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NGUYEN HAM VA
TiCH PHAN

1) Khai niém nguyén ham

Cho ham sb f(x) xéc dinh trén khoang K. Ham s6 F(x) dugc goi 1a nguyén ham
clia ham s6 f(x) trén K néu F’(x) = f(x) v6i moi x thudc K.

Chii y. Cho F(x) 1a mot nguyén ham ctia ham sb f(x) trén K. Khi d6
& V6i mdi hing s6 C, ham s F(x) + C cling 1a m6t nguyén ham ctia f(x) trén K.
¢ Néu G(x) 12 mot nguyén ham ctia ham s6 f(x) trén K thi ton tai hing sb C sao cho
G(x) = F(x) 4+ C v6i moi x € K.
< Nhu vy, moi nguyén ham ctia ham s6 f(x) trén K déu c6 dang F(x) +C, véi C la
hing sb. Ta goi F(x) +C,C € R 1a ho tit c4 cdc nguyén ham ctia f(x) trén K, ki
higu / FO)dx va / F(¥)dx = F(x) +C.

< Tu dinh nghia ta c6 /f’(x)dx:f(x)+C.

2) Cac tinh chat

o ([ fwax) = s
® /f’(x)dx:f(x)+C.
® /k-f(x)dx:k-/f(x)dx,véikeR,k;éO.
® [[f0xe]di= [ fx)dxt [g(x)dx
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§1. Nguyén ham

3) Bang cong thirc nguyén ham chia cac ham thudng gap

Pao ham

Nguyén ham

Nguyén ham mé rong (doc thém)

a+1
/x“dxz ~__4c

—+C (ar-)

/(ax—i—b)“dx: é-%—i—C (a#—1)

1\ 1 1 1 dx 1 1

— —_ p— = —— == - C
(x) 57 x2dx x+C /(ax—i—b)2 a ax+b
(ax)/_ X . lna /Qde:a_x_i_C / mx—&-ndx_l amx—l—n c

Ina m Ina
(ex)’:ex /e"dxzex—i—C /e“”bdx— ety C
/ 1 1
(Inx) = - /—dx:1n|x|+C / dx=—In|ax+b|+C
X X ax+b

(sinx) = cosx

/cosxdx =sinx+C

1
/cos(ax-l—b) dx = —sin(ax+b)+C
a

. . . 1
(cosx) = —sinx /smxdx =—cosx+C /s1n(ax+b)dx = ——cos(ax+b)+C
a
tanx)’ = ! / ! dx = tanx+C /;dx—ltan(ax—l—b)—i—C
(tanx)’ = cos?x cos2x T cos?(ax+b) a
(cotx)’ 1 / 1 dx tx+C /—1 dx 1cot(ax—i—b)—i—C
cotx)’ = — = —cotx . =_=
sinx sinx sin”(ax+b) a

Il. PHAN

Dang @

DANG BAI TAP

Dinh nghia nguyén ham

Cho ham sb f(x) xac dinh trén khoang K. Ham sb F (x) dugc goi 1a nguyén ham ctia ham
s6 f(x) trén K néu F'(x) = f(x) v6i moi x thuoc K.

¢ Vi du 1

Chting minh:

a) Ham sb F(x) = x* 12 mot nguyén ham ctia ham s f(x) = 4x> trén R ;

b) Ham s6 F(x) = tanx 12 mot nguyén ham ctia ham s6 f(x) =

(_n'n
2°2

).

5— trén khoang
cos?x
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Chuong 4. Nguyén ham va tich phan

¢ Vi du 2

Biét /f(x)dx:x3—ezx+C. Tim f(x).

BAI TAP REN LUYEN

[ sai 1 | o
Ching minh ring ham sb F(x) = x4 cosx 12 mot nguyén ham cda ham sb f(x) = 1 —sinx
trén R.

{3} Céac cong thitc thudng ding:
xot+1
@ /ldxzx-l—C @ Véioc;é—I:/x“dx: +C.
o+1
o 1 1 1
®V01a:—1:/—dx:ln|x|+C. @/—zdx:———i—C.
X X X
{X Cha y cac cong thirc bién déi lity thira:
Py l:x—n ° xm.xn:xm+n
xl’l
° x—m:xm_” ° x—x%, WM = xn
xn
S Vidul
Tim:
a) /x4dx. b) /%dx c) /\/)_cdx,x> 0.
x
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< Vidu 2

Tim ho nguyén ham céc ham s sau:

2) /(2x2 ~3x 4 5)dx;

§1. Nguyén ham

BAI TAP REN LUYEN

oo

Tim nguyén ham ctia ham sb f(x), biét

b) f(x) =x*+x73.
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Chuong 4. Nguyén ham va tich phan

ooz z

Tim nguyén ham ctia ham sb f(x), biét

a) f(x) =2x(1+3x%). b) f(x) = (3x—2)2. ©) f(x) =~

[oais z

1+2x2
T théa man F(—1) = 3. Tim F(x).

Biét F(x) 1a mot nguyén ham ctia ham sd f(x) =

Dang @ Nguyén ham cta ham sb6 ludng giac

@ Cong thirc thuong dung:

) /Cosxdx:sinx—i—C @ /sinxdx:—cosx+C
1 1

®/ dx =tanx+C @ / dx = —cotx+C
cos2x sin%x
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§1. Nguyén ham

Dang @ Phan tiép theo

{3} Cac phép bién déi lugng gidc thudng dung:

1
e sin?x+cosix=1. o tan’x— 5 — 1.
COS* X
X X
e cot’x= — 1. e sinx = 2sin—Ccos —.
sin’x 2772
° cosx:coszg—sinzg. ° cosx:ZCoszg—I: I—ZSinzg
gin? 1 —cosx cos I +cosx
° — = ) ° — =
2 2 2 2
S Vidul
Tim:
2) / <—$) dx. b) /3(1 +cot? x)dx. o) /4sin§cos)—2Cdx.

¢ Vi du 2

Tim:
a) /(3x2—cosx)dx. c) /(3 sinx — %) dx.

3 1 1 4
o Y (o
COoSs“x SIn“ x X SIn~ x

Tim nguyén ham F(x) cda ham sb f(x) = cosx thda F(0) + F (g) =0.
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Chuong 4. Nguyén ham va tich phan

BAI TAP REN LUYEN

[ 51 ]

Tim nguyén ham ctia ham sb f(x), biét

a) f(x) =4x+3cosx.

ooz

{3 Céng thirc thudng ding:

@ /exdx:ex-i—C.

Dang @ Nguyén ham co ban ham sé mii

{3 M6t sb phép bién déi thudng gip:
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§1. Nguyén ham

Dang @ Phan tiép theo

o - =a".

S Vidul

¢ Vi du 2

Tim nguyén ham ctia ham sb f(x), biét

a) f(x)=2024% b) f(x)=5"+1. c) f(x)=e".
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Chuong 4. Nguyén ham va tich phan

> Vidu 3
Tim nguyén ham H (x) cia ham s6 h(x) = 7, biét H(0) = — + 2.

Dang @ Toan thuc té 4p dung nguyén ham

S Vidul
Ngudi ta truyén nhiét cho mot binh nuéi cy vi sinh vat tir 1°C. Toc do ting nhiét do clia
binh tai thdi diém ¢ phiit (0 < ¢ < 5) dudc cho bdi ham s6 f(¢) = 3t (°C/ phuit). Biét
rang nhiét do clia binh d6 tai thoi diém ¢ 12 mot nguyén ham ctia ham s6 f£(¢), tim nhiét
dd cta binh tai thdi diém 3 phiit ké tir khi truyén nhiét.

< Vi du 2

Téc dd ting trudng cla mot dan giu meo tai thoi di€ém ¢ thdng ké tir khi ngudi
ta thd 100 c4d thé dau tién vao mot khu riing dugc udc luong bdi cong thic
P'(t) = 8t + 30 (con/thang), véi P(t) 1a s6 lugng cé thé trong dan tai thoi diém ¢ thang
tuong ung (nguon: Chris Kirkpatrick, Barbara Alldred, Crystal Chilvers, Beverly Fara-
hani, Kristina Farentino, Angelo Lillo, lan Macpherson, John Rodger, Susanne Trew,
Advanced Function, Nelson 2012). Dua vao toc do ting trudng da cho, hay uéc tinh sb
ca thé ctia dan giu meéo nay tai thoi diém 3 thang k€ tif khi ching dudc tha vao riing.
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§1. Nguyén ham

> Vidu 3

Mot mdy bay di chuyén ra dén dudng bing va bat dau chay da dé cit canh. Gia st van
toc clia may bay khi chay da dudc cho b&i v(¢) = 5+ 3t (m/s), véi ¢ 1a thdi gian (tinh
bing gidy) ké tir khi mdy bay bat dau chay da. Sau 30 gidy thi mdy bay cit canh roi
dudng biang. Quang dudng mdy bay da di chuyén ké tir khi bat dau chay da dén khi roi
dudng bang la bao nhiéu mét?

BAI TAP REN LUYEN

[ i1 ] o
Doanh thu ban hang ctia mot cong ty khi ban mot loai san phan 1a s6 tién R(x) (triéu dong) thu
dudgc khi x don vi san phdm dudc ban ra. Toc do bién dong (thay ddi) ctia doanh thu khi x don
vi san phdm da dudc ban 12 ham s6 Mg(x) = R'(x). Mot cong ty cong nghé cho biét, tbc do
bién ddi ctia doanh thu khi ban mot loai con chip ctia hing dudgc cho bdi Mg(x) =300 —0, 1x;
& d6 x 1a s6 luong chip da ban. Tim doanh thu ctia cong ty khi da ban 1000 con chip.

[ saiz |

Mot vat chuyén dong véi van téc v(¢) = 3¢ + 2, thai gian tinh biang gidy, quing dudng tinh
bang mét. Biét tai thoi diém t = 2 s thi vat di dudc quang dudng 10 m. Tinh ti lic xuit phat
dén thoi di€ém ¢ = 30 s thi vat da di dugc quang duong bao nhiéu mét?
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Chuong 4. Nguyén ham va tich phan

oo :
Mot béc thg xay bom nudc vao bé chita nude. Goi A(t) 1a thé tich nudec bom dugc sau 7 gidy.
Cho /' (t) = 6at? + 2bt va ban dau bé khong c6 nude. Sau 3 gidy thi thé tich nudc trong bé 1a
90 m>, sau 6 gidy thi thé tich nudc trong bé 1a 504 m>. Tinh thé tich nudc trong bé sau khi
bom dugc 9 gidy.

B sAi TAP

Tric nghiém nhiéu phuong an luva chon.

¢S Cau 1. Cho hai ham s6 f(x),g(x) lién tuc trén R . Khang dinh nao dudi day sai?
® [ [ / f )~ /
/f(x).g(x =/fxdx./gx
© [ [£0+t)]ax= [ roar+ [gtods

@/kf(x)dx:k/f(x)dx,keR,k#O.

$> Cau 2. Cho ham s6 f(x) xéc dinh trén K, F(x) dugc goi la nguyén ham cta f(x) v6i moi
x € K néu

WF (x) = f(x). ®Fx)=f(x). ©OF@)=fx). OFx=f(x).
$> Cau 3. /xzd.x bing

3

@)2x+C. %+C. ©x +C. ©)33 +C.
$> Cau 4. Ho tit ca nguyén ham ctia ham s f(x) =2x+4 la

(A)2x* +4x+C. B)x% +4x+C. ©x*+C. D)2x% +C.
$> Cau 5. Ho nguyén ham ctia ham s f(x) = 4x> —2024 1a

Wx* —2024x+C.  B)4x®> —2024x+C. (© 123 +C. D)x*+C.
$> Cau 6. Ho nguyén ham ctia ham s6 f(x) = (x+1)(x+2) la

32
(A)2x+3+C. %—§x2+2x+c.
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§1. Nguyén ham

¥ o2 ¥ 3
©§+§x2+2x—|—c. @§+§x2+2x—|—C.

. 2
$> Cau 7. Tim nguyén ham ctia ham s f(x) = x> + -
x

3 3 3 3
x> 1 x> 2 x> 1 x> 2
~ T tc T _ic T 1o tC ~ it
@3 x+ 3 x+ ©3+x+ ®3+x+
$> Cau 8. Cho ham sb y = F(x) 1a mot nguyén ham ctia ham sb y = x2. Tinh F’(25).
®)25. 125, ©5. ©)625.
$> Cau 9. Khang dinh nao day sai?
@/sinxdx: —cosx+C. /cosxdx: —sinx+C.
@/cosxdx: sinx+C. @/cosxdx: —tanx+C.
$> Cau 10. Ho nguyén ham ctia ham s6 f(x) = 3x? 4 sinx 1a
A)x® —cosx+C. B 6x—cosx+C. (©x*+C. (D) +sinx +C.
$> Cau 11. Ho nguyén ham ctia ham sb f (x) = sinx +cosx 1a
(A)cosx —sinx+C. —cosx —sinx+C.
(©)cosx+sinx+C. (D) —cosx + sinx+C.
$> Cau 12. Nguyén ham ctia ham s6 y = 2% la
@/2de_@+€ /2de:1n2-2X+c.
X
@/2de:2x+c. @/2de: 1+C.
x
$> Cau 13. Goi / 2018"dx = F(x) + C, v6i C 1a hing s6. Khi d6 ham s6 F (x) bing
2018*"! 2018" x-2018!
. —_—. —_ 2018*1In2018.
| ® 2018 CAFYTIE © !
$> Cau 14. Nguyén ham ctia ham sb f(x) = ¢* la
ex+1 e~
@x+1+c. Be*+C. ©;+C. Dx-e 1 +C.
$> Cau 15. Cho ham s f(x) = e* + 3. Khang dinh nao dudi day ding?
@/f(x)dx:ex—|—3x—|—C. ./fxdx:ex+C.
@/f(x)dx:ex_3—i—C. @/f dx =e"—3x+C.
$> Cau 16. Tim nguyén ham ctia ham sb f(x) =
2x+1
2x 2x 2x
dx = C. dx = C.
@/ e ./ 2x 1
© / e2dx = 262 4 C. ® / ey = Eezuc.

$> Cau 17. Cho ham s6 f(x) = 2* + cosx. Mot nguyén ham ctia f(x) trén R la
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Chuong 4. Nguyén ham va tich phan

2X
(A F(x) —E—smx (B) F(x) =2"In2+sinx .
2X
(O F(x) =2" +sinx. @F(x):ﬁ—ksmx
n
$> Cau 18. Tim nguyén ham /(2x2+5x—|—3)dx.
2% 5x% 20 5x%
A= +—+3x+C. B ——+—+11x+C.
3 2 3 2
23 23x7
©%+Tx+3x+C. D4x+5+C.
$> Cau 19. Nguyén ham ctia ham s6 f(x) = n# Ia
5 5 4
T Tox Tx
) 1
$> Cau 20. Tim ho nguyén ham ctia ham s y = x? — 34 —.
x
3 X 3
x 3 1 X 1
A A o) 3 p—4C.
® 3 In3 x2+ 3 * 2+
3* 3*
@————l—ln|x|—|—C. @————ln]x]—i—C.
$> Cau 21. Nguyén ham ctia ham s6 f(x) =e* +x1a
2 2
@ex+%+C. B e +x*+C. ©ﬁ—|—x +C. @e—l—%—i—C.
$> Cau 22. Tim ho nguyén ham ctia ham sb f(x) = x?9%4,
1
@) / f(x)dx = M-xmhc. / f(x)dx =2024-x*9% 4+ C.
1
© / FO)dr= —— 2% 4 C, © / £ dr=x29 4 C.
2025
¢S Cau 23. Tim nguyén ham /(u4—|—3u)du.
4 3 5 5 3
@%+§u2+c ®4u*+3+C. ©%+3u2+c. @” +%+C

> Cau 24. Néu /f(x)dx —= —cosx+ C. Khang dinh nao duéi day ding?
(A) f(x) = —sinx.  ®) f(x) =—cosx. (C) f(x)=sinx. D) f(x) = cosx.

) ) 1
¢S Cau 25. Biét F(x) 1a mot nguyén ham cta ham so f(x) = — trén (0;4o0) va F(e) = 3.
X
Tinh F(5).

(AF(5)=In5+C. ®F(5) =In5. ©F(5)=In5+2. OF(5)=In5+5.
$> Cau 26. Trong cic khang dinh sau khang dinh nao sai?
1 1
@/—dx:1n|x\+C /Xadx:a—_H'Xa+1+C; (X#—l.
+1
@/e dx—x+1+C @/sinxdx:—cosx+C.

$> Cau 27. Ham sb F(x) = x4 sinx 12 mot nguyén ham ctia ham s
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§1. Nguyén ham

(A) f(x) = 2x — cosx. ®) f(x )——x — cosx.
1
© f(x) = §x3 + cosx. (D) f(x) = 2x +cosx.
$> Cau 28. Trong cac khang dinh sau, khang dinh nao sai?

1

@/de:c. /—dx:1n|x|+C.
x

xat+1
“dx = C. = .
@/x 2+ @/dx X+ C

$> Cau 29. Cho ham sb F(x) 1a mot nguyén ham cta ham s6 f(x) trén K. Trong cac ménh
dé sau, ménh dé nao 1a sai?

/
® [ fde=Fx)+C. ([ rwax) = s,
/
O([ ) = . / flodr) = F'(x)
$> Cau 30. Nguyén ham ctia ham s6 f(x) = 2sinx+ 5 la
sin”x
(A)—2cosx—3cotx+C. (B)2cosx —3tanx +C.
(©)—2cosx+3cotx+C. (D)2cosx —3cotx+C.
¢ Cau 31. Ham s6 nao sau day c6 mot nguyén ham 12 ham s6 y = sin2x?
2 —Cos2
(A)y = cos2x. By = CO; ay (©)y = 2cos2x. D)y = C;S ay
. 2x*
¢S Cau 32. Tim ho nguyén ham cia ham so f(x) = 5+2x :
x
2% 5 x5
@/f(x)dx:%%—;—l-C. ./f dx—————l-C
2x3 5 3 5
@/f(x)dx:T-i—Slnx i @/f(x)dx:Zx -2+c.
$> Cau 33. Tim mot nguyén ham F(x) ca ham sd f(x) = 2x + 3,/x thod man F(1) = 0.
A F(x) =22 +3Vx3. ®) F(x) = x> +2V/2.
©F(x) =x*43Vx2—4. D)F (x) = x>+ 2vVx3 - 3.
2 2 2
¢ Cau 34. Tim ham s y = f(x), biet f/(x) = 3/x+ N (x>0)vaf(l)=1
x
@) f(x) = 2x/x+3Va2 — 4. ®) f(x) = 2x\/x —3Vx2 +2.
©f(x) = x+3Vx2 -3, O f(x) = x\/x+3/x—3.

$> Cau 35. Biét F(x) 1a mot nguyén ham ctia ham sb f(x) = 2e* + 1 thoa man F(0) = 1.
Khi d6, khang dinh ding 1a

AF(x) =2e"+x—1. B) F(x) =2e* +x+2.

(O F(x) =e* +x. D F(x) =2e"+x+1.
$> Cau 36. Cho F(x) 1a mot nguyén ham ctia ham sb f(x) = 4e** 4 2x théa man F(0) = 1.
Tim F(x).
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Chuong 4. Nguyén ham va tich phan

(A F(x) =2e* — x> —1. B)F(x) =2e* +x* 1.
(©F (x) =2e* +x*+1. D) F(x) = 4e* +x> 3.
> Cau 37. Mot qua béng dude ném 1én tir dd cao 20 m véi vén tdc dugc tinh bdi cong thifc
v(t) = —10f 4 16 (m/s). Cong thiic nao sau day tinh do cao cia qua bong theo thoi gian ?
@Mh(t) = —5t>+ 16t +C. ®)h(t) = —5t* + 16t +20.
©h(t) = 5t> — 16t +20. D h(t) = 5t>— 16t +C.

Trac nghiém ding sai.

$> Cau 1. Xét tinh diing sai cac ménh dé sau:
a) Néu/f(x)dx:3x2+2x+Cthif(x) = x> 457,
b) NéuF(x)—l—C:/(x2+3x)dxthiF’(1):4.
2 x—1
) Néu/ xX)dx=Vx2—=2x+3+Cthi f(x) = —mn=—.
T 0= ra—s
d) Néu /f(x)dx:xex-l—Cthi Fx) = (x4 1)e*

> Cau 2. Cic ménh dé sau ding hay sai?

7'64 xn+1
a) /Jr3dx:Z—|—C. b)/x”dx:n+1—|—C (VneN).
3 9 5 sin®x
c) /x(3x+2)dx:x +x*+C. d) /sin xdx = g +C.
$> Cau 3. Xét tinh ding sai cac ménh dé sau:
) 1
a) Néu/f )dx = — +C thi f(x) = Inx| .
x
b) Neu/f( dx = cos2x+C thi f(x) = —sin2x.
1
¢) Néu f'(x) = x* —4cosx va f(0) =3 thi f(x) = §x3+4sinx+3.

) 1
d) Néu f/(x) =2cosx—3sinx va f (Z) = 7 thi f(x) = 2sinx+3cosx —2v/2.

$> Cau 4. Cho ham s6 F(x) = x® — 2x+ 1,Vx € R 1a mot nguyén ham ctia ham s6 f(x). Xét
tinh diing sai c4c khang dinh sau:

a) F'(x) = f(x).

m/f dx = x> —2x+C.

¢) Néu ham s6 G(x) ciling 1a mot nguyén ham ctia ham s6 f(x) va G(—1) = 3 thi G(x) =
F(x)—1.

d) Néu ham s6 H(x) cling 12 mdt nguyén ham ctia ham s f(x) va H(1) = —3 thi H(x) =
F(x)—3.
$> Cau 5. Biét ham sb f(x) thda man cac diéu kién f'(x) = 2x+ 3 va do thi ham sb y = f(x)
di qua di€ém M(0;1). Khi do:
a) Ham sb f(x) dong bién trén (—oo;0).
b) Phuong trinh tiép tuyén ctia do thi ham s6 f(x) tai diém M lay = 3x+ 1.

»,%ﬁﬂmih—@@&%ﬁﬂw0@¢



§1. Nguyén ham

¢) Gid tri f(2 )_11.

3,
d) /f x —i—2x —x+C.
$> Cau 6. Cho ham s f(x) = 4x> — 6x. Biét F(x) 12 mot nguyén ham cia f(x) va F(0) = 2.
a) F(x) = f'(x). b) F'(x) = f(x).
¢) F(x) =x*—3x*+2. d) F(1)=3.

$> Cau 7. Cho ham sb f(x) = x> —3x> +2x— 1 va F(x /f

a) F'(x) =x* —3x> +2x— 1.

4

2 1 2
b) Hams0 y = R — x4+ x? — x 1a mot nguyén ham ctia ham sb f(x).

1
¢c) F(x)= ZX4 — x> 4x*—x
d) Biét F(x) 1a mot nguyén ham ctia ham sd f(x) thda man F(0) = 1. Khi d6 F(1) = =

$> Cau 8. Cho ham s6 f(x) c6 nguyén ham trén R va théa man f/(x) = e* + sinx.
a) Ham s6 f(x) 1a mot nguyén ham ctia ham sb g(x) = e* + sinx.
b) Biét £(0) =2 ham sb f(x) dugc xac dinh bdi f(x) = e* —cosx + 2.
¢) Ho nguyén ham ctia ham s6 f(x) = e* —cosx+2 1a F(x) = e* —sinx+2x+C.

-4 N A s A s & 0 4 4
d) Biet f(0) =2, F(x) la ho nguyén ham ctia ham so f(x), F(0) = 0. Tong f (5) +F (5>
N T
bang e2 4 7.
&> Cau 9. Cay ca chua khi trong c6 chiéu cao 5 cm . Téc do ting chiéu cao clia ciy ca chua
sau khi trong dugc cho béi ham s6 v(r) = —0, 1£3 +2, trong d6 ¢ tinh theo tuan, v(¢) tinh bing
centimét / tudn. Goi A(t) (tinh biang centimét) 1a d6 cao ctia ciy ca chua & tuan thi ¢. Khi d6

—t
a) h(t) = o 3,Véit20.

b) Chiéu cao t6i da clia ciy ca chua d6 12 88,4 cm (Lam tron két qua dén hang phan mudi).

¢) Giai doan ting trudng ctia ciy ca chua d6 kéo dai trong 9 tuan.

d) Vao thdi diém cay ca chua d6 phat trién nhanh nhat thi chiéu cao ciy ca chua dat 54,4
cm (két qua dudc 1am tron dén hang phan mudi).

$> Cau 10. Mot quan thé vi khuin ban dau gdbm 500 vi khuin, sau d6 bit dau ting trudng.
Goi P(t) 1a s6 lugng vi khuin cta quan thé d6 tai thoi diém ¢, trong d6 ¢ tinh theo ngay
(0 <t < 10). Toc do ting trudng clia quan thé vi khuén d6 cho béi ham sd P'(¢) = ky/t, trong
d6 k 1a hang s6. Sau 1 ngay, s6 luong vi khudn ctia quan thé dé da ting 1én thanh 600 vi khudn.
Khi do

a) P(t) la mot nguyén ham ctia ham sb f(t) = kv/1.
b) P(t) = \/r_+cVaiogt§10vak,c1ahangs6.

¢ P(t) = 100\/r_3+500 v6i 0 < 1 < 10.

d) S6 lugng vi khudn ctia quan thé d6 sau 7 ngay 1a 3352 con.
$> Cau 11. Trong thi nghiém nudi cdy mot loai vi sinh vat, ki hiéu f(¢) 1a t6ng s6 lugng vi
sinh vat sau ¢ gid. Biét rang sau 3 gid dau tién thi tdng s6 luong vi sinh vat 1a 50 con. Trong 7
gid tiép theo, s6 lugng vi sinh vat thay ddi véi tbe do f'(t) = > — 8¢ (con/giv). Xét tinh ding
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Chuong 4. Nguyén ham va tich phan

sai cua cac ménh de sau:
3

a) Ho nguyén ham cua f'(r) 1a % —8t2+C, (C€R).

b) S6 lugng vi khuin ting lién tuc trong khoéng tir 3 gid dén 10 git sau thoi diém lam thi
nghiém.

¢) S6 luong vi khuén 12 nhd nhét sau 8 gio tinh tif lic bat dau 1am thi nghiém.

d) Sau 6 gio thi s6 lugng vi khudn 12 5 con.

$> Cau 12. Trong day chuyén san xuat sita chua hién dai ctia mot nha may thuc phdm, tiing
giot sita chua Am thAm chuyén minh dudi tdc dong ctia hang triéu vi khuan Lactic, nhiing
“nghé nhan ti hon “kién tao vi chua thanh dic trung. Mat do vi khudn (sb triéu té bao trén mbi
ml sita chua) tai thdi diém ¢ (gio) dugc ki hiéu 1a N(z). Ban dau (¢ = 0 gid), mat do vi khuan
do dugc 1a N(0) = 10 triéu t& bao/ml. Do su thay d6i vé nguon dinh dudng (dudng lactose
giam) va do pH (axit lactic ting) nén toc do thay d6i mat do vi khuan N'(¢) (don vi: triéu té
bao/ml mbi git) dugc md hinh héa bdi cong thitc N'(1) = 18¢ — 3¢? (triéu té bao/ml mdi gid)
v6i ¢ 12 thai gian tinh bang gid (0 <t < 7).

a) N'(1) = 15 triéu t& bao/ml gio.

b) N(t) = 91> — 3.

¢) So véi liic ban dau (¢ = 0), mat do vi khuin da ting thém 108 triéu té bao/ml khi dén

thi diém 7 = 6 gio.

d) Tai thoi diém ¢ = 7 gid, mat do vi khudn trong 1 ml sita chua 13 108 triéu té bao/ml.
$> Cau 13. Mot chiée xe dang chuyén dong déu véi toe dd vo = 15 m/s thi gdp chuéng ngai
vat rdi phanh gip véi gia toc khong d6i1a @ = —3 m/s? . Ki hiéu v(¢) 1a téc do clia xe, a(t) 1a
gia tc xe, s(¢) 12 quang dudng xe di dugc cho dén thdi di€ém ¢ gidy ké i lic phanh xe.

a) v(r)=d (t).

b) a(t) = s"(¢).

¢) Tinh ti lic phanh xe, sau 4 gidy thi xe diing han.

d) Quang dudng xe di dudc tinh tif lic phanh xe dén khi ditng han nam trong khoang tir 35

mét dén 40 mét.

> Cau 14. Tai mot khu di tich vao ngay 1€ hoi hang nim, tdc do thay ddi luong khich
tham quan dudc biéu dién biang ham sé Q'(¢) = 4¢3 — 72¢> + 288, trong d6 ¢ tinh bang gid
(0 <t < 13), Q'(¢) tinh biang khach/gid. Sau 2 gi da c¢6 500 ngudi c6 mit. Khi d6

a) Lugng khédch tham quan dudc bi€u dién béi ham sb Q(¢) = t* — 24¢3 + 14442,

b) Sau 5 gi6 lugng khach tham quan 1a 1325 ngudi.

¢) Luong khach tham quan 16n nhit 1a 1296 ngudi.

d) Toc do thay d6i lugng khach tham quan 16n nhét tai thoi diém ¢ = 6.

&> Cau 15. Mot miéng thit sébng dudc 14y ra khéi ngin d4 cia ti lanh va d€ trén ban dé ra
dong. Nhiét do cia miéng thit n6 dudc 14y ra khéi ngin da 1a —4°C va sau ¢ gio nhiét do cla
miéng thit ting véi tbe d6 T'(¢) = 7e~%3" (°C/giv) (tinh tir thoi diém miéng thit dugc 14y ra
tlf ngin d4 td lanh). Miéng thit nay dudc ra dong khi nhiét do ctia n6 dat dén 10°C.
a) Tai thoi diém 2h tinh t lic 14y thit ra khdi ngin d4, téc do thay d6i nhiét do ctia miéng
thit khoang 3,48°C/gid (lam tron két qud dén hang phdn tram).
b) Nhiét do miéng thit tinh tif thdi diém dugc 14y khéi ngin dd1a T (¢) = 7e %3 — 11 (°C).
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¢) Tinh ti Iic 14y thit ra khéi ngiin d4, can 3,44 gid d€ miéng thit nuéng dudc ra dong (lam
tron két qud dén hang phan tram ciia gio).

d) Tinh tir Itic 14y thit ra khéi ngiin d4, nhiét do ctia miéng thit vao khoang 0°C sau 36 phiit
(lam tron két qud dén hang don vi cuia phiit).

&> Cau 16. Mot xe 6 td dang chay trén dudng cao toc véi the do 90 (km/h) thi tai xé nhin
thiy bién bdo tram thu phi & phia truéc cach d6 400 (m). Sau 4 gidy, tai xé dap nhe phanh,
ké tlt d6 xe chay cham dan déu véi gia téc 2 (m/s?) cho dén khi tdc do xe gidm vé toc do quy
dinh khi qua céc lan thu phi tu dong 1a 30 (km/h). Goi ¢ (don vi gidy) la thoi gian k€ tir lic dap
phanh cho dén khi giam vé téc do 30 (km/h).
a) Van toc cla 6 to k& tir ldc dap phanh dén khi giam vé toc do 30 (km/h) 1a v(r) = 25 — 2t
(m/s).
b) Thai gian ké tir lic dap phanh dén khi gidm vé toc dd 30 (km/h) 1a 9 giay.
¢) Quing duong xe di dudc ké tir lic dap phanh dén khi gidm vé toc do 30 (km/h) 1a 139
(m) (lam tron dén hang don vi).
d) Khi giam vé téc do 30 (km/h), khoang cach gitta xe va tram thu phi 1a 161 (m) (Iam tron
dén hang don vi).
> Cau 17. Trong mot nha may, toc do tidu thu dién ning ctia mot day chuyén san xuat sau
khi khéi dong c6 xu hudng gidm dan theo thdi gian va tién vé mifc d6 6n dinh. Gia s sau khi
bat dau van hanh dugc ¢ gio, tbe do tiéu thu dién ning ctia diy chuyén san xuét nay dugc mo
hinh héa béi ham s6 E'(t) = A +e~ %% (don vi kWh/h) (0 < ¢ < 8), trong d6 E(t) (kWh) Ia
lugng dién ning tiéu thu tinh tir lic bat diu van hanh. Biét ring trong 8 gid hoat dong, day
chuyén da tiéu thu tdng cong 120 (kWh).
a) E(t) = At — %e_o"” 4 C, véi C 1a hing s6.
b) A = 14 (két qud lam tron dén hang don vi).
¢) Luong dién ning tiéu thu ctia diy chuyén trong 4 gid dau 16n hon 65 (kWh).
d) Toc do tiéu thu dién ning trung binh clia diy chuyén san xuét trong khodng thdi gian tit

2 E(b)—E <
a giG dén b gio dudc xac dinh bdi cong thic v = % (kWh/h). Toc do ti€u thu

dién ning trung binh ctia diy chuyén san xuit trong 4 gio cudi bang 14,6 (kWh/h) (két
qud lam tron dén hang phdan muoi).

Ty luan.

& Bai 1. Trong mdi trudng hop sau, ham s6 F(x) c6 phai 1a modt nguyén ham ctia ham s
f(x) trén khoang tuong ting khong?Vi sao?

a) F(x) =xe* va f(x) = (x+1)e* trén R.
b) F(x) = e"" va f(x) = e~ trén R.
& Bai 2. Tim:
a) /de b) /3—xdx c) /32de
Var 56 '
& Bai 3. Tim:

> Ngd Diic Tii - B 0859977 004

19



20

Chuong 4. Nguyén ham va tich phan

a) /(2x5+3)dx- d) /<2x—1)2dx. 2) /x%dx
b) /(x—l)(3x+1)dx. e) /<___) . h) /(1\—/;)2

o) / (5cosx—3sinx)dr. D / ( )dx. H / 21,52y
Sln X
& Bai 4. Tim:

X X
2) /(ex_e—x)zdx. b) /x +7x+12 e 0 /3 +4 +1dx.
x+3 5*
& Bai 5. Tim:
COS“ X . X x\2 2cos> x—|—3
) d)/ sin— —cos— | dx. /
) /l—sm X ( 2 2) & coszx
in2 tan? x)dx. T _sintZ
b) /4sm 2dx. e) /(x-|— an”x) h) / cos? 5 —sin 2) dx.
o) / (1+3sin2§) dx. f) / (24 cot?x)dx. i) / (2tanx + cotx)2dx.

& Bai 6. Biét F(x) = ¢ +x? 12 mot nguyén ham ctia ham s f(x) trén R va ham s6 f/(x)
lién tuc trén R. Tim / £ (x)dx

& Bai 7. Tim ham s f(x) biét ring:
a) f'(x) =2x>—4x+1,f(1)=0. 1oy — 2
| N ) f'(x) =3vx+ 7
b) f/(x) =5cosx—sinx, f (5) =1.

. s 1
& Bai 8. Cho ham s6 f(x) xdc dinh trén khoang (0; +o0). Biét rang, f'(x) = 2x+ — v6i moi
X
€ (0;400) va f(1) = 1. Tinh gia tri f(4).
.. o 2x+3  khix>1 . | . o , .
& Bai 9. Cho ham so0 f(x) = ) ) . Gia st F la nguyén ham cda f trén R
3x*+2 khix<1
théa méan F(0) = 2. Tinh gid tri F(—1) +2F(2).

,x>0,f(1) =

& Bai 10. V6i gi4 tri thuc nao ctia tham s6 m d€ ham s6 F(x) = mx® + (3m +2)x* —4x +3

13 mot nguyén ham ctia ham s6 f(x) = 3x> 4 10x — 4?

& Bai 11. Tim hé s6 a,b, ¢ d€ F(x) = (ax® + bx+c)+/2x — 3 1a mot nguyén ham ctia ham s6
20x% —30x+7

& Bai 12. Cho ham s6 y = f(x) c6 dé thi 1a (C). Xét diém M (x; f(x)) thay déi (C). Biét

ring, hé sb gdc clia tiép tuyén ctia do thi (C) tai M 1a ky; = (x — 1)? va diém M trung vé6i gbc

toa d6 khi né nam trén truc tung. Tim biéu thic f(x).

& Bai 13. Trong mot dich cim, téc do ting sb trudng hdp mac bénh clia mot thanh phd dudc
u6e luong bdi N'(t) = 10- €% (trudng hop/ngay), trong d6 N(t) 1a sb truong hop mic bénh
sau thdi gian ¢ ngay, k& tr khi bat dau dich. Biét ring thsi di€ém bat dau dich c6 5 trudng hop
mac bénh.

a) Xac dinh ham s6 N(z).
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b) Uéc lugng sd trudng hop mac bénh ctia thanh phd sau 10 ngay dich bat dau.
& Bai 14. Ki hiéu A(x) 1a chiéu cao cia mot ciy (tinh theo mét) sau khi trong x nim. Biét
rang sau nim dau tién cay cao 2 m. Trong 10 nim tiép theo, cAy phat trién véi tbc do 4’ (x) = ;
(m/ndm).

a) Xéac dinh chiéu cao ctia cdy sau x nam (1 < x < 11).

b) Sau bao nhiéu nam ciy cao 3 m?

& Bai 15. Mot quan thé vi sinh vat c6 tdc do ting sb luong cd thé duge uée luong bbi
P'(t) = 1501/t ( c4 thé /ngay v6i 0 <t < 10),

trong d6 P(t) 1a sb lugng ca thé vi sinh vat tai thdi diém t ngay k€ tif thdi di€ém ban dau. Biét
rang ban dau quan thé ¢6 1 000 c4 thé.

a) Xéac dinh ham sb P(z).

b) Uéc ludng sb c4 thé clia quan thé sau 5 ngay ké tir thdi diém ban dau (két qua 1am tron
dén hang trim).

& Bai 16. Mot vién dan dudc ban thang ding 1én trén tir mit dt. Gia su tai thoi diém r gidy
(coi t = 0 1a thdi diém vién dan dudc ban 1én), van tdc clia né dude cho bdi v(r) = 160 — 9, 8¢
(m/s). Tim do cao ctia vién dan (tinh tif mét dat):

a) Saut =5 gidy.
b) Khi né dat do cao 16n nhit (1am tron két qua dén chit s6 thap phan thi nhat).

& Bai 17. Mot chiéc xe dang chuyén dong vdi tbe do vy = 10 m/s thi ting toc vé6i gia toe
khong d6i a = 2m/s?. Tinh quing dudng xe d6 di dudc trong 3 gidy ké tir khi bit dau ting
toc.

& Bai 18. Tai mot nha mdy, goi C(x) 1a tdng chi phi (tinh theo triéu dong) dé san xuét x tin
san phdm A trong mot thang. Khi d6, dao ham C’(x), goi 1a chi phi can bién, cho biét toc do
gia tdng tdng chi phi theo lugng gia ting sidn phim san xuét. Gia st chi phi can bién (tinh theo
triéu dong/tAn) ctia nha may udc ludng bdi cong thiic

C'(x) = 5—0,06x+0,00072x,

v6i 0 < x < 150. Biét ring C(0) = 30 triéu dong, goi 1a chi phi cb dinh. Tong chi phi khi nha
may san xuat 100 tin san phdm A trong thang 12 bao nhiéu triéu dong?

& Bai 19. Ddi v6i cac du an xay dung, chi phi nhan cong lao dong dugc tinh theo sb
ngay cong. Goi m(t) 1a s6 lugng nhan cong dudc st dung & ngly thi ¢ (k€ tt khi khdi cong
du 4n). Goi M(t) 1a s6 ngay cong nhan dugc tinh dén hét ngay thd ¢ (k€ tif khi khéi cong
du 4n). Trong kinh t& xdy dung, ngudi ta da biét ring M’(t) = m(t). Mot cong trinh xay
dung du kién hoan thanh trong 400 ngay. S lugng cdng nhan dudc st dung cho bdi ham
s6 m(t) = 800 — 2¢. Trong d6 ¢ tinh theo ngay (0 < ¢ < 400), m(t) tinh theo ngudi (Ngudn:
A.Bigalke et al., Mathematik,Grundkurs ma-1, Cornelesen 2016). Pon gia cho mdt ngay cong
lao dong 1a 400 000 dong. Tinh chi phi nhan cong lao dong ctia cong trinh d6 (cho dén lic
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hoan thanh).

& Bai 20. Mot chiéc cbc chita nude & 95°C duge dit trong phong c6 nhiét do 20°C. Theo

dinh lut 1am mat ctia Newton, nhiét do ctia nudc trong cdc sau ¢ phit (xem ¢ = 0 12 thoi diém

nuéc 6 95°C ) 1a mot ham s6 T'(¢). Toc do gidm nhiét do ctia nudc trong coc tai thoi diém ¢
. L e 3 . ) A A o p e s 42 R

phit dugc xac dinh bsi T/ = —Ee*SLO (°C/phut). Tinh nhiét do cua nudc tai thdi diém ¢ = 30

phut.

& Bai 21. O giai doan thai tri, giai doan cudi sau khi mot ngudi ubng mot lidu thube, ndng
do thudc trong mau ky hiéu la C(¢) (don vi: mg/l), gidm dén sau ¢ gio k€ tir khi giai doan nay
C'(t)

— _k
C(1)

(k 1a hing sd duong). Biét rang khi bat dau giai doan thai trir, ndng do thudc con lai 1 12 mg/l
va sau 6 gid ké tir lic bat dau thai trit, ndng do do dudc 1a 3 mg/l. Héi sau khoang thoi gian
bao nhiéu gid thi ndng do con lai biang 1 mg/1? (két qud lam tron dén hang phdan muoi).

bat dau. Khi dé, téc d6 giam ndng d6 C'(¢) ti 1& véi chinh ndng dd hién c6, tifc 13

> Ngo Diic Tii - 8 0589977 004



§1. Nguyén ham

Bang dap an tric nghiém nhiéu phueng 4n

1 B]2 cJ3 BJ4a BJ5 Al6 D|7 B[s D|9 BJ10 A

(11 AJ12 AJ13 BJ14 B[15 AJ16 DJ17 DJ18 AJ19 DJ20 (]

(21 AJ22 c]23 DJ24 cJ25 CJ26 CJ27 DJ28 €29 CJ30 A]

(31 c|32 B[33 DJ34 AJ35 AJ36 B|37 B

Bang dap an trac nghiém ding sai

Cau 1. (@)s()D(c)P(d)P | |Cau 2. (@s®s(e)b@)s
Cau 3. (2)s()S(c)P(d)P | |Cau 4. @Pb)b(c)s@)s
Cau 5. (@b(®)b(c)P()S | |Caus. @s®bp)p@)s
Cau 7. (@P(®)b(c)S(d)s | |Caus. @pb)bl)b@)s
Cau 9. (@)s()S(c)S(d)P | |Cau 10. ObIOBIORICOE
Cau 11. (@)s()S(c)P(d)P | |Cau 12. (@pb)s(c)Pb
Cau 13. (@)s()b(c)S(d)P | |Cau 14. (@s®blc)s@s
Cau 15. (@P(®)S(c)b(d)S | |Cau 16. (@pb)s ()PP
Cau 17. (@pP®)s(c)s@s
1) bé 1l

PHAN 1. Cau tric nghiém nhiéu phuong 4n lua chon. Thi sinh tra 18i tir cAu 1 dén cau

12. M&i cau héi thi sinh chi chon mét phuong an.

$> Cau 1. Cho ham sb f(x) c6 dao ham 1a ham lién tuc trén R. Phat biéu nao ding?
® [ f@de=f)+C.
© [ fwdr=f.

) 1
¢S Céau 2. Biét/(z— +x5> dx = aln|x| + bx® 4 C vé6i (a,b € Q,C € R). Tinh a® + b.
X

5
W3

®)9.

® [ f@dr= ()
® [ £ =l +C

$> Cau 3. Ho cdc nguyén ham ctia ham s f(x) = 3x> +11a

Ax® +C.

x3
?-l-x-l—C.

$> Cau 4. Ho nguyén ham ctia ham s6 f(x) = x’ 1a

8
@%+C.
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X7
©8x8+C. ®7+C.
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$> Cau 5. Cho ham sb f(x) xdc dinh trén K va F(x) 1a mot nguyén ham ctia f(x) trén K.
Khang dinh nao duéi dy ding?

@A) f(x ), Vx € K. B F'(x) = f(x), Vx € K.
O f'(x x)+C,Vx € K. DF(x) = f(x),Vx e K.
$® Cau 6. Phét biéu nao sau day la ding?
@/cosxdx: —sinx+C. /cosxdx: sinx +C.
@/cosxdx: —cosx+C. @/cosxdx=cosx—|—C.
$> Cau 7. Nguyén ham ctia ham s6 f(x) = 2x+ 6" 1a
e
® [ f@)dr=2+6"n6-+C. ® [ o) de=r+ T
@/f(x) =x +l6—6+C @/f(x)dszx +6"In6+C.

> Cau 8. Cho / 5% dx — F(x) +C. Khing dinh ndo du6i diy dding?

AF'(x)=5"-In5. ®F'(x)=-5% ©F'(x) = 5" D F'(x) =5"+C.
$> Cau 9. Khang dinh nao sau day diing?

x+1
/6de_ +C. /6xdx:6x-ln6—|—C.
x+1
@/6xdx:6x+C. @/6xdx_m+c
$> Cau 10. Cho ham sb f(x) = 4 + cosx. Khang dinh nao dudi dy ding?
@/f(x)dx:—sinx—l—C. /f(x)dx:4x—|—sinx—|—C.
@/f(x)dx:4x—sinx—|—C. @/f(x)dx:4x—|—cosx—|—C.
2 1
$> Cau 11. Cho F(x) 1a nguyén ham ctia ham s6 f(x) = 6x° + 5 théa man F (1) = 0. Tim
F(x).
(@F(x):x‘s—L ! F(x):xf’—l—i—é
222 2x2 2
1 1 3
_,6
$> Cau 12. Tim mot nguyén ham F(x) clia ham sd f(x) = —2x biét F(0) = 5.
(A F(x) = 5x* +5. ®) F (x) = —x? 4 3x + 30.
©F (x) =5—x°. D)F (x) = 15— x%.

PHAN I1. Cau tric nghiém ding sai. Thi sinh tra 1i tir cau 1 dén cau 4. Trong mdi y a),
b), ), d) & mdi cau, thi sinh chon ding hoic sai.

) 2x% —
& Cau 1. Cho ham s f(x) = = —>*+8

x
a) Gia st F(x) la mdt nguyén ham cua f(x) théoa F(1) = 2. Khi d6 ta cé
F(x) =x*>—3x+8In|x| +4.
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§1. Nguyén ham

b) Tiém can xién cla dd thi ham sb y = f(x) cit cdc truc toa do tai hai diém A(a;0) va
B(0;b). Khi d6 2a—b = 6.
¢) Diém cuc dai ctia ham s6 y = f(x) la x = 2.
2x2 -8
-

d) Dao ham ctia ham s6 da cho 1a f/(x) =
X

2
$> Cau 2. Cho ham s6 f(x) = (sing—i—cos f) .

2
a) f(x) =1+sinx. b) f(x) lién tuc trén R.
o) /f )dx = /d.x+/ — cosx) d)/f dx = x+ cosx+C.
¢ Cau 3. Goi F(x) la mdt nguyén ham ctia ham f(x) = e* — 2x trén R thdéa man F(0) = 1.
a) F'(0) =0. b) F(1)=e—1.
X x3 f X
c)/ dx=e —§—|—C. d)/ =In|x| —2e* +C.

$> Cau 4. Mot bé chita dau ban dau ¢6 50000 lit dau. Goi V/(¢) 1a thé tich dau (lit) trong bé
tai thoi di€m ¢, trong d6 ¢ tinh theo gid 0 < ¢ < 24. Trong qu4 trinh bom dau vao bé, thé tich
dau ting theo téc dd dugc biéu dién béi ham sb6 V/(¢) = k- /1, v6i k 12 hing s6 duong. Sau 4
gid bom lién tuc, thé tich dau trong bé dat 58000 lit.

a) Ham s6 V(¢) 12 mot nguyén ham ctia ham s6 f(t) = k- /1.

2k < ,
b) V(1) = ?t\/fth, v6i 0 <t < 24 vak,C 1a cic hang sd.

¢) Sau 16 gio bom lién tuc, thé tich dau trong bé dat dudc 148000 lit.
d) Trong qu4 trinh bom dau, néu sau mdi gio luong dau bi 10 ri déu din véi toc do 500
lit/gio, thi tai thai di€ém ¢ bang 9 gid, thé tich dau trong bé 1a 72500 lit.

Phan I1l. Tra 16i ngdn. Thi sinh tra 18i tir cAu 1 dén cau 6 vao 6 két qua.
¢ Cau 1. Biét F(x) 1a mot nguyén ham ctia ham s6 f(x) = sinx + —— thoa man
cos? x
T 2
(%)= V2 ooh F(0), KQ:
4 2
$> Cau 2. Cho ham s6 bac bay = f(x) c6 f'(x) = 3x* +2x —m+1, £(2) = 1. Do thi ham
s6 y = f(x) di qua diém M (1;—3). Tinh f(—1). KQ:

$> Cau 3. Cho ham sb f(x) = x? + 4x. Biét / f(x)dx = ax’ + bx* +C, trong d6 a, b € R.
Tinh 3a+b. KQ:

¢ Cau 4. Cho F(x) = (ax*+bx+c)e® 1a mdt nguyén ham clia ham sd f(x) = 2x? - e*".
Tinh tong a + b + 2c. KQ:

&> Cau 5. Mot chiée 6 to dang chay v6i van tdc 15 m/s thi nhin thiy chudng ngai vat trén
dudng cich d6 50 m, ngudi ldi xe ham phanh khin cip. Sau khi ham phanh, 6 t6 chuyén
dong cham dan déu véi van toc v(t) = —3¢ + 15 (m/s), trong d6 ¢ (gidy). Goi s(t) la quang
dudng xe 6 to di dudc trong thdi gian ¢ (gidy) k€ tir lic dap phanh. Héi tit Iiic ham phanh dén
khi ditng han, 6 to di chuyén dudc bao nhidu mét? (két qua lam tron dén hang phan mudi)
KQ:
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Chuong 4. Nguyén ham va tich phan

&> Cau 6. Mot gia dinh san xuat chiéu c6i § Nga Son mdi ngly san xuét dudc x chiéc chiéu
(0 < x < 20). Chi phi bién d€ sin xut x chiéc chiéu (tinh biang nghin ddng) cho bsi ham s6 sau
C'(x) = 3x* — 4x + 10. Biét rang chi phi ¢ dinh ban diu d€ san xuit 12 500 nghin dong. Gia
st gia dinh ny ban hét chiéu mbi ngay véi gia 270 nghin dong/chiéc chiéu. Tinh 1gi nhuin t6i
da theo don vi nghin dong ma gia dinh d6 thu dugc. KQ:

2) Dé2
PHAN I. Cau tric nghiém nhiéu phuong an lua chon. Thi sinh tra 16i tir cAu 1 dén cau
12. M&i cau hdi thi sinh chi chon mét phuong an.

$> Cau 1. Ho cac nguyén ham ctia ham sb f(x) = sinx 1a

A)F(x) = —cosx+C. B) F(x) = —cotx+C.

(©F(x) =cosx+C. (D) F(x) = cotx+C.
$> Cau 2. Ho tit ca cdc nguyén ham ctia ham sb f(x) = x> +2026 1a

4 4

@ 2026 BT +2026x+C. ©4r'+2026:+C. B3 +C.

> Cau 3. Nguyén ham ctia ham s6 y = 5% 1a
: 5% 5x+1
5*In5+C. ST 4CL —+C. C.

@55+ ®x-57+ Ohs ™t Ot
&> Cau 4. Ho tit ci cac nguyén ham ctia ham s6 y = 2sinx — 3cosx 1a

(A)2cosx —3sinx+C. (B) —2cosx —3sinx+C.

(©)2cosx+ 3sinx+C. (D) —2cosx+ 3sinx+C.

$> Cau 5. Khang dinh nao sau day diing?

2x* -3
@/ a dx = x*—3Inx+C. /

X

2x2 -3
T dx =22+ 3Inx+C.
X

2x% -3 2x% -3
@/ T =22 3Infx|+C. @/ T =2 —3Infx|+C.
X X
$> Cau 6. Ho nguyén ham ctia ham sb f(x) = x’ 1a
7 8
@70 +C. ® 8% +C. ©x7+c. @%Jrc.

$> Cau 7. Xdc dinh nguyén ham ctia ham sb y = f(x) = 2x?

2 3 3
Ax*+C. %“}‘C. ©%+C. D) 6x° +C.
$> Cau 8. Ho nguyén ham ctia ham s f(x) = 6x* +sinx 1a
A)2x* —cosx+C. ®2x>+cosx+C. (©3x*>—cosx+C. (D) 12x+cosx+C.

¢S Cau 9. Cho / dx = F(x) +C. Khang dinh nao dudi day ding?

2

sin“x
sin2x 1 1
@F’(x):—cos4 . BF'(x)=—cotx. ©OF'(x)=—— 5. D F'(x) = — 5.
X sin” x sin” x
$> Cau 10. Nguyén ham ctia ham s6 f(x) =2 +x la
2% ) 2% x2 . X2 .
— C. —+C. 2+ —+C. 2 C.
@1n2+x+ ln2+2+ © +5+ D)2" +x* +
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§1. Nguyén ham

> Cau 11. Biét /f(x) dx = x> 4 cosx + C. Khing dinh nao sau ddy ding?

A) f(x) = 2x —sinx. B) f(x) =2x+sinx.
3 3
© flx) = % +sinx+C. ® f(x) = % _sinx+C.

2 1
¢ Cau 12. Goi F (x) 1a mot nguyén ham ctia ham sb f (x) = (2x —3)* thoa F (0) = 3 Tinh
gid tri ctia biéu thic T = log, [3F (1) —2F (2)].
@T = 10. ®T =4 ©T =2. ®T = —4.

PHAN II. Céu tric nghiém ddng sai. Thi sinh tra I3i tir cau 1 dén cau 4. Trong mbi y a),

b), c), d) & mbi cu, thi sinh chon ding hoac sai.

$> Cau 1. Cho ham sb f(x) = e* +x°.
a) Néu F(x) 1a mot nguyén ham cda f(x) thi F(x) + 5 cling 1a mot nguyén ham cda f(x).
b) F(x) =e"+x°+C la ho nguyén ham cua f(x).
¢) Néu F(x) 1a mot nguyén ham cta f(x) va F(0) = 1 thi F(1) = 2e.
d) Néu F(x), G(x) lan lugt 1a cdc nguyén ham cta f(x) va F(0) = 1, G(1) = e thi ta ludn
c6 G(x) = F(x) +e.

$> Cau 2. Cho F(x) 1a mot nguyén ham ctia ham sb f(x) = 2x — 2, biét rang F(1) = 1.

a) F(x) ludn xic dinh trén R. b) F(x) = x> — 2x.
¢) F(x) >0, v6i moi x € R. d) F(—-2)=2.
” ¥ +1
¢ Cau 3. Cho cac ham so f(x) va g(x) xdc dinh trén R\ {0} théa man f(x) = va
x

/g(x)dx =x+In|x| +C. Khi d6
1
a) f(x)=x+ =
1
b) g(x) = 1+;+C.
¢) F(x) 1a mot nguyén ham cia f(x) + g(x) va théoa man F(—1) = 3. Khi d6 tim dugc
1
F(x)=x>4+2In|x| — X
d) G(x) 1a mot nguyén ham ctia f(x) + g(x). Biét G(2) = 21n2 va G(4) + G(—4) = 2. Khi
d6 tim dudc G(—6) = aln2 +bIn3+c, véi a,b, c 1a cac sb thuc. Viy a+b+c = —2.
$> Cau 4. Mot cong ty A s hitu mdt khu khai thac dau, bat dau khai thac tai thoi diém
t = 0. Dua trén udc tinh trit luong dau, gid st tdc do khai thac du kién dudc cho bdi

Q'(t) = 3t2(40 —1)?, 0 <1t <40, trong d6 Q dugc do bang triéu thing, ¢ tinh theo nim.
a) 0"(t) = 6t(40 —1)(40 —2t).
3
b) Q(t) = 240013 — 60r* + §z5.
¢) Tai thoi diém ¢ = 30 nim thi tbc do khai thac 16n nhét.

d) Luong dau dudc khai thac trong 30 nim dau tién 12 Q(30) = 9180000 thing.

Phan I1l. Tra 16i ngdn. Thi sinh tra 13i tir cAu 1 dén ciu 6 vao 6 két qua.

2 1
¢ Cau 1. Cho ham so6 f(x) = — ¢6 nguyén ham 1a F(x) théa man F (1) = 1. Tinh F(\/e).
x
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Chuong 4. Nguyén ham va tich phan

KQ:

1
> Cau 2. Mot nguyén ham cda ham f(x) = 5x* — 2x\/x — — v6i x > 0 c6 dang
X

F(x) = ax3 + bx3 — Inx+2025. Tinh gié tri bidu thic P = 6ab. KQ:

$> Cau 3. Cho ham sé f(x) théa man f’(x) :axz—l—%, f(=1)=2, f(1) =3, f/(1) =0.
X
Tinh a + 2b.

KQ:
$> Cau 4. Cho ham sb f(x) = —(2x* — 8x + 7)e > c6 mot nguyén ham Ia
F(x) = (ax* + bx+c)e . Tinh a+ b +c. KQ:

$> Cau 5. Cong ty A va cong ty B cling ra mat san pham canh tranh thi trudng méi vao cling
thoi diém. Thi phan dugc do bang s ludng khach hang liy ké.

& Cong ty A: Bat dau v6i 0 khach hang. Trong giai doan dAu, chién dich marketing hiéu
qué gidp tdc dd thu hiit khach hang méi clia ho ting dan theo thdi gian, dudc md ta bdi
ham f(t) = 2t + 7 (nghin khich hang/thdng), véi ¢ 12 s6 thang ké tit khi ra mét.

& Cong ty B: Nhd ¢6 uy tin tif trudc, ho bat dau véi 10 nghin khach hang dit trudc san
phdm. Sau d6, ho duy tri mot téc do thu hit khach hang méi &n dinh 1 10 nghin khéch
hang/thang.

Hoi sau khoang bao nhiéu thang k& tir khi ra mat, tdng s6 luong khach hang liy ké ctia cong
ty A bing tong sd luong khach hang liiy ké ctia cong ty B (tinh ca 10 nghin khach hang ban
dau)? KQ:

&> Cau 6. Ngudi ta quan sat mot quan thé vi khuin dang ting trudng, ban dau gom 500 vi
khuén. Sau mot ngay va sau bén ngay ké tir khi bat dau quan sat, s6 lugng vi khuin ctia quan
thé d6 tuong ting 1a 600 vi khuén, 1300 vi khudn. Goi P(¢) 1a sb lugng vi khuan ctia quan thé
d6 tai thoi diém ¢ ngay ké tir khi bat diu quan sat, 0 < ¢ < 10. Ngudi ta udc tinh téc do ting
trudng clia quan thé vi khuin dé dugec mo ta bdi P'(t) = at + b+/t (vi khudn/ngdy), trong do6
a,b 1a hang s6. Hoi sb lugng vi khudn cia quan thé d6 sau 9 ngay ké tir khi bat dau quan sat 1a
bao nhiéu? KQ:
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§1. Nguyén ham
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DAP AN PHAN I
1. DJ][2. A][3. c]|4 A][5. B]l6. B][7. c]|[s. c]|][9. D]
110. B][11. c][12. C]
PAP AN PHAN II
Cau 1. (@b(®)b(c)S(@P||Cau 2. @p®b)s@)s
Cau 3. (@)s(®b(c)P(d)S | |Cau 4. ORIORIORIC):
PAP AN PHAN III
Cau 1. Cau 2. Cau 3. Cau4 Cau 5. Cau 6.
) 7 3 1 3071, 15(]1]3]0]0
PE SO 2
DAP AN PHAN I
1. A]|2. B|[38. C||4. B|[5. D||6. D|[7. B|[8. A][9. D]
[10. B][11. A][12. C]
PAP AN PHAN II
Cau 1. (@P()S(c)b(d)s | |Cau 2. (@pb)s(c)b@)s
Cau 3. (@b(d)s(c)s(@ P ||Cau4. (@bP®)s(c)s@b
PAP AN PHAN III
Cau 1. Cau 2. Cau 3. Cau 4 Caub Cau 6.
s sl =l s flol T JfisE T |3 l2]o]o
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§2 TICH PHAN
I. LY THUYET CAN NHG
1) Dién tich hinh thang cong

Cho ham s6 y = f(x) lién tuc va khong am trén [a;b]. Hinh phang
gidi han béi dd thi ham s6 y = f(x), truc hoanh va hai dutng thang
x = a,x = b dudc goi la hinh thang cong.

o

Néu ham s6 y = f(x) lién tuc va khong am trén doan [a; b] thi dién tich S cta hinh
thang cong gidi han bdi dd thi ham s6 y = f(x), truc hoanh va hai dudng thang
x = a,x = b dudc tinh béi

S=F(b)—F(a),

trong d6 F(x) la mot nguyén ham cia f(x) trén doan [a;b].

2) Khai niém tich phan

Cho ham sb f(x) lién tuc trén doan [a;b]. Néu F(x) 1a mot nguyén ham cla f(x)
trén doan [a; b] thi hiéu s6 F (b) — F (a) dudc goi la tich phédn ti a dén b cia ham sb

b
f(x),kihiéu/f(x)dx.

) b
Hiéu s0 F(b) — F(a) con dudc ki hiéu la F(x)| . Nhu vay:
a

b
Ta goi / f(x)dx la ddu tich phdn, a va b la cdn tich phdn, a la cdn dudi, b la cdn

a
trén, f(x)dx la biéu thiic dudi ddu tich phdn va f(x) la ham s6 dudi ddu tich phan.

L LuuY.
a) Trong truong hdp a = b hodc a > b, ta quy udc

a a

/f(x)dx:O va /bf(x)dx:—/f(x)dx.

b

a
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§2. Tich phan

b) Tich phan chi phu thudc vao ham sb f va cac can ma khong phu thudc vao bién
b
s6 x hay ¢, nghfia 12 / Flo)dx= / Flo)dr.
a

¢) Y nghia hinh hoc ciia tich phan:

Néu ham s6 y = f(x) lién tuc va khong am trén doan

b
[a; D] thi / f(x)dx la dién tich S cta hinh thang cong
a

giGi han bdi do thi ham s6 y = f(x), truc hoanh va

b
hai dudng thang x = a,x = b. Vay S = / f(x)dx.
a
3) Tinh chét:

Cho cac ham sb y = f(x) va y = g(x) lién tuc trén doan [a;b], ¢ € [a;b]. Ta c6 céc tinh
chét sau:

b b
) /k-f(x)dx:k-/f(x)dx(klahang 56).

@ [|w+e00|ac= [roact [groax

o [ s -st0)]ac= [ rse [store

a

@ if(X)dX+/cf(X)dx:jf(X)dX-
a b a

L Luuy.
a) Néu ham sb y = f(x) c6 dao ham f’(x) va f/(x) lién tuc trén [a;b] thi

b
1(6) = fla) = [ f'(x)ax

b) Ta da biét ring, dao ham cla quang dudng di chuyén ctia vat theo thdi gian
bing téc do clia chuyén dong tai mbi thoi diém v(z) = s'(¢). Do d6, néu biét toc
do v(¢) tai moi thai diém ¢ € [a;b] thi tinh dugc quang dudng di chuyén trong
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Chuong 4. Nguyén ham va tich phan
khoéng thdi gian tlf a dén b theo cong thiic

b
= ()= s(a) = / V(e dr.

b
/ f(x)dx dugc goi la

a

. .z : R |
Nhén xét. Cho ham s0 f(x) lién tuc trén doan [a;b]. Khi d6 5
gia tri trung binh ctia ham s6 f(x) trén doan [a; b).

1. PHAN DANG BAI TAP

Dang @ Tinh dién tich hinh thang cong

Néu ham s6 y = f(x) lién tuc va khong am trén doan [a;b] thi dién tich S cla hinh thang
cong gidi han bdi do thi ham s6 y = f(x), truc hoanh va hai dudng thiang x = a,x = b dudgc
tinh béi

S=F(b)-F(a),

trong d6 F(x) la mot nguyén ham cda f(x) trén doan [a;b].

S Vidul

Tinh dién tich hinh thang cong gi6i han bdi d6 thi ham s Y
y = f(x) = €*, truc hoanh, truc tung va dudng thang x = 1 y=et
(hinh vé).

BAI TAP REN LUYEN

a1 z
Tinh dién tich hinh thang cong gi6i han bdi dd thi ham s y = /x, truc hoanh va cic dudng
thang x =1, x = 4.
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Dang @ Tinh phan ctia mot s6 ham cd ban

b
Cac budc tinh / f(x)dx

a
@ Tim mot nguyén ham F(x) cua f(x) (thuong chon C = 0).

b b
@ Ap dung cong thiic /f(x) dx=F(x)| =F(b)—F(a).
S Vidul
Tinh cac tich phan sau:
In2 z 2
a) /etdt. b) /COS tdr. C) /Zxdx
0 0 1

< Vidu 2
1
St dung y nghia hinh hoc, tinh tich phan / V1 —x2dx.
~1

BAI TAP REN LUYEN

Tinh céc tich phan sau:

3 z
1 2
a) / edx. b) / P 0) / sinxdx. d)
1 0

sin“x

O\\N\wm
o &
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ooz z

-2

Dang @ Tinh chit cha tich phan

Cho cac ham s6 y = f(x) va y = g(x) lién tuc trén doan [a;b], ¢ € [a;b]. Ta c6 cic tinh
chét sau:

b b
) /k-f(x)dx:k-/f(x)dx(klahangsé).

e [|r@+et)|a= [r@act [g@ax

> Vidu 3

Tinh cac tich phan sau:

1 -1 4
-3 5x—1
2) / 4 dx. b) / 2 . 0 / dx. d) / 3 /xdx.
1 ) 10x 2 /
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> Vi du 4

Tinh cac tich phan sau:
2

a)I:/x_ldx.

x2
1

T
b) J:/(1+2sin2%‘) dr.
0

¢ Vidu5

Tinh céc tich phan sau:
1

2

-1

a) I:/(4x3—5)dx—/2(4x3—5)dx.
1

§2. Tich phan

2
c) K= }xz—x|dx.
/

» Ngo Dice Jii - B 0859977 004



Chuong 4. Nguyén ham va tich phan

> Vidu 6

2
Chohamsby = f(x) = {

X
2x—1

khi x <1

.Biét f(x
khi x > 1 )

> Vidu 7

Cho céc ham s6 f(x),g(x) lién tuc trén doan [1;3] va

3
lién tuc trén R. Tinh / f(x)dx.
0

2 3 3
1 3
[rwa=3, [rwa=3, [exd=-1
1 2 1
Tinh:
3 3
D) [27(6)+ gw)]ds b) [[5£()~4)ax.
1 1
BAI TAP REN LUYEN
[ 53 %
Tinh céc tich phan sau:

2 1

2) Ilz/(3X—§)dx. on= [£=14
X 2X—1
1 0
5 5
1 1
3 1 d I :/< — )dx.

b) 12:/(4 —a) & ) L J \sin’x cos’x

1 7

36
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o z

27 3 2
a)/|sinx|dx : b) /|x—2|dx. c) /|1—x2|dx.
0 -2 -3

5 5
a) Cho ham sd f(x) lién tuc trén doan [—1;5] va /[2x— 3f(x)]dx = 12. Tinh /f(x) dx.
—1 -1

X 4+2 khix>-—1

1
lién tyc trén R. Tinh / f(x)dx.
2x+3 khix< -1

b) Biét ham sb f(x) = {
-2
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Dang @ Toan thuc té ap dung tich phan

S Vidul

Gia st nhiét do (tinh bang °C) tai thdi diém ¢ gid trong khoang thi gian tif 6 gid sang
dén 12 gid trua & mot dia phuong vao mdt ngay nao dé dudc md hinh héa bdi ham sb
T(t)=20+41,5(t —6),6 <t < 12. Tim nhiét do trung binh vao ngay do6 trong khoang
thoi gian tir 6 gid sang dén 12 gio trua.

< Vi du 2

Tai mot nha mdy san xut mot loai phan bén, goi P(x) 12 1¢i nhuan (tinh theo triéu dong)
thu dudc tlf viéc ban x tin san phdm trong mot tuan. Khi d6, dao ham P’ (x), goi la 1gi
nhuin cin bién, cho biét téc do ting 10i nhuin theo luong san phin ban dudc. Gia st
16i nhuan cin bién (tinh theo triéu dong trén tAn) cia nha may dudc udc luong bdi cong
thiic P'(x) =16 —0,02x v6i 0 < x < 100. Tinh I¢i nhuén nha may thu dugc khi ban 90
tAn san phim trong tuan. Biét ring nha may 16 25 triéu dong néu khong ban dudc lugng
san phdm nao trong tuan.

<> Vidu 3

Sau khi xut phat, 6 t6 di chuyén vé6i toc do v(t) = 2¢ —0,03¢> (0 <t < 10), trong d6
v(t) tinh theo m/s, thdi gian ¢ tinh theo gidy véi ¢ = 0 1a thdi di€ém xe xuét phat.
a) Tinh quang dudng xe di dugc sau 5 gidy, sau 10 gidy.

b) Tinh tdc do trung binh ctia xe trong khoang thdi gian t = 0 dén ¢ = 10.
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Biét ring toc do v (km/phiit) ctia mot ca nd cao tbc thay d6i theo thoi gian ¢ (phiit) nhu
0,5t, 0<r<?2

saw: v(t) = ¢ 1, 2 <t <15 . Tinh quing dudng ca nd di chuyén dugc trong
4—-0,2t, 15<t<20

khoéng thdi gian tit 0 dén 20 phuit.

BAI TAP REN LUYEN

a1 | z

Loi nhuén bién clia mot san phdm dudc mod hinh hod béi

P'(x) = —0,0005x + 12,2

a) Tim su thay d6i 16i nhuan khi doanh s6 ban hang ting tir 100 1&n 101 don vi.
b) Tim su thay d6i 16i nhuan khi doanh sb ban hang ting tir 100 1&n 110 don vi.
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[ saiz | z

Hinh bén la do thi van toc v(¢) ctia mot vat (t =0 v(ms)
12 thoi diém vat bat diu chuyén dong).
a) Viét cong thiic ciia ham sd v(t) véit € [0;6]. 3{----m--

b) Tinh quing dudng vat di chuyén dudgc trong
6 gidy dau tién.

[ oais | z

Ning luong gi6 trén dat lién 12 mot trong nhitng cong nghé ning luong tai tao dang dugc phat
trién ¢ quy mo toan cau. Ning luong gié khong truc tiép phat thai khi nha kinh, khong thai

ra mdi trudng cac chat 6 nhiém khéc, cling nhu khong tiéu thu nuc d€ 1am mat cho cac nha
may. Céc turbine gi6 thudng c6 ba cdnh quay trén mot truc ngang, 14y dong ning tit qua trinh
di chuyén dong khong khi (gi6) d€ chuyén ddi thanh dién nidng thong qua mot mdy phat dién
dudc két ndi v6i lusi dién. Hinh thang cong (t6 mau vang) trong hinh bén md ta mot phan
mit cat ding clia canh turbine, dudc gi6i han bdi cac dudng thang x = 2, x = 25, truc Ox va

dd thi ham s6 y = f(x) = —%()@ —33x% + 120x — 400).
y(m)
I —im
4m
0,355 4 . 3m
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[ sAi TAP

Tric nghiém nhiéu phuong an luva chon.

$> Cau 1. Cho F(x) 1a mot nguyén ham ctia ham s y = f(x) trén doan [a;b]. Tim khang
dinh dung

b
® [ fw)ar=F(b) - Fla). ® [ fx)dr= 1(b) - f(a).
ab ab
© [ fwydv=f(6) + f(a) © [ fx)dx=F(b) + F(a).

$> Cau 2. Cho hai ham s6 y = f(x),y = g(x) lién tuc trén [a;b] va sb thuc k tiy y. Trong céc
khang dinh sau, khang dinh nao sai?

<Diﬂm- dx(/f M/

./kf )dx = k/f

<D/Uw /f ) - jg
<3ipumg@wn=/ﬂmm+/ﬁww

¢S Cau 3. Tich phan I = / (3x2—|—2x> dx bing

0
@)0. ®4. ©2. ®) 6.
$> Cau 4. Cho ham s y = f(x) lién tuc trén doan [a;b], ¢ € (a;b). Ménh dé nao sai?
@/kdx:k(a—b),VkeR. /f(x)dx:—/f(x)dx
ab b ab cb b
/ =/ © [fe)de= [ re)de+ [ 5o ds

s

$® Cau 5. Tinh /cosxdx dugc két qua 1a

1

®-1. ® ©5 O1.

> Voo Diie Jii - B 0859977 004 41



Chuong 4. Nguyén ham va tich phan

$> Cau 6. Cho ham sb y = f(x) lién tuc trén doan [a;b], ¢ € (a;b). Ménh dé nao sai?

@/bkdx:k(a—b),VkeR. /bf(x)dx:—/af(x)dx.
a a b
@/bf(x)dxz/bf(t)dt- @/bf(X)dx:/Cf(x)der/bf(x)dx-

2
> Cau 7. Két qua phép tinh / 3% dx biing
1

2 —6 6
n3 ®6. n3 n3

1
¢S Cau 8. Tinh tich phan / (2024x +-2025) dx.
0
@4049. —3037. (©)3037. (D) —4049.
2
> Cau 9. Tinh tich phan / (2 + 1)2dx.

0

206 260 33 34

15 ® 15 © 3

T
3

¢S Cau 10. Tich phan I = /cosxdx bing
0

V3 V3 1 1
W5 ®-7 ©3 D=
12241
$> Cau 11. Tinh/ a dx dugc két qua 1a
X
1
(A)8 —1n3. (B)8+2In3. (©)8+In3. D)7+ 1n3.

2
$> Cau 12. BiétI = / |x + 1| dx. Tim ménh dé ding.

-2
2

@I:/2|x—|—1| dx:/(x-l—l)dx—i—]l(x-i—l)dx.
) )

-1

I:/2|x-|—1|dx:]l(x-i—l)dx—/z(x-l—l)dx.
) ) e
2 2
@I:/z\x+1\dx:/2(x+1)dx.
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2 -1

@1:/2|x+1|dx:/(x+1)dx—/(x+1)dx.
) )

—1

¢S Céu 13. Cho I = / |2x — 4| dx. Chon khang dinh diing.
-1

Lj (2x—4) ' I:—/2(2x—4)dx+/3(2x—4) dx.
| . 2

@1_/ (2x—4) dx+/ (2x—4) dx. @Iz/(2x—4)dx /3(2x 4) dx.
4 2

2018
$& Cau 14. Tich phén / 2" dx bing

22018 -1 22018

22018 _ | . 2018

@ In2 © In2 ©2

$> Cau 15. Cho ham sb £(x) c6 mot nguyén ham trén R 1a F(x). Biét (1) =3 va F(3) = -2,
3

gidtri cia l = / f(x)dx bing

1
A)I=5. ®1=1. ©1=-1. DI =-5.

$> Cau 16. Cho ham s f(x) c¢6 dao ham trén doan [1;2], £(1) =1 va f(2) = 2. Khi d6
2

I= | f'(x)dx bing
/
@I =—1. B=1. @1:; ©)1 =3,
> Cau 17. Cho / £(x)dx = 10. Tinh / F(x)dx
1 2
@®-10. 10. ©s. ©)-5.

4
$> Cau 18. Cho ham s6 f(x) lién tuc trén R va c6 /f(x)dx =9; /f(x)dx = 4. Tinh
2

@ =5 ®1=36. @1:; O =13,

$> Cau 19. Cho ham s6 y = f(x) lién tuc trén R, /f(x) dx = 2. Biéu thic /f(x) dx bing
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@2 % ©-2. @_%.
1 3 3
$> Céau 20. Cho /f(x)dxz—l;/f(x)dsz. Gia tri cﬁa/f(x)dxbﬁng
0 0 1
A4 ® 1. ©s5. D)6.

4
$> Cau 21. Cho ham sb f£(x) théaman £(1) = 12, f'(x) lién tuc trén doan [1;4] Vé/f’(x)dx:

1
17. Tinh f(4).

(®)29. ®9. ©)26. ®)s5.
2 2 2
$> Cau 22. Cho [ f(x)dx=3va [ g(x)dx = —5,khi dé [ [3f(x)+4g(x)] dx bing
[ros=se] 4
@®)29. ® 3. ©—11. D)4

1 1 -1
> Cau 23. Cho / Fx)dx =4 va / 2(x)dx — 3. Tinh tich phan I — / 2f(x) — 5g(x)] dx.
-1 -1 1

AI1=-1. ®I1=1. ©1=-14. D1 =14.

T
2
& Cau 24. Biét /cosxdx — a+bV/3, v6i a,b 1a cdc sb hitu ti. Tinh T = 2a + 6b.
T
3

AT =2. ®T = —1. ©T = —4. ®T =3.

T
5

$& Cau 25. Tich phan /sinxdx bing

T

7

T T T T T T T T
@Sing—sin7. sin7—sin§. @cosg—cos7. @cos7—cos§.
b
7 AN
$» Cau 26. Tich phén/ ——dx, vdia,b € <O;—) bang
sin“x 2
a
(A)tana — tanb . (B) coth — cota. (Otanb —tana . (D)cota — cotb .

m
£ 32
¢S Cau 27. Tim so thuc m sao cho I = /(x2—2x+5)dx: Ex
1

Am=3. B m =4. ©Om=35. ODm=2.
2
$® Cau 28. Tich phan /e3XIdxb§ng

@%(65_62)- %65—62. @es—ez_ @%(654-62).
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$> Cau 29. Tinh dién tich hinh thang cong gidi han bdi do thi ham s6 y = f(x) = &%, truc

hoanh, truc tung va dudng thang x = 1.
Ae+1. B)e—2. ©e—1. De+2.
¢S Cau 30.Dién tich hinh thang cong dugc t6 dam trong hinh Y.
vé bén bang
10 4 8
@A) —. =. ©3. D - .
3 3 3
y=x>+1
0" 1 2%
$© Cau 31.Dién tich hinh thang cong dugc t6 ddm trong hinh y,
vé bén bing
@A)?2. ®)8. ©In3. (D)In2. 1
0 1 3
y
2

$> Cau 32. Cho ntia dudng tron ban kinh bing 2 (xem hinh vé).
Dién tich phan t6 ddm dudc tinh bang cong thiic

@/zmclx. jﬂdx.
02 02 9 0
@/de. @/ﬂdx.

$> Cau 33.Cho ham s6 y = f(x) c6 do thi 1a mot parabol nhu

3
hinh bén. Tinh/(x—l)f(x)dx
0 IL 1
9 9 135 135 T
@Z. _Z- @T- ®_T.

Trac nghiém dang sai.

$> Cau 1. Cac phép bién ddi tich phan duéi day ding hay sai?

2 2
4 4
3., X 2 1 15
a)/de_4 41" a1
1
2025 2025
X 32025 30 32025
b) /3xdx:— _ 2 .
I n3 2025 In3
0
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vl

%
c) /cosxdx: —(sinx) - [sin (—7%) — sin g] =2.
-z -z
; 2 2 ; 1 2 : 2 T T 2
d / — dx:_—/ dx = —=(cotx :—(cot——cot—):——.
Y 3 J sin’x 3(cot) . 3\U2 4 3
i I T

$> Cau 2. Cho ham sb y = f(x) c6 bang bién thién nhu hinh vé.

X |—oo 1 2 4 oo
f'(x) - - 0 +
f(4)

1) /\ e \

2 4
W [Fod=1. b) [[3+/()]dx = £(4) +3
1 1
2 4
o [Fwd=r()-1@). @) Néu [ f/(x)dx =5 thi £(4) =
1

1
x> —2x khix>2

$> Cau 3. Cho ham s f(x) = _ .
x—2 khix <2

(x—2)dx.

¢ [ flx)dx= %2—2)6) +<%2—2x> :
1 1 2
3
d) [ f(x)dx=
1
2 3
¢S Cau 4. Cho | f 3, [ f(x)dx =5.Khi do
=y
0 3
a) /f(x)dx:3. b) /f(x)dsz.
% ’ 2
o [ [f(x)—2x]dv=—1. d) Néuf(z)zlothi/ (%) dx = 13.

0
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$> Cau 5. Cho ham s6 f(x) = x%. Goi F(x) 1a nguyén ham cda f(x) trén R.

a) F/(x) = f(x), Vx e R.
3
b) F(x):%-l-C.

¢) Biét F(1) = 0. Gia tri ctia F(0) bing 0.

a
d) V6i a > 1, khong c6 gia tri nao clia a thdoa man / [3f(x)—1]dx=0.
1
$> Cau 6. Cho ham s6 f(x) = 3x> — 2x+5 c6 dao ham f’(x). Xét tinh diing sai clia cic
khang dinh sau:
2

1 2 1
31
a) /f’(x)dx —3. b /f(x)dx —7. 9 /3f(x)dx _ 4. d) /xf(x)dx ==
S 0 0 0
$> Cau 7. Chohamsby = f(x) =
a) Ham s6 y = f(x) dong bién trén R. b) f/(1) =e.
In2 1
0 /f’(x)dle. d)/f(x)dx:e—H.
0 0

$> Cau 8. Cho ham s6 f(x) = x> +2x va ham s g(x) = x> +x.
a) Dién tich S clia hinh thang cong gi6i han bdi do thi ham sb y = f(x), truc hoanh va hai

dudng thang x = 1, x = 3 dudc tinh bing cong thiic S = / (x® 4 2x) d.

4
b) Goi F(x) = % + 2x 12 mot nguyén ham ctia ham s6 f(x) thi S = F(3) — F(1).

c)I-lO/f dx+6/ ) dx = 356.

d)J:/f(x)dx+/f(x)dx:/f(x)dx.
1 3

. 6
¢S Cau 9. Cho ham so f(x) xac dinh trén R\ {0} thdéa man f(x) =x+5——.
x
6
a) f(x)la mot nguyen ham ctia ham s6 g(x) = 14 —.
x

b) /f ——x +5x—6Inx+C.
¢) Goi F(x) la mot nguyén ham cta ham sd f(x) va théa man F(1) = 5. Khi d6
2

2):5+/f(x)dx

1
d) Goi G(x) la mot nguyén ham cda f(x) théa man G(1) =4 va G(2) + G(—1) = 5. Khi
d6 G(—6) = —13—61In3.
$> Cau 10. Gia st rang khi ting # nim tudi, mot may cong nghiép A tao ra doanh thu véi toc
do R'(t) = 650 — 3¢ (triéu ddng/nim), thdi diém ¢ = O tinh tif lic mdy A bat dau hoat dong.
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Biét ring chi phi bién cho van hanh va bao tri 1a C'(¢) = 48 + 12¢2 (triéu ddng/nim), & day
C(t) 1a chi phi van hanh va béo tri cia may A khi n6 dugc ¢ ndm tudi.
12
a) Doanh thu sau 12 ndm cia may A la / (65() — 3t2> dt (triéu dong).
0
b) Téng chi phi van hanh va béo tri clia méay A trong 6 nim Ia 1152 (triéu dong).
¢) Tudi tho hitu ich ctia mot mdy 1a s& nim 7 trude khi 16i nhuan (biang doanh thu trit chi
phi) ma né tao ra bat dau giam. Tudi tho hitu ich clia mdy A nay 1a 8 nim.
d) Loi nhuin do mdy A tao ra trong sudt thdi gian tudi tho hitu ich ctia né 1a 2532 (triéu
dong).

$> Cau 11 (CT-THPTQG 2026). Mot hé thdng pin ning lugng mit trdi gdm cac tAm
pin dugc két ndi v6i mdt bo luu trit dién. Trong thdi gian mit trdi chiéu sang cia mot ngay,
ning lugng dién thu dugc tif cac tAm pin dudc Iuu trong bd luu trit dién. Goi F(¢) 1a ning
luong dién (kWh) luu trit dudc ké tir thoi diém hé thdng bat dau hoat dong dén thoi diém t,
trong d6 ¢ 1 thdi gian tinh theo gid (0 <t < 12) va thdi diém hé thdng bat diu hoat dong ting
v6i t = 0. Biét ring F(0) = 0. Téc d6 luu trit ning luong dién (kW) clia hé thdng nay 1a ham
s6 f(t) = F'(t) v6i 0 <t < 12. S liéu ghi nhan dugc & mot ngay cu thé trong ndm cho thiy
f(t)=—0,152+1,8: v6i 0 <t < 12.

a) F(t) = —0,05>+0,9> v6i 0 <t < 12.

b) Niang luong dién (kWh) luu trit dudc k& ti thoi diém ¢ = a dén thoi diém

b
t:b,(0§a<b§12)lé/f(t)dt.

¢) Ning luong dién luu trit dugc k€ tii thoi diém ¢ = 1 dén thdi di€ém ¢ = 5 nhd hon 15,3
kWh.

d) Ning luong dién luu trit dudc ké tii thai diém ¢ = 1 dén thoi di€ém ¢ = 9 gip hai 1an niing
lugng dién luu trit dudc k€ tir thoi di€ém ¢ = 1 dén thoi diém ¢ = 5.

&> Cau 12. Trong qud trinh sdn xuét gidy, viéc kiém soat bot rit quan trong dé dam bio
chét lugng san phdm. Gia st y(x) 1a ndng do ctia mot chat gay bot con du trong bé xi ly (don
vi mol/L) tai thai diém x (gidy), y(x) > 0 vdi x > 0. Sau khi thém mot lugng chét chbng tao
bot, ndng do chit giy bot gidm dan theo thdi gian théa man hé thiic y'(x) = —7- 104y (x) véi
x > 0. Biét ring tai thoi diém bat dau xi Iy x = 0, ndng dd chat gay bot 1a 0,05 mol/L. Xét
ham sb f(x) = Iny(x) véi x > 0.

a) f'(x)=—7-107%

b) f(x) = —7-10"%x+1n(0,05).

¢) y(30) —y(15) =~ 5,7-1074,

d) Cho biét gid tri trung binh ctia ham s6 lién tuc g(x) trén doan [a;b] dugc dinh nghia 1a

b
- i - / g(x) dx. Nong do trung binh cta chit gy bot trong khoéang thoi gian tir gidy thd
a

20 dén gidy thit 30 bang 0,03 mol/L.

$> Cau 13. Mot chat diém A xuédt phat tif O, chuyén dong thang v6i van tdc

1 58 £y 4o y 2
v(t) = mtz + Et (m/s). Chat diém B xuat phat tir O chim hon 3 gidy so véi A va c6 gia toc
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khong ddi a (m/s?). Sau khi B xuit phat dudc 15 gidy thi dudi kip A.
a) Thoi di€ém chét diém B dudi kip chit diém A thi chét diém B di dugc 15 gidy va A di
dudgc 18 gidy.
b) a =2.
¢) Van toc cia B tai thoi diém dudi kip A bang 30 (m/s).
d) Sau khi B xuét phat 10 gidy thi quang dudng A di dugc khong qua 100 (m).

$> Cau 14. Mot ho thiy 10i dudc van hanh an toan khi thé tich nudc bén trong né niam trong
khoang tir 20000 m> dén 60000 m>. Sau mot con mua, ngudi ta do dude luu lugng nude (tbe
do thay d6i lugng nuée) trong hd 1a Q(r) = 1000£> — 8000¢% 4- 12000¢ (¢ tinh bang gid, O(¢)
tinh bang m?/ gid). Tai thoi di€ém bat dau quan sat (¢ = 0), trong hd c6 50000 m? nuéc.

2
a) Sau 2 gid quan sat, thé tich nudc trong ho 12 50000 + / Q(t)dt m>.
0

b) Trong khoéng thdi gian tit 0 dén 4 gid, thé tich nu6c trong hod ludn ting.

170000
m-.

¢) Trong 6 gio diu quan sat, thé tich nudc 16n nhit trong ho 1a
d) Trong 6 gid dau quan sat, ho ludén van hanh an toan.

> Cau 15. Mot chuyén gia kinh té nghién ctiu téc do thay déi E
luong dién tiéu thu ctia hai khu vuc cdng nghiép A va B tif dau nim
2020 dén dau nim 2024. Téc dd thay ddi luong dién tiéu thu (don
vi: triéu kWh/niam) ctia khu vuc A va khu vuc B 1an ludt dugc md
ta bdi cac ham s6: E/\ (1) = 2" + 8 va Ep(t) = 3,75t +n (n 1a mdt
hﬁng s0), trong do ¢ 1a s6 nam ké tir dau nam 2020 (0<r<4).
Biét ring tai thoi di€ém bt dau khao sit (+ = 0) va dau nim 2024
(t = 4), tbc do thay ddi lugng dién tiéu thu cda cé hai khu vuc la
bang nhau (nhu hinh vé). 4 t
a) Tai thoi diém ¢ = 3, tbc do thay d6i luong dién tiéu thu cta khu vuc A 1a 16triéu
kWh/nam.
b) Méc thdi gian #) ma tai d6 tc do cta khu vuc A dat 12triéu kWh/nim 12 1o = 2,5.
¢) Tong luong dién tiéu thu ting thém ctia khu vuc A sau 4 nim dau khio sat xp xi biang
53,64 triéu kWh.
d) Tong luong dién tiéu thu ting thém ctia khu vuc B nhiéu hon khu vuc A mot lugng xap
xi 10,93 triéu kWh.

@ kP Tu ludin

4
& Bai 1. Biét F(x) = y/x 1a mdt nguyén ham ctia ham s6 f(x). Tinh / 2+ f(x)] dx.

1
!
|
|
|
|
|
|
|
|
|
!
!
|
|
|
1

1 10
& Bai 2. Cho ham s6 y = f(x) lién tuc trén doan [0;10] va théa man /f(x)dx =7 va
6 2 10 0
/f(x)dsz. TinhP:/f(x)dx—l—/f(x)dx.
2 0 6
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& Bai 3. Tinh cac tich phan sau:

2 1 2
1\2
a) /(3x—2)(3x—|—2)dx; c) /(3x— 1)2dx; e) /(\/)_H__) dux:
VX
0 ~1 1
/ 221 x4
b) [ (522 —2)dr; d /ldx; / =7 .
) [rer-2) ) [ 0[5
1 1 1
& Bai 4. Tinh cac tich phan sau:
a) /(2003x+1) dx; d) / sin“x 9) /Coszfdx;
0 J 1 +cosx / 2
. :
b) /(3cosx—|—2sinx) dx; &) /2cos3x—3 dx: h) /tanzxdx;
0 cos2x ’ 5
0
1 - z
1 1 _ . )
c) / cos2x  sin’x dx; f) /(1 + cotx) sinxdx; i) /COt xdx.
& 0 1
& Bai 5. Tinh céc tich phan sau:
2 1 1
a) /3xdx; d) /e”zdx; g) /(3-4x—5ex) dx.
0 -2 0
2 1
1-3x X 2 4 —1
b) [2' dx; 0) /(2 _1)2dx; h [ dr
1 0 0
-X 3x—1 . (ex_ 1)
<) /e dx; f) /(e —3xy/x) dx. i) /—dx.
2e*
—1 1 0
& Bai 6. Tinh cac tich phan sau:
1 4 1
a) /|2x+2|dx; c) /|x2—4|dx; e) /|ex—1|dx;
-2 0 -1
4 2 5
b) /|5—3x|dx; d) /]x2+x—2|dx; f) /|Sinx|dx.
1 —1 _%
Vx—1

& Bai 7. Cho ham s f(x) c6 dao ham f/(x) =

,x> 0. Tinh gid tri cta f(4) — f(1).
x

4
2
) 3
& Bai 8. Biét/x i dx:g—l—can, v6i (a,b,c € Z). Tinh a+ b — 2c.
X
1

4ax+1 khix>?2

& Bai 9. Biét ham sb f(x) =
2x>—x+1 khix<?2

4
lién tuc trén R. Tinh / f(x)dx.
0
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3
& Bai 10. Cho ham s6 y = £(x) lién tuc trén R théa mén / [/ (x) +2xf(x)] dx = 18. Tinh
0
f3).
& Hudng ddn: Haim duéi diu tich phan c6 dang (uv)’.
1
& Bai 11. Cho ham s6 y = f(x) lién tuc trén R théa man f(x) = x+ /xf(x) dx. Tinh f(2).

0
1

& Hudng dan: Dit /xf(x)dx =avéia€R. Suyra f(x) =x+a.

0
& Bai 12. Cho hinh thang cong (H) gidi han bdi cac dudng y = €%,
y=0,x=0,x = In4. Pudng thang x = k (0 < k < In4) chia (H) thanh
hai phan c6 dién tich S; va S» nhu hinh bén. Tim k dé §; = 255.

& Bai 13. Cho ham s6 y = f(x) c6 d6

thi trén [0;7) nhu hinh v& (mot phan 12 nita y=fx)
dudng tron, mot phan 1a dudng gip khiic). 27~ o~ ‘ ‘
’ 1 L
Tinh tich phan / f(x)dx. | i i
0 % 1 —
o 2 4 6 7°

& Bai 14. Khao sat chuyén dong clia xe khach A trong 30 phut trén mot quiang dudng ta
thu dugc két qua: van tdc v (m/phiit) clia xe khach theo thdi gian ¢ (phit) dugc biéu dién béi

ham sb
100z, 0<r<10

v(t) = < 20t 4800, 10<t <20
—10r 41400, 20 <t < 30.
Tinh quing dudng chuyén dong va van tdc trung binh clia xe khach trong 30 phiit da khio sat.
& Bai 15. Mot ngudi cong nhan c6 thé san xuét vdi téc do 1a (1) = 1004~ don vi san
phim trong 1 giv, v6i ¢ (gid) la thai gian tinh tir khi bat dau lam viéc. Biét rang ngudi cong
nhén bat dau lam viéc tif lic 8 gid sang, hoi ngudi d6 sé san xuat dugc bao nhiéu don vi san
phidm trong khodng thdi gian tir 9 gid sang dén 11 gid trua (lam tron dén hang don vi)?
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Chuong 4. Nguyén ham va tich phan

& Bai 16. Mot vat chuyén dong véi van tdc dudc cho bdi do thi & hinh vé duéi day:
v (km/phut)

2t---1 —

0 1 2

a) Tinh quing dudng ma vat di chuyén dudc trong 1 gidy dau tién.

b) Tinh quing dudng va vat di chuyén dudgc trong 2 gidy dau tién.
& Bai 17. Mot xe 6 to sau khi chd hét dén d6 da bat dau chuyén dong véi van tde dudc biéu
thi biang do thi 1a dudng cong parabol nhu hinh bén dudi. Biét ring sau 5 phiit thi xe dat dén
vén tdc cao nhat 1000 m/phit va bat dau giam vén tdc, di dudc 6 phiit thi xe chuyén dong déu.
Hoi quing dudng xe di di dudc trong khoang 10 phiit dau tién 12 bao nhiéu mét?

1000 [--------~

(0] 5
& Bai 18. Mot vat dang & nhiét do 100°C thi dugc dit vao moi trudng cé nhiét do 30°C. Ké
tir d6, nhiét do cdia vat gidm dan theo toc do

T'(t) = —140e~% (°C/phiit),

trong d6 T (¢) 1a nhiét do tinh theo °C tai thdi diém ¢ phuit k€ tir khi dugc dit vao mdi trudng.
Xdc dinh nhiét do cta vat & thai diém 3 phut k€ tir khi dudc dit vao moi trudng (két qua 1am
tron dén hang phan mudi ctia °C).

& Bai 19. Gia st tong chi phi mua va bo tri mot thiét bi trong x nim c6 thé dugc mo hinh

héa bdi cong thuc

X
1
C = 5000 25+3/t1dt
0

Tinh tong chi phi sau:

a) 1 nam; b) 5 nam; ¢) 10 nam.
& Bai 20. Mat do khdi lugng ctia mot thanh kim loai c6 chiéu dai 4 mét dudc cho bdi cong
thic p(x) = 1000 +x— /x ( kg/ m> ), trong d6 x 1a khoang cach bang mét tinh tif mot dau ctia
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§2. Tich phan

thanh. Mat d6 khdi lugng trung binh ( kg/ m3) trén toan bo chiéu dai cia thanh 13 bao nhiéu?
(lam tron dén hang don vi).

& Bai 21. O 45°C, phan ting hoa hoc phan huy N,Os xay ra theo phuong trinh héa hoc

1 R ’ .
N,Os — 2NO, + 502 vGi nong dd c(¢t) (mol/L) ctia NOs (c(¢) > 0) tai thoi diém ¢ gidy
(t > 0) thoa man ¢/(t) = —0,0005¢(¢) (ngudn: James Stewart, Calculus, Cengage Learning).
Biét khi t = 0, ndong dd ban dau ctia N,Os 13 0,05 mol/L.
a) Xétham s6 y(t) = Inc(t) v6it > 0. Tinh y/(¢), tit d6 tim y(z).

b) Biét ring ndng d6 trung binh ctia N»Os (mol/L) tif thdi diém a gidy dén thoi diém b gidy
b

/ c(t)dt. Tinh ndng do trung binh ctia N,Os tit

1
(a < b) dudc cho bdi cong thic 5

a
thoi diém 10 gidy dén thai diém 20 giay.
& Bai 22. Mot 10 xo ¢6 chiéu dai tu nhién 12 [y = 10 cm (Hinh a). D€ kéo gidn 10 xo0 x (m)

can mot luc c6 do 16n f(x) = kx (N), trong do k 1a do cling cta 10 xo va c6 gia tri khong doi
(Hinh b).

