kinh R= \/(—1)2 +2°+1°+3=3
Do (P) song song véi mat phang (Q) nén phuong trinh ciia mat phang (P) c6 dang:
X+2y—-2z+D=0vdi D=1.

Vi (P) tiép xtc v6i mit cau (S) nén
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| 1+4- 2+D| D=-10
=3 l+D|=9 <
\/12+22 D=8

Vay c6 hai mat phang thoa man yéu cau bai toan: x+2y—22—10= Ova x+2y-2z+8=0.

d(1.(P))=

Dang 15. Viét phuong trinh mat phang (o) chira mét duong thdng A va tao voi mot mat phing
(B): Ax+ By +Cz+ D =0cho truéc mot goéc ¢ cho trudc.
Phwong phap

e TimVTPTcua (B) la n,.

e Goin,(A;B;C')

() =e
e Dung phuong phap vo dinh giaihé: {* = "/ =n
n, Lu,
e Ap dung céch viét phuong trinh mit phang di qua 1 diém va cé 1 VTPT.

a

Vi dg. Trong mit phang Oxyz, cho mat phang (P) va duong thang d lan lugt c6 phuong trinh
(P):x+2y—z+5=0 va d :XT+1: y+1=2z-3. Viét phuong trinh mdt phang (Q) chira duong
thang d va tao véi mt phang (P) mot goc 60°.
Loi gidi
Gia sir mat phang (Q) c6 dang Ax+By+Cz+D =0 (A’ +B*+C’ #0).
Chon hai diem M (-1,-1;3),N(10;4) e d.
, A(-1)+B(-1)+C.3+D=0 C=-2A-B
Mat phang (Q) chia d nén M,N €(Q) = (-1)+B(-1) =
Al+B.0+C4+D=0 D=7A+4B
Suy ra mat phang c6 phuong trinh 13 Ax+By+(—2A—B)z+7A+4B =0 vaco VTPT
n, =(A;B;—2A-B).
(Q) tao véi mat phang (P) mot goc 60°
|A+2B+2A+B|
= 2 2
JA +B7 +(2A+B) 17 +2° +(-1)

Cho B=1ta dugcA=(4i2J§)

:cos(ao(’):%@ A:(4i2\/§)B

Vay ¢6 2 phuong trinh mat phang

(4—2J§)x+ y+(—9+4J§)z+32—14J§:o
(4+2\/§)x+ y+(—9—4\/§)z+32+14\/§:0
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MOT SO BAI TOAN KHAC

Cho mit phang (P): x+y+2z =3 . Viét phuong trinh mat phang (Q) di qua M (1,0;-1), chira gia

clia vecto U(2;2;—1) va vuong géc vai mat phang (P) ..

Lo gidi
Ta ¢ vecto phap tuyén cua (P) la ﬁ(l;l;l), [ﬁ,ﬁ} =(-3;3,0).
Mt phang (Q) chtra gia clia vecto 6(2; 2;-1) vavubng goc véi mat phang (P) ¢6 VTPT (1-1,0)
va diqua M (1;,0;—1) nén c6 phuong trinh
1(x-1)-1(y—-0)+0(z+1)=0 < x—y-1=0.

| cau? |

Lap phuong trinh mit phang (Q) qua M (4;9;—-12) va cit cac tia Ox,0y,0z lan luot tai.

A,B,C sao cho OC =0OA+0B va i=i+i
OC OA OB
Loi gidi

Goi A(a;0;0), B(0;b;0),C(0;0;c),(a,b,c >0). Phuong trinh mat phang (Q) qua A, B,C c6 dang

X Yz g (phwong trinh mat phang theo doan chin)
C

a
Tt gia thiét ta co
4. 912 49 12 |49 12 , |13 6_,
a b ¢ a b a+b a b a+b a a a—b=7
c=a+b &<c=a+b &<ic=a+b &<c=2a @{0_14
4_1.1 4 1.1 (a-b)’ =0 a=b
c a b a+b a b

Vay mit phang (Q) la ;+%+ﬁ=1 & 2x+2y+2-14=0.

Céu 3
Lap phuong trinh mt phang (P) qua diém M (—4;-9;12), A(2;0;0) vacét tia Oy, Oz lan luot
tai B, C sao cho OB=1+0C (B, C khdng tring goc O).

Loi gidi
Goi B(0;b;0), C(0;0;c) (b>0;c>0 do matphang (P) céttia Oy, Oz lan luottai B, C ).

Khi d6 phuong trinh m3t phang (P) :§+%+E ~1.Cé b=1+c.
C

C6 M (—4;—9;12)6(P)©%4+%9+E:1,

c
b>0;c>0
-4 -9 12 b=3
—+t—+—=1l _
2 b ¢ c=2
b=1+c

Ta c6 h¢ phuong trinh:
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Suy ra phuong trinh mat phang (P) :g +%

Cho hai diém A(2;0;1), B(0;—2;3) va mat phang (P):2x—y—z+4=0. Tim toa d¢ diém M
thudc (P) sao cho MA=MB =3.

+E=1.
2

Loi gidi
Goi M (x;y;z), diém M thugc (P) sao cho MA=MB =3.
2X—y-2+4=0 2Xx—y—-2+4=0 Xx=2y-2
Tacé (x—2)2+y2+(z—1)2:9© X+y-2z+2=0 &372=3y

x2+(y+2)° +(2-3)" =9 (x=2)+y*+(z-1)"=9  |7y*-1ly+4=0

Suy ra (x;y;z) =(0;13) hoac (x; y;z)=(‘—6;ﬂ;g].
777

Do do M (0;13) hoic M (%6&2)

77

Cho diém A(-13;-2) va mit phang (P):x—2y—2z+5=0. Tinh khoang cach tir A dén (P).

Viét phuong trinh mat phang di qua A va song song véi (P).

Loi gidi

Khoang cach tir A dén (P): d(A,(P))—|_1_6+4+5|

" Air4+r4 3

Goi (Q) la mat phang can tim.
Mt phang (Q) di qua A va cé mot vecto phép tuyén la ﬁ=(1; -2,-2).
Vay phuong trinh (Q):1(x+1)-2(y—-3)-2(z+2)=0< x—-2y-2z+3=0.

Cho A(0;0;3), M (12;0). Viét phuong trinh mit phang (P) qua A va cit c4c truc Ox,Oy lan

luot tai B,C sao cho tam gidc ABC cd trong tdm thudc duong thang AM |

50

Loi gidi
Tacé BeOx= B(b;0;0), C e Oy=C(0;c;0).

ooIU

Mit phang (P) c6 dang: %+ y+%_1 va trong tam AABC la G(
c

C6 AM = (1,2;-3). Phuong trinh duong thang AM : I = % = %3

ViGeAMnan 2-C-2 _y_» c—4.
3 6 3

y

Vay phuong trinh (P): §+Z+%=1@ 6x+3y+42-12=0.
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Cho ba diem A(0;1;2), B(2-2;1), C(-2;0;1).
e Viét phuong trinh mit phing di qua A,B,C
e Timtoa do diém M thudc mat phang2x+2y+z—3=0 sao cho MA=MB = MC

Loi gidi

AB=(2:-3:-1 L
. { ( ):>n=AB/\AC=(2;4;—8),

AC = (-2;-1-1)
Mt phang di qua A, B,C c6 vecto phap tuyén la ﬁ=(2;4; —8) hay a=(1;2;—4)
Suy ra phuong trinh mt phang (ABC)la 1(x—0)+2(y—-1)-4(z-2)=0 hay x+2y-4z+6=0
e M thuoc mit phang 2x+2y+z—3=0= M (a;b;c)théa min 2a+2b+c-3=0 (1)
MA* = MB® {az +(b=1) +(c-2)’ =(a-2)* +(b+2)" +(c-1)
MA? = MC? a’+(b-1)"+(c-2)° =(a+2)" +b*+(c-1)’
2a+2b+c=3 a=2
Tu (1)va (2)=<4a-6b-2c=4=1b=3 =M (2;3,-7)

4a+2b+2c=0 |c=-7

Viét phuong trinh mat phang (P) qua diém M (L,—2;4) sao cho (P) cét 3 truc Ox,0y,Oz lan luot

2

(2)

ViMA=MB =MC nén{

tai A,B,Csaocho M latrong tdm cua tam giac ABC.

Loi gidi
Goi A(a;0;0), B(0;b;0), C(0;0;c) voi abc =0

Phuong trinh mét phang (P) la §+%+§ =1
a+0+0
3 -
0+b+0
M la trong tdm cua tam giac ABC suy ra 3
0+0+c

3

1

—2=>a=3b=-6c=12

4

Phuong trinh m3t phang (P) Ia §+i6+é=1 hay 4x—2y+2-12=0

Viét phuong trinh mat phang (P) di qua M (12;3) sao cho (P) cét cac tia Ox,0y,Oz lan luot
tai 3 diém A,B,C vatt dién OABC co thé tich Ion nhat

Loi gidi

Gia sir mat phfmg (P) cit cac tia Ox, 0y, Oz lan luot tai cac diém khac géc toa do la

A(a;0;0), B(0;b;0), C(0;0;c) véi a,b,c>0.
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Khi d6 phuong trinh cua (P) c6 dang: X Y, 2 g

a b c
Vi (P) diqua M nén ta co: 1+§+§:1 (1)
a c

Thé tich khéi t&r dién OABC 1a: V = % abc

Tu (1), &p dung BDT C0 si ta co: 1:1+g+§233i:>abC227.6
a b c abc
2 L, 1 2 3 1
Suy ra 'V > 27 . Bang thirc xay ra <:>—=E=—=§<:>a=3,b=6,c:9.
a c

Vay phuong trinh (P):6x+3y+2z-18=0.

cau0 |

Viét phuong trinh mat phang (P) di qua diém M (11;1) sao cho (P) cét cac truc Ox,0Oy,Oz lan

luot tai ba diém phan biét A, B,C sao choM Ia tryc tdm caa tam giac ABC.

Loi gidi
Gia sir mat phfmg (P) cit cac truc toa do tai cac diém khac géc toa do la
A(a;0;0),B(0;b;0),C(0;0;c) véi a,b,c=0.

Phuong trinh mit phang (P) c6 dang X Y 2

a b c
. 1.2 . X .1 1 1
Mt phang (P) di qua diém M (1,1;,1) nén _+B+_:l ).
a C

Tac6: AM =(1-a;11),BC =(0;-b;c),BM = (L,1-b;1),CA=(a;0;~c).
Piém M 1a tryc tAm tam gidc AABC khi va chi khi

1 1 1
M e(P) g+B+E:1
AMBC=0<|b=c —a=3b=3c=3.

BMCA=0 (a=c¢
Phuong trinh mit phang (P) can tim1a x+y+z-3=0.
Viét phuong trinh mat phang (P) di qua A(L11),B(0;2;2) sao cho (P) ct cac truc toa do
Ox,Oy lan luot tai hai diém phan biét M ,N sao cho OM = 20N.
Loi gidi

Giasu (P):ax+by+cz+d =0, a’+b*+c’>0.

e mp(P)qua A(LL1):a+b+c+d=0 (1)

e mp(P)qua B(0;2;2):2a+2c+d =0 (2)

Taco M =(P)nOx=M (—%;0;0); N =(P)nOy= N(O;—%;O).

d d=0
=2|—| < .
‘b‘ bl = 2[aj

d

a

OM =20N <
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V6i d=0=b+c=0=a=0 (I)

vei lb|=2fa) | 22 .
b=-2a
b=2
Khi b=2a,chon a=1=4c=1 =(P):x+2y+z-4=0.
d=-1
b=-2

Khi b=-2a,chon a=1=4c=3 = (P):x-2y+3z-2=0.

d=-2

Cho céc diém A(1;0;0),B(0;b;0),C(0;0;c), trong d6 b,c duong va mit phang (P):y—-z+1=0

. Xéc dinh b va c, biét mat phang (ABC) vudng goc véi mat phang (P) va khoang cach tir diém

O dén mat phang (ABC) bang %

Loi gidi
Mit phing (ABC) c6 phuong trinh §+ % + % 1.
Vi (ABC)L(P):%—%zO@b:C (1).
. 1 1 1 1 1
Ta co: d(o,(ABC)):§©T:§©b—Z+C—2:8 (2)
1+b—z+c—2
Tu (1), (2) va b,c >0 suy ra: b:c:%.

Cho tir dign ABCD c¢¢ cac dinh A(L;2;1), B(-213), C(2;,-11), D(0;3;1). Viét phuong trinh
mét phang (P) diqua A, B sao cho khoang cach tir C dén (P) bang khoang cach tir D dén (P)

Loi gidi
Gia sir (P) c6 véc to phap tuyén n=(a;b;c) (a*+b*+c’=0). AB=(-3;-1,2).
Vi (P) diqua A, B néntacé nAB=0<-3a-b+2c=0<b=-3a+2c.
Phuong trinh mét phang (P):a(x-1)+b(y—2)+c(z-1)=0< ax+by+cz—a-2b-c=0.

C>|2a—b+c—a—2b—c| _|3b+c—a—2b—c|
Ja? +b%+c? Ja? +b%+¢?

a-3b=b-a {a:Zb

= .
a-3b=-b+a b=0

Mt khac: d(C;(P))=d(D;(P))
<:>|a—3b|=|b—a|<:{

Truwong hep 1. b:O:a:%.Chon c=3=a=2.Vay (P):2x+3z—5:0.
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a=4
Truwong hop 2. a=2b. Chon b:2:>{ 7.Véy (P):4x++2y+7z-15=0.

c=

Viét phuong trinh mét phang qua hai diém A(0;2;0), B(2;0;0) vatao véi mit phang (yOz) goc
60°.

Loi gidi
Gia sur (P) c6 véc to phap tuyén F\:(a;b;C) (a2+b2+c2 ;tO). ﬁ:(Z;—Z;O).
Mt phang (yOz) c6 véc to phap tuyén Ia i=(10;0).
Vimgt phang (P) di qua hai diém A, B nén nnAB=0<>2a-2b=0<a=b (1).

Mat khac: cos((P);(yOz))=cos60° < “‘ﬂ‘ %:% (2).
) |a| 1 2 2 2 2 2
Thay (1) vao (2) taduot: ————=—<4a"=2a"+c"<c" =2a o c=+2a.
Y (B A e
Chon a=1:»{°=i‘/§.
b=1

Vay phuong trinh mat phang (P): X+ yi\/zz -2=0.

Cho diém A(0;0;1),B(3;0;0). Lap phuong trinh mit phang (P)di qua hai diém A, B va tao voi

mat phang (Oxy)goc 60°.

Lo gidi
Mt phing (Oxy):z =0 c6 véc to phap tuyén n=(0;0;1)
Mt phing (P) di qua A(0;0;1) c6 véc to phap tuyén Vv =(a;b;c) nén c6 dang
a(x—0)+b(y-0)+c(z-1)=0< ax+by+cz—c=0,(a’ +b*+c* #0)
Ma Be(P)=3a-c=0<c=3a
Suy ra, v=(a;b;3a) 1a véc to phap tuyén cua mp (P)
Theo gia thiét ta c6

“.* l ‘6\7‘ l |3a| _E 2 _ K2 b=a\/%
cos( ) > HH_Z a2+b2+(3a)2_2®26a =b" < b —ay26

Vi b=av26 : chon b=+/26 = a=1,c =3. Phuong trinh (P,): x++/26y+32-3=0
V6i b=-a+/26 : chon b=-/26 = a=1,c=3. Phuong trinh (P, ): X —J26y+32-3=0

Vay c6 hai mat phang thoa man yéu cau dé bai

(P):x+~/26y+32-3=0, (P,):x—+26y+32-3=0
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Cho hai mat phang (P):x+y+z-3=0va (Q):x—y+z-1=0. Viét phuong trinh mdt phang

(R)vubng goc véi (P)va (Q) sao cho khoang cach tir O dén (R) béng 2

Lot gidi
Mt phing (P)co véc to phap tuyén n, =(L11).
Mt phang (Q) c6 véc to phap tuyén n, =(L-11).
Goi N, la véc to phap tuyén ciia mat phang (R), khi do:
{(R)J—(P):{ . :F—[np,n ] (2;0;—2) chon (1;0;-1)
(R)L(Q) Lng
Khi d6, phuong trinh mp(R) ¢ dang: x—z+D =0

Ma d(O;(R))=2©%=2<:>D=i2\@

Vay, ton tai hai mat phing (R ):x—2+2v2=0,(R,):x—2—2v2 =0 thoa yéu cu dé bai.

Cho ba diém A(-110),B(0;0;-2),C(L11) . Viét phuong trinh mét phang (P) di qua A, B sao

cho khoang céch tir diém C dén mit phing (P) bing /3.

Loi gidi
Goi ﬁ:(a;b;c) (dk a? +b? +¢? > 0) la vecto phép tuyén cua mit phang (P)
Phuong trinh mét phang (P) di qua diém A(-11;0) va c6 vecto phap tuyén n=(a;b;c)la
a(x+1)+b(y-1)+cz=0<ax+by+cz+a-b=0(1) .
biém B(0;0;-2) thuoc mat phang (P) nén —2c+a-b=0<b=a-2c(2) .
Khoang céch tir diém C(L11) dén mat phing (P) bing /3 nén

|a\7b+cijab| J3o|2a+c|=/3va%+b? +c?
a’+b*+c’

Thé (2) vao (3) va binh phuong hai vé ta dugc

a=cCc

2a+c) =3/ a%+(a-2c)’ +c? | < 2a®-16ac+14c2 =0 .
(2a+c) [a +(a—2c) +c}<:> a ac+14c C{a=7c

. a T
e Vé4i a=c ,chon { the vao (2) taduoc b=-1.

Phuong trinh mat phang (R) 1a x—y+z+2=0 .

a .
e Voi a=7c ,chon {c—l theé vao (2) taduoc b=5 .

Phuong trinh mét phang (P,) 12 7x+5y+z+2=0 .
Vay c6 hai phuong trinh mt phang (P) can tim la
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(R):x—y+z+2=0va (P,):7x+5y+z+2=0

y z-1

Cho duong thang d :% =T vadiém A(0;3;-2) . Viét phuong trinh mét phang (P) di qua

diém A song song véi duong thang d va khoang cach giira dudng thang d véi mat phing (P)
bang 3

Lo gidi
Goi n=(a;b;c) (dk a? +b? +c? > 0) la vecto phap tuyén cia mt phing (P).
Phuong trinh m3t phang (P)di qua diém A(0;3;-2) va c6 vecto phap tuyén n=(a;b;c) la
ax+by+cz-3b+2c=0.
Tacod :% = % = ZT_l nén duong thing d di qua M (0;0;1) vac6 VTCP u, = (LL4).
Theo gia thiét ta co:
e Duong thing d song song véi mat phing (P) nén nu, =0 < a+b+4c=0<a=-b—4c
(1)
e Khoang cach tir duong thang d dén mat phang (P) bang 3 nén khoang cach tir diém
M (0;0;1) dén mat phing (P) bang 3 .
lc—3b+2c|
D i I

Ja? +b® +c?

<:>|c—b|:\/(—b—4c)2 +b?+c? < b?+10bc+16c? =0 @[

d(d;(P))=3 < d(M;(P))=3

b=-2c
b=-8c

, thé vao (1) ta dugc a=2 . Phuong trinh mt phang (R) la

. C

e V6i b=-2c , chon {b
2x+2y-2-8=0.

C . 5

e V6i b=-8c , chon {b , thé vao (1) ta dwoc a=4 . Phuong trinh mat phang (P,) 1a

4x—-8y+2+26=0 .
Vay c6 hai mat phang (P) cantim1a (P):2x—2y-z-8=0 va (P,):4x-8y+2+26=0 .
Viét phuong trinh mt phang (P) di qua 2 diem A(0;-12), B(L-13) sao cho khoang céch tir
diém M (0;3;-1) dén (P) dat gia tri I6n nhat (gia tri nho nhat).

Lo gidi
Truong hep 1. Khoang cach tir M dén mit phang (P) dat gia tri nhé nhét.
Khoang cach tir M dén mat phang (P) dat gia tri nhé nhat bang 0 khi (P) di qua M . Khi d6 mat
phing (P) chinh Ia mat phang (ABM ).

AB=(L0;1), AM =(0;4;-3), n=[ AB, AM | =(-4;3;4).
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Mit phang (P) di qua diém A(0;—1;2) vanhan n= (—4;3,4) 1am vecto phap tuyén nén c6 phuong

trinh: —4.(x—0)+3.(y+1)+4.(z-2)=0< —4x+3y+4z-5=0.

Truong hgp 2. Khoang cach tir M dén (P) dat gia tri Ion nhét.

Goi H;K lan luot 1a hinh chiéu cia M trén duong thing AB va trén mat phang (P).

Taco mp (P) chia A;B nén MK <MH . Do d6 khoang cach tr M dén mp (P) I6n nhét khi K

trang H , hay (P) 1a mp di qua 2 diém A;B vanhan MH lim vecto phap tuyén.

Goi (Q) lamat phang di qua M va vudng goc véi duong thang AB .

Khi d6 mat phang (Q) di qua diém M (0;3;~1) vanhan AB = (10;1) 1am vecto phap tuyén nén cd

phuong trinh: (x—0)+0.(y-3)+(z+1)=0< x+z+1=0.

Puong thang (AB) di qua diém A(0;-12) vanhan AB =(L0;1) lam vecto chi phuong nén c6
x=t

phuong trinh: < y=-1 (teR).
z=2+t

x=t
N 4e 2 R cn , ~ \ y= -1 -3 . . 1
Toa d6 diém H la nghiém cua hé phuong trinh =>H|—;-1=
z2=2+t 2
X+z+1=0
Ay h . 2 YT 3) .. , Lo oA
Vay mat phang (P) di qua diem A(0;-1;2) vanhan MH = ?;—4;5 lam vecto phap tuyen nén
c6 phuong trinh:
-3

?(X—O)—4(y+1)+g(z—2)=0<:>3x+8y—32+14:0

Cho ba diém A(1;2;0),B(0;4;0),C(0;0;3) . Viét phuong trinh mit phang (P) chira OA sao cho

khoang cach tir B va C dén mit phing (P) bang nhau.

Lot gidi

Nhén xét: Khoang cach tir B va C dén mp (P) bang nhau c6 thé phat biéu thanh mp (P) cach déu
2 diém B va C. Diéu nay xay rakhi mp (P) di qua trung diém E cua doan BC hogc mp (P)//BC
Truong hep 1. mp (P) di qua trung diém E[O;Z;gj cua doan BC.

Khi @6 mp (P) la mp di qua ba diém O; AE.

OA=(12,0); ﬁ:(O;Z;gj; @:[OTA,@J:(S;_;;Z].

Pt mit phang (P): 3x—gy+22:0 & 6x—3y+4z=0.
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Trwong hop 2. (P)//BC.
Tacé: BC =(0;-4;3)
Mat phing (P) nhan n,'=| OA,BC | = (6;-3~4) lam VTPT
Phuong trinh mp (P): 6x—3y—4z:0.
Vay ¢6 hai mat phang (P) cantim1a (P): 6x—3y+4z=0va (P):6x-3y-4z=0 .

Cho hai diém A(-1-1;3), B(L0;4) va mit phang (P):x+2y—z+5=0. Viét phuong trinh

mat phang (Q) di qua sao cho géc tao bai hai mat phang (P) va (Q) c6 sé do nhé nhat.

Léi gidi
Goi F\z(A; B; C) 1a vecto phap tuyén cua mit phang (Q); ((P); (Q))za
Vi A, Be(Q) nén nAB=0<>2A+B+C=0<C=-2A-B.

Ta c6 cos( [A+2B-C| _ 3A+3B|
\/Tmzx/_ J5A? +2B7 + 4ABA6
Truong hgp 1. A=0
cosoL = —. B] :£:>(x:30°,
V6 (287 2
B
Truwong hop 2. A=0.Taco cosa=—= 3 A
. . . ‘\/6 .
\/ +4— +5
it 1 2 va 1 (x)=cos'a Xet £ (x)= 2. #
A 6 2x*+4x+5
€6 1(x)= Slx) 7, T'(X)=0&=x=-
(2x* +4x+5)

Lap bang bién thién, ta thay min f (x)=0< cosa =0 < o =90° > 30°.
Do d6 chi ¢6 TH1 thoa man, tuc 1a A=0.Khido chon B=1, C=1=(Q):y-z+4=0.

Cho ba diém A(10;2;-1), B(L0;1), C(3;14). Viét phuong trinh mat phang (P) di qua A,

song song véi BC va khoang cach tir B dén (P) dat gia tri I6n nhat

Loi gidi
Goi n=(a; b;c) 1a vecto phap tuyén cua mat phing (P).
= (P):a(x-10)+b(y-2)+c(z+1)=0.
Vi BC||(P) nén n.BC =0« 2a+b+3c=0<b=-2a-3c.
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4(B,(P) _|-9a-2b+2c]  |-5a+8c|
| Ja? +b?+c?  +J5a?+12ac+10c?
Trwong hgp 1. a=0:>d(B;(P))=\/|fO%=%.
‘—5+8C
c

Trwong hgp 2. a=0=d(B,(P))= .
J5+120+10(Cj
a a

_ 25-80x+64x°

Pat x=2 va f(x)=d?(B;(P)). Xét f(x)

c © 54+12x+10%°
-
, _2
6 f,(X)=1568x +140x—790 Va f(x) =0 8
(5+12x+10x*) w2
7

Lap bang bién thién, ta thdy max f (x)=75< d(B;(P))=75> %

Do d6 chi c6 truong hop 2 théa man, tuc la E:—g.Khi dochona=7,b=1; C=-5.
a

= (P):7x+y-5z-77=0

Cho hai diém A(L 2;-2) va mit phang (P):2x+2y+z+5=0. Tim diém B thugc Ox sao cho

khoang cach tir B dén mit phing (P)bang BA.

Loi gidi
Tacé BeOx= B(x;0;0).
. |2x+5| > x=28
Y@ucaubmtom1:>d(BmP)y:BA¢»——§—-: (x-1)"+8 < -5x*+38x-56=0<|" 5
X=2

Viay B[%;O; O] hoac B(2;0;0).

3
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CAC BAI TOAN TONG HOP

Cau 1. Trong khdng gian Oxyz, cho ta dién ABCD c6 A(LL1), B(2;0;2), C(-1-10) va
D(0;3;4). Trén céc canh AB, AC, AD lan luot lay cac diém B, C’, D’ sao cho thé tich cua khéi

tr dién AB’C'D’ nho nhét va AB + AC + AD _ 4 . Tim phuong trinh ctia mat phang (B'C'D')?
AB" AC'" AD'
A. 16x+40y—44z+39=0 B. 16x—-40y—-44z+39=0
C. 16x+40y+44z2+39=0 D. 16x+40y—-44z-39=0

Cau 2. Trong khong gian véi hé toa 46 Oxyz cho diem A(2;-1;-2) va duong thang (d) c6 phuong
x-1 y-1 z-1
-1
khoang cach tir duong thang d téi mét phang (P) 1a16n nhat. Khi 6 mat phang (P) vudng goc véi

trinh . Goi (P) la mat phang di qua diém A, song song véi duong thang (d) va

mat phing nao sau day?

A xX—-y-6=0 B.x+3y+2z+10=0 C. x-2y-3z-1=0 D.3x+z+2=0
Cau 3. Trong khdng gian véi hé truc toa d6 Oxyz , cho diém M (1,2;5). S6 mat phang (o) di qua
M va cit c4c truc Ox, Oy, Oz tai A, B, C sao cho OA=0B =0OC (A, B, C khéng tring véi
gbc toa dd O) la

A. 8 B. 3 C. 4 D.1
Cau 4. Trong khéng gian vai hé truc toa d6 Oxyz , cho mit phang (Q) song song véi mit phang
(P):2x—2y+2z-17=0. Biét mat phing (Q) cit matciu (S): x* +(y+2)" +(z-1)° =25 theo mot
duong tron c6 chu vi bang 6x. Khi d6 mét phang (Q) cé phuong trinh 1a

A. 2x-2y+2+7=0 B.2x-2y+z+17=0 C. x-y+2z-7=0 D.2x-2y+z-17=0
Cau 5. Trong khong gian véi hé toa do Oxyz, cho mat cau (S): (x—1)"+(y+1)° +2z2 =11 va hai

x—5: y+1: z-1 d x+1: y

duong thang d, : . 5 Gt = E:?Viét phuong trinh tat ca cac mit phang tiép

1
x(c v6i mat cau (S) ddng thoi song song véi hai duong thang d,, d,.
A 3x-y-z+7=0
B. 3x—-y-z-15=0
C.3x-y-z-7=0
D. 3x—y—-z+7=0hoac 3x-y-z-15=0.

X-2 y+1 z+5
1 -1
(P):2x—3y+z—-6=0. Phuong trinh nao dudi day la phuong trinh cta duong thang nam trong mét

Cau 6. Trong khong gian Oxyz, cho duong thing d: va mat phang

phang (P), cat va vudng goc véi (d)?

A x—8:y—1:z+7 B x—4:y—3:z—3

2 5 11 2 5 11
C X+8 y+1 z2-7 D X+4 y+3 7+3
S22 5 11 S22 5 11
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Cau 7. Trong khong gian véi hé toa do Oxyz, cho mat cau (S):x*+y? +2° —2x+6y—-4z-2=0,
mat phang ():x+4y+2z-11=0. Goi (P) 1a mat phing vudng géc vai (), (P) song song véi

gi4 ciia vecto U =(1;6;2) va tiép xtc v6i (S). Phuong trinh mat phing (P) Ia:

A 2X—-y+22+5=0; 2x-y+2z-2=0. B. x-2y+2z2+3=0; x-2y+z-21=0
C.2x—-y+2z-2=0; x-2y+z-21=0 D. 2x—-y+22+3=0; 2x-y+2z-21=0.
Cau 8. Trong khong gian véi hé toa do Oxyz, viét phuong trinh mat phang chia M (1,3;-2) va cat

cac tia Ox, Oy, Oz lan luot tai A, B, C sao cho %:O—;’:%.

A. x+2y+4z+1=0 B. 4x+2y+z-8=0 C. 4x+2y+z+1=0 D. 2x-y-z-1=0
Cau 9. Trong khdng gian Oxyz , phuong trinh mt phang (P) song song va cach déu hai duong thang

dl:x;zzlzi va dz:zzy__lzz;z la?

-1 1 1 2 -1 -1
A. (P):2y-2z+1=0 B. (P):2x—-2z+1=0
C. (P):2x-2y+1=0 D. (P):2y-2z-1=0

Cau 10. Trong khong gian véi hé toa do Oxyz, cho diém M (3;2;1). Mat phang (P) di qua M va
cit cac truc toa dd Ox, Oy, Oz lan luot tai cac diém A, B, C khdng triing véi goc toa do sao cho
M 4 tryc tdm tam giac ABC . Trong cac mit phang sau, tim mat phang song song véi mat phang
(P).

A.3x+2y+2+14=0 B. 2x+Yy+3z+9=0 C.3x+2y+z-14=0 D.2x+y+z-9=0
Cau 11. Trong khong gian voi hé toa dd Oxyz cho mit cau (S) c6 phuong trinh
(x-1)"+(y—2)" +(z+1)° =1. Phuong trinh m3t phing (Q) chaa truc hoanh va tiép xtc véi mat
cau (S) la:

A. 4y+32=0 B. 4y+3z+1=0 C.4y-3z+1=0 D. 4y-3z=0
Cau 12. Trong khdng gian Oxyz , cho mat phang (P) di qua diém M (1;2;3) va cit cac truc Ox,
Oy, Oz lan lugt tai cac diém A, B, C (khac O). Viét phuong trinh mit phang (P) sao cho M 1a
truc tdm cua tam giac ABC.

X Yy 1z

A.6x+3y—-22-6=0 B.x+2y+3z-14=0 C.x+2y+3z-11=0 D'I+E+§:3

Cau 13. Trong khong gian Oxyz , cho diém H(2; 1 1). Goi (P) la mat phing di qua H va cat cac
truc toa do tai A, B, C saocho H Ia truc tim tam gidc ABC . Phuong trinh mdt phing (P) 1a

A. 2Xx+y+z-6=0 B. x+2y+z-6=0 C. x+2y+2z2-6=0 D.2Xx+y+z+6=0
Cau 14. Trong khdng gian véi hé truc toa do Oxyz cho (S):x*+y*+2° —2x+6y—4z—-2=0, mit
phang (a):x+4y+2z-11=0. Goi (P) la mat phang vudng goc véi (o), (P) song song véi gia cua
vécto v =(16;2) va (P) tiép xtic v6i (S). Lap phuong trinh mat phing (P).
A 2x-y+2z-2=0 va x-2y+z-21=0
B. x-2y+2z+3=0 va x-2y+z-21=0
C.2Xx-y+2z+3=0va 2x-y+2z-21=0.
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D. 2x—y+2z+5=0 va 2x-y+2z-2=0

Cau 15. Trong khong gian Oxyz cho diém M (3;2;1). Viét phuong trinh mat phang di qua M va
Cét cac truc X'Ox, y'Oy, z'Oz lan luot tai cac diém A, B, C sao cho M Ia tryc tam cua tam giac
ABC.

A.3x+y+2z-14=0 B.3x+2y+z-14=0 C. X ¥z D. XY, 2
9 3 6 12 4 4
Cau 16. Trong khong gian véi hé toa do Oxyz, viét phuong trinh mit phang (P) chta diém

M(1;3;—2),cétcéctia Ox, Oy, Oz lanlugt tai A, B, C sao cho %:O—ZB:%.

A 2x-y-z-1=0 B. x+2y+4z+1=0 C. 4x+2y+z+1=0 D. 4x+2y+z2-8=0
Cau 17. Trong khong gian véi hé toa do Oxyz, cho cac diem A(-1-2;0), B(0;-4;0), C(0;0;-3).
Phuong trinh mit phang (P) nao dudi ddy di qua A, goc toa dd O va cach déu hai diém B va C?
A.(P):2x-y+3z=0
B.(P):6x-3y+5z=0
C.(P):2x—y—-3z=0
D.(P):-6x+3y+4z=0
Cau 18. Trong khdng gian véi hé toa do Oxyz, cho cac diem A(0;12), B(2;,—2;0), C(-2;0;1).
Mt phang (P) di qua A, truc tim H cua tam giac ABC va vudng goc véi mét phang (ABC) co
phuong trinh la

A. 4x-2y-2+4=0 B. 4x-2y+z+4=0 C.4x+2y+z-4=0 D. 4x+2y-z+4=0
Cau 19. Trong khong gian véi hé toa o Oxyz, cho mat cau (S):(x-1)" +(y-2)"+(z-3)" =9 va
X—6 _ y—-2 _ z-2
-3 2
song véi duong thang A va tiép xdc véi mat cau (S) la:

A. x-2y+2z-1=0 B.2x+2y+z-18=0 C.2x-y-2z-10=0 D.2x+y+2z-19=0

duong thang A: . Phuong trinh mit phang (P) di qua diém M (4;3;4) song

Cau 20. Trong khong gian véi hé toa do Oxyz, cho duong thang d :% :%2 :ZT_l va mit cau

(S):x*+y* +2* +2x—6y+4z-15=0. Mt phang chta d , tiép xtic véi (S) va cat truc Oz tai diém
¢6 cao d6 16n hon 3 ¢6 phuong trinh la
A. 2x-3y+4z-10=0
B. 2x-3y+4z-12=0
C. 3x-4y+2z-12=0
D. 3x-4y+2z-10=0
Cau 21. Trong khong gian Oxyz , goi (P) 1a mat phang chira duong thang d :X%z :yT—l :il va
cit cac truc Ox, Oy lan luot tai A va B sao cho duong thang AB vudng goc véi d . Phuong trinh
cia mat phang (P) 1a

A. X+2y+52-5=0 B. x+2y+5z2-4=0 C. x+2y-z2-4=0 D. 2x-y-3=0
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Cau 22. Trong khéng gian véi hé toa d6 O¥Z | cho ta dién ABCD voi A(3;5,-1),B(0;-18),
C(-1-7;3),D(0;1;2) va diém M (115). Biét mt phang (P):x+ay+bz+c=0 qua diém D,M
cat canh AC va (P)chia khdi tir dién ABCD thanh hai phan thé tich bang nhau. Tinh S=a+b+c

A.S:1 B.S:—i C_S:_l D.S:ﬂ
3 3 3 3
Cau 23. Trong khdng gian véi hé toa d6 , cho ba diém A(L0;0),B(0;2;0),C(0;0;3). Mat cau (S)
thay d6i qua A, B,C cat ba truc toa do Ox,Oy,Oz lan luot tai 3 diém M,N,P(M = AN =B,P =C).

Goi H latruc tdm tam giac MNP . Toa d6 cua H théa man phuong trinh nao trong cac phuong trinh
sau

A x-2y-3z=0 B. x+2y-3z=0 C.4x+y-2z=0 D. 4x+y-2z=0
Cau 24. Trong khang gian véi hé toa do Y2 | cho ba diém A(a;0;0),B(Lb;0),C(L0;c), vai a,b,c
la cac so thuc thay doi sao cho H(3;21)la tryc tdm tam giac ABC. Mat phang
(P):mx+ny+ pz-11=0diqua A,B,C. Tinh S=m+n+p.

A.S=5 B. S=6 C.S=-5 D.S=-6

Oxyz

Cau 25. Trong khdng gian vai hé toa do , mt phang (P)qua diém M (1;2;1) va cit cac truc

. . 1 4 9 )
X'OX,y'0Oy,z'0z lan luot tai A(a;0;0),B(0:b;:0),C(0;0:;c)sao cho + + dat gia tri
y y 4 ¢ ( ) ( ) ( ) OAZ OBZ Oc2 g g g
nhé nhét. Tinh gia trj biéu thic a+b+c.
A. 12 B. 14 C. 7—6 D. 7—3
3 3

Cau 26. Trong khdng gian véi hé toa do OYZ | cho diém S (1,4;9). Mat phang (P) qua diém S va
cit cac tia Ox, 0y, Oz lan luot tai cac diém A,B,C sao cho OA+OB +OC nhé nhat. Hoi diém nao
dusi day thuoc mat phang (P)?

A. M (6;2;-3) B. N(2;3;,-6) C. P(23,6) D. Q(6;-3;2)

Cau 27. Trong khoéng gian toa do Oxyz , cho 3 diém A(E;O;Oj, B(O;L;OJ,C(O;O;LJ Vi
m m+1 m+2
m 12 sb thuc duong thay doi. Biét mat phang (ABC) lubn chira mot duong thang cé dinh khi m
thay ddi. Viét phuwong trinh duong thang do.
X=-1+t Xx=1-t x=1-2t X=-t
A y=1-2t B.{y=-1+2t C.Jy=-1+t D.<y=1-t
z=t z=-t z=t z=-1+2t
Xx=2-2t
Cau 28. Trong khéng gian véi hé toa do Y2, cho didm A(LL1) va hai duong thang d, :{y =1
Z=-2+t
X=5+3s
va d,:{y=1 . Goi B,C lan luot la cac diém di dong trén d,,d,. Tim gié tri nho nhét cta biéu
z=3-5
thac P=AB+ AC +BC
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A 229 B. 24/985 C.5+410++29  D.+5+410
Cau 29. Trong khong gian véi hé toa do Y2 , cho ba diém A(2;0;0),B(0;3,0),C(0;0;6). Cac diém
M, N,P lan luot trén cac tia OA, OB, OC sao cho
1 1 1

OM =—0A,ON = OB,0P =
m 2m+1 3m+2

oC

V6i m1a mot s thue duong thay doi. Biét rang khi m thay d6i, mat phang (MNP) lu6n chira mot
duong thang d cé dinh. Tinh khoang cach h tir goc toa d6 O dén duong thang d .

A 32 g, 2V%48 c. Vo4 p. 23
2 19 34 3

Cau 30. Trong khong gian véi hé toa ¢ Oxyz , cho mit phang (P): x+2y—2z-3=0va hai diem
A(L42;3),B(3;4;5). Goi M la mot diém di dong trén (P). Tim gia tri lon nhét cua biéu thuc

MA+2+/3
MB
A. 3\6+/78 B. 3v3++/78 C. 354+6+78 D. 3V/3

Cau 31. Trong khong gian véi hé toa do Oxyz, cho hai mét phiang c6 phuong trinh lan lugt 1a (P):
X+y+3z-1=0 va (Q): 3x—y+z-2=0. Mz phang (R) chta tat c4 cac diém cach déu hai mat
phang (P) va (Q) c6 phuong trinh tong quat la:

A. 4x+4y-3=0 B. x-2y-2z=0 C.3x+y-z-1=0 D.2x-2y—-2z-1=0
Cau 32. Trong khdng gian véi hé toa do Oxyz, cho hai diém A(1;3;2),B(-2;14) va duong thiang
A x—3: y—lz Z+2

. Mat phang (P) chtra duong thdng A va khoang cach tir A dén (P) gép ba

3 2 2
1an khoang cach tir B dén (P). S& mat phang (P)théa man la:
A. 2 B. V0 s6 C.0 D.1
Cau 33. Trong khong gian Oxyz cho dudng thing d: X=2_ y2—1: Z+21 va mit phang (P):

X+y-2-6=0. Goi () la mt phang di qua d va tao véi (P) mot géc nho nhat. Khi d6 dang

phuong trinh tong quét ctia («) c6 dang: ax+by+z+d =0. Khi d6 gié tri cua (a+b+d) bang:
A. 6 B. -7 C.5 D. -3

Cau 34. Trong khong gian véi hé toa 4o Oxyz, cho ba diem A(L2;1), B(-10;2), C(3;0;0). Tam

dudng tron ngoai tiép tam giac ABC ¢4 toa d6 1a (@;b;c) va ban kinh duong tron ngoai tiép 12 R g

. Gia tri cia biéu thic T =a+b+c+R . nam trong khoang nao duéi day?

A. (0;2) B. (2;9 C. (5;%]

Cau 36. Trong khong gian vai hé toa do Oxyz, mat phang (P): mx+(2m-1)y—m?z+3=0. Diém
cé dinh ma mat phang (P) di qua véi moi tham sb thuc m Ia A(a;b;c). Gia tri cta biéu thuc
T =(a+b+c) bang:

Al B. -3 C.2 D.0
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Cau 37. Trong khdng gian véi hé toa do Oxyz, mat phang (P): (m-1)x+(2m-1)y+mz-2=0 di
qua mot duong thang d ¢b dinh. Biét ring VTCP cua dudng thang d c6 dang u, =(a;2;b). Gid tri
(a+b) bang:

A. 0 B. -4 C. -2 D. 6

Cau 38. Trong khong gian véi hé toa do Oxyz, cho bon diem A(2;11), B(2;0;3), C(0;13),
D(0;2;0) vamat phang (P): ax+by+2z+d =0. Biét rang (P) di qua ba diém B, C, D ciing phia
so v6i (P). Khi téng khoang cach tir B, C, D dén(P) I6n nhat thi gia tri bieu thac (a+b+2d)

bang:
A. 4 B.5 C.6 D.7

Cau 39. Trong khong gian vai hé toa dd Oxyz , cho hai mat cdu (S): x* +(y—3)° +(z+2)" =16 va
(S"):(x—4)" +(y-3)"+(z-1)"=9. Goi diém M (a;b;c)nim trén mat cau (S) va diém
N (m;n; p) nam trén mat cau (S') sao cho khoang cach MN 1a 16n nhat. Gia tri cua biéu thuc

T =a+b+c+m+n+ p tuong tng bang:

A 38 B. 18 c.® p. -2
5 5 3 3
R " . A . . 2 x-1 vy z-2 .
Cau 40. Trong khong gian vai hé truc toa d6 Oxyz, cho duong thang d TR va mat

cau (S):(x-2)"+y*+(z-1)" =1. Goi (P) va (Q) la hai mjt phing chua duong thingd va tiép

x{c v6i mat cau (S) lan luot tai M va N. Do dai day cung MN ¢4 gia tri bang:

A 4 B.? C. 2 D.1

Cau 41. Trong khong gian véi hé toa o Oxyz, cho mat phang (P): x—2y+z-6=0 va mit cau
(S): x*+(y—1)° +22 = 24. Goi d la duong thing song song véi U =(12;1) vacit (P) va (S) lan
luot tai M va N sao cho MN dat gi tri 16n nhat. Néu toa do diém N (a;b;c) thi gia tri biéu thuc
(a—2b+c) bang:

A9 B. 8 C.7 D. 6

X=t
Cau 42. Trong khéng gian véi hé toa d6 Oxyz , cho dudng thang d: y=m-mt .Biétrang ton
z=—m+(m-1)t

tai mot mat cau cb dinh (S) di qua B(5;4;3) vatiép xdc véi duong thang d khi m thay doi. Ban kinh
R ctia mat cau (S) bang:

A. 4 B. 243 C. 245 D. 2

Cau 43. Trong khdng gian Oxyz, cho bon diém A(2;0;1), B(3;1,2), C(1;3;-2), D(-2;0;3). Hai
diém P va Q di dong nhung luén thoa médn PA=QC,PB =QD,PC =QA,PD =QB . Khi d6 mat
phang trung truc cua PQ di qua diém cb dinh N . Diém N nam trén duong thang twong tng la:

A. x+2y-z-5=0 B. 2x-3y+z+3=0 C. 2x+y+z-4=0 D.3x-y+2z-12=0
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Cau 44. Trong khong gian Oxyz , cho bén diém A(1;2;0), B(3;-2;1), C(0;1,1), D(-10;2). Goi
P va Q la hai diém di dong thoa man hé thuc:
PA? + PB? + 2PC? — PD? = QA? + QB2 + 2QC? — QD?,

Goi («r) 1a mat phang trung truc cua PQ. Khi d6 () ludn di qua diém cb dinh c6 toa do(a;b;c).
Gid tri bieu thuc (a;b;c) bang:

Al B. 0 C. 2 D. 3

Cau 45. Trong khong gian véi hé toa do Oxyz, cho ba diem A(2;1;3),B(2;-1;1),C(0;2;3). Mat
phang (P) c6 phuong trinh la: ax+2y+cz+d =0 di qua C, sao cho A va B cung phia so véi (P),
dong thoi tong khoang cach tir AvaB dén (P) dat gidtri lon nhét. Giatri ciabiéuthuc T =(a+c+d)
tuong tng bang:

A. 0 B. -8 C.12 D. -10
CAu 46. Trong khdng gian véi hé toa do Oxyz , cho ba diem A(1;2;-3),B(L-12),C(12;-2). Mat
phang (P) di qua gbc toa dd O, sao cho A,B,C cung phia so voi (P). Tong khoang cach tir
A(L2;-3),B(L-12),C(L2-2) dat gia tri I6n nhat bang:

A. 33 B. 3 C. 3J10 D.3J6
Cau 47. Trong khdng gian hé toa d6 Oxyz, cho bén diém A(2;0;1),B(3;-2;0) ,C(0;0;-5),
D(-3;1;3). Mat phang (P) di qua D sao cho A, B va C cling phia so véi mat phang (P). Gia tri lon
nhét ciia biéu thue T =d (A;(P))+2d (B;(P))+d(C;(P)) twong tng bang:

A. 1245 B. 1643 C. 126 D. 85
Cau 48. Trong khong gian toa do Oxyz , cho bén diem A(2;1;1),B(1-3;0),C(-2;2;4), D(-3,1;3)
. Mat phang (P) di qua géc toa do O sao cho A, B, C, D niam cuing phiaso véi (P). Khi d6 biéu thirc
T=d(A;(P))+2d(B;(P))+d(C;(P))+3d(D;(P)) dat gi4 tri lon nhét thi phuong trinh mat
phang (P)tuong tng la (P): x+by+cz+d =0. Gia trj cia biéu thac T =(b+c+d) bang:

A. 3 B. -3 C.2 D. -2
Cau 49. Trong khong gian véi hé toa do Oxyz , cho mat phang (P):x+2y—z-7=0 va c4c diém
A(31-3), B(2;3,-1), C(4;m;2—m2). Sé gia tri nguyén ciia m dé mat phang (P) cat dung hai

canh cua AABC la
A 4 B. -2 C.5 D.0

Cau 50. Trong khdng gian véi hé toa dd Oxyz , cho cac diém A(L1-3),B(a;-12). Goi M la giao
diém cua duong thang AB véi mat phang (P):x+3y—z—-8=0 sao cho AB=3AM . Tong cAc gia
tri thyc cua a thoa méan bai toan l1a?

A. -13 B. 24 C.6 D. -29
Cau 51. Trong khong gian véi hé toa do Oxyz , cho cac diém A(L-3;-1),B(a;b;c). Goi M,N,P
lan luot 1a giao diém cia duong thing AB véi mat phang (Oxy),(Oyz),(Ozx) sao cho
AM = MN = NP = PB. Gi4 trj cia biéu thirc T =a+b+c twong tng bang?

A. -13 B. 24 C.6 D. -29
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Cau 52. Trong khdng gian véi hé toa o Oxyz , cho cac diém A(2;0;3),B(a;b;c). Goi M,N,P lan
lugt 1a giao diém cua dudng thang AB véi mat phang (Oyz),(Ozx),(Oxy) sao cho AM =3NP = PB
. Gia tri cua biéu thic T =3a+8b—11c bang

A.5 B. -21 C.7 D. 12
Cau 53. Trong khong gian véi hé toa dd Oxyz , cho cac diém A(L-10),B(a;b;c).Goi M, N, P lan
luot 12 giao diém cua duong thang AB véi mat phang (P):x—2y-2=0 ,(Q):y+z+2=0
,(R):x+y-2z-1=0saocho AM =2MN = NP = PB. Giatrj cua biéu thic T =a+b+c twong iing
bang

A. -5 B. —§ C. E D. —E'

5 5 5

CAu 54. Trong khdng gian véi h¢ truc toa do Oxyz , cho cac diem A(L;2;a),B(m;n; p). Goi M, N
lan luot 1a giao diém cua dudng thang AB véi céc try toa do Ox,0y sao cho AM = MN = NB . Gia
tri cia biéu thic T =m+n+ p tuwong ung bang

A. e B. 2 C. -3 D. 29
2 2

Cau 55. Trong khong gian véi ho toa do Oxyz, cho bén mat phang (a):x+y+5z—7=0,
(B):x +y —z-1=0;(y):x—y-2z-1=0;(8):x—y-3z+1= 0. Thé tich cua khdi ta dién giéi

han bai bén mat phang nay c6 gia tri twong tng bang

A. 1 B. 2 C.1 D. 1
2 3
X=3-t
R R . e B X y-1 z+1 | .
CAau 56. Trong khong gian Oxyz cho hai duong thang d, 5= 1 vad,:qy=-2+2t. Quy
- z=-1+t

tich nhitng diém cach déu hai duong thang 1a hai mat phang

A. (o):x+y-z=0; (B):3x-3y—-2z-6=0 B.(a):x+y-2=0; (B):3x—3y—-2z-6=0.
C.(a):3x+y-1=0; (B):3x+3y-z-2=0. D. (a):x+y-2=0; (B):2x-3y—-2z-7=0.
Cau 57. Trong khong gian véi hé toa d6 Oxyz, cho hai duong thing dl:gzy—_llz%2 va

d, :XT_l = yT_Z = —LZ Mt phang (P) céach déu hai duong thang d, va d, c6 phuong trinh 132

A. 6X+2y+52-2=0 B. 6x+2y+52-11=0.

C. 3x+y+2z-3=0. D. x+3y-8=0.

Cau 58. Trong khdng gian véi hé toa do Oxyz, cho 5 diém cd toa do 1a A(L-10),B(3;0;1),
C(4:11), D(3,-2;-2), E(-1-2;—1). S6 mat phang tao thanh tr 5 diém nay twong tng 13

A 4 B. 7
C.6 D.5

Cau 59. Trong khdng gian véi hé toa dd Oxyz , cho mat phang (P):x+2y—2z-10=0 va hai diém
A(L2;0),B(-13;1). Goi (Q) 1a mot mat phing di qua A,B ddng thoi tao véi (P) mat goc nho
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nhét. Biét rang phuong trinh tén quat ciia (Q) 13 : 2x+by+cz+d =0, véi b,c,d 1a nhiing s6 thuc.
Khi d6 gia tri cua tong (b+c+d) bang:

A. 10 B. 12 C. 18 D. -8
Cau 60. Trong khong gian véi hé toa dd Oxyz , cho mat (P):mx+(2m+1)y—z—4m+2=0vadiém

A(L2;0) . Khi khoang cach tir Adén mat phang (P) I6n nhat thi hinh chiéu vudng géc cia A 1én
(P)la H(a;b;c). Giatri cua (a+b+c)bang:

A.5 B. 6 C.7 D. 8
Cau 61. Trong khéng gian véi hé toa dd Oxyz , cho (P):(m2 +2)x+my+mzz—3m =0 va diém

B(0;1;,0). Khoang cach I6n nhat tir B dén mat phang(P) nam trong khoang nao duéi day

A (L2) B. (%;1} c. [z;%} D. (0;%)

Cau 62. Trong khong gian véi hé toa do Oxyz, cho diem A(2;0;-1) va mat phing
(P):2x+y-z-2=0 vamitphang (Q):x—3y-4=0.Goi M ladiém namtrén (P)va N la diem
ndm trén (Q)sao cho Ala trung diém MN . Khi M chay trén mat phang (P)thi quy tich diém N la

duong thang d co phuong trinh twong Gng 1a

X=4+3t X =23t X=1+3t x=t
A Jy=t B.{y=2t C.Jy=2+t D.cy=2t
z=Tt z=1-t z=Tt z=3

Cau 63. Trong khdng gian véi hé toa do Oxyz , cho céc diém A(a;0;0),B(0;b;0),C(0;0;c). Goi |
la thm mat cau ngoai tiép tir dién OABC. Biét rang khi a,c va b thay d6i thoa mén diéu kién:
a+2b—c=6thi tim | thudc mot mat phang ¢d dinh (P). Phuong trinh mét phiang (P) tuong tng
la

A. 2Xx-y-2-6=0 B. x+2y-z-3=0 C. x-y-6=0 D. 3x+y+z-1=0
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HUONG DAN GIAI

Cau 1. Trong khong gian Oxyz, cho tx dign ABCD cé A(L11), B(2;0;2), C(-1-10) va
D(0;3;4). Trén cac canh AB, AC, AD lan lugt lay céc diém B’, C’, D' sao cho thé tich cua

khéi ta dién AB'C'D’ nho nhat va AB + AC + AD =4. Tim phuong trinh cuia mit phang
AB" AC’' AD'
(B'C'D')?
A. 16x+40y—-44z+39=0 B. 16x-40y—-44z+39=0
C. 16x+40y+44z2+39=0 D. 16x+40y—-44z2-39=0
Loi gidi

3
Taco Vasco _AB AC AD _ 1 AB+AC+ADJ _ 64
AB''AC''AD' ~ 27 AB' AC' AD') 27
AB AC AD 4

Dau "=" xay ra khi = = =—,
AB" AC'" AD" 3

AB'C'D’

— AB=SAB =B’ le :
4 4 4 4

TalinY ’ 7 l 7 2 A 1~y 4 A r 7 A pY
Suy ra (B'C'D’) qua B (Z;Z;Zj va song song (BCD) nén (B'C'D’)céd mot vécto phap tuyen 13
n=|BC;BD | =(410;-11)
Vay phuong trinh (B'C'D’) la 16x+40y —44z+39=0.
Chony A.
Cau 2. Trong khong gian véi hé toa dd Oxyz cho diém A(2;-1-2) va dwong thang (d) co

x-1 y-1 z-1
huong trinh = =
p g rm 1 1 1

thang (d) va khoang céch tir duong thang d t6i mat phang (P) 1a 16n nhat. Khi d6 mt phing

. Goi (P) 1a mat phang di qua diém A, song song véi duong

(P) vudng goéc véi mat phang nao sau day?

A Xx-y-6=0 B.x+3y+2z+10=0 C. x-2y-3z-1=0 D.3x+z+2=0
Loi gidi

Goi K (x;y;z) Ia hinh chiéu vudng gdc ciia A Ién d . Toa do ciia K 1a nghiém cua h¢

Trang | 137



Tap chi va tu liéu todn hoc |

-X+1=y-1 [x=1

y-l=-z+1 <{y=1 = K(L11).

X—y+z-1=0|z=1
Taco d((d),(P))=d(K,(P))=KH < KA=+14 . Nén khoang c4ch tir d dén (P) dat gi tri I6n
nhit bing +/14 khi m3t phing (P) qua A vavudng géc véi KA. Khi d6 co thé chon VTPT cia (P)
la KA . Vay (P) vudng géc véi mat phing A'.
Chony D.

Cau 3. Trong khéng gian vai hé truc toa o Oxyz , cho diem M (12;5). Sé mit phang (o) di qua
M va cat c4c truc Ox, Oy, Oz tai A, B, C sao cho OA=0OB =0OC (A, B, C khdng tring véi
goc toa dd O) la

A. 8 B. 3 C. 4 D 1
Loi gidi
; .0 Th A . X 'y Z 1 25
A(a;0;0), B(0;b;0), C(0;0 Z+l4 =1 M i 8.2 1
Goi A(a;0;0), B(0;b;0), C(0;0;c), (a) co dang Syl E(a):a+b+c

Do OA=0B =0C = |a|=|b|=|c].
Xét cac truong hop

+ a=b=c:§:1:>a=8:>(oc): X+y+z-8=0.
a

+a=b=-c :>_—2:1:>a=—2 =(a):x+y-z+2=0.
a

+ a:—b:—c:>_—6:1:>a:—6:>(oc):x—y—z+6:0.
a

+ a=—b=c:ﬂ:1:a=4:>(oc):x—y+z—4:0.
a

Vay c6 4 mit phang (o) thoa yéu cau bai toan.
Chony C.
Cau 4. Trong khdng gian véi hé truc toa dd Oxyz , cho mat phiang (Q) song song véi mat phang
(P):2x—2y+2z-17=0. Biét mat phing (Q) cit mat cau (S):x*+(y+2) +(z—-1)° =25 theo
mot dudng tron ¢d chu vi bang 6r. Khi d6 mat phang (Q) c6 phuong trinh 1a
A 2x-2y+z+7=0 B.2x-2y+z+17=0 C.x-y+2z-7=0 D.2x-2y+z-17=0
Loi gidi
Mt cau (S) c6 tam 1(0;-2;1) vaban kinh R=5 .
S=2nr=6n=>r=3 =>h=yR*-r? =/25-9 =4,
(Q) song song véi (P) nén phuong trinh mat phang (Q) c6 dang (Q):2x—2y+z+d =0

B [20-2(-2)+1.1+d| ~ d=7
h=d(1,(Q))= 2 _4<:>|d+5|—12<:{d:_17

+Véi d =-17 thi (Q)=(P) .
+V6i d=7 thi (Q):2x-2y+2z+7=0 .
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Chony A.

Cau 5. Trong khong gian véi hé toa dd Oxyz , cho mat cau (S): (x—l)2 +(y+1)2 +2% =11 vahai
duong thang d, : X=5_y+l_ Z_l, d,: XY _Z yig phuong trinh tat ca cAc mat phang
1 1 2 1 2 1
tiép xtic voi mat cau (S) dong thoi song song véi hai duong thang d,, d, .
A 3x-y-z+7=0
B.3x-y—-z-15=0
C.3&-y-z-7=0
D. 3x—y—-z+7=0hoac 3x-y-z-15=0.
Loi gidi
Mat cdu (S) c6 tam 1(L -1 0), bén kinh R =+/11.

o d, qua A(5;-11) va co vecto chi phuong u, = (11 2).
o d, qua B(~10;0) c6 vecto chi phuong u, = (1 2;1).
Mt phang (P) can tim song song véi hai duong thang d,, d, nén (P) c6 vecto phap tuyén 1a
n=[u,u, |=(-311).
Phuong trinh mit phang (P) c6 dang: —3x+y+z+d =0.
Ag¢(P)<d=15; Bg(P)<d=-3.
Mt khac mét phang (P) tiép xdc véi mat cau (S)nén ta co:
~3-1+0+d| d=15
N (0;0;1 <:>|—:\/1_1<:>—4+d “lle .
( ) V9+1+1 | | {d =-7
e d=15loai
e d=-7,tacophuong trinh mdt phang (P) 1a -3x+y+z-7=0 <3x-y-z+7=0,
Chony A.
Xx-2 y+1 z+5
1 -1
(P):2x—3y+z—-6=0. Phuong trinh nao dudi day la phuong trinh ciia duong thang nam trong

Cau 6. Trong khong gian Oxyz, cho duong thing d: va mit phing

mat phang (P), cat va vudng goc véi (d)?

x-8 y-1 z+7 x-4 y-3 7-3

A B.
2 5 11 2 5 11
C. x+8=y+1=z—7 D. x+4=y+3=z+3
2 5 11 2 5 11
Loi gidi
X=2+3t
Phuong trinh tham sé ciia d :qy = —1+t
zZ=-5-t

Tac6 M =d ~(P) nén 2(2+3t)-3(-1+t)-5-t-6=0t=2=M (8L -7)

VTCP cia A 13 UZ[Q;T

o |=(-2-5,-11) =-1.(2,5:11)
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_y-1 z-7

Adiqua M ¢6 VTCP a= (2;5;11) nén c6 phuong trinh: X— BT

Chony A.

Cau 7. Trong khdng gian véi hé toa do Oxyz, cho mat cau (S): x> +y* +2°> —2x+6y—4z-2=0

, mat phang (a):x+4y+2z-11=0. Goi (P) la mat phang vudng goc véi («), (P) song song

V6i gia cua vecto 62(1;6;2) va tiép xdc véi (S ). Phuong trinh mat phang (P) la

A 2X—-y+22+5=0; 2x—-y+22-2=0. B. x-2y+2z+3=0; x-2y+z-21=0

C.2x—-y+2z-2=0; x-2y+z-21=0 D.2x-y+2z2+3=0; 2x-y+2z-21=0.
Loi gidi

Mt phang («) c6 mot vipt 1a n =(141).

Do (P)song song véi gié cua vecto u(1;6;2) va vudng goc véi (@)

nén (P)c6 mot vipt n=| n,,u|=(2-12).

Suy ra phuong trinh mat phang (P) c6 dang : 2x—y+2z+d =0.

Mt khac mat cau (S) c6 tam 1(1-3;2) vaban kinh R=4.
12+3+4+d] {d:3

=4 &
J2+ (1) +2°

Vay c6 hai mat phang (P) thoa man yéu cau bai toan la

Do (P)tiép xtic vsi (S) nén d(1,(P))=

2X—y+2z+3=0va 2x—-y+2z-21=0.

Chony D.
Cau 8. Trong khong gian véi hé toa do Oxyz , viét phuong trinh mat phang chira M (1,3;-2) va cat
cac tia Ox, Oy, Oz lan luot tai A, B, C sao cho %:O—;’ Of
A. x+2y+4z+1=0 B. 4x+2y+z-8=0 C. 4x+2y+z+1=0 D. 2x-y-z-1=0

Léi gidi
Goi () 1a mat phang can tim.
Vi («)cat cac tia Ox, Oy, Oz lan luot tai A, B, C nén ta c6 A(a;0,0), B(0;b;0), C(0;0;c)
(a,b,c>0).

y

Phuong trinh (o) theo doan chan la §+B+E=l.

c
Vi M e(a) néntaco E+§—E=1(1) :
a b c

Tacd — OA o8B OCQHZHZHQEZEZE(@.
1 2 4 2 4 1 2 3

1
a=2
Tu (1)va (2) tacd b=4.
c=38
A Xy z
Vay (a) : E+Z+§=1c>4x+2y+z—8:0.
Chony B.
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Cau 9. Trong khdng gian Oxyz , phuong trinh mit phing (P) song song va céch déu hai duong

thing d,: X=2-Y_Z yaq X Y71 272
-1 1 1 2 -1 -1
A. (P):2y-2z+1=0 B. (P):2x—-2z+1=0
C.(P):2x-2y+1=0 D. (P):2y—-2z-1=0
Loi gidi
qua A(2;0;0) quaB(0;1;2)
Taco d;: . va d,: . :
viepu, =(-11;1) vtepu, =(2;-1;,-1)
M3t phang (P) song song va cich déu hai dwong thang d, :X;l2 =%=% va d, X y—_ll = le

nén:

e (P) Cémétvéctophéptuyénléﬁz[i,@]=(0 1) suyra (P):y-z+D=0

L —
e Vad(A(P))=d(B,(P)) <|D|=|D-1] < D:%
Vay (P):2y—-2z+1=0.

Chony A.

Cau 10. Trong khdng gian véi hé toa dd Oxyz, cho diém M (3;2;1). Mt phang (P) diqua M va
cit céc truc toa dd Ox, Oy, Oz lan luot tai cac diém A, B, C khéng tring véi gbc toa do sao
cho M 14 tryc tdm tam giac ABC . Trong cac mat phang sau, tim mat phang song song véi mat
phing (P).

A.3x+2y+z+14=0 B.

2x+y+3749=0 C.3x+2y+z-14=0 D.2x+y+z-9=0

Léi gidi
Goi A(a;0;0);B(0;b;0);C(0;0;c)
P

Phuong trinh m3t phang (P) c6 dang: X +%+E =1(ab.c=0)
a c

. ~. 3 2 1

Vi (P M B W Wt

i (P) qua M nén o=l (1)

Taco: MA=(a—3;-2;—1);MB =(-3;b—2;-1);BC =(0;-b;c); AC = (-a;0;c)

(2)

N . 5 ~ [MABC=0 (2b=c
Vi M la tryc tdm cta tam giac ABC nén: y__.__. &
MB.AC =0 3a=c

Tu (1) va (2) suy ra a:%;b:%;c:m. Khi d6 phuong trinh (P): 3Xx+2y+z-14=0

Vay mat phang song song Véi (P) la: 3x+2y+2z+14=0.
Chony A.
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Cau 11. Trong khong gian Vvéi hé toa do Oxyz cho mat ciu (S) co phuong trinh
(x=1)" +(y—2)" +(z+1)" =1. Phuong trinh mt phing (Q) chua truc hoanh va tiép xdc véi mat
cau (S) la:
A 4y+3z=0 B. 4y+3z+1=0 C.4y-3z+1=0 D.4y-3z=0

Loi gidi
Mit cau (S)c6 tam 1(1;2;-1) va ban kinh R=1.

Goi vec to phap tuyén cua mit phing (Q)1a n(A; B;C) véi A>+B2+C? =0.
Ta ¢6 nli< A=0. Mit khac (Q) chua truc hoanh nén (Q)c6 phuong trinh dang

(Q):By+Cz=0. Do d6 loai cc dap 4n B, C.

Lai ¢6 (Q) tiép xtic mat cau (S) nén d (| ,(Q)):la%:l < (2B-C) =B?+C?
<3B°-4BC=0<B(3B-4C)=0<B=0v3B-4C=0.

V6i 3B-4C =0, chonB=4=C =3. Vay (Q):4y+32=0. Do d6 A dung.

Chony A.

Cau 12. Trong khéng gian Oxyz , cho mat phang (P) di qua diém M (1;2;3) va cit cac truc Ox

, Oy, Oz lan luot tai cac diém A, B, C (khac O). Viét phuong trinh mit phang (P) sao cho

M la tryc tm cua tam giac ABC.

A.6x+3y—-2z-6=0 B.x+2y+3z-14=0 C.x+2y+3z-11=0 D.§+X+E=3

2 "3
Loi gidi
Goi A(a;0;0), B(0;b;0) va C(0;0;c) véi abc 0.
Phuong trinh mat phing (P) di qua ba diém A, B, C Ia 5+%+5=1.
a C

Vi M (1;2;3)e(P) nén taco: 1,23
a b c

g . . AM LBC [AM.BC=0
biém M la truc tdm cua AABC <

<> .
BM L AC BM.AC =0

Tacé: AM =(1-a;2;3), BC =(0;-b;c), BM =(1;2-b;3), AC =(-a;0;c).

b—3c
-2b+3c=0 ) a=14
Ta c6 hé phuong trinh: < —a+3c=0 <<a=3c Sb=7 .
1 2 3 1 2 3 14
—+—+-—-=1 —+—+—-=1 C=—
a b c 3 3, ¢ 3

2

. < 2 Xy 3z

Phuong trinh mat phang (P) la ﬁ+?+ﬁ:1© X+2y+3z-14=0.

Chony B.
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Cau 13. Trong khong gian Oxyz, cho diém H(2; 1 1). Goi (P) la mat phang di qua H va cét

c4c truc toa do tai A, B, C sao cho H 14 tryc tdm tam gi4c ABC . Phuong trinh mit phang (P)

la
A 2x+y+z2-6=0 B. x+2y+z-6=0 C. x+2y+2z-6=0 D.2X+y+z+6=0
Loi gidi
Céch 1.
Giasir A(a;0;0)eOx, B(0;b;0)eQy, C(0;0;c)eOz.
Khi d6 mit phang (P) c6 dang: XY Z g
a b c
Tacd AH =(2-a;1;1), BH =(2;1-b;1), BC =(0;-b;c), AC=(-a;0;c).
E+l+l:1
a b c a=3
Do H latryc tm tam giac ABC nén: s-b+c=0 < <b=6.
—2a+c=0 c=6

Vay phuong trinh ciia mt phang (P) la: §+%+%:1<:> 2X+y+2-6=0.
Céch 2.
Vi tor dién OABC c0 cac canh d6i mot vudong tai O va H la truc tdm tam giac ABC nén
OH L (ABC) (tham khao bai tap 4, trang 105 SGK HH11).
Suy ra N(asc) =OH =(2;1;1).
Khi d6 phuong trinh mt phang (P) c6 dang: 2x+y+z+D=0.
He(P)nén: 22+1+1+D=0=D=-6.
Vay phuong trinh mt phang (P) 1a: 2x+y+z-6=0.
Chony A.
Cau 14. Trong khdng gian voi hé truc toa do Oxyz cho (S):x* +y*+2z°—2x+6y—4z-2=0,
mat phang (o):x+4y+z-11=0. Goi (P) la mat phang vudng goc véi (a), (P) song song véi
gié cia vécto v =(16;2) va (P) tiép xtic v6i (S). Lap phuong trinh mat phang (P).
A. 2x-y+22-2=0va x-2y+2-21=0
B. x-2y+2z+3=0 va x—-2y+z-21=0
C.2Xx-y+2z+3=0va 2x-y+2z-21=0.
D. 2x-y+2z+5=0va 2x-y+2z-2=0

Loi gidi
Mit cau (S) 6 tam 1(L—3;2) va ban kinh R = 4? Véc to phap tuyén cua (o) 1a n, =(L4;1).
Suy ra VTPT cua (P) la n, =[n,.v| =(2-12).
Do d6 (P) co dang: 2x—y+2z+d =0.
Mat khac (P) tiép xtc véi (S) nén d(1,(P))=4
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Hay

|2+3+4+d| {d=—21

- =4 = .

\/22 +(-1)" +2?

Vay phuong trinh mat phang (P): 2x—y+2z+3=0 va 2x—-y+2z-21=0.

Chony C.

Cau 15. Trong khong gian Oxyz cho diém M (3;2;1). Viét phuong trinh mét phing di qua M va
cit cac truc x'Ox, y'Oy, z'Oz lan luot tai cac diém A, B, C sao cho M la truc tam cua tam giac
ABC.

A3x+y+22-14=0 B.3x+2y+7-14=0 C X4¥ %24 D. X4 ¥ 2
9 3 6 12 4 4
Loi gidi
Gia st A(a;0;0), B(0;b;0), C(0;0;c) vsi a,b,c#0.
Phuong trinh mat phang (P) qua A, B, C c6 dang: 5+%+£:1.
a c
. ) R ., 3 2 1
Vi (P) diqua M (3;2;1) nén ta cé: _+B+_:l (1).
a c
MA=(a-3;-2;-1), BC =(0;-b;c), MC =(-3;-2;c~1), AB =(-a;b;0).
. ) MABC=0 (2b-c=0 |¢=%
M latryc tdm cta tam giac ABC ={ = < N 2b (2)
MC.AB=0 (3a—-2b=0 a=—
14
a=—
Thay (2) vao (1) ta dugc: 9.2 o 1eb-7 3.
2b b 2b b
c=14
A \ < 2 33Xy z
Vay phuong trinh mat phang (P): —+2+-—=1<3x+2y+2z-14=0
14 7 14
Chony B.
Cau 16. Trong khdng gian véi hé toa do Oxyz, viét phuong trinh mat phang (P) chira diém
M (13;-2), cit cac tia Ox, Oy, Oz lan luot tai A, B, C sao cho %:%:%.
A. 2x-y-z2-1=0 B. x+2y+4z+1=0 C. 4x+2y+z+1=0 D. 4x+2y+2-8=0

Lo gidi
Phuong trinh mat chén cét tia O tai A(a;0;0), cét tia Oy tai B(0;b;0), cattia Oz tai C(0;0;c)

c6 dang la (P):§+%+E:1 (véi a>0, b>0,c>0).

c
OA OB OC b a—E
Theodé:—=—=—©E=—=E:> 2.
2 4 1 2 4
c=2b
N o N A2 R .1 3 2 4
Vi M (1;3;,—2) nam trén mat phang (P) nén ta co: E+E+%:1©B:1®b=4'

2
Khido a=2, c=8,
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Viy phuong trinh m3t phang (P) 1a §+%+é —1e4x+2y+2-8=0.

Chony D.

C&u 17. Trong khdng gian véi hé toa do Oxyz , cho cac diém A(-1-2;0), B(0;-4;0), C(0;0;-3)
. Phuong trinh mat phang (P) nao duéi day di qua A, géc toa do O va cach déu hai diem B va
C»

A.(P

):2x—y+3z=0

B.(P):6x-3y+5z=0
C.(P):2x—y-3z=0

D.(P):

P):—6x+3y+4z=0

Léi gidi
Cach 1: Tacé AO=(L2;0), BC =(0;4;-3).
Truwong hep 1. B va C nam ciing phia véi (P), khi d6 BC ¢6 gia song song voi (P). Phuong trinh
mit phang (P) qua O c6 vtpt ﬁ=[ﬁ,ﬁ}=(—6;3;4) nén (P):—6x+3y+4z=0.

Truwong hgp 2. B va C nam khac phia véi (P), khi d6 trung diém I(O;—Z;%Bj cua BC thuoc (P)

. C6 E:(o;z;g]. Phuong trinh m3t phing (P) qua O c6 vtpt ﬁ=[ﬁ,m] =(3;—g;2j nén
(P):6x—3y+4z=0.

Cach 2: Goi n=(a;b;c) =0 la vipt cua mt phing (P).

OA=(-1-2-0) .

Taco: NOA=-a-2b=0 < a=-2b :ﬁ:(—Zb;b;C).

Phuong trinh mét phang (P) qua O ¢6 dang: —2bx+by +cz =0

4
c==b
Vi d(B:(P))=d (Ci(P))nen fac|=|4p| | >,
c=—1Dh
3
Suy ra c6 hai mt phang théa man ycbt 1a (P):—6x+3y+4z=0 va (P):-6x+3y-4z=0

Chony D.
Cau 18. Trong khdng gian véi hé toa do Oxyz, cho cac diém A(0;12), B(2-2;0), C(-2;0;1)
. Mt phang (P) diqua A, tryc tdm H cta tam gidc ABC va vudng goc véi mit phang (ABC)

c6 phuong trinh la

A 4x-2y-2+4=0 B.4x-2y+z+4=0 C.4x+2y+z2-4=0 D. 4x+2y-z+4=0
Loi gidi

Tacd AB=(2;-3,-2), AC =(-2,-1-1) nén [E,E]:(l;ﬁ;—S).

