s GIAO DUC VA DAO TAO THI CHON DOI TUYEN HOC SINH GIOI QUOC GIA
TINH THAI NGUYEN NAM HOC 2026 - 2027

Dé thi chinh thiic Mon thi: Toan
Thoi gian lam bai: 180 phit (khong ké thai gian phat dé)
Ngay thi: 10/9/2026
Dé thi gom: 06 cau, 01 trang

Cau 1 (3,0 diém). Cho ba s6 thic duong a,b, ¢ thda man a + b + ¢ = 3. Chiing minh ring

1 1 1 1 1 1
>2 .
b—l—c—|—1+c~|—a+1+a+b+1_ (a—|—5+b+5+c—|—5)

a; = 2026

. Xac dinh gia tri nhé nhat cia
Nay, = ap_1 + 1, Vn > 2

Cau 2 (3,0 diém). Cho day s6 (a,): {

s6 nguyén duong k sao cho 2026a; < 1.

Cau 3 (4,0 diém). Tim tit c& cdc ham s6 f : R — R théa man
flyf(z+y)+ f(z)) =4z +2yf(z +y), Yo,y € R.

Cau 4 (3,0 diém). Cho n s6 nguyen duong doi mot phan biét ay, . . ., a,. Dit
by = (a; —a1) - (a; — a—1)(a; — aipq) - -~ (a; — an).

Chitng minh rang (n — 1)! 1a uéc cta lem(by, ..., b,), trong d6 lem(by, ..., b,) 1a boi chung nho
nhat clia céc s6 nguyen by, . .., by.

Cau 5 (4,0 diém). Cho tam giac ABC nhon, khong can (AB < AC) noi tiép duong tron tam
O. Duong phan giac clia BAC cit BC tai E va ct duong tron (O) tai diém tht hai 14 M. Duong
tron tam E ban kinh EM cit cung nhé BC' clia duong tron (O) va tia MO tai cac diém thit hai
tuong ng 1a D va Q. Lay diém P thudc doan thing AD (P # A, P # D) sao cho ABP = ACP.

a) Ching minh ring bon diem A, E, Q, D dong vien.

b) Goi giao diém ctia AM véi BP, C'P tuong ting 1a K, L. Chiing minh ring OP la dudng trung
trie clia doan théang K L.

Cau 6 (3,0 diém). Cho s6 nguyen duong n va tap hop A gom 60n + 1 s6 nguyen duong khong
viot qua 210n va nguyén t6 cing nhau v6i 14. Chiing minh réng trong A luon ton tai hai s6 ma
mot s6 chia hét cho ba lan s6 con lai.

Chu y:
- Thi sinh khong duogc dung tav liéu.
- Giam thi coi thi khong gidi thich gi thém.
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LOI GIAI:
Thuc hién bdi: THLM Team

Cho ba s6 thyc duong a, b, ¢ théa man a + b + ¢ = 3. Chiing minh rang

1 1 1 1 1 1
> 2 .
b+c+1+c~|—a+1+a+b+1_ <a+5+b+5+c+5)

Tu gid thiét a + b+ c= 3, ta c6 b+ ¢ = 3 — a. Thay vao de, ta dugc:

1+1+1 S 2+2+2
4—a 4—-b 4—c a+>d b+5 c+5

1 2
— > 0.
<:>Z(4—a a—|—5>_

cyc

Ta chitng minh bat dang thitc sau véi moi € (0;3):

1 2 r—1
— >
4—x x+5 6

3(z—1) x—1
G—o)z+5) 6 ="
(z = 1)*(x +2)

6(4— ) (z+5)

>0 (dang v6i moi z € (0;3)).

Ap dung 1an ludt cho a, b, ¢, ta thu duge:

S(ims) s

cyc cyc

1 2 a+b+c—3
= - > =0
Z<4—a a—|—5)_ 6

cyc

Bat dang thic duge ching minh. DTXR khi va chi khi a = b =c = 1.

a; = 2026

na, = a,_1+1,V¥n > 2
k sao cho 2026a; < 1.

Cho day s6 (a,):

. Xac dinh gia tri nhé nhat ctia sé nguyeén duong

Ta c6 na, =a,_1+1,Yn > 2

= nla, = (n — Dlap_1 + (n —1)!
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bat b, = nla,, ta c6 hé thic b, = b,_1 + (n — 1)! v6i by = 1! - a; = 2026.

Do do, ta co:
k—1 k—1
be=Dby+» il =2026+ > il
=1 =1

Do d6, s6 hang tong quat ctia day so la:

2026 + 17!
k!

ap =

Bat ding thitc 2026a; < 1 tuong duong véi:
k—1
2026 +2026 Y il < k! ()
i=1

e V6i k < 2026, do rieng s6 hang 2026 - (k — 1)! > k! nén (%) khong thoéa man.
e V6i k = 2027, () tré thanh:

2025
20262 + 2026 - 2026! + 2026 Z il < 2027!