J(x) =kx
|
A VAAAAVAVAVAVAVE —VWVWWWWWWWWWWWWWAA—
(') X (') X X

a) Tim k, biét duéi tac dung ctia mot luc 40 N, 10 xo bi gidn va chiéu dai cia 10 xo khi 4y 1a
[ = 15cm.

b) Néu moét luc c¢6 do 16n f(x) (N) 1am bién dang 10 xo tif d6 gian a (m) dén b (m) thi cong
b
cta lyc d6 dugc cho bdi cong thic A = / f(x)dx (J). Tinh cong ctia mdt lyc lam 10 xo
a

bién dang tif chiéu dai 15 cm dén 18 cm.
& Bai 23. Hiéu suit cta tim 1a luu luong mau duge bom bdi tim trén mot don vi thdi gian
(luu lugng mau chay vao dong mach chii). D€ do hiéu suit clia tim, ngudi ta bom A (mg) chit
chi thi mau vao tAm nhi phai, chay qua tim r6i vao dong mach chii va do ndng do chit chi thi
mau con lai & tim dén thoi diém T (s) khi chét chi thi mau tan sach. Goi c(t) la ndng do (mg/l)
chit chi thi mau tai thdi diém 7 (s) thi hiéu suét ctia tim dudc xac dinh béi

F=—2 ().
/c(t)dt
0

Tinh hiéu suit cta tim khi bom 8 mg chét chi thi mau vao tdm nhi phai, cho biét ring
1
c(t) = ZZ(IZ—I) voi 0 <t <12.
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Chuong 4. Nguyén ham va tich phan

& Bai 24. Mot chiée xe 6 to dang chay trén dudng cao toc v6i van téc 72 km/h thi tai xé bat
N N < A A LA A A A sy . A 8 2
ngd dap phanh lam cho chiéc 6 t6 chuyén dong cham véi gia toc a(t) = —gt (m/s?), trong d6
t 12 thoi gian tinh bang gidy. Hoi k& tit khi dap phanh dén khi 6 t6 diing han thi 6 t6 di chuyén
bao nhidu mét (m)? (Gia st trén dudng 6 td di chuyén khong c6 gi bat thuong. Két qua 1am
tron dén hang phan chuc.)
& Bai 25. Gia st van téc v ctia dong mau & khoang cach 7 tif tam ctia dong mach ban kinh
R khong d6i, c6 th€ dudc md hinh héa bsi cong thic v(r) = k (R2 — r2) , 0 <r <R, trong d6
k 12 mot hang sd. Tim van tdc trung binh (dbi véi r) clia dong mach trong khoang 0 < r < R.
Van tdc 16n nhit ctia dong mau gip bao nhiéu lan van téc trung binh?

& Bai 26. Trong kinh té hoc, ngudi ta tinh toan thu nhip cia mot khoan dau tu thong qua
T
cong thiic FV = / f(t)e "™ dt trong d6 v6i khoang thdi gian ¢ thi f(¢) 1a tdc do sinh 18i, T 1a
0

thoi gian dau tu va r 12 13i sut hang ky. Ban Nam dang cb ging d€ can nhic giita hai khoan
dau tu nhu sau
¢ Khoan dau tu thi nhét c6 gid 1000 USD va du kién sé tao ra mot dong thu nhéap lién tuc
véi tbe do f1 (1) = 3000e”9% (USD) mbi nim.
¢ Khoan dau tu tht hai c6 gia 4000USD va dudc uéc tinh sé tao ra thu nhap véi toc do
khong ddi 1a f5(1) = 4000e%% (USD) méi nim.
Gia st 14i suat hang nam hién hanh van cb dinh  mic 5% mbi nim va dudc tinh 1ai kép lién
tuc. Em hay gitip Nam chon khoan dau tu 15i hon bang céch tinh s6 Dollar chénh léch gitta hai
khodn dau tu sau 5 nam. (L4y gia tri duong va lam tron két qua dén hang don vi)

& Bai 27. Mot vat chuyén dong thang. Khi vat bit ddu qua diém O, y

ngudi ta bit dau quan sat, do dac chuyén dong ctia vat thi thiy van toc tic

thoi clia vat tai thoi di€ém ¢ (s) 1a v(¢) (m/s), ham van tdc v(¢) c6 do thi phu

N, . N A PN 2 N P 9 4 7

thudc thoi gian 1a mét phan cua duong parabol co dinh 7 (5, —5) nhu
N A 2,0 N A s N, . N - g X , ~ 0 X

hinh bén (v6i ¢ > 0 va moc tinh thdoi gian 1a luc bat dau quan sat chuyén v

dong). Tinh tdng quing dudng vat di dudc ti ldc dau dén ldc vat trd lai

di€ém O 1an cubi clung (két qud tinh bang mét va lam tron dén hang phdn
tram).

& Bai 28. Mit cat ngang ctia mot dng dan khi néng 12 hinh
vanh khuyén nhu hinh bén. Khi bén trong 6ng dudc duy tri
& 150°C. Biét riang nhiét do T (°C) tai diém A trén thanh
ong 1a ham sd ctia khodng cach x (cm) tif A dén tim cta

. 30 \
matcatvaT'(x) = —— (6 <x<8).(Nguon: Y.A.Cengel,
X

A.I.Gahjar, Heat and Mass Transfer, McGraw Hill, 2015) .
Tim nhiét d6 mit ngoai ctia dng.
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Bang dap an tric nghiém nhiéu phueng 4n

(1 A2 A3 cJa A5 c]e A]7 D|s c|9 Af10 A

(11 cJ12 pJ13 BJ15 DJ16 BJ17 AJ18 DJ19 CJ20 DJ21 A]

(22 c]23 BJ24 BJ25 CJ26 DJ27 AJ28 AJ29 CJ30 A]31 (]

32 A

Bang dap an trac nghiém ding sai

Cau 1. (@P(®)S(c)P(d)s | |Cau 2. (@s®s(c)s@s
Cau 3. (@)P()D(c)S(d)P | |Cau 4. (@s®ble)b@)s
Cau 5. (@b(®)b(c)S(d)P||Caus. (@b()s(c)p@D
Cau 7. (@b(®d)b(c)P()S ||Caus. (@p(d)s(c)pdP
Cau 9. (@)P()S(c)b(d)s | |Cau 10. (@Pb)b(c)s@)s
Cau 11. (@P(®)b(c)S(d)s | |Cau 2. @pb)blc)s@)s
Cau 13. (@P(®)b(c)P(d)s | |Cau 14. (@pb)s(c)b@)s
Cau 15. OEIOHIORIOE

PHAN 1. Cau tric nghiém nhiéu phuong an lua chon. Thi sinh tra 18i tir cdu 1 dén cau
12. M&i cau héi thi sinh chi chon mét phuong an.

1 3 3
> Cau 1. Néu/f(x)dxzzva/f(x)dx:8thi/f(x)dxb5ng
0 1

0
@) 16. ®4. © 10. 6.
2
$> Cau 2. Giatri cia /(Zx—ex)dxbi“lng
0
(A)3 -2 B)3 —e. ©5—¢> D)5 —e.
1 1 1
> Cau 3. Cho / Fx)dx=2va / ¢(x)dx = 5 khi d6 / 3f(x) — 2g(x)] dx biing
0 0 0
@) —4. 16. © -3. ®11.
$> Cau 4. Cho ham s6 y = f(x) thda man f(1) = —2, f(2) = 1 va ¢6 dao ham lién tuc trén

2
doan [1;2]. Gid tri cda tich phan I = / f(x)dx1a
1

A= —1. ®)1=2. ©1=-3. DI =3.
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Chuong 4. Nguyén ham va tich phan

1 2 2
> Céu 5. Cho / Fr)dx=1va / £(x)dx = —4. Tich phan / £(x) dx biing
0 0 1

A)s. -3. ©) -5. D) 3.
$> Cau 6. Gia tri trung binh ctia ham s6 y = f(x) lién tuc trén doan [a;b] (a < b) dugc dinh
b
1 2 T T
nghia la 5 / f(x)dx. Khi d9, gia tri trung binh ctia ham so y = cosx trén doan [E’ 5] la
—a
a
3 1 /3 3
O ®3 ©3 2

2
$> Cau 7. Cho ham sd f(x) lién tuc va c6 dao ham trén R thoa man £(2) = 16 va /f' (x)dx=
0

12. Gia tri ctia £(0) bing

(&) —28. 28. © —4. D)4.

2 —1
$> Cau 8. Cho ham s y = f(x) lién tuc trén R. Néu /f(x) dx = 6 thi /f(x) dx bing
-1 2
@)6. ®) —6. ©18. ©) —18.
b
&> Cau 9. Véi a, b 1a cdc tham sb thuc thi gid tri tich phan [ = / (3 —2ax — 1) dx bing
0
A b? —ba* —b. ®) b> +b*a+b. ©0b* —b*a—b. (D) 3b> —2ab — 1.

£ 2962—336—1—3
$© Cau 10. Biet /—dx =a-+bln2. bat S = 2a+ b, gia tri cua S thudc khoang
X
1

nao dudi day?

@A)S € (—2;0). ®Se(-1;1). ©S € (0;2). DS € (1;3).
2 5
$> Cau 11. Cho [ f(x)dx=3va [ f(x)dx=4.TihI= | [f(x)—2| dx.
[rseesa [lo-3]
MWI=1. ®1=71. ©1=5. O1=-1.

2
$> Cau 12. Cho f(x), g(x) 1a hai ham s6 lién tuc trén [—1;2] thod man /[f(x)—l—g(x)]dx:24

—1
2 2

va / [2f (x) — 3g(x)]dx = 3. Khi d6 / g(x) dx bing
-1

(_A)—15. ®) 15. (©9. D) —9.

PHAN II. Céu tric nghiém ddng sai. Thi sinh tra 13i tir cau 1 dén cau 4. Trong mbi y a),

b), c), d) & mdi cau, thi sinh chon ding hoac sai.
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$> Cau 1. Cho ham s6 y = f(x) c6 bang bién thién nhu sau
X 0 1 2 4 +oo
y + 0 — 0 + 0 —

f4)

) m/o\l/ T~

Biét f/(x) 1a dao ham ctia ham s da cho va / | (x)| dx=5.

2 2 4
a) /f’(x)dle. b)/\zf’(x)\dxzz. 0) /|f’(x)|dx:3. d) f(4) =
1 1

$> Cau 2. Cho ham sb f(x) c6 dao ham f’(x) lién tyc trén R va c6 F(x), G(x ) lan lugt 1a hai
nguyén ham cta né. Biét F(1) +G(1) =2, F(3) +G(3) =6, f(2) =0, f(3) =
3

a) / £/(x)dx = 9.
2

b) Néu / F/(x)dx = —2024 thi f(a) = 2024.

0 / Flx)dx = 4

1
3

d) / (2x— f(x))dx = 8.
1
$> Cau 3. Cho ham s6 f(x) = sinx+cosx va g(x) = 3 — 2sinx.
T

a) /f(x)dxzz.

b) Tap gid tri ctia ham s6 g(x) =3 —2sinx1a T = [1;5].
c) / )dx =3x—2cosx+C.

T

d) S6 nghiém phuong trinh /f(x) dx =3 — 2sinx trén doan [0;27] 1a 2.

&> Cau 4. Hai chit diém chuyén dong ngugc chiéu nhau thi x4y ra va cham, hai chat diém
tiép tuc di chuyén theo chiéu ban dau thém mot quing dudng nita thi ditng han. Biét rang sau
khi va cham, mot chit diém di chuyén tiép véi van tdc vy (t) = 6 — 3¢ (m/s), chit diém con lai
di chuyén véi van toc v,(t) = 12 — 4t (m/s). Khi d6

a) Quing dudng czhét diém thif nhat di chuyén sau khi va cham dudc biéu dién bdi ham s

s1(t) :6t—%+C(m).
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Chuong 4. Nguyén ham va tich phan

b) Quang dudng chat diém thi hai di chuyén sau khi va cham dudc biéu dién bsi ham sb
s2(t) = 12t — 2¢> +C (m).

¢) Quiang dudng chat diém thi nhat di chuyén sau khi va cham 13 18 (m).

d) Khoang céch hai chit diém khi da diing han 12 (m).

Phan I1l. Tra 16i ngdn. Thi sinh tra 18i tir cAu 1 dén ciu 6 vao 6 két qua.
2
A~ < A M a+b\/§ s, N » A A -
$© Cau 1. Biét rang /(6x2+\/)_c) dx = — v6i a,b la cac sO nguyén. Tinh a + b.
1
KQ:

2
> Cau 2. BiétJ = /\/ex+2dx — 2ae” + be v6i a,b € Z. Tinh gid tri cta a® + b2.
0

KQ:

, V6i (a,b,c € 7). Tinh a® + b* + 2.

3
, b
> Cau 3. Biét/|2x—4|dx:a+
cln?2
0

KQ:

¥ +x khix<l,

2

> Cau 4. Cho ham s6 f(x) =< 1 . Biét ring /f(x)dx: 2 L ine vei
—+1 khix>1 : b
. B

(a,b,c € Z, g 12 phan s t8i gian). Tinh abc. KQ:

> Cau 5.Mot vat chuyén dong trong 3 git vdi van tée v (km/h) phu thuoe v \
9 - — - =

thoi gian ¢ (h) c6 dd thi cta van tbc nhu hinh bén. Trong thdi gian 1 gio
ké tir khi bat dau chuyén dong, dd thi d6 13 mdt phan ctia Parabol c6 dinh
1(2;9) va truc dbi xing song song vdi truc tung, khodng thdi gian con lai
dd thi 12 mot doan thang song song vdi truc hoanh. Quing dudng s ma vat
di chuyén dugc trong 3 gio d6 (két quéa lam tron dén hang phan chuc) la
bao nhiéu? KQ:

> Cau 6. Mot tran dich 1ay lan dén mic sau khi bung phat 7 tuan s6 ngudi nhiém bénh
1a Ny (¢t) = 0,1£> +0,5¢ + 150, 0 < ¢ < 50. Hai muoi lim tudn sau khi dich bénh bung phit,
mot loai vac xin da dudc phat trién va tiém cho cong ching. Khi d6, sé ngudi nhiém bénh
dugc diéu chinh theo mo hinh N, (1) = —0,2¢? + 61 +200, 25 < ¢t < 50. Hiy u6c tinh gan
ding s6 ngudi ma vac xin da ngin ngita khoi dich bénh trong thdi gian xay ra dich bénh.

KQ:
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BANG DAP AN PE KIEM TRA CUOI BAI
PAP AN PHAN I

1. c][2. c][3. A]l4 D]|[5. c]|6. D][7. D]|[s. B|[9. C]
110. B][11. A][12. C]

PAP AN PHAN II

Cau 1. (@)s()b(c)S(@)P | |Cau2. (@s®blc)s@s
Cau 3. (@P(®)D(c)S(d)P | |Cau 4. (@Ppb)b(c)s@)s
PAP AN PHAN III

Cau 1. Cau 2. Cau 3. Cau 4. Cau b. Cau 6.

4|4 5 1]8 310 201, |6l|l4]5]3]1
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§3 UNG DUNG HINH HOC CUA TiCH PHAN
I. LY THUYET CAN NHG

1) Tinh dién tich hinh phing

Hinh phéng gidi han bdi dé thi cia mdt ham s, truc hoanh va hai duong thing x =a,x=b

Cho ham sb y = f(x) lién tuc trén doan [a;b]. Khi d6, dién tich S clia hinh phang
gidi han bdi dd thi ctia ham s6 y = f(x), truc hoanh va hai dudng thang x =a,x = b
dudgc tinh bdi cong thuc:

L\ Luu Y. Gid st ham s6 y = f(x) lién tuc trén [a;b]. Néu f(x) khong ddi diu trén
[a; D] thi

b b
[1rear=| [ .

inh phang gidi han bdi hai db thi ctia hai ham s6 va hai dudng thing x=a,x=1»

Cho hai ham s6 y = f1(x), y = f>(x) lién tuc trén y g y=fi(x
doan [a;b]. Khi d6, dién tich S ctia hinh phang gi6i
han bdi do thi ctia hai ham sb y = fi(x), y = f>(x)
va hai dudng thang x = a, x = b dudc tinh bdi cong

y=f2(x)

thuc
5= [1A0) - )]
a
2) Tinh thé tich hinh kh6i
hé tich vat thé

Cho mot vat thé trong khong gian Oxyz. <7 _<® <O

Goi B 1a phan vat thé gidi han bdi hai mit —|

phang vudng géc véi truc Ox tai cac diém (:i: 6” sl [

aVé b |, :\_/'/T, I\_/’/l
0| | X R

a X bl x
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§3. Ung dung hinh hoc ciia tich phan

Khi cit vat thé bdi mit phang vudng géc véi truc Ox tai diém x (a < x < b) thi phan
chung gita mit phang va vat thé c¢6 dién tich S(x). Gid st S(x) 1a ham s6 lién tuc
trén doan [a;b]. Khi do, thé tich V cla B 1a

Thé tich khbi tron xoay

Cho y = f(x) 1a ham s6 lién tuc va khong am trén doan [a; b). y
Goi D 12 hinh phing gi6i han bdi dd thi ham s6 y = f(x), truc
hoanh va hai dudng thang x = a, x = b.

Quay D quanh truc Ox tao thanh mot hinh khéi goi 1a khdi tron
xoay. Cat khdi tron xoay trén béi mit phang vudng goc véi truc

Ox tai di€ém c6 hoanh do x véi x € [a; b], ta dudc miit cit 12 hinh

tron c6 ban kinh biang f(x) va dién tich 1a S(x) = 7 f2(x).

Vay khdi tron xoay c6 thé tich 1a
b
V=nr / F2(x) dx.
a

Il. PHAN DANG BAI TAP

Dang @ Dién tich hinh phing gidi han bdi cac dd thi

Dién tich hinh phang gi6i han bai d6 thi y = f(x), truc hoanh va hai dudng thiang x =a,
x=b (a<b).

@ Cong thic tinh:

® Né&u f(x) khéng déi diu trén [a;5] thi

b b
[17]ar=| [ rixyas)

@ N&u dé chua cho (hosc thiéu) can, thi ta
gidi phuong trinh f(x) =0 dé tim can.

{3 Minh hoa hinh anh:
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0 x 0
b b b c b
s= [lre]ax= [ rwar s= [Ifwlar= [ reac- [ rexax

Dién tich hinh phéng gi6i han béi do thi y = f(x), y = g(x) va hai dudng thing x=a, x=1»
(a < b).

@ Cong thirc tinh:

@ Néu f(x)—g(x) khong déi dbu trén [a;b]
thi

S = 7099

/b /() — g(x)|d = ‘ /b (f(x)—g(x))dx‘.

a

@ Né&u dé chua cho (hosc thiéu) can, thi ta
gidi phuong trinh f(x) = g(x) d& tim can.

{3 Minh hoa hinh anh:
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§3. Ung dung hinh hoc ciia tich phan

> Vidu 1

a) Tinh dién tich hinh phang gidi han b&i dd thi ctia ham sd y = 2x — x?, truc hoanh
va hai duong thang x = 0, x = 3.

b) Tinh dién tich hinh phang gidi han bdi dd thi ctia ham s y = cosx — 2, truc hoanh
va hai duong thang x = 0,x = 7.

< Vi du 2

a) Tinh dién tich hinh phang gi6i han bdi dd thi ctia hai ham s6 y = x> —2x— 1,
y =x— 1 va hai dudng thang x = 1,x = 4.
b) Tinh dién tich hinh phang gii han béi dd thi ham s6 y = x> — 2x va y = —x? +x.

> Vi du 3

Tinh dién tich hinh phang dudc t6 ddm nhu hinh bén.

— N W
N
<z
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Chuong 4. Nguyén ham va tich phan

BAI TAP REN LUYEN

[ sci 1| z
a) Tinh dién tich hinh phang gi6i han bdi parabol y = x> — 4, truc hoanh va hai dutng
thang x = 0,x = 3.
b) Tinh dién tich hinh phang gidi han bdi y
dd thi ham s y = sinx, truc hoanh va
hai dudng thang x = 0,x = 2.

[ a2 z

a) Tinh dién tich hinh phang gi6i han bdi do thi hai ham sd y = 5x —x%,y = x* — x va hai
dudng thang x = 0,x = 2.

b) Tinh dién tich hinh phang gi6i han bdi do thi hai ham s6 y = \/x,y = x — 2 va hai dudng
thang x = 1,x = 4.

[ oais | z

Tinh dién tich hinh phang dudc t6 mau trong hinh vé y
bén. -
1 pr=
-1 1 %4
y=x "
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§3. Ung dung hinh hoc ciia tich phan

Dang @ Thé tich gidi han bdi cac dé thi(tron xoay)

Cho hinh phang (H) gi6i han bdi y = f(x), truc hoanh va hai dudng thang x = a, x = b.
Khi cho (H) quay quanh truc Ox, ta dudc mot khéi tron xoay. Thé tich khoi nay dudc tinh
theo cong thuc sau:

V:ﬂ/bfz(x)dx

S Vidul

Tinh thé tich ctia khéi tron xoay tao thanh khi quay hinh phang gi6i han bdi cac dudng
sau quanh truc hoanh:
X
a) y:cosi,yzo,x:O,x:n;

b) y=x>—2x,y=0,x=0, x=2.

< Vidu 2

St dung tich phan, tinh thé tich khdi nén c6 ban kinh ddy
r va chiéu cao h.
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BAI TAP REN LUYEN

(e |

*

Tinh thé tich ctia khéi tron xoay tao thanh khi quay hinh phang gi6i han bdi cic dudng sau

quanh truc hoanh:

a) y:x2—2x,y:0Vélhai dudng thaamgx: —1,x=2.

b) y = e, truc hoanh va cic dudng thang x =0, x = 1.

v/
C) y:\/2—|—c0sx,y:0,x:0,x:§;

[ 2

Dang @ Thé tich tinh theo mit cit S(x)

{3} Cac budc giai:
@ Xac dinh can gi6i han x = a, x = b;
® Xic dinh va tinh dién tich S(x) ctia mit cat;

b
® Tinh th€ tich theo cong thic V = / S(x)dx
a

{3} Luu y:
@ Cong thuc tinh khong co 7.
@ Cong thuc tinh dién tich cac hinh thutng gap:
e Dién tich hinh vudng: § = ( canh )2.
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§3. Ung dung hinh hoc ciia tich phan

Dang @ Phan tiép theo
e Dién tich hinh chit nhat: S = ( dai ) - ( rong ).
2

\ h)“ -3
e Dién tich tam gidc deu: S = %.

4
e Dién tich hinh tron: S = - R>.

S Vidul

Tinh thé tich V clia phan vit thé gi6i han bdi hai mit phang x = 2 va x = 4, biét rang khi
cit vat thé bdi mit phang vudng géc véi truc Ox tai di€ém c6 hoanh do x (2 < x < 4) thi

phan chung giita mit phang va vat thé 1a mot hinh vudng c6 do dai canh bang v/x2 — 2.

< Vi du 2
St dung tich phan, tinh thé tich ctia khbi tru c6 chiéu cao 1 & va ban kinh ddy r.

BAI TAP REN LUYEN

/ Bdi 1 *
Tinh thé tich ctia phan vat thé giéi han bdi hai mit phang x = 0 va x = 7, biét rang thiét dién
clia vat thé bi cit bdi mit phang vudng goc véi truc Ox tai diém c6 hoanh do x (0 < x < 1) 1a
mot tam gidc déu canh 13 2+/sinx.
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[ saiz |

Tinh thé tich cta khdi ling tru c6 dién tich ddy bang S va chiéu cao bing .

oo
Tinh thé tich cta khéi chép cut déu c6
dién tich hai ddy 1a So,S; va chiéu cao
bing A (hinh vé). Tir d6 suy ra cong thic
tinh thé tich khéi chép déu c6 dién tich
day bang S va chiéu cao bang A.

[ scia
Mot binh chiia nude ¢6 hinh dang nhu hinh vé
bén. Biét rang khi nu6c trong binh c6 chiéu
cao x (dm) (0 < x < 4) thi mat nudc la hinh

x2

vuong c6 canh /2 + 7 (dm). Tinh dung tich
cua binh.
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§3. Ung dung hinh hoc ciia tich phan

Dang @ Toan thuc té& s dung dién tich hinh phang

S Vidul

Ctia vom lay 4nh sang ctia mot toa nha dugc thiét ké véi kich thude nhu hinh a). Cia c6
hinh dang mot parabol c6 dinh I va di qua hai diém A, B nhu hinh b). Ngudi ta du dinh
14p kinh cho ctia nay. Tinh dién tich kinh can lap, biét rang ngudi ta chi st dung mot 16p
kinh va bo qua dién tich khung cta.

3m

|

< Vidu 2

Trén mot ctia s6 c¢6 dang hinh v
chit nhat, hoa si thiét ké logo B
hinh con c4 cho mot doanh = fx) i 2 dm
nghiép kinh doanh hai san. Logo £,
12 hinh phang giéi han béi hai
parabol véi cac kich thude duge s e g(x) 3dm
cho trong hinh bén (don vi trén

N4

mbi tryc 12 decimét). ¢

1 dm 4 dm 4 dm
a) Lap cac phuong trinh parabol y = f(x),y = g(x).
b) Tinh dién tich cta logo.

c¢) Logo chi cho phép 50% lugng anh sang di qua. Lugng anh sang di qua toan b cua
s6 sé giam bao nhiéu phan trim (1Am tron két qua dén hang phan mudi)?
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> Vi du 3

Ta biét ring ham cau lién quan P
dén gia p ctia mot san pham véi A

nhu cau ctéia ngudi tiéu dung,
ham cung lién quan dén gid p
cla san phim v6i miic dd sin
sang cung cAp san phim cua
nha san xuit. Piém cit nhau
(x0;po) ctia do thi ham cau
p = D(x) va d6 thi ham cung
p = S(x) dugc goi 1a di€m can
bang.

Thang du
tiéu dung

PO |-----

Thang du
san xuat

Ham cau

Diém can bing
(0, Po)

Ham cung

0

> X

X0

Céc nha kinh t& goi dién tich ctia hinh gi6i han bsi do thi ham cau, dudng ngang p = po
va dudng thang diing x = 0 1a thing du tiéu dung. Tuong tu, dién tich ctia hinh gidi han
bdi dd thi ciia ham cung, dudng nam ngang p = pg va dudng thang ding x = 0 dudc goi
12 thiing du san xuét, nhu trong Hinh bén. (Theo R. Larson, Brief Calculus: An Applied
Approach, 8th edition, Cengage Learning, 2009).

Gia st ham cung va ham cu ctia mot loai san pham dugc mo hinh héa bdi: Ham cau:

p = —0,36x+9 va ham cung: p = 0, 14x + 2 trong d6 x 1a s6 don vi san phdm. Tim
thing du tiéu dung va thiing du san xuit cho san phim nay.

70
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§3. Ung dung hinh hoc ciia tich phan

BAI TAP REN LUYEN

[ o1 :
Mot céi cong c6 kich thude nhu hinh 1. Vom ¢dng ¢6 hinh dang mdt parabol ¢6 dinh 1(0;2)
. 53 : . . e
va di qua diém B (5, 5) nhu Hinh 2. Tinh dién tich hai canh ctia cong.

> Ngo Dite Tic - B 0859977 004
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[ saiz | z
MEiit cét ciia mot ctia hAm c6 dang 1a hinh phang gidi

han bdi mot parabol va dudng thang nam ngang nhu
Hinh bén. Tinh dién tich ctia ctta ham.

L
o)
B

Dang @ Bai toan thuc té sit dung thé tich khbi tron xoay va S(x)

¢ Vi du 1

Hinh bén duéi mé phong phan bén trong ctia mdt chiu ciy c6 dang khdi tron xoay tao
thanh khi quay mot phan ctia do thi ham s6 y = /x + > v6i 0 < x < 4 quanh truc hoanh.

Tinh thé tich phan bén trong (dung tich) ctia chiu cay, biét don vi trén cac truc Ox, Oy
la decimét.
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§3. Ung dung hinh hoc ciia tich phan

¢ Vi du 2

Mot khéi bé tong cao 2 m dugc dit trén mit
d4t phang. Néu cat khoi bé tong nay bing
mit phang nim ngang, cit mit dit x (m)
(0 < x < 2) thi dugc mit cat 1a hinh chit
nhét ¢6 chiéu dai 5 m, chiéu rong (0,5) (m).
Tinh thé tich ctia khbi bé tong (két qua 1am
tron dén hang phan trim ctia mét khdi).

$> Vi du 3

Mot thiing rugu vang c6 dang khoi tron xoay v6i ban kinh mit day va mit trén 1a 33 cm,
ban kinh mit cit  chinh giita thing 12 43 cm. Chiéu cao toan bd thung rudu 1a 112 cm,
trong d6 bao gdm phan than thung, hai dé d6 (mdi dé cao 3 cm) va thung rudu dudc
ghép tir céc thanh gd s6i c6 do day mdi thanh 12 3 cm (Hinh a, b). Hinh ¢ md phéng
phan bén trong thung rugu c6 dang mot khdi tron xoay tao thanh khi quay mot phan ctia
parabol (P) : y = ax? + bx + ¢ quanh truc hoanh.

X

Phan chila rugu
a) b) c
a) Tim cac hé s6 a, b, c.
b) Hai thung rucu chita dudc tdi da bao nhiéu lit rudu? (Lam tron két qua dén hang
phan trim).
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BAI TAP REN LUYEN

[ 51 | "

Binh chia nhién liéu ctia mot chiéc mdy bay phan luc dugec mo ta trong khong gian 13 mot

Z . \ 2 1
khoi tron xoay thu dudc khi quay hinh phang giéi han bdi do thi ham so y = ng\/Z —x V01

(0 < x < 2) va truc Ox quanh truc Ox (x tinh theo don vi m). Thé tich ctia binh chiia bing
an 4

5 m~ véi % 1a phan sb tdi gian. Khi dé a + b bing bao nhiéu?

1
y:§x2 /*27)( /

[ sz

R k¥4 . > .
Mot binh chira nuée dang nhu Hinh bén ¢6 chiéu cao la > dm. Neu A V2 —sinx

luong nudc trong binh c6 chiéu cao 1a x (dm) thi mit nuée 13 hinh
3n
tron ¢6 ban kinh /2 —sinx (dm) vé6i 0 < x < - Tinh dung tich

ctia binh (két qua 1am tron dén hang phan trim cta déximét khoi).
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§3. Ung dung hinh hoc ciia tich phan

o ;
Dé chuan bi cho hoi trai do Poan trudng t6 chiic, 16p 124

du dinh dung mot cdi 1éu trai c6 dang hinh parabol nhu
hinh vé. Nén cua 1éu trai 12 mot hinh chit nhat ¢ kich

thudc bé ngang 3 mét, chiéu dai 6 mét, dinh trai cach nén
3 mét. Tinh thé tich phan khong gian bén trong 1éu trai.

[ a4 ] z
Mot thung dung rudu lam bing gb 1a mot hinh tron xoay (tham
khao hinh bén). Ban kinh cac ddy 1a 30 cm, khoang cach gitta
hai ddy 1a 1 m, thiét dién qua truc vudng géc véi truc va cach
déu hai ddy c6 chu vi 1a 807 cm. Biét ring mit phang qua truc
cit mit xung quanh ctia binh la cdc dudng parabol. Thé tich clia
thung rugu do.

[ sAi TAP
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Chuong 4. Nguyén ham va tich phan

Tric nghiém nhiéu phuong an lua chon.

$> Cau 1. Cho ham s6 y = f(x) xdc dinh va lién tuc trén doan [a;b]. Dién tich hinh phang
gidi han bdi d6 thi ham s& y = f(x), truc hoanh va hai dudng thang x = a, x = b dudc tinh
theo cong thuc

@/b|f(X)|dx- ® [l ©/bf(x)dx- @/bf(x)dx-
a b a a

$> Cau 2. Cho hai ham s6 f(x) va g(x) lién tuc trén [a; b]. Dién tich hinh phang gi6i han béi
do thi ctia cdc ham s6 y = f(x), y = g(x) va cdc dudng thang x = a, x = b biang

b
®| 1) o) ax]. 1760+ gl

b b
© [17() - g . ® [1£x) - )

> Cau 3. Cho mot vat thé trong khong gian Oxyz. Goi B 12 phan vat thé gi6i han bdi hai mit
phang vudng géc véi truc Ox tai cdc diém cé hoanh dd x = a, x = b. Mot mit phang vudng
géc véi truc Ox tai di€ém c6 hoanh dd 1a x cat vat thé theo miit cit c6 dién tich 1a S(x). Gia st
S(x) 1a ham s6 lién tuc trén doan [a;b]. Khi d6 thé tich V clia phan vat thé B tinh bdi cong
thuc la

b b b
@V:n/S(x)dx. V:E/Sz(x)dx. ©V =S(x). @V:/S(x)dx.

$> Cau 4. Cho ham sb y = f(x) lién tuc trén doan [a;b]. Goi D 1a hinh phang gidi han bdi
do thi ctia ham s6 y = f(x), truc hoanh va hai dudng thiang x = a, x = b (a < b). Thé tich clia
khdi tron xoay tao thanh khi quay D quanh truc hoanh dugc tinh theo cong thic nao?

b b
@V:n/fz(x)dx. V:ﬂ:/fz(x)dx.

b b
@vznZ/f(x)dx. @V:27r/f2(x)dx.

$> Cau 5. Cho hinh phang (H) gidi han bsi db thi ham s y = x> — 2x, truc hoanh, truc tung
va dudng thang x = 3. Dién tich ctia hinh phang (H) dudc tinh bing cong thiic nao dudi day?
3 3
@S:/(xz—Zx)dx. S:/(—x2—|—2x)dx.

2 0
3

3
@S:/‘x2—2x‘dx. @S:/’xz—Zx’dx.
2 0
$> Cau 6. Dién tich S ctia hinh phang gidi han bdi d6 thi ham sé y = x?, truc hoanh Ox, céac
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§3. Ung dung hinh hoc ciia tich phan

dudng thang x =1, x=21a
8
A)S=38. 5:5. ©S=1. @Szg.

$> Cau 7. Cho hinh phang (H) gidi han bdi dd thi ham s y = x> — 2x, truc hoanh, truc tung
va dudng thang x = 3. Dién tich ctia hinh phang (H) dudc tinh bang cong thifc nao dudi day?

@S:j(xz—Zx)dx. S:/3(—x2—|—2x)dx.
2 0
3 3
©S8 = [ |x* —2x|dx. DS = [ |x*—2x|dx.
S 2/] 2] dx s O/) 2] dx

$> Cau 8. Hinh phang gi6i han bsi dd thi ham s6 y = 2%, truc hoanh va hai dudng thang
x = 0,x = 7 quay quanh truc Ox tao thanh khdi tron xoay c6 thé tich bang
7

7 7 7
@n/zx dx. /|2x|dx. @n/zzx dx. @/22x dx.
0 0 0 0
$> Cau 9. Cho hinh phang (H) gi6i han bdi cic duong y = x>+ 6,y =0, x =0, x = 2. Goi
V la thé tich khbi tron xoay dudgc tao thanh khi quay (H) xung quanh truc Ox. Ménh dé nao

sau day la dung?
2

@V:n/<x2+6)2dx. V:/Z(x2+6) dx.

@V:/2<x2+6)2dx. @V:n/(x2+6) dx.
0 0

$> Cau 10. Thé tich khéi tron xoay tao thanh khi cho hinh phang gidi han béi d6 thi ham sb
f(x) = v/x, truc hoanh va hai dutng thang x = 0, x = 2 quay quanh truc Ox 1a
2

2 2 2
@/xdx. /ﬁdx. @n/\/)_cdx. @ﬂ/xdx.
0 0 0 0
$> Cau 11. Thé tich ctia vat thé tron xoay tao thanh khi quay hinh phang gii han béi cac

dudng y = x> —2x, y=0,x =0, x = 1 quanh truc Ox la

T 8 157 8
Ok ® 15 ©5 © -

$> Cau 12. Khbi tron xoay do quay xung quanh truc Ox hinh phang gidi han bsi duong cong
1 2 2 N

y = —, truc hoanh va hai duong thang x = 1, x = 2 c¢6 thé tich bang
X

T
@A 5. (© 7in4. D) xln2.
$> Cau 13. Goi (H) 1a hinh phang gidi han béi cic do thi ham s6 y = tanx, truc hoanh va
2 71' P4 2
cac duong thang x =0, x = T Quay (H) xung quanh truc Ox ta dugc khoi tron xoay c6 thé
tich bang
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Chuong 4. Nguyén ham va tich phan

5 n? n ?
(A)m?. Z+7r. @1—2. @”_Z'
$> Cau 14. Vat thé B gidi han bdi mit phang c6 phuong trinh x = 0 va x = 2. Cit vit thé B
v6i mit phiang vudng géc véi truc Ox tai diém c6 hoanh d6 bang x, (0 < x < 2) ta dugc thiét
dién c6 dién tich biang x?(2 — x). Thé tich ctia vat thé B 1a
2 2 4 4
@A)V ==r. ®V =-. ©V = -. DV =-x.
3 3 3 3
$> Cau 15. Tinh dién tich S ctia hinh phang gidi han bdi cac dudng y = x> +x; y =x; x =4
va tryc tung.
64 64 128 128
3 3 3 3
$> Cau 16. Tinh thé tich khéi tron xoay dudc tao thanh khi quay hinh phang gidi han bsi do
thi ham s y = 3x — x? va truc hoanh, quanh truc hoanh.

8lm 851 411 81
@A) T (dvtt). T (dvtt). © — (dvtt). D) - (dvtt).

$> Cau 17. Tinh dién tich S ctia hinh phang gidi han bdi dd thi cac ham sdy = 3x2%, y = 2x+35,

x=—1lvax=2.
@S =27. ®s =22 ©s=22 ®S=09.
27 27
$> Cau 18. Tinh dién tich (S) clia hinh phang gi6i han bdi cic dd thi ham sé y = x* — x,
y = 2x+4 va cac dudng thang thang x = 1, x = 4.
1539 2 125 8

7 1
@S_T. 5_7. ©S = = @S_7
$> Cau 19. Tinh dién tich S ctia hinh phang gi6i han bdi cac duong y = x> —x, y = x + 3.
32 16 16 2

$> Cau 20. Cho hinh (H) gi6i han bdi cic dudng y = x> — 2x, truc hoanh. Quay hinh phang
(H) quanh tryc Ox ta dugc khbi tron xoay c6 thé tich 1a

4961 ® 32n 41 167
15 ° 15° 15° 15°
$> Cau 21. Dién tich hinh phang gidi han bdi hai dudng y = —x>+x+6 va y = 0 bang
957 95 1257 125
W= o O D5

$> Cau 22. Tinh thé tich V ctia phan vit thé gii han bdi hai mit phang x = 0 va x = 3, biét
rf?mg thiét dién cia vat thé bi cat bdi mit phaemg vudng goc véi truc Ox tai diém c6 hoanh do x
(0 < x < 3) 12 mdt hinh tron c6 dudng kinh bang /36 — 3x2.

81w 81
$> Cau 23. Xét trong khong gian Oxyz, tinh thé tich ctia vat thé nam giita hai mit phang
x = —1 va x = 1 biét rang thiét dién cta vt thé bi cit bdi mit phang vudng goc vdi truc Ox
tai diém c6 hoanh do x (—1 < x < 1) 1a mot hinh vuong canh 1a 2v/1 — x2.
16 167 14 147
@V:?. V:T. ©V:?. @V:T.
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§3. Ung dung hinh hoc ciia tich phan
$> Cau 24. Goi S 1a dién tich hinh phang gi6i han bdl cac duong y f(x), truc hoanh va hai

dudng thang x = —3, x = 2 (nhu hinh vé). Pita = /f )dx, b= /f
-3

s o /]

Ménh dé nao sau day ding?

A)S=—a—b. B®)S=a+b. ©S=a—b. DS =b—a.
$> Cau 25. Cho ham s6 y = f(x) lién tuc trén R. Goi S 1 dién tich hinh phang gi6i han bi
cdc duong y = f(x), y =0, x = —1 vi x = 5 nhu hinh vé. Ménh dé nao sau day ding?

$> Cau 26. Do thi trong hinh bén dudi 1a ctia ham s6 y = f(x). Goi S 1a dién tich hinh phang
(phin gach chéo trong hinh), chon khing dinh ding.

@S=/Of(x)dX+/1f(X)dX- S=/0f(x)dx—/1f(X)dX- y
Y 0 ) 0

©S=]2f(X)dX+/f(x)dx- @S:/lﬂx)dx
0 0 -2

$> Cau 27. Dién tich hinh phang gach soc trong hinh v& bén bing y y=2

@/IZde. /32de. @j(zx—z)dx.@j(zx—
3 1 3 1
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Chuong 4. Nguyén ham va tich phan

$> Cau 28.Dién tich phan hinh phang gach chéo trong hinh
vé bén dudgc tinh theo cong thic nao dudi day?

2 2
@/(2x2—2x—4) d | /(—2x+2)dx.
—1 -1

2 2
@/(2x—2)dx. @/(—2x2+2x+4> dx.
“1 “1
$> Cau 29. Cho () 1a hinh phang gidi han bdi y = /x, y
y = x — 2 va truc hoanh (hinh vé). Dién tich ctia (#) bing
16 10
3 v
7 8 007
cH Dl ; d
¢ Cau 30. Dién tich phan td dam trong hinh vé bén dudc y

tinh bang cong thifc nao?

2/2 2 X y2:8
@/ (VB8—22+2)dx. /(\/8—x2+2)dx. /

0

@Z/ﬂ(ﬂz)dx. @/2( 8 —x2—2)dx. \ 7 / x

0

$> Cau 31. Dién tich phan t6 dam trong hinh vé bén y
dugc tinh bing cong thiic nao? 2
2 2 1y? =4
@/ (VA= +x-2)dx
0 2
o X
<\/4—x2_x—{—2>dx. \ y:2—x

(2—x—v4-22)dx.

©

O\N O\N

@/2<2—x+ M) dx.

$> Cau 32. Cho hinh phiang (H) dudc gi6i han béi hai db thi y = x? +x va y = 2x. Quay hinh
(H) quanh tryc hoanh, tinh thé tich vat th€ thu dugc

RY4 Sm T 5
o ® - ©%: oF
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§3. Ung dung hinh hoc ciia tich phan

Trac nghiém ding sai.

$> Cau 1. Cho D la hinh phang giéi han béi dd thi ham s6 y = x> —x, x = —1, x = 2 va truc
hoanh. Goi § 1a dién tich cua D.
2

a) S:/‘xz—x‘ dx.

2

b)S/l0 (xz—x> dx+0/(x2—x> dx.

o ., 5 Ze .~ . . 2
¢) The tich cua khoi tron xoay khi quay D quanh truc Ox1aV =7 / (x — x) dx.
-1

2

d)S=

O\IUI

$> Cau 2. Cho hai ham sd f(x) = x/x+38, g(x) = 5 — ¢* va F(x) 1a mot nguyén ham ctia

f().
a) /g(x) dx=5"In5—-¢"+C.

m/}uyuzpayqu

1
¢) Dién tich hinh phang gidi han béi db thi ham sb y = g (x), truc Ox va cdc dudng thang
x =1, x =2 bang 7,8 (lam tron dén hang phin chuc).
d) Thé tich khéi tron xoay khi quay hinh phang gidi han bdi dd thi ham sb y = f(x), truc
Ox, x = 0, x = 3 quanh truc Ox bing 312 (lam tron dén hang don vi).
$> Cau 3. Cho ham s f(x) =e* — 1.
a) Ho nguyén ham ctia ham s6 1a e* — x + C (v6i C 12 hing s6).

b) Goi F(x) 1a mot nguyén ham cia f(x) trén R, véi F(0) = 3 thi F(x) =e* —x+2.
1 1

c)am/gumxzmuwé/uuq+g@ku=7a
0 0
d) Dién tich hinh phang gidi han bdi d6 thi ham sé y = f(x), truc Ox va dudng thang x = 2

bang e — 3.

. 1
¢ Cau 4. Cho hinh phang (H) gidi han bdi dudng cong y = f(x) = §x3 — x? va truc hoanh.
3
m/ﬂ@mz—
3

b) /f dx———?-l—C

9
¢) Dién tich hinh phang (H) bing X
d) Thé tich khbi tron xoay khi quay hinh phang (H) quanh truc Ox (lam tron dén hang phan
chuc) bing 2,3 (don vi thé tich).

81
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Chuong 4. Nguyén ham va tich phan

$> Cau 5. Cho ham sb f(x) = x> —3x+5. Goi F(x) 12 nguyén ham ctia f(x) va F(1) = 5.

a) F(4)=37.
5

b) /(x2—3x+5) dx = %.
2

¢) Dién tich hinh phing gi6i han bdi dd thi hai ham s& f(x) = x> —3x+5, g(x) =x+2 va
hai duong thang x = 1, x = 3 bang 4.

d) Thé tich khéi tron xoay tao thanh khi quay hinh phang giéi han bdi d6 thi hai ham s
ﬁgx) = x?> —3x+35, g(x) = x+2 va hai dudng thang x = 1, x = 3 quanh truc Ox bing

?TC.

2
¢S Cau 6. Cho hinh (H) gidi han bdi cac duongy=—,y=0,x=1vax=4.
x
m
1
a)/—dx:2khim:e2.
x
1

b) Dién tich hinh (H) bing 4In2.

¢) Thé tich ctia khéi tron xoay khi quay hinh (H) xung quanh truc hoanh bang 27.

d) Goi x = k 1a dudng thang chia hinh (H) thanh 2 phan c6 dién tich bang nhau. Khi d6
k=1.

$> Cau 7. Cho hinh phang (H) gi6i han bdi dd thi ham sé y = f(x) = )%1, truc hoanh va
hai dudng thang x = 2,x = 6. Xét tinh diing sai clia c4c khang dinh sau:
a) Dién tich hinh phang (H) 12 S = 4 +1n3.
b) Dién tich hinh phang gidi han bdi dd thi ham s6 y = f(x) — 1, truc hoanh va hai dudng
thang x = 2;x =612 5 = 2In3.
¢) Thé tich vat thé tron xoay dugc tao thanh khi quay (H) quanh truc Ox 1a V =
(134 6In3)x

3
d) Thé tich vat thé tron xoay dudc tao thanh khi quay hinh phang gi6i han bdi do thi ham
14+6In3

3
$> Cau 8.Cho hinh phang dudc to trong hinh bén dudi. y y=x2
a) Hinh phing dudc t6 mau trong hinh trén dugc gi6i han
cdc dd thiy = x?%; y = \/x. 2

s6 y = f(x) va cdc dudng thang y = 1,x = 2,x = 6 quanh truc Ox1a V =

. 1
b) Dién tich hinh phang t6 mau trong hinh vé la 3

¢) Thé tich clia vt tron xoay tao thanh khi quay hinh o 1 %
1

phang trén quanh truc Ox 1a 7 / <\/)_c —x* ) dx.

0
d) Thé tich V clia vat tron xoay tao thanh khi quay

hinh phing (H) gi6i han bdi cic dudng (P): y = x%;

N 3
(C): y = +/x quanh truc Oy bang 1—75
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§3. Ung dung hinh hoc ciia tich phan

$> Cau 9.Cho ham sb y = x? — 2x ¢6 dd thi (C). Ki hiecu A ¥
13 hinh phang gidi han béi (C), truc hoanh va hai dudng thang
x = 0, x = 2; B 14 hinh phang gi6i han béi (C), truc hoanh va hai
dudng thang x =2, x = a(a > 2). Goi Sy, Sp 1an ludt 1a dién tich

ctia hinh phang A, B. Xét tinh diing sai ctia cac khang dinh sau:
2

a) Sy :/(xz—Zx) dx.

0
a

b) Sp = (x2 _ 2x) dx.
/
¢) Véia =3 thi S(A) = S(B).

d) / (2x—2%) dx = S(4) +5(B).
0

$> Cau 10.Biét (H;), (H) 1a hinh phang y
dugc gidi han bdi cac duong nhu hinh v€ bén.
Goi S1, S> 1an lugt 1 dién tich c4c hinh ph:fmg
(H), (H»). Xét tinh diing sai clia cdc khang
dinh sau:

a) 51:

o \O

b) $» =

¢) Quay (H;) quanh truc Ox ta dugc khoi 5
tron xoay c6 thé tich bang 0
d) Quay (H) quanh truc Ox ta dugc khoi

1887

w| G

tron xoay c6 thé tich bang

Tu luan

& Bai 1. Tinh dién tich hinh phang gi6i han bdi do thi ctia ham sd y = x® — x, truc hoanh va
hai dudng thang x = 0, x = 2.

& Bai 2. Tinh dién tich hinh phang gi6i han bdi cic dudng sau:

a) y=x+2x2=3x,y=x>+3x,x=3,x=0;

b) y=e"y=x>—1lx=1,x=—1;

C) y=sinx,y=x,x = g,x =T.
& Bai 3. Tinh thé tich khéi tron xoay sinh ra khi quay hinh phang gidi han bdi cic dudng
sau xung quanh truc Ox.

2) y=2— Ly =0x=0x=2 ©) y=cos3,x=0,x=

b) y=2yx,y=0,x=1,x=4; d) y=4x,y=x>,x=0,
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Chuong 4. Nguyén ham va tich phan

& Bai 4. Tinh dién tich hinh phang y
dudc td dam trong hinh bén. 1
— ]
V20> :
2 y = sinx

i '
0z 2\

y = COSX

& Bai 5. Tinh thé tich khéi tron xoay sinh ra khi quay quanh truc Ox hinh phang gi6i han
bdi d6 thi ham s6 y = /x, truc hoanh va hai dudng thang x = 0,x = 1.
y

y y=vx
Y=V

0 X X

X2

& Bai 6. Xét hinh phang gi6i han bdi cac dudng y = /x,y = g = 0,x=4.
a) Tinh dién tich hinh phang.
b) Tinh thé tich khéi tron xoay sinh ra khi quay hinh phang quanh truc Ox.

& Bai 7. Ngui ta du dinh 1ap kinh cho ctia ctia mdt mai vom c6 dang hinh parabol. Hay tinh
dién tich mit kinh can lap vao, biét ring vom ctfa cao 21 m va rong 70 m.

21 m

70 m

& Bai 8. Hinh bén minh hoa miit cit diing clia y
mot con kénh dit trong hé truc toa do Oxy. bay A B
clia con kénh 1a mot dudng cong cho bdi phuong 51 y=rf
trinh |
3 ( 1 5 2) i
= =—\|—= 5x° ). _
y=f() =150 m3r 5 5 0 10 X

Hay tinh dién tich hinh phfmg t6 mau xanh trong Hinh bén, biét don vi trén mdi truc toa do 1a

mét.
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§3. Ung dung hinh hoc ciia tich phan

& Bai 9. Ngudi ta tao ra md hinh mot qua tring ngdng bang cach quay hinh phang gi6i
X Z 1
han bdi do thi ham so y = %\/ 7569 — 400x2 va truc hoanh v6i —4,35 < x < 4,35 quanh truc

hoanh. Tinh thé tich qua tring, biét thé tich mo6 hinh nay xem nhu bing thé tich qua triing
ngdng va x, y tinh theo centimét (két qua lam tron dén hang phan chuc).

& Bai 10. Mot thung dung Bia hdi (c6 dang nhu hinh vé) ¢6 dudng kinh day la 30 cm, dudng
kinh 16n nhét ctia than thiing 14 40 cm, chiéu cao thiing 12 60 cm, canh bén hong cia thing c6
hinh dang ctia mot parabol. Tinh thé tich cla thung Bia hoi (1am tron dén hang phan chuc).

& Bai 11. Cho tam giac vuong OPM y

c6 canh OP nam trén truc Ox. Gia st M

o~ n // \\

POM = a,0M = | <O§a§§;l>0). ! A

Goi .4 1a khéi tron xoay thu dugc khi quay a ! YN
P NI

tam giac d6 xung quanh truc Ox (Hinh bén). O - \ ,
Tinh th€ tich cta .4 theo o va L. N

& Bai 12. Khbi chdm cau c6 ban kinh R va chiéu cao & (0 < h < R) sinh ra khi quay hinh
phang gidi han bdi cung tron ¢ phuong trinh y = v/R2 — x2, truc hoanh va hai dutng thang
x =R — h, x = R xung quanh truc Ox (Hinh vé bén du6i). Tinh thé tich ctia khdi chém cau nay.

y A y = RZ _x2
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& Bai 13. Khi cat mot vat thé hinh chiéc ném bdi mit
phang vudng géc véi truc Ox tai diém c6 hoanh do x
(—2 < x < 2), mit cat 1a tam gidc vudng c6 mot goc 45°
va do dai mot canh goc vudng 1a v4 — x2 (dm) (Hinh veé).
Tinh thé tich V cua vat thé.

& Bai 14. Céc nha kinh té sit dung dudng cong Lorenz d€ minh hoa su phan phdi thu nhap
trong mot qudc gia. Goi x 1a dai dién cho phan trim s gia dinh trong mot qudc gia va y 1a
phan trim tdng thu nhap, md hinh y = x sé dai dién cho mdt qudc gia ma céc gia dinh c6 thu
nhap nhu nhau. Pudng cong Lorenz y = f(x), biéu thi su phan phdi thu nhap thuc té. Dién
tich gitta hai md hinh nay, véi 0 < x < 100, biéu thi "su bét binh ddng vé thu nhip" ctia mot
qudc gia. Nim 2009, dudng cong Lorenz ctia Hoa Ky c6 thé dudc md hinh héa bsi ham sb

2
y=(0,00061x* +0,0224x+1,666) "0 < x < 100

Trong d6 x dudc tinh tif cdc gia dinh ngheéo nhit dén giau c6 nhét. Sy bét binh dang vé thu
nhap ctia Hoa Ki vao nim 2009 c6 gi4 tri gin nhit vé6i gid tri 1a bao nhiéu (két qua 1am tron
dén hang don vi)?

& Bai 15. Chi phi nhién liéu du kién C (tinh bang triéu dd la mdi nim) khi st dung mot loai
xe tdi ctia mot cong ty van tai tif ndm 2020 dén nim 203012 C; = 5,64+ 2,21, 0 <t < 10, trong
d6 ¢t = 0 tuong dng v6i ndm 2020. Néu cong ty st dung mot loai xe tai khdc c6 dong co hiéu
qua hon thi chi phi nhién liéu du kién s& gidm va tuan theo ham mo hinh C; = 4,7 +2,04¢,
0 <t < 10. Hai cong ty c6 thé tiét kiém dudc bao nhiéu khi st dung loai xe tai v6i dong co
hiéu qua hon?

& Bai 16. Trong mit phang toa do Oxy, cho hinh thang OABC c6
A(0;1), B(2;2) va C(2;0) (Hinh v&). Tinh th€ tich khéi tron xoay
tao thanh khi quay hinh thang OABC quanh truc Ox.

& Bai 17.Mot bé ca c6 dang 13 mot phan hinh cau dudc tao thanh o
khi cat hinh ciu ban kinh 2 dm bing mit phang cach tam ctia hinh

cau 1 dm (Hinh bén). Tinh dung tich ctia bé c4 (két qua lam tron

dén hang phan mudi ciia déximét khoi).
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§3. Ung dung hinh hoc ciia tich phan
& Bai 18. Biét F(x) va G(x) la hai nguyén ham ctia ham s6 f(x) twén R va
3
/ f(x)dx = F(3) — G(0) +a (a > 0). Goi S la dién tich hinh phang gi6i han bdi cic dudng
0

y=F(x),y=G(x),x=0vax=3.Khi S =15 tim a.

& Bai 19. Kién tric su thiét ké mot khu sinh hoat cong dong c6 dang
hinh chif nhat véi chiéu rong va chiéu dai l1an lugt 12 60 m va 80 m .
Trong d6, phan dudc td mau dam 12 san choi, phan con lai dé trong hoa.
MBbi phan trong hoa c6 dudng bién cong 12 mot phan cia parabol vé6i
dinh thudc mot truc déi xing cla hinh chit nhit va khoang cich tit dinh
d6 dén trung diém canh tuong ing cda hinh chit nhat biang 20m (xem

20m

20m

hinh minh hoa). Dién tich ctia phan san choi la bao nhiéu mét vudng?

& Bai 20.C6 mot vat thé 12 hinh tron xoay c¢6 dang gidng nhu 4 cm
mot cai ly nhu hinh v€ dudi day. Ngudi ta do duge duong kinh cia B
miéng ly 12 4 cm va chiéu cao 1a 6 cm. Biét rang thiét dién clia
chiéc ly cit bdi mit phang dbi xdng 13 mot parabol. Tinh thé tich
V (cm?) cda vat thé da cho.

6 cm

& Bai 21. Mot canh cng clia mot toa nha c6 dang parabol gom hai G
phan: phan hai c4nh cita hinh chit nhat CDEF, con lai 1a phan xién
hoa trang tri. Biét ring GH =4 m, AB =4 m va AC = BD = 0,9 m.
Dién tich phan cdng 1am xién hoa trang tri (két qua 1am tron dén hang

phan trim) bing bao nhiéu mét vudng?

& Bai 22.Mot ctia vom ¢ dang hinh parabol dugc lap cac tim
kinh hinh tron dudng kinh 1m va cic tAm kinh hinh vudng cé
canh 1m nhu hinh vé. Phan con lai clia ctia dudc son mau trang
tri v6i mic gia 1,2 triéu ddng /m?. Chi phi son mau 1a bao nhiéu
triéu dong (két qua 1am tron dén hang phan chuc)?

& Bai 23. Mot bé chita nuée ¢ dién tich mit cat ngang y N(12:6)
dudc t6 mau nhu hinh bén, 6 d6 don vi trén cac truc do bang M
mét. Trén mit cit ngang, phan ddy cla bé chifa c6 phuong
trinh y = k(x — 8)2. Tinh dién tich ctia mit cit ngang theo

mét vuong.
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& Bai 24.Hudng ung chinh sach hién dai héa ndng
thon, ngudi dan & khu phd A dong long cung nhau gép
tién d6 bé tong mot dudng di trong khu phd (phan duge
t6 dam trong hinh vé). Biét rang khi chon hé truc toa do
Oxy v6i don vi do dai trén mdi truc toa do 1a 10 m, cac

dudng cong AB, CD 1a mép dudng dudc cho bdi do thi
y 3 5 1 5

hé\lm sO f(x) = 3—2x2 — gx—i— 5 ;/é g(x) = 3—2x2 - §x+ 1,

dong thoi 16p bé tong dude do day 16 cm va gia tién 1

m?> bé tong 1a 1080000 dong. Tinh sb tién (don vi triéu

dong) can diung dé d6 bé tong con dudng d6 (1am tron

két qua dén hang don vi).

& Bai 25. Ong Binh mudn lam mdt cdng sat c6 hinh dang va kich thudc gidng hinh vé, biét
dudng cong phia trén 1a mot parabol. Néu gia mot mét vudng cdng sat 1a 1200000 dong thi
ong Binh phéi tra bao nhiéu tién dé lam cdng sit nhu viy (sb tién phai tra tinh theo don vi la

triéu dong)?

N iy
@

L~
N

OIOW i/

5m

& Bai 26.Mo6t manh dat hinh chit nhat ¢6 chiéu
dai 60 m, chiéu rong 20 m. Ngudi ta mudn trong
hoa & hai dau ctia manh dét hai hinh bang nhau gi6i
han bdi hai dudng parabol c6 hai dinh cach nhau 40
m va nhan dudng trung binh cua hinh chit nhat lam
truc d6i xing (nhu hinh vé bén duéi). Phan con lai
clia manh dat ngudi ta 1at gach. Tinh dién tich phan
lat gach (m?) (két qua lam tron dén hang don vi).

~ 40m
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& Bai 27. Dé tham gia 1& hoi héa trang, Ban An du dinh 1am mot chiéc mat na nifa mit bang
chét liéu gidy ciing. Hinh dang ctia chiéc mit na dugc ban thiét ké trén miit phfmg toa do Oxy
13 phan hinh phang gi6i han bdi hai dudng parabol (P;), (P>) 1in lugt c6 dinh 1a gbc toa do O
va diém 1(0;12), cing nhan truc Oy lam truc ddi xing va cung di qua diém M(15;18). Mdi
don vi trén cac truc toa do c6 do dai 1 cm. Sau d6, ban vé hai hinh thoi bang nhau c6 do dai
cac dudng chéo 1a 21/2 cm va 4v/2 cm d€ khoét 1am mit (minh hoa nhu hinh vé duéi day).

y

18

Cong doan cubi ciing 13 t6 mau xam cho mot mit ctia mét na. Tinh dién tich cn td mau theo

don vi cm?.

& Bai 28. Ong Minh s6 hitu mot manh vudn hinh chit nhat. Ong Minh du dinh chia manh

vuon d6 thanh 2 khu vuc, phan gach soc 1a trong hoa lan, phan con lai 12 trong hoa hong (hai

dudng cong 1a parabol c6 dinh d6i xing qua tAm ctia manh vudn va cé chung truc d6i xing).
60 m

7777777777777777
(/7777772777777
1777777777777

7777777,
77772
77

7

7

77077777077777777777777
o

7 77
7

7

7

Biét tién tra cho cong nhan phan trong hoa lan 12 40000 ddng/m?, trong hoa hdng 1a 50000
ddng/m? va s6 tién 6ng Minh tra cho cong nhan trong hoa & hai khu vuc clia manh vuon 1a
bang nhau. Tinh d6 dai chiu con lai cia manh vuon do.

& Bai 29.M0t nghé si dang thuc hién vé tranh tudng 3D nghé
thuat d€ trang tri noi that. Mdi biic tranh gdm mot hinh luc
gidc déu c6 canh bang 30 cm , trén mdi canh ctia hinh luc gidc
déu c6 mot canh hoa hinh parabol, dinh ctia parabol céch canh
luc gidc déu 30 cm va nam phia ngoai hinh luc gidc, dudng
parabol d6 di qua hai dau miit ctia mdi canh (xem hinh bén).
Biét tdng gid vé tranh 3D (bao gom cdng va vat tu) 1a 500000
dong /m”. Hoi nghé si nhan dugc bao nhiéu tién sau khi hoan
thanh bic tranh? (Lam tron dén nghin dong gdn nhdt).
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Chuong 4. Nguyén ham va tich phan

& Bai 30.Mot hoa vin trang tri dudc tao ra tif mot miéng bia
hinh vudng canh bang 10 cm bang cach khoét di bén phan bing
nhau c6 hinh dang parabol nhu hinh vé bén. Biét AB = 5 cm,
OH = 4 cm. Biét gia trang tri hoa vin Icm? 14 50.000 dong, tinh
s6 tién can bd ra dé trang tri hoa viin d6 (don vi triéu dong, 1am
tron két qua dén hang phan trim).

& Bai 31.Chuan bi cho dém hoi dién vin nghé chao dén nim mdi, B
nhom ban Lan da Iam mdt chiéc mil “céch diéu” cho dng gia Noel
c6 dang mot khdi tron xoay. Mit cat qua truc ctia chiéc mi nhu
hinh vé bén. Biét ring 00’ = 6 (cm), OA = 10 (cm), OB =20 (cm),
dudng cong AB 1a mot phan clia parabol c6 dinh 1a diém B. Tinh
thé tich cta chiéc mii (lam tron két qud dén hang don vi).

& Bai 32. Mot chiéc bat thiy tinh c6 bé day cla phan xung y
quanh 13 mot khoi tron xoay, khi xoay hinh phang D quanh N
mot duong thang a bit ki nao dé ma khi gan hé truc toa do ol

Oxy (don vi trén truc 13 decimet) vao hinh phang D tai mot vi 21N g i
tri thich hop, thi dudng thing a sé trung véi truc Ox. Khi dé 4 N
2 v e N N Z 1 AR H I
hinh phang D dudc gidi han bdi cac do thi ham sOo y = x+ —, il iy
P S Xooo o2 34 X
y = x va hai duong thang x = 1, x = 4 nhu hinh duéi day. The \\\\’ ! T
tich ctia bé day chiéc bat thiy tinh d6 bang bao nhiéu decimet \\\1’\ i ;',‘
kh6i? (1am tron két qua dén hang phan mudi). N

& Bai 33.Cho vat thé c6 ddy 1a hinh tron c6 ban kinh bing

1 (tham khao hinh vé). Khi cit vat thé bang mit phang vudng 788
gbc véi truc Ox tai di€m c6 hoanh do x (—1 < x < 1) thi dudc ,':Qz&“\
thiét dién 1a mot tam gidc déu. Thé tich V ctia vat thé d6 1a bao / o) “ ‘

Ay N\\\
JON
i
i
Gy

nhiéu (lam tron dén hang phadn tram)?

{
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§3. Ung dung hinh hoc ciia tich phan

& Bai 34.Cho hai ntta duong tron nhu

hinh vé, biét duong kinh cta duong tron

16n gip do6i dudng kinh ctia dudng tron

nhé. Nia dudng tron duong kinh AB cé

dién tich 1a 327 va BAC = 30°. Ky hiéu 30°
(H) 1a hinh phing dudc t6 mau nhu trong A B
hinh vé. Tinh thé tich khdi tron xoay tao

thanh khi cho hinh (H) quay quanh truc

AB. (két qua 1am tron dén hang don vi).

& Bai 35.Mot vién gach hoa hinh vudng canh 60 (cm). Ngudi thiét ké da
st dung bén dudng parabol c6 chung dinh tai tAm vién gach dé tao ra bon
canh hoa (dugc t6 mau sim nhu hinh vé bén). Dién tich phan c4nh hoa ctia
vién gach la bao nhiéu?

& Bai 36. Mot khuon vién dang ntia hinh tron ¢ dudng kinh bang 4+/5 (m). Trén d6 ngudi
thiét k& hai phan d€ trong hoa c6 dang ctia mot canh hoa hinh parabol c6 dinh trung véi tim
ntia hinh tron va hai diu mut ctia canh hoa nam trén ntta dudng tron (phan gach soc), cach nhau
mot khoang biang 4 m, phan con lai ctia khuon vién (phan khong gach soc) danh dé trang tri co
nhan tao. Biét c4c kich thudc cho nhu hinh vé va kinh phi cé nhén tao 1a 100000 dong/m?. Héi
can bao nhiéu tién dé trang tri cd trén phan dit d6? (S6 tién dudc 1am tron dén hang nghin).

& Bai 37.Mot cong ty c6 y dinh thiét k& mot logo hinh vudng c6
d6 dai nita dudng chéo bang 4. Bi€u tugng 4 chiéc 14 (dudc td mau)
dugc tao thanh bdi cdc dudng cong ddi xiing véi nhau qua tim clia
hinh vudng va qua cic dudng chéo. Mot trong sb cic dudng cong &
ntia bén phai ctia logo 12 mot phan cta do thi ham sb bac ba dang
y = ax’ 4+ bx> — x v6i hé s6 a < 0. PE ky niém ngay thanh 1ap 2/3,
cong ty thiét ké dé ti s6 dién tich dudc td mau so véi phan khong

v 2
dudc t6 mau bang 3 Tinh 2a + 2b.
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Chuong 4. Nguyén ham va tich phan

& Bai 38. Mot vat trang tri c6 dang khdi tron xoay dudc tao
thanh khi quay mién (H) (phan gach soc trong hinh vé& bén)
quanh truc AC. Biét ring AC = 5 cm, BC = 3 cm, mién (H)
dugc giGi han bdi doan théng AB, cung tron BD c6 tam C,
dudng cong elip AD c¢6 truc AC va CD. Thé tich clia vat trang

tri bang bao nhiéu centimet khéi (két qua 1am tron dén hang
phan mudi).

& Bai 39. Trang tri mot san hinh chit nhat kich
thuéc 28 m x16 m, trong d6 hai Parabol (P;) db6i
xtng véi (P;) qua duong thang di qua hai trung diém
ctia chiéu dai san (hinh vé&), khodng cich giita hai
dinh Parabol bing 4 m. Chi phi trang tri cho phan
t6 dam 1a 180 nghin dong trén mot mét vudng, phan
trang 13 160 nghin dong trén mot mét vuong. Tong

chi phi trang tri cho san la bao nhiéu triéu dong (Iam
tron két qua dén hang phan mudi)?

& Bai 40. Bic Binh mudn nhd thg trang tri mot bic tuong hinh chit nhat ADEF véi kich
thuéc EF = 6 m, DE = 3 m sao cho can xting hai nifa. Phan gach chéo 1a hinh gi6i han bdi
duong gap khic AFED va nia dudng tron dudng kinh AD, dudc thué son vé6i don gia 250000
dong moéi mét vudng. Phan mau trang gii han bdi nita dudng tron dudng kinh AD va mot
dudng parabol (c6 dinh H cich dudng thang AB mot khoang bang 2 m va di qua hai diém B,
C nim trén canh AD thda man AB = CD = 1,5m) dudgc thué trang tri bing biic phu diéu dip
bing xi ming véi don gia 1950000 dong mbi mét vudng (tham khao hinh vé). Hoi bac Binh
phai trd bao nhiéu triéu dong dé trang tri biic tudng nhu vy (két qua 1am tron dén hang phan
muoi)?

A

& Bai 41.Cho hai dudng tron (Oy;5) va (05;3) cit nhau tai hai diém
A, B sao cho AB la mdt dudng kinh ctia dudng tron (O7). Goi (D) la
hinh thang dudc giéi han bdi hai dudng tron (phan & ngoai dudng tron
16n, dudc gach chéo nhu hinh ve).

Mot vat trang tri ¢6 dang mot khdi tron xoay dudgc tao thanh khi quay mién (D) quanh
> s E A N N » an a N A~ A LA .9 ~
truc O10;. Thé tich cua khoi tron xoay dudc tao thanh c6 V = 5 (Z l1a phan so toi gian) thi

a* + b> bang bao nhiéu?
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§3. Ung dung hinh hoc ciia tich phan

& Bai 42. C6 mot cde thiy tinh hinh try, ban kinh trong long ddy cbc 1a 4 cm, chiéu cao
trong 1ong cbc 1a 12 cm dang dung mot luong nude. Tinh thé tich lugng nude trong cde (cm?),
biét rang khi nghiéng cbc nudc vira lic nuéec cham miéng cbe, muc nudc trung véi dudng
kinh day.

R
N A

& Bai 43.Cho hinh phang (H) gi6i han bsi db thi cac ham s6 y
y = /%, truc hoanh Ox va hai dudng thang x = 0, x = 4. Goi V M
1a thé tich khéi tron xoay tao thanh khi quanh hinh phang gi6i ;
han béi cac dudng y = /x, x = 0,x = 4 va truc Ox. Dudng
thang x = a (0 < a < 4) cit d6 thi ham s6 y = /x tai M. Goi
V1 1a thé tich khbi tron xoay tao thanh khi quay tam gidc MOH
quanh truc Ox. Khi V = 2V;. Tim a.

& Bai 44.Mot bién quang cdo c6 dang hinh elip v6i bon B,

dinh A1, A>, By, B, nhu hinh v& bén dudi. Biét chi phi dé M N
son phan t6 dam 12 200.000 (dong) va phan con lai 100.000
(dong). Biét AjA> = 8 m, BB, = 6 m va tif gidc MNPQ la A, Ay
hinh chit nhit c6 MQ = 3 m. Hdi sb tién d€ son theo cach
trén (lam tron dén hang phin chuc, don vi triéu dong) bang 0 P
bao nhiéu? B,

& Bai 45.0ng Duy c6 mot manh vuon hinh vuong

canh biang 8 m. Ong du dinh xdy mot cdi bé boi dic

S Z AB
biét (phan ké soc trong hinh vé bén). Biet AM = 7

phan dudng cong di qua cac diém C, M, N 1a mot phan
clia dudng Parabol c6 truc dbi xding 1a MP(MP/AD)
va chi phi d€ 1am bé boi 1a 5 triéu dong /1 m?. S tién
ong Duy phai tra d€ xay cdi bé boi do 1a bao nhiéu triéu
dong? (1am tron két qua dén hang don vi).
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Chuong 4. Nguyén ham va tich phan

& Bai 46.Mot bién quang cdo cé dang hinh vuong ABCD I
canh bang 4 m va I 1a trung diém ctia doan thang CD. Trén
tAm bién d6 c6 dudng parabol dinh 7 di qua A, B va cat dudng
chéo BD tai M (tham khdo hinh vé). Chi phi son phan to hinh
gach soc (c6 dién tich S;) 1a 200000 ddng/m?, chi phi son
phan t6 dam (c6 dién tich S,) 1a 150000 dong/m? va phan
con lai 12 120000 ddng/m?. S6 tién cin chi tra d€ son tAm
bién quang c4o 1a bao nhiéu nghin dong? A

B
& Bai 47.16 go gan tai cac Showroom ctia hing 6 t6 VINFAST 1a
mot hinh tron. Phan td ddm (nam gitta parabol dinh / va dudng gip b )
khic AJB) dugc dat bac véi chi phi 10 triéu ddng/m?. Phin con lai
ctia hinh tron dugc phi son véi chi phi 2 triéu ddng/m?. Biét AB =2

V13 o g x
mIA=IB=+5mvaJA=JB= - m. Tinh tong so tién (don
vi: triéu dong) dé dat bac va phu son toan bo 16 gd néi trén (1am tron
1

Ay

két qua dén hang phan chuc).

& Bai 48.Ngudi ta thiét k& mot mau gach 1at nén nha c6 dang hinh
vuong canh 4 dm. B6n géc vién gach mau trang, phin & giita mau
xanh (Hinh vé). Pudng vién ctia phan mau xanh bao gébm bdn doan
thang nam trén cac canh hinh vudng va bdn dudng cong cé tinh chat:
Tich khoang céch tit mot diém bat ki thudc dudng cong d6 dén hai
truc ddi xuing ctia vién gach (hai dudng thang di qua tim vién gach
va 1an lugt song song véi hai canh vudng géc) bang 2 dm?. Hay cho
biét phan mau xanh c6 dién tich bing bao nhiéu decimét vudng (lam

tron két qud dén hang phan muoi)?

& Bai 49. C6 mot hinh phang (H) (phan to6 dam trong hinh vé) dudc tao ra bang cich vé mot
hinh vudng c6 canh bing 4. Sau d6, & bdn goéc hinh vudng d6 vé bon dudng cong déu c6 tinh
chét 1a: tich khoang céch tif mot diém bat ki thudc mbi dudng cong dé dén hai truc ddi xing
dy, dy ctia hinh vuong bing 2. Khi cho hinh phang (H) quay quanh truc d; ta sé thu dudc mot
vat thé tron xoay, thé tich vat thé tron xoay d6 bing bao nhiéu (khéng lam tron két qud cdc
phép tinh trung gian, chi lam tron két qud cudi cung dén hang phadn trdm)

dy | truc dbi xding

|
|

ds ] truc ddi xing
1
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§3. Ung dung hinh hoc ciia tich phan

& Bai 50.Mot ly tra stta dang hinh nén cut, c6 dudng kinh day 2 cm
ly 6 (cm), dudng kinh miéng ly 9 (cm), chiéu cao 13,4 (cm), &
miéng ly c6 sit dung mot nap ddy c6 hinh dang niia mét cau va &
dinh ctia ntta mét ciu nay c6 mot hinh tron c¢6 dudng kinh 2 (cm)

dé cam 6ng hut, mit phang chia hinh tron nay song song v6i mit
phang chia miéng ly (tham khao hinh vé sau). Tinh thé tich bén 134
2 X 2 s 2 g N N A 2 A ] cm
trong cua ly bao gom ca thé tich cua nap (lam tron két qua den

hang don vi).

& Bai 51. Chudng ngai vat “tuong cong” trong mdt san
thi diu X-Game 12 mot khéi bé tong c6 chiéu cao tlit mit
dat 1én 13 3,5 m. Giao clia mit tudng cong va mit dat I1a
doan thang AB = 2 m. Thiét dién ctia khéi tudng cong
cat bdi mit phang vudng goc v6i AB tai A 1a mot hinh
tam giac vudng cong ACE v61 AC =4 m,CE =3,5mva
canh cong AE nim trén mot dudng parabol c6 truc dbi
xting vudng goéc véi mit dat. Tai vi tri M 13 trung diém

wg'e

cua AC thi tuong cong c6 do cao 1 m (xem hinh minh hoa
bén). Can sit dung bao nhiéu mét khbi bé tong dé tao nén
khdi tudng cong d6?

& Bai 52. Khi thi cong tuyén cao tbc Nghi Son - Bii
Vot, don vi thi cong can san mot ngon nui nho. Biét dudng
vién chan ndi 12 mot elip ¢6 truc 16n AB = 400 m va truc
bé CD = 200 m; miit cit bdi mit phang chita AB v vudng
gbc vai mit dit 12 nira hinh tron dudng kinh AB; mit cit
bdi cdc mat phang vudng goc v6i AB c6 dang parabol véi
dinh thudc ntta dudng tron dudng kinh AB (tham khao
hinh vé&). Tinh thé tich ngon nii d6 theo don vi triéu m>

(lam tron dén hang phan tram).

& Bai 53.Hoa si thiét ké mot chiéc mii xe may c6 dang khéi tron
xoay, mit cat ditng chifa tim ctia khi tron xoay c6 dang mot cung
tron ban kinh 20 cm, vé6i do dai day cung 1a 32 cm (hinh bén). Thé
tich ctia khdi tron xoay nay 1a bao nhiéu dm? (lam tron két qud dén
hang don vi)?

A 32 cm B
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& Bai 54. Mot binh hoa c6 dang khdi tron xoay vé6i chiéu cao 1a 25 cm.

Khi cit binh hoa theo mot mit phang vudng géc véi truc clia né thi ta ludn
. 5 4 25
dudc thiét dién 1a mét hinh tron ¢ ban kinh R = §x3 — §x2 +35+ 3¢

5 .
(dm) véi x € [0; 5} la khoang cach tur mat cat t6i mat ddy cua binh hoa.

o A xS i o . s 2
Lugng nudc can do vao binh dé muc nudc trong binh cao bang 3 chiéu

cao ctia binh chiém ti 1¢ bao nhiéu phan trim so véi thé tich ctia binh hoa? <>
(Két qua 1am tron dén hang don vi).

& Bai 55.54n trudng c6 mot bon hoa hinh tron c6
tam O. Mot nhém hoc sinh 16p 12 dudc giao thiét
ké bon hoa, nhém nay dinh chia bon hoa thanh bén
phan, bdi hai dudng parabol c6 cung dinh O va dbi
xting nhau qua O. Hai dudng parabol nay cit dudng
tron tai bén diém A, B, C, D tao thanh mdt hinh
vuong c6 canh bang 4 m (nhu hinh vé).

Phan dién tich Sy, S» dung d€ trong hoa, phan dién tich S3, S4 dung d€ trong cb (Dién tich
lam tron dén chit s6 thap phan thif hai). Biét kinh phi d€ trong hoa la 150000 dong/m?, kinh
phi d€ trdng ¢ 1a 100000 dong/m?. PE trong bdn hoa d6 nha trudng can sb tién 1a bao nhiéu
nghin déng? (SO tién 1am tron dén hang chuc nghin).

& Bai 56 (CT — THPTQG 2025). D& dit mot vat trang tri trén mit ban, ngudi ta thiét ké
mot chan dé nhu sau. LAy mot khéi gd ¢6 dang khdi chép cut tif gidc déu véi do dai hai canh
day lan luct bang 7,4 cm va 10,4 cm, bé day cta khoi gb bang 1,5 cm. Sau d6 khoét bé mot
phan ctia khoi g6 sao cho phin dé c¢é dang vat thé H, & d6 H nhan dudc bang cach cat khoi
cau ban kinh 5,5 cm bdi mot mit phazlng cat ma mat cat 1a hinh tron ¢ ban kinh 3,5 cm (xem
hinh dudi).

Thé tich ctia khdi chan dé bang bao nhiéu centimét khdi (khong 1am tron két qua cac phép
tinh trung gian, chi lam tron két qua cudi cung dén hang phan mudi)?
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§3. Ung dung hinh hoc ciia tich phan

& Bai 57 (CT - THPTQG 2026). D& ché tdc mot hat cudm, ngudi ta 1dy mot khdi vat thé

c6 dang mdt khbi tron xoay dudgc tao thanh khi quay hinh phang gidi han bdi truc Ox va niia
2

+ 2 = 1 (mot don vi dai trén moi truc toa do tuong ting v6i mot xang-ti-mét

trén cua elip 7=

1,52
trong thuc té&) ’quanh truc Ox; sau d6 khoan doc theo truc xoay (xem hinh duéi). L6 khoan c6
dang hinh tru v6i ban kinh 0,1 cm va c¢6 truc nam trén truc xoay. Phan con lai sau khi khoan 12
hat cudm, c6 dang mot khéi tron xoay. Thé tich ctia hat cudm dé bang bao nhiéu xiAng-ti-mét
khdi (khong 1am tron két qua cac phép tinh trung gian, chi 1am tron két qua cudi cliing dén
hang phan trim)?

- y 2 v y 2 Vv
Bin kinh 15 khoan 0,1 iztpe=1 imtpe=1
Mai khoan / \ y=0,1
> j 0 X
Truc xoay

Luu y: Cdc kich thuéc trong hinh minh hoa c6 thé khong diing ti 1é thuc té.

& Bai 58. Mot kién tric su chiu trach nhiém thiét ké
mot toa nha cao 30 (m). Mat cat ngang tai moi do cao,
vudng goc véi truc thang ding, ludn 1a mot hinh vudng
(xem hinh v€). Mdt day toa nha la hinh vudng c6 canh
Ly = 26 (m), mat dinh 1a hinh vudng c6 canh L3y = 20
(m). Mt cat ngang tai vi tri hep nhét ctia tda nha 12 hinh
vudng c6 canh Ly, = 13,75 (m). Mit cit cla tda nha
theo mit phang ding chiia dudng chéo ddy c6 dang la
hinh phang gidi han bsi hai dudng cong parabol dbi xting
v6i nhau qua truc thang diing di qua tam ddy cta toa nha.
Tinh thé tich cta toa nha d6 (lam tron dén hang don vi,
don vi tinh: mét khoi).

co dang hinh chtt nhat ABCD c6 kich thuéc AB = 10 m,
AD = 6 m. Noi dung quing céo dugc mo ta trong phan

t6 dam véi hai dudng cong trong hinh 13 mdt phan cuia

R . b
d6 thi ham s6 (C) c6 dang y = axtb (hinh minh hoa).
cx+d

& Bai 59. Mot cong ty thiét ké mot bang quang cdo D / C

O A A o i o o i

A B

Khodng cich tif diém A dén dudng tiém can diing va dudng tiém cin ngang ctia do thi ham
) \ R ) . . , . AE 2 _ | 5
s0 (C) bang 3 m. Do thi ham so (C) cat canh AB tai diém E théa man B-5 Dién tich phan

ndi dung quang c4o 1a bao nhiéu mét vuong? (Két qua 1am tron dén hang phan musi).
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Chuong 4. Nguyén ham va tich phan

& Bai 60. San van dong Sport Hub (Singapore) 12 sdn c6 mai vom ky vi nhét thé gi6i. Day 1a
noi dién ra 1& khai mac Pai hoi thé thao Pong Nam A dudc td chiic tai Singapore nim 2015.
Nén san 12 mot elip (E) c6 truc 16n dai 150 m, truc bé dai 90 m (hinh vé&). Néu cit san van
dong theo mot mit phang vudng goc véi truc 16n cla (E) va cit elip & M, N (hinh vé) thi ta
dugc thiét dién ludn 12 mdt phan ctia hinh tron c6 tdm I (phan té dam trong hinh duéi) véi MN
la mot day cung va goc MIN = 90°. D& lap mdy diéu hoa khong khi thi cdc ky su can tinh
thé tich phan khong gian bén dudi mdi che va bén trén mit san, coi nhu mit sian 1a mot mit
phang va thé tich vt liéu 1a mai khong dang ké. Biét rang cach tinh cong suit can di 1a 200
BTU/m?3. Héi can bao nhiéu chiéc diéu hoa cong suit 50000 BTU?

& Bai 61. Ldp vo cia mot 10 phan tng hat nhan bang kim loai va dudc tao bdi hinh phang
(S) gi6i han bdi nhanh bén phai truc tung cia cac dudng hypebol (H;), (H») va hai duong
thang y = —12, y = 6 khi quay quanh truc Oy nhu hinh vé sau:

61—

Uy A )

Y S
Biét (H) di qua diém (\/ 30; O) c6 tiéu cu bang 10+/6, (H>) di qua diém (5;0) c6 tiéu cu bing
10+/5 va don vi trén céc truc toa do do bing mét. Thé tich khéi kim loai can sit dung dé lam
v 10 phéan tng hat nhan bang bao nhiéu mét khdi (két qua lam tron dén hang don vi)?

& Bai 62.Ngudi ta cit hai hinh cau c6 ban kinh 1an ludt 1a '
R =13 cm va r = v/41 cm d€ 1am hd 16 dung rugu nhu hinh vé

bén. Biét duong tron giao ctia hinh cau c6 ban kinh 7 = 5 cm va

nit dung rugu 1a mot hinh tru c6 ban kinh ddy bing v/5 cm, chiéu

cao bang 4 cm. Gia st do day vo hd 16 khong dang ké. Héi ho 16

dung dugc bao nhiéu lit ruou? (két qua 1am tron dén mot chit s6

thap phan sau diu phdy).

& Bai 63. Mot buc tuong hinh chit nhat ABCD ¢6 AB = 6m, BC = 4m dudc ban An trang
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§3. Ung dung hinh hoc ciia tich phan

tri bang cach vé mot Parabol c6 truc dbi xting 1a truc dbi xiing cta hinh chit nhat va dinh cta
Parabol cach CD mot doan 13 1m, cic nhanh Parabol chia hinh chif nhit thanh ba phan H,

H,, H3 nhu hinh vé bén dudi (HK = 2m).

A 6m
H] Hz H3
D H 2m K

4m

C

Phan H; dudc son mau xanh da trdi, phan H> dugc son mau vang, phan Hz dudc son mau xanh
14 cay. Biét ring mdi hop son cac mau chi son dudc 3 (m?) tudng, dong thdi gia clia hop son
mau xanh da trdi 12 120000 dong/hdp, hdp son mau vang 1a 130000 dong/hdp, hdp son mau
xanh 14 cdy 12 110000 dong/hop. Tinh gid tién ban An phai tra d€ son biic tudng nay. Biét ring
ctra hang son chi ban s6 nguyén hop (don vi la triéu dong va lam tron két qud dén hang phadn

tram).

(1 A2 c|3 b4 A5 DJs

=
*®

J

@)

]9 AJ10 D)

(12 BJ13 D14 c|15 BJ16 Af17

(22 AJ23 AJ24 DJ25 cJ26 BJ27 DJ28 D|29 B30 DJ32 A]

Bang dap an trac nghiém diing sai

Cau 1. (@P(®)S(c)P(d)s | |Cau 2. (@s®ble)b@)s
Cau 3. (@P(b)b(c)S(d)P | |Cau 4. @pb)b(c)s@)s
Cau 5. (2)s()b(c)S(d)P | |Caub. (@Pb)blc)s@)s
Cau 7. (@)s()s(c)s(d)s ||Caus. (@Ppb)b()s@p
Cau 9. (@s(®b(c)P()S | |Cau 10. (@Pp(d)bP(c)s@P

1) Dé1

PHAN 1. Cau tric nghiém nhiéu phuong an lua chon. Thi sinh tra 18i tir cdu 1 dén cau
12. Mbi cau héi thi sinh chi chon mét phuong an.

$> Cau 1. Cho hinh phéang (H) gi6i han bdi cac dudng y = 2x —x2, y = 0. Quay (H) quanh
truc hoanh tao thanh khéi tron xoay c6 thé tich 1a
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Chuong 4. Nguyén ham va tich phan

N <2x—x2)dx. ®r <2x—x2>2dx.

© <2x—x2>2dx. Dk

(2x—2%) dx.

/ /
/ /

$> Cau 2. Goi S 1a hinh phang gidi han béi cdc dudng y = sinx, y =0, x = 0, x = 27. Ménh
dé nao dudi day la ding?

b2 2n 2m 2n
@S:/Sinxdx. S:/|Sinx| dx. @S:/sinxdx. @S:/Sinzxdx.
0 0 0 0

$> Cau 3. Tinh thé tich ctia khéi tron xoay khi cho hinh phang giéi han bsi dudng thang
x = 2, d6 thi ham s6 y = x? va truc hoanh khi quay xung quanh truc Ox.

4 Sm 327 T
@5 ® - ©=5- D%

$> Cau 4. Cat mot vat thé bdi hai mit phang vudng goc véi truc Ox tai x = 1 va x = 2. Mot
miit phang tiy ¥ vuong géc véi truc Ox tai diém c6 hoanh do x (1 < x < 2) cit vat thé d6 c6
dién tich S(x) = 2024x. Tinh thé tich ctia phan vat thé gi6i han bdi hai mit phang trén.

@V =3036. ®V = 30367, ©V =1518. ®V = 15187.

$> Cau 5. Thé tich vat thé tron xoay khi quay hinh phang gidi han bdi cac dudng y = v/e* —x,
y =0, x=1, x =2 xung quanh truc Ox la

@n(ez—e—§>. ez—e—g. @%(ez—e—g) @ez—e—%.

2
$> Cau 6. Cho cac ham s6 y = fi(x), y = f>(x) lién tuc trén doan [a;b]. Khi d6, dién tich
hinh phéng gidi han bdi do thi cic ham sb y = fi(x), y = f>(x) va hai dudng thang x = a,
x=bla

a b
®s= [ 1)~ ) . ®5= [ ) i) dr
b

a

a b
©5= [ /() - H0) d ®s = [1A() - 0] d
b a
$> Cau 7. Trong mit phang véi hé toa do Oxy, dién tich S ctia hinh phang gi6i han bdi dd thi
ham sd y = 2+ 5, truc hoanh va hai dudng thang x = 0,x = 3 dudc xac dinh bang cong thiic

3 3
@S:/(2x—|—5)2dx. S:/(2x+5)dx.
" 3 " 3
©S=m [ (2°+5)dx. DOS=m [ (2°+5)%dx.
/ /

$> Cau 8. Tinh dién tich hinh phang (H) gi6i han bdi cic dudng y = x> — 4x, truc hoanh,
x=—-3vax=4.
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§3. Ung dung hinh hoc ciia tich phan

201 119
@36. 44. @T. @T.

$> Cau 9. Cho hinh phang (H) gi6i han bdi dd thi y = 2x — x? va truc hoanh. Tinh thé tich
V vt thé tron xoay sinh ra khi cho (H) quay quanh Ox.

4 4 16 16
V=_. V=_nm. V=—n. V=—.
@Wv=3 37 Qv =157 OV =13
$> Cau 10. Tinh dién tich hinh phang gi6i han bdi dd thi cic ham s6 y = —x> 4 2x va
y=—3x.
125 125 125 125
O ®35 O o5
$> Cau 11.Cho dd thi ham s6 y = f(x). Dién tich S cta hinh y
phang (phdn 16 ddm ciia hinh vé dudi) 1a _
3 0 3 _ /0
2\/////// 0000000000057 3
@S:/f(x)dx. S:/f(x)dx+/f(x)dx. o \x
) -2 0

-2 3 0 0
©s= [f@ar+ [ fwar ©S= [ f@av+ [ flodx
0 0 -2 3
$> Cau 12. Cho dd thi ham s6 y = f(x) nhu hinh vé bén. Dién
tich phan hinh phing gii han bdi do thi ham s y = f(x) v6i
truc Ox nam phia trén va phia dudi truc Ox 1an ludt 1a 3 va 1.

3
Khi d6 / f(x)dx bing
-2

@2. 2. ©3. D)4.

PHAN II. Céu tric nghiém ddng sai. Thi sinh tra 13i tir cau 1 dén cau 4. Trong mbi y a),

b), c), d) & mdi cau, thi sinh chon ding hoac sai.

$> Cau 1. Cho ham s6 y = x> — 3x +2 db thi 1a (C) va duong thang y = —2x+ 8 c6 d6 thi
1a (d) va céc duong thang x = 1, x = 3. Goi S; 1a dién tich hinh phang gidi han béi (d), truc
hoanh va dudng thang x = 1, x = 3. Goi S, 1a dién tich hinh phing gidi han bdi (), truc hoanh
va dudng thang x = 5. Xét tinh diing sai ctia cac khang dinh sau

a) S6 giao diém ctia dd thi (C) va dudng thang (d) 1a 3.

b) Ham s6 y = x> — 3x+ 2 dat cuc tiéu tai x = 1.

c) S1 > 5.

d) Dién tich hinh phang gi6i han bdi hai dd thi ham sd y = x> —3x+2, y = —2x+ 8 va hai

dudng thang x = 1,x = 3 bing 23.

$> Cau 2. Khéi chdm ciu c6 ban kinh R = 5 va chiéu cao & = 1 sinh ra khi quay hinh phang
gidi han bdi cung tron ¢é phuong trinh y = v/25 —x2 , truc hoanh va hai dudng thang x = 4,
x = 5 xung quanh truc Ox.

a) Khoang cach tif tam ctia khdi cau dén khéi chdm cau bang 3.
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Chuong 4. Nguyén ham va tich phan

5
b) Thé tich cta khdi chém cau V; dudc tinh theo cong thic Vi = & / (25 — x2> dx.

4
. ) P N 147
¢) Thé tich cua khoi chom cau V| = N
2 A X ~ ~ s v 2 A R s V 7
d) Goi V; 1a thé tich cta ntra khoi cau c6 ban kinh bang 5. Ti so thé tich 71 = 155"
2

$> Cau 3. Cho ham s6 f(x) = x> — 3x? + 2x ¢6 do thi nhu hinh dudi day
y

1

a) /f/(x) dx=0.

0
b) Goi F(x) 1a mot nguyén ham ctia ham sb f(x), khi d6 F (x) = / f'(x)dx.
¢) Dién tich hinh phang gidi han bdi dd thi ham s& y = f(x), truc hoanh va hai dudng thing

2
xzo,xzzlasz/f(x)dx.
0

d) Goi (D) 1a hinh phing gi6i han bdi dd thi ham s6 y = f(x), truc hoanh, truc tung va
dudng thang x = 1. Thé tich khdi tron xoay dudgc tao thanh khi quay (D) quanh truc

1
hoanh dugc tinh theo cong thic V =7 / F2(x)d.
0

&> Cau 4.Mot ngudsi ndong dan c6 mdt manh dat y
hinh vuéng ABCD canh bing 8 m. Ong ta dinh chia 4
manh dat thanh ba phan bdi cac parabol di qua cac
dinh ctia hinh vudng nhu hinh vé, biét rang dinh ctia

parabol cich canh hinh vuéng 2m. Ong du dinh 2

trong hoa trén hai phan dién tich nim giita mdi =

parabol va canh tuong tng cta hinh vuong, trong —4 0 4 *
co trén phan dién tich con lai. Chon hé truc Oxy sao -2

cho A(—4;4), B(4;4), C(4;,—4), D(—4;—4).

—4

2 2
a) Phuong trinh clia hai parabol 1an ludt 1a y = % +2vay= —% —2.

\ . 64
b) Dién tich trong hoa bang 3 m?.
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§3. Ung dung hinh hoc ciia tich phan
¢) Néu chi phi mua cdy giéng hoa 1a 100000 dong/m?, c6 1a 70000 déng/m? thi chi phi
mua cdy gidng cho ca khu vuon 1a 5120000 dong.
) A a R . 1
d) Ti so dién tich dat trong hoa va trong cd bang 3
Phan I1l. Tra I16i ngdn. Thi sinh tra 18i tir cAu 1 dén ciu 6 vao 6 két qua.

$> Cau 1. Thé tich vat thé tron xoay khi quay hinh phang gi6i han béi cac dudng y = 1 —x2,
y = 0 quanh truc Ox cé ket qua dang % vGi g la phan s0 toi gian. Khi d6 § = a+ b bang bao

KQ:

nhiéu?

$> Cau 2. Cho (H) 1a hinh phang dudgc t6 dAm trong hinh vé va dudc gidi han bdi cac dudng
khix <1
x—2 khix>1

—X

10 .
c6 phuong trinh y = ERin X%,y = { . Dién tich cia (H) bang bao nhiéu?

KQ:

$> Cau 3. Cho ham s6 y = f(x). D6 thi ctia dao ham f(x) la dudng cong trong Hinh 2. Biét
rang dién tich clia cac phan hinh phang A va B 1an lugt 1a Sy = 2 va Sz = 3. Néu £(0) = 4 thi
gid tri ctia f(5) bing KQ:

$> Cau 4. Mot hinh ciu c6 ban kinh 6 dm, ngudi ta cit bé hai phin biang hai mit phang song
song va cling vudng goc v6i dudng kinh d€ 1am mit xung quanh ctia mot chiée lu chita nuéc
(nhu hinh vé). Tinh thé tich V (lit) ma chiéc lu chiia dudc biét mit phang cach tim mit cau 4
dm (Iam tron dén hang don vi).

y

B e

o m T T T T T T T T = .

~—_ > o

Pl

| !

! 6 dm —
o I

______14dm .'

.:\\\ /,,x //ﬂ’

KQ:
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Chuong 4. Nguyén ham va tich phan

$© Cau 5.Vuon hoa ciia mot trudng hoc ¢ hinh dang
dugc gidi han bdi mot dudng elip ¢6 bén dinh A, B, C, D
va hai dudng parabol c6 cic dinh lan ludt 1a E, F (phan
t6 dam ctia hinh vé). Hai dudng parabol c6 cling truc dbi
xting AB, dbi xting nhau qua truc CD, hai parabol cat elip
tai cdc diém M, N, P, Q.

N D Q

Biét AB=8 m, CD = 6 m, MN = PQ = 3v/3 m, EF =2 m. Chi phi d¢ trdng hoa trén
vudn 12 300000/m?. Hoi sb tién trong hoa cho ca vudn 1a bao nhiéu tridu dong. Két qua 1am
tron dén hang phan trim. KQ:

$> Cau 6. Mot bé chita nhién liéu hinh tru dit nam ngang, ¢6 chiéu dai 5 m, ¢6 ban kinh day
1 m. Chiéu cao ctia muc nhién liéu 1a 1,5 m.

<~

2 m

S5m
Tinh thé tich phan nhién liéu trong bé (theo don vi m>, lam tron dén hang phan chuc).

KQ:

—Hét—
2) Dé 2

PHAN 1. Cau tric nghiém nhiéu phuong an lua chon. Thi sinh tra 18i tir cdu 1 dén cau
12. M&i cau héi thi sinh chi chon mét phuong an.

$> Cau 1. Tinh dién tich S ctia hinh phang gi6i han béi cdc dudng y = x? + 4, truc hoanh,

x=0,x=1.
13 13 13 13
@5 ®7 ©% D5

$> Cau 2. Cho ham s6 y = f(x) lién tuc trén [a;b]. Goi D la hinh phang gi6i han bdi d thi
ham s6 y = f(x), truc hoanh va hai dudng thiang x = a, x = b. Thé tich V clia vat thé tron xoay
dugc tao ra khi cho D quay xung quanh truc Ox la

b b
@V:nZ/fz(x)dx. V:/fz(x)dx.

@V:n'/bf(x)dx. @V:n'/bfz(x)dx.
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§3. Ung dung hinh hoc ciia tich phan

$> Cau 3. Hinh phang gidi han bdi d6 thi ham sb y = 2*, truc hoanh va hai dudng thang
x = 0,x = 7 quay quanh truc Ox tao thanh khéi tron xoay c6 thé tich bing

7 7 7 7
@n/zx dx. /|2x|dx. @n/22x dx. @/22x dx.
0 0 0 0

$> Cau 4. Tinh dién tich S ctia hinh phang gi6i han bdi cac dusng y =x*>+x; y=x; x =4
va truc tung.

