HAM SO LUY THUA, HAM SO MU

VA HAM SO LOGARIT
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Khdi niém lity thita tir ldu da quen thudc véi hoc sinh trung hoc co sé va trung hoc pho
thong. Lily thita duoc biét dén nhu mot phép todn thit ndam cung voi cong triv nhdan chia thé
hién mot vai tro quan trong khong thé thiéu trong Todn hoc. Trudc kia, lity thita duoc

hiéu la phép “nhdn chong chdt”, nghia la né la cdach biéu dién ngdn gon ciia mot ddy cdc
phép nhdn cho cing mot so, tuong tu nhu nhdn la mét cdch biéu dién ciia phép cong. Roi
cung voi su phdt trién ciia xa hoi, nhiéu van dé phdt sinh doi hoi Todn hoc phdi van dong
khong ngiing dé dap ving duoc nhitng yéu cdu ddt ra. D6 chinh la nguyén nhdn xudt hién
khdi niém gioi han ma tir dé, dinh nghia lity thita véi s6 mii thuc dd ra doi va dan duoc
ting dung rong rdi trong ly thuyét ciing nhu nhiéu linh vuc ciia doi song.

Trong chuong nay, chiing ta sé cung tim hiéu su mo rong cua khdi niém lity thita va phép
todn nguoc cua no la logarit. Trén co so cdc dinh nghia, chiing ta sé phdn tich va khdo
sdt ba dang ham sé c¢6 quan hé mdt thiét voi nhau la ham so lity thita, ham so mii va ham
50 logarit. Cdc noi dung nay da mot lan duoc gioi thiéu trong chuong V, Tai liéu gido
khoa Chuyén Todn 11 nhung ¢ miic dé khd so lugc. Do dé, tim hiéu chuong nay chinh la
dip dé chiing ta thdy ro hon, sau hon vé lity thita, logarit tir co bdn cho dén ndng cao
ciing nhu biét duoc cdc iing dung cua chiing trong thuc té.
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§ 1. MO RONG KHAI NIEM HAM SO LUY THUA.
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Lity thita duoc gioi thiéu lan dau tién vao chuong trinh I6p 7 va trong sudt thoi gian sau
do, chiing ta da dan duoc biét dén cdc phép tinh lity thita va cdn thiic thong qua nhiing

bai tinh todn véi s6 cu thé, nhitng bai rit gon biéu thitc dai sé hay quen thudéc hon cd la
Vvéi cdc phuong trinh bdc hai, bdc ba, phuong trinh cdn thiic, ... Tuy nhién, cdc hiéu biét
ciia chiing ta chi ding lai khi xem xét s0'mii la hitu ti va chiing ta khong hiéu duoc s6 cé

lity thiva vo ti, chdng han nhu 2 mang y nghia gi. Trong phdan nay, chiing ta sé cing
nhin lai mot cdch tong qudt vé lity thita hitu ti va tix dé tim hiéu y nghia ciia lity thita vo ti.

1. Ly thira v6i s6 mii hiru ti
a) Ly thira v6i s6 mi nguyén duong

Giong nhu phép nhan 1a cich viét ngan gon ctia day cac phép cong, liy thira cling chinh 1a
céch viét ngan gon ctia day cdc phép nhan nhu dinh nghia bén dudi.

Dinh nghia 1.
Vé6i mbi so nguyén duong 7, liy thira bac n (con goi 1a lily thira cia @ v6i s6 mii n) 1a
sO a" xac dinh boi

2,0 N 1
a'=a-a-a-...avéin>lvaa =a
—_—

n thira s6
trong d6 a duoc goi la co s6 va n 1a s6 mil cua lily thira a”.
b) Lily thira v6i s6 mii 0 va s6 mii nguyén am
Dinh nghia 2.
Véi a =0, liiy thita bac 0 ctia ala ¢° =1. Chii y la ki hiéu 0”(n < 0) khong c6 nghia.

e ~ ~ g ~ N 9 N 1
V6i a =0 va n la s6 nguyén am, lily thira bac n cta a la a" = —.
a

c¢) Cac tinh chat cua liiy thira v6i s6 mil nguyén
Pinh li 1.

Véi a = 0,b = 0 va v6i cic s6 nguyén m,n = 0, ta cé cac dang thiic sau



m n m—+n 2) a m—n

1)a"-a"=a —=a
a
3) (") =a™ 4) (ab)" =a"b"
CE
b b"
Dinh li 2.

Cho m,n la cac s6 nguyén, khi d6 ta c6 cac danh gia sau
)Véia>1thia">a"<m>n.

2)V6i0<a<lthia">a"om<n.

Tu do, ta c6 thé suy ra ba hé qua sau (nhitng diéu thudng st dung trong viéc giai phuong
trinh hodc chitng minh bat dang thiic).

Hé qua.

1) V6i 0<a<b vamlasonguyénthi " <b" < m>0vaa”" >b" <m<0.

2) V6i moi s6 thuc a < b va n 1a so tu nhién 1€ thi " < b".

3) Vé6i a,b la cac s6 thuc duong va n 1a s6 nguyén khac O thi ¢" =b" < a=5b.

Vi du 1. Khong diing mdy tinh, hdy so sanh hai s6 99'° +100' va 101'”.

Loi gidi. Ta c6 99'” +100'” <2.100'", ta s& chiing minh ring 2.100'* <101'”. That vay

101 100 1 100 1
Theo bat dang thitc Bernoulli thi | — | =|1+——| >1+100.— =2 hay
100 100 100

2.100" <101'. Do d6 99'° +100' <101'™ .

Céc bat dang thitc dang nay kh4 yé&u va thuong ta s& diing c4c ddnh gid trung gian dua vé
cung s6 mil hodc cling co s6 dé tién viéc so sanh.

Vidu 2.

Cho a,b,c 1a céc s6 thuc théa man a + b+ ¢ = 0. Chiing minh ring



a +b 4+ a'+b'+c" @ +b 4+
7 2 ' 3

Loi gidi. Mot két qua quen thuoc 1anéu a+b+c=0 thi o’ +b’ +c’ =3abc.

a +b"+c"  abe(a* +b* +c*)

Do d6, ta chi can chitng minh 5

Thay ¢ = —(a + b) vao biéu thitc nay, ta dugc dang thitc tuong duong sau

(a+b) —a’ —b" ab(a+b)a'+b*+(a+b)*)
7 2

*)

Ta co

(a+b) —a’ —b" =7a°b+21a’h* +35a*b* +35a°b* +21a°b° + Tab°

=T7ab(a’ +3a’b+5a’b* +5a’b’ +3ab* +b’) = Tab(a + b)(a’ + b + ab)’

Mat khic a* +b* + (a+b)* =2(a* +2a’b +3a’h* +2ab> +b*)=2(a’ +ab +b*)’
Tir d6 dé thay dang thitc (*) diing. Ta c6 dpcm.

H1. Véi nhiing gia tri nguyén duong nao ctian thi 1" +2" +3" +...+9" <10"?

d) Can bac n va s6 mii hitu ti

Dinh nghia 3.

V6i n 1a s6 nguyén duong, can bac n cua so thuc a la so thuc b sao cho b" =a, khi d6
ta ki hieu b= 4a .

Ta thira nhan hai khang dinh sau day.

- Khi n 12 s6 1é, mdi s6 thuc a chi ¢c6 mot can bac n.

- Khi 7 1a s6 chin, méi s6 thuc duong a ¢6 ding hai cin bac n.
Nhan xét

I)Canbaclctaa laa.

2) Can bac n cua 012 0 véi moi n nguyén duong.

3) S6 am khong c6 can bac chan.



4) Véin 1a s6 nguyén duong 18, tacé Ya >0 a>0 va {fa <0< a<0.

akhia>0
5) Yo = la khia <0

Cac tinh chat caa can bac n

V6i hai s6 khong am a,b, hai s6 nguyén duong m,n va hai s6 nguyén p,q tuy y, tacéd
n

1) Yab = a5 2>,</%:£

3) o’ =(4a) ) {8a ="fa

5yNéu £ =4 thi ¢fa? =’ (a>0) va a ="la".
m

n

Vi du 3. Chiing minh riing néu 4 < x <8 thi yx+4Jx —4 +yx—4/x—4 khong déi.

Loi giai. Do 4 < x<8 néntacd

Jx+avx—4 = \(x—2) +4Jx—4 +4 = \|(Sx—4 +2)’ =[Vx=4+2=x=2+2.

Jx—aJx—4 =x—4—ax—4+4 = JJx—4 -2y =[x=4-2=2-x-4.

Suy ra Vx+d4x—4 +\x—dvr—4 = (Jx—4 +2)+ (2 —Jx—4) =4 khong déi.

H2. Rt gon biéu thic sau M = J11§2 + 943 + 1142 943 .

Dinh nghia 4.

N A e N N A e ~ ? 2 9 m 2, N A A A
Cho a 1a mot so6 thuc duong va » 1a mot so6 hitu ti. Gia st » =— v6i m 1a mot sO nguyén
n

con n la mot s6 nguyén duong. Khi d6, lily thira cua a v6i sO mi » 1a s6 a” xac dinh bai

Bl

Q
I
Q
I
Q

e) Liy thira v6i s6 mii thuc



Tu céc noi dung trén, ta thay rang chi con xét lily thira v6i s6 mil vo ti 1a c6 thé c6 mot cdi
nhin ddy du vé lily thira v6i s6 mii thuc. Ta s& cing xem xét cach xay dung sau day.

Ta biét ring s6 2 = 1,141213562.... nén néu ta xét day s6 hitu tf tao ra biang cach thém
14n luot céc chit s6 thap phan vao sau dau phdy thi s& dugc mot day tién vé gia tri thuc cua
n6. Day do chinh la

I, 1.4, 141, 1414, 14142, ..

V2

Khi do6, ta thay rang day liy thira tao ra theo cich trén chinh la

2.000, 2.639, 2.657, 2.665,...

Ta thira nhan khong chiing minh nhan xét rang luon ton tai mot diy s6 hitu ti 7,7,,7,...,7

n

théa mén lim 7, = v6i « 12 86 vo ti cho trude. Ngudi ta cling ching minh dugc rang

n——+00
day céc s6 thuc a',a”,a",...,a™ c6 giéi han xac dinh, khong phu thuoc vao cach chon
day s6 (r,) . Ta goi gidi han d6 12 liiy thira ciia a v6i s6 mil o, ki hiéu 12 a°, tic 1a

a® = lim a™

n—-+00

Chd y rang néu xét liiy thira v6i s6 mii 0 va s6 mii nguyén am thi co s6 phai khéc 0, trong
truong hop s6 mi khong nguyén thi co s6 phai duong.

Nguoi ta cling chiing minh duoc rang Iy thira véi s6 mii thuc ¢6 ddy du tinh chat nhu liy
thira v6i s6 mil hitu ti.

Nhu vay, viéc dinh nghia cho ldy thira s6 mii thuc da dugce hoan tat.

Mot cau hoi thd vi dat ra 1a: Liéu cé ton tai hay khong lity thia ciia mét so'vo ti duong voi
sO mil ciing la s6' vo ti duong nhung gid tri cua nd lai la s6 hitu ti?

Cau tra 10i cho véin dé trén 13 khang dinh va theo mot cdch nao d6, ta c6 thé kiém tra bang
mady tinh. Tuy nhién, viéc chiing minh tinh vo ti, hitu ti ciia mot s6 bang 1ap luan qua la
diéu khong don gian. Ta ¢6 mot cach chiing minh quen thudc nhu sau



- \/5 ’, ~ 2 ~ % , ~ ’ 2
Xétso a = (\/5 ) , néu nhu a hitu ti thi két luan trén dang do V2 1a mot sO vo ti.

Néu nguoc lai, a 1a s6 vo ti thi ta cling ¢ al? = [(\/E)ﬁ]ﬁ = (\/E)ﬁﬁ = (\/5)2 =2

la s6 hitu ti. Dén day thi viéc chiing minh da hoan tt.

Trong lich st phat trién ctia Todn hoc, ngudi ta con néu ra mot loai s6 nita ¢6 tén 1a “so
siéu viét”. D6 1a nhitng s6 khong thé nghiém ding bat ¢t mot phuong trinh dai s6 nao
(phuong trinh dai s6 & day c6 thé hiéu 1a a x" +a, X" +..+ax’ +ax+a,=0,vi
moi phuong trinh du 12 hitu ti hay vo ti thi sau céc phép bién déi thich hgp s& dua dugc vé
dang trén). Qua nhiéu nam nghién ctu, nguoi ta da c6 rat nhicu két qua vé sd so siéu viét.

-Nha toan hoc Liu-u-vin chiing minh dugc su ton tai va cach xay dung céac so siéu viét vao
nam 1844.

-Nam 1873, Ec-mit da ching minh dugc s6 e (co s6 cua logarit tu nhién, s€ dugc gidi

thiéu trong cac bai ti€p theo) la so siéu viét.

-Gan 10 nam sau d6, Liu-do-man da phat trién phuong phdp ctia Ec-mit va ching minh

dugc T 1a so siéu viét.

-Dau thé ki XX, nha todn hoc néi ti€éng Hin-be ngudi Pic da néu bai todn sau tai Dai hoi

Toén hoc thé gi6i: “Nhiing s6 cé dang a” , trong dé a la sé dai s6 dwong khdc 1, b la s6
2 . - 2 pd \/5 s, 2. N A A oA A 99

VO ti dai sO - chang han so V27 s phai la soé siéu viét khong? ™.

-Dén nam 1929, nha to4n hoc tré tudi Ghen-phong ngudi Nga da chitng minh dugc bai

todn trong truong hop dac biét va nhd d6 ma 1 nam sau, Cu-do-min da ching duoc nhitng

s0 ¢6 dang a'? véi a 1a s6 dai s0, p 1a s6 duong khong chinh phuong, 1a so siéu viét.

-Nam 1934, cung v6i nha todn hoc Di-ghen, Ghen-phdong da hoan tat chiing minh cho bai
toan thit 7 néi trén cua Hin-be.

Trén thuc t€, cdc gid tri logarit ma ching ta sé€ dé cap trong chuong nay da s6 déu la cac
s@ siéu viét va ching minh dugc diéu nay doi hoi phai dung dén cic cong cu cao cap.



BAI TAP
Bai 1.
a) Rt gon biéu thiic sau

443 N 6++/8 - 2k A~k —1 N +200+\/9999
V43 B+V5 7 Ve—14dk+1 7 99 44100

b) Ching minh ring J3/2 —1 = £_§E+i/§

¢) Rt gon biéu thiic sau B:‘\‘/2+\/§+2\/2+\/§ —|—‘\‘/2—|—\/§—2\/2+\/§

Bai 2.

A

a) Cho x,y,z la cac s0 thuc thdbaman 2* =3" =6°. Tinh M =xy+ yz+ zx.

-1

4
X

2ﬁ—2—ﬁ).

2
b) Tinh gid tri cha biéu thitc N = [2|1+ 1+[ ] tai x =

1
et
Bai 3.

a) So sénh hai s6 1'+2>+3* +...+1000'™ va 2% .

2

b) Chting minh ring v6i moi 7> 6 thi 2% >222..22%2
—

ns62 ns6 2

Bai 4.

a) Ching minh ring 449 + 206 + /49206 =243 .

b) Cho x‘%[i/23+ v313 +i/23_4“513 1]. Hay tinh A=x"+x> +1.

4

Bai 5.

a) Duing c4c tinh chat cla liiy thira dé chitng minh rang néu s6 thuc x thda min dang thitc



(x=3)"""" +(x=4)*"” =1 thi x =3 hoic x=4.
b) Tim gid tri 16n nhat va nhd nhat ctia 4 = (V7)™ ,xeR.
Bai 6.

2 2 2
Chiing minh a” +a®,b> +b?,c* +¢? do dai cic canh clia mot tam gidc néu biét a,b,c 1a
do dai cac canh ctua tam giac nhon.

Hoi két luan cua bai toan con diung khong néu a,b,c 1a do dai cac canh ctia mot tam giac
bat ki?

Bai 7.
Tim mién x4c dinh va mién gi4 tri ctia cdc ham s6 sau

7
(x> —7mx+2)"

a) f(x)=(9-10x" + x4)i b) g(x)=

¢) h(x)=(sinx+cos x)m



KIEN THUC BO SUNG
Mot so bai toan lién quan dén giai toan trén may tinh cam tay
Dang 1. Tinh t6ng hodc tich cuia cdc biéu thitc lily thira phic tap.

Dang todn nay doi hoi phai ¢6 ki nang thao tdc trén mdy tinh va tinh toén can than cdc
phép todn trung gian hodc cac bién déi (néu co).

Vi du 1. Tim s6 n nguyén duong nghiém gan ding nhat phuong trinh duéi day

(1+1)(2+2)(3+33) ... (n+4/n)=1,1162x10".

Loi giai.
Ta c6 thuét todn tinh tich nay nhu sau (ding quy trinh bam phim lién tuc do khong thé rit
gon tich nay duoc).
- Gén A:=1(coi nhu bién s6 c6 thé thay déi gia tri). |L|SHIFT|STO| 4]
- Gan B := 2 (coi nhu tich nhan duoc khi tinh dén n = A4, day la gid tri dau lic 4 =1).
12|lsHIFT|STO|B].
~Khi A:= A+1 thitinh B=B*(A+44).

| ALPHA| A| ALPHA|=| ALPHA| A|+|1]| ALPHA|:| ALPHA| B| ALPHA|=|

|ALPHA| B x| (|ALPHA] A] +[ALPHA] 4]3[y |ALPHA||A|H

bén day, ta bam phim EE ... lién tuc dén khi nhan dugc gia tri hién trén man hinh cua
B gin bing 1,1162x10' thi ldy gi4 tri clia A twong tng. Ta thu duoc két qua la n=12.
2
6log, x + J5
S =f(N)+ £ (N2)+ £ (N3)+-+ £ (100).

Loi giai. Ta thdy cdc gi4 tri trong tong can tinh cling nhu bi€u thiic ctia hAm s6 da cho
khong cé gi dac biét, vi thé ta can phai tinh truc ti€p né thong qua thuat todn nhu sau
(1) Gén cho céc bién 4:=1 va C:=1.|0|SHIFT|STO| 4| va |0| SHIFT |STO|C|.

(A dung 1am bién s6 ¢6 gi4 tri thay déi, C dung 1am tng).
(2) Tang A thém mot don vi: 4:= A+1.
(3) Tinh gié tri ctia V4 bing bién Bvéi B=+/4.

2«/5

610g3B+\/§'

Vidu 2. Cho ham s6 f(x)= . Tinh gan diing gid tri biéu thic sau

(4) Cong vao C gid tri cha f(B) =



(5) Quay lai budc (2) va tiép tuc qua trinh nay dén khi nao A nhan gia tri 100 thi ding lai
va doc két qua nhan dugc trén man hinh. Viéc nay thuc hién bang quy trinh bam phim
lién tuc nhu sau

| ALPHA| A| ALPHA|=| ALPHA| A|+|1| ALPHA|:|| ALPHA| B| =]

V [4LPHAL 4])]

[—~

p—

|4LPHA| ALPHA| C[ ALPHA|=[ ALPHA|C[+]2]x"|(V | ALPHA| B])]

og[3D[+]v
(6) Bam phim [=] lién tuc dén khi nao A nhan gid tri 100 thi bAm thém [=[=] réi dimg lai
i

6log,100++/5
Vay § = 49,94219105 (1ay két qua véi cac chit s6 trén man hinh).

[E—

|(l6]x|log|4LPHA| B|+|

(tic 1a ta da tinh roi cong thém vao bién C), may hién 49,94219105.

Dang 2. Tim céc chit s0 tan cung ctia mot so.

Cong cu thudng ding dé giai quyét céc bai toan nay chinh 1a ding modun dé giam dan
cac bac cua liiy thira, két hop véi su trg gitp ctia may tinh véi s tuong doi nho.

Vi du 1. Tim nam chit s6 tan cung cua mot so 321 khi viet trong hé thap phan.
Loi giai.
Ta s& giai bai nay bang cach dung déng du theo modun 10000 va dung mdy tinh dé tinh

cac so c6 gia tri tuong doi 16n. Ta c6
3% =3".3" =59049.14348907 = 59049.48907 = 9443(mod 100000).

Tu do, ta tinh duoc

= 3% =(3%)? =94437 = 70249 (mod100000)

= 3% = (3%°)2 =70249% = 22001 (mod100000)

— 3% = (3'°)2 = 220012 = 44001 (mod100000)

— 3% = (32)2 = 44001% = 88001 (mod100000)

— 3% = (3%°) = 88001 = 76001 (mod100000)

— 319 = (3¥)? = 76001> = 52001 (mod100000)

— 32000 — 316 340 — 57001.88001 = 40001 (mod100000)
— 3210 = 3209 310 = 40001.59049 = 19049 (mod 100000)

Vay nam chit s6 tan ciing can tim la 19049.



Vi du 4. Tim hai chit s6 cudi ciing ctia s6 4 = 27" +22"% 422!,
Loi giai. Ta s& dung dong du modun 100 d€ giai quyét bai todn nay. Ta ¢
2" +1=1025:25 =2 +2" =0(mod100) = 2" + 2'**" = 0(mod 100),Vn e N

198
— 22000 n 210 _ Z(_l)i'[220+10[ n 210+101] = O(moleO)
i=0
Suy ra 2°* =-2' =24 = 76(mod100) . Do dé
A =220 42010 4 701l 22000(29 +20 4 2“) =76(512+1024 + 2048)
= 76(12 + 24 + 48) = 84(mod 100)

Vay hai chir s6 tan cung ctua A 1a 84.
Dang 3. Tinh toan véi do chinh xac cao cua cac so.

Trong phan nay, ching ta s& tim hi€u céch tinh chinh x4dc mot gia tri cuc 16n hodc cuc nho
cuia cac so viét trong hé thap phan.

Vi du 5. Tim tit ca c4c chit s6 cta s6 3.

Loi giai.

Bam truc tiép trén mdy tinh, ta thdy két qua thu duoc 1a 1,215766546.10" va day chi 1a
mot gid tri gin diing. Tuy nhién, ta c6 thé kiém tra duoc 1a 3% =3486784401.

Nhu thé, ta s& dat 3 =a+b = 3* =(3*°)* =a” + 2ab + b* . Ta mudn chon céc s6 a,b

sao cho c6 thé tim dugc tét ca cdc chit s6 cua a°,2ab,b”.
Chon a =34867.10°,b =84401. Taco
a® =(34867.10°)* =1215707689.10",b> = 7123528801; 2ab = 5885619334.10°. Do dé

3% =4’ +2ab+b* =1215707689.10" + 5885619334.10° + 7123528801
=12157.10" +7689.10" + 58856.10" +1933400000 + 7123528801
=12157.10" + (7689 + 58856).10" + (1933400000 + 7123528801)
=12157.10" + 66545.10" + 9056928801

=12157.10" +0,66545.10" + 0,000009056928801.10"

=12157,665459056928801.10"
=12157665459056928801

Vay ta da tim dugc tat ca cdc chit s6 cia 3* chi bang mdy tinh cam tay.



Vi du 6. Tim chit s6 thap phan tht 15 cta /12
Loi giai.

Ta thay rang khong thé tinh truc ti€p chit s6 ndy vi khi bAm mdy, ta chi thu duoc két qua
chinh xac khong qua 10 chit s6 thap phan va cong viéc nay c6 vé rat kho khan. Ta s€ tinh
gidn ti€p bang céch giai phuong trinh bac hai nhu dudi day.

Tinh +/12 bing mdy tinh |/ [12]=], ta c6 3,464101615.

Bém tiép [4ns[-[3.46], mdy hien 4,10161514.10*, diéu nay c6 nghia Ia chit s6 thi 9
trong két qua trén la ding ma khong cé phép lam tron nao da duoc thuc hién.

Pat V12 =3.464101615 + x (*), ta tinh x bing cdch bién ddi biéu thic

(*) <> 12 = (x +3,464101615)* < x* +2.3,464101615.x + 3,464101615> —12 =0
o 6,92820323x+(3,4641016152 —12) ~0

Ta sé tinh 3,464101615% —12 trén mdy va ghi ra gidy. Ta c6
3464101615=34641.10° + 1615

= 3464101615’ =(34641.1()5 +1615)2 =346417.10" + 2.34641.1615.10° +1615°

=1199998881.10" +111890430.10° + 2608225
=11999.10" +98881.10" +1118.10" +9043000000 + 2608225
=11999.10" +99999.10" + 9045608225
=11999999999045608225 = 3,464101615” =11,999999999045608225
Suy ra 3,464101615° —12 =
11,999999999045608225 —12 = —0,000000000954391773 = —9,54391773.107"
Do d6 (*) < x* +6,92820323x-9,54391773.107"' =0.
Ta sé ti€p tuc giai phuong trinh nay bang chic nang SOLVE clia mdy.
| ALPHA| X | x*|+]6,92820323| 4ALPHA| X |-]|9,54391773|x[ 10| x” |-11| SHIFT | SOLVE)|

Maéy hoi X = ?, nhap vao X =10"" va giai [10]x”|-11]=| SHIFT | SOLVE|
Mady hién két qua 1a 1,377545868.107"". Bam tiép |Ans|—[1.377|x[10]x" |11
May hién 5,4586769 dé tim thém gid tri chinh xé4c hon. Tir d6 suy ra

V12 ~3,46410161513775458676

Vay chit s6 can tim la 4.



Bai tap ren luyén.

Bai 1. Cho B, = & ,n=1,2,3,...Hdi hai chit s6 tan cung cua s6 B,,,, la bao nhiéu?

n chit s6 8

\/;—i-xz
Yx +2

S = g(tan’1) + g(tan® 2) + g(tan” 3) +...+ g(tan> 100)

Bai 2. Cho ham s6 g(x) = . Tinh gia tri cta

Bai 3. Tim chit s6 thap phan tht 16 ctia 3/2 .

Bai 4. Mot trong céc loai s6 nguyén t6 ndi tiéng dugc biét dén 1a s6 nguyén t6 Fermat do
chinh nha Todn hoc nay dé xuat. Dua trén quan sét cac s6 hang dau, ong du dodn rang véi
moi s6 nguyén duwong 7 thi 4, =2 +1 1a s6 nguyén t6. Tuy nhién, Euler da béc bo
khéng dinh nay bang céch chiing minh 4 12 hgp s6 vi n6 chia hét cho 641.

Céc ban hdy thi xdc dinh thit xem s6 4,, = 2> +1 ¢6 bon chit s6 tan cing 1a gi?



§ 2. LOGARIT.
Vi bai todn: Tim x sao cho sé tu nhién cé dang 2* la [6n nhdt khong vuot qud 100.

Chiing ta ciing dd quen voi cdch gidi la: Do lity thita [on nhdt cua 2 khong vuot qud 100
la 64 nén ta can tim s6" x sao cho 2° = 64 . Thit truc tiép, ta thdy x bang 6.

Du budc cudi cang hoi thiéu tu nhién va ré rang doi voi nhiéu hoc sinh thich tim toi thi
cdch gidi doé khé chdp nhdn duoc, tuy nhién moi c6 gdng cdi thién déu gdp phdi bé tdc.
Chiing ta ro rang dang thiéu mot cong cu nao dé hé tro dé tim ra truc tiép s6” x da néu.

Trong phdn nay, chiing ta sé tim hiéu mot khdi niém mdi, cé thé hiéu la mot phép todn
maoi bén canh phép lity thita da duoc gidi thiéu va ciing nho né ma ta gidi quyét duoc mot
s0 luong rdt lon cdc vdn dé cd ly thuyét va cd thic té. Phép todn dé chinh la logarit.

skt skoske skt skt skt sk skt sk sk skeoskoskoskok sk
1. Dinh nghia.
Dinh nghia 1.

Choa la s6 duong khac 1 va b 1a mot s6 duong. SO thuc o thdéa man a® = b duogc goi la
logarit co s6 a cta b vaki hiéu la log, b, tic la

a=log,asa" =b
Chu y
1) Khong c6 logarit ciia s6 0 va s6 am vi ¢ luon duong v6i moi o va a > 0.
2) Co so cta logarit phai duong va khac 1.
3) Mot s6 tinh chét can chu y
log,1=0, log,a=1
log a" =b,VbER, a*" =bVbcR,b>0
R& rang phép nang lén lily thira va ldy 14y logarit 1a hai phép todn nguoc nhau.
2.Tinh chat va cac bién doi

a) So sanh hai logarit cung co s0



Pinhli 1
Cho s6 duong a =1 va céc s6 duong b,c. Khi dé6

1) Néu a>1 thilog,b>log,c<b>c.

2) Neu O0<a<1thilog b>log,cb<c.
Hé qua
Cho s6 duong a =1 va céc s6 duong b,c. Khi dé6

1) Khi ¢ >1 thi log, b>0&b>1.

2) Khi 0<a<1thilog, b>0&b<1.

3) log,b=log,c=b=c
b) Cic quy tac tinh logarit
Pinh i 2
Cho s6 duong a =1 va céc s6 duong b,c. Khi d6

1) log, (bc)=1log,b+log, c

2) log, [2] =log,b—log, c

3) log,b" =alog, b
Céc tinh chat 1) va 2) cta logarit dugc ting dung rat nhiéu trong viéc dua céc bai todn c6
s6 mil v€ bai todn dang tuyén tinh thong thuong. Ta sé xét ing dung nay trong cic noi
dung k€ ti€p. Tinh chat 3) c6 thé ching minh bing quy nap rang

log, (bb,b,..b,) =log, b +log, b, +log, b, +...+log,b,

Hé qua

Cho s6 duong a =1, s6 duong b va s6 nguyén duong n, khi dé

log, % =—log, b va log, b = 1 log, b

n



¢) Dai co s6 cua logarit
Pinh Ii 3
Vé6i a,b 1a hai s6 duong khac 1 va ¢ 1a s6 duong, ta co

log.b _ log,b va log, b.log, c=log_c
log, c

Hé qua 1
Vé6i a,b 1a hai s6 duong khac 1, ta c6

1
log, a

log, b= va log, b.log,a=1

Hé qua 2

V6i a 1a s6 duong khac 1, ¢ 1a s6 duong va o= 0, ta cd
1
log .c=—log,c
o)
Vidu 1.

logs, 3
a) Tinh gia tri ctia biéu thitc (E) :

b) Chitng minh rang llog_an =1+log, b v6i a,b,n 1a cic s6 duong va a,ab #1.
08 1
, s log nlog, nlog n
c¢) Chiing minh rang log, nlog, n+log, nlog n+log, nlog, n=—=- <— trong

logabc n

d6 a,b,c,n lacac s6 duong va a,b,c,abc #1.

Loi giai.

g3 N R
a) Ta c6 (%) :(2_4)1325322 R R E

log,n logn logab

b) Ta c6 =log, ab=log, a+log, b=1+log b.

log,, n loga logn

¢) Bién déi tuong tu trén



logn logn N logn logn N logn logn _

log nlog, n+log, nlog n+log nlog n=
Sa 08, S 71108, Be 108, loga logh logb loge logc loga

, loga+logh+logc _ logabc (logn)’ _ log nlog, nlog, n
logalogblogc logaloghloge ™ logn log . n

= (logn)

Ta c6 dpcm.
Vi du 2. Cho x,y,z 1a cdc so thuc duong thdoa man xyz =1. Tinh gid tri ctia biéu thic sau
A= [logz R log_ R log, ij{logx z+log, x+log. y]
Y z x f B P
Loi giai.
V6i a 1a mot s6 thuc duong khac 1 nao do, ta c6
log, (xyz)=0=log, x+1log, y+log, z=0.
bat m=log, x,n=1log, y,p=log, z=>m+n+p=0.

Dua theo tinh chat ctia logarit, ta c¢6 thé viét biéu thic A lai 1a

A:[m_n+n_p+p_mj[ p_, m " j
p m n m-n n—p p-m

Ta co

m-—n n—p p-m_mn(m=-n)+np(n—p)+pmp—m) _(m—n)n-p)p-—m)
p m n mnp mnp

p . m n_ _pn=p)p-—m+mm=n)(p-—m)+nim-n)n-p) _
m-—n n—p p-m (m—n)(n—p)(p—m)

_mn(m+n)+np(n+ p)+ pm(p+m)—(m’ +n’ + p* —3mnp)
- (m—n)(n—p)(p—m)

_ mn(=p)+np(-m)+ pm(—n) _ —3mnp

~ (m-n)n-p)p-m)  (m—n)n-p)p-m)

DodéA:[m_n+n_p+p_mj[ L j:9
p m n m-n n—p p-m




H1. Cho a,b,c 1a céc s6 thuc duong 16n hon 1. Chitng minh ring
l<log,, c+log, a+log, b<?2

3. Mot so logarit quan trong

a) Logarit thap phan

Trong tinh toan thong thuong, ta thuong dung hé d€m co s6 10 va chinh vi thé ma phép
toan logarit co s6, hay con goi la logarit thap phan chi€ém mat vi tri rat quan trong.

Dinh nghia 2

Logarit co s6 10 cia mot s6 thuc duong x dugc goi 1a logarit thap phan cua x va ki hiéu
la logx hoac Igx.

Vi du 3. Biét rang s6 chit s6 clia mot s6 nguyén duong N viét trong hé thap phan dugc
tinh theo cong thic [log N]+1. Hay so sanh hai s6 sau 20 va 1001%.

Loi giai. Theo cong thiic trén thi so chit s6 ctia 20” 1a
(108207 ]+1<[10g20" |+1=[100.(log2 +1)]+1< [100.(1ogM+1)]+1 =151.

S6 chit s6 ciia 1001 1a | log1001% |+1>[50.1og1000]+1=151.

Tir d6 suy ra 20” c6 it chit s6 hon 1001 nén 20™ <1001%.

