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* Hé phuwong trinh cé chita mgt phuwong trinh hoac ca hai phwong trinh c6
thé sir dung hing ding thirc truc tiép hoic gian tiép biang phép nang liy
thira dé c6 nhan tir chung.

Bdc diém nhdn dang thuong gap cua hé nay la khi chung ta bién doéi mét hodc
cd hai phirong trinh chiing ta sé gdp mét hang dang thirc quen thugc.

(x—y)2+2(x—y)+1=0

Vi du 1: Giai h¢ phuong trinh
Vsx2 +1 =3y—5+«/5y2 ~10x -1

Phin tich : V6i hé ndy, ta nhan thiy phuong trinh tht nhat c6 hinh thtrc nhe nhang
nén ta s& bat dau tir phuong trinh nay vi cu tric phuwong trinh hai khong cho
nghi dén phép bién do6i nao bat dau tir d6 dé tim mdi lién quan gitra hai bién.

Cu thé ta c6 phuong trinh thir nhat dugc bién doi thanh :

(X,yeD)

x2+y2—2xy+2x—2y+1=0 (1)
Khong kho dé nhan ra (1) 1a hing dang thirc ctia (x —y + 1)2 .
Do d6 tir (1) tacd: (x—y+1) =0 x—y+1=0=y=x+1.
Nhu vay xem nhu bai toan dugc giai quyét.
Loi giai : Diéu kién : 5y —10x—1>0.
Phuong trinh thir nhét trong hé duoc bién dbi thanh phuong trinh :
x> +y2 —2xy+2x-2y+1=0 c>(x—y+l)2 =0eox-y+l1=0=y=x+1.
Thay vao phuong trinh thir hai trong hé ta thu dugc phuong trinh :

5x7 +11=3(x+1)=5+/5(x +1)2 ~10x 9

Vs +11-45x> +4=3x 2 (2)

Tir (2) tacé : \/5x2+11>\/5x2+4:>3x—2>0<:>x>§.

Xét ham s6 £(x)=v/5x> +11-5x> +4 —3x+2, VX>§.
Taco:

5x 5x | | 2
f'(x): — —-3=5x - -3<0,Vx>—.
J5x2+11 5x% +4 (\/5x2+11 \/5x2+4J 3

r r \ A A A + A e 2 A A )
Do d6 ta c6 ham so f(x) luén dong bién véi X>§ nén f(x)zO néu co

nghiém thi nghiém d6 1a duy nhét.
Ma f(1) = 0 nén (2) c6 nghiém duy nhat x=1=y=2.

(x.y)=(L2)

Doi chiéu dicu kién ta ¢6 hé cd nghiém
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Binh luiin: Bai toan trén 13 mot bai toan co ban néu thuan thuc hing dang thic vé
cach nhin va nhan biét thi s& khong c6 kho khin trong luc giai.
Vi du 2 : Gidi hé phuong trinh
4 3
(xy—Z)2 +6y = 3(— __Zj

X X

(3+i)(y(y—12x)+%(%+5]+87]=15(;—2+1j

Phén tich :
Véi hé dang xét, khong can phai suy tinh diéu gi ma bat dau ngay v6i phuong

3 (X,ye[l)

trinh thir nhét trong hé.
Phuong trinh thtr nhat trong hé duogc bién doi tré thanh phuong trinh :

2
(xy—2)2+6y—2+%=0<:>(xy—2)2 +2(Xy—2)-§+[ij =0
X \ X

X X
2 xy=2—g
3 3 X
S| xy-2+—| =0eoxy-2+—=0<
X X 2.3
2
X X

O day chung ta suy nghi rat nhu vay 1a vi trong phuong trinh tht hai trong hé

chura ca y,xy.
Va nhu vy ta xem nhu nut thit cta bai toan da dugc giai quyét. Gid ta vao giai
bai toan truc tiép.
Loi gidi :
Diéu kién x #0.
Phuong trinh thir nhét trong hé duoc bién doi thanh phuong trinh :

2
(Xy—2)2+6y—2+%=0©(xy—2)2 +2(xy—2)~§+(§) =0
X \x

X X
2 Xy=2—E
3 3 X
SIxy-2+—| =0oxy-2+—=0<
X X 2 3
)
X X

Thay vao phuong trinh tht hai trong hé ta dugc phuong trinh :

2 3
3+l 2.3 -12 2—3 +£+§+63 =15 L+1
2 x) %3 x2 %2

X X X

3
@(3+lj(%+2—j+ﬁ+63)=15(i2+1j
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13 8 12 1Y
@(3+;j[x—4+x—2+;+21j=5(x—2+1j (*)
bat tzl,ta co (*) tr¢ thanh phuong trinh :

X
(3+1)(3t* +8 +12t+21) = 5(¢’ +1)3 (1).

Ta bién doi (1) thanh phuong trinh : (3+1 [

=(F(E el B
t7+1 t> +1

=(F | AE )
t7+1

2
PO b S, 2(3“j +2(3+tj+5>0,VteD

t2 +1 t?+1 t? +1

£ +1) "2 3+t)} 5(t2+1)3.

[3+t) 5-0
t2 +1

StT-t-2=0& 5 Rt

S

Doi chiéu dieu kién ta c6 nghiém cua hé phuong trinh 1a

(x,y)= {(—1;—5);6;—8)} .

Binh luén : O cach giai & phuong trinh thir hai néu ta cr mic nhién khai trién thi
s& gip phuong trinh bac 6 voi nghiém dep ta hoan toan cé thé giai dugc. Tuy
nhién, néu gip nghiém “khong dep” thi chic ciing khé khin. Cach giai trén dya
trén tinh tinh té ctia cac dai lugng ma ta cha y trong bai d6 la 3+t,t2 +1 va
bang hé sé bat dinh ta can tach :

2
3x* +8x +12x+21=m(3+1)” +n(* +1)

Can bang hé s hai vé phuong trinh nay ta s& tim dwgc m=2,n=3 va co 1oi
giai nhu trén.

4x° —y2 +9=2(y—2x)(3—y)
Vi du 3: Giai hé phuong trinh x(y—x) 2x(x2 +y_2)+2 (x,yel)
+

x> +2  y?-2x*-9x-7




Tuw duy logic tim toi loi gidi Hé phwong trinh

Phan tich : V&i hé nay, do cdu tric qué phtic tap ctia phuong trinh thtr hai nén
ching ta chuyén qua phuong trinh thir nhat trong hé ¢6 céu trac don gian hon.
Phuong trinh thtr nhat trong hé dugc bién doi thanh phuong trinh :
4x2 —y2 +9=2(3y—y2 —6x+2xy) < 4x? +y2 +9—-4xy+12x-6y=0
Va chiing ta nhan thdy déng thirc cudi ciing mang dang dip cua hing déng thirc.
That vay, ta co :
4x° +y2 +9—-4xy+12x — 6y
=(2x)’ +y? +3% =2-2x-y+2-2x-3-2-y-3=(2x—y+3)’

Va nhu viy tas§ co: (2x—y+3)’ =0 2x—y+3=0< y=2x+3.
Bai toan di dwoc giai quyét.
Loi giai : Diéu kién : y*> —2x*> —9x -7 #0.
Phuong trinh thtr nhat trong hé dugc bién doi thanh phuong trinh :
4x° —y2 +9=2(3y—y2 —6X+2xy)<::>4x2 +y2 +9—-4xy+12x -6y =0

o (2x-y+3)’ =0 2x—y+3=0y =2x+3
Thay vao phuong trinh thtr hai trong hé ta c6 phuong trinh :

2
X(X+3) 2x(x +2x+1)+2 X(X+3) 253 4 4x2 4% 42
3 + 3 =l+xo—5 + 5 =1+x
X“+2 0 (2x+3) —2x%_9x—7 X" +2 2x° +3x+42
x(x+3) 2% +4x% +2x 42
5 +1+ 3 -
X" +2 2X°+3x+2
2x2 +3x+2 x2+2
x> +2 2x% +3x +2
2 2
par =X EF2 1 XH2 gy
X" +2 t 2x“+3x+2
3\ 7
5 2l x+=| +—
2X°+3x+2 4 8

x> +2 x> +2

R x=2

~2(2)

>0.

2x% +3x+2
x> +2

Luc dé ta co: (2)<:>t+%=2©t2—2t+1=0<:>t:1<:> 1
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Binh luén : O céch giai phuong trinh (2) céc ban c6 thé thuc hién phép quy dong
va nhan phan phdi ra hét thi ciing c6 két qua nhu vay.
24(x -
(x=y) —16{"”]: 2 L oxy
Vi du 4: Giai hé phuong trinh | VX —\Jy xy ) JJxy (x,yel).
\/;+\fy—3 =\/(x+1)(y—2)

Phén tich : V&i hé nay ta thdy phuong trinh thtr nhit c6 ciu trac kha phirc tap,
phuong trinh thtr hai chita cin thirc kha nhidu nhung lai 1a phuong trinh cin

thirc co ban nén trude tién ta s& nang lily thira & phuong trinh tht hai dé lam
giam can thic cua phuong trinh thir hai cong véi viée khir bot dai lugng y ¢6 &
vé sau va tao dugc thém dai lugng 3x c¢o trong can thirc sau khi nang liiy thira
& Ve trai.

Cu thé ta c6 phuong trinh thir hai dugc bién doi thanh phuong trinh :

x+y—3+2ﬂ¢x(y—3) =Xy—2x+y-2 <:>x(y—3)—2afx(y—3)+1=0
Phép bién ddi cudi cho ta dwge mot hing déng thirc (,/xy—3x —1)2 =0.

Té6i day ta s& c6 mdi quan hé giita hai bién x,y 1a xy=3x+1. Néu dé vay thé
vao phuong trinh thtr nhat trong hé ta van giai dugc nhung kha phtc tap va khé
khin trong viéc khai trién tinh toan.

Do d6 ta chon lya phuong 4n bién ddi tiép phuong trinh thir nhét trong hé dé
duoc hinh thuc gon gang hon.

Ta c6 phuong trinh thir nhat dugc viét lai 14 :

24(\/;+\/;)—16(l+l]:£+9xy

x y) Jxy

Vi phuong trinh nay ta khong kho nhén ra cai dai luong sau day sap xép lai s&
duoc mot h:lfmg dﬁng thire, do 1a :

2
1 1 32 12 1 1 1

16| —+— |-——==-16| —+ —=+— |=-16| =+—| .

[X Y] Jxy [X Jxy YJ (’5 ﬁJ
Do d6 ta bién doi tiép phuong trinh thir nhat vé phuong trinh :

2
1 1

24(x +4fy)-16| = +—=| —9xy=0

(=) )
2
o 16[%} ~24(Vx +fy )+ 9xy =0

Xy

Va t6i day, khong kho dé nhan ra phuong trinh cudi cing dugc bién doi cua
phuong trinh thir nhitrong:he trong:duong voE:

81



Tuw duy logic tim toi loi gidi Hé phwong trinh

Loi giai : Diéu kién : {

[ { i/ﬂ_J 3\/_} =0 = 4(Vx +\y) =3xy S 16(x +y+xy ) =9x%y

Luc nay két hop véi két qua thu dugc & phuong trinh thir hai ta thyc hién phép
theé s€ don gian hon.

x>0

y>3

Phuong trinh thtr hai trong hé dugc bién d6i thanh phuong trinh :

X+y—3+2a¢x(y—3)=Xy—2x+y—2 <:>x(y—3)—24fx(y—3)+1=0
xy=3x+1

@(\/ﬁ—l)z:Ocn/xy—3x—1=O<:>xy—3x—1=0<:> ol (1)
X

Phuong trinh thtr nhat trong hé dugc bién doi thanh phuong trinh :
24(\/§+\/§)—16(1+1j=£+9xy
X y) |xy

@24(\/;+\/§)—16[ﬁ+%f —9xy =0
@16(‘§+EJ2 ~24(Vx +fy ) +9xy =0 @£4(\/;+*/§J—3 ny2 )

N
<:>4(\/;+\/§) =3xy<:>16(x+y+ Xy)=9X2y2 (2)

Thé (1) vao (2) ta c6 phuong trinh :
16(x+l+3+«/3x+1j =9(3x+1)° < 81x> +38x> ~39x ~16-32xBx +1 =0
X

< 81x> +6x2 —71x—16+32x(x+1—«/3x+1)=O

& (x=1)(81x> +87x+16) +32x x(x-1)

X+1+\/3x+1 -

2
@(x—l)(Slxz +87x+16+32—XJ=0 (*)

x+1+«/3x+1

T
32x2

Nhén xét voi x >0 taco: 81x% +87x+16+———>0.

82

Do do tir (

x+1+«f3x+1

*) taco x—1=0=x=1=4.
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Déi chiéu diéu kién ta c6 nghiém cua h¢ la (x, y) = (1;4) .
Binh ludn : Bai toan 1a sy phdi hop ca hai phuong trinh déu dugc vé hing dang
thirc. Noi cach khac thi ki thuat nhan tir chung bang hang dang thic 1a mot bai

to4n ma & d6 ching ta hay bat gap nhan tir chung c6 dugc ¢ dang 2 (x,y)=0

hoac fz(x,y)+g2(x,y):0 hoic la fZ(X,y)—gZ(X,y):O‘
Vi du 5: Giai hé phuong trinh

2y +3(2x +1) —\Jy =3V2x +1
(y—x—Z)(15—2x2)+6=(x/x+2—\/y—x—3)4

Phén tich: Khong qua kho dé nhan ra hé nay chung ta khong khai thac duoc gi tir
phuong trinh thi hai. Phuong trinh thir nhét budc 1ong can quan tam. Trudc tién
ta s& chuyén vé va ding phép nang lily thira d& giam b6t can thirc rdi sau d6 s&
tién hanh tiép cac phép bién ddi can thiét va nhan dinh vé phép bién ddi cudi
cung ta c6 dugc.
Cu thé ta c6 phuong trinh thir nhat dugc bién doi thanh :

2,/y+3(2x+1) =32x+1 +\E<:>4(y+6x+3)=9(2x+1)+6,fy(2x+1)+y
<:>24x+4y+12=18x+y+9+6,fy(2x+1) < 2x+1-2,Jy(2x+1) +y =0
<:>(a\/2x+1—\/§)2 =0 \2x+ =\/§<:>y=2x+1

Nhu vay xem nhu d c¢6 g& dugc nat thit quan trong cua bai toan. Vay xem nhu
bai toan duoc giai quyét.
y+3 (2X + 1) >0
y>0
Loi gidi : Diéu kién : 1 (*)
X2>——
2
y—x-320

(X,yeD)

Tir phwong trinh thir nhét trong hé ta c6 phuong trinh sau :

21fy+3(2x+1) =3y2x+1 +\E®4(Y+6X +3)=9(2x+1)+6ﬂfy(2x+1)+y
c>24x+4y+12=18x+y+9+6ﬂfy(2x+1) ©2X+1—2ﬂ,y(2x+1)+y=0
@(\/2X+1 —\/§)2 0 2x+1=y & y=2x+1

Thay vao phuong trinh thir hai trong hé ta dwoc phuong trinh :

(x—l)(15—2x2)+6=(x/x+2—\/x—2)4(diéukién x>2 )
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<:>—2x3+2x2+15x—9=—16+8x(x— x2—4)

<:>2x3—2x2—llx—7+4x(2x—1—2 x2—4)=0

2
<:>(x+1)(2x2—4x—7)+4x£ 2x" —4x -7 ]:0
2x —1+2Vx* —4
2 4X
(26" —4x-7) x+1+ =0 (1)
2x —1+2Vx> —4
C e 4
Véidiéukién x>2 talubned: x+1+ X >0.

2x —1-2x% -4

2432
X:
2
2-32
X:

2

Dodétir (1) tacod: 2x* —4x-7=0<

Vi x>2 nén x:2+§\/§:y:3(1+\/§).

Dbi chiéu diéu kién (*) ta co nghiém ciia hé phuong trinh 1a

(x,y):(2+3\/§;3+3\/5}.

2

Binh luan: Thong qua bai toan ndy, chung téi mudn luu ¥ cac ban néu trong hé
chira mot phuong trinh giy qua nhiéu khé khin dé tim mdi quan hé ma trong hé
lai c6 mot phuong trinh c6 hinh thirc nhe nhang hon va chira dang phuong trinh
co ban thi ctr thir tu duy logic viéc ning liiy thira dé 1am giam can thirc va tim
hiéu sau vao cac phép bién doi tiép theo co giup gi cho chung ta. P6 1a viée tu
duy cho bai toan, tuy nhién tily vao bai toan ma ta sé c¢6 cach chon lya phuong
phéap thich hop.

Vi du 6 : Giai h¢ phuong trinh :
6x(x+1)—4xy+1=2(x+1)«fx2 +y —(y—l)2
X2Y+4(X2—4) 7x%y +3x% -112 (x.yel)
V23 +x% —16 y-1

Phin tich : Vé cau trac bai h¢ thi tir phuong trinh thir hai trong hé c6 bién doi thi
ciing khong thu dugc két qua nao kha quan.

Do d6 chung ta s& chuyén trong tim sang phuong trinh thir nhat. Ta bién d6i
phwong trinh thir nhét tré thanh phuong trinh :
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6x> +6X—4xy+1—2(x+1)afx2 +y+y2 —2y+1=0.
O phuong trinh ndy ching ta nhan thiy c6 dai luong 2(x +1)«[ X2+ y lam ta

lién tudng t6i hing dang thirc (a— b)2

Mit khac nhén thay rang néu cho y=2x+1:>\/x2 +y =\/x2 +2x+1=x+1.
Vavéi y=2x+1 thi ta thdy phuong trinh ndy nghiém ding

Nhu vay c6 kha nang dai luong —2(x +1)«fx2 +y c6 dugc xuét phat tir hiang

2
dang thirc nay ching ? D6 1a : («fxz +y—(x +1)) =0. Va nhu thé ta thir tach
phuong trinh thir nhét theo chiéu hudng nay xem sao ?
Cu thé ta co :
x* +y—2(x+1)\fx2 +y +(X+1)2 +4x2 +4X—4xy+y2 —2y+1=0
T&i day ta dé y thiy duge : 4x> +y> +1—4xy+2y+4x=(2x—y+1)2
Va nhu vay phuong trinh thir nhat dugc bién dbi gon lai thanh phuong trinh :
2 \ f Ziy= x+1>0
(«/xz +y—(x+1)) Jr(2x—y+1)2 =0 {NX FY X—HQ{
y=2x+1 y=2x+1
Nhu vay xem nhu nat that cia bai toan da dugc giai quyét.
X%+ y=>0
Loi gidi : Didu kién : {2x” +x>~16>0 (¥)
y#1

Phuong trinh thtr nhat trong hé duoc bién doi thanh phuong trinh
x> +y—2(x+1)«fx2 +y +(x+1)2 +4x° +4x—4xy+y2 —2y+1=0

@(m—(x+1))2+(2x—y+1)2=0©{ﬁ:“1@{"2_1

y=2x+1

y=2x+1
Thay vao phuong trinh thtr hai trong hé ta dugc phuong trinh :
x?(2x+1)+4x” =16 7x”(2x+1)+3x” 112

2% +x% -16 2x
2x° +5x2 —16 _ 14x> +10x* —112 (0
V2 +x7—16 2x

Pt a=v2x> + x> —16,a>0.
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2x3 +5x% —16=a+4x>
Ta ¢6 nhan xét :
14x> +10x2 112 = 7(2x3 +x2 —16)+3x2 =7a% +3x2
Do d6 ta co (1) tro thanh phwong trinh :

a+4x®  7a? +3x?

- - <:>2x(a+4x2)=a(7a2+3x2)

> 8x> —3ax? +2ax —7a’ :O<:>(x—a)(8x2 +5ax+7a2):0

<>x=2a Vi 8x> +5ax +7a% >0

PR S B x>0 B B
V2%’ +x° 16 =x & ,&x=2=y=5

2x* +x2 —-16=x

Dbi chiéu diéu kién (*) ta co nghiém ciia hé phuong trinh 1a (x, y) = (2;5) .

Binh ludn : Trong 161 giai phan tich cac ban s€ c6 thac mac la can cu vao diéu gi

ma chiing t6i lai cho y=2x+1. Cau tra 161 d6 chinh la sy du doan cua chiing ta
vé hang déng thirc. Néu hiang ding thic nay dung thi nghiém xay ra tai du
bang phai thoa phuong trinh. Va didu d6 da dung nén hudng tiép can tiép theo
1a bién ddi dé thu dwoc mot dai luong hing ding thirc tiép theo dua vao biéu
thirc con lai c6 cac dai lugng cho phép ¢ thé bién ddi theo ¥ tudng d6. Mot
tuong c6 thé khoi duoc sy thanh cong, nhung khong ¥ tudng nao s& chic chin
s& dan t6i mot that bai.

Vidu 7:
y—5(3x2 —1)—12x =2(x-2)Jy+2

Giai h¢ phuong trinh (x,y ell )
5x2 («4/y+2 +2) = 2(1—4x +/10x —3)

Phén tich: Vi hé nay, ta 16 rang nhan thay mdi lién quan giira hai phuong trinh
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v6i dai lugng [y +2 nhung s& rét kho bién déi tir phuong trinh thr hai.
O phuong trinh thtr nhét ta ¢6 thé 4n phu héa cin thuc dé dua vé phuong trinh
bac hai theo y nhung néu ta tinh ¥ ta s& c6 bién ddi sau :

y+2-2(x=2)fy+2 +x? —4x +4-16x> ~8x ~1=0
S y+2-2(x=2)Jy+2+(x-2)" = (4x+1)° <:>(a/y+2—x+2)2 = (4x+1)°

Jy+2-x+2=4x+1 y+2=5x-1

1/y+2—x+2=—4x—1<::> Jy+2=-3x-3

Ta bién d6i dugc nhu vay la do diéu kién cta hé.

<:>«4/y+2 =/5x-1.
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Nhu vdy xem nhu ta d3 tim dwoc mdi quan hé dé thyuc hién phép thé. Vay xem
nhu hé duogc giai quyét.
y=>-2

Loi gidi : Diéu kién : 3.
X>—
10

Phuong trinh thr nhat trong hé dwoc bién ddi tré thanh phwong trinh :
y+2-2(x=2)\[y +2 +x* —4x +4-16x> ~8x ~1=0

S y+2-2(x-2)Jy+2+(x-2)" =(4x+1)° @(W—X+2)2 = (4x+1)°

- Y+ X+ X + - y+ X @ﬁ:ﬁ(l)
Jy+2-x+2=-4x-1 | y+2=-3x-3

Taco (1) vi xzi:>5x—lzl, —3x-3<0.

10 2
Thay ¥y+2 =+/5x —1 vao phuong trinh thi hai trong hé ta c6 phuong trinh :
5x2(\/5x—1 +2)=2(1—4x+\/10x—3)
& 5x25x 1 +10x% +8x —2— 2J10x -3 =0
< 5x35x —1+2x(5x ~1)+10x =2~ 24/10x -3 =0
<:>Xx/5x—1(5x+2\/5x—1)+10x—3—2\/10)(—3 +1=0
@x«/Sx—l(Sx—l+2«/5x—l +1)+(\/10x—3 —1)2 -0
N X«/SX—l(«/Sx—l +1)2 +(«/10x—3 —1)2 -0

J5x-1-1=0 S5x—-1=1 2
= = ox="=dyr2=1y=-1.
{a/lox_3_1:() {10){—3:1 5

Déi chiéu diéu kién ta c6 nghiém ciia hé phuong trinh (x, y) = (%;—lj .

Binh luin : Bai toan nay chi can tinh y bién d6i phwong trinh thir nhat vé dang

A?-B*=0 day ciing 1a mot diéu ddng quan tim va chi y. Phuong trinh thir
hai dugc giai quyét theo phuong phap dua vé tong hai sé khong am

A% +B? =0. Ca hai phuong trinh trong hé déu c6 thé sir dung hing dang thic
va céc tinh chat dic biét dé giai quyét. Tuy nhién ¢ phuong trinh tht hai cac
ban c6 thé chon lya giai quyét cach khac nhu lién hiép. ..
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Vi du 8: Giai h¢ phuong trinh

Xy y X

\sz +5X+2y+xy+6—2x,fx(y+3) =\/;+a/y+3

2 2
X4 g (X+y)(%_§J
(x,yeD)

Phén tich :

Hé phuong trinh c6 cdu tric kha d6 sd & ca hai phuong trinh trong hé. Tuy
nhién ta quan sat thdy phuong trinh thir hai trong hé bén vé trai trong can co
chira mot bicu thirc chira bién khd d6 so va ddc biét c6 sy xuit hién cta dai

lugng 2x, fx(y + 3) nén ta c6 thé lién tuong téi hing dang thic.
Néutaxem a=x,b=/x(y+3) thitacé: a> +b> =x* +xy+3x.

Mit khac ta nhan thay biéu thic trong can chira hai dai luong xz,xy do d6 ta

tién hanh tach biéu thurc trong can vé trai nhu sau :

x> +5x+2y+xy+6—2x,/x(y+3) =x? —2x,fx(y+3)+xy+3x+2(x+y+3)

=(x— x(y+3))2+2(x+y+3)
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Nhu véy sau khi bién doi ta van chua c6 thé pha cin thie du di tach dugc hing
déng thic.

Tuy nhién, quan sat vé phai ta c6 tong Ix +4 {y +3, dai luong nay sau khi nang
lity thira s& xuat hién x +y+3va X(y+ 3) . Do d6 ta tién hanh nang liiy thira
phuong trinh thir hai trong hé dé gian wdc b6t dai luong x +y+3 va lam giam

d6 phirc tap vé hinh thirc cho phwong trinh thir hai.
Cu thé, nang lity thira hai vé phuong trinh thir hai trong hé ta thu dugc phuong

trinh : (X— x(y+3))2+2(X+y+3)=x+y+3+2ﬂfx(y+3)
<:>(x—Jx(y+3))2+x+y+3—24yx(y+3)=0
o (x-x(y+3)) +(Vx -5 +3) =0 (1)

Va nhu thé véi phuong trinh thir hai sau phép nang lity thira khong nhiing lam
gon phuong trinh ma con din dén mot két qua dep cho mot tinh chét vira dugc
st dung & vi du trude d6 .

Thatvéytac():(l)@{ & x=y+3.
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Téi day ta c6 thé sir dung phép thé vao phuong trinh thir nhét trong hé thi xem
nhu hé da dugc giai quyét.
Tuy nhién néu ta tinh y s& théy phuong trinh thu nhét 1a phuong trinh déng cép
v6i hai bién x,y .
Mat khac tir phuong trinh thir hai dugc viét lai :
2 2
22 vxydy (Hy)(z_z]
Xy y X
Ta suy ra dugc xy>0=y>0.
Do d6 ta bién d6i phwong trinh thir hai trong hé vé& phuong trinh sau :

et [ x) )

=) el
SCRE O
B3G5

@2@2_@4@@:2 4(3“] 2(§T—%J

Va téi day, thong qua cac phép bién ddi vé hing dang thirc ta dua hé ban du vé

x=y+3
mot hé khong thé nao co ban hon duge nitado lahé : < x A
y

Va nhu vdy xem nhu hé duogc giai quyét hoan toan.
e eas A qiA x>0
Loi giai : Dicu kién : .
—2<y=#0

Phuong trinh tht hai trong hé dugc bién ddi thanh phwong trinh :




Tuw duy logic tim toi loi gidi Hé phwong trinh

\/(X— x(y+3))2+2 X+y+3 \/§+\/ﬁ
@(X—ﬂfx(y+3))2+2 x+y+3 x+y+3+2,/x(y+3)
)2+x+y+3 2afx(y+3)=0
v e3)

<:>(x x(y+3)

2

<:>(x x(y+3) + \/’;—\/}T =0

X = x(y+3) -
@{\/;:\/m o x=y+3(2)

@ Céach 1 : Thay vao phuong trinh tht hai trong hé ta thu duwgc phuong trinh :

2(y+3)2+4y2+1:4 (2y+3)(6-y) _ 7y +15y+18 4 [2Y°+9y+18
y(y+3) y(y+3) y(y+3) y(y+3)

y(y+3)>0

=
7y +15y+18=4\/y(y+3)(—2y2 +9y+18)
y(y+3)>0

< 2 2 2
16y(y+3)(—2y +9y+18)=(7y +15y+18)

y(y+3)>0 y(y+3)>0
= ) ) S1ly=1 oSy=l=>x=4
81(y—1) (y+2) =0

@® Céach 2 : Phuong trinh thir hai trong hé duoc viét lai thanh phuong trinh :

2 2
22 vxydy (Hy)(z_z] (*)
Xy y X

y=-2

2
2 2 _ y) 31,
Tir (*):>xy>0:>y>0do 2x° +xy+4y —2(x+4j + 8y >0

x>0

Do d6 ta nhan hai vé ctia (*) cho X 50 tacé phuong trinh :
y

2xz+xy+4y2 X_4 3(X+y]§[2x—3yj
Xy y y oy oy y
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<:>§=4<:>X=4y (3)
y
Tur (2)va (3) ta c6 hé phuong trinh {X =y N {X B 4.
x =4y y=1
Déi chiéu diéu kién cua bai toan ta c6 nghiém cua hé phuong trinh 13
(x,y) = (4;1) .

Binh luin : V& ciu trac thi bai hé c6 hinh thirc kha cong kénh nhung cho 15i giai
hét strc tha vi. Bang nhiing nhan dinh ph hop thi véi mot hé duoc giai bang
hang dang thirc cho mot 101 dep va rat thu vi. Bai toan trén néu ching ta manh
vé danh gia bat ddng thuc ta c6 thé danh gia tryc tiép phuong trinh tht hai trong
hé ciing thu dugc két qua. Tuy nhién, & ddy ching t6i mudn nhin manh vé viéc
hang dang thirc ciing 14 mot phuong phap giai hé bat nhan tir chung loai “ duy
nhat” kha chuén. Sau diy, ching ta s& tiép dén mot vi du dién hinh thé loai nay
ma ngoai phuong phép sir dung hing dang thirc ta con co thé s dung céc
phuong phéap khac nhu su dung bét ding thirc co ban dé danh gia hay lién hiép
két hop véi binh phuong hé qua (ngu v 14 binh phuong chua rd vé ddu) d6 chinh
1a @€ thi khdi A, Al nim 2014.

J12- / 12-x%)=12
Vi du 9: Giai hé phuong trinh * v y( * ) (x,yel)
x> —8x —1=2\y-2

Phan tich : Day 1a mot bai hé hinh thirc ngin gon nhung c6 thé cong pha nod &
nhiéu ki thuat khac nhau. O day chung t6i mubén nhim dén ki thuét st dung
hang dang thirc.

Quan sat phuong trinh thtr hai chiing ta biét chic v6i nhitng gi dé bai cho ching

A A r g\ du' hlI tr‘ hn‘
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Loi giai : Diéu kién : {
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Vi phuong trinh thir nhat ta nhan thiy né ¢ dang phwong trinh chira cin co ban
va néu chuyén vé thi khi nang liiy thira s& giam bot can thirc va khir duoc dai
lugng x? y két hop cung cac hé sb cho dic biét nhu dé bai.

Do d6 ta bat dau tir phuong trinh thir nhat nhu sau :

12-xJ12-y =\y(12-x?) = 12x% - xy —24xJ12—y + 144 =12y — xy

o 12x? —24x\f12—y 12y +144 =0 = x> —2x 12—y +12-y =0

T&1 phuong trinh ndy ta da dat dugc hai muc dich khu bét céan thuc va dai lugng
gidng nhau, gio tiép theo ta s& cham chii vao n6 dé bién doi tiép vi ta chi con
mdi con dudng 14 phai cong pha cho dwgc phuong trinh nay tim nat thit “nhan
tr duy nhét” cua bai toan.

. 2
Quan sat mot chut ta nhan ra ngay phuong trinh cudi chinh 1a (x - /12 - y) =0.

Va téi day nit thit da dugc mo va bai toan duge giai quyét .
2<y<12

2f3<x<23°

Phuong trinh thu nhét trong hé duoc bién ddi thanh:

12-x12—y = fy(lz—xz) =12x% —x’y—24x 12—y +144 =12y —x%y
<:>x2—2x.f12—y+12—y=0<:>(x—,/12—y)2 =0
<:>X=~/12—y<:>{xzo

Thay vao phuong trinh thir hai trong hé ta thu dugc phuong trinh :
x> —8x —1=2410-x* & x* —8x—3+2(1—4\/10—x2)=0

< (x=3)(x2+3x+1)+2 X—_3J=O
(x )(X i ) [1+\/10—x2

<:>(x—3)£x2+3x+1+;J=0 (%)

y=12—x2

1+10—x2

T
2P3<x<23
Tur didu kién {x >0 <0<x<J10=T>0 .
10-x2>0

Do d6 (*)co6 x-3=0=x=3=y=3.
Daéi:chiéu digu kign ta,
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Binh lun : Bai toan ndy, dap an chinh thirc ciia bo 1a sir dung bat ding thirc

s ., R 212+b2 X g 2
—GM va danh giad co ban ab < ,Va,bell décodugc y=12—-x".

2
Cuthétacd: x\12-y < w y(12 )SM

2
T do ta co : x4J12— y+‘¢y 12 x> S
e x=\/12—y
Dau dang thuc xay ra < 5
12-x

Ngoai ra ta co thé cong pha phuong trinh thir nhat dé thu duoc y=12— x> béng
ba céach sau :
@ Cach 1 : Sir dung bt ding thirc BCS ta ¢6 :

144 = (X«/lZ y+‘fy 12—x2 ) X +12-x )(12—y+y)=144.

X :\112—7(2@ x20
J2-y Jy =12-x*

@ Cach 2 : Sir dung bt déng thirc véc to.
Xét hai véc to ﬁz(x,x/lZ—xz ),;=(J12—y,\ﬁ).
Taludn cé : GQS‘EHQ‘ nén ta co:
x,/lz—y+\/y(12—x2)s\/(x2+12—x2)(12—y+y)=12.

X \I12 x?
Ty &

Déu dang thirc xay ra khi va chi khi

Dau dang thirc xay ra khi va chi khi u=k-v (
@ Céch 3 : Str dung lién hop va binh phuong hé qua.
2 —
Tacod: x~f12— —,fy(lZ—xz)z 12x* ~ 12y :xz—y
xafIZ—y +\/y(12—x2)

Két hop voi phuong trinh thir nhat trong hé ta c6 phuong trinh :

2x412—y=12+x2—y<:>(x—.f12—y)2 =0.

O trong 101 giai nay, chiing ta manh dan li€n hi€p la do mdt nhan xét néu khong

xét vé& déu thi hai dai lugng trong hai can thirc c6 chung dai lwvong x2y nhung

chung lai cung dau. V€ mtrc do tuong doi nao dé thi cach giai dua trén nhan xét
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nay, van c6 thé ap dung dugc cho cac bai toan néu sir dung phép nang lity thira
thu duoc nhan tir c6 thé bidu dién x theo y (hodc nguoc lai) va ciing c6 thé bidu
dién f(x ; y) = g(x ; y) 16i st dung cach thé. Cac bai toan thudc thé loai nay,
ching ta s& tién hanh nghién ciru trong phan hé phuong trinh bit nhan tir chung
bang phuong phép lién hiép & phan tiép theo sau day.
C6 mot diéu rdt chii Y thuong nhitng bai todn hé ma trong dé cé mot phwong
trinh phdi sir dung danh gid riéng biét khéng phai két hop ca hai phwong trinh
trong hé ma dwoce danh gid bang bt dang thirc co ban ma cdu triic phirong
trinh cho “nhe nhang” thi viéc sir dung phwong phdp hang dang thirc lai kha
hiéu qud va cho oi gidi dé hiéu hon.

* H¢ phwong trinh c6 nhin tir chung bing ki thuit nhan lién hi¢p trong mot
phwong trinh trong hé hodc c6 @i hic 13 phoi hop ca hai.
Pay la thé logi ndng cao cia ki thudt ding hang dang thirc. Dé gidi dwoc thé
logi nay chiing ta can c6 cac buéce dinh tinh trude nhie sau :
+ Trong hé c6 cdc dai lwong cé thé khir cho nhau bang phép lién hop.
+ Podn dwogc gid tri lam cho hai vé phirong trinh bang nhau.
+ Két hop cac danh gia co dwoc tir bai toan dé chi ra vé con lai vé nghiém.
+ Sur dung thuan thuc cdc ki thudt bién doi lién hiép.
Pay la mot sw phdt trién rat tw nhién cia phép truc can thirc va nhdn tir chung
tie phuong trinh

_ 2
«fx+y+3x(x+y)—\/g+6y (x,yeD)

Vi du 1: Giai hé phuong trinh
x> +2xy+y2 —5x—-3y+2=0

Phin tich : Cau tao ciia hé gom mot phuong trinh bac hai hai 4n va mot phurong
trinh chira cin thirc ciing voi hai 4n. Theo suy nghi tu nhién, rd rang ching ta
luon mudn bét dau tir phwong trinh thir hai.

Kiém tra ta nhan thiy phuong trinh nay tach dwoc nhén tir. By gio ta s& tién
hanh tinh delta dé hy vong c6 delta 1a s6 chinh phuong.

Cuthétaco A=(2y—5)" —4(y> -3y +2)=—8y+17.

R rang nhan ra dugc ngay phuong trinh thir hai khong thé dem phan tich dugc
vi khi d6 nhan tir s& lién quan toi can thirc. Piéu phirc tap nay, chung ta khong
chd doi. Do 6 moi chuyén phai d6 don vé phuong trinh thir nhat.

Nhan xét cach sip sép cua phuong trinh thir nhat khong cho phép ta nghi dén
viéc nang lily thira vi cin thirc tuy c6 giam bét nhung da thic s& ¢6 s6 mil cao
1én. Va ta ciing ching thé 1am gi tir n6 dé c6 duoc nhén tir qua cac phuong phap
ta da xét trén.

Luc nay, ta s& nghi dén viéc khtr lién hiép bit nhan tir chung. Nhung dé c6 dugc
diéu nay chiing ta can lam cic budc nhu 1i thuyét vé phan nay ma ching toi dé
cap.toi
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a/x+ =.f2
Y Y , do d6 ta nhan dinh c6

3x(x + y) = 6y2

@® Budc 1: Ta nhan thay néux=y:>{

nhan tr x =y

@ Budc 2: Tién hanh nhom lién hi€p. Ttr nhan dinh ¢ budc 1 ta cd cach nhom lién
hiép nhu sau :

JX+y \/_y+3 (x+y x+6y ®ﬁ+\/_ (X2+xy+2y2):0

=0

,_X+y+\/_ x+2y) 0<:> x y( ,_X+y+\/_+x+y+y]

@® Budc 3 : Tién hanh danh gia phan trong ngodc, khong kho dé nhan thay tir diéu
kién ctia bai la x+y>0;y>0 va nghiém (x; y) = (0; 0) khong thoa hé nén ta
ludn c6 phan trong ngodc duong.

Vay xem nhu h¢ da dugc giai quyéet bang phuong phap lién hop.

x+y=>0

y>0

Nhan xét rang voi (x; y) = (0; 0) khong thoa hé nén mot trong hai dai lugng

X+Y,y c0 it nhit 1a mot sé duong.

Phuong trinh thtr nhat duoc bién d6i thanh phuong trinh :

Loi giai : Diéu kién : {

X+y y+3 X+y X+6x & —==+3 Xz+xy+2y2 =0
Jery =2y o )

x+2y

X7y -
@\m+\/g+3x X y(\/m+\/_+x+y+y] 0(1)

Tu diéu kién va nhan xét d tréntacd : ———+x+2y>0

,Wwﬁ

Do d6 (1) cho ta x—y=0< x=y. Thay vao phuong trinh tht hai trong hé ta

_2-\2__2-\2

y
dugc phuong trinh : 2x2 —4x+1=0< 2 2
2+\/5 2+\/§
T2 YT

Doi chiéu kién ta c6 nghiém cua hé la

i)

2 72 2 7 2
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Binh luin : Véi bai toan nay, néu ta khong dua ra nhan xét thi néu voi dicu kién

ctia bai ta két luén phan trong ngodc cta (1) ludn dwong 1a khong chuén xéc.

2 _ 2
Vi du 2: Giai hé phuong trinh {2\/" TIXTYRLoI=NY IR veD)

2y —x+3=x+11

Phén tich : V&i hé nay ta nhan thay, phuong trinh tha hai trong hé rat don gian,

®

®
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nhung chinh vi sy don gian binh di qua ctia né ma tir né ching ta chang thé nao
tim dugc mdi quan hé giita hai bién x, y du ta sir dung phép lily thira dé lam mat
can thuc.

That vay, sir dung phép lily thira ta s& bién d6i phuong trinh thir hai trong hé
thanh :

X+3=x7 +4y” +121+4xy + 22x < x> +(4y +21)x +4y” +4y +118=0.
Pay 1a mot phuong trinh bac hai hai 4n, kiém tra thiy khong phén tich dugc
nhan tir.

Do d6 moi sy d6 don luc nay gidi quyét hé 1a ta can cong pha dugce phuong trinh
thir nhét trong hé dé tim mdi lién hé giira hai bién x, y.

Ta sap xép lai phuong trinh thir nhit trong hé ta ¢6 :

2\,lx2 +5x—y+2 :\/yz +8x +x+2 (1)

O (1) khong cho phép ta nghi dén viéc nang lity thira vi khi nang liy thira dé
khir bot can thirc ta s& lam cho cac bién ting 1én s6 mil va phuong trinh s& cang
phtrc tap nén ta s& lwa chon phuong phap “ép nhan ti” bang lién hop.

Nhan xét (1) c6 hai can bac hai nén ta nghi dén viéc thoat can bfmg mot s6 chinh
phuong.

Budc 1: Néu ta thay y=x—2 tacé:

20X +5x —y+2 =20x> +4x+4 =2(x +2)
Jy? +8x +x+2:\/x2+4x+4+x+2:2(x+2)
Tir ddy ta c6 nhan dinh nhan tir can timsé 1a x —y—2.

Budc 2 : Str dung nhém lién hiép.

«/xz +5x—y+2—(x+2)+\/x2+5x—y+2—\/y2+8x =0

2.2
- X—-y-—2 N X -y =3x-y+2 ~0
«fx2+5x—y+2+x+2 \/x2+5x—y+2+\/y2+8x
X—y-2 (x—y—=2)(x+y-1)

= =0

+ =
«fx2+5x—y+2 +x+2 \/xz +5x—y+2 +\/y2+8x




Cty TNHH MTV DVVH Khang Viét

1 x+y—1

+
»\/x2+5x—y+2+x+2 \/xz +5x—y+2+\/y2+8x

@® Budc 3 : Panh gia biéu thirc lién hiép.

=0

<:>(x—y—2)

Khong khé nhan ra phan trong ngodc cai kho d6 1a danh gia dai luong x +y—1
khi ma diéu kién ciia bai toan chi 1a x>-3,x% +5x—y+2>0,y> +8x >0
khong giup ta danh gia duogc dai luong x +y—1.
Tuy nhién, tir phuong trinh thtr hai trong hé véi diéu kién x >—3 ta c6 danh gia
sau :
2y="x+3+x+11>8=y>4=x+y>1
V6i danh gia nay thi phin trong ngodc di rd rang dé két luan. Vay bai toan da
dugc giai quyet.
Loi giai :
x=>-3
Pidukién: {x? +5x—y+22>0
y2 +8x2>0
Phuong trinh thtr nhat trong hé duoc bién dbi thanh phuong trinh :

«/xz +5x—y+2—(x+2)+\/x2+5x—y+2—\jy2+8x =0

2.2
- X—-y-—2 N X -y =3x-y+2 ~0
«fx2+5x—y+2+x+2 \/x2+5x—y+2+\/y2+8x
- X—y—2 N (x—y—2)(x+y—1) 0
«fx2+5x—y+2+x+2 \/x2+5x—y+2+\/y2+8x
1 +y-1
& (x-y-2)| = — 0 (1)
a,x +5x—y+2+x+2 \/X +5x—y+2+\/y +8x
T

Tir phuong trinh thir hai trong hé véi diéu kién x > -3 ta c6 danh gia sau :
2y=\m+x+1128:>y24z>x+y21.

V6i danh gid nay taco T>0 néntir (1) taco x—y—-2=0<y=x-2
Thay vao phuong trinh thir hai trong hé ta dugc phuong trinh :

2(x—2)—x¢x+3 =x+1lJx+3=x-15

x—-15>0 x>15
= 2<:> 5
_ x+3=(x—15) X —31>_;+222=O




Tuw duy logic tim toi loi gidi Hé phwong trinh

x>15
X_31—\/ﬁ
PN > @X:31+ﬁ:>y=27+2ﬁ

X_31+\/ﬁ 2

2

Dbi chiéu didu kién ta c6 nghiém cia hé 1a (x,y) =( 5 3

31+ﬁ27+ﬁ)

Vi du 3: Giai hé phuong trinh

1+ 2x +y+1=4(2x+y)’ +.f6x +3y

2 (X,ye[l)
(9x+4y)(\/19x+8y—\/14—X—2y) =5+4x+2y

Phan tich : Véi hé nay chung ta quan sat thiy ca hai phuong trinh déu khé nim
bat dugc diéu gi nhanh chéng. V&i phuong trinh thi hai, ta thy d6 phtc tap cua
n6 kha nhan vi di chtra binh phuong lai ¢6 chira tich nén viéc khai trién n6 la
diéu khong nén lam.

Do d6 trong tim cua ching ta phai xoay chuyén qua phuong trinh thir nhit dé
cong pha. Vi & hé nay ta s& loai trir viée két hop ca hai phwong trinh dé c6 duoc
diéu gi do.
Phuong trinh mét ¢6 hinh thirc kha gidng véi phuong trinh thir hai nhu 1a chira
cin thirc va binh phuong ctia mot biéu thirc hai bién. Tuy nhién néu quan sat ki,
chung ta dé y t6i hai dai luong trong cin c6 dau hiéu dic biét va trong phuong
trinh c6 chita mot hang thirc dang a’—b?
Cu thé, ta co: (6x+3y)—(2x+ y+1) =4x+2y-1 (*)
Mt khéc : 4(2x+y)° —1=(4x+2y)> —1=(4x+2y+1)(4x+2y—1)
Va nhu vdy, & phuong trinh thir nhét trong ta s& lién hiép vi nhu thé ching ta
mai ¢6 duge (*).
Ta bién d6i phuong trinh thir nhat nhu sau :
J6x+3y —\2x+y+1+(4x+2y) —1=0
4x +2y -1

= ey

\/6X+3y +\/2X+y+1

+(4x+2y+1)(4x+2y—1)=0

1
\/6X+3y+\/2x+y+1

<:>(4x+2y—1)[ +2(2X+y)+1J=0

Véi diéu kién 2x+y>0 ta c6 duoc biéu thic trong ngoic dwong. Do do :
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Té6i day ta co thé giai quyét dugc hé dang xét.

2x+y=0
T S 0<2x+y<14
Loi gidi : Dicu kién: {14-x-2y>0<
19x +8y =0
19x+8y =0

Phuong trinh tht nhit duoc bién dbi thanh phuong trinh :
J6x+3y —2x+y+1+(4x+2y)’ -1=0
4x +2y -1
\/6X+3y +\/2x+y+1

+(4x+2y+1)(4x+2y—1)=0

1

\/6x+3y +\/2X+y+1
1

\/6x+3y +\/2X+y+1

Néntr (1) taco: 4x+2y—1=0<4x+2y=1(2).

Phuong trinh thir hai trong hé dugc bién ddi thanh phuong trinh :

(x-+2(4x +2y))(3x+4(4x +2y) ~la—x +4x_1)2 =5+ (4x+2y)

@(4x+2y—1)[ +2(2X+y)+1j=0 (1)

Do 2x+y=>0 tacod:

+2(2x+y)+1>0

<:>(X+2)(\/3x+4—\/3x+13)2 =6 27(x+2)=2(\3x+4 +x/3X+13)2

27x+54=2(6x+17+2\f9x2 +51x +52)<:>4x/9x2 +51x+52 =15x+20

15x+20>0 <>
= 2 2 =
16(9x +51x+52)=225x +600x + 400

3x2-8x—16=0
x> 2 15
3 Xx=4=>y=——
S1x=4 & 2
I S
x=-2 37776

T S U . A Ay 15
Doi chieu dicu kién ta c6 nghi€m ctia h¢ 1a (x,y) = (4;—;} .
Binh luén : Bai toan ndy ching ta khong st dung doan nghiém dé lién hiép ma
nghiém cua nd hay con goi 1a nhan tir chung ctia n6 c¢6 dugc tir cac dai luong co
san trong phuong trinh ma ta mudn lién hiép. Pay ciing 14 mot diém chu ¥ déng
quan tam trong ki thuat lién hiép.
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Vi du 4: Giai h¢ phuong trinh
3\/2y—x—1(\/x+3 —4)+\/ﬁ( v+1 +4):—2(y+35)
(x—y+3)WxT3 =y 71
Phén tich : HE phuong trinh da cho dau tién ta danh gia 1a phuong trinh ¢6 hai dai
lugng lap lai trong ca hai phuong trinh trong hé do la M ,\/}m trén

phuong dién nhin nhan ta c6 thé an phu hoa rdi giai phuong trinh. Tuy nhién vé

(X,yeD )

dinh tinh ta ¢ thé 1am nhu vy, nhung ciu tric phuong trinh thir nhat trong hé
kha nhin nén cau hoi dt ra lidu 4n phu c6 phai con dudng giai quyét tot chang ?
Tuy nhién, chung ta dé thay rang phuong trinh thir hai trong hé ¢ hinh thic gon
nhe, nén thir nghi ring ta nén bt dau tir phuwong trinh nay dé xem co6 thé rut
dugc mdi quan hé nao gitra x,y dé bét nhan tir chung roi thyc hién phép thé 1én
phuong trinh thir hai dé con duong di né don gian hon khong?

Quan sat ta thiy rang (y+1)—(x+3)=y-x-2=—(x—y+2).

Pai luong thu duoc sau quan sat kha gidng véi voi dai lugng bén vé trai phuong
trinh va vi ta cdn ¢ cai quan sat nén chung ta phai tach va lién hiép phuong
trinh thir hai thanh :

(X—y+3)xix+3 =\/ﬁ<:>(x—y+2)\/x+3 =\fy+1—\/x+3

y—x—-2
S(x—y+2)x+3=—r"——
(X Y ) ) y+1++x+3

. .
S(x—y+2)| Vx+3+ ———+—|=0
(X Y )[ * y+1+\/x+3]

RS rang voi diéu kién dang xét phuong trinh cudi cung chi thu duoc

X —y+2=0, va nhu viy xem nhu ta da c6 nhan tir chung va thyc hién phép thé

dé giai phuong trinh thir nhat nita 1a xem nhu bai toan dugc giai quyét.

x+320
x21
T y+120
Loi gidi: Diéu kién: Sqy2-1
x—120
2y—x—-120
2y—x—-120

Phuong trinh th hai trong hé dugc bién d6i thanh phuong trinh :

(X—y+3)xix+3 =ﬁ<:>(x—y+2)\/x+3 =\]y+1—\/X+3

y—x—2
S(x—y+2)x+3=—r0e——
(X Y ) * y+1+x+3
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@(X—y+2)[ﬁ+ﬁ}=0 (1)

Véididukién x>1y>—1taco: Jx+3 PR Y

a/y+1+\/x+3
Néntir (1) tacd: x—y+2=0<y=x+2.
Thay vao phuong trinh thir nhét trong hé ta dugc phuong trinh :
3\/x+3(\/x+3—4)+«/x—1(x/x+3+4)+2x+10=0 (2)
& 5x+19-12Jx+3 +[(x —1)(x +3) +4Jx-1=0
©6(x+3)+3|(x —1)(x+3) —124x+3 -2, /(x =1)(x +3) = (x = 1) +4/x ~1=0
<:>3\/x+3(2«/x+3+\/x—1—4)—\/x—1(2«/X+3+\/X+1—4)=O
S (3x+3-Vx=1)(2x+3+x+1-4)=0

[3x+3-Jx-1=0 [9(X+3)=X—1

=
_2«/x+3+\/x— =4

5x +11+4x%> +2x -3 =16

13 x=-2
X=—— 4
= 4 <1 (x<1
Jx?+2x-3=5-5 .
| 4Vx7+2x-3=5-5x 16x2 +32x —48 = 25x2 —50x + 25
o B
13 4
X=——
4 x <1
< (x<1 “lrx =1 x=—2
) & 4
9x* —82x+73=0 73
X=— x=1
9

Déi chiéu diéu kién ta c6 nghiém ctia h¢ 1a (x,y)=(1;3).
Ngoai 161 giai phan tich phuong trinh d6 cho thanh tich, ta c6 thé giai phuong
trinh nay bang phuong phéap an phy hoa nhu sau :

a,b>0

a=x+3 2x =a’+b%* -2
bat: * six=a’-3= X .
b=+x-1 . a’-b’ =

Xx=b" +1

Khi d6 phuong trinh (2) tr¢ thanh phuong trinh :
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3a(a—4)+b(a+4)+a’ +b” +8=0<4a” —12a+ab+b”> +4b+8=0
42’ ~12a+ab+b’ +4b+2(a’ ~b’)=0
& 6a” +3ab—12a—2ab—b* +4b=0
<3a(2a+b-4)-b(2a+b-4)=0<(3a—b)(2a+b—4)=0.
Té6i day ta giai nhu 101 giai trén.
Binh luén : Bai toan nay c¢ ki thuat bt nhan ti nhu vi du 3.
Vi du 5: Giai hé phuong trinh

(y+1)°
«f4x+2xy+1 (x,ye[l )
X +5+2(x=2)42y =y (V¥ - 2(x-1))

Phén tich: Voi bai hé nay, viéc dau tién chung ta nhan dinh tuy phuong trinh hai
¢6 nhiéu yéu t6 lién quan va hinh thic d& nhin nén d& nghi dén viéc 4n phu hoa.
Nhung ti 1¢ thanh cong dé bit nhan tir 1a rat rat it.

Phuong trinh thir nhit c6 hai cin bac 1éch va cac biéu thirc trong cin chang lién
quan gi dén nhau nén néu mudn bat nhan tr chung va cong pha phuong trinh
nay chung ta s& vu tién cho phuong phap khtr lién hiép 13 yéu t6 then chét.

Quan sat ta nhan thiy phuong trinh thir nhit chira hai cin béac 1éch 1a bac ba va
bac 2. Do d6 ta cAn chon mbi quan hé giita x,y sao cho biéu thuc trong can bac

%/4X3+(x+3)y2+3y+1 =

ba 1a lap phuong cia mot hodac mdt hi€u, con trong can bac 2 1a mdt binh

phuong mét tong hodc mot hiéu. Trong ca hai cin ta déu co tinh dén c6 thé biéu

thue 1a hé sb.

Thuyc té bai toan khong cho phép chiing ta nghi dén mbi quan hé nao gitra x, y

1am cho biéu thirc trong cin bac ba 1a mot sb. Do d6 ta chuyén sang yéu cau sau:
Giast y=ax+b.Ta can tim a,b sao cho diéu sau déng thoi duoc thoa :

@ \/4)( + 2x(ax + b)2 +1= \/2ax2 + (4+b)x +1 phai la mét s chinh phuong.

® %/(4 + az)x3 + (2ab Jr?aaz)x2 +(3a +6ab +b” )X +3b% +3b+1 phai 1a 1ap phuong
ctia mot biéu thic

Nhén théy v6i can bac hai néu ta cé a=2,b=0 ta duoc Vax? +4x+1=2x+1.
Mit khéc néu ta dem a =2,b=0 vao cin bac ba ta dugc

Y8x* +12x7 +6x +1=(2x +1)° =2x+1.

2
Lai e - 2XEbHD)”

=2x+1 khi a=2,b=0
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Do d6 ta thdy mdi quan hé giita hai bién x,y 1a y=2x. Téi day vé co ban thi
ching ta da c6 thé lién hiép dugc vi dau cta 2x + 1 d xac dinh rd rang 1a duong.
Tuy nhién, néu lién hiép nhu thé nay:

(y+1)’
1/4x+2xy+1
4+ (x+3)y7 +3y+1-(8 125" +6x +1) (y+1) —(2x+1) (dx +2xy +1)

A B
T&i day néu phén tich chung ta van c¢6 dwoc nhén tir chung y —2x , tuy nhién rd

Y+ (x+3)y? 43y +1-(2x +1) = —(2x+1)

<~

rang 14 khong loi vé mat trién khai, trong khi dé bai toan van co lién hiép theo
cach khac loi thé hon nhiéu.

Nhu cac nhan xét trén ta thay dai luong y+1=2x+1 véi y=2x va diéu kién
bai toan ciing cho phép xac dinh dugc y+1>0, cong voi vé phai ciia phuong
trinh thtr nhat cia phuong trinh thi nhét lai chtra (y + 1)* nén ta sé tién hanh lién
hiép phuong trinh thir nhit nhu sau :

+1)°
M_(y_,_])
1f4x+2xy+1
%/4)(3+(x+3)y2+3y+1—(y+1)=(y+1 [y+1 [4x+ 2xy +1 J

\/4x+2xy+1

%/4)(3 +(X+3)y2 +3y+1 —(y+1):

3 2 2 3 a2 A e _
<:>4x +xy~ +3y +3ygl y’ =3y” -3y 1:(y+1)(y +2y+1D4x 2xy IJ

A=

2 2
(2x—y)(2x +Xy+y ) (2X—y)(y+2)
—(y+1) YT
C D
Va t6i day da ro rang moi tht vi C,D Iudn duong. Vay xem nhu hé da duoc
gidi quyét.
4x+2xy+1>0
Loi giai : Didu kién : {y>0
x>1
Phuong trinh tht nhit duoc bién dbi thanh phuong trinh :
2
(y+1)

—_— —(y+1
af4x+2xy+1 (y )

%/4x3+(x+3)y2+3y+1—(y+1)=

\/4)( +2xy+1

4 +(x+3)y? +3y+1—(y+1)=(y +1) (y” NAxH2xy +] ]
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- 4x° +xy2 +3y2 +3y(;—1—y3 —3y2 -3y+1 z(y+1)(y2 +2y+l;)4x—2xy—1}

- (2)(—y)(2);2 +xy+y2) z_(y+1)(2x—y)(y+2)

<:>(2x—y)(2xz +xy+y’ +(y+1)]§y+2)j:0 n

C

2x2 +xy+y2 +(y—kl)(y—i—Z)

Nhan xét vo1 diu kién cua bai ta co: C D

Trong d6: D=y +1+4x+2xy+1>0

C=%/(4x3 +xy* +3y° +3y+1)2 +(y+1)%jl4x3 +xy? +3y2+3y+1+(y+1)2 >0.

>0.

Do do6 tir (1) ta co 2x —y =0<>y =2x. Thay vao phuong trinh thir hai trong h¢
taco:

x2+5+4(x—2)\/;:2x—2,fx(x—1)
<:>x2+4+4(X—2)\/§=x—2,fx(x—l)+x—1
@xz—4x+4+4(x—2)\/§+4x=(\/_—\/ﬁ)2
o (x-2+2x) =(Vx -Vx-1)
@{x—uz&:f—«/ﬁ@{&ﬂ/ﬁﬂ—z:o
x—2+20x =x-1-vx  [3Vx-Vx—-1+x-2=0
®V6i 3x —Vx—1+x-2=0(Vx —Vx—-1)+2(Vx =1)=0 (*)

J__JH>0:>(\/—_\/E)+2(J;_1)>O

Nhan xét véi x>1tacod:
x—-1>20

Do d6 ta co (*) vO nghiém.
® Vi Jx + X—l+x—2=0<:>(\/;—1)+\/x—1(\/x—1+1)=O

@{&—1:0
Jx-1=0

Déi chiéu diéu kién ta c6 nghiém cta hé 1a (x,y)=(12).

ox=l=>y=2.

Binh luan bay la ba1 toan doi h01 su kheo 1éo va t1nh té trong cach nhin nhan va
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Vi du 6: Giai h¢ phuong trinh
\/Xz —2xy + 5y2 + y(3\l}f4x2 + 5y2 - 1) = x(9x + 1)

(x+3)\By=5+3(x* +1)=4Jax =3 -13x (y-5) +2x

Phin tich: Quan sat hé, ta thiy hé nay mudn cong pha ta can phai bién dbi phuong
trinh thtr nhat trong hé va dé cong pha phuong trinh thir nhat trong hé ta can st
dung tdi phuong phép khr lién hiép.

Nhu phan tich ciia cac vi du trude do, ddi véi phuong trinh thir nhat ta can du

(x,yeD)

doan moi quan h¢ gifra hai bién x, y sao cho cac biéu thirc trong can bac hai

«fxz —2xy+5y2 =2x
«f4x2 +5y2 =3x

Vi dicu kién cua bai toan ta cd 2x >0,3x >0 nén ta ¢d thé tién hanh lién hiép

phai 1a mot s6 chinh phuong dé thoat can.

