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Chy TNHH MTV DVVH Khang Viét

cuyen aé 1: PHAN UNG VA QUY NAP

1. KIEN THUC TRONG TAM
Phwong phap phan chirng
Dang vx e X, P(x) = Q(x). .

— Gia sl ton tai x, € X sao cho P(x,) dung va Q(x.) sai, tirc 1a gia st diéu kién
chirng minh |a mét ménh dé sai. Dung suy luan va kién thirc toan hoc dé di
dén mau thuan.

Hay dé chirtng minh A = B, ta gia st B sai, tir d6 suy dan dén A sai: trai gia
thiét. Nhw vay ta diing ménh dé phan ddo: B = A .

Ciing nhw vay, dé chirng minh mét khang dinh P, ta cé thé gid st P sai rdi
suy ra diéu vo Iy hodc mau thudn. :

Chu y: Dang sb nguyén m va k:

1) m chan (chia hétcho2) :m =2k
m |& (khéng chia hét cho 2) m=2k+1

2) m chia hét cho 3 :m =3k
m khéng chia hét cho 3 :m=3k hodcm =3k + 2, gbp lai thanh m = 3k 1.

3) Téng quét: m chia hét cho n la m = kn con m khéng chia hét cho nlam = kn +r
véisodwr=0,1,2,...,n-1
Phwong phap quy nap -

Pé ching minh ménh dé chira bién A(n) 1a mot ménh dé& dung voi moi gia
tri nguyén dwong cua n, ta thuc hién hai buéc sau:
Buworc 1: Chirng minh A(n) 1a mét ménh dé dung khin = 1.

Buwéc 2: Vi k 1a mot s6 nguyén duong tuy y, tr gia thiét A(n) 1a mot ménh
dé dung khi n = k, chirng minh A(n) cling la m6t ménh dé dung khin =k + 1.
Chu y: Néu A(n) ding véi moi sb nguyén duong n > n,, thi ta kiém chirng A(n) ding

khi n = n,, con & phan sau, véi gia thiét quy nap a A(n) dung khin = k > n,.

2. CAC BAI TOAN
Bai toan 1. 1: Chirng minh: Néu x =—1vay = —1thix +y + xy = —1.
Hwéng dan giai

Giasbhx+y+xy=-1= x+y+xy+1=0.
= (x+1)(y+1)=0=>x+1=0hodicy+1=0
= x = —1ho&cy = -1 (trai gia thiét).
Vaynéux=-1vay=—1thix+y+xys=-1.

Bai toan 1. 2: Cho sé tw nhién n. Chirng minh:
a) Néu n? ch&n thi n chan.
b) Néu n? chia hét cho 5 thi n chia hét cho 5.
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‘ , Hu’o’ng dan
a)chl s6 tw nhlenn Gia sunle £ L S
=n=2k+1,keZ=>n’ -(2k+1) 4k2+4k+1.
=n?= 2(2k2 +2k) + 1= n? & tral gia thiét.
e Vay neu n? chanthinchan. '
‘b) Cho n? chia hét cho 5. Gia st n khéng chia hé cho 5
Neun 5k+1 ke Nthi : Pty
. =25k + 10k + 1 = 5(5k2 + 2k) + 1 khong chia hét cho 5: mau thuan :
Neun 5k+2 k e Nthi , . ;
25|<2 +20k+4= 5(5K2 + 4k) + 4 khong chia hét cho 5 mau thuan
Vay néu n chla het cho 5thin
Ba| toan 1. 3 '

Hwéng dén giai
. Phuong trinh X’ + ax +b =06 A = a’~4b.
Phuong trinh x* + ox + d=0c6A; =c%—4d.
Gié si¥ ca hai phirong trinh d&u vé nghiém = A1 < 0 va A,
Taco: Ar+As=a%+c?—4(b+d) o
. sa?+c?-2ac=(a-0P20: mau”'
‘f Vay co it nhat mot ‘trong han phucrng tnnh d’a cho

~Phuong trinh bx? + 2c
Xétabc = 0, thiba ph
deu vb nghlem nén:

A1'~—b2 ~;;ac<0 Ay’ =c?-ba<0, Ay ~,_a;¢{7'cb<0 '

c hai. Gia st ca 3 phwong trmh e

nén A1 A+ A, <0 = a:‘a,-,-bzfc ~ab-bc-ca<0

- Hay %[(a ~b)y’ %(b —0)2 (* 7] <0:voly

Vay coit nhat mot trong ba phuwong trmh con
Bai toan1 5 ’

gy— 2 Iyl < - XI 2] <] x=yl.
Hu’o’ng dan giai A,
Gla st dong tho’l c6 3 bat dang thure: |x| < |y— z| |y| |z— x],' |z) < | x=y]
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Suyrax’*<(y-z)*= (y-z)?=x*>0= (y=z+x)(y-z-x)>0
Tuongtwcd (z—x+y)(z- x,—,—y) >0va(x—-y+2z)(x—-y-2)>0 =
Nén tich sb S
(y-z+X)(y—z—x)(z=-x+y)(z~ x —y)(x y+2z)x-y-2>0
Hay —(y— Z +X)%( z = X +y)*( x y+z >0:v0ly: dpcm
Bai toan 1. 6: e
'C6 ton tai khong 3 s6 a, b, ¢ dwong thod man déng thoi 3 bat déng thirc:
4a(1-b)> 1, 4b(1-c)> 1 4c(1-a)>1.
Hwéng dén giai
Gia st ca 3 bat déng thire déu dung véi a, b, ¢ dwong:
4a(1-b)>1 4b(1-c) > 1, 4c(1- a) >1
Suy ra O<abc< 1va 64a(1 a)b(1 b)c(1= c)>1
Ap dung bat déng thirc AM—-GM
1 1 1
a(1- a)<— b(1-b) < Z c(1 c)sz
= a(1—a)b(1,—b»)c(1~c) SEZ i

Hay 64a(1-a)b(1-b)c(1-c)<1:vé ly: dpcm
Bai toan 1.7: Cho f(x) = ax® + bx + ¢ Ia tam thirc bac hai véi hé s6 nguyén. Chirng
minh rang: néu f(x) c6 nghiém hiru ti thi mét trong ba hé sb a, b, cla chan.
Hwéng dan giai ~
Gidslra,b,cdéuléthia=2k+1,b=2m+1,c= 2n+1
Theo gia thiét phwong trinh c6 nghiém hivu ti nén v
A = b® - 4ac 1a sb chinh phwong 1é = A = (2t + 1)2 = b? - 4ac .
Do do: (2k + 1)%= (2t + 1)? = 4(2m + 1)(2n + 1)
= 4k(k + 1) —4t(t + 1) =42m + 1)2n + 1): vO li vi vé trai Ia sb chla hét cho
8 con vé phai lai khong chia hét cho 8 (dpcm)
Bai toan 1. 8: Chirng minh: Néu hai sb nguyén duong a, b c6 téng binh
phuwong chia hét cho 3, thi ca hai s6 d6 déu chia hét cho 3.
Hwéng dan giai
Gia st a hodc b khong chia hét cho 3.
- Xétavébkhéng chiahétcho3:a =3k+1,b=3m=1
=a’+b®= 3k +1)*+ (Bm = 1)?
= 9k% + 6k + 9m” £ 6m + 2 = 3K + 2. ,
~ Xét mot sé chia hét cho 3 con mot sé khong chia hét cho 3, chéng han a = 3k,
b=3m=+1.
=a’+b’=9K*+ (Bm+ 1)° =9k’ + 9m* £ 6m + 1= 3m’ + 1.
Cac truong hop déu suy ra a® + b? khong chia hét cho 3: trai gia thiét.
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Bai toan 1.9: Chwng minh: Néu tich 2 s nguyén chia hét cho 11 thi co it nhét
1 s6 chia hét cho 11.
Hwéng dan giai
Cho 2 sé nguyén m va n cé tich mn chia hét cho 11.
Gia str m va n khéng chia hét cho 11 thi:
m= 11k +rv&ik nguyénva r=1,2,..., 10
van=11t+svéitnguyénva s=1.2,..,10.
Do d6 mn = ( 11k +r)(11t +s) = 11( 11kt + ks + tr) +rs.
Virs =1,2,...,10 nén rs khong chia hét cho 11
Suyramn= 11( 11kt + ks + tr) +rs khéng' chia ‘hét cho11:vé ly.
Bai toan 1. 10: Chiing minh: " ‘ ; '
a) V7 lasévo i ;  b) 2 +/3l1asbvoti.
c) ¥51as6 vo ti.
‘ Hwéng dan giai
a) Trwéce hét ta chirng minh ménh dé:
vn e N, n? chia hét cho 7 thi n chia hét cho 7.
Gia s n khong chiahétcho7 =>n=7k +r,ke N,r=1,2,..,6.
= n? = (Tk +1)% = 49K? + 14rk + P = 7K'+ I°
= n? khéng chia hét cho 7: trai gia thiét
Ap dung: Gia st V7 1a sé hivu ti.
7 = —r% v&i n, m nguyén dwong, phan sé —':- téi gian
= n’=7m? (1
Do d6 n? chia hét cho 7. Theo két qua trén thi n chia hét cho 7
= n = 7k, nguyén dwong. Thé vao (1): 49k* = 7m? = m? = 7k°.

Do d6 m? chia hét cho 7 suy ra m chia hét cho 7 nén N knong téi gian: vo Iy.
m
© Vay 7 lasé vo ti.
b) Gid str V2 ++/3 lasd htruti= 2 ++/3=pla s hivu ti.

= 243426 =p*= V6 =P =" laséhiuti

Twong tw, trede hét ta chirng minh ménh dé:
vn e N, n” chia hét cho 6 thi n chia hét cho 6.
Sau d6 ap dung tiép nhu cau a).
c) Trwdc hét ta chirng minh ménh dé:
vn e N, n® chia hét cho 5 thi n chia hét cho 5.

Ap dung: Gia str ¥5 1a s hiru ti.
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¥5 = — v6in, mnguyén duwong, phan s6 — t6i‘gian
m m

= n®=5m’(1).Do d6 n® chia hét cho 5.
Theo két qua trén thi n chia hét cho 5 = n = 5k, k nguyén dwong.
Thé vao (1): 125k® = 5m* = m® = 25k°,

Do d6 m* chia hét cho 5 suy ra m chia hét cho 5 nén -~ khang téi gian: vo ly.
m :

Vay ¥5 la sb vé fi.
Bai toan 1. 11:
a) Cho p la sb nguyén té. Chirng minh Jp Ia sé vo ti
b) Chirng minh: Néu sé nguyén duong n khong phai 1a mét sb chinh
phwong thi Vn 1a mot sé vé ti. ‘
Hwéng dan giai

a) Gia st Jp la sé hovu i, [:S VGi (a, b) = 1.

Khi d6 a’ = pb® nén p | a>. Do p la s nguyén t nén suy ra p| a. Dat a = pm, ta co:

p’m?=pb® = b’=pm?* = p|b%> = p|b

Vay p 1a woc sb chung cla a va b. Piéu nay mau thuan vai gia thiét (a, b) = 1.
b) Trwéc hét, chu y ring neu mot sé 1a sé chlnh phuong thi trong dang phan

tich s6 d6 thanh thwra sé nguyén té, cac sd mi clia mébi luy thera déu 1a sé

tw nhién chan.

Do d6 néu n khong phau la sé chinh phuwong, th| trong dang phén tich sé n
thanh thira s6 nguyén té co it nhat mot thira sé véi sé mi 18,

Gia st I:E (p € N, g e N'). Thé thi ng® = p? (1).

Ve phai cla (1) la mét s6 chinh phwong, con vé trai cla (1) khéng thé Ia mot
s6 chinh phwong, vi co it nhat mot thiva sé nguyén té cla dang phan tich
voisé ma 1é. Vay vn ¢ Q.
Bai toan 1. 12: Chirng minh:
a) C6 vé han sé hiru i
b) Trong céch viét thap phan clia s6 11 thi co it nhat mot chir s6 xuét hié»
vé han lan.
Hwéng dan giai
a) Giad slr co hiru han sé hiru fi, ta co thé sép xép k s htru i nay thanh day
tang dan x; <x, <. < X-
m+n

. e m
Xétshx +1=—+1=
n

va la sb hiru ti: vo ly.

V@i m nguyén, n nguyén khac 0 thi x, + 1> x,
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b) Gia st trong- cach vnet thap phan cua so \/— ma m0| chw sb deu Xuat hlen
hiru han lan. o = :
th vay'sau dau phéy ¢6 hiru he

Bai toan 1.13: S :
a) Chirng mlnh"co vo sb sb nguyen td dang 4k +3 (k e N )
) Chu’ng minh c6 vé han sb nguyen tb. o
2 Hwo’ng dan giai

a) Gla s trai lai, chi c6 hru han sb nguyen t6 dang 4k + 3 Ia p1, P2, -, Pn-
ont3. Vi q chla

do ton tai i de p = pi
suy ra 3 chia hvetucho p.

5 nguyén té nay

,<p1<p2< <pn

 thanh day tan, |
1th|p>p.,|-1 2

- Xétsdp=p

A

ndodopk

phai la nguyén

; g nhau.

i s6 nao bang nhau.

héng chia hét cho 3 nén q phal o
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1 . 1 1 1
Jay Jr_ Jamo V1O
<2100 -1=19 :trai v&i gla thiét.

Bai toan 1. 15: Chng minh: Néu 2 phan giac BM = CN cta tam glac ABC thi
“tam giac can.

Do d6

Hwéng dan giai A
Ta chirng minh goc B = C. Gid st B = C,
chdng han B > C nén ton tai diém I
thuéc doan ND dé géc IBM =1CM
Tl d6 t giac BIMC néi tiép dwoc trong

dudng tron. Vi goc IBM=ICM
= gbc IBC > BCM

:>dayCI>BM:>CN>BM voly ~
Bai toan 1. 16: Chirng minh: Néu n duwong thang d’0| mot cat nhau nhuwng
khong cung di qua mot diém thi ton tai it nhat mot dlem Ia glao clia hai va
chi hai trong s6 n dwong thang do.
Hwéng dan giai
Goi ay, @, ..., a, 1a n dwdng thdng da
cho. Ky hiéu giao cua hai du’dng
thang a, aj1a Ajj.
Xét cac khoang cach tr mdi diém Ajj
téi dwong thang a. khong di qua né.
Vi sb cac khodng céach do la hivu han T
nén phai tim duoc 3 dwong thang /A1,3 H A',f)\ Ass
(chang han a,, a,, as) sao cho khoang
cach tir diém A, toi duong thang a;
la ngan nhat (hodc mét trong nhirng
khoang cach ngén nhét).
Ta chirng minh rang khong con mot duwdng thang thir ba nao (khac a, a,)
lai di qua diém A, ,. Triedc hét ta nhan thdy réng néu goi H la chan duong
vudng goc ha tir A, , toi as thi H phai thuoc doan thang ndi A 3 va Az .
That vay néu H nam ngoai doan thang dé va A, gan H hon A 5 thi 16 rang
khodng cach tir A, t&i A, con nhé hon A, ,H. Bay gi& gia s ring qua Aq,
con ¢o dwong thang as. Khi d a, phai cét a; tai mot diém As,, diém nay phai
ndm trén mét trong hai tia c6 gbc H cla dwong thang as. Gid st nd ndm trén
tia chira diém A, 5 thi 16 rang khodng cach tir A, 3 t6i a; nhd hon Aq,H. Vo Iy 1.
Bai toan 1. 17: Chéng minh réng vé&i moi sé nguyén duong n:
n(n+1)
2

a)1+2+3+ ... +n=
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n(n+1(2n +1)

B
Hwéng dan giai

a) Ta chirng minh béng phuong phap quy nap

Khin =1 thn VT=1,VP -——23 =1 dang thwc dung

b) 12+ 22+ 3%+ . +n?=

Giésudéngthucdﬂngkhin=k21: 14243+ +k= Kkt
Ta chirng minh déng thirc dang khin=k +1:
14243+ +k+(k+1)= <k+1)2(k‘+2),

That vay, tir gia thiét quy nap ta co:
1+2+3+ . +k+(k+1)= ﬂzin +k+1)= ~—-———————(k+1)2(k+,2)
Vay déng thirc dung véi moi sé nguyén duwong. -
b) Khln-—1th|VT-1VP—-1—2—3—1dung | »
Gia slr dang thirc dding khi n =k > 1. Ta chitng minh dang thirc khin =k + 1.
That vay, ttr gia thiét quy nap ta co:

+(k+1)2.

124224374+ K2+ (k+1)2 = —mm——k(k”)éz"”)

_ (k+D(2K* +k+6k+6) (k+1)(2k® + 4k + 3k + 6)
6 6
o (K D[2k(k+2)+3(k+2)] _ (k+M(k+2)(k+3) . dpem
6 6
Bai toan 1. 18: Chirng minh réng v&i moi sé nguyén dwong n, ta luén cé:
nPn+1)? |

a)13+23+...+n3=~——~‘—1——— | (1)

. n(4n? 1)

3
Hwéng dan giai
(141
—

by 12+ 3%+ . + (2n - 12 = 2

a)Khln“1 ta cé: 13-1- .Do do, (1) dung khin = 1.

Gia st (1) ding khin =k, k e N
Ta sé chirng minh né cling dung khin =k + 1.
That vay, tir gia thiét quy nap, ta co:

k2 (k + 1)
4

1P+2% 4+ + K+ (k+1)° = +(k+1)°

10
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(k + 1% (k + 2)2
4

. 2
= (_k_“;:l(k2+4k+4)= - dpcm.

4.2 -

b) Khin=1,tacé 12=1= Y Do dé (2) ding khin = 1.

Gid st (2) dung khin =k, k € N’, ta sé chirng minh (2) ciing ding khin =k + 1.
That vay, tir gia thiét quy nap ta co:

KA 1) | op 4 1y2

12+ 3%+ .+ (2k=1)* + [2(k+1) - 1)* =
_AK® +12k% + 11k +3  (K+1)(4k? + 8k +3) _ (k+1)[4(k+1)2 ’1]
- 3 - 3 - 3
Vay (2) dung véimoin e N,
Bai toan 1. 19:
Chtrng minh réng v&i moi s6 nguyén dwong n, ta co:
n(n+1)(n+2) 1)
3

a) 12+23+ . .+n(n+1)=

3 4 n+2 1
+ .o =1-
122 232° n(n+1).2" (n+1).2"
Hwéng dan giai
a) Khin=1thi VT = VP = 2: dung.
Gia str (1) dung khin =k, k € N’, ta s& chirng minh (1) dung khin=k + 1.
That vay, theo gia thiét quy nap ta cé:
12+23+ . +kk+1)+((k+1)k+2)
_ k(<+N(k+2) k(k + (kK + 2)(
3 3

b) )

+(k+1)(k+2) = k+3). gpem.

b) Khin=1thiVT = %= VP: dung.

Gia s (2) dung khi n =k, k nguyén dwong.
Ta chirng minh (2) dang khi n = k + 1. That vay, theo gia thlet quy nap:
3 . k+2 k+3
122 Kk 02 (ke 1)k + 22

1 k+3 1- 2(k+2)—(k+3)

- +

(k+1)2° (K + Nk +2)2" (k +1)(k + 2)2
- 1 .
= 1—W . dpem.

Bai toan 1. 20:

A |
Chtrng minh ¢ong thire Nhij thiee voi té hop n chap k:CY = ET(%_@

11
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(1+x) C°+C1x+ +C”’ "‘+C" "-chxk (1)

k=0
Hwo'ng dan giai
Khin=1thi (1+x)—C: C;.x=1+x: dung.

" Gia st khang dmh (1 dung véi n nguyen du’o’ng Ta chirng minh (1) dung 0
voin+1. That vay

N " } nkk
.- k=0 k=0

“Taco:r YCRx =1+ CRx*, D ChxXT = Ok xk g x™
k=0... k=1

Thay véém déng thire t

(1+x)™" =

e o 0
= Cn+1 X X

+C;‘:]x"“ ZCMX dpem

Bai toan 1. i

] V@i moi s6 nguyén duong n thl

a)n’+ 2n chla hét cho 3.

b) n(n + 1) (n + 2) (n + 3) chia hét cho 24. ¥
. : Hwéng dan glal ' b'?"fﬁ‘_[, F

+21=3: 3 duang.

a) Khin=1th

Gia st méhh ( d“ung khin =k, k nguyen duong ’iu* la k3 + 2k 3
Ta chirng mmh-mfenh de dung khi +1.That vay:

(k + 1)° + 2(k = kS + 3K+ 3K+ 1+ 2k + 2

LER +2k§+'3(k2+k+ 1);2 a-
Vik®+ 2k : 3va3(k2+k+1) nén suya ra dpcm.
b) Khi n =1 thi 1.2.3.4 = 24 chia hét cho 24: d‘ung
Gia st menh dé dung khi n = k, k nguyen dwcrng Ta chirng minh menh d
dung khin = - k + 1. That vay: '
“ (k+1)(k+2)(k+3)(k+4)
‘-k(k+1)(k+2)(k+3)+4(k+1)(k+2)(k+3) :
Theo gia thiét quy nap thi k(k + N (k+2) (k +3)i24vavik+1, k+ 2 k+3la
3sb nguyen duong lién tiép nén co6 1 so chla hét cho 2 va c6 1 so chla het“rf»
cho 3 nén: - '
, (k+1)(k+2)(k+3) 6dodo4(k+1)(k+2)(k+3)
Do d6 ménh dé dung khl n= k + 1= dpcm.
Bai toan 1. 22: T o
Chirng minh tich n sé nguyen duwong lién ‘uep chia hét cho n!,

12
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Hwéng dan giai

Khi n = 1 thi tich mét sé 1a chinh né thi chia hét cho 1: dung.

Gia st ménh dé dung khin =k, k nguyen dwong. Ta ching mlnh menh aé
¢ dung khin =k + 1. That vay: G
C Patu =3+ +2) . (+tkGi+k+1),ieN

thivu=(@(+2)(+3)...(>i+k+2)

S U — U= ([ +2)([i+3) .. (i+k+ND[([i+k+2-i-1].

=({+2)([(+3)... (i+k+1)k+1)
Theo gia thiét quy nap véik sé thi ‘
(i+2)(i+3) (ivk+1)1k

= U= Ui P KK+ 1) = Ui — Uy ¢ (k + 1)l

Vatacéu,=1.2. . k(k+1)=(k+1)!nén

U = (U= Uiq) + (Uisg — Uip) + ...+ (ug = uo) + U, chia hét cho (k + 1)!: dpem.
Bai toan 1. 23: Chirng minh réng véi moi s nguyén dwcrng n:

a) Day u, = 7.2"% + 3™ chia hét cho 5.

b) Day u, = 6" + 3™2 + 3" chia hét cho 11.

Hwéng dan giai

a) Ta chirng minh u, : 5 (1) bdng phwong phap quy nap.

Khin=1taco: u, =72*2+3>"=7+3=10: dung. -

Gia st (1) dung khin =k, k € N, ta s& chitng minh (1) ciing ding khin =k + 1.

That vay, Lo

uk+1__722k+1 + 32k =1 .

= 472524 93 = 47272 4 37N 4 53% = 4, + 5, FoR

Vi ug @ 5 (theo gia thiét quy nap) nén uy.; : 5 (dpcm). i
b) Khin=1thiu,=6°+3>+3=66: 11 (dung).

Gia str ménh dé dung khi n = k, k nguyén duong.

Ta chirng minh ménh dé dung khi n = k+1. That vay:

Ugsr = 672+ 3% 4 357 = 36 6% + 3 32 + 3.3
- 36(62k + 362 4 3k) _ 33(3k+2 ¥ 3k)
= 36u, — 33(3“"2 + 3% : 11 (dung).

Bai toan 1. 24:

cho a- 27 +2\/673 b2 —2\/673

. Chirng minh rang v&i moi sé nguyén
duong n, taco S, = a" + b" la mét sé nguyén khdng chia hét cho 715.
Hwéng dan giai

27 ++/673 27673
2 2

Taco ab=

=14, Sy=a+b=27,

S,=(a+b)*=2ab =701
S; = (a + b)(a® + b%) — ab(a + b) = 18549.
Vay ménh dé dang khin =1,2,3. Gia st S, dung vé&i moi sé nguyén n 2 3.

13
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Ta cé: Sper = (a + b)(@" + b") — ab@™" + b™™)
= 27S,— 14S,.1=715.8,_, — 378.S, _».
Theo gia thiét S, _;, S, _, 1a s& nguyén khong chia hét cho 715. Vi 378 va
715 nguyén té cung nhau, do dé 378.S,_, cling khéng chia hét cho 715. Do
d6 Sy+1 1a s6 nguyén khéng chia hét cho 715.
Bai toan 1. 25: Chirng minh réng véi moi sé nguyén dwong:
a) 2">2n+1voin>3. ; b) 2">n® véi n=4.
Hwéng dan giai
a)Khin=3,tacé:2"= 8va2n+1= 7:dung.
Gia str BDT ding khin =k, k e N vak > 3, tirc 1a: 2" > 2k + 1. Ta sé chirng
minh no cling dung khin =k + 1, tiec la: 2" > 2(k + 1) + 1.
That vay, tir gia thiét quy nap, ta co:
2T=22K>202k+1)=4k+2 =2k +3+(k—1)
> 2k +3=2(k+ 1)+ 1: dpcm.
b) Kh! n =4 thi BBT: 16 > 16.Do do BDT dung khin = 4.
Gia st BDT dung khi n =k, k.e N'; k > 4. Ta sé& chirng minh BDT ding
khi n =k + 1. That vay, theo gia thiét quy nap ta co:
2T =224 52Kk =K+ 2k + 1+ K22k — 1
=(k+ 1) +k(k—2)=1>(k + 1)?: dpcm.
Bai toan 1. 26: Chirng minh rang véi moi sé nguyén dwong n, ta cé:

1 1 1 1
a 1+—~+..‘+—T<2v\/r_» b) —+ +.+ >1.
) J2 Jn )n+1 n+2 3n+1

Hwéng dan giai
a) Khin =1, ta cé BDT 1 < 2/1:dung.

Gia s BDT dang khin =k, k e N, ta sé chtrng minh BDT cling dung khi
n=k+1 That vay, ir gia thiét quy nap, ta co:

1
A~ F<2f*¢m

, . 1
Ta chirng minh © 2k + ﬁ_<2\/k+1@2(\/k+ ~Jk) >
Vk+1 vk +1
2 1
o > e vk +1>Jk : dung.
Ve 1+Jk vk +1 b g
b) Khi n = 1 thi BDT: %‘>1:dung.
o , o o1 1
Gia s BBT dangkhin=k k € N ; ot > 1.

_ k+1 "k+2 3k +1
Ta chirng minh BDT dung khin =k + 1: ‘
1 1 1 1 1 1
+ ot + + + >1
k+2 k+3 3k+1 3k+2 3k+3 3k+4
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That vay, tir gia thiét quy nap ta co:
_( 1 1 1 ){' 1 1 1 1 j
T= + o+ + + -
k+1 k+2 3k + 1 3k+2 3k+3 3k+4 k+1)
1 2 1 2
1+ - + = 1+ : > 1.
3k+2 3k+3 3k+4 (3k +2)(3k + 3)(3k + 4)
Bai toan 1. 27: :
Chirng minh réng v&i moi sé nguyén duong n:
a) (1 +x)" =1+ nx voi sb thue x > —1.
b) (1 +x)" + (1 —x)" < 2" v&i b thwe | x| < 1.
Hwéng dan giai
a)Khin=1:BPT: (1+x)' 2 1+x ding.
Gia sty BDT dung khin =k, k « N, ta s& chirng minh BDT cling dung khi
n =k + 1. That vay, t gia thiét x > -1 va gia thiét quy nap, ta co:
(1 +x)"" =1+ )01 +x) = (1+x)(1 +kx)
=1+ (k+ 1)x + kx* > 1+ (k + 1)x: dpcm.
by Khin=1:BbT 2 <2 Budng. :
Gia sir BDT dung khi n = k, k nguyén dwong:
(1+x)"+ (1 =x)" < 2 1)
Ta chirng minh BBT dung khin =k + 1. That vay:
(1) = (1 +x)+ (1 =x)((1 +x)"+ (1 =x)") =2.2"
= (10T (=" (1 =x)(1+ )+ (1 +x)(1 —x) < 2¥7,
Vilxl <1nén1+x=0 1-x:=0,dodo:
(1T+)" + (1 =" < 2" dpem.
Bai toan 1. 28:
Cho a + b > 0. Chirng minh véi moi s6 nguyén duong n:

/‘a+b\!n a" -+ p"

>

5| : (1)
Hwéng dan giai
. a+b a+b
Khin=1:(1) < =~ ———:dun
(1) 2 2 g
N N3 k . k
Gia str (1) dung «hi n = k, k nguyén ducmg;{ aéb } < a 2b (2)

Ta chirng minh (1) dung khin=k + 1. Thatvay, via+b> 0.

) fa+b* a+b| a*+b (a+b
nén (2) = ; ' i< ‘
2 U2 b 2

fa+b T @i pt ! ab® +ath
2 4 .
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Ta chung mlnhn‘ . '+ bkﬂf ?bk *a ‘b < +bk+1
G L A 2
o oabf+atbcattepdt (3)
 Khéng mét tinh téng quat, gla straxb.
Via+b>0néna>-b,dodéaz |bl L
=a" >]b|m>b”‘vcy|m0|mnguyendu’ohg"' ' :
Taco (3) = a’(a—-b)+ b"(b )20 (a- b)(a* —b*) > 0: dung
Bal toan 1.29: Chwng minh rang voi moi s6 nguyén ducmg n2 3 ta co:
e n+1 >(n+ 1) ; ,
: Hu’o’ng dan giai
Kh| n= 3th1 BDT 81 >_64 dung

Tasé chung
- That vay, the

k122 (ke )"
kk+1 = k .

|n= k, k nguyén dwong:

nh (1) dung khin=k + 1.
k-1 4k+3 1

T4k +1 4k+5 Jk+2
% 7 4k 1 4k+3 1. 4k+3

That vay tor (2):>——- <
59 4k +1 4k+5 Jk+1 4k +5

Tacan hu‘»’ng minh: 7 1+1 jt:g \/k _ < (4k+3)\/ﬁ <(4k+5)\/ﬁ
S (4K + 3)? (k + 2) < (4k + 5)7 (k + 1) »
< (16k* + 24k + 9). (k+2) < (16K? + 40k + 25) (k + 1).
< 18 < 25: dung.
16 -
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Baitoan 1. 31: Chox € Z, n € N thoa ménx>0,x;t1,, nx1.
2x" (1+x)"_1 1 x" -1
—_— < < —

Ching minh rang: v

2
Hwéng dan giai

14 ™!

2 <(L*_Xjn*1@2“x“ AT AR

14x™ 1 2 - o
n-1

Taco: 1 +x22x=(1+x)"">2"'x2

n+1

Vatl+x™ > 2x2 = (dpcm)

AED T 1 X -1 o=t L =Ty n=1 n-2
Va | —=1 n‘,1+~x)',v<2 (X X+ L+ )
2 n X-1 . -

Khin = 1: dung Gia st bat dang thuc dung den n.
N1+ (1+%) <27 (x ™+ X2+ L+ 1)(1+ X)
= (n+1)(1 +x)"= A+ )T+ (1 +x)"
< 27T L (14 X) (14 x)"
Ta ching minh: i '
2" XM E MR ) (1) + (10" < 20K + X+ 1)
2"+ 2T 2R+ 2(x + 1) + (1 X)"
< 2%+ L+ 1) ’

()

x4

Ta chirng minh béng quy nap. Khdng dinh nay dé suy ra dpcm.
Bai toan 1. 32: Cho nsédwong0<x,<x; £..<Xx, véin23.

e (+x)"<2" X =2 e 2"

Chirng minh: X >Nt
izt Xj1 ; X
- Hwéng dan giai
Goi P(n) la bat dang thirc can chibng minh. Véin = 3, ta co:

i Xi _i; Xi _ (X3 = X5)(Xg = X4 )(X; = %) >0
3 Xer T X XX X3
Vay P(3) dung.

Gid st P(n) ding. Xétn + 1 sddurong 0 <x; SX, £ ... S X3 S Xpuq
n
Vi P(n) ding nén > —- X, Z i1
i=1 X i=1 X
Vi P(3) dung nén vaoi ba sb dwong 0 < x1 Xp £ Xn+1, ta €6
X, Xa | X 25_41‘9;143‘1_ |
X

Xn Xn+1 X X1 Xnék‘m :ﬁ n+1
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n+1 X, n+1
Suyra: ) —- >Z Xist Vay P(n+1)dung

i=1 X i=1 Xi
Bai toan 1. 33:
Chonsb dwong Xy, X2, X3, ..., Xp €O tich: Xq.%2.%3...X, = 1.
Chirng minh tdng x; + X, + X3+ ... + X, 2 n.
Suy ra bat dang thirc AM—GM tbng quat.
Hwéng dan giai
Ta chirng minh quy nap theo sé sb dwong n > 1.
Khin=1thix; =1= xy21:dlng.
Gia st khang dinh trén dang khi n = k, k nguyén duong.
Ta chirng minh khang dinh dang khl n=k+ 1. Thatvay:
Xétk + 1sd dwcmg X1, X2, ..., Xk, xk+1 €0 tich Xq.Xz... X1 Xk-Xis1 = 1.
Gidstrcak+1sdx>1 :>t|ch x1x2 Xk > 10VO Iy
Gid st ca k + 186 x; < 1 = tich X¢Xa...Xe1 < 1: VO ly.
Do d6 tdn tai sd x, < 1 va x, = 1. Khéng mét tinh téng quat, gid st u, < 1 va
Ukt 2 1. , :
Ta €O X1Xs ... Xkt (Xk. Xe1) = 1. Ap dung gia thiét quy nap voi k sé thi térig:
X1+ Xo + .o+ Xoq F XaXiet = K.
= X F XoF o Xy F Xt Xier 2 K Xt Xirr — XXt
Zk+ 1+ (X — 1)+ X (1 = X).
=k+ 1+ (X—1)(1—X¢1) 2k + 1: dpcm.
Ta chirng minh BDT AM-GM téng quat voinsé ay, ay, ..., 8, > 0.
9_1_+_a2:_+an >tfaa,. a, )
Néu co sb a; = 0 thi (2) ding.Xét cd n sé a;> 0.

thi x> 0 thi tich: X1z ... Xy = —122n

i
Naa,..a (nfaa 4\
| 1942+ (” a1a2...an)
Ap dung két qua trén thi téng: x; + X + ... + X, 2 n.
' a a a.

! + 2 .. n
Vaa,..a, Yaa,.a, v/aa,..a,

= a; +ay+..+ay>n.aa,.a, = dpcm.

‘DétXi= =1

= 2n

- Baitoan 1. 34:

Cho 2nsb tuy y: ay, ay, ..., @, va by, by,..., by.Chirng minh:
\/(a1+a2+ +a,)? +(b+b, +...+b,) <\/a1 +b2+\/a2+b2+ +\/a +b? .

: Hwéng dan giai
Khin = 1thi BDT: \JaZ +b? <.faZ +bZ : dung.
18
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Khin = 2 thi BDT: \/(a, +8,)? + (b, +b,)? <3/a? +bZ + a2 +b2

& (ar+ay)? + (by+by)? < a2 +b2 + a2 + b2 +2,/(a2 +bZ)(aZ +b2)

& aray + biby < \J(a2 +b2)(a2 +b3)

Néu VT < 0 thi BDT dtng, con néu VT > 0 thi BDT

& (araz + byby)® < (a2 +b?)(a2 +b2)

& 2a5ab4b, < @2 +b2 +22 +b? < (asby — azbs)? > 0: dung

Gia sir BDT dung khin =k, k nguyen dwong. Ta chirng minh BDT dung khi
n=k+ 1. That vay. ‘

V(@ + 8, oo+ B+ 8, )% + (By Dy + .+ by +by,)?

= J((@) +8, +...+ 8 ) +8,1)% + (b + by ...+ By ) + by )

< Ja,+a,+...+a )2 + (b, +b, +...+b)? +/ad,, +bZ,,

< \Ja2 +b? +faZ + b2 +...nJaZ +b? +JaZ,, +bZ,, : dpcm
Vay BDT ding véi moi sé nguyén dwong n.
Bai toan 1. 35:
a) Tinhtdng S, =1.2+23+ ... +n(n+1).
b) Tinh tdng T = 12+ 32+ ... + (2n - 1)%
Hwéng dan giai
ayTaco:S,=1(1+1)+22+1)+...+n(n+1)
(12+22+ +nd)+(1+2+...+n)
_ N(n+1(2n+1) . nn+1) _ n(n+1§2n+1+3) _ n(n+1(n+2)
6 2 8 3
b) Taco: To=(2.1-1)2+(22-17%+ ...+ @2n-1)>
=412+ 2%+ . +nH)—4(1+2+..+n)+n
n(n+1)(2n+1)_4‘n(n+1)Jrn
6 2
_ 2n(n+1)(2n +1) n@n+1) = n(4n 1)
3 3
Bai toan 1. 36: Cho céc sé nguyén 0 <k < n. Tinh tdng:
Te=C)-Cl +C2 - LH=DeCk
Hwéng dan giai

= 4.

Ta chirng minh qui nap theo k: T = (-1)" .CK |
Khik=0: C)=(-1°C>, = 1ding ‘
Gia sl cong thire dling dén k. Ta chivng minh ding @én k + 1, thit vay:
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T = CY -Cy +02 c3 DGR+ (RCE
= (__1)k ~k +(“‘1)k+1.Cﬁ+1 )k”-(C::H Ck ) _ (_1)k+1clr(‘i:: oy

 VayT= (1)" .CK. ;. ;
33itoan 1. 37: Chung minh tong"cac:goc trong cua motn glac I0|’bang
2)180° v&i moi s6:nguyén dwong n = 3. ;
. Hwéng dan glal
Ta chung mmh bang phuwong phap quy: nap :
Khin=3 thi ménh dé: téng cac goc trong clia mét tam giac bang 180° dung.
J‘"Gla sir ménh dé& dung dén khi n =k, tlc la téng cac 2 ¢
'goc trong ctia mot k — giac 16i bang A A
(k — 2)180%:Ta chirng min
dang khin =k +1. Xét
AtA; .. AkAk+1 Néi A.
’cac goc trong cu

glac dung.
. Gia str ménh dé dung K
o dung khin =k + 1, tac I
That vay goi A la mét dinh nao d6. Noi 2 dinh
ké né gia st B, C. Do d6 ta da chia (k + 3) —
giac 16i thanh mot tam giac ABC va (k +2) -
giac 16i co'canh 1a BC. y
Theo gia thiét quy nap, (k. 2) gidc 16i do co
" 'thé chia thanh k tam giac. Do d6 (k + 3) - giac
16i da dwoc chia thanh k + 1 tam giac: dpcm.
Vay ménh de dung v&i moi sé nguyan dqug‘?n,.f
Baitoan1.39: T E o ,
Trong mat phang cho n duong thang ma khéng c6 2 duang
va khong c6 3 ducrng a0 ddng quy. Cac duwong thing nay chi
Iam bao nhiéu phan?.

i0 song song
mat phang
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Hwéng dan giai

Khin = 1 thi mét duwong thdng chia mat phang lam u; = 2 phan
Khi n = 2 thi 2 dwong thdng chia méat phang 1am u, = 4 phan
Khi n = 3 thi 3 duwong thdng chia mét phang lam us = 7 phan.
Péyquyludtu; =1+2, u,=1 +(1 +2),u3=1 +(1+2+3)
Béng quy nap ta chitng minh 2 sé phan Ia;

Un=1+ (1424, n)= 1+ ,‘”2‘*"3”

Bai toan 1. 40: Chia mét tap tai lieu thanh n phan chon ngudi, n-> 4, Chirng
minh chi can 2n - 4 1an goi dién thoai gitra 2 thanh v:en Ia dt d@é& moi thanh
vién déu ndm da toan bd noi dung tai liéu.

Hwéng dan giai

Ta chi*rng minh quy nap véi sé nguyén dwongn>4,
Khin =4, voi 4 thanh vién A, B, C, D. Bén cudc goi trao ddi noi dung gitra A
va B, C va D ri sau d6 A va C, B va D la 4 thanh vién ndm dd 4 phan tai liéu.
Gid st khdng dinh dung khin = k, k nguyén, k>4.
Ta chirng minh khéng dinh ding khin =k + 1. That vay
V&i k + 1 thanh vién, xét k thanh vién dau thi theo g|a thiét quy nap, voi
2k — 4 cudc goi la biét théng tin cta k phan tai liéu. Tuy nhién trwoc khi thuc
hién 2k — 4 cudc goi do, ta cho thanh vién th k + 1 goi den 1 thanh vién.
Nhu vay k thanh vién da nam du k + 1 phan tai liéu, cudi cung moét thanh
vién trong s6 dé goi lai cho thanh vién thie k + 1. Sé cudc goi la:

1+(2k-4)+1=2k~-2=2(k+1)-4: dpcm.

3. BAI LUYEN TAP
Bai tap 1. 1: Ching minh :
a)V/3 +/7 lasbvo ti b) Y15 1asévo ti.
Hwéng dan
a) Gid st/3 + 7 1a s6 hitu i p réi binh phwong, dua vé Chwng minh 2114
s6 vo ti.

b) Gia st¥15 la sé hivu ti p réi lap phuong, dwa vé ching minh 15 Ia
s6 vo ti.

Bai tap 1. 2: Chirng minh:
a) Néu tich 2 sé nguyén chia hét cho 13 thi c6 it nhat 1 sé chia hét cho 13.

b) Néu tong binh phwong 2 s6 nguyén duwong chia hét cho 17 thi ca 2 sé
d6 chia hét cho 17.

21
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Hwéng dan

a) Gia st ca 2 sb nguyén a va b khéng chia hét cho 13 thia = 13k +rva
b=13t+svéir,s=12.3,..,12. Suy ra tich ab khéng chia hét cho 13..

b) Gid st 0 it nhat mot s6 nguyén dwong a hay b khéng chia hét cho 17. Xét
2 trwdt g hop : a va b khéng chia hét cho 17; mét s6 chia hét cho 17 va mét
sb khéiig chia hét cho 17.

Bai tap 1. 3: Chirng minh didu kién can va du dé sb tw nhién'n chia hét cho 5

la n +1 va n? =1 déu khong chia hét cho 5.
. Hwéng dan
Xét 4 truong hO’p n=>5k +1, 5k £ 2.
Tinh n* +1 va n? =1 d& suy ra chung déu khong chia hét cho 5.
Bai tap 1. 4: Cho 25 sb nguyén duong a; thoa

1 1 1
L =t et ..
Dulng phan chwng

Gia st ca 25 sb nguyen dwong a; d&u khac nhau. Ta c6 thé xep thir tw tor
nhé dén 16n.

=9 .Chtrng minh c6 it nhat hai s6 bang nhau.

Huéng dan giéi

Dung danh gia \/_ e \/—_2(\/— Jk=1).

Bai tap 1. 5: Cho 3 sb a, b, c dwong. Chirng minh cé it nhat 1 bat ddng thirc
sai a(2-b)>1b(2-c)>1 c(2-a)>1.
Hwéng dan giai
Gia str ca 3 bat déng thirc déu ding réi dung bét déng thirc AM-GM:
a(2-a)<tb(2-b)<tc(2-c)<1.
Bai tap 1. 6:
a) Ching minh diéu kién can va dd dé& 1 t& giac ngoai tiép dwoc 1 dwong
tron la tong 2 cap canh doi bang nhau.
b) Cho 6 doan thang co6 do dai tir 10cm dén 75cm. Chirng minh ¢6 it nhat 3
doan thang la 3 canh ctia mét tam giac.
Hwéng dan giai
a) Duing phan chirng va tinh chéat doan tiép tuyén bang nhau.
b) Duing phan chirng va quan hé 3 canh trong tam giac.
Bai tap 1. 7: Chirng minh v&i moi s6 n nguyén dwong:

a) 22+ 4% 4+ (2n) = 20+ N@n+ 1)
3
b) 1*+2% +3% 4 1n' = n(n+1(2n+1(3n +3n-1)
30

22
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Hwéng dan giai
a) DUng quy nap théng thwdng
b) Dung quy nap théng thuwdong
Bai tap 1. 8: Chirng minh v&i moi sb n nguyén dwong:

1 2 n 3 2n+3
a) —1"+'—2“+...+'——n——"'-—"‘ n
3 3 3" 4 43
? o 2° n _n(n+1)

b) —+—+...+ =
1.3 35 @n-1.(2n+1) 2(2n+1)

Hwéng dan giai
a) Dung quy nap théng thudng
b) Dung quy nap théng thuwdng
Bai tap 1. 9: Chirng minh v&i moi s6 n nguyén duong:
a) u,=4"+15n-1:9 b) u, =111 +122"" ¢ 133
Hwéng dan giai
a) Dung quy nap va phan tich 4™ = 4" 4
b) Diing quy nap va phan tich 11™" = 11" 11, 12°™" = 12°™" 144,
Bai tap 1. 10: Chieng minh (1-as)(1-ay)...(1-a, ) > 1—aj—a;— ...—a, voin sb
as,ay,...,a, thudc khoang (0;1).
Hu’o’ng dan gaan
Dung quy nap va phéan tich n+1 sb ran sé.
Bai tap 1. 11: Chirng minh vé&i moi sé n nguyén duwong:
135 2n+1 1 11 1
a) ——.—.... < b) 1+—+—+...+
2467 2n+2 f3n+4 2 3 2" —1
Hwéng dan giai
a) Dung quy nap va bién déi tvong duong
b) Dling quy nap va bién dbi twong dwong
Baitap 1. 12:
a) Tinhtdng T=3%+5%+7% +_..+(2n+3)°
b) Tinh sé dwong chéo 1 da giac 16i n dinh, n > 4.
Hwéng dan giai
a) Khai trién lap phwong va dung cac tong

<n

1+2+3+...+n=ﬁ(ﬂ§i1—)
124924324 +n= n(n+1)(2n+1)
I
134+2%4  4ni= n?(n+1)>*
2

b) Két qua n(n 5 )va chirng minh quy nap .
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- Hai tap hwu han ¢6 cuing sb phan t& khi tdn tai
Con 2 tap vo han ma co song anh glua chung i

KIEI\I THUC TRONG TA
“'Anh xa _ ‘
Mot anh xa ftu tap X dén tap Y la mét quy téc dat tuong rng mdi phan trx
clia X v&i mot va chi moét phan tir y cuay. Phan t&r y twong tng cua X gou la

M6t anh xa f tu?‘ta
cha Y deu €6 nghich anh x cua X:

Chusy o e 2: ﬁ%ﬁ%ﬁ VA HAM SO

anh cua x qua anh xa f, ki hiéu y= f(x) X goi la nghich anh cua y
X >Y: xs—ay f(x) ; ’

ay:

bat ky cua X deu cho hai anh khac nh

dén t tap Y goi Ia toan an 1 Gi phaihf t y bét ky
VerEian y= f(x)

Hay Y = f(X) {erlE]xeXy f(x)} . , ,

Mot anh xa ftu tap Xdéntap Y gon la song anh néu fvwa do’n anh va toan

anh tre 1a neu mbi phan tir y bét ky cla Y deu o nghlch anh duy nhét x

T‘son;g'jan_h gira chung.

cung ban sb. ;
Anh xa ngu’o’c, Anh xa t|ch (hop)

Néu mét anh xa f tir tap X dén tap Y 1a song anh thn ton tai anh Xa nguoc
=1,

tir tap Y dén tap X, ky hleuf
f7:Y X yl—a

s i

=f7(y).

Cho mét anh xa f tir tap X dén tap Y va mot anh xa g tir tap Y dén tap T thl

€6 anh xa tlch tir tap X dén tap T, ky hiéu g ° f
go f: X —> T xmHz=go f(x) g[f(x)]
Ham sé
Ham sb f Ia mét anh xa to tap DcRdéntapR.
fD—- Rix— y= f(x) Tap D goi la tp xac dinh.
Ham sé hop, ham so nguoc dwoc xay dwng tucng tw

" Tinh chét cua ham sb

Ham so y = f(x) v&i tap xac dinh D go: la ham s6 chan neu ;

vx e Dthi-x e Dva f(=x) = f(x) va goi la ham sé 1é néu:

vx e Dthi—x € D va f(—x) = —f(x). E)o thi cia ham sé chan. nhan truc tung |
am truc ddi xirng, ham ) [anhan gbc toa do la tam déi xtrng. :
Cho ham sé f xac dinh trén K (khoadng, niva khoang, doan).
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f ddng bién (tang) trén K néu: vxq, Xz € Ki Xy < Xp = f(x4) < f(xo)
f nghich bién (gidm) trén K néu:vxs, x, € Kixs < Xz = f(xq) > f(x)
Két qua: Néu f(x) tang hoac gidam trén R thi phwong trinh f(x) = 0 ¢6 t6i da
mot nghiém, néu cé nghiém x, thi dé la nghiém duy nhat.
Ham sé y = f(x) v&i tap xac dinh D goi la ham sé tuan hoan néu ton tai sb
thwucL>0: Yxe Dthix + L e Dvaf(x + L) =f(x).
Sé L dwong bé nhéat néu cé trong cac so L théa man diéu kién tren goi la
chu ky clia ham sé f.
Phép suy db thi
Tt d6 thi (C): y = f(x) suy ra do thi cia ham sé:
y = —f(x): bang cach lay don xirng qua truc hoanh
[f0x) khif(x)=0
y=1fx] =
|-f(x) khif(x) <0

trén truc hoanh, con phan phla dwéi truc hoanh thi lay abi xung qua truc.hoanh.
y f(—x): bang cach lay déi xtng qua truc tung L
= f(|x 1) bang cach gitr nguyén phan db thj bén phal truo tung va lay
dm xtrng phan do qua truc tung (do ham sé chan) '
y = — f(—x) bang cach lay déi ang qua gbc.
=f(x) + b,y =f(x +a) ,y = f(x + a) + b bang cac phep tmh tién song
, song v&i cac truc toa do.
 Ham sé bac nhat
y=ax+b, (a%0)tap xac dinh D =R, hé sb goc a=s tan(Ox d).
Ham sé ddng bién khi a > 0 va nghich bién khi a <0.
Ham sé bac hai
y=ax’ +bx+c(a=0)tap xac dnhD=R. D6 thi la mot duang parabol co

dinh I(——b— ; ———), cé truc d01 xtrng d:. x = ——b-, bé Iom hwéng lén trén néu
2a  4a 2a

bang cach gi nguyen phan 60 thi phia

a> 0, hwéng xudng dwdinéu a < 0.

vA vA

AN

):O

|
“ Vv

f—~
-

T
=

e

- K
~

12

_—— - -

“ v

+c0

x
|
8
|
+
8
>
5
|

~<
+
8
+
8

e
|

i

/
\
p
/




10 trong diém bdi dubng hoc sinh gidi mén Todn 10 — Lé Hodnh Pho

Diém dic biét ctia cac db thj c6 tham sé
— Diém M(xo; Yo) goi la diém cb dinh cla ho y = f(x, m) khi moi (6 thl déu di
qua: Yo = f(X,, m), Ym. Ta bién di vé dang:

A=0
Am+B=0,vme {A =9 hosc Am? +Bm+C =0, Vm < {B=0
B C=0

— Diém M(X,; Yo) la diém ma cac db thi clia ho y = f(x, m) khong ¢i qua:
Yo # f(X,, m), Ym. Ta bién déi vé dang: ,
A=0B=0,C#0

Am+B #0,vm < A=0 hodc Am? +Bm+C = 0,Vm <
B i B T A20A<0

#0
Quy tich cac diém: ,
Tim toa d6 x va y roi khir tham s6, gi¢i han quy tich bang cact: chuyén diéu
kién néu c6 cla tham sé vé diéu kién cla x hay y.

Bai toan twong giao va tiép tuyén

— Phuwong trinh hoanh dé giao diém f(x) = g(x). Néu phwong trinh hoanh d6
giao diém la phuong trinh bac hai thi A < 0: khéng ¢6 diém chung; A = 0:
tiép xuc nhau; A > 0: cat nhau tai hai diém ;

~ Lap phuong trinh tiép tuyén voi (C): y = f(x) tai diém A(xa; ya) € (C) hodc di
qua diém A(xa; ya), hé sb goc k co dang:

Y — ¥a = K(X = xa) = phuong trinh hoanh d¢ giao dlem v&i (C). Cho diéu
kién tiép xuc: A = 0 dé tim ra k.
Phwong trinh ham

— Dung phép thé, ddi bién

— Tinh gia tri dac biét f(0), f(1),...

— Dung tinh chat don anh, toan anh, song anh, tuan hoan, ...

— Danh gia, dw doan ham sé, quy nap....

2. CAC BAI TOAN

Bai toan 2.1: Kiém chieng tinh don anh, toan anh, song anh cla cac twong
trng sau tr Z dén Z:
a)f(n)=n+3 b) f(n) = n* — 4

¢) f(n) = n®+ 2n d) f(n) = [g}

Hwéng dan giai
Theo dinh nghia thi cac twong ’ng fdéu la dnh xatr Zdén 2 .
a) Bon anh vivéimoimn eZ: f(m) =f(n) > m+3=n+3 =m=n
Toan anh vivéimoimeZ, tbntain=m-3 eZ:
f(n) = f(m -3) = m -3 +3 =m. Vay f song anh.
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b) Khéng don anh vi f(-2) = f(2) = 0.
Khong toan anh vi khéng ton tai neZ défin=1< n*=5.
Vay f khong song anh.
c) Don anh. Khong toan anh vi khéng ton tai ne Z gé
f(n) =5 < n(n? + 2) = 5. Vay f khong song anh.
d) Khéng don anh vi f(4) = f(5) = 2. Toan anh vi voi mdi sé nguyén n, ta co
f(2n) = n. Vay f khéng song anh.
Bai toan 2.2:
Kiém chirng tinh don anh, toan anh, song anh cla cac anh xa sau:
a)y=f(x)=x*+4x -7ty RdénR

by y = f(x) = = *31 tr R\ {3}dén R\ {2}.

X —
Hwéng dan giai

- a) f khéng don anh vi f(0) = f(-4) = -7.

f khong toan anh vi khif(x) = =15 < x? + 4x +8 = 0 v6 nghiém

Vay f khéng song anh.

b) V&ix € R\{3}, moiy € R\ {2} y=2XX+31<:>2x+1=y(x—3)
1+3y 2
S 1+3y=x(y-2) = x= 5 . duy nhat.

Vay f song anh.
Bai toan 2.3: Cho g la anh xa tir tap A dén tap B va f 1a anh xa ti tap B dén
tap C. '
a) Chirng minh réng néu ca f va g 1a don anh thi anh xa hop f - g cling la
don anh.
b) Chirng minh rdng néu ca f va g la toan anh thi anh xa hop f - g ciing la
toan anh.
Hwéng dan giai
a) Gia st (f- g)(a) = (f- g)(@) voi a,a’ € A= flg(a)] = flg(a’)]
= g(a) = g(a') vifdon anh
—a=a vigdonanh. Vayf -gladonanh.
b) V&imoi c e C. Do f: B — C la toan anh nén tdntaib € B dé
f(b) = ¢, va vi: g: A — B la toan anh nén ton tai a € A dé g(a) = b.
Vay (f - g)(a) = f(g(a)) = f(b) = c. Vay f - g la toan anh.
Bai toan 2.4:
Cho g la anh xa tr tap A dén tap B va f1a anh xa tir tap B dén tap C
a) Chirng minh réng néu f . g la don anh thi g Ia don anh.
b) Néu f - g va f déu la toan anh thi g c6 toan anh khéng?
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Huwéng dan g|a|
A= f(g(a) = (fg(a)

.. a)Giasw g(a) =g(a’) véiaa
= (feg)a)=(f - g)a]
.~ = a=avif-gladonanh Dodogladcynanh
’b) Khéng nhat thlet g phai toan anh. -
Chon A = {a} B ={b; b}, C ={c}.
Xét g: A - B cho bdig(a)=b -
.. vaf B- C cho bgi f(b) =cva f(b) c.
“Khidéf - g: A - C cho bdi (f > g)(a) = fig(a)]= f(b) =
Tacof:-gvaf latoan anh nhung g khong la toan anh
Bai toan 2.5 Cho g 12 '

dén tap C. Gid s
minhrang f -

5 Hu’é’ng dén giai
g) (a) =cvo

Vi (f - g)’(a),;[“c nén f(b) co i) =
Vay: g7\ (¢)) = g7'(b) = a: dpcm.

bé ba (a b c) trong do a, b ‘clacéc sé nguyén khong am co téng bang n
Goi Y la tap hcyp cac day nhj phan cé n + 2 ki tw, trong d6 cé n ki tw 1 va: 2 .
ki tu 0. Hay thiét 1ap mot song anh tr X dén'y, suyra sé phan t cia X.
Hwéng din giai :

V&i mbi bo ba (a, b, . ) e X dwoc twong tng véi mot day nht phan con+2ki
tw, trong d6 co6 n ki tu 1va 2 kitw 0, do d6 la mot phan ttcla Y. Goifla phep
twong wng do, th! fla mot anhxatlr X @ény, hcrn ntra f la don anh. w
V&i méi day n + 2 ki tw voi n ki tw 1 va 2 k| tu 0, khi ta dém tir trai sang phau
co aso1 s60, bsb1, soOvacso1th|daydose ungvcyl bo(a b, ¢) thda

: ;i",man a+b+c=n nén fla toan anh do do6 fla song anh
Ta c6 méi day nhlg_'” an ¢ n + 2 ki tw, trong d6 c6 n' k; t 1 va 2 ki tw 0, twong
{rng v&i cach chon 2 Vi tn _,r'ong n+ 2 vitri dé ghi sb 0

Do d6 s6 phan tur ]Yl C2,vay [X] = IYI—

n+2
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Bai toan 2.8: Cho trudc sb nguyén duong n va sé nguyén dwong r théa man
r<n-r+1.GidstS={1,2, .., n} Goi X la tap hop tat ca cac tap con A
cia Scéd rphantr va A khong chra hai s6 nguyén lién tiép. Goi Y la tap
hopcactapconoorphantucuatap{1 2,...n— r+1}

: Thlet lap mét song anh tir X dén Y, suy ra s6 phan t&r cta X.
- Hwéng dan giai

Gié szA e X, A= {31‘~é2,..., ajvbiaj<ay<..<a . .
Détb1=a1,b2=a2-1 ..... b=a+i-1,. b—a'r+r—1
Viai —ajz 2nén by<b,<..<Db< n—r+1

Tap {bs, bg, ..., b} la mét tap con co r phan t& cda tap {1, 2, ..., n-r+ 1} do
dé la mat phan tbchay¥Y. . :

 Goifla phép dat twong ung tap A € X vai tap B {b1 by, ..., b} € Y. Khi d6
fla mét don anh Gia st B {b  ba, LableY o
batay, = by, a = ba+1, .., 8= 5,;,+ j= 1,fé,f ﬁ-:j,,b'r~~f
Taco: auq —a; = by~ b,. 2, dodoA ¢ Xva f(A) = 'nen f la toan anh.
Vay f song anh ter X vao Y‘nen sb phan tor Cua X bang so cac tap con.cér
phant& cla tap {1, 2, . h~r+1} -

Vay sb phan tt clia X Ia C!

n=rfes

Bai toan 2.9: Tim tap xac dinh cua ham sé:

Ix - 1m4 x By 2 X
VLT b”““‘ g ?*3 =g
Hu’('rngdanglan o o
(x-120 x=1 L
a) Pidukien l4-x>0 <m{xq4 <ﬂf1/x“4
-0 (xr2z3 D

Vay: D={1;4]\{2: 3} ,
S J ~4x+3 =0 :‘VTC)_(M‘I/X 3
- b) bieukién: 1o o
2 X0 12<x-4
ix-4
Vay: D = [3«__4 : S
Bai toan 2.10: Tim tap xac dinh cla cac ham sé:

a)y= 123 ~32x 3

-
U 32 Yx2 7

1
b)y= S —
’ Jx=1+[3-

<~3«x 4

[+x-2

o Hu’o’ng dan giai
é)"DK: i‘/’x2 -3x +2 ¢3/x 7 c:sx -—3x+2¢x -7




10 trong diém bdi dudng hoc sinh 9idi mén Todn 10 — é Hoanh Pho

& 9#3xox=3.VayD =R\ {3}.
b) Ham s6 xac dinh khi: |x—1] + [3- 2xl+x 2>0
<::>|x—1|—(x—1)+l3—2x|——(3—2x)>0

-120 3
Vi dang thirc xay ra chi khi: S 1<Xx<—

Vay tap xac dinh [a D = (—; 1) U (%; +00).

Bai toan 2.11: Tim tap xac dinh clia ham sé theo tham sé:
a)y=x2_2n?:+riz+4m b)y=@+2)x-3a+1.
Hwéng dan giai
a) Mauthircco A’ =m?—m?—4m = —4m
Néum>0thi A’<Onén D=R
Néum = 0thi A’ =0, nghiém kép x =0 nén D = R\ {0}
Néum < 0thi A’ >0, nghiém x = m+2\/—— nénD = R\{m+2\/_}
b) Piéu kién (a+2)x—3a+1 > 0 < (a+2)x 2 3a-—1
Néu a=-2thi0.x > =7 (ding) nén D =R

3a-1 nénD=[3a—1
a+2

Néua>-2thi a+2>0dodé x> T +o0 )

a+
Néua<—2thia+2<0dods x< 2 nénD=(—oo,“3a~1].
a+ a+2
Bai toan 2.12: Tim tap gia tri cla cac ham sé :
5 :
X +3 1 1
ay= —5—— b) y=x+— C) y=x-——
X —X+2 X X

Hwéng dan giai
a) D =R. Ta chuyén ham sé vé phwong trinh
XC+3=ypl—x+2) (-1 -yx+2y-3=0
Xéty=1=>x=-1.
Xéty = 1. Vi phwrong trinh bac hai cé nghiém x nén:
Az0e Y —(y-1)(@2y-3)=0 <::>-7y2+20y—2220
6

7 <y<2.Vay tapgiatri f(D) = [~ 2]

by D=R\0}. Taco ly|=|x+;]=]x]+|;(_|22

Vay tap gia tri la f(D) =( —o0; =2] U [2; +o0).
c)D=R \{0} Ta chuyén ham sb vé phuong trinh
yx=x* —1eoxX-yx—-1=0. A =y*+4>0, Vynén phuo’ngtrmh bac
hai luén c¢6 nghiém x v&i moiy. Vay tapgiatrila f(D) R
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Bai toan 2.13: Tim tap gia tri cia cac ham sb:
a)y= X+ Jx-3.
b)y= V3+x+/6-x-/B+X)6-x).
Hwéng dan giai
a)D=[3; +x). Véix >3=x> >9, Jx-3>0=y>9
Vay téap gié tri f(D) = [9; +o)
by D=[-3;6]. Tacoy > 0,y*=9+2./B3+X)(6-X) = 9
vay?=9+2J3+x)(6-% <9+ 3+x+6-x)=18

= 3<y<3+2.Vay tapgiatilaf(D) = [3; 32].
Bai toan 2.14: Xét sy bién thién clia cac ham sé:

1 1 -
b)y=f(x)= —.
Reme] WYEI0= 5
Hwéng dan giai
a) D=[0; 1) U (1; +). Lap ti s

a)y = fix)=

f(x,) = (x;) _ T 1 Sy
X, ~ X, (\/;‘_1 E*ZJ ~(X1 XZ)
-

I T T T R 1><F 1)(( J6)
Trén méi khodng (0; 1), (1; +=) thi \fx, —1va fx, -1 cing d4u nén i sb
am. Vay f nghich bién trén tirng khodng xac dinh (0; 1), (1; +). BBT:

X 0 1 +o0
f) | —1 oo

\ -0 \AO

D) D = (—0; 0) U (0; +c0)

- o f(x, ) —f(x 1 1 X, + X
Ta co: 106) 1) _ — — 5 [{Xg = %) = -2
X, = X, X5 X X3 . X5

Trén khodng (—wo; 0) thi ti s6 dwong do d6 ham sé ddng bién.
Trén khodng (0; —o) thi i s6 am do d6 ham sd nghich bién.
Bai toan 2.15: Xét sw bién thién cla cac ham sb:

a)y = f(x) = ° - 3x b) y = f(x)=
x° +1

Hwéng dan giai
a) TXDD=R. Vi xs <xp, tacs:
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Ti sb K ————~—————(X2) f(x)

, x2+xx2+x1—3
o ,x'..x1 :’

o Khixy < xp < =1, tis6 K >0 nén dﬁpg bién trén (=0 =1).
Khi =1 <x; < x; < 1,ti s6 K < 0.nén nghich bién trén (-1; 1).
~Khi 1<X1<Xz, tlSOK>0n ongblentren(1 +o0).

Vay ham sb dong bién trén cac khoang (--y* '-1) (1; +o) va nghlch bién =
trén khoang( =1;1). D
b) TXD D R. V&i X; < X, ta c6:

f(Xz) fxe) = xg\/x1 1-x \/X2+?._ e

\/x2+1 \/x1+1 : \/x2+1.\/x1+1

<0< xp, thitisé ;

Bai toan 2.1 i gia trinao cia mthihamsé
a) f(x) X + m°— 3, ddng bién trén R
b) f(x) (_

1 - 1)x + 2 nghich bién tren (1; 2).
- Hwéng dan glal
ong bnentrenRIam——1 >0

m -
7 +x)
L = !2x+1l- I—zx—1 [— sz-1|— 12x+1i ——f(x)
- b)D=RixeD=-xeD =
’ f-x) = ¥x+5-Y-x-5=-Yx- 5+\/x+5 —f(x) Vayfchan
Bai toan 2. 18 Xet tinh chdn, & cda cas ham s6: o
ET 5 khix<2
a)y =f(x)= 4x+2 11 x b) y =f() = Khi-2 <x <2

hix > 2
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Hwéng dan giai . ‘
a) bKi1+x20ox2>-1 i
- Dod62 e Dnhwng-2¢D. Vayfkhong c6 tinh chan, Ié.
b) D=R:xe D= -xeD.Taco:
- ~(-x*)-6 khi-x<-2 [-x*-6 khix>2
f(—x) = |—x| khi-2<x<2 = ]x| khi—2<x<2 = f(x)
(-x*)-6  khix=>2 x*-6 khix<2
~ Vay fla ham sé chan S

Bal toan 2.19: Cho hamsb y = f(x) x e R. Chtrng minh rang ta co thé bteu
dién f(x) thénh tdng clia mot ham so chén va mothamsb 1.
, -Huéng dan giai
 Gid st f(x) = gq(x) + gz(x) vm gi(x) la ham chan va gg(x) Ia ham l1é thl

‘ f(=x) = gi(=x) + ga(=Xx) = g1(X) = ga(X), VX e R
Nén gq(x) = %[f(x)*‘f(-x)], va Qz(X)=v~;—[f(X)—f(-i-X)] arhia

The lai: g1(,—$<) = % [f(=x)+ f(X)] = g1(x), VX € R = g1(x) 14 ham chdn va

ga(—x) = 1 [f(—-x) ~ (0] = ~g2(0, Vx &€ R=> gz(x) la ham Ié: dpcm.

Bai toan 2. 20 .
Choa # 0vahamsé f: R — R théda man véi moi X:

f(x +a) = —+\/f x)—f2(x) . Chung mlnh fla ham tuan hoan.
Hwéng dan gidi
1

Taco vx e R, vi f(x+ a)' 2 3 ‘nén; f(x + 'a)'é %f\‘ /f(x)—fz(x)

o f(x+a) 4% =0 -F2(x) & [fix +a) - %12 = £(x) — ((x))?

:>f2(x+a)—-f(x+a)=f(x)—f2(x)——::

Do do: f(x + 2a)

1+'\/1‘(x +a)—f2(x+a)

2 1.1 __1_2=
..+ /f —f(x) + tg = —§+,}(f(X) ,2)’_ f(x)

Vay ham f 1a ham tuan hoan. :

Bai toan 2.21: Ham sé f(x) xac dinh trén D dwoc goi [a ham phan tuan hoan
neutonta|T>Osaocho xeDox+Te Dvaf(x+T)——-f(x).
Chirng minh néu f(x) la mét ham phan tudn hoan thi né tuan hoan.
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Hwéng dan giai
Goi f Ia ham phan tudn hoan nén tén tai T > 0 sao cho:
vx,xeDo x+TeD
{f(x +T)=-f(x),vxeD

Suyvra : {Vx,an@ Xx+TeDex+2TeD
(X +2T) = —f(x + T) = f(x),¥x € D
Vay f 1a ham tuan hoan.
Bai toan 2.22: Tim chu ki ctia ham sb y = f(ax + b), a = 0, khi biét chu ki cta
hamsoy=f(x)1aT. .
' Hwéng dén giai

DatT = E’ taco: fax + T') + b) =flax + b + aT)

= flax + b+ T) =f(ax + b),¥yx e R

Ta chirng minh T’ = |—| > 0 |a chu ki clia ham sé d6. That vay, gia sk c6

0<T’<T saochof(a(x +T") +b)=flax +b), vx e R
Khi d6 f(ax + b + aT”) = f(ax ¥ b), ¥x ¢ R
‘= f(X+aT”) =f(X), X € R= |aT"|>T
= |aT"|>|aT%| = | T"|>| T'|= T">T": mau thuan.
Bai toan 2.23': Cho ham s6 f(x) = 2x — 3 va g(x) = x* + 5x — 1. Hay xac dinh
cachamso hopf-g,g of, fof o
 Hwéng dan giai
Tacof o g (x) = flg(x)] = f(x* + 5x — 1)
=20¢ + 5x— 1) =3 =2x" + 10x - 5.
g = f(x) = glf(x)] = g(2x —3) = (2x —3)*+5(2x —3) -1
=4x* - 2x - 7.
fof(x)=1ff(x)]=f(2x —3)=2(2x —3)-3=4x-9.

X

V1+x2 |

f2(x)= f(f(x), f3(x)= f(f(f(x))), fa(x)= f(fo-1(x)).
Hwéng dan giai

X £ |
f(X)¥f(f(x))= o) N1+ V12 X
; V100 _ x ) ) \/1+ X2 A1+2x?
. 1“'( r———1+X2J 1+X2 .

Bai toan 2.24: Cho ham sé f(x) = . Hay xac dinh cac ham sb hop -

£ :{‘
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X X

£.(x) = (7)) Ve 12 X
> o) . ) \/1+ 2 143
1“{ r—1+2sz 1+2x2 |

X

Téng quat f.(x) = .
" V1+nx?
Bai toan 2.25: Chiing minh riing ham sé f(x) = P"_ la_mot song anh tir R
X< +1 .

vao (-1, 1). Tim ham ngwoc cla f(x).
Hwéng dan giai
2
TXDD=R.V6i y e (-1;1). Taco 1y > >0 nén

-y
2 y?
2,2 2 2 _
y= : @{y (XOH)"-X . 1-y2 & x= y2
> —
X +1 Xy = xy >0 1‘ y

Do d6, cho trwéc méiy e (=1; 1) ta ludn tim dwoc duy nhét

x= —Y__ Vay fla song anh va c6 ham nguoc Ia f '1(x) =X
J1-y? , 1-x2

Bai toan 2.26:

x khix <0 .
Tim ham sé ngwoc clia hamsd y=f(x)={x* khi 0<x <4
x® khi x >4
Hwéng dan giai
TXPD=R.V6i y e R\(16;64]

x khix<0 y khiy <0
y=f(x)=1{x? khi 0sx<4 o x=1{Jy khi 0<y<16
x® khi x > 4 3y khi y > 64

Do d6 méiy € R\ (16;64] ta luén tim dwoc duy nhatx e R.
xkhix<0

Vay f la song anh va c6 ham nguoc la f'(x) = JXkhi 0<x<16 .
¥x khi x > 64
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Bal toan 2 27 Ta duoc dé thi cua ham sb nao kh| tinh tién @b thl

a) (H):y -f(x) Ien tren 1 don \n sau do tinh tién sang trai 3 don Al

b) P)ry= f(x) 3x xuong dué’l Zdon vi réi sang trai Sdo'n Vl

; Hwéng dan glal ‘
20 1= X+1
X+3 X+3 .

| a)Ta du’dc'dé thi cla ham sé: y = fix+ 3) + 1 = —

b) Ta dworc do th| ctia ham sé: .

. =f(x+5)-2= 3(x+5) -2=3% +10x+73

Bai toan 2.28: T|m phep tmh tién blen 66 thi :
a)(d): y f(x) - 7x — 2 thanh (d'v 0y

b) H):y = f(x)-—»zxﬂi anh (H): y -

' / Hu’o’ng dan g|a|
a) (d)y 7x+3 (7x,2)+5 fx)+56 - 3
Vay phep tmh tién len tren 5 don vi thn bién (d) thanh (d -

Cach2.(d').yv. bx+3 7x+5 2= 7(x+__.) -2= f(x...g_

Vay phep tmh tién sang tra: : don vi blen (d) thanh (d)

: 2x+5 2(x+2)+1
; b) (H) x_1 3 (x+2)-3
trai 2 don vg‘ré en trén 3 donvi blen (H) thanh (
Bai toan 2.29: Vé do thiy
|2x-8] - |3x~¢

+3 =f(x +2) + 3 éy phep tmh tién sang

D=R

o X+ 2 khix<2 -
y=f(x) = —5x+14 khi2<x<4
‘ gl X — -2 khix>4
Db thila dwong gép khic.
Dwa vao db thi thi phwrong trinh f(x) = m
— ¢6 nghiém khi m < maxf(x) < m <4
-co nghlem amkhi m<0. o
-m cd 2 nghlem cung ddu khi2 <m < 4
Bai toan 2. 30: Tim tham so de hai dworng théng:
m

a)A1:y=3 x+2m 3A2 y——(h’a+2)x+1_

m
song song:

6 I ’
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b)d: 2m - 8)x+(m+2)y+m+1—0 d' B+2m)x+(M-2)y+3m+1=0
vudng géc.

Hwéng dan giai

a) Didu kién 2 dwong thang song song
fa—a 3-M _ m+2) (m=-7
{ 2 5 ©m= —-7

b b 1—o2m ©
* om-—3x——M m#7

b) Xét m = =2 thi d: x = % vadiy=x — %: khéng vuéng géc

Xétm =2thid: yv= X— %vé d:x= ——122—: khong vudng géc

2m-8 m+1 . .. 8+2m 3m+1
: —Xx-——vadiy= ————X—

m+2  m+2 m-2 m-2
) o 2m+8)( 8+2m)
Piéu kién vubng goc: aa' = -1« | - -1
2 worg oo (Zmes)( Sezm). .

68 _ +2J_

e Am2—64 +mi—4 = o@rh-—s— em=

Xétm =+2thid:y = -

(chon)
Bai toan 2.31: Xac dinh parabol P)y=1(x)= ax? + bx +C.
a) Bi qua A(0; -1), B(1; =1), C(-1; 1).
b) Dat gia tri nhé nhét % khi x = % vanhangiatriy=1taix=1.
| Hwéng dan giai
f(0)=-1 c=-1 a=1
a) Theo gia thiét:{f()= -1 < {a+b+c=-1{b=-1
f(-1) =1 a-b+c=1 c=-1
vay (P):y=x>—x—1. ‘

a>0—b —1
1 32a 2 a>(;,a+b=0 a=1>0
b) Theo gia thiét: | f(=) == 122422 olb=-1
2’74 42 4 _
f(1) = 1 ~ la+b+c=0 c=

Vay (P):y =x% —x + 1.
Bai toan 2.32: Cho (P): y = 2x* — 3x + 1. V& dé thi (P). Suyra m dé phu’ang
trinh 2% - 3 | x| + 1 =m v0 nghiém; c6 2 nghiém; c6 3 nghvlem ¢6 4 nghiém.

37



10 trong diém bSi dubng hoc sinh 9idi mén Todn 10— Lé Hodnh Pho

Hwéng dan giai
Pinh |(§; -—1), truc d6i xtrng d: x = g a=2>0.
4 8 4

Chox=0=y=1, y=0=x=1,x=

N -

96 thi s oy

\ / \ A
o : y=m

ol Ny —\ _3/4—1/2/ \1/2 3/4 / 1 >_ 
G /. \NJ -~

Ta co: y = f(x) = 2x2 — 3| x| + 114 ham s6 chn, vi f(—x) = f(x) nén d thi déi
xtrng nhau qua truc tung. Xét x > 0, thi y = 2x*> — 3x + 1 nén db thi y = f(x)
ldy phan cla parabol (P): y = 2x% — 3x + 1 (rng v&i x > 0 sau dé lay ddi xtrng
phan d6 qua tryuc tung. , :

S6 nghiém ctia phuwong trinh 2x% - 3| x| + 1 = m la sb giao diém cua db thi
y = f(x) v&i dwdng thdng y = m:

£
o

Phwong trinh vé nghiém néu m < —%, co 2 nghiém néum = —-% hodcm > 1,

c6 3 nghiém néu m = 1, c6 4 nghiém néu —% <m<1,

Bai toan 2.33:

38

V& db thj va 1ap bang bién thién clia ham séy = |x* + V2 x|.
Hwéng dan giai

Trwéc héttaveé (P):y=x*+2x, D=R

2

N 1 '
Pinh I(—— ; ~—=). » A
( > 2) y. 4

Truc d6i xtrng v6i d: x = —1/5—2—
x2 +/2x khi x2 ++/2x >0

Tach: y=
{~(x2 +2x) khix?+2x<0

><v

V& parabol y = x* + J2 x va lay dbi xng qua
truc hoanh. Sau d6 chi viéc xoa di phan nam
& phia dw@i truc hoanh clia ¢a hai parabol d6.




Cty TNHH MTV DVWH Hhang Viét

Twr d6 thj ta c6 BBT:
X |0 -42 -

“+o0 -
N
0

&

0 —oQ

\O/'«

Y (N

Bai toan 2.34:
Lap bang bién thién va vé db thj ham sé:

a) y =f(x) = 4
X
b) y =f(x) = \/2x‘+1 .

Hwéng dan giai

4 - YA
3) D =R\{0}; f() = — =~f(x AW
Ham s 1& nén db thj déi xtrng qua gée O. \3
BBT: ’
—4 "'] ] ]\ [
X |—o0 0 +00 - O_ll 4 X
y |0 Foo D\\\
\»OO \O . A

Mot s6 diém cua db thi: A(1; 4), B(4; 1), C(—1; —4), D(—4: —1).

1
b) D=[—-é—;+00) y A

BBT: 7 .
X —}__ +co
y +o0 / 1
0 / |

Chox=0=vy=1, y=0:>x=-%.

Bai toan 2.35
Lép bang bién thién va vé dd thj ham sé:
1.3
a)y=f(x)=-=x
)y‘ (x) 5
e x=)

BERNTEE
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Hu’o'ng dan glal y
aabD=R._ i 2
CBBT e L ‘
NG o 2
Vi ham sé Ie nen dé thi nhan gbe toa a6~ - orEN T §ot
lam tam dbi xtrng, do thi di qua goc toa 2\ %
do va cac diém (1; —-) (2 —4). E
F"b) Diéu kién: |x+1|¢ |x— 1| SXEQ . e

BBT:

- Cho x=1 —_—'>_3r='1i,,: X= 5 =y=2.

Bai toan 2.36:
Tim gla tri nho nhat cua ham so

13 b)y x(x

: e deng dan glal

a) Dleuklen 4<x<4 Dat t= \/16 x? 0<t<4
—f(t)=—t —4t+300a——1<0

»x ¥V

- 1)(X - 2)(X 3)

nen bé I6m hwéng xubng. 2[ J
b 04
Hoanh do dinh ty = ~%a. —:‘—Ze [0; 4] y‘A ;
, Vay miny = f(4) = -29. v
b) y = [X(x = 2)L[(x + 1)(x = 3)] = (" = 2x)(X* — 2x — 3)
Patt=x*—2x+1=(x-17°>0thi:
=(t— —4) =1 502 .
y=ft) = (t- 1)t 4) t 9t+4t>o mLY —
Vay miny = minf(t) = f(E) = —Z 9/
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Bai toan 2.37: Tim tt ca cac gia tri clia a sao cho gia trj nhé nhéat clia ham sb
= f(x) = 4x% — 4ax + (a® — 2a + 2) trén doan [0; 2] la bang 3.
Hwéng dan giai
~ Parabol ¢ hé sb theo x* 1a 4 > 0 nén bé 16m huéng lén.

Hoanh do dinh x = —2- Taxét3 trwong hop:

>
22 X

17 1 .
gloz '« 0
2

- Néu -5 <0< a<0thi fdong béntren[o 2]

minf(x) = f(O) oal- 2a P

Q'O@a—1+\/_ Chona—1—J'2'
- NéuOsEszc»OsasMhl / '

minf(x) = f(i) =2a+2=3ca= -% < 0: loai
- Néu —2—> 2<a> 4 th| fnghlch bién trén [0; 2]

minf(x) = f(2) < a’~10a +15=0 <a = 5+J— Chona 5+J_

Vaya-1——\/— a=5+ \/TB. ;
Bai toan 2.38: ‘
a) Tim diém cé dinh clia cac dwéng thang y= (m+Nx=3m+1.
b) Tim diém ma ho khéng di qua (P): y = mx? + 2(m-2)x - 3m + 1.
Hu’o'ng dan giai
a) Goi M(Xo; Yo) 1a diém cb dinh: Yo = (M + )Xo — -3m + 1, Vm
S Xo=3)M+ (X +1-Y5)=0,Vm

X, —3=0 Xo =3
=X =
Xo+1-Y, =0 Y, =4
Vay cac dwong thang luén luén qua diém cb dinh M(3; 4)
b) Goi M(Xo; Yo) 1a diém ma ho db thi khéng di qua véi moi m:

Yo # MX2 +2(M—2)X,—3m+ 1, Vm

S (O3 +2%-3)M=4%x-Yo+1 = 0,Vm.

X2 +2x,-3=0 xo=1 X, ==3
< hay :
-4x, yo+1;¢0 Yo # -3 Yo #13 g
Vay tap dlem la 2 duong thang x =1,x = -3 bd 2 diém cb dinh 1a (1; -3) va
(-3; 13).
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Bai toan 2.39: Tim m dé duworg thdng d: y = x — 1 cét parabol (P):
y =X + mx + 1 tai hai diém P, Q ma doan PQ = 3.
Hwo’ng dan giai
PTHDGD Xrmx+1=x—1ox +(m—1)x+2 0
Piéu kién cat tai 2 diém P, Q: A >0 m?-=2m-7>0
Taco PQ=3e (—x)? +(y2-y1)’ =9
S X=X+ =1-x1+1)° =9 2x-x)>=9
& 202 + X2 -2x,X,) =9 = 2(S*—4P) = 9

52

o (1—m)2—8=§4<:}(m 1)2 = —wam-1+——~(chon)

Bai toan 2.40: Lap phwong trinh tiép tuyén voi (P): y = x? + x — 1
a) Song song v&i d: y = —3x +2 - b) biqua B(-1; -5).
Hwéng dan giai
a) Tiép tuyén song song v&idIlay=-3x +b, b = 2
PTHDGD: X’ +x—-1=-3x+b <X’ +4x—-1-b=0
Diéu kién tiép xtic: A’ =0 4+1+b=0=b=-5 (chon).
Vay tiép tuyén d: y = -3x — 5.
b) Duwéng théng d di qua B(—1; —5) ¢6 hé s goc k:
y+5=k(x+1)oy=kx+k-5 ’
PTHEGD: x*+x—-1=kx+k-5<x*+(1-Kx+4—-k=0
Diéu kién tiép xic A = 0 > K>+ 2k-15=0< k=3 hodck=-5
Tir d6 c6 hai tiép tuyén dy: y = 3x - 2 va d,: y = -5x = 10.
‘Bai toan 2.41:
a) Chirng minh cac parabol y = mx’ - (4m - 1x+4m -1 voi m = O luén tiép
xdc v&i 1 dweng thdng cé dinh.
b) Chirng minh cac duong thang y = 2mx — m? + 4m + 2 luén luén tlep xuc v&i
mét parabol cé dinh.
Hwéng dan giai
a) Gon d:y = ax + b la dwdng thadng ma parabol luén tlep xuc, khi d6 PTHPGD
luén cé nghiém kép.
mx® — (4m—1)x + 4m-1 = ax + be> mx?2 —(4m-1-a)x + (4m-1-b) =0
Taco:A=0,Vm=0< (dm—-1-a)’-4m@dm—-1-b)=0, Ym=0
SR@a-1)+@+b)m+@-1)>%=0,Vm=0 '
- {2(a-1)+(1+b) =0 <3{&1:1
a-1=0 b=-1
b) Phwong trinh dwéng thang: m? —2(x + 2)m—2+y =0
A=(x+2)2+2-y=x2+4x+6-y.
Xét A'=0thi y=x+4x + 6 rdi chirng minh tiép xuc.

.Vayd:y=x-1.
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Bai toan 2.42: Tim tap hop cac trung diém | cla doan AB voi A, B la hau giao
diém cla dwong thang (d): y = 2x + m vei (P): y = X2 + X — 6.
Hwéng dan giai
PTHDGD: x*+x—6=2x+mhayx*—x—-6-m=0

Pidukien A= 4m + 25> 0 < m>—24—5

X = X+ X, _1
Trung diém clia doanthang ABlal: <©~ 2 2
y=1+m
25 19 . . Lo . : 1
Vi dieu kién m > vy nény> ~5 Vay tap hop la phan duwong thang: x = >

gii han y > -1—59-.

Bai toan 2.43: Cho parabol (P): y = 2x* + 2(m — 3)x + 3m.
a) Tim tap hop cac dinh caa (P).
b) M&i m thi ham sé c6 GTNN g(m) theo m, tim GTLN ctia cac g(m).
Hwéng dan g|a|
a) Binh | c6 toa dox——;b—— 3_m y=f(——)
2a 2 2a v
Khr m bang cach rit 3 — m = 2x dwgc m = 3 — 2m thé vao phwong trinh (P)
taco:y=2x>+2(3—2x—3)x +3(3-2x) = —2x*-6x + 9
Vay tap hop cac dinh | 1a parabol y= ~2x%—6x + 9.

b)a=2>0nén GTNN y= f(—-—)= f(—éﬂ‘-)= g(m)

3-m

= (__) +2m=-3)(32M) + 3m= i(m2-12m+9)

=-21—1(m—6) 227 Vay GTLN g(m)= ——7— khim =6, x= 73
Bai tpén 2.44: Cho parabol (P): y = ax? + bx + ¢ (a = 0). Tim quy tich nhirng
diém M(xo; Yo) sao cho tir d6 ké duoc hai tiép’tuyé’n dén (P) ma hai tiép
tuyén dé vudng géc voi nhau ; ding mot tiep tuyén dén (P).
Hwéng dan giai
Goi k 1a hé s goc clia dwong thing d di qua M(Xo; Yo), phurong trinh clia d 1a:
Y = Yo = K(X—Xo) <y = kX + ¥o — KXo
PTHDGD: ax? + bx + ¢ = kx + Yo — kXo
’ oaxt+ (-k+b)x+kx,+c—y,=0
Diéu kién tiép xuc 1a phwong trinh cé nghiém kép A = 0
o (b-k?—4akx, + c—Yy,) =0
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< k% — 2bk + b2 ’ 4axok 4ac +4ay,=0 : :
&K =2(b+2ax)k + (b’ —4ac+4ay) =0 () -

..— Diéu kién qua M(x,; Yo) ké duwoc hai tlep tuyén dén (P) ma hai tlep tuyén do
_vudng géc voi nhau khi va chi khn phwong trinh (*) c6 2 nghlem phan biét
~ma tich hai nghiém dé bing —1 .

=-1 & b’ ~4dac +day,=-1

S Yo = _E......_4_a_.c_+_1
" 4a |
. : . P S - . 2 _ )
 Vay quy tich diém M(xo; yo) 12 duong thing y = _E__:aﬂ_ﬂ |

. - Pidu klen qua M(Xo; yo) ke ducyc 1 tlep tuyen dén (P) khi (*) c6 nghiém’ kep
 A=0o (b= — (b?- 4ac+4ayo) 0
Yo = axo +b
Vay quy tich chi
~Bai toan 2.45:
“Chof(x)=ax®

cihoa mén |f(x)| <1, VX e{—-1 o 1}

Ching minh: k_|f(x)| <2 wxe[;1]
| | Hu’o'ng dan g|a| e
E i a =-—-(f(1) +f(1))—f(0) Pon e
f(‘1)“ a-b+c
Ta co: f(O) e ,—,_f>fb——(f(1) f( 1)) f(O)
(1) :a+b+c lo= f(O) ‘

f(1)l <1

va,lf(—1)|si,'|t( | -
;,x);,“"_f(_n <x —x)+f(0) . (1-5)

Do déi f(x) = _;_f(.') (X
Nenlf(x)! ‘If(1)|.I>3+x] |f(-1)| |Xz_x| o) 112

1Ix +x|+-—|x —xl |1— 2|

_ 1+x7x kh|—1sx<0'
1-x=x% khi0<x<1

| 5 ' 5
_1+ x_x_.._..... X : g_._
|[ =3 (Ix]. = 2

1
2)
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Bai toan 2.46: Cho ham s6 f(x) = ax® + bx? + cx + d thod man diéu kien: | f(x) |
< 1 khi Ix] < 1. Chieng minh néu Ix| <1 thi:|3ax? + 2bx + ¢| < 9 va
khéng thé thay sb 9 b&i moét sé nhé hon. L e

Hwéng dan giai

b
Pt A=f(-1)=-a+b-c+d,B= f—— =_2.,2_ Sy,
a (-1)=-a c C3)=-gt 703
c=f(1)=3+9+9-+d,D=f(1)=a+b+c+d
“t27 78 a2 ~ |
néna=-2A+2g_2%c+2p p=2a-25_-2c+2p,
373 373 3773 3773
c=tAa-3gsdc_1p S d=-2a+2B+2¢c_1p
6 3 3 6 -

, 6 3 3 6
Do d6 3ax? + 2bx + ¢ =—%A(12x2—8>£—1)+ %C'B(ax?-'x— 1)
e L
~SO(B¢ +x=1)+ ZD(12¢ + B¢~ 1)

vi: |al, IBI, Icl, ID] <1 nén: -
|3ax2+2bx+cls-;-l12x 8x—1|+—-|3x x—1]

+ 4 3 +x—‘1i+ 1 12+ 8x-1]
3 B

Apdung: la+bl+ la-bl=2max(lal: lbl)ythi
[12>-8x-1 |+ 12x%+8x ~ 1 | = 2max(|12x® -1 | ;:8x|) <2.11=22
| 35 +x-1 |+ | 3x%-x -1 |= 2max(13x? -1 |; Ix]) <22=4.

Do d6: |3ax® + 2bx + c| < 262 %9-9

Ham sb f(x) = 4x® — 3x thod man diéu kién cta bai toan va ta co:

[3ax? + 2bx + c| = [12x* - 3| trén doan [-1,1] biéu thirc nay co gia tri lon
nhét bang 9 khi x = +1 vi vay khong thé thay s6 9 béi mét sé nhé hon
(dpcm).”

Bai toan 2.47:

Tim tat ca cac ham f: N — N thod mén

) f(f(n)) =n+2, _

iffn+1)+1)=n+4,

iii) f(0) = 1.

Hwéng dan giai
Ta chirng minh fla mét don anh:
néu f(m) = f(n) = f(f(m)) = f(f(n))
=> m+2 =n+2=m=nnénf donanh.
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T i) ta co f(f(n + 2)),= n+4=ff(n+1)+1)
Dof donanhnénf(n+2)=f(n+1)+1
Tir dé f(n) = f(0) + n=n + 1. Thi¥ lai dung.
Vay: f(n)=n+1,vn e N.
Bai toan 2.48: '
Tim tat ca cac ham sé f: N — N sao cho:
f(f(m) + f(n)) = m + n, v&i moi m, n thudéc N.
' Hwéng dan giai
Ta chirng minh fla mét don anh. That vay, gia st f(n) = f(p) thi:
m + n = f(f(m) + f(n)) = f(f(m) + f(p)) =m + p=>n = p.
‘Thaym=x+1,n=x-—1vam=x,n=xvao, taco:
F(Fx + 1) + f(x — 1) = 2x = f(f(x) + f(x))
= f(x + 1) + f(x — 1) = 2f(x) (vi fla don anh)
Qét f(0) = a, f(1) = b thi t& (2), d& dang chirng minh bang quy nap duwoc
rang f(x) = a + (b — a)x v&i moi x. Do d6 v&i moi m, n thudc Z:
at+(b-a)at(b-am+a+(b-a)p]=m+n
Suyraa=0va(b—a)’=1. '
Do d6 f(m) = m, ¥m e Z hodc f(m) = —m, vm e Z. Thi lai ding.
Bai toan 2.49:
Tim t&t cd cac ham f: N’ —» N thoa man diéu kién
i) ftang thyc sy -
i) f(2mf(n)) = 2nf(m) véi moim, n e N'.
’ Hwéng dan giai
Gia strf(1) > 1 thi 2 < 2f(1) = f(2) < f(2f(1) )= 2f(1) = 2(2) <4 f(1).
Tir do6 f(2f(2)) < f(4f(1)) = 4f(1) < 2f(2), vo Ii.
Maf(1) > 1 nénf(1) =1
Thay n =1 ¢c6 f(2m) = 2f(m) va thay m = 1 ¢c6
f(2f(n)) = 2n = 2f(f(n)) = 2n = f(f(n)) =nvéimoin e N’
Gia st co f(n) > n thi f(f(n)) > f(n) hay n > f(n): vo li.
Twong tw, gia st co f(n) < n thi f(f(n)) < f(n) hay n < f(n): vo |i.
Do d6 f(n) = n véi moi e N'. Thi¥ lai ddng.
Vay: f(n) = n véi moi e N'.
Bai toan 2.50: _ r
Tim tat cd cac ham f: Z — R thod man diéu kién
f(x +'y) _ fx)+£(y)
3 2

vé#imoix,y € Zvax +y chia hétcho 3.
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Hwéng dan giai
0+ 3n] _(0)+f(3n)
3 2

V&imoin, tacdf(n) = f(

Suy ra 2f(n) = f(0) + f(3n)

Va f(n) - f(n 4;32”) _ f(n) +2f(2n) = f(n) - f(zn)

Ma f(2n) - f(Bn g 3n) _ f(3n) ;‘ f(3n) - f(3n)

nén f(n) = f(2n) = f(3n) do do
2f(n) = f(0) + f(3n) = f(n) = f(0).
Suy ra fla ham hang: f(x) = C. Thr lai dung.
Vay f(x)=Ctuyy.
Bai toan 2.51: ‘
a) Tim tat ca cac ham f: Z — Z thod man diéu kién:
fm+f(n))=f(m)—-n,Vvm,ne Z.
b) Tim tat ca cac ham f: Z -> Z thod mén diéu kién
f(m + f(n)) =f(m) +n, vm, n € Z.
Hwéng dan giai
a) Ta co6 fla don anh
Thay m =n =0, ta cé f(f(0)) = f(0), suy ra f(0) = 0
Thay m = 0 ta ¢é f(f(n)) = —n v&i moi n nguyén
Lai thay m béi f(m) ta co: ‘
f(f(m) + f(n)) = f(f(m)) —n = —m - n = f(f(m + n)
Do f 1a don anh nén ta phai cé:
f(m + n) = f(m) + f(n) v&i moi m, n nguyén
T d6 f(n) = an véi a = f(1).
Thay f(n) = nf(1) vao hé thirc ban dau thay khong théa man
Vay khéng ton tai ham sé théa man yéu cau bai toan.
b) Lap luan tuong tw cau a) ta duworce f(n) = an (a nguyén tuy y)
Tl d6 tim duwoc a =1 hodaca=-1.
nén f(n) = n, f(n) = —n. Th¥ lai dang.
Vay: f(n)=n, f(n) =-nvéimoin e Z.
Bai toan 2.52:
Tim tit cd cac ham s6f: Z —» Z thoa :
Vx e Z : 3f(x) — 2f[f(x)] = x.
Hwéng dan giai
R6 rang f(x) = x, ¥x € Z thoa bai toan.
Xét ham sé f thoa dé bai. Dat g(x) = f(x) — x, thig: Z — zZ.
Ta co: 3f(x) — 2f[f(x)] = x
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= 2(f[f(x)] f(x)) f(x) — x, \/x eZ& 29[f(x)] g(x), vx € Z,;
- Do d6, v&i moi x € Z, ta c6: !
; 9(x) = 29[fe)] = 229[ﬂf(><)]] 2 glf[f[f(X)]]] =..= 2"g[fffff.. ]]]]— “
. = VxeZvavne Zthig(x) : 2" Do dé g(x) 0,vxe z.
Vay f(x) = x, VX e Z
Bai toan 2.53: .
Xac dlnh tat ca cac ham ftir Q dén Q sao cho
f(x +y) = f(x) +f(y) v&i moi x, vy thuéc Q.
o Hwéng dan giai
— Cho x =y = 0 thi f(0) = 2f(0) nén f(0) =0.
— Ta chirng minh quy nap réng f(kx) ”kf(
Khi n = 1 thi f(x) =1f(x) : dung :
Gia st diéu nay dung véi k, thay y= kx th
A f(x + kx) =f(x) +f(kx) =f(x) +kf(x) = (k+ , f(x) dpcm
- 'Thayy-———x thi f(0) =f(x) + f(—x) w
~ nén f(x) = — f(x) véi moi x thuéc Q. '
Do 6 f(kx) = kf(x) véi moi k thudc Z'va x thuéc Q.

- Tha =,-~th'f1 = f(k.— ) = kf(- '

i moikthuoc Nva xthugc Q.

Suy raf(,: )= —1— f(1) v&i moi k thudc Z

=|

- Tacév(y" 0

Do do f(x)’

Bél toan 2.54:
Timhamf Q —» Q'
f(XY) fOf(y) — ( %

Hwéng dan
Cho y=11ta c6 f(x)= FOf(1) = f(x + 1) +1.=> f(x + 1) = 0 +1
Ter d6 véi moi x € Q va ne Nta c6f(x+n)=f(x)+n o

nenf(n)-n+1 Thayx-—% y =n, ta co:

ol :f(1 J = f(lj fn) - f(n.+‘l}f4 |
: i n ) .::" n .
n ,: n
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n

Vaf[%‘-] '—ff(m.%) = t(m) . f (%) -,f(m+%) 1

"héy f(-:l] %‘-H Do d6 f(x) = x + 1, v&i moi x € Q The lai dung Vay: f(x)

Dod()f(1) =1+ 1
n

=x+1,Vxe Q.
Bai toan 2.55:
Tim tat cd cac ham f: Q" — Q" thod méan

f( ) f(x) + (y)+ 2y, v6i moi X, yeQ
X f(x)

Hwong dén g|a| '
Chox = yth| f(x+1) = f(x)+2x+ 1 véimoix Q

Chox =1, thi:
fly+1)= f(1)+—f£(y—))+2y = fox+ 1) = (1) + ff((:))Jrzx
Do d6 f(x) + 1 =1(1) + % = (f(x) = f(1))(F(1) - 1) =0

_ Vihamsé f(x) = f(1), Vx € Q" khéng théa man nén (1) = 1.
~ Véinlasé tw nhiénvan > 1, ta co:
f(n) = f(n) = f(n — 1) + f(n = 1) —f(n = 2) + ... + f(2) — (1) + (1)
=@2n=1)+@2n=-3)+ ... +3+f1)=n%
Méf(x+m)=f(x+m—-1)+2(x+m)-—1
Lan lwotthaym =1, 2, ..., n rdi cong tt c& cac dang thirc do ta dwoc
f(x+n)—f(x)+2xn+n nénvoim,ne N’, ta co:

f[m+ ) f(m)+ f()+2n m +—n—2—+2n
m f(m) - om?

Voi f[m+i)=f(1)+2n+m2
m m
n n? 2 + 5 .
Suyra f(a) =— nénf(x) =x°, Vx e Q" Thu lai ding.
m

vay f(x) =%, vx € Q"
Bai toén 2.56:
Tim ham s6 f: R — R biét rang:

a) 'f(x)—Xf(~X)=x+1, b)f(x)+f(i—j—;]=)€ )
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: Hwéng dan giai
a) Thay x béi —x ta dwo'c f(—x) + xf(x) = —x +1

Khir f(-x) th f(x)—l—ﬂ?ﬂ The lai dang.
X +

b) Thay x b&i % trong phuang trinh cho, ta dwoc:

f( 1_J+f LI - @f( 1 )+f(x’1]= LIPS
1-X 11 1-x  1-x X 1-x -

1-x

1 X-1
Thay tiép x b&i T——-ta duoc: f( )+f(x)———— ®3)
£ X+1 5 . s
Léy (1) + (3) - (2) thi f(x) = m Thi lai ddng.

Bai toan 2.57:
Tim tat ca cac ham f: R — R thod man diéu kién:
xf(y) + yf(x) = (x + y)f)f(y) vx, y € R
Hwéng dan giai
Cho x =y = 1 ta c6 2f(1) = 2(f(1))? = f(1) = 0 hoc f(1) = 1
Xét trwong hop f(1) =0 '
Choy= 1tacé f(x) =0, vx € R (thod man)
Xéttrwong hop f(1) =1 - ' ,
Choy=1tadugcx+f(x; = (x+ D))= x(f(x)—1) =0
Tir do néux=0thifx)=1 -
nén f(x) = {1 khix#0 . i tai dang.
akhix=0 ;
Bai toan 2.58: o
Tim tit ¢ cac ham f: R — R thoa mén diéu kién:
f(X —y) + 2y(3FP(x) + 'y %) =f(y + f(x)), vx,y e R
Hwéng dén giai
x® —f(x)
2

V6i moi x R ta chon y =

thi 2y = x° + f(x) va x*—y = y.+f(x)
* Khi 6 phuwong trinh ham ban dau tré thanh
f( y + () + (¢ = f(x)) (3F(x) + y?) = f(y + f(x)), vx € R
(x —fO)(BRX) +y?) =0, Vx e R
= x°—f(x) =0 hay 3f(x) +y*=0, ¥x e R
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= f(x) =x® hay y=0, ¥x e R
= f(x) =, Vx e R. Thi¥ lai dung.
vay: f(x) =x°, ¥x e R.
Bai toan 2.59:
Tim t4t c& cac ham s6 . R — R théa man
f(x +y) 2 f(x) f(y) = 2020*"Y vé&i moi sé thuc x, y .
Hwéng dan giai
Tacod : f(x +y) 2 f(x)f(y) = 2020
Cho x =y = 0= f(0) 2 f(0) = 1. Tir 46 suy ra f(0) =1.
Choy=-x=>1=1f(0)2f(x) f(-x) 1.
Suy ra: f(x)f(-x)= 1 v&i moi x thuéc R.
Choy=0 = f(x) 22020% Vx € R :
nén f(—x) =2 2020~ do d6 f(x) < 2020%, Vx € R
Vay f(x) = 2020* v&i moi x thudc R. Thir lai ding.
Bai toan 2.60:
Tim t4t ca cac ham sb f va g théa man:
f(x+1) + xg(x + )= 2x

a) fx+,1 ‘g X +1 1
X -1 X -1

’
f(x +6) + 2g2x +15) =

X+ 2

b)

f(xng +g(x+5) = x+4
Hwéng dan giai
a) Thay x + 1 b&i x trong phwong trinh dau va thay % béi x trong phwong
trinh thir hai thi duoc

f(x) + (x = Dg(x) = 2(x-1)
0 + 900 = —2
= fix) =-2; gx = ;?X—1 Thir lai ding.
b) Trong phwong trinh thiv hai, thay x b&i 2x + 10 thi hé

f(x + 6) + 29(2x + 15) = X+2

f(x +6) + g(2x +15) = 2x+14
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= g(2X + 15) -.._3-?-(—2_—29« va f(x+ 6) 7X;54

. Thi lai dung.

)an 2.61: Cho ham f : Z — Z thda man: f(1) = =tva .
(n+3)<f(n)+3 f(n+2012)>f(n)+2012 VO’I mon neZ
Tinh f(2013)

Huwéng din g|a| ”
Ta co f(n+3) < f(n) + 3 vé&i moin nguyen nén

f(n+ 2013) =f[ (n +670 3) +3] < f(n+6703)+3 < ...
+2013

. Sura 5 ¥ .
" f(n+2012) < f(n +2o11) +1 < ..< f(n)y+ 2012 véi moi n.nguyén.
Ma theo gla thletf(n +2012) > f(n) +2012 v&i moi n nguyen ’
Nén cé f (n +2012) = f(n) + 2012 véi moin nguyen E e
Cho n = 1 thi c6 f(2013) = f(1) +2012 2013

3. BAI LUY'EN TAP : e o
Bai tap 2.1: Cho 3 anh xa f, g, h. Chwn,g minh neu g o fsong anh vaho g -
song anh thi ca 3 anh xaf, g, h déu song anh. -

Hu’o’ng"d
Dung dinh nghia song anh va dwa theo
Ba| tap 2.2: Tim tap xac dinh ¢ a3

a)y— Vx? -4+ !

9-x?

toan 2..3, 24

Hwéng dan ,
a) bat dleu kién xac dinh day di. Kétqua D = (—3 2] u{2; 3).
b X_etx 2 0,x<0. Ketqua}D = (~o0; 2). ’

-2 X3
x=5 X—1
Hu’o’ng dan D
a) Tap xac dmh D = (o0 5) U (5; +w).- '
Ketqua nghich bién tren ('oo~':‘5) (5; +oo)

. Bai tap 2.3: Xét sy bién thién ciia ham sé: a) y =
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b) Tép xac dinh D = (—0; 1) U (1; +o0).
Két qué déng bién trén (—oo; 1), (1; +o0)
Bai tap 2.4: Xét tinh chén, 18 cta cac ham sé:

X || X% + 4x —1 ;
a)y =f(x)= b)y = f(X)= ——
VX% -4 , Ux® - x
' Hwong dan

a) Tap xac dinh D = (—0; =2) U (2; +). -
Két qua ham sb 18.
b) So sanh f(-2) va f(2).
Két qud ham sb khong co tanh chdn lé. -
Bai tap 2.5: Vé dé thi ham soy 3|x- 1 |- f2x + 2] Lap bang bién thién va
tim gia tri nhé nhat clia ham sé
Hwéng dan
Chia mién xét ddu, x <-1; -1 < x < 1vax>1.
Két qua GTNNy=—4taix=1.
Bai tap 2.6: Cac dinh cua AABC c6 toa do A(6; -6), B(2 3) C(8 5). Tim chan
phan giac trong BD va 1ap phwong trinh dwéng thang BD.

Hwéng dan
AC
Diém D chia doan AC theo ti k = 2B
1 23
Két qua D —,-—)BD:y= —-x-=—2
q ( ) ZX-=

Bai tap 2.7: Lap phwong trinh tiép tuyén vei (P):y = X2 = 3x + 2 tao véi tia Ox
mét goc bang 45°; vuéng géc véi duong thing y = —%x +2.

Hwéng dan
Buong thang d tao véi tia Ox mét goc bing 45° co dang y = x +b

Buong thang d’ vudng géc voi duong thingy = —%x +2codangy=3x+m.

Kétquay=x-2,y=3x-7.

Bai tép 2.8: Chtrng minh d:y = x luén cét (P):y = x* + 2m + 1)x + m? — 1 tai
2 diém A, B phan biét va khoang cach AB khéng déi. Tim quy tich cla trung
diém | clia doan AB.

Hwéng dan
Lap phwong trinh hoanh dé giao diém va dung Viet.
Xac dinh toa dé trung diém | rdi kher tham sé m.
Két qua AB = 22, dwong thing y = x. _
Bai tap 2.9: Cho a, b € R, a > 0. Chirng minh réng tn tai ham sé
y =f(x), x € Rsao cho f(f(x)) =ax + b, ¥x € R
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Hwéng dan
Du doan ham bac nhét rdi tim bang cach déng nhat hé sé.

b
\/5+1

Bai tap 2.-0: Tim tat ca cac ham sé f trén R: f(xy) =

Két qué f(x) = Ja.x+

f(x) +f(y)
X+Yy
Hu’o’ng dan
Cho y = x thi co f(x } = f(x) v&i moi x.
Kétqua f(x)=0 ,
Bai tap 2.71: Tim tat ca cac ham sb f: Z—R sao cho (0) = 0,

f(1)y= = vaf(x).fy)= f(x +y) + f(x — y) v&i moi sb nguyén x, y.

, Hwéng dan
Dy doan f(1) = g- =2+27 f2)=2+22

Kétqua f(n)=2"+27"
Bai tap 2.12: Tim cac sb a, b, ¢ thod man:
lal + |b| + |c| 16n nhatva |ax? + bx + ¢| < 10 véi vx e [-1; 1].
Hwéng dan

Dat f(x) = ax? + bx + ¢ thi

1

a= E(f(1)+f(1))—f(0)
f(-1)=a-b+c
f(0)=c =<b= %(f(1)— f(-1))-f(0)
f)=a+b+c ¢ =(0)

Két qua (20; 0; —10) va (-20; 0; 10)
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ciuyén aé 2: TAP HOP VA PHEP DIEM

. KIEN THUC TRONG TAM
Tép hop '

Tap hop la khai niém co ban cua toan hoc. Thong thwong tap hop gém cac
phan t& cung chung mét hay vai tinh chat nao do. '
Biéu d6 Ven: Minh hoa tric quan mot tap hop béi mét dwong khép kin,
khéng tw cat. .
Hai cach cho tap hop: liét ké cac phan tlr cla tap hop, hodc chi rd cac tinh
chét dac trung cho cac phan t&r cla tap hop.
Tap réng @ la tap hop khang chiva phan t& nao.
Tap con: Tap A la tap con cla tap B néu moi phan t& clia tap A déu thudc
- tap B. Ky hiéu A c B. '
Néu tap A cé n phan ti thi c6 2" tap con cla tap A.
Tap bang nhau: Hai tap hop A va B goi la bang nhau néu moi phéan t cda
tap A déu thudc tap B va nguoc lai. Ky hiéu A = B.

Cac tap sé:
N: Tap hop tat ca cacsbé tw nhien {0, 1, 2, ... }.
N*: Tap hop cac sb nguyén dwong.
Z: Tap hop tit ca cac cac sb nguyén.
Q: Tap hop tit ca cac cac sbé hivu ti.
R: Tap hop tt ca cac cac sb thuc.
Khodng (a;b)={x e R la<x<b}.
Poan[a;b]={x e R |la<x<b}.
N(ra khodng [a;b) ={x e R [a<x < b}.
N(ra khodng (a;b]={xe R la<x<b}.
Khodng (a ; +) = {x € R |x > a}.
Khodng (o ; b) = {x € R |x < b}.
NCra khodng [a ; +») = {x € R | x> a}.
Ntra khodng (—o ; b] = {x € R [x < b}.

Phép toan vé tap hop
Phép hop: AUB ={x | x e Ava x e B}.
Phép giao: AnB = {x | x € A ho3c x < B}.
Phép hiéu: A\B={x | x e Ava x ¢ B}.
Phan bu ctia A trong E:
NéuAc EthiCeA={x | x e Eva x ¢ A}
Tich Descartes: A xB ={(x;y) | x e Ava y e B}.

@» 2> &
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Hai quy tic dem : . o
 Quy téc cong: Gia st mot cong wec co the dwo’c tién hanh theo m
‘phurong an A hodc B. Phwong an A co thé thuc hién theo n ca
n B c6 thé thuc hién theo m céch. Khi d6 céng wec co thé thu’c‘» ién theo
+ m cach. M& rong chon ph‘wong an. :

Céng doan A co thé thwe hién theo n cach; cong doan B ¢6 thé thue hién
theo m cach. Khi d6 cong viéc co the thwc hién theon . m cach Mo’ rong
chon c6ng doan. | i
" Giaithrra: 11=1, z-12:y—123 m-123(n1m
Qui wéc 0! = 1. i
Hoan VI chmh ho

—~ Mét hoaﬁ' viclian p
5 phan tw co mat dung

xét yeu céu bai toan cé thw tw khong’? phan biét khong? c6 sé 0 dau?
3) Sé phan 1 clia hop céac tap hop htbu han: }_
|AuBl = |Al + Bl - |AnBI s
Pic biét, khiAnB=othi [AUB| = |Al + (Bl .
~ |auBuc] = |Al + Bl +|Cl - |AnBI -
IBmM-ICmAIIAmBmd
Tong quat véin tap A,,..., Aqla n tép hop huu han (n_2) thi:
_Mwyu%pEWFEZMan§:MmMmA|
: I=

1si<ks=n ot Asi<k<lsn
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2. CAC BAI TOAN
Baitoan 3. 1:
Viét m&i tap hop sau bang cach liét ké cac phan ti:
a)A={xeR | (2x-x)2x*-3x~-2) =0}
"b)B={ne N | 3<n?<30}
c)C={xeZ|2¥*-75x~77=0}
Hwéng dan giai
a) Ta gidi phuong trinh: (2x —x3)(2 —3x—2) =0
<:>2x—x2=0 hodc 2x* ~3x—2=0

" <:>(x 0 hodc x = 2) hodc (x————% hodc x = 2)

VayA={0;2; -_)

b) V@i 3 < n? <30vaneN nenchonn 2:3:,4; 5
VayB={2;3;4;5} ,

¢) Phuong trinh: 2x% — 75% — 77 Oco hai nghiém x = —1 véuvx,‘= Z?_Z
Chon x e ZIax=-1.Vay C = {1}, -

,Baltoan3 2:
Viét mbi tap hop sau béng cach néu tinh chét dac trung
ayA={1;4;7;10; ..}
b)B={1;2;3;4;6;9;12;18;36}'

23 4 5 6
c=l22.2.2.°
°) {3815 24’ 35}

d)D={1:;-2;7) Lo

Hwéng dan giai

a) A={x|x=3n+1,neN} '

b) B={n e N | x 1a wéc cla 36}
M1|neN,2£nsB}

n
C)Cz{nz_

d) Tacé thé xem 1 ;-2 ; 7 la nghiém ctia phwong trinh
(x=1Nx+2)(x—=7)=0nén C={x e R |(x=1)(x + 2)(x - 7) = O}.
Bai toan 3. 3:
" Cho tap hop E = {1:2;3:4;5:6;7:8;9} va cac tap hop con
A ={1;2;3;4} , B ={2;4,6;8}.
Xac dinh CeA |, CeB , Cg(AUB) , CEANCeB.
Hwéng dan giai
CeA=E\A={5;6,7;8,9} ;CeB=E\B ={1,3,5,7;9}
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AUB={12;3;4,6;8};Cec(AUB)=E\A U B = {5;7;9}
CeA N CeB = {5;7;9}
Bai toan 3. 4:

Tim t4t ca cac tap hop con cla tap: ‘
a)A={a; b} -~ b)B={1;2.3} ¢)C={¥} - d) D ={a;b;c;d}
Hwéng dan giai:

a) Co4tap con: I, {a}, {b}va{a; b}.
b) Co 8 tap con: @, {1}, {2}, {3}, {1;2}, {2:3}, {1;3}va {1;2; 3}
c) C6 2 tap con: @ va {&}. _
d) C6 16 tap con: &, {a}, {b}, {c}, {d}, {a;b}, {aic}, {a;d} , {b;c}, {b;d}, {c;d},
{a;bic}, {a;b;d}, {a;c.d}, {b;c;d} va D.
Baitoan 3.5: _
Tap hop A gbm n phén t& (n > 3). C6 bao nhiéu tap con khac nhati clia A gdm:
a) 1 phan tt; n — 1 phan t b) 2 phan t&
c) 3 phan to d) k phan to
: Hwéng dan giai
a) C6 n phan t& nén c6 n cach chon ra 1 phan t.
Vay co n tap con clia A ¢6 1 phan tr
S6 cach chon (n — 1) phén t& clia A ciing bing sé cach 1 phan t& (con lai)
cla A nén c6 n tap con chGa A c6 (n—1) phan te.
b) Xét tap con c6 2 phan t& M = {x ; y} c A
Phan tlr x thudc A c6 n cach chon
Phan tt y = x thudc A ¢ n — 1 cach chon
Do dé c6 n(n — 1) cach chon 2 phan tlr x , y phan biét theo th tw, nhung vi
cac phan tir cla tap hop khong ké thi tw {x; y} va {y ; x} la nhw nhau . Do
n(n-1)
2

dé cr 2 cach chon thi dwgce 1 tap con, nén thue sw co tap con cua

A c6 2 phan tir.
c) Xét tap con c6 3phantr K={x;y;z} c A
Phén t&r x thudc A ¢d n cach chon
Phan i y # x thudc A cé n — 1 cach chon
Phan t& z # x, y thudc A-c6 n — 2 cach chon
Do d6 ¢6 n(n — 1‘)(n ~ 2) cach chon 3 phan ti x , y ,z phan biét theo thi tu,
nhwng vi cac phan t& clia tap hop khong ké thir tw, do d6 ctr 1.2.3=31 =6
cach chon (x,y,z) , (x,z,y) , (yx2), (y.zx), (zxy) , (z,y,X) thi chi tinh 1 tap

. n(n=-1H(n-2)

con nén thuc sy co tap con cta A c6 3 phan tir.

d) Xét tap con cd k phan tor H = {x; ; %, ;....xJ < A
Phan t& x; thudc A c6 n cach chon,
- Phan t& x, = x; thudc A c6 n — 1 céch chon,
58



Cty TNHH MTV DVWH Khang Viét

Phan t& xs # X4,% thudc A ¢ n — 2 cach chon, ...

Phan t& X, # X1,%2 ,... X1 thudc A cé n.— k+1 cach chon.

Do d6 ¢6 n(n — 1)(n = 2)...(n—k+1) cach chon k phan t& x; ; » X2 1o Xk phan

biét theo thi tw, nhwng vi cac phan ti cta tap hop khong ké thir tw do do

c? 1.2.3..k = k! cach chon thi chi tinh 1 tap con nén thwc sw co

nn-1)(n-2)...(n-k +1)
k!

tap con cla A co k phan ti.

nn-NH(n-2)...(n-k+1)

Pay chinh 1a s6 t6 hop n chap k: Cf = -

Bai toan 3. 6:
Cho tap hiru han A cé n phan t&. Chirng minh A c6 2" tap con.
Hwéng dan giai:

Dat A = {xq, Xo, ..., Xy} va xettap con Bc A.

Tap con B c6 thé chtra %, hodc khdng chia x4 : 2 cach chon.

Twong tw cac phan i X, Xs, ... , X, déu c6 2 cach chon cé thude tap con B
hay khong

Do d6 sb cac tap ctia A bang sé cach chon lya trén: 2.2..2=2".
Kétqua: Cl+Cl+...+Ch=2"
Bai toan 3. 7:
Ménh dé sau dang, sai ?
a)Véibatap A, B, Ctluyy,néu A UB=A uUCthiB=C.
b) Véibatap A, B, Ctiyy, néu A\B=CthiA=B uC.
Hwéng dan giai
a) Ménh dé sai:
Chon A ={1;2}, B ={1;3}, C = {3} thi:
A uB=A uC={12;3}:dlng con B = C: sai.
b) Ménh dé sai:
Chon A ={m;n}, B = {m;p}, C = {n} thi:
A\B=C ={n}:dung con A =Bu C ={m;n;p}: sai.

Bai toan 3. 8:
V6i hai tap A, B tly y. Chéng minh rang:
a)NEUAcCBthiAnB=A b)A\AB=A<ANnB=@.

Hwéng dan giai
a)Tacdt xeAnB=xeA.DodoAnBcA.
Tacd xe A= xe Avaxe B (dogid thiét A = B)
= x € AnB . Do dé A c AnB.
VayAnB=A.
b) Tachtng minh: AAB=A=>ANB=Y
ViA=A\Bnéntrxe Asuyrax e A\B, nghialax e Avax ¢ B. Vay hai
tap A va B khong cé phan t& chung, hay AN B = @.
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DoddAcA\B (1)

MatkhacneUXEA\B IXeA(VéX{EB)

DodoA\BcA (2). Tu(1)va(2)suyraA
Vay ta da chung minh duoc : A\B A@AmB <.

Baltoan3 9:

. Véiba tap'A, B, Ctuyy. Chwng mmh rang
"a)Am(B U C)= (AmB) U (A N C)

~{x| (x <A n B) hoac(X'
'"(AmB)u(AﬁC) ‘

C) n(Bu)T
—(AmCmB)u(AmCmC) L
_—AmCmB (wAmCm
Vay(A\B)\C (A\C)\(B\C) -
Bai toan 3. 10:
~Cho tap ho’pA Co the nongl vé tap ho’aneu :
a)AmB B b)AnB A c)AuB= A »
dAUB=B e)A,;'B=@ 9)A\B= AL
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Hwévng dan giai
Dwa vao dinh nghia ta cé: : S
a)BcA : b)AcB st cyBaA

“d)AcB §AcB  QAB=O
Ba| toan 3. 11:

Cho hai tap A, B. Hiéu ddi xtrng clia A va B, ki hiéu la A A B la tap ho'p cac
phan t& thuéc A hodc B nhuwng khong thudc ca A vaB..
a) Chtrng minh néu AAB =AthiB=@.
b) Chirng mlnh néuAAC = BACthi A=B.

Hwéng dan giai
a) Chung mlnh bang phan chirng. Gia str ton tai x € B. :

" NéuxeAthixe AAB (doA= AAB ié naymauthuan vnxthuoc ca

A va B nén do dinh nghia x ¢ » '

NeuxeAVtxaBnenXE, ; 1. V& :

b) Gia sit A = B. Khi d6 tn tai phan ti clia tap nay nhung kh”‘ng 1a phan tu cla
tap kia. Chéng han ton tai phan ttr x € Avax ¢ B. :
Néux e Cthixe BACvaxg AAC:mauthuén. -
Néux ¢ Cthi xe AACvaxg BAC:mauthuan. VayA 'B

Baitoan 3. 12: L
Cho fla mét ham sé tir X d@én Y, A, B la hai tap con cla X
a) Chirng minh: f(A U B) = f(A) U f(B). :
"b) Chirng minh: f(A ~ B) < f(A) ~ f(B) vanéu fla d’cl

f(A n B) =1(A) n f(B).

: : Hwéng dan giai g

a) Gidstry e f(A U B) thiténtaix e A U B sao cho f(x) y
Néux e Athiy e f(A), do do y e f(A) U f(B) -
Néux e Bthiy e f(BA), do doy e f(A) U f(B) o
Nguoc lai, gid st y € f(A) U f(B) N¢=u y € f(A) thi ton ta| X e Ac A W/ B
déf(x) =y nény ef(Au B). Neu y e f(B) thl ton tal xeBc Au Bdéf(x) =
nény e f(A u B).

b) Gidslry e f(A N B) thitdntaix € A N B sao cho f(x) =
VIXEAnenye f(A),vix e Bnény e f(B) =y € f(A) n f(B)

Néu fla don anh ta chi cdn chirng minh bao ham thirc:
f(A) N f(B)  f(A N B). i
“ Gid str y € f(A) ~ f(B). Khi dd y e f(A) va y e f(B). Do d6 ton tal acAbeB
déy=f(a)vay=f(b). Vifladonanhnéna=b.
Vayae A n B,suyray e f(A n B).
Bai toan 3. 13:
a) Cho A ={0;1,2} , B = {0;1;2;3;4}. Xacdinhtap Caé A u C= B,
b) Tim tat ca cac tap hcyp X sao cho {1,2} c X < {1,2;3:4; 5}

~

"5‘h,,fh_f3 -
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Hwéng dan giai

a) Pé& AU C =B thi C la mét trong cac tap hop sau: {3;4}, {2;3;4} , {1;2;3;4} va B

b) Tap hop X phéi chiva cac phan t& 1 ; 2 ngoai ra co thé chtra thém mot sb
phantl conlaila3;4;5, ticla X Ia hop clia 2 tap A = {1; 2} va tap B, voi
B la tap con cla tap {3;4;5}.

~ Vay.céc tap X can tim 1a: {1;2}, {1:2:3}, {1 2.4}, {1,2;8} , {1;2;3;4}, {1;2;3;5},
{1;2;4;5}, {1,2;3;4;5}.

Bai toan 3. 14:

ChoX={xeN,|2<x< 12} XacdlnhA Bchaocho: :
AnB={6;8;11} ' )
Au{56,7}=1{3;5;6;7;8,10;11} (2)

{4:5;6;7;8;9;10;11} =B U {6;10} (3)
~ Huwéng dan giai:
T (1) va (2) suy ra: {3;6;8;10;11} c A
T (1) va (3) suy ra: {4;5;6;7;8;9;11} c B
Véy A = {3,6;8;10;11}; B = {4;5,6;7;8;9;11} .
Bai toan 3. 15:
ChoA=(-3;5],B=[1;+w0), C=(—w0;3]vaD=(3;+x0).
Xac dinh: AnB,CnD, A\B,BuUC, CrA , CgD.
Hwéng dan giai-
-3 1 3 3
—0 ' ! ! ' “+o0
AnB=[1;5],CnD= @,A\B=(-3:1),BuC=R
CrA = (—0;=3] U (5; *+x), CrRD = (0 ; 3] '
Bai toan 3. 16:
Cho hai ntra khodng A = (—w0 ; m) va B = [5 ; +). Bién luan theo m d& xac
~ dinh AnB, AUB .

Hwéng dan giai
Néum=5thiAnB={5}, AUB=R.
Néum<5thi ANB =0 ; AUB = (o ; m] U [5 ; +)
Néum>5thiAnB=[5;m],AUB=R.

Bai toan 3. 17: '
a)ChohaidoanA=[a;a+2],B=[b;b+1]. Cac sb a, b thoa diéu kién gi
GEANB=Q. '

b) Cho hai khodng A = (m ; m + 1) va B = (3 ; 5). Tim m d& AUB la mot
khoang. Hay xac dinh khoang d6.

Hwéng dan giai

a) TaxéttrwonghopAnB=@. .

a at2
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Pidukiendé AnB=Claa+2<bhodcb+1<a,tlrclaa<b-2hodc
a>b+l.
Tl d6 suy ra diéu kien & AnB = @ 13
az> b-2vaa< b+1o b-2<a<b+1.
b) D&y 5--3=2va(m+1)—m= 1. Xét cac trwong hop:
Néu m :22 thim <m+ 1 <3 < 5: AUB khéng 1a mét khoang.
Néu2<m<3thi2<m <3 <m+1 <5 AuB=(m;5).
Néu3<m<4thid<m<m+1<5AuUB=(3;5).
} Néud<m<5thi3<m<5<m+1:AUuB=3;m+1).
Néu5<mthi3 < 5<m<m+1: AU Bkhong Ia mot khoang.
Vaynéu2<m<5thiAuBla mot khoang.
Bai toan 3. 18:
Trong hinh hoc, mét tap diém F dwoc goi 1a 16i, néu véi moi cip diém M, N
cla F, doan thdng MN dwoc chira trong F.
a) Chirng 16 rang giao ca nhitng tap hop 16i, 1a mot tap 16i.
b) Hop cla hai tap 16i phai chang 1a mot tap 16i?
Hwéng dan giai
a) Cho A va B la hai tap 16i. LAy hai diém M, N bat ky thusc AN B = M, N e
AvaM,NeB
= doan MN chura trong 2 tap 16i A va B
=> doan MN chura trong tap A N B .Vay A n B ia tap 16i.
b) Hop cla ‘_hai tap 16i co thé khéng phai la mot
tap hop 0. X
Chang han néu A va B |a 2 tap diém cla 2
hinh tron nhw hinh vé&. Ré rang Ava B 1a 2
tap 16i, nhung véi M e A, N e B doan théng
MN khéng dwoc chira trong tap AuB
Bai toan 3. 19:
Céc tap sau c6 bao nhiéu phan tG?
a) A |2 tap hop cac sb chin co hai chir sb.
b) B 1a tap hop cac sb 1& cé 3 chir sb.
c) C la tap hop céac sé nguyén dwong bé hon 500 va 1a boi cia 3.
Hwéng dan giai
a) M®6i s6 tw nhién chdn c6 dang 2k (k e N). Theo gid thiét ta c6 10 < 2k < 100.
SuyraA={2k|5<k <50,k e N}.
Vay A c6 45 phan tir.
b) Ta cé: B = {101 ; 103 ; ... ; 999}, céac phéan tl¥ cla B hon kém 2 don vi nén

sé phan t0 9992—101 +1 =500 (s6).
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c) Méisb nguyén dwcmg la boi ctia 3 co dang 3k (ke N) Ta phai coO<3k<500 e
suyraA={3k | 0<3k<167,keN}. - L
VayCco166 phantr.

34i toan 3. 20: bk
~ Ky hiéu sé phan tL’rnchaﬁl tap hop hivu han A a. |A| =n, Chwng minh:
a)|lAUBl = |Al + 1Bl - |A B L
b) [AuBuCl lal+1Bl+lcl- iAnBI—IBmAl lCnAI+IAmBapl.' ;
Hwomg dan giai R

a) Ta. dung bleu dé Ven va gh| so phan o
: trong dau ngoac

©ABl =k, [B\AI=I, IAmBl-t

V|cactapA\B B\A A

k + t +1nén cod dpcm i
= |al + 1B

<IAl, IAnBI <Al |Al < lauBI
lAmB[,lAr\B|=IA| IBI i

000.2001?
cac chir s6 0, 1,

a) Ta co: 2000 = 24 5S va 2001 = 3.23. 29
- Do d6: 2000.2001 = 2*3.5%.23.29 -
; nén theo quy tac nhan'thl:co 5 2. 4 2. 2 :
Téng quat s6: n = pt P2 p . Voik s nguyen td phan biét thi co: (cx1 + 1)
(a2 + 2) . (ak + 1) wdc nguyén dwong.
b) S6 tw nhién a < 10000 nén co téi da 4 chir s6

&c nguyén de:vcmg

. Xétaco1chirsd:ae {1, 234}nenco4so
Xét a co 2 chir sb: a1¢0nenco45—¢.Oso N
Xét a c6 3 chir sé: tucng twthic64.6.5 = 100 so
Xéta co 4 chir s6: tucmg tw thi c6 4.5.5.5 = 500 s
Lwuy rang céac chir s6 chon khong nhat thiét phan biét.
: Vay tdng cong co: 4 + 20 + 100 + 500 = 624 sb

Bal toan 3. 22:

V6i cac chir sb 0, 5co the Iap dugc baon
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a) S & gdbm 4 chir sé khac nhau?
b) Sé chan gdm 4 chit s6 khac nhau?
Hwéng dan giai:
a) Goi s6 & dang xét gém 4 chir sé co dang abcd trong d6
de{1,35ac{l,23 4 55va b c {0,123, 4,5}
Lap sé d6 theo quy trinh: Chon d rdi dén a rdi dén b rdi dén c. Ta c6 3 cach
chon d 1&. Khi d @3 chon thi a con 5 — 1 = 4 cach chon.
Lwuy tap {1, 3, 5} c {1, 2, 3, 4, 5}. Khi d, a da chon thi cé 6 — 2 = 4 cach
chon b va khi d, a, b da chon thi ¢ cé 3 cach chon.
Vay sb s 18 can tim 12 3.4.4.3 = 144.
b) Goi cac sb ¢ 4 chir s6 khac nhau dwoc 1ap tir 5 s6 da cho 13 abed.
Ta lap s6 theo quy trinh chon cac sb theo thir tw: a, b, ¢, d. C6 5 cach chon a.
Khi a d& chon thi c6 5 cach chon b. Khi a, b da chon thicé 6 -2 =4 cach
chon ¢ va khi a, b, ¢ da chon thi cé 3 cach chon d.
Do d6 c6 5.5.4.3 = 300 s6 nhuw vay.
Vay sb sb chén la 300 - 144 = 156.
Bai toan 3. 23:
Xét so dd mang dién c6 6 cong tic khac nhau, trong d6 méi cong tac co 2
trang thai dong va mo.

A ' B
pe— —°Q
C D .

Hai c6 bao nhiéu cach dong - mé 6 cong tac dé mang dién thong mach tir
P dén Q?

Hwéng dan giai:
M&i cach dong — mé 6 cong tac clia mang dién duoc goi la mot trang thai
ctia mang dién. Theo quy tac nhan, mang dién co 2% =64 trang thai.
Trwdc hét, ta tim cé bao nhiéu trang thai khéng théng mach tiee la khong co
dong dién di qua. Mach gébm hai nhanh A — Bva C — D.
Trang thai khong théng mach xdy ra khi va chi khi cé hai nhanh A - BvaC
—> D déu khéng théng mach.
Vi nhanh A — B c6 8 trang thai trong do chi cé duy nhat mét trang thai
thong mach, con lai cé 7 trang thai khéng théng mach. Tuong tw & nhanh C
— D c6 7 trang thai khong théng mach.
Theo quy t&c nhan, ta c6 7.7 = 49 trang thai ma cd A — B va C —» D déu
khong théng mach.
Vay mang dién co 64 — 49 = 15 trang thai thong mach tir P toi Q.

65



10 trong dié’m bdi dueng hoc sinh gidi mén Todn 10 — Lé Hodnh Pho

Bai toan 3 24:
M6t ban dai c6 2 day ghé dbi dién nhau. Cé bao nhleu cach xép n hoc sinh
I6p A va n hoc sinh I&p B ma 2 hoc sinh ddi dién nhau khac I&p va hai hoc
sinh lién tiép ciing khac 16p.
Hwéng dan giai
C6 2 cach xép 2 nhém hoc sinh 16p A, I6p B
ABABAB BAB AB A

BAB A B A ABABARB
Trong nhém hoc sinh 16p A c6 n! cach xép n hoc sinh vao n chd va nhom
hoc sinh I&p B cling: c6 n! cach nhu vay.

Theo quy tic nhan thi c6: 2.nIn! cach xép.

Bai toan 3. 25:

_Cho tam giac ABC. Xét tap hop duong thang gém 4 dudng thang song
song v&i AB, 5 dudng thang song song v6i BC va 6 dwong thang song
song voi CA. Héi cac duong thdng nay tao dwoc bao nhiéu hinh thang
khéng 1a hinh binh hanh ?

Hwéng dan giai:
Méi hinh thang dwoc tao tir 2 dwong thdng song song va&i 1 canh cia
AABC va 2 duwong thang 1an lwot song song v&i 2 canh con lai cla tam
giac. Co 3 trvong hop:
Hinh thang duoc tao tir 2 dudng thing song song véi AB, 1 dwdng thing song
song voi BC va 1 dwdng thang song song véi CA, co C2.CL.Cl= 12—33 5.6
hinh thang.
Tuong tw v&i 2 trwdng hop con lai. Do do sé hinh thang la
C;.CL.Cl+Cl CiCL+C,.C! Ci =6.56+10.4.6+ 1545 =720.
Bai toan 3. 26:
ChotapA={1,2,3,4,5,6,7, 8
a) C6 bao nhiéu tép con cua A chira 1 va khéng chira 8.
b) C6 bao nhiéu sé tw nhién chin gém 5 chir sé thac nhau lAy tir A va
khéng bét dau béi 125.
Hwéng dén giai:

a) XéttapB = A\{1 8}thiBco 6 phan tt nén co 2° = 64 tap con.

So tap con can tim chinh la sé tap con clia B sau khi thém phan & 1a chir
sb 1. Vay c6 64 tap con thod dé bai. ,
b) bata = aja,aza,a;, as chan, a; e A va déi 1 khac nhau.

Vias € {2,4,6,8} nén co 4 cach chon. Do A khéng chira sé 0 nén a,a,a;a,
€6 7.6.5.4 = 840 cach. '
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Do d6 c6 4 x 840 = 3 360 sb chan gébm 5 chir sé khac nhau lay tir A.
Ta loai di cac sb bat dau bdi 125 la cac sb a = 125a,a, V6i a4, as thudc
{2,3,6,7,8} phan biét va as la sd chan nén c6 3.4 = 12 cach.
Vay con lai 3 360 — 12 = 3 348 sb theo yéu cau.
Bai toan 3. 27:
Trong tap S = {1,2,...,280} c6 bao nhiéu sé chia hét cho it nhat mét trong
cacsd 2, 3,5 7?
Hwéng dan giai

Ta ki hiéu cac tap sau .

A1 ={k € S|k chiahétcho 2} ,A; = {k e S | k chia hét cho 3},

As ={k € S| k chia hét cho 5}, A; = {k € S | k chia hét cho 7}.
Bai toan yéu cau tim |A; U Ay U A U Agl. Ta co:

Al = 289- 140, A, = [——-———ZSOJ = 93
2 3 >
280 280
Azl = — =56, Al = === =40
| = 28 Al = 28
IMth=§%=%; |Ay~As| =280 =28
6 10
280 280 '
ArnAyl = —==20; AN Al =222 |= 18
|AT A Al 14 | A2 M A [15J
280 280
!AEGAA = {:-2_1—}=13, !Aaf\A:i! =¥=
lA1f\A2mA3!=l:23i§:!=9; |A1ﬂA2ﬁA4 =—2Z82£= ;
|A1mA3mA4|=L?‘7BTO=4; IA20A30A4!=[%§~2~}=2

280
lmmmm%nmLIZJA
Thay vao céng thire téng quat ta tim dwoc: |A; U AU Az U Ay | =216.
Bai toan 3. 28:

L&p chuyén Toan cé 13 hoc sinh choi da béng, 22 hoc sinh boi 16i va 17
choi ¢c& vua, trong sb d6 ¢ 5 hoc sinh choi da béng va boi 16i, 7 hoc sinh
boi 16i va choi co vua, 3 hoc sinh choi co vua va da boéng, dac biét c6 4 hoc
sinh dang di giao lwu & nwéc ngoai. Vay I&p ¢é bao nhiéu hoc sinh?
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‘ Hwéng dan giai
Ta dung biéu d6 Ven véi 3 tap A, B, C lan A
lwot 1a 3 tap voi hoc sinh choi da béng, boi ﬂ@
16i, c& vua. Ghi s phan t& trong dau ngoac ‘@Q
clia cac tap khong giao nhau tir trong ra ngoai.
Tir d6 s6 hoc sinh ca lép la:
7+3+2+1+12+5+0+4=43. | S @
Bai toan 3. 29:
Pé thanh lap cac ddi tuyén hoc sinh giéi khéi 9, nha trwéong té chire thi chon
cac mon Toan, Van va Ngoai ngir trén tdng sé 111 hoc sinh. Két qua co: 70
hoc sinh giéi Toan, 65 hoc sinh giéi Van va 62 hoc sinh giéi Ngoai ngi.
Trong d6, cé 49 hoc sinh gidi ca 2 mén Van va Toan, 32 hoc sinh gidi ca 2
mén Toan va Ngoai nglr, 34 hoc sinh gidi ca 2 mon Van va Ngoai ng.
Hay xac dinh sb hoc sinh gidi ca ba mon Van, Toan va Ngoai ngtr. Biét rang
c6 6 hoc sinh khong dat y&u cau clia ba mén.
Hwéng dan giai
Goi x la sd hoc sinh gidi c& 3 mon Van, Toan, Ngoai nglr ( x nguyén
dwong), dwa vao biéu dé ta co:
S6 hoc sinh chi giéi mét mén Toan la:
70 — 49 — (32 — x)= x-11 . Toin
Sé hoc sinh chi giéi mét mén Van la:

65 - 49 — (34 — x)=x-18 %»

‘Vén

Sé hoc sinh chi gioi mot moén Ngoai ngir la:
62 — 34 - (32 —x)=x—4
Vi c6 6 hoc sinh khéng dat yéu cau nén:
1M1 -6=x-11+x~-18+x—4+49 + (32-Xx) + (34 — )
o 82+x=105=x=23
~ Vay c6 23 hoc sinh giéi ca 3 mén.
Bai toan 3. 30:
Cho tap X c6 n phan t& va tap Y c6 m phan tir. C6 bao nhiéu:
a)Anhxafty XvaoY. "~ b)Ponanhftr Xvaoy.
c) Toan anh ftir Xvao Y.

Ngoai ngit

Hwéng dan giai: f

a) Méi phan t& cla X c6 ding m cach chon phan
tlr twong ¢ng trong Y. Ma X ¢é n phan t&. Do
d6 sb anh xa f tr X vao Y 1a sé cach chon m
phan tl cla Ian lwot n phan t&: m.m..m (n 1an)
=m" cach.

b) Pé f la 1 don anh thi 2 phan t&r khac nhau cla X ldy twong ¢ng 2 phan ti
khac nhau cia Y nén ta phaicé n>m.

X Y
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Khi d6 s don anh f tir X vac Y 1a 1a s6 cach chon lan luot cac phan t&r m
phan biét nhau : n(n-1)(n-2)...(n-m+ 1.

¢) R& rang khi n = m thi toan anh f t& X vao Y 1a don anh nén fla song anh.
vay sé song anh la sb cach chon lan lwot cac phan té phan biét nhau cla
n phan t& : n.(n=1)(n-2)...2.1=nl.

m

Chu ¥ :V&i n = m thi s6 toan anh tir X vao Y la: > (=) .Ch.(m—k)" .

k=0
Bai toan 3. 31:
Phwong trinh x + y + z = 50 ¢6 bao nhiéu bd nghiém
a) (x,y,z) nguyén duong. b) (x,y,2) tw nhién.

Hwéng dan giai
a) Liét ké 50 sb 1 lién tiép thi c6 49 dau khoang cach
1—1-1-1—.......... -1-1 .

M&i bo nghiém (x,y.z) nguyén duong twong ng ( song anh) voi mdi cach
chon 2 dAu cach tir 49 khoang cach dé co cac gia tri clia x, y, z 1a s chir b 1.
Vay sb bo nghiém 1a C,.

b) PatX=x+1,Y=y+1,Z=z+1,vi(x,V, Z) tw nhién nén (X, Y, Z) nguyén duwong.
Phuong trinh x +y +z =50 < X +Y +Z=53.
Giai twong ty thi co két qua C§2 b6 nghiém (x,y,z) tw nhién.
Cach khac : Méi pé nghiém (x,y,z) tw nhién twong trng ( song anh) véi day
nhi phan 52 sé gdbm 50 s6 1va 26 0: xsb61,s60 ysd1,s60vazso
ma x +y+z=50. ~
Vi co CZ, day nhi phan nhw thé nén dé la s6 bd nghiém can tim.

Bai toan 3. 32: :
Cho tap S = {1', 2, ..., 2n}. Mt tap con A clia S dwoc goi la {ép can néu
trong tap do, sb cac sé chén va sbé cac so 1é bang nhau. Xéac dinh so t4p
cén cla S.

Hwéng dan giai
Goi X la tap hop tat ca cac tdp canclta Sva Y laho tat ca cac tap con cla
S ¢6 dang n phan ti. Ta thiét lap mot song anh tir X dényY.GoiL={1,3, ..,
2n-1}. : '
Gia st A e X la tap can. Goi As va A, twong trng la tap céac sb chan va tap cac
sé1gctaAthi |A] = Ay va
| U (VA= (A + Ll = 1Al = Ll =n
néntap A; U (L\A,) 1a mét phan tir clia Y.
Goi f la phép dat twong ing tap A € X voitap Aq U (L\AY) €Y.
Ta co fla don anh. '
Gia st M e Y. Goi M, va M, trong (rng 1a tap cac s6 chain va tap cac so 1é cla
M. Dt A; = My Ap= L\ My va A = Ay U Ay, Khi d6 A la tap can viz [Aj = [Mql,
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|A2| =L - Ile =n-— ,le = M| - lel = IMJ}-
Vay A e X va f xac dinh bé&i f(A) = A; U (L \Ay) nén f I3 toan anh, do d6 fla
song anh.
Vi c6 mot song anh tir X vao Y nén s6 tdp can clia S bing sé cac tap con c6 n
phan tr clia S. Vay S co C)), tap can.
Bai toan 3. 33:
Mét t6 bé mén cia mét trvong c6 10 gido vién nam va 15 giao vién nir. Cé
bao nhiéu cach thanh Iap mét hoi ddng gém 6 uy vien cla b b man, trong
do sb6 uy vién nam it hon sé uy vién ncr?
_ Hwéng dan giai
C6 6 ngudi, sé nam it hon sé niv cé cac tredng hop:

- 0nam, 6 ni: c6 C% cach

~ 1nam, 5 niv: c6 C},.C3, cach

- 2nam, 4 n¥: c6 C?,.C#, cach
Vay 6 : Cj; + Cj,.Ciy +C3.Cly = 96460 céch.

Bai toan 3. 34:
MGt ddi thanh nién tinh nguyén co6 15 ngwoi, gébm 12 nam va 3 ni. Hai co
bao nhiéu cach phan céng déi vé gitp d& 3 tinh midn ndi sao cho méi tinh
€6 4 namva 1 nir. ‘

Hwéng dan giai
Cé C3CY, cach phan cong cac thanh nién tinh nguyén vé tinh the nhét.
V6i méi cach phan céng cac thanh nién tinh nguyén vé tinh thi nhat thi co
C,Cq céch phan céng cac thanh nién tinh nguyén vé tinh the hai. Véi méi
cach phan cong céc thanh nién tinh nguyén vé tinh thiv nhét va tinh the: hai
thi 6 CiC{ cach phan cong cac thanh nién tinh nguyén vé tinh tht ba.
S6 cach phan cong doi thanh nién tinh nguyén vé 3 tinh thoa man yéu ciu
bai toan, theo quy tac nhan Ia:
C3Cr- C3C4. CiC§ =207 900 cach,

Bai toan 3. 35:
M6t thdy gido co 12 cubn sach d6i 1 khac nhau gébm 5 sach Van hoc, 4
sach Am nhac va 3 sach Héi hoa. Thay lay 6 cubn sach ting ddu cho 6 hoc
sinh. C6 bao nhiéu cach tang ma sau khi tédng xong thi méi loai sach con it
nhét 1 cudn.

