toanthaycu.com

CHUYEN PE CUC TRI SO PHUC

(TAI LIEU DANH CHO POI TUQNG HQC SINH GIOI MU'C 9-10 PIEM)
A. MOQT SO TiNH CHAT CAN NHO.
1. Méddun ciia s6 phire:S6 phiic z = a + bi dugc biéu dién boi diém M(a; b) trén mit phang Oxy. Do
dai ctia vécto OM duge goi 1a mddun cta sé phte z. Ki hiéu |z| =|a +bi|=a’ +b°
1 Tinh chét
o |zl =Va*+b? :\/z__:|O—M| ¢ |z[>0,VzeC,lzZl=0=2=0

:ﬂ (Z';tO) o |zl-lzl<lz 2z <zl +]z

Iz

z

o lzz|=lzl.lz| o

z

O Jke] =i

keR

2 _

D Chi y: 2% =|a® =5 +2abi| = /(a® ~b*)* +4a’b* =a® +b* =|of° =‘E‘ zz.
Luuy:
0 |z1 +Zz| < |Zl|+|Zz| dau bang xay ra < z, = kz, (k>

0
O |zl—zz|£|zl|+|zz| d4u bang xay ra < z, =kz, (k<0

0
0

O |z1 —zz|2||zl|—|zz|| diu bang xay ra < z, =kz,(k>0)

0|z, +2y|2 ||Z1| —|zz|| dau bang xdy ra < z, =kz, (k <

5+ af +a -zl =2(|5f +[=f)

2

VzeC

, - _
U |z| =‘Z“Z|= z

2.Mét sb quy tich nén nhé

Biéu thirc lién h¢ x, y Quy tich diém M

ax+by+c=0 (1)
|z—a—bi|=|z—c—di| (2)

(1)Puong thing A:ax +by+c =0
(2) Buong trung truc doan AB véi
(A(a.b). B(c.d)

(x—a)2 +(y—b)2 = R? hoic
|Z—a—bi|=R

buong tron tim /(a;b), ban kinh R

(x—a)2 +(y—b)2 < R’ hoic
|Z—a—bi|SR

Hinh tron tim /(a;b), ban kinh R

r*<(x—a)’ +(y—b) <R*hoic

rS|z—a—bi|SR

Hinh vanh khan gi6i han béi hai dudng tron
dong tam (a;b), ban kinh lan lugt 1a r, R

|Z—a1 —b]i|+|z—a2 —b2i| =2a

y:ax2+bx+c( +0) Parabol
c
x=ay’ +by+c

: : 1) Eli
(el )21 ose ) £t

(2) Elip néu 2a > AB , A(a,,b,),B(a,,b,)
DPoan AB néu2q = AB




(x+a)2_(y+102

b2

d2

=1

Hypebol

B. MOT SO DANG TOAN THUONG GAP

Dang 1: Quy tich diém biéu dién s6 phirc 12 dwong thing.

TQ1: Cho s6 phic z thoa man |z—a—bi =

|Z|Min . Khi d6 ta c6

1 Quy tich diém M (x;y) biéu dién s6 phic z 1a duong trung truc doan 04 véi A(a;b)

|=%\/a2 +b°

s =5 o

U
a b,
z=—+—1
2 2

TQ2: Cho 6 phirc théa mén diéu kién |z—a—bi|=|z—c—di|. Tim|z| . Tacé

] Quy tich diém M(x;y) bicu dién sb phirc z 1a duong trung truc doan AB véi A(a;b),B(c;d)

Ay, =d(0.48)=

ban.
ViduI:

\a +b — dﬂ

2\/ac —2

Luru y: Dé bai c6 thé suy bién bai toan thanh 1 sé dang, khi d6 ta can thyc hién bién ddi dé dwa vé dang co

7 Cho s6 phirc thoa mén diéu kién |z—a - bi =|z—c—dil. Khi d6 ta bién déi

‘E—a—bi‘=|Z—c—di|<:>|z—a+bi|=|z—c—di|.

[ Cho 6 phitc théa man diéu kién |iz —a —bi| =|z - c—di|. Khi d6 ta bién doi

liz —a—bi|=|iz —c—di| &

abl

I

—c—di
z+ +

‘c>|z+b+az|—|z+d+cz|

Dang 2: Quy tich diém biéu dién sé phirc 12 dwong tron.

TQ: Cho s6 phitc z théa méan diéu kién |z—a —bi|=R > O(|z —zy|= R). Tim |z|, .|z

in Ta co

[ Quy tich diém M (x; y) bi¢u dién sb phirc z 1a duong tron tam 7 (a;b) ban kinh R

|2, =OI+R=Na>+b* +R=|z|+R

H
g

=|or-R| =‘\/a2 +b’ —R‘ =||z,|- B|

Luwu y: D& bai c6 thé cho & dang khac, ta can thuc hién cac phép bién doi dé dua vé dang co ban.

Vi du 1: Cho s6 phtic z théa man diéu kién |iz -a —bi| =R <:>‘

<:>|Z+b+ai|=R

abl

i

(Chla hai vé cho | |)

Vi du 2: Cho s6 phtic z thoa man diéu kién ‘Z— a —bi‘ =R& |z—a +bi| = R (Lay lién hop 2 vé)

Vi du 3: Cho s6 phtc z thoa man diéu kién |(c+di)z—a —bi| =R&

Hay viét gon |z,z—z|=R < ‘

—a—bi|_

R

zZ+

c+di

(Chla ca hai vé cho |ZO| )

| evd] Jera

Dang 3: Quy tich diém biéu dién sé phirc 12 Elip.
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TQI1: (Elip chinh tic). Cho sb phirc z thoa man diéu kién |z —c| + |z + c| =2a ,(a > c) Khi d6 ta co

2 2

7 Quy tich diém M (x;y) biéu dién s6 phirc z 14 Elip: 5 +—2— =1
a a —c¢
|Z|Max =a
|Z|Mn = (12 —C2

TQ2: (Elip khong chinh tic). Cho s6 phitc z théa méin diéu kién |z -z | + |z - zz| =2a
Thoéa man 2a > |z1 - zz| .

Khi d6 ta thyc hién phép bién d6i dé dua Elip vé dang chinh tic

Ta co
Khi dé cho Elip dang khong chinh tic |z—zl|+|z—zz|=2a,( Z —zz|< 2a)vé z,,z, # ¢, xci ). Tim
Max, Min cta P:|Z—ZO|.
z,—z,|=2c¢
- 1 2
ot |13 7
b*=a’-c
z z,t+z
Néu |z, ———2{=0 { (dang chinh tic)
z,+tz z,+z
. |z —=2>a P, =|z,——2|+a
Néu 2
z,—2,=k(z,-z,) zl+z2 4
z,+z z,+z
o lz -2 <a P,. =|z,———2%+a
Neéu 2 2
zo—zlzk(zo—zz)
Néu |z, - z|=|z, -z z,+z
|0 1| |0 2| le_n:ZO_—l 2 _p
2

C. BAI TAP AP DUNG

Ciu 1: Cho sé phiic z thoa man |z—2—3i| =1. Tim gia tri 16n nhét cia |E+1+i|.

A 1343, B. V13 +5. C. V13 +1. D. V13 +6.
Loi giai

Chon C

Taco 1=|z-2-3i =(z-2-3i)(z-2-3i) = (2 -2-3i)(Z -2 +3i)

e 1=|(z-2-30)(Z-2+3i)| @[ -2+3]| =l < [7 +1+i-3+2i[=1(%).

+Pat w =z +1+i,khi d6 < |w—3+2i|=1

Trang 3



Tap hop cac diém biéu dién s6 phirc w =Z +1+ 1a duong tron (1;1) va |w| la khoang céch tu
gbc toa do dén 1 diém trén duong tron. Do d6 gia tri 16n nhit cia |w| chinh 1a doan OQ
=|w| =1+432+27 =1+413.

Nhan xét: O day ta sir dung kién thic sau: z.z = |z ?

22| =[]

b

(Chuyén Ha Long 2019) Cho s6 phirc z thoa man |z —6|+|z+6|=20. Goi M, n lan luot la
mddun 16n nhét va nho nhét cta z. Tinh M —n
A M-n=2. B.M-n=4. C.M-n=T7. D. M-n=14.
Loi giai
Goi z=x+yi, (x,yeR). Theo gia thiét, ta co |z —6|+|z + 6| =20.

S |x =6+ yi|+]x+6+ yi| =20 <:>\/(x—6)2 +y° +\/(x+6)2 +3° =20 (%).

Goi M (x;y), F,(6;0) va F,(-6;0).

Khi d6 (*) < MF, + MF, =20> F,F, =12 nén tap hop cac diém E la duong elip (E) c6 hai
tiéu diém F, va F,. Va do dai truc 16n bang 20 .

Tacd c=6;2a=20a=10va b’ =a’-c*=64=b=8.

2 2
Do d6, phuong trinh chinh téc cua (E) 1a .
100 64
Suy ra max |z|=04=04 =10 khi z =%10 va min|z|= OB =0B =8 khi z =+8i.

Vay M —n=2.
* Nhan xét: O trén ta d str dung dinh nghia (E) dé nhan dang dugc phung trinh elip
(P& Tham Khio 2018) Xét s6 phic z=a+bi (a,b€R) thoa min |z-4-3i/=+/5. Tinh
P =a+b khi|z+1-3i[+|z—1+i| dat gia tri 16n nhat.
A. P=38 B. P=10 C. P=4 D. P=6
Loi giai
Chon B
Goi M (a;b) 1a diém biéu dién ctia sé phic z.
Theo gid thiét ta co: [z -4 -3{ = NER=S (a— 4)2 +(b— 3)2 =5 = Tap hop diém biéu dién s6
phirc = 1 duong tron tam 7(4;3) bén kinh R=+/5

A

[ A(-1;3)
Goi: = 0 =|z+1-3i|+|z-1+i|=MA+ MB
B(1;-1)

Trang 4



Toanthaycu.com
Goi E 1a trung diém cua AB, kéo dai EI cit dudng tron tai D
Tacod: Q° = MA® + MB® + 2MA.MB
© Q0 < MA® + MB* + MA® + MB® = 2(MA® + MB* )
Vi ME 1a trung tuyén trong AMAB
_ MA* + MB? B AB®
2

AB’

= ME’ = MA*> + MB* =2ME’ +

2
Af j=4ME2 + AB>. Mit khic ME<DE=EI+ID=2J5+5=3/5

=0’ < 2(2}\4}52 +

= 0> <4(3J5) +20=200

MA=MB
M=D

4=2(x,—4) {xD =6
<~

:>Q§10\/5:>Qm=10\/§<:>{
o= M(64)=P=a+b=10
2=2(yp=3)  |yp=4
Cach 2:Djt z = a +bi. Theo gia thiét ta c6: (a—4)" +(h—5)" =5.

—4=+/5sint
Dé,t {a \/_SlIl

b—3=\/§cost

<:>E7=2f5<:>{

. Khi do:

O =z +1-3i|+|z-1+i| =\/(a+1)2 +(b-3) +\/(a—1)2 +(b+1)2
:\/(\/gsint+5)2 +5cos’t +\/(\/§sint+3)2 +(\/§cost+4)2

=\30+103/5sint +4/30+ 245 (3sint + 4 cost)
Ap dung BDT Bunhiacopski ta co:

QS\/2(60+8\/§(2sint+cost)) S\/2(60+8\/§.\/§) =200 =10v2
=0<102=0,, =102

. 2
t=-"F
. I™TE (a=6
Dau bang xay ra khi { = b_4:>P=a+b=10.
CoSt =—= B
J5

(P& Tham Khao 2017) Xét s phiic z théa mén |z+2—i|+|z—4—7i| =6/2. Goi m, M lan

luot 1a gia tri nhd nhét va gia tri 16n nhét cta |Z -1+ i|. Tinh P=m+ M.

A po 22T B. P=5J2+73 C.P:w D. P=+13+73

2
Loi giai
Chon A
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Cau 5:

-2+

Goi A la diém biéu dién sb phirc z, E(-2;1), F(4;7) va N(L;-1).

Tu AE+AF:|Z+2—i|+|Z—4—7i|:6\/5 va EF=6\/§ nénta cd A thudc doanthfmg EF.
Goi H 1a hinh chiéu cia N 1én EF,tacé H(—%;%). Suy ra P=NH+NF=M.
(THPT Cim Giang 2 2019) Cho s phitc z théa man |z—2—-2i|=1. Sé phttc z—i c6 médun

nho nhét 1a:

A J5-2. B. J/5-1. C. J5+1.

Loi giai

D. J5+2.

Cach 1:

Pat w=z—-i=>z=w+i.

Goi M (x; y) 1a diém biéu dién hinh hoc cia sb phuc w.

Tir gia thiét |z—2—2i|=l ta dugc:

w+i-2-2i=1 < |w-2-i]=1|(x=2)+(y-1)]=1 < (x-2)" +(y-1) =1.

Suy ra tap hop nhiing diém M (x; y) biéu dién cho s6 phitc w 1a dudng tron (C) co tam
1(2;1) ban kinh R=1.

=
—

b o

Gia str Of cat duong tron (C ) tai hai diém A4, B v6i 4 nam trong doan thang O .
Tacod |w| =0OM
Ma OM +MI >0I < OM +MI >04+ Al < OM >0A4

Trang 6



Cau 6:
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Nén || nho nhit bing OA4 =0l —I4=~5-1khi M = 4.
Cach 2:
Tit |z-2-2i]=1= (a-2) +(h-2)" =1 v&i z=a+bi (a,beR)

a—-2=sinx; b—2=cosx = a=2+sinx, b=2+cosx

Khi d6: |Z—i|:|2+sinx+(2+cosx)i—i| =\/(2+sinx)2 +(1+cosx)2

:\/6+(4sinx+2cosx)

2\/6—\/(42+22)(sin2x+coszx) ~J6-25 :1/(\/3—1)2 —J5-1

25

4cosx =2sinx Sy =-— 5

=
4sinx+2cosx =25 -5

Nén |z—i| nho nhit bing J5 -1 khi {
cosx =——

Ta dugc z :(2—£J+£2—£Ji
) 5 5

Cach 3:

St dung bét ding thirc ||zl|—|zz|| S|z, +2,| <7 |+
|z—i]=|(z—2-2i)+(2+i)| 2 |z-2- 2] - ]2+ ]| =5 -1

(THPT Gia Loc Hai Dwong 2019) Goi M va m lan luot 1a gia tri 10n nhat va gia tri nho nhat

cua PZ‘ZZH' v6i z 1a s6 phirc khac 0 va thoa man |Z| >2. Tinh ti s& M
z m
AM_s B.M_% c. M3 p. 2>
m m 3 m 3 m
Loi giai
Tacs po |22 el S ReAW p e ) 1 pp 1 3 plS
I g g g A2 2
M 5
Vay —==.
aym 3

Xét tht i cdc s6 phirc z thoa man |z—3i+4|=1. Gid tri nho nhét cita |2” +7—24i| ndm trong
khoang nao?
A. (0;1009). B. (1009;2018).  C.(2018;4036).  D. (4036;+).
Loi giai
Chon B
Taco 1=|z-3i+4|>|z|-Pi—4| =|z|-5| = -1<|f|-5<1= 4<|7<6.
Dit z, =4-3i =|z)|=5,2," =7-24i.