Khong khé khin dé nhan thiy khi x =y ta c6:

nhu sau :
\/xz —2xy+5y2 —2x+3y(«/4x2 +5y2 —3x)+x—y+9x(y—x)=0

(y—x)(5y+3x) N 15Y(Y2_X2)

o 2 —2xy+5y? +2x \Jax? 45y +3x +(y—x)(9x~1)=0 (1)
S5y +3x>0

Té6i day ta cha y véi diéu kién ta luon co6: {y+x>0 do d6 phép lién hiép
9x-1>0

thanh cong.

That vay , ta c6

(e ly=x) oy L IO g

\/x2 —2xy + 5y2 +2x \/4)(2 + 5y2 +3x
Ta c6 biéu thirc trong ngodc ludn duong. Vay xem nhu hé da dugc giai quyét.
Loi giai :

X 2
bicu kién :

(O, T NG N OS]

>
y3

Khi d6 phuong trinh thr nhét trong hé duoc bién doi tré' thanh phuong trinh :

«/xz —2xy+5y2 —2y+3y(«[4x2 +5y2 —3x)+x—y+9x(y—x)=0
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(y—x)(5y+3x) N 15}’(}’2_X2)

f=—g
«fxz —2xy+5y2 +2x «f4x2 +5y2 +3x

+(y—x)(9x—l)=0

15 + X
<:>(y—x) oy +3x + y(y ) +9x -1 =0(*)
«fxz —2xy+5y2 +2x «¢4X2 +5y2 +3x
) 5y +3x >0
Do gtacé: y+x>0 nén
y2— 9x-1>0
3
15 +
oy +3x + y(y X) +9x-1>0

\sz —2xy+5y2 +2x \j4x2 +5y2 +3x
Do do tir (*)ta c6 :y—x=0<>x=y. Thay vao phuong trinh thir hai trong hé
ta duoc :
(x+3)3x=5 +3(x* +1) = 4ax =3 ~13x (x =5) + 2x
< (x+3)\Bx =5 —4y4x -3 +3x7 +13x* - 67x +3=0 (2).
@ Cach 1: Str dung lién hiép.

Tacd: (2) < (x+3)(V3x—5-2)+4(3-ax=3)+3x’ +13x* —65x ~3=0
c>(x+3)( 3(x-3) J+4[ 1274 j+(x—3)(3x2+22x+1)=0

Bx-5+2 Jax-3+3
3(x-3) 16 2
< (x-3 - +3x“+22x+1 (=0 (3
( )(«/3x—5+2 3+/4x -3 j (3)
e 1
Véixzitacé: 3+v4x-3 48©3x2+22x+1—Lz£>0
307 3+4x-3 6

3x2 +22x +1> 22—
16

3(x+3) 16

Do d6 ta cé : +3x2+22x+1>0,X2%

V3x—5+2 3+4/4x-3
Nén tir (3)taco x—3=0<=x=3=y=3.
@® Cach 2 : Str dung an phu.
bat :{az(x+3)\/ﬁ

" |b=44x-3

(a,b20).Taco: a> —b> =3x> +13x” —67x +3.
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Do d6 (2) trd thanh: a—b+a”~b*=0<>(a—b)(a+b+1)=0<a=b

Turdotacd: (x+3)V3x =5 =4/4x -3 & 3%’ +13x> —67x +3=0

x=3
~3=0 _
& (x-3)(3x* +22x-1) =0 " o x T 2BL
3x% +22x~1=0 2
112431
i 2

Dbi chiéu didu kién ta c6 nghiém 1a x =3=y=3.
Vay qua hai cich ta c6 nghiém cua hé 1a (x ; y) = (3 ; 3).
Vi du 7: Giai hé phuong trinh

(4x—1)(«/x2 +y—x)—2x—y+2=2(2x—y—1)xﬁ
xz(x—2)—5x+y:x\/4x/4x—1+2x—y

Phén tich : V&i hé nay, ta rd rang bo qua viéc nghi dén bién doi phwong trinh thi
hai trong hé. Véi ciu tric ciia phuong trinh thir nhat trong hé, ta hoan toan chi
nghi dén mot didu néu c6 sy rang budc nao giita x,y thi ching ta phai cong pha

(x,yeD )

phuong trinh thir nhét trong hé bang phép lién hiép.
Trude tién ta d& ¥ ca hai phuong trinh déu chira 4x —1 nén theo cam giac 1am

e ae 1A |
toan ta thir ngay gia tri déac biét x = 7 c6 thoa h¢ khong?

Tuy nhién v6i phép thir ta thiy x =% thoa phuong trinh thir nhat voi moi vy,

con thay vao phuong trinh thir hai ta phai giai phuong trinh méi tim duoc vy .
Do d6 trudc tién ta nhan dinh mot diéu chic chan 1a phuong trinh thur nhat c6

i n | A opa 1 A go
nghiém x =— nén ta tién hanh tach nhan tir 4x —1.

N

Cuthé taco :

(4x—1)«fx2 +y—x(4x—1)—2x—y+2=(2X—y+1)(2\/;—1)+2x—y+1
& (4x—D)x* +y —x(4x-1) - (4x ~1) = (2x—y +1)(2x -1)
<:>(4x—1)(«/x2 +y—(x+l))+(y—2x—l) ;7;_:1 =0

@(4x_1)(,/xz+y_(x+1)+(y_zx_1)2Jl j:O(l)

X+ 1
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2 2
. , , — -2x -1 ,
5 5o ok e _ X Hy-x ek
(1) ta dé y thay duoc «fx +y—(x+1) - do d6 ta tien
X +y+x+1

hanh tach (1) tiép theo nhu sau :

(1)@(4X—1){ﬁ+@—2){—1)ﬁ}=0

1

1
©(4X‘1’(”‘2x‘1)[ﬁmﬁzﬁﬂ}

Va t6i ddy xem nhu hé di co ban duogc giai quyét.
Bay gio ta di vao 10i giai chi tiét.
x>0
A X2>—
Loi gidi : Bicu kién: 14x—-120 = 4 (1)
Aax—T+2x-y>0 (4V4x-1+2x-y20

Phuong trinh thtr nhat trong hé duoc bién dbi tré thanh phuong trinh :

(4x— x> +y —x(4x~1)-2x—y+2=(2x —y +1)(2Vx ~1) + 2x -y +1
& (Ax -1 +y —x(4x-1)—(4x ~1)=(2x -y +1)(2¢x -1
<:>(4x—1)(«/x2 +y—(x+1))+(y—2x—1) 241//%_4-11 =0

<:>(4X—1)(«/x2+y—(x+1)+(y—2x—1)2JXl+lJ:0

y—2x-1 1
< (4x -1 +(y—-2x—-1)——|=0
( )[«/x2+y+x+l )2\/;+1J
1 1
< (4x-1)(y-2x-1) + =0 (*)
X2 +y+x+1 2x +1
g A1 1 1 1
Véi diéu kién x> — = + >0.
Xy +x+1 2Jx +1
4x-1=0 X—l
Do d6 tir () tacé[ 120" 4
ymax—i= y=2x+1

. 1 .
® V6i x =— tathay vao phuong trinh thir hai ta dugc phuong trinh :
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87
>
87 1 [1 V=64
- = __y<:>
64 4\2 2 87 +7569_i(1_j
327 4096 16\ 2
87
y=—
= 64 (hé vo nghiém).
2 8 144l
Y 7327 4096

@ V61 y=2x+1 ta thay vao phuong trinh tht hai ta dugc phuong trinh :

X3—2x2—3X+1=Xx/4\/4x—1—1<:>X2—3X2—3X+1=X( 4\/4X—1—1—x) (2)
4ax —1-1-x>
Jaax —1-1+x

X% +1-4ax -1 o
44x —1-1+x

<:>(x+1)(x2 —4x+l)=x

<::>(x+1)(x2 —4x+1)+x

4 2
@(x+l)(x2—4x+l)+x X +2x7 —16x+17 =0

( 4M—I+x)(xz+l+4M)

(x2 _4x +1)(x2 +4x +17)

<:>(X+1)(X2—4X+1)+X =0
( 4«/4x—1—1+x)(x2+1+4x/4x—1)
X(X2+4X+17)
<:>(x2—4x+1) X +1+ =0 (*")
(x/4»\/4x—1—1+X)(x2+1+4=\/4x—1)
1
X2=— X>—
Diéu kién lac nay ctia phuong trinh (2)1a : L © f7 @ng.
\/4X—12E XZR

x(x2+4x+17)
(Vadax—1—1+x)(x? +1+4Jax=1)
x=2—«/§:>y=5—2x/§

x=2fﬁ:>y=5+2ﬁ

>0.

Caeh 1
Vi diéu kién xzé tacd: x+1+

Do d6 tir (*') tacod: x> —4x+1=0<
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Déi chiéu diéu kién (i) ta co nghiém ciia hé :
(xy)={(2-35-24B);(2+V3:5+ 243,

Binh ludn: Bai toan nay, d6 khé chinh yéu 1a dau hiéu nhan ra x =% nghiém

dung véi moi y & phuong trinh thir nhat va cach giai cia phuong trinh thtr hai
sau khi thay thé, doi hoi su khéo 1éo vé bién ddi .
xyx2+y +y=vx*+x’ +x
Vi du 8: Giai hé phuong trinh 9 (x,yell)
X4y +Vx -1 +\/y(x—1) =§

Phén tich: Vi hé nay ching ta néu chi don thuan nhin vao phwong trinh thi hai
trong hé nhan théy ¢ sy xuét hién cua hai dai luong \/§ +x—1,, [y(x — 1) ma
nghi ngay dén viéc s& cong pha phuong trinh thtr hai trong hé 1a mot diéu sai
1am, vi chiing ta con c6 mot dai luong 1€ loi ching lién quan gi dén sy nhan xét
ban dau cta chung ta, d6 l1a dai luong x.

Do d6 chiing ta chuyén trong tam sang cong pha phuong trinh thtr nhat trong hé.
V6i cdu trac nhu thé nay thi viéc nghi dén lién hiép 13 didu dau tién va nham

duoc khi x =y thi ta co: X«fx2+y+y=xxix2+X+X=\/X4+x3 +X.

Vay ta tién hanh lién hiép phuong trinh thtr nhat trong hé nhu sau :

x(\/x2+y—\/x2+x)+y—x:0<:>x y— ¥ +y-x=0
\/x2+y+\/x2+x

@(y—x)( - HJZOC{XZY

\/x2+y+\/x2+x \/x2+y+\/x2+x+x=0

Khong khoé nhén ra voi x >1 ta co \/x2 +y+\/x2 +x +x=0 v nghiém.

Va nhu thé nut thit cua bai toan da dugc g0 va h¢ co ban xem nhu da duoc giai
quyét.
N A ea x21
Loi gidi : Dicu kién : .
y>1
Phuong trinh tht nhit duoc bién déi thanh phwong trinh :

x( x2+y—\/x2+x)+y—x:0<:>x y—x +y—-x=0
\/x2+y+\/x2+x

@(yx?{g : X‘\/ . HJZOQK[;Y
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Nhan xét voi x >1 tacod \/xz +y +\/x2 +X +x =0 v0 nghiém
Thay x =y vao phuong trinh thi hai trong hé ta dugc phuong trinh :
9

X + x+e\/x—1+\/x(x—1)=5 (1)

® Cach 1 : Str dung an phu.
2

Pit t=+x +Vx—-1,t>1.

t™+1
Taco: t* =x+x—1+2,x(x~1 Jx(x-1)=
acod x+x—1+2x(x—1) & x+x(x 1) 5

2
! +1:%<:>t2+2t—8=0<:{

t=2
t=—4

Pi chidu diéu kién tacd t=2<>Vx +Vx-1=2=2[x(x-1) =5-2x

Do d6 (1) tro thanh phuong trinh : t +

X< —

5-2x20 7 25
Py 5 2<:> oOX=—
4x“ —4x =25-20x +4x XIE 16

16

T S U 2 2
boi chiéu dicu kiéntaco x=—= y=—5.
16 16

@ Céch 2 : Str dung phép nhan lugng lién hiép.
Taco (1)<:>x—f—2+ x—§+\/x—1—%+\/x2— —i—ZzO

25 1 1 16x+9
S|l x—— || 1+ + + =0

\/;-i-% \/x—1+% 9(\/x2—1+15j

16

T

<:>x—§:0<:>x=2—2 vi T>0,vx2>1.

16

Déi chiéu didu kién ta co nghiém x = 25 =>y= 2 .

16 16

25 25

E’Rj '

Binh luin: Bai toan nay kha co ban, muc dich cta ching ta nham nghiém dé hai
vé phurong trinh bang nhau chtr khong phai 14 thoat can. V& phuong trinh thir hai
khi thay quan hé giira hai bién vao thi yéu t giai n6 bang an phy 1a hudng di vu
tién hang dau vi d6 14 loai phwong trinh v6 ti dat an phy co ban, con cach 2 chi
mang tinh chét tham khao va rén luyén ki ning t6t hon thoi chir khong phai ap

ing cho,da phan phyong trinh ¢ dang né

Vay qua hai cach ta c6 nghiém cua hé 1a (x,y) =(
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Vidu 9:
(x2+y)afx—y+6=2xz—x+3y—2

Giai hé phuong trinh (x,yell)
af 10-y) 12+1_\/_4+’\/6_X

Phién tich: Vi cau tric hé nay, ching ta nhan thdy, rd rang phwong trinh thi hai
khong gitip chung ta dwoc mdi lién két nao co thé tim duoc. Do d6 ta s& bat dau
tir phurong trinh thir nhat trong h¢.

Phuong trinh thir nhat trong hé chi chira mot cin thic, theo nguyén tic thi
thudng ching ta s& an phy héa, nhung trong truong hop nay viée 4n phy hoa dé
mét cin cling chang giup ching ta dugc sy gin két nao giita 4n phu méi v6i cac
an ban dau, nén néu phuong trinh nay gitp ching ta bt nhan t va thuc hién
dugc phép thé thi rd rang phép nhan lién hiép 1a hiru ich nhat.

Viéc dai luong trong can thic chira hai bién x,y c6 s6 mii 1a 1 thi viéc suy nghi
thoat cin s& gitp chung ta bién dai luong x —y+6 1a hing s chinh phuong la
vu tién hang dau. Véi dinh hudng nay, ching ta can phai lam mét di dai lugng
x trong cin. Do d6 ta c6 mdi quan hé giita hai bién x,y luc nay duoc gia tam

la y=x+b.
Khidétacod: x—y+6=x—(x+b)+6=/6-b.

Véi b=2=+6-b=2 =y=x+2. Lac nay v6i quan hé y=x+2 ta nhan
thdy hai vé phuong trinh thir nhat bang nhau.
Do d6 ta tién hanh tach phuong trinh thir nhét trong hé tr¢ thanh :

(x2+y)(a/x—y+6—2)+x—y+2=0

<:>(x2+y)[x_—y+2J+(x—y+2)=0

afx—y+6+2

X +y
S(x—y+2) ———=——+1|=0.
(X Y )[,/x—y+6+2 j

V6i diéu kién ciia bai toan 1a y>4= X2+ y>0. Do d6 biéu thirc trong ngoic

da ro rang v€ dau nén h¢ co ban da duoc giai quyet.

X—-y+62>0 <y-x<6
y>4
Loi giai : Didu kién : {x <6 o
8x(3-y)-12>0 -
x(3-9) 8x(3-y)—-1220
0
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Phuong trinh thir nhét trong hé duoc bién d6i thanh phuong trinh :
(XZ +y) X—-y+6 =2(X2 +y)—(x—y+2)

@(XZ+y)(«/x—y+6—2)+x—y+2:0

<:>(X2+y)(x_—y+2]+x—y+2=0

afx—y+6+2
x> +y
@(X—y+2)[m+lj=0 (1)

X2+y

Jx—y+6+2

Nhan xét vi diéu kién cta bai toan ta ludn c6 : +1>0.
Dodotir (1) tacd: x—y+2=0<y=x+2.
Thay vao phuong trinh thir hai trong h¢ ta dugc phuong trinh :
2
Vx+2-4++6-x

Jx(10-x-2)-12+1=
@e\/—x2+8x—12+1=;(2)
VX =2 ++/6—x
2
Pt t=vx—2+6—x,t>0.Khi dotaco: t 2_4:2\f—x2 +8x—12.

2
¢ 4+1=%<:>t3—2t—4=0

Thay vao (2) ta dugc phuong trinh :

S(t-2)(f +2t+2) =0 t-2=01t=2
vi t2+2t+2=(t+1)2+1>0,Vt>0.

Vi t=2x—2+6—x =2 4+2y-x>+8x-12=4
> 2 x=2=>y=4

SAX"+8x-12=0&= x"+8x—-12=0&
x=6=>y=8

Dbi chiéu didu kién ta c6 nghiém ctia hé phuong trinh 1a (x, y) = {(2;4);(6;8)} .

Binh luan : V& co ban néu bai toan c6 chira mot can thire, thi wu tién hang dau 1a
an phy. Nhung trong truong hop bai toan khong tim duge mdi lién quan giira 4n
phu va cac 4n ban ddu thi ching ta c6 thé nghi dén phép lién hiép trong didu
kién cho phép cac danh gia sau cing dugc thudn loi, d6 ciing 12 mot diém manh
ctia phwong phap nhén tir hoa bang phép lién hiép.
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Vi du 10: Giai hé phuong trinh
2 y—x+1+2x=%/y—x3 —2x? +\/9x2—4x+4

(2\/y 3x? —\/4y+9x ) (3X —y)

Phén tich : Vé4i hé nay, phuong trinh thu nhat chtra cac can bac 1éch va cac biéu
thtrc dudi can khong lién quan gi tdi nhau va ciing khong nhan dugc tin hi¢u cé
thé két nbi dé dung phuong 4n gi dé cong pha. Do d6 chung ta chuyén sang
trong tdm cong pha ¢ phuong trinh thir hai.

O Phuong trinh thi hai ta nhan thdy c6 dai lwong xuat hién hai lan do la

(x,yeD )

y— 3x2, chu tric phuong trinh cho ta nghi dén phép lién hiép.

Nhu céc vi du trén da phén tich, ta nhdm thdy néu y=4x> thi hai biéu thirc

trong cin thoat cin duoc va hai vé phuong trinh bang nhau.
2«/y —3x% =
«f4y +9x% =

Do d0, ta can phai xac dinh rd ddu cta x trudce khi chung ta tién hanh lién hiép.

Tuy nhién, céc ban chu y 1a khi y=4x> = 1a khong chuan vi

chung ta chua bict dau ciia x

Diéu nay, ¢ dugc 1a qua nhan dinh sau ¢ phuong trinh thir hai :
4(y-3x?)—(4y +9x%) =—21x>.
Nén tir hai ta co :
2
(2\/y 3x2 —\/4y+9x ) 21Ix 3(3X2—y).
2\/y 3x% + \/4y +9x>

Ma ta lai co : y—3x220©3(3x —y)SO néntaco: x=0.

Do d6 ta tién hanh lién hiép nhu sau.
Z«fy -3x% =2x
«f4y +9x% =5x

Luc nay ta c6 phuong trinh thir hai trong hé duoc bién d6i thanh :
2X(»\/y—3X2 —X)+5X2 —x«f4y+9x2 +3(y—4x2)=0
2x(y 4x) 4x (y 4X) (y 4x2)=0
«fy 3x2 +x  5x +x«¢4y+9x

@(y—4x2) ;sz _ 2 b

Cu thé khi y=4x* =
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402 llx +3xa/4y+9x _
<:>(Y . ) «fy 3x2+x  5x +x«f4y+9x >

Tuy nhién néu dén day ching ta voi két luan thi e rang chung ta da c6 mot sai
1am nghiém trong. Khi lién hiép thi biéu thirc duéi mau phai khac 0. Nhung véi
cach lién hiép cta ching ta thi khi (x,y)=(0;0) thi todn bd miu thirc cia
ching ta déu bang 0. Do d6 ké hoach lién hiép da pha san hoan toan. Dé khic
phuc diéu nay ching ta can kiém tra trudc nghiém (x,y)=(0;0) ddi véi hé.
Va nhu vay xem nhu nat thit cta bai toan d g& va hé co ban da duoc giai quyét.
. _3x%>
Lo gidi : Didukign: 49 % 20,
y—x+120
Vi (x,y)=(0;0) hé phuong trinh dugc thoa.
Xét voi x #0,y#0. Tu phuong trinh thir hai ta c6 :
3
x(sz—3x2 —\/4y+9x2)= 21x =3(3x? -y)
2\/y -3x% + \/4y +9x2
Ma: y-3x> 20@3(3){2 —y)s0:>x>0:>yz3x2 >0

Mat khac tir phuong trinh tha hai trong hé ta ¢o :
2x(a/y—3xz —x)+5x2 —X«f4y+9x2 +3(y—4x2)=0
2X(y 4x ) 4x (y 4x )

«fy 3x% +x  5x +x«¢4y+9x (y 4X) ’

_ax? 2x 3 4x2 3l-0
Q(y i ) \/y—3x2+x 5)(2+x\/4y+9x2 :

@(y_4xz) 2x +11x2 +3xy4y +9x° _o (1)

\/y—3x2 +x  5x° +x\/4y+9x2 B

11x> 3a/4 9x°
2x x“ +3x y+x>0

+
\,iy—3x2 +X 5)(2+x\/4y+9x2

Tur di€u nhan xét trén ta co:

Néntir (1) tacod y—4x> =0 y=4x>.
Thay vao phuong trinh thtr nhat trong hé ta c6 :

2ax? —x +1+2x =32x = x> +40x> —4x +4 (2).

115




Tuw duy logic tim toi loi gidi Hé phwong trinh

Chia hai vé phuong trmh cho x>0 tacod:

<:> ;4——+—+2 3\/——1+\/9——+—

Pt t=1>0 tacé (3) 2 —t+4+2=32t—1+4t> —4t+9

X

3

Pita=3t-let=2 -1
Ja® +8+3a=2+a +15 < a® +8 —\a® +15+3a-2=0 (5)

. Liic d6 phuong trinh (4) trd thanh phuong trinh :

. 2 .
Nhan xét néu asg thi \/216 +8—\/a6 +15+3a—2<0 nén (5) vo nghiém.

Miit khac : va® +8 —+/a® +15 <O:>2—3a<0<:>a>§

Xéta>§ Xét ham sb (a)=va® +8 —a +15 +3a— 2a>§

\/a6+15—\/’a6+8 2
>0,a>=—.
\/(aé +8)(a6 +15) 3

Do d6 ham s6 f(a) dong bién vdi a >3 Do d6 f(a)=0 néu c6 nghiém thi

Taco f'(a):3+3a5

nghiém d6 1a duy nhat.
Ma f(l) =0 < a=1 la nghiém duy nhét cua (5) .
Véi a=1<2t- =1<:>t=1<:>l=1<:>x=1:>y=4.
X
Ddi chiéu diéu kién ta c6 nghiém cua hé 1a (x,y) = {(0;0);(1;4)} .
Binh luin : O bai todn nay, chd xir li diéu kién x >0 1a diém dang chu y va tinh té
nhit cua bai toan nay.

D6i v6i phuong trinh thir hai ngoai cach lién hiép nhu trong phén tich va 10i giai
thi ta con c6 cach khac lién hi¢p nhu sau :

2x(a}y—3x2 —x)+3y—7x2 —x«f4y+9x2 =0
) ) 102
2x(y 4x )+ (y 4x )(9y 10x )

«fy—3x2 +X 3y—7x2 +>u/4y+9)(2

Véi cha y tir didu kién ta co :3y—7x2 >O,9y—10x2 >0 va ta cling thu duoc

= =0

kétsqua phusgong:loi gi
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O 10 giai cho phuong trinh thi (5) trong 10i giai. Ching ta chu ¥ rang néu

chiing ta xudt phat tir y tuong : va® +8 —a® +15 +3a-2=0
Nhan xét: a<0 v6 nghiém va a>0 thi xét ham s nhu trong 16i giai thi chua
chuén lam.

Vidu 11 : Giai hé phuong trinh

\jllxz —(2x—y)(x+y)+2 Xy =5x

(y2 +6x+13)«/4x2 +y? —1=(5y+16)x> +8x +11

Phén tich: V&i phuong trinh thr hai trong hé, tuy chi chita mot can thirc nhung
chung ta chang c6 thé lam gi v6i né, vi néu co an phu héa di ching nira ciing
khong thu dugc gi lién quan tdi nhau.

Phuong trinh thtr nhat tuy chtra nhiéu cin thirc nhung bén phai cia phuong trinh
lai ching chira gi cin, véi cdu tric ctia phuong trinh thir nhat gitp chiing ta nghi
dén viéc lién hiép.

Va nhu céc vi du trude da phén tich nén vdi voi phuong trinh nay muc dich
hang dau cta chiing ta 1a nhim nghiém dé thoat can.

\/1 1x? —(2x— y)(x+ y) =3x

24Xy =2x

(x,ye[] )

Nhan thdy y=x ta co: . Va diéu nay lai dung
v6i phuong trinh tht nhit.

Tuy nhién, nhu vi du truéc ta nhan thay néu khong biét rd vé dau cia X ta dua
nhu nhan xét trén 1a khong chuén. Do d6 ta can bién luan ddu cho x .

Diéu nay khong khé vi tir phuong trinh thir nhat ta c6

\/11)(2—(2x—y)(x+y)+2 Xy =5x=>x20.

Vo6i x=0=y=0, thay vao hé ta co (x;y) = (0;0) khong thoa hé.
Do d6 ta chi can xét x > 0, y > 0. Vi nhin xét nay ta tién hanh lién hiép phuong
trinh thir nhét trong hé nhu sau :

\/llxz —(2x—y)(x+y)—3x+2(\/g—x)=0
- 1x* = (2x—y)(x+y)—9x +2(xy—x2 JZO
\fllxz—(2x—y)(x+y)+3x ﬁ+x

- y(y—x) +2(y—x)x:0

\lllxz—(2x—y)(x+y)+3x \/g+x
@(y—x){ Y +
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Va nhu vy moi thir da c6 thé giai quyét.
11x° —(2x—y)(x+y)20
Loi gidi : Dieu kién :<xy >0
4x2+y2 -120
Tir phuong trinh thir nhat trong hé ta suy ra x >0 . Két hop véi diéu kién x >0
thi tr di€u kién xy>0=y>0.
Néu (x,y)=(0;0) thi «%4){2 +y? —1 khéng xac dinh. Do d6 hé vo nghiém.
Vay x>0,y>0. Véi didu kién nay phwong trinh tht nhit trong hé dugc bién
doi thanh :

\/11)(2 —(2x—y)(x+y)—3x+2(\/g—x)=0

- 11x? —(2x—y)(x+y)—9x2 +2( xy—x2 jzo
\lllxz—(ZX—y)(x+y)+3x \/EJFX

- y(y—x) N 2(y—x)x 0
\lllxz—(Zx—y)(ery)Jr?)X \EJFX

<:>(y—x) > Y + 2x =0
\/llx —(2x—y)(x+y)+3x VXY FX
Y + 2% >0.

\/llxz —(2x-y)(x+y)+3x \/EJFX

Thay y = x vao phuong trinh thir hai ta c6 phuong trinh :

(x2 +6x+13)m=5x3 +16x% +8x +11

©(x+3)(5x2—1)—(x2+6x+13)\/ﬁ +x2 +9x +14=0 (1).
x>0 NG

Diéu kién : 5 oSx>—.
5x° =120 5

Sy—-x=0&y=x Vi

Pat t=+/5x*—1,t>0. Lac d6 phuong trinh (1) duoc bién ddi thanh phuong
trinh:

(x+3) =(x* +6x +13)t+x7 +9x+14=0 (2).

Xem phuong trinh (2) 1a phuong trinh béc hai theo bién t. Phuong trinh nay c6 :

A=(x? +6x+13)2 —4(x+3)(x” +9x+14) =(x? +4x—1)2
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Suy ra phuong trinh (2) c6 hai nghi¢ém phan biét :

CxPH6x+134x% +4x -1

t= =x+2
2(x+3)
_X2+6X+13—X2—4X+1_X+7
2(x+3) X+3
1-6
X=—
BVG t=x+2 52—l =x+2c4x2 —4x-5=0c 2
1+%
X =
2
Dbi chiéu didu kién ta c6: x = 1+;/€ =y.
@Vei t=""7 o f5x? 1= 2T (x4 3)5xP —1=x+7
X+3 X+3

o (x+3) (5" =1)=(x+7)" & 5x* +30x +43x” ~20x - 58=0

<:>(x—1)(5x3 +35x° +78x+58)=0<:>x=1=y vo li vi T>0,sz§.

T

2 72
Binh luin: Lai mot lan nita ta théy su thu vi cta bai toan li€n hiép nam & viée
danh gia du cua biéu thire can lién hiép 1a mot diéu doi hoi su tinh té va sy tinh
té nay khong kho néu ching ta tu duy va thuin thuc cac ki nang nhin tong quat
toan bo hé. Vi dy sau day s& lam rd hon vé diéu do.
Vidu 12:

Vay nghi€ém ctia hé phuong trinh la (x, y) = {(l;l);(l 6 1+ \/g]} .

x> Jr(y—6)2 =y+13x+27

\l9x2 + (2X - 3)(x - y) + 4@ =7y
Phan tich : Hé nay c6 ciu tric rit gon nhe, nhung dé cong pha n6 ching ta ciing
phai c6 mét chut stre luc va d6 khéo 1éo, néu khong no ciing san sang tré thanh
mot bai toan khong hé don gian.

Nhan dinh ban dau, phuong trinh thir nhét trong hé ¢4 hinh thirc qua quen thudc,
d6 1a phuong trinh bac hai hai an. Vi loai nay ching ta da biét khi nhin va
mudn cham vao thi can kiém tra va hy vong.

Kiém tra thiy phuong trinh thtr nhat c6 thé phan tich dugc thanh nhan tu.

Tinh delta thi chung ta lai khong duoc delta chinh phuong.

Giai hé phuong trinh (x, yell )
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Do d6 viéc cong pha phuong trinh thir nhat tam thoi ding lai tai budc nay.
Chung ta danh danh su quan tam vao cong pha phuong trinh tha hai. Hinh thac
phuong trinh thir giong v6i hinh thirc phuong trinh thir nhat & vi du 9.

V& mit tu tudng chung ta ciing s& sir dung lién hiép dé cong pha. Va ta tim dugc
mdi quan hé gitra hai bién 1 x = y nén ta tién hanh lién hiép nhu sau :

JOx% +(2x-3)(x —y) 3y + 4/xy ~4y=0

2 _ )02 )
- 9x +(2X 3)(X y) 9y 44 Xy—y _
\/9x2+(2x—3)(x—y)+3y \/;ﬁLY

0

11x+9y-3 N 4y _0

™) \/9x2 +(2x-3)(x—y) +3y \/g"'y

Vé danh gia dau cia y twong ty nhu vi du 9. Van dé ndy sinh bay gio d6 1a véi

< (x

diéu kién ma ta c6 x>0,y >0 thi ddu cia 11x+9y—3 ta khong hé xac dinh
dugc dau nén chua thé co két ludn gi biéu thic trong ngodc. Didu d6 ciing co
nghia la chung ta van chua g& dugc nut that ctia bai toan.
Van de bay gio ¢ phuong trinh thtr hai ching ta da c6 gang khai thac hét tat ca
nhiing yéu to c¢6 dugc co loi cho chung ta trong viéc giai quyet hé nay, nhung
van con bi “ket” ¢ dai lugng 11x +9y —3 nén ta budc long quay vé lai phuong
trinh thtr nhat xem nhu thé nao ?
Khai trién phuong trinh thir nhat ta dugc phuong trinh :
X2 +y* —13x~13y+9=0 (1)
Ching ta luu ¥ moi trong tdm cla ching ta chinh 1a xét dau cho dai lugng
11x +9y —3 nén ta s€ tach trong (1) chira dai lwgng nay roi ta sé€ tinh tiep.
Do do
(1) = x2+y? —2x—4y—11x -9y +9=0 = (x-1)* +(y-2)’ =11x +9y -4
Khong kho dé nhan thiy
(x-1)* +(y-2)’20=11x +9y-4>0=11x +9y -3>0.
Va t6i ddy moi chuyén da 16 rang. Do d6 ta di vao giai quyét hé.

Léi giai : Diéu kién :{9"2 +H(2x=3)(x-y) =0

xy =0

Tir phuong trinh thir hai trong hé ta suy ra y>0. Két hop diéu nay voi diéu

kién xy>0 tacoé x>0.
Mat khac (x; y) = (0; 0) khong thoa h¢ nén ta chi xét x >0,y >0.
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X +y? —13x—13y +9=0 (x-1)* +(y-2)’ =11x + 9y - 4.
Vi (x=1)? +(y—-2)" 20=>11x+9y —4>0=>11x +9y —3>0.
Phuong trinh tht hai duoc bién dbi thanh phuong trinh :
JOx% +(2x-3)(x —y) =3y + 4 /xy ~4y=0

2 _ _ _ 2 G2
o X A (2x-3)(x—y) -9y +{xy y jzo

\/9x2+(2x—3)(x—y)+3y \/EJFY

@(x—y lx+9y -3 + 4y =0 y=xviT>0.
\/11x2+(2x—3)(x—y)+3y \/EWLY

T

X_13+\/151
2
X_13—\/151

2

Thay y = x vao phuong trinh thir nhit ta c6: 2x? —26x+9=0<

2 2

13+\/151,13+\/151J

Ddi chiéu diéu kién ta co nghiém cua h¢ 1a (x,y) =(

Binh ludn : RS rang bai toan nay manh hon bai toan ¢ vi du 9 va chinh vi thé
n6 c6 d6 kho hon va tinh t& hon. Sy két hop nay ciing 1a mot trudng hop hay
gip d6i voi giai hé bang phuong phap lién hiép.

Vi du 13: Giai h¢ phuong trinh
I3 —2x(2y-3) + 1432 ~2(y? —5x) + 11 =x + y +3
x(x—2y)+y(y—2)=—2—x

(x,yeD)

Phin tich : V6i hé ndy, ta nhan thdy néu khai trién phuong trinh thir hai trong hé ta

s€ ¢o dugc phuong trinh bac hai theo hai bién x, y. Be‘ing cach kiém tra, chung ta
nhan thay phuong trinh nay khong phan tich dugc nhan tir. Do d6 mubn giai
dugc hé nay, chiing ta budc 1ong phai cong pha phuong trinh thir nhét trong hé.
Do cau triic ciia phuong trinh thir nhét ching ta khong thé mao hiém véi viée
chuyén vé sir dung phép lily thira dé khir cin duge va cac dai luong trong cin
thirc va ngoai ngoai can thirc khong gitp ching ta nghi dugc mot phuong an nao
khéc. Nén dé giai hé ndy ta can cong pha phuong trinh thir nhét trong hé bang
phép lién hiép.
Béy gio viéc quan trong ciia ching ta 1a cAn tim ra mdi quan hé giita x, y dé biéu
thirc trong can thoat dugc can thic va hai vé phuong trinh bang nhau, véi cau
tric clia cac dai lugng trong cin nén ta nhan thay rang dé thoat can thi mdi quan
he gitta haj biéy hai ¢ dang y=ax +b.
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Mit khac ta nhén thy trong hai can hé s6 dung trude x* 1a hai s6 1¢ 5,3 va lién
két v6i dai luong y bang diu "-" va hé s6 déu 1a s6 chin nén ta s& uu tién cho

a=1.

Khiddtacéd: \/5X2 _4X(X+b)+6x+1 =\/X2—4xb+6x+1

J3x2 —2(x +b)? +10x +11 = /x? —4xb+ 10x + 11— 2b°

Luc nay tinh y mot chat néu ta cho b=1 ta s& co :

Jx2 —4xb+6x+1=+x% +2x+1=x+1

Vx? —4xb+10x +11-2b =x> +6x +9 =x +3
Vavéi a=1,b=1=y=x+1 khi dé ta c6 hai biéu thirc trong cin duoc thoat cin
va luc d6 ta lai c6 hai vé phuong trinh bang nhau. Nhu vay, ta c6 thé két luan
dugc biéu thire y=x +1 chinh 1a dai luong can tim.
Viy ta bién doi phuong trinh thtr nhat trong hé dé lién hiép nhu sau :
J5x% —4xy +6x +1—(x +1)+3x% —2y> +10x +11 - (y +2)=0 (1).
Nhung bay gio & phuong trinh (1) lai phat sinh mot van dé nghiém trong va la
mau chdt ciia bai toan d6 1a dé lién hiép thanh cong ta can phai xac dinh déu cho
hai dai luong x+1,y+2 vi ching ta khi lién hi€p chua biét duoc hai dai luwong
sau da khac 0 ?
J5X% —dxy + 6x +1+x+1543x% —2y? +10x + 11 +y+2.
Mat khac khi lién hiép ta s€ c6 dugc phuong trinh :

4x(x—y+1) .\ 3x%? =3y +10x +7 -4y i
5% —dxy +6x+1+x+1 \3x2 =2y +10x +11+y+2
4 -y+1 -y+1)(3x+3y+7
- x(xoy+l)  (xoy+D)(3x+3y+7)
J5X% —dxy +6x +1+x+1 \3x2 =2y> +10x +11+y+2
<:>(x—y+1) 4x N 3x+3y+7 ~0
JSx2 —axy +6x +14x+1 \3x% —2y> +10x +11 +y+2

Va t6i day dé co gi do thuan lgi cho biéu thirc trong ngodc ta can khing dinh
duoc dau cua toan bg cac dai lugng 4x,3x+3y+7,x+1,y+2. Di€u nay ciing
c6 nghia ta can danh gia dau cho hai bién x,y thong qua phwong trinh thir hai
trong hé vi tir cdu tric cua hé chi cho ta dugc ba didu kién

5x% —4xy +6x+1>0

3x? —2y? +10x +11> 0 khong gitip chiing ta duoc gi vé ddu cta cac dai lugng

x+y+320
camguamtAmdén:diu miita dinoi
122 :




Cty TNHH MTV DVVH Khang Viét

Mit khac vi mdi lién quan chit ch& cta ban chit mot bai hé phwong trinh nén dé
danh gia ddu ciia cac dai lugng can quan tdm do ta budc phai xoay chuyén xubng
phuong trinh thir hai trong h¢.
Ta c¢6 phuong trinh thir hai trong hé dugc bién doi thanh phwong trinh :
x> +y2 —-2xy+x—2y+2=0 (2) .
Dua vao hinh thirc ciia phwong trinh (2) ta c6 hai chiéu hudng bién doi :

@ Bién doi huéng 1.
Taco: (2)<:>(X—y)2 +2(X—y)+1+l—x=0<:>(x—y—l)2 =x-1
Tudaytasuyra: x—-120<=x2>1.

@ Bién doi huéng 2.

2
2 1 1 1 7
Taco:(2)=(x—y) +(x-y)+——-y+2——=0|x—-y+—-| =y——
Q)& (k-3 +x-y)+5-y+2-g =06 (xy+1 ] =y-]
N 7 7
Tudaytasuyra:y—ZZOQyZZ.
x>1 x+1>0
Nhu vay tur (2) taco: >7:> y+2>0
y__

4 3x+3y+7>0
Diéu d6 ta giup ching ta khang dinh duoc toan bo diu ‘Frong ngoac cling nhu cach
ghép lién hi€p da thanh cong. Vay hé da dugc giai quyeét.
5x2 —4xy +6x +1>0
Loi giai : Didu kién : {3x? —2y? +10x+11>0
Xx+y+320
Phuong trinh thtr hai trong hé dugc bién doi tro thanh phwong trinh :
x> +y2 -2xy+x—-2y+2=0 (*)
Tu (*)taco:
(x—y)2 +2(X—y)+l+l—x=0<:>(X—y—1)2 =x-1=x-120=x2>1.
Mat khac tur (*) ta lai c6 :
7

2
2 1 1 ooy T
(x—y) +(X_y)+Z_Y+2_Z_O<:>[X y+2] =y 2

7 7
Suyra:y——2>20cy2>—.
y y 1 y 1

Nhuvaytaco: x>1,y> v Vi diéu kién nay ta bién doi phuong trinh thir nhat

trong:hé thanh:phuong4rink
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J5%% —dxy +6x +1—(x +1)+3x> =2y% +10x +11 —(y +2) =0

5x2 —dxy +6x +1—-(x +1)’ L3y +10x +11—(y+2)*

=0
5% —dxy+6x+1+x+1  \[3x7—2y% +10x+11+y+2
4x(x —y+1 2 _3y?+1 -4
- ( y ) N 3x° =3y +10x +7 -4y _0
J5x% —dxy +6x+1+x+1 \3x> =2y +10x +11+y+2
4x(x—y+1 -y+1)(3x+3y+7
- x(x—y+1) L oy H)(Bx43y+7)

J5x7 —dxy +6x +14+x+1 \3x>=2y? +10x +11 +y+2

4x 3x+3y+7
\jSX —4xy+6x+1+x+1 \/3X 2y +10x+11+y+2

<:>(x—y+1 =0 (3)
Vi diéu kién

x21
4x 3x+3y+7

7= >0.
Y27 5x2 —dxy+6x+1+x+1 \/3x 2y +10x +11 +y+2

Do do6 tur (3) < x—-y+1=0< y=x+1. Thay vao phuong trinh thi hai trong hé
ta duogc :

x4 (x 1 —2x(x+1)+x=2(x+1)+2=0= x+1=0=x=1=y=2.
Dbi chiéu didu kién ta c6 nghiém ciia hé 1a (x; y) = (1; 2).

Binh luin : Bai toan nay c6 cach xtr li gin gidng nhu vi du trén nhung no ¢ do
kho hon va ciing 1a mot trong nhiing treong hop thuong gap cua bai toan giai
hé bang phép lién hiép. Va diéu d6 lam nén sy tha vi cho loai hé giai bang
phuong phap nay, sau ddy ching ta s& nghién ctru mot vai vi du nita dé thiy
dugc cach nhin tong quan hon vé bai toan hé dugc giai bang phuong phap
nhan lién hi¢p.

\/4X +5 y x (\/3x +y —y)

2y+x—6=\/2_—af2(x+y—2)

Phan tich : Véi hé nay, ta nhan thiy ca phuong trinh déu gon nhe, nén tu tudng
chung ta déu c6 thé xuét phat tir phwong trinh nao ciing duoc. Tuy nhién &
phuong trinh thir nhét ching ta nhan thiy cau triic c6 sy nhe nhang hon va khi
cho x =y thi hai vé phuong trinh bang nhau. Do d6 ta wru tién bién d6i phwong

Vi du 14: Giai h¢ phuong trinh (X,y el] ) .

trinh thtr nhat trude.

Cu thé ta co: \j4x2 +5(y—x) —\/3x2 +y2 +2y—«/3x2 +y2 =0
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4x2 +5(y—x)—3x2 -y? . 4y? —3x% —y?

= =0
\l4X2 +5(y—x) +\/3X2 +y2 2y+«f3x2 +y2
(X—y)(x+y—5) _3(X—y)(x+y):
\/4)(2 +5(y—x) +\/3x2 + y2 2y+\/3x2 +y2
X+y-5 3(X+Y)

< (x-y

=0
\/4x +5 y x +\/3x +y 2y+«f3x2+y2 (*)

Twr cac dir kién cua bai toan da cho ma ta co la : y>0,x+y>2 thi tur phuong
trinh bién ddi cudi cing cai ching ta quan tim chinh 1a dau cua biéu thirc
X+y—5. Va két cdu cua biéu thirc trong ngodc ta can co dai luong
X+y—5<0 la mdt danh gia quyét dinh dé dénh gi4 trong ngoic dugc giai
quyét nhe nhang nhat.

Va cau hoi dugc dit ra 1a ching ta can c¢6 danh gia nay tir dau ? Cau tra 1oi
chinh 1a & phuong trinh thir hai trong hé.

Quan sat dai lugng vé trai cia phuong trinh thr hai va hai biéu thirc chta trong
can thie ¢6 su lién quan téi nhau. Nén ta tién hanh tim méi lién quan nay (néu
c6) nhu sau :
2y+x—6=m(2y)+n(2x+2y—4)<2y+x—6=(2m+2n)y+2nx —4n

2m+2n=2 m=0

Dong nhat hai vé phuong trinh ta c6 : {2n =2 < n=1 (vonghi¢m).
—4n=-6 3
n=—
2

Diéu nay khing dinh duoc dai lvong 2y+x —6 khong phan tich duoc “tron
ven” theo hai lugng 1a 2y,2x +2y—4. Tuy nhién ta van thiy ching c6 modi
lién quan dén nhau, nén chung ta khong tach duoc “tron ven” thi chiing ta s€
tach “tam" theo hudng nhan dinh sau : Tong hé sO cua y ¢ hai can thic 4 va
tong hé sd cia x & hai can thic 1a 2 nén ta s& nhan hai vé cia phuong trinh thir
hai taco :

4y+2x-12=22y ~2,2(x +y—2)
=2y -2y +2(x +y-2)+22(x +y-2)-8=0

&2y - Z«f y+l+2 X+y—-2

_1)2
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Tudaytasuyra:

2(x+y-2)+22(x +y-2) 920 & 0<,2(x +y-2) <-1+4/10

S 0<x+y-2<

LY

3—15_§ﬁ<5

V61 nhan xét nay, xem nhu moi chuyén trong ngodc ¢ (*) da rd rang. Va nhu

thétaco x=y.
Nhu thé hé da duge giai quyét.

oo o o Y20
Loi gidi : Diéu kién : .
X+y=>2

Nhan xét (x,y)=(0;0) khong théa hé. Do d6 v6i x =0,y >0. Ta bién déi
phuong trinh thir nhét trong hé tré thanh :

\/4x2 +5(y—x) —\/3)(2 +y2 +2y—«f3x2 +y2 =0

4x2 +5(y—x)—3x2 —y2

\j4X2 +5(y—x) +\/3X2 + y2

(X—y)(x+y—5)

\l4xz +5(y—x) +\/3X2 + y2

x+y-5

3(x+y)

< (x-y

4x+5y x+3x+y
(¥ )+

=0 (1)
2y+ «f3x2 + y2

Mit khac tir phuong trinh thi hai trong hé ta bién d6i thanh phuong trinh :

4y+2x-12=22y -2,2(x +y—2)

<2y 22y +2(x+y-2)+22(x +y-2)-8=0

&2y — 2ﬁ+1+2 (x+y-2)
@(@—1)2 [ X+y 2)

Tur day ta suy ra :

2(x+y-2)+22(x +y-2) 920 = 0< 2(x +y-2) <-1+4/10

&S 0<x+y-2<

LAY

(15200

<0.

Vay : X+y-5 _ 3(X+y)
' \l4xz +5(y—x) +\/3X2 + y2 2y+«f3x2 +y2
Deudofir-( Th
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3x—6=ﬁ—2m©3(x—2)2%

1
S(x-2)3+—————|=0=x=2.
( )[ \/2x+2\/x—lj
ViV(’Yiletacé:3+;>0.Véix=2:>y=2.

N2x +240x —1
Déi chiéu diéu kién ta cd nghiém cua h¢ 1a (x,y) = (2;2) .
Binh luén : Bai toan ndy mot 1an nita cho thay su két hop va c6 cai nhin tong quat
tr hé cho chung ta mot 101 giai kha tha vi. Pay 1a mot diéu tha vi khi sir dung
phuong phap lién hiép dé giai hé khi ma c6 kém theo diéu kién dé danh gi.
Sau déy, ching ta s& tiép tuc nghién ciru mot vi du nita dé thiy didu tha vi nita
qua 16p bai toan giai bang phuong phap nay qua vi du sau day.
Vi du 15: Giai hé phuong trinh

\/4xy+(3 xy—7)(x—y)+2 xy =4y
(2x-+1)(12y 143X (94y = xfx =X )) =27 (x +1)

Phin tich : Cau triic cia phuong trinh thir nhat trong hé gio da kha quen thudc qua
cac vi du trude nén ching t6i s& di vao van dé ngay.Vé6i hé nay, ching ta mubn
cong pha hé thi ta can cong pha phuong trinh thir nhat trong hé.

Tién hanh bién ddi phuong trinh thir nhit trong hé tré thanh :

\/4xy+(3 Xy—l)(x—y) +2\/g=4y
Q\j4xy+(3\/g—7)(x—y)—2y+2(\/g—y)=0

LD
\/4xy+(3 xy—l)(x—y)+2y \ﬁ"‘y

(x—y)(4y+3 xy—7) +2y(x—y)

(X,yeD)

=0

= =0
\/4xy+(3\/g—l)(x—y)+2y \/EJFY
o (x-y) 4y +3\[xy -7 2 ),

\/4xy+(3 Xy —1)(x —y)+2y NXYTY
Nhu d3 phén tich & cac vi du truée do. Bay gio chung ta da biét dé giai quyét
dugc trong ngodc ta cAn phai xir 1i ddu cta biéu dai lugng 4y +3/xy —7.
igndosbmocdng ehing taphaizquantam déniphuong tanhsthé-haitronehe.
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Phuong trinh thtr hai trong hé dugc bién do6i thanh phuong trinh :
(2x+1)(12y +9yxy —x* =x—1) =27 (x +1)

1 2
(4y+3\/g) 2;(-'::1 X +9X+1

O phuong trinh cudi cung bién ddi ctia phuong trinh thir hai trong hé ta thu

duogc v€ phai 1a mdt bi€u thuc toan theo bién x nén dé danh gia dau cua dai

lugng 4y+3,}xy —7 chung ta sé& tién hanh khao sat ham sau trén ving diéu

kién x>0.
2
Cuthétacod: f(x)=3(x+1)+X +X+1, vx>0.
2x +1 9
Taco f( ) w
9(2X+1)

f1(x)=0e (2x+1) =27 < 2x+1=3 = x=1.
Vatanhn thay f'(x)>0<x>1, f'(x)<0<0<x<1 va f(1)=;

Do d6 Vx>0 taco f(x )2;
Tur day ta suy ra %(4y+3\/g)2%<:>4y+3\/g—720.

Va nhu vay 1a biéu thirc trong ngodc di duogc giai quyét hoan toan. Nhu thé dé
giai hé ta con thuc hién thé va giai phuong trinh rit co ban.
4xy+(3 Xy —7)(x—y)20
Loi gidi : Didukién:{x>0
y=0
A s A 1A A L a o |x>0
Nhén xét (x,y)=(0;0) khong thoa hé nén ta chi can xét 0
y >
Phuong trinh tht nhét trong hé duoc bién dbi thanh phuong trinh :

\/4xy+(3 xy—l)(x—y)+2 xy =4y
<:>\/4xy+(3 xy—7)(x—y)—2y+2(\ﬁ— )=O
4xy+(3 xy—l)(x—y)—4y2 +2[Xy_y2J=O

<~
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(=¥ 3y -7)  ay(x-y)

= =0
\/4xy+(3 xy—l)(x—y)+2y \/g"'y
<:>(x—y) 4y+3ﬁ_7 + 2y =0(1).

\/4xy+(3 Xy —1)(x—y) +2y NXYFY
Mat khac tir phuong trinh th hai trong hé ta co :

(2x+1)(12y+9\jx_—x2—x—1)=27(x+1)

(4y+3\/g) X+1 X +x+1

2x+1 9
2
Xét ham 6 £(x) = 20D X0+,
2x+1 9
Taco: £(x)= (2x+1)° =27
9(2x +1)°

fi(x) =0 (2x+1)’ =27 = 2x+1=3 = x=1.

Vatanhan thay f'(x)>0<x>1, f'(x)<0<0<x<1 va f(l):;

Do @6 Vx>0 tacd f(x)z

[SSREN

Tur day ta suy ra %(4y+34xy)2%<:>4y+3afxy—720.
4y+3 xy 2y
+
\/4xy+ 3xy —1)(x—y) +2y VXY Ty

Nén tir (1) ta c6: x = y. Thé vao phuong trinh thtr hai ta thu duoc phuong trinh:
(2x+1)(=x +20x—1) =27 (x +1) & 2x° +3x” =33x +28 =0

Vi nhan xét nay ta co : >0.

x=1
=1 _5_J7249
& (x-1)(267 +5x7 -28)=0 = i o|x=22N20
2x% +5x%-28=0 4
—5+249
4

Doi chiéu dicu kién ta c6 nghi€m ctia hé 1a

(x,y):{(l;l);[_s +;/ﬁ;—5 +;@J
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Binh luin: Day 14 bai toan khé va doi hoi co sy tinh té nhat dinh dé ¢ thé danh gia
dugc biéu thire trong ngodc vo nghiém. Do d6 chung ta luu ¥ ring dé giai hé
bang phuong phap nhan luong lién hiép bt nhan tir chung tuy 1 mot phuong
phap cho 151 giai gon va dep nhung chira trong d6 rat nhiéu tha vi va doi lic
cling l1am kho nguoi gidi.

Trong 1&i giai bai todn chd danh gia 4y + 3a/xy —7>0 ngoai 1oi giai baing ham
sb, ta co thé danh gia truc tiép nhu sau :

2 2
Tacé:%(4y+3ﬂ/xy)=3x+3+x +X+1=%+ 3 2T 4+2x45 1

2x+1 9 4x +2 18 6
3 3 2x+1 1 _4 3 2x +1
>=+ + ——>—+ +
2 4x+2 6 6 3 4x+2 6

2ﬂ+2 ’ 3 .2x+1=z
3 4x+2 6 3

Vay 4y+3~fxy —720. Tuy nhién, sy danh gi4 truc tiép c6 su kho khan riéng
khi ta can chon diém roi phit hop mot ki thuat khong phai d& ddi voi sé dong hoc
sinh. Con 101 giai ham sb trong bai toan gitp cho viéc danh gia dé hiéu hon va
hoc sinh d& tiép

Vi du 16: Giai h¢ phuong trinh

)((4y3 +3y+ «fSyz —x? ) = y2 (x2 + 4y2 + 8)
x+12-2x =2y? -2,fy -4

Phén tich: Trudc tién, ching ta can nhin nhan dy 1a mot hé kho va hay. Va tac gia
ctia nd chinh 13 ching t6i. Hé nay khi dem ra thao luin va giai thi hau hét
chung t6i nhén dugc 101 gidi di ding hudéng do 1a danh gia phuong trinh thir
nhit d& tim mdi quan hé giita hai bién x,y rdi thay vao giai phuong trinh thir

(X,yeD)

hai trong hé. Tuy nhién, chiing t6i mudn cing cac ban tu duy va tim huéng di
cho bai toan nay bang phép lién hiép.

R& rang dé cong pha thanh cong hé nay, chung ta khong thé bit dau dugc voi
su gon gang va rat nhe nhung lai rat kho chiu ciia phuong trinh thir hai.

CAu tric & phuong trinh thir nhit néu c6 thé bit dwoc nhan tir chung dé tim moi
quan hé cho hai bién thi chiing ta chi c6 thé nghi dén viéc “ép nghiém” bang
lién hiép hodc danh gia bang cac danh gia bat dang thirc co ban.

Dé giai quyét hé nay bang phép lién hiép thi viéc dau tién chung ta can lam do
1a thoat can. Nhin nhan su viéc nhu thé ta tién hanh tap trung doan mbi quan hé

gifra X,y sao cho «/5y2 —x? thoat can.
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Nhan thdy dai luong trong cin 1a 5y —x* nén néu mudn thoat cin thi ta ¢6
hai dinh dang cho mdi quan hé x,y va dong thoi phai lam cho hai vé phuong
trinh bang nhau.

Xét moi quan hé thir nhat c6 dang x =ay.

Do hé sé dung trudc y2 1a 5 nén dé thoat can ta co thé nghi dén hai s6
a=la=2.

Véi a=1 thi ta thoat dugc can thirc nhung hai vé phuong trinh lai khong bang
nhau nén ta loai.

Véi a=2 thi ta thoat duoc cin va hai phuong trinh bing nhau nén ta dy doan
moi quan hé gitta X,y la x =2y.

Va lic nay ta tam thoi bé qua dinh dang x =ay+b va tap trung lién hi€p voi
x=2y.

Khi d6 ta bién doi phuong trinh thtr nhat trd thanh:

4xy3 +3xy+x«f5y2 —x? —)<2y2 —4y4 —8y2 =0
< 2xy? (2y—x)+y2 (x2 —4y2)+4y(x —2y)+x(«f5y2 —x? —y) =0

X(X—2y)(x +2y)

c>(x—2y)(—2xy2 +y2 (x+2y)+4y)— ery

5 2
<:>(X—2y) —xy2 +2y3 +4y—L =0
«fSyz —x? + y

Téi day, ching ta s€ tim cach danh gia cho trong ngoac vo nghiém. Tuy nhién,
0 bai toan nay thi c6 mot sy thu vi da xay ra.

Cac ban hay chu y toi

—xy2 +2y3 :—yz(x—Zy); 2xy+x2 =8y2( x=2y); «fSyz —x? +y=2y.

2xy +Xx

«foz - y2 +y

ngodc chiing ta lai co thém nhan tir x =2y . Do d6 chiing ta tién hanh lién hiép

=0

Va nhu vay khi x =2y thi —xy2 + 2y3 +4y— =0. Tuc la trong

ti€p cho bi€u thurc trong ngodc. Néu dé vay lién hiép chiing ta s€ rac roi, dua
trén nhan xét da cé ching ta quy dong mau roi sau dé lién hiép s€ cho 101 giai
gon hon.

. 5 )
Cuthétaco: (X_ZY)[—X}IZ +2y° +4Y_L+XJ=0

«fSyz —-x? +y
<::>(x—2y)(—y2 (X—2y)(«/5y2 —x? +y)+4y«f5y2 —x? —2xy+4y2 —x2)=0
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& (x —2y)[—y2 (x—2y)(«/5y2 x>+ y)+ 10}2/5/25};/;7?1(221;() +(2y—x)(2y+ X)J =0

<:>—(x—2y)2 y2 (afSyz -x? +y)+M+2y+x =0
2«/5y2 —x? +x

Va lic nay trong ngodc di qua rd rang vé diu nén ta co thé két luan dugc ngay
x=2y.
Nhu vay xem nhu hé da duoc giai quyét.

Loi gii : Tir phuong trinh thtr nhat trong hé

)((4y3 +3y+«f5y2 —x? )=y2 (x2 +4y2 +8) tasuyra dugc x>0 do y=0.
Mit khéc (x,y)=(0;0) khong thoa hé nén ta chi can xét x >0,y >0.
5y2 -x220
Tir d6 ta c6 diéu kién cia h¢ 1a:{0<x <6
y>0
Phuong trinh tht nhit duoc bién dbi thanh phuong trinh :

axy® +3xy +x\5y% —x2 —x2y? 4yt —8y? =0
<:>2xy2(2y—x)+y2(X2—4y2)+4y(x—2y)+x(\/5yz:—xz—y)=0
x(x—2y)(x +2y)
\,”HSyz—x2 +y

(i)(X—Zy)(—ny2 +y2 (x+2y)+4y)— =0

2xy+x2
c>(x—2y) —xy2 +2y3 +4y ——————=—1|=0
( «fSyz -x%+ y
4::>(x—2y)(—y2 (X—2y)(«/5y2 —-x? +y)+4y\/5y2 —x? —2xy+4y2 —xzj =0

@(X—Zy)[—y2 (X—Zy)( ’5}’2 _x2 +Y)+ 10}’(2}’—X)(2}’+X)+(2y_x)(2y+x)J:0

2\/5y2 —x% +x

<:>—(x—2y)2 yz(«fSyz —x? +y)+M+2y+x =0 (*)
2«,5y2—X2 +X

10y(2y +
Do x>0,y>0= yz(JSyz—x2 +y)+M+2y+X>O.

2«f5y2 —x% +x
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Thay vao phuong trinh thtr hai trong hé ta dugc phuong trinh :

y+a[3—y=y2—\/§—2©a/3—y+\/§=y2—y—2 (*)
yz—y—220
Dé phuong trinh (*) c6 nghiémta cén: {3-y>0 &2<y<3,
y>0

Véi diéu kién nay ta c6 (*) <:>y2—3y—1+(y—1—\E)+(Y_2—=\l3_}’)=0

2 1 1 o
<:>(y 3Y+1)(1+y—1+\/§+y—2+\/ﬂJ 0 (=)

Voi 2<y<3taluénco 1+

! + ! >0
y—1+\/; y—2+\j3—y

_3+J§
YT

3-45

y:—

2

Do dé tir (*') tacd: y> -3y +1=0<

:>x=3+\/§.