Hwéng dan giai

Dé y tbng 2 loai sach nao ciing Ién hon 6 nén sau khi cho 6 cudn thi khéng
thé hét toi 2 loai sach.Sé cach chon 6 sach tir 12 sach khac nhau cho 6 hoc
sinh khac nhau la A%, = 665280
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Ta loai di cac trwdng hop:

- Tang hét sach Van hoc : ALAL =5040
— Tang hét sach Am nhac : Ag.A2 =20160
— T&ng hét sach Héi hoa : AJ.AS =60480

Vay sbé cach tang can tim la:
665280 — (5040 + 20160 + 60480) = 579600.

Bai toan 3. 36:

Tir cac chev s60,1,2 3,4 lap duoc bao nhiéu sb tw nhién ¢6 7 chtr s,
trong d6 s6 1 ¢6 mat dung 3 lan va cac so6 khac dung 1 lan.

Hwéng dan giai
Vi 6 s6 dau khac 0 nén 06’6 (I:éclh clhorll d[‘a dgt 16 0.
Con 6 6 chon 3 6 dé dat 3 sé 1 thi co Cg cach.
Cudi cling con 3 6 tréng chon dat cho 3 chir s6 2, 3, 4 con lai thi ¢ 3! cach.
Vay c6 6.C3 .31 = 720 s
Céch 2: Ta ghi hinh thire 0, 1a, 1b, 1c, 2, 3, 4 va dém sb rdi chia cho hoan
vi 3 chlr s6 nhw nhau.

Bai toan 3. 37:

Cé bao nhiéu sb tw nhién gdm 4 chi* sb sao cho khéng co chir sé nao Iap
lai dang 3 1an.
Hwéng dan giai
S6 s6 tw nhién c6 4 chi sé 13: 9.10.10.10 = 9 000
Ta loai di cac sb ma c6 1 chir sb lap lai ding 3 1an
Xét chiv s6 0 lap lai dung 3 1an.
Vi sb abcd, a = 0 nén phai c6 dang a000 do d6 c6 9 sb.
Xét chir s khac 0 I3p lai dung 3 13n 13 a.
Dang xaaa c68s6vix=0,x#a

Dang axaa,aaxa,aaax déu co 9 s
MéCégséakhéconénc6(8+9.3)9+9=324sc“3
Vay con lai: 9 000 — 324 = 8 676 sd.

Bai toan 3. 38:

C6 bao nhiéu s 18 gém 6 chir sé khac nhau va I6n hon 500 000.
Hwéng dan giai
Dita = a,8,a,a,8,3, VOia € {0,1,2,...9}, &> 5, a e {1,3,5,7,9}, a phan biét.
Xét a, 18 thi c6 3 cach chon, ag 18, ag # a; c6 4 cach chon.
Va cé Ajcach chon 4 sé con lai.Do d6 c6 3.4.A% = 20 160 sé
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Xét a; chiin thi co 2 cach chon, ag I& co 5 cach chon.
Do d6 c6 2.5. Ag = 16 800,56
Vay tng cong co: 20 160 + 16 800 = 36 960 sb
Bai toan 3. 39:
T 6 chiv sb 1,3,4,5,7,8 lap cac sb tw nhién c¢6 5 chir s6 khac nhau. Tinh
tdng tat ca cac sb do.
Hwéng dan giai

Néu hang don vi béng 1 thi c6 Az cach lap.
Tuwong tw as = 3,4,5,7,8 thi cling c6 Aj céch lap.

Do d6 téng cac chir sb & hang don vi la:
C (1+3+4+5+7+8).A% =28. A = 3360
deng tw cho hang chuc, hang tram, hang ngan va héng van thi ta c6 tong
tat ca cac sb:

( =(1+ 10+ 100 + 1000 + 10000)3360 =11111.3360 = 3732960
Tong quat. V&i n chiv sd a,b,c,..., £ tir 1 dén 9 phan biét tao ra cac sé cho k
ch sé khac nhau thi tdng cac hoan vi la:

k——-
= (-Di@+b+c+. + 0) 2 —¢

3. BAI LUYEN TAP
Bai tap 3. 1:
Cho A ={1,2,3,4,5}.Viét tt ca cac tap con cla A c6 it nhat 3 phan ti.
Hwéng dan
Liét ké cac tap con clia A c6 3 phan tt; 4 phan tir va 5 phan te.
Két qua c616 tap.
Bai tap 3. 2:
Cho A={xeZ/|x|<3}vaB = {teN/ (t*-1)(t-3)=0}.
Xac dinh AUB, AnB, A\B, B\ A, CZA.
Hwéng dan
Chua y tap xac dinh thi A = {-2,-1;0;1;2} va B = { 1; 3}.
Bai tap 3. 3:
ChoA=[15)vaB={1;2;3; 4, 5
a) Xac dinh AUB, ANB.
b) Xac dinh A\ B, B\A, R\AvaR\B.
‘ Hwéng dan
a) Két qua AUB = [1 5], AnB ={1; 2; 3; 4} .
b) AAB=(1,5), BA={5} , R\A=(~ ;1) U [5;+ )
va R}B =(—- o ;+w0)\{1;2,3;4,5}.
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Bai tap 3. 4:
Tim diéu kién m dé:
a)[3; 10]\ (==, m) = o. ' b) [-1; 6]\ (m; m+3) # ¢
Hwéng déan
a) Két qua m > 10
b) Két qua moi m.
Bai tap 3. 5:
ChoA={xeR/|x+4| < 6}vaB = [m-7;m+7].
Timmdé: a)AuB la1doan b)AnBchico1 phan t&
Hwéng dan ‘
a) Nhan xét A =[-10; 2] c6 d6 dai 12va B = [m=7;m+7] c6 do dai 14 dé chia
cac truong hop cllathamsém.
b) Két qua m = — 17 hodac m = 9.
Bai tap 3. 6:
Chirng minh v&i moi téap AB,C :
a)An~B= A\(A\B)
b) (AnB)\C=(A\C) (B\C)
)AUB=ANBoA=B.
d)AnB=AnCvaAuB=AuC e B=C
Hwéng dan giai
a) Dung dinh nghia va phép toan giao, hiéu.
b) Dung dinh nghia va phép toan giao, hiéu.
¢) Phan dao la hién nhién con phan thuan thi chitng minh AcB,Bc A.
d) Phan ddo 1a hién nhién con phan thuan thi chieng minh Bc C,CcB.
Bai tap 3. 7: Co bao nhiéu sé hang cia téng
a)A=2+4+6+...+1018
b)B=3+8+13+18 + ...+ 2021
Hwéng dan

Chu y khoang cach déu nhau nén sé sé hang béang i

Baitap 3. 8:
Co6 bao nhiéu
a) cach chia 5 mén qua khac nhau cho 3 ngwoi ma ai cling c6 qua.
b) cach chia 5 mén qua khac nhau cho 3 nguoi.
Hwéng dan
a) Xéttrwong hop 5= 1+ 1+ 3 va 1 +2+2. Két qua 150
b) Xéttrwong hop5=1+1+3;1+2+2;0+0 +5; 0+ 1 +4;0 +2 +3.
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Bai tap 3. 9: :
- a) Cho n dudng thang song song cit m dweng thang song song Mat phang
dwoc phan chia bao nhiéu hinh binh hanh?
b) C6 bao nhiéu dwdng chéo trong mét da giac cé n dinh
Hwéng dan
a) Hinh binh hanh tao béi 2 c&p dwong thdng cit nhau.
Két qua C2.C2
b) Két qua C? —n
Bai tap 3. 10: Lop 10T co 45 hoc sinh gém 20 hoc sinh choi bong chuyén, 18
choi béng da, 10 choi béng ban trong do cé 2 hoc sinh choi ca 3 loai, 5
hoc sinh choi bong chuyén va béng da, 4 hoc sinh choi bong chuyén va
bong ban, 3 hoc sinh choi bong ban va béng da. Héi ¢é bao nhiéu hoc sinh
chi choi mét mén?
Hwéng dan
Biéu dién biéu db Ven ba tap hop trd choi réi ghi s6 phan ti tir trong ra ngoai.
Béng d4 '
Boéng chuyén

Bong ban

Bai tap 3. 11: C6 3 loai banh ran, banh kem, banh x6p khac nhau.
a) Néu 6 ngudi vao &n 6 cai banh thi cé bao nhiéu cach Iwa chon?
b) Néu 6 ngudi vao an 6 cai banh ma phai cé banh kem thi c¢6 bao nhiéu
cach lia chon?
Hwéng dan giai
a) Két qua 28.
b) Xét s6 banh kem k = 1; 2; 3; 4; 5: 6.
Bai tdp 3. 12: Phuong trinh x +y + z + t = 345 ¢6 bao nhleu bo nghlem
a) (x,y,z,t) nguyén duong.
b) (x,y,z.t) tw nhién.
Hwéng dan giai
a) Két qua C3,,
byPatX=x+1,Y=y+1,Z=z+1,T=t+1thiX,V, Z, Tnguyenduangva

X +Y +Z +T = 348. Két qua C3,, :&J

74



Cty TNHH MTV DVWH Hhang Viét

Chuyén dé 4: PHUONG TRINH

1. KIEN THUC TRONG TAM
Phwong trinh bac hai ax’*+bx+c=0,a=0
— Dinh ly Viet: néu phuwong trinh ¢6 2 nghiém x4, x, thi
S=x1+Xy =~ b vaP=xx; = ¢
a a :
DPdo lai néu hai sb X4, X2 CO tong X1 + X2 = § va tich xqx, = P thi chang la
nghiém clia phuo’ng trinh X? — SX + P =0 (S%- 4P > 0).
Phan tich: f(x) =ax* +bx +c=a (X = X4) (x — x2).
Phwong trinh c6 hai nghiém trai dau: P < 0, ¢é hai nghiém duong: A >0,
P>0va$S >0, co hainghitmam: A>0,P>0vaS<0.
Phwong trinh bacba ax® +bx*+cx+d=0,a+0
— Dung héng déng thtrc, bién di thanh tich sé
— Dung may tinh ca nhan dé tim nghiém x = x, rdi chia da thirc vé trai cho (x Xo)
hoac dung so d6 Hooc — ne
l a , b | c d
X = Xg | a I b'=ax,+b { c'=bX%+c | d=cx+d=0

Do d6 ax® + bx? +ox+d=(x—X) (ax? +b'x+c').
~ Téng quat: ax® + bx? + cx +d = 0,a=0
Chia 2 vé cho a = 0 dua vé phuong trinh: x>+ Bx?* + Cx+ D=0

Datx=y - g dua tiép vé phuong trinh: y° - py = g

C6 2 huéng dé giai phuong trinh: y® - py =g (1)
Huwéng 1:
Daty=u+vvachonuvs= g thi u® +v° =qva uVvi= p

27

3

Vay u’, v* 1a nghiém phuong trinh: Z2 - qZ + g; =

Néu A < 0 sau nay ta diing sé phirc dé chuyén tiép phuc ra thyc.
Huéng 2:
- Néup=0thi() ey’ =qey= g
3./3q

- Né'up>O.E)éty=2\/g—t:(1)<:>4t3~3t=m(2),m=———-—.

2p\p

Xét [m| <1, @&t m = coso thi (2) c6 3 nghiém:
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o+ 21 o —27
, 13 =cos

o
= cosg ,t, =cos

1

Xét |m| >1,détm=—;-(d3+—3)thi:d3=mi m? 1.

Phuwong trinh (2) c6 1 nghiém:

t= %(d+ —;—)= %(%/m+\/m2—1 +C\’/m—

Néu p < 0. Daty=2,/—%.t M eat+3t=m (3)

2

PP 1 3 1 3
Tadattiépm=—-(k’- —)=>k’=m+ vm* +1
ittiépm = 2 (k7 - )

Phwong trinh (3) cé 1 nghiém

t_-(k—— Jm+h+x/m

Ta goi cac phwcmg trinh bac 3: 4x* + 3x - m = 0, 4x° - 3x — m = 0 la cac
dang phwcmg trmh bac 3 chudn tic. Y nghia co ban 1a moi phwong trinh
bac 3 déu dwa vé duoc dang chuan tic do.

Chu y thémkhi Im| > 1.

76

4x% + 3x — m = (X — )(4x? + dox + 402 + 3)
vOia= -;—(%1+\/m2+1 +%/m—\/m2+1J , A'=—12(a2+ 1)<0
va 4x° - 3x —m = (x — B) (4x% + 4Bx + 4p% - 3)

VGi B = 1[:{/m+\/m2—1+%/m—\/m2~1) , A'=12(1 - % <0.

Phwong trinh bac bén

Dang ax* + bx* + x =0, a = 0. patt=x% t>0

Dang (ax? + bx + ¢) (ax* + bx + ') = d.Datt—x2+bx
Dang (x +a) (x+b) (x+c)(x+d)=m,a+b=c+d
Patt=x?+ (a+tb )x=x*+ (c + d) x

a+b
2
Dang ax* +bx®+cx®+dx+e=0,ad’ =eb?# 0

Dang (x + a)* + (x + b)* = c. Datx = t -

Chia 2 vé cho X% # 0 rdi- Gt t = x +— .
ax

Phwong trinh quy hdi (d6i x(rng hé s6) bac n:
AX"+Bx" '+ Cx""2+. +CxX* +Bx+A=0,A =0
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Néu n chdn, n = 2m thi chia 2 vé cho x™ = 0 va dat an phu
t=x++ |t 22
X

Néu n 18 thi c6 nghiém x = — 1 réi phan tich thanh tich (x+1) va mot thira
phuwong trinh quy hoi bac chan.
Véi dang m& réng thi datt=x— —, t=x+ 2 .

‘ X X
Phwong trinh béc n

apx" + ax" '+ . +ax+a,=0,a, = 0.

Pua vé& phwong trinh bac thdp bang cach phan tich da thirc vé trai thanh
’ghtra s0, dat an phuy,...

Nghiém hiru ti néu co thi co dang x = P véipla, va qlao. Thé truc tiép
q
hoéc diing so dd Hodcne dé thir nghiém.
Pinh ly Viete: Néu phuwong trinh bac n cé n nghiém x4, Xa, ..., Xn (phan biét
hay trung nhau) thi:
a

X1+ Xp + o+ Xy = ——
aO

a2
XiXo + XqX3 + ... + X . Xy = —=
aO
a3
X1XoX3z + XqXoXg t ...+ XpoXpatXp = — — ...
a,
. a
Va X4Xp ... Xp = (1" 2.
,ao
Chay:
1) 'Néu tdng cac hé sé a + b + ¢ +... = 0 thi c6 nghiém x = 1, néu téng dan déu
cachésba—-b+c—d+..=0thiconghiémx=-1.

2) Co thé ddi bién vé phuong trinh theo an Ia tham so, dat an phy rdi chuyén
vé hé phuong trinh, phép thé lvong giac, dung bat déng thirc dé danh gia 2
vé,...

Phwong trinh chiva dau gia tri tuyét déi
Phuong phap gidi: dung dinh nghfa, chia mién xét dau, dat diéu kién roi
binh phwong, bat dang thirc, ...

() = 9(x)
) =l |
o] g L(X) - —g(x)

gx)=z0 @{gx)zo

o] =909 < {fm - +g(x)
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IBl=B«<B=20, [Bl =-B<B<0

|A+B| =|Al +|BloAB20

|A-Bl = |Al + |BleAB<0.
Phworng trinh chira céan thirc
Phuong phap glal dat diéu kién va binh phwong, 1ap phuong, dat an phu kém
diéu kién, chuyén thanh hé phucmg trinh, nhan Iwo'ng lién hiép, thém bdt, nhan
chia dai lwgng, bién ddi vé phwong trinh tich sé, dung tinh chat ham sé, bt
déng thire, lvong giac hoa, toa do vecto...

i = Jo) o {Q("’ 20

f(x) = g(x)

Vi) = g0 {)0

f(x) = g°(x)
Diéu kién vé nghiém cuaa phwong trinh
Cho ham sby = f(x) trén D, f dat gia tri I&n nhat M, nhd nhét m.
Phuwong trinh f(x) = k c6 nghiém < m<k <M A

2. CAC BAI TOAN

Bai toan 4.1:
Giai cac phwong trinh:
a) X>+2x2—9x-18=0 b) 2x> —6x*>+6x—9 = 0.

Hwéng dén giai
a) Taco: X’ +2x°-9x-18=0¢ (x +2) (X’ = 9)=0
& Xx+2=0hodcx’-9=0<x=-2hodcx =+ 3.
b) Tacod: 2x° 6x2 +6x—9= 0 < 2x° 6x2+6x—-2= 7

&2(x-1)°% =7 @x—1=3§©x=1+§/§

Bai toan 4.2:
Giai cac phwong trinh:
a) 8x°-6x+ V3 =0 b) (8x° + 1)° = 162x — 27.

Hwéng dan giai

a) Taco 8x®—6x + \/§=0<:>4x3—3x=—-\-/§_3~ =cos—€:,:;—7t

Xeét [x] < 1, dat x = cos 3t thi cos 3t= cos%n-

< 3t= i%+k2n véi k nguyén.
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Tl d6 phwong trinh bac 3 ¢c6 3 nghiém
17n 297

X4 =cos@, X2 ¥ COS——, X3 = COS——.
18 18 ) 18

b) D&t u = 2x, phwong trinh:
W+1)’=27@u-1 = u®+1=3¥3u_1
Laidaty = 33u-1 = v3+1=3y

. U +1=3y u® +1=3v
Ta co hé: &
v +1=3u u® —v3 =3(v-u)
u® +1=3v , u® +1=3v
< =
U-v)(® +vu+v2+3)=0 u-v=0

Dodéu’+1=3uhay8x’—6x+1=0
Xét x € [-1; 1] nén dat x = cost

PT: 2(4cos®t - 3cost) = —1<:>cost=~%©t=i%7£+'—(%7£, (ke 2)

Ttr d6 c6 3 gia trj cda x va cling chinh la 3 nghiém clia phuwong trinh bac 3:

14~
, X=C08S— .
9

2n 8n
X=C0S— , X=C0S—
9 9
Bai toan 4.3:
Giai cac phwong trinh:
a)x’+9x+6=0 b) 8x° + 24x* + 6x — 1 = 0.
Hwéng dan giai
a)batx=t- % phwong trinh:
9t 27 27 27

t3—~——+——~~—+9t——-+6=0 St +62-27=0t%0
t t 3 t

&t =-9hoact’ =3 o x=33-%9 hoac x=¥3-%9.
Vay nghiém x = 3[3:—3/5

b) Phuong trinh: x° + 3x2 + gx— —;- =0
Patx=y-1, taduoc: y* - —9-y+ 9.0
4 8
Patz =L ta duoc: 42° - 3z = — —\/é = cos 2F
J3 2 6
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. 51 17w . 29n
Tir do6 ta co 3 nghiém: z4 = cos—, Z; = C0$———, Z3 = COS ——
ghiem. = 18" °* 18 ° 18

Quay tré lai bién x ta dwoc 3 nghiém :

x=1+3 COS%:X2=1+ ﬁCOS%;x3=1+ J3 cos——2198n

Bai toan 4.4:
Goi a < b < ¢ la ba nghiém ctia phuong trinh x> — 3x + 1 = 0. Chirng minh
rdng: a’—~c=b’—a=c’-b=2.
Hwéng dan giai
Xét|x| < 2, 8% ~roste, thi phwong trinh:

8cos’t— . -1=0@cosst=—%@3t=i33ﬁ + 2km

Tir d6, ta tim dwoc ba nghiém cla phU’o’ng trinh bac 3 ia
a= 2cos—8—— b= 20031%—7£ c= 2cos—2-n—
9 9 9

Nén:a’-c= 4cos® 2 8m —2cos—2£=2(1+cos—1——) 2c 052_73:2
9 9 9 9
Chirng minh twong tw b —a=c’—b = 2.
Bai toan 4.5:
Giai cac phuwong trinh: ‘
a) (x — 1)(x +5)(x — 3)(x+7) = — 63
b) (x +3)* + (x +5)* = 16.
Hwéng dan giai
a) Phuong trinh (x* + 4x — 5) (¢ + 4x - 21) = - 63
batt= x? + 4x — 13 thi phwong trinh twong dwong:
t+8)(t—-8)=-63 =t -64=-63 =t =1
Khit=11thi x? + 4x - 14 = 0 > x =~ 2 £3/2
Khit=—1thix*+4x—12=0< x=-6hodcx =2
Vay phuong trinh cé 4 nghiém 14 — 2 £3/2 ; - 6; 2
b) batt=x+4 phucng trinh tré thanh ;
t-D*+(t+1)* =16 E-2t+1) +(t2+2t+1) =16
o2t + 122 - 14 = 0 (1). Daty = t* diéu kién y > 0.
Phuwong trinh 2y +12y—-14=0«y=-7hodcy =1
Chony=1thit=+1isuyrax=-5hodcx=-3

Bai toan 4.6:
Giai cac phuwong trinh sau:
a)x*+2x° +5x2 +4x-5=0 b) x* —32x + 48 =0
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Hwéng dén giai ‘ '
a) Taco: PTe (X* + 2 +x0) +4(¢ +x)-5=0
& P+ x)12+40¢+x)~-5=0
Patt = x* + x thi phwong trinh trén tré thanh:
?+4t-5=0=t=1,t=-5

2 = 1+
Do dé X" +x=1 X = 1“\/5.
X2 +x=-5 2

b) x* — 32x + 48 = 0> (x* + 1657 + 64) — (16x° + 32x + 16) = 0
o (R + 8P —(Ax+4)° =0 (C+ax+12)(x* —4x +4)=0
X -4x+4=0x=2, ‘
Bai toan 4.7:
Giai cac phwong trinh:
a) -3 +4x*-3x+1=0 b) 2x* — 21x® + 74x* — 105x + 50 =0
Hwéng dan giai
a) Phuwong trinh khong c6 nghiém x = 0.
1

Chia hai vé cho X 20, ta co x* - 3x + 4 — —3+——2- =0
X

o @+ Ly_3x+ 1)+4=0
x2 X
Datt=x+ |t > 2thi PT: £=3t+2=0ct=1t=2,
X

Chont=2 < x+ o+ 1=0ex=1.
X ,
b) Vi x = 0 khéng la nghiém clia phuwong trinh .

Chia hai vé& cho x2 #0 ta duoc 208 + 22 ) — 21 (x +-i-) +74=0

x2

patt=x+ > = 2.5 thi phuwong trinh tré thanh:
X

2 —21t+54=0c1=6 t= %(chon)
Khit=6taco PT: x*-6x+5=0<x=1hod3cx=5
Khit = -g; ta c6 PT: 2x2—9x+10=0©x=2hoécx=% '
Vay phuong trinh c6 4 nghiém la 1; 5; 2; g
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Bai toan 4.8:
Giai cac phwong trinh: '
a) (x+4) (x +6) (x—2) (x— 12) =25x* -

- b) (12x = 1)(Bx — 1)(4x — 1)(3x - 1) = 5.
Hwéng dan giai

a) Phuwong trinh (x* + 10x + 24)(x* — 14x + 24) = 25x2
& (XF = 2x + 24 + 12x) (X2 = 2x + 24 — 12X) = 25x°
& (¢ = 2x +24 )~ (12)% = 2552 & (x° — 2 + 24) — (13x)* =0
< (C+ 11x+24) (x> — 15x + 24) = 0

o [PHtixi2a=0 x=-3 h‘i‘/‘f'e
|x2 -15x+24=0 xé———~15i2129

b) Ta c6 (12x — 1)(6x — 1)(4x = 1)(3x — 1) = 5

S ) [ e

2 5 1 2 5 1 5 :
X - — XA+ — XXt — = ——
' 12 36 12 24) 12.6.4.83

=N »12x2——5x+1 12x2—5x+l -5
' v 3 2 6

batt = 12x% - 5x, phuong trinh tr& thanh

, t=_
t+1 to —§=O®t2+§t——2~=0<:> 2
U3l 72) 8 T s

12x% —Bx— 1~ 0 X =
Do d6: :
- 12x2—-5x+-é-=0,, X =

Bai toan 4.9:
- Giai cac phwong trinh
a) 02+ 1)°+(1-3x)° = (x®—3x + 2)®
b) x° — 15x° + 45x —27 = 0.
: ‘ Giai.
a) St dung hang d&ing thirc (A + B)® = A+ B+ 3AB (A + B)
PT 3+ 1)°+ (1-3%)° = (62 + 1) + (1 - 3x))°
& 30C+1)(1-3x) [+ 1)+ (1-3%)]=0
3 +1)(1-3%) (x*=3x+1)=0
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Tir d6, ¢6 tap nghiém S = {%; 1,2

b) Xét x| < 23 , datx = 2+/3 cost thi phwong trinh:
288+/3 cos®t — 360+/3 cos’t + 90 /3 cost — 27 = 0

73

< 16c0s°t — 20cos’t + 5cost = -5 cos5t = cos—g—

& Bt=+ % +k2m .
.. Tlr.day.suyra phu’cmg,tr‘mh bac 5 cé 5 nghiém la:
x = 243 cos T 2kn voi k=0,1,2, 3, 4.
»~ 30 5 .
Bai toan.4.10: _
Phuong trinh sau c6 bao nhiéu nghiém ndm trong [0, 1] :

8x(1 — 2x3)(8x* - 8x* + 1) = 1
Giai:

Datx=sint ,voi 0<t< 2— thi phwrong trinh tré thanh

8sint.cos2t(8sin*t — 8sin’t + 1) = 1

< 8sint.cos2[8sin*t(sin’t — 1) + 1] = 1
< 8sint.cos2t(1 — 2sin?2t) = 1
< 8sintcos2t.cosdt = 1 < 8sint.cos2t.cos4t . cost = cost
& singt = cost = sin(g - 1)
<:>t=_1r_+.l§£7.t.ha t:.z.t_-i-_.kz_ﬂ:.
18 9 7

Tl didu kien 0 <'t < -;_3 , suy ra c6 bén nghiém thich hop la

T . bn A _ 5n
X=sin—; X =sin—; X =sin— va x= —.
18 18 14 14
Bai toan 4.11: :
Giai phwong trinh sau:
2 3 . g2
a) x2+| 2| =1 by +—X 13X 5 g,
x—-1 x-1° x-1

Hwéng dan giai
a) Diéukién x = 1.
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_ 2 2 2\ 2
PT: | x+—— ——2—)—(—~=1¢:> X ——2—)£——=1
x-1 X -1 X -1 x-1

2 : '
Pt t=-)i-? thi PT: t2-~t—1=0<:>:t=1i\/_2_,.
X

: Kh't~x ] 1+\/—thlx ~(1+2)x +1+42=0: VN

Khi t=——=1- J2thi X2 —(1-v2)x +1-+/2 =0
=1—\/§i\/2\/§—1
:

Céchkhéc:Déty=~—x—1<:>x=xy—y<::>x+y+xy=0
X._

X2 +y? =1

Ta dwa vé hé phuong trinh
X+y+Xxy=0

b) Diéu kién x = 1.

R
o [ e

Bétt:——1th|PT £-3t2+3t-2=0 (+1°=1 = t=2.
X - }
X2
Do dé —X——1=2¢¢x —-2X+2=0:vb nghiém.
Bai toan 4.12:

Giai cac phwong trinh:

a)

x2+1+ x 19x
X x2-1 12

X+ 1 L X+6 _ x+2 . x+5

x2+2x x2+12x+35 x2+4x+3 x2+10x +24
Hwéng dan giai

a) Diéukién x=0va x=+ 1. PT:

2 19x3(x2 - 1)

T2

b)

R 1) (= 1)+ x &7 =31 +12=0
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Patx? =t > 0. Ta cé phwong trinh: 7 —= 31t + 12 =0

t=4 x2 =4 X =42
& < < thoa
7 7 7
b) Diéu kién: x = —7; -6; -5; -4, —2; —1; 0.
.2x+2+ 2x+12 2x+4 N 2x+10
X(X+2) (X+5(x+7) (x+1M0)x+3) (x+4)x+6)
1 1 1 1 1 1 1
i * + + +
X+2 X+5 X+7 x+1 X+3 X+4 Xx+6

1 1 1 1 1 1 1
— + = + + +
X x+7 X+2 X+5 Xx+1 X+6 X+3 Xx+4

Xét x =-%thi VT = VP =0 nén x =—-;- la nghiém .

PRI
X

Xétx = —:/2- thi phwong trinh trong dwong

1 1 1 1
+ = +
X2 +7x X2 +7x+10 x2+7x+6 x2+7x+12
D3t z=x?+ 7x + 6 thi co:
1 1 1
+ ot
z-6 z+4 zZ+6

7
Vay: S=<——¢.

Bai toan 4.13:
Giai cac phwong trinh:
a) x®—5x+4| =x®+6x+5 b) |x2=x-12 |= 3x—12.
Hwéng dan giai
2 _5x + 420 ) {x2-5x+4<0
hoiac

<22 +6z2+18=0 (VN)

N_!_--L

2.85x +4=x% +6x + 5 X2 + 5x —4=x% +6x + 5

a) PTe
X

{xs1hayx24 . |1<x<4
< hoac
11 = -1 2x2 +x+9=0(A<0)

x<1ihay x=4 1

= 1 SX=——.
X=—— 11
11
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3x-1220  ([x>4
b) PT@{X {

(02 —x—12)2 =(3x 12 |0 =x -2 - (3x 122 = 0

>4
= oS x=4
{ X2 +2x - 24)(x? = 4x) =0
Bai toan 4.14:
Giai cac phwong trinh: ‘ ‘
a) |5x+2|+|3x - 4|=4x+5 b) 0 +3x)? - 5% + 3x— 1| =1 =0.
, Hwéng dan giai
a) Véix< —g, PT:—=5x—2-3x+4=4x+5¢c x=- % (loai)

Voi - 'SXS%,PT:5X+2-—3X+ 4=4x+5& x= —;— (chon)

(S BE\V)

Vé’ing—,PT: 5X+2+3x—4=4x+5 <o x= Z-(chon)

. 1 7
Vay tap nghiém S = {—; —}.
2y tap nghié {2 4}

b) Datt=x*+3x thi PT: *-5|t-1| -=1=0
Xétt>1thiPTo t?-5t+4=0<t=1hodct=4
Do d6 x>+ 3x—1=0hosic X+ 3x—4 = 0

—3+:13
2

SX= hodc x =1 hoécx-'—-'—4

Xétt<1thiPT < t?+5t—-6=0<t=1hodct=-6
Chont=-6néncox*+3x+6=0(A<0)

Vay phwong trinh c6 4 nghiémx =1, x = —4, x= i%«d/—i

Bai toan 4.15:
Giai cac phwong trinh:
a) [x*=1] =1-[x] b) ]x—6'6+lx—7l7=1
Hwéng dan giai

a) ViVI20=VP=1- x| 20= Ix| <1=x*<1 nén:
PTo1-x*=1-Ixl @x*=Ixl =0 Ixl(Ix| =1)=0

< Ix| =0 hogc |x| = 1 & x =0 hosic x = +1 (chon)

b) Xét x = 6 thi PT nghiém dung.Xét x = 7 thi PT nghiém dung.
Xétx >7thi [x-6|>1= VT>1nénPT khong thda man.
Xétx<6thi [ x=7/>1= VT>1nénPT khdng théda man.
Xét6<x<7thi |[x-6]<1,|x=7|<1nén
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VT <x-6+7—x=1: nén PT khong théa man.
Vay nghiém x = 6, x =7.
Bai toan 4.16:
Gidi cac phwong trinh sau:
a) IX*—4x+3| + |[x*—3x-4] =7-x
b) Ix*-4| - |x®-5x + 4| = |5x-8].

_Hwéng dén giai
a) PatA=x*—-4x+3;B=-x*+3x+ 4 thi phuong trinh :

Al +1B] =A+B o A%
B>0

x?-4x + 8320 [x<thayx=3 |-1<x<i
< f=—1 < .
X2 +3x+420 -1<x<4 3<x<4

b) Bat A = x> —4 ; B = x* — 5x + 4 thi phwong trinh :

Al - Bl =A-B e |AZB20
A<B<x<O

X2 -4x >x% -5x+4>0 }inzB,x2 -5x+420
N N

| X% -4x <x®-5x+4<0

5x<8,x? -5x+4<0

Xxz—,x<lhay x=z4 Xx=4

<
d<x<4 1=xs

0
IA

X

o] oo

Bai toan 4.17:
Giai cac phuong trinh sau:

a) V4x? +101x + 64 = 2(x +10) b) V5x—1=+/3x -2 —2x-3

Hwéng dén giai
> —_

a)PT o (<1020 X210y 16
4x% +101x + 64 =4(x +10)>  [x=16

b) BK: 5X—-120,3x——220,2x—320¢3xz§-

PT < VBx-1++v2x-3=+/3x-2
SbX-1T+2x-3+2yBx-1)(2x-3) =3x-2
& /(5 = 1)(2x - 3) = 1- 2x <0: phwong trinh vé nghiém.
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Bai toan 4.18:
Giai cac phuwong trinh:

a) \/X+8+2\/x+7 +\/x+1~\/x+7 =4
‘b)\/’X2+2x =-2x%2 -4x+3

a) Voix>—7,d5tt= Jx+7,t=0nén
PTeo VR +1+2t 4P —1-6 =4 & VB -t-6 = 3t

t2-t—6=9-6t+t 5t=15
IS 2= <t=3
3-t>20 t<3

Hwéng dén giai

Dodé: Vx+7=3 & x+7=9&x=2,

b) Dty = Vx2 +2x ,y>0thi PT:y=-2y*+3
o 2y?+y-3=0<y=1hodicy=-3
Chony=1e VX2 +2x=1ox* +2x=1

_ . X +2x-1=0ox=-1 £/2.

Bai toan 4.19:

Giai cac phwong trinh:

- a) (X+3)W-x? -8x+48 =x-24

b) V1+X -8 X +/[(1+ X)(8-X) =3.
Hwéng dan giai

a) Didu kién —1 < x < 24.

PT < 2(x+31-x% - 8x +48 = 2(x — 24)

& 48-2x+2(x+3)-xZ - 8x + 48
2
= [(x+3)»+ V-x? —8x+48] =9

(x+3)+v-x* -8x+48=3
=
(X +8)+V-x% —8x+48 =-3
V-x2 - 8x + 48 = —x
& .
| V-Xx? -~ 8x +48 = -6 - x

Twr 66 gidi dwoc 2 nghiém x = -2 - /28, x = -5 — /31
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b) Diéu kién -1 <x<8
Patt= 1+ x +vV8-x , 120 = 2=9+2./1+x)(8-X)

t2-9

PT:t+ =3 t?+2t-15=0<t=-5hodct=3

Chon nghiémt=3 < J1+x+v8-x =3.
S 1+x+8-x+2/1+x)(8-%) =9 {J(1+x)(8-x)=0
Vay nghiém x = -1, x = 8.
Bai toan 4.20:
Giéi cac phwong trinh:
a) V3x% + 5x+8 —3x% + 5x +1=1

b) 729x* + 8vY1-x2 = 36.

Hwéng dan giai
a) Dat t= V3x2 +5x+8 ,t> 0thi? =3 +5x+8
PT: t— V12 -7 =1 Jt2 -7 =t—1

t-1>0 t>1
= = ot=4
t2-7=(t-1% |2t=8
Do do \3x% + 5%+ 8 =4 3 +5x—8=0 x=1 hoécx=—%.

b)DK: |x| <1.Patt=v1-x2 ,0< t<1.PT:
729(1 —-t3)? + 8t =36
o [27%(1 -2 - 36(1 — ) + %]—(36t2~8t+ g) =0

<RI - - %]2-(&— %)2=o

o [27(1 -1)) - 6t] [27(1 = 1) + 6t = %] =0

< 27(1 = 1) — 6t= 0 hoac 27(1 — t?) + 6t — % =0.

o82-2.

O] =

Tir d6 gidi ra nghiém: x = £

Bai toan 4.21: }
Giai cac phwong trinh:

a) Vx-1+2Vx®* -9 =10
89



10 trong diém bSi dudng hoc sinh gidi mén Todn 10 ~ (& Hodnh Pho

b) x —2x+7+\/x+3 241+ 8x +V1+v1+8x

Hwéng danglal
a) bK: x-1>0 x? —9>0¢>x>3

Ta cé ham sé f(x) = Vx —1+x? - 9 ddng bién khi x > 3
nén phwong trinh f(x) = 10 c6 t6i da 1 nghiém ma f(5) = 10.
Vay phwong trinh c6 nghiém duy nhét x = 5.

b) PT & (x+3)% +x+3 =(1+v1+8x)? + y1+ 1+ 8x
Ta c6 ham s6 (t) = t* + vt déng bién khit> 0 nén
PT: f(x+3)=f(1+ 1+ 8x) < x+3=1+1+8x

SX+2=V1+8X = X% —4x+3=0,x>-2
Chon 2 nghiémx=1vax=3.

Bai toan 4.22:
Giai cac phwong trinh:

X+3

a) 2x° + 4x = b)) 20 -3x+2)= 3Vx® + 8

Hwéng dan giai

X+1+2
2

baty = x + 1, ta duwoc phwong trinh 2y? — 2 = ,,%—2-

2y —2=7
2722 2=y
nén(y-z)2y+2z+1)=0< y=zhodc2y+2z+1=0
Xéty =z thi2y’~y-2=0.

7 3417
4

Chony= 1—4——- suyrax=

a) PT:2(x + 1)?-2=

Pattiépz= | ; 2 > 0thico hé phwong trinh: {

Xét2y +2z+1=0,thidy’+2y-3=0.
~1-13 —5——\/?§

Chony=——-—4—-suyrax=

3+\f‘ _ -5 \/~

Vay hai nghiém la: x =

b) Diéu kién x = 2. PT: 2(% = 3x + 1) = 3\/(x +2)(x% - 2x + 4)

Pat Vx+2=a>0,Vx?-2x+4=b>0
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= b’ —a”=x*-3x + 2. PT tré thanh: 2(b* - a% = 3ab
& 2b% - 3ab - 2a’ = 0 < (a +2b)(b-2a) =0 < b =2a..

Dodé +/x®-2x+4=2x+2 & x?—2x+4=4x+8
X —b6x<4=0x=3+ 13,
Vay phuong trinh da cho ¢6 hai nghiém la 3 + \/E

Bai toan 4.23:

Giai cac phwong trinh:

a) 7x® -10x+14=5Vx* +4  b) x®+3x% —3¥3x +5 = 1- 3x

Hwéng dan giai

ajD=R.

PT & X2 +2x+2-5(x2 + 2x + 2)(x2 — 2X + 2) + 6(2 —2X + 2) = 0

Pat a=vx® +2x+2,b=vx2-2x+2,a>0,b>0

PT: a> -5ab+6b” =0 <> (a-2b)(a— 3b) =0 < a =2b hay a = 3b
Taco Vx2+2x+2 =2vx% —2x+2 hay VX2 + 2x+ 2 = 3V/x% _ 2x + 2

© 38x? —10x +6 =0 hay 8x2 —20x +16=0.

5447

Gidi ra dwoc 2 nghiém x = 3

b) PT & (x+1°=3¥3x+5+2

3_
Paty+1=¥3x+5 thico he: {(X”) =3y+5
(y+1°=3x+5
Suyra (x+ 1 ~(y+1° =3(y-x)
c>(X~y)[(x+1)2+(X+1)(y+1)+(y+1)2+3]=0

< X-y=0 & x=y
Do doé (x +1)° = 3x +5 < x° + 3x% — 4 =0.
Giai ra dwoc 2 nghiém x =1, x = =2.

Bai toan 4.24:

Giai cac phwong trinh:

a) V4-3J10-8x =x-2 b) Vx—1+x? —1=/x? —5x + 4
, Hwéng dan giai '

a) Taco: PT< x>2va 4-310-3x = (x - 2)°

& x22va3J10-3x =4x - x?
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o x>2, 4x— X2 > 0va 9(10 - 3x) = (4x - X3)?
ox22,0sx<4vax’-8C+16x +27x-90=0
o2<x<dvaxt-8x3+16x° +27x-90=0
o2<x<4va(x-3) (-5 +x+30)=0
o2<x<4va(x-3)(x+2) (x*-7x+15)=0
o x=3.

b) PK:x=120,X—-120,X-5x+4>0cx=1hodcx>4"
Khi x = 1 thi PT: 0 = 0 dung

Khi x > 4 thi PT : \/x—1(1+\/x+1)=\/)a\/x—4
o1+ JYx+1=Vx-4 ©2+x+2JVx+1=x -4

& 24X +1 =-6: v6 nghiém.Vay PT cé nghiém duy nhétx = 1.
Bai toan 4.25: ‘
Giai cac phwong trinh: ,
a) (4x — 1)x2 =1 = 2%+ 2x + 1 b) (X + VX2 —2x +3 =xZ +1.
Hwéng dan giai
a) Paty= Vx® +1y>21=>x=y*—1
PT o (@x—1)y=2(y? = 1) +2x+ 1< 22 —(4x— )y + (2x—1) =0

1 .
— (loai) , y = 2x - 1.
2( ai) |y
2x-1=0

X2 +1=(2x -1

A = (4% — 3)> nén ¢6 2 nghiém y =

Do d6 vx? +1 =2x-—1@{

Xz
<

3x%2 -4x=0 X =

b) D =R. Dat t =vx2 - 2x +3,t>/2

PTeo(x+NDt=t?+2x -3+ 1ot —(x+ Nt+2(x-1)=0
< t=2hodct=x-1

o X2 -2x+8=2 hoéc\/x2—2x+3=x—1
Tir d6 gidi ra nghiém x = 1—v2 vax=1++2 .
Bai toan 4.26: :
Giai cac phuong trinh:
a) V3x+1-v6-x+3x* -14x-8=0
b) v3x+1+2¥19x +8 =2x% +x+5
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Hwéng dan giai
a) Diéu kién —-;— <x<B6.

PTo (V3x+1-4)+(1-vV6—x +(3x® —14x-5) =0
3(x-5) x-5
+
3x+1+4 B-x+1
3 1
+
3x+1+4 JB-x+1

+(x=5)(8x+1)=0

<:>(x—5)[ ,+(3x+1)]=0

1

+
J3x+1+4 JB-x+1
Do dé phwong trinh twong dwong x — 5 =0 < x =5 (chon).

Vi —%ssz nén +(B8x+1)>0

b) Didu kién x > ~-;-, PT
| (\/3x+ -(x+1))+2(§/19x+8—(x+2))-2(x2-x)zo

1 . 2x+14
Vax+1+x+1 (x+2)2 +(x+2)319x + 8 + Y(19x + 8)°
< x=x2=0 < x=0hoacx = 1.
Bai toan 4.27:
Giai cac phwong trinh:

a) VX -2 +J4-x =x2 -6x+11. b) x3 - 3x? - 8x + 40 = 8Y4x + 4 .
Hwéng dan giai
a) PK:2<x<4.TacoVP=x*—6x+11=(x-3)°+22>2
VT?=2+2 [(x-2)(4-x) <2+ (x=2)+(4-x)=4=>VT <2,

+2|=0

< (X~ x?)

nén dau bing ddng thoi xay ra:d 3=0 L x=3
X-2=4-x
b) Piéu kién x > 1.
Ap dung bat dang thirc AM—GM cho vé phai

8Y4x+4 =4Y4.4.4. (x+ ) <4+ 444+ (x+1)

Nén ta duwoc 8%/4x +4 <x +13, do do tir phwong trinh cho thi duwoc
x3-8x% - 8x+40<x+13 e x* -3x% -9x +27 <0
S (x+3)(Xx2-6x+9)<0 e (x+3)2(x-3)2 <0 x=3.

Th{ lai dung nén phwong trinh cé nghiém x = 3.
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Bai toan 4.28:
Giai cac phwong trinh:

a) 36 -x -2/6+x =2
) Y7x—1-Ux? -x-8+ ¢ ~gx+1=2.
Hwéng dan giai
a) Didu kien:x>-6.Datu= Y6-x:v=6+x,v 2 0.
| 3u-2v=2 (1)
wvi=12 (2)

Ta co hé: {

T (1)suyra:v= §_ug_—£ Thé vao (2) ta du’ci.rcf_iphu’cyng tinh: - T

40 + 9% - 120 - 44 = 0 & (u - 2)(4U2 +17u+22) 0
ou=2((Vidul+17u+22>0), Yu)

<:>\/ =2 6—-x=8 < x=-2(chon) :

Céch khac: Vé trai 1a ham f(x) nghich bién , f(—2) = 2 nén x = -2 |a nghiém
duy nhét.

b) Daty= ¥7x+1;—z= Ix2—x-8:t= Ix? —8x -1
thiy+z+t=2 y*+22+£3= 8
PT:(y+z+ 9= (Y’ +2° + ) =3(y + 2)(z + t)(t + y)
(y+z)(z+t)(t+y)-0<::>y——zhoacz=—thoact——y

Xet\/7x+ =Y -x-8 & Tx+1=x2-x~ 8

&x*-8x—9= O x=-1hayx=9 _
Xét Yx2 —8x—1= Yx? —x-8 = x° —8x—1‘x2 X—8 e x=1

Xét \/7x+1—-—\/x —-8x - 1<:>7x+1-—-(x —8x-—1)
oxX¥-x=0ox= Ohayx=1
Thi lai ding nén: S = {-1; 0 1; 9}.
'Baitoan 4.29: |
Giai cac phuong trinh:
a)x*+2=5%5x-2 b). x° - 15x? +78x 141= 5\/2x

Hwéng dan glax

= by-2
y®=5x-2
Trir vé theo vé suy ra: (x - y)( + y? + xy + 5) = 0

a) Baty = Y5x -2 .Ta c6 hé phwong trinh {

2 2 .
Vid+y?+xy+2= (x+—;-] +§‘%—+5>0v);;y
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Nén x =y, dodo: x’~5x +2= 0 (x—2)(* + 2x = 1) =0
Vay phwong trinh c6 3 nghiém: x =2vax=—1+ 2.
b) PTe (x-5)° =-8x +5(5+Y2x-9)-9
(x-5)% =-8x+5y -9
(y-5)°=2x-9

Paty = 5+¥2x-9 thi dwoc he {

Do d6 (x — 5)> ~(y - 5)° = -5 x + 5y
& (=Y (x-5)° + (x=5)(y=5) +(y-5)*+5] = 0> x = y.
Dodd (x-5)° = 2x -9 < x°—15x% + 73x — 116 =0

11+ 5

2

< X=4 hoac x =

" Bai toan 4.30:
‘Giai cac phuwong trinh:

a) Vx? +15 =3Yx —2++/x? + 8
b) 2x°- x*+ Y2x® - 3x+1=3x+1+Ix% + 2.

Hwéng dan giai

a) Viét phwong trinh dui dang: Vx2 + 15 —\/x2 + 8 + 2 = 3¥x

o ! +2=3%x 1)
Jx? 415 4/x% 8
< 3%x - 7 2 )

VX2 +15 /%2 + 8 ,
Néu x a nghiém thi tr (1) thi x > 0 (do vé trai luén dwong). Khi d6 vé trai 13
mét ham gidm nén phwong trinh (2) co khéng qua mét nghiém. Dé thay x = 1
la m6t nghiém clia phwong trinh. Vay phuong trinh @& cho c6 nghiém duy
nhat x = 1. ‘

b)PT < 2x* - 3x+ 32x® - 8x+1=x2 11+ Yx2 4+ 2

Xétham sé: f(t) = t+ Yt +1 trén R thi f(t) ddng bién nén:
PT: f2° -3%) =f0¢ + 1) = 2 —3x=x2+ 1

© 2 - -3-1=0c (x+ -;;)(2x2-2x-2)=0

2 2
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Bai toan 4.31:
Giai phwong trinh sau .
a) V1-x% =4x>-3x b)x=\/2+\/2—\/2+x
Hwéng dan giai
a)Didu kién | x| <1, datx = cosa véia € [0, ).

Khi d6: \1-x% = V1-cos?a = sina
Phwong trinh tré thanh sina = cos3a.

. kn

wcos(lt- —a) = cos3a < 8 2 ke 2
2 s
a=—-—+kn
4
. kr .
Voia= — — 5 chon k =0, —1:

2442

8 2

k=—1:>a=§-7£:>x=cos§zr—=— 2-42
8 8 2
Vc'yia=—-’1+knchonk=1:>a=?.’£:>x=_£
4 4 2
V2442 'x—-\lz_\/é-x—~l/~_2~
2 T 2 727

b) Diéukién—2 < x < 2néndatx=2cost 0 < t< =

Khi d6 \/2+x=cos—;—>,\/2+2,—\/,2+ =2sin—2=2cos(n b

®|Aa

k=0:>a=‘~g-:>x=cos

Vay 3 nghiém: x =

2 4

PT: cost =cos(

K3

Vay nghiém x =2 cos.:%E .

Bai toan 4.32:
Giai cac phuwong trinh:

a) 1+\/1-x2(\/(1—x)3f\f(1+x)3)=2+\/1—x2
b) x*+4(1 - x®)® =xy2(1 - x?)
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" Hwéng dan giai-
a) Didukien |x| <1.Dstx=cosa, a e [0, 1]
Phwong trinh da cho tré thanh '

Ji+sina [\/(1—cosa)3 —\/(1_+cosa)3 ] =2+sina

: , 2 N3 v 3|
o | sin+cos? osint 2| _ || 2cos22| |=2+sina
| 2" 2 S W 2 a

T o |sin2icos? |22 sin* 2 —cos? 2 |=2+sina
2 2) 2 2 |

=N \/E(sin2 —2— — cos? g] 2\/5(1 + sing—cos—g) =2 + sina

& —J2cosa(2+sina) =2 +sina < cosa = -

=

. 1
Vay nghiém x= ——.
V2

b) Didu kien: |x| < 1néndat x = cosu,ucl0,].
Phwong trinh tré thanh cos’u + sin®u = 2sinucosu (1)
D4t t=sinu +cosu, |t| < V2 . |
(1) < (sinu + cbsu)(1 — sinucosu) = \/—2_sinu cosu

o P+228-3t-J2= 0 (t-V2)® +2V2t+1) = 0
Chont =2 vat=—-2 nén:x=—\[2g; x=1_\/§_2“/§—1‘

Bai toan 4.33:
Giai cac phwong trinh
a) 64x° —112x* +56x% -7 =2y1-x
b) (64x® —112x% +56x — 7)? = 4(1-X)
. S Hwéng dén giai
a) Diéukién|x| < 1néndit x = cost ,voi 0 <t< =
Ta ¢6 x = 0 khéng phai la nghiém

va cos7t=64cos’ t—112cos®t+56¢cos® i - 7cost
" PT: 64cos®t-112cos*t+56c0s?t -7 = 2sint
& (64cos®t—112cos* t+56c0s%t - 7)cost = sin2t

< cos7t = sin2t
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18 18°18° 18 " 18 '10°10
T d6 phuoing trinh cho ¢6 6 nghiém x la

“““ 57 18 17n 3\ 77 -
o8, cns-——— 6058 ~—— ,C08+~—=,CO cos——
18’ 18"’ 18 ' i0

b)(64x° — 112 + 86X - 7)% = 4(1-x) nénx < 1.
Néu x & 0 thi d4t x =~y thi y > 0, phwong trinh
(BAY° +112y2 + 66y + 7)? = 4(1+y)

‘Xéty > 1thi VT > VP vo hghiém

XétO<y= 1 thi VT >49>8 > VP : vé nghiém

Néu x = 0 thi khong phai la nghiem

NEuO <x = 1 thi dat x = cos”t ,vei 0 <t< 5
Phueng trinh tré thanh |

{64cos® t=112c08" t + 56c0s2t - 7)? = 48inct

@(64008 t=112¢08% t+ 5620821 = 7)2 cés t = &if? 2t
eosi Tt = SRt ot & cos14t Ea eosat

Chonnghigmts — = == —— — ==
18 6 18 18 10 10
Do d6 phwong trinh ¢ho €6 6 highiém x 1a
5n 7% , 3n
cos ———ycéﬂss2 T c08? 2" cog? ———~c@s L sos2 28
18 18 10’ 10°
Bai toan 4.34: ' ;
Cho phuotig trinh bac n: ax™+ a™" + ... #a, = 0. Chirag minh éng cac
nghlem X réu b thi: jx| < 1 + fax gl k=120
.@,’é‘
Hwéng dan gidi
. a, Ca
Ta €6 f(x) = apx"+ a,x LHEy E GGX (1 $ ol g e )
%X apX"
U |- I
Goi A = max|=x|, k = 1,2,...,n
{3

Véifighiém x ma x| < 112 hidn nhign 1x] <1+ A, con vei nghigm x| > 1 thi:
oA i oAy a,
fx)=0==1% ,;—*—1-+ £ -~1 ++EE.-1—
a, X a, x° 8 %
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A 1
_.l

L L.A_

Hﬂ

—>Az|x|—1:>|xls1+A:dpcm.

= 1<
| le
Bai toan 4.356: :
Cho hai phuong trmh X¥+ax+b=0x+cx+d=0co4 nghlem xen ké
nhau. Chirtng minh ring: (d - b)? + (a - ¢) (ad - bc) < 0.
Hwéng dan giai ‘
Vi hai parabol déu co6 bé 16m quay lén trén va
hé s clia x? bang nhau. Nén hai phwong trinh
c6 nghiém xen k& khi va chi khi giao diém A
cla hai parabol & dwéi truc hoanh.

, : d-b
Tacox®+ax+b=x?+cx+d=xy= —; a =C.
" a-c

d-b]g L ,d-b_, _(d-b)?+(a-c)(ad-be)
a-c6 a-c (a- c)2
Viya<0=(d-b)?+(a=c)ad - bc)<0.
Bai toan 4.36:
a) Giai va bién luan : 2x° - (3 - 2m)x* = 2mx-m?+1=0.
b) Gidi va bién luan: x*-2x® +x-a?-a=0.
Hwéng dan giai
a) Taviétlai PT theo An m: m? = 20> = x)m + 3x* =2 - 1) =0
A=0E == (B3C-2C-1)= x* =2+ 1= (x*= 1)

Nén ya = (

m=x2-x-(x2-1)=1-x

Do do:
m=x2-x+(x%-1)=2x% -x-1

=1-m
2%% =Xx=(m+1)=0 (A=8m+09)

Néu m <-§~, phwong trinh ¢6 nghiém x=1-m.
.9 . PR B A
Néum = “3 PT ¢6 nghiém kép x = 7 vanghiémx=1-m
1+v8m+9
4

Néum>-§ PT c6 3 nghiém x = va x=1-m
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b) Taco PT & X'—2¢ +x=a’+a |
o -2+ +x-x¥D)=a’+tac (E-xP+x-xX)=a’+a
Daty = x — x?, phuwong trinh tré thanh y* +y=a’ + a

<:>y2—a2+y—a=0®(y—a)(y+a4-1)=O©[yza
o  ly=-a-1
(¥ -x+a=0 (A =1-4a)
Do dé '
x*-x-a-1=0 (A,=4a+5) .
- Kétqua - e
1+\1-4a

Néua<—§- thix =
, 4 2

Neua——éthlx=lvax— ER
- 4 2

1+\J4a+5 R 5
vax=

I+
—
|-
B
Q

N
o]
(4,1 I

Néu—-é"‘<a<lthix=
4 4

EN)

Néu a = 1 thlx—-vax- H:\/_
. 4 2

Néua> - thix= 1Ev4a+5 M.
4 : 2
Bai toan 4.37:
Binh m dé phuwong trinh sau ¢6 nghiém -
a) (x—1) (X +5)(x = 3)(x+7) = : b) (x +3)* +(x +5) =m.
Hwomg dan giai
a) (x— N +5)(x 3)(x +7) = m < (P +4x — 13)(x +4x — 21) m
Patt = x*+4x — 13 = (x+2)° =17 2-17 : _ :
Phwong trinh tré thanh (t +8)(t—8) =m <& t?=m+64 >0
Vay phuong trinh c6 nghiém khi m > — 64.
b) Datt=x+4.PTo t-1)*+@t+1)'=m
o E-2t+ 172+ E+2t+1°=m o2t +1224+2-m=0
Dty =t5y>0thiPTo2y* +12y+2-m=0(*).
Phuwong trinh cho c6 nghiém khi va chi khi phwong trinh (*) cdé nghiém
khéng am. Nhwng do S == 6 < 0 nén phwong trinh (*) cé nghiém khéng am
khiva chikhiP=2-m<0&m>2.
Bai toan 4.38:
Tim tham sb dé phu’o’ng trlnh
‘a) x* = 2(m+4)x® + m? + 8 = 0 ¢d 4 nghiém phan biét
X1< Xa< X3 < Xq VA X — Xq = X3 — Xz = X4 — Xa.
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b) x* = 8x% + 192 + ax + 2 = 0 ¢6 4 nghiém X4, Xz, X3, X4, thod man:
Xq + X2 = Xa + X4. Tim a va gidi phwong trinh.
Hwéng dan giai
a) Vi phwcrng trinh triing phuwong nén x4 = — x1, X3 = — Xp. Do d6 diéu kién & gia
thiét tré thanh x, = 3xa.
Bai toan tré thanh tlm m dé phuong trinh:
£ - 2(m+2)t + m? + 8 = 0 ¢6 hai nghiém t;, t,>0 mat, = 9t1

10t =t +ty = 2(m+d) =t = 04

8(2m? - 9m+7)
%5

Thé t, vao ta dwoc: =0=2m?’-9m+7=0

< m=1hodcm= % Ther lai, ca hai gia tri déu thod man.

b) Theo Viet: X4 + Xp + Xz + X4 =8 = Xy + X2 = Xa + X4 = 4
Ma: 19 = XqXa + XqX3 T X4Xg4 + XoX3 + XoXg + X3X4
= X4Xp + XaXg + X1(Xs + Xgq) + Xo(Xz + Xg)
= XX + XaXg + 16 NéN: X2 + x§x4 =3
Mat khac: (X4X2) (X3Xg) = X1XoXaX4 = 2
Suy ra {X‘Xz =1 hosc {X‘Xz =2
XX, =2 XX, =1
Néu x4x, = 1 thi theo Viet:
a = XqXoX3z + X1XoX4 + X1X3Xg + XoX3X4
=Xzt Xe+ 20X +X)=4+24=12néna=-12.
Do do6 nghiém x,,=2 + \/§;x3,4=21r \/_2_ .
Néu xsx, = 1 lam twong tw, hoan ddi vai tro cla x4, Xo VOIi X3, X4.
Bai toan 4.39: '
Tim tham sé dé phwong trinh:
a) x + 3(m — 3x%)% = m ¢6 nghiém
b) (x — 1) = 2|x — k| c6 bén nghiém phan biét
¢) [2x2 + x = 3| = 5a—2 - 12x - 2x? c6 nghiém duy nhat
Hwéng dan giai
a)Paty =m-3x° < 3x* +y =m. Ta co hé&:

x+3y?=m |y+3x*=m : {y+3§<2=m
N o
y+3xf=m (x-y-30¢-y?)=0 [((x-y)(1-3x-3y)=0
Jox 1-3x
o hoac i~ 3
3% +x-m=0

9x%> -3x+1-3m=0
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- Do d6 diéu kién c6 nghiém x &

A,=1+12m=0 mz—-ﬁ- 1
A —108m 27>0 : 1 ‘ 12°

b)(x=1?2=2 |x—k| & (x-1)*-4(x-k)*=
=35 +1—2k)(x —4x+1+2k)= 0
[x =2k -1 )
=
X2 —4x+1+2k =0 2)

’ Phwong trinh (1) ¢6 2 nghiém phan biét x = \/2k 1néuk> —;-
- Phuong trinh (2) c6 2 nghiém phan biétx=2+/3 ~ 2k néuk < -g-
Cac nghiém nay khac nhau néu k = 1. Vay phwong trinh da cho c6 bén

.nghiém phan biét khi %< k < g k=#1.

O PTe |26+ x—3| +25% + 12x + 2 = 5a
Daty = |2 + x = 3] + 2% + 12x + 2
4x% +13x - 1khi x e‘(—oﬁ;——g] U (1, —0)
) [ 3
11x + 5 khi XG(——-”J
2
D4 thi clia ham sé y gf‘)m mot doan thdng & gitra va 2 nhanh cla parabol:
y=4x2+ 13x—1 codth —-1—3 ~-1—§—§
8' 16

Vi —’lé‘?- < ~523- nén phwong trinh c6 nghiém duy nhét khi va chi khi:

Bai toan 4.40:

a) Bién luan sb nghiém cla phuwong trinh:
(x-NIx-5| =

b) Giai va bién luén phwong trinh:

\/m'+\/x——_;='\/2—a.
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Hwéng din giai o
[¥2-6x+5 khi x25
-x? +6x-5 khi x<5
Sé nghiém clia phwong trinh 13 sb giao

a) Xéthamy=(x-1)Ix-5| = {

diém cla db thi véi duong thingy=m _
Dwa vao db thjta cé : ) E
Néu m <0 hogic m >4 : 1 nghigm v /;'\ .
Néu m = 0 hodc m= 4 : 2 nghiém _ " / -\
~ Néu 0 <m<4:3nghiém O TS S

b) Néua<0: vé nghiém.
Néu a = 0, ta c6 nghiém x = 0.
Neu‘a >0, diéu kién x > a

PTo2a+2yx?-a2 =2acVx®-a2 =a-x

Vixza=ma-x<0=>Vx*-a’<0=x=a

| Véykhia<0:S=@,khlazo.S—{a}.
Bai toan 4.41:

- Tim tham sb d@é& phwong trinh c6 nghiém:

a)2x—-4=3Jx-m

b) V3+X +v6-X - /(3+X)(6-X) =m

o) Y+x+Y1-x=a.

-5

, Giai
a)Voix=m, datt= Vx-m,t>0thif=x-m
PTo2+m)-4=3te2f-3t+2m-4=0,t > 0

ViS=-2—>0nénkhiA =41-16m 20<:>ms%thiPTcéitnhétmét
" T S 41
~nghiém dwong. Vay gia tri cantlmmsﬁ.

b) Didukien -3<x<6Datt=3+x+6-x >0,
thig<t?=9+2/(8+X)(6-x) <9+ (3+x+6-x)=18

=3<t<32 o \ ; /(

Bai toan tr& thanh tim m dé& phuwong '

trinh # — 2t — 9 = —2m ¢6 nghiém t e \__,[/
[3;3+2] ' Lt
fy=t-2t+-9=0 | 13

103



10 trong diém bSi du'é'ng hoc smh 9idi mén Todn 10— (é Hodnh Pho

V| a>0 va dinhtj=1<3< 3\/5 nén diéu klen can tim:

efg

(3) < -2m <f(3\/— 2) & <m<3.

Cfu ¥ x . [(u+v=a u+v a
c) bat Hé: < &
‘ v=3-x w+vi=2 a® —3a.uv = 2
_ k k fu+v=a ‘
‘Néua=0:Hévonghiém. Néua=0:Hés&{ g3 o
- . ) uv =.
’ "~ 3a
. > . 2 33—2
Do dé6 u, v 1a 2 nghiém cua phwong trinh X“—aX + stya =0

-a®- e
>0 0<ac<2.

Diéu kién c6 nghiém:a =0 vaA >0 < 8

3. BAI LUYEN TAP
Bai tap 4.1: Cho phuong trinh x* + (m - 4)x + m? — 3m + 3 = 0 c6 hai nghiém

. ) 2
mx?  mx;
X1, Xo. Chtbng minh: 1< —1L 4+ —2 1 8<-—_ 121

1-x, 1-x, 9

Hwéng dan

2 2

mXx m

Dung dinh ly Viet thi c6 1, o
, 1-x, 1-X,

Bai tap 4.2: Gid sir 1, X, 1 hai nghiém clia phwcrng trinh: x* — 4x +1=0. ChL’Png minh

+8= (m"— 3)2

réng biéu thirc x3" + x3" co thé bidu dién & dang tong binh phu’cmg clia ba

s6 nguyén lién tiép v&i moi n nguyén duong
Hwéng dan

[} =(2-V3)y=a -b V3
bat
2 =( 2+\/—) a,+b, J3
Thi 2" +x2" = (2by — 1)% + (2bs)? + (2b, + 1)%
Bai tap 4.3: Giai cac phwong trinh: " TH
a) x-9f +[x 10" =1 b llx=-2]-x|=2
| Hwéng dan
a) Xétx =9, x=10, x <9, x >10 va 9 <x<10.

Két qua x = 9 hodc x = 10
b) Két qua x = 0 hoac x > 2.
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Bai tap 4.4: Giadi phuwong trinh:
a)x® +—1—:78(x+l)
X3 X .
b) (x?+3x—4)° +(2x% —5x + 3)® = (3x% —2x - 1)°
o Hwéng dan
a)Dat t=x+- . Kétqua 29377
X 2 : ,
by Péy (3x% —2x-1° =[(x? +3x —4) + (2x? = 5x + 3)]°
1 ,

Két qua 1;—-4;§;——
2 3

Bai tap 4.5: Giai cac phwong trinh:
a) 8x°—6x —1=0
b) (x2 - 2x + 2)* — 20x?(x® - 2x +2)* + 64x* =0
o Hwéng dén

£ - T 57 7T
a) Kétqua x, =cos§,x2 =cos—§-,x3 :rcos—g—

b) Xem la phwong trinh bac 2 theo t = x* —2x + 2.
Bai tap 4.6: Giai cac phuwong trinh:
a) x*+1=242x_1 b) Y1+ x +H1-Vx =2
Hwéng dan
~1+/5

2

a)Paty = ¥2x -1 Kétquéd x = 1 hodc x =

b) D4t 2 &n phu. Két qua x = 0.
Bai tap 4.7: Giai cac phwong trinh:

a)x¥35 - (x+¥35-x°)=30  b) x= /x—%,h/%%

Hwéng dan

a) Dat 2 &n phu. Kétqua 2, 3

b) Dat digu kién rdi binh phuwong 2 vé.Két qua

1+ \/g
2
Bai tap 4.8: Giai cac phwong trinh:

a) x®+ =12 b) x* +2x° + 5x2 + 4x + 4 =0

Hwéng dan
a) Dung hing dang thire tdng binh phuong. Két qua x = -1+ /5
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b) Chia 2 vé cho x*. Két qud vé nghiém.
Bai tap 4.9: Tim tham sb dé& phuong trinh:

_ 06 nghiem.

a) X2+ (x+1)% =
X< +xX+1

b)x* +ax® +x2 +ax + 1= 0 c6 khong it h~dh 2 hghiérﬁ am phan biét.
Hwéng dan
a)Datt=x’ +x+1. Kétquam = %
b) Chia 2 vé cho x2. Két qqé a> -2—
Bai tap 4.10: Tim tham s6 dé phuong trih_h'
a) (m? -38m+ 3)* -m_ «/;: 6 nghiém

Jx -1

b) x*~10x® —2(a-11)x? + 2(5a + 6)x + 2a + a = 0 v nghiém:
: Hwéng dan

a) Diéu kién x>1. Phuong trinh (m? =3m+3)x-m = x - 1.
Kétqudm=1hodc 2<m<3
b) Kétquaa<-9.
Bai tap 4.11: Biét phwong trinh x* — ax® + bx -1=0¢63 nghlem duong.
Chung minh réng: 2a% (a + 1) = 9(3b - 1).
Hwéng dén
: Dung Viette va bat dang thixc AM-GM.
Bai tap 4.12: Cho‘ PT: x* - 2002x? + 2001bx — 2000a = 0.
- Tim gia tri I6n nhat cla a sao cho ton tai b @& phwong trinh c6 3 nghiém
trén doan [-2002, 2002] ,
Hwéng dan
3
= (2002)

Két qua max
54000
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cirven aé 5: HE PHUONG TRINH

1. KIEN THUC TRONG TAM
Hé phwong trinh bac nhét hai an
Giai va bién Iuan hé: {ax +by=c
a'x+b'y=c'

Phuo’ng phap chung: Phwong phap thé, ‘phwong phap cong dai s6, phuong
phap d6 thi va dung dinh thirc:

D=2 b =ab'-ab;
a b :
Dx=c b|=cb'—c'b;Dy= ©l=ac-ac
¢ b a' ¢
= Dx=D ‘
He {3 +BY=C & thanh: .
a'x+b'y=c' D.y:Dy
Bién luan:
- Néu D # 0 : Hé c6 mot nghiém duy nhat( )

"NéuD = 0vaD, = 0 hoic D,#0:Hévd nghlem.
Néu D = D, = Dy = 0: Hé c6 v sb nghiém.
Hé phwong trinh bac nhat nhiéu in
Phwong pljép gidi: Khir dan cac an bang phwong phap thé, phuong phap
cdng dai s6, ..
Hé c6 mot phu’o’ng trinh bac nhét
T phwong trinh bac nhat clia hé, ta chon rut mot an theo an con lai, thé
vao phwong trinh-kia réi gidi phwong trinh mét an.

F1(X, Y)= 0

F(xy)=0"

trong @6 F, va F; 1a cac biéu thire dbi xtrng d6i voi x va y.

Phuwong phép gidi: D&t x +y =S va xy = P r6i bién déi vé hé phuong trinh
theo S va P. Gidi hé phuwong trinh d6 ta tim duwoc cac nghiém
(S; P), chon cac nghiém thoa man diéu kién S? 2 4P. Tir d6 gidi ra nghlem

(x;y).

Hé déi xrng loai | {

F(xy)=0

Hé déi xteng loai I {
F(y,x)=0
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Phuong phap gidi: try hai phwong trinh dwa vé phuong trinh tich sé:
(x-y)Ax y)=0

Chay:

1) Hé dbi xtrng loai | va loai Il & trén, néu (X ; Yo) la nghlem clia hé thi (y0 " xo)
ciing la nghlem :

2) V&i mét so hé dang tich va hiéu (xy va X = y) ta co thé dat X =X, Y ==y
dé dwa vé he déi ang theo X, Y.

, He dang cép (thuan nhat)

Dang {ax +bxy+cy =d A (1)
2ib'xy+c'y? =d' (2) _

Céch 1: Cong dai sb dé tao hé sb tw do & vé phai bang 0 rdi bién ddi thanh tich
s6, co thé |1ap biét thirc A dé tinh &n nay theo an kia. :

- Céach 2: Khtr mot an bac hai rdi rut thé dwa vé phwong trinh tring phwong.

Céch 3: Xét x = 0, xét x = 0 , dat y = kx, dwa vé gidi theo an k. Hodc nguoc lai
xéty =0, xétys= 0, vadatx=ky.

Téng quat, véi hé dang cép bac cao, ta thwong chon cach 3 dé giai.

Chay:

1) Vi cac hé khac, ta c6 thé xem xet d&c diém rleng biét clia hé nhw cac dang
tich sb, nhan chia cac dai lwong thich hop, bién ddi hing dang thirc, nang
gidm bac dang cap, dwa vé ax? + bxy +cy? = 0, dang tich tdng, nghich dao,
vong tron, danh gia 2 vé, lvong giac hda, toa do vecto,...

2) Vé&i hé c6 nghiém duy nhét (x ;y;..), gidi diéu kién can bang cach thtr dbi dau
mot s6 an, dbi chd cac an dé tim ra nghiem the hai (—x; y;.. ) 06 =;...);

Ay %) tr do dong nhét cac nghlem dé tim ra gia tri tham

2. CAC BAI TOAN

Bai toan 5.1: :
Giadi cac hé phuwong trinh: ( - L

3X+y-z-t=8

2 ’)‘(fy"yz_:;zzwg 2X-2y+z+2t=-8"
= = X+3y-2z+t=4
5 8 2 4% + 3y - z+3t_1
. Hu’o'ng dan giai
aypat X Y2 272 o qast y=2+3t,z=2+2
5 3 2

Thé vao phwong trinh dau thi dwoc t = 1 nén nghiém la (6 ; 5 ; 4).
b) Tt phwong trinh dau, ta cé: t = 3x +y — z -8
Thé vao 3 phuong trinh sau, gidi dwoc (x;y:z)=(1:2; 0)
Dodét=-3. Vay hé co nghiém (x;y;z;t)=(1;2;0;-3)
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Bai toan 5.2
Giai cac hé phwong trinh:
) {x+2y=4 | . (1
X2 +3y? —xy+2x-5y-4=0 (2)

b) {Z(X +y)? -xy =1
X2y +xy2 =0
Hwéng dan giai
a) T (1) => x= 4 -2y, the vao (2):
(4-2y)* + 3y’ — (4-2y)y +2(4-2y) -5y =0

& 0y?-20y+20=0 < y=1hodcy = %9.

Véiy=1:>x=2;y=-g—9::>x=‘~i.
9 -~ .9
Vay hé cé hai nghiém la : (2 1) va (- -g—%)
2 -
b) Hé twong duong: {2(x+y) “ny1 (1)
xy(x+y)=0 2
Tu’(2):Xétx=0thi(1):2y2=1<:>y=i——1%
2
o1
Xéty=0thi(1):2x2=1¢:x= —
J2
Xétx+y=0& y—-xthx(1)x= o x =41
1 1 1
Vay: S ={(1; -1),(=1,1),(0; —=),(0; ——=) .(—=; 0).(-—=; O)}
F NP J2
Baitoan 5.3:
Giai cac hé phwong trinh: 4
2 2 . 2 2 _ —
a) X“+y“ +X+y=8 b) X5 +y —X+y=2
XY +X+y=5 Xy +X-y=-1

Hwéng dan giai
a)batS=x+y,P=xy.

2 " i~
He - 'S w2P+S—8© P=5-8

P+S=5 S?+35-18=0
Tac6S=3,P=2hodcS=-6,P=11.
Vi diéu klenS 24P nénchonS=3,P =2
Do d6 x, y ia nghiém cla phwong trinh: X2 —=3X +2 =0
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X =1hodc X =2VayS={(1:2),(2; N}
b)yPatX=-x,Y =y, ta cé hé: _

x2+v2+><+v=2® X2+Y2+X+Y22

XY =X-Y=-1 [ XY+X+Y=1 -

PatS=X+Y, P=XY, hé; S
P+S=1

Dod6S=1;P=0hoscS=-4,P =5 (oa)
T d6 co hai nghlem X, y) béng (0:1)va (-—1 0).
Baitoan 5.4: :
Giai cac hé phwong trinh: _
. {x2,+;x+y>2+y37 - ’ b) {x4+x2y2+,x4=481
Ax(x+yly+ =12 x4 xy+y? =37

2_2P+S=2 |P=1-8
=
S2+35-4=0

Hwéng dan giai
a)DatX = x(x+1); Y =y(y + 1).Taco hé -

{.’X+Y=7 {x .3 {x 4
: = hoéc _

XY=12  |Y=4 V=3
o [Eex-3=0 hoge |X +X=4=0
ly2+y-4=0  |y?+y-3-0

Hé phu’o’ngtr‘i-nh ¢b 8 nghiém l&:
1218 =12 V17 ) =1+ 17 =12 13 )
" . . |8% - 4pg? - 3P2 - 481
b) DatS=x+y;P=xy He I
y d { 2 _p=3y
S=7 §==7
Nénx; y Ia hai nghiém olia ¢ac phwong trinh:
x2~7x +12=0 e X; =3heécxg-4
247X+ 12 0 e Xy = =3 hodic X, =
\/éy hé ¢o 4 nghaem la:(3:4); (4 3); (—3 wd) ; (=4 ; =3) .

Bai toan 5.5: :
Gsaa téc hé phuong tfmh

ix 3y =4 - .
; V= ( } P b x® =8x+ 8y
N " |y® =8y +8x

SuyraS2 P+ 37, giai ra: { ?2 hay {sz
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Hwéng dén giai

a) Diéu kién x, y = 0. Hé twong duwong:
{xé;:'axy:ay@{x?—SXyz-aty @{xg-—axy=4y
y2-3xy=4x (¥ -y +4(x-y)=0 |[(X-Yy)(x+y+4)=0
Xétx=ythi2x*+2x =0 < x=0hosicx = =2.Chon x = y = =2
xetx+y‘+4 0=y =4 xthix?+ 3x(4 + x) =44 + X)
S+ 18X+ 1820 o (2x + 4) -O@x——2:>y——2

Vay he Lol nghiem (—2 —2)

3 = 3x+8y
b)Tacd: {", 3X+3Y® Xa, x3+ y N
y°® —3V¢8x ~ (x‘ -y )*_5(X*y)i0

X _3x 18y S %2 =8x+ 8y ‘
| = + : | ' ) N2 A2
{( V)Oe - xy+y2 +5)=0" .("‘“y){("“g?) "’37“5}:0

o [X=Y ®.><=y
T =0 (X2 =11 =0
Do 86 hé &b 4 nghidm: (0 0), (=v11: =v11), (V11: J11)

Bai toan 5.6:
Giai ¢4t hé phuong trinh:
a)‘@x2+xy+y2522 by (x=y)? +y® =25
X‘Z—S"‘yﬂ“eyé=© (x+y) +x% =26
Hwéng dan giai
a) Hé twong duong: i@X txyeyt=22 (1)
(-2y)(x-3y)=0  (2)
Xétx =2y thi (1): 8y? + 2y*+ y* = 2 s y? 22
Do @6 hé ©6 2 nghiém (-24/2; =v2) , (242; V2)
Xét x = 3y thi (1): 18y + 3y? + y? = 22 w5 y? = 1
Do d6 hé ¢b 2 nghiérm (-3 ; =1) , (3 : 1).Vay hé ¢b 4 nghiém trén.
Hay2 B
byxétx=0th |2 ~28
ly? =26
Xétx =0, daty = kx. Chia vé theo vé suy ra:

(Vo nghiém)

27K’ = 102k = 24 = 0 < k = 4 hosi¢ k =—-§- |
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Tir @6, gidi ra 4 nghiém:

~ 9 21 ( 9. 2
st (g ) 5
Bai toan 5.7: ‘
Gidi cac hé phuong trmh P , e
2 {x +y=5 JEEIEY «{8(x3i+ ¥®)+x%y° = -64
x4yt =97 2X+Yy)+ Xy =—4
‘ Hwéng dan giai
a)DatS x+y P= thhIS 5va
97 0 + y?) — 2x%y? = (S - 2P)* - 2P? nén: |
2_50P +164=0 < P =6hodc P =44. Chon P =6.
nén {i; y6= ® | ta dwoc hai nghiem (2 : 3) va (3 ; 2).

_3
b) Hé cothe VIet {( *
(x+ )(y +2)=0

Vay nghiém: {X =2y {X - t2 .
| y

y :t =~
Bai toan 5.8:
~Giai cac hé phuong trinh: ,
3, .3 _ 2 _n
a) X°+y _1’ | b) XS +xy=2
x5+y5=x2+y2 , S 2 -y? =1

Hwéng dan giai
a) Ta nang lén bac 5 cho phwong trinh thi 2:

4y3 = X3 +y® =1
JXiy 1 Q{

|x5 +y® =x2 +y? X5+y5=(x2+y2)(x3+y3) '

X2 +y® =1 (x+y)(x xy+y)_.1
() (x+¥)=0 (X Yy

Xétx—omiy3=1:>y—1Xety.=0tmx=1:>x=1._

Xétx +y=0thi0=1 (loai)

Vay phuong trinh ¢6 2 nghiém (1 ; 0) va (O 1).

b)He: x+xy 2©2x y~1 | .
A 2x% —y? =1 X2 +xy = 2(2x% - y?)

2x2~'~‘y2 =1 2x% —y? =1 ‘
o o
3 -xy-2y?=0 |(x-y)(8x+2y)=0
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2
e {X; V' hay *73Y w8 nghiem)
y = 1 y2 =-9
Vay hé c6 2 nghiém : (-1; 1)va (1 1).
Bai toan 5.9:
Giai cac hé phuong trinh: - ,
[y —yB =7 : ' 2y(x% —y?)=3x
a){ v R AL
Xy(x-y)=2 x(x* +y?) =10y
‘ Hwéng dangiai

a) PK: x,y, x —y = 0. Hé: {(x—y)('x2+xy+y2)4=7_. ,

(x-y)xy=2
2 2 :
Do d6 L_‘FM:ZQEJA‘FX:Z;
Xy 2y X 2
Détt=5thicé:2t2—5t+2=o:§t=2'hoéct=%
y DR
X =2 =2 = -
Do dé: Y hoac ¥ @{X 2 hosc {x !
y? =1 =1 ly=1 7 ly=-2

b) Xétx=0thiy=0,xéty=0thix=0
2y(x® -y*)=3x (1)
Xeétxy # 0thihé < 2y(x2 —y?)  3x

= 2
x(x2 +y?) 10y @)

2y(t°y* -y*) 3ty _ 2(°-1_3t
ty(t?y? +y?) 10y  t(t*+1) 10

batx =ty, ta cd:(2) =

5

<3t - 172 +20=0<t=+2 hodct=+

V15 J1s

Thé lan Iuctx=2y,x=—2y,x=Ty,x=—Ty,~ta gidi dwoc 5

nghiém 14: (0 0), (2 1), (=2 ; 1), ( 5\/75—;3{11_5}(_ /5{175;_3\/1—3]_

4 4

Bai toan 5.10:
Giai cac hé phuong trinh:
x* —y* =240
a) ,
x® - 2y® = 3(x® — 4y?) - 4(2 - 8y)
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b) yi+y x+3x 6y =0 (1)
x*+xy=3 @
‘ ‘  Hwéng dan giai
4 _ 4 _ C ' ,
a)He: {X ~Y =240 o |
8x® —16y° = 24(x® - 4y?) - 32(2 - 8y)
Trir vé theo vé thi c6 (x -2)* = (y—4)* nén
Xétx-2= y-—4¢:x y—2thevaodwoc o
y8 3y +4y+28 0©(y+2)(y —5y+14) 0<:>y+2 0
Tlr d6 6 nghiém (—4; -2).
Xétx—2=4-y < x=6-y thévao dwo’c v
y? -9y? +36y - 44 =0 (y-2)(y2 -7y +22) =0 y-2=0
Tir d6 ¢6 nghiém (4; 2). Vay hé co6 2 nghiém (-4-2) va (4,2).
2 ' '

b)Tacéx;fO»,(Z)@'y:S“x véx+y=§.'.
: L X

Ta c6: (1) < yA(X + y) — 6(x + y) + 9x = 0
2 4
- (9_—§x_1~_><__6]__3.+9x=0 ,,
x2 X
£

@v4x4~12x2+9=0;®x2=g©x=

Nw

Suyray= i\/? Vayhe co nghlem l/——S——‘@— —3/—_—- —\—@ .
27 2 \/5 V2 2)
Bai toan 5.11: N ~
Gidi cac hé phuong trinh -~ * o
3 o 8x-
Xixy=40 R PP AR 0
a)y ¥ N | X +3y
o S
.y_+xy=10 Y- 2+ y”o(z)
X S Xyt

Hwong dan glal

a)Batx—; b= xy, (a, b ¢O):»ab X2 > 0. Hetrothanh

a’b+b =40 b(a‘+1)=40' {

b o bo10 0@+
2 O a

b(a? + 1) = 40 {b=8 ,_
< '
- ;=10

a2::4 a=i2
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Chona 2,b= 8 ta tim dwoc ha| cap nghiém x, ytuo’ng tng la (x, y) = 4, 2),
(-4,-2).
b) (1) nhan yva cong (2) nhan x, ta cé:
(3x - y)y (X+3V)X
x2 +y?

3y+1 .
2

2xy +

=3y @ 2xy—-1=3y

nén:

y [ e 3"” ~8y=0 < 4y*—3y*-1=0
2y | L2y
oy=E1 o y=Eil. Hé c6 hai nghiém (2; 1) va (1;-1). -

_Baitoan 5.12:
Giai cac hé phwong trinh :

Trdésuyrax=

-

XY _4

- ~ IX+y
X+Xy+y=1
a){y+yz+z=2 b) sz =2
Z2+2ZX+Xx=3 : tz .
o . yz v
— =3
Yy +z
Hwéng dén giai

: X+xy+y+1=2 [(x+)y+1N=2
)Hetuongdwong y+yz+z+1=3& (y+0)(z+0)=3 ..
z+zx+x+1 4 (Zz+N(x+1) =4

nén: ((x + ‘1)(y +1)(z + 1)) =24 & (x + DY+ 1)z +1)= iZJg

z+1=~\/-6—‘ .  2;+1;\/€
D‘odé:<be1=;——§\/_é Ahoéc 4x+1=§-\/€
| ‘v+1=?%\/§ . y+1=A-;-\/5
f =—1———-\/_ ‘ _‘x=—1+—2-\/g_
= y=—1—E\/§ hoéac <y=~f+~\/—
=—1~\/6 z=—1~x-\/~
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b) Piéu kién x y, z d&u khac 0; khi- do:

X+y X y
11X _, 1,11
X+2 X z 2
vz _, (1,101
y+~~\Z ‘y z 3
Suyra —+—+—-=—11 nén 1—ﬂ—1=—i:>z=~12
X z 12 z 12“’ 12

Tuwong tw, ta cé: y'= 12 P X= 12 Vay hé c6 nghiém 12, E ~12
-5 7 _ 7'5

Bai toan 5.13:
Gidi cac hé phwong trinh :
XC+xy+y>=7 (1) X ex(y-2?2=2
a) y?+yz+22=28 (2)  b){y’+y(z-x?=30
ZZrzx+x2 =21 (3) 2® +2(x-y)P =16

. Hwéng dan giai .
a) Trw (1)va (2), ta co:
X222+ xy-yz=-21 (X— z)(x+y+z)-—21
Trr (2) cho (3), ta co
Yy —x2+yz—zx= 7®(y—-X)(x+y+vz)=
Suyra(x-z+3y-3x)(x+y+2z)=0
=2x-3y+z=0=>2z=3y-2x
Thay z = 3y 2x vao phuo'ng trinh (3) ta cé:
By —2x)° + (By — 20X + x> =21 &> X2 = 3xy + 32 = 7
Va (1) suy ra 2y? — 4xy = Oy y-2x)=0cy=0,y= 2x
Néuy =0, suyrax= +\/7 z—+2\/—

Tudotaduaccacnghnem (xyz-(—\/— 02\/ )(\/— 0, Zf)
Neuy 2x,suyrax’=1,tr do x = +1,y = 2.

Thay (6 y) = (1; 2), (-1, =2) vao cac phwong trini: ta dwoc z tucrng trng
bang 4 va —4. Nghiém cla hé la: '

(% v:2) =7 ; 0;247 ), (f,o?;—zf)mu)u —2;-4)

b) Ta c6 thé viét cac phu«yng trmh cua hé dudi dang
x(x? +y +2% - 2yz)=
Jy(x® +y? +2° —22x):30
z2(x® +y2 + 2% - 2xy) =16
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- Taco:30+2-216=0nén (x+y-22)0E +y> + 7% = 0
Vi (0; 0; 0) khéng phai la nghiém cla hé nén:
X+y—2z2=0=>y=2z-X .

Do d6 {Xs txz-xF=2 (2x - 2)(8x% — 6xz + 52%) = 0
2 +2(2x-22)* =16 , ' :
oz= 2x(do 8x% — Bxz + 5% = 5x° + 3(x — 2)? + 222 2 0)
nén2x’=2,suyrax=1Twrdoz=2, y=3
Vay nghiém cla hé phwong trinh 1a (x; y; 2) = (1; 3; 2)
Bai toan 5.14:
Giai cac hé phuong trinh:

X+Xy+y=1 (1) I =y+1 (1)
a)ix® +y% +2% =1 (2) b){y?=z+1 (2
X3y 428 =1 (8) , ZZ=x+1  (3)

Hwéng dan giai
a) Tu phwong trinh thir (2) suy ra:
x><1,y?<1,22<1= Ix] <1, lyl <1, ]z| <1
L&y (2) trtr cho (3) ta co: x*(1 —x) + Y’ (1 —y) + 22 (1 =2) =0
Vil-x20,1-y20,1-2z>0,dodé
X(1-x)=y*(1-y)=2%1-2)=0
Tl d6 3 nghiemctahéla: (1;0;0);(0;1;0);(0;0;1).
b) Tk (1), (2), (3)suyrax,y, z=-1
Neux>0,tu’(3)sqyraz >1:z>1(d022-1),phuvé¥z>0vétL‘P(2)
suyray > 0. Vay néu x>0 thiy > 0, z > 0. Khéng mat tinh tong quat, gia st
xzyzz v (2)vaS)tadugcz+1z2x+1=>z2Xx=>z2=X.
T (1),B)tadwocy+1zax+1=Dyzx=>x=y
Vay x =y = z. Thay vao (1) ta c6 x° —x—1—0,‘

1+\/—

Néu-1<x< 0 thi twr (1) suyra-1<sy<0,vatr (2 suyra-1<z=0. Khdng
mat tinh tdng quat, gid st x = min{x, y, z}. Néu x sy < z thi x* 2 y* 2 2%, tiy
day va tir hé phuong trinh suyray 2z 2 x. Do d6 y = z nén x = y. Tuoriy
tw, trwdng hop x £z £y, ta cling suy ra x = y = z. Thay vao hé, ta tinh dwoc

1-5

X=y=z= —=
y 2

Suyrax=y=z=

1445 1445 1+ JEJ (1—\/5 1-45 1- 5 |
5 , .

Véynghiém(x,y.2)=( 5 5 5 "3 o
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Bai toan 5.15:
Glal cac he phu’o’ng trinh ;

(y+z) =(3x2 +x+1)y2 2

© o a) YRz x)? = (Y% +y+ )2
22(x +y)? = (52° +z+1)x

22~

-

X2 +y? 4+ 22 .+t2=50. (1)
b) | x? —y? + 2% - =24 (2
. |xz=yt 3)
' .'x—y+z%t=O, (4)

Hwéng dén giai
'a) Néu: xyz Oth| duoc nghlem (x; 0, 0), (0; y; 0), (0 0; z)

Néu: xyz¢0 Bata—-— b= 1 _=_1_
X y' z
- 2 .
~1—+~1~ =3+l+—1-
zy X x
2 ; (b+c) =3+a+a?
He: < L =4+1+'——-—<:> (c+a)’=4+b+b?
Xz y y2 2 2
s (a+b)*=5+c+c*
1.1 1.1 .
—+~| =5+—+—
y x) oz 22

~ Cong tt‘rrig vé cac phu"cvng trinh, rat gon ta duwoc:
(a+b+c)—(a+b+c)-—12 0
<a+b+c=4haya+b+c=-3. :

X:% ——.._?_.v

- . 3 16
T d6 c6 2 nghiém: y=‘z vasy=-1
11 4

b) Cong (1)va (2)taco x* +2z°=13
Tre (1)va (2)tacoy?+t2 =37
Tr(4)suyrax+z=y—t=>x'+z22+2xz=y? + = 2yt

=Xz +yt=12

Maxz=ytnénxz=yt=6
S (x+2)2=x2+Z22+2x2=25 > x+2z= 45
Tuongty (y—t)2 =y? + 2 —2yt=25 =y -t =15
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Két hop vai didu kién x + z =y —t, ta tim duoc 8 bo nghiém la:
v,z t)=(2;-1,3;-6), (2,6, 3; 1), (3;-1,2,-6)(3; 6, 2, 1),
(-2, 1:-3;6), (-2, -6, -8, ~1); (=3, 1; -2, 6), (-3, -6, =2, 1)
Thér lai dung. '
Bai toan 5.16:
Giai cac hé phwong trinh :

oy A\2 , : '
X——(y 1)2 v (x—1)_4.(y32)2.23.t6=1024

g == b) {4x? +2% +16y +1° =8x + 76
z=(t-17°

x>t y=2 220, t>0

t=(x-1? A :
: Hwéng dan giai
" a) Do hé phwong trinh khong ddi qua phép hoan vi vong quanh nén co thé gia
st x = min(x, y,z). Twhétasuyrazy,z t>0.
Néu x> 1thix,y, z,t>1. - o

yex=@Z-122@y-13z2y=t-172z-1)?

t22= (x-1°2(@t=-1’=>x2tnénx=y=z=t

3+\/§
2

Néu1>x20thio>x—-12-1=12(xx=1>>12t20
=02t-12-1=1>(t-1°>=12220
=02z-12-1=12@-1N2=>12y20
Dodo12x,y,2t>0

zex= (t-122(y-122y2t=>@-1)72 K- 1)
Sx2z=(Y-1)22(t-1)P=t2y=>x-z y=t

" Do d6: x = (x — 1) ta dwoc nghiém x =

— (v 42 _ : ‘ 3
nén X,-(y 1)‘.Giéiranghiémx=1,y=0,x=y=3 \[g
y=(x-19? 2
Véy:X=y=2=’(=3.*.\/2-;;)("_'yzz:t:smf\/g
2 - 2
x-'_-z,—.o'y=t=1;x=z=1"y:t=0‘
utv2Z3t® =1024 )
b) Patx—1=u;y—2=v. Hé thanh {4u? +16v +2° +1° = 48 2)

u20;v20z20,t20

() 2u?.20%.8v.8v.2° . £=2""  (3)
Theo bat dang thirc AM-GM:

, 4l s16viz ) (48)
Vé trai clia (3) < 5 :‘(—e—j =gf=2"
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Theo (3), d4u "=" phai xay ra va dan t¢i 2u? = 8v=2" =t =t, -
Ter (2): 2ty + 2tg + 1o + 1o = 48 =>t=8 -
Su=2,v=1,2z=2t=2Vayx=3,y=3z= 2t—J§

Bai toan 5.17:
Giai cac hé phwong trinh:

5 | 2x + X%y =y
2) {X Lron=s b) {2y +y’z =z
Xy"-1=6 ~ 2z + 2% = x

Hwéng din giai. -

Cl=-sy=1 3 g

a) Do x'= Onénha: (X ot -3y=1 (t=-2—)

: , ) ya_s'_2_=1 y*-3t=1 X
; y T

suyra (t-y)(+ty+y>+3)=0nén t=ydods y*~3y=1 (1)
Xét -2 <y < 2,datt=2cosa
| (1): 8cos® a —60d$a =1 hay cos3a = %

n51t7n
99

Vi (1) la phuwong trlnh bac 3 nen co dung, 3 nghiémy la

2cos§ Zcos%t 2cos—7§— suy ra 3 nghiém (x,y) cud hé.

Twr do gidi va chon 3 nghnem a Ia

b) Ttr hé phwong trinh suy ra x,y, z= +1. Hé twong dwong:

2X
Y=
2x=(1- x3)y T-x
2y=(1-y%)z & {z = 1 2y .
2z=(1- 2%)x 'y
2z
X = —

1 - 22

Dat x = tant thi y = tan2t; z = tan4t; x = tan8t . ;
Ta dwoc phuwong trinh tan8t = tant < t = —k:;i Vé&i k 0,1, .6

cac nghiém t nay thich hop nén suy ra cac nghiém X, Y,z
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Bai toan 5.18:
Gidi cac hé phwong trinh :
3(x+1) :4(y+1) =5(z+1)
a) X y z

Xy +yz+2zx=1

X2 +y2 = —y(x + 2)
b){x% + X +y = -2yz

3x? +8y? +8xy +8yz=2x+4z+2
Hwéng dan giai
x oy
a) Hé tvong duong <3(x? +1) 4(y>+1) 5(z% +1)
Xy +yz+2zx=1

Néu (x,y,z) 1a nghiém thi x, y, z cung dau va (-x,-y,-z) cling la
C

nghidm. Xeét x,y,z > 0, dat x = 'canfgi LY = tan—z—, z= tan—2~,

C < 180° thi:

0° < A, B,

A B+C

xy+yz+zx=1:>tan-2~=cot = A+B+C=180°

X y 1___ sinA_sinB_sinC

3x2+1) 4(y?+1) 5=+ 3 4 5
2 2 2

Xét AABC c6 canh a,b,c thi: a._ E— - nén:
32 42 52

=a’+b’=vubngtaiC=>z=1=x=

N =

Y =

W] =

. 1 1 1 1

Vay nghiém: (-, —, 1), (-~—, -—

ay nghié (32 )(3 5
Jx(x+y)+y(y+z)=0

b) H&! {x(x+1)+y(2z+1)=0

Ax+Y)P + 4y +2)% = (x+1)? +(2z + 1)

,=1).

Xétu =(Gy), V =(X+yy+z), w =(x+1;2z+1)
uyv =0
Khi @6 hé tré thanh: Ju w =0
—2 — 2
AT =pw |
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Xétu. = F_:x;y=o:>z-=-% »

Xétu #0 = w, v cung khac O  hodc ciing bng 0

[x+1=0 X=73
Néuw=v =0 2z+1=0 ¢><z=~—1- ,'(VN) -

y+z=0 'Zt’x="yl

Néu w, v cingkhac 0 = w, v haivecto ciing phuong

V(’)’I‘V\;_:= 2V o x+1=2x+2y = 1 :>z=——1—
i 2z+1=-2y -2z .y_=—2- 2
: y_-1~3x
Vi w = -2V o {x+1=—2x—2y & 2

2z+1=-2z-2y 2_95
N \ 4 ’
Do d6: 5x° = 2(3x + 1)* = 7x + 21x* & 5x* + 5x + 2 = 0 (VN)
. 1 1 1 ‘ "
Véay nghiém |0;0;,——|,10;, —; ——|.
rranam (0030
Bai toan 5.19: : .
 Giai cac hé phuwong trinh : S ‘ :
a)’|y+1l;x_1 L |x+y|+x+1=0 (1)
y =3x-12 2|x|+|y|=2x+2 (2)
- Hwéng dan giai - '
lv+1=x- ly+1=x-1
=
3x-y=12

Néu'y 2 —1: He: y+1=x—1© x—y=2‘_ o x=5
: 3x-y=12 3x-y=12 y=3>-1

Néuy'<_1:Hé:{—y—1=x~1©{x+y=0 c>{x=3
Ix-y=12 3x-y=12 y=-3<-1
'Vay hé c6 2 nghiém (5 ; 3) va (3; -3).
b) T ()= x+1<0=>x<-1,
(2)=>2x+2>20=>x>-1dodé x =-1.

122



Cty TNHH MTV DVWH Hhang Viét

; ' |"1 + yI - y= 1 A . a
Thé x = -1 vao hé = : vo nghiém.
' 2+|y| = M =-2

Vay hé cho vé nghiém.
Bai toan 5.20: Giai cac hé phwong trinh: :

a) IX +,Y|:9 _ b %2 +.2xy_3_y2 =.0 (1)

| +]y| = x X+ || =2 (2
Hwéng dan giai

a) Twhesuyra x| + |yl = [x+yl nénxy>0 .

Xétx 20,y =0 thi he phwong trmh x+y=9 dodé he c6 Vb sb nghlem x =1,

y=9-tv6i0<t<O.

Xétx<0,y<0 thi he twong dwcrng x +y=-9 do dé hé cé vo sbé nghiém

x=ty=-9-tvdi-9<t<0. »

b) Xéty =0t (1) = x = 0 khoéng théa (2)
y2(k® +2k-3)=0 (8)
| y M [K+h==2 (4
Viyz0néntr 3) =>k®+2k-3=0< k=1 hoack =-3
Khik=1tr(4)=y |y[ =-1oy=-1=x=-1

Xéty =0, datx =ky.Taco hé {

1 3
Khik=31tr 4) > --® =D XE -
@) =y [yl y=2 >
NP o 3.1
Vay hé cé hai nghiém : (-1 ;1) ; (—-2— 5)'
Céch khac: (1) < (X—y) (x+3y) =0
Bai toan 5.21: }
Giai cac hé phwong trinh:
X2 +y2—xy=13 \/x+y+ X -
a) .
X+Y-— \/~ 3 X2 +y =128

Hwéng dan giai

u=X+ :
a) bat { y(v > 0), ta dwgc hé phwong trinh:
V = /Xy

u? -3v2 =13 u-v=3
=
u-v=3 w-9u+20=0
Giai hé phwong trinh trén ta dwocu=5,v=2hodcu=4,v =1
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5 = Ix+y=4" ' '
Do d6: +y= x+y’5 . y= {x+y 4 ;
,/ 2 xy =4 ; w/ Xy =1 xy =1
Tu do, hé phuong trinh da cho c6 bén nghiém la;

@:1): (1:4); (2-/3:2 +4/3); (2 +/3; 2 - f)

b) Diéu kién : x +y >0, x—y>ODatu—\/x+yv \/x y v&iu, v>0. Hé

u+v=4
=
ut + v =256

Ta co: 256 = u* + v4 = (u? +v3)? - 2u2v2 = (42 - 2uv)? = 2uPV?
= uv(uv—-32)=0 E
Xétuv=0thiu=0,v=4hoacu=4, v= 0
nénx=8,y=-8hodcx=8,y=8
Xét uv = 32 thi u, v la nghiém cla phwong trinh: .

X?-4X+32=0(A<0)
Vay hé c6 2 nghiém la: (8 ; -8) va (8 ; 8).
Bai toan 5.22:
Giai cac hé phwong trinh:

2) VX+1+42- -J3 | b) Jx+2 y= XYS“FZXZY‘
Jy+1++42- x».\[‘ \/x+9+ y+9

Hwéng dan giai
a) Piéu kién -1 <x<2,-1<y <2.Trlr vé theo vé:
Ix+1=\y+1+2-y-2-x=0
X-y e A
\/X+1+\/y+1 \/2 y+v2-x

< (X = y)[ ! 1 J 0
\/x+1+\/y+1 J2 y+\/2 X

oxX-y=0ox=y.

Thé vao phuong trinh dau Vx+1+v2-x = /3

©3+2Jx+1@2-x =3 Jx+)@2-x) =0.

< x=-1hoacx=2.Dodoy=-1hoacy=2(chon)
Vay hé c6 2 nghiém (-1 ;-1),(2;2).
b) Didu kién: x > 0,y > 0.D0 d6 /x+9+.y+9>3+3=6 nén t&r phwong
trinh sau thi x = y-= 0. Thé vao phwong trinh dau 0 = 0 : ding
Vay hé c6 nghiém duy nhét (0 ; 0).
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Bai toan 5.23: ‘
Giai cac hé phuong trinh:
a) 1V X* +y? +2xy =8V2 ) {X+\/3—/—2_—_);Z=12_~y )
\/;+\/_\;=4 ; X. ’y2—x2=12 @)
Hwong dan giai
a)Diéukien x>0,y >0.Heé < {V. X2 +y? +\/§E=8\/§

x+y+‘2\/;§=16
Do d6 \2(x2 +y2) = x+y = 2%° + 2y2 = X% + y2 + 2xy

=>x-2xy+y?’=0= (X-y)’=0=>x=y
nén Jx +y =4 = 2Jx=4= x=4nény =4 (thod)
Vay hé cé nghiém: (4 ; 4).

b) Didu kién y*> x? , x > 0

T (1) =2 +y2 = X%+ 2xy2 — % = 144 — 24y + y?

= 2X4y? - X% = 144 — 24y

vatlr (2) thi dwoc: 12=144-24y =y =5

Do d6 (2): xV25 — x% = 12 & x¥(25 — x?) = 144

& x'-25x*+144=0 < x*=9 hodc x* = 16

Tt diéu kién thi chon duoc 2 nghiém: (3 ; 5)va (4;5).
Bai toan 5.24: : :

Giai cac hé phuong trinh: o

gy -ty e e =s(dy + 7]

-y =tx-y-12 @) P+ 3y =6
Hwéng dan giai

a) Didu kién: x +y >0, x—y=>12.

T phwong trinh sau ta cé: (x —y)° = (x —y — 12)?

= (x-y)’ = (x—y)* +24(x ~y) - 144 =0

= (X=Y(x—y)* +3(x—y) +36] = 0

Vi (x=y)?+3(x—y) +36>0; Vx, Vy nén x —y = 4 (loai)

Vay hé v6 nghiém.

b)Patu=¥x ,v= %y
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{Z(U +v¥) = 3(u Vv +uv? {2[(U+V) 3UV(U+V)} 3UV(U+V),” -
=N & , :
u+rv=6 ~ |lu+v=6

9uv(u + V) =2(u+'v)3 u+v=6
=N - L PEN
u+v==6 ’ uv=_8 -

u=2 u=3 [x=8 x=64.
o hay =X hay ' =
v=4 v=2 y =64 y=8

Vay hé ¢é 2 nghiém: (8 ; 64) (64 ; 8).

Bai toén 5.25: _ S
Giai cac hé phuong trlnvh.' ' o
a) {x(x Y=Yty {sz— y(1+sz‘;“)—-a

\/4x+5+m 6 ' y +y\/§;_1+2x—13
. Hwomg dén giai '

a) Dleuklen4x+5>0
Taco x(x2+y?) =y (Y2 +1) &x° -y +y2(x y) 0

= x-y ) +ytexy? 4y =0 _
< (x-y )[(x+—§y)_ ’+§—‘yv +y }=Obx=y2hayx;y‘=0
Voix= y = 0: loai. ' '

Vi x =y ? thi phwong trinh sau: \/4X +5+ \/x—+— 6 »
" Vi vé trai la ham déng bién nén cé nghiém duy nhét x =1.
Vay hé c6 2 nghiém (1, H)va(1,-1).
b)Dueuknean—1 ODatt—\[z—x_. t>0
-y(i+2)=-8 _ [(t-y)-2ty=-8
y2 +yt +~t2 =12 i {(t -y)? +3ty 1

Suyraz(t—y) +3(t—-y) Oc»t-y Ohayt yw_é?‘-”

N

 He phuo'ng trlnh trér thanh {

~ Vc’vi‘t=-ythi cot=y=2 = .-\/2x— =2©,x=§

VO"Y-t+-Z—thlco4t2+6t..13-o chon t = 3+4J63 :
o 3+\/— e x = 43-0061 43- 3\/_
16
_,Vév._h'é c6 2 ndhiém (—:-; 2yva (23 12\/— 3+ V61,

| 41,
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Bai toan 5.26:
Giai cac hé phuong trinh:

1 1 2 ( 5 ]r-
+ 3- 2y=4
a) V1+2x2 \/1+2y \/1+2xy b) y+542X
- |Wxa- 2x)+\/y1 2y)._— {3+y+42x.}/§=2

Hu’ovng dan giai

a) Diéukién x,y e [0, % 1. Ta chirng minh bat dang thirc

1 1 2
— <
Visax?  J1igy?  J1+2xy
1.1 27 .4

+ + <
1+2x2 1+ 2y2 \/1,4,2)(_2\/14,2),2 1+ 2xy

Tacéx,ye[o,—;-]nén

2 .2
Jieaxd flray2 1420y o
o (1+20)(1+2y%) > (1+2xy)? = (x-y)? 2 0:dung - -

eVI+2 12y 2 10 2xy

o 1 2 (1= dxy)(x—y)?
va + < o
1+2x% 1+2y%2 1+2xy (1+ 2xy)(1+ 2x? )(1+2y )
Do d6 d&u = x3y ranén x =y, ta ¢6 phuong trinh
9x(1-2x) = 1< 162x2 —81x+1—0
Tir 6 hé 6 2 nghiém [81ié“2i913 81275913

324

5 0 dung

b) Biéu kién: x > 0,y > 0. Hé phuwong trinh:

1 2 5
&\/_,y+42xh12 15
nén —-==.
\/— Xy y+42x
N

< (y—2%).(y +42x) = 15xy o y? - 84x° + 25xy 0
< (y = 3x)(y + 28x) =
Doy+28x>0_—.>y=3x.
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5+2\/§,5+2\/EJ

27 9

 Thé vao thi hé c6 nghiem la: (

Bai toan 5.27: ,_
Giai va bién luan cac hé phwong trinh: -

_ | .

TX+Yy =

w N

{(a3 _hx+@ -fy=a-1 b

3 2 _,
(a +1)Xfr.(a +ly=a+1 7y +x =

.gmlm ><|m

Hwéng dan gidi
a) Ta lap cac dinh thurc:

a8 2 4 : g

p= @ "1 & M o0 a2 = 20%a— 1)
a®+1 a%+1

D=2 " & No2a-2a2=-2aa-1)
a+1 a®+1
3_ _ .

D=L "1 @ Neop_2a=2a@-1)
a® +1 a+1 : o

Bién luan:

Néua=Ovaa=1:Héco nghiémduynhét(x;y)=(~l'a—+1]
o ‘ a' a

)

Néu a = 0 : Hé tr& thanh "X»‘y=‘1@x+y=1
x+y=1

Hé co6 vo sbé nghiém: x =t,y=1—t v&ittuyy.
0x+0y=0

Néu a = 1 : Hé tr& thanh
12x+2y =2

SX+Y = 1
H& c6 vo s6 nghiém x =ty = 1 —t, voi t tuy y.
b) Diéu kién: x , y = 0. Hé twong duong:
7x3+x%y-a%=0  [7x® +xPy-a®=0
=N =N :
7yt +xy?—a®=0 . [7(® -y®) +xy(x-y)=0
7x3 +x%y-a®* =0 (73 +xty-—a®=0 ,
o v =N . L
X=YTX2 +7y? +8xy) =0 |[(x = y)4(x+Yy)? +3x% +3y?]=0
Xeéta =0 thix =y =0 (loai): Hé v6 nghiém. '
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a
X = o L
Xeta=0thihe -0 ! 2 (théaman).
8x° =a a
2

Bai toan 5.28:
Giai va bién luan cac hé phwong trinh:
x2+y?2-2z22=2a%> (1)
a) {x+y+2z=4@°%+1 (2

22 —xy =a° (3)
x*—yz=a (1)

b){y? —zx=b (2) a,b,c>0 phan biét.
ZZ-xy=c (3)

Hwéng dan giai
a) Thay a® = z? — xy ti (3) vao (1) ta duoc
(X +y)P=4z" o x+y =142z
Néu x + y = =2z thi két hop véi (2) c6 0 = 4(a” + 1), vo li
V&I x +y =2z tir (2) taduoc4z=4@%°+1) > z=a"+1
Te(3)tacorxy=z2—a’=(@*+1)?-a’=a*+a’+1
Nhu vay x va y 1a nghiém cla phwong trinh béc hai
X2=2@*+ HX+a'+a*+1=0
Suyra(x,y)=(a’+a+1,a—a+1),(@°—a+1,a+a+1)
Vay nghiém ctia hé la:
Xy 2)=@+a+al—a+1,a+1), @ -a+1,a’+a+1,a+1)
b) Lay (1) — (2) ta duoc: :
X=y)x+y)+zx-y)=a-be x-y)x+ty+z)=a-b
Tuongtu:(y—z)(x+y+z)=b-c,(z—x)(x+y+z)=c—a
Via, b,cphanbiétnénx+y+z=0vay=z
Taco[(b-c)x-y)+(b—a)y-2)(x+y+z)=0
Nén (b —c)(x—y)+ (b—-a)(y-z)=0hay (b-c)x=(a—-c)y +(b—a)z
Vataco cy? — czx — bz® + byx =0
< (b= c)(cy? = bz®) + (by —cz)(b —c)x = 0
& (y—2)[(b° —ac)z + (ab—c?y] =0
Suy ra (b® — ac)z + (ab - c®)y = 0.
nén: z = (c? — ab)t, y = (b® - ac)t v&i t nao d6
Do d6 x = (a® - be)t = a(@® + b* + ¢® = 3abc)t’ = a
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Suyrat= ! . Vay hé cé nghiém: ,

a® +b® +c® -3abc

a® -bc b%® —ca c®-ab

Ja® +b? + ¢ —3abc Ja® +b% + c® — 3abc Ja® +b% + ¢? - 3abc

.Y, Z)=[

Bai toan 5.29:
ax+y=2

vl nghiém
6x+by =4

a) Tim c4c cép sb nguyén (a;b) dé hé {
X+y+x2+y?>=8

c6 nghiém
Xy(X +)(y+1H=m

b)Tim m gé hé{
Hwéng dan giai

a)D=ab-6,D,=2(b-2),D,=4(a-3).

V@i a, b nguyén, néu hé phuwong trinh vé nghiém thi

D=ab-6=0< ab=6. Cac cap sb nguyén (a ; b) théa man diéu kién nay

1a(1;6),(-1;-6),(6;1),(-6;1),(2;3),(-2;-3),(3:2),(-3;-2).

Thtr lai chi cé cap (a ; b) = (3 ; 2) 1a khong thda man didu kién cla bai toan

(hé phuwong trinh c6 v6 s6 nghiém). Vay co bay cdp con lai théa man yéu

cau clia dé bai.
u=x%+x

b) bat
v=y?+y

Vit+t=-" +(t+ l)2’2—l nénu,vz—l
4 2 4 4

Trong diéu kién do thi hé twong dwong: {u tv=8
uv=m

Do do u, v la cac nghiém clia phwong trinh:
X?—8X +m=0voiX=> -%

Taco: X2—8X=-m.

1
P
N R

Xét parabol Y = F(X) = X? = 8X, X > -%

Diéu kién duong thang Y = —m cét (P) tai diém cé hoanh dd X > -% la:

f(4)s—msf(—l)<:>—~"-3—?i <m<16.
4 16

Bai toan 5.30: _
Tim cac gia tri clia a dé hé phuong trinh:

2) {XQ +y? =21+ a)

¢6 dung hai nghiém.
(x+y)* =4

130



Cty TNHH MTV DWH Khang Viét

0y YTV EE s nghiem

X’y +xy? =3a-8 A

Hwéng dan giai
a) Gia st hé cé nghiém la (xo ; yo)

=> Cac ¢ap (—Xo ; —Yo), (Yo ; Xo) , (-Yo ; —Xo) cling la nghiém, cap (Xo ; yo) = -
(—=Xo ; —Yo) Vi néu ngwoc lai thi xo = 0, yo = 0 ma (0 ; 0) khéng phéi la
nghiém ctia hé. Vay hé cd hai nghiém thi hai nghiém Ié (%o ; Yo) va (=g » =Yo)
= (Xo; Yo) = (Yo ; Xo) V& (=Xo ; =Yo) = (-Yo ; —Xo) . Diéu d6 xay ra khi xo = yo .
2x,% =2(1+a)

=a=0.
4x 2 =4

Ldc do hé tré thanh: {
2 2 2 2 _
Pdolai, voia=0thihe: X TV T2 o XY =2
(x+y)? =4 X+y=+2
Hé chi cé hai nghiém (1 ; 1) va (=1 ; =1): thod man.Vay a = 0.

b) Ta c6 x2+y+xy=a o XYy TXy=2a
X’y +xy? =3a -8 xy(x+y)=3a-8

Pt {° XY (25 4P ta duoc 15T =2
P =xy ; PS=3a-8

Hé phuwong trinh da cho c6 nghiém khi va chi khi hé cé nghiém S, P thoa
man diéu kién S — 4P 2 0 < Phuong trinh X? — aX + 3a — 8 = 0 ¢ nghiém

X4, Xz thod man X2 —4X, 2 0 hodc X5 —4X; 20
- A=a2—4(3a~8)z,o
X3 —4X, + X2 —4X, 20 v (X5 -4X,) (X2 - 4X,) <0

a>8
- a<d4va=8 \/__
=N
a?-10a+16 > 0v4a’ - 45a° + 962+ 642 0 ag_.__13+83 33
Bai toan 5.31: 4

Tim cac gia tri cGia a & hé phwong trinh c6 mét nghiém duy nhét

24 y2 = 2 _ 3 _ 442
a) {X Yy =z b) y© =Xx" -4x" + ax (1)‘

Hwéng dan giai
a) Gia sr (x; y; z) 1& nghiém clta hé thi (y; x; z) clng la nghiém cla hé, hé
phuwong trinh d cho c6 nghiém duy nhatthix =y :
Dodé2x*=zva2x+z=anén2x’+2x-a=0
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:A—1+2a 0, suyraa——-—;-

] X2 +y? =z
Pao lai, v&i a = —— thi cé duoc hé < 1
2 X+y+z=-2

Raty=—(x+z+ %) thé vao phwong trinh dau ta dwoc phwong trinh bac 2
, . 2 2 1
theo x: 2x N (2z+ 1)x+z° + 2 =0

A=(2z+ 1) -8+ %)‘ =—(2z-1)*<0

Suy raz ——21- va x = y= —% c6 nghiém duy nhat.Vay a = —%. g

b) Néu (x y) la mot nghiém cda hé thi (y ; x)-cling la nghlem Do @6 hé c6 mot
nghiém duy nhét diéu kién canlax=y. :
Thé vao (1) : x* — 5x* +ax—0<::>x(x -5x+a)=0(3)
Hé c6 mot nghiém duy nhét didu kién can la phwong trinh(3) hodc vé
nghiém hodgc chi c6 mét nghiém x = 0 Do (3) khc‘mg thé c6 mot nghiém duy

‘nhatx OnentaphalcoA 25 a<0<:>a>24—5

Piéu kién da: Néu a > —2‘—? ,trlr (1) va (2), ta cé:

(X—Y)(X2+y2+xy—3'x—3y+a)=,0©x=-y, vi:
X2 +y2+xy—3x—3y+a=x’+y—3)x+y>—3y+a

2 2 ‘
= x+y—3 +3(y—_1);+13+ a__2_§ >0
.:::_2 ' 4 4

| Theo v'ch"L’rng minh trénthi khix=yvaa> %?—thi hé c6 mét nghiém duy nhét
la (0; 0). Vay a > ?;
Bai toan 5.32:

X2 +y?-4x+8y-5=0 (1) B |
c6 2 nghiém (x1; y1) , (X2 ;
mx+(2-m)y +m=0 2) ghiém (x1; y1) , (X2 ; ¥2)

- Tim m @é hé:{
maT = (x - X2)? + (Y1 y2)? 16N nhét.
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‘ Hwéng dan giai
Ta co6 (1) 1a phwong trinh dwong tron (C) tam 2 ; —4), R=5va (2)la
phuwong trinh dwdng thang A.

Cac nghiém clia hé la toa d giao diém.A, B clia duong thang va dwong
tron. Taco: T=AB’maday AB<2R = 10,

Vay T Ién nhat khi A di qua tam I:

2m+(2-m)(4)+m=0=m=

Nl

Bai toan 5.33:
Tim a 3é hé phwong trinh:

{\/)2-1 \/_—1

cd nghiém
lx\f {+y /y =1-3m

b) ’ 1‘ \//M cordeng4ngﬁiém.
[49y +x° +4a=2x-1

Hwéng dan giai
a) Didu kien x, y = 0.0atu = Jx,v= 4y, (U, v=0)

n ‘Ll_+V=1 U+V:1
Hé ) =
Wvi=1-3m (uv=m

Piéut k' 3n hé c6 nghié.n I3 shuong trinh X2-8X+P=0
<> X¥ =X + m =0 co 2 irghiém khong am: '

Ax0,820,P200<m<

P

— i u+v=1
b)Détu= A1, v= f7_l Vvoiu,v20Hé &

\I l v 'yl Cut vt =-4a
Péy, neu hé co nghic.a (4, v) voi u, v duong thi hé c6 4 cap nghiém (x, y),
do d6 hé 6 dung 4 nghiém (x, y)thiu=0,v=1hodcu=1,v= 0 hoéac

. 1 A 1
u=v '=‘ - QT —— hoaca =
2 4 32
The lan'da.. . Vay gid tri can tim la a = -;11- hodc a = -——;-2—.

Bai toi. - 5..4: ,
Tim m dé hé pheong trinh sau c6 mét nghiém duy nhat.

a) 'i'x"-‘ -: ?!xi .-|x|ﬁy = (1) b) £\/1—_+_x+ JB-y=m
x5 = -y? (2) vy +6-x-m
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a) Néu (x, y) 1a mot nghiém thi (-x; y) ciing 1a nghiém. Nén diéu kién can dé he
. c6 moét nghiém duy nhét 1 x = —x = x = 0. R
Khi x =0 thi (2) = y = +1 nén (1) > m=0hoécm=2.
: 2 _ o
Thir lai, néu m = 2 hé tré thanh X T +2=2" +[]
X2 =1- y2
Hé c6 2 nghiém (0; 1) va (1; 0): loai
' 2 yool |yl
N&um = 0 hé tré thanh | *Y =2 +[X
X2 =1-y?

X2 s|x|

Tacé—1sx;ys1:>{ =>X2+y52""+|x|

y <1< 2K

Do d6 cac dang thirc xay ra tircla: x = 0,y=1.
Vay hé c6 nghiém duy nhatkhim = 0.
b) Diéu kién — -1<x<6,-1<y<6. : v '
Ma (x; y) Ia mét nghiém thi (y, X) cling la ngh|em do d6 hé co6 nghiém duy
nhét thi x =y, phwong trinh dau tré thanh:

Vi+x+J6-x =m *)

Néu x 1a nghiém cia (*) thi 5 —x cung ia nghlem do d6 dé phwong trinh (*)
¢6 nghiém duy nhét thi: x = 5 X = X= g:> m= \/—

Thet lai khi m = V14 thi phwong trinh: 1+ x +\/6 = 14 ¢ nghiém

duynhatx- —.Vaym= \/ﬁ

‘ l\)

Bai toan 5.35:
X+y+z=5

Cho ba sé thuc x, y, z thod man { .
Xy+yz+2x=8

Chtng minh rang: 1 < x < Z1< y< Z

IA

7
zZ< —.
3

OJ
QJ

Hwéng dan giai
X+y+2z=5

Tacodx,y, zthoa man : {
: Xy+yz+2zx=8

an y+z=5-x"
YZ=8-X(y+2)=8-x(5-X)=x?-5x +8
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Do do6 y va z la 2 nghiém cta phwong trinh:
X2—(5-x)X+(x*=5x+8)=0nén A > 0
=>A=(5-x2-4(x*-5x+8)=-3x>+10x=7>0
7

:>3x2-10x+730::>1sxs§.

Chirng minh twong ty tacé: 1<y < %;‘1 <z< -;—

Bai toan 5.36:

2 2 _
Cho ba sé thuc x, v, z thoa man: 4% XYY = 3
, y2+yz+22 =16
Chirng minh rang —8 < xy + yz + zx < 8
Hwéng dan giai
(0 + y2 + xy)(y? + 2% + y2)

ol (5] 7 (24
[5o)(2)(2 J( |

[JE\/E\/EJE

3
—XZ+—YyZ+——Xy+——XZ| = Z(xy+Yyz+2X
2 2y+2y4"4 ] 4(y y )?

Taco: 48

v

Do dé %(xy +yz +zx)° <48 = (xy +yz + zx)* < 64 = dpcm.
Bai toan 5.37: Giai hé phwong trinh
2x% +y? —-3xy +3x -2y +1=0
{4x2 —YP X+ 4= 24y + X+ by
Hwéng dan giai
2x2 +y2 - 3xy +3x -2y +1=0 (1)
{4x2 —y2 e x+d=2x+y +\x+4dy (2)

(N« y=2x+1hayy=x+1
Xeét:y =2x+ 1. Thé vao (2) ta co :

f(X) = V4x +1+/9x + 4 = 3 - 4x = g(x) (xz—%)

&> x = 0 (vi f ddng bién, g nghich bién trén [—%;Jrooj .

Vayx=0vay=1.
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- Xéty=x+1.Thévao (2)tacod: -

VX +1+V5x+4 =8x2 —x+8 (X>-—=)

& V3x+1+/5x+4 =3(x —)x+2x + 3

@[\[37-_: x+1)] [\/5x+ (x+2] 3(x - 1)x

—x2 +x —x2 +x 2
=3 =3(X° - X)
\/3x+1+(x+1) \/5x+4‘+(x+2)
oxP-x= Ohay 1 i =3 (VN)

\/3x+1+ X+1) \/5x+4+(x+2)
©x=0vx=1=x=0y=T:x=1=y=2
Vay nghiém clia hé la (x; y) = (0; 1) hay (x; y) = (1; 2).

3. BAI LUYEN TAP
Bai tap 5.1: Giai hé phwong trinh:

X+y=16 . cx+az=»b
a)<y+z=18 b) {bz+cy=a,abc= 0
Z+x=22 ay+bx=c
Hwéng dan

a) Cong vé theo vé. Két qua (10;6;12)
2 .2 2 2 2 _h2 42 pn2_ a2
b)Kétqué (b +06° —-a ;c +a“-b ;a +b°-c )
2bc 2ca 2ab

Bai tap 5.2: Giai cac hé phwong trinh:

X+Y+Xy=

a) b {“"21

x®+y® =61

o |~

X%y +xy? =
Hwéng dan
a)Dung S =x +yvaP = xy. Kétqua (%;2] va (2;—;—]

b) Dung S = x + y va P = xy. Két qu3 (74;5)vé(5;—4)
Bai tap 5.3: Giai hé phwong trinh: :

a {x2+y2+x—y=4 . ) 3x% -8xy +4y? =0
X(X-y+)+yy-0=2 5x2 —7xy —6y% =0
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Hwéng dan
a) Datt=—y. Kétqua (v2;v2),(2,-2),(12),(-2-1)
b) Két qua (2t;t) véi t tuy y.
Bai tap 5.4: Giai hé phuong trinh:
X-y=2 x+y=1
a9y 4 4 Y2 46
X° +y° =8 X +y =1
Hwéng dan
a)Rutx=y+2 rdi thé vap PT sau. Két qua (2; 0)
~ b)Dung S =x +yvaP =xy. Kétqua (0; 1) va (1 0)
Bai tap 5.5: Giai hé phuong trinh: ,
_ 2 2 _ .2 2
a) X =5x+y by X Y = 4D i abxy>0
y3=5y+x . x3+y3=a3+b3
Hwéng dan
a) Trir vé theo vé. Két qua (+v/6:7/6)
b) Két qua (a, b) hay (b, a).
Bai tap 5.6: Giai hé phuwong trinh:

x+y=2Jyz 12
1- Jx =2
y+z= Zr -y +3X
a) b) 10
Z+X= 2\/_ | (” ] y=6
X2 +y?+2% =12 y +3x
Hwéng dan

a) Cong vé theo vé clia 3 phwong trinh dau. Kétqua x=y=2z=2

11+4«h 22+8J”

b) Két g
7
Bai tap 5.7: G|a| he phuwong trinh:
.&. = § X — l =1
X+y 4 y
a) (Y210 b) {y- =1
y+z 8 z
X _ 5 L
z+x 12 X
Hwéng dén
15 5
a) Nghich dao ca 3 phuong trinh. Két qua (~— e Z)
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+
b) Két qua (1 \[-1+\/_1 \/—
2 2
Bai tap 5.8: Glal hé phwong trinh:
x=y%+y+1 X2 =922 272+ 27
a)ly=2+z+1 b) ¢y® =9x2 - 27x + 27
z=x3+x+1 z2® =9y? - 27y + 27
Hwéng din

a) Hé vong tron va ham f(t) = t* + t+ 1 ddng bién. Két qua (-1; -1; 1)
b) Hé vong tron va xét x Ién nhat. Két qua (3; 3; 3) :
Bai tap 5.9: Giai hé phwong trinh:

X2 +y?4z2 =2
X+y+z=13 4]
a) xy+yz+zx=——j: b) {x?2+y?+22=91 (2)
1 y? =xz (3)
,kxyz=g
Hwéng dan

a) Két qua {cosL:cos 2~ Sm cos7—Tc
9 9 9

b) Puwa vé phuong trmh tich tbng x+z va xz. Két qua (1; 3; 9), (9; 3; 1)
Bai tap 5.10: Tim tham sb dé hé:

g (XTy=alexy) () e
2+x+y+xy=0 (2)

2_ .2 .
b) { —mXy+y =m--3m+2 (1) . nghiém duy nhét

X2 +2xy+my?=m?-4m+3 (2)
Hwéng dan
a) Dat m = xy rdi tinh x, y theo a va m. Két qua |a| = :/2_5'8 % —1
b) Két qua m = 1
Bai tidp 5.11: Tim tham sb dé hé:
ax® +bx+c=0
a) <bx? +cx+a=0 c6 nghiém b) {
cx? +ax+b=0

X+y+xy=1

2

5 vd nghiém
XY+ Xy =m :

. Hwéng dan
a) Cong vé theové. Kétquda+b+c=0
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b) Duing Viet. Két qua m > —14 + 102
Bai tap 5.12: Tim diéu kién dé hé:
Xyz=a
a){x® +y? + 2% = 4¢6 nghiém duy nhét
xyz® +z=b

b) {\/x+1+\/y+2=a

¢6 nghiém
X+y=3a
Hwéng dan

a) Néu (xy;z) I1a nghlem thi (=x;—y;z) cling la nghiém, do dé phuong trinh cé
nghiém duy nhatnén x =y = 0.

Ketqua. a=0,b=2hodca= O,b=—2
b) Dat u=~/Xx+1,v =1y +2 . Két qua 3+2\/2_1$as3+\/1—5.
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cuusén dé 6: BAT PHUONG TRINH

1. KIEN THUC TRONG TAM
* DAu nhij thirc bac nhét f(x)=ax+b,a=0:

X ~00 -bl/a +00
f(x) trai dau a 0 cuing dau a
B4t phwong trinh ax+ b >0

Néu a > 0 thix > —2 . Néu a.<0thix<—§
' a

Néu a'= 0, b'< 0 thi vo nghiém.
Néu a = 0, b > 0 thi ¢6 nghiém la moi x.

D4u tam thirc bac hai f(x) = ax’ + bx + ¢ (a = 0)
Néu A <O thiaf(x) >0, Vvxe R

Néu A = 0 thi af(x) > 0, Vx ¢-%

Néu A > 0 thi pﬁuong trinh f(x) = 0 c6 2 nghiém x4 < X
af(x) < 0, ¥x e (X1, X2) va af(x) > 0, Vx € (—0, X;) U (X2, +o0).

>0 a>0

WX eR X >0 070 VxeR f(X) 20
A<O A<0

a>0

an'R,f(x)<O<:>{ a>0
A<O0

, VX e R,f(x)$0<:>{
A<O0

Dinh ly dao v& d4u tam thirc bac hai

Cho tam thirc bac hai f(x) = ax? + bx + ¢, a = 0. Néu tén tai s6 o sao cho

a.f(a )< 0 thi phwong trinh bac hai ax? + bx + ¢ = 0 c6 2 nghiém phéan biét

X1, Xa VA Xy < o < Xo.

Néu tén tai 2 s6 o va B sao cho f(a ).f(B )< O thi phwong trinh bac hai c6

2 nghiém phan biét.

Néu a.f(a) < 0 hodc f(a ).f(B) < 0 thi phwong trinh bac hai c6 nghiém.

So sanh nghiém: x, <a <X, < af(a)<0

] A>0 A>0
X, <Xy <o<daf(a)>0 ; a<x <X, < qaf(a)>0
— <o —>0
2 2
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Bét phwong trinh chira diu gia trj tuyét déi
Phwong phap gidi: ding dinh nghia, chia mién xét dau, dat diéu kién réi
binh phwong, bat dang thirc, ...
x)<0
[f(x)] > g(x) < [g( )
g(x) = 0,f(x) < —g(x)hay f(x) > g(x)

gx)<0 .
A 2

9(x) > 0,f3(x) 2 g*(x)
9(x) 20 - {g(x) >0
-g) <f(x)<g(x)  |f(x) < g?*(x)
B4t phwong trinh chiva cidn thire
Phwong phép gidi: xét dau 2 vé, dat diéu kién réi binh phuong, chuyén vé binh
phwong, dat an phu kem diéu kién, nhan lwong lién hiép, bién doi vé phuong
trinh tich sd, dung tinh chat ham sé,... .

[f(x)| < g(x) = {

f(x)=0
Ji(x) < g(x) & {g(x)> 0
f(x) < g?(x)
f(x)=0 . _ [9g(x)=0
f
Jix) > g(x) & {g(x) _ hodc {f(x) o )

Piéu kién vé nghiém cta bat phwong trinh
VxeD mz2f(x) o m:= manf(x)
Xe

VxeD m<f(x) e ms minf(x)
Xe

Ixe D m=f(x) &m= migf(x)
Xe

IxeD m<f(x) om< manf(x) .
Xe

Bét phwong trinh bac nhét haidn ax+by +c>0

— V& duwong thang d: ax + by + ¢ = 0 di qua 2 diém.

— Xét diém Mq(Xo ; Yo) khéng thudc d. Néu ax, + byo + ¢ < 0 thi nlra mat

phéng khong ké be d, chira diém M, lam mién nghiém. Néu ax, + by, + ¢ > 0

thi nira mat phéng khong ké b d, khéng chira diém My lam mién nghiém.
V&i bat phwong trinh ax + by + ¢ > 0, ax + by + ¢ > 0 thi mién nghiém I3

nl*a mat phang lay ca b d.

Hé bat phwong trinh bac nhét hai an

Mién nghiém clia mét hé bat phwong trinh bac nhét hai &n 1a giao cac mién

nghiém ctia cac bat phwong trinh trong hé.

Ap dung vao bai toan téi wu: Tim gia tri I&n nhét, gia tri nhé nhat cla biéu

thirc dang F = ax + by, trong d6 x, y nghiém ding mot hé bat phwong trinh

bac nhat hai &n da cho. Mién nghiém nhan dwoc thuwong 1a mot da giac va

cwe tri dat dwoece tai cac dinh.
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2. CAC BAI TOAN
Bai toan 6. 1:
Giai cac bat phwong trinh:
a)xX+2xX*-x-2>0 by X*—x°+x*=x*+x}=x+1>0.
a) X’ +2F =x=2>0 X*(x+2)-(x +2)> 0= (x + 2)(x° - 1) >0
Lap bang xét ddu vé trai, ta cd tap nghiém S = (<2; —1) U (1; +o0).
b)Xét x < 0 thi BPT nghiém dung.
Xét x > 1 thi BPT: x*(x — 1) + XX — 1) + x(X — A1) > 0: nghiém dung
Xét0<x < 1thi BPT: x*+x*(1 —x) + x*(1 —x) + (1 —x) > 0: nghiém ding.
Vay tap nghiém S = R.

Bai toan 6. 2:
Giai cac bat phwong trinh:
X+2 x-2 1 1
a) < b) — - < —
3x+1 2x-1 X“=5x+4 x°-7x+10

Hwéng dan giai
X2 x+2>0(:> X(x —8)

2 —_— >
2x-1 3x+1 Bx+N(2x-1)

Lap bang xét dau thi: S = [—oo;—%)u{o;%ju[&m).

a) BPT

b) DK: 3¢ —5x+4 0, —7x+ 102 0> x# 1, x %4 x£2, X #5.
1 1
—_ <
x? -5x+4 x2-7x+10
-2X+6
& — 5 <0
(X =5x+4)x° -7x+10)

Lap bang xét dau thi: S = (1: 2) U (3: 4) U (5: +c0).

BPT <

Bai toan 6. 3:
Gidi cac bat phuong trinh:
18 B6x X
ay(x-Nx-3)< — b - >
( X ) x2—4x-4 ) 2x? -5x+3 2x® +5x+3

Hwéng dan giai
a) Didukién: xX* —4x-4 20 x#2+22.
18

x? -4x -4

BPT <t+7> —1t§<:>tk +7tt—18

> X -4x-4<9h0dc0<x’—dx—-4<2.
Tir d6 gidira duwoc: S=[2-10:2-22]u (2+2+2:2+/10].
142
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b) Néu x = 0 thi BPT dwoc thoa. Néu x # 0 chia t&r va mau cho x.
Patt=2x+3> thispT: 0 1 0 5t#35
X t-5 t+5 225

L&p bang xét dau thi dwoc nghiém: =7 <t < -5 hodc t > 5.

2 2 .
o-7<2 T 5 hosc X7 g o
X T ,

2x‘°‘+5x+3<0
2_—
<> X hoéc w>0
2x%? + 5% +3 X
AR e
X

Ttr 46 c6 tap nghiém:S = [-3: -g) U (=1 —%] U [0; 1) u(:;’-; +r).

Bai toan 6. 4:
Giai cac hé bat phwong trinh
1 1 1 .
SNEBx2 47X+ 4)20 (2 ]-—~ >1 (@)
(X =1)(3x" +7x +4) (2) 1 X 2 % (2)

Hwéng dan giai
a)Taco: (1)< -3 <x<3.

Lap bang xét dau thi (2) = —% <x<-1hodcx>1.

Két hop thi dwoc tap nghiém S = [-%; -11u (1; 3).

b) (1) < x < -2 hoac x > 2.
x(x+2)+x(x+1)~x(x+1){x+2)>

(2) 0
X(X + 1) (x +2)
x> -2
_ >
X(X+1)(x+2)
BXD:

X - -2 _J2 -1 0 J2 +o
Xx°—2 + + 0 - | -] - 0o +
X(x+1) + + ’ + 0 - 0 +
X+2 - 0 + 0 + ] + +
VT -+ 0o = I _ -0 +

Do d6 (2) <» -2 < x < =2 hodc ~1 < x < 0 hodc x > 2.
Két hop thi dwoc tap nghiém S = (2; +).
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Baitoan 6. 5:

X +y? = 4
Cho hé phwong trinh  {2% + t# =9 .
xt+yz 26

Tim nghiém(x, y, z, t) sao cho P = zx dat gia tri Ion nhét .
. Hwéng dan giai
Pt x = 2cosa, y = 2sina; z = 3cosP, t = 3sinB,a, B € [0, 2x] thi
xt +yz > 6 < 6(cosasinf + singcosp) =6
5sin(a+B) 26 <> a+p= 12‘- .

Nén P = xz'= 6cosacosp = 3[cos(a. — B) + cos(a + B)] = 3cos(a — )
dat gia tri Ion nhat khi cos(a—B)=1<a-p=0.
Suyraazl}:z}. E>X=y= \/—2—;2= :&é{'

4 2
VéymaxP=3,khix=y=\/§,z=t=%_2¥.

Bai toan 6. 6:
Giai cac bat phwong trinh:
a) Ix*—5x+4| <x*+6x+5 b) x + 5> |x* + 4x - 12].
. Hwéng dan giai
a) Néu x? — 5x + 4 > 0 < x < 1 hodc x > 4:

BPT & X°—5x+4 <x*+6x+5< 11x z—1<:>x2—11—1._

Chon nghiém —%1 <x<1hodcx>1.

Néux?—5x+4<0=1<x<4
BPT < —x? + 5x — 4 < x* + 6x + 5 <> 2x* + x + 9> Q: dung

Vay tap nghiém S = P%;mo)
) Xx+5>0 X >-5
Leme
(x+5)2 > (x% + 4x-12)2  |(x+5)* (% + 4x-12)*>0

X>-5 .
902 2
(x* +5x=7)(x" +3x-17)<0

Lap bang xét dau thi: S = (_5_2\/53;—3—ﬁ]u[“5+\/5_3;_3+\/ﬁ

2 2 2
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Baitoan 6. 7:
Giai cac bat phwong trinh:
2
3 X°+X+1
a)ix’-8|l=22-x b) —————————2
)| | )|2x—1l~x~2

Hwéng dan giai

a) BPT & | (x - 2)(x* + 2x + 4)| 22 - x

o x-2]0¢+2x+4)22-x ViX*+2x+4>0,Vx

Néu x > 2 thi VT =0 = VP : ding

Néu x < 2 thi (2 —x)(X* + 2x +4) > 2 - X

o X +2x+4>1< X+ 2x+320:dung vx.

Vay tap nghiém la R.
b)-Vi X2 +x +1 > 0 v&i moi x nén b4t phwong trinh twong dwong
2x 21 2x-1-x-2>0

[2x -1 =x-2>0<
2x <11-2x-%x-2>0

x>3 '
2x21x>3
o |TFETY o 1.Vay S = (—w;—lju(3;+w)-
2x <1,3x < -1 X<—— 3

Bai toan 6. 8:
Giai cac bat phwong trinh:

a) Vx? —5x-14 >2x—1 ) X% 51
Jx2 -3x-10

Hwéng dan giai
a) Didukién : xX* =5x~14>0 < x<-2hodcx27
Khi x < =2 thi 2x — 1 < 0 nén BPT nghiém dung
Khi x = 7 thi 2x — 1 > 0 nén BPT twong duong
x2—5x—14 2> (2x — 1) < 3x* + x + 15 < 0 : vd nghiém
Vay tap nghiém la (=« ; -2].

x> -3x-10>0
b) BPT <
Vx? -3x-10 <2x -4
x?-3x-10>0 x<-2 hay x>5
& {2%-4>0 EIX>2 ‘ & xX>5.
X2 -3x-10<(2x-4)>  [3x* -13x+26>0
Bai toan 6. 9:
Giai cac bat phuong trinh:
a) 6./(x-3)(x-32) < x> —34x + 48 b) V7x+1-/3x-18 </2x+7
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Hwéng dan giai
a) PK: (x—-2)(x-3)>0.Datt= [x-2)(x-3) ,t>0
BPT o 6t<t’~16 &t -6t—16>0c<t<—2 hodct>8
Chon t > 8 nén c6 x* — 34x + 64 > 64
© x* < 34x > 0 < x < 0 hodic x > 34 (chon).
b) Biéukién : x > 6 . BPT twong duwong:

VX +1<2x+7 +/3x—18
S Tx+1<2x+7+3x~-18 +2./(2x+7)(3x - 18)
& X+6</6x%-15x-126 <X +12x+ 36 <6 — 15x— 126

< 5% = 27x — 162 > 0<:>xs—-1?8_~ hoécxz 9. Chon nghiém x > 9. '

Bai toan 6. 10:
Giai cac bat phwong trinh:
a)(x-2)Vx*+4 <x*-4
b) VX2 +x -2 +4x2 +2x-3 </x? + 4x 5
Hwéng dan giai
a)BPT o (x—2)Vx® +4 <(x—-2)(x +2)
— Xét x = 2 thi BPT : 0 < 0 dung.
—Xétx>2 thiBPT e Vx? +4 <x+2ox2+4<x2+4x + 4
<> 4x20<x2>0.Chonx > 2. o
—-Xétx<2thiBPT < Vx?+4 >x+2
Khi x < -2 thi x + 2 < 0 : BPT nghiém dung.
Khi-2<x<2thiBPT o x*+4>(x+2)°
& 4x<0ex<0.Chon-2<x<0.
Vay tap nghiém 1a (oo ; 0] U [2 ; +w).
b) Diéu kién : x < -5 hodc x > 1
BPT & J(x=1)(x+2) +/(x=1)(%-3) < \(x-1)(x + 5)
Néux>1:BPT < Vx+2+/x+3 </x+5

S 2x+5+2,/(x+2)(x+3) <x+5
S 2(X+2)(Xx+3) <-x<0:vd nghiém

Néu x = 1 : BPT dwoc nghiém dng
"Néux<-5:BPT < JA=-X)(=x=2) + /(1= X)(x + 3) <J(1-x)(-x-5)
& J-x-2+J-x-3 <J/x-5.
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©-2x—5+2.J(x+2)(x+3) <—Xx—5.

< 2(x+2)(x+3) <x<0:vdnghiém.

Vay bét phwong trinh c6 nghiém duy nhat x = 1.
Bai toan 6. 11:

Gii cac bat phuwong trinh:

a) 2Vx-1-J/x+2 >x—-2b) 2&(1/x~%+5}1J<\/x2+18x—7

Hwéng dan giai

a) Dieukiénx>1. :
BPT< VX—1-Vx+2)2Vx-1+/x+2)>x-2)2x-1+/x+2)
S4x-1)=(x+2)> (X -2)(2Vx-1+Vx+2)

S 3X—-2)>(X—-2)2Vx~-1+Jx+2)
Néu x =2thi 0> 0 : loai.

Néu1<x<2:BPT < 3<2/x-1+Vx+2

S 9<4x—1)+x+2+4 fx-N(x12)
<:>11——5x<4\/;<2_+x:'§

< 121 - 110x + 25%* < 16x° + 16X — 32

X 14X+ 17 <0 7T-42 <x<T7+442.
Chon nghiém7—4\/§ <x<2.

Néu x > 2 thi BPT < 3> 2/x ~1+/x+ 2
Vix>2nén VT >21++/3> 3 vd nghiém.

Vay nghiém clia bat phwong trinh 7 —4+/2 <x < 2.

‘ 2
b) idu kién: x> . BPT: /x_l+£+_1< oy 14X+
2 2 4 8
5 / 1 , X +1
Patu= [x-— ,u>0vav=2— v>0
2 4

BPT: u+v< y2u? +2v? & (u+v)? < 2u% + 2v2
SUV>00usve X —14x+920o x=7+ 13

Vay nghiém: x > —%,x;t?ir\/ﬁ.

Bai toan 6. 12:
Giai cac bat phwong trinh:

a)Vx? —3x+2 +VXx+3 <x-2+x% +2x -3
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b) X% + 6x + 11 = 3(x+1)2x +5 .

Hwéng dan giai

a) Piéu kién x > 2
Jx? 3424 VX3 <Vx—2+Vx +2x-3
& Px—AVX =2 +/x+3 < x =2 +/x=1/x+3
e (KA-YWx-2-Vx+3)20
e IX=1-1<0 vi x-2-Jx+3<0

& Jx-1<1ex-1<1ex<2
Vay x = 2 1a nghiém clia bat phwong trinh.

b) BK: x > ——2-, BPT da cho tré thanh :

(x+ 12 = 3(x + W2x+5 +2(2x+5)? >0 (1)
5 5

Khix = —= thi (1) < (~—+1j > 0: dung.
2 2

Do d6 x = —g la nghiém bét phuwong trinh.

y+220

X+1 Y- X+1

5
Khix # —— thi (1) 3
2 M (\/2x+5 (\/2x+5

' 5
Do d6: X1 <1 x+1< 2x+5 < “§<X<—1<:>§<'x32
J2x+5 2
: | -1<x<2
] X =-1
X +
Hoac 22 X+12/2x 45 & x<-2e2<X
J2x+5 ﬁ{
2<x
5

Vay nghiém BPT: x> —

I\)

Bai toan 6. 12:
Giai cac bat phuwong trinh:

a)VI—2x + T+ 2x 2 2-x2. b) X3+ 15 —xX 2 4/2(x2 — Tx + 24) .

Hwéng dan giai

-;-.Tacc'>2~xzs 2.

VA I=2x + V172X = 1A= 2x +1 15 2% < JA+ D(1-2x +1+2x) =4 =2
148
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nén dau bang déng thoi xay rax = 0 va 1-2x =+/1+2x,
do d6 x= 0. Th& lai dung. Vay phwong trinh cé nghiém x = 0.
b) Diéu kién x < 15.