. |2 2 -2 2 4 4 — —\?2 2
Tacod Az‘zz+7—24z‘ :‘22+202‘ :(22+202)(Z +z, )=|z| +|zo| +(z.zo+zo.z) —2|z.zo

Trang 7



Cau 8:

Ma (Z+ZO)(Z+Z)=1:>Z.Z+Zo.;=1—|z|2 |2,

Z()
Suyra 4=l 4]z, + (1= -[2.f | -2, =2kl -2} +1201
Ham sé y=2¢* -2+’ +1201 dong bién trén [4;6] nén 4>2.4*-2.4° +1201=1681.

|Z|=4

Dau bang xay ra khi va chi khi .
|z+4-3i|=1

Do d6 ‘zz +7—24i| ndm trong khoang (1009;2018).

(Chuyen Phan Bji Chau Ngh¢é An 2019) Cho sb phiic z thoa min ‘z +E‘ + ‘z —Z‘ =4.Goi M, m

lan luot 1a gia tri 16n nhét va gia tri nho nhéit cia P = |Z -2 —2i| .Dit 4=M +m.Ménh & nao

sau day la ding?

A. Ae(\/ﬁﬁ). B. Ae(6;m). C. Ae(2\/7;\/§). D. Ae(4;3\/§).

Loi giai
Chon A
Gia si: z= x+yi,(x,y € R) = N(x;y) : diém biéu dién cua sd phuc z trén mit phing toa do
Oxy .
Ta co:

z +E‘ + ‘Z —;‘ =4 |x| +|y| =2= N thudc cac canh cta hinh vuéng BCDF (hinh v§).

e P=|z=2-2]|= P=(x-2) +(y—2) = P=d(I;N) véi 1(2;2)
Tt hinh ta c6: E(l;l)

NG

M =P, =ID=\&+2" =245 va m=B,, = IE =\[(2-1)’ +(2-1)

Vay, A=M+m:2+2J§e(J3_4;6).

(THPT Quang Trung Péng Pa Ha Ngi 2019) Cho s phirc z théa man |z—3+4i|=2va
w=2z+1-i.Khid6 |w|c6 gia tri 16n nht bing

Trang 8



Cau 10:

Cau 11:
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A. 4+74 . B. 2++/130. C. 4++/130. D. 16+/74 .
Loi giai

Chon C

Theo bét ding thirc tam gic ta co

W|=[2z+1-1] =|(22— 6+81)+(7-9i)| <[22~ 6 + 8| +|7 - 9i| = 4 +/130 .

Viy gid tri 16n nhit cta |w|la 4++/130.

(THPT Quang Trung Pong Pa Ha Ngi 2019) Xét s6 phirc z va sb phirc lién hop ciia no co
diém biéu dién 1a M va M'. S6 phirc z(4+3i) va sb phic lién hop clia n6 ¢6 diém biéu dién
1a N va N'.Bibtring M, M', N, N' 1a bbn dinh ctia hinh chit nhat. Tim gi4 tri nhé nhét cta
|Z +4i— 5| .

.
.\/B.

-

5 2
A ——. B. —~=. C.
V34 V5
Loi giai
Chgn C

A1

y=

N' A

Goi z=x+yi, trong d6 x,y € R.Khi do E:x—yi, M(x;y), M’(x;—y).

Ta dat w=z(4+3i)=(x+yi)(4+3i)=(4x—3y)+(3x+4y)i:>N(4x—3y;3x+4y). Khi d6
w=z(4+3i)=(4x-3y)-(3x+4y)i = N'(4x-3y;-3x—4y).

Tacd M va M'; N va N' timg cap ddi xtmg nhau qua truc Ox . Do d0, dé chung tao thanh
mot hinh chir nhat thi y,, =y, hodc ,, =), .Suyra y=3x+4y hodc y=-3x—4y. Vay tap
hop cac diém M 1a hai dudng thing: d, :x+y=0va d, :3x+5y=0.

it P=|z+4i—5|=(x=5) +(y+4)’ . Tacs P=MA véi A(5-4).

o Mi,, © MA=d(A:d,) hode MA=d(A:d,). Ma d(Ad,) == d(4:d,)=

2

P

min

NS
1

E .

Biét s6 phirc z thoa man |iz—3|=|z—2—1i va |2| ¢6 gi4 tri nho nhat. Phan thyc ciia s6 phite z

Vﬁy Pmin :d(Aﬁdl) =

bang:
A2 B. L c.-2. D. -1
5 5 5 5
Loi giai
Chon D

Trang 9



bat z=x+yi (x, yeR).

Khi do

|iz—3|=|z—2—i| <::>\/xz+(—y—3)2 =\/(x—2)2+(y—1)2 Sx+2y+1=0=x=-"2y-1 (1)

Lai co |Z| =X+’ (2)

Thay (l) Vao (2) ta dugc:

2
|z|:\/x2+y2 =1/(—2y—1)2+y2 =45 +4y+1 =4’5(y+%j +%Z?5

¢ e . 2 2
Dau ding thirc xay ra khi y+g =0y =3

2 1
Thay y=—g Vao (1) suy ra x=—g.

5 . 1
Vay phan thuc cua so phuc z la 3

Ciu 12: (Chuyén Nguyén Trai Hai Duwong -2019) Xét céc s6 phire z théa man |z—1-3i|=2. Sé phite
z ma |Z—1| nho nhét 1a
A. z=1+50. B. z=1+i. C.z=1+3i. D.z=1-i.
Loi gidi
Goi z=x+yi, x,y e R.Khidé M(x;y) 1a diém bicu dién cta s6 phirc z.

Theo bai ra ta co z—1—3i|:2©(x—1)2+(y—3)2 =4.

Suy ra tap hop diém M 1a duong tron tim / (l; 3) ban kinh R=2.

Khid6 |z-1|=/(x~1)"+y* =1I'M véi I'(1;0).

A

o

M
_D‘. s >

|z—1| nho nhit khi /M ngin nhit hay 7, M, I' thing hang, M nam giita / va I'.
Trang 10
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Phuong trinh duong thang /7' 1a x=1.
Toa d¢ giao diém ciia duwong thang /I’ voi dudng tron tim / ban kinh R =2 1a M, (l; 1) va
M, (l; 5).
Thir lai ta thdy M, (1; 1) thoa man. Vay z=1+i.
Cau 13: (Chuyén Phan Bgi Chau -2019) Cho sé phic z théa méan ‘z+z‘+‘z—;‘ =4. Goi M,m lan

luot 1a gia tri 1on nhét va gia tri nho nhét cia P= |z —2—2i|. Pit A =M +m. Ménh dé nao sau

day la dung?

A. Ae(J3_4;6). B. Ae(6;\/ﬁ). C. Ae(2\/7;\/§). D. Ae[4;3\/§).
Loi giai

Chon A

bat z=x+iyvagoi M(x;y) 1a diém biéu dién cia z = x +iy
ta co: ‘Z+Z‘+‘Z—Z‘=4<:>|x|+|y|=2

Goi A(2;2) va P=M4A

E
* Theo hinh vé, minP=d(A,A), VO A:x+y=2

va mianwzﬁ

V2
max P = AE =2 +4” =24/5, véi E(0;-2)
Vay M +m =2 +2+/5 =5,88

Chu 14: (Chuyén Lé Quy Dén Dién Bién 2019) Trong céc s6 phirc z théa man |z —1+i| = \Z +1-2i,

sO phirc z c6 mo6 dun nho nhat ¢6 phan do la

A B.2. c.-2. D. -2
10 5 5 10

Loi gidi
Goi z=x+yi, (x,y €R) dugc bicu dién bsi diem M (x; ).

[z =1+ =z +1-2 & |(x 1)+ (v + 1) =|(x+1) = (y+2)1]

<:>\/ —1 y+1 \/(x+1)2+(y+2)2<:>4x+2y+3:0<:>y:—2x—%.

Cach 1:

Trang 11



Cau 15:

_2 502 +6x+= _ ~Z
|z| =37 +5° \/x+( 2x ) ‘/x+x+ ,/ 20

Suy ra mzn|z| 31—05 khi x——g;yz—w

A Ao 5 A ) r A 5 A \ 3
Vay phan 4o cta sO phttc z ¢6 mé dun nho nhat 1a 10

Cach 2:

Trén mat phang toa do Oxy, tap hop diém biéu dién sd phtrc z 13 duong thang
d:4x+2y+3=0.

Taco |Z| =0M . |Z| nhé nhat < OM nho nhat < M 1a hinh chiéu ctia O trén d.
Phuong trinh duong thang OM di qua O va vudng goc voi d 1a: x—2y =0.

3

o o o [4x+2y+3=0 |*T7%
Toa dd cia M 1a nghiém cua hé phuong trinh: 5 0 & 3
x—=2y= _ 3

7 10

Vay phan 4o ctia s6 phiic z ¢6 md dun nho nhat Ia —% .

Nhan xét: Ta c6 thé tim tap hop diém biéu dién s6 phirc z nhu sau:

|z =11 = [z + 121 & |z = (1-i)[ = | (-1-20)] (¥)

Goi M biéu dién sé phirc z, diém A(1;—1) biu dién sé phirc 1-7, diém B(-1;—2) biéu
dién s6 phirc —1-2i.

Khi d6 (*) <> MA = MB. Suy ra tap hop diém biéu dién s6 phirc z1a duong trung truc cia
doan thang 4B c6 phuong trinh d : 4x+2y+3=0.

| Zl_i |:1| 22+l |
|2, +2-3i] |z, -1+i

A 242, B.\2. C.1. D. V2 -1.

Cho hai s6 phtic z,,z, théa man =/2 . Gi4 trj nho nhit cua |z1 Zz| la

Loi giai
Chon A
Gid st z, =x, + y,i voi x;;, € R. Khi do:
- il;i_3i :1<:>|zl—i|=|zl+2—3i|<:>|x1+(y1—1)l'|=|(xl+2)+(y1—3)i|

o+ (1) =y +2) +(3,-3) @ x -y, +3=0.

= Quy tich diém M biéu dién s6 phuc z, 1a duong thang A:x—y+3=0.
Gia st z, =x, + y,i V01 x,;y, € R. Taco:

ZZJIF-ZH f<:|z2+z|_f|zz—1+z| |x2 y2+1 |—f| y2+1)|

Trang 12



Cau 16:

Toanthaycu.com

<:>w/x22+(y2+1)2 =\/E\/(x2—1)2+(y2+1)2 <:>x22+y22—4x2+2y2+3=0.

= Quy tich diém N biéu dién sb phic z, 1a duong tron (C):x* +)° —4x+2y+3=0 ¢6 tam

1(2;-1) vabankinh R =4/2? +(-1)’ =3 =+/2.

5 , 2-(-1)+3| 7
Khoang cach tir 7 dén A la: d(1;A) = —= 342 >R = duong thing A va dudng
1P +(-1)
tron C khong c6 diém chung.
Quy tich cac diém biéu dién s6 phic z, —z, 1a doan thang MN . = |z, — z,| nhé nhét khi va chi

khi MN nho nhét.

D& thdy MN_. =32-v2=22.

(S¢ Binh Phuée 2019) Goi S 1a tip hop cic sb phic z thoa man |z-1]=+34 va

, (trong 36 meR). Goi z,, z, 1a hai s phitc thuoc S sao cho |Z1 —ZZ|

|Z+1+mi|=|z+m+2i

16n nhat, khi d6 gia trj cia |Z1 + Zz| bang

A. 2 B. 10 C.\2 D. /130
Loi giai
Chon A

bat z=x+yi, (x,yeR).Khido

|z—1|=\/3_4 <:>(x—1)2+y2:34; Z+1+mi|:|z+m+2i| <:>2(m—1)x+2(2—m)y+320.

Do d6 tap hop cac diém M biéu dién sd phic z 1a giao diém cia duong tron
(C):(x—l)2 +y” =34 vadudng thiang d:2(m—1)x+2(2-m)y+3=0.

Goi A, B 14 hai diém biéu dién z va z,. Suyra (C)nd ={4,B}.
Mt khac |z, - z,| = AB < 2R =234 do d6 max|z, —z,|=2434 < AB=2R < I(1;0)ed .

z,=6+3i

1
Trdotaco m=—— nén d:3x-5y-3=0 = .
2 z, =—4-3i

Vay |Zl+22|=2.

Trang 13



Ciu 17: Cho hai sé phirc z,w théa méin ‘2—3\/5‘ =2,

w—4\/§i‘ =22 Biét rang |Z - w| dat gia tri
nho nhit khi z=z,, w=w,. Tinh [3z,—w,.
A 202, B. 42. C.1. D. 632.

Loi giai
Ta co: + ‘z 32 ‘ =+/2, suy ra tip hop diém biéu dién M biéu dién sé phic z 1a dudng tron cb
tam 7(3v/2;0), ban kinh r=+/2.
+ ‘w— 4\/51" =242, suy ra tap hop diém biéu dién N biéu dién sb phirc w 1a dudng tron cb tm
J(0;42 ), bankinh R=2+2.
Taco min|z—w| =min MN .

+ J=5V2;IM =r=2;:NJ=R=22.

Mit khac IM + MN +NJ > IJ = MN > IJ —IM — NJ hay MN >5v2 -2 22 =242.
Suy ra minMN=2\/§ khi I,M,N,Jthfmg hang va M ,N nam gitta 7,J (Hinh vg).
Cach 1:

Khi do ta co: |3zo—w0|=‘3m4~—5]\7‘ va IN=32 :Iﬁz%f]; ngﬁ
Mit ki ON =07 + I = 01 + 217 30W = 3(01 +T8) = 3( 01+ 117 |~ 307+ 317

Suy ra |3z0—w0|=‘3W—W‘ =‘35j+§ﬁ—(&+§ﬁj‘=‘25}‘ =632

Cach 2:

Tacoé IN =3IM =3IM —IN =0.

