SG GIAO DUC VA DAO TAO KIi THI CHON HOC SINH GIOI CAP TRUONG

THANH PHO DA NANG NAM HOC 2025 — 2026
TRUONG THPT CHUYEN
LE QUY bON Mon: TOAN — Lép 11
Thai gian: 150 phiit (khong ké thoi gian giao dé)
(Dé thi gom 01 trang) Ngay thi: 27/01/2026 (Vong 1)

Cau 1. (5,0 diém) Cho day s6 (u,,) xac dinh béi

2026ui
2026u,, — 2025

UL =3 VA Upi = (Vn € N¥).

a) Ching minh lim,,_, . u, = +00.
b) Tim tat ca cac gia tri a € R sao cho day 6 (v,), vii v, = u, - n®, 1a hoi tu va 6 gidi han khac 0.

Cau 2. (5,0 diém) Cho ham s6 f : R — R théa man

F(f(@)+y)+ f(—=z+ f(fy)) =2y, Vz,yeR

a) Ching minh f la mot song anh.
b) Tinh f(0) va tim tat ca cac ham s6 f théa man phuong trinh ham da cho.

Cau 3. (5,0 diém) Cho dudng tron (O) va day cung BC' ¢b dinh (khong phai 1a dudng kinh). Diém
A di dong trén cung 16n BC (A khac B, C'). Duong tron noi tiép ctia tam gidc ABC c6 tam [ va tiép
xtic v6i ba canh BC,CA, AB lan luot tai D, E, F. Goi P la chan dudng cao tit D xudng EF. Cac tia
BP,CP cat cac canh AC, AB lan luct tai Y, Z.

a) Chitng minh Y Z 1a tiép tuyén cia duong tron (I).

b) Tia IP cit dudng tron (O) tai diem R. Chitng minh ring khi A di chuyén trén cung 16n BC' thi
dudng thing RD luon di qua mot diém ¢6 dinh.

Cau 4. (5,0 diém) V6i mdi s6 tu nhien m, ta ki hiéu vy(m) 1a s6 tu nhién k 16n nhit thoa méan
ok | m. Tim tat ca cic s6 tu nhién n théa man cac diéu kién:

(i) n khong la mot lay thia cia 3;

(i) Day s6 v2(3" —n),va(3' — n),v2(3%2 — n),... la mot day s6 khong bi chan.

-

—— Het
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Lai giai tham khao

Cho day s6 (un) xac dinh béi
202612

= v — Vn € NY).
W= St = e o iR =)

a) Chung minh lim wu, = +oo.
n——+o0o
b) Tim tat ca céac gia tri a € R sao cho day so (v,), véi v, = u, - n®, 1la hoi tu va c6 giéi han

khac 0.

LO1 GIAL
a) Ta c6 up = 3 > 1. Gia sit u, > 1 thi 20261.1% > 20261, — 2025 > 0 nén u,+1 > 1. Do d6 bang

quy nap ta suy ra u, > 1 Vn € N*. Mat khac ta c6
202612 — u, (2026w, — 2025)
2026u,, — 2025

B 2025u,, -0
2026w, — 2025

2026u?
2026u,, — 2025
Do d6 ups+1 > u, Vn € N* nén (u,) la day tang. Gia sit day (u,) bi chan trén thi theo dinh ly
Weierstrass, ton tai L > 3 dé lim wu, = L. Khi d6 trong cong thitc truy hoi, cho n — 400 thi

n——+0o0

— =

Uptl — Up =

2026 L2

= 5026 — 2025 L = 0, mau thuan.

/ay day u, khong bi chin trén hay lm wu, = +oc.
n—-+0oo

b) Do (u,) va (n) déu la hai day khong bi chin trén nén theo dinh 1y Stolz, ta c6

P i { ) 5 2025u,, " 2025 2025
im — = lim (upy1 —u,) = lim = lim SARE = :
n—too ;. n—rtoo' "L n—+oo 2026u, — 2025  n—too oo 2025 T 2026
2026 — ——
Unp
Ta.c6; = s 0= Un | potl
n

Xét cac truong hgp cua a:

Néu o+ 1 > 0 (titc a > —1):limv,, = lim (u”) -lim(n®™) = +o0. (Loai)
n
: 2025

A U
Néua+1<0 (tic a < —1):limv, = li (i){ atly _
eua+1 <0 (tdc o < —1):lim im - im(n*) S

han khac 0).