H2. Hay du doan va chiing minh cong thiic tinh s6 chit s6 cia mot s6 N viét trong hé nhi
phan, bat phan.

b) Logarit tu nhién
Chung ta da duoc gidi thiéu trong chuong trinh I6p 11 gid tri ctia s6 e 1a gidi han cua bi€u

thirc

1+ l] khi x dan t6i vo cuc va né xdp xi bang 2,718281828...Céc logarit c6 co s6
x

la e lai xuét hién rat thudng xuyén va tu nhién trong nhiéu Iinh vuc cua doi song.

Dinh nghia 3

Logarit co s6 e cua mot s6 duong o dugc goi 1a logarit tu nhién (hay logarit Né-pe) cua
sO avakihiéula Inc.



H3. Mot ngudi gui tién ¢6 gid tri K (VND dong) vao ngan hang va 1ai suat hang thang la
m% dugc tinh dua trén téng tién von va 1ai cta thang trudc. Hoi sau bao lau thi ngudi nay
nhan duoc téng tién von va 1ai gap ba lan tién von ban dau?

c)Logarit nhi phan

Mot logarit khac cling dugc dung trong moét s6 linh vuc ctua doi song 1a logarit nhi phan
vGi co s0 2. Trong Tin hoc, hé nhi phan dugc dung xuyén sudt trong tat ca cac ndi dung Ii
thuyét va ting dung. Nhitng bai todn c6 do phiic tap danh gia theo mot dai lugng goi la

big — O thudng c6 gid tri 1a log, n. Mot s6 bai toan vat 1i vé chu ki bén ra cling c6 xuit
hién logarit dang nay. Trong mot s6 tai liéu nuGc ngoai, doi khi ngudi ta ki hieu logn dé
chi logarit nhi phan tuong tu nhu logarit thap phan trong cac tai liéu thong dung & Viét
Nam. Do d6, d€ trdnh nham 14n, ta vin dung log, n dé chi logarit co s6 2 clia s6 duong n.

Vi du 4. Trong Tin hoc, d6 hiéu qua ctia mot thuat toan ti 1& véi thoi gian thuc thi chuong

trinh tuong tng va duoc tinh theo cong thic E(n) =

v6i n 1a so luong dit liéu dua
P(n)

vao va P(n) la do phic tap clia thuat todn Gng véi gia tri n. Biét raing mot thuat toan c6 do
phtc tap 12 P(n) =log,n vakhi n=300 thi dé chay n6, may tinh mat 0,02 giay. Hoi khi
n =90000 thi phai mat bao lau dé thuc thi chuong trinh tuong tng?

Loi giai.
s IN N LN 9 9 A 7, N 300
-Vé6i n =300 thi do hiéu qua cua thuat toan la £(300) = ————.
log, 300
-Vé6i n=90000 thi do hiéu qua cua thuat toan la
90000 300° 300 300

E(90000) =

= = : =150.E(300
log, 90000 log,300° 2 log,300 (300)

Do téc do chay chuong trinh ti 1€ v6i do hiéu qua cua thuat toan nén khi » =90000 thi
chuong trinh can 150.0,02 =3 giay.



BAI TAP
Bai 1.
a) Ching minh rang log, 9+ log, 10+ log,,11<2log, 3.

1

—,n=23,4,.
log, 2010

b) Cho day so (u,) xac dinh bdi cong thic sau u, =

bat a=u,, +u, +u, +u,,b=u,+uy +u, +u,+u,. Tinh M =b—a.

Bai 2.

a) Cho x,y,z,a la cac s6 thuc duong doi mot khac nhau va khac 1 thoa man
log, x=1+1log, x.log, z,log, y=1+log, y.log, x

Tinh gid tri bi€u thic sau 4 =log, a.log_ a.log_ z.log_ a.log, alog. a.
X y z
b) Cho x, y,z 1a c4c s6 thuc duong thda man diy dang thitc sau

x(y+z—x) y(z+x-y) z(x+y-z)
log x logy log z

Ching minh rang x”.y" = y".z" = z" x°.
Bai 3.
a) Cho cdc s6 thuc a,b,c théoa man 1< a <b < ¢. Ching minh ring
log_(log,b) +log, (log, c) +log (log a) >0
b) Cho cdc s6 thuc a,b,c théa min a7 =27,p°%" =49, % = /11 . Tinh
a(logm2 n b(log711)2 n C(lc»;nzs)2
Bai 4.

V6i moi s6 tu nhién n, hdy chiing minh rang n = —log, log, A2
Ef—/

n déu can

Hay xay dung va chiing minh céc dang thic tuong tu.



Bai 5.

Ching minh h¢ phuong trinh sau c6 it nhat 6 nghiém phan biét
2°+3"4+5 =10
2°3"5" =30
xyz=1

Bai 6.

a) Chitng minh bat dang thifc sau diing v6i moi s6 thuc duong x

log, (1+2) > log, (3" +(v2) )

b a

s 1 1
b) Cho a > b. Chitng minh rang (2“ +2_"j < (2” +?j .
Bai 7.
Nguoi ta dinh nghia rang: “So’siéu viét la so thuc khong phdi la nghiém cua bdt ki phuong
trinh dai s6 nao”. Nguoi ta ciing da chiing minh dugc cac s6 7,e, 2% ... 1a cdc 6 siéu
viét. C4c gi4 tri ctia logarit hau hét 1a cdc so siéu viét nhung dé chitng minh dugc diéu nay
thuc su rat khé va né nim ngoai chuong trinh THPT. Tuy nhién, ta ciing ¢4 thé ching
minh mot s6 van dé don gian hon.

Biét rang “logarit thdp phdn ciia mot s6 nguyén duong hodc la s6 hitu ti hodc la 56 siéu
viér”, hdy chiing minh rang log, 5 1a s6 siéu viét.



KIEN THUC BO SUNG

S6 mot Kién thitc vé co sé cia logarit tu nhién - s6 e

X ., . : o s . 1Y .
Nhu trong phan 1y thuyét & trén, ta cé néu ra dinh nghia rang e = lim (1 + —j . Tuy nhién
n—>+00 n

trén thuc t€, con mOt dang bi€u dién nita clia gid tri nay cling c6 tim quan trong khong

kém la e= lim Z . Ta s& hiéu rd hon vé dang ndy cla s6 e qua bai todn duéi day.

n—>+o

Cho day s (u,) xdc dinh bdi u —1+11'+%+ +i' n>1.
! n!

Chitng minh rang ton tai gidi han hitu han cua (un) va gidi han doé la so'vo ti.

Chiing minh. Ta thdy ring véi moi k>3 thi k!=1.23..k>2.2..2=2"" nén

1
1——
—1+1+L+ +L 1+1+L+L+...+ 1_ —1+—2 <1+ ! =3
1 2! n! 12t 22 2" 1_1 1_1
2 2

RG rang day soO nay tang thuc su va lai bi chan trén nén c6 gidi han.

bat limu, = a. Ta s& chiing minh riang a 1a s6 vo ti.

Gia st nguoc lai a 1a s6 hitu ti va ton tai hai s6 nguyén duong thoa a = £; p.qeZ” va
q

(p,q)=1.Khido

((]+1)!a=((]+1)!lim[zkj q+1)'11m[§ Z ]Z(QH)'

k= q+2 114)-%—00
q+1 1 |
Vi (g +1)!a, Z - +1)! la c4c sO nguyén duong nén ta ciing c6 }EEO Z (¢ +' )! c7t
' k=q+2

Tuy nhién, ta cling c6

Z”:(q+l)!_ 1 . 1 . 1
o k! g+2 (¢+2)g+3)  (g+2)(g+3)..(n—-Dn
1
I Gl
< . 9 < <1
= (q+2) Tg+2 1 q+1

q+2



Diéu mau thuin nay cho thay di€u gia si ban dau la sai. Vay a 1a s6 vo ti.

Mot bai todn tuong tu la

[n!e]—l

Chitng minh rang la s6 ty nhién voi moi s6 tw nhién n> 0.

Loi giai.

1 1 1 &1 1 1 n!
Tacoe=1+—+—+..+—+ > —nénnle=nl|1+—+—+...+ +1+ ) —
1 2! n! il 1 2! (n—1)! Sl

bat n'[1+ 11' +i+

2 (n— 1)' N
TR (n 1)') Z =nA,AeZ va
i=0 !

Ta s& chiing minh ring Z L, ! n ! n
P A n+1 (n+)(n+2) (m+)(n+2)(n+3)

1 1 1

That vay =,
(n+1)(n+2) (n +1)" (n+1)(n+2)(n+3) (n +1)°

Xay dung c4c bat dang thic tuong tu, ta cé

= n! 1 1 1 > 1
== + + +... <Z <1
ST adl (n4D)(n+2) (i D)(n+2)(n+3) ,:0(n+1) Tt

le|l—
Do d6 [nte] =nd +1 nen 0= e 7 Ta c6 apem.
n

Ta da chiing minh dugc bai todn néu ra & trén bang lap luan tuong d6i don gian nhung
muon chiing minh giéi han d6 ciing chinh 1a e néu & trén thi thuc sy khong dé.

Cong thitc nay thuc ra xuat phat tir mot dinh 1i néi ti€ng khac goi 1a khai trién Taylor ma &
2 3
x x x

dang téng quét cua né chinh 1a e* =1+~ " +—+—+

21 3!

Tuy ciling cung xét gidi han trén tap hop s6 tu nhién nhung cong thitc nay tinh chinh xac
s6 e hon va chi can n =6 la ta c6 gia tri chinh xdc dén 3 chit s6 thap phan ctia s6 e, diéu

n—>+%

ma biéu thic e = lim (1 + lj phai can n ~ 5000 méi dat dugc.
n

Trong linh vuc T6 hop, bai todn vé s6 hodn vi khong c6 diém bat dong ciing kha noi ti€ng



va no co lién quan dén so e nay.

Néu goi n 12 s6 phan tir chia mot tap hop va S(n) 1a s6 cdch doi chd céc phan tir nay sao
cho khong ¢6 phan t nao ndm & vi tri ¢ thi ta chiing minh duoc

S(n)=n(S(n-1)+Sn-2)),n=1,2,3,...

Khi do, ta ciing ¢6 S(n):n!{l_l+i_i+m+ (=D }
1 2! 3! n!

Ngudi ta cling chiing minh duoc ring gidi han cta tong noi trén khi n tién t6i vo cuc

n . k 1\
Z& PLIRE I SR G
- k! I 20 3 n!

ding bang e

Duéi day 12 mot bai toan néu 1én su so sdnh vé tinh todn gid tri clia s6 e véi hai biéu thiic
gi61 han vira néu.

Vi viéc tinh todn trén mdy tinh thi thoi gian thuc hién cdc phép nhdn va chia lon gdp doi
thoi gian thuc hién cdc phép tinh cong va trix. Vi thé, mot tiéu chi dé danh gid tinh hiéu
qud ctia mot cong thitc (hay thudt todn) la & ché cho phép sit dung it nhdt cé thé cdc phép
tinh nhdn va chia. Véi s6"e, nguoi ta cé thé tinh xdp xi né theo cdc cong thiic sau ddy

e = lim (1+1j va e= lim Zl
o k!

n—>+w n n—>+00 4=

1005
Theo ban, dé tinh duoc gid tri ciia biéu thitc A= (1 +wj thi cdn t6i bao nhiéu

phép nhdn va chia va khi dy két qud thu duoc sé e chinh xdc toi bao nhiéu chit s6 thdp
phadn sau ddu phdy?
|
Cau hoi tuong tu voi biéu thitc B = Z—'
~n!
(Dé thi Gidi todn trén mdy tinh cdm tay cdp khu vuc nam 2009)



§ 3. HAM SO MU, HAM SO LUY THUA VA HAM SO LOGARIT.

s sfestesieseskesie sfeshesie e sfesiesiesleskesk

Trong phan nay, chiing ta sé phdn tich va xem xét cdc phép tinh lity thita, logarit ¢ dang
tong qudt. Thong qua do, chiing ta sé tim moi quan hé sdu sdc giita ba dang ham sé'la
ham mii, ham lity thita va ham logarit. Viéc khdo sdt tinh bién thién cia cdc ham nay la
co s quan trong dé gidi nhiéu dang Todn quan trong.

1. Ham so liy thira

a) Tinh chat

Ham s06 liiy thira 1a cdc ham s6 ¢6 dang y = x* trong d6 o 12 mot hang so tuy .

Ta c6 mot s6 tinh chat sau ctia ham so liiy thira

-Ham s6 y = x" vé6i n nguyén duong xac dinh v6i moi x € R..

-Ham s6 y = x" v6i n nguyén am hoac n =0, xac dinh v6i moi x = 0.

-Ham s6 y = x* v6i o khong nguyén cé tap xac dinh 1a tap tat ca cac s6 thuc duong.

Ngudi ta da ching minh duge rang ham s6 1iiy thira lién tuc trén tap xac dinh cta ching.

1

1
Chii y rang dang thiic 4x = x" chi xay ra khi x > 0. Do d6, ham s6 y = x" khong dong
nhat v6i ham s6 y = Yx véi neN’. Viéc xem xét hai ham s6 nay nhu nhau la mot sai
lam thuong gap clia cac ban hoc sinh khi giai cac bai todn lién quan dén ham s6 ldy thira.

b) Pao ham clia ham s0 lily thira

Pinh Ii 1.

1) Ham s0 lily thira y = x® v6i o € R ¢6 dao ham tai moi di€ém x>0 va

2) Néu ham s6 # = u(x) nhan gia tri duong véi moi x va cé dao ham trén J thi ham s6

y=(u(x))" ciling ¢6 dao ham trén J va



' o ()’ (%)

(u“ (x))
Chu y
1) Dung dinh Ii trén, ta c6 thé chitng minh duogc cong thiic dao ham ctia ham s6 cén bac n

8 () =

2) Néu u =u(x) c6 dao ham trén J va nhan gia tri duong véi moi x € J thi khi n chan,

v6i moi x > 0 néu n chan va moi x = 0 néu n 1¢.

u(x)=0 véi moi x € J khi n 1 thi

(4fuy ) =—)_

nifu"" (x)
si
Vi du 1. Tinh dao ham cua y = Y
X
Loi gidi. Ta c6 ' = —x.cosx—z(l —smx). 1 _ s1nx—1—2x.cosx / x .
X 2\/l—smx 2x l—-sinx
X

. RN SR sinx—1—x.cosx X
Do d6, dao ham cén tim chinh la y' = > , / —.
2x 1 —-sinx

1

> 1 \a
H1. Tim tap xac dinh va tinh dao ham ctia ham s6 y = [ x —l j .

x*—4

Chd y rang trong nhiéu trudng hgp, ta cin xét tinh bién thién ciia ham s6 ¢6 dang
y =4/u(x),n € N va can tinh dao ham dé xét chiéu bién thién. Trong trudng hop n chin
thi di€u kién cén c6 1a u(x) > 0 da rd rang nhung trong trudong hop n 1€ thi diéu kién
u(x) # 0 c6 khi chua duoc ddp ting (chang han ham s6 f(x) = Ix xdc dinh véi moi s6
1
3R/x
xét cac ham s6 nhu thé, ta can xét truong hop u(x) =0 trudc réi méi khao sat ham s6

y=%u(x),neN khi u(x)#0.

thuc x nhung khi dao ham thi tr6 thanh f'(x) = cin diéu kién x = 0). Vi thé, khi



¢) Su bién thién ctia d6 thi ham s6 lily thira

Trong phén nay, ta chi xét cdc ham s liy thira ¢6 dang y = x* v6i a # 0 va véi tap xac
dinh 12 (0;+0). Tir cong thitc dao ham, ta thdy rang ham nay dong bién trén (0;+o0) néu
o > 0 va nghich bién trén (0;490) néu o < 0.

Ta xét mot s6 do thi minh hoa

Pé dé dang doi chiéu cdc tinh chdt ciia hai ham sé mii va logarit, ta sé xét chiing trong
cung mot phdn. Ta luén gid thiét rang a la sé duong khdc 1 da cho truéc va J la hop
cua hai hay nhiéu khodng nao do.

2) Ham s6 mii va ham so6 logarit

Dinh nghia

Gia st a 1a mot s6 duong khac 1. Khi d6

-Ham s6 y =a" duogc goi 1a ham s6 mili co s6a .

-Ham s6 y =log, x dugc goi la ham so logarit co sda .

Ta ciing dung ki hiéu log x,Inx dé 1an lugt chi ham so logarit thap phan va ham so logarit
tu nhién, con ham so logarit thong thuong véi co s6 a bat ki hi dugc goi chung la ham s6
logarit. Mot s0 tai liéu con dung ki hiéu y = exp(x) dé chi ham so logarit tu nhién.



Vi du 2. Xét ham s6 sau f(x) = . Tinh gid tri cia bi€u thic sau

1
2" 442
S=2(f(B)+ [+ f(D)+ fO)+ D)+ f(2)+ f(3))

2° 2°

] ]
2 e 2 2440227 227442

Loi giai. Ta thdy ring néu f(1-x)= Do d6

1 1 1 1 2" 1
f(x)+f(l_x)_2x+\/§+2l‘x+\/§_2x+\/5+\/52"+\/§_\/5'

T d6 suy ra § =3.

b) Mot s6 gidi han lién quan

Ta thira nhan rdng cdc ham s6 y = a”,y = log_ x lién tuc tai moi diém thugc tap xac dinh.

[

s 1 : 1 e
Ta cling bi€t rang lim [1+—] =e vatuong tu lim [1—1—;] = e nén bang doi bién - = x,

t—+400 t t——00 t

1
ta dugc lim (14 x)r =e. Do d, ta ¢6 hai dinh Ii sau

x—0

Pinh Ii 2.

imPCHD o ime Tl
x—0 X x—0 X

Céc phép ching minh cho dinh 1i nay da duoc trinh bay diy du trong SGK Toéan 12. Ta sé
xét mot s6 vi du tng dung cua cac két qua nay.

Vi du 3. Tinh gi6i han sau 1inol[cotx(esi“3* -1).

COS X esin3x _1 ' esin3x _1
= . .sin3x =

= 2
- - - .cosx(3—4sin” x).
sinx sin3x sin 3x

Loi giai. Ta c6 cotx(e™* —1)

sin3x _ 1 X

. ’, A N i . e -
Theo dinh Ii trén thi lim — =lim
x—=0  SIn 3x x—0 X

! =1 nén ling[cot x(e™ — 1)] =3.

3
H2. Tinh gi6i han sau lim——20x +D
*—0 tan x.tan 2x.tan 3x



H3. Tt tinh chit cua ham s6 mil va logarit, mot ban giai bai toan dudi day nhu sau. Ban
hay nhan xét tinh ding sai cta 10oi giai duéi day!

-11x+30

Tim tét ca cdc so thuc x théa man (x° —7x +1 1)"2 =1. Ta xét cac truong hop sau

Néu x* -7x+11=1< x> -7x+10=0< x=2v x =5 thi dé thay biéu thic di cho
ding. Do d6 ta c6 hai gia tri thbaman la x =2 va x=5.

Néu x> —7x+11=-1< x> -7x+12=0< x=3v x =4 thi dé thiy biéu thic da cho
ciing diing vi ting v6i hai gid tri x =3 va x =4 thi x* —11x+ 30 12 s6 chan. Do dé ta c6
hai gid tri thdbaméanla x=3 va x=4.

-Néu x* —7x+11#+1 thi ta phai c6 ' =Tx+11#0,x> -11x+30=0<=x=5vx=6,
cling thda man.

Vay ¢6 tat ca 5 gi4 tri thda man biéu thitc dichola x=2,x=3,x=4,x=5,x=6.
c)Pao ham cua ham s6 mii va ham s6 logarit.
Pinh li 3. (dao ham cua ham s6 mii)

!

-Ham s6 y =a* c¢6 dao ham tai moi diém x € R va (ax) =a".Ina.

(x)

-Néu ham s6 u = u(x) c6 dao ham trén J thi ham s6 y =a"'" ciing c6 dao ham trén J va

y =u'(x)a"“ Ina.
Pinh li 4. (dao ham cua ham so6 logarit)

’ ) . e . ' 1
-Ham s6 y =log, x ¢6 dao ham tai moi di€m x >0 va (log, x) = —
xIna

-Néu ham s6 u = u(x) nhan gid tri duong va c6 dao ham trén J thi ham s6 y =log,_ u(x)

u'(x)

cling ¢c6 dao ham trén J va ' = :
u(x)Ina

Chd y rang tix cac dinh Ii trén thi ham s6 mii va ham s6 logarit co s6 1a e ¢6 dao ham kha
. N X ! X ! 1 z A N N e N A N z 7z LN Z,
dac biét la (e ) =e ,(ln x) =—. Do tinh chit nay ma cdc ham s6 nay c6 kha nhi€u tng

X
dung trong trong viéc giai toan lién quan dén ham so0.



Vi du 4. Chitng minh ring haim s6 y = In(x’ + 2x* + 5x —8) déng bién trén tap xdc dinh.
Loi gidi. Tacé X’ +2x" +5x-8>0< (x—D)(x* +3x+8) >0 = x> 1.
Do d6, diéu kién xdc dinh cua ham s6 dacho la x > 1.

(x*+2x*+5x-8)  3x’+4x+5
X427 +5x -8  (x=D(x*+3x+8)

bién trén tap xac dinh.

Tacod y' = > 0,Vx >1 nén ham s6 da cho dong

Vi du 5. Biét rang da thiic P(x) bac n c6 ding n nghiém thuc phan biét (n 1a s6 nguyén
duong). Vi k 1a s6 thuc khac O tuy y, hdi da thic kP(x)+ P'(x) c¢6 bao nhiéu nghiém?

Loi giai. Ta xét ham s6 tuong tng sau f(x) =" P(x).
Dé thdy ham s6 nay ciing c6 ding n nghiém thuc phan biét. Ta c¢6

(%) = ke P(x) + " P'(x) =" [kP(x)+ P'(x)], f'(x) =0 < kP(x)+ P'(x) =0.

Do ham s6 dang xét c6 n nghiém phan biét nén dao ham cta né phai c6 n—1 nghiém thuc
phan biét (gitta cac khoang nghiém cua ham s6 ban dau). Da thiac kP(x)+ P'(x) c6 bacn
nén néu né c¢6 n—1 nghiém thi no ciing phai c6 mdt nghiém thuc nita (theo dinh li Viete).

Vay da thitc kP(x)+ P'(x) ciing ¢6 ding n nghiém thuc phan biét.
H4. Tim cdc diém cuc tri clia haim s6 sau y = x* +2x”> —2x +In(2x +1).

HS5. Biét rang da thitc P(x) bac n c6 ding n nghiém thuc phéan biét (n 1a s6 nguyén
duong). Vi k 1a s6 thuc tuy ¥, hoi phuong trinh kP(x) = P'(x) c¢6 bao nhiéu nghiém?

Mot dang ham s6 thuong gap nita 1a ham ¢6 dang vira 1a ham md, vira 1a ham ldy thira ma
vi du don gian nhét chinh 1a y = x*,x > 0. Ta s€ tim cach tinh dao ham va khao sat tinh
bién thién cia ham s6 nay trén khoang (0;+0). C6 hai cach thuong gap la

Cach 1. Viét lai ham s6 dudi dang y = """, day 12 ham s6 mii thong thuong nén ta c6

thé tinh dao ham dé dang 1a ' = (xInx) (e ) =(nx+1).e"™ =(nx+1)x*. Do d6

y'=0<:>1nx+l=0<:>x=l.
e



1 o 1
Tlr d6 suy ra ham nay tang trén (—;+ooj va giam trén (O;—j .
e e

Cich 2. LAy logarit hai v€ cta biéu thiic y = x*, ta dugc In y = xIn x . Dén day, ta tinh

dao ham hai vé (Iny) = (xInx) <2 =Inx+1< y = p(lnx+1)=x*(Inx+1). Viec
y

khao sat tinh bién thién duoc ti€n hanh tuong tu.

H6. Tinh dao ham cua cac ham s6 sau theo hai cach

y= x&,x >0;g =(sinx)"",x e (O,%)

H7. Hay dung phuong phdp khao st ham s6, chitng minh lai bat déng thic sau

log, (1+2) > log, 3" +(v2) ). Vx R

d) Su bién bién ciia ham s6 mii va ham so logarit.

*Vé ham so mii y=a".

Ham s6 nay lién tuc trén tap xac dinh Ia R va c6 tap gia tri la (0,+x).
Ham s6 nay dong bién v6i a >1 va nghich bién khi 0<a<1.

D6 thi ctia ham s6 luon di qua diém (0;1), ndm phia trén truc hoanh va nhan truc hoanh
lam duong tiém can ngang.




*Vé ham s6 y =log, x.
Ham s6 nay lién tuc trén tap xac dinh l1a (0,+o0) va tap gia tri la R.
Ham s6 nay dong bién v6i a >1 va nghich bién khi 0<a<1.

D6 thi ctia ham s6 luon di qua diém (1;0), ndm bén phai truc tung va nhan truc tung lam
duong tiém can ding.

y“u
a>1 Y4 D<a<l

Y = log_x

|
| T
> I -
() 1 d I P d l\

Qua céc do6 thi nay, ta cang thdy rd hon tinh chét ctia hai ham nguoc nhau la y =a” va
y=1log, x. V6i cing mot co s6 a cho trudce thi d6 thi cua hai ham nay déi xting nhau qua
duong thang y = x.

, . g . [ cOosSx |rsinx
Vi du 6. Tinh gi6i han sau hm( ) .
=0\ cos3x
Loi giai. Ta bién d6i biéu thitc da cho nhu sau

cosSx—cos3x

1 cos3x x.sinx.cos3x
xsin x —_ cos5x—cos3x
COSJOX imll 1+ COSOX —COSHX
x—0 )

lim =
x—0

cos3x cos3x

cos3x

C0S5x — cos3x \cosSx—cos3x
1+ —e.
cos3x

Theo gidi han co ban thi lim

x—0



Ta cling c6 lim =lim = lim =-8.

cos5x—cos3x —2sin4x.sin x sindx sinx -8
-0 x.sinx.cos3x 0 x.sinx.cos3x x>0

4x X cos3x

L. o« 1< 1. [ cOSSx \xsinx _
Do dé, gi6i han can tim 1a lim =e®,
=0\ cos3x

Chu y. Gi6i han c6 dang nhu sau lim[ £ (x)]** trong trudng hop thong thudng cé két qua

12 [ f(a)]*" . Tuy nhién, mot s6 bai todn khi thay a vio cdc ham nay thi ta lai thu duoc

17, rd rang biéu thiic nay khong thé xac dinh dugc gid tri va day ciing lai 1a mot dang vo
dinh mé&i ngoai cac dang da xét & chuong trinh Toan 11.

Muén khir dugc dang vo dinh nay, hau nhu ta luon can phai dung dén gi6i han co ban la

Ly LN\ (0)-1]

lim (1 +—j = e bang cach viét bi€u thiic trén vé dang lim| [1+ f(x)—1] 01
Xx—a

n—>+00 n

trong d6, khi x — a thi f(x) > 1,g(x) -+ Nhu thé, ta di chuyén duoc gi6i han phiic
tap & trén vé
lim @2 @11 _ exlif},g(x)[f(")‘ll

x—>a

. Gi61 han méi thu duoc ciling c6 dang vo dinh nhung noéi
chung da dé hon dang trudc rat nhiéu.

H8. Tinh c4c gi6i han sau

_2 3x—4
2) lim(x j b) lim x*

x40\ x4 1 x—0"




BAI TAP
Bai 1.
a) Chiing minh rang x > In(x+1),Vx > 0.

Tur d6 ching minh rang day s6 H, = % + % + % +...+ 1 khong bi chan trén.
n

a +_b:)a+b
2 .

b) Cho céc s6 duong a,b. Chiing minh ring a’b* S(
Bai 2.
a’ b* ¢’
+ +
b*+c* c'+a" a" +b"
cho trude dong bién véi moi x duong.

a) Chiing minh ham s6 f(x) = v6i a,b,c 1a cac so thuc duong

b) Chitng minh rang ln(x * y) > 2y vGi x,y>0.
x 2x+y

Bai 3.

Cho ham s6 f(x) =
S (®) 9" +3

, xeR.
a) Ching minh ring néu a+b =1 thi f(a)+ f(b)=1.

;& .ok
b) Tinh tong Z f(sin"—).
oy 100

Bai 4.

. ; . o 1 2n+1
a) V6i n 1a s6 nguyén duong 16n hon 1, hdy tinh gid tri cua 4 = Kl + —) }
n

trong d6 [x] la s6 nguyén 16n nhat khong vuot qua x.

2

. > < 1 2 ~ Ve
b) Chitng minh rang ham s6 y = % + Ex\/x2 +1+Inyx++/x" +1 thda min hé thiic sau

2y=xy"+In)y’



Bai 5.

Tinh c4c gi6i han sau

a) lim (nz ln(cosl)j b) lim [nln[tan (f —fm
n—>+00 n X—>+00 4 n

1
. x2 + 1 3x+sinx
C) llm ~ 2
=0 2x" —x+1

Bai 6.

a) Viét phuong trinh tiép tuyén clia ham s6 f(x) = xIn(x ++/x*> +1) tai diém x = %

b) Cho a,b,c 1a cac so thuc théa man 4(a+b+c)—9=0. Tim gia tri nho nhit cua

S=(a+a* +1)Y (b+b> +1) (c+c? 1)
Bai 7.
Tir viec khdo sdt dang thic ¢” =b* v6i a,b duong, hdy gidi cdc bai todn sau
i. Cho a,b 1a céc so thitc duong phan biét thda man dang thic ¢” = b*. Chitng minh ring

bt dang thitc a’In’b—(a+b)Inb+b<0.

1

ii. Ching minh phuong trinh (x+1)" =x™" ¢ ding mot nghiém duong.

iii. Goi T 12 tap hop cdc cap so thuc duonga,b phan biét thda man dang thitc a” = b*.
Chitng minh rang ton tai duy nhat mot s6 thuc x, khong phu thudc a,b sao cho gia tri
nho nht clia ham s6 f, ,, (x) = |x —a| + [x = B[ +|x —2[+|x -3 dat tai f,, (x,) v6i moi cap

giatri (a,b)eT.



§ 4. UNG DUNG CUA HAM SO MU VA HAM SO LOGARIT

Khong chi dirng lai & iing dung 1y thuyét, cdc ham so’ dé cdp dén trong phdn nay thé hién
mot vai tro quan trong trong thutc té. Cdc bai todn vé tién giti ngdn hang, vé phdt trién
dadn s6, vé cdc qud trinh vdn dong phdt trién cua tu nhién, ...

*kkkkkkkkkkkkkkkkkkkkk

1) So lugc vé ting dung trong ly thuyét ciia ham s6 mii va logarit
a) C4c bai to4an vé ham s6

Trong chuong trinh Vat 1i 12, ta da quen v6i cong thic quan hé gitta toa do ctia chat diém
va gia toc e thoi clia nd 12 x(¢) + ’x"(¢) = 0. Mot nghiém quen thudc ma céc ban di
dugc gi6i thiéu 12 x(7) = Acos(wt + @) v6i t 12 thoi diém duge xét. Cdc phuong trinh ham
c6 chita dao ham nhu th€ nay duoc goi la phuong trinh vi phan. Phuong trinh vi phan la
mot trong cac kién thitc co s& cuia chuong trinh Todn Cao cép trén Dai hoc nhung nhiing
cac tng dung cua né van xudt hién & mot s6 ndi dung ctia Toan So cap. Pay 1a mot phan
cuc ki quan trong ctia Todn tng dung va nhiéu nha Todn hoc trén thé€ gii van dang theo
dudi, tim céc cong thic nghiém cho mot s6 dang dic biét cia phuong trinh vi phan.
Phuong trinh vi phan khong c6 cong thic giai tong quat ma chi giai duoc trong mot so
truong hop cu thé nhat dinh.

Chang han phuong trinh y'(x) + 2x.y(x) = 4x, trong d6 4n s6 12 ham y(x) 12 mot phuong
trinh vi phan. Nghiém ctia cdc phuong trinh dang nay c6 lién quan chat ché dén so e va

s 2,0 ~ A A, 2 , N 3 ~ N —x2
nhu doi v6i phuong trinh trén, tit ca cdc ham thoaméanla y=2+Ce™ .

Phuong trinh x(¢) + @’x"(t) =0 c6 chita dao ham cdp 2 va cic biéu thic quan hé tuyén
tinh v6i nhau nén dugc goi la phuong trinh vi phan tuyén tinh cap 2 trong trudng hop
phuong trinh dac trung vo nghiém nén nghiém ham cua né dua ra duéi dang lugng giac.
Chang han mot phuong trinh cling dang 13 3"(x)—5)"(x) +6y(x) =0 c6 nghiém 1a
y(x) = C,e** + C,e’* . Céch gidi clia nhitng phuong trinh nay sau nay sé dugc gi6i thiéu
trong chuong trinh Todn Cao cép cua Dai hoc.

Mot ting dung nita cia ham mii ¢6 lién quan dén s6 phiic (sé duoc gidi thiéu & chuong
cudi) 1a viéc biéu dién dang lugng gidc clia s6 phic.

S6 c6dang z=x+yi véi x,y € R,i* =—1 goi 1a s6 phiic. Dang luong gidc ctia n6 chinh

12 z =r(sing +icosg). Mot cong thitc ndi ti€ng c6 lién quan chinh 12 €™ =sinx +icosx.



Néu thay x = 7 thitacé ¢” =—1. Cong thic tuyét voi ndy duoc mang tén nha Toan hoc
dau tién tim ra no 1a Leonhard Euler (1707 - 1783).

Céc ham s6 mii cling gan lién véi cdc ham s6 hypebolic & chuong trinh Toén cao cap 1a

e —e " e +e”

sinh = ,cosh =

. Cac ham nay c6 tinh chat tuong tu nhu cdc ham luong

gidc. Cac quan hé vé ham ngugc va dao ham cua ching ciing rat thd vi va cé nhiéu ting
dung quan trong.