64

64 128 128
@3 ®73 O D5

> Cau 5. Tinh thé tich V cda khdi tron xoay tao thanh khi quay quanh truc hoanh hinh
phang gidi han bdi cac dudng y = x> —2x,y =0, x=0vax= 1.
8 157

81 m
@V—E. V—?. @v_7 @V—T.

$> Cau 6. Dién tich hinh phang gidi han bdi cac dudng y =x> —2x— 1, y=2x—4, x = 2,
x=31la

4 4 2 2
$> Cau 7. Goi (H) 1a hinh phang gidi han bdi dd thi ham s6 y = x> — 3x 4 2 va truc hoanh.
Thé tich ctia khbi tron xoay sinh ra khi quay hinh (H) quanh truc hoanh bing
T 1 /4 1
e ®: O3 0
$> Cau 8. Cho hinh phang (H) gidi han bsi db thi ham s y = x> — 2x, truc hoanh, truc tung
va dudng thang x = 3. Dién tich ctia hinh phang (H) dudc tinh bang cong thifc nao dudi day?
3 3
@S:/(x2—2x)dx. S:/(—x2+2x)dx.

2 0

3 3
@S:/‘xz—Zx‘dx. @S:/’xz—Zx’dx.

2 0

$> Cau 9. Thé tich khdi tron xoay tao thanh khi cho hinh phang gi6i han bdi dd thi ham sb
f(x) = v/, truc hoanh va hai dudng thang x = 0, x = 2 quay quanh truc Ox 1a
2 2 2 2
@/xdx. /\/)_cdx. @n/\/)_cdx. @n/xdx.
0 0 0 0

$> Cau 10. Cit mot vat thé bsi hai mat phang vudng géc véi truc Ox tai x = 0 va x = 2.
Mot mit phang tlly y vudng géc véi truc Ox tai diém c6 hoanh do x (0 < x < 2) cat vat thé d6
c6 thiét dién 1a mot hinh vudng canh x>. Tinh thé tich clia phan vat thé gidi han bdi hai mit
phang trén.

R T S L S
$> Cau 11. Dién tich hinh phang gidi han bdi cic dudng cong y = sinx,y = cosx va céc
dudng thang x = 0,x = 7 bang

(A)3V2. V2. ©)2V2. D) —2V/2.
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Chuong 4. Nguyén ham va tich phan

$> Cau 12. Cho ham s6 y = f(x) c6 do thi nhu hinh duéi va dién tich hai phan A, B 1an lugt
bang 11 va 2.

y y=f(x)

,,,,,,,
B
-2 OB/ 1 X
7
7

1
Tinh tich phan / f(x)dx.
-2

(A)13. B —9. ©)—13. (D)9.
PHAN II. Céu tric nghiém ddng sai. Thi sinh tra I3i tir cau 1 dén cau 4. Trong mbi y a),
b), ), d) & mdi cau, thi sinh chon diing hoac sai.
$> Cau 1. Cho ham sd y = f(x) = 2x + 3. Biét F(x) 1a mot nguyén ham cda f(x) trén R.
a) Biét F(1) =2 thi F(x) = x* 4 3x+2.

2 2 0
b) Gii tri clia / f(x)dx — / f(x)dx+ / f(x)dx bing 42.
0 5 —1

¢) Dién tich hinh phing gidi han bdi cic dudng y = f(x), truc hoanh va x = —2, x = 1 bing
6

d) Thé tich khdi tron xoay thu dugc khi quay hinh phang gi6i han bdi hai dudng y = f(x)
15567%

va y = x?> — 2x + 6 quanh truc Ox bing

$> Cau 2. Cho d6 thi cac ham s6 f(x) = x+ 1 va g(x) = 0,7° nhu hinh vé

0
a) /f(x)dx:%.
e

b) Thé tich vat thé tron xoay dudc sinh ra khi quay hinh phang gi6i han bdi cac dudng
y = f(x), truc hoanh va hai duong thang x = —1; x = 0 quanh truc hoanh bing 9.
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§3. Ung dung hinh hoc ciia tich phan

¢) Thé tich vat thé tron xoay dudc sinh ra khi quay hinh phang gi6i han bdi cac dudng
y = g(x), truc hoanh va hai dudng thang x = 0; x = 2 quanh truc hoanh c6 gi4 tri xap xi
bing 7,9 (1am tron két qua dén hang phan mudi).

d) Khbi tron xoay sinh ra khi quay hinh phing gi6i han béi cic dudng y = f(x), y = g(x),
truc hoanh va hai duong thang x = —1, x = 2 quanh truc hoanh c6 thé tich x4p xi bang
4.4 (1am tron két qua dén hang phan mudi).

$> Cau 3. Cho ham s6 y = x> — 2x2 — 3x +4 ¢6 dd thi (C) va duong thang (d): y = 2x — 2.

a) Puong thing d cit dd thi (C) tai ba di€ém A(—2; —6), y
B(1;0), C(3;4).
b) Dién tich hinh phing gidi han béi dd thi (C), truc =2x—2
. . 21
hoanh, duong thang x = —1;x = 2 bang T
¢) Dién tich hinh phang gidi han bdi do thi (C) va dudng S
. . 253 oA s,
thang d bang ETR
) . PN \ 0 X
d) Bict duong thang d cat do thi (C) thanh hai mién S,
< 2.0 A Sl L 63
VaSz.Khldotlsog—E. B2 3xi4

> Cau 4. Cho mdt vat thé bang gd c6 dang hinh tru v6i chiéu cao va ban kinh ddy cung
bing 1. Cat khdi gb d6 bdi mot mit phang di qua dudng kinh ctia mot mét day ctia khdi g6 va
tao v4i mit phang ddy ctia khdi gd mot géc 30° ta thu dugc khdi gb hinh ném (H) va dit khbi
(H) vao hé truc toa dd nhu hinh vé.

a) Nita dudng tron ddy khdi gb hinh tru c6 phuong trinh 1a y = /1 +x2, (-1 <x < 1).

b) Mot mit phang vudng géc véi truc Ox tai diém M cé hoanh d6 x, cat hinh ném theo thiét
dién 1la AMNP vuong tai N va ¢ goc PMN = 30°. Liic d6 doan MN bang /1 —x2.

¢) Dién tich tam gidc MNP bang 1 — x°.

: . 2V3
d) Thé tich hinh ném (H) biing Tf.
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Chuong 4. Nguyén ham va tich phan

Phan I1l. Tra 16i ngdn. Thi sinh tra 18i tir cAu 1 dén cau 6 vao 6 két qua.
$> Cau 1. Biét thé tich khdi tron xoay tao nén khi quay xung quanh y

truc Ox hinh phéang gidi han béi cic dudng y = (1 —x)%,y=0,x=0
x =2 c6 dang % v6i g la phan so toi gian. Tinh gid tri biéu thic

S = 24a+ 12b. KQ:

> Cau 2. Cho hinh vuéng OABC c6 canh bing 4 dudc
chia thanh hai phan bdi dudng cong (C) c6 phuong trinh 4
y = 0,25x%. Goi S, S». 1an lugt 1a dién tich ctia phan khong

. A SN
bi gach va phan bi gach (nhu hinh v€ bén). Ti s0 S—l bang
2
KQ:

0 4
> Cau 3. Cho hai ham sb f(x) = ax’ + bx* +cx —2 va y

PN R . g(x)
g(x) =dx*+ex+2(a, b, c,d, e € R). Biét rang do thi ctia ham sb
y = f(x) va y = g(x) ct nhau tai ba diém c6 hoanh dd lan lugt 1a LN N f)
jl

—2; —1; 1 (tham khao hinh vé). Tinh dién tich hinh phzzmg gi6i han _; -
bdi hai dd thi da cho (lam tron dén chit sé thdp phdn thit nhdt)? i

$> Cau 4.Cho ham sb y = f(x) lién tuc trén doan [—1;6] a7
va c6 dd thi 1a dudng gip khiic ABC trong hinh bén. Biét : \
F(x) la nguyén ham cta f(x) théa man F(—1) = —2. Gia i i 6
tri ctia F (5) + F(6) bang bao nhiéu? KQ: _'1 o 4" SN

$> Cau 5. Mot thing 1am kem c6 mit cit dang parabol nhu hinh. Biét phuong trinh dudng
bién c6 dang f(x) = a\/x, hdi dung tich ciia thing bing bao nhiéu lit.

X
y=ax/x 20cm

|

— 30 cm —

KQ:
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§3. Ung dung hinh hoc ciia tich phan

> Cau 6. Hoa si thiét ké mot loai gach trang tri ¢6 dang nhu Hinh 1, gach c6 dang hinh
vudng canh 8 dm. Khi dit ban vé trong hé toa do (Oxy) véi don vi ciia mdi truc 1a 1 dm thi mdi
4
nét cong phia trong thudoc mot trong hai dudng hypebol y = —— va y = — (Hinh 2), cac canh
X X
ctia vién gach 1an lugt thudc 4 duong thang x = —4, x =4, y = —4, y = 4. Ngudi ta son mau
hong vao phan hinh dudc gach chéo nhu Hinh 3. Dién tich phan son mau hdng 1a bao nhiéu
dm? (1am tron két qua dén hang phan mudi).

—4
4

Hinh 1 Hinh 2 Hinh 3

KQ:

— Hbt—
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Chuong 4. Nguyén ham va tich phan

BANG DAP AN PE KIEM TRA CUOI BAI

PESO1
DAP AN PHAN I
1. B][2. B][3. cC]|4 A][5. A]l6. D][7. B|[8. c]|[9. C]
110. C][11. c][12. A]
PAP AN PHAN II
Cau 1. (@s(®)s(c)p(ds | |Cau 2. (a)s(b(c)P()DP
Cau 3. (@)P()S(c)S(d)P | |Cau 4. @pb)blc)b@)s
PAP AN PHAN III
Cau 1. Cau 2. Cau 3. Cau 4. Cau 5. Cau 6.
301 6,5 3 71711 40,811 ||l1]2],]6
PE SO 2
DAP AN PHAN I
1. B][2. D][3. cC][4 B|[5. A]l6. c][7. c]|[s. D]|[9. D]
[10. A][11. c][12. D]
PAP AN PHAN II
Cau 1. (@)s () b(c)s (@D ||Cau 2. (@b®d)s(c)s@b
Cau 3. (@b(®)s(c)P(d)s ||Cau 4. (@s®ble)s@b
PAP AN PHAN III
Cau 1. Cau 2 Cau 3. Cau 4. Cau b. Cau 6.
lofs] 2l [ ] ffleldaf f{lal7 | |f2]s] [3]|3]8]. ]2
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§4 ON TAP CHUGNG 4
[ sAi TAP

Tric nghiém nhiéu phuong an lua chon.

$> Cau 1. Cho F (x) 1a mot nguyén ham ctia ham sé f (x). Khi d6 F(0) — F(1) bang

@/lf(x)dx- /1F<x>dx. ©/OF<x>dx. @/Of(x)dx
0 0 1 1

$> Cau 2. Tim ho nguyén ham ctia ham s6 f (x) = 5*.

@/f(x)dx:5x+c_ /f(x)dx:5x1n5+C.
x+1
@/f dX—ﬁ—i—C @/f(x)dx:x+1+c.
& Cau 3. Tim / dr
1 1 1 1
/—dx=—+c. /;dx:—;+c
@/ dx——+C @/%dlenszrC.

$> Cau 4. Cho ham s y = f(x) lién tuc va khong am trén doan [0;2]. Thé tich khdi tron xoay
sinh ra khi quay quanh truc Ox hinh phang gidi han bdi d6 thi ham s y = f(x), truc hoanh va
hai duong thing x =0, x =2 1a

2 2
® [f@Pa @ [f@Pa O [ fex)dr
0 0 0

¢ Cau 5. Cho ham s6 y = f(x) lién tuc, khong Am trén doan ¥
[a;b] nhu hinh v&. Hinh phang (H) gii han bdi dd thi ham
s6 y = f(x), truc hoanh va hai dudng thang x = a, x = b quay

quanh truc Ox tao thanh mot khéi tron xoay c6 thé tich bang 0
b b
®V=r[f@a  ®V= [l
a a

@V:/bfz(x)dx. @V:n/bfz(x)dx

> Cau 6. Dién tich hinh phang gi6i han bsi d6 thi ham s6 y = x> — 3x, truc hoanh Ox va hai
dudng thang x = —2, x = 2 bing

@13—6- 13—4 ©s. D).
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Chuong 4. Nguyén ham va tich phan

) 1
¢ Cau 7. Tim ho nguyén ham ctia ham so f(x) = —+ 1.
X
1
@F(x):—;—l—x—l—C. B)F(x) =1In|x| +x+C.
OF(x) =Inx+x+C. D) F(x) =In|x|+C.

$> Cau 8. Cho hinh phang (H) gidi han béi hai d6 thi ham s6 y = x* —x, y = 3x va hai dudng
thang x = 1, x = 3. Dién tich clia hinh (H) dugc tinh bing cong thiic:
3 3
@S:/(4x—x3> dx. S:/(x3—4x> dx.

1 1
3

3
2
@S:/<4x—x3) dx. @S:/‘x3—4x’ dx.
1 1
$> Cau 9. Cho hinh phang (H) gi6i han béi db thi ham s6 y = y
4 — x? va truc hoanh. Thé tich ctia khdi tron xoay dudc tao thanh
khi quay (H) xung quanh truc Ox bing

2 512 5121 32
@ O35 = OF

$> Cau 10. Nguyén ham ctia ham sb f(x) = x —sinx la
2 2
@%—cosx—l—c. ®) x> —cosx+C. @%—I—cosx—l—C. (D) 2x? +cosx+C.

2 |
¢S Cau 11. Goi F(x) la mot nguyén ham cia ham so f(x) = 2x — — trén (0; 4-o0) thda man
x
F(1) = 1. Tinh F(e).
AWF()=e’—1. ®F(e)=ce. (©F(e) = —e. D F(e)=1—¢

1
$> Cau 12. Gid tri ctia tich phan / 2026x*9%dx bing
0

@0. 1. (©)2024. (D)2023.

. —1
$> Cau 13. Nguyén ham ctia ham so f(x) = Sl P
(A)x+1Inx+C. B)x—Inx+C. ©x+1Inlx|+C. D)x—1In|x|+C.

2
2 4 N
$> Cau 14. Cho ham sb f(x) = x> — —. Gia tri cﬁa/f’(x)dxbéng
X
I

7 7
$> Cau 15. Ham sb f(x) = e* c6 ho cc nguyén ham la
1 1
(A)3e* +C. 3¢ +C. @§e3x—l—C. D)3e* +C.
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§4. On tap chuong 4

5 5
$> Cau 16. Cho ham s6 y = f(x) lién tuc trén R théa mén/f(x)dx:6, /f(x)dx:2. Gia
0 2

2
tri ctia bidu thiic / Fx)dx T
0

@)8. ®)4. ©3. 2.
&> Cau 17. Biét /f(x) dx = x> 4 cosx + C, khéng dinh nao sau diy ding?

(&) f(x) = 2x —sinx. B) f(x) = 2x + sinx.

@f(x)zngrsinx—l—C. @f(x):x;—sinx—i—C.

$> Cau 18. Tinh thé tich V ctia phan vat thé giéi han béi hai mit phang x = 0, x = 1, c6 thiét
dién bi cat bdi mit phang vudng goc véi truc Ox tai diém c6 hoanh dd x (0 < x < 1) 1a mot
tam gidc déu c6 canh bang x.

127 12 V3 V3

3 3
> Cau 19. Néu / F(x)dx = 5 thi / 2f(x) dx biing
1 1
5
®:. ®7. ©4 ©)10.

5 2
> Cau 20. Néu / F(x)dx =2 thi / () dx biing
2 5

@) -2. ®)2. © -5. ®)S.
< 4
¢S Cau 21. Trén khoang (0; +o0), ho nguyén ham ctia ham so f(x) =x 5 la
5 9 11 1 9 _9
@—§x 54+C. gxs +C. (©)5x5 +C. @—gx 54C.

1 1
> Cau 22. Tinh / () dx biét riing / [F(x) =] dx = 3.
-1 —1

@)2. 1. ©4. D)3
4 3 4
> Cau 23. Bibt / 8 f(x)dx = 3, / 4f(y)dy = 7. Tinh / £(2)dz.
2 2 3
7 11 3 9
®-g O3 ©-3 o5
$> Cau 24. Ham sb F(x) = 5%+ 2025 1a nguyén ham ctia ham s6
@) f(x) = 5°In5 + 2025x. £(x) = 5*In5.
5* 5*
© f(x) s T 025x D) f(x) s T 025x+C
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Chuong 4. Nguyén ham va tich phan

$> Cau 25.Cho ham sb y = f(x) lién tuc trén R va ¢6 dd thi nhu y
hinh vé bén. Biét rﬁng cac dién tich Sp, S, thoa man S| =25, = 3.
4 7
Tich phan / f(x)dx bing 0 i x
0 51
3 3 9

Aa)3. 3 © —5 D) 7

$> Cau 26. Biét F(x) = cosx la mdt nguyén ham cta ham sd f(x) trén R. Gia tri cla
3

/y@m&@
0

@A) —1. 3. ©1. D)V/3.
$> Cau 27. Ho nguyén ham ctia ham sb f(x) = 4x3 + o la

(A)x* — cotx+C. ®x*+cotx+C.  (©x*+tanx+C. D)x* —tanx+C.
5 5 5
¢S Cau 28. Cho /f(x)dszvé/g(x)dx: —3. Tinhl=/[f(x)—4g(x)—l] dx.
) -2 -2
A =3. @1 =13. ©1I=—11. ®1=27.
$> Cau 29. Cho ham sb f(x) = x? +sinx + 1. Biét rang F(x) 12 mot nguyén ham ctia ham

s6 f(x) va théa man F(0) = 1. Khi d6, F(x) bing
3

(AF(x) = x> —cosx+x+2. F(x):%—cosx+x+2.
x? 3
@F(x):?-l—cosx—i—x. @F(x):§+cosx+2.

-1 1
> Cau 30. Cho ham s £(x) lién tuc trén R thoa man / Fx)dx =6, / F(x)dx = 8. Khi d6
0 0

1
gid tri / @dx bing
-1

@ 14. ®)1. ©4. 2.

T
3

> Cau 31. Néu [ [sinx—3(x)]dx= 6 thi / () dx biing
0

O\w\n

13 11 13 11
@7 —7 ©_Z @‘g
> Cau 32. Biét/f(x)dx:cosx—l—Cthi/f’(x)dxbﬁng
(A)sinx+C. (B)cosx+C. (©) —sinx+C. (D) —cosx+C.
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§4. On tap chuong 4

$> Cau 33. Dién tich ctia phan hinh phang gach chéo trong y
hinh bén bing

55 37 =52
_ _ % y=x
12° 12' ’

©;. ®

y=—x>+2x

$> Cau 34. Cho F(x) la mot nguyén ham cta f(x) trén [—1;3] va thda man F(—1) = 2,
3
11 N
F(3) = - Gid i cia / 2£(x) —x] dx biing
-1

@11, ® ©. ®s.

$> Cau 35. Trong khong gian Oxyz, cho vit thé T gi6i han bdi hai mit phang c6 phuong
trinh x = a va x = b (a < b). Cit vat thé T bdi mot mit phang vudng géc véi truc Ox tai diém
¢6 hoanh do biang x (a < x < b), ta dugc thiét dién c6 dién tich bang S(x). Khi S(x) 1a mot
ham lién tuc trén doan [a;b], thé tich V cta vat thé T dudc tinh theo cong thiic nao sau day?

Z

/0

y

@V:/bS(x)dx. V:n/S(x)dx.

@VziS(x) dx. @V:n/[S(x)]zdx.
b

4—x khio<x<l1

¢S Cau 36. Cho ham sb flx)= { 5 ,
3x khil <x<2

2
. Tinh tich phan I = / f(x)dx.
0

21 7 5
—. —~. 7. —.
@7 ] © DR
$> Cau 37. Cho ham s F(x) 1a mot nguyén ham cda ham sb f(x) trén K. Trong cédc ménh
dé sau, ménh dé nao 1a sai?

® [ fwax=F(x)+c ® ([ rear) = ).
O ([ ) =F(). O ([ rar) =1
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Chuong 4. Nguyén ham va tich phan

$> Cau 38.Hinh phang (H) dugc gidi han béi do thi ham y
s6 bac ba va truc hoanh dugc chia thanh hai phan c6 dién

-1

R . 8 A sr77
tich lan lugt 1a S; va S» (nhu hinh vé).Biét / flx)dx = 3 va / 0]

/ fx)dx=—— Kh1 d6 dién tich S ctia hinh phang (H) bang
125 8 253 63
% ®3 % 3"

$> Cau 39.Cho ham sb y = f(x) c6 do thi nhu hinh vé. Dién tich ciia ¥
hinh phang t6 ddm dudc tinh bing cong thiic nao?

@S:]/f(x)dx. S:_l/f(x)dx' 1\/ x

2 2
@S:n/f(x)dx. @S:n/fz(x)dx
1 1

y=J\

$> Cau 40. Khi cat vat thé bdi mat phang vudng géc véi truc
Ox tai di€ém c6 hoanh do 12 x (0 < x < 3), ta dudc miit cat 1a mot
hinh vudng ¢6 canh 1a v/9 — x2 (dugc mod hinh héa bdi hinh vé
bén dudi). Thé tich ctia vat thé d6 bang

®171x.  ®171. ©18. D)18.

Trac nghiém dang sai.

$> Cau 1. Cho ham s6 f(x) xac dinh trén khoang K. Goi F(x) 1a ho nguyén ham cta f(x)

trén K. |
a) F'(x) = f(x). b) Néu f(x) = — thi F(x) = Inx+C.
¢) Néu f(x) = cosx thi F(x) = sinx. d) Néu f(x) = e* thi F(x) ="+ C.

¢ Cau 2. Cho ham s6 f(x ) lién tuc trén R. Khi d6

a)Neu/fx 2th1/4f )dx = 6.

—1
3 5
b) Néu [ f(x)dx=5va [ f(x)dx=3thi [ f(x)dx= —2.
[riowzsn [ru=sm
¢) Néu f(x) =x*>—2x, F(0) =1 thi F(2) = 11.
3

, 8
d) Néu f(x) = x> — 2x thi/‘xz—Zx‘ dr =3
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§4. On tap chuong 4

$> Cau 3. Cho ham s6 f(x) = 4x> +x lién tuc trén R. Khi d6
5

m/ﬂmm:ﬁz mBﬁnn:mmnm:%.
2 1 39
Q/ﬁ+h+ﬂm®:m. mm&/mmmzin
0 _

$> Cau 4. Cho ham s f(x) = 3. Khi do
a) /fx )dx =3x+C.
1
b)/ f(x) —x3—§x2+2x+C.
¢) Goi F(x )la mot nguyén ham ctia f(x). Biét F(1) = 1 thi F(x) =3x—1.

d) Goi F(x) la mot nguyén ham cua f(x) thi F(1)+F(2) +---+ F(100) = 14590 khi
F(1)=1.

x—1

2
$> Cau 5. Ham sb f(x) xdc dinh trén R\ {0} thda man f(x) = ( > . Khi d6

1
¢) F(x) la mdt nguyén ham cda f(x) va F(3) = 5. Khi d6 F(x) =x—2In|x| — — +5.
x
d) G(x) 1a mot nguyén ham cda f(x), biét G(1) =5 va G(2) + G(—4) = 2025. Khi d6
G(—8) = g véi g t5i gian. Vay a+b = 16123,

> Cau 6. Cho ham s6 y = v4 —x2. Khi d6
a) y =4 —x2, x € [0;2] 1a phuong trinh m6t phan tu clia dudng tron tam tai gbe toa dd O,
ban kinh bang 2 va nam & géc phan tu thi 1.

b) / \/4 — x2dx 1a mot phan hai dién tich hinh tron tim O ban kinh 2.
; 1
9 /\/4—x2dx: Z-n-zz.
0

2
d) /\/4—x2dx _or.
-2

<> Cau 7 Xét tinh dung sai cua cac phep tinh tich phan sau.

a)I—/|x—1|dx /(x—ldx+/x—1dx.
1

0

mz:/u—umzL
0
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Chuong 4. Nguyén ham va tich phan

- . r a+1
¢) Cho a la s0 thuc duong thi tich phan I = / x| dx = 5

-1

3
£ b b oy
d)NéuI:/|2x—4|d.x:a+ > v6i a, b, ¢ € Z va — 1a phan so toi gian thi khi d6 ta
c
0

cln
c6 gia tri ctia biéu thic P = a® + b* + > = 3.
$> Cau 8. Cho ham s6 f(x) = cos? %C
1
a) /f(x)dx: g — 5 sinx+C.
b) Néu F(x) 1a mot nguyén ham ctia ham sd f(x) trén khoang (—oo;+o0) va théa min
F(0)=3thi F (”) L
s 1 —_ = — _
6 12 4
1

f(x)dx =a+bx (a,b € Q), trong d6 a> +b = ~.

c) >

O\N\a

d) Dién tich ctia hinh phang gi6i han bdi d6 thi ham sb y = f(x), y = x*> — 4 +cos® g va hai
, . 23
duong thang x = 0,x = 3 bang 3
$> Cau 9. Cho ham sb f(x) = 2x* —3x* + 1.
a) Dién tich hinh phang gidi han bdi do thi ham s da cho, truc hoanh va hai dudng thang

x =0, x =2 bing 2.
4
b) Ham s6 d cho ¢6 mot nguyén ham 12 ham s G(x) = % —

2 1
¢) F(x) la mot nguyén ham cta ham so da cho thoa man F(2) =2, khido F(—1) = 5

a
d) Véia € [—1;2], ham s6 H(a) = /f(x)dxdat gia tri 16n nhit tai a = 1.
-

> Cau 10.Mot kién tric su thiét k& bon hoa trong cong vién y
trén hé truc toa dd Oxy (don vi: mét). Bon hoa 1a hinh phang gi6i
han bdi parabol (P): y = —x?+4 va truc hoanh Ox. Kién tric su
b6 tri mot dii den LED thang, dudc md phéng bdi dudng thang
d di qua diém M(0;1), cit parabol (P) tai hai diém phan biét A
va B (c6 hoanh d0 1an ludt 1a x;, x»). Dai dén chia bon hoa thanh
hai phan riéng biét: Phan hinh phang nam phia trén diy cung AB

dugc dung d€ trong Hoa Hong, phan con lai ctia bon hoa (ndm
phia dué6i diy cung AB) dudc dung dé€ trong Cé Nhat.
a) Dién tich toan bd bon hoa (tdng dién tich trong Hoa Hong va Cé Nhat) bang 16 m?.
b) Tich cic hoanh do giao diém clia dudng thang d va parabol (P) ludn bing 3.
¢) Dién tich trong Hoa Hong dat gid tri nhd nhéit khi dai dén LED dudc thiét ké nim ngang
(song song véi truc hoanh).
d) Khi dién tich trong Hoa Hong gip d6i dién tich trong Cé Nhat, chiéu dai cta dii den
LED (tinh bang do dai doan thang AB) xap xi 3,84 mét (lam tron dén hang phdn trdm).

118 > Ngo Diic Tii - 8 0589977 004
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> Cau 11. Mot dia phuong A bi thiét hai do 1i lut dugc trd cap s6 tién 2 ty dong. SO tién nay
s& dudc giai ngan toan bd trong 100 ngay ké tir khi bat diu giai ngan. Két qua theo dbi cho thiy
toc do gidi ngan tién tr¢ cap M'(t) (don vi: triéu dong/ngay) tai thdi di€ém 7 ngay (0 < ¢ < 100)
ké tlt khi bit dau gidi ngan dugc cho bdi cong thic M’ (¢) = k(100 —¢)? (0 < t < 100), trong
d6 M(t) (don vi: triéu dong) 13 sb tién da gidi ngan sau ¢ ngay (0 < ¢ < 100) ké tir khi bit dau
giai ngan va k 1a hang s6 khac khong.

t3
a) M(t) =k (10000¢ —100¢% + §> +C.

b) C =2000.
¢) k=0,6.
d) Sb tién con lai chua gidi ngan sau 40 ngay k& tir khi bat dau giai ngan 1a 432 triéu dong.

$> Cau 12. Vao nim 2014, dan sé nudc ta khoang 90,7 triéu ngudi. Gia st, dan sb nuéc ta
sau ¢ nim dudc xac dinh béi ham s6 S(¢) (don vi: triéu ngusi), trong d6 toc do gia ting dan
s6 dugc cho bsi S'(¢) = 1,2698e%01#  véi ¢ 12 s6 nim ké tit nim 2014, S'(¢) tinh bing triéu
ngudi/nam.
a) S(¢) la mot nguyén ham cuia S'(z).
b) S(t) = 90,7e%014 1.90.7.
¢) Theo cong thiic trén, tc do ting dan s6 nudc ta ndm 2034 (lam tron dén hang phan mudi
cua triéu ngudi/nam) khoang 1,7 triéu ngudi/nam.
d) Theo cong thidc trén, dan sd nudc ta nim 2034 (lam tron dén hang don vi ciia triéu
nguoi) 1a khoang 120 triéu nguoi.

$> Cau 13. Muc nudc trong hd chiia ctia nha mdy dién thily triéu thay d6i trong sudt mot
ngay do nudc chay ra (khi thiy triéu xudng) va nudc chdy vao (khi thiy triéu 1én). Toc do

2. o P X , 90 1.8 A 1
thay doi ciia myc nudc trong ho chia dude cho bdi ham s6 //(¢) = 216 (5t2 —120¢ —|—480)

(mét/gid), trong d6 h(r) (mét) 1a muc nudc trong hd chia tai thdi diém 7 gio (0 < ¢ < 24). Tai
thoi diém ¢ = 0 gid, muc nudc trong hod chiia 1a 6 mét.

( Nguén: A.Bigalk et al, Mathematik, Grundkrurs ma-1, Cornelsen 2016).

a) Gid tri ciia ham sb A(¢) bing 6 tai t = 0.

5 5., 20 .
b) h(t) = @13 — ﬁrz +5t+C (0 <t < 24) véi C la mot hiing sb xac dinh.

¢) Tai thdi diém ¢ = 18 gid, muc nudc trong hod chifa 12 1 mét.
d) Muc nuéc trong hd chita khong thé vuot qua 11 mét.

> Cau 14. Mot 6 to dang chay thi ngudi 14i xe dap phanh. Tir thoi diém do, 6 tO chuyén
dong chiam dan déu vé6i van toc thay ddi theo ham s6 v = —5¢ + 20 (m/s), trong d6 ¢ 1a thoi
gian tinh bang giay k€ tir lic dap phanh.
a) Khi xe ding han thi van toc bang 0 (m/s).
b) Thai gian tit lic ngudi 14i xe dap phanh cho dén khi xe diing han 14 5 s.
2

st
0 /(—5t+20)dt = = 4200+ C.

d) Quang dudng tir lic dap phanh cho dén khi xe diing han 12 400 m.
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&> Cau 15. Mot xe 6 to dang chay vdi van toc 72 (km/h) thi ngudi 14i xe bat ngd phat hién
chuéng ngai vat trén dudng cach dé 50 (m). Ngudi 14i xe phan ing mdt gidy, sau dé dap phanh
khédn cip. K€ tir thoi diém nay, 6 t6 chuyén dong cham dan déu véi toc do v(t) = —10¢ + 20
(m/s), trong d6 ¢ 1a thdi gian tinh bing gidy ké tit lic dap phanh. Goi s(¢) 1a quing dudng xe 6
t6 di dudc trong ¢ (gidy) ké tif lic dap phanh. Céc khang dinh sau ding hay sai?

a) Quang dudng s(z) ma xe 6 t0 di dugc trong thoi gian 7 (gidy) 1a mot nguyén ham cla

ham sb v(z).

b) s(t) = =5t +20t.

¢) Thai gian ké tir lic dap phanh dén khi xe 6 t6 diing han 1a 20 gidy.

d) Xe 6 t6 d6 khong va vao chudng ngai vat 6 trén duong.

$> Cau 16. Cay KEO LAI 1a mot trong cac loai cay khong chi la nguyén liéu gidy quan trong
ma con 12 loai cdy cung cip g6 nguyén liéu cho cic nganh khac nhu ché bién van nhan tao,
ché bién dd moc xuat khiu, gb bao bi, gd xay dung. Ciy phat trién véi tbc do nhanh. Ki hiéu

h(x) 1 chiéu cao ctia mdt ciy (tinh theo mét) sau khi trong x nim. Biét ring sau nim dau tién
9

ciy cao 8 m. Trong 10 nim tiép theo cay phat trién vdéi tbc do /'(x) = ; (m/ndm).
a) Bi€u thic cta h(x) 1a h(x) = 91n(x) +C.
b) Sau 3 nam cdy cao 20 m.
¢) Téc do phat trién clia ciy trong 10 nim dau sé giam dan.
d) Ngudi ta thuong thu hoach cady KEO LAI khi n6 ¢6 do cao trong khodng tir 26 m dén
28 m sau 8 hoic 9 nim sau khi trong.

$> Cau 17.Mo6t vat chuyén dong véi van tde y = v(t) (m/s) %
dugc cho bdi do thi nhu hinh vé bén dudi. Trong thsi gian 4
3 gidy ké tir khi bat dau chuyén dong, do thi d6 12 mot phan
cua duong parabol c6 dinh 7(2;4), khoang thoi gian con lai
dd thi 1a doan thang song song truc hoanh.

a) Van tdc khong d6i trong khoang thdi gian tir 3 gidy

dén 5 giay. i
b) Trong 3 gidy dau tién thi v(f) = —1% + 4. 0 2 3 4 5 t
¢) Quang dudng ma vat di chuyén trong 3 gidy dau dudgc

3

tinh béi cong thic / (—r2+4r) dr.
0
d) Quing dudng ma vat di chuyén trong 5 gidy k€ tir khi

bat dau chuyén dong bing S (m).

$> Cau 18. Tai mot nha mdy san xuit mot loai phan bén. Goi P(x) 12 1¢i nhuan (tinh theo
triéu dong) thu dugc tif viéc ban x (tAn) san pham trong mot tuan. Khi d6 dao ham P’(x) goi
12 16i nhuén can bién, cho biét téc do ting 16i nhuan theo luong san phdm ban dudc. Gia st
16i nhudn cén bién (tinh theo triéu dong trén tin) ctia nha may dudc udc ludng bdi cong thiic
P'(x) =17 —0,025x v6i 0 < x < 1000. Biét nha mdy 16 24 triéu dong néu khong béan dugc
lugng san phidm nao trong tuan.

a) Néu nha mdy ban dugc 1,3 thn san pham trén tuin thi nha mdy bat dau c6 13i.
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b) Loi nhuin nha mdy thu dugc khi ban 80 tan san pham trong tuan la 1 ti 256 triéu dong.

¢) Cong thic 10i nhuan (tinh theo triéu dong) thu dudc tit viéc ban x (tAn) san phidm trong
mot tuin 12 P(x) = 17x —0,0125x% + C véi C 1a mot hing s6 bat ky.

d) Phuong trinh P'(x) = 0 ¢6 tap nghiém 1a § = {680}.

$> Cau 19. Mot bon chita nude dang chita 200 lit nue. Ngudi ta bat dau bom nudc vao bon
qua mdt dudng 6ng. Tai thdi diém ¢ (phiit), tbc dd dong chay clia nude vio bon dude xac dinh
b&i ham sb v(r) = 612 4 8¢ (lit/phuit). Goi V(¢) 1a thé tich nudc c¢6 trong bon tai thoi diém .

a) Toc do dong chay ting theo thdi gian.

b) Sau 10 phiit bom, néu bon c6 dung tich 2500 lit thi nudc sé tran ra ngoai.

¢) Téc do dong chay clia nu6e vao bon tai thai diém ¢ = 5 (phut) 1a 190 (lit/phuit).

d) Ham s6 thé tich V (¢) 1a mot nguyén ham ctia ham téc do dong chdy v(t) va c6 dang téng

quat 1a V(¢) = 61 +4¢> + C (C 1a hing s6).

$> Cau 20 (CT-THPTQG 2025). Dbi v6i nganh nudi trong thiy san, viéc ki€ém soat
luong thudc ton du trong nude 12 mot nhiém vu quan trong nham déap dng céac tiéu chudn an
toan vé mdi trudng. Khi nghién ctiu mot loai thude tri bénh trong nuoi trong thly san, ngudi
ta stt dung thuéc d6 mot 1an va theo ddi nong do thudc ton du trong nudc ké tir lic st dung
thubc. Két qua cho thay nong do thude y (¢) (don vi: mg/lit) ton du trong nudc tai thdi diém ¢
ngay (¢ > 0) k€ t ldc st dung thudc, théa man y () >0 vay (t) = k.y(t) (t > 0), trong d6 k
13 hing s6 khac khong. Do nong do thude ton du trong nudc tai cac thdi diém ¢ = 6 (ngay);
t = 12 (ngay) nhén dudc két qua 1an lugt 1a 2 mg/lit; 1 mg/lit. Cho biét y (1) = ) (t > 0).
a) g(t) =kt +C (t > 0) v6i C 1a mot hing s6 xac dinh.

In2

b)) k= ——.
) 6

¢) C=4In2.

d) Nong do thude ton du trong nudc tai thdi diém ¢ = 21 (ngay) ké tit lic st dung thudc 16n
hon 0,4 mg/lit.

> Cau 21. Mot quan thé vi khuan ban dau ¢6 1000 con. Sau 2 gid, s6 luong vi khuén ting
1én thanh 4000 con. Goi P(¢) 1a s6 lugng vi khudn tai thoi diém ¢ (gio). Biét ring toc do ting
trudng ctia quan thé ti 1 thuan véi sb lugng vi khudn hién cé, tic l1a P'(t) = k- P(t), véi k 1a
hing s6 khac 0 va P(t) > 0 v6it > 0.

a) Hang s6 téc do ting trudng ctia quan thé vi khudn 1a k = In2.

b) Sau 5 gid ké tir thoi diém ban dau, s6 luong vi khuan 1a 32000 con.

¢) Cong thiic tinh s6 lugng vi khuén tai thoi diém ¢ 1a P(t) = 4000eX véi t > 0.

d) D€ s6 lugng vi khuan dat 64000 con, can diing 8 gid ké tif thdi diém ban dau.

&> Cau 22. Trong mdt bé xi Iy nudc thai, sd luong vi khuin giy hai tai thsi diém ¢ dudc
ki hiéu bing N(¢) (don vi: con). Ngudi ta nhan thiy ring trong giai doan dau (khi méi truong
chua bi han ché), tc do bién thién cta s6 lugng vi khuin tuan theo quy luat hAm mil va dudc
mo hinh héa béi ham s N’ (1) = A-el, trong d6: A, k 1a cic hiang sb duong, ¢ 13 thdi gian (don
vi: gi®). T cac nghién cifu thuc nghiém (sau khi xt 1y va 1am tron s6 liéu), ngudi ta udc luong
dugc A = 10001n2 va tai thoi diém ¢ = 1 gid ¢6 3000 vi khuan; N'(1) = 20001n2. Biét ring
muc do an toan cho phép la khong qua 129000 con.
a) k=1In2.
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b) S6 vi khuan tai thdi diém ¢ = 6 git 1a 63000 con.

¢) Sb lugng vi khuin bit diu vugt ngudng an toan tif sau thoi diém 1 = 7 gio.

d) Tai thoi di€ém ¢ = 7 gid ngudi ta tién hanh xt ly d€ giam s6 lugng vi khuin theo quy luat:
M(t) =129000-¢~2=7) v6i M(¢) 1a s6 con vi khudn & thdi diém 7 gio (¢ > 7). Khi do,
sau 31n2 git ké tir khi bat ddu xt 1y, s6 vi khudn con lai 64500 con.

2y Q'(1)

> Cau 23. Hinh vé bén md ta hiéu suat 1am viéc cta hai
cong nhan tai mot nha mdy trong thai gian 6 gid. Cong nhan
A dang san xult v6i hiéu sut Q) (t) = —2t> + 4t + 58 san
phdm méi gid, trong khi cong nhan B dang san xuét vdi hiéu
sudt Q5(t) = 53 +at san phdm mdi gid (a € R). Biét ring
ham Q(¢) va Q,(¢) mo phdng s6 lugng san pham lam dugc
cua cong nhan A va cong nhan B sau ¢ gi0.

a) Hiéu suét 1am viéc cuc dai clia cong nhin A 13 60 sin

05(1)
Q1 (t)
t(h)

phdm moi gio.

b) Gia tri a = —3.

¢) Sau 6 gid lam viéc, cong nhan B hoan thanh dugc 228
san phiam.

d) Sau 6 gid lam viéc, s6 san phdm hoan thanh ctia cong
nhan A nhiéu hon s6 sidn phdm hoan thanh ciia cong
nhén B.

> Cau 24. Mot nghién ctiu kha ning ghi nhé kién thifc ctia ngudi hoc sau khi két thiic khoa
hoc chi ra ring cang vé 1au thi kha ning ghi nhé kién thiic cang gidm. Néu xem f(¢) 1a phan
trdm kién thiic ngudi hoc con nhé sau ¢ thang thi f(¢) thé hién 1a téc do thay ddi kién thic ctia
ngudi hoc. Nghién ctiu cho thdy f’(¢) < 0, diéu nay thé hién cang vé 1au thi kha ning ghi nhé
kién thic cang gidm. D9 16n cta f'(¢) chinh 1a tdc do giam sit kién thic cia ngudi hoc. Hai
ban Thanh va Céng cling tham gia mdt khéa hoc. Sau khi két thic khéa hoc, phan trim kién
thiic ban Thanh con nhé sau ¢ thang dugc mo hinh héa bdi ham sb f(¢) = 94 — 12In(3¢ + 1),
v61 0 <t < 24.

a) Tai thoi di€ém khoa hoc vira két thiic, ban Thanh nhé dudc 94% kién thic.

b) Téc do thay ddi kién thiic cia ban Thanh & thdi diém sau ¢ thang két thiic khéa hoc 12

/
fit)=— 1 / , /
¢) Tai thai diém sau 3 thang khoa hoc ket thuc, toc d giam st kién thiic ciia ban Thanh la
1,2%/thang.
d) Biét rang tai moi thdi diém, téc do6 thay ddi kién thic ctia ban Thanh ludn gip 3 1an tbc
do thay déi kién thiic clia ban Cong. Tai thdi di€ém két thic khéa hoc, ban Cong nhé
dudc 96% kién thiic. Sau 3 thang, luong kién thifc ban Cong con nhé dude hon 85%.

$> Cau 25 (MH - THPTQG 2025). Mot ngudi diéu khién 6 t6 dang & duong dan mubn
nhap lan vao dudng cao tdc. Khi 6 t6 cach di€ém nhap lan 200 m , tbc do6 cla 6 to 1a 36 km /h.
Hai gidy sau d6, 6 to bat dau ting toc v6i toc do v(t) = at +b(a,b € R,a > 0), trong d6 ¢ 1a
thdi gian tinh bang gidy k€ tir khi bat dau ting tc. Biét rang 6 to nhap lan cao toc sau 12 gidy
va duy tri su ting toc trong 24 giy ké tir khi bat dau ting toc.
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a) Quang dudng 6 t6 di dudc tir khi bat du ting toc dén khi nhap lan 13 180 m .
b) Giatricaabla 10 .
¢) Quéng dudng S(¢) (don vi: mét) ma o to di dugc trong thoi gian ¢ gidy (0 <t < 24) ké

24
tit khi ting toc dugc tinh theo cong thic S(¢) = / v(t),dt.
0
d) Sau 24 giay ké tir khi ting tdc, toc do clia & t6 khong vudt qua téc do tbi da cho phép 1a

100 km /h.

¢S Cau 26.Mot b€ boi hinh tru c¢6 dudng kinh
5m va chiéu cao 1 m; bé dudc bom nuéc vao véi
toc do khong ddi vo. Sau khi nuée dude bom day,
bé boi bi thung mot 16 & ddy va nudc chdy ra
ngoai va bé bi chdy hét nudc trong 8 gio. Biét

toc do gidm chiéu cao ctia bé boi khi nudc chiy
ra ngoai vao thdi di€ém 7 gid (tinh tir Iic nudc \
day bé va ngiing bom) dudc cho bdi ham sb Sm
W (t) = at + b, véi a, b € R. Lic nudc chay hét
ra ngoai thi toc do giam chiéu cao bang 0.

a) Thé tich ctia bé boi sau khi nudc dudc lam diy 13 6,257 m>.

b) 32a+1=0vad4b—1=0.

o ey . a .y IST
¢) Sau 4 gio ké tu luc bé bi ro, lugng nudc bi mat di bang 16 m3.

d) Luong nudc bi 10 ri ra ngoai mét nita sau 8 — 4+/2 gid.
> Cau 27. Mot khinh khi cau bay véi do cao (so v6i muc nudc bién) tai thoi diém ¢ (0 <t <
29) 1a A(t), trong d6 ¢ tinh bing phut, 4 (¢) tinh bing mét. Téc do bay ctia khinh khi cau dugc
cho bdi ham s6 v(¢) = at> + bt, (a, b € R), v6i ¢ tinh bing phut, v(¢) tinh biang mét/phiit. Tai
thoi di€ém xuét phat, khinh khi ciu 6 dd cao 520 m va 5 phiit sau khi xuit phat, khinh khi cau
da & do cao 530 m. Khinh khi cau sé& trd lai do cao khi xuét phat sau 15 phuit.

a) 1(0) = 520 m.

t
b) P cao clia khinh khi cau tai thdi diém 7 (0 <t <29)1a h(t) = / v(t)dr.
0
¢) Giai doan khinh khi cu ting do cao kéo dai trong 10 phiit ké tir thoi diém xuét phat.

d) Do cao t6i da ctia khinh khi cau 13 540 m.

¢ Cau 28. Mot bé boi hinh tru trén mit dat c6 dudng kinh 5 m, dudc bom nudc vao vdi tde
dd vo, khong ddi cho dén khi muc nudc cao 1 m.

Mat nudGc

Thanh bé

-~

Sau khi dugc 1am day 1 m, bé bai bi thiing & ddy va nudc ro ri ra ngoai. BE bai ro hét toan bo
nuéc trong 8 gid. Biét riang lugng nudc con lai trong hd dude mo phong bdi ham A(t) va toe
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d6 nudc chay ra ngoai vao thdi diém ¢ gio (tinh tir lic bat dau db) dudc xdc dinh bdi ham s
W (t) = at +b (a, b € R). Lic nu6c chiy hét ra ngoai thi van toc nudc chay bing 0.
a) Thé tich ctia bé boi sau khi dugc 1am day 1 m 1a 6,25 m?.
b) Toc d6 nudc chiy ra ngoai tai thdi diém 8 git ké tir ldc bé bi 10 bang 0.
25

C) a:@.

d) Sau 4 gio ké tir lic bé bi 10, lugng nudc bi mit di bang 4,6875 m>.
$> Cau 29. Mot quan thé vi khuén (A) c6 s6 lugng cd thé 1a P(¢) sau ¢ phiit quan sat dugc phat
hién thay déi véi toe do 1a P'(¢) = ae!" 4 150e~%9% (vi khuan/phiit) (a € R). Biét ring ltic
bat diu quan sat, quan thé c6 200000 vi khudn va dat téc do ting trudng 1a 350 vi khuin/phuit.
Xét tinh diing sai cia cic ménh dé sau

a) Gia tri caa a = 200.

b) P(t) = 2000e% — 5000e %3 -+ 200000.

¢) Sau 12 phit s6 lugng vi khuan trong quan thé 13 206 152 con (1am tron két qua dén hang
don vi).

d) Sau 12 phiit, modt quan thé vi khuén (B) c6 toc dd ting trudng 1a G'(r) = 500e%2 (vi
khu#n/phiit) bat diu canh tranh ngudn thifc in tryc tiép véi quan thé (A), mot c4 thé tai
quan thé (B) triét tiéu mot c4 thé tai quan thé (A). Sau 5 phiit canh tranh quan thé (A) bi
triét tiéu hoan toan. S6 luong vi khuin ctia quan thé (B) & thoi diém bit diu canh tranh
12 191967 con (1am tron két qua dén hang don vi).

$> Cau 30. Chiéc mii rong vanh dudc mo hinh héa khi cho hinh phang (H) dudc gidi han bdi

dd thi ham s6 y = f(x) = { ; I—xt . —1<x< O, truc Ox va cdc dudng thang x = —1,
x +1 , O0<x<1

x = 1 quay xung quanh truc Ox (tham khdo hinh vé). Biét don vi trén mdi truc 1a dm.

y y

iy .

1
a) Dién tich cda hinh phang (H) 1a § = / )\/ 1—x2 4+ + 1) dx.
~1
PP 9T
b) Thé tich cua khoi tron xoay trén la Eﬂ dm”.
¢) Gia tri ctia ham s6 f(x) khi x = 1 bang 2.
d) Vanh ciia chiéc mii (giao tuyén ctia mit tron xoay cit bdi mit phang vudng goc véi truc
Ox tai x = 1) c6 dién tich bang 27 dm?.
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> Cau 31. Mot chau nudc c6 dang mot khoi tron xoay véi thiét dién qua truc ctia chau (mit
cat di qua hai tdm ctia hai dudng tron ddy) la hai dudng parabol dbi xiing nhau qua truc dé.
Biét hai duong tron ddy chau cting ¢ ban kinh 0,5 (m); thiét dién nhé nhit vudng géc véi truc
ctia chau c6 ban kinh 0,2 (m); chiéu cao ctia chau nuéc bang 1,5 (m).

0,5m

| L y
0,2m 15m
0 /\x
0,5m

Ngudi ta bom nuéc vao chau véi te do 5 (lit/phuit). Xét hé truc toa dd Oxy véi gbc O trung
v6i tAm dudng tron ddy cta chau nudc, tia Ox chia truc clia chiu nude (don vi trén moi truc
12 mét). Mit phang qua truc ctia chau nu6c cho ta hai nhanh parabol nhu hinh vé, goi y = f(x)
1a parabol nam trén truc hoanh.

8 , 4 1
VIS sty o
b) Stic chifa t6i da clia chau nuéc bang 0,5 m> (lam tron két qud dén hang phdn chuc ciia
mét khoi).

¢) Sau 1,5 gid bom nuéc (lam tron két qud dén hang phdan chuc cia gid) thi chau day nudc.
d) Néu bom tir dau nhu thé thi dén phit thi 20, tbc do dang 1én ctia nudc bang 0,01
(m/phuit).

¢S Cau 32. C6 mot cai choi hinh “chdp cong”, trong d6 mai choi (H) S
c¢6 dang hinh “chép luc gidc cong déu” nhu hinh vé bén. Pdy cta (H) la \
mot hinh luc gidc déu tam O, dudng chéo qua tim O c6 dd dai 1a 10 m, /A\
chiéu cao SO = 10 m (SO vudng géc véi mit phang ddy). Cac “canh bén”
ctia (H) 1a cic soi ddy thép nidm trén cac dudng parabol c6 truc dbi xing
song song v&i SO. Gia st hinh tao bdi cdc doan giao tuyén ctia (H) vé6i
miit phang (&) vudng géc véi SO 1a mot luc gidc déu. Biét rang khi miit
phang (o) di qua trung diém ctia SO thi luc gidc déu c6 canh [ = 2 m. A
a) Dién tich hinh luc gidc déu néi trén khi (&) di qua trung diém ctia SO 1a 61/3 m?.
b) Chon hé truc toa dd Oxy sao cho gdc toa do 1a diém O trén hinh v&, S thudc tia Oy, dinh
A cia luc gidc déu thuoc tia Ox thi “canh bén” SA nam trén dudng parabol c6 phuong

1 17
trinh y = gxz — Fx—k 10.
¢) Néu () cit SO va “canh bén” SA 1an ludt tai M va B, ma OM = ¢ thi d6 dai doan BM 1a

17 /t N 49
2 4 .
d) Thé tich phan khong gian ndm bén trong mdi choi (H) 1a 171,4 m°.

> Cau 33. Can ké ngay Tét Nguyén Pan. Bac Nghia mudn thiét k& mot dén 16ng cao 40 cm
dé treo 1én & hién nha. Mit cat ngang tai moi dd cao vudng géc véi truc thang diing cta den
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16ng 1uon 1a mot hinh vudng (xem hinh vé). Mit ddy va dinh ctia dén 16ng 13 hinh vuong c6
canh Ly = 10+/2 cm. Mit cit ngang tai vi tri rong nhét ctia dén 1dng 1a hinh vudng (hinh vudng
c6 dién tich 16n nhét) c6 canh Ly, = 144/2 cm. Mit cit ctia dén 1dng theo mit phang diing
chiia duding chéo ddy c6 dang la hinh phang giéi han bdi hai dutng cong Parabol d6i xiing
nhau qua truc thing ding di qua tim ddy cta dén 16ng. Mot dudng cong Parabol y = f(x)
trong bén dudng cong dé tao ra khung dén 1dng dudc gin trong hé truc Oxy véi truc Ox biéu
dién chiéu cao ctia chiéc dén 10ng (don vi mdi truc la 1 cm).

a) Dién tich 16n nhit ctia mit cit ngang hinh vudng, vudng goc véi truc thang diing bang
196 cm?.

—1
b) Phuong trinh ca dudng cong parabol y = f(x) = ﬁxz + 14.

¢) Tinh thé tich cta chiéc dén 16ng d6 1a 12,95 lit (lam tron dén hang phan tram).

d) PE ddm bao an toan, bac Nghia treo mot chiéc bong dén soi dot hinh cau c6 tim (dudc
xem la mot diém) dit trén truc thang ding cta 1dng dén va cach ddy 22 cm. Bic quy
dinh ring d€ tranh lam chay 16p gidy dan, khoang cach tif mit bong den dén bét ky diém
nao trén 1ong den phai it nhét 12 7 cm. Bac c6 thé chon chiéc béng den c6 ban kinh 16n
nhat 13 2,8666 cm (lam tron dén bén sé sau ddu phdy).

$> Cau 34. Mot con su ti dang dudi theo mot con ngua van va ching ciing chay trén mot
dudng thang. Ngua vin da nhan ra su ti khi su ti cich né khoang 40 m. Tir thdi diém nay,
su tif dudi theo ngua vin véi toc d6 vy () = 15e%!" m/s va ngua vin bd chay véi toc do
vo(t) =20 —20e =" m/s (¢ tinh bing gidy, 0 < ¢ < 60).
a) Tai thoi diém ban dau # = 0 gidy, van tdc clia con ngua van 1a 20 m/s.
b) Toc dd ctia su tir gidm dan theo thi gian, trong khi tbc d6 clia ngua vin ting dan theo
thoi gian.
¢) Su td & gan ngya van nhét khi v/ (t) = v (¢) va khoang cach ngdn nhét giita ching 1a 1,72
m (1am tron dén hang phan trim theo don vi mét).
d) Su i sé khong bat dugc ngua vin va khoing cach ngan nhat gitta chiing 1a 1,92 m (Iam
tron dén hang phan trim theo don vi mét).
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$> Cau 35. Mot ngudi dang bom khi vao mot qua bong béng véi te dd 100 cm?/s. Qua bong
ngay cang to dan nhung ludn c6 hinh cau. Pay 1 loai bong bong ma néu ngudi bom dé ban
kinh vugt qua 30 cm thi bong bong sé bé.
a) Sau 10 gidy, ban kinh qua bong béng bang 6,4 cm (két qua 1am tron dén hang phan chuc
cua cm).
b) Ngudi bom khong thé 1am cho thé tich qua bong vuot qua 113 it (két qua 1am tron dén
hang don vi cua lit).
¢) Khi duong kinh quéa bong béng 1a 50 cm thi ban kinh clia qua bong dang ting véi tc do
0,01 cm/s (két qua lam tron dén hang phan trim cta cm/s).
d) Néu sau khi bom dudc 4 gidy, ngusi bom ting tbc dd bom thém 5 cm?/s thi sau 189 gidy
(1am tron dén hang don vi cla gidy), bong bong sé bé.

¢ Cau 36.Mot robot ty hanh & mot cing véan chuyén gidm tc  ting the

cong nghé cao bit dau di chuyén tii vi tri nghi tai di€ém A.

Robot di chuyén nhu sau: Trong giai doan dau, robot ting [;ﬁ Qﬁ @
toc déu tir van toc 0 (m/s) dén 10 (m/s) trong thdi gian ’ ’

chua biét #; gidy theo ham sb van toc v (t) = at, a goi 1a

gia téc trong giai doan nay, a (m/s?).

Sau do, robot tiép tuc di chuyén véi van téc khong ddi trong 40 gidy. Cudi cuing, robot giam
toc déu tir 10 (m/s) va ding lai ding tai bing chuyén diém B véi thdi gian #, gidy theo ham
van téc vo(t) = 10 — bt, (b goi 1a gia toc trong giai doan nay, b (m/s?). Toan bo qua trinh van
chuyén dién ra trong tong thdi gian 1a 70 giay.

a) Néu gia toc a = 0,5 (m/s?), thdi gian ting toc #; bé hon 21 gidy.

b) Néu gia tbc b = 0,8 (m/s?), thdi gian giam tdc #, 16n hon 13 giay.

5
¢) a+b< > m/s2.
d) Téng quing dudng ma robot da di chuyén tir A dén B 12 550 m.

¢ Cau 37. Mot lon sita cho tré em dudc 14y ra khdi ti lanh va dit trén ban d€ ra dong. Nhiét
dd cia lon sita tai thdi diém 14y ra khdi td lanh 13 —4°C, va sau ¢ gid, tbc do ting nhiét do cla
lon sita dudc cho bdi cong thiic 7'(¢) = 7e =035 (°C/gid) cho dén khi lon sita dat nhiét do moi
truong la 10°C.
a) Sau 2 gid, tbc do thay ddi nhiét do cta lon sita bang 3,48°C/gid (lam tron két qud dén
hai chit s6 thdp phdn).
b) Nhiét do ctia lon sita tinh tit thdi diém 14y ra khéi ti lanh cho dén khi lon sita dat nhiét
d6 moi trudng dugc tinh bdi cong thiic T (¢) = —20e~ %3,
¢) Thai gian d€ lon sita dat nhiét d6 moi trudng 1a 3,44 gid (lam tron két qud dén hai chit
so thdp phdn ciia gio).
d) Ngay sau khi dat nhiét d6 moi trudng, lon sita dudc dua vio mdy ham sita. Toc do ting
nhiét do ctia lon sita trong mdy sau ¢ git dudc xac dinh bdi L' (1) = ke ~%?%, (kla hing sb).
Lon sifa dudc coi 1a dat yéu ciu khi nhiét d6 lon sita bang 70°C. Biét rang thoi gian can
thiét d€ ham néng lon sita 12 5 phuit thi hing sb k € (720;730).
$> Cau 38. Mot ngudi diéu khién xe Taxi xuat phe’lt1 tif tram thu phi mudn nhap 1an vao dudng

cao toc, chuyén dong ting toc véi toc do v(t) = —mtz + ﬁt (m/s) (trong do, ¢ 1a thai gian

> Ngd Diic Tii - B 0859977 004

127



Chuong 4. Nguyén ham va tich phan

tinh bang gidy ké tir khi Taxi chuyén dong r&i tram thu phi). Tir tram thu phi d6, mot xe Citu
thuong ciing xut phat, chuyén dong thang cuing huéng véi xe Taxi nhung chim hon 1 gidy so
véi xe Taxi va c6 gia tdc bing a (m / s2) (a 12 hing s6). Sau khi xe Cifu thuong xuat phat dudc
17 gidy thi dudi kip xe Taxi. Biét ring, xe Taxi nhap lan cao tdc sau 20 gidy va c hai xe duy
tri su ting toc trong 28 gidy ké tir khi Taxi rdi tram thu phi.
a) Quang dudng (két qua 1am tron dén hang don vi) xe Taxi di dudc tif tram thu phi dén khi
nhap lan khoang 187 m.
. o i e e A 300 )
b) Xe cuu thuong chuyén dong véi gia toc a = 289 (m/ S )
¢) Van toc (két qua 1am tron dén hang don vi) cla xe Ctiu thuong tai thoi diém dudi kip xe
Taxi khoang 16 (m/s).
d) Trong khoéang thdi gian k€ tii lic hai xe gdp nhau cho dén gidy thit 28 (k& tir khi Taxi
chuyén dong roi tram thu phi) van tbc trung binh ctia xe Citu thuong 16n hon van toc
trung binh cua xe Taxi.

> Cau 39. Mot ngudi dang diéu khién xe mdy vdi van toc 1a 36 (km/h) thi phat hién dén
tin hiéu giao thong chuyén dé céch vi tri xe 80 (m). Ba gidy sau d6, xe mdy bat dau giam toc
v6i van tée dudc cho bdi vy (¢) = at +b (m/s) va (a,b € R,a < 0), trong d6 ¢ 1a thdi gian (tinh
bing gidy) ké tir khi xe bat dau gidm tdc. Khi xe mdy dén vi tri dén tin hiéu, dén van con
dd va xe ditng han. Sau khi dén chuyén xanh, xe tiép tuc di chuyén véi vén téc dudc cho bdi
va(t) = mt? +nt (m/s) va (m,n € R,m < 0), trong d6 ¢ 13 thoi gian (tinh bing gidy) k€ tir lic
dén chuyén xanh. Cudi cling, xe may diing han lai tai mot quan in trén dudng. Biét ring thoi
gian xe mdy di tlf vi tri dén tin hiéu dén quan in 12 20 gidy va van toc 16n nhét trén doan dudng
nay l1a 54 (km/h).

a) Quang dudng xe mdy di dudc tir lic bat dau giam toc 1an thd nhat dén khi ditng han tai

vi tri dén tin hiéu 1a 80 (m).

b) Gia tri cda hé s6 b 1a 10.

¢) Xe may ding han tai vi tri dén tin hiéu sau 10 gidy ké tit khi bat diu giam tbc 1an thit nhét.

d) Khoang cach tif vi tri dén tin hiéu dén vi tri quan in 12 200 (m).

Tu luan.

& Bai 1. Tim:
a) /sinzfdx; 3 1 zdx. e) /(7x\3/}—L)dx
2 o J\3x—3) & =
2
b)/ — 26 1 5)dx; d) /(32x—1)2dx; f /(sin)z—c—cosg) dx.
& Bai 2. Tinh cac tich phan sau:
L. 2 sin?
2 /x +x3 +JZC +x+ /Zx 3514y e)/14—s1nxdx
X 1 —cos?x
%
2 ; cos 2x
xe*+1 8 +1 /—dx
b)/ X dx; d) /2x+1 D J sin?xcos?x
6

v
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& Bai 3. Cho ham s6 y = f(x) c6 dd thi nhu hinh bén. Biét ring y
1 3t
dao ham f’(x) lién tyc trén R. Tinh / £ (x)dx. 5
-1

& Bai 4. Cho do thi (C) ctia ham da thiic bac ba va parabol y (©)
(P) c6 truc dbi xting vudng géc véi truc hoanh nhu hinh vé 2
bén. Biét phan hinh phiang gi6i han béi (C) va (P) (phin td

dam cta hinh vé) c6 dién tich bang — (m, n € N; — 1a phan
n n

s6 toi gian). Tinh m + n.

& Bai 5.Néu cit chau nudc c6 hinh dang nhu
hinh vé bang mit phang song song va cach mat
day x (cm), (0 <x < 16) thi mat cét 1a hinh tron
¢6 ban kinh (104 +/x) (cm). Tinh dung tich cta
chau. Viét két qua 1am tron dén hang don vi ctia
centimet khdi.

& Bai 6. Toc do ting dan s6 clia mdt thanh phd trong mdt s6 nim dugc ude lugng bdi cong
thic P'(t) = 20-(1,106)" v6i 0 <t <7, trong d6 7 1a thoi gian tinh theo ndm va r = 0 dng véi
dau ndm 2015, P(t) 1a dan sb ctia thanh phd tinh theo nghin ngudi. Cho biét dan sb ctia thanh
phd dau nim 2015 1a 1008 nghin ngudi.

a) Tinh dan s cla thanh phd & thoi diém dau nim 2020 (lam tron dén nghin ngudi).

b) Tinh toc dd ting dan s6 trung binh hing nim ctia thanh phd trong giai doan tir dau nim
2015 dén dau nim 2020.

& Bai 7.Mo6t bon chia nuée c6 dang hinh //—\
tru véi chiéu cao 4 m va ban kinh day 0,5 m.

Lic dau binh chifa diy nudc. K€ tir khi bt >©’<
dau xa nudc, toc do thay d6i chiéu cao cia

muc nudc trong bon theo thdi gian ¢ dugc hI W:—Ir
xac dinh bdi cong thuc:

t -~

2
/ _ - = z
W (t) = 50" 3 (m/phut) . %

Sau khi x4 5 phuit, trong bon con bao nhiéu lit nuéc? Lam tron két qua dén hang don vi.

& Bai 8. Nghé thuat 1am gém c6 lich st phat trién 1au doi va van con ton tai cho dén ngay
nay. Gia st mot binh gbm c6é miit trong ctia binh 1a mot mit tron xoay sinh ra khi cho phan
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\ S 1 3
do thi cia ham s0 y = mxz + §x+ 5 (0 <x<30) (x,y tinh theo cm) quay tron quanh bé
3

gbm c¢6 truc trang véi truc Ox. Hoi d€ hoan thanh binh gbm d6 ta can st dung bao nhiéu cm
dét sét, biét rang binh gbm dé c6 do day khong d6ila 1 cm.

& Bai 9. Trong kinh té, néu ham s C(x) 1a t6ng chi phi khi sin xuét x don vi hang hda nao
dé thi toc do thay ddi tiic thoi ctia chi phi theo s6 lugng san phdm dugc san xuét C’'(x) dudc
goi 1a chi phi bién. Chi phi bién C’'(n) la chi phi gia ting dé€ san xuét thém 1 san phim tif n
san phdm 1én 7 + 1 san phdm. Gia st chi phi bién khi san xut x sdn pham ctia mot cong ty 14
C'(x) = 2x+ 80 (USD/san phidm) thi tong chi phi s&n xuét ting 1én bao nhiéu néu san phim
san xut ra ting tif 40 san pham 1én 50 san phim?
& Bai 10. Tbéc do ting can ning ctia mot bé gai trong do tudi tir 0 dén 36 thang dudc udc
tinh bdi ham s6 f'(¢) = 0,00093¢> — 0,04792¢ +0,76806 (kg/thang) véi f(¢) 1 can ning clia
bé gai ltic ¢ thang tudi. Hiy udc tinh cAn ning clia mot bé gdi 5 thang tudi, biét can ning trung
binh ctia bé gai khi méi sinh la 3,3 kg.
& Bai 11. Trong luc ctia Trai DAt tic dung 1én mot vé tinh trong qud trinh vé tinh nay dudc
phéng 1én ti mit dat t6i vi tri cach tam Trai Pat r (m) xdc dinh bdi cong thic
F(r)=G- —zm trong d6 M = 6-10%* (kg) 1a khdi luong Trai Dat, m (kg) 12 khéi lugng vé tinh
r

b
va G = 6,67- 107 "' N-m? /kg? 1a hing s6 hip dén. Trong luc nay sinh cong W = / F(h)dh ()
a

khi vé tinh thay ddi tir vi tri cach tAm Trai DAt a (m) 1én vi tri cach tAm Trai Dat b (m) . Cong
t6i thi€u d€ phong mot vé tinh ning m = 1000 kg tif mit dat 1én do cao 35780 km so v6i miit
dét 1a a- 10'° (J), biét ban kinh Trai D4t 12 6370 km. Tim gid tri ctia a (lam tron dén hang don
vi).

& Bai 12. Trong bai nay, ta xét mot tinh hudng gia dinh c6 mot hoc sinh sau ky nghi da
mang virus cim quay tré lai khudn vién trudng hoc biét 1ap. Sau khi c6 su tiép xic gilta cic
hoc sinh, virus ciim 13y lan trong khudn vién truong. Gia thiét hé thong chéng dich chua dugc
khéi dong va virus cim dugc 13y lan tu nhién. Goi P(¢) 1a s6 hoc sinh bi nhiém virus cim &
ngay thif ¢ tinh tif ngay hoc sinh mang virus cim quay tré lai khuon vién trusng. Biét ring
téc do lay lan ctia virus cim cho bdi cong thiic P'(t) = —0,02Ce %% trong d6 C 1a hing
s6 khac 0. S6 hoc sinh bi nhiém vius cim sau 4 ngay 1a 55 hoc sinh. X4c dinh s6 hoc sinh bi
nhiém virus cim sau 10 ngay? Lam tron dén hang don vi.

& Bai 13. Gia st toc do ting trudng clia mot quan thé mudi théa min cong thifc
N'(t) =0,2N(t),0 <t <5,
trong d6 ¢ 12 thai gian tinh theo ngay, N(¢) 12 s6 c thé mudi tai thoi diém ¢. Biét ring ban dau
quan thé mudi c6 2000 c4 thé.
a) Pity(t) =1nN(z), 0 <t < 5. Ching té rang y'(¢t) = 0,2. Tir d6, tim N(¢) v6i 0 <t < 5.
b) Tim s6 ludng c4 thé cia quan thé mudi sau 3 ngay (két qua lam tron dén hang trim).

& Bai 14. Chd mot trung tAm thuong mai mudn cho thué mét sd gian hang nhu nhau. Ngusi
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d6 mudn ting gid cho thué ctia mdi gian hang thém x (triéu dong) (x > 0). Toc do thay ddi
doanh thu tif cdc gian hang d6 dudc biéu dién bdi ham sb 7”(x) = —20x + 300, trong d6 T (x)
tinh bang triéu dong. Biét ring néu ngudi d6 ting gid thué cho mdi gian hang thém 10 triéu
dong thi doanh thu 1a 12000 triéu dong. Tim gia tri cla x (triéu dong) d€ ngudi d6 c6 doanh
thu 12 cao nhat?

& Bai 15. Mot ngudi binh thudng véi chiéu cao 7 cm, ning w kilogram c6 dién tich bé

. . ) 1 A .
mat c¢d thé S dugc mo hinh hoa bdi cong thic § = a0 w03 g0 (m?) (cOng thic Mosteller).

Mot dbi tuong c6 chiéu cao bing 168 cm, ning 62 kg tham gia mot cudc nghién cifu vé stic
khée trong 5 nim. Ngudi ta nhan thiy cin ning cta d6i tuong quan sat thay ddi véi toc do
w/(t) = 0,02¢> +0,2¢ kg/nim (0 <t < 5) va chiéu cao ting déu mbi nim 0,5 cm. Sau 5 nim
quan sat, dién tich bé mit co thé cta ddi tuong trén ting thém bao nhiéu centimet vudng so
v6i ban dau? (lam tron két qué dén hang don vi).

& Bai 16. Trong mot s6 m6 hinh sinh hoc, phan ting ctia co thé ngudi dbi v6i mot loai thubde
cu thé dugc do bdi mot ham s6 bac bay = F(M) trong d6 M 1a lugng thude dudc hép thu vao
mau, don vi 1a mg, F(M) 1a ti 1& dap dng tinh theo phan trim. Po nhay cam clia co thé ddi véi
thudc d6 (phan trim mdi mg) dudc tinh bing dao ham § = F/(M). Co thé dap ting tt nhit 1a
100% khi ndng do thudc trong mau 12 200 mg va do nhay cdm 16n nhat 1 0,75% mdi mg khi
ndng do trong mau dat 100 mg. Ti 1é dap tng clia bénh nhan khi ndng do thudc trong mau dat
240 mg bang bao nhiéu phan trim?

& Bai 17. Mot hoc sinh dang diéu khién xe dap dién chuyén dong thang déu véi van toc k
(m/s). Khi phat hién c6 chudng ngai vat phia truc hoc sinh do thuc hién phanh xe. Sau khi
phanh, xe chuyén dong cham dan déu véi van toc v(t) = k — 2¢ (m/s), thdi gian tinh bing gidy.
Tim gi4 tri 16n nhit cta k d€ quang dudng xe dap dién di dugc sau khi phanh khong vudt qua
Om.

& Bai 18. Trong mot chuong trinh giao Ivu 4m nhac dén tét vui xuan, ban dau véi su tham
du ctia 1700 khén gid. Ban t6 chiic da thong ké dudc s6 lugng khan gia & lai sin khiu xem am
nhac theo thdi gian, dudc mo td bdi mot ham s6 lién tuc trén [0; +-oo): { 5
a(t—=2)"+b, t>2
(trong d6 f'(¢) 1a s6 khan gid, ¢ 12 s& git ké tir khi chuong trinh bit dau, a, b 12 tham sb thuc),
v6i ham s6 f(¢) mo ta téng su hién dién cla khan gié theo thdi gian ¢. Sau 2 gid 30 phit s6
luong khan gia & lai san khiu 12 875. Hai tif khi bit dau cho dén khi khan gia ra vé hét, trung
binh mdi gid con bao nhiéu khan gid & lai tham gia chuong trinh 4m nhac?

& Bai 19. Trong mot nghién ciiu cua V.A. Tucker va K.Schmidt-Koenig, ngudi ta da xac dinh
rang ning lugng E tiéu thu béi mot con chim trong chuyén bay thay ddi theo toc d6 v (km/h)
ctia con chim. Ddi v6i mot loai vet dudi dai, miic tiéu hao ning lugng thay ddi theo tdc do
0,31v* —471,51 . ) N ;
dugc cho béi E'(v) = 4 5 véi v > 0, trong d6 E dudc tinh bang Jun. Quan sat
2 % 4 2 1~ .o .« A v A
cho thay vet dudi dai c6 xu hudng bay véi toc do vg dé lam giam ti€u hao nang lugng xuong

con ti thi€u Ep, = 24(J). Trong 4 gid quan sit con vet bay vé6i van toc ting déu din tit 30
km/h dén 46 km/h. Tai thoi di€ém sau diing mot gid quan sit, miic ning lugng tiéu hao clia con
vet do dudc bang 1a bao nhiéu Jun? (Iam tron két qua dén hang phan mudi).

1700 —400¢7, 0<r<?2
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& Bai 20. Vé tinh Van Allen Probes dugc phong 1én khong gian dé€ nghién ctiu cac vanh dai
biic xa bao quanh Trdi PAt. Vé tinh nay bay theo mot quy dao c¢6 chu ky 10 gio-nghia 1a mbi
vong bay quanh Trai Dat kéo dai ding 10 gis. Cii mdi vong bay, vé tinh lai xuyén qua ving
btic xa manh va tich liiy thém liéu bitc xa. Biét rang don vi ctia biic xa 12 Gray (Gy) va khi tong
liéu biic xa chiéu vao vé tinh dat 1000 Gray thi vé tinh hdng hoan toan. Khodng céch tif tim
Trai DAt dén vé tinh dugc mo hinh héa biang ham s6 R(T) = 7000+ 30007 (km), trong d6 T
1a thai gian tinh bing giv, 0 < T < 10, k€ ti diu vong bay. Cong thic sudt liéu biic xa-tic 1a
lugng buc xa vé tinh nhan dudc trong 1 gid, phu thudc vao khoang cach R (km) tur vé tinh téi

) R \* R )
tam Trai Pat, 1a D(R) = 60 - (m) milliGray/gio. Biét rang do tinh doi xiing va chu ky

clia quy dao bay, tong lidu biic xa vé tinh nhan dudc trong mot vong bay 10 gi dudc tinh bing
5
cong thic L =2 - / D(R(T))dT va 1 Gray = 1000 milliGray. Tinh s6 nim hoat dong cla vé
0

tinh tlf lic bat dau hoat dong téi khi hdng hoan toan (khdng lam tron cdc budc trung gian, chi
lam tron két qud cudi cung tdi hai chii sé thdp phdn sau ddu phdy, coi mét ndm cé 365 ngay,
moi ngay co 24 gio).

& Bai 21. Trén mot mit ho phang rong 470 mét vudng, mot dot tao lam doc hai phat trién
véi toc do ty 1é thuan véi cin bac hai kich thudc hién tai ctia né. Néu ta goi S(¢) 1a dién tich
ctia dgt to nay sau f ngay thi §'(¢) = k- \/S(f) (trong d6 k 12 hing s6 thyc). Khi méi phat hién,
dot tdo nay bao phii 16 m? mit ho. Dién tich clia né ting gip doi trong 3 ngay tiép theo, héi
sau bao ngly tinh tif lic phat hién dot tdo nay phd kin mit ho? (Két qua lam tron dén hang
don vi).

& Bai 22. Theo dinh luat Torricelli, tbc dd nudc chdy ra ti bé ty 16 [—
thuan véi cin bac hai do sau clia nudc so v6i miéng céng: néu y(¢) 1a
dd cao muc nudc va V (¢) 1a thé tich nude con lai trong bé tai thoi diém
t, thi tc d6 thodt ra V/(¢) = —k+/y(t) v6i k > 0. Xét bé hinh try cao 9
m, ban kinh R = 2 m, ban dau diy nudc. Biét sau 15 phut, y(15) = 4 14
m. Hoéi sau 42 phuit, thé tich nudc con lai trong bé bang bao nhiéu lit?
(lam tron dén don vi).

& Bai 23. Mot cai dap c6 miit cat ngang c6 dang hinh 50 m

thang can cao 20 mét, day 16n rong 50 mét, ddy nhé rong
30 mét. Nudbc cach dinh dap 4 mét (tham khdo hinh vé).
Ap suit thuy tinh tic dung 1én dap dudc tinh theo cong 20 m

0
thitc F — 9800 / h(x) - k(x) dx (N), trong d6 h(x) va k(x)
\ 0 30m
lan lugt 1a chiéu dai va do sau cua 16p nuéc tai vi tri
cach dday x mét, ho 1a dd cao cta nudc trong hd. Biét
F =a-107 (N), tinh a (lam tron két qud dén hang phdn
muoi).
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& Bai 24.0 bé boi thanh phd sé xdy mot cau trugt y

nudc méi. Cau trudt dai 5 m va cé thé trugt tir ca hai P

phia. Nhitng ngudi than trong trugt vé bén trai, noi mép /,1 \

trugt dugc cho bdi f(x) = e* (trén doan [—2;0)). —— NI
-2 3

Nhitng ngudi ua mao hiém trudt vé bén phai, noi mép trudt cao va déc hon, md hinh bsi
4 .
g(x) = —§x2 +x+ 1 (trén doan [0;3]). Tai x = 0 hai dudng cong noi tron véi nhau. (Pon vi x,

y tinh bang mét). Hai thanh bén ctia cau trudt dugc 6p nhua. Can bao nhiéu m? nhua? (Tinh
tong dién tich hai mit bén).

& Bai 25. Mot phan ctia bé mit phia trén clia cdc gon séng clia nudc bién c6 hinh dang dd
thi ham sb bac ba khi gin hé truc toa dd Oxy. Biét rang d6 thi ham sb bac ba c6 cic diém cuc
tri 1an Iugt 1a M(—2;1) va N(0;1,2), don vi trén hé truc toa do 1a mét.

Hai vi tri A va B ¢6 hoanh do 1an ludt 1a —3 va 1 nam trén dudng cong ciia cac gon soéng do.
Tinh do dai dudng cong AB (két qud lam tron dén hang phdn trdm). Biét rang do dai dudng
cong ¢6 phuong trinh y = f(x) tit diém C(c; f(c)) t6i di€ém D(d; f(d)) v6i ¢ < d dudc tinh bdi

d
cong thic T = / V14 (f(x))? dx.

& Bai 26.Cho hinh vudng OABC canh bang 8, dim M
nam trong hinh vuéng sao cho khoang cach tit M dén céc
canh OA, OC cuing bing 3. Parabol (P;) di qua cic diém

0, A, M, Parabol (P,) di qua cac diém O, C, M. Tinh dién

tich phan to dam (hinh vé bén) (lam tron két qud dén hang

don vi).

0 A

& Bai 27. Vi nudc va dau khong hoa tan vao nhau nén néu dau d§ vao nuéc sé tao thanh
mot mang hinh tru trén bé mit nudc. Ban kinh r(7) cla mang nay lan ra véi toc do ti 1& thuan
véi chiéu cao h(t) ctia mang dau. Gia st mot lit dau bi d6 trén mit hd tinh ling. Ban kinh ban
dau cta vét tran 12 20 cm va sau 2 gidy né6 ting 1én 50 cm. Hoi sau bao nhiéu phit (1am tron
dén hang phan mudi) thi ban kinh vét tran dat 5 mét?
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& Bai 28.Mot hoc sinh muén t6 mau cho md
hinh trang tri dang parabol c6 dinh thudc truc
tung, hai dudng cong clia ham s6 y = f(x) va
y = f(x) + 3 giao v6i parabol tai cdc di€m c6 hoanh do
x=1,x=—1,x=2,x= —2 nhu hinh vé. Goi §1, S, S3,
S4 1an luot 1a cac phan dién tich dudc ki hiéu nhu hinh vé.
LA 105

Biét rang S1 + S4 = 30 mz, S3 = W m?. Xdc dinh dién
tich S, (két qua 1am tron dén hang phan mudi).

& Bai 29. Kién tric su thiét ké mot khu sinh hoat cong
dong c6 dang hinh vudng ABCD c6 do dai dudng chéo
AC = 120 m. Trong d6, phan dudc t6 mau dim 1a sin
choi, phan con lai d€ trong hoa. Mdi phan trong hoa c6
dudng bién cong 12 mot phan cla dudng parabol v6i dinh
thudéc mot truc ddi xing cla hinh vudng, khodng céch tir
dinh d6 dén dinh tuong ting ctia hinh vudng bing 40 m va
AM = MN = NB (xem hinh minh hoa). Dién tich ctia phan
san choi 1a bao nhiéu mét vuong? (1am tron két qua dén hang
don vi).

& Bai 30. Doc bo nudc c6 mot dusng xe dap. Trén mot doan dai 20 m, ngudi ta mubn thay
bang tuyén mdi di vong mot céi giéng (dudng kinh 2 m). Céc doan ndi phai tron (chuyén
tiép ém).

<

Dit hé truc Oxy thuén tién nhu hinh; do hinh dang ddi xing qua truc Oy va can chuyén tiép
tron vao truc Ox, ta chon da thic bac 4: f(x) = ax* + bx*> + c. Dién tich phan t6 mau can lat
gitfa bo va tuyén méi 12 bao nhiéu mét vuong (lam tron két qud dén hang don vi)?
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& Bai 31. Ngudi ta du dinh trong hoa d€ trang tri vao phan t6 dam
trong hinh vé dudi day. Biét ring phan td dam la dién tich hinh phang
gi6i han bsi dd thi hai ham s6

y=f(x)=ar’ +bx*+cx+6 va y=g(x)=—bx>+mx+n

trong d6 a, b, ¢, m, n € R. Biét d6 thi hai ham s6 da cho cat nhau tai
cac diém c6 hoanh dd 1an lugt bang —2; 1; 3. Chi phi d€ trong hoa 1a
150000 dong/m? va don vi trén mdi truc toa do 1a mét. Tong chi phi dé
trong hoa theo du dinh 13 bao nhiéu nghin dong (1am tron két qua dén
hang don vi)?

& Bai 32.Nha bac An c6 tit ca 8 canh ctia sat hinh chit nhat v6i chiéu
dai 2 m va chiéu rong 1 m. Hai mit ciia mdi canh ctia dugc thiét ké nhu
hinh vé duéi day. Trong d6, phan dudc td6 dim dudc son mau xanh, phan
con lai dudc son mau tring. M6i phan son mau tring c6 dudng bién
cong 1a mot phan ctia parabol c6 dinh niam trén canh ctia hinh chit nhat.
Biét rang chi phi d€ son mau xanh 1a 120 nghin ddng/m? va chi phi son
mau trang 13 110 nghin dong/m?. Hdi d€ son toan bd sb cira sat trén, bac
An phai tra bao nhiéu triéu dong (lam tron két qud dén hang phdn tram
theo don vi triéu dong)?

& Bai 33. Mot coc thuy tinh c6 dang hinh tru dang dung mot
lugng nudc, ban kinh trong long ddy cdc 1a 8 (cm) va chiéu cao
trong 1ong cdc 12 10 (cm). Tinh thé tich luong nudc trong cbe
(don vi cm?), biét khi nghiéng cdc nudc vira ldc khi nuée cham
miéng coc thi & ddy cbc muc nudc tring véi dudng kinh clia ddy
cdc (lam tron két qud dén hang don vi).

& Bai 34. Mot tAm kinh 1Am mit ban c6 hinh ddng tam gidc déu vdéi 3 dinh dudc lam cong.
Biét canh tAm kinh tam gidc ban dau bang 16 dm. D& cit géc dugc dep thi ngudi ta dung dudng

3
Parabol (P): y = —gxz +

15v3

tich mit kinh 1a av/b dm?, (véi a 1a sb nguyén duong va b 1a sb nguyén td). Gia tri ctia a+ b

bang bao nhiéu?

§4. On tap chuong 4

y

/
/
‘ ’

‘ :

%
| Z
Z
|
Z
| Z
Z
| :
’ :
| :
1 N
0,5m

c6 hai nhanh tiép xidc vdi hai canh clia tam gidc. Biét dién

& Bai 35. Trong hinh bén 1a mot chiéc dong hd treo tudng cao cip dudc thiét ké c6 phan &

gitta (phan t6 dam) dat vang. Phan nay dudc thiét ké nhu sau:
& V& hinh luc gidc déu ABCDEF tam O va c6 canh bing 4 cm;
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& V& parabol (C) tiép xiic v6i cac dudng thang OA, OB lan lugt tai A va B;

& Tuong tu vé parabol (C;) tiép xic véi cac dudng thang OB, OC lan lugt tai B va C;
parabol (C3) tiép xtic v6i cac dudng thang OC, OD 1an ludt tai C va D; ... ; parabol (Cg)
tiép xtic véi cdc dudng thang OF, OA 1an luct tai F va A.
Hinh phang (H) dugc gidi han bdi sau parabol (Cy), (C2), (C3), (C4), (Cs), (Cs) (phan t& dam)
13 phan sé dugc dat vang. Hoi phan dat vang nay c6 dién tich bing bao nhiéu centimét vudng
(khong 1am tron két qua cac phép tinh trung gian, chi 1am tron két qua cudi cing dén hang
phan chuc)?

B A

& Bai 36.Nguoi ta lat gach trang tri mot manh P B
san hinh chit nhat c6 kich thuéc 14 m x 12 m
nhu hinh vé bén dudi, trong d6 (Py), (P,) la
hai parabol ddi xiing truc véi nhau qua truc di
xting vudng goc véi chiéu dai ciia manh sén, I INT(C) 12m
(C) la dudng tron c6 tam trung v4i tm cla
ménh san va lan ludt c6 duy nhit mot diém
chung véi cac parabol do (tham khao hinh vé i G

biét phan gach dam 13 phan 1t gach). S N A

(o SN NS S SR SN S S MUY NN SN MU S S

14 m

Chi phi cho phan lat gach 12 240 nghin dong mdt mét vudng. Trong trudng hop hinh tron
(C) c6 dién tich 16n nhét thi chi phi 14t gach 1a bao nhiéu triéu dong? (két qua 1am tron t6i
hang phan chuc).
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& Bai 37.Ban An thuc hién thiét ké mot logo hinh con mat
cho mot phong kham nhan khoa. Logo 12 mét hinh phang
gi6i han bdi hai parabol y = f(x) va y = g(x) c6 céc kich
thuéc nhu hinh vé dudi day (phan dudc t6 mau den) va mot
hinh tron c6 ban kinh bang 0,5 dm & giita 14 phan con ngudi

(phan dudc to6 mau xanh), don vi trén mdi truc toa do 1a
decimet.

Biét rang chi phi d€ son phan con ngudi hinh tron mau xanh 14 25000 déng/dm? va chi phi
dé son phan con lai mau den 12 20000 ddng/dm?. Chi phi d€ son logo trén 1a bao nhiéu nghin
dong (lam tron két qud dén hang don vi)?

& Bai 38.Dé€ chuan bi quéng bd sdn phim, ngudi ta trang tri
tAm pano dang parabol nhu hinh vé&, biét OS =8 m, AB=6 m
v6i O 1a trung diém ctia AB. TAm pano dugc chia thanh ba phan
d€ trang tri véi miic chi phi khdc nhau: phan trén 12 phan ké soc
gid 100000 ddng/m?, phan giita 12 hinh quat tim O ban kinh 3
m dudc to dam gid 200000 dong/m?, phan con lai gid 150000
dong/m?. Tinh tng chi phi d€ trang tri tim pano (don vi triéu
dong, két qua 1am tron dén hang phan trim).

A 0 B

& Bai 39. PE trang tri mot bang gb hinh chit nhat ABCD c¢6 chiéu dai AB = 8 dm va chiéu
rong AD = 6 dm, ngudi ta thiét k& mot logo 12 hinh phang gi6i han bdi nita dudng tron dudng
kinh MN = 6 dm, tiép xtic véi BC; hai dudng cong IM, IN 12 mdt phan clia cac dudng parabol
1an lugt ¢6 dinh 14 cac diém M, N va parabol c6 truc ddi xing 1an ludt 1a AB, CD, véi I 1a trung
diém ctia AD (tham khéo hinh vé). Phin logo dudc son mau xanh véi chi phi 50000 ddong/dm?
va phan con lai clia bang g6 dudc son mau trang véi chi phi 30000 dong/dm?. Hoi can bo ra
bao nhiéu nghin dong dé trang tri bang gb trén (két qua 1am tron dén hang don vi).

6 dm
rAP ) D
5 dm
MY
¢ 0 N
3 dm
B C

& Bai 40. Du an “Cong vién Thién van hoc” dudc khéi cong nam 2017 do Tap doan Nam
Cuong dau tu va dua vao st dung tir diu nim 2024. D€ tao di€ém nhén, cic ky su da thiét ké
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mot con dudng va Vong Lau gitta ho. Theo mot ti 1& nhit dinh, con dudng & gitta cong vién
dudc mo phong nhu hinh vé, biét rang trén hé truc toa do tuong ng ctia hinh vé thi:

& Céc dudng cong BC, FG 1a 2 phan clia Parabol ¢6 phuong trinh y = f(x) = 0,11x% + 1.
& Céc dudng cong AQ, PK 13 2 phan ctia Parabol c6 phuong trinh y = g(x) = 0,1x*> 4+0,41.

¢ Pudng cong qua 3 diém Q, O, P 1a mot phan cda Parabol c6 phuong trinh 1a
y = h(x) = 0,13x%.

& Céc diém C, D c6 cung hoanh do 1a —0,35. Céc diém E, F c¢6 cung hoanh do 1a 0,35.
& Céc diém D, E ¢6 cung tung do 1a 2,65.

& Céc diém A, Q, P, K c6 hoanh d¢ 1an lugt 1a —6; —/14; /14; 6.

& Piém B, G c6 hoanh d6 lan luct 1a —5.7 va 5,7.

Dua theo s6 liéu & mo t4, tinh dién tich phan con dudng dudc to hinh vién gach trong hinh vé
(két qud lam tron dén hang phan muoi).

& Bai 41.Trong hinh vé bén, doan AD dudc chia lam 3

bdi cac diém B va C sao cho AB= BC = CD = 2. Ba ntia

dudng tron ¢6 ban kinh bing 1 1a AEB, BFC va CGD c6 E G
dudng kinh tuong ting 1a AB, BC va CD. Cic diém E, F,

G lan lugt 1a ti€p di€m clia ti€p tuyén chung EG véi 3 nlfa 4 B c D
dudng tron.

Mot dudng tron tam F, ban kinh bang 2. Dién tich mién bén trong dudng tron tim F va bén
ngoai 3 nia dudng tron (mién gach soc) bang bao nhiéu? (Két qud lam tron dén hang phdn
muoi). .

& Bai 42.“Bai toan tinh dié€n tich hinh cang cua”. Tu bang g6 A G B
hinh vuéng ABCD d6 dai 12 cm, ngudi ta chia hinh vudng nay

thanh 9 hinh vudéng nhd bing nhau rdi v& mot hinh cang cua
dudgc giéi han bdi cac cung phan tu clia cic dudng tron tAm A,
E, F, G (xem hinh v€). Tinh dién tich hinh cang cua theo don
vi cm? (phan t6 dAm trong hinh vé). Viét két qua lam tron dén F
hang don vi.
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& Bai 43. Trong co khi ché tao, mot chi tiét may hinh
dia tron c6 dang nhu hinh v€, nhan AB va CD lam céc
truc dbi xiing. Ngudi ta cin phi son c4 hai mit ciia chi
tiét. Biét rdng dudng tron 16n c6 ban kinh 5 dm, cic
dudng tron nhé déu c6 ban kinh 2 dm, AB = CD = 4
dm va chi phi son 12 82000 dong/m?. Chi phi d€ son
hoan thién chi tiét mdy bang bao nhiéu nghin dong
(két qud lam tron dén hang don vi).

& Bai 44. Sau khi doc xong truyén ngan rit cam dong
“Chiéc 14 cubi cung”clia nha vin O.Henry, ban An
muon thiét ké hinh anh mot chiéc 14 d€ gtti dénchiem 1+ Ay
Johnsy va Sue. Chiéc 14 12 mot hinh phiang dudc gidi
han béi hai phan parabol gidng nhau. Biét mot parabol
c6 dinh 1a di€ém O va truc d6i xding ctia hinh phang nay 50 cm
13 mot dudng thang tao v6i phuong ngang géc 60°. Vi
cac kich thuéc dude cho nhu hinh vé, hay tinh dién tich
ctia chiéc 1a. (Lam tron két qud dén hang don vi ciia
cm?)

& Bai 45. Mot cong ty thiét ké trong

D C
kinh sao cho mdi phan dudng vién cilia E//q\
trong kinh 12 mot phan do thi ctia ham sb A/ | ¢

bac hai hodc mot phan do thi ctia ham s6
bac bdn r6i ghép chiing lai v6i nhau nhu
hinh vé bén canh (sau d6 ho sé diéu chinh G
theo ty 1€ phu hgp). Xét hé truc toa do Oxy
nhu hinh vé bén dudi, biét ring A(—2;0),
B(0;—4), C(7;0) va D(1;k) véi k > 0. B, G

Cho biét dudng cong (C;) di qua cac diém A, D, C 1a mdt phan clia do thi ham s bac hai
nao dé, dudng cong (C,) ung véi dudng vién ndi A v6i B la mot phan cta do thi ham s
y = bx* + ¢, con dudng cong (C3) ting véi dudng vién ndi B véi C 1a mot phan ctia do thi ham
2 2 k k o N
s6 y = mx* +n. Biét k = k—l V6i (ky,ky € Z, k—l la phan so toi gian). Dién tich trong kinh bang
2 2

836 A s .

o5 (don vi dién tich). Tinh k| + k.

& Bai 46. D€ chuin bi cho 1€ hoi, mdt don vi thi cong dung mot cdng chao dang vom Parabol
c6 chidu cao 4 m va chidu rong chan cdng 1a 4 m. O chinh giita cdng, ngudi ta thiét ké mot 16i
di hinh chit nhat cao 2 m va rong 2 m. Phan dién tich mit truéc ctia cong Parabol (sau khi da
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triv 16i di hinh chit nhdt) dugc chia thanh 8 16p ngang, mdi 16p cao 0,5 m dé 6p tim nhom Alu
trang tri ¢6 mau khac nhau (nhu bdn vé thiét ké hinh bén dudi).

0,5m

~OP ALU MAT

Ny I / TRUGC VOM
s m

0,5m

0,5m

Chiéu cao

¥ 0,5m
0,5m
0,5m

0,5m

2m |

4m
Chiéu rong

Pon gia thi cong 1ap tim nhom Alu cho céng dudc tinh nhu sau
& L6p dudi cling c6 gia 1a 400 nghin dong/m?.
& Cang 1én cao, gia thi cong mbi 16p tiép theo ting thém 50 nghin dong/m? so véi 16p ngay
dudi nd.
Téng chi phi 6p Alu cho phan dién tich con lai ctia cdng sau khi da loai bé 16i di bang bao
nhiéu nghin dong (khong lam tron két qud cdc phép todn trung gian, chi lam tron két qud phép
todn cudi cung dén hang don vi)?

& Bai 47. Mot xudng moc tai Mai Son san xuit nhitng chiéc ban cd O quan bang gb nguyén
khéi. Mit trén cia ban cd 13 mot mat phang dudc thiét ké va c6 kich thuée nhu hinh vé gém
ba phan: phan chinh giita 12 mot hinh chii nhat c6 chiéu dai 100 cm va chiéu rong 40 cm; hai
"6 quan” & hai dau trai va phai 1a hai hinh phang bang nhau dugc ghép ndi lién mach véi hai
canh chiéu rong ctia hinh chit nhat. Biét rang dudng bao ngoai ciia mdi "6 quan” 1a mot cung
tron. Xudng mdc tién hanh phi mot 16p keo bio vé bong 1én toan bo bé mit trén ctia chiéc ban
cd nay. Biét chi phi vat tu va nhan cong dé phii keo 1a 100000 ddng/m”. Tinh téng chi phi x
(nghin dong) d€ hoan thién viéc phii keo cho mit ban cd (Két qua 1am tron dén hang don vi).

& Bai 48. Mot nhém hoc sinh 16p 12 da 1én ban thiét ké miu hoa vin cho mot loai gach men
14t nén nha. Céc em vé 4 dudng cong nhu hinh, tif d6 tao thanh mot hinh (H) khép kin & gitta
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vién gach d€ tao diém nhén. Cu thé cach dung hinh dudc thuc hién nhu sau:

< Dung hé truc Oxy véi di€m O 1a tim clia vién gach, tia Ox hudng sang phai va tia Oy

hudéng 1én trén, don vi trén mdi truc 1a 5 cm.

¢ Céc em lay O 1a tam vién gach va A 1a trung di€m mot canh vién gach, x4c dinh dugc

diém B thoa min OB = 251—4)

¢ Dung dudng thang A: 5x —9 = 0. Puong cong (L;) 1a tap hop cic diém M théa man

3MB = 5d(M, A).

¢ LAy dbi xiing duong cong (L) qua tam O va qua céc dudng chéo clia vién gach thi dugc

cac duong cong con lai.

Biét vién gach 1a hinh vudng c6 kich thuéc 60 cm; héi dién tich hinh (H) 1a bao nhiéu centimét

vudng (1am tron dén hang don vi)?