Néu a+ 1 =0 (titc a = —1):limv, = lim (
n

Vay a = —1 la gia tri duy nhat thoa dé.

-0 = 0. (Loail vi yéu cau giéi

u . (U 2025 S
u no) = lim (—n) = 22 £ (. (Théa man)
n
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Bai 2.

Cho ham s6 f : R — R théa man

f(f@)+y)+ f(—z+ f(fy) =2y, Vz,yeR

a) Chung minh f la mét song anh.
b) Tinh f(0) va tim tat ca cAc ham s6 f théa man phuong trinh ham da cho.

Lo1 GIAL
@) +y)+ f(—z+f(f(¥) =2y, Vz,yeR. (1)
a) Trong (1) thay x = f(f(y)) thi ta c6 dugc
FUFFFW) +y) =2y = f(0), vy eR.

Do 2y — f(0) c6 tap gia tri 1a R nén ta c6 ngay f toan anh. Khi dé ton tai ¢ sao cho f(c) = 0. Véi
x1, 7o 1 hai s6 thyc théa man f(z1) = f(x3). Thay o = ¢ va thay 1an lugt y = 1,y = x5 vao (1), ta
duge

2wy = f(@1) + f(—c+ f(f(m)) = fl@a) + f(—c + [(f(22))) = 202> 21 = 2.

Vay f la don anh, suy ra f la mot song anh.

b) Do f song anh nén ton tai duy nhat sé thuc ¢t dé f(t) = 0. Trong (1) ta thay x = y = 0 thi ta
duge

F(£(0)) + f(f(£(0) = 0= F(£(f(0))) = =F(£(0)).
Ngoai ra, néu ta thay y =0 va = = f(f(0)) trong (1) thi ta ciing c6
Ff(f(£(0)))) + £(0) =
Va néu thay z =t va y = 0 thi ta cling sé c6
FO) + f(=t+ £(£(0) = 0= f(=t + £(£(0)) = fF(f(f(f(0))) = —t + f(£(0)) = F(f(f(0))).
Ma f(f(£(0))) = —f(f(0)) nén ¢ = 27(f(0)). Nhut vay, ta c6 thé thay x = —f(f(0)) va y = 0 trong

(1) thi ta dugc
FF(=£(£(0)) = 0= f(=£(£(0)) =t

)
Ma —f(f(0)) = f(f(f(0))) nén f(f(f(f(0)))) =0 nhu vay ta thu dugc f(0)+¢ = 0. Bay gio, ta thay
x =1y =1t vao (1) thi dugc f(—t+ f(0)) = 2t hay f(—2t) = 2t, ti do6 lai cho x = —2t,y =t vao (1)
thi

FRE+O)+ f2t+f(0)=2t= fBt) =2t = f(—-2t) = 3t =-2A=t=0= f(0) =

Tiép theo, dé tim tat cA ham s6 f thoa man thi ta thay z = 0 vao (1) thi ta c6

f)+f(f(f(y) =2y, Yy eR| (2)

Roi thay y = 0 vao (1) thi dugc

J(f(@) = —f(~x), Yz €R]| (3).
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Tit (3) ta 6 f(f(—f(@)) = —f(~(~f(x)) = —f(f(x)) = f(~=) nen khi thay y béi —f(x) vao (1)

thi ta ¢c6

f(=z+ f(=2)) = =2f(z) = f(z + f(z)) =2- (= f(=2)) = 2/ (f(z)), Yz €R.

Ngoai ra, ta cling ¢6 thé thay x = —f(f(y)) trong (1) thi thu dugc
FECEEON) +9) =29 2 1By — f) = 29 = FBF(FW) — FF W) = 2/(F ()
2 FBH(W) + 1) - 2) =2/ (/). Yy €R

Tu day ta c6 dugce
FRf(W)+fy) —2y) = fly+ f(y) =3f(f(y) =3y = f(fly) =y

(3)
= f(-y)=—-y=fly) =y, VyeR

Thit lai ta thay thoa, vay f(z) = z, Yz € R. O
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Bai 3.