Tacd x=3+J15-x =1.(x-3)+1/15-X
< \/(1+1)[(x ~37 +(15-%)] =20 ~7x+24)

(s x-320
néndaubang xdyra: x-3=1/15-x < ) & x=6.
(x-3)7 =15-x

Th lai dang. Vay phwong trinh c6 nghiém x = 6.
Bai toan 6. 13:
Giai cac bat phwong trinh:

x-x 4 b)x® +x*> J1-3x - 4.
1-+/20 —=x +1)

Hwéng dan giai
a) biéu kién x =0.

Taco 1-2(x* —=x+1) =1-/x* +(x-1)* +1<0 nén BPT:

X=X £ 1-7[2(x2 = x + 1) & 20 - x+1) <1-x+/x
Ma 1-x+&=1(1—x)+1.\/§s\/(1+1)[<1—x)2+(&)2]

= J2(x? - x +1)
VS . ) 1-x20,x>0
Do d6 dau bang xay ra nén 1-x=Jx < )
(1-x)" =x
0<x<1 _
S ©x=§——i—5—(th6a man).
x*-3x+1=0 2

) Taco BPT: X’ +x°> 1-3x-4 & X’ +x’ = 1-3x +4 >0
Xét f(x) = XX+ x3— J1-3x + 4, véix < %thi f ddng bién trén

(—o0; -;—], ma f(=1) = 0 do d6, BPT: f(x) > f(-1) & x < -1 (chon).

Vay tap nghiém ctia bat phwong trinh 14 S= (-o0; -1).
Bai toan 6. 14:
Giai cac bat phwong trinh

a) V1+x-J1-x < x

b) |4(\/(1~x2)3 —x®)+3(x—1-x2) <2
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Hwéng dan giai

a) Didukién:— 1< x <1 néndst x =cos2t, t [0, 12‘-]

BPT: \ 1+ cos2t — /1 - cos2t < cos2t
© 2 icost| — V2 |sint] < cos’t — sin

& /2 (cost—sint) < (cost + sint)(cost — sint)

11 b . s
cos(t + —)(cos(t— —)-1) > 0 cos(t + —)<0
< cos( 4)(‘( 4) ) <> cos( 4)

&S — 5t< =S <2t<ne -1<x<0.

n T.,T
4 272
Vay nghiém cia bat phuong trinh 1a: - 1< x <0.

b) Diéu kién xac dinh — 1 < x < 1 nén dit x = sint véi t e [--;‘-- -;_5].

VT = l4(,/(1-x2)3 ~x)+3x-1-x2)
= '4(\/(1 —sin?t)® —sin® t) + 3(sint — v1- siﬁz t)
- l4(\/cos€' t - sin®t)+ 3(sint — cos? t )’

= ]4(cos3 t—sin® t) + 3(sint - sin® t)[

= |(4_cos3 t—3cost) + 3(sint - sin? t),

= [cos3t +sin 3t[ = <2 =VP

V2 sin(3t + i‘.)

Vay bat phwong trinh cé nghiém -1 < x < 1 .
Bai toan 6. 15: ‘

Yo +y° +2x% = \xy - x?y?
axy® +y° + -;— > 2x% +[142x - y)?

Hwéng dan giai

Giai hé :

Didu kién: xy —x*y* >0 < 0 <xy < 1nén /xy-x%y? <
Do d6: /xy — x?y? =y6+y3+2x2s—;—
= 4xy’ +y° + -;— 2 4xy° + 2y° + & + 22
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Ma 4xy® + y° + % > 2% + 1+ (2x - y)?

= 8xy° +2y° + 1 2 4xy> + 2y° + y° + & + 1+ (2x - y)?
S axy?+ 12y + 4P+ 1+ (2x-y)?
o 1= J1+@2x-y)? 2y® + 4% —4axy® = (y® - 2x)°

2 _ vl -0
o 1= 1ex-y) —OQ{(ZSX y)> =0
y?-2x=0 y® =2x

y =2x y =2x {yzzx
SR S =
y® =2x y’-y=0 y=0 hay y=+1

Vay nghiém : (———:12— ;=1).

Bai toan 6. 16:
Giai va bién luan cac bat phuong trinh:
a)(x+1)k+x<3x+4 b)ymx?—(m+ 1)x+2>0.
Hwéng dan giai
a) (x+ Dk+x<3x+4 o ka+k<2x+4 o (k-2)x<4-k
Néu k = 2 thi Ox < 2 (dung): S=R

Néuk > 2 thix < 2. —(_w,ﬂ)
k-2 k-2
Néu m < 2 thi x > 4~k:S=(;z'—2 )

b) — Xét m = 0: bAt phwong trinh: —x + 2 >0 < x < 2.
—Xétm=0:TacoA=(m+1)?-8m=m?—6m + 1
Tamthtre m?—6m + 1 ¢ hai nghiém: my =3-2/2 ,mp=3+2+/2 .
Néu m < 0 thi A > 0 = tam thi¥c ¢6 hai nghiém:

_m+l-ym?-6m+1 _ _ m+1-ym®>-6m+1 |
X1 = X2 = va Xz < X4
2m 2m
Do d6 nghiém ctia bat phwong trinh [a x, < X < 3. -
NéuO<m<3-2+2 hoacm>3+242 2 thi A > 0 va co x; < x nén nghigm
cla bét phuong trinh 1a x < x; hodc x = x,. '
Néu 3 - 242 <m <3+ 242 thia>0, A <0 nén bat phwong trinh co
nghiém v&i moi x.
Bai toan 6. 17:
Tim m trong méi trwéng hop:
a (mM+2)x+5-2m>0,Vxe[1; 3]
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b) mx—-3-x+4m=0,VvVx>2
Hwéng dan giai
a)Daty f(x) = (m + 2)x + 5 — 2m thi y c6 db thj 1a dwong thdng d.
- Piéu kién f(x) > 0, vx € [1; 3] la:
{f(1)>0 {m+2+5-2m>0 {m<'7
= =S
f(3)>0 3m + 6 + 5-2m>0 m>-11
b) Viét lai: (m — 1)x +4m—=3>0, Vx> 2
Paty=f(x)=(m-1)x+4m-3cohésdbgéca=m-1.
Xétm=1thiy=1>0, vx>2:dung
Xétm=1thif(x)>0,vx>2

Vay-11<m<7.

m>1

m-1>0 m>1 : . .
RS = = 5.Vay: m=1.

f(2)=0 2m-2+4m-32>0 m2-— ‘

Bai toan 6. 18:
Tim tham sé dé: ,
x* +5x+a | X2+X+4

a)2< —————<7,Vx(1 b) <2 VX (2
) 2x% - 3x+2 ™ ; ) x? —mx + 4 @

Hwéng dan giai
a) Taco: 2x° — 3x+2>0 VX (ViA=9-16<0,a=2>0)nén:
(1) & -2x° +3x -2 < x* +5x +a < 7(2%° - 3x + 2), Vx

{3x2 +2X+a+2>0,Vx {a1 >0,A, <0
ol

13x? -26x-a+14>0,vyx (8, >0A", <0
1-3(@a+2)<0 3ax-5 a>——5— 5

(=4 3o -——<ax<1
169-13(-a+14)<0  |13a<13 a <t 3

b) Dé thoa dworc bai toan, trude hét ta phdi co: x2 mx+4¢0 VX.
o A=m? -16<0e=-4<m<4
Lac d6: (2) < x* + x + 4 < 2(x* — mx + 4), ¥x
X = (@2m+ 1)x+4>0, Vx

21370 L om+1?-16<00 2<m<3
laso 2° 72

Vay gla trl m can tim:

I\JI(J'I
-3
IA

Nl w

Ban toan 6.19:
Giai va bién luan bt phuong trinh: mlx + 5] < [x + 1],
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Hwéng dan giai
Néum=0thiBPT:0<|x+ 1] & x=-1:S=R\{-1}
Néu m < 0 thi BPT luén cé nghiém dung véi moi x : S =R
Néu m > 0 thi BPT < m?(x + 5)? < (x + 1)?

o (M2 = 1%+ 2(6m? = 1)x + 25m*—1<0
Khim=1thiBPT:8x+24 <0 x<-3:S = (-0 ; =3)

Khi m %1 thi TTB2 ¢6 2 nghiem x = 211 x = 2™+ s veio <m < 1
m-1 m+1
thiS = 5m ! U 5m+1;+oo . conveim>1thiS= 5m+1;§_n_1__—_1
‘m-1 m+1 m+1" m-1

Bai toan 6. 20:

Tim m dé bat phwong trinh:

a) x>+ |x + ml| <2 cé nghiém

b) x* —2mx + 2| x —m| +2 >0 cd nghiém v&i moi x.

Hwéng dan giai
a)lx+ml<2-x¥ox?-2<x+m<2-x
{xz—x—m—2<0 {m>x2—x—2
o - o

X2 +x+m-2<0 m<—x?+xX+2

Pt f(x) = x? — x — 2 thi f(x) dat GTNN tai dinh f(%) = -:’;- va
2 . . 1\ 9
g(x) = —x“ + x + 2 thi g(x) dat GTLN tai dinh g(——z—J =2

Diéu kién c6 nghiém: minf(x) <m <maxg(x) < -% <m< 2— .

b) Batt = |x —ml| > 0 ta dwa vé& bai toan tim m dé:

t?+2t+2-m’>0thod véimgit>0

Chot=0thi2-m?’>0 om?<2e ml <42
Pdo lai , khi Im| < V2=2-m?>0
mat=0=t*+2t>0nén £ +2t+2-m?>0,Vvt>0
Vay gia tri can tim : [m| < V2.

Bai toan 6. 21:
Tim m dé bét phwong trinh:

a) x> = 2x + 1 = m? < 0 dwoc nghiém ding vx e [1; 2].

b) %+ (1 —3m)x + 3m —2 > 0 nghiém dting v&i moix ma | x| > 2.

Hu’o’ng dan giai
)Taco y =f(x) = x* = 2x + 1 — m? la ham bac hai c6 a = 1 > 0 nén bé 16m

hwdng lén, do dé:
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f(x) <0, Vx € [1; 2]

f(1) <0 -m?<0 \ 1 2 /
< <> : l ! >
f(2)<0 1-m? <0 T | »
om?21eoms<—1hodgcmz1. < S
b) BPT < (x—=1)}(x-3m +2)>0 '
Tam thirc bac hai co6 2 nghiém x=1vax=3m-2

Xét3m=2=1 m=1thif(x) = (x—1)2> 0, Vx = 1: théa man.
Xet3m—-2>1<m>1thi f(x) >0« x<1hodcx>3m-2.

Pidu kien: 3m—2<2 o m< %.Kétho’pthi1<m< i;i.

Xét3m—-2<1<m<1thif(x) >0 x<3m-2hodcx>1.

Piéukién: 3m—-2>-2<m>0.Kéthopthi0<m < 1.

Vay diéu kién can tim a0 <m < % _,
Bai toan 6. 22:

Xac dinh m dé :

a) (m—1)x2 +2x + m + 1> 0 véi moi x > 0.

b) x*+ (3 — m)x — 2m + 3 >0 v&i moi X < —4.

Hwéng dan giai

a)—Xéetm=1:f(x) =2x+ 2 >0, Vx> -1: chon

- Xétm<1: TTBZcoA-1—~(m—1)(m+1) 2-m?

Néu A' < 0 thi f(x) < 0, Vx: loai

Néu A' > 0 thi f(x) > 0 < X; < X < X loai

—Xétm>1:NéuA' <0< m?>2.Chonm > /2 : théa man.

NéuA'>0om?<2. Chon1<m<+2.

m’+1>O
L P20  |m-1" P
bieukién x;<x <0< o :Dungvim > 1
S<0 -2 ,
<0
m-1

Vay gia trican timlam > 1.
b) A= m?+2m - 3.
XétA <0 -3<m<1thi: f(x)>0, vx:thdéa man..
XétA>0 @m<-3hodacm=1.
S

Diéu kién -4 <x, <x, & A>Oaf(—4)>052'—4

Giai ra dwoc két qua m > —;
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Bai toan 6. 23:
Xac dinh tham sé m dé:
a) X(X + 2)(x + 4)(x + 6) > m, Vx (*)
b) mx* + 2mx® — 4x% - 2mx + m > 0, Vx.
Hwéng dan giai
a) Ta co x(x +2)(x + 4)(x + 6) = x(x + 6)(x + 2)(x + 4)
= (X2 + Bx)(x? + 6x + 8)
Patt=x*+6x+4thit=(x+3?-5>-5
Mo t-4t+4)>2m vt>2-5osm<t?-16, Vi>-5.
oms rgjg(tz -16) < m<-16.

b) Xét x = 0 thi m > 0. Xét x = 0, cho 2 vé& cho X2 > 0

mx2+2mx—4-—2£+£n-—> 0 o mlx2s Lt +2m(x—1)—4>‘(/)
X x? x2 X

Patt=x- % thi x> —tx—1=0.
Vi phwong trinh ndy c6 A=t2 +4 >0, vtnént e R.
Bai toan tr& thanh tim m dé: m(t? + 2) + 2mt —4 > 0, vt
a>0 m>0
=
A'<0  |m?-m(2m-4)<0
m>0 m>0
> & oS m>4,
-m?+4m<0 m<0 hay m>4
Bai toan 6. 24:
Giai bién luan hé bat phuwong trinh:
4 x> -x-12<0 (1) b) x> +(@+1)x+a<0
(2-m)x>3-m (2) x* +(2a+4)x+8a<0
Hwéng dan giai

o mt?+2mt+2m -4 >0, Vt@{

a) (1)< -3<x<4
Xétm = 2 thi (2) < 0x > 1: v6 nghiém nén hé vé nghiém.
m-3

Xétm = 2, ta so sanh v&i —3 va 4 bang cach xét dau cac hiéu:

E= m—3+3:4m—9 ’ I:zm—3_4:5—3m
m-2 m-2 m-2 m-2

E>0c m<2hoécm>%,E<0<:> 2<m<%

F>0<:>-g<m<2;F<0 <:>m<§hoécm>2.
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T d6 co cac trwong hop:

Néums—s-:(2)<:>x<m 3 cx<4
3 m —

2 . Hé c6 nghiem M=

Néu§<m'<2:(2)<:>x< 2.Hécénghiém—3<x<4'

2‘. Hé cé nghiém -3 <x <4

Néu2<m<%:(2)¢:>x>‘

Néumz%:(z)@x< m_g.Hércénghiém m-3 cx<a
<
b) Ta c6 hé < (x+1)(x+a)<0
(x+4)(x+2a)<0
So sanh cac nghiém -1, —a, —4, —2a, ta xét cac tredng hop sau:
. -1<x<—
Néu a < 0 thi hé & X278 L _1<x<a
-4<x<-2a
» -1<x<~
NéuO<a < thihé o X278 o _1<x<-2a
2 -4 <x<-2a '
. ~1<x<— '
Néu L <asithihg e i T =¥<78 . yg nghiem.
2 -4 <x<-2a
‘ o —-a<x<-1 R i
Neu 1 <a<2thihé < : vO nghiém.
-4 <x<-2a
. : —a<x<-1
Néu2<asdthihes 4 2=X=71 s nghiem.
-2a<x<-2a
£ . T [rasgx<-1
Néu a >4 thihé & _ o —-asx<—4
-2a<x<-4
1

Vay: Khia<0: S=[~1;—a]. Khi0O<acx< -2-: S =[-1; -2a]

Khi-;-<as4:S=®.Khia>4:S=[—a;—4].

Bai toan 6. 25 |

Tim cac tham sb dé hé:
axA<Tx-2 () .
) c6 nghiém

x°—-2ax+1<0 (2)
) _

X +2 m+1)<0 .
b { +2x+M+D<0 o hiem duy nhét,

x? -4x-6(m+1)<0
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Hwéng dan giai
a)(1) @ 3x>3<x>1. Giai(2):A'=a’-1.
-NéuA'=0=a=+1.
V@i a = 1, nghiém cua BPT la x = 1 nén hé vé nghiém.
Vé&i a = -1, nghiém cla BPT la x = -1 nén hé v6 nghiém.
— Néu A' < 0 hay -1 < a < 1 thi bat phwong trinh (2) v6 nghiém nén hé
vo nghiém. '
— Néu A' > 0 hay a < —1 hodc a > 1 thi tam thiec & vé trai cla (2) co hai
nghiém phan biét: x4, X Nén (2) <> X; < X < X, (gid st X4 < Xp).
Theo dinh li Viet, ta co x4, = 1 va x4 + xp = 2a.
Khi a < — 1 thi ¢ hai nghiém x; va x, d&u 4m nén hé vé nghiém.
Khi a > 1 thi hai nghiém x4 va x déu dwong, Vi XiXo = 1 va xq # X Nén x; < 1 < Xy
Do do, hé c6 nghiém.
Vay hé bat phwong trinh ¢é nghiém khi va chikhia > 1.

b) DBé y bat phwong trinh dau co tap nghiém la @ hoac {~1} hoac [x4, x;], con
bat phwong trinh sau c6 tap nghiém 1a & ho&c (xs, Xs). Do d6 dé hai bt
phuong trinh c6 nghiém duy nhét thi bt phuong.trinh dau phal c6 nghiém duy
nhat A;=0=1-(M-1)=0=m=0.

The lai khi m = 0 thi hé:

x2+2x+1<0  |[(x+1?<0 {x=~1
<< < 2
X2 -4x-6<0 |x?-4x-6<0 [X°-4x-6<0
Vay hé cé nghiém duy nhét khi m = 0.
Bai toan 6. 26:
Tim tham sd m dé hé bat phwong trinh sau c6 nghiém :
20x? —16xy +8y? -12x 20 (1)
1-3m
5+3m
Hwéng dan giai
Gia st hé bat phwong trinh da cho ¢6 nghiém. Nhan hai vé cla bat phwong
trinh (2) cho 3 va céng vao bat phwong trinh (1)

<:$x=—1

-28x% - 16xy - 8y? + 36x + 16y - 13 >

(2)

Ta co: —64x% — B4xy — 16y” + 96x + 48y — 39 > —9m+3

3m+5

2 18 3

= —4(4x + 2y - 3)" > =2>3mM+5<0=>m< -=

3m+5 5

Pao lai, gid st m < _3 ,taco 1-3m =1+ 6 -
5 3m+5 3m+5

Pé chirng minh hé bat phwong trinh da cho cé nghiém ta cé thé chirng
minh hé phuwong trinh sau ¢é nghiém:
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{20x2—16xy+8y2—12x =0 (3)

-28x% —-16xy —8y? +36x+16y - 13 = —1 (4)

Nhan hai vé clia (4) cho 3 rdi cong vao (3) ta co:

3-4x

, 2

Do d6: 20x* — 8(3 — 4x)x + 2(3 — 4x)* — 12x = 0

& 84x* —84x+18=0< 14x> = 14x+3=0

747
14

—4(4x+2y-3)°2=0cy=

ox=. c6 nghiém

Vay hé BPT dé cho ¢6 nghiém khi va chikhim < —%

Bai toan 6. 27:
Tim m @é bat phuwong trinh:

a)2x+m >\/5 X cb nghlem
b) (1+2x)(3~x) >m+(2x? - 5x+3)¢co nghiém véi moi x e {—%,SJ

Hwéng dan giai
a)Patt= J5-xvéix<5,t>0thit’=5-x
BPT:2(5-t) +m >teom>2E8+t-10 (%)
fitt) =2t +t— 10 coa =2 > 0, hoanh aadinht=—%<o

Diéu kién BPT cho co nghiém la BPT (*) c6 nghiém t > 0:

m > minf(t)< m > f(0) < m > -10.
t=0

b) Diu kién : —% <x<3Datt= J1+2x)(3-x) (t>0)

StP=3+5x-2x = 2% -5x=3-1{2.

Taco: t.v2 = {1+ 2x)(6-2x s(1+2")‘;(6”2")=g
72

nen0<t<———— BPT<t>m+3-P+3om<f+t—6

ft)=t?+t—-6coa=1>0, hoénhdédinht=—% <0

_ Pidu kién BPT cho c6 nghiém vé&i moi x e[——-;—;'&} lam<f{t), vt e [0;—7——;—/——2—}
< m < min f(t) = f(0) © m < -6.
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Bai toan 6. 28:

X+y<2 W)

X+y+.2x(y-1N+a=2 (2)
Hwéng dan giai: ,

Ta c6 (1) c6 nghiém (x;y) 1a toa do cac diém thudc nira mat phang giéi han

b&id: x +y -2 =0, 4y phan chtra géc O.

Va (2) o 2x(y—Tra =2-x-y 0

Tim diéu kién cé nghiém cla hé: {

2-x-y>0 : e
©{2x<y~1>+a=<2—x~y)2 o //

X+y<2 o >\ B X
S22 o \\
X“+y -2x-4y-a+4=0 (3) '
Ta c6 (3) la phwong trinh duwéng tron tam I(1; 2), ban kinh
R=+a+1,a>-1

iéu kién hé co nghiém khi dwong tron c6 didm chung voi d:
1 1
dlid)sRe —< Ja+1 o1<2@+ ) oa>-——.
(1;d) NG (a+1) 2
Bai toan 6. 29:
Xac dinh mién nghiém ctia bat phwong trinh hai &n:

3x+y=9
4x-5y+20>0 y
: Xzy-3
a){y>0 b)
. 2y >8-x
x-3
-Y+5> y<6

Hwéng dan giai
a) Hé da cho twong dwong voi hé:

jx> ‘0 5y+20>0 3:2:2;5;5.:. // 7
wamm i | _
L o oo, TN TR O

V& duong thdng y = 0 (truc hoanh).Thé x =0,y = 4 thi y=4>0
Vé dudng thang x +3y-18 = 0.Thé x =y = 0 thi x + 3y — 18 =—18 < 0.
Mién nghiém clia hé Ia mién khéng bj gach (khéng ké bién) trén hinh.
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b) Hé da cho twong duong Vo v

, 3x+y-920
x-y+320 - A
X+ZY“8_>_O Y N > ARy

y_GSO s AWAY '\\\\
V& Ian lwot 4 duwong thang ’
3x+y-9=0,x-y+3=0,
x+2y-8=0vay-6=0. 2

Gach bbé cac nia mat phéng s T, %
khéng thoa man. f%?%i;///

Mién nghiém la mién khéng bi
gach b trén mat phang.

Bai toan 6. 30:
Trong mién nghiém (S) la tap hop cac diém co toa do thod méan hé:
2x~y =2
-2y <2 . .
X~V 22 1im GTLN ciaf(x;y) = 3x— 12y + 7.
X+y<5h
x>0
Hwéng dan giai
2x-y-220
_ov— 1/ 7 !
He o x-2y-2<0 /W/ y
X+y-5<0 h” /
N /
Vé 4 duong thang: . \‘ / / "
2x—-y-2=0 ,x-2y-250, /// ~ )
x+y-5=0vax=0. X B?"-" A
Gach b cac nira mat phéng “‘ﬂ Rath AN
khéng thoa man. N \ v \ 4\\ b Q)
Mién nghiém (S) la mién tam AW \ \ \ Y \ \
giac ABC (k& ca bién) voi '\ \2‘\ \\ \\ \ \\ \ \\ \\
AMZEES LV VL
A(z 2\ B@4; 1), C.Z§ ARARRRARAN
3" 3 33 _
Ta céf(z;——z—j =17 ;f4;1)=7;f Zﬁ =-18
3 3] 3'3

'So sanh thi max f(x;y) = 17 dat dwoc tai A.
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3. BAI LUYEN TAP
Bai tap 6. 1: Giai cac bat phuwong trinh:
“2x2 +Tx+7 (x=1)(x3 -1
a’) X 3x-10 U TION ST
Hwéng dan
a) Chuyén vé roi xet%éu Kétqua S = (0, =2) U [1; 3] U (5; +oo)
b) Két qua S = (-1-+/2; —2) U {1}.
Bai tap 6. 2: Giai cac bat phwong trinh:
15 : (x+1)° -1
X2 +x+1 ®) (x=1)°+1
Hwéng dan

a) X2 +(x+1)7?% <

a) Kétqua 2<x <1
b) Chuyén vé rdi xét ddu. Két qua x > 0.
Bai tap 6. 3: Giai bat phwong trinh :

,4(\/1 ) —x%)+3(x-1-x )] <2
b)\/1+x/1—x2[ (1+x)3+\/(1—x)3}<2\/§+\/2a2x2

Hwéng dan
a) Dat x = sint. Kétqua -1 < x < 1
b) D&t x = sint. Kétqua -1 < x < 1
Bai tap 6. 4: Giai bat phuong trinh:

a) Vx*-2x2+1+x21
b) VOX? +16(v/2x+4 - 22~ x) > 12x - 8

Hwéng dan

a) Vx* —2x2 +1+x 21| x2 =1|+x-120

Kétqudx<-2,x20

b) Két qua {—2;%) V) [ﬂ;Z}

3
Bai tap 6. 5: Giai hé:
P oxf= [T 7=
ly-2|+|x+1<1xyeZ 2/ \/‘__

Hwéng dén
a) Vi x, y nguyén va |y=2| + |x+1] < 1 nén |x+1] =0 hay 1.
Két qua (0:;0).(1:1),(1:2),(1;3)
b) Két qua (1;1)
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Bai tap 6. 6: Tim diéu kién dé hé c6 nghiém:
ax® +bx+c¢>0
a) {bx* +cx+a>0
cx? +ax+b>0

o) {sz +2xy -y2 >3
2x* +2xy +y? <a
Hwéng dan
a) Cong 3 bat phwong trinh vé theo vé. Kétquaa+ b+ ¢ >0
b) Kétquaa =1
Bai tap 6. 7: Dinh tham sé m dé:
a)(x+2)(x+4)(x* +6x+10)=m,vxeR.
b)x* +mx® +x2 +mx +1> 0,vx
Hwéng dan
a) Datt = (x+2)(x+4) = + 6x +8. Két qua m < -1
b)Kétqué|m}S-§-

Bai tap 6. 8: Tim m dé bat phuwong trinh:
a)(m-2)x% -2(m-1Nx+m-1<0,vx

4x% -6x+5
X2 +(m+Nx+2m+7

> 0,Vx

Hwéng dan giai
a)Xétm=2vam = 2. Kétqua m<1
b)Kétqua-3<m<9
Bai tap 6. 9: V&i nhirng gia tri ndo ctia tham sé thi bat phwong trinh:
a) (2m® + m — 6)x* + (2m — 3)x — 1 > 0 vd nghiém

b) >ax?+x co6 nghiém véi moi x.

1+|x!~

Hwéng dan
a) Xét 2m? + m —6 =0 va khac 0.

Kétqué——s— <m< 3
6 2

b) Kétqué—-1§<a<3
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Bai tap 6. 10: Cho 2003 s6 dwong Xy, Xa, ..., X2003 thod man
X2 4+ X3 < Xy — X,

X5+ X3 < X5 — X,

Joe.

2 2
X001+ X5002 = X2002 ~ X2001

2 2
| X2002 + X2003 = X2003 ~ X2002

Chirng minh trong 2003 sé d6 c6 hai s x, y sao cho: [x-y| < 5 1103 )

Hwéng dén

Tw giai thiét thi
0 < Xa012 = X2011
0 = X5013 =~ X012

Nén xép the tw thanh day X, < X, < ... £ Xoo1s,
Bai tap 6. 11: Tim a dé tap nghiém ctia hé bat phwong trinh:

2 ;
X +(@+4)x+4a<y chra doan [-2: —1]
y<2a+4-3x

Hwéng dan giai

~

Kétqud—— <a<1

2
Bai tdp 6. 12: Trén (S) 1a tap hop cac diém (x ; y) thod méan hé:
3x+y =9
2y =28
XT2Y =S im GTNN ca F = 2x + 3y — 5.
X+6y>2
x20y=>20

Hwéng dén giai

V& mién nghiém da giac rdi tim cac dinh bién.Két qua min F = 8. MA
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Chuyém 6 7: VECTS

1. KIEN THUC TRONG TAM
Vecto va phép toan
— Quy t4c ba diém: MN + NP = MP
— Quytc vé hiéu: OM — ON = NM
~ = Hinh binh hanh ABCD: AB+AD = AC AB AD =DB
— Piém | 1a trung diém doan AB < A+iB=0
& MA + MB =2Mi véiMtuyy. ‘
~ Diém M duoc goi la diém chia doan thing AB theo ti s k = 1 néu: MA =kMB.
OA-kOB
-k -
— Phan tich theo 2 vecto & b khéng cung phwo’ng:

V&i moi diém O thi co: OM =

¢ =ma-+nb, mva n duy nhét
~ Tam ti cw cGia hé n diém {A,,A,,..,A,} kém n hé s6 {k,k,,....k,} co téng
K, +K, +...+k, =012 diém duy nhét | thod man
KJA, +k,JA, +...+k,JA, =0.
Khi cac hé s6 k =1 thi | goi Ia trong tam clia hé diém {A,,A,,... A} .
— Didu kién thdng hang: A, B, C thdng hang < AB =kAC

— Diéu kién song song: Hai duong thing AB va MN song song khi AB = kMN
va diém A khéng thudc duwong thang MN.
— Diém M thuéc dwong thing AB < OM = xOA + yOB,x+y =1.
— Piém M thudc doan thang AB
< OM=xOA +yOB,x+y=1x20y>0.
— Cho hai vecto a, b thi:
la+bl<|al+ |bl| Du=khia, b cung hwong.
la -bl<|al+]|bl|.Du= khia, b nguoc hwéng.
 Yéu t6 tam giac
'~ Diém Gla trong tam tam giacABC <> GA + GB + GC =0
< MA + MB +MC =3MG voi M bét ky.
~ Diém M n&m trén canh BC clia tam giac ABC thi:
AM = _MEAB _M._EiAc
BC BC
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Diém M thudc mién trong tam giac ABC

< OM= xOA+yOB+zOC X+y+z= 1x>0y>Oz>0

Tam giac ABC c6 trong tam G; trwc tam H, tam duwong tron ngoai tiép O thi:
OA + OB +0C = OH = 30G .

Tam giac ABC c6 tam duwong tron nai tiép | thi: |
alA+biB+ciC=0

Tam giac ABC ba dudng aéi trung ( dwong thang déi xirng cla trung tuyen
qua phan giac trong twong (rng) déng quy tai mot diém L, goi la diém

Lemoin thda man a?LA +b?LB +c2LC =0.
Hai tam giac ABC va AB'C' c6 cling trong tam khi va chi khi AA'+BB'+CC'=0.
Co6 thé thay ddi thr ty dinh clia 2 tam giac.

Truc toa doé
Hai didm A(a), B(b) trén truc A c6 géc O: AB=0B-0OA =b-a
Ti sé don cua 3 diém A,B,C trén truc A : (ABC) = 9_';

Ti s6 kép clia 4 diém A,B,C, D tréntruc A : (ABCD) = E)_g _C—:__Ai
Hang diém ‘dleu hoa AB,C,D: (ABCD) =-1
Hé thire toa do A(a), B(b), C(c), D(d):
(ABCD) = -1 < 2(ab+cd)=(a+b)(c+d)
Hg thire Descartes: (ABCD) = -1 2. 1.1
AB AC AD
Hé thirc Newton: Véi | Ia trung diém AB

(ABCD) = -1« IA% =1B? =ICID
Hé thirc Maclaurin: V6i J 1a trung diém CD
(ABCD) = -1 ACAD = ABAJ

Chum diéu hoa: Bén dwong thing dong quy hodc ddi mot song song Iap
thanh mot chum diéu hoa khi chung di qua bdn diém clia mét hang diém
diéu hoa.

Tw giac toan phan: T giac 13i va thém 2 cap canh déi kéo dai cét nhau.

T giac toan phan c6 3 duéng chéo B E
AC, BD, EF va méi duwdng chéo bj 2
duwong chéo con lai chia diéu hoa A C
D F
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2. CAC BAI TOAN 5
Baitoan 7. 1:
Cho bén diém tuy y A, B, C, D. Chirng minh::
a) AB + CD = AD + CB.
b) AD + BC= AC + BD=2MN v6iM, N Ia trung diém AB va BD.
; Hwomg dan giai: o ’ D
a) Tacs AB + CD = (AD + DB)+(CB + BD) o
= AD + CB +(DB + AD)= AD + CB.
'b) MN = MA+AC +CN = MA+AD+DN
MN = MB+BD +DN = MB +BC +CN
ViM, N la trung diém AB vé BD nén
2MN = AC + BD = AD + BC.
Baitoan 7. 2: SR £
Cho sau dlem tuyyA, B, C,D,EvaF. Chwng minh;
a) AD +BE + CF = AE + BF + CD :
b) Khi ABCDEF luc giac déu va M 1& mét diém bét ky thi:
MA + MC + ME = MB + MD + MF. -
; Hwéng dén giai
a)Taco AD + DC + CF + FB + BE + EA =0
nén AD + BE + CF =—EA — FB - DC = AE+BF +CD .
b) Goi O la tam dwéng tron ngoai tiép. Ta co g
MA +MC + ME —(MB+BA)+(MD+DC)+(MF+FE)
=MB+MD+MF+(BA+DC+FE)
=MB+MD+MF+(BA+OB+AO)
=MB + MD+ MF +(BA + AC + OB)
= MB + MD + MF .
Bai toan 7. 3:
Cho hinh binh hanh ABCD. Qua O Ia mét diém bat ky tren duwdng chéo
AC, ké cac dwdng thdng song song véi cac canh cla hinh binh hanh. Cac

dwdng thang nay cit AB va DC lan Iwot tai M va N, cit AD va BC lan lwot
tai E va F. Chiing minh rang:

a) OA + OC = OB + OD b) BD = ME + FN.

166



Cty TNHH MTV DWH Hhang Viét

Hwéng dan giai:

a) OA + OC = OB + OD

< OC - OD=0B - OA

A M . B
L]
< AB = DC: dung. o
b) Tt giac AMOE va t& giac OFCN , ;
la hinh binh hanh nén ’
C

ME + FN = MA + MO + FO + FC
= (MA + FO) + (MO + FC)= (MA+BM)+(BF +FC)

= BA + BC = BD.
Baitoan 7. 4:
Cho tam giac ABC c6 3 trung tuyén AM, BN, CP.

Chirng minh AM + BN + CP =0 .

Hwéng dan giai:
Vi M, N, P I trung diém 3 canh nén:
AM+BN+CP =
E(ZTBJHEE)+§(I§iﬁi+§K)+ %(CKHTB')

%(Z\E+§7\')+ %(E#ﬁw —21~(B—C+CB)=

Céch khac: Goi G la trong tam tam giac ABC thi': '
AM + BN + CP ——%(GA +GB +GC)=0
Bai toan 7. 5:
Cho tam giac déu ABC tam O. Goi M |a mot diém tuy y bén trong tam giac
ABC va D, E, F 1an lwot 1a hinh chiéu cta no trén cac canh BA, CA, AB.

Chirng minh rang: MD + ME + MF = %MT) A

Hwéng dan giai

Qua M dung cac doan AB, // AB, B,C,

Il BC, C4A; /I CA thi cac tam giac
MA1A2; MB182, MC1C2 la nhl."rng tam
giac déu va D, E, F la trung diém cla
A1A2, Bsz, C1C2.

Taco: MD + ME + MF

1

EI(M/M +MA ) + (MB 1 + MB ) + (MC + MC )]
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_\Nl

[(MA1 + MCo) + (MB + MA2)+(MC1 + MBz)]

w

= _(MA + MB + MC)= = MO.

N
N

Baitoan 7. 6:
Cho da giac deu AiAs.. A, NG hep du’ong tron tam O

‘Chirngminh OA ;+ OA,+..+ OA,=0.
Hwéng dan glal

: Ta xét 2 trweéng hop n chan va n lé. ‘
— Néu n chan thi n = 2m nén AAm1, A2Ame2,.-AmAom la cac dwong kinh nhan ttm O

Iamtrungd’emnenOA + OA,+.. +OA,,
= (OA 1+ OA 1) + (OA 2+ OA a2) + .. +(OA +OA2m) 0
— Néun|é thin=2m + 1, ta chirng minh
‘u =0A,+ OAz .+ OA, c6 2 gia khac nhau

That vay, xét dwong thdng OA, thi cac cép vecto OA 2 va OA 2m+1 OA;va
OA o, ..., OA ;, va OA .4 dbi xtng nhau qua dwéng thdng OA, nén ghép
theo cac téng nay thi vecto u co gia la dwdng thdng OA,.

Tuong tw xét dwong thang OA, thi cac cap vecto OA; va OA4, OA, va
OA zms1... @6i xtrng nhau qua du’o’ng thang OA2 nén vecto u cé gia la
dudng thang OA.,. '

Vay vecto U co 2 gia khacnhaunén u = 0 .

Baitoan 7.7:
Choluc giac ABCDEF. Goi M, N, P, Q, R, S lan lwot la trung diém cla céc
canh AB, BC, CD, DE, EF, FA. Chtrng minh rang hai.tam gidc MPR va
NQS cé cung trong tam.

. . s A M B
Hwéng dan giai
Tacé:!\m:"lm,ﬁﬁ 1CE
2" 2 ; ¢
Y
RS—EEA R¥-emmtgenns
Nénm+ﬁ+ﬁ§=%<ﬂ6+ﬁ+ﬁ>=a ETQ

Do d6 hai tam giac MPR va NQS cung trong tam.
Baitoan 7. 8:
Cho diém G Ia trong tam t& giac ABCD va A', B', C', D' I1an Iwot Ia trong tam
. cac tam giac BCD, ACD, ABD va ABC.
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a) Chirng minh rang G 1a diém chung ctia cac doan thdng AA', BB', CC' va
DD'. Piém G chia cac doan thang do theo cac ti sb nao?
b) Chirng minh réng G ciing la trong tam clia t&» giac AB'C'D".
Hwéng dan giai:
a) Vi G la trong tam t& giac ABCD nén :
GA+GB+GC+GD=0
Ma A'Ia trong tam tam giac BCD nén: GB + GC + GD =3GA"
Do d6: GA =-3GA ' nén G, A va A' thing hang.
Twong tv: GB =-3GB', GC =-3GC', GD =-3GD"
Nén G, B, B' thdng hang, G, C, C' thing hang va G, D, D' ciing thang hang.
Vay G la diém chung cla bén doan AA', BB', CC' va DD' :
Pidm G chia cac doan AA', BB', CC' va DD' theo i sb k = 3.
b) Ta c6: GA+GB+GC+GD=-3(GA'+GB'+GC'+GD") = 0
Vay G cling la trong tam t& giac A'B'C'D'.
Baitoan 7. 9:
Mot dwdng thang cét cac canh DA, DC va dudng chéo DB cla hinh binh
hanh ABCD lan luot tai cac diém E, F va M, ma DE = m.DA, DF =n.DC
(m, n > 0). Hay biéu dién DM qua DB vam, n.

Hwéng dan giai: A B
bt DM = xDB, EM = yFM
Thi DM = xDA +xDC E
nén: EM = DM-DE M
= xDA +xDC-mDA = (x-m)DA + xDC D PN\ c

va FM = DM - DF =xDA + (x—n)DC
Taco: EM=yFM < (x-m)DA+x.DC =xyDA + y(x-n)DC

Do DA va DC khéng ciing phwong nén:{x—m =X
| x=y(x-m)=xy-yn
Huwéng dan gidi ra duoc: y = - vax= 0 vay: DV = 2 DBB.
n m-+n m+n

Baitoan 7. 10:
Cho hinh thang ABCD, day AB = a, CD = b, O |a giao diém cla hai dudng
chéo AC va BD. Qua O vé duong thdng song song v&i day hinh thang,
dwong thdng nay cét cac canh bén AD va BC theo the tw tai M va N.
Ching minh: NN = 2AB+aDC
a+b
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Hwéng dén giai:
Do MN /I AB [/ CD nén:
MA NB OA OB AB a
MD NC OC OD DC b

Do dé MA =-2 MD, NB = -2
b b
 bA+200  oB+200
nén: OM=——b  ON=—b
1+ 2 ' '
b
- AB+2pC
Véy N=ON-— M: b
142
b

Bai toan 7. 11:
Trén canh BC clia tam giac ABC lay diém M. Pwdng thang A cét cac doan
AB, AC, AM lan luot tai B',C', M". :

Chung minh rang: BC ————AM =MC. AB MB—A—E. A
AM' AB'  AC’
Hwéng dan giai
Tacé: AM = MC 76+ MBac
BC BC

L, AM 55 MC AB 5 MB AC 1

AM' BC AB’ BC AC' : : Ay
Vi M, B', C' théng hang nén B Mo
AM _MC AB +MB AC - gc. AM AM —MCﬁB— ve. AC AC

AM' BC AB' BC AC‘ AM’ AB' AC"’
Baitoan 7. 12: ‘
Cho tam giadc ABC véi d6 dai cac canh BC = a, CA = b, AB = ¢ va trong tam G.
Chirng minh néu:a.GA +b.GB +c. GC = 0 thi tam giac ABC Ia tam giac déu.
Hwéng dan gidi
Glatrongtamnén GA + GB + GC = 0 .Theo gia thiét:
0 =a.GA +b.GB +¢.GC =-a.GB —a.GC +b.GB +¢.GC
= (b-a)GB +(c-a)GC = 0 = (b-a)GB = (a—c)éé
=>b-a=0vaa-c=0(vi GA va GC khong cung phuong)
Vay: a = b = c nén ABC la tam giac déu.
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Bai toan 7. 13: ;
Cho tam giac ABC c6 3 dwong phan giac AA', BB', CC' . Chirng minh néu
AA'+BB'+CC' =0 thi tam giac ABC déu.

Hwéng dann giai
Gid st AC'=mAB, BA"=nBC, CB'=pCA thi
A_A\"+§§1+(T@=63/K§+EW+B—6+CT~87+@+E=6_
= AC'+BA"+CB' = 0 = mAB + nBC + pCA =0
= mAB +nBC +p(CB +BA) = 0 = (m-p)AB + (n-p)BC = 0
Vi AB,BC khéng ciing phwong nén m—p =n—p =0 do dém=n = p.
Cac dlem C', A’, B’ chia AB, BC, CA theo cung mot ti sé k nén AA’, BB', CC’
ddng quy va K¥'=—1dod6k =1,
Vay C', A, B’ la cac trung diém cac canh nén tam giac ABC déu.
Baitoan 7. 14:
Cho tam giac ABC v&i cac canhAB=c¢,BC=a, CA=b.
a) Goi CM la dwdng phan giac trong cla goc C. Hay biéu thi vecto CM
theo cac vecto CA va CB.
b) Goi I 1a tam duong tron ndi tiép tam giac ABC. Chirng minh réng:
alA +bIB +¢ciC =0.
Hwéng dan giai
a) Theo tinh chat dwdng phan giac, ta co:

-/—\M=95=g suy ra MA -—EMB

BM CB
_ CAR+2ecB
Do d6 CM = a = A+
1 b a+b a+b
Ta

b) Vi | la tam dwong tron néi tiép tam giac ABC nén Al 1a phan giac cia tam
giac ACM. Béi vay theo cau a) ta c6 thé biéu thj vecto Al theo hai vecto
AM va AC
= AC — AM

Al = AB 4 AC
AC + AM AC + AM
b 5 C 4R b = = C =
= AB AC = IB-I1A IC-IA
a+b+c +a+b+c a+b+c( )+a+b+c( )

Suyra: alA+biB+ciC=0 .

Cach khac: aiA +biB +¢iC = 0 = iC="2A+LB
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Qua dinh C , v& 2 dwong thing song song véi 2 phan giac Al, Bl tao thanh
hinh binh hanh CA’IB’. S&r dung quy tic hinh binh hanh iIC=IA" +IB' va
dung tinh chat dudng phan glac de suy ra két qua.

Bai toan 7. 15:
Cho tam giac ABC cé AB = c, BC = a, CA = b. V&i mdi dlem M, dat S, =
Semc, Sb = Samc , Sc = SAMB Chwng minh:

a) S,MA +S,MB +S,MC = 0 néu M nam trong tam giac ABC

b) -S,MA+S, MB+S MC = 0 neu M nam ngoai tam gidc ABC va trong
g6cBAC '
Hwéng dan g|a| :
a) Xet M nam trong tam giac ABC.
Vé CF//BM, Fe AM CE//AM, E e BM.

ME_DC_Swe S _ye. Sy
MA DA Sg, S. S,
Tu’orngtL_r I\Wé:-—g—b—l\—l—lﬁ

MC = MF+ME—-§—MA--§£W;

[
SCMC -5, MA - SbMB:> Sa MA +SbMB +S, MC=0

b) Chirng minh twong tw.

Baitoan 7. 16:
Cac diém M, N theo tht tw thudc cac canh AB, AC clia tam giac ABC sao

cho Saun = —2-SABC Chirng minh rang trong tam tam giac ABC nam trong

tam giac AMN.
' Hwéng dan giai
AM AN

..Goi G la trong tam tam giac ABC, dat —=o ;——= 0<a, p<1) thi
: | g gia 5% aC B (0<a, p<1)

BM CN

....__.-_—_—1_ : =1

BA ' CA 3

va af= _A_M AN SAMN Shaen SAMN 1‘
AB AC Sasn SABC SABC 2

Vi cac cap vecto BA ,BM : CA , CN cling hwéng nén
' -1z 1= ==
(a—1)§,—&.+§m=6 o GA + EGM:GB
. > ,
B-NCA+CN=0  |P-15x, 'ar-ac
B B
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[0 o

(1+°‘ L ﬁB1)GA lGM+BGN GA+GB+GC=0
Ma(1—a)(1—B)>0=1—c—p+op >0
=>20B-a~B+afp>0=3ap>a+p

=3> —1—+1:>1+(1—11—)+(1—1J>0:> 1+——+B
a B a B a B

1

Do dé 3 hasé 1+21+B 1 0150 % >0 nén G nam trong tam giac AMN.
ol o

Baitoan 7. 17: ‘
Cho tr gidc ABCD va cac diém M, N, P, Q; cacsé m, n, p, q # 0thdéa méan:
mMA +nMB = mND+nNC = pPA + gPD=pQB +qQC=0 .
Chtrng minh néu MN va PQ giao nhau tai | thi:
pIM+gIN=miP+niQ =0
Hwéng dan giai
Theo gia thiét, M, P theo th(r tw la tam i cuw clia hé cac diém {A, B}; {A, D}
véi cac hé sb twong (ng 1an lwot 1a {m, n}; {p, g dodém+n=0,p +q = 0.
Suyramp+np+ng+mg=(m+n)p+q)=0.
 Goi K la tam ti cu cia hé cac diém {A, B, C, D} v6&i cac hé sb twong tng 1a
{mp, np, nq, mq}. Ta cé:
mpKA +npKB +ngC + mgKD = 0

= p(m@+n}?§)+q(nﬁ(—3+m@)=6
= p(m+n)KM+q(m+n)KN=0 = pKM+gKN =0
nén K thudéc MN.Twong tv mKA +nKQ = 0 va K thudc PQ.

Suy ra: | tring K va do @6 piM+gIN=miP+niQ=0 .
Bai toan 7. 18:
Cho hinh thang ABCD vé&i cac canh day
la AB va CD (céac canh bén khong song
song). Chirng minh rang néu cho trwéc mot
diém M nam gitva hai diém A, D thi ¢6 mét
diém N ndm trén canh BC sao cho AN /
MC va DN // MB.
Hwéng dan giai:

Goi O la giao diém cla hai dwong thing
AD va BC.

D4t OA =a; OB =b; OD =ka, khi d6
OC = kb (vi AB//DC). Gia st OM =ma .

0
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Ta xac dinh diém N trén BC sao cho AN //CM. Ta chung minh réng DN // BM.

Vi N nam trén BC nén ON =nb .

Khido: AN=ON - OA =nb — a

Mat khac CM = OM — OC =ma -kb

Vi AN va CM ciing phrong nén n_ A hay n = k.
Kk m m

—~ Vay ON = K

B‘.‘mao:?)N:c“)N—GE):aE-ka“.

3=

Ma BM = OM—OB =ma — b = _.';l[is_kgjz-%fm

Vay BM va DN cung phwong va B khong thuéc dwong thdng DN nén
DN // BM.

Baitoan 7. 19:
Trén cac canh AB, BC, CA cua tam giac ABC lay cac diém twong tng C,

As, By sao cho: AC; : C,B = BA; A,C =CB, : B,A = %.'Trén cac canh

A:B,, B:C,, C4A, clia tam giac A:B:C, Iéy cac diém twong &ng C,, Az, B,
sao cho: A:C, : C,By = B4A; : A,Cq = C4B, : B,A; = k. Chirng minh réng:
A,C, /I AC; C,B, // CB; BoA, I/ BA.

Hwéng dan giai:
L&y diém O bét ki 1am géc, dat:
OR=d,08=b.0C=¢c

A

OAQ— a2 , OBQ— bz, OCQ= 02
Theo gia thiét, ta co (do k > 0):

-~ b+ka — c+kb — b+ka
C1= 'a1: By =

1+k 1+k 1+k
- _51'+ka' - _-c‘:':+kai1‘ ~'~_a—1'+ka

b, C, = al
27 14k 2 1+k 2 1+k

Do do: A,C, =¢, -3, ='-(—1—1[(é“1+k6})-(5“1 vk

R_jﬁ[; +(k=Mb; ke, |

- = 11) [ kb + (k- 1)a +k(k - -1 kb -3 a)
+
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k? -k +1
(k+ 1)

- [(kz_km)c-(kz——km)a} (c-a)

(k+ 1)2
kP —k+1-
R
Chirng minh twong tw ta dwoc: C,B, // CB; B,A, // BA.
Bai toan 7. 20:
Cho ngii giac ABCDE. Goi M, N, P, Q 1an luot Ié'trun'g diém cac canh AB,
BC, CD, DE. Goi | va J 1an lwot 1a trung diém cac doan MP va NQ. Chirng

minh ring 1J // AE va IJ = %AE.

AC. Vi kz—k+1>0nenA2C2//AC

Hwéng dan giai
Taco: 20 = 1Q + IN
= IM + MQ + IP + PN
= MQ + PN

%(A“E'+BD)+1DB=%AE .

Dodo U = ZAE Vay lJ// AEva lJ = 1AE

Bai toan 7. 21: ,
Cho tam giac ABC voi cac trung tuyén AM, BN, CP va tam gidc A'B'C' voi
cac trung tuyén A'M', B'N', C'P’. Chirng minh néuBC, CA , AB theo thir tu
cung phuong véi A'M',B'N, C'P' thi B'C', C'A’, A'B' theo thtr tw cling
phuwong véi AM, BN, CP .
Hwéng dan giai
Goi G' la trong tam tam giac A'B'C'. Vi BC,CA , AB theo thir tw cung
phuwong véi A'M', B'N', C'P’ nén ta cé:
BC=KA'M',CA=tB'N', AB=mC'P' (k,t.m ¢ R)
= KA'M +tB'N' +mC'P' =BG + CA + AB = §

= g-k/‘\"'é' -%tB G’ +§C G'=0= kA'G'+#B'G'+C'G' =0
Ma G' trong tdm tam giac AB'C' nén A'G'+B'G'+C'G' =0
Vi A'G' B'G', C'G' doi moét khéng cung phuong nén -l} :?:k:t—m
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Suy ra:

SN PR [ 1,3 o) Kem
AM:E(AB+AC)=—2-(kCP+kNB)=—2-k.E(CG+GB)=-—CB
Do d6 AM // B'C'. Twong tw: BN // C'A*; CP// A'B'.
Baitoan 7. 22:
Cho hinh vudéng ABCD canh b. Tmh
|DA - AB|, |DA +DC|va|DB + DC|.
Hwéng dan giai:
Taco: DA — AP - DA - DC = CA- A B
Nén: |DA — a2 =|CA| =bv2 I
va DA + DC = DB nén: |
|f)7i +56! =DB=b\[i D C »
V& hinh binh thanh CDBM thi DM cét BC tai trung diém | clia mdi duong.
DB + DC = DM nén | DB + DC | =DM =2DI

MéDl2=b2+(-g-)2= —gbznén | DB + DG | =b+5.
Bai toan 7. 23:
Cho tam giac vudng can OAB véi OA = OB = a. Dyng va tmh d6 dai cac

vecto: 30A +4OB 11 OA - % OB.

Hwéng dan giai

Vé diém C, D sao cho oC = 3OA oD = 4OB vé hmh binh hanh CODE

thi: 30A +40B = OC + OD = OE C E

|30A +40B | = OE = /(3a)? +(4a)’ =5a H -
Vé diém H, K sao cho:
—_ 11 = —

OH=IOA;OK=

(0]
ThlﬁOA—$OB OH - OK = KH K

A j

OB

~Njw

4 7 28
Bai toan 7. 24:

Puwong thang (d) qua trong tam G cua AABC. Goi H, |, K Ia hinh chiéu

cta A, B, C trén d. Chumg minh trong 3 doan AH, BI, CKco 1sb bang
tong 2 sb kia.
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Hwéng dan giai
Goi (A) 1a 1 dwéong thang vudng goc d
tai O. Xét phép chiéu theo phwong d A
{énA:
A>A, BB, C>C,
G HI,LK>0

Do AG+BG +CG =0
=0

- AO+B'O+C'O
= AH+BI+CK=0
G nam trong AABC nén AH,BI, CK

khéng thé cling huéng, chéng han:

AH = - (Bl + CK) = \A’Fl\ =‘§|+6R‘ =|§|]+{6R}
= AH = Bl + CK (dpcm)
Bai toan 7. 25:
Tam giac ABC ndi tiép trong dwong tron tam O. Goi A4, By, Cq lan luwot l1a
cac diém déi xieng clia O qua céc canh BC, CA, AB. Chirng minh trirc tam
H cla tam giac ABC la tam dwong tron ngoai tiép tam giac A1B+C.
Hwéng dan giai:

Goi B' 1a diém dbi xteng vai B qua O.
Ta c6é AHCB' la hinh binh hanh nén:
AH = B'C. Vado Ol la dwéng trung
binh ctia ABCB' nén:

B'C =20i = OA,suyra: AH = OA ;.
Do d6: AC,+ AB,= OB + OC

= ﬁ1 = A-H

Vi vay AC4HB; la hinh binh hanh va do
AH L CiBs nén né la hinh thoi suy ra
AH 1a trung trwc clia C4By4

Twong ty ta chirng minh dwoc BH, CH lan lwot la trung truc cda A¢Cy,
B,A,. Didu d6 ching té H la tam dwong tron ngoai tiép tam giac A¢B4Cy.

Bai toan 7. 26:

Cho tam giac ABC ndi tiép trong dwong tron tam O, H la truc tam clia tam
giéc. Chirng minh HA +HB +HC = 2HO ;OA +OB+0OC = OH

Suy ra ba diém O, H, G thing hang.

C
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, Hwéng dan giai: A
Goi D la diém déi xtrng ctia A qua O.
Vi AD la duwong kinh cta dwdng tron tam O
nén BD L AB, DC L AC.
Do d6 CH // BD va BH // DC.
Vay tr giac HCDB 1a hinh binh hanh.
Do dé: HA + HB + HC = HA + HD = 2HO <

vé:i-_|6+55\+ﬁ6+6§+’|—76+56=2r168 ¢
Vay OA + OB + OC = OH. W

= OH =30G. Vay ba diém O, H, G thdng hang.
Bai toan 7. 27:
Cho 3 day cung song song AA’, BB, CC’ cla duwdng tron (O). Ching minh
ba trirc tdm cla tam giac ABC’, BCA’, CAB’ thang hang.
Hwéng dan giai
Goi H, I, Kla trwe tdm clia A ABC’, BCA', CAB’ thi
OA+OB+0OC'=0OH, OA'+OB+0C=0i,
~OA +OB'+0OC = OK
.= Hi=0l-OH=0A"-0OA+0C-0C' = AA'+C'C
HK=OK-OH=0B'-OB+0C-0C' =BB' +C'C
Vi 3 day AA’, BB', CC’ song song nén AA’,BB',CC' ciing phuong do d6

HI,HK cuing phwrong, suy ra H, I, K thdng hang.
Bai toan 7. 28:
Cho hai tam giac ABC, A;BC,. Goi A,, B,, C, theo th tw la trong tam cac
tam giac A{BC, B,CA, C,AB,va goi G, G4, G; theo th tw 1a trong tam cla
tam giac ABC, A{B1C4, A;B,C,. Chirng minh réng G, G, G, théng hang.
Hwéng dan giai
Ta cb: G,A, +G,B, +G,C, =0 = 3G,A, +3G,B, +3G,C, =0

=(G,A; +G,B + G,C)H{GB, +G,C+ G,A)+{G,C +G,A + G,B)=0

= (G,A, +G,B, +G,C;)+2(G,A +G,B+G,C)=0

= 3G,G, +6G,G =0 = G, Gy, G, thing hang.

Bai toan 7. 29:
Cho tl]" gidc ABCD c¢6 AD = BC. Vé phia ngoai t& giac, ta dwng cac tam
giac bang nhau ADE, BCF. Ching minh réng 3 trung diém cda cac doan
AB, CD, EF ciing thudc mét dudng thing.
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Hwéng dan giai
LAy diém O bét ki. Dung cac diém X, Y, Z, T sao cho
OX=AD;0Y =BC: OZ=AE:OT =BF

_ C X H Y
" Tac6: OX = AD = BC = OY; OZ = AE = BF = OT. )
Do dé cac tam giac OXY, OZT cung can tai O. Goi H, K Ia trung diém cua
XY, ZT thi: HOX =HOY; KOZ =KOT.
Ma: ZOX = EAD = FBC = TOY nén: I—T(TX:I—TOT(;@(:@.
Suy ra tia OH va tia OK cuing thudc mét dwérng théng.
Goi M, N, P la trung diém ctia AB, CD, EF

Tacoé: MN = 1(K
2
MP - - (AE +BF) - (0Z+0T)= 0K
2 2
Suy ra MN // MP hay M, N, P thang hang: dpcm.
Bai toan 7. 30:
Cho ngii giac ABCDE noi tiép. Qua méi trong tam clia 3 diém duwng dwong
thang vuéng goc véi dudng thang qua 2 diém con lai. Chirng t8 10 dwdng
thang d6 déng quy.
Hwéng dan giai
Goi G la trong tdm A ABE, M la trung
diém CD va (d) 1a dwéng thidng qua G
vudng goc voi CD thi (d) cung phuwong
v&i OM. LAy N tuy ¥ trén (d) thi:
GN = 2tOM = t(OC + OD)

(m:b@@:%@mc?maé)n@ma
Chont=——;— thi (ﬁ]:%(()’?&+é§+df-ﬁ+66+6‘6)
:N;lﬁi:%@mé@‘ﬁé@a@ﬁ)

Twong tw, cac dwong thang kiéu (d) d&u qua |, do d6 chung déng quy tai |.
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Bai toan 7. 31:
Cho géc xOy, trén Ox lay 1an lwot cac diém A, B, C sao cho OA: AB: BC =
1: 2: 3, trén Oy l4y lan lwot cac diém A’,B',C’ sao cho OA’: A'B: B'C’ = 3:
3:2. Chirng minh AA’, BB’, CC’ déng quy. :
Hwéng dan giai

P35t OG =2, OC =b, b’A:%é
. OA'-35.0B="2 0B =35
8 2 4

OA:AB#OA'ZA'B'@ AA'NBB'=1
nén ton tai sb x, y & Ol = xOA +(1-x)OA’
= Ol=yOB +(1-y)OB"

= X X Yo 1oy)3b.
6 8 2 4

Vi a, b khéng cling phwong nén ddng nhét thi co x = -3, y = —1 nén
Ol --20C+0C" = 0-0C'= 2(0C*-00)= C -2CC' suyraC,C, |
thdng hang do d6 AA’, BB’, CC’ ddng quy.

Bai toan 7. 32:
Cho tr giac ABCD néi tiép dwong tron (0), goi X, Y, Z, T theo tht tw 13
trirc tdm clia cac tam giac BCD, CDA, DAB, ABC. Chirng minh ring AX,
BY, CZ, DT dbng quy tai trung diém méi doan. B

Hwéng dan giai

Goi G la trong tdm cla t& giac ABCD, ta co:
@K+5(=67&+(6§+56+65)=45@ 0

Tuwong tw, OB+ OY =40G %

D C
— OA -OB =0V -OX= BA = XY v

=> ABXY Ia hinh binh hanh. Do d6 AX va BY cat nhau tai trung diém méi
doan. Twong tw AX va CZ cét nhau tai trung diém méi doan = dpcm.
Baitoan 7. 33:

Cho tam giac ABC va cac dwdng tron (O4), (Os), (Os) ndm trong tam giac,
dsi mot tiép xGc ngoai véi nhau, theo thiy tw tiép xuc voi hai canh clia cac
goc BAC, CBA, ACB. Goi T1,T,, Ts theo thir tu Ia tiép diém cla cac cap
dudng tron (Oy), (Os); (Os), (04); (O1), (O2). Chitng minh rang: AT, BT,,
CT, déng quy.
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Hwéng dan giai
Gia st Ry, Ry, R; theo thir tw 1a ban kinh cta (O4), (O5), (O3)

Goi (1, r) 1a dweng tron noi tiép tam giac ABC.
1 1

Vi r16n hon Ry, Ra, R nén — 14—+ 4+ 0
r Ry Ry Ry

Goi K 1a tam ti cw cdia hé diém {I, 04, O,, O3} v&i cac hé sb twong tng

~—1——1———1——-1— ; —1m+im+i@;+iK—%=6.
r R, R, Ry r R, R, Rs

. [-AO,AI+AIAO, =0 . AO, Al
Ta co: ya —Ll=—
TO3T0, +T,0, 1,0, =0 R r

I aie1ag; -0
) {—R1A|+rAO1=O R,
Nén .
Ry TO+R,T0; =0 | 175 . 175, -5
R2 R3

Dodo |1+ LKA +[ i L |RT 0= K e AT,
r R, R, R;
Twong tw K e BT,, CT3 nén ATy, BT,, CT, ddng quy.
Baitoan 7. 34:
Goi | 1a tam ti cw clia hé {Aq, A, ... Ay} &hng vOi cac hé sd oy, 0 ..., Oy VA
S0y %0, Vj=12...,n. Goi |, la diém sao cho > a;i/A; =0 (1 <j<n). Chitng
i} i#]
minh cac dwong thdng Al (i = 1,2,...,n) déng quy tai |.
Hwéng dan giai
Theo gia thiét

n I = n [, -
=] =

n . n L n . - R ;
& QO ail+ Y b A =0 Qo + > oglA; +oyliA; =0
i=1 i=1 i=1

i#]
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i i=1
Suyra i, A, | thdng hang (dpcm)
Bai toan : . 35:
Cho lut. giac ABCDEF. Cac diém M, N, P, Q, R,S theo thi tw thay déi trén
AM BN CP _DQ_ER _FS
h AB,BC, CD, DE, EF, FA sao cho: =
cdc can °N% B BC CD DE EF FA’
Ch&rng minh hai trong tam cla hai tam gidc MPR, NQS luén déi xirng voi
nhau qua mét diém cé dinh.
Hwéng dan giai
atA\/i BN _CP_DQ_ER FS kA M B

Pat - = ——
AB BC CD DE EF FA N

Goi O Ia trong tam cua luc giac ABCDEF » ‘ C

Taco: OA+OB+0OC+0OD+0OE+OQOF =0 s \< ’ p

Goi Gy, G, theo tht tw 14 trong tdm cac F >

tam giac MPR, NQS. \

Tacé: 30G, = OM+ OP +OR . o

= (OA+AM)+(OC+CP)+(OE +ER) -

(6K+66+cﬁ) (AM+CP+ER)- —(OB+OD+OF)+k(AB+CD+EF)

= (OB+OD+OF)+k(OB OA)+k(0D oc)+k(0F OE)

1]

-[(1- k)OB+kOC] [(1-k)OD+kOE]~[(1—k)OF+kOA}

—(6N+66+5§) =-30G, .Suy ra: OG, =-0G, : dpcm.

Bai toan 7. 36:
Cho nam diém trong do6 khéng c6 ba diém nao thang hang. Goi A la tam
giac co ba dinh lay trong nam diém dé, hai diém con lai xac dinh mét doan
thang 6. Chirng minh réng voi cach chon A khac nhau, dwéng thang di qua
trong tam tam giac A va trung diém doan thang 6 luén di qua mét diém cb
dinh. :
Hwéng dan giai
Goi A, B, C la ba dinh clia tam giac A va DE la doan thang 6. Goi G la trong
tam tam giac A va M Ia trung diém cla DE thi véi dlem ltuy y, ta co: 1A +

IB +IC +ID + IE =3IG + 2IM.
B&i vay néu chon | 13 trong tam cla hé diém A, B, C, D, E ttrc la trong tdm clia

hé nam diém d& cho thi | 1a diém cé dinh va 3I1G +2IM = 0 . Do F:—%N
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nén |, G, M thing hang. Vay GM luén luén di qua diém | c¢b dinh, chia doan
thdng GM theo ti s6 ———2- .

Bai toan 7. 37:
Cho tam giac ABC, | |a trung diém ctia doan thang AB. Mot dudng thdng d
thay ddi luén dl qua |, 1an lwot cét hai dwong thang CA va CB tai A'va B".
Chung minh rang glao diém M cua AB' va A'B nam trén mot dwong thang
cb dinh

ch’mg dan giai: A

P&t CB =mCB', MB' =nMA
Xét tam giac ABB' v&i ba duwong AC,
BM va B'l ddng quy tai A".
Vi IA = —IB nén theo dinh li Cé-va, ta
c6: (=1)mn =—1 hay mn = 1.
T MB' =nMA ta suy ra:

mMB'= mnMA = MA .

Vaytaco CB =mCB'va MA =mMB', didu nay chirng t6 rang CB _MA
CcB' MA'

nén CM // AB.
Vay diém M lun ndm trén duong théng co dinh di qua C va song song v&i AB.
Bai toan 7. 38:
Cho tam giac ABC va diém M tuy y khong thudc cac dwong thang AB, BC,
CA. Goi A', B', C' theo th( tw la cac diém déi xtrng clia M qua trung diém I,
K, J clia cac canh BA, CA, AB. Chirng minh:
a) Ba duong thang AA', BB', CC' ddng quy tai mét diém My
b) Budng thing MM luén di qua mot diém cb dinh khi M di déng.
Hwéng dan giai
a) Taco: AB =2KJ va B'A" =2KJ
= AB = B'A’
Vay ABA'B' la hinh binh hanh, nén AA'
va BB' cit nhau tai trung diém chung
M, ctia chung.
Tuong tw, BB' va CC' cling cét nhau tai
trung diém chung My cla ching. Vay
ba doan th_’émg AA', BB', CC' giao nhau
tai trung diém chung M, ctda chung.
b) Taco: MB + MC = MA'
va MA + MA' = 2MM .
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Suy ra MA + MB + MC = 2MM, = 3MG (G Ia trong tam AABC) hay MM
= g MG nén M, My, G thing hang.

Vay duong thdng MM, luén di qua diém G ¢ dinh khi M di dong.
Baitoan 7. 39:
M nam trong tam giac d&u ABC, hinh chiéu M Ién BC, CA, AB la D,E,F. Goi
G latrong tdm ctia A DEF. Chirng t6 MG qua mét diém cd dinh.
' Hwéng dan giai
Qua M vé cac doan thang PQ,RS,
IK 1an lwgt song song vai AB, BC, CA
nhw hinh vé. CacA MQK, MPS, MIR |2
tam giac déu nén D, E, F 1an lwot la trung
diém clia QK, SP, IR.
- Goi O la trong tam A ABC, ta co6:

+ME+MF=%(M@+W+I\W§+W+W+W)

o

[(MQ +MR) + (MS + MK) + (Mi + MP)]

| r\)l{l_\
=
w

Il

( +IWC+—K)=S-I\_/|_C3

G la trong tam A DEF nén MG = -;—(MT)MWE +MF) = 156

N

- = M, G, Othdng hang, ttc la MG qua diém cé dinh O
Bai toan 7. 40:

Cho ttr gidac ABCD. V6i sb k tuy y, 1y cac diém M va N sao cho AM =
kAB va DN = kDC. Tim tap hop cac trung diém | clia doan thing MN khi
k thay ddi.

Hwéng dan giai
Goi O, O' 1an lwot 1a trung diém cla AD -
vaBC, taco: 00’ = -;_-(/ﬁ + DC).
Vi O va | 1a trung diém cta AD va MN nén:

@=1(m+ﬁl)=5(ﬁ+ﬁé)=k@' D

V &y khi k thay déi, tap hop cac diém | 1a dwong thang Q0.
Bai oan 7. 41:

( ho tam giadc ABC va ba vecto ¢6 dinh u, v/, w . V&i méi sb thuc t, ta lay
Jac diém A', B', C' sao cho AA'=tu, BE'=tv, CC'=tw . Tim tap hop
trong tam G' clia tam giac A'B'C' khi t thay déi.
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Hwéng dan giai
Goi G la trong tam tam giac ABC thi:
3GG'= GA+GB'+GC'= GA+AA'+GB +BB'+CC'+CC"

=AA'+BB'+ CC'=tu +tv +tw =t(u +v + w)
Pat o = u+v +w thivecto o xacdinhva GG'= %t&'

Suy ranéu o = 0 thi cac diém G' triing voi diém G, con néu o = 0 thi tap
hop cac diém G' 1a dwong thdng di qua G va song song véi gia clia vecto o .
Baitoan 7. 42:
Cho ttv giac ABCD khéng phai [a hinh thang. Cac diém M, N, P, Q theo thi
tw thay‘déi trén cac canh AB, BC, CD, DA sao cho MNPQ la hinh binh
hanh. Tim tap hop giao diém | clia MP, NQ.
Hwéng dan giai
Goi X, Y, Z, T, U, Viatrung diém ctia AD, BD,
BC, AC, AB, DC, ta c6 XYZT va UYVT la cac ,
hinh binh hanh.
Vi MNPQ Ia hinh binh hanh nén X
I =MP n NQ < 1 1atrung diém cia MP vaNQ 4
< | thuéc mién hinh binh hanh XYZT va UYVT \%
Vay | thuéc mién hinh binh hanh EYTF.
Baitoan 7. 43:
Cho tam giac ABC.
a) Tim diém M thudc BC sao cho |5MA - 7MB-MC| nhé nhét
b) Tim tap hop diém M sao cho:

5W-7W§-M_CI = |MA-4MB + 3MC].

Hwéng dan giai
a) Goi | 1a tam ti cw ctia {A, B, C} tng véi hé sé6 5, -7, -1 :
51A-7IB-IC =0 = 5MA - 7MB-MC = (5-7 - )Mi= -3Mi
Do d6| 5MA - 7MB-MC | = 3MI
Vay gia tri nhd nhéat khi M 1a hinh chiéu cua | 1én BC.
b) Ta c6 MA- 4MB + 3MC = MB + BA-4MB + 3(MB +BC) =BA +3BC nén

|5MA -7MEM‘6|:IM‘K-4{\TC+3A7|E]©3M|=|ﬁ+3‘8‘61

©M|=%1§K+3§6|

Vay tap diém la dwong tron (, % |BA +3BC|)
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Bai toan 7. 44:
Cho tr giac ABCD. M, N chia AD, BC theo tisd k<0.
a) Tim tap hop trung diém | ciia MN khi k thay ddi
b) Ch&rng minh MN < max(AB, CD).
Huwéng dan giai

a) b3 tﬂ.:%_hthi AM = hAD, BN =hBC
AD BC

Goi O, O’ lan lwot 1a trung diém cta AB, CD.
Ol = AM;BN _hAD+BC) 56740 a6 0, 1, O
M vach khoang AD, suy ra tap hop cta | Ia khoang OO'.
b) M, N chia AD, BC theo ti sé k
RN = MB-kMC _MA + AB —k(MD +DC)
1-k 1-k
_ (MA-kMD)+AB-kDC _ AB-kDC
1-k 1-k
bat m=max(AB,DC) = AB<m,DC<m. Dok <0 nén

thang hang. Vi k <0, nén

|AB-kbc|_|AB|+|-kIDC|  AB-kDC _ m-km
1-k | 1-k 1-k 1-k
Bai toan 7. 45:
Cho tam giac ABC va diém M nam trong tam giac. Chirng minh:
MA + MB + MC + min{MA, MB, MC} < BC + CA + AB. A
Hwéng dan giai
Vi M ndm trong tam giac ABC nén tbn tai cac sb
dwong a, B, y sao cho:
aMA +BMB +yMC =0 , a+ B+y=1
Suy ra: (o + B +7) MA+BAB+yAC =0
= AM = BAB +yAC nén AM < BAB + yAC
Twong ty: BM <y BC + aBA;
CM < aCA + BCB
Khéng mét tinh téng quat, gid s a < <y
Suy ra: (B — v)(AB — AC) < a.BC (cha y: | AB - AC| < BC)
= B AB + yAC < aBC + CA + yAB.
Né&n AM < aBC + BCA + yAB
Do d6: min{MA, MB, MC} < aBC + BCA + yAB
Via+B+y =1nén:
MA + MB + MC + min{MA, MB, MC} < BC + CA + AB.
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3. BAI LUYEN TAP
Bai tap 7. 1: Cho 4 diém A B,C,D. Chirng minh ring
a)néu AB = CD thi AC = BD
b) AB = CD < trung diém cla 2 doan AD va BC tring nhau.
Hwéng dan
a) Chén cac diém theo quy tac cong
b) Goi | 1a trung diém AD.
Bai tap 7. 2: Cho n diém trén mat phdng, mot nguoi dat tén 1a A, Ay, ..., A, va
nguwoi khac dat tén la By, B,, ..., B,
Ching minh AB, +A,B, +..+A B =0 .
Hwéng dan
Léy diém géc O bét ky thi c6 A, B, =OB, — OA, .
Bai tap 7. 3: Cho t giac ABCD. Cac diém M, N, P va Q Ian lwot 1a trung diém
ctia AB, BC, CD va DA. Chiéng minh rang hai tam giac ANP va CMQ cé
cung trong tam.

Hwéng dan
Dung hé thitc AC + NM + PQ=0 .

Baitap 7.4: Cho tam giac ABC. Hai diém M, N dwoc xac dinh béi cac hé thirc:
BC + MA =0, AB — NA —3AC = 0 . Chitng minh MN va AC song song.
Hwéng dan

Biéu dién theo AB vaAC = 0 thi MN =2 AC
Bai tap 7. 5: Cho tam giac ABC c6 trung tuyén AM. Goi | Ia trung diém ca AM
va K 1a diém trén canh AC sao cho AK = %AC. Chirng minh ba diém B, |, K
thang hang.
Hwéng dan
Chirng minh 3BK = 481 do d6 B, I, K thang hang.
Bai tap 7. 6 Cho tam giac ABC. Chirng minh:
a)Néu J la tam duwdng tron bang tiép trong goc A thi
—aJA +bJB+¢JC =0
b)Néu H la triec tam thi tan AHA +tanBHB +tanCHC = 0
c) Néu O la tam dwong tron ngoai tiép thi
sin2A.0A +5sin2B.OB +sin2C.OC =0
Hwéng dan
a) Dung phan tich vecto

b) Dung phan tich vecto
¢) Dung phan tich vecto
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Bai tap 7. 7: M thay d6i va nam trong da giac déu A4A; ... A, tam O. Goi M; la
hinh chiéu ctia M lén duong thang A (Age @ = Aq) va G 1a trong tam cla
hé My, M, ... M. Chieng minh MG qua diém cb dinh.

Hwéng dan
Chirng minh 2 vecto OM;OG ciing phwong.
Két qua qua tam O.

Ba| tap 7. 8: T& giac ABCD khac hinh thang néi tiép trong (O) Chirng minh
* bbn dweng thang
a) qua trung diém méi canh va vudng goc canh déi thi ddng quy tai |, va
thang hang voi O, trong tdm G cla t gidc.

b) ndi méi dinh véi tryrc tam clia tam giac tao bdi 3 dinh con lai ddng quy tai l.
Hwéng dan

a) Chirng minh INAD =0
b) Goi H Ia trwec tAm tam giac ABC. Chirng minh DH = 2D
Bai tap 7. 9: Cho AABC. Goi G, | la trong tdm va tam duong tron ndi tiép.
Chirng minh : max %,ﬂ,& cl
h,"h, 'h, | 2r
Hwéng dan
Dung binh phwong vé hwdng va cac hé thirc trong tam giac. ,
Bai tap 7. 10: Ly M, N, P thay déi, 1an Iwot trén canh AB, BC, CA théa mén
AM:BN:CP = 1:2:3. Tim tap hop trong tdm tam giac MNP.
Hwéng dan
Goi i, j, k la 3 vec to don vi ciing hwong véi AB,BC,CA vaG, G la2
trong tam tam giac ABC, MNP thi  3GG' = t(i+ 2]+ 3k)
Két qua dudng thing hay déc biét 1a diém G.
Bai tap 7. 11:
Cho 3 vecto a, b, ¢. Ching minh :
[al+16l+|cl+|a+B+cl>la+bl+b+cl+la+cl
D4u bang xay ra khi nao ?
Hwéng dan
Ki hiéu gon cho 3vecto a, b, claa, b, c.
Xét: H=(lal+/bl+[cly~la+b+cl? |
=2(lal [bl-ab+|bl lc| —bc+lallcl —ca) @)
véi 2]al bl —ab=(lal+|bly’~(la+b|)?
= (lal+|bl+|a+bl)(lal+|bl-|a+bl)
Thévao (2)
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= H=_Y (a|+[o|+|a+b])(a|+|p|-|a+b]) ‘ (3)
azb=c

Mat khac : |a] + |b| = |a+b] = |a] + |b| — |a+b| = O (4)

|a] +|b] +|a+b|= |al+|b|+|a+b+c—c| < [al+|b|+|a+b+cl+|c] (&)

Nen(3)=>Hs< 3 (ja+b+c|+lal+[bl+[cl)lal+|bl-a+b])

azb=c

=(la+b+cl+lal+lbl+lcl) 3 (a|+Ibl-la+bl) =

azb=c

(latbrc|+|al+Ibl+|ch)2(lal+|bl+|cl)-la+b|-|b+c|- |c+al] ©)
H=(lal+Ibl+[c[)?*~la+b+cl|? :
=(lal+[bl+|c|-|a+b+cl)(lal+Ibl+|c|+|a+b+c|) (7)

T (B)va (7)= |al+|bl+|c|-|a+b+c]
<2(lal+Ibl+|c)-la+b|+|b+c|+]c+al)

= |a+b|+|b+c|+|c+al < |al+|bl+|c|+|a+b+c]

Néu a, b, ¢ # 0 ddu bang xay ra khi d4u bang xay ra & (4), (5)

- attbite <a,b,cllatb+c

a+b+cT™ —c,-b,-a -

Néu trong a, b, c c6 1 vecto 0 thi ddng thirc xay ra. _
Bai tdp 7. 12: Trén cac canh AABC, dung vé phia ngoai cac tam giac déng

dang ABC,, BCA,, CAB,. Chtrng minh

a) AABC va A4B4C4 c6 chung trong tam

b) AA; < BB, + CC;

Hwéng dan giai

a) AA,+BB,+CC, =AB+BA, +BC+CB,+CA+CA, =0
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-

ciurvén aé s: TICH VO HUSGNG

1. KIEN THUC TRONG TAM
Tich vo hwéng ¢

— Tich vé hwong: ab=|a|.|b]cos(a,b)

~ V6itam giac ABC: /ﬁ.ﬁ:%(ABz +AC? -BC?)
— Binh phwong vé huwéng: a 2= | a |2, AB? = AB?2
— G6e: cos(3,b) =22 cos(AB,MN) = ABMN
|al.|b| ABMN
— Pidukiénvudnggoc: a L b < a.b =0 N D
AB L CD < ABCD=0 c 2
— Cong thirc chiéu:
a.b =AB.CD=a.b'
- AB NN = AB.VN L3 =
A M B N

Binh ly con nhim
Cho da giac 16i A/A; ... A,. Goi e,.e,,...e, lanvecto don vilan lvot vuong
goc vai canh AjAz, AzAs,..., AYA va hudng ra ngoai thi:
AA, e +AA e, +..+A A e =0.
Tap diém va cwec tri
— Cho doan AB, tap hop cac diém M thod man:
AM.AB =013 dudng thang vudng géc véi AB tai A.
MA .MB = 0 la duwong tron dwong kinh AB.
— Cho diém | va mét sé k, tap hop cac diém M thod man MI? = k
Néu k < 0 thi tap diém Ia réng. Néu k = 0 thi tap diém la diém |.
Néu k > 0 thi Mi =k , tap diém 1a dwong tron tam |, R = Jk .
— Cho | la diém cb dinh, M thay ddi tiy y thi MI? bé nhét khi M = |
~ Cho | Ia diém ¢ dinh, M thay d6i trén duong thang d thi Mi bé nhét khi M 12
hinh chiéu cua | lén dwdng thang d.
Chuay:
- — Panhgia AB.CD 2= AB.CD
~ Mot sb bat dang thirc dwoc danh gia tir cac binh phwong vo hwéng dac
biét: (a +b )>=0,(i + | +k)*=0, ...
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2. CAC BLI TOAN

Bai toan 8. 1:
Tam giéc ABC cd AB =6, AC =8, BC = 11.
a) Tinh AB.AC va cosA.

b) Trén canh AB lay diém M sao cho AM = 2 va goi N Ia trung diém ciia
canh AC. Tinh doan MN.

Hwéng dan giai
a) AB.AC =%(ACz+ABZ—BC2 =;:(82+62 113 = 221

va Ké.BTﬁ=AB.AC.cosA:>cosA=—%. A
b) Ta c6 MN?*= MN? = (AN-AN )? M N
=AN? + AM? -2 AN . AM
7 47 47
=16+4+ 20 S uNn= A1
272 2 P ¢

Bai toan 8. 2:
Cho hinh thang ABCD vuéng tai A, B ¢c6 cac day AD = a, BC = 3a va canh
AB = 2a. Goi |, J 1an Iwot 1a trung diém ctia AB. CD.

a) Tinh AB BD.BC.BDva AC .BD.

Hwong dan giai
a) AB ED=AB.BA = -43° A D
Ha DE L BC thi
BC.BD =BC.BE = 3a” '

AC.BD = (AB +BC)BD
. ¥
= AB.BD+BCBD=-a

N =1 B C
b) AC .1J AC.[AC;B ] E
- 1 ac? +1,TCBT3:1.13a2 12 6a®
_ 2 2 2
Ma: AC.IJ=ACI'J' = ACI'J' =/13al'J' Suy ra I')' = S 2.

V13
Bai toan 8. 3: Cho tam giac ABC c6 AB = ¢, BC = a, CA = b. Goi M 1a diém

sao cho BM =kBC . Tinh do dai doan théng AM va dac biét khi k = %
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| Hwéng dan giai
T didu kién BM = kBC , suy ra: AM = (1 - k) AB + kAC
Do d6: AM? = (1 —k)2AB 2 + K*AC 2 + 2k(1 — k) AB. AC
= (1 - k)?c? + k% + 2k(1 - k)—;-(& +b% - a?
= (1 — k)c? + kb? — k(1 — k)a®
Khi k = —;- thi M 1a trung diém ciia canh BC, ta c6 cong thirc trung tuyén:

c?+b? a?
2 4
Bai toan 8. 4:
Tam giac ABC c6 cac canh AC = b, AB = ¢, BAC = o va AD la phan giac
clia goc BAC (D thuéc canh BC).
a) Hay bidu thj vecto AD qua hai vecto AB, AC

b) Tinh d6 dai doan AD.

AM? =

Hwéng dan giai
a) Theo tinh chéat cia dwéng phéan giac trong

DB = —% DC hay D chia doan BC theo ti

k=-2 néndandén AD = bAB+cAC
b b+c

b) AD? = “L—”(bz AB? + ¢ AC?+ 2bc. ABAC)
(b+c)?

1
(b+c)?
Bai toan 8. 5: .
Chp hai diém M, N_ném trén dwdng tron dwong kinh AB = 2R. Goi | la giao
diém hai dwong thang AM va BN.
Chtng minh: AM. Al + BN.BI = 4R?
Hwéng dan giai M
Vi AM la hinh chiéu cia vecto AB
trén duong thang Al. A N B
nén: AB.Al = AM. Al
Tuong tu: BA .Bi = BN.BI
Do d6: AM. Al + BN.BI
= AB (Al + iB) = AB . AB = AB2=4R’.

(2b%c? + 2b%c?.cosa). Vay AD = — 2(1+cosa) .
+
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Bai toan 8. 6: |
Cho tam giac ABC c6 ba trung tuyén AD, BE, EF. Chirng minh:

a) MA.BC + MB.CA + MC.AB =0 v&i moi M.
b)BC.AD + CA .BE + AB.CF =0.
Hwéng dan giai
a) Taco: MA .BC = MA .(MC-MB) = MA.MC - MA .MB
MB.CA = MB(MA-MC) = MB.MA — MB.MC
MC.AB —MC(MB MA)= MC.MB - MC.NMA F

Céng vé theo vé thi c6 dpcm.
b) Vi AD, BE, CF la cac dwéng trung tuyén nén:

BC.AD + CA.BE + AB.CF B 2 c

A

[§6.(/TB‘+K6)+ CA (BA +BC ) + AB(CA +CB)]

N =

———[BC AB+BC .AC +CA BA +CA BC +AB.CA +AB CBl]= 0

Baitoan 8. 7:
Cho tam giac ABC. Goi H Ia tric tam cla tam giac va M la trung diém cta

canh BC. Ching minh ring MH.MA = %BCZ’. A

Hwéng dan giai
Tacé 4. AM.HM = (AB+AC ).(HB +HC)
= AB.HB +AB.HC+AC .HB+AC .HC
AB.HB + AC .HC
AB(HC +CB) + AC(HB + BC) .
AB.HC+AB.CB+AC AB+AC.BC B M C

= AB.CB+AC .BC = CB(AB - AC) = 052~Bc2z>dpcm
Bai toan 8. 8:
Cho tam giac ABC ¢6 canh BC = a, CA=b, AB =c. Trén canh AB lay diém
M. Chirng minh:
c2.CM? = a® AM? + b%. BM?+ (a®+b? — c?).AM.BM.
Hwéng dan giai
D&t AM = kMB, vi M thudc canh AB nén MA = -k MB
CA+kCB BMCA + AMCB
1+k  AM+BM

Hay c.CM = BM.CA +AM.CBE nén

H

Do d6 CM =

193



10 trong diém bdi duéng hoc sinh 9idi mén Todn 10 - L& Hodnh Pho

c2.CM? = BM2.CA? + AM2.CB? + 2BM.AM.CA .CB
= b? BM? + a’AM? + 2AM.BM.—2— (@®+b?-c?)

= a2, AM? + b?BM? + (a® + b® — c?).AM.BN.

Bai toan 8. 9: v

Cho ba diém A, B,C thang hang va diém M. Chirng minh réng:

MA?BC +MB?.CA +MC?AB+BC.CAAB=0..
, Hwéng dan giai

Xét hai trwdng hop ‘
¢ Khi M thudc dwdng thang chira A, B, C ta cé:

MA” BC + MB-.CA +MC_.AB + BC.CA.AB
= MA”.(MC — MB) + MB- (MA —MC) + MC" (MB - MA)

(G VB (IA — WIC)(IB — W) i
= MA”NIC - MA” MB +MB°MA ~MB_ MC
+ MC’ MB - MA” MA —~MA” MC + MA_ MB
— VB’ MA + MB® MC -MC’ MB +MC’ MA
A B H C

+ MAMBMC -MAMBMC = 0.
o Khi M khéng thudc duwdng thang chira A, B, C
Goi H 14 hinh chiéu clia M trén dwdng thang chira A, B, C ta co
MA BC+ MB CA +MC AB+BCCAAB
= (MH2 +HA?)BC +(MH2 +HBZ)CA +(MH~°- +HC2)E +BC.CA.AB
= MH? (B_é+6&+7\§)+(7\’ﬁ2.§’6 +BH .CA+CH .AB + BC.CA.AB
=0+0=0.
Bai toan 8. 10:
Cho tam giac ABC co6 trong tam G. Chirng minh vér moi M:

MG? = %(MAZ + MB? + MC?) - %(AB2 +BC? + C£ ).

~—

Hwéng dan giai
Vi G la trong tam nén 9MG? = (MA + MB + MC)?
= MAZ+MB?*+MC? + 2MA .MB + 2MB.MC + 2MC.MA
= MAZ + MB? + MC? + (MA? + MB? — AB?) + (MB?*+MC?*-BC?) + (MC*+MA? -CA?)
= 3(MA? + MB? + MC?) - (AB? + BC? + CA%) = dpcm.
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Két qua: MA2+MB*+MC? = 3MG” + %(AB?‘ + BC? + CA?).
Bai toan 8. 11: ‘

Goi G |a tam ti cw cla n diém A, A, ... A, VGi n sb thee oy, ay, ... on S@0

cho: a=oy + 0+ ... + oy # 0 . ChiPng minh v&i moi M:

a) 0MAZ + a,MA3 +...+ a,MA? = aMG? + a,;GA? + 0,,GA3 +... + o, GA2

b) o,GAZ + a,GAZ +...+ 0, GA2 = 1(a1a2A1A§ + 005 A, A2

o \
+ot oy 0nAA2)
Hwéng dan giai

a) Ta c6: yMA? = g; (I\-il_é + 67\“,)2 = aMG? + 0,GA? + 20,MG.GA,

voii=1,2,...,n.Cong lai n hé thirc thi co dpcm.
b) Binh phwong vé hwéng dang thire

ocJ\WA:szMA; +...+an|\TAn = aMG
va dung 2MA MA; = MA? +MA? - AA? thi duoc:
(o MAZ + 0, MAZ + ... + o, MA?)
~(010pAAS + 00 AAL L+, 0 A,4A2) = 0P MG?
= oMA? + 0,MA2 + ... + o, MA?
= aMG? + —;—(a1a2A1A§ + o0 AAL L+ an_1anAn_1‘A§;)

Va ttr cau a) suy ra dpcm.
Bai toan 8. 12:
Cho n-giac déu A;A,...A, ndi tiép trong dweng tron (O,R) va diém M thudc
B T

(0). Ching minh Y cosMOA, =0 va Y'MA? = 2nR? -

i=1 i=1

Hwéng dan giai:

Taco OA,+OA, +..+OA, =0 nén
OM.OA, = OM.OA, cosMOA, = R? cosMOA,

n i —— —
= Y cosMOA, = %OM(O& +0A, +..+0A) =0
i=1
n n I . n
va > MA? =" (MO+0OA;)? =nMO? +2MO)_OA, +Y OA?
i=1 i=1 i=1 i=1

- =nR?+nR? = 2nR2.
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Bai toan 8. 13:
Cho da giac 16i AA; .. A, Goi e.e,,...e, lanvecto don vilan lwvot vudng
goc voi canh AjA; AsAs,..., AjA; va hudéng ra ngoai. Chirng minh:
AA e +AA e, +..+A A e =0.
Hwéng dan giai

—
4 \

A, A;

Ay

—_—
a

Vi khi phan chia da giac 16i AA; ... A, thanh cac tam giac lién tiép tr 1
dinh thi c6 dung mét canh chung va 2 vecto don vi twong (rng déi nhau nén
ta chi can chirng minh cho tam giac A;AzAs.

Goi e,,e,,e, Ian Iwotla 3 vecto don vi 1an lwet vudng goc véi canh

AqA,, A2A3; AsAy.
Dita, =AA,e;a, =AA e, 8, =AA e,

thi: 3] = AsA, L [ag| = A, fas| = AdA,

‘Ta chirng minh: a, +a, +a, c6 2 gia khac nhau, that vay:

(a;+2; +35)AA; = (2, +3;) AlA,

= (3, +a3;)(AA; - AA,) = a, A A, —a,.ALA,

= [a;| AAq.cos(8;,ALA;) - [a5| AzA, cos(85, AA4) = 0

Do d6 vecto a,+a, +a, vudng goc voi dwong thang AqA,.

Chirng minh twong tu, ta co vecto a, +a, +a, vudng goc voi duwong thing
AzAs. Hon nira AjA;, AzA3 khong cling phwong nén a, +a, +a, ¢6 2 gia
khac nhau. Vay a, +a, +a, =0 .

Cach khéac: dung tam dwong tron ndi tiép | véi 3 tiép diém trén 3 canh tam
giac va hé thirc alA +bIB+cIC = 0.

Bai toan 8. 14:
Cho tam giac ABC c6 AB=c¢,BC=a, CA=b.

Patu =(AB.BC)CA +(BC.CA)AB +(CA.AB)BC.
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Chirng minh:

ayu = —abc(cosBC—;\-+cosC—ACE+cosA-B?C)

b) ABC la tam giac déu khi va chikhi u = 0 .
Hwéng dan giai

a) U = ca.cos(180°-B) CA +ab.cos(180°~C) AB + bc.cos(180°~A)BC

b)

= _ca.cosB.CA —ab.cosC.AB — bc.cosA.BC

= —abc(cosB%é + cosC—(;Ei +CosA BaC]

Néu tam giac ABC déu thia = b = ¢, cosA = cosB = cosC, tir do suy ra u =

a2.cosA(CA + AB + BC) = 0. Do lai, nhan vé huéng vecto u =0 lan

lwot voi % ta co: U Ef‘;_ 0
b b

Suy ra cosB — 2cosC.cosA = 0 = cosB = 2cosC.cosA
Twong tw ta c6: cosC — 2cosA.cosB =0, COsA — 2cosB.cosC =0
Do dé: cosC — 4cos®A.cosC =0 ‘

Xét cosC = 0 thi cosB =0, B = C =90° vé i, nén cosC = 0, do a6
cos’A = % hay cosA = i%_ vay A = 60° hodc A = 120°.

Twong tw goc C bang 60° hodc bang 120°. Vi tong ba goc cla tam giac béng
180°, nén chico thé co A= B = C =60°. Vay ABC Ia tam giac déu.

Bai toan 8. 15:

Cho tam giac ABC vuéng tai A. Trén hai canh AB va AC lan luot lay hal
diém B' va C' sao cho AB.AB' = AC.AC'. Goi M Ila trung d’nem cda BC.
Chtrng minh rdng AM L B'C'

Hwéng dan giai B
Tacé: 2AM.B'C' = (AB + AC)(AC'- AB")
= AB.AC'— AB.AB'+ AC.AC'—- AC.AB'
=0-AB.AB'+ ACAC' -0
=0 ’ A
Vay AM 1L B'C".

Bl

Bai toan 8. 16:

Cho tam giac ABC c6 goc A nhon. Vé bén ngoai tam giac ABC cac tam
giac vuong can dinh A 1a ABD va ACE. Goi M 1a trung diém ctia BC. Chung 4
minh rang AM vuéng géc véi DE.
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' D

Hwéng dan giai -
~ Tac6: 2AM.DE = (AB + AC)(AE - AD)
= AB.AE - AB.AD + AC.AE - AC.AD
= AB.AE - AC.AD ‘ »
= AB.AE.cos(90° + A) — AC.AD.cos(90° + A)= 0
Vay AM vuéng goéc v&i DE.
Bai toan 8. 17: . B M C

Cho hinh chir nhat ABCD c6 AB=avaAD =a /2 2 .Goi K Ia trung diém cuda
canh AD. Chung minh rang BK vuéng géc voi AC.
Hwéng dén giai

Ta co: AB aAC BD = v2a%+a? *af A / K ; D

. T I
VaBR =BA + AK = BA +  AD
. : a
Nen BK.AC = (BA + - AD)(AB + AD)
=BA.AB+BA.AD+_ AD.AB + 1 AD.AD B c

=—a?+0+0+ %(a V2)?=0.Vvay BK 1 AC.

Baitoan 8. 18:
Cho tam giac ABC can tai A. Goi H Ia trung diém cla canh BC D Ia hinh
chiéu vuong goéc cla H trén canh AC, M 1a trung diém ctia doan HD. Chirng
minh rdng AM vuéng goc voi BD. A

Hwéng dan giai
Tacé:2AM.BD = (AH + AD).(BH + HD)
= AH.BH+AH.HD + AD .BH+AD .HD
=0+ AH.HD + AD.BH +0
= AH.HD + (AH + HD).BH

= AH.HD. + AH.BH + HD.BH ' 5
= HD(AH + BH) = HD(AH + HC) = HD.AC =0

'Vay AM vubng géc véi BD. B 4, \cC
Bai toan 8. 19: H

Cho hinh vuéng ABCD, diém M ndm trén doan thdng AC sao cho AM =
—AZQ Goi N 1a ‘trung diém cla doan thdng DC. Chirng minh réng BMN 13

tam giac vuéng can.
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Hwéng dan giai

Pat AD = a, AB = b . Khi do: A b B
— 1 - = = _ = _b
AM = —(a +b), AN= a + =
4( ,) a+s M
Do d6: MB = AB—AM = 5—%(5+6)
. a
= —(—a +3b
4( )
MN=AN-AWi=3+2 - 13 +5)
2 4 D N C
1 - -
=—_(3a +b
4( )

5
=
pd
i

Taco: %(—5 +3b)3a +b)

1 T2, a2, a5 B 1 2,972
—(-3a“+3b“+8a.b)=—(-3a“+3a“+0)=0
16( @ a-b) 16( )

VaMB2= - (a2+9b6%-6a.b)=>a
16 8

MN2= ' (932+b2+6a.6)=2a
16 : 8

Vay tam giac BMN vuéng can tai dinh M.
Bai toan 8. 20: .
T& giac ABCD c6 2 chéo AC cit BD & O. Goi H, K Ia trwec tdm tam giac
AOB va COD va |, J 1a trung diém AD, BC. Chirng minh HK L 1J.
Hwéng dan giai:
Goi BB', AA' la dwdng cao cla tam
giac ABO va CC', DD' la dwdng cao
clia tam giac CDO.
Vi B'D'la hinh chiéu cGa HK, BD lén
AC, va A'C' 1a hinh chiéu clia HK va
AC Ién BD) nén:
HK.21J = HK.(AC +DB)
=HK.AC+HKDB=B'D'AC+A'CDB
=BD.AC + ACDB = BD.AC-ACBD =0 ,
Suyra: HK L IJ.
Bai toan 8. 21: D
Cho tam giac ABC khong dé&u, BC 1a canh nhé nhét. Buéng tron néi tiép (1)
clia tam giac theo thir tw tiép xic véi BC, CA, ABtai X, Y, Z. Goi G 1a trong
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tdm tam giac XYZ. Trén céac tia BA, CA theo tht tw lay cac diém E, F sao
cho BE = CF = BC. Chi*ng minh IG L EF.
Hwéng dan giai e A

Khong mét tinh téng quat, gid si ban
kinh dwéng tron (1) bang 1.
Dung vecto don vie vudng go6c voi EF.
Ap dung dinh Ii con nhim cho t& giac
EBCEF, ta cé:

EBIZ +BCIX + CEIY +EFe =0

_.  EF -
::>3BCIG+EFe 0 :>IG—3—B—66 =IG//le . 5 X c

Vay IG L EF.

Bai toan 8. 22:
Cho t& giac ABCD c6 hai ducmg chéo AC va BD vuéng goc véi nhau va cét
nhau tai M. Goi P 1a trung diém cta canh AD. Chung minh MP vuéng goc

v@i BC khi va chi khi MA .MC = MB.MD. B
Hwéng dan giai
Ta cé: 2MP .BC = (MA + MD).(MC - MB)
= MA.MC - MA.MB + MD.MC - MD.MB
=MA.MC—MD.Mi - A ID —>CD
Do @6 MP L BC <> MP.BC =0
< MA.MC = MD.MB.
Bai toan 8. 23:
Cho tr giac ABCD. Chirng minh
AC 1 BD < AB? + CD? = BC? + AD?.
Hwéng dan giai
Ta c6 AB>+CD?*= AB*+CD?= (AD+DB)?+ (CB+BD)?
= AD? + 2DB*+ BC? + 2 AD .DB + 2CB.BD
=BC?+ AD?+ 2DB (DB + AD - CB)
=BC? + AD’ + 2DB (AB + BC)
=BC?*+ AD?+2CA .BD
Do d6 AC L BD < CA .BD =0 < AB?+ CD? = BC? + AD2

Bai toan 8. 24:
Cho tam giac ABC va M la mét diém tuy y. Goi N la diém théa man:

MN = MA?BC +MB2CA + MC2AB .
a) Xac dinh M @é N triing voi M
200
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b) Goi O la tam dwdng tron ngoai tiép tam giac ABC. Chirng minh néu M =
O thi tam giac OMN vuéng tai M.
Hwéng dan giai
a) Ta c6 MN = MA%(AC - AB) + MB2CA + MC2AB
= (MC? - MA?) AB + (MA* - MB?) AC
Do d6: Ntruing véi M < MN=0
& MC? - MA? = MA?2 - MB? =0 < MA = MB = MC.
Vay N trung v&i M khi va chi khi M 1a tdm O clGa dwéng tron ngoai tiép tam
giac ABC.
b) MA2BC = (OA - OM)? BC
= OA2BC + OM? BC - 2(0OA.0OM)BC
Suy ra: MN = -2(0OA.OM)BC - 2(0B.OM).CA — 2(0C.OM)AB

MN.MO = —2(OA.OM)BCMO — 2(OB.OM).CAMO — 2(0C.OM)ABMO

Pua vé trai theo géc O thi MNMO =0 nén MN L MO = dpcm.
Bai toan 8. 25:
~ Cho tam giac déu ABC canh 3a. LAy M, N, P_Ién lwot trén 3 canh BC, CA,
AB sao cho BM = a, CN = 2a, AP = x. Tim x dé AM vuéng géc PN.
Hwéng dan giai A
Choncosé: AB = b, AC = ¢ .Taco:
1 1 -

AM = AB+BM AB+§§E g +

5

MIEN)

;m=m_7rp‘=%a

Piéu kien AM L PN < AM.PN =0 B M c

o

- X
3

1—- 2=,1= X =~ - s —
—C +=b)}=c -—Db)=0 ¢ +2b)ac —-xb)=0
< ( 3 3 X 3 3 )=0<( X )
oac?+(2a-x)b.c —2x.b%=0
& a.9a% + (2a — x).a.a.c0s60° — 2x.9a% = 0
e a’9a+a- 5—2x) 0« 10a—- -gx =0 ox=22
Bai toan 8. 26:
Cho tam giac ABC va diém M sao cho:
AM? — BC? = BM? - CA? = CM? - AB?.
a) Goi G, Gb, G lan luot 13 trong tdm cac tam glac MBC, MCA, MAB.
Chirng minh rang cac dudng thang AG,, BGy, CG. ddng quy tai mot diém
va xac dinh diém do.
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b) Chirng minh réng cac doan thing AG,, BG, va CG, c6 df dai bang nhau
va bang % dwdng kinh duong tron Ole cia tam giac ABC.

Hwéng dan giai
a) Goi A', B, C' theo thtr tw |a trung diém clia canh BC, CA, AB.
Ta c6: AM? — BC? = BM? — AC? < MA? — MB? = CB? - CA?
& (MA — MB)(MA + MB)=(CB - CA)(CB + CA)
< BA 2MC'= AB .2CC'< AB(C'M+C'C)=0
< AB = CM =0 v6i C'la trung diém clia C1C.
Do d6 M nam trén dwong vuéng goc
ha tir C4 xudng canh AB. Twong ty thi
M thudc cac duong thang goc ha tir
Bi, A¢ xubng cac canh AC, CB tuong
¢ng. Suy ra M 1a tric tam clia tam giac
ABiCy..
Taco:3AG,= AM + AB + AC = AM
Ma G la trong tdm chung cQa hai tam
giac ABC va A1B1C1 nén néu goi | la
diém trén MG sao cho Mi = 3IG, do do6
I 14 diém hoan toan xac dinh va:
- AM + 3AG
1+3
Do d6 duwong thang AGa di qua diém | xéac dinh. Tuong ty ta chirng minh
dwoc BGg, CGc cling di qua diem |.

b) Theo trén ta co: 3AGA = AM + AA ; = 2AE (E la trung diém MA;). Ma AE

Al nén4ﬂ=m+3m=m+m1=3ﬁ_ﬁ;\

chinh la dwdng kinh clia du()’ng tron Ole trong AA:B4C4. Vay AGa béng %

duong kinh ciia dwong tron Ole trong AAB4C4, hay AGa béng % dudng
kinh c@a dg’c‘mg tron Ole trong AABC. Chirng minh twong tw déi voi BGg,
CGc déu bing AGa. - |
Bai toan 8. 27:
'Cho hai diém A, B cb dinh va mot sé k. Tim tap hop cac diém M sao cho:
a) MA.MB =k b) MA.AB = k.
’ Hwéng dan giai
a) Goi | la trung diém doan thdng AB, ta cé:
MA .MB = (Mi + IA)(Mi + IB) = (MI + IA)(MI - IA)
2
= M2 - IA? = MI* - —AE
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I, 2
Do dé: MA.MB=k<:>MI2—£—=k<:>MI2= k.

2 2
Néu Af:' + Kk > 0 thi tap diém Ia dwong tron (1 ,/AE +K).

2
Néu % + k = 0 thi tap diém la {}

2
AB+
4

2
: . M
AB + k < 0 thi tap diém la rong.

Néu

b) Ha MH vuéng goc véi AB thi
MA.AB =HA.AB = HA.AB

Do d6: MAAB =k <> HAAB =k A H B
< AH(AB)? = -k AB < AH = X‘%.ATB’ nén diém H c¢b dinh. Vay tap hop cac

diém M 1a dweng thdng vudng goc voi AB tai H.
Bai toan 8. 29: ‘

Cho 2 diém A, B cb dinh va s k. Tim tap hop cac diém M sao cho:

a) MAZ - MB? = k b) MA = k.MB, k>0, k = 1.

Hwéng dan giai

a) Goi O la trung diém cta AB va H 1a

hinh chiéu ctia M lén AB.

MA? - MB? = MA2- MB?

= (MA + MB)(MA — MB)

=2MO.BA =2HO.BA

Do 66 MA? - MB? = k | B

— e — i
< 2HO.BA =k < 20H.AB =k A o H

M

< 20H.AB =k«<>20H (AB =k AB <> OH = 2:52 AB nén diém H cb dinh.

Vay tap hop cac diém M Ia dwéng thang vudng goc véi AB tai H xac dinh & trén.
b) Trén duong thing AB 14 2 diém E, F sao cho EA = —kEB, .. = kFB .Ta cb:

MA = kMB <> MA2 — K3MB? = 0 = MA 2~ k2MB2 -

< (MA +kMB)(MA —kMB) =0

< (ME+EA +kME +kEB)(MF +FA - kMF —kFB) =0

< (1 +KME.(1-K)MF =0 < (1 -K)ME.MF =0

< ME.MF =0 (dok>0,k=1)< ME L MF

Vay tap hop cac diém la duong tron dwéng kinh EF.
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~ Bai toan 8. 30: | |
Cho n diém A4, As,... An va n sd kq, k..., kn VO kq + ko + .. + Kp =Kk, k=0.
Tim tap hop nhirng diém M sao cho:

k,MAZ +k,MAZ + .. +k MA2 =mtrong d6 m la mot s khong déi.
Hwéng dan giai

GO| G la tam ti cw cla hé diédm Aq, Ay, ..., Apvan s6 k1, Ka,..., Kn VOi k4 + K
. +kn"‘k, k#—O

V&i moi diém M ta co: k,MA? +k,MA3 +...+k,MAZ =m

& k,(GA, - GM)? +k,(GA, ~GM)? +... +k,(GA, -GM)* =m

& k,GA2 +k,GA2 + ... +k GAZ + kGM? — 2GM(k,GA, +k,GA, +...+k,GA ) =m
& kGA? +k,GAZ +...+K,GAZ +kGM* =m -

m-s8
——
V6i k,GA2 +k,GA2 + .. +k,GAZ = s . Bién luan:

M=$ 0 thi tap hop la duong tron ( G, /_'!‘T'(“_S)

— Néu m — s = 0 thi tap hop cac diém M la mét diém G.
m _—

o s+kGMP=m < GM?=

- Néu

— Néu < 0 thi tap hop cac diém M la tap réng.

Bai toan 8. 31:
Cho n diém A4, As,..., Anva n sb ky, Ko,..., Ky v&i kg + kp + .. + k= 0. Tim
tap hop nhirng diém M sao cho:
kMAZ +k,MA2 +...+k,MA? = mtrong d6 m 13 mot s6 khong dbi.
Hwéng dan giai
Khi kqtkot...+k, = O thi hé diém {Aq, Az,...,An} khong co tam ti cu.
Xét tat cd cac hé sb k, =0, néum —0 thi tap d@iém 1a ca mat phang coén neu
m # 0 thi tap diém la rong

Néu cé mot hé sé khac 0, chang han kq # 0 ta cé

Ko + ks + ...+ ko =—ky = 0.. Goi G’ la tdm ti cw clia hé diém Ay, As, ..., Ajva
n-1 sb Ko, ka,.., k, . Bai toan duwa vé& tim tap hop cac diém M sao
kMA? —kMG" =m ¢ MA? -MG" =k' nhu bai toan trén.

Cach khac: vecto u = k,0A, +k,0A, +...+k,OA, khéng phu thuéc vao
viéc chon didm O nén chon mot diém O cb dinh lam géc.
Bai toan 8. 32:
Cho tam giac ABC. Tim tap diém diém M thda man:
a) AM.BC-2BM.CA +2CM. AB =k cho truéc.
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b) BM.CM —2CM . AM + 2AM. BM =k cho trwéc.
Hwéng dan giai
a) AM.BC-2BM.CA +2CM. AB
= AM.BC - 2(AM- AB).CA + 2( AM - AC)AB
= AM(BC - 2AC+2AB) + 2ABCA. - 2AC.AB
= AM .AD - 4AB.AC) (voi D: AD =BC - 2CA + 2AB)
Goi H 1a hinh chiéu clia M trén AD. Ta cd, diém M théa man:
AMAD -4AB.AC =k < AM.AD =k + 4AB.AC

< AH.AD =k +4AB.AC < Kﬁ:i—(-ﬁé—_%ﬁg :H cb dinh.

Vay tap diém la duwong thidng vudng goc véi AD tai diém H d6.
b) Ta c6: 2BM.CM = 2MB MC = MB- +MC- — (MC — MB)?

. MB2+MC2_BC?
= MB2 +MC? —BC? nén BN.CM = MB_+MC” -BC

Tuwong tw cho 2CM.AM, 2AM. BM thi cé:

BM.CM — 2CM AN+ 2AT. BV = :;’-MB2 —%MCZ —%BCZ + CA2 - AB? Nén

-31M82 -1M02 -1802 +CA%? - AB? =k
2 2 2
& 3MB? — MC? = 2k + BC? — 2CA? + 2AB? (1)

Goi a, b, ¢ la d6 dai ba canh tam giac ABC va G 1a diém théa man
3GB-GC=0 thi

(1) & 2MG? - —Z—BCZ = 2k + BC? — 2CA? + 2AB?

5 o R
Za2 —b? + ¢?. Bién luan:

& MG =k +
Néuk < —-j—az + b? - c? thi tap diém la tap réng

Néu kp = ——i—az +b? = ¢ thi tap diém chi gbm mot didm G

Néu k, >§a2 + b? - ¢? thi tap diém 1a dwong tron (G, \/k +%a2 -b%2+c?).

Bai toan 8. 33:
Cho tam giac ABC déu canh a. Goi D 1a diém déi xtrng v&i diém A qua BC
va M la mét diém thay ddi.
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a) Chirng minh: BM.CM-+ AM.AD — AN khong ddi.
b) Tim tap diém diém M théa man: BM.CM+ AM.AD. =k .
Hwéng dan giai A
a) Vi AD va BC c6 trung diém | chung nén
BM.CM =MB.MC = (Mi +IB)(Mi +iC)
- mf*_@tw_i:_ )

AW AD - ANF = ARINID = -WARD | .
- (W) (WD) |

. . 2
= M +IA2 = M2 + 32

o o o 2 .
— BM.CM+ AM.AD-AM’ = 92- khong déi.

N 2 2
b) BM.+CM + AM.AD:k@AM2+%=k®AM2 =k—32—

2 .
Néu k < 32— thi tap diém la tap réng

2
Néu k = %- thi tap didm chi gdm mot diém A.

2 . 2
Néu k > a? thi tap diém 1a dwong tron tam A, ban kinh ,/k -%.
Bai toan 8. 34:
Cho tam giac ABC ndi tiép dwdng tron (O) ban kinh R. Chirng minh: AB? +
AC?-BC?z R~
Hwéng dan giai

Taco (6§+(3§—07)220. A

Khai trién vé trai va s dung |
20B.0C = 0B? +OC? -BC? cung cac 5 c

déng thirc twong tw, ta dwoc dpem.

Déu bang chi xdy ra khi OB+0OC =0A,
nghTa la khi OBAC Ia hinh thoi ¢6 cac canh 0
bang dwong chéo OA va do d6 ABC la tam

giac can tai A véi A = 120°.
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Bai toan 8. 35:

Cho tir giac ABCD noi tiép dwdng tron (O) ban kinh R. Chirng minh: AB? +
AC? + AD? - BC? - CD? - DB? > —4R?,

Hwéng dan giai
Tac (OB+0C+OD-O0A) 20nen
OBZ +OC? + OD? + OA? + 20B.0C + 20B.0D - 20B.0A
+20C.OD - 20C.OA -20D.0A >0
va st dung 20B.OC = OB? + OC? -BC? => dpcm.
Ta can chirng minh du bang khong thé xay ra. Goi G, H 1a trong tam, truwc
tam tam giac BCD, gia st OB+ OC +0OD-0A =0 thi
OA = OB +0C +0D =30G - OH suy ra A = H. Biéu nay vé li vi tryc tam H
chi thudc (O) khi tam giac BCD vudng ma ltic d6 H lai chinh 1a dinh cda goc
vubng nén H = A.
Bai toan 8. 36: o
Cho tam giac ABC c6 canh BC = a, CA = b, AB = ¢. Chirng minh v&i moi
diém M thi: a.MA? + b.MB? + ¢.MC? > abc.
Hwéng dan giai
Taco: (a.MA +b.MB +c.MC)*>0
= a’MA? + b®MB? + ¢>MC? + 2ab. MA . MB
+2bc.MB..MC + 2ca. MC.MA >0
= a’MA? + b®. MB? + ¢2. MC? + ab(MA? + MB? — AB?)

+ bc(MB? + MC? = BC?) + ca(MC? + MA2 = CA?%) >0
= a(a + b+ c)MA? + b(a + b + c)MB? + c(a + b + c)MC? > abc? + bca? + cab?
= (a+ b + c)(@aMA? + bMB? + cMC?) > abc(a + b + ¢)
= aMA? + bMB? + cMC? = abc
Déu déng thire xdy ra < aMA + bMB + cMC = 0
< M Ia tm duéng tron ndi tiép tam giac.

Bai toan 8. 37:
Cho tam giac ABC trong tdm G. Chirng minh v&i moi M, ta c6:
MAZ+ MB?+ MC? = MA.GA + MB.GB + MC.GC > GA? + GB*GC?
_ Hwéng dan giai:
Ta co : MA.GA + MB.GA + MC.GC
> MA.GA + MB.GA - MC.GA
=(MG+GA)GA + (MG +GB)GB + (MG +GC)GC
= MG(GA + GB + GC) + GA? + GB? + GC? > GA? + GB? + GC?
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“ Theo bét déng thirc AM-GM :
~ 2(MA.GA + MB.GB + MC.GC)
< MA? +MB? + MC? + GA? + GB? + GC?
Nén MAZ+ MB? + MC? — (MA.GA + MB.GB + MC.GC)
> (MA.GA + MB.GB + MC.GC)- (GA? + GB? + GC?)
Suyra: Y MA*- 3 MAGA20= > MA*> > MAGA .
AB,C AB,C AB.C ABC
Bai toan 8. 38: ‘ :
Cho ttr giac 16i ABCD. Chtrng minh: AC? + BD? < AD® + BC? + 2AB.CD
Hwéng dan giai
< (AC —AD XAC + AD)+(BD —-BC BD +BC )<2AB.CD
< DC(AC + AD)+ CD (BD + BC) <2AB.CD
& DC(AC + AD - BD - BC) < 2AB.CD
- < DC.2AB <2AB.CO < AB.CD <AB.CD: dung
D4u dang thirc xay ra khi AB//CD.
Bai toan 8. 39:
Cho tam giac ABC. Ch&rng minh v&i moi x, y, z € R:
a) X% + y? + 22 > 2xy cosC + 2yz CosA + 2zx cosB
b) 2yz cos2A + 2zx cos2B + 2xycos2C < —(x? + y? + %)

c) 2xy sin‘%+2yz sin% + 27X sin—(z3 <xXP+yi+ 22
Hwéng dan giai:
Goi e, , e, , e, la 3 vecto don vi, dat:
Y= (8,8) 5 a= (e, e5) ;p=(e5e)

Taco (xe,+ye,+ze,)* 20

= xX*+y?+ 2% + 2(xycosy + yzcosa + zxcosp > 0

= x* + y* + z° > —2xycosy — 2yzcosa — 2ZXCOSP *
a) Chon 3 vecto e;,e,,e, trén 3 canh e,

nhw hinh vé, ta co :

cosy = co0s(180° — C) = —cosC,

va cosa = —cosA ; cosp = —cosB B ‘
Ap dung hé thirc (*) thi co , / : ¢
3

X2 + y2 + Z2
> 2xycosC + 2yzcosA + 2zxcosB ;
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b) Chon ej, é;, é; cuing hwéng véi 3 ban kinh OA,0B,0C trong do6 O la tam
dwong tron ngoai iiép thi: cosy = cos2C, cosa = C0S2A, cosB = cos2B
Ap dung hé thirc (*) thi co
—(x% +y? +z%) > 2xycos2A + 2yzcos2B + 2zxcos2C
c) Hwéng dan giai nhw cau b), chon ey, €,, e, cung hwdng voi 3 ban kinh 1A,
IB, IC trong @6 | 1a tam dwéng tron noi tiép.
Bai toan 8. 40:
Cho tam giac ABC cé canhBC =a, CA=b,AB=c¢ diém M tuy y, tim gia tri
bé nhéat cla: f(M) = MA .MB + MB.MC + MC.MA .
Hwéng dan giai

Taco: MA.MB = —;—(MAZ + MB? - AB?),

MIB .MC = (MB? +MC? —BC?), MC . MA = %(Mc2 +MA? = CA?)

N

Cong lai thi f(M) = MA? + MB? + MC? - %(a2 +b?+c?)

Goi G la trong tam tam giac ABC, ta co:
MAZ + MB? + MC? = 3MG? + GA? + GB? + GC?

Nén f(M) = 3MG? + GA? + GB? + GC* - %(a2 +b% + c?)

> GAZ + GB2 + GC? — %(a2+b2+c2)

Vay f(M) bé nhat khi M = G.
Bai toan 8. 41:
Cho tam giac ABC va mét duwong thdng A, d 1a mét dwong thang thay dbi
ludn song song v&i A. Goi dy, da, ds la cac khoang cach tr A, B, C dén
duong thang d. Xac dinh d @& d? +d3 +d3 nhd nhét.
Hwéng dan giai
Goi G la trong tam tam giac ABC. Cé dinh duwéng thdng A' vudng goc voi A.

Ha AA', BB', CC', GG' L A". A

Vi GA+GB+GC =0 g c

~GA+GB+G6C =0 s/ -

Goi M la giao diém ciia d v&i A", ta co - —
& + 02 +d? =MAZ+MB2+MC* B B

= 3MG? + GA? +G'B? + G'C? di |d ds

2 G'A? + GB? + G'C? o _ T

A |
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~ Suyra dz +d3 +d2 nhd nhat khi M = G', tirc 13 khi d di qua trong tam G cia
tam giac ABC.

Bai toan 8. 42: Tim cac géc AABC trong méi tru’o’ng th, biét :
a) \/_ (cosZA cosZC) + cosZB = g ' '

b) (JE +1) (Cos2A + cosZB) (3+5)cos2C =4+ 5
Hwéng dan giai
a) Gon 6] Ia tdm dwong tron (ABC)

Ttr (OA++/30B-0C)? 0= /3 (cos2A - c0s2C) + 0s2B < >

(&)}

Béng thirc xdy ra < OA ++/30B-0C =0
o 1654 ﬁﬁ_l()’é -6
2 2 ( , : .
Ma S|n2A OA + sin2BOB + snnZC OC 0. Vi OA,OB, OC khong cung

sin2A _1

2[ A=75°
phuong nén: sin25=—23-’ = IlB=30°
1 |C=75°
sin2C=——
2

b)Tu[(J5+1)(0A+OB 20C ] >0, suy ra

(\/—5‘+1)(COS2A+COSZB ( )cosZCs4+\/5

Pé y sin18° = l/-i—‘l =5 C0s36° = ‘/54”

Dang thirc xéy ra < (J§+ 1)(OA +OB) 2(‘)~C'= 0

<:>\/§+1
2

= sm72°( A + B) -sin36°0C=0

(57¥ O_Ei) 0C=0 < 2cos3e°(0A+oB) 0C=0

nén co:r
sin2A = sin2B = sin72° _ |A=B=36°
sin2C = —sin36° =sin216°  |C =108°
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Bai toan 8. 43:

Cho tam giac ABC. Chirng minh m, + mp + m¢ < %R, suy ra diéu kién can

va di dé& tam giac ABC déu la: m, + mp + me = —g-R.
| | Hwéng dan giai |
Goi G la trong tam cla tam giac ABC, M la mot-diém tuy y -
Ta c6: MA? + MB? + MC?= GA? + GB? + GC? + 3GM? > GA? + GB? + GC? nén

(Mg + My + Mgy = % (GA +GB +GC)’ < % 3(GA2+GB?+GC?

< %(MA2 + MB? + MC?) dding v6i moi didm M.
Thay M béi tdm O cla dwdng tron ngoai tiép, ta dwoc:

27 81

(Ma + mp + M) < T.3R2 —R?hay m, + my + mg < gR

Vay néu ABC I3 tam giac déu thi c6 my + my, + mg = %R. Nguwoc lai, gid st

tam giac ABC thoad man diéu kién cho. Thay didm M bing tam O ciia
dudng tron ngoai tiép ABC, ta co:

3R? = g-(mg +mZ +m?2) + 30G Suy ra:

%IRZ =3(mZ +m? +m§)+%1-0622 (m, +m, +m,)* + %;OG2
Do d6: §1R2 81R2 81062 Suy ra OG? = 0 ohayo=6

Vay ABC la tam giac deu.

3. BAI LUYEN TAP

Bai tdp 8. 1: Cho tam giac ABC vuéng tai A, AB = a, BC Za Tinh: AB.AC,
AC .CB, AB.BC ‘

Hwéng dén
Dung dinh nghta tich vé hwéng.
Kétqud AB.AC =0,AC.CB =-3a% AB.BC =-a°
Bai tap 8. 2: Cho tam giac ABC, AB =c, BC= a, CA = b. Tinh doan phan giac
trong AD.

)
Pt
[re—
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Hwomg dan

Dung binh phuwong vé huwéng.

be 2(a+b+c)(b+c-a) -
c).

Két qua AD? =

Bai tép 8. 3: Cho ba vecto a b, c khac 0. Trong trwo'ng hO’p nao dang

thuc sau day dung: (a. b)c = a (b.c)?
" Hwéng dan
Kétqua a = kc '
Bai tap 8. 4: Chwng minh tong binh phu’cmg cac khoang cach t céc dinh cua
tam giac déu ABC ndi tiép dudng tron (O,R) den dwong thang d bét ki qua
O khéng dbi. ,
Hwéng dan
N - 4 2 3R
Dung binh phuwong v6 huéng. Ket qua -

Bai tap 8. 6: Hinh chi* nhat ABCD tam O. Chirng minh v&i moi diém M thi:
a)MAMC = MBMD b)MA? + MBMD = 2MAMO
~ Hwéng dén ’
a) chén O |4 trung diém 2 chéo
b) dung két qua cau a)
Baitap 8.6: Goi Ova O’ Ian lwot la trong tam cla hé diém {A4, A,,...,An} va hé
diém {B1,82, Bl ChL’Png minh:

a) MO? = ZMA2 ZAA, VM

i<j

b) 00% = {ZZAPBQ ) ZAA2 ZZB B/?
p=1q=1 |<y s<t
Hwéng dan
a) St dung tam ti cu va binh phwong vé hudng
b) Ap dung cau a)
Bai tap 8. 7: Cho t& giac ABCD. Chirng minh:
a) Néu v M: MA? + MC? = MB? + MD? thi ABCD I hinh chi¥ nhét.
b) Néu AB.AD +BABC + CB.CD+DCDA =0 thi ABCD Ia hinh binh hanh.
Hwéng dan ‘
a) cho M Ian Iwot triing bén dinh thi ¢é hé phwong trinh
_ b) bién ddi v& 2 vecto trén 2 canh déi bang nhau
Bai tap 8. 8: Cho hinh chi¥ nhat ABCD. Ha BH vuéng géc v&i dwong cheéo AC,
goi M va N 1an lwot la trung diém cla AH va CD. Chirng minh dwéng thang
" MB vudng géc véi duong thdng MN.
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Hwéng déan
Biéu di&n theo co s& a = AB;b = AD
Bai tap 8. 9: Cho tam giac ABC va s6 k. Tim tap cac diém M sao cho:
a) 2MA? + 3MB? + 5MC? = k. b) 3MA? + MB? — 4MC? = k.
Hwéng dan
a)Dung tam ticy I cia A, BvaC, M’ = %(k" - 21A% - 3I1B% - 5IC?).
b) Dung tam ti cu | ctia A va B: 3IA + 1B =0 .
Bai tap 8. 10: Cho hinh vuéng ABCD canh a, tim tap hop nhirng diém M
trong méi tredng hop:
a) MA.MB +MC.MD = 5a2 b) (MA +2MB + 3MC)(MC - MB) = 3a°

Hwéng dan
a) Dung trung diém 2 canh AB,CD.
b) Dung tam ti cw
Bai tap 8. 11: Cho tam giac déu ABC ndi tiép trong dwdng tron (O R) va diém
M bét ky.

a) Chirng minh diéu kién can va da dé M nam trén dudng tron (O) la:
MAZ + MB? + MC? = 6R?.
b) Cho M chuyén déng trén (O; R), tim vi tri ciia M d& MA? + 2MB? —-3MC? Ién
nhét, nhé nhat. Tinh-cac gia tri Ién nhat, nhé nhét do.
Hwéng dan
a) Chentdam O
b) MAZ+ 2MB?~ 3MC? = 2MO(MA + 2MB - 3MC). Ketqua +2R2J'2—1

Bai tap 8. 12: Cho tam giac ABC. Chirng minh:
m, m, m

a) 2+—2+—=<2> §[§_
a b c 2
b) M;i .'Y'B'?. +MC ., 3 voi diém M tay ¥ trong mp (ABC).
Hwéng dan

a) Ching minh -+ 24+ % 5273
ma mb mC

a® +b? +c?

23

b) Chirng minh a.m; <
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ciyen aé 9:  HE THUC LUONG

1. KIEI\T THUC TRONG TAM
Hé thi : trong tam giac
— Tam gi:ic ABC vuéng tai A, du’o’ng cao AH
 BA?=BH.BC, AB? + AC? = BC?,

AH?=HBHC, -1 , 1
| . B AH*  AB® AC?
~ Pinhlysin 2 =P __¢ _op

_ smA .sinB smC
a = 2RsinA hay sinA = -
2R
— Dinh Iy cosin: a? = b? + ¢2 - 2bc.cosA,
b? = 02 +a’ - 2ca.cosB, ¢ = a + b? - 2ab. cosC.

_b%+c? 2
COsA = T Anhon <> CcosA>0,Atl < cosA <0.
- 2bc
— Trung tuyén: ;
’ '2 b2 +‘C2 a/2 ‘2 a“+c¢ b2 2 az +b2 Cc
m? = —,mp =—— ,m; = «
2 4 2 4 2 4

=AM = -;-\/2(b2 +c?)-a?.

Chiéu: AB%—AC?= 2BCMH

— Phén giac trong
2bccos A 2cacos E
| = 2. L = 2.
AT L - !
b+c c +a
2abcosg
=2
© a+b
-~ Dién tich:
1 1
S-—--‘a.ha =§bh —2-C.hc

S =1ab.sinC = lbc.sinA =1ca.sinB
2 2‘ 2
S=pr=(p-a), =(p-b), =(p-c),
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abc - 1 [=2—=2 ——=
S= wm Jp(p-a)(p-b)(p-c) = ‘2‘\/;5 AC -(ABAC)
Hé thirc vé goc clia tam giac ABC bét ky ‘

C

sinA + sinB + sinC = 4cos—A—‘cosEcos——
: 2. 2 2

Sin2A + sin2B + sin2C = 4 sinA sinB sinC
sin?A + sin?B + sin?C = 2 + 2cosA cosB cosC
cosA + cosB +cosC = 1+4sin2—sin%$ih% k

cos2A + cos2B + €0s2C = 1 — 4cosA cosB cosC
cos?A + cos’B + cos’C = 1= 2cosA cosB cosC
tanA + tanB + tanC = tanA tanB tanC ( khong vuéng)

tanA tan§ + tanE tan9 + 'tan9 tané— =1
2 2 2 2 2 2

cotA.cotB + cotB.cotC+ cotC.cotA =1

c:otA + cotE + cotg = cotécot?’- cot9—,
2 2 2 2 2 2

Phwong tich ctia mét diém déi véi mot dwong tron
Qua diém M vé cat tuyén MAB bét ky v&i dudng tron (O; R) thi
PM/(O)=W.WB=M02—R2 B

,

Néu qua M v& hai cat tuyén hoac hai day AB, CD thi:
MA .MB =MC.MD
Néu M ndm ngoai (O; R), vé tiép tuyén MT thi:
MA .MB = MA.MB = MT2 ,
Dinh ly Casey: M la mét diém tuy y, H 1& hinh chiéu vuéng géc clia M trén
truc dang phwong d cla hai dwong tron (O4), (O2) thi:
P M/(O1) P MI(OZ) = 20102 H—M .
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2. CAC BAI TOAN

Bai toan 9.1:

Cho tam giac ABC, biét
a)a=7,b=8,c=6.TinhSvah,.
b)b=7,c=5vacosA= 95- TinhSvaRr

Hwéng dan giai

a) Ap dung cong thirc Hérdng vmp- a+g+c_i1
217 59 2Wi5
S a b c g L2Z_gN2
Jp(p-a)p-b)(p-c) = 27222 4

S _2W15 1 315
Vis= tah, = =—.7. .
s 2777 4 T27eTRT
o o 16 4 '
b) sin"A=1-c0s°A = — = sinA = —(vi sinA > 0)

. . 25 5
= Ybesina= 1752 =14,
2 2 5

* Ta cé: az='b2+c2—2bcosA=72+52-2.7.5% =32=a=442

s=lan h= 25_28 72
2 a 442 2
Theo dinh Ii sin: —2— = 2R = a__sl2
"o sinA 2S|nA 2

SeprosroS__ 14 14 7
P 5+7+4v2 12+442 6+2Y2
Bai toan 9.2:
Cho tam giac ABC c6 d6 dai ba trung tuyén bang 15; 18; 27.
a) Tinh dién tich clia tam giac. '
b) Tinh d¢ dai cac canh ctia tam giac.
Hwéng dan giai
a) Goi | 1a trung diém cta BC va G la
trong tdm cuda tam giac ABC thi:
Sasc = 3Sgac v

A
Léy D la diém dbi xng voi G qua I'ta '
duoc hinh binh hanh BGCD, do d6: W
D
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1 .
Seec = Sgep = ESBGCD nén Sagc = 3SeeD

Tam giac BGD c6 d6 dai ba canh béng 10, 12, 18 nén:
Seep = /20.10.8.2 =404/2 .Vay S = 120+/2.
b) Gia stt m, = 15, mp = 18, m¢ = 27. Ta c6:
a® ‘ b? c?
b? +c? =2m2 + —,c® +a® = 2m? +?,a2 +b% =2m? =

‘wjlha N

=a®+b?+c® =—(mZ +m: +m?)=1704
Ma: b*-a’= f;'-(mg ~mf)=-132,b*-c?= -gi(mﬁ -m?) =54

Tir d6 ta tinh duoc b=8V11 ;a=2,209 ;c=2J41.
Bai toan 9.3: |

nDlw

Cho tam giac ABC c6 cac trung tuyén BM va CN, trong tam G. Biét BM =

CN =3 va BGC = 120° tinh d6 dai cac canh tam giac.
Hwéng dan giai
Tac6:BG=1,CG=2
BC? = BG? + CG? - 2BG.CG.cosBGC
=BG?*+ CG*+BG.CG=7 M
=BC= \ﬁ
PbatAB=x, AC=y (x>0, y>0), ta cé:

AC2 B C
X = '

BC? +BA? = 2BM? +

2 <.__>{2x2—y2 =-5 @{ 2

CA? +CB? = 2CN? +525—2 2y"-xt=22  [y=\13
VayBC = 47 :CA=\13:AB=2.

Bai toan 9.4: ‘
Cho tam giac ABC vuéng tai B, AB = 1. Kéo dai AC vé phia C mdt doan CD = AB.
Biét CBD =30°, tinh AC.

Giai
Pat AC = x, x >0 ta c6 trong tam giac ABD R
AB AD 1 2(x+1) 30°
sinD sinABD ~sinD /3
Va trong tam giac BCD b
A
X C 1
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BC CD BC?2  CD? x2-1
. = s :> = 2 =4
sinD sinCBD  sin?D sin?CBD  sin?D

s - s
Suyra:(ii= 1 ox'+2x*-2x-4=0
3 X2 -1 :
o (x+2)¢-2) =0 x= J2.vayAC = 2.
Baitoan9.5: - ' . :
Chtrng minh rang trong moi tam giac ABC, taco
a) a = b.cosC + c.cosB | b)a= r(cotg + cot%)
A - A
C) Iy = ptan — d)r=(p-a)tan—
)Ta=p 5 | ) (p}“‘)‘2

Hwé‘ng'dén giai
a) Theo dinh li césin:
' a®+b?-c? a®+c?-b? _ 2a°
2a 2a 2a
b) Xét hai tam giac vuéng IEB, IEC = A

BE = rcotE,CE = rcotg
2 2

=a.

b.cosC + c.cosB =

Dodéba=BE+EC= r(cotg+ cot—g-).
¢) Taco: AM = AN = p, OvN=ra B

Suyra:ir, = ptan%

d) Twong tw: AE=p—-a,lE=r

nén.r=(p- a)tan—':— .

Bai toan 9.6: _
Chtrng minh réng trong moi tam giac ABC, ta co
sin(A-B) _ a® - b?
sinC - c?

a? +b? +¢?
—s
Hwéng dan giai-
1 - cos2A 1 - cos2B

sin? A - sin®B  _ 5 >
sin? C sin?C

b) cotA +cotB+cotC=

a) VT =
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_ C0s2B-cos2A _ - 2sin(B + A)sin(B - A)
2sin®C 2sin®C
_ sinC.sin(A - B) =P
sinC o
TR2 a2 a2 2, .2 .2
b) Ta 6 cotA= c?sA :b +C '—a :b +c“—-a
sinA 2bcsinA 4S
2, .2 2 2 B2 _ .2
Twong tw cotB= I e o il = dpcm.
4S 4S

Bai toan 9.7: !
Ching minh r_éng trong moi tam giac ABC, ta co

A B C
COsS— COS — Cos— -
2 . 2 _

2 -

1 1
+ =+ -
b c

o=

a) +
Ca g C

b)1 + f% = COoSA + cosB + cosC .
Hwéng dan giai

A A
2bccos— cos—
a) ly = 2 = 2=b+c=_;_[_1_+1)_

b+c N 2bc b ¢

Twong ty thi c6 dpem .

b) Ta cd cosA + cosB + cosC = 1 +4sin%sinz— sin% nén dé bai twong ydu’crng
r= 4RsinésinEsin —
~ 2 2 2

1 .
EbC sinA _ __ 4R®sinAsinBsinC
Ja+bg) PZAGNA T SinB + sinG)

Tacor

]
TlWw
H

. A A . B B . C
8sin—cos—sin—cos—sin—cos =
2R 2 2 2 2 2 2 - VP

A B C
4c0s—C0S—COS—
2 2 2

Bai toan 9.8:
Chtrng minh réng trong moi tam giac ABC, ta c6
ar+r,+r~-r = 4RcosC

B C h - 2r h

b) tan— tan—= -2 = 2
2 2 h 2r +h

a a a
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A_ /p(b—a) A_ |p-b)p-c)
‘c)cosz_ . tan2 Mp(p—a) -

Hwéng dan giai
C A B C
— c)tan— + ptan— + ptan— - ptan—
(p ) 5 p 5 p 5 p >

a) VT

- c.tan—(-:—v + p(tanf\— + tan—B—)
2 .2 2

. C . ~ inA +B
— 2RsinC sins + 2R sinA + sinB +sinC  °
‘ 2 A

cos— cos——cosE
2 : ' 2 2

C . cos—C~
2R( —2sin’% ) + 2R 2008 2 cos B cos & - 2
, 2 2 2

2 A B

COS—COS—

’ 2 2
C C

4R(cos’; - sin®5) = 4RcosC = VP.

b) Tacd h, =%S- ; r= 2—pS—; 2ry = 25 hén

h, - 2r h, _ p-a _ b+c-a

h 2r, +h, p b+c+a

a

_ sinB + sinC - sinA _ sinB + sinC - sin(B + C)<

sinB + sinC + sinA  sinB + sinC + sin(B + C)
B+C(_ B-C B +CJ

2sin cos - COS
, 2 ( 2 2

.B+C( B-C - B+C]
2sin 2 cos 5 + COS :

—ZsinEsinﬁ
2 =t‘an-§—tan9—. '

Zcos~B—cos—-
2 2

b? +c?-a®

T ——
¢) Tach cos? 21+ C0SA 2bc__ _plp-a)
2 2 ~ be
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Suy ra: cos B [PP-3)

(do cos—Al >0)
2 bc 2

Tuong tw sin® A _1-cosA_(p-b)(p-c)
. 2 2 bc

Suyra sing— = 1’_(_p—b_;(p—__<_:l (do sin%> 0) = dpcm.

Bai toan 9.9: ‘

]

Chirng minh rang trong moi tam giac ABC, ta c6

{1+ 1 1 3
A B C _ 2(_ b - = = _]
a) bc.cot—2 + ca.cot—2 + ab.cot—2 =4Rpa b ¢ p):

b) m2 +m2 + m? = %j:(a2 +b? + c?).

Hwéng dan giai

a) TacoVP = 4RpiP =2 + PP, P-C,
ap bp cp
- 4R p(p - a) + 4R (p - b) + 4Rp(p - C)
a b c
vaarPP =8 _ o R b s+ c—a)
. a abc

e (sinA + sinB + sinC)(sinB + sinC - sinA)

2sinAsinBsinC
B C A . B . C
4cos—cos—cos—.4cos—sin—sin— A
= bc 2 2 2 = bc.cot—
. B .B .C C 2
16sin—cos—cos—sin—sin—cos —
2 2
T d6 suy ra dpem .
2 2 2 2 2 2 2 . 2 2
b)Tac():m2=b e —é—;mﬁzc ta b e 2 L
a .2 4 2 4 ¢

Suyra: m?+mZ+m = =(a%+b*+ ).

H|w

Bai toan 9.10:

Cho tam giac ABC ¢6 M la trung diém canh BC. Dudng thdng qua M va
song song v&i phan giac trong goc A cat AC, AB tai D, E. Ki hiéu ry, r¢ 12

ban kinh dwdng tron bang tiép cac goc B, C cuia tam giac ABC. Chirng
minh MD.ME =1, . rc.
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Hwéng dan giai
MC _ MD
sinMDC  sinMCD 4

Trong tam giac MDC:

asinC csinA
ZsinA 2sin—pi
2 - 2

= MD=

=CCOS—
2

Twong ty ME = bcos—g nén:

A . N .
MD . ME = bc.cos®s = bc.% =p(p—a)

B

N i B C ., B C
Mat khac: rpre = ptan— .ptan— = p“tan—tan—
: blc = P > p > p > 5

= p? P-a_ p(p —a): Do @6: MD.ME = ryre.
p

Bai toan 9.11: E
Chirng minh rang trong moi tam giac ABC, ta c6

a) s = %(azsinZB? bZsin2A)

b) S = %\/Kéz./?c’z _(ABAC) .

m +m +m
a b

[o]

9 8= 2P P=m, ) m,)p-m,) voi p'=

Hwéng dan giai °
a)VP = %BRZ( sin-ZA'sinB cosB + sin’BsinAcosA)
= 2R%sinAsinB(sinAcosB + sinBcosA)
= —;—absin(A + B)= %absinC =S = VT.
A

b) Ta c6: AB2 AC? - (AB.AC)? = b’ - b2c%cosA
= b?c’(1 — cos?A) = b%c?sinA = 48% = dpcm.
c) Goi A' 1a diém dbi xirng véi A qua trong
tam A. Tam giac BA'G ¢6 céac canh Ia
2 2

§ma,§mb,§mc va c6 dién tich bang

- C
-é- nén tam giac voi cac canh la m,, ‘

A
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w(wn

3¥ s 3
mp, M ¢6 dién tich bang (EJ . =ZS,

-~

A 3 ] ] ] \ ln | A
Nén: sz\/p (p~ma)(p—mb)(p—mc) la dpcm.

Bai toan €.12: .
Ching minh rang trong moi tam giac ABC, ta c6

)_=___ i+i b);g_:l_l=l;i.
r h, hy h h, rr n
Hwéng dan giai

1 1 1
a) S=pr= —ah,= —bh,= —ch.
) P 5 dNa > b c

1 1 1
= —F —t — = e T
h, h, h, 2p r ’
b)Tace: 2.1.1_1,1.25_ 8 S_8 8
ha A A A ha rornonor

< a=p-(p-a)=(p-b)+(p-c):hién nhién.
Bai toan 9.13:
Cho t gidc ABCD néi tiép dwoc va co cac canh a, b, ¢, d.

Chirng minh: S = \/(P —a)(p-b)(p-c)(p-d), planka chu vi t&r giac.
B

Hwéng dan giai
Ta cé: S = Sapp + Scps = %adsinA + %bcsinC

28

hay 2S = (ad + bc)sinA nén sinA =
ad +bc

va: BD? = a2 + o — 2ad.cosA,
BD? = b®+c? - 2bccosC = b? + ¢2 + 2bccosA.

a®+d?-b%-c?

Suy ra: a® + d> - b? - ¢ = 2(ad + bc)cosA nén cosA =

2(ad + bc)
Vi cos?A + sin?A = 1 nén 16S2 + (a +d?— b2 c ) = 4(ad + bc)
Do d6 16S? = [2(ad + bc)] (a +d? - )
= (2ad + 2bc + a% + d° - c)(2ad+2bc a’—d?+b%+c?

=[(@a+d)’*~(b-c)l(b + C)Z—(a—d)zl
=(a+d+b-—c)(a+d—-b+c)(b+c+a-d)(b+c-—a+d)
=16(p —a)(p - b)(p - c)(p—d) = dpcm.
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Bai toan 9.14: :
Cho t* giac ABCD. Goi M, N Ian luot la trung diém 2 chéo AC, BD. Ching
minh: AB? + BC2 + CD? + DA? = AC? + BD? + 4MN%. - A
 Hwéng dan giai '
Trong tam giac ABD, CBD ta ¢é:
2 2 2 BD2 '
AB® + AD” = 2AN“ + 5
BD?

CB? + CD? = 2CN? + >

Nén: AB? + BC? + CD? = 2(AN? + CN?) + BD?
) v
= 2(2MN? + ﬂ—g-) + BD? = AC? + BD? + 4MN?,
Bai toan 9.15: .
Cho tam giac ABC c6 trong tdm G, M la trung diém cla BC:
a) D4t AMB = ¢. Chirng minh: cotC — cotB = 2cot '

Sbccos A = 2(b? +c?)

b) Bat BGC = a. Chirng minh: cota = -
3bcsinA

Hwéng dan giai
2(b% +c?)-a’ +9_2_ 2

2 2 Ap2 T Y 2 .2
a)cot¢=MA +MB* - AB _ 4 4 =b C
48,50 28 o 4S
. 2 12 2 a2, .2 B2 2 2
nén: cotC— cotB = a’+b”-c ¢ +a -b =b c =2cotd .
4 4S 2S
b2+02 —'ag 2 2 )
b) 5bccosA—2(b2+cz)_5" > —2b" +c )_b2+c2—5a2
3bcsinA ~ 6S 12S
4 2(02+a2)—b2+2(a2+b2)—02 2
. GB? +GC?-BC? 9 4 4
nén: cota = =
4Sgcq ﬁs
v 3

_ b +c? -5a® _5bccosA - 2(b° +¢?)
128 3bcsinA '
Bai toan 9.16: Cho tam giac ABC. Chirng minh:

a) Né’utané—.tan?- = Lihic= 1 (@ + b).
2 2 3 2
;. ¢ m . ‘ )
b) Néu 0= E]Jl #1 thi 2cotA = cotB + cotC.
c
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Hwéng dan giai

a)Tacéc = %(a +b) < 2sinC = sinA + sinB

< 2sin(A + B) = 2sin2 B oos A= B
2 2
A+B A-B
& 2 cos = cOoSs
= 2c:os—'t}‘—cosE - Zsiné-sin—l?’— = c:os.ibicosE + sin——sinE
2 2 2 2 2 2
A B . A . B A, B _ 1 _.
& cos—cos— = 3sin—sin= < tan —.tan— = —:dung.
v 2 2 2 2 2 2 3
b) Ta c6: 2cotA = cotB + cotC
2 2 .2 2, .2 12 2 2 2. .
oo rc Aty a+c b g B4 -C e ?= 22
abc abc ’ abc

Tir gid thiét suy ra ¢®m? =b®m? , b? - ¢* = 0, do do:

2| bPra? ¢®)  ofc?+a® b?
2 a4 > 4

= 2b%c? + 2a’c® - ¢* = 2b%c? + 2a%H® - b*
= b*—c*=2a%b*-c? = b?+c*=2a°= dpcm.
Bai toan 9.17:
Cho hinh binh hanh ABCD c6 chu vi bang 26, géc ABC = 120° va ban kinh

dwdng tron ndi tiép tam giac BCD bang \/5 . Tinh cac canh cta hinh binh hanh.