& Bai 49. Bic Tudn trang tri bic tudng
hinh vuéng ABCD c¢6 AB = 4m nhu hinh vé
bang cich son mau. Trong d6, bdn dudng cong
AQB,APD,BEC,CFD déu la dudng parabol c6
cidc dinh 1an luot 12 Q,P,E,F. Biét ring truc
ddi xdng ctia mbi Parabol tring v6i mot truc
ddi xdng ctia hinh vuéng ABCD. Cho biét
OE = OF = OP = OQ = 1m. Phan dién tich gidi
han bdi bén dudng Parabol néu trén (phan gach
chéo) dugc son mau do véi chi phi 500 nghin dong
cho mdi mét vudng. Phan dién tich con lai ctia bic
tuong dudc son mau trang véi chi phi 300 nghin
dong cho mdi mét vudng. Tinh tdng sb tién (don
vi: nghin dong) bac Tuin can d€ hoan thanh viéc
son biic tudng d6. (Két qua 1am tron dén hang don
vi).

& Bai 50. DE chuin bi qua tidng sinh nhat dic biét cho cac thanh vién trong ciu lac bo nghé
thudt, ngudi ta dit hang ché tic mot vat pham chin gidy bang hop kim cao cip. Bé miit clia
vét pham c6 dang hai hinh elip bang nhau xép chong 1én nhau. Biét mdi elip c6 d6 dai truc 16n

bing 8cm, dd dai truc nhé bing — cm; truc 16n clia elip nay vudng goc véi truc 16n cia elip

V3
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kia tai giao di€m O cta ching. Dudng tron (0) di qua céc giao di€m cia hai elip dugc vé 1én
bé mit d€ phan chia cac khu vuc trang tri (nhu hinh v&). Phan 156i bén trong dudng tron dudc
dat dong d€ khic tén va 15i chic sinh nhat véi chi phi 5.000 ddng/cm?. Cac phin canh hoa
nam phia ngoai dudng tron dugc dinh da Sapphire nhan tao véi chi phi 15.000 dong/cm?. Hoi
tong chi phi nguyén vat liéu d€ ché tdc mot vat pham qua ting nay 1a bao nhiéu nghin dong?
(Khong 1am tron cac két qua trung gian, chi 1am tron két qua cubi ciing dén hang don vi).

Phan 16i

Phan canh hoa

& Bai 51. Mot nhom cac ki su mudn xdy dung mot ciy cau vom dan thép véi gid dd dudi
bing thép cao cip c6 hinh dang 12 mot parabol ndi tir 2 cdt tru A va B nam bén dudi ciy cau.
Biét hai cot tru cadch nhau 400 m, khoang cach tif tru A dén cay cau 1a 50 m va AB song song
véi mat duong.

y

30

Gin hé truc Oxy vao cdy cau véi don vi truc toa do 1a 10 m. Gia dd dudi bang thép la dudng

cong parabol tao véi hai truc toa do cac hinh phang c6 dién tich Sy, S» nhu hinh vé bén. Biét

S 2200 .. PSPPI . A o
rang Sp — 28| = ST Diém cao nhat cua gia dé dudi bang thép cao cap cach mat duong cay
cau bao nhiéu mét? (lam tron dén hang phan mudi)
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& Bai 52. Hinh bén minh hoa
mot con dao véi phan ludi dao
dugc cho bdi mdt phan cta dd
thi ham sd y = 4x — x> (x,y do
bang centimét), phan séng dao
AB nam trén tiép tuyén ctia dd
thi n6i trén tai di€ém A(2;0) va B
12 giao di€m cda tiép tuyén véi
dd thi.

Tinh dién tich ctia bé miit dao theo centimét vudng. (Két qud lam tron dén hang don vi).

& Bai 53.D¢ trang tri mot 6 hinh chit nhat véi kich 40 cm 10 cm
thude 80 cm x 60 cm trén tudng can phong ciia minh, ¢ <_)

anh Binh da t6 mau 2 hoa tiét gi6i han bdi c4c parabol
(P), parabol (C) va céc canh cdia 6 chit nhat bing mau
vang (ki hiéu soc nghiéng) va mau xanh (vung t6 dam)
(nhu hinh vé). Biét ring cic parabol (P) va (C) dbi
xting nhau qua dudng thang AB va dién tich phian mau

cm-.

>

10 cm

Tinh t8ng s tién (don vi: triéu dong) ma anh Binh can phai trd dé€ mua son trang tri. Biét
mbi lo son, son dudc tdi da 30 cm?. Cho biét gid ctia mot lo son vang 1a 50000 dong, gi cla
mot lo son xanh 12 30000 dong (biét rang méi lo son khong duoc bdn 1é).

& Bai 54 (THPTQG 2026 - L2). Ngudi ta can tinh thé tich clia mot vat thé dudc ché tac

nhu sau. Trén mat phazmg v6i hé toa dd Oxy (mot don vi dO dai trén moi truc tuong tng véi

mot xiAng-ti-mét trong thuc té), goi (H) 1a hinh phang dudc td dam, gidi han béi dudng elip
2 2

2)65—6 n i—g — 1 va dudng tron tim O ¢6 ban kinh 10 (xem hinh minh hoa bén dudi). Vat thé c6

dang khéi tron xoay dudc tao thanh khi quay hinh phang (H) quanh truc hoanh. Thé tich clia
vat thé néi trén bang bao nhiéu xing-ti-mét khoi (khong 1am tron két qua cdc phép tinh trung
gian, chi 1am tron két qua phép tinh cubi ciing dén hang don vi)?

y

(H)
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Chuong 4. Nguyén ham va tich phan

& Bai 55.Ti mot qua cau bang da trang ban SEm———
kinh bing 1dm ngudi ta khoan rit 16i ngay “chinh

gifta” qua cau, truc dbi xiing ctia 16i va qua cau tring ,

nhau, duong kinh 16i 1a 1dm. Tinh thé tich con lai ( i

5 2 A Y ‘A % 5 1 N A — [

clia qua ciu bing bao nhiéu dm? (két qua lam tron s !
Qua cau da oi

dén hang phan trim).

& Bai 56.Trong céic lang nghé ché tao d4 my nghé, ngudi
ta lam dudc nhiéu do trang stic bang da rat dep. Mot ngudi tho
thd cong ché tao vong deo tay hinh tron bing d4 xanh, biét ring
ban kinh vong ngoai cua vong la 7 (cm), ban kinh vong trong la
5 (cm) (hinh vé&). Tinh thé tich ctia chiéc vong (theo don vi do
lacm? va lam tron dén hang don vi).

& Bai 57. Mot rao chan bé tong c6 hinh dang nhu trong hinh, mdi don vi tuong ting véi 1
mét. Khdi luong ctia hang rao 1a bao nhiéu tin bé tong, néu mat do cia bé tong 1a p = 2,3
g/cm>? (Iam tron dén hang don vi)

& Bai 58.Mot vit trang tri c6 dang mot khoi tron xoay
dugc tao thanh khi quay mién (R) (phan gach chéo trong
hinh v&) quanh truc MN. Biét ring ABCD 1a hinh chit
nhat v6i AB = 6 cm, AD = 10 cm. Goi M, N lan luct
la trung diém ctia AB, CD. Hai dudng cong 1a hinh elip
c6 hinh chif nhat co s6 1a ABCD va dudng tron tiép xic
v6i hai canh AD va BC (tham khdo hinh vé). Tinh thé
tich clia vat trang tri d6 (két qua 1am tron dén hang phan

chuc theo don vi cm?).

& Bai 59. Hoa si thiét ké mot micro c6 dang khdi tron xoay, mit cat ding chifa truc ctia khoi
tron xoay c6 dang nhu hinh sau, trong d6 OA = OB = Ol =2 cm, MC = MD =1 cm, dudng
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§4. On tap chuong 4

thang OM 1a dudng trung truc cta doan thang CD, OM = 20 cm, AOB = 90°.

Thé tich ctia micro nay 14 bao nhiéu cm?? (Lam tron két qua dén hang don vi)

& Bai 60. Mot vat thé dung d€ trang tri ndi that c6 dang nhu hinh (H1) bén dudi. Pay 1a
mot khéi tron xoay dudc tao thanh khi quay hinh phang (R) (phan gach chéo trong hinh (H2)
quanh truc AB. Hinh phang (R) dudc gi6i han bdi cic canh AB, AD ctia hinh vuéng ABCD
tam I, do dai canh 4 cm va céc cung phan tu DI, IB cia céc dudng tron ban kinh bing 2 cm
v6i tAm 1an luct 13 trung diém cla cac canh AD, AB. Thé tich ctia vat thé (H1) bing bao nhiéu
centimét khoi (khong lam tron két qud cdc phép tinh trung gian, chi lam tron két qud cudi
cung dén hang phdan chuc)?

C B

4cm

& Bai 61. Cho dudng tron tim (O) c6 ban kinh bing 5 m va
dudng kinh 1J. Céc hinh chit nhat ABCD, MNPQ noi tiép hinh
tron nhu hinh vé v6i AB = MQ = 5 m va I 1a diém chinh gitia
ctia cung nhd M Q. Ngudi ta can san xuat mot san pham 1a vat
thé tron xoay khi cho hinh phang dudc gach chéo trong hinh vé

quay quanh 1J va chi phi d€ lam san phidm nay la 1,2 triéu/m>.
Sé tién phai chi trd d€ 1am san phdm nay 14 bao nhiéu (Pon vi:

triéu dong va két qua lam tron dén hang don vi)?

& Bai 62.Mot vit trang tri c6 dang khdi tron xoay tao thanh khi quay
mién (R) (phan t6 dim trong hinh vé) quay xung quanh truc AB. Mién
(R) dudc gidi han béi cac canh AD, AB, BC, EF va cic cung phan tu clia
cdc dudng tron ban kinh bang 2 cm véi tim 1an luot 1a trung diém clia
AD va BC. Biét ABCD 1a hinh chi nhit ¢6 canh AB = 8 cm, AD = 4 cm;
diém E cach AD mot doan bang 2 cm; diém F cach BC mot doan bang

2 cm. Thé tich clia vat thé trang tri trén 12 bao nhiéu centimetkhdi? (quy

tron dén hang phdan muoi).
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Chuong 4. Nguyén ham va tich phan

& Bai 63.Mot chiéc dong ho cat nhu hinh vé, gdm hai phan d6i xiing nhau
qua mit phang nam ngang va dit trong mot hinh tru. Thiét dién thang diing
qua truc ciia n6 la hai Parabol chung dinh va ddi xing nhau qua méit phang
nim ngang. Ban dau lugng cit don hét & phan trén ctia dong hd thi chiéu
cao clia muc cit bang 3 chiéu cao ctia bén d6. Cat chay tir trén xudéng dudi
v6i te dd v(t) = 0,2t + 13 (cm®/phiit). Khi chiéu cao clia cit con 4 cm
thi bé mit trén cling cla cat tao thanh mot dudng tron c6 chu vi biang 87
cm. Biét sau 20 phut thi cat chdy hét xudng phan bén dudi ctia dong ho.
Tinh chiéu cao cta khéi tru bén ngoai theo cen-ti-mét (lam tron két qud
dén hang phdan muoi).

& Bai 64. Cho hinh tru c6 ban kinh ddy bang 3. Tinh thé tich vat
thé tao thanh bdi ddy cta hinh tru va mit phang qua dudng kinh
day, biét mit phang tao véi ddy goc 45°.

& Bai 65.Cho hinh vudng ABCD tim O. Goi M,N,P,Qlan B

ludt 1a trung diém clia cac doan AB, BC,CD va DA. Céc cung
OM ,MN,NP,PQ lan luct 1a cic cung tron clia cic dudng tron
tam A,B,C,D véi ban kinh biang nhau (tham khao hinh v&).

Biét dién tich "t gidc cong” MNPQ (mién bi gach chéo trong N
hinh vé) bing 25(4 — w) dm?. Hoi khi cho "t gidc cong"
MNPQ quay quanh truc NQ ta thu dudc vat thé co thé tich

bing bao nhiéu déximét khbi (két qua 1am tron dén hang phan
muoi)?

& Bai 66.Xét phan dung nu6c bén trong mdt luc binh c6
dang mat tron xoay trong dé dudng sinh la duong cong (C)
quay quanh truc (d) nhu hinh bén. Biét ring (C) 1a dudng cong
béc ba; chiéu cao phan dung nudc 1a 35 cm; ban kinh ddy phan
dung nudc 1a 10 cm; ban kinh miéng phan dung nudc 1a 14,375
cm; chd rong nhit ctia phan dung nudc cé ban kinh 30 cm; do
cao ctia phan dung nuéc tinh tir day dén chd rong nhat 1a 10
cm. Thé tich t6i da ma chiéc binh nay dung dugc 1a bao nhiéu
1it? (két qua 1am tron dén hang phan chuc).

M A
o

@)
P D
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§4. On tap chuong 4

& Bai 67.Mot xudng thly tinh my nghé can san xuat nhiing chiéc ¢
binh thiy tinh ¢d 16n d&€ ngdm mot loai sim. Chiéc binh dudc tao

hinh bang cach quay hinh phang (H) (phan gach chéo trong hinh vé)
quanh truc AB. Hinh (H) ndm trong hinh chit nhat ABCD, gi6i han

béi cac doan thang AM, BP (v6i M, P 1an lugt thudc cac canh AD, BC,
MP//AB), cung tron MN (c6 tam I 1a trung di€ém cta doan thang AE

nam trén truc AB) va cung parabol NP. Biét AB=5dm, AM = 1,5 dm,

BP = 1,5 dm, BE = 1 dm. Tiép tuyén ciia cung tron va cung parabol

tai diém tiép giap N 1a trung nhau dé€ dam bao thanh binh mudt ma,

chiu luc tot va dam bao tinh thAm my. Gia st bé day cda thanh thiy D
tinh khong ddng k&. Hoi chiéc binh ngdm sim nay c6 stic chia tbi da
khodng bao nhiéu lit nudc? (Két qua 1am tron dén hang phan chuc).

& Bai 68. Hinh elip dudc ing dung nhiéu trong thuc tién, dic biét 1a kién tric, xdy dung,
thiét bi noi that. Mt trong (lot 1ong) va ngoai (pht bi) cia mot bon riia (lavabo) bang st c6
hinh dang 12 mot nita khéi tron xoay khi quay quanh mot truc ctia 2 elip ¢6 chung céc truc dbi
xting (hinh minh hoa). Thong s ki thuat miit trén ctia bon rita: dai x rong 13 660 x 380 mm
(phti bi) va elip (lot 1ong) c6 truc 16n, truc nho it hon elip pht bi mot khoang 40 mm. Tinh thé
tich chia nu6c ctia bon ria (don vi: lit va lam tron két qud dén hang phdan muoi).

ruc xoay

380 mm

& Bai 69.Trén canh ctra dugc trang tri
cac nim c6 dang mot khdi tron xoay
dugc dic bang chét liéu dong, khuodn OHOOOOOOO
dic cua n6é dugc tao thanh khi quay
mién (H) (phan dugc t6 mau trong hinh
vé bén) quanh truc AB. Mién (H) dudc (H)
gidi han bdi cac canh AB, AD cua hinh
vudng ABCD va cic cung phan tu clia A
cdc duong tron ban kinh bang 1cm vé6i

tam 1an ludt 1a trung diém cia cac canh

AD, AB.

D OOOOOEEEE)

00000000

200000000

00000000

9/907070/0/0/0/0/Q)

Biét cong thiic tinh khdi luong ctia mot vat 1a P = VD, trong d6 P 1a khéi lugng cta vt (don
vi g), V 1a thé tich cda vat (don vi cm?) va D 1a khéi ludng riéng ctia vat (don vi g/cm?), khoi
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Chuong 4. Nguyén ham va tich phan

luong riéng ctia dong 1a D = 8,96 g/cm>. Gi4 ddng trén thi trudng 12 200000 dong/kg. Gia tién
vt liéu d€ dic mot niim dong trén 13 bao nhiéu nghin dong? (1Am tron két qua dén hang don
vi).

& Bai 70. Mot kién triic su thiét ké mot hd boi vo cuc c6 mit trén clia bé boi nam trong miit
phang Oxy (don vi trén truc 12 mét). Mot canh ctia hd boi dai 12 m nam trén truc Ox; hai canh
bén lan ludt nam trén truc Oy va dudng thang x = 12; canh con lai (mit vo cuc) 1a mdt phan

N < 1 R 5 .
do thi cia ham s0 y = —1—8x2 - §x+4. Pdy ho boi khong phang ma do sau tai diém (a;b)

1 ” . < 1A ., 2 g
dugc tinh theo cong thic h(a) = i + 1 (mét). Thé tich nudc tdi da ma hd bai cd thé chira

bing bao nhiéu m3?

& Bai 71. Gia st ban Tai c6 hai chiéc cbc ca phé C; va C, nhu hinh minh hoa, mdt chiéc
phinh ra ngoai va mot chiéc 16m vao trong. Ban Tai nhan thiy rang ching c6 cung chiéu cao
va hinh dang ctia chiing khép nhau hoan hao. Ban Tai tu hdi ti 1& thé tich ctia hai chiéc cbc V—Cl

G
bang bao nhiéu? Tat nhién, ban c6 thé d6 day nudc vao mot chiéc cdc roi rét sang chiée con
lai d€ so sanh, nhung véi tu cich 12 mot hoc sinh vita hoc xong cac ting dung ctia tich phan,
ban quyét dinh tiép can theo huéng toan hoc hon. B6 qua phan tay cam, coi dd day cta cbc
khong dang k&, ban Tai nhan thiy rang phin bén trong ctia ca hai chiéc cdc déu tao bdi cac
mat quay quanh truc.

R B C
< . O
C1 C2 K
A»;) @D

Cu thé, C; do hinh phang ABMIN quay quanh AB, C, do hinh phang DCMIN quay quanh

CD. Biét rang ABCD la hinh vudng canh 10 cm, M, N 14an luct thudc hai canh BC,AD sao cho

MN/AB,BM = 4 cm. Di€m K la trung diém ctia AB va I 1a tAm ctia hinh vuong ABCD. Cung

— X L Ve, s

MIN la mét phan cia parabol nhan 7 1a dinh. Ti so V—Cl bang g, trong d6 a,b € N ,g la phan
(&)

s6 toi gian. Tinh a + b.
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§4. On tap chuong 4

& Bai 72. M6 hinh ctia quén tdt trong ban cd vua 1a mot khdi tron xoay véi mit cat qua truc
nhu sau: diu ctia quan cd 12 mdt phan cla hinh cau ¢ ban kinh bang v/2 cm; dudng cong AB
va EF 1a mot phan cla parabol dinh B va dinh E; DE va BC 1a mot géc phan tu ciia dudng
tron c6 ban kinh 1 cm. Tinh thé tich cia md hinh quén tot (don vi em?® va két qud lam tron dén
hang don vi).

& Bai 73. Biit viét ctia mot bang vé dién ti dudc dé trong mot chiée gid 1a mot khdi tron
xoay c6 mit cat qua truc 1a mot hinh phang c6 hinh dang va cac kich thudc gan véi hé truc toa
dd Oxy nhu hinh vé.

y
Af--mmmmqmo- B
M
I
X
N
Dt------H------- c

Biét bién ctia mit cit gdm hai nita dudng tron dudng kinh AB,CD va mot cung ctia parabol
dinh O nhan Ox 1a truc d6i xting; choAB=CD=3cm, 0Ol =1cm,AD =3 cm, MN =2 cm,
don vi trén hé truc 1a 1 cm. Tinh thé tich clia toan bd gid biit, 1am tron t6i hang phan chuc.

& Bai 74. Mot tdoa nha hinh canh budm dudc minh hoa bdi hinh vé bén, tdoa nha c6 chiéu
cao SO = 320m (m la ky hiéu ctia mét), gdm 56 tang c6 tdng chiéu cao 1a OI = 240m va phan
con lai phia trén 12 khong gian san thugng. Mit trudc hinh canh budm, dudc cing bdi hai cung
parabol SCA va SDB giéng hét nhau c6 truc déi xing vuong géc véi dudng thang SO, cic
parabol ndy nim trong mdi mit bén clia toa nha. Hai mit bén SOA va SOB tao v6i nhau mot
gbc 60°. Mit san ting mot c¢6 dang hinh quat tron tAm O vé6i ban kinh OA = 60m, mai cla
tang 56 c6 dang hinh quat tron tam 7 v6i ban kinh IC = 40m. Thiét dién ngang cta toa nha di
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Chuong 4. Nguyén ham va tich phan

qua mot diém H bat ky trén doan OI 1udn 1a hinh quat ¢6 tim 1a H. Tinh thé tich clia toa nha
(chi tinh phan chifa 56 ting) v6i don vi 1a nghin mét khdi va két qua 1am tron dén hang don vi.

wOce

& Bai 75. Cho mot thanh g6 hinh tru A c6 day 1a hinh tron ban kinh 1, va mot thanh gb hinh
ling tru ding B c6 ddy 1a hinh vudng canh +/2 nhu hinh vé.

Hai thanh g c6 truc chinh cit nhau va tao v6i nhau mot géc 30°.
truc chinh

} truc chinh

Trong hai dudng chéo cua tiét dién vuong géc véi truc ctia thanh gb B, c6 mdt dudng chéo
vuodng goéc véi mit phang chifa truc ctia ca hai thanh gb, con dudng chéo con lai thi ndm trong
mit phang d6. Khi d6, phan thé tich chung cta hai thanh gb 1a ax + b. Hay tinh gid tri cia
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biéu thiic 10a + 3b, biét ring a va b 14 cac sd hitu ti.

Bang dap an trac nghiém nhiéu phueng 4n

§4. On tap chuong 4
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1 pJ2 cJ3 BJ4 B|5 D6 |7 cl11 Al

(12 BJ13 DJ14 DJ15 cJ16 BJ17 AJ18 J20 AJ21 (]

(22 D23 BJ24 BJ25 C|26 AJ27 C]28 0 BJ31 D

(32 CJ33 BJ34 D|35 Af36 A|37 D|38 0 D)

Bang dip an tric nghiém diing sai

Cau 1. (@b(d)s(c)s(@ P ||Cau 2. (@s®b)s@b
Cau 3. (@P(®)D(c)S(d)P | |Cau 4. (@Pd)s(c)s(@)s
Cau 5. (@P(b)s(c)S(@P | |Causb. @p®d)s(cp@Pp
Cau 7. (@)s()b(c)P(d)s | |Caus. (@s®b)s(e)p@)p
Cau 9. (@P(®)D(c)P(d)S | |Cau 10. (@s®)s(e)p@p
Cau 11. (@b(d)s(c)s(@P ||Cau12. (@p(d)s(c)pdP
Cau 13. (@b(®)b(c)P(d)S | |Cau 14. ORIONIOEICOE
Cau 15. (@P(®)D(c)S(d)P | |Cau 16. (@pb)s(c)Pd)b
Cau 17. (@b(®)b(c)P(d)S ||Cau 18. (@s®ble)s@b
Cau 19. (@P(®)D(c)P(d)S | |Cau 20. (@Pb)b(c)s@)s
Cau 21. (@P(®)b(c)S(d)s ||Cau 22. (@pb)s(c)b(@)s
Cau 23. (@b(®)s(c)P(d)P | |Cau 24. (@b®)s(c)s@b
Cau 25. (@P(®)b(c)S(d)s | |Cau 26. (@pb)s(c)b@)s
Cau 27. (@P(®)b(c)S(d)s | |Cau 28. (@s®blc)s(@)s
Cau 29. (@P(b)s(c)b(d)s | |Cau 30. (@s®ble)b@)s
Cau 31. (@b®)b(c)P(d)S | |Cau 32. O IO IO 1002
Cau 33. (@)s(b)P(c)P(d)P | |Cau 34. (@s®bl)s@p
Cau 35. (@)s(b)b(c)S(d)s | |Cau 36. (@pb)s(c)s@p
Cau 37. (@b(®)s(c)P(d)P | |Cau 38. (@P(d)b(c)s@D
Cau 39. (@s®bpe)p@D
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PHUGNG PHAP TOA
DO TRONG KHONG

GIAN

1) Vectd phap tuyén va cip vectd chi phuong clia mit phang
Cho miit phang ().

A Ve = N 2z L A 7
& Neéu vectd 7 khac 0 va c6 gid vudng goc

n
v6i () thi 77 dudc goi 1a vectd phép tuyén b
cua ().
< Néu hai vecto @, b khong cung phuong, co l—‘ /
gid song song hoic nim trong (&) thi @, b
dugc goi la cap vecto chi phuong cua (

=

L LuuY.

a) Mot mit phang hoan toan dudc xac dinh khi biét mot diém va mot vecto phap
tuyén ctia né hodc biét mot diém va mot cip vectd chi phuong ctia mat phang d6

b) Néu 7 1a mot vectd phap tuyén clia mit phang () thi k7 (k # 0) ciing 12 mot
vecto phap tuyén cla ().

2) Xac dinh vectd phap tuyén cia mat phing khi biét mét ciip vectd chi phuong

Trong khong gian Oxyz, néu mit phang (o) nhan hai vecto 7
d = (ar;a2;a3), b = (by1;b2;b3) lam cép vecto chi phuong
thi (o) nhan vectd c/ | b

1 = (axb3 — a3ba; azby — arbs; aiby — asby)

lam vecto phdp tuyén.

152
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§1. Phuong trinh mat phing

Q Luuy.
a) Vecto n= (a2b3 —azby;, azby —a1bs; a1by — azbl) dudc goi la tich c6 hudng

cia hai vecto @ = (a13a2;a3) va b = (b13ba;b3), ki hiéu Ia [3, Z] .

b) Biéu thiic a;by — asb; thudng duge ki hiéu Ia Zl ZZ
1
a as as  aj A ,
Tuong tu, By e = apb3 — azb,, by by = aszb; — a;bsz. Nhu vay, ta co
thé viét
[_'3]— a a3| la3 ai| |lag a
4 - bz b3 ’ b3 bl ’ bl b2 '

¢) @ va b cling phuong <> [Zz’, b|=0.

d) Néu 7 = [3,3] thirn L Zvan b

3) Phuong trinh téng quat chia mit phing
Khai niém phudng trinh tdng quat ctia mat phing
Trong khong gian Oxyz, mdi mit phang déu c6 phuong trinh dang

Ax+By+Cz+D =0 trong d6 A, B, C khong dong thai bang 0, dudc goi 1a phuwong
trinh tong qudt ctia mdt phdng.

Nhan xét:

a) Mobi phuong trinh Ax + By +Cz+ D = 0 (trong d6 A, B, C khong dong thsi bang 0) déu
xédc dinh mot mit phang nhan 7 = (A;B;C) 1am vectd phép tuyén.

b) Cho miit phang (&) c6 phuong trinh tdng quat Ax + By + Cz+D = 0. Khi d6

N(x03y0:20) € (@) < Axo+ Byo+Czo+D = 0.

Lap phuaong trinh tf;ng quat cha mit phang di qua mét diém va biét vecto phap tuyén
Trong khong gian Oxyz, phuong trinh mit phang di qua di€ém My (xo;yo;z0) va c6
vecto phap tuyén 7 = (A;B;C) la:

A(x—x0) +B(y—y0) +C(z—20) =0

hay

Ax-l-By-l-CZ—I—D:O vGi D:—AXQ—ByQ—CZO.
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Trong khong gian Oxyz, cho ba diém A(a;0;0), B(0;5;0),

C(0;0;c) v6i a,b,c déu khac 0. Khi d6, phuong trinh mit

phang (ABC) la: al + b + ‘ol Phuong trinh nay dugc goi
a c

la phuong trinh mat phzamg theo doan chan.

Chuong 5. Phuong phép toa dd trong khong gian

Lap phuong trinh téng quat ctia mit phing di qua mét diém va biét cip vectd chi phuong

PéE lap phuong trinh tong quat ciia mit phéng () di qua diém My (xo;y0;20) va
c6 cap vecto chi phuong @, b, ta thuc hién nhu sau:
Budc 1. Tim mot vecto phép tuyén 7 = [a, b].

Buéc 2. Viét phuong trinh mit phang (&) di qua My (xo;y0;20) va c6 vecto phdp tuyén

n.

Lap phuadng trinh tc“;ng quat cta mat phang di qua ba diém khong thang hang

D¢ 1ap phuong trinh tdng quat ctia mit phang (o) di qua ba diém A, B,C khong
thang hang, ta thuc hién nhu sau: D& 1ap phuong trinh téng quat clia mit phiang (o)
di qua ba diém A, B, C khong thflng hang, ta thuc hién nhu sau:

Budc 1. Tim cip vectd chi phuong, chang han AB,AC.

Bude 2. Tim mdt vecto phap tuyén 7 = [E,E} :
Budc 3. Viét phuong trinh (&) di qua A va c6 vecto phap tuyén 7.

Nhan xét:

Y

4) Diéu kién dé hai mit phing song song, vudng géc

Diéu kién dé hai mat phing song song

Trong khong gian Oxyz, cho hai mit phang 7

(1) :Ax+B1y+Ciz+D; =0 va (o) :Agx—l—Bzy—f—CzZ—l-Dz;W.
1

c6 céc vectd phdp tuyén lan lugt la I
1 = (A1;B1;C1), 2 = (A2;B2; (). Khi do: L
i =k @
(a)l(op) =4 "7 (keR).
Dy # kD;
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L LuuY.
’—{1 = k’—{2)

a) (o) =(p) < {Dl . (ke R).

b) (o) cat () < 71 va 7, khong ciing phuong.

Diéu kién dé hai mit phing vudng géc

Trong khong gian Oxyz, cho hai mit phiang (o) : Ajx+ By +Ciz+D; =0 va
(0) : Ayx+ Byy +Caz+ Dy = 0 c6 vecto phap tuyén 1an luct 12 71 = (A1;B1;C1),
)= (Az;Bz;Cz). Khi do:

(061) 1 (062) S =0 A1A,+B 1B, +C1C, =0.

5) Khoang cach tir mét diém dén mot mit phing

Trong khong gian Oxyz, cho miit phang (o) c6 phuong trinh Ax+By+Cz+D =0
va diém My (xo0;y0;20). Khodng cach tir diém My dén mit phang («) dugc tinh theo
cong thic:

_ |Axo+Byo+Czo+ D|

VA% + B2+ C?

d(Mo, (@)

L\ Luu Y. Khodng cich giita hai mit phang song song (&) va (B), ki hiéu
d((a), (B )) bang khoang cich tif mot diém bat ki ctia mit phang nay dén mit

phang kia.

1. PHAN DANG BAI TAP

Dang @ Xac dinh vectd phap tuyén, cip vecto chi phuong

Cho mit phang ().
& Néu vecto 7 khac 0 va c6 gid vudng goc véi (o) thi 7 dudc goi 1a vectd phdp tuyén
cua ().
<& Néu hai vecto @, b khong cling phuong, c6 gid song song hodc nam trong () thi
d, b duge goi la cép vectd chi phuong cta (o).
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S Vidul

Cho hinh hdp chit nhat ABCD.A’B'C'D'. A
a) Tim mot cip vectd chi phuong clia mit phang | b
(ABB'A'). B i .
b) Tim moét vectd phdp tuyén cla mit phang A i
(ABB'A'). I i D
B C

< Vi du 2

Trong khong gian Oxyz, cho ba di€ém A(3;0;0), B(0;4;0), C(0;0;5).
a) Tim toa d ctia mot ciip vectd chi phuong ctia mit phang (ABC).
b) Tim toa do ctia mot vecto phap tuyén clia mit phang (OAB).

BAI TAP REN LUYEN

Cho hinh chép S.ABCD véi ABCD 1a hinh vuéng va SA | (ABCD).

a) Tim mot vectd phap tuyén ctia cic mit phang (ABCD),
(SAB), (SAD) va (SAC).

b) Tim hai cip vecto chi phuong ctia mit phang (SCD).
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w

ca
Chi ra mot vecto phdp tuyén clia mit phang (o) biét (a) di qua

a) A(—1;3;5), B(3;2;—2) va C(0;3;0);
b) M(0;3;1), N(—3;2;5) va P(—2;0;0).

Dang @ Viét phuong trinh té‘;ng quat cia mat phang

Mbi phuong trinh Ax + By +Cz+ D = 0 (trong d6 A, B,C khong dong thdi bing 0) déu

xdc dinh mot mit phang nhan 77 = (A;B;C) 1am vectd phap tuyén.

& Cong thitc: Cho (P) qua di€ém M (xg,yo,20) va mdt vecto phap tuyén iip = (a,b,c).
Khi d6, phuong trinh (P) 1a

(P):a(x—x0)+b(y—yo) +c(z—20) =0

& M6t sb cach xac dinh vec td phap tuyén thuong gip:
@ Néu (P)_LAB thi iip = AB;
@ Néu (P) 1a mit phang trung truc ctia doan AB thi (P) qua trung diém 7 ctia AB
vanp = AB;
® Néu (P) c6 ciip vecto chi phuong %, V thi np = [, V] 1a mot vectd phap tuyén
caa (P).
@ Néu (P) qua ba diém A, B, C phan biét va khong thing hang thi 77 = |AB,AC;
& Phuang trinh theo doan chian:
Cho (P) di qua A(a;0;0), B(0;b;0),C(0;0;c) v6i z
abc # 0 thi phuong trinh (P) : * + S = 1
a c
(phuong trinh theo doan chin)
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> Vidu 1l

Trong khong gian Oxyz, phudng trinh nao trong cac phuong trinh sau la phuong trinh
téng quat ctia mot mit phang?
a) x> +2y’+3z22—1=0; b) g_y+f+5:(); c) xy+5=0.

3
<> Vidu 2

Cho hai mit phang (), (B) c6 phuong trinh téng quat 1a
(a):2x+2y—3z—4=0 va (B):x+4z—12=0.

a) Tim mot vectd phap tuyén ctia méi mit phang (), (B).
b) Tim diém thudc mit phiang (&) trong s cac diém M(1;0;1), N(1;1;0).

> Vidu 3

Viét phuong trinh mit phang (P) trong mdi trusng hop sau:
a) (P) di qua diém A(2;0;—1) va c6 vecto phap tuyén 77 = (5;—2;7).
b) (P) di qua diém B(—2;3;0) va c6 cdp vecto chi phuong @ = (2;2;—1),
Vv =(3;1;0).
¢) (P) di quaba diém A(2;1;5), B(3;2;7), C(4;1;6).
d) (P) di qua ba di€ém M(7;0;0), N(0;—2;0), P(0;0;9).
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¢ Vi du 4

Trong khong gian Oxyz, cho hai diém A(1;1;1) va B(1;3;5). Viét phuong trinh miit
phang trung truc ctia doan AB.

@y—2z-6=0. By—2:4+2=0. ©y—3z+4=0. D)y+2z—8=0.

S Vidub

Viét phuong trinh ctia mit phang

a) Chita truc Ox va diém M(—4;1;2); b) Chia truc Oz va di€ém P(3;0;—7).

BAI TAP REN LUYEN

[ ooi 1 ]

a) Trong khong gian Oxyz, viét phuong trinh tong quit ctia mit phang (&) di qua diém
My (1;—2;3) va c6 vectd phdp tuyén 7 = (—2;1;4).

b) Trong khong gian Oxyz, viét phuong trinh tong quit ctia mit phang (&) di qua diém
N(3;1;—2) va cé cép vectd chi phuong 1a @ = (0;2;1), b = (—1;4;0).

¢) Trong khong gian Oxyz, viét phuong trinh ctia mét phiang () di qua ba di qua ba diém
A(2;—1;3), B(4;0;1), C(—10;5;3).
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ca 2
Miit phang (o) di qua A(—1;4; —6) va chia truc Oy c6 phuong trinh 1a
A)—2x+y+z=0. B 6x+z=0.
©3x—y—6z+1=0. D)6x —z=0.

a5 2
Cho hai diém A(4;0; 1) va B(—2;2;3). Phuong trinh nao dudi ddy 12 phuong trinh mit phang
trung truc ctia doan thang AB?

A)3x—y—z+1=0. ®3x+y+z—6=0.
©3x—y—2z=0. D)6x—2y—2z—1=0.

a4 :
Cho tt dién ABCD c6 cac dinh A(5;1;3), B(1;6;2), C(5;0;4),D(4;0;6).
a) Hay viét phuong trinh clia cac mit phang (ACD) va (BCD);

b) Hay viét phuong trinh mit phang (&) chita canh AB va song song véi canh CD;
¢) Goi A/, B, C' 1an luct 1a hinh chiéu vudng géc ctia A, B, C 1én cic truc Ox, Oy, Oz. Hay
viét phuong trinh mit phang (A’B'C’).
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w

Trong khong gian Oxyz, cho hinh lang tru OAB.O’A’B’.

Biét O 1a gbc toa dd, A(2;0;0), B(0;3;0), 0'(0;0;5).
Viét phuong trinh cdc mit phang (O’AB) va (O'A’'B’).

Dang @ Vi tri tuong dbi cha hai mit phang

& Phuong phéap: Trong khong gian Oxyz, cho hai mit phang (P): ajx +byy +c1z+
di =0va (Q) arx+byy+crz+dy =0.

nf=kny .
4 —k-dy thi (P) trung (Q).
2 ’/Tl) =k- 71_2) <
@ Neu {dl Lkd thi (P) song song (Q).
® Néu 711 khong cling phucng véi 723 thi (P) cit (Q).
@ Néu ny L i3 hay ajar +b1by+cic; = 0 thi (P) L (Q)

@Néu{

& Cha y:

@ Néu (B) song song vé6i (a): ax+by+cz+d =0 thi () c6 mot vecto phap
tuyén 1a g = ng = (a; b;c) hay (B) c6 dang ax+by+cz+m=0,véim#d.

@ Néu () qua hai diém phan biét M, N va vudng géc vé6i (@) thi () c6 mot

vectd phép tuyén la ng = [W g
® Néu (B) vudng goéc véi hai mit phang phan biét (o) va (o) thi (B) c6 mot

vectd phép tuyén 1a ng = [i1a; , ng, |-

—>
1
—> —>
Ny — nal
R l’LB ) —1—— 0%
s [ e

|
A( Tﬁb’ T”ﬁ
YAy =Sy a
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S Vidul

Trong khong gian Oxyz, cho mit phang (o) : 2x — 3y +2z+4+5 = 0.
a) Ching minh ring mit phang () : —4x + 6y — 2747 = 0 song song véi () .
b) Viét phuong trinh mit phang () di qua diém M(1; —2;3) va song song véi ().

< Vi du 2

Trong khong gian Oxyz, tim cdc cip mit phang vudng géc v6i nhau trong ba mit phang
saw: (1) :3x—2y—z—1=0; (op):2x+4y—2z4+3=0; (o3):x+2y—z=0.

BAI TAP REN LUYEN

[ ai 1] *
Trong khong gian Oxyz, viét phuong trinh mit phang (&) di qua A(—3;2;—1) va vudng géc
v6i hai mit phang (P): 2x—y+3z—1=0va (Q) : x+2y—2z+3 =0.

52 2
Cho hai mit phang (Q): x+y+3z=0, (R): 2x—y+z=0.
a) Xét vi tri tuong dbi ctia (Q) va (R);

b) Viét trinh mit phang (P) di qua diém B(2;1;—3), ddng thdi vudng géc véi (Q) va (R).
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[ a3 | "
Trong khong gian vé6i hé toa do Oxyz, cho hai di€ém A(—2;4;—1), B(1;1;3) va mit phéng
(P) c6 phuong trinh x — 3y +2z — 5 = 0. Viét phuong trinh mit phang (Q) di qua hai di€ém
A, B ddng thdi vudng géc véi mit phang (P).

Dang @ Khoang cach tur diém téi mit phang

{3} Khoang cach ti¥ mét diém dén mit phing: Cho diém M (x0;y0;20) va mat phglng
(P): ax+by+cz+d = 0. Khi do

axo+ byo+czo+d

Va2 +b?+c?

d(M,(P)) =

{3} Khoang cach giita hai mit phing song song: Cho hai mit phéng
(P): ax+by+cz+d; =0va(Q): ax+by+ cz+d, = 0 song song nhau. Khi d6

dl—dz
d((P),(Q)) = Nz )

S Vidul

Tinh khoang céch tir diém A(1;2;3) dén cic mit phang sau
a) (P):3x+4z+10=0; b) (Q):2x—10=0;

¢) (R): 2x+2y+z—3=0.
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< Vidu 2

Cho hai mit phiang (P): 2x+y+2z+12=0, (Q): 4x+2y+4z—6=0.
a) Chung minh (P)/(Q).
b) Tinh khoang cach giita hai mit phang (P) va (Q).

> Vidu 3
Tinh chiéu cao ctia hinh chép S.ABC c6 toa dd cc dinh 1a S(5;0;1),A(1;1;1), B(2;3;4),
C(5;2;3).

BAI TAP REN LUYEN

Trong khong gian Oxyz, cho (&) : 2x+3y—6z—7=0, () : 2x+ 3y —6z+ 14 = 0.
a) Tinh khoang cach tit gdc toa do va ti diém M(1;—2;3) dén ().
b) Chiing minh (o)/(f) va tinh khoéng cich gitta hai mit phang (o) va (B).
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[ i ] 2
Trong khong gian Oxyz
a) Tinh chiéu cao cla hinh chép O.MNP véi toa d cac dinh 1a 0(0;0;0), M(2;1;2),
N(3;3;3), P(4;5;6).
b) Tinh khoang céch giita hai mit phang (R): 8x+6y+70=0va (S): 16x+12y—2=0.

[oars :
Cho hinh chép ti gidc déu S.ABCD c6
canh ddy bang av/2, chiéu cao bing 2a
va O la tam clia ddy. Bang céach thiét lap
hé truc toa do0 Oxyz nhu Hinh bén, tinh
khoang cich tif diém C dén mit phang
(SAB).
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Dang @ Toan thuc t& 4p dung phuong trinh mit phing

S Vidul

Trén ban thiét k& d6 hoa 3D ctia mot canh dong dién
mit troi trong khong gian Oxyz, mot tim pin nam trén
mét phang (P): 6x+5y+z-+2 = 0; mdt tim pin khac
nam trén mit phang (Q) di qua diém M(1;1;1) va
song song vdi (P). Viét phuong trinh mit phang (Q).

¢ Vi du 2

Goc quan sat ngang cua mot camera la 115°. Trong khong

gian Oxyz, camera dugc dit tai diém C(4;2;3) va chiéu o
thang vé phia mit phang (P): 2x —y 42z — 3 = 0. Biét

viing quan sat dugc trén mit phang (P) ctia camera la hinh E
tron. Tinh dién tich cia viing quan sat d6 (1am tron két qua 115°

dén chit s6 thap phan thd nhét).
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§1. Phuong trinh mat phing

oo
Trong tiét thé duc hoc vé ki thuat chuyén bong hoi, Nam
va An dang tip chuyén béng cho nhau, Nam ném béng
cho An dd, qua bong bay 1én cao nhung lai 1éch sang phai
ctia Nam va roi xudng vi tri cach An 0,5m va cdch Nam
4,5m dudc mo ta bang hinh vé. Biét ring quy dao cia qua
béng nim trong mit phang (o va vudng géc v6i mit dat.
Viét phuong trinh mit phang ().

[eaiz |

*
Z
o«
y
(0] 0,5m
4 ’
;5111 M
X
Y

Mot phan san nha bac An c6 dang hinh thang ABCD vudng tai A va B v6i do dai AB =9 m,
AD = 5 m va BC = 6 m nhu Hinh bén duéi. Theo thiét ké ban dau thi mit san biang phang
va A, B, C, D c¢6 dd cao nhu nhau. Sau d6 bac An thay ddi thiét ké d& nu6c c6 thé thoat vé
phia géc san & vi tri C bang cach git nguyén do cao & A, giam dd cao ctia san & vi tri B va D
xudng thap hon do cao & A 1an ludt 1a 6 cm va 3,6 cm. PE miit san sau khi 14t gach van 12 bé
miit phang thi bic An cin phai gidm d6 cao & C xubng bao nhiéu centimét so v6i dd cao & A?
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Chuong 5. Phuong phép toa dd trong khong gian
[ sAi TAP

Tric nghiém nhiéu phuong an luva chon.

¢ Cau 1. Trong khong gian Oxyz, cho @ = (3;2;1), b = (3;2;5). Tinh [Zz’, 3}
(A)(8;—12;5). B)(8;—12;0). (©(0;8;12). D) (0;8;—12) .
$> Cau 2. Trong khong gian vé6i hé toa do Oxyz, cho mit phang (P): 2x+3y+z+2 = 0.
Vecto nao duéi day 1a mot Vects phdp tuyén ctia (P)?
M) 71(2;3;1). B) 72(2;3;2). (© 13(2;3;0). (D) 174(2;0;3).
$> Cau 3. Trong khong gian v6i hé toa do Oxyz, cho mit phang (P): x —2y+z—5=0.
Di€m nao duéi day thudc (P)?
(A)P(0;0;—-5). ®M(1;1;6). ©Q(2;—1;5). (D)N(-5;0;0).
> Cau 4. Trong khong gian Oxyz, vectd nao sau day khong phii 13 vecto phap tuyén ctia
mit phang (P) : x+3y—5z+2=0.
@ =(-1;-3:5). ®) 7y = (—2;—6;—10).
© 73 =(-3;-9;15). D) 74 = (2;6;,—10).
$> Cau 5. Trong khong gian Oxyz, mit phang toa do (Oxy) c6 mdt vectd phap tuyén la
@A) 7 =(0;1;0). ® 7 = (0;0;1). © 7 = (1;0;0). O 7 = (1;1;0).
$> Cau 6. Trong khong gian Oxyz, vecto nao sau day la mot vecto phép tuyén ctia (P). Biét
U = (1;-2;0), Vv = (0;2;—1) la cdp vecto chi phuong cta (P).
A7 = (1;2;0). ®7 = (2;1;2). ©7n=(2;—-1;2). ©O#r=(0;1;2).
$® Cau 7. Trong khong gian Oxyz, cho ba di€ém A(2;0;0), B(0;—3;0), C(0;0;6). Toa dd0 mot
vectd phdp tuyén ctia mit phang (ABC) 1a
A7 =(1;-23). ®7=(3;2;1). ©7n=(3;-2;1). 7 =(2;-3;6).
¢ Cau 8. Trong khong gian Oxyz, cho ba di€ém A(2;—1;3), B(4;0;1) va C(—10;5;3). vecto
nao dudi day 1 vectd phap tuyén ctia mit phang (ABC)?
A7 = (1;2;0). ®7=(1;-2;2). ©7n=(18;2). D7 = (1;2;2).
> Cau 9. Phuong trinh mit phang di qua di€ém A(1;2;3) va c6 vectd phéap tuyén
n=(-2;0;1)1a
A)-2x+z+1=0. ®—-2y+z—1=0. ©-2x+z—-1=0. O —-2x+y—1=0.
$> Cau 10. Trong khong gian véi hé toa dd Oxyz, mit phang (Oyz) c6 phuong trinh 1a
W)x=0. ®)y=0. ©z=0. Dx—y=0.
$> Cau 11. Trong khong gian véi hé toa dd Oxyz, mit phang (Oxz) c6 phuong trinh 1a
A)x=0. ®)y=0. ©z=0. Dx—y=0.
$> Cau 12. Trong khong gian véi hé toa d6 Oxyz, mit phang (Oxy) c6 phuong trinh la
A)x=0. ®)y=0. ©z=0. Dx—y=0.
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$> Cau 13. Trong khong gian véi hé toa d6 Oxyz, mdt vecto phap tuyén cia mit phang

Xy oz
(P) : _—2+__1+§— 11a
A7 = (3;6;-2). ® 7 =(2;—1;3).
©7n =(-3;-6;-2). D7 =(-2;—-1;3).

$> Cau 14. Trong khong gian Oxyz, phuong trinh mit phang qua A(—1;1;—2) va c6 vecto
phédp tuyén 7 = (1;-2;-2) la
A)—x+y—2z+1=0. B)x—2y—2z—1=0.
©x—2y—2z+7=0. D) —x+y—2z—1=0.
¢S Cau 15. Trong khong gian véi hé toa do Oxyz, phuong trinh nao sau day la phuong trinh
téng quat ctia mat phang
@x*+y+z+2=0. ®2x+y*+z+1=0.
©2x+y+z+3=0. D2x+y+z2+4=0.
$> Cau 16. Trong khong gian v6i hé toa do Oxyz, mit phang (o) cat ba truc toa do tai ba
diém M(8;0;0), N(0; —2;0) va P(0;0;4). Phuong trinh ctia mit phang (o) 1a

@ (a): x—4y+2z=0. (a):§+_i2+§:o,
©(a): 3+ +5=1. ©)(): x—dy+2:—8=0.

$> Cau 17. Trong khong gian véi hé toa dd Oxyz, viét phuong trinh mit phang di qua ba
di€ém A(1;1;4), B(2;7;9), C(0;9;13).
A2x+y+z+1=0. B®x—y+z—4=0.
©2x+y—z—2=0. D 7x—2y+z—9=0.
$® Cau 18. Trong khong gian véi hé toa dd Oxyz, cho hai di€m A(—1;2;0) va B(3;0;2). Mit
phang trung truc ctia doan thang AB c6 phuong trinh 1a
Ax+y+z—3=0. B2x—y+z+2=0.C2x+y+z—-4=0.D)2x—y+z—2=0.
> Cau 19. Trong khong gian vé6i hé toa dd Oxyz, cho ba diém A(—1;1;1), B(2;1;0),
C(1;—1;2). Mit phang di qua A va vudng géc v6i dudng thang BC c6 phuong trinh la
(A)3x+2z+1=0. Bx+2y—2z+1=0.
©x+2y—2z—1=0. D)3x+2z—1=0.
$> Cau 20. Trong khong gian v6i hé toa do Oxyz, cho diém M(2;—1;4) va mit phang
(P): 3x —2y+z+ 1 = 0. Phuong trinh ctia mit phang di qua M va song song véi mit phang
(P) la
(A)2x—2y+4z—21=0. B®3x—2y+z—12=0.
(©2x—2y+4z+21=0. D3x—2y+z+12=0.
$® Cau 21. Trong khong gian véi hé toa dd Oxyz, cho ba diém A(0;2;1), B(3;0;1), C(1;0;0).
Phuong trinh mit phang (ABC) 1a
(A)2x—3y—4z+2=0. B 4x+6y—8z+2=0.
(©2x+3y—4z—2=0. D)2x—3y—4z—2=0.
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$> Cau 22. Trong khong gian Oxyz, phuong trinh mit phang (P) di qua hai diém A(2; —1;0),
B(1;1;2) va vudng géc v6i mit phang (Q): x+y+2z—3=01a
(A)2x+4y—37—8=0. B)2x+4y—3z=0.
©2x+4y—3z+8=0. D)2x—4y—3z=0.
$> Cau 23. Trong khong gian Oxyz, phucng trinh mit phang (P) di qua diém M(2;1;—2)
va vudng géc v6i hai mit phang (Q): x+y+2z—-3=0va(R): x—y—z+4=01a
A)x+3y—2z+9=0. B 2x+y—2z—9=0.
©x+3y—2z—-9=0. D2x+y—2z+9=0.
¢ Cau 24. Trong khong gian Oxyz, cho cac diém A(5;1;3), B(1;6;2), C(5;0;4), D(4;0,6).
Viét phuong trinh mit phang (P) di qua hai diém A, B va song song véi CD.
(A)dx—5y+2z+24=0. B®x—2z+1=0.
©10x+9y+5z—74=0. (D) 10x+9y+5z+74 = 0.
$> Cau 25. Trong khong gian Oxyz, mit phang (P): 2x +y+z— 2 = 0 song song v6i mit
phang nao dudi day?

1 1
@x—I—Ey—zz—l:O. B®x—y—z—2=0.
(©dx+2y+2z+4=0. D2x+y+z—2=0.

$> Cau 26. Trong khong gian Oxyz, cho diém A(1;2;3). Mit phing chiia di€ém A va truc Oz
c6 phuong trinh la

A)2x—y=0. ®Bx+y—z=0. (©3y—2z=0. (D)3x—z =0 V0 sb.
$> Cau 27. Trong khong gian véi hé toa dd Oxyz, khoang cach tir diém A(1;1;0) dén miit
phiang (a): 2x+2y+z—1 =0 bing

1. g. %5 D)2V/2.

$> Cau 28. Trong khong gian véi hé toa dd Oxyz, mit phang chida truc Ox va vudng goc véi
miit phang (o) : 2x — 3y +4z—5 = 0 c¢6 phuong trinh 12

(A)2x—3y+4z—5=0. B4y —3z=0.

(©3x+4y=0. D4y +3z=0.
$> Cau 29. Trong khong gian Oxyz, cho hai mit phang (P): 2x — 3y +4z+20 = 0 va
(Q): 4x— 13y — 67+ 40 = 0. Ménh dé nao sau day ding?

@ (P)I(Q). ®(P)=(Q).  @P Q. ©F) L0
$> Cau 30. Trong khong gian Oxyz, cho hai mit phang (P): 2x+y — 3z — 2024 = 0 va
(Q): x+my+ 7+ 2025 = 0 v6i m 1a tham sb. Mt phang (P) vudng géc v6i mit phang (Q)
khi va chi khi

(A)m = 5. ®m=1. ©m= -5. Om=—1.
$> Cau 31. Trong khong gian Oxyz khodng cich gifta hai mit phang (P): x+2y+3z—1=0
va (Q): x+2y+3z+6=01a

7 8 5
® ® ©14. Oyt
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Trac nghiém dang sai.

$> Cau 1. Trong khong gian Oxyz, cho mit phang (P) di qua ba diém A(4;0;—3), B(3;2;3)
vaC(4;—1;-5).

a) Mit phang (P) c6 mot ciip vectd chi phuong 12 AB = (—1;2;6),@ = (0;—1;-2).

b) Mit phang (P) c6 mdt vectd phap tuyén la 7 = (2;—2;1).

¢) Mit phing (P) c6 phuong trinh 14 2x — 2y +z—5 = 0.

d) Khoang céch tir diém M (0;0;11) dén mit phang P bing 3.

$> Cau 2. Trong khong gian v6i hé toa dd Oxyz, cho diém M(1;1;—2) va mit phang
(P): 2x—y+2z—3=0.
a) Mit phang (P) vudng goc véi mit phang (Q): x+2y —3 = 0.
b) Khoang cach tir diém M dén miit phang (P) bing 2.
¢) Mit phang (P) c6 vecto phap tuyén 1a 7 = (2;1;2).
d) Mt phang di qua di€ém M va song song v6i mit phang (P) c6 phuong trinh 1a
2x+y+2z+1=0.

¢S Cau 3. Trong khong gian Oxyz, cho tam giac ABC ¢6 A(1;2;3), B(4;5;6), C(1;0;2) va
miit phang (P): x+2y—z+1=0.
a) (P) c6 mot vectd phap tuyén 77 = (1;2;—1).
b) Pi€ém A thuoc mit phang (P).
¢) Mit phang (ABC) c6 phuong trinh x +y — 2z +3 = 0.
d) Mit phiang (Q) qua A, B va vudng géc v6i mit phang (P) c6 phuong trinh 1a
3x—2y—z+4=0.

¢ Cau 4. Trong khong gian v6i hé toa dd Oxyz, cho ba di€ém A(1;2;0), B(1;0;2), C(2;1;3),
va mit phang (P): x —y+2z+7 = 0.

a) Mt phiang (ABC) c6 mot vecto phap tuyén 1a (2;1;1).

b) Miit phang (ABC) di qua diém M(3;1;5).

¢) Mit phiang (ABC) vudng géc v6i mit phang (P).

d) Khoang céch tir diém A dén miit phang (P) bang 6.

$> Cau 5. Trong khong gian Oxyz, cho mit phang (P): 10x+7y —26z+2 = 0.
a) 77 = (10;7;—26) 1a mot vecto phap tuyén clia mit phang (P).

o £ . v 1v/33
b) Khoang cach tir diém M (0; 1; —1) dén mat phang (P) bang 3

¢) Mit phang (P) vudng géc véi mit phang (Q): 10x+ 7y —26z+2 = 0.
d) Mt phang () di qua hai diém A (—2;—2;—2), B(0;—2;—1) va vuong géc v6i mit
phang (P) c6 phuong trinh dang ax + by +cz — 138 = 0. Khi d6 a + b+ c = —69.

$> Cau 6. Trong khong gian véi hé toa do Oxyz, cho diém B(3;—2;1) va ba mit phang
(o0): 2x—y+4z—5=0,(B): x+3y—2z+4=0,(y): 5x—y+z—6=0.Khi doé
a) Mit phang (y) c6 mot vecto phap tuyén 1a 7 = (5;—1;1).
b) Mt phang (&) song song v6i mit phang ().
¢) Mit phang () vudng goéc v6i mit phang (7).
d) Mit phang (P) di qua diém B va vuong géc véi hai mit phang (o), (y) c6 phuong trinh
tong quat 1a 7x+ 13y —2z+21 =0.
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¢ Cau 7. Cho hinh chép tif gidc déu S.ABCD c6 canh
day bang a+/2, chiéu cao bing 2a va O 1a tim cla day.
Thiét 1ap hé truc toa do Oxyz nhu hinh vé bén.
a) SO = (0;0; —2a) 1a mdt vectd phap tuyén clia mit
phang (ABC).
b) Mit phing (SAB) c6 phuong trinh la
—2x+2y+z—2a=0.
¢) Mit phang (P) di qua O va song song v4i mp
(SAB) c6 phuong trinh la —2x+ 2y +z = 0.
d) Iz{hoéng cich tir diém C dén mit phang (SAB) bing

—d.

3

¢S Cau 8. Trong mot bé hinh 1ap phuong canh 1 m c6 chita mot it nude. Ngudi ta dit ddy
bé nghiéng so v6i mit phang nam ngang. Biét ring lic d6 mit nudc c6 dang hinh binh hanh
ABCD va khoang céach tif ciac diém A, B, C dén diy bé tuong dng 1a 38 cm, 46cm, 50 cm.
Trong khong gian Oxyz, gbc toa dd 12 gbc clia day bé, mdi don vi trén hé truc toa do tuong
ung véi 1 cm.

a) Diém A ¢6 toa do 1a (100;0;38).

b) Mit phang ddy ctia bé nudc cé vectd phap tuyén la
n=(2;—1;-25).

¢) Khoang céch tir diém D dén ddy bé 12 42 cm.

d) Géc giita mit nudc va mit phang ddy ciia bé nudc 1a
5,1° (két qua 1am tron dén hang phan mudi).

> Cau 9.Mot nap bé nudc hinh chit nhat ABCD z
nam canh bo tuong cé kich thudc 9dm x 12 dm dugc
kéo ra tif mit san. Do tic dung ctia trong luc nén nap
bé khong thé md ra dudc néu khong c6 ngudi gii.
Nguoi ta dung mot sdi diy xich dai 15dm va kéo
cang ndi dinh C ctia hinh chit nhat v6i diém M nam
phia trén bo tuong sao cho AM = 9dm va AM vudng
goc voi mat san. Chon hé truc Oxyz nhu hinh vé, khi
d6 nip bé mé ra véi mit san mot géc « (don vi trén
mdi truc toa do tinh bang dm). B6 qua do day cia

nap bé.
a) Diém M thudc mit phang c6 phuong trinh z = 0.
b) Toa do diém C 1a C (9sina;12;9cos ).
¢) Géc giita nap bé va mit san sau khi kéo 1én 12 o0 = 60°.
d) Phuong trinh mit phang chita nip bé nudc sau khi kéo béi day xich 1a x — /37 = 0.
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¢S Cau 10. M6 hinh toan hoc sau day dudc su dung trong quan sat chuyén dong cia mot vat:
Trong khong gian v6i hé toa do Oxyz co 7, ] k lan lugt 1a cac vectd don vi trén céc truc Ox,
Oy, Oz va dd dai ctia mdi vecto don vi d6 bing 1 kilomét. Mot tén Iira phong tir vi tri gbe toa
do O theo hudng va van toc khong déi. Tén lira bay tir diém O(0;0;0) dén diém A(140;60;6)
trong 8 phuit.
a) Sau 8 phuit k€ tir lic phéng, tén ltia bay dugc quing dudng 152,4 km (lam tron két qud
dén hang phdn chuc).
b) Sau ding 4 phit ké tir ltic phong, dd cao clia tén Ita 1a 3 km.
¢) Toa do cla tén Itta sau 12 phut k€ tir lic phéng 1a (210;90;12).
d) Goi (P) 1a mit phang chiia quy dao bay ctia tén Itta va vudng géc véi mit phang (Oxy).
Phuong trinh mit phang (P) 1a 3x — 8y = 0.

Tu luan.

& Bai 1. Viét phuong trinh tdng quat ctia mit phang trong cac trusng hop sau:
a) Di qua diém A(2;0;0) vanhan 7 = (2;1;—1) lam vecto phap tuyén.
b) Di qua di€ém B(1;2;3) va c6 gia song song véi gia clia moi vects ¥ = (1;2;3) va
= (—2;0;1).
¢) biquabadiém A(1;0;—-3),B(2;1;0) va C(3;2;1).
d) Pi qua ba di€ém A(1;0;0),B(0;2;0) va C(0;0;4).
e) Diqua diém M(1;2;—1) va vudng gbc véi truc Ox.
& Bai 2. Viét phuong trinh ctia mit phang:
a) Chua truc Ox va diém M(—4;1;2);
b) Chua truc Oy va diém N(0;4; —3);
¢) Chta truc Oz va di€ém P(3;0;—7).
& Bai 3. Viét phuong trinh tdng quat ctia mit phang trong céc trudng hop sau:
a) Pi qua di€ém C(1;—5;0) va song song vi mit phiang (P) : 3x — 5y + 4z — 2026 = 0.
b) Di qua diém I(—2;4; —1) va song song vdi mit phang (Oxz).
¢) Pi qua hai diém A(1;0;1),B(5;2;3) va vudng géc v6i mit phang (B) : 2x—y+z—7=0.
d) Di qua diém A(1;2;—1) va vuong géc véi hai mit phang (P) : 4x — 2y +6z—1 =0,
(Q):2x+2y+2z—-7=0.
e) Pi qua diém M(2;3;—1), song song véi truc Ox va vudng géc v6i mit phang
(R) :x+2y—3z+1=0.
& Bai 4. Xét tinh song song, vudng goc gitta hai mit phang sau:
a) (a):x+2y—3z4+2=0va(op): —2x—4y+62—5=0
b) (B1):x+2z—5=0va(fp):4x—3y—2z+1=0
) (n):x—2y+z+3=0va(p):2x—4y+3z+2=0
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& Bai 5. Trong khong gian Oxyz, cho diém G(1;2;3). Viét phuong trinh mit phang (P) di
qua G va cat Ox, Oy, Oz lan lugt tai A, B, C sao cho G la trong tdm ctia tam giac ABC.

& Bai 6. Trong khong gian Oxyz, cho diém H(3;2;4).

a) Viét phuong trinh mit phang (P) chifa diém H va truc Oy.

b) Viét phuong trinh mit phang (Q) di qua diém H va cit cdc truc toa do Ox, Oy, Oz lan
lugt tai cac diém A, B, C (véi A, B,C déu khong tring véi gbc toa do O) sao cho H 1a truc
tam tam giac ABC.

& Bai 7. Trong khong gian vé6i hé toa dd Oxyz, cho hai mit phang (P) : x4 3y —z =0 va
(Q):x—y—2z+1=0.
a) Ching minh ring hai mit phang (P) va (Q) vudng géc v6i nhau.
b) Tim diém M thudc truc Ox va cich déu hai mit phang (P) va (Q).
& Bai 8. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh, S(—3;2;6), A(1;1;1),
B(2;3;4),C(7;7;5).
a) Viét phuong trinh mit phang (ABCD) va mit phang (SCD).
b) Tinh chiéu cao cta hinh chép S.ABCD.
& Bai 9. Cho hinh lang tru tam giac ABC.EFD v6i A(2;—1;6), B(—3;—1;—4), C(5;—1;0),
D(1;2;1).
a) Viét phuong trinh cic mit phang (BCDF), (ABFE) va (DEF).
b) Tinh khodng cich tif A dén cac mit phiang (BCDF) va (DEF).
& Bai 10. Cho hinh hop ABCD.A'B'C'D’ ¢6 A(1;0;1), B(2;1;2), D(1;—1;1), C'(4;5;-5).
a) Viét phuong trinh céc mit phang (ABCD), (A’B'C'D') va (ADD'A’).
b) Tinh chiéu cao cta hinh hop.
& Bai 11. Cho hinh hop chtt nhat ABCD.A'B'C'D’' ¢6 AB = 2a, AD = 3a, AA’ = 4a (a > 0).

Goi M, N, P 1an lugt 1a cac diém thudc cic tia AB,AD,AA’ sao cho AM = a, AN =2a, AP = 3a.
Tinh khoéng cich tir diém C’ dén mit phang (MNP).

& Bai 12. Cho hinh chép S.ABCD c6 day
ABCD la hinh chit nhat v6i AB = 2a, AD = 5a,
SA =3ava SA | (ABCD). Bing céch thiét lap
hé truc toa do Oxyz nhu Hinh bén, tinh khoang
céch tir diém A dén mit phang (SBC).

& Bai 13. Trong khong gian Oxyz, cho diém A(2;1; —1). Goi (P) 1a mit phang chia truc Oy
sao cho khodng cdch tir A dén (P) 14 16n nhét. Viét phuong trinh mit phang (P).
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& Bai 14. Trong khong gian Oxyz, cho hai mit phang (P) : 2x +my +3z—5 =0 va
(Q) : nx— 8y —6z+2 = 0. Tim gia tri cia m va n d€ (P)/(Q).

& Bai 15. Trong khong gian vé6i hé truc Oxyz, cho mit phang (P): 2x—2y+z—5 = 0. Viét
phuong trinh mit phang (Q) song song véi mit phang (P), cach (P) mot khoang bing 3 va
cat truc Ox tai diém c6 hoanh do duong.

& Bai 16. Ngudi ta thiét ké mot mdi che hinh chit nhat ABCD phia trén san khiu.

a) V6i hé truc Oxyz (don vi trén truc 1la mét) va cac kich thuée dude cho nhu Hinh vé€, hay
viét phuong trinh mit phang chifa mai che.

b) Mot cdng chio hinh chit nhat EFHG cao 4 m dugc dung vudng géc v6i mit dat. Ngudi
ta mud6n 1am cac doan day nbi thanh ngang GE vé6i mdi che d€ gin hoa va dén led. Tinh
d6 dai ngan nhét ctia mdi doan day nay.

<

A

14m

& Bai 17. Thing clia mdt may nong nghiép dugc thiét ké mo phdng trong hé truc Oxyz
la mot hinh lang tru t& gidac ABCD.EF GH véi cac dinh: A(0;1;2), B(0;1;3,5), C(0;4;3,5),
D(0;2,5:2), E(2;1;2) (Hinh vé).

a) Viét phuong trinh mit phang (EF GH) va tinh chiéu cao ctia hinh ling tru ABCD.EFGH.
b) Viét phuong trinh mit phang (CDHG) va tinh khoang cich tif diém F dén mit phang
(CDHG).
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1) Désb 1
PHAN 1. Cau tric nghiém nhiéu phuong an lua chon. Thi sinh tra 18i tir cAu 1 dén cau

12. M&i cau héi thi sinh chi chon mét phuong an.
$> Cau 1. Trong khong gian véi hé toa dd Oxyz, mit phang nhan 7 = (a;b;c) 1a vecto phap
tuyén va di qua diém I (xo;y0;z0) c6 phuong trinh la

@Wa(x—x0) +b(y—yo) +c(z+20)=0.  ®a(x—x0)+b(y—yo)+c(z—2)=0.

©a(x—x0)+b(y—yo) —c(z—20) =0. Da(x—xop)+c(y—yo)+b(z—2)=0.
$© Cau 2. Trong khong gian Oxyz, phuong trinh nao sau diy khong phai 1a phuong trinh
téng quat ctia mot mit phang?

Mx—3y+z2=0. ®z—1=0.

©6x—y+3z—1=0. D)2x—z=0.
¢S Cau 3. Trong khong gian véi hé toa do Oxyz, cho hinh hop chit nhat ABCD.A'B'C'D'.
Vectd nao 1a vectd phap tuyén ctia mit phang (ABCD)?

(&) AB. ® AC. ©AD. D)AA'.
$> Cau 4. Trong khong gian Oxyz, vectd nao sau ddy la vectd phdp tuyén cia mit phang
(P): x+3y—4z+5=0?

A7 = (3;4;5). ® 7= (1;3;—4). ©n3=(1;3;4). D) 74 = (3;—4;5).
$> Cau 5. Trong khong gian véi hé toa dd Oxyz, cho mit phing (P): x —2y+z—5 = 0.
Diém nao duéi day thudc (P)?

@P(0;0;-5). ®M(1;1;6). ©0Q(2:—1;5). D N(-5;0;0).
$> Cau 6. Trong khong gian véi hé toa do Oxyz, khoang cach tir M(1;2; —3) dén mit phang
(P): x+2y+2z—10=01a

2 4 11
A)3. —. © =. D) —.
3 3 3

$> Cau 7. Trong khong gian Oxyz, phuong trinh mit phang di qua diém M(5;1;2) va c6 mot
vecto phép tuyén 7 = (1;—2;3) la

A)5x+y+2z+9=0. B)x—2y+3z+9=0.

©x—2y+3z—-9=0. D)5x+y+2z—9=0.
¢ Cau 8. Trong khong gian Oxyz, cho ba diém A (1;2;3), B(1;1;1) va C(3;0;2). Phuong
trinh mit phang (P) di qua A va vudng géc véi dudng thang BC 1a

AW)2x—y+z—3=0. B 2x—y+z=0.

©x+2y+3z—1=0. Dx+2y+3z—7=0.
> Cau 9. Trong khong gian vé6i hé toa dd Oxyz, cho ba diém A(0;2;1), B(3;0;1), C(1;0;0).
Phuong trinh mit phang (ABC) 1a

(A)2x—3y—4z+2=0. B)4x+6y—8z+2=0.

©2x+3y—4z—2=0. ®2x—3y—4z—2=0.
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$> Cau 10. Trong khong gian Oxyz, cho mit phang (&) : 2x — 3y —z— 1 = 0. Diém nao duéi
day khéng thuoc mit phang (o)?

@M(-2;1;-8). ®Q(L:2-5). ©N(4;2;1). DP(3;1;3).
$> Cau 11. Trong khong gian Oxyz, vectd nao sau day 1a mot vectd phap tuyén ctia (P). Biét
u = (1;-2;0), v = (0;2;—1) la cdp vecto chi phuong cta (P).

A7 = (1;2;0). ® 7 =(2;1;2). ©O©7rn=(2;—-1;2). ©On=(0;1;2).
$> Cau 12. Trong khong gian Oxyz, cho A(7;6;7), B(12;13;6), mit phang (P) chia AB va
song song v4i Ox c6 phuong trinh la

A)—y—T7z+55=0. B —y—7z+53=0. (©O—y—7z+56=0. D)—y—Tz+35=0.

PHAN I1. Cau tric nghiém ddng sai. Thi sinh tra 1i ti cau 1 dén cau 4. Trong mdi y a),

b), c), d) & mdi cu, thi sinh chon ding hoac sai.

¢ Cau 1. Trong khong gian Oxyz, cho di€ém A(2;0;—3) va cdc vectd ¥ = (—1;-2;5),
V = (3;—1;—2). Mit phing (o) di qua A va nhan %, ¥ lam ciip vecto chi phuong.

a) Mot vecto phap tuyén ctia mit phang (o) 1a 7 = (9;13;7).

b) Phuong trinh mit phang (&) : 9x+ 13y +7z—2 = 0.

¢) Mit phang (&) di qua diém M(1;—2;—3).

d) Mit phang (R) di qua M song song véi (o) c6 phuong trinh x4 2y + 5z + 18 = 0.
$> Cau 2. Trong khong gian vé6i hé truc toa do Oxyz, cho hai mit phang (P) va (Q) 1an lugt
c6 phuong trinh 1a (P) : x—2y+3z+1=0va (Q): 2x—4y+6z+1=0.

a) Céc vectd phdp tuyén ctia hai mit phang trén cling phuong.

b) Hai mit phang (P) va (Q) déu di qua diém M (1;1;2).

. v V14
¢) Khoang cach gitia hai mét phang (P) va (Q) bang ST

d) Phuong trinh mit phang (R) cach déu hai mit phang (P) va (Q) : 4x+8y+12z—5=0.

$® Cau 3. Cho cdc diém A (1;-2;0); B(2;—1;1); C(1;1;2).
a) Phuong trinh mit phang (ABC) 1a x +2y — 3z —3 = 0.
b) Phuong trinh mit phing (o) qua A va vudng géc v6i BClax —2y —z—5 =0.
¢) Phuong trinh mit phang trung truc (B) ctia doan AC 1a 6y +4z —1=0.
d) Phuong trinh mit phang () chiia truc Ox va diém C 1a 2y +z = 0.

> Cau 4. Trong khong gian véi hé truc toa dd Oxyz, cho hai diém A(1;—2;1), B(0;1;—3)
va mit phang (P): x—y—3=0.
a) Piém A thuoc mit phing (P).
b) Mit phing (Q) song song vSi mit phang (P), cach (P) mot khoang bang 2+/2 va cat
truc Ox tai di€ém c6 hoanh d duong c6 phuong trinh (Q): x—y—1=0.
¢) Mit phing (P) song song véi truc Oz.
d) Mit phing (o) di qua A, B vudng géc véi mit phang (P) c6 phuong trinh
2x+2y+z—1=0.

Phan lIl. Tra I16i ngan. Thi sinh tra 16i tir cAu 1 dén ciu 6 vao 6 két qua.

> Cau 1. Trong khong gian Oxyz, cho ba di€ém A(2;1;—1), B(—1;0;4), C(0;—-2;—1).
Phuong trinh mit phang qua A va vudng géc v6i BC cé dang x+by+cz+d =0. Tinh b+c+d.
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KQ:

¢ Cau 2. Trong khong gian véi hé toa dd Oxyz, cho hai diém A(—1;2;0), B(1;1;3) va mit
phang (P): x —2y+ 3z —5 = 0. Phuong trinh ctia mit phang di qua hai diém A, B, dong thoi
vuong géc (P) 1a 2x —ay — bz + ¢ = 0. Gia tri ctia biéu thiic a + 2b + 3¢ bing

KQ:
> Cau 3. Ban vé thiét ké cia mot cong trinh dudc vé trong hé truc toa do Oxyz. San nha
thudc mit phang Oxy, dudng dng nudc thang di qua hai diém A(1;2; —1) va B(5;6;—2). Trén
dudng 6ng nude gan mot cdi khoa tai trung diém ctia AB. Tinh khoang céch tir cdi khoa dén
mat san nha KQ:

$O Cau 4. Mot san van dong duge xay dung theo mo hinh 1a hinh chép cut OAGD - BCFE
c6 hai ddy song song v6i nhau. Mt san OAGD la hinh chif nhat va dudc gan hé truc Oxyz nhu
hinh vé (don vi trén mdi truc toa do 12 mét). Mit sin OAGD c6 chiéu dai OA = 100 m, chiéu
rong OD = 60 m va toa dd di€ém B(10;10;8). Gia st phuong trinh tdng quat cia mit phang
(OACB) ¢6 dang ax+y+cz+d = 0. Tinh gid tri bi€u thic 4(a +c+d).

KQ:
$> Cau 5. Khi gan hé truc toa dd Oxyz (don vi trén mdi truc toa do 1a decimét) vao mdt ngdi
nha 1 tng, ngudi ta thdy ring mit trén va mit dudi clia mai nha thudc cdc mit phang vuong
gbéc véi truc Oz. Biét ring cac vi tri A(3; 4; 33), D(9; 8; 35) 1an lugt thudc mit dudi, mit trén
clia m4i nha. Po day ctia mai nha dudc tinh bing khoang cach gilta mit trén va mit dudi cla
mdi nha d6. Hay cho biét do day ctia mdi nha d6 12 bao nhiéu decimét? KQ:

¢ Cau 6.Mot phan san trudng dugc dinh vi béi cac A 25 m B
diém A, B, C, D, nhu hinh vé bén. Buéc dau ching
dugc 14y “thing bang” d€ cé cuing dd cao, biét ABCD
12 hinh thang vuéng & A va B v6i o dai AB=25m, 15m 18 m
AD = 15 m, BC = 18 m. Do yéu cau ki thuat, khi 14t
phang phin san trudng phai thoat nuéc vé géc san & p ———
C nén ngudi ta 1ay do cao & cac diém B, C, D xudng C
thap hon so v6i dd cao 6 A 1a 10 cm, a cm, 6 cm

tuong ting. Gi4 tri clia a biang bao nhiéu?

KQ:
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§1. Phuong trinh mat phang

2) Dé sb 2
PHAN 1. Cau tric nghiém nhiéu phuong 4n lua chon. Thi sinh tra 18i tir cAu 1 dén cau

12. M&i cau héi thi sinh chi chon mét phuong an.
¢S Cau 1. Trong khong gian v6i hé toa do Oxyz, cho hinh hop ABCD.A’B'C'D’. Cap vecto
nao 1a cip vecto chi phuong ctia mit phang (ABCD)?

(AAB,A'D. ®)AB, AD'. (©)AB, AA'. D)AB, AB'.
$® Cau 2. Trong khong gian véi hé toa do Oxyz, phuong trinh nao sau day la mot phuong
trinh tong quét cia mat phang?

Ax*>—4y+57—-6=0. ®)3x—y*+5z-6=0.

©3x—4y+57—6=0. D)3x—4y+7°—6=0.
$> Cau 3. Trong khong gian véi hé toa do Oxyz, mit phiang (P): x+y+z—1 =0 c6 mot
vectd phdp tuyén 13

A7 = (—1;1;1). = (1;—-1;1). ©wn3z=(1;1;1). D74 =(1;1;—1).
$> Cau 4. Trong khong gian Oxyz, cho mit phang (P): x — 2y +z—5 = 0. Piém nao dudi
day khong thudc (P)?

WA(2;—1;-5). (B) B(0;0;5). (©C(5;0;0). D) D(1;1;6).
$> Cau 5. Trong khong gian véi hé toa dd Oxyz, khodng céch tlf diém M (xo;yo;20) dén mit
phang (P): ax+by+cz+d=01a

laxo + byo + czo+d| |axo+by0—cz()+d|

Va2 +b2+2+d> Va2 +b2+c2

©|axo+byo+czo+d| ®|axo+cyo+bzo+d|
Va?+ b+ c? Va2 + b% + c?

¢ Cau 6. Trong khong gian Oxyz, cho ba diém A (1;2;3), B(1;1;1) va C(3;0;2). Phuong
trinh mit phang (P) di qua A va vudng géc véi dudng thang BC 1a

A)2x—y+z-3=0. B)2x—y+z=0.

©x+2y+3z—1=0. D)x+2y+3z—7=0.
$> Cau 7. Trong khong gian Oxyz, phuong trinh nao sau dy 1a phuong trinh ctia mit phang
(Oyz)?

A)y=0. B)z=0. ©x=0. Dx+3=0.
$> Cau 8. Trong khong gian v6i hé toa dd Oxyz, khodng cach tir diém A(1;1;0) dén mit
phang (a): 2x+2y+z—1 =0 bing

4 3v/2
M1, 3 — D®2V2.
> Cau 9. Trong khong gian véi hé toa dd Oxyz, mit phang di qua gbc toa dd va nhan
7 = (—1;0;3) 1am mot vecto phap tuyén c6 phuong trinh tdng quat Ia.
A)—y+3z=0. B)—x+3z=0. (©—x+3y=0. (D) —x—3z=0.

$> Cau 10. Trong khong gian Oxyz, mit phang (P) ¢6 phuong trinh x —y +2z — 1 = 0 song
song véi mit phang nao trong cdc mit phang sau diy?
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A)x+y+2z+3=0. B)2x—2y+4z—2=0.

©x+2y—z=0. D)x—y+2z+6=0.
¢ Cau 11. Trong khong gian véi hé toa dd Oxyz, cho hai di€ém A(1;2;—1), B(—1;0;1) va
miit phang (P): x4 2y —z+ 1 = 0. Viét phuong trinh mit phang (Q) qua A, B va vudng géc
véi (P).

®(Q): 3v—y+2=0. ®(Q): x+2=0.

©(Q): 2x—y+3=0. ®(Q): —x+y+z=0.
¢ Cau 12. Trong khong gian Oxyz, cho (o) song song véi gid ctia hai vects @ = (1; —2; —3),

b= (—4:2;0). Vecto nao dusi day khong phai 12 vecto phép tuyén ctia (a)?
Ani = (6;12;—6). ®n; = (1;2;-1).
©n3 = (-2;—4;2). Dng = (—3;—6;-3).

PHAN II. Céu tric nghiém ddng sai. Thi sinh tra I3i tir cau 1 dén cau 4. Trong mbi y a),

b), c), d) & mbi cau, thi sinh chon ding hoac sai.

¢ Cau 1. Trong khong gian Oxyz, cho cic diém A(1;—2;—1), B(4;1;2), C(2;3;1).
a) AB = (3;3;3).
b) Ba diém A, B, C khong thang hang.
¢) Mit phang di qua ba diém A, B, C c¢6 vectd phép tuyén 1a @ = (3;1; —4).
d) Miit phang () di qua A dong thdi song song v6i Oy va dudng thang BC c6 vecto phap
tuyén Ia 7 = (1;0;2).

$> Cau 2. Trong khong gian v6i hé toa dd Oxyz, cho diém M(2;3;—1) va mit phang
(P): x+2y—3z+1=0.
a) Vécto phap tuyén ctia mit phang (P): x+2y —3z+1=01a 7 = (1;2;-3).
b) Phuong trinh mit phang (Q) qua diém M(2;3;—1) va song song véi mit phang (P) Ia
x+2y—3z+11=0.
¢) Phuong trinh mit phang (R) di qua M(2;3; —1), song song véi truc Oy va vudng géc véi
mit phang (P) 1a3x+z—5=0.
d) Cho mit phang « di qua M(2;3;—1) cit truc Ox, Oy, Oz lan ludt tai 3 diém A, B,
C sao cho diém M 1a truc tAm clia tam gidc ABC. Phuong trinh mit phang (o) 1a
2x+3y+z+14=0.

$> Cau 3. Trong khong gian Oxyz, cho A(1;2;5) va mit phang (a): x4 2y+2z—6 = 0.
a) Vecto 77 = (1;2;2) 1a mot vecto phdp tuyén clia (o).
b) Phuong trinh mit phang (B) di qua diém A va song song véi mit phang (o) c6 phuong
trinh x+2y+2z+ 15 =0.
¢) Phuong trinh mit phang () di qua hai diém O va A dong thdi vudng géc v6i mit phang
(o) ¢6 phuong trinh 2x —y = 0.

. , 2 4
d) biém M € (a) sao cho A, O, M thang hang thi toa d6 M (3’ §;2>.

$> Cau 4. Trong khong gian véi hé toa do Oxyz, cho diém M(1;0;1) va hai mit phang
(Q): x+y—3z—-5=0,(R): x+2y—z—1=0.
a) Mit phang (R) di qua diém M.
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2 » N Py A v 2 M 7
b) Khoang fach tir diém M dén mat phang (Q) bang \/ﬁ
¢) Mat phang di qua M va song song vGi mat phang (Q) c6 phuong trinh la
x+y—3z—2=0.
d) Mit phang di qua di€ém A(1;-2;0) va vuéng géc v6i hai mit phang
(Q):x+y—-—3z2-5=0, (R): x+2y—z—1 =0 c6 phuong trinh la
Sx—=2y+z—-9=0.

Phan 111, Tra I18i ngdn. Thi sinh tra 18i tir cAu 1 dén ciu 6 vao 6 két qua.

$> Cau 1. Trong khong gian Oxyz, phuong trinh mét phang (P) di qua M(2;3;—1) dong thoi
song song véi gid cua hai vec t6 @ = (1;1;0) va v = (1;2; —3) c6 dang ax+ by +cz+2 = 0.
Tinha—b+c. KQ:

$> Cau 2. Trong khong gian Oxyz, mit phiang (P) di qua di€ém M(1;2;4) va cit cic tia Ox,
Oy, Oz lan lugt tai cac diém A, B, C sao cho do dai OA, OB, OC theo thi tu lap thanh cip s6
nhan c6 cong boi bang 2. Biét mit phang (P) c6 dang (P): 4x +my+ nz+ p = 0 v6i m, n,
p € Z. Tinh gia tri biéu thiic T = m +n+ p. KQ:

$> Cau 3. Trong khong gian véi hé toa dd Oxyz, cho hai mit phang (P): 3x—y+mz—4 =0
va (Q): 6x+ny+2z—2 = 0. Biét (P) va (Q) 1a hai mit phing song song. Gia tri cia m +n
bing bao nhiéu? KQ:

$> Cau 4. Hinh vé minh hoa mot khu nha dang xay dung dudc gan hé truc toa dd Oxyz (don
vi trén céc truc 1a mét). Mdi cot bé tong c6 dang hinh lang tru tif gidc déu va tAm clia mit day
trén 1an lugt 1a cac diém A(2;1;3), B(4:3;3), C(6;3;2,5), D(4k;0;3k). Biét ring 4 diém A, B,
C, D ddng phang, tinh gia tri cta k (viét két qud lam tron dén hang phdan muoi).

KQ:
$> Cau 5. Trong mot trd choi md phéng bin siing, mdt ngudi choi dit diém ngam tai diém O
1a giao di€ém ctia AC va BD trong cin phong hinh hdp chit nhat ABCD.A’B'C'D’ ¢c6 kich thudc
AB = 15(m), AD = 20(m), AA’ = 25(m). Ngudi chdi di chuyén trén doan BD c6 nhiém vu
bén triing mdt muc tiéu di dong trén mit phang (CB'D’). Tinh khoang cich ngan nhit tir di€ém
ngam dé dén muc tiéu (lam tron dén chit sé thdp phdn thit hai). KQ:
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$© Cau 6. Trong khong gian v6i hé toa do Oxyz (don vi trén
mdi truc toa do 12 mét), mot ngdi nha (xem hinh vé) c6 san nha
nim ngang trén mét phang (o) : y —z— 5 = 0. Hai mai nha (coi
nhu 13 hai phan mit phang) 1an lugt nam trén cdc mat phang =
(P):2x—3y+2z—6=0,(Q) : 2x+y—3z+ 10 = 0. Hdi chiéu »
cao ngdi nha tinh tif néc nha (di€ém cao nhit cia mai nha) dén

san nha 13 bao nhiéu mét (khong lam tron két qud cdc phép
tinh trung gian, chi lam tron két qud cudi cung dén hang phdn
tram)?

KQ:

— Hét—
BANG PAP AN BAI TAP CUOI BAI
Bang dip an tric nghiém nhiéu phueng 4n
1 BJ2 A3 BJ4 B|5 BJ6 BJ7 ]9 c|io AJu1 B

(12 c¢]13 A4 BJ15 cJ16 D17 BJ18 DJ19 BJ20 BJ21 (]
(22 BJ23 cJ24 cJ25 C[26 AJ27 A]28 DJ29 C|30 B|31 A]

Bang dip an tric nghiém diing sai

Cau 1. (@b(®)b(c)P()S | |Cau 2. @bp®)b)s@)s
Cau 3. (@)P()S(c)P(d)S | |Cau 4. (@s®blc)s@s
Cau 5. (@P(®)b(c)S(d)s | |Caus. (@pd)s(c)b@)s
Cau 7. (@P(®)b(c)P(d)S ||Caus. (@p®b)s ()PP
Cau 9. (@)s()S(c)S(d)P | |Cau 10. (@Pb)b(c)s@)s
BANG PAP AN DE KIEM TRA CUOI BAI
\ PESO 1
PAP AN PHAN I

1. B][2. A][3. D][4. B|[5. B]|6. D][7. c]|[s8. A][9. C]
110. D] [11. B][12. A]

PAP AN PHAN II
Cau 1. (@b(d)s(c)s(ds ||Cau2. (@b®)s(c)s@b
Cau 3. (@s (@ b(c)P(d)S ||Cau 4. ORIONIOEICOE
DAP AN PHAN III
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Cau 1. Cau 2. Cau 3. Cau 4. Cau 5. Cau 6.

—lo9 2| 4 1,15 s 2 117,12
PE SO 2

DAP AN PHAN I

1. A][2. c][3. c]l4. A][5. c]l6. A][7. c]|[s. A][9. B]

[10. D|[11. B][12. D|

PAP AN PHAN II

Cau 1. (@P(®)D(c)P(d)S | |Cau 2. OEIONIORICOE

Cau 3. (@b(d)s(c)P(d)P | |Cau 4. (a)s()s ()PP

PAP AN PHAN III

Cau 1. Cau 2. Cau 3. Cau 4. Cau b. Cau 6.

5 \—9 ~1 IE: 1ol . [8lllel.l3]6
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§2 PHUGNG TRINH DUGNG THANG
I. LY THUYET CAN NHO

1) Phuong trinh dudng thing trong khéng gian

Vectd chi phuong ctia duong thang

Vecto d # 0 c6 gia song song hodc trung véi duong @
thang d dudc goi la vectd chi phwong cia d.

L\ Luu Y. Néu @ la vectd chi phuong cta d thi kd@ (k # 0) ciing 1a vectd chi phuong
cuad.

Phuaong trinh tham sb ctia dudng thang

Trong khong gian Oxyz, phuong trinh tham s clia dudng thang d di qua diém
My(x0;y0;20) vanhan d = (ay;az;a3) lam vecto chi phuong ¢6 dang:

X =Xx9+at
y=yo+ax viit€R (tdugc goilatham sb )
z=2z0+aszt

L LuuY.
X =Xxo+at

a) Trong phuong trinh tham sd ctia dudng thang d : { y = yo + aot, mdi gia tri clia

Z=20+ast
tham s ¢ x4c dinh duy nhit mot diém M trén d va ngudc lai.

b) Tif nay dé cho gon, trong phuong trinh tham sd ctia dudng thang, ta khong viét
teR.

Phuong trinh chinh tic cia dudng thing

Trong khong gian Oxyz, cho dudng thing d di qua diém Mo (xo;yo;20) Va ¢ vecto
chi phuong @ = (a1;a2;a3). Néu ay,as,az déu khac 0 thi hé phuong trinh

dudc goi 1a phwong trinh chinh tdc cia dudng thing d.
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2) Vi tri tuong dbi giita hai dudng thing. Diéu kién dé hai dudng thing vudng
goéc

Diéu kién dé hai dudng thing song song hoic triing nhau

Goi @ = (a1;a2;a3) va d' = (d;dy;d) 1an lugt 1a vecto chi phuong cta hai dudng
thang d va d’. Goi M(xo;y0;20) 12 mot diém trén d.

e @—kd, keR
Méd

e d=kd, keR

B Med

L\ Luu Y. Cho dudng thang d di qua diém M va c6 vecto chi phuong @, dudng thang
d’ di qua di€ém M’ va c6 vectd chi phuong '
a) Néu ba vecto @, d ,MM' cing phuong thid = d’.

b) Néu hai vecto Zz’,c? cung phuong va hai vects @,MM’ khong cung phuong thi
dild'.

Diéu kién dé hai dudng thing cit nhau hodc chéo nhau

Cho hai dudng thang d va d’ c6 phuong trinh tham sb 1an lugt 1a:

X =xo+at x = xy+ayt’

N !/
d:qy=yo+ayx  va d:qy=y;+ayt
z=2z0+ast z=zy+ayt’

Goi @ = (a;az;a3) va d' = (a};ab;a}) lan lugt 1a vects chi phuong cta d va d'.

xo+ a1t = xj +ajt’
Xét hé phuong trinh dn 7 vat': § yo+aot =y} + dht’
20 +ast = 2+ ajt’
e d vad' cat nhau khi va chi khi hé trén c6 ding mot nghiém.
e d va d' chéo nhau khi va chi khi @, d’ khong cing phuong va hé trén vo
nghiém.
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Q Luuy.
(1) Khi xét vi tri tuong d6i clia hai dudng thang, ngudi ta thudng xét tinh cing
phutong cia hai vectd chi phuong ctia hai duong thang do:

& Néu hai vecto chi phucng cuing phuong thi hai dudng thang d6 song song
hoac trung nhau.

¢ Néu hai vecto chi phuong khong cung phuong thi hai dudng thang d6 cat
nhau hoac chéo nhau.

(2) Trong khong gian Oxyz, cho dudng thing d di qua diém M, _c)é vectd chi phuong
d, va duong thang d’ di qua diém M, c6  vectd chi phuong a'. Trong trudng hop
@, d’ khong cung phuong, nghia 1a [@,d’] # 0:

& Néu [@,d'] - MM = 0 thi d va d’ ciit nhau.
& Néu [@,d]-MM' # 0 thi d va d’ chéo nhau,

Diéu kién dé hai dudng thing vudng géc

Cho hai dudng thang d va d’ c¢6 vecto chi phuong 1an ludt 12 @ = (aj;az;a3) va
a = (d};dy;d5). Tacod

dld & d-d=0%ad +ad,+azds =0.
1. PHAN DANG BAI TAP

Dang @ Xac dinh vectd chi phuong ctia dudng thing va diém thuéc
dudng thang

Cho dudng thang d.
® Néu i # 0 va c6 gia song song hoic trung véi d thi i 1a vec to chi phuong clia d.
@ Néu d qua hai diém A vd B thi d c¢6 mot vec to chi phuong 1a AB =
(XB —XA5YB — YAIB — ZA)-

® Néu d vudng géc véi gia clia hai vec to @, b khong cung phuong thi d ¢ mot vec
td chi phuong 1a ¥ = [d, 3]
X =Xx0+ut
@ Cho dudng thang d: { y=yo+ust (t €R)thi
2 =20+ ust
e Mot vecto chi phuong clia d 12 @ = (uy;up;u3) (hé s6 clat).
e Mubn x4c dinh toa d6 mot diém thudc d, ta chi can cho trude gid tri cu thé cla
tham s6 ¢, thay vao hé phuong trinh tinh x, y va z.
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S Vidul

Cho hinh hop ABCD.A’B'C'D/, duong thang d di qua A va C. Tim bdn vectd c6 diém
dau va diém cudi trong cac dinh ctia hinh hop di cho va 1a vectd chi phuong clia d.

< Vidu 2
x=—1+4+2¢

Trong khong gian Oxyz, cho dudng thang d : { y = 3 — 3¢

z=>5+4t
a) Hay tim toa do mot vectd chi phuong cia d.

b) Hay tim toa do clia cic diém thudc d ting véi cac gidtrit = 0,1 = —1,¢ = 2.

<> Vidu 3

Trong khong gian véi hé toa do Oxyz, cho dudng thang d c6 phuong trinh chinh tic
x—3 y+2 z

36
a) Tim toa do mét vectd chi phuong cua d.
b) Trong hai di€ém A(1;—5;—6) va B(3;—2;1), di€ém nao thudc d?

BAI TAP REN LUYEN

i1 z

x=1-—t
Cho duong thing d : { y=2+3¢ (¢ € R). Tim mdt vecto chi phuong va hai diém thudc
=2+t

dudng thang d.
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iz z
Trong khong gian Oxyz, cho hinh chép O.ABC ¢6 A (2;0;0),B(0;4;0) va C (0;0;7).
a) Tim toa do mot vectd chi phuong ciia duong thang AB, AC.

b) Vecto Vv = (—1;2;0) c6 1a vecto chi phuong clia dudng thang AB khong?

[ scis | z

2 - 1 1 2 - 2 2y A v A hS
Cho duong thang d : XT = }% = % biém nao trong cac diém dudi ddy nam trén dudng

thang d?
(A)P(5;2;5). ®) Q(1;0;0). ©M(3;2;2). DON(1;-1;2).

Dang @ Viét phuong trinh tham s6, chinh tic clia dudng thang

@ Phuang phap chung: Ta can xdc dinh véc to chi phuong ¥ va mot diém M thudc
dudng thang.
@ Mot sb kiéu xac dinh véc to i thudng gip:
® d qua hai diém A, B thi ¥ — AB = (XB — XA3YB — YA ZB — Z4)-
@ d song song vdi A thi @ = uy.
@ d vudng goc véi (P) thi ¥ = Wp.
@ d vudng g6c vAi gid clia hai véc to @ va b (khong ciing phuong) thi 7 = [d, Z]

\.

> Vidul

Trong khong gian Oxyz, cho dudng thang d di qua diém M(2;—2;1) va cé vecto chi
phuong d = (1;—1;2).
a) Viét phuong trinh tham sb ctia dudng thang d.

b) Trong hai di€ém A(3;—3;3) va B(1;—1;1), diém nao thudc d?
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¢ Vi du 2

Trong khong gian Oxyz, viét phuong trinh chinh tic ctia dudng thang d, biét:
a) Puong thang d di qua diém M(4;2;—1) va c6 vectd chi phuong @ = (—1;—4;3).
x=2—t
b) Pudng thang d c6 phuong trinh tham s6 12 { y= —1+42¢ .
z=3-3t

> Vi du 3

Trong khong gian Oxyz, cho dudng thiang d di qua A(6;—2;3) va c6 vecto chi phuong
d=(2;2;-1).

a) Viét phuong trinh tham sb cta d.

b) Tim diém M thudc d biét OM =17.

¢ Vi du 4

Trong khong gian Oxyz, viét phuong trinh tham sb va phuong trinh chinh tic clia dudng
thang di qua hai di€ém A(1;2; —1) va B(2;4;0).
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<> Vidu b

Trong khong gian Oxyz, 1ap phuong trinh tham s va phuong trinh chinh tic (néu c6)

ctia dudng thang d trong cic trudng hop sau:
. R 2 —1 1
a) d di qua diém M va song song vGi duong thang A: XT = )% = il
b) d qua diém M(3;2;—1) va vudng géc véi mit phang (P): x+z—2 = 0.

¢) d di qua diém M(1;2;1), dong thoi vudng géc véi cd hai dudng thing
x—2 y+1 z—-1 | x+1 y—-3 z-—1
A — — Ay — .
YT T T T 2 T

BAI TAP REN LUYEN

[ s | x

Trong khong gian véi hé toa d6 Oxyz, viét phuong trinh tham sd va phuong trinh chinh tic
clia dudng thang A trong mdi trudng hop sau

a) A di qua diém A(—1;3;2) va c6 vecto chi phuong @@ = (—2;3;4);

b) A di qua hai diém M(2;—1;3) va N(3;0;4).