Do do [3z, ~ w,| =[30M ~ ON|=[3(07 + 1 ) -(OF + IN)| = p0l| = 2.01 =232 = 62,
Cach 3:

e
M= 1202 42
:>ZO=—+—Z.
42 5 5
Yu = 5

+) mi-MGeni-17o
J 5

Trang 14
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X __6\/5
e —_— N_
WiN-PNGewW-To > :w0=@+%i.
IJ 5 1242 5 5
=

Suy ra |3z0 —w0| = ‘6\/5‘ =62

Ciu 18: Cho hai sb phirc z va w théa man z+2w=8-6i va |z—w|=4. Gia trj 16n nhét cta biéu thic

|z|+|w| bang

A. 4/6. B. 24/26. C. Jee. D. 3+/6.
Loi giai

Chgn C

Gia st M, N lan luot 13 cac diém biéu dién cho z va w. Suyra OM + ON = OF =201,
|z—w|:MN:4 va OF =201 =10.

Dit |z|= ON =—;|w| = OM =b. Dung hinh binh hanh OMFE

a’+b  ME’

_25
Taco{ 2 4 @’ +2b° =
P AME &
OHME @ g
2 4

(12| +wl) = ( +bj <(a* +2° )G ;}66
2:/66

Suyra a+b<+/66, diu “ ”Xéyrakhiazsz.

Vay (a+b)__=+/66.

204

Cau 19: Cho s6 phirc z thod man |z|=1.Goi M va m lan luot 1a gid trj 16n nhat va gid tri nho nhét ciia

biéu thitc P=|z+1|+|z* —z+1|. Tinh M.m

13\/_ 39 13
A Y2 B. 2~ C.3\3. D. .
4 4 4
Loi giai
Chon A

Thay |z|2 =1vao P tacod
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Cau 20:

P=|Z+1|+‘22—Z+1‘ =|z+1|+ zz—z+|z|2

=|z+1|+‘z2 —z+z.§‘ =|z+1|+|z”z+§—l‘
=z +1]+|z+2-1.

Mat khac [z +1" = (z+1)(z+1)=2+z+z.

Dt t=z+z do |z|=1 nén diéu kién r [-2;2].

Suyra P=+/t+2+[t-1.

Xéthams6 f(¢)=t+2+|t—1| v6i t €[-2;2].

1
"(¢) = +1véit>1.Suyra £'(¢)>0 voi ¢t >1.
f() 2\/t+_2 y f()

1 . =7
"(z)= —1voit<l.S "(x)=0 =—.
7'(¢) i véi uyra f'(x)=0 < x 1

Ta c6 bang bién thién

Tir bang bién thién suy ra Mz% tai t=_77 va m=+/3 tai 1 =2.

Viy M.m =%.

4
(THPT Yén Khanh - Ninh Binh - 2019) Cho hai sé phiic z va @=a+bi théa min
‘z+\/§‘+‘z—\/§‘:6; 5a—-4b—20=0. Gia tri nh6 nhit cta |Z—a)| la

5 4
A. B. —. C. —. =
Jal1 Jal1 41

Loi giai

i“w
=

Chon A

it £(—5;0). £, (v550), vi /5 <3 nén tap hop cac diém M bidu dién s6 phirc = thudc elip

c=+5

a=3 2 2
cé{ =b*=a’"-c’" =4 suyra (E):%+y721.

Tap hop cic diém N biéu dién s6 phirc @ thudc dudong thang A:5x—4y—-20=0.

Yéu ciu bai toan trg thanh tim diém M e (E ) vad N € A sao cho MN nhé nhit.

Trang 16
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Puong thang d song song voi A c6 dang d :5x—4y+c=0, (c # —20) .

c=17

d tibp xtic voi (E) khi va chi khi ¢* =5%.9+(—4)".4=289 = {
c=-

|-20- 17|
Voéi c=17 :>d .
\/52 Ja1

[-20+17|

524 (-4) Var

Véi c=-17 =d(d,A)=

Vay min(MN )=——.
Ciu 21: (KTNL GV THPT Ly Thai T6 2019) Goi z=a+bi (a,b e R) 1a s6 phirc thoa man diéu kién
o —1—2i] + |z +2 - 31 = 10 va

c6 md dun nho nhat. Tinh S = Ta +b?
A. 7. B. 0.

C.5. D. -12.
Loi giai

Chon A

40
Goi M (a;b) 1a diém biéu dién s6 phitc 2 = a + bi
A(1;2) 1a diém biéu dién s6 phirc (1 +2i)
B(-2:3) 14 diém biéu didn s6 phue (2 + 3i) AB=1/10

Trang 17



le—=1-2i|+]z+2-3]| =10 tr6 thanh MA +MB = AB
& M,A,B thang hang va M & giita A va B
Goi H la diém chiéu ciia O 1én AB, phuong trinh (AB): x+3y—-7=0, (OH):3x-y=0
Toa d6 diém H(l,ﬂl ,Co AH :£—i;i} BH :£2—7;—2J va Eﬁ :—9ﬁ
10 10 10 10 10 10
Nén H thudc doan AB
‘Z‘ nho nhat < OM nho nhat, ma M thuéc doan AB

SM=H 1,2
10 10

Luac do S=7a+b=£+2=7.
10 10

Cau22: (KTNL GV Thuin Thanh 2 Bic Ninh 2019) Cho s6 phitc z thoa man |z + 2| + 2|z — 2| = 8

.Goi M,m lan luot 12 gia tri 16n nhat, nho nhét cia biéu thirc P = ‘z -3 3z" .Tinh M +m.

~ ,taph
<9 ap hop

A 10 ++34 . B. 2410 C. 10 + /58 . D. /5 + /58 .
Giai:
Chon D
) - - z| <4
Goi z=x+yi,x,yeR, tacod [z 4+ 2|+ 2|z — 2 :8@‘x‘+2‘y‘:4:>|
)

K (x;y) biéu dién sb phirc z thudc canh cac canh cia trong hinh thoi 4BCD nhu hinh vé.
P = \z —3- 34 dat gi tri 16n nhat khi KM 16n nhat, theo hinh v& ta c6 KM 16n nhit khi
K =D hay K(—4;0) suy ra M:m:ﬁ

P = \z -3 32'\ dat gia tri nho nhat khi KM nho nhét, theo hinh v& ta c6 KM nho nhat khi
K =F (F lahinh chi€u cua E trén AB.

Suy ra F(Z;l) do AE = AB nén F 1a trung diém cta AB .

Suy ra m=\/1+4:\/§.Véy M+m=+/58+/5

Ciu23: (Chuyén Bic Giang -2019) Cho s phtc z ¢6 |z|=1. Tim gia trj 16n nhét cta biéu thic

P=‘22—2‘+‘22+Z+1‘.
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Cau 24:

Toanthaycu.com

A = B.3 C.\3 D. —
Loi giai

Chon A

P=|22—z|+|22+z+1|=|z||z—1|+|22+Z+l|=|z—1|+|22+z+l|

Do |Z|=1 nén ta dit z=cosx+i.sinx . Khi do

P:|z—1|+‘zz+z+1‘:|cosx+i.sinx—1|+|c082x+isin2x+cosx+isinx+1

= \/(cosx—l)2 +sin’ x +\/(cos 2x+cosx+1)2 +(sin 2x +sin x)2

:\/2—2cosx +\/3+4cosx+2cos2x

—J2-2cosx +v4cos* x+4cosx+1

=+/2-2cosx +|200sx+1|

Dat t =cosx, t €[-1;1]. Xétham y=~/2-2¢ +|2¢ +]]
-1

N2-2t

+2

Vi zz-% thi y=~2-2¢+2t+1, y'=

-1 7

\/2——2t+220<:>t:_
y(1)=3;y(%j=$;y(—%)=x/§

Vi z<—% thi y=2-2t-2t-1, y'=

y'=0&

2-2¢

y'=0& ! -2=0=+2-2 =_—1(phu0ngtrinhvénghiém)

2-2¢ 2
y(—1)=3;y(—%j=\5

Vay r[na>]<y=% Do d6 gi trj 16n nht ciia P =|z*—z|+|2* +z+1] 14 %.
-1;1

(Chuyén Dai Hoc Vinh -2019) Gia stz , z, 1a hai trong cac s6 phirc thoa mén(z - 6) (8 + Z) la
s thuc. Biét rang |z1 - zz| =4, gi tri nho nhat ciia |z1 + 322| bang
A.5-21 B. 20—4/21 C. 20-4/22 D. 5-v22

Loi giai
Chgn C
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Giasirz=x+yi, x,y€R.Goi 4,Blan luot 1a diém biéu dién cho céc s6 phirc z,, z,. Suy ra
AB=|z,—z,|=4.

*Taco (z—6)(8+7zi) =[(x—6)+yi |[(8-y)—xi ] =(8x+6y—48)—(x’ +* —6x—8y)i.
Theo gia thiét (z—6)(8+zi) la s6 thyc nén ta suy ra x° +y° —6x—8y =0. Tic la cac diém
A, B thudc duong tron (C)tam 1(3;4), bankinh R=5.

* Xét diém M thudc doan AB thoa MA+3MB =0 < O4+30B = 40M .Goi H la trung diém
AB . Ta tinh dugc HI? = R? — HB* = 21,IM =~ HI* + HM? =~/22 , suy ra diém M thudc
dudng tron (C')tam 1(3;4), ban kinh r =+/22.

*Taco |z, +3z,| =[04+30B| =[40M|=40M , do dé |z, +3z,| nho nhit khi OM nho nhit.
Tacé (OM) =OM, =[0I -r|=5-22.

Viy |z,+3z,|  =40M,=20-422.

Cau 25: Trong cac s6 phiic z thoa man |z—3—4i| =2 c6 hai s6 phtic z,, z, thoa man |z1 —22| =1.Gia tri

nho nhét ciia |z, |z, bang

A. -10 B. 4-3V5 C. -5 D. 6-2V5

Loi gii

Chon A

bt z, =x, + i, (x, y, € R va z, =x, + i, (x,, 5, € R).
(x,-3)" +(),—4)" =4
(x,=3) +(y,—4) =4

Ta cod ()c1 —3)2 Jr(y1 —4)2 =(x2 —3)2 +(y2 —3)2 <X+ ] —(x22 +y§)=6(x1 —x2)+8(yl —yz).
=23(x =)+ 4 (5 -3)| 223 +4) (5 =) + (5 =2) | =10,

Do d6 ~10 <z ~|z,[ <10.

Khi do va (xl—x2)2+(yl—y2)2=1.

|2

2
|Zl| _|Zz

Suy ra

Trang 20



Cau 26:

Cau 27:

Toanthaycu.com

(Chuyén Lé&é Hong Phong Nam Dinh 2019) Cho hai s phicc z,z, thoa man

|zl +2—i|+|z1 —4—7i| =62 va |iz2 —1+2i| =1. Tim gi4 tri nho nhat cta biéu thirc T:|Z1 +22|.

A N2 -1, B. V2 +1. C. 22 +1. D. 242 1.

Loi giai

| A

Goi M 1a diém biéu dién s6 phirc z, va A(-2;1); B(4;7) lan luot 14 hai diém biéu dién hai s6
phitc —2+i, 4+7i.Tacd AB=6+2 . Phuong trinh duong thing 4B 1a d:x—y+3=0.

+) |z, +2~i|+|z,~4-7i| =682 © MA+MB=6N2 < MA+MB = AB. Do d6 tap hop cic

diém biéu dién sb phirc z, 1a doan thang 4B .

+) Jiz, =1+ 2i| =1 & |iz, =1+ 2i||i| =1 & |-z, -2 -] =1.

Goi N la diém biéu dién s6 phitc —z, va I(2;1) 1a diém bicu dién s6 phitc 2+i.Tacé IN =1
Suy ra tap hop cac diém biéu dién s6 phirc -z, la duong tron (C ) c6 phuong trinh:

(x=2) +(y-1) =1.

d(1,4B)= 242 > 1, suyra AB khong cit dudng tron.

Goi K 1a hinh chiéu cua / (2;1) lén AB. D@ thidy K nam trén doan thang 4B .

Goi H la giao diém ciia doan IK véi duong tron (C)

Tac6 |z, +2,|= MN > KH =d(1,AB)~R =22 1.

Suy ra min|zl +Zz| =22-1.

(Chuyén Nguyén TAt Thanh Yén Bai 2019) Cho z 14 s6 phirc thoa mén ‘E‘ =|z+2i|. Gié tri

nho nhat ciia [z —1+2i|+|z +1+3i] 1a

A. 52, B. V13. C. 29, D. 5.
Loi giai
bat z=a+bi (a,be]R).
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Cau 28:

Cau 29:

Taco: [f| =|z+2i[ < Va' +b” =\Ja’+(b+2) < 4b+4=0b=—1

> z=a-1.

Xét: |z—1+2i|+|z+1+43i| =|a—1+i|+|a+1+2i] =\/(1—a)2+12 +\/(1+a)2+22 .
Ap dung BPT Mincopxki:

\/(l—a)2+12 +\/(1+a)2 +27 2\/(1—a+1+a)2+(1+2)2 =J4+9=113.

Suy ra: |z —1+2i+|z+1+3i| dat GTNN Ia V13 khi 2(l—a)=l+a©a=%.
Nhin xét: Bai toan trén c6 thé duoc giai quyét bang cach dua vé bai toan hinh hoc phang.
(Chuyén Ha Long - 2018) Cho cac s6 phitc z, =-2+i, z, =2+i va sb phtic z thay doi thoa
man |z—zl|2 +|z—zz|2 =16.Goi M va m lan luot la gia tri lon nhét va gia tri nho nhét cua |z|
Gi4 tri biéu thic M —m” bang
A. 15. B. 7. C.11. D. 8.

Loi giai
Gia su z=x+yi(x,ye]R).
Taco: [z—z[ +|z—2,[ =16 & |x+yi+2-i] +|x+yi-2-i =16 & x> +(y-1) =4.

Suy ra tap hop diém biéu dién cta s6 phirc z 1a dudng tron tim s6 phirc / (0; 1) ban kinh R =2

Dodd m=1, M =3.
Vay M* —m* =8.

(Chuyén Quang Trung - 2018) Cho s6 phtrc z théa man |z —2i|<|z—4i| va |z-3-3i|=1. Gia

tri 1on nhat cua biéu thae P = |Z - 2| la:

A.\/EH. B.\/EH. C.\/B. D.\/ﬁ.