. Giai B £ c
DatAB=CD=xBC=AD=y.
Theo gia thiét x +y = 13 I
Xét tam giac BCD -k
Taco: BCD=60°. A

Goi E, F la cac tiép diém cla dudng D
tron nai tiép (1) véi BC, CD, ta co: -
CE = EF = v3cot30° = 3
=BC+CD-BD=6=BD=7.
Ma BD? = BC? + CD? - 2BC.CD.cosBCD = x* + y* — xy = 49.
=13 = =
Giai hé JX:Y ) ta dwoc {x 5 hay{x 8
[X° +y° —xy=49 y=8
Vay: AB = CD = 8; BC = DA = 5 hodc ngugc lai.
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Bai toan 9.18:
Cho hinh thang can ABCD c6 day 16n AB ngoai tiép mét duwéng tron ban
kinh r, noi tiép dwérng tron ban kinh R.
a) bat BAD = a. Tinh cac canh day va duwdng chéo theorr, o.

b) Biét ° =§ 7 ,tinh géc BAD .
r

Hwéng dan giai

a)Taco AD = BC=——2r— batAB=x, CD =y, ta co:

sina

X—y=4rcotavax+y= 4

-sina
oy = 2r1+f.:osa ' y=2r1—?osa
Sina sina A F
Do d6 BD? = AB? + AD? — 2AB.AD.cos BAD

cosa

2
1+cosa 4r? 1+cosa
=4r2( - +— -8r? —
sina sin“ o sin“ a
2 -cos?a
4!’2—T=4r2 1+
sin® o

J.Véy:
sin“ a

AB= 2 1HC0SC op 5 1-008a. ph oA o f1y ]
sina sina sin o
b) Do BD = 2Rsino. = 2 |—— nén E-ZJ‘
sin® a 2
| 2 - 1 o, .
suyra —V7sina = |1+ & 28sin"a - 9sin“a—~9=0
3 sin® o

Giai ra ta dwoc sina. = -@ (do sina. > 0) = o = BAD =60°.

Bai toan 9.19:
Tam giac ABC vudng tai A c6 AB = ¢, AC = b, dworg cao AH. Tim phwong
tich ctia diém H déi véi cac dwong tron cé dwong kinh 1an lwot la AB, AC
va BC.

Hwéng dan giai
Goi (Cy), (Cy), (Cs) lan lwot 13 dwong
tron v&i duwdng kinh AB, AC, BC .
Vi H ndm trén (C+) va (C,) nén :

P HACy) — P HACy) 0.
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bc

vb? +¢c? .
Bai toan 9.20:

T giac ABCD néi tiép trong dwéng tron (O; R) véi | 1a giao diém hai dwong
chéo ACvaBD.batAB=a,BC=b,CD=c,DA=d, AC =x, BD =yvagoc
AID = a. Tir C vé dwérng thang song song véi BD, dwdng thdng nay cét (O)
& E. Chirng minh: xy = ac + bd. Suy ra x, y theo a, b, ¢, d.
Hwéng dan giai

a) Do CE //BD nén: BC =DE; BE =CD; ABE =«
ADE = 1800 —ova SBCD = SBED
Vivay: Sasco = Sagep = Sase + Saoe

P e, = HBHC = -HBHC = -HA? = -

Ta co: Sapep = %xysina, Sage = %acsin(x, Sape = %dbsina

Nén : —;-xysinon = —;—acsina + %bdsina = Xy =ac + bd.
b) Ta c6: Sagc + Sacp = Seap *+ Seoc
nén% absinB + -;—cdsin(1 80°-B)

=1 adsinA + % bcsin(180° — A) a
Suy ra: (ab + cd)sinB = (ad + bc)sinA
Mat khac: x = AC = 2RsinB; y = BD = 2RsinA
Nen X_SINB _8d+bC 4040wy X (ac +bd)
y sinA ab+cd y ab+cd
2 (ac+bd)(ad +bc)

= X =
ab +cd

X = (ac + bd)(ad + bc)
ab +cd

va v dbred \/(ac +bd)(ab+cd)
ad +bc ad+bc

Bai toan 9.21:
Cho 2 dudng tron (O; R) va (O'; R') cét nhau tai A, B
a) Chirng minh dwdong thang AB cat tiép tuyén chung TT' tai trung diém |
chta TT"
b) Trén dudng thang AB, lay diém C & ngoai dwong tron, vé 2 tiép tuyén
CE, CF voi 2 dudng tron. Chirng minh CE = CF.

N

ad + bc
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Bai toan 9.22:. T
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_ } Hwéng dan giai
Puo) = IT*= IA.IB .
Puoy = IT?=IA.IB
= TP=IT?=IT=IT

PC/(O),. = CE2 =CA.CB
Va P¢) = CF? = CA.CB = CE = CF.

Trén canh AB cla hinh binh hanh ABCD lay hai diém tuy y A' va B'. Céc
dudng thang CA' va DB' ¢4t nhau & P. Chirng minh réng dwéng thang di
qua P va song song vé&i BC 1a truc ddng phuong clia cac dwéong tron ngoai
tiép tam giac PAA' va tam giac PBB".
' Hwéng dan giai
Gia stv truc ddng phuong clia hai dwéng tron ngoai tiép PAA' va PBB' cat
AB va DC Ian lwot tai M va N.
Ta c6 MA'MA = MB'.MB _
' ' ' B'

Vi AD/DC = MA'_MB' P

NC ND

= MA'ND = MB'.NC
MA_MB_MA+MB__

Dodd: —=— = o~ =
ND NC ND+NC

'.AVéy MA = ND, MB = NC, suy ra MN//BC.

B

. Goi M, (J), (K) la cac duong tron

_“trong tam giac FAB.

ai toan 9.23: ,
Cho ti giac 16i ABCD c6 E va F la giao diém clGa AB véi CD va AD voi [3C.
'Chirng minh cac duwong tron dwong kinh AC, BD va EF c6 truc dang
phwong chung.

o Hwéng dan giai

duong kinh AC, BD, EF. Goi H Ia truc
tam va AP, BQ, FR la cac dudng cao

Tacéo: P HIy = HTA—H—P
. P HIY) = HBHQ
’ PH/(K) = HFHR ' E D . C

ma HAHP = HBHQ = HFHR nén diém H c6 cung phuwong tich déi véi ca
‘ba dweng tron (1), (J), (K).Twong tw H' c6 cung phuong tich déi véi ca ba
dwaong tron (1), (J), (K).

Vay cac duéng tron (1), (J), (K) cé truc dang phwong chung la dwéng thang HH'.
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Bai toan 9.24: -
Cho tam giac ABC ni tiép dwong tron (O). Pudng trung tuyén CC4 cat (O)
' tai diém the hai D. Chirng minh CA? + CB® = 2CC,.CD.
Hwéng dan giai
AB?

Tac6: C4C.CD=C,ACB= a8

CA2+CB?> AB® _CA*+CB’
2 . 4

Ma CC? =

2 2 ’

= SA*CB ez icicoD

- =C4C(C4C + C4D) = C4C.CD e

— CA?+CB?=2CC,.CD. . . B
Bai toan 9.25:

Cho tam giac ABC’C() B>CvaoOl O la tam dwong tron ngoai tiep,

dwong tron noi tiép va dwong tron bang tiep goc A. Chirng minh:
2(sinB - sinC)

2cosA-1

C .

tanlOO, =
Hwéng dan giai

Goi J la trung diém cta 104 thi J 1a diém chinh gitra ctia cung BC (khdng

chira A) cta dwong (O) ngoai tiép tam giac ABC. Do @6 OJ L BCvaOJ=R

conBJ=CJ=1J= 2Rsing

OF + 002 -102

4S|oo1

. l02
ma OF +00? —10% = 20J? +—2L—|o$

Ta c6 cotlO0, =

= 20J% - 212 = 2R? [1 - 4 sin? %)

S0, = 280 = N0 siNlJO

Vi LJO:?—;—(2 (do OJLBCvaB>C)

B-C

nén: S_. =2R2 sinf—sin .Dodo:

oR? (1 _asine A |
' 2)  2cosA-1

ar? sinPsinB-C  2(sinB-sinC)
2 2 |

cotlO0, =

= dpém
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Bai toan $.26: :
Cho tam giac ABC ndi tiép dwo'ng tron (O). M6t dwdng tron (O) thay déi, di
qua A va trung diém M clia BC cit BC tai diém the hai E, va cét (O) tai
diém the hai F. Goi F, 1a giao diém clia AF va BC.

a) Chirng minh rang F1M .FE = FB.FC
b) Chirng minh réing MB? = MC? = ME .. MF ,.
- Giai
a) Déi véi dwong tron (0), (O') ta cé:

Suyra: EK/TI?E =l_::é€6

b) Ta c6: W.%:EE.EE:(EMH\E)(FTMME
= (FM+MB)(FM-MB) = FiM° - MB?
= MB? = F;M? - FMFE = FM(FM FE) FMEM

Vay MB? = MC? = MF;. ME.

Bai toan 9.27:
Cho tam giac ABC ndi tiép dwcyng tron (O) tam O ban kinh R ¢6 B, C cb
dinh con A thay déi. Goi H Ia trwc tam tam giac va K la giao diém ctia AH
véi BC.

a) Chirng minh HO2 — 2HAHK khéng déi
b) Chirng minh H la trung diém AK < AK? + 20H? = 2R? .
Huwéng dan giai
a) Goi A’ 1a giao diém clia AH véi dwong tron (O) thi K 1a trung diém clia HA".
‘Do d6 ta co:

P o) = OH? = R? = HAHA' = 2HAHK
Suy ra HO?>~ 2HAHA' = R? khong déi
b) Goi | la trung diém clia AK, ta co:
ﬁ.ﬁk:(ﬁhlﬁ)(ﬁu% »

—_ 2
= (HI+1A)(HI-IA) = HI? - 1A% = HI? - AK
Nén 4HI2 - AK? = 4HAHK = 20H? — 2R2

= AK? + 20H? = 2R? + 4HI?
Do d6: H Ia trung diém clia AK < AK? + 20H? = 2R?
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Bai toan 9.28: .
Cho tam giac ABC noi tiép dwong tron (O) co G la trong tam. Goi F la giao
diém cGa AG véi (O) va M, N 1a trung diém cla AB, AC.

a) Ching minh 3AF.AG = AB? + AC?.
b) Chirng minh A, G, M, N cuing thuéc mét dwong tron khi va chi khi : AB? +
AC?=2BC%
Hwéng dan giai
a) Goi E Ia diém ddi xtrng ctia A qua tdm O va | la trung diém cia BC, ta co:

AE.AB = AB2va AE.AC =AC? A
—_—>/_\E(Z\Ei+K€3)=AB?+AC2 A\

— 2AEAIl=AB? + AC? ‘
— 3AEAG = AB? + AC? |
= 3AF.AG = AB2 + AC? (do EF L AG)
b) Goi G' Ia trong tam tam gidc AMN, AG' = ~AG . e E
2

3AG AG'= 3 g2 32AB® +2AC? -BC® _ AB® +AC® BC®
2 2 9 3 6
Theo cau a) ta cé: A, M, N, G cuing thuéc mét dudng tron
AB? +AC? BC? _ AB?  AC?
3 6 4 4
AB? + AC® BC? _AB?+AC?
3 & 4
Bai toan 9.29:
Cho tam giac ABC néi tiép trong dwerng tron (O va mot diém M sao cho céac
g6c AMB, BMC, CMA déu biing 120°. Cac dwong thdng AM, BM, CM cét
duong tron (O) 1an lwot tai A', B'va C'.
Chtrng minh réng: MA + MB + MC = MA' + MB' + MC'
Hwéng dan giai
L4y cac diém A, B, C; sao cho:
MA, = MA - B - MB s nc, - MC
MA MB MC
Khi d6 ca ba vecto trén déu co do dai
bang 1, ma goc gilra hai vecto bat ki
trong ching déu bang 120° nén M la
tam cla tam giac déu A,B;C,.

Ta cé: 2MA .MO = MA(MA — MA)

o AG.AG'= AM? + AN? &

AB? + AC? = 2BC?.
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Suy ra: 2MA MG =MA - MA"
MA

" Hay: 2MA ;. MO = MA — MA' A
Twong tw: 2MB;.MO = MB - MB', 2MC; .MO = MC - MC'

nén MA +MC-MA'-MB' -MC = 2(MA ;+ MB+MC,).MO =0
Vay MA + MB + MC = MA' + MB' + MC".
Bai toan 9.30: , ;
Tam giac ABC c6 (O, R) va (I, r) Ian lwot la dwdng tron ngoai tiép va dwong
tron ndi tiép. Chirng minh cong thire Ole: d? = OI? = R? — 2R, suy ra trong
moi tam giac ta luén co R > 2r. ' A
Hwéng dan giai
Goi O, | Ian lwot 13 tam dwoéng tron
‘ngoai tiép va noi tiép clia tam giac ABC.
'D&tOM =R, IC'=rva Ol =d, ta co: , 1

IAIM=R?>-d?> %
B C
“Tam giac MIC c6: MlC:MCI:A;C W
Suy ra Ml = MC, va do MC = 2Rsin% nén Ml = 2Rs'in% M -
valA= 'CA = rA nén: 2Rr = R*~ d” hayla d® = R* - 2Rr
sin— sin— ‘
2 2

Do0<d’=R(R-2r)=R>2r.
Bai toan 9.31: .
Cho hai duong tron (Oy), (Op) c6 tam O; = O, va M la mot diém tuy y. H 14
“hinh chiéu vuéng goc clia M trén dudng thdng d 1a truc dang phuong cla

(01) va (02) ChL’l’ng minh: P M/{O1) — PM/(O2) = 20102.HM .
Hwéng dan giai '
~ Goi | Ia trung diém ctia 0,0,, M', H' Ia hinh chiéu cla M, H trén 0,0,. Vi H

e d nén P wyo1) = P Hio2) d

Suy ra P w01 = P m02) M n

= P wmio1) = P nio1) = (P mioz2) — P Hio2))

= MO? ~HOZ - (MOZ - HO?) ' \

= MO? - MO? — (HO? —-HO?) o, M 1J[@ o,
= 20,0,.IM' -20,0, . IH'

= 20,0,.H'M' = 20,0, . HM
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Bai toan 9.32: ,
Cho tam giac nhon ABC c6 cac canh a, b, ¢ va dién tich S. Trén ba canh va veé .
‘phia ngoai clia tam giac dé dwng céc tam giac.vuéng can A'BC, B'AC,C'AB (A,

B', C' lan Iwot la dinh). Chirng minh réng:
A'B‘2 +BC?+ CA? = a2+ b? + ¢ + 6S.
- Hwéng dan giai

bf o2

Tacod: AB'= —— AC' 5

B'AC' = A +90°
Trong tam giac AB'C' ta c6:
B'C? = AB? + AC'? — 2AB'.AC'.cosB'AC'

b2 +c? . b2 +¢?
= + besinA =

+ 28

“ .05, A'B® =a—2—;—bi+2s.
Tir d6 suy ra A'B? + B'C? + C'A? = a + b® + ¢? + 6S.
Bai toan 9.33:
Cho diém D ndm trong tam giac ABC sao cho DAB = DBC = DCA 0.
Chung minh rang:
a) sin’p = sin(A— ¢).sin(B- ¢).sin(C— o)
b) cote = cotA+ cotB+ cotC.
Hwéng dan giai
a) Theo dinh li sin, trong tam giac ABD, BCD, ACD:

’ 2
Twong tw: C'A* = a+ce

BD  AD
sing sin(B-¢)
'Cbh_ BD  AD_ CD
sing sin(C-¢) " sing sin(A-¢) BN C
... ADBDCD ADBD.CD
Nén: = dpcm..

sin®¢ ~sin(A- ).sin(B - ¢).sin(C ~ ¢)
b) Ap dung dinh 1i cosin.vao tam giac DAB, ta c6: -

BD? = AB? + AD? — 2AB.AD.cosp ma: —;—AB.AD.sin(p = Sagp
Suy ra: BD? = AB? + AD? — 4Sppa.cote. Tuong tw:
CD? = BC? + BD? — 4Spgc.cotp, AD? = AC? + CD? — 4Spca.cote

2 2
Nén coto = a’ +ZS+C a® H:) +et ~-R= dpcm.
abc
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Bai toan 9.34:
Goi D, E 1a cac diém trén canh BC clia tam gidc ABC sao cho BAD = CAE = «.
Goi M, N 1an luot 1a 2 tiép diém cha BC véi 2 duwong tron noi tiép cac tam
giac ABD, ACE. Chungnmm1—l- 41,1 A
MB MD NC NE '
, Hwéng dan giai
Ta can chiing minh:
MB+MD NC+NE
MBMD ~ NCNE

& BD.NE.NC = CE.MB.MD B M D E N
Ap dung dinh Ii sin cho AABD, AACE, AABE va AADE ta cé
BD ¢ CE _ b _ BDBE _c?
sino. sinD'sina._ sinE _ CDCE b2
Trong AABD ta cé: 2MB + AD =c + BD, 2MD + AD=BD - ¢
BD AD
sina sinB
Twong ty, CE.sinC = AE.sina nén: b.BD.AE = ¢c.CE.AD
c® + AD® -BD® _b® + AE® - CE?
c.AD - b.AE
Ma BD? - ¢? = (BD + ¢)(BD - c) = (2MB + AD)(2MD + AD)
= 4MB.MD + 2AD.BD + AD?
nen: 2MBMD + ADBD _ 2NCNE + AECE
c.AD b.AE

b 2MBMD+BD e 2NCNE+CE
AD AE

bMBMD _ _ NCNE
AD AE
b.MB.MD.AE = c.NC.NE.AD
bMBMDBE _cNCNECD
c - b
- MBMD.BE = 2PBE NCNECD = dpem .
CDCE

Taco = BD.sinB = AD.sina

Va coso =

hay

hay

Bai toan 9.35:
Goi M va N la cac diém bén trong tam giac ABC sao cho
MAB = NAC va MBA = NBC.
AMAN N BMBN N CMCN _

Chirng minh rang: =
ABAC BABC CACB
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Hwéng dan giai

Goi K la diém trén tia BN sao cho

. BCK =BMA , K & ngoai tam giac ABC
vi BMA = ACB.

Do MBA =CBK, ta cé hai tam giac

ABM va KBC dong dang nén:

AB_BK_AM A
BK BC CK

Khi d6, vi ABK=MBGCva ~B_BM
KB BC

nén 2 tam gidc ABK va MBC dbéng
dang. Do dé: _A_@_:_B_PS AK

BM BC CM
Ta cd CKN = MAB = NAC nén cac diém A, N, C va K ciing & trén mot duong
tron. Theo dinh Ii Ptolémé

AC.NK = AN.CK + CN.AK = AC(BK - BN) = AN.CK + CN. AK

AC ABBC BN | = AN.AMBC . CNABCM
BM BM

= dpcm

Bai toédn 9.36:

Trong mét dwong tron cho 3 day cung AB, CD va EF déng quy tai K, doi
mot tao véi nhau mét géc 60°. Chirng minh: KA + KD + KE = KB + KC + KF.
Hwéng dan giai
Goi O la tam clia duong tronva dat KA =a, KB=b, KC =¢, KD = d, KE = ¢,

KF =f.

Pudng tron dwdng kinh KO cét cac D

day cung AB, CD, EF tai cac trung

diém L, M, N clia chung. Vi géc gitra

céac day cung la 60° nén tam giac LMN

déu nén LM = LN = MN. K

Trong tam giac LMK:

LM? = LK® + MK? — 2LK . MK.cos60° - 0
atb_,_b-a ¢

2

+d d-c E
2
nén: 4LM? = (b — a)? + (c — d)? + (b — a)(c — d)
Tuong tu: 4MN? = (a - d)? + (e = f)? — (c — d)(e — )
Vi LM = MN nén:
(b-a)’+(c—d)’+(b-a)c—d)=(c—d)*+(e-f)’ - (c—d)e-
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= (b-— a)(b a+tc—d)=(e-file-f-c+d)

b-a e-f-c+d

e-f b a+c—d

Bai toan 9.37:

Cho tam giac ABC v6i dwong tron ngoai tlep c6 tam O va ban k|nh R.
Buong tron ndi tiép co6 ban kinh r va tlep xuc v&i AB, BC, CA twong Ung tai
cac diém C,, A; va B4.Cac duwdng thdng ndi trung diém cac cép doan thang
‘AB4 va AC4, BA; va BC,, CA, va CB;y gap nhau tai cac diém C,, A, va B;.
Chtrng minh ring dwéng tron ngoai tiép tam giac A;B,C, ciing c6 tdm O va

= e-f=b-a+c-d=dpcm.

ban kinh bing R + -;-

Hwéng dan giai.
Trwde tién ta chirng minh réng hinh
chiéu B; clia B, lén AC la trung
diém ctia AC. Goi B, va B, lan lwot
1a trung diém AB, va CB,.

B.

Tacé:—a—?—=tané-—-#,

BB, 2 p-a

BB )

¢ 3:tan—gzL

B,B, 2 p-c

BB, -
nén; —23_P=C Tu’BBc-P—tasuyra

BB, p-a 2

BB, = P—é—‘-’- =~ CB, va BB, = pT = AB, nén AB; = CB;

Do d6: B,O = B,Bs + B,O = iEl-‘i)é(-'?—“-e‘—) + RcosB
o : r

Ta co:

(P=0)P=2), ReosB=R+ L
2r . 2
e S S R(1 - cosB)e BB
2(p-b) 2p p-b b 2
, B 2sin? B .
< tan—:—,—z— . Bung = dpem
2 sinB '

Bai toan 8.38:
Cho tam giac ABC c6 goc A = 60°. Goi | Ia tam dwong tron noi tiép, F 1a diém
trén AB sao cho IF // AC. Biéem P nam trén canh BC sao cho 3BP = BC.

Chirng minh BEF = %B.
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Hwéng dan giai
Gias*BC=3,dodoBP=1.Pat:B= §+2 C—§—2a

A

Taco: r=4R sin—A—sinEsin—C—, nén:
2 2 2

B
asin— sm :
r—4smio‘—smBsm9~ a —\/—(COSQOL—J—)
2 2 2 2smA A : 2
cos

Goi M I hinh chiéu cia F trén AC, ta c6 FM = r

AF= ! =2[cos2d~lj
sinA 2

Lic d6, BF = ¢ — AF = Eﬁsin[g-2a]—2(0032a;%}

J3

= cos2a — v/3 sin2a + 1 = 2cos?a — 2+/3 cosasina
= 22 cos a.cos[g- + aJ
Dung dinh li cosin va sin cho tam giac BFP thi tinh dwoc:

FP? = 22 cos? [g+aJ:>FP:2cos[g+a]

2cos [-g + a}
Va =
,[n J sinBFP
sin 3 + 200

Bai toan 9.39:
Mat tam giac ABC can tai A, ¢6 cac dwéng cao cat nhau tai mét diém P
trén dwong tron noi tiép cta tam giac d6. Hay tinh sin cta géc & dinh cla
tam giac.

Vay sinBFP = sin[g + a] = sin—2-:> dpem.

Hwéng dan giai A
Goi Q la tam dwong tron ndi tiép, AD la
- phan giac trong.
Taco: BPC =180° - Ava BQC P
=180°— (2.8 )=g07+ 2 Q
2 2 2
BPD—BZC 90°—-g-va BQD=45°+—'2—B s e
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Trong tam giac vuéng BPD va BQD
Ta c6: tanBPD =2 tanBaD = 22 -2 BD
PD Qb PD’

nén: tanBQD = 2tanBPD hay: tan(45° + 74—) = 2.tan(90° - -g-)

Pt x = % ta c6: tan(45° + x) = 2.tan(90° — 2x) = 2.cot2x

1+tanx _2(1-tan’x)  cosx+sinx _cos®x-sin’x
1-tanx 2.tanx cOS X — sinX sinX.cos X
& SINX.COSX = cos?X — 2sinx.cosx + sin’x

. - 2
&> 3sinx.cosx = 1 < sin2x =

-~

3
l:>sinA=
9

co%]
E

Do doé: sinf‘-=g:> COsA =
2 3

Bai toan 9.40:

Cho tam giac ABC c6 dd dai ba canh la a, b, c. Ta lan lwot vé cac tiép
tuyén véi dwdng tron noi tiép clia tam giac nay song song véi 3 canh tam
giac. Mai tiép tuyén hop véi hai canh kia clia tam giac dé tao thanh mot tam
giac mai, nhuw thé ta duoc 3 tam gidc méi tao thanh. Lai vé 3 dwong tron noi
tiép & 3 tam giac moi d6. Hay tinh tdng dién tich 4 hinh tron ndi tiép noi trén.

Hwéng dan giai
Goi cac ban kinh clia 4 dwong tron 1an
lwotlary, ra, 13, ra.
Ba tam giac méi cé6 dwong cao h; ddng
dang véi tam giac 4/
ABC nén: £2—=h—2;:3-=h—3 ri=h- A ‘e

n h,r h o1

Khoang cach cla cac dwong song
song (chang han nhu A;A, va BC) Ia

c

h -2
2ry, nén: L _ N 1_?_"_
rnh h, - |
2 2 _
Vayrz—r1——[—=§_23'8 =S(p a)
ha p p2.28 p2
Twong ty: rs = S(p;b);,ﬁ S(p;C)-
P p

Tacoé: T=8+S,+S;= Tt(f12 +r22 +|'32 4—!’5)
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2 2/~ _ a)2 270 1)\2 20 _ )2
S ,S(p-a) S(p-b)” S(p-c)

=T
p2 p4 p4 p4
n(@® +b? +c®)a+b-cla+c-b)(b+c-a)
' (@a+b+c)®

Bai toan 9.41:
Goi ABC la mét tam giac nhon. Cho DAC, EAB va FBC la cac tam giac can
& bén ngoai ctia ABC, v&i DA = DC, EA = EB, va FB = FC sao cho: ADC =
2BAC, BEA= 2ABC, CFB = 2ACB. Goi D' Ia giao diém cla cac duong
thdng DB va EF, E' Ia giao diém clia EC va DF, va goi F' 1a giao diém clia
FA va DE. Tinh tong T -—[—)E+—EE+ FA .
DD' EE' FF'
Hwéng dan giai C
Ta phu’ng minh da giac DAEBFC
laloiva:
ADC + BEA+ CFB
= 2(BAC + ABC+ ABC)
=27
Goi w1, 2, w3 la cac dwdng tron A
lan lwot co tam tai D, E, F va ban
kinh DA, EB, FC thi 3 dwong
tron nay déng quy tai O, O la
diém déi xtrng ctia C qua DF. E
Tuong tw, O ciing 1a diém ddi xting clia A qua DE va ddi xtng clia B qua
EF. Ta coé:

DB _DD'+D'B 1y D‘B_1+S(EBF) +S(OEF)
DD DD' DD’ S(DEF) S(DEF)
Twong tw Ezhm va —=1+—S—(—OD—E) = T=4,

EE' S(DEF) FF' S(DEF)

Bai toéan 9.42:

Cho tam giac ABC. Chirng minh:

a) Néu a® = b® + ¢® thi tam giac c6 3 goc nhon.

b) Néu c* - 2(a® + b%)c? + a* + a?b? + ¢* = 0 thi c6 goc 60° hoac 120°.

Hwéng dan giai

a)Tacoa’=b’+c*=a>b,c=gocA>B,C

Ta chirng minh géc A nhon |a dd. That vay :

a’=b’+c®=bb*+cci<ab’+ac=ab®+cd)
= a’ < b’ +c® = cosA > 0 = A nhon = dpcm.
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~b) Xem déng thire cho la phwong trinh bac 2 theo t =
=(a+ bz) — (a* + a%b? + ¢*) = a%b?
Dodoc =a +b2+ab:>a + b2 + 2abcosC = a2 + b? + 2ab
= cosC = i——% = C = 60° hay 120°.
Bai to’én 9.43: A
Xét dang tam giac ABC trong méi treang hop:
) 1+cosB  2a+c

- = - b)r=ra—r—1re.
sinB \/432—02 :

Hwéng dan gidi

. 1+cosB  2a+c (1+cosB)?® (2a+c)?

a) Ta cé: - = =S > =
: sinB  \f4a2 _¢2? sin®B

1+cosB 2a+c _ 1+cosB . 2a+c

1-cosB 2a-c 1-cosB 2a-c¢

& 2ac.cosB=c? < a?+c? -

Vay tam giac ABC can tai C.

4a® - c?

b’=c’ea’=b’<a=hb.

S S
—.’..
p-b p+c

—Tlce ——

p-a

a _ 2p-(b+c) CaV=(o—b)(b—
P2 p-bip-c PP =(P-bP-c)

b)yTacoé:r=ry— S §
p

= pa p(b+c) bc =S bc E—iﬁ(bﬂzma)
=N 2bc=(b+c) —a’ o a?=p’+c?

Vay tam giac ABC vubng & A.
Bai toan 9.44:

Xét dang tam giac ABC trong méi trwong hop:

33+Ca—b2 2
A = 5Q° 53 +c-b =b
a) A=60° a=10, r=—- by a+¢

sinA.sinGC =S
4

Hwéng dan giai
a) Goi M, N, P Ian lwot la cac tiép diém

cta BC, CA va AB véi duong tron noi

tiép tam giac ABC.

Taco AP = AN =r.cot30° =5

BP +NC=BM+MC=a=10

nén: (b — AN) + (c — AP) = ' p— Y C
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hay b+ ¢'=20
Theo dinh |i césin:
a2 = b? + ¢ — 2bccos60° hay a° = (b + c)® — 2bc — be
(b+c)? —a® 20°-10°
: -
trinh bac hai X* —20x + 100 =0 .
Phwong trinh nay c6 nghiém kép b = ¢ = 10 nén ABC I tam giac déu.

Suy ra bc = = 100 nén b, c'la nghiém clia phLPo’ng

3, .3 13 ,
by Tace: S TP st g -bP=(a+ Qb? - b
a+c-b a

—a’+c’=(a+tob’=a’l-c+ci=b’
' 1
:>az—-ac+cz=a2+cz-—ZaccosB:>cosB=—2—:>B=60°.

2
= SmZB = .._a_ _E_ - _t.)..
2R 2R (2R

= ac=b?= ac=a’+c?-2accosB=a’+c?-ac
::>a2—2ac+c2=0:>(a—c) = 0 = a = ¢ nén tam giac déu.

Do d6 sinA.sinC =

Mw

nN

3. BAI LUYEN TAP

Bai tap 9.1: Trén hai canh BC va AC cla tam gidc ABC l4dy D va E sao cho
BAD = 50°, ABE = 30°. Biét rding ABC = ACB = 50°. Tinh sé do ciia géc BED.

Hwéng dan
Goi O la giao diém AD va BE. Dung dinh ham sé sin cho cac tam giac OBP,
OBA, OAE. Két qua BED = 40°.

Bai tap 9.2: Cho ABC la mét tam giac, Q la duwdng tron ndi tiép cha no va Q,, .
Qp, Qc 1a ba dwong tron trwe giao véi Q 1an lwot di qua (B, C) (A, C) va (A,
B). Cac duong tron Q, va Q lai cat nhau & C; thwe hién twong tw ta dwoc
cac diém B' va A'. Chirng minh ring ban kinh clia dwong tron ngoai tiép
tam giac A'B'C' bang ban kinh clia Q.

Hwéng dan
Puwéng tron truc giao nén cé hé thive 12 = + R?
Bai tap 9.3: Cho D la diém n&m bén trong tam giac nhon ABC sao cho' -
ADB = ACB + 90° va AC.BD = AD.BC
ABCD
ACBD

b) Chirng minh réng hai tiép tuyén tai diém C clia dwong tron ngoai tlep tam
giac ACD va BCD vuéng gbéc nhau .

~a)Tinhtisb
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Hwéng dan
AB.CD
ACBD =2
b) 2 dwdng tron trwc giao.

Bai tap 9.4: Cho AABC c6 ba goc nhon noi tiép dwcng tron tam O. Mot dwéng
thdng d qua diém O 1an lwot tao véi cac dudng thdng OA, OB, OC cac goc

a) Két qua

o B,8(0<a B, 6= 5) Chirng minh gia tri cia biéu thirc: T = sindA.sin‘a.

+ sin4B.sin?p + sin4C.sin% la khéng déi khi dwong thang d quay quanh
diém O.

Hwéng dan
Gia tri clia biéu thire: T = sindA.sin®o. + sindB.sin?B + sindC.sin’s 1a khong déi.

Bai tap 9.5: Goi Py, P,, P3, P4 12 4 diém ndm trén mot duwdng tron. Goi cac tam
dwong tron ndi tiép 1, cha tam giac P,P;P., I, clia tam giac P4P3P,, i3 cia.
tam giac P,P,Py, 14 cGia tam giac P4P,P;. Chitng minh réng Iy, I3, 13, 14 1& céc
dinh ctia m6t hinh chi nhat. )

Hwéng dan
Két qua |, I, I I, 14 mét hinh chi nhat.

Bai tap 9.6: Cho tam giac ABC ndi tlep trong dwéng tron (O) Duwéng tron (K,)
nam trong goc A clia tam giac tiép xdc voi hai canh AB va AC tai My, N, va
tcep xuc trong v&i (O) tai P. Budng tron (K,) ndm trong goc B cla tam giac
tiép xuc voi hai canh BC va BA tai M,, N, va tiép xtc trong vai (O) tai P,.
Bueong tron (Ks) ndm trong géc C cla tam giac tiép xtc véi hal canh CA va
CB tai M3, N3 va tiép xtc trong v&i (0O) tai Ps. Chung minh rdng cac doan
thdng M;N;, MoN, va M3N3 cat nhau tai trung diém ctia m&i doan.

Hwéng dan

, Chung minh céc hinh twong &ng la hinh binh hanh.

Bai tap 9.7: Cho duong tron (C) tiép xdc véi 2 dwong thang dy, d,. M6t duong
tron (C1) tiép xtc voi d; tai A va tiép xuc ngoai véi (C) tai C. Puong tron
(C,) tiép xuc voi d, tai B, tiép xtc ngoai voi (C) tai D va tiép xtic ngoai véi
(Cy) tai E, AD cét BC tai Q. Chirng minh rang Q 1a tam dwdng tron noi tiép
tam giac CDE.

Hwéng din .
Q la giao 2 phan giac trong hay Q cach déu 2 canh tam giac CDE.

Bai tap 9.8: Cho tam giac ABC bat ki. Ta dwng ben ngoai tam giac do cac tam
giac BCP, CAQ, ABR sao cho:

PBC = CAQ=45°, BCP = QCA = 30°, ABR = BAR= 15",
Chirng minh rdng QRP =90° va QR = RP
Hwéng dén
Bién dbi twong duong va diing dinh Iy sin, cosin.
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Bai tap 9.9: Cho tam giac déu ABC va mét dwdng thang d. Goi A', B', C' 1a chan
dweéng vudng goc 1an lwot ha tir A, B, C xubng d. Ching minh rang gia tri
cla biéu thirc A'B? + B'C? + C'A? khéng phu thudc vao vi tri ciia dwéng
thang d.

_ Hwéng dan
Xét 2 treéng hop d cét va khong cét canh tam giac ABC. Goi a la canh tam

L. X z > 332
giac deu ABC. Két qua =
Bai tap 9.10: Chirng minh rang trong moi tam giac ABC, taco
(b? — c®)cosA = a(c.cosC — b.cosB)
Hwéng dan
Dudng dinh ly cosin
Bai tap 9.11: Cho tam giac vuéng ABC va D, E, F lan lwot Ia trung diém cac
canh AB, BC va CA. Gia sir duwéng phan giac cia BDC cét BC tai M va
phan giac géc ADC cét AC tai N. Cho MN va CD cét nhau tai O; EO ct AC
tai P va duong thdng FO céat BC tai Q. Chirng minh rang CD = PQ.
Hwéng dén ‘
St dung dinh ly Ménélaut va Stewart
Bai tap 9.12: Tinh cac goc A, B va h,, R clia tam giac ABC biét:
a=6,b=2c=3 +1
Hwéng dan
Dung hé thire lwgng va dinh ly dién tich.

Két qua: A = 60°, B = 45° h, = (\/'3’+1)5-/2—3, R =42
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" cnuven a6 10: TAM GIAC VA DUONG TRON

1. KIEN THUC TRONG TAM
Truc dang phwong va tam dang phwong

~ Truc dang phucmg clia hai ducrng tron khong déng tam: Tap hop cac dlem
c6 phuwong tich bang nhau déi v&i hai dwéng tron..

— Tam dang phwong clta ba duong tron cé cac tam khéng thang hang: diém
chung | clia ba truc déng phwong cla ba cép dwong tron . Piém | c6 cung
phwong tich déi véi ca ba duong tron.

Piéu kién tir giac ndi tiép, tiép xic
— Cho tt giac ABCD. Hai canh d6i AB va CD cét nhau tai M. Diéu kién can va di
dé tr giac ABCD ndi tiép dweng tron Ia: '
MA .MB = MC . MD.
- Dinh Iy Ptolémé: T& giac ABCD nou tiép dwdng tron khi va chi khi:
AC.BD = AB.CD + AD.BC

— Cho tam glac ABC. M la diém thuéc duang thang AB va ndm ngoai doan
thang AB. Diéu kién can va da d& MC tiép xuc v&i dwong tron ngoai tiép

tam giac ABC 1a MA . MB = MC2

B

Théng hang va déong quy
~ — Dinh ly Menelaus: Tam giac ABC, ba diém M, N, P lan lwot thudc ba duwong
thdng BC,CA,AB:

—

M, N, P thing hang < MB NC PA
MC NA PB

» Ol W

— DPinh ly Ceva: Tam giac ABC, ba diém M, N, P Ian ot thude ba duong
thang BC,CA AB: .

AM, BN, CP ddng quy hodc song song L, 2B TR g
: MC

~ Binh ly Ceva dang lugng giac: Tam giac ABC, ba diém M, N, P 1an lvot
thudc ba du@ng thang BC,CA AB:
sinABN sinBCP sinCAM

AM, BN, CP dong quy <
sinCBN sinACP sinBAM
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— Dinh Iy Carnot: Tam giac ABC va ba diém M, N, P. ‘
Ba dwéng thdng 1an lwot qua M, N, P va vuéng géc véi BC, CA, AB dong
quy < (MB2 —MC?) + (NC? —NA?) + (PA2 —-PB?)=0.

Chu y: Ta co thé dung truc dang phuong, tam ding phuwong,... dé chirng
minh thdng hang va dng quy. -
- Dinh ly Stewart: Cho 3 diém A, B, C thang hang va dlem M tuy y thi

MAZBC+M820A+MCZ AB+BCCA.AB=0.

~ BPuwdng tron Apollonius: Cho doan AB tap hop cac diém M sao cho
MA
MB

chia doan AB theo ti s6 + k.
Goc dinh hwdng

(Ox,0y) = a(mod 27)

(OM,ON) =a(mod2n) (O X
(d,d") = a(modn)
Tam giac ABC : (AB,AC) + (BC,BA) + (CA,CB) = n(mod 2r)

va (AB,AC) + (BC,BA) + (CA,CB) = 0(mod )
Tam giac ABC ndi tiép dworng tron (O):
(OA,OB) = 2(CA,CB)(mod2r) va (OA,OB) = 2(CA,CB)(mod)

Bén diém A,B,C,D thudc dwdng tron

< (CA,CB) = (DA,DB)(mod 2n) hay (CA,CB) = —(DA,DB)(mod2r) -
& (CA,CB) = (DA,DB)(mod) .

—— =k (0 <k % 1) la duwong tron dwong kinh 1J, véi | va J la hai dlem _

2. CAC BAI TOAN
Bai toan 10. 1:
Mét tl:’l’ giac ABCD cé c_éc duwong c;héo vudng goc. Céc trung tric ctia AB va
CD cat nhau tai mét diém duy nhat P & bén trong ABCD. Chirng minh rang
ABCQ la tr giac ndi tiep khi va chi khi cac tam giac ABP va CDP c6 dién
tich bang nhau.
Hwéng dan giai
Gia st AC va BD cit nhau & E. Khong mét tinh téng quét, do tinh ddi xdng,
ta gia st rang diém P nam trong tam giac ABE. Goi M va N 1an Iwgt 1a chan
duwdng vudng goc ha tir P xudng AC va BD.
S(ABP) = S(ABE) — S(PAE) — S(PBE) nén
(AM+PN)(BN-+PM)—~(AM+PN)PM—(BN +PM)PN= AM.BN-PM.PN
Va S[CDP] = S[CDE] + S[PCE] + S[PDE] nén
(CM~PN)(DN-PM)+(CM-PN)PM+(DN-PM)PN = CM.DN - PM.PN
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Do dé: 2(S(ABP) — S(CDP)) = AM. BN - CM.DN o A
- Gia sivr ABCD noi tiép. Thé thi f

tinh du'* nhét cla P kéo theo ring

né pha la tdm dwong tron ngoai

tiép. Vi ’thé M va N lan lwot I3 P M

trung didm cla cac doan AC va

BD, nén AM = CM va BN = DN, g N ‘

do d6: S(ABP) = S(CDP) B E D

Dao lai, gia st ring
- S(ABP) = S(CDP) thi AM.BN = CM.DN. C

Gia st* PA = PC, chang han PA > PC thi AM > CM va BN > DN, vi PB >

PD. Nhu thé AM.BN > CM.DN , Ia diéu vé li. Do d6 PA = PC, diéu d6 dan

- dénPcachdduA, B, C,D. Vay ABCD la t& glac noi tlep

Bai toan 10. 2:

Cho dwong tron duwong kinh AB va dwéng théng A vudng goc véi AB & H
(H khéng trung véi A va B). M6t dwong thdng quay quanh H cét duwong tron
& M, N va cac duong thdng AM, AN Ian lvot cit A &@ M', N'. Chirng minh:
a) Bn diém M, N, M', N' cing thuéc mét dudng tron (C) nao d6.
b) Cac dwdng tron (C) luén di qua hai diém cé dinh.

Hwéng dan giai

a) Tt giac HBMM', HBN'N ndi tiép duorc,

nén: AH.AB = AM.AM'

AH.AB = AN.AN'
Do d6: AM.AM'= AN.AN' A
Suy ra M, N, M, N' cling thuéc mét
dwdng tron, ta ki hiéu dwong tron doé
la (C).

b) Goi P, Q la cac giao diém cla (C) voi
duwong thang AB va E, F Ia cac giao diém A
cla A véi duwong tron dwdng kinh AB.

Khi d6 AP.AQ = AM.AM' = AH.AB = AE? = AF?
‘Vay P, Q thuéc dwdng tron (S) tiép xtic v&i AE, AF & E, F.
Do (S) la dwong tron cb dinh nén P, Q 1 hai diém cé dinh cua (C).

Bai toan 10. 3:

Cho tam giac ABC khéng can, O Ia tdm dwéng tron ngoai tiép. Goi A', B', C’
theo thi tw 1a diém déi xtng clia A, B, C qua canh BC, CA, AB. Chirng

minh réng cac dwdng tron ngoai tiép cac tam giac OAA’, OBB’, OCC’ cling
di qua mét diém khac O.
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Hwéng dan giai
Goi A, Ag, Ac theo thir tw 1a trung tric clia OA, OB, OC va goi A, Az ; By,
B, ; C4, C, theo thi¥ tw la giao clia A v&i AC, AB; giao clia Ag v&i BA, BC;
giao clia Ac v&i CB, CA. o '
Goi Oa = Ax N BC; Og = Ag N CA; O¢ = y
Ac N AB thi Oy, Og, Oc thep thir tvw la
tdm cac duong tron ngoai tiép cac tam
giac OAA,, OBB;, OCC;.
Ap dung dinh ly Menelaus cho AABC
v6i cac bd 3 diém thang hang Oa, Aq,

Nhan vé véi vé clia ba dang thire trén thi
o,B .OBC_OCA
0,C Oz,A OB
thang hang
Vay cac dwdong tron ngoai tiép cac tam
giac Oj\A1, O‘BB1, OCC, cung di qua
mot diem K d6i xirng véi O qua dudng
théng chira O, Og, Oc¢.

Bai toan 10. 4:
Cho ABC la mét tam giac sao cho A = 90° va géc B < C. Tiép tuyén tai A
clia dwong tron o ngoai tiép tam giac cét BC tai D. Goi E 1a diém ddi xing
clia A qua BC, X chan dwong cao tir A xudng BE, va Y la trung diém cla
AX, dudng thdng BY lai cat o tai Z. Chirng minh dwong thang BD tiép xuc
duwong tron ngoai tiép tam giac ADZ.

A Hwéng dan giai

=1 nén OA, OB, OC
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Goi G la diém dbi tam clia Ava H I3 giao dlem clia AE va BD. De y réng B
va G & cling mot phia déi véi AE vi géc B < C Tasé chung minh G, H vaZz
thang hang. That vay:

AEG =90°= AXB, AGE = ABE ABX
nén cac tam giac AGE va ABX déng dang.

= GAE =BAXva G—A=E
GB AX

Goi H va Y lan Iuot |a trung diém cda AE va AX. Thi cac tam giac AGH va ;

ABY ciing ddng dang. Do d6 AGH =ABYva néu GH cét o tai Z' thi ta ¢6

ABZ = AGZ= ABY = ABZ. biéu d6 dan dén Z va Z' truing nhau (dpcm)

Bay gio’ ta chirng minh rdng DAZ = ZDH. Vi G, H va Z & trén ciing m6t
duong thang, AZH = AZG= 90°. Vi DA va DE la cac tlep tuyén clia o, ta c6
DAZ = AEZva DEZ =EAZ . Nhu vay ta c6: '
DHZ =90° = AHZ = EAZ = DEZ nén ZHED la mot t&r giac ndi ’uep

Suy ra rang ZDH=ZEA =DAZ, va DB chinh Ia tiép tuyén cla ducyng tron
ngoai tiép tam giac ADZ.

Bai toan 10. 5:

- Cho dudng tron dwong kinh AB, H 1a diém nam gitra AB va dudng thang A
vuéng goc v6i AB tai H. Goi E, F 1a giao diém cla dudng tron va A.
V& dwdng tron tam A, ban kinh AE va
dwong tron (C) bat ki qua H, B. Gia st
hai duwong tron do c&t nhau & M va N,
chtrng minh rdng AM va AN 13 hai tiép
tuyén cua (C). M
, Hwéng dan giai B [—

Do M, N, E cung thudc duong tron tam
A nén ta c6 AM = AN = AE. Trong tam
giac vuéng AEB, EH. | AB nén: (C).
AE?=AHAB= AH.AB

* T @6 suy ra: AM? = AN? = AH. AB
Vay AM, AN la 2 tiép tuyén cla (C).

Bai toan 10. 6: )
Cho tam giac ABC ndi tiép dwong tron (O) va M 1a trung diém cla BC.
Pudng tron ndi tiép tam giac. AOM cat lai BC tai diém D va cat dudng tron
(O) tai dlem the hai E. Goi F la giao d|em clia AE va BC.

a) Chirng mlnh FBFC =FDFM
b) Ching minh DA tiép xtc dwdng tron ngoai tiép tam giac AFM.

U><
T s
=
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"~ Hwéng dan giai
a) Ki hiéu () 1a dwdng tron ngoai tiép t& giac MOAD. Do OAD = OMD= 90°
nén tam | clia dwong tron nay chinh la trung diém cdia OD. :
Taco: P FIO) = FBFC =FAFE
P Fily) = F,D.E'\—;l = '—:—A-FE
Do dé: FBFC =FDFM
b) Goi N la giao diém clia OD va AE. Do
OD di qua hai tam O va | nén OD L AE.
Suy ra tam giac ADO vuéng taiAnén: D
'DA*=DNDO. _
Mat khac, ttr giac FMON Ia t& giac noi tiép
DNDO =DFDM |
vay DFDM = DA? va do d6 DA tiép xtic v&i (AFM) tai diém A.
Bai toan 10. 7:
Hai dudng trQn (G4) va (Gy) noi tiép trorgg hinh vién phan BmCB, clia dudng
tréq (G) va tiép xtc ngoai nhau tai diém W. Goi A la giao diém‘cﬂa tiép
tuyén chung trong cuta (G1) va (G,) véi cung BmC. Chitng minh rang W la
tam ctia dwéng tron noi tiép tam giac ABC. _
Hwéng dan giai m A
Trgc’rc hét goi P va W, lan lwot 1a céc
diém tiép xuc cta (Gy) véi (G) va BC.
Goi giao diém cua tiép tuyéen tai P cla
(Gy) v&i BC la K thi:
PW1K =W1PC + PCW1
vaKPW;=KPB+BPW,.
Ma: KPB=PCBva
KPW,; =PW K do dé:
BPW,=W,pC.
Chirng t6 PW, la phan giac trong cla
BPC. Tuong tw ta c6 QW, la phan
giac trong clia BQC, véi Q, W, la tiép
diém cua (G,) voi (G), BC. Do dé6 PW,
~ QW, = | 1a trung diém clia cung BC
Suy ra ABW,l ~ APBI nén BI? = IW,.IP. Twong tw : CI? = IW,.1Q.
Ma Bl = Cl nén IW..IP = IW,.1Q = | thudc truc ddng phwong cla (Gy) va
(G,) = AW di qua | = AW la phan giac trong cia BAC va IB = IW = IC,
Mat khac: ABW=BWI|-BAIl, CBW=IBW -CBI
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Ma: BWI=BW;BAI=CBI= _.sdBC.
Suy ra: ABW = CBW, ttrc la BW I phan giac trong ABC. Do ¢é W la giao
cla hai phan giac trong AW, BW hay W chinh la tdm duwéng tron noi tiép
AABC (dpcm).

Bai toan 10. 8:
Cho tt gic 16i ABCD thoa BAD > 90°. Goi M, N lan lwot la 2 dlem nam trén BC
va CD sao cho MAD = NAB = 90°. Chung minh réng néu MN va 8D cét nhau
tai I thi IA L AC.

Hwéng dén giai

Néu M C (hay N =C) thi | =D (hay | = B) = bai toan d’ung
Xettruong hop | =B, I =D.
Ap dung dinh Iy Ménélaus cho tam giac BCD,
ta co:

MB NC ID =1 SAMB SANC SAID

—_—— . 1

MC 'ND'IB Savc Sano Sa

AlB : N
AB sinA, AC. sinA, AD. SinA,
AC sinA, "AD. sinA, "AB. smlAB

<> sinAq.sinA; = sinA, . sinlAB 1 1 £
<> sinAq . sinAz = cos(A; + Az).cos(Ar + Ay)
<>.Cos(A + 2A + Ag) + cos(A +Az)=0
<> 2c0S(Aq + Ay + As).cosA, =0
<> COS(A + Ay + A3) = 0 < Aq + Ay + Ay = 90°.
Vay IA L AC.

Bai toan 10. 9:
Cho tam giac ABC néi tiép trong dwong tron (O; R) c6 dwong cao AA'. Goi
E, F twong tng la hinh chiéu cta A' trén AB, AC va J |a giao diém cla EF
v&i dwdng kinh AD. ‘
a) Chirng minh rang AA' Ia tiép tuyén cia dwéng tron (A'JD)
b) Tim diéu kién clia AA' dé ba diém E, F, O thang hang.

_ Hwéng dan giai A

a) Trong hai tam giac vuong AA'B va
AAC ta c6: AE.AB = AA%va AF. AC
= AAZ nén AE.AB = AF.AC, suy ra
ttr giac BEFC noi tiép dwoc, do do ta E
c6 AFE= ABC

B A C

M&t khac ABC=ADC (géc néi tiép \
cung chan cung AC) nén tt giac DCFJ D
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ndi tiép dwoc, suy ra AJ.AD = AF.AC
Vay AJ.AD = AA? do do AA' Ia tiép tuyén clia dwong trdn (A'JD)

b) Badiém E, F, O thdng hang khi O triing vai J hay AJ = R.
Do AJ.AD =AA?nén AA2=2R?hay AA'=R 2.

Bai toan 10. 10 |
Cho A1A2A3 1a mot tam gidc khong can, cé | 1a tam dwdng tron néi tiép. Goi
Ci,,i=1,2, 3lacac duong tron bé hon di qua | va tiép xuc voi A va
AAi2. Goi By, i = 1, 2, 3, |a giao diém th hai cGa Ci.q va Cis2. Chrng minh
rang 3 tdm clia cac dwdng tron ngoai tiép cac tam giac A(Bsl, AyBal, AgBsl
thang hang. ;

Hwéng dan giai

B dé: Cho tam giac ABC cé tam dwong tron néi tiép 1a 1. Goi T 1a tam dwong
tron ngoai tiép tam giac BIC. Khi d6, T ndm trén phan giac trong clia géc A.
Vé&i i =1, 2, 3 ta ki hieu O; la tam
duwdng tron C; va ki hiéu T; l1a tam
dwong tron ngoai tiép tam giac
Ais1lAi2. RS rang la O; ndm trén phan
giac trong clia goc A;. Theo bd dé trén,
T, cling ndm trén phan giac ay.
Goi Q, i =1, 2, 3 |a giao diém cla
Oi+1oi+2 va Ti+1Ti+2
Ap dung Binh Iy Menelaus cho cac tam
glac '0102, 10203, 10301 cho 3 bé dlém
thdng hang thi:
0,Q, 0,Q, 0,Q,
O1QS . 0201 ‘0302
Vi TitqTiz 1a trung triee cla Ajl va 0140442 la trung triee clia Bil nén nhitng
diém nay Ian gt chinh Ia tam dwong tron ngoai tiép cac tam giac A4B;l,
AoB)l, AzBasl.

Bai toan 10. 11:
Cho tr giac ABCD cé cac canh AB, CD kéo dai cat nhau & E va cac canh
AD, BC kéo dai cat nhau & F. Chirng minh rang cac trung diém cla cac
doan AC, BD va EF ciing thuéc mét dwéng thdng (dwong thang Gao-xo
cla tw giac). '

= Qq, Qz, Q3 théng hang

Hwéng dan giai
Ké cac duong cao CC', DD', FF' clia tam giac CDF va goi H la truc tam cla
tam giac dé thi:

HC.HC'=HD.HD'= HF .HF"
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Ta c6 trung diém | cGia AC ciing la tam

" dwong tron dwong kinh AC, duong
tron dé di qua C' (do AC'C= 90?).
Suyra PH/(|) = ':l_(j . ﬁa_'

Twong tw nhw vay, goi J, K l1a tam
" dwong tron dwong kinh BD, EF:

PH}(J) = HD .HD"' , PHI(K)= HF .HF".

Do d6: Puyy = PH/(j) = PH/(K)

Néu 4y truc tam H' cGa tam giac BCE

ta cling sé co: ' '

Py = Py = Pruky '
Vay HH' la truc ding phwong cla hai dwéng tron (1) va (J), nén HH' L 1Y,
HH' cling 1a truc déng phuong cua (1) va (K) nén HH' L IK. Tr dé taco |, J,
K thdng hang.
Bai toan 10. 12: ,
Cho t( giac 16i ABCD c6 A=B=C.Goi O, H la tam duéng tron ngoai tiép
va trirc tdm tam gidc ABC. Chirng minh O, H, D thang hang.
: 'Hwéng dan giai '

Xét A =B =C =90° bai toan hién nhién dung. B

~Xét A,B,C khac 90° .Goi E, F la giao
diém clGa AB v&i CD, cia AD véi BC.
Theo gia thiét A =B =C, cac tam giac
ABF, BCE céan tai F, E nén cac dwong
trung trwc clia AB, BC ciing chinh Ia
cac dwdng cao trong cac tam giac
trén. Suy ra tam dudong tron ngoai tiép
O cla tam giac ABC ciing chinh fa tru’g
tam tam giac BEF.
Mat khac, bén diém A, C, F, E cung thuéc mét dudng tron (do
EAF =ECF). Do d6 cac tryc tam O, H va diém D thuéc truc déng phuong
cta hai duérng tron dwong kinh AF, CE. Vay O, H, D théng hang.

Bai toan 10. 13: ' S

Cho tam-giac ABC co latrectdmva D, Ela cac diém tay y trén cac canh
AB, AC. Gia st¥ cac duong tron dwong kinh BE va CD cét nhau tai hai diém
F, G. Chirng minh F,G, H thdng hang. '
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Hwéng dan giai A
Goi BB',CC' 1a cac duwong cao trong
tam giac ABC va (l), (J) la cac duong
tron dwong kinh BE, CD
Taco: B e () va P 1y = HBHB'
vaC' e (J)va Py = HCHC!
ma HBHB' = %ﬁa (do tir giac
BC.BC' noi tiép).
Dodé P HIGy T P HI(J) nén H thUQC truc

ddng phuwong cia (I) va (J), do la G
dwong thang FG. Vay F, G, H théng
hang.

Bai toan 10. 14: : - :
Cho tam giac ABC va (T) la duwong tron di qua hai diém A, C. Céac canh AB
va BC twong trng cét (T) tai cac diém thr hai D va E. Goi (S) la dwong tron
tiép xtc voi canh BD, BE va tiép xuc v&i cung DE tai M. Chirng minh rang
dwéng phan giac géc AMC di qua tam dwdng tron noi tiép tam giac ABC.

Hwéng dan giai !

Goi O va R 13n lwot 1a tam va ban kinh cta (T), r la ban kinh cta (S) va | 1a tam
duéng tron ndi tiép tam giac ABC. Kéo dai Al va Cl, chiing cét (T) lan Iwot tai
Ma va Mc. Gia st (S) tiép xtc duong thang AD tai F va tiép xuc voi duong
thang CE tai G. Goi d la d6 dai tiép tuyén k& tir Ma dén (T). D& y réng AM, la
phan giac DAC, ta c6 DMa = MaC. Tuong tw ta cé EMc = McA.

Dinh li Ptoleme: CG.DM, = MAC.DF +d.CD

CG-DFY’
d’ = MACZ[T} = d? = MaS?~1°

Theo Pinh li Stewart ap dung cho tam giac SOMj ta cling cé:
MaS2.0OM + MaO?.MS = MaM2.SO + SM.MO.SO
MaS2R + R%r = MAMA(R + 1) + IR(R + 1)
MaM2(R + ) = (MaS? = )R = d°R
CG-DFY M,M*R+1)
Do dé: MACQ( CD j - )

MMY (R )(cG-DFY
MC) \R+r)l” CD

2 2
M_.M -
Twong ty: | —5— | = R_|[AF EG]
M. A R+r)i AE

Taco: CG -DF =(CG + GB) - (DF + FB) = CB - DB
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va AF - EF = (AF + FB) — (EG + GB) = AB - BE
Ngoai ra, do ACDE Ia t& giac ndi tiép, ta suy ra BDC=AECva
DCB =BAE, do d6 ACBD ~ AABE va:
CG-DF CB-DB AB-BE AF-EG
CD cb  EA  AE
MM MM sinMAMAv_ sinM,CM
M,C M,A  sinM,AC ~ sinACM,
Theo dang lwong giac cla Dinh ly Ceva cho tam giac AMC:
sinMAM, sinACM_ ' sinCMI _
sinM,AC "sinMCCM "sinIMA

Suy ra sinCMI = sinIMA = CMI =IMA do AMC < 180°. ,
Nhw vay, dwong thdng MI Ia phan giac AMC, tirc la phan giac AMCdi qué _
tam dwong tron ndi tiép | clia tam giac ABC.
Bai toan 10. 15: _
Cho tam giac ABC va diém M nam trong tam giac, goi H, |, K theo thi tv 1a
hinh chiéu cia M trén BC, CA, AB, va Ay, Ag, AC theo thir tw qua A, B, Cva
1&n Iwot vuong goc voi IK, KH, HI. Chirng minh rang: Aa, Ag, Ac cTong quy.
Hwéng dén giai A
Vi M ndm trong tam giac ABC nén H, I, K khéng
thdng hang.
Vi MH, MI, MK déng quy (tai M) va theo the tw
vuéng goc véi BC, CA, AB nén theo dinh Iy
Carnot, ta co: ‘
(HB? = HC? + (IC? - 1A% + (KA’ = KB?) = 0
= (AP — AK?) + (BK? - BH?) + (CH*-CI) =0 /
Theo dinh ly Carnot thi A, AB, Ac ddng quy. g H C
Bai toan 10. 16:
Cho tam gidc ABC. Dung cac tam giac BCA;, CAB;, ABC, theo the tw can
tai Ay, Bs, Cq. Cac diém X, Y, Z theo th(r tw 13 trung diém clia BC, CA, AB.
Cac duong thdng Ax, Ay, Az theo thi
tw di qua X, Y, Z va lan luot vudng géc
voi B4Cy, C4A4, AiB;. Chirng minh
rang: Ax, Ay; Az ddng quy. :

Py

nen:

K

Hwéng dan giai
Vi cac tam giac As;BC, B,CA, C,AB
theo thr tw can tai A4, By, Cyvavi X, Y,
Z theo th(r tw 14 trung diém ctia BC,CA,
ABnén: A1X L AB; B;Y LCA;C:Z L AB.
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Vi BC,CA, AB theo thir tr song song v6&i YZ, ZX, XY nén ta c6: AX L YZ:
B,Y LzX;CZ1LXY

Do 46: | XB} ~XC2) + (YC? - YAZ) + (zA2 - 782)
= (A122 - A1Y2) + (C1Y2 - c1x2) + (B1X2 - 5122)
= (XZ2 = XY?) + (ZY? - ZX%) + (YX2=YZ) = 0
Theo dinh ly Carnot thi Ax, Ay, Az déng quy.

Bai toan 10. 17: ,
Cho tt giac ABCD néi tiép trong dudng tron (O; R). AD cét BC tai E, AB cét
CD tai F. Buwong tron (EAB) lai cat EF tai l.

a) Tink IE? theo OE, OF va R.
b) Chirng minh OI, DB, AC ddng quy
Hwéng dan giai A

a) Tw giac IEBA va ABCD ndi tiép nén t giac ADFI va ABEI néi tiép
= EIEF =EAED = Pgo) = EO?~R? E
va FIFE =FAFB = Py0 = FO?— R? I

Do d6: EF(El 4F) = EQ? + FO? — 2R?

= EF?= EO® + FO? - 2R? AN A
Vay EI? = (EO* - R*)° :
) EO? +FO? - 2R? o
(FO2 _ RZ )2

b) Twong tw: FI? = ; F
EO? +FO? - 2R? D

(EO? + FO? - 2R?)(EO? —~FO?)
EQ? +FO? - 2R?

= EOQ® ~ FO?

EP—FI?=

Nén OIEF = OL(OF — OE) -—~(OF2 OE?+IE*-IF?) =0

Do d5 Ol L EF. Goi J |a giao diém clia AC, BD. Tuwong tw thi cé:
EJ?~FJ?=EO’-FO? = OJ L EF nén O, J, | thang hang : dpcm.

Bai toan 10. 18:
Cho bén diém A,B, C, D theo th tw d6 ndm trén mot duwdng thang. Goi E, F I3
cac giao diém cla hai dwcng tron: cTwcmg tron (O4) dwdng kinh AC, dudng
tron (O,) dwdng kinh BD. LAy P 1a mot diém bét ki trén d’wang thang EF, CP
cét (O,) tai M va BP cét (O2) tai N. Chirng minh AM, DN va EF déng quy.

Hwéng dan giai

Taco: %E‘é = IE’EEE = ENFTB_ nén,C,N, B ci‘mg thudéc mot duwédng tron.
Suy ra BNM =BCM
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ma BCM+DAM = 90°, do d6:
BNM + DAM =90°

N
= DNM+DAM =180°
vay A, D, M, N cuing thudc mot dwdng P
tron (1). Vi AM, DN, EF la truc dang C D
phuwong cda ting ¢ip trong ba duwong ‘
tron (01) (Oz) va (4), suy ra AM; DN va U
EF déng quy tai tam dang phwong. b
Bai toan 10. 19:
Goi O la tam dwong tron ngoai tlép va H la trwec tam clia mot tam giac nhon
ABC. Chirng té rang tdn tai cac diém D, E, F twong (rng ndm trén cac canh
BC, CA, AB sao cho: OD + DH = OE + EH = OF + FH va cac dwong thang
AD, BE, CF déng quy

Hwéng dan giai

Kéo dai AH cat duong trbn'ngoailtié'p tam
giac tai L va BC tai K. Cho OL cat BC tai
D.ViHK =KL, nén HD =LD.
Nhw thé OD + DH = OD + DL = OL = R.
Twong tw, co thé chon cac diém E va F
Ian Iwot trén CA va AB sao cho:

OE + EH=R=0F +FH.
Ta sé& chirng minh rang AD, BE, CF déng g
quy.
Ta chirng minh:
BOD = 180° - 2B, COD = 180° — 2C nén:

BD _ oD va CD _ oD
sinBOD sinOBD sinCOD sinOCD

BD sin(180° -2B) sin2B
CD sin(180° -2C) sin2C

Tuwong tw thi duoec: EB CE —A—F——1 = dpcm.

CD EA FB

Do do:;

Bai toan 10. 20:
Cho hinh binh hanh ABCD Cac dlem Y, Z, T theo thit tw thudc cac canh

DA, AB, BC, CD sao cho: AX BY Z:E .Cac dudng thang A4, Ay,

: AD "BA CB DC
As theo thir ty qua A, B, C va theo thu tw song song v&i XT, YT, ZT. Chirng

minh rang: A, Az, Az déng quy.
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Hwéng dan giai
AX BY CZ DT

‘Dt—‘—‘: k
AD BA CB DC

Gia sl A1, Ay, Ag theo thir tw cat BC, CA, AB tai M, N, P
Ta cé: XT =XD+DT = (1-k)AD + kDC
= (1 -k)(AC - AB) + kAB
= (2k — 1)AB + (1-k)AC

Ma AM // XT nén:
MB k-1 |
MC 2k-1 B .z ¢

Tacé: YT = YA +AD+DT = (1-k)BA +BC +kDC
=(1-k) BA+BC -kBA =(1- k)BA+BC

X D

Ma BN // YT nén: 5‘._2:_2.“__1

NA 1
Twong ty: ZT = ZC +CT = -kCB +(1-k)CD
=-kCB+(1-k)(CA-CB)=(1-k)CA-CB

Ma GP / 2 nen: PA__1

PB 1-k

MB NC PA k-1 2k-1 1
Suyra: —. —.= . =-1
MC NA'PB 2k-1 1 "1-k
Theo dinh Iy Ceva cho tam giac ABC thi A4, A, As d6ng quy.
Bai toan 10. 21:
Goi O la giao diém hai duwong chéo AC va BD cla t& giac 16i ABCD. Tim
tap hop cac diém P thoa man diéu kién: OP < min (AP, BP, CP, DP)
Hwéng dén giai p
Trwdc hét nhan xét thdy ring véi hai
diém X, Y cho trwdc trong mat phdng A
thi tap hop tat ca cac diém P thod man
PX < PY la nlra mé&t phang chira X va
¢6 be la dwdng trung trire clia doan XY,
Tr& lai bai toan, ta thdy diém P thod
' man OP < min (AP, BP, CP, DP) khi va
.chi khi P ddng thoi thod man OP < AP,
OP <BP,OP <CPva OP < DP.
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Do d6, theo nhan xét trén ta c6 tap hop tat ca cac diém P thod man dé bai
la phan chung clia bdn nira mét phang chira O va lan lwgt co be la duwong
trung tryc clia cac doan AO, BO, CO, DO. Dwng cac dwong trung trec clia
céc doan AO, BO, CO, DO ta dwoc tap hop diém can tim chinh [a mién
trong cha hinh binh hanh MNQR (M, N, Q, R la cac giao diém cha bén
duwdng trung trwc noi trén).

Bai toan 10. 22:
Cho tam giac ABC néi tiép dwong tron (O). Tim tap hgp cac diém M ndm
trong dwong tron (O) sao cho 3 day AA', BB', CC' di qua M va thoa man:

MA  MB MC
(1)

MA' " MB' MC' :
~ Hwéng dan giai
Do M ndm trong dwéng tron nén:
MA MB MC __MA® = MB® = MC? _ MA®.+MB®MC®
MA' MB' MC' MAMA' MBMB' MCMC' R2 - OM?
Goi G la trong tam cGa AABC, M la diém bét ki, ta co:
MA? + MB? + MC? = 3MG? + GA? + BG? + GC?
Va 3R? = OA? + OB? + OC? = 30G? + GA? + GB? + GC%,
Suy ra: MA? + MB? + MC? = 3(MG? + R* - OG?) (3)
Tir (2) va (3) ta co:
1) o 3(MG? +R?)-0G?
R? - OM? :
Vay, néu AABC déu thi tap diém can tim la tap gdm duy nhét diém O, con
néu AABC khong déu thi tap diém can tlm 1a hinh tron dwong kinh OG.
Bai toan 10. 23:
Cho mét dwdrng tron ban kinh R va mét diém P cb dinh bén trohg. Qua P ta
vé hai day cung thay déi vuéng géc nhau AC, BD clia dudng tron nay. Goi
Q la mot trong bén diém thé nao cho mét trong bdn tir gidc APCQ, APDQ,
BPCQ, BPDQ Ia hinh chir nhat. Tim tap hop nhivng diém Q
Hwéng dan giai
Goi O la tam duong tron cb dinh. X 13 tam hinh ch* nhat APCQ, ta co:
0Q? = OX? + XQ* — 2.0X.XQ.cos OXQ
OP? = OX? + XP? — 2.0X.XP.cos(OXQ + m)
= 0Q? + OP? = 20X? + 2XQ°
Mat khac, vi X 1a tam ctia hinh chi¥ nhat nén XQ = XC va do X la trung diém

clia AC trén OX vubng géc voi AC, suy ra X0? + XC? = OC?. Do d6 OQ* =
20C? — OP? khong ddi, nén Q phai nam trén dudng tron tdm O ban kinh

V2R? - OP?

2

<3 < MG? + OM? < OG?
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Nguoc lai, d& thdy ring tat ca cac diém ciia dwong tron noi trén déu la -
nhirng diém cla tap hgp. That vay, cho diém Q bat ki trén dwdng tron tam
" O ban kinh Y2R? — OP? nay, goi X Ia trung diém PQ. Khi d6, chon day cung
AC nhan X lam trung diém.
Bai toan 10. 24:

Cho tt giac 16i c6 dinh ABCD néi tiép trong dwong tron ma AB khéng song -

song véi CD. Tim tap hop cac diém P thoa man diéu kién: ta co thé tim dwoc
hai dwdng tron 1an lwot nhan AB va CD lam day cung sao cho ching tiép xuc
nhau tai P.

Hwéng dan giai B
Gia s cac dwong thang AB va CD cét
nhau tai X. Twr X, k& mot tiép tuyén dén

dwong tron ngoai tiép ABCD. Goi d la A

do dai tiép tuyén nay. Tap hop can tim

la dwdng tron tdm X ban kinh d. X / C
That vay, ta goi (Co) la dudng tron tam D

X ban kinh d. L4y mot diém P béat ki
trén (Cp). Xét dudng tron ngoai tiep
ABCD, ta c6:
d? = XA.XB = XC.XD, suy ra XP? = XA.XB = XC.XD
Goi (C4) 1a dwdng tron di qua ba diém C, D, P ta co:
XC.XD = XP?nén XP Ia tiép tuyén ctia duwdng tron (C,).
Twong tw, goi (C) 1a dwong tron di qua ba diém A, B, P thi XP la tiép tuyén
clia dwong tron nay. Nhw vay, (C,) va (C) tiép xuc nhau tai P.
Ta cht y ridng néu P la mét trong 4 giao diém cla AB ho&c CD véi (Cy), thi
khéng thé dwng cac dwong tron nhuw trén dwoc, trir khi ta chdp nhan réng
d6 1a dworng tron suy bién thanh dwong théng.
Bai toan 10. 25:
Cho tam giac ABC canh a, b, ¢ twong &rng. Tim tap hop céc diém M sao
cho: be.MA + caMB + abMC = abc/3 .
Hwéng dan giai
Ta chirng minh bc.MA + caMB + abMC > abc\/—S_ v&i moi diém M.
Ta c64m2= 2(b% + ¢?) — a% = 2(a® + b% + ¢?) = 4mZ + 3a%> 43 .am,

a?+b%+c? a? +b® +c?
- aGA—

243 343
DAu = chi khi: 4m? = 3a” nén 4m? = 2(b? + ¢®) —a’ = 3a°
hay: b?+c?=2a°
Mat khac, goi G la trong tam tam giac ABC :

:amas
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_Mﬁ:MA-GAZMA-GA:,mz_giEM(Mx.G;+GA'z) |
“aw aGA aGA a a?+b?+c?

Dau ch| kh| MA GA cung huo’ng Tuo’ng tw cho Ml:)E NL—C
vv,v.,nen . .
.~MA+MB MC._ 33
a b ¢ »a 24b%+c
= ———i'————(GA2+GBz +GC?)=3
a?+b%+c2\

_ (MA[GA +GB +Go] +GA? + GB? +GC2)

. Vay: bc MA + caMB + abMC > abc+/3 .
' Dau chi khi tam giac ABC déu va dong thdi M tring vm trong tam G. Vay
néu tam glac ABC khéng déu thi khéng tdn tai M, va neu tam giac ABC déu
thi chicé diém M duy nhét Ia trong tam G.
Bai toan 10. 26:
Cho diém P ¢b dinh ndm trong dwong tron (O R) va hai diém A, B chay
: tren dwong tron d6 sao cho goc APB Iuon béng 90°. Goi M la trung diém
clia day AB va H 13 hinh chiéu cua P xuéng AB. Chung minh rdng M, H
ludn cting thudéc mét dwdng tron cb dinh.
Hwéng dan giai

Ta ¢6: Pyo) = HA .HB = —HP?va Py o) = HO? = R?
Suy ra HO? - R? = -HP? hay HO? + HP? = R?
Tuong tw Py = MA.MB = -MB?
V&P i =MO?-R? |
Mat khac tam giac vuéng APB c6 trung tuyén

MP =%AB= MB suy ra MO? - R? = -MP?

hay MO? + MP? = R? = HO? + HP? ‘
Do d6 thi H, M cung thugc dwong tron cé tam la trung diém chGa OP va ban

kinh béing %\/QRZ - OF?.

Bai toan 10. 27:
Cho hinh thang ABCD c6 day nhé AB va mét diém M thay ddi bén trong
hinh thang. Goi E, F la giao diém cia MC, MD véi AB. Bwdng tron ngoai
tiép cac tam giac AME va BMF cét nhau tai diém ther hai N. Chtrng minh
dwong thang MN luén di qua mét diém cb dinh.
Hwéng dan giai
Ta chwng minh dwo’ng thadng MN di qua diém cb dinh O 1a giao diém «>
AD va BC. Goi P. Q Ia giao diém clia AD, BC véi dudng tron (AME), (BMF&
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Ta co: '
APM = AEM =DCM
= D, M, P, C cluing thuéc mét dwéng tron
va BQM = AFM =CDM
= C, M, Q, D cung thuéc mét dwdng tron
Suy ra C, D, M, P, Q cung thuéc mét
dwong tron nén C; D, P, Q ciing thuéc
mot dwong tron, ma AB // CD do dé A,
B, P, Q cung thuéc mét dwong tron (1) P : A
Vi MN, AP. BQ la truc dang phuong clia ttrng cap trong ba dwong tron
(AME), (BMF) va (I) nén chung ddng quy tai tam dang phuong O. Vay .
dwong thdng MN di qua diém cb dinh O. "
Bai toan 10. 28: S
Cho hai diém P, Q nam ngoai duéng tron (I) cb dinh véi IP = 1Q. Vé du'o’ng
tron (C) bét ki di qua.P, Q. Chirng minh réng truc dang phwong cla (C) va
() di qua mot diém cé dinh.
Hwéng dan giai
Goi (Cq) 12 dwong tron cb dinh c6 tam (9

O va di qua P, Q. Do | khéng thudc
dwong trung triec cta PQ nén. truc
ddng phwong A cia (Cq) va (l) khéng
song song v&i PQ, ching phai cét nhau
& J.

Gia st (C) la duwdng tron bat ki di qua
P va Q6 ta co J thudc truc dang
phwong PQ cia (C) va (C,) nén:

P ey = Puncy

Ma J thudc truc ddng phwong clia (C4) va (1) nén:P ycry = P g :
Do d6 : P yc) = P uq), hay J thudc truc dang phuong cia (C) va (1): dpem.

Bai toan 10. 29:

Cho hai dwdng tron (O; R) va (O'; R') khong c6 diém chung, va d la truc
dang phwong cla ching. Goi | 1a mét diém thay doi trén d. Tt | ké cac tlep
tuyén IM, IN, IM', IN' t&i hai duwdng tron.

a) Chirng minh rang 4 diém M, N, M', N' ndm trén dudng tron c6 tam |, ta kl
hiéu dwong tron d6 1a (1). V&i diém I' ndm trén d teong tw c6 dudng tron (I').
Tim truc dang phwong cta (1) va (I).

b) Chtrng minh réng khi | thay déi, duong tron (1) ludn ludn di qua hai diém cb dinh.

Hwéng dan giai
) Taco PM/(O) IM lNz, PM/(O) = IM'Z = IN'z.
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Vi M nam trén truc dang phwong cla hai dwo’ng tron (O) va (O) nen Pwmi0)
" =Pwmyoy, suyraIM=IN = IM' = IN". Vay bon diém M, M', N, N' cling ndm trén
- duwong tron (1).
Ta cé: Po/(|) = Po/(r) = RZ. Tu’o’ng tw Po'(|) = Po-/(|') = R'z.
Vay OO' la truc déng phwong cla hai dweng tron (1) ; (I')
b) Goi H la giao diém clia d va OO' .
Vi hai dwo’ng tron (O) va (O') khéng c6 diém chung nén H ndm ngoai (O) va
(O'). Néu IM 14 tiép tuyén cha (O) thi: IM? = |0? = R? > |0? — OH? > IH?
Véy IM > IH. Suy ra dwéng tron (I) c&t OO' tai hai diém P, Q. Chon dwéng
tron (I') ¢é dinh thi (1" cling di qua P, Q vi (I) va (I') co truc dang phuong la
OO0'. Vay moi dwdng tron (1) luén ludn di qua hai diém cb dinh P, Q.
_ Bai toan 10. 30:
“ Dwng tam glac ABC, cho biét AC = b, AB = ¢ va goc nhon AMB = o, v&i M
la trung diém BC,

N

; Hwéng dan giai

Gia sk ta dwng dwoc tam giac ABC
nhuw d& bai. Vi AMBIa géc nhon nén ta
coc<b.
Goi N 1a diém trén dwdng thang BA sao
cho A la trung diém NB. Khi d6, AM 13
dudng trung binh cia tam giac BNC
nén suy ra BCN=AMB = a

Ta suy cach dung nhw sau: B M C
Dyng doan AB c6 dd dai bang c. Dung \\_/
diém N sao cho A 1 trung diém NB.

‘Dung trén doan thang BN mét cung (L) chira goc a. Tiép dén, vé duong
tron (C) cé tdm A va ban kinh bang b, dwéng tron nay cét cung (L) tai C.Ta
dugc tam giac ABC phai dung.

Chirng minh: Theo cach dwng, ré rang tam giac ABC c6 AB = ¢, AC = b.
Goi M Ia trung diém AB thi AM // NC nén ta c6 AMB = q.

Bién luan: Vé&i didu kién ¢ < b, bai toan ¢ loi giai khi va chi kh| (C) cat (L).
Tir A ta ké dwong thdng vudng goc vaGi BN, dudrng thdng nay cat (L) & X.

Taco AXB = % nén (C) cét (L) khi va chi khi:

AXzAC>AB<:>b.tan%sc<b.

Bai toan 10. 31:
Dung tam giac ABC biét cac do dai dwong cao ké tir A, B va do dai duwong
trung tuyén ké tir A.
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Hwéng dan giai

Gia st dwng dwoc tam giac ABC c6 cac

- dwdng cao AH = h, Bl = k va trung I

tuyén AM =m (v&i h, k, m la cac do dai
cho trudc).

Ha MX L AC. Vi M la trung diém BC, X

ddng thoi MX song song véi Bl nén:

mx=Bl_k B H C
2 2 M
T phan tich trén ta di dén cach dung: tam giac vudng AHM, dyng X rdi
dén C, B.
Bién luan: V&i diéu kién h < m, ta ludn dwng dwoc tam giac vuéng AHM.
Ngoai ra, dé dyng duoc diém X, dwéng tron dwong kinh AM va dwdong tron

(M; g) phai cat nhau.

Bai toan 10. 32:
Cho tam giac ABC, hay dung tam giac XYZ néi tiép tam giac ABC (X e BC,
Y € CA, Z € AB), sao cho AXYZ ~ AABC va Sxyz nhd nhét.

Hwéng dan giai

Gia sir AXYZ da dyng dwoc thod man
‘yéu cau bai toan
Goi M la giao diém tht hai cla duwong
tron (XYZ) va canh AB
Suy ra cac tam giac YMA, XMB can
dinh Y, X.

PatAM =x = MB =¢—-x

MY = —2> va Mx=-22X B x C
2CosA 2cosB
. . 2 5
XY2 =MX2+ MY?= 2MX.MY.cosC = | —XSNC___ c.sinB |-
2cosA.cosB 2cosB 4

= XY 2-c2i:>k2%(k la i sé ddng dang)

= Sxyz 2 —;—SABC, dau "=" xay ra < XY la dwdng trung binh ciia AABC va

khi @6 Z 1a trung diém cltia AB. Vay AXYZ c6 cac dinh triing véi trung diém
cla cac canh cta AABC.

263



10 trong diém bdi dubng hoc sinh gidi mén Todn 10— (é Hodnh Pho

Bai toan 10. 33:
Cho A¢ByCo va A1B4C4 la cac tam giac nhon. Hay dwng tam giac ABC cé
dién tich I&n nhét sao cho né déng dan’g vGi tam giac A4B4C+ va ngoai tiép
ABoCo (ngh|a Ia canh BC chra diém Ao, canh CA chra B, va canh AB
chra di 3m Co).

Hu’o'ng dan giai
. B,

A

L4y bat ki mot tam giac déng dang véi A,B;C4 va ngoai tiép AoBoCo , chang
han, qua AyBCo lan lwot ké cac dwong song song voi cac canh clia tam
giac A1B4C4, ta dugc tam giac XYZ.
Giad s ABC la mot tam giac déng dang véi A;B:C, va ngoai tiép AoBoCo .
Khi d6, C phai ndm trén dwdng tron di qua 3 diém Ao, By, Z, vi cac goc C, Z,
C, bang nhau. Twong tw B ndm trén dwong tron di qua 3 diém Co, Ao, Y va
A nam trén duong tron di qua 3 diém By, Co, X.
Ta xét canh AB, canh nay di qua Cg thi d6 dai AB béng 2 |1&n d6 dai doan
ndi tam cla hai duwong tron (Bo, Co, X, A) va (Co, Ao, Y, B). Nhw thé, AB I6n
nhét khi 0,0, // AB.
Cach duwng tam giadc ABC thod man yéu ciu dé bai nhw sau:
Dung tam giac XYZ nhuw trén. Tiép dén, dung cac tam diém O, O,, O3 clia
3 dwdng tron ngoai tiép cac tam giac BoCoX, CoAoY, AoBoZ. Qua Ay, By, Co
ta lan lwot dwng cac dwdng song song v&i cac canh cla tam giac 040,03,
ching céat nhau & A, B, C sao cho BC chira diém A,, canh CA chira B, va
canh AB chtra diém C,. D& dang chirng minh dwgc d6 la tam giac phai -
dirng.

Bai toan 10. 34:
Cho ABC la tam glac ndi tiép trong dudng tron (T). Hay duwng tat ca cac
diém P trong mat phdng (ABC) va khéng nam trén (T) thod man diéu kién:
Cac dudng thang PA, PB, PC cét (T) Ian lwot tai cac diém th hai A', B', C'
sao cho AB' L A'C'va AB'=A'C'.

Hwéng dén giai

Cac s do goc sau day duoc dinh hwéng va theo modulo 180°.
Dé giai bai toan, ta s& chirng minh mot két qua tdng quat hon.
Gia sir DEF la mét tam giac ¢b dinh. Hay xac dinh tat cd cac diém P sao cho
néu A'= PA N (T), B'=PB (), C' = PC ~ (T) thi cac tam giac A'B'C' va DEF
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ddng dang véi nhau (cac dinh dwoc viét theo thir t twong teng), hay néi cach
khac: B'C'A'=EFD va C'A'B'=FDE.
V&i diém P cho trwéc, ta ludn cé: _
BPA=BCA+B'C'A',CPB=CAB+C'A'B"
Tir d6, B'C'A'=EFD néu va chi néu BPA=BCA+ED va C'A'B'=FDE
néu va chi néuCPB =CAB +FDE. Khi d6, diém P can tim Ia giao diém
(khac vé&i B) clia hai dwdng tron 1an lwot chén trén hai doan BA va CB céac
géc twong (rng bang BCA + EFD va CAB +FDE.
Tré lai bai toan ban dau: Ta can tim cac diém P sao cho A'B'C' |a tam giac
vudng can tai A'. Ap dung chirng minh trén hai Ian v&i tam giac DEF duoc
xac dinh twong (rng, ta tim dwoc hai diém P thod mén dé bai.
Bai toan 10. 35:

Cho ba diém phan biét A, B, C nam trén duong tron (K). Hay dung diém D
trén (K) sao cho tén tai mot dwdng tron néi tiép trong tlr giac ABCD.

Hwéng dan giai

Gia st bai toan da duoc giai xong, goi O 1a tam dwdng tron ni tiép ABCD
ta co: AOC + AOD + DOC = 360°
< AOC + 180° -~ OAD - ODA + 180°-0ODC -0OCD = 360°

BAD . BCD '

< AOC -90° - 180° + ABC
< AOC =270° - ABC
Ta suy ra cach dung: Trwdc hét, ta
duwng cung chira géc (270° — ABC)
dwng trén doan AC. Sau dd, goi O la
giao diém cla cung nay véi dudng
phan giac ctia géc ABC. Tiép dén,
dwng dwdng tron (O) c6 tam O va tiép
xuc véi BA, BC. T A ké tiép tuyén
dén (O), tiép tuyén nay va (K) cit nhau
tai D thi. ABCD la t& giac phai dyng.
Bién luan: Didu kién can va da dé bai toan c6 nghiém hinh [a:
AB + CD =BC + AD.

Bai toan 10. 36:
Cho hai diém A va B ndm & ngoai dwdng tron (O). Dwng mét duéng tron
(K) di qua A, B va cét (O) theo mdt day cung co chiéu dai d cho truéc.
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o Hwéng dan giai S
Gia str tm O cla dwong tron (O) :
khong nam trén dwong thing (AB).
Vé hai dwong tron (K4) va (Ky) tuy
y, nhung qua A, B va cat (O)
twong rng & C, D va E, F. Khi d6
cac dwong thang AB, CD, EF phai
déng quy tai S tam dang phuong
cta (0), (K4), (K2). Nghia la cac
dudng thdng CD va EF luén gap

- nhau trén dwéng thang AB c0 dinh.

Diéu d6 chirng t6 S phai cb dinh.
Do vay S hoan toan xac dinh, béng cach dwng 1 dwong tron (Kq) tuy y qua
A, B cét (O) & C, D rdi cho dudng thang CD cit AB & S. Tir S dwng mot cat
tuyén (SEF) véi (O) sao cho EF = d cho trude.
Vi SASB=SCSD=SESF nén tr giac ABEF néi tiép v&i dudng tron
(ABEF) chinh la duwéng tron (K) phai dwng, thod man moi diéu kién cla bai
toan. Ré rang la néu 0 < d < 2R thi trong trwdng hop doé bai toan luén co
nghiém (ddc biét néu d = 2R thi chi co 1 nghiém).

3. BAI LUYEN TAP

-Bai tap 10. 1: Goi O la giao diém 2 dudng chéo AC va BD trong ¥ giac 16i ABCD.
Gia str OAsinA + OCsinC = OBsinB + ODsinD, chirng minh rang t& giac ABCD
ndi tiép.

Hwéng dan
Chirng minh téng 2 géc ddi bl nhau

Bai tdp 10. 2: Trén mat phang cho trwdc hai vong tron (Oy, 14) va (O, rp). Trén
dwong tron (O, rq) ldy mét diém M, va trén dwong tron (O,, 1) 1dy mot diém
M, sao cho dwéong thdng O;My cat dworng thang O,M, tai mét diém Q. Cho
My chuyén déng trén dudng tron (O4, 1), Mz chuyén dong trén dwong tron
(O, rz) cling theo chiéu kim'dc"mg ho va voi van t6c goc nhu npau.,ChL'Png
minh rang dwdng tron ngoai tiep tam giac M;QM, ludn di qua mét diém cd dinh.

Hwéng dan
Dung cong thirc d6 daicung ¢ = o .R.

Bai tap 10. 3: Qua dinh D cla t& giac ABCD ké cac du’ong thang a, b, ¢ 1an
lwot vuéng géc véi DA, DB,DC. GoiA'=an=BC,B'=bnCA,C'=cn AB.
Chirng minh A', B', C' théng hang.

Hwéng dan
S dung dinh ly Menelaut.
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Bai tdp 10. 4: Cho tam giac ABC. Dung ra phia ngoai tam giac dé ba tam giac
can AC4B, BA1C CB;A c6 cac canh day AB, BC, CA va goc & day la o.
Chtrng minh rang ba dwdng thdng AA,, BB,, CC; dong quy.

Hwéng dan
Xét 3 trwong hop goc A + o < 180°%, A + a = 180° va A + o > 180°. S dung
dinh ly Céva.

Bai tap 10. 5: Cho duwong tron (O) tam O va hai dwong kinh AB CD khéng
vudng goéc véi nhau. Goi M 1a giao diém clia AC va tiép tuyén cla (O) tai B;
MO cit BC tai N. Buong thidng MD cét O tai diém the hai tai P. Ching
minh A, N, P théng hang.

Hwéng dan
S& dung dwéng tron Euler va truc dang phuong. Cac diém A, N, P cung
phuong tich véi 2 dwédng tron.

Bai t?p 10. ﬁ:-Cho tam giac ABC noi tiép dwdng tron (O). Tim tap hop nhirng
diem M nam trong dwdng tron sao cho ba day cung di qua M la AA', BB' va

CC' thoa man hé thire : VA MB  MC _
MA' | MB' MG’
Hwéng dan

Dung phwong tich va tich vé hwéng.

Bai tap 10. 7: Dwng mét hinh vudng ndi tiép trong mét hinh quat cho trwdc
sao cho hinh vuéng c¢é hai dinh cting nam trén mét ban kinh, dinh thi ba
nam trén ban kinh kia va dinh th( tw ndm trén cung hinh quat.

Hwéng dan
Goi 2 ban kinh OA, OB . Ha BH vqﬁng goc v&i OA rdi dwng hinh vuéng ti 1&
la HBCD vé&i D nam trén dwong thang OA.

Bai tap 10. 8: Cho goc xOy. Hai diém A va B lan lwot chuyén dong trén hai
canh Ox va Oy sao cho OA + OB = ¢ khéng déi.

a) Chirng minh trung triec cia AB luon di qua mét diém cd dinh.
b) Tim tap hop tam dwdng tron ngoai tiép tam giac OAB.
Hwéng dan
Két qua Tap hop 1a trung trwe cGa Ol véi | 1a diém cb dinh cla cac trung
trwec canh AB.

Bai tap 10. 9: Trong mét phang co6 ké nhwng dudng théng song song cach
déu. Co6 thé vé duoc mot ngll giac déu cé cac dinh nam trén cac dudng
thang d6 khong?

Hwéng dan
Két qua Khéng dwng dwoc

Bai tap 10.10: Trgng njét phang cho hai duong tron déng tam, bép kinh RL r
(R >r). P la diém c6 dinh trén dwong tron ban kinh r va B la diém chuyén
dong trén dwong tron ban kinh R. Dudng thang BP cét dwéng tron ban kinh
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R & diém thi hai C va dwcrng thang £ vudng goéc véi dwong thing BP tai P
ct dwong tron ban kinh r & diém thir hai A (néu ¢ 13 tiép tuyén cla dudng

tron thi A = P)
a) Tim tap hop cac gia trj cGa biéu thirc: BC? + CA? + AB?
b) Tim tap hop trung diém cta AB.
Hwéng dan
a) Két qua BC® + CA2 + AB? = BR? + 217

b) K&t qua Tap hop la dwong tron coé tam 1a trung diém OP va ban kinh —2

Bai tap 10. 11: Cho trwérc d6 dai cla canh AC = b, hay dwng tam giac ABC c6
g6c ABC = 90° va c6 trung tuyén BM thoa diéu kién BM® = AB.AC
Hwéng dan
Trung tuyén BM = 16‘-29— _
Bai tap 10. 12: Trong mét phdng cho mét dwéng tron (O) va hai duong thang
vudéng géc véi nhau d va d'. OA va OB la hai ban kinh thay ddi vuong goc
véi nhau. Qua A ké Ax // d va qua B ké By // d'. Tim tap hop giao dlem M
clia Ax va By. '
Hwéng dan
Két qua OM hop voi dwong thang d mot goc 45° khong dbi.
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chuyen aé 1. CUC TRI HINH HOC

. KIEN THUC TRONG TAM |
Chirng minh bét déng thirc va tim gia trj I&n nhét, nhé nhét :
St dung cac phwong phap bién déi twong dwong, so sanh, tam thirc bac
hai, do thi ham s0, quy nap , phan chirng, toa d6 , lwgng giac hoa,...
St dung céc bét déng thirc co ban vé tam gidc, lwong giac, béat dang thire
vé d¢ dai, vecto, bat dang thirc Ptoleme, bat dang thlrc gia tri tuyét doi,
AM-GM, Schwarz , BCS, ...
B4t ddng thirc vé tam giac
Cho tarn giac ABC c6 cac canh a, b, ¢ thi
a,b,c>0;,a+b>c,b+c>a,c+a>b;
a-b<cb-c<a,c—-a<b;
la-bl <c; |b—c| <a;|c—al <b;
(a —b)(A -B) = 0; (A -B)(cosA — dsB) <0; (a -b)(cosA ~cosB) <0
(b —-c)(B -C) 2 0; (B -C)(cos B-cosC) < 0; (b —c) (cos B~cosC) < 0
(c—a)(C —-A) 2 0; (C —A )(cosC —cosA) < 0; (¢ —a )(cosC —cosA) <0
B4t ding thirc vé khoang cach
V6i 3 diém A, B, C bat ki thi co: |AB — AC| < BC . D4u béng xay ra khi va
chikhi 3 diém A, B, C thang hang va A ndm ngoai doan BC.
V6i 3 diém A, B, C bat ki thi c6: BC < AB + BC. D&u bang xay ra khi va chi
khi 3 diém A, B, C thang hang theo tht tw do.
Voi cac diém A, B, C,....Y, Z bat ki thi co:
AZ < AB + BC +....+ YZ. DAu béng xay ra khi va chi khi n diém A, B, C,
...., Y, Z théng hang theo thir tw d6.
V6i diém A, B batki nam vé& hai phia clia dwong thdng d. Diém M thudc d
thi MA + MB > AB, déu bang khi M | giao diém ciia doan thing AB véi
duwéng thang d.

Vé&i diém A, B bat ki ndm vé mot phia clia dwong thdng d. Diém M thudc
d thi |[MA - MB| < AB, déu béng khi M Ia giao diém néu c6 clia duong
thang AB v6&i dwong théng d.

Béat dang thirc vé vecto

Véi2vecto u, v bétkithico | u.vl<|ul.|v].

- Déu bang xdy ra khi va chi khi 2 vecto u, v cuing hwéng.
V6i2vecto u, v batkithics | u+vl<|ul+|vl.
Déu bénf; xdy ra khi va chi khi 2 vecto u, v cung hwéng.

Véi2vecto u, v batkithico | u—v|<|ul+]|vl]
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DAu bang xay ra khi va chi khi 2 vecto 1], v nguoc huwong.

V6&i nvecto u,u,,....,u. batkithi co

iyl ][] ]+
DAu bang xay ra khi va chi khi ca n vecto cung hwéng.
B4t ding thirc Pto;émé
Tt giac ABCD ¢6 2 chéo AC, BD :

AC.BD < AB.CD + AD .BG
DAu dang thirc xay ra khi va chi khi t& giac ABCD néi tiép dworc.
B4t dang thirc vé gia tri tuyét déi

Ix+yl <Ixl + |yl, dAu bang xay ra khi va chi Khi x v y cling dau.

|x -yl < Ix| + |yl, ddu bang xay ra khi va chi khi x vay trai du.
B4t ding th(vc, AM-GM gitba trung binh cdng va trung binh nhén
(thwong goi la bat dang thirc Cauchy)

®> Jab.

DAu dang thirc xdy ra < a = b.

— Vi hai s a, b khong am: 2

~ Voibasbé a, b, c khong am: if—%tg > Yabc .

Dau ddngthirc xdyraca=b=c.

Béat ding thirc Schwarz ,

V&i bén sb a, b, ¢, d thi (ac + bd)? < (a® + b?)(c? + d?)
hay |ac + bd| < va? +b2.\Jc? +d? .

Dau dang thirc xay ra < ad = bc.

2. CAC BAI TOAN
Bai toan 11.1:
Cho tam giac ABC c6 canh a, b, ¢ twong trng. Chirng minh:
a+b+c < 2(acosA + bcosB + ccosC).
‘ Hwéng dan giai
Ta c6: a = bcosC + ccosB, b = ccosA + acosC, ¢ = acosB + bcosA
nén bat dang thirc twong dwong véi:
{bcosC + ccosB) + (ccosA + acosC) + (acosB + bcosA)
< 2(acosA + bcosB + ccosC)
<> (acosA + bcosB — acosB — bcosA) + (bcosB + ccosC
- bcosC - cccosB) + (ccosC + acosA — ccosA —acosC) < 0
<> (a—b)(cosA~cosB) + (b—c)(cosB —cosC) + (c—-a)(cosC—cosA) < 0
Ta chirng minh: (a — b)(cosA — cosB) <0, ddu=khia=b
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Xét a = b thi bt déng thic duing. '
Xéta>bthi A>B = cosA < cosB = (a—b)(cosA —cosB) <0
Xéta<bthi A<B = cosA>cosB = (a — b)(cosA — cosB) <0
Twong tw thi c6 dpem.
Bai toan 11.2: -
Cho tam giac ABC. Chirng minh réng

a)\/p; <\/p—a +\/p~b+\/p—c <\/§5.
b) 4(a® + b° + ¢® + 15abc > 8 khip = 1.
Hwéng dan giai
aybat x =\p-a ;y=\yp-b;z =\p-c .

thi x,y,z >0vax*+y*+2z2 =3p-(@+b+c) =p.
BDT:\/x2+y2+22<x+y+zs\/3(x2+y2+22)
Tacox +y + z < \/3<x2+ yZ o+ 22) la BCS.

vayxl + y2 + 22 < x +y +z

@x2+y2+22< (x+y+z)2
X+ Y+ < Y+ 2+ 2xy +yz + zX)
< 0<2(xy + yz + zx):dung.
b)Taco:a’za’~(b-c)’=(@a-b+c)a+b-c)>0
Twong tw thi:abc>(a+b-c)b+c—-a)c+a-b)
Via+b+c=2nénabc>(2-2a)2-2b)2 - 2c). Suy ra:
8—-8(@a+b+c)+8(ab+bc+ca)-9abc<0
=8+ 0%abc—-8(ab+bc+ca)>0
= 24 - 24(ab + bc + ca) + 27abc >0
= 8(a + b + c)> - 24(ab + bc + ca) + 27abc > 8
= 8(a’ + b? + ¢c? — ab — bc — ca) + 27abc > 8
= 4(a+b+c)(a® + b® + c? — ab — bc — ca) + 27abc > 8
= 4(a’ + b®+ ¢® — 3abc) + 27abc > 8= dpcm.
Bai toan 11.3:
Cho a, b, cia 3 canh tam giac ABC c¢o6 chu vi 2p. Chirng minh:
a) 8(p—a)(p-b)(p-c)<abc.
by —2 P . C .y
2b+2c~-a 2c+2a-b 2c+2a-b
Hwéng dan giai
a) Via, b, cla 3. canh tam giac ABC céchuvi2pnénp-a>0,
p-b>0vap-c>0.

271



10 trong diém bSi dubng hoc sinh gidi mén Todn 10— Lé Hoanh Pho

Ap dung bét dang thtrc AM—GM cho 3 cap sb dwo’ng
VT =8(p-a)(p-b)(p-c)
= 2/(p-2a)(p-b).2/(p-b)(p-©).2{(p-c)(p-a)

<(p-a+p-b)(p-b+p-c)(p-c-p-a)=abc.
b)Détx=2b+2c—-a,y=2c+2a—b,z=20+2a—‘b:>x,y,z>0

vaa= %(2y+22——x), b= %(22+2x—-y),c= %(2x+2y—z),

. a + b N c _
2b+2c-a 2c+2a-b 2c+2a-b

=g _)S..{_Z _?.(.+_ y Z _12 g(2+2+2)_l=12_.._1_=1,
9ily X zZ X z y 3 9 3 9 3

Bai toan 11.4:
Cho a, b, c1a ba canh ctia mét tam giac.Chirng minh bét d&ng thire

ab bc ca a b c
+ + > + + .
c(c+a) a(a+b) bb+c) c+a a+b b+c
Hwéng dan giai

Do dé:

Patx=—,y= = —thix,y,z>0vataco: xyz=1.

OIU‘
O

a
b
ab be ca a b c
+ + P + +
cc+a) a(@a+b) bb+c) c+a a+b b+c

o}

BDT:

x-1 y-1 z-1
+ +
yv+1 z+1 x+1

>0

Xty + 2 —x-y-z+xy +yZ+ ¢ -320.

Ta dung bét dang thirc BCS: X% + y? + 2° 2 %(x +y +2)?

nén:x2+y2+222-%(x+y‘+z)22 Sxyz (x+y+zZ)=x+y+z

va: xy? +yz2 + 22 2 39x%y%2° = 3
=2+ Y+ 22+ xy?+yZ2 + 27 2 x+y+z+ 3= dpcm.
Bai toan 11.5:
Chirng minh v&i moi tam glac ABC ¢6 canh a, b, c:
la-b b-c c-a| 1
+ + <
la+b b+c c+a]

3 ™

Hwéng' dan giai : .‘5,;

|la- b b-c c- a N,
la+b bic cral TR

- , | \&
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_ |a-b)b+c)c+a)+(b-c)c+a)a+b)+(c-a)(a+b)(b+c )|

] (a+b)(b+c)(c+a) |
_|a-c+c-b)b+c)c+a)+(b-c)(c+a)(@+b)+(c— a)(a+b)(b +c)|
| (a+b)(b+c)(c+a) , |

_[Ha-b)b-c)c-a) cab abe

1
(a+b)(b+c)(c+a) <(a+b)(b+c(c+a 2\/_'2\/—_2\/— 8’
Bai toan 11.6:
Cho tam giac ABC . Chirng minh réng
‘ fal B .C 3r
sins + sin’5 +sin’p > — .

4R
Hwéng dan giai

, s
Ta co _r_ = __p_._. = abc = abc
R R 4R?p  2R%*(a + b +c¢)
sinAsinBsinC A . B . C

= = 4sin— sin—sin— .
sinA + sinB + sinC 2
Ap dung bét dang thirc AM-GM
Sé' 3?. 39. A B C ) 3r
sin“o + sin"o + sin"o > 3sin—sin—sin— = R
DAu bang xay ra khi va chi khi tam giac ABC déu.
Bai toan 11.7:
Chtrng minh v&i moi tam giac ABC nhon, ta cé

1 + %233/¢osAcosBcosC .

Hwéng dan giai
Ta ching minh 1 + % =cosA + cosB + cosC

o1+l =1+ asin2 sinBsin &
R 2 -2

& r = 4Rsin-'2—sin-B-sin_-(—:—.Ta co

besinA 4R? sinAsinBsinC

2R(sinA + sinB + sinC)

1
2

(a+b+c)

VT =

oTln

N -
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. A A . B B.C C

8sin—cos—sin—cos—=sin—cos —

= 2R 2 2 2 2 2 2
A B C
4c05—C0O0S—COS—
2 2 2

= cosA + cosB + cosC.
Ap dung bét ddng thirc AM—GM cho 3 sé dwong thi dwoc dpem.
Bai toan 11.8: § '
Cho tam giac ABC . Chwng mmh rang

absm—g— + bcsm% +pasm~2~ > 28\/5.

Hwéng dan giai
Ta chirng minh véi ABC la tam giac bat ky :

cOsé— + cos-lé + cos9 < 3—\/: (1.
2 2 2
Bét dang thirc dé bai twong duong
. C A . B
Sln—2—‘ -sm—2- Sln \/_
2S + + > 28
(sinC sinA smB
1 1
+ + > V3 (2).
A B c 3@
- COS— COS — COS —
2 2 2
Ma theo bat ddng thirc AM—GM:
cos 2 rcos B vcos Sy w1+ 1 )9 (3
2 2 2 A B C
COS— COS — COS —
2 2 2

Tl (1) va (3) suy ra (2) ding.
Bai toan 11.9:
Chtrng minh réng trong moi tam giac nhon ABC, ta co:

" a + b -c b + c -a c + a -b |=27abc.
cosB cosA cosC cosB cosA cosC
Hwéng dan giai '
~ Ap dung dinh Iy ham sé cosin, ta co: .

a b 2% 2%
- cosB  cosA a®+c?-b? b?+c?-a?
2 2
= Clz 2azv 7 14— 2bz 1+
"{a+c“-b b® +c” -a
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- a® +b® -c? b2+a2—c?‘+1
a®+c®-b? b?+c?-a?

Twong tuw:

+
b?+a%2-c®> c?+a®-b?

b c b?+c®-a® c?+b?-2a?
-a=a + +1
cosC cosB

+
c2+b%?-a% a?+b%-c?

c a c®+a?-b? a?+c?-b?
-b=b + +1
cosA cosC

Pat x=b*+a’~c? y=c?+a2—b? z=c?+b?—a’ta co:
BDT < (3(—+5+ 1][E+E+ 1](—¥+-¥+1]2 27: Bung, vi 4p dung bat dang
z vy Xy z x

thiec AM—GM cho 3 sé dwong = dpcm.
Bai toan 11.10:

Chteng minh v&i tam giac ABC thi

a’(1 - V3 cotA) + b%(1— /3 cotB) + c¥(1 - v/3 cotC) > 0.
Hwéng dan giai

B4t déng thirc dé bai twong dwong voi

(sin?A + sinB + sin’C — /3 (sinAcosA + sinBcosB + sinCcosC ) > 0
NE]

2

& sin®A + sinB + sin?C > 2+/3 sinAsinBsinC .

343

S dung bét déng thirc sinAsinBsinC < e Ta cé:

< sin®A + sin’B + sin’C > (sin2A + sin2B + sin2C)

sin?A + sin’B + sin’C >3 ?/(sinAsinBsin C)?
_ 3(sinAsinBsinC) . 3sinAsinBsinC

> = 2/3 sinAsinBsinC.
YsinAsinBsinC i/3\/5
8

Bai toan 11.11:
Cho tam giac ABC . Chirng minh réng

(1+tan—A— 1+tan§ 1+tan9- > 2+\/§+§.
\ 2 2 2 p2

Hwéng dan giai

Ta co: tanétan—B- wt’tanEtan9 +tan9tan—A—= 1 nén

2 2 2 2 2

‘canA + tanE + tan—C— > \/5 va
2 2 2
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B c A. B. C

VT = 2 +tan—A— + tan— + tan— +tan—tan—tan—
2 2 2 2 2 2

abc

: 2
p 4R(a+b+c)
2

_ eR%sinAsinBsnC  _, A, B, C
= = tan—tan—tan— =dpcm.
R.4R?(sinA +sinB + sinC)? 2 2

Bai toan 11.12:
Cho tam giac ABC, chirng minh bat dang thirc

b+c 2 g + ha\/§ . D4u dng thirc xay ra khi nao?

Hwéng dan giai

2S\/— _a, bcy3

. a
Tacé — + h = —
2 a\/— '2 2R

2
bC\/§

nénBPT < b+c >2 +
2 R

+

< 2sinB + 2sinC > sinA + /3 sinB sinC
sinB cosC + sinC cosB + \/§sinB sinC
J3

< sinB (2 - cosC +——\/2§ sinC) + sinC (2 — cosB +?sin8) >0

< 2sinB + 2sinC 2>

< 2sinB[1 —cos(C - %)] + 2sinC[1 —cos(B — %)] > 0: dung.

cos(C - -g—) =1
DAu béng xay ra khi va chi khi
T
cos(B - —-) =1

& B=C= g- : tam giac ABC déu.

Bai toan 11.13:
Cho tam giac ABC, chirfng minh bét déng thirc

a’(p—b)(p—c) + b*(p—c)(p—a) + c*(p—a)(p - b) < p°R
Hwéng dan giai
bat x=p—a>0;y=p b>0z=p-¢>0.
BBT < a’(p—b)(p-c) + b*p-c)(p—-a)+c*p-a)p—b)
< [(p-a) + (p— b) +(p - ¢)]°R?
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o a’yz + b%zx + ¢y < (x +y + z)°R?
< 4(yzsin®A + zxsinB + xysin®C) < (x +y + 2)?
< x% + 2(ycos2C + zcos2B)x + 2yz cos2A + y? +Z° > 0.
Vé trai 1a tam thirc bac haitheo x,cohésd x* 1a 1 > 0 va
A" = (ycos2C + zcos2B)? — (2yz cos2A + y* + Z9)
= —(ysin2C - zsin2B)> < 0 = dpem.
Bai toan 11.14:
Cho tam giac ABC .Chirng minh riing
2(ab + bc + ca) > 43S + a2 + b2 + ¢ .
Hwéng dan giai
Tachitng minh a® + b®> + c® = 4S(cotA + cotB + cotC)
Taco 2(ab + bc + ca) > 44/3S + a% + b? + ¢? .
1 1

o 45(——+—_+_ 1y 5435 +4S(cotA + cotB + cotC)
sinA sinB sinC

1
sin

1
- cotgB) + —cotgC) = /3
5 — CotgB) + (—— —cotgC) J3

= (.L — CotgA) + (
sinA

1—cosA+ 1 - cosB + 1 - cosC 2‘\/5

sinA sinB sinC

< tan—g + tan% + tan—g > \/ézdl’mg.

Bai toan 11.15:

=2

Cho tam giac ABC. Chirng minh ring —& >

Q.l

o
¢ R
Hwéng dan giai

h
Ta ching minh f_A = sin(C + -';\—),

A

C -8B
sin¥C + A) =cos’ 5 var = arsin2 sin8 sin &
-2 2 2 2
BDTeo sinfC + &) » 2
2 R
C-B )
& cos? T 5 2 -4‘Lsin%(cosC > B _ cosBt C)».

& cos’ T 5 - 4sin%cos
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" C-B . : ,
Vé trai la tam thirc bac haitheo cos — 5, hé sd bac haila1>0vacoA=0

nén bat déng thirc da dwoc chirng minh .
Bai toan 11.16: ‘
Cho tam giac ABC. Chirng minh réng

%(fA + lg) + %(fa +lg) + %uzc v 0) <343 .

Hwéng dan giai ,
Ta chirng minh cosé‘+ cos— + cosE < §£ .
2 2 2 2

Ap dung céng thirc phan giac , ta cé
1 . 1 1
— (lp + ) + — (fg *+ Lg) + —(lc + Lp)
c a b
2bc cosé 20acoséB—~ 2cacos~2— 2abcos%

1 1
= — + + +
c| b+c c + a al ¢+ a a+b

2ab cos-Cz 2bc cosA
1 2 2.

+ -
bl a+b b+c
A B C
=2(cos— + cos— + cos—) < 3+/3.
(cos = 5) NE]
B4t déng thirc da dwoc chirng minh .
Bai toan 11.17:
Cho tam giac ABC. Chirng minh > + 2+ © 5 23 .
m, m, m

Hwéng din giai
Ta c6 trung tuyén trong tam giac ABC
4m,2 = 2(a® + b? + ¢?) - 3a°
= (2m)? + (a3 =2@ + b2 + &)
= 2(ma.ay/3) < 4ma? + 3a2 = 2(a2 + b? + )
= oam. < a? + b? + c?
. a -— T e S T e
2\3
2
L2, 2
m, a® + b? + c?
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. 2 ) 2
Tu’crngtu’thicé—g— > il/_g.__ - L 5 2¢°V3

m, a2 + b2+ m . a®4b® o+
Cong 3 bat dang thire thi dwoc dpem . ‘
Bai toan 11.18:

Cho tam gi4c ABC, ching minh néu 2A + 3B = n thi & + & <2
- hy hg  hg

Hwéng dan giai

T 3B . B
— — — = sinC = cos—
2 2 2
3B B ,B |
va sinA = cos? = cosE (4cos” 5 —3). Theo dinh ly sin

a b c

B - B -~ . B B B
— 4 - - 2sin—cos— cos—
cos2( cos 5 ] 50085 5

Hay __._.._a____._.._ = b = _(1:.

4cos2§ -3 23in-B—
2 2

a+b c

Nén
41— sian -3+ 25inl—3—
2 2

B
Dodd a + b = ¢(—4sin®; + Zsing— + 1).

ola
w
N
»|a

= 0< sinE <1
2 2
= 1< —4sin’5+ 23in—2—+1 < % = dpcm.

Bai toan 11.19: Cho tam giac ABC . Chirng minh
36r° < ab + bc +ca < 9R? .
Hwéng dan giai
Ta chirng minh r = 4Rsin%singsin%,
dod6 36r° < ab + bc + ca
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| A B C
< sinAsinB + sinB sinC+ sinCsinA >36.sin° 5 sin’ 5 sin®5 (1)

Ma sinAsinB + sinB sinC + sinC sinA

= SinASINB sinC( —— + —— +
‘ sinA sinB sinC
> _9siNAsBSING __ yanAgnBnC (9
sinA + sinB + sinC: 2 2 2
Ta chirng minh sinésin»B—sinE < 1 nén
. 2 2 2 8
A B C , c

36.4sin’5 sin’5sin’ < 36.4. T sin2sinBsinC
8 2 2 2

= 18sin2sinBsins (3
2 S35

T (2) va (3) suyra (1) dung
: Ba| toan 11.20:
Cho tam giac ABC. Chirng minh:

A A B B C C (R+r) +R(4R +r1)
tan—| 1+ cos— |+tan—| 1+ cos— |+ tan—| 1+ cos —
2 2 2 2 2 2 pR

Hwéng dan giai
Ta co6: '
B+C B-C

> 2co0s .COS =cosB+cosC.
2 2

2sin—2—= ZCosBJr C

Twong tw: 2$in~2— >cosB+cosA, 23in% 2cosA+cosC
Suyra:

siné+Sin—B-+sin—qzcosA+cosB+cosC=1+-[- (1)
2 2 2 R

" Ta chtng minh: tan2 + tan 2 1 tan & - 4B+ (2)
2 2 2 p
o vT= " r r_, -p? +ab+bc+ca
p-a pb p-¢c  ((p-a)(p-b)(p-c)
;,_.\/'P=abc+8 pabc + S? _pabe +p(p-a)(p-b)(p-c)
PS p*  p°S | p°S
pabc+p —p(a+b+c)+p(ab+bc+ca) pabc
2
p°S
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_p*-p°2p+pP@b+bc+ca) -p®+ab+bc+ca

p°S S

pr(-p? +ab+bc+ca) r(-p® +ab+bc +ca)
s? (p-a)(p-b)(p-c)
T (1) va (2) ta suy ra diéu phai chirtng minh
Bai toan 11.21:
Cho tr giac 16i ABCD . Chirng minh rang

(dpcm)

tan—l-\—+tanE+tan9+tanP—+ 16 < 4.
4 4 4 , A B C D
4 + tan— + tan— + tan— + tan—
2 2 2 2
Hwéng dan giai :
Vi ABCD 16i nén tan—pi ,‘tanE, tan—C~ , tan9-> 0.
2 2 2 2
Ap dung bét dang thirc AM—GM cho 4 sé dwong Ta ¢
1 1 1 1 E 16
A B c ' b A . B .C _D
f+tan— 1+tan— 1+tan— d1+tan— 4+ tan— +tan— +tan—= + tan—
.2 2 2 2 2 2 2 2
Do d6 , dé c6 dpcm , chi can chirng minh
.(tan—pl+ -————1———-——)+;(tan-§+ ——1——-é—)
1+ tan— 1+ tan—
2 2
+ (tan9+ —1—)+(tan9+ ————1—)<4.
C 4 D
1+ tan— 1+ tan—
2
bat x=tanﬁ,0<x<1thi tan—é = 2X_ .Taco
4 1- X2
2 _ 3 2, 8
tané+ 1 2 1+x+x 2x < 2XT-X x2 +1<1.
1+tan% 1+2x - X 1+2x - X

Vii1+x¥22x= x+x° = 2x°. Tir d6 suy ra dpcm .
Bai toan 11.22: _
Cho tam giac ABC v&i trong tam G va ndi tiép trong duwdng tron ban l\(iﬂh R,
cac duong trung tuyén xuét phat tir A, B, C kéo dai cat dwéng tron lan lwot
tai D, E, F. Chidng minh:
3 1 1 1 1 1 1
= €t —— < 3| e e ——
R GD GE GF AB AC BC
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Hwéng dan giai A

Taco: MD . MA=MB . MC
2 E
MD= 2 l‘
4dm :

Xét tucng tw thl o
1 \/_ \/_ \/_ \/— 1
—_———t— —
GD G E G Fo BC AC AB BC AC AB

GA  8m® _ 2(2b%+2c?-a?) 2% +2c%-a?
Ta co: = =
GD 4m? +3a® 20° +2c®-a®+8a® a®+b®+c?

2
Xettu’ongtu’thlg_é GB, GC_3a®+8b"+3¢®

‘GD GE GF a? +b? +¢?
AD BE CF GA GB GC
a —+——+ =3

GD GE GF ~ GD GE GF
Vi cac day AD, BE, CF déu khong I16n hon 2R nén:
1 1 1 6 3
o e e e D e =
GD GE GF 2R R
Bai toan 11.23:
Cho ABC la mét tam glac nhon véi tam dwong tron ngoai tiép O va ban
kinh dwéng tron pgoal tiép R. Gid st AO lai cit dwdng tron (BOC) tai mot
diém A', BO lai cat duong tron (COA) tai diém B' va CO lai cat dwong tron
(AOB) tai C'. Chirng minh rang: OA'.OB'.OC' = 8R®. Khi nao d’ang thirc xay ra.
Hwéng dan giai
Goi R, R, 1an lwot la ban kinh dwong tron -
ngoai tiép clia AABC, ABA'C, thé thi:
BC 2RsinA R
- = - = R1 =
sinBOC  sin2A 2cosA

2R, =

Ta cé:
A'BO = A'OC + CBO
=180°-2B+90°-A=90°+C-B
~ va OA' = 2R;sin(90° + C — B)
- Rcos(B—C)
COos A

A!
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Twong tw cho OB' va OC', ta duoec:
cos(B - C)cos(C —-A)cos(A-B)
cosAcosBcosC
Vi thé bat déng thirc phai chirng minh tré thanh
cos(A — B)cos(B — C)cos(C — A) = 8cosA cosB cosC
<> cos(A — B)cos(B — C)cos(C — A)
>-8cos(A + B) cos(B + C) cos(C + A)
< (1 + tanBtanC)(1 + tanCtanA)(1 + tanAtanB)
> —-8(1 — tanBtanC)(1 + tanBtanA)(1 + tanCtanA)
D4t x = tanA, y = tanB, z = tanC. B4t ding thirc phai chirng minh:
C(xy + ) (yz + )(@x + 1) 2 8(xy — 1)(yz - )(zx - 1)
& (2x+y+zZ)(2y+z+X)(2Z+x+Y) 2 B(y+Z)(z+X)(X+Y)

Ma2x+y+z=(X+y)+ (Xx+z) = 2,/(x+Yy)x+2), twong tw cho hai biéu

thirc con lai & vé trai = dpcm

Déng thire xay ra khi va chi khi x = y = z, nghia la néu va chi néu AABC la déu.
Bai toan 11.24: -

Cho hai dwong tron déng tam O, ban kinh Ry, R, v6i Ry > R va t&r giac

ABCD n#i tiép trong dwong tron (O; R). Tia AB, BC, CD, AD cat dwong tron

(O, R1) lan IU’O’t tal A1, B1, C1, D1.

OA'.OB'.OC' =

.S R2
Chirng minh rang: B e T

RZ
ABCD

Hwéng dan giai
batAB=a, BC =b,

CD=c,DA=d.
A1B=X, B1C=y, D
CiD=2z DA=t '
Taco
SA1B1C1D1 1+ SA1B1B . SB1C1C ‘Scpp N SD1A1A
Sasco Sasco Sasco Sasco  Sasco

- 1+x(b+y) y(c+2) z(d+1) +t(x+a)
ab+cd ad+bc ab+cd ad+bc
. xy(b+y) . yz{(c+2z) = zt(d+t) = tx(a+Xx)

y(ab+cd) z(ad+bc) t(ab+cd) x(ad+bc)
. x(RZ -R?) . y(R? -R?) :z(Rf -R?) . t(R? - R?)
y 4R? z 4R? t 4R2 x 4R?

21
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2 Rn2 RQ__R2 R2
=1+(_R1_R_2Fil(.)f+_¥+%+ljz14(_1___24
4 y z t x

| R R?
DAu "=" xay ra khi va chi khi ABCD la hinh ‘\)uong.

Bai toan 11.25: '
Cac dinh D, E, F clia ADEF déu twong (rng ndm trén cac canh BC, CA, AB
clia AABC. Goi S la dién tich cia AABC, chung minh

OE » 2V2s
\/a2 +b2+c2+ 4438
Hwéng dan giai
Goi H, K Ia giao diém cla dudng tron (DEF) véi BC, CA. Ta co:
- FGA=FDE= 60°, FHB =FED =60°
GFH =360°- ((FGC +FHC +C) =120°-C

Dt AF = xthi FG_SnA _ 2 . FH _2 48

X sin60°  +/3sinA €-X /3

Suy ra:
HG? = f‘é (x*sin®A + (c—x)?sin®B — 2x(c—x)sinA.sinB.cds(1 20°-C)

= %(sz - 2Mc + Nc?)

L = sin?A + sin?B + sinA.sinB.cos(120° - C)
M = sin?B + sinA.sinB.cos(120° - C), N = sin?B, nén:

HG2.=:4_I:. X_‘Mg.z.’. r_\'_..M_z_ 02
3 L L 2

LaLc? [N- sz_fﬁ NL - M?

3 (L 12) 3 L
Néu goi p 1a ban kinh dudng tron (DEP), ta co:
HG _, __DE _ ._¥38 . _ HG

, =2p= ———————
sinGFH sin60° 2 sin(120° - C)
Ma: NL — M? = sin®A.sin’B[(1 ~ cos(120° - C)]

| = sin®A.sin?Bsin?(120° - C)
L = sinA + sin?B — 2sinA.sinB.sin(60° + C)

= sin?A + sinB — sinA.sinB(cosC —+/3 sinC)
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2 m2 A2
e a? +b® - abia—ﬂb—b—C +2y/3absinC
4R? 2ab

in60° o _ 3 4c® NL-M?
DEz= M%7 22 20 .cos2(120° - C
sin®(120° - C) 4 3 L ( !
_ » sin? Asin®?B.8R? 8S
=C = dpcm.

‘@ +b2 +c2 +443S a? +b? +c?+443S
Bai toan 11.26: .
Cho tam giac ABC nhon, H Ia truc tam. Goi S;, S,, S; la dién tich cac tam giac
HAB, HBC, HCA. Goi S, R, r | dién tich, ban kinh dwéng tron ngoai tiép,
noi tiép tam giac ABC. Chirng minh rdng tam giac ABC d&u khi:
2r.8%=27.R.S;.S,.S.
Hwéng dan giai
Taco:S=S;+S,+S;

85° 1 [(S,+S,)+(S,+S,)+(S,+S,) T
27SS,S, S;S,S, 3
2S1+SQ S,+S; S, +S,
s, S, S,
Goi AA,; BBy; CC; la cac dwéng cao co:
S;+S, HB _HB HA _sinHAB 1 cosB
S HB, HA HB, sinHBA sinHAC cosA.cosC

3
Twong tw thi co:
S, +S, 82+S3 S1+S3_ 1

S S, S,  cosA.cosB.cosC

1

3 2

8
>
(cos A +cosB)(cosB +cosC)(cosA +cosC)

1
A-B B+C B-C A+C C-A

CcOSs COS——CO0S cOoSs COS cos
2 2 2 2 2
1 1.
A+B B+C A+C . A . B . C r
Ccos cOSs COSs sin— sin — sin —
2 2 2 2 2
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. 8s° J4R

Do dé: 2755,5, . D4u bang xay ra khi AABC déu
Bai toan 11.27:
Cho tam giac ABC canh a,b,c v@i trong tam G. Xac dinh vj tri cla. P nam
mién trong ctia tam giac ABC sao cho
AP.AG + BP.BG + CP.CG nhd nhét va xac dinh gia tri nho nhét dé.
Hwéng dan giai

Goi AL, BM, CN la 3 trung tuyén. C . K
(S) 1a dwong tron qua B, G, C.
Pudng thang AL cét (S) tai G va K.
Vi AGLC va ABLK déng dang.

L
CG LC
Suyra: —=—
KB LK
Twong tw ABGL va AKCL ddng dang A N . B
BG BL CL GL _AG_ CG BG AG
Suyra: —=—

CK KL KL BL BC BC ~ BK BK CK BC
Diém P ndm mién trong ABC. Theo bét dang thirc Ptolémé ta cé:
D4u déng thirc xay ra khi va chi khi P nam trén (S):
Do dé: PK.BC < BP.CK + CP.BK
= (PK + AP).AG < AP.AG + BP.BG + CP.CG
Vi AK < AP + PK = AK.AG < AP.AG + BP.BG + CP.CG
Dé&u dang thirc xay ra khi va chi khi P ndm trén doan AK va P ndm trén (S).
Tec P =G. Lac d6 GTNN bang:
a® +b? +c?

AG? + BG? + CG? = 4[m +m +m}
9 3

- Baitoan 11.28:

Cho tam giac ABC va diém M. Goi H, |, K theo tht tw 1a hinh chiéu ctia M
trén cac duong thdng BC, CA, AB. Tim vij tri cGia M sao cho MH? + MI? +
MK? nhé nhét.

Hwéng dan giai
Ap dung bét déng thirc BCS ta cé:
(@ + b? + cA(MH? + MIZ + MK?) 2 (aMH + bMI + cMK)?

= (2Susc * 2Swmica + 2Swas)’ 2 455,

2
4S,5c K
a® +b? +c? '

Déng thirc xay ra khi M nam trong tam giac ABC

Suy ra MH? + MP” + MK? 2

B H C
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Va —M; -MB—I = MCL(- M Ia diém Lemoine cia tam giac ABC.
Bai toan 11.29:
Cho tam giac ABC c6 géc A '= 2B, C > 90° va céac canh déu la cac sb
nguyén dwong. Tim GTNN cta chu vi.
Hwéng dan giai
Taco6A=2BvaC=180"-3B>90°= B < 30°.
a b ¢
sin2B  sinB  sin3B
Do do a = 2bcosB, ¢ = b(3 - 4sin’B) = b(4coszB -1)
Nén a’=b(b + c)
Vi cac canh a, b, ¢ nguyén dwong ma chu vi bé nhét thi (a, b, ¢) = 1, do d6
(b, c) =1, hon niva:
b=m? b+c=n? a=mnvéim, nnguyén dwong.

Theo dinh ly sin:

Do d6: 2cosB = 2 nén /3 < M <o
n n

Ter d6 ta cé (m, n) = (4, 7) la cap sb nguyén dwong bé nhéat thoa dé bai. Do

doé: (a, b, c) = (28, 16, 33)

Vay GTNN cla chu vi la 77.

Bai toan 11.30:

Cho tam giac ABC va M la diém bét ky thudc mién trong clia tam giac ABC.

Céc duong thdng AM, BM, CM theo thi tw cit BC, CA, AB tai Ay, By, C;.

Hay xac dinh vj tri cia diém M dé dién tich tam giac A{B,C, I&n nhét.
Hwéng dan giai

Dat S = Sasc, S1 = Swac, S2 = Samc, Ss = Saam

vak= 51525,
(8-9,).(8- S,)(8-8S;)
M
Taco i=——él suy ra L MA,
S AA, -s, ™A
S
Tuwong tw 2 _MB, va —2 = ME,
-s, MB S-S, MC
vap, MA, MB S S,
Vi A5 i R— =—1_ "2 § =KS-8
s MAMB:'MA1B1SSSSS( o)

Twong tw: SNIB1C1 =k(S-8,), SMA1C1 =k(S-8S,)

I&n nhéat khi k I&n nhéat

Suy ra: SA1B1C1 =2k.S nén SA1B1c1
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. o s, +S,
Ap dung bét dng thirc AM-GM: /8.8, === ~2 =%(s—sa)

o=

Tuong tu thi: S1S5Ss > %(s —S)(S=S,)(S—Sa) > k<

Dé4u =khi S;=S,=S; = % khi M trung trong tdm tam giac ABC.

Bai toan 11.31:
Trong tat ca cac t& giac 16i ABCD c6 chu vi béng 1, tum ttr giac sao cho biéu
thirc sau dat gia tri nhd nhét:

_ AB* . BC* . CA* . DA* \
(AB+BC)?.sinB  (BC +CD)2.sinC (CD+DA)?.sinD (DA + AB)?.sinA
Hwéng dan giai
PatAB=a,BC=b,CD=c,AD=dthi: a+b+c+d=1
32' b2 Cz d2
— - + +
a+b b+c c+d d+a

pbatS=

Ta chirng minh réng S > %

a2 -b? b?-c? c?-d® d?-a?
Ta cé: { { + =0
a+b b+c c+d d+a

a? +b? Lb2+cz ‘cz+d2 +d2+a2
a+b b+c c+d ‘d+a

Suyra:2S =

Nénzs\z%[(a+b)+(b+c)+(c+d)+(d+a)]=1@Sz%

DAu dang thire khi va chikhi:a=b=c=d=

P

Ap dung béat dang thiec BCS ta duoc: _
22 b2 ot & N T
. ] <4 o ;

+ + t 1 }
a+b b+c c+d d+a (@a+b)® (b+c)’® (c+dP? (d+a°

s 1 a* b* ct d
uyra: —< — f }
- 16 (@+by® (b+c)? (c+d?® (d+a)

Vi 0 <sinA;sinB; sinC<1nénP > 1_15

VaPp= 1—15 khi tt gidc ABCD Ia hinh vung.
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Bai toan 11.32: ‘
Cho tam giac ABC nhon. Tim gia tri I&n nhét clia biéu thirc:
acosA . b® cosB . a?cosC
bc ac ab
Hwéng dan giai

E:

GidsrrangA>2B>C

a?>b? >c?

sin2A <sin2B <sin2C
Theo bét déng thirc Trébusep thi: -

Do AAB'C nhon nén {

a®cosA . b2 cosB . c?cosC
bc ac ab

E =

- j—(a2 Sin2A + b? sin2B + ¢2 sin2C)
45 «

- _1_( 2, p2 +(;2)(Sin2A+Sih28+Sin2C)
128 |

= ——1——(32 +b? +cz)sinAsinBsinC
3S

a®+b%+c® S 2 a?+b?+c?

38 2R? 3 4R?

= g(s,in2 A +sin®B +sin® C) <
3

N w

Vay max E = —g-khi AABC déu

Bai toan 11.33: Cho tam giac ABC co AB = 3; BC = 5; CA = 7. Mét dwong
thang di qua tam | clia dwong tron noi tiép tam giac ABC, cét canh AB, AC

BM.CN '

AMAN

Hwéng dan giai ‘

tai M, N. Tim gia tri I&én nhat cia P =
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Goi rla ban kinh dué’ng tron ndi tiép tam giac ABC.

s
MN diqualnénS,, +S,, =MV
ABC
Nen +rAMLraN=AMAN 1 6 BG4 CA)
2" ABAC 2
Hay ABAC A ABAC .5 . Bc.ica
AN T AM
ABCN ACBM ABCN  AGBM _
Hay + =BC o
AN AM BCAN BCAM

Ap dung bét dang thirc AM=GM thi

_ABCN ACBM 2\/AB.CN ACBM
"~ BCAN BCAM BC.AN BC.AM

BMCN _ BC? 25
AMAN ~4ABAC 84

Dau—kh ﬂ:lﬂ]i’!:ﬁ
BM 5 CN 5

Do dé P =

3. BAI LUYEN TAP
Bai tap 11.1: Cho tam giac ABC c6 canh a, b, ¢ twong tng.
aA + bB + cC S A+B+C
a+b+c 3
Hwong dan

BDT< (a-b)(A-B)+ (b-c)(B-C) + (c-a)(C - A) = 0:
Bai tap 11.2: Cho a, b, ¢ |a ba canh cia mét tam giac.

Chung minh VJa+b-c+vb+c— a+Jc+a- b<\/;+\/5+f.

Hwéng dan
Pat x = b+c-a, y = c+ a-b, z = a+b—c,

Chirng minh:

thix,y,z>0véa=y+z,b=2+x,c=x+y.
2 2

Bai tap 11.3: Goi a, b, ¢ la ba canh ctia tam giac ABC.

Ching minh bét dng thirc: a ., b , ¢
b+c-a c+a-b a+b-c
Hwéng dan

Datb+c-a=2x,c+a-b=2y b+a-c=2ythi
a=y+z,b=z+x,¢c=x+yvaxy,z>0.
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Bai tap 11.4: Cho a, b, ¢ 1a ba canh clia mét tam giac.

. : ab bc ca a b c
Chirng minh + + > + + .
c(c+a) a(a+b) blb+c) c+a a+b b+c
Hwéng dan
Détx_a,y~9 =£thix,y,z>0véxyz=1.
b c a

Bai tap 11.5: Cho tam giac ABC . Chirng minh rang
a* + b* + ¢* > 16572,
Hwéng dan
DungBCShayabc > (a + b —¢c)}b + ¢c —a)(c + a — b)
Bai tap 11.6:
Cho a, b, ¢ 1a ba canh clia mét tam giac.Chirng minh bat dang thirc
a’+ b’ + c® + 2abc < a¥(b + ¢) + b%(c + a) + c*(a + b).
Hwéng dan
BT < (@+b-c)(cta-b)(c+b-a)>0.
Bai tap 11.7:
Cho ABCDEF Ia mét luc giac 16i sao cho AB = BC; CD = DE; EF = FA. Chu’ng

I BC DE FA 3
minhrang: —+ —+—2>—
BE DA FC 2
Khi nao déng thirc xay ra?
Hwéng dan
Dung bat ddng thirc Ptolémé va AM—GM
Bai tap 11.8: Cho da giac 16i ABCDEF thoa diéu kién: AB //DE, [BC /I EF, CD//
FA.Goi Ra, Re, Re lan lwgt 1a ban kinh cac vong tron ngoai tiép ctia cac tam
giac FAB, BCD, DEF twong tng; ki hiéu p la chu vi da giac. Chtrng minh

rang: Ra + Rgc + Rg 2 g

Hwéng dan
S dung dinh ly sin va bat dang thirc AM-GM
Bai tap 11.9: Cho tam giac ABC va diém | 1a tam duong tron ndi tiép tam giac.
Cac dueng phan giac trong clha cac goc A, B, C 1an lwot cét cac canh dbi
dién tai A", B', C'. Chtrng minh rang:
1 AlBICI 8
—_——— T <
4 AA'BB'CC' 27
Hwéng dan
S dung bat dang thirc AM—GM
Bai tap 11.10: Trén dwdng tron (O; R) cho nam diém phan biét A, B, C, D, E
theo thtr tw, sao cho AB = BC = DE = R. Goi M, N 1&n lwot |4 trung diém cla
CD va AE. Hay xéac dinh gia tri Ion nhét c6 thé cé cla chu vi tam giac BMN.
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Hwéng dén
" Két qua maxP = %RU +4/3)

Bai tap 11.11: Cho didm M & mién trong tam giac ABC. Goi A', B', C' Ian lwot 1a
hinh chiéu ctia M 1én cac canh BC, CA va AB: goi Ry, Ry, Rs lan Iwot 1a ban
_kinh dwdng trén ngoai tiép cac tir giac MB'AC', MC'BA' va MA'CB'. Hay xac
dinh vij tri M sao cho f(M) = Wdat gia tri nhé nhét va tinh gia tri I6n
R,R,R, :
nhét do.
Bai tap 11.12: Xét dang tam giac ABC:

1 1 1 3 6

] LIS =2

AP BQ CR min(AP,BQ,CR) r
trong d6 duéng tron noi tiép (I; r) tiép xtc véi 3 canh AB, BC, CA 1an lwot tai
P, Q,R. , :
Hwéng dan

r=(p-a)tan % . Két qua Tam giac ABC can tai C
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couyén dé 12: PHEP BIEN HiNH

1. KIEN THUC TRONG TAM
Phép bién hinh
Phép bién hinh F trong mat phang la mét quy tac dé voi mbi diém M thudc
mat phang, xac dinh dwoc mot diém duy nhat M' thudc mat phéng 4y, goi la
anh cha diém M: F(M) =M.
Phép d&i hinh
Phep doi hinh 1a phép bién hinh khéng lam thay déi khoang cach gilra hai
diém batki. F: M — M, N > N’ thi M'N' = MN
Dinh Ii co ban: Phép doi hinh bién ba diém théng hang thanh ba diém thing
hang va khong lam thay déi thi tw ba diém d6, bién ducmg thang thanh
dwong thang, bién tia thanh tia, bién doan thang doan thdng bang no, bién
tam giac thanh tam giac béng no, bién dwéng tron thanh dwéng tron coé
cung ban kinh, bién géc thanh géc bang né.
. Cac phép d&i hinh dac biét
— Phép bién hinh déng nhét | bién mai diém M thanh chinh no, tirc 1a dnh M’
ludn triing vé&i M. o ‘
— Phép tinh tién theo vecto v cho triedc, 1a phép bién méi diém M thanh diém
M'saocho MM'= v, kihiéuTv. '
— Phép déi xirng qua duong thang d 1a phép bién m&i diém M cta mat phéng
_ thanh diém M’ dbi xtrng v&i M qua d, ki hiéu la Dd

— Phép dbi xtrng qua diém O 1& phép bién ddi méi diém M thénh diém M' déi
xtng voi M qua O, ki hiéu la B,.

— Phép quay tam O géc quay o, bién diém O thanh O va bién méi diém M

khac O thanh M' sao cho: M
OM*=OM " i hieu Qg 5
(OM,OM") = ¢
o M
Phép dong dang

Phép bién hinh D goi Ia phép ddng dang ti s8 k (k > 0) néu v&i hai diém bét
ki M, N va anh M', N' ctia chiing, ta ¢6 M'N' = kMN.

Dinh Ii co ban: phép déng dang bién ba diém théng hang thanh ba diém
thang hang va khong lam thay ddi th& tw ba diém do, bién dwong théng
thanh ducyng thang bién tia thanh tia, bién doan thang thanh doan théng c6
d6 dai k 1an, bién tam giac thanh tam giac déng dang véi ti s k, bién dwong
tron c6 ban kinh R thanh dwéng tron ¢ ban kinh kR, bién goc thanh goc
bang no.
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Phép vi tw

— Cho diém O va mot sé k = 0. Phép vi tw tam O ti s6 k bién mot diém M
thanh didm M' sao cho OM' = kOM . Ki hiéu Vo k.

— Néu M', N' theo tht tw 1a anh ctia M, N qua phép vi ty fi sb k thi M'N' =
K.MN; M'N'= |k| .MN.

— Moi phép déng dang D ti s6 k déu la ho’p thanh clia mot pheép vi tw Vitisék
va mét phép doi hinh F.

— V&i hai duwéng tron béat ki ludn c6 mét phép vi tw bién duong tron nay thanh
duwdng tron kia. Tam vi ty cha 2 dwdng tron khéng déng tam 1a 2 diém chia

trong va chia ngoai doan néi tam theo fi k = i%.

2. CAC BAI TOAN

Bai toan 12. 1:
M6t diém goi la diém bat dong néu né trung véi anh clia né-qua phép bién
hinh. Chung minh mdt phép d&i hinh c6 hai diém bat dong 1a mot phep
doéng nhét hoac l1a mét phép ddi xtrng truc.

- Hwéng dan giai
GOI F 1a phép doi hinh c6 hai diém bat dong A, B: F(A) = A, F(B) = B. Lay
mét diém C khéng thdng hang voi A, B va goi C' = F(C).
Néu C' = C thi F c6 ba diém bét dong khong thdng hang. Gia s F khong
phai la phép déng nhat thi c6 mot diém M ma &nh M' khac M ta co AM =
AM', BM =BM', CM = CM' nén A, B, C cach déu M va M' nén nam trén
- trung trirc cia MM' do d6 ching théng hang: vé li. Vay F 1a phép ddng nhét.

Néu C' khéng triing C thi AC = AC' va BC = BC' nén AB I trung trwee cla
CC'. Khi d6 F chinh la phép dbi xtrng truc, véi truc la dwong thang AB.

Két qua: Néu phép doi hinh c6 ba diém bét dong khong théng hang thi phép
ddi hinh d6 1a mét phép déng nhat

Bal toan 12. 2:
Chirng minh hep thanh cla k phép dbi xing tam 13 phép tinh tién hoic déi
xing tam.

Hwéng dan giai

Ta c6 hgp thanh clia 2 phép dbi xtrng tdm A va B la phép tinh tién vec to

2AB. Do dd, hop thanh cda k = 2n phép dbi xing tam A4, A,,..., Agn 12 phép
tinh tién vecto 2(A A, + A A, +...+A, A )

2n-1""n
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Ty " i - "
Ta c6 hop thanh clia phép tinh tién V va phép déi xtrng tam | 1a phép déi
x(rng tam J sao cho U = ~-;- v. Do d6 hop thanh cla k = 2n + 1 phép déi
xtng tam Aq, Ag,..., Agneq 12 phép @6i xtrng tam O sao cho:

AuiO = ~(AA, +AA, +...+A

2n+1

2n-1 2n)

Bai toan 12. 3:
Chirng minh hcrp thanh cla k phép dbi xtrng c6 truc déi xirng song song la
mot phép tinh tién hay 1a mét phéep déi xtrng truc.

Hwéng dan giai

Hop thanh cha hai phép déi xtirng co truc déi xung song song la mét phép
tinh tién. Vi vay, hop thanh cta k =2n phep déi ang truc cé truc déi ang
song song la hop thanh cha n phép tinh tién, do dé cling 1a phép tinh tién.
Gia st F la hop thanh cta k =2n + 1 phép dbi ang truc song song. Goi
phép ddi xtrng thir nhat 1a D, ¢6 truc la duwong thang a, 2n phép déi xirng
con lai cé hop thanh 1a phép tinh tién T. Ta c6 thé xem T la hop thanh cla
hai phép ddi xtrng ma phép the nhét 1a B, va phép thr hai la By,. Vay F 1a
hop thanh cla ba phép déi xtrng: Dy, D, va by, Nhwng vi hgp thanh cia b, .
va D, 1a phép dong nhét e nén F chinh I1a phép déi xcrng Dy,

Bai toan 12. 4:
Cho tam glac ABC, vé ra ngoai hinh chir nhat BCDE. Cac dwéng thing qua
D va E Ian luot vudng géc voi AB va AC cét nhau tai K. Chirng minh AK
vudng goc voi BC. A

Hwéng dan giai

Goi BB', CC' va H la trwc tam 13 hai
dwdng cao cua tam giac ABC. '

Phép tinh tién vecto BE = CD bién: c

— BB'thanh EK (vi EK // BB'") H

-~ CC'thanh DK (vi DK // CC") B C
Ma BB' vé*CC’ giao nhau tai H nén H va K
K 1a hai diém twong trng trong phép tinh
tién nay. Do d6 HK // BE nén HK L BC. E D
Ma AH 1 BC, vay A, H, K thang hang, nghia Ia AK vudng goc voi duong
thang BC.
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- Baitoan 12. 5:
Cho tam giac ABC. Goi A4, B4, Cq la céc trung diém cla ba canh BC, CA,
AB. Goi 04, Oy, 03 va ly, I, I3 twong ¢ng la cac tam dwdng tron ngoai tlep
va ndi tiép cia ba tam giac AB,C4, BC4A; va CA4B. Chirng minh AO10,0; =
Alslala.

 Hwéng dan giai

 Xét phép tinh tién theo vecto -;- AB bién A

" thanh C,, C, thanh B, B, thanh A; nén tam
gIéC AC1B1 thanh tam glac C1BA1, do do 01

thanh Oz va |y thanh I nén 0,0, =1},

G

Tuongtw 0,0, =1|; va 0,0, =1, \/
g 371 31 B Al C
= AO10203—A1 |2|3 (CCC)
Bai toan 12. 6:

Cho hinh binh hanh ABCD va diém M sao cho C ndm trong tam giac MBD.
Gia stv MBC =MDC . Chirng minh AMD =BMC
Hwéng dan giai M

A D

Phép tinh tién theo vecto BA bién B thanh A, C thanh D, MC thanh M'D
nén DCMM' 1a hinh binh hanh, do dé MDC = DMM' va MBC =M'AD
Ma MBC =MDC nén DMM' = M'AD. '
Do d6 AMM'D Ia te giac ni tiép nén AMD = AM'D
Hon nira, ta c6; BMC = A'MD nén AMD =BMC.
Bai toan 12. 7:

Cho tam gidc ABC. Trén dwdng phan giac ngoai cla goc C lay mot diém D
khac v&i C. Chirng minh: DA + DB > CA + CB.