(a2 ] z
Trong khong gian Oxyz, cho tam gidc OAB vé6i A(2;—3;4),B(—4;5;0). Viét phuong trinh
tham s6 va phuong trinh chinh tic (néu c6) ctia dudng thang AB va dudng thang chia dudng

trung tuyén ké tit O clia tam gidc OAB.
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Dang @ Vi tri tuang dbi cha hai dudng thang

Cho d qua diém M va c6 véc to chi phuong i'; d’ qua diém N va c6 véc to chi phuong V.
® Néu # cung phuong V (& = kV)vaM ¢ d' thid/d'.
@ Néu # clng phuong V (% = kV) va M € d’' thi d trang véi d'.
® Néu [@,V]-MN # 0 thi d va d’ chéo nhau.
@ Néu [@,V]-MN =0 thi d va d’ cit nhau.

® Néu -V = 0 thi d va d’ vudng géc nhau.

S Vidul

Trong khong gian Oxyz, xét vi tri tuong dbi gitta hai duong thang d va d’ trong mbi
trusng hop sau. Néu ching cit nhau, hay xéac dinh toa do giao diém.

x=2+473t x=8+9/
a)d: {y=3+2tvad: {y=T+6t
z=4+2t 7=8+6t
x y-3 z—=1 ., x=5 y=5 z-3
b)d: —=—=——vad": = = ;
) dig =73 2 VAT 6 4
x=2 4 1 5
. X — y— z7—
d: =342t vad': = = :
2 y=>+sva 3 4 5
z=1—t
2 3 2 ¥=3
X — y_ - < g/
d d = = d: =T7+2t
) 3 1 3 va y 5+
=5—1
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BAI TAP REN LUYEN

a1 z
Trong khong gian Oxyz, xét vi tri tuong dbi gitta hai dudng thang d va d’ trong méi trudng
hop sau. Néu chiing cit nhau, hiy xdc dinh toa do giao diém.

x="T7+4t
a)d:<y=3-2t vad T = =

7=2—-2t
y z—l o x=2 y-9 z-5
b) d: —:—— d = = .
) 3 va 3 3 4
x=2t ) |
N X— y z+
_ _ d/ — L
y=l=t vadi—m ==
z7=2-—3t
X 4 — z—1 x—2 y—1 z—1
g d’: = _—
1 2 Ve 3 2 9 °
x=ot 9 13 1
e)d:qy=-3+2t vad x; _y—3 _Z—_l
=4t

[ ez ;
x+1 y—-1 z-2 . x=3 vy z—l

] 2 -m =3 11

tri thuc cia m dé€ d; vudng goc d,.

(A)m =5. ®m=1. ©m=-5. O)m = —1.

Cho hai dudng thang d; :
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Dang @ Vi tri tudng d6i cia dudng thing va mat phang

X = Xxo + uyt
Xét duong thang d: { y = yo+ust va mit phang (P): Ax+By+Cz+D =0.
7 =20+ ust
{¥ Phuang phap: XétdN(P) = A(xo+uit) +B(yo+uat) +C(z0 +ust) +D=0 ()
e Néu (*) c6 ding 1 nghiém ¢ thi d cét (P);
e Néu (*) vo nghiém thi d song song (P);

e Néu (*) nghiém diing v6i moi 7 thi d nam trong (P).
{¥ Dic biét: V6i u 1a véc to chi phuong clia d va 77 12 véc to phap tuyén ctia (P) thi

—>

d 1 (P) < u cung phuong v6i 7 hay ¥ = k- 71t

S Vidul

Xét vi tri tuong d6i gitta dudng thang va mit phang dudc chi ra § cdc cau sau:
x=2—t

a) (a): y+2z=0vad: y=4+2t.

z=1
x=—1+2t
b) (P):3x—3y+2z—5=0vad: cy=3+4t (t€R).
z=73t
., o x+1 y z—1
¢) (P):3x—3y+2z+1=0vad: ===

BAI TAP REN LUYEN

[ 561 | *

. —1 —1 o .
Cho duong thang d : XT = LZ = ZT Tim toa do giao diém M cta dudng thang d véi

mit phang (Oxy).
AM(—1;2;0). B M(1;0;0). ©M(2;—1;0). D)M(3;-2;0).
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ooz g
Tim diéu kién cta tham sb m dé

a)A:x—IO:y—Zzz—I—Z
5 1 1
x—1 y+1  z—1
2 3 -1

vuong goc véi (P) : 10x+2y+mz+11=0.

b) d: song song véi (a): —x+m?y+mz+1=0.

Dang @ Hinh chiéu, d6i xing

@ Bai toan 1:Tim hinh chiéu vuéng géc cha diém M trén (P):
e Viét phuong trinh dudng thang MH qua M va M np
nhan 7p 1am véc to chi phuong; [
e Giai hé gita duong MH v6i mit phang (P), tim i |
t. Tu do, suy ra toa do H. /( *H
Luu y: Goi M’ dbi xiing v6i M qua mit phing (P) P |
thi J
Xy = 2xp — XH M
Yot = 29m = YH -
/
iy =22m—H
@ Bai toan 2: Tim hinh chiéu vudng géc cha diém M trén d:
e Tham s6 diém H € d theo an t; M
e Gidi MH -uj =0, tim ¢. Tix d6, suy ra toa do H. g
Luu y: Goi M’ dbi xiing v6i M qua mit phang d thi 7 J
/
Xy = 2Xp — XH
/ M/
Ym = 2YM —YH -
Z;M =22 —ZH
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§2. Phuong trinh duong thang

S Vidul
x+1_y+2_

Cho diém M(2;—3;1) va dudng thang d : 5 =

a) Tim toa do hinh chiéu vuong géc ctia diém M 1én d.

NSRS

b) Tim toa do diém M’ dbi xing vé6i diém M qua d.

¢ Vi du 2

Cho diém M(2;7;—9) va mit phang (P): x+2y—3z—1=0.
a) Tim toa do hinh chiéu vudng géc ctia M trén mit phang (P).

b) Tim toa do diém M’ dbi xing véi di€ém M qua (P).

BAI TAP REN LUYEN

a1 | 2
Toa dd hinh chiéu vudng géc ctia diém A(2; —1;0) 1én mit phing (P) : 3x —2y+z+6=01a

Aa)(5;-3;1). ®)(—1;1;-1). ©(1;1;1). D) (3;—-2;1).
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o :
Cho mit phang (P) : 2x+2y —z+9 = 0 va diém A(—7; —6; 1). Tim toa do di€ém A’ dbi xting
v6i diém A qua mit phing (P).

WA'(1;2;-3). ®A'(1;2;1). (©A'(5:4;9). DA'(9;0;9).

Dang @ Toan thuc té 4p dung phuong trinh dudng thing

¢ Vi du 1

Trén phan mém thiét ké chiéc cau treo, cho dudng thang d trén tru cau va dudng thang
d’ trén san cau c6 phuong trinh lan lugt 1a:

x=0 x=20
d:{y=0 va d': y=rt
z7=50+t¢ z=150

Xét vi tri tuong dbi d va d’.
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<S> Vidu 2

Trong khong gian Oxyz, mit mot ngudi quan sat ¢ diém M(2;3;—4) va vat can quan
sat dit tai diém N(—1;0;8). Mot tim bia chin dudng truyén ctia anh sang c6 dang hinh
tron v6i tim 0(0;0;0), ban kinh bang 3 va dit trong mit phang Oxy.

a) Viét phuong trinh tham sb ctia
dudng thang MN.

b) Tinh toa dd giao di€m D cla

dudng thang MN véi mit phang
Oxy. ‘ __———“"—X/
¢) Hoi diém D c6 nim gifta hai —— \¢

di€m M va N hay khong?

BAI TAP REN LUYEN

Trong khong gian Oxyz, c6 hai vat thé lan lugt xuat
phat tir A(1;2;0) va B(3;5;0) véi van tdc khong déi

tuong tng 1a v = (2;1;3), vV, = (1;2;1). Hoi trong /\
qud trinh chuyén dong, hai vat thé trén c6 va cham / \\
vao nhau khong? A
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ez 2
Trong khong gian Oxyz cho trudc (1 don vi=lcm), c6 mot chi kién vang va mot chi kién
den bo trén hai soi ddy thang khac nhau. Gia st tai thdi diém ¢ (tinh bang phiit), kién vang
& tai vi tri (6+1;8 —1;3 41) trén dudng thang d;. Cung thoi diém do6, kién den & tai vi tri
(1+4£;2+1;2¢) trén dudng thang ds.

a) Chiing minh rang hai chi kién bo trén hai dutng thang chéo nhau.

b) Tinh khoang cach giita hai chi kién tai céc thoi diém ¢ =0 vat = 10.

c) Hoi tai thdi diém nao thi khoang cich giita hai chu kién 12 nhdé nhit? Tinh khoing
cach do.
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[ sAi TAP

Tric nghiém nhiéu phuong an luva chon.

x=1+3¢
$> Cau 1. Trong khong gian Oxyz, cho dudng thang d c6 phuong trinh { y=8—r trong

7=06t
do r € R. Mot vecto chi phuong cua d 1a

Ay = (3;—-1;6). ® u;=(1:8;6). © 3= (1;8;0). D 4= (3;—1;0).

-3 y+1 z+2

> Cau 2. Trong khong gian Oxyz, cho dudng thang d: a 1 > . Vecto nao

duéi day 1a mét vectd chi phuong cua d?

A3 =3;—1;-2). ®us=(4:2;3). (©Our=(4-2:3). Ou=(3;1;2).
$> Cau 3. Trong khong gian véi hé toa do Oxyz, phuong trinh nao sau day la phuong trinh
chinh tic ctia duong thang?

x—=9 y—-1 z+7 x—1 y—=2 z+43
®3_11_14' 4y_5_6'
x+7 y+8 z+9 x—13 y—14 z-15
©10_111_12‘ ®16_17_18z'

$© Cau 4. Trong khong gian v6i hé toa do Oxyz, phuong trinh nao sau day c6 dang la phuong
trinh tham s6 ctia dudng thang?

x=1+2¢ x =341 x=9+17t x=15+41

A< y=—3+4 y =942t ©< y=8+2t DS y=25+Vrt

z=5-"t. z=—6+11r. 7= —12+1¢% z=35—1.
x—=3 y—4 z+5

$> Cau 5. Trong khong gian Oxyz, cho dudng thang d: . Piém nao

2 -5
sau day thudc dudng thang d?

(AM(3;4;-5). B)N(2;-5;3). ©P(-3;—4;5). D 0(2;5;-3).
$> Cau 6. Trong khong gian Oxyz, dudng thang A di qua M(1;2;—3) va nhan vecto ¥ =
(—1;2;1) 1am vecto chi phuong c6 phuong trinh chinh tic 1a

x—1 y—2 z+43 x+1 y+2 z-3

1 2 1
x—1 y=2 z-3 x—1 y=2 z+3
©1_2_—1' ®—1_2_1'

$> Cau 7. Trong khong gian Oxyz, phuong trinh dudng thang di qua hai diém A(2;3;—1) va
B(2;3;-2) la

x=2+t¢ x=2
A){y=3+t (teR). y=3 (t eR).
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x=2 x=2+t
©<qy=3+t (teR). D<y=3 (r €R).
z=—1+t¢ z=—1+t¢

$> Cau 8. Trong khong gian Oxyz, phucng trinh tham sb cta dudng thang di qua diém
M (2;0;—1) va c6 vectd chi phuong d = (2;—3;1) la

x=2+2t x=—2+4¢ x=2+2t x=—-2-+2t
®iy=-3 . y=—6t . ©ly=—3% . ®y=-u
z=1—t z=1+4+2t z=—1+1¢ z=1+t

$© Cau 9. Trong khong gian Oxyz, vectd nao sau day la mot vectd chi phuong cuia truc Oy ?

@7 =(1;0,0. ®F=(0:10. ©k=(0:;0:1). ©®u=(L11).

x=1+2t
$> Cau 10. Trong khong gian Oxyz, dudng thang ¢ y =3 —¢ khong di qua di€ém nao?
z=1—t
(A)Q(3;2;0). B)N(5;1;—1). (©A(1;3;1). D)P(0;1;2).

$> Cau 11. Trong khong gian Oxyz, phuong trinh dudng thang di qua diém P(1;1;—1) va
6 vecto chi phuong @ = (1;2;3) 1a

x—1 y-1 z+1 x+2 y+3 z+2
@1_2_3‘ e R

x—1 y—1 z+1

x—1 y=2 z-3

© 11 -1 © 2 3 2
x=2—t
$> Cau 12. Trong khong gian Oxyz, cho dudng thang d: { y = —1+2¢. Piém nao dudi day
z=3-3¢
thuoc d?

A)O(1;-2;3). B P(—1;2;-3). ©M(2;—1;3). DO)N(-2;1;-3).
$> Cau 13. Trong khong gian Oxyz, cho dudng thang d vuong géc v6i mit phang (&) ¢
phuong trinh x 427+ 3 = 0. Mt vectd chi phuong cua d 1a

A)d = (1;0;2). ®d=(2;—-1;0). ©d=(1,2;3). O d = (2;0;—1).
—1 _ y+3 _ 72—2

$> Cau 14. Trong khong gian Oxyz, cho dudng thang d : a 3 > — Phuong
trinh tham s6 ctia dudng thang d 1a
x=143t x=—143t x=3—t x=—3+t
M) y=—3+2t. y=3+2t . ©O<Ky=2+3 . O{y=-2-3t.
z=2—t 7=—2—t z=—1-2t =142t
> Cau 15. Trong khong gian Oxyz, cho hai dudng thang d; : x;l = yI7 = Z;3 va
d>: )3—6 = ))_;23 _zt4d cat nhau tai diém M c6 toa do bang

AM(0;3;—4). ®M(1;7;3). ©M(-3;5;-5). [DM(3;-5;5).
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$> Cau 16. Trong khong gian Oxyz, dudng thiang di qua A(3;5;7) va song song v6i dudng
x—1 y=-2 z-3

thang d : 1

) 3 5
x=1+3¢ x=2-+3t x=-3+2¢ x=3+2¢
A){y=2+5t. y=345t. ©{y=-5+3t. DO<{y=5+3t.
z=3+7Tt z=4+7Tt z=—T+4t z=T+4

$> Cau 17. Trong khong gian véi hé truc toa dd Oxyz, cho mit phang (P) c6 phuong trinh 1a
2x+y—5z+6 =0 . Phuong trinh dudng thing d di qua diém M(1;—2;7) va vudng goc v6i
(P) la

x+1 -2 z+7 x—1 -2 z-1
(A)d: 21:y_12:_57. ®)d: 22:y11:_55.
X — + Z— X — — 2+
©d: 2:y1:_5. D)d: lzy_2:7.
$> Cau 18. Trong khong gian véi hé toa do Oxyz, cho hai dudng thang d': %c:y;ll:z—i—TZ
x=—1+2t
vad': { y=1+t .Khang dinh nio sau dy la khang dinh diing?
z=3
(A)d va d’ chéo nhau. d song song véi d’.
(©)d trung véi d'. (D)d cit d’ tai diém A(0;1;—2).

$> Cau 19. Trong khdng gian Oxyz, cho hinh hop ABCD.A'B'C'D’. Biét ring B(—1;1;3),
C(—1;—1;2), D(1;0;—2), D'(2;—2; —3). Tim mot vecto chi phuong ctia dudng thang AA’.

AU =(1;-2;1). ®u=(1;2;1). ©u=(-1;,-2;1). ©®u=(1;-2;—1).

/

x=14+2t x= -2t
$> Cau 20. Trong khong gian Oxyz, cho hai dudng thangd: { y=2—2r vad': { y=—5+3¢.
z=t z=4+1
Xét vi tri tuong d6i gitta dudng thang d va d’?
(A)Cit nhau. Song song. (C) Trung nhau. (D)Chéo nhau.
1 2 -4 Y=o
$> Cau 21. Chody: x_—2 = y_: = Z; vady: { y=—t .Timm d€ d, va d, vudng
z=2+mt

goc v6i nhau
@A) —1. 1. © -2. D)?2.

$> Cau 22. Trong khong gian Oxyz, cho d 1a duong thang di qua di€ém A(1;2;3) va vudng
gbéc v6i mit phang (&) : 4x +3y — 7z + 1 = 0. Phuong trinh chinh tic ctia d 1a

x—1 y—-2 z-3 x—1 y—-2 2z-3
@—4_—3_—7‘ 4_3_—7'
x—4 y-3 z+7 x+1 y+2 z+43
©1_2_3‘ ®4_3_—7'
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Chuong 5. Phuong phép toa dd trong khong gian

$> Cau 23. Trong khong gian Oxyz, mot vién dan dudc ban ra tir diém A(2;1;—1) va trong
3 gidy dau dan di v6i van tc khong d6i, vecto van tdc (trén gidy) 1a V = (1;3;—2). Hoi vién
dan ban tring muc tiéu ndm & diém nao sau day?

(AM(4;0;-2). B)N(—1;1;-3). ©P(4;7;,-5). D 0(3;9;—6).

. —1 3 z-3
¢S Cau 24. Chodubngthéngd:x i :y—; _<

Tim toa do giao diém cta d va (P).

A)(2;1;1). ®)(0;—1;4). ©(1;-3;3). D (2;-5;1).
Trac nghiém ding sai.

$> Cau 1. Trong khong gian Oxyz, cho dudng thang d': a = =

va mit phang (P) : 2x+y—2z+9=0.

a) Piém M(1;3;2) nim trén dudng thang d. 1 ?
b) Mot vectd chi phuong cia d la v = (1;3;2).
x=1+4t¢
¢) Pudng thang d song song véi dudng thang A: { y=3—1 .
=242
x=-3t
d) Dudng thang d va dudng thang d’: { y=1 la hai duong chéo nhau.
y=—-1-3t

$© Cau 2. Trong khong giarg vGi hé t?lzuc toa do Oxzz, cho 112ai dubn% thang A, A, lan ludt c6
N X y— z+3 X+ y+ Z—

phudngtrmhlajAlz 1= 1= valA;: =T T

a) buong thang A; c6 mot vects chi phuong 1a uy = (1; —1;2) va di qua di€m A(—1;4; —5).

b) Pudng thang A, khong cit truc toa dd Oz.

¢) Puong thang A; song song v6i dudng thang A;.

d) Dudng thang A; va dudng thang A, 1a hai dudng thang chéo nhau.

x=142¢
$> Cau 3. Trong khong gian Oxyz, cho dudng thang { y =3 +1 .
z=4->5t

a) Mot vecto chi phuong ctia duong thang Ala @ = (1;3;4).
b) Piém A(5;5; —6) thudc dudng thang A.

x=2+3t
¢) Pudng thang d: { y=4r vuong géc véi duong thang A.
7=3+2t

d) Pudng thang A cit mit phang (Oxz) tai diém M(—5;0;19).
x=1-2u
$> Cau 4. Trong khong gian Oxyz, cho diém A(2;3;4) va dudng thang d: { y=2+4u ,

z7=1—u
uecR.
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§2. Phuong trinh duong thing

a) Piém M(1;2;1) thudc dudng thang d.
b) Pudng thang d c6 mdt vecto chi phuong 7 = (2;—1;1).
¢) Pudng thang A di qua diém A va song song v6i dudng thang d c6 phuong trinh tham sb

x=242t
lady=3+t ,teR
z=4+t1

d) Pudng thang A di qua diém A va song song véi dudng thang d ¢6 phuong trinh chinh tic
I x y—4 z-3
2 -1 1
x+1  y+3  z+2

1 2 2

$> Cau 5. Trong khong gian Oxyz, cho dudng thang d:
A(3;2;0).
a) Puong thang (d) di qua diém A(3;2;0).
b) Puong thing (d) c6 mdt vecto chi phuong 1a 7@ = (—1;—3;-2).
¢) H(1;1;2) 1a hinh chiéu ctia A 1én dudng thang d.
d) A’(—1;0;4) 1a diém d6i xiing véi A qua dudng thing d.

va diém

$> Cau 6. Trong khong gian Oxyz, cho mit phang (P): x —2y+3 = 0 va diém A(2;1;2).
a) Khoang céch tir diém A dén (P) bang

V5
b) Puong thang d di qua di€ém A va vudng goc véi mit phang (P) c6 phuong trinh tham s6
x=2+t
ady=1-2r.
z=2

¢) Mit phing (Q) qua 2 diém B(1;1;0), C(—2;1;1) va vudng géc véi mit phiang (P) c6
phuong trinh (Q): 2x+y = 0.
d) Puong thang d’ 1a giao tuyén ctia hai mit phang (P) va (Q) c6 phuong trinh tham s 1a

x=-3+4

y=2t

i=2
2

> Cau 7. Trong khong gian v6i hé toa dd Oxyz, cho hai diém A(—3;1;2), B(1;5;—2) va
mit phang (P) c6 phuong trinh tdng quat 14 2x — 4y +4z+3 = 0.

. ) . .1
a) Khoang cach tir diém A dén mat phang (P) bang ¢
b) Goi dudng thiang d di qua A va vudng géc véi (P). Phuong trinh tham sb clia dudng

x= -3+t
thangdla{y=1-2¢ ,(t €R).
=242t

¢) Goi (o) 1a mit phang di qua hai diém A, B dong thdi vudng géc véi mit phang (P). Miit
phang (&) c6 phuong trinh tdng quét 12 5Sx — 4y +z+ 17 = 0.

2 3 2 . N 2 N N < A >
d) Cho diém M (—E;O;O> thuoc mat phang (P). Goi dudng thang A la hinh chiéu cua
dudng thang BM 1én (P). Pudng thang A c6 mot vectd chi phuong 1a 77 = (68;44;10).
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Chuong 5. Phuong phép toa dd trong khong gian

¢ Cau 8. Trong khong gian vé6i hé toa dd Oxyz, cho hai di€ém A(1;2;—5), B(—1;0;2), mit

phang (P): x+ 2y —2z = 0 va dudng thiang d : )1_c = y%l = %
a) Puong thang d vudéng géc mit phang (P).
x=2+t
b) Puong thing A di qua A va vuong géc véi (P) c6 phuong trinh 1a A: { y=1+2¢
z=—1-2t

. e I =5
¢) Toa do giao diém cia d va (P) 1a diém C (5, ?;6).
d) Goi M € d sao cho biéu thic T = |MA —MB| dat gia tri 16n nhit 12 Tp.x. Khi doé,

$> Cau 9. Trong khong gian Oxyz, cho hai dudng thing d;: *
x+1 y—4 z-—
2 -1 _ 4
a) Hai duong thang d; va d, chéo nhau.
b) Pudng thang di qua M(0; —1;2) vudng géc véi d; dong thdi song song v6i mit phang
1 —2
(P) c6 phuong trinh la g = }% = Z—l
¢) Mt phiang cach déu hai dudng thang d; va d, 14 ¢6 phuong trinh (P): —4x+2z+5=0.
. . . 1 -2
d) Phuong trinh duong thang di qua diém M va cat ca d; va d; la g = )% = ZY
¢ Cau 10. Trong khong gian véi hé toa dd Oxyz (don vi trén moi truc toa do 1a kilomét), mot

-1 y+2 z-3
) [
, mit phang (P): 2x — 3y +z— 2025 = 0 va diém M(0; —1;2).

dz:

7 2 7 11
may bay dang G vi tri A (5; -2; §) va sé ha canh 6 vi tri B (5; 7;0) trén duong bang EG.
Biét ring c6 mot 16p may dugec md phdng bdi mot mit phiang (o) di qua ba diém M (5;0;0),
1 o PR A ) A a2 ) s
N(0;5;0), P (O;O; 5) , diém C la vi tri ma may bay xuyén qua ddm may dé ha canh va theo

) o 79
quy dinh an toan bay, nguti phi cong phai nhin thay di€ém dau £ (5; 5;0) cua dudng bang

& dd cao tdi thi€u 1a 120 m (dudc md phdng bdi hinh vé bén dudi). (Nguon: R.Larson and
B.Edwards, Calculus 10e, Cengage, 2014).

| —

,,,,,,,,,,,,,,,,,,,,,
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§2. Phuong trinh duong thing

( 7
x=3
a) Dudng thing AB c6 phuong trinh tham s§ 1a { y = —2 + gt , (t €R).
2 2
"5 5

R 7 28
b) Toa do cua diem C (2,0, 115).
¢) Khi méy bay dat dugc do cao 120 m so v6i dudng bing thi mdy bay dang & vi tri diém
D trén doan thang AB c6 toa do 1a D (z 13, i)
Hnhang P 2 4°25)
d) Néu tAm nhin xa ctia ngudi phi cong sau khi ra khdi dam may 1a 900 m thi ngudi phi
cong do dat dudc quy dinh an toan bay.

¢ Cau 11. Tai mot san bay, chon hé truc Oxyz c6 gdc toa do O tring véi phong ban vé clia
sin bay, mit phang (Oxy) tring v6i mit dét sao cho truc Ox huéng vé phia nam, truc Oy huéng
vé phia tdy, truc Oz huéng thang ding. Mot mdy bay dang & tai diém A cach mit dt 120 km,
cach 75 km vé phia dong va cich 66 km vé phia nam so v6i phong vé ctia san bay. Biét rang
mdy bay chuyén dong thiang déu vé6i van toc 1a 240 km/h sé ha canh tai diém B(2;1;0) trong
san bay.
a) Toa do clia di€m A(66;—75;120).
b) Thdi gian ma may bay sé bay ti diém A dén diém B 1a 39 phut.
¢) Gid st c6 mot 16p may dude mo phdng bdi mit phang (P) di qua ba diém M(25;0;0),
N(0;25;0), Py(0;0;30). DO cao cia may bay khi may bay xuyén qua dam may la 18 km.
d) Dai quan sit khong luu dit tai diém S(0; —124;0,1) ¢6 pham vi theo doi 1a 125 km. Khi
tiép dat mdy bay sé di chuyén thém 2 km vé phia tiy réi mdi diing han. Liic nay dai quan
sat s& khong nhin thiy may bay.

> Cau 12. Mot chiée mdy bay thuong mai Vietnam Airlines dang bay trén bau trdi theo mot
dudng thang tit D dén E c6 hinh chiéu trén mit dét 1a doan CB. Tai vi tri D thi mdy bay bay
cach mit dat 9000 m, tai vi tri E thi mdy bay cach mit dat 12000 m . Mot ra da dudc dit trén
mit dat tai vi tri O cach C khoang 20000 m , ciach B khoang 16000 m va géc BOC = 90°;
pham vi theo doi ctia ra da 1a 20 km . Xét hé truc toa do Oxyz (don vi trén moi truc 1a 1000
m) v6i O la vi tri dat ra da, B thudc tia Oy, C thudc tia Ox.

E(0;16;12)
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Chuong 5. Phuong phép toa dd trong khong gian

a) Tai D, mdy bay cach ra da 21000 m (lam tron dén hang nghin theo don vi mét).
7z 2 —_—> 1 —_—> 7z
b) Khi mdy bay bay dén diém [ théa man DI = ZDE , may bay cach mat dat 9750 m.

¢) Trén hanh trinh bay tit D dén E, mdy bay sé di qua diém c6 toa dd P(16;3,2;9,6).
d) Khoéng céch giita vi tri dau tién va vi tri cubi cling ma mdy bay bay trong pham vi theo
doi cla ra da 1a 22500 m (lam tron dén hang trdm theo don vi mét).

Tu luan.

& Bai 1. Viét phuong trinh tham s va phuong trinh chinh tic cia dudng thang d trong moi
truong hop sau:

a) Di qua diém M (5;4;1) va c6 vectd chi phuong @ = (2;—-3;1).

b) Di qua hai di€ém P(1;2;3) va Q(5;4;4).

x=4+4t1
¢) Pi qua diém B(2;0; —3) va song song v6i dudng thang d : { y=1—2r.
z=23+3t
2 . N 2 - 2 1 - 3
d) bi qua diém A(—2;3;1) va song song v4i dudng thang A : * = ler . 1

e) Pi qua diém B(3;2;1) va vudng géc v6i mit phang (P) : 2x — 5y + 6z —7 = 0.

& Bai 2. Cho hinh hop ABCD.A'B'C'D’ ¢6 B(3;0;0), D(0;5;1), B'(5;0;5), C'(5;5;6). Viét
phuong trinh dudng thang BD,DD’,AB'.

x=2+3t
& Bai 3. Trong khong gian véi hé toa do Oxyz, cho dudng thang d : { y=—1—¢ va mit
z=—-3+2t

phang (P): x —y—z=0.
a) Tim toa do giao diém I ctia dudng thiang d va mit phang (P).
b) Viét phuong trinh dudng thang @’ nam trén mit phang (P) sao cho d’ cit va vudng géc
véi d.

& Bai 4. Trong khong gian Oxyz, cho hai dudng thang

x=1+2¢ g ) )

. X — y+ Z—

A . f— — A . = — .

1 y 3—t¢ va 2 1 1 5
z=2+473t

a) Ching minh ring A; va A, cét nhau.
b) Viét phuong trinh mit phang (P) chiia Aj va A;.
& Bai 5. Trong khong gian Oxyz, cho hai dudng thang

x—1 y-3 z=-2 x—1 y+1 z
1+73 1 ) VA ST 1 2
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§2. Phuong trinh duong thing

a) Ching minh riang A; va A, song song véi nhau.

b) Viét phuong trinh mit phang (P) chiia Aj va A,.
& Bai 6. Trong khong gian Oxyz, goi d 13 giao tuyén ctia hai mit phang (&) : x—3y+z=0
va (B) : x+y—z+4 = 0. Viét phuong trinh tham sb ctia dudng thang d.
& Bai 7. Trong khong gian Oxyz, cho A(1;2;3) va hai mit phang (P) : 2x+2y+z+1=0,
(Q) : 2x —y+2z—1=0. Goi d la dudng thang di qua A, song song vdi ca (P) va (Q). Tim
giao diém duong thang d va mit phang (Oxz).

x=2-2t
& Bai 8. Trong khong gian Oxyz, cho dudng thang d : { y =3+ 3.
7=06+4¢

a) Tim toa do di€ém A thudc d, biét OA = 7.
b) Tim toa d6 diém H 12 hinh chiéu vudng géc clia diém O trén d va tinh khoang céch tit O
dénd.
& Bai 9. Trong khong gian Oxyz, cho mit phang (P) : 2x — 2y —z+ 1 = 0 va dudng thang
x—=1 y+2 z-1

A: 3 . 5 Tinh khodng cach gitta A va (P).

x=11-3¢
& Bai 10. Trong khong gian véi hé toa dd Oxyz, cho hai dudng thang A; : { y = —5+4¢
z=mt
x=—4+75s
viAy:{y=2+3s v6i mlatham sb thuc; s, 1a tham s6 ctia dudng thang. Tim m d€ hai
z=2s
dudng thang dé vudng géc véi nhau.

. —1 -2 -3 .
& Bai 11. Trong khong gian Oxyz, cho dudng thang d : a = Y 3 = ¢ 1 va mat phang
(P) : mx+ 10y 4 nz — 11 = 0. Biét rang mit phang (P) chia dudng thang d, tinh m 4+ n.
x=1+1
& Bai 12. Trong khong gian véi hé toa d6 Oxyz, cho hai duong thang d; : { y=2—¢ va
z2=3+42t
x—1 y-m z4+2 . . £ e PPN 2 .
dy: =TT T v61 m 1a tham so. Tim gia tri cua m dé hai duong thang d; va d»
cat nhau.

& Bai 13. Trong khong gian Oxyz, toa do hinh chiéu vudng géc clia diém A(3;2; —1) trén
mit phang (P) : x+y —z = 01a M(a;b;c). Tinh a® + b* + c2.
& Bai 14. Trong khong gian véi hé toa dd Oxyz, cho A(2;3;—1), B(0; —1;2), C(1;0;3). Viét
phuong trinh dudng cao ha tu dinh A cua tam giac ABC.
x=142¢
& Bai 15. Trong khong gian vé6i hé toa dd Oxyz, cho dudng thang d : { y = —1 —¢ va diém
7=72t

> Ngd Diic Tii - B 0859977 004

207



Chuong 5. Phuong phép toa dd trong khong gian

A(1;—2;—5). Goi A’ 1a diém dbi xing clia A qua dudng thang d. Tinh khoang cich tit A’ dén
mit phing (P) : x+2y+2z—12 =0,
x y+1 z+2

& Bai 16. Trong khong gian véi hé toa dd Oxyz, cho dudng thang d : 1= 5 3

miit phang (P) : x4+ 2y — 2z +3 = 0. Goi M 1a di€ém c6 hoanh dd am thudc d sao cho khoang
cich tit M d&&n mit phang (P) bang 2. Tim tung do diém M.

& Bai 17. Trong khong gian véi hé toa dd Oxyz, cho diém A(1;1;4) va hai dudng thang

x—=3 y=2 z+1 | x oy z—=5 | 2 : o
dy: R vad;: 1=5=—1" buong thang A di qua A, vudng goc véi d;
va cat d, tai diém B. Tinh AB>.

& Bai 18. Trong khong gian Oxyz, cho diém A(—4;—3;3) va mit phang (P) :x+y-+z=0.
Goi A 1a duong thang di qua A cit truc Oz tai B va song song v6i (P). Tinh OB.
x+2 y -2

& Bai 19. Trong khong gian Oxyz, cho dudng thang d : > 1= 1 mit phang

(P):x+y—2z+5=0vadiém A(1;—1;2). Goi A la dudng thiang cit d va (P) tai M va N sao

cho A 1a trung diém ctia MN. Biét ring A cit mit phang (Oxy) tai diém E. Tinh OE?.

x=3 y—-1 z+7
Z 2 2 a 1, B _2

A(1;2;3). Viét phuong trinh dudng thang di qua A, vudng goc véi d va cat truc Ox. ]

va diém

& Bai 20. Trong khong gian Oxyz, cho dudng thang d :

& Bai 21. Trén phan mém mo phéng 3D mot mdy khoan trong khong
gian Oxyz, cho biét phuong trinh truc a cia miii khoan va mot dudng
ranh b trén vat can khoan (tham khao hinh vé bén) lan lugt 1a

x=1 x=1+4¢
a: {y=2 vab: {y=2+2t
7 =23t z==5.

a) Ching minh a, b vudng géc va cit nhau.

b) Tim giao diém cta a va b.

& Bai 22. Anh Binh 12 mot nhiép anh gia chuyén sin dnh chim hoang da. Gia st véi hé truc
Oxyz cho tru6c, anh Binh dang ngam va 6ng kinh & vi tri A ¢6 toa do (200;685;436) thi c6
mot con ga 16i tia xult hién & vi tri B ¢6 toa do (640;550;474).

a) Viét phuong trinh tham sb cia dudng thang
chiia doan thang ndi hai vi tri 6ng kinh ngam
ctua anh Binh va con ga 16i tia.

b) Néu mot qua ddi c6 toa do dinh C 1a
(420;617,5;450). Hdi C c6 thudc dudng ngam
AB khong? Anh Binh c6 ngam thiy con ga 16i
tia nay khong?
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x=—1+t x="7+3s
& Bai 23. Trong khong gian Oxyz, cho hai dudng thangd; : { y=3+42r vady: {y=1—s .
z7=—1—t z=5—s

Khoang céach giita hai dudng thang da cho bang bao nhiéu?

& Bai 24.Trong mdt khu du lich, ngudi ta cho du khach
trai nghiém thién nhién bing cich du theo dudng truot
zipline tu vi tri A cao 15 m cua thap 1 nay sang vi tri B
cao 10 m cuda thap 2 trong khung canh tuyét dep xung
quanh. VGi hé truc toa do Oxyz cho trudc (don vi: mét),
toa do ctia A va B lan lugt 1a (3;2,5;15) va (21;27,5; 10).

Hinh 5.23

a) Viét phuong trinh dudng thang chifa dudng truct zipline nay.
b) Xac dinh toa d6 cua du khach khi 6 do cao 12 mét.

& Bai 25. Trong khong gian Oxyz, c6 hai vat thé 1an lugt xuét phat tir A(1;2;—3) va
B(—2;1;—2) véi van toc khong déi tuong ung 1a Vi = (1;-3;4), ¥, = (4;—2;3). Trong qua
trinh chuyén dong, hai vt thé trén va cham vao nhau tai di€m C(a;b;c). Tinh 2a + b+ 2c.

& Bai 26. Ngudi ta thiét ké mot ddy cap chay thang tit diém X & trén mit dat t6i dinh T
clia mot toa thdp. Gia st toa do cdc diém 1a T(40;60;150) va X (100; —40;0) trong hé toa do
khong gian Oxyz, véi O 1a gbc toa dd tai mit dat. Ngudi ta mudn nbi diém A(40;30; —20) nim
du6i mot cdi hd t6i mot diém M (a;b;c) nam trén day cap sao cho khoang ciach MA nay nhd
nhét. Tinh a + b +c.

& Bai 27. Trén mit dat phang, ngudi ta dung mot ciy

cot thang cao 6 m vudng goc véi mat dit, cé chan cot dit z
tai vi tri O trén mat dat. Tai mot thoi diém, dudi anh nang
mit trdi cdch chan cot 3 m vé huong S60°E (hudng tao véi
hudng nam goc 60° va tao véi huéng dong goc 30°) (hinh A
bén duéi). Chon hé truc toa dd Oxyz c6 gdc toa do 1a O, tia
Ox chi huéng nam, tia Oy chi hudng dong, tia Oz chia cay 30° y
cot, don vi do 1a mét. Viét phuong trinh dudng thang chia 60°

tia ndng mat trdi di qua dinh cot tai thoi diém dang xét. A

S
X

v

& Bai 28. Trong khong gian, c6 mot chiéc may bay khong ngudi 1ai tai diém M(3;—1;4).
Cho biét quy dao bay clia mdy bay nay 1a dudng thang A c6 vecto chi phuong (—1;b;c) va biét
ring quy dao phai song song v6i mit dat (mit phang (Oxy)) dong thdi vuong géc véi hudng

;1 = y;l = Zg3. Tinh b +c.
& Bai 29. Trong khong gian Oxyz, mot vién dan dugc bin ra ti diém A(1;2;3) va trong 3
gidy, dau dan di véi van tdc khdng déi; vectd van tde (trén gidy) 1a vV = (2;1;5). Khi vién dan
tring muc tiéu tai diém B(—5;a;b) thi gid tri cda biéu thifc b bing bao nhidu? (két qua lam
tron dén hang phan chuc).

2 A <A ~ - N 2 X
cua mot chiéc may bay khac theo duong thang d :
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& Bai 30. Hinh vé 12 hinh anh Cau C8ng Vang (The Golden Gate Bridge) & My. Xét hé truc
toa do Oxyz véi O 1a bé clia chan cot tru tai mit nudc, truc Oz trung véi cot tru, mit phang
Oxy 1a mit nudc va xem nhu truc Oy cling phuong véi cau nhu Hinh vé. Day cap AD (xem
nhu 13 mdt doan thang) di qua dinh D thudc truc Oz va diém A thudc mit phang Oyz, trong
do diém D 1a dinh cot tru cach mit nuéc 227 m, diém A cach mit nudc 75m va céch truc Oz
343m. Gia st ta dung mot doan day ndi diém N trén day cdp AD va diém M trén thanh cau,
biét M cach mit nuéc 75m va MN song song véi cdt tru.

a) Tinh do dai MN, biét diém M céch truc Oz mot
khoang bang 230m.

b) Ngudi ta c6 thé dung doan day dai 100 m dé nbi day
cap AD vdéi thanh cau tai vi tri diém M céch truc Oz
mot khodng bang 148 m khong? Vi sao?

& Bai 31.Pudng 6ng din trén khong 1a hé théng
dudng dng dudc treo trén cic gia dd hoic cot cao, dung
dé€ van chuyén dau tho hoic cic san pham dau mé tif noi
nay dén noi khac ma khong can chon duéi long dat. Hé
théng nay thudng dugc st dung trong cic khu vuc c6
dia hinh kho khan, vung bang gia, rung ram,...nhtung
ndi ma viéc dao dudng 6ng ngam khong kha thi.

V6i hé truc toa dd Oxyz thich hdp, don vi trén mdi truc 1a mét, ngudi ta thiét 1ap mot dudng
xX=t

6ng dan dau trén khong doc theo dudng thang d: { y=0 (¢ 1a tham sb). Vi dia hinh phiic
z=16

tap, ngudi ta danh chon diém A(12;10;15) canh vach ndi d€ lam di€m trung chuyén tir mit

dAt (mit phiang (Oxy)) dén dudng 6ng nay. Dua vao kinh nghiém ctia minh ho phéi chon vi tri

B thudc dudng 6ng va vi tri C thudc mit dat sao cho tdng do dai cac doan dudng AB, BC, AC

12 bé nhat, tim gia tri bé nhit d6 theo don vi mét, 1am tron dén hang phan chuc.

& Bai 32. Cho ba diém A(0;—2;—1), B(—2;—4;3), C(1;3;—1) va mit phé&lng
(P): x+y—2z—3=0.Goi M(a;b;c) € (P) sao cho )m—l—]\ﬁ—f—Zl\Té‘ dat gid tri nhd nhit.
Tinh a — b+ 2c.

, 1 71 7 ,
& Bai 33. Cho dudng thing A : %C — y% =< = v hai diém A(1:0:1), B(~1:1:2). Biét
diém M(a;b;c) thude A sao cho \m’ _ 31%" dat gid tri nho nhét. Khi d6, t6ng a + 2b + 4¢

bing bao nhiéu?
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1) Désb 1

. 8 -5
$© Cau 1. Trong khong gian Oxyz, cho dudng thang d: )% = y_2 = % Khi d6, mot

vectd chi phuong ctia dudng thang d c6 toa do 1a
@A) (4;-2;-1). ®) (4;-2;1). © (4;2;—1). D) (—8;5;0).
$> Cau 2. Trong khong gian Oxyz, diém nao dudi ddy thuoc dudng thang d c6 phuong trinh
x—1 :y—2 :Z—Fl?
—1 3 3
(AN(—1;4;3). ®P(1;2;—1). ©(1;2;1). D QO(1;-2;2).

x=2t

$> Cau 3. Trong khong gian Oxyz, cho dudng thang d c¢6 phuong trinh tham s6 { y =1 —1¢
7=—2+3t
Mot vectd chi phuong ctia dudng thang d 1a
AU =(-4;,2,-6). ®U=(6;-3:6). ©u=(0;1;-2). Du=(2;1;3).
$> Cau 4. Trong khong gian Oxyz, dudng thang A di qua M(1;2;—3) va nhan vecto
i = (—1;2;1) 1am vecto chi phuong c6 phucng trinh chinh tic 1a

x—1 y—2 z+3 x+1 y+2 z-3
@1_—2_1' —1_2_1'
x—1 y—-2 z-3 x—1 y—2 z+3
©1_2_—1‘ ®—1_2_1'

> Cau 5. Trong khong gian Oxyz, phuong trinh tham sb cta dudng thang di qua diém
M(2;0;—1) va c6 vectd chi phuong d = (2;—3;1) la

x=2-+2t x=-2+4t x=2-+2t x=—-242t
A<{y=-3 . y=—6t . ©OKy=-3 . OLy=-3t
z=1-—t z=1+2¢ z=—1+1t z=1+1¢

$> Cau 6. Trong khong gian véi hé truc toa dd Oxyz, cho hai dudng thang
x—1 y-2 z-3 x y+1 z=5

d: =7 = 1 vad': 5= T T Chon khang dinh diing.
(A)d catd'. B)d va d’ chéo nhau.
(©)d song song véi d’. (D)d trung véi d'.
$> Cau 7. Trong khong gian Oxyz, M(a;b;c) 1a giao diém cla mit phang (P): x+ 2y —z+
2 = 0 va dudng thing d: % — _ll - % Khi d6
MNa+b+c=-1. ®a+b+c=2. ©a+b+c=-2. Da+b+c=71.
x=—1+t¢
$> Cau 8. Trong khong gian véi hé truc toa do Oxyz, cho dudng thang d: { y=1+3r .
z=-3—1
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DPiém nao dudi day thudc d?
AM(1;—1;3). B)N(0;—2;-2). (© 0(0;4;—4). D) P(0; —4;4).

$> Cau 9. Trong khong gian Oxyz, cho mit phang (o): — 5x -+ 2y +z+2025 = 0. Phuong
trinh tham s6 clia dudng thang di qua diém A(2;1; —5) va vudng géc v6i mit phang (&) la

x=2-—5¢ x =5t x=-5+2¢ xX=-5-2¢
M y=1+2¢. y=—2t. ©y=2+t . Oy=2—t
7= -5+t 7= —t z=1-5¢ z=1+5¢

$> Cau 10. Trong khong gian Oxyz, dudng thang d di qua hai diém M(1;—1;3), N(3;0;2)
c6 phuong trinh tham s6 13

x=3+2¢ x=1+2¢ x=2+t x=1+2¢
Wiy=t . y=—1+t. ©y=1-t . ©®<Ly=1+¢.
z=2—t z=3+t¢ z7=—14+3¢ z=3—1t

¢ Cau 11. Trong khong gian Oxyz, cho cac diém A(1;2;3), B(1;1;1), C(3;4;0). Dudng
thang A di qua di€ém A va song song véi BC c6 phucng trinh la
x—1 y-2 z-3

x+1 y+2 z+3
@ 2 3 -1 2 3 -1
x—1 y=2 z-3 x+1 y+2 z+3
OF =571 OF =571
> Cau 12. Trong khong gian Oxyz, phuong trinh tham s6 ctia truc Oz 1a
xX=t x:O _X:O x=t
@qy=t. y=t. ©4{y=0. ©{y=0.
2=t z=0 2=t z=0

PHAN 11. Cau tric nghiém ddng sai. Thi sinh tra I3i tir cau 1 dén cau 4. Trong mbi y a),
b), ), d) & mdi cau, thi sinh chon ding hoic sai.

2 y—1 .
ler :y2 :_izvadiém

$> Cau 1. Trong khong gian Oxyz, cho dudng thang d:
A(—3;—1;3) . Mit phang (P) di qua A va chia dudng thang d.
a) Mot vecto chi phuong ciad 1a d = (1;2;-2).
b) Puong thing d qua diém M (3;11;-9).
x=-2—t
¢) Phuong trinh tham s6 ctiad c6 dang { y=1—2¢ .

z7=2t
d) Phuong trinh mit phang (P) 1a x+2y —2z+ 11 =0.
. 1 —1 2 .
¢S Cau 2. Trong khong gian Oxyz, cho dudng thang d x—;— _ 7 = Z+1 va mét phang

(P): 2x—y+3z—1=0.
a) Vecto @ = (2;1;—1) 1a vecto chi phuong ctia dudng thang d.
b) Gbc toa dd cach mit phang (P) mot doan bang 10.
¢) Pudng thang d song song mit phing (P).
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d) Mt phang (Q) chiia duong thang d va vudng géc mit phang (P) c6 phuong trinh 1a
x—4y—-2z+1=0.
$> Cau 3. Trong khong gian véi hé toa dd Oxyz, cho di€ém A(4; —2;—1) va dudng thang
(d): x—1 :y+2 :Z—l-l.
2 1 1
a) A¢ (d).
b) Mit phang (P) qua diém A va vudng géc véi dudng thang (d) c6 phuong trinh Ia
dx—2y—z+11=0.
¢) Goi diém H(a;b;c) 1a hinh chiéu vudng géc ciia diém A 1én dudng thang (d). Ta c6
a+b+c=4.
d) Goi (q) 1a dudng thang di qua di€ém A, vuong géc véi dudng thang (d) va cat dudng
thang (d). Mot vecto chi phuong ctia (¢) 1a @ (a;b;1). Tacé a+b = 0.

I;gal, di sanAg chAe ra. f:hlec xe ?u da.y 7ph}_1c ,vuAcon\vg nhan.(iil@n 11_1(\: / %»:{/}
i chuyén trén day dién cao the. Khi 6 vi tri can bang, chieéc xe va "3 0
duong day dién s€ cung nam trén mot mat phang vudng goc voi a@

mit dat. Xe dudc ciu tao bdi khung xe c6 gin hai Puly tai vi tri A

va B cach mit dat 1an luct 12 20 m va 19,9 m (nhu hinh vé). Xe du

day di chuyén gidng xe dap, dudc két hop day xich, lip, dia, ban

dap, phanh; ban dap dat tai vi tri C.

> Cau 4. Nim 2011, ky su Nguyén Tri Hiéu, ngudi Quing V

C

Chon hé truc toa do Oxyz sao cho mit phiang (Oxy) tring véi mit dit (mdi don vi do dai
trong khong gian Oxyz tuong ting véi 1 m trén thuc té); toa do cac di€ém A, B, C lan ludt 1a
(7;5;20), (7;5,5;19,9), (7;5;19).

a) Mot vecto chi phuong clia duong thang AB 12 @ = (0;5;1).

b) Khi ngudi thg dién di chuyén dén vi tri di€ém D cach mit dat 18 m thi toa do diém D 1a
D(7;-5;18).

¢) Phuong trinh mit phang (ABC) la x =17.

d) Khoang céch tif Puly tai A dén ban dap tai C 1a 1,03 m (két qué 1am tron dén hang phan

tram).
Phan I1l. Tra 16i ngdn. Thi sinh tra 18i tir cAu 1 dén ciu 6 vao 6 két qua.
A N . s 1A ~ N 2 x—1 -3 Z+ 5
$© Cau 1. Trong khong gian v6i hé toa dd Oxyz, cho dutng thang A: , = Y =5

Biét ring @ = (a;b;5) 12 mdt vecto chi phuong ctia A. Gia tri ctia a 4 b bang bao nhiéu?

KQ:

> Cau 2. Trong khong gian véi hé truc toa dd Oxyz, cho hai diém A(1;2; 1), B(2;—1;3).
x =2t

dudng thang di qua 2 diém A, B c6 phuong trinh dang A: { y = yg+ bx. Tinh yg +z0 + b +c.

z=2z0+ct

KQ:
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x—2 y 7 .
> i "

. Phuong trinh miit phang (P) chita d va A c6 dang ax+by+z+c = 0.

$> Cau 3. Trong khong gian vé6i hé truc Oxyz, cho hai dudng thiang d

Aol _y=2 ol

2 -1 4
Tinh gia tri ctiaa+ b+ c. KQ:

3 A : 40 1A N 2 x+1 y z7—2
$© Cau 4. Trong khong gian véi hé truc Oxyz, cho dutng thang d: ] ==
diém A(2;1;—1). Goi M(a;b;c) 1a hinh chiéu cia A 1én d. Tinh T = a+ b + ¢ (két quéa lam
tron dén hang phan mudi). KQ:

$> Cau 5. Tai mot niit giao thong c6 2 con duong khac miic. Trén thiét ké, trong khong gian
Oxyz hai con dudng d6 thudc hai dudng thang lan lugt c6 phuong trinh la

-2 -2 -2 1 )
dy: al = Y = il vady: al = y—; = % Ngudi ta muon tao mdt con duong
A cit dy, d 1an luct tai A va B sao cho AB nho nhit. Tinh do dai AB (két qua lam tron dén
hang phan trim). KQ:

> Cau 6. Truc thing ciu ho Alpha cét canh lic 10 gi 00 tir diém xuét phat Adlerhorst
A(10;6;0). N6 bay thang véi van téc 300 km/h t6i dinh ndi Mount Devil D(4; —3;3), noi xay
ra tai nan. (Toa do tinh bang km). Cuing liic d6, truc thing Beta cit canh tir dinh niii Tempelberg
T(7;—8;3) dé€ dua du khéach vé diém B(4;16;0), van tdc ctia n6 1a 350 km/h. Ngudi ta ching
minh dudc rang hai truc thing cé dudng bay giao nhau tai S. Khi Alpha t6i S thi Beta da di
qua trudc d6 mot khoang thdi gian (tinh bang gidy), hay tim khoang thoi gian d6? (1am tron
két qua dén hang phan mudi).

— Hbt—
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2) Dé sb 2

PHAN 1. Cau tric nghiém nhiéu phuong 4n lua chon. Thi sinh tra 18i tir cAu 1 dén cau
12. M&i cau héi thi sinh chi chon mét phuong an.
$> Cau 1. Trong khong gian véi hé toa d6 Oxyz, cho dudng thang A di qua diém M(2;0; —1)
va c6 vectd chi phuong @ = (4; —6;2). Phuong trinh tham s6 clia A la

x=-2+2t x=2+72t x=4+2¢ x=-—-2+4¢
WQy=-3 y=—3t ©{y=-6-3t [Oy=—6t
z=1+t. z=—1+t. z7=2+t. z=1+72t.

$> Cau 2. Trong khong gian Oxyz, dudng thang d di qua hai diém M(1;—1;3), N(3;0;2) c6
phuong trinh tham s6 1a

x=3+2t x=1+2¢ x=2+t x=1+2¢
Wiy=t . y=—1+t. ©y=1-t . ©®<Ly=1+¢.
7=2—t z=3+4t1t z=—1+3¢ z=3—1t

$> Cau 3. Trong khong gian Oxyz. Pudng thang di qua H(3;—1;0) va vuong géc véi mit
phang (Oxz) c6 phuong trinh 1a

x=3 x =3+t x=3 x=3
@qy=-1 y=-1 ©qy=—-1+t  O{y=—1+t
z7=t. z=0. z7=t. z=0.

$> Cau 4. Trong khong gian Oxyz, phuong trinh dudng thang di qua diém P(1;1;—1) va c6
vecto chi phuong @ = (1;2;3) la

x—1 y—1 z+1 x+2 y+3 z+2
®1_2_3‘ 1_2_3'
x—1 y=-2 z-3 x—1 y—1 z+1
©1_1_—1' ®2_3_2'
x=0
$> Cau 5. Trong khong gian véi hé toa dd Oxyz, cho dudng thangd: { y=t . Vectd nao
z7=2—t

duéi day la vecto chi phuong ctia dudng thang d ?
MU =(1;0,—-1). ®u=(0;1,—-1). ©u=1(00;2). O u = (0;1;2).
x=2—t
$> Cau 6. Trong khong gian Oxyz, cho dudng thang d: ¢ y = —1 + 2. Diém nao dudi day
z=3-3t
thudc d?
A)O(1;-2;3). B P(—1;2;-3). ©M(2;—1;3). DO)N(-2;1;-3).
$> Cau 7. Trong khong gian Oxyz, cho mit phang (P): x+2y—3z+4 =0vadiémA (1;-2;-3).
Phuong trinh dudng thang di qua A va vudng géc v6i mit phang (P) 1a

x—1 y+2 z+3 x+1 y—2 z-3
®1_2_—3' 1_2_—3'
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x—1 y—2 z+43

O3 D= -2 -3
, 1 2 74
$© Cau 8. Trong khong gian Oxyz, cho dudng thang A: x 7 = y—|—5 —° T Trong cac

diém sau day, diém nao khéng thudc dudng thiang A?
MM (4;-7;,-2). B)N(7;—12;6). ©P(10;—17;7). D) Q(13;-22;8).
x—1 y-7 z-3

2 1 5 @

$> Cau 9. Trong khong gian Oxyz, cho hai dudng thang d :

-3 4 . , ALY
Y = % cat nhau tai di€m M co toa do bang

X
dy: = =——
37 2

AM(0;3;—4). B®M(1;7;3). ©M(-3;5;-5). ©OM(3;-5;5).
$> Cau 10. Trong khong gian véi hé toa dd Oxyz, cho di€ém M (3;—1;2) va dudng thang
x—1 y=5 z+2

A: =5 T3 . Goi d 1a duong thang di qua M va song song v6i dudng thing A.
Phuong trinh nao sau day la phuong trinh tham sb ctia dutng thang d?
x=342t x=2+3t x=3+t¢ x=3+2t
A y=—1-5¢. y=-5—-t. ©OKy=—-14+5. ©OLKy=-1+5t.
z=2—4 7=—4+2t 7=2-2t 7=2—4

¢S Cau 11. Cho tam giac ABC vé6i A(1;0;-2), B(2;—3;—4), C(3;0;—3). Goi G la trong
tam tam gidc ABC. Vectd nao sau ddy 1a mot vectd chi phucng ctia dudng thang OG?

A)(=2;1;3). (3;-2;1). ©(2;1;3). O (—1;-3;2).
> Cau 12. Trong khong gian véi hé toa dd Oxyz, vi tri tuong dbi clia hai dudng thang
x—1 vy z+1 | x y—1 7 ..
At == Ay —m=——=-1
T R R RS T T
(A)Trung nhau . (B)Chéo nhau. (C)Song song. (D) Cit nhau.

PHAN II. Céu tric nghiém ddng sai. Thi sinh tra 13i tir cau 1 dén cau 4. Trong mbi y a),
b), c), d) & mdi cau, thi sinh chon diing hoac sai.
¢ Cau 1. Trong khong gian Oxyz, cho hai di€ém A(1;3;3) va B(3;5;9).
a) Mot vecto chi phuong clia duong thang AB 1a @ = (1;1;3).

x=3+t
b) Phuong trinh tham sb ctia dudng thang AB1a { y=5+3t,(t € R).
=943t

¢) biém M(4;6;9) thuoc dudng thang AB.

d) Phuong trinh dudng thang d di qua diém C(2;0;—3) va song song v6i dudng thiang AB
cx—4 y-2 z-3

1
T I 3
x=—1+2t
$> Cau 2. Trong khong gian Oxyz cho dudng thang d c¢6 phuong trinh tham s6 { y = 1 +¢
z=3-2t.

a) Giao diém clia dudng thang d va mit phang (P): x+2y —3z+2=01a1(0;1;2).
b) Véc-to @ = (4;2; —3) 12 mot véc-td chi phuong ctia dudng thang d.
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¢) Puong thang d di qua diém A(—1;1;3).
x+1 y—-1 2z-3
2 1 =27
$> Cau 3. Trong khong gian véi hé toa dd Oxyz, cho diém M(2;1;0) va dudng thang
d: = 1 — y+1 _ L
2 1? -1’
a) Duong thang d c6 mot véc to chi phuong 1a w = (2;1;—1).
b) Mit phang (P) di qua diém M va vudng géc véi d c6 phuong trinh téng quat la
2x+by+cz+d=0.Khidé b+c+d = -5.
¢) Goi M’ 1a diém dbi xing véi M qua d. Khi d6 M’(1;0;—2).
d) Phuong trinh dudng thang A di qua di€ém M cit va vudng géc véi dudng thing

2y
d: === :é.Khid6a+b:—6.

d) Phuong trinh chinh tic ctia dudng thang d 1a

1 a
> Cau 4. Mot toa nha vin phong c6 dang 1a khéi hinh hop chit nhat
ABCD.A’B'C'D' véi chiéu cao AA’ = 50 m. Pay ABCD ciia toa nha 1a
mot hinh chif nhat trén mit dat véi chiéu dai AB = 40 m va chiéu rong
AD = 30m. D€ tao diém nhin va thuan tién cho viéc di chuyén, ngudi
ta 1ap dit mot thang may kinh trong sudt. Pudng di ctia thang may dudc Ny
thiét ké 1a duong thang d di qua trung diém I ctia dudng chéo AC va
song song vdi chiéu cao AA’ clia tda nha.
Trén mit dat (ABCD) thi khu vuc chd thang may dugc quy hoach 1a mét hinh tron c6 tam
I va ban kinh r. Tor mot vi tri M bét ky trén dudng tron khu vuc chd nay, ngudi ta ngudc
nhin 1én dinh C’ cta tda nha dé€ chiém ngudng kién triic. Chon gbc toa do dit tai dinh A tiic
A= 0(0;0;0), B € Ox; D € Oy.
a) Toa do trung diém ctla doan thaalng AC1a1(20;15;0).
x=20
b) Phuong trinh tham sb ctia dudng thang d (dudng di ctia thang may) 1a { y = 15.
xX=t
¢) Khodng céch tir diém B’ dén dudng di clia thang mdy la 35 m.
d) Ban kinh 16n nhét rpp, ctia khu vuc chd thang mdy dé dam bao géc nhin cMC khong
nho hon 45° 1a 25 m.
Phan I1l. Tra 18i ngin. Thi sinh tra 18i tir cAu 1 dén cu 6 vao 6 két qua.
x=2—t

$> Cau 1. Trong khong gian véi hé truc toa dd Oxyz, cho dudng thang A: { y=2¢ va

z=1-—t
. 1 —6 3 . N 2 s s
duong thang d : a +1 —7 7= ¢ +2 . Goi giao diém cua hai dudng thang A vad 1a M(a; b;c).
Tinha+b+c. KQ:
A n . Cas 2 , N x—=2 y+1 z+3
¢S Cau 2. Trong khong gian, cho hai dudng thang c6 phuong trinh d; : 3 -1~ 3

x=3 y—=T7 z—1
1 -2 -1

vady: Pudng thang d cit d; va dy ddng thdi di qua diém M (3;10;1) c6
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Chuong 5. Phuong phép toa dd trong khong gian

mot vecto chi phuong 1a @ = (a;b;2). Khi d6, a — 7b bing bao nhiéu? KQ:

. 9 1 y—1 z-2
9 Cau 3. Trong khong gian Oxyz, cho diém A(2; 1;3), dudng thang d : )Hl_ _— 5 = < 5

va mit phang (P): x +y — 2z 4 2 = 0. Phuong trinh chinh tic ctia duong thang A di qua A,
xt+a y—=5 z+d

c 3

song song vdi mit phang (P) va vudng géc véi dudng thang d c6 dang
Gia tri ctia biéu thiic M = a+ b+ ¢ + d bang bao nhiéu?

KQ:
$> Cau 4. Mot phain mém md phéng van dong vién tap ban bia muc tiéu c6 kich thuéc nhéd
42 cmx 42 cm bang stng tiéu lién AK trong khong gian Oxyz. Cho biét van dong vién d6 st
dung thudc ngam 3 va ding cach xa bia muc tiéu 12 100 m, truc d cia nong sting va coc dd

x=t x=1
bia d’ 1an Iugt c6 phuong trinh d: { y=2vad': { y=2 . D€ bin tring hdng tim (diém
z=4 7z=1+3¢

10) thi van dong vién phai ngdm ban vao diém N(a;b;c) € d’ va cach giao diém ctia d va d’
mot khodng 6 cm. Khi ¢ < 0, tinh gia tri biéu thiic a — b+ c.

KQ:

$& Cau 5.Mot cong ty logistics dang thit nghiém
hé thdng giao hang tu dong bang mdy bay khong
ngudi 14i (drone). Trong khong gian Oxyz, mdi don
vi trén céc truc tuong tng véi 1 mét trén thuc té.
Miit ngoai ctia mot toa nha cao tang dudc xem la
mot phan ciia mit phang (P) thang ding, di qua
hai di€ém C(10;50;0) va D(30;10;0).

Vi tri giao hang 1a diém B nim trén mit phang (P). Drone bat dau bay tit kho hang tai gbc
toa dd 0(0;0;0). Ban diu, n6 bay theo mot dudng thiang dén vi tri A(30;40;120). Tu vi tri A,
drone thay d6i dudng bay, di chuyén theo phuong vudng géc véi mit phang (P) dén vi tri giao
hang B. Tinh khoang cach tit O dén B (1am tron dén hang don vi). KQ:

&> Cau 6. Mot khdi thép khong gi ¢6 dang hinh chép cut tif gidc déu. D6 dai canh day 16n 8
cm. Do dai canh ddy nhé 4 cm. Chiéu cao 8 cm.

<

A 0
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§2. Phuong trinh duong thing

Gbc toa do O(0;0;0) dit tai tim ddy 16n. Tia laser khoan theo doan PQ véi P(—3,5;9,5;6)
Q(—6;16;8). Tinh do dai kénh khoan biét du vao nim trong mit (CDHG) va du ra nim
trong mat (ABFE). KQ:

— Hét—
BANG DAP AN BAI TAP CUOI BAI

Bang dap an trac nghiém nhiéu phuong an
(1 AJ2 cJ3 A4 A5 A]e D|7 B|8 c|9 BJ[10 D
(11 AJ12 c]13 AJ14 AJ15 cJi16 DJ17 cJ18 AJ19 DJ20 D]
(21 BJ22 B|23 C|24 B]

Bang dap an trac nghiém diing sai

Cau 1. (@)P()S(c)S(d)P | |Cau 2. (@pd)s(c)s@s
Cau 3. (@)s()D(c)P(d)P | |Cau 4. @Pb)blc)s@)s
Cau 5. (2)s()S(c)P(d)P | |Cau 6. @pPb)b(c)s@)s
Cau 7. (@)s()S(c)s(d)s | |Caus. (@s)s(c)s@p
Cau 9. (@P(®)D(c)S(d)P | |Cau 10. (@pb)s(c)b@)s
Cau 11. (@P(®)P(c)S(d)P | |Cau 12. (@s®ble)b@)s
BANG PAP AN DE KIEM TRA CUOI BAI
\ PE SO 1
PAP AN PHAN I

1. B][2. BJ|[3. A][4. D]|[5. c]l6. c][7. A][s. cC]|[9. A]
110. A][11. B][12. C]

DAP AN PHAN II

Cau 1. (@bd)s(c)P(d)s ||Cau 2. (@p(D)s(c)pdP
Cau 3. (@)P()S(c)S(d)P | |Cau 4. (@s®s(e)b@)s
DAP AN PHAN III

Cau 1. Cau 2. Cau 3. Cau 4. Cau 5. Cau 6.

11 2 -2 0,7 20,1415 6,4

PE SO 2
PAP AN PHAN I
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Chuong 5. Phuong phép toa dd trong khong gian

1. B][2. A][3. B][4. A][5. A]l6. c][7. A][s. A][l9. (]
110. A][11. A][12. B]
PAP AN PHAN II

Cau 1. (@b(®)s(c)s(@P||Cau2. (a)s()s(c)p@b
Cau 3. (@P(®)b(c)S(d)P | |Cau 4. @pb)b()s@p
PAP AN PHAN III

Cau 1. Cau 2. Cau 3. Cau 4. Cau 5. Cau 6.

3 —|8 —| 4 ~13 11216 70,125
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§3. CONG THUC TINH GOC TRONG KHONG

GIAN
I. LY THUYET CAN NHG

1) Géc giita hai dudng thang

Géc gitta hai duong thang d va d’ c6 vecto chi phuong 1an luct 1a @ = (aj;az;a3) va
a' = (d;d};d5) dugc tinh béi cong thic

—

- - / / /

cos(d,d') = |cos(@.d)| = lfal _ | ¥ ardy ¥ asdy
@|-|d|  \Jdr+d}+a}\Jal+a}+a?

L Luuy.
& 0° < (d,d) <90°;

& Néu d/ld’ hoic d = d' thi (d,d') = 0°;
& dlde(dd)=90

2) Géc giita dudng thang va miat phang

Géc gitta dudng thang d c6 vecto chi phuong @ = (aj;az;a3) va mit phang (P) ¢
vecto phap tuyén 77 = (n1;n2;n3) dugdc tinh bdi cong thc:

| - 7| a1y + axny + azng|
sin(d, (P)) = |cos(d, )| = EBE I 2, 24 2
a n al+az+a3' n]+n2+n3

L LuuY.
& 0° < (d, () <90°

& Néu d/(a) hoidc d C (o) thi (d, ()

) =1
& d vudng goéc véi (a) khi va chi khi (d, (o

)) =90°.
3) Géc giita hai mat phang

Goc gitta hai mit phang (P) va (P') c6 vecto phap tuyén lan ludt 1a 7 = (n1;n2;n3) va
n' = (n';n};n}) dugc tinh boi:

— n-n nln' +n2n/ —|—n3n'
cos ((P),(P')) = |cos(7,n')| = |_> ,| e > 3|2 2
|72| || n2 +n3+n3 \/n’1 +n)” +nj
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Chuong 5. Phuong phép toa dd trong khong gian

@ L LuuY.

& 0° < (@), (B)) < 90°
& Néu (eJ(B) hodc (@) = () thi ((0),(B)) = 0°;
o (@) L (B) + ((@),(B)) = 90",

1. PHAN DANG BAI TAP

Dang @ Tinh goéc trong khong gian

e Xdc dinh véc to chi phuong (vec to phdp tuyén);
e Ap dung diing cong thic.

S Vidul

Trong khong gian Oxyz, tinh géc gitta hai dudng thang:

x:1+t x:t,
d:{y=3—t va d:iqy=1+2/
=2t z=3-1

I

<> Vidu 2

%} = va mit phang

Trong khong gian Oxyz, tinh géc gitta dudng thang d : BAg
(a):x+y—2z+1=0.

> Vidu 3

Trong khong gian Oxyz, tinh géc giita hai mit phang:

(a) :2x+2y—4z+1=0 va (B):x—z—5=0.
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§3. Cong thifc tinh goc trong khong gian

BAI TAP REN LUYEN

a1 | z
Trong khong gian Oxyz, tinh géc giita hai mit phang sau:
a) (P):x+y+4z—2=0va(Q): 2x—2z+7=0.
b) (P): 2x—y—2z—9=0va(Q): x—y—6=0.

[ sz z

Trong khong gian Oxyz, tinh géc giita hai dudng thang sau:

x=1—t
a)d:{y=t Véd’:%:%:%
z=0
x=2+4t x=1-+¢
b)di: {y=—1+1vady: { y=2 :
z=3 z=-2+41

[ scis | z

= 1

a)d‘xl :%:”1 va (P): x—y+2z41=0.
1 y-6 4

b) d x4 —y3 —ZT va (P): dx+3y—z+1=0
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Chuong 5. Phuong phép toa dd trong khong gian

do héa hinh khong gian

> Vidu 1

Cho hinh ling tru ding OBC.O'B'C’ ¢6 day 1a tam gidc OBC vuodng tai O va c6 OB = 3a,
OC = a, 00" = 2a. Tinh géc gita
a) hai duong thang BO' va B'C;

b) hai mit phang (O'BC) va (OBC);
¢) duong thang B'C va mit phang (O'BC).

< Vi du 2

Cho hinh chép S.ABCD c6 ddy la hinh chif nhat va SA | (ABCD). Biét rdng AB = 1;
AD =2 va SA = 3. Goi M la trung diém AB. Tinh khoang cach giita hai dudng thang SC
va DM (Két qua 1am tron dén hang phan trim).
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§3. Cong thifc tinh goc trong khong gian

> Vidu 3

Cho khéi ling tru tam gidc déu ABC.A’B'C’ c¢6 canh day bang 6 va canh bén bang 12.
Goi M 1a trung diém ctia BC. Tinh khoang cich tir diém M dén mit phang (AB'C’) (1am
tron két qua dén hang phan trim).

BAI TAP REN LUYEN

=n 2
Trong khong gian Oxyz, cho hinh hdp chit nhat ABCD.A'B'C’'D'. Cho biét A(0;0;0),
B(1;0;0), D(0;5;0), A’(0;0;3). Tinh gbc gitta:

a) hai duong thang AC va BA’;
b) hai mit phang (BB'D'D) va (AA'C'C);
¢) duong thang AC’ va mit phang (A’BD).
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Chuong 5. Phuong phép toa dd trong khong gian

[sciz z
Cho hinh chép S.ABCD c6 didy ABCD la hinh vudng canh bang 4. Mit bén SAB 1a tam gidc
can tai S c6 chiéu cao bang 6 va nam trong mit phang vudng géc véi ddy.

a) Tinh géc « gilta hai dudng thang SD va BC;
b) Tinh géc B gitta hai mit phang (SAD) va (SCD).

[ cis | z
Cho hinh chép S.ABC c6 ddy ABC 1a tam gidc vudng tai A, biét SA = AC =4v/2; AB=14 va
SA vudng géc v6i mit ddy (tham khio hinh v&). Tinh khoang céch giita hai dudng thang AB

va SC.
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§3. Cong thifc tinh goc trong khong gian

[ seis z
Cho hinh chép S.ABCD c6 day 1a hinh thoi canh bang 1. Tam gidc ABC déu, hinh chiéu
vuong géc H cila dinh S trén mit phang (ABCD) tring véi trong tim clia tam gidc ABC.
Pudng thang SD hop véi mit phang (ABCD) géc 30°. Tinh khoang cich d tit B dén miit
phang (SCD) (lam tron dén chit s6 hang phdn trim).

a5 g
Cho hinh ling tru ABC.A’B'C’ ¢6 tit c4 cdc canh déu bang 1. Géc tao bdi canh bén va mit
phing ddy bing 30°. Hinh chiéu H ctia A’ 1én mit phang (ABC) thudc dudng thang BC. Tinh
khodng cich tit B dén miit phang (ACC'A’) (1am tron dén hang phan trim).
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Chuong 5. Phuong phép toa dd trong khong gian

Dang @ Toan thuc té lien quan dén tinh géc trong khong gian Oxyz

S Vidul

Trén mot mit sin san khiu da thiét 1ap sin mot hé toa dd
Oxyz. Tinh goc gita tia sang ¢6 phuong trinh

x=72 d
d:qy=1+t ‘ Hinh 13
z=14t¢

va mit san san khiu c6 phuong trinh z = 0.

> Vi du 2

Ngudi ta mudn dung mot cdt dng-ten trén mot
suon ddi. Ang-ten dudc dung thang ding trong
khong gian Oxyz v6i dd dai don vi trén mdi truc
biang 1 m. Goi O 1a gbc cdt, A 1a diém buoc day
cap vao cot dng-ten va M, N 1a hai diém neo day
cap xudng mit suon ddi (hinh vé). Cho biét toa do
cac diém néi trén 1an ludt 1a O(0;0;0), A(0;0:6),
M(3;—-4;3), N(—5;-2;2).

a) Tinh dd dai cac doan day cap MA va NA.
b) Tinh géc tao bdi cac soi diy cap MA, NA véi mit phang suon doi.
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§3. Cong thifc tinh goc trong khong gian

BAI TAP REN LUYEN

oo :
P& lam thi nghiém vé chuyén dong trong mit phang nghiéng,
ngudi lam thi nghiém da thiét 14p sin mot hé toa do Oxyz.
Tinh géc gifta mit phang nghiéng (P): 4x+11z+5=0va
matsan (Q): z—1=0.

[ sz z

D& chuin bi cho chuyén di di ngoai, nhém ban Diic thiét ké 1&u cam trai dang hinh chép tif
giac déu c6 ddy 1a hinh vudng canh 4 m. Theo ban vé thiét ké thi géc gitta hai mit bén ctia

1éu bang 60°. Bang phuong phép toa do, hiy tinh chiéu cao ctia 1éu nay.

AZ
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Chuong 5. Phuong phép toa dd trong khong gian

[eais | z
Mot khudén nudng banh mi duge mé phdng trong khéng gian Oxyz nhu Hinh vé véi S(0;0;0),
P(8;0;0), O(8;18;0), T(—1;—1;7), R(9;19;7). Tinh géc gilia hai canh ké nhau, gitia canh
bén va mat day, gitta mat bén va mat day cua khuon.

[l sAi Tér

Trac nghiém nhiéu phuadng an lua chon.

$> Cau 1. Trong khong gian Oxyz, cho dudng thang A c6 vectd chi phuong @ = (a;b;c) va
miit phang (P) c¢6 vecto phap tuyén 77 = (A;B;C). Cong thic nao dudi day diing?

A+b-B -C
®sin (A, (P) = 0 22T .
Va2 +b2+c2- A2+ B2+ C?

A+b-B -C
Bcos (4, (P) = ALATLBEeCl
\/a2+b2+62_\/A2+BZ+C2

@sin (A, (P)) = la-A+b-B+c-C|
’ \/a2+b2—|—c2-\/A2—|—BZ—|—C2

D)cos (A, (P)) aAtbbred

VAP VAL B+ C
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§3. Cong thic tinh goc trong khong gian

$> Cau 2. Trong khong gian Oxyz, géc giita hai dudng thang d; : % = )%1 = _iz va
x=14t
dy: {y= -2t bing
=3+t
(A)30°. B)90°. (©)45°. (D)60°.

$> Cau 3. Trong khong gian Oxyz, cho hai diém A(1;2;3), B(0;3;1) va mit phang (P): x —
y+2z—1=0. Géc giita dudng thang AB va mit phang (P) bing

A)0°. B) 180°. (©)90°. (D)45°.
$> Cau 4. Trong khong gian Oxyz, hdy tinh sd do géc o gitta dudng thang A: )—lc = LZ = %
va mit phiang (P): 5x+ 11y +2z—4=0.

(A)120°. B)30°. (©)60°. (D)45°.

$> Cau 5. Trong khong gian Oxyz, cho mit phang (P): 2x — y+2z+ 1 = 0, dudng thang
x—1 'y z+2

d: =TS E Goi ¢ la géc gitta d va (P). Tinh cos .
6 V65 965 4
w3 9 " 65 - D3
$> Cau 6. Trong khong gian Oxyz, goc gitta truc Oy va mit phang (Oxz) bang
(A)45°. B) 60°. (©)90°. (D) 120°,
2 5 -2 -2 5
¢S Cau 7. Goi ¢ la goc gitta duong thang d : x—|2— _ 7 = < 1 va mat phang (P): 3x+
4y +57—2025 = 0. Khi d6
@A) a =90°. B) a = 45°. ©a = 60°. D) o = 30°.

$> Cau 8. Trong khong gian Oxyz, cho hai mit phang (o): 2x+2y+z=0va (B): x+z+
v/3 = 0. Géc giita hai mit phang (&) va (B) la

A)30°. ®) 90°. ©)45°. ) 60°.
7 —1 1 3 y-1 z-5
<>‘>Céu9.Chohaiduéngthéngdl:XT:y%:%;dzle :y3 :Z4 . S6 do

géc gilta hai dudng thang d;;d, bing
(A)90°. (B) 60°. (©)30°. (D)45°.
$> Cau 10. Trong khong gian Oxyz, cho dudng thang d c¢6 vectd chi phuong 7 = (2;2;1).

Goi «a la goc gitia d va truc Ox. Tinh cos a..
1 2 2V/2 1
Wy 3 =R D3
-2 y+1 z—-1
) 2 -1 2
va madt phang (P): 2x —y —z—5 = 0. Hay tinh c6sin géc tao bdi dudng thang (d) va mat
phang (P).

1 1

$> Cau 11. Trong khong gian vé6i hé truc Oxyz, cho dudng thang d': a

V30 V3
e DRSS
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Chuong 5. Phuong phép toa dd trong khong gian

$> Cau 12. Trong khong gian v6i hé toa d6 Oxyz, goi @ 1a gbc gilta mit phang (Oxz) va miit
phang (@): x+y— 10z+2025 = 0. Khi d6 cos ¢ 1a

1 1
@A)0. \/ﬁ o

Trac nghiém ding sai.

$> Cau 1. Trong khong gian Oxyz, cho mit phang (P): 2x 4 y+ 2z — 2 = 0 va dudng thang
J- x—1 :y—3 :Z+1
3 2 -1 q
a) Mot vecto phap tuyén ciia mat phang (P) 1a 7 = (2;0;2).
b) Mot vecto chi phuong clia duong thang d 1a @ = (3;2;—1).
¢) Piém M(1;3;—1) thudc dudng thang d.
d) Géc tao bdi dudng thang d va mit phang (P) bang 30,3° (1am tron dén hang phin mudi).

1
©

x=1+t
$> Cau 2. Cho duong thang A: { y=2—¢ vamitphing (P): x+2y+z—4=0.
=3+t

a) i = (—1;1;—1) 1a mdt vectd chi phuong ctia dudng thang A.
b) M(0;3;—2) khong thudc dudng thang A.

¢) Pudng thang A vudng géc véi mit phang (P).

d) Dudng thang A cat mit phang (P) tai N(—1;4;1).

$> Cau 3. Trong khong gian Oxyz, cho dudng thang d di qua hai diém A(1;2;1) va B(3;0;1),
mit phang (a) di qua ba diém M(0;1;0), N(2;1;3), P(4;1;1).

a) Véc-to AB khong 1a véc-to chi phuong ctia dudng thang d.

b) MN = (2;0;3), MP = (4;0;1).

¢) Mit phang (&) c6 mot véc-to phap tuyén cé toa dd 1a (0; —1;0).

d) Géc gilta duong thang d va mit phang () bing 45°.

xX=t
$> Cau 4. Trong khong gian v6i hé truc toa dd Oxyz, cho hai dudng thang A: { y =2 — 3¢
z=1+2t

x—1 'y z-2

3 2 2

a) Piém A(0;2;1) khong thudc duvng thing A.

b) Pudng thang d c6 vectd chi phuong 7y = (3;2:2).

¢) Hai dudng thang A va d chéo nhau.

vad:

5
d) Goi ¢ 1a goc gitta A va d. Khi do cosax = ——.
: g0oc g /38

$> Cau 5. Trong khong gian Oxyz, cho hai diém B(1;2;—1), C(0;2;3) va mit phang
(P): x+3y—2z+1=0.

a) Mt phang (P) c6 véc-td phap tuyén 77 = (1;3; —2).

b) Mit phang (P) di qua diém B.

¢) Mit phing (Q) qua C va song song véi (P) ¢6 phuong trinh 13 x4+ 3y — 2z — 12 = 0.
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§3. Cong thic tinh goc trong khong gian

7 7 1 y-2 1 , ,
d) Géc giita mit phing (P) va dudng thing d: — = Y = ¢ “ZL (1am tron két qua dén

hang don vi, theo don vi do) bang 27°.

$> Cau 6. Trong khong gian v6i hé truc toa d6 Oxyz, cho hai dudng thang
d.x—3 y—7 z—15 J x—1 y—2 z-3
. = g 1 . = = .

2 5 6 ° 1 1 1
x=3+2t
a) Phuong trinh tham sd ctad1a{ y=7+5¢ ,t €R.
z=15+6t
x=14n
b) Phuong trinh tham sd cliad; 1a { y=2+11,# € R.
z=34+1

¢) Hai duong thang d va d; cat nhau.
d) Géc giita d va d; 1a 35°.

$& Cau 7. Cho hinh chép S.ABCD c6 day ABCD 1a hinh
chit nhat, AB = 1, BC = /3, SA = 1 va SA vudng géc véi
mat ddy. Pat hé truc toa do Oxyz nhu hinh vé.
a) Toa do cic diém B, C 1a B(1;0:0), C (1;/3:0).
b) Mot vectd chi phuong cia dudng thang SB la
u=(1,—-1;1).
¢) Mot vectd phap tuyén clia mit phang (SBD) la
= (V3:1:V3).
d) Goi o 1a goc giita hai dudng thang BD va (SBC). Khi
V2

désina = —.
4

& Cau 8. Trong khong gian v6i hé toa dd Oxyz, cho hinh hdp ABCD.A’B'C'D’ ¢6 A(0;0;0),
B(3;0;0), D(0;3;0), D'(0;3;—3).
a) Toa do diém C(3;—3;0).

X =
b) Phuong trinh dudng thang A'C c6 dangla : { y=7
z=-3+1
2v/2
¢) cos(A'C;(A’BD)) = l
1
d) cos((C'BD);(A'BD)) = —.
((C'BD); (A'BD)) 7
$> Cau 9. Trong khong gian, cho mit phang (P): x —y+3z— 1 = 0 va dudng thang
xX=1
(d): y=-2t
=1

a) Puong thang d c6 mot vecto chi phuong 1a @ (1;—2;1) va mit phang (P) c6 mot vecto
phép tuyén 1a 77 (1; —1;3).
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b) cos(d, (P)) = \/g

¢) Goi (Q) la miit phang song song véi (P), khi d6 gia tri sin ctia géc gitta d va (Q) bing

V66
11 . 2 Z
d) C6 ding mot mat phang di qua goc toa dd, vudng goc véi (P) va tao v6i d mot goc 30°.
x=1+t¢ ) 5 .
¢S Cau 10. Trong khong gian Oxyz, cho Aj: < y =243t vaA;y: x_2 = y—: = Z; .
7=3—t

a) biém M(1;2;3) € A; vaN(2;-2;1) € A,.

2+4/154
b) cos(A1,A;) = T

¢) Hai duong thazlng A1 va Ay chéo nhau.
d) Puong thing d di qua N(2;3;—1), cit va vudng géc v6i Ay c6 phuong trinh
x=2 y=3 z+1
2 =71 257
> Cau 11. Trong khong gian véi hé toa do Oxyz, mot cabin cdp treo xuat phat ti di€ém
A(10;3;0) va chuyén dong déu theo dudng cap c6 vectd chi phuong 1a @ = (2; —2;1) vdi toc
d6 4,5 m/s (don vi trén mdi truc toa do 1a mét). Xét tinh ding sai ctia cac khang dinh sau:
x=10+2¢

a) Phuong trinh tham s cla dudng cap la: { y=3-2¢t , (t€R).

=1
b) Gia st sau thdi gian ¢ (s) k& tif Iic xult phat (+ > 0) thi cabin dén diém M c6 toa do
3t
M (3t—l— 10; —3¢r+3; 3>

¢) Cabin ding & diém B ¢6 hoanh dd xg = 550, khi d6 quang dudng AB dai 800 m.

d) Pudng cip AB tao véi mit phang (Oxy) mot goc 30°.
¢ Cau 12. Trong mdt bé hinh 1ap phuong canh 1 m c6 chiia mot it nude. Ngudi ta dat ddy
bé nghiéng so v6i mit phang nam ngang. Biét rang lic d6 mit nudc c6 dang hinh binh hanh
ABCD va khoang cich tif cic diém A, B, C dén day bé tuong dng 1a 38 cm, 46 cm, 50 cm.
Trong khong gian Oxyz, gbc toa do 1a goc clia day bé, mdi don vi trén hé truc toa do tuong
ung véi 1 cm.
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a) Diém A ¢6 toa do 1a (100;0;38).

b) Miit phang ddy clia bé nudc c6 vecto phap tuyén 1a 7 = (2; —1; —25).

¢) Khoang céch tir diém D dén ddy bé 1a 42 cm.

d) Géc gilta mit nude va mit phang ddy cia bé nude 1a 5,1° (két qua lam tron dén hang
phan mudi).

$> Cau 13. Trong khong gian Oxyz, mot vién dan dugc ban ra tii vi tri A(1;2;3) hudng dén
vi tri B(0;1;—6), bia chin 12 mit phang (P): 4x —y+2z+ 13 = 0, don vi 12 kilomet.

a) Piém B thuoc mit phang (P).

b) Gia st vién dan chuyén dong thing déu theo huéng vecto V(—2; —2;—18) vdi van toc
800 m/s (bd qua moi luc can va chudng ngai vat), sau mot phuit vién dan ban ra di qua
di€m B.

¢) Goc giita dudng thang AB va mit phang (P) (lam tron dén hang don vi) 1a 60°.

d) Hinh chiéu vudng géc clia A trén (Oxy) 1a H(0;2;3).

> Cau 14. Trong khong gian véi hé toa do Oxyz, mat mot ngudi quan sat dit tai diém
M(1;2;3) va quan sat mot thanh AB v6i A(7;8; —3), B(2;3;—3). Mot tim bia cing c6 dang
hinh tron thudc mit phang (Oxy) c6 tim O(0;0;0), ban kinh R va che khuét hoan toan thanh
AB d6i véi ngudi quan sat tai diém M.
a) Vecto MA = (6;6;—0).
b) Pudng thiang AB tao v6i mit phang chiia tim bia mot géc 30°.
x=1+t¢
¢) Phuong trinh dudng thang MA: { y=2+1,t € R.
7=3—t
d) TAm bia c6 ban kinh nho nhét bang /41.

_— B

M

$> Cau 15. Trong mot thanh phd dang trong qua trinh mé rong, chinh quyén dia phuong
quyét dinh cai thién ha ting giao thong dé dap dng nhu cau ngay cang ting cta cu dan. Mot
trong nhiing ké hoach quan trong 12 xay dung hai con dudng chinh, nham két ndi cac khu vuc
dan cu véi cac trung tim thuong mai va dich vu. Hai con dudng nay cat nhau tai mot giao 1o
quan trong, noi sé dudc trang bi cac tién ich nhu deén tin hi€u giao thong, vach ké dudng va
khu vuc danh riéng cho ngudi di bd. Xét trong khong gian Oxyz, hai con dudng lan ludt c6

x=3—t
—1 4 4
phudngtrinhléla’:x3 :yjz :Zle vad': S y=—244r.
z=—1+2t

a) Puong thang d di qua diém M (—1;4:4).
b) Hai dudng thang cit nhau tai diém c6 toa do (4; —6; —3).
¢) Hai con duong tao v6i nhau mot géc 16n hon 60°.
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d) D¢ thiét ké giao 16 nay mot cach hidu qua va an toan, cac ky su can xdc dinh bé mit
dudng noi hai con dudng gip nhau, tifc 1a mit phang chiia d va d’. Mit phang nay c6
phuong trinh 8x + 7y — 10z+20 = 0.

> Cau 16. Trong mot cin phong c6 chiéu ngang 4 m, chiéu rong 8 m va chiéu cao 4 m,
ngudi chi da thiét ké 4 day den LED chay doc theo cdc dudng chéo ctia hinh chit nhat tuong
ting vé6i cic biic tudng cin phong sao cho chiing c6 tinh lién tuc. Thiét 1ap hé truc toa do Oxyz
nhu hinh vé véi cin phong 1a hinh hop chit nhat ABCD.A'B'C'D’, trong d6 diém A 1a gbc toa
dd, don vi trén mdi truc 12 mét. Chii ciin phong quyét dinh st dung loai dén LED neon Flex
(khong chéi mat) véi gid thi trudng khoang 85 nghin dong/mét.

D 4 D
/\\\\
I S
C //: \\\ C/
;o <
y 4 ¢ 1 / | S
- Y / I \\\ /
T S e FAL A
| // 4 8 }
Y /
1 - Y 4 L
B B
X
x=0

a) Phuong trinh canh BD 1a { y = 4 +¢, (¢ 1a tham s6).
7=t

b) Sé tién d€ mua dén LED trang tri trong cin phong 1a 2482 nghin dong (1am tron dén
hang don vi cia nghin dong).

¢) Khodng cach tir D dén miit phang (A’BC’) bang 5,2 m (lam tron dén hang phan chuc).

d) Biét dén LED c6 diém sang M chay tit B dén D véi téc dd 0,2 m/s, den LED c6 diém
sang N chay tit A’ dén C’ v6i toc dd 0,3 m/s. Sau 9,1 gidy (lam tron dén hang phan chuc)
ké tir khi m& ngudn thi hai diém siang M, N c6 khoang cich ngin nhét truéc khi c6 it
nhat mot diém sang vé dich.

$© Cau 17.M06t mai nha hinh tron dudgc dat trén 3 cay cot tru. Cac
cay cot tru vudng goc vi mit san nha phang va c6 do cao 1an lugt
12 8m, 9m, 10m. Ba chan cot 14 ba dinh ctia mot tam gidc déu trén
mat san nha véi canh dai 8m. Chon hé truc toa do nhu hinh vé, véi
B thudc tia Ox, C thudc tia Oy, tia Oz cung hudng véi vectd A—A7 ;
gbc toa dd O tring véi trung diém ctia AC va mdi don vi trén truc
c6 do dai 1 mét (xem hinh veé).

a) Toa do cac diém A’(0; —4;10), B'(4/3;0;9), C'(0;4:8).

b) Phuong trinh mit phang (A’B'C') lay + 4z —36 = 0.

¢) Biét do doc ctia mdy nha dat tiéu chuan khoang 27° dén 35° thi mai nha trén & mtc dat
tiéu chuén.
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d) Biét rang bé mat mai nha Ia hinh tron c6 tam I tring v6i tim dudng tron ngoai tiép tam
giac A’B'C’. Khi d6 diém I cdch mit san khoang 9 mét .

Tu luan.

& Bai 1. Tinh géc gitta cac cip dudng thang sau:

x=1+2¢ xX=2—s
a)d:{y=—1+tvad :{y=—1+3s;
z=3+4t 2=4+12s
5 x=3+t
ALY _ T 5 - — .
b)a,’.1 7 7 vad : <y 1+1;
z=1
x—=1 'y z+2 . x y+1 z
c)d._2—3—6vad.12—2—3.
& Bai 2. Tinh géc gilta dudng thang d va mit phang (o):

:ngva(a):zxuyﬂ:o;

a) d: >

X
1
x=3+7Tt
b) d: {ylSt va (o) 1 2x+2y+1=0;
x
3

== va (o) :6x—2y+4z=0.

& Bai 3. Tinh géc giita c4c cip mit phang sau:
a) (a):3x+4y+5z—1=0va(B):2x+y+z-3=0
b) (a):x—y+2z—1=0va(f):x+2y—z+3=0
¢) ():x+3y—2z—1=0va(B):4x+2y+5z—-3=0

& Bai 4. Trong khong gian Oxyz, cho mit phang (P) : 2x +my +mz — 1 = 0 va dudng thang
x—1 y—1 z

A T 1 s Tim m d€ géc tao bdi d va (P) bing 60°.
x=1+3t

& Bai 5. Trong khong gian Oxyz, cho dudng thang d : { y = 1 +4¢. Goi A la dudng thang
z=1

di qua di€ém A(1;1;1) va c6 vectd chi phuong @ = (1;—2;2). Viét phuong trinh dudng phan
giac cua goc nhon tao bdi d va A.

& Bai 6. Trong khong gian vdi hé toa dd Oxyz, cho mit phiang (P): x —y+z—2 =0 va

duong thingd: —— == =
ng thang 1 ) )

(P) vatao v6i d mot goc nhod nhét. Biét AN (Oxy) = B(m;n; p). Tinh gid tri T = 7m+Tn+ p.

va diém A(2;1;1) € (P). Pudng thing A qua A, nim trong
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& Bai 7. Trong hé truc toa do Oxyz, v6i mit phang (Oxy) 1a
mit dit, mot may bay cit canh tir vi tri A(0;10;0) véi van tdc
Vv = (150;150;40).

a) Viét cong thiic tinh toa d6 ctia may bay trong 2 gid dau tién.

b) Tinh géc nang clia may bay (goc gitta huéng chuyén dong bay 1én ctia mdy bay véi duong
bang va 1am tron két qua dén hang don vi).

& Bai 8.Mot 1éu trai c6 mit trudc va mit sau rong 4 z
m, hai mit bén rong 3 m gdm sdu thanh coc tre, vai
bat chéng thim nudc, diy du hodc day thing dé cb
dinh 18u tai sdu coc sat cam sat dat nhu Hinh vé. Biét
rang, hai thanh AF, OC c6 chiéu dai 2,2 m; bdn thanh
con lai c6 chiéu dai 1,7 m va doan day thiing IF =3

m. Chon hé truc toa do Oxyz nhu hinh vé va cho biét
gdc gitta duong thang chia day thiing IF va mit phang
chia thm bat (CDEF) 1a a°. Tinh gid tri cda a. Lam
tron két qua dén hang don vi cia do.

& Bai 9. Mdy bay Beta hudng t6i di€ém C(10; —10;5). Khi qua diém C, mdy bay Beta nhan
lénh tir dai ki€ém sodt bay ddi huéng bay theo vecto W = (—5;4;—1). O diém P c6 do cao
1000 m, mdy bay Beta sé thuc hién mot 1an ddi huéng cubi cung theo vects @ dé€ ha canh
xudng sin bay F(—12;7;0). Tinh cosin goc clia hai vecto @ va w (lam tron két qua dén hang
phan mudi). San bay F nam trén mat phang (Oxy). Mo6i don vi trong hé toa do tuong dng
1 km.

P

&N
)

& Bai 10.0ng An thiét ké mot mai che giéng
trdi hinh chép di dong d€ c6 thé tuy thich liy anh
sang cho ngdi nha cia minh. Biét ring ddy cta
hinh chop 1a hinh chit nhat c6 do dai 2 canh day
1a 3 m va 4 m va do cao cda giéng trdi 12 2 m
(hinh vé minh hoa). Hdi hai mit bén ké nhau tao
v6i nhau géc bao nhiéu do (két qua 1am tron dén
hang phan chuc).
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& Bai 11. Trong mot khung ludi 6 vuéng gdm cac hinh 1ap phuong, xét cac dudng thang di
qua hai nit luéi (mdi nit 1uéi 1a dinh clia hinh 1ap phuong), ngudi ta dua ra mot cach ki€m tra
do 1éch vé phuong ciia hai duong thang bang cach gin hé toa dd Oxyz vao khung 1uéi 6 vudng
va tim vector chi phudng ctia hai dudng thang d6. Gia st, dudng thang a di qua hai nit luéi
M(1;1;2) va N(0;3;0), dudng thang b di qua hai nit luéi P(1;0;3) va Q(3;3:9). Sau khi lam
tron dén hang don vi ctia do thi géc gilta hai dudng thang a va b bang n° (n 1a sd tu nhién).
Gid tri clia n bang bao nhiéu?

& Bai 12. Mot chiéc ban gip gon da dugc thiét 1ap
hé toa do Oxyz. Piém A 1a chan ban tiép xiic véi miit

x=-3+t
dét thudc duong thang a: { y=1+¢  cat mit ban
z=—-2+4%

1a mit phing (P): x+y—2z+6 = 0 tai diém F. D9
dai chan ban FA = 40v/3 cm, khi d6 do cao ctia mit
ban tinh tif mat dat 1a 1a bao nhiéu cm?

a

& Bai 13. Cho t5 gidy c6 hinh dang nhu sau: mdt hinh vuéng ABCD c6 canh bing 8, & hai
canh d6i dién AB va CD lan lugt gan hai nita dudng tron c6 dudng kinh 1a mdi canh 4y. Trén
cung tron AB ldy 2 diém chia thanh ba doan biang nhau, 1iy diém gin B 1a P. Trén cung tron
CD, lay diém Q chia cung tron CD thanh hai doan bing nhau. Gap t& gidy 1én theo hai dudng
thang AB va CD sao cho hai nita dudng tron dung ding (cuing phia) 1én khoi mét phang ABCD.
Khi d6, ti hai diém P va Q ta ha cic dudng vudng géc xuéng mit phang (ABCD) dudc céc
hinh chiéu 12 G va H.

A D

sau dun
B C _sau dyng

Ngudi ta cho biét G va H nam bén trong hinh vudng ABCD sao cho PG = v/3;0H = 2+/3.
Goi 0 1a goc gitta mit phang (PCQ) va mit phang (ABCD). Hoi gid tri ctia 70 cos? 6 biang bao
nhiéu?

Gidi cdc bai todn sau bang phuong phdp toa do.