Loi giai
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Cau 30:

Toanthaycu.com

0 9 s

Goi M (x;y) 1a diém biéu dién s6 I_)hfl'c z tacd: |z—2i<|z—4i
<::>x2+(y—2)2Sx2+(y—4)2
& y<L3;

thic P=|z—-2|=AM trong d6 A(2;0), theo hinh v& thi gia trj 16n nhat ciia P =|z-2| dat

z-3-3i|=1< diém M nim trén dudng tron tdm 7(3;3) va ban kinh bang 1. Biéu

duge khi M (4;3) nén max P = J(4-2) +(3-0)" =I3.

Xét s6 phitc z théa man |z —2-2i|=2. Gi4 trji nho nhat cta bicu thuc P =|z—1-i|+|z—5-2i|

bang

A. 14410 . B. 4. c. V17 D. 5.
Loi giai

Goi M (x; y) la diém biéu dién sb phic z. Do |z—2-2i|=2 nén tAp hop diém M la dudng
tron (C):(x—2) +(y-2)" =4.

Céc diém A(1;1), B(5;2) la diém bicu dién cac s6 phic 1+i va 5+2i. Khi d6, P=MA+MB.
Nhan thdy, diém A nim trong duong tron (C) con diém B ndm ngoai duong tron (C), ma
MA+MB > AB =+/17 . Déng thttc xay ra khi M 1a giao diém cia doan AB véi (C).

Ta c6, phuong trinh dudng thing AB:x—4y+3=0.

Toa d¢ giao diém cua duong thang AB va dudng tron (C) 1a nghiém cia hé véi 1<y <5
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Cau 31:

Cau 32:

x—4y+3=0 x=4y-3
22+/59
22-4/59
ERTANY

Vay min P =~/17 khi z=

37+4J§+22+J§i
17 17

(SGD Cin Tho - 2018) Cho s6 phitc z thoa man |z—3-4i|=+/5. Goi M va m lan luot la gia

s 1z A \ .7 . 5 A 5 < A /. 2 .12 A 5 A 7 .
tri I6n nhat va gia tri nhé nhat ctia biéu thuc P = |z + 2| - |z - z| . Mé6dun cta so phttc w= M + mi

1a

A. [W=34137. B. [w]=+1258. C. [w]=2+/309.. D. [w]=2y314.
Loi giai

Chon B

-bat z=x+yi, voi x,yeR.

Ta co: |z—3—4i|=\/§<:>|(x—3)+(y—4)i|=\/§<:>(x—3)2+(y—4)2=5, hay tap hgp cac
diém biéu dién s6 phic z 1a duong tron (C) c6 tam /(3;4), ban kinh r =5.

-Khido: P=|z+2[ ~|z—i =(x+2) +)?—x*—(y—1)’ =4x+2y+3

= 4x+2y+3-P=0, ki hiéu 1a duong thang A.

- S6 phite z ton tai khi va chi khi duong thing A cét duong tron (C)

@d(l;A)Sr@MS\/g ©|P-23<10 & 13< P<33
25

Suyra M =33 va m=13 = w=33+13i.
Vay [w]=+1258.
(THPT Hau Lgc 2 - 2018) Cho hai s6 phtic z,,z, théa man |z, +1-i=2 va z, =iz, Tim gia

tri nho nhat m cua bicu thic |Z1 - Zz| ?

A m=~2-1. B. m=22. C.m=2. D. m=2v2-2.
Loi giai

Chon D

bat z, =a+bi; a,beR =z, =-b+ai

=z, -z, =(a+b)+(b-a)i.
Nén |z, -z, =\/(a+b)2 +(b—a)2 =\E.|zl|
Talai 6 2 =z, +1-i|<|z|+[1=i| =|z]+/2

:>|zl|22—\/§. Suy ra |z1 —zz|=\/§.|zl|22\/§—2.

Dau "=" xay ra khi %=£<O.

Trang 24



Cau 33:

Cau 34:

Toanthaycu.com

Vay m=min|zl—zz|=2\/§—2.

. . z-3-2i|<1

(SGD Baic Giang - 2018) Hcho hai s6 phtc z,w thoéa man | | . Tim gia tri
|w+1+2i] <|w -2

nhé nhit P ciia biéu thirc P = |z - W| .

A. Pmin=3‘/§2_2. B. P, =~2+1. C. Pminzsﬁ—z_ D. Pmm=3*/§2_2.

Loi giai
Chon C
Giast z=a+bi (a,beR), W=Xx+Yi (x,ye]R).
lz-3-2]<1 & (a=3) +(b-2)" <1 (1)
2

lw+1+2i[<|w-2-1] & (x+1) +(y+2) < (x-2)" +(y-1).

Suyra x+y=0.

P=|z=w|=\(a=x) +(b-y) = (a=x) +(b+x)".

Tu (1) tacod 1(3;2) ,ban kinh »=1. Goi H 1a hinh chiéu cua [ trén d (y=-X.

. ) x=3+t¢
Puong thang HI c6 PTTS .
y=2+t

M eHI = M (3+1;2+1)

=L

Me(C)e28 =1 21

f=——

2
t:2:M(3+i,2+LJ,MH=5+\/§
2 2 J2

Vay P, =
y min 2

(Chuyén L& Hong Phong - TPHCM - 2018) Cho s6 phirc z thoéa |z|=1. Goi m, M lan lugt
la gié tri nho nhét, gid tri 16n nht cia biéu thic P=|z* +2° +62|-2|z* +1|. Tinh M —m.
A.m=-4,n=3. B.m=4,n=3 C.m=-4,n=4. D.m=4,n=-4.

Loi gidi

. T |
Vi |z|zlva z.z=|z| néntacdo z=—.
z

Trang 25



Tirds, P=|z* +2° +62|-2|z" +1| = |2]|z* + ' + 6| -2z +1| =|z* +Z* + 6| -2|z* +1].
bit z* =x+iy, v6i x,yeR. Do |z|=1 nén ‘24‘=\/x2+y2 =1va-1<x,y<I.
Khi do P=|x+iy+x—iy+6|—2|x+iy+l| =|2x+6|—2w/(x+1)2+y2

—2x+6-22x+2 =(\/2x+2—1)2+3.

Doddé P>3.Laicd —1<x<1=0<2x+2<2 = -1<2x+2-1<1= P<4.

V3

. . 1 .
Vay M =4 khi z* =+1 va m =3 khi z4=—5i71.8uyra M-m=1.

35

Ciu35: (Chuyén Ph Vinh - 2018) Cho cac s6 phic w, z thdéa min |W+i|=T va
5w =(2+1)(z—4). Gi4 tri 16n nhat cua biéu thitc P =|z—1-2i|+|z—5-2i| bing
A. 67 . B. 4+2413. C. 2453. D. 4/13.
Loi giai
Chgn C
Goi z=x+yi, voi x,y e R. Khi d6 M(x;y) 1a diém biéu dién cho s6 phiic z .
Theo gia thiét, Sw =(2+1)(z—4) < 5(w+i)=(2+i)(z-4)+5i < (2—-i)(W+i)=z-3+2i
< |z-3+2i|=3.Suyra M(x;y) thudc dudng tron (C):(x—S)2 +(y+2)2 =9.
Tacod P=|z—1-2i|+|z-5-2i| =MA+MB, véi A(1;2) va B(5;2).

Goi H la trung diém ctia 4B, taco H (3;2) vakhi do:

P=MA+MB < [2(MA> + MB) hay P<~\4MH"+ AB’ .

Mt khic, MH < KH v6i moi M & (C) nén P<\4KH? + AB* = \[4(IH + R)’ + 4B’

=253

M=K 311
Vay P, =253 khi hay z=3-5i va w=2——1i.
W {MA:MB yEmo 5 5

Ciu 36: (Kim Lién - Ha Noi - 2018) Xét céc sO phic 2 =a+bi (a,b€R) théa man |z-3-2i|=2.
Tinh a+b khi |z+1-2i[+2|z—2-5i| dat gi tri nh6 nhat.
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A 4-43. B. 2+4/3. C.3. D. 4+43.
Loi gidi

Cach 1:

Dit z-3-2i=w véi w=x+yi (x,ye€R). Theobairataco W=2<x*+y* =4,

Taco P=|z+1-2i+2]z=2=5i| =[w+d|+ 2fw+1-3] = (x+4) +1* +2y/(x+1) +(y-3)’
=20+ 8x +2(x +1) + (y-3) =245+ 2x +2(x+1) +(y-3)
:2(\/x2+y2+2x+1+\/(x+1)2+(y—3)2)=2(\/(x+1)2+y2 +\/(x+1)2+(y—3)2)

>2(|y[+]y-3]) 22|y +3-y|=6.

x=-1
X
P=6> y(3—y)20<:>{

:\/g.
¥’ +y’ =4 d
Vay GTNN cia P 1a bing 6 dat dugc khi z=2+(2+ﬁ)i.

Cach 2:

=

|
1

|z-3-2i|=2=MI=2= M e(I;2) véi I =(3;2).
P =|z+1-2i]+2|z-2-5i]= MA+2MB véi A=(1;2), B=(2;5).

4 IM
Ta co IM=2;IA=4.Ch(_)nK(2;2)thiIK=1.Dodétacé IAIK = IM* = —=—
IM IK
p . AM  IM
= AIAM va AIMK dong dang voi nhau = —=——=2 = AM =2MK .
MK IK

Tird6 P=MA+2MB = 2(MK+MB) >2BK .

Dau bang xay ra khi va chikhi M , K, B thing hang va M thudc doan thing BK .

Tt @6 tim duoc M = (2;2+\/§).

Cach 3:

Goi M (a;b) 1a diém biéu dién s6 phitc z=a+bi. Dat 1 =(3;2), 4(-1;2) va B(2;5).

Ta xét bai toan: Tim diém M thudc duong tron (C ) c6 tdm I, ban kinh R =2 sao cho biéu thirc
P =MA+2MB dat gia tri nho nhat.

Trudc tién, ta tim diém K (x;y) sao cho MA=2MK VM &(C).

Ta cb MA =2MK < MA® = 4MK” < (Mhiﬁ)z =4(1747+1‘1€)2

Trang 27



Cau 37:

© M+ 14° + 2MILIA = 4(MI + IK® + 2MLIK ) < 2MI (14— 41K ) = 3R + 41K’ — L4* (*¥)..

IA-4IK =0

3R> +4IK* 14> =0

4(x=3)=—4 [x=2
<~ .

4(y-2)=0  |y=2

Thir tryc tiép ta thy K (2;2) théa man 3R’ +4IK* —14* =0.

Vi BI* =17 +3*=10> R’ =4 nén B ndmngoai (C).

(*) ludn dung VM e(C)@{

ﬁ—4§=()<:>{

Vi KI* =1<R* =4 nén K nam trong (C).

Tacd MA+2MB =2MK +2MB = 2(MK+MB) >2KB.

Dau bang trong bat ding thirc trén xay ra khi va chi khi M thudc doan thang BK .
Do d6 MA+2MB nh¢ nhat khi va chi khi M 1a giao diém cua (C) va doan thing BK.
Phuong trinh duong thing BK :x=2.

Phuong trinh dudng tron (C):(x—3)" +(y-2) =4.

Toado diém M 13 nghiém ciahe | SRRV L
0a do diem a ngniem cua ne = oac .
T - (=3 +(v-2) =4 y=2+3 |y=2-B

Thir lai thay M (2;2+\/§ ) thudc doan BK .

Vay a=2, b=2+3 =a+b=4+3.

(Lién Truomg - Nghé An - 2018) Biét rang hai s6 phtic z,, z, théa man |z, —3—-4i|=1 va
|z, —3—4i| =%. S6 phitc z c6 phan thyc 13 ¢ va phan 40 1a b théa man 3a—2b=12. Gia tri

nhé nhét cia P = |Z—Zl|+|Z—2ZZ|+2 bang:

min= 919145 B‘ Pmin:5_2\/§- Co Pmin= 91?345 D. Pmin:5+2\/§'
Loi giai

Chon C
Goi M,, M,, M lan luot 1a diém biéu dién cho sb phtc z,, 2z,, z trén hé tryc toa do Oxy .

Khi d6 quy tich cua diém M, 1a duong tron (C,) tam 7(3;4), ban kinh R=1;
quy tich cua diém M, 1a dudng (C,) tron tam 7(6;8), ban kinh R=1;

quy tich ctia diém M 1a duong thang d :3x—2y—12=0.

Bai toan trg thanh tim gi tri nhd nhét caia MM, + MM, +2.
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0| 3 6

138 64
13713
min (MM, + MM, +2) = min (MM, + MM +2) v6i M, e(C;).

Goi (C,) c6 tam 1, [ ) R =1 1a duong tron d6i ximg véi (C,) qua d . Khi d6

Goi A, B lan lugt 1a giao diém ctia doan thang 1,7, véi (C)), (C;). Khi d6 véi moi diém
M e(C), M, e(C,), M ed tacd MM, + MM, +2> AB+2, dau "=" xay ra khi

9945

13

M,=AM,=B.Dod6 P, =AB+2=11,-2+2=11I, =

Ciu 38: (Chuyén Lé Quy Pén — Pién Bién - 2019) Trong cac s6 phtic théa man: |z —1+i|= ‘ZJF 1— 2,"

, S0 phurc z ¢6 md dun nhé nhat c6 phan 4o 1a

NE! 3 3 3
10 B.S. C. 5 D. 10
Loi giai
Chon D

+ Goi s6 phirc can tim 13 z = ¢ + bi, (a,b € R).
= z=a-bi

-t i =[z+1-2]
=l|a+bi—1+i|=|a—bi+1-2il
& la-1+(b+1)i|=]a+1-(b+2)il.