Cho dudng tron (O) va day cung BC c6 dinh (khong phai la duong kinh). Diém A di dong trén
cung 16n BC (A khac B, C). Duong tron nai tiép cia tam gidc ABC c¢6 tam [ va tiép xic v6i
ba canh BC,CA, AB lan lugt tai D, E, F. Goi P la chan dudng cao tit D xubéng EF. Cac tia
BP,CP cit cac canh AC, AB lan luct tai Y, Z.

a) Chiing minh Y Z la tiép tuyén ctia duong tron (7).

b) Tia IP cit duong tron (O) tai diém R. Chiing minh riang khi A di chuyén trén cung 16n BC
thi duong thing RD luén di qua mot diém c6 dinh.

LoO1 GIAL

a) DP cit duong tron (I) tai diém thit hai 1a S, Y’ la giao diém tiép tuyén tai S ctia (1) véi AC, G
la giao diém ES va DF. Khi d6 ES va DF lan luct la duong doi cuc cia diém Y’ va B déi véi duong
tron (I), suy ra G la cyc cia BY’. Ma cha ¥ ring P la giao EF va DS nén P va G lién hgp hgp déi
v6i (I). Vay B, P,Y’ thing hang hay Y’ =Y. Chiing minh tuong tu, ta suy ra SY, SZ la tiép tuyén
cia (1), hay Y Z tiép xuc (I).

b) Xét f = ZHP* 1a phép nghich ddo tam I phuong tich ID? (nghich déo qua (I)) va goi R = f(P).
Khi nay ta c6 A, B,C qua f tré thanh trung diém EF, FD, ED nén (ABC) qua f trd thanh duong
tron euler cua tam giac DEF, ma P thuoc dudng tron d6 nén R' = f(P) € (ABC), do d6 R = R'.

Hon nita, ta ciing c¢6 f(E) = E va f(F) = F nén f bién EF thanh (IEF) do d6 R € (IEF). Goi
M la diém chinh gitta cung nhé BC ctia (O) thi ta c6 ngay MB = MC = MI. Xét phép nghich dao
g = IMP bién B, C thanh B, C do d6 bién (O) thanh BC nén bién A thanh giao diém D' ctia AM
véi BC. Khi ay, g sé bién duong tron duong kinh /A thanh dudng tron duong kinh ID’, tit d6 ta
duge

g({R, A}) =9((A)N(0)) = (ID)NBC ={D, D'} = g(R) = D.

T day ta c6 duge RD luon di qua M la diém ¢6 dinh. O
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Bai 4.

Véi méi s6 tir nhién m, ta ki hiéu vy(m) la s6 tu nhién & 16n nhat théa man 2% | m. Tim tat ca
cac s6 tu nhién n thoa man cac diéu kién:

(i) n khong 1a mot lay thira cia 3;

(i) Day s6 v9(3° — n), va(3! — n),v9(3% — n),... 1a mot day s6 khong bi chan.

LO1 GIAL Yeéu cau bai toan tuong duong véi tim tat ca s6 tu nhién n théa mian véi moi sé6 nguyén
duong ¢ thi ton tai k théa man

2t | 3F —n.

Trude hét, dé ¥ rang tat ca cac s6 du ctia 3* modulo 8 déu thuoe tap {1,3} do d6 néu n khong dong
du 1 hodc 3 modulo 8 thi ta c¢6 8¢ 3* — n v6i moi s6 tu nhién k do dé 'UQ(Sk —n) < 2 v6i moi k hay
day s6 trén bi chin.