Thém nita, do tinh chét chuyén tir ham siéu viét sang hAm hitu ti qua mot phép 1dy dao
ham, ham s6 logarit (dac biét 1a logarit nepe) thuong dugc dung trong viéc giai cac bai
toan bién luan s6 nghiém, tinh gidi han ctia ham sé.

b) Giai phuong trinh ham
Trong giai tich ham, phuong ham Cauchy néi tiéng c¢6 dang nhu sau

Téat ca cac ham s6 lién tuc théa man f(x)+ f(y) = f(x+ y),Vx,y € R la ham tuyén tinh,
ticla f(x)=ax,aeR.

Nhiéu bai todn phuong trinh ham khdc c6 thé dua vé bai nay, ngay ca cac ham nhan tinh
dugc chuyén vé cong tinh thong qua mot phép 1ay logarit.

Ta xét cac vi du sau.

Vidu 1. Cho ham s6 f(x):(0;+x) > R théa man f(x)>Inx v6i moi x >0 va
)< f(x)+ f(»),Vx,y >0. Chiing minh f(x)=Inx,Vx>0.

Loi giai.

Tir gia thiét f(x) <Inx,Vx >0, cho x=1, taduoc f(1)<0.

Tacéd f(xy)< f(x)+ f(»),Yx,y>0,thay y=1, ta dugc

F(X)< f()+ f1),Vx>0< £(1)>0.Dodé f(1)=0.

Thay yzl,tadu(_)’c f(l)Sf(x)+f(l)élnx+lnl=0,nhung f(1) =0 nén v6i moi s6
X X X

duong x thi f(x)+f(%)=0<:>f(x)=—f(%).

2

—=2Int.
Int

Trong gia thiét, ta lai thay x =y =% thi f (%2) <2f (%) <



Trong (*), thay x = % , ta dugc f(%z) =—f(t*)=-In(¢’) = 2Int.

Do d6 —21nt22f(%)2—21nt:>f(%)zln%,w hay f(x)=Inx,Vx>0.Tacé dpcm.

Vi du 2. Tim tit ca cac ham s6 lién tuc thda man

fx-»)f(y—-2)f(z—x)+8=0,Vx,y,ze R.

(bé thi HSGQG 2006, bang B)

!

2)+8=O.Dodé, f(t)<0,VteR.

,y=—%,z=0, ta c6 f(t).fz(
Diéu kién da cho c6 thé viét lai 1a

8=(-/(x=)(~-f(y-2))(-f(z—x))
< 3=log, <_f(x_y))+ log, <_f(y _Z))+10g2 <_f(Z _x))

bat f(x)= —(Zg(x)”) thi di€u kién nay tré thanh g(x—y)+g(y—z)+g(z—x)=0.

Néudat x—y=u,y—z=v thi z—x=—(u+v). Tacé glu)+g(v)=—g(-u—-v).

Dé thay g(0) =0 nén néu trong (*), thay u = x,v =0 thi g(x)=-g(-x).

Do d6 g(u)+ g(v) = g(u +v) . Theo phuong trinh ham co ban thi g(x) = ax vdi a 1a hing
s6 nao do. Suy ra f(x) = —(2‘”‘+1 ),

c) Céc bai toan bat dang thiic

Tuong tu nhu trén, do tinh chat chuyén duoc mot bi€u thitc dang tich vé dang tong va
nguoc lai nén cic ham so6 mii, logarit cling ting dé giai nhiéu bai toan bat dang thic c6
dang phu hop.

y .~ 1 e a1
Vi du 3. Cho x,y la cic so thuc duong théa man xy =4,x > > y>1. Tim gi4 tri nho nhat

clia biéu thitc 4 = (log, x)’ + (log, y - 1)°.

2 2



NG 2 4 N R - ~ N [ R
Loi giai. Thay x = — vao biéu thic da cho va bién doi, ta dugc
y

A=—(log, x)’ + (~log, 4 1)’ = —(log, x)* + (log, x —3)* = —9(log, x)* + 27log, x — 27
X

1 ) .
Do y>1 nén x£4,suyra§£x£4 nén néu dat # =log, x thi —1<r<2.

Tacé A=-9¢ +27t—9 c6 dé thi 1a mot parabol cé bé 16m huéng xuong va hoanh do

R ? N 3
cua dinh la ) nén ta duoc:

2
Gia tri nho nhét cua A trén [-1,2] 1a A= —9.(%) + 27.(%) -27 = _763 , dat duoc khi

1 1
tZEQ (x,y)z(a,Sj.

2
Gia tri 16n nhat cua A trén [-1,2] 1a 4= —9.(%) + 27.(—) -27= —277, dat dugc khi

t=%<:>(x,y)=(2\/§,\/§).

H1. Diing ham sé dé chiing minh bat dang thic sau e > x—1,Vx > 0.

\ Inx+/1
H2. Chiing minh riing v6i moi x,y >0 thi % < \/ h{’”Tyj

Vi du 4. Cho s6 thuc x 16n hon 1. Chiing minh bat dang thifc sau

l<lln[e _1]<1
2 x X

Loi giai. Bat dang thiic di cho tuong duong véi

e -1
x x x In x X _
l<lln£e 1j<1<:>£<1n(e 1j<x<:>ez<e(x]<ex<:>ez<e 1<ex
X X X

X

e xe? +l<e’ <xet +1



_Xét ham s6 f(x) = xe? +1—e*,x>0.Tacé f'(x)=e? +§e2—ex =ez[l+§—62]30

nén day 1a ham nghich bién. Suy ra f(x) < £(0) =0 va dang thic chi xdy rakhi x=0.

Do d6 v6i x>0 thi f(x)<0,Vx>0 hay xe? +1<e,x>0.

-Xét ham s6 g(x)=xe* +1—e",x>0.Taco g'(x)=¢e" +xe* —e* =xe*,x >0 nén day la
ham dong bién. Suy ra g(x)> g(0) =0 va dang thitc chi xdy rakhi x=0.

Do dé v6i x >0 thi g(x)>0,Vx>0.

- 5 1 1 “—1
Tur hai diéu nay, ta suy ra xe? +1<e* <xe* +1 hay §<—ln[e ]<1.
X X

H3. Cho a,b,c > 0. Chitng minh bat dang thiic sau

@+ D) "B+ (c+ D) “ 2 (a+ D) b+ D) (c+1)
2) Cac ung dung trong thuc té
a) Trong kinh t&

Ngoai tng dung vé bai toan 1ai kép trong gui tién vao ngan hang quen thudc, ham s6 mii
va ham s6 logarit cling duoc dung trong cc bai todn vé tim cuc tri trong nhitng van dé
kinh t& khic. Trong thuc t&, khai niém ham loi ich (utility function) f(x,y)=x"y"* rat
quan trong, né thé hién maoi quan hé gitta s6 lugng hang héa va cdc yéu t6 cua thi trudng
va ham nay thuong 1a mot ham lily thira, ham s6 mil hoac ham s6 logarit. Van dé dat ra
khi da xac dinh dugc ham 1oi ich réi thi s6 san phdm can san xudt 1a bao nhiéu dé doanh
thu dat cao nhat. Ching ta xem xét vi du sau.

Vi du 5. Mot cong ty kinh doanh nghién citu thi trudng trude khi tung ra san phadm mdi va
nhan thdy v6i hai hang héa A va B ¢6 gid 1an luot 1a 2 va 5 (don vi tién) thi ham loi ich

1 1
cta ching la u(x,,x,) = (xl)5 (xz)g vGi x,x, lan lugt 1a s6 lugng hang héa loai A va B san
xuat ra (day 1a ham co6 hai bién dé chi su phu thudc cua dai luong 1oi ich kinh doanh theo
s6 luong hang héa). Néu véi chi phi dinh trude 1a 40 thi cin san xudt moi loai bao nhiéu
dé doanh thu dat gid tri 16n nhat?

Loi giai. Dé dang thdy rang véi céc dit kién gia thiét cho thi quan hé giiia x,,x, 1a



2x, +5x, =40,x,,x, €[0,40].

N N s 40 N N . ’ ~ N JRER BN
Tur quan hé nay, ta thdy x, = , thay vao ham tién tich da cho, ta dugc ham méi la

) =<x1)§(4°‘2x1

1
j . Ta can tim gi4 tri 16n nhat cua dai luong nay.

3
Ldy liiy thita mil 6 hai vé, ta c6 g(u,) = f°(u,) = (xl)2 (40 —52x1j . Tacé

3 2
¢'(u)=2x (40 _52’“1] 22w (40_52’“1] -5~ 8% ~20)". Do do

g'(u)=0< x,=0vx, =8vx =20 vachicé x, =8 la diém cuc tri cia ham ndy trén
mién [0,40].

Khao sat ham nay trén [0,40], ta thay g(u,) dat gid tri 16n nhat khi x, =8.

. y ) 24
Tuwong ung véi x, =8, ta co x, =5

Nhung ta cin tim cdc s6 nguyén nén ta chon gid tri gan véi cap nay nhit trong truong hop
thuc t€ dé san xuat cho phi hop.

Ngoai ra, trong kinh t&, cdc ham biéu dién cho miic 1¢i nhuan cao tran hodc do hiéu qua
clia quang cdo thuong la ham mii hoac logarit. Cac tinh toan tim gia tri cuc dai hoac cuc
tiéu cho nhitng ham s6 nay thudng doi hoi su hd trg clia may moc dé thu duge két qua
nhanh chéng va chinh x4c.

b) Trong khoa hoc ki thuat
* Po tang cua ham va do phic tap cua thuat toan.

Trong nhiéu Iinh vuc khoa hoc ki thuat, dic biét 1a Tin hoc, khai niém big-O dugc st
dung kha nhiéu va logarit cling xuat hién thudng xuyén véi né. Ching ta s&€ cung tim hiéu
thé nao la big-O va phan tich tng dung cta né.

Cho hai ham f(x) va g(x) [ahaiham R - R.Tanéi f(x) la O(g(x)) (doc la big-O
cta g(x)) néu ton tai hai hing s6 C va k sao cho



|/ (0)|<Clg(x)], Vx> k

Tu dinh nghia nay, ta thdy rang muon chiing minh f(x) 1a O(g(x)), ta chi can ching to
su ton tai ctia C va k (rd rang ¢6 nhiéu gia tri nhu vay).

Vi du 6. Ching minh ring f(x) = x> +2x+3 12 O(x?).
Loi gidi. Ta thdy rang véi moi x >2 thi x* >2x,x° >3 nén f(x)=x"+2x+3<3x".
Do d6 |f(x)|<3x*,Vx>2 nén f(x)=x"+2x+3 1a O(x’) Gng v6i C =3,k =2.

3

Dé dang thay ring ta cling ¢c6 f(x)=x>+2x+3 12 O(x’) tng véi C =3,k = 5 nén mot

ham s6 c6 thé ¢6 nhiéu big-O va ta thudng quan tam dén big-O t6t nhat (tic 12 chon ham
g(x) sao cho g(x) ciing la O(f(x)), ngudi ta con goi cap ham nay la big-Theta ctia
nhau). Ta xét vi du sau.

Vi du 7. Chitng minh ring f(x)=x’—x+4 va g(x)=x" 1a big-O clia nhau.
Loi giai.

Ta thay v6i x >2 thi x’ >—x,x’ >4 nén f(x)=x"—x+4<3x’.Dodé f(x) labig-O
ctia g(x) ing v6i C=3,k=2.

Taciingc6 v6i x >1 thi x’ —2x+8>0=x" <x’ +(x’ =2x+8)=2(x’ —x+4) nén f(x)
cling la big-O cua f(x) tng v6i C =2,k =1.

Ta c6 dpcm.
Nguoi ta da chitng minh dugc cac dinh Ii sau.
() Néu f(x)=ax"+a,_x""+..+a,x’ +ax+a, 1a da thic bac n thi n6 1a O(x").

(2) Cho hai ham s6 £,(x) 1a O(g,(x)) va f,(x) la O(g,(x)) thi ham tong clia ching
(f, + f2)(x) 1a O(max{|g,(x)|,|g,(*)]})-

(3) Cho hai ham s6 £/(x) 1a O(g,(x)) va f,(x) 1a O(g,(x)) thi ham tich clia chiing
(fi./2)(x) 1a O(max{g,(x)g,(x)}).

9



Vi du 8. Chitng minh rang logn! 1a O(nlogn) véin 1a s6 tu nhién va tir d6 xét big-O clia
ham s6 f(n) = 4nlog(n!)+(n* +1)logn.

Loi giai.

Ta thdy rang n!=1.23..n<nnn..n=n" = log(n!) < nlogn. Do d6 logn! 1a O(nlogn)
tng v6i C=Ln=1.

Tir d6 suy ra 4nlog(n!) c6 big-O 1a n.n.logn =n’logn tng v6i C =4,n =1 (do big-O
clia 4n 12 n va theo noi dung dinh Ii 3). Tuong tu, ta thay (n” +1)logn 1a big-O cla
n’logn tng véi C=2,n=1.

Do d6 f(n)=4nlog(n!)+(n* +1)logn 1a big-O clia n’logn tng v6i C=6,n=1.

H4. Hiy ddnh gi4 big-O clia f(x) = (2x+3)log(x* +4) + x* bing cich chitng minh ring
logn 1a big-O cua n.

HS5. Ching minh rang nlogn 1a O(logn!).

Ngudi ta ciing dua ra nhiéu d4nh gia cho gid tri n!, chang han nhu

nl=~2rn (ﬁj hoac log(n!) = nlogn—n+ log(n(1 + 4611(1 +2n)) + log(%j.
e

Trong Tin hoc, moi van dé thuong gidi quyét bang nhiéu thuat toan ma ching dugc danh
gia bai mot khai niém goi 1a do phiic tap. D6 chinh 1a s6 phép toan can phai thuc hién
trong trudong hop x4u nhat. Trong phan ndy, ching ta s& cung tim hi€u céc thuat to4n tim
ki€m va thuat todn sap xép, hai van dé quen thuoc trong doi song (cac van dé nay cé gidi
thi¢u trong chuong trinh Tin hoc 11).

V¢ thuat todn tim ki€m, ta thudng gip hai thuat todn tim ki€m tudn tu va tim ki€m nhi
phan. C6 thé hi€éu mot cach don gian 12 thuat toan thit nhat duyét mot phan tir tir diu dén
cudi danh sdch trong khi thuat todn thit hai lai chia doi s6 lugng phan tir d€ xem xét.

Ngudi ta chiing minh duoc rang thuat todn thi nhat ¢ big-O 1a n (con goi 1a do phic tap
tuyén tinh) va cua thuat toan thit hai thi big-O la log, n).

V¢ thuat todn sap xé&p thi c6 rat nhiéu va hai thuat todn co ban 1a sap xép tuyén tinh, sip
x&p ndi bot. C4c thuat todn ndy thudng cé do phiic tap 12 n” va it khi 4p dung trong cic
bai todn sap x€p vdi s6 luong dit liéu 16n. Nguoi ta da nghién ciu ra nhiéu thuat todn nang



cao v6i do phic tap gidm xudng chi con O(nlog, n) nhu thuat toan sap xép nhanh (quick
sort), sap x€p chon (selection sort), sdp x&p dong (heap sort),... Chiing ta ¢6 thdy mot ing
dung quen thudc 12 trong cac tir dién dién tir. Khi ngudi dung nhap tir vao o tim ki€m, két

qua tra vé rat nhanh chéng va do chinh 1a viéc diing mot thuat todn sap xé€p cao cap ¢6 do

phuc tap 1a O(1).

H6. Hay chiing t6 rang thuat todn c6 do phuc tap O(nlog, n) thi t6t hon thuat todn ¢6 do
phtic tap 12 O(n?).

¢) Trong céc linh vuc khac
Bai toan vé gia tang dan so

Theo cac nha nghién cttu thi dan so cua th€ giéi tang hang nam theo mot ham mii theo
thoi gian c6 dang nhu sau P(7) = P(0).e"” trong d6 P(0) 12 dan s6 tai thoi diém chon lam
moc, P(t) la dan so th€ giGi sau moc thoi gian t nam va hé s6 k dugc xac dinh tuy theo
khoang thai gian. Hién nay Trung Qudc dang la nuée dong dan nhat véi hon 1,3 ti ngudi
va ding tht hai la An Do nhung theo nhan dinh vé ti 1€ gia ting hién nay khéc nhau giita
cac vung, mién nén khoang vai chuc nam nita An Do s& ¢6 dan s6 cao nhat the giGi. Nude
ta hién nay c6 khoang 89 triéu nguoi va dan s ding hang 13 trén th€ gigi. Cac nudc dang
rdo riét thuc hién cac chinh sach dan s6 vi néu khong trén da tang truéng qua muc cho
phép nay thi rit nhiéu van dé vé doi song, kinh t€ xa hoi nay sinh khong thé kiém soat
dugc. Quay trd lai ham tang trudng dan so, ta xét vi du sau dé hiéu o thém van dé nay.

Vi du 9. Dan s6 thé€ giéi nam 1950 1a 2,56 ti ngudi va nam 1960 1a 3,04 ti nguoi. Biét
rang dan s6 thé€ gidi tang theo ham mi ¢6 dang nhu trén. Hay udc luong dan s6 vao nam
1993 va du doan thé gidi s€ c6 s6 dan 1a bao nhiéu vao nam 20207?

Loi giai. Ta xét ham tang dan s6 P(¢) = P(0).e" .
Chon ¢ =0 vao nam 1950, tic la P(0)=2,56 (don vi la ti nguoi).

Suy ra P(10) =3,04 va ta ciing ¢6 3,04 = 2,56.¢'" = k = %.m ;’22

~0,017185.

Nhu thé, ham tang trudng dan so thé giGi trong giai doan nay 1a P(f) = 2,56.*"'"'*" .
Tu d6 ta tinh duoc

-Vao nam 2000, dan s6 thé gi6i vao khoang P(50) = 2,56.e”°""'* = 6.05 ti nguoi.



-Du doén vao nam 2020 s& 1a P(70) =2,56.e*""""**" ~8.52 ti ngudi.

Ham s6 nay cang vé sau ¢6 do chinh xédc khong nhiéu nén dé du doan cdc nam ti€p theo,
ta cap nhat lai moc thoi gian va tinh todn. TAt nhién, dé c¢6 duoc mot du dodn sat thuc t€,
cac nha nghién ctu con dua trén hang loat yéu t6 khac chit khong chi don gian chi la theo
céc cong thic nhu trén. Dudi day 1a bang s6 liéu vé dan s6 thé gidi hién tai va du dodn
trong vong 50 trd lai day.

UH 2008 estimates and medium variant projections {in millions).

Year |\World Asia Africa Europe | Latin America Northern America, Oceania
2000| 6,115 3,698 (60.5%)| 819 (13.4%) 727 (11.9%) 521 (8.5%) 319 (5.2%)| 31 (0.5%)
2005| 6,512 |3,937 (60.5%)| 921 (14.1%) | 729 (11.2%) 557 (8.6%) 335 (5.1%)| 34 (0.5%)
2010 6,909 4167 (60.3%) 1,033 (15.0%) | 733 (10.6%) 589 (8.5%) 352 (5.1%)| 36 (0.5%)
2015 7,302 4,391 (60.1%)[1,153 (15.8%) |734 (10.1%)| 618 (8.5%) 368 (5.0%)| 38 (0.5%)
2020 7,675 4,596 (59.9%) (1,276 (16.6%)| 733 (0.6%) 646 (3.4%) 383 (5.0%)| 40 (0.5%)
2025 8,012 |4,773(59.6%) 1,400 (17.5%)| 729(9.1%)| 670 (8.4%) 398 (5.0%) 43 (0.5%)
2030 8,309 4917 (59.2%) 1,524 (18.3%) | 723 (8.7%) 690 (8.3%) 410 (4.9%)| 45 (0.5%)
2035| 8,571 5,032 (58.7%) | 1,647 (19.2%) | 716 (3.4%) 706 (8.2%) 421 (4.9%)| 46 (0.5%)
2040 5,801 5125 (58.2%) 1,770 (20.1%) | 7083 (3.0%) 718 (8.2%) 431 (4.9%)| 48 (0.5%)
2045| 8,996 5,193 (57.7%) 1,887 (21.0%) | 700 (7.8%) 726 (8.1%) 440 (4.9%)| 50 (0.6%)
2050 9,150 5,231 (57.2%) 1,998 (21.8%) | 691 (7.6%) 729 (8.0%) 4435 (4.9%)| 51 (0.6%)

Van dé tinh khai luong chat phéng xa

Trong vat i, khai niém phong xa da tr& nén qua quen thuoc va nganh khoa hoc nghién
cttu vé phéng xa da thé hién vai trd quan trong trong su phat trién ctia th€ gi6i vai nam tré
lai day. No6i vé phong xa, trong chuong trinh Vat 1i 16p 12, chiing ta cling dd 1am quen véi
nhitng bai todn vé tinh todn khoi Iugng chat con lai sau mot qué trinh phan huy tu nhién.

Gia st tai thoi diém ban ddu, mot loai chat phong xa ¢6 khoi lugng m, thi cong thic dé
tinh khoi lugng phéng xa con lai sau thoi gian t1a m(¢) = m,.e" vé6i k goi 1a hé s6 suy
giam phu thuoc vao ting loai chat. Mot khai niém lién quan dén van dé nay la chu ki ban
huy, d6 chinh 1a khoang thdi gian ma chat phéng xa chi con lai mot nira ma né khong phu
thuoc vao khai lugng chat ban dau. Khi d6, bang bién déi cong thic, ta dé dang c6 dugc

chukibanri s = _1;2 .

Vi du 10. Chu ki ban ra clia Cacbon "*C 1a khodng 5750 nam.
a) Cho tru6c mot mau Cacbon c6 khoi lugng 100g. Hay viét biéu thic biéu dién khoi



luong chat nay con lai sau thoi gian t.

b) Ngudi ta tim dugc trong mot mau doé ¢ mot lugng Cacbon va xdc dinh dugc né da mat
25% lugng Cacbon ban ddu ctia né. Hoi méau d6 ¢6 ¢6 tudi 1a bao nhiéu?

Loi giai.
a) Theo cong thic m(t) = m,.e" da cho thi ta c6 thé thay m(5730) = %.IOO =50, suy ra

_—In2
5730

50=100.¢"""" < k

~1,21.10*. Do d6, cong thiic can tim 1

m(t) =100.">1°"

b) Gia su tai thoi diém ban dau, mau d6 c6 c6 chia khoi lugng Cacbon 1a m,, va tai thoi
diém t (tinh tir thoi diém ban dau) thi khai luong d6 1a m(¢) thi ta c6

3
~In2, ~In2, 3 ~In2, ln(j-5730

m(t) =mye’™ < 75%m, =me’™ < —=e"" St= ~ 2378 nam.

—In2
Vay tudi clia mau do ¢6 do 1a 2378 nam.

H7. Mot mau chat phong xa sau 99 nam thi khéi lugng ban dau giam di 8 1an. Hoi chu ki
ban ra clia chit nay la bao nhiéu nam va sau bao lau thi khéi lugng clia mau chit phong
xa nay chi con 5% khai lugng ban dau?

Trén thuc t€, tng dung clia ham s6 mii va logarit con xuat hién trong nhiéu linh vuc khéc
nhu vé nghién ciu dong dat, am thanh, kinh doanh, di truyén va bién di trong sinh hoc, ...
Cac ham s6 mii va logarit thé hién mot cdch rat rd rang mic do bién thién cta céc dai
luong dac trung tuong tng trong titng dang.



BAI TAP
Bai 1.
a+b+c

a) Cho a,b,c 1a cic s6 thuc duong. Chitng minh ring a“b’c‘ > (abc) 3

b) Cho a,b,c 1a c4c s6 thuc duong. Chitng minh bt dang thifc sau
(@b’ cy (a" +b ) Y >27
¢) Cho x,y,z,a,b 1a cic so thuc duong théa man x > y > z,a > b . Ching minh ring
x (Y =)+ y (2" = x")+ 24 (x" = ") >0
Bai 2.
a) Tim tit cd cdc ham s6 f(x):R — R thda man dang thic sau

F&2x0)+ f((4+3ﬁ)x) - 2f((2 +J§)x)

b) Cho s6 thuc a théa man 0 < a = 1. Hay xac dinh tit ca cic ham s6 f:R — R thoa
man phuong trinh sau

f(.x + y) = f(x)'3by+f(y)*1 + bx(3bJ’+f(y)71 —by)
(B¢ thi HSGQG nam 2007)
Bai 3.
1

a) Cho 0< a,b # 1. Ching minh ring 1inol[" ;b’ j =ab .

b) Hay xdc dinh tit ca cac cap s6 duong a,b sao cho véi moi s6 nguyén duong n va véi
moi nghiém thuc x, cha phuong trinh 4n°x =log,(2n’x +1), ta luon ¢6

a* +b" >2+3x,

Bai 4. Mot s6 ing dung cua ham s6 mii va ham s6 logarit.

1. Chi phi téng cong ctia mot cong ty dugc tinh nhu sau C(¢) =90 —50e™ (don vi tién) véi
t 12 thoi gian tinh bing nam tir khi cong ty thanh 1ap dén thoi diém hién tai. Tinh chi phi
cong ty da chi ra sau 10 nam.



2. Mot nghién cttu cho thady mdt nhodm hoc sinh dugc cho xem cung mdt danh sach cac
loai dong vat va dugc kiém tra lai xem ho nhd bao nhiéu % méi thang. Sau t thang, kha
nang nhd trung binh cia nhém hoc sinh tinh theo cong thic M (¢) =75-201In(z +1), >0
(don vi %). Hoi sau khoang bao lau thi s6 hoc sinh nhé duge danh sach d6 1a duéi 10%?
3. Mot cong ty vira tung ra thi trudng mot s6 san pham méi va ho c¢6 t6 chic phat quang
cdo O truyén hinh moi ngay. Mot nghién citu thi trudng cho thdy néu sau x quang cdo
100

1+ 49¢7%15* ,x20.

dugc phét thi s6 % ngudi xem mua san pham 1a P(x) =

Hay so sanh ti 1& nay khi c6 100, 200 va 500 quang cdo dugc phat di.

4. Cudng do clia 4nh sang di qua mot moi truong khac khong khi, chang han nhu nuéc,
suong mu, ...s€ giam dén tly theo do day ctia moi trudng va mot hang s6 ¢ goi 1a kha
nang hép thu tuy thudc moi truong theo cong thiic nhu sau 7 =/ ,e** véi x 1a do day cua
moi trudng do, tinh bing mét. Biét rang nudc bién c6 p =1,4. Hay tinh xem cudng do
anh sang giam di bao nhiéu tir d6 sau 2m xuong dén 20m?

Bai 5.

Dé do do phéng xa cia mot chat phéng xa B, ngudi ta ding mot mdy dém xung. Khi
chat nay phéng xa ra cac hat [, cac hat nay dap vao may va khi dd, trong may xuat hién
mot xung dién va bo d€m tang thém 1 don vi. Ban dau, may dém dugc 960 xung trong
vong mot phiit nhung sau dé 3 gio chi con 120 xung trong mot phiit (v6i cuing di€u kién).
Hoi chu ki ban ra cua chét nay 1a bao nhiéu gio?
Bai 6.

21
Gia st mot ham chi mic san xuét cia mot hang DVD trongl ngay la g(m,n) =m?3n?,
trong d6 m 1a s6 lugng nhan vién va n 1a s6 lugng lao dong chinh. Mdi ngay hang phai san
xuat dugc 40 san pham dé ddp ing nhu c4u khach hang.
Biét ring tién luong cho nhan vién 1a 16 USD va clia mot lao dong chinh 1a 27 USD.

Hay tim gia tri nho nhat chi phi trong 1 ngay cua hang san xuat nay.
Bai 7.

Trong Tin hoc, thuat todn tim ki€m trén mot cay can bang (mot dang graph dac biét) doi
hoi s6 budc di chuyén 1a P(n) ting véi cay c6 bac n va duge x4c dinh theo cong thic sau

(=D(B,+D+(=DP +D
n

P.(i) = P=13"P0).
n-

Hay danh gia do phic tap cua thuét toan nay.



§ 5. PHUONG TRINH, BAT PHUONG TRINH MU VA LOGARIT.

Phuong trinh, bdt phuong trinh mii va logarit da duoc xem xét khd ki J trinh do THPT va
néu xét vé mot mitc do nao doé, cdc bai todn véi nghiém phit hop (tiic la cé thé xdc dinh
chinh xdc duogc) la déu cé phwong phdp gidi duoc. Chiing ta sé cung tim hiéu mot cdach cé
hé thong cdc phuong phdp nay ciung vdi cdc y tuong diung dé phan tich va gidi quyét cdc
bai toan la, khéng mau muc.

s sk sk sk sk ok sk sk skosk sk skoske sk sk skoskok ok

Trude hét, ta nhac lai mot so tinh chat co ban can biét vé cac phuong trinh mil va logarit
(céc tinh chat nay ching minh dé dang bang tinh bién thién ctia ham s6 mi va logarit).

*Phuong trinh a* =m,0<a#1
-Néu m <0 thi phuong trinh vo nghiém.

-Néu m > 0 thi phuong trinh c6 nghiém duy nhat 1a x =log, m.
*Phuong trinh log, x =m,0 < a #1 ludn c¢6 nghiém duy nhat 1a x =a".

1.Cac phuong phap giai téng quat doi véi nhirng dang quen thudc.

Dudi day chiing ta s& cing tim hiéu mot s6 phuong phdp chinh dé giai mot phuong trinh,
bat phuong trinh mii va logarit. Nhi¢u bai todn phai phoi hgp nhiéu phuong phdp méi c6
thé giai quyét duoc, viéc phan tich va tim ra mot huéng ti€p can chinh xdc dua vao dang
cu thé cla timg bai toan.

a) Phuong trinh ¢6 dang o’ = 5% trong d6 a,b la cac tham so duong cho trudéc.
*Cach giai chung.

- Néu a =b thi theo tinh chét cia ham s6 mii , ta ¢6 f(x) = g(x), dua bai todn vé dang
don gian hon. Day con goi 1a phuong phap dua vé ciing co so.

-Néu a # b thi 18y logarit co s6 a (hoac b) hai v& dua vé f(x)=log, b.g(x). Do log, b
ciing 12 mot hing s6 nén tinh chat cia phuong trinh nay ciing tuong tu trudng hop a=5b.

Duéi day chiing ta s& cuing tim hiéu cdc vi du dé ndm 16 cdch giai dang nay.

Vi du 1. Giai cac phuong trinh sau



a) (5x+2 )x+1 +(5x )x+3 _ (2x+1 )x+5 —6_(2x+6 )x

b) (10+6\/§)2smx _ /(\/§+1)sin4x

x2—x+1 2x%-3x+2 3x2—4x+3 4xr-5x+4
S B ) B B
3 5 7 2

Loi giai.
a) Phuong trinh da cho tuong duong véi

5(x+2)(x+l) n 5x(x+3) _ 2(x+1)(x+5) —6 2(x+6)x N 5x2+3x+2 n 5x2+3x _ 2x2+6x+5 ~6 2x2+6x

© 2651 226271 o 57 2274 o (42 4 3x).log, 5 = x° + 6

o x{(x+3)log, S—(x+6)] =0 e x =0y x = L3108 1o, 64
log,5-1 > 125

R . - P . NPTV 64

Vay phuong trinh da cho c6 hai nghiém phan biét 1a x=0,x=10gsﬁ.

2

b) Ta c6 10+ 6+/3 = (+/3 +1)* nén phuong trinh da cho tuong duong véi

1.
(\/§+ 1) = (\/5 +1)? ) < 6sinx = 2sin x.cos x.cos 2x <> sin x(cos x.cos2x —3) =0

Do cos x.cos2x —3 <0 nén phuong trinh nay chi ¢6 nghiém sinx=0< x=kr,keZ.
c) Tacod

x—x+1 2x%-3x+2 3x2—4x+3 4xr=5x+4
DR

23x2—3x+3 32x2—3x+2 53x2—4x+3 74x2—5x+4 L (3.5.7)x2—x+1
=210V o2
3x2—x+1 52x2—3x+2 73x2—4x+3 24x2—5x+4 - 2x2—2x+l

=20 (3.5.7)

105 =22
Lay logarit co s6 2 hai V€, ta dugc

2(x—1)* = (log, 105)x <> 2x> — (4 +log, 105)x +2 =0

(2+log, 105) % /log> 105 +8log, 105
x =
4

Day chinh 1a hai nghiém cua phuong trinh da cho.



H1. a) Giai cdc phuong trinh sau 2°.3°.4" =436,

X 2 2x
b) Vi a la s6 thuc duong 16n hon 1, hay giai phuong trinh ( 2(1 lj [az ij =6.
a + a +

b) Dang phuong trinh log_ f(x)=1log, g(x) v6i a,b la cac so thuc duong khac 1.

Ciing v6i cach tuong tu khi giai phuong trinh mii, ta muon khir logarit cua phuong trinh
dé dua vé dang don gian hon. Tuy nhién, cdc phuong trinh logarit nay doi hoi dang mot
s6 ki thuat kh6 hon dé giai quyét.

-Néu a = b thi theo tinh chat ham logarit, ta cling c6 f(x) = g(x).

-Néu a #b va (a—1)(b—1)< 0 thi hai v€ cua phuong trinh c6 tinh don diéu khac nhau, ta
dung ham s6 dé giai.

-Néu a #b va (a—1)(b—1)> 0 thi ta dat 4n phu d€ mii hda hai V€.
Ta sé ti€p tuc xét cac vi du minh hoa du6i day.