Phuong trinh mat phang (ABC) la x+6y—8z+10=0.
Phuong trinh mat phang qua B va vuéng goc véi AC 1a 2x+y+2-2=0.
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Phuong trinh mat phang qua C va vudng goc voi AB la 2x—-3y—-2z+6=0.

Giao diém caa ba mit phing trén 1 truc tdm H cua tam giac ABC nén H —2 7—0 176 :
1011017101
Mat phang (P) diqua A, H nén n, L AH = —E;—ﬂ;—E ——i(zz 31,26).
101 101 101 101

Mt phing (P) L (ABC) nén n, L niasc) =(16;-8).
Vay [ pgc); Uan ] =(404;-202;-101) 1a mot vecto phap tuyén cua (P).

Chon ni, =(4;—2;—1) nén phuong trinh mat phang (P) la 4x-2y-z+4=0.

Chony A.

Cau 19. Trong khang gian véi hé toa do Oxyz, cho mat ciu (S):(x-1)"+(y-2)° +(z-3)" =9
va duong thing A: X0 _Y=2_2-
-3 2 2
song song véi duong thang A va tiép xtc véi mat cau (S) la:

A x—-2y+2z-1=0 B.2x+2y+z-18=0 C.2x-y-2z-10=0 D.2x+y+2z-19=0

Loi gidi

2 Phuong trinh mat phang (P) di qua diem M (4;3;4)

Goi vecto phap tuyén cia mat phang (P) 1a n=(a;b;c), a®+b*+¢* >0,
Phuong trinh mit phang (P):a(x—4)+b(y—-3)+c(z-4)=0.
Do (P) // A nén —3a+2b+2c=0=3a=2(b+c)

, . 3a—b
Mt phang (P) tiép xdc véi (S) nén I8ab-d
VaZ +b? +c¢?

Thay 3a=2(a+b) vao (*) ta dugc:

_3<:>9(a2+b2+cz):(3a+b+c)2(*).

a(b+c) +9(b*+c*)=9(b+c)’ < 2b* —5bc+2¢° =0 < (2b—c)(b—2c) =0

Truong hgp 1. 2b—c=0,chon b=1; c=2=a=2=(P):2x+y+2z-19=0 (thoa).
Truong hop 2. b—2c=0,chon c=1; b=2=a=2=(P):2x+2y+z-18=0 (LVvi Ac(P)).

Chony D

Cau 20. Trong khong gian vai hé toa do Oxyz , cho dudng thang d :% = y%z = le va mit cau
(S):x*+y*+2° +2x—6y+4z-15=0. Mit phing chira d, tiép xlc véi (S) va cat truc Oz tai
diém c6 cao d6 I6n hon 3 c6 phwong trinh 14

A. 2x-3y+4z-10=0

B. 2x-3y+4z-12=0

C.3x-4y+2z-12=0

D. 3x—-4y+2z-10=0

Loi gidi
Mt ciu (S) ¢6 tam I (~13;-2) va bén kinh R=+/29.
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_ 4x-5y-10=0
d_x_ygz z 1@{ y

10 1 y—-8z+10=0
Mit phang (P) chtra d c6 dang m(4x—5y—10)+n(y—8z+10)=0
< 4mx+(n-5m)y—8nz+10n-10m=0Véi m*+n’>0.
(P)tiép xdc véi (S) nén d(1,(P))=R
|-29m + 29n|
J16m? +(n—5m)’ +64n’
Truwong hgp 1: m=—n, phuong trinh mat phang (P):2x-3y+4z-10=0.

<~

m=
=29 < 12m? +48mn+36n° =0 @{ an’
m=-3n

Khi d6 giao diém cua (P) va Ox c6 toa d¢ la (O;O;%J (nhan)

Truwong hep 2: m =-3n, phuong trinh mit phang (P):x—2y+6z-10=0.

w| o

Khi d6 giao diém cua (P) va Ox c6 toa d¢ la (o;o; j (loai).

Chony A.

2 1
Vva cét cac truc Ox, Oy lan luot tai A va B sao cho duong thang AB vuéng goc véi d . Phuong

Cau 21. Trong khdng gian Oxyz , goi (P) 1a mat phing chtra duong thang d :_XIZ y 1.2

trinh cia mat phang (P) la
A X+2y+52-5=0 B. x+2y+5z-4=0 C. x+2y-z2-4=0 D. 2x-y-3=0
Loi gidi

o AeOx= A(a;0;0)
Taco uy, =(1,2;-1), = AB =(-a;b;0).
B eOy = B(0;b;0)

Theo d& bai AB Ld = ABuU, =0« —a+2b=0< a=2b= AB=(-2b;b;0)
= U =(-210) lamot VTCP cua AB .

u=(-2;10 L .
Taco { . ( ) = [u;ud ] =(-L-2;-5)=n=(12;5) lamot VTPT cua (P).

ug =(32;-1)
Két hop véi (P) qua M (2;5,0)ed = (P):(x-2)+2(y-1)+52=0< x+2y+5z-4=0,
Chony B.
Cau 22. Trong khong gian va&i hé toa do Oxyz , cho t dién ABCD véi A(3;5;,-1),B(0;-138),
C(-1-7;3),D(0;1;2) vadiém M (115). Biét mat phang (P):x+ay +bz+c=0 quadiém D, M
catcanh AC va (P)chia khi tirdién ABCD thanh hai phan thé tich bang nhau. Tinh S =a+b+c

A.S:1 B.S:—i C,S:_l D.S:ﬂ
3 3 3 3

Léi gidi
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A
N
M
B C
D
Theo giai thiét M thudc canh AB thoa mén AM _2
AB 3
Gia st (P)cét canh AC tai N, taco
AM AN 2 AN 1 AN 3
AMDN :EE ABCD ZE'EVABCD :EVABCD E:ZS N (O; -4 2)
D(0;1;2)
Vivay (P):{M(L15) =n, =| DM.DN |=(12-31)
N (0;—4;2)
, 1 1 7
Do do6 (P):12x-3y+z-14=0x-=y+-—2-—=0
4° 12 6
Suy ra S:a+b+c:—1+i—zz—ﬂ
4 12 6 3

Chon dap an C

Cau 23. Trong khong gian voi hé toa do 92, cho ba diém A(1;0;0),B(0;2;0),C(0;0;3). Mat
cau (S)thay doi qua AB,Ccit ba truc toa do Ox,0y,Ozlan luwot tai 3 diém
M,N,P(M =AN=B,P=C).Goi HIa truc tdm tam gidc MNP . Toa do cua H thoa mén
phuong trinh nao trong cac phuong trinh sau

A. x-2y-3z2=0 B. x+2y-3z=0 C.4x+y-2z=0 D. 4x+y-2z=0

Léi gidi

Phuong trinh ngoai tiép tam giac ABC la giao cua hai mit phing trung truc céc canh AB, AC c6

x=t
x=1)P+y?+22=x2+(y-2) +7° t 3
phuong trinh la {EXl;ZJF o (2 )_ , e y:E+Z
Yy +2°=x"+y +(z-3)
I=—+—

Do d6 tam mit cau (S)1a diém | (t;%+%;%+%j thugc truc ngoai tiép tam giac ABC

Goi D, E,F lan luot 12 hinh chiéu vuéng gdc cua | trén céc truc toa dd6 Ox,0y, 0z , ta ch
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D(t;O;O),E(0;£+§;Oj, F(O;O;Ltﬂj.
2 4 3
Mit khac D, E,F lan luot 1a trung diém AM, BN, CP nén dé c6

M (2t-1;0;0),N [O;ZtT_l;OJ,P[O;O;ZtT_lj

Phuong trinh mit phang (MNP) 1a x+2y+3z -2t +1=0.
Tir d6 toa d6 H la nghiém cua hé

X+2y+3z—-2t+1=0.

o H (L_iﬂ_lﬂ_ 3 ]
Y Z_ox-%=0

2 3 3
Thay twong tng vao 4 dap an suy ra chon C.

Cau 24. Trong khong gian véi hé toa o O¥YZ | cho ba diém A(a;0;0), B(L;b;0),C(L0;c), voi
a,b,cla cic so thuc thay doi sao cho H(3;2;1)la truc tdm tam giac ABC. Mat phang
(P):mx+ny+ pz-11=0diqua A B,C.Tinh S=m+n+p.

A. S=5 B.S=6 C.S=-5 D.S=-6
Loi gidi
Tim diém 1(X;y;z)sao cho t& dién IABC la t& dién vudng tai | . Khi do IH L(P).

IAIB=0 (x—a)(x-1)+y(y-b)+z°=0 (x=1

IAIC =0 {(x-a)(x-1)+y*+2z(z-c)=0=1y=0

ICIB=0 |(x-1)+y(y-b)+z(z—c)=0 (2=0
Do d6 1(30;0),H (3;2)) = n, = IH =(2,2,1) = (P): 2x+2y+2-11=0
Chon dap an A.

Cau 25. Trong khong gian vai hé toa do OXYZ , mat phing (P)qua diém M (L;2;1) va cét cac truc
1 4,
OA*> OB? O0OC?

x'0x,y'Oy,z'0z lan lugt tai A(a;0;0),B(0;b;0),C(0;0;c)sao cho dat gia
tri nho nhat. Tinh gia tri biéu thicc a+b+c.

A 12 B. 14 C. % D. i
3 3

Léi gidi

Mt phang c6 phuong trinh Xy % 2o
a C

Vi M (12;1) thugc mat phang nén 1+%+1 =1
a c

1 4 9 1 4 9

+ + =—+—+
OA*> OB? 0OC? a* b* ¢
Mt khac sir dung bét dang thirc Cauchy — Schwarz, ta ¢6

2 2
(1+E+lj =(1.1+2.1+§.1] S(iz+i+%j(lz+lz+i2j
a b c a b c¢3 a b° ¢ 3

Do do
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Do d6 2+42+%2 ! =—
© 14142 19
11:%'1:3% 19 38 7
Déubéngdattai a C3<:>a:—,b:—,C:19:>a+b+C:—
1 2 1 9 3
—+—+-=1
a b c

Chon dap an C.
Cau 26. Trong khéng gian véi hé toa d6 OXYZ |, cho diém S (1,4;9). Mat phang (P) qua diém S

va cit cé4c tia Ox, 0y, Oz lan luot tai cac diém A, B,C sao cho OA+OB +OC nhé nhat. Hoi diém
ndo duéi day thuoc mt phang (P)?
A. M (6;2;-3) B. N(2;3;,-6) C. P(23;6) D. Q(6;-3;2)
Loi gidi
Gia st A(a;0;0),B(0;b;0),C(0;0;c) véi a,b,c>0 vi cac diém nay thudc tia Ox, Oy, Oz

Phuong trinh mat phang la X Y2 wvis e(P) nén 1+i+g:1
a b c a b c

Khi 6 OA+OB +0OC =a+b+cva sir dung bat dang thic Cauchy — Schwarz, ta co

1+2+3)°
1:1+£+92w =a+b+c>36
a b ¢ a+b+c

1.4.9
DAu bang dat tai a b c =a=6,b=12,c=18
1 4 9
—+—+—-=1
a b c
Khido 2+ 2+ 21
6 12 18
Chon dap an A.
Céu 27. Trong khong gian toa do Oxyz , cho 3 diém A(i;o;oj, B(O;L;OJ,C(O;O;LJ
m m+1 m+2

voi m 12 s6 thue duong thay doi. Biét mat phang (ABC) ludn chira mot duong thing cé dinh khi

m thay doi. Viét phuong trinh dudng thang do.

X=-1+t Xx=1-t x=1-2t X=-t
A Jy=1-2t B.iy=-1+2t C.iy=-1+t D.Jy=1-t
z=t z=—t z=t z=-1+2t
Loi gidi
Phuong trinh mat phang (ABC) la %+ )1/ + i =1

m m+l m+2
S mx+(m+1)y+(m+2)z=1em(x+y+z)+(y+2z-1)=0

Goi diem N(x;y;z) ¢b dinh thuoc mat phang (ABC), c6
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X=-1+t
m(x+y+z)+(y+2z-1)=0,Vvm < X+y+z=0 =1-2t
y y - y+2z-1=0 ::t

Chon dap an A

Cau 28. Trong khong gian véi hé toa do OXVZ| cho diém A(LL1) va hai duong thing
Xx=2-2t X=5+3s

d:{y=1 wvad,:{y=1 .Goi B,C lan luogt la cac diém di dong trén d,,d,. Tim gia tri nho
7=-2+t 72=3-5

nhét ciia biéu thac P = AB+ AC + BC

A. 2@ B. 2\/@ C. \@+JE+@ D. \E+\/TO

Loi gidi
Goi A, A, lan luot 1a diém dbi xting cia A qua dfjdz, taco BA=BA,CA=CA do d6
P=AB+AC+BC>AA =229
Dau bang xay ra <> B=d, nAA,,C=d,nAA,.
Trong d6 A (-11-3),A,(3L7), AA, =229

Chon dap an A
Kiém tra diu bang, décd d, NAA, = B(—%;l;—%
Cau 29. Trong khong gian véi hé toa do O*YZ cho ba diém A(2;0;0),B(0;3,0),C (0;0;6). Céc

diém M, N, P lan luot trén cac tia OA, OB, OC sao cho
1 1 1

OM =—0A,0ON = OB, 0P =
m 2m+1 3m+2

Véi mla mot sb thuc duong thay doi. Biét rang khi m thay déi, mat phang (MNP) ludn chira mot
duong thang d cb dinh. Tinh khoang cach h tir goc toa dd O dén duong thang d .

31, 69
j,dzmAlAz =C(ﬁ’1’ﬁ]'

oC

A N2 5. 31646 . 3646 o 23
2 19 34 3
Lo gidi

Taco M 3;0;0 ,N| O; 3 :0[,P| 0;0; 6 .
m 2m+1 3m+2

Suy ra (MNP);%JF(Zm;rl)yJF(sm;g)Z _

< 6mx+2(2m+1)y+(3m+2)z-6=0
< m(3x+4y+3z)+(2y+2z-6)=0

1

x:—4+1t

3
3x+4y+3z=0

=d: Xraymes <diy=3-t =h=3 3—4

2y+2z2-6=0 19

Chon dap an B.
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Cau 30. Trong khang gian véi hé toa do O*¥YZ | cho mat phing (P):x+2y—2z-3=0vahai diém
A(1,2;3),B(3;4;5). Goi M la mot diém di dong trén (P). Tim gia tri 16n nhat cua biéu thic

MA+24/3
MB
A. 3/6++/78 B. 3v3++/78 C. 354 +6+/78 D. 33
Loi gidi

Theo gia thiét va hé thire luong cho tam giac ta co

o_MA+2/3_MA+AB _2RsinB+2RsinM
MB MB

2Rsin A

o B+M B-M
_sinB+sinM B sin cos

_ 2 2
sin A

. A A
Zsmzcos—

12-2.2+2.2 AB,(P N
Trong d6 sin(AB,(P))%gjsin[ ( )}\/18 278

Chon dap an C.

Cau 31. Trong khdng gian véi hé toa o Oxyz, cho hai mat phang c6 phuong trinh lan lugt Ia (P)

X+y+3z-1=0 va (Q): 3x—y+z-2=0. Maphing (R) chta tat c4 cac diém cach déu hai mat
phang (P) va (Q) c6 phuong trinh tong quat la:
A. 4x+4y-3=0

B. x-2y-2z=0 C.3x+y-z-1=0

Loi gidi
Goi toa do diém M nam trén (R) 1a: M (X,; Y2, ). Khi d6 taco: d(M;(P))=d(M;(Q))
- X, + Yo +32, -1 :|3x0—y0+zo—2| -
V1+1+9 N9+1+1

D.2x-2y-2z-1=0

Xo+ Yo +32y—1=3X, — Y, + 2, —2
Xo+ Yo +32,—1=-3X,+Y,—Z,+2
2%y —2Y,—22,—1=
o | %2y, -22,-1=0

4%, +4y,-3=0

Vi loai mot mat phang song song véi truc Oz, nén ta suy ra mat phang (R) la: 2x—-2y—-2z-1=0
Vay ta chon dap an D.
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Cau 32. Trong khdng gian véi hé toa dd Oxyz, cho hai diém A(1;3;2),B(-2;1;4) va duong thiang
X=3 y-1 z+2

A 3 > o Mat phang (P) chira dudng thing A va khoang cach tir A dén (P) gép
ba lan khoang cach tirB dén (P). S6 mat phang (P)thoa man la:
A 2 B. v0 6 C.0 D.1
Loi gidi
Dé khoang cach tir A dén (P)gép ba lan khoang cach tr B dén (P) thi ta c6 hai truong hop sau
A
[
A
B
M
N®
B N (P)

Mt phing (P) chira A va di qua diém M théa man: MA+3MB =0.
Hozc mat phang (P) chira A va di qua diém N thoa man: NA-3NB =0.
Nhan thdy rat nhanh AB =(-3;-2;2)= AB//A, tirc 12 m3t phing chira A va diém M triing voi mat
phang chira A va diém N. Tt 1a ton tai duy nhat mat phang (P) théa man.
Chony D.

X—2 _y -1 _ +1

2 -2
X+y-2-6=0.Goi () la mt phang di qua d va tao véi (P) mot goc nho nhét. Khi d6 dang

Cau 33. Trong khong gian Oxyz cho dudng thang d: va mat phang (P):

phuong trinh tong quét ctia (&) c6 dang: ax+by+z+d =0. Khi d6 gié tri cua (a+b+d) bing:

A. 6 B. -7 C.5 D. -3
Loi gidi

VTPT cua mat phang () 1a: n,, = (a;0;1). Tir gia thiét duong thing d ndm trong mat phing (a)
suy ra: @ =0 (L2-2)-(a;b;l)=a+2b-2=0 (1)

GAc tao bai mat phang(er) va mat phang (P) nhé nhat khi cosin goc d6 16n nhat

|n,em, | la+Llb-1.1 __la+b-y] dat gid tri min
e

) JaZ +b? +12 12 +1% 4+ (-1)° ‘ \/S(az +b° +1)
Tur (1) suy ra: a=2-2b thé vao biéu thic cosin ta dugc:
_ [2-2b+b-4 [1-b| _ | b*-2b+1
J3((@-20)7 +b?+1) \[3(5b% ~8b+5) |[3(5p*~8b+5)

NG

Khao sat ham s trén ta nhan dugc gia tri 16n nhit caa né 1a o5 khib=-1=a=2-2b=4

prla

N ‘cos(n_ n_)

na

‘cos(nﬂ,na)
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Suy ra mt phang (): 4x-y+z-d =0

Ly M (2;5,-1),suyra M ciing nam trén (), taco: 4.2-1+(-1)+d=0=d =6

Suy ra phuong trinh mat phang (a): 4x—y+z-6=0=(a+b+d)=(4-1-6)=-3

Chony D.

CAu 34. Trong khong gian véi hé toa do Oxyz, cho ba diém A(1;2;1), B(-1;,0;2), C(3;0;0). Tam
duong tron ngoai tiép tam giac ABC ¢ toa do la (a;b;c) va ban kinh duong tron ngoai tiép 1a

R usc - Gid trj caa biéu thac T =a+b+c+R,,5. nam trong khoang nao dudi day?

A (0:2) B. (2;9 C. (5&)

2

Loi gidi
Cap VTCP cua mat phing (ABC) la: AB=(-2;-2;1) va AC =(2;-2;-1). Suy ra VTPT cua mjt
phing (ABC) Ia: (ABC)N e, =[AB; AC] =(4;0;8)=4(10;2).
Suy ra phuong trinh tong quat cua mat phang (ABC):x+2z-3=0.
Goi tam dudng tron ngoai tiép tam giac ABC la:

KE(ABC) a+2c-3=0

K(aibic)={KA=KB 1 (a=1)"+(
KA =KC

b—2)° +(c-1)° =4
J(a-1 +(b=2) +(c-1) =(

a=1

2)2 +

a+1)2+(b—0)2+(c—0)2

a-3)"+(b-0)" +(c-0)’
a+2c=3

<< d4a+4b-2c=1 <ib=-

—4a+4b+2c=-3 c=1

2
Suy ra ban kinh duong tron ngoai AABC la: R,,,. =KA= \/(1—1)2 + (—% - 2} + (1—1)2 = %

Suyra: T=a+b+c+R s :1—%+1+%:4.

Cau 36. Trong khong gian véi hé toa ¢ Oxyz, mat phang (P): mx+(2m-1)y-m?z+3=0. Diém
cé dinh ma mat phang (P) di qua véi moi tham sé thuc m 1a A(a;b;c). Gia tri cta biéu thuc

T =(a+b+c) bang:

A1 B. -3 C.2 D. 0
Loi gidi
Tabién doi: (P):—m’z+m(x+2y)+(3-y)=0véi YmeR.
z=0 X=-6

Suyra: {x+2y=0<1y=3 = A(-6;3-0)=(a;b;c)=(a+b+c)=-3.
3-y=0 z=0
Chony B.
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Cau 37. Trong khong gian véi hé toa o Oxyz, mat phang (P): (m—-1)x+(2m-1)y+mz—-2=0
di qua mét duong thing d cé dinh. Biét ring VTCP cua dudng thing d ¢6 dang u, =(a;2;b). Gia
tri (a+b) bang:

A. 0 B. 4 C. -2 D. 6
Loi giai
Ta bién d6i: (P): m(x+2y+z)+(-x-y+2)=0 véi VmeR
X+2y+z=0 2 . . 5 L.
Suy ra: 9_0" Day la phuong trinh tong quéat caa duong thang co dinh d.
_X_y_ —

D& dang suy ra VTCP cua dwong thang d la: u=(-11-1) =Chon VTCP (-2;2;-2)=(a;2;b).
Suyra: a+b=-4.

Cau 38. Trong khong gian véi hé toa do Oxyz, cho bén diém A(2;1;1), B(2;0;3), C(0;1;3),
D(0;2;0) vamat phang (P): ax+by+2z+d =0. Biétring (P) di qua ba diém B,C,D cling phia
so véi (P). Khi tong khoang cach tir B, C, D @én(P) 16n nhat thi gia tri biéu thac (a+b+2d)

bang:
A. 4 B.5 C.6 D.7
Lo gidi
biém A nam trén (P) suy ra: 2a+b+2+d =0 (1)

Ba diém B, C, D cung phia so véi (P) nén cac biéu thic: (2a+6+d); (b+6+d); (2b+d) cung
dau véi nhau. Khi d6 [2a+6+d|+|b+6+d|+|2b+d|=|2a+3b+3d +12|
Tong khoang cach tir ba diém B, C, D dén mat phang (P) la:

T =d(Bi(P))+d(Ci(P))+d(Ds(P))

_ |2a+6+d| .\ lb+6+d| .\ 12b+d| _|2a+3b+3d+12|
JaZ+b’+4 Ja?+b?+4 Jal+b2+4 Ja®+b*+4
4da—-6

Tur (1) suy ra: d =—2a—b—2. Thay vao biéu thirc T ta dugc: T =

Jal+b*+4
_ _ _ 2 _ 2

Taco: T= [42-§ s|4a 9 =21/(26; 3) -2 f(a);f(a)=(2a2 3)
\/a2+b2+4 \/a2+4 a‘+4 a’+4

Dau “=" xay ra khi va chi khi b=0

, 2a-3)° . .
Khao sat ham so f(a):(;—+4);théy rang max f(a):§ khi a:—g
25 b=0 10
Suyra: T<2,/f (a) <2- /—:5.T -5 q=20
uy ra ( ) 4 max g a:_g_) 3

Suyra: (a+b+2d)=4.Vay tachon d4p 4n A.
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Cau 39. Trong khdng gian véi hé toa do Oxyz , cho hai mat cau (S): x* +(y—3)" +(z+2)" =16
va (S7):(x=4)" +(y-3)"+(z-1)"=9. Goi diém M (a;b;c)nim trén mat cau (S) va diém
N (m;n; p) ndm trén mat cau (S') sao cho khoang cach MN 14 I6n nhét. Gia tri cua biéu thic
T =a+b+c+m+n+p twong Gng bang:

38 18 26 23

A — B. — C. — D. —
5 ) 3 3

Loi gidi
Mt cau (S) co tam 1(0;3;-2) vaban kinh R=4. Matcau (S') cotam 1(4;3;1)va R'=3

Suy ra khoang cach hai tam 1a 11'=5 va nhan thiy: [R—R|<1l'<R+R"= hai mit cat nhau

Taco: Ml =4;MI"'=9;NI"'=3;NI =8

Ma MI* =2 Mi = M —E;?’;—E =(ab;c); tir NI =SNi= N g; ;E =(m;n; p)
4 5 5 8 5 5
38
Suyra:T:a+b+c+m+n+p:?.
Chony A.
R R . e pa . . 2 x=-1 vy z-2 .
Cau 40. Trong khéng gian véi hé truc toa do Oxyz,choduongthangd.T:—l:T va mat

cau (S): (x=2)"+y?+(z-1)" =1. Goi (P) va (Q) Ia hai m3t phing chtra duong thingd va tiép
x(c véi mat cau (S) lan luot tai M va N. Do dai day cung MN ¢4 gia tri bang:

A 4 B.ﬁ C. 2

2

D.1

Lo gidi
Néu goi H 12 hinh chiéu vudng goc cua tim 1(2;0;1) 1én duong thang d, thi ta ¢ hinh v& minh hoa

hai mét phang (P) va (Q) di qua d, tiép xdc véi mét cau (S) nhu sau:
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M
(S)
H
N
x=1+2t
Phuong trinh tham sb duong thing d: { y=-t ;VTCP ciad: u, =(2-12)
z2=2+2t

Goi H(1+2t;-2;2+2t). Suyra: IH =(2t-1-t;2t +1)
CO IH Luy, < IHu, =0 2(2t-1)-1(-1)+2(2t+1)=0=t=0=H =(10;2)

P dai doan 1H = /(2-1) +0 +(1-2) =2

Ap dung dinh Ii Pythago suy ra: HM =HN =+ IH?—IM? :«/(ﬁ)z -1=1

Suy ra: MN =2MK :Z.W:Z-E:ﬁ.

J2

Chony C.

Cau 41. Trong khdng gian véi h¢ toa dd Oxyz , cho mat phang (P): x—2y+z—-6=0 va mat cau
(S): x*+(y—1)" +2° =24. Goi d 1a duong thing song song vai u =(12;1) va cit (P) va (S)
lan luot tai M va N sao cho MN dat gi4 trj 16n nhat. Néu toa d6 diém N (a;b;c) thi gia tri biéu
thac (a—2b+c) bang:
A9 B. 8 C.7 D. 6
Loi gidi
Goi duong thang A di qua tam 1(0;1;0) cua mat cau (S) va vudng goc véi mat phang (P). Diém

M chinh la giao diém ciia A va mat cau (S). Qua M lap dwong thing song song véi vec tou = (1,2;1)
. Khi @6 duong thang d cat mat phang (P)tai diém N. Ta di chimg minh MN dat gia tri I6n nhat. Gia
sir c6 mot diém M’ khac M (bao gio cling gan mat phang (P) hon M). Buong thang d di qua M’
song song véi vec to U =(12;1) cit mat phang (P)tai N’ nhu hinh v&. Tur M’ ké duong thing song
song véi mat phang (P)cat MN tai K. Khi ¢ KNN’M” 14 hinh binh hanh, quan sat trén hinh thay
M’N’= KN < MN . Vay qua céch dyng hinh nhu trén thi MN dat gia tri Ion nhat,
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/N /N

A

Puong thang A ¢6 VTCP 1a VTPT cua (P): u, =n,, =(L-21)

X=0+t
Suy ra phuong trinh tham so cia A: {y=1-2t
z=t
Thay duong thang A vao mat cau (S), ta duoc: t* +4t° +t° =24 >t = +2
Suy ra toa d hai giao diém: M,(2;,-3;2) va M,(-2;5;-2)
Dé x4c dinh xem diém nao xa (P) hon ta di tinh khoang cach cta ching téi (P):
o(w(P) =22, p) 22O 27020

Vay diém xa (P) honla M =M, =(-2;5,-2)

Pé tim diém N ta lap phuong trinh duong thing d di qua M nhan VTCP 1a: u =(1;2;1)
X=—-2+1

Phuong trinh tham s6 cua d: { y =5+ 2t
Z=-2+t

N =dn(P). Thaydvao (P) tadugc: (-2+t)—2(5+2t)+(-2+t)-6=0=t=-10
Thay vao dudng thang d suy ra: N (-12;-15;-12). Suy ra: (a—2b+c)=6.
Chony D.
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x=t

Cau 42. Trong khong gian vai hé toa do Oxyz , cho dudng thing d: y=m-mt .Biétring
z=—-m+(m-1)t
ton tai mot mat cau cé dinh (S) di qua B(5;4;3) va tiép xdc véi dudng thang d khi m thay doi.
Ban kinh R ctia mat cau (S) bang:
A 4 B. 2.3 C. 245 D. 2
Loi gidi

biém cb dinh ma duong thang d di qua v6i moi m 1a A(L;0;-1) khi tham so t =1

M4t cau c6 dinh (S) tiép xdc véi d tai diem o dinh A. Goi tam mat cau (S) 1a I (a;b;c) thita phai
c6: 1A Ld véimoim < IA-u, =0 véi vm. C6: IA=(a-Lb;c+1);u, =(L-m;m-1)
Suy ra: 1(a—1)-m(b)+(m-1)(c+1)=0 véi Ym < m(c—b+1)+(a—c-2)=0 véi Vm
- a—c—2=0(_) a=c+2 (1)
c—b+1=0 b=c+1

Bén kinh mat ciu: R=1A=1B = \(a—1)’ +b*+(c+1)’ =/(a=5)" +(b—4) +(c=3)" (2)

Tir (1) va (2) suyra: a=3;b=2,c=1=R=1A=243.
Chony B.

Cau 43. Trong khong gian Oxyz, cho bon diém A(2;0;1), B(3;1;2), C(1,3;-2), D(-2;0;3). Hali
didm P va Q di dong nhung luén théa man PA =QC, PB =QD, PC = QA, PD = QB . Khi d6 mit
phang trung truc cua PQ di qua diém c6 dinh N . Piém N nam trén duong thang twong ung Ia:

A. x+2y—-z-5=0 B. 2x-3y+z+3=0 C. 2x+y+z-4=0 D.3x—y+2z-12=0

Loi giai
Tir gia thiét suy ra; PA> =QC?,PB? =QD?,PC? =QA?,PD? =QB?. Suy ra:
PA’ + PB? + PC?+ PD? =QC”+QD?+QA’+QB* (1)

Pay 1a biéu thic ti cu
Goi N latam ti cu cua biéu thuc (1), tac Ia: NA+NB+NC+ND =0. Tir d6 suy toa do tam ti cu

N duogc xac dinh nhanh N :%CHD =(L11)

D3 biét biéu thuc ti cu rdt gon duoc nhu sau:
e N2 e N2 e N2 2
PA2+PBZ+PC2+PD2:<PN+NA) +(PN+NB) +(PN+NC) +(PN+ND)

_ —  ——

< PA? + PB? + PC? + PD? = 4PN? + NA? + NB% + NC? + ND? +2W(M+ NB+ NC + ND)
< PA? + PB® + PC? + PD? = 4PN? + NA” + NB? + NC? + ND? (2)
Tuong tu: QA* +QB* +QC? +QD? =4QN? + NA” + NB* + NC? + ND? (3)
T (1), (2) va (3) suyra: QN =PN, suy ra N 1 diém c6 dinh nam trén mét phang trung truc cia
PQ. Thay toa do diém N vao 4 dap an ta chon dugc dap 4n dung 1a C.
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Cau 44. Trong khong gian Oxyz, cho bén diém A(12;0), B(3;,-21), C(0;11), D(-10;2).
Goi P va Q14 hai diém di dong thoa mén hé thic:
PAZ + PB? + 2PC? — PD? = QA? + QB? + 2QC? —QD?.
Goi (a) la mat phang trung truc cua PQ. Khi d6 (&) luén di qua diém cb dinh c6 toa do(a;b;c)
. Gia tri biéu thirc (a;b;c) bang:
A1l B. 0 C. 2 D. 3
Loi gidi
Biéu thirc d cho dudi dang biéu thuc ti cu. Toa do tam ticy N duoc xac dinh:
N = A+B+2C-D :(1;g;lj
1+1+2-1 33
Khi d6 gia thiét suy ra dugc: 3PN? =3QN? < PN =QN < N nam trén mit phang trung tryc cia
doan thang PQ .Tc la mat phang trung truc cua doan thang PQ di qua diém cb dinh N .

Suyra N :(1;2;%j=(a;b;c):>(2a+b+c):3.

Chon y D.

Cau 45. Trong khong gian véi hé toa do Oxyz , cho ba diem A(2;1;3),B(2;-11),C(0;2;3). Mat
phang (P) c6 phuong trinh 1a: ax+2y+cz+d =0 di qua C, sao cho A va B cuing phia so véi (P)
, dong thoi tong khoang cach tir A va B dén (P) dat gia tri I6n nhat. Gia tri cua biéu thuc
T =(a+c+d) twong ttng bang:
A. 0 B. -8 C.12 D. -10

Lo gidi
Taco: d(A;(P))+d(B;(P))=2d(M ;(P))=2MH
V6i M la trung diém cua AB, H 1a hinh chiéu L caaM 1én (P), suy raM (2;0;2)= MC =3
Taco: d(A;(P))+d(B;(P))=2d(M;(P))=2MH <2.MC =6. Suy ra téng khoang cach tir A va B
dén mat phang (P) l16n nhét khi MH =MC < H =C = MC L (P)

Suy ra mit phing (P) di qua C va nhan vec to MC =(-2;2;1) lam VTPT

A
M

(P)

H C
Suy ra phuong trinhmp (P): —2x+2y+z-7=0=ax+2y+cz+d =>a=-2;c=1d =7

Suyra T =(a+b+d)=-8.Vaytachen dap 4n B.
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Cau 46. Trong khdng gian véi hé toa 4 Oxyz, cho ba diém A(L2;-3),B(L-12),C(L2-2).
Mit phang (P) di qua gdc toa dd O, sao cho A,B,C cung phia so véi (P). Téng khoang cach tir
A(L2;-3),B(L-12),C(L2;-2) dat gia tri I6n nhét bang:

A. 33 B.3 C. 310 D.3V6
Léi gidi
Taco: T=d(A;(P))+d(B;(P))+d(C ;(P)):gd (G ;(P))=3GH

Véi G latrong tdm cua AABCva H Ia hinh chiéu vudng goc cua G 1én (P)

Suy ra GO(3,1;,-1)= GO = J3

Ta c6: T=d(A(P))+d(B;(P))+d(C;(P))=3d(G;(P))=3GH <3.G0O=3v3. Suy ra tong
khoang cach tir A va B dén mt phang (P) 16n nhat khi GH =GO < H =0 =GO L (P)

e
(P) o H

Suy ra gi4 trj I6n nhét cua tong khoang céch ba diém A, B, C t6i mat phing (P) I&:T,,, =33
Chony A.

Cau 47. Trong khong gian h¢ toa do Oxyz, cho bén diem A(2;0;1),B(3;-2;0) ,C(0;0;-5),
D(-3;1;3). Mat phang (P) di qua D sao cho A, B va C cling phia so véi mat phang (P). Gia tri
lon nhat caa biéu thue T =d (A;(P))+2d (B;(P))+d(C;(P)) twong ting bang:
A. 1245 B. 1613 C. 12\6 D. 85

Loi gidi
Goi diém N thoa man hé thuc ti cu NA+2NB+NC =0=> N =(2;-1-1)
Ghi nhé: Néu diém N thoa man hé thie véc to ti cw: aNA+ BNB+yNC =0 va ba diém A, B, C

ndm cting phia so véi (P) thi khi d6 gia tri ctia biéu thirc:
T =ad(A(P))+8d(B;(P))+7d(C;(P))=(a+B+y)d(N;(P))=(a+B+y)NH
V6i H 1a hinh chiéu vudng goc ciia N 1én mit phang (P)
Ap dung vao bai toan nay, ta co:
Taco: T=d(A;(P))+2d(B;(P))+d(C;(P))=4d(A;(P))=4NH
T=d(A(P))+2d(B;(P))+d(C;(P))=4d (N;(P))=4NH <4.ND =125
Déu “=” xay ra khi: NH=ND < H =D= ND L(P)
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A l
C
(P D i

Suy ra gia tri I6n nhat cia biéu thac T 1a: T, =125
Chony A.

B

Cau 48. Trong khong gian toa d6 Oxyz, cho bon diem A(2,11),B(L-3,0),C(-2;2,4),
D(-3;1;3). Mt phang (P) di qua géc toa do O sao cho A, B, C, D nam ciing phia so véi (P).
Khi d6 biéu thic T =d (A ;(P))+2d (B ;(P))+d(C ;(P))+3d (D ;(P)) dat gia trj lon nhat thi
phuong trinh mat phang (P)twong tng 1a (P):x+by+cz+d=0. Gia tri cia biéu thic
T =(b+c+d) bang:
A. 3 B. -3 C.2 D. -2
Léi gidi

Goi diém N thoa mén h¢ thac ti cy: NA+2NB+NC+3ND =0=> N =(-10;2)

T=d(A(P))+2d(B;(P))+d(A;(P))+3d(D;(P))=7d (N;(P))=7NH <7NO =75
Déu “=" xay ra khi NH=NO < H =0= NO L (P)= VTPT cua (P) 14 ON =(-10;2)
N

()  o©° H

Suy ra phuong trinh mat phang (P) 1a: -x+2z=0<x-2z=0=b=0;c=-2,d =0

=T =(b+c+d)=-2. Vay tachon d4p 4n D.
Cau 49. Trong khdng gian voi hé toa do Oxyz , cho mat phang (P):x+2y—z—7=0 va céc diém
A(31-3), B(23;-1), C(4;m;2—m2). Sé gia tri nguyén ciia m dé mat phang (P) cét dang hai

canh cua AABC la

A4 B. -2 C.5 D. 0
Lo gidi

Thay toa d6 hai diém A va B vao mit phing (P) ta duoc:

P, =1.3+2143-7=1>0; P, =1.2+2.3—(-1)-7=2>0

Suy ra hai diém A va B cling phia nhau so véi mat phang (P) vi: P, >0, P, >0
Suy ra khi ta thay toa do diém C vao mit phang s& cho két qua:
P =14+2m—(2-m*)-7<0

Dé mit phang (P) cét dung hai canh cua AABC
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P.<0em +2m-5<0 < -3,45~-1-/6<m<-1+/6~1,45.
VimeZ = = me{-3,-2,-1,0;1}.
Cau 50. Trong khéng gian vai hé toa d6 Oxyz , cho cac diém A(31;,-3),B(a;-12). Goi M 1a
giao diém cua duong thang AB véi mat phang (P):x+3y—z-8=0 sao cho AB=3AM . Tong

cac gia tri thuc cua a thoa man bai toan 1a?

A -13 B. 24 C.6 D. -29
Loi gidi
« _2+a
3
1 1 2+a 1 4
Truong hopl: AM ==-AB= == =M|=—:=—
oI nep 3 T3 ( 3 '3 3]
, =4
"3
Vi M (P) nén ﬁ+3.1—(—fj—8=o©a=15.
3 303
4-a
Xy =

3
Truomg hop 2: m:_%ﬁj yMzg :M(4_a§'_l4j-

Vi M (P) nén ﬂ+3.§—(—ﬂj—8=o@a=9.
3 3| 3

Do d6 tdng cac gia tri a 1a 24.

Cau 51. Trong khong gian véi hé toa do Oxyz , cho cac diem A(L-3;-1),B(a;b;c). Goi M,N,P
lan luot 1& giao diém cua duong thang AB véi mat phang (Oxy),(Oyz),(Ozx) sao cho
AM = MN = NP = PB. Gi4 trj ciia biéu thirc T =a+b+c twong ung bang?

A. -13 B. 24 C.6 D. -29
Loi gidi
A z, =0 Xy =0 Y, =0 B
M N P
Xo+Xg l+a

Tathdy NA+NB=0= x, = O@O:T:a:—l.

Ta ciing 6 3MA+MB =0 3(z, -2, )+(2, ~ 2, ) =0 <> 2, =32, +4z,, =3z, =3=c

R - 1. 4 1
Tacungco§PA+PB:0C>§(yA—yP)+(yB—yp):0<:>yB:—gyA+§yP:—§yA:1:b
VaytacO T=a+b+c=-1+1+3=3
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Cau 52. Trong khdng gian véi hé toa 6 Oxyz , cho cac diém A(2;0;3),B(a;b;c). Goi M,N,P
lan lugt la giao diém cua duong thang AB voéi mat phang (Oyz),(Ozx),(Oxy) sao cho
AM =3NP = PB. Gia tri cua biéu thic T =3a+8b—11c bing

A.5 B. -21 C.7 D. 12
Loi gidi
A Xy =0 Yy =0 z, =0 B
M N P

Tadat AM =2MN =3NP =PB=6d = AM =PB=6d,MN =3d,NP=2d .
MA=6d

Ta thay
MB =MN + NP +PB =11d

= 1IMA+6MB = 0=>11(X, — X, ) +6(Xg =X, ) =0

Lai c6 x, =0=11(x, —0)+6(x, —O):011.2+6a:0:a:—1—31.

NA=NM +MA =9d
NB = NP+ PB =8d

Lai c6 y, =0=8(y,~0)+9(y, -0)=080+9=0=b=0.

Tuong ty ta cling c6 { = 8NA+INB=0=8(y, Yy )+9(Vs— ¥y )=0.

C(PA=11d
Taco {P | ©OPA+1IPB =05 6(z,~2,)+11(z, - 2,)=0

Laicé z, =0=6(z,—0)+11(z, —O):0<:>6.3+11.c:0<:>c:—%.
Vaytaco T =3a+8b—-11c =3.(—1—1J+8.0—11.(—§j: 7

3 11
Cau 53. Trong khdng gian véi h¢ toa dd Oxyz, cho céc diém A(L-10),B(a;b;c).Goi M,N,P
lan lugt 1a giao diém cua duong thang AB véi mat phang (P):x-2y-2=0 ,(Q):y+z+2=0
(R):x+y-2z-1=0sa0 cho AM =2MN =NP =PB. Gia trj ciia biéu thic T =a+b+c tuong
g bang

A -5 B -8 c. Y p. -3t
5 5 5
Loi gidi
A(L-10) B(a;b;c)
i M N P )

Taco thé dat AM =2MN =NP=PB=2d = AM =NP =PB =2d,MN =d

_ 5X,+2X; 2a+5

Y 542 7
. [MA= . B
Nhan thiy — 5MA+2MB =0= |y, = Yat2¥s _ 2075
MB = 5d 542 7

_5z,+2z, 2
T os+2 7
2a+5_2 2b-5

7 7

Laico M e(P)=x, -2y, -2=0& -2=0<2a-4b+1=0
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_4x,+3x;  3a+4
“Uoar3 7
Tuong ty: { A=3d = 4NA+3NB=0=1y, _ 4, *3y, 30-4
B =4d 4+3 7
_4z,+3z; 3c
U437

Laicéd N e(Q):>yN+zN+2:O<:>£7_4+%+2:0<:>3b+3c+10:0

33X, +4x;  4a+3
' 3+4 7
PA=4d _— . - -
Tuong tu: . 3PA+APB = 0= |y, - Yatde 403
PB =3d 3+4 7
3z, +4z, _4c
" 3+4 7
Lai c6 Pe(R):>xP+yP—22P—1:O<:>4a+3+#—2.%—1:0@4a+4b—8c—7:O
o 34 53 49
Giai h¢ (1),(2),(3) suyra: a=——;b=——;c=——
> (1):(2).(3) suy 15 60 20

SuyraT :a+b+c:—§.

Cau 54. Trong khdng gian véi hé truc toa dd Oxyz , cho céc diem A(L2;a),B(m;n; p). Goi M, N
lan luot 12 giao diém cua duong thang AB véi céc tru toa d6 Ox,0y sao cho AM = MN = NB . Gia
tri ctia biéu thuc T =m+n+ p tuong tng bang

A. e B. 2 C. -3 D. 9
2 2

Léi gidi
A M (X ;0;0) N (0;yy:0) B

Nhan thdy 2MA+MB =0=>2(y, =Yy )+(Vs — Y ) =0 2(2-0)+(n-0)=0=n=—4
MA+MN =0=(z, -2, )+(zy —2,)=0<(a-0)+(0-0)=0=a=0
MM +NB =0=(z,, —2y)+(25 —2y ) =0 (0-0)+(p-0)=0= p=0

NA+2@:6:>(XA—XN)+2(XB—xN):O<:>(1—O)+2(m—0):0:>m:—%

Suyra: T=m+n+ p:—%—4+0:—%

Cau 55. Trong khong gian voi ho toa d6 Oxyz, cho bdn mat phing (a):x+ y+5z-7=0,

(B):x +y —z-1 =0;(y):x—y—2z-1=0;(8):x—y—3z+1= 0. Thé tich clia khéi tu dién gisi

han boi bdn mat phang nay c6 gia trj trong tng bang
1

A > B. 2 C.1 D.

w |

Léi gidi
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Ctr ba mat phang da cho ludn c6 mot diém chung duy nhat 1a mot dinh cua ta dién (néu khong co
diém chung duy nhét thi né s& c6 mot giao tuyén 1a dudng thang chung, hoic chiing d6i mét cat nhau
tao ra ba giao tuyén 1a ba duong thang song song véi nhau).
Céch tim toa d6 4 dinh cua tir dién tao bai 4 mat phang da cho.
(a):x+y+52-7=0
e Toadd dinh A langhiém ciahé <(B):x +y-z-1=0 = A(2;0;1)
(y):x-y-z-1=0
e Tuong tu, ta lan luot cho 3 mat phang giao nhau suy ra B(3;-11);C(4;3;0); D(10;0)

Suy ra thé tich tir dién can tinh: V., = %‘[ﬁ AT:] ﬁ‘ =1.

X=3-t
A R . e 2 X y-1 z+1 |
Cau 56. Trong khong gian Oxyz cho hai duong thang d, ST va d,:qy=-2+2t.
- z=-1+t

Quy tich nhitng diém cach déu hai duong thang 1a hai mit phang

A (a):x+y-z=0; (B):3x—3y-22-6=0 B. (a):x+y-2=0; (B):3x-3y-2z-6=0

C. (0):3x+y—-1=0; (B):3x+3y—2-2=0. D. (a):x+y—-2=0; (B):2x-3y-2z-7=0

Lo gidi

Giao diém cua hai duong thang d, nd, = A(2;0;0). Suy raton tai hai mat phiang chua tat ca cc diém
cach déu hai duong thang ndy. Cac mat phang déu vudng goc véi mat phang chira hai duong thing
d,,d, va chira mot trong hai duong phéan giac cua goc tao boi hai dwong thang d,, d, .

Chon hai VTCP cua hai duong thing d,,d, 1a u, =(2-1-1), u, = (-12;1).

-~ uoou, (1.1 1
u =:1+:2:(—;—;0j:— 130
TSR A Aaa
:i_iz(iiijzi 3_3-2 |
] o] 16 o)
Hai mat phang chia cac diém cach déu hai duong thang 1a hai mat phang nhan hai VTCP cua hai
duong phén giéc lam cac VTPT.
o Truong hep 1. Quy tich nhimg diém cach déu hai dudng thang 1a mat phang (a) c6 VTPT

Co hai VTCP cua hai duong phén giac la

}

12 (1,1;0) va di qua diém A(2;0;0). Phuong trinh tong quat cua (o) la:x+y-2=0.
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e Truong hep 2. Quy tich nhitng diém cach déu hai duong thang 1a mat phang (B) ¢6 VTPT

la (3,-3;-2) va di qua diém A(2;0;0). Phuong trinh tong quat caa (B) la:
3x-3y-2z-6=0

Céau 57. Trong khong gian voi hé toa dd Oxyz, cho hai dwong thang d, :gzy—_llzizz va
x-1 y-2 z I . A e 2 \ . NI

d, e T Mt phang (P) cach deu hai duong thang d, va d, c6 phuong trinh 1a?

A. 6Xx+2y+52-2=0 B. 6x+2y+5z2-11=0.

C. 3x+y+2z-3=0. D. x+3y-8=0.

Léi gidi

buong thang d, qua M, (0;1;2), nhan t, =(2;-1-2) 1a véc to chi phuong.

nhan
buong thang d, qua M, (12;0), nhan G
C6 MM, =(L,1-2), [0,;G,]=(6;2;5). Do [d,;U,].M;M, =0 nén d,, d, 1a hai duong thing chéo

nhau.

L =(1,2;-2) 1a véc to chi phuong.

A

Do d6, mat phang can tim 1a mit phang di qua trung diém I(%;g; j caa M,M,, nhan
A =[U,;0,]=(6;2;5) la véc to phap tuyén.
Phuong trinh mat phing can tim 1a 6(x—%j+2(y—gj+5(z—l):0c> 6x+2y+52-11=0.

Cau 58. Trong khong gian véi hé toa do Oxyz, cho 5 diém co toa d¢ 1a A(L-10),B(3;0;1),
C(411), D(3;-2;-2), E(-1-2;-1). S6 mit phang tao thanh tir 5 diém nay twong tng 12

A 4 B. 7
C.6 D.5
Léi gidi

Phuong trinh mit phang (ABC):x—y-z-2=0.

Tathay diém D khong thuoc mat phang (ABC) va diém E thuoc mat phang (ABC). Nhu vay, 4
diém A,B,C,E ddng phing va diém D khéng thuoc mat phing dy. Ba diém A, B,C khong thang
hang. Ta di kiém tra xem trong 4 diém A,B,C,E c6 3 diém nao thang hang véi nhau khong. Lan
luot xét cac cap vécto {ﬁ ﬁ} ; {TCE} ; {E ﬁ} thi nhan thdy ba diém A, B, E thiang hang. Vay

ta c6 md hinh 5 diém tao thanh nhu hinh vé& bén dudi:
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Chu y rdng mat phang (ABD)=(EBD). Suy ra c tat ca 5 mat phang tao thanh.

Cau 59. Trong khong gian véi hé toa do Oxyz, cho mat phang (P):x+2y—2z-10=0 va hai
diem A(1,2;0),B(-13;1). Goi (Q) 1a mot mit phang di qua A, B dong thoi tao véi (P) mot goc
nhé nhat. Biét rang phuong trinh ton quat cua (Q)la: 2x+by+cz+d =0, véi b,c,d la nhitng s
thuc. Khi do gié tri ciia tong (b+c+d)bang:

A. 10 B. 12 C.18 D. -8
Lo gidi
Vecto phap tuyén ctia mat phang (P) la: @ =(12;-2); cua mat phang (Q) Ia: (2;b;c)

Phuong trinh tong quat cua mat phang (Q) 1a: 2(x—1)+b(y—2)+c(z—0)=0(*)
Thay diém Bvao (Q), ta dugc: 2(-1-1)+b(3-2)+c(1-0)=0<c=4-b(1)
GAc tao boi hai mit phiang ciing chinh 13 goc khong ti tao boi hai véc to phap tuyén twong tng. Néu
goi goc gitra hai mat phang (P) va (Q)1a a, thita co

12+2b-2c | [2+2b- 2c|
Jiravaarbi+c?| Nl
|2+ 2b-2c] __2 (b-3)°

3Ja+b2+c2 3 Vb?-4b+10

Khao sat ham sb trong can, cho ta GTLN cua cosa la: (COS oc)max =——<b=-4c=8

coSoL = ‘cos(% )‘

Thay c tir (1) vao (2) ta dugc: coso =

Luu y rang khi coso dat gié tri 16n nhét thi goc o twong tng s& nho nhat
Thay b va ¢ vao phuong trinh tong quét cia (Q) & (*), ta dugc:
(Q):2(x-1)-4(y—-2)+8(z—-0)=2x-4y+8z+6=0=(b+c+d)=10.
Chony A.
Cau 60. Trong khong gian véi hé toa do Oxyz, cho mat (P):mx+(2m+1)y—z—4m+2=0va
diém A(L2;0). Khi khoang cach tir Adén mat phang (P) I16n nhét thi hinh chiéu vudng gdc ciia
A 1én (P)1a H(a;b;c). Giatri cia (a+b+c)bang:
A.5 B. 6 C.7 D. 8
Loi gidi
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Phuong trinh mt phang (P):mx+(2m+1)y-z—-4m+2=0

Mit phang (P) ludn di qua mot dudng thang cé dinh véi moi m. Pudng thang d ¢ phuong trinh

X=2+2t

2 s X+2y-4=0 . L,
Tong quét la d : = Phuong trinh tham s6 cua (d):qy =1-t
y—-z+2=0 L3t

Goi K la hinh chiéu vudng goc ciia A Ién (d), d& dang tim dugc K(2;13)

Goi H I3 hinh chiéu vudng goc cua A 1én (P), khi dé ta co: d (A;(P))=AH < AK =411

Suyra AH,, = AK < Htring K(2;1;3)= (a+b+c)=6.

Chony B.

Cau 61. Trong khong gian véi hé toa do Oxyz , cho (P):(m2 +2)x+my+mzz—3m =0 vadiém

B(0;1;0). Khoang cach I6n nhat tir B dén mat phang(P) nam trong khoang nao duéi day

v e el el

Loi gidi
|-2m| 2

\/(mz +2)2+m2+m4 \/2m2 +i2+5
m

Ta di tinh khoang cach d (B;(P))=

Theo bit dang thuc AM —GM ta ¢d (2m2 +i2) >2\2=d (B;(P))<; ~0.71.
m

242 +5
Chony B.
Cau 62. Trong khong gian véi hé toa d6 Oxyz, cho diém A(2;0;-1) va mat phang
(P):2x+y-z-2=0 va mjt phiang (Q):x-3y—4=0. Goi M la diém nam trén (P)va N Ia
diém nam trén (Q)sao cho Ala trung diém MN . Khi M chay trén mat phang (P)thi quy tich

diém N la duong thang d cé phuong trinh twong ¢ng la

X=4+3t X =3t X=1+3t X =
A qy=t B.<y=2t C.iy=2+t D.sy=2t
z=Tt z=1-t z=Tt z=3
Loi gidi

Sir dung phép bién hinh. Goi (R)1a mat phang d6i xing véi (P)qua A. Khi d6 ta nhan thay hai mat
phang (P)va(R)song song véi nhau, ¢6 ciing VTPT: n, =N, =(2L-1). lay mot diém B thuoc
(P)c6 toa dd B(1;,0;0) —toa do diem B' ddi xtng véi B qua Ala B'(3;0;-2)
Mt phang (R)di qua B'nén c6 phuong trinh tong quét 1a : 2(x—3)+1(y—-0)-1(z+2)=0

< (R):2x+y-2-8=0
quy tich diém N s& la dudng thang giao tuyén giita hai mat phang (R)va (Q), suy ra phuong trinh

X=4+3t
, . :Xx-3y—-4=0
tong quét cua duong thang d : Q) y —(d):qy=t
(R):2x+y-z-8=0 Tt
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Chony A
Cau 63. Trong khdng gian véi hé toa dd Oxyz , cho céc diém A(a;0;0),B(0;b;0),C(0;0;c). Goi
| 1a thm mit cau ngoai tiép tr dién OABC . Biét rang khi a,c va b thay déi thoa man diéu kién:
a+2b-c=6thi tim | thuoc mot mat phang cé dinh (P). Phuong trinh mat phang (P) tuong
ung la

A. 2Xx-y-z-6=0 B. x+2y-z-3=0 C.x-y-6=0 D. 3x+y+z-1=0
Loi gidi
A o A Y S T ~ . 2 N abec
Tam mit cau ngoai tiép tir dién vuodng tai goc O 1a: | :(E;E;Ej:(z;y;z)

Thay toa do thm | vao biéu thirc (a+2b—c:6)tadugc: 2X+4y-271-6=0= x+2y-2-3=0

Suy ratdm | nam trén mat cau thugc mot mat phang o dinh (P) c6 phuong trinh x+2y—-z-3=0
Chony B.
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Cllacrr

Céc bai todn vé phuong

trinh Mmat cau

Tom tét noi dung

3 chuong tht 4 nay ching ta sé di fim hiéu v& déi tuong cudi cung dé 1a mat ciu.
Chu dé nay cé kha nhiéu Ung dung va dang bai tap trong dé thi THPT Quéc Gia nén
ching ta cAn ndm ving kién thic co ban cldia phan nay.

S

A. CAC KIEN THUC CAN NHO.

. DINH NGHIA .

Cho diém | ¢b dinh va mét sb thuc duong R. Tap hop tat ca nhitng diém M trong khong gian céch |
mét khoang R dwoc goi 1a mat cau tam 1, ban kinh R.
Kihigu: S(1;R)=S(1;R)={M/IM =R}

IIl. CAC DANG PHUONG TRINH MAT CAU

Dgng 1. Phuong trinh chinh tic. Mat cau (S) c6 tam I (a;b;c), ban kinh R>0.

(S): (x—a)2 +(y—b)2 +(z—c)2 =R?
Dang 2. Phuong trinh tong quat
(S):x*+y*+z°—2ax—2by—2cz+d =0
Nhu vy ta suy ra diéu Kién dé phuong trinh trén 1a phuong trinh mat cau a® +b®+c¢*—d >0.
e (S)cotam I(a;b;c).

e (S)cobankinh R=+a?+b?+c2—d .
(S)

IIl. V| TR TUONG BOI GIUA MAT CAU VA MAT PHANG

Cho mat cau S(1;R) va mat phang (P). Goi H Ia hinh chiéu vudng géc cia | 1én (P) =d = IH
la khoang cach tir | dén mat phang (P). Khi d6 :

e Néu d>R:Mitcau va mit phing khdng cé diém chung.
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(P)

e Néu d=R:Matphang tiép xic mat cau. Lic d6 (P) 1a mat phang tiép dién cua mét cau va

H 14 tiép diém.

e Néu d <R:Mat phang (P) cit mat cau theo thiét dién Ia duong tron c6 tam I' va ban kinh

r=+R?—IH?
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Luweu y. Khi mat phang (P) di qua tam | thi mat phang (P) duoc goi 1a mgt phang kinh va thiét dién ldc
do duoc goi la dwong tron lon.

IV. V| TRl TUONG BOI GIUA MAT CAU VA DUONG THANG

Cho mit cau S(I;R) va dudng thang A. Goi H la hinh chiéu cua I 1én A . Khi d6 :

e IH >R: A khdng cit mat cau.
e IH=R: A tiép xtc véi mat cau. A latiép tuyén cia (S) vaH la tiép diém.

e IH <R: A cit mit cau tai hai diém phan biét.

Luu y. Trong truong hop A cat (S) tai 2 diém A, B thi ban kinh R ctia (S) dugc tinh nhu sau:

+ Xéc dinh [d (1;A) = IH.

2
+Lucdd R=+IH?+AH? = IHZJ{%j

V. V| TRT TUONG BOI GIUA MAT CAU VA MAT PHANG

Cho mat cau (S):(x—a) +(y—b)"+(z-c)°=R? tam I(a;b;c) ban kinh R va mat phang
(P): Ax+By+Cz+D=0.
e Néu d(1,(P))>R thimp (P) vamit ciu (S) khong c6 diém chung.
e Néud(l,(P))=R thi matphing (P) vamit ciu (S) tiép xtic nhau. Khi d6 (P) goi la tiép
dién cua mat cau (S) va diém chung goi 12 tiép diém
e Néu d(I,(P))<R thi matphang (P) va mat cau (S) cat nhau theo giao tuyén la duong
(x-a)*+(y-b)* +(z-c)" =R?

tron ¢6 phuong trinh
Ax+By+Cz+D=0

Trong d6 ban kinh duong tron r = \/Rz —~d(1,(P))” vatam H cia duong tron 12 hinh chiéu ciia tam |
mat cau (S) 1&n mat phang (P).
B. CAC DANG TOAN.

Dang 1. Tim tdm va ban kinh mit cau
e Phuong trinh (x—a)’ +(y—b)* +(z—c)’ = R? 1a phwong trinh m3t ciu c6 tam 1 (a;b;c), ban
kinh R
e Phuong trinh x> +Yy® +2z? —2ax—2by—2cz+d =0 thoa didu kién a’+b’+c’—d >0, Ia

phuong trinh trinh mat cau tam | (a;b;c), ban kinh R = \/a2 +b?+c?—d

CAC BAI TOAN MINH HOA
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Cu 1
Trong khéng gian vai hé truc toa dd Oxyz, phwong trinh nio sau ddy 1a phuong trinh mit cau, néu
1a phuong trinh mat cau hay tim tdm va bén kinh ciia mit cau do.

a) (x—2)2+(y+3)2+z ’=5

b) X* +y* +2*—2x+4y—-62+1=0
c) 3x* +3y*+32° —6x+3y+21=0

Loi gidi
a) Phuong trinh (X—2)2 +(y+3)2 +12°=5 c6 dang (Xﬂ’:l)2 +(y—b)2 +(Z—C)2 = R? nén la phuong
trinh mat cau c6 tam 1(2;-3;0) va ban kinh R=+/5
b) Phuong trinh X* +y* +2* —2x+4y—62+1=0 c6 dang x* + y* + 2> —2ax—2by —2cz +d Voi
a=lb=-2c=3d=1=a’+b’°+c*~d=13>0
Vay phuong trinh cho 1a phuong trinh mt cdu c6 tam 1 (1-2;3)va ban kinh R =/13.
¢) Phuong trinh 3x* +3y? +32° —6x+3y+21=0 < x*+y° +2°-2x+Yy+7=0 co6 dang
X? +y?+12°—2ax—2by—2cz+d

véi azl’bz—%,CZO,d =7=a’+b’+c’-d :—§<O.

Vay phuong trinh cho khong phai 1a phwong trinh mat cau.
| Cau? |
Trong khéng gian véi hé truc toa d6 Oxyz, tim m dé mdi phuong trinh sau 13 phwong trinh mat
cau.
a) X*+y*+2" —2mx+2(m+1)y-4z+1=0.

b) x*+y?+2*-2(m-3)x—-4mz+8=0.

Loi gidi
a) Phuong trinh X* +y® +2° —2mx+2(m+1)y—-4z+1=0 c6 dang

x> +y?+2°—2ax-2by-2cz+d véi a=m, b=-(m+1),c=2,d =1.
Piéukién a’ +b?+¢?~d >0 o m*+(m+1)° +2°-1>0 < 2m*+2m+4>0 o meR.
b) Phuong trinh X* +y?+2° —2(m-3)x—-4mz+8=0 c6 dang

x?+y?+72° —2ax—2by—2cz+d v6i a=m-3,b=0,c=2m, d =8,

1
- . m —
Pigu kign a’+b?+¢’~d >0 < (m-3)° +(2m)’-8>0 < 5m’-6m+1>0 < 5.

m>1

Trong khdng gian véi hé truc toa d6 Oxyz, tim tat ca cac gia tri thuc cia tham s m dé phuong
phuong trinh X*+y? + 2% +2(m+2)x—2(m-3)z+m? —1=0 la phuong trinh cia mat cau c6 ban
kinh nho nhat.

Loi gidi
Phuong trinh X* +y* +2*+2(m+2)x—2(m-3)z+m?-1=0 c6 dang:
x> +y?+2°—2ax—2by—-2cz+d =0 véi a=—(m+2),b=0,c=m-3,d =m? -1,
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Diéu kién dé phuong trinh da cho cho la phwong trinh mat cau: a’ +b?+c¢?—d >0
=(m+2)"+(m-3)° -(m*-1)>0 & m’-2m+14>0 = meR.

Khi d6 ban kinh mat cAu 1 R =+/m? —2m+14 = /(m-1)’ +13> V13

Do d6 minR =+/13 khi m=1.

Dang 2. Viét phwong trinh mit ciu
Cach 1.
e Xacdinhtam I (a;b;c).
e Xac dinh ban kinh R cua (S)
e Matcau (S) c6tam I (a;b;c) vabankinhR 1a: (x—a)° +(y—b)’ +(z—-c)’ =R?
Cach 2.
Goi phuong trinh (S):x* +y® +2° —2ax—2by—2cz+d =0

Phuong trinh (S) hoan toan xac dinh néu biét duoc a, b, ¢, d. (a®?+b?>+c*—d >0)
CAC BAI TOAN MINH HOA

| Caul_
Trong khong gian véi hé truc toa do Oxyz , viét phuong trinh mat cau trong mdi trueong hop sau:
a) Co duong kinh AB véi A(4; -3;7), B(2, 1 3).

b) C6 tam C(3;-3;1) va di qua diem A(5;-2;1).

c) C6 tam thudc mat phang (Oxy) va di qua 3 diém A(L 1 1), B(2; -1 —3), C(-1 0; 2).

d) Co tam A(2; 4; —5) va tiép xuc véi truc Oz.

Loi gidi
a) Co duong kinh AB véi A(4; -3;7), B(2;1; 3).
Tam | ciia mjt cau la trung diém cia AB = 1(3;-1,5).

Ban kinh mat cau 1a R :%AB =%\/(2—4)2 +(1+3)"+(3-7)" =3.

Vay phuong trinh mit cau |<'51:(X—3)2 +(y+1)2 +(z 75)2 =9.
b) C6 tam C(3;-3;1) va di qua diém A(5;-2;1).

Tam cua mat cau la C(3;,-3;1).

Bén kinh mat cau 1a R = CA=/(5-3)" +(~2+3) +(1-1)° =+5.

Vay phuong trinh mit cau If‘i:(x—3)2 +(y+3)2 +(z 71)2 =5.

c) C6 tam thudc mat phang (Oxy) va di qua 3 diém A(L 1, 1), B(2; -1 -3), C(-1 0; 2).
Goi phuong trinh mit cau dang: x> + y* +z2° —2ax—2by —2cz+d =0, a® +b* +¢*~d >0.
Mt cau c6 tdm | (a;b;c)emp(Oxy)=c=0 (1).
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3-2a-2b-2c+d =0

Mit cau qua 3 diém A(L L 1), B(2; -1 -3), C(-L 0; 2), suyra:114—4a+2b+6c+d =0 (2)
S5+2a-4c+d=0

Tu (1) va (2) ta tim duoc: azl,b:—g,c:o,d __%
10 5
Vay phuong trinh mat cau la x2+y2+22—%x+2—;z—3—;:0.

d) Co tam A(2; 4; -5) va tiép xuc véi truc Oz.
Tam mat cau la A(2; 4; -5).
Goi H Ia hinh chiéu cua A 1én truc Oz => H (0;0;-5)

Béan kinh mat ciu 1a R = AH :\/(0—2)2 +(0-4)" +(-5+5)" =420

Vay phuong trinh mit cau Ia: (X—Z)2 +(y—4)2 +(z +5)2 =20.

Trong khong gian véi hé truc toa dd Oxyz , cho A(L12), B(L1-1), C(-10;1). Phuong trinh mat

cau di qua 3 diém A,B,C va cd tam nam trén mp(Oxz) la

A. x2+y2+zz—§x—z—§:0. B. x2+y2+22—§x+lz+§:0.
2 2 4 2 2

C. x2+y2+zz—§x+z—§:0. D. x2+y2+22—§y—z—§:0.
2 2 2 2

Lot gidi
Goi phuong trinh mat cau dang: x> + y? + z2 —2ax—2by —2cz+d =0, a’+b*+c*—d >0.
Mt cau c6 tam | (a;b;c)emp(Oxz)=b=0 (1).
6-2a-2b-4c+d=0
Mt cau qua 3 diém A(L12),B(LL-1),C(-L0;1), suy ra: 13—-2a-2b+2c+d =0 (2).
2+2a-2c+d =0

Tu (1) va (2) ta tim dugc: a:E,b:O,c:l,d -2,

4 2 2

A 3 - A N 2 2 2 3 5
Vay phuong trinh mat cau la: X“+y“+z _EX_Z_EZO'

Viét phuong trinh mat cau (S) biét :
a) (S) qua bén diem A(L,2;,-4), B(L-3;1), C(22;3), D(10;4).
b) (S) qua A(0;8,0), B(4;6;2), C(0;12;4) vaco tam | thudc mat phang (Oxz)

Loi gidi
a) Cach 1. Goi 1(x;y;z) 1atdm mat cau (S) can tim.
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IA=IB  [IA*=1B® (—y+z=-1 [(x=-2
Theo gia thiét: {IA=IC < {IA*=IC? & {x+7z=-2<y=1 .
IA=1D 1A% = ID? y—-4z=1 z=0
Do d6 1(-2,10) va R=1A=+/26. Vay (S): (x+2)" +(y-1)" +2* =26.
Cach 2. Goi phuong trinh mit cau ($):x* +y* +2° —2ax—2by—2cz+d =0, (a’ +b* +¢* —d > 0).
Do A(L2,-4)e(S)< —2a—4b+8c+d =-21 (1)
Tuong tu B(l;—3;1)e(S)©—2a+6b—20+d =-11 (2)
C(2;2;3)e(S) < —4a—4b-6c+d =-17 (3)
D(L0;4)e(S) < —2a—8c+d =-17 (4)
Giai h¢ (1),(2),(3),(4) taco a, b, ¢, d, suy ra phuong trinh mit cau
(S): (x+2)"+(y-1)"+2*=26.
b) Do tam | ciia mt cau nam trén mat phang (Oyz) = 1(0;b;c).
) IA>=1B*> (b=7
Tacé IA=IB=IC < =N .
IA2=1C? |c=5
Vay 1(0;7;5) va R=426.Vay (S):x2+(y—7)z+(z—5)2 = 26.

[ Cius |
x=t

Viét phuong trinh mdt cau (S) c6 tam | thude duong thang A:<y=-1 va (S) tiép xdc véi hai
z=—t

mat phang (o): X+2y+2z+3=0 va (B):x+2y+2z+7=0,

Lot gidi
Goi I (t;-L-t)e A lathm mat cau (S) can tim.

Theo gia thiét d(l,(a))=d(|,(B))<:>H=H<:>

1-t=5-t
=1t=3.
3 3 L—tzt—S
Suy ral (3;-1-3) va R:d(l,(a)):évay (S) : (x=3)" +(y+1)° +(z+3)’ :g.

Lap phuong trinh mt ciu (S) qua 2 diém A(2;6;0), B(4;0;8) va c6 tm thudc duong thiang

g X2l y_z+5
-1 2 1
Loi gidi
x=1-t
Tacod:qy=2t .Goi l(1-t;2t;-5+t)ed latdm cia mit cau (S) can tim.
z=-5+t

Ta co: ﬁ:(1+t;6—2t;5—t), @:(3+t;—2t;13—t).
Theo gia thiét, do (S) di qua A, B<> Al = BI
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o J(1+t) +(6-2t) +(5-1)° = /(3+1) +48° +(13-t)

< 62-32t=178-20t 12t =-116 <=t :—%

=1 [%;—5—38;—%) va R=1A=2233.

32\’ 58 44\
Vay (S): | x—— | +| y+— | +| z+— | =932.
ay()( 3] (y 3] ( 3j

X+1 y-1

Viét phuong trinh mét cau (S) c6 tam 1(2;3;-1) va cit duong thang A:T:—4 :E tai hai

diém A, B v6i AB =16.

Lo gidgi
Chon M (-LL0)eA= M = (-3,-21).
Duong thang A c6 mét vecto chi phuong la U, =(1L,-4;1).

[0

0,

=243.

Taco [ IM, 0, |=(2414)=d(1,A)=

2
Goi R 12 ban kinh mat ciu (S). Theo gia thiét R = \/[d(l )T +% N}

Vay (S): (x=2)"+(y-3)" +(z+1)" =76.

[ cau 7

Cho hai mat phang (P):5x—4y+z-6=0, (Q): 2x—y+z+7=0 va duong thing

A:%:%:Z—;l. Viét phuong trinh mt cau (S) c6 tam | 1a giao diém ciia (P) va A sao cho
(Q) cat (S) theo mot hinh tron c6 dién tich 1 20x.
Lot gidi
X=1+Tt (1)
) X:1+ 7t \ . y:3t (2)
Taco A:<y=3t .Toadd | langhi¢m caa hé phuong trinh:
z=1-2t (3)
z=1-2t
5x-4y+z-6=0 (4)

(
Thay (1),(2),(3) vao (4) taco: 5(1+7t)—4(3t)+(1-2t)-6=0=t=0= 1 (L0;1).

Tach d(l,(Q)):ﬁ.

Goi r 13 ban kinh dudng tron giao tuyén cua (S) va mit phing (Q). Tact: 20m=nr? < r = 2+/5.

R 1a ban kinh mat cau (S) can tim.

Tieo gia thiét R=[d(1(Q)) +1* = Y22 vay (8): (x-1)" 4y +(2-1) =222,
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X=-

Cho mjt phang (P):2x—y—2z-2=0 vaduong thang d :<y=2t-1.
z=t+2

Viét phuong trinh mét cau (S) c6 tam | thugc d va I cach (P) mot khoang bang 2 va (S) cat
(P) theo giao tuyén 1a dudng tron c6 ban kinh bang 3

Loi gidi
Goi | (—t;2t-Lt+2)ed: latam ciia mat cau (S) vaR laban kinh cua (S).

Theo giéthiétR:\/[d(l;(P))T+r2 =J4+9=13.

|-2t—2t+1-2t-4-2|

Mat khac d (1;(P))=2 < =2&|6t+5=6<

Ja+1+4 1
6
2 2 2
Vi t=—, tam 1(—l -2 —SJ suy ra ( ( +lj +(y+gj +(Z—Ej =13.
6 6 3 6 6 3 6
2 2 2
Voi t——— taml, l—l 2, lj suy ra (S, ): x—l_lj +(y+3 + 2_1) =13.
6 36 6 3 6

Cho diém 1(10;3) va duong thang d :

x-1 y+1 z-1

. Viét phuong trinh mét cau (S) tam |

1
vacat d tai hai diém A, B sao cho AIAB vudng tai |
Loi gidi
Duong thang d c6 mét vecto chi phuong U =(2;1;2) va P(L-L1)ed.
. . u, 1P
Taco IP=(0;-1-2) :{u,|P]:(o;—4;—2):>d(|;(d))=‘[ i ] = Jg_o
Goi R I ban kinh cta (S). Theo gia thiét, AIAB vudng tai |
1 1 1 40
=~ 1 = =% & R=+2IH=42d =3
40

Vay (S):(x—l)2 +y? +(z—3)2 =9
Cho mit cau (S):x*+y*+2° —4x—4y -4z =0 vadiém A(4;4;0). Viét phuong trinh mat phang
(OAB), biét diém B thugc (S) va tam giac OAB déu

Loi gidi
Mt cau (S)c6 tam 1(2;2;2), ban kinh R =24/3.
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Nhgn xét. Biém O va A cling thudc (S)

Tam gidc OAB déu, c6 ban kinh duong tron ngoai tiép R'=—= =

5"
Khoang céch d(1;(P))=R*~(R")’ =%.

Mt phang (P) di qua O c6 phuong trinh dang ax +by +cz =0 (a2 +b%*+c? > O) (*)

OA 42
R

Do (P) diqua A suyra 4a+4b=0<b=-a.
2(a+b
Plsbio) 2

_\/a2+b2+02_\/2a2+c2 J2a% +¢? 3

Lac do d(1;(P))

c=a
:>2a2+02=3c2:{ 1.Theo (*),suyra(P):x—y+z=0 hodc x—y-z=0.