& Bai 14. Cho hinh chép S.ABC c6 day ABC 1a tam gidc déu canh bang 2, SA vudng géc véi
miit phang (ABC). Géc giita dudng thang SB va mit phang (ABC) bing 60°. Goi M 1a trung
diém clia canh AB. Tinh khodng cich tlf diém B dén mit phang (SCM) (két qua lam tron dén
hang phan trim).
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& Bai 15 (CT - THPTQG 2025). Cho hinh chép S.ABCD c6 day ABCD la hinh vudng
véi AB = 6. Biét ring hinh chiéu vudng géc ctia S trén mit phang (ABCD) 1a trong tim H clia
tam gidc ABC va SH = 3+/2. Khoang cich giita hai dudng thang AC va SD bang bao nhiéu?
(Khong 1am tron két qua cac phép tinh trung gian, chi 1am tron két qua cudi cung dén hang
phan trim)

& Bai 16 (CT - THPTQG 2026). Cho hinh lap phuong ABCD.MNPQ c6 canh bing 14.
Goi E 1a trung diém ctia doan thang AB. Khoang cich tif diém P dén mit phang (MED) bing
bao nhiéu (khong 1am tron két qua cac phép tinh trung gian, chi 1am tron két qua cudi cung
dén hang phan mudi)?

& Bai 17. Cho hinh chop S.ABCD c6 day la hinh vuong va SA vudng goc véi ddy, SA = 3,
AB = 2. Tinh khoéng cich tit diém C dén mit phang (SBD) (lam tron dén hang phan trdm).

& Bai 18. Cho hinh chép S.ABC ¢6 SA L (ABC) va SA =/5,AB = /2, BC =2, ABC = 135°.
Sb do clia géc nhi dién [A,SC, B] biang m°. Gia tri clia m bang bao nhiéu? (Két qud lam tron
dén hang don vi).

& Bai 19. Cho hinh chép déu S.ABCD c6 day ABCD 1a hinh vudng canh bang 1 va canh bén
SA = 2. Tinh khoang céch giita hai duong thang SD va AB. (Két qua lam tron dén hang phan
tram)

& Bai 20. Cho hinh hop chit nhat ABCD.A'B'C'D’ ¢6 AB=2,BC =3vaCC' =6.Goil la
trung diém ctia AA’ va G 1a trong tim tam gidc BCD. Khoang cich giita hai duong thang B'D’
va IG bing bao nhiéu (khong lam tron két qud cdc phép tinh trung gian, chi lam tron két qud
cudi cung dén hang phan tram)?

& Bai 21. Cho hinh chép S.ABCD c6 day la hinh thang, AB = 2a, AD = DC = CB = a, SA
vudng goéc v6i mit phang ddy va SA = 3a. Goi M la trung diém ctia AB. Khoang cich giita hai
dudng thiang SB va DM bing % (v6ix, y € N, tdi gian). Tinh x + y + xy.

& Bai 22. Cho hinh chép déu S.ABCD c6 canh ddy biang 4, khoang cach giita hai dudng
thang SA va CD bing 2. Thé tich ctia khdi chép S.ABCD bing bao nhiéu? (Iam tron két qua
dén hang phan mudi)
& Bai 23. Cho hinh ling tru diing ABC.A'B'C’ ¢6 ddy ABC la tam gidc déu canh 1a v/2,
A’'B = /6. Khoang céch giita hai dudng thang A’B va B'C bing bao nhiéu? (két qua lam tron
dén hang phan trim).
& Bai 24. Cho hinh chép S.ABCD cé day ABCD 1a hinh vudng canh bing 1, canh bén SA
vudng géc véi ddy. Goc gitta dudng thang SC va mit phiang (ABCD) bing 45°. Tinh khoang
cach gitta hai duong thang SC va BD.
& Bai 25. Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh thoi tim O, canh bing 6 va géc
ABC = 60°. Biét ring hinh chiéu vuong géc ctia S trén mit phang (ABCD) trung vdi trong
tdm G cla tam giac ABC va sb do géc nhi dién [S,AC, G] bang 60°. Khi d6, khodng cach gilta

2 N b N
hai dudng thang SD va AC bang —= (V6i a, b € 7). Gid tri cia a®> — b bang bao nhiéu?

a

7
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PHAN 1. Cau tric nghiém nhiéu phuong an lua chon. Thi sinh tra 16i tir cdu 1 dén cau
12. M&i cau hdi thi sinh chi chon mét phuong an.
$> Cau 1. Trong khong gian véi hé toa do Oxyz, cho dudng thang d ¢6 phuong trinh tham
x= -2t
s6 { y=6+41t vamitphang (P): 2x—y+3z+ 12 = 0. Tim sin cla géc gitta d va (P)?

z=1-3¢
A)0°. ®1. ©O0. (D)90°.
$> Cau 2. Trong khong gian Oxyz, hiy tinh s6 do géc o giita dudng thang A: )_1c = 12 = %
va mit phang (P): 5x+ 11y +2z—4 = 0.
(A)—30°. ®)30°. ©60°. (D)45°.
. 1 —1
¢S Cau 3. Trong khong gian véi hé truc Oxyz, cho hai dutng thang d; : )IC = )% = ZT

1 -3 . \
x+1 = % = Goc gitta hai duong thang do bang

@)90°. ®)45°. (©)30°. (D) 60°.
$> Cau 4. Trong khong gian Oxyz, cho A(0;1;0), goc gifta dudng thang OA va mit phang
(Oxz) bing

vads:

(A)60°. B)45°. (©)90°. (D)0°.
$> Cau 5. Trong khong gian Oxyz, goc giita hai dudng thang d : )TC = )%1 = % va
x=1+t¢
dy: { y=—2t bing
72=—-3+1
(A)30°. B)90°. (©)45°. (D)60°.

$> Cau 6. Trong khong gian vé6i hé toa do Oxyz, tinh géc gifta mit phang (P): 2x—3y—4=0
va mit phang (Oxy).

(A)30°. B)90°. (©60°. (D) 0°.
$> Cau 7. Trong khong gian véi hé toa do Oxyz, géc gitta duding thang d chia truc Ox va
miit phang (P): 3y —z+4 5 = 0 bing

(A)90°. B) 60°. ©)0°. (D)30°.

x=2—t

$> Cau 8. Trong khong gian véi hé toa dd Oxyz, tinh goc giita hai duong thang d;: { y=1+1

=195
x= -2
vady: {y=-3+"¢
z=1-21.
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@A) 60°. B)45°. ©30°. ©)90°.
$> Cau 9. Trong khong gian Oxyz, géc gifta hai mit phang (P): x+2y —3z+5=0 va
(Q): 2x+y—3z—1 =0 bang (két qua 1am tron dén do)

@)20°. B)22°. ©)25°. ©)27°.

x=—-2+t x=2-2m
¢ Cau 10. Trong hé toa dd Oxyz, cho hai duong thang Aj: { y=—4+2r vaAy: { y=2—2m
z=—1+2t z=3+m

Goi ¢ 12 géc gitta hai duong thang. Tinh cos @?

5 1 V3 4
e 5 o7 =)
$> Cau 11. Tinh géc o gitta mit (P): x4z —4 = 0 v mit phang (Oxy).
@)45°. ®)30°. ©90°. ) 60°.
$> Cau 12. Cho mit phang (P): x+y—+/2z+5 = 0. Tinh géc ¢ giita mit phang (P) va
truc Oy.

A) @ = 60°. B) ¢ = 45°. © @ =90°. D) e =30°.

PHAN I1. Cau tric nghiém ddng sai. Thi sinh tra 13i ti cau 1 dén cau 4. Trong mdi y a),

b), c), d) & mdi cu, thi sinh chon ding hoac sai.

x=2+t x=1-—t
$> Cau 1. Trong khong gian Oxyz, cho hai dudng thangdy: { y= —1+1vady: { y=2
z=3 7= —2+4t

Xét tinh diing sai ctia cac khang dinh sau

a) Puong thang d; c6 mot vecto chi phuong 1a u7 = (1;1;3).

b) Géc giita hai dudng thang d; va d» bing 60°.

¢) Pudng thang dy c6 mot vecto chi phuong 14 i3 = (—1;0;1).

. N 1

d) Gia tri cosin cua goc gitta hai duong thang d; va d, bang —5
$> Cau 2. Trong khong gian Oxyz, cho mit phang (P) : 2x+y 42z — 1 = 0 va hai diém
A(1;—-1;2), B(0;1;—1). Xét tinh ding sai ctia cic khang dinh sau

. 2 \ 2

a) Gid tri cosin cua goc gitta duong thang AB va mét phang (P) bang 7
b) Puong thang AB vudng géc véi mit phang (P).
¢) Mit phang (OAB) c6 mdt vecto phap tuyén 1a 7 = (—1;1;1).

. . \ 3
d) Gia tri cosin cua goc gitta mat phang (OAB) va mat phang (P) bang £

9
> Cau 3. Trong khong gian Oxyz, cho dudng thang d: )1—6 = LZ = % va mit phang

(P): 5x+11y+2z—4 = 0. Xét tinh diing sai ctia cic khang dinh sau
a) Pudng thang d c6 mot vecto chi phuong 12 @ = (1;—2;1).
b) Mt phang (P) c6 mot vecto phap tuyén 1a 7 = (—5; —11;2).

. . . 1
¢) Gia tri cosin cta goc gitta dudng thang d va mat phang (P) bang 5
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§3. Cong thic tinh goc trong khong gian

d) Géc giita duong thang d va mit phang bang 30°.

$> Cau 4. Trong khong gian Oxyz, cho mit phiang (P) : 3x +4y +5z+2 = 0 va dudng thang
d 14 giao tuyén ctia hai mit phang (&) : x —2y+1=0va (B) : x —2z—3 = 0. Xét tinh diing
sai clia cac khang dinh sau

a) Mt phang (P) c6 mot vecto phap tuyén 1a 7 = (3;4;5).

b) Géc giita dudng thang d va mit phang (P) bing 30°.

¢) Puong thang d c6 mdt vecto chi phuong 1a @ = (2;—1:1).

) . . 7 11 19
d) buong thang d cit mit phang (P t'A(—;—;——).
) Butng thang d cat mdt phang (P) @i A | 12372313
Phan 111, Tra I18i ngdn. Thi sinh tra 18i tir cAu 1 dén cau 6 vao 6 két qua.
x—1 y+2 z+3

$> Cau 1. Trong khong gian Oxyz, cho dudng thang d c¢6 phuong trinh 1 1

va mit phang (P) c6 phuong trinh x +2y —z+7 = 0. Géc giita d va (P) bing bao nhiéu do?

KQ:
$> Cau 2. Cho hai diém A(1;—1;1), B(2;—2:;4). C6 bao nhiéu mit phang chita A, B va tao
v6i mit phang (o) : x — 2y +z—7 = 0 mot géc 60°. KQ:

x=142t
$> Cau 3. Trong khong gian v6i hé toa do Oxyz, cho dudng thang A: { y=2+¢ va
7=—2—t
(P): —x+2y+2z+5=0.Goi d la dudng thang di qua di€ém A(—1;0; —1) cit dudng thang
A va tao véi mit phang (P) mot géc nhé nhét. vectd chi phuong ity = (a;b;c). Tinh tdng
a—+2b—3c. KQ:

> Cau 4. Khi gin hé truc toa do Oxyz (don vi mdi truc tinh theo km) vao mdi sin bay,
. 4

mat phang (Oxy) trung v4i mat san bay. Mot may bay & vi tri A (7; —4; §> s€ ha canh 6 vi

tri B(7;11;0) trén dudng bing. Géc giita dudng bay (mot phan ciia dudng thang AB) va sin

bay (mdt phan clia mit phang (Oxy)) bing bao nhiéu do (lam tron ké qud dén hang don vi)?

KQ:

&> Cau 5.Mot kién tric st mudn xay dung mot tdoa nha biéu 4 ] o
tugng doc la cho thanh phd. Trén ban thiét ké toa nha c6 hinh .

dang 13 mot khdi ling tru tam gidc déu, c6 canh bén bang canh NSNS

day va dai 320 mét (tham khdo hinh vé&). Kién tric su mubn xiy M \“\:\‘ T

dung mdt cay ciu MN bic xuyén tda nha (diém dau thudc canh
A’C, diém cubi thudc canh BC') va ciy cau nay sé dudc dat vang
v6i don gia 4 ty dong trén 1 mét dai. Vi vy dé ddp ng bai toan
kinh té, kién tric su phai chon vi tri ciy cau sao cho MN ngan
nhat. Khi d6 gia xay ciy cAu nay hét bao nhiéu ti dong (két qua
lam tron dén hang don vi)?

KQ:
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> Cau 6. Mot chiéce truc thing bay trong diéu kién tim nhin kém tién vé phia mot suon nii
dbc 1én, dugc mé ta béi cac diém P(0;5;0), O(5;10;2), R(10;10;2).

Z

% _-‘

a
/ y

Truc thdng bay qua céac di€ém A(1;6;1) va B(2;7;1) (don vi km).

Néu truc thing tiép tuc gilf nguyén hudng bay hién tai, sé va vao sudn ndi. Vi thé d€ tranh tai

nan, tai di€ém B phi cong gitt nguyén huéng theo phuong x — y nhung bay 1én véi géc nang sao

cho dudng bay song song v6i suon nui. Tinh géc ma phi cong da thay doi huéng bay tai di€m

B (lam tron két qud dén hang phdn muoi, don vi do). KQ:
—Hét—

BANG PAP AN BAI TAP CUOI BAI

Bang dip an tric nghiém nhiéu phueng 4n

(1 c]2 b3 clJa B|5 BJ6 c|7 c|8 c|9 AJi0 B

Bang dip an trac nghiém diing sai

Cau 1. (@)s()b(c)P(d)s | |Cau 2. @pb)blc)s@)s
Cau 3. (@)s()DP(c)P(d)P | |Cau 4. (@s®s(e)b@)s
Cau 5. (@)P()S(c)S(@)P | |Caus. @pb)b(c)s@)s
Cau 7. (@)P()S(c)P(d)P | |Caus. (@s®ble)b@)s
Cau 9. (@P(®)S(c)b(d)s | |Cau 10. (@s®s(c)s@s
Cau 11. (@b(®d)b(c)s(@P ||Cau12. (@p(d)s(c)pdP
Cau 13. (@b(®)b(c)sS(d)S ||Cau 14. (@b()s(c)p(dD
Cau 15. (@)s()b(c)S(d)s | |Cau 16. (@s®blc)s@s
Cau 17. ORIORIOEIC:

BANG DAP AN PE KIEM TRA CUOI BAI
PAP AN PHAN I

1. B||2. B|[3. A|l|l4. C||5. D|l6. B]|7. cC|]|8. B|[9. B|
110. D|[11. A][12. D|
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PAP AN PHAN II

Cau 1. (@)s(®b(c)P()S | |Cau 2. (a)s()s ()PP
Cau 3. (@b(d)s(c)s (@)D ||Cau4. (@b(®s()s@b
PAP AN PHAN III

Cau 1. Cau 2. Cau 3. Cau 4. Cau b. Cau 6.

310 2 9 3 50712 115],]8
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§4 PHUONG TRINH MAT CAU
I. LY THUYET CAN NHO

1) Khai niém mat cau

@ Trong khong gian, cho diém 7 va sb duong R. Mit cau tim 1,
ban kinh R, ki hiéu S(I; R) 1a tap hop cac diém M trong khong
gian théa man /M = R. Poan thflng ndi hai diém thudc mit cau

va di qua tam / goi 1a dudng kinh ctia mit cau.
@ Cho mit cau S(I;R).
% Néu IM = r thi M nam trén mit cau.
% Néu IM < r thi M nam trong mit cau.
% Néu IM > r thi M nam ngoai mit cau.

2) Phuong trinh mit cau

£ Trong khong gian Oxyz, mit cau (S) tim I(a;b;c), ban kinh R ¢6 phuong trinh

(x—a)?+(y—b)?+(z—c)? =R

Nhan xét: Phuong trinh x? +y? + 72 — 2ax — 2by —2cz+d = 0 véi a> + b*> +c* —d > 0
12 phuong trinh cia mit cAu tim /(a;b;c), ban kinh R = va? + b2 +c% —d.

1. PHAN DANG BAI TAP

Dang @ Xac dinh tam va ban kinh cia mat cau cho trudc

@ Loai 1. Cho (S): (x—a)>+(y—b)?>+(z—c)?> =r* . Khi d6
® Tam I (a;b;c) (d6i diu sb trong diu ngoic);
@ Ban kinh r (Riit cin vé phai).
@ Loai 2. Cho (S): x> +y*+ 2% — 2ax — 2by — 2cz+d = 0. Khi d6
® Tam I (a,b,c) (d6i dau hé sb clia x, y, z va chia doi);
@ BankinhR=+va?+b*+c2—d.

> Vidul

X4c dinh tAm va ban kinh ctia mit cau c6 phuong trinh:
a) (8): (x—1)2+(y—2)*+(z—3)* =81;
b) (S): (x+1)2+(y—5%+(z+12)>=19;
) (S):x*+y*+z72=16.
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<S> Vidu 2

Trong cdc phuong trinh sau, phuong trinh nao la phuong trinh mit cau? Xac dinh tdm
va ban kinh ctia mit cau dé.
a) X>+y?+z2—2y+2z—-7=0. b) X+ +72—2x+4y+2z+7=0.

BAI TAP REN LUYEN

Xdc dinh tAm va ban kinh ctia mit cau ¢6 phuong trinh:
a) (8):(x—1)2+(y=35)*+2" = 144;
b) (8): (x+2)*+(y+4)*+(z—2)* =23;
o) (8):x%+y*+(z—9)% = 36.

[ a2 | ‘
Trong cdc phuong trinh sau, phuong trinh nao 12 phuong trinh mit cau? X4c dinh tAm va ban
kinh ctia mit cau dé.

a) x> +y? 427> — 12x— 4y — 674+ 1 =0; ¢) X2y + 22 +4x—2y—27—11=0;
b) x> +y* —2x+y+dz4+2=0; d) ¥ +y*+27 =22 =2y —4z+9=0.

[ scis | z

Trong khong gian Oxyz, tim tt ca gid tri ctia tham sb m d€ cac phuong trinh sau 13 phuong

trinh mt cau.
a) x> +y? 422 —2(m+2)x +4my — 2mz+ 5m* +9 = 0;
b) X2+ + 22+ 2(m+2)x—2(m—1)z+3m*> —5=0.
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Dang @ Viét phuong trinh mat cau

@ Phuang phap chung: Can xéc dinh dudc toa do tim I (a;b;c) va dd dai ban kinh r.
® Cac bai toan ca ban:

@ Mit cau c6 tam I (a; b;c) va di qua diém A (x4;y4;2z4) thi ban kinh

r=IA= \/(XA —x1) 4+ (va—y1)* + (za— ).

@ Mit cau (S) c6 duong kinh AB thi
e Tam I (a;b;c) 1a trung diém ctia AB hay [ (

XA+XB'yA+yB_ZA+ZB)
Y ) '
AB \/(XB—XA)2+(yB—yA)2+(zB—ZA)2

Bankinhr=— =
 Bankinhr=— >

@ Mit cu c6 tam I(a;b;c) va tiép xiic véi (a): Ax+ By +Cz+ D = 0 thi ban
kinh

|Aa+Bb+Cc+D|

Y/ e

@ Mit cau qua bon diém A, B, C, D khong dong phang (ngoai tiép tit dién ABCD)
Goi (S) c6 dang x* +y? + 7> — 2ax — 2by —2cz+d = 0 (¥)
Thay toa do 4 diém A, B, C, D vao (*), ta dudc hé phuong trinh 4 4n s6 a, b, c,
d; Gidi im a, b, ¢, d. Suy ra tim I (a,b,c) , ban kinh R = Va2 + b +c2 —d.

> Vidu 1

Viét phuong trinh mit cau (S):
a) C6tam I(3;—2;—4), ban kinh R = 10;
b) C6 duong kinh EF v6i E(3;—1;8) va F(7;—3;0);
c) C6 tam M(—2;1;3) va di qua diém N(2; —3;—4).
d) Pi qua bén diém A(1;1;0), B(1;0;1), C(0;1;1), D(1;2;3).
e) C6 tam I(2;1;—1), tiép xtic v6i mit phang toa do (Oyz).

r=d(,(a))
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< Vidu 2

Viét phuong trinh mit cu (S) di qua A(—1;2;0), B(—2;1;1) va ¢6 tim ndm trén truc
Oz.

BAI TAP REN LUYEN

oo

Trong khong gian Oxyz, viét phucong trinh mit cau ()
a) C6 tam I(2; —3;—4), ban kinh bing 4;

b) C6 tam 1(2;—1;0) va di qua diém M (4;1;-2);

¢) C6 duong kinh AB v6i A(0;1;3), B(4;—5;—1);
d) C6 tam I(1;—2;3) va tiép xiic véi truc Oy;
e) Co6tam /(1;2;—1) va tiép xuic véi (P): x—2y—2z7—8 =0.
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Chuong 5. Phuong phép toa dd trong khong gian

[ saiz | z

Viét phuong trinh mét ciu ngoai tiép td dién ABCD, biét A(1;2;—4); B(1;-3;1), C(2;2;3),
D(1;0;4).

Dang @ Vi tri tuang dbi chia diém, cha mit phing véi mit cau

@ Bai toan 1: Xét diém M (xo;y0:20) vamitcau S: (x—a)>+(y—b)?+(z—c)>—r* =
0 (1). Thay toa do diém M vao vé tréi ctia (1), néu
® Két qua bang 0 thi M € (S).
@ Két qua ra sb Am thi M nim trong (S).
@ Két qua ra sd duong thi M nam trong (S).

@ Bai toan 2: Cho mit cau (S) c¢6 tam I(a;b;c), ban kinh r va mit phang
(P): Ax+By+Cz+D=0.

Aa+Bb+Cc+D
® Néu d(I,(P)) = > r thi (P) va (S) khong c6 diém
(1,(P)) e (P) va (S) khong

chung.
Aa+Bb+Cc+D
@ Néud(I,(P)) = = r thi (P) tiép xic (S).
(1,(P) = s (P) tiép xiic (S)
Aa+Bb+Cc+D
® Néud(l,(P)) = < rthi (P) cit (S).

VAT B2+ C?

S Vidul

Trong khong gian Oxzy, cho mit cau (S) : (x—1)2 4 (y+3)? + 2> = 5. Héi gbc toa do
0(0;0;0) nim trong, nam ngoai hay thudc mit cau (§)?
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< Vidu 2

Cho mit cau (§): (x—2)2+y?+ (z+1)?> =9 va mit phang (P): 2x—y—2z—3 = 0.
a) Ching minh ring mit phang (P) cit mit cau (S).
b) Biét mit cau (S) cit (P) theo giao tuyén 1a dudng tron (C). Tinh ban kinh r ctia
duong tron (C).

BAI TAP REN LUYEN

[ ai1 ] *
Cho mit cau (S) c6 tam /(2;—1;4) va ban kinh R = 5. Cac diém A(3;1;5), B(—1;11;14),
C(6;2;4) ndm trong, nam trén hay nim ngoai mit cau (S)?

ca z
Trong khong gian véi hé toa d6 Oxyz, cho mit phang (P): 2x+2y+z—m?>+4m—5=0va
mit cau (8): x> +y? + 272 — 2x 42y — 2z — 6 = 0. Gid tri ctia m d& (P) tiép xic () 1a

@sz ®m=—1
(©m=—1hodcm=75 D)m=1hodcm= -5
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a5 2
Trong khong gian Oxyz, cho mit ciu (S) c6 tam I(1;2;1) va cit mit phing

(P): 2x —y+2z+7 = 0 theo mot dudng tron c6 dudng kinh bing 8. Phuong trinh miit
cau (S) 1a

Dang @ Toan thuc t& 4p dung mit cau

S Vidul

Trong khong gian Oxyz (don vi trén mdi truc 12 mét), mot router phat séng wifi c6 dau
thu phat dugc dit tai di€ém 7(4;2;10).

a) Cho biét ban kinh pha séng wifi 1a 40 ¢
m. Viét phuong trinh mit cau (S) biéu H
dién ranh gidi clia ving phi song. I-

b) Mot ngudi st dung may tinh tai diém y
M(6;12;0). Hiy cho biét diém M nim °
trong hay nim ngoai mit cau (S) va
ngudi do co thé st dung dudc séng wifi 5. A

cua router ndi trén hay khong?
c¢) Cau hdi tuong tu ddi v6i ngudi sit dung
mdy tinh & diém N(14;6;50).
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¢ Vi du 2

Pau in phun cia mot may in 3D dang in bé mit cia mot mit cau
nhu Hinh 8 ¢6 phuong trinh

1 1 1

2 2, 2

—X— =y — — =0.
X +y +z +8x 8y Z+16

Hinh 8

Tinh khodng cach tif dau in phun dén tAm miit cu.

BAI TAP REN LUYEN

[ sai 1 x

Trong hé truc Oxyz cho trudc (don vi trén truc la mét), mot tram thu phat song 5G c6 ban
kinh vung pht séng 6 nguong 600 m dudc dat & vi tri 1(200;450;60).

a) Lap phuong trinh mit cAu mo ta ranh gi6i ngoai va biéu
dién viing phu séng (phia trong).

b) Néu ngusi dung dién thoai dang & vi tri
A(—100;50;10) thi ngudi d6 c6 thé st dung dich
vu cua tram nay khong? Vi sao?

ooz :
Gia st ngudi ta biéu dién md phong cua toa nha Ericsson Globe trong hé truc toa do Oxyz
bdi mot mit cau c6 tim 1, dudng kinh 110 m va OA = 85 m nhu hinh vé (don vi trén truc 1a
mét). Hay viét phuong trinh clia mit cau nay.
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[ sAi TAP

Tric nghiém nhiéu phuong an luva chon.

$> Cau 1. Trong khong gian Oxyz, cho mit cau (S): (x—1)?+ (y—2)?+ (z—3)? = 16. Ban
kinh ctia mt cau bang

(A)16. B)2. ©4. D)8.
$> Cau 2. Trong khong gian Oxyz, cho mit cau (S): (x—2)?+ (y+1)2+(z—1)>=9. Tim
toa do tam / va ban kinh R ctia mit cau (S).

A)I(—2;1;—1),R=3. ®1(2;—1;1),R=09.

©1(2;-1;1),R=3. O®1(—2;1;—1),R=09.
$> Cau 3. Trong khong gian Oxyz, cho mit cau (S): x* 4+y> + 72 —2x+4y+ 6z —6 = 0. TAm
clia mit cau c6 toa do 1a

@A) (1;-2;-3). (—2;4;0). ©(—1;2;-3). D (—1;2;3).
$> Cau 4. Trong khong gian Oxyz, cho mit cau (S): x> 4+y*>+z%> —/2x+y—z—1=0. Tinh
ban kinh R ctia mit cau (S).

@)3. B)2. ©R=V2. DR =3.
$> Cau 5. Trong khong gian Oxyz, cho miit ciu (S) : x> +y? + 7% — 2x +4y — 67— 11 = 0.
Toa d6 tam I va ban kinh R ctia mit ciu da cho 1an ludt 1a

M)I(1;-2;3), R=75. ®1(1;2;-3),R=5.

©1I(—-1;-2;3),R=75. O1(1;-2;-3),R=5.

$© Cau 6. Trong khong gian Oxyz, phuong trinh nao dudi diy la phuong trinh cia mot
mat cau?
Qx> +y? 472 —2x—2y—2z—1=0. ®x>+y*+72—2x—2y—2z+3=0.
©x*+y* -2 —2x—2y—2z—1=0. ©x*+y*+222—2x—2y—2z—1=0.
$> Cau 7. Trong khong gian v6i hé toa do Oxyz, hdi trong cac phuong trinh sau phuong trinh
nao la phuong trinh ctia mit cau?
Ax2+y? =2 —2x+4y+4z+5=0. B2 +y?+22—2x+2y—4z—-2=0.
O©x*+y*+22+x—2y+3=0. DOx% —y*+22 —2x+6y—8z+1=0.
¢ Cau 8. Trong khong gian Oxyz, cho mit cu (S): (x—2)%4+(y+1)*+ (z—1)* =6. Piém
nao dudi day thudc mit cau (S)?
(A)B(3;1;1). B)A(3;-2;2). ©C(3;-2;3). D D (1;0;4).
$> Cau 9. Trong khong gian Oxyz, mit cau (S) tim 7(2;1; —1) ban kinh bing 3 c¢6 phuong
trinh la
Ax—=2)2+(-1)2+(z+1)?=3. (x+2)2+(+1)2+(z—1)>=36.
O©x+2)2++1)*+(z-1)2=0. O x—2)2+(—1)+(z+1)?=09.
$> Cau 10. Phuong trinh ctia mit cau (S) c6 tam 1(2; —1;3), ban kinh R = 4 la
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A (x—-2)2++1)*+(z—3)*=16. (x+2)2+ (- 12+ (z+3)2 = 16.
©@x+2)2+(y—1)*+(z+3)* =4. D (x—2)+ (y+1)*+(z—3)* =4.
$> Cau 11. Trong khong gian Oxyz, mit cau tim /(—7;8;9) di qua A(—5;6;10) c6 phuong
trinh la
W E+7)*+(—-8)*+(z—9)?>=0. (x+7)2+(y—8)2+(z—9)?=8l.
©(x+7)+(y—8)*+(z—9)> =3. O®(x—7)++8)*+(z+9)*=9.
$> Cau 12. Trong khong gian Oxyz, cho hai diém A (1;1;2) va B(3;1;0). Mit cau dudng
kinh AB c6 phuong trinh la
® =2+ -1)1’+(E-1)*=8. ® (-2 + -1+ =2
©Gx—1)7+(—1)*+(z—2)*=8. O (x—3)7+ (-1 +2=2.
¢ Cau 13. Trong khong gian Oxyz, cho hai diém A(1;2;3), B(—3;0;5). Phuong trinh mit
ciu dudng kinh AB 13
@ x—1)2+ @+ 1)+ (z—4)* =26. ®x+1)2+ -1+ (z—4)>=6.
© =17+ (y+1)*+(z—4)*=6. O+ 12+ —1)2+(z—4)? =24.
$> Cau 14. Trong khong gian véi hé toa do Oxyz, cho diém I(1;—2;3) va mit phang
(P): 2x —y+2z—1=0. Mit cau (S) tim I va tiép xtic v6i mit phang (P) c6 phuong trinh
D=1+ +2)>+(z—3)*=0. (=1 +(+2)*+(z—3)* =3.
©@x+1)*+(y—2)+(z+3)*=09. © (x+1)*+(y—2)"+(z+3)* =3.
> Cau 15. Trong khong gian vé6i hé truc toa dd Oxyz. Hay viét phuong trinh mét cau c6 tim
1(2:2;3) va tiép xic v6i mit phang (Oxz).
@A (x+2)*+(y+2)*+ (z+3)* = 4. (x=2)%+ (y—2)*+(z—3)* = 13.
O©@x—2+(-2)"+(z—3)* =4 O (-2 + (-2 +(z—-3) =2

Trac nghiém dang sai.

$> Cau 1. Trong khong gian Oxyz, cho hai diém A(0;2;—1), B(3;2;—4) va mit phang
(P): 2x+2y+z—6=0.

a) Mot véc-to chi phuong clia dudng thang AB1a @ = (1;0; —1).

b) Mit phing (P) c6 mot véc-to phap tuyén 1a 7 = (2;2;1).

¢) buong thjmg A Cﬁ1 qua A va vudng géc v6i mit phang (P) c6 phuong trinh chinh tic Ia
X y— Z+

2 2 1

X 3\? 5\2
d) Mit cau dudng kinh AB c6 phuong trinh la (x — 5) +(y—2)2+ <z — 5) = 18.

$> Cau 2. Trong khong gian Oxyz, cho mit cau (S) c6 dudng kinh AB véi toa do
cic diém A (1;2; —4), B(3;—2;0) vamit cau (') : x> +y* + 72 —2x+4y—6z+5=0.
a) Mit cau (S) c6 tam 1 (2;0; —2).
b) Phuong trinh mit ciu (S): (x+2)*+y2+(z—2)* =9.
¢) Piém M (0;1;—5) ndm trong mit ciu ().
d) Mit cau (') c¢6 cung ban kinh v6i mit cau (S).
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$> Cau 3. Trong khong gian Oxyz, cho mit cau (§): x> +y> +72 —2x—4y—6z—11 =0
mit cau (') : (x—2)2+y*+(z+1)2 =16, di€m A(3; 1;1).

a) Mit cau (S) c6 tam 1a 1(1;2;3).

b) Mt cdu (S) ban kinh R = 25.

¢) Mit cau (S) c6 ban kinh R’ = 4.

d) Miit cau tAm A va c6 ban kinh bing 6 c¢6 phuong trinh (x —3)2+ (y—1)2 +(z—1)> =6.

$> Cau 4. Trong khong gian Oxyz, cho diém A(4; —1;2); mit phang (P): x—y+z—1=0
va mit cau (S) ¢6 tm 1a A va di qua diém O
a) Mot véctd phdp tuyén ctia (P) 1a 7 = (1;—1;1).
b) Pudng thing (d) di qua A va vuong géc véi (P) c6 phuong trinh chinh tic 13
x+4 y—1 z+2
1 -1 1

2 3
¢) Goi ¢ la goc gitta hai mat phang (Oxy) va (P), taco cos@ = %
d) (S) c6 phuong trinh 12 (x —4)? 4+ (y+1)> 4 (z — 2)?> = 21.

$> Cau 5. Trong khong gian Oxyz, cho mit cau (S): (x+1)>+(y—1)2+(z+2)>=9¢6
tam / va ban kinh R.

a) Phuong trinh mit cau (S) ¢6 tam I(1; —1;2), ban kinh R = 3.

b) Piém A(0;2; —3) ndm trong miit cau.

¢) Diém J(1;2;3) ndm ngoai mit cAu va khoang cich tir tim I dén diém J bang +/10.

d) Khoang cich tif tim I dén tam mit ciu (5'): x> +y? + (z — 1)? = 3 bing v/2.

$> Cau 6. Trong khong gian Oxyz, cho hai diém A(2;1;3), B(—4;7;5). Goi (S) 1a mit cau
c6 duong kinh AB.

a) TAm ctia mit cau (S) c6 toa dd 1a (—3;4;4).

b) Ban kinh ctia mit cau (S) 1a 2+/19.

¢) Phuong trinh cia mit cau (S) 1a (x+ 1)2+ (y—4)> + (z —4)%> = 19.

d) Diém M bat ky thudc mit ciu (S) thi MA - MB = 0.

$> Cau 7. Trong khong gian Oxyz, cho mit cau () : x* +y? +z> — 2x+4z+ 1 = 0. Xét tinh
ding sai ctia cac khang dinh sau

a) Toa do tam I cia mit cau 1a (1;0; —2).

b) Dién tich mit cau bang 167 (dvdt).

¢) Piém A(1;2;3) nim trong mit cau.

d) S6 diém chung ctia dudng thang A: %C = y%l - _12 va miit cau (S) bing 0.
¢ Cau 8. Trong khong gian Oxyz, cho mit ciu (S) : (x—1)*+ (y+2)* +22 =09.

a) (S)cotam7(1;—2;0) va ban kinh R = 3.

b) (S) di qua gbc toa dd O.

¢) Piém M (1;—2;4) ndm trong mit cau ().

d) (S) cét truc Oz tai céc di€ém c6 toa do (0;0;2) va (0;0;—2).

x+1  y+3  z+2

1 2 2
(S) c6 tam I(3;2;0). Pudng thang d cit mit ciu (S) tai hai diém A, B sao cho AB = 8. Xét

$> Cau 9. Trong khong gian Oxyz, cho dudng thang d: va mit cau

> Ngo Diic Tii - 8 0589977 004



§4. Phuong trinh mdt cau

tinh ding sai ctia cac khang dinh sau
a) Phuong trinh mit phang (P) di qua diém 7(3;2;0) va vudng géc véi dudng thang d c6
phuong trinh la x+2y+2z—-7 = 0.
b) Goi H 1a hinh chiéu vudng cta I 1én d. Khi d6 H(1;—1;2).
¢) Mit cau (S) c6 ban kinh R = 5.
d) Phuong trinh mit cau (S): (x—3)% + (y —2)? + 2% = 25.

$> Cau 10. Trong khong gian Oxyz, cho mit phang (&) : x 42y +2z —3 = 0. Khi d6
a) Phuong trinh (f) di qua M(2;—3;1) va song song v6i (o) la x+2y+2z+2 =0.

x=1+t¢
b) Phuong trinh dudng thang A di qua A(1; —2;3) va vudng goéc véi (a) 1a { y =2 +2¢.
z2=3+2t
¢) Phuong trinh mit cau tam I(1;1;—3) tiép xdc véi () 1a (x — 1)+ (y—1)2+(z+3)* =

2.
d) Phuong trinh mit cau (S): (x+2)2 4 (y—1)2+(z+3)? = 25 cit (&) theo giao tuyén 1a
mot dudng tron c6 ban kinh bang 4.
$» Cau 11. Trong khong gian Oxyz, cho hai diém A(0;0;2),B(1;1;0) va mait cau
1 .
(S): x> +y*+(z—1)* = 1 Xét tinh dung sai ctia cac khang dinh sau
a) Mit cau (S) c6 tam 1(0;0;1).
b) Piém A nidm trong mit cau (S).
¢) Mit cau tim A va di qua B c6 ban kinh bing /6.
d) Diém M thay d6i thuoc (S), gid tri nhod nhét ctia biéu thiic MA? + 2MB? bing 5.
$> Cau 12. Trong khong gian Oxyz, cho mit cau (§): (x—2)2+ (y+1)? 4 (z—1)> = 9. Xét
tinh diing sai ctia cac khang dinh sau
a) Mit cau (S) c6 tam I(2; —1;1), ban kinh R = 3.
b) Piém M(1;3;5) nim trong miit cau.
¢) Mit phang (P): x+ 2y — 2z +8 = 0 cit mit ciu (S) theo giao tuyén 1a dudng tron c6
ban kinh r = 2.
x=1+4t¢
d) Puong thing d: { y=t  cit mit cau (S) tai hai di€m A, B. Khi d6, dién tich tam
z=3—t

V182

giac IAB la 3

R 9
$> Cau 13. Trong khong gian Oxyz, cho mit cau (S): x> +y? + 72 +2x — 4y — 27+ 3=

va hai diém A (0;2;0), B(2;—6;—2). Diém M (a;b;c) thudc (S) théa mian MA - MB c6 gid tri
nhd nhit.

a) Tam cla mit cau (S) 1a7(—1;2;1).

b) Pi€ém A nim trong mit cau (S).

¢) Phuong trinh mit ciu (§') tim A di qua diém B 1a x4 (y—2)* + 22 = 72.

d) Tong a+ b+ c bang 1.

> Ngd Diic Tii - B 0859977 004

257



Chuong 5. Phuong phép toa dd trong khong gian

¢ Cau 14. Trong khong gian Oxyz (don vi trén mdi truc 1a mét), mot ngon hai ding dugc
dat ¢ vi tri 1(10;20;30) v6i ban kinh phu sang 1a 3 km.
a) Phuong trinh mit cAu mo ta ranh gidi bén ngoai clia viing phii sang trén bién clia hai
ding 1a (x — 10) + (y — 20)* + (z — 30)* = 30002,
b) Ngudi di bién & vi tri A (50;20;0) nhin thiy dugc dnh sang clia ngon hdi ding.
¢) Ngudi di bién & vi tri B (4030;50;40) nhin thay dudc dnh sang ctia ngon hai ding.
d) Néu hai ngudi di bién c6 thé nhin thiy anh sdng clia ngon hai ding thi khoang cach giita
hai ngudi dé khong qué 6 km.

$© Cau 15.Hinh vé md phong mdt tram thu phat séng dién Z

thoai di dong dit & vi tri 1(1;2;2) trong khong gian Oxyz (don A

vi trén mdi truc 1 kilomét) va dudc thiét ké véi dudng kinh phi
séng 14 10000 m. v

a) Ban kinh vung phu séng cua tram phat song dién thoai la !

5 km. , , X

b) Phuong trinh mit cau mo ta ranh giéi mién bén trong va
bén ngoai vung phu séng cua tram phat song dién thoai la
(x—1)*+ (y—2)*+(z—2)* =25.

¢) Piém A (1;2;6) ndm trong ving phl séng ctia tram phat
song dién thoai.

d) Nha ban Mai va ban Nam c6 vi tri toa dod lan luct 1a
M (1;2;7) va N (5;5;5). Néu ca hai ban Mai va Nam dung
dién thoai tai nha thi déu c6 thé st dung dich vu cta tram
phéat song dién thoai nay.

¢ Cau 16. Mot tiéu hanh tinh nhé (coi nhu mdt hat) dudc phét hién dang bay theo chuyén
dong thang déu trong khong gian Oxyz v6i O 1a tam Trai Dét. Tai thoi diém ¢ = 0, tiéu hanh tinh
& vi tri A(10000;5000;8000) (km), bay theo hudng vects v = (—300; —100; —160) (km/h).
Coi bé mit Trai Pt 12 mit cau ban kinh 6371 (km).
a) Phuong trinh mit cau biéu dién bé mit Trai Dat 1a x> 4+ y? + 22 = 40589 641.
x = 10000 — 300¢
b) Phuong trinh dudng thang mé ta quy dao cia tiéu hanh tinh 1a { y = 5000 — 1007 ,
z=38000— 160z
t > 0.
¢) Tai thdi diém 5 gio ké tu khi phdt hién, ti€u hanh tinh & vi tri c6 toa do
(8500;4500;7200) (km).
d) Thoi diém ti€u hanh tinh va cham vé6i Trdi Dat 12 sau 21 gid 43 phit (1Am tron dén don
vi phut).

$© Cau 17. Trong khong gian v6i hé toa dd Oxyz (don vi do trén cac truc 1a km), mot may bay
phan luc dang bay thang theo 16 trinh A 1a dudng thing c6 phuong trinh
A x—=50  y+20 z-10

3 4] X
dong tich dién nguy hiém c6 dang hinh cau (S) véi tam C(200; —300;60) va ban kinh R = 80
km. Tai thoi diém quan séat, may bay dang & vi tri A(50; —20;10) € A.

. Radar tai tram ki€ém sodt khong Iuu phat hién mot khdi may

258 » Ngo Die Jii - 8 0589977 004



§4. Phuong trinh mdt cau

a) Mot vecto chi phuong ctia dudng thang Ala 7@ = (5;—2;1).

b) Pudng thang A nim trong mit phang (P): 4x+ 3y = 140.

¢) Néu tiép tuc giif nguyén 10 trinh A thi may bay phén luc sé bay xuyén qua (bay vao bén
trong) khbi may dong c6 dang hinh cau (S).

d) Goi M la diém trén dudng thang A ma tai d6 mdy bay phan luc gin tim C clia hinh cau
(S) nhit. Biét rang téc do may bay phan luc khong ddi 1a 500 km/h. Thai gian may bay
phén Iuc d6 di chuyén tir vi tri diém A dén diém M nhd hon 30 phiit.

$> Cau 18.Trong khong gian cho hé toa d Oxyz, cac vecto z
7, 7, K 1an lugt 1a cic vectd don vi trén cac truc Ox, Oy, Oz
va do dai ciia mdi vectd don vi d6 bang 1 kilomét. Mdy bay bat
dau qud trinh ha canh tai diém A(3;3;4) & thoi diém ban dau
va chuyén dong thang déu huéng vé vi tri B(3;0;0) trén dudng
bing. Tai gbc toa dd O, san bay thiét 1ap mot tram radar canh
bao thién tai c6 vung phu song dugc mod phong bsi mot mat
cau (S) ban kinh R = 5 km. Trong qu4 trinh ha cénh, mdy bay

phai xuyén qua moét 16p may day dac dugc moé phong bdi mat
phang (o) di qua ba di€ém M(5;0;0), N(0;10;0) va P(0;0;10).
Goi C 1a vi tri mdy bay bit dau xuyén qua dam may.

a) Phuong trinh mit phing (o) md phéng 16p may 14 2x +y-+z— 10 = 0.

b) Phuong trinh mit cau (S) md phdng ving phii séng clia radar 12 x* +y? + 72 = 25.

¢) Tai vi tri diém C, mdy bay khong nam trong ving phii séng hiéu qua ctia radar.

d) Tong do dai quang dudng mdy bay di chuyén trong ving phi séng ctia radar nhé hon

4 km.

$& Cau 19(MH-THPTQG2025). Cac thién thachco M
duong kinh 16n hon 140m va c6 thé lai gan Trai Pat 6 °
khoang cach nhé hon 7500000 km dudc coi 1a nhitng vat
thé c¢6 kha ning va cham giy nguy hiém cho Trai Dit. D&
theo doi nhiing thién thach nay, ngudi ta da thiét 1ap cic
tram quan sat cac vat thé bay gan Trai Dat.

6400k
o

Gia sit c6 mot hé thdng quan sat c6 kha ning theo doi cic vat thé & do cao khong vuot qua
6600 km so v6i muc nudc bién. Coi Trai Dat 1a khdi cau c6 ban kinh 6400 km . Chon hé truc
toa do Oxyz trong khong gian c6 gbc O tai tAm Trai Dat va don vi do dai trén méi truc toa do
1a 1000 km . Mdt thién thach (coi nhu mdt hat) chuyén dong véi téc do khong d6i theo mot
dudng thing tir diém M (6;20;0) dén di€ém N(—6; —12;16).

x=6+43t
a) Puong thang MN c6 phuong trinh tham s6 1a { y =20+ 8¢, (1 € R).
7= —4t

b) Vi tri du tién thién thach di chuyén vao pham vi theo doi ctia hé thdng quan sét 1a diém
A(-3;—-4;12).
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¢) Khoang cach giita vi tri dau tién va vi tri cudi cling ma thién thach di chuyén trong pham
vi theo déi ctia hé thdng quan sat 1a 18900 km (két qua 1am tron dén hang trim theo don
vi ki-16-mét).

d) Néu thdi gian di chuyén cia thién thach trong pham vi theo déi ctia hé théng quan sat 1a
3 phiit thi thdi gian n6 di chuyén tit M dén N 1a 6 phuit.

¢S Céau 20 (CT - THPTQG 2026 L2). Trong khong gian vé6i hé toa do Oxyz, mot tram
thu phat song dién thoai di ddong dugc dat & vi tri 1(2;1;12), trong d6 mdt don vi do dai trén
mdi truc tuong ting véi 10 mét trén thuc té. Tram thu phét séng d6 c6 ban kinh phi séng 1a
130 mét. Viing phii séng ctia tram thu phat dudc quy udc 1a tip hop tit ca cac diém P trén mit
dat va trong khong gian sao cho khodng cach 7P khong vugt qua 130 mét. Mit dat dudgc coi 1a
mot phan clia mit phang (Oxy) va mdi ngudi trén mit dit dude coi nhu mot chit diém.

a) Vung phu séng cta tram thu phét 12 mot phan ctia hinh cau gii han b&i mit cau (S) c6
phuong trinh (x —2)?+ (y — 1)2 + (z — 12)% = 169.

b) Gia stt mot ngudi cAm dién thoai dang & vi tri diém M(3;1;0) va chuyén dong thang déu
trén mit dat véi téc do 3,6 km/h. Khi d6, tai gidy thit 40 tinh tir ldc xuét phét & vi tri
diém M(3;1;0), ngudi d6 da di dudc ra ngoai ving phii séng cia tram thu phat.

¢) Khoang cach ngan nhét d€ mot ngudi cAm dién thoai dang & vi tri ¢6 toa do N (8;9;0) di
chuyén trén mit dit t6i dugc vung phii séng (theo don vi mét) 1a 100 m.

d) Gia st mot ngudi cim dién thoai chuyén dong thang déu trén mat dat tir vi tri A(6;9;0)

dén vi tri B(—4;b;0) véi toc do 3,6 km/h sao cho khoang thdi gian ngusi d6 thudc ving

X 3
phu séng dung bang 60 gidy. Khi d6 b = o

Tu luan.

& Bai 1. Trong khong gian Oxyz, cho mit cau (S) : x*> + (y — 2)? + (z — 5)?> = 4. Tinh dién
tich mit cau (S) va thé tich khéi cau (S).

& Bai 2. Cho hai diém A(1;0;0) va B(5;0;0). Chiing minh ring néu diém M(x;y;z) thda
min MA.MB = 0 thi M thudc mit cAu (S). Tim tdm va ban kinh ciia (S).

& Bai 3. Trong khong gian Oxyz, cho hai diém A(1;2;1) va B(—1;—2;3). Viét phuong trinh
mit cau (S) ¢6 tam [ thudc truc Ox va (S) di qua hai diém A va B.

& Bai 4. Trong khong gian Oxyz, cho mit cau (§): (x4 1)% + (y —2)%> 4 22 = 9 va dudng

2 —1 -2 -3
thang c6 phuong trinh A: * 5, = Y _Z

. Tim vi tri tuong dbi ctia duong thang A va

. -2
mat cau (S).
x=—1+t¢
& Bai 5. Trong khong gian Oxyz, cho dudng thang d : { y =3 +2¢ vadiém I(1;1;—2). Mit
=2+t

cau c6 tim / va cat dudng thang d tai hai diém A, B sao cho tam gidc JAB vuong. Tim ban
kinh clia mit cau (S).
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& Bai 6. Trong khong gian Oxyz, cho mit cau (S) : x*> +y? + 72 — 2x — 4y — 6z = 0 va dudng

x=14¢
thang d : { y =2+ 2¢. Biét dudng thang d cit mit ciu (S) tai hai diém A, B. Tinh d6 dai doan
z=0

AB.

& Bai 7. Trong khong gian Oxyz, cho mit cau (S): (x —2)>+ (y—2)?+ (z+1)> =9 va hai
diém A(1;3;4), B(4;1;9); M 1a diém thay ddi trén (S). Goi m, n 1an lugt 1 gid tri 16n nhit
va gia tri nho nhét cta biéu thiic P = 2MA? — MB?. Xac dinh m + n.

. -2 —4 3
& Bai 8. Trong khong gian Oxyz, cho hai dutng thang d; : x _ _ it

1 3 -5
2 2 1 s R
dr : x—;— = y+1 = Z+1 . Trong cac mat cau tiep xdc véi ca d; va d, goi (S) la mat cau

c6 ban kinh nhé nhét, viét phuong trinh cta ().

va

& Bai 9. Trong khong gian Oxyz, gia st bé mit Trai Dit (S) c6 phuong trinh x? +y? 4+ 7% = 1.
11 1
Tu vi tri A <—;—;—)
vitrid | 555 7

V = (2;2;—3). Tinh do dai dudng ham can dao.

, ngudi ta du dinh ddo mot dudng hAm xuyén qua long dit theo huéng

& Bai 10.Ngudi ta mudn thiét ké mot
bon chita khi hod 1éng hinh cau bing
phan mém 3D (tham khao hinh vé). Cho
biét phuong trinh bé mit clia bon chia 1a
(8): (x—2)*+y*+ (z+1)* = 1. Phuong
trinh mit phang chifa nip 1a (P): z— 6 = 0.
Tinh khoang céch tif tim bon chifa dén miit
phang chifa nap.

& Bai 11. Ngudi ta mudn thiét ké mot qua dia cau trong khong gian Oxyz
bing phan mém 3D. Biét phuong trinh mit cau la

() : (x—24)% 4 (y—24)% + (z —24) = 100.

(don vi cm) va phuong trinh dudng thang truc xoay la

x—24 y-24 z-24

d 1 1 3,25°

a) Tim toa do giao di€ém cta d va (S).

b) Tinh sb do géc gilta d va truc Oz. Lam tron két qua dén hang phan mudi cia do.

& Bai 12. Trong khong gian Oxyz (don vi trén moi truc la mét), mot ngon hai ding dudc dit
& vi tri 1(21;35;50) va ngon hai ding d6 dugc thiét ké véi ban kinh phi sang 1a 4 km. Néu
ngudi di bién di chuyén theo dudng thang tir vi tri 1(21;35;50) dén vi tri D(5121;658;0). Hay
tim vi tri cubi cting trén doan ID sao cho ngudi di bién c6 thé nhin thiy dudc dnh sang tif ngon
héi ding (két qua 1am tron tdi chit s6 thap phan thy hai).
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& Bai 13. Mot khu vuc da dudc thiét 1ap mot hé toa
dd Oxyz (don vi trén cac truc 1a mét). Mot flycam dang
phat song wifi bao phi mot vung khong gian bén trong
mit cau (S): (x —20)% + (y — 30)? + (z — 10)? = 400.
Mot ngudi dang st dung mdy tinh tai diém M nam trén
diém giao cia mit cau (S) va mat dat (P): z = 0.

a) Xéac dinh toa do 4m I va ban kinh ctia mit cau (S). Tinh kho4ng cach 1J ctia doan vudng
gc ti I dén (P).

b) Tinh do dai doan thang JM. Lam tron két qua dén hang phan trim ctia mét.

& Bai 14. Trong khong gian véi hé toa do Oxyz, dai kiém sodt khong luu san bay c6 toa do
0(0;0;0), mdi don vi trén truc ung véi 1 km. Mdy bay bay trong pham vi cach dai ki€ém sodt
417km s€ hién thj trén man hinh ra da. Mot méy bay dang & vi tri A(—688; —185;8), chuyén
dong theo duong thang d c6 vecto chi phuong 1a @ = (91;75;0) va huéng vé dai kiém soat
khong luu (Hinh vé).

a) Xac dinh toa do cua vi tri sém
nhit md mdy bay xuét hién
trén man hinh ra da.

b) Xac dinh toa do cua vi tri ma
may bay bay gan dai ki€ém sodt
khong luu nhat. Tinh khoing
céach gitia may bay va dai ki€m
soat khong luu lic dé.

¢) Xac dinh toa dd cua vi tri

ma may bay ra khoi man hinh

ra da.
& Bai 15. Ban Binh d6 ban Nam tim dudc dudng kinh ctia qui béng rd, biét rang néu dit
qua béng & mot goc cian phong hinh hop chit nhit, sao cho qua bong cham (tiép xtic) véi hai
biic tudng va nén nha cia cin phong dé (khoang céch tif tim qua béng dén hai biic tudng va
nén nha déu bang ban kinh ctia qua béng) thi cé mot diém M trén qua béng véi khoang cach
1an lugt dén hai bic tudng va nén nha 12 17 cm, 18 cm va 21 cm (Hinh bén). Hiy gitip Nam
x4c dinh dudng kinh clia qua bong r8. Biét ring loai bong 16 tiéu chuin c6 dudng kinh tir 23
cm dén 24,5 cm.

» Ngo Die Jii - 8 0589977 004



§4. Phuong trinh mdt cau

& Bai 16. Hé thong dinh vi toan cau (tén tiéng Anh la: Global
Positioning System, viét tat 12 GPS) 12 mot hé thdng cho phép xic
dinh chinh x4c vi tri cia mot vat thé trong khong gian (Hinh 42).
Ta c6 thé mo phdng co ché hoat dong ctia hé théng GPS trong
khong gian nhu sau:

V¢ tinh GPS dang bay trén quy dao
quanh Trdi Dat.

(Nguon: htips:/pvi.wikipedia.org)
Hinh 42

Trong cung mot thdi diém, vi tri M clia mot vit sé dudc xac dinh bang 4 vé tinh cho trudc,
cdc vé tinh nay c6 gan mdy thu tin hiéu, bang cach so sanh thdi gian ti lic tin hiéu dudc phat
di v6i thoi gian nhan tin hiéu phan hoi thi sé& x4c dinh dudc khoang céch ti cdc vé tinh dén vi
tri M. Nhu vay, vi tri M 1a giao diém ctia 4 mit cAu c6 tdm 1a 4 vé tinh da cho. Gia st trong
khong gian Oxyz, 4 vé tinh c6 toa do 1a A(—1,6;3), B(4;8;1), C(9;6;7), D(—15;18;7). Tim
vi tri M ctia vat biét khoang cach tir M dén cac vé tinh 1an ludt 1a MA =6, MB =17, MC = 12,
MD = 24.

& Bai 17.M0t cong ty xay dung mot I}é thong Giam sat moi A(3:5,-2)
truong tai khu cong nghiép. Hai cam bién khong day dugc dat
tai hai vi tri A, B trong khong gian 3 chiéu d€ thu thip dit liéu 7
khong khi. Dé d:.?lm ;l)éo tin hiéu truyén gitta hai cam biéfl on l N
dinh, cong ty thiet k¢ mot bong bao vé tin hi€u hinh anh cau di

dong nhung ludn di qua ca hai cdm bién A va B. Béng nay can ) \\ — / L/
tiép xtic v6i mit dat d€ dam bao tinh 6n dinh. L

(P): 2x+y—2z4+9=0

Gié st trong khong gian véi hé toa do Oxyz, toa do cac di€ém 1a A(3;5;—2), B(—1;3;2) va mit
dit dugc mo ta bang mit phang P(x): 2x+y—2z+9 = 0. Trong qua trinh md phéng, diém
tiép xtc gitta bong bao vé va mit dat (goi 1a C) thay d6i. Ky su can xdc dinh khoang cach gitta
gbc toa do 0(0;0;0) dén diém tiép xic C dé danh gia mic do dnh hudng tix vi tri dit thiét bi.
Goi my 12 gi4 tri 16n nhét va my 12 gia tri nho nhat ctia dd dai OC. Tinh gia tri m% + m%

& Bai 18. Cong nghé hd tro trong tai VAR (Video Assistant Referee) thiét 1ap mot hé toa do
Oxyz d€ theo ddi vi tri ctia qua béng M. Cho biét M dang nam trén mit sin c6 phuong trinh
z =0, dong thdi thudc mit cau (S) c6 phuong trinh (x —22)% + (y —4)2 + (z — 13)? = 194
(don vi do dai tinh theo mét). Goi J 1a hinh chiéu tdm / ctia mit cau (S) xudng mit san bong.
Khoang cach tif vi tri M clia qua bong dén diém J 1a

i
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tri dai dén led d€ chao mirng mot su kién. Tir dinh M cua
mot cdi ciy cao, ngudi ta kéo day den led thang xuéng mot M
vi tri H ndo d6 trén mit dit, roi tiép tuc kéo day dén led
thang tit H dén mot vi tri A ¢b dinh trén mit dét sao cho
MH 1u6n vudng goc v6i HA. Sau do, tu vi tri H, ngudi ta
sé di day dién thang dén cong tac nam trén mot biic tudng A

& Bai 19. Tai mot khu quang trudng, ngudi ta mudn trang /é

vudng goéc v6i mit dat.

Xy H

0

Chon hé truc toa d6 Oxyz v6i mit phang (Oxy) trung véi mit dt (don vi trén méi truc tinh
theo mét), ngudi ta xdc dinh dugc M(4;—2;3), A(—2;6;0) va biic tudng chiia cong tic nim
trén mit phang (&) : 3x +4y + 89 = 0. D& d6 dai dudng day dién phai di 1a ngin nhét, ngusi
ta da tinh toan khoang cach nhd nhét tir vi tri H dén biic tudng bang a (m). Gia tri clia a bang
bao nhiéu?

& Bai 20. Trong trong khong gian vdi hé toa do Oxyz, bé mit Trdi Dat c6 phuong trinh
x?>+y?>+z> =1, (1 don vi dai trong khong gian Oxyz tuong dng véi 6371 km trén thuc té);
vi tri P ¢ vi d9, kinh d¢ tuong tng 1a a° N, B° E, (0 < a <90, 0 < B < 180) c6 toa
do P (cos a® cos B°;cos ar®sin B°;sin ®). Ung dung Google Maps cho phép xac dinh khoang
cch gitta hai vi tri trén bé mit Trai DAt khi biét vi do va kinh do ctia ching. Khoang cach
gitta hai vi tri P va Q trén bé mit Trai DAt 12 d6 dai cung nhd PQ ciia dudng tron c6 tim O
va di qua hai diém P, Q. Tinh khodng cach trén mit dit gitta hd Hoan Kiém (Ha N&i) & vi tri
21°02' N, 105°51’ E va d4o Truong Sa & vi tri 8°39' N, 111°56’ E (don vi: km, két qud lam
tron dén hang don vi)

< 4Vitri P: a°N,B°E
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1) Désb 1
PHAN 1. Cau tric nghiém nhiéu phuong an lua chon. Thi sinh tra 18i tir cdu 1 dén cau

12. Mai cau héi thi sinh chi chon mét phuang an.
¢ Cau 1. Trong khong gian véi hé truc toa dd Oxyz, mit cau (S): (x+2)%+(y—1)*+z> =4
c6 tim  va ban kinh R 1an lugt 1a

A1(2;-1;0),R=2. ®1(2;—1;0),R=4. (©1(-2;1;0), R=4. D)1(-2;1;0), R=2.
$> Cau 2. Trong khong gian Oxyz, cho mit cau (S): x* +y? + 72 — 2x +4y — 4z —25 = 0.
Tim toa d6 tdm  va ban kinh R ctia mit cau (S)?

A)I(1;-2;2), R=6. ®1(—1;2;-2),R=5.

©1I(1;-2; 2 R=+/34 DI1(—2;4;,—4; R =+/29.
$> Cau 3. Trong khong gian véi hé toa dd Oxyz, cho diém 7(2;—3;—1). Mit cau (S) tam 1,
ban kinh R = 3 c6 phuong trinh la

@ (=2 +(+3)*+(+1)*=3. ®(x =2+ +3)*+(+1)*=9.

©@E+22+ (=3 +(—1)*=6. D=2+ (+3)*+(+1)*=6.
$> Cau 4. Trong hé truc toa dd Oxyz, cho mit cau (S) ¢6 tam 1a K(4; —2; 1) va di qua diém
B(3; —4; —1). Phuong trinh clia mit cau (S) 1a

Ax24+y>+72—8x+4y—27—21=0. B x24+y2+72+8x—4y+27+12=0.

O©x*+y>+72—4x+2y—z+21 =0. Ox*>+y* +7> —8x+4y—2z+12=0.
$® Cau 5. Trong khong gian Oxyz, phuong trinh nao trong cac phuong trinh sau la phuong
trinh cila mot mét cau?

A(S): x> +y* — 7> —4x+2y+2z-3=0.

®) (S): x> +2y° 4+ 72 —dx+2y+2z—10=0.

©(S): ¥ 4y>+22 —dx+2y+2:+2=0.

D) (S): x> +y> +722 —dx+2y+2z+8=0.
$> Cau 6. Trong khong gian Oxyz, tim clia mit cau (S): (x+1)2+(y—2)2+(z—1)>=9
co toa do la

@A) (—1;2;-1). ®) (1;-2;1). ©(1;-2;-1). D) (—1;2;1).
$> Cau 7. Trong khong gian Oxyz, phuong trinh x2 4+ y? 4 722 — 2ax — 2by —2cz+d =0 la
phuong trinh ctia mdt mét ciu khi va chi khi

Aa*+b*+c*—d > 0. ®a?+b*+c*+d > 0.

©a?+b*+c*+d > 0. Da*+b*+c*—d > 0.
$> Cau 8. Trong khong gian Oxyz, mit ciu (S) c6 tim M(1;2;4) tiép xtic mit phang
(P): 2x+y—2z+ 1 =0 c6 bén kinh bing

@2- ®)1. ©%. ®)2.
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$> Cau 9. Trong khdng gian Oxyz, cho hai di€ém A(1;3;—4) va diém B(3;—1;0). Mit cau
(S) c6 duong kinh AB c6 phuong trinh la
@A (x+2)2+(+1)*+(z—2)*=3. B (x—2)2+-1)*+(z+2)?=09.
©@+2)2+(+1)*+(z—2)*=09. O (x—2)2+ -1+ (z+2)*=3.
¢ Cau 10. Trong khong gian Oxyz (don vi trén céc truc 1a km), mot thiét bi phét séng dit &
vi tri I(—1;2;4) va dugc thiét ké ban kinh pha séng 1a 4000m. May thu séng cta thiét bi d6
G vi tri nao sau day thi thu dudc song?
AM(1;-2;3). B)N(1;4;5). ©P(3;1;-1). D®QO(—1;3;—1).
$> Cau 11. Trong khong gian véi hé truc toa dd Oxyz. Hay viét phuong trinh mét cau c6 tam
1(2;2;3) va tiép xdc vdi mit phang (Oxz).

@ x+2)°++2)°+(z+3)> =4 ® (-2 + (-2 +(z-3)*=13.
©(x=2°+(—-27+(-3)=4 O (x—2)"+ (-2 +(z—3)*=2.

$> Cau 12. Cho mit cau (S): (x—1)?+ (y+2)% +z> = 9. Mit cau (S) c6 thé tich biang
AV = 36m. BV = l4x. ©V =4r. D)V = 167.

PHAN 11. Cau tric nghiém ddng sai. Thi sinh tra 13i tir cau 1 dén cau 4. Trong mbi y a),

b), c), d) & mdi cau, thi sinh chon ding hoic sai.

¢ Cau 1. Trong khong gian Oxyz, cho miit ciu (S): (x— 1)+ (y+3)? 4 (z —2)* = 49.
a) Mit cau (S) c6 ban kinh R =17.
b) Piém A (1;4;2) nam trén mit cau (S).
¢) Mit cau (S) c6 tam I (1;3;2).
d) Mit cau (S) con 6 phuong trinh: x? +y? 4 z2 — 2x + 6y — 4z — 49 = 0.

$> Cau 2. Trong khong gian Oxyz, cho diém A(4; —1;2); mit phang (P): x—y+z—1=0
va mit cau (S) c6 tam la A va di qua diém O
a) Mot véctd phdp tuyén ctia (P) 1a 77 = (1;—1;1).
b) Pudng thing (d) di qua A va vuong géc véi (P) c6 phuong trinh chinh tic 1a
x+4 y—1 z+2
1 -1 1

V3

¢) Goi ¢ la goc giita hai mit phang (Oxy) va (P), ta cé cos @ = -

d) (S) c6 phuong trinh 1a (x —4)? + (y+1)>+ (z —2)? = 21.
¢ Cau 3. Trong khong gian Oxyz, cho mit cdu (S) : (x—2)* +y*+ (z+1)* = 1 va mit
phang (P): x+2y—z+ 1 = 0. Cic ménh d sau ding hay sai?

) . \ 6

a) Khodng cach tuir tam 7 dén mat phang (P) bang g

b) Mit cau (S) c6 tam I (2;0; —1) vaban kinh R = 1.

¢) Mit phang (P) tiép xtic mit cau (S).

d) Phuong trinh mit cau tim 7(2;0;—1) va tiép xic mit phang (P) Ia:

7
() :x2+y2+zz—4x+22+§ =0.
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> Cau 4. Mot tau cdu hd dang & vi tri A(1;—2;2) (don vi km) va di chuyén theo dudng
thang véi vecto van toc V = (—2;4;1) (km/gid). Mot con bio dang hinh thanh biét viing nguy
hi€ém dudc mo ta bdi mdt hinh cau ¢6 tm bao tai B(—3;0;4) (don vi km) va ban kinh R = 6
km. Khi do6
a) Phuong trinh m6 t4 ranh gidi viing nguy hiém ctia con bao 1a (x+3)? +y*>+ (z—4)> =6.
b) Phuong trinh tham s ctia dudng thang biéu dién quy dao di chuyén ctia tau ciu hd 1a

x=1-2¢
y=—-2+4t,t > 0.
z=2+t

¢) Khoéng thdi gian ma tau & trong ving nguy hiém 1a 2 gio.
d) Khoang cach ngin nhét tif thu ciu ho dén tam bao 1a 3 km (két qua lam tron dén hang
don vi cia km).

Phan I1l. Tra I16i ngin. Thi sinh tra 18i tir cAu 1 dén ciu 6 vao 6 két qua.

$> Cau 1. Trong khong gian vé6i hé toa dd Oxyz, biét phuong trinh mit cau () di qua 4 diém
A, B, C, D, biét ring A(—3;0;0), B(0;0;8), C(0;—9;0) va D(0;0;0) c6 dang
x> 4+y* 472 —2ax—2by —2cz+d = 0. Tinh 4 - (a2+b2+c2—i—d2). KQ:

$> Cau 2. Trong khong gian v6i hé toa do Oxyz, goi (S) 1a mit cau di qua hai diém
A(3;—-1;2), B(1;1;—2) va c6 tam thudc truc Oz. Ban kinh ctia mit cau (S) 1a R. Gia tri
R? bing? KQ:

$> Cau 3. Trong hé toa dd Oxyz, cho diém A(2;1;3), mit phang (P): 2x+2y—z—3=0va
mit cau (S): x> +y> +z% — 6x — 4y — 10742 = 0. Goi A 1a dudng thang di qua A, nim trong
mit phang (P) va cit (S) tai hai diém M, N. Do dai doan MN nhé nhit bing a. Tinh gia tri a?.

KQ:
> Cau 4. Trong khong gian Oxyz (don vi clia céc truc toa do 1a mét), mot thiét bi phét séng
wifi dit tai vi tri A(3;1;1). Vung phii séng tt nhit cta thiét bi c¢6 ban kinh bang 11 (m). Hoi
s6 gia tri nguyén clia tham sb6 m d&€ mot ngudi st dung dién thoai tai diém E(—3;8;m) c6 thé

bat dudc tin hiéu wifi cia thiét bi néi trén. KQ:

¢ Cau 5. Mot khinh khi cau nghién citu khi tuong dudc ) 6*

phéng 1én d€ thu thap dit liéu trong tang binh lvu. Khinh khi e, NG
PR e, NG

cau nay co thiet bi dinh vi su dung tin hiéu tu cac vé€ tinh cua

cong ty S d€ xéc dinh vi tri trong khong gian. Tai thoi diém
quan sat, khi cau dang bay & do cao 50 km va nhan dudc tin

26 km

&
s,
“

hi€u tu ba vé€ tinh S c6 toa do trong khong gian Oxyz (don vi: =

km) nhu sau: Vé tinh A tai vi tri A(103;204;62), vé tinh B
tai vi tri B(106;208;74), vé tinh C tai vi tri C(105;212; 134).
Tit thoi gian truyén tin hiéu, hé théng x4c dinh ring khoing
cach tit vi tri M ciia khinh khi cau dén cédc vé tinh 1a MA = 13
km, MB =26 km, MC = 85 km. Tinh khoang cach tit khinh
khi cau dén gbc toa dd O (lam tron két qua dén hang don vi
cua km).
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KQ:

¢ Cau 6. Mot nha san xuét & bi da dit mot mo hinh qua
cau khong 16 trén mdi nghiéng ctia nha xudng. Mit mai
c6 thé dugc mo ta bang mit phang (E): x+2y+2z = 10.
Trong d6 A, B, C 1a giao diém ctia mit phang (E) véi cac
truc toa do. Mot mo hinh qua cau ban kinh » = 3 dudgc
dit tiép xtic v6i mit phang (E) tai diém C.

T C ké dudng vudng géc véi AB tai F. Khi thay thé qua cau, né lin trén dudng thang CF
cho dén khi qué cau vira tiép xidc v6i mit phang (Oxy) tai P(a;b;0) thi diing lai. Tinh a + b.
KQ:

— Hbt—

2) Dé sb 2
PHAN 1. Cau tric nghiém nhiéu phuong an lua chon. Thi sinh tra 18i tir cdu 1 dén cau
12. M&i cau héi thi sinh chi chon mét phuong an.
<> Cau 1. Tr\ong khong gian v6i hé toa do Oxyz, phuong trinh nao sau day l1a phuong trinh
cia mot mat cau?
@ —(x—1)*++1)*+(z—10)> =225. (x— 12— +1)>+(z—10)2 =225.
©@E—1)2+r+1)?—(z—10)2=225. DO (x—1)>+(y+1)>+(z—10)* = 225.
> Cau 2. Trong khong gian v6i hé toa dd Oxyz, trong cdc mit cau dudi ddy, mét ciu nao cé
ban kinh R =27
A(S): 4y +22 —dx+2y+2:-3=0. B (S): ¥ +y>+7> —4x+2y+27—10=0.
©(S): X*+y* 4+ 22 —dx+2y+2z4+2=0. ®(S): > +y*+72 —dx+2y+2z+5=0.
$> Cau 3. Phuong trinh ndo dudi day 1a phuong trinh mét cau?
Ax2+y? —24+4x—2y+6z+5=0. B x24+y2+22+4x—2y+62+15=0.
Ox>+y*+22+4x—2y+z—1=0. DX +y?+ 22 —2x+2xy+6z—5=0.
$> Cau 4. Trong khong gian Oxyz, cho mit cau (S) ¢6 tam la diém I(a;b;c) va ban kinh R.
Phuong trinh cta (S) la
@ (x—a)*+(y—b)*+(z—c)* =R~ (x+a)?+(y+b)*+(z+c)* =R~
©((x—a)*+(y—b)*+(z—c)*=R. O (x+a)*+ (y+b)*+ (z+¢)* =R.
$> Cau 5. Trong khong gian Oxyz, cho mit cau (S): (x—3)2+ (y+ 1)+ (z—2)? = 4. Xic
dinh toa do tdm  va ban kinh R ctia mit cau (S).
A)I(3;—-1;2),R=2. ®1(-3;1;-2),R=2.
©1I1(-3;1;-2),R=4. DI1(3;—-1;2),R=4.
¢ Cau 6. Trong khong gian véi hé toa dd Oxyz, di€ém nao trong cac diém sau day thudc mit
cau (S): x> +y* +72 =507
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(AM(3;4:6). B N(4;4;5). ©P(3;4;-5). D@ Q(—3;3;-5).
$> Cau 7. Trong khong gian Oxyz, cho mit cu (S): x*> +y? + 72 — 2x +4y+ 2z — 10 = 0.
TAm va ban kinh ctia mit cau (S) 1a

A)I(—2;4;2), R=4. ®1(1;-2;—1),R=4.

©1(2;—4;-2), R = /10. ®I(-1;2;1), R = /34
> Cau 8. Trong khong gian véi hé truc toa dd Oxyz, cho mit cau (S) cé phuong trinh
x? +y? + 72 — 2x — 4y + 67— 2 = 0. Pudng kinh clia mit cau (S) bing

@8. 16. @2\/ 14. @4.
$> Cau 9. Trong khong gian véi hé truc toa do Oxyz, viét phuong trinh mit cu (S) c6 tim
1(2;1;2) va ban kinh R = 3.

@(S): (x+2)°+(+ 1)+ (z+2)*=9. (S): (x+2)%+ (v+1)*+(z+2)* =3.

©): k=2 + (-1’ +(z-2?%=3. O®O): x—2 "+ —1)°+(z-2)*=9.
$> Cau 10. Trong khong gian véi hé truc toa dd Oxyz, cho hai diém A (1; —2;3) va B(5;4;7).
Phuong trinh mit cau nhan AB 1am dudng kinh 1a

® =1+ +2)°+(z-3)>=17. B® =3+ -1+ (z-5)7>=17.

© =57+ —4)12+z-17)7>=17. D (x—6)2+(y—2)*+ (z—10)* = 17.
$® Cau 11. Trong khong gian véi hé toa dd Oxyz, cho hai di€ém I (1;0;—1) va A (2;2;-3).
Miit cau (S) tam I va di qua diém A c6 phuong trinh la

@A) (x—1)2+y2+(z+1)*=0. B (x—1)2+y2+(z+1)* =3.

©x+1) " +y2+(z—1)*=09. O (x+1)*+y2+(z—1)* =3.
$> Cau 12. Trong khong gian Oxyz, cho diém 7 (1;—2;3). Phuong trinh mit cau tam 1, tiép
xic véi mit phang (Oyz) 1a

® =17+ +2)°+(z—-3)* =9. (=1’ + (+2)°+(z—-3)* = 13.

© -1+ (+2)*+(z-3)* =14. Ox—1)+G+2)7>*+(z-3)7=1.

PHAN II. Céu tric nghiém ding sai. Thi sinh tr 13i tir cdu 1 dén cau 4. Trong mbi y a),

b), c), d) & mdi cu, thi sinh chon diing hoac sai.
$> Cau 1. Trong khong gian Oxyz, cho mit cau (S) : x> +y? + 22+ 2x+8y+ 1 = 0. Céc
ménh dé sau diing hay sai?

a) Mit cau (S) c6 tim I (1;4;0).

b) Mit ciu (S) con c6 phuong trinh: (S) : (x4 1)2 + (y+4)* + 22 = 16.

¢) Piém M (0;3;4) nim bén ngoai mit cau (S).

d) Mit cau (S) c6 ban kinh R = 4.
$® Cau 2. Trong khong gian Oxyz, cho ba diém A(1;2;—4), B(1;-3;1), C(2;2;3).

a) Bén kinh ctia mit cau (S;) di qua ba di€ém A, B, C va ¢6 tAm nam trén mit phiang (Oxy)

la R = v26.
b) Mit ciu (S;) tim A, ban kinh R = 1 ¢6 phuong trinh 1a: (x — 1)?+ (y —2)* + (z —4)* = 1.
¢) Ban kinh ctia mit cau (S,) c6 tim 1a A va di qua diém C 1a v/50.
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d)Mit cau (S3) nhan AB lam dudng kinh c¢6 phuong trinh la:

) )
(x 1)+<y+2 t\ets) =5

$> Cau 3. Trong khong gian Oxyz, cho mit phang (P): 2x+ 2y —z+2 = 0 va hai diém
A(1;1;0), B(2;1;3).
a) Mot vectd phdp tuyén ctia (P) 1a 77 = (2;2;1).

. —1 —1
b) Pudng thang d qua A va vudng goc véi (P) c6 phuong trinh la a 5 = Yy _ &

¢) Miit cau tim A va tiép xiic v6i mit phang (P) c6 phuong trinh (x —1)? + (y— 1) 472> = 4.

2 2 1
d) Goi « la géc gitta duong thang AB va mat phang (P). Khi do, sina = ———.

2V10
$> Cau 4. Trong khong gian Oxyz, mt thiét bi phat song dit tai vi tri A(4;0;0). Vung pha
song cta thiét bi c6 ban kinh bang 4.
a) Diém M(4;2;2) thudc vung phi song.
b) Tap hop tat ca cac diém thudc vung phii séng cia thiét bi dudc gidi han bdi mit cau c6
phuong trinh (x —2)% +y? 47> = 4.
¢) Mot biic tuong dugc xdy gan d6 c6 phuong trinh (P) : x+y —z = 6 s& chin séng clia
thiét bi.
d) Ving nhin dudc tin hiéu trén mét phang (P) 14 hinh tron c6 ban kinh bing 4.

Phan I1l. Tra 16i ngdn. Thi sinh tra 13i tir cAu 1 dén ciu 6 vao 6 két qua.

> Cau 1. Trong khong gian Oxyz, mit cau (S) c6 dudng kinh AB véi A(—1;2;—1) va
B(1;1;—2) c¢6 phuong trinh dang (x—a)> + (y—b)* 4 (z—¢)> = R% Tinh a+ b + ¢ + R%.
KQ:

$> Cau 2. Trong khong gian Oxyz, cho mit cau (S): x> +y? + 22 +4x—6y+m =0 (m 1a

x=4+2t

tham s&) va duong thang A: { y =3+ . Biét dudng thang A cit mit cau (S) tai hai diém
z=3+2t

phan biét A, B sao cho AB = 8. Tinh gia tri cia m. KQ:

$© Cau 3. Khi dat hé toa d0 Oxyz vao khong gian véi don vi trén truc tinh theo ki-16-mét,
ngudi ta thiy ring mot khong gian phi séng dién thoai c6 dang mdt hinh cau (S) (tip hop
nhitng diém nidm trong va nim trén mit cAu tuong Ung). Biét mit ciu (§) c6 phuong trinh
x% +y2 472 — 2x — 4y — 62+ 5 = 0. Khoang cich xa nhét giita hai diém thudc ving phii séng
la bao nhiéu ki-16-mét? KQ:

$© Cau 4. Trong khong gian Oxyz (don vi cia cac truc toa do la ki-16-mét), mot tram thu
phat séng dién thoai di dong c6 diu thu dit tai diém 7(1;2;2) biét ring ban kinh phii song
clia tram 1a 3 km. Hai ngudi st dung dién thoai lan lugt tai M (4;—4;2) va N (6;0;6). Goi
E(a;b;c) véi a < 0 1a mot di€ém thudc ranh gidi ving phi séng ciia tram sao cho tong khoang
cach tit E dén vi tri M va N 16n nhat. Tinh T =a+b+c.

KQ:
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> Cau 5. Tai 1€ Tri 4n va trudng thanh ctia hoc sinh khéi 12 ctia mot trusng THPT CPV.
Két thic budi 1€, mot hoc sinh khoi 12 dai dién cho cdc ban thd mot khinh khi cau véi khat
vong bay cao va vuon xa. Trong khong gian Oxyz, moi don vi ung v6i 1 m, giad st khinh khi
cau dang & vi tri c6 phuong trinh 1a (S): (x—1)? + (y —2)? + (z — 10)? = 2. Ciing thdi diém
do ¢ ba chiéc flycam A, B, C cach nhau 3 km, 4 km, 5 km va tao thanh mdt tam giac ABC
c6 ba canh tiép xic véi mit cu (S), biét ring mit phang (ABC) song song v6i mit phang
(P): 2x—y+2z—17 = 0 va c¢6 phuong trinh dang 2x +ay + bz + ¢ = 0. Tong gia tri cla
T = a+ b+ ¢ bing bao nhiéu? KQ:‘ | | | ‘

$> Cau 6. Mot bon chia khi hinh cau (K) ¢6 dudng
kinh 10 m tiép xic truc tiép v6i mot biic tudng thang
ding tai diém T(—6;0;5). Bon dudc che chin bing
mot tim chan nghiéng, c¢6 dinh xudng mait dat tai
cdc diém A(0;16,25;0) va B(12;16,25;0), dong thdi
dugc chdng d5 bdi cac thanh thang diing tai cac diém
C(0;5;15) va D(12;5;15) (tham khao hinh vé bén).
Tinh khoang cich an toan giita tim chan E va mit cau
(K) (don vi mét). KQ:
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—Hét—
BANG DAP AN BAI TAP CUOI BAI
Bang dap 4an tric nghiém nhiéu phuong an
1 cJ2 cJ3 A4 c|5 AJe A]7 BJ8 cJ9 c]10 A
(11 AJ13 BJ14 AJ15 C

Bang dip an tric nghiém diing sai

Cau 1. (@P(®)b(c)P(d)S | |Cau 2. @pb)s(c)s@p
Cau 3. (@b(d)s(c)P(d)s | |Cau 4. (@b®)s(c)s@b
Cau 5. (@)s()b(c)S(d)s | |Caus. (@s®)s()p@p
Cau 7. (@b(®d)b(c)S (@D ||Caus. (@b®)s(c)s@b
Cau 9. (@b(®)s(c)P(@)P | |Cau 10. (@P®)s(c)s@b
Cau 11. (@b®d)s(c)p(d)s ||Cau 12. (@b®d)s(c)s@b
Cau 13. (@b(®)s(c)P(d)P | |Cau 14. (@p(®)b(c)P()D
Cau 15. (@P(b)P(c)D(d)S | |Cau 16. OBRIORIOICE:
Cau 17. (@)s()b(c)P(d)P | |Cau 18. @Ppb)b(c)s@)s
Cau 19. (@P()S (c)P(d)P | |Cau 20. (@Pd)s(c)s(@)s

BANG DAP AN PE KIEM TRA CUOI BAI
PESO1
PAP AN PHAN I

1. D][2. cC][3. B]|4. D]|[5. c]|6. D][7. A][s. B|[9. B]
110. B][11. C][12. A]

PAP AN PHAN II

Cau 1. (@P(®)b(c)S(d)S | |Cau2. (@p®b)s(c)s@p
Cau 3. (@)s(®b(c)s (@D ||Cau 4. ONOEIO I
PAP AN PHAN III

Cau 1. Cau 2. Cau 3. Cau 4. Cau 5. Cau 6.
1|54 11 210 13 20219 \7 13
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DPE SO 2
DAP AN PHAN I
1. D||2. cC][3. cC|l4. A][5. All6. C][7. B|[8. A][9. D]
[10. B][11. B]|[12. D]
PAP AN PHAN II
Cau 1. (@)s () b(c)P(@)P | |Cau 2. (@P(d)s(c)pd)P
Cau 3. (@)s (@ b(c)P(d)S | |Cau 4. ORIONIOEICOE
PAP AN PHAN III
Cau 1. Cau 2. Cau 3. Cau 4. Cau 5. Cau 6.
1,15 —l12 6 4 —1212 1
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[ sAi TAP

Trac nghiém nhiéu phuadng an lua chon.

$> Cau 1. Trong khong gian vé6i hé truc toa d6 Oxyz, cho mit phang (P): 2x —3z—5 = 0.
Vecto nao sau ddy 1a mot vecto phap tuyén ctia mit phang (P)?

@ =(2,0,-3). B®d=(2-3-5). ©V=(2-30). Ob=/(-2:30).

x=1-2¢
$> Cau 2. Trong khong gian Oxyz, cho dudng thing A: ¢ y=—1 . Vectd nao sau day la
=3+t

mot vecto chi phuong ctia dudng thang A?
@A) (=2;—1;1). ®) (1;—1;3). ©(—2;0;1). D) (2;0;1).
x—1 33—y z42

$> Cau 3. Trong khong gian Oxyz, cho dudng thiang d: ;=5 = 3 Vectd nao

duéi day 1a vecto chi phuong ctia dudng thang d?
AU =(1;3;-2). ®u=1(2;53). ©u=(2;-53). Ou=(13;2).
$> Cau 4. Trong khong gian vé6i hé toa dd Oxyz, cho mit phang (P): x —2y+2z—5 = 0.
Diém nao duéi day thudc (P)?
(A)P(0;0;—5). ®M(1;1;6). ©0(2;—-1;5). (D)N(-5;0;0).
$> Cau 5. Trong khong gian Oxyz, mit phang (&) di qua diém A(—1;2;4) va nhan vecto
7 = (1;—2;3) lam vecto phap tuyén c6 phuong trinh Ia
A)x—2y+3z+7=0. B)x—2y+3z—7=0.
©—x+2y+4z+7=0. D) —x+2y+4z—7=0.
¢ Cau 6. Trong khong gian Oxyz, cho ba di€ém A(1;1;1), B(0;2;1) va C(1;—1;2). Mit
phang di qua A va vudng géc véi BC c6 phuong trinh 1a
Mx—3y+z+1=0.®x+3y+z—1=0.COx—3y+z—1=0.Dx+3y—z+1=0.

&> Cau 7. Trong khong gian Oxyz, cho dutng thang A: TS = );31 = % Phuong trinh
tham sb cia A 1a
x=34+2t x=3-2t x=3+2t x=3+2t
Mey=—1-3¢t . y=—1-3t . ©ORy=—-14+3t . DSy=—-1-3¢
2=t =1 7=t z=—t

$> Cau 8. Trong khong gian Oxyz, mit phang () : x+2y+ 3z —6 = 0 cit truc tung tai diém
c6 tung do bang

@a)2. ®) 6. ©)3. D) 1.
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$> Cau 9. Trong khong gian Oxyz, dudng thang di qua hai diém P(1;—1;2) va Q(2;0;1) c6
phuong trinh tham s6 14

x=2+t x=1-+t¢ x=2—t x=1-+t¢
@Wey=r . y=—1+1. ©<y=t . ®<y=—1-1.
z=1—1t z7=2+t z=1+1¢ z7=2+t

$> Cau 10. Trong khong gian véi hé toa do Oxyz, dudng thang di qua diém M (2;0; —1) va
6 vecto chi phuong @ = (2;—3;1) ¢6 phuong trinh tham s6 1a

x=4-+2¢ x=-2+2 x=-—-2-+4¢ x=2-+2t
@qy=-6 . y=3 . ©{y=—6 . O®y=-3
7=2—t 7=—1+t¢t z=1+2¢ 7=—1++t¢

> Cau 11. Trong khong gian véi hé truc toa dd Oxyz, phuong trinh chinh tic ctia dudng
thang d di qua hai diém A(1;3;2), B(2;1;1) Ia

x—1 y=3 z-2 x—1 y+3 z-2
@1_—2_—1‘ 1_—2_—1‘
x—1 y=3 z-2 x—1 y+3 z-2
©1_2_—1' ®1_—1_—1'

$> Cau 12. Trong khong gian vé6i hé toa dd Oxyz. Mit phang (o) di qua diém M(—1;5;2)
dong thdi c6 cdp vecto chi phuong @ = (0;1;1) va vV = (—3;—5;1) ¢6 phuong trinh la
A)y+z—-7=0. B®2x—y+z+5=0.
©—x+5y+2z+5=0. D2x+y+z—5=0.
¢ Cau 13. Trong khong gian vé6i hé toa dd Oxyz, cho ba diém A(0;2;1), B(3;0;1), C(1;0;0).
Phuong trinh mit phang (ABC) 1a
(A)2x—3y—4z+2=0. B)4x+6y—8z+2=0.
(©2x+3y—4z—2=0. D)2x—3y—4z—2=0.
$> Cau 14. Trong khong gian véi hé truc toa dd Oxyz, phuong trinh ctia dudng thang di qua
di€ém M(1;—3;5) va ¢6 mot véc-to chi phuong @ (2; —1;1) la

x—1 y—-3 z-5 x—1 y=3 z+5
@2_—1_1' 2_—1_1'
x—1 y+3 z-35 x+1 y+3 z-5
©2_—1_1' ®2_—1_1'

$> Cau 15. Trong khong gian Oxyz, xac dinh tim / va ban kinh R ctia mit cau () c6 phuong
trinh (x—1)2+(y—4)?+(z+2)>=91a

WI(1;4;-2),R = 3. ®I1(—1;—-4;2),R=3.

©1(1;4;,-2),R=09. D1(—1;-4;2),R=09.
$> Cau 16. Trong khong gian Oxyz, dudng thang di qua A(3;2;—1) va vudng géc v6i miit
phang (a): x —2y+z— 1 =0 c6 phuong trinh chinh tic 1a

x—1 y+2 z-1 x=3 y—=2 z+1
@3_2_—1' 1_—2_1‘
x+1 y—=2 z+1 x+3 y+2 z-1
©3_2_—1' ®1_—2_1'
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$> Cau 17. Trong khong gian Oxyz, cho mit cau (S) ¢6 tam 1(0; —2;1) va ban kinh R = 5.
Phuong trinh cta (S) 1a

Wx* 4 (y+2)%+ (z—1)> =25. ® x>+ (y—2)?+ (z+1)2 =25.
©x*+(+2)+(z—1)?=5. Ox*+(y—2)2+(z+1)*=5.
x=1-—¢

> Cau 18. Trong khong gian Oxyz, cho dudng thang d: { y=2+2r va mit phang

=3+t
(P): x—y+3=0. Tinh s6 do géc giita dudng thang d va mit phang (P).
(A)60°. (B)45°. (©) 120°. (D) 30°.

$> Cau 19. Trong khong gian v6i hé toa dd Oxyz, cho diém A(1;2;3) va dudng thang
x—=3 y—1 z+7

d: > ] > . Pudng thang di qua A va song song véi dudng thang d c6 phuong
trinh la

x—1 y=2 z-3 x—1 y=2 z-3
@2_1_—2‘ O =7 =7

x—1 y=3 z-2 x=2 y—-1_ 2z-3
©2_1_—2' ®2_1_—2'

$> Cau 20. Trong khong gian (Oxyz), cho mit cau (S): x> +y* + 2> —4x+4y—2z7—7 = 0.
Toa do tam I va béan kinh R cta (S) 1an lugt 1a

A)I(-2;2;—1),R=4. ®1(-2;2;—1),R=238.
©1(2;-2;1),R=4. O1(2;-2;1),R=238.
$> Cau 21. Trong khong gian véi hé toa do Oxyz, khodng cich tit diém M (1;0;1) dén miit
phang (P): 2x —y+2z—3 = 0 bing
4 2 1
@A)-. —. ©1. DE
3 3 3
$> Cau 22. Trong khong gian véi hé truc toa do Oxyz, mit cau tam I (3; —1;0), ban kinh
R =5 c6 phuong trinh la

@43+ -1+ =5. ® (=3’ ++1)°+2=5.
©@x=3)"+(y+1)>+2=25. O (x+3)*+ (y—1)*+22 =25,
x=-2+t x=2-2m
¢ Cau 23. Trong hé toa dd Oxyz, cho hai dudng thang Aj: { y=—4+2r vaAy: { y=2—2m
Goi ¢ 12 géc giita hai duong thang. Tinh cos @?
5 1 V3 4
e ®5 ©7 Dy

$& Cau 24. Trong khong gian véi hé toa do Oxyz, héi trong cac phudng trinh sau phuong
trinh nao 13 phuong trinh clia mét cau?
Ax>+y? 4+ —x+6z+16=0. Bx*+y*+ 72 +4x—6y+87—1=0.
O©Ox2+y*+ 22 +2x—4y+4z+13 =0. O x> +y>+72—2x+2y—4z+9=0.
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x—=2 y+1  z+42
2 -1 2

$> Cau 25. Trong khong gian Oxyz, cho dudng thang d: . PBuong
thang d di qua diém nao dudi day?
AA(2;—1;2). B B(—2;1;2). ©C(2;1;2). D)D(2
$> Cau 26. Trong khong gian Oxyz, mit phang qua A (1;2;—1) va vudng géc véi cac mit
phang (P) : 2x—y+3z—2=0; (Q) : x+y-+z— 1 = 0 c6 phuong trinh la
A)x+y+2z—1=0. ®4x—y+z—1=0.
©4x—y—3z—5=0. Dx—y+z+2=0.
$> Cau 27. Trong khong gian (Oxyz), mit phang (P) di qua diém A(1;2;3) va song song
v6i mit phang (Q): 2x+ 3y —4z—5 = 0 c¢6 phuong trinh Ia
(A)2x+3y+4z7—14=0. B)2x—3y—4z+6=0.
(©2x+3y—4z—4=0. (D)2x+3y—4z+4=0.
¢ Cau 28. Trong khong gian Oxyz, cho hai diém I(1;—2;1) va A(1;2;3). Phuong trinh mit
cau co tim I va diqua A la

@ x—1)*+(+2)*+(z—1)* =20. ® (x+1)2+(y—2)*+(z+1)? =5.
©(x+1)>+(y—2)*+ (z+1)*> =20. O x—1)7+(+2)*+(z—1)*=5.
> Cau 29. Trong khong gian Oxyz, truc Oy c6 phuong trinh tham s6 12
x=t x=0 x=0 x=t
Wiy=t y=2+1 ©1{y=0 ®{y=0
z=t1. z=0. z=t1. z=0.

$> Cau 30. Trong khong gian Oxyz, phuong trinh mét cau tim /(2; —1;0) va c6 dudng kinh
bang 8 la
@A) (x+2)2+(y—1)2+22=8. ® (x—2)2+(y+1)2+72=16.
©x—2)*+(y+1)*+2* = 64. D (x+2)%+(y—1)*+22 = 64.
$> Cau 31. Trong khong gian véi hé toa dd Oxyz, goc gilta truc Oz va dudng thang
A: x—2 _ y—|—1 Z+2
2 1 -2
(A)30°. (B)48°. (©60°. (D) 132°,
$> Cau 32. Trong khong gian Oxyz, khoang cach tir diém A(3;—2;4) dén mit phang
(Oxz) bing
A)4. 5. (©)3. D)2.
$> Cau 33. Trong khong gian Oxyz, cho diém A(1;2;—1). Mit phing (P) di qua A va chia
truc Oy c6 phuong trinh la
Ax—z=0. B x—2z=0. ©y=2. Dx+z=0.
¢ Cau 34. Trong khong gian Oxyz, cho hai di€ém A(—1;0;0) va B(1;—6;2). Phuong trinh
mit cau dudng kinh AB 1a
@ x+1)2+(y—3)2+(z+1)> =44. ® (x—1)>+ (y+3)*+ (z— 1) =44.
©x*+(y—3)2+(z+1)?=11. D2+ (y+3)*+(z—1)2 =11.

bang (két qua 1am tron dén do)
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$> Cau 35. Trong khong gian Oxyz, miit cau (S) ¢6 tim 1(1;2; —1) va tiép xtic v6i mit phang
(P): 2x—2y—z—8 =0 c6 phuong trinh la
AS): (x+1)2+3+2)2+(z—12=9. ®(S): (x+1)>+(+2)2+(z—1)>=3.
©FS): (x—124+ (-2 +E+1)?>=3. OS): x—1)2+(y—2)>+(z+1)>=09.

$> Cau 36. Trong khong gian Oxyz, cho mit phang (P): ax + by +cz —9 = 0 chda hai
diém A(3;2;1), B(—3;5;2) va vudng géc v6i mit phang (Q): 3x+y+z+4 = 0. Tinh tdng
S=a+b+c.

@S =—12. ®S=2. ©S = —4. ®S=—2.
$> Cau 37. Trong khong gian véi hé toa do Oxyz, cho hai mit phang (P): x+2y—z—1=0
va (Q): 2x+4y —2z+5 = 0. Khoang cach giita hai mit phang da cho la

7

@)6. 3, NG D1
$> Cau 38. Trong khong gian (Oxyz), mot thiét bi phat séng dit tai vi tri (1;0; —1). Viing
phii séng ctia thiét bi c¢6 ranh gidi 1a mot mit cau ban kinh bang v/2. Piém nao sau diy thudc
viing phti séng cua thiét bi?

(AA(1;0;1). ®B(1;1;—1). ©C(-2;0;1). O®D(1;,-2;-1).

Trac nghiém dang sai.

¢S Cau 1. Trong khong gian Oxyz, cho A(1;6;2), B(5;1;3), C(4;0,6).
a) Hinh chiéu vuong géc cta B 1én (Oxz) 1a (0;1;0).

10 7 11

b) Toa do trong tam tam giac ABC la (? §; ?) .
¢) Mot vectd chi phuong cia AB 1a (4;—5;1).

d) Phuong trinh mit phang (ABC) 1a 14x+ 13y +9z— 110 = 0.

$> Cau 2. Trong khong gian Oxyz, cho mit phang (P): x+2y—z+3 =0vadiémA(1;1;2).
a) Toa do ctia mot véc-to phap tuyén ctia (P) 1a (1;2; —1).
b) Piém A thuoc mit phang (P).
¢) Phuong trinh mit cau tim A va ban kinh bing khoang cich tif A dén (P) Ia
(x—1)2+(y—1)*+(z—2)* =8.
d) Mit phang (Q) di qua A va song song v6i (P) c6 phuong trinh x 42y —z —1 = 0.
x—1 y+1 z-2
—1

$> Cau 3. Trong khong gian Oxyz, cho dudng thang d': va mit phang

(P): —x+2y+z—-3=0.
a) Piém A(1;—1;—2) ndm trén dudng thing d.
b) Mt phang (Q) song song véi dudng thang d va vudng géc véi mit phang (P) c6 mot
véc-to phap tuyén 1a (1;1; —1).
¢) Géc gilta dudng thang d va mit phang (P) bing 30°.
d) Dudng thiang A di qua diém M(—3;1;2), song song v6i mit phang (P) va cit dudng
thang d tai di€ém N(a;b;c). Gia tri a+ b+ c biang 3.