Vi du 2. Giai cac phuong trinh sau

a) %10g4(3c+2)2 +3=1log,(4—x)’ +log,(x+6)’

b) log, (log;(vx* +1 - x)) =log, (log, (Vx* +1+x))

b) 2log, cotx =log, cosx

Loi giai.

a) Diéu kién —6 < x <4,x # —2 . Phuong trinh da cho bién déi thanh
1 5 1 ;01 3

510g4(x+2) +1 =§10g4(4—x) +§10g4(x+6)

< log, (4[x+2[) =log, [(4—x)(x+6)]
S 4lx+2|=(4-x)(x+6) (*)



-Néu x > -2 thi phuong trinh (*) tuong duong véi
A4x+2)=(4-x)(x+6) = x" +6x-16=0= (x-2)(x+8) =0 x =2

-Néu x < -2 thi phuong trinh (*) tuong duong véi
Ax+2)=(4-x)(x+6) = x> —2x-32=0 (x—1)’ =33 = x=1-4/33.

Vay phuong trinh da cho ¢6 hai nghiém la x=2vx=1- J33.

b) log, (log;(vx* +1 - x)) =log, (log, (Vx* +1+x))

Ta thay vx* +1+x>0,v/x* +1 —x > 0 nén phuong trinh x4c dinh trén R.

Ta c6 (\/x2 1 +x)(\/x2 1 —x) —1 nén phuong trinh da cho c6 thé viét lai 1

log,(log,(vx* +1—x)) = log, (log, (Vx* +1-x)).

Dit a =log (Vx> +1-x). Tacé log, a =log, a. R3 rang tinh don diéu cha hai vé khac
5
nhau nén phuong trinh c¢6 khong qua mot nghiém, ta thdy a =1 thoa nén

log.(NxX*+1-x)=l VX’ +1-x=5< x2+1=x+5<:)x=—2.
: 5

L . ~ . . N 12
Thr lai ta thiy thoa. Vay phuong trinh da cho cé nghiém la x = R

¢) Diéu kién cosx > 0,cotx >0 <> x (k27r,% v k2n) kel

t
Dat 2log, cotx =log,cosx =¢. Ta cé cotx =32,cosx =2" = cot’ x=3',cos’ x =4".

2 2
) cos"a  cos'a
Mat khic cot’ a = — —= >
sin“a 1l-cos"a

,Ya # kr nén

4[

3 =
14

<3 =12"+4 <:>4[+(§j =1 (%)



V& trai la ham tang theo bién t nén phuong trinh nay c¢6 khong qua mot nghiém. Ta lai
thdy ¢ = —1 thoa man phuong trinh nén (*) ¢6 nghiém duy nhatla 1 = —1.

1
Tu t=-1, suyra cosx=§:>x=%+k27r,keZ.

Vay phuong trinh di cho c6 nghiém 1a x = % +k2mkel.

H2. Giai phuong trinh sau

a) /201 1oposn s = 2
b) log,(1++/x) =log,(1+2/x)

¢) Dang phuong trinh dua duoc vé hai dang co ban trén.

Trong phan nay, ching ta s& ciing xem xét cac bai toan ma thong qua mot s6 phép bién
d6i nhu ding tinh chat cia ham s6 mii, ham s6 logarit, dit 4n phu hodc phan tich thanh
nhan tir 12 ¢6 thé dua vé hai dang co ban da néu trén. Cac bai ndy néi chung ciing tuong tu
céc bai ¢ trén nhung doi hoi nhiéu thao tac bién déi hon.

Vi du 3. Giai cac phuong trinh sau

a) log, (log,x)=1log, (log,2x)

b) 4x” +x.2" " +3.2" = x2.2" +8x+12

c) log,,,, (9+12x+4x7)+log,,,;(6x* +23x+21)=4

Loi giai.

a) Diéu kién 0 < x < 6,x = 5. Trudc hét, ta thdy day 1a dang phuong trinh ¢6 dang hai bi€u

thiic logarit bang nhau nhung khéc co s6. Do d6, ta s€ dat 4n phu truéc dé don gian héa
biéu thic.

bat log, (log, x) =log, (log,2x)=t. Suy ra

S (6-x) +1=(7-x)

1+log,x=(7-x)

log, x =¢"" log, x =(6—x)'
N
log,2x=1""



t t
Tiép tuc dat 6 —x =a > 0. Ta c6 phuong trinh a‘+t:(a+1)‘<:>( ? j+( ! j =1.
a+l a+l

1 z 2 7z 7z b
,—— <1 nén ta c6 the xét cic truong hop sau

Do 0<
a+l a+1
a \ 1Y a 1
-Neéu ¢ >1 thi + > + =1, loai.
a+1 a+1 a+1l a+l
a \ 1Y a 1
-Néu ¢ <1 thi + < + =1, loai.
a+1 a+1 a+1l a+l1
a \ 1Y a 1
-Néu r =1 thi + = + =1, thda man.
a+1 a+1 a+1l a+l

Do d6, t =1<> x =4. Thu lai thay thdéa. Vay phuong trinh da cho c¢6 nghiém 1a x =4.

b) Phuong trinh da cho tuong duong véi

P27 - 4)+2x(4-27) +3(4-2") =0
&2 —4)(x*-2x-3)=0<2" —4=0vx’—2x-3=0
<:>x=i\/§,x=—1,x=3

Vay phuong trinh da cho c6 cac nghiém la x = J_r\/z,x =—1,x=3.
c¢) Diéukién 3x+7>0,2x+3>0,x #—1.
Phuong trinh da cho tuwong duong véi

log, .. (2x+ 3) + log, ., [(2x +3)3x+ 7)] =4 < 2log, .,(2x+3)+1log, .,(3x+7)=3
bat r =log, ., (2x+3), ta dugc 2t+%=3<:> 28 -3t+1=0¢ =1vt=%.
-V6i t =1 thi log, ,(2x+3)=1<3x+7=2x+3 < x=-4, loai.

Véi t:% thi 10g3x+7(2x+3)=%<:>x/3x+7 —2x+3 & (x+2)dx+1)=0



: . . 1 e 1,
Phuong trinh nay c6 hai nghiém phan biétla x =-2v x = R ta thiy chi c6 x = 2 thoa
. . 1
nén phuong trinh da cho c6 nghiém duy nhat la x = e

H3. Giai cac phuong trinh sau
x+1

a) (4" 2" -3)log,x—3=42 -4

2 —
b) 10gx(24x+1)2 X+ logxz(24x+l) X = log(24X+1) X

d) Cac phuong trinh giai bang cac dac trung cua ham so

Trong phan trén, ta da thdy mot bai dung dac trung ham s6 khi dung tinh don diéu dé giai
quyét. Trén thuc t€, cac dang phuong trinh nay kh4 phé bién, thi vi va c6 mot s6 bai quen
thudc ma ching ta s€ xét trong cac vi du dudi day. Cac bai toan trong phan nay c6 mot
dac diém chung 1a ching ¢6 s6 nghiém xac dinh truéc duoc va gia tri chinh x4c cua ting
nghiém dugc nham ra dua trén phuong trinh chit khong phai thong qua mot phép bién do6i
cu thé ndo.

Ta phdt bi€u lai hai dinh If quan trong dung trong cac bai todn lién quan.

-Dinh li Lagrange. Cho ham s6 f(x):[a,b]— R lién tuc trén [a,b] va kha vi trén (a,b).

Khi d6, ton tai mot s6 thuc ¢ € (a,b) sao cho f'(¢) = M.
—a

-Dinh li Rolle. Cho ham s6 f(x):[a,b] — R lién tuc trén [a,b] va kha vi trén (a,b),
dong thoi f(a)= f(b) . Khi do, ton tai mot s6 thuc ¢ € (a,b) sao cho f'(c)=0.
Mot s6 hé qua thuong dung cua céac dinh Ii nay la

(1) Néu ham s6 f(x):[a,b] — R lién tuc trén [a,b] va kha vi trén (a,b) va phuong trinh
f(x) =0 c6 k nghiém thuoc (a,b) thi phuong trinh f/(x) =0 c6 it nhat k —1 nghiém
thudc (a,b).

(2) Néu f(x):[a,b]— R lién tuc trén [a,b] va kha vi trén (a,b), dong thoi dao ham cap
k cia ham f(x) khong déi dau trén f(x) =0 thi phuong trinh f(x) =0 ¢6 khong qua k
nghiém phan biét thudc (a,b).



Ta ciing nhic lai cdc dang clia bat dang thitc Bernoulli, mot bat dang thitc gan lién véi
ham s6 mi la

B . la">(@—Dx+1 voix<0VvVx>1
(1) V61 0 <a=1 thitaco

a*"<(a—Dx+1 véid<x<l1

(2) V6i x>0 thi x* >a(x—1)+1 v6i moi a >1 va dang thic xay rakhi x=1.
Chirng minh.
(1) Xéthamso f(x)=a" —(a—1)x—1.

Tacéd f'(x)=a ' Ina—(a—1), f"(x)=a"(Ina)* >0 nén phuong trinh f(x)=0 c6
khong qué hai nghiém phan biét. Ta lai thdy f(0)= f(1) =0 nén x=0,x =1 Ia hai
nghiém cta phuong trinh f(x) = 0. V& bang bién thién, ta dé dang thdy duoc rang

f(x)=0,x € (—0;0]U[L;+0) va f(x)<0,Vxe (0;1). Tir d6 dé dang suy ra bat dang thitc
cin ching minh 1a ding.

(2) Taxéthamsé f(x)=x“—a(x—1)—1L,x>0.

Tacod f'(x)=ax"" —a=a(x"" -1), f"(x)=a(a—1)x"7 >0 nén ham s6 da cho dat gi4 tri
nho nhat tai nghiém cta phuong trinh f'(x) =0 hay f(x)> f(1)=0.

Do d6, ta dugc x* > a(x—1)+1,Vx>0,a>1.
*Pang 1. Dung ham s6 danh gia truc tiép.

Trong phéan nay, ta xét cac bai toan ¢6 dang f(x)=0 va trong d6, ham f(x) c6 dao ham
cdp 1, 2 hoac 3 dong bién. Khi d6, s6 nghiém cua phuong trinh da cho duoc biét chinh
xdc va dé hoan tat 10i giai, ta chi cAn nhdm ra cdc nghiém dé.

Vi du 4. Giai cac phuong trinh sau
a) 2—x)2+47)=6.
b) X’ +2x+3+In(x*+x+1)=0

Loi giai. Do 2+4" >0 v6i moi x € R nén phuong trinh da cho tuong duong véi
6

2+4° 2+4°

2—x



4 +4@4=-6In4)+4
2+4'Y

bat f(1)=t+ 6 -2teR, ()=
2+

t

(=0 4" +4'(4-6.In4)+4=0.

Day 1a phuong trinh bac hai theo bién 4' nén né c6 khong qua hai nghiém. Do d6,
phuong trinh f'(#) =0 ¢6 khong qua hai nghiém (méi gid tri duong cua 4’ cho ta ding
mot gia tri clia t).

Ta d6 ta thay phuong trinh f(¢#) =0 c6 khong qua ba nghiém.

Mit khic taclingcod f(0)=f()=f (%) =0 nén céc gié tri nay cling nghiém ding

. : 1
phuong trinh ban dau. Vay phuong trinh da cho c6 ba nghiémla x =0,x =1, x = 5

b) Xétham s6 f(x)=x+2x+3+In(x* +x+1), xe R. Tacé

4 3 2
1
) =3x2+2+ 2x+1  Bx +3x +5x" +2x+2)+(2x+1) _

X +x+1 X 4+x+1
4 3 2 2
:(3x +3x +32x )+ (2x +4x+3)>O,VxeR
x +x+1

Suy ra ham s6 nay dong bién va phuong trinh f(x) =0 cé khong qua mot nghiém.

Hon nita f(~1)=(-1)’ +2-(-1)+3+In((=1)’ +(=1)+1)=0 nén phuong trinh f(x) =0
c6 nghiém duy nhat 1a x =-1.
Vay phuong trinh da cho c¢6 nghiém la x = —1.

H4. Giai phuong trinh sau

log g, SN X log;, , cos x

a) (1+cosx)

1+l 1+L
b) xln(1+lj x+x=x31n(l+%) .

X X

=(1+sinx)

Vi du 5. (Phuong trinh ¢6 dang a* = (a —1)x +1) Giai cdc phuong trinh sau

2cos 2x-1

2 2 3
a) 2 cosx+2cos" x = +4cos’ x

b) 3" =1+x+log,(1+2x)

c) 2" +5"

25x+4 27x+4 .
= +log, -5



Loi giai.
a) Taco

292 cos x +2c0s” x =27 +4c08’ x < 27 (2cos x —1) = 2cos® x(2cos x — 1)

1
& (2c0sx —1)(2°* =2cos’ x) =0 < cosx =— Vv 2> =cos2x +1

-Véi cosxzé,tacé x=§+k2n,keZ.

-V6i 2% = cos2x +1, ta thay day chinh 13 phuong trinh c6 dang Bernoulli nén né cé

nghiém la cos2x=0vcos2x=1<:>x=%+k§vx=kn,keZ.

Vay phuong trinh di cho c6 ba ho nghiém 12 x =§+k2n,x =§+k§,x —knkeZ.

b) 3" =1+ x +log, (1 + 2x) Diéu kién xac dinh x > . .

Phuong trinh da cho tuong duong véi 3" + x = 32D 1 Jog (2x +1).

Dé thdy ham s6 f(t) =3’ +¢,t € R dong bién trén R va phuong trinh trén chinh la
f(x)= f(log,(2x +1)) nén ta dugc x =log,(2x+1) < 3" =2x+1.

Phuong trinh nay c6 dang bat dang thitc Bernoulli nén né ¢6 nghiém 1a x = 0,x =1 va day
cling chinh 1a hai nghiém cta phuong trinh da cho.

c) 4" +3" =4x+2+log, (5x+2-3")

Diéu kién xédc dinh 5x+2 > 3".

bat t =log,(5x+2-3") < 4" +3" =5x + 2, ma thay t vao phuong trinh da cho thi ta ¢6
4" +3" =4x+2+t. So sanh hai dang thitc ndy, taduoc 4 — 4" =x—t <4 " +x=4"+¢.
Ciing tir tinh dong bién cia ham s6 f(y)=4" +y,tacongay x=¢ hay 4" +3" =5x+2.

Phuong trinh nay tuong duong vé6i (4 —3x—1)+ (3" —2x—-1)=0.



Theo bat dang thitc Bernoulli thi hai biéu thic trong ngodc ctia vé tri luon ciing dau véi
nhau nén dang thitc xay ra khi x = 0,x =1, thda man diéu kién xac dinh.

Vay phuong trinh da cho ¢6 nghiém la x=0,x =1.

Nhan xét. Ta thay ring hai bai b,c & trén ¢ cing dang 1a hai ham s6 nguoc nhau & hai
v€ khac nhau. Ciing tuong tu nhu & phuong trinh dai s6 thong thuong, dang nay cé hai
céach giai quen thuoc 1a dua vé hé d6i xing hodc bién doi dé dua phuong trinh vé dang
f(x)= f(y) vatrong phan 16i giai néu trén, chiing ta da dugc thdy hai cach d6. Tu cac
phuong trinh Bernoulli binh thudng (va c6 thé 1a cac dang khac), bang cdach dung ham so,
ta da thu duoc cic bai toan thu vi hon.

Vi du 6. Giai phuong trinh sau

a) 5" +4" =3"+2"+10x" — 6x

b) 12 +13" +14" = 2" +3" + 4" +870x° —2400x" +1560x
Loi giai.

a) Xétham s f(x)=5"+4"—(3" +2" +10x" —6x), xR

Ta thay f"(x)=5"-(In5)’ +4"-(In4)’ -3*-(In3)’ -2 -(In2)’
Ta thdy x < 0 khong phai la nghiém ctua phuong trinh da cho vi néu nguoc lai thi
55 4+4% <3 +2%, 10x* —6x>0=5"+4" <3" +2" +10x*> — 6x, mau thuan.

Do d6 x>0= f"(x)>0. Suy ra phuong trinh f(x) =0 c6 khong quéa ba nghiém phan
biét. Hon nita: f(0)= f(1)= f(2) =0 nén phuong trinh da cho c6 ding ba nghiém la

x=0,x=1x=2.
b) Xét ham s6 f(x) =12" +13" +14" —(2" +3* + 4" +870x° —2400x° +1560x).
Tacod f(x)=12"(In12)* +13".(In13)* +14*.(In14)* —2*.(In2)* —3*.(In3)* —4".(In4)".

Ta thay rang trong phuong trinh da cho, x phai 1a s6 khong am vi néu ngugc lai thi theo
BDT Bernoulli thi 12* > 11x+1,13" >12x+1,14" >13x+1.

Suy ra 12* +13" +14" >36x+3.

Tuy nhién, ta cling c6
2% +3" + 4" +870x° —2400x” +1560x < 3 +36x + x(870x” —2400x +1524) < 3+ 36x



Do d6 12 +13" +14" > 36x+3> 2" + 3" + 4" +870x° — 2400x> +1560x , khong thoa.
Tir d6 ta duge x >0 va trong ham s6 dang xét & trén thi 7 (x) > 0.

DPao ham cép 4 khong déi ddu nén phuong trinh £ (x) =0 ¢6 khong qué 4 nghiém.
Mat khac f(1)= f(2)= f(3) = f(4) nén phuong trinh f(x) =0 c6 ding 4 nghié¢m Ia
x=1lx=2,x=3,x=4.

Vay phuong trinh da cho ¢6 4 nghiém la x =1,x=2,x=3,x=4.

Nhan xét. Ta thay hai phuong trinh trong vi du nay khd dep mat do su két hop khéo 1éo
gifta cdc ham s6 mii va ham s& da thiic. Ching ta s& phan tich cach d€ tao ra cidc phuong
trinh ¢6 dang nhu thé.

Trudc hét, ta bat dau véi dang phuong trinh ¢6 dang a* +b* = P(x), trong d6 a,b 1a céc
s6 duong chon truée va da thiic P(x) c6 bac lan. Rd rang PV (x) =0 trong khi dao
ham moi cdp cua cdc ham mii bén vé€ phai luon duong. Khi d6, né€u xét ham s6
f(x)=a"+b" — P(x) thi phuong trinh f(x)=0 s€ c6 khong qua »n+ 1 nghiém. Ta s€
chon trudc cdc nghiém nay va thay vao biéu thic a* +5b* = P(x) dé x4c dinh tat ca cac he
s0 cua da thic (hé n+1 phuong trinh v6i n +1 bién nay néi chung luon giai dugc). Cach
lam nay kha dé dang nhung ta lai thu duoc nhi€u bai toan kha thd vi. Cong viéc thuc hién
tuong tu khi v€ trai xuat hién nhiéu ham mi hon.

Ta lai cai tién dang cua phuong trinh nay bang cach két hop hai phuong trinh nhu thé lai,

cuthéla a* +b" — P(x)=c* +d* —Q(x) trong d6 a > c,b>d va mbi da thiic P(x),0(x)

deu c6 bac 1a n va dugce chon dua trén by nghiém x,,x,,x;,...,x, , X,

n+l

. Ta xét ham s6 sau
gx)=(a"+b"—c"—d")+(Q(x)— P(x)) . Trong truong hop nay, néu nhu phuong trinh
g(x) =0 khong c¢6 nghiém am thi g”*"(x) >0 nén cic nghiém ctia phuong trinh ban

dau ciing chinh 12 x,x,,X;,..., X, X

n+l*
HS. Giai cac phuong trinh sau
a) 8'(3x+1)=4 b) 4" =x+1

2x €

c) 9 +3" =(2x+1)-2*" d) e +

x 4 2x—1 14+ (e—1)2x—x"
2 :ln 2
l1—x l1—x




*Dang 2. Dung ham s6 dé danh gia gian tiép.

Cac bai xét trong cac vi du duéi day tuong d6i kho hon va tinh don diéu cua cac ham chua
dugc nhin nhan ngay tir dau, tham chi, ta chua tim duoc biéu thic tudng minh ctia ham
can xét ma phai thong qua mot s6 budc bién doi.

Vi du 7. Giai phuong trinh sau

a) 77" =1+ 2log,(6x —5)’

b) 2° +37 =2"+3" +x+1.
) 2.x°®" +log; (ij =x’
2
Loi giai.
a) Phuong trinh da cho tuong duong véi
(22“ —2“1)+(32“ —3“1) —xt+1-2"
Ta xét c4c truong hop sau

-Néu 2° > x+1 thi 2% —2"" >0,3* —3"" >0,x+1—-2" <0 nén phuong trinh di cho
khong théa man.

-Néu 2° <x+1 thi 2% —2°" <0,3* =3 <0,x+1—2" >0 nén phuong trinh da cho ciing
khong théa man.

-Néu 2" = x+1 thi phuong trinh da cho théa man va khi d6, nghiém ctia né ciling la
nghiém cua 2" =x+1.

Xétham s6 f(t) =2 —(t+1). Tathay f'(t)=2"In2-1, f"(t)=2".(In2)* > 0 nén phuong
trinh f(¢) =0 c6 khong qua hai nghiém phan biét.

Ta lai thay f(0)= f(1) =0 nén phuong trinh f(#) =0 c6 ding hai nghiém 1a 0 va 1.

Vay phuong trinh da cho c6 hai nghiém la x =0,x =1.

b) Diéu kién xdc dinh x = %



bit x—lzazﬂzz—%. Ta c6 phuong trinh 7* =14 6log,(6a +1).

Ta ti€p tuc dat log, (6a+1)=t=6a+1=7 va 7° =1+6¢.
Ta duoc hé sau

7t:6a+1 t a t a
=7 -T7"=6a—6t<=7 +6t=7"+6a
7" =6t+1

Xéthams6 f(y)=7"+6y,ycR.Tacé f'(y)=7"In7+6>0 nén day la ham dong
bién. Pang thitc cudi & trén chinh 13 f(¢) = f(a) nén ta cé duoc a =¢ hay 7* = 6a +1.

DPay 1a phuong trinh Bernoulli xét & trén nén né c6 nghiém la a =0V a =1, tuong Gng, ta
tim dugc hai nghiém ctia phuong trinh ban daula x =1V x = 2. Thi lai thay thoa.

Vay phuong trinh da cho c6 hai nghiém [a x=1,x=2.

c) bieu kién 0 < x #1. bat ¢t =log, x = x =2'. Thay vao phuong trinh d cho, ta c6
2.(2) (-1 =2" & 27+ +1=2" +21.

Xéthamso f(y)=2"+y,yeR.

Ta thay f'(y)=2".In2+1> 0 nén ham niy dong bién. Pang thifc cudi & trén chinh 12
fE+D)=fQR)nén £’ +1=2t & (-1 =0&t=1.
Tir d6 suy ra x = 2 la nghiém cua phuong trinh da cho.

H6. Giai phuong trinh sau
a) 2011 (Vx* +1—x)=1

b) 3xlog, x = ?(x—l) +log,, x

*Dang 3. Dung dinh li Lagrange véi cac phuong trinh c6 dang f(a) = f(b).

Trong dang ndy, ta cling s& xét mot ham s6 dé giai quyét nhung khong phai 12 bién x
thong thuong ma bié€n dugc chon dua vao cac hé s6 hoac co s6 cho trude, bién x duge xét
duéi dang tham s6. Pay 1a mot dang phuong trinh thi vi va cdch ding dinh 1i Lagrange dé
giai quyét 1a hiéu qua nhat.



Vi du 8. Giai cac phuong trinh sau

a) 3" 47" =2.5"

b) 9" (3" +2")=2"(8" +7")+5(5" -2%).

Loi giai.

a) Phuong trinh da cho tuong duong véi 3* —5" =5 -7,

Xét ham s6 f(t)=t" —(t+2)", trong d6 x, la nghiém cta phuong trinh trén, suy ra
fB3)=s0).

Ta thady ham s6 nay lién tuc trén R nén né ciing lién tuc trén[3,5], theo dinh Ii Lagrange,

oo I (3910 =L 0 hay xy (e~ e+ ) =0
Tir déng thic nay, ta thdy x, =0v x, =1, tic 1a néu x, 1a nghiém cla phuong trinh da
cho thi x, =0v x, =1. Tht lai, ta thdy ca hai nghiém nay déu thoa.

Vay phuong trinh da cho ¢6 hai nghiém la x =0, x=1.

b) Phuong trinh da cho tuong duong véi

9" +2)=2"®" +7H)+5(5"-2") 10" —16" —25" =14"—18" - 27"

S 10" 412" —16" —25" =127 +14" —18" = 27" (*)

Gia str x, 1a nghiém (néu cd) ctia phuong trinh (*).

Taxétham s6 sau f(t) =t" +({+2)" —(t+6)" — (¢ +15)",t>0.

D& thdy (*) < £(10) = £(12).

Ham s6 f(¢) lién tuc trén doan [10,12] nén theo dinh Ii Lagrange thi ton tai s6 thuc

c€(10,12)sao cho f'(c) = f(lfg — {2(12) =0. Do d6, néu x, 1a nghiém cua phuong

trinh (*) thi n6 phai théa man
o[ H e+ = (c+6)" " —(c+15)" =0
Sx,=0ve ! +(c+2)" =(c+6)"" +(c+15)""
Déng thic tht hai cho ta x, =1 vi néu
X, <1=x,-1<0=> ™" +(c+2)"" > (c+6)°" +(c+15)"", tuong tu v6i x, >1 cling
mau thuan.

Thr lai truc ti€p, ta thay hai gia tri x =0,x =1 théa man phuong trinh da cho.

Vay phuong trinh da cho c6 hai nghiém la x =0,x =1.



H7. Giai phuong trinh sau

a) 10" +40" =20" +30".

b) 2°+8 —10"=3"+4"-7"

c) 34" +6"4+9")=25"+2.16"

Vi du 9. Giai cac phuong trinh sau

a) %2 108t — 9

b) 9" — 4" =2cosx

Loi giai. Diéu kién x4c dinh x > 0. Phuong trinh da cho tuong duong véi
2logsx _ 08T — 9 08T oy glomex _ plog¥ _ [ ologer _ glogsx

Gia stir phuong trinh ¢6 nghiém 1a x = x.

Ta xét ham s6 sau f(£) = (¢ +4)" %™ — %% > 0.

Phuong trinh da cho chinh 1a f(2) = f(6). Ham s6 nay lién tuc trén [2,4], kha vi trén
(2,4) nén theo dinh 1i Lagrange thi ton tai s6 thuc ¢ €[2,4] théa man

f/(c) — M =0 < log, x, [(C 4 4)1og6 0l Clogﬁxo_l] 0

6-—-2
Dé thdy dang thiic trén cho ta x, =1V x, = 6, day chinh 1a diéu kién can dé x = x, la

nghiém ctia phuong trinh da cho. Thir hai gia tri nay truc ti€p vao phuong trinh da cho, ta
thay thoa.

Vay phuong trinh da cho c6 hai nghiém la x =1,x =6.

b) Phuong trinh da cho c6 thé viét lai 1a
30 92y — 39 cosx —2.2¢0sx < 37 —3.2¢cosx = 2°“" —2.2cosx.

bat t =2cosx thi 3' =3t =2"—2¢ (*)

Gia st phuong trinh c6 nghiém 1a ¢ =¢,. Ta xét ham s6 f(a) = a*" — at,, phuong trinh
trén chinh la /(2) = f(3).

Ham s6 nay lién tuc trén [2,3] va kha vi trén (2,3) nén theo dinh 1i Lagrange thi ton tai

c€(2,3) théaman f'(c) :%: 0t —t,=0&t,(c""' —1)=0.



Dé thdy rang dang thic nay tuong duong véi ¢, =0V ¢, =1, day chinh la diéu kién can dé
t =t, la nghiém cta phuong trinh (¥). Thir tryc ti€p hai gid tri nay vao, ta thay (*) thoa.

pd pd . M N N Z, Pl 1
Do dé, (*) c6 hai nghiém la r = 0,7 =1 va tuong tng, ta c6 cosx =0V cosx =—.

\S]

Giai cac phuong trinh luong giac nay, ta thu dugc cac nghiém cua phuong trinh da cho 1a
X =g+kn,x =i§+k2n,k el.

Nhan xét. Ta thay ring phuong phdp ding dinh Ii Lagrange nhu thé rat hiéu qua doi véi
céc bai toan dang nay. Tuy nhién, & budc tim diéu kién can cta nghiém phuong trinh da
cho, néu phuong trinh c6 dao ham bang 0 v6i 4n ¢ néu trén khong c6 nghiém khong phu
thuoc c thi cdch giai nay khong thé sir dung dugc va bai todn can phai 4p dung phuong
phap khéc dé€ giai quyét.

H8. Giai cac phuong trinh sau
a) (a+b)23in2x +(a+b)20032x :aZSin2x+a200s2x+b2sin2x+b2<:os2x

b) V25 4143 = log, (1-9sin x) C) 101" _ 4lsx+6) _ g

2. Mot so dang toan khac

Vi du 10. Giai phuong trinh sau

a) 6" +1=8"-27""

b) x3° '+ (x? =1).3 +1-x—x*=0

C) 3sin2 x+1 + 30052 x+1 — 2x+l + 2—2x 4 9

Loi giai.

a) Phuong trinh da cho ¢6 thé viét lai 1a (3")* +(=2%)’ +1° =3.3"7.(-2).1.
Mot két qua quen thuoc 12 @’ +b° +¢* =3abc < a+b+c=0.

Do do, ti phuong trinh trén, ta duge 3" =2 +1=0 < 3" +3=3.2".

Ta s€ chiing minh phuong trinh nay chi ¢6 khong qua hai nghiém. That vay

Xétham s6 f(£)=3'+3-32",tcR.Tacé



f()=1n3.3 -3.1n2.2", (1) =0 < In3.3 —=3.In2.2' =0 = 6) - ot =log3§

Dao ham cla ham s6 nay ¢6 nghiém duy nhét nén ham s6 /() d6i ddu khong qué hai

1an, tic 1a phuong trinh f(7) =0 c6 khong qud hai nghiém.

Ta lai thiy rang /(1) = /(2) =0 nén ¢ =1, = 2 nghiém ding phuong trinh f(t) =0.
Vay phuong trinh da cho c6 ding hai nghiém la x =1,x =2.

b) Phuong trinh da cho c6 thé viét lai 1a

X3 HE =D +l—x—x =0 (P -DB -)+x3 " =1)=0.

Xét céc truong hop sau

-Néu x =0,x =+1, ta thiy cdc gid tri nay déu thoa man nén phuong trinh trén c6 cac
nghiém la x =0,x =+1.

3 -1 37711
+

=0.
X x> -1

-Néu x #0,x # 1, ta bi€n déi ti€p phuong trinh thanh

2,0 2z N ’ 3t_1
Véi t # 0, ta xét ham so sau f(¢) = .

t
Dé thiy néu >0 thi 3 —1> 0= f(1)=>—

> 0; n€u nguoc lai # <0 thi ta cling c6

t

3 -1<0= f(t)= >0, tic 1a f()>0,Vx#0.

Phuong trinh cu6i & trén chinh 13 f(x)+ (x> —1) = 0 nén dé thay ring n6 vo nghiém.
Vay phuong trinh da cho c6 ding ba nghiém la x =0,x==1.
c) Ta xét bién ddi sau

gsin’ x4 geosterl g gt 52 3

3,350 p 3 300 x _gsintates’s g g gty 073

Ta Cé 3.3sin2x + 3.30032)( . 3sin2 x4cos® x _ 9 — (3sin2x . 3)(3 _ 3cos2 X)



Do 0<sin’x,cos’x <1 nén 3™ * —3<0,3—3°* >0, suy ra (3™ * —3)3—-3“¥")<0.

Trong khi dé, theo bat dang thitc Cauchy thi

225 427 =2 2 427 >3-/2°2° 277 =3 nén 2" 4277 —-3>0.
Ding thifc x4y ra trong hai bat dang thitc trén khi v chi khi x =0.
Vay phuong trinh da cho c6 nghiém duy nhatla x=0.

H9. Giai cac phuong trinh sau
2) 3x7 +332x2 +3128 _ 316x3+1

b (x —D(x+2)= (x> —2)e" 1 xe® 2

Vidu 11.
co. N . . . y!
a) Giai phuong trinh nghiém nguyén sau 10+11" +6" = (\/g ) .

b) Cho s6 thuc ¢ >1. Hay tim tit ca cac bo ba s6 thuc (x,y,z) véi | y| >1 thoa man

8+yaz—y" \M'Z_yz:()

phuong trinh log’ (xy) +log, (x*y’ + xyz)* + 5
Loi giai.
a) Do vé trai nguyén nén vé phai ciing phai nguyén, suyra y!>1< y>2.

Mt khic, ta thiy (v3) =11410° 46" >10= y1>2= y23= y126= (V3] 227.

-Néu y=3 thi [1+10"+6" =27 < 10" + 6" =16. V€ trdi tang theo bién X nén phuong
trinh nay c6 nghiém la x =1.

-Néu y >3 thi dé thdy x>2.Tacé

X x=1
114107 +6" =11+ (9+1)" +6" =11+ Y C.9"" +6" =12+ Y C.9"" +6

i=0 i=0

x—1
D€ thdy rang ) C.9"" + 6" chia hét cho 9 va vé& phai ciing chia hét cho 9 nhung 12 khong

i=0
chia hét cho 9 nén trong truong hop nay phuong trinh nay khong c6 nghiém nguyén nao
thoa man.



Vay phuong trinh da cho chi c6 nghiémla x=1,y =3.
b) Piéu kién xdc dinh xy>0,4z—)*>0,x’y’ +xz 20 x> 0,x°y* +z # 0,4z > ),

1 a1 SRR 1
nhung do |y|21 nén ZZZ va diéu kién trén c6 the viét lai la ‘y‘zl,zzz,xy>0.

8+4/4z—
2

2
log> (xp) + log, (x*y* +xyz)” + Y > log (xy) + 2log, (x*y* + %) +4=

=log’(xy) + 2log, (xy) +2log, (x*y* + %) +4>log’(xy)+2log, (xy) +2log,(xy) +4 =
= (log, (xy)+2)* 20

(do a>1 nén log,(x*y’ +%) >log, (2 xzyz.%) =log,(xy) nhu bién déi & trén).