Ta sé ching minh v6i n 1a 86 nguyén duong thoa n = 1,3 (mod 8) va n khong la liy thia cia 3
thi day trén sé khong bi chan. V6i t = 1,2, 3 thi tit diéu kién ctia n thi dé dang thiy rang ton tai k
dé 2! | 3* — n. Gia sit v6i t > 3 nao d6 thi ta di c6 s6 nguyeén duong k dé 2 | 3¥ — n, ta sé chi ra
s6 nguyén duong h ma 2! | 3" —n. Dat 3F —n = 22, néu = chin thi ta chon i = k thi thay thod man.

Khi ma x 1& ta xét h = k + 2!72 thi khi nay ta c6
3" —n =32 3 2l = 3K (3T — 1) + 2
Mat khac, theo LT'E ta ciing c6
w3 — 1) = w3 - 1)+ (2 ?) =3+t-3=t
do d6 ta viét duge 3*(32 " — 1) dudi dang 2'y v6i y 1a s6 18, tit d6 co
B —n=2%x+y)

21| 3" — n, theo quy nap ta thiy ring véi moi ¢ thi

¥ —n) khong bi chan. O

chia hét cho 2/, nhu vay ciing ton tai h dé
luon ton tai k dé 2! | 3 — n hay néi cach khac day vy (3




SG GIAO DUC VA PAO TAO Ki THI CHON HOC SINH GIOI CAP TRUGNG

THANH PHO DA NANG NAM HOC 2025 — 2026
TRUONG THPT CHUYEN
LE QUY DON Mon: TOAN — Lép 11
Thai gian: 150 phit (khong ké thoi gian giao de)
(Dé thi gom 01 trang) Ngay thi: 27/01/2026 (Vong 2)

Cau 5. (6,0 diém) Goi F la tap hop tit ca cac da thic P(z) véi hé s6 thyc thda man
P(P(z)+z+1)=P(x)P(x+ 1)+ P(z)+ P(x +1)
v6i moi s6 thuc z.
a) Tim tat ci cac da thitic P(z) thuoc F.

b) Tim tat ca cic da thitc P(z) véi he s6 nguyén, thuoc F va thoa man dong thoi hai diéu kien
sau:

i. P(x) c¢6 nghiém thuc;

ii. Ton tai da thic Q(z) v6i hé s6 nguyén sao cho da thic P(z)Q(z) c6 tat ca cac he sb
thudc tap hop {—2; —1;1;2}.

Cau 6. (7,0 diém) Cho duong tron (O) va hai diém B,C c¢6 dinh nim trén duong tron dé sao
cho day BC khong la duong kinh. Goi N la diém chinh gitta cung nhé BC' ciia (O). Lay diém A
di dong trén cung lén BC' cua (O) sao cho AB < AC va ABC' la tam giac nhon. Goi (I) 1a duong
tron noi tiép ciia tam gidc ABC va D la tiép diém ctia (I) v6i BC. Goi (O,) la dudng tron tiép xtc
v6i AB, AC' va tiép xic trong véi (O) tai T

a) Goi giao diém ctia duong thing AT va duong tron (1) 1a R va S sao cho AS < AR. Chiing
minh ring ti s6 4 luon ¢6 gid tri khong doi.

b) Dudng thing T'D cat lai (O) tai X. Duong thang X1 cat AT tai L va cit lai (O) tai U. Duong
thang qua I va song song v6i BC' cit dudng thing UT tai W. Duong thing NL cit lai (O)
tai Y. Chiing minh ring duong thing WY luon di qua mot diém c6 dinh.

Cau 7. (7,0 diém) Ty c6 200 vien bi xanh va 200 vién bi dé. Ty bdc ra a vién bi xanh dua
cho Binh va béc ra b vien bi dé dua cho Ngo, trong d6 a va b 1a cac s6 nguyén duong théa man
1 < b < a<200. Hai ban Binh va Ngo sé sit dung nhitng vién bi do6 dé cung choi mot tro choi nhu
sau: Trén bang 6 vuong 100 x 100, Binh choi trude va diat a vien bi xanh vao a 6 vuong bat ki cia
bang sao cho ¢ mdi 6 chi duge dat ding mot vien bi, sau d6 Ngo dat b vien bi d6 vao b 6 vuong bat
ki trong cac 6 con lai clia bang sao cho & mdi 6 chi dugce dat ding mot vién bi. Binh thing néu c6
mot duong di bat dau tit 6 dudi ciing bén trai va két thiic 6 6 trén ctiing bén phai ma khong di qua
nhiing 6 da ¢6 vién bi d6 (mot duong di 1a day cac 6 vuong lien tiép nhau sao cho hai 6 lién tiép c6
chung mot canh). Trong trudng hop nguge lai, Ngo thing.