Hwéng dan giai
Goi A' la diém dm xirng v&i A qua CD. Do
CD la phap giac ngoai clia géc C, nén A’
thudc tia doi clia tia CB va A'C = AC
Ta co: DA + DB = DA' + DB > BA'
(do D ¢ BA")
Ma BA'=CB + CA'=CB + CA.
Do do DA + DB > CA + CB.
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Bai toan 12. 8: :
Cho tam giac ABC ndi tiép trong dwdng tron (O). Goi dy, da, ds lan lwot 1a
cac duwdng trung trwc clia cac doan théng AB, BC va CA. V&i mét diém M
bt ki, ldy M, ddi xteng véi M qua dy, M, déi xtbng véi My qua d, va M ddi
xtrng v&i M, qua d,. Chirtng minh ring trung tric clia doan thang MM; 1a
mét dwéng thang cé dinh.

- Hwéng dan giai
Vi phép dbi xtrng qua dwong thdng khong 1am thay déi khoang cach gilra
hai diém nén ta c6 AM = BM; = CM, = AM;3 va OM = OM; = OM, = OMs. Do
do hai diém A va O cach déu hai diém M va Ms. Vay trung tric cha doan
thdng MMj; chinh la dwong thang cb dinh OA.

Bai toan 12. 9:

Chtrng minh rdng néu mot t& giac c6 tam déi xirng thi d6 Ia-hinh binh hanh.

Hwéng dan giai
Gia st t&r giac ABCD c¢6 tam ddi xtrng 1a |.
Binh A chi cé thé bién thanh A, B, C hay D.

— Né&u dinh A bién thanh chinh né thi A Ia
tam déi xtrng ctia t& giac: vo Ii.

— Néu A bién thanh B ho&c D thi tam déi
xtng thudc cac canh AB hodc AD cla B C
t&r giac: vo Ii.

Vay A chi c6 thé bién thanh dinh C.Li luan twong tw dinh B chi c6 thé bién
thanh dinh D. Khi d6 tam déi x(rng | la trung diém cuda hai dudng chéo AC
va BD nén t giac ABCD phai 1a hinh binh hanh.

Bai toan 12. 10:

Cho hinh binh hanh ABCD va dudng tron (C) bang tiép cha tam giac
ABD, tiép xtic véi phan kéo dai clia AB va AD twong (ng tai cac diém M va
N. Poan thdng MN c4t BC va DC twong tng tai cac diém P va Q. Chirng
‘minh réng dwong tron ndi tiép tam giac BCD tiép xuc véi cac canh BC va
DC tai P va Q.

‘A D

Hwéng dan giai
Goi K 1a tiép diém cla (C) v&i BD; (V) 1a dudng
tron ndi tiép tam giac ABD, tiép xuc véi AB tai
M', v&i AD tai N' va BD tai H; goi | 1a trung diém
clia BD.
T MM' = NN' va MM' = BH + BK,
NN'= DK + DH suy ra BH = DK.
Phép déi xrng B: B > D, H > K.
Tam giac AMN can tai A va vi DQ // AM
Nén tam giac DQN can tai D
Suyra DQ = DN = DK = BH = BM'.
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Do d6, Q la anh cta M' trong phép B,. Twong tw, P la anh cGa N' trong phép
D, phép B (V) — (V) diqua 3 diédm K, Q, P. Vi M', N', H 1a cac diém

chung duy nhét clta (V) véi AB, AD va BC, do dé K, Q, P ciing la diém
“chung duy nhét cda (V') véi BC, CD, CB suy ra dpcm.

Baitoan 12. 11:

Cho ba diém thang hang A, B, C diém B nam gitra hai diém A va C. Dwng
vé mot phia clia dwong thdng AC cac tam giac déu ABE va BCF. Goi M va
N 1an luot Ia trung diém cda AF va EC. Ching minh tam giac BMN déu.
Hwéng dan giai F

Phép quay tam B géc quay 60° bién cac
diém E, C 1an lwot thanh cac diém A, F
bién doan EC thanh AF nén bién trung
“diém N cha EC thanh trung diém M cla
AF, do d6 BN = BM va (BN, BM) = 60°.

Vay tam giac BMN déu. _ A 5 c

Baitoan 12. 12: , ‘

Cho tam giac ABC. Dung vé phia ngoai clia tam giac cac hinh vudng BClJ,
ACMN, ABEF va goi O, P, Q lan luot 1a tdm cta chung. N
Chtrng minh AO vubng géc véi PQ va AO = PQ'F _

Hwéng dan giai

Goi D la trung diém AB thi phép aQ
quay tdm C goc 90° bién MB thanh E
Al, suy ra tam giac DPO vuéng can
tai D. B
Phép quay tdm D, géc 90° bién O
thanh P, bién A thanh Q. Do do
0OQ = PQ va AO vubdng goc voi PQ.

Bai toan 12. 13: J ‘ |
Cho tam giac ABC. Vé phia ngoai tam giac dung ba tam giac déu BCA;,
ACB;, ABC;4. Chirng minh rang AA,, BB,, CC, ddng quy.

Hwéng dan giai

B4

Goil=AA; N CCy.

Phép quay tdm B goc 60° bjén A ¢,
-thanh C, bién A thanh C;, bién AA

thanh CC,, do dé AlC, = 60°.

Léy trén CC, diém E sao cho IE = IA

thi tam giac EIA déu.

Phép quay tam A géc 60° bién C, thanh

B, bién E thanh |, C thanh By va vi C4, E,

C thdng hang nén B, |, B, thang hang.

Vay AA,, BB;, CC, ddng quy tai I.

Ay
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Bai toan 12. 14:
Cho tam giac ABC v&i trong tdm G, triec tdm H va tdm dudng tron ngoai
tiép O. Chirng minh GH = — 2GO va ba diém G, H, O clng ndm trén mét
dudng thang (goi la dwong thing O-le).

Hwéng dan giai A

Ta c6é OA' L BC ma BC // B'C' nén OA'
L BC'. Tuwong ty OB' L A'C'. Vay O la
trirc tdm cda tam giac A'B'C'. ‘\
Vi G la trong tdm tam giac ABC nén ‘%
GA =—2GA’', GB=-2GB', GC =-2GC".
Do d6 phép vi tw V tam G, ti s6 — 2 bién ﬂy
tam giac A'B'C' thanh tam giac ABC. B A
Diém O la tryc tam cha tam giac A'B'C'
nén phép vi tw V bién O thanh trwc tam
H cda tam giac ABC.
Do d6 GH =-2GO nén ba diém G, H, O thing hang.

Bai toan 12. 15: ‘
Chtrng minh hgp thanh F cha hai phép vi tw V, c6 tam O, ti sb k; va V, cé
tam O, ti s8 k, 1a phép tinh tién hay phép vi tu.

Hwéng dan giai

LAy mot diém M bét ki, néu V, bién M thanh M, va V. bién M, thanh M, thi:
OM, =k,OM va O,M, =k,O,M, M,
Khi d6, phép hop thanh F bién M thanh M.
Goi t la anh cia O4 qua phép vi tw V,, tirc la:

6;' = kz 0201

Khi d6: IM, = k,OM, =k k,0,M M M,
~ Néukyk, = 1thi IMy= OM nén

MM, = O/l = 0,0, + Ol = (1-k,)0,0, : xac dinh. O | 0,
~ Vay F la phép tinh tién theo vecto u = (1 - k;) 0,0,

— Néu kq.ky # 1 ta chon diém Os sao cho: (3] =kk,0,0,

Khi d6: O,M, = Ol +IM,

= kk,0,0; #k,0M = kk,OM M
Vay F Ia phép vi tw tam O, ti s6 kqko. 2
Tam Oj; cla phép vi tw do ¢ N
duogc xac dinh béi déng thire o) ! o) 0
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69:' =kk; 040,
hay 0,0,+0,0, + 0, =kk,0,0,
S ' 1-k,
Suyra 0,0, +k, 0,0, =(1-kk,)O,05 nén: 0,0, =-— i 0,0,
e

Do d6 tam cda ba phép vity V4, Vova F 1a ba diém théng hang.
Bai toan 12. 16: |
Cho tam giac ABC cé dinh. Goi Bx, Cy theo the tv 1a cac tia ddi clia cac tia
BA, CA. Cac diém D, E thtr tw chuyén déng trén cac tia Bx, Cy. Tim tap hop
cac trung diém M cta DE biét BD = 2CE. '
Hwéng dan giai
Vé hinh binh hanh BCEK, ta c6 K & .
trén tia Bz cb6 dinh song song cung
chiéu vai tia Cy. Trén hai tia Bx, Bz 1an
” lwot lay hai didm cb dinh D,, K, sao cho
BD, = 2BK,. ‘ :
Vi BD = 2CE = 2BK nén BK // DK,
Goi N va N, twong trng la trung diém cla
DK va DK,. Ta c6 N, cd dinh va tap hop D
cta N la tia BN,.
Goi | 1a trung diém cla BC:
— 4= _ 1oz o Do
2 2 X
“Nén TQ bién N thanh M. Vay tap hop clia M la tia Im la anh cua tia BN, qua

A

phép tinh tién T_. theo vecto BI.

Baitoan 12. 17: :
Cho hinh binh hanh ABCD co dinh A cé dinh, BD c6 do dai khong ddi bang
2a, con A, B, D ndm trén mét dwdng tron ¢b dinh tam O, ban kinh R. Tim
tap hop dinh C. :

: Hwéng dén giai

AO kéo dai cat dudng tron & K, nén K

cd dinh. Goi H 1a tryc tam tam giac

ABD, | Ia trung diém cla BD. Tir dé

suy ra:

AH =201 = 2JR? - a® : khong ddi nén

suy ra H nam trén dwdong tron tadm A,

ban kinh2VR? - a? .

Do ABK = ADK =90° maAB // DC, AD // BC
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= BK L DC va DK L BC nén K |a tryc tdm tam gidc BDC
= CK L DB = CK // AH. Trong tam giac ACK, do Ol la dw&ng trung binh,
nén KC = 201 = KC = AH = AHKC la hinh binh hanh

" = HC = AK: xac dinh nén phép tinh tién vecto AK bién H thanh C, bién
A thanh K.

Vay tap hop ctia C 1a dwong tron tam K, ban kinh 2JR2 —a? .
Bai toan 12. 18:
Cho tam giac déu ABC. V&i mét diém M tuy v goi M4 |a diém déi xtrng v&i M
qua duong thang AB, M, la diém déi ang véi My qua dwéng thdng BC va
Mj & diém ddi xtrng véi M, qua duwong thang CA. Tim tap hop trung diém |
ctia MMs,. A
Hwéng dan giai
Goi M' 1a diém dbi xtrng cGa M M,
qua BC, K la trung diém clia MM;
(K € AB) va K' 1a trung diém cla

MM,. Khi dé6 phép dbi xttng qua M <

duwong thdng BC sé bién M thanh M,
M', M; thanh M, nén ciing bién K B | c
thanh K' ttee 12 bién BK thanh BK'. M,

Suy ra géc hop béi BK' va BC ciing bang 60° @ay BK' // AQ. Vi M'M, L
BK', MoM3 L AC, suy ra ba diém M', M,, M3 thang hang. Néu ta goi H' la
trung diém MM, (H' € AC) thi M'M, = 2K'H' = 2BH v&i BH Ia dwong cao
cla tam giac ABC.

Néu goi P la trung diém MM' (P € BC) va | la trung diém MM, thi

Pl = lM'M ' =BH. Vay phép tinh tién theo vecto BH s& bién diém P thanh

I, vi F’ e BC nén tap hop | chinh 1a &nh clia dwdng thang BC qua phép tinh
tién néi trén. Tap hop nay la dudng théng di qua trung diém cla hai canh
ABva AC.

Bai toan 12. 19:

Cho mét duong thdng d va mét vecto v cé dinh. Vi mdi diém M bét ki,
phép dbi xtrng truc Dy bién M thanh M', va phép tinh tién T bién M' thanh

M". Tim tap hop trung diém cda doan thdng MM". | d -
Hwéng dan giai vy
Goi | 1a trung diém MM', I' [a trung diém MM" M”
w1y
thi 1'= 2M M" = 5" :
~ M | Yk
Vay phép tinh tién theo vecto % bién | thanh I'.
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Vi | ndm trén d nén tap hop I' Ia dwong thang d', anh ctia d qua phép tinh
tién theo vecto %

Bai toan 12. 20: ,

Cho hai diém B, C cé dinh trén dwong tron (O; R) va mot diém A thay ddi
trén dwdng tron dé. Tim tap hop cac tric tam H cla tam giac ABC.

, Hwéng dan giai
Vé duwong kinh AM cla dwong tron thi co
BH // MC va CH // MB nén BHCM Ia hinh
binh hanh. Néu goi | la trung diém cta BC
thi | ¢d dinh va ciing 1a trung diém cda
MH.
Vay phép ddi xirng qua diém | bién M
thanh H.

Vay tap hop la dwong tron la anh cua
duwong tron (O; R) qua phép ddi xirng tam 1.
Bai toan 12. 21: ,

Cho dwdng tron (O) va day cung AB c¢b dinh, M 1a mot diém di dong trén
(0), M khéng trung A, B. Hai dwéong tron (O4), (O,) qua M theo thi tw tiép
xuc voi AB tai A va B. Tim tap hop cac diém N 14 giao diém th hai cla (O4)

va (Oy). ’

A

. Hwéng dan giai
Goi | 1a giao diém ctia MN va AB, ta co:
IA’=IM .IN=IB?= IA=IB
= | & trung diém ctia AB c6 dinh.

Goi P la giao diém th& hai cia MN véi
(O) ta co: IA2 = 1A.IB = IM.IP
— IN = IP nén | Ia trung diém cda PN,
do d6 phép @i xirng tam | bién P thanh N.
Vi tap hop diém P la dwong tron (O)
nén tap hop N la duwdng tron (O') 1a anh
cta (O) qua phép ddi xirng tam |, bé di
hai diém A va B. ‘
Bai toan 12. 22:

Cho nlra dudng tron tam O dudng kinh BC. Diém A chay trén nira dwong
tron d6. Dung vé phi’a ngoai ctia tam giac ABC hinh vuéng ABEF. Chirng
minh réng E chay trén mét niva dwong tron cb dinh.
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Hwéng dan giai
Ta c6 E la anh cla A qua phép quay F
tam B, goc 90°. Khi A chay trén nia A
dudng tron (O), E sé chay trén nira
dwong tron (O') la anh cta nira
duong tron (O) qua phép quay tdm
B, goc 90°.

Bai toan 12. 23: B o c
Mot diém M Iwu dong trén cung AB Ién cua dwong tron (0), voi A, B [a hai diém
cb dinh tren dudng tron nay. Trén doan BM lay diém N sao cho BN = AM. Tim
tap hop diém N.

Hwéng dan giai
Puong trung trwc clia cung AB cét
cung AB I&n tai | cb dinh.
Ta c6 hai tam giac IMA va INB béng
nhau (c.g.c)

= IN = IM va (IM, IN)

= (MA, MB) = ¢: khong déi A Vg
nén phép quay tam | goc ¢ bién Mthanh N. ~~. _ -~
Vay tap hop diém N la cung BIB' anh clia cung AIB qua phép quay tam |

goéc ¢.
Bai toan 12. 24:
Tam giac ABC c6 hai dinh B, C ¢é dinh con dinh A chay trén mét dwong tron
(O; R) cb dinh khdng c6 diém chung vo&i dwcmg thdng BC. Tim qly tich
trong tdm G cua tam giac ABC.
Hwéng dan giai
Goi | 1a trung diém ctia BC thi | ¢ dinh.

Vi G la trong tdm cda tam giac ABC nén B \
_ ‘ A
G = 1A \ /Qf/

3
Do d6 phép vi ty V tam ti sé % bién 'S\ o
diém A thanh diém G. Tir d6 suy ra khi
A chay trén dwong tron (O; R) thi tap C

hop G la anh cua duwong tron d6 qua
phép vi tw V, tiec [a dwong tron (O'; R")

malo'= L 10var =2
3 3
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Bai toan 12. 25:

Cho duong tron (O; R) va diém l ¢b dinh khac O. Mot diém M thay dédi trén
dwong tron. Tia phan giac caa géc MOI c4t IM tai N. Tim tap hop diém N.

Hwéng dan giai
patio=d Tacs 10 _d M<
NM OM R
IN d IN d

= = = =
IN+NM .d+R,’IM d+B

Vi hai vecto IN va IM cung hwéng

Do d6 phép vitw Vtam I tisb k = Eiﬁ bién d@iém M thanh diém N. Khi M
.+.

- & vj triM, trén duong tron (O; R) sao cho IOM, = 0° thi tia phan giac cla
goc IOM, khéng cit IM. Diém N khéng ton tai. ,
Vay khi M chay trén (O; R) (M khac M) thi tap hop diém N 1a anh cuda (O;
R) qua phép vi tw V bé di &nh cta diém M,.

Bai toan 12. 26: :
Cho duéng tron (O) co du’ong kinh AB. Goi C la diém ‘d@bi xtrng voi A qua B
va PQ la dwong kinh thay déi cia (O) khac dwong kinh AB. Buong thang
CQ cét PA va PB Ian lwot tai M va N. Tim tap hop cac diém M va N khi
dudng kinh PQ thay dbi.

' . Hwéng dan giai
Ta cé QB // AP (vi cuing vuéng goc véi PB) va B la trung diém ctia AC nén
Q 13 trung diém clGia CM. Tuong tw ta c6 AQ // BN (vi cung vudng goc voi
AP) va B |4 trung diém clGia AC nén N Ia trung diém cua caQ.

M
"Taco CM = 2CQ nén phép vi tw V tam C ti s6 2 bién Q thanh M. Vi Q

chay trén dwong tron (O) trir hai diém A, B nén tap hop M la anh cua
duodng tron do qua phép vitw V trir 2 anh cia A, B.
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| Tuo’ng fur CN = -;- CQ nén tap hop N la anh cta duwdng tron (O) qua phép

vitw V' tam C, ti s —2— trir 2 anh cta A, B.

Bai toan 12. 27:
Dwng hinh binh hanh cho biét hai canh lién tiép va goc tao béi hai dwong chéo.
Hwéng dan giai

~ Phan tich: Giad s ABCD la D N
hinh binh hanh da& dwng duoc a
cd AB = a, BC = b va (AC, BD)
= a. Goi C' la anh cua B trong o

phép tinh tien T)i‘é .

A ‘ C
Trong tam giac ACC' ta biét AC' = 2a, ’
BC = b la trung tuyén ké tir C va AC'C
= A. ‘

— Duwng hinh: Dyng AC' = 2a, trung diém B cua AC',, cung chira géc o trén
day AC', cung tron tdm B, ban kinh b. Goi C la diém chung ctia hai cung
tron da dwng. Dung D Ia anh cta C trong phép tinh tién Tﬁ. ‘

— Chwrng minh: Theo cach dwng thi ABCD la hinh binh hanh thdo méan dé bai.
— Bién luan: Bai toan c6 s6 nghiém la sé diém chung cla hai cung tron.
Bai toan 12. 28:
Cho hai dwdng tron (O4), (Oz) va mét duwong thdng d. Dwng mét dwong
thang d' // d sao cho d' cét (O4) va (O,) theo hai day cung bang nhau.
Hwéng dan giai
Gia st da dwng dwoc dwong thang d' song song véi d, cat (Oq) tai A, B va
cat (O,) tai C, D thoa man: AB = CD.Goi |, va I, lan lwot & hinh chiéu
vudng géc véi 040, trén d. Goi (O%) la anh cla (Oz) qua phép tinh tién

ol

0.

Do AB = CD = AC = BD = I4l, nén phép tinh tién dé bién C thanh A, D
thanh B, do do (O',) cét (O) tai A va B. Tlr 36 suy ra cach dung. '
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- Dung (O") 1a énh clia (O2) qua T—-. Goi A, B la cac giao diém ciia (") va
o 21

- (O4) thi dwong thing d' di qua A, B s& la dwong thing can dung.
Bai toan 12. 29: . :
Cho AB va CD Ia hai day kh6ng cat nhau cla dworng tron (O). V&i moét diém
M nam trén duwdng tron, goi E va F theo the ty 1a giao diém ctia MA va MB

v&i CD. Xac dinh diém M dé& EF ¢6 d6 dai bdng a cho trude.
, . M

Hwéng dan giai

- Tacé EF = a xac dinh.

Gia st da dwng dwoc diém M.
~ Goi A= T (A) thi MA // FA

‘nén AFB= AMB = a: khong dbi.

Do d6, F la giao diém ctia CD véi cung A : AVA

chira goc o nhin bdi doan A'B. Tir d6 w_/‘ |

suy ra cach dung. _ ,

Dwng énh cla A qua T; la A". Dwng cung chira géc o trén day A'B. Cipng

giao diém F clia CD v&i cung d6, thi M 1a.giao diém cia BF véi (O).

Bai toan 12.30: »
Cho géc nhon xOy va mét diém A ndm trong goc d6. Xac dinh diém B trén
Ox va diém C trén Oy sao cho tam giac ABC c6 chu vi nhé nhét.

Hwéng dan giai

Xét tam giac ABC c6 B va C lan ot
nam trén hai tia Ox va Oy. Goi A' va
A" 1a cac- diém dbi xirng voi diém A
lan luot qua cac duong thing Ox va

- Oy. Chu vi clia tam giac ABC la:

- AB+BC +CA=AB+BC +CA">AA" A
D&u "=" xay ra khi bén diém A', B, C,
A" thdng hang. Vay chu vi tam giac
ABC bé nhét khi lay B va C I1an Iwot 1a
giao diém cuia doan thang A'A" v&i hai
tia clia géc nhon xOy.

Vi géc xOy nhon tén tai cac giao diém B va C.

Bai toan 12. 31:
Cho phép @i xirng tam B, va dwéng thing d khéng di qua O. Hay néu
cach dyng dnh d' cta dwdng thdng d qua B,. Tim cach dwng d' ma chi st
dung compa mét Ian va thwéc thing ba lan.
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Hwéng dan giai
Dwng dwéng tron (O; R) sao cho

n6 cat d tai hai diém phan biét A, /\B J
B. Dung cac duong thang AO va A '
@

BO, chuing cét dweng tron d6 13n
lwot tai A' va B »
Dung duéng thdng d' di qua A’
va B'. Phép dwng trén day sk B'\_/ A
dung compa moét lan va thuwdc
théng ba Ian.

Bai toan 12. 32:
Cho duong tron (O; R), dwdng thang A va diém |. Tlm diém A trén (O; R) va
diém B trén A sao cho I la trung diém clia doan thing AB.

Hwéng dan giai

Gia s c6 diém A trén duong tron (O; R) va diém B trén A sao cho | I3
trung diém AB. Phép dbi xtrng tam D, bién B thanh A nén bién duwong
thang A thanh d’wong thang A' di qua A.
Mét khac A lai ndm trén (O; R) nén A
phai la giao diém cla A' va (O; R). Suy
ra cach dwng:
Dwng dwéng thdng A' 1a anh cla A
qua phép déi xirng tam ;. LAy A 1a
giao diém cta A' va (O; R), con B Ia
giao diém cla duong thdng Al va
dudng thdng A.
Sé nghiém hinh la sé giao diém ctia A' va (O; R).

Bai toan 12. 33:
Cho 5 diém Py, Py, Ps, P, Ps. Duwng mét hinh ngi gidc ABCDE sao cho
trung diém cac canh AB,BC, CD, DE va EA Ian lvot 13 Py, Py, Ps, Py, Ps.

Hwéng dan giai

Gia st» da dwng dwoc ngli giac ABCDE theo yéu cau. Lay mot diém A' tuy
Y, va goi B' la diém déi xtrng clia A' qua Py, C la diém dbi xirng ctia B' qua
P,, D' Ia diém dbi xtrng clia C' qua P3, E' 1a diém dbi xtrng ctia D' qua P, va
A" la diém déi xtring clia E' qua Ps.

Khi d6 AA'= PA'-PA=-PB'+ PB =-BB'

Twong tw BE‘:—FC', CC'= —ll' oo _-EE EE'= _AA'
- Dodé AA'=— AA"nén A a trung diém ciia A'A",
T d6 suy ra cach dwng L&y mot diém A' bét ki, rbi dwng céac diém B', C',

D', E', A" nhu trén. Cubi cung dung trung diém A cla doan thang A'A", thi A
la mot dinh cla ngll giac can tim. Céac dinh con lai dung dé dang.

=

2
=
~J
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Bai toan c6 mét nghiém hinh duy nhét. That vay néu co hai ngli giac
ABCDE va A'B'C'D'E' cling thod man diéu kién cua bai toan thi lap luan nhw
trén ta co AA' =—AA nén AA'= 0 tic IaAtrung voiA',vado do B, C, D,
E lan lwot trung voi B', C', D', E".
Bai toan 12. 34:
Cho hai dwéng thing a, b song song va mét diém G khong nam trén chang.
Xac dinh tam giac déu ABC cO A ¢ a, B e c va G la trong tam cua tam giac dé.
Hwéng dan giai '
Gia str da dung dwoc AABC thod mén \@'
cac diéu kién :
Taco: GA=GB=GCva A‘
AGB =BGC = CGA =120°, do d6 1$0 4A
trong phép quay Q tam G goc 120° %» C
bién A thanh B, bién a thanh a' nén: _
B=bna. B \ b
Tir d6 suy ra cach duwng:
Dung: a' la anh cGaaquaphépQvaB=bna' Cac dinh A, C'la danh cta B
qua phép quay tam G, géc +120°.
Bai toan ludn cé hai nghiém hinh, géc quay +120°.
Bai toan 12. 35:
Cho tam giac ABC, c6 goc A = ¢, va mot diém M nam trén canh AB. Dung
trén cac duong thang BC, CA cac diém N, P tvong Lrng sao cho MP = MN
va duwong tron diqua A, M, P tiép xuc voi MN. A
Hwéng dan g|a|
Gia st da dwng duoc hai diém:
N e BC, P e AC thoa mén cac diéu kién.
Ta co NMP =MAP = ¢, M
MP = MN nén phép quay Q tam M, goc
@ bién A thanh A', PA thanh NA'. Goi .
ANNAC=1.
Taco NIC = (PA,NA') =¢=NIC =BAC g
= IN// AB.
Tl d6 suy-ra cach dwng nhu sau:
Phép quay tam M, goc ¢ bién A thanh A'. V& AN // AB, N € BC.
Dung tia MP cit AC tai P sao cho NMP = ¢ thi N va P Ia cac diém can tim.
Bai toan c6 mét nghiém duy nhét.
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Bai toan 12. 36:

Tam giéc ABC c6BC =a, AC=b, C=¢ (p <120°. Tim diém M trong mat
phéng sao cho MA + MB + MC nhd nhét va tinh gia tri nhd nhét clia tbng do.
Hwéng dan giai

Thuwc hién phép quay:. Q(C;—60°): M+ M, A A", thi MA = M'A". Tam giac

CMM' déu, nén MM' = CM.

Do d6: MA + MB + MC = BM + MM’ + M'A' > A'B: khéng ddi
Theo dinh |i ham sé cosin trong tam
giac A'BC:

A'B? = a? + b® — 2abcos(p + 60°).
Do dai dwong gap khic BMM'A' ngén
nhat khi M va M' nam trén BA', do d6
CMA' = CAA' = 60° nén thugc dwong
tron ngoai tiép tam giac ACA'.
Vay diém M can tim la giao cia dwong thdng BA' va dwéng tron ngoai tiép
tam giac ACA'. Do dai ngan nhét cla tong la:
MA + MB + MC = a? + b? — 2ab.cos(¢ + 60°).
Bai toan 12. 37:

Dwng mét dwong tron (C) tiép xtc voi hai dwong thdng Ox, Oy cho sén va
di qua moét diém cb dinh A cho sdn & trong géc xOy.

‘ Hwéng dan giai

Phan tich, gid s& dwng dwoc dwong tron (C) di qua A va tiép xuc voi Ox,
Oy, phép vi tw tam O bién (C) thanh (C') chi thoa 2 diéu kién tiép xuc voi
Ox, Oy.

Cach dwng: ' ‘ X

Dung dwéng tron (C') tuy v tiép xtc voi Ox va Oy.Dung OA cét (C) tai
A'.Dung giao diém A cla duwdng thdng OA' voi dudng thdng qua C, song
song C'A". Budng tron tam C, ban kinh CA 1a dwong tron phai dwng.

Chirng minh: Duwdng tron tam C, ban kinh CA di qua A la anh clta dudng
tron (C') trong phép vi tw nén tiép xtc véi Ox, Oy, tam O tik = —g% .

Bién luan: Puwong thang OA cét (C) tai 2 diém A'y, A'; nén bai toan co 2
nghiém hinh.
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Bai toan 12. 38:
Cho hai dwdng tron (O) va (O') cd ban kinh khac nhau tiép xtc ngoai véi
nhau vi mét diém M trén (O). Dwng mot dwdng tron di qua M va tiép xdc
v&i ca liai dwong tron (O) va (O).

' Hwéng dan giai
Goi S la tdm vi tw ngoai clia (O) va
(0"). Goi N la anh ctia M qua phép vi
tw tam S bién (O) thanh (O) Pudng
thdng SN cét (O") tai diém th¢ hai S
M'. Goi O" la glao diém ctia OM va
o'M'.

O"M _O"M'

ON MO
Vay duong tron O" ban kinh O"M tiép xtc véi (O) tai M va tiép xuc véi (O')
tai M' la tam can dung.

Bai toan 12. 39:
Cho hinh vuéng ABCD tam | c6 cac dinh A, B, C, D quay theo chiéu dwong.

Xac dinh phép déng dang bién Al thanh CD.

Tac6 OM// O'N = vi O'N = O'M' nén O"M = O"M".

Hu’o'ng dangiai A D
' @)
Ti ddng dang la k = E_ =2
a\/—
|
Goi O la giao diém 2 cung chwa géc
3—; duwng trén day ACvaID. B C

Hop thanh clta phép quay tam O, géc quay %’-‘— vaphép vitwtam O tik =

J2 bién A thanh C, | thanh D nén chinh & phép ddng dang cn tim bién Al
thanh CD.

Bai toan 12. 40:
Cho hai dwdng tron (O) va (O') c6 ban kinh khac nhau, tiép xdc ngoai voi
nhau tai A. Mét dwéng tron (O") thay dm luén luén tlep xtc ngoai voi (O) va
(O) Ian lwot tai B va C. Chirng minh rdng dwéng thing BC luén di qua mét
diém cb dinh.

Hwéng dan giai ‘

Kéo dai BC cét (O') tai B'. Vi C la tam vj tv trong cla (O") va (O') nén hai
vecto O'B’ va O"B nguwoc hudng.
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Vi B la tdm vi ty trong cla (O) va (O") '
nén hai vecto O"B va 65- nguoc
huwéong. Do d6 hai vecto OB va O'B'
cung huwdéng.

Vay dwéng thdng BB', cling chinh Ia
dwong thang BC, ludn ludn di qua diém
cb dinh la tam vi tw ngoai l ciia (O) va
(©).
Bai toan 12. 41:
Cho tam giac ABC can dinh A, A, la trung diém BC. |
a) Chitrng minh t8n tai duy nhét cdp diém B, C; thoa cac diéu kién: B,
thudc doan AC, C, thudc doan AB va BC, + A{By = BA; + B4C4.
b) Chtrng minh khi dé ban kinh dwéng tron ndi tiép tam giac ABC bang hai
l&n ban kinh dwéng tron ndi tiép tam giac A1BCy.
Hwéng dan giai

A A
M |H
Cl B[ C[ Bl
d
C
B
A, B N A, C

a) batBC=2, ABi=AC; =y, IC4=IB;=x,AB=AC=b (b>1)
= BCs = b(1 - x), ACq = bx. Ta cé:
y2=1+b? (1 =x)?=2b(1 = x)cosC = 1 + b*(1-x)* - 2(1-x)
May=BCi=1+2x=y?>=[(1+2x-b(1-x)]
Do do: [1 +2x —b(1 = x)]? =1+ b%(1 = x)* = 2(1 = x)
=2(1+b)X*—(b-1)x—-(b-1)=0(0<x<1)
Pat f(x) = 2(1 + b)x* — (b — 1)x — (b — 1). Ta ¢c6: f(0) < 0 < (1) va f(x) la tam
thirc bac hai nén tén tai duy nhat x e (0; 1) dé f(x) =0

b) Tl cau a) tr]i to giéo BC:B1A; ngoai tiép duwoc dwong tron (lo, o). Ta goi M,
N la céac tiéjp diém cda duwong tron (lo, ro) véi B1C4 va BA,. Do d6: BBy,
C+A4, MN d6ng quy tai S.
Goi (l4, r1) 1a dwedng tron noi tiép tam giac ABC.
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Xét cac phép vi tw Vg ) bién dwong tron (lo, ro) thanh dweng tron (1, r), ky =

r 1 . BA, BC, 2BH \
—_—=— Ta cob: = = va quaV bién (l4, ry) thanh (lg, ro),
BN BN BM  BM q (B, k2) (l4 j) (lo, To)
, BM
ko= 2=—1_Twdoér=2r.
r, BH

Baitoan 12.42: :

Cho tam giac ABC. Tim mét diém M trén canh AB va moét diém N trén canh
AC sao cho MN song song v&i BC va AM = CN. A

Hu’o’ng dan giai
Gid st da dwng duwoc hai diédm M, N .
thod man diéu kién dau bai. Pudng
thdng qua M va song song v&i AC cét
BC tai D thi t&r giac MNCD Ia hinh binh
hanh. Do d6 CN = DM nén tam giac
AMD can tai M. ‘ ,
Ta c6 MAD = MDA = DAC nén AD B D C

~ la phan giac trong cla goéc A va NM = CD nén M Ia &nh cda N qua phép -

tinh tién theo vecto DC.
T d6 suy ra cach dwng Dwng duong phan glac trong clia géc A cat BC tal
D. Dyng dwong thdng d 1a anh cla dwong thdng AC qua phép tinh tién
theo vecto CD, d c&t AB tai M. Dwng N sao cho NM = CD, thi M, N 1a hai
diém can dwng. : .

Bai toan 12. 43: _
Trén ba dwéng tron c6 cung tam O va cé ban kinh R, 2R, 3R, lan lvot lay
ba diém A, B, C sao cho tam giac ABC vuéng can tai B va diém O thudc
mién trong tam giac nay. Tinh dién tich tam giac ABC theo R. ’

Hwéng dan giai
. ‘ o’
Phép quay tam B géc —g- bién C
thanh A sé bién diém O thanh O'
. |AO'=0C =3R
Tacéd
BO'=BO =2R,0BO'=90°
“=> AOBO' vuéng cén

= 00'=0B+2 =2R2 A '
Tl d6: 00 + OA? = 8R? + R? = 9R? = O'A? = 0'OA = 90°
Ma: BOO' = 45° nén BOA = 135°
Pinh ly ham sé cosin trong tam giac BOA cho:
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AB? = OA? + OB? — 20A.0BcosBOA = (5 + 2/2)R?
AABC vuéng can = S(ABC) = AB2 St 22*/5 R2
Bai toan 12. 44:
Cho tam giac déu ABC canh a, M la dlem tuy y.
a) Chirng minh rang: Tir 3 doan thdng MA, M'B, MC ta ludn luén dwng duoc
mét tam giac (T) nao d6.Tam giac (T) suy bien thanh doan thang khi va chi
khi M ndm trén dwéng tron ngoai tiép tam giac ABC.
b) Tim tap hop cta diém M sao cho (T) la tam giac vuong.
A Hwéng dan giai
A

7
M

M

a) Xét phép quay ](A; 60%): AB > AC va AM — AM'
Tam giac AMM' déu nén: AM = AM'
AABM = AACM' nén BM = CM'
Vay tam giac ‘MCM' c6 3 canh: MM' = MA, M'C = MB va MC. Bé chinh 1a
- tam giac (T) can dung." '
Néu (T) suy bién thanh doan thang: (M, C, M' thdng hang)
Vi tam giac AMM' déu nén: AMM' = 60° = AMC = ABC=60°
Vay: M thudc dudng tron ngoai tiép tam giac ABC, ddo lai dung phép quay
(A, 60°%. Ta co: ACM+ABM= 180°.
AABM = AACM' = ACM' = ABM = ACM+ ACM"'= 180°
Vay (T) suy bién thanh doan théng
b) Trwéc hét, ta tim tap hop céac diém M sao cho:
MAZ = MB? + MC?
Duwng | dbi xtrng v&i A qua BC. Goi E = Al n BC. Ta co:

BC?, AR
2

MB? + MC? = 2ME? + - MAZ + MI? = 2ME? +

Suy ra: MA? + MI? - MB? - MC? = a°
Do d6: AMCM' vudng taiC < MM*? = M02 + M'C?
< MA? = MB? + MC?*e MI? = a2 < Ml =
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Vay: Tap hop cac diém M 1a duong tron tam | ban kinh R = a triv hai diém
B, C. '
Goi J la diém dbi xirng véi B qua AC va K la diém ddi xirng véi C qua AB.
Twr d6 suy ra tap hop ctia M la 3 dwong tron (I; a), (J; a), (K; a) trir 3 dinh
clia tam giac ABC.

Bai toan 12. 45:
Goi F la phép bién hinh co tinh chét sau day: V&i moi cap diém M,-N va dnh
M', N' clia chiing, ta luén c6 M'N' = kMN, trong d6 k Ia mét sé khéng déi
khac 0. Hay chirng minh réng F Ia phép tinh tién hodc phép vi tw.

Hwéng dan giai A

Lady mot diém A cb dinh va dat A' =
F(A). Theo gia thiét, voi didm M bAt ki A
va anh M'= F(M), ta cé:

A'M' = kAM
Néuk =1, thi A'M' = AM
nén MM' = AA": xac dinh. o M M

Vay F 1a phép tinh tién theo vecto AA .

Néu k = 1 thi c6 diém O sao cho OA'=kOA .
Taco OM'= OA'+ A'M' =kOA +kAM = kOM
Vay F |a phép vi tw tam O, ti sé k.

3. BAI LUYEN TAP
Bai tdp 12.1: Chirng minh cac phép tinh tién, dbi xirng tam, ddi xirng truc va
phép quay déu la cac phép d&i hinh.
; Hwéng dan
Dung dinh nghta cta cac phép tinh tién, déi xtrng tam, déi xirng truc , phép
quay va dinh nghta clia phép d&i hinh.
Bai tap 12.2: Ching minh réng hop thanh cla phép ddi xtieng truc B, va phép

tinh tién T theo vecto v vudng géc véi a la phép déi xing truc.

Hwéng dan
Dung dinh nghia. Két qua truc déi xirng d’ 1 dnh clia d qua phép tinh tién
13,
2

Bai tap 12.3: Cho tam giac ABC c¢6 dinh. V& hinh thoi BCDE ma E, D, A cling
phia déi voi duong thdng BC. Ha DD; L AB, va EE, L AC. Cac dwong
thang DD, va EE, cat nhau tai M. Tim tap hop M.

Hwéng dan
Két qua dwdng tron (H; BC) véi H 1a triee tam tam giac ABC.
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Bai tdp 12.4: Cho t& giac 16i ABCD c6 AB=a, BC=b, CD=c, DA =d. Chirng
ac + bd

minh t& giac cé dién tich S <

Hwéng dan
Duing phép ddi xtrng truc la dwong trung truc A cia dwdng chéo BD

Bai tap 12.5: Cho dwong thang d di qua hai diém phan biét P, Q va hai diém
A, B ndm vé mot phia dbi voi d. Hay xac dinh trén d hai diém M, N sao cho
MN = PQ va AM + BN bé nhét.

Hwéng dan
LAy A; déi xtrng A' qua d thi:A'N + BN = A;N + BN >A,B

Bai tdp 12.6: Chirng minh rang néu mot hinh n&o d6 c6 hai truc déi xing

vudng goc v&i nhau thi hinh dé cé tam doi xirng.
Hwéng dan
Két qua tam déi xtrng Ia giao diém ciia hai truc déi xing vudng goéc

Bai tap 1 _2.7: Cho tam giac ABQ ndi tiép trong dwéng tron (O) va fnét Qiém M
thay doi trén (O). Goi th !é,d’iém doi xteng v&i M qua A, M; la diém df“)i xwng
v&i My qua B, M; la diém doi xteng véi M, qua C. Tim tap hop cac diém M.

Hwéng dan
Phép bién hinh F bién diém M thanh Ms la mét phép ddi xieng tam.

Bai tap 12.8: Cho tam giac ABC. L4y trén AB mét diém lwu dong M va trén AC
mot diém N sao cho BM = CN. Chtrng minh trung trwc cla MN qua 1 diém
cb dinh va dwdng tron (AMN) qua 2 diém cé dinh.

Hwéng dan
Dung phép quay bao toan géc.

Bai tap 12 9: Goi MA, MB, MC la 3 day cung clia dwong tron tam O. Chirng
minh rang céc giao diém khac véi M cla 3 dwong tron dwdng kinh MA, MB
va MC lay tirng d6i mét 1a 3 diém thdng hang.

Hwéng dan
Dung phép vi tw tdm M.

Bai tap 12.10: Cho tam giac nhon ABC, hay dwng hinh vuéng MNPQ sao cho
hai dinh P, Q nam trén canh BC va hai dinh M, N 1an lwot n3m trén hai canh
AB va AC.

Hwéng dan
Dung hinh vuéng BCM'N' ra phia ngoai , AM’ cét BC tai M rdi diing phép vi
tw tam A ti k= ﬂﬂ-—

Bai tap 12.11: Cho dudng tron v(O; R) va day cung BC cé dinh. M6t diém A
chuyén déng trén cung BXC cla dwong tron d6. Goi H 1a triee tdm cla tam
_giac ABC. Tim tap ho’p hinh chiéu vuéng géc M cla H trén ducmg phan
giac trong clia géc BAC.
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- Hwéng dan

Dung phép vi tw tdm A.

Bai tap 12.12: Cho hai duong tron c¢b dinh (O; R) va (O; R) VoI
R = R'. Hai diém M va M' 1an lwot lvu déng trén hai duwong tron (O) va (O')
sao cho (OTV], CW) = 60°. Xac dinh phép ddng dang bién M thanh M'.

. Hwéng dan
 Goi | la giao diém cta duwéng tron dwong kinh AB véi cung chira géc 60°
dwng trén day OO'. Hop thanh ctia phép quay tam |, géc 60° va phép vi tw

tam |, tik = % la phép déng dang can tim.
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cnuyén aé 1z:  TOR DO PHANG

. KIEN THUC TRONG TAM
Tich vé hwéng va géc, khoang cach

Tich vé hwéng cla hai vecto a = (ay; ap) va b = (by; bo):

a . E = a.b;y + azb,

~—  ab ab, +a,b
Géc gitra hai vecto : cos(a,b) = ,f’b_, = 1017 820,
' Ia[ {b' \/af +a‘§.\/b12 +b§

Khoang cach AB = 1 AB 1 = \/(XB =X, )2 +(Yg —Ya )2

Khodng cach t&r Mo(Xo; Yo) @én dwong thang A :ax+by+c=0:
|axo + by0 + c]

Va? +b?
Vi tri cGa 2 diém M, N ddi véi dwong thdng A:ax + by +¢c=0:
M, N cung phia < (axy + bym + c)(axy + byy +¢) >0
M, N khac phia < (axy + byy + c)(@xy + byy +¢) <0
Dién tich tam giac ABC co AB = (X1, Y1), AC = (X2, Y2):

d(Mo; A) =

1
S= E;X1Y2“X2y1|

Phwong trinh dwéng thang

Phwong trinh tdng quat qua Mo(xo; Yo) va c6 VTPT n =(A;B):
Ax+By+C=0,A?+B?=0hay A(X-Xo) +B(y -Yyo) =0

Phuwong trinh tham sb qua Mo(xo; Yo) va cd VTCP u =(a;b):
X=X, +at
0 (a2 + bZ " 0)
y =y, +bt
Phuwong trinh chinh tac qua Mg(xg; Yo) va c6 VTCP u =(a;b):

X=X, _Y-Yo
a

voia, b= 0

Phwong trinh doan chan: 2(—+%;-=1 voia, b= 0
a

Phuwong trinh hai phan giac cla cac goc tao bdi 2 dudng thang cét nhau
aix+tbiy+ci=0ax+by+c,=01a:
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ax+by+c, L apX b,y +c,

Jal + b2 Ja2 +1b2
~ Phuong trinh chum dwdng théng di qua diém cla 2 dwdng thang cat nhau

(D): Ax+By + C=0va (D): A’x+B'y+C'-0'

m(Ax+By+C)+n(A’x+By+C) 0, m?+n?x0.
Phwong phap toa do

- Chon hé truc toa d6 Oxy thich hop dé tinh toan, tim chon va chirng minh.
V&i 3 diém A, B, C bat ki thi co: |AB-AC| <BC.
V&i 3 diém A, B, C bét ki thi co: BC < AB + BC. Dau bang xay ra khi va chi
khi 3 diém A, B, C théng hang theo thir tw do.
Véi cac diém A, B, C,....Y, Z bat ki thi co:
AZ<AB+BC+...+YZ

DAu bang xay ra khi va chi khi cac diém A, B, C,.....Y, Z thdng hang theo
thae tw d6.
V6i diém A, B bat ki ndm vé hai phla clia dwcyng thang d. Biém M thuéc d
thi MA + MB > AB, ddu bang khi M 13 giao diém clia doan thdng AB voi
dwong thang d. :
Vé&i diém A, B batki ndm vé moét phia clia dwong thdng d. Diém M thude d
thi JMA — MB| < AB, d&u béng khi M 1a giao diém néu c6 ctia dweng thing
AB véi dudng théng d.

=0

V6i 2 vecto U, v bét ki thi-co lu.vl<lul.lv].
D4u bang xay ra khn’\/a chi khi 2 vecto ﬂ v cung hwéng.

Vi 2 vecto U, v,\,__patklthlcol u-vls<lul+]vl.

iva chikhi 2 vecto u, v nguoc huéng.
u_ batkithi co

DAu béng xay ra

- V6i nvecto u,,uy

- Iu1'w’g;_-u2 +oetu | <lud+lu T+ lu |
Déau bang xay ra khi:va chi khi ca n vecto cling huwéng.

2. CAC BAI TOAN
Bai toan 13. 1: _
Cho diém M(1; 2). Hay 1ap phwong trinh ctia dwéng thdng di qua M va chén
trén hai truc toa @6 hai doan c6 do dai bang nhau.
Hwéng dan giai
Xétd quagbc Othid:y=kx=>y=2x.
Xét d khéng qua géc O thia, b0
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y
da X Yoq. | 4
a b
Theo gié thiét thi |a| = |b| N
Néu b = a thid: X+y=a. 2 Lo ddM

Vidqua M(1;2)néna=3dodéd: x+y=3
Néub =-athid: x- y=a .
VidquaM(1;2)néna=-1,dodo x -y =—1 0 1 A
Vay c6 3 dweng thang:

2x—-y=0,x+y—-3=0,x-y+1=0.

Bai toan 13. 2:
Lap phurong trinh dwéng thang A di qua A(2; 3) va cét tia Ox, Oy tai 2 diém
M, N khac diém O sao cho OM + ON nhé nhét.
Hwéng dan giai

v

Goi M(m; 0), N(0; n) v&i m, n > 0. Phwong trinh A: %Jr Y_q.
n

AeA= —?~+§=1:>n= sm

m n m -

Ap dung bét déng thirc AM-GM, ta co:
3m
m-2

> (m=2).Don>0nénm>2.

OM+ON=m+n=m+

=m-2+ +5=26+5

+522,/(m=-2).
m-2 m-2

Déu "=" x3y ra khi va chikhim - 2 = _6_
m-2

Chonm=2+\/g(dom>0).Suyran=3+ \/5
Vay OM + ON nhé nhét béing 2+/6 +5 khi m = 2++/6 n=3 +6.

Khi @5 phwong trinh cla A la:

X . y
2+\/g 3+\/5
Bautoan13 3:

Cho hai d’wong thdng di: x+y—-1=0vad, x— 3y + 3 = 0. Hay lap phwong trinh
clia duwdng thang d; ddi xtrng véi dq qua ds.

Hwéng dan giai
Giao diém M(x; y) clGa d; va d, cb toa dd I3
nghiém cuia hé phwong trinh:

X+y-1=0 x=0
<
X-3y+3=0 y=1

Vay M(0; 1).
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L&y A(1; 0) thudc dq, phuong trinh dwdng thang AH vuéng géc véi da:
3x—-N+1y-0=0=3x+y-3=0
Toa dd chia H la nghiém cutia hé phwong trinh:

3
X ==
ax+y-3-0_ [*75 (3.6)_p(112)
Xx-3y+3=0 6 5

Phwong trinh dwong thang MB hay dwdng théng ds 1:
(x—O)(jEz—- 1) —(y - 1)(% -0)=0=>7x-y+1=0.

Bai toan 13. 4: .
Cho hai diém A(1; 1) va B(3; 6). Viét phuong trinh dudng thdng di qua A va
cach B mét khodng bang 2. ‘
, Hwéng dan giai
Pudng thang A di qua A(1; 1) ¢é phwong trinh:
a(x—1)+b(y—1)=0hayax+by—a—-b=0(a’+b’=0)

[3a+6b-a-b) s s s
Tacod(B; A) =2 '——uux1 =2 < (2a+5b)° = 4(a” +b°)
va? +b?
< b(21b+20a) =0 < b=0
21b+20a=0

V&i b =0, chon a = 1, ta duwgc dwéng thang Aq:x—1=10
V@i 21B + 20a = 0, chon a= 21, b = -20 ta dwgc dudng théng Ao
21x—-20y-1=0,
Bai toan 13. 5: A
Viét phwong trinh phan giac d cta géc nhon tao béi 2 dudng thdng dq: x —
2y-5=0,d;2x-y+2=0. ' :
' Hwéng dan giai

X-2y-5=0 x=-3
e
2x-y+2=0 y=-4
Do d6 (-3; —4). L4y A(5; 0) e d, B(~1; 0) € d; '
Taco: IA.IB = 8.2 + 4.4 = 32> 0 nén goc AIB nhon
M(x; y) thudc phan giac d cla géc nhon tao bdi dq va dz
cos(lT\,,Wl) = cos(@,ﬁ\ﬁ)
8(x+3)+4(y+4) 2(x+3)+4(y+4)
<> =
45 2\/5

ox-y-1 =0.Vayd: x—-y-1=0.

Toa d9 diém |'la nghiém cla hé:
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Chu y: Néu géc AIB tu thi M e d khi: cos(lB IM) = —cos(IA IM)

Bai toan 13. 6: -
Cho diém P(30) va hai dwong thang: (d:): 2x -y -2 =0, (d2): x +y + 3 =0.
Lap phuong trinh dwong thdng qua P va cét (d), (d2) lan lwot & A va B
trong méi trworng hop:

a) PA =PB
b) Tam giac IAB can tai giao diém | cla (d,) va (dz)
Hwéng dén giai
a) Goi A(a, 2a-2) thudc (dq): y = 2x - 2,
B(b, —-b-3) thuéc (d;): y =—x -3
Ta c6 P(3;0) trung diém AB nén
a+b_. . 2a-2-b-3 11 7

=3va ———=0suyraa= — vab= —
2 3 3.

Do d6: A(g %J nén (d) 1A AP: 8x—y — 24 = 0

b) Tam giac IAB can tai | nén d Ian lwot song song vai 2 phan giac cla géc tao
béi d4, do. Goi M(x,y) thudc phan giac:

d(M: dy) = d(M:dy) < 12x-y-21_Ix+y+3l

J5 J2
e @V2 - B)x- (V2 + By -22 -35 =0
Hogic 242 + V5)x - (V2 = VB)y-2+42 +3+5 =0

p ds
B A
RN
\d2

Tlr 6 ta tim dwoc 2 duong
théng thoa dé bai la:
22 - VB)x— (V2 + JB)y-302+2 - 5)=0
@V2 + JB)x—(\2 - By 322 + J5)=0. -
Bai toan 13. 7:

Trong mat phang Oxy, biét A(1; —1) va B(3; 0) Ia hai dinh cla hinh vuéng
ABCD. Tim toa do cac dinh C va D.

Hu’o’ng dan giai
Goi C(x; y). Khidé AB = (2; 1), BC = (x— 3; y).
Diéu kién ABCD la hinh vuéng ta co:
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\{A—BLB_é {2(x 3)1y=0 {y=2(3-><)

"|AB=BC (x-32 +y?=5 (x-3)% =
o Y=AB-x) Ix=4y=-2
(x-3)% =1 X=2,y=2

Véi C4(4; -2) ta tinh dwgce dinh D4(2; -3)

Véi Cy(2; 2) ta tinh dwgc dinh D,(0; 1).
Bai toan 13. 8:

Trong mét phdng Oxy, cho ba diém A(10; 5), B(15; -5), D(-20; 0) la ba dinh

ctia mét hinh thang can ABCD. Tim toa d6 diém C, biét rang AB song song

CD. .

Hwéng dan giai

Diém M(x,y) thudc trung triec d cla AB khi:
MA = MB

d
& (x=10)% + (y - 5)* = (x = 15)* + (y + 5)° A B
< 2x -4y -25=0 néncé VTPT n = (1; -2) -
Goi C(xo, o) thi DC = (x0+20 ; yo) ciing
phwong n nén:
20
27 Yo = Yo = -2Xo - 40
1 -2 5 ' o
Trung diém | cGia CD c6 toa do:

« = XC;—XD =xogzo,y: YCZYD = x, - 20

Vil e (d) nén x, —20 + 4(x, +20)-25=0

= Xo=-7 =Yy =-26. Vay C(-7 ; -26).
Bai toan 13. 9:
Cho tam giac ABC trong mat phéng Oxy, cho biét dinh 0(4;3), duwdng phan
giac trong va dudng trung tuyén ké tlr A c6 phwong trinh lan lwot la:
Xx+2y-5=0vad4x+13y-10= 0.

Tim A vaB.
Hwéng dan giai

AD:x+2y-5=0 AM: 4x+ 13y -10=0

= A(9,-2).

X-4 _y-3

Nén AC: —— <:>x+y—7 0

Goi E(x,y) 1a diém déi xtrng clia C
qua dwdng phan giac AD thi: A E B
AD L CEval € AD nén x, y théda man:

322



Ctyy TNHH MTV DWWH Khang Viét

2(x—4) +(y—-3)=0vaX s

+(y+3)-5=0=E(2;-1)

Dodo AB: X=2_Y*1  yi7y+5=0

Goi B(x,y) thi trung diém M (X ; 4 MJ

2
B € AB, M € AM nén x, y thda mén: -
X+7y+5=0va 4[X;4}1{%j-10=038(—12; 1).

Bai toan 13. 10:
Cho E(3,3), F(0,2). Tim M trén d: x +y —4 =0 nhin EF dwé&i géc 45° hay 135°.
Hwéng dan giai
Goi M(x,y) thuécd: x+y-4=0=y=4-x
nén ME =B -x;x-1), MF =(-X; X~ 2)

V2

Theo d& bai: | cos(ME,MF )| = -

B-x)x)+(x-Yx-2) 2

JB-XP + (x—12fx? (x -2 2
Binh phwong va rat gon ta co:

X' -6x3+7x*+6x-8=0

X-1)(xX+1)(x-2)(x-4)=0
x=1hay x=-1hay x=2 hayx =4
Vay co 4 diém M(1;3), (-1;5), (2;2) va (4;0)

Bai toan 13. 11: o
Trong mat phéng Oxy, cho 3 dwong thang dy: x +y + 3 =0, dat X = y—-4=0,
da:x—2y =0. '!'im M thudc ds sao cho khodng cach tir M dén d bang 2 lan
khoang cach dén d..

Hwéng dan giai

Ta c6: M(2y; y) thuéc d3: x — 2y = 0.
Theo gia thiét: d(M, dr) = 2 . d(M, dp) < j3v -4 2 -4
. , Uq) — . , U2 e
Z

o [3y+3|=2]y-4] o y=1hoscy=-11.

Vay: M(2; 1) hay M(-22; —11).
Bai toan 13. 12:

Trong mat phang toa dé Oxy cho tam giac ABC vudng céan tai A. Tim 3 dinh

biét trong tam G (%; 0) va trung diém cla canh BC 1a M(1; -1).
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; Hwéng dén giai
‘G la trong tam tam giac ABC nén
2/3-x, =2(1-1/8) [x, =0
=
0-y,=2(-1-0) Y, =2

Phwong trinh BC qua M ¢6 VTPT n=AM = (1;,-3)
1x-1)-3(y+1)=0<=x-3y-4=0
Tacé: MB = MC = MA nén (x— 1)+ (y + 1)*=10
Do d6: B, C la nghiém cla hé:
{x—3y—4=0 @{x=3y+4
(x-1?+(y+12=10 |y®+2y=0 |
Huwéng dan gidira:y =0, x=4hayy=-2,x=-2
Vay: A(0;2), B(4;0), C(-2;-2) hay A(0;2), B(-2;-2), C(4 O)
Bai toan 13. 13:
Trong mat phang Oxy, cho A(2 2) va cac dwong thdng di: x +y -2 =0,

ds: x +ty-— 8 = 0. Tim cac diém B thudc d,, C thudc d, sao cho tam giac
ABC vuéng can tai A. ~

Ké:zé—l\ﬁ@{

Hwéng dén giai
Goi B(b; 2-b) thudc d,, C(c; 8—c) thudc d.
Tam giac ABC vudng can tai A: ~
Xé.ﬁ:ﬂ@ bc-4b-c+2=0 - (b-1c-4)=2
AB=AC b?-2b=c?-8c+18 |(b-1°-(c-4)*=3

b-1=-2 b-1=2 b=-1 b=3
& ; hay & hay
c-4=-1 c-4=1 c=3 c=5

Vay B(;1; 3), C(3; 5) hodc B(3; —1), C(5; 3).
Bai toan 13. 14:
Trong mét phang toa do Oxy, cho hai dwong thang Ax—-y—-4=0va
d:2x-y-2=0. Tim toa d6 diém N thudc duong thang d sao cho dwdng
thang ON cét duwong thang A tai diém M thda OM.ON = 8.
Hwéng dan giai .
PidmN e d=N(n;2n-2) = ON = (n; 2n-2)
Diém M e A= M (m;m—4) = OM = (m; m — 4)
Vi 2 dwérng thang d va A ndm cting phia déi voi diém O nen
OM.ON =8 <> OMON =8 <> m = 5n

Ta c6 OM cung phuong véi ON @ mn+4n=2m=0.

Suyra 5n°-6n=0<n=0 hoéé n=
V6in =0 thi m =0, ta c6 diém M (0; —4); N (0; —2)
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an-gtmm 6 tacodlemM(G 2): N[g 2]

Bai toan 13. 15:
Trong mét phing Oxy, cho hinh vudng ABCD. Goi M la trung diém clia canh

BC. N Ia diém trén canh CD sao cho CN = 2ND. Gia st M[lzl;%j va duong

thing AN c6 phuong trinh 2x —y — 3 = 0. Tim toa d6 diém A.
Hwéng dan giai

. A
Taco:AN= a\/1‘6 ] ‘ B
AM = _£ MN= = ’
6 . M
_ AMZ + AN? —MIN? 1 .

COsA = = — . o

2AM.AN J2 : ‘b c
= MAN = 45° N
Phuong trinh dwong thdng AM : ax + by —ga —-;-b= 0

_— |2a-b| 1
cosMAN = =

J5(@2 +b?) 2
& 2(2a-b)? =5(a? +b?) < 3b?—8ab—3b*=0
Détt=%thicé 3R_Bt-3=0 o t=3hayt=—%

2x-y-3=0
3x+y-17=0
2x-y-3=0
Xx-3y-4=0

V&i t = 3 thi toa dé A la nghiém cla hé : { =A(4;5)

Vi t = ~% thi toa d6 A Ia nghiém ciia hé:{ = A(1:=1)

Cach khac:
A thuéc AN: 2x —y —3 =0 nén A(a; 2a - 3),

35

Ta cé d(M,AN) =
\/’_3\/‘

sa=1 haya=4:>A(1,—1)hayA(4;5).

Do d6 MA = MH, a-e . pa-Tp-22
5 > T2
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Bai toan 13. 16:
Trong mat phang Oxy, cho hinh chi¥ nhat ABCD. Céac dwo’ng thang AC va

AD lan lwot cé phwong trinh Ia x+3y=0vax-—y+4=0; dwdng thdng BD

di qua diém M (—é— ; 1). Tim toa d§ cac dinh cla hinh chi¥ nhat ABCD.

Hwéng dén giai

AC cat AD tai A(-3; 1)
V& MN // AD (N € AC) £l « |
=>MN:3x-3y+4=0

Nén N(;1;l ). M | c

Trung tryc clia AD ciing la trung tryc clia MN :x +y = 0
= trung diém AD 1a E (-2; 2) nén D (-1; 3).
Giao diém ctia AC va EK : | (0; 0)
[ 1a trung diém BD = B (1,-3) nén C (3; -1).
Vay A(=3; 1), B (1, -3); C (3; -1) va D (-1, 3).
Cach khac:dung |cos(BD,AD)| = |cos(AC,BD)|.
Bai toan 13. 17: :
Trong mat phang Oxy, cho tam giac ABC can tai A(6;6); dudng thang di qua
trung diém ctia AB, AC ¢6 phuong trinh x+y—4=0. Tim toa d6 dinhBva C
biét diém E(1 —3) thuéc duwdng cao qua C clia tam giac ABC.
Hu’o'ng dan giai '

A
GoiH Ia trung diém cGa BC va D I3 trung diém
clia AH thi D(x ;y) la nghiém ctia hé : D
X+Yy-— 4_0© x-2. | E
X-y=0 y=2 ‘
Do d6 D(2 ;2) nén trung diém cta BC 13 B H C

H(-2;-2).
Phwong trinh BC qua‘H va song song véid 1a : x ty+4=0,
Diém B thudc BC nén B(t ;-4-t) va C déi xtrng B qua H nén C(-4-t ;t).
Diém E thudc du’crng cao qua C nén
ABCE=0 & (t-6)(5+t)+(-10-1)(-3-1)=0
<2t +12t=0 < t=0hodct=-6
Vay B(0;-4), C(-4;0) hodc B(-6;2), C(2;-6).
~ Baitoan 13. 18:

Trong mé&t phang Oxy, hay xac dinh toa dé dinh C clia tam giac ABC biét
hinh chiéu cta C Ién duwong thang AB la H(-1;-1), dwdng phan giac trong
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cia géc A cé phuwong trinh x — y + 2=0 va dudng cao ké tir B ¢6 phuong
trinh 4x + 3y — 1 =0. A

Hwéng dan giai
Goi H'(a, b) 1a diém ddi xtrng ctia H qua
phan giac AD thi HH' L AD va trung

diém ciia HH' 13 l(ff‘—é-l %] thuéc AD:

)l

=8 . i o4
__1~_t)_:1+2=0 b 1 nén H'(-3; 1)
2 2
Puong thdng AC qua H', vuéng goc voi dwdng cao BK nén co phwong
trinh: 3(x + 3) —4(y - 1) =0 < 3x -4y + 13 =0.
BinhA=AD N ACIa A(5; 7).
Puong thdng CH: 6(x + 1) + 8(y + 1) =0 < 3x + 4y + 7 = 0.
C la giao diém ctia AC va AH nén toa d6 C la nghiém hé :
10

3 . Vay C(—LO —31)
3

fa+1)+1b+1)=0 {a_ B B C

X=—

3x-4y+13=0 4

{3X +4y+7=0
, 4
Bai toan 13. 19:
Trong mat phang Oxy, cho 2 dwong thdng: di: x —y =0, dy; 2x+y—1=0.
Tim cac dinh hinh vuéng ABCD biét A thudc d,, C thudc d, va B, D thudc
truc hoanh.
Hwéng dan giai
Goi A(a, a) thudc d4. Vi ABCD la hinh vuéng va B, D thudc truc hoanh nén
C(a; —a).
Ma Cthuécd, nén2a+a-1=0==>a=1.
Do dé A(1; 1) va C(1; -1).
Tam hinh vuéng la trung diém | cGa AC nén I(1; 0)
Goi B(b; 0), D(d; 0): IB=ID =1
nén |b—1| =1, |d=1| = 1 Hwéng din gidira b, d bang 0 hodc 2
Vay hai dinh B, D cé toa d6 (0; 0) va (2; 0).
Bai toan 13. 20:
Tim toa d9 tam va tinh ban kinh dudng tron ndi tiép tam giac ABC biét:
A(2; —14), B(-2; 14), C(-5; =7). .
Hwéng dan giai
Phuong trinh AB: 7x +y =0, BC: 7x~y + 28 = 0,
AC:x+y+12=0.
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Hai dwdng phan giac cia goéc A la:
X+ y X+ y +12

Chon phan giac trong clia goc A voi B va C nam v& hai phia ctia dwéng

thdng nén phan giac trong AK: 2x +y + 10 = 0.

Hai dwdng phan giac cia-géc B la:

=0 hay2x+y+10=0vax-2y-30=0.

7x+y 7X-y+28

NN

Chon phan giac trong clia géc B véi A va C ndm vé hai phia cta dwong
thdng nén phan giac trong BL: x + 2 = 0.

Tam | clia dwdng tron ndi tiép tam giac ABC la giao diém cla hal duong
phén giac trong AK va BL nén | (-2; -6).

=0 hayx+2=0vay—-14=0

@

- [-14-9
Ban k| r= == .
én kinh : r= d(, AB) = L 2\2
Bai toan 13. 21: '
Cho hai duwdng thang cat nhau d: 2x y+1=0vad" 3x + y-1=0, chung
tao thanh 4 géc trong d6 c6 mot géc chira diém I(1; 5). Tim diéu klen can va
du dé diém M(x; y) ndm trong géc co chira diém 1. -
Hwéng dan giai
Patf(xy)=2x-y+1Tvag(xy)=3x+y-1.
Diém M(x, y) nam trong géc c6 chira Qiém I(1; 5) khi va chi khi M va | nam-
cling phia d6i véi d, dong thoi M va | nam cung phia doi véi d', tire la:
{f(1;5).f(x;y) >0 {2x —y+1<0
a(%5).9(x;y) >0 3x+y-1>0
Bai toan 13. 22: |

N X=X, +at X=X, +ct'
Cho hai dwong thang d, : { va 2"{ 2

y =y, +bt ly=y, +dt"
Tim diéu kién cla a, b, ¢, d & hai dudng thang d va da:
a) C4t nhau b) Song song
- ¢) Trung nhau . ~d) Vudng goc v6i nhau.

Hwéng dan giai
dq di qua M(x4; y4) va co vecto chi phwong u (a; b), d, di qué Ma(x2; Vo) €O
vecto chi phwong v (c; d)
a)d; citd, _J vav khong cung phuwong <»> ad —bc # 0
b)d; //dy, < u, v clng phrong va My(x; y1)¢ ds
< ad—be =0 vad(X; —x2) # ¢y —VYa)
328



Cty TNHH MTV DVVH Hhang Viét

c)di=d, & u va v cling phuong va My(x:; y1) € do
& ad —bc =0 va d(X; — X2) = c(y1 — Y2)
d)d;Ld, & U LV <ac+bd=0.
Bai toan 13. 23:
Bién luan theo tham s m vi tri twong déi ctia hai duwéng thang:
mx+y+2=0vax+my+m+1=0.
Hwéng dan giai
= mx+y=-2
Xét he mx+y+2=0 - y
X+my+m-1=0 X+my=-m+]1
Ta lap cac dinh thac

M N oo = m- ) m + 1)
1 mj.

DX—1 "2

~m -m+t
' m -2 2
D, = =—m° +m+2= —(m-1)(m-2)
Y 11 -m-1

Vay: '

Néum = 1, m = —1 thi D = 0: hai dwong thang cét nhau
Néu m = 1 thi D = 0, Dy = 0: hai dwdng thing song song
Néu m = —1 thi D = Dy = Dy = 0: hai dwdng thang triing nhau
Bai toan 13. 24:
Chirng minr) cac ho duong thing: y = (2m + 1)x — m? luén luén tiép xtc véi
1 parabol ¢6 dinh.
Hwéng dan giai
Ta tim cac diém ho khéng di qua:
y=@m+x-m’ e m’-2xm+y-x=0
AN=x2-y+x<0oy>x2+x
Xét(P):  y=x?+ x thi phwong trinh hoanh dé giao diém:
XHx=2m+ NDx-m? < x*-2mx+m?=0
A=m?’-m?=0, Vm
Vi phwong trinh ludn ludn cé nghiém kép nén ho dwéng théng tiép xic voi
parabol: y = x* + x ¢b dinh. '
Bai toan 13. 25: _
Chrng minh réng khi m thay déi cac dwong thang sau day luén tiép xuc véi
mét dwdng tron cb dinh:
d:(1-mix+2my+m?—4m+3=0
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Hwéng dén giai
Xem phwong trinh d &nm : (1 — x) m?+ 2(y 2)m + 3 +x=0
A= (y-27-(1 -X)(3+X)‘(X*1) +(y—2) -
Xét 1(—1;2) thi d(l;d) = 2 khéng ddi.
Vay dudong thang A ludn tiép xtc voi dudng tron ¢ dinh tam I(-1; 2) ban
kinhR = 2.
Bai toan 13. 26:
Cac canh clia tam giac ABC dwoc cho bdi cac phwong trinh sau: AB: x +y = 4;
BC:3x-y=0;CA:x—-3y-8=0.
a) Tinh cac géc, chu vi va dién tich clia tam gidc.
b) Tinh ban kinh dwéng tron ndi tiép va ngoai tiép tam giac.
Hwéng dan giai
a) Toa do dinh A la nghiém cla hé :

X-3y-8=0 x=5
=
X+y=4 y=-1
Vay A(5; —1). Twong tw ta tinh dwoc B(1; 3), C(—1;-3)
Do d6: AB = 42 1 (-4)% = 42 ,CB=+/22 + 62 = 2\10
CA = V62 + 22 =210

Tam giac ABC can co CA =CB =2\/ﬁ.

2 2 2 _
Ta c6 cosC = 2 th.~c” ;. 80 82.3

2ab 80 5
2 2 2
CosA:cosBzu:i:.ﬂ—%.z\_/é
2bc 2b 4410 5

Chu vi ctia tam giac ABC 1a 2p = 4(\/5 \/ﬁ)
Dién tich tam giac ABC:

S~§abSInC— (2\/_—)2\/1 cos?C = %40.%:16
byr=S-_ 16 B(/10 - f=\ﬁ6 V2
p 2(\/§+\/—‘ 10-2
c 4\/— \/_
2smC 2.:4_ 2
5

Bai toan 13. 27:
Cho dwong thdng Ap: (M - 2)x + (M — 1)y + 2m -1 =0 va diém A(2; 3). Timm
dé khoang cach tir diém A dén dwéng thdng An 1a 160 nhét.
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Hwéng dan giai
Am ludn di qua diém cb dinh M(xo; Vo) V&I moi m khi va chi khi:

(M=2)+(M=-=1)y,+2m-1=0, ¥Ym
< Xo+ Yot 2)M—2%,—Yo—1=0, Vm H
X, +y,+2=0 x0=1
o
—2X, -y, ~1= O Y, =-3
Vay A luén di qua diém cb dinh: M A
M(1; —3) v&i moi m. " Am

Ha AH L An,. Ta cdé AH < AM v&i moi m.
Vay AH I&n nhat bang AM khi va chi khi H trung v&i M hay AM L A,

Ta c6: AM = -1; —6), Am €0 vecto chi phuwong u = (1-mym=2)

AM L Ap s AM .u <:>—1(1—m)—6(m——2)=0<:>m=-1—1

Vayvéim= 1gth«i khodng cach tir A dén A, la 16n nhét.

Bai toan 13. 28:
Tim tap hO’p nhirng diém M(x; y) thda man mét trong cac phuwong trinh sau day:
a) X° + 4y? +4xy—-1=0 b) 2x? + 3y? +7Xy + X — 2y—1—0.

Hwéng dan g|a|

a)X’+dy’ +4xy-1=0 o (x+2y)’—1=
SX+2y+ 1N (x+2y-1)=0
Vay tap hop gom hai dwéng thdng co phuong trinh tng quét 1a:
X+2y+1=0vax+2y—-1=0.

b) 2x° + 3y’ + 7xy +x—2y—1=0
S@x+y-1)(x+3y+1)=0
Vay tap hop gbm hai dwéng thdng: x + 2y —1=0va x + 3y + 1 = 0.

Bai toan 13. 29:
Cho tam gidc ABC v&i A(1; 2), B(2; —4), C(=1; 0). Trén hai tia AC va BC lan
lwot 14y cac diém A', B' thay d6i sao cho AA' = BB'. Tim quy tich trung diém
| clia cac doan thang A'B'.

Hwéng dan giai

Phuong trinh tia AC: 4%~ 172! Vi tz 0
y=2-2t

Phuwong trinh tia BC: {*~ 281 sirz0
y = -4 + 4t

Diém A' ndm trén tia AC nén A' (1-2t; 2 —2t),t > 0, diém B' nim trén tia
BC nén B' (2 - 3t'; —4 + 4t) véit > 0.
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(_3-2t-at
Khi d6 trung diém 1 : T o
S ly=-1-t+2t'
Do d6 AA' = BB' < 2\/§t=5t'¢§t'=g_5‘/.§_
_§_._5+3\/§t )
A 2 5 .
nén: voitz0
o —5+4\/Et
5

Vay quy tich trung diém | cGa A'B' 1a tia co gc“'ic la diém Io(%; —1) va cb
vecto chi huéng 1a U = (-5-3v2; —5 +4+/2)
Bai toan 13. 30:

Cho hinh vuéng ABCD canh a. Goi N 1 trung diém clia CD va lay diém N
trén dwong chéo AC sao cho AM = %AC. Tinh dién tich BMN va doan Cli
v&i | 1a giao diém clia BN va AC.

Hwéng dan giai
Chon hé truc toa d6 Axy v&i diém B(a; 0), D(0; a).

Do d6 BM = MN, BM? + MN? = BN? ,
Vay tam giac BMN vudng céan tai M nén M

S 1 av10 a\/ 5a : A B
BMN = —
J_

2" 4 4 16’
Ta c6 | la trong tdm tam giac BCD nén:Cl = ECE -—CA = —

v

Bai toan 13. 31:
Cho hai diém A, A' va hai diém B, B' lan lvot trén hai dwong thdng vuéng
goc nhau sao cho hai dwéong thang AB va A'B' cét nhau tai diém Q. Chwng
minh ring trung diém cac doan thdng OQ, AB' va A'B n&m trén mét duong thang
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Hwéng dan giai ~
Ta duwa toa dd Oxy vao dé gidi toan: A, A' ndm trén truc Ox, va B B' ndm
trén truc Oy. Gia str A(a; 0), A’ (a'; 0), B(0; b); B'(0; b'").
Cac duong thang AB va A'B' 1an lwot ¢é phwong trinh

XY _qva X Yo
a b a' b .
Gidi hé gébm hai phwong trinh trén ta tim dwoc toa d6 diém

(b-b"aa' (a—-a")bb'
Xa = Aoy Yo T e ann
- (a’'b-ab’) (a'b—ab") ‘
Goi Q' la trung diém cla doan théng OQthitoadf Q' la
_(b-b)aa’ | (a-a’)bb'
@ 2a@'b-ab) Y 2(a'b-ab)
Va goi M, N 1an Iwot 1a trung diém AB' va A'B thi:

M"“b van[&.2
2'2 2’2

Tacé:mz((b—b').aa _a_(a'-a)bb’ _9) [(a ~a)bb'  ab'(b'-b) )

a, (
2(a'b-ab") —2—'2(a'b—ab') 2 2(a'b-ab')'2(a'b-ab')

ab'
a'b—ab'’

NM = [a a’ b b) nén MQ' = km, voik =
2 2

Vay ba diém Q', M, N thdng hang.

Bai toan 13. 32:
Cho hai diém A, B ¢ dinh va diém M lwu dong lan lwot trén hai duéng
thang vuéng goc nhau. Goi d; va d, Ian lugt 1a cac dweng thdng vuéng géc
v&i MA tai A va vudng géc véi MB tai B.Tim tap hop giao diém P clia d; va ds.

Hwéngdangiai v -

Chon hé truc Oxy r]hu’ hinh vé&,hai diém & p

A, B trén truc Ox lan lwot ¢6 hoanh d6

a, b thod 0 < a < b va M di déng trén M

truc Oy c6 tung d6 m = 0.

Ta c6 phuwong trinh cda d, la:

di;a(x—a)-m(y—-0)=0 >
haylaiax—-my-a’=0 . O A B

Twong ty phwong trinh cla d; la:

dy: b(x —b) —m(y—0) = 0 hay la: bx —my - b*= 0
Giao diém P(x; y) cla d; va d, cé toa do la nghiém cta hé phwong trinh:
a2 X=a+b
ax-my-a°=0 " o nenPa+b; ).
bx-my-b®=0 = m
m
Vay tap hop diém P la dwong thdng x = a + b trlr diém Py(a + b, 0).
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Bai toan 13. 33:
Cho tam giac ABC, | 1a trung diém canh AB. Mét dwong thang thay d6i di
qua | ct AC va BC Ian lvot tai A' va B'. Tim quy tich giao diém M cGa A'B
va B’'A. v A

Hwéng dan giai
Chon hé truc toa do Oxy nhw hinh vé .
Gia str A(a, 0), B(-a, 0), C(c, d) thi:
Phuong trinh AC:dx+ (a—-c)ly—ad =0
Phuwong trinh BC: dx—(a+c)y+ad =0
Pudng thdng A di qua I= O c6 phwong B Ol A
trinh nx + my = 0 v&in? + m? > 0. Tr do6
ta tim dwoc toa do cta A':

Cc

ok

mad ~had

= Vi = ,md—-n(a—-c)=0.
md -n(a -c) Ya md -n(a -c) m (@-c)=

Xa

Suy ra phuwong trinh dwdng thang A'B Ia:
ndx +[2md-n(a—c)ly+nad=0.
Twong tw phwong trinh dwong thdng B'A 1a:
ndx + [2md + n(a +¢c)ly—nad =0.
_2md +nc
A n
Vay quy tich giao diém M la dudng thdng qua C va song song AB.
Bai toan 13. 34: ,
Cho tam giac ABC, trung tuyén AD. L&y M di dong trén dwong thang d
vuéng goc voi AD. Goi E, F Ia trung diém MB, MC. Bwong thing 1an luot di
qua E, F va vudng gdc v&i d cat AB tai P, cat AC tai Q. Chirng minh dwong
théng d’ di qua M va vuéng géc PQ di qua mét diém cb dinh.
Huwéng dan giai

Do d6 giao diém M: x,, = Yy =d=Y;.

Chon hé truc Oxy nhw hinh vé:
A(0,a), B(b,c), C(d,e), M(m,0)

thi E.(b-fm'g), F(‘“m,?_)
: -2 2 2 2
b+m

Phuwong trinh PE: x = 5

FQ:x=‘dMn

AB: (a —c) x +by —ab =0, AC: (a —e) x + dy — ad =0
b+m 2ab-(a-c)(b+m)
2 2b

Suy ra toa dé giao diém P(

334



Cty TNHH MTV DWH Hhang Viée

Tuwong tw, giao diém Q( d ;m , 2ad-(a z—dc)(d +m) )

tlr d6 lap dwoc phwong trinh d’ qua M va vuéng géc PQ
bd x + m(a —c) y —bdm =0 hay bd x + [(a—c)y—bd Jm =0

Vay d' luén di qua diém cb dinh K( 0, )
a-

Bai toan 13. 35:
a) Chixng minh | 3x% + 8x — 3| < 5(x* + 1) v&i moi x.

b) Chirtng minh: \/x"’ +Xi2 +\/y2 +;15 +\/z2 +zi2 >/82 v&i 3 sb duong x,
y,zthdamanx+y+z<1.
Hwéng dan giai
a) B4t ddng thirc: | 3x% + 8x — 3| <502 + 1)
o 1303 - 1) +4.2x| <563+ 1).

Trong mat phang Oxy xét cac vecto 6(3;4), v (x? =1, 2x),

tacé:lﬂ.ﬂslﬂ'.lﬂnén

|3(x = 1) + 4.2x| < V25.(x2 —1)2 + 4x?
= |3 +8x-3| <5,(x2+1? :dpcm.

b) Trong mat phang toa dd Oxy chon é(x; 1J B[y;lj, 6(2;—1—]

Ta co: ’ l ‘b' I i a +b +c nén:

2
\/x2+-—1~+ y2+—1—+\/22+—1-2 (x+y+2)°? RN
X2 y2 22 X y Z

2
\/81(x+y+z)2+(—1-+—1—+1j -80(x +Yy +2)°
X y z

\]2.9(x+y+z)[—1~+1+1J~80

X y z

\/18.3.3 xyz.BS/;L ~80 =+/82 = dpcm.
yz

Bai toan 13. 36:
Chirng minh v&i moi a,b,c:

a)\/a?‘ rab+b? +/b? +bc+c? »a? +ac + 2

v

[\
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b) Va2 + b2 + a2 + (c—b? +Jb? + (c ~a)2 + y(c—a)? +(c —b)? 2cv2
Hwéng déan giai

ovre ot (2] o] (2]

Trén mat phdng toa do (Oxy) lay

el

2 2

_ R
VI=OA+0OB >AB= [C a {——c+—2§—a1
= ya? +ac +c? (dpcm)

b) Trong mat phang Oxy, chon M(a;b), N(c;O), P(b;a), Q(c;c) thi:
Ja? 102 ++fa% + (c—b)? +b? +(c—a)® *+4(c-a) +(c-b)
> OM+ MN + NP + PQ
Q= +c?+c? =lclv22c2.

Bai toan 13. 37:
Cho x va y théa méan x — 2y + 2 = 0. Chirng minh bat dang thire:
\/x2 +y2 —6x—10y + 34 +\/x2 +y?2 -10x-14y +74 > 6.
Hwéng dan giai
Taco /X2 +y? - 6x 10y + 34 F X% +y2 —10x—14y +74 26
o J(x=32 +(y =52 +J(x -5 +(y -7 26.
Trong m&t phing Oxy, xét dwong thdngd : x — 2y + 2 = 0 va chon cac diém
A(3;5), B(5;7), M(x;y) thudéc d thi:
VX =32 +(y -5 +(x=5% +(y-7)? =MA +MB.
Vi f(xa;ya) = 3- 10 + 2 < 0 va f(xg;ys) = 5~ 14 + 2 < 0 nén hai diém A, B nam

cung mot phia ddi véi duweng thang d. Ta t|m A’ dbi xtrng clia A qua duong »

thang d.
Phwong trinh d’ qua A va vudéng géc véi d
2(x - 3) + 1(y = 5) =0 hay 2x +y — 11 =0.
Hinh chiéu H ctia A 1&n d Ia giao diém ctia d va d’ nén H(4;3).
Vi H la trung diém ctia AA’ nén suy ra A’(5;1).
Dodo MA+MB=MA'+MB=A'B=6:dpcm.
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Bai toan 13. 38:
Cho 8 sb x4, Xz, .., Xg . Chibng minh trong 6 s6 sau day:
X1X3 + Xg X4; X1X5+ X2 Xg; X1X7 + X2 Xg; X3X5 + X4 Xg; X3X7 + X4 Xg ;
XsX7 + Xg Xg thi c6 it nhat mot sé khéng am.
’ Hwéng dan giai ‘
Trong mét phang Oxy, xét 4 diém A(Xy; Xz), B(Xa; Xa), C(Xs; Xs), D(X7; Xs) thi:
~ Néu c6 mot didm trung v&i gbc toa dd O(0;0) thi bat déng thirc dung.
~ Néu ca 4 mot diém khong trung véi gbc toa dd thi 4 vecto
OA (x1; X), OB (xs; Xs), OC (x5; Xs), OD (x7; Xe)
Do d6 6 8O  X1X3 + X Xa, X1X5 + X2 Xg; X1X7 + X2 Xg; XaX5 + Xa4 Xg, XaX7 + X4 Xs ;

Xsx; + Xs Xs la 6 tich vé huéng OA OB,OA OC,OA OB,OC OD,

OB OD,0C OD.
Vi 4 vecto E)K, (—)E, (Y). OD chia
goc 360° thanh 4 goc nén co it nhat
mot géc khong tu, gia tri nay twong
(rng voi s6 khdng am can phai
chirng minh.

Bai toan 13. 39:
Cho E(1,6), F(-3, -4). Tim diém M trén dwong théng d: 2x — y - 1 = 0 sao cho:
a) | ME + MF | bé nhat. b) | ME- MF| 1&n nhat.

Hwéng dan giai

a) M(x,y) thuécd: 2x -y - 1=0=>y=2x -1

ME + MF= (-2-2X, 4-4x)

nén: | ME + MF | = (-2 -2x)2 + (4 - 4x)?

2
= 2,/5x% - Bx 45 = 5[x— )+1§-z

Déu = khix = > nén M 2;1] = |
5 55 /E(
b) D4t f(x,y) = 2x —y - 1 thi:
f(16)=2-6-1<0 g
M

Vaf(-3-4)=6+4-1<0
nén E va F cung phia ddi véi d.
Taco |ME - MF| <EF = 16 +100 =116 =2y29
DAu = khi M 1a giao diém cla dwong thdng EF véi d.
EF:5(x-1)-2(y-6)=0hay5x-2y+7=0

[
P

X

A

‘o]
o1 | o
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2x-y-1=0 X =-9
<
y=-19

. Toa d6 M(x,y) théa hé
‘ , Bx-2y+7=0

‘Vay M(-9:-19).
Béi toan 13. 40:

- Tim gla tri nhé nhat cla: f(x) = \/x - 2px + 2p? +\/x_2 —2gx +2¢° .
Hwomg dén giai

Ta co: f(x) = \/x2 - 2px + 2p? +\/x - 2gx + 2¢°
= Jox=p)? + (=[p)? +(x — ) +(a]?

Trén mat phang Oxy, l4y M(x,0) va I(p,—lp!) J(a:|q]) thi M thuéc Ox va I,
J& 2 phia déi véi truc Ox.

 Taco:f(x)= Ml +MJ >1J = \/(q ~p)? + ([g] +|p)?
DAu."=" xay ra khi M 1a giao diém ciia doan IJ v&i Ox: tn tai.
Vay min f(x) = \/(a-p)® + (g +[p]? -

Bai toan 13. 41:
Tim gia tri I6n nhét va gia tri nhé nhéat:

y = Jcos?a—-2cosa+2 + vcos? a+6cosa+13.
Hwéng dan giai

Tacé y= vcos?a—2cosa+2 +cos?a +6cosa+13

= \J(cosa—12 + (12 +/(cosa+ 3)? + (~2)2 4

Trong mat phang Oxy xét ]
M(cosa; 0), I(1;1) va J(-3:-2) 3 P | a .
thi I, J & 2 phia cua truc Ox. -1 M 1 "

Mi= (cosa—1)? + (12

-2

va MJ=/(cos a+ 3)2 + (—2)2 J

Vi -1 < cosa < 1nén M chay trén doan PQ véi P(-1,0), Q(1,0)
Tacoy=MI+MI>1J=16+9 =

vamaxy =max{Pl +PJ, QI+ QJ} =1 + 245,
Bai toan 13. 42:
Tim gié tri nhé nhét ctia biéu thirc :
f6Y) = YO DZ QY -2 +fx= 12 1 (y 102 + Jx+2)2 +(y + 22 .
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Hwéng dan giai
Trong mat phang toa dd Oxy, xét cac diém A(-1;1), B(1,-1), C(-2;-2) va
M(x.y).
Tacéd: f(x,y)=F(M)=MA+ MB+ MC.
Dung pheép quay tam B géc quay 60° thi F(M) nhé nhét khi diém M nhin ba
canh AB, BC, CA du6i cling mét goc 120°.

OM 1
T d6 gidi dvgc xy=yy= — = —.
V2 3
. 1 1
Suy ra : min F(M)= F(-——,——J= \/Z+2\[§;'
V3 V3

Bai toan 13. 43:
Tim gia tri I&n nhét va nhd nhét cda f(x,y) = ,/x2 +y? trén mién D chira cac

X-2y+82>0
diém M(x,y): {2x -y +4<0. y
yz0 A
Hwéng dén giai 4/

Puong thdng: x -2y +8=0
cat Oy, Ox tai A(0;4), B(-8,0)
Puong thdng 2x ~y + 4 =0
cit Oy, Ox tai A(0,4), C(-2,0)

X-2y+820
nén mién D chira cac diém M(x,y): {2x -y +4 <0 Ia phan trong tam giac
| y20 )
ABC ké ca bien.

Taco f(x,y) = xZ +y2 = OM nén:

max OM = max {OA, OC, OB} = max{2,4,8} =8
va min OM = d(O,AC)

Phuwong trinh cia AC Ia 2x - y + 4 = 0 nén d(O,AC) = 4—5-

J5

Vay max f(x,y) = 8 va minf(x,y) = 4? .

Bai toan 13. 44:
Cho x, y thay déi. Tim gia tri nhd nhét cla:
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A= \/(x )2 +y? +\/(x+1 +y? +|y 2l
' Hwéng dan giai
Trong mét phéng (Oxy) chon M(x=1; —y), N(x+1; y) thi

JO =97 +y2 +Jix+ 97 +y2 = OM + ON = MN = 2/1+?

Do d6: A> 21+y? + |y-2| =1(y)

Khiy <2 thi fly) = 214y —y+2

Tachengminhfy) = 2+ V3 e 2/1+y? —y+2>2+3
e 2014y > y+ V3 o 4(1+y?) 2 ¥ 423y +3
o 32-243y+1 20 o (V3y -1 2

DAu = khly— ~~~1—~nenm|nf—f(\/_) 2+ \/5

J3
Khiy>2thi A 2\1+y2 +y-— 2>2\/1+y >2\/§>2+f

Vay minA = 2+\[—kh|x 0,y=—.

=

3. BAI LUYEN TAP

Bai tap 13. 1: Cho tam giac ABC c6 3 dinh A(-3; 0), B(3; 0), C(2; 6). Tim toa
dé trong tdm G va trwc tdm H cla tam giac.
Hwéng dan
Két qua G(—- 2) va AHBC =0 . Két qua H(2; E).
BHCA =0 6
Bai tap 13. 2: Cho tam giac ABC, biét dinh A(1; 1) va trong tam G(1; 2). Canh AC
va dwong trung triec clia né 1an luot ¢ phuong trinhlax +y—2=0va-x +y
-2=0: Tlm cac trung diém M va N clia BC va AC.
chvng dan

Dung tinh chét trong tam. Két qua M(1; -), N(O; 2).

Bai tép 13. 3: Cho diém A(-1; 3) va duéng thang Acbh phuong trinh x — 2y + 2
= 0. Dwng hinh vuong ABCD sao cho hai dinh B, C ndm trén A va cac toa
do ctia dinh C déu dwong. Tim toa d6 cac dinh B, C, D.

Hwéng dan
B I hinh chiéu cla A Ién dudng thang A.
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Kétqua B =(0; 1),C=(2;2),D=(1; 4). -
Bai tap 13. 4: Tim toa d6 diém déi x(rng v&i diém 1(x,; Yo) qua dwéng thdng d:

Ax+By+C=0.

' Hwéng dan
Lap phwong trinh dwéng thdng qua I(x; Vo) Va vudng goc véi duong thang
d:Ax+By+C=0.
2 2 2 2
Két qua x = (-A% 1B?)x_ - 2ABy_ - 2AC y= ~2ABx_ HA? +B?)y_ -2BC
A? +B? A2 1+ B?

Bai tap 13. 5: Cho tam giac ABC c6 trong tdam G(3; 5) va phwong trinh AB: 2x

-3y +1=0; AC: 4x +y—5=0. Tim cac dinh

Hwéng dan

Goi B (b; 2b+1)va C(c: 5-c).
Két qua A(1; 1),B| — 61 43 ;1 C ~§;§§-
7 7'7

Bai tap 13. 6: Cho hinh binh hanh AOBC véi A(-3; 0) va giao diém 1(0; 2) cla
hai dwéng chéo AB va OC. Viét phuwong trinh cac duéng chéo va cac canh
Hwéng dan
Két qua AD: 2x -8y +6=0,0C:x=0
AO:y=0; BC:y=4;0B:4x-3y=0AC:4x-3y+12=0
Bai tap 13. 7: Lap phuwong trinh dwéng thang déi xirng clia :
d:4x-3y+6=0qua A ;27x—99y +28=0.
Hwéng dan
Tim giao diém A va thém diém ddi xng cia B thudc d qua A .
Két qua 5x + 12y + 10 =0.

Bai tap 13. 8: Tim cac dinh cla hinh ch* nhat ABCD c¢6 tam l( :0) , phuong

trinh dwong thdng AB: x— 2y + 2 = 0 va canh AB = 2AD .Biét rang dinh A cé
hoanh d9 am.

Hwéng dan
Pudng thang CD song v&i AB: x— 2y + 2 = 0 nén c6 dang x— 2y + m = 0 véi
m= 2.
Két qua A(-2;0), B(1;2), C(3;0), D(-1;-2)

Bai tap 13. 9: Cho diém M(4; 6). Viét phwong trinh cha dwéng thang di qua M
va cét cac truc Ox, Oy theo th(r tw tai A(a; 0) va B(0; b) v&i a, b > 0 sao cho
dién tich tam giac OAB bé nhét.

Hwéng dan
Dung phwong trinh doan chan.
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Ap dung bAt aing thirc AV-GM. Két qua -;-+ -112 1.

Bai tap 1. 10: Trén hai canh cGa géc vuéng xOy lan lwot lay hai cap diém A,
A'va B B'sao cho OA.OA' = OB.OB'. Chirng minh ring dwdng trung tuyén
cla tan giac ABO cling la dwdng cao clia tam giac A'B'O.

Hwéng dan
Gii bang toa do, chon hé truc toa do Oxy v&i
A(a;0), A'(a’;0) va B(0;b), B'(0;b).

Bai tap 13. 11: Chng minh bat ddng thirc véi moi a,b,c,d:

a) \(a-6)2 +(b-4) +ya—cP +(b-d)? +(c-2)% +(d+ 4?2 245

b) \/Zcosza.cos2 b + sin?(a - b) +\/4s.in2a.sin2 b + sin(a — b)>2
Hwéng dan
a) Giai bang toa do, dung mét phéng toa do Oxy.
b) Giai béng toa d9, diing mat phang toa do Oxy voi
- M(2cosacosb ; sin(a—b)), N(2sinasinb —sm(a—b))
Bai tap 13. 12:
Cho a va b thda man a — 2b + 2 = 0. Chitng minh

J(@-3)2 #b-5)2 —\[(a-5) #b-7)% <242
Hwéng dén
Gidi bang toa do, xét vi tri cla E(3;5) va F(5;7) voi dwong thang d:
X—2y+2=0,
duwa vé hiéu khoang cach ME — MF véi M(x;y) thudc d.
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chuyén dé 14: DUONG TRON VA DUONG CONIC |

. KIEN THUC TRONG TAM

Phwong trinh dwong tron R

Duwdng tron tam | (x0 ; Vo), ban kinh R ¢6 phwong trinh:
(x- Xo) +(y— yo) =R?

Phwong trinh duwéng tron: x* + y? + 2ax + 2by + ¢ = O

V6i didu kién a2 + b? — ¢ > 0 c6 tam I(=a ; —b), ban kinh R = va? + b2 -c.’
Phwong trinh chum dwong tron voi didu kién m? + n? > 0:
MmO + y? + 2ax + 2by + ¢) +n(X® + y* + 2a’x + 2b’y + €)= 0
Phwonng tich va truc ddng phwong
Phwong tich clia diém A(xA; ya) d6i v&i dwong tron:
(C) 1 (x—Xo)* + (y = ¥o)* = R la
P aic) = (Xa = Xo)* + (Ya = Yo)© = R?
(C):x® +y +2ax+2by+c Ola
P ricy = Xn + yaZ + 2axa + 2bya + C
Truc dang phwong d cta hai dwong tron khéng déng tam (C4) va (Co):
M(x;y) ed @.?’M/(C1) = '@M/(Cz)'

Twong giao va tiép xic
Phwong trinh tiép tuyén véi dwong tron tai T(xryr):
(Xr —Xo)(X = Xo) * (Y1 = Yo) (¥ = ¥o) =R’
Hay x1.x + y1.y + a(Xy+x) + b(yr +y) + ¢ = 0.
Tuong giao cta dwdng tron tam |, ban kinh R va dwdng thang A:
d(l, A) > R : khéng cé diém chung, d(l , A) = R : tiép xtc,
d(l, A) < R : dwéng thang cét dwdng tron theo mot day.
Twong giao cua hai dwong tron (C) tam |, ban kinh R va (C') tam I', bén
kinh R":
II'>R + R': ngoai nhau, II' =R + R': tiép xtc ngoai
IR-R'| <II'<R+R': cit nhau
II'=| R-R' : tiép xtc trong, II'< | R=R'| : dwng nhau
Tiép tuyén chung clia 2 dwéng tron (C) va (C):
A:ax+by+c=0,a%+b%> 0 voi {d(l’A)zR
d(l,A") =R’
Pwong Elip
{M | MF, + MF, = 2a}, a >¢c duoc goi la dwdng elip.
F, va F; 1a hai tiéu diém, F,F, = 2c goi 4 tiéu cu cla elip.
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o . Y o y
Phuong trinh chinh tac:  (E): — +B; =1 A
véia>b>0,b’=a®-c? . b|B, M
Tiéu diém: F4(-c;0), F2(c;0)
Truc I&n 2a, truc nhd 2b

Y

Tamsaiie= 2 <1 AN F A

a
Ban kinh qua tiéu diém: o[ B,
rn=MF;=a+ex,r,=MF,=a-ex.

. R z ) a , L. Cn X
Hai duwong chuan: Aqz: x = £ — (¥ng v6i hai tiéu diém F 5.
- e

e e oX
Tiép tuyén tai M(xo,yo): ——4—’;" 1,
_ a?
Diéu kién tiép xdc véi dwong thdng Ax +By +C=0:

Aa® +Bb? =C%,C#0

. | . ) X2 y,2

Diém M(xo,Yo) nam trong elip < —%-4+70 1,
: a® b?

BDwong Hypebol

{M||MF; - MF; | =2a}, a <cdwoc goi la dwéng hypebol.
FivaF, Ié hai tiéu diém, F4F, = 2¢ goi la tiéu cu clia hypebol.

2 2 y

Phwong trinh chinh tac: (H): __y_ =
a®

b2 4

véi b?=c?- a?

Tiéu diém: F1(-c;0), Fo(c;0) | ‘ if b M
Fi

Truc thwe 2a, truc do 2b

. . c : : d
Tamsaiie= = > 1 -C / ap/c
a

Ban kinh qua tiéu diém:
MF1-]a+ex|va MFz-la— ex |

Hai dwéng chudn: Aq: x = + 2y (rng Vvéi hai tiéu diém F ,.
' e

Tiém cén:y=i—b- X< bxtay=0.
: ‘ a

X
Tiép tuyén tai M(xo,yo) X fzy
Diéu kién tiép xuc voi dm‘yng thang Ax +By +C=0: Aa® -Bb?=C?C =0
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Bwdng Parabol

—~ Cho diém F khong nam trén A. Tap hop cac diém M ma khoang cach tir M
t&i A va téi F bang nhau goi la dwdng parabol.
Diém F goi la tiéu diém, A goi la dwdng chuén cla parabol.

Tham sé tiéu p = d(F;A) > 0 y
Phwong trinh chinh tac: (P): y? = 2px A
Tieu didm F(2.0) Tam sai: e = M = 4 HE M/ |
2 MH
Puong chuan: x = ——Z— ‘ /Z y
| -p/2| o\ pl2 "
Ban kinh qua tiéu diém: r = x + g
Tiép tuyén tai M(xo,yo): Y,¥ = P(X, +X).

Diéu kién tiép xuc voi dwdng thng Ax +By +C=0: pB? = 2AC

Ba dwdng conic

Cho dwéng thang A va diém F ndm ngoai, va sé e > 0. Tap hop nhitng
diém M sao cho ti sd khoang cach tir M t&i F va t&i A ludn bang e la mot
duwong coénic. ‘

Néu e < 1 conic la dudng elip , néu e =1 conic I dwdng parabol va néu e >
1 cbnic la dwdng hypebol.

2. CAC BAI TOAN
Bai toan 14. 1:
Cho tam giac ABC véi cac dudng thang qua cac canh AB: 2x -3y +7=0;
BC:2x-y+1=0;CA:x-y+3=0
Tim tap hop cac diém M thod man : MA? + MB? + MC? = 44.
Hwéng dan giai
Toa dd A la nghiém cua hé:

2x—3y+7=0c> szZ.VéyA(—2;1)
X-y+3=0 y=1

Toa d6 B la nghiém cda hé:
2x-3y+7=0® X=1‘.VéyB(1;3)
2x-y+1=0 y=3

Toa d6 C la nghiém cla hé:
2X-y+1=0 o X=2 VayC (2 5)

X-y+3=0 y=5
Goi M(x ; y). Ta c6: MA? + MB? + MC? = 44
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2
2 1 82

oxX+y? - Sx-6y=0c | x——1] + 3
Xy - ox—6By ( 3) (y-3)°= r}

Vay tap hop la dwéng tron tam I( : 3), ban kinh R —\/73——
Bai toan 14. 2:
Cho n diém A1(X1; Y1), A2(X2; Y2)--- An(Xn; Yn) Va n + 1 sb: ki, ka,..., kn, k thod
man ki + ko + ... + k, # 0. Tim tap hop cac diédm M sao cho:
kMAZ + k,MAZ + ..+ k MAZ = k.
Hwéng dan giai
Goi M(x; y), ta co: kMA? +k,MAZ + ...+ k MAZ =k
& [ka(x — xo ol - Xo) . Kn(X = X0)] + [Ke(y — y1)? +
Ka(y = ¥2)° + ... + kaly = yn)2)] =k
& (k1 + ko + o+ KO+ Y?) = 2(KkeXy + KXz + ... + KnXn)X — 2(Kqy1 + KoYz +
+ Kayn)Y + K1 (%2 +y2) + k(X2 +y2) * ot ka(x2 +y?) =k
KX, + KX, + .+ KX _ky, oy, ++ kY

Déta= 11 272 n n; b
K, +k, +...+k, K, +K, +...+K

2 2
_ k(4 +Y2)+ k(X2 +y2) +..+k (X2 +y2) -k
K, +k, +...+k,

Khidé(1)©x2+y2—2ax—2by+c=0
o (x—-a) +(y-b? =a’+b? —
- Néua®+b%-c>0thitap hopcacdlelia dwong tron tam

I(a; b) ban kinh R = Va? +b® -c .

'~ Néua?+b?—c=0thi tap hop cac diém M 1a diém I(a; b)

- Néu a®+ b?—c < 0 thi tap hop cac diém M la tap réng

Bai toan 14. 3:
Cho ba diém A0.B cb dinh theo thtr tw, OA=a, OB=b,a>b > 0. Tim tap
diém nhirng diém M sao cho M nhin 2 doan OA, OB duwéi hai géc bang nhau.

Hwéng dan giai
Chon hé truc toa do Oxy v&i A(—a; 0) va B (b; 0). Goi M(xo; Yo) thi phwong trinh
MA: yox — (Xo + @)y + ayo = 0; MB: yox — (Xo — b)y — by, = 0

Phwong trinh hai dwéng phan giac cla cac goc tao béi MA va MB

YoX—(Xo +a)y +ay,  YoX— (% —bly-by, .
Y +) +y2 Jo —b) +y2

346



Cty TNHH MTV DWH Fhang Vit

ViOMA = OMB nén mét trong cac dwdng phan giac d6 phai di qua géc O:
ay, . ~by, B
Joo +aP +y2  f(x, —b)2 +y2
Xét yo = 0 théa man. Xéty, = 0, vi a va b déu dwong nén chon:
a 3 b
\/(xo +a)’ +y2 \/(xo ~b)® +y2
< a? [(x0 -b)? + yg] =b? [(x0 +a)? + yg}

=0

2ab
-a+b

& (-a+b)(x; +y3)+2abx, =0 x2 +y2 + 0

Xy =

Vay tap diém la dwong tron tam I(ibg ; o] va ban kinh —"i‘-'?E.

Bai toan 14. 4:

Lap phwong trinh dwdng tron di qua:

a) M(1;2),N(5;2), P(1;-3).

b) A(-1; 2),B(-2;3) va c6 tam thudc dudng thang A:3x —y +10 = 0.
‘ Hwéng dan giai

a) Budng tron cé dang: xX° + y? + 2ax + 2by +c=0.

Puwong tron di qua 3 diém M,N,P nén:

1+4+2a+4b+c=0 2a+4b+c=-5 a=;3
251 4+10a+4b+c=0< J10a+4b+c=-29 < b=
149+2a-6b+c=0 2a-Bb+c=-10 | _°,

Vay phuong trinh dwéng tron 1a x® + y> - 6x +y—1 = 0.

b) Goi I(a; b) la tam clia duwdng tron, ta co:

{IAZ = B2 @{(aﬂ)‘? +(b-22=(a+2)?+(b-23)>

le A 3a-b+10=0

2a-2b=-8 a=-3
< <

3a-b=-10 b=1

Vay I(=3; 1),R=1A= 5
Vay phuwong trinh dwong tron [a (x + 3)2 + (y — 1)2 = 5.

Bai toan 14. 5:

Lap phwong trinh dwong tron qua 2 giao diém cia 2 dudng tron:
(C):x®+y*—4x=0,(Cp: X +y*~4y=0
Va c6 ban kinh bing 25 .
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Hwéng dan giai:
(C1) (x 2)% + y* = 4 ¢6 tam 1(2;0), R, =2
(Co): X2+ (y - 2)? = 4 c6 tam-J(0;2), Ry=2
Vild = 2\/5 = Ry - R; < lJ <Ry + Rynén 2 duong tron cat nhau tai A, B.
Xét chiim dwéng tron (Cm) qua A, B cho bdi phuwong trinh: X2 + y? — 4x +
mOE +y? —4y) =0
4+ 4m?

Pbuwong tron (Cp) cé ban kinh R =
[ (m + 1)

nénR=2\[§c>4m2+10m+4=0¢:m=—%.haym=—2

Vay c6 2 dwong tron: x° + y? —-8x + 4y = 0, x* + y> +4x - 8y = 0.
Bai toan 14. 6:
- Viét phwong trinh dwong tron noi tiép tam giac ABC biét phuwong trinh céac
canh: AB: 3x+4y46= 0;AC:4x+3y—-1=0;BC:y=0.
Hwéng dan giai
Toa d6 cla A la nghiém cia hé
{3x+4y—6=0 {x=~2
= =

; . A(-2;3)
4x +3y-1=0 y=3

Twong ty, ta tinh dwoc B(2; 0), C(—}; 0)

Phwong trinh cac dwdng phan gidc trong va ngoai clia géc A la:
3x+4y -6 _ 4x+3y- 1®[x—y+5=0 )
J32142 T 232 T x+y-1=0 (2
Thay Ian luot toa do clia B, C vao vé trai clia (1), ta duoc:

2+5=7>o;-::+5>o

Vay (2) 1a phwong trinh dwdng phan giac trong cla goc A.
Phuong trinh cac duwong phan giac trong va ngoai cta géc B la:
3x+4y -6 VN 3Xx-y-6=0 (3)
5 =« Xx+3y-2=0 (4)
Thay lan lwgt toa d6 cla A, C vao vé tral cla (4), thi (4) Ia phwo'ng trinh
duong phan giac trong clia goc B.

Goi I(x; y) va r la tam va ban kinh dwdng tron ndi tiép tam giac ABC. Khi d6
toa do cla | la nghiém cta hé:
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{x+y~1=0

o= == 1,1 . r=d(;BC) =
X+3y-2=0

1
2'2 2’

2 2
Vay phurong trinh dudng tron ndi tidp 1a: [x -%) + (y _ 1] - :1- .

2
Baitoan 14. 7:
Lap phwong trinh clia dwong tron di qua gdc toa do va tiép xuc véi hai
duong thdng dq: 2x +y—1=0,dy: 2x—y +2=0.
Hwéng dan giai

Goi l(a, b) la tam cua dwong tron (C), ta co:
(C) qua O va (C) va tiép xuc véi dyva dokhi va chi khi:

fa+b-1 [ea-b+2|

{d(l,d1)=d(l,d2)® J5 J5

d(l,d,) =10 ‘ _
() e G

Giéi(1):Xét:2a+b—~1=Za—'b+2®b=—2—

(1)

Thay vao (2) ta cé: =.[5(a% +3)

2a+l
2

< 4a’ +2a+ %=5a2+£f-©az—2a+11 =0 (VN)\

Xét2a+b-1 =-—2a+b—2<:>a=—%.Thayvéo(2)tacc’>:

B Y PR R Y T
16 ' 4

2 16
~3+2J10
8

=

< 64b® +48b-31=0 <b,, ="

Vay phuong trinh clia dwong tron:

1 (Sii\ﬁa]y=0.

ox*+y?—2ax-2by=0 < x* +y? + SX*

Bai toan 14. 8: ,
Cho (Cp): X* + y? = 2(m + 1)x + 4my — 5 = 0, v&i m |a tham sb.
a) Tim m dé (C,) 1a dwong tron, tim tap hop cac tam khi m thay déi.
b) Tim duweéng tron (Cp) tiép xuc véi duwdng tron (C) 1 x2 +y* —1=0.
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| Hwéng din giai

a) Ta c¢6 a2 +b%—c=5m?+2m+6>0,¥Ym nén (Cn) ludn 1a dwong tron voi
X=m+1
y=-2m

Kht m thi tap hop cac tam la dwong thdng 2x+y-2=0.
b) (Cm) la tam I(m + 1 —2m) , r = V5m? + 2m + 6

(C)latam O(0;0), R =1.

— Hai dwéng tron tiép xtic ngoai: Ol = R+ r < V5 +2m+1 = 1 + V51 +2m+6
Phwong trinh vé nghiém vi VT < VP
— Hai dwéng tron tiép xtc trong:

Ol=|R=r| < V6m2 +2m+1=|1-V5m? +2m+6 |
& 5m? +2m+1 =y/5m2 +2m+6 —1 (Vi V5m2+2m+6 > 1)

S5mM?+2m+1=5m?+2m+6+1—-2vV5m?>+2m+6

moi m va cé tam | {

& 2V5m? +2m+6 =6« 5mi+2m+6=9
S5m?+2m-3=0<m=—1 haym=%

Vay c6 2 dwdng tron cla (Cp,) tiép xtc véi (C).
Bai toan 14. 9:
Cho duong tron (Cp): X° + y* + (m + 2)x — (m + 4)y + m + 1 = 0. Tim nhirng
diém trong mat phang toa dé ma ho (C,,) khéng di qua du m lay bat ki gia
tri nao.
Hwéng dan giai _
m+2)2 {m+4J2 m? +4m+8 g
+ -Mm+1)=———>0, voi
2 2
moi m nén (Cy,) la dwong tron véi moi gia tri cla m.
(Cm). khéng di qua diém (x4; y4) v&i moi m khi va chi khi phwong trinh theo

anm: (x;—ys + )m + x2 +y? +2x, -4y, +1=0 v nghiém

X, -y, +1=0
< 2 2
Xy +yy —2%, -4y, +1=0

Y, =X, +1 ' :
= ’ .

X, # +1 M,
Vay tap hop cac diém trong mét phing
toa dé ma ho (C,) khéng di qua la dwdng
thdng A: y = x + 1, bd di hai diém cb dinh
Mi(=1; 0) va Mx(1; 2).
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Bai toan 14. 10:
Chung rninh cac ho dwong thang cos2o.X + sin2a.y + 4cos’o — 5 = 0 luén
ludn tiép xdc voi 1 dudng tron cb dinh.
Hwéng dan giai:
Ta c6 cos2a.x + sin2a.y + 4cos’a — 5= 0
(x + 2)cos2a. + y.sin2a = 3
Diéu kién cé nghiém: (x + 2)% +y? > 32
Xét dwdrng tron (C) tam 1(-2;0) va ban kinh R = 3 ta ¢c6:
Icos 20.2 + sin20..0 +4 cos® o, - 5
d(l:d) = f = 3=R
\/cos‘2 20+ sin® 20
Vay cac dwong thang luén luén tiép xdc dweng tron ¢ dinh (C):
(x+2)2+y*=09

Bai toan 14. 11:
Cho hg dwdng tron: (Cp): X* + y? — 2mx + 4my + 5m? - 1 = 0.
a) Chirng minh ho (Cp,) ludn tiép xtc VO’I hai duwong théng ¢ dinh.

b) Tim m dé (C,,) cét dwong tron (C): x* + y* = 1 tai hai diém phan blet Ava B.
Chirng minh khi d6 truc dang phuwong song song véi 1 dwdng thing cb dinh.
Hwéng dan giai:

a) Ta c6: (Cp): (x — m)? + (y +2m)? = 1 c6 tam I(m;—2m), R-= 1
Tap hop tam | 1a dwdng thdng (A) co phwong trinh y = -2x
Vi ho (Crm) ¢6 R = 1 khéng dbi va | chay trén (A) nén (Cp) tiép xuc véi 2
dudng thang song song (A) va cach (A) mot doan bang 1:y = —2x + k
L&y M(x,y) thudc cac dwong thang nay thi:

1=R=dM;) = xod M nén:k=+5

55

Vay céac dLPc‘)’ng tron luén luén tiép
xtc v&i hai dwdng thang cb dinh 1a
y=-2x+ \/5 vay=-2x - \/E
b) Dwéng tron (C) c6 tam O(0:0), ban kinh R' = 1
Ta c6: (Cr) cat dwdng tron (C) tai hai diém phan biét A, B
& |R'-R| <OI<R'+R < 0<0I<2

<0< v5m? <2 ©m<—2—,m¢0

V5
Truc dang phuong c6 phuong trinh: PM/(C) = PM/(C)
< 2mx -4my - 5m? =0 < 2x - 4y -5m=0
Vay AB lu6n song song v&i 1 duwdng thang cd dinh: x — 2y =0.
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Bai toan 14. 12:

Lap phuwong trinh tiép tuyén véi duong tron:

a) X2 +y?+4x+4y—17=0tai M2 ; 1)

b) X2 +y? +2x + 2y + 1=0vadiqua N(2; 0).

Hwéng dan giai
a) Tiép tuyén tai M: xm.X + ym.y +2(xu+X) +2(ym+y) =17 =0
2x +y +2(2+x) +2(1+y)—17=0<4x+3y-11=0.

b) Buweéng tron co tam (=1 ; —1) , ban kinh R = 1.

Goi phuong trinh tiép tuyén 1a Ax + By + C = 0 (A? + B? % 0)

Tiép tuyén di qua diém N(2; 0) nén 2A + C =0 vay C = -2A

Dodo A:Ax+By-2A=0 ‘

Pidu kién tiép xtc: d(1, A) = R & [3A-8 | 1

VA? +B?

& A? + B? = (-3A - B)?

< 8A2+6AB=0< A=0hodc4A +3B=0

Vé&i A =0, chon B = 1 ta cé tiép tuyén y = 0.

Vé&i 4A + 3B = 0, chon A = 3 va B = —4 ta co tiép tuyén 3x —4y +6 = O
Bai toan 14. 13:

Viét phwo’ng trinh tiép tuyén chung cla hai dwong tron:

(Crx+y*=1=0,; (C) (x— 8)2 + (y —6)° = 16.
Hwéng dan giai

Puwong tron (C) tam O(0; 0) , ban kinh R = 1.

Puwdng tron (C') tdm | (8 ; 6) , ban kinh R' = 4

Goi tiép tuyén chung la Ax + By + C=0, (A* + B? # 0)

| c]
' = | (1)
Ta cé: {d(O’A) ZR. = A% +B°
d(l,A) =R’ |8A +6B+C | ) @)
JA? + B?

Tird6 suy ra |8A + 6B + C| =4|C| hay 8A +6B + C =+4C
Truwdng hop 1: V6i8A+6B+C=4C = C= %A+28

O I%A+ZB'=\/A2 +B?

> B4A2 + 96AB + 36B2 = 9A? + 9B2
< 55A2 + 96AB + 27B%=0
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_48B + 3B/91
55

Ta chon B = 55 thi A = —48 + 31/91 va C = —18 + 8/91
Vay ta dwoc hai tiép tuyén chung la:

(=48 + 3/91)x + 55y — 18 + 8+/91 =0 va
(—48 - 3/91)x + 55y — 18 - 8+/91 =0
' 8. 6

Trwéng hop 2: V&i 8A+68+C=—4C©C=—EA——§B

1) < '-§A—§B‘=\/A2,+Bz

< B4A? + 9BAB + 36B% = 25A% + 2582
< 39A%+ 96AB + 11B% =0
Giai twong tw ta c6 thém hai tiép tuyén chung la:

(—48 + 25+/3)x + 39y + 30 — 40 V3 =0 va
(~48 — 25+/3)x + 30y + 30 + 40+/3 = 0.

Giai phwong trinh d6 v&i &n 1a A ta dwgc: A =

Bai toan 14. 14:

Cho dudng tron (C): x> +y? +8x +4y—5=0va diémA(2; 1)
a) Chirng minh qua diém A vé duoc hai tiép tuyén dén (C).
b) Lap phwong trinh dwéng thdng qua hai tiép diém.

Hwéng dan giai

a) (C)cotam 1= (=4 :-2) ,R=5.

b) Pwong thang qua 2 tiép diém T, T' 1a T

Prcy=4+1+16+4-5>0nén A & ngoai (C), do d6 qua A vé duoc 2
tiép tuyén @én (C).

duong thdng di qua 2 giao diém cia
duong tron (C) voi dwong tron (C)
dwong kinh IA. A E :

Trung diém cua IA la E(-1; —%) \
T
Ban kinh r = '—2— —\/—2——-— n c6 phuong trinh (C'):

(x+1)2+(y+§)2=%§@x2+y2+2x+y—10=0

Cac diém M(x ; y) thuoc dwerng thang TT' ¢6 toa do thod man:
x> +y2 +8x +4y-5 =0
{xz +y2 +2x +y-10 =0
353



10 trong diém bSi dildng hoc sinh 9idi mén Tocin 10 - Lé Hoanh Pho

Dodo:8x—-2x+4y —y-5+10=0=6x+3y+5=0.
Vay dwong thdng TT: 6x + 3y + 5 = 0 (la truc ddng phuwong).

Bai toan 14. 15: ‘ -
Cho dwéng tron (C): X2 + y2 = R? va didm M(xs; yo) ndm ngoai (C). T&r M
thay ddi trén dwéng thang d cé dinh khong cét (C), ta ké hai tiép tuyén MT,
va MT, t&i (C). Chitng minh réng duwong thdng T4, ludn di qua mot diém
cb dinh.

, Hwéng dan giai
Puwong tron (C) co tam O(0; 0) ban kinh R. Goi T4(xy; y1) Ta(X2; Y2)-
Phwong trinh tiép tuyen MT, c6 dang x;x + y1y R?va tlep tuyén MT, co
dang: x;x +yoy =R?
2
M e MT;, M € MT, & {X‘X° Yo =R
. Xo + yzyo = Rz
Suy ra (x4; Y1), (i(z, y2) la cac nghiém cla phu’dng trinh _
' XoX + Yoy = R? , .

Vi M ndm ngoai (C) nén x + y0 > 0 dodé (1) la phwong trlnh duong

thdng. Vay phuong trinh dwcrng thang TiTola XoX + yoy = R? = 0
Xét trwong hop duwdng thang cé dinh d
c6 phwong trinh dang: x = a (lal > R).
Khi d6 M (a; y.) va phwong trinh TT,
la ax + yoy — R = 0 ludn di qua diém

y &

2
¢b dinh K[R—;O]
_ a’

Xét trwong hop dwong thdng d co
phwong trinh dang y = kx + m. Do d
khéng cét (C) nén m = 0.
Ta cé M(x,; kx, + m). Phwang trinh dwong thang T1T2 la

XoX + (KXo + m)y R? = 0 hay X,(x + ky) + my — R? = 0 luén di qua diém

—kRz_R_ZJ

ch dihh la K[
m m

Bal toan 14 16:

Cho dwcrng tron (C) c6 tam 1(0 ; 1) ban kinh R =1 va dudng thtdngd : y =

- 3. Hai diém di dong M trén d va T trén Ox.

a) Chirng minh réng véi méi diém M ta luén tim dwoc hai diém T, va T, trén

Ox d&MT, va MT, tiép xuc véi (C).

b) Tim tap hop tdm K clia dwéng tron ngoai tiép tam glac MT. T, .

Hwéng dan giai

a) Goi M(m ; 3)va T(t; 0).
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Phuwong trinh d‘uong thang MT la: 3x + (t— m)y 3t=0.
MT tiép xtc véi (C) khi va chi khi: ‘i
d(, MT) =1 M d
|t —m) - 3t
. -

V9 + (t —m)? )

< (m+ 22 =9 + (t—m)?
o t+2mt-3=0 , >
A'=m?+3>0nénnéludnludncoé hai T o T, X
nghiém t, va tr: dpcm

b) Goi (C') : x* + y? + 2ax + 2by + ¢ = 0 la duwéng tron ngoai tiép tam giac
MT, T, voi M(m ; 3), T; (ty; O) va T2 ( t; 0) ‘

m?+9+2am+6b+c=0

I Q.

Taco: {2 +2at, +c =0

2
t, +2at2+c =0

t
Suyra:t12—-t22+28(t1"'t2)=0 :>a=__\1; 2=m

Tt do tinh duocc=-3 ;b = —%mz — 1 nén phwong trinh dwdng tron ngoai

tiép tam giac MT T, 1a
X +y? +2mx—-(m?+2)y-3=0
m2
TémEcotoadd: x=-m,y= ——2— + 1

Kh(r m thi c6 tap hop cac tam la parabol y = %xz +1.

Bai toan 14. 17:
Cho duong tron (C) di qua ba diém A(2; -2), B(0; 2), C(0; —2). Tiép tuyén tai
A clia (C) cat truc tung tai P, tiép tuyén tai B ctia (C) cat AC tai Q, tiép tuyén tai
C clia (C) cat AB tai R. Chirng minh réng ba diém P, Q, R thdng hang.
Hu’c’rng dén giai
Puong tron (C) ¢6 phwong trinh: X° + y? = 2x -4 =0
Tiép tuyén tai A(2; —2) c6 phwong trinh: x — 2y — 6 = 0, cét truc tung tai
P(0; -3).
Tiép tuyén tai B(0; 2) c6 phuwong trinh: 2y — x — 4 = O cat dwcmg théng AC
y = -2 tai diém Q(-8; -2)
Tiép tuyén tai C c6 phwong trinh: 2y + X + 4 = 0 cét dwong thang AB:
2x +y -2 =0 tai diém R(ﬁ »1—9]
3 3,
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Tacé PR= G5 %) PQ=(-8,1)=-3PR nén ba diém P, Q, R thing hang.
Bii toan 14. 18: "
Viét phwong trinh chinh tac cla elip (E) di qua:

a) Hai diém M(4 ; —) va N(3; 12)

b) Diém M[ ] va M nhin hai tiéu diém dwéi mét goc vuong

N
Hwéng dan giai
2 2

Phuong trinh chinh tic (E): =+ z—z ~1(a>b>0)
a

a) (E) di qua M(4 ; 5;-) va N(3; 15?-)~nén c6:

6, 81 _,

- 5 = 2 _ X2 2
at 280 1 =20 vay ey Lo,
9,144 7 |p?-0 25 9
a® 25b°

16

9 +—=1

\/— \/—J € (E) nén "5—'a—2- 5b2

, FF
Taco: FiMF; = 90° = OM = T2 =¢

b) Vi M(

=0oM=2.18 c5 2=pPr?=b2+5
5" 5
Do d6: — 2+ 12 = 1 &> 9b% + 16(62+ 5) = 5b%(b% + 5)

5(b® +5) 5b°
4 2 2 Xy
&b =16 b°=4. Suyra a“=9. Vay (E): ?+?=1.
Bai toan 14. 19: o
- . 2 2 z ‘ - L=
" Cho elip (E) c6 phwong-trinh 1(9—+-YZ-=1-. Viét phuwong trinh tong quat
dwong thidng A di qua M(1; 1) va cét (E) tai hai diém A, B sao cho M la
trung diém cda doan thang AB.
Hwéng dan giai
A ¢6 VTCP AB = (Xg — Xa; Y& — Ya)
I(1; 1) 1a trung diém doan AB:
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XatXg=2; Yatyg =2 Ya

Nen x2 =(2-x5)° , ¥2a =(2-yg)° A
ViA,Be(E):,fA—+—y-2A—=1=(2~XB)2+<2“ys)2,/<%13
9 4 9 4 » X
Suy ra 4xg + 9yp = 13, twong tu: 4xa + 9ya = 13. !/
Vay phwong trinh can tim la: 4x + 9y — 13 = 0.
Bai toan 14. 20:

’

2 2
Cho elip (E): 3(—2~ + %— =1 (@a>b >0). Goi A4, Az la cac dinh trén truc l6n cla
a

(E), M la diém tuy y trén (E) co hinh chiéu trén Ox la H. Ching minh rang:
a) MF,. MF, + OM? = a2 + b?, (MF, — MF,)? = 4(OM? — b?).

b® o
b) HM? = —— HA HA, .
2 y
a o A
Hwéng dan giai M
2 2
X
M(x;y)e(E):>a—2+Z—2=1 L
a)  MF;. MF;+OM? ANF, O] R R/~ X
= (a +ex)(a—ex) + x* + y?
2 B
=a2—ezx2+x2+y2=az+y2+x2 (1_9_2_J

a
2, 2,2 X 2 2, 2 y? 2 12
=a"+y +b —=a’+y +b*|1-=—|=a“+b
a
va (MF; — MF,)? = 4e%*

2
4(OM? - %) = 4(x° + y* - b%) = 4.{% +[b2 -ix?]-bﬂ

2 . 2 2 2
—b—HA1 HA, =—l-)z(-a—x)(a——x)z——(a2 —x2) =b? _9_.)(2
a a®
b - (B2 yR) =y = HM = -2 A A,
ag 1 2
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Bai toan 14. 21:

: 2 2 y o
Cho elip (E) : i‘;+z—2 =1 va duong thang A la tiép tuyén thay déi. Chirng
a -

minh tich khodng céch tir hai tiéu diém F, , F, ciia (E) dén dwong thang A
khong déi.

- Hwéng dan giai ‘
Goi tiép tuyén A : Ax + By + C = 0 ( A% +B%>0) thi a’A b282 c?
(E) c6 hai tiéu diém Ia F; (-c; 0) va Fz (¢ 0) . Ta co;
~cA+C| |cA+C] [ 0?A? - C
AZ1B? JA?+B2 A%+B?

brazB?
=L " _p2: khong déi.

A? 4+ B2

d(F4 ,A) d(F2, A)‘ |

Bai toan 14. 22:

Cho diém I(Xo; Yo) nam trong (E): —+ —Z? =1 (a>bh).
a) Goi d va d' Ia hai dwéng théng dl qua | va vudng goéc véi nhau, d cét (E)

taiAvaB, d cat (E) tai A' va B'. Chirng minh rang ——1— 1 -
IAIB IA'IB'

c6 gia trj
khéng débi.

b) Néu M, N 13 hal diém ndm trén (E) sao cho OMN Ia tam giac vuong tai

O Chirng minh réng dudng thdng MN luén tiép xdc véi mot duwdng tron
- ¢b dinh.

Hwéng dén giai
a) Gia st duc‘yng thdng d di qua I(xo, Yo) c6 vecto chi phwong ﬁ(a;B). Khi @6
toa d6 giao diém clia d va (E) 1a nghiém cla heé.
X=X, +at ,y¥_~y0+Bt

Y
a2 b2
2 2
Suy ra (x0 + at) (yO + Bt) 1
a b2
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Goi ty va t; 1a hai nghiém va A, B la cac giao diém chGa d va (E) thi

— - —— -2
IA=tuva IB=1,u. Do 46 IAIB = IAIB| = t,t,|u

2 2 ac b
: _la b
Ma |t1.t2 P -
“.....f._
a® b® a? p?

2 2 2 2
X
Va twong tw IA"IB' = (1—_3—3'.9-]B % Do dé:

a b2 ﬁ2 (1,2 :
__+_
b? a
1,1 ££+_!3i+ﬁi+a_2
IAIB IA"IB' X2 Y2 a® b a® b?
0 0 2 2
[1—?——2](a +B )
1.1
= _a> b? a®p® KhAa A&
= = : khong doi
X Ve @t b ay? A
a2 b2
b) Khi | triing voi diém O, tre xo = yo = 0 B

thilA=1B=0M, A= IB'= ON,

va két qua & trén cho ta : ' \\\U-
1 11 .1 a®+b°

+ Tt —=
OM? ON? a% p? a%p?

x
. v

1 1
= +
OH?> OM? ON?

Néu goi OH la dwong cao clia tam giac vudng QAB thi

ab
va? +b?
Vay cac dwéng thdng MN luén luén tiép xuc voi duwdng tron tam O ban kinh
ab

Ja? +p?

nén OH =

R =
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Bai toan 14. 23:
Cho elip (E). Chirng minh réng:
a) Néu mét hinh binh hanh ngoai tiép (E) (ttrc 1a bdn canh clia hinh binh hanh
d6 déu tiép xuc véi (E) thi tdm cla hinh binh hanh tring v&i tam cua (E).
b) Néu mét hinh thoi ngoai tiép (E) thi cac dinh clia no phai ndm trén céc
truc déi xtrng chia (E). Tinh dién tich bé nhét cla hinh thoi ngoai tiép mot
elip (E) da cho. \

Hwéng dan giai
o x2 y?

a) Goi elip (E): a_2 + b_2 =1(a>b>0_. V |

Néu hai' dudng thdng song song Ax+ By + C=0vaAx+By+C' =0,C = C

cung tiép xuc véi (E) thi '

a’A?+b°B’=C*=C?nénC=-C'.

Vay hai dwong thang d6 déi xieng véi nhau qua tam O cla elip. Tir d6 suy

ra néu hinh binh hanh ABCD ngoai tiép (E) thi O la tdm hinh binh hanh doé.
b) Gia s hai canh lién tiép cta hinh thoi ngoai tiép (E) c6 phwong trinh 1an

lugtla:Ax+By+C=0vaAx+By+C'=0

voi a’A? + b?B? = C? va a’A% + b’B? = C2.

Tam O cta hinh thoi cach déu hai canh d6 nén:

o _ el a®At+bfB? _atAc+b?B7
JrZ B2 JA2.B?  A%+B® A%4BE

& (A% + B?)(a®A% + b°B?) = (A” + B?)(a’A? + b"B?)
& (a’ - b%)(A?B? - A’B?) = 0 < (AB'— A'B)(AB' + A'B) = 0.
Vi hai canh d6 khéng song song nén AB' — A'B = 0, do d6 phai cé AB' + A'B
=0. Taco thé xem A'=-AvaB' =B.
Khi do: C? = a’A? + b?B? = aA”? + b?B'? = C? hay C = +C".
Vay néu mét canh hinh thoi cé phurong trinh Ax + By + C = 0 thi canh lién tiép
v&i n6 co phuong trinh =Ax + By + C = 0. Ttr 6 suy ra dinh hinh thoi phai
nam trén truc Ox hoac Oy.
Giao diém clia duong thdng canh clia hinh thoi cd phuong trinh Ax + By + C = 0, v&i
a*A? + b?B? = C? véi hai truc Ox va Oy Ia hai dinh M, N clia hinh thoi:

Vay M[-%; O) vaN (O;-%) . Diéntich S ctia hinh thoi la:

C?| _ ,a%A2 +b%B2  dabyA?B® _,

S=20M.ON = 2|2 = >
" |AB| |AB| ]AB’

A2
DAu "=" xdy ra khi a’A? = b’B? = %—-
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Bai toan 14. 24:
Tim tap diém nhiing diém M sao cho tir d6 co thé vé hai tlep tuyén vuéng
goc toi mét dwong elip (E) da cho.
Hwéng dan giai
2 2

Goi (E): 3(—5+:)l—2 =1(a> b > 0). Gia si diém M(xo; yo). Hai dwéng théng di
a

qua M va vudng goc v&i nhau cé phwong trinh:
Ax + By — (Axo + Byp) = 0 va Bx — Ay — (Bxo — Ayp) = 0
Vi hai dwérng thang d6 déu la tiép tuyén cla elip nén:
a?A? + b?B? = (Axo + Byo)? va a?B? + b?A? = (Bxo — Ayp)?
Ter d6 suy ra:
a?A? + b?B? + a?B? + b?A? = (Axo + Byo)? + (Bxo — Ayo)?
& (@ +bY)(A2+BY = (A2 +BY)((x2 + y2) & X2 +y2 =a’ + b

Vay tap diém cac diém M la dwéng tron tam O ban kinh R = \/a +b? .
Bai toan 14. 25:
Cho elip (E) va mét dudng théng d cb dinh. Mot dwong thdng d thay doi
song song hodc tring véi d, cét (E) tai A va B. Tim tap diém trung diém |
clia dwong thang AB.
Hwéng dan giai

I b

2
z—2=1( a> b > 0), duong thdng d cé vecto chi phwong

a
ﬂ(oc; B)va diém I(xo; Yo). Khi d6 toa dé giao diém A, B cla d’ va ehp (E) théa

X=X, +at,y=y,+pt
man hé phuwong trinh: < 2 y2

Goi (B): =

t)? t)?
Suy ra: (g * ot | O +BY” _,
a? b?

2 q2) X W2y
PG (L OL—9+—B—¥—9— 1420 Yo 40
a2 b2 3.2 b2 a2 b2

Vi | 1a trung diém clia AB nén phwong trinh trén phai co hai nghiém ddi nhau:

yo <1 va 9.—3.(_9..1._‘3.},_9._
b* a®  b?

ﬁ_y

P<O0OvasS= 0<::>——+ =0
a’

Vay tap diém | 1a phan duwong thang =0 nam trong hoéc trén elip (E).
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. Bai toan 14. 26:
Viét phwong trinh chinh tic clia hypebol

a) Tamsaie = \/3 vadiqua M (\/1—6; 6).
b) B¢ dai truc do béng 6 va hai dwéng tiém can vuéng go6c nhau.
Hwéng dan giai
2 2

Hypebol cé phwong trinh chinh tic: 52— Yl 1

a? b
a) Tir gia thiét ta c6 hé phurong trinh:
- /5a a®+b%=5a° a2=1__ . x2 y?
10 36 =10 36 = NVay(H): —-=—=1.
e et B 14
a® b a? p?
b) Tac62b=6=b=3
- Cac dudng tiém can vudng goc voi nhau suyraa= b 3
2, 2
Vay phuong trinh chmh tac cla hypebol -5— - Xg— =1.
Bai toan 14. 27: ‘
’ X2‘ y2 _ .
Cho hypebol (H): — - 3 =1vaduwong thang A: x—y+m=0.
a) Ching minh rang A ludn cat (H) tai ha| diém M, N (xm < Xn) thuoc hai
nhanh khac nhau cta (H).
b) Goi F4 14 tiéu diém trai va F, 1a tiéu dlem phai cha (H). Xac dinh m aé
FoN = 2F,M. B
Hwéng dan giai
2 2
a) (H): 3(1—1———315-&1 =Da=2b= \/E ;=3

(H) c6 hai nhanh: nhanh trai tng véi x < —2, nhanh phai rng v&i x > 2.
Hoanh d¢ giao diém cua (H) va A la nghiém clia phwong trinh:
5x° —4.(x + m)? =20 = 0, hay x? — 8mx — 4(m’ + 5) = 0
Phwo’ng trinh luén c6 hai nghiém phan biét trai dau véi moi m. Do do A luén
cét (H) tai hai diém M va N thudc hai nhanh khac nhau : xy < 2,2 < xu.
b) (H) cé cac tiéu dlem F4(=3; 0), F2(3 0)

3

3
_=*2‘XN—2,F1M=

=-=X

F2N= 5 M

aCX
aN

-2

a+Sx
.aM

FAN=2FNo g-xN—z=2(—gxM—2)©3xN+6m+4=0

w x‘ = 8m
Theo dinh li Viét:
XXy = —4(m +5)
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Do dé: xM=-i —8m, xy = i +16m.
3 3

nén ta coé: (—-g- - 8m)(% +16m) = —4(m? + 5)

©279m2 + 72m—41=0 m=:%— V1415

Bai toan 14. 28:
2 2
Cho hypebol (H) 3(-——19- =1. Goi A la dworng théng di qua gbc toa do O va

c6 hé sé goc k, A' la duong thing di qua O va vuong goc vai A.
a) Tim diéu kién cla k dé ca A va A' déu cét (H)
b) Xac dinh k dé dién tich t giac co bdn dinh 1a bén giao diém cia A va A'
v&i (H) co gia tri nhé nhét.
Hwéng dan glal

A
a) T gia thiét suy ra Aty =kx, Aty = —I(—x
Hoanh d6 giao diém cia A va (H) la
- nghiém cla phwong trinh:
9x% — 4k®® = 36 < (9 — 4kAX* = 36
A cat (H) khi 9 — 4k?* > 0 @——2-<k<g— >

Tung do glao diém cla A' va (H) 1a
nghiém cla phuo'ng trinh ¢
Ok%y? — 4y? = 36 < (9k? — 4)y? = 36 , /

A'cat (H) khi9k* -4 >0 < Ikl>§

N

X‘;

P

Vay A va A’ du cét (H) khi va chi khi §<| K< -z-

b) Goi A va C la cac giao diém cla A va (H) (xa > 0); B va D Ia cac giao diém
cla A' va (H), yg < 0). Do (H) nhan géc O lam tam di xirng nén OA = OC,
OB = OD do d6 ABCD la hinh binh hanh. Ma AC vuéng géc v&i BD nén
ABCD Ila hinh thoi.

X2 y2
Giai hé cac phuong trinh ctia A va (H): ‘2{ 9
=kx
thi A[ 6. JL—] Tuong ty B( m ]
Jo—ak? o 4k? Jo —a Vo 4
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2
Taco SABCD e 4SOAB =20A0B= 72(1 +k )
J(9 - 4Kk?)(9K? - 4)
| \ |
Ap dung bét diing AM-GM: (9 — 4k?)(9K? — 4) <> *:k - _2.(1+ K2)

N&n Sasco > % Vay Saacp N nhét <> 9 — 4k = 9k2— 4 &> k = 1.

Bai toan 14. 29:
Cho hypebol (H). Chirng minh dién tich cta hinh binh hanh xac dinh béi hai
dudng tiém can va hai dwong thang dl qua mét diém trén (H) va song song
v&i hai dwdng tiém can la mot héng sb. ' '

Hwéng dan giai
. x2 y2 : y
oi (H —————= - A
Goi (H): Z b 1 | i
Qua diém M, tuy y trén (H) ké hal
dudng song song voi hai tiém can va
cat hai tiém can tai B va A.

><V

PatA (m, Em); B (n, —tln) ta co:
a a

OMo.= OA + OB =(m+n, —g(m—n))

2

2 —_—
(m+n) _(m n) =1=>4mn=a :>mn—aT‘

a® a2
Goi S la dién tich hinh binh hanh OAM,B, ta ¢o:

S = 2. Soas = OA. OB. sinAOB

()2

Bai toan 14. 30:
Hinh binh hanh ABCD c6 hai dinh A va C ndm trén hypebol (H), cac canh
cla hmh binh hanh déu song song v&i cac duwdng tiém can cﬁa (H). Chirng
minh rang cac dwdng thdng BD ludn luén di qua mot dlem cb dinh.
Hwéng dén giai

Mo e (H) =

_ §|—2mnl - 3—2*3 : khong dbi

. x% y? .
Goi (H)“;?"E? =1 va Axa; ya), B(ts; Y8), C(Xc; Vo), D(Xo; o).

mlx
™ |3 1o
|
O‘l<
i N
I
-
mlx
njo N
|
O‘I<
i N
I
—

Vi A, C thubc (H) nén:

364



Cty TNHH MTV DVVH Khang Vigt

Céc vecto AB = (XB; Xa; Y8 — Ya) VA CB = (Xg — Xc; Y8 — Yc) phai song song

véi cac dwong tiém can co cac vecto chi phwong ﬁ(a; b) va u' (a; —b) nén
b(xs — Xa) — a(ys — ya) = 0 va b(xg — Xc) *+ a(ys — yc) = 0.

Suy ra —& = “2 nén dwéng thang BD luén ludn di qua gbc O.
yB yD

Bai toén 14. 31: ’

Cho hypebol (H) v&i hai duong tiém can la d va d' Chirng minh:

a) Néu mét duweng thang cat (H) tai A va B, cat d va d' tai A’ va B' thi AA' = BB'

b) Néu mét dwerng théng tiép xtc véi (H) tai | va cat d, d' tai A’ va B' thi | 1a

trung diém cla A'B'.

Hwéng dan giai
2 2

a) Goi (H): -)f—z— _%2_ =1 thi hai dwong tiém can cé phuwong trinh chung la
ﬁ 2

5 =0

o)
%<

. . . z . . 2 X=Xo+at
Goi A la dudng thang c6 phuong trinh tham sé
Y=Yy + pt
Giao diém A, B clia A va (H) t&ng v&i gia tri t; va t, 1a nghiém cia
(X +ot)?  (y, +Bt)
2

a2

2 2 2 2
& B o o BYole X Yo 4_g 1)
. a2 b2 a2 b2 a2 b2

=1 hay

5
Giao diém A', B' cGia A véi hai dwdng tiém can trng véi cac gia tri t'; va t; 1a
nghiém cla phwong trinh

(X, +at)? yp Bt)?
2

2 ‘ i+t :
Goi | la trung diém clia AB thi | ing véigia trit= 1 —2 S

=0 ha
a? y
2 2 X X2 y?
& B o[ PYole X% Yo _g )
a2 b2 a2 b2 aZ b2
- s e Y, S
Goi I' Ia trung diém cta A'B' thi I' ¢Png v&i gid tri t'= =—

5
T 2 phuong trinh (1)_va (2)thiS =8 nént=1 do dé | va I' tring nhau:
dpcm.
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b) Khi A tiép xuc véi (H) tai | thi né cat(H) tai hai diém A, B trung nhau va tring
VGi |. B&i vay | 1a trung diém cda A'B'.
Bai toan 14. 32: ,
Tim tap diém nhitng diém M sao cho tir do c6 thé vé hai tiép tuyén vuéong
goc téi mot dudng hyperbol (H) da cho.
Hwéng dan giai
2 2 o
Goi (H): —X—z-—%z- =1. Gia s diém M(Xo; Yo). Hai duong théng di qua M va
'vudng goc voi nhau c6 phwong trinh:
Ax + By — (Axo + Byo) = 0 va Bx — Ay — (Bxo — Ayo) = 0
Vi hai duong thdng dé déu la tiép tuyén clia hypebol nén:
a’A% - b°B? = (Axo + Byo)? va a’B? - b?°A? = (Bxo — Ayo)® # 0
T do6 suy ra: ,
a’A2 — b?B? + a?B? — b?A? = (Axo + Byo)? + (Bxo — Ayg)®
o (a* = bY)(A2+ B = (A2 + BY((x2 + y2) = X2 +y2 =a’ b2
Néu a < b thi tap diém |a tap rong.
Néu a = b thi x, = Yo =0 nén Axo + Byp = on - Ayo = 0: loai do do6 tap diém
" latap réng.

Néu a > b thi tap diém dwong tron tam O ban kinh R = Va? +b? |
Bai toan 14. 33:

Chirng minh parabol (P) co tiéu diém F ~—b—; 1-b" +4ac va duong-
2a 4a
. ,
chudnA: y + lf%el‘i =0c¢6 phuong trinh y = ax? + bx + c.
a

Hwong dan giai
Xét diém tuy y M(x; y) € (P) MF = d(M A)

b Y 1-b2+dac) [ 1+b?—4ac)
S| X+—| ¥y | =Y F—————|
2a 4a . 4a

2

o xP e er-izlth—)»:ﬁ oy= ad+bx+c.

a 4a° a  4a®

Bai toan 14. 34:
Cho parabol (P):.y* = 12x c6 tiéu c_i|em F. T|m 2 diém A, B tren (P) sao cho
tam giac OAB c6 tryc tam la F.
Huwéng dan giai

Ta cé: F(3; 0) nén tam giac OAB nhan F Ia truc tam thi A, B déi xtrng nhau
qua Ox
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Goi A(m, n) thi B(m, —n), m = 0

Ta cé: Ac(P) '~
OA 1L BF
0 F
n® =12m mm-15)=0 — ,
<

<

{m(m—S)—nz =0 {nQ =12m
Chonm=15nénn?=180 = n=16+/5.
Vay: A(15; 6/5) va B(15; 615 )

Bai toan 14. 35:
Do thi C ctia ham sb y = ax? + bx +tc (a # 0) va parabol (P) ¢co phu’o’ng trinh
y? = 2px (p> O) Chtrng minh rang néu (C) cét (P) tai bén diém phan biét thi
bén diém d6 nam trén mét duwéng tron.

Hwéng dan giai

Toa d6 bon giao diém ctia (C) va (P) la nghiém cia hé phuwong trinh:

;Iyy:ax2+bx+cv {x2+9x+g—-¥—,~=0
12 ooy & a a a
e ]y?—2px:0 '.