<:>\/(a—1)2 +(b+1)2 :\/(a+1)2 +(b+2)2

<:>4a+2b+3:0<:>b:—4a+3 :_za_é

2 2
2
+|z|=Na®+b* = |a’ + 2a+é =‘/5a2+6a+2= 5 az+§a+i +i
2 4 5 25) 20
2
(e 3) s [0S

N 3 3
z| nhé nhit bing —— khi a=——-=>b=——
g £ 10 5 10
Cau39: (Chuyén Bic Giang 2019) Cho sb phirc z thoa man |z|=1. Goi M,m lan luot 14 gié trj 16n

nhat, gid tri 1on nhat cta P=|z*+Z°+62|-2|z* +1|. Tinh M —m.
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A M-m=1. B M-m=7. C.M-m=6. D. M—-m=3.
Loi giai
Chon A

Ta co: zE=|z|2=1<:>E=l.
4

Suyra P=|z +—+6z

—2\2 +1\— \z +1+62 \—2\24+1\=\28+6z4+1\—2\z4+1\

of

bat w=1z" :>|w|=1,taduo’c P=‘w2+6w+1‘—|2w+2|.
Goi w=x+yi, vi |w|=1<::>xz+y2 =1:>{

P= ‘x +6x+1-y +2y(x+3 ‘ 2|x+l+y1|—‘2x +6x+2y(x+3 ‘ 2|x+1+yz|
:2|(x+3)(x+yi)|—2‘[(x+l) +y° :2|(x+3)||x+yi|—2\/2x+2
=2(x+3)—2\/2x+2

Xét ham s f(x)=2(x+3)-2v2x+2 trén doan [—1;1].

=0=2-2 ! =0c>\/2x+2=1<:>x=—%.

"(x =2—2—; "(x)=
f( ) N2x+2 f( ) NV2x+2
Taco: f(-1) =4;f(—%j =3 f(1)=
Vay M =4,m=3=>M -m=1.

CAu40: (Binh Giang-Hai Dwong 2019) Cho s6 phtic z théa méan |z|=1. Gid tri 16n nhét cta biéu thie
P =|1+z|+2[1-z| bang
A. 635 B. 445. C. 245. D. 5.
Loi gii

Chgn C
Goi z=x+yi, (x;ye]R).

lZ|=1={x*+)* =1= )’ =1-x* = xe[-1]].

Taco: P=[l+2+3[1=2|=(1+x)’ +)” +3{(1-x)’ + " = [2(T+x) +22(1-x).

Xétham sb f(x)=42(1+x) +2y2(1-x); xe[-L1].

Ham s6 lién tuc trén [—l;l] vavéi x e (—1;1) ta cO: f'(x) = ! - 2

J2(1+x) 2(1-x)

1 2

J2(1+x) \/21 x)
f()=2r(-1)= 4f(——j 2V5.
:>maxf() 245

xe[-1:1]

—0<:>x:—§e(—l;l).
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Cau 42:

Toanthaycu.com

Vay gia tri 16n nhét ciia biéu thite P =1+ z|+3|1- 2| bang 24/5 khi x=—§, y:i?

(SGD Hung Yén 2019) Cho sb phitc z thod mén |z|=1. Goi M va m lan luot la gia tri 16n

nhét va gid tri nho nhét ciia biéu thitc P = |z +1|+|2” —z+1|. Tinh M.m

A.#. B.%. C. 33. D.%.
Loi giai
Chon A
Thay |2|" =1 vao P taco
P=|Z+l|+‘zz—z+l‘ =|z 41|+ |22 —z 4|2 | =]z +1]+ zz—z+z.2‘ =|z+1|+|z”z+2—1‘

=|z+l|+‘z+2—1‘.

Mait khéc |z+1|2=(z+1)(2+1)=2+z+2.

Dt t=z+z do |z|=1 nén diéu kién 1 €[-2;2].

Suyra P=~t+2+]t-1.

Xéthams6 f(1)=~t+2+|t—1| v6i r e[-2;2].

=355
1

0375

Ta c6 bang bién thién

+1 voi t>1.Suyra f'(¢)>0 v6i t>1.

=7
—1v6it<l.Suyra f'(x)=0 Sx=—r.

t -2 —Z 1 2
4
(1) \ % 0 - I + \

13
f(7) / !
3 \ ﬁ/ 3

N 3 . - :
Tur bang bién thién suy ra M:Z tai t=77 va m=4/3 tai 1=2.

BENG
=

Vay M.m

(Chuyén - KHTN - Ha Ngi - 2019) Cho sé phtic z thoa mén : \E\ =|z +2i|. Gia tri nho nhét cita
biéu thiae P = |Z —i| +|Z—4| 1a
A. . B. 4. C. 343 D. 6.

Loi giai
Chon A
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Cau 44:

Goi M(x; y) 14 diém biéu dién s6 phirc z. Ta ¢ [2|=|z+2i| < y+1=0, tirc biu dién hinh hoc
ciia s6 phirc thoa man gia thiét 1a duong thang y+1=0. Xét diém A(0;1) va B(4;0) thi
P= |z —i| +|z—4| = MA+ MB. D& thay A4, B cung phia véi dudng thang y+1=0 nén MA+ MB
nho nhét bang BA' trong d6 A'(0;—3) ddi ximg véi A qua dudng thang y+1=0.

B

o l/M' M
A'
Do d6 MA + MB nho nhét bang BA' =5.
(SGD Bén Tre 2019) Cho céc sb phic z, =1+3i, z,=-5-3i. Tim diém M (x;y) biéu dién

s0 phtic z,, biét rang trong mit phang phirc diém M nam trén dudng thang x—2y+1=0 va mo

dun sb phitc w =3z, —z, —2z, dat gi tri nho nhAt.

A. M(—g,lj B. M(E,lj C. M(—g;—lj.
55 55 5 5

Loi giai

Chon A
Tric nghiém: Thay toa d6 diém M vao vé trai phuong trinh dudng thang két qua bang 0 thoa
ta dugc dap an A
Tu ludn:
Tacd w=3z,—z,—2z =32, +3-3i=3(z, +1—i) >|w|=3|z, +1—i|=34M v6i A(-1;3)
M(x;y) biéu dién s6 phirc z, nam trén duong thang d:x—2y+1=0 va A(—l;3) e¢d.
Khi d6 |w|=3|z, +1—i|=34M dat gi4 tri nh6 nhat khi 4M ngin nhat< AM Ld
AM 1 d nén AM co6 phuong trinh: 2x+y+1=0.

31

Khi d6 M = AM nd nén M(—g,gj-

(SGD Cin Tho 2019) Cho s6 phirc z thoa man |z —1+2i|=+/5. Gié trj 16n nhét clia |z +1+i|

bang

A5, B. 5\2. C. 20. D. 245.
Loi giai

Chon D

Cach 1.

Tacod [z+1+i]=|z—1+2i+2-i| <]z -1+ 24 +[2- 1] =245
Pang thirc xay ra khi z =3 -3;.

Vay max|z+1+i|=2\/§.

Cach 2.
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Cau 45:

Toanthaycu.com

Dit z=x+yi,(x,y€R) thi tir didu kién ta co: (x—1)" +(y+2)" =5.

Goi M (x;y) la diém biéu dién cho z va A(—1;—1) 1a diém biéu dién cho sb phirc —1-i, khi
do |Z+1+i| =AM v&i M thude duong tron (C) tam I(l;—2) ban kinh R =\/§.

D& thdy Ae(C),dod6 AM <2R=24/5.

Suy ra max|z+1+i|=2\/§, dang thic xay rakhi M =K .

Cach 3.

|z~ 1+2i| =5 (¥)

bt z=x+yi (x,y €R), khi 4y, ta ¢6 (*)<:>|x+yi—1+2i|=\/§ <:>|(x—1)+(y+2)i|=\/§
<:>(x—1)2+(y+2)2=5.

it {x—lzﬁsina

y+2:\/§cosa

:\/(\/gsma+2)2+(\/§cosa—l)2 =\/10+4\/§sina—2\/§cosa

.Taco |z+1+i|:|(x+1)+(y+1)i| :\/(x+1)2+(y+1)2

cosQ =

25
=\/10+10(£sina—£cosaJ =\/10+105in(a—(p) voi >
5 5 ] \/g
sing=——
Vi —1<sin(a—¢)<1 véimoi ;0 €R = V10-10 <[z +1+i[<V10+10
S 0<|z+1+1<245.

4
a n

Vay gia tri 6n nhat ciia |z+1+i| 1a 24/5.Déu " =" xay ra khi sin(a—(o):l S a—¢)=%+k27z

x R
cosa=cos| —+k2zx+¢@ |=—sinp=———
(2 (pj 4 5 {x—lzx/gsina {x—lzz {x=3
= = =

=
NG y+2:\/§cosa
5

. . (7 y+2=-1
sina = sin E+k27z+qo =cos@=

= z=3-3;.
(Thi thir hdi 8 trwdng chuyén 2019) Cho sé phtic z théa min (2—i)z—(2+i)2 =2i.Gia tri

nho nhat cua |Z| bang
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A. 1. B. —. C.2. D.

&
ol

Chon D

Giast z=x+yi (x,yeR).Taco

(2-i)z—(2+i)z=2i < (2-i)(x+yi)—(2+i)(x—yi)=2i

o (2x+y)+(2y-x)i-[(2x+y)+(2y+x)i|=2i < (4y—-2x)i=2 <4y-2x=2
S x=2y-1.

2
Do do |Z|2 =x"+y’ =(2y—1)2—i-y2 =5y2—4y+1=(\/§y—ij +%2%,VyeR.

5
Suy ra min|z|=\/§=g khi y=§, xz—l.

5
Ciu 46: (Chuyén Nguyén Du-PikLik 2019) S6 phiic z c6 modun nho nhat thoa mén
|-2-3i+z|=|z—i| 1a

A.g—éi. B. 3+§i. C.———i. D.§+§i.
55 55 5 5
Chon C

bat z:x+yi,(x;yeR)3E:x—yi.
Khi d6 |-2-3i+2| = |z —i] < |(x=2)— (v +3)i| =[x+ (y-1)

<:>\/(x—2)2+(y+3)2 =\/x2+(y—1)2 & x-2y-3=0.
Do d6 tap hop diém biéu dién ctia z 1a duong thang A:x—2y—3=0.
Ta c6 min|z|=d(0,A). Goi d 1a dudng thing qua O va vudng gbc véi A =>d :2x+y=0.

2x+y=0
Yy :H(g'—éj
x—2y-3=0

b

Goi H=dNnA=H: .
55

. , e A 5 A 5 ~ , <R - R X \ i \ 3 6 .
Khi d6 z ¢6 moédun nhé nhat thoa man c¢6 di€ém bicu dien la H, tircla z = g —gz .

(12-5)z+17+7i|

Cau 47: (Sé GD Nam Pinh - 2019) Trong céc s6 phiic z théa min | > | =13. Tim gia
z—2—1
tri nho nhat coa |Z| .
NEES SR c.t D. V2.
26 5 2
Loi giai
Chon A

bidukién: z#2+i.
17+7i

—-5i

zZ+

Phuong trinh da cho < [12-5i.

=13|z-2—i| & |z+1+i|=|]z-2-i] (1).
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Cau 49:

Toanthaycu.com
Goi M (x;y) la diém biéu dién s phirc z=x+yi. Vi z#2+i nén M = N(2;1).
Khi do, (1)<:>(x+1)2+(y+1)2 :(x—2)2+(y—1)2 & 6x+4y-3=0.
Ta thdy duong thang d : 6x+4y—3=0 khong di qua diém N(Z;l) nén tap hop diém M la
duong thang d .

Ngoai ra, Z| =0OM nén |Z| nho nhit khi OM nho nhat, tie 1a
OM —d(0,d) =3 313
Joo+4 26
Vay min|z|:@.
26

(Chuyén Nguyén Hug-HN-2019) Cho s6 phitc = thoamén |2* —2z+ 5| =|(z—1+2i)(z+3i 1)

. Tinh min|w{, véi w=z-2+2i.

A. min|w|=%. B. min|w|=1. C. min|w|=%. D. min|w|=2.

Loi giai
Chon B
Theo gia thiét,

& |(z-1+2i)(z-1-2i)|=|(z =1+ 2i) (2 +3i -1)|
& |z-1+2i].(|z—1-2i]~|z-1+3i]) =0

Pz—1+2i|=0 (1)

lz-1-2i|=|z-1+3i] (2)

2 =22+ =|(z—1+2i)(z+3i-1)

w=[1-2i-2+2i|=1 (3).

(1) = z-14+2i=0 &z =1-2i . Khi d6,

bat z=x+yi (x, yeR). Khi d¢, (2)<:>|(x—1)+(y—2)i|=|(x—1)+(y+3)i|
o (o) 4 (-2 =(x-1Y +(y43) & (y—2) =(y+3) <:>y=—%:>z=x—%i.

_ /(x—2)2+%z\/%=% vreR. (4).

Tu (3) va (4) :>min|w|=1.

:>|w|= (x—2)+%i

(Kim Lién - Ha Ngi 2019) Xét céc s6 phtc z thoa man |z+3-2i|+|z=3+i| =35 . Goi M,

m 1an lugt 1a gid tri 16n nhét va gié tri nho nhat ca biéu thic P=|z+2|+|z-1-3i|. Tim M,
m.
A M=V17+5; m=32. B. M =26+25; m=+2.
C.M=\/%+2\/§;m=3\/5. D.M=\/ﬁ+\/§;m=\/§.

Loi giai
Chon C
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Cau 50:

Cau 51:

Goi M 1a diém biéu dién sé phirc z, F(-3;2), F,(3;-1), 4(-2;0) va B(L3).
Taco |z+3-2i[+|z-3+i| =35 va FF, =35 = MF, + MF, = FF,.

Do d6 tap hop cac diém M 1a doan thang FF, .

Duya vao hinh v&, ta thiy:

+ M=P, =M,A+M,B=~26+24/5.

+m=P, =M,A+MB=AB=32.

Vay M =26+2J5; m=32.

(Chuyén Nguyén Trai Hai Dwong 2019) Xét cc s6 phirc z théa min |z —1-3i[=2. S phirc
Z ma |Z—1| nho nhét 1a
A. z=1+5i. B. z=1+i. C.z=1+3i. D.z=1-i.
Loi giai
Chon B

Giast z=x+yi (x;yeR).

Tacd [z=1-3]=2 & (x=1)" +(y=3) =2 & (x=1)’ =—y* +6y -5

Vi(x=1)"20= ) +6y-5201<y<5

21| =(x=1)" +)* = J6y—5
Vil<y<5e1<6y-5<251<|z-1|<5
o |x=1

Vay |z—1| nho nhat khi { | Khido z=1+i

y =
(Chuyén Ngir Ha Ngi 2019) Cho cac sb phirc z,2y,2y thay d6i thoa man cac diéu kién sau:
|iz +2i+ 4| =3, phan thyc cua z bang 2, phan 4o ctia Zo bang 1. Tim gia tri nho nhat cta biéu
thiic T = |z—zl|2 —|—|Z—22|2.
A. 9. B. 2. C. 5. D. 4.