3+J§
2

Doi chieu dicu kiéntaco: y=

Vay hé phuong trinh da cho ¢6 nghiém duy nhét (x, y) = {3 +/5;

3+ \/g
5 |
Binh luin : G budc phan tich cac ban thay sau khi lién hiép ta van con dugc nhan
tr x —2y mdt 1an nita. Do d6 dé tién hanh lién liép c6 thé cho ra ludn nhan ti

(x— 2y)2 thi ta ¢6 thé tu duy dé xt li nhu sau :

+ Néu ta xtr li nguyén ban ban dau chi cAn thém binh phuong nhu thé nay :

2
x(«fSyz —x? - y)
Thi 6 rang viéc thém bét ciia chung ta s& kha rac rdi va kha ning tinh toan
nham rat d& xay ra.
+ Nhung néu ta dé y thi chiing ta nhin xét thay 1a dai luong can lién hiép dé khir

can la \/5y2 —x? trude no co dai luong x dé lap thanh mét tich sd x«fSyz -x?.
Nhu vay khi cho x =2y = \/Syz —x? =2y va khi d6 ta s& c6 x—2\f5y2 —x? =0.

Va nhu thé dé tao duoc nhan tir (x - 2y)2 va khong xa roi 1dm véi dai luong
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Thi ta s& tach lugng lién hiép can c6 1a

2 2
(X—Z ,:5y2_X2)2:25(X—2y) (x+2y) '
x+2«f5y2 —x?

Do @6 ta s& tién hanh tach phuong trinh thir nhét thanh :

x(4y3 +3y+\/5}12:—xz):y2 (x2 +4y2 +8)

(i>—4x(4y3 +3y+\/5yzi—xz) =—4y2 (xz +4y2 +8)

<:>—16xy3 —12xy+4xzy2 +16y4 +12y2 +3x2 +(x —2af5y2 —x? )2 =0
(:)16y4 —l6xy3 +4x2y2 +3x2 —12xy+12y2 +(x —2«f5y2 —x2 )2 =0
<:>4y2 (x2 —4xy+4y2)+3(x2 —4xy+4y2)+(x—2\/5}127—Xz)2 =0
<:>(x—2y)2(4y2 +3)+(x—2\/5yZ:—xz)2 =0 (a)

Téi day chiing ta c6 thé tién hanh lién hiép, nhung trén budc duong di tim nhan

tur (x — 2y)2 chung ta di bién ddi vé mot phuong trinh ma khong can lién hiép
nita vi chung ta da thu duoc mot phuong trinh gdm téng hai s6 khong am.

x—2y=0 \ ( x
Do d6 (a) <= & x =2y. Vaco thé noi day chinh 1a goc re
( ) {x—2a,5y2—x2 =0

ctia sy danh gia & phuong trinh thtr nhit trong hé.

Va ching ta thiy d6, mot bai toan c6 duge mdi quan hé nho danh gia thi véi ki
nang co ban lién hi€p cdng v&i mot chit tinh té ta van dua duoc vé 101 giai tu
nhién va d& hiéu hon. Va biét dau do trén budc duong ching ta luom nhit tir
nhing cai co ban va ghép lai ching ta s& c6 mot manh hoan chinh vé mot 1o
giai ngin gon va nhanh nao trudc d6 da co sin nhu 16i giai c6 dugce tir ban dau
cua bai hé nay.

x> +y3 =Xy, ;2()(2 +y2)
Vi du 17: Giai hé phuong trinh (x,y el )
Mx+Vx2 -1 =9(y—1)vV2x -2

Phan tich : Dé cong pha hé nay chung ta s& khong bét dau tir phuong trinh thi hai
trong hé dwoc ma ching ta can cong pha v6i phuong trinh thi nhét.

Véi cAu triic cua phuong trinh thir nhét, chung ta d& thdy hai bién x,y dbi

xung va céu_trl'lc ctia phuong trinh gitip ching ta nham dugc x =1y thi bi_éu
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thirc trong can thoat can dugc va hai vé phurong trinh bang nhau. Do d6 chiing
ta tién hanh lién hiép nhu sau :

x> +y3_XYW=0 <:>X3+Y3_XY(X+y)+Xy(X+y_W]:O
& (x+y)(x=y) —xy i
x+y+m

<:.>(x—y)2 X+y-— Xy =0
X+y+ 2(X2+y2)

Va bay gio' chiing ta quan tdm dén biéu thirc trong ngodc voi cha ¥ rang diéu
kién ctia bai toan chung ta dang xét 1a x>1,y>1.

Nhu thé vin d& bay gio 1a chung ta can danh gia sao cho
Xy
x+y+,’2(x2 +y2)

quyét thanh cong.
Pé danh gia didu nay ta bién ddi biéu thirc trong ngodc twong duong véi danh

<0 1a xem nhu trong biéu thirc trong ngodc da duoc giai

gia sau (do mau so6 luoén duong ).

Cuthéla: (x+y)(x+y+,’2(x2+y2)j—xy20.

O biéu thirc cAn danh gia ching ta chu y toi dai luong | fZ(x2 + yz) la mot sy
quen thudc gin lién v6i mot danh gia co ban quan trong hay dugc dung do 1a
danh gia :

“Vx,yell taludn co |X + y| <, fZ(xz + y2) . Dau dang thirc xay ra khi va chi
khi x=y”

Pé ching minh danh gia nay cac ban c6 thé st dung phép bién ddi tuong
duong 14 nang liy thira hai vé hodc sir dung bat déng thirc BCS rat don gian.
Nhu vay véi x > 1,y >1, ap dung danh gia nay ta c6 dugc danh gia sau :

(x+y)(x+y+"2(x2+y2))2(x+y)(x+y+x+y)

> 2(x + y)2
>4xy do x+y>2xy (bt ding thitc AM- GM).

Nhur thé ta c6 dugc (X+y)(x+y+‘[2(x2 +y2))—xy>0.
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Va nhu thé biéu thirc trong ngodc hoan toan duoc giai quyét.

Dodétacdé x=y.Vanhu thé nat thét cua bai toan duoc md va hé xem nhu da
co ban dugc giai quyét.

x2>1

y>1

Phuong trinh thir nhét trong hé duoc bién d6i thanh phuong trinh :

x3+y3—xy‘f2(x2+y2) =0
=X +y3—xy(x+y)+xy(x+y—"2(x2 +y2)j:O

@(x+y)(xy)2xy[ (x—y)° }0

X+y+‘;2(x2 +y2)

@(x—y)z[ery— Xy JzO

X+y+ 2()(2 +y2)

@(X—y)z{(x+y)(x+y+,,2(x2+y2))—xy}=0 (1)
Taluon cé : Vx,y >1 thi x+yS4¢2(x2+y2) (*)

Thét vy, tir (*) < (x+ y)2 S2(X2 +y2)<:>(x—y)2 >0 (ludn dang).

Loi giai : Diéu kién : {

Dau ding thirc xay ra khi va chi khi x =y . Nén ta cé :

(x+y)(x+y+,,2(x2 +y2))2(x+y)(x+y+x+y)

> 2(x + y)2
>4xy do x+y>2/xy (bt ding thitc AM- GM).

Nhur thé ta ¢é dugc : (x+y)(x+y+,’2(x2 +y2))—xy>0.

Vay tir (1) taco: (x — y)2 =0« x =y . Thay vao phuong trinh thu hai trong

hé taco:

ax+x2 -1 =9(x—1)V2x -2 & 4y2x +2Jx2 1 =18(x ~1)x -1

o (VTR AT =18(x 1)k
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@ Cach 1: St dung an phu.

a,b>0
a=+x+1
bat * olx=a’-1=a’-b*=2.
b=+x-1

x=b%+1

A . L . 2(a+b):9b3 .
Keét hop véi (2) ta co hé phuong trinh : (i)
2 12
a“-b =2
Thé 2=a% —b* vao phuong trinh thi nhét trong hé (1) ta dugc phuong trinh :

(a+b)(a® ~b)=9b* <=2’ +a’b—ab’ 100’ =0

a 3 a 2 a a a 2 a .
S|—| +| =] |- |-10=0| =2 ||| = | +3] —|+5|=0(b=0 khong

b) \b) b b b b
thoa phuong trinh).

2

o2 2-0oa=2bvi| 2| +3[ 2 |+5=0voli

b b b

Voi a=2b<x+ =2\/x—1<:>x+1=4(x—1)<:>x=§.

LA A 5 5
Doi chiéu dicu kién ta co : x=§:>y=§.

@ Céach 2: Su dung nhan lugng lién hi€p hudng 1.

4x/x+m=9(x—1)\/2x_—2<:>8(x+\/H)=81(x—1)3
as(m—gj—(sx—s)(zhz —36x+?j=0

24x + 40
Ox2—1+12

24x +40 < 24x +40

—27x* +36x—?}(3x -5)=0 (3)

Ta co < ,x2>1.
X2 —1+12 12
Suy ra
2
M—27x2+36x—§S—27x2+38x—15=—27(x—£) sl
oVxZ —1+12 3 27) 27

Vay (3) cho 3x—5=0<:>x=§.
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SRV W , 5 5
Poi chiéu dicu kién ta co : x=§:>y=§.

@ Céch 3 : Str dung nhan lugng lién hi¢p hudng 2.
(2) = 9(x-1)Vx—1-2Jx—1-2Jx+1=0

& 3x=1(3(x—1)-2)+2(2dx —T1-x+1)=
@3(3x—5)\/ﬁ+2( 3X =3 j:o

2J0x —1++/x+1

< (3x - 5)(3ﬁ+ \/_H\/mj:o@)

5
Vi 3Wx—1+ >0,x>1nén (4) ©3x-5=0=x=—
e\/x—1+\/x+1 ( ) 3

A < A A ‘A r 5
D061 chiéu diéu kién ta ¢6 : x =3 =>y=

g .
A . . A a1 Aty 55
Vay qua ba cach giai ta ¢6 nghiém cua hé 1a (x,y)=| == |.

Binh luin : O phuong trinh thir nhat trong hé vé ban chét thyc 14 ngudi ra ¢é nham
dén d4nh gia bang bét dang thirc BCS dé c6 dugc x =y .
Cu thé theo bét dang thie BCS ta o :

(x3 +y3)(x+y)2(x2 erz)2 ny(x+y) 2(){2 +y2)

Tir déy ta suy ra duge x> +y° >xy ?2(){2 + yz) )

Dau bang xdy ra < x=y.

Tuy nhién phwong trinh thtr nhat ta vin nhdm duoc nghiém dé thoat cin va hai
vé phuong trinh bang nhau khi x =y nén ta van c6 thé tién hanh tét bai toan
v6i phép lién hiép. Cai tha vi ctia phép lién hiép 1a ching ta chi can sir dung
nhitng d4nh gia bang cac bat diang thirc co ban quen thudc van giai quyét tot
bai toan. Pay chinh 1a mot diém dang luu y ma chung t6i mudn cac ban nim
bét dé c6 thém ki ning giai quyét thém nhiéu bai toan khéc.

V6i mot lang kinh nhin khac, chiing ta ¢é y mot chat va tinh ¥ s& nhan ra ngay
phuong trinh thir nhat ban chit cua n6 1a mot phwong trinh ding cip voi hai
bién x,y. Do d6 ching ta c6 thé tién hanh sir dung ki thut bt nhan tir cta hé
c6 mot phuwong trinh mang dang dép déng cip dé giai quyét & phuong trinh thir
nhit .

Cu thé ta c6 phuong trinh thir nhat duoc bién d6i nhu sau :
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3 2
(3j +1=2 ] [fj 1| et +1=t fz(tzﬂ) Vi t=2,t>0
y y y y

€€ =2t* 426 —22% +1=0 & (t-1) (¢ 426 +26 +2t+1)=0

St=1ox=y

Mit khac, phuong trinh thir nhat c6 tinh d6i xing hai bién x,y nén vé ban chit
co ban chung ta ciing c6 thé phan tich va bit nhan tir chung vén tbt.

Cu the ta co phuong trinh thir nhat s€ bién d6i tuong duong véi phuong trinh

sau :

2

(x +y3)2=2x y (x2+y2)<:>(x+y) (Xz—nyryz) —2x2y2(x2+y2)=0

—4xzy2 (x2 + yz)—xzy2 (x2 + y2)+2x3y3 =0
<:>(X2 + y2 —2xy)(x2 +y2)2
+2xy(x2 +y2)(x2 er2 —2xy)—)(2y2 (X2 er2 —2xy)= 0

<:>(x—y)2 (X4 erzy2 +y4 +2xy(x2 +y2))=0 oX=y

Pay la ciing 1a mot dinh dang dé bat nhan tir chung ddi voi hé ma co chira mot
phuong trinh mang dang dip d6i ximg véi hai bién ma chung ta s& nghién ctru
phan tiép theo sau.

2x(y—x)—4=x(3x—2y2)
Vi du 18: Giai hé phuong trinh (x,y el )

\/7)42 —3xy +\/y2 (1+2X)—4 =4y

Phan tich: V& co ban hé c6 ciu tric gon nhe, phuong trinh thir nhét 1a phuong
trinh da thirc don gian, phuong trinh thir hai 1a phuong trinh chira can ciing gon
dep. Tuy nhién, trén thyc té thi mdi phuong trinh khong gitip chung ta nhin
nhan duoc gi dé bt nhan tir chung.

That Vﬁy, phuong trinh thtr nhat dugc bién d6i thanh phuong trinh :

2xy — —4=3x> 2xy2 .
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Kiém tra phuong trinh nay chiing ta biét dwoc phuwong trinh nay khong tach
duoc nhan tir.

Phuong trinh tht hai trong hé dugc bién d6i thanh phwong trinh :

\/7X2 —3xy + \/y2 + 2xy2 -4 =4y.

Dang dap cua phuong trinh ndy c6 vé nhu quen thudce c6 thé bao trude duoc 1a

c6 thé doan nghiém va lién hiép. Tuy nhién dai luong y> +2xy*> —4 that gy
kho cho chiing ta doan nghiém dé lién hiép.

Tuy nhién, trén hai phép bién ddi trén ta thiy c6 mdi lién quan giita phuong
trinh thtr nhat va phuong trinh thir hai thong qua dai luong : —4 + 2xy2 .

Cu thé, tir phuong trinh thi nhét ta c6 : 2xy2 —4=5x>— 2xy .

Thay vao phuong trinh thir hai trong hé ta c6 phuong trinh :

\/7x2 —3xy +\/5x2 —2Xy + y2 =4y (*) .

Khong kho dé nhén ra phuong trinh méi ¢6 duge 1a phuong trinh dang cp va
khong kho dé nhan thay khi x =y thi phuong trinh duoc nghiém ding.

Do d6 ta c6 thé tién hanh lién hiép tach nhan tir v&i chu y ta co y>0.

Taco: * <:>«f7x2 —3xy—2y+«/5x2 —2xy+y2 —2y=0

7x —3xy— 4y 5x —2xy+y —4y

=0
af7xy 3x2 +2y «fo —2xy+y +2y
( y)(7x+4y) (x y)(5x+3y) 0

«f7x —3xy +2y «fo —2xy+y +2y

X y ( 7x+4y 5x +3y J

«/7X —3xy +2y \f X —2xy+y +2y

Vén d& nay sinh bay gio' chinh 1a danh gia biéu thirc trong ngodc, mudn vy ta

can xac dinh vé ddu cua hai dai lugng 7x +4y , 5x +3y. Tuy nhién do ta da biét
ddu cua y nén ta chi cin x4c dinh diu coa x .

Tir phuong trinh thir nhat trong hé ta c6 :

2xy+2xy2 =5x° +4c:>2xy(l+y)=5x2 +4=x>0.

Nhu vy véi diéu kién x>0,y >0 thi biéu thirc trong ngodc da hoan toan xac

dinh. Va nhu thé thi hé co ban di duoc giai quyét.
7x% - 3xy=>0
v (1+2x)-4>0

Loi giai: Diéu kién : {
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Tur phuong trinh tha hai trong hé tasuyra: y>0.

Mit khac tir phuong trinh thir nhét trong hé ta co

2xy +2xy* =5x%> +4 < 2xy(1+y) =5x>+4. Tirddy tasuyra x>0.
Tir phuong trinh thir nhit ta c6 : 2xy2 —4=5x%- 2xy .

Thay vao phuong trinh thir hai trong hé ta thu dugc phuong trinh :

«/7){2 —3xy —2y+«f5x2 —2xy+y2 —2y=0

7x2 —3xy—4y2 N 5x2 —2xy—3y2

=0
\]l7x2 —3xy +2y \/5)(2 —2xy+y2 +2y
Q(x—y)(7x+4y)+ (x—y)(5x+3y) 0
\/7)(2 —3xy +2y \/SXZ —2xy+y2 +2y
<:>(x—y) 7x+4y N 5x 43y :0(1)
\/7x2 —3xy +2y \/5)(2 —2xy+y2 +2y
Do x>0,y>0 néntaco: Tx+dy + Sx +3y >0.

1}7)(2 —3xy +2y «foz —2xy+y2 +2y

Nén tir (1) ta cd: x—y=0<> x =y. Thay viao phuong trinh thir nhat trong hé ta
thu duoc :
2x° =3x ~4=0 5 (x-2)(27 +x+2) =0 x =2 vi 25" +X+2>0,vx>0.
Véi x =2=>y=2. Dbi chiéu diéu kién ta c6 nghiém ciia hé 1a (x,y)=(22).
Binh luén : Bai toan trén 12 mot vi du dién hinh cho loai bai toan sir dung phép thé
va bit nhan tir hoa bang phép lién hiép. Su két hop nay ching ta c6 gip trong
phuong phap cong, trir. Tuy nhién, ndi dung thé lién hiép 12 mot ban chét gin
nhu 14 phép lién hiép dé bat nhan tr hoa. Cac vi du tiép theo chung ta sé& tién
hanh nghién ctru cac cdu tric khac cia thé loai nay. Vé ki nang két hop cong trir
va lién hiép chung ta s& dé cap sau & phén sau.

2x2 —5xy—y2 =1
y(\/xy—Zy2 +\/4y2 —xy)zl

Phin tich : Bai toan nay do ching téi sang tic, v6i cau tric hé ciing kha nhe
nhang. Nhung sy nhe nhang lai 4n chira rat nhiéu tha vi. Quan sat théy duoc
phuong trinh tht nhat 13 mot phuwong trinh mang dang dip déng cdp nhung
chung ta lai chéng tim théy duoc méi lién quan nao dé thuc hién viéc bit nhan
tir. Phuong trinh thir hai c6 céu trac ciing kha quen thudc nhu mét sb vi du trude

Vi du 19 : Giai hé phuong trinh (x,y el )
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day ta da xét, nhung cai kho chiu chinh 14 céi s6 1 & vé phai phuong trinh 1am
cho chung ta ciing ching thé thyc hién gi viéc doan nghiém.

Tuy nhién, trén tinh than chung nhan thiy ca hai phuong trinh déu chira s 1
nén ching ta s& tu duy bang phuong phéap thé hing sé boi bién dé hai phuong
trinh két hop lai xem thé nao?

Cu thé ta s& co: 2X2—5xy—y2 =y(\/xy—2y2 +\/4y2—xy).

That chét nhin vao phuong trinh méi nay ching ta van thiy dang dép cia sy dang
cap, mot phuong trinh ma ching ta da biét thong qua né ching ta c6 quyén hy
vong bt nhan tir chung. Va luc ndy, viéc bét nhin tir chung ctia chung ta cin dya
vao viéc st dung phép lién hiép bdi vi cac dai lugng trong can thirc va ngoai can
thirc khong gitip chung ta suy doan gi nhidu bang cac phuong phéap khéc.

Doan duge khi x =3y thi cac biéu thirc trong cin thoat dugc can thirc va hai vé

phuong trinh bang nhau.
Tuy nhién, tir phuong trinh thir hai trong hé ta c6 thé suy ra dugc y>0. Mat

khac ¢ phuong trinh méi ta thdy y 14 thira sé cia mot tich chira tong hai cin

nén ta nghi dén viéc chia y2 cho vé phuong trinh dé 1am gon lai phwong trinh :

R Rt

bé tién cho viéc tinh toan ta s€ dat t =
y

Chu y rang voi viée nhdm duge x =3y =t=3.
Mait khac tir diéu kién ban ddu cta bai toan 1a :
xy—2y> >0 _ov>

Y2 y x—2y20 <Xy
4y —xy20=4y-x20& y

y>0 y>0 y>0

Va nhu thé ta ¢6 ludn du doan t =3 va mién gia tri cho te[2;4].
Khi dé ta co

()22 —5t—1=+t-2+d4—t

26 =5t=3+(1-t-2)+(1- 4—t)=0

t-3 t-3

1+t— 1+,\/
1 1
+

+ N4 —

< (t-3)(2t+1)-

= (t—3)£?t+1—
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Ji-2 1)
@(t—3)(2t+l+ﬁ+l+ﬁJ—O.

Va téi day biéu thic trong ngodc di rd rang vé dau nén xem nhu hé co ban da
duogc giai quyét.

xy=2y°20  (x_2y>0

X
) <—<4

Loi giai : Diéu kién : 4y2—xyZO© dy-x20& y .
0

y>0 y>0 y >

T hai phuong trinh trong h¢ ta thu dugc phuong trinh :

2x2 —5xy—y2 = y(\jxy—Zy2 +\/4y2 —Xy)

@2(3]2 —5[3)—1:\/§+J¥=0 ().

Pit t=—,te[24].
y

Lic d6 phuong trinh (*) tré thanh phuong trinh :
22 —5t—1=+t—2+V4-t =2t —5t—1-t—2—J4—t =0
26 -5t-3+(1-t=2)+(1-V4-t)=0

t-3 t-3

+ =0
1+t—-2  1+4-t

< (t-3)(2t+1)-

< (t-3)| 2t+ oz 1 =0 t=3
1+4t=2  1+4-t
T
vt Y22, 1 >0,Vte[2;4].

1+4t=2 1++4-t
V6i t=3<>x=3y. Thay vao phuong trinh thir nhét trong hé ta thu duogc

V2 W2

phuong trinh : 18y2—15y2—y2 :1<::>y2 Z%Qy:—jx

2 2
Déi chiéu diéu kién ta co nghiém cta h¢ 1a : (x.y) = [#,g} .

Binh luin: Bai toan nay, xuat phat y tuong la thé tao ra dugc phwong trinh bat
nhan tir chung bang phép lién hiép. Tuy nhién vé mirc d¢ thi cin c6 do tinh té va
cach nhin tdng quan. Gitip chung ta mé rong thém nhiéu huéng tu duy méi.
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x(«/yz +9 —12) = y(12—\/x2 +9)
4X(X +1) + y(y—2) = Xy(20—xy)
Phén tich : Pay lai 1a mét bai hé c¢6 hinh thic gon nhe, nhung chinh sy gon nhe
nay 1am cho bai toan tré nén rat tha vi. Chung ta s& cung phan tich diéu thi vi
do.
Trudc tién ta bién d6i phuong trinh thir nhat trong hé tro thanh phuong trinh :
x\/y2+9+y\/x2+9=12(x+y) (1)
R& rang ciu trac phuong trinh (1) cho ta nghi ngay dén lién hiép. Va ciing tir
cdu tric nay chung ta nhan thy rang dé chon méi quan hé giita x,y nhim dén

Vi du 20 : Giai h¢ phuong trinh (x,y el )

thodt cin la diéu bat kha thi. Do d6 chung ta chi con mét chon lya 1a chon méi
quan hé giita x,y dé cho hai vé phuong trinh bang nhau. Khong qua kho khin
khi chiing ta nham duoc khi x =—y 1a hai vé phuong trinh ciia (1) luén ding.
Nhung ciing bat ngudn tir nhan xét c6 tinh chét dic biét nay (khac véi cac bai toan
st dung lién hi€p ¢ céac vi du trudc ma chiing ta phan tich ) nén vié€c lién hi€p cta
ching ta danh wu tién khir hé s & cac dai luong trong cin thic 13 hang dau.
Do d6 ta tién hanh tach (1) tré thanh phuong trinh sau :
x(«lyz +9 —3)+y(x/x2 +9 —3) =9(x+y)

2

2
Xy yX
= + =9(x+y)
\/y2+9+3 \/x2+9+3

< Xy Y + X =9(X+y)

«fy2+9+3 x> +9+3

y\/x2 +9 +x\/y2 +9 +3(x+y)

(\/y2_+9+3)(\/m+ 3)

Téi day viée khir hé s xem nhur di on nhung van dé 1a ching ta vin chua thiy

< Xy =9(x+y)

tim dugc nhan tir cia bai todn ma ta du doan tir trudc la x =—y.

Tuy nhién quan sat biéu thuc trong ngodc trén tir c6 mot dai lwong ma bai toan

da @& cap ngay tir ddu d6 1a: yVx® +9 +x4/y? +9 =12(x +y) nén liic nay ta s&

str dung phuong an thé dé thu dugc phuong trinh hé qua sau:

15(X+y)

(7o [l 03) :9("”)%_’ sy=a({7 93] (5750 )

x+y=0
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Va lic ndy muc dich cta chung ta trong viée bit nhéan tir hoa di thanh cong, tuy
nhién qua trinh bét nhan tir nay lai phat sinh ra mot van dé khac, d6 chinh 1a can

xir i phuong trinh sau: 5xy = 3(a/y2 +9 +3)(x/x2 +9 +3) (2).

O (2) ta co vé phai chira dung rat nhiéu sy quen thudc ma ta ting gip & céc 16p
trung hoc co sé.

2 2 2
, +9>9 +92>3 +9+3>6
P6 14 nhan xét thdy - {yz P I .
x“+929 | x249>3  [Jx2+9+3326

Vay tir ddy ta ¢6 3(«/y2+9 +3)(\/x2 +9+3)23-6-6=108 :xyzg

V6i diéu kién nay ciing chang giup chiing ta c6 khang dinh gi v6i phuong trinh
(2). Tuy nhién, nhu cac vi du trudc da co dé cap, do ban chét cua hé nén hai
phuong trinh trong hé déu c6 su twong tac rat chit ché nén chung ta sé tién hanh
khai thac phuong trinh thi nhét trong hé dé xem c6 lién quan gi sy danh gia ciia
(2), khi ma & phuong trinh nay chira rat nhiéu dai luong lién quan dén xy .
Cu thé ta c6 phuong trinh thir nhat dugc bién ddi thanh :
4x? +4x + y2 —2y=20xy — X2y2 o 4x% +4x+ y2 —20xy -2y = —xzy2
Ta nhén thiy vé trai cua phuong trinh méi bién ddi chira mot biéu thire c6 dang
dap ctia hang dang thirc.
That vay ta co:
4x* +y2 +1—4xy+4x—2y=—x2y2 +16xy+1<:>(2x —y+1)2 :—xzy2 +16xy +1.
Tur day ta suy ra duogc : —xzy2 +16xy+120<:>8—ﬁ£xy£8+ﬁ.

108

Xy 22—
Nhu vay ta sé c6 : 5 (vo1i).

8— \E <xy<8+ \/g
Diéu nay c6 nghia rang (2) v6 nghiém trong diéu kién c6 duoc cia hé cho dai
luong xy.
Va nhu thé 1a xem nhu hé da duoc giai quyét .
Loi giai : Tu phuong trinh thir hai trong hé ta bién doi dugc thanh phuong trinh :

4x% +4x + y2 —-2y= 20xy—x2y2
<:>4X2+y2+1—4xy+4x—2y=—x2y2+16xy+1
<:>(2X—y+1)2=—x2y2+16xy+1.

Tur day ta suy ra: —x2y2+16xy+120<:>8—\ESxyS8+\E.
hugng trinh thy 3 trong.h¢ dyoc ié d(;)itr(_yE a i
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x\/y2 +9+y\5/x2 +9 =12(x+y)<:>x(\/yzz+9—3)+y(m_3)=9(x+y)

Xy2 X2y

RN +
\,/yz +9+3 Nx2+9+3

=9(x+y)

yx/xz +9+X\/y2+9 +3(X+y)

| FEo ) |0
15(x+y) B N
o (\/Y2+9+3)(\/}:<2+9+3) =2ey)
x+y=0

@ 5xy =3(«/y2 +9 +3)(\/x2 +9 +3) (*):
Xét phuong trinh : 5xy :3(«fy2 +9 +3)(\fx2 +9 +3) (i)

Nhan xét {y2+929 Ny +923 |y’ +9+326
an xet : = < .
x*+9>9 | k24923 |[Jx2+9+3>6

Tir day ta co: 5xy=3(«/y2+9 +3)(\/x2+9 +3)23-6-6:108:>xy2%.
8—%Sxy£8+\/5

Nhu vay ta s& co: 108 (hé vo nghiém).
Xy = —
5
Vay ta ¢6 phuong trinh (i) v6 nghiém. Do do tir (*)taco x+y=0<y=—x.
Thay vao phuong trinh thtr nhat ta thu dugc phuong trinh :

(3x+1)° =—x* +16x% +1

x=0=>y=0
=l=>y=-1"
<:>x4—7x2+6x=0<:>x(x3—7x+6)=0<:> X Y
x=2=y=-2
x=-3=>y=3

Thir lai ta ¢6 nghiém cua hé phuong trinh 1a (x,y)=(0;0).

Binh luéin: Day 1a mot bai toan kho, di no ciing 14 ¥ tuong thé va lién hiép dé bét
nhan tir chung nhung c6 kho khan hon, vi phép thé s& dan dén mot phuong trinh
hé qua va khi tim xong nghiém hoc sinh it khi chiu kiém tra lai ma voi va két
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luan. Nhat 1a nghiém cta hé dep nhu bai toan trén rat d& cho hoc sinh sai lam.
Va mot sai lam nita hay gap 1a sau khi thé hoc sinh van st dung dau tuong
dwong. Con viéc danh gid cho phwong trinh (i) v6 nghiém 1a mét viéc ciing
khong hé don gian néu hoc sinh khong nam vimng va di tinh té dé quan sat hé.
y? —5Jx +5=0
Vi du 21 : Giai h¢ phuong trinh m:\/m—%yz iy (x,yel)

(Hoc sinh gioi tinh An Giang 2013 —2014)
Phan tich : Bai toan nay, thé hién qua rd vé ki thuat thé dé giai hé. Chung t6i s& di
vao cu thé phan thé dé giai quyét hé.

. : 1
Cu thé ta co6 tir phuong trinh thir nhat trong hé ta co: 3 y? = Jx-1.

Thay vao phuong trinh thr hai ta c6 phuong trinh:

Jx+2 =y +2y+3 —Jx +1+y.

Diéu ching t6i mudn phan tich chinh 1a & phuong trinh nay. Ta dé ¥ sé thiy
ngay duoc mbi quan hé sau :

(X+2)—(y2+2y+3)

2 ) :
=x—(y2 +2y+1)=(\/;) —(y+1) =(x/;+y+1)(x/;—y—1)
Diéu nay ta din dén ta can lién hiép dé bit nhan tir chung, cha ¥ tir két qua cua
phép thé ta s& c6 x >1. Do d6 ta tién hanh lién hiép nhu sau :

+2 —y? +2y +3 +(Vx +1+y)= (&)2_(y+l)z
Ve2 ey (\/_ 1 y)—O m+«/y2+2y+3

Jx-y-1 Jrry+l 1|=0
Q( o )\ﬁ+\/y2+2y+3Jr

[2
@(\/;—y—l) \K+x/x+2+y+1+ y +2y+3 0
\/X+2+«,y2+2y+3

Va vén dé trong ngodc bay gio chinh 1a dai luong y+1+ a/yz +2y+3.
Tuy nhién, ta lai c6 :

Y +2y+3 +y+1=4(y+1)2+2+y+1>|y+1|+y+120.

Do @6 xem nhu chiing ta lién hiép thanh cong.

7
A

Va hé da duoc giai quyé

+«/;+y+1=0
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Loi giai : Didu kién : x> 0.
Tir phuong trinh thir nhat trong hé ta co: %yz =Jx-1=Jx2lex>1.
Thé vao phuong trinh thir hai trong hé ta thu dwoc phwong trinh :
VX + =«/y2+2y+3—\/;+1+y<:>\/x+ —«/y2+2y+3+\/;—y—1:0
X+2)— y2+2y+3
<:>( ) ( )+xﬁ—y—1=0
VX +2+4y* +2y+3
2
() (1)
=
\/x+2+afy2+2y+3
f+y+1
& xﬁ—y—l
( ) \/x+2+«fy +2y+3
\/;+\/x+2+y+1+a,y2+2y+3
@(xﬁ—y—l) =0
\/X+2+«fy2+2y+3
@«/;—y—1=0<:>«§=y+1:>y2—1.
Vi: «fyz+2y+3+y+1>|y+l|+y+120
VX x4 2 4y +14+4y? +2y+3
= >0.
Jx+2+4]y? +2y+3

Thé Jx = y+1 vao phuong trinh thir nhat trong hé ta c6 phwong trinh :

+x—y-1=0

Y2 =5(y+1)+5=0cy? —5y=0©[yzoz>le .
y=5=y=36
Déi chibu tit ca cac diéu kién d3 xét ta co nghiém ctia hé 1a :
(xy)=1{(1:0):(36:5)}..
Binh ludn : Bai toan trén chung t6i nghi ngudi ra dé khi thyc hién phép thé xong,
s€ tinh dén xét ham so dai di¢n. Ly do la sau khi the ta bieén d6i dugc thanh

phuong trinh: J(\/;)Z +2+\/_=1f(y+1)2 +2+y+1.

Va tur day ching ta xét ham s6 dai dién : f(t) =\t2+2+ t,vVtel .

Do ciing 1a mot 10i giai hay. Tuy nhién, ching toi nghi 1oi giai ma chung t6i dé
cap trén van 12 mot 16i giai hay va tu nhién. Va tur 1oi g1a1 bai toan nay, chung ta
s€d ca ba' an d

A A A

Ve xet ham dai dién thi 1ai

au h01 L
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bang phép nhan lién hiép bit dugc nhan tir chung khéng ? Cau tra 16i 13 hoan toan
c6 thé. O day, chiing t6i dung tir c6 thé 13 boi vi da s6 cac bai toan xét ham s dai
dién nguoi ra dé co thé ché tic mot ham s6 don diéu (ting hodc giam) rdi tir d6
chon dai luong dé bién d6i nén d6i lic ma ¢ d6 néu dung phép lién hiép co thé
gip kho khan. Vi phép lién hiép bat nhan tir chung tuy 13 mot phuong phéap kha
manh nhung ciing ¢6 nhuoc diém cua nd chinh 1a cach xét ddu danh gia phan
trong ngodc khong phai liic nao ciing thuén loi. Nhung trén thuce té, c6 mot sb bai
toan dugc ché tac theo hudéng xét ham s6 dai dién c6 hinh thuc gon nhe va cach
danh gia dé biét ban chat vé du cta biéu thirc trong ngodc khi lién hiép thuong
hién dugc dam nét, thi lic nay lién hi¢p la mot phuong an bt nhan tir chung kha

tu nhién.
(X+\/X2 +1)(y+\/y2 +1)=1

v —y+1=+x-1-3x

Phin tich : Vi nhitng ngudi hay giai hé thi cau trac phuong trinh trinh thtr nhét
trong hé dang xét déu nghi dén viéc xét ham s 1 wu tién hang dau vi d6 1a mot
céu truc kha quen thudc. Va suy nghi d6 13 hoan toan chinh xc va ty nhién. Tuy

Vi du 22 : Giai hé phuong trinh (x,yell)

nhién, chung ta s& khong theo 16i mon dé ma chung ta s& di mot hudng khac do
1 nho phép lién hiép bat nhan tir chung dua trén cic co so sau

Nhan xét : (\/x2 +1+x)(\/x2+1—x)=1, (\Wer)(ﬁ—y):l.

Mit khéc tir diéu nay, khi ta thay y=-xvx=—y thi phuong trinh thir nhat

ludn dang.
Do d6 ta tién hanh lién higp phuong trinh thir nhat hai 1an. Cu thé ta c6, phuong
trinh thir nhat bién ddi tré thanh phuong trinh :

X +Nx2+ :Jy2+ —y<:>x+y+\/x2+1—«fy2+ =0

(x—y)(x+y) e slaxryy? +1-y |
\/X2+1+\/y2+1 \/x +1+\/y +1

Luc nay, viéc danh gia trong ngoac duoc hién dam nét (twong tuy nhu vi du 21).
Do d6 ta da lién hiép va bit nhan tir chung thanh cong.

Loi giai : Didu kién : x>1.
Phuong trinh tht nhét trong hé duoc bién doi tré' thanh phuong trinh :

X +x% + =«fy2+1—y<:>x+y+\/X2+1—«fy2+ =0
(X Y)(X+Y)

S xX+y+ =0<:>(x+y

SX+y+ =0 x+y+

X2y
\/x2+1+«fy2+1
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Vx2 +1+x+«fy +l-y |

0<:> x+y) =

\/x +1+a/y +1 Vx? +1+ny +1

Vx? +1+x+«/y +1-— |X|+x+|y|
Vx? +1+«fy +1 \/x +1+«/y +1

Thay y =-x vao phuong trinh th{r hai trong hé ta thu dugc phuong trinh :

—x3+x=—3x—1+x/x+1<:>x3—4x+(\/x—1—1)=0

:0<:>(x—2)(x2 +2X +

= X+y

>20.

SX+y=0y=—x Vi

Xx—2

1
Jx—=1+1 x/x—1+1j

ox=2=y=-2vi x2+2x+;>0,Vx21.

Nx—-1+1

Doi chiéu diéu kién ta c6 nghiém cua hé 1a (x,y)=(2;-2).

<:>x(x2—4)+ =0

Binh luin : M6t l4n nita ta nhan thay, voi mot hé ma phép bién doi hau hét 1a xét
ham sd. Chung ta da khoac cho né mot 101 giai moéi dya trén mot nén tang da co.
Céch giai nay ph hop voi nhitng ban chura tiép xtic véi ham sé.

(x+«/ﬁ)(y+\/yzi+1)=2

27x° =x* —-8y+2
(Hoc sinh gidi tinh Ngh¢ An 2013 —2014)
Phan tich : Bai toan nay, c6 ciu triic phuong trinh thi nhat kha gidng voi hai vi du

Vi du 23 : Giai hé phuong trinh : (x,yel)

trudc d6 ta da xét, chi khac biét duy nhat vé phai lic nay 1a s6 2. Sy khac biét
nay 1am bai toan thém thu vi. Hiy dé ¥, & tich ctia phuong trinh thir nhét ta c6 :

x+Vx* +4

Va ta lai co : (X-i—\/XZ +4)(\/x2 +4—x)=4. Nhu thé ta s& dé y tiép thira sb

con lai trong tich voi mgt nhén xét : («/4y2 +4 + 2y)(«/4y2 +1- 2y) =4.

Diéu nay, dan dén ching ta s& nhan 2 cho hai vé cta phwong trinh thir nhat, ta
co: 2(x+x/x2 +4)(y+«/y2 +1)=4©(x+«ﬁx2 +4)(2y+a/4y2 +1)=4.

Va gio ddy, moi chuyén da tré vé nhu hai vi du trude d6 ta da phan tich. Va
xem nhu hé di duoc giai quyét.
Loi gii : Phuong trinh thir nhat duoc bién ddi dé trd thanh phwong trinh :

2(x+m)(y+\/yz_+l) 4@(X+M)(zy+m) 4
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<:>x+\/x2+4=\/4y2+4—2y<:>x+2y+\/x2+4—\/4y2+4:0

2
S X+2y+ X —dy =0 (x+2y)| 1+ X=2y =0
\sz+4+\/4y2+4 Jx2 +4+\/4y +4

\/x +4+x+a/4y +4 -2y

\/x +4+\/4y +4

\/x + 44X 44y’ +4 - 2y |x|+x +|2y|-2y 0

\/x +4+\/4y +4 \/x +4+\/4y +4

<:>(X+2 ]—O<:>X+2y=0<:>x:—2y.

1 :
Thay y= -3 x vao phuong trinh tht hai trong hé ta thu dugc phuong trinh :

27x% =x3 +4x +2 = 3% =\3/x3+4x+2
<:>x3+3X2+3x+1—x3—3x—1=xf3 x> +dx+1
<:>(X+1)3+(x+1)=x3+4x+2+*\/3 x> +4x+2

<::>(x+1)3 +(x+1) (\/x +4x+2) +\/x +4x+2 (1).

a=x+1
bat . Khi do (1) trd thanh phuong trinh :
{b =\3ﬁx3 +4x+2

al+a=b’ +b(:>(a—b)(a2 +ab+b2)+(a—b):

<:>(a—b)(a2+ab+b2+1)=0<:>(a—b)[(a+gj2+£+1]=0

2 2
<a-b=0<a=>bvi (a+gj +%+1>0.

Sx+1=3x> +4x+2 <:>(x+1)3=x3+4x+2

1+\j_ —1—\/5
12
&3 -x-1=0 :
_1- \f_ _—1+JE
=Y 12
NPT 14413 —1-13 ) [1-413 -1+13
Vayngh1¢mcuah¢la:(x,y): 5 ; D ; S ; T .
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Binh luin: Bai toan trén c6 1é ngudi ché tic mudn nhiam dén mot bai toan ham sb
16ng ham sb & ca viée bit nhan tir chung va giai phwong trinh khi thay vao. Tuy
nhién, v6i hai cong cu chi yéu ma ching ta thuong dung thi van giai quyét tot
dugc hé. Vi mot bai hé, dugc xay dung nhu vay dugc danh gia 1a mot bai hé
hay vi khong go ép nguoi giai theo mot dinh hudng bat bude nao.

x+1+3x - —afy4+2=y

x> +2x(y—1)+y2—6y+1:0

(Tuyén sinh khéi A,A1 nam 2013)
Phén tich : Day ciing 1a mot hé hay va di kho dé phan loai. Ban vé ciu triic hé, ta
nhan thiy phuong trinh thir hai trong hé 1a mot phuong trinh bac hai hai 4n.
Kiém tra ta thiy c6 thé phan tich nhan tir nhung lai khong cho dugc delta chinh
phuong, do d6 hy vong c6 nhén tir chung nay 1a bat kha khang.

Phuong trinh thu nhét trong h¢, chi chra mot can thtrc bac 4 nén uu tién hang
dau 1a 4n phu dé bié dién x vé 4n phu méi c6 chua mii 4.

Vi du 24 : Giai hé phuong trinh

Cuthé néu t=Yx-1=t*=x-1<x=t*+1 ta s& co phuong trinh thir nhat

duoc bién dbi 1a : \/t4+2+t=«fy4+2+y.

Va dang diéu xét ham s dai dién da dugc 16 18. Tuy nhién, voi cu triic phuong
trinh thir nhat van cho ta dwoc tu duy lién hiép bit nhan tir chung.

Khong khé néu cho x = y4 +1 thi ta s& dugc hai vé phuong trinh luén ding.
Nhu vay ta can phai tich phuong trinh thir nhit vé phuong trinh:
Vx+1 —«fy“ +2+Yx-1-y=0

Tuy nhién dé lién hiép thanh cong phuong trinh nay ta can phai xac dinh diu
ctia y. Nhu cac vi du trude di dé cip, dé xét dau cua yta cAn quan tdm dén
phuong trinh tht hai trong hé.

Phuong trinh thir hai trong hé dugc bién ddi thanh phuong trinh :

x2+y2+1+2xy—2x—6y=0
<:>x2+y2+1+2xy—2x—2y=4y
<:>(x+y—1)2:4y:>y20.

Vay v6i nhan xét ndy ta lién hiép thanh cong. Cu thé ta c6:

4 2

vt Jx—1-

x+l-y* 2 +¥x-1-y=0& 4 + Y —0
x+l+4y*+2 Ix-1+y

x—y4—1 X—l—y4 _

Tl ez (e )(fiiey)
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1 1
4
Sl lx-y -1 + =0.
( ){x/x+1+«/y4+2 (x/X—1+y2)(\/4x—1+y)]
Véi diéu kién dang xét ta d& dang xac dinh duoc biéu thirc trong ngodc vo nghiém.
Va nhu thé hé duoc giai quyét.
Loi gii : Didu kién : x >1.
Tir phuong trinh thir hai trong hé bién doi ta c6 phuong trinh :
x? +y2 +1+2xy—2x—6y=0<::>x2 +y2 +142xy—2x -2y =4y
<::>(X+y—1)2 =4y=y=>0.
Nhan xét (x;y) = (1;0) thoa hé. Vay ta chi can xét x >1,y>0.
Khi d6 phuong trinh thir nhat trong hé dugc bién doi thanh phwong trinh :

4 2
-y -1 Jx-1-y

\/X+l—«fy4+2+\4ix— -y=0& i + =
Yx+l+4y*+2 Ix-1+y

x—y4—1 x—l—y4

Gty o2 (ot )({xiy)

0

f=—g

1 1
M+\jy4+2 +(\/ﬁ+y2)(i‘/ﬁ+y)

T

=0

<:>(x—y4—1)

4 4 L x>1
Sx-—y —1=0x=y +1 vi =T>0.
y>0

Thay x = y4 +1 vao phuong trinh thir hai trong h¢ ta thu dugc phuong trinh :
4 2 3 2
(Y +y) =4y<:>y(y +1) =4 viy>0
Xét ham s f(y)zy(y3 +1)2, y>0.
Taco: f'(y)z(y3 +1)2 +6y3(y3 +1)>O, Vy>0.
Vay ham sb f(y) ddng bién trén khoang (O;+oo) nén phuong trinh f(y) =4 co

t6i da mot nghiém.
Ma f(1)=4=y=1 langhiém duy nhat. Véi y=1=>x=2.

Déi chiéu diéu kién ta c6 nghiém cia hé 1a (x,y)={(1;0);(21)}.
Binh luin: V& ban chat cua bai toan, c¢6 thé xét ham s dai dién truc tiép ma khong
can qua phép dat 4n phu.
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. . 4
Cu thé ta c6 phép bién déi : (i‘/x—l) 2+ dxoT=\y* 24y,
Con v6i viée xét truge cap nghiém (x,y)=(1;0) 1a do tinh chat cua phép lién
hiép can miu s6 khac 0. Mot chii ¥ ma chung ta hay quén nén d& dan dén sai 1am.
V& viéc giai phuong trinh f(y)=4, c6 thé khong can xét ham sé ma chung ta
c6 thé don thuan khai trién va giai binh thuong.

. 2
Cuthétaco: y(y3 +1) =4<:>y(y6 +2y° +1)=4<::>y7 +2yt+y-4=0
<::>(y—1)(y6 +y5 +3y4 +3»y3 +3y2 +3y+4)=0.

Voi y>0taco: yo+y +y* 43y’ +3y° +3y+4>0=>y=1.

Vidy25:
xyz(x/xz +1 +1)=4«/y2 +16 +4y

Giai hé phuong trinh (x,yel)
9(1-x)(2x* -x’y+8) =4y, 3(2y-9)

Phin tich : Cau tric cua hé, khong cho phép chiing ta bat dau khai thac tir phuong
trinh thtr hai trong hé. Vi phuong trinh thir nhat trong hé ta bién d6i mot chut ta

s€ co : xy2 (x/xz +1 +1):4(«/y2 +16 +y)

V6i phuong trinh nay ta nhan thdy c6 hai dai luong c6 tinh chat lién hiép quen

thudc 1;‘1\/X2+1+1, \/y2+16+y. Tuy nhién truéc dai lugng Vx2+1+1 ta

con c6 mot thira so xy2 nén voi diéu kién cho phép cia hé ta bién doi nhu sau
van khong 1am mét tinh chat lién hiép
Cuthétaco:

x(x/><2+1+1)=i 1+g+1 @x—i+X\/x2+ _4 1+%=
y y y y y
2 2
xz(x2+l)—4—2 1+4—2 [x+4] I+x +E
S X—— :0<:> X ——

y
+
Y xVx?+ —2 Y xVx> +1+— ,1+

y

Cha y rang tir phuong trinh thtr nhat trong hé ta ciing suy ra dugc x > 0.

Céu trac phuong trinh bién d6i khi chia hai vé phuong trinh cho y2 da hién ro

cach xét ham s dai dién. Tuy nhién, v6i phép lién hiép thi ciu tric ndy ciing da
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hién r8. Va tur phép li€n hi€p ta c6 dugc x :f Sy= 4 . Va nhu vay nut thit
y X

ctia bai toan da dugc g, va hé cling dugc giai quyét.
Loi giai :

Diéu kién : yZ% .

Tir phuong trinh thir nhat trong hé ta suy ra duge x >0.
Phuong trinh thtr nhat trong hé duoc bién doi thanh phuong trinh :

x(\/x2+1+1) 4[ /1+§+1]<:>x——+xxlx + ——/ —
y y
x? (x2 +1)—1§(1+ 12} (xz —2](1+X2 +12]
y Yy

SX——+ Y Y =0ox——+ =0

y xVx> +1+ 1+— y xVx> +1+— 1+—
y22

y
x+— (1+x +J
<:>(x— _0<:>y— vi 2=T>0.

} x>0

4 .
Thay y =— vao phuong trinh thtr hai ta dugc phuong trinh :
X

9(1—x)(2x2—4x+8)=§ 3(%—9) <:>9(1—x)(x2—2x+4):§ 3(§—9)

X

X
@(1—x)(x2—2x+4)—3§ Si—szo(l)
X X

Diéu kién dé giai (1) la 0<x < %

Pit t= fi—9,t>o.Taco: 2r9=3
3x 3x

Khi d6 phuong trinh (1) tr¢ thanh phuong trinh :
2

— +3x%° —6x +4— (£ +9)t =0 (1-x)” +3(1-x) = =3t =0

155




Tuw duy logic tim toi loi gidi Hé phwong trinh

& (1=x=0)((1=x) +(1=x)t+)+3(1-x-1)=0
& (1=x=t)((1=x) +(1=x)t++3)=0
l-x-t=0st=1-x vi (1-x)* +(1-x)t+t> +3>0.

Véit=1-x < 3§—3=1—x@3ﬁ—3=x2—2x+1©8—9x=3x3—6x2+3x
X X

o x0—6x2 +12x —8=-2x> <:>(X—2)3 =-2x° <:>x—2:—x-§/§

2
S(1+32)x=2x=—-+=.
( ) 1+32
Déi chiéu diéu kién ctia phuong trinh (1) ta c6: x = 1

+32

L 2
Déi chiéu didu kién cia hé ta c6 nghiém ctia hé 1a : (x,y) =| —=—=:2(1+32) |.
: : ghi¢ cla:(x,y) EH%/? ( )]

:>y=2(1+%/§).

Binh luin: Vé céu tric thi bai toan nay giai bang xét ham sé dai dién thi s& ngén
gon hon & phuong trinh thi nht trong hé. Tuy nhién, véi diéu kién cho giita cac
bién rit 1d rang cho viéc lién hiép nén bai toan trén van lién hiép cho duogc 15
giai tu nhién. Qua ddy, chung t6i mudn nhin giri dén cac ban, c6 1é do6i lic
chung ta ctr chim chim vao dinh dang bai toan nay phai thuc hién bang xét
danh gia ham s dai dién thi ciing chua chuan lim. Ching ta c6 thé mé rong
thém mot vai ki thuat khac cling giai tdt dugc hé d6 mot cach tu nhién. Va cac
vi du trén d3 minh chung cho diéu d6. Hy vong véi nhirg goi md nhu vy,
chung ta s& c¢6 thém hudng dé luyén tap thém dugc nhidu bai toan khac phu hop
v6i kién thire minh c6. Tiép theo ching ta s& nghién ciru mot dang lién hiép
khac ma tinh hi€u qua ctia no ciing kha cao.

Vi du 26 : Giai hé phuong trinh

(x}xz +1 +x)(y+«fy2 +4)=1
(2y+5) —3f5-2y =63x> +1+10x

(x,yeD)

Phan tich : Quan sat hé nay ching ta nhan théy duoc, d€ cong pha hé ta can cong
pha dugc phuong trinh thir nhat trong hé vi phuong trinh thir hai cac biéu thiic
vé trai va vé phai tuy di tach bién nhung chiing khong cho chiing ta méi lién hé
nao dé phan doan huéng di.

Nhin vao phuong trinh thir nhét trong h¢ ta nhan thiy rang, phuong trinh nay c6
ciu tao kha gidng véi mot s vi du ta vira xét nhung hiy dé ¥ dén s6 1 ¢ vé phai
phuo‘ng trlnh nay Chmh con sd didc blet nay s& lam cho bai toan khong cho
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Tuy nhién ta nhan thay dugc rang : (\/x2 +1+ x)(\/x2 +1-— x) =1 nén ta s& day

¥ tuong lién hiép xem thé nao ?
Cu thé ta s& 6 :

(\/X2+1+x)(«/y2+4+y)=1<:> y2+4+y=;=«fx2+l—x
Vx2+1+x

T6i ddy chung ta van chua nhan thiy dugc diéu gi. Ta tiép tuc lién hiép dai
luong con lai xem sao?

Cu thé ta s& ¢6 : (xix2+1+x)(y+«/y2 +4)=1<:> x2+1+x=

<:>—4(\/x2+1+x)=_—4=y— y2+4.
«fy2+4+y

Vi hai cach phéan tich trén ta s c6 :

1
a,yz +4+y

y+\/y2+4=\lxz+1—x

—\y? 4 =—ax? 41— 4x
O budc nay két hop voi yéu td bén vé phai phuong trinh thir hai trong hé chira

hai dai lugng x/xz +1,x

Nén ta s& nghi dén phép cong vé theo vé dé sir dung duoc phép thé.
y+\/y2 +4 =\/x2 +1-x
y—\/y2 +4 =—4\/x2 +1-4x

That vay, tir hé

=2y =-3\x*+1-5x .
Tur phuong trinh thtr hai trong hé ta c6 phuong trinh sau :
(2y+5)’ =352y =2(3 x2+1 +5x) (2y+5)’ —35-2y =—4y.

Phuong trinh nay khong khé dé giai quyét. Do d6 hé phwong trinh da cho dugc
giai quyét hoan toan.

Loi gidi :
Do VxZ+1+x#0, y+«fy2 +4 #0. Tir phuong trinh thir nhét trong hé ta c6
phép bién doi sau :

y+x/y2+4=ﬁ;=\/x2+1—x

X“+1+x

—4(\/){2+1+x)=;2 y— y +4
y+«fy +4
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y+\jy2+4=\/X2 +1—x(1)
=
y—«yy2+4:—4 x? +1-4x(2)

Léy (1)+(2) vé theo vé ta co 2y=-3 x2 +1-5x (*)
Phuong trinh tht hai trong hé dugc bién d6i thanh :

(2y+5) —3-2y :—2(—3 x*+1 —5x)

Thay (*) vao ta dwoc phuong trinh :

(2y+5) —35-2y =4y = (2y+5)’ +4y-35-2y =0(3)
@ Céch 1: Stir dung phép lién hiép.

Taco: (3) <=8y’ +60y* +154y +123+2-35-2y =0
2y+3

4+235-2y + %/(5 ~2y)’

0

<:>(2y+3)(4y2 +24y+41)+

< (2y+3)] 4y* +24y +41+

=0

1
4+2§/5—_2y+%/(5 ~2y)’
T

<:>2y+3=0<:>y=—% vi T>0,vyel .
. 3
Vo1 y=—— taco
Y 2

3-5x2>0

(*)=3=3Vx" +1+5x &3x* +1=3-5x &1 )
9x“ +9=9-30x +25x

XSé
XSE 3
= 3 <S4l x=0 ©x=0
8x% —15x =0 15
XZE

Thu lai ta c6 nghiém cua h¢ phuong trinh da cho la (X, y) = (O;—%) .

@ Cach 2 : Sir dung ham s6 .
Xét ham sb f(y)=(2y+5)3 +4y-3[5-2y, Vyell .
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Tacé: f'(y)=6(2y+5)2 +;+4>0, Vy:&é.
J(5-2y) 2

Do d6 ham sé f(y) luén dong bién trén [ . Mat khac f(—%jzo. Do d6
. , o n £ 3
phuong trinh f(y)=0 c6 nghiém duy nhat y = —y RS 0.

Thir lai ta c6 nghiém cua hé da cho 1a (x,y) = (O;—%).

Binh ludn : Bai toan nay ¢ phuong trinh thtr nhat hau hét hoc sinh s& nghi ngay
dén phuong phap ham sb dé giai. Tuy nhién cach nay lai khong tng dung dugc,
161 gidi ma chung t6i dua ra la mot hudng gidi sir dung phuong phép lién hiép *
gia dinh kéo theo “. Phuong phap ndy c6 mot wu diém d6 1a néu trong truong
hop bai toan hé ma c6 mot phuong trinh c6 kha nang “ sir dung phép lién hiép
nhung khong triét dé vé diu hodc da triét & nhung khong kéo duoc biéu thic
rang budc giita hai bién vé kiéu don gian “ thi v6i phuong 4n nay bai toan hoan
toan toan co thé giai quyét tét duge. Cha ¥ riang, v6i phuong an dung “ lién
hiép gia dinh kéo theo “ ta luon thu dugc mét phwong trinh hé qua nén sau
khi tim nghiém xong ta can thir lai.

\/y+2x 1+\/1 y= y+2

xf—,; x 1+«fx —

Phan tich : V6i hé nay, chung ta d& dang nhan thiy ciu tric phuong trinh thir nhét
trong hé tuy don gian nhung lai khong c6 nhiéu dit kién yéu té dé khai thac vi
cac dai luong trong cin va ngoai cin rat “tro”. O phuong trinh thir hai tuy c6
céu tric kha phtrc tap hon phuong trinh thir hai nhung hai dai lugng trong cin
thirc & vé phai c6 chung dai lugng —y nén ta s& tién hanh cong pha phuong

Vi du 27: Giai hé phuong trinh x ,V € D

trinh thr hai bang phuong phap “ lién hiép gia dinh kéo theo «.
Cuthétasgcod: ]

oo xy-y-x’+y  x(y-Xx)_y-x
Jy(x=1) - Sy wx 4%

Khi d6 két hop véi phuong trinh thir nhét trong hé ta c6 :

1fy(x —1) +«/x2 -y = X\/;(l)
Jy(x=1)-\x*-y= YJ—X (2)

dy (1)+(2) vé theo vé ta c6 phuong trinh :

-
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Zaf ( ) \/_ ‘f (xz—x) xz—x+y

2
:>4y(x2 —x)z(x2 —x+y)

2

(:)(y—x2 +x) =O<i)y=x2 —-X.
Téi day ta chi can thé vao phuong trinh thir hai 1 hé da duogc giai quyét.
y+2x—-1>20
l1-y=>0
Loi giai : Diukién: {x>0

xz—yZO

Tacé:,/ x—1 +«fx2—y=x«/§ 1

e x(y=x) _y-x
Laico: Jy(x—1)- X1+ﬁ i xF()

1,y(x—l)+«fx —y:X«/;(l)

Két hop (1),(2) ta c6 hé phuong trinh
y(x—l)— xz—y: J

Léy (1)+(2) vé theo vé ta thu dugc phuong trinh :

2
2 Xy—x=y X xx _X TXry

Vx Jx

e e Nty

<:>(y—x2+x)2=0<:>y=X2—x.

Thay y= x? —x vao phuong trinh thi nhét trong hé ta thu dugc phwong trinh :

\/x +x—1+\/—x Fx+1=x>—x+2
Theo bat dang thic AM-GM ta cé :

5 x2+x-141 x%+x
VxZ+x-1< = .

2 2

N e —x2+x+1+1 —x?+x+2
—X“+x+1< > = .

2
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= x° —x+2£x+1<::>(x—1)2 <0ex=1=y=0
Doi chiéu va thir lai ta 6 nghiém duy nhét cia h¢ 1a (x;y)=(1;0).

Binh luin : Bai toan giai bang phuong 4n “lién hiép gia dinh kéo theo” dua trén
nhan xét yéu t6 phan chung c6 duge tir cac dai luong trong cin & phuong trinh
thir hai trong hé. Mot dic diém ciing thuong dugce tinh dén khi sir dung phuong
an nay. Tuy nhién, trong bai toan nay néu ching ta sir dung phép nang lity thira
cho phuong phuong trinh thir hai hodc danh gia né thi ching ta ciing dugc két
qua nhu trong 101 giai. Bai todn nay do chung toi dé xuat.

3\/){2 +5—2\/y2 +3 =5y
X% +5 —\Jy* +3=2x

Vi du 28 : Giai hé phuong trinh (x,yel)

Phan tich : Voi hé nay, ta nhan thiy céc dai luong \/x2 +5,\/y? +3 xuét hién Iap
lai trong c4 hai phuong trinh trong hé nén ta cé thé nghi ngay dén phuong an an
phu hoa hai cén thuc nhu sau :

2

pat 12T VE TS | e d6 he da cho dua vé hé méi 13 {33_2b:5y
a . Luc do n€ da cno ua ve @mo’l a . .