Céng hai prhu’dng trinh cla hé thi dwoc:

ol 4

x? +y +[E~2p]x—x+£=0
a a -a

Suy ra bén giao diém ndm trén dwong tron do.
Bai toan 14. 36:
Cho day cung AB di qua tiéu diém F cua parabol (P). Chung minh duwong
tron duwong kinh PB tiép xuc voi dwong chudn.
Hwéng dan giai
Ha AA', BB', II' vudng géc véi duong chudn A

Hinh thang vuéng ABB'A' co II' [a dwong trung binh nén
YA

d(hba)=1I'= —(AA'+ BB') A S @) ‘

Ma A,B thudc parabol nén:
AF = AA'va BF = BB'

Do 6 AA’ + BB' = AF + BF = AB I i

nén d (l;', A) = %AB, suy ra dwdng tron

dwong kinh AB tiép xdc voi dwong

- chuén A. /s
A

vs]
Oj
o)
I 4
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Bai toan 14. 37:

2
Viét phwong trinh tiép tuyén chung ctia parabol y* = 2x va elip % +y?=1.

Hwéng dén giai
Pidu kién can va da dé dwong théng Ax + By + C =0, A> +B® > 0 tiép xdc
v@i parabol va elip da cho la:
B2 =2AC - B? =2AC
2A% +B?=C%2  |2A%? +2AC=C?

Do d6: (C - A =3A%& C—A=1J3A & C = (1£43)A
XétA=0= B=0:loai

XétA=0,chonA=1nénC= 1+\Il§va B’= 2(1+\/_)dodoB \/2(1+\/§).
Ta c6 hai tiép tuyén chung xi\/2 1+\/§)y+1+\/§=0.

Bai toan 14. 38:

Cho parabol: y* = 4x. Chung minh tir diém N tuy y thudc du'o’ng chuén cla

parabol v& dwoc hai tiép tuyen NT;,NT, d@én parabol va hai tlep tuyén nay

vudng géc nhau va duong thang T4, T2 luén di qua mét didm cb dinh.
Hwéng dan giai:

Parabol: y? = 4x c6 tiéu diém F(1;0) va dwong chudn x = -1. Duwong thang

qua N(-1;a) hé sb géc k cé phuwong trinh: y = k(x + 1) + a.

Xét hé: {yz = 4x

y=k(x+1)+a

= 4y=ky’+4k +4a > ky’ ~dy + 4k +4a =0

Puong thang la tiép tuyén khi: k = 0

va A'=4-k(4k +4a)=0k*+ak-1=0

ViP<0va P = -1 pén phuwong trinh c6 2 nghiém ki, k; thda man ki kz = -1,

do d6 co 2 tiép tuyén vudng goc nhau

Tiép tuyén NT; co tiép didm Ty(xry1) va hé sé gbc ky nén nghiém kep: y, = R?Z-
1
= X4 = .1y2 = _1_..
1 4 1 k‘;a .

Tuong tu»tiép tuyén NT, c6 tiép diém Ta(xz, ¥2) VGi X, = k—12—; Yo = |-<2— Tir d6
- 2 \

suy ra FT4, FT, cung phuong nén F, T4, T théng hang. Vay T4T; luén qua

F(1;0), ¢ dinh.
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Bai toan 14. 39:
Viét phwong trinh dwdng conic nhan F(1; 1) 1am tiéu diém va dwong thing
A: x +y—1=0lam dwéng chuan trong méi treang hop:

a) Tamsaie =1 b)Témsaie=\/§ c)Témsaie=-—1-.
J2
Hwéng dan giai
Goi M (x;y) la diém thudc dwdng conic
MF ~ |x +y- 1[
d(M; A) J2
S22 +2y" —4x—4y + 4 =2 +y? + 1 + 2xy-2x=2y
X -2xy +y?—2x-2y+3=0
MF
d(M; A)

a) —e =1 J(x =12 +(y -1

b) —e=+2 o MF?=2d2 (M:A)

_4\2
Lo (=12 (y=1)2 = 2(112’2_.1.)_ =2y —1=0

MF 1 - . 2 2(p1-

c) M—EQ\EMF—d(M,A)QZMF = d3(M:; A)
< 3%+ 3y? - 2xy —6x —By + 7 = 0.

Bai toan 14. 40:
Cho hai’du’c‘rng tron tdam A(1; 0), ban kinh ra = 4 va tam B(-1;0), ban kinh
rg = 2. Tim tap hop tdm I(x;y) cGa cac dwéng tron tiép xuic véi hai dwong
tron trén.

Hwéng dan giai

Khodng cach 2 tam AB =2 = 1y — 1
nén 2 duwéng tron (A; ra) va (B; rp) tiép

xuc trong tai C(-3;0).
Xét 2 trwdng hop: \

~ Duong tron (1) nam trong dweng tron c B - 5
(A; ra) va nam ngoai (B; rg). \\‘1:'/ & X

Taco:IB=r+rg, IA=ra-r=1IB + IA - /0/1
=g +rp =6, do dé | chay trén duwdng
elip (E) nhan A(1;0) va B(-1;0) lam 2
tieu diém, c6 phuwong trinh 14
X2 y2 > e X

— +—=1Dbo diem C

9 8

- Buwong tron (I;r) tiép xuc véi 2 dwong tron da cho tai C(-3;0) thi | chay trén

truc hoanh.
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2 2

Vay tap hop gém elip l‘é-+ YB— = 1 va truc hoanh Ox, bé C(=3;0).
Bai toan 14. 41:
Qua tiéu diém F cua parabol (P), vé mét dudng thang d thay déi cat (P) tai
hai diém A, B.
a) Tim tap diém trung diém clia doan thing AB.
b) Khi FA = FB. Trén tia FA lay diém N sao cho FN = FA FB. T|m tap
diém diém N. '
Hwéng dan giéi
, ' _P
Goi (P): y2 = 2px, phwong trinh-cla d la: X= 2 +at
y=t
-a) Cac giao diém A va B (rng v&i céc gia tri t Ia nghiém ctia phuong trinh:

= 2p[§+at] hay t* — 2pat — p?=0

L t,+t
Trung diém M clia AB irng véi gia trit= 12 =pa la

] g

" Tap diém M 1a parabol c6 phrong trinh y? = p(x -E] .

2
'b) Gia slr cac giéo diém A va B trng v&i cac gia tri ty, to, ta co:
FA= t[Va® +1, FB=|t,|va? +1 |
VIFA > FBnén It > It do do:
ti = p(a +\/E).vé tr = p(a- \/;5:—1)
Suyra FN = FA - FB = (t; + t;) Va2 +1= 2pa/a2 +1.
Vay diém N (rng voigiatrit=2pala xy = g + 2paz, YN = 2pa.
Suy ra xy = g—+ Qp(;:] =>y2= 2p[xN -—%J

Vay tap diém N la parabol y* = 2p (x - g) .
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Bai toan 14. 42:

o | | ‘ .
Cho hypebol (H): X—z—i—{ﬂ va F(c; 0) 1a mot tieu didm cda (H). Mot
a

duwong thang di qua F va cét (H) tai hai diém A, B. Chteng minh riing duong

tron dwong kinh AB cét dwéng chuén d: x = % cta (H).

Huwéng dan}glal A

Goi | 1a trung diém ctia AB; A, B', I' lan
lvot Ia hinh chiéu cda A, B, | trén A ,

, » » ,
dwéng chudn dy: x = 2 ' F

¢ B
Ta c6 tam sai e > 1 nén: I \1x
AB =e(AA' + BB') > AA' + BB' = 2II". '
Vay duwong tron dwong kinh AB luén B B
cat dwdng chuan d.
Bai toan 14. 43: d

Cho hai diém A(a; 0) va B(0; b) ¢b dinh véia, b # 0. Dwo’ng tron (C) thay déi
ludn di qua A, B va cét cac truc Ox, Oy 1an Iwot tai cac diém thi hai C(x; 0)
va D(0; y). Goi | va K twong (rng la trung diém clGa cac doan AB, CD.
Chung mmh Ol vuéng goéc véi CD va t|m tap hop cac diém K khi (C) thay
déi.

Hwéng dan giai y
T giac ABDC ndi tiép nén ta co: t
OA.OC = OB.OD S
Dodé:ax=by©5=-y- (
b a ;
B
Ta co:
- 1 ab
Ol = —-OA+OB——,- vaCD-—x o
2( ) (2 2) (=xy)

Ol .CD = %’h% = l(by—ax)=0nénOI_LCD.

Tuong tw ta chirng minh dwogc: OK J_ AB. Vay tap hop diém K 1a dudng
thang di qua O va vudng goc vai AB cb dinh.

Bai toan 14. 44:
Cho hinh vuéng ABCD. Tir A ké mét dwéng thang bat ky A, ¢4t BC, DC tai
E vaF. Goil la trung diém clia BE.

a) Ching minh khi A quay quanh A, thi Fi luén tiép xdc véi dwdng tron noi tiép
cla hinh vuéng.
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b) Gia s DE c&t Fl tai M. Chirng minh M ndm trén dwong tron ngoai tiép cla
hinh vuéng.

Hwéng dan giai:
a) Chon hé truc toa d6 nhw hinh vé va gid st hinh vuéng canh 2a nén :
A(-a;-a), B(a;-a), C(a;a), D(-a;a) y
Goi hé sb goc cia AF [a m thi: A
AF.y=m(x+a)-a _ D C

2a-ma. J

Tac()DF:y=a:>F( a >%
m - o M
CB: x=a= E(a, 2ma - a) /j » X
|

va l(a;ma - a) nén:

A B

El: (2m - m)x — 2(1 - m)y — a(m? - 2m +2) = 0

2 —
Vi: dO:Fl) = M —2m+2)
Jem-m2)? + 4(1-m)?
Vay FI tiép xuc voi dwéng tron ndi tiép cla hinh vudng
b) Do D(-a,a) va E(a;2ma —a) nén DE: (m-1)x-y+ma=0
Suy raxy= _a(g.._nl_)__'yM = a( m” +4m-2) .
m? - 2m + 2

= X2 +y2 =2a° = (@V2)?
Vay M ndm trén dwong tron ngoai tiép hinh vudng
Bai toan 14. 45: '
Cho hai diém phan biét B va C. Chirng minh rang tap hop nhitng dinh A
clia tam giac ABC ma dwéng thdng Ole clia n6 song song voi BC 1a mot
duong elip (duwong thing Ole la dwéng thang di qua trong tam, triec tam va
tam dwdng tron ngoai tiép cia tam giac)
Giai

Chon hé toa do Oxy nhuw sau: truc Oy
qua BC, truc Ox la dwong théng vudng
goc voi BC tai trung diém O. Gia st B

B
va C lan lwot cé cac toa do (O; a) va ~— A
(O;~a). Goi A (x;y) la mét dinh ctia tam
giac ABC ma duong thdng Ole clia n6 G
song song v&i BC. ,
{
c

m? —2m + 2

AY

v

N , X Y. ., X .
T o ta cd G (=;Z); I(=;0) la tron
(3 3) (3 ) g

tam va tam dwéng tron ngoai tiép tam
giac ABC.
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Taco: IA=1IB

_ X2 _0R2 = _ X\ 2
YQ\/(X 3) +(y-0) \/(0 3) +(a-0)

2 2 2

ix +y ——x—+a @lx +y®=a <::>—-——+—y——:1
9 9 3 332 a°
Vay tap hop cac dinh A 1a mét elip
Bai toan 14. 46:

Cho4sba,b,c dthodman: a®?+b’=1,c+d=6.

Chung minh : ¢ + d? - 2ac — 2bd = (3\/~ -1)%
Hwéng dan giai
Vi: a® + b? =1 nén M(a; b) thudéc duéng tron (C): x* +y? =1, R=1,
Vic+d=6nénN(c; d) thudc duong thdng A: x+y—-6=0
MN? = (c- a)’ + (b — d)?
=c? + d*+ a® + b? - 2ac — 2bd
= ¢’ +d*-2ac—2bd + 1
ViMe (C),Ne A

A
\
= MN+OM=2ON 2 d(0, A) /

N

M

:MN+1>M=3J§ >
E R T

= MN? 2 (3+/2 - 1)2: (dpcm)

Bai toan 14. 47:
Cho 2 s6 a, b thod man: a® + b®> +16 = 8a + 6b.
Chirng minh : 24a > 7b.

Hwéng dan giai
Tacoa®+b?+16 =8a + 6b
o a’+b’-8a-6b+16=0 © (@a-4)%+(b-23)?2
Do d6 néu 2 s a, b thod man: a® + b2 +16 = 8a + 6b thl dlem M(a;b) thudc
dudng tron (1) tdm 1(4;3) va ban kinh R = 3.
Ta c6 dwong tron () co6 mét tiép tuyén OT tiép xGc voi truc hoanh tai
T(4,0), va tiép tuyén OE tai E( 28 22) aY

T4t ca cac duong thang qua O va co
diém chung voi dwong tron (1) déu co E
dang y = kx v&i hé sb géc k théa man

v
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Bai toan 14. 48: Trong mat phing v6i hé toa d6 Oxy, cho dudng thang
A:x—y=0.Duwong tron (C) c6 ban kinh R =10 cit A tai hai Giém A va
B sao cho AB = 4+/2 . Tiép tuyén clia (C) tai A va B ct nhau tai mét diém
thudc ‘ia Oy. Viét phwong trinh dwéng tron (C).
Hwéng dan giai
Ta c6 zos(AIH) = %;'- _ 1 SH=2

Js

Vay MH = Mi - H = 4+/2;
Goi M (0; y)e Oy
MLsB=>Ml:x+y+c=0; M(O-—c)

MH = d (M; A) = %=4\/§_

= c¢=8hayc=-8

| (t; —t—8) hay (t ~t +8) / |

d(I;A)=l—t—t\%§—'=\/§=lH

<t=-3hayt=-5 .
V&it=-3=1(-3;-5);vbit=-5 = | (-5;-3)
Vay phwong trinh 2 dwong tron can tim la :

(x +3)%+ (y + 5% =10va (x + 5% + (y + 3)* = 10.

<"

3. BAI LUYEN TAP

Bai tap 14. 1: Cho hai diém A(1; 1) va B(9; 7) Tim tap diém cac dlem M sao
“cho 2MA? - 3MB? = k?, trong d6 k la mét sé cho trude.

- Hwéng dan
Goi diém M(x;y) ré_i dung c6ng thirc khodng cach.
Két qua (x — 25)% + (y — 19)? = 600 — k? rdi bién luan.

Bai tap 14. 2: Viét phwong trinh dwong tron di qua hai diém A(-1; O) B(1; 2)

va tiép xuc véi dwong thdng x —y — 1 =0.
Hwéng déan

Goi tdm I(a b) va ban kinh R.

Két qua x* + (y—1)* = 2.

Bai tap 14: 3: Cho dwong tron (C): X2+ y? =4 va diém A(=2 ; 3). Chwng minh
A & ngoai d‘wong tron. Lap phwong trinh 2 tiép tuyén ké tir A. Tinh khoang
~cach glwa hai tiép diém T, T'

ch’yng dan
(C) c6 tdam O(0;0) va ban kinhR =2, IA>R.

374



Cty TNHH MTV DVWH Hhang Vigt

Két qua Hai tiép tuyén x +2=0,5x + 12y =26 =0, TT' = —— 12

Ji3
Bai tap 14. 4: Cho hai dwong tron :

(C): X +y*—6x+5=0,(C):x2+y*—12x -6y +44 =0
a)Chtrng minh hai dwéng tron ngoai nhau. ‘
b)Lap phwong trinh tiép tuyén chung ctia hai dwdng tron.

Hwéng dan :

a)Kétqua I'= V9+9=3J/2 >R+R'
b) Goi d: Ax +By +C = 0 v&i A? + B? >0 Ia tiép chung rdi diing diéu kién tiép xuc.

_ 9% \/~ 9+\/_

Bai tap 14. 5: Cho 2 dwong thang
di:kx—y+k=0, dp:(1-k?)x+2ky—1-k*=0.
a) Bién luan sy twong giao.Chirng minh cac gtao diém ndm trén 1 dwo'ng
tron.
b) Chirng minh khoang céach tir O dén d, khéng qua 1.
Hwéng dan

Két qua x = 5 y=2,y

a) Két qua x* +y =1
b) Chirng minh theo cach bién ddi tuzong dwong.
Bai tap 14. 6: Chocacsd a, b, ¢, d, x, y thod
a® +b® +40=8a+10b
c®2+d®+12=4c+6d .Tim giatri nhé nhat cia:
3x-2y-13=0 '

P=(x—-a)2 +(y-b)? +(x—c)? +(y - d)?
Hwéng dan
Xét diém E(a,b) thudc dwong tron (C) : x* +y? -8x—-10y+40=0

Xét diém F(c ;d) thuoc duweng tron (C) : x2 +y2 —-4x—6y+12=0
Xét diém M(x ;y)) thudc dwdng thdng d : 3x — 2y —13 =0.
= P=ME +MF

So sanh téng khoang cach va vj tri 2 giao diém ddi véi dwdng thang qua
2 tam.

Két qua 2 J13 2.

Bai tap 14. 7: Tim tdm sai cla elip trong cac tredng hop sau:

a) Khodng cach tir mét dinh trén truc 1én t¢i mot dinh nam trén truc bé béng
tiéu cuw.

b) D6 dai truc I&n bang k lan do dai truc bé (k > 1)
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Hwéng dén
2

5

a) Poan A.B, = 2c. Kétqud e =

oo

=
N

Ti

-

b)2a=k2b. Kétquae= = =
t a Kk

2 2
'Bai tap 14. 8: Cho elip (E): X— + XZ = 1 va hai dwong théng-
(D). ax - by 0, (D') bx + ay = 0. Goi M, N la cac giao dlem cua (D) va (E):
P, Q la cac giao diém cla (D') véi (E).) Tim diéu kién ddi véi a, b dé dién
tich “tr giac MNPQ nhé nhét.
Hwéng dén
Chu y hai dwong (D), (D) vudng goéc.

Bai tap 14. 9: Cho F; (—v/2; =/2), Fo(+/2; V/2). Chirng minh méi diém M(x;y)
thuéc @b thiy = - ddu c6| MF; — MF,| khong ddi.
- X

Huwéng din

Tinh MF; 2 va MF, 2. Két qua 22
2 2

Bai tap 14. 10: Cho hypebol (H): 5——%;— =1. Goi F4, F, la cac tiéu diém va

A4, Az la cac dlnh clia (H) M la diém tuy y trén (H) c6 hinh chiéu trén Ox la
N. Chtrng minh rang:
a) OM2 — MF; . MF, = a2~ b2 , (MF; + MF,)? = 4(OM? + b?)

2
b) NM? = 9- NA NA,
: a

Hwéng dan
a) Dung cong thirc ban kinh qua tiéu MF, = |a +ex| va. MF,= |a —ex|

b) Goi M(x;y) thi N(x;0).

Bai tap 14. 11: Cho parabol y? = 2px, dwdng thang d thay déi ludn ludn voi
mat phuwong cho trwdc, cét parabol tai A va B. Tim tap hop trung diém | cla
doan thdng AB. :

: Hwéng dan
DPuong thing d thay ddi ludn ludn véi mét phuong cho trwdc nén cé hé sé
géc khéng déi: y = kx + b.

Két qua tap hop diém I thuoc duong thangy = -E
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Bai tap 14. 12: Cho parabol (P): y? = 2px (p > 0). A la mot diém c6 dinh trén
(P). M6t goc vudng uAt quay quanh diém A c6 cac canh cat (P) tai B va C.
Chirng minh riing dwong thang BC ludn di qua mét diém cb dinh.

Hwéng dan

: 2 2 2
Giastr A a—;a , B E—;b , C -C—-;c
2p 2p 2p
Phwong trinh dwéng thang BC 1a: 2px— (b +c)y + bc =0

2
Két qua M(%—+2p ; ~a] véia = ya.
p
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chuven aé 10 LWONG GIRC VA UNG DUNG

1. KIEN THUC TRONG TAM
Hé thirc co ban:
sino + coso =1 ; tan o, .coto = 1
SINA . cotor =295 1 4 tanZy = ;1+cot‘zoz=—‘| '
cosa v sina CcOoS” o sin2 o
Céng thirc cong ’
cos(a. + ) = cosacosp — sinosinp; cos(o— B) = cosacosB + sinasing
sin(a + B) = sinacosp + cosasing ; sino.— B) = sinoicosP — cosasing.

tano =

tan((l + ‘3) = M ; tan(a —_ B) = M
1-tanatanp 1+tanotanp

COt(a + B) = Pm—a(.'i(_)_t_ﬂ_—l’ COt((l —_ B) = w
.- cotprcota cotB - cota

. . . T . T
sina + cosa, = \/Esm(a * Z),cosa tsino = \/Ecos(a ¥ Z)
asinx + bcosx =va® + b? (cosasinx+sinacosx) = va? +b? sin(x+a)
a b
va? +b? va? +b?

Coéng thirc nhan déi, ha bac hai
cos2a = cos’a — sin®a = 2cos?a — 1 = 1 — 2sino.

v&i sé o sao cho: cosa = va sina =

sin2o = 2sinacosa ; tan2o = _Elgn_a_

‘ 1-tan® o

2 _ 1+cos2a ., 1-cos2a
cos‘a = ———— | sin‘o T —————
.2 2

Coéng thirc nhan ba, ha béac ba

sin3a = 3sina — 4sin®a; cos3a. = 4cos’a — 3cosa
3tana -tan® o

1-3tan®a
3sina-sin3a . . 3cosa+cos3a

sin®a = © cos’a
_ 4 4

tan3o=

Cong thirc goc phuy : Datt = tang— thi :

_ 32
;0050c=1 t ;tana=——?t—.
2
1412 1+t 1-t

sino =
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Céng thirc bién dbi

o+ o -
cosa + cosf = Zcos——é—Ecos 5 B ,

cosa. — cosp = —2sin %—B— sin%—ﬁ—

sinasinf = —% [cos(a + B) - coé(a - Bl

sina — sinp = ZCosg—;—E sin OLT—B

cosocosp = %[cos(a + B) + cos(a — B)]

Ll PN el

2

sina + sinB = 2sin co
sinocosP = %[sin(a + B) + sin(a — B)]

cosasinp = %[sin(a + B) — sin(a. — B)]

tana + tanp = M, tana —tanp = M__
: coso.cosf cosoa.cosf
coto. + cotp = C—?-S-M; coto. — cotp = w
sino.sinP sina.sinf

Phwong phap lwong giac hoa

Néu |x|<1 thicothé dat x=sint hodcx= cost,

Néu [x|<r, r>0 thicd thé dat x = r.sint‘ hoac x= r.cost,

Néu x2 +y? =1 thi c6 thé dat x = sint va y = cost,

Néu x* + y? = r* thi cé thé dat x =r.sint va y = r.cost,

Néu x? +y* +z? = 1 thi c6 thé dat

X = C0sa, y = sina.cosb, z = sina.sinb,
N&u [x| >1 thi c6 thé dat x=—— holicx= ——,
sint cost

Néu x € R thi co thé dat x =tanu hodc x = cotu,

Néu c6 biéu thirc a + x* thi c6 thé dat x = a.tanu hodc a.cotu,
Néu co dang thirc a + b +c = abc hay ab + bc + ca =1 thi ¢c6 thé dwa gia tri
tang 3 goc cha tam giac,...
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2. CAC BAI TOAN
Bai toan 15. 1:
Chirng minh hé thirc:
1+ sin* o —cos* a 2 . cos®x—sin®x
a) - py S5 XS X
1-sinffa—cos®a 3cos’a cot? x —tan? x
Hwéng dan giai

= sin® x cos? x

1+ (sin® o + cos? a)(sin® o — cos? o)
1-(sin a + cos? a)sin* a - sin® a cos? a + cos* a)

a) VT

1+ sin® a. - cos? a - 2sin a. 2

2 = ) 2 = 2
1—[(sinzoc+cos2 a) —(35in2a0032 oc)} 3sin“acos”o  3cos"a

cos’a-sinfa ., » cos?o-sin®a
— =sin® acos® o.——————

b) VT = > -
cos“ o  sin“a cos” a—-sin” a

sinfa  cos’a

. 1 .

= sin®o.cos’a e = sin%a.cos?a .
cos? o, +sin? a

Bai toan 15. 2: ‘

Chirng minh c6ng thirc:

. . T LT 1
a) sino.sin(— — a)sin(— + o) = —sin3
) sina.sin( 3 a)sin( 3 a) 7 Sinda
T L 1 :
b) cosa.cos(— — a)cos(— + a) = —.cos3a
3 3 4

c) tan(g- - a).tana.tan(% + a) = tan3a.
Hwéng dan giai
. ., T . ‘ . . 22 2 . D 211..
a) S|nasm(§—a)sm( 3 +a) = sino(sin® g cos“a — sin“acos® 3)

= sinoy 3 cos?o- 1 sinZa) = 2% (3 _ 4sinq) = 1 sin3a.
4 4 4 . 4

. ' . T
T T — L D
b) cosacos(g - a)cos(g + o) = cosoy(cos’ 3 cos’o — sin’ 3 sin“cr)

cosa

cosa( % cos’o — S—sinzoc) = [cos’a — 3(1 - cos?a)]

cosa

(4cos’e — 3) = %cossa.

c) Suyratir a)vab).
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Bai toan 15. 3:
Chirng minh céng thirc:

a) cos® x + sin® x =35 7 cosdx +—-cos8x
64 16 6

b) cos'® x +sin'® x = B3 15 osdx+—>cos8x.

128 32
Hwéng dan giai
a) cos® x + sin® x = (cos* x + sin* x)2 — 2cos* x sin* x

. , 2 1 .
= [(cos2 X + sin? x)? — 2cos? xsin? x} -~é—3|n4 2x

= (§ + lcos 4x)? - i(1 - cos 4x)?
4 4 16

:§§+—7—cos4x+i0038x
64 16 6

, . 3 1 , 5 3
b) Ta co cos* x + sin* x :Z+ZCOS4X cos® x +sin® x ==+ Zcos4x

va(cos? x + sin* x)(cos® x + sin® x)

=cos'® x + sin'® x + cos* x sin* x(cos® x + sin x) suy ra dpcm.
Bai toan 15. 4:

Chrng minh céng thirc:
a) cos4x =8cos* x -8cos? x + 1,

cos5x =16¢cos® x - 20cos® x + 5cos x
b) cos6x = 32cos® x - 48cos® x + 18cos® x — 1

cos7x =64cos’ x —112cos® x + 56 cos® x - 7cos x

cos8x =128cos® x - 256 cos® x + 160cos* x -~ 32cos® x + 1

cos9x = 256cos® x - 576cos’ x + 432c0s® x -120cos® x + 9cos x .
Hwéng dan giai
a) cos4x = c0s2.2x = 2¢0s°2x — 1
= 2(2c0s’x — 1)? = 1 = 8cos*x — 8cos®x + 1.
cos 5x = cos(3x + 2x) = cos 3X.cos 2X — sin 3x.sin 2x

=(4cos® x - 3cosx)(2cos? x - 1) - (3sinx — 4 sin® x).2sinx cos x
=(4cos® x - 3cosx)(2cos? x — 1) - (3 - 4sin? x).2sin? X cos X
= (4cos® x — 3cos x)(2cos? x - 1) - (4cos? x — 1).2(1- cos? x)cos x
=16cos® x ~ 20cos® x + 5cos x

381



10 trong diém bSi dudng hoc sinh gidi mén Todn 10— L& Hodnh Pho

b) Chirng minh tuong tw.
Bai toan 15. 5:
Chtrng minh trong diéu kién cé nghia:
a) Néu sin(2a + b) = 3sinb thi tan(a + b) = 2tan a
sinb
cosb-A
Hwéng dan giai
a) sin(2a + b) = 3sinb = sin[(a + b) + a] = 3sin[(a + b) — a] nén
sin(a + b)cosa + sina cos(a + b) = 3[sin(a + b)cosa - sina cos(a + b)]
. = 4sina cos(a + b) = 2sin(a + b)cosa
= tan(a + b) = 2tan a (v&i diéu kién c6 nghia).
b) sina = Asin(a + b) = sin[(a + b) — b] = Asin(a + b)
= sin(a + b) cosb - sinb cos(a + b) = Asin(a + b)
= [sin(a + b)] (cosb — A) = sinb cos(a + b)
sinb
cosb-A’

b) Néu sina = Asin(a + b) thi tan(a + b) =

=tan(a+b) =

Bai toan 15. 6: :
Chung minh biéu thire khéng phu thudc bién x,y:
a) A = cos’(a + x) + cos’x — 2cosacosx cos(a + X)
b) B = sin6xcot3x — cos6x.

X X 2X s
c) C = | cot=-tan— |tan— —tany.tan(— +
) [ 3 3) 3 y (2 y)
Hwéng dan giai
a) A = cos(a + x)[cos(a + X) — 2c0sacosX] + cos®x

= cos(a + X)(—CoSacosX — sinasinx) + cos?x

1
= —cos(a + X)cos(a — X) + cos’X = 2 (cos2a. + cos2x) + cos?x

= L cos2a - S92 4 oy =1 cos2a + = sina.
2 2 2
b) B = 2sin3x cos3x. S252X _ (2c0s%3x — 1)
sin3x |
= 2c0s?3x — 2c0s?3x + 1 = 1: khéng phu thudc x.
X . X . 2X
cos= sin= |sin=>
c)C= 3 _ 3 3 +tany.coty
. X X 2X
sin= cos= |cos<-
3 3 3
2X . 2X . 2x 2x . 2x
cos? = —sin®Z sin<> cos<>  sin<-
=— 8 3 3 ,4-_ 3 3 4.3
. X X 2X 1 . 2x 2X
sin=cos~ cos=— —sinZ> cos <2
3 3 3 2 3 3
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Bai toan 15. 7:
Chirng minh ring

8\/_

Hwéng dan giai:

b) tan30° + tan40° + tan50° + tan60° = Y2 cos20° .

a) Dung cong thirc sin3a = 4sina sin(60° + a) sin(60° - a) thi:

sin2° sin58° sin62° = i—sin6° :5in18°.s5in78°.sin42° =—31-sin 549

sin22°.5ing2" sin36’= — sin6e°

VT = L in6°sin54%sin66° = —— sin1g?
3 256
. (o} . 0
b) VT = sin70 . sin110
cos30° cos40° cos50° cos60°
= 200820%(————+ 1
J3c0s40° cos50°
0 0
- —g—cosZOO cos50° + +/3cos40
J3 cos50°.cos 40°
_ 8c0s20° sin30°cos50° + cos30° sin50°
J3 sin40°.cos40° + sin40°.cos40°
‘Bai toan 15. 8:
Tinh téng:

a) A= sin* L 4 sin* 20 43T, sin 45T sint /T
16 16 - 16 16
b) B = cot7,5° + tan67,5° — tan7,5° — cot67,5°
Hwéng dan giai
37t 3n
a)A=(sin]g 16 + cos* 16 16) * (sin*7g +cos*75)

s T 3= 3=
=1-2sin’ g cos’7g +1-2sin*7g. cos’ g
{1 n

=2- E sin 8 —

237t

1 T
—sin ——=2-——sm + cos? =
27 8 (sin"g 8)=

M

= VP.

3

+1

' a) sin2°.sin18°.sin22°.sin38°.sin42°.sin58°.sin62°.sin78°.sin82°=5—1—6— .sin18°
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cos7,5° sin7,5° . sin67,5° cos67,5°

cos7,5° cos67,5° sin67,5°

sin? 67,5° — cos® 67,5°
sin67,5° cos67,5°

_ C0s15° cus135°  2(sin135° cos15° —cos135° sin15°)
lain1se  tsin135° sin15° sin135°
2 2
= ¥sinA .
Bai toan 15. 9:
a) Khong dung bang , hay tinh sin18°

b) Tinh gon T = %\/2+ 2\ +v2 (n-1d4ucan)

Hwéng dan giai:

b)yB=
sin7,5°

cos?7,5° - sin? 7,5° .
sin7,5° cos 7,5°

a) T cos2(18% = sin3(18°%)
nén 1-2sin*18° = 3sin18° —4sin®18°.

Patt = sin (18°%) , ta dwoc phuong trinh

4° - 22 -3t + 1 =0 o ({t-1)4tf +2t-1)=0.

:lj_l/_—éhaytz __i—‘__\/é
4 4

e t=1hayt=
Vi 0 <sin18° <1, nénchon sin 18°= :—1—;—\/‘5—

V2 _ e
2

b) Khin=2thi — =cos
2 2
Téng quat n — 1 déu can thi %\/2+\/2+\/‘..+\/§ =cos—2n7

Bai toan 15. 10:

Tinh tich
a) P = cos10° cos30° cos50° cos70°

b) Q = sin10° sin30° sin50° sin70°
Hwéng dan giai:
c0s30° (cos10° .cos 50°) . cos 70°

a)P = »
= [S—(cos(— 40°% + cos60°).cos70°= {?-cos40°.cos70° +
V3 \Ecos110° + l/-8—§—c05700 = % .

= - cos(-30° + =
8 ( ) 8

384

V3

cos70°



Cty TNHH MTV DWH Khang Viét

b) Ngoai cach str dung cdng thirc nhan 3, ta c6 thé tinh
1

(cos( — 40°% — cos60°) sin70°

no |

[sin(110% + sin(30%)] — %coszoO )

= D= N =

1
%

cos20° + —;— - —}cosZOO) =1

—

1

4

Bai toan 15. 11:
Tinh téng

2n 4 6n
a) A= coS— + COS— + COS — .
7 .7 7

B = — 1 4 ' . 1 1
cos?10° sin® 20° sin® 40° cos? 450

Hwéng dan giai:

5
>
@
3
| =
1

2n . w 4n . = 6 . *
00573|n7+cos—7751n—+cos—sm——

1 . 38t . = 1( . 6x . 3n 1 . . bm
—| sin— - sin— |+ —| sin— —sin— | + —| sina — sin—
2 7 7) 2 7 7 2 7

=—1sin® DodoA=-1.
277 2

1a2 0 2 0
b)B = sin© 20 + cos“ 10 + 1 -2
cos?10° sin? 20° sin® 40°

- sin® 20%sin? 40° + cos?10°sin?40° + cos?10° sin? 20° 5
cos?10° sin? 20° sin? 40°

Xét phan thire, t&r va mau:

T

%(1— cos40%(1- sin10% + 211- (1+ c0s20°%)(1- sin10%)

¥ %(1+ c0520%)(1= cos40°)

%(3- 2sin10° + 2c0s20° - 2cos40° + sin10° cos40°

'~ ¢0s20° cos40° — sin10° cos20°)

S
16

?}(% - g(simo" - c0s20” + cos40%) =

385
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M = %(1 + c0s20%)(1 — cos40%)(1 - sin10%

= -;~(1 +c0s20° - cos40° — c0s20° cos40°)(1 - sin10°)

= 13~ Visin10® - cos20° + cosd0®)] = —-
88 2 , 64
’ Suy ra B =10.
‘Bai toan 15. 12:
Tinh téng:

a)S = tana + ltanf’l- + ltani + ltanfa— + —1—tan—a—
2 2 4 4 8 8 16 16
a a a a
b) T = sin®3 +3sin®g + 9sin’57 + 27sin’gy .
Hwéng dan giai:
22 - . .
a) Ta chirng minh: cot2x = corx -1 _ —(cotx - tanx).
2cotx -2
Ap dung lan lvotvéix = a, a a a 2
2 4 8 16
Cong vé theo vé, ta duoc: S = 1—15 cot% - 2cot2a.

b) Tir sin3x = 3sinx— 4sin®x = sin’x =Zsinx —%sin?:x .

B

i . a a
Apdung Vv&i x = —, — , . —
P eung 3 9 27 8t

T= (gsini - —1-sina)+(—g-sin?— —'gsin—a}—)
4 38 4 4 9 4

3
+(—2-Zsin—?1——gsin3)~"(—8—1sin—"’-l~ —?—Zsin—a—)
» 4 27 4 9 4 81 4 27
81 . a 1 .
= —sin— - —sina.
4 81 4

Bai toan 15. 13:
Cho a # k2n, k € Z. Chtrng minh:
na . (n+1a

sin—sin—
2

a) S = sina +'sin2a + sin3a + ... +sinna =

. a
sin—
2
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na (n+1a

sin—cos 5
b) T = cosa + cos2a + cos3a + ... + cosna =

_a
sin—
2

Hwéng dan giai

a) Nhan hai vé cho Zsing— # 0, ta dwoc:

ZSsin—&l = 25inE sina + Zsin—a-l—sinZa + ...+ Zsinisinna
2 2 2 2

a 3a 3a 5a :
COS——C0S— |+| COS—~COS— |+ ... +
2 2 2 2

+cos n——1— a-cos n+1 a
2 2

a 1 . na ., (h+1Ma
cos— - €o0s| n-— |a =2sin—sin———
2 2 2

. na . (n+7Ma
sin—-sin
Suyra: S= 2 2
. a
sin—
2

b) Twong tw, nhan 2 vé cho sin-z1 thi c6 dpcm.

Bai toan 15. 14:
Pon gian cac biéu thirc sau:

ayA= |1+ 1 J 1+ ! 1+ L
c0Ss 2x cos4x cos2"x

b) B = tanx.tan2x + tan2x.tan3x + ... + tan(n —1)x.tannx
Hwéng dan giai
a) Néusinx=0thiA=(1+1)(1+1)..(1+1)=2"
Néu sinx = 0 thi

_ 1+cos2x 1+cos4x 1+cos2"x
cos2x  cos4dx  cos2"x

_2cos®x 2cos®2x  2cos?2"'x
cos2x  cosdx  cos2"x

2" cos® X.cos 2x.cos 4x...cos 2™ 'x

cos(2"x)

87"
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n'SINX COS X.COs 2X cOos 4X...cos 2" 'x

= cotx.2".
cos(2"x)
. . n :
= cot X___SL“_?,Z‘_ =cotx.tan(2"x) .
cos(2"x) }
b) Néu tanx = 0 thi x = kr (k € 2)
= tanx=tan2x=..=tannx=0=B=0

Néu tanx = 0 (x = kr, k € 2)
Trong diéu kién tanx, tan2x, ..., tan(nx) c6 nghia ta cé:

tanx = tan(2x — x) = tan2x - tanx

1+ tanxtan2x

— 1+ tanx tan2x = 12N 2X — tanx
tanx :
Twong tuthl cong vé ta cd: (n — 1) + B = cotx.(tannx — tanx)
= B = cotx.tannx — n.= tannx _
' tanx
Bai toan 15. 15: '

a) Tinhtdng: T = 1t 1

2 2n . 2 3n 2 677.

sin® — sin® — sin“ —
7 7 7

b) Tinh téng: S= cos5°® + cos77° + cos149° + c0s221° + c0s293°.
Hwéng dan giai
a) Ta coé: % 3775%75 la nghiém phuong trinh: sin®4x = sin?3x
Patt = sinx thi sin?3x = (3t - 4t)?
© Va sin®4x = (2sin2x . cos2x)? = 16t%(1 — t2) (1 - 2t3)?
Ta c6 phuong trinh: 64° — 112t + 561> - 7= 0
Do dé: sin? 27 sin? 275 sin &% 1a 3 nghiém phuong trinh:
64z° - 1122° + 562 - 7 = o
Ap dung dinh ly Viete:

_ 1 1 1
T = e e
sin? <L it g2 2T
7 7 7
s
__1_+_1__+_1_.—_‘»x1x;‘,+x2x3+x3x1= 64 _g
Xy X3 X5 XX, Xg 7
64
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b) Ta co: cos5o. = 16cos’a — 20cos’a + 5cosa

Véicac giatrio =5°% a=77°% a = 149° o = 221° o = 293° thi cos5a déu
bang cos25°.

Do d6: cos5°, cos77°, cos149°, co0s221°, c0s293°a 3 nghiém cda da thirc
P(x) = 16x° — 20x° + 5x — c0s25°

Theo dinh Iy Viete, ta co S = 126 =0.
Bai toan 15. 16:

a) TinhM = tan—tan—z——t n§£.
7 7 7

b) Tinh N = C(/cos?}— + i/cosﬂ + i/cos% .
' 7 7 7
' Hwéng dan giai
n . 37n

: sin=sin—sin—
a) Ta cé:M=tan7tan-2—Etan§7£_ 77 7 _A

m . 2n 3n B
COS—CO0S—COS —
7 7
Tinh B:
.. .1 2n . 2w 3n 1 3n . 47
Ta c6: Bsin— = —cos—sin—co0s— = —Cc0S—sin—
7 2 7
= lsm—‘c’}E =B = 1
8 7 8
n 2n 37

Ta co: - o= la nghiém phuong trinh cos23x = cos%4x
hay (4cos’x — 3cosx)? = (8cos*x — 8cos® + 1)2

J7
8

Tt d6 dung dinh li Viete ta tinh duwgc: A = —

Vay: '(an-—tangﬁtanﬁ=——\/z:1
7 7 7 8 8

7.

b) Ta co: %T—t 575 8—7-|a nghiém phwong trmh €0os3xX = cos4x

= (cosx — 1)(8cos’x + 4cos?x — 4cosx — 1) =
= cosx la nghiém phuwong trinh: 8t° + 4t* — 4t -1=0

Do dé: o = 2005%, B= 2003‘;—”, y = 2003—8_—7E la 3 nghiém phuwong trinh:

TP+T2-2T-1=0.
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Dét X=»§/;,y=\/ﬁ,z=§/;‘,

va A= x+y+zB Xxy+yz+xzC=xyz=>C=1
Taco: A’=x"+y* +2° +3(x+y+z)(xy+yz+zx) 3xyz
=3AB -4

Twongtv: B®*=3AB-5 :
nén A’B*= (3AB - 4) (3AB - 5) = 9A‘°‘Bz 27AB + 20

= (AB-3)’=-7=AB=3-37

Do d6: A® = 3AB -4 =5 - 337 . vay: N-\/‘ ,/ .

Bai toan 15.17:

65 +tan® Z—E=433 )
18 18

b) Chirng minh u, = tan?'20° + tan?'40° + tan®"80° |4 sé tw nhién v&i moi n
nguyén duong.

a) Chirng minh: tan® T8 T i tan

Hwéng dan giai

a) Ta cé: I §—7£ m J1a nghiém phwong trinh tan?3x

18°18° 18

OJI-L

3

S 3tan X — 27tan*x + 33tan’x -1 =0’

o [Btanxtan’x )"t 3(3tanx - tanx)? = (1 - 3tan’)?
1-3tan®x '

2 5 2 7n
18’ tan T la 3 nghiém phwong trinh:
- 272 +33t-1=0
Ap dung dinh i Viete va hing dang thirc:
a’+b’+c®=(a+b+c)’-3(a+b+c)(ab+bc+ca) + 3abc

thi: tan® -~ + tan® 2% 5m +tan® — ’n
18 18 18

" b) Ta dung qui nap trén cong thire truy hoéi.
Ta cé: 20°, 40°, 80° 1a nghiém phwong trinh: tan3x = J3
= tan?20°, tan?40°, tan80° Ia 3 nghiém phwong trinh:
Z°-3322+27Z-3=0.
Dodé:uy =2 +2Z,+2Z5=33
Up= 22+ 22+ 22 = (Zy + Zp + Zo)* - 2(ZiZp + ZoZs + ZsZ4) = 1143

Do d6tan? —,tan
18

=9°_-3.911+1 =433

= uz = 33u? - 27u, + 3 nguyén dwong
2 1
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va u, = tan®"20° + tan®"40° + tan®"80° nén téng quat ta co6 céng thirc truy
hoi: Unsz = 33 Upeq — 27U, + 3Up_1. ,
Suy ra: ups+2 nguyén. Ma u, > 0 do dé u, |a sé tw nhién.
Bai toan 15. 18:
Chirng minh trong moi tam giac ABC ta ludén co

a)sinA + sinB + sinC = 4cos—2cos—§-cosg—

b) cos’A + cos’B + cos’C = 1 — 2cosA cosB cosC .
€) sin2A + sin2B + sin2C = 4 sinA sinB sinC .
Giai

a) VT = 23inA;BcosA;B + sin(A + B)

= 2$inA;B cosA“B + 25inA+BcosA+B

2 2 2

= 2sinA;LB (cosA;B + cosA*B

)

_ A B C
= 4 c0S—COS— COS — .
2 2 2

1 + cos2A + 1+ cos2B

b) VT = > + cos’A + B)
=1 + %(cosZA +cos2B) +cos’(A + B)
= 1 + cos(A + B)cos(A — B) +cos’(A + B)
= 1 + cos(A + B)[cos(A — B) + cos(A + B)]
= 1 — 2cosAcosBcosC.

c) VT = 2sin(A + B)cos(A — B)— sin2(A + B)

2sin(A + B)[cos(A — B)—cos(A + B)]
4sinA sinB sinC.
Bai toan 15. 19: ‘
Chirng minh trong moi tam giac ABC tacé :
a)tanA + tanB + tanC = tanA tanB tanC ( khéng vudng).

b) tanétanE + tan@tanE + tangtan—A— = 1.
2 2 2 2 2 2

Hwéng dan giai
a) Tacd tan(A + B) = tan(n — C) nén
tanA + tanB
1 - tanA tanB
tanA + tanB = —tanC(1 - tanA tanB)

= —tanC
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tanA + tanB + tanC = tanA tanB tanC : dpcm
b)Tacé: tan(A +—B—) = cotE nén
2 2 2

tang(tanf‘- + tanE) =1 - tanétanE
2 2 2 2 2

tanf‘— tanl—?’- + tanE tanp— +tan9~ tanf‘— = 1. dpcm.
2 2 2 2
Bai toan 15. 20:
Chirng minh trong moi tam giac ABC, ta c6

a) coté + cot—B- + cot—(2 = co’(ia‘—c:otE cotg.
2 2 2 2 2 2

b 1 + 1 + 1 =~.1_(’c;ami6‘—+tanE +tan9+cotécot§cot—c—).
2 2 2 2 2 2

sinA sinB. sinC 2
Hwéng dan giai

a) Tw A + L —C-:-thi suy ra dpcm.
2 2 2 2
b) VP = l(tanﬁi + tanE + tang +cot~p-‘— + cot-‘?i + cot-g)
2 2 2 2 2 2
= —1-(tané + coté) + l(tanE + cotg) + J—(tang + cot—C~)
2 2 2 2 2 2 2 2 2
=1 1 s 11 + 1 1
2 . A A 2 . B B 2 . C
sin—cos— sin=cos— sin—cos—
2 2 2 2 2
=1_2 + 1.2 +l 2 = VT.

2 sinA 2 sinB 2 sinC
Bai toan 15. 21:
Chirng minh véi tam giac ABC bét ky:

Hj©

a) cosAcosBcosC < -;— b) sin?A + sin®B + sin’C <

Hwéng dan giai:
a) BDT & 4cosA[cos(B +C) +cos(B-C)] <1
& -4c0s?A + 4cos(B-C)cosA < 1
&> 4005°A + 400s(B - C)cosA + 120
<> (2c0sA - cos(B - C))? + sin¥(B - C) > 0: bung.
DAu béng xay ra khi va chikhi A =B=C, tam giac ABC déu.
1-cos2A 1-cosB 9

b) BT < = — +sin®C<=
2 2 4
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_El _cos 2A+cos2B
4 2

_SIfC >0 & ii — cos(A+B) cos(A-B)-sin’C = 0

< c0s°C + cos(A - B).cosC + % >0

Bung vi tam thirc bac hai cé A = cos?(A-B)-1<0.
Bai toan 15. 22: -
Chirng minh vé&i moi tam giac ABC

a) cos"-'I‘lqucoss—B—Jrcossgs§+g cos2 4 cosBicosC
3 3 3 8 4 3 3 3

b) \/gcosA + 2cosB + 2\/50050 > 4.
Hwéng dan giai

a) BT < 4cos® D _3cos? 4cos®B _3cosB _400339~Scos9 <3
- 3 3 3 3 3 3 2
c»cosA+cosB+cosCs—2—
<::>200:5A+BcosA_B+1~25in2—95§
2 2
o 4sin? S c A-B 150

— —4sin—cos
2 2

2
o |2sinC - cosA-B +sit2=B 50 dung.
2 2 2

b) BOT < %+ -g +2+ J3cos(B + C) - 2cosB — 243 cosC = 0

o (LsinB + 2sin?C — J3sinBsinC) + (1 cos?B + Scos’C +2
2 2 2 2
+ 8 cosBcosC ~ 2cosB - 2cosC -2 \/5 cosC) = 0

o —21—(sinB ~ J3sinCy? + %(cosB + J3cosC —2)° > 0: ding.

Bai toan 15. 23:
Chirng minh v&i moi tam giac ABC:

a) 1A+ 1B+ 1C212
sin®=  sin?=  sin?2
2 2

b) cos(A — B)cos(B — C)cos(C — A) > 8cosA cosB cosC ( A,B,C nhon)
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Hwéng dan giai

A 1 . ,
a)Taco sin®y = —2-(1 — cosA)
‘ 2 2 .2 2 A2 2
-1y bpre-a,_ & -b-0 _a
2 2bc 4bc 4bc
= 1 > 4be . Chirng minh twong tw thi cé
.o A a2 .
sin® —
“sin? A sin? fB_ sin? & a b ¢
2 2 2

> 43 3939339 =12 .
a?b’c ,

b) BDT < cos(A — B)cos(B — C)cos(C - A) = -8cos(A + B) cos(B + C) cos(C +A)
< (1 + tanBtanC)(1 + tanCtanA)(1 + tanAtanB)
> -8(1 - tanBtanC)(1 + tanBtanA)(1 + tanCtanA)
Pat x =tanA, y = tanB, z = tanC.
Bét ddng thirc phai chirng minh:
(xy + )(yz+ 1)(zx + 1) 2 8(xy — 1)(yz—1)(zx - 1)
& (2x+y+2z)(2y+z+x)(2z+x+y) 2 8(y+z)(z+X)(x+y)
Ma2x+y+z=(x+y)+ (x+2) 2 2J(x+yXx+2), twong ty cho hai bié_u
thirc con lai & vé trai = dpcm
Déng thire xay ra khi va chi khi x = y = z, nghfa 1a néu va chi néu tam giac
ABC la déu.
Bai toan 15. 24:
Ching minh véi ABC la tam giac bat ky :
B, C _ 3

a)tanétan—tan— < —
2. 2 2 9

b) tanA + tanB + tanC > coté¥ cot—B--l- cotg.
2 2 2
Hwéng dan giai
a) Ap dung bét ding thirc AM-GM:

1=tan—A-tan?— + tanEtanp— + tanp—tané
2 2 2 2 2 2

> 3 ?/tan—'ﬂitanE tanEtanp—tanEtané
2 2 2 2 2 2
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= S#tanzgtanz—gtanr“% .Suyra dpcm .

b) Ta chirtng minh: tanA + tanB > 2 cotg,

sin(A + B) A+B
& —————L > 2tan
cosAcosB :
: sin A+B
< 2sin A ; B cos A ;: B > 2— 2 cosAcosB
+

cos

2

A+B
& cos’| T 5 > cosAcosB

o %[1 +cos(A+B)] = -;-[cos(A - B) + cos(A + B)]

< cos(A — B) < 1:dung.
Ap dung thi c6 dpcm. DAu béng xay ra khi tam giac ABC déu.
Bai toan 15. 25: '

Cho tam giac ABC thoa diéu kién: sin% + sin§2—B—- =2cos A-B

Chirng minh tam giac ABC |a tam giac déu
Hwéng dan giai
Ta co: sin§2é + sin§-B— - 2sin 3(A4" B) cos 3(A4‘ B)

1zsin§(A—4+B—)>0 ;cosA;B>0

OslA_BIs3|A*B|<n':>cosA—"—Ezcos
2 2 2

3(A -B)
=

N . 3B A-B | A-B
Tw sm—-é—+sm-——=2003 va cos

>0

3(A—B)C s3(A—B)
4

3(A - B)

Suy ra: 2sin

o 3A-B)

>0 nén cos

Do dé: 2sin 3(A-B) c

(OF]

52005—%(%@ A-B

<2cos——
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|A-B| 3JA-p|
Déu"="khi{ 2 4 oAa-B=I
3(A+B) _, 3
4
Vay tam giac ABC la tam giac déu.
Bai toan 15. 26:
Xét dang clia tam giac ABC théa man:
cosA.cosB . cosB.cosC COs C.cosA _ 3
cosC cosA - cosB 2
Hwéng dan giai
Tw diéu kién cho thi 3goc A, B, C nhon =
cosA.cosB cotA.cotB
cosC  cotC(cotA +cotB)

bat: x = cotA.cotB ; y = cotB.cotC ; z = cotC.cotA
Tacoé: x,y,z>0(do A, B, C nhon) va:

sin

Ta co:

cosA.cosB  x cosB.cosC vy cosC.cosA z
cosC y+z = cosA z+x = cosB X+Yy
NenPT o 2+ Y, % =§vc’7ix,y,z>0
y+z z+X X+y 2

Theo bat dang thirc Nasobit ta cé dau "=" xay rakhix=y=z< AABC deu.
Bai toan 15. 27: :
Tinh cac goc clia tam giac ABC biét:

140_ A 84_,B 60 ,C
sin —sin“ —+ —sin“ —=1
59 2 59 2 59 2
Hwéng dan giai
Dung bé dé tam giac ABC, véix, y, z > 0:
X2 +y? + 2% > 2yzcosA + 2xzcosB + 2xycosC
D&u "="khi <> AABC ~ AXYZ c6 3 canh C() dodaixy, z

2C

Ta c6: 140sin? g + 84 sin? 2 +60sin? 2 =59

& 70(1 — cosA) + 42(1 — cosB) + 30(1 — cosC) = 59
&> 70cosA + 42cosB + 30cosC = 83 '
CosA . cosB N cosC _ 83
3 5 7 210
Ap dung bat dang thirc trén:
X2+ y* + 72 > 2yzcosA + 2xzcosB + 2xycosC
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cosA cosB cosC x%+y?+2?
+ + <
X oy z 2Xyz
Déu bang xay ra <> AABC ~ AXYZ c6 G0 dai 3 canh la x, y, z
CosA  cosB cosC _32+5°+7° 83
5 7 = 2357 210
DAu béng xay ra < AABC ~ AXYZ ¢6 3 canh c6 d6 dai 3, 5, 7

Vay: cosA = E , cosB = 1-1- , cosC = —1.
14 - 14 2

Ta co:

Bai toan 15. 28:
Chirng minh bat dang thirc

a) sinx < x, vx > 0. b) sin®x + cos'x < 1 v&i moi x.
.Hwéng dan giai YA
a) Xétx=>1thisinx<1<x ‘ ' M
Xét0<x<1thi0<x<g X

sinx = MH < MA = ddMA = x

b) Taco: |sinx| <1, |cosx| <1nen: 0 H —
6., 2. 13 2 . 6 13 X
sin®x < sin’x; cos'x < cos?x = sin®x + cos™® < 1.

Bai toan 15. 29: : '

Chttng minh véix,y,z e [ 0; ] thi:
sinx + siny + sinz X +Y + Z
< sin—--<i-——'

3 3
Hwoéng dan giai

Tacd 0<x,y < n thi

~2 <P YT gccostY <q,
2 2 2
nén sinx + siny =sinx+ycosx‘y < sin +Y_
2 2 2
Ap dung:
X+Yy + 2
Xty z + 3
smx+y+ = sin—2 2
3 2
X+ Yy +2
X+Vy + 2z X +y Z 3
nén 2sin > sin +sin
3 2
sinz + sin* ¥ *Z
5 Sinx + siny |
2 2
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Do do 4sinx——t~§—+——z— > sinx +siny +sinz +sin > g *z
Vay sinx + S|;y +sinz _ o X+y+2z
Bai toan 15. 30:
Chirng minh véi x,y,z e [0;—g-)thi:
tanx + tany + tanz S tanx+y + z'
3
Hwéng dan giai
Taco x,y e[O;-g—)thi sin(x +y) >0
tanx +tany  sin(x+y) sin(x +y)
-2 2cosx.cosy cos(X+y)+cos(Xx-Y)
X4y X4y o
sin{x +y) #2sm—2~cos 2 _ianXtY
cos(x +y)+1 . 2003251!
2
Ap dung:
o XEY 2
X + Yy 3
tanx+y%z-tan 2 2
3 2
X +y +2
X +y + 2 X + Yy z o+ 3
nén 2tan < tan +tan 5
X +y +2
tanx +tany tanz + tan————
2 2
Do do
stan X ; * 2 > tanx +tany +tanz stanl it Y 2
Vay tanx + ta;y + tanz > tanx +y + 2 '

Bai toan 15. 31:
Chtrng minh véi moi x thi cé bat déng thirc

tan(jcos X|) > cos(x + sinx).
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Hwéng dan giai
V&imoixthi: 0< ’cos x[ <1< g = tan(]cos x|) > lcos x, >cosx

D&u béng khi cosx = 0.
Ta chirng minh bat dang thirc: cos x > cos(x + sinx)
Khi sinx =0 thi BBT ding ’
Khi sinx >0 thi x = a +k2n , O<a<n , k nguyén
Vin-a>0nénsin(n-a)>n-a hayl&sina<n-a
Dodbé0<a<a+sina<nnén cosa >cos(a+sina)
cos (x —k2n) > cos (x —k2n + sin( x—k2n))

COS X > C0s (‘X + sinx )
Khi sinx <0 ta nhan duwoc BDT bang cach thay x béi —x
Vi dau bang clia BDT khi sinx = 0 khong ddng thei xay ra véi BDT dau nén
v&i moi x ta co tan(lcos x\) > Cos(x + sinx) .

Bai toan 15. 32: ,
Cho cac goc w4, ug, ua, ..., oy V&I 0° < ;< 180° i = 1,2, ...,n sao cho gia tri

n
cia » (1+cosw.)la motsd nguyén lé.
i y
i=1

n
Chirng minh rang : Y sina, > 1.
i=1
Hwéng dan giai
Tir gia thiét, ta co
T n
> (+cosu)= ZZ cos? %‘ = 2a + 1 (a nguyén khéng am), va :

i=1
k

S= Zsmu ‘ZQS'”"Q‘CO % Z +2 Zcos —2—

j=k+1
=A+B,voiA B=0 O

NéuB > 1thitdng S = 1.

Néu B < 1 thi :

k { S a , O
A= ZZsm 22 cos*—2‘—] =2k - QZCO -é—zO

i=1 i= i=1

Suy ra : 2k > 2Zcoc 2’ =2a+1-B=2k=x2a+1
Theo(1)th|.SzA+B

n
Vay:S>2k-(2a+1-B)+B>1+2B>1,tcla: > sina >1.
' i=1
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Bai toan 15. 33:
T s . .
Chox,y,ze] 5 ,v-2~].Chu’ngm|nh

sinx - sin siny —sinz = sinz - sinx 1
Sy, Y DRLILE < (1-—=)2.
sinz sinx siny Jo

Hwéng dan giai
Patsinx =a;siny=b;sinz =c¢ thico a,b,Ce[-;— ,1]. Tacé

a-b_ b-c c-a _ (a = b)(b —c){c - a) .

c a b abc

a
<a<b<cs<stu= —;v=
c

oo

thi lsusvs1.
2

(v-u@ -ud -v)
uv

1 2

BOT & < (1—-5) .

vou —ua -y VP00 )

uv - 1
—v

. 1 1 1 {1 1 .
=1+ —=v=- — <14+ = =2 fv.— = (1-—=)°.
2 2v 2 2v ( Jg)

Dau“ =" xay rakhi x =

Taco

T ov=

6 Y

Bai toan 15. 34: ,
Tinh gia tri Ilon nhat — bé nhéat ctia ham sé

a)y = Q/SiT _ \/’CO—S; b)y = cosX + 2sinx + 3

2cosx - sinx + 4

Hwéng dan giai
a) Diéukién sinx > 0 ; cosx 2 0.
Tacoy = ¥sinx — eosx < ¥Ysinx < 1.

D4u béng xay ra khiva chikhi sinx = 1 va cosx

0
< x = % + k2n nénmaxy = 1.

Tacoy = Usinx - Jeosx > —+cosx '2 -1.
D4u bang xay ra khi va chikhi sinx = 0 va cosx = 1
< X = K2r nénminy = - 1.
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2
b) Datt = tan( jthl y=L*r2+2
2 t2 -t + 3
ey - -(y+29t+3y-2=0
Néuy = 1: phwong trinh tré thanh — 3t + 1 = 0 thi phucrng trmh c6 nghiém .

Néuy = 1: phwong trinh ¢c6 nghiém khiA = 0
<:>‘(y+2) — 4y — N3y - 2) = 0<:>?2—1—<ys2
Dodé maxy = 2 va miny = -1-2:1-

Bai toan 15. 35:

2 ) 2
Tim gia tri nho nhat cla: y = (sin2 Xt ] ) ‘«(c«)s2 X+ 12 ] ,
sin® x cos® x
Hwéng dan giai

1
+

+4
sin*x  cos*x

y = sin®x + cos’x +

. i 1 '
= (sin*x + cos*x) (1 + ———71——4——) +4
sin® xcos™ x

=[1-Yainzox|[1+ =18 Jia s [1-2)[1:18 4= 2
2 sin® 2x 2 1 2

DAu béng xay ra khi x = % +kg nénminy = 25

Bai toan 15. 36:
Cho tam giac ABC tuy y.

i’/sinA + ?/sinB + %/sinC

%/cos—A—'+ ii/cosg + f\*/cosg
2 2 -2

b) Tim gia tri nhé nhét cﬁa:T=[1+ 1 ](n 1 )(n 1 j

a) Tim gia tri Ion nhatcla P =

sinA sinB sinC
Hwéng dan giai
a) Taching minh: véimeoix,y20:x + y < \3/4(x3 +y3) .
Thatvay, x + y < Y40 +y%) o (x+y)® < 4(C + ¥
o (X + y)x —y)? = 0:d0ng .
Nén ¥sinA + YsinB < {’/4(sinA + sinB)

= ZilsinA +B cosA -B . 2,3’cos—c— )
2 2 2
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Déu “="xay rakhivachikhi A =B. -
- Twong tw thi c6:

\/smA + ¥sinB + \3/smC < i/cos— + i/cos—z- + ﬂcosg—

\/smA + \/smB + \/smC

A B - C
3fcos— + 3Jcos— + 3Jcos—
2 2 2

'DAu “ = “ xdy ra khi tam giac ABC déu .
Vay , max P = 1, khi tam giac ABC déu .
b) D&t x = — Y = 1., 1 thix,y,z>0

sinA sinB'~ sinC

:>T'(1+x)(1+y)(1+z) 1+(x+y+z)+(xy+yz+zx)+xyz
>1+33xyz +33x2y222+xyz 1+w/xy )3

nénP = <1.

- i Y 3 - Y
=1+ 2| 1+ — . .
¥sinAsinBsinC _ sinA+sinB+sinC

33 2

3
Ma smA+snnB+S|nC< —:>T>(1+—-—-)

o 3 .
Vay minT = (1+-.\/2=] \Déu bing xay ra khi tam giac ABC déu.
3 .
Bai toan 15. 37: '
‘a)Chirngminhnéu ab -1 ; bc#—1;ca #~-1thi
a-b . b'—.C»; ¢ - a ___.a'-— bb-cc-a. -

1+ab  1+bc  1+ca 1+ab 1+bc 1+ca’
b) Chwng mmh néu |b| < |a| thi:

|a+b|+]a—b|—la+ Ja? b2|+|a—\/a —b2|
' Hwong dan giai ;
a) Dat a =tanA; b = tanB; ¢ = tanC, thi ddng thirc d& bai thanh
tanA -tanB | tanB-tanC  tanC-tanA v
1+ tanAtanB 1 + tanBtanC 1 + tanCtanA

tanA - tanB tanB -tanC  tanC - tanA.

"1+ tanAtanB 1 + tanBtanC " 1 + tanCtanA’ , -
= tan(A——B)+tan(B—C)+tan(C—A) = tan(A—B) tan(B—C) tan(C—A) ‘
~Ta chtrng minh:

a+B+y = kn & tana+'tan[i + tany = tand.tanB . tany
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Péyréng (A - B) + B-C) + (C—-A) =0 = dpcm.
b) Néu a = 0 thi b = Onén dang thirc dung.
Néua = 0, déng thirc twong duong :

2 2
1 2 2= -2 - -2 )

Vi |b| <|a] nén dat b. cost,0 <t < = thi (1) twong dwong:
a

| 1+ cost| + | 1= cost| = | 1 + sint| + | 1 — sint]
< 1+cost+ 1-cost=.1+sint+ 1-sint < 2=2:dung
Bai toan 15. 38:

a) Chirng minh: |\/1 y? +y\/1 X2 +\/_xy \/1 x2 —\/1 v?)

. o1 (x -y2)(1-x2 y2) 1
b) Chirng minh: - — < <—,VXVy.
. 4 ([1+x®)P(+y?yR 4

Hwéng dan giai

<2

a) biéu kién x, y € [-1; 1] nén dat x = sina, y = sinb, a, b ¢ [—-g—; g]

Do d6 ta co

l\/1y+y\/1x+\/—xy 1-x% —\1-vy?)

= Ismacosb+cosasmb+\/_ smasmb—cosacosb)‘

= lsin(a+b)~\/§cos(a+b)l=2 <2.

T
sinfa+b-—
( * 3)

b) Bat x =tana, y =tanp thi

N S 0 [ L 0 B G A 0 il A LR 9
(1 + X1+ y?)? (1+E7.(1+ y?)

2 y2

X _ y tanfa tan®p

(1+ %) (1+y?)?  (1+tan’a)® (1 +tan®p)

’ 2 ’ 2
= tana| —— | —tan?p| ————
[1 + tanza] (1 + tan? B]

= tan‘a.cos’a — tan’B.cos’p = sin“a.cos?a — sin’B.cosp

= %(sin22a — sin?2p).
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Dods — + < - 1sin2213 e < Yo <3 (@pcm)

Bai toan 15. 39:
Chirng minh béat dang thirc

2 _Z_J‘JrJa—T

Ix-yl Iy zl N Ix-zl '
> VX, Y,2.
\/1+x \/1+y \/1+y2.\/1+22’ e 1422 v
' Hwéng dan giai
a) Bleuklen lal>1,tachicinxéta>0dodoa=1,

déta=___t.(0<t<-2—)thitaco a _1+“/_ tant+\/——3|nt+\/§cost
cos

cost'
= 2,sin{t+—g) < 2 = dpcm.
b) Datx = tana, y = tanb, z = tanc thi bt dang thirc
Ix-yl ly-zl Ix-2zl
\/1+x2.\/1+y \/1+y2\/1+z \/1+x2.\/1+22
Itana -tanbl Itanb-tanc| Itana —tanc|

\[+tan a\/1+tan b \/1+tan b\/1+tan c \/1+tan a\/1+tan c

Icosacosb(tana —tanb) ! + 1 cosbcosc(tanb - tanc)!
> (cosacosc(tana —tanc)|

< Isin(a-b)!l+Isin(b-c)lzlsin(a-c)l.

Taco |sin(a~c)l=Isin((a-b)+(b-c))!

I'sin(a - b)cos(b - ¢) + sin(b - ¢c)cos(a - b) |

I sin(a — b)cos(b —¢) | + I sin(b — c)cos(a - b)|

I sin(a —b) | + | sin(b - c) I: dpcm.

Bai toan 15. 40: '

Goi m, n, p la ba nghiém thic ctia phwong trinh
ax® + bx> + cx — a = 0, a# 0. Chirng minh rdng

[2_+[§_.____V2+\/§ <m?+n?+pl
‘ P

m n

&

A ]

I

Dé4u béng xay ra khi nao ?
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Hwéng dan giai
Theo dinh ly Viet: mnp = 1.
Lay o = 45° B =-30°, y = 165°thia + B + vy = 180°

J2 2+\/§ 

3
vacosa = —, cosp= —, cosy~=—cos15° =-—
2 2 2

Cho nén bt dng thirc can chirng minh tvong dwong voi

Vonp + ABpm - 2+ V3mn < mP+n?+p?

< 2npcosa + 2pmeosp + 2mn cosy <m?+n?+p?. (1)
ma (p — mcosp - ncosa)® + (msinB — nsina)? > 0
= p?+m?(cos’p + sin®p) + n?(cos?a + sin’a)

> 2mp cosP + 2np cosa — 2mn cos(o + B)
= p®+m’+n® > 2mpcosp + 2np cosa + 2mn cosy .
Nhuw vay (1) da dwoc chirng minh .
D&u dang thirc xay ra khi va chi khi

msinf =nsina - m _ . p
p =mcosp + ncosa sino.  sinf  siny

patk= — thik®= — P = 43 +1) e k= - Y4(/3 + 1)

sina sino.sinB.siny

Vay d&u “ =" xay rakhi m =ksina = - ¥2 33 + 1;

n = ksinp = 31/*/52” va p = ksiny = — 15;2'_‘-_;_\@_.

Bai toan 15. 41:

n
Cho n nguyén dwong, x, = 0 va n s6 dwong x; sao cho Y x, =1. Ching
i=1
n X. .
minh 1<%’ ' : I
T 1 Xg 4 X ot XX 4 X+t X, 2

Hwéng dan giai
Ap dung bat dang thirc AM—GM cho 2 s6 dwong
» 1+x0+x1+,.+xn=1
2

\/1+ Xo + X, +..+xi_1.\/xi + Xt + X S
Ta chirng minh b4t déng thirc bén phai;
n
Vinsoduwong x sao cho > x, =1 nén dat

i=1
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. o |
sina, =X, +X, +...+X,i=0,1..,n, <=
i (o} 1 i i 2
o 2  ein?
Tacod 1-cos®a_, =sin“a_, =(x, +X, X
Nén cis®a_, =1-sin’a =(1—(‘x +X X )2)
i1 i-1 0T i-1

= (1= (g + X+ X)) (14 (X + Xy + .o+ X.1))

i-1 n
Do d6 cosa,_, = \/(1 + 2 %)%, -
k=0 k=i ‘
) . Xi T
<=

LR

Nén ). ‘
, i=1\/1+X0+X1+..+Xi_1.\/Xi+‘Xi+1+..+Xn

i sing, -sina,_, n
&) ———<—.
cosa, 2

) i=1

L , +a_, . a-a_
Taco sina, -sina,_, = 2cos— P =1 sin -1

T8, 3-8,

a
<2c0s—
: 2 2

L sinai—sinai_1 n . . _T
Do dé ;W < E(aiv— a_)=a -a,= >
Bai toan 15. 42:
Cho 356 thoa man x> +y* +2° = 1.
Tim gia trj Io6n nhat cia T = xy + yz + 2zx.
Hwéng dan giai
Viy? +(x* +z% ) = 1 nén dat y = cosa, x = sina.cosb, z = sina.sinb thi
T = xy + yz + 2zx = sina.cosa( cosb + sinb)+ sin? a. sin2b _

X sin2a 2 +sinait= %+ %( J2 sin2a - cos2a)

IA

+

e

YR

= %+ _\gsin(za-(p) <

D4u = ching han khi b = i‘- va sin(2a - )=1

143

Vady maxT=—+ —,
2 2

Bai toan 15. 43:
Cho x, y, zdwong thoa xz —zy — yx = 1.
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¢  2y* . 322
1+x2 1+y? 1422

Tim gia tri nhd nhat cta P =
Hwéng dén giai

Tacé: x,y,z>0nénxz-zy-yx=1= ————— =—

Data=1,b=1,c=1 ,(a,b,c>0)thib—a—-c=abc
X y z
—a+c=b(1-ac)=>b= 2FC
o 1-ac

pat 37N i B e (0; Zysuyrab=tan(o+ B) |
c=tanf 2 R

Dob>0véa,[3>0nén0<a~+ﬁ<g

p-_2 2 38
1+a%2 1+b%® 1+c?
= 2cos?a — 2cos?(a+p) + 3cos?B = cos2a — cos2(a+B) + 3cos?B
= 2sinp.sin(a + B) + 3cos?p = —3sin’p + 2sinp.sin(2a+p) + 3
2
. 1. 1 2 10 10
= _3 —_— 20 - 2 e Y
[smB 3sm( _OHB)} ' 3cos (2a +p) + 353
cos(2a.+B)=0
Dang thirc xdy rakhi { 14 oy = [2—
sinf = 3 2
z= 2\/5

Vay GTLN cia P = 139.

3. BAI LUYEN TAP
Béi_tép 15. 1. Ching minh:
sinfa+b+c¢)

a) tana + tanb + tanc = tanatabtanc +
cosacosbcosc

b) sin5x = 16sin® x — 20sin® x + 5sinx
Hwéng dan
a) dung sin(@a+b +c)=sinfa+b) + ]
b) diing sin 5x = sin( 3x +2x)
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Bai tap 15. 2: Tim a < (0; n) d& méi biéu thirc sau khong phu thude x:
a) S = sinx + sin(x + a) + sin(x + 2a) + sin(x + 3a) + sin(x + 4a)
b) T = cosx + cos(x + a) + cos(x + 2a) + ... + cos(x + 5a).

Huwéng dén
| a) Nhan 2 vé véi 2cos> | Két qua a =2—n, a _A=
: ' 2 5 5
b)Nhan 2 vé vsi 2sin”. Kétquia= 7. a =%’£

Bai tap 15. 3:
a) Cho sina - sinp = % cosa — cosP = —;- Tinh cos(a — B)

b) Tinh sin36° va cos6® ,
~ Hwéng dan

59

72

2\/10«2J§ o \/10 2 5+F+
4 1

'Bai tap 15. 4: Tinh téng:
’ 1 ‘ 1 1
+ ot :
cosacos2o .cOs20.cos3a cos7a.cos8a
b) B = cos’a + cos’2a + cos®3a + cos’4a + cos’5a +cos’6a.

‘a) Binh phuwong 2 gidi thiét. Két qua cos(o.—PB) =

b) Két qua sin36°

a)A=

Hwéng dan
sin(a — ) Kétqua A = tan8a —tana .

a) tana —tanf = -
: €oso. cosf sina

sin13a - sina + 12
2 .

b) Dung céng thirc ha bac. Két quaB =

- Bai tap 15. 5: bat: u, =cos" 7+cos. 374003 57 n nguyén.

- 3) Tinh uy, U, Usz, Uy
b) Chirng minh u, hiru ti véi moi n nguyén.

Hwéng dan

; . 1 5 1 13
ayKétquau; = —,up= —,u;=—Uu, =—
JRetquauy = 5.1 = 2.t =5l =15

b) Chirng minh qui nap 8un— =4u, + 4up1 — Uy, N =3
~ Bai tap 15. 6: Chirng minh réng véi moi x,y € R:
a)4sin3x + 5 = 4cos2x + 5sinx
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b) 4% -2**"+2(2*-Nsin@@*+y-1)+2 > 0.
Hwéng dan
a) BDT< (1 — sinx)(4sinx + 1)2 > 0
b) BDT & (24— 1+sin(2*+y-1))* +cos’(2*+y-1) 2 0

Bai tap 15. 7: Chirng minh véix ,y,z e[ - g; -g-]thi:

COSX + COSYy + COSZz X+y + 2
< COS — .

3

Hwéng déan

Dung w < Cos_x_.u

2 2
Bai tap 15. 8: Chirng minh v&i moi tam giac ABC
a) SSinf‘— sin?— sinE <1. b) cosA +cosB +cosC < 3 .
2 2 2 2

Hwéng dan

"a) Bién dbi twong duong
b) Dung tam tharc bac hai
Bai tap 15. 9: Cho tam giac ABC. Chirng minh:

a) ZCosAsinBsinC + \/5 (sinA + cosB + cosC) < 177 .

b2 —— + 1~ /3| > cotB + cotC.
sinB sinC

Hwéng dan
V3

)2 HsinA "5)2 >0

a) (cosB——s)2 +(cosC ——@

2 2
b) 2sinB[1 - sin(C + -g—)] + 2sinC[1 — sin(B + %)] > 0
Bai tap 15. 10: Cho tam giac ABC tuy y.

. 2 . 2 . 2
a) Tim gia tri 16n nhatctia M sin"fA+sinB +sin C

cos? A + cos?B + cos’C
b) Tim gia tri nhé nhat cia P = cos3A + cos3B - cos3C
Hwéng dan
a) Dung phwong trinh bac hai theo cosC. Kétquamax M = 3.

b) Két qua Min P = -.gi

Bai tap 15. 11: Chirng minh bat dang thirc:
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a) 22 < Ja+x +Va-x <4, vx e[-4,4].
b) 20a° — 15a + 36b - 48b> < 13 vGi a? + b? = 1.
: ; Hwéng dan
a) | x| <4 nén ditx = 4cos2t, 0 <2t<m.
b) 20a® — 15a + 36b — 48b> = 5(4a® - 3a) + 12(3b — 4b°)
Bai tap 15. 12: Xét cac sé thuc dwong thod man: abg + a+c=b.
2 2 3
- + .
a?+1 b+l c?+1
Hwéng dan '

Tim gia tri Ién nhatcta : P =

Biénddiabc+a+c=b < a.c+c.%+%.a =1.

Pbat a= tané;.c = tan—E,i;l = tan?~
' 2 2 b 2

Két qua max P-g .
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ciyen aé 16: BAT DANG THUC CO BAN

1. KIEN THUC TRONG TAM |

CAC PHUONG PHAP CO BAN
Phwong phap bién déi twong dwong
Bién ddi twong dwong bat dang thirc can chirng minh vé mot bat déng thic
dung, phan tich binh phwong, téng cac binh phuwong, tich cac dai lvong
khéng déi dau, ..
Phwong phap so sanh, danh gia

A’+C>C,C-B* <C,..
NéuA>B>0thi & >1,0< B <4

B A

£ . a_a+c
Néua,b,c>0vaa>b= = > :
b b+c

X . a a+c
Néu a,b,c>0va a<b= = <
b b+c

V&i cac sb nguyén dwong k thi
1 1 1 1

[ =

K2 KKk kk+?) K K+
11 1 1

k=1

.
K Kk K-k k-1 k'

1 2 2
ﬁ‘mﬁmmzz‘ﬁ“&’

1 2
AR R b o e S AL L I

Phwong phap tam thirc bac 2 theo 1 bién
Phwong trinh bac hai ax? + bx + ¢=0, a = 0 ¢6 nghiém < A > 0.

Phuong trinh bac hai ax® + bx + ¢=0, a = 0 vé nghiém < A <0
Tam thiee bac hai f(x) = ax? + bx + ¢, a = 0 khong déi dau trén R:

a>0

WxeR () >0 1270 vxeR fx)20 ,
A<O A<O0
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vx e R, f(x) <0 < {a>0} vx e R f(x) <0 a>0.
(A<O0 A<O

Phu’o’ng phap khac : phan chwng quy nap dung tinh chat ham sé déng
bién hay nghich bién, dung dé thi, mlen gia tri, toa do, vecto, lucyng giac
hoa,.

CAC BAT DANG THU'C CO BAN
BAt dang thirc vé gia tri tuyét doi
|x +yl < Ix| + |yl, ddu bing xay ra khi va chi khi x vay cling déu.

Ix—yl < Ix| + |yl, ddu béing xy ra khi va chikhi x vay trai dau.
xl =1yl < Ix+yl <Ixl + 1yl
Hxl =1yl < Ix=yl <Ix] +1yl,...
Bét dang thirc Schwarz
Véi bén sb a, b, ¢, d thi (ac + bd)? < (a® + bA)(c® + d?)
hay lac + bd| < Va2 +b2c? +d? .
Déu déng thirc xdy ra < ad = bc.
Bat diang thirc Nesbitt

0)

Néu a, b, ¢ dwong thi: —— + b , ¢ .3
b+c c+a a+b 2

D4u béng chi xay ra khi va chi khia =b = c.

B4t ding thirc AM—GM giira trung binh cdng va trung binh nhéan
(thwérng goi la bat dang thirc Cauchy)

b, Jab.
a+b2
<
2

_ Véibasb a, b, c khong am: iig—if’- > Yabe .

~ Vi hai sb a, b khong am: 2~

. Hay a+b22\/;6;\/;t;sa;b

D4u déng thiec xay ra <> a = b.

L 3~
Hay a+b+c >3%abc;¥abe <ia—i—§—ﬁ,abcs(w]

Déu ding thic xdyra<a=b=c.
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Cha y: Bién déi bat dang thirc can chirng minh vé dang c6 thé ap dung dwoc
bat ding thirc co ban véi cac ki thuat tach sé hodc ghép sb, ghép cap 2,
ghép cap 3, ngwoc dau; tang hodac gidam sé sb hang, tang hoac gidm bac
luy thira, bd sung dai lwong dwa vao vé kia, chon lwa cac hé sé dé dau

dang thire xay ra, ...

2. CAC BAI TOAN
Bai toan 16.1: Chirng minh

a) bat ddng thirc AM=GM cho 3 sb a,b,c > 0: a+b+C . 3be.

b) bat déng thirc Shur véia, b,c>0,r>0thi:
a' (a-b)(a—c) + b'(b—-a)b-c) + c'(c—a)(c-b) > 0.
Hwéng dan giai
a) Xéta+b+c=0,via,b,c20néna=b=c=0:BDT diung

Xéta+b+c>0.Taco

(a+b)+(c+i+—gi(—:)22\/36+2,/c.a+g+c
:>4[a+§+c]22[\/;6+ /c.afg”}z%/@\[c.a*-gw

. W ’ - - \ ) ’
Q(MJ >abc(afb*CJJa*“°j >abe: = dpom

3

Dau dang thirc xdy ra <> a =b = c.
Cach khac: Pat A = ¥Ya, B = ¥, C = Yc thi bat ding thuc tuong
du’cyng:%(A+B +C)[(A -B)? +(B-C)? +(C - A)ﬂ >0.
b) Khéng mét tinh téng quat ta co thé gia st: a = b > ¢, ta c6 bat dang thirc a°
(a—b)(a—c) —b(a-b)b-c)+c'(c-a)c=b)=0
e(a-b)|a'@@a-c)-b'(b-c)]+c'(a-c)b-c)>0
Via > b > c nén bat dang thirc dung.

Bai toan 16.2:
Cho haisb a,bthod mana +b>2.

Chirng minh bat dang thirc a° + b® < a* + b,
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; oo Hwéng dan giai
Theo g|a thxet thl a+t b 2=>20va bat dang thirc

a’+b’<a+b' e at+b- b3>0
Ta can chung minh trungglan a +b4 -b*za+b-2.
Thatvaya*+b*—-a’-b*za+b-2

o @ -a’-a+1)+(*-b*-b+1)>0
oala-1)-(@a-1)+b*b-1)-(b-1)=20
e@-1@-1)+0®-1)0b-1)20
e@-1N2@+a+1)+{b-12b2+b+1)20

o @- 1@+ 3+ 21 b- 1[0+ 1)+ 31 20Bung.

Bai toan 16.3:
Cho x, y € [0, 1]. Chirng minh b4t déng thirc
1 1 2
+ < .
1+ %2 \/1+y2 J1+xy

Hwéng dén giai

Vix,y e [0, 1], BBT <& — ! 2 4
IRESS 1+y \/1+x \/1+y 1+xy
Taco S VI+ X2 1+y? 21+ xy.

V14 %2 \/1+y 1+xy
< (19D +?) = (1+xy) <:>(x y)? = 0: dung .

Nhuw vay ta chi can chirng minh LI S
‘, L ‘ 1+x% 1+y2  1+xy
That vay 1 + 1 < 2_
1+x%2 1+y%2 1+Xxy
11 11

Texy 14x2 14Xy 14y?

(1= xy)(x - y)?
(1+ xy)(A1+x3) (1 +y?)
Bai toan 16.4:
Cho a, b, ¢ > 0. Chirng minh b4t déng thirc
a?+b%+c? - 8abc
ab+bc+ca (a+b)b+c)c+a)

>0 dang vi x, y thuge [0, 1].
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. Hwéng dan giai _
Ta str dung danh gia trung gian véi gia si a = min{a, b, c}.
2 2 2
Vi abc>0nen 20 *C 44046
ab+bc+ca

a®+b?+c? a®+b®+c®+a?  2a% +b? 4¢P
ab+bc+ca ab+bc+cara? (a+b)(a+c)’
Nhw vay ta chi can chirng minh

2a2 +b? +c? . 8abc
(@a+b)(a+c) (a+b)(b+c)c+a)
' 2, .2, 2 '
© Thatvay 2a° +b° +c 8abc

>2
(a+b)(a+c) (a+b)(b+c)(c+a)
© & (b+c)(2a’+b%+c?) + 8abe > 2(a+b)(b+c)(c+a)
< (b—c)’(b+c-2a) = 0: dung.
Bai toan 16.5:
1 1

Cho a,b,c la cac sé thuc dwong théa man 1 + —6 +—=1.
a c

Chirng minh rang
\/(a+bc)+\/(b+ca)+J(c+ab) >+Jabc ++/a + b + Ve .
Hwéng dan giai
Taco a,b,c la cac sé thwe dwong nén

—1-+-1—+—1¥=1 < +ab =,/§2+J9—E+JE.
a b c c a b
Ta chi can chirng minh \/c+ab2\/g+,/ig
c
That vay, \/c+ab2\/5+1}-a—t—) = c+abzc+il-)-+2\/a‘b
; c c

= c+abzc+ab[1~i—%]+2\/;l;
: a

<:>a+b22'\/a_t_>‘¢:>(£—\/5)220:ddng.

Bai toan 16.6: Gia st a,b,c la cac s khong am va khéng c6 hai trong céc sé
d6 bang khong. Chirng minh bét ddng thirc :
1 1 1 3
+ + 2 .
a®+bc b?+ca c?+ab ab+bc+ca
Déu dang thire xay ra khi nao?
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Hwéng dan giai
ab+bc+ca_1+a(b+c“'a)
a® +bc a? +bc

1 1 1 3
+ + >
a2+bc b?+ca c®’+ab ab+bc+ca
alb+c-a) b(c+a-b) cla+b-c
abrc-a) ble+a-b) cfa+b-c)
- a®+bc b? +ca c +ab . :
Gia s rang a<b<c.Vi b+c—a>0, nén ta chi can chirng mmh rang

b(°+a_b)+ (a+b-c)

Ta co , Nén ta co thé viét bat dang thire

L=

>0
b? +ca c?® +ab
_b(c+a-b) c(a+b-c)
That vay - + >0
b? +ca c? +ab

& (b +c?)a? (b +c)(b? - 3be +c?Ja+bo(b-c) 20 :dung vi
(b7 +%)a - (b o) (b° ~3bc +c?)a+bo(b—c)’ =
~(b? +* -~ 2bc)a? — (b + c)(b? ~2bc +¢*)a+be(b-c) +abe(2a+b+c)=
=(b-c) (a-b)(a-c)+abc(2a+b+c)>0.
Péing thirc xy ra khi (a,b,c) = (0,11) hosc hoan vi vong.
Bai toan 16.7:

Cho 2 sb x va y khong dong thoi bang 0.

X+Yy | 2\/—

<
X2 - xy +y° \/x + y
Hwéng dén giai
Néu x +y <0 thi bat déng thirc dung.

Chirng minh rang

2 2

X" +y
2.

Néu x+y>0,tacéd x+y<2

o x2+2xy+y? <2x? +2y% & Os(x—y)gzdt'mg.

V24x% +y?

X2 —xy +y? x2+y2

Vatacé
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& X2 +y? <2x% - 2xy + 2y & 0<(x-y) :dung.
Ttr d6 suy ra diéu phai chtrng minh.
Bai toan 16.8:
a b c_a+b b+c
+

Cho a, b, ¢ > 0.Chrng minh; =+ =+ = >
' ‘ b ¢ a b+c a+b

+1.

Hwéng dan giai
BDT < (a +b)? + (b + ¢)> + (a + b)(b + c)
< a(a+b)(b+c) N b(a +b)(b+c) lc(a +b)(b +c)
b ‘ c a
= (a+b)y’+(b+c)’+(a+b)b+c)

2 - 2 o
Eb_(i +a2+ab+ac+ b (a+b)+b2+ab+c2+bc.Cb(b+c)
c a

Vi: (a +b)? +(b+ c)® + (a+ b)(b+ c) = a® + ac + ¢® + 3b% + 3ab + 3bc
a%  bP(a+b) , cb(b+c) |

Do d6 ta c&n chirng minh: =+
' b . c a

<

>2b? + 2bc + ab

2 2
Théat vay: ac, b(a + b) L eb(b+c)
b c a

_1(a% b®)| 1[a%c c%) 1(b® c%) ..(c a
St — |t —t— =] —+— |+ D" =+~
2l b ¢ ) 2( b a 2{c a a c¢
4
>ab + (Vac® +Jb—g)+2b22ab+2bc+2b2(dpcm)
a

Dau"="xayrakhia=b=c.
Bai toan 16.9: :
Cho a, b, ¢ 1a ba sb tirng d6i mét khac nhau.

a®-p® bp*-c® cf-a® 9
+ >Z

@-b?® (b-c)® (c-a)® 4

Hwéng dan giai

Chirng minh:

a?+ab+b® b?+bc+c? c?+ac+a® 9
BT < + N .9
(a-b)? (b-c)? (c-a)p 4

a?+b?® b%?+c® c?+a? ab be ca 9

+ + + + + >—

(a-b?® (b-cf (c-aP| 4

(@-b® (b-cf (c-af
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a+b b+c c+a .
Ty = 1z = nén
a-b

" b-c' c-a
(x+ 1)y + 1)'(z+ DN=xx-1Ny-1DNz-1)< xyt+txz+yz=-1
Ma: (x +y+2)220=x2+y? + 222 =2(xy + xz + yz) = 2

Pat:x=

¥

. (a+b)® (b+c)® (c+a)? a?+b?® b2+c? c?+al
Nén + + >2=

@-bP (b-cf (c-af  (@-bf (b-cf (c-aF 2

ab be ca 2——1— — dpem.

Va
@-bf (®-cf ©-af 4

a+b b+c+c+a~
a-b b-¢c c-a

Dau"="xayrao x+y+z=0s 0.

Bai toan 16.10:
Cho n nguyén, n = 2. Chirng minh: [1+ %] <3

Hwéng déan giai
Va véin nguyén, n > 2, khai trién nhi thire:

(1) 1Y 1Y
(1+-—] =ZC';(——) =Cg(——] +C;[-) +...
n) & "(n n n

P N ) S N 1
21(n-2)1'{n; 3in-3)!'{n

+_l.n—1+_1__(n—1)(n—2) +...

=2
2! n 3! n?

<2+—L+—]-+ al < +-——L+—l—+..+ 1
2! 3! n! 1.2 2.3 (n="n

P L LI N (IS DY B S 1 PO R
1 2 2 3 n-1 n n
Bai toan 16.11:

Chirng minh v&i moi s nguyén duong n:
1 1 1 1
—_— +

a) + e b — <—.
13 135 135 (2n+1) 2
1 1 1 5

b) ?3"4—55"{* '+;{:—3_<—4—
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Hwéng dén giai
a) Tacé: —1—+ 1 +.,,+__.....1__.___
1.3 1.35 1.3.5...(2n+1)
11 1
LS — et — ot —————
1.3 35 (2n-1)(2n +1)
101 1) i1 A 1 1 1
< —| === === +— -
2{1 3) 2(8 5 2(2n-1 2n+1
=1 _ 1 1 qung
2 2@2n+1) 2
b) St dung danh gia: =~ <K _ K
K geode g dpwedy
4 2 2
LI R R
2 1, 10
k-—=)? (k+—
( )"« 2)
L1k 1 1 1 1 1 1
hodc. — = < = =— _
K3 kk? k(2 -1) k (k+Dk-1) klk-1 k+1

R (R S N NN B DO
olk(k-1) kk+1)) 2k-1 k 2k=+1)
thi suy ra diéu phai chirng minh.

Bai toan 16.12:
Chirng minh rang néu a,b,c la cac sb khong am, thi

a? +b? +c? + 2abc + 12 2(ab + bc + ca).
DAu dang thire xay ra khi nao?
' Hwéng dan giai , '
Vi a,b,c la cac s6 khéng am nén trong cac s6 1-a,1-b va 1—c co hai sb
la cung déu, gia st d6 1a 1-b va 1-c, do d6 (1-b)(1-¢)=0.
Tacd a? +b%+c? +2abc+1-—2(ab+bc+ca)=

=(a—1)2 +(b—c)2+2a+2abc—2(ab+ca)=

—(a-1) +(b-c)* +2a(1-b)(1-c) 20 = dpem.
Pang thirc xdy rakhi a=b=c =1.
419
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-Bai toén 16.13: Cho x, y, z> 0. Chitng minh -

\/x + Xy +y? +\/y +yz+z +\/z +2X + X2 >(x+y+z)\/_

Hwéng dan giai
V6ix,y,z20, ta co:

- T

-2 2 2

Twong tw: \/y +yz+2° >y+z\/— \/z +2ZX+ X >Z+X

Cong 3 bét dang thare th| co:

,\/X +xy+y +\/y +yz+z +\/z +2X + X°

—[X'Fy y+3+Z+X)J§=(x+y+Z)f§_

2 2 2

Bai toan 16.14:
~ Cho a, b, c dwong va ¢ abe = 1. Chirng minh:

ab bc ca

5 5 + 5, .5 * 5 5 <1.
a’+b’+ab b>+c’+bc c’+a’+ca

| | Hwéng din giai
Taco:a’ + b’ = (a + b)(a* - a’b + a’b? - ab® + b’
= (a + b)[a’b® + a’(a—b) - b (a-b)]
= (a + b)[a®® + (a - b)(a’ - b))
= (a + b) [a’b? + (a — b)? (a® + ab + b?)] > (a + b)a’b?
ab  _ ab  _ 1. 1 __c
a®+b°+ab a’b’(a+b)+ab ab(@a+b)+1 abla+b+c) a+b+c

Nén:

Tuong t roi cong 3 bét dang thire thi duoc

ab : bc . ca a+b+c e
z Z + < =1.dpcm.
a®+b +ab b%+c5 +bc c®+a%+ca a+b+c

Bai toan 16.15:
Chirng minh vé&i sé nguyén dwong n, ta co:

) o RN n n ' .
a)(nh?=n". b) (a;bJ <2 ;b véi a+b>0.
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Hwéng dan giai ‘

a) Ta chirng minh bd @& n" > (n + 1)™" bang quy nap

Khin=1thi1'>2°< 12 1: ding

Gia st bat d&ng thirc ding khin =k, k> 1:k* > (k + 1)<

Ta phai chirng minh BBT ding khi n = k+1: (k+1)<" > (k + 2)¢.

Thatvay k.(k+ 1) > (k+ )" . (k + )" = (k + 1)

=[k (k +2) + 112 [k(k + 2] =K*. (k + 2)"
- Do d6 (k + )" = (k + 2)*: dpcm. '

Khin =1 thi BBT (n))?>n": (11)*> 1" dung.

Gia st BDT dung dén n = k ttre 1a (k1)? > k*.

Ta chirng minh BT ding khin =k + 1: ((k + 1)1)? > (k + 1)

Taco ((k+ D= (k+ 12 (kD)2 = (k+ 1) . K (1

Theo bd dé thi k* > (k + 1)<,

Nén (k + 12K = (k + 1)2 (k + )" = (k + 1) (2)

T (1) va (2) suy ra didu phai chirng minh.

Vay BDT dung véi moi s6 nguyén dwong n.
b) Khi n = 1: BBT ding '

ak + b*

k .
Gia st BDT ding khin=k:[a;bj <2 ™)

Ta chttng minh BET ddng khin=k + 1. Thatvay,via+b>0

k kK |k
nén (1) = a+b a+b Sa +b*fa+b
, , 2 2 2 2

a+b)" _a 4+ abf +a%
2 B 4 '

k+1 k+1 k K k+1 K+1
. . a+b" +ab*+ah _a"'+b
Ta chirng minh: 1 < 5

< ab* + a*b < " + p** (2)

Khong mét tinh téng quat, gid st a = b.

Via+b>0néna>-b,dodoaz |b| =a™> |b|™>b™ véi moi m nguyén
duong. '

Taco (2) < a’(a—b) + b"(b—a) = 0 < (a — b)@ - b") = 0: dung.
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Bai toan 16.16:
Chonsb duong Xq, X2, X3, ..., Xn €O tich: Xq.%2.%3..%, = 1.

Chirng minh tOng X + Xp + X3 + ... + X, 2 N.
, Suy ra bat dang thrc AM—GM téng quat.
Hwéng dan giai
Khin=1thix1=1 = Xy = 1:dang.
Gia st khang dinh trén dung khi n = k, k nguyén dwong.
~Ta chirng minh khang dinh dang khi n = k + 1. That vay:

Xétk + 1 86 dwong Xq, Xz, ..., Xk, X1 CO tich
X1.Xo.. X1 Xk-Xke1 = 1. (1).

Gidsrcadk + 186 x> 1=>tich XXz ... Xks1 > 1: VO Iy
Gidslrcak + 186 x < 1= tich XiXa.. X1 < 1: VO,

Do d6 ton tai sb x, < 1 va x, > 1. Khéng mét tinh tdng quat, gid st ux < 1 va
Uk+1 2 1

T (1) = X4Xz ... Xkt (K. Xk1) = 1.

Ap dung gia thiét quy nap v&i k s6 X4, Xa, ..., X1, XXke1 €O tich bdng 1 nén
tong: X1 + X2 + ...+ X1 + XXk 2 K.

=X+ Xt Xeeg F Xt X 2 K F X F Xirq — XXt

2k+ 1+ (%= 1) + X (1 = X).

=k+ 1+ (X~ 1)1 = Xs1) 2k + 1: dpcm.

Ta chirng minh BBT AM-GM téng quat véin s ay, ay, ..., a, > 0.

a,+a,+..+a
1 2 n
- >1/aa,..a, (2)

Néu cé sb a; = 0 thi (2) ding.

.
Yaa,..a,

X, = 72""""n =1

X1Xg ... Xp T ——2—0— =
n
( a1a2...an)

Ap dung két qua trén thi tdng: X; + Xo + ... + X 2 n.

Xétcanséa >0, Ditx = thi x> 0.va tich:

2N

a a a
= L+ B b n
n n
\/a1az .a, \/a1a2 .a, Q/a1a2 .a
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=a;+a;*+..+a,=n. Yaa,.a = dpcm.

Bai toan 16.17:

Cho ham s y = f(x) xac dinh trén khoang D. Chirng minh

a+b < f(a)+ f(b)
2 ) 2

néumoi a, b € D: f[

thi v&in s x4, X,..., X, € D batki, n>2, ta cé:

f Xy +y oot X, < f(x,)+ 0 ) + .+ F(x) ‘
n n
Hwéng dan giai
Khi n = 2:BDT dung theo gia thiét
Gia st BDT dung khi n =k, k nguyén, k > 2.
Ta chirng minh BDT dung khi n = k + 1. That vay:

f[X1 +o X +Xk+1J

K+1

X1+"'+Xk 1 X1+...+Xk+xk+1
e X N k-1
K +k( or F =)=

| =

K=1,[ X+ X +X
(f(x1)b+...+f(xk)+f(xk+1)‘)+ o f[ 1 k+: Kk 1}

N

k

+ot X FX
k+1

Do d6: = 2k.f[x1 Sl J <(xq) + ...+ (%) + Fe1)

+ (k+1).f(

k+1

X+ oot X, +xk+1]
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X .+ X X
= (k+ )| 2 X X
k+1

+1] < f(xe) + .+ F(X) *+ F(Xeen)

: dpcm
k+1 k+1

Bai toan -15.18: :
Cho a,5,c la cac sé thuc dwong thda man a+b+c > abc .

N f(x Fok X+ X, Jsf(x1)+...+f(xk)+f( r)

Chirng minh rng a2 + b2 +¢2 > /3abc .
Hwéng dén giai
Tacé

(a‘+b+c)2’-—3(a2 %bz +cé)=~(a —'6)2 —(b——c)2 -(C——?)2 <0

. _
Via+b+czabc nén (abc)? <a®+b?+c?.

Ta dung phwong phap phan chirng

Gia st (abc)\/g >a2 +b? +¢? thi abc <33, nhung theo bét ddng thirc

2
AM-GM, ta c6 a2 +,b? +c?> 3(abc)”3‘.

, .
Ma 3(abc)5 <a® +b? 42 <(abc)\/§ nén abc > 3v/3 : mau thun.

Vi vay, ta phadico a® +b? +¢2 > (abc)\/g.

Bai toan 16.19: ; -
Ching minh bat dang thire BCS véi 2n s ay, ay,...,a, Va by, by,...,by tuy ¥:

(B <) 8)

Hwéng dan giai

Néua;=a,=..=a,=0thi BT dung.
Néu ay, , ..., a, khong dong thori béng 0 = a2 +a2 +...+a% >0
Taco (ax—b)* 20, ¥x = a?x? ~2abx+b? 20, Vx
Choi=1, 2,...,n va cdng lai thi duoc:

(@2 +ad +...+a%)-2(ab, +ab, +...+ a b, )X+ (b2 + b2 +...+ bZ) 20,vx
Vi vé trai la tam thirc bac hai: f(x) > 0, ¥x nén A'< 0
= (aibr*azby+ ... +anby)® - (a2 + a2 +...+a2)b? + b2 + ... +b?)<0
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= (arby+agby* ... +anby)® <(af +aZ +...+a2)b? +b2 +...+b?): dpcm.
Dé&u béng chi xay ra khi va chi khi ton tai sé thuc k sao cho

a; = kb1 , Ao = ka y ey Qp & kbn
Cach khac: Ap dung bat d&ng thirc AM-GM cho 2 sb dwong

Bai toan 16.20: :
- Chtrng minh rang néu a,b,c 1a cac sé khong am, thi
2(a? +1)(b2 +1)(c? +1)> (a+1)(b+1)(c+1)(abc + 1).
DAu ding thire xay ra khi nao? |
Hwéng dan giai
. 2 2 2, 2 2 2 2
Taco 2(1~a+a )(1—b+b )=1+a b +(a-b) +(1—a) (1—b)
nén 2(1-a+a2)(1—b+b2)z1+a2b2
Nhuw vay, ta chi can chirng minh bat ding thirc
3(1+a2b2)(1—c +c2)2 2(1+abc+a2b202).
Bét déng thirc nay twong dwong véi
(3+a-2b2)c2 —(3+2ab+’3a2b2)c+1+ 322 2 0.
Vé trai la tam thire bac hai theo bién ¢
Tacohésé3+a’h’>0va A=-3(1-ab)’ <0 nén duoc dpom.
Béng thirc xay rakhi a=b=c=1.
Bai toan 16.21:
Cho haiday sétang a; <a,<..<an;b;j<by<..<b,v&dinz2.

Néu o, ay, ...,an [ Mot hoan vi clia day 1, 2, ..., n thi:

n

n n
Z ap,; < 2 aibai s 21 ap, .
i= i=

Hwéng dan giai
n n n
Bat M=) ap; m=Yab, . ; T=>ab_ thi didu can chitng minh: m< T <M
i=1 i=1 i=1 ~

Ta chtrng minh T < M béng phuong phap quy nap theo n.
Voin=2tacdé:.a;<a; va by<b,

425
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T =M = (asbz + azbq) — (a1by + azby)
=(aq — 32)(b2 - b1) <0nénT<M dl]ng ‘

Gia st BDT dung véi n — 1, ta chirng minh BDT duiing voin.

Taco:M=aby+ab, +...+ab,=abs + A

T=ab+ b1ai+ B

pat: T'=aby +aibj+B

Theo gia thiétquynaptaco T's M va T< T".

nén T <M. Chirng minh twong twtacom<T.

Vay m<T<M.
Bai toan 16.22:

Chirng minh v&i moi x thi cé:

a) |x+1|+|x+2|+|x+7|+|x+8|212

b)[x*+x-2| = X*+1-|x-3|.

, Hwéng dén giai

a)Tacox+1=0,x+2=0,x +3 =0, x + 4 =0 c6 cac nghiém tang danla x = -4,

x = -3, x=-2, x = -1. Ta ghép cép twong trng ngoai: ‘

‘ix+1|+lx+2|+)5<+7|+|x+8;
=(|x+1]+|x+8])+(lx+2|+|x+7|)
=(Ix+1|+|—x—8‘)+(lx+2|+|~x~7l)
z|x+1-x—a]+|x+2—x~7]=7+5=12

D4u bang chi xay ra khi va chi khi: -7 <x<-2.
byTaco|x—3]+|x+x-2| 2 |(x=3)-(+x-2)]|
= | -x? 1] =x* +1 = dpcm.
Bai toan 16.23:
Chirng minh bt dang thurc

a) xy/x +1+4/3-x <2Vx? +1, Vxe[—1,3].

b) 4(a2 +x2)(b2 +y2)(c2 +22)23(bcx +cay+abz)2, va,b,c,X,Y,Z.

Hwéng dan giai
a) V&i xe [—1,3] thi co:

(x x+1+1\/3——x)2 <O+ DX +1+3-%x)=4(x% +1)

= ‘x\/x+1+\/3—x|s2 x? +1 = dpcm.
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b) Ta c6 (az + x2)[(cy + bz)2 + b2c2] > [a (cy +bz)+ bch .
Nhu vay, ta chi can chirng té rang
4(b2 + yz)(c2 + 22) > 3[(cy + bz)?' + b2c2]

& (cy-bz)’ +(bc - 2yz)” = 0 :diéu nay hién nhién dang.

2 V2
2

Trong truéng hop abe = 0, dng thire khi 2 =

T <
olN

Bai toan 16.24:
Cho x, y, z > 0. Chirng minh bét dang thuc

a)3x+2y+4z> \/-)a+3 yz+5\/z_x.

o 20k L 2y 2z 1

+ 1,11
x3+y2 y3 -

+22 Bex® x®2 y? 22

Hwéng dan giai
a) Ap dung bat dang thirc AM-GM cho 2 sb dwong :

m+3@+5&;S[XQV}S(VH}S(Z;xJ=3x+2y+4z

2

Daubdngxadyra< x=y =z

b) Taco: x° +y* =2 /%3 2=2xy\/;:> 2\x <1

x®+y? Xy
aled,2, 2l 11 1
X2 y2 Xy XS + y2 2 x2 y2
Twong tu réi céng lai 3 bat déng thire vé theo vé thi co

2\/§+2\/§+2\/£

X¥+y? yiez?2 2B ax® X% y? 2z

Bai toan 16.25:
Chirng minh véi cac sé a,b,c dwong thi:
a) a®+b’+c®> a?VJbe + b2Jea +c2Vab .
i i 1 : 1

b) 3 3 +3 3 +3 3 < ’
a’+b’+abc b’+c®+abc c®+a’+abc abc

i 1 1,
s—-2-+—3+—;.dpcm.

Hwéng dan giai:
a) Ap dung bt ddng thirc AM—GM cho 2 sé dwong:
a’ +abc > 2a2‘[t£, b’ + abc > 2b2\/—‘;, ¢+ abe > 2(;2\/EE
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= aa+b3+c3+3ab022(:;12‘/E +b2\/a + Cz\/E)

Vaco a®+b®+ ¢’ > 3abc
Cong lai 2 bt dang thirc thi:

2(a® + b® + ¢%) > 2(a? VPC +p2ca +c2\/_):>dpcm

D&u bang xay ra khi va chi khi a=b=c.
b) Ta cé: a® + b® + abc = (a + b)(a® + b? — ab) + abc
> (a + b)ab + abc = ab(a + b + ¢)
1 < 1
a® +b® +abc ab(a+b+c)

Do do:

Chirng minh tuong tu réi cong lai 3 bat dang thirc:

1 1 1
3 3 + 3 3 + 3 3
a’+b” +abc b’ +c” +abc c¢° +a° +abc

_t (r 1t 1)1
“a+b+clab bc caj abc’
Bai toan 16.26: ’
Cho a, b, ¢ dwong. Chirng minh:

a b+c b c+a c a+b_ 15
a) + ——t + + + >—,
b+c a c+a b ,a+b c 2
3 13 3 2, .2 2
b). a N b N c 2a +b® +¢
a+b b+c c+a 2
Hwéng dan giai
a) Tacé 2.‘ a +b+c+ b +c+a+ c 4-&ler
- b+c a c+a b a+b c

2

_( 2a b+c] [Zb c+aj [20 a+b) 3{b+c c+a a+b
= + + + + + +

+ +
b+c 2a c+a 2b a+b 2c a b

22+2+2+§(2+2+2)=15.

a b+c b c+a c a+b _15
+ + + + + 2 — :dpcm.
b+trc a c¢c+a- b a+b ¢ 2
b) Ap dung BBT AM—GM cho hai sé duong, ta cé:

3 3
& ,83@+b) o & 8. 8b

a+b 4 a+b 4 4
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b 8, bo. ¢ 3, ca

brc 4 4 'c+a 4° 72

Twong tuf

3 3 3
Dodo: -2 B, ¢ 2%(a2+b2+02)—£—(ab+bc+ca)

a+b b+c c+a

w

> Z(@*+b*+c?) -

1(a®+b® bP+c? c?+aP
+ +
4 2 2 2

B

= l(a2 +b? + c?).

D&u bang xay ra khivachikhi a=b=c.

Bai toan 16.27:
Cho cac sb dwong a, b, ¢, d. Chung minh:’

néu ! 1 1 -—1—>3th| abcd<—l
1La 1+b 1+c 1+d 81

Hwéng dan giai

Ta c6 1+1+1+123
1+a 1+b 1C 1+d

1 1 : 1 1
nén ——== (- —— + (- —)+ (1- ——
1+ ( 15’ ( 1+c) ( 1+d)

b c d bcd
2 + >33 .
1+b 1+c 1+d (1+b)(1+c)(1+d)

Tuong tw roi nhan 4 bat ddng thire thi dwoc

1 3b3 3d3
>81.3
(1+aj(1+E)(1+c)(1+d) \/(1 +a)(1+b)3(1+c)°(1+d)°

1 81abcd
>

Hay > :
(1+a)(1+b)(1+c)(1+d) (1+a)(1+b)(1+c)(1+d)

Ma a, b, ¢ ,d dwong nén co abed < _8% .

Bai toan 16.28:
Cho cac sb duong x, y, z thoa man xyz = 1. Chtrng minh:

[1 W3 .08 NI 3, 3 |
) 1+xy+y +V\/1‘+y +z +\/1+z + X 23\@;
X

yz zx

b) 1'+ 1'+ 1

, x3(y i z) y3(7_+ X) 23(x+y)2

N w
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Hwéng dan giai
a) V6i x, y, z > 0, &p dung bét déng thirc AM-GM

\/1+x3 +y° .\ \/1+y3 +2° +\/1+23 +x3

Xy yz zx "
5 \3xy N \3xy . \/3_2 \/— . 1 1

Xy yz zx \/_ \/y_z Jzx

\/5(\/;+\/;+\/;/)(vixyz=1)
\/5(3.,3/\/xy_z)=3\/§ = dpcm. Dau bang khix=y=2z=1.

1'[h|a b,c>0,abc=1.

v M

‘<|—s
N

b)Dita= - b=
X

1 1 1
+ +
xXXy+2z) yi(z+x) Z2(x+y)

Taco
3 .b3 c3 a2 b2 C2

= + + nén
1 N b+c c+a a+b

1
bccaag

—
—h
1

2 b2 02

B4t dang thirc twong dwong a_ . >3
b+c c+ a a+b 2

2 2
a +C a b+c
+ ca> >a-
b+c 4 b+c 4

Twong tw réi cong lai thi

Taco

2 2
a b c
+ >a+b+c-
b+c c+a a+b

+

Bai toan 16.29:
Chirng minh rang néu a,b,c la cac sé khéng am, thi

(a2 +ab+ bz)(b2 +be +'c2)(02 +ca+ a2) > (ab +bc + ca)3 .
Hwéng din giai |

Taco 4(a® +ab+b?)-3(a+b)’ =(a-b) >0.
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nén4(32 +ab+b2)23(a+b)2,

Twong tL_l’4(b2 +bc+02)23(b+c)2,4(c2+ca+a2)23(c+a)2,
Do do
64(a2 +ab+!)2)(b2 +bc+cz)(c2 +ca+a2) 227(a +b)2 (b«rc)2 (c +a)2
Nhuw vay, ta chi can chirng minh
27(a+b)2 (b+c)2 © +a)2 > 64(ab +be +ca)3.
Vi 3(ab +bc +ca) < (a +b+c)2 nén chi can chirng minh ring
81(a+b)2 (b+c)2(c+a)2 264(a+b+c)2 (ab+bc+ca)2.
=N 9(a+b)(b+c)(c+a)28(a+b+c)(ab+bc+ca),
& a(b-c) +b(c-a) +c(a-b)° >0 : dung
Bai toan 16.30:

Chirng minh rang néu a,b,c,d 13 cac sé dwong, thi
f

5+\l/2(a2+b2+cz)(-1—+—1—+iJ—2 z(a+b+c)(1+l+1)

a® b? c? a b c
Hwéng dan giai
Dax=3+9+£vay:2+3+3.
b ¢ a a b ¢
Taco (a+b+c)(l+—1-+l =X+y+3
La b c

=2(x2-2y)+2(y2—2x‘)+4:(x+y—2)2+(x-y)22(x+y—2)2.
Do dé,

1 1 1 it 1 1
2(@®+b?+c?)| —+ L+ | _2>x+y-2=(a+bsc)tstsl|-5.
\/( * )[a2+b2+C2J +y ( +0+ ) a+b c

Déng thirc xy ra khi va chikhi a =b hodc b=c hodc c=a.
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Bai toan 16.31:
Gia siv a,b, c Ia cac sb6 khong am, khéng co hai trong sb6 do la bang 0.
2 2 , 2
ChL'mgminh: a — 4 - b =+ c > =1
a?+ab+b® b?+bc+c® c®+ca+a
~Hwéng dan giai

Dit A=a’+ab+b?B=b%>+bc+c?va C=c?+ca+a?, vi ab,c lacac sbd

khoéng am, khéng cé hai trong s6 d6 1a bang khéng nén 3 sé A, B, C déu
duong.

(1 1 1)[a® b? ¢?
~Tacd | —+—+—=|| —+—+—-1
A B C A B C

_a® b? c? b2+c2 c2+a? a®+b? 1 -1 1
= — + TR LI S LI —
A B C BC CA AB A B C
a® be b+bc+c a2 1<(b cY
= — e — —_ — e —_——— >O
[Az I ) L
= dpcm.

Péng thirc xay ra chikhi a = b c.
Bai toan 16.32:

Gia sr a,b,c 1a cac sb khéng &m, chirng minh: )
8<a2 + 1)3 (b2 + 1)3 (c2 + 1)s >(a+ 1)3 (b+ 1)3 (c+ 1)3 (aS + 1)(b3 + 1)(c3 + 1)
Hwéng dan giai

Ta chitng minh bat d&ng thirc 2(&12 + 1)3 >(a+ 1)3 (a3 + 1).

That vay, lap hiéu sé
, Z(a2 +1)3 —(a+1)3(a3 +1)=(a—~1)4(a2 +a+1)20.

Twong tw ta co cac bat dang thirc
2(b% + 1)3”2(b+1)3 (62 +1),2(c? +1)3 >(c+1) (o® +1),

Nhan cac bat ddng thirc ta co
8(32 +1)3 (b2 +1)3 (02 + 1)3 >(a+ 1)3 (b+ 1)3 (c +1)3 (as + 1')(b3 + 1)(c3 + 1)

Bai toan 16.33:
Chtrng minh réng néu a,b,c,d 1a cac sb khong am, thi

(1—-a+a2)(1—b+b2)(1—c+C2)(1_d-+d2)2[1+e;bcd)2'

Dé&u déng thirc xay ra khi nao?
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Hwong dan giai

Cho a=b=c=d, b4t ding thtvc:2(1—a+a2)2 >1+a’
B4t ding thirc nay dung vi 2(1—'a+a2)2 -1-a* =(1—a)4 >0.
S dung két qua trén, ta cé

4(1—a+a2)2(1—b+b2)2 z(1+a4)(1+b“).
Ma (1+a4)(1+b4)2(1+a2b2)2
nén 2(1-a+a®)(1-b+b?)>1+a%?.
B4t déng thirc can chirng minh 1a két qué clia viéc nhan cac bat dang thic
sau 2(1-a+a’)(1-b+b?)>1+2%%, ‘

2(1-c+c?)(1-d+d?)=1+c%?, (1+a%?)(1+c%d?) > (1+abed)

Déng thirc xdy rakhi a=b=c=1.

Bai toan 16.34:
Cho da thirc bac n: f(x) = x" + ax"™+ . +a,4x+a,con nghiém khéng am

n
a
phan biét hay trung nhau. Chirng minh: [—ﬂi] > ag".
n

Hwéng dan giai
Theo dinh ly Viete ta cé:
X1.X2 oo Xnot + X1.X3 ... X + XoXz..o. Xn = (D)™ . @ng
X1.X2..%, = (=1)"a, '
Ap dung bat dang thirc AM—GM cho n sb khong am:

XKy Xo g+ XXgoo Xy 4ok XpXgo X ”r——(x o
n 172 n
-1
-0""a,, —
= — > Y(XXy.. X))

n
- _ a _
=(-)""a,, =nf[(-)"a, ] = [—;‘—J >a" (dpcm).

Bai toan 16.35:

n ) )
Cho da thirc: P(x) = Zai.x‘ (n = 2; apap # 0) c6 n nghiém dwong. Ching
i=0

a .a
1%l g2

minh rang:

naO
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Hwéng dan giai

Goi X1, Xa, ..., Xy l& n:nghiém dwong.cta P(x), khi d6 do a, = 0 nén theo dinh
ly Viete, ta cé:

a
X1 +Xp+ ... +X,= =150

an

_ a
X1Xg... Xp-1 + X1X3...Xn + X2X3 .. = (- 1)n !

' a
XXz ... Xp = (-1)". 2
n
Ap dung bét ddng thirc AM—GM:
' lan_1a1[ :|(x1 Fa X ) (XX X Xy
aa, Xy X, !

| -1
no/X,..x NY(X,..x )"
> 1 n ( 1 n) :nz
X,... X

Két qua: Néu da thirc:
ax”—ax”1+cx +CxX" P+ L+ X —n%bx + b = 0 c6 n nghiém
duwong.thi cac nghiém dé déu bang nhau.

Thatvay: a, = a, a,s = -a, a; = -n°b, @, = b nén:

2
; a_ .a —-a. —
n?< o1y 78 nb= n2

a,a, ab

Do d6 d&u bang ddng thoi xay ra nén: X, = X = ... = x;,.
Bai toan 16.36:

ChoP(x)=x"+ax""+ .. +a,;x+1 voicaca >0con nghlem xi.Chirng
minh: P(x) > (x + 1)", \7x > O

Hwéng dan giai
n
Vi a; > 0 nén cac nghiém x; < 0 va theoViete: Hxi =1,

i=1

Xétx e z+ Ap dung bét déng thirc AM-GM:

”P() Hx X) = Hx+|x. = 1+1+ 1+ ]x)

x+1§

(x+1) x+ﬂ (x + )esdx. .. x]_x+1)

n

i=1
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Xétx>0tuyy:

a, —Zx X, (-0 (1<iy<iz<..<iy< n)
-lellll--rlw* Howrf =2
Do do: P(x) > Zc“ X" = (1+x)" (dpcm).
k=0

Cach khéac: V&i 2n sé by, ¢ > 0 ta cd bat ddng thire
g/T(b, +¢,) = TTb, + e,

Neén AP(x) = Q/ﬂ(x + IX; I) > YTx + J n|Xs|

= YP(x) = (x + 1) = P(x) > (x+1)" (dpcm)
Két qué: Chonx =2>0taco P(2)=3".
Bai toan 16.37:
Gia str phwong trinh ax® — ax® + bx? - cx + d = 0 véi a, b, ¢, d duwong co 4

nghiém thuéc khoang (O;%).

Chirng minh bat déng thirc: 21a + 164c¢ > 80b + 320d.
Hwéng dan giai

Theo dinh ly Viete ta c6: X1 + Xo + X3 + X4 = 1,

XqXg + XXz + X4Xg + XoX3z + XoXg + XgX4 =

»|o

c d
X1XoX3 + X1XoXg + X1X3Xq + XoX3Xg = — VA X4 XoX3X4 = —
a a

Vi a >0 nén bat dang thirc: 21a + 164c > 80b + 320d

o 21+164 S 5802 43204
a a a

o 21+ 164(X1XoX3 + X1XoX4 + X1XaXg + XoX3X4)

2 80(X4X2 + X1X3 + X1X4 + XoX3 + XoX4 + X3Xa) + 320(X1X2X3X4) ()
Ap dung bét déng thirc AM—GM:
(1 =2x1) (1 - 2x2) (1 - 2x3)

3 3
< 1—2)(1+1~2x2+1~2x3 _ 1+2x4
3 3

= 27(1 = 2%;) (1 = 25) (1 = 2x3) < (1 + 2%4)° )
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Tuwong tu:
27(1 - 2x¢) (1 - 2%) (1 - 2xg) < (1 + 2x3)° 2
27(1 - 2%4) (1 = 2x3) (1 — 2xg) < (1 + 2%,)° BE)
27(1 - 2x;) (1 - 2%3) (1 - 2Xg) < (1 + 2x¢)° 4)

Nhan tirng vé cta (1), (2), (3), (4) va rat gon ta co:
81(1 — 2x4) (1 — 2%2) (1 — 2x3) (1 — 2x4)

< (1 + 2x3) (1.+ 2x4) (1 + 2x7) (1 + 2x)

Khai trién va rut gon ta c6 bét dang thirc (*).

Pang thirc xdy ra: < Xq = X = X3 = X4 = 3:

b 3c 14

< )
a 8a 16 256
Bai toan 16.38:
Cho x, y, z la cac sb thyc dwong thoa man diéu kién
Xy +yz + zX + Xyz = 4. }
Chirng minh rang x +y + z > Xy + yz + zx.
Hwéng dan giai

Il
|
Q

Il

T didu kién xy +yz + zx + xyz = 4 suy ra 2= 47Xy
X + Y + Xy
Bét déng thire can chirng minh twong dwong
x+y—xy+—f;)£L(1—x~y)20
X +Y + Xy
& (X+Y)? =x2y? +4—xy - 4(x+y)+ xy(x +y) 20

SA+y -y )X+ (Y2 +y-4)x+y? -4y +420

Vix, y, z dwong thod man dang thirc xy + yz + zx + xyz = 4, ta suy ra 3 s6
khong thé cliing I&n hon 1 hodc ciing nhé hon 1. Do d6 luén tim duoc 2 s,

glaswdo laxvaysaochoy<1<x

= (y*+y—4)* - 4(1+y-y )(y2—4’y+4y) = y(5y-8)(y-1)* < 0
do dé tam thirc bac 2, ta suy ra bat dang thire dung.

Bai toan 16.39:
Cho n s6 thuwc X4, Xy, ..., Xn € [-1; 1] va téng cac s6 nay bang n-3.
Chirng minh rang: X% + x5 +...+ X2 +x2 <n-1.
Hwéng dan giai

Patai=1-x(=1,2,...,n),-1<x<1,Viee0<a<2,Vi

X1+ Xg+ ... +Xp=n—-3a+a+..+a,=3.
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Dodécotbida2sbda >1.

BEOT < a?+a2+..+a’<5
NéuO<a<1,i=12..n Khidé a’ <a;, Vineén:

a®+ai+..+a’ <aj+ay+.. +a,=3<5
Néu c6 duy nhat mot sb a; > 1, gia st a; > 1. Khi do:
a12+a§+...+a§ <af +ay+..+a,
=ag(ar—-1)+a;+ax+.. . +a,<21+3=5
Néu cé haisd a > 1, gid stra; > 1, a, > 1. Khi dé:
2 2 2 2 2
aj+ay+..+a; <aj+a, +tag+..+a,
=a1(a1—1)+az(a2—1)+a1+a2+...+an
< 2@ —-1)+2@-1)+3=2(a;+a)-1<23-1=5
DAu = khéong xay ra nén suy ra diéu phai chirng minh.
Bai toan 16.40: )

a +az+...+an=0

1

2

Cho n sé thuc ay, ay, ..., a, thoa mén:{
: 1

a?+ai+.+a’=1

Chirng minh rang trong n sé d6, cé hai sé c¢6 tich khéng vuot qua —% .
Hwéng dan giai
Goi m, M la s6 bé nhat va I&n nhat trong cac sb a4, a,,..., a, da cho
Ta c6 véimoii (1<i<n)
(@-m)a—M) <0< a® —a(m+M)+mM<0
Cong n bat déng thiec nay trng voii = 1, 2,..., n ta dwoc:

zn;af —(ml\/l)iai +nmM<0

i=1 i=1

nén1+nmM<0=mM s—l (dpcm)
n

3. BAI LUYEN TAP _
Bai tap 16.1: Cho a, b, ¢, d > 0. Chirng minh réng :
a+b+c+d<\/az+bz+c2+d2
4 - 4
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Hwomg dan
BDT < (a—b)*+ (@a—c)* + (a—d)?+ (b — c)>+ (b —d)? +(c d)>0
Bai tap 16. 2: Ching minh bat dang thirc véi moi x, y > 0:
1 . 1 5 1
(A+xy  (1+y)? T+xy
Hwéng dan
BDT < xy(x —y)? + (xy — 1) > 0.
Bai tap 16. 3: Cho 3 sb khong am a, b,c . Chirng minh

a+b+c) =27(ab+bc+ca) (a® +b? +c?).
( ) =27 ) (a® )

Hwéng dan
DatP=a+b+c, Q=ab+bc+cavaR = abc.
Dung P, Q,R.
Bai tap 16. 4: Cho 2 sba,bcotdnga+b> Ovam,n nguyén duong. Chirng
minh (a" +b" )(a™ +b™ ) < 2 (@™ +b™M).
Hwéng dan
Bién déi twong duong vé tich sé khéng am.
Bai tap 16. 5: Chirng minh v&i moi sé nguyén dwong n:
a) 1131 .. @2n+ 1) =((n+DH™" .

b) aa; +a,ag +..+aa {2a,al +aza) +..+aa’véia; <a;<..<a,

Hwéng dan
a) Chirng minh bang phwong phap quy nap
b) Chtrng minh bang phuong phap quy nap hay bién ddi twong dwong
Bai tap 16. 6:
a) Chirng minh: 19x° + 54y? + 162° + 36xy — 16xz — 24yz > 0, Vx,y,z
b) Cho a;x®+2bix + c; 2 0, VX, va ayx’ + 2b,x + ¢, > 0, Vx.
Chirng mmh réng: a;a,x* + 2bsbyx + €16, > 0, Vx.
Hu’cvng dan
a) Dung tam thirc bac hai theo bién x rdi tam thirc bac hai theo bién y.
b) Diing hai tam thirc bac hai theo bién x khong duwong.
Bai tdp 16. 7: Cho a,b,c la cac sé dwong: a+b+c =—1-+—g—+—1—.
a c
Chirng minh rang néu a<b <c, thi ab?c® >1.
Hwéng dan
Chirng minh rang a < 1béng phan chirng ,
Bai tap 16. 8: Chirng minh rdng néu a,b,c,d la cac sb dwong, thi
a—b+b—c+c—d+d~a20
b+c c¢+d d+a a+b
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Hwéng dan

a-b c¢c-d a+c¢c a+c 1 1
+ = + —2=@+C) + -2
b+c d+a b+c d+a b+tc d+a

Bai tap 16. 9: Gia str a,b,c 1a cac s thwe dwong. Chirng minh réng
/ 1 N 1 N 1 S 3
a(1+b) b(1+c) c(1+a) t1+abc
| Hwéng dan
Nhan 1+ abc va cong cho 3 cho vé trai.
Bai tap 16. 10: Giad stv a,b,c,d la cac sé thuc khéng &m sao cho
a? +b? +¢® +d® =1. Chieng minh (1-a)(1-b)(1-c)(1-d)=>abed.
Hwéng dan
Ta chirng minh cac bat ddng thirc (1-a)(1 —‘b) >cd,(1-c)(1-d)zab..
Bai tap 16. 11:
Giad st a,b,c 1a cac sb khéng am sao cho a? +b? +¢? = 3. Chirng minh
b c
+ +
b+2 c+2 a+2

rang <1. DAu dang thirc xay ra khi nao?
Hwéng dan

Két qua: Bang thirc xay ra khi (a, b,c) = (1,'1,1), (a, b,c) = (0, 1\/5) hoac hoan

vj vong.
Baitap 16.12: Choa,b,c>0vathodAmana+b+c=1.
Chirng minh rang: 2(a® + b® + ¢®) + 3(a® + b? + ¢?) + 12abc > g
Hwéng dan
Datx=ab + bc + ca, y = abc.
5

Puwa vé chirng minh: 18y — 12x + 5 > 3
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cnuyén aé 17: BAT DANG MO RONG

1. KIEN THUC TRONG TAM
CAC PHUONG PHAP MO RONG
Phwong phap diing phép thé
bat x=b+c,y=c+a,z=a+bthi

» a___y+z—x,b=z+x—y,C:x+y-z.
2 2 2

1 1
thl XYyZ = ——.
Y abc

bat x= —,y=

ml—+
O|—=

bat x=l,y=1 z=—1—t=lthixyzt= .
a b c d abcd

Neuabcla3canhtamglacthltontalxyz>Osaocho
a =y+z, b=z +x,c=x+y.
b+c-a c+a-b _a+b-c

Khi d6 x = = z=
2 2 2
Néu a,b,c >0 va cé tdng a +b +c = k thi tdn tai x,y,z >0 sao cho:"
‘ kx ky kz
a= = a=

’a— y - .
X+y+2  X+y+zZ  X+y+z
Néu x,y,z >0 va xyz =1 thi tbn tai a,b,c >0 sao cho:

_a b c 1 1 __1
,y——z_—hayx—— =—,Z= -
a, b’ c
B e
—f—y-———z——-—hayx y——-z———
bc'” ca ab a2' 2 2

Néu x,y,z,t >0 va xyzt =1 thi tbn tai a,b,c.d >0 sao cho:

Dat x=a+b+c, y=ab+bc+cava z=abc,...

Phwong phap phan tich binh phwong SOS

Cho3sbab,c, gt S=S (b-c)® +S,(c-a) + S.(a-by*
S > 0 trong méi treéng hop:

() S,20S,20S8, 20
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(S, +S,208, +S,20,S,+S, 20
vaazbxclasbs<c)=S$§ >0
(i) azb>=c(hay a<b<c)
=35,208,20S5, +25,20,S, +2S, =20

(v) asb<c=S§, 20,8, 20,bS +c?S, 20

(vi) S, +$S, >0(hay S, +S_ >0)(hay S, +5,>0)
vas,S, +S,S, +S.S, 20,
Phwong phap chuan hoa véi bat ding thive thudn nhét
Ham sé f(x,,x,,...,x_ ) cla cac bién sb thuc X, X,,..., X dwoc goi 1a ham
thuan nhat bac a néu véi moi sé thuc t ta co

FXG X, 1) = E4F(X ) X X )

B4t dang thie dang f(x,,,,...,x,) > 0 v&i f 1a mét ham thudn nhét duoc goi
la bét ddng thirc thuan nhat (bac a).

Dang thwong gap cla bat déng thire thuan nhét 13

f(xg Xg0 X)) 2 90X, X0, X))

trong d6 f va g 1a hai ham thudn nhét cuing bac.

Do tinh chat clia ham thuan nhét, ta co thé chuyén viéc chirng minh bat
dang thire trén ve viéc chirng minh bat dang tharc

f(X;, X5, X ) 2 A v&i Moi Xg Xgyeers X

thod man diéu kién g(x, x,,...x )= A.

Chéng han véi f(a,b,c) ta co thé chudn hoa a +b+c =1, atb+c= 3,...
Chuén hoa mét cach thich hop, ta co thé lam don gian cac bidu thic cia
bt déng thirc can chirng minh, tan dung dwoc mot sé tinh chat dac biét
cla cac hang sd.

Phwong phap dén bién

D& chirng minh bét dang thire f(x,,x,,...,x )= 0, ta c6 thé chirng minh bét
déng thic trung gian it bién hon bang cach thir cac khang dinh:

F(x, X xn)zf(x‘gxz X+ %

D .
Hay f(x,,X,,...,x) = f( x1x2,./x1x2,...,xn),...

Tong quat f(x,,X,,....x ) 2 f(t,t,...,x )

5 v X))

Sau d6 la chirng minh bat déng thiee it bién hon
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f(X X1’X3' Xn) g(X1,X1,X3, )ZO

Chang han f(a,b,c) = f(a,b,0) hay f(a,b,c)zf(a+b,—g1—b,0) D
+

f(a,b,c)zﬂa;b,a;b,c) hay f(a,b,c) = f(/ab,v/ab,c) ;

f(a,b,c)zf(o,b+i;-,c+%)hay f(a,b,c) > f(a,b,\/ab) ... va néu can ta gia

st thém bién I&n nhat hay nho nhét.
Phwong phap danh gia bac nhét ( tiép tuyén)
Cho n sb a; thudc D c6 tbng a; + az +...+ a, = nb khéng dbi.
B4t ddng thire c6 dang f(aq) + f(az ) +...+ f(a, ) > nf(b)
Ta tim danh gia f(x) > Ax + B trén D, dau bang xay ra khi x = b.
Khi do f(a;) + f(ay ) +...+ f(a, )
> A(ayta; +...+a,)+nB
= Anb + nB = n( Ab + B) = nf(b)
DAu bdng xdy rakhia; =a,=...=a,=b.
Hay nguwoc lai
- f(a)) +f(ax) +...+f(a,) < nf(b) thi ta tim danh gia
f(x) < Ax + B trén D, dau bang xay ra khi x = b.
Pé tim danh gia f(x) > Ax + B trén D, vi dau béng xay ra khi x = b nén xét dang:
f(x) = A(x —b) rdi tim A nho bién ddi bat dang thirc vé dang (x —b)[g(x) — A]
v6i yéu cAu la thira sb vé trai 1a binh phwong da ( x — b)?nén A = g(b). Sau d6
kiém chirng lai bat dang thiec vira dw doan 1a ding mai ap dung.
Cach nay ciing cé dwoc nhé bién dbi danh gia khac va c6 thé mé réng cho
dy doan bat déng thirc ham bac cao, ham hiru ti.,...
CAC BAT DANG THU'C MO RONG
B4t dang thirc Bernoulli
Néu x>-1vaa>1 thi (1+x)*>1+ax
Néux>-1val0<a<tthi (1+x)*<1+ax
B4t ding thirc giira trung binh cong va trung binh nhan AM-GM
Néu ay, a,, ....a, = 0 thi

a,+a,+..+a n
—1 2 " n>na.a,.a, hay Za > fn
n nis i=1

D4u bang chi xay ra khivachikhi: a;=a;=..=a,
B4t ding thirc trung binh luy thira

e I [N
i
bed
3
~—
o Jy Qv

—_— n o
Néu x>0 Vi=1n vapz=q> 0 thi [%ZX?J s(
i=1
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Bat dang thirc Shur

Choa,b,c>0,r>0thi:

a’ (a—b)(a—c) + b'(b—a)(b-c) + c(c-a)c—b) >0

B4t ding thirc Bunyakovsky —Cauchy-Schwatz BCS
Vi hai day sé thuc : aq, a,, ...,an ; by, by, ...by.

thi {gaibj < [ia?][ibf]

Dé&u bang chi xay ra khi va chi khi tdn tai s6 thuc k sao cho
a;=kby,a= kb, , S a, = kb,
Hon nia, voin.m sé dwong (ay) i=12,...m;j=1,2,..nthi:

i -Gz

i= i=1|j=1

Bt déng thirc Jensen

; _
Néu %Zf(x ( Zvastotuyyx.e(a b)
i=1

i=1

I/\

J— n n
thimoi a e (a,b)v 1Zf(a <f[ 'Zaij
nis i=1

.
[22 i) vGi 2 s6 tly ¥ X e(a, b)

i=1

m|_;

n

DYAERNC

Nz ]
Bt dang thirc sip thir tw

Cho haiday sbtanga; <ay<..<a,vab;<b,<..<b,(n>2)
Néu a4, 02, ...,an la mét hoan vi cda day 1, 2, ..., n thi:

n n n
Z aibn+1—i s Z aibcp s Z aibi
i=1 i=1 R
B4t dang thirc Chebysep
Véihaiday: a,<a,<..<a, ;b <b

n n n

thi : (Z a, j(z bijsnz ab, .
i=1 i=1 i=1

Bat déng thirc Mincopxki

n n n
Vé6i hai day: ay, @y, ..,a, va by, by, ...,b, thi \/Z(ai +b)? < \/Za? +szf ,
i=1 i=1

i=1

thi moi a, e (a,b) vi=1n f[

:SI-L
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Chay:
Quy wéc tdng dbi xirng, tdng vong tron theo thir tu:
Véi 3 bién a,b,c thi:
Y a’b=a’b+a’c+b’c+b’a+cfa+ch; Y a’b=a’b+ b%c +c?a
sym cyclic
Vi 4 bién x,y,z.t thi:
Sxy=xy+xz+xt+yz+yt+zt; Y Xy=xy+yz+zt+ix.

sym cyclic
2. CAC BAI TOAN
Bai toan 17. 1. 4
Cho a, b, ¢ 14 cac sbé thuc dwong sao cho abc = 1.
Chirng minh + 1 + 1 > ?’-
a’(b+c) bic+a) c*(@+b) 2
'~ Huwéng dan giai
o1 1, ,
Patx= —;y=—;c= —thixy,z>0vaxyz=1.
a b c ‘
T 2 2 2
- 1 1 1 IR A

+ + =
a’(b+c) bic+a) ci(a+b) Y+z Z+X X+y
Theo bét déng thirc AM-GM ta cé: - '

[(y+2)+ @ +x)+ (x+y)S=(x+y+2)

nén S > X+y+2_ X+y+z.§23xyz.—3—=§
2.. . 2 2 T2 2
Péng thirc khivachikhix=y=z=1 < a=b=c=1.
Bai toan 17. 2:

Chtrng minh rang néu a,b,c,d la cac sé thuc duong, thi

a 2 b 2 . 2 q 2
+ + + 21
a+b b+c c+d d+a

Hwéng dan giai

va t=%thi x,y,z,t 1a cac sé dwong vacéd xyzt=1.

B4t ddng thire

a 2 b 2 c ? d 2
+ + + >1
a+b b+c c+d d+a
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1 1 1 1
= + + + >1,

(1ex)" (1+y)" (1+2)° (1+1)

Ta chirng minh cac bat dang thirc

L RO N "
(14%)° (1ey) 1+ |
1 1 1 Xy P
2 " 2 ° szt 1+ @)
(1+z) (1+t) 1 Xy
Chirng minh bét d&ng thire (1) :
1 1 xy(x2 +y2)—x2y2 - 2xy +1

(s (1, T (e (19 (o)

ey (n)
(1 + X}Q (1 + y)2 (1 + Xy)
Chirng minh (2) twong tw, ta co
1 | 1 zt(z t)2 +(1 zt)2
1 _ _
2t 2 14 7t = 2 s 2 0.
(1+z) (1+1) +z (1+z) (1+t) (1+zt)
Céng (1) va (2) thi dwoc bat dang thire can chirng minh.,
Pang thirc xay rakhi a=b=c=d.
Bai toan 17. 3:

Chirng minh rang néu a,b,c 1a cac sb thirc dwong, thi

\/2a sz ch
+ + <3.
a+b b+c c+a

Hwéng dan giai

Détx:\/gy /g \/'thnxyzdu’ongvaxsz
Vb o
1 182

. + + — <
Viex? J1ey? 1e2?

Gia slv rang x :max{x,y,z}, suy ra yz <1, ta chirng minh cac bat ding

thirc sau 1, . 2 (1)

\/1+y2 1+ 22 J1+yz
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1 2 <3J§

+ <
J1+ X2 \/1+yz 2

2
2,2
1]S1+1:1+ 1-y°z

Ta cO—
(\/Hy i+ 22 2

1+y? 1+2° (1+y2)(1+22)‘

).

2,2
s1+1—y22= 2 .
(1+yz) 1+yz
Vi < V2 nén chi cn chirng minh —— + |2 <3
/1+x2 1+ x 1+x \1+yz 2

1+3x 2 2x 1+x
That vay S 1+3x 2X N
A 1+x 1+yz

(1+x Virx 1+x)

2
(\/1 +X - \[?&)
- 2(1 + x)
Cong (1) va (2) thi dwoc bat dang thire dwoc chirng minh.
DAu b&ng xay ra khivachikhi a=b=c=1.

>0.

Bai toan 17. 4:
Gia sk a,b,c la cac sb thuc dwong sao cho abe = 1. Chirng minh réng
2 2 2
+ + <1.

(a+1)2+b2+1 (b+1)2+02+1 (c+1)2+a2+1
Hwéng dan giai
Khai trién mau sb va ap dung bét ding thirc AM—GM & mau ta c6
2 _ 2 < 1 '
(a+1)2+b2+1 a?+b®*+2a+2 ab+a+1v

S dung phep thé a =X b:—)i,c=E thi
y z X
1 3 1 _ yz
ab+a+1 X X 4 Xy+xz+zy
z Yy
Do d6 2 < Y2

(@+12 +b%+1 Xy+yz+2X
Twong tw rdi cong 3 bat ddng thire thi dwoc dpem.
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Bai toan 17. 5:
Gia st a,b,c 1a cac sb khong am sao cho ab+bc+ca=1. Chirng minh
+ L + ! <1
a®+2 b?P+2 c?+2
Hwéng dan giai
BDT < a%b? +b%c? +c?a? +a%h?c2 > 4.
Datbc=zca=y vé ab=x thi x,y,z>0 va x+y+z=3.

réng

Ta chi can chitng minh  x® +y? + 22 + xyz> 4,

Gia st réng x=min{xy,z},x <1, ta co
x2+y2+22+xyz—4=x2+(y+z)2+yz(x—2)—42
| 2 1 2
2x° +(y+2) +Z(y+z) (x-2)-4=

X+2

:x2+xz2(Y+2)2-4:x2+ (3—x)2—4:

1 2 )
—Z(x—1) (x+2)20. dang.
Dang thirc xay rakhi a=b=c =1.
Bai toan 17. 6:
Cho a, b, c la céac sé thuc duong sao cho abc = 1.

. . 1 ' 1 1

Chtrng minh + + >—,
(@+N@+2) (b+NHb+2) (c+(c+2) 2
Hwéng dan giai
Dung phép théa = Y2 y = 2X ;- XV s x,y,z> 0
. ‘ X2 y2 22
B4t dang thirc tré thanh:
4 v 24

1
+ + > —
0C +y2)(2x® +yz)  (y2 + zx)(2y® +zx) (2% +xy)(2Z% + xy) 2
Ap dung bat ding thirc BCS:

4

X (X% +y? + Z%)?

c%c (¢ +y2)(2x" +yz) Y (P +yz)(2E +yz)

cyclic

2 2 2\2
Va can ching minh (< +y +27)

1
> (X® +yz)(2x? +yz) : 2

cyclic
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o2 +y2 +22)2 - Y (X% +yz)(2x® +yz) 20
cyclic

o x2(y - 2)? +y2(z - x)? + Z2(x - y)? > 0: dung.

Baitoan 17.7:
. 4b : 9¢c
b+c c+a a+b
Hwéng dan giai

Patx=b+c,y=c+a,z=a+b

Cho cac sé duong a, b, c. Chirng minh: > 4.

Khidda:~x+y+z'b:x-y+z’c=x+y—z
2 2 2
Via,b,c >0nénx,y,z>0vaz<x+y
Ap dung bét déng thiec AM-GM
a 4b  9c _X+y+zZ Ax-y+2z) 9X+Yy-2)

btc c+a a+b  2x 2y 2z

_ 1 .9 y 2% z 9x 2z 9y
=|-—-2-= || — —

2 2 2x Yy 2x 2z y 2z
>-7+2+3+6=4

Péng thire xay ra khit y = 2x, z = 3x, 3y =2z = x +y = z (loai)

Vay dau = khong xay ra nén: a 4  Sc
b+c c+a a+b

> 4:dpcm
Bai toan 17. 8: :
Cho x, y, z dwong va x(x + y + z) = 3yz. Chtrng minh:
(x +y)° + (x +2)° + 3(x + y)(y + 2)(Z + X) < 5(y + 2)".
Hwéng dan giai
bata=x+y,b=y+z c=z+xthia b c>0
X(x +y +2)=3yz < c?=a’+b*—ab. Ta co:

c?=a’+b’-ab > 2ab - ab=ab.
Va >=a’+b’—ab=(a+by’~3ab>(a+b)y’— %(a+b)2= %(a+b)2

néna+b < 2c.
Dodo (x +y)*+ (x +2)* + 3(x + y)(y + 2)(z + X) < 5(y + 2)°
=a’+b’+3abc<5c® < (a+b)@’—ab+b? +3abc < 5c°
< (a + b)c? + 3abc < 5¢° <> (a + b)c + 3ab < 5¢°
& c(a+ b -2c) + 3(ab - c?) < 0: Bung.
DAu béng xay ra khi va chikhi a=b=c < x=y=z.
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Bai toan 17. 9:
Chtrng minh rdng néu a,b,c 1a cac sb khéng am, thi
(a2 —bc)\/b+c +(b2 ~ca)\/c +a +(02 -—ab)\/a +b>0.
Hwéng dén giai
Vi a,b,c 1a cac sb khong am nén dat:
b+c=2x%c+a=2y? va a+b=222(x20,y2-0.220)
thi a=-x2 +y? +z?,b=x2 ~y?+ 2% c=x® +y? ~22.
B4t dang thirc twong dwong véi bt dng thire
xy(x® +y®) +yz(y® + 2°) + zx(2° + x°)
> x2y2 (X +y) + Y222 (y +2) + 2 x2(2+x)
= xy(x+y)(x —y)2 +yz(y+2)(y- z) +2x(2z+ x)(z~x)2 >0.
Diéu nay hién nhién dung. |
Bai toan 17. 10: ‘
Chirng minh rang néu a,b,c 1a cac sé thuc, thi

2(1+abc)+\/2(1+a2)(1+b2)(1+c2) 2(1+a)(1+b)(1+c).

Hwéng dan giai
‘Dung phépthé u=a+b+cv=ab+bc+ca va w=abc.

BDT < \/2 u V2 +w —2wu—2v+1)2u+v—w—1.
Ta chi can chirng minh 2(u2+v2+w2-2wu-2v+1)2(u+v—w—1)2.‘
That vay 2(u2+v2+w2—2wu—2v+1)2(u+v—w—1)2

o u? +v2 4 W2 - 2uv + 2vw — 2wu + 2u — 2v 2w+1=0,
& (u-v- w+1) >0 : dung.