Loi giai

Chon D
bit z=x+yi,x,yeR, tacé M(z)=M(x;y)

Khi do: Jiz +2i+4| =3 ¢ |i(x+ yi)+2i +4|=3 & |(—y+4) +(x +2)i| =3
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& (36—1—2)2 —|—(y—4)2 =9
Suy ra tap hop diém M 1a duong tron (C) tam 1(—2;4) , ban kinh R = 3.
Mat khéc: z; =2+bi=> A(z;) = A(2;b) = Tép hop diém 4 la duong thang d, : x=2.
Zyg=a-+i :>B(22) = B(a;l) = Tap hop diém B la duong thang dy: y=1.
Giao diém clia d, va d, 1a P(2;1).

1
3
]
)
A4
=

Goi H va K lan luot 1a hinh chiéu cia M trén dy va ds.
Taco: T =|z—z[ +|z—z[ = MA® + MB* > MH? + MK® = MP®.
T dat gia tri nho nhatkhi A=H,B=K va I,M,P thing hang (theo tht ty do).

X \ 2 x=2+41 X
Phuong trinh duong thang /P : 13 = M(2+4t;1—3t) (vi M €1P).
2
9 773
Ma M €(C) nén tacé (4+4t)2+(—3—3t)2:9@(1+t)2:%@) ;
[ =——
5
- Véi t:—§:>M[—§;§] (loai)
5 5 5
—Vérit:—giM[g;E]ézzg—kl—li#zl:2—1—21',22:g—i—i.
5 5 5 5 5 5 5
Suy ra MP,;, = IP—IM = IP—R = /4> + (=3} —3=2.

2 11 11 2
Vay T =22 =4 khi z=2+4 i,z =2+ —i,z, = = +i.
Y {min 5 5 1 5 2 5

Ciu52: (Chuyén Bfic Giang 2019) Cho sé phic z thoa man |z-3-4i=+5 va bidu thic
P= |z + 2|2 - |z - i|2 dat gia tri [6n nhat. Tinh |Z+ i|.
A. 53, B. V41, [ANT D. 35.
Loi gidi
Chon C
Gidstr z=x+yi,(x,yeR ).
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Cau 53:

Cau 54:

) Taco: |z-3-4i[=5 = (x-3) +(y-4)" =5 (1).

+) P=|Z+2|2 —|Z—i|2 :[(x+2)2 +y2]—[x2+(y—1)2}=4x+2y+3

=4(x—3)+2(y—4)+23£\/(42+22)[(X—3)2+(y_4)2}+23:33-
x=3

P=33e> =yT_4<:>x—3=2(y—4) (2).

=5 =1

Tu (1) va (2) suyra g hoic =

y=5 y=3

. |x=5 [x=1

Voi = P=33;Voai = P=13.
y=5 y=3

Viy s6 phitc z théa man |z—3—4i| =/5 vabiéu thirc P = |z+ 2|2 —|z—i|2 dat gia trj 1on nhat 1a

z=5+5i.Khidé |z+i|=61.

(Pai hoc Hong Pirc —Thanh Héa —2019) Cho s6 phirc Z=a+bi(a,beR) théa man

|z—1-i|=1. Gia trj nh6 nhét cua biéu thire P=|a+b-3| 1a

A 3-42. B.2-+2. C.3-242. D. 2++/2.
Loi giai

Chon A

Cach 1:

Theo gia thiét ta co |z—l—i|:1<3(a—l)2+(b—1)2 =1.

Pit a=1+sins, b=1+coss (0<t<27).

Khi d6 P=|a+b—5|=|sint+cost—3|=|\/§sin(t+%j—3|=3—\/Esin(t+%j.

’hcd-qsmn@+%j3h@—-2s—JEm%}+%jsJ5cﬁ—J§sPs3+J§.

Do d6 gia tri nho nhét cia P 1a 3-42.

Cach 2:

Theo gia thiét ta co |z—1—i|:1©(a—1)2+(b—1)2:1:>a,be[0;2].
Khido P=|a+b-5|=5-a-b=3-[(a-1)+(b-1)].

Theo BDT Bunbhia ta co:

(a=1)+(b-1)< (1 +7) [ (a1 +(b-1 | =42

Dodsé P>3-+2.
(Pai hoc Hong Pitc ~Thanh Héa 2019) Cho s6 phitc z=a+bi (a, b €R) théa man |z|=1.

Tim gié tri 1on nhit cia biéu thuc 4= |z + 2| + 2|z - 2| .

A. 10. B. 5V2. C.10v2. D. 7.
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Loi giai
Chon B

Ta co: |z+2|2 =(a+2) +b%; z—2|2 =(a-2) +b.

Suy ra: |z+2 +]z-2] =2(a’ +b”)+8 =2|z[ +8 =10.
Taco: 4* =(|z+2+2]z=2|) <(1?+2°)(|z+2] +[z—2 ) =50.
Vi 4>0 nén tirdé suyra 4<~/50=52.

Vay gi4 tri 16n nhat cua 4 1a 5v2.
Ciu 55: (THPT Thing Long-Ha Ngi- 2019) Cho sé thuyc a thay ddi va sd phirc z théa man

z i—a
Jad+1 1-a(a-2i)
cach nho nhét giita hai diém M va I(-3;4) (khi a thay d6i) 1a

. Trén mit phang toa do, goi M 1a diém biéu dién sb phuc z. Khoang

A. 6. B. 5. C. 4. D. 3.
Loi giai
Chon C
- —a)(1-a* -2ai
Ta co: Z - —— — & z =(l a)( a2 az)
Va* +1 l—a(a—ZZ) a’+1 (a2+1)
z a3+a+(a2+1)i a+i

= <:>z=—:>|z|=1.

<:>\/012+1 (a2+1)2 Ja +1

Vay tap hop cac diém biéu dién cta s6 phirc z 1a dudng tron tim O ban kinh R=1.

I,

Taco: O[=5.Dodé: OM_,, =OM, =0l -R=5-1=4.
Cau 56: (Chuyén L& Hong Phong-Nam Binh- 2019) Xét s6 phirc z théa mén |z—2—4i|=+/5. Goi a
va b l1an luot la gia trj 16n nhat va gia tri nho nhét cua |z|. Gié tri biéu thic a” -5 bang
A. 40. B. 4/5. C. 20. D. 25.
Loi giai
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Chon A

Goi M (x;y) 1a diém bicu dién s6 phirc z=x+yi véi x,yeR.

Ta co |z—2—4i|= J5 < (x—Z)2 +(y—4)2 =5 = tap hop diém biéu dién s6 phic z 1a mot
duong tron c6 tam ](2;4) va ban kinh R = \/g

\“ b‘\
y | SR I s
| |

by
[T} SRS (.

K¢ duong thang di qua 2 diém O va I cit dudng tron tai 2 diém M va N nhu hinh vé.
Ol =~2*+4* =25, IM=IN=R=A/5.
Tu hinh v€ ta thay:
|| =M =01-1M =25-5=5=b.
|2, =ON=0I+IN=25+5=3{5=a.
Vay a’ —b* =40.
Cau 57: (Hau Ldc 2-Thanh Héa- 2019) Cho z,, z, 1a hai trong cic s6 phirc thoa min ‘z -3 +\/§i‘ =2

va |Z1 - Zz| =4. Gia tri 16n nhat cua |Zl|+ |Zz| bang

A. 8. B. 43 . C. 4. D. 2+243.
Loi gidi
Chon A

Goi M, N lan luot 1a diém biéu dién cta hai s phic z, z,.

Do ‘21—34-\/51": Zz—3+\/§l"=2 nén M’Ne(c):(x_3)2+(y+\/§)2:22.
|zl—zz|=4 MN =4=22

Nhu vay MN 1a dudng kinh cia dudng tron (C) voi tam 1(3;—\/5) ,bankinh R=2,do do /
1a trung diém MN, OI =+/12.
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9] F
M

2
Ta c6 |zl|+|zz|:0M+ON£\/(1+1)(OM2 +ON?) :\/2(2012+M;V j:s.

Déau "=" xdy ra khi va chi khi OM = ON < MN la dudng kinh cta (C) vudng goc véi OI .

Ciu 58: (Chuyén Dai hoc Vinh - 2019) Gia st z,,z, 1a hai trong cac sO phtrc thoa man (z- 6)(8 + z_z)
1a 56 thuc. Biét rang |z1 —Zz| =4. Gia tri nhé nhat cua |z1 + 322| bang
A. 5421, B. 20-421. C. 20-4422. D.5-v22.
Loi giai
Chon C
Gid st s0 phirc z=x+ yi thoa méan (z - 6)(8+z_i) 1a s6 thuc. Ta cé:
(z—6)(8+z_i) = (x+yi—6)(8+(x+yi)i) = (x—6)(8—y)+8xy+[—8x(x—6)+y(8—y)]i
DE1d (z-6)(8+2i)s0 thyc thi —8x(x—6)+y(8-y) =0 (x=3) +(y—4) =5
Véy diém biéu dién s6 phtc z,,z, thudc dudng tron tdm 7(3,4), ban kinh R =5

Gia st z, =x, + i ¢6 diém biéu dién A(x,,y,); z, =x, +,i ¢ diém biéu dién B(x,,y,).

Vilz -z =4 (n-x) +(n-1) =4 AB=4

Ta xét |z, +3z,| = ‘@ + 30—3‘

Goi H latrung diém 4B, K la trung diém HB, khi d6 ta co:

7+32,| =[04+ 30B| = 2(OH + OB = |40K| = 40K

Tacod O =IB=14=5,AB=4;AH=HB=2; HK =1 Suy ra IH =21 = IK =~/22.
Theo bat dang thirc tam giac ta cd OK +KI > Ol < OK > Ol —KI < OK >5-+/22 .
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Suy ra |z, +3z,| = 40K >20-4+22

Cu 59: (Chuyén Hoang Vin Thy-Hoa Binh-2019)Trong céc s6 phitc z thoa méan |z* +1|=2|z| goi 7,
va z, lan lugt 14 cac sb phirc c6 modun nho nhét va 16n nhat. Gia tri cua biéu thirc |zl|2 +|zz|2
bang
A. 6. B. 24/2. C. 2. D. 2.
Loi giai
Chon A
Ap dung bét dang thirc mé dun : |z1 +zz| > ||zl| —|zz||. Dau bang xay ra z, = kZZ,(k < 0).
Ta co: 2|Z| = ‘22 +1‘ > “22‘—1‘ & —2|Z| < ‘22‘—1 < 2|Z|
Véi |22|-1<2| o || -2/ -1<0= 7] <1442
|Z|:1+\/§® k=-3-22
2=k z=+(1++2);
Véi 22|12 2|z o || +2]2-120= |72 -1+42
2| =2 -1 m=-3+22
= z:i(\/a—l)ij|z

Déau bang xay ra khi va chi khi: { = |z|max =1+2 = |zz|

:\/E_1=|Zl|

min

2
zZ =m

Déau bang xay ra khi va chi khi: {

Vay [2[ +|z.f =(V2-1) +(V2+1) =s.

Ciu 60:  (SGD Pa Niing 2119) Goi - 1a 56 phitc ¢6 modun nho nhét thoa man diéu kién [z—2 -8 =17
.Biét z=a+bi(a,beR), tinh m=2a”-3b
A. m=-18. B. m=54. C. m=-10. D. m=14.
Loi giai
Chon C
Goi M (a;b) 1a diém biéu dién sé phitc z=a+bi(a,beR).
Taco: |z—=2-8i| =17 & (a=2) +(b-8) =17 & IM =17 véi 1(2:8).

Suy ra: M thudc duong tron (C) co tam / bankinh R=+/17 .

Lai cé: 0]=m=2\/ﬁ>R nén O nam ngoai (C)
GTNN ciiamddun z 1a 2] =OM,, =0l-R=+17 ().
Ding thirc xay ra khi MZOIF\(C) va M nim gitra O va [ (2)
Tu (1) va (2) taco M latrung diém OI nén M(l;4).
Suyra a=1;b=4.Khidd: m=2a>-3b=2-12=-10.
Cau61: (Nho Quan A - Ninh Binh - 2019) Xét cic so phic z=a+bi(a,beR) thda man
|2+2-3]=242 . Tinh P =2a+b khi |z+1+6i+|z—7-2i| dat gia tri 16n nhit.
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Toanthaycu.com

A. P=3. B. P=-3. C. P=1. D. P=7.
Loi giai
Chon B
M
(9]
B
K
A

Pat A(-1-6),B(7;2) = AB =(8;8) va trung diém cia 4B 1a K (3;-2).

Goi M (a;b) 12 diém bidu dién s6 phirc z taco: (a+2) +(b—3)" =8.

= M thue duong tron (C) c6 tam 7(~2;3), ban kinh R =+/8.

Tathdy IK =(5;—5)= IK.AB =0=> I nim trén duong thing trung truc ciia AB.

2
Xét tam giac MAB = MA* + MB* =2MK” + A2B .

= 2(MA* + MB*) = 4MK + AB® > (MA+ MB)’ = MA+MB <NAMK” + AB* .
Taco |Z +1+ 6i| + |Z -7- 2i| 1a tong khoang cach tir diém M trén duong tron (C ) t6i hai diém

A va B.

A . A . |MA=MB _.. | . . .2 , -
Vay MA+ MB 16n nhat khi: . bicu nay xay ra khi M 1a giao diém cua IK véi

MK max
duong tron (C ) va M nam ngoai doan /K .
. x=-2+t
Ta c6 phuong trinh ctia duong thang /K :{ 1
y=>5-

Toa dd giao diém cua IK v6i duong tron (C ) la nghiém cua hé:

x=-2+t

y=3—t =2 =8=1t=12.

(x+2)" +(y-3)" =8
Vay diém M can tim ing v6i ¢ =2 khi d6

a=-4
M(—4;5):>{ =P=2a+b=-8+5=-3

(SGD Biic Ninh 2019) Cho s6 phitc z théa man |(1+7)z +1-3i| = 34/2 . Gi4 tri 16n nhét cta biéu
thic P =|z+2+i[+/6]|z~2-3i| bing

A. 56. B. JE(HJE). C. 65. D. V10+3J15.

Loi giai
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Cach 1

(1+1)z+1-3]=3v2 < [1+i] 3\/_@| —(1+2i)| =3 (1).

Z+

Goi OM =(x; »), OI=(1; 2) 1a vec-to biéu dién cho cac sb phitc z=x+iy, w=1+2i.

Tir (1) c6 [OM ~01|=3 < MI =3.