Chay. Ky nang xac dinh tdm va ban kinh cua duong tron trong khong gian.
Cho mjt cau (S) tam | ban kinh R. Mat phang (P) cat (S) theo mot duong tron (C)
Buéc 1: Lap phuong trinh duong thang d qua | va vudng géc véi mat phang (P).

Bu6c 2: Tam I’ clia dudng tron (C) 1a giao diém cua d va mat phang (P)

Budéc 3: Goi r la ban kinh cua (C): r:\/RZ—[d(I;(P))]2

Ching minh ring: Mat cau (S):x*+y?+2?-2x—3=0 cit mit phang (P):x-2=0 theo giao

tuyén 1a mot duong tron (C). Xac dinh tdm va ban kinh cua (C).

Lot gidi
Mt cau (S) c6 tam 1(10;0) va ban kinh R=2.
Taco d(1,(P))=1<2=R < matphing (P) cat (S) theo giao tuyén la 1 dudng tron.
Duong thang d qua 1(10;0) va vudng goc véi (P) nén nhan fi, =(10;0) lam I vecto chi phuong,

Xx=1+t
c6 phuong trinh d:qy=0

z=0
Xx=1+t
o X=2
Toa do tdm |' duwong tron la nghiém cua hé : Z:O oy=0=1 '(2;0;0).
Bl z2=0
Xx-2=0

Tacod(1,(P))=1. Goi r laban kinh cta (C), ta c6 r:\/Rz—[d(

-
mo)
N—
SN—
| —
N
Il
o

Dang 3. Su twong giao va tiép xtc
Céc diéu kién tiép xdc
+ Duong thang A 1a tiép tuyén cia (S) < d(1;A4)=R.
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+ Mit phang (o) la tiép dién cua (S) < d(1;(a))=R.

Luu y cac dang toan lién quan nhu tim tiép diém, tuong giao.

CAC BAI TOAN MINH HOA

Cho dusng thing (A):gzyT_l:Z—_lz VavAmatciu (S) : X +y? +22 —2x+42+1=0. S diém

chung cua (A) va (S) la bao nhiéu?

Loi gidi
Puong thang (A) di qua M (0;1; 2) va c6 mot vecto chi phuong 1a u= (2;1; —1)
Mt cau (S)co tam 1(1;,0;—2)va ban kinh R = 2.

Taco MI =(L-L-4)va [u,MI |=(-57,-3) = d(I,A)= ‘[uﬁ” ] - ‘/‘?

Vi d(1,A)>R nén (A) khdng cit mit cau (S).

Cho diém 1(1;—2;3). Phuong trinh mit cau tam | va tiép xdc véi truc Oy 132

Lot gidi
Goi M Ia hinh chiéu cua 1 (1-2;3) 1&n Oy, taco: M (0;-2;0).

IM =(~10;-3)=R=d(1,0y)=IM =+/10 Ia ban kinh mat ciu cn tim.
Phuong trinh mt cau 1a : (x—1)° +(y+2)"(z-3)" =10.

Cho diém 1(L-2;3)va duong thang d c6 phuong trinh

X+1 y-2 z+3
1 -1

. Viét phuong trinh

mat cau tam 1, tiép xdc vai d.

Loi gidi

. u, AM
Duong thang (d) di qua 1(-12;-3)vaco VTCP u=(2;5,-1) =d (A,d)_w_&/ﬁ
u
Phuong trinh mat cau I : (x—l)2 +(y+2)°(z-3)" =50.

x-11 'y z+25

Viét phuong trinh mat cau (S) tam 1(2;3;-1) cit duong thang d : > TIT

tai 2 diém

A, B sao cho AB=167?

Léi gidi
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Puong thang (d) di qua M (1L 0;-25)va c6 vecto chi phuong U =(2;1,—2).
Goi H la hinh chiéu cua I trén (d). Ta co:
u,MI 2
IH =d(I,AB)=‘[ H ]=15:> R= IH2+(ABj =17
u

Vay (S) : (x—2)2+(y—3)2+(z+1)2 =289.
Lwva chon dap an C.

Cho diém 1(1;0;0)va duong thang d :

x-1 y-1 z+2
2
| va cat duong thang d tai hai diém A, B sao cho tam giac 1AB déu.

. Viét phuong trinh mét cau (S)co tam

Loi gidi

Puong thing(A)di qua M =(L1—2)va c¢6 vecto chi phuong U =(12;1)
Taco MI =(0;-L2)va [u,MI | =(5-2-1)

u,MI
Goi H Ia hinh chiéu cia I trén (d). Taco IH =d (I, AB)= ‘[ H ]‘ =5
u
Xét tam giac 1AB, c6 IH = R.ﬁj R :ﬁ:@
2 J3 3

A 3 - A N 2 2 2 20
Vay phuong trinh mét cau la: (x+1)" +y* +z =3

Cho duong thang A:XT_lzyT_‘gzi va mat phang (P):2x—y+2z=0. Viét phuong trinh mat

cau c6 tam thudc duong thang A, ban kinh bang 1 va tiép xdc véi mat phang (P).

Loi gidi
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Goi I(a;b;c) 1atam ciia mat cau. Do | € A= | (1+2t;3+4t;t). Do mat cau c6 ban kinh bang 1 va
tiép xtc véi (P) nén ta co

d(1;(P))

2
-1

|2(1+2t)—3—4t+ 2t
=l
\/22 +(-1)" +22

Vé6i t=2=1(5112) nén phuong trinh mt cau la (X—5)2 +(y—11)2 +(Z—2)2 =1

2t-1=3 t
=1<:>|2t—1|:3<:>[ L

=
2t-1=-3

Vé6i t=-1= 1 (-L-1-1) nén phuong trinh mit cau la (X+l)2 +(y+1)2 +(z +1)2 =1

x-1_y

Trong khéng gian véi hé toa doOxyz, cho duong thang d: > :I:iz va hai diém

A(2;1,0),B(-2;3;2). Viét phuong trinh mat cau di qua A, B va c6 tam thude duong thangd .

Loi gidi
Goi | latam matcau. Do | e A= | (1+2t;t;-2t).
Do mat cau di qua hai diém A, B nén ta co
A= 1B & J(1-2t) +(1-t)" +(2t) =[(-3-2t)" +(3-t)" +(2+2t)°
& 20t+20=0t=-1=1(-1-1;2);R=1A=17

Vay phuong trinh mat cau la: (x +l)2 +(y+1)2 +(z— 2)2 =17
Cho d la giao tuyén ctia hai mat phang (P):x-2y+2z-9=0,(Q):2y+2z+5=0. Viét phuong
trinh mat cau thm 1(1;1;1) cat d tai hai diém phén biét A, B sao cho AB =16.

Lot gidi

Mt phang (P) co vecto phap tuyén 7i,(1;—2;1), (Q) c6 vecto phap tuyén fi,(0;2;1) nén d c6 vecto

chi phuong @ = [fi,; A, |= (- 4;-1;2).

Puong thing d di qua diém N (14;0;-5) = IN = (13;-1;-6) =[ IN,u | = (8;2;17)

. ‘[ma] V8% +2% +17?
Khoang cachtir | dén d 1a h=2 3= =17,
ol JCay (P22

Goi M lahinh chiéucua | trén d = M 1a trung diém cua AB va IM =h, AM =8.

Béan kinh mat cau 1a R=1A=vh? + AM2 =+/17 + 82 =9,
Phuong trinh m3t ciu cin tim 1a (x-1)" +(y-1)" +(z-1)" =81.

| Cauo |
Xx=1 y+2

Cho duong thang d :T:T:E va mat phang (P): 2x+y-2z+2=0. Viét phuong trinh

mat cau 6 tm thude duong thang d , tiép xdc véi (P) va c6 ban kinh bang 1.

Loi gidi
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Goi | latam ciia mat cau. Do | ed nén I (3t+Lt—2;t), voi t 1a tham sé thuc.

Mat khac, mat cu tiép xdc véi (P) va cé ban kinh bang 1 nén d (1;(P))=1

|2(3t+1) +t—2-2t+2|
N

5t+2=3 t:%
\/22+12+(—2)2 '

St+2=-3
MR F

=1<:>|5t+2|=3<:{

Vc’ritzl,tacc’) | §;—g;1 )
5 5 55
Véoit=-1,tacé 1(-2;,-3;-1).

Nhu vay c6 hai phuong trinh mat ciu théa man yéu cau bai toan la
8 9’ 1Y
(x——j +(y+— +z-=| =1; (x+2)2+(y+3)2+(z+1)2:1.
5 5 5

Cho ba diém A(2;0;1), B(10;0), C(LL1)vamatphang (P): x+y+z—2=0. Viét phuong trinh

Mt cau di qua ba diém A,B,C va c6 tam thudc mat phang (P).

Loi gidi
Goi (S) la mit cau c6 phuong trinh tong quat: x* +y*+2z° +ax+by+cz+d =0 véi a,b,c,d lacac

hdng s6 thoa man a” +b*+c®—d >0. Suy ra (S) c6 tam I(—%;—g;—gj.

5+2a+c+d=0

l+a+d=0
Theo bai ra ta c6 hé phuong trinh <3+ a+b+c+d=0-

_,a_bc ,
2 2 2
a=-2
Giai hé trén ta duoc I
c=-2
d=1

Vay phuong trinh cta (S) théa mén yéu cAu bai toan la X* +y* +2* —2x-2z+1=0.

Cho hai mat phang c6 phuong trinh lan luot 1a (P):x+y—-2z+5=0, (Q):2x—y+2z+2=0 va

duong thang d :gz y=1_ ZTH Viét phuong trinh mat cau ¢6 tam thugce d , va tiép xdc voi ca

1
hai mat phang (P),(Q).

Loi gidi
Goi tdm va ban kinh mat cau lan luot 12 1,R.
Vitam | ed nén I(2t;t+12t-1).

Do mit cAu tiép xdc véi 2 mat phang (P),(Q) nén d(1,(P))=d(1,(Q))=R.
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|2t+t+1-2(2t-1)+5 |-t+§ _[a-t-1e2t-142) 5y

Cod(I,(P))= = vad(l, = = .
(1(P) V1+1+4 J6 (1.(Q)) Ja+1+1 J6
—t+8="5t 6t=8 |t==2
= |-t+8/=5t| = =N ol 3.
~t+8=-5t |-4t=8
t=-2
Vc'yit:f:u(§ I. 5) R[5t _10V6
3 3'3'3 N
2 2 2
Phuong trinh mit cau 13 x—§] +(y—z] +(z—§] :—200.
3 3 3) 27
g 5t 56
Voit=—2= I (-4 -1-5):R="1 =22
oi = 1( ) N

Phuong trinh mat cau 1a (x+4)° +(y +1)" +(z+5)" = % .
Chomat cau (S):x*+y* +z? —4x—4y—4z =0 vadiém A(4;4;0). Viét phuong trinh mit phang
(OAB), biét diem B thudc (S) va tam giac OAB déu

Loi gidi
Mt cau (S) c6 tam 1(2;2;2) va béan kinh R =24/3.
Nhan xét O, A cuing thudc (S).

Xét AOAB déu, c6 ban kinh dudng tron ngoai tiép r = 0—2 =

Khoang cach d(1,(P))=+vR*-r? = 12——:%

Phuong trinh mét phang (P) qua O c6 dang: ax+by+cz=0, a’+b*+c® >0.
2a+2b+2¢] |2 2

Jai+bi+c? 2a*+c? 3
=2a’+c’*=3c>*=>c=+a.
Véic=-a, chona=1=b=-Lc=-1=(P):x-y-z=0.

Vi(P) qua Anén 4a+4b=0<b=-a=d(I,(P))=

Véic=a,chona=1=b=-Lc=1=(P):x-y+z=0

Vay phuong trinh mét phing (P)théa man la: x—y—z=0 hodc x—y+2z=0.

Cho diém A(0;0;-2) va dudng thang A

XJZFZ _¥=2_ 7243 4 khoang cach tir diém A dén

3
A . Viét phuong trinh mét ciu tm A, cit A tai hai diém phan biét B va C sao cho BC =8.
Loi gidi

Puong thing A di qua diém M (-2;2;-3) va c6 mot vecto chi phuong 1a U =(2;3;2).
Taco MA=(2-21) =[u,MA|=(7;2-10).
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‘[GW]‘ \V49+4+100

‘G‘ B J4+9+4

Khoang céch tir diém A dén duong thang A 1a d (A A)= =3.

Goi (S) lamatcau tim A, cit A tai hai diém phan biét B va C sao cho BC =8 khi d¢ ta c6 ban

BC®

kinh ctiia mat cau (S) la R=\/d2(A,A)+ 3¥+4% =5,

Vay phuong trinh mat cau (S):x*+y* +(z+ 2)2 =25 .

Cho matphang (P):2x—2y—z-4=0 vamatcau (S):x*+y®+z? -2x—4y-6z-11=0. Chtng

minh rang mat phang (P)cdt mat cau (S) theo mot duong tron. Xac dinh toa do tam va tinh ban

kinh cta duong tron d6?

Loi gidi
Taco (S):x*+y?+22—2x—4y—62-11=0 (x-1)" +(y-2)° +(z-3)" =25 =Mat ciu (S) c6
tam 1(1;2;3) va ban kinh R =5.
|21-22-3-4

=3<5 nén mit phang
\/22 +(—2)2 +1°

Khoang cach tir tam | dén mat phang (P) la d(1,(P))

(P) cdt mat cau (S) theo giao tuyén la duong tron (C).
Goi H 1a hinh chiéu cia | trén mat phing (P) khi do taco IH =d(1,(P))=3 = ban kinh duong

tron (C) la r =vR*—IH? =52 32 = 4,
Goi A la duong thang di qua 1(1;2;3) va vudng goc véi mat phang (P)khi d6 A nhan vecto phap

tuyén ciia mat phang (P) 1a n=(2;-2;-1) lam vecto chi phuong.

x=1+2t
Phuong trinh duong thang A 1A A:Jy=2-2t .
z=3-t
2X—-2y—-21-4=0 ‘=
s N X=1+2t B
Toa d¢ diém H(X;y;z) la nghiém cta hé phuong trinh oot y=0
y=e- 7=2
z=3-t

Vay H(3,0;2).
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[ cau s

yz

Chomat phang (P):6x+3y—2z-1=0 vamatcau (S):x*+y*+2z° —6x—4y—2z-11=0 Chiing

minh rang mat phang (P) cit mat cau (S) theo mot duong tron. Xéc dinh toa d¢ tam duong trong

do.

Loi gidi

Mit cau (S)co6 tam 1(3;2;1) va ban kinh R=5

_|6:3+32-2.1-1

=3<R

Tathdy d(1;(P)) \/62 o

Do d6 mit phang (P) cit mt cau (S) theo mot duong tron (C)tam H .

Do IH vudng goéc véi mit phang (P) nén phuong trinh dudng thang 1H :

H(3+6t;2+3t;1-2t). H thuoc mat

6(3+6t)+3(2+3t)—2(1—2t)—1:0<:>t:7 =H

[ Cau 16

phang (P) nén
-3

Xx-=3 y-2 1z-1
3

.§.§]
7'7)

suy ra

;

Viét phuong trinh mat phang (P) di qua A(O; —1;2), B(1;0;3) va tiép xdc voi mat cau (S):

(x=1)"+(y-2)" +(z+1)" =2,

Loi gidi

Goi phuong trinh mat phang (P) c6 dang: Ax+ By +Cz+ D =0, khng mat tinh tong quat ta c6 thé

chon A, B, C thoamin A*+B?*+C

2=2vaD>0.

Do (P) qua A(0;-12), B(10;3) vatiép xdc vai (S) 6 tam 1(L2;-1), ban kinh /2 nén

-B+2C+D=0
BA2C 4D 0 A+3C+D=0
TereL = A+2B-C+D=2
A+3C+D=0 ) 5 )
A“+B°+C° =2
|A+ZB—C+D| o o
\/E 2\/5 -B+2C+D=0
2 2 2 A+3C+D=0
A +B“+C°=2
A+2B-C+D=-2
i A’ +B*+C?2=2
C=0
B=2C+D 5 A=-1
Do D >0nén A=-3C-D 7 Khi d6 B=1
= D=1 “iB=2c+D M ¥¢c g
A?+B*+C?=2 A=-3C-D D=1
D=1

B=2C+D
A=-3C-D
D=1
A*+B*+C*=2
B=2C+D
A=-3C-D
D=-1

A’ +B*+C%*=2

hoac

Vay phuong trinh mat phang (P) 1a: =x+y+1=0 hodc 8x-3y-5z+7=0.
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[ Cau 17

Viét phuong trinh mat phang (P) di qua A(LL2), vudng géc véi mat phing (Q):

2x+y—6z+5=0 vatiép xtic véi mat cau (S): x> +y*+2° —2x+4y—-4z+5=0.

Loi gidi

Goi M (a;b;c) latiép diém cua (P) véi matcau (S) suyra M (S) hay
a?+b?+c?—2a+4b—4c+5=0 < (a-1)" +(b+2) +(c-2)" =4 (1)

Talaico IM (véi 1(L-2;2) 1atam mat ciu (S)) la mot vector phap tuyén caa (P) nén IM L AM

hay (a-1)"+(b+2)(b-1)+(c-2)" =0 (2)

Mat khéc (P)L(Q) nén IM Ln (n=(21-6) la mot vector phép tuyén cua (Q)) hay

2(a-1)+(b+2)-6(c-2)=0 (3)

A
3
(a-1)"+(b+2)" +(c—-2)" =4 .8
i 1), (2). (3) o {(a-1f +(b+2) -2 (-2 0 = 1| 3
2(a-1)+(b+2)-6(c-2)=0 czl_
a=3c_£
3

Suy ra M[Z;—g;gj hoac M (_l;_g;ﬁj '
3 33

y 7 2 26 _
hoac( G j(x 1)+( §+2)(y 1)+(E 2}(2 2)=0,
Hay 2x+2y+z—-6=0 hoac 11x-10y+2z-5=0.

Cho hinh lang tru deng ABC.AB,C, véi A(0;—3;0), B(4;0;0), C(0;3;0), B,(4;0;4).
a) Tim toa do cac dinh A, C,. Viét phuong trinh mat cau c6 tam 1a A va tiép xdc véi mat phang
(BCC,B,).

b) Goi M 14 trung diém cua AB,. Viét phuong trinh mat phang (P) di qua hai diém A, M va
song song véi BC,. Mit phang (P) cit duong thang AC, tai diém N . Tinh d6 dai doan MN .

Loi gidi
a) Taco, BB, =(0;0;4) va AC =(0;6;0).
Céc mat bén cua lang try 1& hinh binh hanh nén AA =BB, va AC=AC, = A (0;-3;4) va
C,(0;3;4).
Ta lai ¢6, BC =(—4;3,0), BB, =(0;0;4) = | BC,BB, | =(12,16,0).
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Mat phing (BCC,B,) nhan vtpt ﬁ:%[ﬁ@} =(3;4;0) nén ptmp (BCC,B,) la:

3(x—4)+4y=0<3x+4y-12=0.
Mt cau (S) diqua A, tiép xtc véi (BCC,B;) nén c6 ban kinh

|-12-12] 24
R=d(A(BCCB,))=——m—==—.
( ( 1 l)) /32+42 5
= Phuong trinh mat cau (S) la: X2+(y+3)2+z2 :52—756.

b) Taco, M [2;_73;4) mz(z;gwj, B—Cl=(—4;3;4):[W,B—Cl]=(—6;—24;12).

Mit phing (P) di qua hai diém A, M va song song véi BC, nén cd vecto phap tuyén
—_ lrr e "

N, :—E[AM BC, |=(14,-2)

= (P): x+4(y+3)-2z2=0< x+4y-2z+12=0 (thoaman vi B¢ (P))

x=0
Phuong trinh tham s6 cia AC,: {y=-3+t;teR.
z2=4

Goi N e AC, = N(0;-3+t;4). Do N e(P) nén 0+4(-3+t)-8+12=0<t=2.

= N(O;—1;4):>W=(—2;%;Oj: MN :\/(—2)2+(%)2+02 =g.

Cho mat phang (P):2x+3y+z-11=0 vamatcau (S):x*+y*+z°—2x+4y-2z-8=0.Chutng

minh (P) tiép xdc véi (S). Tim toa do tiép diém cua (P) va (S)

Loi gidi

Mt cau (S) c6 tam 1 (L—2;1) va ban kinh R = \/12 +(=2)" +22 —(-8) =14 .

2.1+3.(-2)+1-11) /i
= =14 =R.
V2?43 41

Ta co, khoang cach tir I dén (P) 1a: d(1,(P))

Vay (P) tiép xtc véi (S).

Goi d la duong thang di qua diém | va vudng goc véi (P).

x-1 y+2 z-1
31

Goi tiép diémcua (P) va (S) 1A A= Aed = A(2t+13t—2;t+1)

Ma Ae(P) nén 2(2t+1)+3(3t-2)+(t+1)-11=0 = t=1= A(3,12).

Suy ra dudng thang d c6 vicp u=(2;3;1) = d:
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BAI TAP TONG HOP

Cau 1. Trong khong gian véi hé toa do Oxyz, mat cau tdm 1(2;5;3)cit duong thing
Xx=1 'y z-2

1T tai hai diém phan biét A, B véi chu vi tam gidc 1AB bing 14+ 2+/31 ¢6 phuong

trinh
A. (x=2)"+(y-3)"+(z2-5)" =49

d

B. (x—2)"+(y—3)" +(z-5)" =196
C. (x=2)° +(y-3)"+(z-5)" =31 D. (x—2)"+(y-3)" +(z-5)" =124

tam giac ABC . Phuong trinh mdt cau (S) tam A, di qua diém | 13?

A (S):(x+4) +(y+1)" +(z-1)" =20 B. (S):(x-2)"+y?+(z-1)" =5

C. (S):x*+(y-1)"+(z-1)" =20 D. (S):(x+2)" +y*+(z-1)" =5

Cau 3. Trong khdng gian véi hé truc toa do Oxyz cho cac diém A(L0;0), B(0;2;0), C(0;0;3),
D(2;-2;0). C0 tat ca bao nhiéu mat phang phan biét di qua 3 trong 5 diém O, A, B, C, D?

A7 B. 5 C.6 D. 10
A N . 11 .22 16 '
Céau 4. Trong khong gian toa do Oxyz cho A(1;2;0), B(5;4;4), C(E;?;_EJ' Goi (S,), (S,)

, (S;) 1a 3 mat ciu tam lan lugt 12 A, B, C va c6(S):(x—a)" +(y—b)* +(z—c)’ =R?clng béan
kinh 1a % . X4c dinh s6 tiép dién chung cua ba mit cau trén ?

A. 6 B.7 C.8 D.9
Cau 5. Trong khdng gian véi hé toa ¢ Oxyz cho cac mat cau (S,), (S,). (S;) co bankinh r=1
va lan luot c6 tam 1a cac diem A(0;3;-1), B(-2L-1), C(4-L-1). Goi (S) la mat cau tiép xtc
véi ca ba mat cau trén. M3t cau 6 c6 ban kinh nho nhit 1a

A R=2J2-1 B. R=410 C.R=2\2 D. R=410-1
Cau 6. Trong khang gian véi h¢ truc toa do Oxyz cho mat ciu (S,):(x-1)° +(y-1)° +(z-2)" =16
va (S,): (x+1)2 +(y—2)2 +(z+1)2 =9 cit nhau theo giao tuyén 1a duong tron (C). Tim toa do ta
J cua duong tron (C).

aa(-313) ea(BIA) ca-RI) oa(-AIoY
2 44 3414 34 4 2 4 4
x=1+3a+at
Cau 7. Trong khéng gian véi hé toa d6 Oxyz , cho dudng thang A:{y= -2+t . Biét ring
x=2+3a+(1+a)t

khi a thay doi ludn ton tai mot mat cau ¢ dinh qua diém M (L,1;1) va tiép xdc véi duong thang A .

Tim ban kinh mat cau do
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A. 53 B. 3 C.\3 D. 35
Cau 8. Trong khong gian véi hé toa d6 Oxyz cho mit cau (S):x*+y*+2z° —4x+10y-2z-6=0.
Cho m 1a sb thyc théa man giao tuyén caa hai mat phang y=m va x+z—-3=0 tiép xdc voi mat
cau (S). Tich tat ca cc gia tri ma m c6 thé nhan dugc bang

A. -11 B. -10 C. -5 D. -8
x=1 X=2
Cau 9. Trong khdng gian Oxyz, cho cac dudng thang c6 phuong trinh d:qy=1,d":{y=t" VA
z=t z=1+t'
A:XT_lz%:le Goi (S) la mat cau c6 tam thuoc A va tiép xdc véi hai duong thang d, d'.

Phuong trinh cua (S) la
A (x=1) +y?+(z-1)" =1 B. (x-2)" +(y-1)" +(z-2)" =1

(=) (-3 (-3 -5 (=) (-3 (-3 -

C.lx—=|+y-=|+z-=]| == D.[x-==| +|y-=| +|z-=| ==
2 2 2 2 4 4 4 16

Cau 10. Trong khong gian Oxyz , goi (S) 1a mat cau co tam | thudc duong thang g

di qua diém M (0;3;9). Biét diém | c¢ hoanh do 12 sé nguyén va cach déu hai mit phang

X—2y+22+2=0, 3x—2=0. Phuong trinh cua (S) la

A.(x—6) +(y-9)" +(z-13)" = /88 B. (x—4)" +(y-6)"+(z-9)" =5

C. (x—6)2+(y—9)2+(z—13)2 =88 D. x2+y2+(z—1)2 =73

x-1 y-2 z+1
1 1 -4

Phuong trinh m3t cau (S) c6 tim | va cit A tai hai diém A, B sao cho dién tich tam giac IAB

bang 12 la

A. (x+3)" +

Cau 11. Trong khong gian Oxyz , cho diém 1(3;4;0) va dudng thang A:

. 5 . . . -1 -2
Cau 12. Trong khong gian Oxyz , mat cau (S) tdm 1(2;5;3) cat duong thang d :XT:%:ZT

tai hai diém phan biét A, B véi chu vi tam giac IAB bing 10+ 2+/7 . Phuong trinh ndo sau day 1a
phuong trinh ctia mat cau (S)?

A. (x=2)" +(y-5)"+(z-3)" =100 B. (x—2)" +(y-5)"+(z-2)" =7
C. (x—2)2+(y—5)2+(z—3)2 =25 D. (x- 2) +(y- ) +(z- )
Cau 13. Trong khdng gian véi h¢ truc toa do Oxyz , cho ba diem A(L2;-4), B(L-3; 1) C(2:2;3).
Tinh duong kinh | cia mat cau (S) di qua ba diém trén va c6 tam nam trén mat phang (Oxy).
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A. =213 B. | =241 C.1=2J26 D. | =211
Cau 14. Trong khong gian véi hé truc toa dd Oxyz , phuong trinh mt cau (S) ¢6 tim nam trén duong
thang d :% = yT—l = 2;12 va tiép xdc véi hai mat phang (P):2x-z-4=0,

(Q):x—2y-2=0 la

A (S):(x=1)" +(y-2)" +(z-3)" =5. B. (S):(x—1)"+(y-2)" +(z-3)" =+b5.
C. (S):(x+1)" +(y+2)" +(z2+3)" =5. D. (S):(x=1)" +(y-2)" +(z-3)" =3.
Cau 15. Trong khong gian véi hé toa d6 Oxyz, cho hai duong thang d, : X+1: y;lz Z;rl va
d, :%2:%:%9. Mat cau c6 mot duong kinh 1a doan thang vudng goc chung cua d, va d, co
phuong tr1nh
8 1Y 2
x—— y—— (z- 14) =3 B. X_§ + y—§ +(z-7) =12
2 2 2
C. [x—gj (y—%) +(z- 7) =3 D. (x—%) +(y—§] +(z—14)2:12

Cau 16. Trong khong gian Oxyz, cho diém A(L0;-1), mat phang (P):x+y-z-3=0. Mat cau
(S) c6 tam | ndm trén mat phang (P), di qua diém A va géc toa do O sao cho chu vi tam gidc
OIA bing 6++/2. Phuong trinh mit cau (S) Ia

A (x+2)2+(y—2)2+(z+1)2 =9 va (x+1)2+(y—2)2+(z+2)2 =9

B. ( (y-3)"+(z-3)" =9 va (x-1)" +(y-1)" +(z+1)" =9.

C. (x—2)‘2+(y—2)2+(z—1)2 =9 va x2+y2+(z+3)2 =9.

D. ( (y-2)"+(z+2)" =9 va (x-2)" +(y-2)" +(z-1)" =9.

. : -8 4 8
Cau 17. Trong khong gian Oxyz , cho hai diém M (2;2;1), N [?5 5] Viét phuong trinh mat

. x+1)2 +

cau c6 tam 1a tam ciia dwong tron noi tiép tam giac OMN  va tiép xuc véi mat phang (Oxz) .

A. x2+(y+1)2+(z+1)2=1 B. x2+(y—1)2+(z—1)2=1

C. (x-1)" +(y-1)+22=1 D. (x=1)"+y*+(z-1)" =1
Cau 18. Trong khong gian véi hé toa do Oxyz , cho mat cu (S):(x-1)" +(y-2)" +(z2-2)" =9 va
hai diém M (4,-4;2), N(6;0;6). Goi E la diém thuoc mat cau (S) sao cho EM +EN dat gia tri
16n nhat. Viét phuong trinh tiép dién ciia mat cau (S) tai E.

A x-2y+2z+8=0 B. 2x+y-2z-9=0 C. 2x+2y+z+1=0 D. 2x-2y+z+9=0
Cau 19. Trong khong gian véi hé truc toa do Oxyz cho mat phang (P):x+y+z=0 va hai diém
A(12;0) ,B(2;3;1) . Mat cau (S) di qua hai diém A ,B vatiép xtc véi (P) tai diém C . Biét ring

C ludn thuoc mot dudng tron ¢b dinh. Tinh ban kinh R cua duong tron do.
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A. R=23 B. R=12 C.R=6 D. R=+/6
Cau 20. Trong khdng gian véi hé toa d6 Oxyz, cho mat phang (P):Xx+y—2z-3=0 va hai diém
ALL1), B(-3;-3;-3). Matcau (S) diqua A, B vatiépxic vsi (P)tai C. Biétrang C ludn thugc

mot dudng tron ¢6 dinh. Tim béan kinh R cta duong tron do.

A R=4 B. R=2¥33 c.r=211 D.R=6
3 3
A R . - . . 2 x o y-1 z+1 | ..
Cau 21. Trong khong gian voi hé toa do Oxyz, cho duong thang d 5= va diém

A(LL1). Hai diém B, C di dong trén duong thang d sao cho mét phang (OAB) vudng goc véi mt
phang (OAC).Goi diem B’ Ia hinh chiéu vudng goc cua diem B 1én duong thang AC . Biét rang
quy tich cac diém B’ 1a duong tron cd dinh, tinh ban kinh r duong tron nay.

A.r:@ B.r=ﬂ C.r:@ D.r=ﬂ
10 5 10 10

Cau 22. Trong khong gian Oxyz, cho mit cau (S):(x+1)2+(y+2)2+22:4 va cac diém
A(—Z;O;—Z\/i), B(—4,-4;0). Biét rang tap hop cac diém M thuoc (S) va théa man
MA? + MO.MB =16 la mét dwong tron. Tinh ban kinh dwuong tron do.
A. ﬂ B. E C. ﬂ D.
4 4

N | ol

2

Cau 23. Trong khdng gian véi hé toa d6 Oxyz, cho diém M thuoc mit cau
(S):(x=3)" +(y—3)" +(z-2)" =9 vabadiém A(L0;0), B(2;1;3);C(0;2;-3). Biét ring quy tich
cac didm M thoa man MA? + 2MB.MC =8 la dudng tron cb dinh, tinh ban kinh r dwong tron nay.

A. r=43 B.r=6 C.r=3 D. r=+6
Cau 24. Trong khdng gian véi hé toa dd Oxyz, cho hai diém A(3;1;2) va B(5;7;0). CO tat c4 bao
nhiéu gi4 tri thuc caa tham sé m dé phuong trinh

x> +y?+z2° —4x+2my—2(m+1)z+m’+2m+8=0

La phuong trinh cia mt mt cau (S) sao cho qua hai diém A, B c6 duy nhat mot mét phang cét
Mt cau (S) d6 theo giao tuyén [a mot duong tron c6 ban kinh bang 1.

A 1 B. 4 C.3 D. 2
Cau 25. Trong khdng gian Oxyz , cho hai mét phing c6 phuong trinh (a):x—my+z+6m+3=0 va
(B):mx+y-mz+3m—8=0 (véi m latham sb thuc); hai mat phang nay cét nhau theo giao tuyén
1a duong thang A. Goi A’ 14 hinh chiéu cia A Ién mat phang Oxy . Biét rang khi m thay dbi thi
dudng thang A’ ludn tiép xtc véi mot mét cau cb dinh co tam 1 (a;b;c) thudc mat phang Oxy . Tinh
gia tri biéu thirc P =10a’ —b? +3c?.

A. P=56 B. P=9 C.P=41 D. P=73
Cau 26. Trong khong gian Oxyz, cho mat cAu (S):x*+y*+(z-3)° =8 va hai diém A(4;4;3),
B(L1L1). Goi (C) latap hop cac diém M e(S) dé
& mot duong tron ban kinh R. Tinh R.

MA—2MB| dat gia tri nho nhat. Biét rang (C)
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A N7 B. V6 C. 2\2 D. 3
Cau 27. Trong khéng gian vai hé truc toa dd Oxyz , cho mat phang (P):x+y-z-3=0 vahai diém
A(LL1), B(-3;-3;-3). Mat cau (S) di qua hai diem A, B va tiép xdc véi (P) tai diém C . Biét
rang C ludn thuoc mot duong tron ¢b dinh. Tinh béan kinh cua duong tron d6

2./33 2411

A.R=4 B. R=6 C. R=—— D.R=—"C
3 3

Cau 28. Trong khéng gian véi hé toa o Oxyz cho ba diém A(2;0;0), B(0;4;0), C(0;0;6). biem
M thay doi trén mat phang (ABC) va N la diém trén tia OM sao cho OM.ON =12. Biét rang khi
M thay d6i, diém N ludn thudc mot mat cau ¢ dinh. Tinh ban kinh cia mat cau do.

7 5
A > B. 342 C. 243 D. >

Cau 29. Trong khong gian Oxyz, cho cac diém A, B, C (khong tring O) lan luot thay ddi trén cac
truc Ox, Oy, Oz va lubn théa man diéu kién: ti s6 gitra dién tich caa tam giac ABC va thé tich khdi

tr dien OABC bing > Biét rang mat phang (ABC) Iluén tiép xdc véi mot mat cau ¢b dinh, ban

kinh ctia mat cau do bang

A. 3. B. 2. C. 4. D. 1.
Cau 30. Trong khdng gian véi hé toa do Oxyz, cho hai diém A(5;0;0)va B(3;4;0). Véi C la diém
nam trén truc Oz, goi H & truc tAm cua tam gidc ABC . Khi C di dong trén truc Oz thi H ludn
thudc mot duong tron ¢b dinh. Béan kinh cua dudng tron d6 bang

J5 J3 J5
AT B. - c.> D. V3

Cau 31. Trong khong gian Oxyz, cho hai diém A(10;6;-2), B(5;10;-9) va mat phang
(o):2x+2y+2z-12=0. Diém M di dong trén (o) sao cho MA, MB ludn tao véi (a) cac goc
béng nhau. Biét ring M lu6n thuoc mot duong tron (o) cd dinh. Hoanh d¢ cia tim duong tron (o)
bang
9
A. -4 B. E C.2 D. 10

Cau 32. Trong khong gian Oxyz, cho tam diem A(-2;-2;0), B(3;-2;0), C(3;30),
D(-2;3;,0), M(-2;-2;5), N(3;3,5), P(3-2;5), Q(—2;3;5). Hinh da dién tao bai tam diém da
cho c6 bao nhiéu mat ddi xing?

A. 3 B.9 C.8 D.6
Cau 33. Trong khdng gian Oxyz , cho diém M (11;2). Héi ¢ bao nhiéu mét phang (P) di qua M
va Ccét céc truc X'Ox, y'Oy, z'Oz lan luot tai diém A,B,C sao cho OA=0B =0C #07?

A. 3 B.1 C. 4 D.8
Cau 34. Trong khdng gian véi hé truc toa d6 Oxyz, cho cac diém A(10;0), B(0;10), C(0;0;1),
D(0;0;0). Héi c6 bao nhiéu diém cach déu 4 mat phiang (ABC), (BCD), (CDA), (DAB).

A. 4 B.5 C.1 D.8
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Céu 35. Trong khong gian Oxyz , cho tir dién SABC c6 S(0;0;1), A(1;0;1), B(0;1;1); C(0;0;2).
Hoi tir dién SABC c6 bao nhiéu mat phang d6i xang?

A. 6 B.1 C.0 D.3
Cau 36. Trong khdng gian véi hé toa @6 Oxyz, cho bén diem A(0;0;-6), B(0;1,-8), C(12;-5)
va D(4;3;8). Hai co tat ca bao nhiéu mit phing cach déu bon diem do?

A. C6 Vb sd B. 1 mat phang. C. 7 mit phang. D. 4 mat phang.
Céu 37. Trong khong gian véi hé truc toa do0 Oxyz cho hai mat cau c6é phuong trinh
(S,): X2 +y*+ 22 +4x+2y+2=0; (S,): X’ +y®+2° —2x—y—2z=0 cit nhau theo mdt duong tron
(C) nam trong mat phang (P). Cho cac diem A(1;,0;0), B(0;2;0), C(0;0;3). C6 bao nhiéu mit
cau tam thuoc (P) va tiép xtc véi ca ba duong thang AB, BC, CA?

A. 4 mat cau. B. 2 mat cau. C. 3 mit cau. D. 1 mat cau.

Céu 38. Trong khong gian véi hé toa dd Oxyz, cho A(1;2;-3), B@;g;_%j’ C(1;1;4), D(5;3;0)

. Goi (S,) la mat cau tam A ban kinh bang 3, (S,) la mit cau tam B ban kinh bang g C6 bao

nhiéu mat phang tiép xtc véi 2 mat cau (S,), (S,) dong thoi song song véi duong thang di qua 2
diém C, D.

A1l B. 2 C. 4 D. V6 sb.
Cau 39. Trong khong gian véi hé toa do Oxyz, cho hai diém A(1;0;0), B(0;0;2) va mat cau

(S):x*+y*+2° —2x—2y+1=0. Sé mit phang chira hai diém A, B va tiép xdc véi mat cau (S)

la
A. 1 mit phang. B. 2 mit phang. C. 0 mit phang. D. V6 sb mit phang.
. . . . -3 1 1
Cau 40. Trong khong gian vai hé truc toa do Oxyz , cho bon duong thang: d, : X2 y; = ZI ,
x y z-1 x=-1 y+1 z-1 X y-1 z ISP z R .
d:—=—=——-4d,: = = , d,:==—==—56 duong thang trong khdng gian
U1 T 11 er o g e uongang iong Kong g
cit ca bdn duong thang trén 1a
A0 B. 2 C. Vo sb. D. 1

Cau 41. Trong khong gian vai hé truc toa do Oxyz , cho mat phing (P):2x+y—2z+m=0 va mat
cau (S):x*+y*+2*-2x+4y—-6z-2=0. C6 bao nhiéu gia tri nguyén cia m dé mat phing (P)
cht mit cau (S) theo giao tuyén 1a duong tron (T) c6 chu vi bang 47+/3 .
A. 3 B. 4 C.2 D.1
Cau 42. Trong khong gian vai hé truc OXyz , cho hai diém M (1,2;1); N(-1,0;-1). C6 bao nhiéu
mat phing qua M, N ¢t truc OX, truc Oy Ian luottai A, B (A% B) saocho AM =+/3BN .
Al B. 2 C.3 D. V6 s6
Cau 43. Trong khong gian toa @6 Oxyz , cho cac diém A(L2;3), B(2;10), C(4;3,-2), D(3;4;1)
, E(L%-1). Hoi c6 bao nhiéu mit phing cach déu 5 diém trén?
Al B. 4 C.5 D. Khéng ton tai.
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. . , -3 2 2
Cau 44. Trong khong gian vai hé toa do6 Oxyz , cho duong thang d :XT:%: ZI va diém

M (2;-10). Goi (S) la mat cau c6 thm | thuoc dwong thang d va tiép xac véi mp (Oxy) tai

diém M . Hoi c6 bao nhiéu mit cau thoa man?

A 2 B.1 .0 .
¢ D. V0 so.
Cau 45. Trong khdng gian Oxyz , cho bén duong thang: d, : x=3 _ y;l = erl, d, :%= lz = ZT_l
-1 1 -1 -1 -1 . i . .
, Oy X—2_Yy+2_ 2 , d, X_Y—- =Z—. S0 duong thang trong khdng gian cat ca bon duong
2 1 1 1 -1 1
thang trén 1a
A.0 B. 2 C. V6 sb. D. 1
R , R o . . 2 x-3 y-1 z-1 ek
Cau 46. C6 bao nhiéu mat cau (S) cd tam thude duong thang A R ddng thoi tiép

x(c v6i hai mat phing (o,):2x+2y+z2-6=0 va (a,):x—-2y+2z=0

Al B. 0 C. V6 sb. D. 2
Cau 47. Trong khéng gian véi hé toa do Oxyz, cho cac diém A(2;0;0), B(0;3;0), C(0;0;6),
D(L1;1). Co tit ca bao nhiéu mat phang phan biét di qua 3 trong 5 diém O, A, B, C, D?

A. 6 B. 10 C. 7 D. 5
Cau 48. Trong khong gian Oxyz, cho badiém A(1;2;1), B(3;-L1) va C(-L-1L1). Goi (S,) la mat
cau co tam A, ban kinh bang 2; (S,) va (S,) la hai mét cau c6 tdm lan lugt 1a B, C va ban kinh
béng 1. Hoi c6 bao nhiéu mat phang tiép xtc véi ca ba mat cau (S,), (S,), (S,)-

A 5 B. 7 C.6 D.8
Cau 49. Trong khong gian Oxyz, cho hai diém A(L0;0), B(0;0;2) va mat cau
(S):x*+y®+2°—2x—2y+1=0. Hoi c tat ca bao nhiéu mat phang chira hai diém A, B va tiép
xuc vai (S).

A. 3 B.0 C.1 D. 2
Cau 50. Trong khong gian Oxyz cho diém M (1;3;-2). Héi ¢ bao nhiéu mat phiang (P) di qua M
va cit cac truc x'Ox , y'Oy, 2’0z lan luot tai ba diém phanbiét A, B, C sao cho OA=0B =0C =0

Al B. 2 C. 4 D. 3
Cau 51. Trong khong gian véi hé toa @6 Oxyz cho 5 diem A(L2;-1), B(2;3,0), C(23;-1),
D(3;2;5), E(3;4;0). Tim s6 mit phang cach déu 5 diémA,B,C, D ,E.

A. 0 B. 3 C.5 D.1
Cau 52. Trong khong gian Oxyz , cho diém M (-1;0;3). Héi c6 bao nhiéu mat phang (P) qua diém
M va cit c4c truc Ox,0y,0z lan luot tai A, B,C sao cho 30A=20B=0C =0.

A. 3 B. 2 C. 4 D.8
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Cau 53. Trong khdng gian véi hé toa o Oxyz cho mat ciu (S):(x-1)" +(y+1)" +(z-2)" =16 va
diém A(12;3). Bamit phang thay doi di qua A va doi mot vudng goc véi nhau, cat mat cau theo ba
duong tron. Tinh tong dién tich cua ba dudng tron tuong tng do.
A. 10z B. 387 C. 33« D. 367

Cau 54. Trong mat phing toa do Oxyz, cho bon diém A(0;-12), B(2-3;0), C(-211),
D(0;-13). Goi (L) la tap hop tat ca cac diem M trong khong gian thoa man dang thuc
MA.MB = MC.MD =1. Biét ring (L) 1a mot duong tron, duong tron d6 c6 ban kinh r bang bao
nhiéu?

J11

A r=— B.r=
2

5 5

C.r=— D.r=—
2 2

Cau 55. Trong khong gian véi hé toa @6 Oxyz cho mit phang (P):x+2y+2z—-6=0. Trong (P)

N
2

ldy didm M va xéc dinh diém N thudc duong thing OM sao cho ON.OM =1. Ménh d& nao sau
day dung?

.; N ‘ 1Y 1Y’ 1Y 1
A. biém N ludn thugc mat cau c6 phuong trinh X—g + y_§ + 2_5 =—.

2 2 2
B. Piém N Iudn thudc mit cau cé phuong trinh (x—%) +(y—%) +[z——j L

C. biém N lubn thusc mit phang c6 phuong trinh x+2y+2z-1=0.
D. Biém N luén thuoc mit phang c6 phuong trinh x+2y+2z+1=0.
Cau 56 . Trong khdng gian véi hé truc toa do Oxyz, cho (S):(x+1)" +(y-1)" +(z+2)" =9 va diém
A(L1;-1). Ba mit phing thay déi di qua diém A va d6i mot vudng géc véi nhau, cét (S) theo giao

tuyén 1a ba duong tron. Tong dién tich caa hinh tron d6 bang
A. 12xn B. 3n C. 22n D. 11x
Cau 57. Biét rang c6 n mat phang c6 phuong trinh twong Gng 13 (P):x+ay+bz+c =0

(i=12,..,n) diqua M (12;3) (nhung khong di qua O) va cit cAc truc toa do Ox, Oy, Oz theo thir
twtai A, B, C sao cho hinh chép O.ABC 1a hinh chép déu. Tinhtong S=a, +a, +...+a, .

A. S=3 B.S=1 C.S=-4 D.S=-1
Cau 58. Trong khdng gian Oxyz cho mit phang (P):x—y+2z+1=0,(Q):2x+y+z-1=0. Goi

(S) la mét cau c6 tam thudc truc hoanh, ddng thoi (S) cat mat phang (P) theo giao tuyén la mot
dudng tron c6 ban kinh bing 2 va (S) cat mat phang (Q) theo giao tuyén [a mét duong tron cé ban

kinh bang r. Xéc dinh r sao cho chi c6 dung mot mét cau (S) thoéa yéu cau.

A r=43 B.r:\/g C.r=42 D.r=—3f
Cau 59. Trong khong gian véi hé toa dd OXyz , cho hai diém A(0;2;2), B(2;-2;0). Goi 1,(L1-1)
va |, (3:1;1) Ia tAm cua hai dudng tron nam trén hai mat phang khac nhau va c6 chung mot day cung

AB ., Biét rang ludn c6 mot mat cau (S) di qua ca hai duong tron ay. Tinh ban kinh R cua (S).
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219 129

A.R:T B. R=22 C.R=T D. R=26
A A - re A A N 2 .X_Z y z P < A
Cau 60. Trong khéng gian véi hé toa do Oxyz, cho duong thang d .T:—1=Z va mat cau

(S):(x=1)"+(y—2)" +(z~1)" = 2. Hai mat phang (P), (Q) chira d va tiép xtc véi (S). Goi M
va N latiép diém. Do dai doan thang MN bang?
A 222 g 43 C. 23
3 3
Cau 61. Trong khong gian véi hé toa do Oxyz, cho diém A(L0;-1) va mat phang

D. 4

(P):x+y-2-3=0.Goi (S) lamat cau cé tam | nam trén mat phang (P), di qua diém A va géc

toa dd O sao cho dién tich tam giac OIA bing g . Tinh ban kinh R cta mat cau (S).
A R=3 B. R=9 C.R=1 D.R=5
Cau 62. Trong khong gian Oxyz, cho mit cau (S):x*+y*+2>—2x—4y+6z-13=0 va duong
x+1 y+2 z-1
1 1
tuyén MA, MB, MC dénmatcau (S) (A, B,C lacactiép diém) thoa mén AMB = 60°, BMC = 90°

thang d : . Toa d6 diém M trén duong thang d sao cho tr M ké duoc 3 tiép

, CMA=120°c6 dang M (a;b;c) véi a<0.Tong a+b+c bang?

A % B. 2 C. -2 D.1

Cau 63. Trong khéng gian véi hé toa d6 Oxyz, cho diém A(0;1;2), mat phang (a): x—y+2z-4=0
vamat cau (S): (x=3)" +(y—1)"+(2-2)" =16. Goi (P) la mit phing di qua A, vudng goc voi
() va ddng thoi (P) cit mat cau (S) theo giao tuyén 1a mot duong tron c6 ban kinh nho nhat. Toa
do giao diém M cia (P) vatruc x'Ox la

A M (—%;0;0) B. M(—%;O;OJ C. M (30;0) D. M(%;O;O]

Cau 64. Trong khdng gian véi hé truc toa dd Oxyz, cho hai diém A(L0;-3), B(-3;,-2;-5). Biét

rang tap hop cac diém M trong khong gian thoa man dang thac AM?+BM?2 =30 1a mot mit cau
(S). Toaddtdm | vaban kinh R ciia mat cau (S) la

A. 1(-2,-2;,-8) ; R=3.

B. I(-L-L-4); R=+6.
C. I(-5-1-4); R=3.
/30

D. I(-}-1-4); R=—

2
Cau 65. Trong khdng gian véi hé truc toa dd Oxyz, cho (S):x*+y?+2z° +ax+by+cz+d =0 c6
X=5+t
ban kinh R =+/19, duong thing d :{y = -2 -4t va mat phing (P):3x—y -3z -1=0. Trong c4c s
z=-1-4t
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{a;b;c;d} theo thir tu dudi déy, s6 ndo théa man a+b+c+d =43, dong thoi tam | cua (S) thuoc
duodng thang d va (S) tiép xtc véi mat phang (P)?
A. {-6;-12;-14;75}. B. {6;10;20;7}. C. {-10;4;2;47}. D. {3,5;6;29}.
Cau 66. Trong khong gian Oxyz, cho mat cau (S):x*+y®+2z°—2x+2z+1=0 va duong thang
X y-=2

d :I:T:il. Hai mat phang (P), (P') chua d vatiép xdc véi (S) tai T va T'. Tim toa do

trung diém H cua TT'.

Cau 67 . Trong khéng gian vai hé truc toa dd Oxyz , cho mit phang (P): - 0. Tim toa do tam

| va ban kinh ' caa mat cau (S) c6 tam thuoc truc OZ | ct (Oxy)vé (P) lan luot theo giao tuyén
1a hai duong tron c6 ban kinh bang 2 va 8.
1(0;0;,-16 1(0;0;,-16 1(0;0;16 1(0;0;,-16
AN ) s I ) o ]1(6:016) 5 I )
r= \/@ r= 2@ r= \/@ r= 2\/@

Cau 68. Trong khong gian véi hé toa do Oxyz , xét hai duong thang

d,: x—4: y—lz Z+5 vad,: X—2 _ y+3:E
3 - 1 3 1
Goi (S) lamat cau thay doi tiép xUc véi ca hai duong thang da cho. Tinh ban kinh nhé nhét cua (S)
A. 243 B. 3 C. 2J/6 D. /6

Cau 69. Trong khong gian véi hé toa d6 Oxyz, cho mit phang (P):x+y—z+2=0 va hai diém
A(3,4;1),B(7;-4,-3). Goi M (X, YsiZ)la diém thuoc mat phang (P) sao cho
MA? + MB? ~ 2MAMB +(MAMB) =96 va MAMB dat gia tri I6n nhit. Tinh y,?

7 5 -8 243
A. yozg. B. yozg. C. yOZ?. D. yozT\/__

Cau 70. Trong khéng gian véi hé toa dd Oxyz , cho diém H (sinacosb;sinbcosb;cosa). Mat phang
(o) qua H cit cac truc Ox,0y,0z lan luot tai A, B,C sao cho H Ia truc tam tam gidc ABC . Mit
cau tdm O tiép xuc véi (o) c6 phuong trinh la

A xXP+yi+zi=1 B. X*+y*+2°=2 C.xX*+y*+12°=4 D. x*+y*+z°=3
Cau 71. Trong khong gian véi hé toa d6 Oxyz, cho diém H (a;b;c) V6i a,b,c 1a céc sé thuc thay
doi thoa man ab+ac+bc =-1. Mat phang (o) qua H cat cac truc Ox,Oy,0z lan lugt tai A,B,C
sao cho H Ia truc tm tam gidc ABC . Mt cau tam O tiép xdc véi (o) ¢ ban kinh nhé nhét bang.

Al B. 2 C. 2 D. 3
Cau 72. Trong khong gian véi hé toa @6 Oxyz , cho phuong trinh
X>+y? +2° —4mx+4y+2mz+m* +4m=0.
V6i mbi gia tri cia m dé phuong trinh trén 13 phwong trinh ctia mot mat cau. Tim béan kinh nho nhét
R, Cia mat cau.
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A R. =3 B.R. -2 C.R,. =3 D.R. =

min \/g min

Céu 73. Trong khong gian véi hé toa o Oxyz , cho phuong trinh

&l

X2 +y%+17° +2x003a—2ysinoc—4z—(4+sin2oc):O.

V6i mdi gia tri cua o dé phuong trinh trén 1a phuong trinh cia mot mat cau. Goi R, 12 ban kinh nhé

A 5 - A J4 Y z e r A 5 - A r , 9 A R
nhat ctia mat cau d6; R, la ban kinh I6n nhat cia mat cau d6. Tinh ti s6 —2

5

AR _10 g Re_5 c R 5
R 9 R, 4 R, 2
Cau 74. Trong khdng gian véi hé toa do Oxyz, cho ba diém A(L3;-1),B(-2;
mit cau di qua bén diém O, A, B,C ¢6 bén kinh 1a ?

D.

gl l—;U |N;U

3
:1),C(4,17). Hoi

9 J
A B. @ C. % D. @

X=t
Cau 75. Trong khong gian Oxyz , cho duong thang A:<  y=m-mt .Biét rang ton tai mot mat
z=-m+(m-1)t

cau ¢o dinh di qua diém B(5;4;3) va tiép xdc véi duong thang A khi tham s thuc m thay doi.Ban
kinh cua mat cau (S) bang

A. 4 B. 42 C. 243 D. 3
X-2 y+3 z-3

-2 1

M chay trén duong thang d va diém N nam trén tia d6i cia tia MA sao cho AM.AN = 6. Quy tich
diém N 1a duong cong c6 do dai bang bao nhiéu?

AL B. 2% C.n p. 4%

3 3 3

Cau 77. Trong khdng gian Oxyz, cho diém A(1,0;2) va mat phang (P):2x+2y-z-9=0. Diém
M di dong trén mat phang (P), diém N nam trén tia AM sao cho: AM.AN = 24. Quy tich diém

N & mot mat cu ¢ dinh c6 phuong trinh 132

2 2 2 2 2 2
A. (x—l—lj +(y—§j +(z—gj =16. B. (X_Ej +(y—1—1j +(z+§j =25.
3 3 3 3 3 3

C. (x-2)"+(y-1)° +(z-1)" = 36. D. (x+4)"+(y-1)° +(z-3)" = 25.

Cau 78. Trong khong gian Oxyz, cho céc diém A(m;0;0),B(0;n;0),C(0;0;2),D(12;1). Biét ring
hai s6 thuc m va n thoa mén diéu kién m+n=2. Khi m, n thay di ton tai hai mat cau c6 dinh
tiép xtic voi (ABC) va qua diém D.Téng ban kinh cia hai mat cau bang:

A. 5. B. 13

C.10 D. 25

Cau 79. Trong khong gian Oxyz, cho cc diém A(m,0,0),B(0;n;0),C(0;0;1), D(2;1;4+2J§).

Cau 76. Trong khdng gian Oxyz , cho diém A(L14) va dudng thang d : . biém

Biét rang hai s6 thuc duong m,n thoa méan diéu kién :m+n=1.Khi m,n thay doi ton tai duy nhat
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mot mat cau b dinh c6 ban kinh R tiép xtic véi (ABC) va di qua diém D . Ban kinh R ndm trong
khoang nao dudi day?

A. (4;5) B. (0;2)

C. (2;4) D. (5;7)
Cau 80. Trong khéng gian Oxyz , cho c4c diém A(m,0,0),B(0;n;0),C(0;0;3),D (L1 p). Biét ring
hai s6 thuc dwong m,n thoa man diéu kién m+n=3; p 1asé thyc duong. Khi m,n thay doi ton
tai duy nhat mot mat cau c6 dinh tiép xtc véi (ABC) va di qua diém D . Goi S la tap chia tat ca
cac gia tri thuc ctia p . Tong tat ca cac phan ti caa S 12

A 4 B.3

C.0 D. 2

Cau 81. Trong khdng gian Oxyz, cho mit cau (S):x*+y? +(z—1)2 =4 va diem A(2;2;1). Mt
phang (P) diqua A vatiép xdc véi (S). Khoang cach 16n nhét tinh tr O dén (P) nam trong

khoang
A. (0;2) B. (13)
C. (34) D. (4;5)

Cau 82 Trong khong gian Oxyz, cho hai mat cau (S,):x*+y*+2z°=16 va
(S,):x*+(y—2)" +2% =16. Mt phang (P) tiép xtc véi ca hai mt cAu trén. Diém A(2;11) cach
mat phang (P) mét khoang cach I6n nhat bang

A. 6 B. 4++/5

C.4+23 D.8

Cau 83. Trong khong gian Oxyz,cho hai mat cau (S):x*+y’+z°=16 va
(S,):(x=3)" +y?+22 =16. Mat phing (P) tiép xtc vi ca hai mat cAu trén. Khi diém A(2;3;4)
cach mit phing (P) mot khoang lon nhat thi phwong trinh mit phang (P) c6 dang
ax+by+4z+d =0. Gia tri cua biéu thaec a—4b+d bang

A 8 B. 6
C.0 D. 12

Cau 84. Trong khong gian Oxyz, cho ba mat cau (S,),(S,),(S;) c6 tdm lan luot Ia
,(0;0;1),1,(2,1,0), 1,(L0;3)va co ban kinh lan luot 1a R, =2;R, =3;R, =4. S6 mit phang ciing
tiép xtc véi ba miat cau 1a
A 4
C.2

Cau 85. Trong khong gian Oxyz, cho ba mit cau (S,), (S,), (S;) c6 tam lan luot Ia 1,(0;0;1),

.3
. 8

O

1,(2;10), 1,(10;3) vaco ban kinh lan lugt 1a R =2,R,=3,R,=4. S6 mat phang cling tiép xdc véi

ca ba mit cau 1a?
A 4 B.
C.2 D.

oo W
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Cau 86. Trong khong gian Oxyz, cho ba mit ciu c6 tdm lan luot I
1,(0;0;1),1,(0;0;2), 1,(0;0;6) vaco ban kinh lan lugt I R, =1, R, =1,R, = 2. S6 mat phang cling
tiép xtc véi ba miat cau 1a

A 0 B. 1

C.2 D. 4

Cau 87. Trong khong gian Oxyz, cho ba mit cau (S,), (S,), (S;) c6 tam lan luot Ia 1,(10;0),
,(3;0;0), 1,(m;0;0) vaco ban kinh lan luot Ia R =1, R, =2, R, =5. Goi X latap hop chua tat
ca gid tri nguyén ctia m dé ton tai v0 sé mat phang (P) tiép xdc véi ca ba mat cau da cho. Tong tét
ca cac phan tir cia X bang?

A. -2 B.0

C. 20 D. -14
Cau 88. Trong khong gian Oxyz, cho ba mat cau (S,), (S,), (S;) c6 tam lan luot 1a 1,(10;1),
1,(0;2;0), 1,(14;2) vaco ban kinh lan luot 1a R, =1, R, =2, R, =3. Goi (P) la mat phang tiép
x(c véi ca ba mat cau da cho sao cho (P) cdt Ox tai diém c6 hoanh d6 dwong. Biét mét phang (P)

c6 dang ax+by+z+d =0, véi b > -1, tinh gia tri biéu thiac 2a+b+d .

A. 12-213 B. 14
C. -9+/22 D. —10+35
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HUONG DAN GIAI

Cau 1. Trong khong gian véi hé toa do Oxyz, mat cau tam 1(2;5;3)cit duong thing

d :XT_lz%:Z;zz tai hai diém phan biét A, B véi chu vi tam giac IAB bing 14+ 2+/31 ¢6
phuong trinh
A (x=2)" +(y-3)"+(z-5)" =49 B. (x-2)" +(y—3)"+(z-5)" =196
C. (x-2) +(y-3) +(2-5 =31 D (x=2)" +(y-3) +(2-5)' ~124
Lo gidi

Goi R (R >0) laban kinh ciia mat cau can tim. Tacd d di qua diém M (1;0;2) va c6 mot vecto chi
phuong 1a u=(2;12).

MI;u
Goi H lahinhchiéucaa | 1énd tacéd IH :d(l;d):‘[ _ ]‘:3\/5.

Suy ra AB=2R*—IH2 =2JR>-18.
Tirdé taco 2R+2JR?—18 =14+ 2/31 < R++/R2—18 =7+/31

R+7
< (R=7)++vR?-18-/31=0 < (R-7 (1+ ]:0<:>R:7.
(R=7) (R=7) JR?-18 ++/31

Suy ra phuong trinh mat cau (X—2)2+(y—3)2+(z—5)2 =49.
Chony A.
Céau 2. Trong khdong gian vaéi hé toa do Oxyz, cho tam giac ABC nhon cd H(2;2;1),

K(—g;g;éj, O lan luot Ia hinh chiéu vudng géc cua A, B, C trén cac canh BC, AC, AB.

Goi | latryc tdm tam gidc ABC . Phuong trinh mat cau (S) tdm A, di qua diém | 1a?

A (S):(x+4) +(y+1) +(z-1)" =20 B. (S):(x=2)" +y*+(z-1)" =5
C. (8): X +(y-1)° +(z-1)° =20 D. (S):(x+2) +y*+(z-1)" =5
Loi gidi
A
K
0
!
B H C
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Trong mat phang (ABC), ta c6 tir gidc AOIK noi tiép trong dudng tron duong kinh Al , do d6
KAl = KOI (1) (clng chin cung KI ). Ta ciing c6 tir gidc ACHO ndi tiép trong duong tron duong
kinh AC, do &6 KAl = HOI (2) (cung chin cung HC).
Tu (1) va (2) suy ra KOl =HOI, hay 10 la phéan gidc trong cua géc KOH .

Tuong tu, HI la phéan giéc trong caa géc KHO .
Nhu vay, diém | 1a tam duong tron ndi tiép tam giac OHK .
Tacd OH =3, OK =4, HK =5.
Vi | 1a tm duong tron noi tiép tam giac OHK nén HK.10 + OK.IH +OH.IK =0
< 510+41H +3IK =0 = 1(0;1,1).
X =2t
Puong thing AH c6 véc-to chi phuong IH = (2;1,0) nén phuong trinh AH la Jy=1+t.
z=1
Vi Ae AH nén A(2t;1+t;1) = OA(2t;1+t;1).
Ma Ol L OA nén OI.OA=0 < 0.(2t)+1.(1+1)+1.1=0 o t=-2 = A(-4-11).
Nhu vay Al = J20. Viy, phuong trinh mat cau (S) tam A, di qua diém | Ia
(S):(x+4)" +(y+1)° +(z-1)° =20.
Chony A.
Cau 3. Trong khong gian véi hé truc toa o Oxyz cho céc diém A(1;0;0), B(0;2;0), C(0;0;3),
D(2;-2;0). C0 tat ca bao nhiéu mat phang phan biét di qua 3 trong 5 diém O, A, B, C, D?

A7 B. 5 C.6 D. 10
Lo gidi
Tathidy A, B, C lan luot thudc cac truc toa d6 Ox, Oy, Oz. Phuong trinh mdt phang (ABC) la
XY Z_1 Rérang De(ABC).
1 2 3

Ta ciing c6 AB =(-12;0) va AD =(1-2;0) nén AB=-AD, suy ra D nim trén duong thing AB

i36i vdy, c6 5 mat phang phan biét di qua 3 trong 5 diém O, A,B,C,D Ia
(OAB), (OBC), (OAC), (ABC) va (OCD).
c(uz, 1)
Cau 4. Trong khang gian toa d6 Y2 cho AL2:0) B(544) 3'3" 3) goi (S))

(82), (5:) 12 3 mat ciu tam Iin luot 1a A, B, € va co(S):(x=a) +(y=b) +(z-¢c) =R’
13
cting ban kinh 14 3 . Xac dinh s tiép dién chung cua ba mat cau trén ?
A. 6 B. 7 C.8 D. 9
Loi gidi
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Nhgn xét. Trong khong gian, cho diém A va duong thang A, khi d6 c6 dung hai mit phang (P)
chia A vacach A mot khoang 1a h néu h<d(A;A) va khong co mat phang nao chira A va cach
A mot khoang 1a h néu h>d (A;A).

Xét mat phang (o) di qua cac diem A, B, C.Taco AB=6; AC=8; BC=10.Goi D, E, F lan
lwot 1a trung diém cua AB, BC, AC.

Mt phang (P) xac dinh nhu sau

e Diqua D,E:Tacé d(B;DE):BD:%AB:3>§ nén c6 2 mat phang tiép xuc véi ca 3

mat cAu nhu nhéan xét trén.

e Diqua E,F:Taco d(C;EF):CF:%AC:4>§ c6 2 mat phang tiép xuc véi ca 3 mat

cAu nhu nhan xét trén.

e Diqua D,F:Tacod(A DF):%d(A; BC):%<§nén khong c6 mat phang nao tiép xc

véi ca 3 mat cau nhu nhan xét trén.

Hon nita (Sl), (52), (S3) ¢6 cing ban kinh nén c6 2 mat phang tiép xtc vai ching va song song

VvGi mit phang (ABC).

Vay c6 tat ca 6 tiép dién chung cua ba mat cau.
Chony A.

Cau 5. Trong khdng gian véi hé toa dd Oxyz cho cac mat cau (S,), (S,), (S;) ¢d bankinh r=1
va lan lugt c6 tam la cac diém A(0;3;-1), B(-2;1,-1), C(4;-1-1). Goi (S) la mat cau tiép xdc
véi ca ba mat cau trén. Mat cau 6 cd ban kinh nho nhat 1a

A R=2{2-1 B. R=+/10 C.R=22 D. R=+10-1

Léi gidi
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Tacd AB=+/8, AC =+/32, BC =/40 nén tam giac ABC vuéngtai A.Goi | la trung diém cua
BC, khi d6 IM = IN = IP =410 -1. Do d6 mit cau (S) thoa man dé bai Ia mat ciu c6 ban kinh

R=+10-1.

Chon y D.

Cau 6. Trong khéng gian v6i hé truc toa dd Oxyz cho mat cau
(S)):(x=1)° +(y-1)" +(z-2)" =16 va (S,):(x+1)" +(y—2)" +(z+1)" =9 cit nhau theo giao

)

tuyén 1a duong tron (C). Tim toa do ta J cua duong tron (C).

2'44 34’4 3’4" 4 2’4

Loi gidi
(S,) va (S,) cotam va ban kinh lan luot 12 1,(3L2), R, =4 va I,(-52;-1), R, =3

N|lER

Goi | 1atam cua duong tron giao tuyén (C) va A 1a mot diém thudc (C).

_4 #1142 -32 2
© 24~14 214
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x—lzg(—l—l) X=—-=
‘%‘ 21 4
— W = o g - 3 3 7
l=—=LlL, o=, <lLl==11 <Jy-1=—(2-1) <{y=—
1 ‘llz‘lz 1 \/ﬂlz 1 R y 4( ) y 1
3 1
7-2=>(-1-2) |z=-=
3(1-2)
Chony D.
x=1+3a+at
Cau 7. Trong khong gian véi hé toa d6 Oxyz , cho duong thang A:Jy=—-2+t . Biétrang

x=2+3a+(1+a)t
khi a thay doi ludn ton tai mot mét cau co dinh qua diem M (1;,1;1) va tiép xtc véi duong thang
A . Tim béan kinh mat cau dé

A. 53 B. V3 C. 3 D. 35
Lo gidi
x=1+3a+at
Tur duong thang A:{y=-2+t =X+y-2+3=0

x=2+3a+(1+a)t
Taco A ludn qua diém A(L-5-1) c6 dinh va A nam trong mat phang (P):x+y—-z+3=0

M4t cau tiép xtc véi duong thang A véi moi a . N&n mat cau tiép xdc mat phang (P) tai A.

X=1+t
Duong thang 1A qua A vavudng goc(P) cé phuong trinh < y=-5+t = 1 (1+t;-5+t;-1-t)
z=-1-t

Ma IA=IM &+t +t2 =t +(t—6)" +(t+2)" <=t =5 viy 1(6;0;~6) = R =IM =53

Chony A.

Cau 8. Trong khdng gian véi hé toa dd Oxyz cho mat cau (S):x* +y* +z? —4x+10y—2z-6=0
. Cho m 1a s thuc théa man giao tuyén cua hai mat phang y =m va x+z—-3=0 tiép xdc véi mat
cau (S). Tich tat ca cac gid tri ma m cd thé nhan duoc bang

A 11 B. —10 C.-5 D. -8
Lo gidi
Mat cau (S):x*+y*+2° —4x+10y—2z-6=0c6 tdm 1(2;-5;1) va ban kinh R=6.
x=t
Giao tuyén cua hai mat phang y=m va x+z—-3=0 laduong thing A:{y=m ,teR.
z=3-t

A di qua A(0;m;3) va cd mét véc to chi phuong
u

—(L0;-1), 1A=(-2m+5,2), [TA’,G} (-m-5;0;-m-5).

A tiép xdc véi mat cau (S) khi va chi khi
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1A U 2(m+5)°
d(I,A)=R<:>‘[ - ]=6<:>¥=6<:>m2+10m—11=0.
Ju V2
Vay tich m.m, =-11.
Chony A.
x=1 X=2
Cau 9. Trong khdng gian Oxyz , cho cac duong thang cé phuong trinh d 1Sy =1, d":Jy=t" va
z=t z=1+t'
x=-1 'y z-1 _ . . z '
A'T:I:T' Goi (S) la mat cau c6 tdm thudc A va tiép xuc véi hai duong thang d, d’.
Phuong trinh cua (S) la
A (x=1) +y*+(z-1)" =1 B. (x=2)"+(y-1)"+(z-2)" =1
3V 1Y 3y 1 5)° 1Y 5\ 9
C.lX—=| +Hy-=|+z-=| == D. | x==| +|y-=| +|z2-=| ==
2 2 2 2 4 4 4 16
Léi gidi
X=1+m

Puong thang A c6 phuong trinh tham s 1a: A:{y=m
z=1+m

Goi | latam matcau (S) taco I (m+Lmm+1).

Puong thing d di qua A(LL0) va cé vécto chi phuong u, =(0;0;1) = Al =(m;m-1,m+1).
Duong thang d di qua B(2;0;1) va c6 vécto chi phuong u, =(0;1,1) = Bl =(m-Lm,m).
Do (S) tiép xuc véi hai duong thang d, d’ néntacé: d(1;d)=d(1;d")=R

[Au] [8ie]  fm-tfem® (m-1f+(m-yy
wl L V2

=m=0

= 1(1,0;1) va R =1. Phuong trinh cia mat cdu (S) 1a (x—-1)° +y* +(z-1)° =1.
Chony A.
Cau 10. Trong khdng gian Oxyz, goi (S) la mat cau c6 tim | thudc dudng thang g: % :ZT_l

va di qua diém M (0;3;9). Biét diém | co6 hoanh d6 la sb nguyén va cach déu hai mat phang

X—2y+2z+2=0, 3x—2=0. Phuong trinh cua (S) la

A (x—6) +(y-9) +(z-13)° = /88 B. (x—4)" +(y-6) +(2-9)" =5
C. (x—6)"+(y-9)" +(z-13)° =88 D. x*+y*+(z-1)" =73
Loi gidi
N a N . Xy z-1 | o
Vitam | thudc duong thang 5 3= nen | =(2t;3t;1+4t).
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t=3=1(6;9;13)

|(2t)-2(3t)+2(1+4t)+2| [3(2t)-2|
Taco . — = \/_ |2t+2| |3t 1| . 1 | 2 31
1*+(-2) +2 3 =575 55
Vidiém | c6 hoanh do la s6 nguyén, do d6 |(6-9-13)
= IM = /(-6) > +(9-13)° =88
Viy, phuong trinh mat cau can lap 1a (X—6) +(y—9) +(Z—13)2 =88.

Chony C.
x-1 y-2 z+1
1 1 4

Phuong trinh mit cau (S) ¢ tdm | vacit A tai hai diém A, B sao cho di¢n tich tam giac I1AB
bang 12 la
A. (x+3)°

Cau 11. Trong khdng gian Oxyz, cho diém 1(3;4;0) va duong thang A:

2

X—=3) +

2
+

+(y+4)
B. (x=3) +(v-4)
C. (x- 3)2+(y+4)2+z =5
D. (x-3) +(y-4)

X—3

'~<
.b

Loi gidi
Puong thing A di qua diém M (1,2;-1) va c6 véc-to chi phuong u =(11,-4).
Taco IM =(-2-2-1) = IM,u]=(9,-9,0) = [ IM,u ]| =9v2.

[M.u] o2

Khoang cach tir | dén duong thing A 1A d(1,A)="———=' = =3
ang g thang (1,4) M NT

Dién tich tam gidc IAB bing 12 nén AB = —2ows__ 212 _
a(1,4) 3

Ban kinh mat cau (S) la R:\/KAZB) [d (1 A] =42 4+32 =5,

Phuong trinh mat cAu (S) can Iap 1a (x—3)" +(y—4) +2% =25,
Chony D.

. 5 . . . -1 -2
Céu 12. Trong khong gian Oxyz , mat cau (S) tam 1 (2;5;3) cat duong thang d :XT :%:ZT

tai hai diém phan biét A, B véi chu vi tam giac IAB bing 10+ 2+/7 . Phuong trinh ndo sau day
1a phuong trinh cua mat cau (S)?

A. (x=2)"+(y-5)"+(z-3)" =100 B. (x=2)"+(y-5)+(z-2)" =7
C. (x-2)"+(y-5) +(z-3) =25 D. (x=2)" +(y-5) +(z-3)" =28
Loi gidi

Goi R 14 béan kinh ctia mit cau, H 1a trung diém cua AB .
Taco IH LAB = IH =d(I;d).
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d qua M (10;2) vacé VICPu=(2,12), IM =(-1-5-1).

:[G;W]:(9;O;—9): IH —W—Sﬁ

Tacd AB=2AH =2/R2—IH2 =2/R*-18, R>32.
Chu Vi AABC 13 IA+IB+AB=10+27 = 2R+2J/R?2—18 =10+ 24/7

2
PN R+\/R2—18=5+\/7<:>R—5+R;25 0

JR_18+47
R+5
< (R-5)[1+—— |=0 = R=5.
( )( \/R2—18+\/7]

Mit cau (S) co tam 1(2;5;3), ban kinh R=5.
Phuong trinh mat cau (S) la: (X—Z)2 +(y—5)2 +(Z —3)2 =25.
Chay: R+VR*-18-5-7=0 ¢c6 f'(R)=1+
£(R) R2-18
c6 nghiém duy nhat R=5.
Chony C.
Cau 13. Trong khdng gian véi hé truc toa do Oxyz , cho badiem A(L2;-4), B(L-3;1), C(2;2;3)

>0 v6i moi R>3+2 nén phuong trinh

. Tinh duong Kinh | cia mat cau (S) di qua ba diém trén va c6 tam ndm trén mat phang (Oxy).
A 1=213 B. =241 C.1=226 D. =211
Lo gidi
Goi tam mat cau la: 1(x; y; 0).
,{.A:.B JO-1) +(y-2) +42 = J(x-1) +(y+3) +22
Taco =
IA=I1C \/(x—1)2+(y—2)2+42:\/(x—2)2+(y—2)2+32

- (y—2)" +4% =(y+3)" +12
X*—2X+1+16=x?—4x+4+9

lOy=1O X=—2 2 2
@{2X2_4 @{yzl :>I:2R:2\/(—3) +(-1)" +4% =226

Chony C.