Dang thire xay ra kh| va chi khl u-v-w+1=0vau+v-w-120.
Bai toan 17. 11:
Gia s a,b,c 1a cac sé ducmg sao cho abc =1.
Chirng minh rang LI S (N _S >1.

(1+a)° (1+b)° (140 (1+a)(i+b)(1+c)

Hwéng dan giai

bat x= 1 Y= ! 2= 1 S=Xx+y+2z va Q=xy+yz+2zx, trong dé
1+a 1+b 1+c
O<xy,z<1.
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Gia thiét abc =1 tr& thanh xyz = (1-x)(1- y)(1- 2)
Nghia 1a 2xyz=1-S+Q. ' 7
BT < x® +y3 +2° +5xyz>1 « 8xyz+S° -35Q=>1.
&8 -45+32(35-4)Q. ©
A ] s2 s .

Ta chirng minh bat dang thirc cudi khi S-1<Q < 3 biéu kién vé trai suy
tr 2xyz =1-S+Q, con diéu kién vé phai thi hién nhién. |
Bay gi¢ ta xét cac trwdng hop sau “
Trwong hgp S<1,tacd

S®-45+3=(1-8)(3-5-8°)20>(35-4)Q.

Treong hcyp 1<S<§,ta céd
S°-45+3-(35-4)Q>S°-45+3-(35-4)(S-1)=(S-1) >0.
Truwéng hop Szg— ta co

2
(28—-3) o

83~4S+3~(38—4)Q283—4S+3—(38~4) 52

82
5=

Pang thirc xay ra khiva chikhi a=b=c=1.
Bai toan 17. 12:

Gia siv ab,c la cac sb khéng am va khong co hai trong cac sé do bang

khong. Chirng minh rang

i . 1 . 1 S 3 _
b? —bc +c? c?-ca+a’® a’-ab+b? ab+bc+ca
Hwéng dan giai

Ky hiéu E(a,b,c) _ ab+bc+ca ab+bc+ca . ab+bc +ca

b? —bc+c? c2-ca+a’ al-ab+b®
Trwéc tién ta gid st rdng a <b < ¢ va khi d6 chirng minh
E(ab.c)zE(0bc)>0.

Ta co

E(ab.c)-E(0.b.c)= a(b+c) +a<02+2b0—ab)+a(b2+2bc_ac)2
. b2—‘bC+C2 Cz-*C&—i-a2 32~ab+b2

N a(b+c) . a(bc—ab) X a(bc—ac) §

b2 —bc+c® c2-ca+a’? aZ-ab+b®
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4
Va E(O,b,c)—3=———P—9———+E+E—3: (b-c) >0.

b?-bc+c® ¢ b bc(bz—bc+02)

Dang thire xay ra khi (a, b,c) - (O, 1, 1) hoac hoan vj vong.

Bai toan 17. 13:
Cho a, b, ¢ 1& cac sb thuc dwong thod man diéu kiéna+b+c=1.
Chirng minh il +%+-1—+ 48(ab+bc +ca) = 25.
a c .
Hwéng dan giai
Xét a = max{a, b, c}.
1

Pt f(a,b,c) =+ + 1+ 48(ab + be + ca) .
a b ¢

b+c b+c
2

2
flab,c)-f(a i 20 1,1 4 | g pe |BLC
2 2 b ¢ b+c 2

z(b—C)2("‘“—————'1 ~12]
be(b +¢)

Via=max{a,b,civaa+b+c=1néna>1/3vadodob+c< =.

Ta chirng minh f(a,b,c) > f(a,

):

win

Do vay bc(b+c) < (b ;C)

<—— .Suyra
27 >V

_1—_12>2_7—12>0 nén co6 dpcm.
be(b+c) 2

Ta chirng minh f(a, ¢, t) > 25.

Tacoa> t>0véa+2t=1nént<%.Xéthiéusé

f(a,t,t)- 25 :-1—+%+48(2at+t2)—25
a

=1 L2 48e-2t+1?)-25
1-2t 1
2 2
_ 24t -1°@t-1°
(1- 20t

nén f(a t, t) = 25 suy ra dpcm.
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Bai toan 17. 14: o | B
" Gia st a;b,'ce l3 .lcﬁu’ng-minh'rérig a . ,b 4-C zz.‘
B 13 ST a+b b+c c+a 5

Hwéng dan giai
a - b ¢
+ +
a+b ‘b+c c+a’

Ky hleuE(a b, c)
Khong mat tinh tong quat gla sw rang a = max{a b,c} . Ta s& chirng minh

rangE(abc)>E(ab\/—)>— Taco
c 2\/_
vE(abc) (ab\/—-)r b+c c+a \[— \/—
(Vo) (ab <]
(\/;+\/_)(b+c)(c+a)

Dét'x=\/§. Do a,b,CG{%,s} nén x < 3. Khi dé,

 Efab,Vab)-Z -2 c2b 7 2 7

5 a+b J;+J5 5 x2+1 x+1 5

é 7x;8x —2x° _(3 x)[x2+(1“x)2]>'0
| 5(x+v_1)(x ,+1) ‘ ,-5(x+1)(x2+1) -

~ -Dang thirc xay ra khi (a,b,c) = (3,—%;1J _hoac hbén vi vong.

. Bai toan 17. 15:
Gia str a,b,c la cac s6 khéng am sao cho a+b+c =3.

"'C'hL'mg minh rdng — LI I B

a®+b+c a+b?+c a+b+c?

| Hwéng din giai
= a’+b+c a+b+c a+b+c?
e 1_ — <1
-~ a®-a+3 b’-b+3 c?-c+3
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aa 1 @Ples) (P

9 a?—a%Sf Q(az‘—a+3) - 9(&2‘—a+3)'

1 _4-a 1 <47——b' 1 4-c
a?-a+3 9 'pP-p+3 9 'c? —c+3 9
Cong cac bat déng thire nay thi dwoc

R 1 L 1 1 ;12~(a+bﬁ-c)

~a®-a+3 b?-b+3 f-c+3 = 9
_ Déng thirc xay ra khi va chi khi a=b = c.

' Bai toan 17. 16:
| Chungmmh ring neua bc>0th|

(a+b-3c) | fae- 3b)2 (c+b 3a 1

‘262 +(b+a) 2b% +(c+a) 2a +(b+c) _2.'

" Hwéng dan giai

Do dé

=1

a b . __ ¢
. y=

batx = —, ,z= :
’ (@+b+c) " (a+b+c) (a+b+c)

“théthix,y,z>0va x+y+z=1.Taco

) 2 . 2 . ) 2
(a+b-3c)® (a+c-3h)?® ~(c+b-3a)° _ 1

2 +(b+a)’® 202+(c+a) 2ai+(b+c)P 2
a2 : 2 A2
(1-4z)° . Y- (1-4y) . (-4~ _1

22% +(1-2%  2y? +(1- y) 2x% +(1-x)? 2
»Deyrangv040<t<1 '

(1-41)? _1_6+‘ 8t-13 16 _8t-13 16+8t—13

2P +(1-t? 3 9P -6t+3 3' GBt-1)2+2 3 2
‘Do dé: - ‘ -
vT> 16 ,8x-13 16 8y-13 16 8z-13
3 2 3 2 3 2
: .89 1
=16 +4(X+y+2)— —=—.
107 (X+y+2) >3 -
Bai toan 17. 17: - o ‘<

Cho4 s6dwonga, b, c,dcotdnga +b+c+d=1..

"Chrng minh: 6(a® + b° + ¢® + d®) = a2 + b2 + 62 + o2 4-;—._
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Hwéng dan giai }
Via, b,c,ddwongcotbnga+b+c+d =1nén0<ab,c,d<1.

|-

BDT < 6(a® +b% +¢® + d®) - (a® +b? +c? +d?) >

<::>(6a3—a2)+(6b3—b2)+(6c3~c2)+(6d3—d2)2—;—
1 3 2 1 3 2 1
)+ (6% o7 - )+ (6~ - —) 20

o (6a° - a? ——1~)+(6b3 -b? -
32" 32 32

Dwdoéndéubéngkhia=b=c=d=%.
Xétbétdéngth&cexs-xz-—g‘g 2A(x—%)véi0<x<1
1 1 1
& B - —) - (x* = —)-A(x-—)=0
( 64)( 16) ( 4)
1 1 1 1 '
& (X==) 60 +—x+—)—(x+—=)-A |20
( 4){( 2 16)( 4) }
Pé co dang (x—l)Zthi A = 6(x? +1x+-1—)—(x +'1) taix= -
' 4 4" 16 4’ 4
5

Nén A= — ,
8 - v
Vay vgi 0 < x < 1, ta chirng minh
1 5 5 5x -1

6x° — x° “ 373 (x - —}) o B - >

That vay 6x° — x° > 5X8_1 o 86X —x°) = 5x—1

& (4x - 12(3x +1) > 0 dung, d4u biing khi x = %.
Do d6 (6a° —a?) + (6b° — b?) + (6¢® - c?) + (6d® - d?)
=f(a) + f(b) + f(c) + f(d)

5a-1 5b-1 5¢c-1 5d-1 5(a+b+c+d)-4 1
> + + + = =

8 8 8 8 8 8
1
8

Vay (6a° —a?) + (6b° —b?) + (6c® - c?) + (6d® —d?) >

Daubdngkhia=b=c=d=

o
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Bai toan 17. 18:
Cho 3 s dwonga, b, ccotbng a + b +c =1.

Ching minh 1—b~c+1~c~a 1-a- b_ 3
J+a? V1402 J1+c?

Hwéng dan giai
Via, b, cduwongcétbnga+b+c=1nén0<ab,c<1va
1—b—c+1~c—a+1—a—b
Viva?  1+b2  J1ec?

b

= a_ .+ +—C
\/1+a2 \/1+b2 \/1+02

T=

Theo nhw cach lam cta bai trén, tatim A = 27
) 10V10
V6i0<x <1, taching minh —— < — 1 (27x+1)
J1ex2 10410
That vay (27x +1)
J1+ X 1of—

e 10V10x < (27x + W1+ 3% & 1000x2 < (27x + )2(1+ x?)
o 729x° + 54x* —270x% +54x+1>0

< (8x-1)%(81x? + 60x + 1) = 0: diing, d&u bang xay ra khi x = 1

3
Do dé

a b

c
+ +
\/1+a2 \/1+b2 \/1+02
1
27a+1)+ —
10\/ 1010

(27(a+b+c)+3) =

= f(a) + f(b) + f(c)

27b+ 1)+ (27¢c +1)

10\/—

3
10\/— Jio
1

Daubangkhia=b=c= — .

w

Bai toan 17. 19:
Cho a, b, ¢ la 3 sb thyc dwong. Chirng minh rang:
ab+c) . b(c +a) . c(a+b)
(b+c)+a® (c+a)®+b® (a+b)?+c?

6
<—.
5
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Hwéng dan giai
B4t dang thiee thuan nhét (khéng thay ddi khi ta thay a, b, ¢ 1an lwot béi ka,
kb, k¢! nén ta chuan hoa:a+b +c=1. Do do

b+e) _blc+a) | _clath) _6

(b-cf+a® (c+aP+b® (a+bZ+c?® 5
(l-a)a___(-bhp (1-c)c
1-2a+2a® 1-2b+2b> 1-2¢c+2¢c?

,_(@+1? _(1-a)@3+a) .
4 4

3
5

" Taco 1-2a+2a’=1-2a(1-a) >

a(l-a) _ a(l-a).4 _ 4a
1-2a+2a®? (1-a)(8+a) 3+a
4a  4b 4c 6

+ + <=
3+a 3+b 3+c 5
1 1 1 9 9
=N + + > =2,

3+a 3+b 3+c 9+a+b+c 10
Bai toan 17. 20: -
Cho a, b, ¢ la 3 sé thuc dwong. Ching minh rang:
a(b+c) . b(c +a) N c(a+b)
(b+cy*+a® (c+a)+b® (a+b)P’+c

Nén: F(a, b, c) <

6
< -
2 5
| Hwéng dan giai v

B4t dang thirc thudn nhét, ta chudn hoa:a+ b + ¢ = 1

(1-a)a . .(1—b)b N (1-c)e 55
1-2a+2a® 1-2b+2b® 1-2c+2c2 5
(1-a)a . (1-b)b " (1-c)
1-2a+2a® 1-2b+2b% 1-2c+2c?

(a+1)? _(1-a)@3+a)

BT &

Pat F(a,b,c) =

Tacé: 1-2a+2a’°=1-2a(1-a) >1-

4
a(l-a) __a(l-a)4 _ 4a
1-2a+2a? (1-a)(3+a) 3+a
Nén twong tw thi c6 : F(a, b, ¢) < —2_ 4, 4 6
3+a 3+b 3+c 5

1 1 1.9 9

= + + P = .
3+a 3+b 3+c 9+a+b+c 10
456




Cty TNHH MTV DVWH Khang Viét

Bai toan 17. 21: ’
Cho céc s duong a, b, ¢, d. Chirng minh ring:
a b [ d
+ + +
b+2c+3d c+2d+3a d+2a+3b a+2b+3c
Hwéng dan giai o
Ap dung bat ding thirc BCS:

2
>=
3.

a . b N c . d
b+2c+3d c+2d+3a d+2a+3b a+2b+3c
 [a(b+2c+3d) + b(c+2d+3a) + c(d+2a+3b) + d(a+2b+3c)]

> (a+b+c+d)?

. a b ¢ o od
Do dé: + NS +
b+2c+3d c+2d+3a d+2a+3b a+2b+3c-

. (a+b+c+d)?
~ 4(ab+ac +ad + bc + bd + cd)

(@a+b+c+d)?
4(ab + ac +ad + bc + bd +cd)

< 3(@+b+c+d)P?>8(ab+ac+ad+bc + bd + cd)
& (a-b)? + (a—c)? + (a—d)? + (b—c)? + (b—d)? + (c—d)? > 0: Dung
Dau"="xayrakhia=b=c=d. '
Bai toan 17. 22:
Cho a,b,c la cac sé thic dwong. Chirng minh ring
<a2 + 2>(b2 + 2)(02 + 2) >9(ab+bc +ca).
Hwéng dan giai
VT = ab%c? + 2(32b2 +b%c® + Caaz) + 4(32 +b% + cz) +8.

Ta chirng minh:

2
> =
3

Theo bét d&ng thirc AM-GM ta co 3(a2 +b2 4 02) >3(ab+bc + ca),
Va (2% + 2) + (26267 + 2) + (2c%° + 2) > 4 (ab + bo + ca).
Ta chi can chirng minh
a2b202+32+b2+c2+222(ab+bc+ca). *)
Theo bat déng thirc AM—-GM ta co
(x+y)(y+ z)(z+x)z8xyz
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Xeét (u+v~w),(uﬁv+w),(—u+v+w) la cac sé khong am, ta co thé dat
2a=-U+V+W2b=U-V+W,2C=u+V-w vanhan duoc

uvw 2 (-u+ v+ w)(u-v+w)(u+v-w).
Néu uv,w la cac sé dwong thi mét trong sé (u+v-w), (u-v+w),
(-u+v+w)la am.
Trong trudng hop dé, uvw Z(-u+v+ w)(u-v+ w)(u +V-W).
Vi vay né ciing dung véi moi sb dwong u,v,w. Bang cach khai trién, ta

nhan dwoc u® + v +w +3uvw>uv(u+v)+vw(v+w)+wu(w+u)

Ap dung bat déng thirc AM=GM dbi v&i u+v;v+w, w+u,taco

3 a3
u? + v w4+ 3uvw > 2(uv)§ + 2(vw)§ + 2(wu)2
2 2 2
Ppat u=a3,v=b3 w=c3, tanhan duwoc

aZ +b? +c? +3(abc)g 2(ab+bc+ca) (™

Nhuw vay, ta cé
. 2
a’b?c® +a?+b®+c?+2> (a2 +b? + c2)+ 3(ab0)3

Bing cach ap dung bat dang thirc AM—GM déi voi cac sb a%b?c?,1,1 va két
hop (**) cho ta két qua (*). ‘
Bai toan 17. 23:
Cho a, b, ¢ >0. Chtrng minh
a(b+c) bc+a) cla+b) ,, - 8a%b?c? .
b®+c® c®+a® a’+b? (@® +b®)(b* + c?)(c? +a?)

Hwéng dan giai

Taco a(b+c)_1: b(a-b)+c(a-c)
b? +c? b2 +¢2
Tuong tw va cdng lai thi co
a(b+c) , » ab-c?
-3=) (a- b) ) =>» (a-b)
?y;b2+c % 24c® a?+c? % (b% +c?)(a? +c?)
2 (1h2
D a’(b
va 1- 832b202 _ cyc

(a2 +b?)(b% + c?)(c? +a?) (a2 +b2)(b? +c2)(c? +a?)
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Do d6 bét dang thirc can chirng minh tvong duong voi

ZaZ(bQ _ 02)2

ab—02 cyc
(a - b)? + Y >0
cyzc (b? +c?)(@® +c?)  (a® +b?)(b® +c?)(c? +a?)
o T (a-by ab(a® +b? +¢?) -0
oyo (a® +b?)(b? + c?)(a® + c?)

Bét déng thirc nay ding theo SOS vi S,, Sy, S = 0.
Bai toan 17. 24:
Cho a, b, ¢ >0. Chirng minh bét dang thirc: ,;
a® b? ¢ _ 3@ +b%+cd)
—_——t— ]
b ¢ a a? +b? +c?
Hwéng dan giai
2 42 .2 2 JRY: a2
Taco a—+P—+C——(a+b+c)= (a-b) + (b C,) + (c-a)
c a b c a

3 3 3
§(_""__m_+°_)_(a+b+c):2(a“b)2__iif___
a®+b? +c? Py a® +b? +c?

Va

Do d6 bat dang thirc can chirng minh twong duwong véi

Z(a—b)z(f‘-z—ffs—ifi-(am))z 0

cyc

2 2 2 2 2
TacéSc=a+—Z+—c———(a+b)=a C
2 2 2 2
vas, =2 g A Dy
a C

- Xéta=zbz=>cthiS;>0,S. = 0.
Taco Sa+2Sb20

< a® +ab? - abc + 2b%c + 2¢® — 2ac? > 0 : dung vi

—g-(a3 +2c?) =§(a3 +c®+c%) > 2ac?

Va %(a3 +ab? +c%) >

W -

(@® +b +c®) = abc.

Tuong ty S_ +2S, =0 nén bét dang thirc ding theo SOS.
— Xéta< b< cthiS; >0,S. =2 0.
b% +c? a® +b?
—Cc+
a c

Tacd S, +S,20 «
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2 2 2,12
= (P———b)+(-—-—c)+ b
a a

>0 dling nén bat dng thtrc diing theo SOS.
Bai toan 17. 25:
Cho a, b, ¢ >0. Chwng minh
a b
c -a
i-lwang dan giai .

¢ (a® +b2 462 )= ) 4(a+b+c)2-—(ab+bc+ca

‘Bat dang thirc can chirng minh twong dwong véi

a® a% T N AT S
D (=—+—+ac)=4(a® +b® +c?)—(ab + bc + ca)
cyc b c : )

<> ——a Z(————~ab)>3(a +b2+c —ab- bc ca)
c

cyc . ¢cye
3 3 3
Ma DL a2 T Es 1)(a |o)2
b ¢ a - cyce b 2
a’b b% c%a , 5 .. o 5 C
—t—+——(a% +b* +CcJ= a~b —
c a b ( e Z( ) a

cyceé .

a® +b? +¢® - (ab+bc +ca) = ~;—((a ~b)?+(b-c)? +(c— a)?)
Do d6 bét dang thirc can chirng minh t&ong duong voi

a® +bc -ab’

a 1 ¢ 3 . - |
L LY a“bZZO@ Pt it _bZZO,
cy}ﬂ: (b tot 2)( )20 C_VEC;( o ')( ) 0

Nénco S, ~b2a +ca® -abc,S, =c?b+ab® -abc

S, =a 2c +bc? —abc

z . Do tinh hoan vi clia bat dang thirc nén ta xet 2 trvong hop
— Xéta=b=>cthiS, >0,S, > 0.

Vavi a®b + a®c > cb? + a®c > 2abc suyra
S, +S, =cb? +bc? +ab® +a’c - 2abc>0 nén bét déng thirc dang theo SOS
- Xéta< b< cthiS, > 0,S, z 0.
Vavi ¢ +ca? > c%b + ba? > 2abc suy ra
“ S +8, =ab+ab® +a’c+c?b-2abc>0 nén bat dang thwc dung theo SOS

Bai toan 17. 26:
Cho a, b > 0. Chi*ng minh a° +ba>1
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Hu’cmg dan glal
Néu a> 1 hay b > 1 thi bat dang thirc ding
Néu O<a,b<1.Dat a=1-o  a,Be(0)
b=1-8
Theo bét dang thire Becnulli ta cé:
_ 1~oc[5 N ;11—[&
(1-o0)" (1-B)* -
J1-o i 1-B _2-0-B :
1 af 1- oc|3 “1-af
2-o-p
o 2-a-B>1- ocB<:> 1-o - B+a[3>0
e (1-a)(1-p)>0
Vi o,B (0,1 nén bat dang thirc cudi cung dung : dpcm
Bai toan 17. 27: '
Cho a, b, ¢ > 0. Chirtng minh ring
a?+b? b?+c® c?+a? a® b ¢? -
a+b+c< + + St — =,
2c . 2a 2b bc ca ab
Hwéng dan glal

a® +b* =(1—a)*? + (1-p)"@

Ta chi can chirtng minh:

Glaswa>b>cth1002day

21, 1.1

c b a
Ap dung bt déng thire sép the tu th -

a’>b%>c%

a2—1—+azl+b2~1-+b21+c Tl
a a b b c c
.sa21+b21+b21+c21+c —+a?=
c c a a o
a®+b? b?+c® c?+a?
+ +
2c 22~ 2b
Va twong tw véi hai day :

nénco: a+b+c<

'bc bc ca ca “ab ab

Ap dung béat déng thwc sép thir ty thi :

a®+b? b?+c® c2+a? ad p® oo
+ + S—t—+—.
2c 2a 2b bc ca ab
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Bai toan 17. 28: :
Cho sb dwong a, b, ¢, d thod man: ab+bc+cd+da-—1

a® b® c? d®

Chtrng minh rang: + + + -1
b+c+d c+d+a d+a+b a+b+c 3

A Hwéng dan giai
bat A=b+c+d;B=c+d+a
C=d+a+b;D=a+b+c
Tacod: 1=ab+bc+cd+da<a’+b?+c?+d
Gidstr:a>b>c>d>0thiD>=C>2B>A>0
}a32b32c32d3>0
3} 2151
C D

3 13 A3 48
= (@*+b*+c° +d)[—1—+l' l+ 1)<4[£~+£—+—°—+£’——}

> >0

>| =
W=

A'B C D A B C D
2 12 52 s 2

Ma: a‘zb*>c*>d* >0
azb>c>d>0

s (a+btcrd) @+l rtrdd) <A@+ P +dY)
3 3 3

Nén: §—+E— .4
A B C D

2—1—(a+b+c+d)(a2+b2+cz+d2 LIS L
6 A B C D

ol—*
ol-*

(A+B+C+D)~1— 1y (@ +b’+c?+dd
4 A B
>a2+b2+cz+d23
> 3 >
Bai toan 17. 29:
Cho a, b, ¢ > 0. Chirng minh :
a+b+c \/a2+b2+c2 i/a3+b3+c3
< < ,
3 3 3
Hwéng dan giai

Wl

T |

"D P p
Pat A :[a +bP +¢ }
P 3
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Taco: Ay < A; <Az nén theo bat dang thire trung binh luy thira thi co
a+b+c <Ja2 +b? +¢? Ai/a3 +b%+c?
3 3 3 '

<

Bai toan 17. 30:
Choa,b,c>0vaabc=1
Chirng minh: (a—1+—1~)(b~1+1)(c w1+1) <2.
b c a
Hwéng dan giai
Pata=x>,b=y® c=2%
B4t déng thirc cho twong duong:
[10¢ -xyz+x2?)<]]%®
S3[Px®+ 3 x%® 23 x2S x5y2?
=3[ X%y + D (x%y)? = > (x%y)? (ygz)
<Y xHx-y)(x-2)=0
Bat dang thirc cudi cling la bat d&ng thire Schur voir = 4.
Bai toan 17. 31:
Gid st a,b,c la cac s6 dwong saocho a+b+c=3.
17 —-25.
ab+bc+ca
Hwéng dan giai

Chtrng minh réng abc +

Theo bat dang thirc Schur voi r =3:
(a~b+c)’ +9abcz4(a+b+c)(ab be +ca).
ta nhan duoc 3abc > 4(ab +bc + ca) - 9.

Ta chi can chiing minh 4 (ab +bc + ca)-9+ ——b—-—gg——— >15.
ab+bc +ca

& (ab+bc+ca-3) >0:dung.
Dang thire xay ra khi (abc)=(111).

Bai toan 17. 32:
Cho hai day 2n sé khong am a;, ay,...,a,; by, by, ....b, va cho sé thuc p > 1

w(So-or ] (S [$w ]
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- Hwéng dan giai
Dat ~1——1- thi cé q(p-—1)-—
q. p

Ap dung. bét dang thirc Holder cho hai day (ay), (ai + b)""1
' A

B .
Ta co: Za(a +b)P (Za”] (Z(a +b)“(p “} )
- Ap dung bat dang thwc Holder cho hai day (b)) va(a; + b)"“:‘

)
i'b(ai +'bi)p1 [pr] (Za + b, "] @)
ST
Con .

i=1
g(1) va (2) thi dwoc:

1 1
(a, +b,y s[i(ai fbi.)P]q [Z a{)]p +

i=1

™

. [
-

.M:
o
o

TN
M-
® -
o
—
T
+
TN
M-
o
-0
ol

v _ o .
1
. n ;
Suyra[2a+b }qs
' - i=1 .

i=1 i=1

Bal toan 17. 33:

vay [zyaimi)p]é [zap)l[zb.pf.

Gia sw a,b,c 1a cac sé khéng am saochoa +b2+c _a+b+c

Chung mmh rang a®b® +b%c® +c?a® <ab+bc+ca.
Hwéng dan giai
Bmh phuong 2 vé ti didu kien cla bai toan, ta nhan duoc

~a*+bt+ct-a®-bP-c =2(ab_+bc+ca—a b? + b?c? + c®a )

Do d6, BOT < a*+b*+c*>a?+b?+c?.
_ | v \

=N (a+b+c)2 ('a“ +b* +c4)2(a2 +b2,+cz)

suy trwc tiép tlr bat dang thire Holder.

Bai toan 17. 34: - »

Cho a, b, ¢ la cb sé thuc dwong. Chirng minh bét-déng thirc:

 (b+c-a) . (c+a-b? (a+b-cf 3
(b+cP+a® (c+aP+b® (a+bP+c® 5
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Hwéng dan giai

Pat s = a® + b? + ¢ va ki hiéu tdng vong tron la >

2ab + 2ac 1 2
a?+b% +c? + 2bc 5
< 5% Yab + 10sYa’bc + 203a%’c < 6s° + 652 Yab

+ 12s¥.a’bc + 48a%0°c?

< 6s° + s°Yab + 2sYa’bc + 8 a%h’c? > 10sYa’be + 205 a’h?c?
< ¥3a° + 2a% — 2a*b? + 3a’bc + 2a%° - 12a%7%c + 4a%%c? > 0 (*)
S dung bét dang thirc Schur ta dwoc (nhan v&i 4abc):
>4a'bc - 8a’b’c + 4a%b%c? > 0
B4t dang thirc nay dung vi ta co:

BDT < Z

i

: 2Z2a6+b6 50 - Z4as+b6+06
3-a*p?® ~  6-a’bc

20

3.3 5 5
ZZZab +c%a’ 20 222&1 b+a’c+ab® +ac®
3 -a’b?c sym 6 - a’b’c

20.

Trong mbi bat dang thirc trén, dau "=" xay ra khi va chikhia = b = c.
Bai toan 17. 35: ‘
Cho x,,y,z la cac sé thuc khac 1 théa man didu kién xyz =1. Chirng minh

2 2 2

ng — 4+ Y, - >1 va déng thirc xay ra voi vo han bo 3 sé

(=" (=1 (z-7)

httu ty (x,y,z) .

Hwéng dan giai

bat a= b= ,0:1 . Khidétaco

1

(x=1)(y-1)(z-1)

< ab+ac+bc+a+b+c+1=0.

abc = (1+a)(1+b)(1+c)=

Do do 32+b2+02=a2+b2+02+2(ab+ac+bc)+2(a+b+c)+2

<:>a2+b2+02=(a+b+c+1)2+121

Vay diéu khdng dinh dwoc chirng minh.
Dang thirc xay ra khi va chikhi a+b+c+1=0
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S XY +2ZX+YZ=3 < 1+1+yz'=3 (vi x=—)
zZ y yz

e 2°y? -y(3z-1)+2=0
bay la phuwong trinh bac hai theo y, nén ta co

=(3z-1) -42° = (z-1)°(1- 42)

Chon z =1 ,lm'->0, khi d6 phwong trinh c6 nghiém hiru ty y, vi vay

X = —1— cling la mot sé hivu ty.
yz

Diéu khang dinh dwoc chirng minh.
. Bai toan 17. 36:

Cho phuong trmh ax®+bx®+cx+d=0(@=0)co3 nghiém dwong x,, Xo,
b3 2
81a®
Hwéng dan giai

xs. Chirng minh rang: x] +x] +x; > -

b .
X, + X, + Xy ==—>0
Theo Vieet: a
‘ o,
XXy + XyXg + XgX, = =>

c
Tacod: XXz + XoXg + XaX1 < X5 +X5+X2 &> 0< =< X2+ %2 + %2
a

2

Va (X1 + X2 + X3)° < 3(x? +x2+x2) e 0< §b—2-<x +X2 + X2
a

. b’c 2 2 232 b’c 4, 4 4
Dodd: 0 < —— < (X +X; +X3) = 0< ——<(X] +X; +X3)
3a® 9a®

Vi X4, Xo, X3 > 0 nén:
2 1 7 1 7 1
49 ) (x2 %2 4 %2 %2 4 x2
Xy +X; +X5) =(X2X2 + Xx2.X3 + X2.

(x + X, + Xg (x +X] +X

)
= b4c2<———(x + X +x)

7 7 7
o - a (x1 +x2+x3)

81a
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Déu "=" xay ra khi x; = X, = X3 = _b )
3a
Bai toan 17. 37:
Cho a, b, ¢ 1a cac sé thuc thod man diéu kiena, b,c>-1,a+b+c= 1.
) A a b c 9
Chirng minh ta c6 bat dang thirc: + + <—.
1+a® 14b% 1+c? 1

Hwéng dan giai

B6 dé: Xét ham sé f(x) =

1+ x2
I

Néu (x + y)(xy — 3) < 0 thi f(x) + f(y) < 2f(i'-2*_y)
Chirng minh: Thuc hién cac phép khai trién truc tiép ta co:
) + f(y) < 2 =4

= [X(1+y%) + y(19)] [(4 + (x+)] < 40+y)(1+90)(14y?)
& (x+Y) [4(10°)(1+y%) = (1+xy)(4 + X2 + y2 + 2xy)] 2 0
& (HYRxY? + 30X + y%) - 6xy — (¢ + yI)xy] > 0

& (x+y)(3 = xy)(x — y)* > 0. Tir d6 suy ra dpcm

Tr& lai bai toan. Ta xét hai trudng hop

a) Ton tai 1 trong 3 sé, ching han ¢, sao cho -—% <c < 1. Khi dé:

2 2
a+b20,abs(a+b) =(1—C) <3,C+—1-20,£<3
4 4 3 3

1,
a+b+c+—

S( 3)"=£<3
2 4 9

1 1
@0, °5 [(a+b>} ey
2 2 ’ 2

Ap dung bé dé ta co:

1 a+b+ 3

@O 1) < 2320) 1 of By < a2 2y _ g1y 12
: 3" 2 2 B 2

T d6 suy ra dpcm.
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b) Ca ba sb a, b, ¢ déu khéng nam trong doan [—-%, 1]. Khi d6 do diéu kién a,

b, ¢ > —1, ta phai c6 hai sb am va 1 sé dwong (Néu ngwoc lai, gid st b, ¢ >
0 thi ta c6 a+b+c > —1+ 1+ 1 =1, vd ly). Gia si¥, chang han a, b < 0.

Khi d6 f(a) + f(b) + f(c) < f(c) < % < %
Vay trong ca hai trwdng hop ta déu chirng minh dwoc rang

9 a b c 9
f(a) + f(b) + f(c) < — nghia la: + <
(a) +f(b) +f(c) < — ng ~+ 7 S7o

1+a2 1+b® 1+c

D4u "="xay ra khivachikhia=b=c=

W -

Bai toan 17. 38: ,
Chtrng minh bat déng thirc véi 2n sb a;, b; = 0:
i@, +b,Xa, +b,)...(a, +b,) 2 {aa,..a, +bb,..b, -
_ Hwéng dan giai
Ap dung bat dang thirc AM—GM cho n sé dwong:

a, a, aa,..a,
+...4 ZNn
a,+b, a, +b, (a, +b,)...(a, +b,)
b, L b, - bb,..b,
a, +b, a, +b, (a, +b,)...(a, +b.)

Cong hai bat dang thirc trén thi dwoc:
N> n lcv/ aa,..a, +r\‘/ bb,..b, — dpem.
(a, +b,)...(a, +b)) \(a, +b,)...(a, +b )
Bai toan 17. 39:

Cho n sb thwe duong X1, Xz, ..., X, (n > 3). Chirng rinh: |

2 2
X X
! + 2 o+ —7TL—<n-1.

2 2
X, +X3X4 Xn + XX,

Hwéng dan giai

2 2 2
X X
Taco — ! + 2 ot — n . <n-1
X2+ XX,
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2 2 2
X X
< ! -1+ 5 2 -1+...+——-——-—1< -1
X§ + XX X5 + XX, x + XX,
X, X XX XX
P 273 374 172 >1
x1 + XXy x2 + XX, xn + XX,
1 1 1
IS + +.. 4+ >1
1+a, 1+a, 1+a,
N 2 Xa
Véi:a, = >0;...;a,=
X,Xg XX, -1
Ta co: L + ! > 1
a+1 b+1 1+ab
va 1 __arb+2 ey
a+1 b+1 ab+a+b+1
T d6, ta co: 1 L by ot L] Fot LIS
a;+1 a, +1 a,+1 aa,+1 a; +1 a, +1
> ! + 1 +ot 1 >n_11 + 1 =1
aa,a, +1 a, +1 a,+1 a2 +1 a +1

Bai toan 17. 40:
Cho n > 2 1a sb tw nhién, cac sé thwe:p, a4, ay,..., a,, by, by,.., b, thod man

— n n
sp<1,a200<b<pvéimoii=inva Ya=>b =1
i=1 i1

[\CR [

n n
Chieng minh: b [ a, < —P—
i=1 == (n-1)™

Hwéng dan giai
Khong mét tinh tdng quat, gia stk by > b, > ... > b,
Déat A = a1a;..a18j41... an,
nén: (b — b)(Ai — Aj) < 0 = bA + bA; < bA + bA;
Do d6 téng TbA: khong bé hon khi ta hoan vi cac sé (a), tlr d6 c6 thé gla
sta;<ap<..<a,vadodo: Arz2A> .. 2 A,

Luc doé tong YbA; v&i cac a; cb dinh sé I&n nhat trong diéu kién ¥m; = 1, khi
by nhén gia tri 16n nhét, térc by = p va b, nhan gia trj Ion ké tiép, by = 1 - p,
trong khibs;=..=b,=0
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Khi do6 ,
YbiAs = pA1 + (1 = p)Az = @3as...an(paz + (1 — p)as) < azas...an.(ar + az)p.

n-1
a, +a, +...+a Ha, +a2J 1
(

Nén: azay ...ap.(a1 + a)p < .
384 ...an.(a1 + A2)p ( p— o

3. BAI LUYEN TAP

Bai tap 17. 1:
Gia st a,b,c la cac sb thuc dwong sao cho abc =1.
. . : . 3 6
a) Chirng minh rang 1+ > .
a+b+c ab+bc+ca ,
b) Chirng minh + 1 + 1 < 1 + ! + 1 .
1+a+b 1+b+c 1+c+a 2+a 2+b 2+c
Hwéng dan

a) bat x=1,y=l,z=1 thi xyz=1.
a b c

b)ybat x=a+b+c vay=ab+bc+ca.
Bai tap 17. 2: |

Gia st a,b,c,d 1a cac sb khong am sao cho a® —ab +b? =c? —~cd + d?.

Chtrng minh rang (a +b)(c+d)=2(ab+cd).

Hwéng dan
Pat x=a?-ab+b?=c? —cd+d® vagidslrrang ab>cd.

Bai tap 17. 3:
Chocacsba,b,c>1vaa+b+c+2=abc.

Chtrng minh beva? —1+cayb? —1+abyc? -1 s%_s—abc.
Hwéng dan
1 1 2

Tw gid thit thi——+ 4 2 4.
ab bc ca abc

Bai tap 17. 4:
Cho céac sb thue duwong a, b, c. Chirng minh réng:

BT
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Hwéng dén

a | b c
= Z=

1 y i)
Yabe Jabc Yabc
Bai tap 17. 5:
Cho bén sb dwong a, b, ¢, d. Chtrng minh rang:
a* b* c*
+ + —+
(a+b)(@® +b%) (b+c)(b®+c?) (c+d)(c?+d?)

Dat:x = = xyz =1

a* Jatb+c+d

+ >
(d+a)(d® + a?) 4

Hwéng dan
Dung bét dang thirc BCS
Bai tdp 17. 6: Cho ba sé dwong a, b, ¢. Chirng minh réng:

a* b* ct a+b+c
3 3+ 3 3+ 3 32
a’+b® b’+c® cP+d 2
Hwéng dan

Dung phan tich SOS
Bai tap 17. 7:
Chirng minh bét déng thirc sau véi moi sé thuc dwong X, v, z

(xy+yz+zx)( 1 + 1 + 1 ng
(x+y) (y+2? (z+x)?) 4

Hwéng dan
Dung bién déi twong dwong phédi hop véi bat dang thirc BCS
Bai tap 17. 8:
Chtrng minh rang néu a, b, ¢ > 0 thi:

a2 . b2 . - c? L2
22 +(b+a)® 2b%+(c+a)® 2a’+(b+c)p 3
Hwéng dan

Chuén hoa a +b +c = 1
Bai tap 17. 9:
Chirng minh rdng néu a, b, ¢ > 0 va a+b+c =1 thi:

—1-+~1—+1+48(ab+bc+ca)225.

a b c¢
Hwéng dan
Dén bién f(a,b,c) > f(a,2 ; ch ; ©) véi a lon nhat
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 Baitap 17. 10: |
Cho n s6 thuc duong a, 2z, ..., @ (n € N*).Chirng minh bét dang thirc:
1 2 3. n 11 1
—t = + — + ...+ <Y —t— L+ —
a, a,+a, a,+a,+a; a+a,+.+a a, a a .

2 oo
Hwomg din '

- Tach cac téng.. : »
Bai tap 17. 11: . Cho bén sé thuc khoéng am a, b, ¢, d thoa man dleu kién:
2(ab+ac+ad+bc+bd+cd) + abc + abd + acd + bed = 17

Chwng minh rang:‘a .-_kb +cC +_d > g(ab +ac +ad + bc + bd +cd)

4 ~ Hwéng dan
, Dung Vlet ctia da thirc co 4 nghlem ab,c, d
Ba| tap 17.12: :
‘ Cho X1, X2, x3, x3, X4, x5, X5 duong Chung minh
X (x + X ) (x + X ) X4(X, +X, 5) 3(x4x5 +~x5x; +x6x4)’
S Xyt Xy XX, o X+ X, X, ¥ X5+ Xg

Hwong dan
Dung bat dang thuc BCS va Mmcopxkl :
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chuyén aé 1s: GIA TRI LON NHAT, NHO NHAT

. KIEN THUC TRONG TAM
Cac dinh nghia

Cho ham sé y = f(x) trén tap xac dinh D

Néu t6n tai mot diém x, € D sao cho f(x) < f(x.) v&i moi x e D thi sé M = f(xs)
dwoc goi 1a gia tri 1én nhét cda ham sé ftrén D, ki hiéu laM = manf( ).
. . Xe

Néu t8n tai mot diém x, € D sao cho f(x) = f(x) V&I Moi X e D thi s6 m = f(x,)

dwo’c goi la gia tri nhé nhét cla ham so ftrén D, ki hiéu la m = } mlrg)x f(x) .
Xe

Tong quat A = f(x, xz,,.., Xn) 1a bleu thire phu thuéc vao n bién X1, Xa, ..., Xn
trong do x4 € X4, X2 € Xp, ..., Xy € X,

(A > m, VX, € X,1,Vx2 eX,,..., VX € X,

Néu 9 .
[3x] e X, Ixg € X,, Ix) eX, sao cho f(x7,x3,...,x7)=m
thi m dwoc goi la gia tri bé nhat cta A, ky hiéu m = min A.

IA <M, \7’X eX, \UX, € X2,...,VX € X

[3x% e X, XS eX,, I eX, sao cho f(x°

Neu o '

P X5 X0) =M

thi M dwoc goi 1a gia tri 16n nhat chia A, ky hiéu M = max A.

Nguyén tac tim gia tri I&n nhat, nhé nhéit cia mét ham sé:

‘Dé tim gia tri lon nhét cda ham sb f(x) trén mién D ta xac lap bat dang
thirc dang: f(x) <A voi A la hang s6.

Buwdc 2 la xem xét dau dang thire xay ra khi nao. Dau = c6°thé néu ton tai,
ho&c néu chang han gia tri x nao do6 thuéc D.

~ Cudi ciing 1a két luan gia tri 1on nhét f(x) bing A.

Ki hiéu max f(x), néu khéng nham [4n riao thi ghi max f(x).
Xe :
Tucmg tw cho viéc tim gia tri nhd nhéat migf(x) .
. Xe

Nguyén téc tim gia tri Ion nhét, nhé nhat ciia mot biéu thire:

Dé tim gia trj Ion nhat cda mot biéu thiee T = g(a;b;c;..) trén mién D cac
diéu kién clia bién a, b, c,... , ta xac lap bat déng thirc dang: g(a;bic;..) <A
vGi A 1a hang sé.

Budc 2 la xem xét dau déng thirc xay ra khi nao. Du = c6 thé néu ton tai,

~ hoac néu chéng han cac gia tri a,b,c,.. nao dé thudc D.
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Cudi ciing la két luan gia tri lon nhét g(a;bic;.) = A
Tuong tw cho viéc tim gia tri nhd nhét.

Chuay:

1) DAu dang thirc co thé néu day da cac bién, cé thé chi ra bién (chang han),
con bai toan dung dieu kién cd nghiém thi da ton tai.

2) Cling nhu bai toan chirng minh bat déng thirc, viéc tim gia tri Ion nhét, gia
tri nhé nhat 1a moét bai toan khé, cé rat nhiéu phwong phap danh gia tuy
thuoc dang cha bai toan, dic trung cla dé bai, cé khi ta phai phdi hop
nhiéu cach khac nhau dé giai quyét bai toan::

-~ phuwong phap nhém va so sanh,

- phuong phap db thi va tam thirc bac hai,

— phuwong phap lvgng giac héa,

— phuwong phap toa dg, vecto,

— phuwong phap dung phép,

— phuwong phap bién ddi biéu thirc can danh gié, vé dang c6 thé ap dung
duoc dung bat dang thirc co ban, nang cao,.

Déi voi bat déng thire AM=GM c6 cac k¥ thuat tach sé hodc ghep s6, ghép
cap 2, ghép cap 3, AM—GM nguoc dau; ting hoadc glam sb sb hang, tang
ho&c gidam bac Iu§ thira, bd sung dai lwgng dwa vao vé kia, chon lwa cac hé
sb dé dau dang thirc xay ra,. .

Ngoai ra ta con st dung phép khai phwong, binh phwong, ding phép thé,
dat bién mai, cb dinh bién, dén bién, lam troi,...Dac biét la wéc lvong tredc
két qua, ddu bang xay cla cac bién rdi bién ddi twong dwong hay ching
minh nhw cac cach chirng minh mét bat dang thirc da néu.

2. CAC BAI TOAN
Bai toan 18. 1:

Tim gia tri nho nhéat cta T =x* - 8xy - X% + x%y? — xy® + y*.
Hwéng dan giai
Taco T=x*-8xy - X%y + x%y? — xy® + y*
=x* - %y + y*— xy® + x?y? - 8xy
=x(x—y) +y?(y=x) + (xy-4) * -
=(x-y) (X - y)+ (xy-4)2- 16
=(x-y)> (X +xy + y*) + (xy-4)* - 16 > -16.
Déu béng xay ra khivachikhi x=yvaxy=4 ox=y=+2.
Vay min T = -16.
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Bai toan 18. 2:

Tim gia tri nhd nhét clia y = V-x? + 4x + 21— J—x2 + 3x +10 .
Hwéng dan giai

X% +4x+21>0
<

-2<x<5
X% +3x+1020

Diéu kién {

Taco (—x° +4x +21) - (-x? +3x+10) =x+11>0 nény > 0.

Do d6 y2 = -x% + 4% + 21+ —x2 + 83X +10 — 2J-x2 + 4x + 21/-x2 + 3x + 10

= (X + 3)(7 = X) + (X + 2)(5 - X) — 2,(x + B)(7 = X) (X + 2)(5 — X)

=2+(J<x +3)(5-x) —,\/<x+2)(7—x))2 >2

Do déy > /2, D4u bing xay ra khi va chikhi x =

W -

Vay miny = \/5 taix = %
Bai toan 18. 3:
Cho a, b, ¢, > 0. Hay tim gia tri I&n nhat cla:
a’ b* c*
+ +
at +Y(a® + b)Y+ %P bt + (P +ctN 42 o+ Y(c® +aPyed + b

Hwéng dan giai

P=

Taco I(@® +b°)(a® +c?)?

= Y(@® +b%)(a® + 2% + ¢°) = §(a® + b)(a® + 2a% + c°)

= {‘/(a’z +2a%b°c?) + (2a%® + b®c®) + a®b® + alc®

> Yatb® + 3abc? + 3abZct +a°c® = Y(a%b? +a2c?)® = ab? + a’c?
Suy ra: a’ < at = a’
at + %/(36 1b%Yad+c?)?  a‘+a’b®ra’c® a?+b?+c?

b* b2

Twong tuw: <
b* +(b° + ) (b® + a2 @ +b%+c
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ct | e
&4#@6+$x&+bﬂ2sf+b2+¥

Cong cac bat ddng thirc trénta co: P < 1.

D4u bang xay ra khi va chikhi a=b=c.Vay max P =1.
Bai toan 18. 4: _

Cho a,b,c 1a cac sb thwe phan biét, tim gia tri nhé nhét cla:
a® b? c?
= + + .
(b-cy’ (c-a)® (a-by

Hwéng dan giai

St dung ddng nhét thire:

be . ca ‘ab -1
(a-b)(a-c) (b-c)(b- a) (c- a)(c-b)
Taco o o o
a? b? c? a b . _c 2+
b o e

2bc 2ca : 2ab

) Brof-a) a)ee)

. ,
. L TS
b-c c-a a-b) .

Pang thirc xay ra chi khi —— + b - C ="O.VéyminT=2.
b-c c-a a-b ,

Bai toan 18. &:
Cho a,b,c,d la cac sb du’o’ng sao cho abcd =1.
T_rm gia tri lon nhét cla _ ,
B 1 1 1 : 1
—1+ab+bc+ca 1+bc+cd+db 1+cd+da+ac 1+da+ab+bd
' ‘ Hu’o’ng dan giai

J]J_ w4 o),

1 1

ﬁﬁ"ﬁg «ﬁE

CERCERY

| R

Va LN Vd
1+abfbc+caf\/'5+\/g+\/6+\/a'
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Twong tw rdi cdng 4 bat dang thirc nay ta nhan duoc két qua M < 1.
Pang thirc xdy rakhi a=b=c=d=1.Vay max M = 1.

Bai toan 18. 6:
Cho cac sb duong x, y, z. Tim gia tri I&n nhét cla

y+2z Z+X . X +Y

+ .
x+340y° +2%) y+ Y4 +x®)  z+3a03 +y%)
Hwéng dan giai:
Taco 40 +y%) — (x +y)° = 3(x + y)(x —y)? =0 (vix, y>0)
Déng thirc xdy rakhix =y

Suyra: z+¥4(x® +y®) 2z +x+ynén: Xty Xty
Z+3/4(x3+y3) X+y+2

Twong tuw réi cong vé theo vé 3 bat déng thire thi

N:

y+z Z+X N X+y
X + \/4 + 2z ) Y+ C\‘/4(23 +x%) z+ 403 +y?)

X +Yy Y+ 2z Z+X
< + +
X+yY+2Z X+y+2Z X+y+2z

=2.

Pang thuc xay ra khi x =y =z. Vay max N = 2.
Bai toan 18. 7:
Cho x, vy, z la cac sé thuc thudc doan

a) [0; 2]. Tim gia tri lon nhatcta: T = 2(x+y+2z)—(xy +yz+ zx).
b) [1, 2].Tim gia tri I&n nhat va gia tri nhd nhéat cla biéu thire:
x+y+y+z+z+x'

2+z 24X 2+y

Hwéng dan giai
a)Taco x,y,z€[0;2]=>2-%x,2~-y,2-220
=22-x)2-y)(2-2)=0
D> 8-4(x+y+2z)+2(xy +yz+2zx)—xyz=0
= A4(x+y+2z)-2(Xxy+yz+2zx)<8—xyz<8
=T =2(x+y+)—(xy+yz+zx)<4
Déau bang xay ra khi », y, z ¢6 2 s6 bang 0; 1 sé bang 2.
Vay max T = 4.
byVix,y,ze[1,2] 2 x+y22=x+y+z>2+2z.
Tuongtw: x+y+z22+yvax+y+z>2+x.
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NénP=x+y+Y+Z+Z+,X
2+2 2+X 2+y
> X+y . y+z . z+X _,

X+y+Z X+Yy+2Z X+y+z
Ddu=khix=y=z=1=minP =2,

vap=_>*_, ¥ . ¢ ¥ 2 X
2+2 2+X 2+y 2+z 2+X 2+y
<X LY,z Y,z X .3

X+2Z Y+X Z+Y Y+2Z Z+X X+Yy
Dau=khix=y=z=2=>maxP =3.
Bai toan 18. 8:
Cho a, b, ¢ dwong. Tim gia tri Ion nhét :

a® b3 c®
P= + + -
a®+(b+c)’ b® + (c +a)® c®+(a+b)

Hwéng dan giai
Vi x > 0, ap dung bat dang thirc AM-GM:

2 2
NI =\/(1+x)(1—x+x2)-s1+x+12 XX 4+ X

Do dé véia, b,c>0:

{ a’ ~ 1 . 1
a®+(b+c)® \/ (bJrC]S 1(b+c)2
1+ ol —
a 2 a
1 af
b®+c® a®+b®+c?

aZ

1+

Twong ty rdi cong lai 3 bat déng thire thi co

3 3 3
P= |- a + b + ¢ 21
a®+(b+c)® \b*+(c+a)® \c+(a+b)®

D&u bang khi a =b= ¢. Vay min P =1.

Bai toan 18. 9:
Cho a, b, ¢ la cac sb thuc thod man abc = ~1. Tim gia tri nhé nhét cla biéu
thirc: P = (lab| +foc| 1{03{)(1 5va® +b% +c? -7(a+b+ c)) :
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Hwéng dan giai
Do abc < 0 ta xét 2 trivdng hop:
~ Ca3sba,b, cdéuam. Khidé ta co:
iabl ﬂbc‘ +|ca[ >3¥a%b%c? = 3

15Va® +b? +c? -7(a+b+c)

>15y3%a2b2c? +7.3%-abc = 153 + 21

Suyra P > 48

~ Néutrong 3 s6 a, b, c6 1 s &m, 2 s dwong. Khong méat téng quat, gia sir:
a<0,b>0,c>0.

bata; =-a> 0, tacé:

2b+2c
Ja2 +b? + c? J;z:_azs,/a$+b2+c222b+2c+a1
+
1

NénP>(—+b+C [5(2b + 2c + a7) - 7(b + ¢ - a;y)]

{_+ A }(4a1+b+c)>3(12+1 1+1.1)? = 48

D4u "=" xay ra khi va chi khi b = ¢ = 2a, > 0 va a;bc = 1 hay
Y2
b=c¥2vaa= =~ Vay min P = 48,
Bai toan 18. 10:

Tim gia tri I&n nhét va nhd nhat cda ham sé

fx) = Y1-32 + P1-x + Y1+ x voix e[-1:1].
Hwéng dan giai
Patu= Yi-x ,v="41+x (u,vzo):suv=\/41—x2 JutHvi=2

thif(x)=A=uv+u+v.

Tacé (U -v?)? 20 = u* +v* > 2012

=2 +v) 2 U+ v = Ul VP <2
va(u- v)’2 0= 0+ V22 2uv = 22 + V9 = (U + v)?

2 2

u +v

=Uu+vy<2;, uvg< 5

<24
2
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DodoA<1+2=3 dau"="xdyracu=vex=0
Vay max f(x) = 3 < x = 0.
Bai toan 18. 11:
Cho a,b,c la cac sb thuc khéng am sao cho ab+bc +ca=3.
11T
+ + .
a?+1 bP+1 c®+1
: " Hwéng dan giai
"Dw doan dau bang xay ra khi a = b= ¢ =1. Ta sé& chirng minh :
1 1 1 3
+ + >
a®+1 b2+1 c?2+1 2 |
o a?+b%+ 02 +32>a%p? + b%c? + c?a? +3a%b%c?.
Ap dung bt dang thirc AM-GM cho 3 s6 dwong thi dwoc
(a+b+c)(ab+bc+ca)>9abe,

Tim gia tri nhé nhat cia P'=

Ma ab+bc+ca=3 nén a+b+c>3abc.
Do d9, ta chi can chirng minh rang

a? +.b2 +c? +32>a%b? +b%c? + c?a? +abc(a+b+c).
& (ab +be +ca)(a® + b? +¢?) + (ab + bc + ca)?
> 3(a?b? + b?c? + c?a?) + 3abc(a + b +¢)
=N ab(a2 +b2)+bc(b2 +cz)+ca(c2 +a2)2 2(a2b2 +b%c? +cza,2),~
N ab(a-b)2 +‘bc(b—c)2 +ca(c—a)2 >0: dung.

Déng thirc xdy ra khi (a,b,c) = (111) hoac (ab,c)=(0.V3,V3).

~ VayminP = 9— ,
: 2
Bai toan 18. 12:
Gia s a,b,c la cac sé duwong sao cho a® +b? +¢c? =3.

Tim gia tri nhé nhatclia Q=5(a+b+c)+ —g— .
abc

Hwéng dan giai ,
Dw doan dau bang xay rakhia=b =c = 1. Ta s& chirng minh :
5(a+b+c)+-—3—218
abc
Ddtp=a+b+c vag=ab+bc+ca.
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Twr a® +b? + ¢? = 3, ta nhan duwoc p? =2q+3,p> J3.
Ap dung bét déng thirc AM—GM thi suy ra

(ab+bc + ca)2 >3abc(a+b+c)

Dods —— 3P
abc q2
Nhu vay, ta chi can chirng minh 5p + 22 > 18 That vay
| q
5p+ 22 _18=5p+ 00 __1g
\ (p*-3)
_ 5p° —18p* —30p® +108p? + 81p-162
- L
(p*-3)
(p—3)2(5p3+12p2~3p—18) :
= 5 : dung vi ta cé
(P*-3)

5p3+12p2—3p—18=p2(5p+12—§—%] >p2(5\/§+12—\/§——6)>0.
~ P p _

‘Déng thirc xay ra khi va chikhi a=b=c=1.Vay min P = 18,

Bai toan 18. 13: o |
Cho céac sé thuc a, b, ¢ sao cho phuwong trinh ax? + bx + ¢ = 0 ¢6 2 nghiém
thudc doan [0; 1].

Hay tim gia tri I&n nhat cta biéu thie P = (a-b)(2a-b)
a(a-b+c)

Hwéng dan giai
Goi 2 nghiém clia phwong trinh @4 cho 1a x; < x,; theo dinh Iy Viet:

(32 2

2 2
- (1+x1+x2)(2+x1+x2)_24ﬁ+><2+x1+x2

1+ Xy + X, + XX, 1+ Xy + X, XX,

Vi xq, X2 € [0; 1] nén: xfsx1xzsx§s1 Va 1+X + X+ XX > 0
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2 2
X{+Xp X+ %y XX, + 1+ X, +X,

< =1=> P<3
T+ X, + X, XX, T4+ X, + X, + XX,y

D& thay khia=c = —% 0 thi P = 3. Vay maxP = 3.

Bai toan 18. 14: ;
Xét cac s6 thure x, y thod man didu kien:x - 3vx +1=3y +2 -y
Tim gia tri I&n nhét va gia tri nho nhét cla biéu thrc P = x +y.
Hwéng dan giai
PK: x-—3\/)—(T=3\/y_+_§~y & X+y= 3(\/;—+7+\/§ITE)".
Goi G 14 tap gia tri caa P, ta cé: a ev G < a la sb thuc sao cho hé phuong

trinh {3(,x+1+ y+2)=a .4 nghiém.

X+y=a
Patu= Jx+1vav=y+2,(u,v=0). Taco:

a
Uu+vs=—
3

{3(u + v)‘= a

=N

2 2 2

w+vi=a+3 |, 12, 4
2( 9

Do d6 hé co nghiém khi phwong trinh 182 — 6at + a° — 9a — 27 = 0 ¢6 hai nghiém
khong am, suy ra :

—a®+18a+54>0 9.+ 331
a>0 <:>——-i-§-—~sa39+3\/?5—
a®-9a-2720

vémaxP=9+3\ﬁg.

Bai toan 18. 15:
Cho 2 s6 thuc x, y thay ddi va thda man x* + y? =1. Tim gia tri I6n nhét va
nhd nhatcia P= _20¢ +6xy) .
1+ 2xy +2y?
’ Hwéng dan giai
2(x® +6xy) _ 2(x +6xy)
11 2xy +2y% X2 +y2 +2xy + 2y
Xéty =0 thi P = 2.
482
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Xéty = 0, dat x =ky thi ’
2(k%y? + Bky?)  2k? +12k
k?y? +y? + 2ky? +2y® K% +2k+3

P=
& 2k2 +12k =P(k? + 2k + 3)
& (P-2)k? + 2(P-6)k + 3P = 0.
Voi P =2 thi k = -‘3{.

Voi P = 2, vi phuong trinh bac hai cé nghiémnén A '> 0
& (P-6) -12P(P-2) >0 < P?+3P-18< 0 «-6 <P < 3.

Taco P=3 & x=t—y=1%
1o Vo
va P=—6<:>X=i——§—-;y_~_~;__2__
J13 13

Vay minP =-6, maxP =3.
Bai toan 18. 16:
; X X +y?+22=8
Cho 3 s0 x, y, z thda man .
Xy+yz+zx=4
Tim gia tri I&n nhét, gia tri nhé nhat cda z.
Hwéng dan giai
Twgidthiét= (x+y+2°=16=>x+y+z=14
bat S=x+y, P=xythicé 2 trvong hop:
1S=4-2zP=4-yz-zx=4-(4-2)z=2°-4z+4
Diéu kién co nghiém A=S?-4P>0= (4 -2 -4(FZ*-4z+4)>0

::>—322+8220:Oszs—§—
Tacéz=§ khiS=i,P= i<:>x=y= g
3 3 9 3
2) S=-4-z, P =2+ 4z + 4 thi tvong tw:
A20:>-322—-8220:—%szso
Tacoz=-SkhiS=-2 p=2 ox=y=-2
' 3 3 9 3

N 8 8
Vaymaxz= -, mnz=-—.
3 3
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Bai toan 18. 17:
Cho2sdx,y = Ovathod (x+y)xy =x*+y* —xy.
Tim gia tri nhé nhétcla A = la +—13— .
Xy
Hwéng dan giai
1 1 1 1 1

Tir gid thiét suyra —+—=—+——— .

x y x* y*oxy
Dét;(-= g;—bthlco atb= a+b2—ab-(a+b)—3ab
nén A=—. —15=(a+b)(a2+b2—ab)=(a+b)2.

x>y
Tacod abs(—q;g-g)z thi dwoc a+b>(a+b)? —%(a+b)2
Suyra (a+b)2—4(a+b) < 0nén 0 <a+b < 4
Dodé A=(a+b)Y<16. ‘
Khi x=y=~-;—thiA=16.VéymaxA=»16.k‘

Bai toan 18. 18: ‘
Tim gia tri nhé nhét cda biéu thirc sau:

()(ﬂ2 +1)°

[xz Q-J(xé +1J(x2 +3)
> 3)

Hwéng dan giai

A= voix € R.

Ta chirng minh bat dang thirc véi a;, b; > 0:

tl(a, +b,)Xa, +b,)...(a, +b,) 2 Yfaa,..a, + bb,..b,

Apdung véia;=a;=a3=x"; b; = %;b2='é1-;b3=3!

Ta co: x2 +1si\4/(x2 PRIV +1)(x2 +3) A<

Vay max A =1 datkhix=0.
Bai toan 18. 19:

Cho a, b, ¢ la cac sb dudng sao cho: 21ab + 2bc + 8ca < 12 .

nhd nhét cua biéu thirc S =§+ 5 +§~

C

484
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Hwéng dan giai
1 2 8

Pat: x=—,y= E,z == Khi d6, diéu kién cla bai toan da cho tré thanh :
a c ,
2xyz 22X+ 4y + 7z ()vaS=x+y+z.
2xy >7
Tir diéu kién (*), tacod : z(2xy — 7)= 2x + 4y = , 52X+ 4y
T 2xy -7
=>S=x+y+z> x+y+2x+4y
2xy -7
14

2X + — :
Hay S=x+~1—1—+y—l+-————xzx+—1—1-+2 142
2x 2x  2xy-7 2x NG

7

3+ 4
Ma tacé 2 [1+—>—X nan S=x+y+zz§+x+921—5
N ' 2 2

X

DAu bang xdyra < x=3, y=—2-,z=2.

Wl

, b

Vay min S:llp’- dat duwoc khia i, c= §-.
2 5 2

Bai toan 18. 20:
Cho x, y, z € [2001; 2002]. Tim gia tri lon nhéat clia biéu thirc:
[2001.2002 - xy| |2001.2002 - yz| [2001.2002 - 2X|
+ + .
(x+y)z (y+2z)x (z+x)y
Hwéng dan giai
Trwdc hét ta chirng minh bat dang thivc:
|ab - XY| b-a
<
X+Yy 2

f(x,y,z) =

1

VX, VY, z € [a; b], a>0taludn co:

< 4(ab - xy)? < (x + y)? (b — a)?
<> [2ab - 2xy — (x + y)(b — a)] [2ab — 2xy + (x + y)}(b —a)] < O
< [b(2a-x-y)+x@-y)+y@-xla@2b-x-y)+xb-y)
' +y(b—x)] < 0: Bung

ab-x — —
Tu’(1)tacé:| yjsb a b-a
(x+vy)z 2z 2a

Déu"="khix=y=b,z=ahayx=y=z=a

485



10 trong diém b8/ dudng hoc sinh gidi mén Todn 10 — Lé Hodnh Pho

b—-a+b-a+b-a_3(b~a)
2a 2a 2a 2a

Tir d6 suy ra: f(x,y,z) <
Déu=khix=y=z='a

. 1.
Thay a = 2001, b = 2002, ta dwogc max f(x, y, z) = ——.
: y (%Y, 2) 1332

Bai toan 18. 21:
Cho a, b, ¢ la cac sb thuc dwong sao cho abc = 1.
1 1 1
+ + .
a®+a+1 b2P+b+1 c?+c+1
Hwéng dan giai
Dv doan diu bang xay ra khi a = b= ¢ =1 nén ta chirng minh:
1. + 1 + 1 21

a®+a+1 b2+b+1 c®+c+1
yz zX Xy

Dung phép théa = =y = =,z = = véixy,z> 0
X y? z

Timgia tri nhé nhatcta T =

" Bét ddng thirc tré thanh:
4 4 4
X + y + z 21
x* +x2yz+y272%  yt +yPzx+ 22%% 2t + 2Pxy + xPyP
Ap dung bt déng thirc BCS:
4

X (x? +y2 +2°)?
oyaie X' +XPyz +y?Z2 Y (x* +XPyz + y?z?)
cyclic
. X4
" Vachirng minh >1

ovae X+ x2yz +y?2?
oyt 22 Y (xR +yz)(2%F +y2)
’ cyclic
o xE(y-2)? +y*(z-x)? + 2%(x - y)® 2 0: ding.
Vay min T = 1 khia =b=c =1.
“Bai toan 18. 22:
©Xét cac sb thwe dwong x, y, z thod man didu kién x > max|y, z|.

" Tim gi4 tri nhd nhét cla biéu thirc: P = X 2, ,1 +}Z,— + 3,3f1 2.
y X
, Hwéng dan giai

Tir gid thiéttaco 2>1,va0< £ <1
y X
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Ap dung bét déng thirc AM—-GM cho cac sb dwong ta duoc

P=§+2@+3§/€2§+2\/§£’-+3%§/§
A Bt

211—\2_2—11-)(—'!'3- 3-/—— \/_ \/——1+2\/§+3\/_

y.zX
D4&u béng xay ra khi va chikhix =y = z.
VaymlnP—1+2\/§ + 3[
Bai toan 18. 23:
Cho x,y,z dwong théa man: 2\/5 +/xz =1.
3yz N 4zx . 5xy '
X y z
Hwéng dan giai
Ap dung bat déng thirc AM—-GM cho cac sé dwong ta dwoc

Tim gia tri nhé nhat cla biéu thire: P =

ZX

——-)+2<¥— Xy) 3(” X

V4

22 (Y2 2, 22\/yz XY JZX XY _ex+4dy+2z
X y y z

=4(x+Y) +2(x +2) 2 4.2\/xy + 2.2Vxz = 4(2/xy + Vxz) = 4

2\]—%+2\/——_1c>x y= Z“'§ Vay min P =4.
Bai toan 18. 24:
Choa,b>0vaa’+b’® < 1.
Tim gia tri I&n nhét cda biéu thire: T = 2a +b.
Hwéng dan giai
Ta tim cac hang s6 dwong x va y dé ap dung bat ddng thirc AM—GM :
a’+x° +x* > 3x%a, ddu bing khia = x
b’ +y® +y® > 3y? b, d4u béng khi b =y.
Dodéa’+b®+2(x* +y*)> 3(x*a+y2b)
Nen3(x*a+y’b) < a®+b°+2(x° +y®) < 1+2(x° +y°)
Ta chon x va y sao cho X° = 2y? va ddu = xay ra, khi d@o :

P:(-¥3+

DAu = khi {
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a2
a=bv2 | {122
a®+b®=1 | 1

‘\3/(14-2\/2—
- S 2
SuyraT=2a+b < M:(%’/nz\fé)

3y®

2
Vay max T = (\3/1+2\/'2_) khi a = V2 P
%/1+2\/§ %/1+2\/§

Bai toan 18. 25:
Cho a, b, ¢ 1a 3 sb thuc dwong. Tim gia tri I&n nhét cla

_ (2a+b+c)? . (@b +c +a)? . (2¢c +a +b)? ‘
2a2 +(b+c)® 2b%+(c+a)® 2c®+(a+b)?
Hwéng dan giai
D doan dau bang xay ra khi a = b =c >0. Ta chirng minh
(2a+b+cf?  (2b+c+a)’ ‘+ (c+a+bP _o
2a® +(b+c)® 2b%+(c+a)® 2c2+(a+by?

Bat dang thirc thuan nhat nén ta chuan héa: a + b + ¢ = 3. Do d6

(2a+b+c)? . (2b + ¢ + a)? . (2¢c +a +b)? <8
2a® +(b+c)®> 2b%+(c+a) 20?+(a+b)2_

a2+Ga+9+b2+6b+9+“cz+60+9<
~a?-2a+3 b?-2b+3 c?-2c+3
Dw doan dau bang xay ra khi a= b =c = 1 nén ta sé& chirng minh

24

2

-X—g-i—sﬁ-gsAx+B v&i moi x € (0;3) va wéc lwong dugc

X -2x+3 : :
A= 4 B=4,
Ta chirng minh véimoix € (0;3) :

2 a2

X_i§_ﬁ.gg4x+4 = WZO dung

X2 -2x+3 (x-1)?+2

Nén: F(a, b, ¢) < 4(at+b+c) + 12 = 24.
Vay max P = 8.DAu béng khi a = b =¢ >0.
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Bai toan 18. 26:
Tim gia tri I&n nhét va nhé nhat cia ham sé:
f(x) = x(1993 + 1995 — x2 ) trén mién xac dinh ciia no.
Hwéng dan giai
Pidu kien: | x| < 1995
Ta nhan thay rang f(x) 1a ham sé 1& va f(x) = 0 v&i moi x>0
Ta xét f(x) véi x e [0; V19951,
Ap dung bt déng thirc Schawrz ta co

£x) = x. (1 993 + 1995 - x? ) - x(\/1 9931993 + 141995 2 )

IA

‘ ] »
x1994/1993 1+ 1995 — x2 <1994, % +1993;1995 X

V1994.1994 . D4u "="khi x = Y1994
Vay Maxf(x) = 1994 V1994 khi x = /1994

Min(x) = —1994 V1994 khix = — \1994 k.
Bai toan 18. 27:
Tim gia tri nhd nhat ciia ham sé :

y=x+ ﬂ+ f4(1+—7—] , VOi x> 0.
2% x2
Hwéng dan giai

2
Taco (9+7)[1+12J2(3+Z)

X X

Nén y > X+j—1+—1— 1+Z = X+g +.§26+§=_1_§
2x 2 2 2

—

2
. Lo 15 . i . .
Khix=3thiy= > nén gia trinho nhat cdayla 5
Bai toan 18. 28:
Cho 3 sb dwong x, y, z thod diéu kien x +y + z = 1.

Tim gia tri nhé nhét cua

P= \/(x2 + Xy +yE)(y2 +yz + Z2) +\/(y2 +yz+2%) (2% +zx + x?)

+ \/(22 + 22X+ X2)(x% + xy +y?) .
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Hwéng dan giai

Ap dung bét déng thirc Schawrz ta c6

) ]

ol et {2

-

Twong tu réi cong lai:
P+ +22+2(xy+yz+zx)= (x+y+2)°=1

Dau"="xdyra<>x=y=z=

Bai toan 18. 29:
Cho ba sbé a, b, c dwong va a® + b® + ¢* = 1.

Tim gia tri nhd nhét clia A =

] {0 [l

2 2
1 J3 11 ,

l.VéyminP= 1.
3 _

a® b3

CS

Hwéng dan giai

Ap dung bét déng thirc BCS:

a4

b4 C4
+

S : “+ .
a+2b+3c b+2c+3a c+2a+3b

A=

1

a® +b? +c? + 5(ab + bc + ca)

2 2]
(\/b2 +2bc+3ab) 4-(\/c2 +20a+3bc) )

-+

(a® +b? +c?)?

a2 + 2ab+3ac b?+2bc+3ab c? +2ac + 3bc

2
U\/a2 +2ab + SCa) +

C2

2
b2
+
[\/bz + 2bx +3ab

1

> >
a® +b? +c? +5(ab+bc—-ca) 1+5(ab+bc +ca)

Ma:ab+bc+ca<a®+b?+c?=1

490
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= 1+5@b+bc+ca)<b6= L 1
1+5(ab+bc+ca) 6

DodéAz—%.Déu=khia=b=c= —\/3§-.VéyminA=—%.

Bai toan 18. 30:
Cho a, b, ¢ Ia cac sbé thuc dwong thod man diéu kién
1 1 1

a+b-c)—+—-—1|=4 1
R

Tim gia tri nhd nhéat cha biéu thire

(a1 1
P—(a +b" +¢ )(;—;+E+—C—z—
Hwéng dan giai
Néu khong c6 diéu kién rang budc thi ta co thé dé dang dung bat dang thirc
BCS dé thu dwoc GTNN clia P 1a 9.

Do cé dleu kién rang budc, ta chi ap dung BCS cho hai nhém (nhw vay cac
bién sb khong bi ép béng nhau va vi thé van cé thé thoa man (1)). Cu thé

P (e eyt [ ot o]
a c

2
(R 2T

4
Déu bing xay ra khi va chi khi 31 +b1 =—°T@ab=c2,
at bt ot

a2 b2 (a bY . s .
Do —+—=|=+—=| -2 nén bay gi® ta can tim gia tri nhd nhat cla
b2 a2 b a .

-§+9. Néu gia tri nhé nhat nay dat dwoc khi diéu kién ab = c? thoa man thi
a

ta sé& tim dwoc gia tri nhé nhat cta P.

Khai trién (1) thanh | ~+ 1|2 ~[ 22 _4]c+(a+b)=0.
a b b a

Xem day la mét phwong trinh bac hai theo c, ta cé
2
Y RS R Y B L PO DL LY B
b a a b b a b a
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:>9—+927.
b a

Tir d6 suy ra gia tri nho nhét cia %+ bav,
a

nén cé a +b = 3/ab . Va khi d6 ta c6

Tt 12 khi %+ b dat gia tri nhd nhéat 1a 7 thi d4u bang cling xay ra & (2).
a
Két hop nhirng didu trén, ta tim dwoc GTNN cla P |a 48° = 2304, dat dwoc
khi %+E:7‘vé c=+ab.
a

Bai toan 18. 31: .
Cho x, v, z, t 1a cac sé thuc khéng am thay déi thod man
x> + y? + Z2 + £ = 2005. Tim gi4 tri nhé nhét cha biéu thirc:

F= X : y + Z
200512005 + yzt 20052005 +ztx 20052005 + txy

X
20052005 + xyz

N
Hwéng dan giai

Pita= —b=—Y _c= -2 _.d= !
J2005 " 2005 2005 2005

thia,b,c,d>0

Taco:a’+b’>+c?+d’=0=0<abcd<1

Ap dung bét déng thirc BCS :

_ 1 a b c d
F= + + +
2005\ 1+bcd 1+acd 1+abd 1+abc

o1 (a+b+c+d)?
~ 2005 a(1+bcd)+ b(1+ acd)+ c(1+ abd) + d(1 +abc)

1 1+2(ab+ac+ad+bc+bd+cd)
2005 a+b+c+d+4abcd
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Ma: 1+ 2(ab + ac + ad + bc + bd + cd) — (a+b+c+d) — 4abcd
=(1-a)(1-b)(1-c)(1-d)+(ab+ac+ad+bc + bd + cd)
+ (abc + abd + acd + bed) — 5abced

>ab +ac+ad + bc + bd + ¢cd — 5abed

> 63a’b’c3d® - 5abed = 6+/abed — 5abed > 0 nén:

1+ 2(ab +ac +ad + bc + bd + cd) > a+b+c+d+4abed > 0

- 1+2(ab +ac +ad + bc + bd + cd) >1.Dod6F > 1
(a+b+c+d+4abcd) 2005

Ldyx=y=2=0,t= 2005 thi F = 2010 Vay minF =

2005
Bai toan 18. 32:

Cho phuwong trmh x® —ax® +bx-c=0 cé ba nghiém duong phéan biét
khong nhét thiét khac nhau.

1+a+b+c c

Hay tim gia tri nhd nhatcia Q= -
y g 3+2a+b b

Hwéng dan giai
Goip, 9, rlabanghiémcla x® —ax? +bx-c=0.
Taco 1+a+b+c=(1+p)(1+q)(1+r) va

3+2a+b:(1+p)(1+q)+(1+q)(1+r)+(1+p)(1+r)

ﬁl_&tm Q=f(t+p1+q1+r)-1(p.qr)

Khong mét tinh tdng quat ta gid st¢ p > q>r va theo bét déng thire sép the

- 1 1 1 [1 1 1]( 1 1 1]
tw thico 3 + + >l b - + +
p(1+p) a(1+q) r(1+r)] P a r){1+p 1+q 1+r

va vi vay néu dat X:l+l+1vé Y = 1 " 1 1

+
P q r 1+p 1+q 1+r

—Y 1
— va dau bang khi =r.Vaymin Q =
Xy 3 gKrnip=qg= y 3"

Bai toan 18. 33:

Cho x, y thod man X +y + 2 = 2(vx - 1+.Jy + 2)

Dat f(x,y,z) -
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"
y+3’

Tim gia tri nhé nhét cta Q = 1.
X

Hwéng dan giai
pidukienx > 1,y > -2.
Taco x+y+2=21Jx-1+y+2)
o (x—1-12 +(Jy + 212 =1 néntdn tai t &

cost=Jx—-1-1sint=\y+2 -
Suy ra x =1+ ( 1+ cost)? va y = ( 1+sint)’ — 2.
1 4
>
y+3 Xx+(y+3)
4 4 4
5+2(smt+cost) 5+ 242 sin(t + Z) 5+2J§

TacéQ=l+
X

4

54242

DAu =xay rakhix=y+3= —2—+\/_2-.VéyminQ=

Bai toan 18. 34:
Cho x, y, z duong thoa xz —zy —yx =1
2 2 2
Tim gia tri nho nhét clia P = 2" _ 2%y | %z
1+x2 1+y? 1+2°

Hwéng dan giai

Taco x,y,z>0nénxz—zy—-yx=1= LI DL

y X z Xxyz

Déta=l,b= ,c=— ,(a,b,c>0)thib-a-c=abc
X ,

N | =

1
y

—a+c=b(1-ac)=>b= a+c
1-ac

|a=tana

oat 1c=tanﬁ

voia, B e (0; g) suy ra b = tan(a + B)

Dob>0véa,B>0nén0<a+B<%

. 2 2 38

1+a% 1+b% 1+c?
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= 2c0s’0 — 2c08%(a+P) + 3c0s°B = cos20. — cos2(a+P) + 3c0sP
2sinB.sin(a + B) + 3cos®p = —3sin’B + 2sinB.sin(2a+p) + 3

i

2
—B[Sinﬂ -g—sin(Za + B)J —%cosz(Za +P)+ % 31?0

x =2
cos(2a+B)=0 I \/5

Déng thirc xay ra khi 1 oly=22
sinP=— 2
z=2J2
Vay min P = %9 .

Bai toan 18. 35:
Gidst n=1vansé a,a,,..a, lacacséthyc sao cho
Y 2 2 2 2
a,+a,+..+a znvaa’+al+.al>n?.

Chtng minh réng max{a,.a,,....a | > 2.
Hwéng dan giai
Ta chirng minh bang phén chirng, gid stiv a, <2 v&i moi i.
bat X,=2-a >0 véimoii, va dat S=x, +X, +...+X,5>0.
Ten<a +a,+..+a, =2n-S tadwoc S<n,
n
vaty n? saf +a§ +A..+a§ :Z(Q“Xi)z =
i=1
n
=4n-4S+Y % <4n-45+S% =dn-4+(s-2),
i=1

ta dwoc (S - 2)2 >(n- 2)2 :
Khi §22,(S-2)° >(n-2)° thi S>n, didu ndy mau thudin S<n.

Khi 8 <2,(8-2)">(n-2)" thi 2-S>n-2,vado do S<4-n=<0, didu
nay mau thudn S>0. Vay max{a,a,,...a }_22 

88,
Bai toan 18. 36:
Cho X4, Xy, X3, X4, X5 1& c&c s6 nguyén duwong thoa:
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x,—x2+x3—xf4+x5>0

x1+x2—x3+x4~x5>0
=X, + Xy +Xg =X, + X5 >0
X=Xy +Xg +X, —Xg >0
—x1+x2—x3+x4+x5>0

[ Xy + Xy +Xg + X, + X =2000

Tim gia tri nhé nhét clia (x, +x,)2"4
Hwéng dan giai

X, =X, +Xg =X, +Xg =Y,

X, + X, —Xg +X, = X5 =Y,

Pat: X, + X, +X; =X, +Xg =V,

Xy =Xy +Xg+ X3 =X =Y,

~X, + Xy = Xg + X, + X5 =Y
Tir gia thiét suy ra: y; € Z*, Vi = 15 nén:
Y1+ Yo+ Ys+tyatys =X+ Xg* X3+ X + X5 = 2000

Docacy;,i= E cting tinh chin 1é va tdng clia chiing bing 2000

=y, Vi= 15 I sé nguyén dwong chin, nén:

1 1 '
Xy + X3 -2*(Y1 +y, +y3t+ys) = 5(2000 -VYs),

Xo + Xg = %(2000 ~yy)

N

Nén (x, + X4)"2" 16n nhat khi y; va ys nhd nhat tirc 1a 1y; = ys =

Vay Max (x, +x,)2"™4 = 999°®° dat dwoc chang han khi

X4 =X2=X5=2VéX3=X4=997.
Baitoan 18.37: | |
Cho cac sb thuc x4, Xa, ..., Xs € [0; 1]. Tim GTLN cla biéu thtee

3 - .3
F= X + X2

5 5 5 5 5 5 5 5 5 5
X5 + X5 +x4‘+x5+x6+5_ Xy + Xg X, +Xg +Xg +5

3

X

ot 5 5 565 5 ’
X5 + Xg X5 X5 + X +5
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Hwéng dan giai
Doxie[0;1]=12x20,i=1,2,...,6

6 X?’ ;X?
3[:326 ! = 6_
Y4 Y x4
=

i
i=1

Ap dung bat ddng thirc AM—GM:
P+ +t°+1+1> 6% =5

Vay max F = gkhix1=x2=...=x6=1.

Bai toan 18. 38:
Cho ki, ka,..., kaos la cac s6 nguyén duwong thod man didu kién:

3 3 3
kj +k2 +...+k304 <2003.

Hay tim gia tri I6n nhéat cla tdng ky + kp + ... + Kggs.

Hwéng dan giai
R6 rang gia tri I6n nhat nay ton tai. Goi A 1a gia tri I6n nhét do. Xét tat ca
cac bd sb thoa diéu kién

kS +K5 +.. + kS, <2008 va ks +ky+ ...+ kgos = A,

304 —
Trong cac bo s6 nhw vay, gid st ki, ko, .., kas 1a b sé co téng
3 3 3 > Je
Ky +K; +...+k3,, nhé nhat.

~ Ta chirng minh khi d6 k; <2 véimoii=1,2,.... 304. That vay, gia s ton tai i
sao cho ki > 3, chang han k; > 3 thi do trong cac s6 k; con lai chéc chan c6 it
nhat 1 56 1 (néu khong k® + k3 +...+k3,, =8.304 = 2432 > 2003) nén néu
ta thay cé@p (ks, 1) bang cép (ks — 1, 2) thi duwoc bd mai c6 tdng bang A

khéng déi nhuwng tong Iap phwong sé nhd hon vi (ky — 1) + 2+ < K3+ 1%

Biéu nay mau thuan véi cach chon bo k, Vay k <2.
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Goi k la s6 cac sb 2 va 304 — k 12 s6 cac s6 1 thi ta c6 8k + 304 — k < 2003 suy ra
k<242 Tird5 A =2k + 304 —k =k + 304 < 546
Vay gi4 tri I6n nhét clia A la 546 dat duoc voi 242 sb 2 va 62 sb 1.
Bai toan 18. 39:

_Chocac sé thuc khong am ay, ay, as, ..., @z003 thod cac diéu kién:
Lagt az+az+ .. +axs=2Va a3, + @33 + ... A200282003 + A200381 = 1.

* Hay tim gia tri lon nhét va gia tri nhd nhét cla :

| S=a’+al+al +...+a5;-

Hwéng dan giai
Khéng mét tinh téng quat, gid st ring agoos 1 min{a} va a; > 0
4= (@r*ap+ .. +agpp) 2(@r+tag+ ..+ a003)°
o — (@1 —az + 83— ...+ A003)°

=4(aqs + a3+ ... + @x0)(@2 + @4 + ... + 8002
> 4(asa, + @583 +...+ Az00:82003) + (2134 + 8285 +...+ @ 200082003)
+4aq(as + ag + ... + Az002)
= 4(1 — az00321) + 4(a124 + 3285 +...+ B200082003)
+4aq(ag + ag + ... + az02)
>4
D4u bang déng thoi xay ra:

a,+85 +...+ 8y, =8, +8, +...F 8y, =1

aa, =a,a, =..=a =0

2000a

=a

a002

aﬁae +..+a

2002 2003

Via; >0néna, =0.Viazes = min{a;} nén azes =0
Dodbéas=as=..=ay=0=>a=1vaa+a;=1
néna, + as+ ... + ax =0

Suyraas = as = ... = axo3. Do do:

S-a+a+a_a+1+1a { ——1-
L 2

~—
I\JIOJ

VY Smax = 2 khi @ = 1 V& Spin = -Zi khi a; = %
~ Bai toan 18. 40:
Cho a, b, cla cac sb khéng am: a + b + ¢ = 1. Tim s6 k l&n nhét sao cho

a’+ b+ ,03’* kabc 2—91- + —21—(_; ddng véi moi a, b, ¢ thoa diéu kién trén.
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Hwéng dan giai

Chona=b= c=0tacok< JZ?,tachtﬁvngminh réng max k = j—f—,tt’rc

1
2,
la ta chirng minh a® + b® + c® + 1Tsabcz —3—

Xét 3 s6 (@+c—-b); (a+b—-c) (b+c—a)conhiéu nhat 1 s6 am (vi tbng 2

sO tuy y déu khéng am).

Néu cé 1sé amthi(a+b-c)a+c—-b)b+c—-a)<0<abc.

Néu ca 3 sb déu duong ta d& dang chirng minh
(@a+b-c)a+c—-b)b+c—-a)<abc

Do dé: (1 — 2a)(1 — 2b)(1 — 2¢) < abec

©§—3(ab+bc+ca)+—z—zab020

4 4

' 3 27 1
<(@+b+c)y’-3(@b+bc+caa+b+c)+ Tabczz

2,42, .2 27 1

<(a+tb+c)a®+b*+c“—ab-bc-ca)+ Tabczz

oa’+b®+c®+ abe> - ding. Vay maxk= 12|

4 4 4

Bai toan 18. 41:

Cho n Ia mét s6 nguyén duong ¢ dinh, n > 2.
Hay tim hdng s C bé nhét sao cho ta co:

inxi(xi2 + xf)‘sc(z xi)4 véi moi sé thire khong am X4, Xa, ..., Xn.

i<j

Hwéng dan giai
Choxi=xo=1vaxz=Xs=... =X, =0 thi Cz%
Mat khac, v&i moi sé thuc khong am x4, x,,..., X, ta co

() (2 v2pen |

i<j

, 4(fo)[2inxi]= 53 (1, Z%)

i<j
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2 2
> Binxj(xi + X ) = C>
i<j
Bai toan 18. 42:
Hay xac dinh sb thuc Ion nhéat M sao cho bét ddng thire sau

1 Vay minC = —1—
8 8

o

'ab(a2 - b2)+ bc(b2 —02)+ ca<02 -a® )is M(a2 +b? + c?)2
dung vé&i moi sé thue a,b va c.
Hwéng dan giai

Phan tich thira sb & vé trai ta nhan duoc

(a - b)(b—»c)(c —,a)(a+ b+c).
Pbat x=a-by=b-cz=c-avas=a+b+c.
Khi d6 bat dang thirc da cho trd thamh

M 2 2

’xyzslg-é—(erry +22+82) . |
Do tinh chét x +y +2z =0 va hai trong sé x,y,z ¢6 cung dau, nén ta co thé
gid s hai s6 d6 1a x,y .
Vi véy’bén,g cach dat trung binh cong clia ching dé thay thé cho viéc thuc
hién béj( dang thtrc ngat (vé trai nhan gia tri I&n nhat va vé phai nhan gié tri
nho nhat). 4
Gia st ring x =y va do d6 z = -2x, bat dang thirc tré thanh

ox3| <M s? + 6x? ?
| <5 (s +6¢*)

Ap dung bét ding thirc AM-GM déi véi cac sb s2,2x%,2x%,2x?, ta duoc
(s2+6x) > 16V8s™® = 324/2sx°.
Tir d6 suy ra maxM=—2__ |
162
Bai toan 18. 43: Cho 2 s thuc x, y thay dbi sao cho
2x(1 =) = y(y = 1).
Tim gia tri I&n nhét ctia P= x —y + 3xy.
Hwéng dan giai
Taco2x(1-x) = yiy—1) = 2x-2x* = y*—y

= 2x+y 2 2% +y°

= 2x+y=%(2+1)(2x2+y2) > %(2x+y)2
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Do d6 (2x +y)2 - 3(2x +y) < 0

Nén 0 < 2x+y < 3

Matkhac 2x(1—x) = y(y—1) = 2x-2x% 2 y>—y

= 2x-X*2 X2+ Y-y > 2xy -y

Do d62x —x*~12 2xy—y-1= —(x=1) > 2xy -y —1
Nén2xy—y—-1< 0= 2xy < y+1.

2X+y+3

P=x-y+3xy < x—y+g(1+y)= < 3.

Dau béng khix =y =1.
Vay gia tri 1én nhat clia P= x — y + 3xy bang 3.

3. BAI LUYEN TAP
2x -1

Bai tdp 18. 1: Tim gia trj nhé nhat cia: S = |x] +
' ' X+3

Hwéng dan

nén chi xét trwong hop |x| < -1—

Changiatrix=0thiS = 3

Wl =

Két qua minS= %

Bai tdp 18. 2: Cho a,b,c,d Ia cac sé thue khdng am thdéa man
a®+b?+c?+d?=4.
Timgiatrilon nhatcia T=a%+b® +c® + ¢° .
Hwéng dan
a®+b%+c° 4+ d° 52(a2 +b? +c? +d2)=8.Kétqué max T =8
Bai tdp 18. 3: Cho nam sb thuc a; b; c; d. e thudc doan [0; 1].
Tim gia tri I&n nhéat cla:
a b c d e
= + + + : .
1+bcde 1+cdea 1+deab 1+eabc 1+ abed
Hwéng dan
Khong mét tinh tdng quat gid st a<b<c<d<e.
a b c d e
+ + + +
1+bcde 1+cdea 1+deab 1+eabc 1+abed

nén P< a + b + c + d + ©
1+abcde 1+abcde 1+abcde 1+ abcde 1+ abcde

TacHP =
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a+b+c+d+e
1+abcde
Két qué max P = 4.
. s X+y<2
Bai tap 18. 4: Cho 2 6 s6 x, y théaman { " .
X“+y +xy=3
Tim gia tri 16N nhét, gia tri nhd nhét clia T =x* +y? - xy.
Hwéng dan

< =2~
He [X V<2 SPIHYTETR wiaxo.
X2 +y?+xy=3 |xX2+y?+xy=3
Két qua min T = 1 khi x =1,y =1 hodic x = -1,y = 1.
maxT=9khix=\f§,y=—\/§hoéc x=—\/§,y= \/5
Baitap 18.5: Choa,b,c > Othéaab +bc+ca=1.

Tim gia tri nhd nhét cla T = LIPS B
a+b b+c c+a
Hwéng dan

D6n bién. Kétqua min T = g khia=b=1,¢ = 0 va cac hoan vi

Bai tap 18. 6: Cho a, b, c la cac sb6 duong thodmana+b+c=1.

T N X 1a+9b 11b+9c 1ic+9a
Tim gia tri nhé nhat cia P = + + .
Qa(a+b) 9b(b+c) 9c(c+a)

Hwéng dan
Tach sé va dung AM — GM.

Kétqua min P =10 khi a=b=c= -%
i 30
Bai tap 18. 7: Cho 30 s6 x4, Xy, .., X3 Nguyén duwong thoa ij =2020.

=

30
PatP =1—-[xi . Tim minP va maxP.
i=1

Hwéng dan
Dung AM — GM va lam troi
Baitap 18.8: Chox,y,ze [-1;1]Jvax+y+z=0.Tim GTNN
S= \/1+x+y2 +\/1+y2 £ 22 + 1z 4%
Hwéng dan

P&yvoiabz0,a+b2-1thil+a+1+b=1+V1+a+b

Két qua minS =3
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Bai tap 18. 9: Cho a, b, ¢ 1 3 s6 thuc dwong. Tim gia tri I6n nhat cda
a® b? c?
= + + e
2a% +(b+c)®> 2b%+(c+a)® 2c2+(a+b)

Hwéng dan

Dw doan dau bang xay ra khi a = b =¢ >0. Ta chirtng minh P < —2— .

Bét dang thirc thuan nhat nén ta chudn héa:a+b +c=1va dung danh’ gla
bac nhét.

Bai tap 18. 10: Cho X, Y, z € [1; 2]. Tim gia tri nhé nhét cha:

P= (x+y+z)[l+—1—+l}.

X y z
Hwéng dan
(1——)<1—1)>o
Gidasr1 < x<y 2 thi .
(1- )1—- >
Dé’tt=§—:>—1-<t<2:>t lsg
z 2 t 2

Két qua maxP = 10
Bai tap 18. 11: Tim cac sb thwc a va b thod man cac diéu kién sau:
Con 2 Xyz
a<b<2000.2001 va (x +y +z —2000.2001) £ ———
500.2001
véi moi X, y, z € [a; b] va (b — a) dat gia tri nhé nhét.
Hwéng dan
Puwa vé bai toan, tim a,, b; sao cho:
(X1+Y1+Z1‘-4)2 < X1.¥1.24, VX1, Y1, 21 € [a4, b1] ma by — a; max
Bai tap 18. 12: Cho n sé thue dwong a4, ay,..., a, thod:
1 2 n
+ Fot
a+a 2+a, n+a,

>n-1.
2

n
Tim gia tri I&n nhét cda tich P, = ITa;
=1
Hwéng dan
n!

Tach sb hang va dung AM-GM. Két qua max P,= P
n-
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Chuyén dé 19: DR THUC

1. KIEN THUC TRONG TAM
Dinh nghia da thirc:
XF Cho ham sé f: R — R. Ta goi f 1a da thtrc néu: f = const (hdng sd) hoéc
tbntaine Z', n>1 va cac sé thwe ag, a4, ay, ... , a, V&i ag # 0 sao cho: f(x) =
agX" +axX™ ' + ..+ a,x + a, hay f(x) = iaikn‘i
i=0
Cac s thuc ao, a1, ..., a, goi 14 cac hé s6,.a, # 0 12 hé s6 cao nhét, a, 1a hé
sO tvw do.
Khi ag = 1 thi da thtrc goi la da thirc chudn tac hay ménic
V&i ap = 0 thi n goi la bac cua da thire f(x), ky hiéu deg f = n.
Khi f = const thi deg f = 0. C6 khi ta viét nguoc lai:

n
f0) = > b, X = bpx" + by X" + ... + bsx + by, by # 0.
k=0

Néu cac hé sb a; e R thi ki hiéu f e R[x]
Néu cac hé sb a; € Q thi ki hiéu f € Q[x]
Néu cac hé sb a; e Z thi ki hiéu f € Z[x].
Chof, g € R[x] va deg f=n, deg g = m thi: ’
deg (f = g) < max {m;n}, degfg=n+m,degfo,g =nm.
Pa thirc sai phan:
Cho f € R[x], deg f = n thi da thirc sai phan:

CAF=fx+ 1) — ) = Z a (x+ 1" - iaix'"-‘ =i a [(x L - x"—‘]
i=0 i '

i=0 i=0
c6 bac la n-1 va hé sb cao nhét Ia nay.
Tir d6 ta cé day da thirc sai phan giam dan 1 bac A*.
Da thirc CHEBYSHEYV:
Tn(x) xac dinh nhu sau:
To(x) =1, T100) = X, Tre1(X) = 2X.Tr(X) = Tr1(X), n 2 1.
Cuthé:  To() =1, T4(x) =X,
Ta(x) = 2x% = 1, Ta(x) = 4x° - 3x,
Ta(x) = 8x* = 8x% + 1, Ts(x) = 16x° — 20X° + 5x, ...
Pa thirc Chebyshev (Trébwsep) Ta(x) c6 bac n va cb hé sé cao nhat 2™,
Doi khi ta chixét n > 1 tré di.
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Két qua: Ty(cosa) = cosna, | To(x)| <1, vx e [-1,1], |Tax)| = 1 ¢6 dung n
nghiém phan biét trén [-1,1]la x = cosklt—, k=01, ..., n-1.
n

Uoc va boi:
Cho 2 da thircf, g € R[x] thi ton tai cap da thirc g(X) va r(x) duy nhét thudc R[x];
f(x) = g(x) . a(x) + r(x) v&i: deg r(x) < deg g(x).
Ta goi q(x) va r(x) lan luot la thwcrng va du trong phép chia f(x) cho g(x).
Néu r(x) = 0 thi ta noi f(x) chia hét cho g(x), hay g(x) chia hét f(x) hay f(x) la

bdi cia g(x) hay g(x) la woc cua f(x) ta ki hiéu f i g hay glf.

Uéc chung Ién nhét:

Mot da thire d(x) chia hét hai da thirc f(x) va g(x) goi la wée chung cua f(x)
va g(x). Néu d(x) la mét woc chung chia hét cho moi wéc chung khac cla 2
da thtre f(x) va g(x) dung thi ta goi d(x) la wée chung I6n nhét cla f(x) va g(x).

R& rang cac wéc chung Ién nhét sai khac hang sb, dé bdo dam tmh duy
nhét ta c6 thé quy woc chon wéc chung I&n nhét dang chuén tic (hé sé cao
nhéat bang 1). Viét tat UCLN, ki hiéu:

d(x) = UCLN(f(x), g(x)) = (f(x), g(x))= ged(f(x), g(x))
Binh 1i BEZOUT: o la mét nghiém cua da thirc f(x) khi va chi khi f(x) chia
het cho x - a.

f(x) = (x — o) . g(x) + f(a) v&i dw r = (o).
Nghiém cta da thirc:
Cho f e R[x] va sb a € R .Ta goi a 1a mot nghiém thuc cta f néu f(a) = 0
Ta goi a la nghiém bdi k clia f(x) néu f(x) chia hét cho (x-a)* nhurg khong
chia hét cho (x-a)**".
Méi da thirc thuc bac n déu co khéng qua n nghiém thuc.
Pa thirc co vo s6 nghiém 14 da thire khong f = 0.
Néu da thirc co bac < n va co qua n nghiém la da thirc khéng.
Néu da thirc co bac < n va nhan n+1 gia trj nhw nhau tai n+1 diém khac
nhau cla bién 1a da thirc hang: f= C.
Hai da thirc c6 bac < n va nhan n+1 gia tri nhw nhau tai n+1 diém khac
nhau cta bién thi déng nhéat nhau: f= g.
Nghiém hiru ty, nghiém nguyén
Chofe Z[x],degf=n,a 2
f(x) =ax"+ax" '+ ... +a,1x +a,, ag = 0.

Nghiém httu ty néu cé x = 2 vei (p.q) = 1 thi p la w6c cla hé sb tw do va q
q

la wée clia hé sb cao nhét: plan, ql ao.
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Néu ap = 1 thi cac nghiém hiru ti néu co cua f(x) déu 1a nghiém nguyén voi
f(x) 1a da thirc hé so nguyén.

Phan tich nhan tr theo cac nghiém.

Cho f e R[x] c6 nghiém X1, Xz, ..., Xm VOi boi twong ng ki, ka, ... K, thi ton
taig € R[x]

fx) = (X = X,) (X = x,) 2. (x = x )™ .g(X)

hay f(x) = ﬁ (x - xi)ki g(x) véi iki <n
. i=1

i=1
véi g(x) la tich cac tam thirc bac hai v nghiém.
Néu f bac n cé di n nghiém phan biét hay trung nhau thi:
n
f(x) = A(X = X1)(X = X2) ... (X = Xn) = A. JT(x-x,)
i=1
Khai trién ABEL:

Cho f  Rlx], deg f = n va n s oy, az, ..., o € R khi d6 ton tai bo n+1 sb
thwe duy nhat by, by, ..., b, sao cho:

f(x) = bo(x — aq) (X = atp) ... (X = ap)
#by(X = o) (X = &) oo (X = Cng) + o+ Daa(X — 0t1) + by

Pic biét néu f e Z[x]va o e Zthib; € Z.
Khai trién theo x — a:
Cho f € R[x] va deg f = n. Va € Rta co khai trién theo x — a:

f(x) = Co(X— a)" + ¢y(x=a)"" + ... + C1(x-2) + Cp
v&i bd n+1 86 cg, C1, ..., Cy duy nhét thudc R.
Dinh ly Viete
Cho f e R[x]: f(x) = aox" + ax" '+ ... + ap_1x + a,, deg f = n.
Néu f ¢ n nghiém x4, X, ..., X, (Phén biét hay trung nhau) thi:

a, a,
X+ Xo+ .+ Xg=——  XXog+ XqXz + o F Xy . Xp T —
0 ao
'as
X1XoX3 + X1XoX4 + ... + Xp2Xp-1Xn = — —, ...
a
0

a
XiXp .o Xn = (D" . .
aO

Nguoc lai,néu n sb X1, Xz, Xa,..., X, ¢ tdng cac tich chap k cla n sb x; la S
thi X4, X2, ..., Xn l& nghiém néu cé cla phwong trinh:

X S XT ST L () TS X+ (1)1, Sy =0
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Céng thirc ndi suy LAGRANGE:
Cho f e R[x], deg f = n. V&i n+1 s6 bt ki o, diz, ..., ctner thi:

n+1 n+l oY — OL

f(x) = Zf HX —

]¢|
=1 .

Kha qui va bat kha qui:
Ta néi f bat kha qui trong Z[x] khi f € Z[x] va f khong phan tich dwoc thanh
tich 2 da thirc hé nguyén cé bac > 1. Twong tw cho Q[x].
— Dinhli: Chofe Z[x],degf=n
f(x) = aox" + a;x"™" + ... + ap_¢X + a,
Néu c6 sé nguyén té p thod man 3 diéu kién véi 0 <k < n:
(1) ap khéng chia hét cho p.
(2) @n-k, @nk+1, -.., @n chia hét cho p
(3) a, khong chia hét cho p?
va néu f duoc viét dudi dang tich 2 da thire thude Z[x]
thi cé it nhat 1 da thirc c6 bac > k+1.
Khi k = n—1 ta c6 tiéu chuan EISENSTEIN (Aydangxtan):
Cho f e Z[x], deg f = n, f(x) = agx" + a;x"" + ... + a,
Néu co6 sé nguyén té p thod man 3 diéu kién:
(1) ap khéng chia hét cho p
(2) ay, ay, ..., a, chia hét cho p
(3) a, khéng chia hét cho p?
thi f bat kha qui trén Qx].

2. CAC BAI TOAN
Bai toan 19. 1:
Xac dinh da thirc f(x) hé sé thue:
a) deg f= 2 va f(x) - f(x-1) = x v&i moi x.
b) (x% — x + 2)® + (x — 2) = (x? + 4) f(x) v&i moi X.
Hwéng dan giai
a) Videg f=2 nénf(x)=ax’+bx+c,a=0
Thé vao f(x) - f(x — 1) = x rdi ddng nhat hé sé

1 1
=a=b=—.Vayf(x ——x + —x+c¢,ctu
5 y f(x) = 5 5 yy..

b) Videg cla vé trai la bac 4 nén deg f = 2
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Dodof(x)=ax’+bx+c,a=0
Hon nira hé sb cao nhét clia vé trai bang 1 néna = 1.
Suy ra f(x) = x> + bx + ¢. Ta khai trién déng nhét:
x* - 2x% + 6x% — 8x + 8 = (x* + 4) (X* + bx + C)
= x* + bx® + (4 + c)x* + 4bx + 4c

b=-2
Do o 14+Cc=6_ |b=-2
4b=-8 c=2
4c =8
Vay: f(x) = x* - 2x + 2.
Bai toan 19. 2:

Xac dinh da thire Q(x) = x° + ax® + bx + ¢ sao cho:
P(Q(x)) = Q(P(x)) (1) voi P(x) = X2 - a.
Hwéng dan giai
T (N = (C+ax®+bx+c)P-a ‘
= (¢ -’ +ald - o)+ b -a)+c(2)

Péng nhéat hé sb ta dwoc: 2a=0va2c =0néna=c =0
Nén Q(x) = x° + bx. : ‘
Khi d6 (2) tré thanh: (x* + bx)? — a = (x> — a)® + b(x* — )
DPéng nhét hé sé ta duoc: '

2b=-3a,b*=30°-b va a=a’+ba
= a(2oe®-30-2)=0
.—_>0t=0,ot=2,oc=—1

2

Khi o =0 = Q(x) = x%, khio =2 = Q(x) = x> - 3x
Khi o = —% = khoéng ton tai Q(x).

Vay Q(x) = x° , Q(x) = x® - 3x.

Bai toan 19. 3:
Xac dinh hai da thire P(x) va Q(x) hé sé thuc:

P(Q(x)) = P(x).Q(x) v&i moi x.
Hwéng dan giai

Néu P(x) = 0 thi Q(x) la da thirc bat ky.
Néu P(x) khong = 0, goideg P =nvadeg Q=m
Ta c6 P(Q(x)) = P(x).Q(x)
Nénnm=n+m < (n-1)(m-1) =1.
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Dodon=m=0hayn=m-=2.

Xétn=m=0thi P(x) =C = 0va Q(x) =1

Xétn=m =2 thi .
P(x) =ax’ +bx +cva Q(x) = dx’ + ex +fvdia, d = 0

Thé vao dé bai va ddng nhét dwoc

b=0

I
© o 2 0

Nén P(x) = ax’ va Q(x) = x* véi a = 0.

Il

- 0 O O
I

The lai dung. Vay céac da thirc can tim:
P(x) =0 va Q(x) la da thirc bét ky.
P(x)=C = 0vaQ(x) =
P(x) = ax? va Q(x) = X’ v&i a # 0.
Bai toan 19. 4: L
Cho da thuc bac hai f(x) = x* + px + g. Xac dinh da thirc bac 4 g(x) chuan
tac (hé sb cao nhat bang 1) théa man: f(g(x))-= g(f(x)).
Hwéng dan giai
Xet g(x) = f(f(x)) thi g(x) théa man dé bai.
Ta chirng minh da thirc d6 la duy nhét.
Gia st cé da thire h(x) théa dé bai f(h(x)) = h(f(x))
bat p(x) = f(f(x)) - h(x) thi deg p < 4 (cling hé sé cao nhat).
= p(f(X)) = f(f(f00))) - h(f(x)) = f(f(f(x))) - f(h(x)) -
= [f(FONI” + pA(FX) + q - (h(x))? - ph(x) -
= [f(f0))* = ()] + PI(F(F(x))) - h(x)]
= p(x) . [f(f(x)) + h(x) + p]
:>degp.degf=degp+4,néndegp=4:vély
Vay: g(x) = f(f( )
=x* + 2px° +(p* + p+29)%° +p(2q+p)x+q(p+q+1)
Bal toan 19. 5:
Xac dinh da thirc P(x) hé sé thwc thoa man mdi didu kién:
a) P(x) = P(x +1) - b)xP(x - 1) = (x - 2) P(x).
Hwéng dan giai
a) Taco P(x) = P(x +1) nén P(0) = P(1) =P(2) =
Do do6 da thire Q(x) = P(x) — P(0) c6 vo s nghiém nén
Q(x) = 0 hay P(x) = P(0) héng sb. Thi¥ lai dung.
Vay P(x) = C hang s6 . .
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Téng quat:
Néu da thirc P(x) thod man: P(x) = P(x +a) v&ia = 0 thi P(x) = C héng sé.
b) Thay vao déng nhét thirc xP(x — 1) = (x — 2) P(x) cac gia tri x = 0, x = 2
thi x = 0; 1 14 cac nghiém cta P(x)
Suy ra: P(x) = x(x — 1) . Q(x) = (x* - x) Q(X)
Thay vao ddng nhét thirc co: Q(x) = Q(x - 1)
T d6: Q(0) = Q(=1) = Q(=2) = ...=> Q(x) = C (hdng s6) .
Nén P(x) = C(x* - x).Th{ lai dang.
Vay P(x) = C(¢ - X).
Bai toan 19. 6:
Xac dinh da thirc P(x) hé so thyc thoa man mdi diéu kién:
a)P(x +1)=P(x) +2x + 1., ‘ '
Cb)P((x+ 1)) = POXA) +2x + 1.
Hwéng dan giai
a) D& y cong thire sai phan Ax = (x + 12— x* =2x + 1
Nén - P(x+1)=P(x)+2x+1
= P(x + 1) — (x + 1)2 = P(x) - x°
Xét Q(x) = P(x) — x* thi Q(x + 1) = Q(x)
Dac biét Q(0) = Q(1) =Q(2) = ...
Nén Q(x) = C. Thir lai ding. Vay P(x) =x* + C .
b) Ta co: Pi(x + 1)%) = P(x%) + 2x + 1
o P((x + 1)) - (x + 1)? = P(x?) - X*
Giai twong tw cho Q(x) = P(x) - x thi Q(x) = C.
Ther lai dung. Vay P(x) = x + C.

Bai toan 19. 7:
Xac dinh da thire P(x) hé sb thwc trong cac trwong hop sau:
a) PO = [P, VxeR b) P(x? - 2x) = [P(x - 2)], ¥x e R

" Hwéng dan giai

a) Gia st da thirc can tim c6 dang

P(x) = @anX" + @nX"' + ..+ aX + 8o (an # 0)

Gié, thiét rdng mot trong cac hé s6 an1, an-2, ..., @ khéc 0. Ta goi sb k 16n

" nhat (k < n) sao cho a = 0. Khi dé ta co: ' N
PO = anx® + ax® + ..+ ax’ + ag
= (anx" + @ + ...+ ax + ag)? = [POOP

Can béng cac hé sb cia X"k ta.nhan duoc: 0 = 2a,a.

Biéu nay trai voi gia thiét a, = 0.
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Suyra:anq=an,=..=a; =a=0.Vay: P(x) = a,x"

Tt diéu kién: a.x™" = P(x%) = [P(q)]* = a2 x*"

Ta nhan duoc: a, = 1. Thi lai dang

Vay: P(x) =x", (n € Z").
bybaty=x-1,Q(y) =P(y-1)

Khi go: [P(x - 2)F = [Py - D = [Q(y)I*

PO - 2x) = P(y* - 1) = Q(y?)

Nén P(x® - 2x) =[P(x - 2)]2, Yx e R

Qy’) =[Q)F. y « R

Do 4o, theo cau a) thi Q(y) = y" hay P(y) = (y + 1)", vn € Z°

Vay: PX)=(x+1)" neZ". '
Bai toan 19. 8:

Xac dinh da thirc hé sé thue P(x) thod man:

a) P(x®) = P(x) . P(x - 1).

=p2| XY p2 XY
b) P(x) . P(y)= P ( > ] P[ > ](1)

Hwéng dan gidi
a) Néu deg P = 0 = P(x) = 0-hay P(x) = 1 thoa d& bai:
Néu deg P > 1. Ta théy néu o Ia mét nghiém thuc cla P(x) thi (o + 1) ciing
la mét nghiém ciia no, nén P(x) khéng c6 nghiém thuc.
Do d6 P(x) bac chdn = deg P = 2k, k € N".
Ter: P(<®) = P(x) P(x-1)
= Hé s6 & bac 2k clia P(x) bang 1.
Pat Q) =P(x) - (¢ +x+ 1) = deg Q < 2k-1.
va QA= P(X) . Px— 1) = (* + X% + 1)¢
=[Qx) + 0 + X+ 1) [Q=1) + (& -x +1)] = (¢* + 32 + 1)
= Q) Qx— 1) + Q) (¢ - x+ 1) + Qx - 1) (3 + x + 1)~
Giast: deg Q = g > 1 v6&i q < 2k-1 thi:
deg [Q(x) - Q(x) Q(x - 1)] <29 <q+ 2k - 1.
deg [Q() (x° —x + 1)" + Qx -1) (@ + x +1)] = q +2k : V6 Iy.
Do d6: deg Q= 0= Q(x) =0 = P(x) = (x* + x + 1)"
Lic d6: :
PO) = (x* + %7 + 1) = 63 + x + 1) (¥ = x + 1) = P(x).P(x=1).
Véy da thirc can tim 1a: P(x) = 0 hodic P(x) = (X + x + 1)*, k & N.
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b) Ta cé: P(x) = 0 thda man bai téan. Xet P(x) = 0.
Thay x=0,y=0vao (1)thi P(0) =0
Thay y = 3x thi (1) tr& thanh:
P(x) . P(3x) = P?(2x) - P%(-x)
Hay P(x) . P(3x) + P*(-x) = P?(2x), ¥x € R (2)
Néu P(x) = ¢, ¥x (c # 0): khong théa man (2).
Néu deg P(x) = n > 1.Goi hé sb cao nhét cla P(x) la ag (ag = 0), thi tir (2)
ag (3"ap) + a2 = (2 ") 3"+1=4"=>n=1
Do dé: P(x) = ag.x, a0 € R; ag# 0
Ther lai da thire bac nhét tuyén tinh nay théa man.
Vay: P(x) =ax,a € R.
Bai toan 19. 9:
Xac dinh tit ca cac da thirc P(x) thod méan diéu kién:
PU?-v)=Pu+v).Pu-v),Vu,veR
Hwéng dan giai
TacoP(U?-v) =Pu+v).Pu-v), Yu,veR
Nén dé thay diéu kién bai toan twcyng ung voi:
P(xy) = P(x) P(y) voi Vxy € R (1)
Trong (1) chox=y=0ta dwoc: P(O) p? (0)
— hoac P(0) = 1 hodc P(0) = 0
1) Néu P(0) = 1, trong (1) cho y = 0 ta duwoc P(0) .'-‘P(X). . P(0)
VayP(x)=1,v¥xeR.
2) Néu P(0) = 0 thi P(x) = x Q4(x) v&i Q4(x) la mét da thire c6 bac nhd hon
bac clia P(x) mét don vi. ‘ '
Didu kién (1) tr& thanh: xy Q(xy) = x Q(x) y Q(y)
ma diéu nay dung véi moi x,y € R nén ta phai co:
Qixy)=Q(X). Q) , vxy e R. |
Vay hoac Q(x) = 1, vx € R hodc Q(x) = xQ4(x) voi Q1(X) la1da thuc c6 bac
nho hon bac ctia Q(x) mét don vi.
Tiép tuc qua t{lnh lap luan nay ta cé:‘hoéc P(x) = 1, Vx € R ho&c P(x) = x",
véi n la mét s6 nguyén dwong thoa dé bai. -
Bai toan 19. 10:
Cho2sbéavab,a=0. Da thuc P(x) thoZ man:
x. P(x —a) = (x - b) P(x) v&i moi x.
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a) Chirng minh néu b khéng nguyén duwong thi P(x) = 0.
a

b) Gia st b_ n nguyén dwong. Xac dinh P(x).
a
Hwéng dan giai
a) Néu P(x) = 0, thi rd rang P(x) thoa man hé thrc:
X P(x-a)=(x-b).P(x) » @)
Ta can chirng minh : Néu P(x) 1&a mét da thirc bac n > 1, thod man hé thirc

(1), thity sé b phai la mot sb nguyén dwong. Ta co:
a .

(1) © b.P(x) = X[P(X) - P(x - a)] @)
Xét: P(x)=apx" +ax"" + .. +a,x+a,, (@a=0) (3)
Thé thi

P(x - a) =ag(x - a)" + a;(x —a)"" + ... + a,_¢(x —a) + a,
Do dé: '

P(x) - P(x - a) = ag[x" ~ (x - a)"] + ay[x" " = (x —a)" " ] + ...
Déy rang:

X = (x-a) = a" + X Ax—a)+ ...+ (x-a)]
l1a mét da thire bac k-1, nén:
P(x) - P(x ~ a)
= ag[x" - (x — @)" ] + H(x) v&i H(x) la da thirc bac n-2
= nagaxn”' + K(x) v&i K(x) la da thirc bac n-2  (4)
Mang cac biéu thirc (3) va (4) vao hé thirc (2), thi dwoc:
agbx” + a;bx™" + ... = x[nagax™" + K(x)]
= nagax" + R(x) (da thirc bac n-1)

Vivay: agb=najgamaag=0nénb= na = b nguyén dwong.
a

b) Gia s b = na (n nguyén duong). Hé thire (1) tré thanh:
XP(x — a) = (x — na). P(x) (5)
Cho x = 0 thi dwoc: 0.P(x - a) = (-na) P(0)
= P0)=0(viaz0)
Trong (5) cho x = a, thi dwoc: a.P(0) = -a(n-1). P(a) =P@=0
Cho x = 2a thi dvoc:
2a P(a) = —(n - 2)a P(2a) = P(2a) = 0
Gia st v&i moi k nguyén 0 <k < (n-1): P(ka) = 0
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Trong (5) cho x = (k + 1)a, thi duoc:
(k + 1)a P(ka) = —(n - k + )a P((k+1)a)
— P((k+1)a) = 0
Phép qui nap theo k (0 < k < n — 1) thi:
P(0) = P(a) = P(2a) = ... = P((n-1)a) = 0
= P(x) = x(x — a) (x - 2a) ... [x - (n - 1)a] . Q(x)
Mang biéu thirc nay vao (1), thi dwoc:
. Q(x-a)x(x-a)(x-2a)..(x- na)
=x(x —a) (x — 2a) ... (x —na) . Q(x)
Do d6 Q(x — a) = Q(x) = Q(x) = C (Hang sb)
Vay: P(x) = C.x(x - a) ... [x - (n - T)a].
Bai toan 19. 11: ; B o
Xéac dinh da thire P(x) c¢6 cac hé sb nguyén khdng am, nhé hon 6 théa man
P(6) = 1994.

Hwéng dan giai
Gia st da thirc can tim c6 dang: P(x) = apX" + anX" ' + ...+ a;x + @
Theo dé bai:
P(6) = a8" + a,.18"" + ... + a6 + ag = 1994
Vi a,i=0,1, .., nlacac sb nguyén khong &m, nhé hon 6 nén

P(6)=a8"+an 6" +..+ab+a=aa .8, = 1994

Trong do: a @ .8y 1a biéu dién ctia 1994 trﬁong hé dém co sb 6. Ta ¢
1994 = 13122
Nén: a,8, -8gg = 13122

=>n=4 a,=1a3=2,a=1a=a=2
nén P(x) = x* + 3x> + x* + 2x + 2 Thi¥ lai dung.
Vay da thirc can tim 1a: P(x) = x* + 3x% + X% + 2x + 2.
Baitoan 19. 12:
Xac dinh da thirc P(x) v&i hé sb nguyén thoa man dieu kién:
16P(x%) = [P2x)]?, ¥x € R.
Hwéng dan giai
Gia st P(x) 1a da thirc bac n véi hé sb nguyén thod man bai toan

P(x) = ao)(n + a1Xn“1 + ...+ apX ta, (aO S 0)
T 16P(x%) = [P2x)]%, vx € R.
Suy ra:
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16(agx”" + ™V +  +a, x® + ay) = [ag(2x)" + ... + a,?
= 16ao=4n802:>ao= —14—§ e Z.

T d6ésuyra: n=0,12.
i) Véin =0:dé thay chi co 2 da thirc bac 0 thod man didu kién bai toan la:
P(x) = 0 va P(x) = 16.
ii) V&in=1,khidod: ap=4 = P(x) = 4x + a,.
Tir 16P(x%) = [P(2x)]2, ¥x € R < 16(4X° + a,) = (8x + a,)?
o 64x° + 16a,= 64x° + 16x . a, + a’,
=N 16a,=0 va a’, = 16a, & a,=0
Do d6: P(x) = 4x, Vx € R '
i) V&in =2 = ag = 1.Gia sir: P(x) = x? + an. 1x+an
Ta cé: 16P(x?) = [P2x)) vx € R.
= 16(x* + an_1.x% + @) = (4x% + 2ap, . X + an)?, Vx eR.
Suyra:  16b=0,4b*’+8c=16b< b=c=0,c? = 16¢.
Do d6: P(x) = 2, x € R, |
Vay cac da thire can tim la:
P(x) =0, P(x) = 16, P(x) = 4x; P(x) = X2
Bai toan 19. 13:
Xac dinh da thire f(x) = x" + an- X+ + a;x + ap co cac hé sé nguyén
sao cho cac hé sb ag, as,. ., an1la nghlem cla da thire §6.
ch’vng dan giai
Taco ag, ay,..., a1 la nghiém cta da thire nén:
f(X) = (x - @ao)(x —ay) ... (x = ap1), n > 1
= f(0) = (-1)" . apay...ans = @y
a@..a,=(-1)"= lal =1(via nguyén).
1) Truong hop lag] = 1thi f(x) = (x - 1)P (x + 1)% véi p+q = n
Ta co: (x — 1) (x + 1) = f(x)
So sanh hé s6 thi J A
0 sanh hé sé thi: _ .
) q(@i.2 N, p(pz 0 pa=a, , ==
Xét cac trvong hop dwa vé p+q = 3
= p=1,g=2hay p=2qg=1
Voip=1,q=2:f(x) =x*+x* - x - 1 (thod)
VGip=2qg=1:f(x)=x* - x* - x+ 1 (thod)
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2) Trwéng hop | aol > 2.

Taco: 0=f(ag) = |ag +a,_ 1a0 ..+aa, +a,
n n-1 2
> (al —Iao| ~—...—\a |—|a ]
_leoldao] 2o -0
[2o] -

dau "="khi |aq| = 2.

Khi d6: an_1.a)™", ..., @130, 8 clng déu ag

= ap=-2,nlaséchlnvaa=(-1)"vsii=1,n-1-
Néun>2 = a,=-1va:
0=f(-1) = (-1)" + (=D ()" + .+ (1)’ (-1)-2=-n:vd ly
Do d6 n = 2 = f(x) = x* + x — 2 (thod)
Vay c6 3 dathiec: f(x) = x° +x2 —x+ 1, f{x) =x° - x2 ~x + 1,
f(x) = x>+ x - 2.
Bai toan 19. 15:
Xac dinh da thire P(x) hé sé thwe thod man hé thirc sau
P(x?) + X[ 3R(x) + P(-X) ] = (P(x))* + 2x* v&i mi x.
Hwéng dan giai

Ta co P(x?) + x[3P(x) + P(—x)] = (P(x))? + 2x% v&imoix. (1)
Thay x bdi — x vao (1), ta duoc

P(x?) - x| 8P(-x) + P(X)] = (P(-x))? +2x° voimoi x. (2)

Trir (1) cho (2), ta dwoc 4x[P(x) + P(-x)] = P?(x) - P?(~x)

e[P(x) + P(=x)][P(x) - P(x) -4x] =0 (3
Do (3) dung v&i moi x, nén ta phai co :
Hosc P(x) + P(—x) = 0 ding v&i vo sb cac gia tri x,
- hoéc P(x) — P(—x) — 4x = 0 dung v&i v sb cac gia tri x.
Vi P 1a da thirc nén suy ra hoac P(x) + P(—x) = 0 ding v&i moi x, hoac
P(x) = P(=x) — 4x = 0 dung v&i mai x.
Ta xét cac tredng hop :
— Truwdng hop P(x)+P(-x)=0.

Khi g6 ta c6 phwong trinh
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P(x?) + 2xP(x) = [P(x)]” + 2x? < P(x?) - x? = [P(x) - X]?.
Pat Q(x) = P(x) — x thi Q(x?) = Q?(x).
Do d6 Q(x) = 0,Q(x) = 1,Q(x) = x".
Ttr @6 P(x) = x,P(x) = x + 1,P(x) = x" + x.
So sanh véi diéu kién
P(x) + P(=x) = 0, ta chi nhan céac nghiém :
P(X) = X,P(x) = X" + x,(k = 0,1,2..)).
- Trwong hop P(x)—P(-x)-4x=0.
Khi d6é ta cé phuwong trinh
P(x?) + X[4P(x) - 4x] = P?(x) + 2x2
o P(x?) - 2x% =[P(x) - 2x]°.
Dat Q(x) = P(x) — 2x thi Q(x?) = Q3(x) va nhuw thé
Q(x) = 0,Q(x) =1,Q(x) = x".
T @6 P(x) = 2x,P(x) = 2x + 1,P(x) = X" + 2x.
So sanh véi diéu kién
P(x) — P(=x) — 4x = 0, ta chi nhan cac nghiém :
P(x) = 2%,P(x) = 2x + 1,P(x) = x* + 2x(k =12,...).
Vay hai trwong hop, ta c6 tat ca nghiém ctia (1) la cac da thc 1a
P(x) = x,P(x) = x**" £ x,(k =0,1,2...).
P(x) = 2x.P(x) = 2x + LP(x) = x* + 2x(k =12,..)).
Bai toan 19. 16:
Xac dinh da thirc P(x) hé sé thiwe thda man:
(x% +38x% + 3x + 2)P(x — 1) = (x® = 3% + 3% — 2)P(X) v&i moi x.
Hwéng dan giai
Trwéc hét ta tim cac nghiém cia da thire P(x).
Tw gid thiét  (x% +3x2 + 3x + 2)P(x — 1) = (x°® — 3x? + 3x — 2)P(x)
taco (X +2)(x* +x+ HP(x - 1) = (x - 2)(x% = x + YP(X)
Tlr day chon:x=-2suyraP(-2)=0,
chon x =— 1 suy ra P(— 1) = 0 (do P(-2)=—9P(-1)),
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chon x =0 suy ra P(0) =0, chon x =1 suyra P(1)=0
Do d6 P(x) = x(x — )(x + 1)(x + 2)Q(x), v&i Q(x) la da thirc hé sb thwe.
Thay P(x) vao dang thirc & dé bai ta duoc ‘
[(X +2)(x® + x + D] (x = N (x = 2)x(x + NHQ(x — 1)
= (X = 2)(x2 = x + Nx(x = N (x + 2)Q(x)
Suy ra (x2 +x + NQx - 1) = (x* - x +)Q(x),vx = 0,1,-1-2,2

o Qx-1) QX

> > X200 Xx#iXx2 -1 x#2,Xx=-2
X“=-Xx+1 x“+x+1

?(X_” = ZQ(X) ,VX¢O,X¢1,X¢—1,X¢—2,X.¥2
X=H"+(xX=-N+1 x"+x+1
pat Rx) = —2%) taco
X2 +x+1

R(X) =R(x-1),Vx #0,x #1X# -1 x# 2, X = -2.

Suy ra R(x) = C (héng s6) nén Q(x) = C(x* +x +1).
Do dé P(x) = Cx(x — )(x + 1)(x + 2) .Th& lai dung. :
Bai toan 19. 17:
Xac dinh da thire P(x) hé sé thue sao cho:
‘ P(xy) = P(X)P(y) v&i moi sé thuc x, y .
Hwéng dan giai
Ta c6 P(xy) = P(x)P(y) v&i moi sb thuc x, y .
Chon x =y = 0 thi P(0) = P(0).P(0)
Dodé P(0) [P(0)—1]1=0nénP(0) =1 hayP(0) =
— Xét P(0) = 1.
Choy=0thi P(0)=P(x).P(0) hay P(x)=1. Thi lai ding.
— Xét P(0) = 0.
Khi @6 P(x) = x.Q(x) v&i Q(x) 1a da thirc hé s thirc.
Thay P(x) = x.Q(x) vao gia thiét thi xyQ(xy) = xQ(X)yQ(y)
nén Q(xy) = Q(x)Q(y)
Nhuw vay thi tvong ty Q(x) = 1 hay Q(x) = xQ1(x)
Tiép tuc nhuw vay thi dwoc P(x) =1 hay P(x) = x" v&i n nguyén duwong.Thiv
lai dang.

Bai toan 19. 18:
Xac dinh da thic P(x) = x® — 6x% + ax + a co 3 nghiém x4, Xz, X3 thod man:
(x1 = 3)° + (x2 - 3)° + (x3 - 3)° = 0. -
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Hwéng dan giai
Baty =x-3.Khidd: y; =x; -3, y, =X, — 3, Y3 = X3 — 3 1a 3 nghiém cud da thirc:
(y+3)°-6(y+3)°+aly+3)+a
=y®+ 3y’ + (a- 9Q)y + 4a - 27
Theo dinh ly Viete ta cé:
2 vi=-3,% yy=a-9, []y, =27-4a
va theo gid thiéty} + y3 + y3 =0 Ma:

y? +yd + ys = (V1+y2+y3)3‘3(Y1y2+Y2Y3+Y2Y1)(y1+V+y3)+‘ 3y1Yays
Ttr d6, diéu kién can va dd cua a la:
0=(-3)° - 3(a—9) (-3) + 3(27 - 4a) = —27 — 3a
= a=-9
Vay P(x) = x°* - 6x2 -9x -9,
Bai toan 19. 19:

Xac dinh da thiec P(x) = x* + ax® + bx® + ax + 1 hé sb nguyén sao cho c6 2
trong sé cac nghiém co tich béng —1.

Hwéng dan giai
Gia st c6 2 s6 nguyén a, b ma phuwong trinh
x* +ax® + bx*+ ax+ 1= 0 (1) ¢c6 2 nghiém u v véi uv e Z vauvz1.

Dé y réing néu x 12 1 nghiém thi x = 0 va 1 cling 1a nghiém.
X

Nhw vay phuwong trinh (1) ¢6 4 nghiém la: u, v, 1 , 1
u v

Theo dinh ly Viete ta co:

u+v+i'+l - (u+v)(uv+1)=_
u v uv

)

2
va u.v+x+5+-1—+2=u.v+wi—1¥=b (3)
u v uv wv _
Ta sé chirng minh u.v = —1.Gia s u.v = —1.

Tu(2)va(3)tasuyrau+vhuut1va(u+v) € Znén (u +v) e Zva ca hai
(u+v), (u+v)?>+ 1 dédu chia hét cho u.v.

Nhung [(u + v), (u + v)* + 11 = 1, nén suy ra hodc u.v = 1 ho3c uv = —1.
Diéu nay mau thuan véi u. = +1.

Vayuv=-1vadodéa=0b=—(u+v)?-2<-2.
Ngwoclaindua=0,be Z b<-2.
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Phuong trinh (1) tré thanh: x* + bx® + 1 =:0 c6 hai nghiém:

/ 2 4 2
u= :b—f—b——:i V= “b-yb" -4 thoduv=-1eZ uv=1,
2 2
Vay P(x) =x* +bx* + 1véibe Z b<-2.
Bai toan 19. 20:
Xac dinh da thirc P(x) hé sé thuc bac 2 nhan gia tri bang 3; 5; —1 tai x bang -
1,2,7 twong trng.
- Hwéng dan giai
Taco: X1 =1, X2 =2, X3 = - 7 va f(x4) = 3, f(x2) = 5, f(x3) = -1
Ap dung cong thirc ndi suy LAGRANGE v&in =2

f(x) = Zf(x 1‘1[)( _xi
= i j
j=i

2 oyx - K= T (x — ) (x — 2
= X =2)(x =7+ X =(x=7) = - (x = D(x=2)

_ m)‘(x =2)(x-7) +1(2) (x-N(x-7) +1(7) (x=1N(x-2)
(1-2)(1-7) 2-72-7) (7-17-2)
8 » 8 1

= X"+ —X——

15 15 15

Bai toan 19. 21: '
Xac dinh da thirc P(x) hé sé thuc:

I y . o
P(x) = x" — nx" +—§——-X” 24 . +a,4X +a, v&in = 3 co6 n nghiém thuc.

Hwéng dan giai
Ta ki hiéu x; (i = ﬁ) la n nghiém ctia da thirc

n2—n n—2
5 X "t tanXta,

Khi do theo dinh li Viete thi:

Yx =n aiix‘x 2n(vé’ij¢i)

P(x) = X" = nx""’

‘ 2
nén: ixf (ix] Ziix,x1 =n’-n*+n=n
i i =1

i=1
n n n
va (x-1)2=>xt->x+n=n-2n+n=0
i=1 i=1 i=1
Terdé suyrax =1 (= 1,n). Vay da thirc P() = (x - 1)".
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Bai toan 19. 22:
Xac dinh da thirc P(x) hé sé thuc:

n

P(x) = x" + Y (-1)*Ckafx"™ ma cac sé ay, a;,..., a, € R 1a cac nghiém cia
k=1

da thire:

Hwéng dan giai
Gia slv cac sb aq, ay,..., @, € R la cac nghiém cla da thurc:
’ | - k ~K ..k k
P(x) = x"+ > (-1)Claix™
k=1

Khi d6 theo dinh li Viete thi:

k  k - © R . K 4
Cray= > aa .a (k=1_.n) (tong co C! sb hang)
i1<i2<”.<ik

Giasw: lac| =max{la; |, la,l, ..., la, |}

k| k K k
= C* ak’= > aHHa‘z"”la‘kISC” la|

i1<i2<...<ik ;

Dodo: la;l = la,|l =...= |a, |
Ma la; +a, + ...+ a,| = na; nén ay, a,, ... , a, cung dau va do do6 ching
bang nhau. Bata; = a; = ... = a, = a thi ta c6 da thirc:

n
P(x) = (x-a)" = > (-1)“a“x"* : thoa man.
: k=0

Bai toan 19. 23:
Xac dinh cac da thure:
a) f(x) = 6x* — 7x° + ax? + 3x + 2 chia hét cho x> — x + b
b) f(x) = x> + ax® + bx + ¢ chia hét cho x — 2 va chia x* - 1 thi  co dw 2x.
" Hwéng dan giai
a) LAy da thire f(x) = 6x* — 7x® + ax? + 3x + 2 chia cho
g(x) = x* — x + b thi duwoc thwong q(x) = 6x° - x + (a — 5b — 1)
Va phan dw r(x) = (a - 5b + 2)x + (-ab - 6b” + b + 2)
Vif(x):g(x)nénr(x)=0=a-5b+2=0(1)

va-ab+6b%>+b+2=0(2)
(1)=>a=5b-2thayvao (2):b*+3b+2=0
=b=-1;b=-2
Véib=-1thia=-7.Véib=-2thia=-12.
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Vay f(x) = 6x* - 7x° - 7x° + 2 hay
f(x) = 6x* - 7x> - 12x% + 3x + 2.
" b)Tacof(x)=x>+ax’+bx+c
Vi f(x) chia hétchox -2 nénf(2) =8 +4a+2b+c=0
Do f(x) chia cho x* — 1 thi dw 2x
nén g(x) = f(x) - 2x chia hét cho (x* - 1).
Suyrag(1)=1+a+(-2)+c=0 haya+b+c=1
Vag-1)=-1+a-b+2+c=0haya-b+c=-1
T d6 ta nhan duoca = -10: ¢ =-10, b = -19.
Vay: f(x) = x> - 10x* = 19x - 10.
Bai toan 19. 24:
Xac dinh da thirc f(x) = x° - 3x* + 2x° + ax? + bx + ¢ biét rang no chia hét
cho dathic (x — 1) (x + 1) (x - 2).
Hwéng dan giai
Taco f(x)=x’-3x*+2x° +ax® +bx + ¢
f(x) chia hét cho (x — 1)(x + 1)(x — 2) khi va chi khi:
f()=0 a+b+c=0
f-)=0<=<a-b+c-6=0
f(2)=0 da+2b+c=0
Gigihétaco:a=1,b=-3,c=2.
Vay: f(x) = x> - 3x* + 2x® + x? = 3x + 2.
Bai toan 19. 25:

Xac dinh da thirc P(x) hé sb thwe sao cho voi bat ki sé thuc a, b, ¢ nao, ta
cling co

P(a+b—zc)+P(b+c—2a)+P(c+a—2b):3P(a—b)+3P(b—c)+3P(c—a).
A Hwéng dan giai »
Cho x =a-b, y = b—c thi duoc
P(x —y) + P(—2x —y) + P(2 + 2y) = 3P(x) + 3P(y) + 3P(— x —y) v&i moi X, y

Cho x=y=0=P(0)=0.
Cho y =0, ta duoc P(-2x) =P (x)+3P(-x) (*)
bat P(x): ax"+..+ax’+ax,

K J—

T (*) suy ra a, (—2)k =a, +3a, (—1) k=1n
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a, (2-4)=0,ki2

—a, [(—.2)k —1—3(—1)@:0@ a, (2 ~2)-0,k/2

nénkhik>3=a, =0=P(x)=2x*+px
Thir lai ding. Vay cac da thirc can tim la P(x) = Ax® +px, A,peR

Bai toan 19. 26:
Xac dinh da thiec P(x) hé sé thuc sao cho:
P(a—b) + P(b—c) + P(c—a)= 2P(a + b +c)
v&i moi a, b, ¢ thda man ab + bc + ca = 0.
Hwéng dan giai
Trudc hét ta tim moét nghiém nguyén cta phuwong trinh
ab+bc+ca=0.
Chon a = 6 ta dwoc 6b + 6¢ + bc=0.
Chenb=3tadwoc 18+6¢c+3c=0=>¢c = -2.
Do do bd (a; b; ¢)=(6;3; ~2) 1a mét nghiém nguyén ctia
ab + bc + ca=0 nén véi moi x thi (a,b,c) = (6x,3x,—2x) thda man:
ab+bc+ca=0
Ta ¢é: P(a—b) + P(b—c) + P(c-a)= 2P(a + b +c)
nén P(3x) + P(5x) + P(=8x) = 2 P(7x) v&i moi x
Dat P(x) = ax" + apx"" +..+a, thi co dwoc:
(3'+5 +(-8)'=2.7" ) a, = 0 v&i moi i tir 0 dén n.
Dat A, =38 +5 +(-8) ~2.7,vi=0,12,...,n. Ta th® tinh mét vai gia tri ban
dau cla day s {% }n

Yi=0
bo=1>0,1,=83+5-8-27<0,1,=9+25+64-249=0
Ay =27 +125-512-2.343 <0, =81+ 625+ 4096 — 4802 = 0.
Tl do xét cac truong hop:
Néuiléthi 3'+ 5 + (-8)' =2.7' <0 nén a, =0 v&iilg.
Néui=0thi3' +5 +(-8)'-2.7 >0 nén a, =0
Néu ichdn, i> 6 thi 3'+5'+ (-8) =2.7' >0 nén a, =0 véi i chin, i>6.
T d6 ta co da thire P(x) = Ax* + Bx? .
Thir lai dung nén da thirc can tim 1a P(x) = Ax* + Bx? .
Cach khac:
Choa=b=c=0thi P(0)=0.
Choa=b=0,c =xtuyy thi P(-x) = P(x) v&i moi x nén P |a ham da thirc
bac chén, dat P(x) = Q(x? ) rdi dua vé 2Q(t) + Q(4t) = 2Q(3t) véimoi t = 0.
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Bai toan 19. 27: |
Xac dinh da thiec P(x) hé sb thuc va théa man vai a, b, ¢ 1a ba sé thuc bét
Ki thi: P(v3(a - b)) + P(y3(b - c)) + P(/3(c - a)) |
—P(2a-b-c)+P(-a+2b-c)+P(-a—b+2c).
Hwéng dan giai
D& thay da thirc hing théa man yéu ciu dé bai.
Tiép theo gia sir degP =h2>1.
pat x=a-cy=b-az=c-b.
Khidé x +y +z=0. Tl gia thiét suy ra

P(v3x) + P(\/3y) + P(/32) = P(x - y) + P(y - z) + P(z - X),
voix,y, z 1a basé thwcsaochox +y+z=0.
Nhuw vay thay bd (x; y; z) béi bo (x; x; 2x) ta duoc

P(/3x) + P(v3x) + P(~2v/3x) = P(0) + P(3x) + P(-3x),¥x (1)

Gia st P(x) = Zaixi ,a_ =0 , thay vao (1) ta dwoc
i=0

2% ai(\/gx)i + i ai(—2\/§x)i =a,+ i a (3x) + i a(-3x). (2
=0 i=0 i=0 i=0

So sanh hé sb ctia x" & hai vé clia (2) ta dugc

2(\3)" + (-24/3)" = 3" + (-3)". | (3)
Dé thay h =1, h =2 thda (3).
Tiép theo xét h> 3. Tty (3) ta thay rang h phai la sb chdn: h =2k, v&i k> 2.
Khi d6 (3) tré thanh
2.3 1125 = 2.0 2445 =28 | X7
k=2.
Tom lai tir (3) suy rah chico thélah =1, h =2, h =4,
Trwong hop h =1. Khi d6 P(x) = mx +n. Thay vao phuwong trinh ham da
cho & dau bai thy théa man.
Trwdong hop h =2. Khi do P(x) = mx? +nx +p. Thay vao phwong trinh ham
da cho & dau bai ta dwoc

3m[(a—b)2 +(b-c)? +(c—a)2]

=m[(2a-b—c)2 +(2b-c-a)? +(2c—a-b)2] (dung).

Trwéng hop h = 4. Khi d6 P(x) = mx* +nx° +px® +qgx + e.
Trong phwong trinh ham da cho & dau bai, thay bd (a; b; c) béi (x; 0; 0) ta dwoc
P(/3x) + P(0) + P(—/3x) = P(2x) + 2P(3x), VX  (4)
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Thay P(x) = mx* +nx® +px? +qx + e vao (4) ta duwoc
omx* +34/3nx? + 3px2 + 3qx + Imx* — 3/3nx® + 3px2 — \/3gx + 3e

=16mx* +8nx® + 4px® + 2gx + 2mx* - 2nx® + 2px? - 2qx + 3e, VX € R.
Hay mx* = 18mx* + 6nx® v&i moi x.

Do d6 n = 0. Vay P(x) = mx* +px® +gx + e.

Thay vao phuong trinh ham da cho & dau bai ta duoc

Qm[(a— b)* +(b-c)* +(c - a)“}rsp[(a —b2+(b-c) +(c ~‘a)"‘]
=m[(2a—b—c)“ +(@2b-c-a) +(20—a~b)4J
+p[(2a —b-c+(2b-c-a) +(2c-a- b)z] (5)
Tiép theo ta chirng minh dang thirc
9[(a —b)* +(b-c)* +(c —a)“]
=(2a-b-c)*+(2b-c-a)* +(2c-a-b)*. (6)
batx=a-c,y=b-a,z=c-b.Khidéx +y+z=0.
Ta co o[@-b)f +(b-c) +(c-a)* |9 +y* +2%). ()
Mat khac (2a-b-c)* + (20 -c - a)* +(2c —a - b)*
=(x-y) +(y-2)* +(z-x)*
=2(x* +y* +2%) - 4x3y + 6x%y? - 4xy®
-4y3z + 8y%2% — 4yz® — 42°x + 6222 — 4zx°
=2(x* +y* +2%) - 4xP(y + 2) - 4y3(x + 2) - 42%(x + y)
, +8(xy? + y22% + 2%x?). (8)
Do x +y+z=0nén x% +y? + 2% = -2(xy + yz + zX).
Suyra x* +y* + 2% + 2(x?y? + y22% + 2°x?)
= ADPY? +y2Z% + 2252 + 2xyx(X + Y + 2)] = 4(x2y? + y2Z® + 22x2).
Nhuw vay x* +y* + 2% = 2(x®y? + y22% + 2°x?).
Thay vao (8) ta duoc
(2a-b-c)* +(@b-c-a)* +(2c —a-b)* =9(x* +y* +2*).(9)
T (7) va (9) suy ra (6) dwoc chirng minh.

Do d6 (5) dung, nghia 1a da thiec P(x) = mx* +px? +qgx + e thda man cac
yéu ciu dé bai.
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Két luan : Cac da thirc théa man yéu cau dé baila
P(x) = mx +n, P(x) =mx? + nX +p
P(x) = mx* +px? +qx +evéim = 0.
Chay: ‘
TU (4) ta so sanh hé sb clia x" & hai vé ciing suy ra dwoc h chi c6 thé 1a h
=1, h =2, h=4
Bai toan 19. 28:
Tim s6 tat ca cac da thirc P(x) bac khong I&n hon 3 véi cac hé sé nguyén
khong am va thda man P(3) = 2000.
Hwéng dan giai
Xét trrong hop bac cia P(x) < 1. Gidstr : P(x) =ax+b (a, b € N).

P(3) =a3+b=2000suyra0<as {20300} = 666
Nhuw vay c6 667 da thirc P(x) c6 bac < 1 théa man dé bai. &)

Xeét truorng hop bac clia P(x) béng 2.
Giasl:P(x)=ax’*+bx+c(a b, ceN, a>0).

P(3)=9a+3b+c=2000.Taco:0<ax< [2000

}=222

Do dé 3b + ¢ = 2000 - 9a. Suy ra 0 < b < 666 - 3a.
Tc la co 667 — 3asb b.
T d6 s6 da thirc P(x) cla trwdng hop nay la:

222 ; .
> (667 —3a) =667 x 222 - 3(1+2+3+...+222)

a=1
= 667 x 222 - 93‘—2%53—2-?— = 73815. (2)
Xét truong hop bac clia P(x) bang 3.
Gid st :P(x) = ax®* + bx* +cx +d (a,b,c,d € N, a>0)
P(3) =27a + 9b + 3c + d = 2000.
Twong ty nhw cac danh gia trén ta co:

1<as 39@}74,0@3{?990—’—2—7&}:222—3&1
27
nén co 223 - 3a gia tri b,
O<cs< 2000-§7a_eb]=6665~9a~3,b

nén c6 667 — 9a - 3b giatric.

(4
1)
- ON
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) 74 222-3a
T d6 sb da thire P(x) clia trwong hop nay la: > (667 -9a - 3b)

a=1 b=0

(667 - 9a)(223 - 3a) - 3(0 + 1+ ..+ (222 - 3a)) |

[
S’ [(667 ~9a)(223 - 3a) - S(322-3a)(223 - 3a)J

a=1 2
74

=S| 74482 - 2011 1 [ 27 2] 1807043
o 2 2

Vay tdng sé da thirc P(x) thda man d& bai la:

667 + 73815 + 1 807 043 = 1 881 .525.