a) V6i a = 199 va b = 100, chiing minh ring Binh 1 nguoi c6 chién thuat thang.

b) V6i a = 197 va b = 99, chiing minh ring Ngo 1a ngudi c¢6 chién thuat thang.

¢) Tim s6 lugng tat ca cac cap (a,b), véi 1 < b < a < 200, dé Binh la ngudi ¢6 chién thuat thing.

———— Hét
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Loi giai tham khao
Bai 5.
Goi F la tap hop tat ca cac da thic P(x) v6i he s6 thuc thda man
P(P(z)+x+1)=P(z)P(x+1)+ P(z) + P(x+ 1)
v6i moi s6 thuc x.
a) Tim tat ci cac da thic P(z) thuoc F.

b) Tim tat ci cac da thic P(z) véi hé s6 nguyen, thuoc F va thdéa man dong thoi hai diéu
kién sau:
i. P(z) c6 nghiém thuc;

ii. Ton tai da thitc Q(x) v6i he s6 nguyen sao cho da thic P(x)Q(x) c6 tat ca cac he
s6 thuoc tap hop {—2; —1;1;2}.

Loi Giai.
a) T gid thiét ta suy ra

P(P(z)+14z)+1=(P(z)+1)(Pz+1)+1), Vz€R.
bat Q(z) = P(z) + 1, khi d6 ta c6

QQ(z) +2) =Q(z) - Q(z+1), Vz e R (x

~—

. . . =0 Px)= -1 —_—
Néu Q(z) = c 1a ham hing, suy ra c = 2 = {( g = { (T§ . Ca hai da thic nay
=

thoa man yéu cau deé bai.

Néu deg @ = 1 thi Q(Q(x)+z) 1a ham hang hoac 1a ham bac nhat, nhung deg(Q-Q(z+1)) = 2,
mau thuan.

Néu n = deg Q > 2, so sanh bac 2 vé ta dugc n? = 2n = n = 2. Dt Q(z) = az? + bz + k, so
sanh hé s6 bac cao nhat 2 vé, ta suy ra a® = a?> = a = 1.

Vay Q(z) = 2® + bz + k, v6i b,k € R. Thit lai, ta thiy da thic nay théa man (%), suy ra
P(z) = 22 4+ bx + ¢, v6i b,c € R thoa deé.

Két luan: F = {0; -1} U{P(z) =2* + bz +c| b,c € R}.

b) Truée hét P(z) = —1 khong thoéa man diéu kién (i), trong khi v6i P(x) = 0 thi VQ(z) € R[z] thi
P(z) - Q(z) = 0, khong théa man (ii). Do d6 ta xét P(z) = 22 + bx + ¢ théa man yéu cau deé bai.
Ta di chitng minh b6 dé sau: Cho da thic P(z) = Z a;z' ¢6 nghiem thuc zy. Khi dé
i=0

|zo| < 1+ max
(‘I‘Tl

0<i<n
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=1
a; W . . , 5
Ching minh. Ta ¢6 P(x) = a,2”™ <1 + , xn_l). Véi z 1a nghiém khéc 0 cia P(z) thi
i=0 "
n=1 n 1
P | 1 A 1= A . i
—-1= a—. -=>1<A- — | = —. e V61A=maxa—
~ ap T || l#l 1=2 o] =1 0<i<n | Gy

T d6 suy ra |z| < 1+ A.