Cau 14. Trong khdng gian véi hé truc toa ¢ Oxyz , phuong trinh mat cau (S) c6 tim nam trén

dwong thang d :%:y_—lzz;lz va tiép xdc véi hai mat phang (P):2x—z-4=0,

(Q):x—2y-2=0 la
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| Hinh hoc gidi tich khéng gian Oxyz

A (S):(x-1)"+(y-2)" +(z-3)" =5. B. (S):(x=1)" +(y-2)"+(z-3)" =+5.
C. (S):(x+1)" +(y+2)" +(z+3)" =5. D. (S):(x-1)" +(y-2)° +(z-3)" =3.
Loi gidi

Goi | latdm matcau (S). Khidé I (t;1+t;2+t)vataco
2t—(2+t)-4| [t-2(1+t)-2
_-@e)-d]_|i-2e)-2

d(1,(P))=d(1, t—6/=|-t-4<t=1
‘ 21-(2+1)-4
Vay mat cau (S)cé tam 1(1;2;3) va béan kinh R=d(|,(P))=‘ (\/g ) ‘z«/g.
Do d6 mat cau (S) 6 phuong trinh (S):(x—~1)° +(y-2)" +(z-3)" =5.

Chony A.
x+1 y+1 z+1
1 3

Cau 15. Trong khong gian véi hé toa dd Oxyz , cho hai dwong thang d, : va

X-2 y z-9
d,: ===
1 2 3
c6 phuong trinh la

A. (x—%)2+(y—§j2+(z—l4)2 =3 B. (x—%)l(y—%)l(z—?f =12
C. (x—%)g +(y—%)2 +(z-7) =3 D. (x—%)z +(y—§j2 +(z2-14)" =12

Loi gidi
Vecto chi phuong cua d, va d, lan luot 1 G, =(2,1,3), U, =(12;3).

. Mt cau c6 mot duong kinh 14 doan thang vuéng goc chung cua d, va d,

Goi AB 1a doan vudng goc chung cua d, va d, voi Aed,, Bed,.
Suy raA(-1+2a;-1+a;-1+3a); B(2+b;2b;9+3b).
Khi d6 AB=(-2a+b+3;,—a+2b+1-3a+3b+10).

Vi AB 1a doan vudng goc chung cta d, va d, nén:

o))
>
VR
|I—\
H
wlhs
D
N—

.
AB L i 14a—13b =37 3
{ 1:{ a 3 — AB=2.3.

. =
AB L (i, 13a-14b =35 b=_1 B(

(o0}

wlnN

!

;7) va R:%AB:\@.

Wl WOl ¢y

w | o

Goi | latam mit cau (S) c6 duong kinh 1a AB . Suy ra I(

2 2
Vay phuong trinh mit cau (S):(X_gj J{y_%] +(Z—7)2=3.

Chony C.
Cau 16. Trong khong gian Oxyz , cho diém A(1;0;-1), mat phang (P):x+y—z-3=0. M4t cu
(S) cotdm | nam trén mat phang (P), di qua diém A va géc toa ¢ O sao cho chu vi tam gidc

OIA bing 6++/2 . Phuong trinh m3t ciu (S) 1
A. (x+2)2+(y—2)2+(z+1)2 =9 va (x+1)2+(y—2)2+(z+2)2 =9
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(x=3)"+(y—-3)"+(2-3)" =9 va (x-1)" +(y-1)° +(z+1)° =9.
(x—2)2+(y—2)2+(z—1)2 =9 va x2+y2+(z+3)2

=9.
(x+2)" +(y-2)" +(z+2)" =9 va (x=2)" +(y-2)° +(z-1)° =9.
Loi gidi
Giasir (S):X* +y?+2° —2ax—2by—2cz+d =0 (a’+b*+c’—d >0).

Taco (S) c6 R=+/a>+b*+c?—d vatam I (ab;c)e(P)=a+b—c-3=0(1)
2-2a+2c+d=0
d=0
Cong vé theo vé (1) va (2) tasuyrab=2.Tido, suyra I (a;2;a-1).

(S)quaAvéOnén{ —1-a+c=0 (2) =>c=a-1.

Chu vi tam giac OIA bing 6++/2 nén Ol +OA+ Al =6++/2

a=-1
<2423 -2a+5=6<a’-a-2=0 <:>[

a=2
Voi a=-1=1(~12;-2) = R=3.Dod6 (S):(x+1)" +(y-2)" +(z+2)" =9.
+Véi a=2=1(2,21) > R=3.Dod6 (S):(x-2)" +(y-2)"+(z-1)" =9.
Chony D.

4 8 .
3 ; 5) . Viét phuong trinh mat

cau c6 tam la tam ciia duong tron noi tiép tam giac OMN va tiép xuc véi mat phang (Oxz) .

. . -8
Cau 17. Trong khong gian Oxyz , cho hai diém M (2;2;1), N (?;

A. x2+(y+1)2+(z+1)2:1 B. x2+(y—1)2+(z—1)2:1
C. (x-1)" +(y-1)+22=1 D. (x—1)2+y2+(z—1)2:1
Loi giai

Goi | 1a tam duong tron noi tiép tam giac OMN .
Ta &p dung tinh chit sau: “Cho tam giac OMN v¢i | 1a tim dudng tron noi tiép, ta co
alO+b.IM +cIN=0,vsi a=MN , b=ON, c=OM »

2 2 2
Taco OM =22 + 22117 =3, ON:\/(_?S) J{ﬂj +(§J _4

w34 (54
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50+4.2+ 3[_38j

X, = =0
3+4+5
4
50+42+3(3J
Taco 510+4.IM +3IN =01y, = =1
3+4+5

5.0+4.2+3.(2j

! 3+4+5

Mt phang (Oxz) c¢6 phuong trinh y =0.
Mt cau tiép xdc voi mat phang (Oxz) nén mat cau c6 ban kinh R=d (1,(Oxz))=1.
Vay phuong trinh mit cau la X* +(y—1)2 +(z —1)2 =1,
Chony B.
Cau 18. Trong khdng gian véi hé toa d6 Oxyz , cho mit cau (S):(x—l)2 +(y—2)2 +(z —2)2 =9
va hai diém M (4;-4;2), N(6;0;6). Goi E la diém thuoc mat cau (S) sao cho EM +EN dat gia
tri 1on nhat. Viét phuong trinh tiép dién ciia mat cau (S) tai E.
A x-2y+2z2+8=0 B.2x+y-2z-9=0 C. 2x+2y+z+1=0 D.2x-2y+z+9=0
Léi gidi
Mt cau (S)co tam 1(1;2;2) va ban kinh R=3.

Goi K 1a trung diém cia MN = K (5;-2;4) va K nam ngoai mat cau (S).

Do d6 IK =(4,-4;2), MN =(2;4;4), MN =6 va IK L MN .
2
Taco EM +EN S\/Z(EM2+EN2) =\/2(EKH%} — J2EK? +36.

Bai vay EM +EN dat gié tri 16n nhat khi va chi khi EM = EN va EK 16n nhat.
Xx=1+2t

Vi IK L MN nén EM =EN thi E thudc duong thang 1K :{y=2-2t.
72=2+t

Toa dd giao diém E cia duong thang 1K véi mat cau (S) ang véi t 1 nghiém phuong trinh
(1+2t-1)" +(2-2t-2) +(2+t-2) =9 = t=+1,
Nhu vay E,(3;0;3) hodc E,(-14;1).
Tac6 EK=3, E,K=9.Suyra E=(-141)= IE =(-2;2;-1), nén phuong trinh tiép dién cua mit
cau (S) tai E co6 phuong trinh
—2(x+1)+2(y-4)-1(z-1)=0 hay 2x-2y+z+9=0.v
Chony D.
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Cau 19. Trong khdng gian véi h¢ truc toa &6 Oxyz cho mat phang (P):x+y+2z=0 va hai diém
A(L2;0) ,B(2;3;1) . Mat ciu (S) di qua hai diém A ,B vatiép xtc véi (P) tai diém C . Biét
rang C ludn thuoc mot dudng tron cb dinh. Tinh ban kinh R cua duong tron do.
A. R=23 B. R=12 C.R=6 D. R=+/6

Loi gidi

Tacé VTPT cua (P) 1a n=(L11).
AB=(LL1) suyra AB L(P) . d(A(P))=+3, d(B,(P))=2v3.
Goi H=ABN(P)
Tacd HAHB = HC? < +/3.2J3=HC? < HC =6 .
Vay C nim trén dudng tron (C) cb dinh trén mat phang (P) va c6 ban kinh R = HC = /6.
Chony D.

Cau 20. Trong khéng gian voi hé toa d6 Oxyz , cho mit phang (P): X+ Yy —2—3=0 va hai diém
ALL1), B(-3;-3;-3). Mat cau (S) diqua A, B vatiép xtc véi (P)tai C. Biét rang C ludn

thugc mot duong tron ¢d dinh. Tim ban kinh R ciia dudng tron do.

A R=4 B Ro238 c. -2 D.R=6
3 3
Léi gidi
Xét mit cau (S) bitkidiqua A, B vatiép xtc (P) tai C, c6 AB=(—4—4,—4),
X=1+t
Phuong trinh tham s6 cta duong thang AB la: {y=1+t.
z=1+t

Goi | =ABN(P). Tacd 1(3;3;3). Taco IC*=1AIB= IC=+IAIB.
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Mt khac A, B va (P) co dinh nén | ¢6 dinh. Suy ra C thudc dudng tron nam trong mat phang
(P) cétam | vabankinh R=+/IA.IB.

Taco IA=243, IB=643. Vay R=+/2/3.643 =6.
Chon y D.

R N . e LA R . . X y-1 z+1 | ...
Céau 21. Trong khéng gian véi hé toa o Oxyz, cho duong thang d . :—1 :—1 va diém
A(LL1). Hai diém B, C di dong trén duong thang d sao cho mat phang (OAB) vudng goc Véi
mat phang (OAC).Goi diém B’ 1a hinh chiéu vudng gdc cua diém B 1én duong thang AC . Biét

rang quy tich cac diém B' 1a duong tron ¢ dinh, tinh ban kinh r dudng tron nay.

A_r:@ B_r:ﬂ C.r:@ D.r:ﬂ
10 5 10 10

Lo gidi
Ta c6 mot vécto chi phuong ciia duong thing d 1a u=(2;-1-1). Suyra u L OA.

Goi H la hinh chiéu cia O trén duong thang d = H (2t;1-t;—1-t). Do OH Ld nén
4-1+t+1+t=0 =1t=0=H(0;1,-1) = OH.OA=0=OH L OAva OA L BC
(OAB) L (OAC)

Nén OA L (OBC) = OA L OB,
OA=(0AB)(OAC)

} = OB L (OAC) .
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OB L AC

= AC L (OBB') = AB' L OB'.
BB' L AC

Do d6 ta co {

Vay B’ thuoc mat cau (S) duong kinh OA=4/3. Goi I(%;%;%j 1a trung diém OA

2 2 2
Phuong trinh mit cau (S):(X—%) +(y—%) +(z—%) :% . Mt khéc B'e(ABC)=(A;d). Mat
phang (ABC) c6 mdt vécto phap tuyén 1a n= [m; G] =(2;5;~1) . Phuong trinh mat phang (ABC)
:2X+5y—-2-6=0 .

Vay B’ thudc duong tron cé dinh la duong tron (C), giao tuyén ciia mét cau (S) va (ABC). (C)

c6 ban kinh r =+R? —d? =%,véi Rz? va dzd(l,(ABC))zE .

10
Chony D.
Cau 22. Trong khdng gian Oxyz, cho mat ciu (S):(x+1)" +(y+2)"+22=4 va céc diém
A(—2;O;—2ﬁ), B(—4;-4;0). Biét rang tap hop cac diém M thuoc (S) va théa man
MA? + MO.MB =16 |a mét dwong tron. Tinh ban kinh duong tron do.

A 32 B3 i D.
4 2 4

N | ol

Loi gidi
Mzt ciu (S):(x+1)° +(y+2)"+2° =4 c6 tam I (~1-2;0), ban kinh R=2.
Goi M (x;y;2) ta dugc MA2=(x+2)2+y2+(z+2\/§)2 = X2+ y?+ 22 +Ax+ 422 +12.

" {W =(-x;—-y;-2)

. = MB.MC = X2+ y? + 22 + 4x + 4y ..
MB =(-4-x;—4-y;-12)

Taco MA? + MO.MB =16 <> 2x% +2y* + 222 +8X+ 4y +4/22 -4 =0.
o X +y2+ 22 +4x+2y+2422-2=0.
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Suy ra M thudc mit cau (S') tam I'(—2;—1;—ﬁ) , ban kinh R"=3.
Nén M € (S)n(S’) la duong tron (C) co tm H 1a hinh chiéu cia M 1én 11",

DN

Vi ll'=2nén I'(S).

Ma sin M1l = MH _K suy ra MH = I'M.IK =ﬂ.
M I’ 4
7

Vay bén kinh cua duong tron (C) la r=MH =

-b ‘

Chony C.
Cau 23. Trong khong gian véi hé toa d6 Oxyz, cho diém M thuoc mat cau
(S):(x=3)"+(y—3)" +(z-2)" =9 va ba diém A(L0;0), B(213);C(0;2;-3). Biét ring quy
tich cac diém M théa man MA? + 2MB.MC =8 1a dudng tron cb dinh, tinh ban kinh r dudng tron
nay.
A. r=43 B.r=6 C.r=3 D.r=6

Loi gidi
3) +(y—-3)"+(2-2)" =9 co tam 1(3;3;2), ban kinh R=3.

Mt cau (S):(x—

Goi M (X;y;z) ta dugc MA? = (1—x)2+y2+z2 =X +y*+7*-2x+1.

s {MB(Z x;1-y;3-2)
MC =(-x;2-y;-3-2)

Tacd MA? + 2MB.MC =8 < 3x? +3y? +322 —6x—6y—21=0 < x>+ y? + 22 = 2x—2y—7=0

Suy ra M thudc mat cau (S') tm 1'(1;,1;,0), ban kinh R'=3. Nén M €(S)n(S’) 1a duong tron

(C) cotam H Ila trung diém cua doan 1" (do R=R'=3).

— MB.MC = x>+ y?+ 22 - 2x-3y—7 .
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S

Vay ban kinh ciia duong tron (C) : r=vR*~IH? =6
Chony D.
Cau 24. Trong khdng gian véi hé toa do Oxyz , cho hai diem A(3;1,2) va B(5;7;0). C4 tat ca bao
nhiéu gi4 tri thuc caa tham sé6 m dé phuong trinh
X2 +y*+z28 —4x+2my—2(m+1)z+m’+2m+8=0
La phuong trinh cia mot mat cau (S) sao cho qua hai diem A, B c6 duy nhat mot mat phang cét
mit cau (S) d6 theo giao tuyén 1a mot duong tron cd ban kinh bang 1.
A. 1 B. 4 C.3 D. 2
Loi gidi
bat x* +y*+z* —4x+2my-2(m+1)z+m*+2m+8=0 (1)

Tacd a=2,b=-m, c=m+1, d=m*+2m+8.

Taco (1) 1a phuong trinh mat cau (S) khi a®+b?+c¢’-d >0

m>/3
m<—/3

e 4+m*+(m+1)"—(m*+2m+8)>0 < m*-3>0 c{
Mt cau (S) cotam 1(2;—-m;m+1), ban kinh R=+/m* -3
Trwong hp 1: (P) 12 (ABI) va (S) c6 ban kinh R=1<+m?*-3=1va A, B, | khong thing
. L = — m=+2
hang. Tacéd AB=(2;6;-2), Al =(—1;—m—1;m—1):>{ em=-2.
m#2
Trwong hep 2: (P) cach | mot khoang I6n nhat, dong thoi d?(1,(P))=R*-1.

Goi H, K lahinhchiéucua | l1én (P) va AB,taco d(I,(P))=IH<IK

[#BA] - a
= Uy = IK =d (1, AB) ==———", [ AB, Al |=(4m-8;4-2m;4-2m)
28]
m-2.26  |m-2\/66
=(m-2)(4,-2,-2 d(l,AB)= =
(m-=2){ )=d(1.48) 2V11 11
6 m=2(1)
Tac d?(1,(P))=R*-1 < —(m-2)" =m* -4 < 5m*+24m-68=0 < 34
11 m:—g(t/m)

Vay c6 hai gia tri cia m thoa yéu cau bai toan.
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Chony D.

C. P=41

D. P=73

Cau 25. Trong khong gian Oxyz , cho hai mat phang c6 phuong trinh (ou): x—my+z+6m+3=0
va (B):mx+y-mz+3m-8=0 (véi m la tham sé thuc); hai mat phang nay cat nhau theo giao
tuyén 1a duong thang A. Goi A’ la hinh chiéu cia A 1én mat phang Oxy . Biét rang khi m thay
doi thi dwong thang A’ ludn tiép xtc véi mot mat cau c6 dinh ¢ tam 1 (a;b;c) thuoe mat phang
Oxy . Tinh gi4 trj biéu thirc P =10a® —b? +3c?.

A. P=56

Mat phang (a):x—my+z+6m+3=0 c6 mdt véc to phap tuyén la n, =(1,-m;1), va mat phing

(B):mx+y-mz+3m-8=0 ¢ mot véc to phap tuyén la n, = (m;L,—m).

Tacé M(

—3m+i—3;0;—3m—i
m

Jea=@n@)

C6 A c6 mét véc to chi phuong 14 U = [ninj] =(m*-1;2m;m? +1).

Goi (P) la mat phang chira dwong thang A va vudng goc véi mét phang (Oxy). Khi dé (P) co mét

véc to phap tuyén 12 ﬁ:[aﬂ =(2m;1-m?;0) (voi k =(0;0;1)).

Phuong trinh mét phang (P) la 2mx+(1—m2)y+6m2 +6m-8=0.

Vi I (a;b;c) e(Oxy) nén I (a;b;0).
Theo gia thiét ta suy ra (P) la tiép dién cua mat cau (S) = d(I;(P)) =R (cé dinh)

=

‘2ma+(1—m2)b+6m2+6m—8‘ R0 (66 dinh)
=R >0 (cb dinh) <

°

Suraa
AT

Chony C.

\/4m2 +(1—m2)2

2m(a+3)+(6—-b)m*+b-8= R(m2+1)
2m(a+3)+(6-b)m’+b-8=—R(m’+1)

‘2m(a+3)+(6—b)m2+b—8‘ .
=R>

0

R>0

3
. . Vay 1(-3;7;0), do do P =10a’—b*+3c” = 41.

m? +1
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Cau 26. Trong khang gian Oxyz , cho mat cdu (S):x*+y? +(z—3)" =8 va hai diém A(4;4;3),
B(L11). Goi (C) latap hop cac diém M e(S) dé |[MA—2MB| dat gia tri nho nhat. Biét rang (C)
la mot duong tron ban kinh R. Tinh R.

A 7 B. V6 C. 242 D. /3
Loi gidi
Mt cau (S) c6 tam 1(0;0;3) va bankinh R =2+/2 ,
Vi M(xy;z)e(S) tlyy, tacd T =|[MA—-2MB|>0. Do d6, minT =0« MA=2MB.

Khi 46, ta 6 (x—4)"+(y—4)" +(2-3)" =4[ (x-1) +(y-1) +(z-1)|

<:>3x2+3y2+322—22—29:0<:>x2+y2+22—§z—2—??:0.

Ta duoc hé 3
z2=2

2 2 2 2 29_ 2
X +y+7 —52———0©{x2+y2+(z—3) -8
x2+y2+(z-3)" =8

Lay PT thtr nhat trir theo vé cho PT thir hai ta duoc %z —% =0=12-2=0

Do d6 M thudc duong tron (C) la giao tuyén cua (S):x2+y2+(z—3)2 =8 va (P):z-2=0
Tacé (S) co tam 1(0;0;3), bén kinh R =22
Taco d(1;(P))=1 nén dudng tron (C) c6 ban kinh R=4/RZ—d? =/7 .

Chony A.
Cau 27. Trong khdng gian véi hé truc toa do Oxyz, cho mat phiang (P):x+y-z-3=0 va hai

diem A(LL1), B(-3;-3;-3). Mat cau (S) di qua hai diém A B vatiép xtc voi (P) tai diém C

. Biétrang C ludn thudc mot duong tron cb dinh. Tinh ban kinh caa duong tron dé

A R=4 B.R=6 c o233 D R 21
3 3
Léi gidi
A

G B
[ ]
. o
C
x=t

Phuong trinh duong thang AB la {y=t.
7=t

Giao diém cua AB va (P) 1a 1(3;3;3). Suyra IA=2/3 va IB=6+/3.
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Vi mit cau (S) tiép xdc véi mat phang (P) tai C nén IC 1a tiép tuyén ciia mat cau (S). Do d6
IAIB=1C2 < IC =+/IAIB =6 (khong ddi). Vay C ludn thuoc mot duong tron cb dinh nim trén
mat phang (P)véi tam 1(3;3;3), ban kinh bang 6.

Chony B.

Cau 28. Trong khdng gian véi hé toa do Oxyz cho ba diem A(2;0;0), B(0;4;0), C(0;0;6).
biém M thay doi trén mat phang (ABC) va N la diém trén tia OM sao cho OM.ON =12. Biét

rang khi M thay d6i, diém N ludn thuoc mot mat cau cé dinh. Tinh ban kinh cia mat cau do.

7 5
A. > B. 32 C. 243 D. >

Loi gidi

Phuong trinh mit phing (ABC):§+%+%:1<:> 6x+3y+22-12=0

Goi N(x;y;z). Theo gia thiét ta c6 N la diém trén tia OM sao cho OM.ON =12 suy ra
—~—— 12

OM =2 ON.Dods M|, 22X . 12y . 12z |
ON XT+Y +2° X4y +2° X +y +2

Mit khac M e (ABC) nén 6——2x 43— 12Y ., 122 45
X +y?+z X +y*+z X +y?+z

<:>6x+3y+22—(x2 +y° +22):0c> X +y?+2°-6x-3y—-2z=0.

Do d6 diem N ludn thuoc mot mat cau cé dinh (S):x* +y? + 2> —6x—3y-2z=0
2
C6 tam |(3;§;1j vabankinh R= |82 +[ 3] +22 =L
2 2 2

Chony A.
Cau 29. Trong khong gian Oxyz, cho cac diém A, B, C (khong tring O) lan luot thay dbi trén
cac truc Ox, Oy, Oz va ludn thoa mén diéu kién: ti s gitra dién tich cua tam giac ABC va thé

tich khoi to dien OABC bang 5" Biét rang mat phang (ABC) luén tiép xtc véi mot mat cau cb

dinh, ban kinh cua mat cau d6 bang
A. 3. B. 2. C. 4. D. 1.
Lo gidi

ZA
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Ta cé S asc _ S asc _ 3
Vonse ;SABC d (O,(ABC)) d (O,(ABC))
. Swec _3
Ma —28¢ == ngn d (O,(ABC)): 2.
VOABC 2

Vay mit phang (ABC) ludn tiép xdc mat cau tam O, ban kinh R=2.
Chony B.
Cau 30. Trong khdng gian véi hé toa &6 Oxyz, cho hai diém A(5;0;0)va B(3;4;0). Véi C la
diém nam trén truc Oz, goi H la tryc tm cua tam gidc ABC . Khi C di dong trén truc Oz thi H
lubn thugc mot dudng tron ¢b dinh. Béan kinh caa duong tron d6 bang

J Ja

V5
A X2 B. X2 c. = D. 3
4 2 2 v

Léi gidi

Taco C(0;0;c). D& thiy tam gidc ABC can tai C. Goi E =(4;2;0) 1a trung diém cua AB. Taco

: n . i ABLOC | , .
mat phang (OCE) vudng géc véi AB (do LcE ) va la mit phang co dinh.
Goi K la truc tm tam giac OAB, do A, Bva K cung nam trong mat phang (Oxy) nén
— x=3
OK.AB=0 x(-2)+y4=0 3
=N :
BK.OA=0 x—3=0 y=§
3 _ AB L(OEC) (HK L AB
Tim dugc K =| 3;=;0 |. Ta chiung minh dugc KH L (CAB) do = .
2 CAL(BHK)  |HK LCA
R 1 5 .
Suy ra KHE =90°. Suy ra H thudc mat cau duong kinh KE = 1+Z :7va
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= d(B,(SCD))= gd (H,(SCD)) thudc mat phang (OCE) ¢ dinh.

N3

Vay H ludn thuoc mot duong tron cé dinh ¢6 ban kinh R = R

Chony A.

Cau 31. Trong khong gian Oxyz, cho hai diem A(10;6;-2), B(5;10;-9) va mat phang
(a):2x+2y+z-12=0.Diém M di dong trén (o) sao cho MA, MB lubn tao véi () cac goc

bdng nhau. Biét raing M ludn thudc mot duong tron (o) cb dinh. Hoanh do ciia tim dudng tron

(o) bang
9
A -4 B. > C.2 D. 10
Lo gidi
A
B
H
M
K

Goi H, K lan lugt Ia hinh chiéu vudng gdc ciia A, B trén mat phing (o), khi do:

_ 2.10+2.6+(-2)-12| 6.

AH =d(A;
(A() V2?4 22 40
2.5+2.10+(-9)-12|
BK =d(B;(a))= =3.
(Bi() V2?4 22 40

Vi MA, MB véi (a) cac géc bang nhau nén AMH =BMK . Tir AH =2BK suy ra MA=2MB .
Goi M(x;y;z), tacé MA=2MB < MA? = 4MB?
<:>(x—10)2+(y—6)2+(z+2)2 =4[(x—5)2+(y—10)2+(z+9)1

<:>x2+y2+22—@x—@y+@z+228:0.
3 3 3
Nhu vay, diém M nam trén mat cau (S) c6 tam I(%;B—;;—%] va ban kinh R =210 . Do do,

duong tron () 1a giao cua mat cau (S) va mat phang (o), nén tdm J cia duong tron D 1a hinh

chiéu vudng gdc ctia | trén mat phang (o).
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X:E+2t
3
Phuong trinh duong thang d di qua | va vudng goc véi mat phang (o) 1a y:%‘l+2t.
7= -3
3
x=%+2t X=2
y=10
—3—4+2t
Toa do diem J 1a nghiém (x;y;z) cua hé phuong trinh: =3 ed,__38
z——3—4+t ’
3 tz_g
2X+2y+2-12=0 3
Vay J :(2;10;—3—5).

Chony C.
Cau 32. Trong khong gian Oxyz, cho tam diém A(-2;-2;0), B(3;-2;0), C(3;3,0),

D(-2;3;0), M(-2;-2;5), N(3;3,5), P(3,-2;5), Q(-2;3;5). Hinh da dién tao boi tdm diem

da cho c6 bao nhiéu mat di xang?

A 3 B. 9 C.8 D. 6
Loi gidi
Ta c6 AB=(50;0), DC=(50;0) nén AB=DC = ABCD Ila hinh binh hanh, mat khac
. AB L AD e
AD =(0;5;0) = . Vay ABCD la hinh vuong.
AB=AD=5

Tuong tw, ta c6 MP =QN =(5;0;0); MQ =(0;5;0) nén MPNQ ciing la hinh vudng.
Lai c6, AM =(0;0;5) nén AM L (ABCD) va AM = AB = AD. Vy 8 diém trén tao thanh hinh lap

phuong nén c6 9 mit phang ddi xing.
Chony B.

Cau 33. Trong khdng gian Oxyz, cho diém M (L12). Hoi ¢ bao nhiéu mat phang (P) di qua
M va cit c4c truc X'Ox, y'Oy, z'Oz lan luot tai diém A,B,C sao cho OA=0OB=0C =0?

A. 3 B.1 C. 4 D. 8
Lo gidi
Goi A(a;0;0), B(0;b;0), C(0;0;c). Turdé tacé OA=|a|, OB =|b|, OC =|c|
Mt phang doan chin di qua cac diém A,B,C c6 dang: (P):§+%+§:1.
Vi M €(P) nén E+l+g:1.
a b c

Vi OA=0B =0C = [a| =|b| =|c|. Tir d¢ ta c6 hé phwong trinh:
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11 2
112 0 |3ttt

11 2 A a=b=c=2
—+—+—-=1 a=>b
a b ¢ <1la=b = [ &la=-b=c=2
al=bl=l |- 2=

b=c

b=-c

Vay c6 3 mat phang thoa man.
Chony A.

Cau 34. Trong khdng gian véi hé truc toa do Oxyz , cho cac diem A(L0;0), B(0;1;0), C(0;0;1)
, D(0;0;0). Hoi c6 bao nhiéu diém cach déu 4 mat phang (ABC), (BCD) , (CDA), (DAB).

A 4 B.5 C.1
Loi gidi
Goi diém can tim 1a M (Xy; ¥,:Z)-
\ < 2 X y z
Phuong trinh mat phang (ABC) la: I 1 I-l@ X+y+z-1=0.
la: x=0.

(ABC)
Phuong trinh mat phang (BCD)
Phuong trinh mdt phang (CDA) la: y
Phuong trinh mét phang (DAB)la: z=0.
Taco M cach déu 4 mat phang (ABC), (BCD), (CDA), (DAB) nén:
X, =1V,

|X0 Thlh _1| = |Xo| = |yo| = |Zo| 1% =17,

Na

Ta ¢6 cac truong hop sau:
Xo = Yo =2,

X =Y,
X+ Yo+ 2, l:\/§x0 ©

Xo+ Yo T2, —1==£X,

‘ -

Truwong hop 1. {

&

‘ -

Jhep x+y0+21\/_x Yo ° -

o

o
Truong hop 3. {X 0= Yo" <:>X0=y0=—ZO=L.
Xo + Yo + 2o —1=~/3%, 1-/3
Truong hop 4. {i ;;/:;ZZ L \/§XOc>x0:y0=ZO:3+1J§.
Trwomg hop > {x +Y,+2,-1= J_x _y°=_20=1+_\1/§'
Truong hop 6. {x yotz,— —\/§XO Xy ==Y, = :ﬁ.
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Truwong hop 7 o=h="5 S X, =Y, =—2, = !
T X Y, + 2, —1=—3x, ° ° 1443
Xo ==Y =—1, 1
Truwong hep 8. S X ==Y, =~y =—F—.
{x0+y0+z0 —1:—\/§x0 % ° ° B-1
Vay c6 8 diém M thoa man bai toan.
Chony D.

Cau 35. Trong khdng gian Oxyz , cho tir dién SABC ¢6 S(0;0;1), A(10;1), B(0;11); C(0;0;2)
. Hoi tir dién SABC c6 bao nhiéu mat phang dbi xing?
A. 6 B. 1 C.0 D. 3
Loi gidi
Ta c6: SA=(L0;0), SB=(0;10), SC=(0;0;1) nén SASB=0, SBSC=0, SCSA=0 va
- 8l sc] 1.
Tuc la tir dién SABC c6 cac canh SA, SB, SC bang nhau va déi mot vudng goc. Vay tir dién SABC
c6 tat ca ba mat phang d6i xtmg do 1a:
M3t phang trung truc caa canh AB .
C

Mt phang trung truc caa canh AC .
B

- Mat phang trung truc caa canh BC .

Trang | 226



| Hinh hoc gidi tich khéng gian Oxyz

Chony D.

Cau 36. Trong khdng gian véi hé toa dd Oxyz , cho bén diém A(0;0;-6), B(0;1,-8), C(L2;-5)

va D(4;3;8). Hoi co tat ca bao nhiéu mat phang cach déu bén diém d6?

A. C6 V0 sb B. 1 mat phang. C. 7 mit phang. D. 4 mat phang.
Loi gidi

Taco [ﬁﬁ}ﬁ #0 , suy rabdén diém A, B, C, D khéng ddng phing.
Goi (P) 1a mat phang cach déu bén diém A, B, C, D.
Truong hep 1. Co mot diém nam khac phia voi ba diém con lai so véi (P). C6 bon mat phing thoa
man.
Truong hep 2. M3i phia cua mit phang (P) c6 hai diém. C6 ba mat phang théa mén.

Vay c6 bay mat phang thoa man.
Chony C.
Cau 37. Trong khong gian véi hé truc toa d6 Oxyz cho hai mit cdu co6 phuong trinh

(S): X +y + 22 +4x+2y+2=0; (S,):x*+y*+2°—2x—y—z=0 cat nhau theo m¢t duong
tron (C) nam trong mt phang (P). Cho cac diém A(L0;0), B(0;2;0), C(0;0;3). C bao nhiéu

mat cau tam thuoc (P) va tiép xdc véi ca ba duong thang AB, BC, CA?

A. 4 mit cau. B. 2 mat cAu. C. 3 mat cau. D. 1 mit cau.
Lo gidi
Mt phang (P) chira duong tron (C)cé phuong trinh la: 6x+3y+2z=0.

M3t phang (ABC) 6 phuong trinh Ia: %+%+§:1<:>6x+3y+22—6:0.

Do d6 (P)//(ABC).

Mt cau (S) tiép xdc véi ca ba duong thang AB, BC, CA s& giao véi mat phang (ABC) theo mot
duong tron tiép xdc véi ba duong thang AB, BC, CA. Trén mat phang (ABC)c6 4 duong tron tiép
xuc voi ba duong thang AB, BC, CA d6 la dudng tron noi tiép tam giac ABC va ba duong tron
bang tiép cac goc A, B, C. Do d6 c6 4 mit cau co tdm nam trén (P) va tiép xdc véi ca ba duong
thang AB, BC, CA. Tam cua 4 mit cau la hinh chiéu cua tm 4 duong tron tiép x(c voi ba duong
thang AB, BC, CA 1én mit phang (P).

Chony A.
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Cau 38. Trong khéng gian véi hé toa d6 Oxyz, cho A(12;-3), B(E;_;_Ej’ C(1;1;4),
D(5;3;0). Goi (S,) la mat cau tdm A ban kinh bang 3, (S,) 1a mat cau tam B ban kinh bang
g. C6 bao nhiéu mit phang tiép xdc véi 2 mat cau (S,), (S,) dong thoi song song véi duong

thang di qua 2 diém C, D .
Al B. 2 C. 4 D. V0 sb.
Loi gidi
Céch 1: Goi n=(a;b;c) =0 1a vtpt caa mp(P) cin tim.

Trwomg hgp 1. a=0 , chon a=1.Khi d6 n=(Lb;c).
CD=(4,2,-4).ViCDn=0=b=2c-2=n=(L2c-2;c).
Phuong trinh mat phang (P): x+(2c-2)y+cz+d =0 .

lc+d -3
2 2 =3 {|c+d—3|:2§c+d—§
d(A(P))=3 \/1+(2c—2) +C > >
d(B;(P))=§<:> Scid-> = c+d -3 _3
2 2 2l 3 —
- =5 \/1+(20—2) +C
JL+(2c-2) +c? 2
[ (d =—-4c
d =—4c c+d-3 5 [[d=-4c
d=-2c+2 \/1+(2c—2)2+c2 4c?-10c+4=0 c=2
= = = = 1 .
c+d-3 .7 |[d=-2c+2 d=-2c+2 c=5
JL+(2c-2) +¢? crd-3 ., [l44c*-74c+44=0
JL+(2c-2) +¢?

Vi ¢ =2 taco phuong trinh mat phang (P): x+2y+2z-8=0 : T/mvi song song véi CD
Voi c:% ta c6 phuong trinh mat phang (P): x—y+%z—2:0: Loai vi chtra diém C .

Trwong hep 2. a=0. Khi d6 n=(0;b;c). Vi CDn=0=>b=2c-2=b=2c =n=(0;2,1),
Phuong trinh mdt phang (P):2y+z+d =0.

M+ﬂ_3
d(A(P))=3 N ‘
& 5 = Khong ton tai mp.
ABP)=; |[4+g 4
52
Vay c6 mot mit phang thoa mén
Cach 2: Taco AB = # ma R +R, = 3+g zg nén hai mt cau cat nhau theo mot duong tron giao

tuyén.
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A
B
| o . .
H K
Goi | = AB (o) Vvéi (o) la mat phang thoa man bai toan. Ha BH, AK vudng gdc véi mat phang
(o). Khidé tacod | ndmngoai AB va B la trung diém Al vi R, :gzéRl < BH :%AK :

Suyra 1(2;1;2). Goi (a):a(x—2)+b(y-1)+c(z—2)=0.
Vi (o)//CD ma CD =(4;2;-4) néntacd 2a+b-2c=0 < b=2c-2a
|-a+b-5¢|

JaZ+b? +¢?

4:)(c+a)2 :a2+(20—2a)2+c2 =

Khi d6 d(A;(a))=3< 3

a=2c=>b=-2c
azlc:b:c
2
Ta c6 hai truong hop:
Trwong hgp 1. b=-2c;a=2c = (a):2c(x—2)-2c(y-1)+c(z-2)=0<2x-2y+z-4=0
Mzt khac CD//(o.) nén C,D ¢ (o) = loai trudng hop trén.

Truong hop 2. b=c;a:%c :>(a):%c(x—2)+c(y—1)+c(z—2):0c>x+2y+22—8:0

Kiém tra thiy C,D () nén nhan trudng hop nay.
Vay (a):x+2y+2z-8=0.
Chony A.

Cau 39. Trong khong gian véi hé toa 46 Oxyz, cho hai diém A(L0;0), B(0;0;2) va mat ciu

(S):x*+y?+2°—2x—2y+1=0. S6 mit phang chira hai diém A, B vatiép xtc véi mat cau (S)

la

A. 1 mat phang. B. 2 mat phang. C. 0 mit phang. D. V6 s6 mit phang.

Lo gidi

Goi phuong trinh mét phang 1a (P): Ax+By+Cz+D =0( A’ +B* +C* %0).

- q _ _[A+D=0 [A=2C

Theo dé bai, mat phang qua A,B néntaco < .
2C+D=0 D=-2C

Vay mat phang (P) c6 dang: 2Cx+By+Cz—2C =0,

Mt cau (S) cotam 1(1,1,0) va R=1.
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|2C +B-2C]|
—Re
5C + B?

Vi (P) tiép xtic véi (S) nén d(1;(P)) < B?=5C*+B* < C=0.

Suyra A=D=0.
Vay phuong trinh mit phang (P):y=0.
Chony A.

. . . , -3 1 1
Cau 40. Trong khong gian vai hé truc toa do Oxyz , cho bon duong thang: d, : X=2_ y; = ZI
Xy z-1 x-1 y+1 z-1 X y-1 z Lo B R
L di==—== , d,: = = , d,:==-—-=— 506 duong thang trong khon
2T Ty BTy Thp Ty Bey T o T4y 00 Guong Thang trong nong
gian cat ca bén duong thang trén 1a
A. 0 B. 2 C. V6 sb. D.1
Loi gidi
(d.)
B (dl)

Taco d, song song d,, phwong trinh mat phang chira hai

Hai duong thang d,, d, 1a (P):x+y+z-1=0.

Goi A=d;(P) = A(L-L1), (Aed, Aed,).

B=d,n(P)=B(0;10), (B¢d,,Bed,).

Ma AB =(-12;-1) cing phuong véi véc-to chi phuong cta hai duong thing d,, d, nén khong ton

tai duong thang nao dong thoi cét ca bén dudng thang trén.
Chony A.

Cau 41. Trong khong gian véi hé truc toa dd Oxyz , cho mat phiang (P):2x+y—-2z+m=0 va
mat cau (S):x*+y®+2° —2x+4y—-62—2=0. C6 bao nhiéu gié tri nguyén cia m dé mat phiang
(P) cit mat ciu (S) theo giao tuyén 1a duong tron (T) cd chu vi bing 47+/3 .
A3 B. 4 C.2 D.1
Loi gidi
Mat cau(S) co tam 1(1;—2;3) va ban kinh R=4.,
Goi H la hinh chiéu cua | Ién (P).
[21-2-23+m| |m—§|
T

Khidé IH =d(1,(P))
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472'\/§=2\/§.

2
Mit phing (P) cét mat cau (S) theo giao tuyén la duong tron (T) c6 chu vi bing 47+/3

Puong tron (T) ¢6 chu vi 1a 4z+/3 nén c6 ban kinh la r =

o tH-VR 7 =" g5 emog—6e| "8 L|M=12
3 m-6=-6 m=0
Vay c6 2 giatri nguyén caa m théa man.

Chony C.
Cau 42. Trong khong gian véi h¢ truc Oxyz , cho hai diém M (1,2;1) ; N (-1;,0;-1). C6 bao nhiéu

mit phing qua M , N ¢t truc OX, truc Oy Ian luottai A, B (A= B) saocho AM =+/3BN .
A. 1 B. 2 C.3 D. V6 s6
Loi gidi
Goi n= (A;B;C), A*+B*+C*#0 l1a vecto phap tuyén cia mp(P) thoa yéu cu bai toan.
Mt phang (P) qua N (—1;0;—1) nén phuong trinh mit phang c6 dang:
A(x+1)+By+C(z+1)=0 < Ax+By+Cz+A+C =0,
Mt phing (P) qua M (3,2;1) suyra A+2B+C+A+C=0 < A+B+C=0 < A+C=-B (1).
Mt phang (P) cit truc OX tai A(a;O;O) suyra Aa+A+C=0<«< Aa-B=0,

ja:% (Donéu A=0=B=0=C=0nén A#0).Suyra A(%:O:Oj

. , B=0
Mit phing (P) cét truc Oy tai B(0;b;0) suyra Bb+A+C=0<Bb-B=0 <:{

Truong hgp1.B=0=>A+C=0=A=-C  ChonC=1=A=-1,
Phuong trinh mat phang (P) ¢6 dang: x—z2=0 = A=B=0(0;0;0) khong thoa yéu cau.
Trwong hep 2. b=1=B(0;10)

2
Tacd AM = /(1-%) +5: BN =+/3
1-—=2

2 2
Mit khdc AM =+/3BN < (1—%} +5=3 @(1—% +5=9 & N

o Vi %:—138:—A:>C:0.Chon A=1=B=-1,
Phuong trinh mat phang (P):X—y+1:0
. Vi %:3:»B=3A . C——4A . Chon A=1=B=3=C=—4.

Phuong trinh mat phang (P): X+3y—-4z-3=0

Vay c6 hai mat phang thoa yéu cau.
Chony B.
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Cau 43. Trong khong gian toa do Oxyz, cho cac diém A(12;3), B(2,1,0), C(4;3-2),
D(3;4;1), E(L1-1). Hoi c6 bao nhiéu mit phing cach déu 5 diém trén?
Al B. 4 C.5 D. Khéng ton tai.
Loi giai
Taco AB=(L-1-3), DC =(L-%-3), AD =(2;-4;-2). Suy ra ABCD Ia hinh binh hanh,
Ta lai c6 AE =(0;-1~4), [ AB, AD |=(-10;4;-2) =| AB, AD |.AE =120
= E.ABCD 14 hinh chép d4y 1a hinh binh hanh nén cdc mit phang cach déu 5 diém la
+ Mit phang qua 4 trung diém cua 4 canh bén.
+ Mit phang qua 4 trung diém lan luot cua ED, EC, AD, BC.
+ Mit phang qua 4 trung diém lan luot cua EC, EB, DC, AB,
+ Mit phang qua 4 trung diém lan luot cua EA, EB, AD, BC.
+ Mit phang qua 4 trung diém lan luot cua EA, ED, AB, DC.

Chony C.
X-3 'y z+2

Cau 44. Trong khong gian voi hé toa dd Oxyz , cho duong thang d : T c1- 1 v diém

M (2;-10). Goi (S) lamat ciu cd tam | thugc dwong thang d va tiép xic véi mp (Oxy) tai

diém M . Hoi c6 bao nhiéu mit cau thoa man?

A. 2 B.1 C.0

D. V6 sb.
Lo gidi
X=3+t
Taco d:{y=t nén led=1(3+t;t;=2+t), IM =(1+t;t+1 - 2+t)
Z=-2+t

Mat phang (Oxy) c6 vipt k =( 0;0;1).
Taco [W;R]:(1+t;—t—l;0):6c>t+1:0<:>t:—l nén 1(2,-1-3)

Taco R=d(I,(Oxy))= 3 =3.Vay (x=2)"+(y+1)" +(2+3)" =9.

L=
Chony B.

« N . B . . X=3 y+1 z+1
Cau 45. Trong khong gian Oxyz, cho bon duong thang: d,: BT
dz:gz_—yzz 2;1, d3:X2_1: y;lz le, d4:§:y_—_ll:ZT_l. S6 duong thang trong khong
gian cat ca bon duong thang trén 1a
A0 B. 2 C. V0 so. D.1

Loi gidi

Puong thing d, di qua diém M, =(3;-1-1) va c6 mot vécto chi phuong 1a U, = (L -2;1).
Puong thing d, di qua diém M, =(0;0;1) va c6 mét vécto chi phuong 1a u, = (1,-2;1).
Do Jl = Uz va M, e d, nén hai dudng thang d, va d, song song véi nhau.

Tacd MM, =(-31,2), [us, MM, | =(-5,-5,-5) =-5(LL1;)
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Goi () la mat phing chtra d, va d, khi dé (@) co mot vécto phap tuyén 1a n=(L11). Phuong
trinh mit phing (a) la x+y+z-1=0.

Goi A=d;n(a) thi A(L-L1). Goi B=d,n(a) thi B(-12;0).

Do AB =(-2;3;-1) khong cing phuong véi U, = (1-2;1) nén dudng thing AB cit hai duong thing
d, vad,.

Chony D.

-3 y-1 z-

. A > A . X 1 .
CAu 46. C6 bao nhiéu mit cau (S) c6 tm thudc duong thang A: > ddng thoi

-1 -2

tiép xdc véi hai mat phing (o, ):12x+2y+2-6=0 va (@,):x—-2y+2z=0
A. 1l B. 0 C. V0 so. D. 2
Lo gidi
Xx=3+2t
Phuong trinh tham s ciia duong thang A:4y=1-t
z=1-2t

Goitam 1 e A = 1(3+2t;1-1;1-2t)
Vi mat cau (S) ddng thoi tiép xdc vai hai mat phang (o) va («,) nén taco
d(1,(e)) =d(1.(a,))
2(3+2t)+2(1-t)+1-2t—6] [3+2t-2(1-t)+2(1-2t) |3 |3
= &S =

Do d6 ¢ vo sb mit cau thoa yéu cau dé bai.
Chony C.

Cau 47. Trong khdng gian véi hé toa do Oxyz , cho cac diém A(2;0;0), B(0;3;0), C(0;0;6),

fe—

(ludén dung).

D(L11). Co tit ca bao nhiéu mat phang phan biét di qua 3 trong 5 diém O, A, B, C, D?
A. 6 B. 10 C.7 D.5
Lo gidi
. Xy z
Phuong trinh mat phang (ABC) S +§ +E =1.
Tathay 4 diém A, B, C, D ddng phang (do D e(ABC)).
Chon 3 trong 5 diém co6 CZ =10 cach.
Chon 3 trong 4 diém ddng phang A, B, C, D c6 C; =4 cach.
Vay c6 10—4+1=7 mit phang phan biét di qua 5 diém da cho.
Chony C.
Cau 48. Trong khdng gian Oxyz, cho ba diém A(L;2;1), B(3;-L1) va C(-L-1L1). Goi (S,) la
mat cau c6 tam A, ban kinh bang 2; (S,) va (S,) Ia hai mat cau c6 tam lan lugt 13 B, C vaban
kinh bang 1. Hoi c6 bao nhiéu mt phang tiép xtc véi ca ba mat cau (S, ), (S,), (S;)-
A.5 B.7 C.6 D.8
Loi gidi
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Goi phuong trinh mat phang (P) tiép xtc véi cd ba mat cau da cho co phuong trinh 1a
ax+by+cz+d =0 (dk: a®>+b*+c*>0).
Khi d6 ta c6 hé diéu ki¢n sau:
la+2b+c+d|
2 va’ +b* +c? la+2b+c+d|=2va*+b*+c’
3a-b+c+d
d(B;(P))=1 < gzl@ Ba—b+c+d|=+a*+b?+c® .
1

va’+b*+c’ —
|-a—b+c+d|=+va*+b*+c

|-a—b+c+d| 9

va® +b%+c?

Khi do ta ¢6: [3a—b+c+d|=|-a—-b+c+d|
3a-b+c+d=-a-b+c+d a=0
{3a—b+c+d:a+b—c—d {a—b+c+d=0

Vi a=0 thitaco

_ 2, 2
{|2b+c+d|=2x/b2+c2 [2b+c+d|=2vb" +c {c:dzo,b;«to

f— —c—d = <~
2b+c+d|=2]-b+c+d| Fb ¢-d=0 c+d =4b, c=+22b
c+d=0

Do d6 ¢6 3 mit phang thoa bai toan.
bl=3la

. ., |[3b|=2va®+b*+c? |30| = 4|a|
Véi a—b+c+d =0 thitaco &

=N

28| =/a? +b” +¢? |2a|=Va® +b® +¢? |c|=@|a|
3

Do d6 c6 4 mit phiang thoa man bai toan.

Vay c6 7 mat phang thoa man bai toan.
Chony B.

Cau 49. Trong khong gian Oxyz, cho hai diém A(L0;0), B(0;0;2) va mat cau

(S):x*+y®+2> —2x—2y+1=0. Hai co tat ca bao nhiéu mat phang chira hai diém A, B va tiép

xuc vai (S).
A. 3 B.0 C.1 D. 2
Loi gidi
1(11,0
Co: (S):x2+y2+zz—2x—2y+1=O:{R(Ll )

Goi (P) la mit phang théa méan bai toan.
Tacd A(L0;0)e(S)= néuton tai (P) thi (P) tiép xtc véi (S) tai A,
Ae(P) : : q _
Taco __.=(P):y=0 Tathay B(0;0;2)<e(P)= Duy nhat mot mit phang thoa man bai
VTPT IA

toan.
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Ghi cha: Bai todn ndy thuong thirong thi sé ¢6 hai mat phang théa mén, nhung véi sé6 liéu cua bai
nay thi ch/ cd mgt mat phang théa mén bai toan.
Chony C.
Cau 50. Trong khong gian Oxyz cho diém M (1,3;-2). Hoi c6 bao nhiéu mat phing (P) di qua
M va cat cac truc x'Ox, YOy, z’Oz lan luot tai ba diém phan biét A, B, C sao cho
OA=0B=0C #0.
Al B. 2 C. 4 D. 3

Loi gidi

Goi A(a;0;0), B(0;b;0); C(0;0;c). Tacéd OA=|al; |OB|=b; |OC|=]c|.

Phuong trinh mat phang di qua ba diém A, B, C la (P):§+%+§:1.
)Lk . 42 .. 1 3 2
Theo gia thiét ta co diém M (1;,3;-2) (P) nén 5+B_E:1'
Vi OA=0B =0B = |a| =|b| =|c| nén ta c6 hé phuong trinh
1 3 2
1,82, oty et
1 3 2 a b c a=b=c=2
| a=b
a b ¢  <ia=|b = { <la=b=-c=6.
al=fol=lc] ||| 2= a=b-c-4
b=c
b=-c

Vay c6 3 mit phang thoa man.
Chony D.
Cau 51. Trong khong gian véi h¢ toa dd Oxyz cho 5 diém A(L2;-1), B(2;3;0), C(2;3;-1),

D(3;2;5), E(3;4;0). Tim sé mit phang cach déu 5 diémA,B,C, D E.

A. 0 B. 3 C.5 D.1
Léi gidi
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Tacé BE =(110), AC =(L10) suy ra ACEB Ia hinh binh hanh.
D.ACEB Ia hinh chép. C6 5 mat phang cach déu 5 diém A,B,C, D, E, cac mat phang d6 di qua
trung diém cac canh cta hinh chop. D6 14 cac mat phang (HMQF ), (MQPN), (HFPN), (FQIK)
, (MHKI).
Chony C.
Cau 52. Trong khong gian Oxyz , cho diém M (=1;0;3). Héi c6 bao nhiéu mat phang (P) qua
diém M va cit cac truc Ox,Oy,0z lan luot tai A, B,C sao cho 30A=20B=0C #0.
A. 3 B. 2 C. 4 D. 8
Léi gidi
Vi 3 diém A,B,C thudc cac truc Ox,0y,0z nén ta gia st toa do cia ba diém lan luot la
A(a;0;0),B(0;b;0),C(0;0;c).
Khi d6 mit phang (P) c6 dang: XYz
a b c
a,b,c#0
Taco 30A=20B=0C =0 nénsuy ra {3la|]=2Jb| (1)
3al=|d  (2)

biém M (-10;3)e(P) nén ta co: %1+§:1 (3)

Tir (2) suy ra ¢ =3a hoac c=-3a

Thay ¢ =3a vao (3) taco _—1+1:1 ( v6 nghiém)
a

a
. ., -1 1 -2
Thay c=-3a vao (3) tacd ———=1lo—=1<a=-2.
a a a
Suyra c=6,b=3hoac c=6,b=-3.
Vay ta 6 hai phang (P)la: XYy qhoge 24X yEog,
-2 3 6 -2 -3 6

Chony B.
Cau 53. Trong khong gian vai hé toa dd Oxyz cho mat ciu (S):(x—1)" +(y+1)" +(z-2)" =16
va diem A(1;2;3). Ba mit phang thay d6i di qua A va dbi mot vudng goc véi nhau, cat mat cau

theo ba duong tron. Tinh tong dién tich cia ba dudng tron tuong ing do.
A. 10z B. 387 C. 33z D. 367
Loi gidi

Cach 1
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’
’
’
’
’
’
. J

N

~
N
N
Y <

X

Cho ba mat phang d6i mot vudng goc véi nhau (P),(Q),(R) tai A vadiém | batky. Ha IH, 13,
IK lan luot vudng goc voi ba mat phang trén thi ta ludn co: 1A% = IH? + 132 + 1K 2.

Ch#rng minh

Chon hé¢ truc toa d véi A(0;0;0), ba truc Ox,Oy,0z lan luot Ia ba giao tuyén cia ba mét phang
(P).(Q).(R).

Khi d6 1(a,b,c) thi IA? =a®+b*+c? =d?(I;(Ayz))+d?(1;(Axz))+d?(I;(Axy))

Hay 1A% = IH? + 132+ IK? (dpem).

Ap dung

Mit cAu (S) c6 tam 1(L—12) vacé bankinh r=4. I1A=(0;31) = I1A=410,

Goi H, J, K var, r,, r, lan luot 1a tim va ban kinh ciia cac dudng tron.
Ta c6 tong dién tich cac dusng tron 1a S =77 (17 +17 +17 ) =z (r* = IH? +r* =132 +r* - IK?)

=;z[3r2—(|H2 1024 |K2)] = 7(3r - 1A7) =387
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Cau 54. Trong mat phing toa do Oxyz, cho bén diém A(0;-12), B(2;-3,0), C(-211),
D(0;-13). Goi (L) la tap hop tat ca cac diém M trong khdng gian thoa man ding thic
MAMB = MC.MD =1. Biét rang (L) la mot dudng tron, dudng tron dé 6 ban kinh r bang bao
nhiéu?

Cr=— D.r=—
2 2

Ar=—- B.r=

77 5
>

Loi gidi
Goi M (x;y;z) latap hop céc diem thoa man yéu cau bai toan. Ta co
AM =(x;y+Lz-2), BM =(x-2y+3;z), CM =(x+2;y-Lz-1), DM =(x;y+1z-3).
G —— MAMB =1
Tu gia thiet: MAMB = MC.MD :1<:>{%%
MC.MD =1
X(x=2)+(y+1)(y+3)+z(z-2)=1 X2 +y?+2° —2x+4y-22+2=0
=
X(x+2)+(y+1)(y-1)+(z-1)(z-3)=1
Suy ra quy tich diém M 1a duong tron giao tuyén cia mat cau tam 1, (L-2;1), R, =2 va mat cau

tam 1,(-10;2), R, =2.

X°+y?+2°+2x-42+1=0

2
Taco: 1,1, =+/5. DEthdy: r = /Rf—(%j = /4_%:%,

Chony A.

Cau 55. Trong khong gian véi hé toa do Oxyz cho mat phang (P): x+2y+2z-6=0.Trong (P)
lay diém M va xéc dinh didm N thudc duong thing OM sao cho ON.OM =1. Ménh d nao sau
day dang?

.; s ‘ 1Y 1Y’ 1\ 1
A.biém N ludn thugc mat cau cé phuong trinh X_E + y—g + Z_é =7

2 2 2
B. Biém N ludn thudc mat cau cé phuong trinh (x—éj +(y—%) +(z——] :i.

C.Diém N ludn thugc mat phang co phuong trinh x+2y+2z-1=0.

D. Biém N lubn thugc mat phang c6 phuong trinh x+2y+2z+1=0.
Lo gidi
1

5"

Vi O, M, N thing hang va OM.ON =1 nén OM.ON =1, do d6 OM = ON .

] a b C
Goi N(a;b;c), khi @6 M X X .
i N ( ) (a2+b2+c2 a®+b?+c? a2+b2+c2J
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. R a 2b 2c
Vi M (P) nén + + -6=0
(P) a?+b?+c? a*+b*+c® a’+b*+c?

2 2 2
<:>a2+b2+cz—g—9—2:0<:>(a—ij +(b—lj +(c—%) _L

Chony B.
Cau 56 .Trong khong gian véi hé truc toa do Oxyz , cho (S):(x+1)2 +(y—1)2 +(z+2)2 =9 va
diem A(L1-1). Ba mit phang thay doi di qua diem A va doi mot vudng goc véi nhau, cat (S)

theo giao tuyén 1a ba duong tron. Tong dién tich cua hinh tron d6 bang
A. 12w B. 3n C. 22n D. 11x
Léi gidi
Ba mat phang (P):x=1, (Q):y=1va (R):z=-1 déu di qua diém A va d6i mot vudng goc Véi

):
nhau, cit mt cau (S) theo giao tuyén lan lugt 1a cac duong tron (C,),(C,) va (C,).
Trong mat phing (P), duong tron (C,):(y-1)" +(z+2)'=5=R, =5
Trong mit phing (Q), duong tron (C,):(x+1)" +(z+2)° =9=R, =3
Trong mat phang (R), duong tron (C,):(x+ 1)2+(y—1)2 —8=>R, =22
Téng dién tich ba hinh tron (C,), (C,) va (C,) 1a S =n(R? +R; +R})=22n.
Chony C.
Cau 57. Biét rang c6 n mat phang c6 phuong trinh tuong Gng 1a (P):x+ay+bz+c =0
(i=12,..,n) diqua M (L2;3) (nhung khong di qua O va cit c4c truc toa do Ox, Oy, Oz theo
thir ty tai A, B, C sao cho hinh chdp O.ABC 1a hinh chép déu. Tinhtong S=a, +a, +...+a, .
A. S=3 B.S=1 C.S=-4 D.S=-1

Loi gidi
Goi A(a;0;0), B(0;b;0), C(0;0;c), véi abc =0, khi d6 phuong trinh mat phang (P) di qua
M (12;3) (nhung khong di qua O) va cit cc truc toa dd Ox, Oy, Oz theo thirty tai A, B, C ¢6

dang: §+X+5:1.
a b c
. . .1 2 3
Vi (P) diqua M (12;3) nén E+B+E:1 (1).

Hinh chép O.ABC 1a hinh chép déu nén |a|=|b|=|c[=m >0.
Ta ¢ cac kha nang sau:

+ a=b=c=m:thay vao (1) ta dugc — ° 1om=6 , phuong trinh mét phang (P) thoa man dé bai
m
la (P):x+y+z-6=0.Nhuvay a =1.
+ a=b=c=-m:thay vao (1) ta dugc i:1<:>m:—6 (loai).
—m

+a=b=m; c=-m:thay vao (1) ta dugc 0=1 (v0 li).

+a=b=-m; c=m:thay vao (1) ta dugc 0=1 (v0 Ii).
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+ a=c=m; b=-m: thay vao (1) ta duoc E:1<:> m = 2, phuong trinh mdt phang (P,) théa man
m
dé bai la (P,):x—y+z-2=0.Nhuvay a, =-1.

+ a=c=-m; b=m: thay vao (1) ta duoc i:1<:>m:—2 (loai).
-m

+a=m; b=c=-m:thay vao (1) ta duoc —i:1<:>m:—4(loai).
m

+ a=-m; b=c=m:thay vao (1) ta duoc 4 =1< m=4, phuong trinh mt phang (P,) thoéa man
m

débaila (P):x—y-z+4=0.Nhuvay a, =—1.
Nhu vay, chi ¢6 3 mit phang thoa man yéu cau dé bai.
Taco: S=a, +a,+a, =1+(-1)+(-1)=-1.
Chony D.
Cau 58. Trong khong gian Oxyz cho mit phang (P):x—y+2z+1=0,(Q):2x+y+z-1=0.
Goi (S) lamat cau c6 tam thudc truc hoanh, dong thoi (S) cit mat phang (P) theo giao tuyén la
mot duong tron c6 ban kinh bang 2 va (S) cat mat phang (Q) theo giao tuyén Ia mot duong tron
c6 ban kinh bang r . Xéc dinh r sao cho chi c6 diing mot mét cau (S) thoa yéu cau.

3

A r=43 B.r= > C.r=+2 D.r:¥

Lo gidi
Goi 1(m;0;0) 1atdm mat cau c6 ban kinh R, d,, d, 1a cac khoang cach tr I dén (P) va (Q). Ta
Im+1 | 2m-1
—= vad,=
NN

2 2
Theo dé ta co \/d12+4=\/d22+r2 @\/m +§m+1+4:\/w+rz

co d, =

omi-2m+2r2-8=0 (1).
Y&u cau bai toan tuong duong phuong trinh (1) ¢6 diing mot nghiém m < 1— (2r2 —8) =0

32

2

2

9
Sri=—or
2

Chony D.
Cau 59. Trong khéng gian véi hé toa do Oxyz, cho hai diém A(0;2;2), B(2;-2;0). Goi
l,(LL-1) va 1,(3;,41) 1atam cua hai dudng tron nam trén hai mat phang khac nhau va cé chung

mot ddy cung AB . Biét rang ludn c6 mot mit cau (S) di qua ca hai duong tron 4y. Tinh ban kinh

R cua (S).
A.R=—“2319 B. R=22 C.R:% D. R=2J6

Léi gidi
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Goi d, 1a duong thang di qua 1, va vudng gdc véi mat phang (1,AB), khi d6 d, chira tam cac mat
ciu di qua duong tron tam 1, ; d, 1a duong thang di qua 1, va vudng goc véi mat phing (1,AB), khi
d6 d, chira tam cac mat cau di qua duong tron tam 1,. Do d6, mat cau (S) di qua ca hai duong tron
tam (1,) va (1,) co tam 1 1a giao diém cua d, va d,va ban kinh R=1A
Ta c6 1,A=(-113), 1,B=(4-31). Duong thing d, c6 vécto phap tuyén Ila
[LALB|=(10:42)=2(521).

X=1+5t

Phuong trinh duong thang d, 1a d,:qy=1+2t.
z=-1+t

Ta c¢6 1,A=(-311), 1,B=(-1-3;-1). Puong thing d, c6 véc-to phap tuyén Ia
[ITA; IZ—B] =(2,-4;10)=2(1;,-2;5).
X=3+S$S

Phuong trinh duong thang d, 1a d,:qy=1-2s,
Z=1+5s

1+5t=3+s tzl
- ‘ 3 8.5, 2
Xét hé phuong trinh: {1+2t=1-2s < 1.SuyraI= 33 3)
-1+t=1+5s SZ_E

2 2 2
‘ 2\
Ban kinh mat cau (S) 1a R = 1A :J{fj +(2—§j +(2+_j _vi29

Chony C.

Trang | 241



Tap chi va tu liéu todn hoc |

Cau 60. Trong khodng gian voi hé toa dd Oxyz , cho dudng thing d :%2 =11=% va mat cau

(S):(x=1)"+(y-2)" +(z-1)" = 2. Hai mt phing (P), (Q) chua d va tiép xic véi (S). Goi
M va N latiép diém. Do dai doan thang MN bang?

A 242 _ 43 243 D. 4

Léi gidi

M

Mat cau (S) c6 tam 1(L2;1) vabankinh R=IM =IN =2,
Ke IK Ld vagoi H=IKNAMN.
X=2+2t
Taco d:qy=-t (teR)=K(2t+2-t;4t) = IK =(2t+L-t-2;4t-1).
z=4t
Puong thang d ¢ mot VTCP 1a Gz(2;—1;4).
Taco IK Ld < IKu=0 < 2(2t+1)+(t+2)+4(4t-1)=0<1t=0
— IM? 2
IK=(1-2;-1 IK =+/6 IH = =—
= ( )= J6 = K =76
= MH =+/IM?-H? =¥:>MN =2MH =¥.

Chu y: Ta c6 thé tinh 1K nhu sau:

d qua My(2;0;0) c6 VTCP u=(2-14); IK=d(l;d)=F——=16
Chony B.
Cau 61. Trong khong gian véi hé toa do Oxyz, cho diém A(L0;-1) va mat phang

(P):x+y-z-3=0.Goi (S) lamat cau cd tdm | nam trén mat phang (P), di qua diém A va

N

g6c toa dd O sao cho dién tich tam giac OIA bing - Tinh ban kinh R ciia mat cau (S).

A R=3 B. R=9 C.R=1 D.R=5
Léi gidi

Goi I (a;b;c)
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A N P 5 A \ .2 1 -1 )
Tacod IA=10=R < hinh chiéu cua I 1én OA 14 trung diém H 5;0;7 cua OA.

1 1 1Y 1Y >
SAO.A=E|H.OA=§\/(a—E) +b2+(c+5j AL +07+(-1)

< \/;_7:%\/&2+b2+cz—a+C+%'\/§ ©17=2a" +2b* +2¢* ~2a+2c+1

< 2a’+2b*+2c?-2a+2c-16=0.

Ol = 1A Ja?+b%+c? :\/(a—l)2 +b?+(c+1)°

Theo bai ra ta c6 SAO,Azg < 12a° +2b*+2¢° -2a+2c-16=0
at+b-c-3=0
Ie(P)
a-c-1=0 (1)
<qa’+b*+c’—a+c-8=0(2).
at+b-c-3=0 (3)
Tu (1) va (3) taco a-e=l =3 a=lre thé vao (2) taco
" b=2 b=2
2 c=-2 [1(-52-2)
(c+1) +4+c’—(c+1)+c-8=0 < = =0l =R =3,
c=1 1(2;2;1)

Chony A.

Cau 62. Trong khdng gian Oxyz, cho mt cau (S): x> +y® +2° —2x -4y +6z-13=0 va duong

x+1 y+2 z-1
1 1

tuyén MA, MB, MC dén mat cau (S) (A,B,Cla cac tiép diém) thoa man AMB =60°,

thang d : . Toa d6 diém M trén duong thang d sao cho tir M ké duoc 3 tiép

BMC =90°, CMA =120°c6 dang M (a;b;c) véi a<0.Tong a+b+c bing?

A. % B. 2 C. -2 D.1

Loi gidi
M

e
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Mt cau (S) c6 tam 1(12;-3) va c6 ban kinh R=34/3.
Vi MA, MB va MC la cac tiép tuyén ciia (S) nén MA=MB=MC nén MI Ia truc cta tam giac

ABC . Pat MA=x. Khidé AB=x. BC =x+/2 vd CA=x+/3. Nhu vdy AB?+BC?=AC? = tam
gidc ABC vubng tai B.

Goi J 1a trung diém AC ta c6 J la tam duong tron ngoai tiép tam giac ABC = J e MI va
BJ =%AC :X—23. Trong tam giac vudng MBI ta co:

1 1 1 4 1 1
=—+—- < X=3.
X

B2 MB’ BIZ _ 3x

e MI?=MB?*+IB*=9+27 =36 = MI =6.
Xx=-1+t
Phuong trinh tham s6 ctia d :{y=—-2+t.

z=1+t
Tacd M ed nén M (—-1+t;-2+t;1+t) véi t<1 (vi a=-1+t<0)

t:
CoOMI =6 (2+1) +(4-t) +(4+1) =36 = 3> -4t=0=

(L)

wlh~ O

Vay M (-1-2;1). Tong a+b+c=-1-2+1=-2

Cau 63. Trong khéng gian véi hé toa d6 Oxyz, cho diémA(0;L2), mit phang
(a): x—y+z-4=0 vamitcau (S): (x—3)2 +(y—1)2 +(z—2)2 =16. Goi (P) la mit phang di
qua A, vudng goc véi (o) va dong thoi (P) cat mat cau (S) theo giao tuyén 1a mot duong tron
c6 ban kinh nhé nhat. Toa d6 giao diém M ciia (P) vatryc x'Ox la

A M (—%;0;0) B. M(—%;O;Oj C. M (30;0) D. M (%;O;Oj

Lo gidi
Goi n= (a;b;c) 1a mot vec to phap tuyén cia mat phang (P).
Theo dé bai ta c6 mat phang (P)vudng goc véi mat phang (@) : x—y+2—-4=0 nén ta c6 phuong
trinh a~b+c=0<b=a+c =n=(aa+cc).
Phuong trinh mat phing (P)di qua A(0;L2) va c¢6 véc to phap tuyén n=(a;a+cc) la
ax+(a+c)(y-1)+c(z—-2=0).
Khoang cach tir tim 1(3;1;,2) dén mat phiang (P) 1a d(1,(P))=h= i .
\/Z(az +ac+c’)
Goi I la ban kinh cua dudng tron giao tuyén giira mat cau (S) va mat phing (P) taco r’ =16—h?

= r nho nhét khi h 16n nhét.
Khi a=0 thi h=0.
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Khi a=0 thi h=

2
Do 2(1+E+C—2]=2{(
a a

Déu "=" xay rakhi a=-2c.= mdt véc to phap tuyén 1a n=(2;1,-1)

= Phuong trinh mat phang (P)la 2x+y—-z+1=0.
: N . 1
Vay toa do giao diém M cua (P) vatryc x'Ox [aM (_E;O;Oj

CAu 64. Trong khong gian véi hé truc toa dd Oxyz , cho hai diém A(L0;-3), B(-3;—2;-5). Biét
rang tap hop cac diém M trong khéng gian thoa mén dang thic AM? +BM 2 =30 la mot mit cau
(S). Toadd tam | vaban kinh R ctia mat cau (S) la

A. 1(-2,-2;-8) ; R=3.

B. I(-L-1-4); R=+6.

C. I(-5-1-4); R=3.

¥
2

D. I(--L-4); R=

Loi gidi
Goi toa do diem M (x;y;z). Khid6 AM?+BM? =30
<:>(x—1)2+y2+(z+3)2+(x+3)2+(y+2)2+(z+5)2=30
& 2X°+2y* +27° +4x+ 4y +162+18=0
SX+yY +7°+2x+2y+82+9=0
<:>(x+l)2+(y+1)2+(z+4)2:9
La phuong trinh cua mét cau (S), co tam 1 (-1 -1—4) vaban kinh R=3.

Chony C.
Cau 65. Trong khdng gian véi hé truc toa do Oxyz, cho (S):x*+y*+z° +ax+by+cz+d =0 cd

X=5+t
ban kinh R =+/19, duong thing d :y=-2—4t va mat phing (P):3x—y—-3z—-1=0. Trong c4c
z=-1-4t

s6 {a;b;c;d} theo thr tu dusi day, s6 nao théa man a+b+c+d =43, ddng thoi tam | cua (S)
thudc duong thang d va (S) tiép xdc véi mat phang (P)?
A. {-6;-12;-14;75}. B. {6;10;20;7}. C. {-10;4;2;47}. D. {3;5;6;29}.

Léi gidi

Tacd | ed = I (5+t;—2—4t;-1-4t).
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Do (S) tiép xtc véi (P) nén d(1;(P))= Rz«/1_9<:>|19+19t|=19®Lt_:02

2 2 2
Mzt khac (S) c6 tam '(—3;—2;—3} bén kinh R=\/$—d =19

Xétkhi t=0=1(5;-2;-1) = {a;b;c;d} = {-10;4;2;47}

2 2 2
Do #—d #19 nén ta loai truong hop nay.

Xétkhi t=2={a;b;c;d} ={-6;-12;-14;75}

2 2 2
Do #—d =19 nén thoa.
Cau 66. Trong khong gian Oxyz, cho mat cau (S):x*+y?+2z° —2x+2z+1=0 va duong thang

d :%:y—_zzil. Hai mat phang (P), (P’) chua d va tiép xtc véi (S) tai T va T'. Tim toa

1
d6 trung diém H caa TT'.
5,

A H —,1;—E B. H E;Z;_Z C. H —§;l;§ D. H —Z;l;Z
63 6 63 6 6 36 6 36

(S) c6 tam mat cau 1 (L 0;-1), ban kinh R=1.

: N A . e A
Goi K=dn(ITT'). Tacé { | ,=d L(ITT’) nén K Ila hinh chiéu vudng géc cua | trén d.

dLiIT
Tacd K(0;2;0)

gIH_IHIK_ R (1) 1
IK  IK2  IK?2 \{J6) 6

Tac
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SX, +X¢ 5
U541 6
:m:lm <:>5m+ﬁ=6,<:> H=5y'+y"=g @H(E;E;_—Sj.
6 5+1 6 63 6
5z, +z, -5
" 541 6

Chony A.

Cau 67 . Trong khang gian vai hé truc toa do Y2 | cho mit phéng(P) 2=2=0 toa do tam
I vaban kinh I' cia mat cau (S) c6 tam thudc truc OZ | cét (Oxy)vé (P) lan luot theo giao tuyén

14 hai duong tron c6 ban kinh bang 2 va 8.

A {I(O;O;—lG) 5 {I(O;O;—lG) c {I(0;0;16) 5 {I(O;O;—lG)
" |r=165 " |r=2J65 |r=65 " |r=2J65

Loi gidi
Giasw (S) cotam I, I thugc Oz, nén 1(0;0;m).
Theo gia thuyét bai toan béan kinh mat cau la
r’=r?+d*(1;0xy)=4+m?
' ( ) 2:>m:16;r=2\/ﬁ
r?=r;+d*(1;(P))=64+(m-2)
Va I(O;O;—lG)(D)
ay :
r =265

Cau 68. Trong khong gian véi hé toa do OXVZ | xét hai duong thing
d,: x—4: y—lz Z+5 vad, : X—2 _ y+3: z
3 -1 -2

1 3 1
Goi (S) 1a mat cau thay ddi tiép xUc véi ca hai duong thang da cho. Tinh ban kinh nhé nhét ciia

(S).
A. 23 B. 3

C. 2.6 D. /6
Lo gidi
Duong thang d, di qua diém A(4;1;-5), vecto chi phuong g:(3; ~1,-2)

Puong thang d, di qua diém B(2;-3;0), vecto chi phuong B:(l; 31)

Taco F; B} =(5; —5;10),@ =(-2,-4,5)= E.F; B} =60

B.
60
Vivay d(d;;d,)= = =26
(d:d,) F;g} J52 157 4102
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Mt cau tiép xac dong thoi hai duong thang va c6 ban kinh nhé nhét chinh 1a mit cau c6 duong kinh
1a doan vudng géc chung caa hai duong thiang va r = w =6
Cau 69. Trong khong gian vai hé toa do OXY2
A(3;4;1),B(7;-4;-3). Goi M(Xy;Yy;2,)la diém thuoc mat phiang (P) sao cho

, cho mat phang (P):x+y—2z+2=0 va hai diém

- . — e\ 2 7
MA’ + MB” ~2MAMB +(MAMB)" =96va MAMB dat gi4 tri I6n nhét. Tinh y,

_-8 243

7
C. —
yO 3 . 3 .

A yozg. B.y, =

w | o

Lo gidi
Taco MA® + MB? - 2|\/TA.W+(|\/TA.W)2 96
(l\/TA—W)2 +(|\/TA.W)2 — 96 <> AB? +(|\TA.W)2 - 96
@(WA.W)Z —0< MAME =0< MA L MB.