Ding thitc phai xdy ra nén ta c6 hé sau

1
42—y =0 4z =y =1 2=
x _1 S 4x _1 =1y’ =1
y=- y=- y .
10 ax +2:O 1 Xy =—=
g.(xy) = y=5723

Vay v6i a =+/2 thi ¢6 hai bo thoa man la (x,y,z):[l 1 l] [—l;—l;% V6 a =2

2774100 2

thi khong c¢6 bo nao thdéa méan dé bai.

H10. a) Ching minh rang néu A, B, C 1a cdc géc cia mot tam gidc thi phuong trinh sau
luon ¢6 4 nghiém phan biét

‘xz—ZX‘ . A . B . C
=sin— +sin— -+ sin—
2 2 2

b) Bing phuong phép danh gid, hay giai phuong trinh sau véi a,b > 1

(2% +x)(@* +b") = 2(a +b)* +x(a +b)



. : y . . | .
¢) Hoi ¢6 bao nhiéu s6 thuc x théa man phuong trinh sau glog2 x =sin(57x)?

Ta thdy rang cdc phuong trinh mii va logarit gidi bang phitong phdp ham sé nay thi cdc
nghiém sé duoc nhdm va ta cdn chitng minh ngoai cdc nghiém dé ra, khong con nghiém
nao khdc nita. Chdang han ta xét phuong trinh don gidn sau 2 +3* =13. R6 rang vé'trdi
cua phuong trinh la mot ham dong bién va chiing ta ciing dé dang nhan thdy rang x =2
nghiém diing phuong trinh nén né chi cé nghiém la x =2 . Nghiém nay khéng duoc tim
thong qua mot phép bién doi cu thé nao ma phdi thong qua mot cdch cé vé hoi mo ho.

Tuy nhién, voi ddc trung cua loai phuong trinh nay, chiing ta phdi chdp nhdn diéu dé va
coéng nhdn rang khong cé6 mot phuong phdp chung nao dé gidi cdc phwong trinh mii va
logarit. Thé con phuong trinh 2* +3* =14 thi sao? Ta ciing biét rang phuong trinh nay
c6 ding mot nghiém nhung khong nhdm duoc nghiém dé la gi. Day lai la mot su that khdc
nita, dé la phuong trinh mii, logarit trong truong hop gidi bang dung dao ham danh gid,
chi thanh céng khi chiing ta nhdm dvoc nghiém ciia né. Véi quan niém la gidi phuong

trinh thi phdi tim tdt cd cdc nghiém cia né. Chang han nhuw véi phuong trinh 2 = x°,
- pe A -, . A N o 7z 7z . A \ 1 \

chung ta co thé chung minh duoc de dang rang no co hai nghiém la x = Y va mot

nghiém nita duong nita thuéc (0;1) nhung khong thé chi ra chinh xdc gid tri cua né.

Do dé, trong chuong trinh THPT, cdc bai todn vé gidi phuong trinh dang nay thuong doi
hoi phdi ¢6 nghiém véi yéu cdu la cé thé nhdam ra duoc! Trong truong hop con lai, ta chi
c6 thé tim cdc tinh chdt hodic s6 nghiém ciia phuong trinh ma thoi.

3) Mot s6 phuong phap giai bat phuong trinh mii va logarit.
a) Phuong phap dua vé phuong trinh

Dé giai cac bat phuong trinh, doi khi viéc danh gid truc ti€p 1a khong kha thi va do khong
phéi 12 mot dang thitc nén viéc bién ddi ciing khong thé linh hoat dugc. Trong phan nay,
chiing ta nhic lai mot phuong phdp da c6 gidi thiéu trong cuon Tai liéu gido khoa chuyén
Toan 11 dung dé€ giai mot s6 bat phuong trinh rat hiéu qua. Ta xét dinh 1i sau

Cho ham s6" f(x) lién tuc trén mién D. Gid su phuong trinh f(x) =0 ¢6 diing n nghiém

phan biét la x,,x,,x,,...,x, € D. Khi do, giita cdc khoang (x;,x,,,),i =1,n—1 thi ddu ciia

ham s6” f(x) khong doi va tring véi ddu cria mot diém bdt ki thudc khodng dé.



Ta thdy rang két qua nay ciing tuong tu nhu viéc 1ap bang xét ddu cho mot ham s6. Khi
do, khi xét mot bat phuong trinh c6 dang f(x) <0 hoac f(x)> 0, ta chi can xét phuong
trinh twong ting 1a f(x) =0 réi gidi no ra dé tim céc nghiém, xét d4u ctia ham s6 giita cdc
khoang d6 roi so sanh véi yéu cau dé bai 1a hoan tat. Cach nay gitp ta tan dung duoc cac
bién ddi duéi dang dang thiic ctia mot phurong trinh va han ché dugc viéc lam dung céc
tinh chat ciia ham s6 va tinh toan phuc tap.

Vi du 12. Giai bat phuong trinh sau 3** " —36.3*7 +3>0.

Loi giai. Xét phuong trinh tuong tng 1a 3° 0 —36.3"° +3=03*"2 +3=43"".
Theo bat dang thitc Cauchy cho bon s6 duong, ta c6

x2 -1
32243322 14141>43 2 . ma 3> 2+3=43"" nén
21

xl 2 _
437>432 oy 1>5 1

0> (x—1)>.

Dang thitc phai xay ra nén x =1. Thir lai, ta thdy thda. Do d6, phuong trinh dang xét c6
nghiém [a x=1.

Dé thay v6i x =0 e (—o0;1) thi 32°D 3633 43=2>0 nén nghiém ctia bat phuong
trinh da cho la x € (—oo;1].

H11. Giai cac bt phuong trinh sau

1

a) %>x7 vGi x 1a s0 duong. b) (400523—3j +1< 2cos£—

X 2cosE
7

b) Phuong phap dung ham s6
Vi du 13. Tim tét ca cdc gid tri a dé bat phuong trinh sau nghiém ding véi moi x.

a9 +(@-13"+a-1>0

Loi giai. Dat ¢ =3* > 0. Bét phuong trinh da cho trd thanh



9r+1

at’ +9a-t+a-1>0=a( +9%+)>%+1a>——.
" +9t+1

Bt phuong trinh da cho nghiém ddng v6i moi x khi va chi khi a > max {ﬂ} .

>0 £+ 9 +1
Or+1
Xéthamso f(t)=—————,t>0.Taco
A t*+9t+1
—9¢* -2 N e
f'(t)=————=<0,V¢ >0 nén day la ham nghich bién. Suy ra f(¢) < f(0)=1.
(t* +9t+1)
. 9+l NPT A S 1A
Do d6 ————<1,Vi>0 néncac gidtri a cantimla a >1.
" +9r+1

12" +16° —18" —32° >1—ﬁ

Vi du 14. Giai bat phuong trinh .
' P s 277436 +48" + 64" 2x

Loi giai. Diéu kién xdc dinh 1a x > 0. Bat phuong trinh nay tuong duong véi

12° +16° —18" —32° >1—J§ 3545 442 _r 3 % >1—J§

A &
27° 436" +48 164" T 2x 3443434 44 T \/ﬂ

22)6(3)6 +4x)_2)C(32x +42)C) S 1_\/5 - 22x 2x
(3x+4X)(32x +42x> — \/Z 32x +42x 3x +4x \/_ \/—
2% 1 2% 1

& — +
3x+4x \/;—32)6 +42x \/E

Xét ham s6 sau f(t)=———+—,t>0.Tacéd
f() 3t 4t \/;

. . . [; ln§+2t1n2
f(t):t—+—:>f’(t):— — >— < 0 nén ham nay nghich
[3] -~/ NG 3
- _|_2 [] +2t
2

bién trén (0;+00). Phuong trinh & trén chinh 1a f(x) = f(2x) nhung do x < 2x nén theo
tinh chat ctia ham s6 nay thi f(x) > f(2x), tic la phuong trinh vo nghiém.



12" 416" —18° —32"  1-+/2
27° +36° +48° +64°  2x
L 12° 416" —18°—32" 2 1-2 1-V2
x =1 thi ta thay =— > =
27" £36% + 48" + 64" 175~ 2 J2x
da cho c6 nghié¢m la (0;+0).

Trén mién (0;+o0), phuong trinh vO nghiém va véi

nén bat phuong trinh

Phuong phap dung ham s6 da qua quen thudc trong viéc giai cac phuong trinh md, logarit
da xét & trén. Viéc ding né dé giai cac bai toan vé bat phuong trinh néi chung ciing ¢6
dac diém tuong tu.

¢) Phuong phap dung cac danh gia co ban

Ta c6 c4c danh gid sau

-V6i 0<a#1va x,yeR thi " —a” cung dau véi (a—1)(x—y).

-Vé6i 0<a,b#1va xeR thi " —b" cung dau véi x(a-b).

-V6i 0<a#1 va x>0 thi log, x cung dau v6i (a—1)(x-1).

-V6i 0<a#1va x,y >0 thi log, x—log, y cung dau véi (a—1)(x—y).
-V6i 0<a,b#1 va x>0 thi log, x—log, y cung dau v6i x(a—>b).

Ciac két qua nay c6 thé ching minh dé dang bing tinh chit ciia hAm mil va logarit. Ban
doc chitng minh xem nhu bai tap. Chiing ta s& cling tim hiéu cdc ting dung ctia ching
trong viéc giai cac bai bat phuong trinh cling nhu moét s6 dang danh gia don gian khac.

Vi du 15. V6i 0 < a # 1, hiy giai va bién luan bat phuong trinh x'&* —4* > 0.

log, x log, xlog, x

2 BN N , 52
Loi gidi. Diéu kién x>0.Tacod ¥ —a’ >0 a —a’ >0 d% -a*20.

Theo nhu nhan xét & trén thi ¢* —a” cung diu v6i (a —1)(x—y) véimoi x,y € R, do d6
a“ " —q* >0 (a—1)(log> x—2) >0 < (a—1)(log, x—~/2)(log, x+2)>0.

Talai c6 log, x —log, y cung diu vé6i (a—1)(x—y) véimoi x,y € R, do dé

(a-1)(log, x—2)(log, x +/2) > 0 < (a—1)(log, x —log, a**)(log, x+log, a*)> 0

L (x—a?)x——)20
= (@-D'-a®)a-—5)>



z Q 1
Ta cling thay rang a’ ——52 0 a—1>0.Taco cac truong hgp sau
a

-Néu a =1 thi bat phuong trinh luén ding va nghiém cua né la (0;+0).

-Néu 0 < a <1 thi nghiém ctia bat phuong trinh Ia [aﬁ;a‘ﬁ] .

NG

-Néu a >1 thi nghiém cta bat phuong trinh Ia (O;a‘ﬁ] U{l}Ula”;+0).

H12. Tim tat ca cac gia tri X sao cho ham s6 sau c6 gia tri khong am

f(x)=Q2x—x+3).Rx+2+x)log, ;2 -Vx+1).[ 2-x)" - x|

Vi du 16. Giai cac bat phuong trinh sau
3

a) S"+4"<=(3"+2" +1

) S )

b)log, x +log;(x+1) > log,(x +2) +logs(x + 3).

Loi giai.

a) Ta thay rang x =1 1a nghiém ctia phuong trinh 5* + 4" = %(?ﬁ‘ +2" + 1). Phuong trinh

[5] .
4

ndy c6 thé viét lai 1a

< 5 Ta xét c4c truong hop sau

-Néu x <1 thi [%] +1<§+1:%V§1 (lj +(zj +(§j >l+z+§:%.Suyra

4 4 4) "4 4 4
[5]—|—1
4

HRARE

-Néu x >1 thi d& dang thdy ring bat dang thitc trén déi chiéu va khong ding véi dé bai.

<2:§:§,th6amﬁndébéi.
4 2 2

Vay nghiém ctia bat phuong trinh di cho la x € (—oc;1).



b) Diéu kién x > 0. Dé thay néu x = 2 thi hai v€ clia bat phuong trinh bang nhau. Ta s&
xét thém cdc truong hop sau
x+2 x+1_ x+3

-Né’ux>2thi§> TR > 1, ta c6 ddy bit ding thic sau

+2

> 10g4%2:> log, x > log,(x+2).

log, XTH > log, X?H > log, % = log,(x +1) > log,(x+5)

Cong hai bat dang thiic nay lai, ta dugc log, x + log,(x +1) > log,(x + 2) + log(x +3),
thoa man dé bai.

-Néu x < 2 thi bat dang thtic ddi chiéu nén khong thoa.

Vay bat ding thitc da cho c6 nghiém 1a x €[2;400)

H13. Giai cac bat phuong trinh sau

2) In(5+x)—In(5—x) 20
3F-2x-1

b) log (x+1) <log2

)3+ -4).32>1

Nhan xét. Qua nhitng noi dung trén, ta thdy rang c6 rat nhiéu dang bai tap dugc néu ra,
rat phong phi, da dang va d6i véi mot s6 dang cu thé, ta cin ¢ nhiing phuong phép dic
trung mdi c6 thé giai quyét duge. Ching ta can tu minh rat kinh nghiém qua céc céch
dugc 4p dung va hiy tu sdng tao thém nhiéu dang bai tap twong tu cung dang dé cling c6
thém céc ki nang va kinh nghiém cén thiét cho ban than khi giai cdc bai todn vé phuong
trinh, bat phuong trinh mi, logarit.



BAI TAP
Bai 1. Giai cac phuong trinh sau

a) log, (x —vVx* =1)+log,(x +Vx* =1) =log, (x +Vx* 1)

b) log,(log,(log, x)) = log,(log,(log, x))

Bai 2. Giai cac phuong trinh sau

) (V3-1)" 2 (VE 1) =2 4 ) VS 2 b 2x ] 4 1= 5
c) 4(x—-2)[log,(x=3)+log,(x—2)]=15(x +1)

d) 4° =27 4+ 22" = Dsin(2* +y—1)+2=0

Bai 3. Giai cac phuong trinh sau

a) 5" +4"+3°+2" :z—lx+3ix+6—lx—4x3+2x2—x+16

b) (x+1)log4* = xlog(x+2"")

o)log, (x*-2x-11)= logﬁm(x2 —-2x-12)

d) 3log2(3x—l) — 210g3(2x+l) +1

Bai 4. Giai cac bat phuong trinh sau
1—x
2) Q2 | 32 < 32etl 4 o2t b) 2 2: 23;+1 >
x4024 +x2012 > 20122x +2012x
x4022 + x2011 < 201 12x + 201 12x
Bai 5.
a) Ching minh ring moi phuong trinh sau day ¢6 nghiém duy nhat

c)

COSX =X (D
sin(cosx)=x (2)

cos(sinx)=x (3)



b) Goi a, 3,y lan luot 1a nghiém clia cdc phuong trinh (1), (2), (3). Chiing minh rang

ya.InfB < By.Ina <af.Iny
Bai 6.

a) Cho x 1a nghiém ctia phuong trinh (3+2v2)" =(2 =1)" +3
Chiing minh ring x ciing 1a nghiém ctia phuong trinh (ﬁ +1)" = 2cos%

R ’ . . < 1 L s "
b) Biét rang soO thuc a thoa man phuong trinh 4 7 =2cosax c6 ding 2010 nghiém
thuc. Hoi phuong trinh 4* + % =2cosax c6 bao nhiéu nghiém thuc?

Bai 7. Giai cac phuong trinh sau

a) log, .(2x)+log, (2—-2x)=0
b) (2+\/§)sin2x _(2+\/§)0032x +(2_\/§)0032x :(14_%]

¢) Xdc dinh cdc s6 thuc a > 0 sao cho a**** >2cos’ x,Vx € R.



§ 6. PAI CUONG VE HE PHUONG TRINH MU VA LOGARIT

sesfesiesiesieskestesesiesiesieskeskesk

Hé phuong trinh mii va logarit la mét dang Toan kha quen thudc trong cdac ki thi HSG va
thi T6t nghiép, CD - DH. Bén canh cdc phuong trinh da dé cdp dén ¢ phdn trudc, trong
phdn nay, chiing ta khong chi xem xét cdc bai todn chi dua duoc vé phirong trinh thong
qua mot phép thé’ ma con cdc bai thé hién nét ddc trung ciia mot hé phuong trinh thuc su.

Khong nhu & cdc bai todn vé phuong trinh, bdt phuong trinh, cdc bai vé hé phuong trinh
logarit nhiéu khi doi hoi cd su phdn tich ré quan hé giita cdc bién ciing nhu tinh chdt cuia
chiing dé dua ra mot loi gidi hop li. Cdc bai todn dudi day duoc chia mot cdch twong doi
vao cdc dang voi cdc cong cu gidi khdc nhau, bdi thé nén cé nhiéu bai can phdi két hop
nhiéu cdch mdi cé thé gidi quyét duoc.

1) Hé phuong trinh mii va logarit giai bing cach bién déi biéu thirc

Céc bai toan néu trong phan nay chi doi hoi céc bién doi quen thudc va mang dang vé clia
nhiing bai hé phuong trinh dai s6 thong thuong nhiéu hon, chi can nam céc tinh chat cta
liiy thira, bi€n d6i biéu thiic logarit 1 ¢6 thé giai dugc. Chiing ta thudng gip dang ndy &
cac ki thi bH-CD.

Vi du 1. Giai hé phuong trinh sau

log,,,(1-2y+y*)+log, (1+2x+x*)=4
log,, (1+2y)+log, (1+2x)=2

Loi giai. Diéu kién x 2_71,—% <y<Lix#0,L;y#0.

Phuong trinh thit nhat cua hé tuong duong véi

log,, (1-2y+y*)+ log, (I+ 2x+x7)=4
< log, (1-y)* +log,_ (1+x)* =4
< log,, (1-y)+log, ,(1+x)=2

bat t=10g1+x(1—y):>%=10g1_y(1+x).Tacé t+%=2<:>t=1.

Suyra log, (1-y)=1l+x=1-yox=-y.



Thay vao phuong trinh thit hai cua hé, ta dugc
log,, (1-2x)+log,, (1+2x)=2

Slog, (1-4x")=2<1-4x" =(1+x)’° <:>5x2+2x=0<:>x=0vx=—§

- 2 , . 2 9 ~ o A . N 7z 2
Ta thay chi c6 nghiém x = -3 thoa man dicu kién, tr d6 suy ra y = s

Vay h¢ da cho c¢6 nghiém duy nhat la (x,y) = (%,—%) .

Vi du 2. Giai cac hé phuong trinh sau
log /xy =1lo = Y .

|08 =Tog,y b 1"~ (Déthi HSGQG nam 1976)
2°+2" =3 yr=x

Loi giai. Diéu kién 0 < x, y # 1. Phuong trinh thi nhét ctia hé tuong duong véi
1
log, \/5 =log. y & §(1+ log, x)=log y < l+log, x=2log, y.
g 1 2 1
bat r =log_y. Ta dugc 1+;=2t<:>2t —t—l=0<:>t=1vt=—§.
-Néu ¢ =1 thi x = y, thay vao phuong trinh thtt hai, tacé 2.2" =3 < x =log, 5

Hé phuong trinh da cho c6 nghiém 1a (x, y) = (log2 %,log2 %) .

1
-Néu ¢ = —% thi y= Lz thay vao phuong trinh thit hai, tacé 2° +2% =3.
X

i 1
Ta thdy 2 =3-2* <3-1=2= x <1, nhung khi dé L2>1:>2)CZ >2 va 2" >1 nén dé
x
1

thdy ring phuong trinh 2° + 2% =3 vo nghiém.

Vay hé phuong trinh da cho c¢6 nghiém duy nhat 1a (x, y) = (log2 %,log2 %) .



b) Diéu kién xdc dinh x,y >0. LAy logarit nepe hai v€ ciia médi phuong trinh, ta c6

=—=4—"2=(Inx)’=4(ny)’ ©Inx=+2Iny.
(x+y)lny=3Inx Iny Inx (Inx) (Iny) y

{(x+y)lnx:12lny Inx Iny
Tix day suy ra x = y° \/x:Lz. Ta xét tirng truong hop
y

-Néu x = y* thi thay vao hé di cho, ta c6

(V' +y)Iny’ =R2Iny < ny(y" +y—6)=0hy=0Vy ' +y—6=0.

Giai hai phuong trinh nay, ta thu duoc hai nghiém duong la y =1v y =2, tuong tng, ta
cd x =1V x = 4, thdoa min diéu kién di cho.

< 1 ~ N ~ pd
-Néu x = —; thi thay vao h¢ da cho, ta c6

1 1 1 1
(F+y)h—=12hy< —~(—+y)hy=6lnhyhy(—+y+6)=0.
y y y y

Dé thdy ngoai nghiém y =1 da xét & trén, phuong trinh khong con nghiém nao nita do

bi€u thic Lz+y+6>O,Vy>O.
y

Vay hé phuong trinh da cho c6 hai nghiém 1a (x, y) = (1;1),(2;4).

H1. Giai cac hé phuong trinh sau

8" =5y" 6y Vi—1+2-y=1

a) 132" +4 b) ) 1
- = log.-(9x°)+log.— =3
2x+3 y g\/g( ) g3y3

[ log, log,

X4 2 =512
! log

C) <y0gzx+x%zy:8

Zlogxy_i_ylogxz:z\/z




2) Mot s6 hé phuong trinh mii va logarit giai bang cach danh gia

CAc tinh chat dac trung clia ham s6 hodc c4c bat diang thitc quen thuoc ciing thuong duoc
dung dé giai cac hé phuong trinh mii va logarit. Ching ta s& cing phéan tich mot s6 bai
todn dé thdy 10 vai tro clia viéc danh gid trong viéc giai bai todn lién quan.

Vi du 3. Tim tat ca cac nghiém khong 4m cta hé phuong trinh sau

X +y +zi =1

3 +3"+3° =5
Loi giai. Tu phuong trinh th nhét cta hé, tacé 0<x, y,z <1.
Trudc hét, ta s& chitng minh rang 3' > 2¢* +1,V¢ €[0;1].
Xétham s6 sau f(t)=3" -2t —1,t€R.Tacé
f'(t)=3"In3-4¢, f"(t)=3"(In3)* -4, f"(t) =3".(In3)’ > 0.
Pao ham cép 3 ctia ham s6 duong nén phuong trinh f'(¢) =0 c¢6 khong qua ba nghiém.
Ta lai thay f(0)= f(1)= f(2) nén phuong trinh f(¢) =0 cé ding ba nghiém phan biét
la t=0,t=1,t =2. Do ham s0 nay lién tuc nén gitta cic khoang chia ra bdi cac nghiém
néu trén thi ddu cta né khong déi, tic 1a ddu cua f(¢) trén (—o0;0),(0;1),(1;2),(2;+00)
khong do6i va trang v6i dau ctia mot diém bat ki thudc khoang do.
Ta thay f(%) =3 —% >0 nén diu ctia f(¢) trén (0;1) [a+. Do d6 f(¢)>0,Vte[0;1]
va bat dang thitc néu & trén dugc chiing minh va diu dang thic xdy rakhi t=0Vv¢=1.
Suy ra 3* > 2x* +1,3" >2y* +1,3° > 2x* +1.
Cong c4c bat dang thic nay lai, ta dugc 3* +3" +3° >3+2(x* +y° +2°) =5.

x2+y2+22 :1

Ding thitc phai xay ra do phuong trinh thit hai cia hé nén ta c6
x,y,z €{0,1}

Tir day suy ra nghiém cua hé da cho chinh 1a (x, y,z) =(1,0,0),(0,1,0),(0,0,1).



Vi du 4. Giai hé phuong trinh sau

e +(x* =) In(x + y+2011) = eV
27 (25 —1)+3" (3" —1) =34y — 26x

Loi giai.
Diéu kién xdc dinh y >0, x+y+2011>0.
Ta s& chiing minh rdng né€u hé da cho c6 nghiém (x; y) thi x > 0. That vay
Gia sit nguoc lai 1 x <0thi 2° <1; 3° <1=2°(2" —1)+3°(3" - 1) < 0.
Mat khéac 34y —26x>0 (do y>0 va x <0) nén mau thuan. Ta xét diéu kién x,y>0.
Phuong trinh thit nhat cua hé twong duong véi

(=) In(x+y+2011) =€V —¢*
Ta xét c4c truong hop sau
-Néu x>4/y >0 thi e >el" = el —et <0 va ¥ >y = x"—y >0, titc 12 hai biéu thiic
eV —e* va (x> — y) trai ddu; trong khi d6 In(x + y +2011) > 0 nén truong hop nay khong
thoa méan dé bai.
-Néu /y >x>0 thi e <l = el —er >0 va ¥ <y=x"—y<0, tic 12 hai biéu thiic
e —e* va (¥ — y) ciing trdi ddu; trong khi d6 In(x + y+2011) > 0 nén trudng hop nay
cling khong thoéa méan dé bai.

Do d6 y =x*. Thay vao phuong trinh thit hai ctia hé, ta duoc
252" =) +3"(3" =1) =34x> —26x < 9" +4" =3 + 2" +34x" —26x (¥)

Taxétham s6 f(t) =9 +4' -3 —2' — (34t —261), t > 0.
Taci: f'(1)=9"-In9+4"-In4-3"-In3-2"-In2 - 68¢ + 26

f"(t)=9"-(In9)* +4' -(In4)> =3 -(In3)> - 2" - (In2)* - 68

f"(t)=9"-(In9)’ +4'-(In4)’ —3"-(In3)’ - 2" -(In2)’ >0,V >0.
Pao ham cdp ba cia ham nay khong doi dau nén theo dinh Ii Lagrange thi phuong trinh
tuong ing f(¢) =0 c6 khong qua ba nghiém phan biét.
Hon nifa, ta thay ring f(0)= f(1)= f(2) nénba gid tri =0, =1, t =2 nghiém diing
phuong trinh f(#) =0.
Tlr d6 suy ra phuong trinh (*) c6 ding ba nghiém phan biétla x =0, x=1, x=2.
Ta cling ¢6 ba nghiém tuong tng cua hé da cho 1a (x;y) = (0;0), (1;1), (2;4).
Vay hé phuong trinh da cho c6 ba nghiém 1a (x;y) =(0;0), (1;1), (2;4).



H2. Giai cac hé phuong trinh sau
1 1 1 3

x -y X + _|_ —
2 —2”+10g21—=0 1+2° 1+3° 1+10° 1+42°
-y b)

x(I=y)+5y+1=0 zx'<\/§)y_2m

a)

V61 x,y >0

3) Hé phuong trinh mii va logarit giai bang cach dung ham so
Van dung ham s6 vao giai cac phuong trinh mi, logarit luén 1a mot van dé thi vi va c6
nhiéu cach ti€p can rat phong phd, sdng tao. Bén canh cédc bai giai phuong trinh xuat phat
truc ti€p tir mot ham don diéu dudi dang cac hé doi xing, hé 1ap, nhiéu bai hé phuong
trinh mil, logarit cling can phai thong qua mot vai danh gid nhat dinh méi c6 thé giai
quyét day du dugc.
Vi du 5. Giai hé phuong trinh sau

3 +27 =11

3+2" =7
Loi giai.
Tu phuong trinh thi nhat cua h¢, tacé y =log,(11-3").

Tu phuong trinh thi hai cta hé, tacd y =log,(7-2%).

Do dé log,(11-3") =log,(7-2%).

Tir dang thitc 3" +2° =7, tathdy x <3,y <2, mavéi y<2 thi 3">7:>x>%.

Xét ham s6 f(x) =log,(11-3")—log,(7 —2)‘),% <x<3.Tacé

, -3"1n3 2"In2 -3 2" 11.2*-7.3"
f(x)= + < + = .
(11-3)In2 (7-2%)In3 11-3* 7-2" (A1-3")(7-2%)

Do x>%:>(%) >%:>11.2X—7.3X<0,suyra f'(x)<O,Vxe(%;3j.



Ham s6 nay nghich bién nén c6 khong qua mot nghiém. Pong thoi f(2)=0 nén x=2 1a
nghiém duy nhat cta phuong trinh f(x)=0.

V6i x=2,tacé y=log,(11-3*)=1.
Vay hé phuong trinh da cho c6 nghiém la (x,y) =(2;1).

Vi du 6. Giai hé phuong trinh sau

JOx=1)?+5-log,(6—y)=x
N =17 +5 log,(6-2)=y
J(Ez=1)*+5log,(6-x)=z

(bé thi HSGQG nam 2006, bang A)
Loi giai.
Diéu kién x4c dinh 1a x, y,z < 6. Hé da cho twong duong véi

log, (6— y) = ————
’ Vx*=2x+6

log, (6—2) = ——2——
y -2y+6

z

log, (6 —X) = ————
’ Nz2=2z+6

, t €(—0,6).Taco

t
N2 =2t+6
- 61
(> —2t+6) Nt =2t +6

Xét ham s6 f(¢)=

1@

>0, t € (—0,6) nén day la ham dong bién.
Xét ham s6 g(¢) =log,(6—1), t € (—0,6). Taco

g'(t)= <0, t € (—0,6) nén day 1a ham nghich bién.

In3-(6—1)

Gia str (x, y,z) la nghiém cta hé thi ta sé chitng minh x=y=1z.



That vay, khong mat tinh tong quat, gia sit x = max(x, y,z).

Xét hai truong hop sau

-Néu x>y >z.Do f(t) laham dong biénnén f(x)> f(y)> f(z), tit hé trén, suy ra
log,(6—y)>1log,(6—2z)>log,(6—x)= y<z<x.Dodby=z,dédang c6 dugc
xX=y=z.

-Néu x>z>y.Do f(t) laham dong biénnén f(x)> f(z)> f(»), tit hé trén, suy ra
log,(6—y)>1log,(6—x)>1log,(6—z)= y<x<z.Dodbx =z, dé dang c6 dugc
xX=y=z.

Thay x = y = z vao hé phuong trinh trén, ta can giai phuong trinh

log,(6—x)=———2
’ VX' =2x+6

VE& trdi 1a ham nghich bién, v€ phai la ham dong bién nén phuong trinh nay c6 khong qua
mot nghiém.
Hon nira, khi thay x =3 vao phuong trinh, ta thdy thoa man.

Vay hé da cho c6 nghiém duy nhatla x =y =z=3.

2

H3. Giai cac hé phuong trinh sau

Fx =y =log2 1 log, (x* —4x +5) +1=2""**

a) x+1 b) 2 xr—4x+4
64xy> —961* +36x> +3=0 log,(y" -4y +5)+1=2

Nhan xét. Ta thay rang viéc dung ham s6 dé giai cdc hé 1ap hoic hé c6 dang d6i xiing
loai hai trong hé phuong trinh mii va logarit thuong duoc thuc hién twong tu nhu trong giai
phuong trinh dai s6 thong thudng. Do d6, diém quan trong 1a ching ta khao sat duoc ding
tinh bién thién cua ham s6 xuét hién trong bai.

4) Mot so bai toan vé bién luan hé phuong trinh

Trén thuc t&, nhiéu bai hé phuong trinh khong thé xéc dinh chinh x4dc duoc nghiém cua
chiing nhung van d€ khao sat s6 nghiém hodc tinh chét cac nghiém nay hoac bién luan
nghiém cta hé phuong trinh cling rat thu vi. Cong cu cht yéu va quen thudc giai quyét
cac dang nay ciing van la ham so.



Vi du 7. Chiing minh rdng v6i moi g >0 thi hé phuong trinh sau c6 nghiém duy nhat

e' —e =In(l+x)—In(1+ y)
X—y=a

Loi giai.
Diéu kién x,y >—1. Tir gia thiét, ta c6 x = y +a, thay vao phuong trinh thd nhat cua hé,
ta duoc e’ —e” =In(1+ y+a)—In(1+y).

Xéthamso f(y)=e" —e’ —In(1+y+a)+In(1+y),y >-1.

1 1
—+ =
yv+a+l y+l1

)+ a >0
(y+D(y+a+l)

yta v

Taco fi(y)=e""-¢€" -

Suy ra ham s6 nay dong bién trén (—1,+00) nén né c6 t6i da mot nghiém.

Hon nita, f(y)=e"(e"-1)+In y+l c6 lim f(y)=+w va lim f(y)=— nén theo
y+a+l o yo-t’

tinh chat lién tuc cia ham f(y) thi phuong trinh f(y) =0 c¢6 it nhat mot nghiém.

Do d6, phuong trinh f(y) =0 c6é ding mot nghiém.

Ta cling thdy rdng tuong ting véi moi gid tri y, ta ¢6 ddng mot nghiém cua hé phuong
trinh da cho nén v6i moi @ >0 thi hé c¢6 nghiém duy nhat.

Vi du 8. Hay xéac dinh s6 nghiém ctia hé phuong trinh sau

x*+y'=29
log, x.log, y =1

(bé thi HSGQG nam 2008)
Loi giai.
Diéu kién x,y >0. Dat log,x=a,log, y=b < x=3",y=2".

Tacé x* +y’ =29 < 9“ +8" =29. Do do, ta duoc hé phuong trinh méi nhu sau

1

948 =29 |9 +8 =29

=
ab=1 b:l
a



1 1
Ta thay ring néu a <0 thi 9*,8¢ <1 nén dang thitc 9 + 8¢ = 29 khong thé xay ra. Do
1

d6, ta xét ham s6 f(£) =9' +8' =29, > 0.

1 ! 2 1
Tacé f'(t)=9' 1n9—1?—288f,f”(t)=9f(1n9)2 4 21?8& 4 (h;g 8 >0,V >0.

Dao ham cép hai chia ham f(¢) khong doi dau nén phuong trinh f(£) =0 ¢6 khong qua

hai nghiém.