Ta c6 thé xem hé nay 13 hé bac nhit hai 4n a,b va coi hai 4n x,y 13 tham sb dé
giai quyét bang cich giai hé¢ bac nhat hai an bang dinh thic Cramer hodc
phuong phap cdng binh thuong.
Tuy nhién, chiing t6i mudn dé cip bai toan nay theo phwong 4n ‘lién hiép gia
dinh kéo theo” dua trén yéu t6 kha dic biét ¢ phuong trinh thir hai d6 la
2x? +5 ,2X.
Cu thé ta co :
2

+3

2\/){2 +5 —\/yz +3 =2x<:>2(xfx2 +5 —x)z\/yz +3 <:>\/X2 +5-x= y2 .

Mat khac do :

(’\/xz +5—X)(xixz+5 +x)=5 nén ta co : *\iX2+5+x:

5 _ 10
\/x2+5—x \,Iyz +3

Khi d6 két hop véi phuong trinh thir hai trong hé ta c6 hé :
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Léy (1)+(2) vé theo vé ta c6 duge phuong trinh :

5 N/y2 +3 10
20x°+5= + (3)
2 «f v +3

Thay ( 3) vao phuong trinh thtr nhat trong hé ta ¢ dwoc phuong trinh :
3 «/yz +3 10 3
= + —24y" +3=5y.
2 2 «f y2 +3

Phuong trinh nay khong qua khé dé giai. Do d6 hé da duoc giai quyét hoan toan.
Loi giai :

Do \/x2+5—x¢0.

Tir phuong trinh thir nhat trong hé ta c6
2\/)(2 +5 —\/yz +3=2x

2
+3
c>2(x/x2 +5—x):\/y2 +3 <:>\/X2 +5—-x= y2
Mait khac do :

(’\/X2+5—X)(xfxz+5+x)=5 néntacé:*\ixz+5+x: > =
\/X2 +5-x \/
Khi d6 két hop véi phuong trinh thir hai trong hé ta c6 hé :
/ 2
3
\fx2+5—x=%(l)

\fx2+5 +X= 10 (2)
«fy2+3

Léy (1)+(2) vé theo vé ta c6 duge phuong trinh :
> J2+3 10
20x°+5= + (3)
2 afyz +3
Thay ( 3) vao phuong trinh thir nhat trong hé ta c6 dugc phwong trinh :
2

4/ +3 1 1
3|4y + 0 -2 y2+3=5y<:>;—— y +3=y
20 2 Jy?+3 y2+3 4

<:>12—(y2+3)=4y v2+3

10

y2+3

S 9-y? =4y\y? +3 =81-18y” +y* =16y* +48y”
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15yt +66y° —81=0<

Thulaitacd:y=1.

Voi y=1taco: Z(x/x2+5—x =2oVx?+5-x=1Vyx>+5=x+1

Xx+1>0 x>-1
<9, ) = <Sx=2.
X" +5=x"+2x+1 x=2

Thir lai ta ¢6 nghiém cua hé phuong trinh da cho 1a (x, y) = (2;1) .
Binh luén : Dya vao diéu dic biét & con s6 2 trong phuong trinh thi hai trong hé,
chung ta di sir dung déng thirc lién hiép quen thudc dé tién hanh phuong an
“lién hiép gia dinh kéo theo” thyuc hién phép thé. Va voi phuong an nay ta da
dua bai toan vé 10i giai doc dao hon ¥ tudng ban dau cta bai toan ma chung toi
da phan tich.
Vi du 29 : Giai h¢ phuong trinh

y\;lx2 -9 =X\/y2 +9-9
3x° —11y? —95=g/x2(x4 +2x +15y? +131)

(x,yeD)

Phan tich : Tir hé nay ta d& nhan thdy dé céng pha hé nay ta can cong pha phuong
trinh thir nhat trong hé trudc. Vi cu tao ctia phuong trinh thir nhét ta c6 thé
nghi dén phép néang lity thira hai vé phuong trinh hodc nhd mét phép danh gia
nao do.

Tuy nhién, trong bai toan nay chung t6i mudn trién khai phuong trinh thir nhat
bang phuong an “lién hiép gia dinh kéo theo” dwa vao yéu té chung dic biét do

la ching c6 chung dai lugng x> y2 .

That véy, dua vao yéu tb nay ta s& c6 “phép gia dinh” nhu sau :

x\/y2 +9 —y\sz -9 =9(1)

9(x2 +y2)
x\/yz +9 —y\/x2 -9
Lay (1) + (2) vé theo vé ta co :

2xa/y2 +9:X2+y2+9 :>4x2(y2 +9)=(x2 +y2+9)2

2
o 4x2y? +36x% =x* +y* +81+2x2y? +18x% +18y? c>(x2 — —9) =0

x\/y2+9+y\/x2—9= =x2+y2(2).

C?y2_ 2 9
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Téi day ta chi can thyc hién phép thé vao phuong trinh thir hai trong hé xem
nhu bai toan da dugc giai quyét.
Loi giai :
Diéu kién : x2-9>0<x<-3vx>3.
x\/yz +9 —yx/yx2 -9 =9(1)

Taco: 9(x2+y2)
2.9 \/ 2_g_
X\/Y T X\/y2+9—y\lx2—9

=x2+y2(2)‘

Léy (1)+(2) vé theo vétaco:

2xa/y2 +9 =x> +y2 +9 :>4x2(y2 +9)=(x2 +y2 +9)2

<:>4xzy2 +36x% =x* +y4 +81+2x2y2 +18x? +18y2 <:>(X2 —y2 —9)2 =0

<:>y2=x2—9.

Thé vao phuong trinh thir hai trong hé ta dugc phuong trinh :

3x3 —11(x2 —9)—95=g/x2(x4 +2x+15(x2 —9)+131)

o33 —11x2 +4=3x +15x* +2x3 —4x>

< 3x° —12x2 —x+4=%/x6 +15x% +2x° —4x? —(x2 +x)

o (x-4)(3x" 1)

{/(x6 +15x% +2x° —4)(2)2 +(x2 +x)%/x6 +15x% +2x3 —4x? +(x2 +x)2

o (x—4)(3x* 1)

3% +12xt +x3 —4x?

—(x - 4)(3){2 — l)x2

i/(x6 +15x% +2x° —4x? )2 +(x2 +X)%/X6 +15x4 +2x° —4x? +(x2 +X)2

& (x-4)(3<* -1

X2

1+
i/(x6 +15x% +2x° —4)(2)2 +(x2 +x)%/x6 +15x% +2x3 —ax? +(x2 +x)2

P
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x=4
< (x-4)(3x*-1)=0s x:ﬁ vi P>0,vxell .
3
__B
I 3

Ddi chibu didu kién ta nhan x =4 =y =47 .
Thir lai ta ¢6 nghiém cua hé phuong trinh l1a ( x,y) = (4; \/7 ) .

Binh luin : Loi giai trong bai toan nay duoc chung toi giai theo hudng tiép can “lién
hiép gia dinh kéo theo”. Tuy nhién, véi phuong trinh thir nhit chung ta hoan toan
¢6 thé str dung phép nang lily thira & cong pha phuong trinh thir nhat.
Cuthétacod:

x\/yz +9 ZY\/X2 -9 +9:>xzy2 +9x2 =X2y2 —9y2 +18y\/x2 -9+81

<:>X2—9—2y\/xz—9+y2 =O<:>(y—x/x2—9)2 :0<:>y:*\fxz—9

y=>0
= .
y?=x2-9

Va toi day ta giai nhu trong 101 giai.

Luu ¥ rang vé thim m¥ cua bai toan thi cach lity thira hai vé 1a cach di tw nhién
va dep mit nhét, tuy nhién chiing ta khong nén bang 1ong trudc sy hoan my nay
ma ta nén di tim mot hudéng di khac ma co6 thé ap dung duoc cho nhiéu bai toan
khac hon. B6 chinh 1a cach hoc toan.

\/x+\/§—\jx—\/§=¢4x—y (
Vx2-9=3y—3x+3-2
(Thi thir chuyén Lam Son lan 1 ndm 2015)

Vi du 30: Giai hé phuong trinh x,yell )

Phin tich : V&i hé nay, chung ta nhan thdy phuong trinh thir nhit trong hé hoan
toan c6 thé str dung phép lily thira dé tim mdi quan hé giira hai bién x,y. Tuy
nhién hinh thtrc phuong trinh thtr nhat nay ciing c6 thé nghi dén phép “lién hiép
gia dinh kéo theo” dya vao yéu td vé trai phuong trinh thir nhit c6 chung dai
luong x.

Cu thé ta c6 phép gia dinh sau :

N e e )

S sy R S/
\/ g \/ \E ;JX+\/§?JX—J§ \/4x—y(2)
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Lay (1) + (2) vé theo vé ta c6 phuong trinh :
2«fx+\/§ =«/4x—y +% @2\/(4x—y)(x+\/§) =4X—y+2\j§
:>4(4x—y)(x+\/§):(4x—y—2\/§)2

<:>y(y—4x+4)=0.

Va téi day hé da duoc giai quyét.
x2-9>0

XZ\/;

Loi giai: Diéu kién: {y>0
4x-y=20
y—3x+320

o = =y )

P vy I S
ey +yx =y PP ey

Léy (1)+(2) vé theo vé ta c6 phuong trinh :

2a/x+ y :\m_'-—i(/%y @2\/(4X—y)(x+\/?) =4x—y+2\ﬁ
:>4(4X—y)(x+\/§)=(4x—y—2\/§)2

y=0
y=4x-4 ’
Thu lai ta loai y=0. V&1 y=4x—4 thay vao phuong trinh thir hai trong h¢ ta

Taco:

<:>y(y—4x+4)=0 <::{

dugc phuong trinh :
Jx2 =9 =3x—1-2( didu kién x >3).

2_ 3(x-5
eVx?-9-4=3(Vx-1-2) & = 25 _3(x29)

J—9+4 x—1+2

X+5 3
Q(X_S)(ﬁ+4_ﬁ+2J:0 (*).

X+5

V61 x=>3 taco:
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That vay ta c6 (3) < x +12 NECETP 2(x + 5) >0 (ludn ding).

Mit khac Vx-1+2>2+2 < v6i x>3.
»\/x 142 2+J’

Tudotace: > 3 >0, véi x>3.

\/x2—9+4 Jx—1+2 2+\/5

Nén tir (*)taco x=5=>y=16.

D6i chiéu va thir lai ta 6 nghiém cua hé 1a (x,y)=(5;16).

Binh ludn : Bai toan nay nhu ching t6i di phan tich thi tir phuong trinh thir nhét
trong hé ta hoan toan co thé str dung chuyén vé rdi lily thira hai vé phuong trinh
ta van tim duogc 10i gidi. Tuy nhién duéi goc nhin ‘lién hiép gia dinh kéo theo”
ta van co thé cong pha dugc tot. Va trén ddy, chung t6i di cb ging gidi thiéu va
phan tich tu duy dé c6 thé giai hé dudi phuong an str dung lién hiép truc tiép
hodc gia dinh.

Két thiic phan nay, ching t6i muén giri gdm dén cdc ban déc gia mot diéu tuy
phuwong phap nhan luong lién hiép la mot phuwong phap kha manh, nhung ciing
¢6 nhuwoc diém cia riéng né. Nhweoc diém 1on nhat chinh la sw ddnh gid vé
nghiém hodc c6 nghiém lai hodc co nghiém khac la mot buoc kho khan khong
nhé cho nguwoi gidi. Nhung chinh sw khé khan nay lam cho bdi todn thém nhiéu
thit vi khi gidi bang phirong phédp nay. Dé minh chimg diéu ndy ching téi xin
gioi thiéu cac ban mot bai toan ma sy lién hiép hau nhu da cé nhung lai khong
trién khai rot rdo dé dan dén két qua cudi cing.
Vi du 31: Giai h¢ phuong trinh

\/(X—y)2 +4(2x—y)+15—\/§:x/x+3
\/yz —2(x+y)+10+§f2x—y+3 =y—x+2

Phan tich : VGi cdu tric hé nay, khong qua kho dé nhan ra dé giai quyét hé ching
ta cAn cong pha phuong trinh thtr nhat trong hé.

(X,ye[l )

O phuong trinh thtr nhét, chiing ta nhan thiy phuong trinh c6 cu trac kha quen
thudc nén dé giai quyét ta thir doan nghiém. Vi dé bai cho ba can thirc, trong d6
c6 mdt can thie chira ca bién X,y , con hai can thirc con lai thi mot cén thic chi

chira biény , mdt can chi chira bién x nén ta thir cho hai can nay bang nhau dé

tim mdi quan hé giira chung xem sao ?
Cu thé ta c6 : \/;z»\/x+3 S y=x+3.

Thay mbi quan hé nay, ta nhan thay hai vé phuong trinh bang nhau, do dé ta
nghi den phep lién hlep
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\!(X—y)2 +4(2x—y)+15—2\/m—(\/;—M)=0

- (x—y)2+8x—4y+15—4x—12 y—-x-3
\/(x—y)z+4(2x—y)+15+2\¢x+3 \/;+“/X+3

- (x—y)2+4(x—y)+3 N X—y+3 ~0
\/(x—y)z+4(2x—y)+15+2x¢x+3 \/§+\/X+3

- (x—y+1)(x—y+3) N X—y+3 -0
\/(x—y)z+4(2x—y)+15+2x/x+3 Jy +4x+3

<:>(x—y+3) Xyt 1 =0

+ =
\/(X_y)2+4(2x—y)+15+2ﬁ \/§+\/x+3
Bay gio van dé quan tim trong ngodc chinh 1a dau cia x —y+1. Néu chung ta

tim dugc dau cua dai lugng nay xem nhu bai toan hoan toan dugc giai quyét.

x=>-3
Tuy nhién v6i diéu kién ciia hé : {y>0 , 10 rang khong
(x—y)2 +4(2x—y)+1520
giai quyét duoc dai lugng nay vé déu cuia dai lugng ma ta dang quan tam.
Tiép theo, ta quan tim dén phuong trinh tht hai trong hé. Véi cdu trac phuong
trinh nay thi 16 rang néu c6 khai thac dugc gi thi chi khai thac dugc tir didu kién:
y2 —2(x+y)+420 .
Nhung that khong may 14 tir diéu kién nay, chiing ta ciing khong khai thac duoc
gi cho déu cia dai luong ma ta dang quan tdm. Va diéu nay, ching to duoc
phuong phap nhan lugng lién hiép trong bai todn nay bat dwoc nhan tir chung
nhung lai khong xir 1i dugc rot rao va néu ¢ xur li tiép s& rat khé khan cho
chung ta.
Vay chiing ta danh tim phuong an khéc. Vi cau tric ctia phuong trinh thir nhat
thi ta c6 thé st dung phép néng lily thira @& khir bot can thuc, cong véi vide da
doan dugc mdi quan hé gitra x,y ta c6 quyén nghi dén cac budc sau co thé 1a lién
hiép phuong trinh nao d6 ¢6 loi hon hogc xir li lién quan dén hing dang thirc.
Cu thé ta c6 phuong trinh thir nhét duoc bién ddi twong dwong v6i phuong trinh:

\,’#(x—y)2 +4(2x—y)+15 =y +Vx+3
& (x-y) +4(2x—y)+15=x+y+3+2Jy(x +3)
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& x? —2xy+y? +7x -5y +12-2,[y(x+3) =0
o x? +y2 +9—2xy+6x—6y+x+y+3—2\/m=0
<:>(x—y+3)2 +(\/§—M)2 ZOQ{ﬁ_ﬁZOQy=X+3.
x—-y+3=0
Va luc ndy moi chuyén da duogc giai quyét. Ta di vao 10 giai cho bai toan.
x>-3
. y>0
Loi giai : Dicu kién : (x—y)z +4(2x—y)+1520'
y2 —2(x+y)+420
Phuong trinh thtr nhat trong hé duoc bién doi twong dwong thanh phwong trinh :

(X—y)2+4(2X—y)+15=X+y+3+21fy(x+3)
o x? —2xy+y2+7x—5y+12—21¢y(x+3)=O

o x? +y2 +9—2xy+6x—6y+x+y+3—2afy(x+3)=0

-y+3=0
<:>(X—y+3)2+(\/§—xlx+3)2:OQ{X\/;T+,_X+3=0<:>y=X+3

Thay vao phuong trinh thir hai trong hé ta thu dugc phuong trinh :

\/(x+3)2—2(2x+3)+10+%=5<:>x/x2+2x+13+%ﬁ=5

2
o+ B3+ Px =027 x71
\/X2+2x+13+4 \3ix2+§/;+1

(x—l)(x+3) x —1

= + =0
x/x2+2x+13+4 x/S x2 +3/;+1

@(x—l)( x+3 1 J:o
\/x2+2x+13+4 %/x_2+3/;+1
T

=Sx-1=0=x=1viVx>2-3=T>0.

Véi x =1=y=4.Ddi chiu diéu kién ta c6 nghiém cia hé la (X, y) = (1;4) .
Binh luin: R0 rang véi cac dit kién trong hé nay thi phuong phap nhéan lugng lién
hiép t6 ra “yéu” hon phuong phap hing ding thirc. Do d6, trong lam toan cac
khai niém “manh”, “yéu” ctia phuong phap chi 1a cac khai niém ¢ mic do tuong
dbi. N6 con tuy thude vao rat nhidu thuc té cAu triic ma bai toan ta dang tiép xtc
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* H¢ phwong trinh chira mét phwong trinh c6 dang dip d6i xirng hai bién.
Dé nhén dang logi hé nay, ta can chii ¥ toi cdu tric cia hé ¢é chira mét phuong
trinh ¢6 tinh doi ximg hai bién nhur :

® Chira cdc dai heong tong va tich giita hai bién x,y

® Trén phuong trinh co thé ¢é ldp dvuoc hai bién véi nhau cung theo mot dinh
dang phwong trinh nhat dinh..

2x° —5y=2y3 -5x

Vi du 1: Giai hé phuong trinh 3y . 5x Cx—y42 (x,yel)

x*+y+l (y+1) +x

Phén tich : Cau truc phuong trinh tht hai trong hé khong khai thac duoc gi,
phuong trinh thir nht trong hé hai bién x,y ¢6 1ap va c6 tinh ddi xing.
Do d6 ta xuét phat tir phuong trinh thir nhét trong hé ta c6 :
2x3 —5y=2y3 —5x<:>2(x3 —y3)+5(x—y)=0

<:>(x—y)((x—y)2 +x° +y2 +5)=Oc>x=y.
Vay hé da dugc giai quyét.
L |XP+y+120
Loi gidi : Dicu kién : 5 .
(y+1)"+x#0
Ttr phuong trinh thir nhét trong hé ta bién d6i thanh phwong trinh :
2x3 —5y=2y3 —5x <:>2(X3 —y3)+5(x—y)=0

<:>2(x—y)(x2 —xy+y2)+5(x—y)=0<:>(x—y)((x—y)2+x2+y2+5)=0

Sx-y=0&x=y Vi (x—y)2+x2+y2+5>0,Vx,yeD .

Thay y=x vao phuong trinh thir hai trong hé ta thu dugc phuong trinh :

S S S (1).

x? +x+1 x2+3x+1_
Vi x =0 khong thda (1).

Do d6 véi x # 0 ta bién doi (1) thanh : 31 + i =2(2).
Xx+—+1 x+—43
X X

bat t=x+l+l,ta co (2) tr¢ thanh :
X

3 5 {t;tO,t;t—Z

i =201
2 -2t-3=0

Tt < (t=-3)(t+1)=0
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©(X+l—2)[x+l+2j=0 & (x—1)° (x+1)* =0@{X‘

X X x=-1
Di chiéu diéu kién ta c6 nghiém ciia hé 1a (x,y)={(L1);(-L-1)}.

Binh luén : Bai toan trén 1a mot bai toan co ban, ki thuat chinh 1a ding hing dang

thure.
2x — 1 =2y— 1
Vi du 2: Giai hé phuong trinh y X (x,yel)
2(2)(2 +y2)+4(x—y)=7xy—8

Phan tich: Vi hé nay, ta nhan thiy phuong trinh tht hai trong hé 14 mét phuong
trinh bac hai an x,y . Kiém tra nhan thdy khong phén tich duoc thanh nhan ti.

Phuong trinh thtr nhat ¢6 14p hai bién va co tinh dbi xémg nén ta bat dau voi

phuong trinh nay.

Cu thé ta co :
2x—l=2y—l@2(X—y)+(l—lj=0®(x—y)[l—ij=0 .
y X Xy Xy

Vay xem nhu hé d& dang giai quyét.

x=0

Loi giai : Diéu kién : { .
y#0

Phuong trinh thtr nhat trong hé duoc bién dbi thanh phuong trinh :

2X—l=2y—l<:>2(x—y)+[l—lj=0<:>(x—y)(1—£j=0<:>{x:y .
y X Xy Xy xy=2
@ V6i x =y thay vao phuong trinh thur hai trong h¢ ta dugc phuong trinh
X=2x/§:>y=2xﬁ

x=—2\/§:y=2\/§'

@ Véi xy=2. Ta c6 phuong trinh thir hai dugc viét lai :

x2—8=O®[

4x% +2y* +8—Txy +4x -4y =0
S 4x2+y? +1-4xy +4x -2y +y° —2y+1=3(xy—-2)

<::>(2x—y+1)2+(y—1)2 :3(xy—2):>xy—220<:>xy22.
Do do xyzé loai.

P chiéu didu kién ta co nghiém cta hé 1a (x,y) = {(2\/5 242 )3(—242:242 )} :
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Binh luin: C6 mot s 10i giai da giai bai toan ¢ ciu tric twvong ty nhu bai toan
nay bang cach xét ham sé dai dién. Tuy nhién néu nhu trong vi du ndy ma xét
ham so dai dién: f(t)=t— = va khing dinh n6 don diéu ting véi moi t =0 roi
suy ra f(x)=f(y)<> x=y la khong chuan. Vi ham s6 bi gi4n doan tai t=0
tc 1a ham s6 f(t) don diéu trén mot tap xac dinh D 1a hop cta hai khoang
(—0;0),(0;+0) va diéu nay rd rang khong hé xdy ra (2015)=f(-2015)?2?.

Vidu 3:

3, .3, 3xy

X +y + =1

Giai hé phuong trinh Xty (x,yel)
(%/2x—y+%/6x+y)\jx+y=%/3X—5y+5

Phin tich : Khong kho dé nhan ra hé nay chiing ta can xuét phat tir phuong trinh
thir nhat trong hé, quan sat thdy phuong trinh thir nhét trong hé duoc cau tao boi

mot phuong trinh ¢6 tinh ddi xtmg v6i hai bién x,y vi chita tong x +y va tich
Xy nén ta s& bit dau tir phwong trinh nay.

3xy
X+y

Cuthétaco: x> +y° +

=l®(x+y)(x3+y3)+3xy—(x+y)=0

2(X —-Xy+y )+3xy—(x+y)=0
2( X+y —3xy)+3xy—(x+y)=0

)
)

x+y)4 —(x+y)—3xy((x+y)2 —1)=0
)

>
+
<

1 x+y)((x+y)2 +X+y+1)—3xy(x+y—l)(x+y+1)=0

x+y—1 (x+y

= (
=(
(
& (x4 y)((x+y) ~1)=3xy(x+y=1)(x +y+1)=0
(
( x4y +xry=3xy(x+y+1))|=0
(
( )

I
)

X+y— 1)(x3+y +x+y —xy+x+y) 0
I

)3
x+y-—1 (X+y)(

<:>(X+y_1)[(X+Y){EX_%J2+¥+1J+(X_§j2+¥\}zo

&Sx+y-1=0=y=1-x vi x+y=0.

X" —xy+y +1)+x —xy+y) 0
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Loi giai : Didu kién: x+y>0.
Phuong trinh thtr nhat trong hé duogc bién doi thanh phuong trinh :
3

3xy 3,3
Y 1 3xy — =0
X +y + L v <:>(x+y)(x +y )+ xy—(x+y)

& (x+y (x -Xy+y )+3xy—(x+y)=0

N (x+y) 3xy((x+y)2 —1)=0

(
(
(
(x+y((x+y) ) 3xy((x+y)2—l)=0
(
(
(

0

)
& X+y)2( x+y —3xy)+3xy (x+y):0
X+y)

)

0

X+y-— 1) X+y)((x+y) +x+y+1) 3xy(x+y—1)(x+y+1)=0

0

0

X

+

(
X+y-— 1(X+y X+y +x+y—3xy(x+y+1))=0

x3+y +x? +y +Xx+y-— xy) 0

0

y— 1

2 2 2
X+y X+y +3L+1 +x-2 +3L =0
4 2 4
Sx+y-1=0y=1-x vivéi
2 2 2 2
x+y20:>(x+y) x—% +3L+1 +x-2 +3L>O.
2 4 2 4
Thay y=1-x vao phuong trinh thi hai trong hé ta thu dugc phuong trinh :

Px—1+x+1=23x & 8x+33[(3x—1)(5x+1) (VBx—T+Y5x+1) =8x

[x=0
= 8x +(3x—1)(5x +1)x =8x <= (3x—1)(5x +1)x =0 < x %
1
X =——
L 5
Thur lai ta c6 nghiém cua phuong trinh 1a : x=0;x:§;x=—%.

Doi chiéu di€u kién c6 nghiém ctuia hé

Tudétasuyradugc: y=Ly=

3
la: (x,y)z{(O 1): @ 9(‘%9 |
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Binh luén : CAu tric phuong trinh thir nhat trong hé qua rd rang vé tinh dbi ximg
nén néu hé nay giai dugc bang phuong phap nhan tir héa va si dung phép thé thi
chi c¢6 thé bat dau tir phuong trinh nay. Kiém tra ciing dé thiy phuong trinh nay
tach dugc nhan tir. V& giai phuong trinh sau khi thé, tuy 1a mot phuong trinh co
ban nhung néu khong tinh y vé ki hiéu twong dwong hay hé qua thi s& din dén
nhiing sai lam dang tiéc, va trén thuc té rat nhiéu hoc sinh d3 bi sai 1am nay.

Vidu4:

x? +y2 —36=——12Xy
X+y

(x,yeD )

il [ kS 7 A
3 y

2(x2 292 ) 1| [6(5x—4y)x?
4 3|

y

Giai h¢ phuong trinh [

Phan tich: Ciu triic phuong trinh thtr nhat trong hé nay, giéng véi vi du 3 do d6 ta
tién hanh bat nhan tir véi phuong trinh nay vi phuong trinh tht hai trong hé co
cAu tao kha r6i.

Phuong trinh thtr nhat duoc bién d6i nhu sau :

(x+ y)(x2 + yz)—36(x+ y) =—12xy
= (x + y)((x + y)2 —2xy)—36(x + y) =-12xy
x+y)3 —36(X+y)—2xy(x+y—6)=0

y

(
(x+ )((x+y)2 —36)—2xy(x+y—6)=0
(

x+y—-6=0
(x+3) +(y+3)* =18

Té6i day vé mat tach nhan tir di thanh cong. Tuy nhién néu ta cit dem thé thi voi
truong hop x+y—6=0 ta dd cam thay kho khan, thi nhan tir con lai s& kho

<:>(x+y—6)((x+3)2+(y+3)2—18)=0<:>[

khin gap nhiéu lan.

Do d6 budc long ching ta phai cong pha phuong trinh thir hai trong hé xem nhu
thé nao?

Cu thé ta co:
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x> 5x—4 x?(5x—4 x> 5x—4 ’ x2(5x -4
2y 3 2y 3 2y 3 2y 3

2
2
Q(X__SX 4YJ =0 3x% =2y (5x —4y) <= 3x% —10xy +8y* =0

2y 3

Va that may man 1a phuong trinh cudi 1a mét phuong trinh déng cap tach duoc
nhan tir.
Vay xem nhu hé da duoc giai quyét.
2
R A 2R (5x—4y)20
Loi gidi : Dicu kién : y .
y#0

Phuong trinh tht hai trong hé duoc viét lai :

2(x 2y | 1 [6(5x-4y)x® 5x _ xP Sx—dy 1 [6(5x—4y)x®

> o5x- 2(5x—4y)x®>  x* Sx-— e
<:>X_+5X 4}’: ( X y)X <:>x_+5x 4y= 2x (SX 4},)

2y 3 3y 2y 3 y 3

2 _ 2 B 2 R 5 ~
<:>X_+5X 4y:2 X_(Sx 4yj:> X_+5X 4y _4 X_(SX 4y]

2
2
@(X——SX 4yJ =0 3x° =2y(5x—4y) <:>3x2—10xy+8y2 =0

2y 3
X =2y
<:>3x2—6xy—4xy+8y2:0<:>(x—2y)(3x—4y)20<:> 4y
X=—
3
@® Vi x =2y thay vao phuong trinh thtr nhat trong hé ta dwgc phuong trinh :
y=0
24x2 1
5y2 —36=— 22X ) 15y3 424y 108y =0 > | y = -5
3y 5
y=2
- BB k=3
Péi chiéu didu kién ciataco |° 5 5 .
y=2=>x=4

. 4 .
D Véi x = thay vao phuong trinh thir nhat trong hé ta dwoc phuong trinh :
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y=0
2 16y 1 1
22 3621 I s 602 _gaym0e|y= 8
9 7, 7
3 __126
25
18 24
y=—=x="—
Péi chiéu didu kién ta c6 - 7
__126_ 168
25 25

Viay hé phuong trinh da cho c¢6 nghiém la:

Binh lufin : Vi hé nay, cac ban s& thic mic tai sao chung t6i phan tich va giai lai
nguoc nhau. Bai toan ndy, that chat 1a phuong trinh thtr hai chiing ta c6 dugc 1a
su may man sau khi bién ddi rdt rao ta thu dugc mot phuwong trinh déng cép tach
duogc nhén tir. Chtr néu phuong trinh cudi cing ma ta thu duoc c6 két qua ciing
mot phuong trinh ding cip nhung & dang nay ching han 3x* —10xy+8y2 =1
thi that sy 1a mot tré ngai. Trong khi dé, phuong trinh thtr nht trong hé lai 1a
mot phuong trinh ¢6 ciu trac ddi xtimg hai bién nén viéc tw duy phuong trinh
nay tach dugc nhan tir 1a mot tu duy tu nhién, diéu nay lién mach véi kién thirc
va duong hudng logic, con phuong trinh thtr hai trong hé néu ngay tir dau ma
bién ddi 1a mot sy “4n may” trong dudng hudng giai vi s& rat dé gap rui ro co
khi khong tim duoc hudng giai quyét. Tro ngai luc ndy cta bai toan tach nhan tir
1a chung ta thu dugc hai nhan tir nhung néu thuc hién phép thé don 1é thi s& kho
khan. Tuy nhién néu phuong trinh thir hai trong hé ma dwoc biét d6i nhu ching
t6i lay vi du thi viéc nhéan tir ban dau tim dugc 1a mot duong hudng giai dé giai
quyét bai toan.

Vidu5:

X2

y2

3(x4 +y4)+2xzy2

+y_z: 2
X (X2 +y2) (x,yeD)

xy2 + (1—2y2 +x2)3 :x"2(x2 —2y2 +1)

Phin tich: Véi hé nay, dé thiy rang phuong trinh thir nhat c6 tinh ddi ximg véi

Giai hé phuong trinh

bién x2, y2 nén ta c6 thé bat dau cong pha hé nay tir phuong trinh thir nhét, con
phisang trinh,thit hai khg meniodd
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Bién ddi phuong trinh thtr nht ta dugc phuong trinh
4, 4 2.2
x4+y4 _3(X +y )+2X y
2.2 2

S W)
Vi phuong trinh vira bién d6i, nhan thay néu ta trir 2 cho hai vé phuong trinh ta
s& dugc hang dang thirc.
That vay, ta co :

x4+y4 2_3)(4+2X2y2+3y4_2 (Xz_y2)2 (Xz_y2)2

x’y® ) (x2 +y? )2 X7y’ (x2 +y° )2
2 1 1 2| x4 +x2v2 4 v?
R e | i e )

Khong kho nhan ra biéu thirc trong ngodc ludn duong nén ta s& c6 x> = y2 .
Va nhu thé nat thit cua bai toan di duoc g&. Va hé co ban di duoc giai quyét.
L xy =0
Loi giai : Dicu kién: TR
1-2y"+x" 20
Phuong trinh thtr nhat trong hé duoc bién dbi thanh phuong trinh :
x* + y4 _ 3x* + 2x2y2 +3y4 x* + y4 ) 3x* +2xzy2 +3y4
2.2 2 2.2 7 2
e L ]

(-v) () I N
= x2y2 - (x2+y2) <:>(x2—y2) Xzyz (X2+y )2 =0
2| x* 4+ X2y2 + y4 B _ Cxt Xzyz + y4
Q(Xz_yz) xzyz(x2+y2)2 =0 X’ =y vi Xzyz(xz+y2)2 -0

Thay y? =x? vao phuong trinh tht hai trong hé ta dugc phuong trinh :

x3+«f(1—x2)3 =X,/[2 l—x2

<:>(X+\/:)(X —X\/:+1 xz)zx 2(1—x
é(x+\/:)(l x\1— x2)=

?( 2(1—X2) (1)
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2 J—
Pat t=x+v1-x? = x\1-x> = ! 5 ! Licds phuong trinh (1) tré thanh :

t2 -1 t2 -1 3 )
t|1- =2 — |t 2.2 -3t—2=0

2
t=2
@(t—«/i)(t2+2\/5-t+l)=0<:> t=1—\/§ .
t=—1-2

®V6i t=—1-2 = x+J1-x> =—1-2 (2).
x+\1-x2 > -1

Nhan xét véi diéu kién —1<x <1= { nén ta c6 (2) vo nghiém.

~1-J2<-1
BVEi t=1-2 = x+31-x2 =1-2 = 1-x2 =1-y2 - x
1<x<1-2
1-x2>0
IR NN N
= 1—\/5—)(20 = X= 2

x2_(1—xﬁ)x+1—xﬁ=0 le_\/f_ﬂf \/5_1
2
le—ﬁ—\/%ﬁA
2

@ Vi t=\/§<:>x+\/1—x2 =\/§<:>\f1—x2 :\/E—x <:>1—x2:(\/5—x)2
2

<:>2x2—2\/§x+1=0c>(\/§x—1)2=O<:>x=7.

Péi chiéu diéu kién ta co :

27 2

)= [l_ﬁ_ﬁ,l-ﬁ-ﬁ].[l—ﬁ—ﬁﬁ—lﬁwzﬁ—l—l
2 ’ 2 ’ 2 ’ 2

272 27 2

Binh ludn: Bai toan d& nhén tir hoa tir sy ddi ximg ctia phuong trinh thir nhit trong
hé. Cach xur 1i phuong trinh cudi can mot sy khéo 1éo trong tinh toan va bién
doi.
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Vi du 6:

3
—2(X - y) —2(x2 + yz)—(x +y)\ﬁ= 10xy
Giai h¢ phuong trinh 4 VXY (x.yel)

\/X(10X2—1)+y—1 :3(3—9/4x+y+3)

Phén tich : V6i hé nay, phuong trinh thir hai chira hai can bac Iéch, cac dai luong
khong c¢6 mdi lién quan gi dé ta khai thac. Phuong trinh thtr nhat c6 tinh ddi
xtng voi hai bién x,y . Nhung néu ta tinh y, phuong trinh nay khong nhing c6

tinh dbi xémg ma n6é con 1a phuong trinh dang cdp bic ba voi dai luong

x4y, 5

That vdy, ta c6 phuong trinh thir nhat dwoc bién dbi thanh phuong trinh :

M_Z( 2+y2)—(x+y)\/§=10Xy

N

3
- 2(x+y)

\/E —2(x+y)2 —(X+y)\/g—6xy20 (1) .
Dé cho tién trong viéc khai trién ta dat a=x+y,b=/xy.
Khi do (1) tr¢ thanh:

3
2%—2& —ab—6b2 =0 2a% —2a%b—ab% —6b3 =0

< (a—2b)(2a° +2ab+3b”) =0 a=2b

®X+y:2\/g®(\/;—\/§)2=0®x=y.

Vay xem nut thit ctia bai toan da duoc g&. Va gio chiing ta di giai quyét hé.

. xy >0
Loi giai : Dicu kién : ) .
x(10x —1)+y+120

Phuong trinh tht nhit duoc bién déi thanh phwong trinh :

—2()\(/:_;)3 —2(){2 +y2)—(x+y)ﬁ:10xy
<::>%—2(x+y)2 —(X+y)\/g—6xy:0 (1)

a=x+y
bat b b>0.
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Khi d6 phuong trinh (1) trd thanh :

2%—2:;1 —ab—6b2 =0

©2a°~2a’b—ab> —6b° =0 < (a—2b)(2a” +2ab+3b> ) =0
<a-2b=0=a=2bex+y=2xy @(x/;—\/;)2=0<:>x=y

vi 2a% +2ab+3b* > 0.
Thay x =y vao phuong trinh thir hai trong hé ta thu dugc phuong trinh :

J10x3 =1 +333x +3 =9 = +/10x° —1—3+3(%/5x+3—2)=0,(xz

10(x> -1 _
B (<-) 3. S(x-1) -0
\l’le3 -1+43 {/(5>(+3)2 +235x +3 +4
10(x% +x+1
<:>(x—1) ( )+ 15 =0

J10x3 143 3 (5x+3)° +23x+3 +4

T

)

ox-1=0x=1=y=1 vivdi X>L:>T>O

o
Dbi chiéu didu kién ta c6 nghiém ctia hé 1 : (x,y)=(L1).
Binh luin: Bai toan thé hién tinh d6i ximg théng qua dinh dang phuong trinh ding
cip. O phuong trinh khi thay thé x =y thi ngoai cach giai lién hiép nhu trong

101, chung ta c¢6 thé sir dung ham s6 dé giai quyét.

Vi du 7: Giai hé phuong trinh

2xy ’X +y
J’_—
x+y \/_ (x,yel)

(3x—2y+2)( J2x—y+1-2) \/2xx y—1)"+1-3

Phan tich: RO rang tir hé nay ta khong thé cong pha gi dugc phuong trinh tha hai
trong hé, con phuong trinh thir nht trong hé ta d& nhan thay phuong trinh nay
dbi xtmg voi hai bién x,y nén ta c6 thé bit nhan tir chung phuong trinh nay.

O phuong trinh thir nht trong hé néu ta dé ¥ s& thiy cac cip dai lvong sau ghép
lai ta s& dwoc hing ding thirec.
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2y x+y_ (x+y) -4y (x-y)

2 2 2
That vay ta c6 : x+y (x+v) (X+Y),
2,2 Y
X" +y —xyz(x y)
2 2
Do d6 ta s& tach phuong trinh thir nhat dé quy dong va lién hiép nhu sau :
2,2 Y )2
xy _x+y  [X+y —EzO@—(X y) . (x—y) o
x+y 2 2 2(x+y) 24y
2 5 + Xy
X=y
2| 1 1
< (x-y) - =0s| [(2,2
X+y 2 2 y + — x4 v(*
\/ng+ p 5 xy =x-+y(*)

Véi phuong trinh (*) ta nhan thdy néu x =y thi (*) ludn dung. Do d6 ta tach

(*) nhu sau :

x2;y2+ xy=x+y<:>4?2(x2+y2)—(x+y)=x+y—2\/g
e eI e ] Y

2(x2+y2)+x+y 2(x2+y2)+x+y

X=y

2 X=y
= 1= (\/;+\/§) @{Wz\/g@)(—y.

2(x2+y2)+x+y

Vay xem nhu nat thit cia bai toan da dugc g& va xem nhu hé di duoc giai quyét.
xy=0
Loi giai : Didukién: {2x—y+1>0.
x+y#0

Phuong trinh tht nhit trong hé duoc bién ddi thanh phuong trinh :

2xy  x+y_ /X2+y2 _\/g@_(X—Y)ZZ (x-y)’
x+y 2 2 (x+y) Jx2+y2
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_ x=y
X=y ) 2
Q_ 2(X2+y2)_(x+y):”y_zﬁ© \/2(X2(7)J:’j))+x+y=(ﬁ_ﬁ)
_X:y -
| (-] @[N— P
5 Xy = 2(X +y)
(\/;+\/§) =4f2(xz+y2)+x+y

S ox=y.

_X =y X=Yy
< 2

(x-y) =0

Thay x =y vao phuong trinh tha hai trong hé ta dugc phuong trinh :

(x+2)(Vx+T-2)=2x+T-3 o (x+2)Jx+T-2x-1=32x+1 (1).

a>0

| 2xy = x*+ y2

x=a’—1 .Khido phuong trinh (1) tro thanh :
2x=b’ -1

Dit a=+x+1
a R
b=32x+1

(az+1)a—b3 =b<:>(a—b)(a2+ab+b2+1)=0

<a=bvia’+ab+b’>+1>0

2x+120 XZ—%
3 2 &
(X+l) =(2X+1) x(xz—x—l)zo

2N x+1=\3/2x+1<:>{

1
X2>——
2
x=0 x=0=>y=0
= 1+\/§<:> _1+\/§ _1+\/§
X= 2 2 2
1-5
X=———
L 2

Déi chiéu diéu kién ta c6 nghi¢ém cua hé 1a : (X,y) = {(0;0);( ;

1+x/§ IJMEJ}

2 2
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Binh luén : Vi bai toan nay, phuong trinh thir nhat trong hé ¢6 tinh dbi ximg hai
bién x,y nhung ki thuat dé bt nhan tir chung 14 phép nhan luong lién hiép. Su
trd lai cua nhan tir x,y 1ap lai hai l1an, néu khong tinh ¥ s& dé sa da vao viéc
chimg minh phan con lai vo nghiém. Dbi voi phuong trinh thir hai giai tim
nghiém, ngoai cach lam an phy hoa nhu trén thi ta c¢6 thé tach truc tiép dé co lap
hai dai lugng Jx+1 ,32x +1 va sir dung hing déng thic dé tach nhan tr vin
cho két qua.

Cu thé ta co:

(x+2)(Vx+1-2)=2x+T-3 & (x +D)Vx+T+x+1=2x+T+2x +1
<:>(»\/x+1)3+\/x+1 =32x+1+2x+1 =>Ix+1=32x +1.

Vidu 8:

x> —y3 =3(x2 +y)—2(3x—2)

Giai hé phuong trinh - (x,yell).
2x2(y+13,5x—(y+1) )=8X2 -17y-9

Phan tich : Cau tric cia phuong trinh thir hai trong hé nay, that kho d€ phan doan
cong pha no bang hudng nao. Phuong trinh thir nhat trong hé ciing chua giup
dugc gi ngay, tuy nhién quan sat phuong trinh thir nhat c6 thé ¢ 1ap duoc hai
bién x,y nén c6 kha ning bét nhén tir.

Cu thé ta bién dbi phuong trinh thir nhat tr thanh : x* —3x% +6x —4=y> +3y.
Do vé phai phuong trinh vira bién dbi ta co bién y dugc sap xép theo dinh dang
y3 +3y. Do d6 dé bat dugc nhén tir ta s& c¢b gang bién ddi vé trai ciia phuong
tri'nh vira bién ddi ciing theo mot dinh dang twong ty nhu vy dé c6 dugc tinh
doi xtng.
Ta can ¢6 : x> —3x> +6X—4=(ax+b)3 +3(ax+b). Do h¢ sb x> 12 1 nén ta c6
a=1.
Vayx® =3x% +6x =4 =(x+b)" +3(x+b) =x +3xb+3(b +1)x +b +3b ().
-3=3b
Pdng nhat hai vé phuong trinh (*)ta ¢6 : 3(b2 + 1) —6<b=-1.
b’ +3b=—4

Viytas€co: x> —3x? +6x—4:y3 +3y<:>(x—1)3 +3(x—1)=y3 +3y
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<:>(X—1)3 —y3+3(x—1—y)=O<:>(x—y—1)((x—1)2+(X—1)y+y2+3)=0

oSx-y-1=0=y=x-1.
Vay xem nhu hé da duoc giai quyét voi viée tim ra nut thit nay.
L&i giai : Phuong trinh thi nhét trong hé duoc bién d6i thanh phuong trinh :

x> —3x? +6x—4=y3 +3>y<::>(x—l)3 +3(x—1)=y3 +3y
<:>(x—1)3 —y3 +3(x—y—l)=O<:>(x—y—1)((x—1)2 +y(x—1)+y2+3)=0

&x-y-1=0y=x-1vi (x—1)3+y(x—1)+y2+3>0.
Thay y =x —1 vao phung trinh tht hai trong hé ta thu dugc phuong trinh :

2x2(x—1+\3/5x—x3)=8x2 17x+8 < 2x3 —10x2 +17x -8+ 2x23/5x x> =0
&2 (x=2)-(6x7 ~17x+8)+ 2x*Ysx - (¥)

b=45x—x°
Khi d6 ta c6 (*) tr¢ thanh :

a=x-2
bat —ad+b’=x>—6x> +12x -8+ 5x - x° (6X —17x+8)

2ax” +a’ + b’ +2bx> =0(i)2xz(a+b)+(a+b)(a2 —ab+b2)=

<:>(a+b)(a2—ab+b2+2x2)=0<:>[a:_b
a=b=x=0

x—-2=0
Véi a=b=x=0<{35x—x° =0 (hé vo nghiém ).

Voi a=-b&=2—-x=45x—X

174497

12

17497

12

S8-12X+6X> x> =5x—%X> <= 6x —17x+8=0 <

Vay nghiém cua hé phuong trinh 1a :

(X,y):{(lﬁrﬁ'5+ﬁ}(17—ﬁ.5—ﬁ}}.

B >

12 12 12 12

Bmh luin : Vorl bai toan trén or phuorng trmh thir nhét ching ta thu:orng lya chon
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khac thi dua trén tinh phan ly cua hai bién hay con goi 1a ¢6 lap cua hai bién vé
duoc mot dinh dang phuong trinh c6 tinh dbi xtng thi hﬁng déng thirc van cho
10i giai t6t va tu nhién hon. Chung t6i thiét nghi, néu d6 1a cau triic phtc tap thi
st dung ham s6 dai dién c6 thé 1a lya chon tt nhét nhung voi nhiing cAu trac
co ban ¢ thé giai quyét tot bang hang dang thirc thi con dudng tiép can nhu 10
gidi trong bai toan c6 thé 1a hudng di ty nhién va phu hop vai dai da s6 hoc sinh
hon. O phuong trinh gidi tim nghiém, ngoai 16i giai trén, ching ta ciing c6 thé
sir dung 4n phu hoa két hop ham sd dé giai quyét. Tuy nhién, néu tinh té thi chi
can 4n phy hoa ta van c6 thé giai tot.

2(2¢° - y*)+5(2x—y) = 6xy(x-y)

7Xa/3x—y+2 =6y ++/22-3x

Phén tich : Vi hé nay, khong khé khin dé nhan ra dé giai quyét hé, ta can phai
cong pha phuong trinh thir nhét trong hé.

Cu thé ta co :

2(2)(3 —y3)+5(2x—y):6xy(y—x)<:>4x3 —2y3 +10x—5y:6xzy—6xy2.

Vi du 9: Giai hé phuong trinh (x,yel)

T6i phuong trinh bién d6i cudi cung ta cling chua thiy diéu gi rd rang, tuy
nhién quan sat vé phai cua phwong trinh cudi ta nhan thiy dai luong

6xy2 - 6x2y = 2(3xy2 —3x2y) ¢6 lién quan dén hing dang thirc bac ba véi hai
bién x,y nén ta tich dugc phuong trinh :

4x3 —2y3 +10x—5y=6xzy—6xy2 o 2x° +10x—5y=2(y3 —3xy2 +3x2y—x3)

= 2x° Jr10X—5y=2(y—x)3 < 2x% +5x =2(y—x)3 +5(y—x) (*)
Ta c6 (*) giita hai dai lugng x,y—x di c6 tinh phan ly va hai vé phuong trinh
déu co dinh dang d6i xtng nén tir (*) ta s& bat dwoc nhan tir chung y—2x . Do
d6 hé xem nhu dugc giai quyét.
Lo gidii : Didu kign: |~ % .
3x-y+220
Phuong trinh thir nhét trong hé duoc bién doi thanh phwong trinh :
2(2)(3 - y3 ) + 5(2x - y) = 6xy(x - y) o 4x° —2y3 +10x -5y = 6x2y —6xy2

< 2x° +10x—5y=2(y3 —3)(y2 +3><2y—x3)<:>2x3 +5X=2(y—x)3 +5(y—x)

< 2x° —2(y—x)3 +5(2X—y):0
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<:>(2x—y)(2x2 +2x(y—x)+2(y—x)2 +5)=O<:>y—2x=0<:>y=2x viM>0.
M
Thay y =2x vao phuong trinh tht hai trong hé ta thu dugc phuong trinh :

7xfx +2 =12x +/22 -3x ( Diéu kién : —ZSXS? ).
&7 = Tx—14+(14-x =3422-3x )+ 7x(3x +2 —x=4) =0 (1).

Nhan xét voi —2Sx£?:l4—x+3x/22—3x >0,x +4+3Jx+2 >0 nén ta co:

2
(1)<:>7(X2_X_2)+ x2—x-2 7x(x _X_2)

14—x+3J22—-x x+4+3Jx+2
7x

2_x-2 (7+ ! - ):0 2
o 2 T e e O
P

0

®Voi 2<x<0=P<0.

7x ST 7x 28
X+4+3x+2 x+4 x+4

Do @6 véi —2SXS%:>P=O vO nghiém.

@Vé’iO<XS%:>P>7— >0.

x:1+\ﬁ:>y=2(l+\ﬁ)
x=1-\B3=y=2(1-\3)
Dbi chiéu didu kién ta c6 nghiém ciia hé 1 :
(x.y)={(1+3:2+ 23 )s(1-V3:2-243)}.

Binh luin : Bai toan c6 dugc tinh dbi xang dya vao diu hiéu hing ding thire dé
tao sy phan li cho bién & phuong trinh thir nhit. Mot diic diém cung thudng gip.

Dodotlr (2) tacd: x* —x—2=0<

x> +4x—5=y3 +3y2 +7y
(x3 +2y)3 +2(y+1)x2 =3(l—y)

Phan tich : Vi phuong trinh thir hai ching ta khong thé nghi dén viéc cong pha
n6 vi bac kha cao va cac dai luong tham gia ching c6 lién quan gi véi nhau.
Véi phuong trinh thtr nhit trong hé, cac bién da c6 tinh phan li nén viéc quy
chung vé mot dinh dang ¢6 tinh ddi xtrng cho hai vé 1a rt cao.

Vi du 10: Giai hé phuong trinh (x,y el )
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Nhung rd rang vé trai va vé phai cia phuong trinh thir nhét déu cho ta sy lya
chon dé dinh dang mét cho trudc dé tim sy d6i xtng. Tuy nhién, vé trai c6 hinh
thirc gan gili hon nén ta s& c¢6 ging tach phuong trinh thir nhat vé dang sau :

x> +4X—5:(ay+b)3 +4(ay+b)—5.
Taclatacincod: y° +3y° +7y=(ay+b)3 +4(ay+b)-5.
Do hé s6 cua y3 lalnéntacd a=1.
Vaytacé:
Y +3y2 +7y=(y+b) +4(y+b)-5=y +3y2b+(3b2 +4)y+b3 +4b-5
3b* =3
Pong nhit hé sé ciia phuong trinh nay ta co : 3b>+4=7 <<b=1.
b* +4b-5=0
Va nhu thé ta s8 c6: x> +4x—5 =(y+1)3 +4(y+1)—5. Phuong trinh nay da
¢6 su co lap hai bién va c6 dinh dang dbi xing nén ta bt duoc nhén tu chung
x —y—1. Nhu vay xem nhu hé di g& duoc nut that va s& duoc giai quyét.
Loi giai : Phuong trinh thir nhét trong hé dugc bién d6i thanh phwong trinh :
C+ax—5=(y+1) +4(y+1) -5 x> —(y+1) +4(x—y-1)=0

<:>(x—y—1)(x2+(y+l)x+(y+1)2+4)=O<:>y=X—1 vi C>0.

¢
Thay y =x —1 vao phuong trinh thu hai trong hé ta dugc phuong trinh :

(¥’ +2x—2)3+2x3+3x—6=0<:>(x3+2x—2)3+2(x3+2x—2)=x+2 (%)

Pit x’ +2x-2=t. Khi do két hop phép dat va phuong trinh (*) ta c6 hé

phuong trinh :
XC2x-2=t [xX - +2(x-t)=t-x (X—t)(x2+xt+t2)+3(x—t)=0
= <
(X—t)(X2+Xt+t2+3)=0 x=t ) )
= 9 5 vi X" +xy+y +3>0.
£ +2t-2=x X7 +2x-2=x

X=t X=t X=t t=1 )
< < ) = = vi X“+x+2>0
x> +x-2=0 X—l)(x +x+2):0 1
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x> +2x-2=1
= &Sx=1=y=0.

x=1

Vay h¢ phuong trinh da cho c6 nghiém 1a (x,y)=(1;0).

Binh luin : Vi cau trac phuong trinh thir nhat trong hé ngoai cach tach dinh dang
nhu trong 10 giai, ching ta ciing c6 thé tach theo chiéu hudng sau :
(ax+b)3 +3(ax+b)2 +7(ax+b)=y’ +3y* +7y.
Tic 14 ta cin co : x> +4x—5 :(ax+b)3 +3>(ax+b)2 +7(ax+b). Ta ciing co
a=1.
Nén: x° +4x—5=(x+b)3 +3(x+b)2 +7(x+b)

=x’ +(3b+3)x> +(3b2 +6b+7)x+b3 +3b%+7b.
3b+3=0
Pdng nhit hé s hai vé phuong trinh nay ta c6 : 3b2+6b+7=4 <b=-1.
b’ +3b” +7b=-5
Va nhu vy ta s& c6 phuong trinh thir nhét duoc viét lai :
(x=1) +3(x=1)> +7(x-1)=y* +3y* + 7y.
Phurong trinh van bdt nhan tir dwoc nhu trong 161 gidi. Qua bdi todn nay, chiing
ta ¢ thé nhin nhdn dé tao dwoc dinh dang phwong trinh co Idp va co tinh doi
xitng hai bién thi ching ta khéng phdi ¢6 duy nhdat mét cach. Tuy nhién, trén
thye té chung ta can ¢é cdi nhin bao quat dé tim dwoc biéu dién cdi nao “loi
thé” vé mat hinh thirc va con dwong di tim ra né.
Trong bai toan nay, ¢ phuwong trinh hai la mét cach gidai kha hay cia phwong
trinh da thite dwa vé hé doi xirng. R6 rang phwong trinh trong bai todn khéng
cho chiing ta phép bién doi truc tiép vi thit sw ¢é bdc kha cao.
Lo . ) . N x> +2x—2=mt
Phép dat c6 duoc bang cach dua phuong trinh vé dang : .
m’t® +2mt -2 =x

3
R 1A A4 ar e ) Y m
beé hé co tinh doi ximg ta can xur li m sao cho : T=—=—:—:>m=1.

Vi du 11: Giai h¢ phuong trinh :

x> +5x+(x3 —2y+6)«,x3—2y+1 =0

(X,ye[l)
2(Ty+1)+3(5x> +3x+1)=(x* + 2y +11x+ 11} x (3x +4)
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Phan tich : Véi hé ndy, quan sét ta thdy ngay duoc phuong trinh thir nhat trong hé

c6 tinh dbi xtng giira hai dai luong x,$/x3 —2y+1.
That vay, ta c6 phuong trinh thir nhét dugc bién ddi thanh phuong trinh :

x3+5x+(x3—2y+1+5)«/x3—2y+1=0
3
©x3+5x+(«/x3—2y+1) +5«fx3—2y+1=0
<:>(X+1fx —2y+1)(x —X«fx —2y+1+x —2y+1+5)=0

= X3—2y+1=—X:>2y=X3—X2+1.

Va nhu vay xem nhu bai toan da dugc giai quyét.
e X =2y 4150
Loi gidi : Diéu kién : .

3x? +4x>0

Phuong trinh thtr nhét trong hé duoc bién doi thanh phuong trinh :

x3+5x+(x3—2y+1+5)afx3—2y+1=O

3
<:>x3+(«/X3—2y+1) +5(X+\fx3—2y+l)=0
<:>(x+a’x —2y+1)(x —x«fx —2y+1+x —2y+l+5)=0

K

x<0
<:>x+afx3—2y+1=0<:> X3—2y+1=—x<:>{ , ,  ViK>0.

2y =x" —x" +1

Thay 2y = x> —x2 +1 vao phuong trinh thtr hai trong hé ta thu dugc phuong
trinh :

7(x3 —x2 +1)+15x2 +9x+12:(x3 +11x+12)\/3x2 +4x
o 7x3 +8x2 +9x+12=(x3 +11X+12)x/3x2 +4x
o 7x3 +8x2 +9x+12—(x3 +11x+12)—(x3 +11X+12)(\/3x2 +4x—1):0

(x3 +11x+12)(3x2 +4x—1)

V3x2 +4x +1

3 3x2 +4x-1=0
@(3x2+4x—1)(2x—MJ:0<:>[

=0

<:>2X(3X2 +4x—1)—
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Vi phuong trinh
2x3x% +4x = +9x+12 = 4x> (3x +4) = x + 6> (3x +4) +9(3x +4)

<:>X6+2X3(3X+4)+9(3X+4)2<:>(X3+3X+4) +8(3x+4)’ =0

(Hé v6 nghiém ).

X +3x+4=0
=
3x+4=0

X =
o , 3
Do d6 tir (*) tacd: 3x%> +4x—1=0< .
(*) Dl
X =
3
X_—2+\/7
Déi chidu didu kign : 3x% +4x > 0> X S —4 v x>0 ta cd 3
3 2-7
X =
3
Déi chiéu didu kién x <0 taco: x=_2_ﬁ :yz—%ﬁ
Ddi chiéu diéu kién cua hé ta c6 nghiém la : (x,y) = {— 2 +3ﬁ;= >6 J;Zlﬁ] .

Binh luin : Vi cau tric ctia phuong trinh thir nhét trong hé, khong kho cho ching
ta phan doan tinh dbi xémg. O phuong trinh giai tim nghiém, chi can mot chut
khéo 160 dé y hai biéu thirc bac ba co cung hé sd, ghép ching lai véi nhau va
tach hop 1i.

Vidul2:

(8x+1)«\/2x—1 +(11—12y)af3y—4 =0
2 (X,yeD).
3y—-x-5

Giai hé phuong trinh

3Jx+3y—6-25x -4 =

Phan tich : Vi hé nay, chung ta s& khai thac tir phwong trinh thir nhat trong hé vi
phwong trinh thir hai c6 cu trac khong cho duge cac phép bién d6i nao c6 loi.
Phuong trinh thir nhat chira hai cin béac hai, mdi cin chira ding mot bién va gin
trude can thic chira bién nao thi di voi tich mot dai luong cua bién d6. Do d6
theo suy nghi tu nhién, ching ta s& an phu hoa, tuy nhién ciu tric kha nhe
nhang va dé phan doan nén ta co thé tach truc tiép.

Cu thé ta c6 :

(4(2x—1)+5)V2x—1—(4(3y-4)+5)By—4 =0
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@4(~/2x—1)3 +5V2x -1 =4(\/3y—4)3 +5By—4

R rang phuong trinh cudi ¢6 tinh phan li giita hai dai lugng /2x — 1,J3y -4

va ¢6 dinh dang phuong trinh 13 ddi xtmg nén ta c6 thé bat nhan tir dwoc nhan
ti chung.
That vay, taco :

4(x/2x—1)3 +52x —1 =4(\/3y—4)3 +53y—4
@4((M)3 —(\/337_—4)3j+5(\/2x—1 - By-4)=0

<:>(\/2x—l—\/3y—4)(4(2x—1)+4 (2x—1)(3y—4)+4(3y—4)+5)=0

S2x-1=3y-4 < 2x+3=3y.
Va toi ddy xem nhu hé da g duoc nut thit va co ban di ¢6 dinh hudng dé giai
quyét.

>
\Y

v
Wls o=

Loi giai : Didu kién : Jy
x+3y-62>0
3y—-x-5#0

Phuong trinh thtr nhat trong hé duoc bién d6i thanh phuong trinh:

(4(2x+1)+5)V2x—1-(4(3y-4)+5)\By-4=0

@4(\/ﬁ)3 +52x—1 :4(\[3y—4)3 +5By—4

@4((\/E)3 —(\/3}1_—4)3j+5(\//2x—1 - By—4)=0

Q(sz—1 —\/3y—4)(4(2x—1)+4 (2x—1)(3y—4)+4(3y—4)+5):0

SV2x—1-\By—4=0 vi 4(2x~1)+4,[(2x 1) (3y—4) +4(3y—4)+5>0.

& 2x—1=3y-4<3y=2x+3.