=1

2025
& 20262 + 2026 Zz’! < 2026!

i=1
Dé thay vo 1y vi vé trai chita 2026 - 2025! = 2026!. Do d6 k = 2027 khong thoa méan.

e V6i k = 2028, () trd thanh:

2026
20262 + 2026 - 2027! + 2026 Z il < 2028!

i=1

2026

90262 il
20265~ " <902
< S0om T 62 5027 = 228

2025

20262 2026 :
o 20 190265 L < 2028
20271 T 2027 T Z 2027 (%)

Ta c6 danh gia sau véi moi 1 < ¢ < 2025:

7! 1 1
20271 (i +1)(i+2)...2027 = 22027

2025 T
sz<i+i+...+L<l
P 2027 22 28 22026~ 9

Khi d6 vé trai clia (xx) thoa méan:

20262 2026
oy < - 1+ 1013 = 1014
V() < So57 + 3057 + 2026 5 L 04141013 = 1014 < 2028
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Bat ding thiic () ding, dong nghia k& = 2028 théa méan yéu cau.
Vay kmin = 2028

Tim tat ci cac ham s6 f : R — R thoa man

f(yf(x+y) —I—f(x)) =4z +2yf(x+y), Vr,y € R.

Cach 1:

Ki hieu P(z,y) 1a phép thé z,y vao phuong trinh (1).

P(z,0) = f(f(z)) =42 Vz eR.

Do d6 f la mot don anh trén R.

Thé z — 0 vao hé thic tren, ta duge f(f(0)) = 0. Dat £(0) = a thi f(a) = 0.

P(0,y) = f(yf(y) + f(0)) =2yf(y) VyeR.
Mt khéc, tu f(f(z)) = 4z, thay x = a ta c6:

f(f(a) =4a= f(0)=da=>a=4a=a=0

Nén a = 0, tic 1a f(0) = 0.
Do dé:
flyf(y) =2yf(y) VyeR

Thit v6i y = %, ta duge f (%f (%)) =f (%) Vi f la don anh nén:

1 1 1
5)25:@0(5):1

Suy ra:

Pz, 1—2)= f(1—2)f(1) + f(z)) =4z +2(1 —2)f(1) VR
= f(f(z)+20 —2)) =4z +4(1—2) =4 Yz eR
Ma 4= f(f(1)) = f(2), do do:
F(f(x)+2—22) = f(2) VzeR

Vi f la don anh nén:
flx)+2—-2z=2 VreR
hay f(z) =2x VreR

Thit lai vao phuong trinh (1), ta thady ham s6 nay thoéa man.
Két luan: Vay tat cd cic ham s6 can tim 1a f(z) =2z Vz € R.

Cach 2:
Dé y
Pla,y—z)= f(ly—2)f(y) + f(x) =4z +2(y —2)f(y) (%)
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vi f toan 4nh nén ton tai ¢ sao cho f(c) = 2.
Thé y — ¢ vao (x) ta dugc:

flle=a)f(e) + f(x)) = 4z + 2(c — ) f(¢)

= fQ2c—xz)+ f(x)) =4+ 4(c—x) =4c= f(f(c)) VreR
vi f don anh nén
2(c =) + fz) = fle) =2
= fr)=22+2—-2c=2x+k VreR v6iklah/sd thuc

Thrt lai, ta duge k = 0.
K&t luan: Vay tat ca cac ham s6 can tim 1a f(z) =2z Vz € R.

Cho n s6 nguyén duong doi mot phan biét a4, ..., a,. Dat

b= (a; —a1) - (a; —a;_1)(a; — ajy1) -+ (a; — ay).

Chiing minh réng (n — 1)! 1a u6c cta lem(by, ..., b,), trong d6 lem(by, ..., b,) 1a boi chung
nhé nhat clia cac sé nguyén by, ..., b,.
- J
Dé chiing minh (n — 1)! 1a u6c ctia lem(by, ..., b,), ta can chiing minh ring véi moi s6 nguyéen
t6 p, sO mil ctia p trong phan tich tiéu chuan ctia (n — 1)! khong vugt qua s6 mil clia p trong
lem(by, ..., by).
Ta co:

((n— 1) i{n_lJ

k=1

Mat khac, ta co:
vp(lem(by, . .., b)) = max v,(b;)

1<i<n
Do do, bai todn quy vé chiing minh ton tai i € {1,2,...,n} sao cho:

NOE :01 = e

p

Dat tap hop ban dau la Ay = {ay, as, .. .,a,}, rd rang sé phan t1i |Ay| = n.

e Xét modulo p: Chia n phan tit ctia Ay vao p 16p thing du modulo p.
Theo nguyén ly Dirichlet, 16p thang du chita nhiéu phan tit nhat sé c6 it nhat [E—‘ phan tit.
p

Goi A; 1a tap hop cac phan ti thuoce 16p thiang du c6 nhiéu phan tit nhat nay. Ta co:

14, > M — (A —1> V—lJ
p P
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e Xét modulo p?: Ta chi chia cac phan tit ctia tap A; vao cac 16p thang du modulo p?.
Goi A, 1a tap hgp cac phan tit thuoc 16p thang du modulo p? c¢6 nhiéu phan ti nhat duge
rat ra tu A;.
Theo nguyén ly Dirichlet, ta c6:

e 2 2

e Tong quat modulo p*: Tiép tuc qua trinh nay, ta xay dung dude day céc tap hop con long
nhau Ay D Ay D Ay D --- D A, D ... sao cho moi phan tit trong A;, déu dong du véi nhau
modulo p¥, va s6 luong phan tit luén théa méan:

n—1
|Ak|—1z[”