Ta lai c6

f(%j:@mz ~29=48>0, f(1)=9+8-29=-12<0, f(2) =9 +~/8 =29 =52+22 >0

Theo tinh chat ham lién tuc thi phuong trinh f'(¢) = 0 c6 it nhat hai nghiém thudc cac
khoang (%;1),(1,2).

Tur d6 suy ra phuong trinh /() =0 c6 ding hai nghiém thuc hay c6 ding hai gia tri a
thoa méan dé bai, twong ting vdi hai gid tri x va hai nghiém cta hé phuong trinh da cho.

Vay hé phuong trinh da cho c6 diing hai nghiém thuc phan biét.

H4. Tim tét ca cac gia tri m sao cho hé phuong trinh sau c6 nghiém duy nhat

x2:2‘x‘+‘x‘—y—m
x4y =1

(bé thi HSGQG nam 1978)

Nhan xét. Qua céc bai todn vé phuong trinh va hé phuong trinh mi, logarit da xét, ching
ta thdy rang do mang tinh dac trung ctia mot ham siéu viét nén nhiéu bién d6i chua thé
thuc hién dugc linh hoat nhu & phuong trinh dai s6 thong thuong. Cac bai toan ¢6 ham s6
mi, logarit xuat hién kém theo cac ham da thic thuong la cac bai khong mau muc va phai
giai bang cdch dung bat déng thitc ddnh gid hoac ding ham s6 dé khao sét tinh bién thién.
Va ciing chinh nho cdc cong cu nay ma chiing ta cang c6 thém nhiéu bai todn lién quan
hay hon, kho hon ciing nhu thu vi hon!



BAI TAP

Bai 1.

a) Cho x,y la céac s6 thuc duong théa man log, x = log, v =log,(x + y). Tinh ti s6 X

y
b) Giai hé phuong trinh sau
y4 _ 4x+2xy—2x+4 — 5
\/sz —3xy+4y° +\/E =4y
xlogxx +ylogxx — 4
c¢) Giai hé phuong trinh sau
log, x—log, y=1
Bai 2. Giai cac hé phuong trinh sau
) 10g2<1+\/;)=10g3y b) {x2+3x+ln(2x+1)=y
a
x> +2cosx =y’ +2cosy Y +3y+InQ2y+1)=x

5" =2y+1+2log,(4y+1)
c) 15" =2z+1+2log,(4z+1)
5 =2x+1+2log,(4x+1)

Bai 3.

log, xy =3log, x.log, y

a) Giai hé phuong trinh sau x 3
log, —= Zlogy x
y

22012 22011
X+y+xy=z" +2z
22013

b) Tim céc nghiém duong ctia hé phuong trinh sau < x* + y* =2z
(x+y) " =+

Bai 4. Giai cac hé phuong trinh sau



210g3x +y10g32 — 6 >

a) log, y+log, x=1

X 2x2+2xy7y2 ¥
c) 12" +4 =52
log, x+log, y =log, x.log, y

Bai 5. Giai cac hé phuong trinh sau

2
poe X +1

2) R
3log,(x+2y+6)=2log,(x+y+2)+1

,(1+42x—y).51—2x+y _ 1+22x—y+1
b) -

¥ +4x+141In(y* +2x)=0
Bai 6.

g2l _g2nel 001 1y <2011

a) Tim m dé hé sau c6 nghiém
¥ =(m+2)x+2m+3>0

b) Ching minh rang hé phuong trinh sau ¢6 ding hai nghiém phan biét

¢ =2011——2
y -1
¢ =2011——=
xt -1

Bai 7. Giai cac hé phuong trinh sau

{22){}41 + 2—2x+y+1 + 32x—y+1 + 3—2x+y+1 — 52x—y+1 + 5—2x+y+1
6xy° =16x" —1

log (log, x) =log,  (log; ,(3-x))

b)
cotx—coty= logZ
X

x
. 10g2510g3§=1



BAI TAP BAI 1
Bai 1.
a) Rt gon biéu thiic sau

443 N 6++/8 - 2k A~k —1 N +200+\/9999
V43 B+V5 7 Ve—14dk+1 7 99 44100

b) Ching minh ring J3/2 —1 = £_§E+i/§

¢) Rt gon biéu thiic sau B:‘\‘/2+\/§+2\/2+\/§ —|—‘\‘/2—|—\/§—2\/2+\/§

Bai 2.

A

a) Cho x,y,z la cac s0 thuc thdbaman 2* =3" =6°. Tinh M =xy+ yz+ zx.

-1

4
X

2ﬁ—2—ﬁ).

2
b) Tinh gid tri cha biéu thitc N = [2|1+ 1+[ ] tai x =

1
et
Bai 3.

a) So sénh hai s6 1'+22 +3° +...+1000™ va 2% .

2

b) Chting minh ring v6i moi 7> 6 thi 2% > 222,222
— "

ns62 ns6 2

Bai 4.

a) Ching minh ring 449 + 206 + /49206 =243 .

b) Cho x‘%[i/23+ v313 +i/23_4“513 1]. Hay tinh A=x"+x> +1.

4

Bai 5.

a) Duing c4c tinh chat cla liiy thira dé chitng minh ring néu s6 thuc x thdéa man dang thitc



(x=3)"""" +(x=4)*"” =1 thi x =3 hoic x=4.
b) Tim gid tri 16n nhat va nhd nhat ctia 4 = (V7)™ ,xeR.
Bai 6.

2 2 2
Chiing minh a” +a®,b> +b?,c* +¢? do dai cic canh clia mot tam gidc néu biét a,b,c 1a
do dai cac canh ctua tam giac nhon.

Hoi két luan cua bai toan con diung khong néu a,b,c 1a do dai cac canh ctia mot tam giac
bat ki?

Bai 7.
Tim mién x4c dinh va mién gid tri cta cdc ham s6 sau

7
(x> —7mx+2)"

a) f(x)=(9-10x" + x4)i b) g(x)=

¢) h(x)=(sinx+cos x)m



LOI GIAI BAI TAP BAI 1
Bai 1.
a) V6imoi k> 2 thi
ki1 W=D+ WD + =Dk + D)1=k =1
Vk—1+4k+1 k=1 +Jk+ D)k +1—=k—1)

A+ k=1
2

Suy ra, tong da cho c6 thé viét lai 1a

A:%[@—ﬁ+ﬁ-@+ﬁ—@+@—@+...+JmT—\/993]
3
=%[—1—Jz_3+ 1or +W]:999+J1201 —8

2
b) bat PN=asd=2.Ta ching minh /g —1 :aTg—H. Lap phuong hai vé, ta c6
2 3
—1:W@9(a—1)(a+1)3 — (a1 (> —a+1)

S9a—1)a’+3a> +3a+1)=(a’ +1) = 9(a—1)3+3a’> +3a)=27
s3a—-)d+a+)=3ecd—l=1ea =2

Dang thtic cudi ding nén ta c6 dpem.

¢) Rt gon biéu thiic sau B:‘\‘/2+\/§+2\/2+\/§ —|—‘\‘/2—|—\/§—2\/2+\/§
it M = {245+ 202445, N = {245 =22 15 = B= M + N . Ta c6

MN =32 +5) —4Q2++5) =1 va M* + N* =4+245.

Suyra M*+ N*+2M*N?> =64+25=(/5+1)> & M>+ N> =5+1, tic 1a

2
J5+1 V5 +1 VayB:*EH

7 S M+N= 7V 7

M*+N*4+2MN =5 +3=




Bai 2.

a) Ta thay néu mot trong ba s6 x, y,z bang 0 thi hai s6 con lai cling bang 0 va M =0.
1 1 1

Xét truong hop xyz =0, dat 2° =3" =6 =k>0.Khidé 2=k*,3=k",6 =k -, ma

L 1 LU 1 1 1 1
23=6nén k" k' =k ek =k —+—=—xy+yz+2x=0.
Xy z

Vay trong moi trudng hop, ta déu cé6 M =0.

1) et 4l 1) Xl (R
b) Tacé 1+ —| = 7 nén 1+, (1+ —| =1+ —= —.
2x 4x 2x 2x 2x
x*+1 l (.5 N
Do d6 N ==——. Thay x = —(2"* —27"?] vao, ta dugc
xV2 g \/2( ) '
1 _
N_2(22ﬁ+2 2ﬁ-2)+1_2m+2_2ﬁ
YA 2Py
—(2% 42 ) +
ol
Bai 3.

a) Ta thdy ring 2 =2% =2%".

Ma 2" =1024 >1000,2° = 64 = 2'° =2'°.2° > 64000 nén 2222 > 2040,

Mat khéc 1' +2° +3° +...+1000"" <1000.1000'" =1000"""" < (2'%)'%" = 2!%1? < 2649

Tur d6 suy ra 27 >1'+22+3 +..+1000"" .

b) Trudc hét, bang quy nap, ta chitng minh duoc ring 2" > n,Vn >6.

2

Pat a,=2>_,b,=222..22%2 n>6.

ns62 ns62

Ta c6 222..2<10" <2* nén b, <(2)*" =2%2" <2*",
%,—/

nso2



2

Mat khdc, d& dang thay rang a,_, —5n > 2:_} ~8.2"2>2" -2 >0 nén

n-2 s62

a =2""">2"" >b . Tacédpcm.

Bai 4.

a) Ta c6 449 +208/6 = 25+10v24 +24 = (5 +246) =43 ++2)* =3 ++/2.
Tuong tu 449 —20+/6 =3 -+/2 (do +/3>+/2). Suy ra

449 +206 + 49— 2046 =243

b) bat a=ﬂ%,b=ﬂ¥ =a+b =§,ab=1 val3x+l=a+b.

Suy ra 3x+1)° =27x" +27x* +9x+1=27(x" + x> + 1)+ 3(3x +1)—29 hay
CGxt1) 3Gx+D)+29  (a+by —3(a+b)+29

y
27 27
23
&b +3ab(a+b)-Ha+b)+29 5 T2 3
- 27 27

Vay gid tri cua bi€u thitc da chola 4= %

Nhan xét. Cac bai toan dang nay thuong duoc tao ra tir cong thiic nghiém ctia phuong
trinh bac ba trong truong hop phuong trinh c¢é nghiém duy nhit. Ban doc tham khao trong
bai doc thém SGK 16p 11 Nang cao dé biét thém vé cong thic nay.

Bai 5.

a) Ta xét ba truong hop sau

-Néu x>4 thi x-3>1= (x-3)""">1= (x-3)*""" +(x—4)**" > 1, mau thuan.
-Néu x<3 thi x—4<-1=(x-4)"">1= (x-3)"""" +(x—4)**"* > 1, mau thuan.

-Néu 3<x<4 thi |[x-3

, x—4|£1:> (x=3)"" < (x=3),(x—4)*"? <(4-x). Do d6

(x=3)"" +(x-4)"" < (x-3)+(4—x) =1, cling mau thun.

Mat khéc, véi x =3,x =4 thi dang thitc ding. Vay ta c6 dpem.



b) Tim gid tri 16n nhat va nhd nhat ctia 4 = (7)™, xeR.

Do /7 >1 nén theo tinh chét vé Ity thira s6 thuc, ta cé

*Vi cosx >—1,Vx € R nén Az(x/;)w” 2(\/;)‘1 :L,

Jr

Gia tri nho nhét cua A la L dat duoc khi cosx=—-1<x=n+2kn,keZ.

Jr
*Vi cosx<1,VxeR nén 4=R/n)"" <(r) =r .

Gia tri nho nhéit cua A la Jr, dat dugc khi cosx=1<x=2kr,keZ.

Bai 6.

Khong mat tinh téng quat, ta gid st a 1a canh 16n nhat trong céc canh ctia tam gidc. Khi
do, tacé a* >b* >cz,a§ >b§ >c§ nén

2 2 2 2 2 2
(@ +a> )+ +b)>cP+c3 va (@’ +ad)+(c>+c3)>b> +b3.

2 2 2
Dé chiing minh o’ +a3,b* +b3,c* +¢* 1a do dai c4c canh clia tam gidc, ta can c6

2 2 2
B> +b3)+(c*+c3)>a* +a® (%)
That vay, do a,b,c 12 do dai c4c canh clia tam gidc nhon nén b* +¢* > a’.

1 1 1
Hon nita, néudat x=a®,y=5b%z=c3 thi y’ +2° >x’.

Taco (y2 +22)3 =y6 +z° +.’>)/222()/2 +22)>y6 +z° +2y3z3 = (y3 +z3)2 > ()c3)2 =x°.

2 2 2
Suy ra y*+z” >x” hay b® +¢* > a3 . Tt d6 ta thiy bat dang thitc (*) ding.

Vay ta c6 dpcm.

Trong trudng hop gia thiét khong cho 1a tam gidc nhon thi bai todn khong diing. Chang
han nhu trudng hop a =4,b =3,c =2. Ta dé dang kiém tra duoc (*) sai.



Bai 7.
1
a) Xét ham 6 £(x) = (9—10x> +x*)*.

*Mién xéc dinh. Do % 1a s6 hitu ti khong nguyén nén di€u kién xdc dinh ctia ham s6 nay
12 9-10x>+x* 20 (x+3)(x+D(x-D(x-3) >0 x<-3v-1<x<lvx>3.
Suy ra mién xéc dinh 1a D = (—o0;-3]U[-1;1]U[3;40).

1
*Mién gid tri. Do (9 —10x” +x*)* >0 nén gi4 tri nho nhat 1a 0, ham s6 nay khong c6 gid
tri 16n nhat. Suy ra mién gid tri 1a R =[0;+0).

7
(x> —mx+2)"

b) Xét ham s6 g(x) =

2
LN 7z . DN .« A » . 9 N A 1N T i Y/ 8
*Mién xdc dinh. Diéu kién xdc dinh claham s6 13 x* —zx+2#0 < x #

Suy ra mién xéc dinh 1a D = (—o0;-3]U[-1;1]U[3;40).
*Mién gia tri. Ham s6 nay khong thé dat dugc gia tri 0 nén mién gid tri ctia n6 1a
R = (—0;0) U (0;400).
N - . Jio

¢) Xét ham s6 A(x) = (sinx+cosx)" " .
*Mién xéc dinh. Liy thira & day 1a s6 vo ti nén di€u kién xac dinh 1a

: : 3
sinx+cosx>0< sm(x+%) >0 k2 <x+%<7r+k27r o -Lir<x<Ziion

Suy ra mién xdc dinh 12 D = J(- 2=+ k27r;37ﬂ +k27).

keZ

EN ., . . . 7[ A sz 3 2 A ? N 21N
*Mien gia tri. Do [sin x + cos x‘ = ‘\/5 sin(x +Z) <+/2 nén gia tri 16n nhat cua ham s6 1a

(/2)" , ham s6 khong ¢6 gid tri nhé nhat.

Mién gia tri R=(O;\/§ 10].



BAI TAP BAI 2
Bai 1.
a) Ching minh rang log, 9+ log, 10+ log,,11<2log, 3.

1

—,n=23,4,.
log, 2010

b) Cho day so (u,) xac dinh bdi cong thic sau u, =

bat a=u,, +u, +u, +u,,b=u,+uy +u, +u,+u,. Tinh M =b—a.

Bai 2.

a) Cho x,y,z,a la cac s6 thuc duong doi mot khac nhau va khac 1 thoa man
log, x=1+1log, x.log, z,log, y=1+log, y.log, x

Tinh gid tri bi€u thic sau 4 =log, a.log_ a.log_ z.log_ a.log, alog. a.
X y z
b) Cho x, y,z 1a c4c s6 thuc duong thdoa man diy dang thic sau

x(y+z—x) y(z+x-y) z(x+y-z)
log x logy log z

Ching minh rang x”.y" = y".z" = z" x°.
Bai 3.
a) Cho cdc s6 thuc a,b,c théoa man 1< a <b < ¢. Ching minh ring
log_(log,b) +log, (log, c) +log (log a) >0
b) Cho cdc s6 thuc a,b,c théa min a7 =27,p°%" =49, % = /11 . Tinh
a(logm2 n b(log711)2 n C(lc»;nzs)2
Bai 4.

V6i moi s6 tu nhién n, hdy chiing minh rang n = —log, log, A2
Ef—/

n déu can

Hay xay dung va chiing minh céc dang thic tuong tu.



Bai 5.

Chiing minh h¢ phuong trinh sau c6 it nhat 6 nghiém phan biét
2°+3"4+5 =10
2°3"5" =30
xyz=1

Bai 6.

a) Chitng minh bat dang thifc sau diing v6i moi s6 thuc duong x

log, (1+2) > log, (3" +(v2) )

b a
b) Cho a > b. Chiing minh rang (2“ +2i"j <(2b + : j :

2"
Bai 7.
Ngudi ta dinh nghia rang: “So"siéu viét la s thuc khong phdi la nghiém cia bdt ki phuong
trinh dai s6 nao”. Nguoi ta cling da chiing minh dugc cac s6 7,e, 2% ... 1a cdc 6 siéu
viét. C4c gi4 tri ctia logarit hau hét 1a cdc so siéu viét nhung dé chitng minh dugc diéu nay
thuc su rat khé va né nim ngoai chuong trinh THPT. Tuy nhién, ta ciing ¢4 thé ching
minh mot s6 van dé don gian hon.

Biét rang “logarit thdp phdn ciia mot s6 nguyén duong hodc la s6 hitu ti hodc la s6 siéu
viét’, hdy chiing minh rang log, 5 1a sd siéu viét.



LOI GIAI BAI TAP BAI 2
Bai 1.
a) Trude hét, ta s€ ching minh rang log, (n+1) > log . (n+ 2) v6i moi s6 tu nhién n>1.

That vay, vi log, (n+2),log,. n >0 nén ap dung bat déng thiic Cauchy cho hai s6 duong

nay, tacé log, (n+2)+log, . n> 2\/10gn+1(n +2).log,., n.Do dé

2 = 10gn+1(n + 1)2 > 10gn+1 [I’l(l’l + 1)] = 10gn+1(n + 2) + 10gn+1 n> 2\/10gn+1(n + 2)'10gn+1 n

10gn+l (n + 2)

Suy ra
log, (n+1)

=log, (n+2).log,  n<l<log,, (n+2)<log, (n+1).

T d6 suy ra log, 9 +log,10+log,,11<3.log, 9 =2log, 3.

b) Day s6 da cho c6 thé viét lai 1a u, =log,,,, n,n=2,3,4,...

Do d6

a=u,, +u,+u;,+u, +u,, =1og,,,11+log,,,12+1og,,,13+1og,,, 14 +1og,,, 24
=10g,,,,(11.12.13.14.24) va b =u, +u,, +u +u +u, =10g,,,(63.64.65.66.67).

Tlr d6 suy ra
63.64.65.66.67

M=b-a=1lo 63.64.65.66.67)—1o 11.12.13.14.24) = 1o =
a 2010 ) 2010 ( ) £2010 11.12.13.14.24

27.3°57.11.13.67

= 10g2010 26 32 7 11 13

=10g,,,,(2.3.5.67) =log,,,,2010 =1

Bai 2.
a) Tir gia thiét, ta thdy tat ca cac biéu thic déu xdc dinh.

1 1
Tacé log, x =1+log, x.log, z < log, x = = =log, z.

l—logaz_log a .
z

Do do log, alog, z=1. Tuong ty log ,alog, x=1.

V4 X



Hon nffa, thay log, x = % vao log, y=1+1log, y.log, x, ta dugc
—log, z

a

08,V 1 log, 7= 1987

< log_a=1+log, y.log, z.
l1-log, z log, y—1

log, y=1+

Tuong tu trén, ta cling ¢6 log_ alog, y=1. Tir d6 suy ra
y

A=(log, a.log a).(log, alog_a).(log, z.log a)=1.

X y z

b) Néu mot trong cic s6 x+y—z,y+z—x,z+x—y bang 0 thi ca ba s6 déu bang 0 va

dan dén x = y =z =0, mau thuan.

xlogy.(y+z—x)=ylogx.(z+x—y)
Tir gia thiét, ta cod < ylogz.(z+x—y)=zlogy.(x+y—2z)
zlogx.(x+y—z)=xlogz.(y+z—x)

Xét dang thic thit nhat , ta c6

xlogy.(y+z—x)=ylogx.(z+x-y) < xlogy :ylogx.zﬂc——y

y+z—x
Z+Xx—y 2z
< xlogy+ylogx = ylogx| ———+1 | < xlogy+ ylogx = ylogx.——
y+z—x y+z—x
Bién déi twong tu véi dang thic thit hai, ta c6 ylogz+zlogy = zlog y. 2x .
Z+x—y

Ta thdy rdng x”.y" = y*.z" < xlogy + ylogx = ylogz + zlog y. Do d6, ta cin c6

ylogx.%zzlogy.zjx—x_y < ylogx.(z+x—y)=xlogy(y +z—x), ding.

Do dé, ta dugc x”.y" = y°.z". Chitng minh tuong tu, tacd y .z =z".x".

Tir d6 suy ra dpcm.

Bai 3.



a) Ta thay rang do a <b nén log b >1, khi d6, néu xét ciing cdc co s6 1a a va b thi
log_(log, b) > log,(log, b) >0.

Ta cling c6 log a <1 do a<c, suyra 0>log (log_a)>log,(log, a).

Tu d6 suy ra log, (log, b)+log,(log, c)+log (log, a) > log, (log, b.log, c.log_a)=0.

b) Ta co

log; 7 log, 11 log;; 25 log,, 25
log. 7 3 log- 11 7 . 11 log, 7 log- 11
(a og; ) (bofw ) (CI%UZS) =277 4 g4glogs +< /11)

1

=7 +11> +252 =469
Bai 4.

bat —log, log, \/\/\/—\/5 =m. Ta c6 log, \/\/\/7 =2" o \/\/7 =2"",

n ddu can n déu can n ddu can

: 7 ud
Ta thay v2 6 thé viét lai [a 22, tuong tw véi /2 1a 2'% ...

Ly

Nhu thé, gid tri ctia A2 c6 thé viet lai 1a 2(2] hay 2°".

%f—j

n déu can

Do d6, taduoc 2° =2"" 2" =2"<m=n.

Vay n=-log, log, N day chinh 1a dpcm.
Ef—/

n déu can

Khi thay s6 2 bdi mot s6 tu nhién khac thi co so cua logarit hoac bac cua can cling thay
déi twong tng. Téng quét, ta ¢ bai todn sau

Véi n, p,q 1a cdc s6 nguyén duong 16n hon 1 thi n=-log, log, {’H’/...(’/a .

%,—/

n déu can
Ching minh hoan toan tuong tu nhu trén.

Bai 5.



Ta s€ tim nghiém cta hé phuong trinh duéi dang
(log, a,log, b,log;c) = [

cach chon nay thi phuong trinh thi ba cua hé luon duogc thoa.

loga logb logc
log2 ' log3’ log5

], trong d6 a,b,c 1a hoan vi cua {2,3,5}. Theo

Ta lai thdy 2% 43" 45" = 2" 438" 1. 5% — 4y 1 p4¢=2434+5=10 va
273757 =plmaglnl slese — ype —235=30.

Do d6, cac bo xac dinh nhu trén ludn thoa man hé da cho. Do ¢6 tat ca 3! hoan vi cua
{2,3,5} nén ciing tuong tng cé 6 nghiém ctia hé phuong trinh da cho.

Bai 6. Xét hai truong hop

-Néu x>0 thitaco

log, (1+2) > log, (3" + (V2] ) « log (”U ‘o >j > log, [3X(1 +(gj )]

1 V2 ) ! V2
< x+log, 1+2—x > x+log,| 1+ 3 < log, 1+? >log,| 1+ Y

Ta thay rang log, (1 + z—lx) > log, (1 +2ij > log, [1 + (%T] nén bat dang thic cudi &
trén diing va bat dang thitc da cho diing v6i x > 0.

Néw x<0 thi 2°>3,1>(v2) =2"+1>3"+(v2) >0.Dods

log, (2" +1) > log, (3x + (\/E)x) > log, (3x + (ﬁ)x) . Bat dang thiic di cho ciing ding.

Vay log, (2" +1) > log, (3x +(v2 )xj,v)c eR. Ta c6 dpem.
b) Ta can chimg minh
b a
a 1 b 1 a —2a b -2b
(2 +2—aj < (2 +?j & blog, (2'(1+27")) < blog, (2°(1+27"))

& ablog, (1+27") <ablog,(1+27") < 1+27 <1+27* < a> b

Bat dang thitc cudi diing nén ta ¢6 dpcm.



Bai 7.
Trudc hét, ta ching minh rang log, 10 1a s6 siéu viét.
That vay, gia st nguoc lai, log, 10 la s6 hitu ti thi ton tai cac s6 nguyén duong m,n thoa

m

man log, 10 =" < 27 =10 < 2" =10". D& thdy m > n nén ding thic trén c6 thé viét lai
n

la 2" =5". Tuy nhién, ta thdy ring vé tréi la s6 chan trong khi vé& phai 12 s6 1é nén dang

N

thiic trén khong thé xay ra. Do d6, theo ménh dé “logarit thap phan clia mot s6 nguyén
duong hoac la s6 hitu ti, hoac la s6 siéu viét” thi log, 10 la so siéu viét.

Talai c6 log,10=1og,2+log,5=1+1log,5 < log,5=1log,10-1.

Tu log, 10 la s6 siéu viét va dinh nghia so siéu viét (so siéu viét khong la nghiém cua

phuong trinh da s6 nao) thi ta ciing suy ra rang log, 5 ciing 1a s6 siéu viét.



BAI TAP BAI 3
Bai 1.
a) Chiing minh rang x > In(x+1),Vx > 0.

Tur d6 ching minh rang day s6 H, = % + % + % +...+ 1 khong bi chan trén.
n

a +_b:)a+b
2 .

b) Cho céc s6 duong a,b. Chiing minh ring a’b* S(
Bai 2.
a’ b* ¢’
+ +
b*+c* c'+a" a" +b"
cho trude dong bién véi moi x duong.

a) Chiing minh ham s6 f(x) = v6i a,b,c 1a cac so thuc duong

b) Chitng minh rang ln(x * y) > 2y vGi x,y>0.
x 2x+y

Bai 3.

Cho ham s6 f(x) =
S (®) 9" +3

, xeR.
a) Ching minh ring néu a+b =1 thi f(a)+ f(b)=1.

;& .ok
b) Tinh tong Z f(sin"—).
oy 100

Bai 4.

. ; . o 1 2n+1
a) V6i n 1a s6 nguyén duong 16n hon 1, hay tinh gid tri cua 4 = Kl + —) }
n

trong d6 [x] la s6 nguyén 16n nhat khong vuot qua x.

2

. > < 1 2 ~ Ve
b) Chitng minh rang ham s6 y = % + Ex\/x2 +1+Inyx++/x" +1 thda min hé thiic sau

2y=xy"+In)y’



Bai 5.

Tinh c4c gi6i han sau

a) lim (nz ln(cosl)j b) lim [nln[tan (f —fm
n—>+00 n X—>+00 4 n

1
. x2 + 1 3x+sinx
C) llm ~ 2
=0 2x" —x+1

Bai 6.

a) Viét phuong trinh tiép tuyén clia ham s6 f(x) = xIn(x ++/x*> +1) tai diém x = %

b) Cho a,b,c 1a cac so thuc thdéa man 4(a+b+c)—9=0. Tim gia tri nho nhit cua

S=(a+a* +1)Y (b+b> +1) (c+c? 1)
Bai 7.
Tir viec khdo sdt dang thic ¢” =b* v6i a,b duong, hdy gidi cdc bai todn sau
i. Cho a,b 1a céc so thitc duong phan biét thda man dang thic ¢” = b*. Chitng minh ring

bt dang thitc a’In’b—(a+b)Inb+b<0.

1

ii. Ching minh phuong trinh (x+1)" =x™" ¢ ding mot nghiém duong.

iii. Goi T 1a tap hop cdc cap so thuc duong a,b phan biét thda man dang thitc o’ = b*.
Chitng minh rang ton tai duy nhat mot s6 thuc x, khong phu thudc a,b sao cho gia tri
nho nht clia ham s6 f, ,, (x) = |x —a| + [x = B[ +|x —2[+|x -3 dat tai f,, (x,) v6i moi cap

giatri (a,b)eT.



LOI GIAI BAI TAP BAI 3
Bai 1.
a) Chiing minh rang x > In(1+x),Vx > 0.

< 1 1 N < N
Xétham s6 f(x)=x—In(x+1),x>0.Tacd f(x)zl——zi>0 nén ham so nay
x+1 x+1

dong bién, suy ra f(x) > f(0)=0 nén x >In(1+ x),Vx > 0. Ta c6 dpcm.

2 - 1 1 1
Trong bat dang thuc nay, thay x boi l taco —>In(l+—-) < —>In(x+1)-Inx.
x x X X

T dé suy ra H, =Zl=1+zl>1+Zln(i+1)—1ni=1+1n(n+1)—1n1=1+1n(n+1).
1

i=1 1 i=2 i=2

Do lim In(n+1) =+ nén lim H, =+o0, tic 1a ddy nay khong bi chan trén.
X—>+0 X—>+0

Nhan xét. Dy so néu trong bai tip nay con dugc goi 1a chudi diéu hoa, 1a téng clia cc
nghich déo cta céc s6 tu nhién. Tuy ting s6 hang cua tong tién vé 0 nhung tong nay tién
tGi vo cuc khi n tién tGi vo cuc. Ngoai cach chitng minh & trén, con mot cach khac nira

: 1 1 1 1 . ) e e e Ts
ching minh A, = I +E + 3 +...+ o > n bang phuong phdp quy nap. Chudi di¢u hoa la
mot khai niém kha quan trong va c6 ting dung trong nhiéu linh vuc, khi n tién téi vo cuc,
gia tri ciia né xap xi In(n+1) vaday s6 H, —In(n+1) c6 gi6i han hitu han va d6 chinh la

hang s6 Euler.

b) Bat dang thitc da cho tuong duong véi

blna+a1nb£(a+b)1n(a+bj<:>aln( 2b j+bln( 2a )so
2 a+b a+b

2a
a 2 b
< —In +In <0
a
—+1 —+1
b

e e e e a .
Tacotheglasu’asb,khldoneudattzg thi 0<z<I.

Ta can chitng minh bt dang thitc sau ¢In (ij + ln(i) <0.
t+1 t+1



Xét ham 6 £(¢) =t1n(ij+1n(ij,t ~0.Tac6
r+1 r+1

f’(t)zln( 2 j— - =1n( 2 j+1_t>0néndﬁyléhémdéngbié’n.
t+1) t+1 t+1 t+1) t+1

Tacéd f(r)< f(1)=0. Tu day, ta c6 dpcm.
Bai 2.

Ta co

a* ’ _a'Ina(d*+c")-a"(b".Inb+c*.Inc) a'b*(Ina—Inb)+a’c’(Ina—Inc)
b* +c* (b* +c*) (b* +c*)’

Do dé, suy ra

VN a* ’_ axbx(lna—1nb)+a"cx(1na—1nc)’
PR W i Eam e,

sym sym

_ Z a'b’(lna—Inb) a'b*(Ina—Inb) _ Zaxbx(lna _Inb) (a"=b")a +b" +2c")
(b* +c*)’ (a* +c*) (@ +c")’ (b +c*)

sym sym

Dé thdy rang Ina—Inb>0< a>b < a* —b" >0,Vx >0 nén mdi s6 hang trong tong
trén déu duong.

Vay ham s6 da cho dong bién trén (0,+0). Ta c6 dpcm.

Nhan xét. Tir két qua nay, ta cling c6 thé ding dé chitng minh mot s6 bat dang thiic lien
quan bing cdch thay x boi cdc gid tri cu thé. Vi du nhu

Ching minh rang v6i moi s6 thuc a,b,c >0 thi

az+b2+cz<a3+b3+c3
b*+c* ct+ad dP+bt b+ C+add a+b

Bat dang thitc nay néu chitng minh theo cdch thong thudng sé& rit phitc tap, cin doi hoi
céc bién doi dudi dang téng céc binh phuong.

Ding thitc luon xdy ra v6i a=b=c.



by Dat S sl pox(—l)=> 22—
x 2x+y t+1

Do d6, ta can ching minh Inz > 2t—_1,w >1.
+

, 1
Xét ham s6 £() = lnt—2§—1,t & (1,4+00). Ta c6
+

P S B ()
f(t)_t (t+1)7°  1(t+1)°

>0,V >1 nén day la ham dong bién.

Suyra £(£)> f(1) =0, tic 1a Int > 2271 e > 1 hay () > —2Y v6i vy >0.
t+1 x 2x+y
Bai 3.

2n+l
a) Ta s& chiing minh bat déng thic 7 < (1 + —j < 8, v6i moi n nguyén duong 16n hon 1.
n

2x+1
Do chi xét cdc gid tri n>1=n > 2, ta c6 thé xét ham s6 f(x):(1+—j ,x>2.Tacéo
X

2

In f(x) = (2x+1)ln(1+ j S ) 21n(1+lj—(2x+1)

(x) X X +x

1) 2x+1
& ()= {mn( j( )}ﬂ)

X X + X
Xét ham so g(x)=21n(l+lj—(zf+l),x22.Ta co

X X +Xx

2

gd)=—2 2241 4 en g(x) 1aham dong bién.

x(x+1)  X*(x+1)°  xX*(x+1)

Suy ra g(x) < lim {ZIn(l 1) (2“1)}:0 nén 21n(1+l)—(2x+1) <0,x>2.