¢ Cau 4. Cho cic diém A (1;-2;0);B(2;—1;1);C(1;1;2).
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a) Phuong trinh mit phing (y) chia truc Ox va diém C 1a 2y 4z = 0.

b) Phuong trinh mit phang trung truc (B) ctia doan AC 1a 6y 44z —1=0.

¢) Phuong trinh mit phang (o) qua A va vudng goéc v6i BC lax —2y —z—5=0.
d) Phuong trinh mit phang (ABC) 1a x +2y — 3z —3 = 0.

. —1 1 .
$© Cau 5. Trong khong gian Oxyz cho dutng thang A : XT = % = Z+1 .vadiém M(1;2;3).

Goi (P) 1a mit phang qua M va vudng géc véi A.
a) Puong thang A c6 mot véc to chi phuong 1a: @ = (2;—1;1).
b) Mit phang (P) phuong trinh 1a: 2x+y—z—1=0.
¢) Mit cau tam 7(2;2; —1) va tiép xdc v6i mit phiang (P) ¢6 phuong trinh 1 (S) : (x —2) +
(y—2)*+(z+1)*>=6.
d) Khoang cach tif diém M dén dudng thang A bang 5.

&> Cau 6. Trong khong gian Oxyz, cho hinh hdp chit nhat ABCD.A’B'C'D’ ¢6 A(0;0;0);
B(3;0;0); D(0;2;0); A’(0;0;5).

a) Diém C c6 toa do 1a (3;2;0).

b) Khbi hop ABCD.A'B'C'D’ ¢6 thé tich biang 5.

¢) Khoang céch tir diém A dén mit phang (A’BD) bang 2.

. . 289
d) Cosin goc gitta hai mat phang (AB'D’) va (CB'D’) bang ol
A A e 0 x—1 y-3 z-2
$> Cau 7. Trong khong gian Oxyz, cho hai dudng thang d;: =T =5 Ve
x—1 y z+1
dy: =—=—
SRR T

a) Puong thang d; di qua diém A(2;4;4).

b) Pudng thang vudng géc véi ca d , dy c6 mot vecto chi phuong 1a @ = (1;1;1).
¢) Puong thang d; va dudng thang d, chéo nhau.

d) Khoang céch gitta hai dudng thing d; va d5 12 3v/2.

. —1 2 -3
$& Cau 8. Trong khong gian hé toa do Oxyz, cho hai duong thang d; : * T = Y +1 . 7

1 —4 -2 . .

x; =7 == ¢ it phing (P): 2v—3y+2—2025 = 0 va diém M(0; ~1:2).

a) Hai dudng thang d; va d; chéo nhau.

b) Pudng thang di qua M(0; —1;2) vudng géc véi d; dong thdi song song v6i mit phang

d>:

(P) c6 phuong trinh la g = % = %
¢) Mit phang (P) cach déud; vady 1a (P): —4x+2z+5=0.
d) Phuong trinh dudng thing qua M va cit ci d; va ds 12 g - y_+—91 - %.
$> Cau 9. Trong khong gian Oxyz, cho dudng thang d: lerl = y12L3 = Z;Lz va diém

A(3;2;0).
a) Puong thang (d) di qua diém A(3;2;0).
b) Pudng thing (d) c6 mdt vecto chi phuong 1a 7@ = (—1;—3;-2).
¢) H(1;1;2) 1a hinh chiéu ctia A 1én dudng thang d.
d) A’(—1;0;4) 1a di€ém d6i xiing véi A qua dudng thang d.
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¢ Cau 10. Trong khong gian Oxyz, cho cic diém A(2;2;0), B(2 0;—-2) Va mit phang
(P): x+2y—z—1=0.Xét diém M thudc (P) sao cho MA = MB va s6 do géc AMB 16n nhit.
Goi (Q) 1a mit phang trung truc ctia doan AB.

a) Mt phang trung truc ctia doan AB c6 phuong trinh (Q) : y +2z = 0.

4 1 1

b) Khi dé6 toa do ciia M la (11 T 11)
¢) Giao tuyén (d) clia hai mit phang (P) va (Q) c6 mdt vecto chi phuong @ = (3,—1,1).
d) Géc AMB dat 16n nhit khi cos (AM, BM) dat 16n nhét.

¢S Cau 11 (CT - THPTQG 2025). M6 hinh toan hoc sau day dudc su dung trong quan
sat chuyén dong ctia mot vat. Trong khong gian cho hé toa do Oxyz c6 7 ] % 1an lugt 1a cac
vecto don vi trén cdc truc Ox, Oy, Oz va do dai cia moi vecto don vi d6 bang 1 mét. Cho hai
di€ém A va B, trong d6 diém A ¢6 toa do 1a (7;7;0). Mot vat (coi nhu 1a mot hat) chuyén dong
thang véi tbc do phu thudc thoi gian ¢ (gidy) theo cong thiic v (¢) = Bt + 300 (m/gidy), trong
d6 B 1a hing sb duong va 0 < 7 < 6. O thdi diém ban dau (1 = 0) vat di qua diém A véi toc do
300 m/gidy va hudng t6i B. Sau 2 gidy k€ tu thoi diém ban dau, vat di dudc quing dudng 606
mét. Goi © = (a;b;c) la vectd cung hu0ng v6i vecto AB. Biét rang || = 1 va géc giita vecto
7 1an lugt vé6i cac vecto 7 ] ¥ c6 s6 do tuong ting bang 60°,60°,45°.

a) a = cos60°.

: —7 =7
b) Phuong trinh dudng thing AB 1a - — = Yyl

1
¢) B=3.
d) Gid st sau 5 gidy k€ tUi thoi diém ban dau, vat dén diém B (xp;yp;zz). Khi d6 xp > 776.

SR

> Cau 12. Xét hai chiéc khinh khi cau bay 1én tif cing mot diém trong cting mot ngay. Liic
9 gid sang, chiéc thit nhit dang & vi tri A cach diém xuét phat 2 km vé phia nam va 1 km vé
phia dong, dong thdi cach mit dat 0,5 km. Chiéc thit hai dang & vi tri B ndm cach diém xuét
phét 1 km vé phia bac va 1,5 km vé phia tdy dong thdi cach mit dat 0,8 km. Chon hé truc toa
do Oxyz véi gbe O dit tai di€ém xuit phat clia hai khinh khi cAu, mit phang (Oxy) triin véi mit
dét, truc Ox huéng vé phia nam, truc Oy huéng vé phia dong va truc Oz huéng thang diing 1én
trdi (nhu hinh vé). L4y don vi do trén méi truc 13 km.

Tay
*
\
‘\
(BN
| \
|
| \ _-®
g ATTTOT S -7
Bac .7 "~ | - | Nam
= }
RS |
0 o | ’ X
S L
SO s
y
Pong

Xét tinh diing sai clia cic ménh dé sau
a) Toa do cla khinh khi cau thd nhét lic 9 gid sang 14 A(2;1;0,5).
-2 y—-1_ z-05

. . X
b) Phuong trinh chinh tac cua duong thang AB 12 = =
) ng trinh chinh tac cua ng thang a 30 75 3
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¢) Liic 9 gid sang, khodng céch giita hai chiéc khinh khi cau 12 3,92 km (1am tron dén hang
phan trim).

d) Tir 9 gid sing dén 9 gid 10 phiit sang, khinh khi cu thi nhit di thang vé huéng Nam véi
van tdc 50 km/h va do cao khong d6i d€ dén diém M, khinh khi cu thif hai chuyén dong
théng dén diém N v6i van toc 60 km/h, biét vectd BN ciing hudng véi vectd 7 = (2;2;1).
Bo qua luc can clia gié, khoang cach MN la 4,66 km (lam tron dén hang phan tram).

¢S Cau 13 (CT - THPTQG 2026). Trong khong gian xét hé toa dd Oxyz c6 mot don
vi dai trén cdc truc tuong ting véi 10 mét trén thuc té. Mot muc tiéu can dudc bao vé cb vi
tri & gbc toa d6 O. Ngudi ta thiét 1ap mot vanh dai bao vé quanh muc tiéu theo mot dudng
tron tAm O c6 ban kinh biang 6 don vi (tuong ting 60 mét trén thuc té) nim trong mit phang
(Oxy). Mot may bay khong ngudi 1ai (dugc coi nhu mot hat) bay theo mot dudng thang tir vi
tri M(2;11;3) dén vi tri N(14;2;3). Tai mdi vi tri ciia mdy bay, khodng cach tit mdy bay dén
vanh dai bao vé 1a d6 dai ngan nhét cla cic doan thang nbi tif vi tri d6 dén mot diém bat ki
trén vanh dai.
a) MN = (12;—9;0).

x=2+4
b) Phuong trinh tham sb ctia dudng thang MN 1a { y =11 —3¢ véir € R.
z=0

¢) Trong qua trinh bay tit M dén N, khoang cdch ngan nhét tif may bay dén vanh dai bao vé
la 100 mét.

d) Trong qu4 trinh bay tif M dén N, khoang cich tif mdy bay dén vanh dai bao vé 1a ngan
nhét khi mdy bay & vi tri c6 toa do 1a (6;8;3).

$© Cau 14. Mot buc tuong dudc toa dd hoa trong khong gian Oxyz v6i don vi 1a mét bdi mat
phang (P): x —2y+2z—3 = 0 va di€ém M(1; —3;4) 1a toa do ctia mot qua tdo. Khi d6

4 BB
A

M

a) Qua tao cach buc tuong 4 m.

b) Mot ngudi bin mot mii tén v6i diu mii tén 1a B(2;—1;4) theo hudng
d = (2;4;0) thi mai tén bay xuyén qua trai tdo.

¢) Miii tén cdm vao biic tudng tai diém C(5;5;4).

d) Mit dit dugc toa do héa 1a mit phang (Q): y+z—2 = 0. Vao 12h trua (khi béng ciia
vét trén mit dét 12 hinh chiéu thang ding tir vat xudng mat dat) sau khi mii tén cam vao
biic tudng thi bong ctia miii tén trén mit dat dai 50 cm (lam tron dén hang don vi), biét

mui tén dai —— cm.
10
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¢ Cau 15. Mot thdp kiém soat khong Iuu & san bay cao 109 N
m diat mot dai ki€ém soat khong luu & do cao 105 m. May bay
trong pham vi cdch dai ki€ém sodt 450 km sé hién thi trén man
hinh ra da. Chon hé truc toa do Oxyz c6 gbc O trung véi vi tri
chan thap, mit phang (Oxy) tring v6i mit dat sao cho truc Ox
1a huéng Tay, truc Oy la huéng Nam va truc Oz la truc thang
diing (Hinh vé), don vi trén mdi truc 1a kilomét.

X

Mot mdy bay dang & vi tri A cach mit dat 8 km, cdch 268 km vé phia Pong, 185 km vé
phia Nam so véi thap kiém soat khong luu va dang chuyén dong theo duding thang d c6 vecto
chi phuong 1a @ = (82;76;0) huéng vé dai kiém sodt khong luu.

a) Vitri A ¢ toa do 1a (268; —185;—8).
b) Dai ki€m soat khong Ivu c6 phat hién dudc mdy bay tai vi tri A.

x=—268+ 82t
¢) Phuong trinh tham sd ctia duong thang d 1a { y = 185+ 76¢ (¢ 1a tham s6).
z=238

d) Khoang cdch gan nhét gilta mdy bay va dai ki€ém soat khong luu 12 217,98 km (1am tron
két qua dén hang phan trim).

¢ Cau 16. Trong khong gian Oxyz, don vi trén
mdi truc 1a nghin kilomét, quy dao chuyén dong cua

hai ti€u hanh tinh 1an lugt dugc mo hinh héa 1a
x+1  y+2  z

1 2 1

. Ta xem vung khi quyén

phuong trinh cic duong thang d :
x—2 y—1 z—1
L R T I
cia sao Hoa la mat cau (S) c6 phuong trinh
4y +72=35%

a) Tiéu hanh tinh thi nhit di qua diém A(—1;—2;0), vecto chi phuong | = (—1;-2; —1).

b) Sao Hoa cé tam 1a gbc toa do, ban kinh tinh tif tim sao Hoa dén diém ngoai ciing cla

khi quyén 1a khoang 350 km.
¢) Tiéu hanh tinh thi nhit c6 thé di vao vung khi quyén clia sao Hoa.
d) Hai ti€u hanh tinh khong c6 nguy co va cham nhau.

> Cau 17. Trong khong gian Oxyz, don vi trén mbi truc 13 mét, c6 hai chiéc chién dau co tir
hai vi tri A(40;—15;15), B(55;—10;65) can dap xudng hai vi tri thudc tau san bay hai quan
dé€ nap nhién liéu. B& mit chia cic dudng bing trén tau 1a mit phiang (P) c6 phuong trinh
3x—y+2z—-25=0.

a) Puong thing qua A va vudng géc véi mit phing (P) c6 phuong trinh la

x—40 y+15 z—15
3 B 1 B _2 . £ 2 4 2
b) Tong khodng cdch tir hai vi tri chién diu co dén mit phang chiia dudng bing 1a 110 m

(két qua 1am tron dén hang don vi).
¢) Toa do diém ddi xing ctia diém A qua mit phang (P) 1a A’(—20;5; —25).
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d) Ngudi chi huy & thu san bay phat tin hiéu d€ hai chién diu co ddp xudng céac vi tri M, N
cach nhau 51/6 m. Tong dudng bay ngan nhit AM + BN bang 115m (két qué lam tron
dén hang don vi).

> Cau 18. DE thuc hién cong tac bao tri cdu My Thuén 2, cic k¥ su st dung hé thong mdy
bay khong ngudi 14i (UAV) tich hgp cong nghé Bathymetric LiDAR. Hé thdng nay phat ra cac
xung laser xanh 14 (green laser) theo dudng thang tir diém C(20;60;50) nim trén dinh thap
cau, di qua phao tiéu quan tric B(a;b;c) trén mat nude va chiéu dén muc tiéu A(15;10;—50)
nam trén bé mit 16p cat bodi lang & chan tru cau. Hé truc toa do Oxyz c6 gbe O tai mit nudc,
mit phang (Oxy) 12 mit nudc song, truc Oz hudng thang diing 1én trén (don vi: mét).
a) Pudng thang AC biéu dién quyj dao cla tia laser c6 phuong trinh chinh tic 1a
x—20 y—60 z-50
1 10 20 °
b) Toa d6 phao tiéu B thdéa man a+ b+ ¢ = 52.5.
¢) Khi xung laser truyén trong nudc, van toc clia n6 thay d6i theo thdi gian ¢ (don vi: ns)
bdi ham s6 v(¢) = 0,22+ 0,01¢ (m/ns), véi ¢t > 0 1a thdi gian tinh tif thoi diém xung laser
cham mit nudc. Khi d6, quang dudng tia laser da di dudc trong nudc sau 10ns ké tir khi

cham mat nudc la 2,475 mét.
d) Sau khi xac dinh muc tiéu A, cac ky su van hanh mot robot do tim chay trén mdt thanh

ray bao tri d nim song song véi mit nudc, cich mit nuéc Sm. Biét ring hinh chiéu
vudng goc cla thanh ray d 1én mit nuée 13 mot dudng thang di qua phao tiéu B va c6
vecto chi phuong @ = (2;1;0). D€ nhan dudc tin hiéu manh nhét tf muc tiéu A, robot
can di chuyén dén vi tri M(a’;b';¢') trén thanh ray d sao cho khoing cich AM ngén nhit.
Khi d6 ' +b' — ¢’ = 34.
> Cau 19. Trong canh dung phim c¢6 mdt ngdi nha, mai nha la hinh chép td gidc déu
S.ABCD c6 chiéu cao 2 mét. Trong hé truc toa do Oxyz (don vi do trén cic truc bang mét) vé6i
cac diém & ddy 1a A(6;4;2), B(6;6;2), C(4;6;2) va D(4;4;2), trong d6 S 1a dinh ctia mdi nha.
<

a) Mit nghiéng ctia mdi nha (SBC) tao v6i mit phang (ABCD) géc « thi tan o = 2.
b) Toa d6 dinh ciia mdi nha la S(5;4;5).
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¢) Mot den chiéu sang dudc dit tai vi tri L(5;10;2) d€ chiéu sdng m4i nha tit bén phai. Mot
man chin tring v6i mit phang Oxz, trén d6 s& suat hién béng ctia m4i nha va béng ciia
mai nha dé c6 dién tich bﬁng 10 (m?).
d) P4y ciia mai nha nam trén mit phang c6 phuong trinh 13 z —2 = 0.
$> Cau 20. Nguyén li phan xa 4nh sang: Khi dnh sang bi phan xa, tia phan xa sé nam trong
miit phing chia tia t6i va phap tuyén clia guong & diém t6i. Géc phan xa ciing s& bang goc tdi,
ticlai="1.
Chi y. Khi ta 14y d6i xing tia SI qua guong thi tia IS’ 1a tia d6i ctia tia IR.
< K
N F

Q

H D
-/ M

X

“C A N

Trong cin phong c6 dang hinh hop chit nhit, cé guong phang tron tim E v6i do day khong
dang ké, dugc treo trén tudng 1 mit phang (FOC). Biét ring OCGF, OCND, OFKD 1a céc
hinh chit nhat; OC =5m; OD = OF =4 m; OM =3 m; EM = 1,5 m; CA = 1 m. Mot tia sang
dudc chiéu tir vi tri diém A t6i E, tia sang phan xa qua guong phang t6i diém B trén tuong
(tham khdo hinh vé). Chon hé truc toa do Oxyz nhu hinh vé, mdi don vi c6 do dai 1 m.

a) Phuong trinh mit phiang (ACE) 1a 3x 44z — 15 =0.

b) Pudng thang AE di qua diém J(1;3;3).

¢) Goi (d) 1a dudng thang dbi xting v6i dudng thang AE qua mit phang (OCGF). Géc giita

dudng thang (d) va mit phang (OCGF) 12 41° (két qud lam tron dén hang don vi).
d) Goi toa do diém B 1a B(X();yo;ZO) thi 2yo+4z0 = 18.

$> Cau 21. Bay Flycam trai phép 1a hanh vi tiém 4n nguy co uy hiép truc tiép an toan hang
khong, linh vuc lién quan dén tinh mang ctia hang trim hanh khach trén mdi chuyén bay. Mot
cang hang khong qudc té thiét 1ap hé thdng radar giam sit dugc dit tai gbc toa do 0(0;0;0)
trong khong gian Oxyz (don vi: 1km, mat phazmg Oxy 1a mit dat). Tai thoi diém ¢ = 0, radar
quét dudc tin hiéu mot Flycam xAm nhap tai diém A(4;2;2) va dang bay theo dudng thang véi
vecto van toc Vi = (—1;0;0) (don vi: km/phut). Cling ldc d6, mot mdy bay ché khach A321
dang chd 1énh cét canh tai diém B(0; —2;0). Néu dugc cip phép, quy dao cit canh du kién
ctia mdy bay 12 mot dudng thang véi vecto van tbc v, = (0;4;3) (don vi: km/phiit). Kiém sodt
vién khong luu khong dudc phép cp 1énh cét canh cho mdy bay thuong mai néu hé thdng du
bdo c6 bat ki thdi diém nao khodng cach giita mdy bay va vat thé la nhd hon Skm.

a) Khodng cach tii vi tri ban diu ctia mdy bay dén Flycam tai thoi diém phat hién 16n hon

Skm.
x=0
b) Phuong trinh dudng thang mo ta quy dao mdy bay cit canh 1a { y = —2+4r.
7=73t

¢) Téc dd cta Flycam 1a 1 km/h va tbc do cét canh du kién ctia mdy bay A321 14 300 km/h.
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d) Néu mdy bay A321 dudc phép cit canh, khoang cach ngan nhét giita né va chiéc Flycam
sé dat dugc vao thoi di€ém 1 phut k€ tir lic 61 dudng bang.

> Cau 22.Trong hé toa do Oxyz, don vi moi truc la Z
mét, mat san la mat (Oxy), truc Oz hudng 1én trén, hai

biic tudng (1) va (2) nam lan lugt trén cic mit phang

(Oyz) va (Oxz). Mot tia Laze dudc chiéu tit diém S xuyén c A
qua mot 16 nho tai A(0;6;5) trén buc tudng (1), tia sng 7 Y/

nay phan xa tai diém B trén mit san roi dén biic tudng AN
(2) tai diém C(12;0;7). Theo tinh chit phén xa, ta c6 AB

va BC cung tao v6i miit san cac goc bang nhau.

a) Tung do diém B 1a yz = 5.

b) Néu B(xg;y5;0) thi AB = (x;y5 — 6;—5).

¢) Hinh chiéu vudng géc ctia di€ém C trén mit san (Oxy) 1a diém C'(0;0;7).

d) Biét di€ém S cach 156 A mot khoang 1a SA = 3 (mét) va S(a;b;c) thia+b+c = 12.
¢ Cau 23. Trong mot khu vuc khai thac md, ngudi ta dit hé toa dd Oxyz d€ mo phdong vi
tri cic di€ém trong khong gian (tinh theo mét). Vi tri clia tram quan sat nam tai A(0;0;10). Vi
tri ctia giéng khoan nim tai B(4;3;0). Mot may bay khong ngudi 1di M dang bay trén dudng

tha = = .
TETT T T T / / ?
a) Toa d0 di€ém H 1a hinh chi€u vudng géc cia giéng khoan B trén dudng thang d la
H(1;—1;2).

. . 5
b) Goc gitta duong thang AB va mat phang (Oxy) la \/?_

¢) Khoang cach nhd nhét tit may bay M dén giéng khoan B 1a 5.
d) Néu tir A, ngudi quan sat nhin thiy mdy bay M dudi mot géc 16n nhit (géc nhin duge tao
bdi dudng thang AM va dudng thang vudng géc véi mit phang (Oxy)), vi tri clia M dé

gbc nay 16n nhit ¢ téng ciia cac thanh phan toa do 1a 5

¢S Cau 24. Trong khong gian v6i hé toa dd Oxyz (don vi do trén cac truc 1a km), mot may bay

phan luc dang bay thang theo 16 trinh A 1a dudng thing c6 phuong trinh
A x—=50 y+20 z-10

3 4
dong tich dién nguy hiém c6 dang hinh cau (S) véi tam C(200; —300;60) va ban kinh R = 80

km. Tai thoi diém quan séat, may bay dang & vi tri A(50; —20;10) € A.

a) Mot vecto chi phuong ciia dudng thang A 1a 7 = (5;—2;1).

b) Puong thang A niam trong mit phang (P): 4x + 3y = 140.

¢) Néu tiép tuc gif nguyén 10 trinh A thi may bay phan luc sé bay xuyén qua (bay vao bén
trong) khdi may dong c6 dang hinh cau (S).

d) Goi M 1a diém trén dudng thang A ma tai d6 mdy bay phan luc gin tdm C cla hinh cau
(S) nhat. Biét ring tbc do may bay phan luc khong ddi 12 500 km/h. Thai gian may bay
phan luc d6 di chuyén tit vi tri diém A dén diém M nhd hon 30 phiit.

. Radar tai tram ki€ém sodt khong Iuu phat hién mot khdi may
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9 Cau 25. Trong khong gian hé truc toa dd Oxyz (don vi trén moi truc 1a kilomét), dai kiém

soat khong Iuu ctia mot san bay & vi tri O (0;0;0) va dudc thiét k& phat hién mdy bay & khoang

cach t6i da 600 km. Mot may bay dang chuyén dong véi van téc 900 km/h theo duding thang
x = —1000+ 100¢

d c6 phuong trinh { y=—300+80 (t € R) va hudng vé dai ki€ém soat khong luu (nhu

z=100v11
hinh vé).

a) Ranh giGi ving phat séng bén ngoai cia dai kiém sodt khong luu trong khong gian la
miit cau c6 ban kinh bing 300 km.

b) Phuong trinh mit cau d€ mo ta ranh giéi bén ngoai ving phat song clia dai kiém so4t
khong luu trong khong gian 13 x> + y* + z2 = 360000.

¢) May bay dang chuyén dong theo dudng thang d dén vi tri diém
M (—500; 100; 100\/ﬁ). Vi tri ndy nim ngoai ving kiém sodt khong luu cila
dai kiém soat khong Iuu san bay.

d) Thai gian ké tir khi dai ki€ém soat khong luu phat hién may bay dén khi may bay ra khoi
viing kiém soat khong luu 1a g gio.

A~ A A N A “ A A ‘
$© Cau 26. Trong mot md hinh néng nghiép cong I, S(Robot)

—>
u

nghé cao, mot tim pin ning luong mit tr&i phang

dudc 13p dit nghiéng sao cho bé mit clia né nam (P)(Mit phang tAm pin)
trén mit phang (P): 2x+2y+z—6 = 0 (xét trong
hé khong gian toa d§ Oxyz v6i don vi do 1a mét, mat
phang (Oxy) dugc xem 13 mit dit phang). Ngudi ta
14p dit mot robot ¢ dinh & trén cao d€ kiém tra bui
ban. Robot c6 mit phit tia laser tai diém S(1;1;6).
Robot thuc hién quét tia laser trén bé mit tAm pin.
Tai mot thdi diém tia laser dugc chiéu theo dudng
thang A c6 vecto chi phuong @ = (1;—2;—2) va
cham vao bé mit tAm pin tai diém M.

A(Tia laser)

. ) , .4
a) Khoang cach tir mat phat tia laser S dén mat phang (P) bang 3 mét.
b) Di€ém M c6 toa do 1a (1;1;2).
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, pe s s e 12 VU 4
¢) Goc o hgp bdi tia laser A va mat phang (P) thda man hé thiic sin = 5"
d) Khi vé sinh, nu6c dudc phun tring diém cham ciia tia laser trén tAm pin sé tao thanh dong
nudc chdy trén bé mit pin xudng dit theo huéng déc nhit, quy dao chdy ctia dong nuée
nim trén mot dudng thang. Pudng thang dé c6 mot vecto chi phuong 1a vV = (1;1;3).

> Cau 27.Mot chiéc mdy bay thuong mai Comac z
C919 dang bay trén bau trdi theo mot dudng thang
tii D dén E c6 hinh chiéu trén mit dt 13 doan CB.
Tai vi tri D thi mdy bay bay cdch mit dat 9000 m, tai
vi tri E thi mdy bay cdch mit dt 12000 m.

C(20;0;0)

Mot ra da dudc dit trén mit dat tai vi tri O cach C khodng 20000 m, cich B khoing
16000 m va BOC = 90°; pham vi theo ddi cua rada 1a 20 km. Xét hé truc toa do Oxyz (don vi
trén moi truc 1a 1000 m) véi O 1a vi tri dit ra da, B thudc tia Oy, C thudc tia Ox.

a) Tai D, mdy bay cach ra da 23000 m (Iam tron dén hang nghin don vi mét).

b) Khi mdy bay bay dén diém I (la trung diém ctia DE), may bay cach mit dat 10500 m.

¢) Trén hanh trinh bay tit D dén E, mdy bay sé di qua diém c6 toa do P(16;3,2;9,6).

d) Khoang cach gitta vi tri diu tién va vi tri cudi cing ma mdy bay bay trong pham vi theo
doi cda ra da 12 22000 m (1Am tron dén hang trim theo don vi mét).

$> Cau 28. Ngay nay, nho vao hé théng dinh vi toan cau GPS (Global Positioning System),
viéc di chuyén ctia con ngudi hét stic thuan 1gi di bing dudng bo, dudng sit hay dudng hang
khong hay dudng bién. Néu c6 thiét bi bat séng GPS, ban ludn c6 thé két ndi dudc dén bdn vé
tinh GPS du & bat ki dau trén Trai Dat. Khi thiét bi ctia ban biét khoang tir it nhat ba vé tinh
dén noé, mdy sé tinh toan ra vi tri hién tai ctia ban bang mot quy trinh goi l1a Trolateration. Cho
biét trai dit c6 dang hinh cAu ban kinh bang v/41 - 10> km. Ban An dang diing trén mit dat. C6
ba vé tinh bdo vé mdy chu tiép nhan thong tin ring vé tinh thif nhit dang cach An 3103 km,
vé tinh thi hai dang cach An 5-10° km, vé tinh thit ba dang cach An 4 - 10° km. Chon hé truc
toa do Oxyz v6i O 1a tAm trai dét va don vi d6 dai trén mdi truc 1a 10° km. Tai thdi diém vé tinh
thong bdo vé may chi thi toa do clia cac vé tinh 1an luct 1a 11 (4;4;6), I (4;9;3) va 5 (8;4:3).
Xem vi tri An la diém A va An can di chuyén thiang dén nha Binh 1a diém B (4;4;3,01) véi toc
do khong doi 20 km/h.
a) Di€ém A dang nam trén mat ciu tam O ban kinh v/41-10° km.
b) Phuong trinh mit ciu md ta ranh gidi bén trong va bén ngoai Trai Dat 1a x> +y> 4+ 7% =
VA4l
¢) Piém A chinh 1a giao diém cta bdn mit cau: Trdi Dat va ba mit ciu tAm lan luct 12 I;,
b, I ¢6 ban kinh 1an ludt 1 khoang céach tif cac vé tinh dén An.
d) Thai gian An di dén nha Binh 1a 30 phiit.

$> Cau 29. Mot cin phong khach c6 hinh dang 13 mot hinh hop chit nhat dudc gan trong hé
truc toa dd Oxyz véi cac thong sd nhu hinh bén (don vi trén méi truc 1a mét). Coi mit san nam
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trén mit phang (Oxy). Theo thiét k&, chii nha mudn trang tri mot dén pha 1é hinh cu c¢6 ban
kinh 15 cm dugc nbi v6i tran nha & vi tri di€m H bdi mot day dai 1 m (H 1a trung diém cida
EF,biét EF/PQ va QF = 4 m, hinh bén).

‘ g//zm o
N ,
| E | P
| o
4m w
S e
/// 4 y
XA 10m g M

a) Cao do tam 7 ctia dén pha 1& hinh cau 1a 3.

b) Phuong trinh mit ciu cda dén pha 1& 1a (x —2)2 + (y — 6)% + (z— 3)? = 0,0225.

¢) Mot ngudi cao 1,8 m thi khi di ngang qua phia duéi sé cach dén it nhat 1a 60 cm.

d) Tia sang tif tAm dén chiéu ra cat san nha tai K. Khodng cdch xa nhét tif K t6i B 12 khodng

10,77 m (két qua 1am tron dén hang phan trim).

¢ Cau 30. Trong khong gian véi hé truc toa do Oxyz (don vi trén mdi truc 12 ki-16-mét),
mot tram thu phat song dién thoai di dong dudc dat & vi tri 1(3; —2;5) trén mot ngdi lang ven
bién va dugc thiét ké véi ban kinh phd séng 12 6 km.

a) Néu st dung phuong trinh mit cau dé md td ranh gi6i bén ngoai
cia viung phd séng trong khong gian thi phuong trinh mit cau Ia
(x—=3)2+(y+2)>+(z—5)*> = 36.

b) Mot ngudi di tau dén vi tri c6 toa do M(—2;5;3) thi tai vi tri nay van c6 thé st dung
dich vu cia tram thu phat séng nay.

¢) Mot hon dao nho c6 dang hinh tam giac véi cac dinh ¢6 toa d6 la A(5;7;2), B(—6;2;3),
C(2;—5;—3). Hon d4o d6 ndm trén mit phang cach tram thu phat séng mot khoing 5,89
km (két qua 1am tron dén hang phan trim).

N . ) 55 N 2 N N X . ~ 2,0 N A
d) Tuvitri N <2; I; E) trén hon dao, mot ngudi cheo thuyén di chuyén véi vecto van toc
V = (2;3;0). Sau nta gid, ngudi d6 chua thé st dung dugc dich vu cta tram thu phat
song nay.
> Cau 31. Hé thong phong khong “Vom sdt” 12 mot trong nhitng hé théng danh chin tén
Itia xa rat ndi tiéng cia Israel. DE “Vom sdt” hoat dong dudc chinh xdc ngudi ta trang bi mot
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Radar c6 kha nang phat hién tén ltta v6i ban kinh 417 km.

2. Radar dé fim 4 Dox siphing
va theo dai truomg va didu khién  ¢ap 1ira
Trong hé truc toa d6 Oxyz mot hé théng “Vom sdr”, Radar dang & vi tri 0(0;0;0) va mot qua
tén Itfa dang & vi tri A(688;185; —8) dudc phéng 1én va bay theo mot quy dao la dudng thang
c6 vector chi phuong 1a @ = (—91;—75;0).

a) Phuong trinh mit cAu thé hién viing pha séng ctia Radar 1a x> 4+ y? + 2% = 417.

b) Radar phat hién qua tén Ita ngay tai vi tri dugc phong 1én.

¢) Néu hé thong “Vom sdt” gip truc tric khong thé ban ha tén lia thi khoang cach gan nhit
tit hé thdng “Vom sdr” dén qua tén 1ita khoang 300 km (sai s6 khong qua 10 km).

d) Néu hé théng gip truc tric khong ban ha dudc tén lita, biét tir khi tén Iira phéng dén khi
Radar phat hién 1a 3 phiit, thoi gian tén Itta xuit hién trén Radar 12 5 phdt (coi tén lita
chuyén dong déu).

$© Cau 32. Trong mdt mo hinh game 3D, véi hé truc toa do thich hgp, ngudi chdi cung
v6i khau siing cda anh ta dugc md phong nhu mot chit diém di chuyén trén mit phang
(P): x—2y+2z—3 =0 va nhim bin cdc muc tiéu di dong trén mit cau (S) c6 phuong trinh
x? 4 y? + 72 +2x — 4y —2z+5 = 0. Ngudi choi van c6 thé ban triing muc tiéu néu né di chuyén
trén ban cau khuét phia sau tAm nhin. Sau khi tro chdi bat dau, anh ta quyét dinh nhim ban
theo phuong véc-td u = (1;0;1).

a) Mit cau (S) ¢6 tam I(—1;2;1) va ban kinh R = 1.

b) Mt phang (P) va mit cau (S) khong c6 diém chung.

¢) Ngudi choi ding & vi tri giao diém ctia (P) va Ox, khodng cach tlf tim mit cu (S) dén

V66
dudng bay vién dan bang —

d) Khoang céch 16n nhét tif vi tri ngudi ban (trén (P) va dudng bin c6 phuong 7)) dén muc
tiéu (trén (S)) bang 3+/2.
&> Cau 33. Trong khong gian Oxyz thudc hé thong dinh vi GPS, bé mit Trai Dt dudc mod
hinh hod bdi mit cau (x — 1)? + (y — 2)% + (z — 2)? = 9. Hai vé tinh truyén tin hiéu c6 vi tri
M(4;—4;2), N(6;0;6).
a) Vé tinh & vi tri M gan tAm miit cau hon so véi vé tinh & vi tri N.

b) Mot tin hiéu dudc truyén di tif vé tinh & M dén vé tinh & N 1a dudng thang c6 phucng

, x—4 y+4 z-2
trinh chinh ta = = :
tinh chinh tac — > 5

¢) Mit phang di qua tim Trai DAt va hai diém M, N c6 phuong trinh
2x+y—2z=0.

289
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d) Gia st don vi trén mdi truc 12 2 100 km, mot tin hiéu ¢6 toc dd 3 - 10° km/s dudc truyén
tir vé tinh M dén diém gan nhét thudc bé mit Trai DAt mét khoang 0,026 gidy (lam tron
két qud dén hang phan nghin ciia gidy).

$> Cau 34.Sau nha 6ng Son ¢6 manh dat hinh chit
nhiat ABCD c6 chiéu rong AB = 5 (mét) va chiéu
dai AD = 6 (mét). Ong Son du dinh dung méanh dat
nay dé trong rau sach nén thiét ké mai che phang
va dbc vé goc dinh F.

Mai Igp EF GH dit trén bén tru AE, BF, CG va DH déu vudng géc véi mit phang (ABCD)
trong d6 DH = 5 (mét), CG = 4 (mét) va AE = 3 (mét). Chon hé truc toa do Oxyz c6 don vi
trén moi truc 1a mét (m) nhu hinh vé.

a) biém A(6;0;0).

b) Phuong trinh mit phang (EFG) c6 dang ax + by +cz — 150 = 0. Khi d6 a + b+ c = 23.

¢) Gia mot m? 1udi chéng nang 1a 12000 dong. Khi d6, sb tién dong Son mua ludi 1p mai
EFGH 12 386 nghin dong (két qud lam tron dén hang nghin dong).

d) Ong Son can lip dit day tir diém I nam trén canh AB va cach B mot mét, dén diém M
nim trén canh BC, dén diém N nim trén canh CG, dén diém P nim trén canh DH va
dén diém E. Biét day ludn dp sit vao cic mit, do dai ngin nhit cta day 1a v/305 (m).

$> Cau 35. Trong khong gian véi hé toa do Oxyz, cho hai mit cau (S1) va (S,) c6 tam lan
lugt 1a I(—4;—5;0) va J(6;8;3). Mit cau (S,) cit mit phang (Oxy) theo thiét dién 1a mot
dudng tron c6 ban kinh r, = 4. Mt cau (S;) ¢ ban kinh Ry = 4. M6t diém M c6 toa do cb
dinh M(1;0;10). Mot di€ém C di chuyén tit M dén mot diém bat ky thudc mit cau (S;) hoic
. o ! 1
(S2). Nang lugng tiéu hao khi di chuyén cia diém C dugc xac dinh bdi ham o E(s) = 1 -5
(don vi ning lugng), trong d6 s 12 do dai quang dudng di chuyén. Xét tinh diing sai ctia cdc
ménh dé sau.
a) Ban kinh ctia mit cau (S,) bing 5.
£ 2 2 40,2 . 2 N 3 N o A+ X A N 175 - 50 6
b) Nang lugng toi thiéu dé diém C di chuyén tu M dén bé mat khoi cau tam 7 1a T\/_
(don vi nang lugng).
¢) Goi A va B 1an lugt 1a hai diém bat ky thudc mit cau (S;) va (S,). Do dai 16n nhat ctia
doan AB c6 gia tri 16n hon 25.
d) Ning lugng tdi thi€u d€ di€ém C di chuyén vao bén trong khdi cau (S;) nhd hon ning
lugng t6i thi€u d€ di€ém C di chuyén vao bén trong khbi cau ().
> Cau 36. Trong mot du dn khdo st dia chit thim do tai nguyén, cic nha khoa hoc phat
hién mot tdi khi tu nhién trong long dit dugc xac dinh c6 dang hinh cau (), mot 16p d4 méng
ngin céch céc dia tang (P). V4i hé truc Oxyz phu hdp, don vi trén méi truc 1a chuc mét. Mit
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cu (S) c¢6 phuong trinh (x—2)* + (y—3)* + (z+7)* = 16. Lép dd méng 1a mit phéng (P)
c6 phuong trinh x +y 4z — 15 = 0. D€ thuc hién viéc khai thic, cac nha khoa hoc dit mii
khoan dudc dinh huéng bit dau tif vi tri A (1;2;1) va tién t6i lién tuc theo phuong clia vecto

i = (1;1;—8). Ngoai ra, mot tram quan trac dia chan dudc dit cb dinh tai vi tri K (2;3;5) dé
theo déi cdc bién dong co hoc trong qua trinh khoan.

<

* Tram quan trac

\

1
' Huéng miii khoan
1

L6p da mong

a) Tii khi (S) bi 16p dd méng (P) chia thanh hai phan c6 thé tich bing nhau.

b) Quy dao ctia mili khoan dugc mé ta bdi mot phan dudng thing d c6 phucng trinh chinh
. x—1 y—-2 z—1
tac 12 = = .
acla — 1 3
¢) Trén quy dao chuyén dong clia minh, mii khoan sé di xuyén qua tdi khi (S) tao thanh
mot doan dudng 6ng trong 1ong tii khi c6 do dai 1a 80 m.

d) Khi miii khoan bit diu cham vao tdi khi (S) thi tin hiéu dia chin nhan dugc 12 manh

nhét. Khi d6 khoang cdch tif tram quan tric dén diém nhén dugc tin hiéu manh nhit bang
79 m (két qua 1am tron dén hang don vi).

Tu ludn.

& Bai 1. Trong khong gian v6i hé toa do Oxyz, cho diém I(3; —2;—1) va mit phang (P) c6
phuong trinh x —2y —2z+3 = 0.

a) Tinh kho4ng cach tir diém I dén mit phang (P).
b) Viét phuong trinh mit cau (S) c6 tdm I va tiép xic (P).
¢) Viét phuong trinh dudng thang d di qua I va d vudng géc véi (P).
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x=1+1
& Bai 2. Trong khong gian véi hé toa dd Oxyz, cho dudng thang A y=2t va mat
z=—1-2t

phang (P) : 2x+y+z+5=0.
a) Tim toa do giao diém I clia dudng thang A va mit phang (P).
b) Viét phuong trinh dudng thang A’ nim trén mit phang (P) dong thdi cit A va vudng géc
VO A.
¢) Tinh géc gitta dudng thang A va mit phing (P).
xX=t
& Bai 3. Cho hai dudng thing d; : { y = —1 —4¢ va dy: % = y%l = %
7=06+6¢
Viét phuong trinh chinh tic ctia dudng thang A di qua A(1;—1;2), dong thdi vuong géc
v6i ca hai dudng thang d; va d».

& Bai 4. Trong khong gian Oxyz, cho hai dudng thang

x=3+2t 5 ; .
N X+ y— 7—
A: S A = = .
y 2+t va 3 > —
z=1+3¢

a) Ching minh ring hai dudng thang A va A’ chéo nhau.
b) Viét phuong trinh mit phang (P) chia A va song song véi dudng thang A’

& Bai 5. Trong khong gian Oxyz, cho mit cau (S): (x—2)2+ (y+1)?+(z—3)?> =9 va diém
A(2;—-1;51).

a) Tim tam / va ban kinh R ctia mit cau (S).
b) Chiing minh ring di€ém A nim trong mit ciu (S).

¢) Viét phuong trinh mit phang (P) di qua di€ém A sao cho khoang cich tlf tim 7 ctia mit
cau (S) dén mit phang (P) 12 16n nhét.

& Bai 6.Nguoi ta mudn thiét ké mot 1&u cim trai c6 dang la
mot phin mit cau bang phan mém 3D. Cho biét phuong trinh
bé mit ctialéu 1a (S) : (x—3)%+ (y—3)?+(z—1)? =9, phuong
trinh mit phang chia ctia 1&u 1a (P) : x = 2, phuong trinh chida
san léu 1a (Q) : z = 0. Tim tdm va bén kinh dudng tron ctia 1éu
va dudng tron san léu.

& Bai 7. Trong khong gian véi hé truc toa dd Oxyz (don vi trén mbi truc 12 mét), mot thiét bi
phat séng wifi dugc dit tai vi tri 1(3;4;2). Vung phii séng ctia thiét bi 1a mot hinh ciu c6 ban
kinh R = 10 m. Mot ngudi st dung dién thoai ding & vi tri K(x —7;7;1). Sau d6, ngudi d6 di
chuyén dén vi tri H(x+ 11;7;1). Tim gid tri nguyén clia x sao cho ca hai vi tri K va H déu c6
thé bat dudc tin hiéu wifi tir thiét bi.
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& Bai 8. Ngudi ta mo phdong thiét ké ctia mot binh chiia nhién liéu c6 dang mot hinh chép cut
td gidc déu trong hé truc Oxyz nhu Hinh vé véi S(0;0;0), P(10;0;0), Q(10;10;0), R(8;8;12),
T(2;2;12).

a) Viét phuong trinh cac
mit phang chia céc
mat bén cua binh.

b) Tinh sin cua goc gitia

canh bén va mat day.

c¢) Tinh cos cua gbc gitia
cac mat bén.

& Bai 9. Trong cac chuong
trinh d6 hoa mdy tinh, dé
tao 4o gidc theo ding phdi
canh, cac vat § cang gan thi
cang 16n hon cac vat § xa,
cac hinh 4nh ba chiéu trong
bd nhd cua may tinh dugc
chiéu 1én modt man hinh
hinh chit nhat tir di€m nhin
clia mat hoic may chiéu.

Khong gian quan sat, mot phan ctia khong gian dude nhin thay la viing nam trong bdn mit
phang di qua diém nhin va mot dudng bién ctia man hinh. Néu vat trong canh vit md rong
vuot qua bdn mit phang nay thi ching phai dudc cit xén trudc khi dit liéu diém anh dugc
gii dén man hinh. Vi vay cdc mit phang nay dudc goi la mit phang cat. Gia st man hinh
dugc biéu dién bdi hinh chit nhat trong mét phang (Oyz) véi cdc dinh (0;400;0), (0; —400;0),
(0;400;600), (0;—400;600) va may quay dugc dat tai (1000;0;0). Tinh géc gitta man hinh
va cdc mit phang cat.

& Bai 10. Mot san hinh chit nhat ABCD c6 chiéu dai
AD = 20 m, chiéu rong AB = 15 m. Ngudi ta dit mot cdi
camera G do cao 5 m trén mdt cdy cdt vudng goc v4i mat
san tai A, biét camera c6 ban kinh quan sat 12 25 m. Xét hé
truc toa do Oxyz véi gbc toa dd O trung vé6i diém A chan
cot, cac tia Ox, Oy lan lugt chia cic canh AB,AD cia san
va tia Oz chua cay cOt.

a) Hay viét phuong trinh mit ciu mo ta ranh gidi bén ngoai va bén trong clia viing quan
sat dudc.

b) Hoi camera c6 thé quan sat toan bo san hay khong? Vi sao?
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& Bai 11. Mot thap phat song cao 50 m dat 6 géc A cua
san hinh chit nhat ABCD. D¢ giii cho thap khong bi do,
ngudi ta c6 cdt rat nhiéu day cap quanh thap va cd dinh tai
cdc vi tri trén mit dat. Hai chi kién vang va kién den bat
dau leo 1én hai day cap CM va BN (tii C va B) véi van toc
lan luot 1a 3 m/phit va 2,5 m/phit. Hoi sau 10 phuit thi hai
chii kién cach nhau bao nhiéu mét (lam tron két qua dén
hang phan trim)?

& Bai 12.Khéi rubik dugc gin vSi hé toa do Oxyz
c6 don vi bang dd dai canh cta hinh 1ap phuong nhé
(hinh v&). Xét bén diém A(3;0;0), B(0;3;0), C(0;0;2),
D(3k;3k; 2k) v6i k > 0 ddng phang. Biét ring toa d6 diém
D(a;b;c). Khi d6 gia tri a+ 2b + 3¢ bang bao nhiéu?

& Bai 13.D¢€ treo mot chiu ciy ngudi ta can lay
trén miéng cta chau ciy do6 3 di€m va su dung 3
doan day c6 do dai bang nhau dé nbi 3 diém dé véi
mot diém treo (xem hinh minh hoa). Gia st trong
khong gian vé6i hé toa dd Oxyz, ba diém trén miéng
ctachducaylaA(0;1;2), B(2;—2;1),C(—2;0;1);
diém treo M (a; b;c) ndm trén mit phang (o) : 2x+
2y +z— 3 = 0. Binh phuong khoang cdch tit diém
M dén gbc toa dd O bing bao nhiéu?

& Bai 14.Mot ky su thiép 1ap mot hé toa do Oxyz dé
theo déi vi tri 1ap dit cda 2 mdi nha da dudc gan vdi
nhau tao thanh hinh chii V vao céc thanh da sao cho chuin
xac nhit. Biét phuong trinh mit phang chia 2 méi la

(P): x+2y—2z+6=0va (Q): x+2y+z—5=0, diém A
12 néc ngdi, 2 di€ém B, F 1a ria dudi ngdi ctia mbi mai tiép xiic
gitta mai va thanh da nhu hinh vé (cac thanh da dai nhu nhau)
khi cb dinh phan duéi ctia ngdi nha. Khodng cach BF =20 m,
khi d6 ti s6 do dai ctia thanh da AF va khoang cach BF bing
bao nhiéu (lam tron két qud dén chit sé thdp phdn thit hai)?

& Bai 15. Thap gdm mot khdi 1ap phuong, trén d6 gin thém mot khung hop chit nhat, va
phia trén 12 mot khoi chép ti gidc déu. Tai dd cao bang chiéu cao khdi 1ap phuong, c6 gan mot
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mit phang truct hinh chit nhat (xem hinh, céc kich thudc tinh biang mét).

iy s
'H
1 l G
E -
1 5 7
})’} 777777777 c S~
,’ P

Tit dinh S c6 budc mot sgi day xudng diém P(1;7;0) lam day leo.

Trén mit phang trugt, c6 mot diia tré ding thang tai vi tri chinh gita tAm trudt va vé6i thang
tay (vudng géc v6i mit dt) nim dudc diy leo. Tinh chiéu cao tay vin ctia difa tré tinh tif mit
dat.

& Bai 16. Trong khong gian v6i hé truc toa dd Oxyz (don vi do dai trén moi truc tinh 12 mét),
mot vudn hoa ndm trén mit phang (P): 2x + 2y —z— 12 = 0. C6 hai béng dén chiéu sang cb
dinh dudc dit tai cac di€ém A(40; —40;12), B(—40;50;38). D& dam bao ki thuat chiéu sing,
cdc k¥ su mudn thiét ké trén mit vudn mot dudng ray dé 1ap diat mot den chiéu sang M di dong
trén dudng ray ay. Yéu cau ki thuat dit ra 1a goc tao bdi MA véi mit vudn va goc tao bsi MB
v6i mit vuon phai ludn bang nhau. D6 dai dudng ray 1a bao nhiéu mét (két qud lam tron dén
hang don vi)?
B

& Bai 17. Dé x4c dinh vi tri ciia mdy bay khi dang bay, ngudi ta gan mot hé truc toa do Oxyz
véi gbc toa do dit tai mot san bay dé€ xac dinh toa do ctia sin bay. Biét r?mg cao do cua toa do
mdy bay chinh 13 do cao clia mdy bay ddi véi mit dat. Pon vi dd dai trén méi truc toa do 1a
100 m. Mot may bay dang bay v6i quy dao 1a mot dudng thang trong khong gian véi vén toe
bay khong d6i. Tai mot thdi diém nao d6, mdy bay dang & vi tri c6 toa do (200;70;118). Sau
50 gidy, do cao ctia mdy bay so v6i mit dat giam 400 m. Hoéi sau 25 gidy nita, khoang cach
tif san bay t6i mdy bay 14 bao nhiéu km, biét ring trong sudt qua trinh bay nay, mdy bay c6 di
qua di€ém c6 toa do (80;105;113)?

& Bai 18. Trong mot dot dién tip qudc phong, hai ngudi & vi tri khdc nhau ciing ngam ban
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mot muc tiéu cb dinh trén khong. Ngudi ta gan mot hé truc toa dd Oxyz (don vi trén mdi truc
tinh theo mét), mit phang (Oxy) trung véi mit dat. Ngudi thi nhit ban mot vién dan di qua hai
diém A(5;7;10) va B(6;9;12). Ngudi thi hai bin mot vién dan di qua hai diém C(15;17;5)
va D (di€ém D & d6 cao 26m so v&i mit dat). Biét rang sau mot thdi gian roi khdi nong sing,
hai vién dan cham véi nhau tai vi tri cach diém A mdt khoang 150m (tham khao hinh vé)

Hoi diém D cach diém C mot khoang bao nhiéu mét? (Két qua 1am tron dén hang phan chuc)

& Bai 19. Mot budi biu dién san khiu dién ra B
trén mot san khiu nghiéng vé phia khan gia. Cubi

budi biéu dién, nit dién vién chinh rdi san khau

®
|
|
|
|
|
|
|
\

diém A(8;0;0) dén diém B(0;20;10). Sau khi di jp—

trong mot chiéc ghé treo trén day, di chuyén tit ‘ jb;
3 ~ N A A N . 4 N -
dugc 7 quang duong, c6 ay dung lai dé thyc hién A 8

dong tac cudi. Hay tinh khoang cach ctia co iy dén
mit phang san khau tai thoi di€ém d6 (lam tron két
qud dén hang phdn tram).

& Bai 20. Mot nhém chuyén gia dang nghién citu dung mot tAm kinh cudng luc hinh tam
gidc dé€ dit vao mot goc tudng. Biét ba mit clia goc tudng doi mot vudng goc va giao tuyén
ctia chiing 14n lugt 12 c4c tia Ox, Oy, Oz sao cho (Oxy) trung v6i mit phang san nha, mdi don
vi trong hé truc toa do ting véi 1m thuc té. Mit phang kinh ludn di qua diém I, diém nay cach
cic mit phang (Oxy), (0yz), (Oxz) 1an lugt 12 1 m, 3 m, 2 m. Khi khodng cach tii chiéc dén c6
toa do D(4;5;6) t6i mit phang kinh 16n nhét, tinh dién tich tim kinh cudng luc theo m? (két
qué 1am tron dén hang phan chuc)?

D(4;5;6)
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& Bai 21. Trong hoat dong quay phim va chup dnh chuyén nghiép, tim hat sang 1a mot cong
cu khong thé thiéu. Mot é-kip nhan du dn chup hinh cho mot cin ho phuc vu cho muc dich
quang c4o. TAm hat sang dugc dit trén mot bé mit gd mdng hinh tam gidc, mdi dinh ctia mit
gd dit trén mot chiée coc 1an ludt cao 2 m, 1 m va 0,5 m. Coc cao nhat dit & goc tudng, coc
cao 1 m s€ dat § tudng sau nha, cach tuong trai 2 m, coc con lai dat & tuong bén trai, cach
tuong sau 1 m. D& dam bao su chic chan, ngudi ta chbng mot chiée coc vudng gbc mat dit va
dS phia dudi mat gb, cach mdi biic tudng 0,5 m (chdn coc chong dé & mdit dat).

tAm hat sang ‘\

Hoi chiéc coc chdng dd nay c6 chiéu dai bao nhidu mét?

& Bai 22. Xét trong khong gian véi hé truc toa do Oxyz
v6i don vi trén mdi truc 1a mét, mot thu ngdm bat dau lin
tai diém P(100;200;0) v6i van toc vi = 11,1 hdi li/gio
huéng thing dén muc tiéu Z(500;600; —80) & do siu
80m. Sau do, tau tiép tuc di chuyén ngang huéng theo
vecto @ = (1;1;0) v6i van toc v, = 11 hai 1i/gio.

80 m

O
1
Cung thoi diém tau ngdm bat dau lin, mot qua cau 7 dudc tha tlr tau nghién citu & toa do
$(700;800;0) va roi thang ding xubng véi van toc 0,5m/s. Khoing cach giita tau ngdm véi
qua cau khi tau ngdm di dén thang dudi S bang bao nhiéu, biét 1 hai 1i bang 1,852km? (Lam
tron két qua dén hang don vi).

& Bai 23.

Khi phit trién hé thdng hd trg db xe 6 td, cdc nha nghién cifu sinh hoc da sao chép hé thong
dinh vi ctia loai doi va tich hdp cic cAm bién tuong ting vao cdn sau ciia xe. Cac cadm bién
dudc cai dit sao cho ching s& phat tin hiéu khi khoang cach dén vat can nho hon 3,05 m. Mot
ngudi ldi xe dang 1ui thang vé phia mot mit phang nghiéng, dudc cho bdi phuong trinh mit
phang c6 phuong trinh 12 (E): 6x + 2y + 3z = 49. Xdc dinh dugc di€ém R(a;b;c) trén doan
PQ, trong d6 P(6;3;1) va Q(6;4;1) ma tai d6 cam bién bit dau bao dong. Tinh a — b+ ¢ (lam
tron két qud dén hang phan tram).

7
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& Bai 24. Xét trong khong gian véi hé truc toa do Oxyz véi don vi trén mdi truc 1a 100m,
ngudi ta dao tir diém A(—7; —3; —8) qua diém B(—2;0; —9) mot dudng ham thang xuyén nii
c6 tén 1a Kuckucksloch. Tuong ty, tit diém C(4; —6; —6) dén diém D(7;—1; —8) mot dudng
ham thang tén 1a Morgenstern ciing sé dugc xay dung. Sau khi khoan xong 2 dudng ham sé
gip nhau tai diém S. Tir di€ém S, duong ham Kuckucksloch tiép tuc dao theo huéng vecto
V = (2:1;2) cho dén khi dén diém P trén mit dat ma dudng ham sé cham t6i. Trén doan SP,
cich P mot khoang 1200m sé& dao mot 16i thodt hiém thang ding. PO sau cin dao cia 16i
thodt hiém bing bao nhiéu mét, biét mit dat 1a mit phang (Oxy)?

|
|
t
|
|
|
|
|
|
|

]

/ QS
/(9,
// ~
/

& Bai 25. Mot nhan vién ctiu ho ding & mit dit, diéu khién mot drone chd vat tu y té, du
kién bay thang tit dinh A ctia thap thii nhat dén dinh B ctia thap thi hai. Tuy nhién, do gip mot
khu vuc nhiéu séng an ninh nén drone phai bay thang tit A dén mot diém P trén mit dat dé ha
canh. Nhan vién dé mang drone tif diém P doc theo huéng Tay 40 m dén diém Q va sau d6
drone bay thang tif diém Q 1én dinh B cta thap thi hai (hinh vé). Biét dinh A cao 100 m va c6
hinh chiéu 1&n mit dit cich vi tri ngudi ding ban diu 200 m vé phia Pong va 100 m vé phia
Nam. Dinh B cao 300 m va c6 hinh chiéu 1én mit dat cich vi tri ngudi diing ban dau 140 m vé
phia Tay va 200 m vé phia Nam.

B
N
I~
N
A A
B S
N
N
L~ ™
N
~
Thap 2
/
Thép 1 P, 0
gusi ding
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Chon hé truc toa dd Oxyz c6 gbc tai vi tri ngudi ding ban dau, mit phang (Oxy) 1a mit dét,
truc Ox huéng Pong, truc Oy huéng Nam va truc Oz hudng thang ding 1én trén (don vi trén
cdc truc 1a 100 m). D€ hoan thanh nhiém vu, ngudi d6 chon vi tri diém P(a;b;c) trén mit dat
sao cho tdng quing dudng bay 1a ngan nhit. Gi4 tri clia biéu thic S = 2a + 4b + ¢ bing bao
nhiéu?

& Bai 26. Tram tau ctu ho dugc dat tai vi tri A(5;0;0) trén mot hon dao nho trong khong
gian Oxyz (don vi trén mdi truc dudc tinh bi“lng km), dudc st dung lam tram ctiu h, ctiu nan
trén bién.

dp
_di

Tau du lich B dang di chuyén (van téc khong d6i) trén tuyén dudng dudc mo ta bdi dudng

x=2+t
thang d: { y =1 —2¢. Tau chd hang C dang di chuyén (vén téc khong d6i) trén tuyén duong
z=0

xX=2—s
van tdi dugc mo ta bdi dudng thang do: { y=11+s. Do thdi tiét xiu, nén hai tau B va C
z=0
gip su ¢d va can duogc tiép can khan cip. Tram ciu hd diéu mot tau ciiu ho xuét phat tir A
dé€ 1an ludt tiép can tau du lich B trudc, sau d6 dén tau chd hang C. Xét vi tri tdi vu cla tau
du lich B diing lai va tau chd hang C diing lai sao cho téng quing dudng tau cdu ho can di
T = AB+ BC + CA 1a nhé nhit. Khi d6 Py;, = +/a (km), hdy tinh a +2025?
& Bai 27. Trong khong gian Oxyz, céc diém A(0; —1;0),B(1;—4;0) va C(4;—3;0) la cic
dinh thu dudc cta day mot kim tu thap khoi chop ti gidc déu da bi sup mot phan va can dudc
phuc dung. Mdi don vi trong hé toa do tng véi 100 m.

S

Goi tim M ctia hinh vudng va toa d6 dinh D con thiéu. Trén dinh M theo phuong thang diing
1a dinh S cda kim tu thap, véi chiéu cao 200 m. Theo mo t4, anh sdng miit trdi vudng goc véi
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157
2°3°2
dugc toa do di€ém P(a;b;c) 1a vi tri ban dau cda 16i vao bi mat nay. Tinh 2a +3b +c.

mit bén (SAD) chiéu qua diém Q ( ) vao mot 16i bi mat cla kim tu thap. X4c dinh

& Bai 28. Mot ngodi nha duge thiét k& 1 mit kinh ¢6 dang 12 hinh ti gidc ABCD & ngdm
canh bén ngoai. Ngoi nha cao 4 mét dugc dit vudng géc v6i mit dat, san nha 1a hinh vuong
c6 canh bang 4 mét, trén hé toa dd Oxyz, don vi trén mdi truc tinh bang mét, mit kinh ABCD
dugc thiét ké nhu hinh vé. D€ gia cb chic chin cho mit kinh, ngudi chi nha du dinh dung hai
thanh xa g6 13p dit nhu sau.
¢ Thanh thi nhat mdt dau cb dinh vao trung diém cta BC, dung vudng goc v6i mit kinh,
dau con lai c6 dinh duéi san nha.

¢ Thanh thi hai mot dau cb dinh vao diém P(2;3;0) dudi san nha, dung vudng géc véi
mit dat, dau con lai cb dinh vao mit kinh.

x <4

Hoi tong do dai clia hai thanh xa g6 1a bao nhiéu mét (khdng lam tron cdc budc tinh trung
gian, chi lam tron két qud cudi cung dén hang phan trim)?

& Bai 29. Mot ngudn Am phat ra song am 1a séng cau (mit dau séng 1a mit cau). Khi gan hé
truc toa dd Oxyz v6i don vi trén mdi truc 12 mét, vi tri nguén am c6 toa do (0; —3; —1), cudng
d6 am chuén phat ra c6 ban kinh 1a 10 mét. Mot ban hoc sinh di chuyén theo phuong thang tir
vi tri N(7;10;—4) dén vi tri M(5;0;2) d€ nhan nguoén am. Khi ban hoc sinh d6 di chuyén tit
N dén M thi vi tri dau tién nhan dudc ngudn am 1a A (xo;y0;20). Tinh tdng xo + yo + 2o.
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& Bai 30.Mot robot khao sat khong gian hoat
dong trong mdi trudng 3D c6 mdt cam bién hinh
ciu, dudc 1ap trinh dé di chuyén sao cho cam
bién nay tiép xdc tai mot diém Q trén mot bic

tudng nghiéng c6 phuong trinh 1a mit phang
x+y—z—3=0dé do dac.

Trong ltic khéo sit, cAm bién ludn phéi di qua hai diém chuin da cb dinh sin trong khong gian
la diém M (1;1;1) - vi tri cdm bién tai ldn do ddu tién va diém N(—3;—3;—3) vi tri cdm bién
tai lan do tiép theo. DE tbi uu hoa phan mém diéu huéng, k§ su mudn xdc dinh rang: Du cdm
bién (hinh cau) c6 di chuyén sao cho tiép xiic & dau trén bic tudng, diém tiép xdc d6 ludn nam
trén mot dudng tron ¢ dinh. Tinh ban kinh ctia dudng tron ¢ dinh do, tir d6 gidp 1ap trinh
robot do tim tiép diém dé dang hon trong céc 1an do tiép theo.

& Bai 31. Ban kinh Trii Pat lay bang 6400 km,
khi gan hé truc toa do Oxyz thi bé mit Trai DAt 12 mit
ciu c6 phuong trinh x> 4y + 72 = 64, dudng xich dao ' M

nam trén mit phang (Oxy). Mdt thu vi tru X roi khoi n
bé mit Trai DAt theo phuong tiép tuyén véi dudng

tron vi tuyén tai diém A(5;1/23;4), véi gia thiét ring
sau khi roi khoi bé mit Trai Dat thu vii tru X bay theo
quy dao thang véi toc dd khong ddi bang 8 km/s.

Hoi sau diing 20 phiit k& tir khi rdi khdi bé mit Trai DAt thi khoang céach tif tau vii tru dén
mot diém trén dudng tron xich dao ngan nhit bang bao nhiéu kilomet (1am tron két qua dén
hang don vi)?

& Bai 32.Nhan dip ky niém ngay 30/4 lich s, mot
man trinh dién dnh sang nghé thuat bang drone quy mo
16n dugc t8 chiic trén bau troi TP. HO Chi Minh. Hang
tram chiéc drone dudc 1ap trinh d€ tao thanh nhiing hinh
anh anh y nghia. Trong khong gian v6i hé toa do Oxyz

(don vi trén céac truc 1a mét), mit dat dudc coi 1a mit
phang (Oxy).

& Giai doan 1: Hinh thanh chir “V” trong “VIET NAM”
Ba drone Di, D>, D3 dudc diéu khién d€ giit n dinh cac vi tri ¢ dinh lan ludt 1a
A(18;22;50), B(30;12;50), C(18;12;50). Céc vi tri nay tao thanh mot phan cda chit
“V” khdng 10.

¢ Giai doan 2: Drone diic nhiém di chuyén
Mot drone dic nhiém Dy, ban dau dang & vi tri My(5,45,30), nhan dugc 1énh di chuyén
thang dén mot vi tri M trén mit phang (P) : x +y +z = 80. Mit phang (P) 1a mit phang
chinh noi cic drone sé sip xép thanh dong chit “TOI YEU” sau d6. Vi tri M nay dudc
chon sao cho né cach déu ba drone Dy, D,, D5 (tic 1a MA = MB = MC). Drone Dy dudc
1ap trinh bay véi van toc khong ddi 1a v = 10 m/s.
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PE duy tri tin hiéu 6n dinh, quy dao bay thang MoM ciia drone Dy phai hoan toan nim ngoai
khbi cau nhiéu séng (S) ¢6 tam 1(15;25;40) va ban kinh R = 4 m (dudc phép tiép xic). Hay
tinh téng thdi gian (tinh bing gidy, 1am tron dén hang phan chuc) di chuyén ctia drone Dy tit
vi tri ban ddu M, dén vi tri M theo quy dao thang da dinh, biét ring quy dao nay thda man
diéu kién an toan.

& Bai 33. Trong hé toa dd Oxyz, mot kich ban tac chién phic tap dién ra nhu sau:

& Mdy bay trinh sat hién dai R: Xuit phat tu M bazcnh s hien daiR
vi tri Rp(200;100;20) (don vi km), di chuyén

thaing déu v6i véc-td van téc khong doi \ B

= (A0 _10- P —
VR = ( 20’ 10’0) ///M/uc tiéu co dong
& Muc tiéu co dong cao M: Xuit phat tr vi tri e Gemkich
. o a2 N 7 dénhua
My(10;20;15) km, di chuyén thang déu véi véc-td . St thng. hinh C

van téc khong ddi 7y = (30;40;0).

¢ Tiém kich danh chan tang hinh C: Xuét phat tif cidn cd mét dét tai vi tri Cp(0;0;1) km
vao thoi diém ¢ = 0. Tiém kich C bay theo mot dudng thang véi téc do khong ddi ve dé
thuc hién nhiém vu dac biét.

Nhiém vu diic biét cta tiém kich C: Tiém kich C phai dat dugc dong thdi ba diéu kién sau
tai cing mot thdi diém ¢ > 0:

© Khoéa muc tiéu t6i uu: Ba diém goém tiém kich C, muc tiéu M, va mdy bay trinh sit R
phai thang hang.

& Kich hoat vii khi chinh xac: Tai thoi diém thang hang néi trén, tiém kich C phai nim
trén bé mit cia mot “khdi cau chién thuat” cé tdim chinh 12 muc tiéu M va ban kinh
Sy = 5 km. Diéu nay dam bao vii khi ¢6 hiéu qua tdi da.

<& An toan hanh lang bay: Véc-to chi phuong cua quang dudng bay cua tiém kich C phai
vudbng goéc vGi  véc-td phdp tuyén cda mot mit phang an  toan
(a): x—y+2z—10=0.

Hay tinh téc do khong ddi ve (km/phit) ma tiém kich C phai duy tri tit Iic xuét phét cho dén
khi dong thoi thod man ca ba diéu kién trén, biét thdi diém ¢ > 0 1a s6m nhat (lam tron dén
hang phdn muoi).

& Bai 34.Cho ng6i nha nhu hinh bén phai (cac H G

kich thudc tinh theo mét). Mot ang-ten trén mai \)< " ”ia :

nha c6 hai diém dau mit A(—2;2;5), B(—2;2;6) T ’

Chiéu 4nh sang song song theo huéng ctia vecto E 77

Vv = (2;8; —3) vao dng-ten, bong clia dngten sé do ’

xubng mit phang mdi EF GH. Chiéu dai béng ctia /
8 m

4m

dng-ten trén mai nha bang bao nhiéu mét? (lam

tron két qud dén hang phan tram.)
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& Bai 35.Mai nha tranh cua 6ng F dudc dat vao
trong hé truc toa do Oxyz véi don vi trén mdi
truc 12 mét v6i mit phang (R): z+ 1 = 0 1a mit
dAt. Mot biic tuong 1a mit phang (P): x +y —
2+/2 =0 va mai nha 1op 14 ctia 6ng 12 mit phing
(Q): x—z+v2=0.

P

Ong F mudn dit mot bong den tron dé€ chiéu sang ban dém, sau khi c6 dinh béng den tai
vi tri A(1;—1;1), 6ng ndi day dién thang dai tit bong dén dén vi tri mot khoen méc dit tai C
trén mai nha (Q) roi ludn day dién thang dén cim tai vi tri B ndm trén biic tudng (P). Sau khi
hoan thanh va do dac thi dng F thiy tam gidc ABC 1a tam gidc déu va nam trong mit phang
vudng géc vdi giao tuyén ctia hai mit phang (P) va (Q). Tinh chiéu cao mét ctia khoen méc
C so v6i mit dat (lam tron két qud dén hang phdn muoi).

& Bai 36. Mot co sd san xuit Kem 1am mot md hinh
Kem 6c qué 16n gdm 2 phan: Phan Kem c6 dang hinh
cau, phan 6c qué c6 dang hinh nén (nhu hinh vé bén).
Cht co s6 san xuit mubn gin mot chiéc den Led 16n
chiéu thang cdy kem vao budi tdi, biét ring chiéc dén
nam trén mit phang chita dudng tron (C) 1a phan tiép
xtc gitta phan Kem va phan 6¢ qué.

Chon hé truc toa do Oxy trong khong gian théa man phan Kem hinh cau c6 tim 7(1;2;3), ban
kinh Rc = 3 va phan dinh cda hinh nén 1a diém H(0;1;—2) ddy 1a dudng tron c6 ban kinh
Ry = /6. D& tbi uu héa lugng anh sdng chiée dén c6 thé chiéu vao ciy kem ngudi ta tinh toan
rang chiéc dén Led sé phai & vi tri M(a;b;2), a € Z va tit diém M k& dudgc 2 tiép tuyén véi
dudng tron (C) sao cho géc gilta 2 tiép tuyén d6 khong bé hon 60°. C6 bao nhiéu vi tri dit
chiéc dén Led thda min yéu cu cia chii co sd.

& Bai 37.0 trung tim nghién ctu X c6 mot thiét bi dudc
dit trén mot qua doi thude ving ring nii d€ do cac thong
s6 vé thoi tiét khi tuong cta ving d6 (nhiét do, 4p suat khi
quyén, do 4m, may, gi6, mua. .. ). CAu tao bén ngoai ctia thiét
bi gdm hai mit cAu cit nhau 1a (S;) c¢6 tam I, ban kinh bing
4 m va mit cu (S,) c¢6 tim J, ban kinh bang 2 m. D& do cac
thong sb can thiét, ngudi ta 13p dit mot tim thiét bi dién ti
hinh chit nhat (R) luén tiép xtic véi ca hai mat cau (Sy), (S»)
va c6 thé di chuyén quanh céc chdm cau dé truyén tin hiéu
t6i hop diéu hanh (dudng truyén khong day).
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Chuong 5. Phuong phép toa dd trong khong gian

Chon hé truc toa dd Oxyz trong khong gian véi do dai don vi trén moi truc toa dd 1a 1 m
va 0(0;0;0) 1a vi tri hop diéu hanh thiét bi thi 7(2;1;1) va J(2;1;5). Khi khoang cich tit O
dén tAm thiét bi dién ti (R) ngin nhét 12 lic dudng truyén tin hiéu tot nhit. Khoing cach ngin
nhét nay bang bao nhiéu mét? (1am tron két qua dén hang phan trim, tham khao md ta thiét bi
nhu hinh vé).

& Bai 38. Trong khong gian vdi hé toa dd Oxyz, cho hai vién bi xanh va d6 ban dau dang hai
mit cau lan lugt c6 phuong trinh 1a (Sg): (x — 10)2 +y* + (z—3)> = 9 va
(S xanh) : (x +12)2 +y? 4 (z — 4)%? = 16. Biét mit dit trung v6i mit phang Oxy va hai mit
cau nay tiép xic véi mit phang Oxy véi di€m tiép xidc nam trén truc Ox. Truyén cho hai vién
bi d6 va xanh 1an luot cac téc do khong ddi v g3 = 5 (M/s) VA v yann = 3 (m/s) thi hai vién bi
lin thang vé phia nhau doc theo truc Ox (diém tiép xiic ludn nam trén Ox). Sau khoing thoi
gian bang bao nhiéu gidy thi hai vién bi va cham 1an dau tién (Pon vi trén hé truc toa do 1a
mét va két qua 1am tron dén hang phan chuc).

& Bai 39. Trong mot du 4n khai thiac dau khi ngoai
thém luc dia, cdc ky st dang 1én ké hoach lép dat mot
doan duong 6ng dan dau d dic biét. Dudng 6ng nay can
phéi tiép xiic v6i hai vom d4 ngam 16n hinh cau d€ c6
diém tya gia c6. Vom dd ngam thi nhit (A) dudc xac
dinh vi tri va kich thudc trong hé truc Oxyz bdi mit cau
(8): (x—1)2+y*+(z—3)> =36.

Vom d4 ngim thit hai (B) dugc xdc dinh bdi mit cau (8'): (x+1)2+ (y— 1)+ (z—1)> =81.
Tuy nhién, gan khu vuc thi cong c6 mot ngudn dia nhiét ngdm M (4; —1;—7) rit khong on
dinh, c6 kha ning gy anh hudng dén vat liéu va hoat dong cta dudng 6ng. D€ dam béo an
toan va tudi tho tdi da cho cong trinh, cic k¥ su phai chon phuong an lap dit dusng 6ng d
sao cho né nim xa nhét c6 thé véi véi ngudn dia nhiét M. Sau khi dugc 1dp dit, dudng éng
d sé dudc nbi vao mot tram didu phdi trung tim E. Tram E nay nam trén mot mét phang k§
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thuat (P) da dudc gia cb sin duéi ddy bién, c6 phuong trinh 2x —y+z— 17 = 0. Viéc xéc dinh
chinh xéc toa do E (m;n; p) 1a cuc ki quan trong d&€ dong bo héa toan bod hé théng. Yéu cau:
ban hay gitip d6i ngii k§ su tinh toan gid tri cia T = m +n+ p tif toa dd diém E, nham phuc
vi cho viéc 14p trinh hé thong diéu khién va gidm sat dudng 6ng.

& Bai 40.Hinh chdm cau c6 mot ddy 1a z ﬁ

mot phan ctia hinh ciu bi chia bdi mot mit A (30, —780;60)
phang. Mot rada c6 thé phat hién cic muc
tiéu trong khu vuc ctia mot hinh chdm cau
v6i chiéu rong trén mit dit 12 mot hinh
tron véi ban kinh 450 (km) va chiéu cao
30 (km).

Chon hé truc toa do Oxyz v6i mat phfmg Oxy 1a mit dat (xem mit dat 1a mét phazlng), truc Oz
hudng 1én cao va gbc toa do O tring véi vi tri clia rada (tham khao hinh vé bén), mdi don vi
trén truc 1 1 (km). Mot tén lira bat dau tir vi tri diém A(30; —780;60), du dinh bay thang véi
vén téc khong ddi 7 (km)/gidy hudng thang dén vi tri ciia rada. Thoi gian du kién tir khi tén
Itia bi rada phat hién dén khi n6 ban triing rada 1a bao nhiéu gidy (lam tron dén hang don vi)?

& Bai 41. Trong tran diu gitta Thuy Dién va Anh tai gii vo dich bong da thé gidi, khi thoi
gian trin du sip két thiic, Zlatan Ibrahimovié da thuc hién mot ci xe dap chdng ngugc méc
bong tir khoang cach xa vao ludi doi tuyén Anh. Pay dudc coi 1a mot trong nhiing ban thang
dep nhit lich st béng da thé gidi v6i khoang cach xa nhét tiing dudc ghi bang ky thut nay.

Chon hé truc toa do Oxyz (don vi trén moi
truc tinh theo mét) sao cho (Oxy) trung véi
mit dat. Tai thoi di€ém Zlatan Ibrahimovié
tung ngudi moc bong qua bong thudc tia Oz
va c6 do cao 2 m, bay theo quy dao cua mot
Parabol thudc mit phang vudng géc véi mat

dét roi xubng dat tai vi tri diém A nam trong
khung thanh.

X

Biét d(A,Oy) = AH = 8 (H € Oy) va OH = 15. Sau khi bay 1én khong trung qua bong dat do
cao 16n nhit tai diém c6 hoanh d6 x = 3. Tai thdi diém bong bat dau bay vao khung thanh (tifc
la bong nam trén vach ké ngang cta khung thanh) thi do cao ctia qua béng so véi mat dat 1a
bao nhiéu mét? Biét rang khung thanh CDEF nam trong mit phang vudng géc véi mit dat va
di qua hai diém M (4;15;—2), N(8;14;6) (lam tron két qud dén hang phdn trdm).
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Chuong 5. Phuong phép toa dd trong khong gian

Bang dap an tric nghiém nhiéu phueng 4n

cl4 B|5 BJ6

Al7

AJ10 D)

B[13 CJ14 c|15 A]16 B%[U AJ18 AJ19 AJ20 C]
)

D%%M BJ25 DJ26 CJ27 DJ28 A
]34 DJ35 D|36 C|37 C[38 B

Bang dap an tric nghiém dung sai

J29_BJ30 B)
]

Cau 1 (@)s()D(c)P(d)P | |Cau 2. (@Ppb)s(c)s@p
Cau 3 (@)s()b(c)P(d)S | |Cau 4. (@s®ble)b@)s
Cau 5 (@)s () b(c)P(d)S | |Caus. (@P®)s(c)s@b
Cau 7 (@)s (@ b(c)P(d)S ||Caus. ORIORIORIC):
Cau 9 (@)s()S(c)p(d)P | |Cau 10. (@pd)s(c)b@)s
Cau 11 (@P(®)S(c)b(d)s | |Cau 12. (@pb)s(c)b(@)s
Cau 13 (@)P({)S(c)S(d)P | |Cau 14. OBIOBIOEIOE
Cau 15 (@s(®bD(c)P(d)s | |Cau 16. (@pb)s ()PP
Cau 17 (@)s()S (c)P(d)P | |Cau 18. (@s®)s(c)s@s
Cau 19 (@b(®)s(c)P(d)P | |Cau 20. (@bP®)s(c)s@b
Cau 21 (@b®)b(c)s ()P ||Cau 22. (@s®b)s@p
Cau 23 (@b®)s(c)s(d)s ||Cau 24. (a)s(b(c)P()P
Cau 25 (@)s()D(c)P(d)S | |Cau 26. OEIONIOEICOE
Cau 27 (@)s ()P (c)P(d)P | |Cau 28. (@pb)s(c)b(@)s
Cau 29 (@)s(®)s(c)s(d)P | |Cau 30. ORIOEIOEICOE
Cau 31 (@s(®)s(c)p(d)P | |Cau 32. (@p(Db)p(c)P)D
Cau 33 (s b(c)P(d)P | |Cau 34. (@b(d)s(c)p(@D
Cau 35 (@)P()S(c)P(d)P | |Cau 36. (@s®ble)b@)s
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XAC SUAT CO DIEU
KIEN

1) Xac suat c6 diéu kién

Cho hai bién ¢d A va B. Xdc suét ctia bién c6 B khi bién cb A da xdy ra dudc goi 1a
xéc suit clia B véi diéu kién A, ki hiéu P(B|A).

2) Céng thirc tinh xac suat cé diéu kién

Cho A va B 1a hai bién ¢, trong d6 P(B) > 0. Khi d6

P(ANB)

P(4|B) =55

[
I

L LuuY.

a) Ta ciing ki hiéu bién cb giao ctia hai bién c6 A va B 1a AB.

b) Trong thuc té, ngudi ta thuong dung ti 1¢ phan trim d€ mo ta xac suit. Chang
han, phat bi€u “Kha ning xdy ra mot su kién 1a 20%” ciing c¢6 nghia la “Xéc
suat xay ra su kién d6 12 0,2”, phat biéu “Ti 1¢ phé pham ctia mot 16 hang 14 5%”
cling c¢6 nghia la “Néu chon ra ngiu nhién 1 san pham tif 16 hang, x4c suat san
phidm d6 1a phé pham 12 0,05”.

¢) Tu cong thiic xdc suat c6 diéu kién, véi P(B) > 0, ta c6

P(AB) = P(B)P(4 | B).

d) Trong trudng hop tdng quat, ngudi ta chiing minh dudc rang v6i A, B 1a hai bién
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Chuong 6. X4c sut c6 diéu kién

cb bat ki thi
P(AB) = P(B)P(A | B).
Cong thiic trén dudc goi 1a cong thifc nhan x4c suit cho hai bién cb.

e) V&i moi bién cb A va B, trong d6 P(B) > 0, ta ¢
P(A|B)=1-P(A|B).
f) V6i A va B 1a hai bién cb doc 1ap, trong d6 0 < P(B) < 1, ta chiing minh dudgc

ring
P(A | B) =P(A | B) = P(A).

1. PHAN DANG BAI TAP

Dang @ Tinh xac suit cé diéu kién bing cong thic

Cho hai bién c¢d A va B. Xd4c suét ctia bién c¢d A khi bién cb B da xay ra dudc goi 1a xac
suit clia A v6i diéu kién B, ki hiéu P(A|B). Cho A va B 1a hai bién c6, trong d6 P(B) > 0.
Khi d6

P(ANB)

P(A|B)= s

S Vidul

Mot hdp c6 20 vién bi trang va 10 vién bi den, cdc vién bi c6 cung kich thudc va khoi
lugng. Ban Binh 14y ngiu nhién mdt vién bi trong hdp, khong tra lai. Sau d6 ban An 14y
ngau nhién mot vién bi trong hop do.

Goi A 1a bién cb: “An iy dugc vién bi tring”; B 1a bién c6: “Binh ldy dugc vién bi
tring”.

Tinh P(A | B) bing dinh nghia va bang cong thiic tinh P(A | B) & trén.
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<S> Vidu 2

Mot cong ty vira ra mat san pham X va tS chifc ngay trai nghiém san pham. Ho théng ké
dugc trong 200 ngudi dén tham quan ngay trai nghiém cé 60 ngudi 12 nam gidi va 140
ngudi 1 nit gidi. Trong s6 nhitng ngudi dudc thong ké nay, c6 120 ngudi mua san pham
X, gdm 40 khach hang nam va 80 khach hang ni, con lai 1a khong mua san phim X.
Chon ngau nhién mot ngudi trong s6 200 ngudi dudc thdng ké. Tinh xdc sut d€ ngudi
nay mua san phim X, biét rang ngudi nay 12 nit gidi (1am tron két qua dén hang phin
tram).

> Vi du 3

Cho hai bién c6 A va B ¢c6 P(A) = 0,3; P(B) = 0,5 va P(A | B) = 0,4. Tinh P(ANB) va

BAI TAP REN LUYEN

[ a1 ] z
Mot nhom 5 hoc sinh nam va 4 hoc sinh ntf tham gia lao dong trén san truong. Co6 gido chon
ngau nhién dong thdi 2 ban trong nhém di tudi cay. Tinh xdc suit d€ hai ban dugc chon c6
cling gidi tinh, biét ring c6 it nhit 1 ban nam dugc chon.
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[ saiz | z

Xét phép thit gieo mot con xuc xac can doi dong chat hai lan, quan sat so cham xuat hién

trong moi lan gieo. Tinh x4c suat d€ tong s6 chim trong hai 1an gieo 1a 7, biét rang lan gieo
dau tién xuat hién mat 5 cham.

a) Cho P(A) = 0,5;P(B) =0,6;P(B|A) =0,9. Tinh P(A | B) va P(A | B).
b) Cho P(A) = 0,4;P(B) = 0,8;P(AB) = 0,3. Tinh P(A | B) va P(A | B).

[[sci4 ] z
Mot kho hang chita 80 sdn phdm cling loai, bao gdm 30 sin phdm do nha mdy I san xut

(trong d6 c6 25 san phdm tét, 5 san phdm kém chit luong) va 50 san phdm do nha may II san
xuat (trong d6 c6 43 san pham t6t, 7 san pham kém chét luong) nhu bang dudi:

S 2 h’e 3 ~ A 3 2 , A
<. an pham San pham tot | San pham kém chat luong
Nha may )
Nha may I san xuét 25 5
Nha may II san xuét 43 7

LAy ngiu nhién mot san phdm trong cic san pham nay. Tinh xdc suit d€ 1iy dudc san phidm
tot, biét rang san pham lay dudc do nha may II san suit.
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[ cais | x

Két qua khao sit nhitng bénh nhan bi tai nan xe mdy vé moéi lién hé gitta viéc ddi mii bio
hi€ém va kha niing bi chin thuong ving dau cho thiy:

« Ti 1¢ bénh nhan bi chin thuong ving dau khi gip tai nan 13 80%;

« Ti 1& bénh nhan doi ma bao hi€ém ding cach khi gdp tai nan 1a 90%;

» Ti 1 bénh nhan d6i mii bdo hiém diing c4ch va bi chin thuong ving dau 13 18%.
Hoi theo két qué diéu tra trén, viéc doi mii bdo hiém diing cach sé 1am gidm kha ning bi chin
thuong ving dau bao nhiéu 1an?

Dang @ Tinh xac subt cé diéu kién bing so d6 hinh cay

S Vidul

Theo két qua tif tram nghién ctfu khi hau tai dia phuong T, x4c suit d& mot ngay c6 gi6
12 0,6; néu ngay c6 gié thi xac suat mua 1a 0,4; néu ngay khong c6 gi6 thi x4c suat mua
120,2. Goi G 12 bién cb “Ngay c6 gi6 “va M 1a bién ¢ “Ngay c6 mua ”

a) Tim so thich hop vao dau ?

C6 mua
//q'
8
Khong c6 mua
Ngay
2 Co6 mua
S
N

Khoéng c6 mua

b) Tinh xdc suit P(GM) va P(GM).

Nhén xét: Xac suit 8 mbi nhanh ké tr dinh thi hai ctia s6 do hinh cay la cic xdc suét c6
diéu kién.
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<S> Vidu 2

Hop thid nhat ¢6 4 vién bi xanh va 6 vién bi d3. Hop thi hai c¢6 5 vién bi xanh va 4 vién
bi d6. C4c vién bi c6 cung kich thudc va khoi luong. Ly ra ngau nhién 1 vién bi tit hop
thd nht chuyén sang hop thi hai. Sau d6 lai 14y ra ngiu nhién 1 vién bi tif hop thi hai.
St dung so dd hinh cay, tinh xdc suét clia cic bién c¢d: A : “Vién bi 14y ra tit hop thi
nhat 6 mau xanh va vién bi ldy ra tit hop thd hai ¢6 mau d6”; B : “Hai vién bi 14y ra c6
cung mau’”.

> Vidu 3

Mot truong dai hoc tién hanh khao sét tinh trang viéc 1am sau khi t6t nghiép cta sinh
vién. Két qua khéo sét cho thay ti 1& ngudi tim dugc viéc 1am ding chuyén nganh 12 85%
ddi véi sinh vién tot nghiép loai gidi va 70% dbi vé6i sinh vién t6t nghiép loai khac. Ti
1¢ sinh vién tot nghiép loai gidi 1a 30%. Gip ngiu nhién mot sinh vién da tt nghiép clia
trudng. St dung so dd hinh cy, tinh x4c suit ctia bién cd: C: “Sinh vién tt nghiép loai
gidi va tim dudc viéc 1am ding chuyén nganh ”; D: “Sinh vién khong t6t nghiép loai
gidi va tim dugc viéc lam ding chuyén nganh”.
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BAI TAP REN LUYEN

[ sci 1| z

Ban Viét chudn bi di tham quan mdt hon dao trong hai ngay thi Bay va Chi nhat. O hon dao
d6, mdi ngay chi c6 ning hodc mua, néu mot ngay 1a ning thi kha ning xdy ra mua & ngay
tiép theo 12 20%, con néu mot ngay 1a mua thi kha ning ngay hom sau vin mua 1a 30%. Theo
du bdo thoi tiét, xdc suét troi sé nang vao thit Bay 1a 0,7. Hay tim cdc gi tri thich hop thay
vao ? & so do hinh ciy sau:

Thit bay Chud nhat

? ‘ Ning ‘

Ning <
02 [ Mua J
? ‘ Ning ‘

[ Mua J<
93 [ Mua J

[ sz

Mot hop 6 8 bi mau doé va 5 vién bi mau vang; cac vién bi c¢6 kich thudc va khéi lugng nhu
nhau. C6 5 vién bi trong hop dugc danh sd, trong d6 c¢6 3 vién bi mau dé va 2 vién bi mau
vang. LAy ngiu nhién mot vién bi trong hop. Dung so do hinh cdy, tinh xdc suit dé vién bi
duoc 14y ra, c6 mau do, biét ring vién bi d6 dugc danh sb.
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[ oais | z

O mot san bay, ngudi ta st dung mot loai mdy soi tu dong phat hién hang cim trong hanh
1i ki giri. Mdy phat chudng canh bdo véi 95% céc kién hanh 1i c¢6 chifa hang cAm va 2% cic
kién hanh 1i khong chita hang cAm. Ti 1¢ cdc kién hanh li c6 chita hang cAm 1a 1%.
Chon ngau nhién mot kién hanh li d€ soi bang mdy trén. St dung so dd hinh cay, tinh x4c
suét ctia cac bién cb:

& M : “Kién hanh Ii ¢6 chiia hang cAm va mdy phat chudng canh bdo ”;

& N : “Kién hanh 1i khong chiia hang cAm va mdy phat chudéng canh bao”.

[ sAi TAP

Tric nghiém nhiéu phuong an lua chon.

$> Cau 1. Cho hai bién c6 A va B bat ki, v6i P(B) > 0. Khang dinh nao sau dy 1a diing?

_ P(AUB) _ P(A)-P(B)
@P(A|B)—W~ P(A|B)—W~
_ P(AB)  P(A)+P(B)
(©P(A|B) = P(B) DP(AIB) = T PB)
$> Cau 2. Néu hai bién cb A, B thda man P(B) = 0,7; P(AB) = 0,2 thi P(A | B) béng

5 1 7 2
@z ® 5 50 ©.

$> Cau 3. Néu hai bién cb A, B thda man P(A) = 0,4; P(B | A) = 0,6 thi P(AB) bing

6 2 1

—. =. —. 1.

25 3 © 5 ©
> Cau 4. Cho hai bién c6 A va B ¢6 P(A) = 0,3;P(B) = 0,6; P(ANB) = 0,2. Xac suht
P(4|B)1a

1 1 2 1
$> Cau 5. Cho hai biéncd A vaBc6P(B) >0vaP(A|B)=0,7. Tinh P (A | B).
WP(A|B)=05 ®P(A|B)=06. ©OP(A|B)=03. ©OP(A|B)=04.
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$> Cau 6. Cho hai bién ¢ A va B 1a hai bién cb doc lap, v6i P(A) = 0,2024; P(B) = 0,2025.
Tinh P(A | B).
(A)0,7976. (B)0,2024. (©0,2025. (D)0,7975.
$> Cau 7. Néu hai bién cb A, B thda man P(B) = 0,5; P(AB) = 0,3 thi P(AB) bing
3 4 1 3
D% vs 93 o3
$> Cau 8. Cho hai bién c6 A va B v6i P(B) = 0,5, P(AB) = 0,2. Tinh P(A | B).
@)0,4. 0,1. ©0,6. ©0,3.
$> Cau 9. Cho hai bién doc 1ap A, B véi P(A) = 0,8; P(B) = 0,3. Khi d6, P (A |B) bing
30,8 0,3. ©0.4. ©)0,6.

$> Cau 10. Cho hai bién cb A, B véi P(B) = 0,8; P(A|B) = 0,5. Tinh P (AB)
3
@7. B)0,4. ©0,8. D)0,5.

> Cau 11. Mot hop chifa 8 bi xanh, 2 bi d3. Lan lugt boc ting bi. Gia st 1an dau tién boc
dudc bi xanh. X4c dinh x4c suat 1an thd 2 bdc dudc bi dd.
1 2 8 2
10 By ©5 O3
$& Cau 12. Lép 124 ¢6 30 hoc sinh, trong d6 ¢6 17 ban nit con lai 1a nam. C6 3 ban tén
Hién, trong d6 c6 1 ban nit va 2 ban nam. Thiy gido goi ngau nhién 1 ban 1én bang. Xac suit
dé€ c6 tén Hién, nhung vé6i diéu kién ban dé nit 12
1 3 17 13
7 ® 0 30
> Cau 13. Mot 16p hoc ¢6 40 hoc sinh, mdi hoc sinh gidi it nhat mot trong hai mon Vin
hodc moén Toan. Biét rang c6 30 hoc sinh gidi mén Todn va 15 hoc sinh giéi mdén Vin. Chon
ngau nhién mot hoc sinh. Tinh xdc suit d€ hoc sinh d6 hoc gidi mon Todn, biét rﬁng hoc sinh
do6 gioi mon Van.
1 1 1 1
$> Cau 14. Gieo ngiu nhién mot con xiic xic can dbi va dong chit hai 1an lién tiép. Tinh
xé4c suat dé€ tdng s6 chdm xudt hién trong hai 1in gieo bang 8 biét ring lan gieo thi nhat xuét

hién mit 5 chim.
1 1 1 5

3 e ©3 g
> Cau 15. Mot cong ty xay dung dau thau hai du 4n doc 1ap. Kha ning thiang ctia du an thd
nhét 12 0,5 va du 4n thit hai 12 0,6. Tinh x4c suit d€ cong ty thang thiu du 4n thif hai biét cong
ty thang thau du an thi nhét.

(A)0,3. 0,7. ©0,5. (D)0,6.
$> Cau 16. Ldp 10A c6 45 hoc sinh trong d6 c6 20 hoc sinh nam va 25 hoc sinh nii. Trong
bai kiém tra mon Toan ca 16p c6 22 hoc sinh dat diém gidi (trong d6 c6 10 hoc sinh nam va
12 hoc sinh nit). Gido vién chon ngiu nhién mot hoc sinh tit danh sach 16p. Tinh x4c suat dé
gi4o vién chon dudc mot hoc sinh dat diém gidi mon Toan biét hoc sinh d6 12 hoc sinh nam.
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Chuong 6. Xac sut c6 diéu kién

1 4 3 4
Wy ®3 ©3 is
> Cau 17. Gieo mdt con xiic xic can dbi va dong chét. Tinh xdc suit s6 chdm trén con xiic
xac khong nhd hon 4, biét ring con xudc xac xuat hién mit 18.
1 2 1 1
> Cau 18. Mot ctia hang thdi trang wdc luong ring c6 86% khach hang dén clia hang mua
quan 4o 13 phu nit, va c¢6 25% sb6 khach mua hang 13 phu nit cin nhan vién tu van. Biét mot
ngudi mua quan 4o 13 phu nif, tinh x4c suat ngudi dé can nhan vién tu van.
1 30 25
@A) 1 0,86. TR sc
$> Cau 19. Trong mot hdp c6 4 vién bi mau trang va 9 vién bi mau den, cdc vién bi ¢6 cling
kich thudc va khéi luong. Ly lan lugt mdi 1an mot vién bi trong hop, khong tra lai. Xdc suét
dé vién bi lay lan thi hai 12 mau den, biét rang vién bi lay 1an thi nhét ciing 12 mau den la
5 3 2 9
w5 ®5 ©3 T
$> Cau 20. Gieo con xuc xic 1 1an. Goi A 1a bién cb xuét hién mit 2 chdm, B 1a bién cb xuét
hién mit chén. X4c suit P(A | B) 1a

1 1 2 1
@3 ®3 ©3 De.
Trac nghiém ding sai.

$> Cau 1. Cho hai bién ¢d A, B c6 xéc suit lan lugt 1a P(A) = % P(B) = % va P(AB) = é
a) Xac suét clia bién c6 A 1a P(A) = %
b) Xéc suit clia bién ¢ B véi dicu kién A 1aP(B | A) = %
¢) Xac suét ctia bién c6 AUB1aP(AUB) = 1.

d) Xdc suét ctia bién c6 A v6i diéu kién B1aP(A | B) = %

> Cau 2. Lép 12A1 ¢6 40 hoc sinh, trong d6 c6 25 hoc sinh tham gia cau lac bd cau 16ng,
16 hoc sinh tham gia ciu lac bd d4 bong, 12 hoc sinh tham gia c cau lac bo cau 16ng va ciu
lac bo da bong. Chon ngau nhién mot hoc sinh.
Goi A 1a bién cb “Hoc sinh dugc chon tham gia ciu lac bd cau 16ng”;
B 1a bién cb “Hoc sinh dugc chon tham gia cau lac bd da bong”.

a) P(A) =04. b) P(B) = 0,625. ¢) P(A|B)=0,75. d)P(B|A)=0,48.

> Cau 3. Mot cong ty truyén thong ddu thau 2 du 4n. Kha ning thang thau cta du 4n 1
la 0,5 va du an 2 1a 0,6. Kha nang théng thau ctia 2 du 4n 12 0,4. Goi A: “cong ty tha“ing thau
du 4n 17, B: “cong ty thang thau du 4n 2”.

a) Xdc sudt P(A) = 0,5 va P(B) = 0,4.

b) Xdc suét cong ty thang thau ding 1 du 4n 12 0,3.

¢) Biét cong ty thing thiu du 4n 1, xdc suét cong ty thing thau du 4n 2 12 0,4.

d) Biét cong ty khong thang thau du 4n 1, xdc suat cong ty thang thau du 4n 212 0,8.
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$© Cau 4. Gieo hai con xuc xac can doi va dong chat. Goi A 1a bién co “Tich so cham xuat
hién trén hai con xuc xac la s6 chan”, B la bién co “C6 ding mot con xtic xac xuat hi€n mat 3
cham”.

a) P(AB) = é b) P(B) 4

:%. c)P(A|B):%. @) P(A|B) =+
> Cau 5. Theo mot s6 liéu thong ké ctia du 4n Plan, tai mot x4 ctia mot tinh Mién nii phia
Bic chi c6 2 dan toc Méng va Dao sinh sdng c6 sb tré em duéi 5 tudi 1a 300 em, két qua diéu
tra nam 2023 dugc cho nhu bang dudi day.