MA® +MB?> AB?
2
DAau bang xay ra khi va chi khi AAMB vudng can tai M , do do toa d6 diém M la nghiém cua hé

Khi d6 theo AM —GM va pytago, ta c6 MAMB < 48

X+y—-z+2=0
(x=3)" +(y-4) +(z-1) =48 = x, =
(x—7)2 +(y+4)2+(z+3)2 =48

Chon dap an C

Cau 70. Trong khong gian vai hé toa do O cho diém H (sinacosb;sinbcosb; cosa). Mt

+

wlo

&l

w|

L2, B,
—\/510 310

phing (o) qua H cét cac truc Ox,Oy, Oz lan lugt tai A, B,C sao cho H la tryc tam tam giac ABC

. Mit cau tam O tiép xdc véi (o) c6 phuong trinh la

A X*+y+2°=1 B. X*+y*+2°=2 C.X*+y*+2°=4 D. xX*+y*+2*=3
Loi gidi
Vi H la tryc tdm tam gidc ABC nén OH L (), do do

R = OH =+/sin?acos?b +sin?bcos? b+ cos?a

= \/sinz a(sina+cos’a)+cos’a =+'sin*a+cos’a =1
Mt cau can tim 1a x> + y? +z2 =1
Chon dap an A.
Cau 71. Trong khang gian véi hé toa do O*YZ | cho diém H (a;b;c) véi a,b,c Ia céc s6 thuc thay
doi thoa man ab +ac+bc =-1. Mt phiang (o) qua H cat cac truc Ox,0Oy,0z lan luot tai A, B,C
sao cho H 1a tryc tm tam gidc ABC . Mit cau tdm O tiép xuc véi (o) c6 ban kinh nho nhat bang.
A1 B. 2 C.\2 D. /3
Loi gidi
Vi H la tryc tam tam giac ABC nén OH 1 (o), do dé R=0H =+/a’ +b? +¢*
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Taco a® +b*+c? :(a+b+c)2—2(ab+ac+bc)=(a+b+c)2+222:> R>+2

DAu béng dattai a+b+c=0

Chon dap an C

Cau 72. Trong khong gian véi hé toa do
X2+ Yy + 2% —4mx+4y+2mz+m’ +4m=0,

Oxyz , cho phuong trinh

Vé6i mdi gié tri cuia m dé phuong trinh trén 1a phuong trinh cia mot mat cau. Tim ban kinh nho
nhat R ctia mat cau.

A. Rmin:3 BR =

min

C. Rmin :\/§ D I:zmin =

i

&l

Loi gidi
Taco R:\/4m2+22+m2—(m2+4m) = 4m? —4m+4 = J(2m-1)" +3> /3.
Chon dap an C.

Cau 73. Trong khong gian voi hé toa do
X* 4y +12° +2xC0oS 0L — 2ysin o — 4z —(4+sin? a)zo,

Oxyz , cho phuong trinh

Vi mdi gia tri ciia o dé phuong trinh trén 14 phwong trinh cia mot mat cau. Goi R, 1a ban kinh

nho nhét ciia mat cau d6; R, 1a ban kinh 16n nhat caa mat cau do6. Tinh ti s6 %
AR _10 B K> cR_¥5 D, R 10
R 9 R 4 R 2 R 3
Loi giai
Tacd R= \/cosz o +sin? o+ 22 —(—(4+sin2 oc)) =+9+sin’a e [3\/1_0]

Do do R1=3;R2=J1_0:>%=@.

Chon dap an D.
Cau 74. Trong khong gian vai hé toa do OXYZ | cho ba diém A(1;3;-1), B(~-21,1),C(417). Hoi

mét cau di qua bén diém O, A, B,C c¢6 ban kinh 13 ?

9 N . J
A. — B. l C. E D. ﬁ
2 2 2 2
Loi gidi

Mt cau ngoai tiép t dién OABC 1a X2+ y? + 2% + 2ax+2by +2cz+d =0
Thay toa do cac diém O, A,B,C vao phuong trinh ta duoc:

d=0

—4a+2b+2c+d+6=0 3 5 7
=2a=—-——,b=——,c=——,d =0

2a+6b—-2c+d+11=0 2 2 2

8a+2b+14c+d+66=0

\/83

Suy ra R=+/a?+b?+c2—d ==
Chon dap an D.
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x=t
Cau 75. Trong khéng gian Oxyz, cho duong thing A:<  y=m-mt .Biét rang ton tai mot
z=-m+(m-1)t

mat cau ¢6 dinh di qua diém B(5;4;3) va tiép xtc véi duong thang A khi tham sé thuc m thay
doi.Ban kinh ciia mat cau (S) bang

A 4 B. 442 C. 243 D. 3

Loi gidi
biém c6 dinh ma duong thang A di qua la A(L0;-1).( Khi tham s6 t=1).

Mt cau (S)co dinh tiép xdc véi duong thang A tai diém ¢o dinh A. Goi tm mt cau la 1 (a;b;c).
Suy ra | nim trén dudng thang vudng goc véi A voi moi gid tri cia m, voi Al =(a-Lb;c+1).

1Al =0 < 1(a-1)-m(b—0)+(m-1)(c+1)=0 < m(c—b+1)+(a-c—2)=0. véi moi m
a-c-2=0 a=c+2
< = (*)
{c—b+1=0 {b:c+1
Ban kinh mat cau:

R=IA=IB & J(a-1) +(b—0) +(c+1)’ = /(a=5) +(b-4) +(c=3)° (**)
Tir (*) va (**) suyra a=3;b=2;c=1. Suyra I(3;2;1). Suy raban kinh R=1A=243.

X-2 y+3 z-3
21
DPiém M chay trén duong thang d va diém N nam trén tia dbi cua tia MA sao cho AM.AN =6
. Quy tich diém N 1a duong cong c6 d6 dai bang bao nhiéu?
A = B. 2" C.x p. 2%
3 3 3
Lo gidi
Goi H 1a hinh chiéu vudng géc cia A lén duong thang d , d€ dang tim dugc H (0;-12).

Cau 76. Trong khdng gian Oxyz, cho diém A(L14) va duong thang d :

Dung mot duong thang vudng goc véi AN tai N cat AH tai K . Khi d6 hai tam giac vuong AHM
va ANK dbdng dang véi nhau.
AM.AN 12

= AH.AK = AM.AN =12 = AK = =
AH 3

Suy ra diém K ¢6 dinh va thoa man: R:%m: K(—E;—iﬂj

Nhan thay raing N emp(A,d); ANK =90°%AN > AM = quy tich diém N Ia cung tron gici han
boi duong thang d va duong tron duong kinh AK (ndm trong mat phang chira A va d ).
Do dai duong cong chita N chinh 1a d6 dai cung tron PQ nhu hinh vé.
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Taco: IH=1IP=1Q=2. Suyra: HIP =HIQ =60°= PIQ =120°
120 21.R = 120 .2n.2:ﬂ.
360° 360° 3

= Do dai cung PQ la PQ =

N la mot mat cau ¢é dinh c6 phuong trinh 13?

2 2 2 2 2 2
A. [X—Ej +(y_§) +[Z_gj =16. B. (X—g] +(y_E'j +(Z+§j =25.
3 3 3 3 3 3

C. (x—2)2+(y—1)2+(z—1)2 =36. D. (x+4)2+(y—1)2+(z—3)2 =25.
Loi gidi
Céach 1. Goi N(x;y;2)
24
X, —1= ANZ(X_l)
. — 24 — 24
Taco AM.AN =24 = AM :WAN =1y, -0= e (y-0)
24
ZM_2=AN2(Z_2)
. 48 48 24
Ma M e(a)= 2x, +2y, -2, -9=0= e (x—-1)+ N T AN (z-2)-9=0

& 48(x—1)+48y -24(z-2)-9AN? =0
16 16 16 8 16

2 2 2 _
QEX—?+ 2 y—§z+?—[(x—l) +y° +(2-2) }_O

2 2 2
<:>x2+y2+22—gx—gy—fz+5:0.@(x—l—lj +(y—§] +(z—gj =16.
3 3 3 3 3 3
Cach 2.

Cau 77. Trong khdng gian Oxyz, cho diém A(L0;2) va mat phang (P):2x+2y-z-9=0. Diém
M di dong trén mit phang (P), diém N nam tréntia AM sao cho: AM.AN = 24. Quy tich diém
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K
Goi H la hinh chiéu ctia A 18n mt phang (P), dé dang tim duoc H (3;2;1).

Khi d6 AH =d(A;(P))=3.
Dung mét duong thang vubng goc véi AN tai N cat AH tai K. Khi d6 hai tam giac vuéng AHK

va ANK ddng dang véi nhau. Suy ra AH.AK = AM.AN =24 = AK = AM.AN _ g
Suy ra diém K cé dinh va thoa man AK :gm =3 K(%%%Zj

Nhan thiy rang ANK =90° va A, K c¢b dinh, suy ra quy tich diém N 1a mat cau duong kinh AK =8

Suy ra tam cua mt cau la diém | (1—31

w | oo
w|nN

j 1a trung diém cua AK .

. s (1Y 8)’ 2Y
Vay phuong trinh mat cau can tim la : X_E + y—é + Z_§ =16

Cau 78. Trong khong gian Oxyz, cho cac diém A(m;0;0),B(0;n;0),C(0;0;2),D(L2;1). Biét
rang hai s thuc m va n thoa man diéu kién m+n=2. Khi m, n thay déi tén tai hai mat cau c
dinh tiép xdc véi (ABC) va qua diém D.Tong ban kinh cua hai mat cau bang:

A. 5. B. 13

C. 10 D. 25
Loi gidi

Mit phang (ABC) dugc suy ra nhanh tir phuong trinh doan chan (ABC): 1+X+%—1: 0.
m n

Goi tAm mit cau ¢6 dinh (S) 1a I (a;b;c). Khido: ID=d(1,(ABC))=R véi moi gia tri cia m,n.

a b c 4
m n 2 .
11,1
m’> n? 4

2
Cha y rang c6 mot két qua rat quan trong: /iz+i2+£: (iz+i2—lj N
m® n° 4 m® n° 2 m n 2

Suyra: R=
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a b c ‘ a b c 4
—+—+_-1 |— —+§—
Suyra R= m_"n m_n
1.1 ‘1+1_1‘
m s m 02
;+2+;_1 a b ;_1 2-¢
Tl'll’O'ng h(.]'p 1: R:T:COHStQI:I:j:T:R
m n 2 2
Suy ra: AD?=R?=(a-1)"+(b—2)"+(c-1)’ =R* =(R-1)" +(R-2)" +(2-R-1)’
Suy ra dugc: R, =1 hoac R, =3.Suyra: R +R, =4.
a+b+;_l a b ;_1 c-2
Truong hop2: R=M_N £ _ 4 _rY_2 _*"c_nR.
ruwong hop 2: R _£_1+1 const<:>_1 1 1 1 R
m n 2 2

Suy ra: AD?=R?=(a-1)"+(b—2)" +(c 1)’ =R* = (-R—1)° +(-R-2) +(2+R-1)’".

Suy ra duoc: R, =-1 hoac R, =-3 (Loai).

Vay tong binh phurong hai ban kinh la (1* +3°) =10.

Cau 79. Trong khdng gian Oxyz , cho cac diém A(m,0,0),B(0;n;0),C(0;0;1), D(2;1;4+2ﬁ).
Biét rang hai s6 thuc dwong m,n thoa mén diéu kién : m+n =1.Khi m,nthay d6i ton tai duy nhat
mot mét cau ¢d dinh c6 ban kinh R tiép xtc véi (ABC) va di qua diém D . Ban kinh R nam trong

khoang nao dudi day?

A. (4;5) B. (0;2)
C. (2;4) D. (5,7)
Lo gidi

Mt phang (ABC) duoc suy nhanh tir phuong trinh doan chan , (ABC): 1+X+%—1: 0
m n
Goi tdm mt cau c6 dinh (S) 1a 1 (a;b;c). Khi dé: ID = Ay (sec)) = R Vi moi gid tri cuam,n.

a b c a b c
— —+1— — —+I—1
Suyra R= m_n m_n
1 1 1
7t 7+l H+H_
a b c c a=R
‘ Remn 1t e A b 1t
Truong hgp 1: R= =khong d6i & —=—==——=R={b=R
1 1 1 1 -1
E+H_l c=1-R

2

Suyra: AD” =R? =(a-2)" +(b-1)"+(c-4-2v2) =(R-2)’ +(R—1)2+(1—R—4—2J§)2

Suy ra dugc gia tri duy nhit R =3++/2 e (4;5)
Vay ta chon dap an A.
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3_,_9 E—l 7 4 b E—l a=-R

Trwonghep2: R=M-N 1 _ vhongddi & = =—=1  —R=Ip=-R
11, 1 -1 1 LR

m n C=1+

Suyra: AD? = R? =(a~2)] +(b-1)’ +(c—4-2v2) = (-R-2) +(-R-1) +(L+R-4-2V2)
Suyra R=-3-+/2 ( Loai).

Cau 80. Trong khéng gian Oxyz, cho c4c diem A(m,0,0),B(0;n;0),C(0;0;3),D(LL p). Bict
rang hai s6 thuc duong m,n thoa man diéu kién m+n=3; p 14 sé thuc dwong. Khi m,nthay
doi ton tai duy nhat mot mét cau cb dinh tiép xtc véi (ABC) va di quadiém D . Goi S la tap chia
tat ca cac gia tri thuc cua p . Tong tat ca cac phan tarcua S 1a

A 4 B. 3
C.0 D. 2
Léi gidi

Mt phang (ABC) duoc suy nhanh tir phuong trinh doan chan , (ABC): Xy +§—1 0
m n

Goi tdm mt cau c6 dinh (S) 1a 1(a;b;c). Khi d6: ID=d =R véi moi gid tri ciam,n.

(1.(ABC)) —

a b c 4 a b c 4
PR e
Suyra R= m_n _m_n
1 1 1 111
m2 n2 9 [m n 3
a+b+§_1 a b g—l a=R
m n _ a_b_3 _ -
Truwong hop1: R= 1.1 1 =khong d6i < 171 1 R=<b=R
m n 3 3 ¢=3-R

= AD?*=R?=(a-1) +(b-1)"+(c-p)’ = (R-1)" +(R-1)"+(3-R-p)’
= 2R?*+2(p-5)R+p>-6p+11=0

. . =-1
Dé tdn tai duy nhat mot gia tri R thi A':(p—5)2—2(p2—6p+11):—p2+2p+3:02{p
p=—l:>R=5;=3
Khi d6 bén kinh 12 nghiém kép ciia phuong trinh i 2
p=3=>R="P_1
2
a+b+g_1 4 b g—l a=-R
N . _m n _ A Ai _—— = - = —
Tm*o'nghgrpZ.R——_i_1 1 khongdo|<::>_1 1 R= R
m n 3 3 c=R+3
= AD?=R?=(a-1)" +(b-1)"+(c—p)’ = (-R-1)" +(-R-1)* +(3+R-p)’
< 2R*+2(5-p)R+p*-6p+11=0
p=-1

Pé ton tai duy nhat mot gia tri R thi A':(p—5)2—2(p2—6p+11):—p2+2p+3:0:{
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(Loai)
=-1

Khi d6 ban kinh 13 nghiém kép ciia phuong trinh 2
p=3=R= P>
2

Vay c6 hai gia tri cia p thoa man va tap S ={-13}. Suy ra tong tat ca cac phan tircua S bang 2.
Chon dap an D.

Chu y. Ludn chi c6 mét truong hop thod man diéu kién ban kinh R dwong. Khi ta da lam trirong
hop 1 thod mdn diéu kién thi ta c6 thé bé qua trieong hop 2. Hodc khi lam triong hop 1 ra ban kinh
am thi ta c6 thé doi dau dwong va chdp nhdn két qua ludn ma khéng can quan tam dén trirong hop
2.

Cau 81. Trong khdng gian Oxyz , cho mat cau (S):x* +y? +(z 1)’ =4 va diém A(2;2;1). Mat

phang (P) di qua A vatiép xtc véi (S). Khoang cach lén nhat tinh tir O dén (P) ndm trong

khoang
A. (0;2) B. (13)
C. (3;4) D. (4;5)

Loi gidi
e Mgt caucotam 1(0;0;1), bankinh R=2. o
Ta hinh dung mat phang (P) s& tiép xtc véi mat cau (S) tai nhing tiép diém M , khi (P) thay doi
AM 1a duong sinh tao thanh mot mat non trogn khéng gian vai dinh nén la A va duong cao non
(chinh x&c la truc cta nén) la Al , nira géc ¢ dinh 1a o = MAI ;
M _R 2__1 = a=45°.

ATIAT 22 2

Khoang cach 16n nhat tinh tir O dén mat phang (P) 1a OH , ting véi truong hop nhu hinh vé.

sina =

22

Goi goc p=0Al ecosB:‘cos(m,ﬁ)‘ :TesinB:%.

~4,71.

4+2
2

Suyra d(O,(P)) =OH =OAsin(B+o)=3(sinBcosa+cospsina)=
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Cau 82. Trong khong gian Oxyz, cho hai mat cau (S,):x*+y°+z°=16 va
(S,):x*+(y—2)" +2% =16. Mat phing (P) tiép xtc véi ca hai mat ciu trén. Biém A(2;1;1) céch
mat phang (P) mot khoang cach 16n nhat bang

A. 6 B. 4+5
C.4+23 D.8
Loi gidi

Tacd I,=0=(0;0;0);1,=(0;2;0) va R, =R, =4.
Hai mit cau cit nhau va c6 ban kinh bang nhau nén cac mét phang (P) tiép xuc véi ca hai mét cau
s& co duong thang néi hai tiép diém 1a duong sinh cua mot mat tru tron xoay c6 tryc 1a duong thang
ndi hai tdm cau va ban kinh tru 1a ban kinh cau.

x=0
Nhu & bai toan nay, truc hinh tru 1a duong thang 1,1, dé dang nhan thay la truc Oy:qy =t .

z=0
Khi d6 khoang cach lén nhat tir A dén mat phang (P) 1a AK nhu hinh v&.

Goi H 2 hinh chiéu vudng gdc ctia A 1én truc cua hinh tru ; suy ra H (0;10).

Il

>
®
1
1
1
1
|
:
1
e R EEEEEEEED bbb bbbl st
|
1
1
1
1
;
A

= AH =+/5. Suy ra khoang cach I6n nhit tir A dén (P) 1a: AK = AH +HK = AH +R =+/5+4,

Cau 83. Trong khong gian Oxyz,cho hai mat cau (S):x*+y*+2°=16 va

(S,):(x=3)" +y*+22 =16. Mit phing (P) tiép xtic v6i ca hai mat ciu trén. Khi diém A(2;3;4)
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cach mit phang (P) mét khoang I6n nhat thi phuong trinh mat phang (P) c6 dang
ax+by+4z+d =0. Gia tri cua biéu thuc a—4b+d bing

A. 8 B. 6
C.0 D. 12
Léi gidi

Taco (S,):x*+y?+(z-1) =4 co tam I, =0 =(0;0;0),1, =(3;0;0);R, =R, = 4.
Hai mit cau cit nhau va c6 ban kinh bang nhau nén cac mét phang (P) tiép xc véi ca hai mét cau
s& co duong thang ndi hai tiép diém 1a duong sinh cua mot mat tru tron xoay co tryc 1a duong thang
ni hai tim mat cau va béan kinh tru 1a ban kinh hinh cau.

x=t
Theo gia thiét, taco 1,1, =0x:{y=0.

z=0

Do d6 khoang cach I6n nhat tir A dén mit phing (P) 1a AK

Goi H 1a hinh chiéu vudng géc cia A 1én truc hoanh (truc hinh tru), suy ra H (2;0;0).

Il|2

>
°
R s s e L e EE
|
1
1
1
1
‘
A

Suy ra AH =5. Do d6 khoang cach I6n nhattir A d@én (P) la
AK =AH +HK=AH +R=5+4=09.
C6 AH =(0;-3;-4).
Mt phang (P) vudng gdc véi AH va di qua diém K .
12 16)

Tir hé thic AK = 2 AH = K[ 2,22, 18
5 5" 5

Suy ra phuong trinh (P):—3(y+%j—4(z+§j:0<:>3y+4z+20:ax+by+4z+d

Suyraa=0;b=3,d=20=a-4b+d =8.
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Cau 84. Trong khong gian Oxyz, cho ba mat cau (S,),(S,),(S;) c6 tam lan luot I3
1,(0;0;1),1,(2;10), 1,(10;3)vaco bankinh lan luot 1a R, = 2;R, =3;R, = 4. S6 mit phang ciing

tiép x(c véi ba mit cau 1a

A 4 B. 3
C. 2 D. 8
Léi gidi

Nhan thdy ngay 1=|R, —R,|<I,I, =+/6 <R, +R, =5 suy ra hai mat cau (S,),(S,) cét nhau.

Tuong tu, 1=|R, —Ry| < 1,1, =V11 <R, + R, =7 suy ra hai mat cau (S,),(S,) cét nhau,

Tuong tu, 2=|R, —Ry|< I, =+/5 <R +R, =6 suy ra hai mat cdu (S,),(S,) cit nhau.

Vay ba mit ciu d6i mot cat nhau. Ta c6 thé hinh dung duoc chi ¢ 2 mit phang tiép xuc véi ca ba
mat cau da cho.

Cau 85. Trong khdng gian Oxyz, cho ba mat cau (S,), (S,), (S,) c6 tam lan luot 12 1,(0;0;1),
1,(2;10), 1,(10;3) va cé ban kinh lan luot Ia R, =2,R,=3,R,=4. S6 mt phang clng tiép xuc

véi ca ba mat cau 13?

A 4 B. 3
C. 2 D. 8
Léi gidi

Nhén thay ngay: |R,—R,|<I,1,<R +R,;l,1,>R,+Ry;1,I;>R, +R, suy ra hai mat cau (S,)va (S,)
cat nhau, déng thoi nam ngoai mat cau(s,).

Ta c6 thé hinh dung duoc chi ¢ 4 mat phang tiép x(c véi ca ba mit ciu da cho. C6 hai mit phang
sao cho ba tdm nam cuing phia, hai mat phang c6 tam 1,1, cung phia va I, khac phia.

Vay ta chon dap an A.

Cau 86. Trong khéng gian Oxyz, cho ba mit cau c6 tim lan luot la

,(0;0;1),1,(0;0;2), 1,(0;0;6) va c6 ban kinh lan luot Ia R, =1,R, =1 R, =2. S mit phang

cuing tiép xdc vai ba mat cau la

A 0 B. 1
C. 2 D. 4
Loi gidi

Luu y rang ba tdm mat ciu nam trén ciing mot duong thang (cung nam trén tryc Oz ).
Co [R,—R,|< LI, <R +R,; 1, >R, +Ry; I,1; >R +R;. Suy ra hai mat cau (S,) va (S,) cét nhau

cling ban kinh va nam ngoai mat cau (S,) khdng cing ban kinh. D& thay khong ton tai mat phang

nao thoa man.
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(S:)

N
<~°’J/D@N\ [ v )

Cau 87. Trong khdng gian Oxyz , cho ba mat cau (S,), (S,), (S,) c6 tam lan luot 13 1,(10;0),
,(3;0;0), 1,(m;0;0) vaco6 ban kinh lan lugt 1a R, =1, R, =2, R,=5. Goi X latap hop chira
tat ca gia tri nguyén cua m de ton tai vo s mét phang (P) tiép xtc véi ca ba mat cau da cho. Téng

tat ca cac phan tir cia X bang?

A -2 B. 0
C. 20 D. -14
Léi gidi
A
A,
A

(o

D& thy ba mat cau c6 tdm cling nam trén truc Ox, dong thoi hai mat cau (S,), (S,) cat nhau vi
IR, —R,|<I,l, <R +R,.

Y&u cau bai toan dan dén vi tri caa ba mat cau phai nhu hinh v& trén.

Taco i:%: R, S, =R.SI, = S(~10;0).

2

Laico ok =S RoSl =Ry Sls 1,(9;0;0) |
R, R,.Sl, =—R,.SI, 1,(-110;0)
Mé‘i:%:SIZ—FIZIS: :4+|2|3:>|2|3:6.
R R R,
Suyra{ - 1:>X={—11;9}.

Trang | 259



Tap chi va tu liéu todn hoc |
Cau 88. Trong khdng gian Oxyz, cho ba mat cau (S,), (S,), (S,) c6 tam lan luot 1a 1, (1;0;1),
1,(0;2;0), 1,(L4;2) vaco bankinh lanluotla R, =1, R, =2, R, =3. Goi (P) lamat phang tiép
x(c véi ca ba mat cau da cho sao cho (P) cat Ox tai diém c6 hoanh @b duong. Biét mat phang

(P) c6 dang ax+by+z+d =0, véi b > -1, tinh gia tri biéu thac 2a+b+d .

A 12-213 B. 14
C. -9+22 D. -10+35
Loi gidi

Ta da biét mat phang (P) néu tiép xtc véi hai mat cau (S,), (S,) thi n6 s& di qua mot trong hai tam
vi ty cua hai mat cau dugc xac dinh boi hé thac R,NI, =R NI, (tdm vi ty ngoai) hoic
R,NI, =—R NI, (tam vi ty trong). Vi hai mat cAu cit nhau thi chi ton tai tam vi ty ngoai:
R,NI, =R NI, .
Vi ba mit cau cit nhau nén mai cip mit cau chi 6 tdm vi ty ngoai.

e Tam vi tu ngoi cia (S,) va (S,) 14 A duoc xéc dinh boi R, Al, = R Al, < A(2;-2;2).

e TAam vi tu ngoai cia (S,) va (S,) 1a B dugc xac dinh boi R,BI, = R,Bl, <> B(~2-2;-4)

e Tam vitu ngoai cua (S,) va (S,) 1a C dugc xac dinh boi R, Cl,=RCl, & Cl(Z, 2= )
(P)

D& kiém tra dugc A, B, C thang hang nén ta chi sir dung duoc hai diém. Mat phing P qua A,

3
Brnen{®” 2 .Lai c6 (P) tiép xdc (S,) nén
d=2b+1
p-T N2
d(1,(P))=R SRS VR 3
B F a4t b—_7+@
3

3 _T+22  11r2y22

2 3 3
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Cllacrr

Cac bai toan cuc tri trong

hinh hoc khéng gian Oxyz

Tom tét noi dung
Trong hinh toa dd khéng gian Oxyz thi van dé vé cuc tri ludn 1a mét van dé kho va

xUat hién rat nhiéu trong cac dé thi tha, dé thi THPT Quéc Gia. Trong chd dé Ian nay
ching ta sé cung gidi quyét cac bai toan vé chd dé nay.

S

A. CAC KIEN THUC CAN NHO.

Bat ding thic AM — GM.

+ Cho 2 s6 thuc duong a,b khi d6 a+b >2+/ab . DAu “=" khi va chi khi a=b

+ Cho 3 sb thuc duong a,b,c khi d6 a+b+c >3%/abc . DAu “="khi va chi khi a=b=c

+ Tong quét véi cac s6 thyc duong » ' x; > nn/H X, . Dau “="khi va chi khi x, =X, =...= X,
i=1 i=1

2

+ Dang cong mau sb le nn . Dau “="khi va chi khi x, =X, =...= X,
i=1 Xi ZX'
i=1 I
1 1 4
—+=>
. . X 12 . K X X EX
Khi cho n=2,n =3 thi ta dugc 2 bat dang thirc quen thudc {1 1 9
—t—+—>
X, X, X X X+ X

Bét dang thic Cauchy — Schwarz:

n n n 2
+Cho 2 0§ 6 (X, Xy, X,) VA (Y, Voo, Yy ) Khi d6 ta co [inzj(z yinz[inyij
i=1

i=1
D4u “="khi va chi khi céc s lap thanh cac bo sb ti Ié.
Cha y khi cho n=2,n=3 ta duoc 2 bit dang thirc quen thudc

+ (6732 (0¥ ) = ()Y + %Y, )
()27 %) (VYY) 2 (XY + XY, + %Y, )
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2
+ Dang cong mau Engel téng quat > —— >~ Z_ Trong d6 dang L +yF >
a

n

(x+ y)2

la dang ta hay
a+b

i=1 M zbl

i=1

gap nhat
Bdt dang thic trén con cd thé goi |a bar dang thite Svacxo.
Z a A n x <A n Y Cn s
Dau “=" xay ra khi et 22 =—". Riéng dang cong mau thi can thém dicu kién la b, b,,...,b, >0
2 n

Bat diang thicc Minkowski.

Téng quat: Cho sb thuc r>1 va moi s6 duong a,,a,,...,a,,b,,b,,...,b. thi ta co:

1 ¥

o] <[ge] (g

i=1 i=1

n
1
r

O day chi xét truong hop cho 2 bo s6 (a,,a,,...,,) va (b, b,,...,b, ). Khi dé ta co:

\/Za +\/Zb2 \/Zl:a+bi)2
8 _a

Dau “=" xay ra khi 4 _%_ . &
b2 bn

Dang ma ta hay gip nhat v/a? +b? +c? +d? > \/(a+c)2 +(b+d)” . Bt ding thic nay con goi I
bat dang thic Vector.

Bat dang thirc Holder.

Cho céc s duong X | ( =1lm,j= 1,n).
Khi d6 véi moi s6 @y, ,,...,@, >0 thoa man Zn:a)i =1 ta co: ﬁ(ixm) > i(lﬂ[ xi‘f’;j
i-1 i1 \_j1 =1 Uiz
O day ta chi xét truong hop don gian nhat cho 3 day sé gom (a,b,c);(m,n, p);(x,y,z). Ta co:
(a®+b°+¢*)(x*+y* +2°)(m* +n° + p*) = (axm+byn +czp)’
Dau “=" x4y ra khi 3 diy twong (ng ty lé.
Mot bt dang thirc & dang nay ma ta hay gap: (1+a)(1+b)(1+c¢)> (1+ Jfabc )3
Bét dang thic tri tuyét doi.
Cho 2 s6 thuc a,b khi d6 ta c6 [a]+|b| >|a+b| >|a|-|b]

Dau “=" thtr nhat khi a,b cing dau, du “=" tha 2 khi a,b tréi dau.
bidu kién c6 nghiém ciia phwong trinh bac 2
Cho phuong trinh ax* +bx+c=0(a = 0). Khi d6 néu:

+ A =0 thi phuong trinh c6 nghiém , ddng nghia vé trai ludn khdng am hoic khong duong
+ A >0 thi phuong trinh c6 2 nghiém phén biét
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Ung dung cua kién thirc nay s& &p dung cho nhimg bai tim diéu kién ¢ nghiém dé suy ra min, max.
Ngoai ra phai chd y toi mot s6 phép bién ddi logarit ma ta da hoc.

Tinh chit ham don diéu

1. Néu ham s6 f (X) don diéu va lién tuc trén tap xac dinh cua no thi phuong trinh f (X) —a cotbi da
mot nghiém

2. Néu ham s6 f (x) don diéu va khong lien tuc trén tap xac dinh cua né thi phuong trinh f (X)

a

c6 t6i da n+1 nghiém

B. CAC DANG TOAN.

Dang 1.
Trong khong gian cho hai diém A, B, mit phang (P) va duong thang d .
1. Timtoa dd diem M thudc (P) sao cho chu vi tam gidc MAB nhé nhét.
2. Tim toa dd diém M thudc d sao cho chu vi tam giac MAB nho nhit.
Lo gidi
1. Xét vi tri trong ddi cia hai diém A, B so véi (P).
e Néu A B nam veé hai phia so véi (P) thi khong ton tai diem M .
e Néu A B nam vé mot phiaso véi (P) thi
+ Tim diém A’ d6i xtng véi A qua (P).
+ Viét phuong trinh duong thang A'B.
+Goi I =A'BN(P)
Cht y véi moi diém M thugc (P)tacd MA+MB=MA'+MB> A'B.
e Chuvitam giac MABla MA+MB + AB > A'B + AB
o Chu vitam gidc MAB nho nhit bang A'B+AB khi M =1 .
2. Tim toa d6 diém M thuoc d sao cho chu vi tam gidc MAB nho nhét.
Trwong hep 1: Puong thang AB vudng goc véi duwong thang d .
Ta lam nhu sau
e Viét phuong trinh mt phang (o) qua A, B va vudng goc véi d .
e Surdung ménh d&: chu vi cia tam gidc MAB nhé nhét khi va chi khi M 14 giao diém cua
(o) véi dudng thang AB .
e Xac dinh giao diem M cia (o) va d vakétluan M la diém can tim.
Trwong hep 2: Puong thang AB khdng vudng géc véi duong thang d .
e Tham sb hoa diém M theo phuong trinh duong thang d da cho. Tinh MA; MB .
e St dung ménh dé: Chu vi cia tam giac MAB nhoé nhat khi va chi khi MA+MB nho nhét.
e Tim gié tri nho nhit cua biéu thee MA+ MB va két luan.
Chu y. Nguoi ta thuong tim GTNN caa MA+MB bang bét dang thic hodc ham sb.

CAC BAI TOAN MINH HOA.
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[ Caui

Trong khong gian cho hai diém A(32;2),B(312), mat phang (P):x+y+z-2=0. Tim toa do

diém M thuoc (P) sao cho chu vi tam gidc MAB nhé nhit.

Loi gidi
Taco (Xy+Ya+2y—2)(Xg+Yg+25—2)=6>0 Sl.?y ra A,B nam vé mot phia so véi (P).
Goi A 1a duong thang qua A vudng goc véi (P).
X=1+t
Puong thang A c6 phuong trinh {y =2+t

=2+t
Xx=1+t x=0
=2+t =1
GoiH = A (P), toa do Ia nghiém caa h¢ {° =177 S H(01).
=2+t z=1
X+y+z-2=0 t=-1
Goi A’ d6i xtng véi A qua (P), khido A'(~10;0).
X=-1+2t
Tacod A'B=(2;12), phuong trinh dudng thing A'B {y=t
z=2t
1
X=—
5
Xx=-1+2t 3
y=—
=t
Goi | = AB(P), toa do 14 nghiém cia hé | 5138
7=2t ,_8 5'5'5
X+y+z2-2=0 5
t=3
5

Vé6i moi diem M thude (P)tacd MA+MB=MA'+MB> A'B.

Chu vi tam giac MAB la MA+ MB + AB > A'B + AB
Chu vi tam giac MAB nho nhat bang A'B+ AB khi M =1 .

Ccauz

Trong khong gian cho hai diém A(0;L1),B(2;11), mat phang (P):x—y+z-3=0. Tim toa do

diém M thugc (P) sao cho chu vi tam gidc MAB nhé nhat.

Loi gidi
Taco (X, —Ya+2,—3)(Xg — Vg +23-3)=3>0 suf/ ra A,B niam vé mot phia so véi (P).
Goi A 1a dudng thang qua A vudng goc véi (P).
X=t
Puong thang A c6 phuong trinh 4y =1-t.
z=1+t
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X=t x=1
=1-t =0
Goi H =An(P), toa do la nghiém cuahg | =177 S HEo?).
z=1+t z2=2
X—y+z-3=0 t=1
Goi A’ doi xtng véi A qua (P), khido A'(2;-13).
X=2
Taco A'B=(0;2;-2), phuong trinh duong thing A'B {y =1+t
z=1-t
X=2
X:2 y:%
=1+t
Goi | = ABN(P), toa d6 la nghiém cua hé y o 3 =1 2;1;§ .
X—y+z-3=0
1
t=—2=
2

Vi moi diém M thuge (P)tacé MA+MB=MA +MB> AB.

Chu vi tam giac MAB la MA+MB + AB > A'B + AB
Chu vi tam giac MAB nhé nhat bang A'B+ AB khi M =1 .

Ccau3

Trong khdng gian Oxyz, cho duwong thing d:

x-1 y+2 z-3
-2
B(3;6;-3). Tim diém M thu¢c d sao cho tam gidc MAB ¢4 chu vi nhé nhat.

va hai diem A(-4;11) va

Lot gidi
Taco AB =(7;5-4). Chon u=(2;-2;1) 1a mot véc to chi phuong cia d .
Vi ABu=0 nén d L AB.
Goi (o) la mat phang qua A, B va vudng goc d .
Suy ra phuong trinh ctia (o) 12 (a):2x-2y+z+9=0.
e Vi A va B cé dinh nén chu vi tam gidc MAB nho nhét khi va chi khi MA+MB nhé nhit.
Diéu nay xay ra khi va chi khi M 14 giao diém cua (o) va duong thang AB .
e Giast M(1+2m;-2-2m;3+m)ed,(meR). Thay toa do diém M vao phuong trinh (o)
ta dugc 2(1+2m)+2(2+2m)+(m+1)+9=0<m=-2.
Vay M (-3;2;1) la diém cén tim.

Trong khéng gian Oxyz, cho duong thing d:

x-1 y-2 z-
2
B(14;0). Tim diém M thudc d sao cho tam giac MAB c6 chu vi nho nhét.

L \a hai diém A(-LL1) va

Loi gidi
Giast M (1+2m;2+2m;1+m)ed,m e R . Khi do
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{m(2m+2;2m+1;m) AM =+/9m* +12m+ :w/(3m+2)2+1
_ =
BM =(2m;2m-2;m+1)  |BM =/om’ —6m+5 =/(3m—1)’ +4

Vi A va B cé dinh nén chu vi tam giac MAB nho nhat khi va chi khi MA+MB nho nhat. Diéu nay
xay ra khi va chi khi biéu thac f (m)=+/9m? +12m+5++/9m?—6m+5 dat gié tri nho nhit
u= 3m+2;1 u|=AM;|V|=BM
Dit ( ):> |4| - i = f(m)=[u]+]v|>]d+V|=3V2.
V=(1-3m;2) 0+v=(33)
DAu bang xay ra khi va chi khi G cung huéng V . Biéu nay xay ra khi va chi khi

2(3m+2)=1(1-3m) > m=— =M (E;E;Zj
3 33’3

wl s
winN

Viay M (% j 1a diém can tim.

Cach 2. Dé

—+

im gia tri nho nhét cia f (m) la ding ham s6 nhu sau
3m+2 _1-3m
JOm? +12m+5  /9m? —6m+5

*

Tacé f'(m)=0<

Diéu kién can dé t 1a nghiém cua (*) thi (3m+2)(1-3m)>0< —% <m g%

Khi d6 (*) < (3m+2)°(9m* —6m+5)=(1-3m)’ (9m* +12m+5) < 4(3m+2)’ = (3m-1)’
5
2(3m+2)=3m-1 |M="3
e f— .
2(3m+2)=1-3m 1

m=-=
3

Déi chiéu diéu kién thi m = —%. Ta c6 bang bién thién

1
m —00 73 0
£'(m) - 0 ¥
+00 +00
f(m)
2

Do dé f(m) nhé nhét khi m= —%.

Vay M (lﬂg) 1a gia tri can tim.
333

Dang 2.
Cho hai diém A, Bva duong thang (d). Timtrén (d) diém M dé
a) (MA® + MB? ) dat gié tri nho nhét

b) \WH m\ dat gié tri nho nhat

c) Tam gidc MAB c6 dién tich nho nhit
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Phwong phdp. Pdy la mét dang toan dé, cach 1am rar don gian, ta chi viéc goi diém M 1 dn réi sau
d6 thé vao yéu cau dé bai 1a bai toan sé duwoc gidi quyét. Sau ddy la cdc bai todn minh hoa!

CAC BAI TOAN MINH HOA.

x=1-t

Trong hé truc Oxyz, cho duong thang (A):4y =—2+t va hai diem A(L4;2),B(-12;4)
7=2t

a) Tim diém M trén (A)sao cho MA? + MB? dat gia tri nhé nhat
b) Tim diém M trén (A)sao cho ‘Wﬁ W‘ dat gia tri nho nhét

¢) Timdiém M trén (A)sao cho dién tich tam giac MAB dat gia tri nhé nht.

Loi gidi
_ ] A m:(t;6—t;2—2t)
a) Theo gia thicttacd M e(A)nén M (1-t;—2+1t; 2t) =
MB =(-2+t;4—-t;4-2t)
Taco MA® + MB? :tz+(6—t)2+(2—2t)2+(—2+t)2+(4—t)2+(4—2t)2
=12t> ~48t+ 76 =12(t —2)" + 28> 28

Vay min(MA® +MB?)=28 khi t=2< M (-10;4)

b) Tacé = MA+MB = (2t -2;10-2t;6 - 4t)

MA = (t;6-t;2-2t)
MB =(-2+t;4—t;4-2t)

=|MA+ M| = J(2t-2) +(10-2t)’ +(6-4t) =/24t’ —96t+140
Mt khac f (t)=24t> —96t +140 = 24(t —2)" + 44 > 44
Vay min‘m+m‘ =2J11khi t=2= M (-10;4)
c) Tac AB=(-2;-2;2)= AB=23

Taco S,py = %d (M, AB).AB. Vay dién tich tam giac MAB dat gia tri nhé nhat khi khoang cach tir

M dén AB dat gi tri nho nhat. Khi d6 khoang cach tt M dén AB 1a d6 dai doan vuéng géc chung
cua AB va (A)
x=1-t'
Phuong trinh duong thang AB {y=4-t"'.
z2=2+t'
TacOM e(A) nén M (1-t;—2+t; 2t). Giasit N e AB= N (1-t4-t;2+t")
= MN =(t'-t;6-t'—t+4;2+t'-2t), Uy, =(-L-11), u, =(-112)
o 22
MN.u,, =0 —(t—t")—(6-t—-t")+2+t'-2t=0 T
Ta Cé{ AB @{ ( ) ( ) - 7

MNu, =0  |—(t-t")+6-t—t+2(2+t-2t)=0

A
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iy [ 123.3)

777
“cau? |

Trong khong gian véi hé truc toa do Oxyz, cho 2 diem A(3;-2;3);B(L0;5) va duong thang

x=-1 y-2 z7-3
1 =2
gia tri nho nhat ?

d . Tim toa do diém M 1a diém trén duong thang d sao cho MA? + MB? dat

Loi gidi
Goi | 1a diém thoa man sao cho IA+ 1B =0 thi | la trung diém cua AB.
. . - —\2 —_— —\2
Khi d6 MA? + MB? = MA’ + MB" :(MI + |A) +(|v|| + IB)

I . . . 2
—2MI” +2MI (|A+|B)+|A2+|B2 :2MI2+%

Ta thay MA? + MB? dat gia tri nho nhat khi M1°dat gié tri nho nhat suy ra M 1a hinh chiéu cia | Ién
duong thang d .
X=1+t
Phuong trinh tham sb cta duong thang d :{y =2-2t
z2=3+2t
Tacd 1(2,-14);Med=>M (t+1;2—2t;3+2t):W(t—l;S—Zt;Zt—l)

Dén déy ta c6 2 cach lam!
Cach 1. Tacd

IM (t-133-2t;2t-1) = IM2 = (t-1)" +(3-2t)° +(2t -1)" =9t* ~18t +11=9(t -1)" +2>2
Suy ra MI?dat gia tri nho nhat khi t=1= M (2; 0; 5).
Cach 2. Tac6 u, =(L-2;-2).
Ta ¢6 hé phuong trinh IM.u, =0 < 1(t-4)-2(3-2t)+2(2t-1) =09t -9=0=t=1

Trong khdng gian véi hé truc toa do Oxyz, cho 2 diém A(0;15);B(0;3;3) va dudng thing

d: %4 _ Yy % Tim toa do didm M 1a diém trén dudng thing d sao cho biéu thic ‘er W‘

dat gia tri nho nhat.

Léi gidi
Goi | 1a diém thoa man sao cho IA+1B =0 thi | la trung diém cua AB.
Khi do \l\TMW\ =\W+E+W+ﬁ\ =\2W\ =2\W
‘W‘dat gia tri nho nhat khi M 12 hinh chidu cua | 1én duong thing d .
X=4+t

Phuong trinh tham s6 cta duong thang d 4y =—1+t
z=t
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Taco 1(0;24);M ed = M (t+4t-Lt)= IM (t+4;t-3;t-4)

= IM = [(t+4) +(t-3)" +(t—4)° =37 —6t+41=3(t-1)’ +38 > /38

Vay MI? dat gié tri nhé nhat khi t =1= M (5;0;1)

Trong khong gian véi hé truc toa do Oxyz, cho 2 diém A(L5;0);B(3;3;6) va duong thing

d :x7+1 = y_—ll —Z Goi C 1a diém trén duong thang d sao cho dién tich tam giac ABC nho nhét.

Khoang cach giita 2 diém A va C 1a?

Loi gidi

Ta c6 2 duong thiang AB va d chéo nhau.
Goi C ladiémtrén d va H 14 hinh chiéu vudng goc cia C trén duong thang AB .

Vi S,ue :% AB-CH =+/11-CH nén S,,. nhé nhatkhi CH nho nhit <> CH 1a doan vudng géc chung

ctia 2 dudng thang AB va d .
Tacd AB=(2,-2;6)= U, =(L-13).
X=1+t'

Phuong trinh tham s6 cia AB [a {y=5—t’
z=3t
X=-1+2t
Phuong trinh tham sé cua d 13 {y =1-t = u, =(2,-12)
z=2t
Tacd C(-1+2t;1-t; 2t);H (1+t; 5t 3t")e AB=> CH = (t'-2t+2;—t'+t+4;3t'-2t)
o . |CHug,=0 [1t'-9t=2 ([t=1
Ta cd hé phuong trinh 4 * , =W
CHu, =0 ot'-9t=0 t'=1

Tac6 C(L; 0; 2)=AC=+29.

Dang 3.
Cho diém A va duong thing (d). Viét phuong trinh mét phang (Q)chira (d) ¢6 d(A,(Q)) lon
nhét , nho nhat.

CAC BAI TOAN MINH HOA.
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[ Cau i

Trong khong gian Oxyz cho diém A(L4;2)va duong thang (d) :X—_ll:y%2 :é. Viét phuong
trinh mat phang (Q) chua (d)sao cho d(A,(Q)) Ién nhat, nho nhat,
Loi gidi
A
T
‘__:,J. H
K

e Viétphuong trinh mat phang (Q) chira (d)sao cho d(A,(Q)) lén nhat
Goi H Ia hinh chiéu vudng géc cua A trén (Q)va K 1a hinh chiéu vudng gdc ciia Atrén (d). Theo
tinh chit doan vudng goc va doan xién thi AH < AK nén AH 16n nhat khi H =K .
Vay mat phang (Q) can tim la mat phang vudng goc véi AK tai K

Tacd K e(d) nén K(1-t;—2+t;2t) = AK =(-t;t-6;2t-2).
Puong thing (d) co vecto chi phuong a =(-1;1;2).

Mit khac AK Lacst=2.Dodé AK = _—5;_—13;5 .
3 3'3°'3

Chon vecto phap tuyén cua (Q) la n=(5;13;-4).
Chon diém M, (1;-2;0) e (d) =M, &(Q)
Phuong trinh mét phang (Q) 1a 5(x—1)+13(y+2)-4(z-0)=0 < 5x+13y—-4z+21=0.

e Viétphuong trinh mat phang (Q) chira (d)sao cho d(A,(Q)) nho nhat
Khoang cach d(A,(Q)) nho nhat < AH =0 khi d6 A thugc mat phang (Q) tic Ia ta 1ap mat phang
(Q) chira diém Ava duong thang (d).
Taco AM, =(0;-6;-2)va | AM;d | =(~10;2;-6) =-2(5;-1;3).
Mt phang (Q) chira va A(L4;2) c6 mot vecto phép tuyén b =(5;-1;3).
Phuong trinh (Q):5(x—1)-1(y—4)+3(z2-2)=0<5x-y+3z-7=0.

Dang 4.

Cho hai duong thang d, d'. Viét phuong trinh mét phang (P) chia d va tao véi duong thang d '
mét goc 16n nhat.

Phwong phap hinh hoc.

Trudc hét ta xét truong hop d va d ' chéo nhau.

Goi M 1a mét diém nao d6 thudc d , dung duong thang qua M va song song véi d'. Lay diém A
¢ dinh trén dudng thang d6. Ha AH L(P), AK Ld.
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Géc giira mat phang (P) va duong thang d ' 1a AMH . Tacé cos AMH _% > %

Ma % khong d6i nén AMH 16n nhit khi cos AMH nho nhithay H =K |
Mt phang (P) can tim la mat phang chira d va vudng goc véi mat phang (AKM ), hay vecto phap
tuyén cua (P) vudng géc véi hai vecto u, va [EE}

Nén vecto phép tuyén cua (P) la n( o) = [ud ,[E,Eﬂ

Truong hop d va d' cit nhau tai M , bai toan giai tvong tu nhu trén ta déu co vecto phap tuyén
cua (P) la ng, :[ud,[ud,udﬂ.
Phwong phdp ham sé.
Ta c6 thé giai bang phuong phap chuyén vé tim gié tri 16n nhat (nho nhat) caa ham sé theo cac budc
e Goi (P): Ax+By+Cz+D=0,A’+B*+C*>0
e Vi (P)chta d nén (P) di qua hai diém M,N ed . Khi d6 céc tham so6 A B,C,D s& phu
thudc vao hai trong bén tham sd, ching han d6 1a A, B. Ta giai diéu kién n.MN =0 dé rat
hai 4n C, D theo A,B
e Xac dinh goc giita duong thang d ' va mat phang (P). Pay 1a mot phén thac hai bién A, B

Véi tir thire va mau thic cling bac, nén cé thé chuyén vé mot bién t = —

o Khaosatham f (t) d@é xac dinh gia tri I6n nhét (nho nhét)

CAC BAI TOAN MINH HOA.

Cho hai duong thang d:

x-1 y;z _21 s d XZZ Y_—l_lzg, Lap phuong trinh mat phang

(P) chita dwong thang d va tao véi duong thang d 'mat gdc 16n nhat.

Loi gidi
Céch 1. Sir dung phwong phdp hinh hoc.
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Van dung két qua da chimg minh trong phan Ii thuyét, ta c6 mat phiang (P) can tim qua M va c6
vecto phap tuyén cua (P) 1a @ = [E,[E,qﬂ :
Taco Uy =(L2-1), Uy =(2-12) =[u,,u, |=(3-4-5).
Do do nj,, = [q,[q,ujﬂ =-2(7;-1;5).
Vay phuong trinh mt phang (P):7x—y+5z-9=0.
Céch 2. Sir dung phwong phdp ham sé.
Puong thing d di qua hai diém M (1—2;0), N (2;0;-1).
Phuong trinh mp(P) qua M ¢ dang (P): A(x-1)+B(y+2)+Cz=0,A’+B*+C*>0.
Vi (P) qua N nén C=A+2B.
Ta co n,, =(AB;A+2B), A”+B’+(A+2B) >0 va u, =(2-12)nén goc giita mp(P) va duong

thing d’ 1a o thoa méan sina=‘cos(@,u7,) _ [4A+3B|
3 /A +B+(A+28B)
Néu B=0 thi A=0 nén sina=¥
. A ,
Néeu B#0 thltadatt:E,teR,taco
1| (4t+3)° (4t+3)°
SIno= 2 vatss 3" T 22 +4t+5
Vi f’(t)=4(4t+3)(t+72) nén max f () =2 khi va chi khi t=—7 hay A=—7B.
(2t* +4t+5) 3

Tuacla (P):7x-y+5z-9=0
Ma trén khoang [O;gj thi sino 16n nhét dat duoc twong tng Vi o 16n nhat nén

53

maXa:arcsinT khi (P):7x—y+5z-9=0.

Cho hai duong thing d : >

-2 _ y—lz z+1 va d' X—2 _ y—2 _ Z+2
2 -2 1 1 2
phiang (P) chira duong thang d va tao véi duong thang d 'mot goc 16n nhat,

. Lap phuong trinh mat

Lot gidi
Céch 1. Sir dung phwong phdp hinh hoc.
Puong thing d di qua diém M (2;1,-1) va c6 vecto chi phuong U, = (12;-2).

Puong thing d’ co vecto chi phuong U, =(L1;2)

Ta c6 mt phang (P) can tim qua M va c6 vecto phap tuyén cua (P) 1a
Np) = [ud,[ud,ud ﬂ
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Taco [E @] =(6;-4;-1).
Do do n,, = [@,m, @ﬂ = (~10;-11;-16).

Vay phuong trinh mét phang (P):10x+11y +162-15=0.

Céch 2. Sir dung phwong phdp ham sé.
Duong thang d di qua hai diémM (2;1,-1), N(L-1L1).

Phuong trinh mp(P) qua M c6 dang
(P):A(x-2)+B(y-1)+C(z+1)=0,A*+B*+C* >0.
Vi (P) qua N nén A=-2B+2C..
Ta co n, =(-2B+2C;B;C),(-2B+2C) +B*+C* >0 va u, =(11;2) nén géc giita mp(P) va d’
|4C - B|
6+/5B2 —8BC +5C>

1a o théa man sina:‘cos(qig,fw) =

Néu C =0 thi B=0 nén sinoc:i

65
Néu C¢Othitadétt:§,teR,tacé
1 (-4
SiIno.=—
““% 8t+5 6V —8t+5
16t -11)(t-4
Vif'(t):( )( 2) maxf(t):—?’khlvach1kh|t—11 :EChyA—EC
16 16 16

(5t2—8t+5)
Tuc 1a (P):10x+11y +16z -15=0.

Ma trén khoang [O;gj thi sino 16n nhét dat duoc twong tng voi o 16n nhat nén

53

max o, = arcsinﬁ khi(P):10x+11y +16z-15=0

Trong khong gian véi hé toa d6 Oxyz, cho mit phang (P):x+y—z+1=0 va duong thang

hai diém A(L2;-2), B(2;0;-1). Viét phuong trinh mt phing (Q) chua

x=-1 y-2 z+2

(d): X222
1 2 1

duong thang d va tao véi mat phang (P) mat goc nhé nhat.

Loi gidi
Goi A la giao tuyén cua hai mat phang (P) va (Q)g Khi d6 goc giita (P) va (Q) nho nhét khi va chi
khi ALd .
Taco (P)co vécto phap tuyén n=(LL-1) va u, =(L-2:1) = u, = n,u, |=(-1-2-3)
Suy ra vécto phap tuyén ctia mat phang (Q) 1a n( [ud } (8,2,-4)=2(41-2)
=(Q):4(x-1)+(y-2)-2(z2+2)=0<4x+y-2z-10=0
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Trong khong gian véi hé truc toa do Oxyz, cho hai diém A(LL0), B(2;3;2) va mit phang
(a):x—2y+2z-5=0. Goi (P) la mit phang di qua hai diém A, B va tao véi (o) mot goc nho
nhét. Phuong trinh mét phang (P) c6 dang ax+by+cz+d =0 (a,b,c,d € Z va a,b,c,d <5). Khi
do tich ab.c.d bang bao nhiéu?

Loi gidi

Goi A la giao tuyén cua hai mit phang (P) va (Q)g Khi d6 goc giita (P) va (Q) nhé nhét khi va chi
khi A L AB .
Tacd (P)cd vécto phap tuyén n=(3-2;2) va AB=(L2;2) =>u, =|n,AB | =4(-2,0;1)
Suy ra vécto phap tuyén cia mat phing (Q) Ia @ = [E QJ =4(-2;5,-4)
Phuong trinh mit phing (Q)

—2(x-1)+5(y-1)-4z=0< -2x+5y-4z7-3=0 < 2x-5y+4z+3=0.
Vay abcd =2.(-5).4.3=-120,
Dang 5. » » ’
Trong khong gian véi hé truc toa do Oxyz, cho hai diém A, B va duong thang d . Viét phuong

trinh duwong thang A di qua A, cat d va cach diém B mot khoang I6n nhat.
Phwong phap

B

Goi H lahinh chiéu ciia B trén A =d(B,A)=BH > AB.
= d(B,A) I6n nhat khi va chi khi A L AB.
Cach 1.

d A
p

Goi (P) la mit phang xéc dinh boi diém A va duong thang d .
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e AdiquaAcitd =Ac(P).
e A cach B mot khoang Ién nhat khi A L AB.
e ALAB=u, LAB.

o AcC (P) = Q 1 E
= u; =[n;, 78]
Buéc 1. Ldy M ed suy ratim n, =[m@]
Bube 2. U, =[ ny, AB |
Buéc 3. Viét phuong trinh dudng thang A di qua A va c6 vecto chi phuong i = [nt, ﬁ]

Chay. Kiém traxem A c6 cat d khong?
Cach 2.

Do diqua A va AL AB nén A niam trong mat phiang (Q) diqua A vavudng goc AB.
e Dung (Q) diqua A vavuéng géc AB.
e Tim giao diém C=dn(P).
e Viét phuong trinh duong thang A diqua A va C.

CAC BAI TOAN MINH HOA

Trong khdng gian véi hé truc toa dd Oxyz, cho hai diém A(2;3;1), B(L-10) va duong thang

d: XT_]' = % = 2;12 Viét phuong trinh duong thang di qua A, cit d va cach diém B maot khoang
I6n nhat?
Loi gidi
Cach 1.

Goi (P) la mat phang xac dinh bai A va d .
L4y hai diém M (1,0;2)ed .

AM=(-5-8Y)
Taco {Ud _(23-1) =n, _[AM,ud]_(O,l,B)
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e e e x=2 y=3 -1
Mt khdc AB =(-1-4;-1)=u, =| n,, AB | =(11-31) = A: TRt

Taco u, (11-3;1) khdng cing phuong véi u, nén A thoa mén.
Cach 2.
Goi (Q) la mat phang di qua A vavudng goc véi AB.

Tacd AB=(-1-4;,-1) = (Q):x-1+4(y-3)+2z-1=0 < (Q):x+4y+2-15=0.
Goi C=(Q)nd.Ma Ced=C(1+2t;3;2-1)

Ce(Q):l+2t+th+2—t—l5=Oc>t:%SEZ(E;—E;lj

13 1313
. . .= (11 3 1) . ,
Taco A diqua A vanhan AC =| —;——;— | lam vecto chi phuong
13 1313
:A:x—zzy—?a:z—l
11 -3 1

[ cau2

Trong khong gian véi h¢ truc toa o Oxyz , cho hai diem A(0;-2;-1), B(2;-11) va duong thing

Xx=1 y+1 z+2
21
khoang 16n nhat?

d . Viét phuong trinh duong thang di qua A, cat d va cach diém B mot

Loi gidi
Goi (P) la mit phang x4c dinh béi A va d .
Lay hai diem M (L-1-2)ed .
|AM=(13-1) . .
Taco =n, =| AM, AN |=(4,-1,3)

ug =(-2;1;3)
Ma AB=(2;1;2)
= E = [ni, E] = (—5; —2,6) khong cung phuong vi E =(-2;1,3) nén A thoa man.

A . X y+2 z+1
Vay phuong trinh A: =5 T
Dang 6.
Trong khong gian Oxyz , cho hai diém A, B va dudng thang d . Viét phuong trinh dudng thang A
diqua A, cit d vacach diém B mot khoang nho nhat.
Phwong phap
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o5

a A
H K

p

Goi (P) la mat phang di qua diém A va chia duong théng' d. Goi H,K lan luot Ia hinh chiéu
vudng goc cua diém B trén mat phang (P) va trén duong thang A. Do A di qua A cit d nén
AcC (P) .

Tacé d(B,A)=BK>BH .

Do d6 d(B,A) nhé nhatkhi K=H hay A di qua hai diém A va H.

=u, =kAH , (k = 0).

Cha y: Ta phai kiém tra xem duong thang A ¢6 cit duong thang d khdng? Do A va d nam trong
cling m3t phang (P) nén néu u,, u, khdng cing phuong thi A cit duong thing d .

CAC BAI TOAN MINH HOA

Trong khdng gian véi hé truc toa ¢ Oxyz, cho hai diém A(0;-12), B(2;L1) va duong thang

d :%”:%:Z—_lz. Viét phuong trinh duong thing A di qua A, cit d va cdch didm B mot

khoang nho nhit

Loi gidi
Goi (P) la mat phang di qua diém A va chta du(‘rnij thang d . Goi H,K lan luot Ia hinh chiéu vudng
gdc cia diém B trén mat phang (P) va trén duong thang A. Do A di qua A cit d nén Ac(P).
Taco d(B,A)=BK =BH. Do d6 d(B,A) nho nhat khi K=H hay A di qua hai diém A va H
=u, =kAH (k #0)
Ly M (-10;2)ed Taco AM =(-L%0),u; =(2L-1), | AM,u; |=(~1-1-3)
:TP) =[mi] =(-L-1-3)
Phuong trinh mat phang (P) 1a -1(x-0)-1(y+1)-3(z-2)=0< x+y+3z2-5=0.
X=2-t

Phuong trinh dudng thing BH 1a{y=1-t (teR)
z=1-3t

Toa do diém H (2-t;1-t;1-3t) tng véi tham s6 t théa man
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2—t+1—t+3(l—3t)—5:0<:>t:1—11

11 1111 1111 11
11—
Chon U, :7AH =(3,3,-2)
Dé thay Q, E khong cung phuong nén A cat duong thang d .

Vay phuong trinh duong thang A 1a g = yT-l_l = 2;22

X=2-t

Trong khong gian Oxyz , cho hai diém A(L2;4), B(L2;,-2) va duong thang d :4y =-1+t. Viét
72=2
phuong trinh duong thang A diqua A, cat d va cach diém B mot khoang nho nhat.

Loi gidi
Goi (P) la mat phang di qua diém A vachta du(‘yngg thang d . Goi H,K lan luot Ia hinh chiéu vudng
goc cua diém B trén mat phang (P) va trén duong thang A. Do A diqua A cit d nén Ac(P).
Tacé d(B,A)=BK>BH .
Do d6 d(B,A) nho nhat khi K =H hay A di qua hai diém A va H = u, =kAH ,(k £0)
Lay M (2;-12)ed
Taco AM =(L-3-2),u; =(-510), | AM U, |=(2,2-2)

=N = %[m U |=(L1-1)

Phuong trinh mét phang (P) 12 1(x-1)+1(y-2)-1(z-4)=0< x+y-z+1=0.
X=1+s

Phuong trinh duong thing BH 12 {y=2+s (seR)
Z=-2-5

Toa do diém H (1+5;2+s:-2—5) ing v6i tham s6 s thoéa man

1+5+2+5—(-2-5)+1=0es=-2 = H(-10;0) = AH =(-2,-2,-4),
— 1—
Chon U, =-5AH =(112).

Dé thay Q, @ khong cling phuong nén A cét duong thang d .
x-1 y-2 z-4
1 2

Vay phuong trinh duong thang A 1a

Dang 7.
1. Tim M sao cho P =a,MA’ +a,MA? +...+ o, MA?

a) Nho nhat khi o, +a, +...+a, >0

b) Lén nhat khi o, + o, +...+a, <0
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Phwong phap.

2. Tim M saocho P = ‘alM—Al+0c2@+...+ anM‘ nhé nhat hoic 16n nhat, trong d6 Zn:ai #0.
i=1

Goil 1a diém thoa man hé thirc o, IA +a,IA, +...+0 1A =0 diém | tén tai va duy nhat néu

Zn:oci # 0. Khi do:

i=1

P =0y (MI+1A) +o, (M +1A)) +..t o (M +1A ) = (0 + 01, 4.4 0t ) IM? +Y o, 1A

i=1

Do )" o,IA? khong doi nén
i=1

e Néu a,+a,+..+0a, >0 thi P nho nhat < MI nhé nhat

e Néu a,+a,+..+a, <0 thi P I6n nhit < MI 16n nhat

al(m+m)+a2(m+@)+...+an(W+W)‘= Do
i=1

Do d6 P nho nhat hodc 16n nhat <> M1 nhé nhat hodc 16n nhat

e Néu M thudc duong thang A (hodc mit phing (P)) thi MI 16n nhat khi va chi khi M [a hinh

chiéucua | 18n A (hodc (P)).

2. P= Mi

e Néu M thudc mat cau (S) va dudng thang di qua | va tam cta (S), cit (S) tai 2 diem A B
(1A> IB) thi MI nho nhét (I6n nhat) <> M =B (M = A)

CAC BAI TOAN MINH HOA.

Trong khong gian toa do Oxyz, cho diém A(L2;-1), B(3;,-2;1), C(5-12). Tim diém M trén

mat phiang Oyz sao cho MA? + MB? —MC? dat gia tri nho nhét.

Loi gidi

Goi diém 1(x;y;z) thoa mén: 1A+1B—1C =0
1-x+3-x-(5-x)=0 X=—1

Khidé:<2-y+(-2-y)-(-1-y)=0&=4y=1 <I1(-11-2)
~1-z+41-72-(2-2)=0 z=-2

IA* +1B? — IC* = (4+1+1)+(16+9+9)—(36+4+16)=-16
= MA? + MB? ~MC? =(MI +1A) +(MI +1B) —(MI +IC) =MI?+ 1A + IB? - IC?
Vé6i diém | cb dinh, IA2+IB?—IC?*=-16 va diém M trén mait phing Oyzsao cho
MA? + MB? — MC? dat gia tri nho nhat < M I hinh chiéu cua | trén mat phing Oyz.
Vay M (0;1-2).
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Trong khong gian toa do Oxyz , cho diém A(L2;,-1), B(3;,-2;1), C(5-12). Tim diém M trén
mat phang (P):x+2y—z-5=0 sao cho MA? ~MB* - MC? dat gia tri I6n nhat.

Loi gidi
Goi diém 1(x;y;z) théaman1A—1B—1C =0
1-x-(3-x)-(5-x)=0 Xx=7
Khi d6 42-y—(-2-y)—(-1-y)=0<y=-5<1(7;-5;4)
-1-z-(1-2)-(2-2)=0 z=4

IA? —IB? — IC? = (36+ 49 + 25)— (16 + 9 +9) — (4 +16+ 4) = 52
= MA® ~ MB? ~MC? = (Ml + IA) —(MI +1B) —(MI +IC) =-MI?+ 1A* - 1B - IC?
Véi diém | co dinh, IA*—1B*—1C*=52 va diém M trén mat phang (P)sao cho bieu thuc
MA? — MB? —MC? dat gia tri I6n nhat < M Ia hinh chiéu cua | trén mat phang (P).
X=T7+t
Goi duong thang d qual vavudng goc véi mat phang (P) =d:dy=-5+2t
z=4-t
M I3 hinh chiéu cua | trén mat phang (P) 1a giao diém cua(P)va d
X=7+t
Ta ¢6 hé phuong trinh ::5:2t 7 +t42(-5+42t) -4+t -5=0t=2= M (9;-13)
X+2y-2-5=0
Vay M (9;-1,3).

Trong khong gian toa do Oxyz, cho diém A(L2;-1), B(3;,-2;1), C(5-12). Tim diém M trén

mat phang Oxz sao cho ‘M_A+ 2@—4%‘ dat gié tri nho nhét.

Lot gidi
Goi diém 1(x;y;z) théamanIA+21B—4IC =0
1-x+2(3-x)-4(5-x)=0 x=13
Khi d6 {2-y+2(-2-y)-4(-1-y)=0=y=-2<1(13,-2;7)
-1-z+2(1-2)-4(2-2)=0 z=17
:‘W\+2W—4W‘:‘—W‘= MI
V6i diém | cb dinh diém M trén mit phidng Oxz sao cho ‘er 2W§—4Wf‘ dat gia tri nho nhat <

M 14 hinh chiéu cua | trén mat phing Oxz.
Vay M (13;0;-2).
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Trong khong gian toa do Oxyz , cho diém A(L2;,-1), B(3;,-2;1), C(5-12). Tim diém M trén
mat phing (P):x+y—2z+6=0 sao cho ‘M_A—Sm+3m‘ dat gia tri nho nhat.

Loi gidi
Goi diém 1(x;y;z) thoa man1A—5IB +3IC =0
1-x-5(3-x)+3(5-x)=0 X=-1
Khi d6 42—y—-5(-2-y)+3(-1-y)=0<4y=-11<1(-1-110)
~1-z-5(1-2)+3(2-2)=0 z=0

:‘W—5W+3W‘ :\—W\ =Ml
V6i diém | cb dinh diém M trén mit phing (P)sao cho \Wﬂ 2@—4%\ dat gia tri nhé nhat <

M la hinh chiéu cia | trén mat phang P .

X=-1+t
Goi duong thang d qual vavudng goc véi mat phang (P) =d:qy=-11+t
z2=2t

M 13 hinh chiéu cua | trén mat phang (P) 1a giao diém cua(P)va d

Ta c0 hé phuong trinh

X=-1+t

y=-11+t

L ot = —1+t+(-11+t)+4t+6 =0 t=1< M (0;,-10;-2)
X+y—-2z+6=0

Vay M (0;-10;-2)

Dang 8. Cho mit cdu (S):(x—a) +(x—b)"+(x-c)’ =r?, va (a): Ax+By+Cz+D=0. Tim
diém M trén mit cau sao cho khoang cach tir né dén mat cau dat gia tri Ion nhat hoic gia tri nho
nhét!

Phwong phap

Gia st mat cau c6 tam I (a;b;c), ban kinh r. Goi H 14 hinh chiéu cia | 1&n mp(a.).

e Truwong hopl. IH >R:>(S)m(0c)=®
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Goi (A) 1a duong thang qua | va vudng goc véi (o), (A) cat (S) tai hai diém M;M,.
Giasit d(M,,A)>d(M;,A)=VYM &(S):d(M,,(a))<d(M,(a))<d (M, (a)).
Vay M, la diém thudc mat cau c6 khoang cach dén mp(a) dat max va M, la diém thugc mat cau
c6 khoang cach dén mp(a) dat min.
e Truonghgp2. IH=R=(S)n(a)={H}: Mit cau ti¢p x(ic mat phang tai H .
M

o H

s
Taco (A) 1a duong thang qua | va vudng goc véi (), (A) cét (S) tai hai diém H;M |
Khi d6 d(H,(c))=0=min;d (M, (a))=max.

« Truomg hgp 3. IH <R=(8) () =(H,R=r*~1H?)

Mit cau cit voi mp(a) theo giao tuyén la duong tron (C) tdm H ban kinh R=+/r*—1H? . Goi
(A) 1a dwong thang qua | vavudng goc véi (), (A) cat (S) tai hai diém M,; M, (M, thudc tia

HI) thi M, 1a diém thudc mat cau c6 khoang cach dén mp () dat max va tap hop tat ca cac diém

thuoe duong tron (C)1a diém thuoc mat cau ¢ khoang cach dén mp(a) béng 0 tirc dat min.

CAC BAI TOAN MINH HOA.

Trong khéng gian véi hé toa d6 Oxyz cho mat cau (S):(x+1)2 +(y—2)2 +(z—3)2 =49 va mat

phang (o):2x—3y+6z—72=0. Tim diém M thudc sao cho khoang cach tir M dén mp(a.) 1a
1. Lén nhat
2. Nho nhét
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Loi gidi

Mt cau (S) c6 tam 1(~12;3)va ban kinh r =49 =7.

~ 2(-1)-3.2+6.3-72| 62

\/22+(—32)+62 7>r:>(8)m(oc)=®

Taco d(1,(a))

X=-1+2t
(A) 1a duong thang qua | vavudng goc véi (a), (A):sy=2-3t ,(teR).
Z=3+6t
Giao diém ctia (A) va (S) l1a nghiém hé phuong trinh
X=-1+2t
y=2-3t M, (3-19)
&
z=3+6t M, (~3;5;,-3)

(x+1)2 +(y—2)2 +(z—3)2 =49
21-3.(-1)+6.9-72| 13 2.(-3)-35+6.(-3)-72| 111
_| \/zzi()32)+62 ‘:7;d(M2,(0L)):‘ ( \/)22+(32)(+63 ‘27
a) Vay M, (-3;5,-3)e(S) thi khoang cach tir M, dén mp(a) 1a I6n nhét.
b) Vay M, (L-19)e(S) thi khoang cach tir M, dén mp(a) Ia nhé nhat,
thonggna@gmail.com

Taco d(M,,(a))

Dang 9.
X=X, +at

Cho mit cau (S):(x—a)’ +(x—b)"+(x—c)*=R?* va dudng thing (d):{y=y,+bt,(teR).
Z=12,+Ct

Tim diém M trén mit cau (S) sao cho khoang cach tir né dén duong thang d dat gia tri I6n nhat
hodc dat gia tri nho nhat?
Phwong phap
Mt cau c6 tm 1 (a;b;c), ban kinh R. Goi H 1 hinh chiéu vudng géc cua | 1én dudng thang d .
Khi do say ra cac truong hop sau

e Truong hep 1. IH >R hay (S) va d khong c6 diém chung.

M2

H
Goi M,;;M, lan luot 1a giao diém cua duong thang IH va matcau (S) . Khong mét tinh tong quat,
ta gia sc HM, > HM,.
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Vi M thuge mat cau (S), tacd M,H >d (M;d)>M,H , dau bang xay rakhi M =M,va M =M,

Vay khoang cach tir M dén duong thang d dat gia tri 1on nhat khi M = M, va dat gid tri nho nhat
khi M =M,
e Truonghgp2. IH =R hay (S) va d tiép xtic véi nhau.
M2

H
Goi M,;M, lan lugt la giao diém cua duong thang IH vamit cau (S) . Khong mat tinh tong quat,

tagiasc M, =H .
Véi M thuge mat cau (S), tacé M,H >d(M;d)=0, dau bang xay rakhi M =M,va M =H .
Vay khoang cach tir M dén duong thang d dat gia tri I6n nhat khi M = M, va dat gia tri nhé nhat
la0 khiM=H.
e Truong hgp 3. IH <R hay (S) va d cét nhau tai hai diém A va B.
M

B

Goi M,;M, lan luot la giao diém ciia duong thang IH va mat cau (S) trong &6 M, ndm trén tia
HO . Khido M,H >d(M;d)>0.

Hon nita, d (M;d)=0khi M = A hoic M =B va d(M;d)=M,H khi M =M,.

Vay khoang cach tir M dén duong thang d dat gia tri I6n nhat khi M = M, va dat gié tri nho nhat
la0 khi M =A hoic M =B.

CAC BAI TOAN MINH HOQA

Trong khdng gian véi hé toa d Oxyz cho: mat cau (S):(x—2)" +y? +(z—2)" =6 va duong thing

X=1+t
d:qy=1-t .Timdiém M thuoc (S) sao cho khoang cach tir M dén dudng thang d 1a
Z=—6-t
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1. Lon nhat 2. Nho nhat
Loi gidi
Mat cu (S) c6 tam 1(2;0;2) va ban kinh r = /6 .
Goi H lahinh chiéu vuéng géccia | 1én d .
Vi Hed nén H(1+t;1-t;-6—t). Khido HI = (1-t;-1+t;8+1) .