2 2
¥+ X X +Xx X X +Xx

2x+1
Tudésuyra f'(x)<0,Vx>2,tdcla f(x)= (1 + lj la ham nghich bién.
X



1Y (3
Ta cling c6 f(2):(1+5j :(Ej <8 va

1 2x+1 1 1 X 2
lim f(x)= lim(1+—j = lim(1+—){(l+—) } =’ >7
X—>+00 X—>+0 X X—>+00 X X

2n+l
Suyra 7< f(x)<8,Vx>2 hay 7< (1+—j <8, v61 moi n nguyén duong 16n hon 1.
n

2n+l
Tu d6 ta duoc KHLJ }— 7.
n

Nhan xét. Bai toan nay c6 thé dung khai trién nhi thitc Newton dé bién déi ching minh

2n+l
bat dang thic 7 < (1 + —j < 8, v6i moi n nguyén duong 16n hon 1 nhung 16i giai dai
n
dong va rat phuc tap. Viéc khao sat tinh bién thién cia ham mii vira gitip ta chiing minh
duoc mot két qua téng quat hon 13 bat dang thitc nay cling ding v6i moi s6 thuc 16n
khong nhd 2, vira cho ta mot 10i giai ngan gon, rd rang.

2
b) Xét ham s6 y=%+%x\/x2 1+ Inyx++/x> +1.

Theo cong thitc dao ham, ta tinh dugc

X
1+
2 I 2
y’=x+l P R Xl Al ] = x+Vx*+1
2 W+l 2(x 4K +1) Wal+l 24+l

Do do, ta co

2y =x" +xxlx2+1+ln(x+\/x2 +1), xy' =x"+xVx*+1 va 1ny'=1n(x+\/x2+1).

Tu day, ta thdy rang 2y = xy'+1n y". Day chinh la dpcm.
Nhan xét. Thuc ra két qua trén tuy dep nhung khong phai qua khé khan dé tim dugc.

Ta bat dau tir dang thitfc 2y = x)’ +Iny’, dao ham hai vé& theo bién x, ta dugc dang thiic

2y'=xy"+ ) +y—, < (') =xyy"+y". Taquan tam dén hAm g = )’ , ham nay théa man
y

2

g
xg +1

dang thiic tuong tng 12 g° = xg.g'+g' < g’ = . Bang c4ch gidi phuong trinh vi



phan nay va dung phép tinh tich phan (s& hoc & chuong ti€p theo) dé tim lai ham y = y(x)
ban diu, ta thu duoc ham s6 nhu trén.

Con nhiéu bai todn twong tu khac nhu

(1) Chitng minh ring y = (x* +1)(e* +1) théa min dang thic )’ = 22xy " +e' (X’ +1).
x°+
(2) Chiing minh ring y = HINY s man dang thic 2x”y' = x*y* +1.
x(1-Inx)

(3) Chitng minh ring y = sin(Inx) + cos(In x) thdéa man dang thitic y+xy'+x°)" =0.
Bai 4.

9 9 3
9""+3 9+3.9" 3+9*°

a)Do a+b=1=b=1-a,suyra f(b)=f(l—-a)=

9 3
Suy ra + (b)) = + =1.
wyra f(@)+ /()= 5+ o
b) Ta thay réng v6i moi k théa 1< k <49 thi sin> 10— _ Gn2 K2y Gro kT
100 100
Suy ra
20 507 1007
S = sin’ sin? —) + sin? —) + in’ + 2 =
Z‘f( 100) ,Z‘f( 100) ,Zﬂf( 100) J(sin" )+ S (sin”So0e)
23 rsin Xy w r i+ £ =23 fsin e 2 e Lo g )41
= SIn” ——) + + = s1n—+— — = s1n—+
o 100 o 1000 12 4 &
Vi moi k théa min 1< & <24 thi sin® C0 =% _ n? E_ 5 _ 002 X ma
100 2 100 100

sin k—+cos k—ﬂ—1:>f(s1n k—)+f( nZM

) =1, theo cau a).
100 100 100 100

Do d6

& ) km ., (850-k)m ) 225_7: B l B l
Z‘f(sm IOO) ;{f(s O)+f(s1n —100 )}+f(s1n 100)—24+f(2)—24+

Vay S=2(24+%)+1=50.

Bai 5.



In(x+1 . .. sinx e
(x+1) =1 va lim—— =1 véi x la s6 thuc nén
x>0 x

a) Ta co lim
x—0 X

n—>+00

1 ln(cosl —1+1) 1 1
lim (nz ln(cos—)j = lim | n°. 0 (cos——1) = lim (nz(cos—— 1))
n n—»+0 n

n—»+00 COS* _1
n
1 2
sin——
= lim | —2n* sin® LIS lim | —2n | — 1
n—+x 2n 2 n—+w L 2
2n

T

1+ tan—

b) Ta c6 ln[tan(z—zjjzln —n =ln(1+tan£)—ln(l—tan£).
4 n n n

Ciing tur cac gi6i han quen thudc, ta tinh duoc

lim [mn(tan(g_zmzm [,{m(utangj_ln(l_tan%m:

X—>+00 n
/4 /4
ln(1+tanj tan - ln(l—tan) tan *
= lim N n g o nogl=2g
X—>+00 T T T T
o tan — — (—tan—) —
n n n

¢) Theo chiing minh dang téng quat nhu trong phan ly thuyét, ta c6

—x+1
1

241 3x+1sinx S e S lii]%(3 S o oxdl)
. X + . . 2_ h + X" =x+
hm : — hme(3x+smx)(2x x+1) —e X — e(3+l)l — %
x—0 2x — X+ 1 x—0
Bai 6.

3

a)Taco f'(x)=In(x++/x>+1)+ j .Suyraf’(%)=1n2+g

x +1

Phuong trinh ti€p tuyén ctia f(x) = xIn(x ++/x° +1) tai x =% c6 dang



S (I [ R S N

Do d6, phuong trinh ti€p tuyén can tim 1a y = (ln2 + %)x - 2iO

b) Theo gia thi€t, tacé a+b+c= R Lay logarit nepe hai v€ cua S, ta dugc

InS =aln(a++a’>+1)+bln(b++/b* +1)+cln(c++c* +1).

Ta s& tim gid tri nho nhat ctia biéu thiic
M =aln(a+~a’ +1)+bIn(b ++b*> +1)+cln(c+~c* +1)

Xétham s6 f(x) = xIn(x++x*+1),xeR . Tacé

F(x) = In(x + V22 + )+ X H2 o

\/(x +1)°

Suy ra, f(x) 12 ham cé tiép tuyén tai moi diém luon ndm dudi d6 thi. Theo cau a/, ta ¢

tiép tuyén clia f(x) = xIn(x ++/x* +1) tai x—%l =(ln2+%jx—zio.

Do dé xIn(x ++/x’ +1)2(1n2+%)x—220,VxeR va dang thitc xdy ra khi x=%.

Tu do, ta dugc

4 20 4

M =f@+f b+ 1@ (2+2 @rbr -2 (242|222

In2 >
o S>24 =442,

Suy ra InS > 2

Vay gia tri nho nhat cua S 1a 442, dat duoc khi a=b=c=

AW

Nhan xét. Phuong phdp dé chitng minh trong bai toan nay chinh 1a phuong phdp tiép
tuyén khi tir du dodn diém roi clia bat dang thitc va tinh chat ham 16i (I6m), ta dua ham s6
phtc tap vé ham tuyén tinh.



Ina_Inb
a b

Xét ham s6 f(t)zlnTt,t>O.Tacé f’(t):l_t#,f'(t)zo@)1—1nt=o©t=e.

Bai 7. Ta thay dang thitic blna =alnb <

Trén mién (0,e) ham s6 dong bién va trén mién [e,+o0) , ham s6 nghich bién va ham dat
cuc dai tai x =e. Suy ra trong hai s6 a,b da cho, c6 mot s6 thuoéc mién (0,e) va mot s6

thudc mién [e,+00) .

i) Ta thay bat dang thitc da cho c6 thé viét lai Ia
alnb(Inb—-1)-b(Inb-1) <0< (Inb—1)(alnb—b) < 0. Ta xét hai truong hop

-Néu a > b thi theo nhan xét trén, tacé a >e>b,suyra Inb<l< Inb-1<0.

Hon nita, ta cling c6 alnb—>b > alnb—bIna =0 nén hai biéu thic trong ngodc & trén trai
dau,tacéd (Inb—-1)(alnb-5b)<0.

-Néu a<b thi a<e<b,suyralnb>1<mnb-1>0.
Mat khac alnb-b<alnb—bIna=0 nén tacling c6 Inb<1< Inb—-1<0. Ta c6é dpcm.

ii) Ta thdy x +1> x nén theo nhan xét trén, ta can c6 x € (0,e],x +1€[e,+0).

o In¢ .. . ) .
Do thi cua ham f(¢) :T dat cuc dai tai x = e nén duong thang y =m,e > m >0 nam

ngang cat do thi tai ding hai diém va do tinh lién tuc va don diéu trén cdc khoang nén ton
tai diing mot gid tri m ma khoang cdch gifta hai giao diém noi trén 1a 1.

Suy ra c6 diing mot gid tri x sao cho x**' = (x+1)*. Bang c4ch nay, ta cling chiing minh
y g g g y g g

duoc v6i moi a > 0 thi phuong trinh x™* = (x+ )" ¢6 ding mot nghiém thuc x € (0,¢].
iii) Khong mat tinh tong quét, ta gia stt @ < b, theo nhan xét trén thi 0<a<e<b.

Theo bat dang thitc vé gid tri tuyét déi, ta c6

fron @) =|x—a|+|x=b|+|x = 2|+ |x =3|2|(x—a) + (b —x)| +|(x—=2) + B—x)| = [p—a| +1.
Dang thiic x4y ra khi va chi khi (x-2)3-x)>0,(x—a)(b-x)>20<2<x<3,a<x<b.
Tuy nhién, do ham s6 nay xét moi cap (a,b) €T vakhi b—a—0 thi x > e.

Do do6, gié tri x, trong d€ bai néu chinh 1a e.



BAI TAP BAI 4
Bai 1.
a+b+c

a) Cho a,b,c 1a cic s6 thuc duong. Chitng minh ring a“b’c‘ > (abc) 3

b) Cho a,b,c 1a c4c s6 thuc duong. Chitng minh bt dang thifc sau
(@b’ cy (a" +b ) Y >27
¢) Cho x,y,z,a,b 1a cic so thuc duong théa man x > y > z,a > b . Ching minh ring
x (Y =)+ y (2" = x")+ 24 (x" = ") >0
Bai 2.
a) Tim tit cd cdc ham s6 f(x):R — R théa man dang thic sau

F&2x0)+ f((4+3ﬁ)x) - 2f((2 +J§)x)

b) Cho s6 thuc a théa man 0 < a = 1. Hay xac dinh tit ca cic ham s6 f:R — R thoa
man phuong trinh sau

f(.x + y) = f(x)'3by+f(y)*1 + bx(3bJ’+f(y)71 —by)
(B¢ thi HSGQG nam 2007)
Bai 3.
1

a) Cho 0< a,b # 1. Ching minh ring 1inol[" ;b’ j =ab .

b) Hay xdc dinh tit ca cac cap s6 duong a,b sao cho véi moi s6 nguyén duong n va véi
moi nghiém thuc x, cha phuong trinh 4n°x =log,(2n’x +1), ta luon ¢6

a* +b" >2+3x,

Bai 4. Mot s6 ing dung cua ham s6 mii va ham s6 logarit.

1. Chi phi téng cong ctia mot cong ty dugc tinh nhu sau C(¢) =90 —50e™ (don vi tién) véi
t 12 thoi gian tinh bing nam tir khi cong ty thanh 1ap dén thoi diém hién tai. Tinh chi phi
cong ty da chi ra sau 10 nam.



2. Mot nghién cttu cho thady mdt nhdm hoc sinh dugc cho xem cung mdt danh sach cac
loai dong vat va dugc kiém tra lai xem ho nhé bao nhiéu % méi thdng. Sau t thdng, kha
nang nhd trung binh cia nhém hoc sinh tinh theo cong thic M (¢) =75-201In(z +1), >0
(don vi %). Hoi sau khoang bao lau thi s6 hoc sinh nhé duge danh sach do6 1a dudi 10%?
3. Mot cong ty vira tung ra thi trudong mot s6 san phdm méi va ho c6 t6 chic phat quang
cdo O truyén hinh moi ngay. Mot nghién citu thi trudng cho thdy néu sau x quang cdo
100

1+ 49¢7%15* ,x20.

dugc phét thi s6 % ngudi xem mua san pham 1a P(x) =

Hay so sanh ti 1& nay khi cé 100, 200 va 500 quang cdo dugc phat di.

4. Cudng do clia 4nh sang di qua mot moi truong khac khong khi, chang han nhu nuéc,
suong mu, ...s€ giam dén tly theo do day ctia moi trudng va mot hang s6 u goi 1a kha
nang hép thu tuy thudc moi trudong theo cong thitc nhu sau 7 = /e ** véi x 1a do day cua
moi trudng do, tinh bing mét. Biét rang nudc bién c6 p =1,4. Hay tinh xem cudng do
anh sang giam di bao nhiéu tir d6 sau 2m xuong dén 20m?

Bai 5.

Dé do do phéng xa ctia mot chat phéng xa B, ngudi ta ding mot mdy dém xung. Khi
chat nay phéng xa ra cac hat [, cac hat nay dap vao may va khi dd, trong may xuat hién
mot xung dién va bo d€m tang thém 1 don vi. Ban dau, may dém dugc 960 xung trong
vong mot phiit nhung sau dé 3 gio chi con 120 xung trong mot phiit (v6i cuing di€u kién).
Hoi chu ki ban ra cua chét nay 1a bao nhiéu gio?
Bai 6.

21
Gia st mot ham chi mic san xuét cia mot hang DVD trongl ngay la g(m,n) =m?3n?,
trong d6 m 1a s6 lugng nhan vién va n 1a s6 lugng lao dong chinh. Mdi ngay hang phai san
xuat dugc 40 san pham dé ddp ing nhu c4u khach hang.
Biét ring tién luong cho nhan vién 1a 16 USD va clia mot lao dong chinh 1a 27 USD.

Hay tim gia tri nho nhit chi phi trong 1 ngay cua hang san xuat nay.
Bai 7.

Trong Tin hoc, thuat todn tim ki€m trén mot cay can bang (mot dang graph dac biét) doi
hoi s6 budc di chuyén 1a P(n) ting vdi cay c6 bac n va duge xdc dinh theo cong thic sau

(=D(B,+D+(=DP +D
n

P.(i) = P=13"P0).
n-

Hay danh gia do phic tap cua thuét toan nay.



LOI GIAI BAI TAP BAI 4
Bai 1.
a) Trong bat dang thitc di cho, 14y logarit thap phan hai vé&, ta duoc

+b

aloga+blogh+clogc > aTH(loga +logb +logc)

< 3(aloga+blogb+cloge)>(a+b+c)loga+logh+logce)
Gia stt a>b>c thi loga >1logh >logc. Theo bat dang thitc Chebyshev cho hai diy don

a+b+c

diéu cuing chiéu thi dé thdy bat dang thiic cudi & trén ding. Suy ra a“b’c® > (abc) ?

b+c bc+a Ca+b

b) Trudc hét, ta chitng minh ring (ab’c)’ > a véi a,b,c > 0.

That vay, lay logarit nepe hai v€, ta c6

2lalna+blnb+clnc]=>(b+c)lna+(c+a)lnb+(a+b)Inc
< InaRa-b-c)+Inb(2b—c—a)+Inc(2c—a-b)>0
S (a-b)(Ina-Inb)+(b—-c)Inb—Inc)+(c—a)(nc—Ina)>0

Do ham s6 f(¢) =Int,7 > 0 dong bién nén biéu thiic a—b va Ina—Inb cung dau hay
(a—b)(Ina—Inb)>0. Tirdo6 suy ra v& trai & trén 1a tong cua ba biéu thitc khong 4m nén
n6 ciing khong am va nhu thé bat déng thitc da néu & trén la ddng.

Tiép theo, ta s& chiing minh (a”* + b +c*“")a """ + b~ + ) > 27,

Pat x =a"",y=b",z=c"",x,y,z >0 dua vé bit ding thic sau

3
xyz l+l+l 227<:>l+l+12
X y z X y z Rxyz

, ding theo BDT Cauchy cho ba s6 duong.

Vay bat ding thitc da cho diing. Pang thitc x4y ra khi va chikhi a=b=c.

a

O)Tacéd x>y>za>h nén 2 <y’ <x’. Xét ham s6 f(t)zt”,%zl,te(zb,xb).
Z ' a ol " ala 2 b b A N Py TN N
Ta cé f(t)zzt”  f (t)=g(z—ljt” >0,z" <t <x” nén ham s6 f'(x) la ham dong

bién trén (z°,x”). D& thay ham s6 nay ciing lién tuc trén mién x4c dinh nay.



Theo dinh 1i Lagrange thi tén tai s6 thuc ¢, € (z°, ") sao cho
fON=1E) =)0 -2") &y =2 = f(e)" ~2")
Tuong tu, ta cling thdy rang tén tai s6 thuc ¢, € (1”,x”) sao cho
X' =y = ) =y & =y =2 = e =y -2")
Taco f'(c,)= f'(c,) nén
(" =y =2") 2 f1e)x" =y =2") & =y -2") 2 (0 -y - 2)

Khai trién bt dang thic nay, ta cé x“(y" —z")+ y“(z" = x") + z*(x" = »") > 0 (dpcm).

Bai 2.
a) Ta xét céc truong hop sau
-V6i x=0 thi 2/(0)=2£(0) nén f(0)=a la mot s6 thuc nao do.

t

-Véix>0,da(2+V6)x=t>0<3Xﬁ:2+J§tm
J2 4432 B t B
f£2+ﬁt]+f(2+ﬁt)-2f(t)<:>f((2—x/5)t)+f(mj—2f(t).

biat r=(2- J2 )* thi phuong trinh trén tré thanh
fle=v2y )+ r(@=V2y ) =2/ (2-V2))

ﬁﬁnmdaj(@—Jﬁﬁzgunvamm:gm+n—gw)mnaw
gu+D+gu-1)=2gw)=gu+)-gu)=gu)-gu-1) < h(u+1)=h(u),vu.

Bang quy nap, ta thdy rang g(u + n) = nh(u)+ g(u) v6i n 1a s6 nguyén duong. Do d6

*)

h(u)+k(u),0<u<l1
gw>={

nh(u—u)+k(u—n),n<u<n+1,VneZ

trong d6 A(u),k(u) la cdc ham tuy y, A(u) tuan hoan véi chuki 1.



Suyra f(x)= g(logﬁ_lx),x >0.

Néu x <0 thi tién hanh dat —(2++2)x =¢= (/2 -1)", ta dugc
f(x)= g(logﬁ_1 ‘x ),x >0.

a,x=0
v6i g(x) xé&c dinh nhu (*).
g(logﬁ_l ‘x

Vay ham s6 can tim 1a f(x):{ o
, X

b) V6i moi so thuc x,y thi
f(x+ y) = f(x)'3b”+f(y)fl +bx(3by+f(y)fl - f(x + y) L H = (f(X) n bX)3h”+f(y)71.

bat g(x) = f(x)+5b*,Vx thi phuong trinh trén chinh 12 g(x + y) = g(x).35"" Vx,y (¥)
g(x)=0,vxeR

Thay y =0, phuong trinh trén tr& thanh g(x) = g(x).3*"" < { 0)=1
g =

-Néu g(x)=0,Vx thitacongay f(x)=-b",Vx.
-Néu g(0) =1 thi trong (*), thay x =0, tacé g(y)=35"".

Xét ham s6 () =3"—t,teR.Tacé A'(t)=3"In3-1,A"(t)=3""(In3)* > 0 nén phuong
trinh A(z) =0 c6 khong qua hai nghiém.

Ta lai thay h(1) =0,4(0) > O,h(%) < 0 nén theo tinh chat lién tuc cua ham s6, phuong
trinh /(¢) =0 c6 ding hai nghiém 1a ¢, = 1,7, =¢c,0<c<1.

-1
Do d6 g(y) =3 < | §V) VyeR
g(y)=c,0<c<l

Gia st ton tai y, € R sao cho g(y,)=c thi

1= 9(0) = 203~ 1) = g(-2) 3 =cg(oy) & glop) =2 > 1.

Diéu mau thuan nay cho thady ham s6 c6 dang g(») =¢,0 < ¢ <1 khong thoa man dé bai.
Do d6 g(y)=1,Vy e R hay f(x)=1-5b",Vx. Thu lai ta thay thoa.

Vay cdc ham s6 thdéa man dé bai la f(x) =b" hoac f(x)=1-b", moi x.



Bai 3.

i 1
a) Theo gi6i han co ban lim (1 + lj =lim(1+n)" = e thitacé

X—>+00 n x—0

1 1 & +b* -

m 1
x X X x X px -1 -l
. [a"+b" ) . a +b abt L +

llm = llm 1 + _1 2 — llme X — llme 2x 2x .

x—0 2 x—0 2 x—0 x—0
ax exlna _1 x

Hon nita lim =lim Jdna=1Ina va lim =Inb nén gidi han can tim la

x—0 x x—0 X. ln a x—0 x

1

) ax +br X Ina+Inb o
hm[ j —e 2 =™ =ab.
x—0 2

b) Diéu kién xdc dinh ctia phuong trinh 1a x > — R
n

2
24 —Aptx + 2.

Phuong trinh dé cho tuong duong véi 2% = 2n’x +1 <
bat ¢t =2n"x+1,tacd 2 =¢+1.

Xétham s6 f(1)=2'—t—1.Tacé f'(t)=2"Int—1, f"(t)=2".(In2)’ > 0 nén phuong
trinh f(¢) =0 c6 khong qua hai nghiém.

Ta cling c6 f(0) = (1) =0 nén phuong trinh f(#) =0 c6 hai nghiém la ¢t =0,z =1.

1
4n®
Xét bat dellng thic a™ +b™ 22+ 3x, . Diéu kién 0 < a,b #1.

Suy ra phuong trinh da cho ¢6 hai nghiém l1a x, =0,x = -

-Vé6i x, =0 thi a” +b" =2=2+3x,, bt dang thiic dugc théa man v6i moi a,b.

-V6i x =— bat dang thitc da cho trd thanh

n 2

1 1 7 7 —4n®
b b 3 a 4n + 4n 1
a” +b 4 >2— = b < 3



Cho n — +o0, theo cu a thi v€ trdi c¢6 giGi han la v/ab , v€ phai c6 gi6i han la eve.

Bit déng thic ndy phai ding v6i moi n nén vab <ee < ab<eé’.

1 1

a b I ey IR T
Nguoc lai, véi ab<e’ thi —— > (x/ab) > o2\ > 1+—(— : )
2 2\ 4n

(do ta c6 bét dang thic e* >1+x,VxeR). Suy ra a” +b™ >2+3x, ciing ding.

Vay diéu kién cAn tim 1A O<a,b#1 va ab<e’.
Bai 4.
1. Theo ham s6 da cho thi chi phi cong ty da chi sau 10 nam la
C(10) =90 —50e'° ~89,99773 (don vi tién)
2. Theo cong thic tinh ti 1€ phan tram da cho thi can tim t théa man
75-20In(t+1) <10 < In(z+1) > 3,25 < ¢t > 24,79 (thang)

Vay sau khoang 24 thang (tic 1a hon hai nam) thi s6 hoc sinh nhé duge danh sach d6 1a
dudi 10%.

3. Khi ¢6 100 quang cdo dugc phét ra thi ti I¢ ngudi xem mua san pham 1a

P(100) = % ~8,3799 %
+4Ye -

Khi c6 200 quang cdo dugc phét ra thi ti I¢ ngudi xem mua san pham 1a

P(200) = % ~ 29,0734 %
+ 4Ye

Khi c6 500 quang cdo dugc phét ra thi ti I¢ ngudi xem mua san pham 1a

P(500) = % ~97,3614%
+ e’

Ta thdy toc do tang cia ham m rdt 16n nhu thé€ cho thay stic anh hudng cuia quang cao
d6i véi nguoi tiéu dung.

4. Theo cong thiic da cho thi cudng do 4nh sang thay doi khi di tir do sau x, dén do sau



. . I Ie_,uxl B
x, chinh la —- zo_yx — gH)
—HA2
I, e

Do do6, khi di tir d0 sau 2m xudng do sau 20m thi cuong do anh sang giam di
e = 2 %8, 7947.10" lan

Gid tri nay rat 16n ching t6 & do sau 20m duéi mat nudc bién gan nhu khong ¢ dnh sdng
chiéu téi duoc.

Bai 5.
Goi AN, 1a s6 hat B~ tao thanh trong khodng thdi gian A¢,, ké tir thoi diém ban dau.
Tacé AN, = N, — N, = N,,(1-e ") véi N, 1as6 hat phong xa B~ ban dau.
Sau 3 gid, s6 nguyén tit con lai trong chét phéng xala Ny, = N,,.e**
KEé tir thoi diém ndy, trong khoang thoi gian Az, thi s6 hat B~ tao thanh 1a
AN, =N, —N, =Ny, (1-e"").
Cho At = At, =1 phiit thi theo gia thiét, ta c6 AN, =960,AN, =120. Suy ra

In2

kg
ANl_ Nm(l ¢ ) 96O:€3k<:>1n8:37<:>T:1.

= =
AN, Ny,e*(1-e ™) " 120

Vay chu ki ban ra cua chat phong xa da cho 1a 1 gio.
Bai 6. Theo gia thiét, ta ¢6 chi phi méi ngay 1a C =16m +27n USD.
Do ham san xudt méi ngay phai dat dugc chi tiéu 50 san pham nén cin c6

3 40°
n’ 24O<:>m2n2403<:>n2—2.
m

2
m3

Biéu thitc biéu dién m6i quan hé giita s6 luong nhan vién va chi phi kinh doanh la

27.40°

2
m

C>16m+

Theo bat dang thitc Cauchy thi

16m + =1440

—=8m+8m+ 2 >
m m m

27 40° 2740° ; i/Sm.8m.27.403



Do d6, chi phi thap nhét can tim 1a C_,, =1440 USD, dat dugc khi va chi khi

3 3 3
&m = 27'10 oSm = 3 '2430 =60, ttc la s6 nhan vién la 60 va lao dong chinh la xap xi 18
m
nguoi (do n = % ~17,778 = 18).

Bai 7. Theo gia thiét, ta c6 P, = 0. Ta bién doi gid thi€t nhu sau

Z%il’n(i): z(z )P, + D) +(n—i)P_ +1) 22[(})“)]

i=1 n

n—2
Suyra P, = (H%Z[i(]’i +1)]. So sénh hai ding thiic nay, ta dugc

i=1

(=1, 20=D(B, +1) _ (1=

2
n n

P =P 1)[(n+1) P +2].

Tur do, ta dugc cong thitc tinh P, theo n nhu sau

L (n+1)(n—22) (n+D(n=3)  (n+D(n—4) m+n+1]
n (n—1n (n—=2)(n—Dn (n—-3)(n—2)n 2.3n

2(n—|—1) 241 1
Z(n—l-l—l)(n i+2)  n ,E;n—wrz n—i—{—ll

:2(n+1)H
n

—4

1 1 1 N X LN N N 7 [ . N 2 A
Trong d6 H, =1+—+—+...+— la chudi diéu hoa va c6 gidi thiéu trong bai trude. Ta biét
n

rang H —Inn c6 gi6i han hitu han nén big-O cia H, 1a Inn.

. +1 5 ) PN
Ta cling c6 lim =2 nén dé dang suy ra do phtc tap cua thuat todn nay la 2Inn.

n—>+00 n




BAI TAP BAI 5

Bai 1. Giai cac phuong trinh sau

a) log, (x —vVx* =1)+log,(x +Vx* =1) =log, (x +Vx* 1)

b) log,(log,(log, x)) = log,(log,(log, x))

Bai 2. Giai cac phuong trinh sau

) (V3-1)" 2 (VE 1) =2 4 ) VS 2 b 2x ] 4 1= 5
c) 4(x—-2)[log,(x=3)+log,(x—2)]=15(x +1)

d) 4° =27 4+ 22" = Dsin(2* +y—1)+2=0

Bai 3. Giai cac phuong trinh sau

a) 5" +4"+3°+2" :z—lx+3ix+6—lx—4x3+2x2—x+16

b) (x+1)log4* = xlog(x+2"")

o)log, (x*-2x-11)= logﬁm(x2 —-2x-12)

d) 3log2(3x—l) — 210g3(2x+l) +1

Bai 4. Giai cac bat phuong trinh sau
1—x
2) Q2 | 32 < 32etl 4 o2t b) 2 2: 23;+1 >
x4024 +x2012 > 20122x +2012x
x4022 + x2011 < 201 12x + 201 12x
Bai 5.
a) Ching minh ring moi phuong trinh sau day ¢6 nghiém duy nhat

c)

COSX =X (D
sin(cosx)=x (2)

cos(sinx)=x (3)



b) Goi a, 3,y lan luot 1a nghiém clia cdc phuong trinh (1), (2), (3). Chiing minh rang

ya.InfB < By.Ina <af.Iny
Bai 6.

a) Cho x 1a nghiém ctia phuong trinh (3+2v2)" =(2 =1)* +3
Chiing minh ring x ciing 1a nghiém ctia phuong trinh (ﬁ +1)" = 2cos%

R ’ . . < 1 L s "
b) Biét rang soO thuc a thoa man phuong trinh 4 7 =2cosax c6 ding 2010 nghiém
thuc. Hoi phuong trinh 4* + % =2cosax c6 bao nhiéu nghiém thuc?

Bai 7. Giai cac phuong trinh sau

a) log, .(2x)+log, (2—-2x)=0
b) (2+\/§)sin2x _(2+\/§)0032x +(2_\/§)0032x :(14_%]

¢) Xdc dinh cdc s6 thuc a > 0 sao cho a**** >2cos’ x,Vx € R.



LOI GIAI BAI TAP BAI 5
Bai 1.

a) Xét phuong trinh log, (x —v/x* —1) +log,(x +Vx* —1) =log (x +vVx* —1)

A1 . 1
Diéu kién xdc dinh 13 x>1. Pat r =x—+/x*—1.Tacé x++/x* —1 == Do d6, ta c6

10g2t+10g3%=10g6%<:>logzt—log3t+log6t=0<:>logzt(l—log32+log62)=O<:>t=1

Ta xét phuong trinh x —Vx* —1=1< x-1=/x" -1 x> —2x+1=x"-1< x =1, thoa
man diéu kién da cho.

Vay phuong trinh da cho c6 nghiém duy nhatla x =1.

b) Diéu kién x > 0. Phuong trinh di cho tuong duong véi
log, (log,(log, x))* =log, (log,(log, x)) < (log,(log, x))* = log,(log, x)
& (log,(log, x))* =log,(2log, x) < (log,(log, x))* =log, 2+ log,(log, x)

bat ¢t =log,(log, x) . Ta c6 phuong trinh bac hai bién t la

1+ i+ 4log, 2 , o
2 =log,2+te1= 812 Khi do, tac6 x =4 , thir lai ta thy thoa.

Vay phuong trinh da cho c6 hai nghiém xac dinh nhu trén.

Bai 2.

a) Dicu kién xédc dinh x > 0. Phuong trinh da cho tuong duong véi

(V3 1) ™ (V31 a5 1) | (B1) ™ (1)

N +x(\/§+ 1)210g2x = (\/5 +1)log2x (x2 +1) o x+x<\/§ +1)210g2x = (\/§+ 1)1og2x<x2 +1)
Al (ﬁ+1)21°g” +1

X (\/§+1)log2x
‘+1 b +1 a=>b

Ta thdy déng thic £ = s a’b+b=ab’ +a< (a—b)ab—1)=0<
a b ab=1

= x[(ﬁ +1)210g2x +1} = <\/§+ 1)1og2x (x2 +1) =




Ta c6 hai truong hop sau

Néu x = (/3 +1)°=" thi 14y logarit co s6 2 hai v€, ta dugc

log, x = logz(\/g +1).log, x < log, x =0 < x =1, thoa man diéu kién xdc dinh.
-Néu x(\/g +1)°&* =1 thi ciing 14y logarit co s6 2 hai v&, ta duoc

log, x +log, x.log, (\/g + 1) =0< log, x.[l +log, (\/5 +1)} =0

<log, x=0=x=1.

Vay phuong trinh da cho c6 nghiém duy nhatla x =1.

b) Diéu kién 5° > 2x,x > —%.

bat a =5 -2x,b=~2x+1,a,b>0.Taco
a’ =5 -2x,b* =2x+1l<=a*-b* =5 —4x-1,a* +b*=5"+1. Do d6
(@ +b)a"=b)=5"+D)(5" —4x-1)=5" —4x5 —4x—-1.

Phuong trinh da cho ¢6 thé viét lai 1a
a—b=(a’+b*)(a’ —b*) & (a—b)(1—(a’ +b*)a+b))=0.

Neuw a-b=0=a=>bthi 55 -2x=2x+1=5 =4x+1.

Day 1a dang phuong trinh c¢6 dang Bernoulli va né c6 hai nghiém la x = 0,x =1, thoa

man diéu kién dé bai.

Néu (@ +b*)a+b)=1< (5" + D5 —2x ++/2x+1) =1.

Ta thdy ring /5" — 2x +2x+1 2 /(5" =2x)+ 2x+1) =/5' +1>1 va 5 +1>1 nén
phuong trinh trén vo nghiém.

Vay phuong trinh da cho c6 hai nghiém la x =0,x=1.
c¢) Diéu kién xdc dinh x > 3.

Phuong trinh da cho c6 thé viét lai 1a log,(x—3) +log,(x—2) = %5 al +; .
x J—




' 1 1
= +
In2-(x-3) In3-(x-2)

Ta c6: (log,(x —3) +log,(x-2)) >0, Vx>3,

(1—5~x+1j L Y
4 x-2) 4 (x-2)

Suy ra v€ trdi 1a ham s6 dong bién theo bién x, v€ phai la ham nghich bién theo bién x nén
phuong trinh da cho c6 khong qua mot nghiém.