Tré lai bai toan, do 2% + bx + ¢ 1a mot da thite thoa dé nén goi ¢y € Z 1a hé s6 tu do ciia da thic
Q(z) € Z[z] théa (2% + bz + ¢) - Q(x) c6 tat ca he s6 thuoc tap {£1;+2}. Khi d6 ccy € {£1; 12}
nén ta suy ra ¢ € {£1;4+2}. Mt khéc, dé P(x) c6 nghiém thyc thi b* > 4¢, va khi d6 nghiém thuc

. . —bE Vb —4c
cua P(z) la 5

dé trén cho ta

. Vi nghiém ctia P(x) ciing 12 nghiém ctia P(x) - Q(z) nén ap dung bo

b+ Vb2 -4
’ : < 3 (%)
2
Ta xét cac truong hop:
. —-b— Vb2 -4 -
Truong hop 1: ¢ =1 = b%> >4 = |b| > 2. Néu b > 4 thi — < —3, mau thuan véi

(%). tuong tu néu b < —4. Vay b € {+2;+3}.
b= =£2, ton tai Q(x) = 1 thoa man.
b= =£3, ton tai Q(z) = z F 1 thda man.

Truong hop 2: ¢ =2 = b*> > 8 = |b| > 3. Néu |b| > 4 thi tuong tu truong hop 1, ta cling c6 diéu
mau thuén, vay b = £3. V6i b = 3, ton tai Q(z) = x F 1 thoa man.
b— Vb +4

Truong hop 3. ¢ = —1 thi P(z) ¢6 nghiém thye. Néu b > 3 thi — 5
véi (%), vuong tu véi b < —3. Vay b € {0;+1; £2}.

< —3, mau thuan

b=0 ,ton tai Q(z) = x + 1 théa man.
b= =£1;£2, ton tai Q(z) = 1 thoa man.

Truong hop 4. ¢ = —2 thi P(x) ¢6 nghiém thyc. Tuong ty nhu truosng hgp 3, ta cling suy ra
be {0;+1; +2}.

b=0, ton tai Q(z) = x + 1 théa man.

b= +1;42, ton tai Q(z) = 1 théa man.
Két luan: tap tat ca da thic thoa dé la

{2 +3z+2;22 + 22+ ;2> - 22+ 1;2° + 32+ 1;2° - 3z + L;2° — L2 + 2 — L2 —z — 1
x2—3x+2;x2+2x—1;902—235—1;x2—2;x2+x—2;x2—m—2;x2+2x—2;x2—2x—2}.

|



Hoc sinh gidi cap truong 2025 -2026

Cho dudng tron (O) va hai diém B, C' ¢6 dinh ndm trén dudng tron d6 sao cho day BC khong
la duong kinh. Goi N la diém chinh gitta cung nhé BC ctia (O). Lay diém A di dong trén
cung 16n BC' cua (O) sao cho AB < AC va ABC' la tam gidc nhon. Goi (/) 1a dudng tron noi
tiép ctia tam gidc ABC va D la tiép diém cta (I) véi BC. Goi (O,) 1a dudng tron tiép xiic
v6i AB, AC va tiép xic trong v6i (O) tai T

a) Goi giao diém ctia dudng thang AT va duong tron (1) 1a R va S sao cho AS < AR.
Chitng minh réng ti s6 £4 luon c6 gid tri khong déi.

b) Duong thang TD cit lai (O) tai X. Duong thang X1 cit AT tai L va cit lai (O) tai U.
Dudng thing qua I va song song véi BC' cit dudng thang UT tai W. Duong thang N L
cat lai (O) tai Y. Chitng minh ring dudng thing WY luon di qua mot diém c6 dinh.

Loi Giai.

A /// X
F g
o7
J
/' H
w )
O
&
1| \Oa
4
/ \\ Ry
—
=
e > RT AT P 2 X Z, . A . ~ 2 N ~ FS >
a) Ta thay rang RA- AR 1 do do6 chi can chiing minh 1R co dinh la da. Ma ciing thay rang

AB, AC' 1a tiép tuyén cta () va (O,) do d6 A la tam vi tu ctia hai duong tron d6, hon nita v6i vi

tri cia R thi ta ciing ¢6

AR~ Ry
Mit khéc, néu goi G, H 1a tiép diém ctia (O,) v6i AB, AC thi theo Sawayamar - Thebault ta c6 I
Ia trung diém G'H va néu goi J 1a tiép diém ctia (I) v6i AC thi tit d6 theo cac hé thitc lugng trong
tam giac vuong ta c¢6 dugc