Ma IH Ld suyra Hlu, =0 1-t+1-t-8-t=0ct=-2,

Khi d6, ta tim duoc H (-1,3;—4) va IH =+/54 >R nén (S) va d khong c6 diém chung.
X=1+t

Puong thang IH c6 phuong trinh {y =1-t.
=2t

Goi M,; M, lan luot 1a giao diém cia duong thang IH va mat cau (S) .

Xx=1+t

y=1-t

z=2t

(x—2f+y2+@—2f:6

Khi d6, toa d6 cac diém M ; M, théa man hé

Giai hé ta tim duoc M, (L,1,0); M, (3;-14).

Khi d6 M,H =42 ,M,H =26

Véi M thuoe mat cau (S), tacd 4+/2>d(M;d)> 26, ddu bing say rakhi M =M,va M =M,.
Vay khoang cich tr M dén duong thang d I6n nht bing4+v2 khi M =M, (3;-14)va nho nhit
bing 2v6 khi M =M, ($110).
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CAC BAI TOAN TONG HOP

Cau 1. Trong khong gian véi hé toa dd Oxyz , cho mat phiang (P):3x—3y+2z—-15=0 va ba diém
A(42;0), B(L-13),C(L-L-1). Biem M (X,;Yy;2,) thudc (P) sao cho 2MA? — MB? + MC?nhé
nhat. Gia trj 2x, + 3y, + z, bang?

A. 11 B.5 C.15 D. 10
Cau 2. Trong khong gian véi hé toa do Oxyz, cho ba diém A(1;4;5), B(3;4;0), C(2;-1;0) va
mat phang (P):3x-3y—2z-12=0. Goi M (a;b;c) thudc (P) sao cho MA? +MB?+3MC’ dat

gia tri nho nhat. Tinh tong a+b+c.
A 3 B. 2 C. -2 D. -3
Cau 3. Trong khong gian Oxyz , cho mat phang 5 va ba diem A(L2;1) , B(0;12), C(0;0;3). Biém

M (Xo; Yo Zo) thudc (P) sao cho MA? +3MB? +2MC? dat gia tri nho nhat. Gid tri x, +2y, -z,

bang?
A2 B. 2 c. % p. 24
9 9 9 9

Cau 4. Trong khdng gian véi hé toa d6 Oxyz, goi (P) la mit phang di qua hai diém A(L-7;-8),
B(2;-5;-9) sao cho khoang cach tir diém M (7;-1-2) dén (P) dat gia tri I6n nhét. Biét (P) c6
Mot vécto phap tuyén 1a fi = (a;b;4), khi d6 gié tri cuatong a+b la

A. -1 B. 3 C.6 D. 2
Cau 5. Trong khdng gian véi h¢ toa o Oxyz , cho hai diém M (-2;-2;1), A(L2;-3) va duong thiang

x+1 -5 z _. _ . . R . .
d: 2= Yo _ — . Tim mét vecto chi phuong U cua duong thang A di qua M , vudng gbc vai

2 2 -1
duong thang d dong thoi cach diém A mot khoang bé nhat.
A U=(22-1) B. ii=(L7;-1) C. 0=(%0;2) D. U =(34-4)

Cau 6. Trong khdng gian véi hé toa do Oxyz, cho bén diém A(7;2;3), B(L4;3), C(L2;6),
D(L2;3) vadiém M tly y. Tinh OM khi biéu thic P = MA+MB +MC ++/3MD dat gi4 tri nho
nhét.

A. OM =3+/4Z B. OM =+/26 C. OM =14 D. OMzﬁ
Cau 7. Trong khdng gian véi hé truc toa do Oxyz, cho hai mat ciu (S,):x*+y?+2% =1,

(S,):x2+(y—4) +2° =4 va cic diém A(4;0,0), BG;O;O), C(L4;0), D(4;4;0). Goi M 1a

diém thay doi trén (S;), N 1a diém thay doi trén (S,). Gia tri nho nhat cua biéu thuc
Q=MA+2ND+4MN +6BC la

A. 24265 B. V265 C. 34265 D. 7265

2 2
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Cau 8. Trong khong gian toa do Oxyz cho A(13;10), B(4;6;5) va M la diém thay déi trén mat
phing (Oxy) sao cho MA, MB clng tao véi mt phiang (Oxy) cac goc bang nhau. Tinh gié tri nho
nhat cia AM ?
A. 63 B. 10 C. V10 D. 82

Cau 9. Trong khdng gian véi hé toa do Oxyz, cho hai mat phang (P):x—y+z+3:0,
(Q):x+2y—2z-5=0 vamitcau (S):x*+y?+2z>-2x+4y—6z-11=0. Goi M 1a diém di dong
trén (S) va N 1a diém di dong trén (P) sao cho MN ludn vudng goc véi (Q) . Giatri I6n nhat cua
d6 dai doan thang MN bang?

A 9+543 B. 28 C. 14 D. 3+543
Cau 10. Trong khong gian Oxyz, cho diem 1(10;0), mit phang (P):x—2y—2z+1=0 va dudng
X=2
thang d:qy=t .Goi d' la duong thang di qua diém | va vudng goc véi mat phing (P), M a
z=1+t

hinh chiéu vudng gdc ctia | trén mat phang (P), N la diem thuge duong thang d sao cho dién tich
tam gidc IMN nho nhat. Toa d6 diém N la

A. N Z;E;§ B. N Z;E;Z C. N 2;§;E D. N 2;—5;—§
2 2 2 2 2 2 2 2

2
Cau 11. Trong khong gian véi hé toa do Oxyz, cho (Sm):(x—l)z+(y—1)2+(z—m)2 :mT (voi
m> 0 la tham so thuc) va hai diém A(2;3;5), B(L2;4). Tim gia tri nho nhat cua m dé trén (S, )
ton tai diém M sao cho MA® -~ MB* =9.

48
2
Cau 12. Trong khéng gian voi hé truc toa d6 Oxyz cho ba mat phang: (P):x—2y+z—1:0,

A m=1 B. m=3-+/3 C. m=8-43 D. m

(Q):x-2y+z+8=0, (R):x—2y+z-4=0. Mot duong thang d thay doi cit ba mat phang (P),

(Q), (R) lan luot tai A, B, C. Timgiatri nhé nhatcua T = ABH%,

A. 7233 B. 96 C. 108 D. 7234
Cau 13. Trong khéng gian véi hé toa do Descartes Oxyz, cho diém A(3;—1;0) va duodng thang

X=2 y+1 z-1

d:i—== . Mt phing (a) chia d sao cho khoang cach tir A dén (o) l6n nhét co
phuong trinh la
A Xx+y-z2=0 B. x+y-z-2=0 C. x+y—-z+1=0 D.—x+2y+z+5=0

CAu 14. Trong khong gian cho ba diém A(LL1), B(-12;1), C(3;6;-5). Biém M thudc mat phang
Oxy sao cho MA? + MB? + MC? dat gi4 tri nho nhat I1a
A. M (1,2;0) B. M (0;0;-1) C. M(13;-1) D. M (13;0)
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Cau 15. Trong khong gian véi hé toa 46 Oxyz , cho hai diém A(-3;0;1), B(L-13) va mat phang
(P):x—2y+2z-5=0. Viét phuong trinh chinh tic cua duong thang d di qua A, song song Véi
mat phang (P) sao cho khoang cach tir B dén d nhé nhat,

_x+3: y z-1

Ad X3y _ 271 B.d: -
26 11 -2 26 11 2

c.g-Xr8_y_z-1 D g-Xt3_y_z-1
26 11 2 -26 11 -2

Cau 16. Trong khdng gian Oxyz, cho diém A(L L 2) va mit phang (P):(m-1)x+y+mz-1=0,
voi m 1a tham so. Biét khoang cach tirdiém A dén mat phang (P) 16n nhat. Khang dinh dung trong
bon khang dinh dudi day 1a

A.2<m<6 B. Khéng c6 m. C. 2<m<?2 D. 6<m<-2
Cau 17. Trong khéng gian voi hé toa 46 Oxyz, cho diém M (%;%;OJ va mgt cau (S):

X’ +y?+2>=8. Duong thang d thay doi di qua diém M , cat mat cau (S) tai hai diem phan biét A
, B. Tinh dién tich Ién nhat S cua tam giac OAB .

A S=4 B. S=27 C.S=+7 D. S=22
Cau 18. Trong khong gian Oxyz, cho hai diém A(0;-1;2),B(1;1;2) va duong thing

x+1 y z-1 L he A . 2 . Y ea s
d s Bictdiem M (a;b;c) thudc duong thang d sao cho tam gidc MAB c6 dién tich
nho nhét. Khi d6, gid tri T =a+2b+3c bang

A 5 B. 3 C. 4 D. 10

Cau 19. Trong khdng gian Oxyz, cho mt phang (a):2x+y-2z+9=0 va ba diém
A(2;1;0),B(0;2;1),C(1;3;-1). Piém M e(a) sao cho \2W\+3m-4m\ dat gia tri nho nhét.
Khang dinh nao sau day dung?

A Xy +Yu -ty =1 B. Xy +Yu +Zy =4 C. X, +Yu+Zy =3 D. X, +y,+2,=2

Cau 20. Trong khéng gian Oxyz, cho duong thing A:%:yT_lzi va hai diém A(L2;-5),

B(-10;2). Biétdiém M thuoc A sao cho biéu thic T =|MA—MB| dat gia tri I6n nhédt1a T, . Khi
do, T bang bao nhiéu?
AT, =3 B. T, =2/6-3 C. T, =~/57 D. T, =36

Cau 21. Trong khdng gian véi hé truc toa dd Oxyz, cho hai diém A(2;1;3), B(6;5;5). Goi (S) la
mat cau c6 duong kinh AB . Mat phang (P) vudng goc véi doan AB tai H sao cho khéi non dinh
A va day la hinh tron tam H (giao cua mat cau (S) va mat phang (P)) c6 thé tich 16n nhét, biét
rang (P):2x+by+cz+d=0 véi b, c, deZ.Tinh S=b+c+d.

A. S=-18 B. S=-11 C.S=-24 D.S=-14
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Cau 22. Trong khong gian véi hé toa d6 Oxyz cho cac diém A(4;2;5), B(0;4;,-3), C(2;-3,7).
Biét diém M (X,; Y,;2,) Nam trén mat phang Oxy sao cho ‘W+W+W‘ dat gia tri nho nhat. Tinh
tong P=X,+Y,+2.

A P=-3 B. P=0 C. P=3 D. P=6

A N . i LA R . 2 x-1 'y z+2 .. ..z
Céu 23. Trong khong gian véi hé toa d6 Oxyz, cho duong thang A: > 1 1 va hai diém
A(0;-13), B(L-2:1). Tim toa do diém M thudc dudng thang A sao cho MA® +2MB? dat gia tri
nhé nhat.

A. M (5;2;,-4) B. M (-1-1-1) C. M(L0;-2) D. M (3,1;,-3)

z-1

-

Cau 24. Trong khdng gian véi hé toa d6 Oxyz , cho dudng thang d : X=2_ % =

2 ,diem A(2;2;4)
vamit phang (P):x+y+z—2=0. Viét phuong trinh duong thang A nam trong (P), cét d sao cho
khoang céach tir A dén A I6n nhit.
« _— B. C. D.
A.I:%:T Xx-3 y+4 z7-3 X-2 y-2 1-4 x-1 y+1 z-2
- 1 2 1 1 2 1 1 2 1

Cau 25. Trong khong gian véi hé toa do Oxyz cho ba mat phang (P):x-2y+2z+1=0,
(Q):x-2y+2z-8=0, (R):x—-2y+2z+4=0. Mot duong thing A thay doi cat ba mat phang (P)

, (Q), (R) lan luot tai cac diém A, B, C. Gia tri nhd nhét cia biéu thuc AB+ % 1

C2

A. % B. 99 C.18 D. 24
Cau 26. Trong khdng gian véi hé toa 46 Oxyz , cho hai diém A(6;3;2), B(2;-16). Trén mat phing
(Oxy), lay diém M (a;b;c) sao cho MA+MB bé nhat. Tinh P =a’ +b*—c*.

A. P=129 B. P=-48 C. P=33 D. P=48
Cau 27. Trong khéng gian Oxyz , cho t dién ABCD véi A(m;0;0), B(0;m—1,0); C(0;0;m+4)
thoa man BC = AD, CA=BD va AB =CD . Gia tri nho nhat cua ban kinh mit cau ngoai tiép tir dién
ABCD bing

A.ﬂ B.@ C. 7 D. V14

2 2

Cau 28. Trong khdng gian Oxyz cho diém A(2;5;3) va duong thang d :XT_1 _y_2-2 (P)

=—— Gol
1 2

la mat phang chira duong thang d sao cho khoang cach tir A dén (P) 16n nhat. Khoang cach tir

diém M (1,2;-1) dén mat phang (P)bang

A. % B. 32 C. 1£81 D. %

Cau 29. Trong khong gian Oxyz , cho mat cau (S):(x=1)"+(y+2)"+(z—-3)" =12 va mat phing
(P):2x+2y—2z-3=0.Goi (Q) lamat phang song song véi (P) vacat (S) theo thiét dién 1a duong
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tron (C) sao cho khdi nén c6 dinh 1a tm ciia mat cau va ddy 1a hinh tron gi6i han boi (C) c6 thé
tich 16n nhat. Phuong trinh cia mat phang (Q) 1a

A. 2X+2y—-72—-4=0 hoac 2x+2y-z+17=0.

B. 2x+2y—-2+2=0 hoac 2x+2y-z+8=0.

C. 2Xx+2y-2-1=0 hoac 2x+2y-z+11=0.

D. 2x+2y—-z-6=0 hoac 2x+2y-z+3=0.

Cau 30. Trong khdng gian Oxyz , cho diém M E;g;OJ va mit cau (S):x*+y*+z°=8. Mot
duong thang di qua diem M va cit (S) tai hai diém phan biét A, B. Dién tich I6n nhat cia tam
giac OAB bing

A. 4 B. 24/7 C. 242 D. 7
Cau 31. Trong khong gian véi hé toa d6 Oxyz, cho mat cau (S):(x—l)2 +(y—3)2 +(z—2)2 =4,
Goi N (Xy;Yo:2,) 1a diém thudc (S) sao cho khoang cach tirdiem N dén mat phang (Oxz) 16n nhat.

Gia trj caa biéu thac P = x, + Y, +z, bang

A. 6 B. 8 C.5 D. 4
X=1+2t
Cau 32. Trong khdng gian Oxyz , cho diém A(2;1;1) vaduongthang d:{y=t . Mitphang (P)
z7=-2-t

chtra dudng thang d sao cho khoang cach tir diem A dén (P) 16n nhat 6 phuong trinh la
A X+2y+4z+7=0 B.4x-7y+z-2=0 C.4x-5y+3z+2=0 D. x+y+3z+5=0
x-1 y+1 z-m
1
(S):(x=2)" +(y-1)" +(z-2)"=9. Tim m dé duong thing d cit mat cau (S) tai hai diém phan
biét E, F sao cho d¢ dai doan EF l6n nhét

Cau 33. Trong khdng gian Oxyz, cho duong thing d: va mat cau

A m=1 B.m=0 c.m=-1 D.m=1
3 3
Xx=1+t x =2t

Cau 34. Trong khdng gian Oxyz, cho hai duong thiang d:{y=2-t, d":{y=1+t". Puodng thing
z=t z2=2+t'

A cit d, d' lan luot tai cac diem A, B thoa man do dai doan thang AB nho nhat. Phuong trinh
duong thiang A 1a
A Xl y-2 z x4y x_y-3_z+l  x-2 y-1 z-1
-2 1 3 -2 -1 2 -1 -3 -2 1 3
Cau 35. Cho2 mit cau (S,):(x=3) +(y-2)" +(z-2)" =4, (S,):(x-1)" +y*+(2-1)" =1. Goi

d 1a duong thiang ddng thoi tiép xdc véi hai mat cau trén, cit doan thang ndi tim hai mit cau va céch

_1=2 o
3

géc toa d6 O mot khoang I6n nhat. Néu u=(a; L b) la mot vecto chi phuong cia d thi tong

S =2a+3b bing bao nhiéu?
A .S=2 B.S=1 C.S=0 D.S=4
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Cau 36. Trong khong gian Oxyz , cho hai dudng thang d, : % = % =

M ed, va N e d, sao cho doan thang MN ngan nhat

35 35 35 35 35 35
35 35 35 35 35 35
35 35 35 35 35 35
555 5 5 5

Cau 37. Trong khong gian Oxyz, cho hinh hop ABCD.A'B'C'D’ biét A(L0;1), B(2;12),
D(2;-2;2), A'(3;0;-1), diém M thudc canh DC. Gia tri nhé nhat ciia tong cac khoang cach
AM +MC' la

A V17 B. V17+46 C. J17+8\3 D. V174642
Cau 38. Trong khong gian véi hé toa do Oxyz , cho diém A(2; —1; 1). Phuong trinh mdt phing (P)

di qua diém A va cach goc toa 6 O mot khoang 16n nhat Ia:
A 2Xx-y+2+6=0 B. 2x-y+z-6=0 C. 2x+y+z2-6=0 D. 2x+y-z-6=0

Cau 39. Trong khong gian Oxyzcho mat cAu (S):(x—3)"+(y—1)°+z*=4va duong thing

X=1+2t
d:qy=-1+t,te R. Mat phang chaa d va cat (S)theo mot duong tron cé ban kinh nho nhét c6
z=—t
phuong trinh la
A.3x—-2y—-4z-8=0 B. y+z+1=0 C. x-2y-3=0 D. x+3y+5z+2=0
x-1 y+1 z-2

va

Cau 40. Trong khong gian Oxyz, cho hai duong thing d: > . >

q' Xi-l:%: ZIl_ Phuong trinh mat phang chira duong thang d va tao véi duong thang d’ mot
g6c 16n nhit 1a
A x-z+1=0 B. x-4y+z-7=0 C.3x—2y—-2z-1=0 D.-x+4y-z-7=0

Cau 41. Trong khdng gian véi hé toa dd Oxyz, cho hai diém A(L2;3), B(0;4;5). Goi M 1a diém
sao cho MA =2MB . Khoang céch tir diém M dén mat phang (P):2x—2y—z+6=0 datgid tri nho

nhét 1a
AL B. =2 c.Y D. 2
9 9 9 9

Cau 42. Trong khong gian Oxyz , cho mat cau (S):(x—1)"+(y—2)°"+(z—-3)° =25 va hai diém
A(3;-2;6), B(0;1,0). Mat phang (P):ax+by+cz—2=0 chira duong thang AB va cit (S) theo

giao tuyén 1a duong tron c¢é ban kinh nho nhat. Tinh gia tri caa biéu thec M =2a+b—c.
A M=2 B. M =3 C.M=1 D M=4
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Cau 43. Trong khéng gian Oxyz cho mit cau (S):(x—1)2+(y—2)2 +(z—3)2 =9 va mit phang
(P):2x—2y+2z+3=0. Goi M (a;b;c) 1a diém trén mat cau sao cho khoang cach tr M dén (P)
I6n nhat. Khi d6:

A a+b+c=8 B.a+b+c=5 C.a+b+c=6 D.a+b+c=7
Cau 44. Trong khong gian Oxyz, cho hai diém M (-2;-2;1), A(L2,-3) va duong thang

: XTH - yT_5 = il . Tim vécto chi phuong u ciia dudng thang A di qua M , vudng goc véi duong
thang d , dong thoi cach diém A mot khoang 16n nhat.

Au=(4-5-2)  B.u=(1072) C.Ui=(8-7:2) D. i=(11-4)
CAu 45. Trong khdng gian véi hé toa o Oxyz , cho ba diem A(-2;1,0), B(4;4;-3), C(2;3;-2) va
duong thang (d): x1—1: y—zl: 2_11. Goi (ar) la mat phang chia (d) sao cho A, B, C& cung

phia ddi véi mat phiang (). Goi d,, d,, d,lan luot 12 khoang cach tr A, B, C dén (). Tim gia
tri Ion nhat ciia T =d, +2d, +3d,.

AT =221 BT, =614 C.T. =14+ V2303 +3J21 D.T,, =+203

Cau 46. Trong khdng gian Oxyz , cho ba diém A(a;0;0), B(0;b;0), C(0;0;c) véi a,b,c 1a cac

s6 thuc duong thay doi tlly y sao cho a’ +b” +c¢? =1. Khoang cach tir O dén mit phang (ABC) Ién

nhit 12
AL B. 1 c. 1 D. 3
-\/§ . -3 .

CAu 47. Trong khdng gian véi hé toa &6 Oxyz , cho diem A(3;1,0), B(-9;4;9) va mit phang (P)
c6 phuong trinh 2x—y+2+1=0. Goi | (a;b;c) 1a diém thuoc mat phang (P) sao cho |[IA—1B| dat

gia tri 16n nhat. Khi d6 tong a+b+c bing
A. -4 B. 22 C.13 D. —13

Cau 48. Trong khong gian véi hé toa dd Oxyz , cho mat cau (S):(x—=1)° +y? +(z+2)" =4 va dudng
X=2-t

thang d:{y=t .Goi T latap tt ca cac gia tri cia m dé d cit (S) tai hai diém phan bi¢t A
Z=m-1+t

, B sao cho cac tiép dién cia (S) tai A va Btao véi nhau goc 16n nhat c6 thé. Tinh tong cc phan

trcuataphop T.
A. 3 B. -3 C.-5 D. 4
Cau 49. Trong khdng gian véi hé toa dd Oxyz , cho hai mat phang (P):x+2y—2z+2018=0 va

(Q):x+my+(m-1)z+2017 =0. Khi hai mdt phang (P) va (Q) tao véi nhau mét goc nhé nhat thi
diém H nao dudi day nam trong mat phang (Q)?
A. H(-2017; 1 1) B. H(2017; -1, 1) C. H(-2017;0; 0) D. H(0; —2017; 0)
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X=4-2t
Cau 50. Trong khong gian véi hé toa do Oxyz, cho hai duong thang chéo nhau d,:{y =t
z=3
x=1
d,:{y=t" . Phuong trinh mit cau c6 ban kinh nho nhat tiép xdc véi ca hai duong thang trén la
z=—t'
A [x+§j2 +y° +(z+2)2 9
2 4
B [x-3 2+y2+(z—2)2 _9
' 2 4
c.[x-3 2+y2+(z—2)2 _3
' 2 2
D. [ x+3 2+y2 +(z+2)2 _3
' 2 2
Cau 51. Trong khdng gian véi hé toa dd Oxyz, cho duong thang A X;rl :%: Z+11 va hai diém

A(L2;,-1), .Goi d la duong thing di qua diém A va cat duong thang A sao cho khoang cach tir
diém B dén duong thang d 12 I6n nhét. Phuong trinh duong thang d 1a:
A X_3:X:Z+5 .L:y+2:£ C. x+2:X:z—1 Dlx—lzy—2:z+1

2 2 -1 -1 3 4 3 1 -1 1 6 -5
Cau 52. Trong khéng gian vai hé toa do Oxyz , cho hinh hop chir nhat ABCD.A'B'C'D" ¢6 A trung
véi goc toa dd O, cac dinh B(m;0;0), D(0;m;0), A'(0;0;n) véi m, n>0 va m+n=4.Goi M
1a trung diém cua canh CC’. Khi d6 thé tich tir dién BDA'M dat gi4 tri 16n nhat bang:

A. & B. g C. % D. E

108 4 27 32

Cau 53. Trong khdng gian véi hé truc toa do Oxyz, cho ba diém A(0;-2;-1), B(-2;-4;3),

C(L3;-1) va mat phang (P):x+y-2z-3=0. Tim diém M (P) sao cho ‘W+W+ZM—C‘ dat
gia tri nho nhat.

A. M[l;l;—l] B. M (—1;—1;1j C. M(2;2,-4) D. M (-2;-2;4)
2'2 2" 2

Cau 54. Trong khdng gian véi hé toa do Oxyz, xét duong thang A di qua diém A(0;0;1) va vudng
gdc véi mat phang Ozx. Tinh khoang cach nho nhat gitra diém B(0;4;0) téi diém C trong do C 1a

diém cach déu duong thang A vatryc Ox .

1
Ao B. 342 C. V6 D. @

CAu 55. Trong khdng gian véi h¢ truc Oxyz , cho hai diém M (0;-1;2), N(-11;3). Mot mat phang
(P) diqua M, N sao cho khoang cach tir diém K (0;0;2) dén mat phang (P) dat gia tri I6n nhat.

Tim toa d6 vécto phap tuyén n cua mat phang (P).
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A n=(L-11) B. n=(11-1) C. n=(2-11) D. n=(2,1-1)
Cau 56. Trong khong gian véi hé toa do Oxyz, cho ba diém A(a;0;0), B(0;b;0), C(0;0;c) véi a
, b, ¢ lacac sb thuc duong thay d6i tlly y sao cho a® +b? +c? = 3. Khoang cach tir O dén mit phiang
(ABC) lén nhat bang:

1 1

A S B.3 C. N D. 1
Cau 57. Trong khdng gian véi hé truc toa do Oxyz, cho ba diém A(a;0;0), B(0;b;0), C(0;0;c),
trong d6 a>0, b>0, ¢>0. Mgt phang (ABC) di qua diém 1(1;2;3) sao cho thé tich khéi tir dién
OABC dat gia tri nho nhat. Khi d6 cac s6 a, b, ¢ thoa man dang thirc nio sau day?

A.a+b+c=12 B.a*+b=c-6 C.a+b+c=18 D.a+b-c=0
Cau 58. Trong khdng gian véi hé toa do Oxyz, cho cac diém A(0;0;—2), B(4;0;0). Mat ciu (S)
¢6 ban kinh nho nhat, di qua O, A, B c6 tam la

A 1(0:0:-1) B. 1(2;0,0) C. 1(2:0;-1) D. |(g;o;_§]

Cau 59. Mot khéi da dién H duoc tao thanh bang cach tir mot khéi 1ap phuong canh bang 3, ta bo
di khoi lap phuong canh bang 1 & mot “gdc” ciia nd nhu hinh vé.
C B

D' A
Goi S la khéi cau cd thé tich I6n nhat chira trong H va tiép xtc véi cac mat phang (A'B'C'D'),
(BCC'B') va (DCC'D’). Tinh ban kinh cua S .
A 2*3*/5 B. 3-43 C. ¥ D. V2
Cau 60. Trong khong gian véi hé toa do Oxyz , cho diém M (1,2;3). Goi (P) la mét phang di qua

diém M va cach goc toa dd O mot khoang I6n nhat, mat phang (P) cét cac truc toa do tai céc diem
A, B, C. Tinh thé tich khéi chép O.ABC .
1372 686 524 343

A —— B. — C. — D. —
9 9 3 9

Cau 61. Trong khdng gian voi hé truc toa do6 Oxyz, cho mat cau (S) c6 phuong trinh Ia
X’ +y®+2°—2x—2y—-6z+7=0. Cho ba diém A, M, B nam trén mat cau (S) sao cho

AMB =90°. Dién tich tam giac AMB ¢6 gia tri 16n nhat bang?
A 4 B. 2 C. 4n D. Khéng ton tai.
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Cau 62. Trong khong gian Oxyz, cho hai diém M (0;1;3), N(10;6;0) va mat phing
(P):x-2y+2z-10=0. Biém 1(-10;a;b) thudc mat phing (P) sao cho |IM —IN| 16n nhét. Khi
dotong T =a+b bing

A T=5 B.T=1 C.T=2 D.T=6
Cau 63. Trong khdng gian véi hé truc toa @ Oxyz, cho diém M (1,1;1). Mt phang (P) di qua M
va cit chiéu duong cta c4c truc Ox, Oy, Oz lan luot tai cac diém A, B, C théa man OA=20B.
Tinh gia tri nho nhat caa thé tich khéi ta dien OABC .

A~ B. c.> D. =
Cau 64. Trong khong gian véi hé toa do Oxyz , cho matcau (S):(x—1)° +(y-2)"+(z-3)" =16 va
cac diém A(L0;2), B(-12;2). Goi (P) la mit phang di qua hai diem A, B sao cho thiét dién cua
(P) véi mat cau (S) c6 dién tich nho nhat. Khi viét phuong trinh (P) duéi dang
(P):ax+by+cz+3=0.Tinh T =a+b+c.

A 3 B. -3 C.0 D. -2
(d-1)"+(e-2)" +(f -3)" =1

Cau 65.Cho a, b, ¢, d, e, f lacac sb thuc thoa man , ,
(a+3)" +(b-2)" +c* =9

. Goi gia

tri 16n nhat, gia tri nho nhat cua biéu thac F :\/(a—d)2 +(b—e)’+(c—f)° lanluotla M, m Khi
do, M —m bang

A. 10 B. V10 C.8 D. 242
CAu 66. Trong khong gian (Oxyz), cho hai diém A(0;8;2), B(9;-7;23) vamat ciu (S) c6 phuong
trinh (S):(x=5)"+(y+3)"+(z~7)" =72. Mzt phing (P):x+by+cz+d =0 di qua diem A va

tiép xdc véi mat cau (S) sao cho khoang cach tir B dén mat phang (P) 1on nhat. Giatri caa b+c+d

khi @6 1a
A . b+c+d=2 B.b+c+d=4 C.b+c+d=3 D.b+c+d=1
Cau 67. Trong khong gian véi hé toa do Oxyz, cho hai diém A(-2;2;-2); B(3;-3;3). Diém M

trong khong gian théa man % :g. Khi d6 do dai OM 16n nhat bang

A. 63 B. 124/3 C. # D. 53

Cau 68. Trong khong gian Oxyz , cho ba diém A(-10;1), B(3;2;1), C(5;3;7). Goi M (a;b;c) 1a
diém thoa man MA=MB va MB+MC dat gi4 tri nho nhat. Tinh P=a+b+c

A P=4 B.P=0 C.P=2 D. P=5
Cau 69. Trong khdng gian voéi hé toa d6 Oxyz cho diém A(2;L3) va mit phang
(P):x+my+(2m+1)z—m-2=0, m latham sb. Goi H (a;b;c) Ia hinh chiéu vudng géc cia diém

A trén (P). Tinh a+b khi khoang cach tir diém A dén (P) lon nhét?

A. a+b:—% B.a+b=2 C.a+b=0 D. a+b:§
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Cau 70. Trong khong gian véi hé toa dd Oxyz, cho hai diém A(L0;1), B(0;,—-1). Hai diém D, E

thay d6i trén cac doan OA, OB sao cho duong thang DE chia tam giac OAB thanh hai phan ¢ dién
tich bang nhau. Khi DE ngan nhét thi trung diém caa doan DE ¢ toa do 1a

A .(ﬁ;gm} ([i OJ c .(11 0] > .(11 0)

4 3 3 33 44
Cau 71. Trong hé toa do Oxyz cho A(3;3;0), B(3;0;3), C(0;3;3). Mat phang (P) diquaO, vudng
gdc véi mit phang (ABC) sao cho mat phang (P) cét cac canh AB, AC tai cac diem M, N thoa
man thé tich t& dien OAMN  nho nhét. Mt phang (P) c6 phuong trinh:
A x+y-2z=0 B. x+y+2z=0 C.x-z=0 D.y-z=0
X+2 y-1 z+2
4
(P):2x—y+2z+1=0.Duong thang A di qua E(-2; 1,—2), song song véi (P) dong thoi tao véi

Cau 72. Trong khong gian Oxyz, cho duong thang d: va mit phang

d g6c bé nhat. Biét ring A c6 mot vécto chi phuong U =(m; n; 1). Tinh T =m? —n?.
A. T=-5 B.T=4 C.T=3 D.T=-4

X=2_Y+1_Z s pai diém
2 3

A(2;0;3), B(2;-2;-3). Biétdiém M (X,;Y,;Z,) thudc d théa mdan MA®+MB* nhd nhat. Tim x, .
A X =1 B. X, =3 C.x,=0 D. x,=2
Cau 74. Trong khong gian véi hé toa do Oxyz cho cac diém A(0;0;2), B(3;4;1). Tim gia tri nho
nhat cia AX +BY véi X , Y 14 hai diém thuoc mat phang Oxy sao cho XY =1,
A 3 B. 5. C.2+\17 D.1+2\5
Cau 75. Trong khong gian véi hé toa dd Oxyz, cho diém A(L2-3) va mat phing

Cau 73. Trong khdng gian vai hé toa d6 Oxyz , cho duong thiang d :

(P):2x+2y—z+9=0.Duong thang d di qua A va cé vecto chi phuong U =(3;4;-4) cit (P) tai
B.Diém M thay déi trong (P) sao cho M lu6n nhin doan AB duéi goc 90°. Khi d¢ dai MB Ion

nhét, dudng thang MB di qua diém nao trong cac diém sau?

A. H(-2,-13) B. I(~L-2;3) C. K(3,0;15) D. J(-3,2,7)
Cau 76. Trong khdng gian toa do Oxyz cho cac diém A(L5;0), B(3;3;6) va duong thing

x+1 y-1 z . o . . U SR
A.T:—lzz. Goi M (a;b;c) e A sao cho chu vi tam gidc MAB  dat gid tri nho nhat. Tinh tong
T=a+b+c?

A T=2 B.T=3 C.T=4 D.T=5

Cau 77. Trong khdng gian véi hé toa do Oxyz, cho céc diém B(2; -1 —3), C(-6; -1 3). Trong

c4c tam giac ABC thoa man cac dudng trung tuyén ké tir B va C vudng gdoc véi nhau, diém

A(a;b;0), b >0 sao cho géc A lIon nhét. Tinh gié tri a+i
cos

A. 10 B. -20 C.15 D. —
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Cau 78. Trong khdng gian véi hé toa do Oxyz , xét ta dién ABCD c6 cac cap canh ddi dién bang
nhau va D khac phia véi O so véi (ABC); dong thoi A, B,C lan luot la giao diém cua cac truc

Ox,0y,0z va (o) XY =1 (v6i m#-2, m=0 ,m=5). Tim khoang cach ngin nhét
m +2 m-5
tir tim mit cau ngoai tiép | cua tir dién ABCD dén O.
A, 30 5. Y13 c. J% p, Y26

Cau 79. Trong khdng gian véi hé toa do Oxyz, cho mat phang (P):x+y+z-1=0, duong thang
Xx=15 y-22 z-37
1 2

(A) thay doi cat mat cau (S) tai hai diém A, B sao cho AB=8. Goi A, B’ 1a hai diém lan luot

d va mit cu (S):x*+y’+2°-8x—6y+4z+4=0. Mot duong thang

thuoc mat phang (P) sao cho AA’, BB’ cung song song véi d . Gia tri I6n nhét cua bicu thuc
AA'+BB' I

A 8+304/3 B 24+184/3 c 12+943 > 16+604/3

9 5 5 9

Cau 80. Trong khdng gian Oxyz , cho mat cau (S,) c6 tam 1(2;1;1) c6 ban kinh bang 4 va mat cau
(S,) cotdm J(2;1;5) c6 ban kinh bing 2. (P) 1a mat phing thay doi tiép xdc véi hai mat cau (S,)
, (S,). Dat M, m lan luot 1a gia tri I6n nhat, gia tri nho nhét cua khoang cach tir diém O dén (P).
Giatri M +m bang

A. 15 B. 83 C.9 D. 8
Cau 81. Trong khdng gian véi hé toa dd Oxyz, cho A(2;0;0), M (L11). Mat phang (P) thay doi
qua AM cit cac tia Oy, Oz lan luot tai B, C. Khi mat phang (P) thay doi thi dién tich tam gic
ABC dat gia tri nho nhét bang bao nhiéu?

A. 56 B. 36 C. 4/6 D. 216
Cau 82. Trong khdng gian véi hé truc toa d6 Oxyz cho mat cau (S): x> +y’ +2° —2x+4y+4z=0
va diem M (1,2;-1). Mot duong thiang thay doi qua M va ¢t (S) tai hai diém A, B. Tim gia tri
I6n nhat caa tong MA+MB .

A. 8 B. 10 C. 2\17 D. 8+2.5

Cau 83 . Trong khdng gian Oxyz, cho mat cdu(S,):(x—-1)"+y*+2z°=4, va mit ciu

X=2-t
(S,):(x=2)"+(y—3)"+(z-1)" =1 va duong thing d:{y=-3t . Goi A B la hai diém tly y
z2=-2-t

thuoc (S,), (S,) va M thudc duong thang d . Khi d6 gia tri nhé nhat cta biéu thic P = MA+MB
biang

A J2211 5 J3707 . c 1771+ 24110 5 J3707
T T ' 11 T
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Cau 84. Trong khong gian véi hé toa do Oxyz, cho mit phang (P):x+y—-4z=0, dudng thang
x-1 y+1 z-3
2 1

nam trong mat phang (P) va cach duong thang d mot khoang céch 16n nhit. Goi u=(a; b; 1) Ia

d

va diém A(L 3;1) thuoc mat phang (P). Goi A la dudng thang di qua A,

mot véc to chi phuong ctia duong thang A. Tinh a+2b.
A a+2b=-3 B.a+2b=0 C.a+2b=4 D.a+2b=7

Cau 85. Trong khong gian véi hé toa o Oxyz , cho céc diem M (2;2;-3) va N(-4;2;1). Goi A 13
duong thing di qua M, nhén vecto u = (a;b;c) 1am vecto chi phuong va song song véi mit phang
(P):2x+y+2z=0 saochokhoang cachtir N dén A dat gia tri nho nhat. Biét |a|, [b| 1a hai s6 nguyén
to cung nhau. Khi d6 |a|+|b|+|c| bang:

A. 15 B. 13 C. 16 D. 14
Cau 86. Trong khong gian Oxyz , cho cac diém A(3;-12), B(L12), C(L-14), dudng tron (C)
la giao cua mat phang (P):x+y+z-4=0 va mat cau (S):x*+y*+2z° —4x—-62+10=0. Hoi 0
bao nhiéu diém M thugc dudng tron (C) sao cho T =MA+MB+MC dat gia tri I6n nhat?

A. 3 B. 2 C. 4 D.1

Trang | 298



| Hinh hoc gidi tich khéng gian Oxyz
HUONG DAN GIAI

Cau 1. Trong khdng gian véi hé toa dd Oxyz , cho mat phing (P):3x—3y+2z-15=0 vabadiém
A(L2;0), B(L-13),C(L-L-1). Biém M (X,; Y, Z,) thudc (P) sao cho 2MA? — MB? + MC?
nho nhat. Gia tri 2x, + 3y, + z, bang?
A. 11 B.5 C.15 D. 10

Loi gidi
Xét diém | thoa 2IA—1B+1C =0 suyra 1(12;-2).

IMA? — MB? + MC? :2(W+ﬁ)2—(W+@)Z+(W+E)2 = 2MI? +21A% — IB? + IC2.

2MA? — MB? + MC?nho nhét khi va chi khi MI nho nhat hay M 1a hinh chiéu cua | 1én (P) . Lic do,

X=1+3t X, =1+3t
duong thang Ml c6 phuong trinh {y=2-3t suyra y,=2-3t .
1=-2+2t Z,=—2+2t

Ma 3x, -3y, +22,-15=0 < 3(1+3t)-3(2-3t)+2(-2+2t)-15=0 < t =1.
= 2%, +3Y, + 2, =2(1+3t)+3(2-3t)+(-2+2t) =6 -t =5.
Chony B.
Cau 2. Trong khdng gian véi hé toa o Oxyz, cho ba diém A(1;4;5), B(3;4;0), C(2;-1;0) va
mat phang (P):3x—-3y—-2z-12=0.Goi M (a;b;c) thuoc (P) sao cho MA? + MB? +3MC? dat

gia tri nho nhat. Tinh tong a+b+c.

A. 3 B. 2 C. -2 D. -3
Lo gidi

Goi 1(x;y;2) la diém thoaman IA+IB+3IC =0 (*).

Taco ﬁz(l—x;4—y;5—z), @=(3—x;4—y;—z) va 3E=(6—3x;—3—3y;—32).
1-X+3-x+6-3x=0 X=2

Tu (*) taco hé phuong trinh: {4—-y+4-y-3-3y=0<-<y=1=1(2;1;1).
5-2-2-3z=0 z=1

— — 2 -
Khi d6: MA? = MA :(MI+IA) = MI% +2MI.1A + 1A,
|v|82:sz(W+E)2=M|2+2WE+|BZ.
—2 — 2 -
3MC2 = 3MC :3(|v||+|c) :B(MI2+2MI.IC+IC2).
Do d6 S = MAZ + MB2 +3MC2 =5MI12 + IAZ + IB? + 3IC2,

Do IA? +1B? +31C? khong ddi nén S dat gié tri nho nhat khi va chi khi M1 dat gié tri nho nhat. Tuc
la M 1a hinh chiéu cua | 18n mat phang (P):3x-3y—2z-12=0.

Vecto chi phuong cua IM la i=(3;-3;-2).

X=2+3t
Phuong trinh tham s6 caa IM 1&: {y=1-3t, (teR).
z=1-2t
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Goi M (2+3t;1-3t;1-2t) e(P) lahinh chiéu cua | 18n mat phang (P).
Khi dé: 3(2+3t)—3(1—3t)—2(1—2t)—12:0<:>22t—11:0<:>t:%.

Suyra M (Z;—E;Oj.vay a+b+c:z—1:3.
2 2 2 2
Chony A.
Cau 3. Trong khdng gian Oxyz , cho mat phang 5 va ba diem A(1;2;1) , B(0;1;2), C(0;0;3).
biem M (Xy;Yy;2,) thuoc (P) sao cho MA?+3MB?+2MC? dat gia tri nho nhat. Gia tri

X, +2Y, —Z, bang?

A 2 B. 8 c. 16 D. 2
9 9 9 9
Léi gidi
e e 1513
Goi | 1a diém thoaman IA+3IB+2IC =0 <« Ol :E(OA+BOB+ZOC):>I ot

Khi d6, ta c6: Q = MA? +3MB? + 2MC?
=(MI+1A) +3(MI +1B) +2(MI +1C)" =6MI” + 1A + 3187 + 2IC”
Do IA% +3IB? +2IC? khong ddi nén Q nho nhat khi MI nho nhat.
Ma M thudc mat phang (P) nén MI nho nhat khi M Ia hinh chiéu vudng goc cua | trén (P).

X=—+1
6

MI L (P) nén phuong trinh MI 1a y=§+t —~M 1+t;§+t;E+t |
6 6 6 6

=B
6
Taco Me(P) o Lot 2148 4 0o m(410.22)
6 6 6 18 9'9'9
Suyra X, +2y,—z —i+@_2 _2
0 0 0 9 9 9 9

Chony A.

Cau 4. Trong khdng gian véi h¢ toa dd Oxyz, goi (P) 1a mat phang di qua hai diém A(L-7;-8)
, B(2;-5;-9) sao cho khoang céch tir diém M (7;-1-2) dén (P) dat gia tri I6n nhat. Biét (P)
c6 Mot vécto phép tuyén Ia fi =(a;b;4), khi d6 gia tri cia tong a+b 1a
A -1 B. 3 C.6 D. 2
Lo gidi

Do (P) c6 mét vécto phap tuyén fi=(a;b;4) va qua A(L—7;-8) nén

(P):a(x-1)+b(y+7)+4(z+8)=0.
Do (P) diqua B(2,-5;—9) nén a+2b-4=0=a=4-2b.
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~ 6|a+b+4| ~ 6|8—b|
Ja?+b?+16  +/5b2—16b+32
d> b?-16b+64

% 57 1eosaz )

V6i M (7;-1,-2), taco d =d (M, (P))

_ 64b® —576b +512

Taco f'(b) ;
(5b2 —16b+32)

.Cho f'(b)=0<b=1vb=8.

Lap bang bién thién ta thdy d dat gia tri 16n nhat khi va chi khi f (b) dat gia tri 16n nhat
ob=1=a=2=a+b=3.
Cach khac: Goi H, K lan luot 1a hinh chiéu cia M trén (P) va duong thang AB .

Taco: K(3,-3,-10) va d(M,(P))=MH <MK .
Déu bang xay ra khi H =K, khi 6 MH =(-4;-2;,-8)=-2(214), mat phang (P) nhan vecto
fi=(214) 1am vecto phap tuyén.

Vay a+b=3.
Chony B.

Cau 5. Trong khdng gian véi hé toa dd Oxyz, cho hai diém M (-2;-2;1), A(L2;-3) va duong
2 Xx+1 y-5 z _. R , o, . 2 . N
thang d : ——= > 7 Tim mét vecto chi phuong U cua duong thang A di qua M, vudng

g6c voi duong thang d dong thoi cach diém A mot khoang bé nhét.
A. U=(2;2-1) B. i =(47;-1) C. u=(30;2) D. U =(3;4;-4)
Loi gidi
A
d
i
P |

Goi (P) 1a mat phang di qua M va vudng goc véi d, khi d6 (P) chta A.

Mat phang (P) qua M (~2;-2;1) va c6 vecto phap tuyén n, =u, =(2;2;-1) nén c6 phuong trinh

(P):2x+2y-z+9=0.

Goi H, K 1an luot 12 hinh chiéu ciia A Ién (P) va A. Khi d6: AK > AH =const nén AK, ..

khi K =H . Duong thing AH di qua A(L,2,-3) va c6 vecto chi phuong u, =(2;2;-1) nén
Xx=1+2t

AH ¢6 phuong trinh tham sd: {y =2+2t .
z7=-3-t

Taco H e AH = H (1+2t;2+2t;-3-t).
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Déng thoi H e (P) = 2(1+2t)+2(2+2t)—(-3-t)+9=0=t=-2=H (-3;-2-1).

Vay u=HM =(10;2).

Chony C.

Cau 6. Trong khdng gian véi hé toa do Oxyz, cho bon diem A(7;2;3), B(L4;3), C(12;6),
D(L2;3) vadiém M tiy y. Tinh OM khi biéu thirc P = MA+MB +MC ++/3MD dat gid tri nho

nhat.
A owu@ B. OM =+/26 C. OM =14 D. OMzﬁ
Léi gidi
Taco DA=(6;0;0), DB =(0;2;0), DC =(0;0;3) nén tir dign ABCD I tw di¢n vuong dinh D . Gia

st M (x+1Ly+2;2+3).

Taco MA:\/(X—6)2+y2+z2 >|x—6/26-x, MB:\/x2+(y—2)2+z2 >|y-2|>2-y.

MC:\/x2+y2+(z—3)2 >|z-323-1, \/§MD:\/3(x2+y2+zz) > (x+y+z)2 >X+Y+2.
Dod6 P>(6—-x)+(2-y)+(3-2)+(x+y+2z)=11.
Xx=y=2=0
6-x>0
Vay P dat gi4 tri nho nhat bang 11, khiva chi khi {2—-y>0 << x=y=z=0.
3-z20
X+y+2>0

Khi do M (L2;3) suy ra OM =+/12 + 2% +3* =14,

Chony C.

Cau 7. Trong khdng gian véi hé truc toa do Oxyz, cho hai mat cau (S,):x*+y*+z° =1,
(S,):x*+(y—4)" +2° =4 vacic diém A(4;0,0), BG;O;O), C(L4;0), D(4,4;0). Goi M 1a
diém thay doi trén (S;), N 1a diém thay doi trén (S,). Gia tri nho nhit cua biéu thuc
Q=MA+2ND+4MN +6BC la

A. 24265 B. # C. 37265 D. 7265

2

Lo gidi
Mt cau (S,) c6 tam O(0;0;0) ban kinh bang 1, mat cau (S,) c6 tam 1(0;4;0) ban kinh bang 2.
Taco bdndiémO , A, D , | 1abbn dinh caa hinh vudng canh bang 4 , va OB :%, IC =1.

MA _OM _

Tacd AOMA-~AOBM (c-g—-C)=>——= =4= MA=4MB
BM OB
e AIND-AICN (c—-g-c) ND_ N o ND=2nC
CN IC

Taco Q=4MB+4NC +4MN +6BC
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J265 5265

=4(BM +MN+NC)+GBCZ4BC+GBC:IOBC:10. YR .

2
54265
2

Vay Q nho nhat Ia bang , dau “="xay rakhi M, N 1a giao diém cua BC véi c4c mit cau.

Chony B.
Cau 8. Trong khdng gian toa 46 Oxyz cho A(13;10), B(4;6;5) va M la diém thay doi trén mét
phang (Oxy) sao cho MA, MB ciing tao véi mat phang (Oxy) cac goc bang nhau. Tinh gid tri
nho nhét cia AM ?
A. 63 B. 10 C. 10 D. 82

Loi gidi
Goi M (x;y;0)e(Oxy). Taco d(A,(Oxy))=10; d(B,(Oxy))=5.

Do d6, MA, MB clng tao véi mat phang (Oxy) cac goc bang nhau khi va chi khi
MA=2MB < (1-X)"+(3-y)’ +100 = 4] (4-X)"+(6-y) +25
& (1-x)’ +(3—y)2+100=4[(4—x)2+(6—y)2+25}
< x*+y*-10x-14y+66 =0 <:>(x—5)2 +(y—7)2 =8.
. x—5=1/8cosa x=+/8C0sa.+5
bat = .
y—7:J§sina y:\/§sina+7

Khi 6, taco AM? = (x~1)° +(y—3)° +100 = (VB coso+4) +(vBsina+4) +100

:16J§(sina+c03a)+140 = 325in(a+£j+1402108.

Suy ra AM > 64/3. DAu “=" xay rakhi sin(a+%j:—1<:>a:—%n+k2n, keZ.

X=3
Khi do { c=M (3;5;0). Vay min AM =6+/3.
y:
Chony A.
Cau 9. Trong khdng gian véi hé toa d6 Oxyz, cho hai mit phing (P):x—y+z+3=0,
(Q):x+2y—2z-5=0 va mat cau (S):x*+y?+2>-2x+4y—6z-11=0. Goi M 1la diém di
dong trén (S) va N la diém di dong trén (P) sao cho MN ludn vudng goc véi (Q) . Gid tri Ion
nhét ciia d6 dai doan thang MN bang?
A. 9+53 B. 28 C. 14 D. 3+543
Loi gidi
Mt cau (S) c6 tam 1(L-2;3), bankinh R=5; d(1,(P))=3v3.

COMN c6 vecto chi phuong J(l; 2;-2), mat phang (P) c¢6 vecto phap tuyén ﬁ(l; -11).
‘J.ﬁ

[

Goi a lagdc gitta MN va mat phang (P) = sino =

-
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Tacé MN _d(M.(P)) =3d(M,(P)) <~/3.[d(I,(P))+R|=9+5{3.

sina
\Vay gid tri I6n nhat ciia do dai doan thdng MN bang 9+5+/3.
Chony A.

Cau 10. Trong khong gian Oxyz , cho diém 1(1;0;0), mat phang (P):x—2y—2z+1=0 va duong
X=2

thang d:{y=t .Goi d' la duong thang di qua diém | va vudng géc véi mat phang (P), M
z=1+t

a hinh chiéu vudng goc cta | trén mat phang (P), N la diém thuoc duong thang d sao cho dién

tich tam giac IMN nho nhét. Toa d6 diém N la

A. N 2;2;§ B. N Z;E;Z C.N 2;§;E D. N 2;—5;—§
2 2 2 2 2 2 2 2

Loi gidi
Xx=1+t

Phuong trinh duong thang d’ 1a: {y=-2t. Toa do diém M ung voi t la nghiém phuong trinh
z=-2t
(L+t)-2(-2t)-2(-2t)+1=0 > t=—2 = m[ ;4. 4]
9 999

. 2 . < o, R . 1 1

Nhu vay IM =—. Goi H la hinhchiéucua N trén d thi S,,,, ==IM.NH ==NH .
3 2 3

Do d6, dién tich tam giac IMN nho nhat khi va chi khi 6 dai NH nho nhat.
Taco N la diém thuoe dudng thang d nén N(2;m1+n) = IN(Ln;1+n).
Puong thang d’ ¢6 véc-to chi phuong u’ = (1,-2;-2).
Ta co: [W,J’]:(Z;n+3;—n—2), nén:

5]

u

2 2 2 n+§ 2+g
2+ (n+3) 4 (-n-2) 2) 4
- 3 - 3

NH =d(N;d") =

!

Nhu vay, NH nho nhat Ia bang % khi va chi khi n :—g: N (2;—2;—%).

Chony D.
2

Cau 11. Trong khong gian véi hé toa @ Oxyz , cho (Sm):(x—l)2 +(y—1)2 +(z—m)2 :mT (voi

m> 0 la tham s thyc) va hai diém A(2;3;5), B(L2;4). Tim gia tri nho nhat cia m détrén (S,,)
ton tai diém M sao cho MA’ —MB? =9.

_4-3

A m=1 B. m=3-+/3 C. m=8-43 D. m ;

Loi gidi
Goi M(x;y;z), suy ra MA* —MB? =9
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<:>(x—2)2+(y—3)2+(z—5)2—[(x—l)z+(y—2)2+(z—4)2}=9 & X+y+z2-4=0
Suy ra tap cac diém M (x;y;z) théa mdn MA? —MB? =9 la mat phang (P):x+y+z—-4=0
Trén (S,) ton tai diém M sao cho MA*-MB? =9 khi va chi khi (S,) va (P) c6 diém chung

@d(u(p))gR@%s@©2|m_z|sﬁ|m|
&M -16m+16<0 < 8-4/3<m<8+4.3
\Vay gid tri nho nhit cua m 1a 8—4+4/3.
Chony C.
Cau 12. Trong khong gian véi h¢ truc toa do Oxyz cho ba mit phang: (P):x—-2y+z-1=0,
(Q):x—2y+z+8=0, (R):x—-2y+z-4=0.Motduong thang d thay doi cit ba mat phang (P)

R) lan lwot tai A, B, C. Tim gia tri nho nhit cua T = AB? +%.
1 Q 1 v . i) b g O AC

A 7233 B. 96 C.108 D. 7234
Loi gidi
Taco M (L0;0)e(P) vabamitphing (P), (Q), (R) déi mét song song véi nhau.

/ A

P
7

A

/

Goi B’, C’ lan luot Ia hinh chiéu vudng gdc ciia A trén cac mat phang (Q), (R), ta co:
_ -20+0+8 36

) \/12+(—2)2+12 2

_ [-20+0-4 6

) \/12 +(-2)" +22 S 2

--"w

AB'=d (A(Q))=d(M;(Q))

AC = (A(R) ~d (M:(R))

Do AB'=3AC' néndat CC'=a—= BB'=3a.

Taco AB? = AB” + BB" :2—27+9a2; AC =+/AC? +CC'"* = /§+a2 .

NénT:ABZ+%:£+9aZ+ﬂ=9(§+a2j+ 72 + 72
AC 2 ,

3 2 \/3 2J3 2
~+a —+a —+a
2 2 2
>3 9(§+a2j. 2 . 2 =108
3 \2 \/3 2\/3 2
—+a° ,|-+a
2 2
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Do d4 minT =108 khi a= )

ol

Chony C.

Cau 13. Trong khong gian véi hé toa do Descartes Oxyz, cho diém A(3;-1;0) va duong thang

d

X2yl le. Mat phang () chta d sao cho khoang cach tir A dén (o) I6n nhat c6

-1 2
phuong trinh la
A x+y-z2=0 B. x+y-z-2=0 C. x+y-z+1=0 D.—x+2y+z+5=0
Loi gidi
Goi H lahinh chiéu caa A dén d . Khido H(2-t;-1+2t;1+t) = AH =(-1-t;2t;1+t).
Do AH Ld = —(-1-t)+2.2t+1+t=0 @t:—%. Khi d6 ﬁ:(-%;-%;gj.

Mt phang (o) chira d sao cho khoang cach tir A dén (o) 16n nhat khi AH L(a).
Do d6 () ¢6 vecto phap tuyén la n=(1;1;-1).

Vay (a): 1(x-2)+1(y+1)-1(z-1)=0 < x+y-z=0.

Chony A.

Cau 14. Trong khong gian cho ba diém A(LL1), B(-121), C(3;6;,-5). Diém M thuoc mat

phang Oxy sao cho MA? + MB? + MC? dat gi4 tri nho nhat la

A. M (1;,2;0) B. M (0;0;-1) C. M(13-1) D. M (13;0)

Lo gidi
Lay G(13;-1) la trong tam cta tam giac ABC .
, — s ——\2 — s ——\2 R —\2

Taco: MA® +MB® +MC? =(MG +GA) +(MG +GB) +(MG +GC)
=3MG? +GA” + GB* +GC”.

Do d6 MA? + MB? + MC? bé nhat khi MG bé nhat < M 1a hinh chiéu cua diém G 1én mat phang
Oxy .

Vay M (1,3;0).

Chony D.

Cau 15. Trong khdng gian véi h¢ toa d6 Oxyz, cho hai diém A(-3;0;1), B(L-13) va mat phang
(P):x—2y+2z-5=0. Viét phuong trinh chinh tic cia duong thang d di qua A, song song Véi
mat phang (P) sao cho khoang cach tir B dén d nho nhat.

A_d:ﬂ:l:Z_—l B.d:x+3: y :z—l
26 11 -2 26 -11 2
d;ﬂ:lzz_‘l D.d;ﬂzlzz_‘l
26 11 2 -26 11 -2

Léi gidi

Trang | 306



| Hinh hoc gidi tich khéng gian Oxyz

Goi mat phang (Q) Ia mat phang di qua A va song song véi mat phang (P). Khi d6 phuong trinh
ctia mt phang (Q) 12 1(x+3)-2(y—-0)+2(z-1)=0 < x—2y+2z+1=0.
Goi H Ia hinh chiéu cua diém B I1&n mat phang (Q), khi d6 dudng thang BH di qua B(L-13) va
X=1+t
nhéan i, = (1,—2;2) lam vecto chi phuong c6 phuong trinh tham s6 1a { y =—1-2t.
z=3+2t
Vi H=BHN(Q)=H eBH = H (1+t;-1-2t;3+2t) vd H €(Q) néntaco

(1+t)-2(-1-2t)+2(3+2t)+1=0 <t :—% =H (_11_11)
— AH = @1_1—_2 :£(26;11;—2).

9 9 9 9
Goi K 14 hinh chiéu cia B 1én duong thang d , khi d6
Taco d(B;d)=BK =BH nénkhoang cach tir B dén d nho nhat khi BK =BH , do d6 duong thang
d diqua A va cé vecto chi phuong U = (26;11; - 2) ¢6 phuong trinh chinh tic:

d: x+3_y _z-1

26 11 -2
Chony A.
Cau 16. Trong khong gian Oxyz, cho diém A(L 1 2) vamat phang (P):(m-1)x+y+mz—1=0
, voi m la tham sé. Biét khoang cach tir diém A dén mat phang (P) I6n nhat. Khang dinh ding
trong bén khing dinh dudi day 1a

A 2<m<6 B. Khdng c6é m. C. 2<m<?2 D. 6<m<-2
Loi gidi
~1).1+1+m2- - [om? -
Taco d(A;(P)):Km il l|= g _ 9m2 om +1
JM-1+2+m*  J2m’-2m+2 V2m'-2m+2
2

Nhan xét T =20 ~OM*L 55 vsi meR.

2m®—-2m+2

2
Taco T =M =OM*+L o1 g)m? —2(T-3)m+2T ~1=0 (¥)

2m°—-2m+2

Phuong trinh (*) c6 nghiém

& A=(T-3) (27T -9)(2T -1)>0 = -3T*+14T >0 < O<T s%.

&2

Do d¢6 d(A; (P)) dat gia tri Ion nhat bang 72 khi m=5¢(2;6).
Chony A.

R

Cau 17. Trong khdng gian vai hé toa do Oxyz, cho diém M (7 > J va mat cau (S):

X’ +y?+2>=8. PDuong thang d thay ddi di qua diém M , cat mat cau (S) tai hai diém phan bigt
A, B. Tinh dién tich 16n nhit S cua tam giac OAB .
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A S=4 B.S=27 C.S=47 D.S=2J2
Loi gidi

(S) c6 tam O(0;0;0), ban kinh R =242, OM =1<2y2 =M nim trong mat cu (S).
Goi H 1a trung diém cua AB thi OH L AB.

Taco Sy = %OA.OB.sin AOB =4sin AOB.

Truong hop 1. AOB <90°, khi d6 S, dat gié tri Ion nhat khi sin AOB=1=S,,, =4

Truong hop 2. AOB >90°, AOB giam dan thi gi4 tri sin AOB ting din = AB giam dan

= OH ting dan, ma OH <OM =1, dau bang xay ra khi H =M , khi d6

AM =+/OA>—OM? =7 =S_, =OM.AM =+/7 .

Chony C.

Cau 18. Trong khong gian Oxyz, cho hai diém A(0;-1;2),B(1;1;2) va duong thang

g Xty :ZT_l. Biét diém M (a;b;c) thudc dudng thing d sao cho tam giac MAB c6 dign

1 1
tich nho nhat. Khi do, gia tri T =a+2b+3c bang
A.5 B. 3 C.4 D. 10
Loi gidi
1

Tacod S, :E'd (M ;AB).AB nén AMAB c6 dién tich nho nhat khi d (M ; AB) nhé nhét.

Goi A la duwong vudng géc chung cia d, AB. Khido M =And.Goi N=ANAB.
X=8§

Taco: AB=(1;2;0), phuong trinh duong thing AB:<y=-1+2s
z2=2

Do NeAB = N(s;-1+25;2), M ed = M (-1+t;t;1+t).

= NM =(t-s-1;t-2s+1;t-1). MA MN Ld,MN LA nén

{t—s—l+2t—4s+2:0 {3’[—532—1 t:4

e e1 3.
t—-s-1+t-2s+1+t-1=0 3gt-3s=1 s—1

Wl
Wl
wl

Do do M( = jhayT:a+2b+3c:10.

Chony D.
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Cau 19. Trong khong gian Oxyz, cho mat phang (o):2x+y-2z+9=0 va ba diém
A(2;1;0),B(0;2;1),C(L;3;-1). Biém M e (o) 520 cho [2MA+3MB —4MC| dat gié tri nho nhdt.

Khing dinh nao sau day ding?
A Xy +Yu+zy=1 B.xy+yy+zy=4 C.xy+Yu+zy=3 D.xy+yy+2zy=2

Loi gidi
Xét diem 1(a;b;c) théa méan 21A+3IB-41C =0. Khi dé:
2(2-a)-3a-4(1-a)=0 a=0
2(1-b)+3(2-b)—-4(3-b) =0 {b=—4=1(0;-4;7).
—2¢+3(1-c)-4(-1-¢)=0 c=7
Khi d6: [2MA+3MB —4MC| = [2MI +3MI —4MI +21A+3IB-4IC[ = IM .
Do 6 [2MA+3MB - 4MC| dat gié tri nho nhét thi M 14 hinh chiéu caa 1 trén (o).
X =2t
Goi A qua | vavudng géc véi (o). Khido: A:qy=—-4+t.
z2=7-2t
Taco: 2(2t)+(—4+1)-2(7-2t)+9=0<1t=1.Vay M (2;-3;5) = X, + Yy +2,, =4.
Chony B.

Cau 20. Trong khdng gian Oxyz, cho dudng thang A:%:yT_lzi va hai diém A(L2;-5),

B(-10;2). Biét diém M thugc A sao cho biéu thic T =|MA—MB| dat gia tri I6n nhat 1a T,.,, .
Khi d6, T, bang bao nhiéu?

AT, =3 B. T, =2/6-3 C. T, =57 D. T, =3J6
Lo gidi
ﬁ=(—2;—2;7).
x=-1-2t'
Phuong trinh duong thang AB a: {y=-2t'
z2=2+Tt
Xét vi tri twong ddi cua A va ABtathdy A cit AB tai diém C(—%;%;—%j .
E:(_ﬂ;_ﬂ;EJ ; 3AC = AB nén B nim gitta A va C.
3 33 2

T =|MA—MB|< AB D4u bing xay rakhi M tring C. Vay T, = AB =+/57 .
Chony C.
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Cau 21. Trong khdng gian véi hé truc toa dd Oxyz , cho hai diém A(2;1;3), B(6;5;5). Goi (S)
la mat cau c6 dudng kinh AB . Mat phang (P) vudng goc véi doan AB tai H sao cho khdi non

dinh A va day 1a hinh tron tim H (giao ctia mét cau (S) va mat phang (P)) c6 thé tich lon nhat,

biét rang (P):2x+by+cz+d =0 véib, c, deZ.Tinh S=b+c+d.

A.S=-18 B.S=-11 C.S=-24 D.S=-14
Léi gidi

Taco AB=(4;4;2) = AB=6 suy ramat cau (S)cotam 1(4;3;4) vaban kinh R=3.
bat IH =x (0<x<3).

Goi r 14 ban kinh duong tron tim H suyra r =+R>—x2 =/9-x2 .

Thé tich khdi nén la v :%nrz.AH :%n.(BZ ~Xx*).(3+x).

3
Ap dung bt dang thirc Co si ta co V =%n(6—2x)(3+ X)(3+ X)S%n(6+§+3j <V ng?n

Vay thé tich khéi non 16n nhit bang SZTTE khi 6—x:3+x<:>x:g® IH :g.
Mt phang (P) vé vec to phap tuyén i =(2;b;c). Vi (P) vubng goc véi doan AB néntaco i ciing
. 2 b c b=2
h 5 AB @ —=—=—& .Vay (P):2x+2y+z+d =0.
phuong vé 2- 212 {c:l ay (P) y
8+6+4+d 18+4d=3 [d=-15
Mt khac d(l;(P))=1<:>w=1<:>|18+d|:3<:> o ,
22,1221 18+d =-3 d=-21

d <-18

Mat khac A va | nam cing phia véi mat phang (P) nén taco (9+d)(18+d)>0<:{d o . Vay
>_

d=-21suyra S=b+c+d=2+1-21=-18.
Chony A.
Cau 22. Trong khong gian véi hé toa ¢ Oxyz cho céc diém A(4;2;5), B(0;4;-3), C(2,-3;7).

Biét diém M (X,;Yy;2,) ndm trén mat phang Oxy sao cho ‘MA+ MB + MC‘ dat gid tri nho nhit.
Tinhtong P =X, + Y, + Z,.

A P=-3 B.P=0 C.P=3 D.P=6
Léi gidi
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Goi G(2;1,3) latrong tam AABC =>|MA+MEB +MC]| =[3MG|=3MG

Do d6 |MA -+ MB +MC| nho nhdt khi MG nho nhét

Ma MG >d[G,(Oxy) |=GH nén MG nhonhatkhi M =H khid6M Ia hinh chiéu vuong goc cua
G Ién (Oxy) = M (2,1,0) = X, + Y, +2, =3

Chony C.

A N . . R . 2 x-1 vy z+2 ., ..z
Céu 23. Trong khong gian vai hé toa 6 Oxyz , cho duong thang A : > 1" 1 va hai diém
A(0;-13), B(L-2;1). Tim toa do diem M thudc duong thang A sao cho MA? +2MB? dat gia
tri nho nhat.

A. M (5;2;-4) B. M (-1-1-1) C. M(L0;-2) D. M (3,1;,-3)

Loi gidi
Vi M thudc duong thang A nén M (1+2t;t;—2—t).

Taco MA® +2MB? = (2t +1)° + (t+1)° +(t+5)" +2[ (2t) +(t+2)" +(t+3) | =18+ 36t +53
& MA? +2MB? =18(t+1)" +35>35,Vte R,

Vay min(MA? +2MB?) =35 <t =1 hay M (-1-1-1).

Chony B.

Cau 24. Trong khong gian véi hé toa d6 Oxyz, cho duong thiang d: Xl_lzgz 2;1, diém
A(2;2;4) va mit phang (P):x+y+z-2=0. Viét phuong trinh duong thang A ndm trong (P),

cit d sao cho khoang cach tir A dén A 16n nhat.

B. C. D.
A.ézl:ZL2 Xx-3 y+4 z-3 x-2 y-2 71-4 x-1 y+1 z-2
1= 1 1 =2 1 1 =2 1 1 2 1
Loi gidi

Toa d6 giao diém B cua d va (P) la nghiém cua hé phuong trinh

x-1_y z2-1 x=1

1 2 3 <{y=0.SuyraB(L0;1).Taco A diqua B.
X+y+z-2=0 z=1

Goi H 1a hinh chiéu caa A 1én A.
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Goi d(A,A)=AH < AB,nén d(A A) datgiatri I6n nhat1a AB . Khi d6 duong thang A qua B va
¢6 Mot véc to chi phuong 14 U =| ng, AB |=—(L-2,1) véi 1, = (111).
Thé toa 46 B(1;0;1) vao bén phuong 4n, chi phuong 4n B théa mén,

Chony B.
Cau 25. Trong khong gian véi hé toa do Oxyz cho ba mat phang (P):x-2y+2z+1=0,

(Q):x—2y+2z-8=0, (R):x—-2y+2z+4=0. Mot dudng thang A thay doi cat ba mat phang

(P), (Q), (R) lan luot tai c4c diém A, B, C. Gia tri nhé nhat cua bieu thuc AB + %

o la
A. 4—; B. 99 C.18 D. 24
Léi gidi
Ta c6 ba mit phang (P),(Q),(R) d6i mét song song va (P) nam gitra (Q),(R).
1+8| 14|
d((P),(Q =|—=3,d P),(R))=———_=1.
(=g = PO s
Suy ra AB+ 962 23+9—?:99.
AC 1
Diang thie xay ra khi A vuéng goc véi (P).

Chony B.
Cau 26. Trong khong gian véi hé toa do Oxyz, cho hai diém A(6;3;2), B(2;,—-16). Trén mat
phang (Oxy), lay diém M (a;b;c) sao cho MA+MB bé nhat. Tinh P =a*+b®—c”.
A. P=129 B. P=-48 C. P=33 D. P=48
Loi gidi
Mt phang (Oxy) c6 phuong trinh z=0,va A, B ndm cung phia véi (Oxy). Goi A’ 1a diem dbi
xing véi A qua (Oxy) = A'(6;3;-2).
Tacd MA+MB = MA'+MB bé nhatkhi M, A’, B thang hang, khi d6 M = AB(Oxy).
Taco A'B=(-4;-4;8)=-4(L1-2) suy raA'B ¢6 mot vecto chi phuong U = (L1-2)
X=2+t
= AB:y=-1+t (teR). M e AB = M (2+t;-1+t;6-2t).
z=6-2t
Do M e(Oxy) =>6-2t=0<t=3=M(5;2;0). Vay P=a’ +b°—c* =33.
Chony C.
Cau 27. Trong khong gian Oxyz, cho t& dién ABCD véi A(m;0;0), B(0;m-10);
C(0;0;m+4) thoéaman BC = AD, CA=BD va AB =CD. Gia tri nhé nhét cua ban kinh mat cau
ngoai tiép tr dien ABCD bang

A.ﬂ B.@ C. 7 D. V14

2 2

Léi gidi
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C
Dét BC:a; CA:b1 AB:C .

Goi M | N 1an Iuot 14 trrung diém cua AB va CD .
Theo gia thiét ta c6 tam giac AABC = ACDA (¢£€) = cm =DM hay tam giac CMD can tai M
—MN LCD

Chumng minh tuong tu ta ciing co MN L AB |

Goi | 1a trung diém caa MN thi IA=1B y3 IC=1D

Mt khéc ta lai c6 AB=CD pgn ABMI =ACNI = IB=1C hay | |3 tam mat cAu ngoai tiép ti dién
ABCD

_ MN?  AB?  MNZ+c?

= +
Taco IA2=IM*+ AM? 4 4 4
CMZ 2a% +2b* —c?
Mat khac CM 13 duong trung tuyén cua tam giac ABC nén 4
2 2 2 a2 2 h2 Q2
:>|\/|N2:C|2_C|\|2:w_c_:m.
4 4 2

A2 :a2+b2+c2

Vay 8
2 2 2
Vi a’+b*+c’=2m*+2(m-1) +2(m+4)" =6(m+1) +28
2

1A2 :M213 1A =\ﬁ=@
Vay 8 2 2 2
Chony B.

Cau 28. Trong khdng gian Oxyz cho diém A(2;5;3) va duong thang d :%:%:L;. Goi

(P)1a mat phang chira duong thang d sao cho khoang cach tir A dén (P) I1on nhét. Khoang cach
tir diém M (1;2;-1) dén mat phang (P)bang

A. % B. 342 c. Yt D. E
6 18 6
Loi gidi

Trang | 313



Tap chi va tu liéu todn hoc |

Goi I (1+2t;t;2+2t) la hinh chiéu vudng goc ciia A trén d .

d c6 vécto chi phuong 1a u, =(2;1;2)

Tac Alu, =0 (2t-1)2+(t-5)+(2t-1)2=0<t=1suyra 1 (3L4).

Khoang céch tir A dén mat phang (P) 1a AH =d(A,(P))< Al suy ra khoang cach tir A dén (P)
I6n nhat bang Al . Khi d6 mat phang (P) qua | va nhan Al =(L-4;1) lam vécto phap tuyén.
Phuong trinh mit phang (P): x—4y+z-3=0

_[-8-1-3 1142

N1+16+1 6

Khoang cach tir M (1;2;-1) dén mat phang (P) 1a d (M, (P))

Chony A.
Cau 29. Trong khong gian Oxyz , cho mit ciu (S):(x-1)" +(y+2)° +(z-3)" =12 vamat phing
(P):2x+2y—-z-3=0. Goi (Q) la mat phang song song véi (P) va cit (S) theo thiét dién la
duong tron (C) sao cho khdi nén c6 dinh 1a tam ciia mat cau va day 1a hinh tron gidi han bai (C)
c6 thé tich 16n nhat. Phuong trinh cia mt phang (Q) 1a
A. 2Xx+2y—-72-4=0 hoic 2x+2y—-z+17=0.
B. 2x+2y-2+2=0 hoac 2x+2y-z+8=0.
C. 2X+2y—-2-1=0 hoac 2x+2y-z+11=0,
D. 2x+2y-z-6=0 hoic 2x+2y-z+3=0,
Loi gidi
Mat cu (S) c6 tam 1(L-2;3) va ban kinh R =24/3.
Goi r 1a ban kinh dudng tron (C) va H 1a hinh chiéu cua | 1&n (Q).

Pit IH =x taco r=yR2—x* =12-x*

2 r 2
Viy thé tich khdi n6n tao duoc 14 V = %.IH Sie) = %.x.n(\/lz ) - %n(12x )
Goi f(x)=12x—x" vix €(0;2v/3). Thé tich n6n Isn nhét khi f (x) dat gid tri lon nhét

Taco f'(x)=12-3x*; f'(x)=0 <12-3x* =0 < x=12 < x=2.

Lap bang bién thién ta dé thay V__ :%an :16?71 khi x=1H =2.

Mt phang (Q)//(P) nén (Q):2x+2y—-z+a=0
21+2(-2)-3
<:>| +2(-2) +a|

22 422 4(-1)

a=11
a=-1

Vad(1;(Q))=1H =2 < la-5=6 @{

Vay mat phang (Q) c¢6 phuong trinh 2x+2y—2z-1=0 hogc 2x+2y—z+11=0.
Chony C.

143,

Cau 30. Trong khdng gian Oxyz , cho diém M (5,7,0J va mat cau (S):x*+y?+2>=8. Mot

duong thang di qua diém M va ct (S) tai hai diém phan biét A, B . Dién tich I6n nhat cua tam
giac OAB bing
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| A. 4 B. 247 C. 242 D. 7
Loi gidi
Mt cau (S) co tam O(0;0;0) va ban kinh R =2+/2.
e Vi 1\/§ - X M wr A
Taco: OM = 5’7’0 = OM =1<R = diém M nam trong mt cau (S).