Chon phan ti a; la phan tif ndm trong giao clia tat cd cac tap hop nay (a; € ()5, Axk)-
Danh gia gia tri v,(b,):
Theo dinh nghia ctia b;, ta tinh dugc v,(b;) nhu sau:

o0

vp(b;) = Z (86 lugng j # @ sao cho a; = a; (mod pk)>
k=1

Do cach chon a; € Ay, nén tat ci cac phan ti khac thuoc tap A, déu dong du véi a; modulo pF.
S6 lugng cac phan ti nay chinh 1a |Ax| — 1. Do do:

i‘Ak ) Zi{n—lJ
k=1 k=1

Bat ding thiic () duge chiing minh. Tt d6 ta suy ra:

gﬁivp(b ) > vp((n—1)1) = v,(lem(by, ..., b)) > v,((n— 1))

Diéu nay dang v6i moi s6 nguyén t6 p, do d6 (n — 1)! 1a u6e cta lem(by, ..., b,). (dpem)

Cho tam glac ABC nhon, khong can (AB < AC) noi tiép dudng tron tam O. Dudng phan

giac cua BAC cit BC tai F va cat duong tron (O) tai diém thit hai 1a M. Dudng tron tam
E ban kinh EM cat cung nhé BC clia dusng tron (O) va tia MO tai cac diém tht hai tuong

ting 1a D va Q. Lay diém P thudc doan thang AD (P # A, P # D) sao cho ABP = ACP.
a) Ching minh ring bon diem A, E, Q, D dong vien.
b) Goi giao diém ctia AM v6i BP,C'P tuong ting 13 K, L. Chitng minh ring OP 1 duong

trung truc ctia doan thing K L.
\ J
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a) Goi MO cat BC, (O) tai I, N

Tac6 ME-MA=MB?>=MI-MN =MI-2MO = MO -MQ
Do d6 A, E,Q,O dong vien (1)

Vi (E, EM) cat (O) tai D, M nén OF la trung truc DM

~ /DOE = % — /DAM = /DAE

Do d6 A, E, D,O dong vién (2)

Tu (1) va (2) suy ra A, E,Q, D dong vien.

b) Goi @’ 1a diém lién hop dang giac véi P trong tam gidc ABC.
Do AP va AQ déi xing véi nhau qua phan giac trong ctia goc BAC nén Q' thuoc duong thing

AQ.
Ma @’ lai thuoc duong trung tryc cia BC — Q = (Q'.
Ching minh dugec AAKB ~ AALC nén:

PKL=PLK = PL=PK
C6 Q va M déi xiing véi nhau qua BC nén dé dang chitng minh duge:
KBM = ABC = AMC va KMB = ACB

Suy ra AKMB ~ ANACB va AKBM ~ ALMC.
Ma MB=MC — AKBM = ALMC, tut d6 dan téi:
ML BK AB AK
MK MK AC AL
Suy ra KL va AM c6 chung trung diem = OK = OL (dpcm)
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Cho s6 nguyén duong n va tap hop A gom 60n + 1 s6 nguyén duong khong vuct qua 210n

va nguyén to cung nhau v6i 14. Chitng minh rang trong A luon ton tai hai s6 ma mot s6
chia hét cho ba lan s6 con lai.

Nhan xét: V6i moi € N*, ta luon viét duge dudi dang x = 3% - m (trong d6 k € N, m € N* va
ged(m,3) =1).

Ta goi nhom céc s6 ¢6 cung gia tri m: {m,3m,9m,27m, ...} 1a mot chudi.

Dé dang thay ring véi 2 s6 bat ky trong cting mot chudi thi luon ¢ 1 s6 chia hét cho 3 lan s6 con
lai.

S6 luong chudi chinh 1a s6 lugng cac s6 dai dien m < 210n théa man:

d 14) =1
ged(m, 14) — ged(m,42) =1
ged(m,3) =1

Ap dung cong thitc phi ham Euler, s6 luong cac s6 m théa man trén doan [1,210n] la:

1 1 1 1 2 6
210n - (1 — = 1—-= 1—=)=210n-=-=- ==
On ( 2)( 3)( 7) On 537 60n

Vay c6 tat cd 60n chudi. Ma tap hop A gom c6 60n + 1 phan tii.
Theo nguyén 1y Dirichlet, ton tai it nhat 1 chudi chia tit 2 phan ti trd lén thuoc tap A.
T do, ta c6 diéu phai ching minh (dpem).

DOI LOI: Rat cam on cac ban doc luon ting ho nhém THLM Team trong sudt thoi gian qua.
Nhém rat mong tiép tuc nhan duge sy ting ho, gop ¥ tit thay c¢o, ban doc va cong dong yéu thich
Toan hoc dé nhém cang ngay hoan thién hon. Chan thanh cdm on!
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