Bai toan 19. 29:

Cho phuong trinh: x* + px? + gx +r=0cé 4 nghiéma,b,c,d. Tim da thirc c6

ab-cd  ac-bd ad - bc
a+b-c-da+c-b-d'a+d-b-c

Hwéng dan giai

Ta chung minh bé dé&: Néur, s, t, ula 4 nghiém cua phuwong trinh:

x*+ Ax® + Bx® + Cx+ D=0 vars = tu thi A?D = C? (qui héi).
Théat vay, voi qui woc viét tat 3, IT 1a cac téng, tich nhan duwoc
Theo Viete thicé: Xr=-Avallr=D
= A’D = (s + rs? + rst + rsu)® = (Yrst)? = C2
Ta lap phwong trinh c6 4 nghiém 1a: a-z, b-z, ¢-z, d—z (z 1a &n)
Theo Viete tacé: Ya =0, Sab=p, Yabc=-q, [Ma =r.
T do:

2(a-z) = -4z

Y(a-z) (b-z) = (Zab) - 3(Ya)z + 62° = p + 62°

2(a-z) (b-2z) (c-z) = Yabc - 2(Sab)z + 3(Ya)z® - 42° = -42° - q - 2pz.
Il (a-z) =r+qz + pz° + 2*.
Suy ra phirong trinh can lap co dang:

y'+4zy’ + (p+ 62°)y + (q + 2pz + 42°)y + (1 + gz + p2 +2%) = 0

ab-cd . ac-bd

Tachtng minh: véizi = — —— -7, = "~ 77 .
a+b-c-d a+c—-b-d

3 nghiém:

Z3 = __ad_—_?c_m déu thod man (a- zy) (b — z4) = (c-z4) (d-2z4) va twong tw
a+d-b-c
dbi v6i z,, z5 (tich 2 nghiém béng tich 2 nghiém con lai)

Ap dung bé dé co duoc:
1627(r+qz, +pz’ +z*) = (q + 2pz, + 42°)?
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hay 8qz° + 4(4r — p)z° - 4paz - q° = 0 = dpcm.
Vay da thire can tim la:
f(z) = 8qZ° + 4(4r — pA)Z® - 4pqz - ¢°.
Bai toan 19. 30:

Xac dinh da thirc f(x) = 32 + ax + b thod: |f(x)| < % vx e [-1.1].
Hwéng dan giai
Thay x = 0,1,—1 vao da thirc f(x) ta duoc:

f(0)=b = -—<bcx<
3 1
f(1)=1+a+b = -=<a+b<-— (2)
2 2
3 1
fc)=1-a+b = -> <—a+b<-— (3)
2 2 ;
Ter (2) va (3) ta duocbs—-;-
Két hop voi (1) ta du’qcb=—-;—

Thayb=——; vao (2)va (3)taduoc:a<0vaa=0
= a=0tu’dc‘)f(x)=x2——;—

Thir lai dung. Vay: f(x) = x* - -;- -
Bai toan 19. 31: ; _
Xac dinh da thirc P(x) khac da thire khdng, c6 hé s khong am va théa man

P(x)PG-) <[P(?, vx>0.

» Hwéng dan giai
Gia st P(x)=ax® +...+ax+a, la da thirc théa méan. cac yéu cau dé bai,
khi d6 a 20, Vi=0,d. | |
- V&i moi x>0, theo b4t dang thirc BCS ta ¢

POX)P(x") = (@x? +... +ax+ay)(@ X +...+ax" +a,)

>(a, +...+a, +ay)° =[POF.
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Két hop v6i gia thiét P(x)P(l] <[P, vx >0 ta duoc
X

P(x)P [—l—):[P(D]Q, Vx>0

e (ax? +.+ax+ag)(ax? +..+ax" +a,)=[POF, vx>0

& (ax? +..+ax+ay)(a, +..+ax"" +ax?) =[POPxY, vx > 0.

2

T day, so sanh hé sé cla x%', x¥2 ..., x?% & hai vé ta duvoc

a,=a,=..=a, ,=0.
Do d6 P(x) = agx” voi a, > 0 .Thi lai ding.

Vay da thire P(x) = ax” vé&i a>0.

3. BAI LUYEN TAP
Bai tap 19. 1: Xac dinh da thirc P(x) thod man ddng nhét thirc
(x-1)Px+1) - (x+2)PX)=0,xeR
Hwéng dan
Cholanlwotx = =2, x = 1.
Két qua P(x) = a(x® - x).
Bai tap 19. 2: Xac dinh da thire P(x) thod: x.P(x - 1) = (x — 26) . P(x)
Hwéng dan

Cholanlwotx =  x=2,.... Két qua P(x) = cx(x—=1)(x=2)(x=3)...(x—25)
Bai tap 19. 3: Xac dinh da thirc P(x) hé sb thuc thoa:

P(x) + P(1) = ;— [P(x + 1) + P(x - 1)], ¥x

Hwéng dan
Xét dang da thirc P(x) bac 4 rdi dong nhét hé sd.
Kétqua P(x) = ax* - 2ax’ + cx* + (@a—c) x + ¢
Bai tap 19. 4: Xac dinh da thire P(x) cé deg = 6 thoa man dbng thoi:
P(=1) = P(5) = 729,P(0) = P(4) = 64,P(1) = P(3) = 1tva P(2) = 0.
Hwéng dan
Xét dang da thirc P(x) bac 6 réi ddng nhat hé sé.
Két qua P(x) = ( x—2)°
Bai tap 19. 5: Xac dinh da thivc P(x) v6&i hé sb thue thod man didu kién:
P(F(x))=F(P(x)), P(0)= 0 trong d6 F(x) la ham sé cho truéc thod man F(x) >
X v&i moi x > 0.
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Hwéng dan
- Két qua P(x) = x.
Bai tap 19. 6: Xac dinh da thwc hé sé nguyén P(x) sao cho da thirc:
Q(x) = (% + 6 x + 10).P? (x) — 1 1 binh phuong clia mét da thirc hé sé nguyén.
Hwéng dan
Goi bac ctia P(x) la n thi tr gia thiét thi co n® =2n.
Kétqua P(x) =0, P(x) =1, P(x) =x*+bx + ¢
Bai tap 19. 7: Xac dinh da thirc P(x) hé sé thuc thod man diéu kién:
P(0) =1 va P(x*+1) — [P(X)]? = 2xP(x) = 0 v&i moi x.
Hwéng dan
P(x) c6 3 nghiém x = 0, X =1, x=-1.
= Kétquad P(x) = (x=1) x° (x + 1).
Bai tap 19. 8: Xac'dinh da thirc hé sb thuwc thoa man:
P( P(x) + x) = P(x) P(x+1) v&i moi x.
Hwéng dan
P(x +1) —=P(X) =2x +1 < P(x +1) = (x +1)2 = P(x) = x°.
Két qua P(x) = x* + a. , )
Bai tap 19. 9: Xac dinh da thirc  da thirc P(x) hé sb thuc théda man: néu P(a)
nguyén thi a nguyén.
Hwéng din
Xet P(0)= 0 thi xay dung day bg= 0 ; bpsq = baZ + 1.
Xét P(0) = 0 thi dung dang da thirc tdng quat.
Két qua Po(x) = x; Pi(x) = x>+ 1,.... Poer(X) = [ Pa(OF + 1.
Bai tap 19. 10: Xac dinh da thirc f(x) véi hé sé nguyén sao cho véi moi n
"~ nguyén duong ta c6 f(n) la wéc cia 2" - 1.
Hwéng dan
Dung da thirc P(x) dang tdng quat réi ddng nhét.
Kétqua P(x)= 0:P(x)= 16 ; P(x) = 4x; P(x) = X .
Bai tap 19. 11: Xac dinh da thirc P(x) bac 4 ma P(1 - x) = P(x)
. Hwéng dan
P(0) = (P(0))? nén P(0) =0 hay P(0) = 1.
Kétqua P(x)= 1;P(x)= x".
Bai tdp 19. 12: Xac dinh da thirc P(x) thoa:
P((x+1)*) = (P(x) +1)° v&i moix va P(0) = 0.
Hwéng dan
Q(x) 1a da thire tuy v , néu P(x ;y) = Q(x-y) thi
P(x+1; y+1) = Q(x-y).
Két qua P(x ;y) = Q(x-y) v&i Q(x) la da thirc tly y.
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ciuyén aé 20: PHUONG TRINH NGHIEM NGUYEN

. KIEN THUC TRONG TAM
Phwong trinh bac nhét }
Phwong trinh bac nhét 2 &n: ax +by = ¢ véi a, b, ¢ nguyén c6 nghiém
nguyén khi (a,b)jc. v
Phwong phap chia 2 vé cho min{ja|,|b}}.
bac biét phwong trinh x +by = c thiy = t nguyén tuy y, x = c-bt con vdi
phwong trinh ax +y = ¢ thi x = t nguyén tuyy,y =c-at.
Phuong trinh bac nhét nhidu &n: ax +by +cz + .= m VGi a, b, ¢, ...m
nguyén c6 nghiém nguyén khi (a,b,c,...)|m.
Chl y ghép an, khir 4n cla he,...
Phwong phap chung
Van dung ly thuyét va phéi hop cac tinh chat, két qua ciing cac ky thuat vé
cac loai s6 de giai phwong trinh nghiém nguyén , nguyén duong,.. , phdi
hop cac hwong:
chia tach ép nguyén,
phan tich thira s6, phuong trinh wéc sé,
dung tinh chan 18, tinh chat sé nguyén té,
thr sai thir dang, viét chia c6 du,
nguyén tdc cuc han, vai tro nhu nhau,
phwong phap 1Ui vo han( xubng thang)
ghép an, khi¥ 4n cla hé,
diéu kién co nghiém A >0,
danh gia qua bat déng thirc, givi han gia tri,
Chuy:
Néu 2 sé nguyén x, y khac 0 thi quan hé gitba bdi chung nhé nhét [x, y] va
wéc chung [&n nhét (x, y): xy = (%, y) . [x,v]
Néu a® + b? : pma p la sé nguyén té c6 dang 4k + 3 thi a pvab:p.
Binh ly Fermat (nhd): Néu n la mot s nguyén va p 1a sé nguyén 6 thi n° - n
=0 (mod p)
Binh Iy Euler: Cho m 1a s nguyén dwong va sé nguyén a nguyén té cling
nhau v&i m thi: a’(m) = 1 (mod m)
Dinh ly Wilson: Néu p 1a mét s nguyén t6 thi:
(p—1)! = -1 (mod p)
Dinh ly phan dv Trung Hoa:
Néu r va s la 2 sb nguyén duong nguyén té cing nhau, ava b 1a 2 sé
nguyén bat ki, thi hé 2 phwong trinh déng du:
N=a (modr)vaN=b (mods)co nghiém duy nhat N nguyén theo madulo {rs).

)

1
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Téng quat: Néu my, my, ..., my |a cac sd nguyén t6 cung nhau tirng d6i mot
Va ar, ay ..., a 1a cac sé nguyén, thi hé k phuong trinh déng du: x = &
(mod my) ;i =1, 2, .., k conghiém x nguyén duy nhét theo modulo (mj,
mao,..., mk).

~ Phuong trinh Pell: Néu (a, b) la nghiém nguyén dwong be nhét clia phwong
trinh x* — dy? = 1 thi moi nghiém nguyén duong déu co dang:

(a+byd)" + (a-bd)" (a+b\/a)" - (a—b\[a)” J

(X’n, Yn) =

2 oJd

2. CAC BAI TOAN
Bai toan 20. 1:
Cho phwong trinh: 11x + 8y =73

a) Tim cac nghiém nguyén b) Tim cac nghiém nguyén duong.
'Hwéng dan giai
73 -11x 3(3 - x)

=8-X+

a)11x+8y=73nény= 5

Vi'x, y nguyén va (3 ;8) = 1 nén —S—é—)i =t nguyén

Doddéx=3-8tvay=5+11t
[x=3-8t
ly =5+11t
b) cac nghiém x, y nguyén duwong khi

{3ﬁ8t>0 o ——-5—<t<§, DoteZnént=0.

5+11t>0 11 8

Vay nghiém nguyén dwong x = 3,y = 5.
Bai toan 20. 2:

“Giai phwong trinh nghiém nguyén:

a)6x + 15y +10z=3 ‘ b) 2x — 5y — 6z = 4.

Hwéng dan giai

Vay nghiém nguyén (t nguyén tuy y)

a)PT 6x+ 15y +10z=3
Tathdy 10z | 3nénz: 3.Datz = 3k, k nguyén ta duoc:
6x + 15y + 10.3k =3 o 2x+5y+ 10k =1 2x + 5y =1 =10k

Do dé x = 1:195;§X=_5k_2y+1:_y
2 2
Vi x, y nguyén nén J:Q—X =t (t nguyén), ta co:y = 1 -2t

x=-5k—2(1-2t) +t=56t-5k-2,z=3k
' Vay nghiém cla phwong trinh:
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Xx=5t-56k-2
y=1-2t VvGi t, k 1a cac sb nguyén tuy y.
z =3k
b) Tacé 5y : 2nény : 2. Daty =2k, k la cac s nguyén.
PT:2x-5y~-6z=4 < 2x—-10k-6z=4
< X=58k-3z=2 < x=5k+3z+2.

[x =5k + 3t +2
Tl d6 suy ra nghiém {y = 2k , (k, t1a cac sb nguyén tuy y)
2ot
Bai toan 20. 3:
Gidi phwong trinh nghiém nguyén: :
a) x* —y? = 2018 b) x* + y? = 2019.

Hwéng dan giai
a) Ta cd X2, y? chia cho 4 chi co s6 du 0 hodc 1 nén X — y? chia cho 4 ¢c6 sé du 0,
1, 3. Con vé phai 2018 chia cho 4 dw 2.
Vay phuong trinh khéng cé nghiém nguyen :
b) x°, y* chia cho 4 ¢ sé dw 0, 1 nén x° +y? chia cho 4 c6 sb dv 0, 1, 2. Con
vé phai 2019 chia cho 4 du 3.
Vay phuwong trinh khéng cé nghiém nguyén.

Bai toan 20. 4:
Giai phwong trinh nghiém nguyén dwong:
a)2(x+y+z)=xyz b) x +y + 2z +t=xyzt

Hwéng dan giai
a) Ta cé: -—1—+-1—+-—1—=1
yz xz xy 2

Gidstrx>y=z>1thi —152% nénz’<6dodoze {1;2}
4

- Voiz=1thi:2(x+y+1)=xy & (x=-2)(y-2)=6
Taduoc:x=8,y=3;x=5y=4

- Voiz=2 thix+y+z=xy & (x=-1)(y-1)=3
Tadwoc:x=4,y=2.
Véay phuwong trinh c6 nghiém (8 ;3 ;1), (5 ;4 :1), (4 ;2 ;2) va cac hoan vi.

b) x+y+z+t=xyzt
Gidstr1<x<ys<z<tTacOxyzt=x+y+z+t<dtnénxyz<4
Véixyz=1tacdx=y=2z=1:loai
Voixyz=2tacox=y=1,z=2:t=4
Voixyz=3tacox=y= 1,z=23:loai
Voixyz=4tacox=1,y=z=2 hodcx=y=1,z=4:loai
Vay phwong trinh ¢6 nghiém (1:1 :2 ;4) va cac hoan vi.
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Bai toan 20. 5:
Giai phwong trinh nghiém nguyén:
a) X° - 5x° + 4x = 24(5y + 1) b) 3x° — x® + 6x> — 18x = 2005.
Hwéng dan giai
a) x> — 5x° + 4x = 24(5y + 1) hay x(x + 1)(x — 1)(x + 2)(x — 2) = 120y + 24
V& tréi :a tich clia ndm s6 nguyén lién tiép nén chia hét cho 5, con vé phai
khong chia hét cho 5 nén phwong trinh khéng cé nghiém nguyén.
b) V& phéi chia hét cho 3. Suy ra x* 1 3,do dé x i 3. Khi dé vé trai chia hét cho 9,
con vé phai khong chia hét cho 9 nén phwong trinh khéng c6 nghiém nguyén.
Bai toan 20. 6: .
Gidi pt.irong trinh nghiém nguyén:
a) X2+ xy+y =2x+y b) x* — 3xy + 3y* = 3y
Hwéng dan giai
a) Bién déi thanh pt bac hai theo x: X2 + (y—2)x + (y’-y)=0
A=(y-2)° -4y -y)=4-3y°
Piéu kién A > 0 dwoc 3y’ <4 nén |y| <1
Véiy =-1 tadu’cycxz—3x+2=0néncé:x= 1, x=2
Voiy=0tadwocx*—2x=0nénco: x=0,x=2
Véiy =1 tadwocx*—x=0néncd: x=0,x=1
Vay nghiém (1; -1), (2; -1), (0; 0), (2; 0), (0; 1), (15 1).
b) Bién ddi thanh pt bac hai theo x: x* — 3yx + 3y(y - 1) =0
Pidukién A=-3y(y—4), A>20<0<y<4
Voiy =0 tadwoc: x>=0néncéd: x=0
Voiy =1tadwoc: x*—3x=0 néncd: x=0;x=3.
V&iy = 2 thi A = 12 khéng la s chinh phwong: loai
Voiy = 3tadwoc: X —9x + 18 néncd: x=3,x=6
Véiy = 6 ta dwgc: X° — 17x + 90 = 0 v6 nghiém
Vay nghiém: (0; 0), (0; 1), (3; 1), (3; 3), (6; 3).
Bai toan 20. 7:
Giai phwong trinh nghiém nguyén:
a) 2x° + 4x = 19 - 3y° b) x* + 2x° + 2x% + x + 3 = y*.
' Hwéng dén giai
a) 2 +4x+2=21-3y"=2(x+ 1) =3(7T-y)
Taco3(7-y):i2=7-y?i2=ylé
Talaico 7 — y? > 0 nén chi cé thé y> = 1 nén: 2(x + 1) = 18
Taduoc: x+1=+3dodd: x4 =2, %x=—4
Cac cap sb (2; 1), (2; —1), (—4; 1), (—4; =1) thod man nén la nghiém cla
phwong trinh da cho.
byy?=(x*+2x3+x) + (¥ +x+3) = (*+x)Z+ (x> +x) + 3
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Tacéyz—(x2+x)2=(x+% Y+ 14—1 >0

Va(+x+2P°—y? =0 +x+22- (X" +2x° + 2% + x + 3)
=3x2+3x+1=3(x+1)2+1>o
2" 4

Nen (3 +x)2<y?<(®+x+2)2dodo y2=x2+x +1
X +2C+ 2%+ x+3 =0 +x + 1)

& X+ x-2=0hodc x = -2.

Vé&ix =1 hodc x =-2 thiy = +3.

Bai toan 20. 8:
Giai phwong trinh nghiém nguyén: .
a) x(° + x + 1) = 4y(y + 1) by x*+x}+x2+x=y?+y.

Hwéng dan giai

a) X(*+x+ 1) =4y(y + 1) & X+ X2+ x+ 1 =4y + 4y + 1
& O+ 1)(x+1) = 2y + 1)
Vé phai la sb 18 nén x* + 1 va x + 1 cling I8.
Tacé(x2+1,x+1)=1‘Thétvéy,giés&x2+1 fd,x+1idthix*+1:d,
X2—1: dnen(x +1)—(x -1)=2:d; dodlenend-1 thvayx +1
vax+1déula ha; s6 chinh phwong. Do x?va x2 + 1 1a hai sé nguyén lién
tiép va cling la sé chinh phwong nén sb nhé bing 0, d61ax*= 0.
Tlrx=0tadwocy=0hoacy=-1.
Vay nghiém: (0; 0), (0; —1).

byTacox* +x*+x*+x=y?+y
o 4+ 4+ 4P +4 x = 4y2 + 4y
© X +AC+AC+H4Ax+ 1 =4y + 4y + 1
& (2 + %)+ 3% + 4x + 1 = (2y + 1)?
Xét (23 +x)2< @y + 12 < (@2x% + x + 1)

- y+1)?-(2x2+x)2 >0
@2x% +x+1)2 -2y +1? >0
- 3% +4x+1>0
(2x% + %)% +2(2x% + X) +1- (2x% + X)2 - 3x2 —4x-1> 0

{(x+1)(3x+1)>0 x<-1 hay x> -t
o o 3

2
X" -2x>0 X<0 hay x>2

< x<-1Thodciacx>2(dox e 2Z)

Nhw vay v&i x < -1 hoac x > 2 thi (2y + 1)? ndm gitra hai sé chinh phuong
lién tiép, vo Ii.
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Lan luvot xét x e {-1; 0; 1; 2} ta dwoc sau nghiém (—~1 0), (-1; =1), (0; 0),
(0; =1), (2: 5), (2, -6).
Bai toan 20. 9:
Giadi phuwong trinh nghiém nguyén:
a)x® +2y°=47° b) X% + y* = 6(z° + 1)
Hwéng dan giai
a) Taco x ! 2. Dat x = 2x, v&i X1 nguyén. Thay vao phuong trinh rdi chia hai
vé cho 2 duoc: 4x2 +y*=22°.
Dodoy : 2. Baty = 2y, v&i y, nguyén. Tiép tuc thay vao phwang trmh roi
chia hai vé cho 2 duoc: 2x + 4y1 =78
‘Do d6 z : 2. Dat z = 2z, v&i z, nguyén. Thay vao phwong trinh rdi chia hai
vé cho 2 dwoc: X2 +2y% =4z, |
Nhw vay néu (x, y, 2) la nghiém cua phuong trinh thi (x4, Y4, z4) clng la
nghiém cla phwong trinh, trong d6 x = 2x4, y = 2y4, Z = 224.
Lap luan twong tw nhuw trén, (xo, Y2, Z2) cling la nghiém cua phwong trinh
~trong A0 X4 = 2Xp, Y1 = 2Y», 21 = 225
Cw tiép tuc nhu vay ta di dén: x, y, z chia hét cho 2 véi k Ia sé tw nhién tuy
y. Diéu nay chixdy rakhix=y=z=0.
Vay nghiém duy nhét: (0; 0; 0).
b) Ta thdy X3 y chia hét cho 3 dw 0 hoac 1 ma x? +y? : 3 nén x* va y* Géu chia
hét cho 3. Do d6 x va y déu chia hét cho 3.
Thay x = 3%, y = 3y; vao phuong trinh dé cho, ta duoc 22+t 3dodoz
va t'chia hét cho 3.
Thay z = 3z, t = 3t; vao phuong trinh va rit gon dwoc X2 +y? = 6(z% +#2).
" Nhuw vay (X, Y1, 21, ty) cling la nghiém cla phwong trinh da cho. Cir tiép tuc
nhw vay ta di dén: x, y, z , t chia hét cho 3" v&i k 1a sb tw nhién tuy .
Piéu nay chixdy rakhix=y=2z=t=0.
Vay nghiém duy nhét: (0; 0; 0; 0).
Bai toan 20. 10:
Giai phwong trinh nghiém nguyén:
a)x2—2x—11=y? b) x* + 2y? + 3xy —x —y + 3 =0.
Hwéng dan giai
a) x*—-2x+1-12=y? '
SX=-1P-y?=12 & x=1+y)x-1-y)=12
Vi phuwong trinh chira y voi s& mii ch@n nén cé thé gia thiét rang y > 0.
Théthix—1+y>x—-1-y.
Tachd (x—1+y)—(x—=1-y)=2ynénx—1+yvax—1-ycungtinh chan
I&. Tich cGa ching bang 12 nén chung cung chan.
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Ta co haitrvonghopx-1+y=6vax—-1-y=2
Hodcx-1+y=-2va —-1-y=-6
Twr d6 suy ra cac nghiém: (5; 2), (5; =2), (-3; 2), (3—; -2)

b) Viét thanh phwong trinh bac hai déi véi x:

X2+ By —Nx+ 2y’ =y +3)=0
A=@By-17°-42y° -y +3)=y? -2y — 11
Diéu kién can dé phwong trinh cé nghiém nguyén:
A la sb chinh phuong < y? =2y — 11 =k? (k € N)
Gidiraduwocy =5,y =-3.
Voiy=5thi x>+ 14x+48=0 < x=-8;x =-6.
Voiy=-3thi X*-10x+24=0 < x=6;x=4.
Vay nghiém: (-8; 5), (-6; 5), (6; -3), (4; -3).

Bai toan 20. 11:

Giai phwong trinh nghiém nguyén:
a) xX° + 2y° = 47° b) x* + y* = 6(z% + 1)
Hwéng dan giai

a) Ta co x : 2. D&t x = 2x, v&i x; nguyén. Thay vao phwong trinh réi chia hai

b)

vé cho 2 dugc:  4x +y° =22,

Do déy : 2. Baty = 2y, vdi y, nguyén. Tiép tuc thay vao phwong trinh réi
chia hai vé cho 2 duoc: 2x2 +4y® =2°.

Do d6 z : 2. Bat z = 2z, v&i z, nguyén. Thay vao phuong trinh rdi chia hai
vé cho 2 duwoc: x° +2y? =42°.

Nhu vay néu (x, y, z) la nghiém clGa phwong trinh thi (x1, Y1, Z1) clng la
nghiém ctia phwong trinh, trong d6 x = 2xy, y = 2y,, z = 2z;.

Lap luén tuwong tw nhu trén, (xz, Yo, z2) cling la nghiém cla phwong trinh
trong do xq = 2x,, Y1 = 2Y,, 21 = 225.

Cu tiép tuc nhu vay ta di dén: x, y, z chia hét cho 2* v&i k 1a sé tw nhién tuy
y. Diéu nay chixdy rakhix=y=z=0.

Vay nghiém duy nhét: (0; 0: 0).

Ta thay x%, y* chia hét cho 3 dw 0 hoac 1 ma x* + y? i 3 nén x? va y? déu chia
hét cho 3. Do d6 x va y déu chia hét cho 3.

Thay x = 3x,, y = 3y, vao phwong trinh da cho, ta dwoc z2 + £ 3dodoz
va t chia hét cho 3.

Thay z = 3zy, t = 3t; vao phuwong trinh va rat gon dwoc x° +y? = 6(z2 +%).
Nhw vay (x4, y1, Z1, t4) cling la nghiém ctia phwong trinh da cho. Cw tiép tuc
nhw vay ta di dén: x, y, z , t chia hét cho 3" vai k 1a sb tw nhién tuy y. Didu
nay chixdyrakhix=y=z=t=0.

Vay nghiém duy nhét: (0; 0; 0; 0).
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Bai toan 20. 12:
Gidi phwong trinh nghiém nguyén:
a)x*-2x-11=y* b) x* +2y? + 3xy —x —y + 3 =0.
Hwéng dan giai

a) xX*—-2x+1-12=y*
o x=-12 -y =12 <:.—.>(x—1 +y)(x—1-y)=12
Vi phwong trinh chira y v&i sé mii ch8n nén co thé gia thiét ring y > 0.
Théthix—1+y2x-1-y.
Tacd (x—1+y)—(x—1—-y)=2ynénx—1+yvax—1-ycung tinh chén
|8. Tich cGa ching bang 12 nén ching cung chan.
Taco haitrwdng hopx-1+y=6vax—-1-y=2
Hodcx-1+y=-2va -1-y=-6 ,
Tlr d6 suy ra cac nghiém: (5; 2), (5; -2), (-3, 2), (3~ =2)
b) Viét thanh phwong trinh bac hai di véi x:
X+ (By = x+(2y’~y+3)=0
A= @y =1 =-4(@2y° -y +3) =y -2y - 11
Diéu kién can dé phuwong trinh c6 nghiém nguyén:
A 1a sé chinh phuong < y> =2y — 11 =k? (k e N)
Gidiraduwocy =5,y =-3.
Voiy=5,thi x*+14x+48=0 < x=-8;x=-6.
Voiy=-3,thi X*-10x+24=0 < x=6;x=4.
Vay nghiém: (-8; 3), (-6; 5), (6; -3), (4; -3).
" Baitoan 20. 13:
Gidi phwong trinh nghiém nguyén:
a) x> +y? + 22 = 2xyz : b) 3x? + 4y* = 6x + 13
Hwéng dan giai
a)Tacox’+y?+z2=2xyznén x> +y? + 7% | 2.
C6 hai truong hop: '
— Trong x, y, Z c6 mét s chén, hai sb 1&, chdng han x chdn, y va z 1é. Khi d6
vé trai (x* + y? + z%) chia cho 4 dw 2, con vé phai (2xyz) chia hét cho 4, loai.
— Basb x, vy, z déu chdn: Dat x = 2xq, y = 2y, z = 22, thi suy duwoc (x4, Y1, 21)
cling la nghiém phwong trinh da cho. Ci tiép tuc nhw vay ta di dén: x, y, z , t
chia hét cho 2“ vé&i k 1a sb tw nhién tuy y. Didu nay chi xay ra khix =y =z =0.
Vay nghiém: (0; 0; 0).
b) 3x? +4y? =6x + 13 < 3x*—6x + 3 =16 —4y?
hay  3(x—1)*=4(4- yz)
Taco4-y*>20va4d-y*:3nény’=1hodcy” =4
Vay nghiém (3; 1), (3; =1), (=1; 1), (-1;=1), (1; 2), (1; =2).
Bai toan 20. 14: ‘
Giai phwong trinh nghiém nguyén:
a) x* —2y*=1 b) x? + y? = 72
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Hwéng dan giai :

a) Trong phu’crng trinh x* = 2y2 = 1 thl X vay cé s mii chan, do do ta gia str x,
y > 0.Hién nhién x 1&, do d6 x* chia cho 4 dw 1, suy ra y? ch3n, do do y
chén.

Datx=2a+1,y=2bvdia, b e N. Do do:

(4a®+4a + 1)’ — 1= 8b%<> (4a’ + 4a + 2)(4a> + 4a) = 8b°

< (2a°+2a+ 1)@ +a) = b’

Pata’+a=ntaco: (2n+1).n=b?

Véia=0thix=1dwogcy=0

V¢ia=>1thinva2n+1Iahaisd nguyen ducrng va ching nguyén t clng

nhau. Tich cta ching bing b? nén méi sé déu la sé chinh phuong.

Patn=k2 (k e N), tacé a® + a = k2
a’<a’+a<a’+2a+1=(a+1)>

hay k? ndm gitra hai s6 chinh phwong lién tiép:vo i .

Vay nghiém: (1; 0), (-1; 0).

b)x2+y2=7z2 o X2+ y?+ 22 = 822
Do x? + y? + z° ch3n nén c6 hai trwdng hcyp

— Trong ba sé x, y, z c6 mét sé ch&n, hai s 1&: loai, vi khi d6 vé trai cta )
chia cho 4 du 2, con vé phai chia hét cho 4.

— Cébasdx, y, z déu chén. Dat x = 2xy, y = 2yy, Z = 224.

Thay vao va rat gon dwoc X2 +y? + 2% = 82°
Nhw vay (x4, y1, z4) cling la nghlem clia phwong trinh da cho. Cu tiép tuc
nhw vay ta di @én: x, y, z chia hét cho 2" v&i k 1a sé tw nhién tuy y. Diéu
nay chixdy rakhix=y=z=0.
Vay nghiém: (0; 0; 0)
Bai toan 20. 15:
Giai phwong trinh nghiém nguyén:
a) x* —5x%y? + 4y* = 3 b)x*—y*=7
Hwéng dan giai

a)PT: x*0¢ -y} - 4y*(x* —y) =3
& (X=2))(X—y)(x +y)(x +2y) =3
Néuy = 0 thi x* = 3, khéng c6 nghiém nguyén
Néu y # 0 thi vé trai Ia tich clia bdn thira sé khac nhau doi mot con vé phai
chi phéan tich dwoc thanh nhiéu nhét 13 tich cla ba thira sé khac nhau doi
mot: 3 = (=3).1.(-1).

Vay phuong trinh @& cho khdng c6 nghiém nguyén

b) B6 dé&: Néu a® + b? : pmapla songuyentocodang4k+3th|a pvab:p.
Chung minh : Gla str mot trong hai sé a va b khong chia hét cho p thi theo
gia thiét suy ra sé kia cling khong chia hét cho p.

Theo dinh linhé Fecma: a®' =1 i p:bP"'=1: p
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Suyra:a™ +b"" -2 p.Dop=4k+3néna*?+p*?-2:p
Ta cb a®*2 + p¥*2 = (32)2k+1'+ (b2)2‘f+1 D24 p?: p nén 2 p.
Do p la sé nguyén té nén p = 2, trai v&ip = 4k + 3.
B& dé dwoc chirng minh.
Phuong trinh: x> —y® =7 hay x* + 1 = y> +8
Xét hai trudng hop:
— Néuy chan thi x 1&. Khi do vé trai chia cho 4 dw 2, con vé phal chia hét cho 4.
Mau thuan
- Néuylé, taco PT < x* + 1 *(y+2)(y -2y +4)
Ta thay y -2y +4 = (y — 1)? + 3 chia cho 4 duw 3 nén c6 uec nguyén tb p
c6 dang 4k + 3. Do do x? + 1 co6 wdc nguyén tb p co dang 4k +3:Voly.
Vay phuong trinh khéng c6 nghiém nguyén.
Bai toan 20. 16:
Giai phwong trinh nghiém nguyén:
a) 7(x* + xy + y°) = 39(x +y) b) 7x? — 5y = 3.
: Hwéng dan giai
a) Ta co 7(¢ + xy + y?) = 39(x + )
vi 7 va 39 nguyén td cung nhau nén:
X+y=7m R
{xg +xy +y? =39m - (m nguyén)
Taco: x* + 2xy+y =49m? suyra: xy = 49m? —39m
Ta co bat dang thire (x + y)? = 4xy nén:
49m? > 4(49m? — 39m), suy ra m(52 — 49m) 20
Vix?+xy+y?>>0nénm=>0dodém e {0; 1}
Véim = 0 thi {X ¥ =044 c6 nghiem (0: 0)
xy=0

V&im =1 thi: {X ty= 7ta cé nghiém (5; 2), (2; 5)
xy =10

Vay nghiém: (0; 0), (5; 2), (2; 5).

b) 7x° — 5y? = 3 <> 6x% — By’ + X° +y2—‘3nén'x‘°'+y2 13
Ta thay %%, y* chia cho 3 dw 0 hoac 1 ma X2 + y 3 nén x* va y* déu chia
hét cho 3. Do do x va y déu chia hét cho 3 nén x2, y? chia hét cho 9.
Vi vé trai (7x° - 5y?) chia hét cho 9, con vé phai khong chla hét cho 9.Vay
phuong trinh khéng cé nghiém nguyén.

Bai toan 20. 17:
Giai phwong trinh nghiém tw nhién:

a) X2+y2+xy+y:x b) m2n + 6mn +9n = 32.
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Hwéng dan giai
a) X2 +y? +xy+y=x
Xét x > 1 khong thoa (do x, y la c‘éc‘sé nguyén khéng am)
VayOD<sx<tvaxeZ=xe{0;1}
Voix=0=y=0(théa). Voix =1 =y =0 (thda)
Vay co6 2 nghiém: (0;0)va(1;0).
b) Ta c6: m®n +6mn +9n = 32. Xét n = 0 thi khong théa man.

Xétn #0thi PT< nim+3)% =32

& (M+3)2 = 32 (m, n nguyén dwong)
n
Vi m+3 >3 nén n la woc clia 32 va 52 1a sé chinh phuong Ién hon 9
n

m+32="2-16
n ; 1_m+3:4 m=1

Vay nghiém (m,n) bang (1,2).
Bai toan 20. 18:
Giai phwong trinh nghiém nguyén:
a) x(x + 1)(x + 2)(x + 3) = y? b) x> —y* = xy + 8.
Hwoéng dan giai
a) Néu y thod man phwong trinh thi -y ciing thoa man, do do ta gid st y > 0.
PT < (x* + 3x)(x* + 3x + 2) = y?
D&t x* + 3x + 1 = a, ta duoc:
@-N@+N=ywa-1=y@+y)a-y) =1
Suyraa+y=a-y=1dodoy=0nén:
Xx=0;x=-1,x=-2;x=-3
Vay nghiém: (0; 0), (-1; 0), (=2; 0), (-3, 0)
b) Tacéd x’—y®=xy + 8
nénix—yl x> +xy +y?| = [xy+8] = x=y
Do x, y nguyén nén |x—y/| > 1
Suy ra: |x2+xy+y2i < ixy+8|
do d6: x* + xy + 2 < | xy + 8]
Xét xy +8 <0 thi: X2 + xy + y* < —xy — 8 < (x + y)? < -8: loai
Xétxy +820thi:x*+xy+y’<xy+8 < x*+y’<8
Do do: X%, y? € {0; 1; 4}
Néux=0thiy’=-8 nény=-2
Néuy=0thix>=8nénx=2.
Néu x, y déu khac 0 thi x, y* € {1; 4}. Do x = y nén chi co:

32 [n=2 {nzz
g &

2}:
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x2=1, . [x®=4
hoac
y? =4 y? =1

Nhuw vay trong hai s x va y c6 mot sé chén, mot sé 18: loai
Vay nghiém: (0; -2), (2; 0).
Bai toan 20. 19: '
Giai phwong trinh nghiém nguyén:
a)x*+y*=3xy +3 v b) x* — y® = xy + 25.
Hwéng dan giai
a)x’+y’=3xy+3
ox+y-3xy=3 ox}+y*+1-3xy=4
(=Y +ly =P +x=1 | _,
Suyra: (x—y)* + (y = 1)*+ (x=1)* € {2; 4; 8}
Tdng clia ba sé chinh phuong bing 2 néu ba sé d6 1a 1, 1, 0; béng 4 néu

ba sb 1a 4, 0, 0; bing 8 néu ba sb 1a 4, 4, 0; trong trudng hop nao ciing co
mét sb bang 0, tire la: .

SxX+y+1)

x-1=0 X =1
y-1=0 < |y=1

- Xétx+y+1=4teclax+y=3
Néu x = 1 thiy = 2, thod man. Néuy = 1 thi x = 2 thod man

— Xétx+y+1=2 thclax+y=1
Néu x = 1 thi y = 0, khong thod. Néuy = 1 thi x = 0, khéng thoa

- Xétx+y+1=1trclax+y=0
Néu x = 1 thiy = =1, thod man. Néuy = 1 thi x = -1, thod méan
Néu x =y thi x = y = 0, khéng théa man
Véay nghiém: (2; 1), (1; 2), (1, -1), (=1, 1).

b) X*~y*=xy+25 & (x-y)*+3xy(x +y) =xy +25
Patx—y=a,xy=b,taco:a®+3ab=b+25
Dodéa®-25=—(3a-1)b ,
nén a’—25: 3a—1, tir d6 3a — 1 1a woc cla 674 va chon duoc:

3a—1 e {~1; 2, -337: 674}
Twong tng tim duoc:

a=0 a=1 a=-112 a=225
b=-25" |b=12" |b=-4169  |b=-16900

Do phai cd a’+4b>0nén chon a=1, b= 12 cho cac nghiém: (4; 3), (-3; —4).
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Bai toan 20. 20:
Giai phwong trinh nghiém nguyén:
a)x’ +y*+2° — 3xyz = 1 b) x* + y? + 2% = x%y2.
Hwéng dan giai
a)Taco x°+y®+2°—3xyz =1
S X+y+2) (X +y + 2 —xy—yz—2zx) = 1
Taco: x* +y? + 2% — xy — yz — zx > 0 nén:
{x +y+z=1
X2 4+y2 422 Xy -yz-zx =1
= X+ y? + 22+ 2(xy + yz + zx) = 1
Suyra:xy +yz +zx=0do do: x* +y? + 2% = 1
Gidstrx’>y?>7°thiz=0,y=0, x = +1
Vay nghiém: (1; 0; 0) va cac hoan Vi.
b) PT x*+y? + 22 = x??
Vi x*y? 1a s chinh phwong nén chia hét cho 4 hoé&c chia cho 4 du 1.
Néu x°y? chia cho 4 dw 1 thi x, y I&. Khi d6 x2 + y® chia cho 4 dw 2 nén 2 +
y? + 2 chia cho 4 dw 2 hoac 3 - vé ly.
nén x’y? : 4. Do d6 x va y khong thé déu I&.
Xet trong x va y c6 mét s6 chdn, mét sé 1&, chéng han x chan, yl8.
Khi d6 x* + y? chia cho 4 dw 1, con 2 chia cho 4 duw 0 hodc 1 nén x* + y? + 22
chia cho 4 dw 1 hoac 2: vé ly.
Xét x va'y déu chan. Suy ra z chin.
batx = 2x,, y = 2y,, z = 224, v&i x4, Y1 nguyén.
Thay vao ta duoc:

4x2 + 4y? 1 42° = 16x7yF < x2+y2 122 = 4x2y?
Vvé phai chia hét cho 4. Lai lap luan nhw trén suy ra X4, ¥4, Z; chan.

batxi = 2xy, y; =2y, , z; = 2z,.

Thay vao va ratgon x5 +y2 + 22 = 16x2y2

Béang phwong phap 1bi v6 han, nhw vay néu (X, Y, 2) la nghiém cla phuong
trinh thi x, y, z chia hét cho 2“ véi k Ia 8 tw nhién tuy y. Didu nay chi xay ra
khix=y=z=0.
Vay nghiém duy nhét cua phuong trinh 1a (0; 0; 0).
Bai toan 20. 21:
Giédi phwong trinh nghiém nguyén duong:
a) xy = z b) x* + y? = 22
Hwéng dan giai
a) Truoc hét ta c6 thé gia st (x, y, z) = 1. That vay néu bo ba sb (Xo, Yo, zo)
thod man phwong trinh va c6 UCLN béng d, gia st x, = dx;, Yo =dyy, zo =
dz, thi (x4, y1, z1) cling 1a nghiém.
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VO’I (x,y,2) =1thix vy, z doi mot nguyén té cung nhau, vi néu hai trong ba
sb x, y, z co wéc chung la d thi sé con lai ciing chia hét cho d.

Ta co 2 —xyma(x y)=1nénx= a’ y= b?, véia, b, e N
Suyra:z®=xy = (ab)?, do d6: z = ab.

x = ta®

Nhu vay: {y =tb?; voitla sb nguyén duong tuy y.
z=tab

Thir lai dung

b) Truoc hét ta co thé gia st x, y, z nguyén tb cung nhau. That vay néu bo ba
s6 (Xo, Yo Zo ) thod man phwong trinh va c6 WCLN 1a d, gia st X, = dXq, Yo =
dys, Zo = dz thi (x4, Y1, Z4) cling la nghiém clia phwong trinh.

Vm X, Y, Z nguyén t6 cung nhau thi chung déi mot nguyén té cung nhau, vi
néu hai trong ba sé ay co woc chung la d thi s6 con lai ciing chia hét cho d.

Tathdy xvay khong thé cung chén (vi ching nguyen td cung nhau) khong
thé cung I& (vi néu x va y cung lé thi z chén, khi d6 x* + y? chia hét cho 4 du’
2, con z% i 4). Nhw vay trong hai s6 x va y cd mot s6 chan, mot sb 1&.
Gia su x 18, ychénthiz1é. Ta viét phwong trinh dwdi dang

=(z+y)z-Y) , , »
Ta co z +y va z — y la cac so |é va chung nguyén to cung nhau. That vay,
gidsiz+y:d z-y:d(dlé)th

@+y)+(@z-y)=2zid @+y)-(@z-y)=2y:d

Do(2,d)=1nénz:d,y:d
Do(y.z)—1nend-1 Vay (z+y, z-y) =1
Hai s6 nguyen du'cyng Z +yvaz-ynguyén t6 cung rihau, co tich la sé binh
phwong X nen mdi s6 z +yvaz-yclngla sb chinh phuong.
batz+y= m%z-y= n?voim, n 1a cac sb 18, nguyentocung nhau, m >n.

X =mn
2 2 '
. m- —n . N . . 2 a Z s .
Do do: qy = 5 v&i m va n 1a cac s6 1é, nguyén to cung nhau, m > n.
m? +n?
Z=
2

The lai dung.

Bai toan 20. 22:
Giadi phwong trinh nghiém nguyén ,
a) x? +y> + 2 = 2015 b) x* + y* + Z° = 2021
Hwéng dan giai
a) Ta biét ring s6 chinh phuong chan thi chia hét cho 4, con sb chinh phuong
I& thi chia cho 4 dw 1 va chia cho 8 cling dw 1.
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Téng x* + y2+ 2% 1asb 18 nen trong ba s6 X, y?, Z° phai cé: hodc cé mét sd
&, hai sb chan; hoac ba so deu le

Trwong hop trong ba sé X%, y?, z2 c6 mét sé 18, hai sé chdn thi vé trai chia
cho 4 dw 1, con vé phéi chia cho 4 dw 3: loai

Trwdng hop ba sé x? . y°, Z° d&u 1é thi vé trai chia cho 8 dw 3, con vé phai
chia cho 8 duv 7: loai

Vay phuong trinh khéng c6 nghlem nguyén.

b) Lap phwong trinh clia mét sé nguyén chia cho 9 chi cé the duv 0, 1, 8. Do do
vé trai cla phwong trinh chia cho 9 chi cé thé dw 0, 1, 2, 3, 6, 7, 8 Con vé
phai chia cho 9 du 5.

Vay phuwong trinh khéng cé nghiém nguyén.
Bai toan 20. 23:
Gidi phuong trinh nghiém nguyén:
a)x*+y*+z2* + t* = 2011 b) X" +y’ = 7z.
Hwéng dan giai
a) Néualasédchinthia®: 16
Néu a la s6 18 thi a% chia cho 8 dw 1 nén
a'= (8k + 1)2 = 64k* + 16k + 1, chia cho 16 dw 1
M@i 56 x* v z , t* chia cho 16 dw 0 hogc 1 nén
x* +y* + 2% + * chia cho 16 ¢6 s dw nhé hon hosc bang 4.
Trong khi d@6, vé phai chia cho 16 dw 11.
Vay phuong trlnh khong c6 nghiém nguyen

b) x” + y =7znénx + y’ chia hét cho sé nguyen t6 7
- Theo dinh li nhé Fecma: x” —x : 7, y -yi7
PT: (x —X)+(y -y t{x+y)=7z
Taco:x+y: 7. Ratx+y =7k (k nguyén)

, X=t
Suy ra nghiém <y =7k —t . (t, k nguyén tuy y)
7+ (7k —t)7
.7

zZ=

Bai toan 20. 24:
Giai phwong trinh nghiém nguyén té :
a)yx’+y?+z%=zyz b) X% + y? + 2% + 2 = xyzt.
Hwéng dén giai
a) Ton tai mét trong ba sb x, y, z chia hét cho 3.
That vay néu ca ba sb khong chia hét cho 3 thi vé trai chia hét cho 3, vé
phai khong chia hét cho 3.
Gidslrz : 3thiznguyéntbnénz=3.Taco: X+ v +9= 3xy
Suyrax®+y? i 3, vix, ynguyéntdénén x=y =3



10 trong diém bSi dudng hoc sinh gidi mén Todn 10— (& Hoanh Pho

Thiv lai dang. Vay nghiém (3 ;3 ;3).
b) Tn tai mot trong bén s6 x, y, z, t chia hét cho 2.
Giasit: 2thitnguyénténént=2.
Taco: x> +y?+ 2> +4 =2xyz
Suy ra X2 + y* + 22 i 2. Tén tai mot trong ba s6 nguyén t6 x, y, z chia hét
cho2,gidstrz: 2thiz=2.
Ta c6: X% + y? + 8 = 4xy do d6: x* + y* chia hét cho 4.
Suyrax=y=2, thir lai dung. Vay nghiém (2 ;2 ;2 ;2).
Bai toan 20. 25:
Giai phwong trinh nghiém nguyén duong:
a) x! +yl = (x +y)! b) x'7 +y" = 19"
Hwéng dan giai
a) Gia st x > y thi x! > yl. Do do: (x + y)! = x! +y! < 2x!
Nhw vay: 2x! 2 (x + y)! hay: 2x! 2 xI(x + 1)(x + 2)... (x +Y)
Nén: 2> (x+ 1)(x +2) ... (x +Y)
Chixayrakhix=1y=1 ,
Th lai, cap s6 (1; 1) thod man 1! + 11 = 2!
b) Gia st x'" +y" =19 va1<x<y<19
Tace 1972 (y+ )7 =y7+17y"®+ . =197 >y +17y"
Do do: "7 +y'7 >y +17y"° = x'7 > 17y |
Doy>x>1nénx'”>17y"®suyrax'” > 17x'®, vay x > 17.
Taco: 17 <x<y<19 chicothéx=y=18.
The: 18'7 + 18" = 19", loai vi vé trai chan, vé phai lé.
Vay phuong trinh d& cho khong cé nghiém nguyén dwong.
Bai toan 20. 26:
Giai phwong trinh nghiém nguyén duwong:

1 1 1 1 xyzt+xy +xt+zt+1 40
a) —+—+—=— b) =,
X y 2xy 2 yzt +y +1 31
Hwéng dan giai
a)Giés&xzythilsl,J—-<l'nén¢l:_+l+_L<§
X y 2xy y 2 x y 2xy y

Suyray < 6. Mat khacy > 1.

Xéty e {2; 3; 4; 5} dwoc: y = 3; x = 7.Vay nghiém: (7; 3), (3; 7.
b) Ta tach phan nguyén va phan & :
xyzt+xy +xt+zt+1 40 zt +1 9

=— nén X+ ——— =1+ —
yzt +y +t 31 yzt +y +1 31

zt+1 9
yzt+y+t 31

Ta co:

Do cé duy nhat mét cach viét nhw trén nén: x = 1;
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yzt+y+1 31 t 4

Suyra ~——2 =" hay y+ =3+—

y zt+1 9 vy 2t +1 9
zt+1 9 1 1

- Suyray= 3 =—hay z+-=2+—
yray t 4 y t 4

Suy ra: z = 2, t = 4. Thi¥ lai dung. Vay nghiém: (1; 3; 2; 4)
Bai toan 20. 27:
Gidi phwong trinh nghiém nguyén:
a) X2 + xy + y? = x%y?
by(1+2+3+ .. +x)(12+22+3%+ _+x)) =y?
Hwéng dan giai
a) Xl +xy+y? =3y o X2+ 2xy +yP= x>+ xy
& (X +y)? = xy(xy + 1)
Ta thdy xy va xy + 1 1a hai s6 nguyén lién tiép, c6 tich 1a mét sé chinh
phwong nén ton tai mét sé bang 0.
Xétxy =0,thicox*+y*=0nénx=y = 0.
Xétxy +1=0. Tacoxy =1 nén (x, y) bdng (1; —1), hoac (-1 1).
Thir lai, ba c&p sb (0; 0), (1; =1), (~1; 1) déu la nghiém ctia phwong trinh da cho.

b) Tacotong 12+ 22+ . +x2= %x(x+ 1)(2x + 1)

X(X+1) x(x+1)(2x +1) y2

nén phwong trinh: 5 =

x(xa-1)]Z 2x+1_y2
2 | 3

d

2x+1 (2n + 1)? v&i n nguyén

Ta phai co

Phwong trinh nay c6 vo sé nghiém nguyén: x = 6n% + 6n + 1.
Tw d6 suy ra nghiém y.

Bai toén 20. 28:
Gidi phwong trinh nghiém nguyén:

a) —-
z y X

1 : 1 1
+ ' + =1.
X2k +y?) (R )0 +y2 %) xP(x® +y? + 2P)
Hwéng dan giai

a) ﬁ/—+3(-Z-+¥—Z-=:3,x,y,z¢0
z y X

= X°y* + x’2% + y*2* = 3xyz => xyz > 0
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) Do (o {s] trong X, Y, Z hodc cé ba sb dwo'ng hodc c6 mot sé dwcng, hai s6 am.
Chuay rang néu ddi diu hai trong ba sb x, y, z thi PT khong ddi, do d6 co

‘thé gia thiétx,y,z> 0
Ap dung b4t dang thirc AM-GM cho ba sé dwong:

3=, X2 yz>33/xy Xz yz 3.3xy223
Tz Yy X z y

DAu = khi va chi khi:
Xy _Xz_yz_
z. 'y X
Péi dau hai trong ba sb x, y, z ta dwoc thém ba nghiém nira:
(1, =1,=1), (1,1, -1), (<=1, =15 1)
 byPatx’*=a, X’ +y*=b,x*+y* +2z*=cthia, b, c nguyén dwong, 1 <a<b<c.
Phuwong trinh tré thanh: Ll + i + i =1
ab bc ac
Dodéa+b+c abc Gidiradwoca=1,b=2,¢c=3.
Suyrax’*=y*=2°=1
Vay phuwong trinh ¢é tam nghiém nguyén:(1; 1; 1), (1 1; =1, (1;=1; 1), (-1,
1; 1), (1, =1, =1), (-1, 1, =1), (<1, =1; 1), (1; =1; =1).
Bai toan 20. 29: ’
Giai phwong trinh nghiém nguyén:

a)\/ -r-\/xa- x b) 2\/——3\/;=\/I§

Hwomg dan giai
a)Tacé:x=0,y=>0. Bmh phu’ong hai vé :

l\/ﬁfx+ X+\[_—y nenx+\/x+ X+\/—'—y
“hay Yx+/x+Vx =y?-x=k(keN)

- Binh phuwong tiép tuc rdi chuyén vé :

VX+VXx =k®=x=m(me N)nén: x+ Vx =m?
hay vx =m?-x .Do dé \/_ la sb nguyen va la sé tw nhién.
Ta cé: f X ( \/; +1) =m?
Hai sé tw nhién lién tiép \/; va \/; + 1 ¢6 tich Ia mdt sé chinh phwong nén
sénhé:vx =0 ’
Suy ra: x = 0; y = 0 thod méan phwong trinh da cho
. Vay nghiém cla phwong trinh l1a (0; 0).

=1 oxX¥=y=22=1ox=y=z=1
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b) PT 2vx -3y =43 Pidukien:y>0; x > 12

hay 3.y =2x -43

nén: 9y = 4x + 48 — 16v/3x hay 1613x = 4x + 48 — 9y
Do d6 3x la sé chmh phwong nén x = 3a°

Suy ray = 3b? ‘

PT:2ay/3 =3by/3 =43 < 2a-3b=4

Tacob: 2 Datb=2tthia—3t=2néna=3t+2

Khi d6: x = 3a” = 3(3t + 2)%, y =3b? = 12f°

Didu kién x > 12 dwoc thod man. Thir lai dang.

X = 3(3t + 2)?

) , VOi t1a sé tw nhién tuy v.
y =12t

Vay nghiém {

Bai toan 20. 30:

a)

Gidi phwong trinh nghiém nguyén: ' _
a) VX +fy = Jx 1y +2 b) \xyz = (x + y)Vz .

] Hu’é’nq dan giai ]
Do hai ve cta phuwong trinh 1a sé dwong, binh phwong hai vé ta duoc
phuwong trinh twong duwong x +y + 2\/;; =xX+y+4+ 4\/’m
o \/E=2+2\/m < Xy =4 +4(x+y)+ 8. m.
Suyra \/m la s nguyén dwong ttr 46 \/E la sb nguyén duwong chan.
bat \/;(— = 2t (t nguyén dwong), ta co:
2+2/x+y=2thay 1+ x+y =t
Dod6 Vx+yfy =(Jxty++1=t+1
Jx + \/)7 =t+1
JxAfy =2t

trinh X2 —(t+ 1)X + 2t =0
A=(t+1)* = 8t=(~6t+9)~8=(t-37 - (2y2)
=(t-3+22)(t-3-2v2)20
Suyrat > 3+2\/§>6

Ta c6 hé phwong trinh { nén \/;\/; la nghiém cla phucrng

Khi d6:
X, = t+1+\/t2-6t+1_x o t+1-VtP -6t +1
1= ] 2=

2 2

Dote Z néndé X e Z thi t? - 6t + 1 1a sb chinh phwong
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Talaico (t—5)° <t?—6t+1<(t-3)° o
Néu t? — 6t + 1 = (t — 4)?, phwong trinh nay khéng cé nghlem nguyeén.
Néut?—6t+1=(t—5°=>1t=6vaxX;=4X;=3
Nghiém ctia phwong trinh la x = 16; y=9vax=9;y = 16.

b) Ta co (x +y)’z=10xy +zhay | (x+y)?—1lz=10xy.

Néu xy khong chia hét cho 3 thi (x + y) ciing khong chia hét cho 3, do d6 (x +
y)? khi chia cho 3 con du 1, tir d6 (x + y)* — 1 chia hét cho 3, suy ra xy chia hét
cho 3, trai gia thiét.

Vay xy chia hét cho 3, nén (x +y), z déu chia hét cho 3.
Vi1<x+y< 18, dodé:

Néu x + y lay gia tri 12, 15, 18 thi 10xy chia hét cho 143, 224, 323 khi d6
xy chia hét cho 143, 224, 323 Ia diéu v6 li vi Xy 12 sb c6 hai chir sb.

Néu x +y = 3 thi 8z = 10xy . Dang thirc nay khéng xay ra vi vé trai la sb co
mét chir sb trong khi d6 vé& phai la sé c6 ba chir sb.
Néux +y=6thi7z= 2@ = 20x + 2y = 18x + 12. Phwong trinh nay khéng
¢6 nghiém nguyén. ‘
Néux+y=9thi8z=xy =9x+9,suyraz=9;x=7;y=2.Bobaséx=7,
y = 2; z = 9 thod méan dé bai.
Bai toan 20. 31:
Giai phwong trinh nghiém nguyén dwong :
a)2*+3=35 b) 2° + 3% = 5%
Hwéng dan giai
a) x =1, x = 2 khéng thod man 2* + 3* =35
x=3thodman 2*+3*=35vi8+27=35
Vi x > 3 thi 2* + 3* > 2° + 3% = 35 loai
Vay nghiém: x = 3.

X X
b) 2+ 3 =5 & [-‘2-) ,{9] =1
| 5) |5

V&i x = 1 thi vé trai bang 1: dung

X X
V6ix =2, vico sé 2,2 <1 nen (-‘2-] . (g) <231 ai
55 5 5 5 5
Vay nghiém duy nhét clia phwong trinh: x = 1.
Bai toan 20. 32:
Giai phwong trinh nghiém nguyén dwong :
a) 2" +2V=2° b) X +y' +Z7 =t

550



Cty TNHH MTV DWH Khang Viét

Hwéng dan giai
a) Gia st x > y. Chia hai vé cho 2 # 0 dwoc: 2 + 1 = 2%
Tir d& bai suy ra z > y nén vé phai sé chin. Do d6 2 = 1, vay x —y = 0,
tire 1a x = y.Dat x = y = k (k nguyén dwong).
=2=2 o1=z-koz=k+1
Vay nghiém: (k; k; k + 1) v&i k la nguyén dwong tuy y.
b)Gidstr1<x<y<z<t
Néuz=1thix=y=1Tacé3=t"loai
Néuz=2thit>3. Khido: t'>3°>32%>x +y' + 2z vo Iy
Néuz>3thiit'2(z+ 1) > 22 =27>3 . 225 + W + 2% Vo ly -
Vay phuong trinh khéng c6 nghiém nguyén duwong.
Bai toan 20. 33:
Giai phwong trinh nghiém nguyén:
a) {xy+2zt=0 b) {x+y+z=25
xt-yz=1 X% +y% +2%2 =209
Hwéng dan giai
a)Taco:xy +2zt=0; xt—yz = 1
Suy ra: (xy + 2zt)? + 2(xt — yz)* = 2 nén: (@ + 22%)(y? + 2£3) = 2
Xét {X2+222=1 = x=21;2=0y=0;t=+1
y2 +2t2 =2
Taco: xt=yz+1=1= xvatcing du.
Nghiém (1; 0; 0; 1) va (=1; 0; 0; —1)

Xét {X2+222=2 =x=0;z=41,y=41;t=0
y2 +2t% = 1
Taco:yz=xt—1=-1=yvaztrai diu
Suy ra nghiém (0; 1; ~1; 0) va 0; -1; 1; 0).
Vay hé cé bén nghiém:
(1,0;0; 1), (=1, 0; 0; =1), (0; 1; =1; 0), (0; =1; 1; 0).
b) Tacéd:z=25—-x—ynén x*+ y? + (25 — x - y)? = 209
X* + (y = 25)x + (y? — 25y + 208) = 0
Dé ton tai x phéi c6: A 2 0 (y — 25)% — 4(y* - 25y + 208) > 0

& =3y’ + 50y — 207 20 <> 3y*— 50y + 207 <0 < 7-§- <y<9

Doy lasb nguyénnény =8 hosicy =9
Voiy=8thixX*~17x+72=0 & x; =8 x, =9
Vc’riy=9thixz-16x+64=0<:>(x-8)2=0<::>x3=8
Vay nghiém: (8; 8; 9), (9; 8; 8), (8; 9; 8).
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Bai toan 20. 34: ‘
Giai phu’o’ng trinh nghiém nguyén dwong
a)xX*—2y*+x-2y=0 b)) (x+ 1)+ 1= (x + 2)F
Hwéng dan giai
a)PT (1) > @2x+ 1)>=2@2y + 1> -1
Ptz 2x + 1, t=2y + 1, PT tr& thanh: 22 - 2t* = —1
Day l1a phwong trinh "kiéu Pell", c6 nghiém nguyén dwong nhé nhét la (1; 1)
nén: Céc nghiém nguyén dwong cé dang:

_ (1+\[§)2n+1 + (1_\/5)2!‘”1

2
. ,heN
_ (1+\/E)2n+1 _ (1_ \/E)Zﬁﬂ
1 2\/’2'
Véin=0=2zy=t;=1= x=0,y =0 khdng thoa bai toan
Ta sé chirng t6 voi n > 0 thi z,, t, 1& va Ioén hon 1. (Khi d6 ta duwoc cac
nghiém (x, y) twong rng cta bai toan).
Datx1—1+\/§ x2—1-\/— S, = x +x
= X1, X la nghiém phuong trinh: x* = 2x — 1 =0
= Sn+2 = 28n+1 + Sn
Do Sy =2, $4 =2 = (S)) la day tang vo&i Sn =2 (mod 4)

t

S
=z, = ——-2-2!‘-tl la day ting va lé

=V&in>0,z,1é lénhon1(z, >z, =7)
Suy ra: 2t =22 +1=1 +1=2(mod 4)

=Voin>0,t,lévalénhon1(doz,>1)
Vay: Cac nghiém nguyén dwong clia n la:

(1+\/— 2n+1 + (1 \/_—)2n+1

y 1+ \/_.)2n+1 (1 \/_)2n+1 2\/_
n 4\/5
bybata=x+1,b=y+1,c=z+1.Tacéa, b,c=2va
+1=@+ 1)o@+ )-1)"+1=(a+1)°
Tl hai phwong trinh trén suy ra (=1)°+1 =0 (mod (a + 1)), suy ra b la sé 1&.
Ap dung khai trién nhi thirc cho phuwong trinh thé hai va dua vé phuong
trinh ddng dw (mod (a + 1)) ta cling co:

Cla+ 1)=1)""+(=1)°+ 1=0(mod (a + 1)%),
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Suy ra (a + 1) chia hét b va do do a la sé chan Mat khac, ap dung khai trién
nhi thirc cho phwong trinh th nhat va dwa vé phwong trinh déng dw (mod

a’) ta dwoc 1 = C1 a + 1 (mod a?), t&r do ¢ chia hét cho a, suy ra c 1a sé
chdn. Pata = 2a4, ¢ = 2¢4, ta c6:

208y =a’=(a+1)°=1=(@+1 - 1) ((@+ 1) +1)
Suy ra UCLN ((a+1)*'=1, (@a+1)° + 1)) = 2. Tir d6, do 2a, la mét wée sb
cla (a+1)° -1, ta co thé két luan:

(@+)1=1=2a°, (@a+1)% +1=2""

Ta phai co 2°' > 2a nén suy ra a, = 1. Tlr do, cac phwong trinh trén cho
ta ¢, =1 va b = 3. Vay nghiém duy nhét cta bai toan Ia: (x,y,2)=(1,2,1).

Bai toan 20. 35;:

a)

Giai phwcrng trinh nghiém nguyén duwong:

a) 4x* +8xy+3y -4y -15=0

b) x2 + y? = 20111995 *1(10 — ) v&i k 1a sb cho trude.

Hwéng dan giai

4x* +8xy+3y -4y-15=0

o 4(x* +2xy + y°) — (y +4y +4) =11

S 4% +y)2—(y+2)2= 11

S @3 +y-2)2x*+ 3y +2) = 11

Giai lan lvot cac hé phwong trinh sau:

{2x2 ry-2=1 {2x2 +y-2=11
2x% +3y+2=11 |2x® +3y+2=1

{2x2 +y-2=-1 {Zx2 +y-2=-11
2 +3y+2=-11 |2x®+3y+2=_1

Ta tim dwoc cac nghiém cla phuwong trinh

(%, y) = (0, 3); (-2, =7) va (2, =7) : loai.
Vay phuong trinh khéng cé nghiém nguyén duong.

b) Trwdc hét ta chirng minh bd dé:

"Néu p la sé nguyén té dang 4k + 3 va x* + y?ipthix: p.y:p"
Thatvay néu x./pthiy/p
Theo dinh li Fecma x*™" = x**? = 1 (mod p)
yH2 = 1(mod p)
Mat khac vi x? = —y? (mod p) = x*®*1 = 4@+ (maqg p)
= 1=-1(mod p): v6 li
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Tr& lai bai toan, vi 2011 1a s6 nguyén té dang 4k + 3, do d6 theo bd dé x = ’
2001x4; y = 2011y,

Pat 2n = 1995 + 1 = x2 +y2 =2011*"2 (10 - 2)

Tiép tuc nhw vay n lan ta co:x2 +y2 =10 -z (1
Vé&ix =2011"x, , y = 201"y,
Bang cach thir tre tiép ta thay nghiém nguyén duong cla (1) 1a:
(Xm Yn 2)=(1,1,8),(1,2,5),(2,1,3)va (2, 2, 2)
Vay nghiém nguyén dwong ctia phwong trinh da cho la:
(2001", 2011", 8), (2011", 2.2011", 5), (2.2011", 2011", 5), (2.2011",
k
2.2011", 2) v6i n = —-————199: A
Bai toan 20. 36:
Giai phwong trinh nghiém tw nhién (x, y, n):
x!+yl=3"n (1).
Hwéng dan giai ‘
Gia st (X, y, n) la bd sé ty nhién thod man (1). Dé thay phai co n > 1; va
khéng mét tdng quat; c6 thé gid st x <y.

! !
Truong hop 1:x<n. Tacéd: (1) & 1+Y_'=3nn' @
x! x!

Suy ra 1+%—=0 (mod 3). Tl day, luu y rang tich cia ba s6 nguyen lién

tleplamotsochlahetcho3van>1Suyrax<y<x+2

— Néuy =x+ 2 thi tir (2) ta co:
n! :
1+(x+1) (x+2)=3"% (3)

V&i lwu ¥ réng tich cGa hai s& nguyén lién tiép la mét sb chia hét cho 2, tir
(B)suyran<x+1.
Véi n = x thi tir (3) ta duoc
14 (x+1) (x+2)=3 hayx’ +3x+3=3 (4)
Vi x > 1 nén tlr (4) suy ra x=0 (mod 3).
Do d6, phai co x > 3. Khi dé, tr (4) ta c6: -3 = x* + 3x — 3*= 0 (mod 9)
Piéu v6 li nhan dwoc chirng té n = x
V&in=x+1,tr (3)taco: 1+ (x+1)x+2)=3"(x+1)
Suy ra x + 1 1a wéc nguyén dwong clia 1. Do d6 x = 0, kéotheoy =2van=1.
n!
- Néuy=x+1thitr(2)taco:x+2=3"3] (5)

Vé&ichayrangn=>1,tir (5) suyrax > 1.
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Do d6 :x +2 =1 (mod (x + 1)). Vi thé, tir (5) suy ran = x.

Khi d6, ttr (5) ta c6 x + 2 = 3* (6)

D& théy, c6 duy nhét gia tri x = 1 thod man (6), ta dwoc bo sb (x =1,y = 2,
n=1).

Iyl
Trwong hop 2: x>n. Tacod : OE= %+ y—;:S” )
I n!

V&ilwu y rang n + 1 va n + 2 khong thé déng thoi 1a cac uy thira cia 3, tir
(7ysuyrax=n+1.

|
Khi d6, tir (7): n+1+ y—| = 3" (8)
ni

| . .
Viyzxnény=n+1 DatA= : V'Dl. Khi d6 c6 thé viét hé thire (8) dudi
n+1)!

dang: (n + 1)(1 + A)=3" (9)
Rorang, néuy > n + 4 thi A =0 (mod 3); vi thé A + 1 khéng thé 1a mot luy
thira ctia 3. Do do, tr (9) suyray <n + 3.

— Néuy=n+3thiA=(n+2)n+3). Do do, tir (9) ta co: -
(n+ 1)1+ (n+2)(n+3)) = 3" hay (n+2)°-1=3" (10)
Suyran>2van+2=1(mod 3).
batn+2=3k+1,k=>2. ’
Khi @6, (10) tré thanh 9k.(3k? + 3k + 1) = 3% va ly.
Vi 3k? + 3k + 1 khong 13 mot luy thira cda 3.

- Néuy=n+2thiA=n+2. Do @6, tr (9) (n+1)(n+3)=3"vd ly
Vin+1van + 3 khéng thé déng thoi 1a cac luy thiva cla 3

- Néuy=n+1tacoA=1.
Do do, t (9) ta dwoc: 2(n + 1) = 3". R& rang, khéng ton tai n thod man hé
thirc vira néu. Dovayy #n + 1.

— Nguoc lai, dé& thay tat ca cac bd s vira néu déu thoa man ).
Vay, nghiémla: (0, 2, 1), (2,0, 1), (1,2, 1) va (2, 1, 1).

Bai toan 20. 37:
Giai phwong trinh, hé phwong trinh:

a) [\/ﬂ + [\/5] + [\/5} ++{\/x_2——1} =y Vv&i nghiém nguyén té.
) {2x+y+32=2 ‘

@x+13 +(y-1° =-6+(2-32)°
Hwéng dan giai

v&i nghiém nguyén.

a) Tacé Vke Nthi:

k= [xfk?}: [\/k2 +1}= [\/k2 +2}=...=[M]
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Suy ra: {\/k_zyr {x/k2 f'i]% [\/kz . 2} +[m] =

= k(2k + 1) = 2k* + k
Chok=1,2, ..., (x-1) rdi cong tirng vé clia cac dang thirc ta dugc:

M]+ [\/5] N [\/ﬂ ++[\/;2_-_1] =222k (x—1P ] 4

F1+2+3+ .+ (x-1)= (X'”"fx‘” ;x("z‘”

Phuong trinh da cho:
- (x=Dx@x-1) x(x-1) _ (x=Dx(4x+1)

y 3 2 6
- (x = )x(4x +1) _6
y

Viy la sé nguyén tb =y la wéc cla (x—1);Ax; (4x + 1)
=y < max{(x-=1); x; (4x+1)} = 4x + 1

(X —1)x(4x +1)

= 6= 2xX(x—1)=>x<3=>x=2hodc3

Vaycacsbdcantimlax=2;y=3;x=3;y=13.
@x+)+(y -1)+(8z2-2)=0
@x+12+(y-10®+(32-2°=-6
Ppéynéua+b+c=0thia’+b®+c’=3abc
@x+)+(y-1)+B3z-2)=0 (1)
{(2X+1)(y—1)(32—2)=—2 2
Vix,y,znguyénnén2x+1,y—-1,3z-2 nguyéﬁ
Ta xét cac trudng hop voisé 2x +1
(y-10+(Bz-2)=-1
(y-18z-2)=-2
= y—1, 3z — 2 1a nghiém cla phwong trinh: X2+ X -2=0

Dodé{y~1=1 hay {y—1=—2 @{y=2 hay{yz_1

b) Hé viét lai:{

- Néu2x+1=1©x=0thihé:{

3z-2=-2 3z-2=1 z=0 z=-1
(y=-10+(3z-2)=1
(y-13z-2)=2
=y~ 1, 3z - 2 la nghiém cta phuwong trinh:

X2~ X + 2 =0 (vb6 nghiém)
Vay hé phuong trinh ¢6 cac nghiém nguyén: (0, 2, 0), (0, -1, 1).

- Néu2x +1=-1 x=-1thi hé: {
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Bai toan 20. 38:
Ching minh réng phwong trinh
a) x* + y* = 2003z* khong cé nghiém (x: y: z) nguyén duong.
b) 2002x% — 2003y? + 12* = 0 ¢6 vé b nghiém nguyén.
: Hwéng dan giai
a) Gia s phwong trinh cé nghiém duong
Goi (Xo, Yo, 20) la nghiém cla phwong trinh véi X, Yo, 2o Nguyén duwong va
Xo la nhd nhét. '

Ta chirng minh x, : 2003 vay, | 2003
Néu x, / 2003 thi ter X2 +y2 = 2003z, suy ra
Yo / 2003 (vi 2003 fa sb nguyén té)
Theo dinh li Fermat nhé ta co:
x2% _1=0 (mod2003) va y2°%2 —1=0 (mod2003)

= ()" +(v2) ™" -2 = 0 (mod 2003)

= (X§ + Vg ) - A=2 =0 (mod 2003) = -2 = 0 (mod 2003) (vé IY)
0 0

Vay: xo 1 2003 = y, | 2003. bat x, | 2003x4 vay, | 2003 Vi
Thé vao phuong trinh:

(¥ +v2)2003= 22 = 2,1 2003 = 7, 2003z,

Thé Xq, Yo, 2o vao phwong trinh ta dwoc:xZ +y? = 2003z
Nhw vay (x4, v, z4) 1a nghiém nguyén dwong cla phwong trinh ma x; < x,.
Mau thuan nay chirng t6 phuong trinh khéng c6 nghiém nguyén dwong.
b) Ta c6: 2002x° — 2003y? + 12* = 0 t)
< 2003y* - 2002x2 = (123)?
Xét phwong trinh: 2003y? — 2002x2 = 1 (2)
Nhan xét rang néu (2) c6 nghiém (x, y) thi (1) c6 nghiém (122, 12%), nén ta
chi c¢an chirng minh phwong trinh 2003y? — 2002x° = 1 ¢6 v6 sé nghiém thi
phuong trinh (1) cting c6 vé sé nghiém.
Néu (xo, Yo) & nghiém ciia phwong trinh: ay’ — bx* = 1 trong d6 a — b= 1
‘_{x1=(a+b)x0+2ayo . . . . s
thi: cling la nghiém clia phuwong trinh 4y
Y, = 2bx, +(a +b)y,

That vay ta co:
ay? —bx? = a[4b2x§ +4b(a +b)x,y, +(a+b)? yg] T

—b[(a +b)?x5 + 4a(a +b)x,y, + 4a2y§]
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= (a+b)?(ay? - bx2) - 4ab(ay - bx3)
= (a + b)? — 4ab = (a — b)® = 1 (dpcm)
Tir 46 4p dung bé dé& cho phwong trinh 2003y” — 2002x” = 1 ta c6 phuong
trinh c6 tap v6 han nghiém :
X, .4 =4005x +4006y,
Y., = 4004x_ +4005y

Vé&in e N va xg = Yo = 1 1a mot nghiém clia phwong trinh
Bai toan dwoc chirng minh.
Bai toan 20. 39:
Chirng minh rang phwong trinh x* — 1993x% + (1993 + n)x? — 11x + n = 0 Vi
n la s6 nguyén, cé khéng qua mét nghiém nguyén
Hwéng dan giai

Gia st phwong trinh d& cho c6 hai nghiém nguyén, khi d6, da thirc:

x* —1993x% + (1993 + n)x* — 11x +n
sé c6 nhan t& dang bac hai (x*—ax +b), véiavablacac sb nguyén. Xét:

(C—ax + b)(x*-cx+d) = X' — 1993x° + (1993 + n)x* = 11x + n

So sanh caché sb: (1)a+c=1993;(2)ac+b+d=1993 +n
(3)bc+ad=11,(4)bd=n
Ter (1) suy ra c la sb nguyén, khi do (2) cho ta d ciing la sé nguyén.
Twr (1), (4), Q) tacoac—a—-c=bd-b-d.
Pé thuan loi, ditA=a—-1,B=b-1,C=c-1,D=d-1.
TadwocA+C=1991, AC=BDva(B+1)(C+1)+A+1)D+1)=1
Khai trién rdi nhan véi B, ta co:

B¥C+1)+BC+B+ABD+BD+AB+B=11B
Thay BD béng AC ta co:

BXC + 1) + B(A + C - 9) + A’C + AC, hay

BXC +1)+2.991.B+AA+1)C=0
Phwong trinh bac hai theo B trén phai cé nghiém thye, do do:

A(A + 1)C(C + 1) < 9912
Ma A+C = 1991 va A, C la cac sb nguyén nén AC > 991, trir khi A hoac C = 0.
Twong tw, (A+1)(C+1) > 991 trtr khi A hoac C = —1. Do d6, (A, C) = (0, 1991),
(-1, 1992) hoac (1992, - 1).
Ngoaira (B + 1)(C + 1) + (A + 1)(D + 1) = 11 nén khong thé xay ra (A, C)=
(-1, 1992) hay (1992 - 1) (néu nguoc iai, suy ra 1993 chia hét 11). Tw do,
AC=0,dodéoBD=n=0.
Suyra (A, B, C, D) = (0, 0, 1991, ~1982) hay (1991, ~1982, 0, 0)
Nhuw vay hai nghiém nguyén ndi trén cta phwong trinh da cho la hai nghiém
nguyén cta phuwong trinh x? — x + 1 = 0 ho&c phwong trinh

x? —1991x - 1982 =0
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Nhung rd rang ca hai phwong trinh khéng cé nghiém nguyén, mau thuan,
suy ra diéu phai chirng minh.
Bai toan 20. 40:

a) Biét b6 bén sb 12, 14,-37 va 65 la nghiém clia phwong trinh bén an:

Xy —xz + yt =182,
HGi méi sé trén 1a gia tri cGia n nao?
b) Vi gia tri nguyén dwong nao cla p thi phuwong trinh

X2+ y?+ 1= pxy
c06 nghiém nguyén dwong?

Hwéng dan giai

a) Phuwong trinh: x(y — z) + yt = 2.7.13

Néu x = 14, thi yt : 7. Didu nay khéng xay ra vi trong cac sé 12, 37, 65
khong c6 hai s6 nao dé yt : 7. Vay x = 14
Néu x = 65 thi yt : 13. Diéu nay ciing khong xay ra, vi trong cac sé 12, 14,
37 khong co hai sb nao dé yt : 13. Vay x = 65.
Phuong trinh c6 thé viét vé dang: y(x +t) — xz = 2.7.13
Lép luan tvongtwtacoy = 14,y = 65
Vay x, y chi cé thé nhan mot trong hai gia tri 12 va 37
khi d6 xy = 12.37 = 444 va phu’crng trinh da cho tré thanh xz — yt = 262
Néu mot trong hai sé x, y Ia sé chan thi mét trong hai sé xz, yt 1a sé chén.

Khi d6 ta cé hai sé xz, yt déu la sb chin. Nhw vay xz va yt chi co thé Ia
12.65 hoéc 14.37.

Suy ra xz = 262 + yt > yt nén xz = 12.65, con yt = 14.37.
Tl dé x =12;y =37, z=65vat=14. Thi lai dung.
b) V&ip = 3 phwong trinh c6 nghiém chang han x = y=1.
Xét p # 3. Goi P la tap hop cac nghiém clta phuwong trinh. Gia st (Xo, Vo) la
nghiém sao cho xo + Yo bé nhét. Ta cd X, # Y.

That vay néu x, = yo suy ra 1 = X2(p-2)=>p=3

Khong gidm tbng quat giad st X, < yo

Xét phrrong trinh y? — pxoy + x2 +1=0 (1)

Vi yo la nghiém cda (1) nén theo dinh li Viet phwong trinh (1) con mét
nghiém ys v8i ys + Yo = pXo, 1Yo = X2 +1 (2)

Tw (2) suy ra y; nguyén duong. Do d6 tir (1) suy ra (ys, Xo) € P

2 2

Xs+1 x
Matkhacy,= 0" o Loy 1oy Ly

Yo Yo Yo Yo

Vay y1 < %o. Do d6 y; + X < X + Y. Tréi v&i cach chon cla ta.
Vay vai p = 3 thi phwong trinh vé nghiém.
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3. BAI LUYEN TAP
Bai tap 20. 1: Gidi phwong trinh nghiém nguyén:
a) 3x + 7xy — 4y = 285 b) 8x — 2y — 13 = 3xy — 3%
' Hwéng dén
a) Rut x theo y.
b) Két qua (-1;18), (5;6)
Bai tap 20. 2 Gidi phwong trinh nghiém nguyen

ax’-y*=9 b) x* —2y* +xy 3
Hwéng dan
a)Két qua (2;-1)
b) Banh gia bac hai
Bai tap 20. 3: Giai phuong trinh nghlem nguyen
a)x®+3x® +1=y* b) x* —y* = 3x

Hwéng dan
a) Két qua (0; +1) '
'b) Két qua (0;0)
Bai tap 20. 4: Gidi phwong trinh nghiém nguyén:
a)2x® +4x= 19-3y? b) (2x +5y+1)(2™ + y+ X +x)=105
Hwéng dan
a)Kétqua (2; £ 1), (—4;+ 1)
b) Danh gia biéu thirc 2" + y+ x* +x.
Két qua (0;4)
Bai tap 20. 5: Giadi phwong trinh nghiém nguyén:
a) X2 +2y? + 222 — 2xy - 2yz -2z = 4
b) (x +y + 1)? = 3(x* +y* +1)
Hwéng déan
a) Két qua (4; 4; 3)
b) Két qua (1;1)
Bai tap 20. 6: Giai phwong trinh khéng c6 nghiém nguyén
a) x* +y? +z°= 1999 b) x> +y* +z%= 2003
‘ Hwéng dan
a) Phan tich theo 4k. Két qua vé nghiém
b) Két qua vo nghiém
~ Bai tap 20. 7: Giai phwong trinh nghiém nguyén:
a)x2 +x+12Jx +1=36 b)\/->2+\/)7——1=\/x+y+1
Hwéng dan
a) Két qua X =3
b) Binh phuong twong du’cng
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Bai tap 20. 8: Giai phwong trinh nghiém nguyén:.

> 25
X+y X {le+l3~yl=2

a) -2x<18
Y Xrly-2l=x+2

X2 +4x-y<0
Hwéng dén
a) Kétqud x =3,y =22 23 24
b) Vi x, y nguyén va IX| +]3-y|=2nénx=-2;-1:0: 1: 2.
Bai tap 20.9: Chwng minh phwong trinh ¢6 vé s nghiém nguyén
a) x>+ 2y? + 322 = (x+ 2y +3z)?

b) yz\/X+2\/X—1 +\/x~2\/x——1

Hwéng dan

a)Kétquax=n,y=z =0

b) y = x+ 2~ + Vx= 2% —1 | Vx 1 +1] + | Jx=T-1|
Bai tap 20. 10: Giai phuong trinh nghiém nguyén dirong
ol 11 py 1yl 11
X y 10 ‘ X y 6xy 6
, Hwéng dan S
a) Danh gia bang cach xét 1 < x <y,
b) Kétqua (43,7), (7, 43)
Bai'tap 20. 11: Giai phuwong trinh nghiém nguyén duong
a) 4x* +y? +972= 71 b) x +y + Z? = 4xy
Hwéng dan

a) Két qua vé nghiém
b) Két qua vé nghiém
Bai tép 20. 12 Gidi bat phwong trinh nghiém nguyén:
a) 5x° +y ——4xy+2x<0
b) 2x? +y? + 22 +2x — 4z — 2xy+5 <0
i Hwéng dan
a) Két qua (-1; -2) ,
b) Nhém téng binh phuwong.
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Chusén aé 25 TOAN SUY LUAN

. KIEN THUC TRONG TAM

Ménh dé SDG

— P (pht dinh) dung < P sai; P sai < P dung.

(P = Q): (kéo theo) chi sai khi P dlng va Q sai.

(P < Q): (twong dwong) chi dung khi P va Q cung dung hodc cung sai.

(P A Q) : (va) chi dung khi P dang va Q ding.

(P v Q) : (ho3c) chisaikhi P saivaQsai.

vx e X, P(x) dung < mai X, € X, P(X,) dung.

Vx € X, P(X) sai < ¢6 X, € X, P(X,) sai.

Ix e X, P(x) ding < co X, € X, P(X,) dung.

3x e X, P(x) sai <> moi X, € X, P(X,) sai.

Piéu kién cén, diéu kién du

Cho khang dinh ding dang Vx e X, P(x) = Q(x).

P(x) la diéu kién da dé c6 Q(x); Q(x) la diéu kién can dé c6 P(x)

Cho khang dinh dung dang vx € X, P(x) < Q(X)

P(x) 1a diéu kién can va dd dé co Q(x),

hay: Diéu kién can va da dé co P(x) 1a Q(x).

hay: P(x) néu va chi néu Q(x), hay: P(x) khi va chi khi Q(x).

Chu trdc ménh ¢ P = Q

P = Q: Ménh d& thuan, Q = P: Ménh dé dao

P = Q :Ménh dé phan, Q = P : Ménh dé phan dao.

Nguyén tic Dirichlé .

Néu nhét k + 1 con thd vao k chuong (k nguyén duwong) thi ton tai mot
chudng chtra it nhét 2 con.

Néu nhét 2k + 1 con thé vao k chudng (k nguyén dwong) thi ton tan mot
chudng chtra it nhat 3 con.

Néu nhét nk + 1 con thé vao k chuéng (k, n nguyén dwo'ng) thi ton tai mét
chudng chira it nhat n + 1 con.

Nguyén tic cwe han
Tén tai do do I&n nhat va do.do nhd nhét hay dai lwong 16n nhét va dai
|qug nhé nhét cla tap htbu han khac réng cac do do hay céc dai lvong.
Bét bién va don bién

Pai lwgng bét bién, tinh chét bat bién la nhitng dai Iu’c’ng hay tinh chét
“khong thay déi trong qua trinh thire hién cac phép bién-déi nao do.

o
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Pai lwcng don bién, tinh chat don bién 1a nhwng dai lwgng hay tinh chét
thay déi mét chiéu, hoac tang thém hodc gidm di trong qua trinh thwc hién
cac phép bién déi nao do.

2. CAC BAI TOAN
Bai toan 21.1:
Céac ménh dé sau day dung hay sai?
a)Ix e R, x> X%
b) Vx e R, |xf <3 x<3.
c)vVneN,n?+1 khéng chia het cho 3.
d)JaecQ a’=2.
Hwéng dan giai

a) Ménh @& dung, chang han x = % :

b) Ménh dé sai, chdng han x = -5; |-5| <3< -5<3.
c) Ménh dé dang. That vay:
Xétn =3k = n® + 1= 9k? + 1, khéng chia hét cho 3.
Xétn =3k + 1hodcn=3k+2.
= n°+1=3k'+2 (k' e N) khong chia hét cho 3.
d)yMénhdésaivia’=2 < a=+2 ¢ Q.
Bai toan 21.2:
Cac ménh dé sau ding hay sai:
a)Vxe R, Vye Rix+y=20 b)vxeR,IyeRix+y=20
C)3xe RVye R x+y=20 d)IxeR,3y e Rix+y=20.
Hwéng dan giai
a) Ménh dé sai, chon x=1vay =2
b) Ménh dé dung, vi v&i moi x, chon y = 20 - x
c) Ménh dé sai, vi néu ton tai x thi y = 20 - x Ia duy nhét.
d) Ménh dé dung, vi chon x =y = 10.
Bai toan 21.3;
Ménh dé dung hoac sai:
a)vxe RVye R:x>y:>~)1z<~y1—
b) vx e R,Vy € R: x>y & x° > y°
) Vx € R,¥y € R: x>y < x>>y?
dVx eR, Yy € R x>y = Jx >.fy
Hwéng dan giai
a) Ménh dé sai, chonx =2,y = -1,
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b) Ménh @& dang, vi X* ¥ = (x= )¢ + xy + y?) = (X = Y)[(x * yg‘)z * % y°]

c) Ménh dé sai, chonx =1,y =-2
d) Ménh dé sai, chon x =5,y = —1.
Bai toan 21.4:
Ménh dé sau ding hay sai:
a) Vx € R, ¥y e R: x* + y* > 2xy
b) vx e R, Vy € R: |x+y‘ < |x| + |y|
c)V¥x e R, Wy e R: x+y>24/xy
dvxeR,VyeR: lx—-yl = |x| + fy] < xy<0
Hwéng dan giai
a) Ménh dé dung, vi (x - y)> 2 0 = x> + y* > 2xy.
b) Ménh dé dung, vi 2xy < 2| xy|
c) Ménh d@é sai, chon x =y = -2.
d) Ménh @& dung, vi—2xy = 2| xy| < xy <0.
Bai toan 21.5:
Cho P(x), Q(x) la hai ménh @& chira bién. Chirng minh rdng ménh dé: "3x € X,
P(x) v Q(x)" twong dwong v&i ménh dé: (3x e X, P(x)) v (3x € X, Q(X)).
~ Hwéng dan giai
Gia sir ménh d& "Ix € X, P(x) v Q(x)" dang. Khi dé tén tai x, dé P(x0) v
Q(xo) dung. Néu P(xo) ding thi ménh dé 3x e X, P(x) dang, con néu Q(xo)
dung thi ménh d@é 3x e X, Q(x) dung.
Do dé ménh dé (3x e X, P(x) v (3x eX,Q(x)) dung.
Nguwoc lai, gid ste ménh dé (Ix € X, P(x)) v (3x e X,Q(x)) dung. Suy ra hoac
ménh dé "3x e X, P(x)" ding hodc ménh dé "Ix e X,Q(x)" dung.
Néu ménh d& 3x e X, P(x) ding thi tdn tai xo d& P(xo) ding, do d6 P(xo) v
Q(xo) dung . Vay ménh dé "Ix e X, P(x) v Q(x)" ding. Twong tw, néu ménh
dé 3x e X, Q(x) dung, ta cling suy ra ménh dé "Ix e X, P(x) v Q(x)" dung
Bai toan 21.6:
Chirng minh rang tir 5 s6 nguyén bt ki, luén tim Jwoc ba sb co tdng chia
hét cho 3. _ \
Hwéng dan giai
Néu 5 sé do khi chia cho 3 ¢6 3 sé du (0, 1, 2) thi 3 36 chia cho 3 c6 sé du
khac nhau déi mét 1a 3 sb can tim.
Néu 5 s6 do khi chia cho 3 c6 khang qua 2 sb du thi theo nguyén Ii Dirichlet ton
tai it nhat 3 s6 c6 cuing s6 du khi chia cho 3, khi d6 3 s6 nay 1a 3 sb can tim.
Bai toan 21.7: '

Chtrng minh rang trong 7 sb tw nhién tuy y, luén co thé chon ra hal sb co
hiéu binh phwong chia hét cho 20. ‘
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Hwéng dan giai
Trong 7 sb tw nhién thi cé it nhat 4 sé cling tinh chan 18, gia st cac s6é d6 1a a,,
3,33, a4. Khi d6 ta c6 a; >~ a2 chia hét cho 4.
B6n s6 a;? khi chia cho 5 thi cac sé du chi co thé 12 0, 1,4 nén tdn tai it nhat
hai s6 ¢6 cung sb du khi chia cho 5; hai sé d6 thoa man dé bai.
Bai toan 21.8:
Trén mét phang cho 5 diém cé toa d6 nguyén, trong.dé khéng cé ba diém
ndo thang hang. Chirng minh ring trong sé cac tam giac dwoc tao thanh tir
5 diém trén, c6 it nhét ba tam giac c6 dién tich nguyén. :
Hwéng dan giai
Voi tam giac ABC c¢6 toa d6 cac dinh Ia A(Xa, ya), B(xg, yg) va C(xc, ye) thi

Sasc = % | (xc - Xa)(YB = Ya) = (Xa — Xa)(Yc — Ya) |.

Xét nam diém nguyén A, B, C, D, E thi toa d6 méi diém sé thudc cac dang
sau: (chan, chén), (1, I&), (chin, I€) va (1&, chén). Do @6 tdn tai hai diém c6
toa d6 cung tinh chan 18, gia sir 1a A, B. Khi d6 cac tam giac CAB, DAB va
EAB c¢ dién tich nguyén vi Y& — Ya Va X — Xa dé&u chan.

Bai toan 21.9: 4
Cho 2009 diém khac nhau ndm bén trong hinh chir nhat cé chiéu dai
251cm va chiéu rong 4cm. V& 2009 hinh tron nhan cac diém trén lam tam

va co cling ban kinh ia v2 cm. Chttng minh réng ton tai it nhat 1 hinh tron
trong sé chung chira it nhét 3 diém trong 2009 diém néi trén.
Hwéng dan giai

Chia hinh chir nhat co6 chidéu dai 251cm, J2
chieu rong 4cm thanh 1004 hinh vudng co 2
d6 dai canh la 1cm. 1

Do d6 2009 diém phan biét nam bén trong hinh
chi* nhat chtra 1004 hinh vubng cé d6 dai canh
la 1cm.

Theo nguyén tac Dirichlé thi tén tai it nhat 1 hinh vuong co dd dai canh ia
1cm chiva it nhét 3 diém trong 2009 didm d3 cho.

Hinh vuéng c6 dé dai canh ia 1cm nén khoéng cach Ion nhét gitra 2 dicin

thuéc mién cda hinh vuéng fa v2 cm

Khéng mat tinh téng quat, gidsr 3diémdé 1aA, B, C.

= AB< \/Ecm, AC < \@cm

= A, B, C thudc hinh tron tam A ban kinh 2 cm.

Vay ton tai it nhat 1 hinh tron c6 tam mot trong 2009 diém d3 cho, ¢6 ban
kinh V2 cm chia it nhét 3 diém trong 2009 diém da cho.
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Bai toan 21.10: ;
M&i 6 vuéng don vi cia bang kich thude 10 x 10 (10 dong, 10 c6t) dwoc ghi
 mot sé nguyén duong khéng vuwet qué 10 sao cho bt ky hai sé nao ghi
trong hai 6 chung mét canh hodc hai 6 chung mét dinh cha bang la hai sb
nguyén t6 cung nhau. Ching minh rang c6 sb dwoc ghi it nhat 17 1an
Hwéng dan giai
Trén mdi hinh vudng con, kich thwéc 2 x 2 chi c6 khéng qua 1 sé chia hét
cho 2, cting vay, c6 khéng qua 1 sé chia hét cho 3.
Lat kin bang bai 25 hinh vuéng, kich thuéc 2 x 2, ¢6 nhiéu nhét 25 sb chia
hét cho 2, c6 nhidu nhét 25 sé chia hét cho 3. Do d6, c6 it nhét 50 s6 con
lai khong chia hét cho 2, cling khéng chia hét cho 3. Vi vay, ching phéi 1a
mét trong cac sb 1, 5, 7.
Vay, theo nguyén ly Dirichlet, c6 mét s6 xuat hién it nhat 17 1an.
Bai toan 21.11:
Trén ban c& 10 x 10, ngudi ta viét cac sb tiv 1 dén 100. MGi hang chon ra
s6 16N thir ba. Chirng minh rang ton tai mot hang c6 téng cac sbé trong hang
dé nhd hon téng cac sé 1on thir ba dugc chon.
Hwéng dan giai
Sép xép thr tw ciia 10 s6 16n thir ba clia cac hang 1a a; > a; > ... > arp. Ta
thiy c6 téi da la 20 sb co thé 16n hon ay (Ia cac s6 16n nhét va Ién nhi cua
c4c hang), do vay a; = 80. Tuong tw, c6 téi da la 28 s6 ¢o thé Ion hon a; (1a
sb 16N nhét, va I6n nhi clia cac hang va thém 8 sb ntra & hang chira a4 ¢6
thé Ién hon ay), do d6 a, 2 72. Vay
aq +a2+...+a10280+72+(a1o+7)+(a1o+6)+ ...+ aqp
= 8ao + 180
Trong khi do, tdng cac sb & hang chira ao khong lon hon:
100 + 99 + a4p + (@10 — )+ + (310—7) =8aq + 171.
Cho nén tbng cac sé & hang nay nhd hon a; +a + ... + aro.
~ Bai toan dwoc chirng minh.
Bai toan 21.12:
- Nguéi ta danh dau méi dinh ciia mét da giac déu 2n + 1 canh (n > 2) bang
mau xanh hoac 6. Chirng minh ring tdn tai 3 dinh cia mét tam giac can
- dwoc danh dau béi chi mot mau.
' Hwéng dan giai
Vi da giac da cho co sb dinh 18 nén ton tai 2 dinh k& nhau dwoc danh dau
cling mau, ta goi hai dinh d6 1a A va B. Nhu vay & da giac da xeét, con dinh
M nao do6 thudc dwdng trung triec ctia AB. Do do:
— Néu M dwoc danh dau ciing mau véi A va B thi tam giac AMB thod man
didu kién cla dé bai.
— Néu M duwoc danh diu khac mau véi A va B thi dinh E ké v&i dinh A va dinh
F ké v&i dinh B.
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Trwong hop ca E va F cling dwoc danh dau khac nhau v&i A va B thi tam
giac EMF la tam giac thod man diéu kién clia dé bai. Con khi co it nhat mot
trong cac dinh E hodc F cung mau véi A va B chang han, dinh E thi tam
giac AEB thoa man diéu kién cla dé bai.
Vay ta ludn luén tim dwec moét tam giac can cé 3 dinh dwoc danh dau cung
mot mau.
Bai toan 21. 13:
Trén duwong tron cho 16 diém dwoc t6 bdi mot trong ba mau: xanh, do,
vang. Cac day cung ndi 2 diém trong 16 diém trén dwoc t6 bdi hai mau:
tim, den. Chirng minh réng ta luén cé 3 trong 16 diém trén dwoc t6 cling
mau va 3 day cung ndi chung ciing duoc té cling mau.
Hwéng dan giai
Vi 16 diém dwoc t6 3 mau theo nguyén Ii Dirichlet, tdn tai 6 diém cung mau,
khong mét tinh tbng quat, giad st 6 didm A,, A, ..., Ag cling mau xanh.
T& A ndi cac diém A,, ..., As, taco 5 day cung duoc t6 2 mau den va tim,
do d6 ton tai 3 day cung cung mau, gia st do la AjA,, A1As, AiA, dwac t6
cling mau den.
Xét 3 day cung AzAs, AsAs, AsA, dwoc td hai mau den va tim. Néu ca 3 day
cung déu duwoc t6 mau tim thi Ay, As, A4 13 3 diém can tim. Néu co mét day cung
AA (i, j € {2, 3, 4}) dwoc t6 mau den thi 3 diém Aq, A, A;la 3 diém can tim.
Bai toan 21. 14: ,
M6t s6 cung clia mét duwéng tron duoc td mau xanh. Téng sé cung duoc t6
mau xanh nhé hon mét ntra do dai duwéng tron. Chirng minh rang trong
dwong tron nay con co it nhat mét dweng kinh ma hai dau cia né khong bi
t6 mau xanh.
Hwéng dan giai
Ta t6 mau dé cac cung ddi xirng véi cac cung t& mau xanh qua tam dwdng tron.
Vi tng cac cung té mau dé béng tdng cac cung t6 mau xanh, nén tdng cac
cung dugc t6 mau nhé hon dé dai duwdng tron, diéu nay cé nghia la trén
dwong tron co it nhat mot diém khong dwoc té mau, nén diém ddi xirng véi.
n6 qua tdm O ciing khéng dwoc td mau. Day chinh la hai dau cda duwong
kinh phai tim
Bai toan 21. 15:
a) Cho 5 dwang tron da cho ma cir 4 dwdng tron cé mot diém chung. Ching
minh rdng ca 5 dwdng tron d6 déu cé6 mot diém chung.
b) Cho 6 dwdng tron cé mét diém chung. Chirng minh ring c6 mét hinh tron
chira tdm cGa mét hinh tron khac.
Hwéng dan giai
a) Ky hiéu cac dwong tron la (O4), (02), (O3), (O4) va (Os).
Gia str cac duong tron (O4), (0y), (Os) va (O4) cét nhau tai A, cac duong
tron (Oy), (Oy), (O3) va (Os) cét nhau tai B, cac dwong tron (Oy), (Oy), (Oy),
(Os) cét nhau tai C.
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Néu ba diém A, B, C khac nhau thi hai dwdng tron (O4) va (Oy) tring nhau
Nhwng khi d6 diém chung clia cac du:o’ng tron (Oy), (03? (O4) va (Os) gung

- thudc dudng tron (Os). Do_dé €6 2 diem trung nhau, chang han cac diem A
va C tring nhau va A la diém chung cua ca 5 dwong tron.

b) Ta néi diém chung A véi cac tam Oy, O,, ..., O, clia cac dwéng tron da cho.
Néu c6 hai tia AO; va AQ; (i # j) truing nhau va chang han i < j thi hinh trén
tam O; chira tam O;.

 Néu cac tia AO;, AO,, ..., AO, phan biét, gia thiét rdng cac tia nay sap xép
quanh A theo chiéu kim déng hé va gia thiét rang O,AO, la géc nhé nhét
trong cac goc tao béi hai tia ké nhau (néu khéng, cé thé sap xép lai).
Do d6 O,AQ, < 360% n (n > 6).
Xét tam giac O4A0; , gid str AO; < AO; thi O, > O, tr dé O, = 60°. Vay
O,z Avi thé trong AO4AQ; ta ¢6 OA = 040;, do dé hinh tron tdm O,
chtra tam O. o
Con néu trong tam giac nay ma AO; > AO; thi lap luan twang tw hinh trén
tam 01 chira tam O,. :

Bai toan 21. 16:

Trén mat phang cho n diém dé va n diém xanh, trong sé d6 khong co6 ba
diém nao thing hang. Chirng minh ring co thé vé n doan thang c6 hai dau
mau sac khac nhau va khong cé diém chung.
: Hwéng dan giai

" Xét tat ca cac phan hoach clia cac diém da cho thanh nhung cap diém co
mau sac khac nhau. A D
Sé cac phan hoach nay la httu han va do d6 cé
mét phan hoach sao cho téng dé dai cac doan
thadng xac dinh bdi cac cip diém cla phan
hoach dé6 la bé nhat
Ta chwng minh trwéc het cac doan thdng nay g
khéng cét nhau. C
Thét vay, gid st néu c6 hai doan thdng cét nhau thi ta c6 thé chon duoc
phan hoach &ng voi tong bé nhét cac d6 dai cla cac doan thang bang cach
thay cac dwong chéo cla ti giac 16i béi cac canh déi cla no. \

Bai toan 21. 17: ; \

a) Trong mét mat phdng cho 2000 diém. HGéi co tdn tai hay khong mot
duong tron chira ding 1000 diém? '
b) Cé hay khong 2015 diém trén mat phang ma bét ky 3 diém nao trong
chuing déu tao thanh 1 tam giac c6 géc tu.

Hwéng dan giai

@) Goi My, My, ..., Maooo la cac diém da cho va d la mot duong thang nao do
sao cho tat ca cac diém nay thudc ciing mot nira mét phang bo d.
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Trén d lay mét diém A tuy y Qua hai diém bét ky trong sé 2000 diém va
diém A vé mét duong tron, sé duwdng tron nay 1a hivu han. :

Goi B 1a mét diém thudc dwong thdng d, B khac A va B nam ngoai tat ca
cac duong tron ké trén. Voi cach chon diém B ta dwogc 2000 goc cd do ién
khac nhau. Gia sl

AMB < AM,B <...< AM, . .B <AM, B <... <AM

1000 1001 2000

Goi o la mét goc nao dé6 ma AM, ;0B <a < AM, ,,.B. Nhuw vay cung chira
géc a dung trén AB thudc cling nika mat phang b d déi véi cac diém da
cho sé chtra trong né ding 1000 diém. '

b) Trén mat phdng vé dwong tron duong kinh AB bét ki.

Trén ntra dwong tron d6 1y 2015 diém Aq; Ay, ... Asors khac nhau va khac B

= Béat ki 3 diém nao A, A;, A (i # j # k) déu tao thanh mét tam giac chac
chan co6 mét goc tu.

Suy ra ludn t6n tai 2015 diém thod man diéu kién bai toan.

Bai toan 21. 18:

Chtrag minh rang véi métiluc giac déu tuy y, bao gi¢ cung chon duwgc mot
dinh sao cho: tir d6 dai 3 dwdng chéo xuét phat tiv dinh 4y bao giv cling
dwng dwoc mot tam giac.

Hwéng dan giai
Xét mot luc giac 16i A1AAzALAsA. Trong luc giac 16i nay dwong nhién ton
tai mét dwong chéo co dé dai Ién nhét.
Co hai trwdng hep xay ra: :
(1) Budng chéo 16n nhét AAs chdng han chia luc giac thanh tam giac
A1AsAs va ngll gidc A1AA3ALAs. Khi do:

- NeUAA3+AA4>AA5thIAA3+AA5>AA4V3A1A4+AA5>AA3nhU’
vay ton tai mét tam gidc nhan cac doan AqA;, AjA4, A 1As lam cac canh.

- Néu AtAs + AtAy < AjAs ta goi B 1a giao diém cua AsA4 va AsAs; C la giao
diém cha A 1A3 va AsA,. Trong cac tam giac ABAs va A 1CAs ta c6: AB +
BAs + AiC + CAs > 2A,As.

Do vay AjAs + AsA; + AtAs + AsA; > 2A1As ma AtAs + AjAs < A¢As, nén
AsAz + AsAz > AtAs. Khi 39, dinh As thod man didu kién cia dé bai.

(2) Buong chéo 1&n nhat A,A, chéng han chia luc giac thanh hai t& giac
A A2A3A4 va A A4A5A6

Tuwong tw nhw trén:

- Néu AsA; + AsAs > AsA, thi dinh A, thod man didu kién clia dé bai.

— Néu AjA; + AsAs < AjA, thi dinh A, thod man diéu kién dé bai.

Bai toan 21. 19:

Cho 69 sé nguyén duong phan bigt khéng vuot qua 100. Chirng minh ring
c6 thé chon dwoc 4 sd a, b, c, dsaochoa<b<cvaa+b+c=d.
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" Hwéng dan giai
Gia st 69 s6 co thé duoc sap xép tang: 0 < ay < ax < ... < age < 101.
Khi d6 ta xét cac tong gg + a1, Aes + A1, ..., A2 + a4 va cac hiéu
agg — Az, Aes — Az, - —ay, co tit ca 135 sd.
Ta cé:
aggtai>agtar>...>azta Vaag—a>agg—az>..>az3—a
Mé&t khac 1 < aj—ap, a + @< 100 + 32 = 132
Do d6, theo nguyén li Dirichlet, ton tai i, j sao cho:
, ata;=a-—ax(izj)suyrag=a+a +a
Bai toan 21. 20:
Trong 100 sb tw nhién tir 1 dén 100, can chon n s (n > 2) sao cho hai so

phan biét bat ki dwoc chon c6 tong chia hét cho 6. Hoi c6 thé chon n sb
thoa man diéu kién trén v&i n Ién nhét la bao nhiéu?

Hwéng dan giai

Gia st c6 hai sb a, b dwoc chon, viét ching trong dang a =6k +rvab
=6h +svoi0<r<6va0<s<86. Theo yéu cau can chon (a + b) : 6 nghia
la(r+s): 6.
Cac cap (r, s) hodc (s r) co thé Ia (0, 0) (1 5); (2, 4); (3, 3)
Néu c6 it nhat ba sé dwoc chon a, b, ¢ ta cling vidtc=6p +tvei0<t<6,
thi cac cap (t, r); (t, s) hodc (r, t); (s, t) cling phai thuéc cac dang trén.
Tl d6 suy ra néur=sthivei(t+r) : 6suyrat=s, lic do (t + s) khong
chia hét cho 6.
Vay chi c6 thé r = s = t, nghfa la ba sé dwoc chon (va ciing suy ra moi sb
dwoc chon) phai co cling sé duw la 0 hodc 3 khi chia cho 6.
Xét dang sé dw 0: trong 100 s tir 1 dén 100 c6 16 sb
Xét dang s6 dw 3: trong 100 sb tr 1 dén 100 c6 17 sb
Vay n lén nhét la 17.

Bai toan 21. 21:

Trén bang viét 3 s \/_ 2, Ta bét dau thuc hién trd choi sau: Tai mdi

JE

bwéc, chon hai sb trén bang, chang han a, b; xoa ching va thay vao hai )
a+b la - b|
J2 ' 2

ddng thoi ba sé —-1——, J2 1+ V2 trén bang.

2.2

. Chirng minh rdng du choi bao nhiéu 1an cling khéng thé cé

Hwéng dan giai

5 2
a-b . . .
Do a?+b?= [a +b) +[l ‘] nén tdng binh phwong ba s6 khong thay

V2 V2

ddi sau mdi maot 1an choi.
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- . N 2
Tong binh phwong ba sé ban dau la: (\/5) +22 +[-—1—] _13

V2

Téng binh phwong ba sb doi hai la:
2
1 ~\2 2 41 13
(;\E] +(JZ) +(1+\/§) _E+2\\/E¢ 5

Nhuw vay dit choi bao nhiéu 1an ta cling khéng thé co déng thoi ba sé —1—
2\2
V2, 1+ 2 trén bang.
Bai toan 21. 22:
Trén bang c6 bbn sé 3, 4, 5, 6. M&i mét lan thwe hién, cho phép xoéa di hai
$0 X,'y €0 trén bang va thay bing x +y + /x? +y? vax +y— x2 +y2 . Hoi
sau mot s hivu han bwéc thyc hién, trén bang cé thé xuét hién mét sé nhd
hon 1 duoc khong?
Hwéng dan giai

Pata=x+y+ {x2+y?  b=x+y—-x2+y?, taco:
1 1

1 1

—4—= +

& b yiyr X ay? xay— X +y?
_ 2(x +Y) :x+y:1+1

X+y)2-(x®+y?) xy x vy

Nhw vay, qua cac phép bién ddi, tdng nghich dao cac sé trén bang khong
thay d6i.

.11 1 1 19 R T T A . s .z
Vi —+—+—+—=—<1nén qua cac lan bién ddi, tbng nghich dao cac sb

3 4 5 6 20
trén bang van nhé hon 1. Do cac s trén bang qua cac phép bién ddi déu
duong nén tir day suy ra khéng c6 sé nao nhé hon 1.
Bai toan 21. 23:
M6t duwong tron dwoc chia lam 6 cung, trén d6 viét cac s 1, 0,1, 0,0, 0
(theo chigu nguwoc chiéu quay clia kim déng hd). M&i mot 1an thwe hién, ban
co thé cong hai s6 & canh nhau vai 1. Héi ¢ thé xdy ra tredng hop sau mot sé
lan thurc hién, tat ca cac sb trén cac cung tron béing nhau hay khéng?
Hwéng dan giai

Goi ag, a4, ay, as, a4, as 1a cac sb trén 6 cung tron. Sau méi lan thwc hién
phép bién dbi, dai lvong S = ap — a; + a, — a3 + a4 — as ludn bing 2. Do d6,
khong thé xay ra trwéng hop tit ca cac sb trén cung tron déu béng nhau vi
trong trwdng hop dé, ta sé c6 S = 0.
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Bai toan 21. 24:
Trén bang c6 mot sb nguyén. Ngudi ta ghi nhé chit s6 cubi cung cia sb
nay, sau d6 xoa di va cong thém vao voi sb con lai trén bang 5 Ian chir s6
vira x04. Ban dau trén bang ghi sé 72°'®. Héi c6 thé hay khéng sau moét sb
1An thwe hién nhu thé, ta thu dwoc sb 201577
Hwéng dan giai

Gia st sb trén bang dang 1a N = 10a + b (0 < b < 9) thi s6 nhan duoc sau
mot phép bién ddi s& 1a N' = a + 5b. Nhan xét rang 5N — N' = 49a nén néu N
chia hét cho 7 thi N' ciing chia hét cho 7. Do 7%°"* chia hét cho 7 con 2015’
khéng chia hét cho 7 nén tr 7°°'°, qua cac phép bién ddi trén, ta khong thé
thu dwoc 2015". : 3
Bai toan 21. 25: -
Tai dinh Ag clia da giac 16i AjAA; ... A, (n > 3) nguwdi ta dat n vién bi. Thuc
hién viéc chuyén chd cac vién bi theo cach sau: mdi lan lay mét vién bi & A;
rdi dat vao mot dinh k& A va ddng thoi ldy mot vién bi & A, rdi d&t né vao
mot dinh k& Ajvai i, j € {0, 1, 2, ..., n} (c6 thé i = j). Hay tim tét ca gia tri cia
n sao cho sau mét sé hiru han 1an thwc hién viéc chuyén bi néi trén mot
cach thich hop thi @ méi dinh Ay, Az, ..., A, déu cé mot vién bi.
Hwéng dan giai

Ta thay n = 2k (k 1a s6 tw nhién > 2) thod man bai ra. Vay ta xét n = 2k + 1
v@i k tw nhién = 0. Ta td cac dinh Ag, A4, ... Agsq VOI hai mau xanh, doé sao

cho dinh A, dwoc td mau dd; véimdii=0, 1,2, ..., 2k + 1 dinh A;co mau

khac v&i mau cla dinh ké véi né.

Ta nhan théy rang : trong mbi Ian chuyén bi, m&i bi déu dwoc chuyén tir dinh
c6 mau nay sang dinh c6 mau kia. Vi thé, sau mdi lan chuyén bi, téng sb bi co
tai tt ca cac dinh dwoc td mau xanh khong thay déi tinh chan, 1&. Suy ra co6
thé xép dwoc vao méi dinh Aq, Ay, ... Axwr Mot bi chi khik + 1 =0 (mod 2) hay
n= 3 (mod 4). A
Nguoec lai, véin = 4m + 3, m e N, thuc hién viéc chuyén bi theo cach sau
day chang han :
Lan lwot, véi mBik = 1,2, ..., 2m + 1 & bwdc thir 1 ta 1am nhu sau : LAy 2 bi
o Ao, chuyén ching qua cac dinh A4, A, ..., t6i dinh Ay thi dirng lai. Sau
budc thir 2m-+1, tai dinh Ay s& 6 1 bi, tai m&i dinh A, Ay, ..., Agmes déu c6 2
bi, con tai cac dinh Ay, As, ..., Asmss d&u khéng c6 bi.
Sau do, 1an lwot véi mdi k=1, 2, ..., 2m + 1 & bwdc thir k ta lam nhw sau :
Iy 1 bi & A chuyén sang As.s, ddng thei lay 1 bi & A, chuyén sang Ag
s (QUy wocC coi Ag 1a Asmss). Sau bude th m + 1, tai mbi diém A, A, ...,
Agm+3 S€ €O 1 bi.
Vay tat ca gia tri n = 3 phai tim Ia n khac = 1 (mod 4).
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Bai toan 21. 26:
Mét bang hinh chi* nhat ké 6 vudng c6 1991 hang va 1992 cét (nghia la
bang gbm 1991 x 1992 6 vudng). Ky hiéu 6 vudng nam & giao cua hang
thir m (k& tir trén xudng dudi) va cot thie n (k& v tréi sang phai) 1a (m; n).
T6 mau cac 6 vudng clia bang theo cach sau : 1an thiv nhat t6 3 6 (r;'s), (r +
1:s+ 1), (r+2;s+1)voir, s la hai s tw nhién cho trwdc thod méan 1 <
r< 1998 va 1 < s < 1991, tir 1an thi hai méi lan t6 dung 3 6 chwa c6 mau
nam canh nhau hoc trong cung mét hang hoac trong cung mot cot. Hoéi
bang cach d6 co thé to mau duoc tt ca cac 6 vudng clia bang dé cho hay
khong 7. 4

Hwéng dan giai -

Ta hay ghi vao méi 6 vuéng clia bang mot sé tw nhién theo quy tac sau : &
mdi hang, 1an Lot tir trai sang phai, ghi cac s6 tw nhién tir 1 dén 1992. Nhw
vay ba sé dwoc ghi vao ba 6 canh nhau trong cing mét hang sé 1a ba sb tw
nhién lién tiép, trong ciing mét cot sé 1a ba sé tu nhién bang nhau.
Suy ra, ké tir 14n thv hai, mi 14n t6 mau ta s& xoa di ba s6 ¢6 tdng chia hét
cho 3. Nhu thé ba s dwoc ghivaoba 6 (r;s), (r+ 1; s+ 1)va(r+2; s+ 1)
sélas, s+ 1vas+1matdng clia chung la mot s chia cho 3 du 2.
Vay néu t6 mau duoc hét cac 6 vubng cla bang da cho thi tdng S’ cla tét
ca cac sb da dwoc ghi vao bang phai la mét sb chia cho 3 du 2.
Nhung S = 1991 . (1 + 2 + . + 1992) = 1991 . 1993 . 993, chia hét cho 3.
Mau thusn | Do d6 khong thé t6 mau duoc tat cd 6 vudng clia bang da cho.

Bai toan 21. 27: ’ '
Mét hinh tron dugc chia thanh 14 hinh quat. M&i hinh dat mét vién bi. Ta
thire hién mét nwdc di nhu sau: Mi 1an 2 vién bi & 2 hinh quat khac nhau
di chuyén sang 2 hinh quat ké véi 2 6 do nhuwng theo chiéu nguoc nhau.
Hai ring sau mot sé 1an thuc hién nwéc di do, ta co thé dua tat ca cac vién
bi v& cung mét & hay khong?

Hwéng dan giai :

Panh sé cac hinh quat tir 1 dén 14. Bat S béng téng sb bi trong 6 chan tre
di tong s6 bi trong 6 1&. Ban dau S sé bang 0 o
Khi chuy&n mét vién bi tir 6 chén sang 6 1€, S s& gidm di 2, con khi chuyén
mét vién tir 6 1é sang 6 chan, S sé tang 2. Do dé sau md&i 1an chuyén ché 2
vién bi, S sé& hoac khéng ddi, hoac giam 4, hoac tang 4. _
Nhu vay S ludn chia hét cho 4 . Chinh vi vay ta sé khdng thé don tat ca 14
vién bi vé mot 6 (do S khong thé bang +14)

Bai toan 21. 28: o
C6 1988 con ga nhét vao 994 chudng, mdi chudng co hai con. Sau moi
ngay nguoi ta lai thay déi vi tri ciia ga sao cho khong co6 hai con ga nao da
& chung chudng trudc do lai ndm cung chubng 1an nira. H6i co bao nhiéu
ngay lam dwoc nhw vay ?. -
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Hwéng dan giai

Danh sb cac conga la 1, 2, ... 1988. V& da gidc Géu 1987 canh noi tiép
trong dwéng tron tam 1a diém 1988. Cach 1am nhw sau

1) LAy 1 va 1988. Cac day cung vudng géc véi ban kinh 1 — 1988 14 : 2 — 1987,
31986, .... : : ' '

2) LAy 2 va 1988. Cac day cung vudng géc véi ban kinh 2 — 1988 13 1-3,
4 - 1987, 5 — 1986, .... C? thé mai dén 1987 thi 1987 va 1988; cac day
cung vuéng géc va&i ban kinh 1987 — 199813 - 1 — 1986,2-1985 ,....

1 12 1987 1
1987 2 1987 ’\ 3 T2
1986 éixs 1986 VT —
1985 4 5 1985
1988 1988 1988

R6 rang c6 1987 ngay, vi trén dwong tron 13 da gidc déu cé sb canh 1a sé
Ié. Hon nira khéng c6 qua 1987 ngay vi méi con ga chi cé thé & cung
chudng véi mét trong sé 1987 con khac.

Bai toan 21. 29: .
M6t quéce gia co 100 san bay. Khodng cach gitra cac san bay la khac nhau.
M8i mét san bay chi co mét chuyén bay dén san bay gan nhét. Ching minh
rang khéng c6 s&n bay nao co qua 5 chuyén bay dén.

Hwéng dan giai

Gia sl ton tai mét san bay cé hon 5 chuyén bay dén. Goi O Ia san bay d6
va A (i e {1, ..., 6} la mot trong cac san bay dén O. Khéng mét tinh tdng
quat, ta co thé gia st thir tw cac san bay nay theo chiéu kim déng hé tir A,
1a A1ALAzALAsAG. ‘

6
Khido 3 A0A,, =360°nén3idé AOA,, <60° (xem A; = A;)
i=1

Do d6 mét trong hai géc con lai ciia tam giac A1OA; I&n hon 60° (do cac
_khodng céch khéng bang nhau)
= A1Air1 < max{OA;, OA..1}, mau thuin véi gia thiét (vi néu AAis1 < OA; thi
s&n bay A; c6 chuyén bay dén Ai., chir khéng phai dén 0).
Bai toan 21. 30:
C6 3 trvong hoc, méi treérng b n hoc sinh. Mai mét hoc sinh quen véi it
nhét n + 1 hoc sinh t& hai treong khac. Chirng minh rang nguwoi ta cé thé
chon ra tir méi tredng mét hoc sinh sao cho ba hoc sinh dwgc chon déi mét
quen nhau. ‘
: Hwéng dan giai
Goi A 1a s6 hoc sinh c6 nhidu ban nhét & mot trvong khac. Goi sé ban nay
la k. Gia str A & trwong 1 va nhirng ban quen A 14 By, By, ..., B, & treong 2.
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n+1

Tacok 2 . Cing theo gia thiét, co it nhat 1 hoc sinh C & trwdng 3

quen v&i A. Gia s C khdng quen véi B; véi moii =1, 2,..., k thi C quen voi
nhiéu nhat n — k hoc sinh cla trwedng 2. Suy ra C quen véi it nhatn + 1= (n
- k) =k + 1 hoc sinh & trweéng 1, diéu nay mau thuan véi cach chon A. Vay
C phai quen véi mét ban B; nao d6. Khi @6 A, B; va C chinh Ia 3 hoc sinh
can tim. ‘

Bai toan 21. 31:
Cac em nhé & mot Iop dirng vong tron choi trod chia keo. Cé gido cho méi
em mét sb chén chiéc keo (I&n hon 0, ¢6 thé bing nhau, ¢6 thé khac nhau).
M6t em nao d6 dwa mét niva sd keo clia minh cho ban & ngay bén phai ctia
minh. Tiép d6, em vira nhan duoc keo clia ban xong ciing 1a nhw thé néu
s6 keo hién c6 ctia minh la sé chin, con néu 1a sé I1& thi nhan dwoc thém
mot chiée kep cla co gido trwdc khi dwa keo cho ban. Cac em ct lan lwot
dua keo nhu thé theo vong tron. Chirng minh ring sé& dan dén trudong hop
la c6 mot em duwa mét nira sé keo clia minh khéng phai cho ban ma cho ¢
gido thi khi sé keo d6 ctia méi em bang nhau.

Hwéng dan giai

Ta xét viéc em th(r i dua nlra sé keo ¢lia minh cho em thi (i + 1) thanh hai
giai doan : giai doan 1, em thir i dwa nia sé keo clia minh cho cé gido:; giai
doan 2, c6 gido duwa nira sé keo d6 cho em thiri + 1.
Bay gi¢ xét bai toan da cho & trang thai cla giai doan 1 : moi viéc déu tinh
& thoi diém “sau khi dura keo cho cb giao” ciing chinh 1a thei diém “trudc
khi cé gidao dwa keo cho em sau do”. Vi viéc xét nhw vay thi bai toan tré
thanh : “Chirng minh rdng dén mét ltc nao dé moi em déu co6 sb keo nhuw
nhau”. ‘
Ky hiéu & budc thir i s6 keo Ién nhat em nao dé co duoc la M, con sb keo
nhd nhét 1a m; . Thé thi ré rang la M; khong tang. Mat khac, mét khi tat ca
moi ngudi chwa c6 sé keo nhw nhau thi m; tang. Vay dén mét luc nao G6 sé
tdn tai iy sao cho m, =M o

Bai toan 21. 32:
Cé 1991 hoc sinh drng thanh vong tron va quay mat vao gitra dé choi tro
dém sé nhu dwéi day. M&i hoc sinh dém mét sé 1an luot theo chidu kim
déng ho, bat dau tir hoc sinh A nao do. Cac sé dém duoc la 1, 2, 3 va civ
lap lai theo thir tw nhuw thé. Néu hoc sinh nao dén sé 2 hoac sé 3 thi phai roi
ngay khdi vi tri & vong tron. Hoc sinh con lai cudi ciing sé duoc thudng. Hoi
hoc sinh muén nhan phan thudng thi lic b4t du choi phai chon v tri thiz bao
nhiéu theo chiéu kim ddng hd ké tir hoc sinh A dém s6 1 1an d4u tién 2.

Hwéng dan giai

Xét 2 trvdng hop : '

1) Trwong hop c6 3" hoc sinh ding thanh vong tron.
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Néu chia hoc sinh thanh tirng nhém 3 nguoi theo sé dém 1, 2, 3 thi c6 3" ;
3 = 3"" nhém. Sau 1 vong dém thi sé hoc sinh ra khdi vong 13 2 . 3™ va
con lai 3" hoc sinh. Chu y réng hoc sinh B dém sb 1 dau tién trong vong
dau sé lai dém sé 1 dau tién & mbi vong nén sé & lai dén cudi ciing va sé
dwoce nhan thudng.
2) Trwong hop cé 1991 hoc sinh. _
Ta co : 3° = 729 < 1991 < 3° = 2187. Ta dwa vé trwong hop 1 bang cach tinh
xem dén khi nao con lai 729 = 3° hoc sinh thi hoc sinh B dém s 1 dau tién
trong 729 nguoi sé duoc thudng.
Nhu vay can c6 1991 — 729 = 1262 hoc sinh rdi khéi vi tri c6 1262 : 2 = 631
nhom 3 nguzo’i do do6 can cé 631 . 3 = 1893 hoc sinh dirng trvéc hoc sinh B
dém s6 1 dau tién trong 729 ngudi con lai. .
Vay néu chon sé 1 dau tién trong sb6 1991 nguoi thi hoc sinh B dwng & vi tri
thr 1894 sé& 1a ngudi dém sb 1 dau tién trong 729 ngwm do db sé con lai
dén cudi cung va dugc thudng.
Bai toan 21. 33: : :
Trong mo6t mang [wéi lién lac gitra hai vung AvaBcontramé vung Avak
tram & vung B. Méi tram & vung A co thé lién lac dugc voi it nhatk — p -
tram & vung B. Chirng minh rang néu n.p < k thi co. it nhat mot tram o4
vung B c6 thé lién lac dwoc véi moi tram & viing A. :
Hwéng dan giai
Goi sd mang lwdi lién lac gitra ntram & A va tram & ving B 1a s.
Ta ching minh bang phan ching. * :
Gia str khong cé tram nao & vung B lién lac v&ica n tram & A. Ta thay ngay
la:s<k(n-1)-
Mat khac theo gia thiét thi méi tram & viing A co thé lién lac duoc voi it nhét
lak —p tram & cung B.
Do dé: s >n(k — p) = n(k-p) < k(n-1)
Manp<knénnk-np>nk-k. =~
hay . n(k—p)>k(n—1) :voly
Vay phai c6 it nhat 1 tram & ving B lién lac dwoc véi ca n tram & vung A.
Bai toan 21. 34: :
“Tim tat ca cac hinh chi¥ nhat dé tir mdi hinh chi nhat do co thé cét ra duoc
13 hinh vuéng bang nhau. :
) : Hwéng dan giai
" Theo gla thxet cac hinh vuéng duoc cat phai bang nhau nén méi canh cua
hinh ch@® nhat phai duoc chia thanh nhitng phan bang nhau: mét canh'm
phan, canh con lai n phan (m, n la nhixng =6 nguyén duong).
Khi @6, sb cac hinh vuéng 1& m.n, nhw vay m:n = 13. Vi 13 1a sé nguyén tb
nén mot trong hai sd m hodc n béng 1, s con laila 13.
Vay: chi ¢6 hinh chir nhat canh 1 va 13 thod man dé bai.
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Bai toan 21. 35: :
Tinh sé cac 6 nhé nhét phai quét son trén mot bang 5 x 5 d& cho bt ki
vung 3 x 3 nao doé trén bang nay cling chira it nhat 4 6 da quét son.

Hwéng dan giai :

Doc theo chiéu ngang sat canh trén clia bang 5x5c6 3 ving 3x 3 & 3 vj tri
A4B,C,D,, AQBZC?_DZ, A3B3CsDs.
Dich chuyen xubng theo chiéu doc mét 6, ta cé thém 3 vung 3 x 3. Dich
chuyén xudng theo chiéu doc mét 6 nira, ta c6 thém 3 viing 3 x 3.

Do d6 c6 9 vung con 3:x 3 clia bang 5 x 5, méi viing con déu chea 5 6
vuong con 1 x 1 thudc hinh chi thap d3 té6 mau.
A B, Ay B, Ay B;

D, C Cz D; P !

D,

Néu chi quét son nhw hinh v& bén thi méi
ving con 3 x 3 déu chtra 4 hodc 56 1 x 1
duoc quét son

Vay, @& méi ving con 3 x 3 clia bang 5 x 5
chtra it nhat 4 6 1 x 1 dwoc quét son, thi chi
can quét sb 6 nhd nhat Ia 7 6 nhw hinh vé bén.

Bai toan 21. 36:

M6t tdm bia hinh chi¥ nhat c6 kich thudc 1 x 5. Hay c&t tAm bia thanh cac
manh dé rap lai thanh mét hinh vudng. Hwéng dan gidi thich.

Hwéng dan giai

Tém bia hinh chi nhat
1 x5 cé dién tich 1a 5 (dvdt)
1

A 2 E 1 G 2 B
Dé cét hinh chir nhat thanh cac manh rap
thanh hinh vudng thi canh cla hinh vuéng Q P

bang /5, bing do dai canh huyén cla tam
giac vudng c6 hai canh géc vuéng cé kich
thwdc a1 va 2 co dién tich béng 1 (dvdt).

-Do @6 néu cét hinh ch¥ nhat 1 x 5 theo
dwdng chéo cla 2 hinh chi* nhat AEFD va
GBCH va cat theo 2 dwong EF va GH
xong réap lai thi dwgc hinh vuéng MNPQ M N
nhw hinh bén.
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Baitoan 21. 37:
C6 2010 vién séi. Hai ngwoi choi thay phién nhau bbc séi, méi lwot di
ngwoi choi dwoc quyén bdc mot sé lwong vién séi 1 luy thira vai sb mi tw
nhién bat ky ctia 2 (1, 2, 4, 8...).Ai béc duoc vién séi cudi cung la thdng
cudc. Gia st cd 2 ngudi choi déu la ngudi théng minh. Hai ai la nguoi
théng cudc?

Hwéng dan giai
Chién thuat ctia ngudi di sau nhw sau:
Khi nguoi di tredc bdc 2° vien soi.
Néu k I& thi 2% chia 3 duv 2, nguwoi di sau sé bdc 1 vién séi.
Néu k chan thi 2 chia 3 dw 1, ngwoi di sau sé béc 2 vién séi.
Nhuw vay ngwo’l di trwde sé ludn phai dbi méat vai tinh huong sb vién sbi con
lai chia hét cho 3 va khong bao gi¢ béc dwoc vién séi cudi cling.
Vay nguoi di sau thang cuéc.

Bai toan 21. 38:

Hai nguoi choi trd choi sau: Ban dau c6 cac sb 1, 2, 3, 4 xép theo mét vong
tron. M&i mét 1an thie hién, ngwoi thir nhat cong vao hai sé canh nhau nao
do6 1 don vi, con ngudi thtr hai ddi chd hai s6 canh nhau nao dé. Nguwoi thir
nhét thadng néu sau mot nwéc di nao d6, tat cd cac sé bang nhau. Hoi
ngwoi thie hai ¢ thé can tré ngwoi thir nhat chién thang khong?

Hwéng dan giai
Co6 thé. Ta chirng minh rang nguwoi thir hai ludn cé thé dat dwoc diéu la:
sau budc di clia nguwdi nay, cac sb trén vong tron sé cd tinh chdn 1€ xen ké
nhau, ttec Ia C — L — C — L. Khi d6, bang 1 nuwéc di clia minh, nguwdi they
nhét s& bién cac sé trén vong tron vé dang L — C — C — L, do d6 sau nuwéc
di nay, cac sb sé khong thé déng thei bang nhau.
Chu y la tir luc dau, cac sb da cho co dang chan Ié xen ké nhau. Nhw vay,
sau nuéc di clia ngudi thir nhat, cac sb sé c6 dang L — C — C — L va nguoi
thtr hai ¢ thé ddi chd hai s6 d& dwa vé dang C — L — C — L. Nhw vay ngudi
thtr nhat khong thé thang.

Bai toan 21. 39:

Cho 1994 sé a4, ay, ..., ages MOi 6 bdng 1 hodc —1. Hai co thé chon ra
dwoc hay khong tir 1994 sé d6 mot sé sé sao cho tdng céac sb dwoc chon
ra bang téng cac sb con lai?

Hwéng dan giai
Gia st trong 1994 sb a4, ay, ..., arees 6 M s6 bang 1 va n sb bang -1, khi
dé m + n = 1994. Vi 1994 |a s6 chdn nén m + n 1a s6 ch&n, do vay mvan
cling tinh chan 18.

% . £ = . .z = . m z, 3 L
Néu m la s6 chan thi n la s6 chan, khi dé chon > s0O bang 1 va > sO bang

—1 thi tdng clia cac sb dwoc chon ra bang téng cuia cac sb con lai.
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Néu m 1a sé 1& thi n 1a sé 18 bPatm =2k + 1 van*2q+ 1 (kvaqnguyen
dweng). Ta chon k s6 bang 1 va q s6 bang —1, khi d6 téng cac sé chon ra la
k+ (-q) =k — q, téng cac sb con Ia:lak+1—(q+1)—k q.
Vay téng cac sé dwoc chon ra bang téng cac sb con lai.

Bai toan 21. 40:
M6t nha thong thai bi xt&¢ phat t6i chét va bi hanh quyét: hodc chem dau
hoac treo cb. Trwée khi hanh quyet nha vua cho du«yc néi mot cau va giao
hen: néu néi dng thi chém dau, néu néi sai thi treo cé. Nha théng thai mim
CwOi va néi mét cau va nhd d6 da thoat chét.
Ban hay cho biét cau néi d6 clia nha théng thai nhw thé nao?

Hwéng dan giai

Cau ndi clia nha théng thai la: "Toi sé bi treo cé".

— Néu nha vua dem nha thong thai di chém dau thi nha théng thai néi sai. Ma
ndi sai thi phai xt treo cb chiv khéng thé chém dau nha théng thai.

— Néu nha vua dem treo cé nha thong thai thi nha thong thai néi dang. Ma néi
dung thi phdi dem chém dau che khong thé treo cb. _
Nha théng thai khong bj chém dau, khéng bi treo ¢ cho nén da thoat chét.

Bai toan 21. 41: C6 2 déng da, mét c6 n hon va déng kia cé k hon. G méi
phut, mot may tw d’ong lai chon dong 6 s6 hon d6 1a chdn va chuyen mét
nra qua déng kia, néu ca 2 déng cung chan thi may chon ngau nhién mot
déng. Néu ca 2 dbéng sé hon da cung Ié thi may dirng lai. Héi tén tai bao
nhiéu cap the tw (n;k) vain, k nguyén khéng vuwrot qua 2013 dé may hoat
dong sau mot khoang thoi gian hivu han thi dirng?

Hwéng dan giai
Gidsrn=2"uvak=2vvaiu,vlé.
Ta chitng minh  may hoat déng sau mot khoang thoi gian hitu han thi
dirng khi va chikhi a = b.
Xét a =b = 0 thi n va k Ié nén may dirng.
Xeta=b > 1 thitwr cap (n;k) may tw déng coé thé nhan duoc cap
(2°7.u;2°7" (u + 2v)) hoac (2% (2u+v);2%" ).

Vi cac s u + 2vva 2u + v déu le nén may tw déng lam giam sé mi cla 2
xubng 1 don vi, qua a buoc thi sé mi nay bang 0 nén may sé dirng.
Xéta # b,gidsra<b.
Néua < b- 2 thi ter cap (n;k) may tw déng c6 thé nhan duwoc cap

(27.(u + 277 v);2°" v) v6i cac sé mi chia Iy thir 2 khac nhau,
Néu a = b— 1 thi tiy cap (n;k) may tw déng c6 thé nhan dwoc cap

(2%.(u + v);2%v) = (za*m.—u—}X;T.V) , M nguyén dwong, -—E—— I& nén cac
2 2

s6 mii clia Ity thir 2 khac nhau. Trong treong hop nay may sé khéng dirng lai.
Khi n, k nguyén khéng vwot qua 2013 thi
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n=2%u < 2013 vak=2"v < 2013 v6iu, v I&. o

C6 1007 sb 1& khong vwot qua 2013 nén véi sb.cap rtng a =0 1a 10072

Co 503 so khéng vuwot qua 2013, chia hét cho.2 ma khéng chia hét cho 4
‘nén voi s cap ng a = 112 5032,

‘Tong sb cap la
10072 +5032 + 2522 +126% +632 4312+ 162 +82 + 42 +2% + 12 = 13517009.

3.:BAI LUYEN TAP

Bai tap 21. 1: H6i nghi dai biéu thanh nién gdm 47 nam ni¥ thanh nién. C6 L&
-nhan ra minh quen 16 nam, c6 Baoe:quen 17 nam, c6 Man quen 18 nam, ...
va cd Cam, ngudi nik thanh nién cui cing nhan thay minh quen tat ca:nam
¢6 méat & hoi nghi. Hay tinh xem c6 bao mhiéu nam, bao nhiéu ni ?

Hwong dan
Két qua hoi nghi ¢6 16 nir va 31 nam.

Baiitap 21. 2: Trong mét hinh vudng canh bang 1 4t 51 @iém bét ky. Chikng

‘minh ténitai 3 diém trong d6 nam tronh matihinh tron bankinh R :-_} ,
Hwéng dan
:Chai hinhwudng thanh 5x5 hinh vuéng bang mitau.

Baitap 21. 3: Tim 2 sb6 nguyén duong a va b sao«ho 3 trong4:ménh sau cb
gia tri B: .

():a+1:b (2):a=2b+5 (3):a+b:3 (@A) a +7bnguyén t6
' Hwéng dan
Két:qua (a;b) =(9:2) hodc (17:8).

Bai tap 221. 4: Mat phéng dwoc phan chia thanh cac tam giac déu lbéing nhau
sao cho hai tam gi&c bat ky khong cé diém chumg thodc chung mhau mot
dinh, ‘hoac chung nhau mot canh. Co hay khong mdt hinh tron chiva dung
1988 dinh cac tam giac do ?.

Hwéng dan
Két qua ton tai

Bai tap 21. 5: Cho da giac 16i A+A; ... Aqggs Ma ton tai mbi dinh da ghi mot dau

cong (+) hodc mot dau trir (—) sao cho trong 1993 dau d6 co ca dau (#) va
ddu (=).  Thuwc hién viéc thay dau nhu sau : méi 1an, thay dau déng thoi
tai tit ca cac dinh A(i = 1, 2, ..., 1993) cla da giac theo quy tic : Néu dau
tai A, va A., 14 nhu nhau thi dau tai A dwoc thay bdi dau (+); néu dau tai A,
va A1 1a khac nhau thi diu tai A; dwoc thay béi dau (-) voi qQuy wéc coi
Ajges 13 Ay,
Chirng minh réng ton tai s6 nguyén k > 2 sao cho sau khi thyc hién lién tuc
k 1an phép thay ddu néi trén, ta dwoc da giac A(A; ... Aiges ma dau tai mbi
dinh A; (i = 1, 2, ..., 1993) triing v&i dau tai chinh dinh d6 ngay sau lan thay
dau thir nhét.
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Hwéng dan
Buwong thdng chia hinh binh hanh ABCD thanh 2 hinh thang v&i ti dién tich a

% nén phai di qua trung diém cla nira doan trung binh cla hinh binh hanh.

Bai tap 21. 6: Cho 2016 sé nguyén duong tuy y. Chieng minh tén tai mot sé

s6 trong d6 c6 tdng chia hét cho 2016.
Hwéng dan
Dung phan chirng.

Bai tap 21. 7: Trén duwong thang cé 2n + 1 doan thang M&i mét doan thang
giao voi it nhat n doan thang khac. Chirng minh rang ton tai mot doan
thdng giao voi tat ca cac doan thang con lai.

Hwéng dan
Chia hinh tron thanh 8 phéan bang nhau b&i 4 duong kinh rdi khét di hinh
tron & gilka ban kinh béng thanh ra 9 phan.

Bai tap 21. 8: Chirng minh rang trong 15 sé nguyen ducrng thude {2, 3,
1992} va d6i mdt nguyén té cling nhau, co it nhat mot sé nguyén té.

Hwéng dan
Xét 2016 ttnng gom k sb dau tién a1, @y +ay; ..., @ +ay + ... +ags oI xét
déng du khi chia cho 2016.

Bai tap 21. 9: Cho 2n— 1 s6 tw nhién lién tiép 1, 2, 3, ..., 2n — 1. Hay gach di
itnhadtn—1sb theo quy tac sau; Néu da gach s6 a thi phal gachs62a=a+a.
Néu da gach s a.vasé b thi phai gach sba+b
Hai can phai gach sé nao dé téng cac sé con lai 14 I6n nhét ? Ta: sao ?.

Huwéng dan
Két qua phai gach moi s6 chin trong day da cho: 2, 4, ..., 2n - 2.

Bai tap 21. 10: Mot sb sb thuc dwong duoc vnet trén bang Téng ctia cac tich

doéi mpt cla chiang bang 1. Chirng minh ring ta c6 thé xoa di mot s dé

tong cac sé con lai nhé hon f

Hwéng dan
Dung b4t bién.
Bai tip 21. 11: Trén bang ghi sb —1— »2— 3 9% . M&i 1an x6a di 2 sé ava b
' 96'96'96'"'96
trong d6 réi thay b&i s6 a +b — 2ab. Sau 95 Ian thwe hién thi con lai s6 nao?
Hwéng dén

Dat cac s6 1a a4,a,,... 3 thi tich (2a1—1)(2az-1)...(2a—1) khong ddi dau.
Két qua con sb 48 _1
96 2

Bai tap 21. 12: Cho sé nguyén n > 2 va cho mét da giac déu 2n dinh. Nguwoi ta

t6 tat ca cac dinh cta da giac déu dé bdi n mau sao cho cac didu kién sau

dbéng thi dwoc thod man -
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) |VIO| dinh dwoc t6 bang mot mau;
(i) M&i mau duoc diing dé to cho dung hai dinh khéng ké nhau.
Hai cach t6 mau thoa man cac diéu kién trén dwoc goi la twong dwong néu
cach t6 mau nay nhan duoc tir cach td mau kia nhd mét phép quay quanh
tam clia da giac déu da cho. Hai co tat ca bao nhiéu cach t6 mau déi moét
khong twong dwong ?.
Hwéng dan

1

@n-1-0t ok += (=1l

n
Kétqua > (-1 . o

k=0

582



maye e

Chuyén 46 1: PHAN CHUNG VA QUY NAP............ e 3
Chuyén dé 2: ANH XA VA HAM SO ......coovoovooooooo 24
Chuyén d¢ 3: TAP HOP VA PHEP DEM .......ovooooeeooeoeoeooooooo 55
Chuyén dé 4: PHUONG TRINH ... 75
Chuyén 4 5: HE PHUONG TRINH ..o 107
Chuyén dé 6: BAT PHUONG TRINH oo 140
Chuyén A87: VECTO .........ccooioommimmmmmmmooeoooooeoeeeoeeeeooooeoooooooo 164
Chuyén dé 8: TICH VO HUONG ..o 190
Chuyén dé 9: HE THUC LUONG ... 214
Chuyén dé 10: TAM GIAC VA DUONG TRON ... 244
Chuyén d& 11: CUC TRI HINH HOC .......ooooooooomoooooooooo 269
Chuyén d¢ 12: PHEP BIEN HINH ... 293
Chuyén dé13: TOA DO PHANG ..o 317
Chuyén dé 14: PUONG TRON VA CONIC.....ooooooooooo 343
Chuyén dé 15: LUONG GIAC VA UNG DUNG........oo 378
Chuyén 4¢ 16: BAT DANG THUC COBAN oo 411
Chuyén dé17: BAT DANG THUC MO RONG oo 440
Chuyén dé'18: GIA TRI LON NHAT, NHO NHAT.............. S 473
Chuyén @6 19: DA THUC .....ooooooooooooeeeeeeeoooeoeoooooooo 504
Chuyén d¢ 20: PHUONG TRINH NGHIEM NGUYEN ... 531

Chuyén dé 21: TOAN SUY LUAN ... 562



NHA XUAT BAN PAI HOC QUOC GIR HA NOI
16 Hang Chudi - Hai Ba Trung — Ha Noi
Pién thoai : Bién tép — Ché bdn: (04) 39714896,
Hanh chinh: (04) 39714899; 18ng bién tap: (04) 39714897
Fax: (04) 39714899

Chiu trach nhig¢m xudt ban

Gidm déc - Téng bien tgp : TS. PHAM THI TRAM

Bién tap : DUY THANG — QUOC PAT
Ché bin : CONG TY KHANG VIET
Trinh bay bia CONG TY KHANG VIET

Téng phat hanh va déi tac lién k&t xudt ban:

CONG TY TNHH MTV
DICH VU VAN HOA KHANG VIET

SACH LIEN KET

10 TRONG DIEM BOI DUGNG HQC SINH G161 MON TOAN-LGP 10

Ma s6: 11 =121DH2014

M3 6 ISN: 978-604-939-455-3

In 2.000 cudn, khd 16x24 cm

Tai: CONG TY TNHH In &n Mai Thinh Dirc

Dia chi: 71 Kha Van Can, P. Hiép Binh Chdnh, Thi bac, TP. Hb Chi Minh
S5 xudt ban: 390 — 2014/CXB/16 — 58/DHQGHN ngay 05/03/2014.

Quy&t dinh xuat ban s6: 114LK-TN/QD- NXBDHQGHN, c&p ngay 07/03/2014
In xong va nop luu chiéu quy Il nam 2014