Goi H la trung diém AB = OH <OM .
bat OH =x=0<x<1.

2 _ 2 2
bat AOH:oc:>sinoc:AH=\/OA OH =\/8 X ;COSOL=O—H=L.
OA 22 OA 22

2
Suy ra sinAOB=25in0Lc050c=X 8-x .

Taco: S,ops = %OA.OB.sin AOB = x+/8—x* V6i 0<x<1,

Xétham sé f (x)=xy/8—x trén doan [0;1]

£(x)=+ X 822X 0 ke 0] = max £ (x)= f (1) =7

8_)(2_\/8—x2 N [o2]
Vay dién tich I6n nhat cia tam giac OAB bing /7 .
Chony D.
Cau 31. Trong khéng gian véi hé toa do Oxyz , cho mat ciu (S):(x-1)" +(y-3)" +(z-2)" =4.
Goi N (Xy;Yo;Z,) 12 diem thude (S) sao cho khoang cach tir diém N dén mat phang (Oxz) 16n

nhat. Gia tri cua biéu thic P = x, + Y, + z, bang

A. 6 B. 8 C.5 D. 4
Lo gidi
Goi d la dudng thang di qua tam 1(1;3;2) ciia mat cau (S) va vudng goc véi (Oxz).
x=1
Phuong trinh tham sbcuad: y= 3+t,(t e R) .
z2=2

Goi A, B lan luot 1a giao diém ctia d va (S) suy ra: A(L5;2), B(L12).
Taco d(A;(Oxz))>d(B;(0xz)).
Theo d& bai thi N=A = N(L,5;2) = X, + Yy, +2, =8.

Chony B.
X=1+2t
Cau 32. Trong khong gian Oxyz , cho diém A(2;1;1) va dwong thang d:{y=t . Mt phang
z=-2-t

(P) chtra duong thang d sao cho khoang cach tir diém A dén (P) 16n nhit c6 phuong trinh 1a

C.
A. X+2y+4z+7=0 B. 4x-7y+z-2=0 AX—5y+32+2=0 D. x+y+3z+5=0
Loi giai
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!

A H
P

Goi H lahinh chiéu cia A trén d ; K Ia hinh chiéu cia A trén (P).
Taco d(A;(P))=AK<AH (khong doi)

= d(A;(P)) lon nhat khi K=H .

Vi Hed nén H(1+2tt;-2-t). Taco AH =(2t-Lt-1-3-t).

Puong thang d c6 vecto chi phuong U = (2;1;-1)

Vi H lahinh chiéucua A trén d nén AH.G =0« 2(2t-1)+1(t-1)+(3+t)=0<1t=0.
Vay H =(10;-2) = AH = (-1-1-3).

Mt phang (P) qua H vavudng goc véi AH nén (P) c6 phuong trinh x+y+3z+5=0.
Chony D.

x-1 y+1 z-m
1
(S):(x=1)"+(y-1)°"+(z-2)"=9. Tim m dé duong thang d cit mat cau (S) tai hai diém phan

biét E, F sao cho do dai doan EF 16n nhat

Cau 33. Trong khéng gian Oxyz, cho dwong thang d: va mat cau

A m=1 B.m=0 C.m:—% D.m=

Lo gidi
Mt cau (S)co tam 1(11;2) va ban kinh R=3.

Goi H la hinh chiéu vudng goc ctia | trén d , khi d6 H 14 trung diém doan EF .

Taco EF =2EH =2\/R2—(d(l,(P)))2 . Suy ra EF 16n nht khi d(1,(P)) nhé nhat
Puong thing d qua A(L-1m) vacé véc to chi phuong u =(11;2),
Tacé Al =(0;2;2—m), [ﬁ,ﬁ]=(2+m;2—m;—2).

(A1) owerz

_ > 2.

Suyrad(l,(P))= M i

Do d6 d(1,(P)) nho nhét khi m=0. Khi d6 EF =2EH :2\/R2—(d(l,(P)))2 =27
Chony B.
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X=1+t x =2t
Cau 34. Trong khdng gian Oxyz , cho hai duong thang d :{y=2-t, d":{y=1+t'. Duong thing
z=t z2=2+t

A cat d, d' lan luot tai cac diém A, B thoa man do dai doan thang AB nhé nhat. Phuong trinh

duong thang A 1a

A x—lzy—ZZE B. x—4:l:z—2 C.E:y_B:ZH D x—2:y—1:z—1
-2 1 3 -2 -1 3 2 -1 -3 -2 1 3

Loi gidi
Taco And =A(l+t;2-t;t), And =B(2t';1+t;2+t").

ABuU=0 A —t—1-t' —t+1+t'—t+2=0 o-3t=—2 |r=1
. = = 2.
ABU' =0 A" -2t-2+t"+t-1+t'—t+2=0 6t'—2t=1

Suyra A(211), AB= (—1;1;§j
2 2
AB ngén nhat khi va chi khi AB 1a doan vuéng géc chungcua d , d'.

Vay A di qua A(2;L1) c6 vecto chi phuong U=2AB=(-2;13) = A: X=2_ y;1 = 2;1

Chon y D.
Cau 35.Cho2 matciu (S,):(x=3)" +(y—2)"+(z-2)" =4, (S,):(x-1)" + y* +(2-1)" =1. Goi
d 1a duong thang ddng thoi tiép xdc véi hai miat cau trén, cit doan thang néi tm hai mat cau va
cach gbc toa d6 O mot khoang 16n nhat. Néu u = (a; ; b) la mot vecto chi phuong cua d thi tong
S =2a+3b bang bao nhiéu?
A S=2 B.S=1 C.S=0 D.S=4
Lo gidi

(S,) cotam 1,(3; 2; 2), bankinh R, =2.

(S,) c6tam 1,(1; 0;1), ban kinh R, =1.

Taco: I,1,=3=R +R,,dodé (S,) va (S,) tiép xtc ngoai véi nhau tai diém A(g; %; gj

Vi d tiép xtc véi hai mat cau, dong thoi cit doan thang ndi hai tam 1,1, nén d phai tiép xtc véi hai
mat cautai A=d L1,1,.

Mit khc d =d (O; d) <OA =>d,,, =OA khi d L OA.

Khi do, d c6 mot vecto chi phuong la = u=(-2;12)=a=-2, b=2.

Vay S=2.
Chony A.
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Cau 36. Trong khong gian Oxyz , cho hai dwong thang d, : X_Y_Z 4 d,: X—+1=X=Z—_1.
1 1 2 -2 1 1
Piém M ed, va N ed, sao cho doan théng MN ngén nhét
35 35 35 35 35 35
35 35 35 35 35 35
35 35 35 35 35 35
555 5 5 5

Loi gidi
+ Puong thing d, c6 vécto chi phuong 1a u, =(11;2) va di qua diém O(0;0;0).
+ Puong thing d, ¢6 vécto chi phuong 1a U, = (~2;11) va di qua diém K (-10;1).
+Taco: |y, , U, |=(-L-5;3). Vi | uy , u, | OK =4 nén hai dudng thing da cho c6 vi tri chéo nhau.
+Vi [Jl , @}CW =5 nén hai duong thing da cho ¢6 vi tri chéo nhau.
+ Suy ra MN ngan nhat khi va chi khi MN 14 doan vuéng goc chung cia d, va d,.
+Vi M ed, nén M (m;m;2m), meR va N ed, nén N(-1-2n;n;1+n), neR.
Tacé: MN =(-2n—m-Ln—-m;n-2m+1).

Céch 1. Tir y&u cau cua bai toan ta c6 hé phuong trinh sau:

=17

. Tl

MN.u, =0 n—-6m=-1 -1 —

MNu,=0  [6n-m=-3""| _3 35'35'35)" (35" 35 '35
35

Céach2. Tir yéu cau cua bai toan ta c6 hé phuong trinh sau:

_ =

MN.y =0  [n-6m=-1 35 (3_3_6) (-1,-17_18)

. = = =>M|—;—;— ||N| —;——;—

MN.u, =0 6n—m=-3 m—i 353535 35 35 35
35

Chony B.

Cau 37. Trong khong gian Oxyz, cho hinh hop ABCD.A'B'C'D’ biét A(L0;1), B(212),
D(2;-2;2), A'(3;0;-1), diém M thugc canh DC . Gid tri nho nhat cua tong cic khoang cach
AM + MC' la

A V17 B. V17+446 C.\17+8\3 D. V17+672

Léi gidi

Trang | 318



| Hinh hoc gidi tich khéng gian Oxyz

B c
A'(3;0;-1) i > _
B(21:2
.( _____ 1IN c
e ] o
A(%;0;1) Dz 2:2)

Taco AB=(LL1); AA'=(2;0;-2); AD =(1-2;1).
Theo quy tic hinh hop tacd AB+AD+AA' = AC' = C'(5,-11).
Phuong trinh duong thing DC di qua D(2;-2;2) vanhan AB =(111) lam véc to chi phuong la

X=2+t
y=-2+t.
Z2=2+t

Goi M (2+t;-2+t;2+t)e DC.
Taco AM = (t+5t—-2t+1) =|MA =37 +6, C'M = (t—3;t-Lt+1) =|MC'|=/3(t-1) +8.
Xét vecto l]:(x/§t;x/6), \72(\/5—\/§t;2\/§).

Do [u]+[V[[i+V] nen Am +MC'2\/(J§)2+(JE+J§)2 o AM +MC'>17+83 .
N SN I SN

= o — =X o t=2{3-3
J3(1-t) 23 1-t 2
= M (2V3-11-23;243-1).
Vay gia tri nhé nhat ctia tong cac khoang cach AM +MC’ [a V17 +84/3 .

Chony C.
Cau 38. Trong khdng gian véi h¢ toa dd Oxyz , cho diém A(2; -1 1). Phuong trinh mat phang

Dau "=" xay ra khi

(P) di qua diém A va cach gdc toa dd O mot khoang I6n nhat la:
A 2Xx-y+z+6=0 B.2Xx-y+z-6=0 C.2x+y+z-6=0 D.2x+y-z-6=0
Lo gidi
@)

-
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Goi H 1a hinh chiéu cua A 1én mat phang (P). Suy ra khoang cach tir O d&én mat phang (P) chinh
la OH . Phuong trinh m3t phang (P) di qua diém A va cach géc toa 46 O mot khoang Ion nhét khi
H = A hay OA L (P).

Phuong trinh mit phang  di qua diém Ava nhan ﬁ=(2; —1; 1) 1am mdt vecto phap tuyén:
2(x-2)-1(y+1)+1(z-1)=0 hay 2x-y+2-6=0.

Chony B.

Cau 39. Trong khong gian Oxyz cho mit ciu (S):(x—3)° +(y—1)" +2* =4va duong thing

X=1+2t
d:{y=-1+t, te R. Mt phang chua d va cét (S)theo mot duong tron ¢ ban kinh nhé nhat c6
z=—t
phuong trinh la
A.3x—-2y—-4z-8=0 B. y+z+1=0 C. x-2y-3=0 D. x+3y+5z+2=0
Léi gidi
Mt cau (S) c6 tam 1(3;1,0)vabankinhla R=2,
X=1+2t
Taco d:{y=—-1+t cb véc to chi phuong U =(2;1;-1)
7=t

Goi H (1+2t;—1+t;—t) lahinh chiéucua | trén d.
Taco IHU=0 < (2t-2)2+(t-2)+t=0 < t=1suy ra H(3;0;-1)
Goi (Q) la mat phang chia d .

Ban kinh duong tron giao tuyén ciia mat phang chira d va mat cau (S) 1a r = \/Rz —(d (1 (Q)))2 :
suy ra r nhé nhat khi d (1,(Q)) I6n nhat.

Goi M la hinh chiéu cua | trén (Q).

Taco d(1,(Q))=IM <IH suy ra d(1,(Q)) lén nhat khi d(1,(Q))=1IH, lic d6 mat phing (Q)
qua H (3;0;-1) va c6 mot véc to phap tuyén 1a IH =(0;-1;-1).

Phuong trinh mét phang (Q):y+z+1=0.

Chony B.
Cau 40. Trong khéng gian Oxyz, cho hai duong thing d:x—1=yI1=z;2 va
, X+l y z-1 . 2 , . 2 X e oa s 2 b oA
d .T=E=T.Phu’ong trinh mat phang chira duong thang d vatao véi duong thang d’ mot
g6c 16n nhat 1a
A x—z+1=0 B. x-4y+z-7=0 C.3x-2y-2z-1=0 D.-—Xx+4y-z-7=0

Léi gidi
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P

Ta c6 dudng thang d di qua diém 1(1-12) va c6 mdt véc to chi phuong 13 u=(2;1;2). Puong
thing d’ c6 mét véc to chi phuong 1a u'=(1,2;1).

Goi (P) la mat phang can dung.

Qua I (L-12) ké duong thang d, // d’, khi d6 goc gira dudng thang d va mat phang (P) bang goc
giita duong thang d, va mat phang (P).

Goi A la mot diém bat ky trén duong thang d,, va goi H, K lan luot 1a hinh chiéu cia A trén mat

phang (P) va duong thang d, ta c6 goc giita duong thang d, va mat phang (P) la goc AlH . Ta co

sin AlH :ﬂ
Al

sin AIK = &
Al

Do AH < AK nén sin AIH <sin AIK nén AIH 16n nhét khi va chi khi AH = AK = H =K. Khi
d6 mit phang (P) di qua d va vudng goc véi mat phang (d,d, ).

= Mot véc to phap tuyén ciia mat phang (P) 1a n= [G,[ﬁﬂﬂ =n=(3-123).

Vay phuong trinh mt phang (P)di qua diém 1(L—12) va c6 mét véc to phap tuyén

Chony B.
Cau 41. Trong khong gian véi hé toa do Oxyz , cho hai diém A(1;2;3), B(0;4;5). Goi M 1a diém

sao cho MA=2MB . Khoang cach tir diém M dén mat phang (P):2x—-2y—z+6=0 dat gia tri

nhé nhit 1a
AL B. = c ¥ p. 1
9 9 9 9
Loi gidi
Goi M(x;y;2).

Taco MA=2MB nén (x—1)+(y—2)"+(2-3)" =4[ " +(y—-4) +(z-5)' |

c>x2+y2+zz+§x—?y—%z+50:0.
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17

Suy ra tap hop cac diém M théa man MA=2MB la mat cau (S) c6 tam |[ 3

wI'E

j va ban kinh

OJII—‘

R=2.
. 29 R R ‘
Vi d(l;(P)):E >R nén (P) khong cit (S).
Do d6, khoang cach tir diém M dén mat phang (P):2x—2y—z+6=0 dat gid tri nho nhatla d ;, =

29 11
d(1;(P))-R _5—2_ 5

Chony D.

Cau 42. Trong khong gian Oxyz , cho mat cau (S):(x—1)" +(y—2)" +(z-3)" =25 va hai diém
A(3;-2;6), B(0;10). Mit phang (P):ax+by+cz—2=0 chia duong thang AB vacit (S) theo
giao tuyén 1a dudng tron c6 ban kinh nho nhat. Tinh gia trj caa biéu thac M =2a+b—c.

A M=2 B.M=3 C.M=1 D.M=4

Loi gidi

Ta co: (P)Lﬁ=(a;b;c) trong d6 a;b;c khong dong thoi bng 0. Mat cau (S) co tam 1(L2;3) va
ban kinh R=5.

. . . , [3a-2b+6c-2=0 [b=2
Do mit phang (P) chtra dudng thang AB nén ta cé: = (1)
b-2=0 a=2-2c

Ban kinh duong tron giao tuyén 1a r =+/R? —d? trong d6

c+4 c’+8c+16
P)) - c+4]

Ja? +b?+c¢c? 5c°—8c+8

Dé ban kinh duong tron nho nhat diéu kién 1a d 16n nhit < M 1,2 ﬂ 16N
5¢° —-8c+8 5 5 '5¢°—8c+8

d=d(1;(

nhat < m =22C—+3 I6n nhat.
5¢“-8c+8

- L £ 2C+3 \ A 3\ A
Coi ham s6 m = ————— la mot phuong trinh an ¢ ta dugc
5¢°—-8c+8

5mc’ —2(4m+1)c+(8m-3) =0,
Phuong trinh c6 nghiém € <> A’=-24m* +23m+1>0 < —2—14 <m<1=m Ién nhite c=1.
=a=0=>M=2a+b-c=1.
Chony C.
Cau 43. Trong khong gian Oxyz cho mit cau (S):(x—1)" +(y—2)"+(z—-3)" =9 va mat phing
(P):2x—-2y+2z+3=0.Goi M (a;b;c) la diém trén mit cau sao cho khoang cach tr M dén (P)
lon nhét. Khi do:

A. a+b+c=8 B.a+b+c=5 C.a+b+c=6 D.a+b+c=7
Loi gidi
Mt (S) cau c6 tam 1(12;3),R=3.
21-22+3+3
d(1.(P))= _4 R mat phang cat mat cau theo mot duong tron
22+(—2) +1°
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Goi M (a;b;c)la diém trén mat cau sao cho khoang cach tir M dén (P)I6n nhat.
Khi M thugc duong thang A vuéng di qua M va vudng goc véi (P)
Xx=1+2t
A:{y=2-2t. Thay vao mat ciu (S) =(2t)" +(-2t)" +(t)’ =9=>9t* =9 =t=+1
z=3+t
[23-20+4+3 10
) 22 4(-2)* +12 3

Véi t=1=M(3;0;4)=d(M;(P))

|2(-1)-24+2+3 1

Véi t=—1:>M(—1:4i2):>d(M?(P)) \/22+(_2)2+12 3

Vay M (3;0;4) =>a+b+c=7.
Chony D.
Cau 44. Trong khong gian Oxyz, cho hai diém M (-2;-2;1), A(L2-3) va duong thang

d :x_+1 _¥=s — 2 Tim vécto chi phuong u cua duong thing A di qua M, vudng géc véi

2 2 -1
duong thang d , dong thoi cach diém A mét khoang l6n nhat.
A u=(4-5-2) B. u=(L0;2) C. u=(8-7,2) D. u=(11-4)
Lo gidi

Goi H 14 hinh chiéu vudng gdc ciia A 1én A, taco d(A;A)=AH.

Mit khac, vi M € A nén AH <AM . Dodo, AH =AM < H =M.

Khi d6, duong thang A di qua M, vudng goc véi duong thang d va vudng goc véi duong thing
AM nén c6 vécto chi phuong 1a u= [E m] =(4,-5;-2).

Chony A.

Cau 45. Trong khong gian véi hé toa do Oxyz , cho ba diém A(-2;1,0), B(4;4;-3), C(2;3;-2)

va duong thang (d): Xllz y—21: 2—11. Goi () la mat phang chia (d) sao cho A, B, C&

cung phia d6i véi mat phang («). Goi d,, d,, d,lan luot 1a khoang cach tir A, B, C dén («).

Tim gia tri I6n nhat cua T =d, +2d, +3d,.

C.
AT, =221 B. T, =6y14 D. T =+/203
e = 2421 = 6314 Tmax=Jl_4+\/2303+3Jﬁ -
Lo gidi
C
N
&-A
o M

/d///
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Taco AB=3V6; AC=2V6; BC=+6.
Tacd T=d +2d,+3d,=d,+d, +d,+d,+2d,.
Goi M Ia trung diém AB, va N la trung diém cua BC ta c6 2d(M;(a))=d,+d, va
2d(N;(a))=d,+d,.
Goi G latrong tdm tam gidc MNC . Khi d6 ta ¢
T =2d(M;(a))+2d(N;(a))+2d, =6d (G;(a)).
Do do T =6d(G;(a))<6d(G;(d)).
Taco M (1;§;_—3j; N(S;Z;_—Sj suy ra G(2;3;-2).
2 2 2 2
Goi H (1+t;1-2t;1~t) Ia hinh chiéu cua G 1én duong thing (d), tacéd GH =(t-1-2t—2;3-t).
GH.4, =0 (t-1)-2(-2t-2)—(3-1)=0<1=0.
Vay T, =6GH =6y1° +2° +3* =
Chon y B.
CAu 46. Trong khong gian Oxyz, cho ba diém A(a;0;0), B(0;b;0), C(0;0;c) véi a,b,c lacac

s thuc dwong thay doi tlly ¥ sao cho a” +b? +c? =1, Khoang cach tir O dén mat phang (ABC)

I6n nhat Ia
AL B.1 c.t D. 3
. Jg . '3 .
Loi giai
Do a,b,c >0 nén phuong trinh mit phang (ABC):§+%+E:1.
a c
1
Do d6 d(O,(ABC))= ——.
(0.(r8C) =
a® b
1 1 1
Ta c6 theo BDT Cosi: (a2+b2+c2)(—2+—2+—2]29 :>i2+i+1229,
a~ b c a® b® ¢

e

Do d6 d(O,(ABC))s .Dau “="xay rakhi a=b=c=

i

1
3
Chony C.
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Cau 47. Trong khong gian véi hé toa do Oxyz, cho diém A(3;1,0), B(-9;4;9) va mat phang
(P) c6 phuong trinh 2x—y+2+1=0. Goi I(a;b;c) la diém thuoc mat phang (P) sao cho
[IA—IB| dat gia tri Ion nhat. Khi d6 tong a+b+c bang
A. -4 B. 22 C.13 D. -13

Lo gidi
Thay toa d¢ hai diém A(3;1;0), B(-9;4;9) vao Vé trai phuong trinh mat phang (P), ta co
23-1+0+1=6>0 va 2.(-9)-4+9+1=-12<0.

Nén suy ra, hai diém A, B nam khac phia véi mat phang (P).
Goi A'(-1;3;-2) la diém ddi ximg véi diem A qua mat phang (P). Taco
IA-1B|=|IA'~IB|< A'B =+/186 .

Dau “=" xay ra khi va chi khi A", B, | thang hang va | niam ngoai doan A'B. Suyra | la giao
diém cua duong thing A'B va mat phang (P).

Xx=-1-8t
Tacé A'B=(-8;111), nén suy ra phuong trinh duong thing A'B [a {y =3+t
z=-2+11t
Toa do diém | 1a nghiém cua hé phuong trinh
Xx=-1-8t X=7
y=3+t y=2

= .
z=-2+11t z=-13
2X—y+2+1=0 t=-1

Vay 1(7;2;13) nén a+b+c=7+2+(-13)=—4.

Chony A.
Cau 48. Trong khong gian véi hé toa do Oxyz, cho mat cau (S):(x—1)"+y*+(z+2) =4 va
X=2-t
duong thang d:{y =t .Goi T latap tat ca cac gia tri cia m dé d cét (S) tai hai diém phan
zZ=m-1+t

biét A, B sao cho céc tiép dién cua (S) tai A va Btao véi nhau gdc I6n nhét c6 thé. Tinh tong

cac phan tircaatap hop T .
A. 3 B. -3 C.-5 D. 4
Lo gidi
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Mt cau (S) c6 tam I (L0;—2) vabankinh R=2.
Puong thang d di qua diém N (2;0;m—1) va c6 véc to chi phuong U =(-L11).

[}

Diéu kién dé d cat (S) tai hai diém phan biét1a d (1;(d))<R < i <2
u
V2m® +6m+6 -3-421 —3+421
= 2 —<m<——.
J3 2 2

Khi d6, tiép dién ciia (S) tai A va B vudng goc vsi 1A va IB nén goc giita chliing la goc (1A;1B).
Taco 0° <(IA;IB)<90° nén (1A;1B)  =90° < IALIB.

\2m? +6m+ \/7

=0
Tir d6 suy ra d(1;(d )):—AB NFR= 2m2+6m:0<:>m__3 (thoa).

Vay T ={-3;0} . Tong cac phan ti cua tap h()’p T bang -3.

Chony B.

Cau 49. Trong khong gian véi hé toa dd Oxyz , cho hai mat phang (P):x+2y-2z+2018=0 va

(Q):x+my+(m-1)z+2017 =0. Khi hai mit phang (P) va (Q) tao véi nhau mot géc nho nhat

thi diém H nao duéi day nim trong mét phing (Q) ?

A. H(-2017;1;1) B. H(2017; -1;1) C. H(-2017; 0; 0) D. H(0; —2017; 0)
Loi gidi

Vecto phép tuyén cua (P) va (Q) lan luot I3 ey = (L 2 -2) 5 g =(L m m-1).

Goi ¢ 1a gdc tao boi hai mat phang (P) va (Q) thi 0°<¢@<90°.

_ 1
Taco: fp Mo =3; ‘n ‘ ‘n(Q)‘:\/2m2—2m+2 = COSp = .
V2m? —2m+2
D” ) tao véi nhau mét goc nho nhét thi cos¢ 16n nhit < +/2m? —2m+2 nho nhat.

P
Ma v2m? —2m+ _f m—— +— >\/7 nén gia tri 16n nhét cua 1a cos ¢ = \/;khlm_%

Khl dé (Q)X+Ey—52+2017:0

Vay H(-2017;1;1)e(Q).
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Chony A.
X=4-2t
Céu 50. Trong khong gian véi hé toa do Oxyz , cho hai duong théng chéo nhau d,:<y=t :
z=3
x=1
d,:{y=t" . Phuong trinh mit cau c6 ban kinh nhé nhét tiép xdc véi ca hai duong thang trén la
z=-t'
3Y 9
Al x+2 | +y?+(z+2) ==
(xe 3] wy(aray =3
3Y 9
B.[x—=| +y*+(z-2)"==
2 y ( ) 4
3Y 3
C.|x=2| +y*+(z-2) ==
2 y ( ) 2
3Y 3
D. | x+=| +y2+(z+2)' ==
2 y ( ) 2

Léi gidi

Céach 1: d, di qua diém A(4; 0; 3) c6 vecto chi phuong 1a G, =(-2; 1; 0)

d, di qua diém B(%; 0; 0) co vecto chi phuong la G, =(0; 1; —1).

Goi (o) la mat phang chira d, va song song véi d,va (B) la mat phang chia d, va song song véi
d,

Taco VTPT cua (o) va (B) la i=d, Al,=(L 2; 2)

=(a):x+2y+2z-1=0, (B):x+2y+2z-10=0

— mat phing song song va cach déu hai mat phang (o) va (B) 1a (v):x+2y+2z —1—21 =0
Vi (o) tiép xtc véi d, va d, nén ban kinh mat cau R =%d (A(a))= 3 Joai C, D.

Nhan thiy phuong 4n B ¢6 tam | (g, 0; 2) € (y) nén Chon B

Céch 2: Buong thing d, 6 vicp u, =(-2;1,0); dudng thing d, c6 vicp u, =(0;1,-1)
Giasit M ed, =M (4-2;t;3), Ned, = N(Lt';-t').
Khi d6: MN = (2t-3;t'~t;—t'-3) .

MN .U, =0 @{t’—5t+6:0 {tzl

. , =W
MN.u, =0 2t'-t+3=0 t'=-1

MN la doan vudng goc chung cua d, va d, khi {
Vay M(2;1,3), N(3-11).

T W S S A a3 e AB 3
Mat cau can tim la mat cau duong kinh MN nén co tam | 5;0;2 , ban kinh R =7=§
Chony B.
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Cau 51. Trong khong gian véi hé toa d6 Oxyz , cho duong thang A: X;rl = % _Z +11 va hai diém

A(L2;-1), .Goi d la duong thang di qua diém A va cat duong thang A sao cho khoang cach

tir diém B dén duong thang d 14 16n nhat. Phuong trinh duong thang d a:
A x;3=%=z+15 B X y+2 z c x+2=y=z—1 D x—1=y—2=z+l

"1 3 4 3 1 -1 1 6 -5
Léi gidi

Goi I =And.Khido I (-1+2t;3t;-1-t).
Taco: AB=(2-3-4); Al =(2t-23t-2-t) =|Al;AB |=(8-15t;6t-8;10-12t).

‘[ﬁ’ﬁ]‘ ~ \/405t2 —576t + 228

S cd(Bd)= I
uy ra: d(B;d) ‘N‘ 14t — 20t +8

_ 405t* —576t+228 3 135t* ~192t + 76

Xét ham sé f (t .
(t) 14t — 20t +8 2 Tt?-10t+4

2
= fr(t)=2, OO o b0
2 (7t* 10t + 4)

t=

1
~—+
Il
win N

Do d6 d(B;d) nho nhatkhi f (t) dat gia tri nho nhat bang 27 tai t =

Suy ra Al =(E;2;—§j.
3 3

Chon mét vecto chi phuong cua dudng thing d 1a G =3Al = (1,6;-5).

w|nN

x-1 y-2 z+1

Vay phuong trinh dudng thang d : 5 -

Chony D.
Céau 52. Trong khéng gian vai hé toa d6 Oxyz, cho hinh hop chir nhat ABCD.A'B'C'D’ c6 A
triing véi goc toa do O, céc dinh B(m;0;0), D(0;m;0), A'(0;0;n) véi m, n>0 va m+n=4.
Goi M 14 trung diém ctia canh CC'. Khi d6 thé tich ta dien BDA'M  dat gi4 tri 16n nhét bang:
245 g 2 c % D °
108 4 27 32
Lo gidi

Trang | 328



| Hinh hoc gidi tich khéng gian Oxyz

AN ~._| D(0;m;0)

»
1
1
I
1
1
1
1
1
1

L
1
1
1
1
1

\!
Y

Cach 1: Ta chia khdi hop chir nhat ABCD.A'B'C'D’ thanh céac hinh chop c6 thé tich V,, uep =V,
Vosea =Var Vasen =Var Vamoe =Vas Voaoe =Vss Vaaso =V Va Vgoayu =V; . Khi do, ta co:
V =V, ppen =M2N=V, +V, +V, +V, +V, +V, +V, .

1

Trongdo V, =~ 2 tme = Lvoyv ~tnlme iy cintnnotyv v oty v 2 dy,
322 12 32 6 3 4 12 12 6
1 3., 1, 1,
V6=EV - Suy ra Vgpuy =Vo =V =(V +V, +V, +V, +V; +V, ) = V_ZV ZZV =Zmn;

Dom+n=4=n=4-m= Vo, =V, :%m2(4—m)=%(4m2—m3).

, . . 1 ) . . n
Xét  ham  sb V7:Z(4m2—m3) xac  dinh  va lien  twc  ten  [0;4]:

6[0;4] 8 64

' 3 64
,V7(O):O,V7(—j=5,v() 0. Vay rrga‘l‘i(v 57"

V) =2m-"m?*=0<
(7) 4 m:8

—6[0;4] 3

Cach 2: Dung phuong phap toa do trong khéng gian.
. 2 . n
Vi M la trung diém cta canh CC' nén M(m;m;ij, m+n=4=n=4-m.
Xét to dien BDA'M, véi cac dinh co toa do la B(m;0;0), D(0;m;0), A'(0;0;4-m),

M(mm42 j Tac6 BD =(-m;m;0), BA'=(-m;0;4-m), BM = (Om4ij

=[5 |
,4—m , 3

[@,ﬁ].mzmﬁm—m )+m T_Gm —Ems.

0O -m |-m m

4—-m -m|'|-m O

]:(4m—m2;4m—m2;m2),

Ap dung cdng thic tinh thé tich ti dién:

Voo, :é‘[BD BA'| BM‘ ‘Gm —gm

m2

A & 1 ) o .
Xetham s6 Vipay =V; = —(4m2 - m3) xac dinh va lién tuc trén [0; 4] :
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m:0€[0;4]

: 3 8) 64
V,) =2m-=m?=0 V. (0)=0,V,| = |=—, V,(4)=0.

=m0 s o WO (3)-2 v
64

Vay maxV, = —.

AL Y

Chony C.

Cau 53. Trong khdng gian véi hé truc toa do Oxyz, cho ba diém A(0;-2;-1), B(-2;-4;3),
C(L3;-1) va mat phang (P):x+y—-2z-3=0. Tim diém M e(P) sao cho ‘W\+W+2W‘
dat gia tri nho nhat.
A. M (1;1;— J B. M (—l;—l;lj C. M(2;2,-4) D. M (-2;-2;4)

2 2 2 2

Loi gidi

Goi |, O lan luot 1a trung diém cua AB va IC, kghi d6 voi diém M bat ky ta ludn co
m+m:(m+ﬁ)+(m+ﬁ):zw; tuong tu MI + MC =2MO.
Suy ra d =\WA+W+2WH2W+2W\=4\W\ nén d nho nhat khi va chi khi \W\ nho nht
< MO L(P) nén M Ia hinh chiéu vudng goc ctia O 1én (P).
Co A(0;-2;-1), B(-2,-4;3) = 1(-1-3;1), két hop véi C(1,3;-1) tacd O(0;0;0).

x=t
Puong thang qua O(0;0;0) vudng goc véi (P) c6 phuong trinh d:{y =t

z=-2t

Giao diém cua d va (P) chinh 1a hinh chiéu vudng géc M ciia O(0;0;0) 1én mat phang (P).

X=t

t

Gigihe |7 ta duoc t =
Z=-2t

X+y—-22-3=0
11
Vay M| —;—:-1].
AUEEE

Chony A.
Cau 54. Trong khong gian véi hé toa do Oxyz , xét dudng thang A di qua diém A(0;0;1) va vudng

1 1
, X=—,y=—,2=-1.
2 y 2

N -

goc véi mat phang Ozx . Tinh khoang cach nhé nhét gitra diém B(0;4;0) téi diém C trong d6 C
1a diém cach déu duong thang A va truc Ox .
1

A. > B. 32 C. 6 D.

I\)%‘
o

Léi gidi
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ZA

7

Vi duong thang A di qua diém A(0;0;1) va vudng goc véi mat phang Ozx thi A song song véi truc
Oy va nam trong miat phang Oyz . D& thdy OA 1a duong vubng goc chung cia A va Ox .

Xét mat phang (o) di qua I(O; O;Ej va la mat phang trung tryc cia OA . Khi do A// (o), Ox/l (o)

va moi diém nam trén (o) c6 khoang cach dén A va Ox la bang nhau.

Vay tap hop diém C 1a cac diém céch déu dudng thang A vatruc Ox |a mat phang (o).
, 1 s T 1
Mat phang (o) diqua | [O; 0; Ej c6 véc to phap tuyen 1a k =(0;0;1) nén c6 phuong trinh: z -5 0

. Doan BC nhé nhat khi C la hinh chiéu vudng géc cia B 18n (o). Do d6 khoang cach nhé nhat
gitta diém B(0;4;0) téi diém C chinh Ia khoang cach tir B(0;4;0) dén mit phang (o)

1
1 =5 1
Z—E:O:min(BC):d(B;(a)): T

Chony A.
Cau 55. Trong khong gian véi hé truc Oxyz, cho hai diém M (0;-32), N(-L13). Mot mat

phing (P) diqua M, N sao cho khoang cach tir diém K (0;0;2) dén mat phang (P) dat gia tri

I6n nhat. Tim toa d¢ vécto phap tuyén n caa mat phang (P).

A n=(L-11) B. n=(L1-1) C. n=(2;-11) D. n=(21-1)
Léi gidi
Taco: MN =(-12;1).
X=-—t
Duong thang (d) qua hai diém M, N c6 phuong trinh tham s ¢y =—1+2t.
z=2+t

Goi | I3 hinh chiéu vuéng géc cua K 1én duong thang (d) = 1 (~t;—1+2t;2+t).
Khi d6 ta c6 KI =(~t;~1+2t;t).

Do KI L MN :E.W=o@t—2+4t+t=o@t=%:ﬂ=(—%;—%;%)=—%(1;1;—1).

Taco d(K;(P))<Kl=d(K;(P)) =Kl<KIL(P)=n=(LL-1).
Chony B.
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Cau 56. Trong khong gian véi hé toa 4o OXyz , cho ba diém A(a;0;0), B(0;b;0), C(0;0;c) Véi

a, b, ¢ lacéc sb thuc duong thay ddi tly y sao cho a” +b* +¢? =3. Khoang cach tir O dén mit
phing (ABC) I6n nhat bang:

1 1
A — B. 3 C. = D.1
3 Ne
Loi gidi
s = 2 Xy z
Phuong trinh mat phang (ABC): E+B + < =1
0 0 O
a'b ¢ 1
Khi dé: d (O;(ABC)) =2 -
1 1 1 1 1 1
a2 b2 Na? bt
1 9 9 1 1 1
Tacod: +—5+=52 =—= <—= hay d(O;(ABC))<—
2 p* ¢* a’+b’+c® 3 1 1 1 3 (G:(ABC)) V3
a? b2 c?
Dau "=" xay ra a=b=c>0 b 1
a = a = < a=D=C=1.
Y a’+b*>+c*=3

Vay Khoang cach tr O dén mat phang (ABC) I6n nhét bang 1 tai a=b=c=1.

N

Chony D.

Cau 57. Trong khong gian véi hé truc toa do Oxyz , cho ba diém A(a;0;0), B(0;b;0), C(0;0;c)
, trong @6 a>0, b>0, c>0. Mt phang (ABC) di qua diém 1(12;3) sao cho thé tich khéi t
dién OABC dat gié tri nho nhat. Khi d6 cac sé a, b, ¢ thoa man ding thirc nao sau day?

A. a+b+c=12 B.a’+b=c-6 C.a+b+c=18 D.a+b-c=0
Loi gidi

1 2 3

Z_1.Dole(ABC)==++2=1,
c a b c

Taco (ABC): +%+

| X<

Taco 1=E+Z+§233/i = abc <162. Suy ra Vguee :lab0227.
a b c abc 6

3

DA4u bang xay ra khi %z—:a:S;b=6;c=9.

1
3
Chony C.

Cau 58. Trong khong gian véi hé toa &6 Oxyz , cho cac diém A(0;0;—2), B(4;0;0). Mit cau (S)

c6 ban kinh nho nhat, di qua O, A, B ¢c6 tam la

A. 1(0;0,-1) B. 1(2;0;0) C. 1(20;-1) D. |(%;0;_§j

Loi gidi
Goi J 1a trung diém AB = J (2,0;-1)
Tam gi4c ABO vudng tai O nén J 1a tim dudng tron ngoai tiép tam giac OAB.
Goi | latam matcau (S), (S)qua cac diem A,B,O.
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X=2
Ta c6 duong thang 13 qua J vacé mot VTCP 1a j=(0;10) néncO PTTS {y=bh .
z=-1
Taco | e(13)=1(2;b;—-1),1A=+/b? +5= IA> /5. Diu bing xay ra khi b=0
Vay 1(2;0;-1).
Chony C.
Cau 59. Mot khdi da dien H duoc tao thanh bang cach tir mot khéi 1ap phuong canh bang 3, ta

bo di khéi 1ap phuong canh bang 1 & mot “goc” ciia nd nhu hinh v&.
C B

D' A
Goi S la khdi cau co thé tich 16n nhat chira trong H va tiép xdc véi cac mat phiang (AB'C'D’),

(BCC'B') va (DCC'D’). Tinh ban kinh cua S .

A 233 B.3-3 c. 23 D. V2

3 3

Lo gidi

Goi M 1a dinh cua hinh Iap phwong c6 canh bang 1 nam trén dudng chéo AC’ va nam trén khéi con
lai sau khi cat. Goi | 1a tdm cua khéi cau c6 thé tich 16n nhat thoa yéu cau bai toan.
Tacé d(1,(AB'C'D’))=d(1,(BCC'B'))=d(I,(DCC'D"))
Suy ra | thugc doan thang C'M va mat cau tdm | can tim di qua diém M .
Pit d(1,(DCC'D’))=a, tacd IC'=ay/3. Ma CA=33, AM =+/3. Suyra IM =23-a3

Taco d(1,(DCCD'))=IM < a=2J3-a3a= 203 =3-4/3.

1+\/§
Cach khéac
Chon hé tryc toa do Oxyz sao cho C'(0;0;0), B'(0;3;0), D'(3;0;0), C(0;0;3).
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ZA
C B
D |
| M
: | .-V
| .
ch .- B' y
R T T E R EETE >
D'~ A
X
Xx=t
Khi d6 M (2;2;2). Ta c6 phuong trinh dudng thang C'M 1a {y =t = I(t;t;t) véi 2>t >0 do |
z=t

thugc doan thing C'M . Tac6 d(1,(0yz))=IM < |t|=4/3(t-2)" ©t=(2-1)V3 = t=3-43.

Suyra R=IM =3-+/3.

Chony B.

Cau 60. Trong khdng gian véi hé toa dd Oxyz , cho diém M (1;,2;3). Goi (P) la mat phing di qua
diém M va cach géc toa @ O mot khoang l6n nhat, mat phang (P) cét cac truc toa do tai cac

diém A, B, C. Tinh thé tich khdi chép O.ABC .
A 1372 g, 586 c. 5% p, 343
9 9 3 9

Léi gidi

Goi A(2;0;0), B(0;b;0), C(0;0;c). Ta c6 phuong trinh mt phing (P) Ia: §+%+§=1.

Goi H lahinh chiéu cua O Ién (P). Tacé: d(O;(P))=0OH <OM .
Do d6 maxd (0;(P))=0OM khi va chi khi (P) qua M (12;3) nhan OM =(1;2;3) lam VTPT. Do

d6 (P) c6 phuong trinh 1(X—1)+2(y—2)+3(2-3) =0 x+2y+32 :14@ﬁ+%+%=1.
3

Suyra: a=14,b=7, c:%.

1 1 14 686
Vay V =—_0AOBOC==.147.—=—,
aY Vo asc 6 6 3 9

Chony B.
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Cau 61. Trong khdng gian véi hé truc toa do Oxyz, cho mat cu (S) c6 phuong trinh la
X’ +y®+2°—2x-2y—6z+7=0. Cho ba diem A, M, B ndm trén mat cau (S) sao cho
AMB =90°. Dién tich tam giac AMB ¢ gia tri I6n nhét bang?
A 4 B. 2 C. 4n D. Khéng ton tai.

Léi gidi
Taco (S):(x-1) +(y—1)" +(z-3)" =4 =(S) co tam 1(L13) vabankinh R=2.

Baira A, M, B nam trén mit cau (S) va AMB=90° = AB qua | = AB=2R=4.

MA®+MB? AB?
4

Taco S, :%MA.MB < 4.

Dau "=" xéyraQMA:MB:ﬁ:Zﬁ va AB=4.

N

Do d6 dién tich tam giac AMB c6 gia tri I6n nhat bang 4 .
Chon ¥/ A.

Cau 62. Trong khong gian Oxyz, cho hai diéem M (0;1;3), N(10;6;0) va mat phang
(P):x—2y+2z-10=0. Biém 1(-10;a;b) thudc mat phang (P) sao cho [IM —IN| I6n nhat.
Khi dotong T =a+b bing
A T=5 B.T=1 C.T=2 D.T=6

Loi gidi
Taco: (X, —2Yy +22,, —10)(x, —2y, +2z, —~10)=(0-2.1+2.3-10)(10-2.6+2.0-10) > 0

Nén hai diém M va N nam cuing phia so véi mit phang (P).
Taludn cé: [IM — IN| < MN =+/134, nén |IM — IN| 16n nhét khi va chi khi | 1a giao diém cua duong
thang MN véi mat phang (P).
Puong thing MN c6 vec-to chi phuong MN = (10;5;-3),
x =10t
nén phuong trinh duong thang MN 12 {y =1+5t.
z=3-3t
Toa do giao diém | cua duong thang MN véi mat phang (P) tng véi t 1a nghiém phuong trinh:
(10t)-2(1+5t)+2(3-3t)-10=0=t=-1
Do d6 | =(~10;—4;6), tirdo tacd a=—4 vab=6,nén T =(-4)+6=2.
Chony C.
Cau 63. Trong khéng gian véi hé truc toa dd6 Oxyz , cho diém M (L1;1). Mat phang (P) di qua
M va cit chidu duong cua cac truc Ox, Oy, Oz lan luot tai cac diém A, B, C thoa man

OA = 20B.. Tinh gié tri nhé nhat cua thé tich khéi tir dién OABC .

A2 5. 2 c.2 p. 2
27 3 2 16

Léi gidi
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Giasir A(a;0;0), B(0;b;0), C(0;0;c) véi a,b,c > 0. Khi d6 mit phing (P) codang §+%+§=1
. Vi (P) diqua M nén 1+E+E=1.
a b c
Miit khdc OA = 20B nén a=2b nén >+~ =136x =c=_22_.
2b ¢ 2b-3
Thé tich khdi tir dién OABC 12 0.

2 2
Tacéi+l=i+i+123§/ 92 :>§/ 92 S1:>16b0227:>E2§.
2b ¢ 4b 4b c 16b“c 16bc 3 9 3 16
9
a=—
2
v Sy 31 9
16 4 ¢ 3 4
c=3
Chony D.

Cau 64. Trong khdng gian véi hé toa dd Oxyz , cho matcau (S): (x—l)2 +(y—2)2 +(z —3)2 =16
va cac diem A(L0;2), B(-12;2). Goi (P) la mat phang di qua hai diéem A, B sao cho thiét

dién cua (P) véi mat cau (S) co dién tich nho nhat. Khi viét phuong trinh (P) duéi dang

(P):ax+by+cz+3=0.Tinh T=a+b+c.

A. 3 B. -3 C.0 D. -2
Léi gidi

Mt cau c6 tam 1(1;2;3) ban kinh la R=4.

Taco A, B nam trong mit cau. Goi K 1a hinh chiéu cua | trén AB va H Ia hinh chiéu cua | Ién
thict di¢n.

Ta c6 dién tich thiét dién bing S =nr” =(R* —1H?). Do do dién tich thiét dién nho nhat khi IH
I6n nhat. Ma IH < IK suy ra (P) qua A,B vavudng goc vai IK.

Tac6 IA=1B=+/5 suyra K la trung diém cia AB. Vay K (0;12) va KI =(L11).

Vay (P):(x-1)+y+(z-2)=0<-x-y-2z+3=0.

Vay T =-3.
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Chony B.

d-1)"+(e—2)"+(f-3)" =1

) 2o . Goi gia
(a+3) +(b—-2)" +c*=9

Cau65.Choa, b, c,d, e, f lacacsdthucthéamin

trj I6n nhét, gid tri nho nhat caa bidu thic F =(a—d)’ +(b—e)’ +(c— )’ linluotla M, m
Khi d6, M —m bing
A. 10 B. V10 C.8 D. 22
Loi gidgi
Goi A(d;e; f) thi A thuoc mat cau (S,): (x—1)" +(y—2)"+(z-3)" =1 co tam I,(L2;3), ban kinh

R, =1, B(a;b;c) thi B thuoc mat cu (S,):(x+3)" +(y—2)"+2* =9 cotam 1,(-3;2;0), ban kinh

R,=3.Taco Il,=5>R +R, =(S,) va (S,) khong cit nhau va & ngoai nhau.

D& thdy F = AB, ABmax khi A=A,B=B, = Giatri l6n nhitbang I,I, +R +R,=9.
AB min khi A=A,,B =B, = Giatri nho nhat bang 1,1, -R —R, =1.
Viy M -m=8
Chony C.
Cau 66. Trong khong gian (Oxyz), cho hai diém A(0;8;2), B(9;-7;23) va mat cau (S) co
phuong trinh (S):(x—5)2+(y+3)2+(z—7)2 =72. Mat phang (P):x+by+cz+d =0 di qua
diém A va tiép xdc véi mat cau (S) sao cho khoang cach tir B dén mat phang (P) l6n nhat. Gia
tri cia b+c+d khi do la
A.b+c+d=2 B.b+c+d=4 C.b+c+d=3 D.b+c+d =1
Loi gidi
Vi Ae(P) nénta 8b+2c+d=0<«<d=-80-2c = (P):x+by+cz—(80+2c)=0.

. 3 5-11b+5
Do (P) tiép xdc véi mat cau (S) nén d(1;(P))=R @Q:Gﬁ.

V1+b?+c?
. 9-7b+23c-8b-2c| |(5-11b+5c)+4(1-b+4c)
Ta co: d(B;(P)):| —— |=‘ — ‘
\/1+b +C \/1+b +C

:>d(B;(P))<|5_1]b+50|+4 [1-b+4c| d(B:(P)) <62 +4 [1-b+4c|

S J14b24¢? 1+b2 42 = J1+b? +¢?
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Cauchy—Schwarz 1+1+16 1+b2+C2
= d(B;(P))seJE+4\/( A )@d(B;(P))sl&/E
J1+b? +¢?
1:_b:% b=-1
Dau “=" xay ra khi |5—1]b+50| &qc=4 .
E——=6v2 |d=0
V1+b? +¢?
Vay P =182 khib+c+d =3,
Chony C.
CAu 67. Trong khong gian véi hé toa o Oxyz , cho hai diém A(-2;2;-2); B(3;-3;3). Diém M
trong khdng gian thoéa man % =§' Khi d6 d¢6 dai OM 16n nhat bang
A. 63 B. 1243 C. # D. 5\3
Loi gidi
MA 2

Goi M(x;y;2). Tacd VB3 < 3MA=2MB < 9MA? = 4MB?

9| (x+2)" +(y-2)" +(z+2) |= 4] (x=8) +(y+3)" +(2-3) |
X+ Y2+ 72 +12x-12y +122 =0 < (x+6)" +(y—6)" +(z+6)" =108.
Nhu vdy, diém M thugc mat cau (S) tam 1(—6;6;—6) va ban kinh R =+108 =6+/3.

Do d6 OM I¢n nhit bang Ol +R = \/(—6)2 +62+(-6)" +6v3=123.

Chony B.
Céuis& Trong khong gian Oxyz , cho ba diém A(-10;1), B(3;2;1), C(5;3;7). Goi M (a;b;c)
1a diém thoa man MA=MB va MB+MC dat gia tri nho nhat. Tinh P=a+b+c
A P=4 B.P=0 C.P=2 D. P=5
Lo gidi
Goi | 1a trung diém cua AB, suy ra | (LL1); AB=(4;2;0).
Phuong trinh mt phang trung tryc cia AB: (a):2x+y-3=0.
Vi (2.3+1.2-3).(25+1.3-3)=50>0 nén B, C nam vé mot phiaso véi («), suyra A, C nam
vé hai phia so véi ().
Piém M thoa man MA=MB khi M e (). Khi d6 MB+MC = MA+MC > AC
MB +MC nho nhit bing AC khi M = AC ().
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X=-1+2t
Phuong trinh duong thang AC : <y =t , do d6 toa d6 diém M 1a nghiém cua hé phuong trinh

.Dodé M(313), a+b+c=5,

Chony D.
Cau 69. Trong khong gian véi hé toa d6 Oxyz cho diém A(2;1;3) va mat phang

(P):x+my+(2m+1)z—m-2=0, m la tham s6. Goi H (a;b;c) Ia hinh chiéu vuéng géc cua

diém A trén (P). Tinh a+b khi khoang cach tir diém A dén (P) I6n nhét?

A. a+b:—% B.a+h=2 C.a+b=0 D. a+b:g

Loi gidi
Taco x+my+(2m+1)z-m-2=0<=m(y+2z-1)+x+2-2=0 (*)
+2z2-1=0
Phuong trinh (*) ¢6 nghiém véi Vm < Y :
X+z-2=0
X=2-t
Suy ra (P) luén di qua duong thang d :4y=1-2t,
z=t
Ked=K(2-t;1-2t;t), AK(-t;—2t;t-3)

Puong thiang d c6 VTCP U =(-1-2;1).

R.G=0@t+4t+t—3=o©t=%:> K(%;O;%j

3
Taco AH <AK = AH,, = AK < H =K. Viy a+b=—.

Chony D.

Cau 70. Trong khong gian véi hé toa ¢ Oxyz , cho hai diém A(1;0;1), B(0;1;-1). Hai diém D,
E thay ddi trén cac doan OA, OB sao cho duong thang DE chia tam giac OAB thanh hai phan

c6 dién tich bang nhau. Khi DE ngén nhit thi trung diém ciia doan DE ¢4 toa d6 la

AI(J’J’J BI(\/_\/_] c.u[“o} D.I(ggoj

4 4 33 3’3 4’4

Léi gidi
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A B
Taco OA=(L0;1), OB=(0;;-1), OA=0B=+/2, AB=(-LL-2), AB=+/6.
Seoc ODOE 1 ODOE

Tacé = o= < ODOE =1
So.s OAOB 2 2

OA’+0B?’-AB*> 2+2-6 -1

20A0B 4 2°
Tacé DE? =0D? + OE? — 20D.OE cos AOB = OD? + OE* + OD.OE >30D.OE = DE > \/5 .
DAau bang xay ra khi va chi khi OD =OE =1,

V2 — (I IJ V2 [O_Q._Q]
2 "2

Khi d6 OD = X2 0A = OE=Y20B =
2 2 2 2

cos AOB =

Vay trung diém | cua DE c6 toa d6 |(\{1— \/4_ J

Chuy. Sau khi chirng minh dugc OD =OE =1 thi ta c6 thé tim trung diém | cua DE nhu sau:

. 11 2 ,
Gol K(E;E;Oj la trung diém cia AB . Taco

Ol _OD_1 _ & 250 (Y242 )

OK OA 2 2 4 4
Chony A.

Cau 71. Trong hé toa do Oxyz cho A(3;3;0), B(3;0;3), C(0;3;3). Mat phing (P) di quaO,
vudng goc vai mit phang (ABC) sao cho mit phang (P) cat cac canh AB, AC tai cac diém M
, N thoa mén thé tich tir dién OAMN nho nhat. Mat phang (P)c6 phuong trinh:

A. X+y—-22=0 B. X+y+2z=0 C.x-2=0 D.y-z=0

Lo gidi
Nhan thiy tam giac ABC déu c6 trong tam G(2;2;2), va OG L (ABC) nén hinh chiéu ciia O Ién
(ABC) 1a diém G .

Khi d6 Vg :%.SAMN d(0,(ABC))= %.OG.%.AM .AN.sin MAN .

Vi OG va sin MAN :ﬁ

> cb dinh nén thé tich V,,,,, Nho nhat khi va chi khi AM.AN nho nhat.
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, AB AC AB AC 4 ,
Vi M, N, G thang hang nén 3= + >2 / ) , suy ra AM.AN >— AB.AC . Ding
AM AN AM AN 9

thuc xay ra khi AB _AC hay MN // BC..
AM AN

Khi d6 mat phang (P) di qua O va nhan EA:(l;l;—Z) la mot vecto phap tuyén, do do
(P):x+y-2z=0,

Chony A.
X+2 y-1 z+2
—4 3

(P):2x—y+2z+1=0. Puong thang A di qua E(-2;1-2), song song véi (P) ddng thoi tao

Cau 72. Trong khong gian Oxyz, cho duong thang d: va mat phang

véi d goc bé nhit. Biétrang A c6 mét vécto chi phuong u =(m; n; 1). Tinh T =m*—-n?,
A T=-5 B.T=4 C.T=3 D.T=-4
Lo gidi
Mat phang (P) c6 vec to phap tuyén A=(2;-1,2) va duong thing d c6 vec to chi phuong
V=(4,-4;3)

Vi A song song véi mat phing (P) nén U LfAi<2m-n+2=0<n=2m+2,
oy [4Am—4n+3| ~ [4m + 5|
dl v \/m.\/y +(-4) +3 B \/41(5m2 +8m+5)
_ 1 (4m+5)° _ 1 \/16m2 +40m+ 25
Ja1 \5m?+8m+5 41\ 5m?+8m+5
Vi 0°<(A;d)<90° nén (A;d) bé nhat khi va chi khi cos(A;d) 16n nhat
_16t7+40t+25 —72t* — 90t

Xéthamsd f (t)=—r—— = /(1) = ————— .
éham s 1 (1) 57 +8+5 ® (5t2+8t+5)2

Mat khéc ta c6 cos(A;d)

Lap bang bién thién ta c6 max f (t)=f(0)=5 suy ra (A;d) bé nhit khi m=0=n=2_ Do d6
T=m?’-n’=-4,

Lam theo cach nay thi khdng can dén dix kién duwong thing A di qua E(-2;1,-2).

Chony D.

Cau 73. Trong khdng gian véi hé toa do Oxyz , cho duong thang d : x=2_ yTJrl —Z V4 hai diém
A(2;0;3), B(2;-2;-3). Biét diém M (x,;Y,:2,) thuoc d théa man MA®+MB* nhé nhat. Tim
X, .

A X =1 B. x,=3 C. x=0 D. x,=2

Loi gidi
Goi | 1a trung diém cua AB . Khi d6 ta co
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232 2\2
MA4+MB4:(MA2+MBZ)2—2MA2.MBZ:(ZMI2+AZB J —Z[MIZ—AE J

AB* AB*

=4MI* +2MI*AB? + —2MI* + MI?AB® -

4 2\2
:2M|4+3M|2ABZ+£:2 MI2+3AB —lAB4
4 4 10

Do d6, MA* + MB* dat GTNN khi MI nho nhit < M Ia hinh chiéu vubéng goc cia | 1én d .
Piém 1(2;-10). Ly M (2+t;-1+2t;3t)ed . IM =(t;2t;3t)

IMLlu, &IMu, =0 t+4t+9t=0<1=0

SuyraM =1.
Vay X, =2
Chony D.
Cau 74. Trong khdng gian véi hé toa do Oxyz cho céc diém A(0;0;2), B(3;4;1). Tim gia tri nho
nhat cia AX +BY véi X, Y 1a hai diém thuoc mat phang Oxy sao cho XY =1,
A. 3 B. 5. C.2+\17 D. 1+ 25
Loi gidi

Lay A'(0;0;-2) ddi xting v6i A qua mat phang Oxy . Khi d6 véi moi X € Oxy thi AX = A'X.

Goi B'(%;?;lj thuoc mit phang (OAB) va BB'=1. Goi H la hinh chiéu ciia B trén mp Oxy .

Ké B'A’ cit OH tai X,, dung hinh binh hanh BB'X,Y, thi XY, =1.
Dé& dang chirng minh dugc voi X, Y, dung dugc nhu vay thi véi moi X,Y e Oxy ta lubn cé
AX +BY = A'X +BY > A'X, +BY, = A’X, + B'X, = AB'=5.
Vay gia tri nho nhit caa AX +BY bang 5.
Chony B.
Cau 75. Trong khdng gian véi hé toa do Oxyz, cho diém A(L2-3) va mdt phang

(P):2x+2y-z+9=0. Duong thang d di qua A va c6 vecto chi phuong = (3;4;-4) cit (P)
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tai B. Diém M thay dbi trong (P) sao cho M 1luén nhin doan AB dudi goc 90°. Khi d¢ dai

MB Ién nhét, duong thang MB di qua diém nao trong cac diém sau?

A. H(-2;,-13) B. 1(-1,-2;3) C. K(3;0;15) D. J(-32;7)
Lo gidi
+Puong thang d di qua A(L2;-3) va c6 vecto chi phuong U =(3;4;~4) c6 phuong trinh la
X=1+3t
y=2+4t .
z=-3-4t

+ Tacé: MB? = AB* ~MA*. Do d6 (MB)__ khi va chi khi (MA) _ .

+ Goi E lahinh chiéucua A Ién (P). Taco: AM > AE.

Pang thic xay ra khi va chikhi M =E.

Khi d6 (AM) = AE va MB qua B nhan BE lam vecto chi phuong.

+ Taco: Bed nén B(1+3t;2+4t;—3—-4t) ma Be(P) suy ra:

2(1+3t)+2(2+4t)—(-3-4t)+9=0=t=-1=B(-2,-2;1).

+ Puong thang AE qua A(1;2;-3), nhan fi, =(2;2;-1) lam vecto chi phuong c6 phuong trinh 1a
X=1+2t

y=2+2t.
z=-3-t

Suy ra E(1+2t;2+2t;-3—-t).
Mit khac, E (P) nén 2(1+2t)+2(2+2t)—(-3-1)+9=0 &t =—2 = E(-3,-2;-1).
+ Do d6 duong thang. MB . qua B(-2;-2;1), c6 vecto chi phuong BE =(~1,0;~2) nén co phuong

X=-2-t
trinhlay=-2

z=1-2t
Thir céc dép 4n thay diém | (-1-2;3) thoa.
Chony B.

Cau 76. Trong khong gian toa d6 Oxyz cho cic diém A(L5;0), B(3;3;6) va duong thang
x+1 y-1 z . . - PR R
A.T:—l =5 Goi M (a;b;c)e A sao cho chu vi tam giac MAB dat gia tri nho nhat. Tinh

tong T =a+b+c?
A T=2 B.T=3 C.T=4 D.T=5

Léi gidi
Taco M eA =M =(-1+2t;1-t;2t).
MA=(2-2t;4+t;-2t), MB=(4-2t;2+;6-2t).
Khi d6 chu vi tam gi4dc MAB dat gia tri nho nhat khi va chi khi MA+MB nhé nhét.
Xét ham s6 f (t) = MA+MB = /9t? + 20 ++/9t? — 36t +56

= \/(3t)2 +(245) +\/(6—3t)2 +(245) = Jaz +(45) =2429.
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Déu biing dat duoc khi va chi khi bo s6 (3t;,6-3t) vabo sb (2v5;245) tile.
Suyra3t=6-3t<t=1.Suyra M =(10;2).
Chuy & day co ding bit dang thirc Mincopski ( Hé qua cua bat déng thirc Cauchy)
\/af +b/ +\/a22 +b? +...+\/m2\/(a1+a2+...+an)2+(b1+b2+...+bn)2 , dang v6i moi a,, b,
Dau bang xay ra khi hai bo s6 (a,a,,....a,) va (b,b,,...,.b,) ti &

Chony B.
Cau 77. Trong khdng gian véi hé toa do Oxyz , cho céc diém B(2; -1, -3), C(-6; -1 3). Trong

cac tam giac ABC thoa man cac duong trung tuyén ké tir B va C vubng goc véi nhau, diém

A(a;b;0), b>0 sao cho géc A I6n nhat. Tinh gid tri a+h :

cos A
A. 10 B. —20 C. 15 D. —g
Loi gidgi
A
N M
B C

Goi M, N lan luot 14 trung diém cua canh AC, AB.
Goi P=BM nCN, tacé BM LCN nén BC?=BP?+CP?.
Theo cdng thire tinh dudng trung tuyén, ta co
op? =(EBMJZ :ﬂ'Z(BA2+BC2)—AC2 P :(ECNJZ =iz(CA2+CBZ)—AB2
3 9 4 3 9 4
_ AB?+AC? +4BC’®
9

— BC? — AB?+ AC? =5BC?.

Goc A 16n nhat < cos A nho nhat.
AB? + AC?—BC? 5(AB’+AC?)—(AB*+AC’)
2AB.AC B 10AB.AC

2 2
AB” +AC” 2 2ABAC :ﬂ, diu "=" xay ra < AB = AC.
AB.AC 5 ABAC 5

Taco A(a;b;0), b>0 va B(2; -1, -3), C(-6; -1, 3)

Taco cos A=

2
-

Trang | 344



| Hinh hoc gidi tich khéng gian Oxyz

ﬁ:(Z—a;—l—b;—3):> ABZ:(Z—a)2+(b+1)2+9
j{?c(—e—a;—l—b;s): AC?=(a+6) +(b+1)" +9
:>(2—a)2+(b+1)2+9:(a+6)2+(b+1)2+9:>4—4a:12a+36:a:—2.
Tacé BC =(-8;0;6) = BC* =8”+6° =100.
Khi d6 tir AB*>+ AC* =5BC? va AB = AC
:>2[(2—a)2+(b+1)2+9}:5.1OO:>42+(b+1)2+9=250.

Két hop véi b >0 ta dugc b =14 thoa man.

Nhur vy a+b _ -2+14 15
cos A 4
3)

Chony C.

Cau 78. Trong khéng gian voi hé toa d6 Oxyz , xét tr dién ABCD c6 c4c cip canh dbi dién bang
nhau va D khéac phia véi O so véi (ABC); dong thoi A B,C lan lugt 1a giao diém cia cac truc

Ox,0y,0z va () 2+ —Y—+—% _—1(v6im=-2,m=0 ,m=5). Tim khoing céch ngén nhat
m m

+2 m-5
tir tim mit cau ngoai tiép | cua tir dién ABCD dén O.
A. 30 B. g C. /26 D. @
Lo gidi

Dung hinh hop chir nhatOAQB.CMDP . Goi | 1a giao diém cac dudng chéo caa hinh hop, dé thay
| chinh Ia thm mat cau ngoai tiép ta dién ABCD
Taco A(m;0;0), B(0;m+2;0), C(O'O'm—5) suy ra D(m;m+2;m-5).

Ban kinh R——OD ——\/3m —6m+29 >—

Chony D.

Cau 79. Trong khdng gian véi hé toa o Oxyz , cho mit phang (P): x+y+z-1=0, duong thing

q: x—15 _ y—22 _ z-37
1 2

(A) thay doi cat mat cau (S) tai hai diém A, B sao cho AB=8.Goi A’, B’ 14 hai diém lan luot

va mt cau (S):x*+y®+2> —8x—6y+4z+4=0. Mot duong thang

thuoc mat phang (P) sao cho AA’, BB’ cung song song véi d . Gia tri 16n nhét cua biéu thuc
AA'+BB' la
A 8+30./3 24+184/3 12+943 16+60+/3

B. ——— C. D.
9 ) 5 9

Léi gidi
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P

Mit cau (S) co tam 1(4;3;-2) va bankinh R =5.
Goi H 1a trung diém ciia AB thi IH L AB va IH =3 nén H thudc mat cau (S') tdm | ban kinh
R'=3.Goi M la trung diém cia A'B’ thi AA'+BB'=2HM , M ndm trén mat phang (P).

M3t khac ta c6 d(l;(P)):i<R nén (P) cat mat cau (S) va sin(d;(P)):sina:i. Goi K

NG NG

la hinh chiéu cua H 1én (P) thi HK = HM.sina..
Vay dé AA'+ BB’ 16n nhat thi HK 16n nhat < HK diqua | nén

HK (e :R'+d(l;(P)):3+i:M.
NERN
Vay AA'+BB' 16n nhit bing 2 4+343 .3\@ = 24+18\/§.
J3 5 5
Chony B.
Cau 80. Trong khdng gian Oxyz , cho mat cau (S,) ¢ tam 1(2;1;1) c6 ban kinh bang 4 va mit
cau (S,) c6tam J(2;1;5) c6 ban kinh bang 2. (P) la mat phang thay ddi tiép xtc véi hai mat
cau (S,), (S,). Pat M, m lan luot la gia tri I6n nhét, gia tri nhé nhat cua khoang cach tir diém
O dén (P). Giatri M +m bing
A. J15 B. 8V3 C.9 D. 8
Lo gidi
Gid sir (P) tiép xdc véi (S,), (S,) lan luot tai A va B.
Goi 3 n(P)=M.Do %:%:2 nén J 1a trung diém cua IM . Suy ra M (2;1;9).

Goi fi=(a;b;c) véi a’+b*+c? =0 1a vecto phap tuyén cua mat phang (P).
Taco: (P):a(x-2)+b(y-1)+c(z-9)=0.
d(l,(P))=R 2 2
Va: (1.(P)) =R :LZEQa%bZ:BCZ@(EJ +(9j =3 (1).
d(J,(P))=R, <a?+b*+c® 2
_ |2a+b+9c| |2a+b+9c| 1

Ja® +b* +¢? 2l 2

22 b
—+—+
cC C

Taco: d(0,(P))

9.
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&2t-2 Tace: d(o,(P))=1|t+9|.

Détt=§+9 b
c ¢C Cc C

2 2
Thay 2=t -2 vao (1), ta duge (3] [t—éj —3@5(Ej ~4.2 t+2-3=0.
c c c

Cc Cc c

Dé phuong trinh ¢ nghiém véi an a thi 4t —5t* +15>0 < —/15 <t <+/15
C

©0<9-/I5<t+9<9++15 = *F <d(0 ,(P))sgh/ﬁ

2
9+le_5 " ng—le_S

=M=

.Vay M +m=9.

Céach 2: Do 1J =4 >R +R, nén 2 mat cau cit nhau.

. . . . M R . 2
Giastr 1J cat (P) tai M taco M—‘:=E2=2:>Jlétrungdlém cua Ml

Suy ra M (2;1;9). Khi dé(P):a(x—2)+b(y—1)+c(z—9)=O(a2+b2+c2 >0)

8¢| |2c|
[ R E— 4 D WS S
JaZ+b?+c? JaZ +b? +c?

Dodd c#0 chon c=1=a’+b*=3

Mat khac d (1 (P))=4< =1

2a+b+9] [2a+b+9 ‘2\/§sint+\/§cost+9‘

Pt a=+3sint;b=+3cost = d (0;(P))=

Mt khdc —12+3 < 2/3sint+3cost < V1243 = = J_ g V59

I/\

2
Chony C.

gidc ABC dat gié tri nho nhat bang bao nhiéu?

A. 56 B. 36 C. 46 D. 2./6

Loi gidi

O

Goi B(0;b;0), C(0;0;c), khi d6 b,c >

Phuong trinh mét phang (P)=(ABC):

U|<

+Zo1,
C

r\)|><

Ma M e(P):>1+—+—=lc>1 1
2 b ¢

N |-

< bc 2(b+c).

2
Do bc=2(b+c)§(bzc) :(b+c)2 >8(b+c)=b+c>8 (do b,c>0).

Taco: AB=(-2;b;0), AC =(-2;0;c) = | AB, AC | = (bc;2c;2b).

Do d6 Supe :%‘[E,E}‘ =%\/b2c2 +4b2 +4¢?

, 2 1 2 2 \/6
:\/b +c?+(b+c) z\/z(b+c) +(b+c) =7(b+c).

M+m=9

Cau 81. Trong khdng gian véi hé toa do Oxyz, cho A(2;0;0), M (L11). Mat phing (P) thay
doi qua AM cit cac tia Oy, Oz lan luot tai B, C . Khi mat phang (P) thay doi thi dién tich tam
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VA S e 246
b,c>0

Déau “="xay ra khi {b+c=8<b=c=4.
b=c

Chony C.
Cau 82. Trong khdng gian véi hé truc toa do Oxyz cho mat cau

(S):X*+y*+2° —2x+4y+4z =0 vadiém M (1,2;-1). Mot duong thang thay doi qua M va cét
(S) tai hai diém A, B. Tim gia tri Ion nhét cua tong MA+MB.

A. 8 B. 10 C. 2\17 D. 8+25
Loi gidi

7

P

M
Mit cau (S) cotam I(L-2;-2), ban kinh R=3.

Vi IM =+/17 <3 nén M niam ngoai duong tron,
Goi a 14 goc tao bai MB va MI . Ap dung dinh Ii Césin cho tam giac MIA va MIB ta co
R? = MA’ + MI* —2MAMI.cosa. (1)

R? = MB? + MI? —-2MB.MI.coso.  (2)
Lay (1) trir cho (2) vé theo Vé ta dugc
0=MA? - MB? - 2J17.(MA—MB).cosa < MA+MB =217 cosa

Do d6 MA+MB 16n nhat bing 2417 khi coso=1<> a.=0.
Chony C.

Cau 83 . Trong khong gian Oxyz, cho mat ciu (S,):(x-1)"+y*+2*=4, va mat cAu

X=2-t
(S;):(x=2)"+(y—-3)" +(2-1)" =1 va duong thing d:{y=-3t . Goi A, B 1a hai diém tly y
z=-2-t

thuoc (S,), (S,) va M thuge duong thang d . Khi d6 gié tri nhd nhét cua biéu thic P = MA+MB

biang
A J2211 B J3707 3 c J1771+ 24110 o J3707
T on o1 ' 11 T on

Loi gidi
Mit cau (S,) c6tam 1(L0;0), bankinh R, =2.
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Mit ciu (S,) cotam J(2;3;2), bankinh R, =1.

-~ EN

id ~
/, s .=~
\ ~
’ \ ;7 N
! \ ' ‘\
I | 1
1 I T 1 J 1
\ ! \ )
\ 7 \ P
\ V4 ~_ -
N
< . B
\N__—’A

—_-_

Puong thang d di qua diém N (2;0;-2) va ¢6 véc to chi phuong u =(-1,-3;-1).
Tacé: 13 =(L31)//uvalednénIJ//d.

Goi (S') 1a mat cau ddi xang cua (S,) qua d; K, A’ lan luot 1a diém déi xang cia | va A qua d
. Thi K latam cua (S') va A" e(S').
Khi do: P=MA+MB = MA'+MB>AB_ Suy ra Poy = AB=JK —(R +R,).

11 11 11
Vﬁy I:)min =%_3.

Chony B.

Cau 84. Trong khong gian véi hé toa do Oxyz , cho mit phing (P):x+y—4z=0, dudng thing
x-1 y+1 z-
2 1

, nam trong mat phing (P) va cach duang thing d mot khoang cach 16n nhét. Goi u =(a; b; 1)

d

3 va diém A(L 3; 1) thudc mat phang (P). Goi A 1a duong thing di qua A

la mot véc to chi phuong cta duong thang A. Tinh a+2b.

A a+2b=-3 B.a+2b=0 C.a+2b=4 D.a+2b=7
Loi gidi

Duong thang d di qua M (L —1; 3) va ¢6 véc to chi phuong u = (2 -11).

Nhan xét rang, Aed va d(P)=1(-7; 3; -1).

Goi (Q) la mit phang chira d va song song véi A. Khidé d(A,d)=d(A,(Q))=d(A(Q)).
Goi H, K lan luot 1a hinh chiéu vudng géc ciia A 1én (Q) va d. Taco AH < AK .

Do d6, d(A,d) lon nhat < d(A(Q)) I6n nhat < AH_
vudng goc chung cia d va A.

Mgt phing (R) chia A va d c6 véc to phap tuyén la n, :[mﬁl] =(-2; 4 8).

< H =K. Suyra AH chinh la doan

aX
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Mat phang (Q) chira d va vudng goc véi (R) nén c6 véc to phap tuyén Ia @=|:@uj}
=(12;18; -6).

Duong thing A chta trong mét phang (P) va song song véi mat phang (Q) nén c6 véc to chi
phuong la U= ne 0 | =(66; ~42; 6) =6(1L ~7;1).

Suyra, a=11;b=-7.Vay a+2b=-3.

Chony A.

Cau 85. Trong khong gian véi hé toa do Oxyz , cho cac diém M (2;2;-3) va N(—4;2;1). Goi A
la duong thing di qua M , nhan vecto u = (a;b;c) 1am vecto chi phuong va song song véi mat

phing (P):2x+y+z =0 sao cho khoang cach tr N dén A dat gia tri nho nhat. Biét [a], [b| 12 hai

s6 nguyén tb cung nhau. Khi dé |a|+|b|+|c| bang:
A.15 B. 13 C. 16 D. 14
Loi gidi

Goi (Q) la mat phang di qua M (2;2;—3) va song song véi mét phang (P).

Suyra (Q):2x+y+z-3=0.

Do A/l (P) nén Ac(Q).

d(N,A) dat gia tri nho nhat < A diqua N', v6i N’ 1a hinh chiéu cia N 1én (Q).

X=-4+2t
Goi d 1a duong thang di qua N vavudng goc (P), d:qy=2+t
z=1+t

Taco N'ed = N'(—4+2t;2+t;1+t); N'E(Q):tzg = N'[—ﬂ;lo;gj.