Roy _IH _AH_ 1
Ry IJ Al coséd

2
la mot gia tri c6 dinh khi A di chuyén trén cung lén BC cta (0). O
b) Goi M la diém chinh giita cung BAC ctia (O). Ta chitng minh WY di qua M c6 dinh.
Theo tinh chat duong tron Mixtilinear thi ta c6 AX || BC. E la giao diéem W1 va AT, F la giao
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diém khac N ctia NE véi (O). Trude hét ta co
(EI,EF)= (BC,NF) = (BC,BN)+ (BN,NF) = (AN, AB) + (AB, AF) = (AI, AF) (mod 7)

Do dé A, F, I, E dong vien. Goi U’ 1a giao diém khac M ctia M E véi (O), tuong ty nhu trén thi
I,E,U',T dong vien. Cha ¥ rang 7'M la phan giac ZATX nén ta c6

(U'E,U'I) = (TE,TI) = (U'M,U'X) (mod )
Khi d6 U’, I, E thang hang hay U’ = U. Tuong tu, liay R; € (O) sao cho TR, || BC thi Ry, I, F

thdng hang. Xét truc ding phuong doi mot ba duong tron (O), (AFEI), (EIUT) thi AF,EI,UT
dong quy tai W. Lai goi W’ la giao diém MY véi UT, S; 1a giao NF, MT thi theo dinh 1y Pascal

cho bo (]1\:/{ }A, ],1\{) thi W', L, S; thing hang. Xét tit gidc toan phan UTIE.MW thi
W(IT,LM)=—-1=F(RT,NM) = (IT,SM) = W(IT, 51M)

Khi d6 W, L, S, thang hang nen W = W’. T day ta c6 diéu phai chitng minh. O
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Ty c6 200 vien bi xanh va 200 vién bi d6. Ty boc ra a vién bi xanh dua cho Binh va boc ra b
vién bi dé dua cho Ngo, trong d6 a va b 1a cac s6 nguyén duong théa man 1 < b < a < 200.
Hai ban Binh va Ngo sé sit dung nhitng vién bi d6 dé cing choi mot tro choi nhu sau: Trén
bang 6 vuong 100 x 100, Binh chai trude va dat a vien bi xanh vao a 6 vuong bat ki ctia bang
sao cho d méi 6 chi duge dat ding mot vien bi, sau d6 Ngo dat b vien bi dé vao b 6 vudng bat
ki trong cic 6 con lai ctia bang sao cho ¢ méi 6 chi duge dat ding mot vien bi. Binh thing
néu c6 mot duong di bat dau tit 6 dudi cing bén trai va két thic 6 6 trén cung bén phai ma
khong di qua nhitng 6 da c6 vién bi d6 (mot duong di 1a diy cac 6 vuong lien tiép nhau sao
cho hai 6 lién tiép c¢6 chung mot canh). Trong trudng hop nguoc lai, Ngo thing.

a) Véi a =199 va b = 100, chitng minh rang Binh 14 nguoi ¢6 chién thuat thang.
b) V6i a = 197 va b = 99, chiing minh ring Ngo 1a ngudi ¢6 chién thuat thing.

¢) Tim sb lugng tat ca cac cap (a,b), véi 1 < b < a < 200, dé Binh 14 ngudi c6 chién thuat
thang.