Két qué diéu tra Mong | Dao
Suy dinh dudng 27 24
Khong suy dinh dudng | 153 | 96

Chon ngiu nhién mot tré em dudi 5 tudi cua xa.
Goi A 1a bién c6 “chon dudc mot tré em dudi 5 tudi clia x4 bi suy dinh dudng”.
Goi B 1a bién cb “chon dudc mot tré em dudi 5 tudi clia xa 1a dan tdc Mong”.
Khi d6 B 12 bién c6 “chon dudc mot tré em dudi 5 tudi cia xa 1a dan toc Dao”.
a) P(B) = 0,6.
b) P(AB) = 0,102.
¢) Ti I tré em ngudi Mong bi suy dinh dudng la 15%.
d) Ti 1€ tré em ngudi Dao bi suy dinh dudng 1a 85%.

¢ Cau 6. Khi ki€m tra stic khoe tong quat ctia bénh nhan § mot bénh vién, ngudi ta dudc
két qua nhu sau

& C6 40% bénh nhan bi dau da day.

& C6 30% bénh nhan thuong xuyén bi stress.

& Trong sb cac bénh nhan thudng xuyén bi stress c6 80% bénh nhan bi dau da day.

Chon ngau nhién mot bénh nhan.
a) Xdc suit chon dudc bénh nhan bi dau da day, biét bénh nhan d6 thuong xuyén stress 1a
0,8.
b) Xac sut chon dugc bénh nhin thudng xuyén bi stress, biét bénh nhan dé khong bi dau
da day la 0,6.
¢) Xdc suit chon dugc bénh nhan vira thudng xuyén bi stress vira bi dau da day 1a 0,24.
d) X4c suit chon dudc bénh nhan thudng xuyén bi stress 12 0,7.

$© Cau 7. Trong mot hdp c¢6 18 qua bong ban loai I va 2 qua bong ban loai II, cac qua bong
ban c¢6 hinh dang va kich thudc nhu nhau. Mot hoc sinh 1iy ngiu nhién 1an ludt 2 qua béng
ban (1iy khong hoan lai) trong hop.

a) X4c suat dé lan thu nhat lay dugc qua bong ban loai II 1a 10"

b) Xac suat d€ 1an thi hai 1dy dudc qua béng ban loai II, biét 1an thi nhit 1dy dudc qua

bong ban loai Il 1a —.
ong ban logi Il 1a -¢

¢) Xac suat dé ca hai lan déu lay dudc qua bong ban loai II 1a 190"
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. £ 2. A X £ 2 1 - < . < 189
d) X4c suat dé it nhat 1 l1an lay dudc qua bong ban loai I 1a 190"
&> Cau 8. Mot cong ty kim cuong thdng ké c6 60% ngudi mua kim cuong 13 nam, c6 40%
s6 ngudi mua kim cuong 13 nam trén 50 tudi va 30% sb ngudi mua kim cuong 1a ni trén 50
tudi (gia su chi c6 2 gidi tinh nam va ni).
a) Xac suit mot ngudi nit mua kim cuong clia cong ty trén 12 0,4.

A A . : S s NP oo 1s 1
b) Biet mdt ngudi mua kim cuong la nam, xac suat ngudi do trén 50 tudi la —.

¢) Biét mot ngudi mua kim cuong 1a nit, x4c sut ngudi d6 trén 50 tudi la T
d) Trong s6 nhiing ngudi mua kim cuong tai cong ty nay thi ti 1& ngudi trén 50 tudi trong
s6 nhitng ngudi nam cao hon ti 1& ngudi trén 50 tudi trong sd nhitng ngudi nit 12 2 1an..

$> Cau 9. Ban Lan chuén bi di thim nha ngoai tai mot thanh phd A trong hai ngay thi sau
va thi bay. Tai thanh phd nay mdi ngay chi ¢ ning hoic suong mu, néu mot ngay 13 nang thi
kha niing ngay tiép theo c6 suong mu la 30%, néu mot ngay ngay 1a suong mu thi kha ning
ngay tiép theo c6 suong mu 1a 40%. Theo du bdo thdi tiét, xac sudt troi sé nang vao thi sau 1a
0,8. Khi do

a) Xdc sut trdi sé ¢ suong mu vao ngly thi sau 1a 0,2.

b) Xdc suit trdi sé c6 suong mu vao ca hai ngay 1a 0,32.

¢) Xdc suét trdi sé c6 nang vao ca hai ngay 12 0,16.

d) Xdc sut troi s& c6 suong mil vio ngay thi sau va cé ning vao ngay thii bay 1a 0,12.
$© Cau 10. Lép 12A ¢6 30 hoc sinh, trong d6 c6 17 ban nit, con lai 1a nam. C6 3 ban tén
Hién, trong d6 c6 1 ban nit va 2 ban nam. Thay gido goi ngau nhién 1 ban I1én bang.

a) Xdc suét d€ ban 1én bang c6 tén Hién 1a o
~ A ~ A 2 s LA X 2y « X [N - ~ 1N 3
b) Xéc suat dé€ ban 1én bang c6 tén Hién, nhung véi di€u kién ban do nti 1a —.

¢) Xac suét d€ ban 1én bang c6 tén Hién, nhung vé6i diéu kién ban d6 nam 1a kR

L \ 2w ... 3
d) Neéu thay gido goi 1 ban c6 tén 1a Hién 1€n bang thi xac xuat dé ban dé la ban nii 1a 7

Tu luan.

& Bai 1. Cho hai bién c6 A va B c6 P(A) = 0,4, P(B) = 0,8 va P(A | B) = 0,5. Tinh P(AB)
vaP(A | B).

& Bai 2. Cho hai bién c¢6 A, B c6 P(A) = 0,4, P(B) = 0,8, P(AUB) = 0,9. Tinh P(A | B),
P(A|B),P(A|B),P(A|B).

& Bai 3. Cho hai bién c6 doc 1ap A va B c6 P(A) = 0,4, P(B) = 0,8. Tinh P(A | AUB). Lam
tron két qua dén hang phan trim.

& Bai 4. Mot thu vién c6 35% tong sb sich 1a sach khoa hoc, 14% tdng sb sach 1a sach khoa
hoc tu nhién. Chon ngiu nhién mot quyén sach cia thu vién. Tinh x4c suét d€ quyén sach dudc
chon 14 sach khoa hoc tu nhién, biét rang d6 1a quyén sach vé khoa hoc.

> Ngo Diic Tii - 8 0589977 004



§1. Xac suat co diéu kién

& Bai 5. Mot hop kin dung 20 tAm thé giéng hét nhau danh s6 tir 1 dén 20. Mot ngudi rit
ngau nhién ra mot tim thé tir trong hop. Ngusi dé dudce thong bdo rang thé riit ra mang sb
chin. Tinh x4c suét d& ngudi d6 rit dugc thé s 10.

& Bai 6. Gieo hai con xitic xic can d6i, dong chat. Tinh xdc suit dé:

a) Tong s6 chAm xuat hién trén hai con xtic xac bang 7 néu biét rang it nhat c6 mot con xiic
xac xuat hi€n mat 5 cham;

b) C6 it nhat c6 mdt con xiic xac xuuét hién mit 5 chAm néu biét ring tong s6 cham xuit
hién trén hai con xuc xac bang 7.

& Bai 7. Cong ty nudc gidi khat X t6 chic mdt chuong trinh o St E
khuyén mai nhu sau: Trong mdi thung 24 chai nudc giai khat déu
c6 hai chai tring thudng (giai thudng dudc viét & dudi nip chai), _
ngudi tham gia chuong trinh dudc mé nap mot cach ngau nhién lan .
lugt hai chai trong mot thang. Tinh xac suit d€ mot ngudi tham gia

chuong trinh mé dudc ca hai chai déu tring thudng.

& Bai 8. Ban An phai thuc hién hai thi nghiém lién tiép. Thi nghiém thi nhét c6 xdc suat
thanh cong 12 0,7. Néu thi nghiém thi nhit thanh cong thi x4c suat thanh cong ctia thi nghiém
thd hai 1a 0,9. Néu thi nghiém thd nhéit khong thanh cong thi xdc suat thanh cong cia thi
nghiém thit hai chi 12 0,4. Tinh x4c suit dé:

a) Ca hai thi nghiém déu thanh cong;
b) Ca hai thi nghiém déu khong thanh cong;
c¢) Thi nghiém thi nhit thanh cong va thi nghiém thi hai khong thanh cong.

& Bai 9. Méi ban hoc sinh trong 16p ctia Minh Iya chon hoc mdt trong hai ngoai ngit 12 tiéng
Anh hoic tiéng Nhat. X4c suat chon tiéng Anh ctia mdi ban hoc sinh nit 12 0,6 va ctia mdi
ban hoc sinh nam 1a 0,7. L6p Minh ¢6 25 ban ntt va 20 ban nam. Chon ra ngau nhién mot ban
trong 16p. St dung so dd hinh cay, tinh x4c suit clia cic bién cb: A: “Ban dugc chon 1a nam va
hoc tiéng Nhat”; B: “Ban dudc chon la nit va hoc tiéng Anh”.

& Bai 10. Mdy tinh va thiét bi luu dién (UPS)
dugc két ndi nhu Hinh 5. Khi xdy ra su cd dién,
UPS bi hong vé6i xac suat 0,02. Néu UPS bi hong
khi x4y ra su ¢ dién may tinh sé bi hdng véi x4c
suat 0,1; ngugc lai, néu UPS khong bi hdng, mady
tinh s€ khong bi hong.

Hinh 5

a) Tinh xdc sult d€ ca UPS va mdy tinh déu khong bi hdng khi x4y ra su cb dién.
b) Tinh x4c suit d€ ca UPS va mdy tinh déu bi hdng khi xay ra su c¢b dién.
& Bai 11. Mot gia dinh c6 3 dia tré. Biét rang c6 it nhat 2 difa tré 1a con trai va x4c sudt sinh

con trai va con gdi 12 nhu nhau & mdi 1an sinh. Xac suit d€ gia dinh c6 2 diia tré 1 con trai va
1 dia tré 12 con gdi bang bao nhiéu?
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& Bai 12. Nimban A, B,C, D, E xép thanh mot hang ngang theo thi tu ngiu nhién. Tinh x4c
suat d€ A ding canh C, biét ring A khong diing canh E.

& Bai 13. Céc san phdm ctia mot phan xudng dugc déng thanh hop, mbi hop gdm 10 sin
phdm. Céc hop san phdm dudc kiém tra nhu sau: ngudi ta 14y ra ngiu nhién 1 san phim tir
hop, néu san pham d6 xau, hop sé bi loai; néu san phadm doé tbt, ngudi ta sé chon ngiu nhién
thém 1 san pham khéc tir hop d€ kiém tra. Hop sé chi dudc chip nhan néu khong c6 san pham
x4u nao trong cic san pham dudc chon kiém tra. Biét c6 mot hop chifa 2 san phdm x4u. Tinh
xéc suét dé hop dé khdng dudc chap nhan. Lam tron két qua dén hang phan tram.

& Bai 14. Trong mdt tii c6 mot sd chiée keo cling loai, chi khac mau, trong d6 c6 6 cdi keo
mau cam, con lai 1a keo mau vang. Ha 14y ngau nhién mot cdi keo tif trong tdi, khong tra lai.
Sau d6 Ha lai liy ngdu nhién thém mot cdi keo khdc tir trong tdi. Biét ring x4c suit Ha liy

dudc ca hai cai keo mau cam la 3 Hoi ban dau trong tii c6 bao nhiéu cai keo?

PHAN 1. Cau tric nghiém nhiéu phuong an lua chon. Thi sinh tra 18i tir cdu 1 dén cau
12. M&i cau héi thi sinh chi chon mét phuong an.
$> Cau 1. Cho hai bién ¢4 A va B ¢6 P(A) = 0,5, P(B) = 0,8 va P(AB) = 0,2. Xac suit c6
diéu kién P(B|A) bing
(A)0,5. 0,4. (©0,4. (D)0,25.
$> Cau 2. Cho hai bién cb6 A va B c6 P(A) = 0,76, P(B) = 0,28, P(A|B) = 0,50. Tinh xéc
suit P(AB).

@)0,14. B)0,62. ©0,38. ©0,11.

1 | L 2 . N
$> Cau 3. Cho P(A) = —,P(AUB) = 3 Biét A, B 1a hai bién c0 xung khac, thi P(B) bang

4
®y ©3 Dk
8 4 4 3
$> Cau 4. Cho A va B 1a hai bién c6 doc lap. Biét P(A) = 0,4 va P(AB) = 0,2. Xdc suét clia
bién c6 AUB 1a
(A)0,6. ®)0,7. (©0,8. D0,9.
&> Cau 5. Mot hop chiia 4 qua bong dudc danh s6 tit 1 dén 4 . An lay ngiu nhién mot qua
béng, bé ra ngoai, roi 1dy tiép mot qua béng nita. Xét cac bién cb:
e A :"Qua boéng ldy ra 1an dau 1a s6 chin"
e B: "Qua béng l4y ra 1an hai 1a s6 18".
Xéc dinh bién ¢ C = B | A : "bién cb B véi diéu kién biét A da xdy ra".
@B |A={(2,1),(2,3),(4,1),(4,3)}.
®B[A={(2,1),(2,3),(2,4),(4,1),(4,2),(4,3)}.
©B|A:{(1’1)7( Y )7(2’]‘)7( ) )7(371)7(373)7(4’1)7(473)}
@BIA:{(172) ( ) (1 4) ( )7(273)v(274)a(371))(372)7(374)7(471)7(4)2)7(473)}'

Y Y Y Y Y

Y Y Y Y Y Y
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$> Cau 6. Trong hop c6 20 nip khoen bia Tiger, trong dé c6 2 nap ghi "Chiic miing ban da
triing thuéng xe Camry". Ban Minh Hién dugc chon 1én rit thim 1an lugt hai nap khoen, xic
suit d€ ca hai nip déu tring thudng la
1 1 1 1
20 T 19 10

$> Cau 7. Ao so mi An Phudc trude khi xuét khau sang My phai qua 2 1an kiém tra, néu
c4 hai 1an déu dat thi chiéc 40 d6 méi dii tiéu chuan xuat khau. Biét rang binh quin 98% san
phdm 1am ra qua dudc 1an kiém tra thi nhit, va 95% san phim qua dudc 1an kiém tra du sé
tiép tuc qua dugc 1an kiém tra thd hai. Tim xdc suit d€ 1 chiéc 40 so mi di tiéu chuéin xuét

khau?
o5 55! 95 9
98" 1000 100 100

> Cau 8. Trong cudc khio sat trén mot nhém hoc sinh gdm cic ban thich tra sita hodc kem,
ngudi ta c6 dudc két qua sau: C6 68% s hoc sinh thich kem, 56% s6 hoc sinh thich tra sita,
24% sb hoc sinh thich c tra sita va kem. Chon ngau nhién mot ban hoc sinh trong nhém dudc
khéo sat ny. Tinh x4c suat d€ chon dugc hoc sinh thich kem, biét ring hoc sinh d6 thich tra
stta (1am tron két qua dén hang phan trim).

®)0,42. 0,38, ©0,43. ©)0,35.
$%> Cau 9. Cho hai bién cd A, B c6 P(A) = 0,6; P(B) = 0,8; P(AB) = 0,48. Tinh P (B | A).

®)0,48. 0.6. ©0,75. ©)0,2.
$> Cau 10. BE dudc chon vao ddi tuyén hoc sinh gidi mon Toan cip thanh phd, mébi thi sinh
phdi vuot qua hai vong thi. Ban Ha tham du cudc tuyén chon nay. Xac suit dé€ Ha qua dudc
vong thit nhit 12 0,8. Néu qua dudc vong thi nhit thi x4c suat d€ Ha qua dudc vong thit hai 13
0,7. X4c suat dé€ ban Ha dugc chon vao ddi tuyén nay 1a

®0,06. 0,24, ©0,56. ©)0,875.
> Cau 11. Mot manh dét chia thanh 2 khu vudn; Khu A ¢6 300 cay dn qua, khu B c6 400
ciy 4n qua. Trong d6, s6 cAy cam & khu A va khu B 1an lugt 1a 200 cy va 250 ciy. Chon ngiu
nhién 1 ciy trong manh dét. X4ac suét dé cdy dudc chon 1a ciy cam & khu B biang bao nhiéu?

5 5 5 1
i v ©O% D3

> Cau 12. Gieo mdt con xtc xic can dbi va dong chét. Tinh xdc suit s6 chdm trén con xiic
xac khong nhd hon 4, biét ring con xudc xac xuat hién mit 18.

1 2 1 1

PHAN I1. Cau tric nghiém ding sai. Thi sinh tra 1i tir cau 1 dén cau 4. Trong mdi y a),
b), ), d) & mbi cau, thi sinh chon ding hoic sai.
> Cau 1. Ban Ngoc phai thuc hién hai thi nghiém lién tiép. Thi nghiém thid nhét c6 xéc
suét thanh cong 1a 0,8 . Néu thi nghiém thif nhit thanh cdng thi x4c suat thanh cong clia thi
nghiém thi hai 12 0,9 . Néu thi nghiém thit nhit khong thanh cong thi xac sult thanh cong
ctia thi nghiém thi hai chi 12 0,5 . Xét cac bién cb sau: Goi A 13 bién c6 “Thi nghiém thi nhit
thanh cong”.
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Chuong 6. Xac sut c6 diéu kién

Goi B 1a bién cb “Thi nghiém thi hai thanh cong”.

a) P(B|A)=09. b)P(B|A)=05. ¢ P(AB)=072. d)P(AB)=0,1.
$> Cau 2. Trong mot ky thi tét nghiép trung hoc phd thong, mdt Thanh phd X c6 80% hoc
sinh lua chon t& hop D01 (gdm cdc mdn Todn, Ngit Vin va Tiéng Anh). Biét rang, néu mot
hoc sinh chon t6 hgp DO1 thi x4c suit dé hoc sinh d6 d6 dai hoc 14 0,6; con néu mot hoc sinh
khong chon t& hop DO1 thi xdc suét d& hoc sinh d6 d6 dai hoc 13 0,7. Goi

¢ A labién cb “Hoc sinh d6 chon t6 hgp D01”’;

& Blabién c6 “Hoc sinh d6 db dai hoc”.

a) P(4) = 0,08.

b) Xac suat d& mot hoc sinh dé dd dai hoc véi diéu kién hoc sinh d6 chon t§ hop DO1 1a

0,6.
£ ie el x4 A . e o 12
¢) Xéac suat d€ moét hoc sinh d6 do dai hoc dong thaéi hoc sinh dé chon t6 hgp DO1 1a %
d) Chon ngiu nhién mot hoc sinh trong ky thi tét nghiép trung hoc phd thong nhu trén.

Biét rang hoc sinh nay da dd dai hoc. Xdc suat d€ hoc sinh d6 chon t& hop DO1 1a R

$> Cau 3. Khi kiém tra thi luc ctia 240 hoc sinh khdi 12 & mot trudng phd thong, ngudi ta
dudgc két qua nhu bang & hinh bén. Chon ngau nhién 1 hoc sinh.

Nu | Nam
Co tat khuc xa 47 | 42
Khong c6 tait khuc xa | 85 | 66

a) Xdc suit ctia bién cb chon dudc hoc sinh bj tat khic xa 1a 240"
132

b) Xdc suat cia bién cb chon dudc hoc sinh nif 1a 230"

. . % ) . 47
¢) Xdac suat cua bién co chon dugce hoc sinh bi tat khic xa, biét hoc sinh d6 1a nit bang 39"
. . ) . 47
d) Xac suat cta bien co chon dugc hoc sinh ntt, biét hoc sinh d6 bi tat khuc xa bang T3
> Cau 4. DE thi nghiém tic dung diéu tri bénh mat ngl ctia hai loai thudc X va thudc Y,
ngudi ta tién hanh thi nghiém 5000 bénh nhan. Két qui cho trong bang thong ké 2 x 2 sau

Dung thube
, X | Y
Ket qua
Khoi bénh 2000 | 1500
Khong khoi bénh 500 | 1000

Chon ngiu nhién modt bénh nhan trong 5000 bénh nhan trén. Goi A 1a bién cb: “Bénh nhan
khéi bénh”; B 1a bién cb: “Bénh nhan dung thube X,
a) SO phan ti ca bién ¢b B 1a n(B) = 3500.
b) S6 phan tit ctia bién ¢d A giao B 1a n(AB) = 2000.
4

¢) Xdc suit ctia bién cb A v6i dicu kién B1aP(A | B) = =
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§1. Xdc suat co diéu kién

X . 7
d) Xéc suat cia bienco A laP(A) = 10
Phan lll. Tra I16i ngan. Thi sinh tra 16i tir cAu 1 dén ciu 6 vao 6 két qua.
¢ Cau 1. Cho 2 bién c0 A va B ¢6 P(A) = 0,5; P(B) = 0,8; P (A|B) = 0,6. Tim P(A|B).

KQ:

$> Cau 2. Mot linh kién dién ti trude khi 13p dit phai trai qua hai 1an kiém tra, néu c4 hai lan
dat yéu cau thi dudc lap dit. Biét rang khoang 90% san phdm qua dudc 1an kiém tra thi nhét,
va 80% san phdm qua dugc lan kiém tra thif hai thi sé qua dugc lan kiém tra thif hai. Tinh xdc
suit d€ mot linh kién dd tiéu chuén lap dt. KQ:

¢ Cau 3. Trong ki ki€ém tra mon Todn ctia mot trudng THPT ¢6 400 hoc sinh tham gia, trong
d6 c6 190 hoc sinh nam va 210 hoc sinh nit. Khi cong bd két qué ctia ki kiém tra do, c6 100
hoc sinh dat diém gidi, trong d6 c6 48 hoc sinh nam va 52 hoc sinh nii. Chon ra ngau nhién
mot hoc sinh trong s6 400 hoc sinh d6. Tinh x4c sut d€ hoc sinh dudc chon ra dat diém gioi,
biét rang hoc sinh d6 1a nit (lam tron két qua dén hang phan trim). KQ:

&> Cau 4. C6 hai chiée hop, hop I ¢6 6 qua béng mau dd va 4 qua bong mau vang, hop 17
c6 7 qua béng mau dé va 3 qua béng mau vang, cidc qua béng cé cung kich thuée va khoi
lugng. LAy ngiu nhién mot qua bong tir hdp I bé vao hop I1. Sau do, 14y ra ngiu nhién mot
qué bong tit hop 11. Tinh x4c suit d€ qua bong dudgc 14y ra tir hop 11 1a qua bong dudc chuyén
tit hop I sang, biét ring qua béng d6 c6 mau dd (Iam tron két qua dén hang phan trim).

KQ:

> Cau 5. Mot 16p ¢6 16 hoc sinh nif, con lai 12 hoc sinh nam. Trong git gido duc thé chét
thay gido khdo sat két qua rén luyén thé luc ctia hoc sinh bing cach bdc thim trong danh sach
16p d€ chon hai ban chay tiép siic. Biét xac suat dé€ chon dudc hai ban tham gia khdo sat déu

. 15
la ntt bang h Hoi 16p do6 c6 bao nhiéu hoc sinh?. KQ:

> Cau 6. Ba cau thd sit phat dén 11m, mdi ngudi da mot 1an véi xac suat 1am ban tuong
ting la a; b va 0,7 (v6i 0 < b < a < 1). Biét x4c suit ghi ban dé it nhat mot trong ba cau tha
ghi ban 12 0,982 va x4c suat dé ba cau thii ghi ban 13 0,392. Tinh x4c suit d€ c6 ding hai cau

thd ghi ban (két qua 1am tron dén hang phan trim). KQ:
—Hét—
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Chuong 6. Xac sut c6 diéu kién

BANG PAP AN BAI TAP CUOI BAI
Bang dip an tric nghiém nhiéu phueng 4n

1 cJ2 b3 AJa B|5 cJ6 BJ7 cJ8 c]9 AJ1wo B
(11 BJ12 AJ13 cJ14 BJ15 DJ16 AJ17 CJ18 DJ19 C]20 B]

Bang dip an tric nghiém diing sai

Cau 1. (@b(®)s(c)s(@ P ||Cau 2. (a)s()s(c)pdb
Cau 3. (@b(®)b(c)S(d)s | |Cau4. (@P()b(c)s (@D
Cau 5. (@Pp(b)s(c)b()S | |Cau 6. @p®d)s(e)p@s
Cau 7. (@)s()b(c)S(@)P | |Caus. (@pb)s(c)b@)s
Cau 9. (@)P()S(c)S(d)P | |Cau 10. (@pd)s(c)b@)s

BANG DAP AN PE KIEM TRA CUOI BAI
PAP AN PHAN I

1. c]|2. B|[3. B||4. B|[7. B|[8 <¢C]|9. D||10. C|][11. C]

PAP AN PHAN II

Cau 1. (@)P()S(c)P(d)P | |Cau 2. (@s®bl)p@)P
Cau 3. (@b®)b(c)s(d)s ||Cau4. (a)s(b(c)P()P
PAP AN PHAN III

Cau 1. Cau 2. Cau 3. Cau 4. Cau 5. Cau 6.
of.4ls8|llo],|7]12]llo],[2|5|llo],0]|8]|3]2 0,43
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§2. CONG THUC XAC SUAT TOAN PHAN VA
CONG THUC BAYES
I. LY THUYET CAN NHO

1) Céng thirc xac suit toan phan

£ Cho hai bién cd A va B vé6i 0 < P(B) < 1. Khi d6

P(A) = P(B)-P(A | B)+P(B) -P(A | B)

g0i 12 cong thitc xdc sudt toan phdn.

[\ Luu Y. Cong thiic x4c suit toan phan ciing ding véi bién cb B bat ki.

2) Cong thdc Bayes

Gia st A va B 1a hai bién ¢6 ngau nhién thda man P(A) >0 va 0 < P(B) < 1.

Khi d6
P(B)-P(A | B)

P(B)-P(A|B)+P(B)-P(A|B)

P(B|A) =

goi la cong thiic Bayes.

L LuuY.
a) Cong thiic Bayes van ding vé6i bién ¢ B bat ki.
P(B)-P(A |B
b) VG6i P(A) > 0, cong thic P(B| A) = ( )P (Ii) |B) ciing dugc goi la cong thuc

Bayes.

1. PHAN DANG BAI TAP

Dang @ Tinh xac sut bang cong thifc xac suit toan phan

Cho hai bién cb A va B 12 hai bién cb tuy y. Khi d6
P(A) — P(B)-P(A|B) +P(B) - P(A|B)
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Chuong 6. X4c sut c6 diéu kién

$> Vidu 1
Cho hai bién ¢0 A, B vé6i P(B) = 0,6; P(A|B) = 0,7 va P (A|B) = 0,4. Tinh P(A).

< Vidu 2

Ngudi ta khao sat kha nang choi nhac cu cua mot nhom hoc sinh tai truong X. Nhom
nay c6 60% hoc sinh 1a nam. Két qua khao sat cho thiy c6 20% hoc sinh nam va 15%
hoc sinh nit biét choi it nhat mot nhac cu. Chon ngiu nhién mot hoc sinh trong nhém
nay. Tinh xdc suét d& chon dudc hoc sinh biét choi it nhat mot nhac cu.

<> Vidu 3

C6 hai hop dung cac vién bi cung kich thudc va khéi lugng. Hop thi nhat chida 5 vién
bi dé va 5 vién bi xanh, hop thi hai chifa 6 vién bi do va 4 vién bi xanh. LAy ngiu nhién
mot vién bi tit hop thd nhat chuyén sang hop thit hai, sau d6 1iy ra ngau nhién mot vién
bi tir hop thi hai. Tinh x4c suat d€ vién bi dudc 1y ra tit hop thit hai 13 vién bi do.
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§2. Céng thifc xdc suat toan phin va cong thific Bayes

BAI TAP REN LUYEN

oo | .
Cho hai bién ¢d A, B sao cho P(A) = 0,6; P(B) = 0,4; P(B| A) = 0,3. Tinh P(BJA).

/ Bdi 2 ol
Vao mdi budi sang & tuyén phd H, xdc suat xay ra tic dudng khi troi mua va khong mua 1an

lugt 12 0,7 va 0,2. X4c suét c6 mua vao mot budi sang 1a 0,1. Tinh xac suit d€ sang d6 tuyén
phd H bi tac dudng.

[ scis | z
Mot hop c¢6 5 qua ciu tring va 10 qua ciu den cung kich thuéc va khdi luong. Liy ngiu

nhién 1an ludt hai qua cau (khong hoan lai) tit hop. Tinh x4c suét dé€ 1an thd hai 1iy dudc qua
cau trang.

[ scia | ;

O mét dia phuong, ti 1& nam va nit 1a 2: 3. S6 ngudi mic bénh bach tang ctia dia phuong nay
chiém ti 1&¢ 0,45% dan cu. Tinh ti 1& nam gidi mic bénh bach tang ctia dia phuong dé, biét ti
1€ nay & nit 1a 0,35%.
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Chuong 6. X4c sut c6 diéu kién

Dang @ Tinh xac suat bang cong thiic Bayes

Cho hai bién ¢d A va B v6i P(A) > 0. Khi d6

P(BJA) =

P(B)-P(A|B)

Cong thiic Bayes con dugc viét dudi dang P(BJA) =

P(B)-P(A|B)+P(B)-P(A|B)

\.

S Vidul

Cho hai bién cd A, B sao cho P(A) = 0,6; P(B) = 0,4; P(A|B) = 0,3. Tinh P(B|A).

< Vi du 2

Trong mot ki thi tot nghiép trung hoc phd thong, mdt tinh X ¢6 80% hoc sinh lua chon
t6 hop A0O (gdom cdc mon Todn, Vit 1i, Hod hoc). Biét ring, néu mot hoc sinh chon t&
hop A00 thi xac suat d€ hoc sinh d6 dd dai hoc 14 0,6; con néu mot hoc sinh khong chon
t6 hop A0O thi x4c suat d€ hoc sinh d6 d6 dai hoc 12 0,7. Chon ngau nhién mdt hoc sinh
ctia tinh X da t6t nghiép trung hoc phd thong trong ki thi trén. Biét rang hoc sinh nay da
dd dai hoc. Tinh xac suét d& hoc sinh d6 chon t& hop A0O.
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§2. Cong thiic xdc suit toan phan va cong thifc Bayes

<> Vidu 3

Két qua khdo sat tai mot xa cho thiy c6 20% cu dan hit thude 14. Ti 1 cu dan thudng
xuyén gip cdc van dé sic khoé vé duong ho hip trong sb6 nhiing ngudi hit thudc 14 va
khong hiit thubc 14 1an ludt 12 70%, 15%.
a) Néu ta gdp mot cu dan ciia xa thi x4c suat ngudi d6 thudng xuyén gip cac van dé
stc khoé vé dudng ho hap 1a bao nhiéu?
b) Néu ta gip mot cu din clia xa thudng xuyén gip cic van dé siic khoé vé dudng hod
hép thi xdc suit ngudi d6 c6 hiit thude 14 12 bao nhiéu?

BAI TAP REN LUYEN

[ ai 1 ] *
Khi phat hién mot vat thé bay, xac suit mot hé thdng radar phat o
canh bao 12 0,9 néu vat thé bay dé 12 muc tiéu that va 1a 0,05 néu
muc tiéu gid. C6 99% cac vat thé bay 1a muc tiéu gia. Biét rang
hé théng radar dang phat cénh béo khi phat hién mot vat thé bay.
Tinh x4c suat vat thé d6 12 muc tiéu that.

[ a2 ] z
Ngudi ta diéu tra thiy & mot dia phuong no c6 2% tai xé st dung ‘
dién thoai di dong khi l4i xe. Trong cac vu tai nan 6 dia phuong do,
ngudi ta nhan thay rang c6 10% la do tai x& c6 sit dung dién thoai
khi lai xe gay ra. Hoi viéc su dung dién thoai di dong khi lai xe lam

tadng xac suat gy tai nan lén bao nhiéu lan?

Hinh 4
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Chuong 6. Xac sut c6 diéu kién

[ oais | z

Mot nghién citu da chi ra ring ti 1é ngudi bi lao phdi trong nhém X nhitng ngudi mac phai
hdi chiing suy gidm mién dich H 1a 15,2%. Két qua nghién ctiu vé mot sb triéu ching 1am
sang nhu c6 ho trong vong bdn tuan, hoic c6 bi sét trong vong bdn tuin, hodc ra md hdi ban
dém ti ba tuan trd 1én ctia nhém X cho thiy:
* Trong s6 nhitng ngudi mic bénh lao phdi, c6 93,2% trudng hop cé it nhat mot tridu
ching;
* Trong s6 nhitng ngudi khong mac bénh lao phdi, c6 35,8% trudng hop khong c6 tridu
ching nao.
(Nguon: https: timmachhoc.vn/din-gii-kt-qu-nghien-cu-bng-nh-li-bayes/).
Néu bic si gip mot bénh nhan thudc nhém X va bénh nhan d6 ¢ it nhit mot triéu ching trén
thi xdc suat bénh nhan nay mic bénh lao phdi 12 bao nhiéu?

B BA1 TAP

Trac nghiém nhiéu phudng an lua chon.

$> Cau 1. Gid st A va B 1a hai bién c6 ngiu nhién théa man P(A) > 0 va 0 < P(B) < 1.
Khang dinh nao sau day ding?

_ P(B)+P(A[B) P(B)P(A|B)
@P(BA)_P( B)P(A|B)+P(B)P(A|B) ®P(BlA) = P(B)P(A|B)—P(B)P(A|B)
P(B)P(A|B)

_ P®PMAPB _
OPBA = 5@ am) e @ran 2F P = BEE@s PG PAD)

$> Cau 2. Cho hai bién ¢ A va B, v6i 0 < P(B) < 1. Pang thic nao sau diy ding.

@P P(A|B)-P(B)+P(A|B)-P(A). ®P(A)=P(A|B)-P(B)+P(A|B)-P(B).
(OP(A) =P(A|B)-P(A)+P(A|B) -P(A). ®P(B)=P(A|B)-P(B)+P(A|B)-P(B).
$> Cau 3. Cho hai bién cd A va B, véi P(B) = 0,8, P(A | B) = 0,7, P(A | B) = 0,45. Gid tri

P(B|A) bing
56

®)0,25. ® . ©0,65. ©0,5.
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§2. Cong thifc xdc suat toan phin va coéng thiic Bayes

¢ Cau 4. Cho hai bién c¢6 A va B v6i P(B) =0,8; P(A | B) = 0,7, P(A | B) = 0,45. Gia tri
P(A) bing
®0,25. ®)0,65. ©0,55. ©)0,5.
$> Cau 5. Cho hai bién cb A, B sao cho P(A) = 0,5; P(B) = 0,6; P(A | B) = 0,7. Gi4 tri
P(B|A) bing
3)0,86. 0,68. ©0,84. ©)0,48.
¢ Cau 6. Cho hai bién ¢b A, B sao cho P(B) =0,7; P(A | B) = 0,6; P(A | B) = 0,8. Gid tri
P(B|A) biang
7 9 17 19
i} ®ss % 50
$> Cau 7.Cho so do hinh cdy nhu hinh bén. Biét P(A) = 0,6.
Tinh P(A | B).
9

6 7 8
@ ® - © ik

$> Cau 8.Cho so do hinh ciy nhu hinh bén. Biét P(A) = 0,72. Xac 06] B
suét ctia bién cb A véi diéu kién B khong xdy ra 1a A=
9 16 9 3
—. —. —. —. 0,4 5
16 ®3 © 25 16 04> 3
0,2 B
A

|

> Cau 9. Mot bd loc dudc stt dung dé chiin thu ric trong cac tai khoan thu dién ti. Tuy
nhién, vi bo loc khong tuyét ddi hoan hdo nén mot thu rac bi chin véi xac suat 0,95 va mot
thu diing (khong phai 12 thu rdc) bi chin vé6i xdc suat 0,01. Thong ké cho thiy ti 1& thu rac 1a
3%. Chon ngau nhién mdt thu bi chin. Tinh x4c suét d€ d6 1a thu rac (két qua 1am tron dén
hang phan nghin).
(A)0,095. (B)0,746. (©0,476. (D) 0,003.

> Cau 10. Gia st ti 16 ngudi dan cda tinh X nghién thude 14 12 20%; ti 1& ngudi bi bénh phéi
trong s6 ngudi nghién thubc 14 12 70%, trong s6 ngudi khong nghién thudc 14 1a 15%. Khi ta
gip ngiu nhién mot ngudi dan ctia tinh X, xdc sudt ma ngudi d6 1a nghién thudc 14 khi biét bi

bénh phdi la
7 6 4 Y
3 ® 13- 3 3
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Chuong 6. Xac sut c6 diéu kién

> Cau 11. C6 hai ddi thi ddu mon boi 16i. Poi I ¢6 4 van dong vién, doi 11 ¢6 6 van dong
vién. X4c suat dat huy chuong bac ctia mdi van dong vién doi I va doi I1 tuong ting 12 0,7 va
0,6. Chon ngau nhién mdt van dong vién. Gia st van dong vién dugc chon dat huy chuong
bac. Tinh x4c suat d€ van dong vién nay thudc doi 1.

8 11 3 7

i ® s 16 i6
> Cau 12. Mbt ting dung dudc st dung dé chin cudc goi ric trong dién thoai. Tuy nhién,
vi ting dung khong tuyét déi hoan hao nén mot cudc goi rac bi chin véi xac suit 0,8 va mot
cudc goi ding (khong phai 13 cudc goi rac) bi chin véi x4c suat 0,01. Thong ké cho thiy ti 1é
cudc goi rac 12 10%. Chon ngiu nhién mot cudc goi khong bi chin. Xac sut dé€ d6 1a cudc

goi dung la
891 ® 891 123 213
911 911 892 911

¢ Cau 13. Mot bénh vién stt dung mot xét nghiém d€ phat hién mot loai bénh véi d chinh
xédc 12 95% (nghia 1a 95% bénh nhan mac bénh sé ¢ két qua duong tinh). Xét nghiém nay
cling c6 ty 1& duong tinh gia 12 2% (nghia 12 2% bénh nhan khong mac bénh ciing c6 két qua
duong tinh). Biét ring 1% dan sd thuc su mic bénh nay. Néu mot ngudi nhan két qua xét
nghiém duong tinh, x4c suét thuc su ngudi dé6 mic bénh 1a bao nhiéu?

(A)Khodang 32%. Khoang 47%. (O Khoang 83%. (D) Khoang 95%.

&> Cau 14. Coéng ty X t6 chifc budi trinh dién anh sang véi 1000 drone, diéu khién tir tram
trung tdm d€ tao hinh khdi 3D dep mat, st dung hé thdng dinh vi RTK (Real Time Kinematic)
ddm bdo do chinh xic. Trong qua trinh bay, drone c6 thé gip su cd mat tin hiéu két nbi do
nhiéu song, va khi do, né tu dong phat tin hiéu canh bao qua kénh du phong. Tuy nhién, hé
thong canh bdo khong hoan hdo, ¢6 thé bdo nham ngay ca khi drone hoat dong binh thudng.
Dua trén thdng ké tif nhiing budi trinh dién trudc d6: Xac suat mot drone gip su cd mat két
ndi 12 0,005; x4c suit drone binh thudng bi bao nham phat tin hiéu canh bdo 12 0,001; x4c suét
drone gip su cd tin hiéu phat tin hiéu canh bdo 12 0,99. Trong budi trinh dién, mot drone dudc
ghi nhan phat tin hiéu canh bdo. X4c suét d€ drone nay thuc su gip su ¢ mat tin hiéu két nbi
12 bao nhiéu? (lam tron két qua dén phan trim). (Drone chuyén trinh dién 4nh sang)

(®0,06. )0,83. ©0,79. ©)0,33.
$> Cau 15. Ti 1é ngudi dan da tiém vac xin phong bénh A  mot dia phuong 14 65%. Trong
s6 nhiing ngudi da tiém phong, ti 1é mic bénh A 13 5% con trong s6 nhiing ngudi chua tiém,
ti 1¢ mic bénh A 12 17%. Gip ngau nhién mot ngudi & dia phuong d6. Xdc suat ngudi d6 mic
bénh A I

(0,0325. 0,018. (©)0,092. (D)0,0525.

> Cau 16. Mot cong ty may c6 hai chi nhanh ciing san xut mot loai 4o, trong d6 c6 56%
40 & chi nhanh I va 44% 4o & chi nhanh 11. Tai chi nhanh I c¢6 75% 4o chat ludng cao va tai
chi nhanh I ¢6 68% 4o chit luong cao (kich thudc va hinh d4ng bé ngoai ciia cic 4o la nhu
nhau). Chon ngau nhién 1 40. X4c suit chon dugc 4o chit luong cao 1a (lam tron dén chi s6
thap phan thu hai)

2)0,72. 0,35. (©0,82. (D)0,55.
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Trac nghiém dang sai.

¢ Cau 1. Chay Marathon 12 mon thé thao ma tai d6, ngudi choi sé hoan thanh quang dudng
42,195 km trong khodng thoi gian nhit dinh. FM sub 4 1a thanh tich danh cho nhiing ngudi
choi hoan thanh quang duong Marathon duéi 4 gic. Trong CLB AKR, ty 1é thanh vién nam la
72%, ty 1& thanh vién nit 12 28%. Ddi v6i nam, ty 1& Van dong vién hoan thanh Marathon sub
4 1a 32%; dbi véi nit ty 1& Van dong vién hoan thanh sub 4 12 3%. Chon ngiu nhién 1 thanh
vién tu CLB AKR.
a) Khi Van dong vién dudc chon 13 nam, xdc suit d€ Van dong vién niy chua hoan thanh
sub 4 cu ly Marathon 1a 68%.
b) Xdc suat dé€ thanh vién dudc chon di hoan thanh sub 4 13 22%.
¢) Xdc suat dé€ thanh vién dudc chon 1a nit dd hoan thanh sub 4 13 2%.
d) Biét rang Van dong vién dudc chon da hoan thanh sub 4, x4c suat dé€ Van dong vién d6
12 nam bing 96%.

> Cau 2. Mot hop c6 4 vién bi xanh va 6 vién bi dd, cac vién bi c6 kich thudc va khoi luong
nhu nhau. LAy 1an lugt hai vién bi, khong hoan lai.

a) Xdc suét lan 1 1iy dugc bi xanh 1a %

b) Xac suét 1an 2 iy dudc bi xanh biét 1an 1 1ay dudc bi d6 1a %
¢) Xac suét 1an 2 iy dudc bi xanh biét 1an 1 1iy ducc bi xanh 14 g
d) X4c suit 1an 2 14y dudc bi xanh 12 %

$& Cau 3. Mot ctra hang c6 hai loai bong den LED, trong d6 ¢6 65% bong den LED la mau
tring va 35% béng den LED 1a mau xanh, cic béng dén c6 kich thuée nhu nhau. Cac béng
den LED mau tring c6 ti 1& hong 1a 2% va cic béng dén LED mau xanh c6 ti 1& hong 1a 3%.
Mot khach hang chon mua ngiu nhién 1 béng dén LED tit clia hang. Xét cac bién co:
A: “Khach hang chon dudc béng den LED mau trang”;
B: “Khach hang chon dugc bong den LED khong hong”.

a) P(Z) = 0,65. b) P(B|A) =0,02. ¢) P(B | Z) =0,3. d)P(B)=0,9765.

> Cau 4 (MH - THPTQG 2025). Trude khi dua mot loai sdn pham ra thi trudng, ngusi
ta da phdng vin ngiu nhién 200 khach hang vé san pham d6. Két qua thong ké nhu sau: c6
105 ngudi tra 15i “sé mua”; c6 95 ngudi tra 16i “khong mua”. Kinh nghiém cho thiy ti 1& khach
hang thuc su sé mua san phidm tuong ting v6i nhitng cach tra 18i “sé mua” va “khong mua” lan
lugt 12 70% va 30%. Goi A 1a bién c6 “Ngudi dugc phong van thuc su sé mua san pham”. Goi

B 1a bién cb “Ngudi dudc phong van tra 15i sé mua san pham”.
) 21 _ 19

Xa at P(B) = — vaP(B) = —.

a) Xac suat P(B) M (B) 20

b) Xac suét c6 diéu kién P(A | B) =0, 3.

¢) Xdc suit P(A) =0,51.

d) Trong s6 nhiing ngudi dudc phdng van thuc su s&é mua san phdm c6 70% ngudi da tra 16i
“s& mua” khi dudc phong van (két qua tinh theo phan trim dugc 1am tron dén hang don
vi).
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$> Cau 5 (CT - THPTQG 2025). Mot phAm mém nhan dang tin nhin quang cdo trén
dién thoai bang cach dua theo tit khéa dé€ danh ddu mot sé tin nhan dudc giii dén. Qua mot
thoi gian dai st dung, ngudi ta thiy ring trong sd tit ca tin nhin gti dén, c6 20% sb tin nhin
bi danh diu. Trong s6 cic tin nhan bi danh du, c6 10% sb tin nhan khong phai quing cdo.
Trong cic tin nhan khong bi danh diu, ¢6 10% sb tin nhan 1a quang cdo. Chon ngiu nhién mot
tin nhan dudc gti dén dién thoai.
a) Xdc suat d€ tin nhin d6 khong bi danh diu 12 0,8.
b) Xdc suat d€ tin nhian d6 khong phai 1a quing cdo, biét ring n6 khong bi danh diu, bing
0,95.
¢) Xdc suét d€ tin nhin d6 khong phai 1a quing cdo bing 0,76.
d) Xac sult d€ tin nhan d6 khong bi danh diu, biét ring n6 khong phai 1a quang céo, nhod
hon 0,95.

$> Cau 6 (CT — THPTQG 2026 Lan 1). Nhim dua ra cinh bio sém vé tinh trang stic
khde ctia cu dan, ngudi ta st dung mot ting dung tri tué nhin tao dé€ sang loc nguy co maic
bénh dua trén hd so y t& dugc luu trit. Khi phat hién nguy co miac bénh, ing dung nay sé gui
canh bdo d€ gitip ngudi dan di kham bénh kip thodi. Ngudi ta ding dng dung nay dé€ tim soat
nguy co mac mot loai bénh.
Két qua thu ducc khi quét thi nghiém hd so y té cia 10000 ngudi nhu sau: C6 1000 ngudi
nhan dudc canh bao va 9000 ngudi con lai khong nhin dugce canh bdo tif tng dung. Trong sb
1000 ngudi nhan dudc canh bao thi c6 600 ngudi c6 bénh va 400 ngudi khong c6 bénh. Trong
s6 9000 ngusi khong nhan dudc canh bao thi c6 200 ngudi ¢6 bénh va 8800 ngudi khong
cO bénh.
Chon ngiu nhién mot ngusi trong s6 10000 ngudi néi trén.
a) Xac suit dé€ ngudi d6 khong nhan dudc canh bdo tif ting dung bang 0,9.
b) Xac suit d& ngudi d6 khong c6 bénh, biét ring ngudi d6 khong nhan dude cinh bdo tir
ung dung, 16n hon 0,97.
¢) Xéc suit dé€ ngudi d6 khong c6 bénh bing 0,9.
d) Xac suit d€ ngudi d6 khong nhan dudc canh bdo tit ing dung, biét rang ngudi d6 khong
¢6 bénh, 16n hon 0,95.

$> Cau 7 (CT -THPTQG 2026 Lan 2). Mot trudng dai hoc trao hai loai hoc bong A
va B cho sinh vién trong trudng, mot sinh vién c6 thé dudc nhan ca hai loai hoc bong A va
B. Trong sb céc sinh vién dudc trao hoc bong loai A ¢6 12% sb ban dudc trao loai B va trong
s6 céc sinh vién khong dudc trao hoc bong loai A ¢6 10% s6 ban dudc trao hoc bdng loai B.
C6 10,2% sb sinh vién toan trudng dudc trao hoc bong loai B. Chon ngiu nhién mot sinh vién
trong truong.
a) Xac suét dé sinh vién d6 khong dudgc trao hoc bong loai B 13 0,898.
b) Xac suat d€ sinh vién d6 khong dudc trao hoc bong loai B, biét sinh vién d6 khong dudgc
trao hoc bong loai A, 12 0,88.
¢) Xac suét dé sinh vién d6 khong dudgc trao hoc bong loai A 12 0,89.
d) Xdc suit d€ sinh vién d6 khong dudc trao hoc bong loai A, biét sinh vién dé khong ducc
trao hoc bong loai B, 16n hon 0,9.
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$> Cau 8. Ldp 12A ¢6 70% hoc sinh thich chdi thé thao. Biét rang, néu mdt hoc sinh thich
chai thé thao thi x4c xuét hoc sinh d6 biét choi cau 16ng 13 0,8; hoc sinh khong thich choi thé
thao thi x4c suét hoc sinh d6 biét choi cau 16ng 14 0,1. Chon ngiu nhién mot hoc sinh.
a) Xac suat hoc sinh nay khong thich choi thé thao 12 0,3.
b) Xac suét hoc sinh nay khong biét chdi cau 16ng vé6i diéu kién khong thich chdi thé thao
la0,41.
¢) Xac suét hoc sinh nay biét choi cau 16ng 1 0,59.
d) Xac suét hoc sinh nay thich choi thé thao vé6i diéu kién biét choi cau 16ng 1a 0,95 (lam
tron két qua dén hang phan trim).

> Cau 9. Cho so d6 hinh ciy nhu hinh bén. Khi d6

o
e
03

a) P(B) =P(A)-P(B|A)+P(A)-P(B|A). b) P(B|A) =0.6.
¢) P(B) =0,62. d) P(B) =0,4.

¢ Cau 10. Mot kho hang c6 85% san pham loai I va 15% san pham loai 11, trong d6 c6 1%
san pham loai I bi hdng, 4% san pham loai I bi hdng. Céac san pham c6 kich thudc va hinh
dang nhu nhau. Mot khach hang chon ngau nhién 1 sdn pham.

a) Xdc suat d€ khong chon dudc san pham loai 7 12 0,85.

b) Xdc sut d€ chon dugc san pham khong bi hdng trong sb cac sdn pham loai 1 1 0,99.

¢) Xac suét chon dudc san pham khong bi hdng 14 0,9855.

d) X4c suat chon dudc san phdm loai / ma khong bi hdng 12 0,95.

¢ Cau 11. Trong ky ki€m tra mon Todn ctia mot trudng THPT c6 400 hoc sinh tham gia,
trong d6 c¢6 180 hoc sinh nam va 220 hoc sinh nit. Khi cong bd két qua ky kiém tra do, i 1&
hoc sinh dat diém gidi tuong ing v6i nam va nit 1an luct 12 25% va 30%. Chon ngiu nhién
mdt hoc sinh trong s6 400 hoc sinh do6.
Goi A 12 bién c¢6 “Hoc sinh dudc chon ra dat diém gidi ”, B 1a bién c¢b “Hoc sinh dudc chon ra
l1a hoc sinh ntt . o "

a) Xéc sudt P(B) = % vaP(B) = 30

b) Xéc suit c6 diéu kién P(A | B) = 0,3.

¢) Xéc sudt P(A) = 0,7225.

d) Trong s6 hoc sinh dat diém gidi c6 59% hoc sinh nit dat diém gidi trong ki kiém tra mon

Toan (két qua 1am tron dén hang don vi).
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> Cau 12. Trong cudc khao sat ngau nhién 600 hoc sinh vé viéc “thich hoc” hay “khong
thich hoc” mén todn. Két qua thdng ké nhu sau: c¢6 400 hoc sinh tra 13i “thich hoc” va 200 hoc
sinh tra 10i “khong thich hoc”Thuc té cho thiy ti 1€ hoc sinh “gidi todn” tuong ting v6i nhiing
cach tra 18i “thich hoc” va “khdng thich hoc” 1an lugt 1a 70% va 10%. Goi T 1a bién cb “Hoc
sinh dugc phdng vén tra 18i thich hoc mon toan”. Goi G 1a bién cb “Hoc sinh dugc phdng van
gidi toan”.

a) Xdc sudt P(T) = % va P(T) = %

b) Xdc suit c6 diéu kién P(G|T) = 0,3, P(G|T) = 0.9.

¢) Xéc suat P(G) =0.,5.

d) Trong sb nhitng ngudi dudc phong van gidi toan c6 80% ngudi da tra 18i thich hoc mon

toan khi dudc phdng van (két qua tinh theo phan trim lam tron dén hang don vi).

$> Cau 13. Xdc suat d€ cong ty X thué mot trong hai cong ty vé sinh A va B tu van 1an lugt
12 0,4 va 0,6. Theo kinh nghiém kha ning X phat sinh thém chi phi khi s dung dich vu tu vain
ctia cong ty A va B 1an luot 1a 0,05 va 0,03.
a) Xdc suat d&€ X c6 phat sinh thém chi phi khi st dung dich vu tu van 13 0,038.
b) Biét X c6 phat sinh thém chi phi khi st dung dich vu tu vin. Xac suit d& X thué cong ty
A tu van 12 0,4737.
¢) Biét X c6 phat sinh thém chi phi khi st dung dich vu tu van. Xac suit d€ X thué cong ty
B tu van 12 0,5263.
d) Biét X khong phat sinh thém chi phi khi si dung dich vu tu van. Xac suit d€ X thué
cong ty A tu van 12 0,395.

Ty ludn.

& Bai 1. Cho hai bién ¢d A va B c6 P(A) = 0,4, P(BJA) = 0,2, P(BJA) = 0,3. Tinh P(A|B).

& Bai 2. Hop thd nhit c6 3 vién bi xanh va 6 vién bi d6. Hop thit hai c6 3 vién bi xanh va
7 vién bi dd. Céc vién bi c6 cling kich thudc va khdi lugng. Ly ra ngiu nhién 1 vién bi tit
hop thif nhit chuyén sang hdp thit hai. Sau d6 lai 1iy ra ngiu nhién dong thdi 2 vién bi tit hop
thu hai.

a) Tinh x4c suit d€ hai vién bi lay ra ti hop thit hai 12 bi do.

b) Biét ring 2 vién bi lay ra tir hop thd hai 13 bi do, tinh x4c suét vién bi 14y ra tit hop thit

nhat ciing 12 bi do.

& Bai 3. Trong quan su, mot mdy bay chién diu ctia ddi phuong c6 thé xuat hién & vi tri X
v6i xdc suat 0,55. Néu mdy bay d6 khong xuat hién & vi tri X thi né xuét hién & vi tri Y. D&
phong thii, cic bé phong tén ltta dudc bd tri tai cac vi tri X va Y. Khi mdy bay dbi phuong
xuat hién & vi tri X hodic Y thi tén lia sé dudc phéng d& ha mdy bay dé. Xét phuong 4n tic
chién sau: Néu may bay xuét hién tai X thi ban 2 qua tén ltta va néu mdy bay xuat hién tai Y
thi ban 1 qua tén lta. Biét ring, xdc suit ban tring may bay ctia mdi qua tén Iira 12 0,8 va cac
bé phéng tén lita hoat dong ddc lap. Mdy bay bi ban ha néu né tring it nhat 1 qua tén Itia. Tinh
x4c suét ban ha mdy bay dbi phuong trong phuong an tic chién néu trén.
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& Bai 4. Trong mot truong hoc, ti 1€ hoc sinh nit 1a 52%. Ti 1€ hoc sinh ntt va ti 1€ hoc sinh
nam tham gia ciu lac bd nghé thuat 1an luct 12 18% va 15%. Chon ngiu nhién 1 hoc sinh
cua truong.

a) Tinh x4c suit hoc sinh dudc chon c6 tham gia ciu lac bd nghé thuat.

b) Biét riing hoc sinh dudc chon c¢6 tham gia cau lac bd nghé thuat. Tinh x4c suét hoc sinh
do la nam.

& Bai 5. Ti 1é ngudi dan da tiém vic xin phong bénh A & mot dia phuong 12 65%. Trong s6
nhitng ngudi da tiém phong, ti 1& mic bénh A 1a 5%; trong sd nhiing ngudi chua tiém phong
ti 1¢ mac bénh A 1a 17%. Chon ngiu nhién mot ngudi & dia phuong dé.

a) Tinh x4c suit ngudi dudc chon mac bénh A.

b) Biét ring ngudi dudc chon mac bénh A. Tinh x4c suit ngudi d6 chua tiém vic xin phong
bénh A.

& Bai 6. O mot khu ritng no ¢6 7 chd lun, trong d6 ¢6 4 chi ludn néi that, 3 chi con lai néi
that v6i xdc suét 0,5. Ban Tuyét gip ngiu nhién mot chd lun va hdi xem chi y Ay c6 phai 1a
ngudi néi that khong. Goi A 1a bién ¢ “Chi 1un d6 ludn néi that” va B 12 bién ¢ “Chi lun d6
nhan minh Ia ngudi ludn noi that”.
a) Tinh xdc suit cia cic bién cd A va B.
b) Biét riang chi luin ma ban Tuyét gip tu nhan minh 13 ngudi ludn néi that. Tinh x4dc suit
dé chi lun do ludn néi that.
& Bai 7. Mot loai linh kién do hai nha may s6 I, s6 II ciing san xuat. Ti 1& phé phim cia cac
nha mdy I, II 1an lugt 1a: 4%; 3%. Trong mot 16 linh kién dé 14n 1on 80 san phiam clia nha mdy
s6 I va 120 san phdm clia nha mdy s6 II. Mot khach hang 14y ngdu nhién moét linh kién tir 16
hang do.
a) Tinh xdc suit d€ linh kién duogc 1y ra 12 linh kién tot.
b) Gia st linh kién dugc 14y ra 1a linh kién phé phdm. Xac suét linh kién d6 do nha may
nao san xuét 1a cao hon?

& Bai 8. Nam 2001, Cong ddng chau Au cé lam mot dot kiém tra rat rong rai cic con bod
dé€ phat hién nhiing con bi bénh bo dién. Khong c6 xét nghiém nao cho két qua chinh xic
100%. Mot loai xét nghiém, ma & ddy ta goi 12 xét nghiém A, cho két qua nhu sau: Khi con
bo bi bénh bo dién thi x4c suit d€ c6 phan ting duong tinh trong xét nghiém A 1a 70%, con
khi con bo khong bi bénh thi x4c suat d€ c6 phan ting duong tinh trong xét nghiém A 1a 10%.
Biét ring ti 1& bo bi mac bénh bo dién & Ha Lan 1a 13 con trén 1 000 000 con (Ngudn: F. M.
Dekking et al., A modern introduction to probability and statistics — Understanding why and
how, Springer, 2005). Hoi khi mdt con bo 6 Ha Lan c6 phan ting duong tinh v6i xét nghiém A
thi xdc sut d€ né bi mac bénh bo dién 1a bao nhiéu?

& Bai 9. Mot bo loc duge st dung dé chin thu rac trong céc tai khoan thu dién tit. Tuy nhién,
vi bd loc khong tuyét dbi hoan hao nén mot thu rac bi chiin véi xdc suat 0,95 va mot thu diing
(khong phai 1a thu rac) bi chiin véi xac suat 0,01. Théng ké cho thiy ti 1& thu rac 13 3%.

a) Chon ngiu nhién mot thu bi chin. Tinh x4c suat d€ d6 1a thu rac.

> Ngd Diic Tii - B 0859977 004

337



338

Chuong 6. Xac sut c6 diéu kién

b) Chon ngiu nhién mot thu khong bi chin. Tinh x4c suit d€ d6 1a thu ding.

¢) Trong sb cac thu bi chin, c6 bao nhiéu phan trim 13 thu ding? Trong sd cac thu khong
bi chin, c6 bao nhiéu phan trim 1a thu rac?

& Bai 10. C6 hai chudng thé. Chudng I c6 12 con thd trang va 13 con thd nau. Chudng II
c6 14 con thé tring va 11 con thd nau. Tung mdt con xiic xac cin dbi. Néu xuét hién 6 chim
thi ta chon chudng I, néu trai lai ta chon chudng II. Tir chudng chon dudc bit ngiu nhién mot
con tho.

a) Gia st bat dudc con tho trang. Tinh xdc suat d€ d6 1a con tho ctia chudng II.
b) Gid st bit dudgc con thd nau. Tinh xéc suit d&€ d6 12 con thd ctia chudng 1.

& Bai 11. C6 hai tii keo. Tidi I c6 3 chiéc keo s6 o la den va 2 chiéc keo so ¢o la trang. Tui
IT c6 4 chiéc keo o ¢d la den va 3 chiéc keo s6 co la trang. Tt tii I 1dy ngAu nhién mot chiée
keo. Néu 1a chiéc keo s6 co la den thi thém 2 chiéc keo so co la den vao tui II. Néu 1a chiéc
keo s co la trang thi thém hai chiéc keo s6 c6 la trang vao tdi II. Sau d6 tir tdi IT 1y ngiu
nhién mot chiéc keo. Tinh xdc suit dé 1iy dudc chiéc keo so co la trang.

& Bai 12. Gia sach ctia Diing c6 hai ngiin. Ngin trén c6 3 cudn tiéu thuyét cla cac nha vin
Viét Nam va 2 cudn tiéu thuyét clia cac nha viin nuéc ngoai. Ngin dudi chia 4 cudn tiéu thuyét
clia cdc nha vin Viét Nam va 1 cudn ti€u thuyét ctia cac nha viin nudc ngoai. Diing chon mot
cudn sach d&€ mang di khi du lich theo cach sau: Tung mot con xtic xic can d6i. Néu s6 chim
xuat hién 12 1 hoic 2 thi chon ngin trén, néu trdi lai thi chon ngin duéi. Sau d6 tif ngin da
chon 14y ngiu nhién mot cudn sach. Biét rang cudn sich Diing chon dudc 12 cudn tiéu thuyét
ctia nha vin nuéc ngoai. Tinh x4c suat d€ cudn sach thudc ngin trén.

& Bai 13. Tai nha may X san xuit linh kién dién t( i 1& san phdm dat tiéu chuan 1a 80%.
Trudc khi xuét xudng ra thi trudng, cac linh kién dién tt déu phai qua khau kiém tra chét lugng
dé dong dau OTK. Vi su kiém tra khong tuyét doi hoan hdo nén néu mot linh kién dién ti dat
tiéu chudn thi n6 cé xac suat 0,99 dudc déng ddu OTK; néu mot linh kién dién ti khong dat
tiéu chun thi né c6 xac suét 0,95 khong dudc dong ddu OTK. Chon ngiu nhién mot linh kién
dién ti cia nha may X trén thi trudng. Tinh x4c suét d€ linh kién dién tif dugc chon khong
dugc dong dau OTK.

& Bai 14. C6 hai cai hop. Hop thit nhét c6 4 bi tring va 5 bi den. Hop thit hai ¢6 5 bi trang
va 4 bi den. Chon ngau nhién 3 vién bi & hop thd nhit bd vio hop thi hai rdi sau d6 chon ngau
nhién 1 vién bi & hop thi hai. Tinh x4c suét dé liy dudc bi trang.

PHAN I. Cau tric nghiém nhiéu phudng an lua chon. Thi sinh tra 18 tir cau 1 dén cau
12. MoGi cau hai thi sinh chi chon mét phuong an.
$> Cau 1. Cho hai bién c6 A va B v6i 0 < P(B) < 1. Khing dinh nao sau day 12 diing?
(WP(A)=P(B)-P(A|B)+P(B)-P(A|B).
P(A):P(A)- (A|B)+P(A)-P(A|B).
(OP(A)=P(B)-P(A|B)+P(B)-P(A|B).
©OP(A)=P(B)-P(A|B)—P(B)-P(A|B).
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$> Cau 2. Cho hai bién cb A, B thod man P(A) = 0,4; P(B) = 0,3; P(A | B) = 0,25. Khi do,
P(B | A) bing
(A)0,333. ®)0,1875. (©0,48. (D)0,95.
$> Cau 3. Cho hai bién c0 A va B, v6i P(B) = 0,8; P(A|B) = 0,7; P(A|B) = 0,45. Tinh
P(BJA).
56
@®)0,25. ® ©0,65. ©)0,5.
$> Cau 4. Cho hai bién ¢b A va B, v6i P(B) = 0,4; P(A|B) =0,5; P(A| B) = 0,3. Tinh
P(A).
®0,2. ®)0,38. ©0,8. ©0,12.
$> Cau 5.Cho so do hinh cay nhu hinh bén. Biét P(A) = 0,48.
Tinh P(A | B) 1
26 36 15 36
» P £ %

0,2 B

2|

&> Cau 6. Pudgc biét c6 5% dan 6ng bi mu mau, va 0,25% phu nit bi mii mau (Ngudn: F.
M. Dekking et al., A modern introduction to probability and statistics-Understanding why and
how, Springer, 2005). Gia st sb dan dng bang sd phu nit. Chon mot ngudi bi mu mau. Xac
suét d& ngudi d6 1a dan 6ng 1a bao nhiéu?

19 20 24 18

®ar 2 2 %

> Cau 7. C6 hai doi thi ddu mon boi 16i. Ddi I c¢6 4 van dong vién, ddi I c6 6 van dong
vién. X4c suat dat huy chuong bac ctia mdi van dong vién ddi I va doi 11 tuong tng 12 0,7 va
0,6. Chon ngau nhién mot van dong vién. Gia sit van dong vién dugc chon dat huy chuong
bac. Tinh x4c suit d€ van dong vién nay thudc doi 1.

8 11 3 7

i ®ie 16 16
&> Cau 8. Két qua khdo sat tai mot xa cho thay c6 25% cu dan hiit thude 14. Ti 1& cu dan
thudng xuyén gip cac van dé stic khod vé dudng hd hip trong sb nhiing ngudi hit thube 14 va
khong hiit thudc 14 1an ludt 1a 60% va 25%. Néu ta gdp mot cu dan clia x4 thudng xuyén gip
cac van dé stic khoé vé dudng ho hip thi xdc sut ngudi d6 c6 hit thude 14 12 bao nhiéu?

4 5 7 8
OFs 5 ©3 Dy
> Cau 9. C6 2 xa thi loai I va 8 xa thii loai II, x4c suat ban tring dich ctia cc loai xa tha

loai 114 0,9 va loai IT 1a 0,7. Chon ngiu nhién ra mot xa thii va xa thi d6 ban mot vién dan.
Tim x4c suat d€ vién dan do6 tring dich.
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Chuong 6. Xac sut c6 diéu kién

®)0,74. 0.86. ©0,56. ©)0,68.
> Cau 10. Mot thung c6 60 qua sau riéng, 40 qua mit; cic qua c6 khdi luong nhu nhau.
Sau khi thong ké ngudi ta thiy c6 50% sb qua sau riéng c¢6 dan tem xuat khau va 75% sb qua
mit ¢6 dan tem xuat khau; nhitng qué con lai khong dan tem xuét khdu. LAy ngiu nhién trong
thing mot qua, xac suit dé qua 14y ra c6 ddn tem xuét khiu 12

(A)0,4. 0,65. (©0,615. (D)0,6.
> Cau 11. Mot cuoce thi khoa hoc c6 36 bd cau hdi, trong dé ¢6 20 bd cau hdi vé chi deé tu
nhién va 16 bd cau hdi vé chi dé xa hoi. Ban An 14y ngiu nhién 1 bo cau héi (1y khong hoan
lai), sau d6 ban Binh 14y ngiu nhién 1 bo cau hdi. Xdc suét ban binh iy dudc bo cau hdi vé
cht dé xa hoi bang
A)9. 7. ©13. D) 12.
$O Cau 12. Mot hop c6 80 vién bi, trong d6 ¢6 50 vién bi mau do6 va 30 vién bi mau vang;
cac vién bi c6 kich thuée va khoi luong nhu nhau. Sau khi kiém tra, ngudi ta thiy c6 60% sb
vién bi mau dé danh s6 va 50% sb vién bi mau vang c6 danh sb, nhiing vién bi con lai khong
danh s6. LAy ra ngiu nhién mot vién bi trong hop. Xac suit dé vién bi dudc 1y ra c6 danh sb
bang
3 1 4 9
@2, L s 2.
5 2 13 16
PHAN 11. Cau tric nghiém ddng sai. Thi sinh tra 13i tir cau 1 dén cau 4. Trong mbi y a),
b), ), d) & mdi cau, thi sinh chon diing hoic sai.

$> Cau 1. Mot kho hang c6 1000 thung hang véi bé ngoai gidng hét nhau, trong d6 c6
480 thung hang loai / va 520 thiing hang loai /1. Trong s cac thiing hang d6, c6 80% thing
hang loai I va 85% thung hang loai II da dugc kiém dinh. Chon ngau nhién mot thung hang
trong kho.

a) Xdc suét chon dudc thiing hang loai I bing 48%.

b) X4c suat chon dugc thung hang loai 17 da dugc kiém dinh bing 38,4%.

¢) Xdc suét chon dugc thung hang chua kiém dinh bang 17,4%.

d) Gia st thing hang dudc 1y ra 1a thung hang chua dugc ki€ém dinh, x4c suit thung hang

d6 1a thung loai I thap hon xdc suit thung hang dé 1a thung loai I7 .

> Cau 2. C6 hai doi thi ddu mon Béng ban. Doi I ¢6 6 van dong vién, doi /1 ¢6 8 van dong
vién. Xdc suit dat huy chuong dong ctia mdi van dong vién doi I va doi I1 tuong dng 12 0,8 va
0,65. Chon ngau nhién mot van dong vién.

a) Xdac suat d€ van dong vién nay thudc doi 712 0,8.

b) Xac suat d& van dong vién dudc chon dat huy chuong dong 1a ;

¢) Gia st van dong vién dudc chon dat huy chuong dong. Xac suit d€ van dong vién do6

thude doi 17 12 0,48,
d) Gia st van dong vién dudc chon dat huy chuong dong. X4c suét d€ van dong vién do
12

thudc doi 7 la —.
udc doi a25
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§2. Cong thifc xdc suat toan phin va coéng thiic Bayes

$> Cau 3. Khao sat dan cu cta thanh phé Hué cho thdy c¢6 1% dan s6 mac cin bénh la. Cac
nha khoa hoc da tim ra mot phuong phap xét nghiém d€ chan dodn cén bénh nay. Tuy nhién,
xét nghiém c6 sai s6 nén khi xét nghiém 96% ngudi bi bénh c6 két qui duong tinh va 92%
ngudi khong bi bénh c6 két qua am tinh. Mot ngudi di xét nghiém. Goi A 1a bién cb ngusi
dudc xét nghiém bi bénh con B 1a bién cd ngudi dudc xét nghiém c6 két qua xét nghiém duong
tinh. Khi do:

P(A)

b) Xac suét d& ngudi di xét nghiém bi bénh 13 1%.

¢) Xac suat d& ngudi d6 c6 két qua duong tinh khi ngudi d6 khong bi bénh 12 8%.

d) Mot ngudi di xét nghiém va c6 két qua xét nghiém duong tinh. X4c suat dé ngudi d6 bi
bénh 16n hon x4c suit dé€ ngudi d6 khong bi bénh.

> Cau 4. Mot cong ty c6 hai chi nhanh. San phdm ctia chi nhanh I chiém 60% con chi nhanh
II chiém 40% t6ng san phiam clia cong ty. Ti 1& san phdm bi 18i ctia chi nhanh I chiém 1% con
ctia chi nhanh II chiém 2% t6ng san phdm cong ty. Chon ngiu nhién mot san phdm clia cong
ty. Xét tinh diing, sai clia cic ménh dé sau:

a) Xac suét d& san phdm ciia chi nhanh I dudc chon 13 0,4.

b) Xac suét dé 1ay ra san pham bi 18i & chi nhanh II 12 0,02.

¢) Xac suat l1ay ra san pham bi 16i 12 0,015.

« A v 2 2 « 1 X e A 2 ~ , . 2, 2 A N 4
d) Biét rang san pham bi 101. Xac suat san pham do do chi nhanh I san xuat la =
Phan I1l. Tra 16i ngdn. Thi sinh tra 18i tir cAu 1 dén cau 6 vao 6 két qua.

$> Cau 1. Mot nha may c6 hai phan xudng I va II. Phan xudng I san xuit 40% s6 san phim
va phan xudng II san xuit 60% s san pham. Ti 1¢ sén phadm bi 16i ctia phan xudng I 1a 3% va
ctia phan xudng II 12 2%. Kiém tra ngiu nhién 1 san phim ctia nha mdy va tinh xac suat dé

0 x t N
san pham do bi 10i 1a 100" Khi do6 f bang bao nhiéu?
KQ:

> Cau 2. Théng ké hd so 250 hoc sinh khéi 10 trong d6 c6 150 hoc sinh nit va 100 hoc sinh
nam. Sau khi théng ké, két qua c6 60% hoc sinh nit 12 doan vién, 50% hoc sinh nam 1 doan

vién; nhitng hoc sinh con lai khong 1a doan vién. Chon ngiu nhién mot hoc sinh trong 250
hoc sinh khéi 10. Xéc suét d€ hoc sinh dudc chon 1a doan vién bang bao nhiéu?

KQ:

> Cau 3. Mot huyén dang trién khai chuong trinh sang loc phat hién bénh hiém ngheéo
X cho ngudi dan. Khong c6 loai xét nghiém nao cho két qua chinh xdc 100%. Mot loai xét
nghiém, ta goi 12 xét nghiém A, cho két qua nhu sau: Khi mot ngudi bi bénh X thi ti 1€ ¢6 phan
ting duong tinh trong xét nghiém A 12 95%, con ngudi khong mic bénh X thi ti 1& c6 phan
ting Am tinh trong xét nghiém A 12 97%. Biét ring ti 1& ngudi mic bénh X ctia huyén nay 1a
0,7%. Hoi khi mdt ngudi & huyén X c6 xét nghiém duong tinh véi xét nghiém A thi x4c suét
dé ngudi d6 mac bénh hiém ngheo X 1a bao nhiéu (két qud lam tron dén hang phdn tram)?

KQ:
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Chuong 6. Xac sut c6 diéu kién

> Cau 4. Mot co s6 san xut sifa gia mua cac thung sita that gibng nhau (48 hop / thung),
roi thay thé mot sb hop sita that thanh cac hop sita gia nham thu 16i bat chinh. Trong qua trinh
san xut, co sé phan ra lam hai loai: Loai I d€ 1in mdi thing 5 hop siia gid va loai II d€ 14n
mbi thung 3 hop sita gia. Biét ring s thung sita loai I gip 1,5 1an s6 thung sita loai II. Chon
ngau nhién mot thung sia tif co s san xuat va tir thung d6 1ay ngau nhién 10 hop. Tinh x4c
suat dé trong 10 hop 1y ra cé ding 2 hop sita 1a gia (lam tron két qua dén hang phan trim).

KQ:

&> Cau 5. C6 40 tim thé kich thudc nhu nhau va danh sb thi tu 1an lugdt tir 1 dén 40 (mdi
tam thé chi ghi mot s6 nguyén duong, hai thé khac nhau ghi hai sé khac nhau). Mot ngudi lan
lugt rit hai thé (rit khong hoan lai). Tinh xdc suét 1an thyd hai it dudc thé ghi sb nguyén t6.

KQ:

. ~ , 2
& Cau 6. Xac suat bé An dudc me dan theo khi di mua sam la 5 Khi bé An dudc di theo
me thi 70% bé sé dudc mua do6 chai. Khi bé khong di theo me, c6 thé me van mua do choi cho

. L s R 14
bé. Xac suat bé dugc di theo me biét rang bé dudc me mua cho do choi la 23 Khi bé khong

di theo me, x4c suit bé dudc me mua cho dd choi 12 bao nhiéu? KQ:

—Hét—
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§2. Cong thifc xdc suat toan phin va coéng thiic Bayes

BANG PAP AN BAI TAP CUOI BAI
Bang dap an tric nghiém nhiéu phueng 4n
1 DpJ2 BJ3 BJ4 B[5 C|6 A]7 D|s8 A9 BJ10 A]
(11 pJ12 B[13 AJ14 BJ15 CJ16 A

Bang dip an tric nghiém diing sai

Cau 1. (@b(d)s(c)s(@ P ||Cau 2. (@s®s(c)s@p
Cau 3. (@)s(®)S(c)S(d)P | |Cau 4. (@pd)s(c)b@)s
Cau 5. (@P(b)s(c)s(d)s | |Causb. @pb)b()S@P
Cau 1. (@b(d)s(c)s(@ P ||Caus. (@p(d)s(c)pdP
Cau 9. (@P(®)S(c)b(d)s | |Cau 10. (@s®ble)b@)s
Cau 11. (@)P(®)S(c)P(d)P | |Cau 12. (@pb)s(c)b@)s
Cau 13. ORIOEIOEIC:

BANG DAP AN PE KIEM TRA CUOI BAI
PAP AN PHAN I

1. A][2. B][3. B][4. B||5. B]|6. B|[7. D]|[8. A|[9. A]
[10. D] [11. C]|[12. D]

PAP AN PHAN II

Cau 1. (@P(b)s(c)b()s | |Cau 2. (@s®b(c)s@Pp
Cau 3. (@)s(®)b(c)P(d)S | |Cau 4. (@s®blc)s@s
PAP AN PHAN III

Cau 1. Cau 2. Cau 3. Cau 4. Cau b. Cau 6.
20,14 ol,!5]6l]lo]|,|[1]8]]lo],|[1|7]][0],]3 0,13
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§3 ON TAP CHUGNG 6

[ sAi TAP

Trac nghiém nhiéu phuadng an lua chon.

$> Cau 1. Cho hai bién c¢b A, B sao cho P(A) = 0,5; P(B) = 0,4; P(A | B) = 0,3. Khi d6
P(B|A) bing

3 4 6 1
25 ® 55 25 D3

$> Cau 2. Cho P(A), P(B) > 0. Cong thiic xdc suét c6 diéu kién ctia bién cb A khi biét bién
cb B da xay rala

AP(A|B) = Plfés). P(A|B):llz(—i;.
©P(4|B) =), DP@IB) =
$> Cau 3. Cho hai bién ¢d A, B v6i P(B) = 0,6, P(A | B) = 0,7 va P (A | B) = 0,4. Khi d6

P(A) bing

®0,7. 0.4. ©0,58. ©)0,52.
$> Cau 4. Gieo ngu nhién mot con xiic xac can dbi va dong chét hai 1an lién tiép. Tinh xdc
suit d€ tong s6 cham xuat hién trong hai l1an gieo bang 8 biét ring 1an gieo thd nhét xuit hién

mit 5 cham.
1

1 5 1

w3 ®F 3 D5
> Cau 5. D& dudc chon vao ddi tuyén hoc sinh gidi mon Todn cAp thanh phd, mdi thi sinh
phdi vudt qua hai vong thi. Ban An tham du cudc tuyén chon nay. Xac suit d€ An qua dudc
vong thi nhét 12 0,8. Néu qua dudc vong thit nhat thi x4c suit d€ An qua dugc vong thit hai 1a
0,7. X4c suat d€ ban An dudc chon vao doi tuyén nay 1a

(A)0,06. 0,24. (©0,56. (D)0,875.
> Cau 6. Mot dong co c6 hai van bao hiém cuing hoat dong. Xac suét hoat dong tot clia van
112 0,9, ctia van II 12 0,72. X4c suat hoat dong t6t ctia van I, biét van II hoat dong t6t 1a 0,96.
Gia st van I hoat dong t6t, xdc suit hoat dong tot ctia van II 12

(A)0,675. B)0,768. (©)0,66. (D)0,78.
¢ Cau 7. Cho hai bién ¢6 A, B thda man P(A) =0,4; P(A|B) =0,5; P (A | B) =0,1. Khi
do, P(B) bing

A)0,9. B)0,25. ©0,2. (D)0,75.
$> Cau 8. Néu hai bién ¢b A, B théa man P(B) = 0,5;P(AB) = 0,3 thi P (AB) biang:

3 4 1 3
20 OF ©s3: ok
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§3. On tap chuong 6

&> Cau 9. Mot hop chida 8 bi xanh, 2 bi dé. Lan lugt bdc titng bi. Gia sit 1an dau tién boc
dudc bi xanh. X4c dinh xdc suat 1an thd 2 bdc dudc bi dd.

1 2 8 2

0 By ©5 o5

$> Cau 10. Gieo ngiu nhién mot con xtic xic can dbi va dong chit hai 1an lién tiép. Tinh
xé4c suat d€ tdng s6 chdm xudt hién trong hai 1in gieo bang 8 biét ring lan gieo thi nhat xuét
hién mit 5 chim.

1 1 1 5
% g ©3 O
> Cau 11. Hai may tu dong san xuit cing mot loai chi tiét, trong d6 may I san xuét 35%,
mady I san xuit 65% tdng san luong. Ti 1& phé pham clia cac mdy lan lugt 13 0,3% va 0,7%.
Chon ngiu nhién 1 san phdm ti kho. Tinh xéc suét dé€ chon dudc phé phim?

(4)0,0056. (B) 0,0065. (©0,065. (D)0,056.

Trac nghiém dang sai.

$© Cau 1. Mot 16p ¢6 70% hoc sinh 1a ni. Ti 1€ hoc sinh nit dat danh hiéu hoc sinh gidi la
35%, ti 1€ hoc sinh nam dat danh hiéu hoc sinh gidi 1a 60%. Chon ngau nhién mot hoc sinh
ctia 16p d6. Goi A 12 bién cb “Hoc sinh dugc chon 14 nii”va B 12 bién ¢ “Hoc sinh dudc chon
dat danh hiéu hoc sinh gioi”.

a) X4c suit cia bién cd A 120,7.

b) Xdac suét ctia bién cb B 1a 0,425.

¢) A va B 1a hai bién c6 doc 1ap.

d) X4c sut ctia bién cb A v6i diéu kién B bing %
> Cau 2. Mot 16p hoc ¢6 40 hoc sinh, trong d6 c6 24 hoc sinh nam. Biét ty 1& hoc sinh biét
d4 bong trong s6 hoc sinh nam 1a 50% va ty 1& hoc sinh biét d4 bong trong s6 hoc sinh nif 12
25%. Chon ngau nhién mot hoc sinh. Khi dé

. . 2
a) Xac suat hoc sinh dudc chon la nti bang 5

) . ) . 1
b) Xac suat hoc sinh dudc chon 1a hoc sinh biet da bong, biét hoc sinh nay la nam bang 5
¢) Biét hoc sinh dudc chon 1a hoc sinh biét d4 bong thi xdc suat hoc sinh d6 13 hoc sinh
nam bing 3
e : . A A 1A g s D
d) X4c suat dé hoc sinh dudc chon la nam khi biet hoc sinh dé khong biét da bong la 1
¢S Cau 3. Trong mot khu vuc do thi, canh sat giao thong ghi nhan cac trudng hgp vi pham
toc do trong gid cao diém. Thong ké cho thay:
< Ti & nam gi6i tham gia giao thong trong gid cao diém 1a 60%, ti 1€ nit gidi 1a 40%.
& Trong sb cac 1ai xe nam, ti 1 vi pham toc do 13 10%.

& Trong sb cac 14i xe nit, ti 1¢ vi pham toc do 13 3%.
a) Xac suat mot 14i xe dudc chon ngiu nhién trong gid cao diém 1a nam gidi va vi pham
toc do 12 0,06.
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Chuong 6. Xac sut c6 diéu kién

b) Xac suit mot 1di xe dudc chon ngau nhién trong gid cao diém vi pham toc do 12 0,13.

¢) Néu mot 14i xe dudgc chon ngiu nhién vi pham tdc do, kha ning cao ngudi d6 12 nam
gioi.

d) Gia st canh sét chi diing xe clia nhiing ngudi vi pham t6c do dé xi phat. Biét mot ngudi
da bi diing xe, x4c suat ngudi d6 12 nit gidi 16n hon 0,2.

&> Cau 4. Mot xudng mdy st dung mot loai linh kién dudc san xut tif hai co s X va Y. S6
linh kién do co s& X san xuat chiém 61%, sb linh kién do co s Y san xuét chiém 39%. Ti 1&
linh kién dat tiéu chuén ctia co sé X, co s6 Y 1an lugt 1a 93%, 82%. Kiém tra ngiu nhién mot
linh kién & xudng mdy. Xét cac bién cb sau :
e A : “Linh kién dudc kiém tra do co sé X san xuat”.
e A : “Linh kién dudc kiém tra do co sé Y san xuét”.
e Aj: “Linh kién dudc ki€m tra dat chuan”.
a) Xdc sudt P(A;) = 0,61. b) Xéc suét c6 diéu kién P (A3]A>) = 0, 82.
¢) Xéc suit P(A3) = 0,8871. d) Xac xuit c6 diéu kién P (A{]A3) = 0,55.

> Cau 5. Diém kiém tra cubi ki mon Todn ctia mdt hoc sinh phu thudc vao viéc hoc sinh
d6 c6 chidm chi 1am bai tap vé nha hay khong. Néu ban An chidm chi 1am bai tap vé nha mon
Toan thi x4c suat dat diém t6t kiém tra cudi ki 12 0,9. Con néu ban An khong chim chi 1am
bai tap vé nha thi xdc suat dat diém khong tot kiém tra cubi ki 12 0,85. X4c suit An chim chi
lam bai tap vé nha mon Toan 14 0,75.
a) Néu An chim chi lam bai tdp vé nha mon Toan thi x4c suit An dugc diém khong tot
kiém tra cubi ki 12 0,1.
b) Néu An khong chim chi 1am bai tdp vé nha mon Toan thi x4c suit An dugc diém tot
kiém tra cudi ki 12 0,2.
¢) Xac suét d&€ An dat diém khong tot kiém tra cudi ki 12 0,35.
d) Xdc suit d€ An dat diém tot kiém tra cudi ki 12 0,7125.

&> Cau 6. Mot gian thuong da tra tron cac san pham sita kém chat lugng (sita gid) véi cac
san pham sita chat lugng. Trong mot 16 hang c6 10 hop sita chit luong va 20 hop sita gia. Sau
khi mot khach hang dén mua 1 hop sita tir 16 hang trén thi luc luong quan ly thi trudng dén va
14y ngiu nhién 3 hop siia tir 16 hang dé6 di kiém tra.

a) Xdac suat khach hang mua phai hop sita gia la %

b) Xac suét dé luc lugng quan ly thi trudng phat hién 16 hang c6 hop sita gia 1a %

¢) Néu biét khach hang dé6 da mu28p9h€1i hop sita gia, xac suit d€ quan ly thi trudng phat

1827
d) Néu biét quan ly thi trudng sau khi kiém tra da phat hién 16 hang c6 hop sita gia, xic
1178

1773

> Cau 7. Trong mot sanh 16n clia mot cong ty, cé mot 16i di vao khu lam viéc. Cong ty dang
thtt nghiém tai 16i di nay mot hé thdng ctia tu dong c6 st dung cong nghé nhan dién guong
mit. Khi nhan dién guong mit 12 nhan vién thi hé thbng méi mé ciia d€ ngusi dé vao.

hién 16 hang c6 hop sita gia la

suat d€ khach hang d6 mua phai hop sita gia la

¢ Dbi v6i nhan vién cong ty, hé théng nhan dién ding véi xac suit 99%.
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§3. On tap chuong 6

& Pbi véi khach, hé thdong nhan dién nham 1a nhan vién véi xac suit 15%.

Biét rang trong sanh ctia cong ty, ti 1é nhan vién cong ty 1a 90%, con lai 1a khach
a) Xac suét hé thong tir chdi md ctta cho mot khach 14 0,85.
b) Xac suét hé thong md clia cho mot ngudi bat ky di vao 12 0,9.
¢) Mot ngudi dugc hé théng md cira cho vao, xdc sut ngudi d6 1a khach nhd hon 0,02.
d) Gia st tit cd moi ngudi trong sanh da dudc hé thdng quét nhan dién guong mit, chon
ngau nhién mot ngudi trong sd d6. Xac suat d& ngudi d6 da bi hé thdng nhan dién nham
13 0,024,

> Cau 8. Khi tim hiéu vé cac hd so bénh 4n lién quan dén cac bénh nhan bi bdng, cic bac
s da rit ra 50 hd so bénh 4n ctia 50 bénh nhan. Trong d6 c¢6 35 bénh nhan bi bong do nhiét
va 15 bénh nhan bi bong do héa chat. Trong qua trinh dién bién cta bénh thi trong s6 35 bénh
nhan bi bong nhiét c6 30% bénh nhan bi bién chiing va trong sd 15 bénh nhan bi bdng do héa
chét thi c6 50% bénh nhan bi bién chiing.

Goi A 1a bién cb “H0 sd riit ra bénh nhan bi bong do nhiét”;

B 1a bién cb “Ho so riit ra bénh nhan bi bong do héa chit ”;

C 1a bién cb “HO so riit ra bénh nhan bi bién chiing .

3 — 7
a) P(B) T P (\B) =10
b) Xac suat c6 dieu kién P(C | A) =0,3.
¢) P(C) =0,85.

d) Trong sb cac bénh nhan bi bién chiing c6 25% bénh nhan bi bong do nhiét (két qud tinh
theo phdn trdm duoc lam tron dén hang don vi).

$& Cau 9. Mot truong hoc ap dung hai phuong phap giang day méi cho mon Toan, phuong
phap P va phuong phap Q. D€ danh gid hiéu qua, trudng thuc hién mot thit nghiém trén hoc
sinh 16p 10. Biét rang

©® 40% hoc sinh 16p 10 dudc phan ngau nhién vao nhém hoc phuong phap P, 30% vao
nhém hoc phuong phap Q va 30% hoc theo phuong phdp truyén thong PT.

& Ty 1& hoc sinh dat diém giéi moén Toan cudi nim trong nhém phuong phap P 14 40%,
trong nhom phuong phap Q la 35% va trong nhom phuong phap PT 1a 25%.

Mot hoc sinh 16p 10 dudc chon ngiu nhién tif trudng va biét rang hoc sinh nay dat diém gidi
mon Todn cudi nim (Két quéa 1am trong dén hang phan trim)
a) Xdc suit hoc sinh nay hoc theo phuong phip P12 9,45 .
b) Phuong phdp Q c6 hiéu qua hon phuong phap PT trong viéc gidp hoc sinh dat diém gioi.
¢) Ty 1& hoc sinh dat di€ém gidi chung ctia toan khéi 16p 10 1a 33,3%.
d) Néu mubn ting ty 1 hoc sinh dat di€ém gidi 1én cao nhét, trudng nén dp dung phuong
phdp P cho tat ca hoc sinh.

$> Cau 10. Mot hop c6 12 vién bi gdbm 5 bi xanh, 6 bi dé va 1 bi vang. Hai ban tén 12 Xanh
va Do dudgc trong tai mai choi tro choi bdc bi ngau nhién tit hdp (bi dd ldy ra khéng bé lai vao
hop). Pau tién trong tai béc mot vién bi, néu 12 bi xanh hoic bi dé thi diing béc, néu 12 bi vang
thi trong tai boc thém maot vién nita roi diing bdc. Sau khi trong tai ditng bdc, vién bi trong tai
bdc mau nao thi ban ¢6 tén mau d6 sé dugc bdc mot vién va ngay sau dé trd choi ding lai.
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Chuong 6. Xac sut c6 diéu kién

Ngudi choi bdc dugc vién bi cé mau trung v6i tén ciia minh sé 13 ngudi thiang cude, con néu
b6c dudc vién bi cé6 mau khac véi tén ctia minh sé bi thua cudc.
a) Xdac suat dé trong tai bdc dudc bi vang trong 1an bdc dau tién 1a 1—12
b) Gia st rang & 1an bbc dau tién trong tai boc dude bi xanh. Khi dé xdc suit dé€ ban Xanh
thang la TR
¢) Gia st rang & 1an bdc dau tién trong tai béc dudc bi vang va bdc tiép thi dudc bi do. Khi

L e . 1
do xdac suat dé ban Xanh thang la 5

i e . 6
d) Xac suat dé ban Do thang la e

Tu luan.

& Bai 1. Mot loai vaccine dudc tiém & dia phuong X. Ngudi c6 bénh nén thi v6i xdc suat
0,35 ¢6 phan ting phu sau tiém; ngudi khong c6 bénh nén thi chi c6 phan ting phu sau tiém véi
xéac suat 0,16. Chon ngiu nhién mot ngudi dudc tiém vaccine va ngudi ndy c¢6 phan dng phu.
Tinh x4c suit dé€ ngudi nay cé bénh nén, biét rang ti 1& ngudi c6 bénh nén & dia phuong X la
18%.

& Bai 2. Chudng I ¢6 5 con ga mai, 2 con ga trong. Chudng II ¢6 3 con ga mdi, 5 con ga
trong. Bac Mai bat mot con ga trong sb d6 theo cach sau: “Bac tung mdt con xiic xic cin dbi,
dong chat. Néu s6 chim chia hét cho 3 thi bac chon chudng I. Néu s6 chim khong chia hét
cho 3 thi bac chon chudng II. Sau d6, tit chudng di chon bac bat ngiu nhién mot con ga”. Tinh
x4c suét dé bac Mai bat dugc con ga mai.

& Bai 3. C6 hai cai hop gibng nhau, hop thi nhit chifa 5 qua bong ban mau trang va 3 qua
béng ban mau vang, hop thi hai chifa 4 qua bong ban mau trang va 6 qua béng ban mau vang.
Céc qua bong c6 cung kich thuée va khéi lugng. Minh 14y ra ngiu nhién 1 qua béng tir hop
thd nhat. Néu qua bong d6 1a bong vang thi Minh 14y ra ngiu nhién dong thdi 2 quéa bong tit
hop thit hai; néu qua béng d6 mau trang thi Minh 14y ra ngiu nhién dong thdi 3 qua bong tur
hdp thi hai.
a) St dung so do hinh ciy, tinh xdc suit dé€ c6 ding 1 qua béng mau vang trong cic qua
béng lay ra tir hop thi hai.
b) Biét ring cic qui béng iy ra tit hop thd hai déu c6 mau tring. Tinh x4c suat dé€ qua
béng 14y ra tir hop thi nhit c6 mau vang.
& Bai 4. Mot cip tré sinh doi c6 thé do cling mot triing sinh ra (goi d6 1a ciip song sinh cuing
tring) hay do hai triing khac nhau sinh ra (goi 1a cap song sinh khac tring). Cap song sinh
cung tring ludn cé cling gidi tinh. Ciip song sinh khac tring c6 xdc suét 3 la cung gidi tinh.
Théng ké cho thiy 34% cip song sinh cling 12 trai va 30% cip song sinh cung 12 g4i.
a) Chon ngiu nhién mot cip tré sinh doi. Tinh xdc suat dé& cip tré sinh ddi dudc chon 1a
cap song sinh cung tring.

b) Chon ngau nhién mot cdp sinh ddi ta dudc mot cdp sinh doi c6 cung gidi tinh. Tinh xéc
suat dé cip sinh doi nay 1a ciip song sinh cling triing.
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§3. On tap chuong 6

& Bai 5. Cho hai chudng tho, chudng thi nhat ¢6 12 con thd trang va 3 con thod den, chudng
thif hai c6 9 con thé tring va 4 con thé den, cédc con thd c6 cuing khéi lugng. Bat ngiu nhién
mot con tho tif chudng thi nhit bd vao chudng thi hai. Sau d6, bt ngiu nhién hai con thd tur
chudng thif hai. Tinh x4c suat dé hai con thd bat ra tif chudng thit hai c6 mot con thé tir chudng
thd nhit mang sang, biét rang hai con thd d6 c6 mau trang (két qua 1am tron dén hang phan
tram).
& Bai 6. C6 hai chiéc hop, hop I c6 6 qua béng mau dé va mot sd qua bong mau xanh, hop
II c6 7 qua béng mau dé va 3 qua béng mau xanh, cic qua béng c6 cung kich thuée va khbi
lugng. Liy ngdu nhién mot qua bong tit hop I bd vao hop II. Sau d6, 1dy ra ngau nhién hai qua
béng tir hop I1. Xac suét 1ay dudc it nhit mot qua béng do tir hop II bang 35 Tinh x4c suit dé
qua béng dudc 14y ra tir hop I 1a qua béng do, biét rang hai qua bong 14y ra tit hop II c6 it nhét
mot qua bong dé (lam tron két qua dén hang phan trim).
& Bai 7. Mot nguoi tham gia tro chdi v6i ba hop qua dac biét: Hop mau vang ¢6 2 dién thoai
iPhone va 3 tai nghe, hop mau bac c6 4 dién thoai iPhone va 1 tai nghe va hop mau dong c6 3
dién thoai iPhone va 2 tai nghe. Luat chci dugc thuc hién qua 2 budc sau:
& Budc 1: Ngudi choi chon ngau nhién mot hop.
& Budc 2: Tir hop da chon, ngudi chai 1y ngiu nhién 1 mén qua:
% Néu qua 1a dién thoai iPhone, ngudi choi dudc gilt né va lay thém 1 qua nia tir
cung hop.
% Néu qua 12 tai nghe, tro choi két thic.
Biét ring ngudi choi 14y ducc hai dién thoai iPhone, tinh x4c suét dé€ ngudi do6 1ay tit hop mau
bac (1am tron két qua dén hang phan mudi).
& Bai 8. Theo doi thoi tiét hai xa ké nhau A va B ngudi ta nhan thiy trong cing mot ngay,
néu xa B khong mua thi kha ning xa A khong mua 1a 65%, con néu xa A khong mua thi kha
ning xa B khong mua 132 60%. Hon nita, x4c suit c4 hai xi A vd B c¢6 mua trong cling mot
ngay 12 10%. Hay tinh xdc suét d€ it nhit mot trong hai xa ¢6 mua trong mot ngay (Két qua
lam tron dén hang phan trim).
Bang dip an tric nghiém nhiéu phueng 4n
1 cJ2 c|3 cJ4 b5 c|]é B|7 D8 c|9 BJ[10 B
11 A

Bang dip an trac nghiém diing sai

Cau 1. (@)s(®b(c)S(d)s | |Cau 2. (@Pb)b(c)s@)s
Cau 3. (@P(®)S(c)b(d)s | |Cau 4. @pb)bl)b@)s
Cau 5. (@)P()S(c)S(d)P | |Caus. (@s®)blc)s@Pp
Cau 7. (@P()S(c)P(d)P | |Caus. (@Pb)b(c)s@)s
Cau 9. (@)P(®)D(c)S(d)P | |Cau 10. (@pb)s(c)b@)s
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