Thay 3y =2x+3 vao phuong trinh thr hai trong hé ta c6 phuong trinh :
2 9(3x—3)-4(5x-4) 2

33X =3 -245x—4 = =N = 1<x#2).
X—2  3J3x-3+2{5x -4 x—2( )

7x% —25x +22

7x —11 2
3+24/5

> < 3P3x -3 +25x -4 =
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<:>3(«\/3X—3—(x—l))+2(m—x)=w—5x+3 (¥)

2
Véi x =1 ta c6 phuong trinh dugc thoa. Do d6 véi 1<x#2 ta co (*) tro

thanh:
2 2 2 _ 4
33x—3—(x—1) 25X—4—x 7(x 5% + )

3x-3+x-1 ! J5x—4+x: 2
3(x2—5x+4) 2(x2—5x+4) 7(X2—5X+4)
T Bx3+x-1 Bx-d+x 2

- 3(x—1)(x—4)+2(x—1)(x—4)+7(x—1)(x—4) 0
Bx-3+x-1 Hx—4+x 2
3(X—4) N 2(x—4) +7(x—4)

=
V3x-3+x-1 5x—4+x 2
@(x_4)[ 3 2
V3x=3+x-1 5x—-4+x
P

=0

+%J=0<:>x=4 vi P>0 khi 1<x#2.

x=l=>y=

—_ W W

Vay phuong trinh ( *) ¢6 hai nghiém .
x=4=y=

w |

Déi chiéu diéu kién ciia hé ta c6 nghiém cia h¢ 1a: (x,y)= {(1;%);(4;%)} )
Binh ludn: V& co ban ta ¢6 nhan dinh, phuong trinh thtr nhét van giai theo phuong
dién xét ham sé dai dién duge. O phuong trinh giai tim nghi¢ém, cac ban c6 thé
str dung ham sb dé giai quyét van tbt.
Nhan dinh chung vé loai hé nay, thong thuwong thi cdac bai toan hé thuéc kiéu
nay da so c6 thé giai bang phwong phdp xét ham sé dai dién. Tuy nhién, do chi
la da s6 chir con mét sé bai thude kiéu nay nhung xét ham dai dién lai khéng toi
wu. Nhu trong cdc vi du chung t6i da co mot vai bai toan minh hoa va binh
ludn. Va trén hét, ching téi mudn giri gim t6i cdc ban, 6 la xét ham so dai
dién that chat né la bai todn cé tinh doi xvmg va sir dung hang dang thirc dé
trién khai. Va c¢6 déi lic hiéu nhuw vay, thi lai cho loi gidi dwoc tu nhién hon vi
xét ham s6 thi can phdi cé tdp xdc dinh rd rdang va néu khéng nam chdc va hiéu
16 s€ dé két ludn sai va gdy ra nhiéu diéu ddang tiéc.
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III. PHUONG PHAP TAO NHAN TU BANG KY THUAT CONG, TRU,
NHAN CHEO

Pay la mét phwong phdp kha manh va hay ding trong hé dé bat nhan tir, nguon
goc ciia phwong phdp nay chinh la trong hé ¢é nhan tir chung nhung khong thé
bdt nhdn tir trén timg phuong trinh ma can phdi cé sw phoi hop cia cd hai
phuong trinh trong hé.

Vé néi dung ta co thé tém gon nhw sau, tu hé {

EB{f(x,y)zo<:>{f(x,y)+g X, )zO@{hl(x,y -hz(x,y)=0
( 0

{ X, @{ (x,y)+k-g(x,y)zO@{hl(x,y)-h2(x,y)=0

g(x y) 0 f(x,y)zO f(x,y):O

Cdc bai todn hé nay thuong la hé bdc hai tong quat, hé phwong trinh chira da
thire bdc cao, hé c¢é tinh doi xung (logi 1, logi 2), nita doi xung va dang hé co
ddc thi riéng nhir chira cde hang dang thire vv.... Ciing nhuw hai phirong phdp
trueée, dé gidi hé theo phwong phdp nay ching ta can c6 cdi nhin tong qudt va
nhdn ra duoc tinh chdt ciia hé.

, A . x3y3—7:—4x6
Vidu 1 : Giai hé¢ phuong trinh (X,y ell ) .

XSy3 +Xy+2:4x6

Phén tich : Véi hé nay, khong kho nhan ra néu ta cong hai phuong trinh lai véi
nhau vé theo vé ta s& khir dugc dai luong 4x® va tao ra dugc phuong trinh bac
ba véi bién xy .

Cu thé ta c6 phuong trinh :

4)(3y3 +xy—-5=0 <::>(xy—1)(4x2y2 +4xy+5) =0 xy=1.

Va hé da dugc ’giéi quxét.

Loi gidi : Cong ve theo ve hai phuong trinh trong h¢ ta c6 phuong trinh :

4)(3y3 +xy—5=0<:>(xy—l)(4xzy2 +4xy+5)=0<:>xy=1 vi P>0.

P

Thay xy =1 vao phuong trinh thi nhét trong hé ta duoc phuong trinh :
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Vay hé phuong trinh da cho ¢6 nghiém (x,y)= {(1;1);(—1;—1)} )

Binh luin: Bai toan trén qua co ban, tir quan sat thay hai phuong trinh chira cing

4x® va trai déu, ddng thoi vé trai ciia hai phuong trinh déu chira cac dai lwong
xy nén chon phuong an cong hai vé 1a con duong di ty nhién nhét.

X(x—2)+y(7y—2)=0

2

(x,yeD).
X +y2+8xy—x—4y+1=0

Vi du 2: Giai h¢ phuong trinh {

Phin tich : Ca hai phuong trinh trong hé déu la phuong trinh bac hai theo hai bién
X,y . Kiém tra ta nhan thy ca hai phuong trinh déu phan tich dwoc nhén tir
nhung lai khong c6 duge delta chinh phuong. Do d6 viéc nghi bat nhan tir mot
trong hai phuong trinh trong hé xem nhu that bai. Nén ta s& tim cach két hop
hai phuong trinh lai v6i nhau xem sao ?

g i e X 4Ty =2x -2y =0
Trudc hét ta bién do6i hé cho dé quan sat: .

{xz +y2 +8xy—x—4y+1=0

Quan sat toan hé ta nhan thdy néu ta cong hai phuong trinh trong hé ta sé& thu
dugc hing dang thirc nén ta dinh hudng cach nay xem sao ?
Cu thé ta s& ¢6 :

2x? +8y? +8xy —3x 6y +1=02(x +2y)’ —3(x +2y)+1=0.

Phuong trinh cudi dd chimg t6 dugc su thanh cong cua ¥ tudng. Va ta sé tién
hanh giai hé.

Loi gidi :
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s x> +7y* —2x -2y =0(1)
Hg phuong trinh dugc bién doi tr¢ thanh:
X2+y2+8xy—x—4y+1:0(2)
Lay (1) + (2) vé theo vé ta c6 phuong trinh:
2(x2 +4xy +4y?)-3(x+2y)+1=02(x +2y) —3(x+2y)+1=0
x+2y=1 x=1-2y
= 5 1< 1 5
X+2y=— X=—-—
y 5 5 y
@ Véi x=1-2y thé vao (1) ta co:

(1-2y) +7y* —=2(1-2y) -2y =0 = 11y> =2y —1=0

1+412 9-43

11 11

1—\/E:>X:9+4\/§
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. 1 .
® Véi x=5—2y thé vao (1)taco:

2
(%) +7y* —2[%}@:0@4@2 -3=0

J33 11-2433

PN 22 2 .
N33 11+2+/33
= =S X=—
22 22

Vay hé phuong trinh c6 nghiém la :

(9—4\5_1%@}[%4\5,1—5]

B

b 2

(xy) 1’ 11 11 11
x,y=

11-2433 33 11+2\/33‘_\/33

2 27 2 72

Binh luén : Bai hé nay vAn con co ban, chi can tinh ¥ mot chit ta s& nhan ra hing
déng thirc va s& thu duge mot phuong trinh bac hai theo dai luong x +2y .
Vidu3:

x? +3y? —2xy —10x +22y + 34 =0(1)

(X,ye[l )
x* +5y2 —4xy—16x +38y + 68 =0(2)

Giai hé phuong trinh {

Phan tich: V6i hé nay néu ta suy nghi tu nhién ta s€ cd ba hudng sau khi nhin vao
hé.
@® Huong 1 : Ta ldy (1) — (2) vé theo vé ta s& khir duoc x? va thu dugc phuong
trinh :
y#-3
Xy+3x—y> —8y—-17=0 < y? +8y+17 -
X = T
Téi day ta co thé str dung phép thé dé giai quyét.
@® Hudng 2: Con néu ta mudn khir y2 ta lay 5- (1) -3 (2) ta s€ thu dugc phuong
X#2
trinh sau: Xy—2y+X2—x—17=0<:> X2 +x+17-
y= x—2
Téi day ta c6 thé thuc hién phép thé va bién doi dai s6 dé ra két qua.
® Huéng 3: Con néu ta mudn khir xy thi ta s& liy 4-(1)-2-(2) ta s& duoc

phuong trinh
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Kiém tra ta thdy phuong trinh ciing khéng phén tich dugc delta chinh phuong.
Viy qua 3 huéng ta s& nhan thiy hé nay co thé giai theo hudng 1 hodc hudng 2
1a sang stia nhat .

Tuy nhién, day 1a mot hé bac hai tong quat, dé giai hé nay ta thuong st dung an

X=u+a

phu hoa theo hudng : { . Tuy nhién, cich giai nay chung t6i thiét nghi

y=v+b
chua thé khai quat hoa cach giai cia loai hé nay duge. Vi cach 1am nay, hau hét
s& dua hé ban dau vé hé déng cép. Co6 mot diéu dé 1a mot phuong trinh bac hai
hai bién tong quat vé phuong trinh dang cap véi cach dat nhu trén 1a diéu c6 thé
luén cé dugc, diéu ndy cling c6 nghia la ta ludn tim dugc mét cdp (a,b) dé tinh
tién nghiém nhu trén. Tuy nhién, hé trén lai duoc ciu tao bdi hai phuong trinh
béc hai tong quat nén diéu sau c6 thé xay ra d6 1a mdi phwong trinh s& c6 cip
(a,b) dé thuc hién phép tinh tién riéng 1¢. Néu diéu d6 xay ra thi cdch lam trén
s€ pha san.
Nhan dinh chung 14 nhu vy, nhung truéc mot phuong trinh bac hai dang tong
quat ta c6 thé thir véi phuong phép an phu nay.
bat {X -ura thé vao phuong trinh (1) taco:

y=v+b
u® +2ua+a’ +3v? +6vb +3b> —2uv —2ub —2av —2ab—10u—10a +22v+22b+34 =0
2a—-2b-10=0 {a:2

=

6b—2a+22=0 b=-3

Pé (l) 1a dang cap ta can co : {

=u+2
Khi d6 ta s& c6 phép dat {X 3 thay vao hé da cho ta c6 hé phuong trinh :
y=v-

2

~—

u+2)
(u+2)

+3(v=3)"=2(u+2)(v-3)-10(u+2)+22(v-3)+34=0

(u+2)(v-3)-16(u+2)+38(v-3)+68=0
().
Va hé (*)la hé ding cip bac hai da biét cach giai.

Ciing nhu ngay tir dau ching t6i dé cap, loai hé nay ciing s& c¢6 nhan tir chung
nén bang moi gi4 chung ta s& nghi dén viéc tach nhan tir chung. Do ciu tao cua

_3Y .2
2
+5(v-3)" -4
{uz —2uv+3vi =9
=

u? —duv+5vi =5

hé 1a chtra hai phuong trinh bac hai v6i hai bién x,y nén ta c6 quyén nghi dén
hudéng ghép hai phuong trinh nay thanh mot phuong trinh bac hai tach duoc
nhan tir chung tirc 13 ta cAn mot phuong trinh bac hai ¢6 delta chinh phuong
bang phuong phap hé sé bat dinh sau :

196




Cty TNHH MTV DVVH Khang Viét

x2 +3y? —2xy—10x+22y+34+1<(x2 +5y2 —4xy—16x+38y+68)=0

< (1+k)x* —2(y +5+2ky + 8k )x + 22y +3y” + 5ky” +38ky + 34+ 68k =0
Tachnco : A, =(y+5+2ky+8k)’ —(1+k)(22y+3y2 + 5ky? +38ky+34+68k)
:—(k2 +4k+2)y2 —6(k2 +41<+2)y—41<2 —22k -9 1a mot s6 chinh phuong,
Va nhu vy ta can c6 :

Ay =9k’ +41<+2)2 — (1 + 4k +2) 4k +22k+9) =0

k=-1
= k:—g
5
k=—2+2

O day ta chi ldy k=—1,k = —% vé tinh tham my. V&i k=—1 ta c6 hudng 1, bay

g0 ta & xit i vi truong hop k:—%

Lacdotaco:

5(x* +3y? —2xy —10x + 22y +34) =9(x* +5y” —4xy —16x+38y +68) =0
< 2x% —(13y +47)x +15y° +116y +221=0 ().

Phuong trinh (*) ¢6 A =(13y+47) =8(15y> +116y+221)=(7y+21)".

Vay tur day ta da tach duoc nhan ta.
Sau day, ta s€ di vao 101 gidi chinh thirc cho hé nay.
Loi giai :
@ Cach 1: Lay (1) — (2) vé theo vé ta c6 phuong trinh :
y#-3
Xy +3x-y? -8y-17=0& y? +8y+17
X=——"——
y-3
Thé vao phuong trinh (1) ta ¢6 phuong trinh :

2 2 2 2
Y8y HIT | g o Y ABYHIT I ol Y E8Y LT oy i34
y+3 y+3 y+3

< 2y* +24y° +99y? +162y +85=0 <:>(y2 +6y+5)(2y2 +12y+17)=0
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[y=-5=>x=-1
y=—1=>x=5

2

+6y+5=0 _

oY T ol 6+\E:>X:4+5\E'

2y? +12y +17=0
:—6—ﬁsz4—sﬁ
L 2 2

® Cach 2: Dit {qu”.
y=v-3
Luc @6 h¢ phuong trinh trd thanh hé phuong trinh:
(u+2)’ +3(v=3)" =2(u+2)(v-3)-10(u+2)+22(v—-3)+34=0
(u+2) +5(v-3)" —4(u+2)(v=3)-16(u+2)+38(v—-3)+68=0
w2 —2uv+3v2=9  [5u®—10uv+15v* =45(3)
=
u? —4uv+5v: =5 9u? —36uv +45v> =45(4)
T (3) va (4) ta co:

5u% —10uv +15v> =9u? —36uv + 45v? <> 2u’? —13uv +15v> =0

u=>5v
<:>(u—5v)(2u—3v)=0<:> 3
u==v
2
I V:g:’“:?
V6i u=>5v thay vao (3 taco: v =— <
V=——Du=——
2 2
I 52 [ 4452
:2 —_— X =
2 2
V2 —6-+2
y=" 3 5T
Tu dotaco: &
572 4-52
X=—"—+2 X =
2 2
__ﬁ_:; __6_ﬁ
L y 2 L Y 2

Véi uzgv thay vao (3) taco: v =2 v=42=>u=143.
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x=3+2 x=5
{ =2-3 {yz—l

:—3+2 x=-1
{ =-2-3 {yz—S
(

® Cach 3. Lay 5-(1)-9-(2) ta dugc phuong trinh :

Tu dotaco:

2x —(13y+47)x+15y2 +116y+221=0 (a) .
Phuong trinh (a) ¢6 A=(13y+47)’ —8(15y2+116y+221)=(7y+21)2.

13y +47+7y+21

=5y +17

Tir do ta suy ra (a) c6 hai nghiém phan biét : 4
3y+47-7y-21 313
4 2y 2

Vi x =5y +17 ta thay vao phuong trinh (1) ta duoc phuong trinh :

2 Y+3:g y:—6;\/§:ﬂ:4+§\/5
2(y+3) =l & .
(v+3) 2 -6-2 4-5{2

yri=— YR T

Voi x = %y +g ta thay vao phuong trinh (1) ta dugc phuong trinh :

y +6y+5=0<
y=—1l=>x=5

Viay qua ba cach giai ta c6 nghiém cua hé 1a :

(Xs}’)={(—l;—5);(5;—1);(4+5\/§;_6+\/§J;[4_5\/§;_6_\EJ}.

2 2 2 2

Binh ludn : Qua sy phén tich ctia vi du ndy, chic ban doc da hiéu duoc vé co ban
thi d6i v6i hé phuong trinh bac hai tong quat ta déu c6 thé tién hanh mét cach
tw nhién 1a khir x> hodc y* rdi ding phép thé déu co thé giai t6t. Nhuge diém
cua cach nay chinh Ia su bién ddi dai s6 kha phure tap va doi hoi su khéo 1éo.
Céch dat an phy hoa s& giai quyét tot cac hé phuong trinh bac hai tong quat dua
duoc vé hé drfmg cép, con lai thi khong t8i wu 1dm. Nhuoc diém cta cach nay la
cling thién vé tinh toan. Tuy nhién c6 mot cach giai quyét phép dat dbi véi hé
nay néu dwa vé dugc vé hé ding cip nhu sau :

Xét hé tong quat:

ax? +byy? +cxy+dix +e;y+f; =0
2 b2y2 +cC
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Ta lan lugt dao ham phuong trinh thir nhat theo hudng sau :
Cb dinh y (tirc 1a xem y 1a hang sb), dao ham theo bién x ta co :
2a;x+c;y+d; =0.
C6 dinh x (tc 12 xem x 14 hing sd), dao ham theo bién y ta co :
2ax+c,y+d; =0 x=k x=k;+u

1 1y +4d; N (N dat 1 ‘
2bjx +cx+¢; =0 y=k, y=k, +v
Vi cach 3 thi v nghia chinh ctia n6 1a thyc hién “ghép va tao” mot phuong
trinh bac hai tach duoc nhan tir. Ki thut hé s6 bat dinh giai dugc tit ca hé bac
hai tong quat. Nhugc diém cta nd chinh 1a tinh toan kha ric réi. Tuy vay, ching
toi gui dén cac ban cach thuc hanh nhanh nhu sau :

Giai h¢ {

Nhép vao may tinh phuong trinh : cde + 4abf = ae® + bd” + fc?.

Phuong trinh nay 12 phuong trinh bac ba theo bién k nén s& ludn tim duoc k .
Khi dé ta s€ co :

a1x2 + b1y2 +oxy+dix+ex+1 + k(a2x2 + b2y2 +Cyxy+dr,x+e,y+1, ) =0

Pugc bién ddi thanh mot phuong trinh bac hai tich duoc nhan ti.

Chiéc cac ban thic méc 1a tai sao & cach 3 chung ta chi tim dwoc gid tri k cho
hudng 1 trong phan tich va mot gia tri k khéc 1a cach dugc nhan tir, con gia tri
k cho hudng 2 dau ? Cau tra 16i kha don gian thé nay, & huéng 1 va hudng 2
tuy hinh thirc khac nhau nhung ndi dung cta ching 1a giéng nhau d6 chinh 1a
khir b6t dai luong chira mii 2 trong phuong trinh nén khi sir dung hé sb bat dinh
k ta chi tim dugc gia tri cho hudng 1 hodc hudéng 2 ( da sb 1a hudng 1).

+8y=y> +y° -9
Vi du 4: Giai hé phuong trinh {X Y=Yy (x,yel)

y—8x:—x3—x2 +15

Phan tich : V6i hé nay, nhan xét dau tién la hé nay ngay tur dau ta khong nhén thay
duogc diéu gi ca. Tuy nhién ta nhan xét néu chuyén bét hai dai lugng 8y,8x &
vé trai moi phuong trinh ta dugc mot phuong trinh bac ba nén ta thir xem voi
cach bién ddi nay, ta ¢6 dugc nhan xét gi vé hé ?

x=y’ +y*—8y-9

yz—x3 x> +8x+15

Cu thé ta c6 hé duoc bién doi trd thanh: {
Té6i day, ¥ tudng cua chung ta s& c¢b ging tach duoc nhén tir bén vé phai cua hai
phuong trinh trong hé nhd nghiém ctia phuong trinh bac ba. Y tudéng 1a vay
nhung céi kho 1a chung ta lai khong dugc nghiém nguyén cho ca hai phuong
trinh. bac, b yi.hé nay y.tudng tach nhin . be & ai.cua hai
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phuong trinh c6 vé 1a kha thi nhit dé cong pha hé, do do ta cd ging tach cho
duoc.
Nhan xét v6i y=3=1y> +y> -8y =27+9-24=12;

X=3=-x —x>+8x=-27-9+24=—12.
Do d6 ta tach hé nhu sau :

x—3=y3 +y2 -8y—-12
{y—3=—x3 —x? +8x+12
x=3=(y-3)(y* +4y+4) x—3=(y-3)(y+2)’
y—3:(x—3)(—x2 —4x2 —4)<:> y—3»=—(x—3)(x+2)2
Va téi day hinh hai bai toan di rd rang hon, khi ma ta nhan chéo hai vé hai
phuong trinh trong hé cho nhau ta s¢ dugc phuong trinh :
~(x=3Y (x+2) =(y-3)* (y+2)’ = (x-3)* (x+2)* +(y-3)’ (v +2)* =0.
Va toi day moi thir da ro rang va hé da C’Iu’ocq giai quyet.
Loi gidi : HE phuong trinh da cho dugc bién d6i thanh hé sau :
{){—3=y3 +y?—8y—12 - X—3:(y—3)(y+2)2 (1)
y-3=—x"-x?+8x+12  |y-3=—(x-3)(x+2)°(2)

Nhan chéo hai vé caa (1) va (2) ta dugc phuong trinh :

~(x =3 (x+2) =(y -3 (y+2)" = (x-3) (x+2) +(y-3) (y+2)

Binh luin: Bai toan nay, nhin qua 15i giai s& c6 suy nghi chu quan 14 bai toan dé,
nhung chung t6i lai khong nghi vay. Vi 101 giai that sy doi hoi mét chut “tinh
quai “ vé tach nhan tir khong phai hoc sinh nao ciing biét duge. Chéc cac ban
thic méc tai sao lai thir s6 3 ma khong thir voi —2. Cai nay 1a mét meo nho.

sQuasbudgkicmetranghiéndiena hai phivong trinkrhacha ﬁa=1héysvéie:pehﬂmmg=trinh
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bac ba theo bién y ¢6 ba nghiém xép xi la 2,87;-1;14;,-2,72 . Con phuong
trinh bac ba theo bién x c6 duy nhat mot nghiém xdp xi 1a 3,14. Sy twong
quan giita hai con sb 2,87 va 3,14 khi 1am tron 13 3. Do d6 ta nghi dén phép
thé s6 3.

x(y2 +1) :E(l)
, N Xyt S
Vi du 5: Giai hé phuong trinh (x,yel).
y(x2 —1)
U 4y
x2+y> 5

Phan tich : Vi hé nay, viéc dau tién nhan thay ngay hé s6 chira ba hé sb dic biét
3,4,5. Diéu nay goi ¥ cho chung ta 1a binh phwong hai vé mdi phuong trinh
cong lai dé thu gon hé sb cua vé phai cta hai phuong trinh 1a 1. Tuy nhién, n6
chi 1a sy tinh ¥ thir nhat, sy tinh y thi hai 13 ching ta thiy dugc khi binh
phuong hai vé cta hai phuong trinh thi khi cong lai vé theo vé thi vé tréi s& cho
chung ta mot dai luong gidng mau s6.

That vay, ta co :

2(.2
s L
e S I e SR
Y(Xz—l)_i yz(xz—l2 16 ()(2+y2)2
x4y’ 5 (x2+y2)2 "5

(X2 + y2 )()(2y2 + 1)
2 1< 2
) )
Va téi day, moi chuyén da dé dang hon.
Mit khac ta dé y rang néu hé nay c6 nghiém thi xy # 0. Do d6 néu ta nhan hai vé

X2y4+X2+y2X4+y2 ~ .

phuong trinh thtr nhit cho x va nhan hai vé phuong trinh th hai cho y va dem
hai vé phuong trinh trir cho nhau vé theo vé ta s& dugc vé trai s& co hé sd 1a 1.
Cuthé taco:

x(y2 +1) x> (y2 +1) 3

3
oy 5y 78T Sl ) s g
y(xz—l) 4 y2 X2_1) 4 x2 +y2 5 5
Wy 5 [xtey 5
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-4
<:>3ox y

=1<3x—-4y=5.
Téi day ta chi con thuc hién phép thé.
N eze A qaa x#0
Loi gidi : Dicu kién : .
y#0
@ Cach 1. Lay (1)2 + (2)2 vé theo vé ta c6 dugc phuong trinh :
2 2
x> (y2 + 1) + y2 (X2 —1)
2
(x2 + yz)

2

=1

X2y4 + X +y2X4 +y2 .

(Xz +y2)2 (Xz +y2)2

=+]
<:>x2y2+1=X2+y2@(xz—l)(yz—l)zOQ[X
y=%I1
Véi x ==+1 ta dé dang thdy hé vo nghiém.
2X _E
. e X241 5 [3x-10x+3=0
V6i y=1 tacohé tré thanh : | = < x=3.
x2+1 5
2x _E
241 5 |3x2-10x+3=0 1
Voi y=—1 tacohé trothanh: 4 X 7] ° o ox=x.
1-x" 4 9x2 =1 3
1+x> 5

@® Cach 2. Lay x- (1) -y (2) vé theo vé ta c6 phuong trinh :

Xz(y2+1)_y2(xz_1)_3x—4y<:>x2+y2 _3x-4y
(x2+y2) -5 x2+y2_ 5

4y+5

&S3x—-4y=5<x=

Thay vao (1) tacé :

2
4y +5 2 2 S5+4y
ST(Y +1)—3£y +[ 3

< (20y+25)(y* +1)=(9y” +25+40y + 16y’
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y=1l=x=3

oy -l=0s y——l:x—l'
3

Vay qua hai cach giai cta ta ¢6 nghiém cua hé (x,y)= {(3;1);(%;—1)} )

Binh luén : Dya vao dic diém dic biét cia hé sb va cac biéu thuc co thé rat gon ta
dua duoc nhiéu y tuong giai hé nay. Hé nay ciing 1a mot dang thudng gip.
Vi du 6 : Giai h¢ phuong trinh

(Xer)(xy+4):2(2x2 +y2)+i(2x2 —X+y2 —y)
Xy (x,yel)
3(3){2 +2y2)=(3x +2y)(xy+2)

Phan tich : V§i hé nay, ta chua cé thé du doan dugc gi tir hinh thirc ctia hé. Nén ta
s& bién ddi hé lai cho d& nhin hon.
Cu thé ta c6 hé duoc bién ddi tré thanh :

xy(x+y)(xy+4)=2xy(2x2 +y2)+4(2x2 +y2)—4(x+y)
3(3x% +2y )= (3x + 2y) (xy +2)

(x+y)(x°y? +4xy +4)=2(2x +y7 ) (xy +2)

3(3x% +2y° )= (3x +2y) (xy +2)

(x+y)(xy+2)" =2(2x> +y*)(xy +2)

3(3x2 + 2y2 ) = (3x + Zy)(xy + 2)

xy+2=0
3(3){2 + 2y2)= (3X + 2y)(xy+ 2)

(x+y)(xy+2) =2(2X2 +y2)

I 3(3){2 +2y2)=(3x +2y)(xy+2)

Toi day moi thir da rd rang vi trong hai h¢ sinh ra tir h¢ ddu da c6 mot hé vo
nghiém, con hé con lai chi cAn nhan vé theo vé ta sé& rat gon dugc xy+2 va
dua duoc phuong trinh ding cip.

‘o ene A 1A x#0
Lo giai : Diéu kién : .




Cty TNHH MTV DVVH Khang Viét

xy(x+y)(xy+4)=2xy(2x2 +y2)+4(2x2 +y2)—4(x+y)
3(3x2 +2y2):(3x +2y)(xy+2)
(x+y)(xy+2)2 =2(2x2 +y2)(xy+2)

3(3){2 + 2y2) = (3X + 2y)(xy + 2)

xy+2=0
{3(3){2 + 2y2 ) = (3X + 2y)(xy + 2)(1)

(X+y)(xy+2) =2(2x2 +y2)

(1)
I 3(3){2 + 2y2) = (3X + 2y)(xy+ 2)

@ Voihe (I) dé dang théy duoc hé nay vo nghiém vi : 3x* +2y> =0 (vo li ).
(x + y)(xy+ 2) = 2(2x2 + yz)(l)

®Vaihé (II) taco:

3(3x% +2y7 ) = (3x+2y) (xy +2)(2)

) ( ) vé theo vé ta c6 phuong trinh :
y)(xy+2)(3x +2y) 2(2X +y )(3X+2y)(xy+2)

( ) 3x2+2y ) (2X2+y2)(3x+2y)©3x3—x2y—2y3=O

ay (1
( +

<:>(x—y)(3x +2xy+2y )=O<:>x=y vi 3)(2+2xy+2y2 >0.

Thay x =y vao (1) ta c6 phuong trinh :
=leox=1
y(y2 +2)=3y2 @yz -3y+2=0< Y
y=2&x=2
Vay hé phuong trinh da cho c6 nghiém (x,y)= {(1;1);(2;2)} :
Binh ludn: Bai toan chi cn sy bién ddi va nhom nhan tir tir phuwong trinh tht nhat
trong hé ta s€ tim duoc 101 giai cho bai toan mot cach kha don gian.

x* —6x> +13y* —12y—23=0
y*—6y° +13x% —12x +31=0

Vi du 7: Giai hé phuong trinh { (x,y el )

Phan tich : Cau tric hé nay khi dugc viét lai ta s€ ¢6 hé moi la :

{x4 —6x3 +13y2 —12y =23

v —6y +13x2 —12x =31
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Khong khé dé nhan thay vé trai ciia hai phuong trinh trong hé c6 tinh di xtng
vi khi thay vai tro hai an x,y cho nhau thi ching giéng nhau. Nhung do khac
biét vé hé s6 & vé phai nén ching ta khong thé xem n6 1a d6i xtmg loai 2, vi vy
ta c6 thé xem n6 13 hé nita ddi ximg.
Tur dinh dang cia vé trai hai phuong trinh trong hé nén ta day y tudng cong
ching lai xem c6 thé dua vé dugc didu gi ?
Cuthétaco: x* —6x> +13x* —12x +y* —6y° +13y> —12y +8=0.
Tir phuong trinh nay ta linh cam s& c6 hang dang thirc. That véy ta c6 :
x—6x3 +13x2 —12x +4+y* —6y° +13y% — 12y +4=0
2 2
@(x2 —3x+2) +(y2 —3y+2) =0.
Va t6i ddy moi chuyén di duoc rd rang. Va hé s& duoc giai quyét.
Loi giai :
o |xTe6x +13y* —12y =23(1)
Hg phuong trinh da cho duoc viét lai :
y* -6y’ +13x* —12x =-31(2)
Léy (1)+(2) vé theo vé ta c6 dugc phuong trinh :

x*—6x® +13x2 —12x +4+y* —6y° +13y* - 12y +4=0

) 2 ) 2 x?=3x+2=0 x=lvx=2
<:>(x —3x+2) +(y —3y+2) =0 & { 5
y=lvy=

y2 -3y+2=0
Thtr lai véi tung cdp nghi€ém (x,y) = {(l;1);(1;2);(2;1);(2;2)} ta nhan duoc
nghiém cta hé phuong trinh da cho la (x,y) = (1;2) .
Binh luin : Pay la bai toé}n kh(?ng kho 1am, chiqcﬁn tinh y de y tinh nita doi xing
cua hé va nhin nhanh hang dang thirc 1a ¢6 thé giai quyét dugc hé kha don gian.
1 1

———=2(y4 —x4)(1)

X 2y

Vi du 8 : Giai h¢ phuong trinh L1 (x,yeD)
(22, o2 2,2
;+E—(3y +X )(3){ +y )(2)

Phan tich : V6i hé nay, ta nhan xét khi 1iy hai phuong trinh cong va trir hai vé cho
nhau ta s& thu dugc mot hé c6 vé trai & mdi phwong trinh s& gon hon vi ta da rit
gon dugc bét s6 hang c6 mit & vé trai mdi phuong trinh .

Cu thé ta s& bién d6i hé ban dau ta s& c6 hé:
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Cong va trir vé theo vé cua hai phuong trinh trong hé ta s& duoc hé :
2
X
1

4 4 2.2
=x +5y +10
X y xy {XS +5xy4 +10)§3y2 =2
<~ .

=5x4 +y4 +10X2y2 y5 +5x4y+10x2y3 =
y
Téi day, ta hiy dé ¥ toi vé phai cia mdi phuong trinh trong hé véi cac hé sd
quan trong 1,5,10 .
Khi d6 ta lién két v6i hai hang dang thic :
(a+ b)5 =a’ +5a*b+10a°b” +10a’b’ + 5ab* + b’
(a - b)5 =a’ —5a’b+10a%b? —10a%b> + 5ab* —b°
Ta nhan thdy néu cong va trir hai vé ctia hé méi ta s& duoc hang déng thirc trén.
Va nhu vay hé da dugc giai quyét.
s eze A A x#0
Loi gidi : Dicu kién : .
y#0

Lay (1)+(2),(1)—(2)vé theo vé ta dugc hé phuong trinh :

<

st eytaloxdy? Y +Sxty 10yt =1(4)

2 4 .4 2.2
;_X 3y +10x7y {XS +5xy* +10x%y? =2(3)
N
1
y
Ly (3)+(4),(3)—(4) vé theo vé ta c6 h¢ phuong trinh :

x° +5x4y+10x3y2 JrleZy3 +5xy4 +y5 =3 (X+ Y)S =3
=S
x> —5xty +10x%y? —10x%y? +5xy* -y’ =1 (x—y)5 =1

1+J_

{X+y B

x—-y=1 —1+§/§'

[\

1+§E.—1+§EJ'

Vay hé phuong trinh c6 nghiém (x,y) :£ 5 T

Binh luén : Bai toan ndy, cach giai xem qua c6 vé d& nhung that chat bai toan
khong dé& nhu chiing ta twéng. N6 doi hoi sy quan sat tinh té va cin nam chic
cac hang ding thirc bac cao hon 3 ma ta thuong dung. Cu thé ¢ déy 1a bac 5, co
doi khi ta con gap bac 6, bc 7, bac 8. Va thuong cic loai hé nay, nguoi ché dé
Xuat phat tur hang dang thuc r0i chon nghiém va kha1 trién tung toe ra. Viéc cua
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2% + 25y - =4(1)
Vi du 9 : Gidi hé phuong trinh Ty (x,yel)
5x
2y + > :5(2)
X +y

Phan tich : Véi h€ nay, ta cling nhén thay tir cau triuc ctia hé ciing cho ta y tudng
néu lay hai phuong trinh trong hé cong va trir vé theo vé ta s& c6 dugc nhan tir
chung. Do d6 ta s& budc dau di thuc hién y tuong nay.

Cu thé ta ldy (1)+(2),(1)—(2) vé theo vé ta s& c6 :

S5(x+y 5 9
2(x+y)+%=9 24— = (3)
y - X" +y X+y
5(x—y)_ ’_ 5 __ 1 4
2(x=y) 2ry? ! x? +y? x—y()

T6i day ta lai thiy y tuong ban du cta chiing ta van con hitu dung v6i hé méi
nén ta tién hanh nhu vay v6i hé moi.
9 1

4:

X+y X-Yy

Ly (3)+(4),(3)—(4) vé theo vé ta c6 hé : 0 9 | (a).
+

X2+y2 _X+y X+y

Véi hé méi néu ta nhan vé theo vé ta lai duge hﬁng déng thue. Do d6 ta tién
hanh y tudng nay.
Cu thé nhan vé theo vé hé (a) ta c6 phuong trinh :

40 :(9+1J(9_1]® 40 _ 8L 1
x2+y? \x+y x-y)lx+y x-y x* +y? (x+y)2 (X_y)2
Té6i day néu ta quy ddng phuong trinh cubi ta s& duoc phuong trinh ding cép.
Xem nhu hé da co ban da duogc giai quyét.

L eae A 1A x#0
Loi giai : Dicu kién : .
y#0
2x + > =4
Vo6i x =y taco hé trd thanh: ZSX ( hé vo nghiém ).
2x+—=5
2x
2x + > =4
V6i x =—y ta co hé trd thanh: 2X5 ( h& v6 nghiém ).
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Do d6 ta chi giai h¢ voi x =ty .
Lay (D)+(2),(1)-(2) vé theo vé ta c6 dugc hé phuong trinh :
5(x+y) 5 9

2(x+y)+——5=9 2+ = 3
(X y) x2+y2 xz+y2 X+y( )
S(X—y) 5 1
2Ux-y)-—— L =] 2- =— 4
(X y) x2+y2 x2+y2 X—Y( )

Lay (3)+ (4).,(3)-(4) vé theo vé ta c6 dugc hé phuong trinh :
9 1

X+ X —
y y (I)
10 9 1
2, 2 +
X" +y X+y X-Yy

4=

Nhan vé theo vé trong h¢ (1) ta c6 duge phuong trinh :

40_{9+1J(9_1}©40_81_1
xZer2 X+y X—-y)NX+y X-Yy x2+y2 (x+y)2 (X—y)2
<:>40(x2—y2)2=( 2+y2)(81(x—y)2—(x+y)2)

o 10(x2 _— )2 :(x2 +y2)(5x—4y)(4x—5y)

<10x* —41x3y + 60x%y? —41xy’ +10y* =0

& (x-2y)(2x-y)(5x° —8xy+5y2)=0@@zzz vi 5x% —8xy+5y2 >0.

@ V6i x =2y thay vao (1) ta c6 phuong trinh :
dy+l-ae(2y-1) =0<:>y=%:>x=1.

@ V6i y=2x thay vao (1) ta c6 phuong trinh :

x4+ =4 (x-1f =0 x=1=y=2.
X

Déi chiéu diéu kién ta co nghiém cua h¢ la (x,y) = {(1;2);(%;1)} .
Binh luén : Pay la mot dang toan hé kha hay, mAiu chdt cﬁ:a loai hé Péy lflq tur hé ta
st dung phuong phap cong trir va nhan chéo s€ dua vé dugc hang dang thirc
a’ —b? =(a—b)(a+b) dé ap dung lién tuc s& dwa dugc phuong trinh dang
: 3 gidi h? de:manhd0.44.56:phic,
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Nhung nhugc diém cua so phuc la chi ap dung duwoc mot s6 dinh dang hé nay
ma dudi mau co chira x> + y2 va viéc lua chon dit sb phuc ciing 1a mét ky

ning khong phai d& véi hau hét hoc sinh.

&(1+X+yj=3\/§(1)

Vi du 10 : Giai h¢ phuong trinh (x,y el )

\E[l— 8 ]:—1(2)

X+y

Phén tich : Hé nay vé cau trac hinh thuc thi khac vi du 9 nhung ban chat va cach
giai thi nhu nhau.

a+ 28a 2=3\/§

Thit vy, néu ta xem a =/X,b=1[y thi h¢ s& tr& thanh : a Szb
b-——s=-1

a“+b

Va nhu vay, ching ta s& sir dung phuong phap giai vi du 9 dé truc tiép giai hé
nay ma khong can thong qua an phu.
x>0
Loi giai : Didu kién :{y>0
x+y=#0
Nhan xét voi (x,y) = (0;0) khong thoa hé. Do d6 ta sé xét x>0,y >0,x+y=0.
Hé phuong trinh da cho dugc bién ddi thanh hé phwong trinh :
8 33
x+y  Jx (1)
8 1

1_ery:_%(z)

1+

Lay (1)+(2),(1)—(2) vé theo vé ta c6 hé phuong trinh :

Léy (3)-(4) vé theo vé ta c6 dugc phuong trinh:

32 (3[ J{y/' 1} 2 27 1
X+y \/_ \/_ \/_ X+y X 'y

x=3
<:>32xy=26xy—x2+27y2<:>X2+6y—27y2=0<:>[ Y & x =3y
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vi -9y <0.

V6i x =3y thay vao (1) ta c6 phwong trinh:

Jy=1 [y=1=x=3
2=

\/’;22 y=4=>x=12

Déi chiéu diéu kién va thir lai ta c6 nghiém cia h¢ 1a : (x,y)=(3;1).

1+3=i@y—3ﬁ+2=0c{
Y Ay

Binh ludn : Loai hé nay, xem qua cach giai thi hinh nhu rat don gian nhung that
chat day 1a mot loai hé kho. Va do dic diém cta hé nay gan véi hé ¢ vi du 9 nén
ngudi ta co thé dung ky thuat phirc hoa dé giai hé nay. Va phai ching ngudn
gbc cuia loai hé nay 14 tir s6 phtc?? Chr néu chon dai mot phwong trinh va ghép
lai thi rd rang no co gi do rat ao.

Vi du 11 : Giai h¢ phuong trinh

«fxz+X+y+1+x+«fy2+x+y+1+y=18(l)
«fxz+x+y+1—x+«fy2+x+y+1—y=2(2)
Pai hoc An Ninh nam 1999

Phén tich : Quan sat hé, ta nhan thiy ca hai phuong trinh trong hé déu chtra hai

(X,yeD)

dai luong d6 1a /x> +x+y+1,\y> +x+y+1 nén ¥ tuong ching ta sé trir vé
theo vé hai phuong trinh dé gian udc cac dai lugng nay va thiét 1ap moi quan hé
gitra hai bién x,y va thuc hién phép thé.

Mit khac chiing ta ciing d& nhan thy hai bién x,y & ngoai cin ¢ dau trai nhau
nén ta cling s& thyc hién cong hai vé phuong trinh dé gian u6c dai luong nay.
Nhu vay, qua hai budc cong trur ta s€ dua dugce hé vé hé don gian hon do6 1a :

\/x2+x+y+l+\jy2+x+y+1=10
X+y=28

Va tir day hé da cho duogc giai quyét rat don gian.
o L XXy +120
Loi giai : Dicu kién : .

y2+x+y+120

Lay (1)+(2),(1)—(2) vé theo vé ta dugc h¢ phuong trinh :

\/x2+x+y+1+\/y2+x+y+1=10c> \/x2+9+\/y2+9=10
X+y=38

X+y=38

@{\/xz +9+x2—16x+73 =10 @{x/xz _16x+73 =10-+x2+9
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10-x>+9>0 —9<x<9
S Ix?—16x+73=100-203x> +9 + x> +9 <> {53x* +9 =4x +9
y=8-Xx y=8-Xx
-9<x<9 9
9 —ZSXS9
XZ—— x=4
= 4 = (x—4)2: @{ )
2 2 y=4
25(x7 +9)=16x> +72x+81 |y _g_x
y=8-x

Doi chiéu diéu kién ta c6 nghiém cua hé 1a (x,y)=(4;4).
Binh luén : Pay la bai khong kho va dé thi cling di kha 1au nhung cach giai thong
qua hé nay van con nguyén gi tri va né da khoi goi su ra doi ciia nhiéu bai toan
sau ndy co6 cach giai tuong tu. Loi gidi trong bai todn c6 1€ 1a hudng di tu nhién
nhat cho bai toan nay.
Vidul2:

4x? +3-x +Jy—2 =Xy+2x+16(1)
3y? +\3—x +y -2 =6y —10xy +16(2)

Phén tich : H¢ nay co clu trac cling tya tya nhu vi du 11. Quan sat h¢ ta nhan théy
& ca hai phuong trinh trong hé déu c6 hai dai lwong a\/3—x,~/y—2 nén ta sé

1én y tuong trir vé theo vé hai phwong trinh nay dé thu khir bot dai lwong do,

(x,yeD )

Giai hé phuong trinh {

mat khac khi trir nhu vay ta s€ thu dugc phuong trinh bac hai hai an x, y nén ta
¢ quyén hy vong s& bat duoc nhén tu.

Cu thé ta léy hai phuong trinh trir cho nhau vé theo vé ta thu duoc phuong trinh:
4x* =3y =11xy +2x — 6y <> 4x” —(11y +2)x —3y> + 6y =0.

Taco A, =(1ly+2)" + 16(3y2 - 6y) = (13y—2)*. Vay phuong trinh bac hai ta

tach dugc nhan tir. Va nhu thé co ban hé da dugc giai quyét.
P W Xx<3
Loi giai : Dicu kién : .
y=>2
Lay (1)—(2) vé theo vé ta c6 duge phuong trinh :
4x> —3y2 —11xy—2x—6y=0<:>4x2 +xy—2x—3>y2 —12xy+6y=0
x =3y

@X(4X+y—2)—3y(y+4x—2):0©(X_3Y)(Y+4X_2)ZOQL,: 4x+2°
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>6
® Véi x =3y, thido y>2=x=3y>6. Viy {X<3 v6 Ii. Vay x =3y loai.
XS

® Voi y=-4x+2 thay vao phuong trinh (1) trong h¢ ta c6 phuong trinh :
4x% +B—x +4x =x(—4x +2)+2x +16 =0
& 8x%—4x—16+B3—x +/-4x =0 '
©4(2x% —x=3)+Box -2+ JAx -2=0

ea(x1)(2x—3)- 2L 4D

ﬂ+2_\/—4_x+2_
<:>(x+1)(4(2x—3)—\/é+2—\/ji+2

K

J=O<:>x+1=0<:>x=—1

=y=6 (*).
Ta c6 duoc (*)1a vi didu kién dé giai phuwong trinh lac nay 1a x <0. Ma véi
x<0=K«<0.

Déi chiéu diéu kién ta c6 nghiém ctia hé 1a (x,y)=(1;6).

Binh luén : Bai toan ndy c6 do kho hon vi du 9 nhung y tudng giai thi van vay. O
viéc rat xong nhan tir, ta cAn quan sat chit ch& bai toan dé tranh sai 1am cir thé
ting nhn tir vao rdi giai. Cac diéu nay & cac phan trude chung t6i cling di luu
¥ kha nhiéu. Cac ban c¢d ging nim chic dé tranh nhitng budc di ling nhing
khong can thiét.

Vidu13:

2x2 +x+0x+2 =2y2 +y+a/2y+1(l)
x> +2y° —2x+y—2=0(2)

(Thi thir chuyén dai hoc Vinh 1an 3 nim 2014)

Phan tich : Day 1a mot bai hé hay, nhin vao hé thiy phuong trinh thir nhat hai bién

X,y da c6 tinh phan ly nén tir ddy c6 thé dinh huéng dua vé phuong trinh thi

Giai hé phuong trinh { (X, yell )

nhit vé dang phuong trinh ¢6 tinh ddi xtg dé bit nhan t. Tuy nhién voi cau
truc sap xép cac dai luong chua cho phép cho ta duoc bién ddi nay. Do d6 y
tuong s& két hop ca hai phwong trinh trong hé dé c6 dugc phuong trinh dang
dbi xtmg.

Lai c6 phuong trinh tht hai trong hé 1a phuong trinh bac hai véi hai bién x,y.

Kiém tra phuong trinh nay khong c6 delta chinh phuong nén hy vong bét nhan

tir & phuong trinh nay ciing khong gitp chung ta dugc.
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Quan tam chinh 14 sy khac biét & phuong trinh thir nhat khéng gitp ching ta
dua dugc ve phuong trinh dang doi xting chinh 1a sy sai biét cta hai dai lugng
2x% +x d6i voi x+2 va 2y* +y dbi véi 2y +1. Va muc dich bt nhan tir
& dang ddi xtmg c6 chira can 1a khir can.
Tu nhan xét nay ta thir phép tinh sau :
Ly+l=yx+2 ©2y+1=x+2ex=2y-1.
Vay néu khir can thi ta cdn c6 mdi quan h¢ giita hai bién x,y 1a x =2y —1. Khi
dotaco:

@ f(x)=2x2 +X+\/E—2y2 —y—\/"2y_+=2(2y—1)2 +2y—1—2y2 -y

=6y> —Ty+1.

Bg(x)=x2+2y? —2x+y-2=(2y -1\ +2y* —=2(2y —1)+y—2=6y* =Ty +1
Nhu vay khi x =2y—1 cho ta f(x)=g(x).
Do d6 ta s& dua ¥ tuong 13 14y (1) — (2) vé theo vé.
Cu thé 1ay (1)—(2) vé theo vé ta dugc phuong trinh:

x> —2y2 +3x+ﬂ\/x—2—y+2=2y2 +y+af2y+l
S x2+3x+2-4y> —2y+x+2 -2y +1=0

x—2y+1

»\/x+2+a/2y+1 B

o (x—2y+1)(x+2y+2)+ 0

@(X—2y+l)(x+2y+2+

1 =0
Vx+2+42y-1

) Xx+22>0 . \ s
Vi diéu kién cua hé {2 - thi biéu thirc trong ngodc da ro rang vé dau nén
y>
ta da c6 duoc nhan tir nhu dy doan. Vay xem nhu hé da duoc giai quyét.
X=>-2
Loi giai : Didu kién: 1
“2

y
. 1 L \ .
Véi (x,y)z(—z;zj ta nhan thay khong théa hé. Do d6 ta chi can xét véi

1
X>-2,y>—.
Y 2

Lay (1) — (2) vé theo vé ta dugc phwong trinh :

x> —2y2+3Xfrx/x+2—y+2=2y2+y+«¢2y+1
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o x2+3x+2-4y? 2y +Jx+2 - L2y +1=0
x—2y+1

Jx+2 +«f2y+

1
x/x+2+~/2y+lJ_
P

<:>(X—2y+1)(x+2y+2)

XS

<:>(x—2y+l)£x+2+2y+

X>-2
Vi 1 =>P>0.Dodotr (*) taco x—2y+1=0<=x=2y-1.
Y>5
Thay vao phuong trinh thir hai trong hé ta dugc phuong trinh :
y=l=x=1
6y2—7y+1=0<:> 1

L
Y 6 3

Déi chiéu diéu kién ta c6 nghiém ctia h¢ 1a (x,y) = {(1 1); (—% éj} :

Binh luin : Vi bai toan nay, that chat ching ta la riat x> =—2y* +2x —y+2 vio
phwong trinh tht nhat dé dua vé phuong trinh dang hai bién phén ly c6 tinh d6i
xtng r0i xét ham sd. Nhung véi quan diém cia chung t6i, cach thé y qua “ao
diéu” khong phai hoc sinh nio ciing c6 thé cho mot phép “la, hiém” nhu vay ca.
Trén tinh than cua hé sb bt dinh ma ching ta t6i da di duoc dén 10i giai nhu
vay. DPé c6 dugc diéu do thi tir sy phan ly giita céc bién 6 phuong trinh thir nhat
chung toi hudng dén dinh dang d6i ximg (xét ham s6 hodc lién hiép bit nhan tir
chung) nén ching t6i nghi dén phép khir can thirc. Cac cin thirc di rach roi vé
bién nén phép thir cho hai cin thirc bang nhau dé tim mdi quan hé giira hai bién
la mot tu duy tu nhién. Viéc con lai chinh la ching ta dem thir lai tinh ding
trong hai phuwong trinh. Chi y rang v&i hé nay néu xét tinh don diéu, néu chon
ham s6 khong khéo thi khi chimg to ham don diéu s& qua budc dao ham cip 2
kha r6i. Tuy nhién, dwa trén dinh dang tinh phéan ly giita bién va tinh d6i xing
cua phuong trinh s€ cho 101 giai tu nhién va dep.

Vi du 14:

x> +4y(x—5) 1= 4y —X+2«/
4y(x 4)+ X =2x— ( )
(Thi thir 1an 1 chuyén qudc hoc Hué 2015)
Phin tich : Bai toan nay da duoc ngudi ché dé che gidu ki hon, do tinh hinh thirc
cua bai toan nén vi€c giai hé ndy y tudng 1a can phdi hop ca hai phuong trinh

Giai h¢ phuong trinh { X ,yell ) .
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trong hé vi tir tmg phuong trinh trong hé ta khong thé 1am duoc gi dé c6 nhan
tir chung. Viéc xudt hién hai can thirc ma mdi can thirc chi chira x hodc y nén
ta co thé an phu dé khtr can thire. Nhung khi an phu hoa thi ta sé dua bac cua da
thure s& cao hon bac ban dau.

Vay muc dich 1a khtr can thic, vay ta s€ thir phép tinh sau :

2y =vx-1ex=2y+1.Khidotaco:
Df(x)=x>+4y(x—5)—1-4y? +x 2,2y =2x* ~9x +8-2x ~1
Dg(x)=4y(x—4)+x-2Jx —1=2x" —9x +8-2/x -1

Va nhu vAy v6i x =2y+1 ta ludn co f(x)=g(x). Do do ta s& lén y tuong 1a

lay (1) — (2) vé theo vé dé bat duoc nhén tir chung.
Cu thé 1dy (1) — (2) vé theo vé ta s& c6 duoc phuong trinh :

x? +4y(x—5)—1—4y(x—4)—x=4y2 —X+2\/E—2\/x—l

o x2-(2y+1) =2(\/E—\/>:)Q(X+2Y+1)(X_2y_l):%

<:>(X—2y—l)(x+2y+l+ =0.

2
\ /2y +/x—1 j
Toi day tu diéu kién c6 dugc cua hé ta s& c6 dugce nhan tir chung nhu dy doan.
Vay hé da dugc giai quyét.

‘ >0
Loi gidi : Didu kien: {7~ .
x>1

Nhan xét véi (x,y)=(1;0) khong théa h¢. Do d6 ta chi can xét x >1,y>0.
Lay (1) — (2) vé theo vé ta s& c6 dugc phwong trinh :
x? +4y(x—5)—1—4y(x—4)=4y2 —X+2ﬂ/2y —24x -1

o x-(2y+1) :2(\/5—5)C>(X+2Y+1)(X_2y_l):%

<:>(x—2y—1){x+2y+1+

2
E+ﬁ]=0 (*)

T

x>l o ,
Vl{ :>P>O.Dodotu(*) taco 2y=x-—1.
y>0

Thay vao phuong trinh (2) ta c6 dugc phuong trinh :

2(x—1)(x—4)+x=2dx -1 2x* ~9x +8=2x -1
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S ax2 —18x+16—4fx -1 =

2
e 4x% 20X 117+ 2% — 1~ 4Jx —T =0 <> x> —20x +17 + X Z20x+17 _
X —1+4x 1

<:>(4x2—20x+17)(1+ =0 < 4x2—20x+17=0

1
2x—1+4xlx—lj
K

vix>1=K>0

5422 34202

2 4
= .
5-242 3-242
X = 2 :)y: 4

Dbi chiéu didu kién ta c6 nghiém ciia hé 14 :
(x.y)= 54242 3+242 ) (5-2V2 3-2\2
b y 2 b 2 b 2 b 4 .

Binh luén : Bai toan nay c6 y tuong tuong tu nhu vi du 13, nhung ngay tir dau cau
triic cia hé cho ta huong di hep hon vi khong chira mét phuong trinh béc hai
hai bién nhu vi du 13. V& 10i gidi ciia phuong trinh tim nghiém, c6 thé binh
phuong hai vé dua vé phuong trinh béc 4 tach duoc nhan tir.

Viduls:
2
Gii h¢ phuong trinh Vxr3y=2)y=(x+1) =x 21 (xyel)
(2y 3)x+ 2x+y— 1f2x+ =l+y- y

Phén tich : Vi hé nay, ta chang phan doan dugc gi tir hinh thirc ctia hé nén trudc
hét ta s& bién d6i hé mot chut cho bot can thirc vi phuong trinh thtr nhét cia hé

c6 dang co ban /f(x)=g(x) va khi st dung nang Ity thira thi s& thu duoc
phuorr}g trinh béf: hai hai 4n va hy vong s& bit duoc nhan ti.
Cu thé ta bién doi hé tro thanh hé phuong trinh :

x+2y—-120

(x+3y—2)y—(x+1)2 :(x+2y—l)2

(2y 3)x+ 2X+y-— \/m I+y— y

x+2y—-120

= 42x? +y2 +3xy—2y+2=0

(2y 3)x+ 2x+y—1)2x+y=14+y— y
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Kiém tra phuong trinh bac hai an trong hé méi ta thiy khong co delta chinh
phuong nén viéc bat nhan tir chung tir phuong trinh nay xem nhu that bai.

V6i hé méi ta chi con mot cin thire va c6 thé an phu héa can thuc nhung néu
nhu vy ta s& dwa hé vé mot hé chira hai phuong trinh da thire c6 bac kha cao va
lac d6 chon lya chéic ciing phai 14 tach nhan tr nén & day ta s& dé xuat mot y
tuong nhd vao viéc biéu thirc gin véi can bang phép tinh nhan co dai luong
gidng trong cin va khi cho 2x +y—1=0 lap tuc ta s& thoat duoc can thirc ludn.

Vay du doan mbi quan hé giita hai bién lic nay 1a 2x +y—1=0. Khi d6 ta c6 :
®f (x)=(2y-3)x +(2x +y—1)\2x +y +y* —y -1
=(~1-4x)x+(1-2x)" —24+2x =3x 1
Dg(x)=2x7 +y? +3xy 2y +2=2x% +(1-2x)” +3x(1-2x) +4x =3x +1

Vay véi y=1-2x tacod: f(x)=-g(x). Do d6 ta s& ddy y tuéng la ldy phuong
trinh thir nhit trong hé méi cong vé theo vé voi phuong trinh thir hai trong hé
mai.

Cu thé ta s& c6 phép bién doi sau :

2x2 +y2 +3xy—2y+2+y2 —y+2xy—3x+(2x+y—1)af2x+y -1=0

'S +2y2 +5xy—3x—3y+1+(2x+y—1)~f2x+y =0

<:>(2X+y—1)(x+2y—1)+(2x+y—1)~f2x+y:O

2x+y-1=0
<:>(2x+y—1)(x+2y—1+,\/2X+y)=0<:> x+2y—-1=0.
2x+y=0

Va téi diy xem nhu hé da duoc giai quyét .
x+2y-120

Loi gidi : Didu kién : {(x+3y-2)y—(x+1)*20.
2x+y=20
V6i diéu kién nay hé phuong trinh d cho dugc bién d6i thanh hé phwong trinh :
(x+3y-2)y —(x+1)2=(x+2y—1)2
(2y 3)X+ 2x+y—1)2x+y=14+y— y
@{m +y +3xy—2y+2=0(1)

y2+2xy—3x—y—1+(2x+y—1)af2x+y=0(2)

Ly (1)+(2) vé theo vé ta dugc phuong trinh :
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2x> +2y2 +5xy—3x—3y+1+(2x+y—1),}2x+y=O

<:>(2x+y—1)(x+2y—1)+(2x+y—1)af2x+y:0

y=1-2x
2x+y-1=0 1
c;@x+y—lﬂx+2y—Hu&x+y)=0c>{x+2y—1:Oc> X=73
2x+y=0 2
Y73

®Vai (x,y)= (—%,%j thir lai ta nhan thiy khong thoa hé.

® Vi y=1-2x thay vao (1) ta dugc : 3x+1:0<:>x=—%:>y=§
I S G , n N 15
Doi chiéu diéu kién ta co nghiém cua hé 1a: (x,y)= —S;g )
Binh ludin: Bai toan nay c6 dinh hudng giai giéng cac vi du 13, 14. Tuy nhién n6
mot dinh dang khé hon mét chut. Pac biét rat nhiéu hoc sinh hay mic sai 1am
chd két luan sau day :

(2x+y—1xx+2y—1+sz+y)=0¢>2x+y—1=0.
Vi nghi rang x +2y—1+ ,f2x +y>0.D6 1a sai 1am bai vi tir diéu kién cia bai
toan ta c6 duoc dai luwong x+2y-—1+ «fZX +y>0 nén ta cin co

{x+2y—1=0

. Va sau d6 kiém tra lai nghiém nay ddi véi hé.
2x+y=0

X+Vx>-2x+5 =3y+«fy2 +4(1)
x> —y? =3x+3y+1=0(2)
(Thi thir toanphothong.vn)
Phan tich : Vi hé nay ta ciing nhan thiy hai phuong trinh thi nhat trong hé c6
tinh phén ly nén ta s& ¢ gang dua phuong trinh nay vé phuong trinh ¢é tinh ddi
xing dé bat nhan ti chung. Tuy nhién sy sai biét vé hai dai luong

X, Vx> —2x+5 va 3y,«fy2 +4 1a kha 16n va khong thé kéo theo dugc diéu gi.

Mit khac ta ciing nhan thiy phwong trinh thir hai trong hé 14 phwong trinh bac
hai hai 4n nhung lai khong cho duoc delta chinh phuong nén phwong trinh nay
cling khong gitip ta bt dwoc nhén tu.

V6i y tudng “phan ly va d6i xtmg” ta ¢ muc dich 1a khir cin nén ta s& thir phép
toan sau

Vi du 16: Giai hé phuong trinh (x,y el )
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i —2x+5=\y* +4 ox’ —2x+5=y +4 o (x-1)* =y’ <:>|:1
@ Véi y=x—1 ta co céc budc tinh sau:
=x+m—3y—\/ﬁ=x—3(x—l)=—2x+3
eg(x)=x?—y? —3x+3y+1=x>—(x—1)’ —3x+3x—3+1=2x -3
Tir déy ta co : f(x)=-g(x).
@ Véi y=1-x tac6 céc budc tinh sau :
—x+x2 —2x+5-3y—\Jy? +4 =x—3(1-x) =4x -3
eg(x)=x2—y? —3x+3y+1=x? —(1-x)’ =3x+3-3x +1=—4x+3
Tir déy ta co : f(x)=-g(x).