Ta thay x =11 vao phuong trinh thi thay thoa man.
Vay phuong trinh da cho c6 nghiém duy nhatla x =11.

d) Phuong trinh da cho tuong duong véi

(22— 227 4+ 1)+2(2° —1)sin(2* +y—1)+1=0
& (2" =1 +2(2" —Dsin(2* +y =) +sin*(2* + y—1)+cos’ (2" +y—1)=0
&2 —14sin@ +y— | +cos’ (2 +y—1)=0
2" +sin(2"+y—-1)=1
N sin( y—1)
cos(2*+y—1)=0

Do cos(2* +y—1)=0=-sin(2" 4+ y —1) = £1. Ta c6 hai truong hop sau
-Néu sin(2* + y—1)=1 thi 2* =0, vo nghiém.

-Néu sin2*"+y—1)=—1thi 2*=1<x=0.

Suy ra sin(y+1)=—1©y:—g—nkzn,kez.

Vay phuong trinh di cho c6 nghiém 1a x =0,y = —g N+k2mkeZ.
Bai 3.

a) Xét ham s6 f()c)=5)‘+4)‘+3)‘+2)‘—(2LX+3Lx+6lxj+4x3 —2x’+x-16,xeR.

In2 In3 In6
+—+

Tacc’)f’(x):5x.1n5+4x.1n4+3x.1n3+2x-1r12+(2x 3 T

j+12x2—4x+1>0



Suy ra ham s6 nay dong bién va phuong trinh f(x) =0 c¢6 khong qua mot nghiém. Ta

thay f(l):5+4+3+2—(%+%+%)+4—2+1—16=0.

Vay phuong trinh da cho c6 nghiém duy nhatla x=1.

b) Phuong trinh da cho tuong duong véi
x10g4X+1 = xlOg(X-l— 2x+1) S x=0v 4)“*'l = x4+ 2x+1 .

Ta xét phuong trinh 4 =2"" 4+ x, dat x+1=y,tac6 4" -2" -y +1=0.
Xéthamso f(y)=4"-2"-y+1.Tacod f'(y)=4"In4-2"In2-1.

Dé thdy rang phuong trinh f’(y) =0 c6 ding mot nghiém £ va f’(y) duong trén mién

(k,+o0) va am trén mién (—o0;k).

3 5 3

3
Ta cling thdy rang f’[%]>0 do f’(%)=441n4—241n2—1=1n2(22—24)—1,m51

5 3 5 3
1n2>10g2>% va 22 —24 >§—2:? hay f’(%)=1n2(22—24)—1>0.

2
Do d6 k<%. Ta cling c6 f(y):(Zy —%) +%—y:>f(y)>0,‘v’y<% nén f(k)>0.
RO rang k 12 diém cuc tiéu ctia ham s6 nay nén f(y) > f(k) > 0.

Suy ra phuong trinh 4 —2” —y +1=0 vo nghiém.

Vay phuong trinh da cho c¢6 nghiém duy nhatla x=0.

¢) Xét phuong trinhlog, . (x*—2x~11)= log, — (x> =2x-12)

Diéu kién 2x* —2x—12> 0.

Ta thdy ring (2++/5)> =9+4/5, con (242++/5)* =8+ 4+/5 nén c6 thé bién déi

phuong trinh trén thanh

1 1
510g2+ﬁ(x2 —2x-11) =§log2m(x2 ~2x-12)

< 10g9+4ﬁ(x2 —2x—-11)= 10g8+4ﬁ(x2 —-2x-12)



Dit a =8+4/5 thi log,, (x> —2x—11) =log, (x> —2x—12), tiép tuc dat
log,, (x*=2x-11)=log (¥’ -2x-12)=t < (a+1) =x* —2x—-1lLa' =x* - 2x-12.
Suy ra (a+1)" =a' +1. Dén day, tiép tuc giai nhu Vi du., tacé ¢ =1 hay

X =2x-12=8+4/5 & x=2+2J5vx=-25.
Dé thay hai nghiém nay théa diéu kién dé€ bai nén phuong trinh da cho c¢6 hai nghiém la
x:2+2\/§,x:—2\/§.

d) biéukién 3' -1>0< x>0.Pat a=log,3,y=2".

Phuong trinh da cho tuwong duong véi

1

G =)= =2 )= H e (' =) =(y+D) +1la (O =D =) —1=y
Xét ham s6 f(r) =1t —1,t > 0 thi phuong trinh trén chinh 1a f(f(f(»)))=».

Dé dang thdy rang f(¢) dong bién va f(2)=2 nén f(1)>t,Vi>2, f(t)<t,0<t<2.
Suy ra phuong trinh f(f(f(y))) =y c6 nghiém duy nhatla y=2,suyra x=1.

Vay phuong trinh da cho c6 nghiém la x =1.

Bai 4.

a) Ta thay ring néu x =1 thi hai v€ cla bat phuong trinh nay bing nhau. Ta xét thém cac
truong hop sau

Néu x>1= x+2<2x+1 thi 277 < 227 372 < 32— o2 | 32 9241 4 3291 "th)a
man dé bai.
-Néu x <1 thi bat dang thitc & trén déi chiéu va khong thoa vé6i dé bai.

Vay bat phuong trinh da cho cé nghiém la x > 1.

b) Ta thdy ring ham s6 f(x)=2""—2x+1=—-2x+1 —|—2—2x la ham nghich bién va

f()=0,7(x)> f(1)=0<> x<1<>1-x>0 nén f(x) ciing ddu véi 1—x.



Ta ciing thdy rang ham s6 g(x)=2"—1 la ham déng bién va g(0) =0 nén
2(0)>0< x>0 nén g(x) cung diu vdi x.

. 1=
Suy ra bat phuong trinh da cho tuong duong véi —~ >0 0 < x <1

X
Vay tap nghiém ctua BPT la (0;1].

c) bat 2012 = y, ta xét bai todn téng quat hon nhu sau
2y y 2x X
X7 H+x >y +y
x2y—2 +xy—l < (y_ 1)2x + (y_ 1)2x
Bat phuong trinh thit nhat tuong duong véi
X =y =y >0 (X -y YD)+ =y >0 (X -y +y +1) >0

Dé thdy x” +y* +1>0 nén ta dugc x” > y*.

Tathdy x’ >y' < ylnx>xlhy < In x > Iny < In x > 1n2012.
x y x 2012

Ta lai dat 2011 = z, phuong trinh thit hai tuong duong véi x> +x° < z** +z*.

Inx 1n2011

Bién d6i twong tu nhu trén, ta dugc < :
X 2011

Do d6, hé bit phuong trinh di cho tuong duong véi In2012 Inx 1In2011
2012 x 2011

Xét ham 6 f(1) = h;—t,t > 3. Ta thiy ring f'(1) = 1:# <0,Vt>3.

Suy ra ham s6 nay nghich bién trén (3,+0).

., In2012 Inx In2011
< <

o do,
2012 X 2011
phuong trinh da cho.

< 2011 < x<2012. bay chinh la nghiém cta hé bat

Bai 5. a) Xét ham so tuong tng vGi phuong trinh (1) 1a f(x) =x—cosx. Do

. y A T
—1<cosx <1 nén ta chi can xét xe(—;;;j.



Tacé f'(x)=1+sinx>0,Vxe (—%%} nén day 12 ham déng bién.

Hon nira, do f(0) <0, f(1) >0 va day la ham lién tuc nén phuong trinh f(x) =0 c6
nghiém duy nhat. Ta c6 dpcm.

Cac phuong trinh (2) va (3) dugc chiing minh tuong tu.

b) Dé thdy «, B8,y (0,1). Bit dang thic can ching minh tuong duong vdi

1nﬁ<1na<1n)/
B a vy

1-Int

t2

P ’ Int . N PN i
Xét ham s6 g(t) = 7,0 <t<l.Tacé g'(t)= > (0 nén ham s6 nay dong bién trén
(0,1). Do d6, dé chitng minh bat dang thic cudi & trén, ta chiing minh S <a <7y .

Gia st > a thi  =sin(cos ) <cos S <cosa =a , mau thuan; ticla f<a.

Gia st y <a thi y =cos(siny) =cosy >cosa =a , mau thuan; tic la o < y.

Vay B <a <y hay lnﬁﬁ < Ina < Iny S yoalnp< By.na<af.ny.
a Y
Bai 6.
a) Ta thay 3+ 242 = (\/5 +1)° = ;2 nén néu trong phuong trinh da cho, dat

2-1)
t=(2+1)">0 thi =%+3@ £ =3t-1=0. (%)
Ta s tim nghiém thuc duong ctia phuong trinh nay.
Trudc hét, ta xét cac nghiém thuoc [-2;2], dat 1t =2cosa,x €[0,7], ta co

8cos’ @ —6cosa—1=0< cos3a =%<:>3a =i§+k27r<:>a =i%+k2?ﬂ,keZ.

Dé thay ring trong doan [0,7], ¢6 3 gid tri o thda I %,%’T,%’T, ttc 12 phuong trinh (*)

c6 ba nghiém la 2005%,2c055§,200s7§. Phuong trinh (*) 1a phuong trinh bac ba nén

c6 khong qua ba nghiém, suy ra day la tit ca cic nghiém cua (*).



Trong cac gia tri nay, chi c¢6 2cos% >0 nénsuyrat= (\/E +1)" = 2c0s%.
b) Phuong trinh thit hai c6 thé viét lai 1a
2'——=2cos— (1)

2
4" +L—2=2(cosax+1)<:> 2" _L —dcos? 2 o
4" 2 R ax
2" ——=-2cos— (2)

2° 2
Giad sit X;,X,,X;,..., X, 12 2011 nghiém phan biét ciia phuong trinh 4" — % =2cosax (*)

Ta thay rang phuong trinh (*) nay khong ¢6 hai nghiém nao d6i nhau vi néu nguoc lai, ton
tai x,,—x, déu la nghiém cua (*) thi ta c6 hé sau

4% — I = 2cosax,
4% i 1 4 1

4 4

:>4xi_ <:>4xi:4_xi<:>x[:O,V61i.

1
47 —— =2cos(—ax,
4 = 2cos(—ax)

1 .
-Xét phuong trinh (1), dat x = 2¢, tac6 4' — i 2cosat . Theo gia thi€t thi phuong trinh
nay c6 2011 nghiém phan biét 1a x,,x,,x;,...,X,,,, nén phuong trinh (1) twong tng c6 2011
nghiém phan biét 1a 2x,,2x,,2x;,...,2X,, .
-Xét phuong trinh (1), dat x = —2¢, ta cling c6 phuong trinh 4’ — % =2cosat . Theo gia

thiét thi phuong trinh nay c6 2011 nghiém phan biét la x,,x,, x;,...,X,,,, nén phuong trinh
(2) tuong ung c¢6 2011 nghiém phan biét [a —2x,,—2x,,—2x,,...,—2X,,,,.

Do cic gid tri x,,X,,X;,...,X,,, phan biét va khong c6 hai s6 nao doi nhau nhu chirng minh

O trén nén cac gid tri —2x,,—2X,,—2X;,...,—2X,50, 52X, 2X,,2X5,..., 2X,,, clNg phan biét.

Vay phuong trinh 4" + % = 2(cosax+2) c6 dung 4022 nghiém phan biét.
Bai 7.

a) Diéu kién 0 < x <1. bat a =log,(1-x),b =log, x. Taco

a+b=log,(1-x)+log, x =log, [x(1-x)] > log, (—%) =-2.



Phuong trinh da cho tuwong duong véi

10g22+10g2x+10g22+10g2(1—x)_ l1+a

P | DN S C M
log,(1-x) log, x a

S+’ +b+1)° —(a+b+2)=0

Do a+b+2<0nén (a+1)*+(b+1)> —(a+b+2)>0 va dang thic cling xay ra khi va

chi khi a =b=-1 hay logz(l—x)=10g2x=—1<:>x=%.

: o s P s 1
Thr lai, ta thay thoa. Vay phuong trinh da cho c¢6 nghiém duy nhét 1a x = 3

b) Phuong trinh di cho viét lai 1

(2+\/§)sin2x _(2+\/§)0032x 2(14‘%] _(2_\/5)0032)( (*)

Ta xét c4c truong hop sau

-Néu cos2x > 0 < cos’ x > sin’ x, do 2+\/§>1 nén

(2+~2)" " — (2 +2)" " <0, trong khi d6 do 1+g> 1>2-+/2 nén

( ﬁ

cos2x
1+ 7) -(2- \/E)COSZX > 0. Trong truong hgp nay, phuong trinh (¥) & trén khong

duoc thoa man.
-Néu cos2x <0, lap luan tuong tu truong hop trén.
-Néu cos2x = 0 thi (*) dugc thdéa man va phuong trinh da cho cé nghiém la
T N
x=—+k—kel.
4 2
c) bat t=2cos> x = 0<¢<2. Yéu ciu bai todn twong duong véi viéc tim a > 0 sao cho
a™ >t,Vte[0;2].

Ta thay ring vé6i ¢ = 0 thi bat dang thitc ding va khong phu thudc vao a nén ta chi can
xét 0 <t <2.Lay logarit nepe hai vé& clia bat dang thic, ta c6



(t—DlIna >1n¢,Vt € (0;2] (¥)

Dé thay bat dang thiic nay ciing luén ding vé6i £ =1 nén ta chi can xét hai khoang sau
’ , 1
_N&u ¢ e (0;1) thi £—1<0,In <0, (*) tuong duong véi Ina < tﬂl

Bt dang thitc nay phai ding v6i moi ¢ € (0;1) nén Ina < hmtn—t1 =1.
x—1" f—

-Néu ¢ € (1;2) thi 1=1>0,Inz >0, (*) tuong duong véi Ina ztln_tl,

Bt dang thitc nay phai ding v6i moi ¢ € (0;1) nén Ina > lim -t 1.

x—1T t —1
Do d6, ta can phai c6 Ina =1 <> a = e dé théa man ca hai bat dang thiic trén.
Thr lai, v6i a = e, ta can chiing minh ¢ —1> In¢, V¢ € (0;2].

X6t ham s6 f(u) = — 1~ Inu,u € (0;2]. Taco f/(u)=1— - = 1=
u

1
Su)=~-—5<0
u u
nén f(u) dat gia tri nho nhat tai nghiém cua (1) =0 hay u=1.
Tacéd f(u)= f(1)=1-1-In1=0 nén ta dugc t —1>In¢, V¢ € (0;2] la ding.

Vay gid tri can tim la a = e.



BAI TAP BAI 6

Bai 1.

a) Cho x,y la céac s6 thuc duong théa man log, x = log, v =log,(x + y). Tinh ti s6 X

y
b) Giai hé phuong trinh sau
y4 _ 4x+2xy—2x+4 — 5
\/sz —3xy+4y° +\/E =4y
xlogxx +ylogxx — 4
c¢) Giai hé phuong trinh sau
log, x—log, y=1
Bai 2. Giai cac hé phuong trinh sau
) 10g2<1+\/;)=10g3y b) {x2+3x+ln(2x+1)=y
a
x> +2cosx =y’ +2cosy Y +3y+InQ2y+1)=x

5" =2y+1+2log,(4y+1)
c) 15" =2z+1+2log,(4z+1)
5 =2x+1+2log,(4x+1)

Bai 3.

log, xy =3log, x.log, y

a) Giai hé phuong trinh sau x 3
log, —= Zlogy x
y

22012 22011
X+y+xy=z" +2z
22013

b) Tim céc nghiém duong clia hé phuong trinh sau < x* + y* =2z
(x+y) " =+

Bai 4. Giai cac hé phuong trinh sau



210g3x +y10g32 — 6 >

a) log, y+log, x=1

X 2x2+2xy7y2 ¥
c) 12" +4 =52
log, x+log, y =log, x.log, y

Bai 5. Giai cac hé phuong trinh sau

2
poe X +1

2) R
3log,(x+2y+6)=2log,(x+y+2)+1

,(1+42x—y).51—2x+y _ 1+22x—y+1
b) -

¥ +4x+141In(y* +2x)=0
Bai 6.

g2l _g2nel 001 1y <2011

a) Tim m dé hé sau c6 nghiém
¥ =(m+2)x+2m+3>0

b) Ching minh rang hé phuong trinh sau ¢6 ding hai nghiém phan biét

¢ =2011——2
y -1
¢ =2011——=
xt -1

Bai 7. Giai cac hé phuong trinh sau

{22){}41 + 2—2x+y+1 + 32x—y+1 + 3—2x+y+1 — 52x—y+1 + 5—2x+y+1
6xy° =16x" —1

log (log, x) =log,  (log; ,(3-x))

b)
cotx—coty= logZ
X

x
. 10g2510g3§=1



LOI GIAI BAI TAP BAI 6
Bai 1.

a) bat log, x =log, y =log,(x+y)=¢.Suyra 9" =x,6' = y,4' =x+ y hay

t2 t
9t+6’=4’<:>£%j +%—1=O
t
1+ _

szlta:(%j >0 thi a’+a-1=0&<a= 1_2\/5 nhung do a >0 nén a = 1+2\/§

x93 x —1++5
Hofnmra—z—tz—t:a nén — = .

y 6 2 y 2

y4 _ 4x+2xy—2x+4 — 5
\/sz —3xy+4y° +\/E: 4y

b) Xét hé phuong trinh [

Diéu kién 8x* —3xy+4y> >0,xp >0,y >0< x,y>0.

Phuong trinh thit hai ciia hé twong duong véi

=y _,

NEE

+

8x? —3 +42—3)+ —y) =00 B
(\/x xy+4y* =3y (\/5 y) J8x2 —3xy+4y° +3y

&x+5y y
J8x* =3 R
X" =3xy+4y” +3y XY+

S (x=y) —0ex=y

Thay vao phuong trinh thit nhat cua hé, ta dugc phuong trinh sau
e dx + 2x2—2x+4 -5,

Ta thdy ring 2% 2" =20 > 23 =8 suyra

S5—(x*—4x)=2"""">8 eyt —dx+3<0 e (x— 1)’ (¥ +2x+3)<0.
Do d6 x =1 va y =1. Thu lai ta thiy thoa.

Vay hé phuong trinh da cho c6 nghiém la x = y =1.



logg x logg x
8% 8 — 4
¢) Xét hé phuong trinh Y

log, x—log, y=1

Diéu kién x,y > 0. Phuong trinh thtt hai tuong duong véi log, =~ =1 x=4y.
y

Thay vao phuong trinh thit nhat cia hé phuong trinh, ta c6

(4y)l°gx 4y + legx 4y — 4 = 4l°gx y.yl(’gx)’ + yl(’gx“.yl(’gxy — 4
2 2

N yg.yl(’gxy _i_yg.yl(’gxy — 4 = y

g+lo
3 g8 Y

2 1
:2<:>[§+10gSY)10g8y:§
<:>310g§y+210g8y—1:O<:>10g8y:—lvloggy:%

& —l\/ —2<:>x—l\/x—8
y 3 y >

11

Vay hé phuong trinh da cho c6 hai nghiém la (x,y) = [E;g]’(& 2).

Bai 2.

a) Diéu kién x>0,y >0.

Ta thdy néu x =0 thi log, y =log, (1 + \/;) =0 = y =1, thay vao phuong trinh tht hai, ta
thay khong thoa.

Suy ra x > 0. Khi d6, ta xét hAm s6 f(t) =¢> +2cost, t > 0.

Ta thay rang f'(¢) = 2¢ —2sint = 2(¢ —sin¢) > 0,V¢ > 0 nén ham s6 nay dong bién trén

(0;+0) va phuong trinh tht hai ctia hé tuong duong véi f(x)= f(y) = x=y.

Thay vao phuong trinh tht nhat cta h¢, ta dugc log, x = log, (1 ++/x )

Dat 1og3x=10g2(1+&)=z:>&=(ﬁ)f =2'—1.Suyra

W3) +1=2' & (?T +(lj[ =1

2



VE& tréi 16 rang 1a ham nghich bién nén phuong trinh nay c6 khong qua mot nghiém. Ta dé
thay nghiém duy nhat cta phuong trinh nay chinh 1a x=2.

Vay hé da cho c6 nghiém duy nhat 1a (x,y) =(2,2).

a1 1 y 1
c) biéu kién x,y > - Xétham s6 f(t) =¢> +3t+1In(2t +1), t > -

Tathdy f'(¢1)=2t+3+ 2t1 " >0, t> —% nén day la ham dong bién.
+

Giastt x>y thitrthé trénsuyra f(y)> f(x)=> y>x.
Do d6 néu (x, y) 1a nghiém ctia hé thi x =y .
Ta can giai phuong trinh x” +2x +In(2x+1)=0.

Dé thay vé trdi 1a ham dong bién nén phuong trinh nay c¢6 khong qua mot nghiém. Hon
nita, khi thay x =0 vao phuong trinh, ta thdy thoa man.

Vay hé phuong trinh da cho c6 nghiém duy nhatla x=y=0.

5" =2y+1+2log,(4y+1)
c) Xét hé phuong trinh (5" =2z+1+2log,(4z +1)
5 =2x+1+2log,(4x+1)

Diéu kién xédc dinh x,y,z > —% :

” 1 ~ -’ Q .
Xétham s6 f(¢)=5" va g(t) =2t +1+2log (4t +1),t > T Dé dang thay rang hai ham
e N A * A A 1
sO nay dong bién trén (—Z;-l—oo) .

Khong mat tinh téng quat, ta gia st x 12 s6 16n nhat. Khi d6 x> y,x>z.

f(x)=g()
Hé phuong trinh da cho ¢6 thé viét lai 1a < £(v) = g(2)
f(z)=g(x)

Doxzy=f(x)2f(»)=>g)z2g(@2)=y2z=> ()2 f(2)=g(2)2g(x)=>z2x.



Nhung do ta gia sir x 12 s6 16n nhat nén buoc dang thic phai xay ra, tic1a x =y =z.
Khi d6, ta chi can giai phuong trinh f'(¢) = g(¢) hay 5" =2¢+142log. (4t +1).

bat s=log (4t +1) &5 =4r+1va 5 =2t +2s+1.

Trir tiing v€ hai phuong trinh ndy, ta duge 5° —5 =2(t—s) < 5 +2t=5"+2s.

Do tinh d6ng bién ctia ham s6 /#(y) =5” +5y nén tir day, dé dang thay rang
t=s<5 =4t+1.

Day la phuong trinh c6 dang Bernoulli nén n6 ¢6 hai nghiém la # =0,z =1.
Vay hé phuong trinh da cho ¢6 hai nghiém 1a (x, y,z) = (0,0,0),(1,L1).

Bai 3.

X 2x2+2xy7y2 y
a) 12" +4 =52
log, x+log, y =log, x.log, y

Diéu kién xdc dinh x,y > 0.

x 2xy y
Phuong trinh thit nhat cua hé twong duong véi 27 +4.27 * =52~

= b4
Pat a=2",b=2" thi a,b>0.Tacé

2

a+4%:5b<:>5b2:4a2+ab<:>(a—b)(4a—|—5b):O<:>a:b.

X

Suyra 2’ =2 o X=X o= ) oo
yra2l =2 —=—&x =y Sx=y.

y X
Thay vao phuong trinh thit hai cua hé, ta dugc

log, x +log, x =log, x.log, x < log, x(1+log. 3) = log, x.log. x
<log,x=0vlog,x=log. 15 x=1vx=15

Vay hé phuong trinh da cho c6 nghiém la (x,y) = (1;1),(15;15).



b) bat z© =a > 0. Hai phuong trinh thtt nh4t clia hé ¢ thé viét lai 1a

x+y+xy=a +2a (x+D(y+D)=(a+1)
e
xt+y*=2a" xt+y*=2a"

2
Dé thdy bing bign déi tuong duong, ta cé bt ding thic (x+1)(y+1) < (x ; Y 1) .

2
+1j < 2a<x+y.

Do d6, tit phuong trinh thit nhat ciia he, ta ¢6 (a +1)° < (x ; 24

4 4 4
~ Xt X+ . N P S p
Ta cling c6 Y > ( 5 4 j nén theo phuong trinh thit hai cua hé, ta c6

2

4
(x;yj <a'ox+y<2a.

Suy ra 2a < x+ y < 2a nén dang thiic trong cdc bat dang thifc trén phai xay ra, tic 1a
2a=x+y,x=yx=y=a.

z 2 s 2 , 2 . a2 o 18 z—1 X+y>0
Do dé, dang thic cuoi co6 thé vietlai la (x+ y) =1 .
x+y=1lvz-1=0

¢ 1 2011 1 1
Néw xr+y =1 thi i x =y, tacongay x=y=- V2 2’ :5@*2:2”“@.

Néuz=1thia=1=>x=y=1.

Vay hé phuong trinh da cho c6 hai nghiém 1a (x,y,z) = (1;1;1),(22‘“\1/; 22‘”\1/%; 22‘”{/%).

Bai 4.

210g3x +y10g32 — 6
a —
) logxy+10g%x—1

X

Diéukién O<x,y#1,y # x’.



1
Phuong trinh thit hai cua hé tuong duong véi log_ y + e 73 =1.Pat r=log_y.Taco
08,y —

t+¢13:1<:>t2—4t+4=0<:>t=2,suyfa log,y=2&y=x".

Thay vao phuong trinh tht nhat ciia he, ta dugc 2°5* +2°8% = 6 < 205 4 220wx — ¢
Pit =2"">0.Tacé a+a’ =6 <= (a—-2)(a+3)=0=a=3.
Do d6 2°%* =3 < log, x =log,3 <> x =3"%7,

Vay hé phuong trinh di cho ¢6 nghiem la (x, y) = (3°3,37°?).

1 1 2
+

x’+1 y2+1:xy+1

b)
X Y
log, —log, —=1
g, > g 3
Diéu kién x,y > 0. Phuong trinh thit nhét ctia hé tuong duong véi

1 N I
¥+l Y+l xp+l

Sy +D)(P+y?+2)=2(x + DY’ +1)
Sxp(P+y )+ 2xp+x7+ 3y +2=2x"Y" +2(x7 + ) +2
Sxx-y) =(x-y) < @x-y) y-D=0

Twr d6 suy ra x = y v xy =1. Ta xét hai truong hgp

-Néu x =y, dé thdly x =y =1 khong thoa man nén ta c6 bién déi sau

log, §10g3 % =1 (log, x—1)(log, x—1) =1 < log, x.log, x = log, x + log, x

1 1

+ =l<log 2+log 3=1<log 6=1<x=6
log,x log,x “

Trong truong hop nay, hé c6 nghiém la (x, y) =(6;6).



’ 1
-Néu xy =1 thi y=— vataco
X

1
log, §10g3 E 1 < (log, x —1)(log, x +1) = -1 < log, x.log, x = log, x —log, x

11
log,x log,x

=1<:>10gx2—10gx3=1<:>logX%:l@x:%
N S A s 23
Trong truong hop nay, hé cé nghiém 1a (x, y) = 5,5 .

Vay hé phuong trinh da cho ¢6 hai nghiém 1a (x,y) = (6;6),(%;%) :

Bai 5.
a) Dicu kién x4c dinh x+2y+6>0,x+y+2>0.
Phuong trinh thit nhat clia hé c6 thé viet lai 1a e (x> +1) =e” (37 +1).

Xétham s6 f(¢)=e€'(t+1),20.Tacod f'(t)=e€" +€'(t+1)=€'(¢t+2) >0 nén day 1a ham
dong bién. Phuong trinh & trén chinh 1a f(x*) = f()*) nén x* =y’ & x=+1y.

-Néu x = y thi phuong trinh tht hai tré thanh
3log,(3x+6)=2log,(2x+2)+1 < log,(x +2) =log,(x +1).

t t
Dt log,(x+2) =log,(x+1)=¢ thi x+2=3",x+1=2" =3 :2f+1©@j +Gj =1.

V& trai 1a ham s6 nghich bién nén phuong trinh nay c6 khong qua mot nghiém thuc. Ta lai
thidy ¢ =1 thoa man nén phuong trinh c6 nghiém la r=1,suyra x+2=3 < x=1.

Tuong tng, tacé y =1 vanghiém (x, y) = (1,1) thoa man diéu kién xac dinh.

-Néu x =—y thi 3log,(6—x)=2log,2+1 < log,(6—x)=0<=6-—x=1<x=5.

Suy ra y =-5 va nghiém (x, y) = (5,-5) ciing thoa man diéu kién xac dinh.

Vay hé phuong trinh da cho c6 hai nghiém 1a (x, y) =(1,1),(5,-5).



b) Diéu kién xdc dinh y* +2x>0.

bat +=2x—y thi phuong trinh thit nhit ctia hé tré thanh

1+4t B 1+2t+1 (*)
5 5

Dé dang thay rang v€ trdi 1a ham nghich bién, v€ phai 1a ham dong bién trén R va ¢ =1

thda man dang thitc ny nén day cling chinh 14 nghiém duy nhat ctia (*).

Vé6it=1,tacod x= % , thay vao phuong trinh thit hai cua hé, ta c6

(1+4f).51—f 142" =

y3+2y+3+ln(y2+y+1)=0 :
Xétham s6 f(1) =y’ +2y+3+In(y* +y+1). Tacé

2
Fly=3y* 424221 3.2, 204D 741
vy +y+1 vy +y+1

> (0 nén ham s6 nay dong bién trén R.
Taciing c6 f(—1)=0 nén ¢ =—1 la nghiém duy nhit cua phuong trinh f(¢)=0.

Do d6, phuong trinh (**) c¢6 nghiém l1a y =—1, tuong ung, ta c6 x = 0, thda man diéu
kién x4c dinh.

Vay hé phuong trinh da cho c6 nghiém la (x;y) =(0;1).
Bai 6.

7 gl L 9011x <2011
a) Xét hé bit phuong trinh o
¥ =(m+2)x+2m+3>0

Diéu kién x > —1. Bat phuong trinh thi nhat trong hé tuong duong véi
7722 _1) < 20111 - x) (%)

Ta xét c4c truong hop sau

-Néu x =1 thi hai v€ ctia bat phuong trinh bing nhau.

-Néu x <1 thi 77" —-1<0,1—x> 0 thi (*) ding.

-Néu x>1 thi 777> —=1>0,1—x < 0 thi (*) khong dugc théa man.

Do dé, (*) co nghiém la —1<x<1.

Bat phuong trinh thit hai trong hé tuong duong véi



2
m ZLXZ—H,WE[—I;I] (do x—2<0 véi xe[-L1]).
x_

L XT=2x+3 _x2—1_2_ (x—=D)(x+1)

Ta co —2 > -2 nén bat phuong trinh cé nghiém khi

x—2 x—2 x—2
vachi khi m>-2.
Vay diéu kién can tim 1a m > —2.

b) Xét h¢ phuong trinh sau

e =2011-—2
Vy -1
e =2011-—
VxT =1
Diéu kién xdc dinh |x|,|y|>1.
Tir hai phuong trinh ctia hé, ta cé e* — AN S
x’ -1 y' -1

Xétham s6 f (1) =e' —ﬁ,t € (—0,~1) U (l,+o), suy ra f(x)=f(y).

Taco f'(t)=¢€ + >0 nén day 1a ham dong bién.

1
& - -1

Tir dang thitc f(x)= f(y),tacéngay x =y.

Ta xét phuong trinh sau e* — -2011=0.

x' =1

Lai xét ham s6 g(¢)=¢' + —2011,¢ € (—o0,—1) U (1, +0).

t
NI

Taco g'(t)=¢' — g =0e (P -V -1=1.
-1

1
G E



Bai 7.
Q2avH | 2wyl | 32eyH | 3dverd | gyl | sdxydl
{y(x2 +3x-3)+2=0
a) bat 2x— y = a, phuong trinh thi nhit cua hé chinh la
22 +27)+3(3 +3) =5(5" +57).
Ta thdy phuong trinh né€u c6 nghiém 1a a thi ciing c¢6 nghiém la —a nén chi can xét a >0.
Ta s& chiing minh rdng ham s6 f(x) =x' + x~',x >1 dong bién vdi s6 thuc t duong tiy y.

Tacod f'(x)=tx"(1-x7),do x>1nén 1—x>" >0, suy ra hAm s& ndy déng bién trén
(1,+00) . Do d6, ta duoc bat dang thifc sau 2° +27* <3“ +37 < 5% + 5 va ddu dang thiic
chi xay rakhi a =0.

Suy ra 2(2“ +27)+3(3* +37%) < 5(5* +5°*) . Dang thiic phai xdy ra nén a =0 hay
2x-y=0&2x=y.

Thay vao phuong trinh thit hai, ta c6
2x(x* +3x-3)+2=0=x +3x* -3x+1=02x" =x —3x"+3x-1

L

<:>2x3=(x—1)3<:>%/§x=x_1<:>x:1

5

Suyra y=2x=

2
1-32"

1 2
Vay hé phuong trinh da cho c6 nghiém la (x, y) = ; .
1y hé phuong ghiém Ia (x,y) (1_% 1_%j
logy (logy x) = 10g3—y (10g3—y (3 - x))

cotx—coty= logZ
X

b)

Diéukién 0<x,y <3,y =Ly #2.

sin(y — x)

Phuong trinh thit hai ctia hé tuong duong v6i — -
sin x.sin y

=logx—logy.



Do -3<y—-x<3va Vae(-3,3)c(-n,n) thi sihna>0< a>0,sina <0< a<0 nén
ta thay n€u x > y thi v€ trdi am va v€ phai duong, néu x < y thi v€ trai duong, v&€ phai am
nén phuong trinh nay tuong duong v6i x = y.

Thay vao phuong trinh thit nhat cua hé, ta c6

log, _(log, . x)=log (log (3-x)) < log, (log, x)= log, .(log,3-x))

log, x
bat ¢ =log, x>0 thi phuong trinh trén trd thanh
log, .t . .
log, t= i <log, t=0v¢=-1, truong hop sau loai do > 0.

Suy ra 10g3_xt=0<:>t=1<:>10g3_xx=1<:>x=3—x<:>x=%,tuofngﬁ’ng y:%'
Thr lai ta thay thoa man.

Vay hé phuong trinh da cho c6 nghiémla x =y = % .