Suyra M thuge duong tron (C) tam I(1;2) bankinh R=3, (C):(x—1)" +(y-2) =9

Goi O4 =(~2;-1), OB =(2;3) lan luot 12 vec-to biéu didn cho sb phic a=-2~i, bh=2+3i.
C6 IA=(~3;-3), IB=(1;1). Suy ra IA=-3IB < IA+3IB=0.

Lac d6 P =MA+~6MB = MA+~23MB < \/3(MA2 +3MB2) .
— —\2 —_ —\2
Co MA? +3MB> :(IA—IM) +3(IB—1M) —4IM* + 14? +31B°.
Coé IM* =9, I4*> =18, IB* =2 ,nén MA* +3MB* =60.
Suyra P<+/3.60 =6+/5.
Co P=65 @ﬂA:ﬁMB.
2
Vay gié tri 16n nhat ciia P 1a P=6+/5.
Cich 2.
Gid sir M (x;y) 1a diém biéu dién cta s6 phirc z khi d6

(1+0)2+1-3]=3V2 & =y +1+(x+y=3)i|=3v2 & x>+ y? ~2x -4y -4 =0

o (x—l)2 +(y—2)2 =9.Doddé M thudc dudng tron tAm 1(1;2), ban kinh R=3.

Pt {a:x_l Taco a*+b* =9. Goi A=(-2-1), B=(23)
b=y-2

:|z+2+i|+\/€|z—2—3i|:MA+\/EMB:\/(x+2)2+(y+1)2 +\/6[(x_2)2+(y_3)2]

= Jla+3) +(b+3) + \/6 (a=1)"+(b-1)" | =\f6(a+b)+27 +Vo,[(-2)(a+b)+11
= J6(a+b)+27 +2,/(=6)(a+b)+33 s\/(1+2)(27+33):6\/§.
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Ciu 63: (Loméndxdp - Ha Ngi 2019) Cho sé phie z thay ddi thoa man |z+1—i=3. Gi4 tri nho nhét

ctia biéu thirc A=2|Z—4+5i|+|z+1—7l'| bang alb (v6i a, b 1a cac sb nguyén td). Tinh

S=a+b?

A. 20. B. 18. C. 24. D. 17.
Loi giai

Chon B

Goi z=x+Yyi, (x,ye ]R).

Ta co:

lz+1-i]=3 & (x+1) +(y-1)" =9(C);

Suy ra, tap hop tit ca cac diém biéu dién sé phirc z 1a duong tron (C), c6 tam 1a 1(—1;1) va
ban kinh R =3.

Ta co:

A=2|z—4+5i|+|z+1—7z'|=2\/(x—4)2+(y+5)2 +\/(x+1)2+(y—7)2

—2(x=4) +(y+5) +\/(x+1)2 +(y=7) +3((x+1) +(y-1)-9)

= 2\(x—4) +(y+5) +4 +8x+4)” —20y+29

:2\/(x—4)2 +(y+5)2 +2\/xz+2x+y2 —10y+%

_2[\/(x4)2+(y+5)2 +\/(x+1)2 +(y§”

Goi M(x;y)e(C).

= A=2|z—4+5i|+|z+1-7i|=2MA+ MB, A(4;-5); B(-1;7).
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= A=2MA+MB =2(MA+MC), C(—l;gj.

Ta co: E‘:(O;gj:‘ﬁ‘:i<&
2 2

o)

Suy ra, diém C nidm trong duong tron (C ) .

Vay, duong thang AC cat dudng tron (C ) tai hai diém.

Do d6, d¢ A=2(MA+MC) dat gi tri nhd nhét thi M phai nim gitra hai diém 4 va C.

5J13

= A=2(MA+MC)>24C, AC:T.

= 42513 =a/b.
Viy, a+b=18.
Chu 64: (Nguyén Hué- Ninh Binh- 2019)Cho z,, z, la nghiém phuong trinh |6 —3i +iz| =|2z -6 —9i

\ 5 ~ 8 s s 1z A 5 <
va thoa man |z1 - zz| =3 Gia tri 16n nhat cta |z1 + zz| bang

A.E. B.ﬁ. C.6. D. 5.
5 5
Loi giai
Chon A
Goi z, =X, + Wi, z, =X, + y,i, VOi X,),,%,, ), €R.

8 8 8
Do |zl—z2|=§ :>|(xl—x2)+(yl—yz)z|=§:>\/(xl—xz)2+(yl—y2)2 =g

i 8
Goi M, (x:3), M, (xy3y,) = MM, z\/(xl_xz)z'i'(%_)ﬁ)z :g.

Ma z, 1a nghiém phuong trinh |6—3i+iz| =|2z—6—9i|
=[(6-3,)+(x =3)i|=|(2x, - 6) +(2y, -9)1]

:>\/(6—y1)2 +(x, —3)2 =\/(2xl—6)2+(2y1 —9)2 S x’+y —6x,—8y, +24=0

= M, (x;;y,)e duong tron (C):x*+y* —6x—-8y+24=0.
Tuong tw M, (x,;y,)e(C).
Duong tron (C)c6 tdm [(3;4), bankinh R =1.

2
Goi M la trung di€ém MM, = IM L M,M,, IM =R* - M M* = 1—(% :3,%‘1

|Zl+Zz|=20M.
Ma OM < OI + IM , dau bang xay ra khi O, 7, M thiang hang. Khi d6 OM L MM,,va

OM =OI + IM =25_8.
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e s 1z A M M 56
= |z, + z,| dat gia tri 16n nhat bang 2 (01 + IM ), bang 5

|

o) 3 .

Hodgc danh gia chon dap dan nhw sau:

Goi N (=x,;-,) = NM, =\/(x1 +x2)2 +(», +y2)2 =|z,+z,|

Va N d6i xtimg v6i M, qua gbc toa dd O, N edudng tron (C,): x* +y* +6x+8y+24=0.
(C)) c6 tdm [ (-3;-4), bankinh R =1, (C,)dbi ximg véi (C)qua gbctoa dd O.

Co 11=10=11-R-R =8.

Nhan xét: véi moi diém M, e (C), Ne(C,) thi MN>II—R—-R,. Loai cic dap 4n B,C,D

e £ s 56
= |z, +z,|= M,N dat gi tri 16n nhat bang 5

6
M2
7
q ¢ M1
’ 1 |
7
/
4
’
/
7
&
2 ’
S /4
’
'
/
"3
L
@ 4
-6 -4 2 2 4
’
4
¢
¥
a/ /
;=2
7’
7
7 4
/4
/
1 II
/
—4
11/
4,
N
-6

Cho céc s6 phitc z va w thoa man (3—i)|z|=il+1—i. Tim gi4 tri 16n nhét T =|w+i|
e
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Cau 66:

A. ﬁ B. & C.2.
2 2
Loi giai
Chon B

z

(3—i)|z|=ﬁ+1—i ©ﬁ=3|z|—1+(1—|z|)i =

bat r=z|; t>0 (vi |z| =0 khong thdéa phuong trinh trén).
(1) tré thanh: ﬁ:\/(3t—1)2+(1—t)2 e |w-1]=
e|w-1]= 1 = 1 <Liviso.
10_§+£ 1 2 2
t t2 2(1‘_2j +2
Ta ludn co: |w+i|£|w—1|+|1+i|£L+\/5 :>|w+i|££
2
t:|z|:l 1
2 z=—i
Dau = xay ra < w—lzk(1+i): 23 =
=24
i) =2Y2 22
2
32

Vay: Gia tri 16n nhét cua 7 =

t

| =

=B () -

J102 —8i+2

Cho cac s6 phiric z thoa méin ‘z—\/g‘+‘z+\/5 ‘=2\/§ . Tim gia tri nho nhat cua biéu thic

P:‘z+2\/§+i

+‘z—3\/§+2i

+‘z—3i‘.

A.12.

Chon A
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Cau 67:

Toanthaycu.com
Goi M(x; y) , F| (—\/5;0), F} (\/5;0) , 1an luot 12 diém biéu dién cho cac sd phuc z=x+yi,

2,42,

Co [e=V2|+|e++2| =243 & ME + MF, =243, ¢6 23> FE =242

Suy ra M (x; y) chay trén (E) ¢6 tiéu ey 2¢=2+/2, do dai truc 16n 2a =2+/3 , do dai truc nho

2 2

2b =2 va phuong trinh chinh tic cta (E ) la % +2 =1,

1
Co M(x;y)e(E):{_\/gsxsﬁ.

-1<y<1

=33 +2i

=\/(x+2\/§)2 +(y+1)2 +\/(x—3\/§)2 +(y+2)2 +,/x2+(y—3)2 .
2\/(x+2\/§)2+(y+1)2 +\/(3 3—x)2+(y+2)2 + (y—3)2 .
Z\/(x+2\/§+3\/§—x)2 +(2y+3)" +[y-3(1) (Bét déng thic tam giéc).

=4y’ +12y+84 +3—y.
Pt f(y)=2yy’ +3y+21+3-y,v6i -1<y<l1.

Co f'( ):L_l'

v +3y+21

f(3)=0 ey +3y+21=2y+3 (1),

c6 P=‘z+2\/§+i

+

+‘z—3i‘.

Co-1<y<I=(1)<3y"+9y-12=0 - (nhan)
—1<y< + — —
0 lsy=i= (1) @370y Tly-—s (loai)
Co f(-1)=4+219, f(1)=12.
Suyra y]e\fl_ili?qf(y):12:> P>12.

x=0,y=1
Béngthl'xc(l)xéyrakhi x+2\/§ y+1 =x=0,y=1.

= >0
3\/§—x y+2

Thir lai: Khi x=0,y=1c¢c6 P=12.
Vay MinP =12 khi x=0,y=1.

Cho s6 phtic z=x+ yi, x,y €R théa man |Z|2 +3)” =16. Biéu thic P=Hz—i|—|z—2” dat gid

tri 16n nhat tai (x,5y,) véi x, <0,y, >0.Khidé: x; +y; bing

N 20—3\@ 5. 20+3ﬁ. c 20+3£. o 20—3ﬁ.

2 2 2 2
Loi giai
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Chon D
Ta co: |Z|2 +3)" =16 & x* +4)” =16.

S+ (=1 —Ja-2P | =+ (1) - 2= x) + (o]
S\/(x+2—x)2+(y—l—y)2 =5.

P=

x(-y)=(2-x)(y-1) [(x+2y-2=0 x=2-2y
x(2-x)<0 x(2-x)<0 (2—2y)2+4y2—16:O
P o D)<0 () <0 fx(2-x) <0
x*+4y* =16 X’ +4y* =16 (y=1).(=)<0
x<0 x<0 x<0
y>0 y>0 y>0
y=1+\/7 % =147 . 20-347
< 2 = :l+ﬁ:xo+yo— 5 .

le—ﬁ Yo 2

Nhin xét: Bai nay ta ding bat dang thirc véc to nhu sau
Cho ;zz(al ;az),E:(b1 ;b,) = a+b=(a,+b;a,+b,), taco:

a2l

(@ +b) +(a+h) = ai+al b 453

ab, = a b,
Dau “="xay ra < a,b ngugc huéng < Jab <0
a,b, <0

Cau 68: Cho s phitc z=a+bi (a,p€R) théa man |z+4|+|z—4|=10 va |z—6| 16n nhat. Tinh S=a+b

A. S=11. B. §=-5. C. §=-3. D. §=5.
Loi giai

Chon B

Trong mp toa dd Oxy, Ta goi cac diém biéu dién cua céac sb phic:

z=x+yi la M(x;y); z=—4+0i la E(—4;0); z=4+0i la FZ(4;0).
Ta c: |z+4|+|z—4]=10 = MF, + MF, =10. (1)

MF? =(x+4) +)°
{MFZZ =(x—4) +)?

8x

= MFE’ - MF,” =16x = MF, - MF, = — .(2)
1 2 1 2 5

Tu (1) va (2), suy ra MF, = 5+45—x.

2 2 2
Mit khic MF? = (x+4) + )’ = (5+4?xj =(x+4) +)* :>;C—5+%=1.
Vay, tp hop cac diém biéu dién cia sé phirc thoa mén |Z + 4| + |z - 4| =10 1a Elip c¢6 phuong

2 2
trinh (E):;—5+%=1.
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Cau 69:

Cau 70:

Toanthaycu.com

Theo dé, ta can tim diém thudc (E ) sau cho |Z - 6| 16n nhat.

Ta goi cac diém biéu dién s6 phirc: z=6+0i 1a 4(6;0); z=a+bi la M(a;b)e(E);

z=-5+0i 1a C(-5;0).
z—6| 16n nhat khi va chi khi M4 16n nhét.

¥y

Do @0,

Dua, vao hinh v& trén ta thdy d¢ M4 16nnhatkhi M =C(-5;0)=>a=-5b=0=85=-5.
Cho sb phitc z=a+bi (a,beR) théa |z+4|+|z—4=10 va |z—6| 16n nhit. Tinh S=a+b?
A. S=-3. B. §=5. C. S=-5. D. S=11.
Loi giai
Chon C
Goi M(a;b) 1a diém biéu dién s6 phtc z=a+bi(a,be]R).

|z—4|+|z+4|=10 < |(a—4)+bi|+|(a+4)+bi] =10
& \(a=4) +b* +\(a+4) +5" =10(%)

Xét F(—4;0) va F,(4;0). Khi do6 (*) < MF,+ MF, =10

c=4
Suy ra M thudc Elip co =b=va'-c* =3
2a=10=>a=5

Ta co: |z —6|= J(a—6)" +b* = IM,1(6;0), suy ra max|z—6|=14" hay diém
M=A(-50)=z=-5+0i=S=-5.
Cho sb phuc z théa man |Z| =1, M,m lan luot 1a gia tri 16n nhat va gia tri nho nhét cua biéu
thire 4 =|l+z|+2|1—z|. Gia tri cta biéu thic M +m bang
A. 2J5+2. B. 6. C.2\5+4. D. 7.

Loi giai
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Cau 71:

Cau 72:

Chon A

Goi z=x+yi véi x,yeR. |z|=1= X’ +)’ =1’ +)* =1

= A=[l+2]+2[1=2) = J(x+1) +)7 +2(1=x) +3* =2+ 2x + 22— 2x.

Xétham s6 f (x)=+2+2x +2v2-2x véi xe[-1;1].

Ham s f(x) lién tyc trén doan [—1;1] va f'(x) 1 2 Nl-x-2Jl+x .