Vay qua hai budc thir ta du doan néu ta lay phuong trinh thir nhat cong véi
phuong trinh thir hai trong hé vé theo vé ta s& co dugc nhan tir chung

(x - 1)2 - y2 .
Cu thé ta s& c6 phép bién doi sau

X+Vx2 —2x+5 +x2—y2—3x+3y+1:3y+«fy2+4
(=1 4y Y2 +4=0
S (x=1) =y +\(x=1) +4—Jy> +4 =0

xl)y

_y +4,X 1 +4+\ﬁ
C{(X 1 J Jx 1 +4+ﬁ

Va téi déy, ta thiy nhan dinh cua chung ta di dung va phép bét nhan tr chung
cling thuc hién dugc ma khong can danh gia gi thém vé diu cta biéu thirc trong
ngodc. Va xem nhu hé da dugc giai quyét.

Loi giai :
Lay (1) + (2) vé theo vé ta c6 phuong trinh :

X+1x?=2x+5 +x2—y2—3x+3y+1=3y+«/y2+4
(x=1 +4-y> —\y* +4=0

<:>x1
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<:>(x—1)2—y2+«f(x—1)2+4—\/yz_+4=0

2 (X—l)z—yz

@(x—l)z—y + =0
\/(X—1)2+4+\/y2+4
@[(x—1)2+y2} 1+ ! =O(i)(x—1)2=y2<::>[yzx_1
\/(X—l)2+4+\/y2+4 y=l-x
T

vi T>0.

®V6i y=x-1 thay vao (2) tacd: 2x—3=0<:>x:%:>y=%

@®V6i y=1-x thay vao (2) tacod: —4x+3=0<:>x=%:>y=i
Vay h¢ phuong trinh ¢6 nghiém la (x,y)= {E,lj,(g,lj} )
22)4 4
Binh ludn : Bai toan nay co rat nhidu 10i giai 1a thé 3y=y2 +3x—1-x> vao
phuong trinh thi nhit va tao ra nhan tir nhu trong 10i giai. Didu d6 1a chinh xac,
nhung chung t6i thiét nghi phép thé nay c6 dugc 1a do rén luyén nhung voi da
sd hoc sinh thi s& hoi tai sao lai chon phép thé d6 ? Li phén tich trén c6 1¢ 1a
con dudng ty nhién nhat dan dén phép thé d6. Hy vong s& trg giup cho cac ban
mot 16i tu duy logic nhat dé co duoc su trai nghié€m v&i nhitng bai toan hé.
Vidu 17:

2(4x7 +y)x=4-2y7 (2 +15y)(1)
Giai hé phuong trinh 10+ f2x+3y+4 (x,y el )
(2)

(3y+4x2)f =
Jy
Phan tich : Ciu truc hé nay that khé phan doan dé lam gi tir hai phuong trinh
trong h¢. H¢ chira hai can thuc la \Eﬂﬂx +3y+4 nhung thyc chat 1a duy nhat
mdt can thuc .f2x+3y+4 néu theo 1& thuong 4n phu hoa thi that sy ciing

chang tim dugc moi lién quan nao giita an phu va an ban dau cta hé. Thoi thi,

hé co phf?ln da thitc nhiéu hon cin ta xem chuén héa cho cin thirc dugc thoat
can la uu tién cua ching ta.

Do cac dai luong x,y trong cin déu bac nhét va c6 gin v6i sé 4 bang phép cong
nén ta thir du doan 2x +3y=0 détaco 2x+3y+4=2.

Vi du dodn na :
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@f(x)=8x3 +2xy+30y3 +4y2 -4
3y’ 3

=8(—7YJ +2(—7yjy+30y3 +ay? —4=3y° +y? -4

(—Bg(x)=3y2+4x2y—10—af2x+3y+4
2
= 3y? +4(—3—yj y-10-2=3(3y’ +y* -4)
2
Tur ddy ta c6 duoc: g(x)=3f(x). Khi d6 ta day y tuong 1a lay (2)-3-(1) vé

theo vé.
Cu thé ta co:

3y? +4x2y—10—,/2x+3y+4—3(8x3 +2xy +30y° +4y2—4)=0
< 24x3 +6xy +90y° +9y? —4x’y + 2x +3y+4 —2=0

< 24x% —4x%y +490y° +6xy +9y* + 2x +3y+4-2=0

2x+3
2x +3y)(12x% = 20xy +30y2 ) + 3y (2x + 3y ) + Y o
= y)( o y) y(2x+3y) J2x+3y+4+2

1
< (2x +3y)| 12x* = 20xy + 30y + 3y + =0
( )( ,px+3y+4+2
Va téi day viéc bat nhan tir chung da thanh cong vi v6i diéu kién cua hé thi dau
trong ngoac da rd rang.
Loi giai:
3 >0
biéu kién: Y .
2x+3y+42>0

Ly (2)-3-(1) vé theo vé ta c6 dugc phuong trinh :
3y? +4x%y—10—2x +3y + 4 —3(8x3 +30y? +2xy +4y> —4)=0

< 24x% —4x%y +90y° +6xy +9y” + 2x +3y+4-2=0

0

o (2x+ 3y)(12x2 — 20xy +30y> ) +3y(2x+3y)+

1
J2x+3y+4+2

< (2x+ 3y)£12x2 —20xy +30y? +3y +

! =0
a/2x+3y+4+2

C

<:>2X+3y:0<:>x=—37y vi C>0.
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® Véi x = —37}] thay vao (1) ta duoc phuong trinh :

3y3+y2—4=0<:>(y—1)(3y2+4y+4)=0 yzl:x:—% vi 3y2 +4y+4>0.

A V4 <A .« A , LN 9 A 1N 3
Doi chicu dicu kién ta c6 nghi€ém ctia h¢ 1a : (x, y) = (—E; lj .

Binh luin: Bai hé nay c6 mirc o khé va phai két hop nhiéu ki ning méi c6 thé
hoan thanh hé. Vi dé bai hé danh Iira cam giac hai can thirc nhung néu ta tinh ¥
sé théy hé nay ban chét that chi chira mot can thie. Con can thirc con lai chic 1a
ngu y cia tac gia ding dé khdng ché sy dénh gia sau nay duoc thuan loi hon va
16 rang 1 qua 10 giai sy xuat hién ctia \[y chi gitp danh gia duge don gian hon.

Vi du 18: Giai hé phuong trinh

x*+2(3y +1)x2 +(5y2 +4y+11)x—y2 +10y+2=0(1)

(x,yeD)
y3 Jr(x—2)y+x2 +x+2=0(2)

(Thi thtr toanphothong.vn)

Phan tich : Day la mdt bai hé rat kho, bai hé¢ nay muon cong pha né that sy la mot
van dé rt nan giai va doi hoi ngudi giai phai hoi tu rat nhiéu sy nhay bén va ky
thuat. Trude tién quan sat hé nay ching ta khong thé thay duoc duong 16i nao
ca, nhung ching ta ghi nhé mot didu giai hé that chat 1a ki nang thé “ghép va
tao” dé dua dén giai mot phuong trinh hodc mot hé don gian hon.

Nhung ching ta d3 biét ky ning thé s& duoc thuc hién thanh cong khi ma ta co
mdi quan hé giita x,y phai thoa f (X,y) =0, trong d6 f (x,y) thuong 1a dang
duong thang di qua hai diém nao d6 1 nghiém ciia hé hodc mot biéu thirc rang
budc dé tao mot phuong trinh hoac mot hé don gian hon. Tur suy nghi nay, véi
bai toan ndy chung ta cin doan nghiém trudc. Nghiém nay thuong 1a cac sb
nguyén ma ta co thé tinh t&i nhu 0;+1;+2;+3 .

Cu thé trong hé nay, ta nhan thiy phwong trinh thir hai trong hé c6 thé thi
nghiém tét hon phuong trinh thir nhat, mt khéc ta thir voi y sé ¢6 loi hon thir x.
Khong khé nhan ra tir phuong trinh thi hai ta biét dugc hé khong thé c6 nghiém

(x,y)=(x;0).

x* +8x2 +20x+11=0
@ Véi y=1 tacod hé tré thanh : 5 = x=-1.
(X+1) =0
. o x*—4x? +12x-9=0 o N
®Voi y=-1 taco hé trd thanh : 5 (hé vo nghiém)
x“+3=0
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. e x* +14x* +39x+18=0
@ Véi y=2 tacdhé trd thanh : ( hé vo nghiém )
x2+3x+6=0

g e x* —10x* +23x -22=0
@®Véi y=-2 taco hé tré thanh : &x=2
x2-x-2=0
Viy qua budc doan nghiém ta nhan thiy hé s& c6 hai nghiém
(x.y)={(-L1):(2-2)}.
Nhu vay duong thing di qua hai diem A(-11),B(2-2) la x+y=0<y=-x.
Khi d6 ta s& c6 cac phép tinh thir sau :
®f (x)=x* +2(3y +1)x> +(5y2 +4y+11)x—y2 +10y+2=(x+1)° (x=1)(x—2)

@g(x)=y3 +(X—2)y+x2 +x+2=—(x+1)2(x—2).
Va tir ddy ta c6 nhan xét 1a: f(x)=—(x—1)g(x). Va téi day ta c6 thé ddy duoc
¥ tudng 1a 1y (1)+(x—1)-(2) vé theo vé. Tuy nhién ta chu y rang do bic cia
X & phuong trinh thir nhat 12 4 va bac cta y ¢ phuong trinh th hai 1a 3, cong
hudéng vdi y = -x nén de tao luan 1gi cho tinh toan ta s€ hoan doi gitta x,y dé

tao su cung béc cho x, y.
Ttc 1a ta s& d6i (1) + (x — 1).(2) thanh (1) — (y + 1).(2).
Cu thé ta s& co:

x4+2(3y+1)x2+(5y2+4y+11)x—y2+10y+2—
(y+1)(y3+(x—2)y+x2+x+2)=0

<:>x4—y4+5x2y+xz+4xy2+2xy+10x—y3+y2+10y=0

<:>(x+y)(x3—y3+xy2—yx2+5xy—y2+x+y+10):0

<:>(x+y)(x—y+2)(x2—2X+y2+3y+5)=0.

Va t6i ¢y moi thir da dan hién rd va ta c6 thé giai quyét dugc hé.

Loi giai :

Nhan xét y =—1 khong thoa hé nén véi y =1 ta lay (1)—(y+1)-(2) vé theo vé

tacod:

X4+2(3y+1)x2+(5y2+4y+11)x—y2+10y+2—
(y+l)(y3+(x—2)y+x2+x+2):0

< x? —y4+5x2y+x2 +4xy2 +2xy+10x—y3 +y2 +10y=0

224




Cty TNHH MTV DVVH Khang Viét

<:>(x+y)(x3—y3+xy2—yxz+5xy—y2+x+y+10):O

<:>(x+y)(x—y+2)(x2—2X+y2+3y+5)=0

@(x+y)(X—y+2)[(x—1)2+(y+%)2+z]=0@{y=_x , Vi P>0.

4 y=X+

P

—l=y=1
@ Vi y=—x thay vao (2)taco: —(x+1)2(x—2)=0©[z:2:yy:_2

iy . . 2 y=l=x=-1
@® Vi x =y—2 thay vao (2)taco: (y—1) (y+4)—0<:>[y:_4:>X:_6.
Vay hé phuong trinh da cho c6 nghiém la : (x,y) = {(—1;1);(—6;—4);(2; —2)} .

Binh luén : Nhu da nhan dinh 6 phéan tich, day 1a mot hé rat kho va con duong di
dén 101 giai nhu trong 101 giai ¢ bai toan 1a mot doan duong khong hé bing
phing, n6 doi hoi rat nhiéu ky ning. Dé ché tao ra duoc hé nay tac gia phai rat
tinh té trong “ghép va tao” cac phuong trinh lai véi nhau. Tinh té& & chd d6 1a
chon bd nghiém sao cho “dep” dé nguoi giai con phan doan, con néu chon bd
s6 qua 16 thi that sy 13 mot tré ngai rat 1on cho ngudi giai vi luc nay can rat
nhiéu sy bo trg & bén ngoai. Cho nén viéc sang tac 1a chuyén khong hé kho
nhung dé cho ngudi giai nim dugce duong hudng giai 1a ca mot nghé thuat. Loai
hé nay giai bang phuong an nay thuong s& can mot linh cam vé nghiém trong
muc cho phép dugc. Tuy hé trén 1a mot hé kho nhung duge danh gia 1a mot hé
rat hay va sau khi bai todn ndy ra doi dan dén mot loat bai toan duogc ché tac
theo phuong an niay dong loat c6 mat, tuy van con han ché & khau “ché nghiém”
nhung d6 cling 1a mdt nét son ma bai toan nay mang lai.

Vidul19:

24y’ —2x+2y-2=0(1
Giai hé phuong trinh Y i () (X,yeD)
x2+(3y+4)y—8=2(2—X—y)(1+xy)(2)

Phan tich: V6i hé nay, chung ta nhin vao cdu trac thiy hé sb x? trong hai vé

phwong trinh giéng nhau nén c6 1é ta s& nghi viéc khir x% va v tudng nay sé 1ap
tic pha san ngay vi chiing ta khong c6 lap dugc y theo x dé thuc hién phép thé.

Phuong trinh thr nhét 14 phuong trinh bac hai hai 4n nhung lai khong c6 delta
chinh phuong. Mit khac phwong trinh thir hai ta ciing sip xép dwoc thanh
phuong trinh bac hai hai 4n nhung ciing khong c¢6 dugc delta chinh phwong.
Vay véi huong tach nhan tr trén ting phuong trinh cling khong gitp dugc

225




Tuw duy logic tim toi loi gidi Hé phwong trinh

chung ta. Vay chi con mot cach cudi cung 1a chung ta s& “ghép va tao” hai
phuong trinh v6i nhau dé thu duge mot phuong trinh tich duge nhan to.
Mit khac do ciu tao cua hé nén ta khong thé “ghép va tao” theo kiéu
(1)+k-(2) nhu vi du 3 duge vi tinh toan s& rat phite tap. Do d6 ta day y tudng
di tim nghiém cuda hé.
Tinh chit tim nghiém duya trén hinh thirc ctia phuong trinh (1). Ta bién d6i (1)
thanh:
x—1]<2 -1<x<3
4y —2x+2y-2=0& (x-1) +(y+1)’ =4= <=1 .
ly+]]<2  [-3<y<l
Viy ta sé thir vdi cac ) “dep” sau: 0;%1;+2;+3.
Khong qua khé dé nhén thay duoc hé khong thé c6 nghiém (x,y)=(x;0).
(x-1)° =0
x> —1=2(1-x)(1+x)

@ Véi y=1 taco hé &Sx=1.

x> —2x-3=0
A=
x> -9=2(3-x)(1-x)

@®Véi y=-1tacohé {

Vay tu day ta c6 dugc hai nghiém cua phuong trinh la (x, y) = {(1;1);(3;—1)} .
Puong thing di qua hai diém A(l;l),B(3;—1) la x+y-2=0. Vay mdi quan
hé gitta x,y lic nay chinh la x+y—-2=0<y=2-x. Khi d6 ta s€ thir cac
phép tinh sau :
2,2 2 2 2
Of (x)=x7 +y” =2x+2y=2=x" +(2-x)" =2x+2(2—-x)-2=2(x" —4x +3

@g(x)zxz+(3y+4)y—8—2(2—x—y)(1+xy)
=x?+(10-3x)(2-x) -8 =4(x” —4x+3)
Vay tu day ta co: 2f(x):g(x) va ta s& day y tuong lay 2-(1)—(2) vé theo vé
ta c6 duoc :
Z(X2 +y2 —2x+2y—2)—(x2 +3y2 +2x+6y+4xy—2xzy—2xy2 —12)=0

o x? —y2 —6x —2y—4xy+ 2x2y+2xy2 +8=0
@(x+y—2)(2xy—y+x—4)=0
Va t6i day duong 16i giai hé ndy xem nhu d rd rang. Gio ta di vao 10i giai cho
bai toan.
Loi giai :
He
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x> +y? —2x+2y-2=0(1)
{xz +3y2 +2x+6y+4xy—2xzy—2xy2 —12=0(2)
Lay 2-(1)—(2) vé theo vé ta dugc phuong trinh :
2(x2 +y2 —2x+2y—2)—(x2 +3y2 +2X+6y+4xy—2xzy—2xy2 —12)=0
o x? —y2 —6)(—2y—4><y+2)(2y+2><y2 +8=0
<:>(X+y—2)(ny—y+X—4)=0

x+y-2=0 y=2-X
= =
2xy-y+x—-4=0 (2x—1)y:4—x
x=l=y=1

@®V6i y=2-x thay vao (1) ta dugc x2—4x+3:0<:{ :
x=3=y=-1

®V6i (2x—1)y =4—x. Nhan xét voi x =— khong thoa hé.

— N | —

1 4-
Do d6 véi x # S=Y= 2—X1 , thay vao (1) ta dugc phuong trinh :

2
x4y —2x+2y-2=0 (x—1) +(y+1) =4©(x—1)2+[24_xl+1) =4
.

e 2xt—6xd —x2+8x+3=0 <:>(x2 —2x—1)(2x2 —2x—3)=0

_X=1+\/§:>y=—1+\/5

le—ﬁ:yz—l—ﬁ
2 —

@{X -2x—-1=0 - 1+\ﬁ:> _—1+\ﬁ_

w2 -2x-3=0 |X7 3 )T,

-7 1447

L 2 2
Vay h¢ phuong trinh da cho c6 nghiém la :

(B)s(35-1)5(1+ 231442 )s(1-423-1-42);
(xy)= (Hﬁ_uﬁ}(l_ﬁ_uﬁ]

2 2 2 72

Binh luén : Bai toan nay ciling dugc xay dung dua trén y tuong cta vi du 18. Tuy
nhién né c6 tinh gan giii hon mot chit. Mot diém luu v cling 14 meo nho do 1a néu
trong hé c¢6 cho phép mét phuong trinh nao d6 chan dugc ving nghiém cia x,y

thi ta ¢6 ging thuc hién dé kiém soat ving nghiém, diéu d6 sé& gitp ching ta duoc
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nhiéu diéu loi. Chi trir khi tac gia di c6 ¥ gai sin nghiém “khong dep” thi nd méi

v hiéu hoa. Chtr néu bai toan mang tinh ca nhan cong hudng voi cong ddng hoc

sinh chtr khong phai meo muc qué c4 nhan thi ta déu kiém soét tét.

8x” -y’ =63(1)

y2 +2x2 =9+X—2y(2)

Phan tich : Quan sat hé ndy, ta thdy cdu triic cua hé rat ngan gon. Qua cau trac cua
hé ta nhan thdy ngay duoc rang hé nay khong thé sir dung phép thé. Do d6 dé s
dung y tuong rat nhan tir chung ta s& “ghép vao tao” . Tac 1a (1)+k-(2) véiuu

(x,yeD)

Vi du 20 : Giai hé phuong trinh {

tién cai nao bac cao giir nguyén.
Cuthétaséco: 8x° —y’ —63+k~(2x2 +y2 +2y—x—9)=0 ().

Hay dé y phuong trinh (*)cac bién c6 tinh phan ly nén ta c6 quyén hy vong (*)
dugc bién d6i trd thanh dang phuong trinh 6 tinh dbi xtmng :

(2x +a)3 = (y+b)3 . Nhu vay ta cin chon k,a,b sao cho :

8x> + 2l —kx —y® +ky? +2ky —63 -9k = (2x +a)’ —(y+b)’ (+').

k =6a

—k = 6a’ k=-6
Dong nhét hé sb hai vé cia (*') ta c6 duoc : {k=-3b eda=-1

2k =-3b b=2

~63-9k =a’ - b’

Va nhu vy ta s& ddy ¥ tuéng 1a ldy (1)—6-(2) vé theo vé tas& co :

8x’ —y’ —63-6(2x” +y’ +2y—x—9)=o

< 8x° —12x* +6x—1=y° +6y° +12y +8

o (2x-1) =(y+2) ©2x-1=y+2oy=2x-3

Vay la y tudng giai hé da o rang. Gio ta di vao 101 gidi cho bai hé.
Li gidi :

e 8x> —y’ =63(1)
H¢ phuong trinh da cho duogc viét lai thanh h¢ :
2x2 +y2 +2y—x—9=0(2)

Léy (1)—6-(2) vé theo vé ta c6 dugc phuong trinh :
8x’ =y’ —63-6(2y” +y? +2y-x-9) =0

&8 —12x2 +6x—1=y’ +6y° +12y +8
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o (2x-1) =(y+2) @ 2x-1=y+2oy=2x-3

x=2=y=1
Thé y=2x-3 vao (2) tadugc: 2x* -3x-2=0< 1
Xz—E:>y=—4

Vay h¢ phuong trinh ¢6 nghiém la (x,y)= {(2;1);(—%;—4)} )

Binh luin: Nhin vio 10i giai ta nhan thay 16i giai gon va dep nhung dé di 10i giai
d6 chiing ta can c6 mot ki nidng va rén luyén sy quan sat nhit dinh. Cau hoi vi
sao lai nghi dua vé hing ding thirc da dugc chung toi tra 101 trong phan phan
tich.

IV. HE PHUONG TRINH GIAI BANG PHUONG PHAP AN PHU HOA
Ddy la mot phwong phap ciing thuong dimg trong hé phzm’ng trinh. Pdc diém
néi bt cia phu’ongphap nay chinh la can phdt hién ra an phu va xir ll méi lién
quan ctia an phu véi cdc dai lwong c6 trong hé. Vi tinh chdt cia an phy la
phong phu nén doi hoi nguoi giai phdi co cai nhin nhay cam va ren luyén sw
phan xa trong tirng bai todn. Viéc xudt hién ciia an phu ciing ¢é hai kha nang :
® Kha nang 1: Dai luwong can an phu xudt hién truc tié'p trén hé.
® Kha nang 2 : Pai lwong can dat an phu c¢é dwoc sau khi khai trién boi cdc

phép bién doi co ban nhu sir dung hang ddng thire, nhdn chia cho mét dai
lwong nao do khac 0, tach thém bot.
Chiing ta sé gdp cdc badi todn an phu trong hai I6p dang todn quan trong ciia hé
dola :
@ H¢ hitu ty.
® Hé co chira can thirc.
Cdc bai todn sir dung phirong phdp an phy héa thuong sau khi an phu xong sé
dwge chuyén vé cdc loai phwong trinh va hé phwong trinh :
@ Phuwong trinh ding cdp, cdc phwong trinh tich, cdc phiong trinh quen thudc.
@® Hé doi xitng logi 1, loai 2, hé dang cap, hé giai bang phirong phap thé , hé
gidi bang phirong phdp nhén tir héa.
Bdy gio chiing ta sé di vao quan tém hai thé logi chinh ma ching ta dé nhdc
dén.

1) An phu héa véi hé hivu ty
D6i voi hé hitu 1y dé an phu héa ching ta thuong dwa vdo cdc ddc tinh cé trong
hé nhw sau :

- Hé co chira cac chira cac dai lwong ma khi an phu hoa dua vé hé dvi xung logi
1, loai 2.

elerazgdc dai lugng. lap:dgi died hei

frong finhdrong:
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b b b b
- Hé co chita cac dai lvong ax +by,ax —by,ax + —,ay + —,ax + —,ay + —.
X X

- H¢ ¢6 dwoc an phu hoa sau khi thuc hién phép nhan hodc phép chia cho mot
dai lwong khac 0. Thuong ta hay chia hodc nhdn cho cac dai lwong :
X, y,x%,y5, %7,y ax"y™ ...
- M0t s6 tinh chat can nhé dé la :
2 2
1 1 1 1
o x? +—2=[X+—j -2; y2 +—2=(y+—] -2.
X X y y
3 1
o —xyryt =S (x-y) o (xry) :

2 2
x4 xy+y’ =%(X+Y)2+i(X—Y)Z;X2 +y° ey (xy)

2
3 3 3 3
.X3+3Xy2=(x+y) +(x-y) y3+3xzy:(x+y) ~(x-v)
2 ’ 2
. . (XZ_yZ)[(x+y)2+(x_y)2] L |
ex'—y'= 3 s X+—+y+—=(x+y)| 1+—
X y Xy
2 2 2
(x2+y2)(l+LJ :(x+lj +(y+l) ;
Xy y X
3 3 3
(x3+y3)[l+Lj :()HlJ +(Y+lj
Xy y X
oxz—xy+y2=1©L+L=1 ; xyszLJrL:l
y+1 x+1 x+1 y+k
x2+y2+7_4
Vidu 1: Giai hé phuong trinh { x+y+1 (x,yel)
(xy—2x—2y+4)(x+y—4)=6

Phan tich : Vi hé nay, ngay tir cu tric cia hé ta dé dang thay dai lugng can an
phu hoa di xuét hién & phuong trinh thir hai trong hé.
That vay, ta co :
(xy—2x—2y+4)(x+y—4)=6 <:>(x—2)(y—2)(x—2+y—2)=6 .
Viéc by gid cua chung ta s& bién d6i phuwong trinh thir nhét trong hé s& theo hai
dai lugng lap lai co trong phuong trinh hai.
Phuong trinh tha nhét trong hé duoc viét lai :
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X +y +7=4(x+y+1) & x —4x+4+y° —4y+4-5=0
o (x-2) +(y-2)’ =5,
Y . x oz a=x-2
Nhu vay dé gidi hé nay ta chi can an phu : { .
b=y-2
Ta tién hanh giai hé nhu sau:
Loi giai :
Didu kién: x +y+1#0
Hé phuong trinh da cho duoc viét lai thanh hé phuong trinh:
x2+x+7=4x+4y+4 (X—2)2+(y—2)2=5
=
(x(y—2)—2(y—2))(x—2+y—2):6 (x—Z)(y+2)(x—2+y—2)=6

(1)

a=x
bit { ) Lic d6 hé (I) tr¢ thanh :

b=y-
36
s o ) =2 _2ab=5
b” =5 +b) —2ab=5 22
a~ + PN (a ) al = a‘b
ab(a+b)=6 ab(a+b):6 a+b:£
ab
20’6 +5a%0% ~36=0  |(ab—2)(2a’07 +%ab+18)=0 .
= 6 = 6 <:>{ .
at+tb=— a+b=— ab=2
ab ab

X=1

Tu day ta suy ra a,b la nghiém cua phuong trinh : X2 —3X+2:0<:>{
. |a=1 x—-2=1 x=3
D Vb = = .
b=2 y—2=2 y=4

la=2 x—2=2 x=4
@ Vabi E= = .
b=1 y—2=1 y=3

D4i chiéu diéu kién ta c6 nghiém ciia hé 1a (x,y)={(3:4):(4:3)} .

Binh luén : Thét té ban chat cia hé nay la h¢ dbi xtng loai 1 nén ta hoan toan cé
thé str dung phuong phap giai cua hé ddi xtng loai 1 dé giai bai toan nay, tuy
nhién hinh thirc ctia hé ciia chung ta ciing gitip ching ta dit 4n phy kiéu khac dé
dua vé hé d6i xing loai 1.

6(3x—2)> +5(y+4)
Xy(3x 24)(y +8) =36

Vi du 2 : Giai hé phuong trinh {
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Phan tich :

V6i hé nay, co ban tir phwong trinh thir nhit trong hé ta da c6 thé nghi ngay dén
a=(3x-2)
b=(y+4)
Gio ching ta chi can bidu dién dugc cac dai lugng & phuong trinh thir hai théng
qua an phu mai 1a bai toan xem nhu duoc giai quyét.
V6i phuong trinh tht hai da thuc hién bién d6i nhu sau :

(3x2 —4X)(y2 +8y) =36.

4n phu 13 hai dai luong

R rang ta chi can nhan 3 cho hai vé phuong trinh vira bién déi va thém bét ta
s€ c6 dugc cac dai lugng phu hop voi an phu da dat. That vay, ta co :

(9x2 ~12x)(y* +8y) =108 | (3x ~2)} ~4 (v+4)° =16 | =108 .

6a+5b=221

( 4)(b 16) 108 va hé nay hoan toan giai dugc
a— — =

Vay luc do ta s€ duogc hé : {

bang phuong phép thé.
Loi gidi :
Hé phuong trinh da cho duoc viét lai thanh hé :

6(3x—2)> +5(y+4)’ =221

| (3x-2)" —4]| (y+4)’ -16] =108 )

=(3x-2
bit a=(3x 2), a,b>0)
b=(y+4)
Luc d6 h¢ (1) tro thanh hé:
6a+5b =221
(a—4)(b-16)=108
b 221-6a 21— 6a
5 b=
< 221-6a < >
(a—4)( . —16j=108 (a—4)(141-6a)=540
p_221-6a
= 5
6a> —165a+1104=0
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(a=16 '{3x—2=4 _{x=2
221-6a b=25 y+4=5 y=1
b=
- 5 = B ol jgd X:4+JR
a=l6va=— 2 2 3
2 b 152 152 ~20+24/190
EE LA N |

Vay hé phuong trinh da cho c6 nghiém: (x,y)= {(2;1);{

4+JR'—20+2«/190J}
37 '

5

Binh luén : Bai toan kha co ban chi can mot chut tinh ¥ & phwong trinh tht hai ta
s& dat an phy thanh cong.

2 3x
. 2y +xy-y=—
Vi du 3: Giai hé phuong trinh 4 (x,yel)

x* +1408y° =16xy” (x +2y —2)

Phén tich: Vi hé nay tir phuong trinh thir nhat trong hé chiing ta c6 thé dé dang
rat dugc x theo y va thuc hién phép thé. Nhung do cau tao bac ciia phuong
trinh thir hai 1 kha cao nén phép thé s& gay nhiéu tro ngai khi tinh toan.

Mat khac ciing tir cdu tao clia hé ta ciing d& dang thay (x,y)=(0;0) ludn thoa
hé. Do d6 ta tinh dén xét néu x = 0,y # 0 thi ta s€ c6 dugc diéu gi tur hé.

Quan sat phuong trinh thir nhét ta s& ¢ bién ddi sau :
(x+2y—1)4y=3x <:>(X+2y—l)ﬂ=3.
X

Téi day, ta nhan thay phuong trinh thir hai trong hé ciing c6 mot dai lugng gan
gidng voi dai lugng x +2y—1 nén ta c6 quyén hy vong bai todn s& giai quyét

b
duocnéudat {°  x .
b=x+2y-1

Vi y tudng ndy ta s& ¢ ging bién d6i phuwong trinh hai theo 4n phu thir xem.
Ta c6 phuong trinh hai dugc viét lai 1a : x* +1408y° =16xy” (x +2y—1-1).
Néu ta dem chia hai vé phwong trinh nay cho 64y3 ta s¢ dugc phuong

3
X X
trinh;| — | +22=—(x+2y-1-1).

(4yj 4y( Y )

Va t6i ddy moi thir da rd rang. Va di vao giai quyét hé véi mot chat didu chinh
vé& an phy dé c6 l¢i trong tinh toan.
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Loi gidi : Nhin xét voi (x,y)=(0;0) ta c6 h¢ luén théa mén.

Xét v6i x =0,y = 0ta c6 hé dugc bién doi tro thanh :

(x+2y—1)4—y=3

X
N . (1)
= +22="(x+2y-1-1
(43'] ’ 4y(x+ g )
X
a=—
bat 4y ,a#0.
b=x+2y-1

b
. —-=3
Liic d6 hé (I) dugc bién doi thanh hé sau: | a

a’+22=a(b-1)

b=3a b=3a b=3a
< a3+22=a(3a—1)<:> 23’ +a422-0 (a+2)(a2—5a+11)=0

X X:—8y X:—E
b=3a a=-2 —=-2 3
= = o< dy & 5 &

a=-2 =—6 y== 5
x+2y-1=-6 6 y=—
6

A 1A . ~ , n 20 5

Vay hé phuong trinh da cho ¢6 nghiém (x,y)=1(0;0); —?;g )

Binh luin : Véi hé nay chi cAn mot chat quan sat va lya chon chia dai lugng thich
hop ta sé tim dugc an phy. Cai hay cia bai toan 4n phy 1 néu tac gia lya chon
biéu thirc an cang khéo thi s& “lam chat” bai toan cang kho dé phat hién cai gi
can an phy. Tuy nhién, tic gia luén c6 mot “diém hd™ nao d6 dé ta di dén viéc
an phu dugc cho bai toan. Nhu vi du sau day.

Vi du 4: Giai hé phuong trinh:

2x3y+8xy+3x2y+l2y= 5

6xy? (4x3 +8x 3} + (x —1)(7x> ~13) =54y (yel)

Phan tich : Nhin vao hé néu ta khong khéo ta s& nghi dén phép thé. Tuy nhién,
gidng vi du truéce do cau tao ciia phuong trinh thir hai trong hé c6 bac kha cao
nén phép thé s& 1a khong kha thi. V6i phuong trinh thir nhét ta && ¥ mot chut s&
thdy vé trai ctia nd c6 thé tién hanh tich nhan tu.

That vay, ta c6 phép bién doi cho phuong trinh thir nhét.
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2X3y+ 8xy+3x2y+ R2y=5< 2xy(x2 +4)+3y(x2 +4) =5
S y(2x+3)(x* +4) =5
Phuong trinh thir hai dugc bién di trd thanh phuong trinh :
24x3y? +48x%y? —18xy? +7x> = 7x? —=13x +13—54y* =0.
Véi cau tao ctia phuong trinh thir nhat khi bién ddi ta c¢6 thé nghi dén phuong an
: o [a=2X43 a=2xy+3y
an phu hoéa c6 hai kha ning xay ra : ) v 5
b=y(x +4) b=x"+4
Tuy nhién do sau khi khai trién phuong trinh thir hai ta cam nhén véi viée 4n
a=2xy+3y . .
phu hoa ol 14 thi ti 1€ bién d6i cac dai lugng trong phuong trinh thur
=x"+

hai s€ c6 kha quan hon.
Mit khic quan sat phuong trinh tht hai ta nhan thdy tong cac hé sd
24+48—-18+7—-7+13-13-54=0 nén chic chin x=1 la nghiém cua
phuong trinh tht hai. Véi nhan xét nay ta s& tién hanh tach nhan tir phuong
trinh thir hai ta s€ duoc :

24x3y? +48x%y? —18xy? —54y? +(x —1)(7x2 —13) =0
S v (2457 +48x° —18x—54)+ (x -1)(7x ~13) =0
S y(x—1)(24x +72x + 54) + (x=1)( 7%* 13} =0
& (x —1)(24X2y2 +72xy” +54y% +7x> —13) =0

o (x —l)(6(4x2y2 +12xy% +9y? ) +7(x2 +4)—41):0
& (x=1)(6(2xy+3y)* +7(x* +4)-41)=0

Va luc nay hé phuong trinh da cho s€ dugc vict lai :

(2xy+ 3y)(x2 + 4) =5

(x=1)| 6(2xy +y)* +7(x* +4)~41|=0

Nhu vy hé da duge giai quyét bang an phu héa.
Loi giai : Hé phuong trinh d3 cho dwoc bién ddi thanh hé phuong trinh :

(2xy + 3y)(x2 + 4) =5

y?(24x° +48x% ~18x - 54) + (x ~1)(7x* ~13) =0
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@ Vi hé phuong trinh :

@ Vi hé phuong trinh :

b=x*+4

a=2xy+3
Dét{ T b2
2 — =
Lic dé h¢ (1) tréthénh:{6a *7b-41=0

6b> +175b-1025=0 |b=5vb=—

< b
a=—
5

2xy +3y=1
x=1

=
{2xy+3y=1

x=-1

(2xy+ 3y)(x2 + 4) =5

<9 x-1=0
6(2xy +3y)" +7(x* +4)-41=0

(2xy+ 3y)(x2 + 4) =5

(x=1)| 6(2xy +3y)’ +7(x? +4)—41 =0

2xy+3y X +4) 5

2xy+3y +7(x2+4)—41=0

<
{ 2xy+3y X +4)=5

x=1 x=1 !
' (2xy+3y)(x2+4)=5© sy=1"" y:é

6(2xy +3y)” +7(x* +4)-41=0

(1)-

(2xy+3y)(x2 +4) =5

5 =

b2
6—+7b-41=0
25
ab=>5 b
a=—
5
205
6 a=1 2xy+3y=1
< < <
a—h b=5 X +4=5
5

1
_1
75

x=-1
Lly=l1

Viay hé phuong trinh da c6 nghi¢m la (x, y) = {(—1;1);[1;%)} .

Binh luén : Bai toan nay c6 d6 khé hon hai vi du trude, dé giéi n6 doi hoi sy quan
sat ki ludng, két hgp duoc nhidu ki ning can c6 va lya chon an phy héa phu hop

Vot &l bl tod
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Vi du 5: Giai h¢ phuong trinh

y 2+7)=xz—1

)=3(5y—3—10y2)

(x
Xzy(xzy+5y—9 (X,YED)

Phén tich :

V6i hé nay, ciu tric dé ciing dy ta dén ¥ tuong thé nhung dung 13 qua gian nan
khi thay vao phuong trinh thtr hai trong hé vi phuong trinh thu dugc sau khi

thuc hién phép thé 1én dén
gian vay duoc.

bac 8. Va qua that bai toan nay khong thé thé don

Pé hé nhu vay, ta cling chéng nhin nhan duogc gi, do do6 ta chon phuong an khai
trién hét cac tich co trong hé ra.

Cu thé ta s& ¢6 hé sau : {

x2y+7y+1—x2 =0

X4y2

+5x%y? —9x%y + 30y 15y +9=0

V6i hé nay chung ta nhan thiy ciing ching kha quan gi d&én viéc nhin ra gi tir
hé. Tuy nhién ciu triic ctia phuong trinh tht hai trong hé cho ta chut linh cam gi
d6 vé hang dang thirc. Mt khac ta nhan thiy rang néu y =0 hé vo nghiém, thoi

thi ta chia toan by phuong t
sat hon.
Cu thé ta s& c6 phuong trinh
2
x*+5x% - ox 15
y

rinh thir hai cho bac cao nhit cua y dé d& bé quan

tht hai duge bién d6i thanh :
9

2 430-24+==0.
y oy

2

Ba dai lugng x4,5xz,i2 rat goi y cho diéu chung ta linh cam 13 ding va co 1¢

2
hdng ding thirc & day s& c6 dang (x2+a+§J v6i a 1a mot hing sb.
y
Vi ¥ tudng nay ta s& dot pha bién ddi phuong trinh hai nhu sau :
2 2
x4+4+%+4xz+6i+2+x2—15X —2—7+26=0
y y y y y
2 2
olx2r2ed | +x2-BX2T a0
y y y
2 2
o223 w22 B 30 0y
y y |y y
? 3 3
o x?+2+2 +X2+2+——5(x2+2)—+24=0
y y y
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a=x>+2+ 3
Yy

b= (X2 + 2)3
y

Van d& bay gio ta can bidu dién dugc phuong trinh thi nhat thong qua cac dai

lugng an phu hoa. bé dugc nhu vay ta can thuc hién phép bién ddi sau cho

phuong trinh thir nhat trong hé.

Va lic nay ta nhén ra dugc can an phy héa nhu sau :

Cu thé ta co :
1 2
xzer7y+l—x2 —0exit—-2 47-0 4:)3xz+g—x2 -§+21=O
y v y y
@3x2+§—(x2 +2)3+§+21:0@3x3+6+2—(x2+2)3+15=0
y y v y y

<:>3[x2 +2+§j—(x2 +2)§+15=0.
y y
Va nhu vdy viéc chon dai lugng can 4n phu dd xong. Chung ta di vao 10i giai
cho bai toan nay.
Loi giai: Hé phuong trinh di cho dugc bién dbi thanh hé:
x2y+7y+1—x2 =0
x4y2 +5xzy2 —9)(2y+30y2 —-15y+9=0
Nhan thiy hé khong thé c6 nghiém (x,y)=(x;0) nén véi y =0 ta bién doi hé
thanh :

2
) , 3+ 10
{3){ y+2ly+3-3x> =0 - y oy
4.2 2.2 2 2 _ 2
X"y +5x7y" —9x“y+30y" —15y+9=0 X4+5X2—9L—1—5+%+30=O
y y vy
2
3246420 08 1520
y y 'y
< V) 3 3
x4+4+%+4x2+6L+—+x2+2+——5(x2+2)—+24=0
y y y y y
3(x2+2+§J—(x2+2)§+15=0
y y
= 3Y 3 3 S
(x2+2+—J +x2+2+——5(x2+2)—+24=0
y y y
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a=x2+2+i
y

b=(x2+2)§.

Luc do hé (I) tré thanh hé :

Dit

a=17
3a-b+15=0 b=3a+15 b=3a+15 {b:66
5 <9, =S =
a“+a—-5b=-24 a“—14a-51=0 a=17va=-3 a=-3
b=6
(x*+2)+==17
. la=17 y
D Vi b 66<:> 3
- (x> +2)==66
y
Suy ra xz+2,z 1a hai nghi¢ém cta phuong trinh X2—17X+66:0®{
y
[(x=3
1
x2+2=11 x2=9 y=§
e Véi |3 == 1 <
_——= y=_ X:—3
y 2
_1
P72
[(x=2
3
x*+2=6 [x*=4 Y=11
® Vé6i 53 = 3 & .
’ 3
L Y 11

(x2 + 2) 3o
y
b=6 3
(x2 + 2)— =6
y
Vay h€ phuong trinh da cho c¢6 nghiém la

a=-3

® Véi { (h¢ v6 nghiém vi (-3)* —4-6<0).

X,y ;

X=11
X=6
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Binh luiin: V& ban chat hé nay dugc xudt phat tir mot hé co ban nhung vi tac gia
da chon mot dai luong dé thay thé qua khéo nén ban chét cia hé da co su bién
d6i qua 16n. Sy bién d6i nay da 1am cho hé nay tré thanh mot bai hé rat kho
doan. Chu y rang khi tir hé theo 4n phu tim duoc nghiém cho 4n phu a,b thi
khi chuyén qua dai luong ban dau ta lai thu duge mot hé dbi xing loai mot véi
hai bién x? + 2,3 .

y

(X2 + l)y4 +1= 2xy2 (y3 —+1)

Vi du 6 : Giai hé phuong trinh (x,yel)
2 4 —
Xy (3xy —2)—xy (x+2y)+1
(Thi thir Lwvong Thé Vinh — Pong Nai)

Phan tich: Vi hé nay, ta nhan thay cac tich trong hé khong gitp chung ta danh
gia duoc gi nén ta s& khai trién cac tich co trong hé ra hét dé c6 rong duong
quan sat hé.

2.4 2 4 5
: Xy +2xy" +1+y —2xy =0
Cu thé ta co: Y y Y y .
3x2y6 - 2xy2 - )(2y4 - 2xy5 -1=0
Quan sat ca hai phuong trinh lic ndy trong hé, ta c6 nhan xét dau tién 1a ca hai
phuong trinh déu chira hiang dang thirc (xy + 1)°. Do d6 ta tiép tuc bién d6i hé
2
(xy2 + 1) + y4 —2xy° =0
nhu sau: .
2.6 5 2 1V
3x7y” —2xy —(Xy +1) =0

V6i hé nay, quan sat ta nhan thiy néu chia ca hai phuong trinh trong hé cho y4

ta s& c6 dugc cac dai lwong trong ca hai hé giong nhau.
. 2
(x+—2J +1-2xy=0
y

That vay, ta s€ co: 5
3xzy2 —2xy —{x + %J =0

2
Vi hé nay, an phu hoa nhu sau: a= [X * y_ZJ .
b =xy
Loi giai: Hé phuong trinh di cho duoc bién dbi thanh hé:
{X2y4 + 2xy2 +1+ y4 - 2xy5 =0

3?.{.2}]6‘. 2 5 2 52_}’4
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Nhan thiy nghiém (x,y) = (x,O) khong thoa hé nén voi y =0 ta bién d6i he
tré thanh:

2
1
(xy2+1)2+y4—2xy5=0 (X"L?J —2xy+1=0
, © (1)
3xzy6 —2xy5 —(xy2 +1) =0

2
3){2y2 —2xy—[x+i2j =0
y

2
1
it a‘[”y_zJ ,a>0. Lic d6 h¢ (1) trd thanh h¢:
b =xy
_{azl
b=1
a—2b+1=0 a=2b-1 a=2b-1 |
5 SN, = 1< la=—2.
3b°-2b—a=0 3b°-4b+1=0 b=1vb=§ 3
b=-
Déi chiéu diéu kién ta nhan:
2
2 2 Xx“+x-1=0
a=1 1 1 (x+x2) =1 [ )
- X+— =g - X“+x+1=0
b=1 . le 1
xy =1 X=—
Y y
i —1+\ﬁ
X =
2
- —1- 1++/5
x2+x-1=0 X = 1—ng\/xz ! Jg y= \F
2 2 2
& & & .
X =— —_ —
y X =— X = 1 \/g
y 2
Y
T2

Vay h¢ phuong trinh da cho c6 nghiém la:

e ]

2 2 2 2
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Binh ludn: Bai toan niy twong d6i co ban chi can phat hién ra hing dang thic va
lya chon chia thich hop 1a sé c6 dugc dai lugng can 4n phu.

1 81 1

(X+1)4+(y+3)4 8

xy(x? +4)+ x(é—k} =3(i2+4

Vi du 7: Giai h¢ phuong trinh

J(x,yeD)

y
Phan tich: O hé nay, tr phuong trinh thir nhat ta c6 thé dy doan c6 1é bai toan
1
a= 1
huéng dén viéc an phu hoa nhu sau: X;L . Nhung voi phuong trinh thur
b=——
y+3

hai cach sdp xép cac tich nhu vdy khong cho chung ta nhin thay mdi lién quan
nao lién quan dén 4n phy ma ta dy doan. Do d6 ta s& tién hanh khai trién toan
bd cac tich co trong phuong trinh tht hai dé d& phan doan xem du doan cua
chung ta c6 dung khong?
Bién d6i phuong trinh th hai trong hé ta ¢6 dugc:
x3y+4xy+§—3x2 —%—1220.

y y
Phuong trinh vira bién d6i, chung ta nhan thdy c6 thé nhom nhan tir chung nén
ta s tién hanh nhom nhan tir nhu sau:
xy(x2 +%+4]—3£x2 +L2+4j:0<:>(xy—3)[x2 +%+4J:O.

y y y
Vi phuong trinh tich cubi ta chi thu duge: xy =3 .
Ap dung tinh chit xy:k®L+L:1 tas€co:
x+1 y+k
3

xy=3c>L+—:l.
x+1 y+3

Thét vay, ta co : LJrizlc>y+3+3x+3=xy+3x+y+3(i>xy=3.
x+1 y+3
Viy bai toan da duoc giai voi viée an phu hoa nhu ta du doan.
x #—1
Loi giai : Didukién : {y=-3.
y#0
Hé phuong trinh da cho dugc bién ddi thanh hé phwong trinh :
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1 81 1 81 1
7t =1 " :§
(x+1)" (y+3) @(x+1) (y+3)
X3y+4xy+§—3x2—iz—12=0 (xy- 3( iz j
y y
1 81 1 1,8l
i 17 4 g
<q(x+1)" (y+3) <1 (x+1) (y+3)
xy=3 y+3+3(x+1)=(x+1)(y+3)
1 81 1
(x+1)' (v+3] 8
o Y (1).
1 3
—t—-=1
x+1 y+3
1
Al
Pit{ 1 .Licdoh¢ (1) tro thanh:
b=——
y+3
at +bt =1 a4+(a—1)“=l {16a4—32a3+48a2—32a+7=0
8 < 8=
a+b=1 b=1-a b=1-a
2 2 a—l
o (a0 (4 —4a+7)=0©{2a—120<:> 2
b=1—a b=1—a b:l
2
vi 422 —4a+7=(2a-1)’ +6>0
LI
X+1_2© x+1=2© x=1
3 1 " |y+3=6 " |y=3
y+3 2

Déi chiéu diéu kién ta c6 nghiém ctia h¢ la: (x,y)=(13).

Binh luin: Bai toan trén néu khong biét str dung tinh chat xy =k thi s& rat kho
giai. Vi voi phép thé x theo y hodc nguoc lai s& cho 10i giai rat kho khan. Cac

ban can cht y va ghi nhd vi rd rang véi bai toan néu ap dung dugc tinh chat chi
ra s€ cho duogc 1oi giai rat gon gang va dep.
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x2+y2+xy=4y—1
Vi du 8 : Giai hé phuong trinh (x,yel)
X+y=— 1+2
X"+

Phin tich : Vi hé nay, ta nhan thay ca hai phuong trinh trong hé déu chua dai
lugong x% +1va X +y. Tuy nhién dai luong x2+1 gin véi dai luong y qua

y

x2+1

hinh dang , con dai lugng x+y ¢ phuong trinh thu nhéat lai gén vo1 dai

luong y thong qua hinh dang y(x+y)nén ta nghi dén chia hai vé phuong
trinh thir nhét cho y .

2
X +1+x+y=4
Luc d6 ta s€ co6 hé phuong trinh da cho tuong duong véi hé : y .
y
X+y-— =2
x? +1
Va t6i day hinh hai dat 4n phu da qua rd rang nén ta di tién hanh giai hé.
Loi gidi : Nhan thdy (x,y)=(x;0) khong thoa hé.
2
1
X T +x+y=4
Do d6 v6i y#0 ta dua hé phuong trinh vé he : { Y (1)
y
X+y-— =2
x%+1
a_x2+1
bat B y
b=x+y
a+b=4 b=4-a b=4_2a
a=1
Luc d6 hé (I) tré thanh: b—l:2c> 4—a—l:2c> a’ —2a+1:0c>{b
a a =
az0 a=0 a=0

2
+1
X =1 {X2+1=3—X {X2+X—2=0
= =
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Vay hé phuong trinh da cho ¢6 nghiém 1a (x,y)= {(1;2);(—2;5)} )
Binh luén : Bai toan niy kha co ban va phép dit an phy da co trudc trong hé.

y(l + 3X3y) =-2x8

Vi du 9: Giai h¢ phuong trinh (x, yell )

1+(10y +1)x> =—3(3y2 +y+2)x6

Phan tich : Véi hé nay, quan sat hai phuong trinh trong hé ta nhan thay dugc ngay

rang néu chia cd hai vé cta hai phuong trinh cho x® ta s& dugc cac dai luong

.z 1
giong nhau do la 53y
X

Do d6 ta tién hanh bién dbi hé nhu sau :

LG 10_3y+ +9y" +3y+6=0
X X
Dé cho hé dugc d& nhin hon dit u=— ! dé tién hanh bién d6i hé vé hé sau :
x>
yu(u+3y)=—2 u+3y -2
2 2 <
u” +10yu+u+9y" +3y+6=0 u? +6yu+9y +4yu+u+3y+6=0

yu(u+3y)=
|

u+3y)2 +u+3y+4yu+6=0
Khong kho dé nhan thdy hé (*) véi hai bién u+3y,yu da biét cach gidi.
Do d6 ta tién hanh giai hé nhu sau .
Loi giai :
Nhan thay hé khong thé c6 nghiém (x;y) = (O;y). Do d6 véi x #0, ta bién doi
hé thanh :

y(1
| —+3y|=-2
x3(x3 yj @{yu(u+3y)=—
2 2 _
LG+10_3Y+ +9y2 +3y+6=0 u”+6yu+u+9y” +3y+6+4yu=0
X’ X
Vériu—L
3

yu(u+3y)=-2 yu(u+3y)=-2
1.2 2 & ) (1)

u” +6yu+9y  +u+3y+4yu+6=0 (u+3y) +u+3y+4yu+6=0
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=u+3
Dit a=u+ y'
b=yu
Luc do hé (I) tré thanh hé :
2
ab=-2 b:_g
2 4b 6—0<:> 8
a“+a+4b+6= a2+a-246=0
a
2

b=—2 b=——
= a =

{azl
“b==
2 ra’+6a-8=0 |(a=1)((a+1]+7)=0 7

{u+3y=l u=1-3y u=1-3y u+3y=1
& & & ) = 2
yu:—2 (1—3y)y:—2 3y —y—2:0 yzl\/y:—g
Ik =-2 i x——L
u=-2 3 )
y=1 y=1 y=1
<l [u=3 <||[1 = 1
—==3 X ==
2 |k &
LA I
B T B A

. L s 1 1 2
Doi chiéu diéu kién ta c6 nghiém cua hé 1a (x,y)= {(——;1 eyl I
' ' ' 7B 3

Binh luin: Viéc phat hién ra 4n phy ciia bai toan khong qua kho. Tuy nhién, day 1a
mot dang hé rat thuong gap.

(X,yeD )

2 2\?
—Z(X +y ) (x+y)=25xy
Vi du 10: Giai h¢ phuong trinh
3

4()(4 + y4)(x + y3)=119xzy2

Phan tich :
Khong quéa kho dé nhan dinh day 1a hé dbi ximg loai 1. Tuy nhién néu ap dung
cach giai cua hé ddi xing loai 1 vao hé nay thi ta phai xtr li phwong trinh dai s6
béc kha cao va tinh toan s& rat vt va. Do d6 ta can phai bién d6i hé nay sau cho
c6 thé an phu hoa dé giam béac cua phuong trinh xuéng.
Khéng kho dé nhén dinh duoc réng hé nay ludén c6 nghiém (x, y) = (0;0) .

Véi xy # 0 ta bién d6i hé vé hé sau :
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2
2,2
X"ty Xy 2 2 _ 25
( ) (X+y):_£ (—4‘; (X +y )(X+y)——7
Xy 2 y
< 2 2
4, 4 X 119
X4y (3, 3\ 119 [—er—] X4y )=—=
X +y |=—= y
(Xzyz J( ) y o | )
Véi hé méi ta nhan théy cac dai luong x2 +y2,x3 +y3 c6 thé biéu dién theo
X2 y? L2 gex X y
X +y, con dai luong S+ thi c6 thé bi€u dién theo dai lugng —+ = nén ta
y X y X
s€ an phu hoa y X.
b=x+y

Khidotas€co:

¥ (x yY)

St 5=+ —2=a’-2, x* +y* =b* —2xy,x> +y’ =b> —3bxy .

y X y X

Va gio ta can bidu dién duoc xy theo hai 4n a,b nita 1a xem nhu phép dit an

phu thanh cong.
Diéu nay lai khong kho vi tir
2,2
A X Y X HY i b2
y X Xy =Xxy-a=b" -2xy&xy= .
a+2

x? +y2 =b? —2xy
Két hop véi cac budc phén tich niy ta s& dua hé vé hé sau :

o b7 - 2 |-
a+2 2

3b> 9
O L s

Heé nay kha co ban chi can sir dung phép thé. Vay xem nhu bai toan dugc giai
quyét.

Loi gidi : Nhén xét (x ; y) = (0 ; 0) ludn thoa h¢.
Xét xy #0 ta bién d6i hé da cho trd thanh hé sau :

(§+§j(x2+y2)(x+y)=—2—;

2 2
o )
yo X 4
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[§+Xjﬂx+yf-axikx+y):_3§

y X 2

I« y Y 119(1)
—+= —2[x+ ? _3xy(x+ Jz—
{[y 9 }( -3l
LXLY
bat y X
b=x+
2, .2
+
, SR A xy-a=b2—2xy b2
Ta co: Xy & 5 5 2:>xy: ol
b® —2xy=x"+ a
b2=x2+y2+2xy =T
Luc d6 hé¢ (I) tré thanh:
abz—2b2 __2
at+2) 2 2a*b’ =-25(a+2)
3 < b3 2
4b”(a” -2)(a—-1)=119(a+2
(a2—2) b3_3b _19 ( )( ) (a+2)
a+2 4

Nhan chéo hai vé cua hai phuong trinh cho nhau ta dwoc phuong trinh:
1192’0 (a+2)=—50(a+2)(a* ~2)(a—1) < 1192 ==50(a ~2)(a 1)

< 50a° +69a ~100a +100 =0 < (2a +5)(25a” —28a+20) =0

<:>2a+5=0c>a=—§:>b=1 vi 25a% —28a+20>0

5 X y__5 2 2
vei 12775 o 2@{2){ +2y 5xy<:>{( y) y

y X

x=-1

Xy =2 x(1-x)=-2 x> —-x-2=0 y=2
< f— < < .
y=-1

Vay hé phuong trinh d4 cho ¢6 nghiém: (x,y)= {(0;0);(—1;2);(2;—1)} )

Binh luin: Bai toan nay vé ban chit thi khong kho. Nhung néu khéng tinh té va may
me thi s& trd' thanh bai hé kh6 voi nhing phép tinh dai sO rat kho chiu. Thong
qua bai hé nay, chung t01 mubn nhan gu’l dén cac ban d01 véi mot hé cang quen
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(XZ +y2)[l+xiyj2 =%

10—x—y=§+l

Yy X

Vi du 11: Giai hé phuong trinh (x,y el )

Phan tich:
Vi hé nay, nhin nhén tir tinh chét chiing toi dd luu ¥ trudc chung ta nhan thiy
phuong trinh thr nhat trong hé dwugc bidu dién dudi dang phuong trinh:

[ 1]2( 1)2 25
X+—| +ly+—| ==.
y X 2

That vay ta co :
2
(x2+y2) 1+L =( 2+y2) 1+i+ 212
Xy Xy X7y
2 2
:x2+23+%+y2+2z+%=[x+% +(y+lj
y vy X X y X
1
a=xX+—
Va nhu vay, c6 kha ning hé nay sé& giai quyét dwoc néu an phy hoa: }1, .
b=y+—
X

Viéc by gid chung ta s& cb ging bién ddi phuong trinh thir hai theo hai 4n phu
d6. Chu tric ctia phuong trinh thir hai dé nhu vy ciing chang gitp cho dugc gi,
thoi thi ta khai trién quy dong hét ra xem sao ?

Cuthéta co:

10—3x—y=§+lc>Xy(10—3x—y)=3x+y©3x2y+xy2+3x+y:10xy
y X

<:>3x+y+§+l=10<:>3(x+lj+y+l=10.
y X y X

Va nhu vy viée 4n phy hoa da xong va gid ta di giai quyét hé.
Loi giai :

Diéu kién : xy 0.

H¢ phuong trinh da cho dugc viét lai thanh hé phuong trinh sau :

2 2
2
( lj ( 1)2 25 (X+lj +(y+lj _B
y X 2 &
) ) 3 1
3x“y+3x+xy” +y=10xy 3x+—+y+—=10
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25

(x5 )
X+—| +|y+—
= Y X

(1)

3(x+lj+y+l=10
y X
1
a=Xx+—
Pat v
X
2,12 2 2 25
+b"=— +(10-3a)" =—
Liic d6 hé (I) trd thanh hé sau: {* 2 +(10-3a)
3a+b=10 b=10-3a
(5
a=—
2
175 5 7 b—é
10a% —60a +—=0 a=—va=— )
2 = 2 2=
b=10-3a b=10-3a azl
2
b=—ot
L 2
_{x=2
N R y=2
X = =
@ Véi 2o y S Yo ) & X:l
bzé +l_§ 2xy +2=5x 2x°=5x+2=0 2
2 Y7X72 B
P72
[, 76l
28
7 1 7 7-4161
a=— X+—=E 2Xy—|—2:7y X=_7y y= 4
® Voi 21<:> i’ 1@{2 5 {142 5 =
Xy+2=—X — /= _7_
b=—s  |y4—=—o y y+7y-2=0 1 Jiel
2 x 2 28
7+4161
y:
L 4
ga:h¢phuong:rinh:la;
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N e i ) e S

28 28

Binh luin: Bai toan nay néu nhé duge tinh chét thi s& phat hién an phu nhanh, con
néu khong thi ta cir khai trién ra cling s& thiy dugc diéu d6 nhung s& kho phan
dodn hon néu biét tinh chat ciia biéu thirc dic biét do.

y(x2 +2x+ 2) = x(y2 + 6)
Vi du 12: Giai hé phuong trinh (x,y el )
2 _ 2
(y—l)(x +2x+7)—(x+1)(y +1)

Phién tich :
Vi hé nay, ngay tir hé ta quan sat dugc trong ca hai phuong trinh déu chua dai
luong x+1, con bién y khong c6 gi dic biét nén ta s& cd dinh biény nhu
trong dé bai va chon 4n phy hoa dai luong t=x+1.
Bién d6i h¢ da cho thanh hé :

y((x+1)2+1)=x(y2+6) (t—l)(y2+6)=y(t2+1)
=

(y- 1)((x + 1)2 + 6) =(x+ 1)(y2 + 1) (y- 1)(‘[2 + 6) = t(y2 + 1)
V6i hé cudi cing ta nhan thdy hé s& luon dang néu t=1y vi ban chat cua hé
chinh 14 hé d6i xtmg loai 2. Do d6 ta tién hanh phuong phap co ban cua loai hé
nay dé bat nhan tir chung t—y bang cach liy hai phuong trinh trir nhau vé theo
vétach:
(t=1)(y* +6)-(y=1)(€ +6)=y(* +1)=t(y* +1)
o (t-y)(t+y-2ty+7)= '
Nhin vao tich bién ddi cudi cing, ta nghi tiép dén mot phuong an ciing thuong

dung trong hé dbi xtng loai 2, d6 1a cong vé theo vé hai phuong trinh véi nhau.
Thuc hién phép cong nay ta c6 phuong trinh :

(t_l)(y2+6)+(y_1)(t2+6):y(t2+1)+t(y2H)@(t_gf{y_gf:%.