Loi Giai. Ta danh s6 cho cac hang, cot clia bang tit dudi lén trén, tir trai qua phéi béi cac s6
tu nhién tit 1 dén 100 va 6 ndm & hang thi 4, cot thi j duge ki hieu 1a 6 (i, 7). Mot dudng chéo
duge nhic dén trong 101 giai dudi day 1a tap hop céc 6 ¢6 dang (z,y) cia bang ma z +y = k véi
k > 2 ¢b dinh.

a) Khi ma a = 199, Binh c6 thé dat 199 vién bi dé nay trén mot dudng di tit 6 dusi cling bén
trai (cu thé, Binh c6 thé dat vao cac 6 (1,t) va (¢,100) véi ¢ = T,100). Khi nay, du Ngo c6 dat thé
nao thi luon ddm bao c6 mot duong di khong c6 bi do, nhu vay Binh thiang.

b) Xét mot 6 (z,y) bat ki thi ta thay ring 2 < 2 + y < 200 do d6 c6 tong cong 198 duong chéo

khong ké dudng chéo z + y = 101, song Binh chi ¢6 197 vién bi, do d6 phai c6 mot dudng chéo X
ma khong ¢6 vién bi xanh nao sau lugt ctia Binh.
Dé ¥ riing phuong trinh z+y = k véi k = 2,200 v6i k # 101 va 1 < 2,y < 100 c6 t6i da 99 nghiem,
nén Ngo hoan toan cé du bi dé dat len hét duong chéo X dé. Néu dudng chéo X la dudng chéo
x4y =2 hay x +y = 200 thi hién nhién khong c¢6 dudng di, con lai dudng chéo X chia bang lam
hai phan va tit mot 6 ctia phan nay khong thé c6 dudng di dén 6 ctia phan con lai néu khong di qua
mot 0 ciia duong chéo, do d6, khong con dudng di nao tit (1,1) dén (100, 100) ma khong c6 bi do,
hay Ngo thang.

¢) Tt y tudng ctia cau b va cau a, ta thay ring néu a = 200 hay a = 199 thi Binh c6 thé dit ngay
mot duong di tir (1,1) dén (100, 100) do d6 Binh thing v6i moi gia tri khac cia b. Ta xét a < 198,
néu a < 2b, khi nay ta xét 2b cac dudng chéo z +y =k véi k = 1,b va k = 200 — b + 1,200 thi ta
c6 thé thay rang cac duong chéo nay cé tbi da b 6 clia bang, ma do a < 2b nén sé c6 mot trong céc
duong chéo dé khong cé vién bi xanh nao va Ngo chi can dit bi doé lén tat ca cac 6 ciia dudng chéo
d6 thi Ngo sé thing.

Do dé, dé Binh thang thi ta phéi c¢6 a > 2b, ta sé chiing minh néu a > 2b (khi nay phai c6 b < 99
vi a < 198) thi Binh sé& c6 chién thuat chién thing. That vay, 16 rang ta chi can lam véi a = 2b
1a da vi khi d6 @ > 2b thi chién thuat dit cling sé tuong tu. V6i @ = 2b thi chién thuat cia
Binh s& la dat 2b vién bi lén cac 6 (1,t) va (100,100 — ¢ + 1) v6i ¢ = 1,b. Khi nay, ta dinh nghia
mot dudng di vuong tit (a,b) dén (c,d) véi a < ¢ va b < d 1a mot duong di tit (a,b) qua cac 6

6
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(a+1,0),(a+2,b),...,(c;0),(c,b+1),...,(c,d). Taxét b+ 1 dudng di gom b dudng di vuong tir
(1,t) = (100 —t+1) (v6it = 1,b) va duong di tx (1,1) dén (100, 100) sat doc theo hai canh duéi va
bén phéi ctia bang thi ta thay ring b+ 1 duong di ndy c¢6 cac 6 chua duge dat bi 1a roi nhau, do d6

dé Ngo khong thé chan ca b+ 1 duong di nay dude, va do do, ta thiy ring luon c6 duong di cho Binh.

Vay, tat ca cap (a,b) dé Binh c6 chién thuat thing 1a 1 < b < 2b < a < 198 va a = 200, 199
vab=1,a— 1. Véi a = 200 thi c6 199 gia tri b théa con v6i a = 199 thi c¢6 198 gia tri b thoa. Véi
a < 198 thi ¢6 dinh b < 99 cho trude thi ¢6 198 — 2b+ 1 gia tri a théa man 2b < a < 198. Vay, tong
s6 cap (a,b) thoa man la

99
199 + 198 + > (199 — 2b) = 199 - 101 — 99 - 100 — 1 = 10198.
b=1
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