T 2+2x 2-2x J(-2)

f'(x)=0c>\/1—x—2\/1+x=0©x=—%e[—1;1].
Khido f(-1)=4; f(-%j:%ﬁ; f(1)=2.
Do d6 Mzr[rlﬁﬁf(x)zf(—%jzk/g;mzr[r_lli_ﬂf(x)zf(l)=2.8uyra M+m=25+2.

Xét tap hop S céc s6 phitc z=x+yi(x,y€R) thoa man diéu kién ‘32—2‘ = |(1+i)(2+2i)|.
Biéu thic 0 =|z~Z|(2-x) dat gid tri lon nhdt 1 M va dat duoc tai z, = x, + y,i (khi z thay

d6i trong tap S ). Tinh gia tri T = M .x,y?.

93 N3 93 o

B. T C.T=——. D.T=
2 4 2 4

Loi giai

A T=

Chon D

Tacd: [32 -2 =[(1+)(2+20)| & 4x* +16y* =16 < x* +4)" =4 > 4)” =4 -’

Do o, 0 =|z-2|(2-x) =\[4y* (2-x) =4-2* (2-x)= / (v), (-2<x<2).
, _2x2—2x—4
e
, x=-1

f(x)=0<:> x=2e(—2;2)<:>x:_1'
Mt khdc, f(-2)=0, £(2)=0, f/(~1)=33.
3

.

-2<x<2).

Suyra M =33 tai x,=-1y; =
4

(THPT Hau Lgc 2 2019) Cho z, z, 1a hai trong céc sé phitc théa man ‘z—3+\/§i‘ =2 va

|z1 —ZZ| =4. Gia trj 16n nhat ctia |Zl|+|22| bang

A. 8. B. 43. C. 4. D. 2+24/3.
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Toanthaycu.com
Loi giai
Chon A
GoiM, N lan luot 1a diém biéu dién cua hai sd phuc z,, z,.
B 11, _ | ] 2 2
oo =33 B=lm =30 =2 [N () (x-3) + (v 4B) =2
|7, —2,|=4 MN=4=22
Nhu vay MN 1a dudng kinh cia dudng tron (C) voi tam 1(3;—\/5) ,bankinh R=2,do do /

1a trung diém MN, OI =/12.

9] F
M

JNI‘—

2
Ta co |zl|+|zz|:OM+ONS\/(1+1)(0M2 +ON?) :\/2[20]2+M§/ j =8.

Dau "=" xdy ra khi va chi khi OM = ON < MN la duong kinh cia (C ) vuong goc voi Of .

Cau73: (Chuyén Lé Hong Phong Nam Dinh 2019) Cho hai s6 phtic z,, z, thoa man

|z1 +2—i|+|z1 —4—7i| =672 va |iz2 —l+2i| =1. Tim gi4 tri nho nhét cua biéu thic T=|z1 +22|.

A, 242 +1. B. V2 -1. C. 242-1. D. V2 +1.

Loi giai

Chon C

Trén mit phing Oxy , goi M (a;b) la diém biéu dién cho s6 phirc z,; 4(—2;1), B(4;7) lan luot
14 diém biéu cho cac sé phitc —2+i va 4+7i = AB=6/2.

Tir d6 ta duge MA+MB =632 = AB nén thp hop cac diém M biéu dién cho sb phitc z, 1a doan
thang AB nam trén duong thang d:x—y+3=0.

bat z; =—z,, khi do
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liz, =14 2i| =1 |-iz; =1+ 2i| =1 & |z, -2 —i|=1. Goi N(c;d) la diém biéu dién cho z;;
1(2;1)1a diém biéu dién cho s phitc 2+i, khi d6 IN =1 nén tap hop cac diém biéu dién cho so
phtrc z, 13 duong tron (C):(x—2)2 +(y—1)2 =1.
|Z1 +ZZ|=|Z1 —Z3| =MN .
D@ thay hinh chiéu vudng goc cia diém 1 (2;1) trén dudng thing (d ) la diém K (0;3) thude
doan AB suyra MN > KH v6i H 1a giao diém cua IK voi (C ) va thudc doan IK .

Do d6 min MN = KH =d (1, AB)~R=22-1. Vay min|z, +z,|=2v2~1

Chu 74: (Trudng Thpt Ham Rong 2019) Cho s phiic z,z,z, théa man |z, —4-5i|=|z,-1|=1 va

z+4i|=|z—8+4i|l. Tinh |z, —z,| khi P=|z—z|+|z~z datgiétrinh()nhét
| | 1 2 1 2

A. 8 B. 6. C. /4l D. 5.
Loi gidi

Chon D

o

A

Goi A la diém biéu dién cua sé phirc z,.Suyra 4 thudc duong tron (Cl) taim
I,(45),R=1.
Goi B la diém biéu dién cua sb phitc z,. Suyra B thudc dudng tron (C,) thm 1, (0),R=1.
Goi M (x;y) 1a diém bicu dién cta s6 phirc z = x+ yi

Theo gia thiét ‘24— 4i‘ =|z-8+4i| & x—y=4. Suy raM thuc dudng thang (d) x—y—-4=0
Goi (C,")co tam 1,'(4;-3),R =1 la dudng tron ddi xtmg véi duong tron (C,) tam

1,(1;0), R, =1qua dudng thang d. Goi B'la diém ddi xtng véi dbi xtmg v6i B qua dudng

thing d. Ta ¢6 P =|z -z |+|z—z,|= MA+MB=MA+MB'> AB'=1,I,'-R — R, =6.
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Cau 75:

Cau 76:

Toanthaycu.com
, 7 1
Dau = xay ra khi va chi khi 4,B",1,1,',M thang hang. Khi d6 11A=§1112' suyra A(44) va
ol \
LB'=2 LT suyra B'(4-2)= B(20). AB=245.
Vay |z, —z,|=245 .

(Chuyén PH Vinh- 2019) Cho cic s6 phirc zva @théa man (2+i)|z| = Z 4 1-i. Tim gi4 tri
w

16m nhéat cta T:|a)+1—i|

Loi giai
Chon A

(2+i)|z|=£+1—i<:>£=(2+i)|z|—1+i.
(0]

w
2
z z 2 2 zZ
o —=(2|z|-1)+ z+1i:>—:\/22—1 +(|z|+1) < || = L
£ = 1) (41 1)= ] o 1) ok o
t =2t* +4t
__ T >0 ()=—L T o r()=0=0vi=2
/() 5t2—2t+2(t> )= 1) (5t2—2t+2)2:f(t) A
Bang bién thién
t 0 2 +w
f® | o + 0
2
9
fit)

Tacs T =l 1-i| <o fi-i < 2+ = 2

Cho sb phtic z va goi z,, z, 1a hai nghiém phirc cia phuong trinh z° +8/ =0(z, c6 phan thuc

duong). Gia trj nho nhét ciia biéu thitc P =|z—z|+|z,—z|+

- z
z4+2z,+2
2

dugc viét dudi dang
m~/n +p\/q—(trong d6 n,peN; m, q 1a cic sb nguyén t5). Tong m+n— p—gq bang
A. 3. B. 4. C.0. D. 2.
Loi giai
Chon A

22 +8i=0=z=2-2i vd z,=-2+2i.
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=MA+MB+MC.

Z+2z +-2

=|z—z|+|z—z,|+

:|z—zl|+|zz—z|+ Z+2Z_1+Z?2
Trong do M, 4(2;-2), B(-2;2), C(-3;-3) lan lugt 1a diém biéu dién cho cac s6 phtic z, z,
Lo 3.3

s 2y, —221 -

H
C

-4
Goi H 1a hinh chiéu vuong goc ciia M trén OC .

Taco MA+MB> HA+ HB = MA+ MB+ MC > HA+ HB+ HC .

Do do P, =(MA+MB+MC) =HA+HB+HC & M=H =MecOC:y=x.

min

Gia st M (x;x) (x€[-3:0)) = P=MA+MB+MC =~2(x+3)+2,/2(x* +4)

x , 203
:\/§+2\/5. ,—x2+4 =P =0:>x=—T€[—3,0)-

Vay Pmm—f(—¥ 3j 2\/2[( ZIJ 4}—2\/8+3f

Suyram=2,n=6, p=3,qg=2=m+n—p—-q=3.

Céu 77: Trong cac sd phtc z thoa man ‘zz + 1‘ =2|z| goi z va z, lan luot 14 cac sb phirc c6 modun nho
nhat va 16n nhét. Gia tr cta biéu thic |z,|" +|z,| bang
A. 6. B. 242. C. 4/2. D.2.
Loi giai
Chon A

bat z=a+bija,beR.

\zz+1\=\a2—b2+1+2abi\=\/(az—b2+1)2+4a2b2 ; 2|z| =2V +57 .

Taco |22 +1]=2]z| = (a* = 6> +1) +4ab* =4(a* +5?)

o (a2 -b*) +4a’* +2(a> b7 ) +1-4(a* +5°) =0 = (a* +b°) ~24> ~ 657 +1=0
o (a2 +07) —6(a* +5°)+1=—4a’.

Vi 44’ <0,VaeR nén (a® +5°) —6(a* +5°)+1<0=3-2v2 <a’ +5* <3+2V2.
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Cau 78:

Toanthaycu.com

—V2-1
Suyra\/i—ls\/aubzsﬁﬂ:s{m V2o e

<

=v2+1

a=0 a=0
M=\2+1< = .
{a2+b2:3+2\/2 b=+(1++2)

a:O a:O
m=\/§—l<:>{ { N

=
A +b=3-2J2 " |b

)

(S& Nam Dinh - 2019) Xét céc s6 phitc W, z thoa man |w +i| =¥ va Sw=(2+i)(z-4).

Tim gié tri 16n nhét cia biéu thuec P= |z —2i| +|z—6—2i|.

A 7. B. 24/53. C. 2458 D. 4/13.
Loi giai

Chgn C

Cach 1.

Taco: Sw=(2+i)(z—4) < 5w+5i=(2+i)(z—4)+5i
= |Sw+5i| =|(2+1)(z—4)+5i| = S|w+i| =|(1+2i) (z - 4+1+2i)| =5 ]|z = 3+ 2|
:>5.¥:J§|z—3+2i|:>|z—3+2i|=3.

Ta co:

lz+2[ +|z—z[ =2(|z|2 P

2); Vz,z,. (1)

2
|+ 2_(|z|+2|21|) V2,2, 2)

Tac6: P=|z—2i|+|z—6-2i|=|z-3-2i+3|+|z-3-2i-3|.
Ap dung (1) va (2), ta co:
|2=3-2i+3 +]z=3-2i -3 =2(|z-3-2] +9).
(|z=3-2i+3|+|z-3-2i-3|)  (jz—2i+]z—6-2)

|z-3-2i+3 +|]z-3-2i-3[ > =
2 2

Viy, ta co:
(|2 - 21 +|z - 6-2i)’
2

<2(|z=3-21 +9) = (jz— 2 +|z - 6-2i)° < 4(]z—3-2if +9).
= P* <4(|z-3-21 +9).

Do 4(|z=3-2if +9)=4(|z=3+2i~4if +9) nen P* <4((|jz =3+ 21|+ |-4i) +9)
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Cau 79:

:st4(72+9)=232:Ps2\/§.
Cich 2.

35

Taco: Sw=(2+i)(z—4) thay |w+z'|=T
=|z-3+2i|=3.

Suy ra, tap hop cac diém biéu dién s phite z la dwong tron (C):(x—3)" +(y+2)" =9.
Goi M €(C).

Tacé: P=|z—2i[+|z—6—2i|= AM + BM; 4(0;2),B(6;2).

Suyra P<,[2(4M* +BM?).

Goi H latrung diém cua canh AB.

2
Tacé: P< \/2(AM2 +BM2) :\/Z(ZMHZ + Af ] =\AMH? + AB* .

Vay, P=|z-2i|+|z—6-2i| dat gi tri lon nhat khi MH’ dat gia tri 16n nhét.

Dua vao hinh v€ sau

A H 2.9y E

(3 —5)

Suy ra, MH? dat gia tri 16n nhatkhi M = M'= P> <232 = P=2./58.

Cho cac so phuc z;, z,, z; thda man |Zl| =|22| =|Z3| =1. Tinh gia tri 16n nhat cta bicu thuc

P=|zl—22|2+|22—z3|2+ 23—21|2.

A. P=9. B. P=10. C. P=8. D. P=12.
Loi giai

Chon A

Goi A(x3),); B(x,5¥,); C(x;5;)1a cac diém lan lugt bi€u dién cac sb phitc z,; z,; z,.
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Cau 80:

Toanthaycu.com

vi |Zl| = |z2| =|Z3| =1suyra 4; B; C thuoc dudng tron tim O ban kinh bang 1.

Ta co |Z1 —zz|:AB;

zZ, —Z3| =BC |Z3 —Zl| =AC.

Suyra P=|z,—z,| +|z,—z,[ +|z,— 2| = 4B* + BC* + AC?

=(40+0B) +(BO+0C) +(40+0C) =6-2(040B + 0B.OC + 0A.0C)
=9-(04+0B+0C) =9-(30G) =9-0G* <9(véi G I trong tam tam gide ABC).

Déu “=“xay rakhi G=0, hay AABC déu.

Cho s6 phiic z théa méin 3‘2 + E\ + 2\2 - Z\ <12.Goi M,m1an lugt 1 gia tri 16n nhat, nho nhét
cta |z —4+3i|. Gia trj cia M.m bang:

A. 28. B. 24. C. 26. D. 20.

Loi giai
Chon B

Goi z=x+yi; x;yelR.

Xét 3|z +z+ 22| <12 < 3+ 2y <6. (1)

Taco: P=|z—4+3i=(x—4) +(y+3) (2)

Tap hop nhiing diém biéu dién z = x+ yi; x;y €R. thoa man (1) 1a mién trong (tinh ca bién)
cua hinh thoi ABCD véi A(O;3); B(—Z;O); C(O; —3); D(Z;O) tao boi 4 duong thang
3|x| + 2|y| = 6. Diém biéu dién z thoa man (2) 1a dudng tron tam ](4;—3) bankinh R=P>0
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P dat min, max khi ban kinh duong tron dat min, max khi xét sy trong giao v6i mién hinh thoi
ABCD.

Ta c6 dudng tron giao véi mién hinh thoi diém gan tam nhat khi dudng tron tiép xac canh CD:
34+23-6] 12
m= =

3x -2y —6=0tuong tmg cod = .
g NESTNE

ctia hinh thoi. Do d6 M =+/4* +6* = 2\/5.

Diém giao xa nhit 14 dinh A(O;3)

= M.m=24.
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