Vi cac budc phan tich ta nhan dinh r?mg tir hé da 4n phu hoa ta s€ tach duogc
hai hé mai sau :

t—y=0 t+y—-2ty+7=0
{<y—l>(t2+6)=t(y2+1)“)v (t_g)z{y_gf:;ny

Nhéan xét hé (I) rat don gian, hé (II) dbi xtng loai 1. Vay xem nhu ta da tim
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Loi giai : Hé phuong trinh da cho duoc bién doi thanh
y((x+17 +1)=x(y* +6)
(y=1)((x+1) +6) = (x+1)(? +1)
(t=1)(y* +6)=y(¢+1)(1)
(y—l)(t2 +6)=t(y2 +1)(2)

bat t =x+1, hé trd thanh :

)
(t—y)(t+y—2ty+7)=0.
)

Ly (1)+(2) vé theo vé va thu gon ta c6 duge phuong trinh :

()3 =

® Vi t=y thay vao (2)ta c6 phuong trinh:

Xx+1=2 x=1

t=2=y y=2 y=2
& .

t=3=y x+1=3 x=2
L ly=3 y=3

2 2
. 1
® Kéthop t+y—2ty+7=0 va t—%) +[y—§j =§,ta dugc hé phuong trinh:

t+y—-2ty+7=0

5 5 {t+y—2ty+7=0 ( )
5 3 1949, 5 I
t—=| +|y-=1| == t“+y" =5(t+y)+12=0
( 2j (y 2) > y =5(t+y)
S=t+
f)at{ Y $2_4p>0.
P=ty
S=1
S-2P+7=0 2P=S+7 P=4
Lic d6 hé (I) tré thanh { 3 & :
Sc—-55-2P=12 S“—6S+5=0 S=5
P=6

Doi chicu dicu kién ta nhan :
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<
Il

t=3 x+1=3 X
S=5 [t+y=5 y=2 |ly=2
= = = =
P=6 |ty=6 {tzz {x+1=2 {x
y=3 y=3 y

Vay hé phuong trinh dd cho ¢6 nghiém la : (x,y) = {(l;2);(2;3);(2;2);(1;3)} )
Binh ludn: Tuy phép 4n phu hoa trong bai todn nay ngay luc dau khong duogc nét
lam. Nhung nhin toan dién h€ nay, thi 1a mot hé rat hay vi da thu trong no ca hai
loai hé co ban. Mot h¢ c6 tinh kiém tra kién thtrc co ban kha tot.

(Zx —3y)(10—7x —12y) =2

2
2
L
3

Vi du 13: Giai hé phuong trinh (x,yel)

(5% +45y* =6)(2x=3y)" =-1

Phén tich : Cau tric bai hé qua ngin gon, thong tin bai hé cho chiing ta ciing ngan
gon nhu cai dé cua bai toan, d6 chinh 13 ca hai phuong trinh déu chtra 2x —3y .
Thoi thi ta tim cach tach cic dai luong con lai theo dai lugng nay thir xem.
Trudce khi tach, chung ta can chin chén dinh vi rﬁng cac dai luong d6 khong thé
tach hét duoc theo dai luong ma ta da thiy (tirc 1a con du mot diéu gi d6 1)

O phuong trinh thir nhat trong hé dai lwgng 2x —3y chi 1a bac nhat nén ta s&
tach: 10—-7x—-12y =10—-2(2x —3y) —3(x +6y) .
Vay sau khi tach xong dai luong 2x —3y & phuong trinh thir nhat ta thdy con
du dai lugng x + 06y .
Vi phuong trinh thtr hai trong hé dai lugng 2x —3y 1a bac 2 nén ta s€ tach :
5x2 + 45y2 —6=x> +12xy+36y2 +4x2 —12xy+9y2 -6

= (x + 6y)2 +(2x —3y)2 -6
Vay qua hai l4n tach ta nhan thiy trong hé chtra hai dai luong x + 6y,2x —3y.

(2x-3y)(10-2(2x -3y)-3(x +6y)) =2

Do d6 ta viét lai hé nhu sau : ) ) ) .
((x+6y)° +(2x=3y) =6)(2x -3y)* =1

Téi day ta c6 thé 4n phy hoa

A=X+6Y . e a(10—23—3b):2
dé bién do6i hé thanh : s o ) .
b=2x-3y (a +b —6)b =-1

He¢ nay van giai dugc bang phép thé, tuy nhién ta s& thu dugc phuong trinh bac
6 va tinh toan van ric rdi. Tuy nhién néu ta bién dbi hé trd thanh hé sau thi s&
c¢6 chuyén bién rd rang. That vay, ta co :
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(2x-3y)(10-2(2x -3y) -3(x +6y)) =2
((x+6y)° +(2x=3y)* =6)(2x=3y)* =1

3(x+6y)+2[2x—3y+2Xi3yj:10
1

X + 6y g 2x =3y =6

(s +x=39) e

1
3(x+6y)+2|2x—-3y+ =10
(X y) LX Y 2x—3yJ

2
2 1
X+6 +| 2x -3y + =8
( y) { y 2x—3yj

a=x+0y
R& rang v6i hé cudi véi phép an phy : 1 s& cho hé
b=2x-3y+
2x =3y
3a+2b=10 ‘h ‘bon d |
va khong c6 gi tot hon dugc niva !.
a’+b’ =8

Vay ta di vao 101 gidi cho bai toan.
Loi giai : Hé phuong trinh da cho dugc bién ddi thanh hé
{(2){ —~3y)(10-2(2x —3y)-3(x +6y)) =1

((x+6y)° +(2x=3y) =6)(2x ~3y)* =1

*

Nhan xét voi 2x —3y =0 khong thoa hé nén véi 2x —3y#0 ta bién doi (*)
thanh h¢ :

1
3(x+6y)+2|2x—-3y+ =10
( y) ( Y 2x—3y}

(x+6y)2 +(2x—3y)2 +;=6

(ZX —3y)2

3(x+6y)+2(2x—3y+ 2xi3y]=10
= I).

2
2 1
X+6 +| 2x -3y + =8
( y) ( y 2x—3y]
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a=Xx+6y
bat 1 ,b|22.L1'lc d6 hé (¥) tré thanh hé phuong trinh sau :
b=2x-3y+——
2x -3y
_{a=2
10-3a b=2
3a+2b=10 |p=10=32 b=— 34
= 2 = Sl la=22
a’+b?=8 2 34 13
13a” —60a+68=0 a=2va=—
13 14
b=—
13
Déi chiéu diéu kién ta nhan:
{azZ x+6y=2 {X=2—6y
= 1 =
b=2  |2x-3y+ =2 _3y—1) =
A (2x-3y-1)"=0
X_4
X+6y=2 "5
Y = 5.
2x -3y =1 _1
5
A A A N 41
Vay nghiém cia hé phuong trinh 1a : (x, y) = g,g .

Binh luin : Pay 1a mot dang hé kha quen thudc, tuy nhién da dugc bién tau che
day kha nhiéu. Tuy viy, bai toan van c6 diém ho dé chung ta nhan ra van dé dé
thao g& toan bd hé. Bai toan trén con ¢ thé dugc giai bang phép thé nhu sau :

Tir phuong trinh thir nhat trong hé ta rat dugc :

=10-7x—-12y.
2x -3y Y

Thé vao phuong trinh thir hai trong hé ta s& c6 dugc phuong trinh :
4(5x> + 45y —6) = —(7x+12y - 10)’

= 69x% +324y? +168xy —140x — 240y + 76 =0.

Két hop véi phuong trinh thir nhat trong hé ta s& dugc hé phuwong trinh :
14x% —36y? +3xy —20x +30y +2=0

{69){2 +324y% +168xy —140x — 240y +76 =0

Day 1a hé téng quat bac hai hai 4n ma chung tdi da trinh bay phuong phap giai.
Cac ban hay tht giai lai xem nhé! Va hau hét cac bai toan thudc thé loai hé nay
déu c6 thé dua vé hé bac hai dang tong quat.
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4 8

Vi du 14 : Giai h¢ phuong trinh { (x +2y+1)°  (x+y+2)’  (x,yel).
X(X+3)+y(2y+5)=—3xy

Phan tich :
V6i hé nay, phuong trinh thir nhat goi ¥ ngay dugc an phy nhung ta can xét dén
hé sb cua tir ¢ trong phan sb khong di “d61” duoc voi s6 mil cua dai lugng
duéi miu nén c6 thé bai toan nham dén an phu hoéa hai thanh phan sau :

a=x+y+2
b=x+2y+1
Quan sat phuong trinh thir hai trong hé khi khai trién c6 dang bac hai hai an nén
ta xét t6i truong hop co thé tach nhan tir lién quan dén 4n phu khong ?
Cu thé ta cé : x(x+3)+y(2y+5) =3xy < x> +2y2 +3x+5y+3xy=0.
Thét khong may la phuong trinh nay khong co6 delta chinh phuong. Vay bay gio
¢6 1& con dudng tir an phy hoa ta tim ra mdi quan hé giira x,y voi a,b thé vao
1a con dudng tu nhién nhét. Tuy vy, ta vin cam thdy néu nhin vao dai lugng
hai 4n phu ta thdy tich ctia chiing c6 cac hé sb cia xz,yz,x,y, Xy rat gidng voi
biéu thirc bac hai kia. Vay tai sao ta khong thir mot phép thir 1iy tich s6 cua
chung xem sao ?
Ta thtr phép tinh sau : (x+2y+l)(x+y+2) =x? +2y2 +3x+5y+3xy+2.
Va nhu vdy tmg véi phép thir ta s& co su bién d6i cho phuong trinh thir hai nhu
sau :
x> +2y2 +3x+5y+3xy=0c>x2 +2y2 +3x+5y+3xy+2=2
c>(x+2y+1)(x+y+2)=2.
Té6i day hé da 16 qua 16 rang vé viéc an phy hoa. Do d6 ta di vao giai quyét bai
toan.
e e x| XFY+2#0
Loi giai : Dicu kién : .
Xx+2y+1#0
Hé phuong trinh da cho duoc bién doi thanh hé :

2 8 _, 2 8 _,

(x+2y+1)2_(x+y+2)3_ = (x+2y+1)2_(x+y+2)3 (I)
X% +2y? +3xy +3x+5y+2=2 (x+y+2)(x+2y+1)=2

_ la=x+2y+1
bat
b=x+y+1

,a,b#0. Liic d6 h¢ (1) tro thanh he :
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N
ab=2 b:%
a
a’-3a’-8=0 (a—Z)(a4+2a3+a2+2a+4)=0
f=—g 2 =
b== p=2
a a
21 .2 1 1 2
(a-2)[a°|a +2a+5 +§(a+2) +21=0
< P
2
b=-—
a
a=2 X+2y+1=2 x=-1 .
And < = vi P>0,Va=0.
b=1 x+y+1=1 y=1

Dbi chiéu didu kién ta c6 nghiém cta hé 1a (x;y) = (-1;1).
Binh luin : Vi bai toan nay, nhu chiing t6i da phan tich sau khi an phu hoa xong
a=x+2y+1 x=2b—-a-1
b=x+y+1 {y:a—b

trinh thir hai trong hé khai trién va thu gon ta cling s& dugc ab=2. Cach nay

thi ta c6 thé giai hé sau : { , 10i thay vao phuong

tuy tu nhién nhung mat han ché cta no 13 phai tinh toan kha nhiéu. Mat khac
cac ban luu y khi tac gia nao d6 mudn ché bai toan theo kiéu nay va tao béc cao
nhu thé, thi do yéu t6 tinh dén sau khi thé phai giai phwong trinh bic cao nén c6
kha ning & phuong trinh thtr hai 1a dang tong bic nhat cho a,b & dang
ma+nb+c=0, néu ¢ dang nay thi kha don gian dé tach. Con néu muébn st
dung ab=Xk thi tic gia budc phai ghép ching lai v6i nhau bang tich khi do
chung ta chi can dé y t6i cac hé sb co trong phuong trinh tht hai lién két véi
tich hai 4n phu ta sé tim ra Kkét qua. Han ché cua loai hé nay la sé tao bac kha
cao nén hoic tac gia ngu ¥ dua vé hé dbi xing quen thudc thi v6i hai suy nghi
tu duy trén, ching ta van giai quyét tot. Con néu tic gia mudn dua vé phuong
bac cao thi can han ché cach xay dung & phuong trinh hai. Do d6 néu gip loai
toan nao twong ty nhu bai hé nay thi ta ctr theo hai chiéu tu duy da chi ra dé giai
quyét nhu vay vin cho 16i giai tu nhién va gon.
Vi du 15: Giai h¢ phuong trinh

9xy> —24y> +(27x2 +40)y+3x ~16=0(1)

(x,yeD )

y2 +(9x-10)y +3(x +3)=0(2)

G
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Phan tich :
V6i hé nay, nhin vao hinh thirc ctia hé chung ta chua thiy duoc gi hudng di cua
bai toan ca. Tuy phuong trinh thtr hai trong hé 14 mdt phuong trinh béc hai hai
an nhung kiém tra ta biét dugc phuwong trinh nay khong c¢6 delta chinh phuong.
Véi phuong trinh thtr nhét ciia hé ta van ¢ thé xem d6 1a phuong trinh bac hai
theo bién x coi y la tham sb va that khéng may phuong trinh nay ciing khong
c6 delta chinh phuong.
Vi vdy, ta tién t6i suy nghi khai trién hét cac tich trong ca hai phuong trinh dé
quan sat xem thé nao ?

9xy’ —24y* +27x*y +40y +3x —16 =0
Luc @6 tacod hé: Y Y Y y
v +9xy—10y +3x+9=0
Quan sat hé nay ta nhan thdy ca hai phuong trinh c6 lién quan dén dai luong
y2 +3x nén suy nghi dau tién ta dua hé vé hé sau :
9xy(y2 +3x)—24y2 +40y +3x—16=0
y2 +3x+9xy—-10y+9=0
O budc tach thir nhit ta thdy phuong trinh thir nhat trong hé van c6 thé co thé
nhom tiép thém dai luong y2 +3x bang cach thém bét cho y2 Do do ta tién
hanh tach tiép nhu sau :
9xy(y2 +3x) +y? +3x—25y% +40y—16=0
y? +3x+9xy —10y+9=0
(y2 +3x)(9xy+1)—(5y—4)2 =0
= .
y2 +3x+9xy —10y +9=0
Té6i phép bién dbi nay ta lai nhan thiy ca hai phuong trinh trong hé déu chira ba

dai lugng chung do 1a y2 +3x;9xy +1,5y—4.
(y2 + 3x)(9xy + 1) = (Sy - 4)

Y +3x +9xy +1-2(5y —4)

2
. Va toi
0

That vy, ta bién doi tiép hé ta s& c6 :

a=y2+3x

hé nay néu ta xem an phu hoa la { ta s€ dugc hé doi xtrng loai 1 voi

b=9xy+1

a=y2+3x

hai 4na,b va xem 5y—4 1a tham sb hoidc c6 thé an phy hoa luon {b=9xy +1 .
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Céch tiép can thir hai 14 ta thiy ca hai phuong trinh trong hé déu chtra 3x nén ta
nghi t6i phép rat thé hodc trir vé theo vé hai phwong trinh cho nhau ta s& c6
phuong trinh :

9xy® — 24y +27x%y + 40y —y* —9xy +10y —25=0
= 9xy(y2 + 3x) —9xy — 25y2 +50y—-25=0

< oxy(y* +3x-1)=25(y-1)".

Mit khéc véi phuong trinh thir hai ta s& ¢6 : y* +3x—1+9xy=10(y -1).

9xy(y2 +3x—1) =25(y—1)2

Va lic nay ta s€ co h¢ : . Va ta c6 thé an phuy

y> +3x —1+9xy =10(y-1)

hoéa: {a - 9)2<y va xem y—1 13 tham sb hodc c6 thé 4n phu hoa ludn
b=y +3x-1
a=9xy
b=y +3x—1.
c=y-1

Ngoai an phu hoa thi trong cé hai truong hop ta van co thé giai bang phuong thé
nhan thém dai lugng va rat thé. That vy :

(y2 + 3x)(9xy+ 1) = (Sy —4)2
y2 +3x+9xy+1:2(5y—4)
(y2 + 3x)(9xy+1) = (5y—4)2

(y2 +3x +9xy+1)(9xy+1) = 2(5y—4)(9xy+1)

@ Truong hop 1:

Tu day tasuyra : (9xy + 1)2 — 2(5y — 4)(9xy + 1) + (Sy — 4)2 =0

5 (y - 1)
—5
Va thé vao phuong trinh thir hai trong hé ta s& dugc phuong trinh theo bién vy .

S 9xy+1=5y-4 < xy=

oxy(y2 +3x—1)=25(y 1)
® Truong hop 2: xy(y h ) (y )

y? +3x —1+9xy =10(y 1)

9xy(y2 +3x +1) =25(y-1)’
=

(37 + 3% -1+ 9xy)oxy =90(y 1

Jy

259



Tuw duy logic tim toi loi gidi Hé phwong trinh

Tudaytasuyra:
5(y-1)

25(y—1)> —90(y —1)xy +81x%y? =0 5(y —1) = 9xy < xy = 5

Va ta ciing thé nhu trudng hop 1.
Viy 1a qua cac bude phan tich cac ban da thay rd bai toan c6 nhiéu cach tiép
can kha nhau. Sau diy, chang toi s& trinh bay 101 giai & mot cach tiép can dé
hiéu nhat . Con cach khic cac ban ty thuc hanh giup chung toi vi khac vé ban
chat an phu nhung giai 1a nhu sau .
Loi giai :
Ly (1)—(2) vé theo vé ta c6 phuong trinh :
9xy(y2 +3x)—9xy—25(y—1)2 =0 <::>9xy(y2 +3x—1):25(y—1)2 .
2

(1)

Oxy(y? +3x—1)=25(y -1
Luc d6 ta s€ c6 dugc hé phuong trinh : y(y ) (y )
y2 +3x+9xy=10(y—1)

a=9xy
, < 2 1A . s ab = 25¢>
® Céch 1: bat <b=y” +3x—1. Lac do h¢ (I) tr¢ thanh : .
a+b=10c

c=y-1
Suy ra a,b 1a nghiém ctia phuong trinh :
X2 —10cX +25¢2 =0 <> (X -5¢)’ =0 <> X =5c.

Luc détas€cohé:

X_S(y—l)
9xy=5(y—-1 -
{ 2y 3 (yl_i 1 - 59y_1) (y =0 khong thoa hé).
y +3x-1=5(y-1) v+ v +4-5y=0
3y
X=5y—5 X:H
=N 9y = %y

9y° —45y> +51y—15=0  |(y=1)(3y* ~12y+5)=0

x=2Y"2 L_5y-S
9y 9y
= =
y=1 g 6=N21 6421
3y -12y+s5=0 7 YT T3 VYT
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“1+21 _1-+21
X=— X

x=0 9 9
S \% .
{y=1 y_6+«/21 _6-+21

9 T
9xy(y2 +3x —1) =25

(y—l)'
(

y> +3x —1+9xy =10(y-1)

@ Céach 2 : Tu hé

Vo6i x=0=y=1 1a mdt nghiém ctia h¢.

V6i y=0 khong thoa hé.

o . 9xy(y2+3x—1)=25(y—1)

Voi x =0,y =0 ta co bién doi h¢ veé hé: .
(y2 +3x -1+ 9xy)9xy = 90Xy(y— 1)

Tu day ta suy ra dugc phuong trinh :

25(y—1)" —90xy(y —1)+81x*y> =0 = [5(y~1)-9xy] =0

Sy-5
5(y—-1)=9 =—.
< 5(y-1)=9%xy <= x 5

Thé vao phuong trinh thir hai trong hé ta ¢6 phuong trinh :

y=1=x=0
6+\/i —1+\/ﬁ

621 ~1-21

SX=——

L 3 9

Qua hai cach giai ta ¢c6 nghiém cta hé phuong trinh da cho 1a :
—1++21 6+421) (-1-421 6-21

(x,y)=1(0;1); 5 ; ; :

9 3 9

9y —45y% +5ly-15=0<| y

Binh luin : Bai toan nay chinh chung t6i 1a tac gia cta n6. Bai toan niy ra nhim
muc dich kiém tra ky ning phan doan nhan tir ciia hoc sinh va théng qua d6
huéng dén cac phép giai co ban. Khi bai toan nay ra doi c¢6 nhiéu y kién hoi vé
cach tao ra hé nay. Chung tdi ciing xin dwa dén cac ban ngudn gdc ra doi ciia no
dugc ching toi thyc hién “ghép va tao” don gian theo y tudng tong quét sau
day.

+ Buwéc 1 : Tao bén da thirc :

f(Xa}’),g(X,}’),h(X,y),k(X,y) sao cho

{f(X,Y)+g(X,Y)=h(X,Y)
F(x.x)- o

261




Tuw duy logic tim toi loi gidi Hé phwong trinh

+ Budc?2:
Ghép [f(x,y)+g(x,y)—0.-h(x,y)]+B[f(x,y)-g(x,y)—u-k(x,y)]=0
<:>F(x,y)=0.

+ Budc3:

F(x,y) =0
f(x.y)-g(xy)=k(x.y)
Trong qud trinh tao da thire can “ghép va tao” ta sé diéu chinh diéu kién cia
hé doi xitng logi 1 va nghiém ciia hé sao cho phit hop. Va cé gang chon da
thirc sao cho hinh thirc phwong trinh c6 ché “dé thé” vé mdt hinh thirc va
dwong hwéng di ngue lai 1oi gidi ciia bai todn doi véi ngwoi gidi dwgc thuc

Sau d6 chung ta ghép lai ta dugc hé phuong trinh : {

hién tot nhdt cé thé. Su ldt léo khé chiu sé tang lén néu chung ta chon cac da
thire va hé sé cé tinh “lam khé” sé tao ra nhiéu hé thii vi. Va diém thi vi xoay
quanh vin d@é nay con nam ¢ ché chwa chdc da thirc ban dau ta chon la huéng
di duy nhat. Pdy chinh la diém thu hit ciia bai todn.

Vi du 16 : Giai hé phuong trinh

x> +X3y3 er3 =17(1)
3x(y? =5)(x+1)=2(y* +1)(x ~1) =18(4-5x)(2)

Phén tich :
Vi hé nay, ta d& dang nhéan thay phuong trinh thir nhat di xing véi bién x,y .

(x,yeD)

Con phuong trinh thr hai thi khéng c¢6 duge sy dbi xang nhu vay. Hinh thirc
cac tich cia phuong trinh thu hai trong h¢ ciing khong cho chung ta dugc nhén
dinh dugc gi nén ta s& tién hanh khai trién hét ra xem thé nao.

Cu thé ta s& ¢6 h¢ dugc bién ddi thanh :

x> +x3y3 +y3 -7 =0(1)

2x% - 2)(3y3 — 2y3 + 3><2y3 + 3xy3 —15x* +75x — 74 = 0(2)
Ta thiy phuong trinh thtr hai c6 sy ¢6 1ap ciia hai bién x,Xy nén ta sé day y
tuong két hop hai phuong trinh lai dé tim sy ddi xtimg va phan ly bét nhan tir
chung.
Tt 14 ta can “ghép va tao” nhu sau

(—2)43 —2)(3y3 —2y3 +3x2y3 +3xy3 —15x2 +75x —74)+
k-( 3 +>(3y3 +y3 —17)20
o -2x° —2)<3y3 —2y3 +3>x2y3 +3xy3 —15x% +75x —

) 74+k.x3 3.3 3
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S (2+k)x —15%7 +75x = T4 =17k +y* (2 +k)x +3x” +3x +k—2) =0 (¥)

Tir (*) taco quyén hy vong (*) duogc viét duéi dang : y° (ax +b)3 =(dx+ e)3
Tuc la:
(2+k)x° —15%7 +75x = T4 =17k +y* (2 +k)x +3x7 +3x +k -2)
=(dx+e)’ -y (ax+b) (i)

T

V6i T=d’x> +3d%ex? +3de’x +¢° — y3 (a3x3 +3a’bx? +3ab’x + b’ ) .

2+k=d’
3d’e=-15
3de? =75 k=3
3 a=-1
e’ =-74-17k

Dong nhat hé s6 hai vé cua (i) taco: <ib=-1.
a’=—k+2 _

d=1

3a’b=-3 e=_5
3ab® = -3
b’ =—k+2

Vay lay (2)+3-(1) vé theo vé ta c6 phuong trinh :
(X+1) ( x)3 <:>y(x+1)=5—xc>xy+x+y=5.
3, 33,3
Do d6 hé da cho tré thanhhe: 41X TXY *Y =7
Xy+x+y=5
Heé nay 1a hé d6i xtmg loai 1 da biét cach giai.
Loi giai :
Hé da cho dugc bién déi thanh hé :
x> +x3y3 +y3 —17=0(1)
x> — 2x3y3 - 2y3 + 3)(2y3 + 3xy3 —15x% +75x =74 = 0(2) .
Ly (2)+3-(1) vé theo vé ta s& c6 phuong trinh :

x> —15x> +75x—125+y3 +x3y3 +3><2y3 +3>xy3 =0 <::>y3 (x+1)3 =(5—x)3

@y(x+l)=5—x©xy+x+y=5 (3)
Két hop (3)va (1) ta dugc hé :
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{x3 +X3y3 er3 =17 <:>{()<+y)3 —3xy(x+y)+x3y3 =17 (I)

Xy+x+y=5 Xy+x+y=5

S3—3SP+P3 =17

S=x+
Pat{>  °.8*—4P>0. Lic d6 h¢ (I) tré thanh hé :
S+P=5

P=xy
{8:2

S*-35(5-S)+(5-8)’ =17 _ [$?~58+6=0 {$=3vs=2 P=3
f—g f—g f—g < .
P=5-S P=5-8 P=5-S $=3
P=2

Poi chiéu diéu kién ta ¢6 nhan :

X

{S=3 {x+y=3 y=3-x {Y
= = =

P=2 |xy=2 x2-3x+2=0 {x

y

Vay hé phuong trinh da cho ¢6 nghiém 1a : (x,y)= {(1;2);(2;1)} )

1
2
2
1

Binh ludn: Bai toan ndy gdc gac ciia nd 1a mot bai toan co ban, nhung qua viée
“ghép va tao” h¢ don gidn da sinh ra mot he rat kho doan an phu. Mot bién thu
rat kho chiu nhung lai hdp din. Vi phén tich trén s& giup cac ban tim dugc 1oi
giai cho mot s6 bai toan tao hé nhu vay va do cé 1é 1a con duong tu duy tu
nhién cho loai bai toan nay!

x*—2x = y4 -y
s
(xz — y2 ) =3
(Chon ddi tuyén qudc gia DPHSP Ha Noi)
Phan tich : Quan sat hé nay, chiing ta nhan thiy trong hé chira cac hing déng thirc

x* —y4,x2 —yz. Céac hang dang thirc nay déu lien quan dén hai dai luong

Vidu 17 : Giai hé phuong trinh x,yell )

X +Y,X —y nén ta s& suy nghi dat an phy héa nhu sau :

2x=a+b

{a=x+y 2
=
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2 12
+b -b
_ ab| —(a+b)+a—=0
Va nhu vy xem nhu hé sé tr¢ thanh : 2 2
a’b’ =3

nay hoan toan co thé gia tot nho phép thé hing s theo bién. Do d6 ta di vao 1oi

giai cho bai toan nhu sau.
Loi giai :

. H¢

2(x4—y4)=4x—2y

(x2 —y2)3 =3

(1)-

Hé phuong trinh da cho dugc bién d6i thanh hé :

2x=a+b

2y=a->b

I—)ét{azx+y:> 2_ )
b=x-y Xx“—y“=ab
2(x4—y4)=ab(32 +b2)

ab(a2+b2)=2(a+b)—a+b ab(a2+b2):a +3b

Luc d6 hé (I) tré thanh: =
a’b’ =3 a’b’ =3
{ a’b+ab° =a+ab? a(a2b+b3—a2b4—1)=0 a(b3—1)(1—a2b)=0
R = p=
a’b’ =3 a’b’ =3
a= 0vb—1va2b—1 a=0 b=1 a’b=1
= ST AT Vv
a’b’ =3 |a’b’ =3 |a’p’ =3

h¢ vo nghiém.

Vay h€ phuong trinh da cho c¢6 nghiém la
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(&%)

Binh luén : Bai toan nay tuy don gian nhung néu khong phét hién ra cach dit tong

B

2 2

(X’y)z{uéﬁ_—néﬁl

hiéu cua hai dai luong x,y thi s& khé giai quyét. Phuong phép nay ciing rat
thuong dugce st dung trong giai hé bang phuong phap an phu.
6x°y+2y° +35=0

S(X2 +y2)+2xy+5x+13y=0

Vi du 18: Giai hé phuong trinh (x,y el )

Phan tich : Hé nay thuong duoc giai dudi dang “ghép va tao” tirc 1a chon k dé tao
ra mot phuong trinh c6 nhan tir. Cach d6 kha gon va cho 10i giai dep mit nhung
dé duoc diéu d6 phai qua mot qué trinh doi hoi dy kinh nghiém. Ching t6i s&
di 101 giai nay bang cach dit an phu cho gan giii hon véi da sé hoc sinh va két
hop véi cach “ghép va tao” don gian hon .
Cau hoi 13 dwa vao dau dé nghi dén dat an phu? Cau tra 10i 13 & phuong trinh
thir nhét ta co :

6x2y +2y° +35=0©2(y3 +3x2y)+35:0.

3 3

(x+y) ~(x~y)
2

hop véi hinh thirc ctia phuong trinh thir hai ta hoan toan c6 thé an phu hoéa :

a=x+y
b=x-y

O tinh chat ching t6i da néu ra ta s& c6 : y3 +3x2y: , két

2 42
2 » a“+b
X" +y =
y 2
a’?—b’
Xy =
Khi d6 ta s& ¢6 : 4
a+b
X =
2
_a-b
y 2
a’—b>+35=0
Va ta s& dua hé da cho vé hé : a2 +b2) aZ-b? a+b a—b
5 5 + 5 +5( j+13(—j=0

. Hé nay gan giéng vi du 18 chung t6i di phan tich & phuong phéap cong trir,
nhén chéo. Do d6 ta di vao 101 giai cho hé.
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Loi giai : Hé phuong trinh da cho duoc viét lai thanh hé:

3 2 _
2(y +3x y)+35_0 )

S(X2 +y2)+2xy+5x+13y:0

2 12
2 2 a +b
X“ 4y’ =
Y 2
N _a’-b?
Y 4
=X+
pat J2 XY _ath
b=x-y 2
_a-b
Y 2
343
y3+3X2y=a 2b

Khi d6 ta c6 hé (*)trd thanh hé phuong trinh :
a’—b’+35=0
2 12 2 12 _
5 2 +b L2 b s a+b_+B a—-b _0
2 2 2 2

3 b +35=0(1
@{a (1

3a® +2b° +9a—4b=0(2)

(i)-
Léy(1)+3-(2)Vétheovétasécéduqcphuongtﬁnh:

a> b’ +35+9a? +6b% +27a—12b=0<=(a+3)’ =(b-2)’ @a=b-5.
Thé vao (2) ta cé :

b=2=a=-3
b=3=a=-2"

3(b—5)2+2b2+5b—45=0©b2—5b+6:0<:{
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Vay h¢ phuong trinh da cho c6 nghiém 1a (x,y)= {—l;—éj;(l;—é)} .

Binh luin : Hudng giai trong bai toan tuy hoi dai vi can an phy va sir dung nhan
hé s6 dé “ghép va tao” nhung d6 1a con duong tu duy tu nhién hon néu ngay tir
dau chang ta chon nhan hé sb dé “ghép va tao”. Vi khi lam truc tiép ‘ghép va
tao” s& can nhiing ky ning phan doan kha 1a “tinh quai” vé nghiém trudc dé tao
ra mot phuong trinh ¢6 dung ngay nghiém can tim d6 1a phuong trinh :

(2y+5)[3(x+%)2 +(y+%)2J=0.

Vi du 19: Giai hé phuong trinh

x> +(2y—x)(1+6xy)= 8y3

—_—

x+2y-1
12

(x—2y)3

}(X,ye[l)

(x2—4y2)2—2(x+2y+1)=(x—2y)2{1—

Phan tich :
Quan sat hé ta d& nhén thy, tuy hinh thic kha rdi nhung phép dit an phu hoa
lai cuc ki 16 rang. D6 14 ta s& 4n phu hai dai luong sau : a=x+2y,b=x—2y.
Do d6 chiing t6i s& khong phan tich sau vao vi du nay ma s& di giai truc tiép hé.
Loi giai :
R {X +2y=#1
biéu kién : .
x—-2y#0
Hé phuong trinh da cho duoc bién dbi thanh hé phuong trinh sau :

(=229t} o (1
I
((x=2y)(x+2y)) ~2(x+2y)-(x-2y)" -2~ Xizzy

. Ja=x+2y s s 1A .
Dit b 5 ,(a#1,b=0). Lac d6 h¢ (I) tr¢ thanh hé phuong trinh :

b(b2_1)=% _ (a=1)(b*-b)=6(1)

(1)
b2v? 22— b2 _2=12  |bla®—2ab-b’—2b=12(1)
b

Khong kho nhan thay rang hé nay s& khong c6 nghiém (a,b) = {(a,l);(a,—l)} .
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Do d6 v6i b=+l tir (1) ta co : a= +1 Thay vao (2) ta c6 phuong

3_
trinh:b{%j ( b+6j —2b=12
b’ ~b)-b

<:>b3(b3—b+6)2—2b(b b6 (b7 )—2b(b3—b)2=12(b3—b)2

b=2=a=2

b’ (b—2)(b+2)(b* +2)=0<(b—2)(b+2)=0 .
b (b-2)b+ D17 +2) =0 (b-2)(b+2) 0| T2
,.{a=2 {x+2y=2 {x=2
®Voi = = .
b=2 x—2y=2 y=0

Xx—2y=-2 y:% '

. |la=0 x+2y=0 x=-1
D Vb1 = =

Déi chiéu diéu kién ta c6 nghiém cta h¢ 1a (x,y)= {(2;0);(—1;%)} :
Binh luin : Bai toan khong kho nhan ra 4n phu héa, cai hoi so s¢ 1a phép thé tao

phuong trinh bac kha cao, nhung do tinh ““ co rut” ciia phuong trinh bac cao nay
ta bat duge nhan tr kha nhanh.

(3x—2y)" +(2x-3y)" =1

x,yell
(x+y)(l9x2—37xy+19y2)= ( )

Vi du 20: Giai h¢ phuong trinh:

Phén tich : Vi cau tao bac kha cao cua phuong trinh thir nhat ta quyét dinh dat an
phu héa nhu sau :

a=3x-2y .. _ . |x+y=a+b
.Khidotas€co: 5 s 5
b=3y-2x 19x° -37xy+19y“ =a“ —ab+b
Luc d6 hé phuong trinh da cho tré thanh hé :
a®+b° =1 a®+b° =1
2 2 Vs 3y
(a+b)(a —ab+b ):1 as+b =1
H¢ nay giai kha don gian.
Loi giai :

a=3x-2 X+y=a+b
bat s z, 2 _,2 2"

b=3y-2x 19x“ —37xy+19y“ =a“ —ab+b

Luc d6 hé phuong trinh da cho tré thanh hé :
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a®+b° =1 a®+b° =1
= ( 5 U I
a+b)(a —ab+b )—1 a+b =1
3 3
=1-b" 20
Tu: a6+b6=1:>a,be[—1;1].M€1tkhéctacé: a =a,be[0;1].
b’ =1-2a°>>0

Lay hai phuong trinh trir nhau vé theo vé ta c6

a(a3—1)=0
a’(a’ ~1)+b* (b’ -1) =0 .
b(b*-1)=0
Vay két hop phuong trinh thir nhét trong hé lai ta s& 6 :
(. 2
X =—
5
a6+ b0 1 {azO {3x—2y=0 y—§
b=1 3y—-2x=1 B
a(a3—1)=0<:> = Y 5.
a=1 3x-2y=1 X_E
b(b*-1)=0 [lb=0 [|3y-2x=0 5
_2
075

Vay h¢ phuong trinh da cho c6 nghiém 1 (x,y)= {%,%j,(%,%j}

Binh ludn: Bai toan sau khi 4n phu hoa s& chuyén vé hé d6i xtmg loai 1 nhung lai
khong chon giai quyét bang phuong phap cua loai hé ddi ximg loai 1 duoc vi
bac kha cao nén chic s& c6 nhing bién ddi dai sé kha rdi. Loi giai trong bai
duogc dua trén 161 giai tong quat cua mot loai hé tong quat sau ddy ma ta ciing

X2m + y2m =1

(m,n el *)va hé trong vi du 1a mot bién tAu cia hé

hay gdp: { 20+l _q

X2n+l +y

tong quat.

2) An phu héa véi hé chira cin thirc.
Doi voi hé chiva can thire thuong chiing ta sé gap cdc sw bién tau sau dé an phy
hoa.

- An phu héa c6 ngay trén hé (trén mét phwong trinh hodc cd hai phirong trinh).

- An phu héa c6 dwoc sau mét phép bién doi nhie ndng liiy thira, chia hodc nhdn
mot dai lwong nao do khac 0.

Vé cdch nhin chung co ban la nhuw vy, nhung do sw bién tau an phu rdt phong
phii nén cdch tot nhat né chinh la rén luyén cam gigc sw lién quan dén dai
lu c.A‘:,cf hy ya cdg dai lygng con lgi trong hé
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Muc dich chung trong viéc an phu héa la khir can thire. Ta thirong c¢é hai cdch
an phu héa nhie sau :

- Ddat mét an phu dang a=\/fﬁ bién doéi dwa vé phuong trinh hodc vé hé
phuong trinh da biét cach gidi.
a= f(X) {az f(x)
b= () [b=g(x)

trinh hodc toan hé dé tir d6 dwa vé cac phuwong trinh hodc hé da biét cach gidi.
Vi du 1: Giai h¢ phuong trinh

x+2«f5x2—y2 =5 ( )
x,yell
\/21x2 +4(x+1-y?) —a(x+2)\5x2 —y2 =19

Phén tich : Quan sat hé nay, chung ta dé dang nhan thiy dau tién 1a ca hai phuong

- Dt hai éan phu ¢ hai dang dé xir If trén mot phuong

trinh trong hé déu chira chung mot dai luong JSX2 - y2 . Tuy nhién, néu quan
sat thém chut nira ta lai dé y thiy ca hai phwong trinh trong hé ciing chtra chung
dai lugng x+2.

Bay gio van d& con lai 1a ta s& bién doi dai luong 21x? + 4(x +1- y2) theo hai
dai lugng chung ma ta nhan ra dugc do la x + 2,5x% — y2 .

Mubn vay, ta s& di xac dinh hai s6 m,n sao cho

21x° +4(x Jrl)—4y2 :m(x +2)2 +n(5x2 - y2) .

Ta c6 : 21x% +4x +4y2 +4= (m+5n)x2 +4mx+ny2 +4m . Pong nhit hai vé
phuong trinh nay ta s& tim dugc m=1,n=4.

Viy ta s8 ¢6 :21x% +4(x +1)—4y> :(x+2)2+4(5x2 —yz). Vay hé s& giai

a=x+2
véi phép dat .
b= «foz +y°
5x% — y2 >0

Loi giai : Didu kién :
21x> +4(x+1—y2)20

H¢ phuong trinh da cho duoc bién doi thanh hé :

X+2+2af5x2—y2=7 ()
1
\/(x+2)2 +4(5x2 —y2) —4(x+2)«f5x2 —y2 =-19
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a=x+2
bat ,a<7,b>0.
b=«f5x2—y2

a+2b=7
VJaZ +4b2 —4ab=—19
a’ +4ab+4b> =49 —dab=a% +4b> —49
=
19

a2 +4b% —4ab=—

Liic d6 hé (1) tré thanh hé : {

=
a? +4b% ++/a% +4b> -30=0

—4ab=a” +4b* —49
vi va? +4b% >0
Ja? +4b% =5

6

ab==6 a:é a:E
= b = 9

4b* 2562 +36=0 |[b*=4vbi=2

=2 |5xP -y’ = 5-y* =4 X =
y=-1
[(x=2
71
a=4 Xx+2=4 x=2 y:£
®Voi 3 3 71 & 2
=_ 5X2—y2:— y2:— x=2
2 2 4
__NT1
VT2

Doi chicu dicu kién va thur lai ta c6 nghi€m cta h¢ 1a

(x,y)={(l;1);(l;—1);[2;@);[2;—EJ}.

2

Binh luén : Hé phat hién ra 4n phu kha don gian, néu khong nhan xét ra thém nhan
tir chung ctia ca hai phuong trinh 12 x +2 thi ta van giai hé rat tot voi mot an
phu cho cin thirc. Phan con lai 14 giai hé bang phuong phap thé hé qua kha don
gian
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22x+y+3+x—y+5=5

(x,yeD)
J8x+4y +17 +3x +4 =3-4x -2y

Vi du 2: Giai hé phuong trinh{

Phén tich : V&i hé nay chua tat ca la bon can thie. Tuy nhién, ta quan sat duogc &
phuong trinh tht hai trong hé hai dai luong 8x +4y+17,3-4x—2y co6 hé so
dung trudc x,y lién quan dén dai luong 2x +y+3. Mit khac giita hai dai
lugng 2x+y+3,x—y+5 c6 diu coa ytrdi ddu va tong hé sb ciia x & hai
luong nay 1a 3 nén 3x +4 ciing lién quan dén hai dai luong d6. Véi suy nghi
nay ta s€ an phu hoda hai can thirc ¢ phuong trinh thir nhat.

:Jﬁ:{az =2X+y+3:3x:a2 b2
= \/m b? =x— y+5
Mat khac ta lai co :
8x+4y+17 :4(2x+y+3)+5 ; 3—4x—2y:9—2(2x+y+3) .
Vay 1a hé hoan toan c6 thé giai quyét theo hai 4n phu méi 1a a,b .
2x+y+320
Xx—-y+520

, a
Cuthétaco:
b

Loi gidi : Dicu kién :
X2>——

3-4x-2y=>0
H¢ phuong trinh da cho dugc viét lai 1a :

{2J2x+y+3+¢x—y+5 =5

*

JA(2x+y+3)+5+Bx+4=3-4x-2y

Pt {az XYt b20.Taco: 3x=al +b>—8 = 3x+4=a’ +b> 4.
bo Ty es
Luc do (*) tré thanh hé :
2a+b=5
{«/4312 +5+a’+b>—4=9-2a>

b=5-2a’

\/43 +5+\/ (5-2a) 2 _442a%2-9=0

b=5-2a
f—
V4a? +5 +5a% —10x+21+2a%> ~9=0(1)
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Xet (1), ta co (1) &> 4a® +5-3+5a® ~10x +21 —4+2(a® ~1)=0

4(a* -1 1)
o (1) o S@) i) as1)=0
Jaa? 4543 5x>+10a+21+4

4(a+1)  13a+3+2(a+1)y5a> —10x +21

<:>(a—1 + —
J4a2 +5+3 V522 —10a+21+4

C
<a=1=b=3vi C>0,Vaz=0.

2
a=1 {«/2x+y+3=1 {2x+y=—2 =3
= =

Vay ta co:
s

= )
= Xx—-y+5=3 x-y=4 __E
y
3
IO S W , n N 2 10
Doi chiéu diéu kién ta c6 nghiém cua hé 1a (x,y)= 5;—? )

Binh luén : Bai toan tuy chira nhidu cin thirc nhung néu tinh y phan tich cac hé sb
theo chudn dai lugng nao d6 ta van tim dugc 4n phu phu hop va dua dén giai
mot hé co ban. Ngudn gde ciia bai toan 1a xuat phat mot phuong trinh vo ty nao
d6 duoc chon san va b;‘ing phép thay thé ta s& duoc mot hé dep. Va viéc con lai
1a chung ta s& rat thé va di nguoc lai dé tim kiém phwong trinh v6 ty ban diu da
dugc che giu.

Vi du 3: Giai hé phuong trinh

x(5x+3 xz—y)=3y+8

2(2x—1)yx> -y —2(y+1)=5x(1-x)

Phan tich : Bai toan nay, quan sat h¢ chiing ta chi thay hé c6 mét can thuc, dai
luong trong cin chita y va ngoai cin ciing chira y nén ta s& nghi ngay dén

(X,yeD)

phép an phu héa can thirc va phép thé.
bat t= \/ﬂ =>y= x% —t?. Va thé vao hé ta s& c6 hé phuong trinh sau :
x(5x+31)=3(x* %) +8 2x% +3xt +3t2 =8
2(2x~1)t=2(x" =? +1)+5x” =5x =0 {37&2 +4xt+2t> —5x —2t-2=0
Heé cudi 1a hé bac hai tong quat da biét cach giai. Gio ta di vao giai hé .
Loi gidi :

Pidu kién : x> -y=0.
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bt t=«¢x2—y,t20.Tacé: y:xz—tz.

Thay vao hé ta dugc h¢ phuong trinh:
X(5X+3t):3(xz_t2)+8 2x” +3xt +3t% =8(1)
2(2x=1)t=2(x? = +1) 457 =5x=0 3" +4xt+27 =53 ~20-2=0(2)

Léy (1)—2-(2) vé theo vé ta dugc phuong trinh :

5 5 t=2-x
t" —(4-5x)t+4x —10X+4=0<:>('[+X—2)('[+4X—2)=0<:> (e ax
=2-4x
Véi t=2—x thay vao (1) ta c6 phuong trinh :
Xx*-3x+2=0&
x=2=t=0
O S U i x=2 x=2 x=2
Poi chiéu diéu kién cia t tacod : = 5 & .
= «/x -y=0 y=4
Voi t=2—4x thay vao (1) ta c6 phuong trinh :
x=l=>t=-2
19x* —21x+2=0< 2 30
X=—=t=—
19 19
2 2 2
Déi chiéu diéu kién cua t ta co: 19<:> 19 = 19 .
(=30 2 _y =30 __8%
19 TR AT

Déi chiéu diéu kién ciia hé ta c6 nghiém ctia h¢ la: (x,y)= {(2;4) (2 896]} ‘

\9” 361

Binh luin: Véi bai toan c6 mot céan thirc 1dp lai & ca hai phuong trinh trong hé
thong thuong ta s& lua chon phép an phu hoa va sir dung phép thé. Bai toan
chung ta vira nghién ctru xong 12 mot loai hé nhu vy va ta dua vé hé phuong
trinh bac hai téng quat quen thudc, hé nay ta co thé lya chon nhiéu cach tiép can
nhu chiing t6i da dé cap & cac phan trude. Ngudn gdc cua bai todn nay chic
chin bit ngudn tir mot hé bac hai ¢é trude rdi sau d6 ngudi ta sit dung phép
thay thé.
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Vi du 4: Giai h¢ phuong trinh
y42x—1=Jl+x+2/l+y
5 (x, yel )
(y—x)(y+1)—1 =(2—y )x/x+1
Phin tich: Véi hé nay ta quan sat thdy trong hé ca hai phwong trinh déu lién quan
dén hai dai lwong d6 1a /1+x,, /1 +y néntacd thé 4n phu hoa:

a=+1+x x=a’-1
= :
b=\l+y |y=b’-1

Khi d6 ta sé c6 hé phuong trinh méi:

2
(b?-1) +2(a>~1)=1+a+2b
(b? —a%)b” +(b* ~2b-1)a=1
V6i hé moi ta dé ¥ dén phuong trinh tha hai trong hé 1a mot phuong trinh bac
hai theo bién b”nén ta c6 quyén hy vong bat nhan tir tir phuong trinh nay.
Cuthétasé€co:
(b* —a?)b” +(b* —2b—1)a=1<(1+a)b* —(a” +2a)b> ~(a+1)=0.

. 2 2 2 2 2 A A ~ , 5
Ta co Ab2 = (a + 2a) +4(a + 1) = (a + 2a+2) . Piu nay da chung té duoc

phuong trinh thtr hai trong hé méi tach dugce nhan tir va nhu thé hé hoan toan
duogc giai quyét.

. e A A x2-1
Loi gidi : Dicu kién : .
y>-1
a=+x+1 =a’ -1
bat , (a,b 20). Taco : X . Khi @6 hé phuong trinh da cho
b=\fy+1 y=b>-1

tré thanh :

(b2—1)2+2(a2—1)=1+a+2b (b2—1)2+2(a2—1)=1+a+2b(1)
(b? —a?)b> +(b* —2b-1)a=1 (1+a)b4—(32+Za)b2—(a+1):O(2)'
Tir (2) tacs A, =(a’ +2a)2 +4(a+1)" =(a’ +2a+2)2.

Do dé ta c6 (2) < (b? —a—1)(ab” +b* +1)=0 < b* =a+1 vi ab” +b> +1>0.

Thay vao b> =a+1 vao (1)ta co:

3a2 —a—3=2\/ﬁ@3(a2—a—1)+2(a—\/a?):o
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Déi chidu didu kién ta c6 : a = HT\E b= # .

a_1+«/§ 3+J§ l+\/§

> X+1= 5 X = >
Vaytaséco: = = .
34245 3+245 1+4/5
+1= 5 y+1= 5 y= 5

T ST , . n A 1+5 1+4/5
Doi chiéu diéu kién cua hé ta c6 nghiém cua hé 1a (x,y) =( 2\/_; 2\/_} )
Binh luin: Pay 1a mot cach dit 4n phu thuong gép trong h¢ chira can thirc va
khong khé phan doan. Xuat phat di€ém cua no 1a dya trén mot phuong trinh tach
dugc nhan tir va st dung phép thé de tao ra dieu kién rang budc trong hé.
Vi du 5:

Giai hé phuong trinh

Phan tich : Vo&i hé nay ta nhan xét thidy xuat hién cic dai luong
X+Yy,X— y,x2 - y2 nén ta nghi dén phép dit an phu nhu sau:
N a’+b’
2 =
a= «/X + a“=x+

b’ =x-y y a?-b?

b=x-y

2
Khi d6 ta s& co phuong trinh th nhét trong hé tré thanh :

A5 AT

@2(4132 —a2)ab =3(a2 +4b> +3)<:>8ab3 —2a%b-3a% -12b%-9=0

<> 8ab’ +4a’b? + 6ab—2a’b—4a’b? —3a% —6ab—12b> -9 =0
<:>2ab(2ab+4b2 +3)—a2(2ab+4b2 +3)—3(2ab+4b2 +3)=o

<:>(2ab+4b2 +3)(2ab—a2 —3):0.

Vay t61 day ta chi con thyc hién phép thé vao phuong trinh thr hai trong h¢.
Viay xem nhu h¢ da dugc giai quyét.
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N ene A 1ea Xx+y=20
Loi gidi : Dbieu kién : .
x—-y=0

a’+b’

X =
a=./x+
Dat{ Jxry 2

, (a,b>0). Tir phép dat ta co : )
b=yx—-y y_212—b2

2
Luc d6 hé phuong trinh da cho tré thanh hé phuong trinh :

L5 )
(a+b-1) =8+(b-2)

2(4b2 —az)ab =3(a2 +4b? +3) 8ab> —2a%b—322 —12b%2 -9=0
IEN
(a+b-1)’ =8+(b-2)

(a+b-1)’ =8+(b-2)

8ab’ + 4a’b” + 6ab — 2a’b —4a’b? —3a? —6ab—12b> -9 =0

(a+b—1) =8+(b-2)

2ab(2ab+4b2 +3)—a2(23b+4b2 +3)—3(2ab+4b2 +3)=o

(a+b—1) =8+(b-2)

(2ab+4b2+3)(2ab—a2—3)=0 {2ab—a2—3=0
=

; ,vi 2ab+b%+3>0
(a+b-1)"=8+(b-2)

(a+b-1)’ =8+(b-2)’

_a2+3

b a’+3
2a b=
PN , 3 , , & 2a
3 2
a1+ 23 g3 F3 (3a2—2a+3) =64a3+2a(a2—4a+3)
2a 2a
b:az+3
= 2a

27a% —56a° +133a* —224a% +165a% - 722 +27 =0

b:a2+3
= 2a

(a—1)*(27a* =22 +102a ~18a +27) =0
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a’+3
2a

b=

(a—1) (26214 +(a? —a)2 +(9a—1)* +19a +26) =0

b a“+3 4= )
= 2a <:>{b vi 26a4+(a2—a) +(9a—1)> +19a% +26> 0

5
«fx+ =1 x+vy=1 X=
fx—y:2 X—y=4 y=—§

2

T S Y , A A 5 3
Doi chiéu diéu kién ta co nghiém cua hé 1a (x,y)= (5 —Ej
Binh luin : Bai todn nhan ra 4n phu khong kho, chii y rang cach dit an phu kiéu
“tong, hi€u” thé nay cling thuong duoc st dung trong bai toan h¢ can thirc. Do
kho cua hé ta dang xét 1a khau kiém soat tinh toan va khai trién hang dang thurce

hop li.
Vi du 6:
\/3y2 +37x—-107 —\/3)(2 -y-5 =x/§—x/§
Giai hé phuong trinh (X,y el )
(2)(2 +x+4)afx—y+3 —x—2y=6(x2 +4)

Phén tich : V6i hé nay, ching ta nhan thdy hé chira ba can thirc nhung hai cin
thirc & phuong trinh thtr nhét c6 an  phu hoa cling khong gitip ching ta dugc gi.
Can thirc 6 phuong trinh thir hai néu chung ta an phu héa né thi kha ning biédu
din bién x hodc bién y theo 4n phu méi va bién cii s& c¢6 tac dung hon vi luc

d6 né chuyén vé phuong trinh da thirc quen thuge co thé nhdm dén dugc cach
phan tich nhén tir. DOi v6i bai toan vi trong phuong trinh thir hai ¢6 chira duy
nhat y nénta sé rat y theo bién x va an phu méi. Cu thé ta co :

bat t =~/X—y+3 = yzx—t2 +3. Khi d6 phuong trinh thr hai trong h¢ sé&
duogc viét lai thanh phuong trinh sau :

(267 +x+4)t—x=2(x—t* +3) =6x* +24

26 +(2 +x+4)t=3(2x" +x+10) =0.

<:>(t—3)(2x2 +x+t+10)=0<:>t=3.

Va nhu vay ta d3 c6 co sé dé thuc hién phép thé giai phuong trinh thir nhit
trong hé.

Tuy nhién, néu v&i goc nhin sau hon va di tinh t& hon thi ching ta nhan thy
trudc can thirc 1a mot tam thirc bac hai theo bién x va vé€ con lai cling c6 bac
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hai theo bién x nén ta thir hy vong xem rang néu ta dat 4n phy héa nhu sau :

a=y\x-y+3 = % ) e

thi co giai quyét dugc phuong trinh thu hai.

b=2x%+x
Picu nay da qua rd rang ¢ budce dat dau tién cho mot phuong trinh rat rd rang
gitra hai an phu a,b .
Vay, t0i day ta co hai duong giai quyét cho bai toan dé c6 dugc phép thé, va
nhu thé hé da duoc giai quyét.

3y2 +37x-35>0
Loi giai : Diu kién : {3x> —y—-5>0
x—-y+320
bat t={x—y+3,t20, Ta co : y:x—t2 +3. Luc d6 phuong trinh tht hai
trong hé duoc viét lai :
(267 +x+4)t—x=2(x—t* +3) =6x7 +24=0

<:>2t2+(2X2 +x+4)t—3(2x2 +x+10)=0

S (t-3)(27 +x+t+10)=0= t=3o Jx-y+3=3cy=x-6vi

2x* +x+10>0
>0 '
Thay y=x—6 vao phuong trinh thtr hai trong hé ta thu dugc phuong trinh :

JBy=6)2+37x-107=3x* —x+6-5 =53
3 +x+1 -3 —x+1=5-3 (1).

Xetharnsof \/3)( +x+1- \/3)( -x+1, Vxel .

Taco:
3 x+l 3 X—l
, 6x +1 6x —1 6 6
f'(x)= - = -
2Bx2 4 x 41 23x2 —x+1 1Y 11 Iy,
3| x+—| +-— 3| x——
6 12 6 12
v X 3t .
Lai xét ham s6 g(t)z—, vtell .Taco:
32+ —

280



Cty TNHH MTV DVVH Khang Viét

Do d6 ham sb g(t) dong bién Vtell .

Mat khéc ta co: x+l> x—l néng[x+l)>g(x—lj .
6 6 6 6

Tir day ta c6 f'(x)>0,vx €[] . Do d6 ham s6 f(x) dong bién ¥x el . Suyra
f(x)=+5-3 co t6i da mot nghiém. Ma f(1)=+5-+3. Do d6 x=1 1a
nghiém duy nhat cua (1). Suyray=-5.
Déi chiéu diéu kién ta co nghiém cua h¢ la (x,y) = (1;—5) .

Binh ludn: V&i hé nay, viéc dat an phq bat nhan tir 14 mot phép dit quen thugc qua
cac vi du trén , d6 kho cua hé nay nam ¢ giai phwong trinh tim nghiém. Cau trac

giai phuong trmh nay chung t6i sir dung phuong phap “ham sb 10ng ham sé dai
dién” it thdy dé giai mot phuong trinh vo ty.

(x—y) +4(y— y(x—l))zl

2(3+2y)Wx+1-2(2x 1)y =9

Phan tich : Vi hé ndy, mot 1an nita ta quan sat dugc trong hé trong hé chira ba cin
\E, Jx—1 va v/x+1. Tuy nhién do ciu trac phuwong trinh thtr nhit trong hé

a=+x-1

b- s
trinh thtr nhit duoc bién dbi nhu sau :
(a>-b +1)2 +4(b? —ab) =1 (a> —b2)2 +2(a>~b%)-4b(a—b)=0

Vi du 7: Giai hé phuong trinh (x,yel)

day ta di dén y tudng dit 4n phu héa nhu sau : { . Khi d6 ta c6 phuong

a—-b=0
= D) .
(a+b)" +2=0
Va nhu véy ta da c6 thé thuc hién phép thé dé giai phuong trinh thit hai.

y(x—l)ZO
. N x2>1
Loi gidi : Dicukién: <y=>0 = .
y=>0
x+12>0

. la=Ax-1 N , 2 12
bat ,a,b>0.Tudaytacdé: x—y=a“"-b" +1.
b=\y

Luc d6 phuong trinh thir nhat trong hé dugc bién d6i nhu sau :
(a>-b +1)2 +4(b? —ab) =1 (a> —b2)2 +2(a”=b*)—4b(a—b)=0
& (a=b)((a+b)(a=b)’ +2(a—b)-4b)=0

& (a=b)((a+b)’ (a=b)+2(a=b))=0
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& (a=b)*((a+b) +2)=0a=b vi (a+b)’ +2>0.
Phuong trinh thtr hai dugc bién doi thanh phuong trinh :
2(3+2b°)a® +2-2b(2a” +1)=9 (¥)

Thay a =b vao phuong trinh (*) ta c6 phuong trinh :

3
2(3+22%)Va? +2 =42 +22+9 & a2 —(a+1) =2 ()
4a” +6
- 2a—1)(2a+3
o 1-2 _ (2a z( a+ )<:>(2a—1) 1 B 2az+3 0
VaZ+2+a+1 4a” +6 Ja?+2+a+1 4a”+6
1
a=—
e 2 (*)
2a% —5a+3=(2a+3)a’ +2
Xét phuong trinh :
a>0

2a” —5a+3=(2a+3)\/a2 +2 & )2a%-5a+3>0

(2% -2+ 3)2 =(2a+3)*(a’ +2)

O<a£1vazg
Rt 2

32a° —20a° +54a+9=0
Xétham s f(a)=32a> —20a” +54a+9, Va E(O;l]ul:%;—i—ooj.

2
Taco: f'(a)=96a2 —40a+54=96(a—ij +§ >0, Va E(O;I]U[E;Jrooj.
24 6 2
Vay ham s6 f(a) 1a ham s6 dong bién trén hai khoang (O;l] va [%&ooj.
Mait khac ta lai ¢o :
®Vvae(0;1]=9<f(a)<75 nén f(a)=0 v0 nghiém Vae(0;1].
@‘v’ae[%ﬁoo):f(a)zlﬁ nén f(a)=0 v6 nghiém Vae[%ﬁrooj.