Do |a], [b|nguyén té ciing nhau nén chon u = (-5;2;8).
Vay |a|+|b|+|c|=15.
Chony A.

w|5
Wl

u=(a;b;c) cing phuong MN’ = [—

Cau 86. Trong khong gian Oxyz , cho céc diém A(3;-12), B(L12), C(L-14), duong tron
(C) la giao ciia mit phang (P):x+y+z—4=0 va mat cau (S):x*+y*+2°—4x—62+10=0.
Hoi ¢6 bao nhiéu diém M thuge dudng tron (C) sao cho T = MA+MB +MC dat gid trj I6n nhat?
A. 3 B. 2 C. 4 D.1

Loi gidi
Ta c6 mat chu (S) c6 tm 1(2;0;3) va béan kinh R=+/3.
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X=2+t
Goi A 1a duong thang di qua | vavudng goc véi (P) tacd A:sy=t (teR).
z=3+t
) 5 18
Tam J cua duong tron giao tuyén (C) chinh la giao diém cia A va (P) = J 37373
, 26 ) \ g
Thay A, B, Ce(P), JA:JB:JC=T, AB =BC =CA=22 nén A, B, C (C) va tam giéac
ABC déu.
A
B C

M
Trwong hep 1. Xét M thudc cung nho BC. Lay diém E thudc doan AM sao cho MB = ME ma
BME = BCA=60° (do géc nai tiép cling chan cung AB) suy ra tam giac BME déu.
Tacod ABE =CBM (vi cing cong véi goc EBC bang 60°) = AABE = ACBM = MC = AE.
= MB+ MC = ME + EA= MA
= MA+MB +MC = 2MA nén MA+MB+MC dat gia tri 6n nhét khi va chi khi MA dat gi4 trj lon

nhat khi va chi khi MA 1a duong kinh tec M 1a diém chinh giita cung nho BC . Vay trong truong
hop nay c6 mot diém M thoa mén.

Truwong hep 2 va Truong hep 3. Xét M thudc cung nhé AC; AB do vai trd binh dang cac dinh
ctia tam giac déu hoan toan twong tu mdi trudng hop ciing c6 mot diém M thoa man.

Vay c6 ba diém M thude duong tron (C) sao cho MA+MB+MC dat gia tri 16n nhat.

Chony A.
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Cllacrr

Phuong phap toa dé hoa

hinh hoc c6 dién

Tom tét noi dung
Dai khi trong gidi todn hinh hoc khéng gian cé dién ta sé gap kha nhiéu bai toan tinh
todn phuc tap, tuy nhién trong phong thi ta lai khdng cé nhiéu thoi gian, vi thé trong

chuong nay chung ta sé tim hiéu mét phuong phap gidi quyét nhanh cac bai toan tinh
todn phuc tap va kho trong hinh khéng gian cé dién, lién quan tdi cuc tri, géc, khodng

S

A. CAC KIEN THUC CAN NHO.

cach.

Trén Internet c6 mot vai tai liéu noi vé phuong phap nay va chia thanh rat nhiéu dang, diéu d6 lam
ching ta khi &p dung c6 phan kh6 nhé va may méc, tuy nhién ching ta chi can nim duoc dau hiéu va
phuong phép sau
e Buwoc 1. Chon hé truc toa d6. Trong budc nay ta sé xac dinh 3 duong vudng goc co trong bai
toan va goi d6 1a 3 duong co s¢. Thong thuong thi ta s€ quy udc truc Ox hudng vao minh, truc
Oz nam ngang, con lai Ia truc Oy
e Buwoéc 2. Xac dinh toa do cac diém lién trén hinh lién quan toi bai toan. Véi nhitng ban chua
quen thi chiing ta xac dinh toa d6 hinh chiéu cua diém can tim 18n céc tryc, tir d6 s& suy ra dugc
toa do diém can tinh.
e Bwdc 3. Ap dung cong thuc.
Sau day ching ta sé nhdc lgi mét s6 ¢ong thizc can nhé trong phan nay.
Dién tich va thé tich

Dién tich tam giac ABC: S = %‘[EE}‘
Thé tich ta dien ABCD: V = 1‘[@, E}.ﬁ‘
6
Thé tich hinh hop ABCD.A'B’C’D": V/ = ‘[E,ﬁ].ﬁ"

Thé tich hinh lang tru ABC,LA'B’C’: V = %‘[E, E} E‘
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Géc gifra 2 mit phing: Mat phang (P) c6 vecto phap tuyén n va mat phang (Q) c6 vecto phap

tuyén n' thi cos((P),(Q)) :‘cos(ﬁ,ﬁ')‘

Géc giira 2 dwdng thing: Duong thang d c6 VTCP u vad’ ¢6 VTCP v thicos(d,d ") = ‘COS(G,V)‘

Go6c giira dudng thing va mit phing: Puong thing d ¢ VTCP u va (P) ¢6 VTPT n thi
sin(d,(P)):‘cos(G,ﬁ)‘

Khoang cach tir M (X,, Yy, Z,) dén mit phing:

o (Oxy) la|z|; (Oyz) 1a|x|; (Ozx) la |y
_ |A%,+By, +Cz,+D|

e (P):Ax+By+Cz+D=0lad(M,,P)=
" ) e

Khoang cach tir mot diém dén 1 dwong thang:

[
a

Khoang cach giira hai dwong thing chéo nhau: Puong thing d, qua M, va cé VTCP u,;d, qua

‘[ul,uz].Mle

o]

Chu y. Thong thudng cac bai ma khong co 3 duong vudng goc thi ta s& phai tu dung thém dé gan toa
d6 va nhitng bai lién quan t6i hinh Iap phwong, hinh hop chit nhat, chdi chép co 3 dudng vudng géc,
lang tru dung thi khi 4p dung phuong phép nay sé giai rat nhanh !

Cho Mg (%, Yo, 2,) va dudng thang d qua A va cé VTCP u = AB thi d(M,,d)=

M,va c6é VTCP thi d(d,,d,)=

B. CAC DANG TOAN.

Cho hinh chép S.ABCD c6 day l1a hinh vudéng canh a, SAD la tam giac déu va nam trong mat
phang vudng goc vai day. Goi M, N lan luot 1a trung diém cua BC va CD. Tinh ban kinh R cua
khéi cau ngoai tiép khdi chop S.CMN .

Loi gidi
Chon hé truc Oxyz nhu hinh vé va xét a=1.

Khidé H=0, M(0;1,0), C(—%;l;oj, N(—%;%;Oj, S(O;O;?].

Phuong trinh mat cau ngoai tiép chop S.CMN ¢6 dang
(S):x*+y*+2z*—2ax—-2by—-2cz+d =0, (a2+b2+cz—d >0).

1 3
—2b+d=—1;a—2b+d=—E a:—z;b=Z
S,C,M,N &(S)nén tac6 hé¢ phuong trinh: 4 o
1 3 53 , 1
a-b+d=-2;—3c+d=-2 |c=2:g==
2 4 12 2
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J93 ax/@_

Taco a®+b*+c*—d _3t hay va?+b?+c?—d =X Vay R=
48 12 12
Cho hinh chép S.ABCD c6 day 1a hinh thang vudng tai A va B, thoa min diéu kién AB = BC =a
, AD = 2a, SAvudng goc véi mit day (ABCD), SA=a. Goi M, N lan lugt la trung diém cia SB,
CD. Tinh cosin cua goc gitta MN va (SAC).
Loi gidi

Chon hé truc nhu hinh vé, chon don vi la a.

Co6 A(0;0;0), B(10;0), C(110), D(0;2;0), S(0;0;1); M[%;g;%); N(—;—;oj.

Vec to chi phuong cia MN 13 2MN = 2(0;%;—%) =(0;3;-1).

Véc to phép tuyén ciia (SAC) 1a i =| AC; AS | =(£-1,0).
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Vay sin(MN;(SAC)): \/%\/E _ 31\{)5
Suy ra cos(MN;(SAC)): 1_(%Jz ) 1£O5

caus
Cho hinh chép S.ABCD c¢6 day ABCD la hinh thang can, AD = 2AB = 2BC = 2CD = 2a. Hai mat
phang (SAB) va (SAD) cuing vudng goc véi mat phang (ABCD). Goi M, N lan lugt la trung diém

cua SB va CD. Tinh cosin gdc gitta MN va (SAC), biét thé tich khéi chép S.ABCD bing

Loi gidi
Vi ABCD Ia hinh thang can c6 AD = 2AB = 2BC = 2CD = 2a

V3 _a+2a a3 3.3a?

— AD=2a;AB=BC=CD=a =>CH="":5 - .
2 2 2 4

. 1 333’ a3
Nen VABCD =§TSA = 4
Gan hinh chép vao hé truc toa dé nhu hinh vé&

S

= SA=a

A

Tac6K(0;0;0), B(%;O;Oj, C(O;%;O}, A[O;—a—;;OJ,

2 2 2

4 4 2
_N:[—T?ﬁ;ﬁ;__;} Chon lTl=(—3;3\/§;—2) cung phuong vai MN
1 SA

= BK L (SAC)
LAC

. |BK
Nhan xét
BK

e BK= (%;0;0) |a vtpt ciia (SAC).Chon n, =(1,0;0) cing phuong véi BK
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\ul-nl\ 310 310

ST T g = LS =
‘w 20

Goi a lagéc géc gitta MN va (SAC). Tacd sina =

Cho hinh lang tru déng ABC.A'B'C’ ¢ AB = AC =a, BAC =120°, AA'=a. Goi M, N lan luot I
trung diém cua B'C’ va CC'. Sé do goc giita mat phang (AMN ) va mit phang ( ABC) bang

=l

|

Lot giai
AZ

Thiét 1ap hé toa do Oxyz trong khong gian nhu hinh v&, gbc toa do O tring M .

D& dang tinh dwoc MB' = |\/|(:'_i MA' = 2
M (0;0;0),N €(Oyz)= N (O —% gj

+ Ae(Oxz)= A(%;O;a). Mp(ABC)//(A'B'C’);( AB'C’) =(Oxy)
= (ABC) c6 mét vecto phép tuyén 1a k =(0;0;1)
Taco W\(%;O; O) cing phuong U, (,0;2)

a3 . a

MN (O - EJ cung phuong u ( ;—\/é;l)

= (AMN) c6 mot vecto phap tuyén n =[uju?] = (2\@; -1, —\/5)
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[ Caus |
Cho hinh chép S.ABC c6 ABC latam giac vudng can tai B, BC = a, canh bén SAvubng gdc vai
day, SA=a+/3,M la trung diém AC , tinh gdc cotang cua (SBM )va (SAB)

Loi gidi

AZ

B
. . A . a a
Chon hé truc toa do nhu hinh v&, ta c6 B(0;0;0); A(a;0;0);C(0;a;0); S(a;O, a\/§); M (E;E;Oj

Nsse) = (0;1,0) ; Nisau) =| SB, MB | ((10[)) ( (110)):%2(—\/5;\/5;1)

bat géc (SBM )va (SAB) 1a o, taco

N(sas).N 1
|cosa| = “a (SAB)HA(SMB) ‘ - 721
N(saB) | N(smB)
saB)||N(smB _ cota (s::;ﬂ _ ?
2 o
Sina = 1_(_‘721J =¥

cau |
Cho hinh tir dien EFGH c¢c6 EF vuodng goc vsi EG, EG vudng goc voi EH | EH vudng goc véi
EF ;biét EF =6a, EG=8a, EH =12a, véi a>0,aeR. Goi | , J tuwong tng la trung diém cua

hai canh FG, FH . Tinh khoang cach d tir diém F dén mat phing (EIJ) theo a.

Léi gidi
Vi EF vuéng goc véi EG, EG vudng goc voi EH nén EG L (EFH). Goi K 1a trung diém cuaEF
suy ra IK L (EFH). Chon hé truc toa d6 Oxyz nhu hinh vé ta co:
K (0;0;0),1(0;0;4a),E(3a;0;0),J(0;6a;0).
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Yy
3a 6a 4a

Phuong trinh mat phing (ENJ): =+ + = =1 4x+2y+3z-12a =0.

d = (F,(ED))=2d (K,(EN))=2——22__ _ 222 _ 229
o6 Yo 2
Cho lang tru dang ABC.A'B'C’ c6 day la tam giac ABC vubng cén tai A, canh BC = a6 . Goc
giita mat phang (AB'C) va mat phang (BCC'B’) bing60°. Tinh thé tich V cua khdi lang tru
ABC.A'B'C'?

Loi gidi
Goi chiéu cao cua hinh ling tru 13 h .
Dath¢ truc toa dd Axyz nhu hinh v&. Khi d6 A(0;0;0), B(av3;0;0}, C(0;av/3;0), B'(a3;0;h)

(af 3 a3

—_— = OJ 1a trung diém cua BC.

ZA
A' c
"
Vool N y
AN e C
M
B
X
Vi AM L (BCCB') va AM = (i a3, oj nén n=(110) la VTPT cia (BCC'B").

Taco | AC,AB'|=(ah/3;0;-3a° )= n, =(h;0;—/3a) 1a VTPT cia (AB'C).
Theo gia thiét goc giita (AB'C) va mat phang (BCC'B’) bang 60°
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1
—c0s60°=|cos(n,n ||=>==—"1 ____ —~h=1/3a
‘ ( l) 2 J24/h? +3a2

33’3

Vay thé tich cua khoi lang tru ABC.A'B'C' 1aV = >

| Caus
Cho hinh chép ta giac déu S.ABCD ¢ tat ca cac canh bang nhau. Goi E, M lan luot 13 trung diém
cac canh BC, SA, a la goc tao boi duong thang EM va mat phang (SBD). Tinh tanc.

Loi gidi

Chon hé truc toa do Oxyz sao cho Ox=0C, Oy=0B, Oz=0S .Chon OA=1
Taco C(L0;0), A(~10;0)= (SBD) nhan AC =(2;0;0) Ia mot vecto phap tuyén.

Tir SA= AB = 0AV2 =+/2 = SO = +/SA? —OA? =1
S(0;0;1
= ( ) :M(—E;O;lj
A(-1;0;0) 2 2
. [C(3;,0,0) 11 o (1 1Y, . q
Taco = E| =;=;0|= EM nhan ME =| L, =;—= | la m¢t vecto chi phuong.
B(0;10) 2 2 2 2

ME.AC
= sin(EM;(SBD))=sina :‘ 2 J6

ME.AC \/12+(1j2+(_1J2_2 3
2 2
0S50 = = = tana =2
J3
Cho hinh lap phuong ABCD.A'B'C'D" ¢6 canh biang a. Goi K Ia trung diém caa DD'. Khoang
céch gitra hai duong thang CK va A'D bing
Loi gidi
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X

Chon a =1 ta c6 hé truc toa do Oxyz sao cho D(0;0;0), A'(1;0;1), K(O; 0;%) va C(0;1,0)

Taco DA'=(L0;1); C?(O;—l;%) va W[O;O;%j

o R 1 e

1
Do dé d = = L Vay d =
odo d = = =3 Ay =

“Cau 10
Cho hinh chép S.ABCD c¢6 day ABCD la hinh chirnhat, AB=a, BC = av/3, SA=a va SA vuodng
gdc véi ddy ABCD. Tinh sina, véi o la goc tao béi gitra duong thang BD va mit phang (SBC).

Loi gidi

B3t h¢ truc toa do Oxyz nhu hinh v&. Khi d6, tacd A(0;0;0), B(a;0;0), D(0;a/3;0), S(0;0;a).
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Taco BD = (—a; av3; o) - a(—1; J3; o) , nén dudng thing BD c6 véc-to chi phuong 14 U = (—1; J3: o)

Taco SB=(a;0;-a), BC =(0;a4/3;0) = SB,BC | =(a’/3;0;a°\/3) =a’\/3(1,0;2).
Nhu vy, mat phang (SBC)c6 véc-to phap tuyén Ia n=(10;1).
Do d6, a 1a goc tao bai gitta duong thang BD va mit phang (SBC) thi

un| (-1).1+43.0+01 N

sinol=——+ = _Ne

GHH‘ \/(—1)2+ 3 0220+ 2

Cho hinh chép S.ABCD c¢6 day ABCD la hinh vuéng canh a. Canh bén SA vudng géc véi day.
G6c giita SC va mit day bang 45 . Goi E 1a trung diém BC. Tinh khoang cach giira hai duong
thing DE va SC .

Léi gidi

Ta c6 thé dua ra cac cach giai nhu sau:

Do SAC la tam giac vudng c6 géc SCA =45 nén SA=AC =a+/2, SC =2a, SB=SD =a/3.
Z

V<

Chon hé truc toa do6 Oxyz sao cho tia Ox, Oy, Oz lan luot tring véi cac tia AB, AD, AS . Khi d6

toa do diém cac diém la D(0;a;0), E(a;%;oj, C(a;a;0), S(0;0;av2]
ﬁé:(a;—%;O) @z(—a;—a;aﬁ), DC =(&;0;0)

Suy ra [ﬁ;ﬁ}:[ [ a\2:— } d (DE;SC) = ‘[DTCJDC _ a+/38

[oesc]
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[ cau 12

Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh bang 10. Canh bén SA vudng goc voi
mat phang (ABCD) va SC =10/5. Goi M, N lan luot la trung diém cua SA va CD . Tinh khoing
cach d gitra BD va MN .

Loi gidi

Xét tam gi4c vudng SAC 6 : SA=~/SC2 — AC? =+/500— 200 =103 .

Chon hé truc toa dd nhu hinh vé

Tac6 A(0;0;0), M (0;0;5\/5), B(10;0;0), D(0;10;0), C(10;0;0), N(5;10;0)
MN =(5;10;-5v3) = u, =(1,2;—/3 e
. ( )_ l ( ) ‘[ul,uz]ND‘
BD =(-10;10;0)=u, =(-11,0) =d(MN,BD)="r—"=—

— =5
(6705~ (43:5:9) W= 500 [1s]

[ cau 13

Cho lang tru ti gidc déu ABCD.AB,C,D, canh d4y bang 1 va chiéu cao bang x. Tim x dé goc tao
boi duong thang B,D va (B,D,C) dat gia tri 16n nhat.

Lot gidi
ZA
B C
P
| 7
A ! D|
1 7 /,
. ’ ,
1 A P
1 /
| ,
1 ,’ .
I ’ X
1 /,/
1 ,’,
v
1 ///’ C
Lo 1
B e
/” \\\\
y . ~..
< e S~
Y
A D,

Trang | 362



| Hinh hoc gidi tich khéng gian Oxyz

Chon hé¢ truc toa d6 Oxyz sao cho O =D,, C, thugc tia Ox, A thugc tia Oy, D thugc tia Oz (nhu

hinh vg).
Khi d6 D, (0;0;0), B,(110), D(0;0; x), C(L0; x).
Mt phang (B,D,C) nhan vécto n=| D,B;, DC |=(x; —x; ~1) 1a vécto phap tuyén
Puong thing B,D nhan vécto u = (11 —x) 1 vécto chi phuong.
Goi ¢ lagéc gitra B,D va (B,D,C), suy ra:

[x—x+X| ~ X
\/xz +(—x)* /O ) \/(ZXZ +1)(X2 +2)

1 1 1 1

sing = (Do x>0)

b)) ks ] i

Déu ding thirc xay ra khi x=1. G6¢ ¢ 16n nhat < sing 16n nhite x =1.

Vay goc tao bai duong thang B,D va (B,D,C) dat gia tri I6n nhéat khi x =1.

Cho hinh lap phuong ABCD.A'B'C'D" canhbang a . Goi K i trung diém caa DD'. Tinh khoang

cach giita hai duong thang CK va A'D.

Loi gidi

Chon hé truc toa d Oxyz sao cho A'(0;0;0;); D'(a;0;0); A(0;0;a) = C(a;a;a); K(a;o;g]

A'D,&’}.A'c

a

Khi d6: A'D(a;0;a) C?(O;—a;—%), A'C(a;a;a). Taco d(CK,A'D)= ‘[

o] o

Cho hinh chép SABCD c6 day 1a hinh binh hanh, AB =3a, AD =4a, BAD =120°. Puong thang SA
vudng géc véi mit phing day, SA=2a+/3. Tinh géc gitra hai mat phing (SBC) va (SCD)

Loi gidi

Trang | 363



Tap chi va tu liéu todn hoc |
Chon hé toa do Oxyz nhu sau: Oz = AS;Oy = AD;Ox = AE (E 1 hinh chiéu caa A Ién canh BC)

Khi do: A(o;o;o);B(#;‘—%‘;oj,c(g’fa 52"" oj D(0;42;0);5(0;0;2V3a)

2 2
Do dé: ss[ﬁ RPN j sC {ﬁ %a —23 a] SD(0;43;-2+/3a); 3 (0;0,2+3a)
Ta tinh dugc 1 vecto phap tuyén caa (SBC) Ia ﬁ=(4; 0;3) va (SCD)la ﬁ'=(1; \/5;2)

1 Vay géc gitta (SBC)va (SCD)la 45°.

N

Vay cos(ﬁ;ﬁ') =

Trong khéng gian Oxyz, cho hinh hép chit nhat ABCD.A’B'C'D ¢ A trung véi géc O,
B(a;0;0),D(0;a;0), A'(0;0;b),(a>0,b>0) . Goi M la trung diém canh CC’

a) Tinh thé tich khéi t& dién BDA’M

b) Xéc dinh ty sb % dé mat phang (A'BD) L (MBD)

Léi gidi
Tir gia thiét ta c6: C(a;a;0),C'(a;a;b)=M (a; a;gj
A T — b\ = TV ab ab
Nén BD =(-a;a;0),BM :(O;a;—j,BA =(-a;0;b) :>[BD, BMJ (— —:-a j
2 2 2
. _Yren el aadl
Do doVy,,y, = 6‘[BD, BM | BA ‘ _ab

M3t phang (BDM) c6 vecto phap tuyén 1a n, = [@, W] = (a—;;a—;;—azj
Mt phang (A’BD) c6 vecto phép tuyén nt = [@, BM ] = ab ab; a

a’h® a’h?®
+

Do d6 (BDM) L (A'BD)=>n,.n, =0 <

Goi G la trong tam cua tr dién ABCD. Chirng minh rang duong thing di qua G va mét dinh cua ti
dién ciing di qua trong tam caa mat ddi dién véi dinh d6. Goi A’ 1a trong tdm tam giac BCD. Chiing

—a4:0<:>a=b<:>%:1

minh ring CA _4
GA'

Loi gidi
Ta giai bang phuong phap toa do. Trong khong gian toa do Oxyz.
Giasu A(X;Y::2),B(%;Y,:2,),C (X Vai 25 ), D(X,; ¥ai 2, ) thi trong tim A’ cua tam gidc BCD, trong

3 3 3
G ><1+><2+><3+X4.y1+y2+y3+y4.21+22+23+24}

A.(X2+X3+X4.y2+Y3+Y4.22+23+Z4j

tam tu dién G c6 toa do

4 4 4
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EA’z 3X1_X2_X3_X4.3y1_y2_y3_y4.321_22_23_24
, 4 ’ 4 ’ 4
Do dé
GA - 3K+ X, + X+ X, 3y, + Y, + Y, +Y, 3, +2,+2,+2,
12 ' 12 ’ 12

Suy ra: GA=—-3GA'= G, A, A’ thing hang va g—AA =3

Tuong tu thi c6 dpecm

Cho hinh lap phuong ABCD.A’B’C’D’c6 canh bang a. Goi I, J lan luot 1a trung diém cia A’D’ va

B’B.
a) Chirng minh rang 1J L AC"' . Tinh d6 dai doan IJ

b) Chirng minh rang D'B L mp(A'C'D),mp(ACB") . Tinh géc giita hai dudong thang 1J,A'D

N
Lot gidi
Z
A’ B
n p
I 1 %
11 //
-~
1 |L‘~-_ /’
rop TT=s2 .
1 | = -
' ~<_ T T 7 '~~ -
D \,L~‘| 7 C *® J
LR ’
1 ~o .
, 1 ~o -
\ A
] . ~<
h 1 e S~
' | . ~< y
1 [ <o B
[ Pl el i yr—
l /‘ N
1 ’ ~
Il 7 Sso
] ’ ~
/ / \\~
1/ S
~
X

a) Chon hé toa dd Oxyz sao cho A(0;0;0), D(a;0;0),B(0;a;0), A'(0;0;a)

Tacd C'(a;a;a),B'(0;a;0),D'(a;0;2) nén I(%;O;a];J(O;a;%j

Taco ﬁ:(O—E;a—o;g—aj:(—%;a;—%j , A—C‘:(a—o;a—o;a—o):(a;a;a).

2

Nén ﬁ.A—C':—%.aJm';\.a—%.a:—a2 +a’=0

2 2
Vay 13 L AC'. Doan 1J =\/(_%j +a2+[_ﬁj _afs

2 2
b) D& chirng minh D'B L mp(A'C'D), ta ching minh
D'BLA'C'D'BLA'D<D'BA'C'=0,D'B.A'D=0
Taco D'B=(-a;a;-a),A'C'=(a;a;0),A'D =(a;0;-a)
Dodo D'B.A'C'=0,D'B.A'D =0 . Twong ty D'B L mp(ACB’)

A'D=(a;0;-a) . Goi ¢ la goc giira hai duong thang IJ va A’D thi:
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i ‘ﬁﬁ‘ i —2.a+a.0—2(—a)

1J.A'D af.a\/i

COS(p=‘COS(ﬁ,m)‘ =0

Vay ¢ =90

Cho hinh Iap phuong ABCD.ABC,D, canh a, trén BC, Idy diém M sao cho D,M, DA, AB, dong
phdng. Tinh dién tich S clia AMAB,

Léi gidi

ZA

Y X

Chon hé Oxyz sao cho
B=0,B,(a;0;0),C,(a;a;0),C(0;a;0),A(0;0;a), A (a;0;a),D, (a;a;a),D(0;a;a)

Vi M eBC, nén goi M(x;x;0).

Tacod DM =(x—a;x—a;—-a),DA =(-a;a;0), AB, =(a;0;-a)

<

i D,M, DA, AB, dong phing nén[DlM,ﬁJﬁzozx:s?a:M (S?a;%a;oj

Lang try t& gidc déu ABCD.AB,C,D, c6 chiéu cao bang nira canh day. Diém M thay d&i trén canh
AB. Tim gia tri I&n nhat ctia géc AMC,

Loi gidi
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4
y
/;ﬁ———l\—\ ---------- »Dl—>
. /
Cl
X
Chon hé tryc nhu hinh v& ( Axyz)
bat AM =x,0<x<2
Taco: M(x;0;a),A(0;0;0),C,(2;2;2)
Nén M—N:(—X;O;—l),M—Cl':(Z—x;Z;—l)
X —2x+1

Pit o= AMC, thi cosa = cos(MA, MC,
( \/x+w/2x+5 \/x+,/2x

Do d6 o <90°. Vay goc o= AMC, 16n nhat khi x =1 tirc M trung diém AB

[ cau 20

Cho hinh chop S.ABC c6 duong cao SA=h, day la tam giac ABC vuong tai C. AC=Db, BC=a.

Goi M la trung diém cua AC va N 1a diém sao cho SN = %@

a) Tinh do dai doan thang MN
b) Tim su lién hé giita a, b, h d& MN vuéng géc vdi SB

Loi gidi
Z

Ta chon hé truc toa d6 Oxyz c6 gc O triing véi A, tia Ox tring véi tia AC, tia Oz triing véi tia AS sao
cho diém B nam trong gdc xOy.

Khi d6 A(0;0;0),C (b;0;0),B(b;a;0),5(0;0;h),M (g;o;oj, SB = (b;a;-h)
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Goi N(x;y;z)thi SN =(x;y;z—h)

Tir didu kién SN = ZSB nén X:E;y:—,z—h:—:z:—:N E;E;Zh
3 3 3 3 3

a) Ta co W:(E—E;E;@):(_E a. Z_hj
3 2'3'3 6'3' 3
2 2 2
Nen MN = |2+ & A0 L e e s ien?
36 9 9 6

—b* a*> -2h?
b) MN vuéng gbc véi SB khi va chi khi MN.SB=0 ®T+_+

3
Cho ttr dién S.ABC ¢6 SC =CA = AB =a+/2,5C L (ABC) , tam giac ABC vudng tai A. Cac diém
M e SA N e BC sao cho AM =CN =t(0<t<?2a)

a) Tinh d dai doan MN. Tim gia tri t & MN ngan nhat
b) Khi doan MN ngin nhat, chitng minh MN 1a duong vudng goc chung cia BC va SA

=0« 4h* =2a° - b’

Léi gidi

Ta chon hé truc Oxyz sao cho géc toa dd O = A. Truc Ox chira AC, truc Oy chia AB va truc
Oz L (ABC). Khi d6 canh SC song song véi ruc Oz va ta cé:

A(0;0,0),B(0;a2;0),C(av/2;0;0), 5 (av/2;0;a42)
Taco M(t\f t[j [\/5 t\f t\f J
2’7 2

2
2 2 2
:>MN:\/2(a2—2at+t2)+t—+t—:\/3t2—4at+2a2 o +212ﬁ
2 2 3 3 3
a6, .. 2a

Vay MN ngan nhit bing Tkhl t:?
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b) Khi MN ng&n nhét thi: M [¥;0;¥}N[2aﬁ;a«f;0):m:(a\f;aﬁ,_aﬁJ

3 37 3

MN.BC =0
Cho hinh chép tir giac déu S.ABCD canh day a, mat bén tao véi day goc o . Tim tana dé SA vuéng
goc SC

MNSA=0 . .
Taco { . - dieu phai chiing minh!

Léi gidi

Chon hé truc Oxyz c¢6 O la tam day ABCD, tia Ox chtra A, tia Oy chira B, tia Oz chira S. Ta c6:

(afooj ( a2, jc[ a*foo} [o;—i Js(oo tanocj
2 2 2 2 2
Nén SA= (af 2 4an JS—B ( i——tan j

2 2 2 2

SC = —ﬂ;o;—ﬂtana .SD = 0—i 2 4an
2 2 2 2

Tacod SALSC
2 2

2
@SA.SC=0@—%+%tan2a=0@%(%tanza—ljzo@tanzazzjtanazﬁ

Cho hinh hop chit nhat ABCD.A’B’C’D’. Goi M, N,P lan lugt 14 cic diém chia doan thing AB, D’D
va B’C’ theo cing ti s6 k = 0,1 . Ching minh rang mp(MNP) ludn ludn song song véi mp(AB'D")

Loi gidi
Pit A'B'=a,A'D'=b,AA'=c . Ta dung phuong phéap toa dobang cach chon hé truc toa do véi gbc
la: A'(0;0;0) sao cho B'(a;0;0),D'(0;b;0), A(0;0;c)
Taco C'(a;b;0),B(a;0;c),D(0;b;c),C(a;b;c). Cac diém M,N,P chia cdc doan thang AB, D’D, B’C’

theo cing ti s6 k nén M —ﬁ,o,c Ob ke , P a;_—kb;o
1-k —k 1-k
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Do d6 W:(ﬁ;b;—ic),mﬁ:(a;__lb;ﬁj
1-k c—-k

. k2 _ 2 _ 2 _
Taco [MN,NP]: K +k21bc;k tk zlca; K +k21ab
(1-k) (1-k) (1-k)

Nén mp(MNP) c6 vecto phép tuyén 1a n = (bc;ca;ab)

Mt phang (AB'D") c6 phuong trinh XY 21 66 vecto phéap tuyén la ﬁ:(l;l;lj
a b c abec
.bc ca ab . R, An- N
Vi I=I:I:abc vda M,N,Pe(AB'D") do k = nén: mp(MNP)| mp(AB'D")
a b ¢

Cho hinh chép ta giac déu S.ABCD c6 canh day bang a va chiéu cao bang h. Goi I 1a trung diém
canh bén SC. Tinh khoang cach tir S dén mat phang (AIB)

Loi gidi
Ta chon hé truc toa do Oxyz sao cho gbc toa do 1a tim O cua day, truc Ox chira OA, truc Oy chtra OB,

tryc Oz chira SO. Khi dé A(%;O; oj, B[O;#;O],C(—#;O; oJ,s (0;0;h)

y

Ta c6 giao diém M cua SO va Al 1a trong tam tam giac SAC nén M [0;0; g] Mit phang di qua A,

~ , N 2 A X \ X y A
B, MI ciing chinh 1a mat phang ( ABM ) nén c6 phuong trinh la: —+ ——=+-—=1
: ABM) nén oG phecne i 6 5 52 '
2 2 2
P 5 p \ IR 2 N 2 2ah
Do d6 khoang cach tir S téi mat phang (ABM ) la: d = =
2 2.9 Jan’+9a’
@ a W

Cho hinh chép S.ABCD c6 déy 1a hinh chit nhat AB = a, AD = a+/2,SA=a, SA vudng géc (ABCD)
. Goi M, N la trung diém AD, SC, goi I la giao diém BM va AC. Chiing minh (SAC) L (SBM) va
tinh thé tich khdi ANIB.
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Léi gidi

Chon hé truc toa do nhu hinh v& S(0;0;a), A(0;0;0), B(a;O;O),C(a; aﬁ;o)

Thi D(0;av/2;0), M ( a{ o],N(E;ﬂ;Ej

2 2 2
vi A AM 1 L :.[e a2, o] ( a2, ] BS(-a:0:a)

IC IB BC 2 3 3
a2\/§_a2_a2\/§
2 2

Mit phing (SMB) ¢4 vecto phap tuyén n, = [Wﬁ] :{

Mit phing (SCA) ¢6 vecto phap tuyén n, = [ATSE] = (—azﬁ; az;O)
Vi n.n, =0 nén 2 mit phing (SAC),(SMB) vudng géc

Taco [ Al AN |= ( a2 ]AB (a;o;O),vAN,B=%‘[N,M]ﬁ‘=a;f(dvtt)

3\/_6

Cho tt dién déu (T) cd cac dinh c6 toa d6 (X;;y;;z,) voi 1<i<4 , noi tiép trong mot mat cau don

vi. Chirtng minh: ixﬁ :iyf :24:2? :g va ixiyi :241yi : :Zzllzixi =0
i=1 i=1 i=1

i=1 i=1 i=1

Loi gidi
Ta kiém tra dugc rang két luan ding cho truong hop ta dién A B,C,D, c6 4 dinh la
A (0:01).8, 220 | o ¥2. 6. 1)y (V2. V6. 1
3 3 3 3 3 3 3 3
Bay gio ta ching minh khang dinh ding cho mot tir dign ABCD c6 céc dinh (X;;y;;z;) bat ky. Pau

tién, ta quay (T) quanh truc z cho dén khi mét dinh ciia né nam trong mét phang (Oyz) . Tiép theo, ta
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quay nd quanh truc Ox cho dén khi dinh nay triing véi diém A, (0;0;1). Sau do, lai quanh quanh truc
Oz cho dén khi (T) tring véi tir dién A B,C,D, da ndi ¢ trén c6 diéu phai chirng minh!

Cho hinh chop S.ABC c¢6 day ABC la tam giac vubng tai B, AB=a;BC =2a. SA vubng gdc voi

AB, SC vudng géc véi BC va goc gitta duong thang SC va mit phiang day bang 60°. Tinh thé
tich khdi cau ngoai tiép hinh chép S.ABC.

Loi gidi

S

ZA

X
Gan hé truc toa dd Oxyz nhu hinh v&. Khi d6

B(0;0;0), A(a;0;0), C(0;2a;0), S(x;y;z), véi x,y,2>0.(ABC)=(Oxy):z=0
Taco SA=(a-x-y;-z),AB=(-a;0;0).

SALAB«SAAB=0<-a(a-x)=0ex=a

Tacé SC =(-x;2a-y;-z), BC =(0;2a;0)

SC LBC < SC.BC=0«2a(2a-y)=0<y=2a
Suy ra S(a;2a;z).
Puong thing SC ¢6 véc-to chi phuong 13 CS =(a;0;2).
Mat phang (ABC) c6 véc-to phap tuyén Ia k =(0;0;1).
Theo d bai, goc gitra SC va mp(ABC) Ia 60° nén
SCK _B__ &
e[k~ 2 Va2
Goi | la trung diém SB. Suy ra | la tm mat cau ngoai tiép hinh chép S.ABC.

Taco Rz%SBz%\/a2+4a2+3a2 -J2a.

sin60 = <:>22:3a2:>z:\/§a:>8(a;2a;\/§a)

3
Viy thé tich khéi ciu 1a V = gnRs - 8‘/53”8 .
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| Cau 2l
Cho hinh ling tru ABC.A'B'C’ ¢c6 A.ABC latadiéndéucanh a.Goi M, N lan luot 13 trung diém
cua AA’ va BB'. Tinh tan ctia goc giita hai mat phang (ABC) va (CMN).

Loi gidi

ZA

Goi O 1a trung diém ctia AB . Chuan hda va chon hé truc toa do sao cho O(0;0;0),
A(%;O;Oj, B(—%;O;Oj, C(O;%;OJ, H [0;%;0], A'H :_af = A’[O;ﬁ;ﬁj

6 3
3 &

Taco AB=AB = [ 1— —] D& thiy (ABC) c6 vipt n, =(0;0;1).
3,43 6

L f IJ N 1a trung diém BB’:N{__;_;_]

412" 6 4 12 6

W:(—l;o;o),C—M:G;ﬂ;ﬁ}:(CMN)covtptn ( ISIJ \/Zg(O;Zx/E;5)

Taco M Ia trung diém AA' = M (

12 6
COSOC:i:tanocz 12 —1=2\/§
J33 \ cos? o 5

Cho hinh chép S.ABCD c¢6 day ABCD la hinh thoi tim I, canh a, goc BAD =60°,

a3

SA=SB = SD_— Goio la goc gitta duong thang SD va mat phang (SBC). Tinh sina

Léi gidi
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Tam giac ABD déu do AB = AD va BAD =60°.
Do SA=SB=SD nén S nam trén truc cua AABD
Goi O la thm caa tam giac déu ABD, khi d6 SO L (ABD).

a/15
"

Tacod SO =+/SA?— AO? =
Gén h¢ toa d¢ sao cho O(0;0;0), B{O;?;O], S(O; 0; %J
Suyra D 1;—E;O ,C 1;£;0 :
2 6 3
V3 415
36 )

Vay R:(l;o;o),?sz(o;_,_

Vecto phap tuyén cua (SBC): n :[ﬁ,—S] =(0;—§;§}
Chon vecto phap tuyén Ez(O;—JE; 2\/5),S—D:(%;—g;—gJ:%(&—\/ﬁ;—\/ﬁ).
. -35-6v5| 5
:>S|n(SD,(SBC)):—‘ N ‘:—.

Cho hinh lap phuong ABCD.A'B'C'D’ canh a. Goi M, N lan luot 1a trung diém cua AC va B'C’
Khoang cach giita hai duong thang MN va B'D’ bang bao nhiéu ?
Lot gidi
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BI ’:’— ¢ CI

Dua hinh 1ap phuong vao hé truc toa 6 Oxyz sao cho
B'(0;0;0),C'(a;0;0),A'(0;a;0),D'(a;a;0),B(0;0;a), A(0;a;a),C(a;0;a).

Taco
M[2:2:a 0|=MN =|0;=2;-a |==2(0;1;2) = 4, (0;1,2) 12 VTCP clia MN .
2'2’ 2 2

(a;a;0)=

(110):>u |4 VTCP cia B'D'.
[uiu]BN] o

[

R
Cho hinh chép S.ABCD c6 day ABCD Ila hinh vudng canh a, mit bén SAB 1a tam giac déu va
ndm trong mat phang vudng goc véi mat phang (ABCD). Goi G la trong tam cua tam giac SAB

va M, N lan lugt 1 trung diém cua SC, SD. Tinh c6sin cta gdc giita hai mat phang (GMN) va

=d(MN;B'D")=

(ABCD).

Loi gidi

)
\\
1
A

N

N

N
\,
T

Gan hé truc toa dd Oxyz nhu hinh v&, xem a 1a 1 don vi.
Tacé: S| 0;0;,— V3 . G| 0,0, — \/§ C(l;l;oj; D(—l;l;ojz l l £ 31—3 .
2 6 2 2 4’2" 4 4 2 4

va GM =| 1 i;ﬁ - NM =(1;o;oj [GM NM} oﬁ;—l .
4’212 2 4
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Khi d6: Ty, = (0:3/3;6) VA i jgep) =k = (0;0;1) .

i _
Tac6: cos((GMN ),(ABCD)) = Yper)| _ |6 _ 230
Nomn ‘ ABCD)‘ @'1

[ cau st

Cho hinh ling try déu ABC.A'B'C' cO canh day bang a. M,N 13 hai diém thoa man
MB +2MB'=0; NB'=3NC". Biét rang hai mat phang (MCA) va (NAB) vuéng géc vai nhau.
Tinh thé tich hinh lang try.

Léi gidi

X
Go O 1a trung diém cua BC va BB'=m
Chon hé truc toa d0 Oxyz nhu hinh vé don vi a

Ta co: A(?;O;OJ;B(O;—%;OJ;C(O;%;OJ;M(O;—%;Z?mj;N(O;l;m)
3.1 ].m:(ﬁ.l. ZmJ:ﬁA% (m 3m. V3
3

Vay CA=| 22;-=;0 |; —; ;X2 | laVTPT cua (MCA)
3" 2 3 2

Va BA= [‘f ; OJ NA= (\f;—l;—m]:BA/\m (7”1 Jam, —%J | VTPT cua (NAB)

2

— m> m*> 9 36

sf V3236 92

Vay BB'= =Vascaec = 4 4 16

Theo bai ra: (MCA) L(NAB) <n

(MCA)*
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| Cau 32 |
Cho hinh chép S.ABC c6 SA=SB =SC =3, tam giac ABC vudng can tai B va AC = 2+/2. Goi
M, N lan luot 14 trung diém cua AC va BC. Trén hai canh SA, SB lay cac diém P, Q twong tng

sao cho SP =1, SQ =2. Tinh thé tich V cua ttr dién MNPQ .

Loi gidi

Tacd AB=BC =2: SM =+/7.
Chon hé truc Oxyz nhu hinh vé.

SP==SA=P
Taco NM =(1,0;0),NQ = 1;_3-ﬂ
333 3
L = ws| L (VT 4T VT
Suy 1a Vigyeo :E‘[NM;NQ].NP - -

[ Cau s
Cho hinh chop S.ABCD c6 day ABCD la hinh vuéng canh a va SA vubng goc véi day. Tinh do
dai canh SA dé goc tao béi (SBC) va (SCD) bing 60°,

Loi gidi
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Chon hé toa do nhu hinh v&, M 1a trung diém caa SC, dat SA=2m (m > 0)

Khi do B(i;o;oj, D[—i;O;O], c(o;i;oj, M (0;0;m)

V2 V2 V2
Taco (sBC): 2 +Y X 10mi :(1;1, 2 j
a a m m+/2
V2 2
. o 2 . X Yy z a
Phuong trinh mt phing (SDC): ——+—=—+—=1=n_ =| -L1;
umgrlnmapag( )_ii m = Ngpe ( m\/zj
V2 2
Yéu cau bai toan tuong duong véi ((SBC),(SDC))=60° < ‘cos(ﬁsae Mo )| = %
2
_a
(m\/?j 1 a Y
< =& | —=| =2&2m=a.
() © ™
1+1+| —=
my2

Cho hinh chop SABC c6 day la tam giac vudng tai A, AB =2a, AC = 2a+/3. Tam giac SAB déu va

nam trong mat phang vuéng véi day. Goi M 1a diém trén doan BC : BM = % BC . Cosin goc tao bai

(SAC)&(SAM ) bing bao nhiéu ?

Loi gidi
Gan hé tryc toa d6 nhu hinh v&; khong mat tinh tong quat, gia sir a=1.
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X y
Khi do $(0;0;4/3), A(-1,0;0),B(1,0;0),C(-1,2V3;0), (%73 J
= SA(-1,0;3); SM[E . J:[?A,S_M] (g —%,—T‘q

Chon VTPT cua (SAM ) 1a n, (v/3;-3,-1).

Tac6 SC(~12v3;3) =[ SA,SC | =(6;:0;-243), chon VTPT cua (SAC) Ia n, (3;0;-1).

Vay cosin goc ¢ gitra hai mp la cos |3+0+]4
a u = = .

Cho hinh chép S.ABC c6 day ABC la tam giac déu canh a, canh SA vudng goc voi mat day va
SA=2a. Goi M la trung diém cua SC. Tinh cdsin cua goc ¢ giita duong thing BM va mat phing
(ABC).

Loi gidi

X
Goi H 1a trung diém cua AC khi d6 MH//SA= MH L (ABC)
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Chon hg truc toa d6 nhu hinh v&.Khi d6 H (0;0;0), M (0;0;a), B[#;O; 0)
= BM =| — \@;O;a JHM =(0;0;a
2
BM.HM
Gia sir goc giita BM va mat phang (ABC) 1a ¢ thitaco :sing= L J = 21 = COS(p=@
‘BMHHM‘ 7

[ cau 36

Cho hinh vudng ABCD canh a. Trén hai tia Bx, Dy vudng goc véi mat phang (ABCD) va cling

chiéu lan luot lay hai diém M, N sao cho BM =%; DN =2a. Tinh goc ¢ giira hai mat phang

(AMN) va (CMN).

Léi gidi

Gan hé truc toa d6 nhu hinh vé:
Z A

Tacé: B(0;0;0), A(0;a;0), C(a;0;0), M(O;O;%j, N (a;a;2a).
Taco m:(o;—a;%j, AN =(0;0;2a)
R 2 ,
:[AM,AN]:(—ZaZ;%;aZJ 1a vecto phép tuyen cia mp(AMN ).

W:(—a; 0; %j CN =(0; a; 2a)

— 2 14
= [CIVI ,CN] = (%;Zaz;—aZ] 1a vecto phép tuyen cia mp(CMN).

Do décosg = - =0=¢=90°.
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[ Cau 3 |
Cho hinh chép S.ABC c6 day ABC la tam gidc vudng cén tai B, AC =2a, tam giac SAB va tam
gidc SCB lan luot vudng tai A, C. Khoang cach tir S dén mat phiang (ABC) bang 2a. Cosin cua

gdc giita hai mat phang (SAB) va (SCB) bédng bao nhiéu ?

Loi gidi
S

B
Chon hé truc toa do sao cho B(0;0;0), A(aﬁ;o;o), C(O;aﬁ;o), S(xy:2).
Tac6 (ABC):z=0, E:(x—aﬁ;y;z), @z(x;y—aﬁ;z)
Do ?S.E:O:(x—aﬁ)aﬁ=03x=aﬁ, d(S,(ABC))=2a=1z=2a (z>0)
CSCB=0 :(y—aﬁ)aﬁ:O:y:aﬁ:S(aﬁ;aﬁ;Za)
Ta co FS:(O;aJE;Za), @z(a\/ﬁ;o;Za), FS:(aﬁ;aﬁ;Za).
1

1
NNCEED

(SBC) co 1 vtpt fi =(—J§;O;1), (SAB) c6 1 vtpt m =(O;J§; —1) = C0S@ =

Cho hinh chép S.ABCD c¢6 day ABCD 1a hinh vudng c6 do dai dudng chéo bing av/2 va SA
vudng goc véi mat phang (ABCD). Goi « la goc giita hai mat phang (SBD) va (ABCD). Néu

tana =+/2 thi géc giira hai mat phing (SAC) va (SBC) bang bao nhiéu ?

Loi gidi
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Goi | = ACBD.

Hinh vuong ABCD c6 do dai duong chéo bing a+/2 suy ra hinh vudng doé c6 canh bing a.
(SBD)(ABCD)=BD

Tacé {SI L BD = ((SBD);(ABCD)) =(SI; Al ) =SIA.
Al 1L BD

Taco tana:tanSIA:%QSA:a.

Chon hé truc toa @ Oxyz nhu hinh v&. Tacé A(0;0;0), B(a;0;0), C(a;a;0), S(0;0;a).
Khi d6 SA=(0;0;—a); SC =(a;a;—a); SB=(a;0;—a).

Mt phang (SAC) c6 vecto phap tuyén fi, = (-110).

Mt phang (SBC) c6 vecto phap tuyén fi, =(10;1).

B |ﬁ1.ﬁ2| 1 1

C[RJR T V2N2 2 = (sac):(s80))= 60"

Suy ra cos((SAC);(SBC))

=ER
Cho hinh Iap phuong ABCD.A'B'C'D’ c6 tdm O. Goi | latdm cua hinh vuéng A'B'C'D’ va M la
diém thudc duong thing Ol sao cho MO = 2MI (tham khao hinh v&). Khi d6 sin cua goc tao boi

hai mét phang (MC'D’) va (MAB) béng bao nhiéu ?

Lot gidi
Khoéng giam tinh tong quét, ta gia s canh hinh lap phuong bang 6.
Gan hé truc toa d6 nhu hinh v&, sao cho gbc toa do trung véi diém B’ .
Khi d6, C'(6;0;0), D'(6;6;0), M (3;3;1), A(0;6;6), B(0;0;6).

MC’(3;-3;-1), MD' =(3;3;-1)
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N "
A \
N 1 \
SNt \
\\\: ‘\ O
S A J
I\\ \
1
1 \\ \\I
1
| Son!
1 !
»----- T <—:----: B ———>
B! LN c'" X
R ¢l
g N
A’ D

y
Suy ra vecto phap tuyén cua (MC'D’) 1a n, = [WW] =(6;0;18) = 6(10;3).

m(—3;3; 5), MB = (-3,-3,5)
Suy ra vecto phép tuyén ciia (MAB) 1a n, =[ MA,MB | = (30;0;18) = 6(5;0;3).

Goi « la goc giira hai mat phang (MC'D’) va (MAB), ta c6

=sina =+1-cos’ a :%.

Cho hinh 1ap phuong ABCD.A'B'C'D’ ¢6 d6 dai canh bang 1. Goi M, N, P, Q lan luot Ia trung

diém cua cac canh AB, BC, C'D’ va DD'. Tinh thé tich khdi t& dien MNPQ .

Loi gidi
D_ AL C
A LM —7N
N B
Qe
O DN A
,/’,B' ~\\\ Cu
I P
X A D
D'=0
Ox=D'A
Chon hé truc toa do6 Oxyz sao cho:
Oy=D'C’
Oz=D'D
Khi d6 A(L0;1), B(L11), C(0;11), D(0;0;1), A'(10;0), B'(L10), C'(0;10)
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‘[W’W}NTQ‘:‘%_F; ;‘ :1 :>VMNPQ =%‘[W’W]M—Q‘ =2—];1.

4

Cho hinh lap phuong ABCD.A'B'C'D’ canh bang a. Goi K 1a trung diém DD’. Tinh khoang cach
gita hai duong thang CK va A'D .

Loi gidi
Goi M la trung diém BB’. Tacd: CK // AM = CK // (AMD).
Khi d6 d (CK, A'D)=d(CK,(A'MD))=d(C,(A'MD)).

Gén hé truc toa d6 nhu hinh vé:

/II N
/ ! N
1 7 1
Bl ./ i . |C
A
R . » K
7 1 ~
/I !
1 N
/ | \\
Ml‘- _____ 1 ~
A
S AN
- [TF== —>
.
///
.
B C
X

Taco: A(0;0,0),B(a;0,0),D(0;a;0), A’(0;0;a),B'(a;0;a),C(a;a;0), M [a;o;%}

. . 2
A'M z(a;O;—Ej, AD=(0;a;-a), [A’M,A’D]:(a—;az;azj.
2 2

Viy mit phing (A'MD) nhan n=(12;2) lam vecto phap tuyén,
Phuong trinh (A'MD) 1a x+2y+2z-2a=0.
a+2a-2a
Do dé: d (C,(A'DM )):Qzﬁ.
3 3
Cho hinh lap phuong ABCD.A'B'C'D’ canh bang a. Lay diém M thudc doan AD', diém N thudc

a2

doan BD saocho AM =DN =x, (0< X<T]. Tim x theo a dé doan MN ngin nhét.

Loi gidi
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X
Chon hé truc toa do Oxyzsaocho O=A", AD'=0x, AB'=0y, AA=0z.

A'(0;0;0), D'(a;0;0), B'(0;a;0), A(0;0;a), D(a;0;a), B(0;a;a), C'(a;a;0), C(a;a;a).

X . av2—-X av2-x_ X .
MERSURENIEN

2 x2  x? \/§ 2a’ a’
= MN? =(V2x—a) +—+—=3x"—2J2ax+a’ =3| X’ —2—ax+— |+—.
(V2x-a) +5 45 v2 ( 3 9] 3
2
2
:MNZ:B[X—%J +%.Vay MN ngin nhétax:%.

Cho hinh lang tru deng ABC.A'B'C’ ¢c6 AB=AC =a, géc BAC =120°, AA'=a. Goi M, N lan
luot 1 trung diém cua B'C’ va CC'. S6 do géc giita mat phang(AMN ) va mat phiang (ABC)

bang bao nhiéu ?

T
Lo1 giai
Al ZA
7
e
d
B' ‘
4
4
4
4
4
7
, N
/, ”‘
-
-
-
-
4 ”’
// /”’
/, /”’
v -7
o’ e
X -
PR B /‘C

y
Goi H 1a trung diém BC, BC =ay/3, AH =%.
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Chon hé truc toa do H(O;O;O), (200] B( a\f JC(O_% OJ

M (0;0;a), (O —i EJ Goi ¢ la gdc giita mit phang (AMN ) va mét phang (ABC).
(AMN)) c6 mgt vipt i = AM, AN | :(ﬁ;‘_l;ﬁj
2 4 4
. B
i.HM| 2B

(ABC) c6 mot vtpt HM = (0;0;1), tir d6 cosg =

G
Trong khdng gian Oxyz, cho cac diém A, B, C (khéng trung O) lan luot thay d6i trén cac truc
Ox, Oy, Oz va ludn thoa man diéu kién: ti sé gitra dién tich cua tam giac ABC va thé tich khéi tir

dién OABC bing % Biét rang mat phang (ABC) ludn tiép xdc véi mot mat cau ¢o dinh, ban kinh

ciia mat cau d6 bang bao nhiéu ?

Léi gidi

ZA

Ta cé S asc _ S asc
Vorse 28 0.0 (0,(ABC))

Ma e —3 e d(0,(ABC))=2.

OABC

Vay mat phang (ABC) ludn tiép xtic mat cau tim O, ban kinh R=2.

| caus |

Cho hinh lap phuong a =1 c6 canh bang a=1. Mot duong thang d di qua dinh D’ vatam | cia
mit bén BCC'B'. Hai diém M, N thay doi lan lugt thuoc cac mat phiang (BCC'B') va (ABCD)
sao cho trung diém K cua MN thudc duong thang d (tham khao hinh v&). Gia tri bé nhat cua do
dai doan thang MN 13 ?
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-AI -BI
e Aar
D' i C/
IR SRS K [X
i IRt SN d
A B
& ------ Ammmme e
///, ./
N
D C
Loi gidi
Cho a=1.
Chon hé truc Oxyz nhu hinh Vé.

z
A’ B'

e Ar

D' | c /.
“““ %‘"‘~-__‘\-~K ’ {

! - d

| 4 ——

VA s B y

," ----- :r/ ------------- —>

/, L4
,//, N
D C

A(0;0;0), D'(10;1), B(0;10), C'(111)

| 1a trung diém BC' = I(%;l;%j :ﬁ:[—l;l;—ljz—%(l;—z;l).

2 2
Xx=1+t
Puong thang D'l di qua D'(1,0;1), c6 mot VTCP la u=(L-21)1a: y=-2t(teR)
z=1+t

Mt phang (ABCD): z=0

Mt phang (BCC'B'):y =1

Tacd M €(BCCB')=M (m;Ln), Ke D'l = K(1+t;-2t;1+1)
K la trung diém MN = N (2t—-m+2;-4t-12t—n+2).

N e(ABCD) < z, :0<:>2t—n+2=0<:>t=n—;2: N (n—m;3-2n;0).

W:(n—Zm;Z—Zn;—n) = MN? :(n—2m)2+(2—2n)2+n2:(n—2m)2+5n2—8n+4

2
=(n—2m)2+5(n—fj LA N2
5) 55 5
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Dau bang xay ra khi bzg va a=§.

Hai qua béng hinh ciu c6 kich thudc khac nhau duoc dit & hai géc cia mot can nha hinh hop chir
nhat sao cho mdi qua béng déu tiép xuc véi hai bic tudng va nén caa nha do. Biét rang trén bé mat
ctia qua bong déu ton tai mot diém c6 khoang cach dén hai buc tuong va nén nha ma nd tiép xdc
bang 1; 2; 4. Tong do dai dudng kinh cua hai qua bong d6 bang bao nhiéu?

Loi gidi

z
1
1
|
Lo e

/"r “‘

- 1 Ss
' O/’ ————————————— >
/ I y

Chon hé truc Oxyz nhu hinh v&. M3i qua bong xem la mat cau tam 1 (a;b;c).

Vi mdi qua bong déu tiép xdc vai hai bire tuong va nén caa nha nén ching tiép xic véi ba mat phang

toa do < d(1,(x0y))=d(1,(yOz))=d(1,(z0x))=R < a=b=c>0 =I(a;a;a).

Goi M (x;y;z) 1a diém nam trén qua bong co khoang cach dén hai birc tuong va nén nha ma no tiép

xicbang 1; 2; 4 = M (L,2;4).

M ndm trén qua bong khi IM =d (1,(xOy))=a

o(a-1)"+(a-2)+(a-4)" =a’ ©2a*-14a+21=0 (*).

Vi (*) c6 biét thic A’=7>0 nén n6 cé hai nghiém phan biét a,, a, va a, +a, =7.

Khi d6 tong dudng kinh cua hai qua bong 1a 2(a, +a,) =14.
Hinh chép S.ABCD c¢6 ddy ABCD la hinh vudng canh a, canh bén SA vuéng goc véi mat phing
ddy, SA=a+/2. Goi M, N Ian luot 13 hinh chiéu vudng goc cua diém A trén cac canh SB, SD.
Gac gitta mat phang (AMN ) va dudng thang SB bang bao nhiéu ?

Loi gidi
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Ta c6 BC 1 (SAB)= BC L AM = AM 1 (SBC)= AM 1 SC. Tuong ty ta ciing c6 AN 1 SC
= (AMN) L SC. Goi ¢ la goc giira duong thang SB va (AMN).

Chuan héa va chon hé truc toa d sao cho A(0;0;0), B(0;10), D(L0;0), $(0;0;42),

C(L30), SC =(LL~v2), SB=(0;1—/2). Do (AMN) LSC nén (AMN) c6 vtpt SC

4

sing=—==—=¢=60°.

23 2
Cho ling tru tam gidc déu ABC.A'B'C’ c6 tit ca cac canh bang a.M la mot dién thoa man

CM = —%m. Cd sin ciia géc gitra hai mat phang (A'MB) va (ABC) bang bao nhiéu?

Loi gidi
Xét hinh lang tru tam gidc déu ABC.A'B'C’ c6 tat ca c4c canh bang a. Gan hé truc nhu hinh v& quy
woc a=1 (donvi). Goi D la giao diém cua A'M va AC . Vi tam giac A'B'C’ la tam gi4c can canh

bang a nén ta suy ra do dai cac dudng trung tuyén la a—\z/é . Suy ra toa do cac diém nhu hinh v&.
T PR , AD O

Theo gia thiéttaco CM = _EAA vay = AADA' ~ ACDM = D" 2= DA=-2DC.

Vay toa do cua diém D 1a: D(O;%;lj

Ta c6 mit phing ABC c6 phuong trinh z =1=> n(aec) = (0;0;1)
Mat khac mat phang (A'MB) la mat phang di qua ba diém A’,D va B.
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<V

() e ST

(i L Oj
y 22
o w5 -(0:2.1) va mE [ V3.1, _[ap wE ][ 1.43. V3
Ta co: AD—(O . 1) va AB _{— 5 ] i wen) =| AD, BJ_£€,7,T]
Vay cbsin goc tao béi hai mét phang (A'MB) va (ABC) la:
-3
: - 3 V3 30
cos((A BM),(ABC)): cos(n(A,BM),n(ABC)) = > ==

/i++1ﬁ@ 10
36 4 3

Cho ling tru tam giac déu ABC.A'B'C’ c6 canh bén bing canh day. Puong thing MN

(M e A'C; N e BC') la dudng vudng goc chung ciia A'C va BC'. Ty s6 % bang

Lot gidi
Két qua bai toan s& khong thay déi néu ta xét lang try déu ABC.A'B'C’ c6 canh bén bang canh day
bang 2.
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A C

B! v Z
Chon hé truc toa @ Oxyz nhu hinh v& (O 1a trung diém cua BC). Ta c6: A’(O;—\@;Z), B(1;0;0),

C(-10;,0), C'(-L0;2), CA' =(3-+/3;2), BC'=(-2,0;2).

néntacdé M (—1+ m: —~/3m: Zm), N (1-2n;0;2n)

CM = mCA’
Do <__.
{BN —nBC’

:W:(—m—2n+2;\@m;2n—2m).

Puong thaing MN 14 dudng vudng goc chung cua A'C va BC' nén:
2

m=

{W.@:o {—4m+2n:—l BN 3 NB 3
& =N=-— = —

. = e :
MN.BC' =0 -m+4n=2 n—E BC’ 5 NC' 2
5

Cho t& dién ABCDc6 AD wvudng goc véi mat phang (ABC),AD=3a,AB=2a,

,AC =4a,BAC =60°". Goi H,K lan luot & hinh chiéu vudng géc cua B trén AC va CD. Pudong
thang HK cat duong thing AD tai E. Chiing minh ring BE vudng goc véi CD va tinh thé tich
khéi tir dién BCDE theo a.

Loi gidi
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Chon hé truc toa d6 Oxyz nhu hinh v& véi Atriing goc toa do O .
A(0;0;0), B(2a;0;0),C<2a;2a\@;0), D(0;0;3a), AH = AB.cos60" =a.

Suy ratoado cua H [; a\[ J

D—C(Za;Za\/é; —3a) suy ra 6(2;2\/5; —3) la mot vecto chi phuong cia DC nén phuong trinh dudng

x=2t
thing DC 1a:{y =23t .Vi K thuoc DC nén K(2t;2\/§t;3a—3t)
z=3a-3t

Tacé ﬁ(zt—za;zﬁt;?ﬁa—a),ﬁ{.ﬁ:’=o@t=13—a Vay K 26‘3‘;26‘3‘\@;36‘3‘
25 25" 25 ' 25

Vi E thugc truc Aznén E(0;0;z). EH(Z a\f J HK(27a 27a4/3 | 36aj

50 50 25

Vi E,H, K thang hang nén EH,HK cung phuong, do d6 suy ra z =—4—;. Vay E(O 0; —4—;

N—

Tacod EB = (Za;o;%J va E(Za; 2a/3: —3a) nén EB.DC = 2a.2a+0.2a\/§+4—:(—3a) =0

Vay BE vudng géc vai CD

Cho hinh chép S.ABC c6 ddy ABC la tam gi4c vudng tai A,BC =a va ABC =30°. Hai mit phang
(SAB) va (SAC)culng tao véi ddy mot géc 60°. Biét rang hinh chiéu vudng goc cia S trén mat
phang (ABC)thudc canh BC . Tinh thé tich khdi chop S.ABC theo a.

Loi gidi
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A
S Z

A
Chon hé truc toa d6 Oxyz nhu hinh v& véi Atriing goc toa do O .

A(0;0;0), (a‘f 0: o] C(O A j S(x;y;z)véi x>0;y>0;z2>0,H (X y;0)véi Hla hinh chiéu

vudng géc cua S 1én (ABC)

n, =(0;0;1) la vecto phap tuyén cia (ABC)va n, {EA—S] =(0;—¥ z;a—\fyj la vecto phap

tuyén cua (SAB n,=| AC.AS |=| =x;0; _2, la vecto phap tuyén caa (SAC
’ 2 2

g

cos((SAB),(ABC))= slo YV ooy
nin,| 2 J22+y?
n.n,

cos((SAC),(ABC))= ‘J i‘ slo X Lro3e(2)

nilng 2 Nz2Z+x?

Tu (1),(2) tacd x=y. Nén H(x;x0), vi Hthuoc BC nén BC(—i % o} CJ?(X;X—%;O]

a
X_i
, X 2 a3 : 3a
cung phuong, suy ra = <& X=———— thayvao (1), tadugC z=——
a3 2 2(1++3) ®) 2(1++3)
2 2
Ve g =S SH .Sy = 228 a3 _(3-3)a
S.ABC 3 "~ AABC 32(l+\/§) 8 32

Cho hinh chép tam gidc déu S.ABC . c6 d6 dai canh AB =a.Goi M,N lan luot I3 trung diém cua

cac canh SB,SC . Tinh theo a di¢n tich cua tam giac AMN |, biét ring mat phang (AMN )vudng goc
véi mt phang (SBC).

Loi gidi
Goi O la trung diém BC, G la trong tam tam giac ABC , ta c6

Trang | 393



Tap chi va tu liéu todn hoc |

a\3 a3

OA—— OB+ OC—— OG——
2 6

Dit SG =z >0. Chon hé truc toa d6 Oxyz sao cho tia Ox chira A, tia Oy chira B va tia Oz nam trén
duong thang qua O va song song véi SG (xem hinh v&), khi do:

( \Zf OOJ B(O 2;OJ,C(O;—%;OJ,S[¥;O;ZJ’M(al\Zf j Z]’N(ﬁ;_%;z}

2
—a\él_S.Suyr a \/1_0

Tinh duoc z = as =
¥ AMN 16

Cho hinh chép S.ABCD c6 ddy ABCD la hinh chir nhat véi AB=a, AD = av/2,SA=avasA vuodng
gdc véi mat phang(ABCD). Goi M, N lan luot la trung diém cia AD vasC, 1 la giao diém cia

BM va AC . Ching minh rang mit phang (SAC)vubng goc véi mat phang(SMB). Tinh thé tich
khdi tir dién ANIB .

Léi gidi

Chon hé truc toa do0 Oxyz sao cho O = A, Ox chta B, tia Oy chia D vatia Oz chira S . Khi do:
A(0;0,0),B(a;0;0),C(a;av/2;0),D(0;a4/2;0),5(0;0;a), M ( a[,o],N(E;ﬂ;E}

2" 2 2
AS(0;0;a), AC(a;a+/2;0),SM (0 avz, —a] SB(a;0;-a)

Vecto phap tuyén ciia (SAC)la [E—]—( a+2;a? O)

)

Vi [ AS; AC || SM;;SB | =a‘ ~a* =0 nén (SAC) L (SMB)

Vecto phap tuyén cia (SMB) Ia [SW,SBJ

Taco 1€ = BC o 1C - 0iA. Tir day tim duoc 1] 2 a2
A AM 33
3 3
thé tich khéi tix dién ANIB 12V, —%‘[AN Al AB‘ 1a ‘/_ a?f
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[ Ciust
Cho hinh chop ti giac déu S.ABCD c6 dady ABCD Ia hinh vudng canh a. Goi E 1a diém ddi xing
cua D qua trung diém cia SA, M la trung diém caa AE, N Ia trung diém cuaBC . Chirng minh
MN vudng géc véi BD va tinh (theo a) khoang céch gitra hai duong thang MN va AC .

Loi gidi

Goi O 1a giao diém cia AC va BD, Chon hé truc toa d6 Oxyz sao cho tia Ox chtra A, tia Oy chira
B va tia Oz chtra S (xem hinh v§). Bat SO =z, khi do

A Sl
( Az a2 J (af al? z},(ﬂ;oéjg(ﬂ-ﬂ;zj

___o :
4 4 2 2

2 4 2
Co W=(3af;o;§],ﬁ (O—i oj

Tathdy MN.BD =0= MN L BD

av2
=

Gac giita hai duong thing MN va AC 1a d (MN,AC)=

Causs
Cho hinh chép S.ABCD c6 ddy ABCD la binh hanh, AD =4a, cc canh bén cua hinh chép bing
nhau va bang 6a . Tim cdsin ctia goc giita hai mat phang (SBC)va (SCD)khi thé tich ciia khoi

chép S.ABCD Ién nhit.

Loi gidi
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Goi O la giao diém cia AC va BD,M,N lan luot 1a trung diém cua AB va AD, tir gia thiét suy ra
SO L AC

oL BD}: SO L (ABCD)vaOA =0B = OC = 0D =+/6a” -~ SO” nén ABCD la hinh chir nhat

OA = /x? + 432
SO = v/SA? —0A? =+/2a% — X

Thé tich khéi chop S.ABCD la Vg spep = 3 AB.AD.SO = %ax 2a° — X véi xe (O; ax@)hoéc ap dung

Pit ON _x>O.Khidé{

bat dang thuc Caushy ta suy ra Vg .., 16n nhét khi va chi khi x=a. Suyra SO=a
Chon hé truc toa do Oxyz nhu hinh vé. Khi do

B(Za;—%;Oj,C(—Za;—%;O), D(—za;g;o],s(o;o;a).

Goi ¢ la goc gitra hai mt phang (SBC)va (SCD)thi cose =

Cho hinh lang try dtng ABC.AB,C,c6 AB =a, AC =2a, AA =2a+/5va BAC =120". Goi M I
trung diém ciia canh CC,. Chiing minh MB L MA va tinh khoang cach tir diém A dén mat phang

(ABM)

g N

Loi gidi
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Ké AOLBC.Tacé
BC =+/a2 +4a’ —2a.2a.c0s120 = a/7

AB.AC. sin120 _a21
7

AO.BC = AB.AC.sin120 = AO =

OB =+/AB?— AO? = Zla 2‘/_a
5J7a

OC=BC - OB——

Chon hé truc toa do Oxyz nhu hinh vé. Kh1 do:

7o) o{o ol {575 0

Taco WA:(a\éz;Sa;ﬁ;a\/gj,wz(o;—aﬁ;a\/g)
MA.MB =5a% —-5a%> =0= MA L MB = MA L MB
\ - 2 \ ZaJ_
Phuong trinh mat phang (ABM ) Ia: 125x—+/15| y —J21z=0
a\/5

Khoang cach tir A dén (ABM )la: d(A;(AMB))=—=

3

Cho hinh ling tru ABC.A'B'Cco d6 dai canh bén bang 2a day ABC la tam giac vuéng tai

A, AB = a, AC = a+/3 va hinh chiéu vudng géc ciia dinh A trén mit phang (ABC) 1a trung diém cua

canh BC. Tinh theo a thé tich khdi chop A'.ABC .va cosin cua gdc giita hai duong thang AA' va
B'C'.

Loi gidi
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Goi O 1a trung diém caa BC, H la trung diém cta AB, K 1a trung diém AC thi OHAK Ia hinh chit
nhat. Taco

BC =+ AB? + AC? :2a,OA:%:a,

=JAAZ_OA? =43’ -3’ = a+/3.

OH:\/OAZ—AHZZJaZ—a—Z:—af
OK =JOA? — AK? = a—T:2

2
Chon hé truc toa @6 Oxyz sao cho tia Ox chira H, tia Oy chira K va tia Ozchira A'(xem hinh vg).

Khids A'(0;0;a43), [a—; 2. OJ B(a—ﬁ;—%;oj,c(—a—g’ 2. oj

2 2 2 2
Thé tich khdi chép A'.ABC 1aV —1‘[A'A'A'B]A'C‘—1 s
' A g ’ 2 2| 2
E:(—a 3;a;0). Goi ¢ lagoc gitra AA' va B'C'. Khi do:
. |AA'BC
COS([):‘COS(AA', BC)‘:‘__‘ :1,
AA'BC 4

Cho hinh lang tru deng ABC.A'B'C'c6 BC = 2AB, AB L BC. Goi M, N Ian luot 14 trung diém cua

A'B' vaBC . Khoang céach giira hai duong thang AM va B'C béngﬁ. Go6c giira hai mat phing

Vi
(AB'C) va (BCC'B')bang60° . Tinh thé tich khdi chép MABC va ban kinh mét cau ngoai tiép khéi
chép B'ANC theo a

Léi gidi
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| Hinh hoc gidi tich khéng gian Oxyz

A

A’ C'

Chon hé truc toa d6 Oxyz nhu hinh v& véi gc toa d6 O trung diém B
D3t AB =x(x>0) thi BC = 2x
Taco B(0;0;0),C(2x;0;0), A(0;x;0)N (x;0;0)

A'(0;x;y)(y>0),B'(0;0;y),C'(2x;0;y), M {O;g; yj.
m:(o;—g;yj,ﬁ:(Zx;O;—y) [AM B' C}:( 1 2XY; X j
Taco AC =(2x;-x;0)

‘[mﬁ]ﬁ‘ - ‘—Xzy‘ 2a Xy

‘[m’B—IC]‘ \/X y +4x° y +x* \/m \/7

AB'=(0;-x;y) va AC =(2x;-x;0) nén AC.AB"=(xy;2xy;2x’)nén (AB'C)co vecto phap tuyén I3

d(AM,B'C)=

n=(y;2y;2x)(vi n cing phuong voi [EE]) va (BCC'B") c6 vecto phap tuyén la j =(0;10).

nil 1 2y Vi1

o= <:>5y2+4x2=16y2<:>x:7y(2)

‘ﬁ‘m 2 |[5y* +4x°

Thé (2)vao (1), giai phuong trinh ta duoc két qua y = A2 a4 x=2a

J11

cos((AB'C),(BCC'A"))=

5 11 4a  1611a°
VY Vipupe = Sppc-AA'= 5(5.28..43.). \/ﬁ = %
Tinh ban kinh mat cau ngoai tiép khéi chép B' ANC theo a

Phuong trinh mat cau (S) ngoai tiép khdi chop B'ANC c6 dang:

(S):x2+y?+22 +2ax+2by+2cz+d =0 v6i tam T (-a;;—b;—),R = \/a +b? +c? —d

Vi B', A N,C thugc mat cau (S) nén toa d¢ chliing théa man phuong trinh mt cau, ta c6 hé:
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Tap chi va tu liéu todn hoc |

gaz +%a¢+d =0 21:_;3:
4a’ +4ab+d =0 N 13a => R=3a 3t
4a’ +4aa+d =0 N !
16a*+8aa+d =0 d =8a’

Cho hinh hop dtng ABCD.A'B'C'D"c0 day la hinh vuéng, tam giadc A'AC vudng cén, A'C =a.
Tinh thé tich cua khéi te dign ABB'C' va khoang cach tir diém A dén mat phang (BCD')theo a.

Lo gidi
z
A’ B'
D : C'
Al T-<__ |B y
R i St
D C

X

Tir gia thiét ta tinh duoc AC = AA'= ——va AB =

V2

Chon hé truc toa &6 Oxyz nhu hinh v& véi gbc toa dd O tring diém A

N | o

o [AEAET [ 00 | [ABAET|ACT T Vi - A8 AT AC -
R a, .. ~~'_| N a_ a =~ [ A a2 .az
. CB:(—E,O,OJ,CD _(O,—E,ﬁj:[CB.CD]_(O,Zﬁ,TJ

=n= (0; \/E;l) la VTPT ctia mt phang (BCD')nén
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| Hinh hoc gidi tich khéng gian Oxyz

2
J20+0-3Ve
2 | aV6

oy ¢

(BCD):J§y+z—E%gOzd(A(BCDj)‘
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TAP CHi VA TU LIEU TOAN HOC

CHINH PHUC OLYMPIC TOAN



TAI LIEU THAM KHAO

[1]. Thay Nguyén Bang Ai.
[2]. Dé thi th& cac trudng trén ca nudc.
[3]. Cac chuyén dé vé hinh hoc toa dé khéng gian Oxyz trén trang toanmath.com.

[4]. Nhém Strong Team Toan VD — VDC.



TAP CHIi VA TU LIEU TOAN HOC

THAM KHAO THEM

e Khai thac mdt sé chd dé sé hoc hay va khd
e Tai sao tich phan lai khé?
e Thay déi tu duy gidi todn phuong trinh

CHI TIET LIEN HE QUA FANPAGE

www.facebook.com/OlympiadMathematical/
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