Vay phuong trinh 2a* —5a+3=(2a+3)va” +2 v6 nghiém.

1 1 5 1
Do d6 ti o fx—l=—eox=2my=—.
odotr (*)<a 5 VX SexX=T=y=7

£ . X - A . : ; 1
Doi chiéu dicu kién ta c6 nghiém cua hé 1a (x,y)= [%’Zj )
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Binh luin : Bai toan van 1a phat hién an phu va khéo 1éo chon dugc an phu phu
hop d€ c6 nhiing trien khai c6 loi nhat.

\/9X+Z+2\/y+2_x:4
X y
(x,ye[l)
(2—)2(—1}[%—9j:18
y X

Phan tich : V&i cu tric hé nay, ta nhan thiy ngay an phu di xuét hién ngay tir

9x+Z

phuong trinh thtr nhét trong hé. Cu thé ta s& dit : 2X . Tuy nhién van
X
b= |y+—

y
dé bay gio 14 ta can bidu dién phuong trinh thir hai phai lién quan dén an phu. Vi
voi phep dat nhu vy ta khong the lam gi dé thé xudng phuong trinh thir hai cho
ra mot biéu thirc lién quan dén an phu.
Ta nhan thay cic dai luong trong tich & vé trai phuong trinh thir hai ¢6 gi d6
nguoc nguoc voi biéu thirc trong hai can ma ta 4n phu hoa. Vay phai chang day
12 mot két qua da dugc bién ddi tir mot didu “thudn” cua an phu? Pé tim hiéu ta
s& di nguoc lai van dé 1a pha cau trac tich do dé sap xép lai.
Cu thé ta c6 phuong trinh thir hai dugc viét lai thanh phuong trinh :

(2x—y2)(y—9x2)=18x2y2 < 18x° +y3 +9>(2y2 =2xy

Vi du 8: Giai hé phuong trinh

2 2
<:>9L+y—+9xy 1<:>9L+9Xy+y + L 2 =2
y 2x 2 y 2 2x  2x y

<:>2x y+2—X + L y+2—X =2 y+2—X (9x+zj=4.
2 y 2x y y X

Va toi day moi thir da hoan toan. Ta s€ di vao 101 giai cho bai hé.

xy =0
Loi gidi : Didukién : {9x+2>0.
X
y+2—X20
y
9X+X
it * (a,b>0)
2x
b= |y+—
y

Phuong trinh tht hai trong hé dugc bién ddi lai thanh phuong trinh :
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(2x—y2)(y—9x2)=18x2y2 <= 18x° +y3 +9x2y2 =2xy

y 2
Bl )
2 y 2X y X y

Vay hé phuong trinh da cho duoc viét lai thanh hé phuong trinh sau :

y
«f9 ==2
{a+2b=4 {a=4—2b {a=4—2b {a=2 X+x
=

S

= =
ab=2 (2-b)b=1 b=1 b=1 2x
y+—=1
y
2
9x? +y =4x y=4x-9x* y=4x-9x
< 2 < 1
y+2x=y |(4x-9x7) =2x-9x7 x(x—— (9x* =7x+2)=0
9
_{x=0
=0
y=4x—9x2 Y
= 1< X:l.
x=0vx=— 9
9
_1L
773

Déi chiéu diéu kién ta c6 nghiém cta hé 1a (x,y) = (%,%j )
Binh luan : Day 1a mot bai rat hay , dep vé hinh thic va doc déo vé chon dai luong
can dit 4n phu. Pac biét 1a con 616 phuong trinh thir 2, nd6 mang mét ‘tinh
chét day ma thuat” néu khong g& duoc no thi kho 1ong di dugc hét doan dudng
giai bai toan. T4c gia cia bai hé nay, that tinh té va c6 nhiing tinh toan hét stc 1a
thu vi.
Vidu9:

J17-4x% +19-9y* =10-2x -3y

Giai h¢ phuong trinh : (X, yel )

x\13-4x% +y\[9-16y> =3

Phin tich : Véi hé nay, chung ta nhan xét trén timg phuong trinh chang cho ching
ta moi lién quan nao ca. Tuy nhién d€ y cé hai phuong trinh trong h¢ ta nhan xét
thay mot diéu kha dac bi¢t. Be nhin rd dieu do ta bien doi hé thanh :

2x +4/17 —4x% +3y +4/19-9y? =10

x\13-4x7 +yy9-16y> =3
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Diéu dic biét ¢ ddy 1a néu trén phuong trinh thir nhit c¢6 dang a+b thi dudi
phuong trinh thir hai lai c6 dang ab va dac biét su lién két gitra 2x,4x2 va
4y,16y2 n6 goi cho chung ta sip xép mot diéu gi d6 lién quan dén a+b dé tur
do co6 ab. Nhu vay ta s€ day y tudng ctia bai todn la an phu hoa nhu sau :

2
2 _a -17
a=2x+\17-4x> |22 =ax17-ax2 417 |17 =47 =
= =
2 2 2 2 _
b=3y+«/19—9y b =6y«/19—9y 191y /719_9},2:13 619
a+b=10
Va nhu vay hé ban dau tré thanh mot h¢ don gian sau : a2—17+b2—19_3-
4 6
Viay hé hoan toan dugc giai quyet.
Loi giai :
. _WS A7
D.; kié 17-4x° >0 2
1€u kién : & .
19-9y* 20 _J_< Ao
IR
J7— - a’-17
it a=2x+417-4x> [XNV/TXT=
a = .
aty — )
b—3y+«/19 9y y Vi19—9y2=b - 9
Vay hé phuong trinh da cho dugc bién doi thanh hé :
a=3
a;b‘lo 2 a+b=10 a=10—b b=7
_ _ = = =
a” 17 57 =19 3132 4 0p2 =125 |5b> —60b+175=0 a=>5
4 6
b=5
® Vi

{a=3 2x+\17-4x> =3 |17-4x>=(3-2x)’ {2X2—3x—2=0
= = f—
D=7 |3y+\19-9y* =7

(hé vo nghiém)
® Voi

{azs 2x+\17-4x% =5 |17-4x>=(5-2x)’ {2x2—5x+2=0
=

19-9y* =(7-3y) 9y* 21y +30=0

f—g f—g

b=5" |3y+\19-9y* =5 [19-9y* =(5-3y)’

3y? =5y +1=0
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x=1vx:2
- 2
5+:13 5-J13
6 VT

boi chiéu dieu kién cua hé ta c6 nghiém cua hé 1a:

BB E Ry )

Binh ludn: Bai toan nay tic gia da dé xuat mot cach dit an phu dya trén mot vai
dic diém cua 4n phy trong phuong trinh vo ty dé giai quyét chéo trén hé. Phép
dat c6 dugc 1a mot ky thudt thuong gap trong tich phén do6 la phép thé Euler.
Hinh dang dat & 4n phu nay rat it gap nhung ciing la mét y twong hay va sau nay
c6 mot s tac gia su dung “phép thé Euler” dé ché tic mot sd bai toan khac. Tuy
nhién, tr6 ngai cua phép thé nay trong hé chtra cin thic do 1a trén mot phuong
trinh neu dung phep thé nay thi doi hoi ky nang bién d6i dai s6 kha ric rbi dé
dua vé mot tich roi tir d6 xoay nguoc lai bang ky nang lién hiép, binh phuong
cho ra dugc mdi quan hé. Véi chiing t6i phép thé Euler img dung trong bai toan
nay thi rat hay

Vi du 10: Giai h¢ phuong trinh

(y+ﬁ)(\/yz_+l+x):1
2(8x7 =7y +1)=2(1-3y)Sx+y+2 =(x+1)\Bx+y+3

(x,yeD)

Phan tich : Vi hé nay quan sat trong hé chira téi bon can thirc, tuy nhién ca bon
can thirc nay ching c6 lién quan gi dén nhau. Do d6 ta can ddy y tuéng an phu
hoa trén mét phuong trinh trong hé ri str dung phép thé. Hay cht y toi phuong
trinh thir nhat trong hé cac biéu thirc co gi do rat quen thudc nhung lai rat la
mit. V& su quen thugc 1a cdu trac ctia vé trai co nét gi do lién quan dén lién hiép
hodc ham s nhu mot sé bai toan chung ta nghién ctru, nhung cdi la ¢ day la ta
khong thé ap dung cac phuong 4n quen thudc dé giai quyet vi tinh sap Xép cac
bién bi dan chéo nén viéc gheép lién hiép hay dua vé ham sO 1a khong thé.
Nhung ta s& cb ging bién dbi sy la mit nay vé su quen thudc thong qua phép dit
an phu hoa sau day :

a’ -1
X =

2a

b% -1

a=x+\x>+1 Y= 2b
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a+1 b’ -1)(b’+1 a’-1 ab=1
+ + =l ) )
2a 2b 2b 2a ab(a+b)” +(a—b) =0

Tu day ta c6 : ab:1<:>(x+\/x2 +1)(y+\/y2+1)=1 (*)

Hé thirc (*) hét sirc quen thudc ma ta dé cép & cdc phan trude nén dén day ta
xem nhu phép thé di c6 va hé da duoc giai quyét.

N eze A 1A 5x+y+22>0
Loi giai : Diéu kién :
3x+y+320
Do Vx2 +14+x>0,\y2 +1+y>0.
_a2—1
2a
y b -1
2 =
a=x+Vx"+1
bat : = 2b , a,b>0

b=y+xfy2+1 m:azﬂ
a

2 _b2+1
Vy'+l= 5

V6i phép dit nay, tir phuong trinh thir nhat trong hé ta c6 :

a?+1 b>-1)[b*>+1 a’-1
+ + =1
2a 2b 2b 2a

<:>(a2b+b+ab2 —a)(ab2 +a+a2b—b)=2ab

ab=1
& ) ) <ab=1 vi ab(a+b)2+(a—b)2>O,Va,b>O
ab(a+b) +(a—b) =0

<:>(x+’\/x2+1)(y+a/y2+l)=1(1).
Vi y2+1—y>|y|—y20:> y>+1—y>0 néntaco (1) trg thanh :
X +Vx%+ =«fy2+ —y<:>x+y+xlx2+1—«/y2+ =

2 2 /
Sx+y+ X" -y =0<:>(x+y X +1+x+a/y +1+y
\/x2+1+ 241 \/x +1+ +1
y y

Vx? +1+X+«/y +1+y 0.

SxXx+y=0y=—x vi

x/x +1+«fy +1

Thay vao phuong trinh tha hai trong hé ta dugc phuong trinh :
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2(8x2 +7x+1

23X+1 4x+2 (x+1)\/2x+3 (XZ—%)

)2
©2(8x7 +7x+1) = (x +)V2x+3 + (2x + 1+ 4x+1)Vax +2
S12(8x% +7x+1) = 6(x +1)V2x+3 —6(2x +1)Ax +2 6 (4x +1)Ax +2 =0
& 347 +5x+11+3(x +1)\2x+3(V2x+3 -2)+3(2x +1)(Vax +2 -2)+
2(4x+1)(4x+4—3\/M)=0

<:>(17x+11)(2x—1)+

3(x+1)(2x_1)m+ 6(2x +1)ax+2(2x 1) +2(4x+1)2(2x—1) _
V2x+3+2 Nax+2+2 3VAx+2 +4x+4

3(x+)V2x3 | 6(2x+ )2 2(4x+1)] J
2x+3+2 Jax+2+2  3fAx+2+4x+4

T

< (2x-1)| 17x+11+ 0

<::>2x—1=0<::>x:l:>y=—l vi T>0,Vx2—l.
2 2 2

Déi chiéu diéu kién ta c6 nghiém cua h¢ la (x, y) (% —%J

Binh luin : Day 1a mot bai hé rat kho, hinh anh dit 4n phu trong bai toan 1a mot

bién tiu cua phép dat Euler da nhéc & vi du trén. Nhuge diém cua cac dat nay,

1a xur 1i kha rdc réi, wu diém 1a phép dit 4n phu ndy con méi la so v6i nhitng

kiéu 4n phu thong thudng ta hay gip. Mit khac d6 kho cua bai toan con nim &

cach giai phuwong trinh thir hai, néu ta khong khéo 1éo thi s& din dén nhimng bién
d6i hét strc kho khan.

Vi du 11: Giai h¢ phuong trinh

(4_x_y)(m+m+42—x):4m

2(\/2x(2xy+2x+4y+x2) +4xyj =29x —6x% -2

(x,yeD )

Phan tich : V6i hé phuong trinh dang xét, cdu tric ctia hé that kho dé nhin nhén
diéu gi dugc ngay, ma ta can phan doan trén timg phuong trinh trong hé.
V6i phuong trinh thir nhat ta nhan thdy +/2x chira ca hai vé ctia phuong trinh
nén ta s& day y tuong chia cho hai vé phuong trinh cho +/2x , khi d6 ta s& duoc

phuong trinh : (4—x—y)( /X2—+2+a/2y+x +1J=4
X
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Di gon gang hon va thip thoang duoc y dd chon an thay thé trong bai hé nay co

1¢ s& lién quan dén dai lugng | /X2—+2 + a}2y +X .
X

Gid ta quan sat phuong trinh tht hai ta dé y thiy
2xy +2x +4y+x* =(x+2)(2y+x) ¢6 lién quan dén dai lrong ma ta s& nghi
dén phép an phu. Vay ta sé bién ddi gon lai phuwong trinh thir hai nhu sau

2,/2x(x +2)(2y +x) +8xy +6x> +2=29x.

Phuong trinh ndy lai thap thoang hang dang thirc vi xuat hién 2ab nén ta s& tich
tiép nhu sau :

X+2+2x(2y+x)+2\/2x(x+2)(2y+x) +4X(y+x)=30x

<:>(\/x+2 +\i’2x(2y+x))2 +2x(y+x)=30x

2
@{\/X+2 +\\//22_::(2y+x)J fxty=15

2
@[4/X2+2+«/2y+xJ +2(x+y)=15.
X

Té6i day két hop v6i phuong trinh thir nhét ta s& co6 duoc phép an phu hoa 1a
a=x+y

d X

Va nhu vy hé hoan toan duogc giai quyét.
x>0

2y+x>0"

Loi giai : Didu kién : {

Nhan xét hé khong thé c6 nghiém (x,y) = (O;y) nén ta chi xét voi x >0.
Hé phuong trinh da cho duoc viét lai thanh hé :

(4—x—y)(e\/x+2+\/2x(2y+x)+ 2X)=4\/§

x+2+2x(2y+x)+2\j2x(x+2)(2y+x) +4x(x+y)=30x2

~ (4—x—y)(\/?+\/m+q=4

(\/x+2 Jr\/2x(2y+x))2 +4x(y+x)=30x
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(4—(x+y)){\@+ﬁ+1}4
N ( X;;z +MJ2 +2(x+y)=15

(*)

a=x+y
bat , b>0. Luc d6 h¢ phuong trinh (*) tr¢ thanh hé
b= i;2+«py+x ()
X
phuong trinh :
15— b’ 3 o
) = = 15_b2
b” +2a=15 15—b2 a=
a= 2
2
(b—3)(b2+4b+5)=0 x+y=3
a=
= = =
_15-b? {b=3 X+2, Pyix=3
- 2 2x
y=3-Xx
ol X2 Je—x =3
2x
0<x<6
y=3-x y=3-x
X+2 Xx—2 Xx—2
&l- f +2-J6-x=0= + =0
2x ) X+2 | 2+46—-x
0<x<6 W x T
0<x<6
y=3-Xx
1 1 x=2
< [(x=2 + =0 .
( ) X+2 2+46-x {yzl
2x +1
2x
0<x<6

Déi chiéu diéu kién ta co nghiém cua h¢ la (x,y) = (2;1) .

Binh luin : Bai hé dugc xuét phat ttr mot hé co ban va chon dai lugng dé thuc hiér}
phép thé. Mot ky nang cling thuong gap trong giai hé 1a phat hién dai luong dé
chi ) ‘
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Vidu 12:
X+2y+24x+y =1

J46-16y(x +y) -6y +4Jax +y =8 -4y
Phén tich: Nhan xét dau tién 1a hé nay c6 hai phuong trinh déu chtra dai lugng
\/m nén bude diu tién ta s& manh dan thuc hién phép thé dé khu bt can &
phuong trinh thir hai trong hé va tiép tuc d6 1a str dung phép lity thira dé pha can
thirc boi vi biéu thirc 46 —16y(x +y)—6y chang cho ta dugc méi lién két nao ca.
Cu thé tir phwong trinh thir nhat trong hé ta s& c6 : 2m =1-x-2y.
Thé vao phuong trinh thir hai trong hé ta s& c6 dugc phuong trinh :

\/46—16y(x+y)—6y=6+2x:>46—16xy—16y2 — 6y =36+ 24x +4x>

(x,yeD )

Giai h¢ phuong trinh {

& 4x2 +16xy +16y? +24x +6y —10=0 <> 4(x +2y)’ +6(4x +y)-10=0
Va toi ddy ching ta nhan thiy dugc hé nay hoan toan giai quyét véi phép dit :

a=x+2y
b= «/4){ +y '
L 4x+y=0
Loi giai : Diéu kién : .
46—16y(x+y)—6y20
Ttr phuong trinh thir nhat trong hé ta ¢6 : 2, f4x +y=1-x-2y.
Thé vao phuong trinh thir hai trong hé ta duoc phwong trinh :

\/46—16y(x+y)—6y=6+2x:>46—16xy—16y2 — 6y =36+24x +4x°>

& 4x% +16xy +16y° +24x + 6y —10=0 = 4(x +2y)’ +6(4x +y)-10=0.
Tir day ta c6 hé phuong trinh da cho duoc viét lai:

X+2y+24x+y=1

{4(x+2y)2+6(4x+y)—10:0 Y

a=x+2y
Pat ,b>0.
b=4x+y

Luc d6 hé () dugc viét lai thanh hé :
a+2b=1
42 +6b> —10=0

{azl—Zb {azl—Zb {a:I—Zb {a:—l
=
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{x+2y:—1 {x+2y:—1 =
=

= = .
a}4x+y=1 4x+y=1 y——é

Doi chiéu diéu kién va thir lai ta c6 nghiém ctia h¢ 1a (x,y) = (E;ij :

Binh luin : Bai toan nay 1in dau tién xuat hién trong mot dé thi thir ctia dién dan
math.vn. D& xuit ciia bai toan 1 ky nang thé va an phu héa. Mot ky ning ciing
thuong dugc ding trong bai toan hé chira cin thirc va sau ndy co rat nhiéu bai
toan dua trén y tudng nay ma bién tiu rat nhiéu bai toan hay.

2\2+x+y+35x—4y =7

43-6x+3y +5\x+y+2=10

Vi du 13: Giai hé phwong trinh { (x,yel)

Phén tich : Bai toan lién quan dén 3 cin thirc, theo suy nghi ty nhién, ta c6 thé an
phu héa véi hai cin thirc nao d6. Chiang han ¢ day ta s& dit 4n phu
B 4a% +b* -8
{a:a/x+y+2 {32=X+y+2 X= 9
-~ =

b:~/5x—4y b? =5x —4y y_5a2—b2—10'
9
Luc nay hé phuong trinh di cho duoc bién d6i thanh hé :
2a+3b=7

4,/3-a% b —? +5a=10
V& co ban hé nay van giai t6t bang phép thé. Tuy nhién, ¢ diy ching toi xin dé
cap dén mot cach nhin khac cho hé dic biét nay. Hé nay cac ban hay dé ¥ toi
tong cuia ba dai lugng trong can, ta s& ¢o :
X+y+2+5x—4y+3-6x+3y=5.

Viy ta s& ¢6 (,/5x—4y)2+(\/x+y+2)2+(\/3—6x+3y)2:5 nén ta s& dé

a=af5x—4y

xuét cach dat rfmphu sau :<b=4x+y+2 , a,b,c>0. T day ta sé co hé :

c=1/3—6x+3y

3a+2b=7
Sb+4c=10 va hé nay ciing giai duoc bang phép thé.

a?+b’+c?=5
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5x—-4y =0
Loi giai : Didu kién: {x+y+2>0
3-6x+3y2>0

=«/5X—4y

bat: b= a/x +y+2 ,(a,b,c > O) . Khi d6 hé phuong trinh da cho tré thanh hé

:~/3—6X+3y

phuong trinh :
7-2b 7-2b
a=— a=—-
3a+2b=7 1 3 ) 1 3 )
5b+4c=10 lc= 045 - 045
2,12, .2
a“+b " +c¢c” =5 [7_2b]2+b2+(10_5bj2_5 b=2vb=@
3 4 433
32@ SX_4y:@
a=1 433 5x —4y =1 433
&S<ib=2v b:@<:> X+y+2=2 v Q/X+y+2=ﬂ
~0 433 433
c= 480 3-6x+3y=0 480
=— 3-6x+3y=—r
433 433
2
— 4y = 433 131999
Sx—4y=1 I _1 |X=7m
SIX+y+2=4 vix+y+2= 482 = x= v 187489.
3 6x43v0 433 y=1 _ 131999
A 4202 Y= 187489
3-6x+3y= ( j
433

Doi chiéu di€u kién ta c6 nghiém ctia hé 1a :

(X,y)={(1;1);(—131999;—131999}.

187489 187489
Binh luin: Bai todn trén tac gia 1a em Lé Binh Phuong, bai toan dugc tac gia giai
theo phuong an dét hai an phy, d6 ciing 1a xuat phat ty nhién. Nhung khi tac gia
sang tac khong biét cb ¥ hay vo tinh ma tac gia lai dé cho tong ba dai luong
trong can thuc cong lai bang hang sb. D ¢d ¥ hay vo tinh thi bai toan trén ciing
g01 mo ra cho chung ta nhiéu khi mot chit khac biét s& tao ra dugc mot cé tinh
hay va s& dwa ta dén con duong ra két qua bang mot huéng di khac “cti nhung
lai méi “. Nhuoc dlem cua ba1 do la tac gia khong che nghlem chua tdt. Tuy
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Vi du 14: Giai h¢ phuong trinh
1 1 1
J’_ —

() (fBl)) v
y? —x° +i=2(y—3+(2+%jﬁj

Phan tich : V§i phuong trinh tht hai trong hé, ta khong thé lam gi dugc véi né. O
phuong trinh thir nhét trong hé ta nhan thiy tuy phuong trinh chira nhiéu cin
thire va c6 mot diém dic biét cac dai lugng trong can thire chi churax,y déu &

x,yeD)

bac 1, nén ta thu déy y tudng dat x =ty dé kht bot dai lugng da cho trén
phuong trinh nay.
Cu thé luc d6 phuong trinh thi nhét s& dugc viét lai la :
1 1 1
2" 2" +2yt(1-
(V2ty +4fy) (\EJF lz(y_yt)) y+2yyt(1-yt)
1 1 1
= >+ 5=
(1+42t) (1442721 1+2t(2-21)
a=+/2t

Va téi day ta lai an phy hoa nhu sau : , ta lai c6 phuong trinh dugc
{b =42-2t

bién doi nhu sau :

1 1 1 (1+b)P+(1+a)> 1
2t 2 < 2 2 -
(1+a)” (1+b)” 1+ab  (1+a)’(1+b)” 1+ab

& (1+ab)((1+a)" +(1+b)° ) =(1+a) (1+b)’

(1+ab)(2+2a+2b+a” +b”)—(1+ab+a+b)’ =0

<:>2(1+ab)+2(a+b)(l+ab)+(a2 +b2)(1+ab)—
(1+ab)* —2(a+b)(1+ab)—(a+b)’
<:>ab(a2 +b2)+2+2ab—1—2ab—212b2 —a?-2ab-b%+aZ+b>=0

c:>ab(a2 +b? —2&b)+a2b2 —2ab+1=0(i>(a—b)2 ab+(ab—l)2 =0

=b
@{ab 14:)21:b:1 @@z«/2—2 =1<:>t=% c>x=%yc>y=2x.

ap =

Vay la ta da tnn dugc mdi quan hé the vao phuong trinh thir hai giira hai bién va
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>0
X 0 0<x<1
>
- a y20
Loi gidi : Dicukién: <y—x2>0 S
> X
1-x>0 Y
15+X+4y(1—x)20
15+x+4y(1—x)20

Nhan xét hé khong thé c6 nghiém (x,y)=(0;0). Do d6 ta chi can xét
0<x<lLy>0.
bat x =ty,t >0. Lac d6 phuong trinh thir nhat trong hé duoc viét lai 1a :

1 1

(V2 + (@m) )

1 1 _ 1

S ey e

_ Ja=y2t q
bit ,a>0,b>0. Lic d6 ta co (*) trd thanh phuong trinh :
b=+2-2t
1 11 (e (1+a)’

(1+a)2+(1+b)2_1+ab (1+a)*(1+4b)>  1+ab
& (1+ab)((1+a) +(1+b)° ) =(1+a) (1+b)’
(1+ab)(2+2a+2b+a2+b2)—(1+ab+a+b)2=
<:>2(1+ab)+2(a+b)(1+ab)+(a2+b2)(l+ab)—

(1+ab)> —2(a+b)(1+ab)—(a+b)’
@ab(az+b2)+2+2ab—1—2ab—a2b2—az—2ab—b2+a2+b2=0

<:>ab(a2 +b? —Zab)Jrazb2 —Zab+1=O<:>(a—b)2ab+(ab—1)2 =0

a=b | 1
<:>{ oa=b=12t=2-2 Slet=_ Gx=oyey=2x.

ab=1
Thé y=2x vao phuong trinh thir hai trong hé ta thu dugc phwong trinh :

3x2+l=2[2x—3+(2+lj\/;J<:>3x2 —4x+6+l=2(2+lj\/;
X

X

X

<:>3(X2—2x+1)+x(2+%)+(2+§j—2(2+ij\/;=0

X




Tuw duy logic tim toi loi gidi Hé phwong trinh

@ 3(x 20 o)+ 241 (x1-20) =0
@3(,;2_2“1){2%)(%}:
@3(#_2”1){2%)[%}0
(] I -
O Frrvevd 2

Dbi chiéu didu kién ta c6 nghiém cia hé 1a (x,y)=(1;2).

Binh luin: Bai toan ndy ¢ phuong trinh thir nhat néu tinh mét va kha s& nhan thay

iy

2)
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dugc phuong trinh d6 duoc bét nguon tir mot bét ding thire co ban. Tuy nhién,
qua bai toan nay ching t6i mudn giri gim dén cac ban néu trén mét phuong
trinh vo ti ma cac dai lugng trong can thirc thuan nhat, hodc dang cép ching ta
c6 thé dat 4n phy dé rat bét 4n ban dau. Sau d6 co thé tién hanh dat 4n phu lan
nira hodc c6 thé bién doi twong duwong hodc c¢6 thé xur 1i nhu mot phuong trinh
v ty binh thuong dé tim méi quan h¢ do. Nhu vay, vé téng quan vé dit an phu
cho can thirc ching t6i da cb gang minh hoa hau hét cac kiéu dit thuong gap va
phan tich cac bién tiu ciia n6. Hy vong s& gitp cac ban c6 cai nhin t6t hon cho
cac hé loai nay.

. HE PHUONG TRINH GIAI BANG PHUONG PHAP HAM SO.

bé gidi hé phuong trinh bang phwong phdp ham so, triede tién ta can biét dén
co so'ly thuyet dé giai bang phuwong phdp nay qua cac dinh ly sau :

Pinh 1y 1: Néu ham s6 f( )xac dinh trén mot tdp K ( c6 thé la mot khodng
hodc nita khodng hodac mot doan) va ham 56 f(x) luon d&ng bién (hodc luon
nghich bién) thi phwong trinh f(x)=0 néu c6 nghiém thi nghiém dé la duy
nhat trén tdp K.
Dinh Iy 2: Néu ham séf(x) xdac dinh trén tdgp K (co thé 1o mét khoang hodc
nita khodng hodc mét doan) va ham sé f(x) Iuén dong bién ( hodc nghich
bién). Khi do voi moi a,b thudc tgp K thoa man f(a)zf(b)khi va chi khi
a=b. i '
Chu y : Trong qua trinh xu Iy bai toan hé bang phwong phap ham so ta thuong
gap mot lop bai toan f(a)zf(b) trong do ham s6 dai dién la f(t) luon tang
hogc luon giam trén mot tdp D=D, UD, thi ta nén can than két lugn
f(a) =f(b)<:>a =b. Vi ta chi ¢é dwoc diéu ndy khi va chi khi a,b ciing dau,
s a.,b khdc ddu th két lugn f(a)=f(b)<>a=b la mot két ludn sai

7
A

neuy. t
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Cdc bai todn giai bang phwong phdp ham sé thiong duwge chia thanh hai 16p
todan chinh :

® Xir Iy mét phiong trinh trong hé vé dang f(a)=f(b) trén mot tap xac dinh
K da biét truée va chon ham s6 dai dién f(t) trén mot tap K, twong ung va
khcfng dinh tinh don diéu cua (t) théa man mot trong hai dinh ly trén.

® Xir Iy mot phieong trinh trong hé vé dang f(a) = f(b) trén mot tdp xdc dinh K
ma ta chua biét ma can phdi di xay dung trén mot phuong trinh con lai hodc tur
diéu kién. Sau do ta cting chon ham dai dién f (t) trén mot tdp xdc dinh K,
twong itng va khang dinh tinh don diéu cia £ (t) thoa man hai dinh ly trén hodc
ta sé khao sdt tirng ham sé f(a),f(b) trén tdp xdc dinh twong wng voi tung
ham sd va dua ra két ludn.

® Mot s6 déc diém dé c6 thé vmg dungphu’ongphap nay vao gidi he

- C6 mot phwong trinh trong hé co thé ¢é ldp dwoc hai bién vé mét dinh dang
phuong trinh c6 tinh doi xung.

- Hé doi ximg logi 2 nhung néu sir dung phwong phdp da biét sé gay khé khan.

- C6 mot phwong trinh trong hé co thé cé lap duoc hai bién nhung khong dwa
dwge  vé dang doi ximg ma bon dinh  dang hay gdp la
f(a)+f(b)=k.f(a)-f(b)=k ,f(a)+g(b)=k.f(a)=k véi k Ia hing s6 va
a thugc tap xac dinh K, b thuoc mot tap xac dinh K, .

Sau ddy ta sé khao sat cdc bai toan vé thé logi nay.

% Logi 1: Xét ham s6 dai dién trén tdp xac dinh da biét trude.

Trong dé muc loai I ching ta thuong sir dung cdc phwong phdp sau:

- Nhin truc dién trén mét phuong trinh tach dwoc phirong trinh cé thé xét ham.

- Cdng, trir theo vé hai phirong trinh trong hé dé cé dwoc phwong trinh xét ham.

- Chia hodc nhén cho mét dai lwong ndo dé khac 0 (ké ca lién hiép)

- Sir dung phép thé tir mot phuwong trinh trong hé vao phirong trinh con lai dé tim
phirong trinh cé thé xét ham sé dai dién.

13x—4y+8=y3—x3 +3(y2 —ZXZ)

x> (x=2)(y+1)=5(1-2y)
Phin tich : Vi hé niy, nhan thiy phuong trinh thir nhét trong hé hai bién x,y c6

Vi du 1: Giai h¢ phuong trinh (X,y el )

thé co lap dugc nén kha nang bién do6i vé phuong trinh dinh dang doi xung c’[e
xtr Iy ham sb 1a rat cao nén ta s& vu tién bién dbi phuong trinh thir nhat vé
phuong trinh sau :

x> + 6x> +13x+8=y3 +3y2 +4y

<:>(x+1)3 +3(x+1)2 +4(x+1)=y’ +3y> +4y.

Va t6i day ta bién ddi dugc vé phuong trinh dinh dang ddi xtmg nén ta tién hanh
xét ham so0 dai dién :
f(t)= +3t> +4t,Vtell
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Taco: £'(t)=3t2 +6t+4=3(t+1) +1>0,Vtel .
Va nhu vy ta s co f(x+1)=f(y) = y=x+1.
Tir day ta d3 c6 mdi quan hé gitta x,y dé tién hanh phép thé va giai quyét tron

ven h¢ phuong trinh. ) o .
Loi gidi : Tir phuong trinh thtr nhat trong hé ta bién doi dugc vé phuong trinh :

X3+6x2+l3x+8=y3+3y2+4y
<:>(X+1)3+3(x+1)2+4(x+1)=y3+3y2+4y (1).
Xéthamsé f(t )=t3+3t2+4t vtell.

Taco: f'(t)=3 Zi6t+4= 3(t+1) +1>0,Vtell .

Do d6 ta c6 ham s6 f(t) ludn dong bién trén [ .

Do dotir (I)taco: f(x+1)=f(y)=y=x+I.

Thé vao phuong trinh thir hai trong hé¢ ta dugc phuong trinh :
K2 (x=2)(x+2)+5(2x +1) =0 x* - (2x+5)° =0
(2 +2x+5)(x* ~2x-5) =0

x=1+\/€:>y=2+\/g
x=1—\ﬁ:>y=2—£.
Vay nghiém ctia hé phuong trinh 1a (X,y):{(l+\/g;2+\/€);(1—\/€;2—\/€)}.

Binh luin : Bai toan trén 1a dang ma chung t6i di dé cép trong phan nhén tir hoa
dua trén tinh d01 xung, gio chung toi dua ra mot phuong an khac dé giai n6 do
chinh 14 ham s6. Diéu nay ciing c6 nghia rang cac bai toan dua trén tinh déi
xtng hoan toan c6 thé giai bang phwong phap ham sé nhu chung toi da noi &
phan trude. Viée tach dugc phuong trinh dé xét ham s, phan trude ching toi da
phén tich nén ching t6i khong di sau vao nita. Va khong nghi ngo gi nira bai
toan trén dugc giai béng ham sb dua trén tap xac dinh K da biét trudc.

Vidu 2:

<:>x2—2x—5=0<:>I:

(x2 +3y2)x3 +(2x—3y4)y4 =(y4 +2)y6 (

Jax+5+2y* +3=7

Phén tich : V6i hé phuong trinh nay, ta nhan thdy phuong trinh thtr hai tuy don
gian nhung ta khong thé tim dugc mbi quan hé giita x,y c6 lgi nhit cho ta sir
dung phép thé. Con phuong trinh thir nhat, tuy hinh thirc kha rdi nhung khong
khé nhén ra phuong trinh cho phép ta c6 lap duoc hai bién x,y nén kha ning

Giai h¢ phuong trinh x,yell )

xtr Iy ham s6 14 rét cao.
Cu thé ta c6 phuong trinh thir nhat duogc bién doi lai nhu sau :

x° +3x3y2 +2xy4 —3y8 = le +2y6 <=x° +3x3y2 +2xy4 = y10 +3y8 +2y5.
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O phuong trinh cudi ta nhan thiy ring bic cao nhat ciia x 13 5 va bac cao nhat
cua ylo. Tuy nhién ta quan sat thdy bac ba ciia bién x lai gin v6i bac hai cta
bién y, bac mot ciia bién x gin v4i bac bon cua bién y nén ta day y tuong
chia hai vé phuong trinh cho y° dé gin két v& bac ciia hai phuong trinh voi

nhau. Cu thé thyuc hién phép chia y5 ta s€ c6 phuong trinh :

5 3
(3] +3(§] +2[§j =y’ +3y° +2y.

y y y
Phuong trinh da c6 dinh dang ham ) dai dién f (t) =t +3t° +2,Vtel . Ta
cof'(t)= 5t* +9t> +2>0 véi moi tell nén ham f(t) don diéu tang trén [ .
Tir day ta s& xay dung dugc mdi quan hé giita hai bién x,y va nhu thé hé hoan
toan duoc giai quyét.

Loi giai : Didu kién : x> —% .
Phuong trinh tht nhit duoc bién dbi lai thanh phwong trinh :
X’ +3x3y2 +2xy4 = y10 +3y8 +2y6 (1)
Xét y=0 = x =0 khong thoa hé phuong trinh.
Vé6i y#0 tachia hai vé (1) cho y’ ta dugc phuong trinh :

@13@3+z[§j=y5+sy3+zy 2)

Xéthamsd f(t)=t +3t> +2t, Vtel .

Tacé: f'(t)=5t" +9t* +2>0,Vtell .

Do dé tir (2)@f(3j=f(y)@x=y2.
y

Thay vao phuong trinh thtr hai trong hé ta dugc phuong trinh :
VX +5+ 20X +3 =7 @ 4x +5+4x + 12+ ddx* +17x +15 =49

3 8—-2x=>0
@\/4){ +17x+15=8-2x <

4x% +17x +15=64-32x + 4x°

x<4
= < x=1.
{49){ =49
D6i chiéu diéu kién ta c6 x=1=>y==1. Vay h¢ phuong trinh c6 nghiém la
(X,y) ={(1;1);(1;—1)} .

* Cach khac : Ta co : Jax+5 +2x+3 =7<:>\/4x+5—3+2(\/x+3—2):0
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4(x—1) 2(X—1) 4 2

= + =0 (x-1 + =0
V4x+543 x+3+2 ( )(\/4x+5 \/x+3+2]
C

ox-1=0x=1=y=%1vi C>O,Vx2—§.

Va nhu vy ta cling c6 nghiém cua hé 1a (x,y)= {(1;1);(1;—1)} )
Binh ludn : Viéc xét truong hop dé thyc hién phép chia tim ham sb dai dién trén
mot mién nghiém cho biét trudc cling 1a truong hop thuong gap voi the loai hé
nay. Con cach giai phuong trinh tim nghiém la mét phuong trinh qua co ban, &
day chung t6i giai hai cach d6 1a phuong phép co ban va lién hiép.

V2x+3 -2y +3=4(y—x)

x=g/x(1—y3)+15(y2 +1)—29

Phan tich : Vi hé nay, 13 rang ching ta khong can suy nghi gi nhiu vi cdu trac
“cd 1ap va doi xung” da cd & phuong trinh thr nhat trong hé. Do d6 ta s€ tién
hanh tach nhu sau :

V2x+3 -2y +3 =4y —dx & \2x+3 +4x = 2y +3 +4y.

Ta xét ham s £(t) =2t +3 +4t,vt > —% :

Vi du 3: Giai hé phuong trinh

(X,yeD)

Taco: f'(t)= +4>O,Vt>—§.

1
\J2x+3
Tir diéu nay ta da co thé xdy dung mdi quan hé cho x,y . Nhu vay hé hoan toan
duogc giai quyét.

X2>——

Loi giai : Diéu kién :

>_Z
Y 2

Phuong trinh thir nhét trong hé duoc bién dbi thanh phuong trinh :

\V2x+3 +4X=af2y+3 +4y (1)

Xét ham sb £(t) =2t +3 +4t, vt > —%.

Taco: f'(t)= +4>0,Vt>—%.

1
N2x 43

Do d6 ham sb f(t) luon dong bién trén [—%;+ooj , do do tir

(l)@f(x)zf(y)©x=y.
Thay vao phuong trinh thir hai trong hé ta dugc phuong trinh :
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x:g/x(l—x3)+15(x2 +1)—29 xS0 rxt15x2 —x~14=0

X—2-0 x=—l=>y=-1

Six=l=y=1
x?—1=0

<::>(X—2)(x2 —1)(){2 +3X+7)=0<:>|:
x=2=y=2
Dbi chiéu didu kién ta c6 nghiém ciia hé 1a (x,y) = {(—1;—1);(1;1);(2;2)} .

Binh luin : Bai toan van 1a bai toén‘xét ham sb dai dién trén mot tap xac dinh da
co trude cua bai toan ma khong can suy thém tap xac dinh nita. Viéc phat hién
ra ham so dai dién va giai h¢ nay khong hé kho.

Vi du 4: Giai h¢ phuong trinh

{\/X+1+\/X+3+\/X+5 ={y-1+{y-3+y-5

x2+y2+x+y=80

(X,yeD)

Phén tich : Voi l}é I}Qy ta nhan thay phuong trinh thir hai trong hé¢ tuy 1a mot phuong
trinh béc hai an an quen thu¢c nhung ta khong tim dugc delta chinh phuong nén
ta s& don chu ¥ vao phuong trinh thir nhét trong hé. Phuong trinh nay da c6 lap
hai bién va khong kho dé nhan thiy chiing c6 méi lién quan dén nhau vé cau triic
trén phuong trinh, tic 1 bén phai cac dai lugng con lai s& quan dén y—35 va bén
trai cac dai lugng con lai s& lién quan x +1 thong qua cac sé 2,4
Cu thé ta s& c6:

Jx+1 +\/(x+1)+2 +\/(x+1)+4 =Jy-5 +\/(y—5)+2 +\j(y—5)+4 .
Va toi day ta da c6 duge dinh dang cia ham s6 dai dién :

f(t) =t +Vt+2+t+4,vt>0.

Ta co: f'(t)z 1 + ! + ! >0,vt>0.

20t 2dt+2 2t +4

Va nhu thé ham s6 f(t) ludn tang trén [0;+0)

Nhu thé ta da tim dugc mbi quan hé giira x,y va hé da hoan toan duoc giai

quyét.
x2>-1

y>5 "
Phuong trinh thir nhét trong hé duoc bién d6i thanh phuong trinh :

Loi giai : Diéu kién: {

VX+HTHUx+142 +0x +1+4 =y =5+ y—=5+2+Jy-5+4 (1).
Xét ham sb f(t)=+/t + t+2+«/t+4 vt 20.
1

Taco f'(t)= {\/_ \/t+_ \/t+_

Vay ham s6 f( ) dong bién trén [O'+oo) .
Dodotu()<:>f(x+l) f(y 5)<:>y X+6.

j>0,Vt>O.

301




Tuw duy logic tim toi loi gidi Hé phwong trinh

—7+55
X=—

X2 +7x-19=0< 2
—7-5J5
X=—
2
Péi chidu didu kién ta 6 x = — +25\E Lyl ;«E .
Viay h€ phuong trinh da cho c¢6 nghiém la (x,y) _ (—7 +25\/§; 7 +25\/§] .

Binh luén : Bai toan khong khé d€ nhan ra ham so dai dién va day la bai toan kha
co ban c6 nhiéu duong hudng giai khac nhu lién hiép.

Vidu5:
2oyr2(x=2y)=3+2(\y+3-Jx+2

Giai hé phuong trinh Y (X y) (y * )(x,yeD)
«/x+1+61/y—1=17—7x+6y

Phan tich : V4i hé nay, ta nhan thiy ca hai phuwong trinh trong hé déu cé thé co lap
duoc hai vé€ x,y . Tuy nhién ¢ phuong trinh su ¢6 1ap nay lai khong mang cho ta
dinh dang d6i ximg dugc, con phuong trinh thir r{hét tuy réc réi nhung cac dai
lugng x,y khi c6 1ap déu co6 tinh doi xtiing va dong bac. Do d6 kha nang xét
ham sé & phuong trinh thir nhét rat cao. o
Cu theé ta s€ c6 phuong trinh thir nhat dugc bién doi thanh phuong trinh :

X2 +2x—y? —4y=3+2y+3 -2Jx +2

S X +2x+1+24x+2 =y +4y +4+2[y+3

<:>(x+1)2 +2,f(x+1)+1 =(y+2)2 +2,J(y+2)+1.

Téi ddy ta chi can xét ham s6 f(t)=t> + 24t +1,6>0, ta co

f'(t)=2t+

! >0,vt=>0.
a\/t+1
Vay hé di co6 mdi lién hé giita x,y va hoan toan duoc giai quyét.
x>-1
y>1
Phuong trinh tht nhit di cho duoc bién d6i lai thanh phuong trinh :
X2 +2x—y? —4y=3+2Jy+3-2Jx+2
X2 +2x+1+240x +2 =y2 +4y+4+2~/y+3
e (x+1)+2(x+1)+1=(y+2)2 +2{(y +2)+1 (1).

Xétham s £(t)=t? + 2t +1,t>0. Taco f'(t)=2t+ L .owvizo0.

Loi giai : Didu kién : {
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Do d6 ham sb f(t) luon dong bién trén [0;+00) . Do d6 tir
(1)<:>f(x+l)=f(y+2)c>y=x—l.
Miatkhac y>21l<ox—121<x>2
Thé vao phuong trinh thir hai trong hé ta duwoc phwong trinh :
KT +6x =2 =11-x & x+1-2+6(Vx =2 ~1)+x-3=0
x-3 6(x—3)
+
Nx+1+42 Yx-2+1
1

G(X—3)(M+2+J£+1HJ

Vix22=P>0.Vé6i x=3=y=2.

Doi chiéu diéu kién ta c6 nghiém cua hé 1a (x,y)=(3;2).

+x-3=0

=0 x=3

Binh luan : Bai hé tuy don gian nhung néu may méc qué thi s& di léch huéng. Mot
lan nita ta da thay sy hi€u qua ctia phuong phap ham so cho 101 gidi that ngan
gon va dep.

x +2x° +6X —9++/5x +4 =3y

; s (x,yeD)
y' +2y° +6y—-9+S5y+4=3x

Vi du 6 : Giai hé¢ phuong trinh {

Phan tich : Vdi hé nay, chung ta nhan théy duoc hé dang xét 1a hé dbi xung loai 2
nén ta s€ uu tién ngay mdt cong cu manh trong vi€c bat nhan tir ciia loai h¢ nay
1a trir ve theo vé hai phuong trong hé cho nhau, ta s€ dugc phuong trinh :

x| +2x° +6x+4\¢5x+4—y7 —Zy5 —6y—/5y+4 =3y-3x

X +2x° +9x+5x + 4 :y7 +2y5 +9y+a/5y+4
Phuong trinh cudi cing ta thu duoc 16 rang c6 tinh ddi xing hai bién da c6 lap

né ta tinh dén xét ham so dai dién sau :

Taxéthimsé: f(t)=t" +2t +9t+ 5t+4,t2—%.

Taco: f'(t)=7t"+10t" + +9>0,t>—%.

5
245t +4
Va t6i day ta da co dugc két luan cho mdi quan hé giita x,y va hé da hoan toan
duogc giai quyét.

5
X2——

Loi gidi : Didu kién : 4.
yZ—é
4

Lay hai phuong trinh trong hé trir vé theo vé ta c6 dugc phuong trinh :
X +2x° +6x +/5x + 4 —y7 —2y5 —6y—/5y+4 =3y-3x
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o x +2x° +9x +5x+4 =y’ +2y° +9y+a/5y+4 (1).

Taxéthamsé f(t)=t" + 2> +9t+/5t+4,vt z—g.

4
Ta cod f'(t):7t6+10t4+ +9>0,t>—§.

5
245t +4
. o 4
Do d6 ham so f(t) 1a ham so dong bién trén[—g;+ooj .

Do do6 tix (1)<:>f(x)=f(y)<:>x=y.
Thé vao phuong trinh thtr nhat trong hé ta ¢6 phwong trinh :

x’ +2X5+3X+*\/5X+4—9=O (2)

Xét ham s £(x)=x" +2x> +3x ++/5x +4 —9,vx z-%.

Ta ¢6 f'(x)=7x"+10x"+ +3>o,vX>—§. Do d6 ham sé f(x)

5
245x +4
luén dong bién trén [—?ﬁooj nén phuong trinh f(x)=0 néu c6 nghiém thi

nghiém d6 13 duy nhat.
Ma f(1)=0<>x =1 la nghiém duy nhét ctia f(x)=0.Suyra y=1.
Dbi chiéu didu kién ta c6 nghiém cta hé 1a (x,y) = (l;l) .

Binh luan : Bai toan két hop giita su quen thudc va cho mot 10 giai kha méi so voi
phuong phap thuong dung cia hé ndy, cach xur ly phuong trinh cudi cung dé tim
nghiém chung ta ciing xur Iy bang ham s6 va su dung dinh 1y da nhac dén ¢ ly
thuyét dé khang dinh nghiém cua phuong trinh.

x(x2 —7x+14)=5y2 —23y+32

Vi du 7 : Giai hé phuong trinh (x,yel)

x% +8y* =y® +28y—23

Phan tich : Voi hé nay ta dé dang nhén thay ca hai phuong trinh trong hé déu co

thé ¢ lap hai bién x,y . Do d6 ta s& bién ddi lai hé cho dé nhin hon.
L X =T +14x-32-5y* +23y=0 . )
Cu thé ta ¢c6 : , 210 hé da cho ta hinh thtrc
x? +8y* =y’ +28y 23

dé nhin hon.
Tuy vay, trén mdi phuong trinh ta nhan thiy du cac bién c6 thé co lap nhung dbi
véi phuong trinh thir nhét bac cao nhit ctia x 1a 3, bic cao nhét cua y 1a 2 nén
vé bac chung khong tuong ddng nén phuong trinh nay khong thé dua dugc vé
dang phuong trinh d6i xtg dé xét ham. Tuong ty nhu vay v6i phuong trinh thir
hai ta ciing c6 bac cao nhat ciia x va y ciing khong twong dong nén kha ning
xét ham s trén phuong trinh nay ciing xem nhu that bai. Dui vdy, ta nhan thiy
néy ké i phwong frinh Jaj vain i ta s& duoc mot.ph ling.c0.1ap
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duoc x,y nhung thuan loi hon la bac cua x,y lai twong d@)ng nén kha nang xét
ham so 1a rat cao. )
Do d6 ta s& day y tuong cua bai toan dén phuong an nay. Tuc 1a ta s€ “ghép va
tao” hai phuong trinh trong h¢ d€ c6 dugc mét phuong trinh c6 tinh doi ximg dé
xét ham so.
Ta d¢ y thay h¢ §6 cta x”trén phuong trinh thir nhét 1:21 —7 vahésé x? 1a 1 nu
ta cong hai hé s nay lai ta s€ dugc —6. Vay ti 1€ hé so cta bac ba va bac hai cua
bién x 1a 1:(=6) nén ta lién twong t6i (x—2)°. Mit khéc hé sé cia y*&
phuong trinh thir nhit —5, hé sb y2 & phuong trinh thir hai 1a 8 nén néu ta cong
lai ta s& co hé sb cua y2 la 3. Chuyén vé ta s& duoc ti 16 hé sb cua bac ba va bac
hai d6i véi bién y 1a 1:(-3) nén ta s€ nghi dén hing dang thirc (y—l)3 . Vay
véi nhan xét nay ta sé thi thuc hién phép cong hai vé phuong trinh lai véi nhau.
Cuthétacod: x> —7x% +14x =32 -5y + 23y + x> +8y” —y> — 28y +23=0
x> —6x% +14x -y’ +3y° —5y—-9=0
o xP—6x2+12x—8+2x—4=y —3y* +3y—1+2y-2
o (x=2) +2(x-2)=(y-1)’ +2(y-1).
Vay t6i day ta da xét duoc ham sb dai dién f(t)=t> +2t,Vt e[ . Khong kho dé
khang dinh dugc ham so tang trén 0. Nhu thé ta da tim dugc moi quan hé gitra
X,y va hé hoan toan duoc giai quyét.
Loi gidi : Cong ve theo ve hai phuong trinh trong h¢ ta c6 dugc phuong trinh :

x> —6x> +14x—y3 —3y2 -5y-9=0
o xP—6x?+12x-8+2x—4=y> —3y* +3y—1+2y-2
o (x=2) +2(x-2)=(y-1) +2(y-1) (1)
Xéthamsd f(t)=t> +2t,Vtell . Taco f'(t)=3t> +2>0,vtell .
Vay ham s6 f(t) 1a ham sé tang trén 0 . Do d6 tir
(1)<:>f(x—2)=f(y—1)<:>x—2:y—1<:>x=y+1.
Thé vao phuong trinh thtr hai trong h¢ ta dugc phuong trinh :
(y+1)’ +8y% =y +28y—23 <> y* —9y? + 26y —24=0

y—2=0 y=2=>x=3
@(y—Z)(y—3)(y—4)=O S|y-3=0&|y=3=>x=4.

y—4=0 y=4=>x=5

Vay hé phuong trinh da cho ¢6 nghiém 1a (x,y)= {(3;2);(4;3);(5;4)} )

Binh luin : Bai toan nay dugc sir dung phuong phap cong trir dé tao ham sé dai

A

str dyng dé am,
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Vi du 8: Giai h¢ phuong trinh
5(X2 +2)+y2 +x(2 4x2 42 —l)z(y+3)(«/y2 +6y+11 +7)

x> +2y2 -x-y—-2=0
Phan tich : Bai h¢ kha kho khan d¢ chung ta phan doan. Tuy nhién, nhu phén tich
& phuong phap cong trir nhan chéo bit nhan tir chung véi kiéu hé nay thuong
chung ta s& cho hai cin bang nhau va tim cac phép thir dé tao mdi quan hé
“ohép va tao” tim duong giai quyét vi tuy phuong trinh thi hai c6 dang béc hai
hai an nhung lai khong c6 delta chinh phuong.

Vi cac lam nhu vy, ta biét duoc khi trir hai phuong trinh trong hé cho nhau vé
theo vé ta s& dugc mot phuong trinh bat dugc nhan tir chung 1a 2x —y —3.

Do d6 ta bién d6i hé da cho thanh hé phuong trinh sau :

5x2 +y? —x =Ty —11+2x\4x> +2—(y+3)4/y2+6y+11 =0
x2+2y2 -x-y—-2=0

Lay hai phuong trinh trir nhau vé theo vé ta s& c6 dugc phuong trinh :

4x2 —y? — 6y -9+ 2x\/4x> +2—(y+3)«/y2+6y+11 =0
o ax? +2xax2 +2 = (y+3)2 +(y+3)\Jy? + 6y +11
<:>2X(2x+ (2x)’ +2)=(y+3)(y+3+ (y+3) +2j

Phuong trinh cuoi cung da thé hién rd cau trac cia ham so6 dai dién ma ta can
phai xét d6 1a ham so :

f(t)zt(t+\/t2+2),VteD :
Taco: f'(t)=t+t>+2 +{1+

(x,yeD)

t
t
x/t2 +2 J
(\/tz +2+ t)2
=(t+\/t2+2)[1+ ! =
Vt2+2 2 +2
Vay xem nhu nit thit mdi quan hé ciia x,y xem nhu duoc giai quyét va he da

duogc giai quyét hoan toan. o
Loi gidi : HE phuong trinh da cho dugc bién doi lai thanh hé phuong trinh :

532 +y? —x =Ty —11+2xdx? +2 —(y +3)y/y + 6y +11=0(1)

)(2+2y2 —x—y—2=0(2)

>0.

Ly (1)—(2) vé theo vé ta s& c6 duge phuong trinh:

4x2 —y? — 6y -9+ 2x\/4x> +2—(y+3)«/y2 +6y+11
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& ax2 +2x\4x2 +2 = (y+3) +(y+3)y> + 6y +11
@2x(2x+ (2X)2+2j=(y+3)(y+3+ (y+3)2+2j(3)
Xét ham s6 f(t)zt(t—ﬂ/tz +2),VteD .

e f'('£)=(t+ﬁ)[1+ \/t21+2]( t\/tzizt

Vay ham s6 f(t) luon dong bién trén [ .
Do do tir (3) taco: f(2x)=f(y+3)<y=2x-3.
Thé vao phuong trinh tht hai trong hé ta s& c6 phuong trinh :

945 5

)2
>0,vVtel .

y__

9x2 —27x+19=0 < 6 3
-5 5
T YTy

Viay hé phuong trinh da cho c¢6 nghiém :

S

Binh luén : Bai toan ndy 1a mot cdu tra 10i cho phan bit nhan tir bang phuong phap
nhan luong lién hiép c6 lién quan dén cac bai toan xét ham s6 dai dién ma
ching toi da phan tich. Bai toan nay chung ta s& khong dung lién hiép dugc vi
déu cua cac dai lwong can lién hiép khong rd nét va néu co ta phai xtr ly kha kho
khan. Va diéu nay minh ching khi qua cac phép thir nhu phan phuong phap
cong trir nhan chéo bét nhan tir chung voi dang hé loai nay ta thdy khi cho hai
cin bang nhau ta sé c6 :

Vax> +2 =y +6y+11 < 4x> =(y+3) @{

y=2x-3

y=-2x-3

Nhung qua phép thir ta chi c6 y=2x —3 1a cho két qua ding! Va bai toan nay
cling dugc xét trén mot ham s6 dai dién ma mién nghiérn da xéc,djnh duoc
trudc, phuong phap nay ciing la mét ing dung thuong gap dé lam xuat hién ham
dai dién.

Vi du 9: Giai hé phuong trinh

{x3 —y? +17x - 32y = 6x% —9y? — 24

VX +4+(x+9) 2y —x+9=x> +9y +1
(y+2)¥ y y

(Thi thir chuyén Vinh Phuc khi A,B nam 2015)
Phan tich:

Bal todn nay, nhin vao cau truc clua phuong trlnh thir nhat trong h¢ dé dang phat
) i mg hé

(X,yeD )
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chang tim dugc mbi lién hé gi nén kha ning xét ham s6 & phuong trinh thir nhat
la vo cung 16n. )

Xét phuong trinh thir nhat trong hé ta c6 :

x> —y® +17x =32y =6x% —9y* —24

x> —6x* +17x +24 =y —9y* +32y (*)

Néu ngay tir phuong trinh nay ta di tim dang ddi ximg 1 rat kho, ta chi y ca hai
vé phuong trinh nay déu co thé dua vé hang dang thirc bac ba nén ta s& c6 mot
budc bién d6i vé diéu do. Va vi vé trai co du thanh phan nén ta s& bién doi vé
trai sau do ta sé dinh dang vé traiva bién doi vé phai nhu cac phan trudc ching
to1 da phan tich ta s& tim dugc :

(*) ©x’ —6x* +12x—8+5(x—2) =y’ -9y +32y - 42
o (x=2) +5(x-2)=y* —9y* +32y - 42
o (x=2) +5(x=2)=(y-3)’ +5(y-3).
T6i day ta da biét dugc ham sb dai dién can xét chinh 1a f(t)=t> +5t, vt el .
Va khong c6 kho khan gi dé két luan tinh don diéu cua n6. Va nhu vy xem nhu
bai toan da c6 moi quan hé va h¢ hoan toan dugc giai quyet.
x>—4
2y-x+9>0"
Phuong trinh thir nhét trong hé duoc bién dbi thanh phuong trinh :
x> —6x2 +17x =17 =y> —9y* +32y —42
o (x=2) +5(x=2)=(y-3)’+5(y-3) (1)
Xéthamsd f(t)=t" +5t,Vtell . Taco £'(t)=3t>+5>0,Vtell .
Do d6 ham s f(t) ludn dong bién trén [ . Do d6 tir
(1)<:>f(x—2):f(y—3)c>yzx+l.
Thay vao phuong trinh thir hai trong hé ta c6 dugc phuong trinh :
(x+3)Vx+4+(x +9)Vx +11=x% +9x +10
< 4x? +36x +40—4(x+3)Vx +4 —4(x +9)Vx +11=0

©2(x7 +3x—40)+ (x+3)(x +7 —4x+4 )+ (x+9)Vx +11 (Vx +11-4) =0
<:>2(x—5)(x+8)+(x+3)[ (x+3)(x—5) ]+(X+9)(X—5)\/X+11 0

Loi giai : Diéu kién : {

X+7+4x+3 Jx+11+4 -
(x+3) +(x+9)\/x+11J

X+7+40x+3 x+11+4

@(X—S)(Z(x+8)+
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Doi chiéu diéu kién ta c6 nghiém cta hé 1a (x,y)=(5;6).

Binh luén : Bai toan nay kha khé vi viée xir 1y phuong trinh thir nhét ciing doi hoi
mot chut tinh té. Tuy nhién néu quan sat va di lam quen thi khi tach duoc nhur
vay, ta van co thé str dung hing dang thie dé rat duge moi quan hé giita x,y . O
phuong trinh thir hai cin mét chiit “khéo 1éo va tinh t&” néu khong chung ta s&
dinh dang dén phan danh gia ciing khong hé dé chir khong don gian trong 1oi
giai.

2x2 +3= y(y 2) (y+5)

x—4=2(Jx=3-y-10)

Phan tich : V6i hé nay, bude dau tién nhan x€t 1a phuong trinh thir hai don gian va
tinh ¢6 1ap da c6 nén kha ning xét ham s6 nay s& rat cao. Cu thé ta co s& bién

dbisau : 2y +2 =—x —1+2x 3.

T6i day ta s€ ¢d «x —3 twong tng «/y—IO nén x-3=y-10=>x=y-7.
Nhung trén phuong trinh ta lai khong c6 x tuong ung véi y ¢ ngoai can. Do do
viéc xét ham sb dai dién trén phuong trinh ndy khong thé thue hién duoc.

Mit khéc ta nhan thiy phuong trinh thir nhat trong hé that chat 1a mot phuong
trinh bac hai hai 4n nén ta s& hy vong tach dwoc nhén tir voi yéu cau c6 delta
chinh phuong.

Cu thé ta s& ¢6 :

Vi du 10: Giai hé phuong trinh x ,yell )

2x> —y2 +xy+5x+2y+3=0c:>2x2 +(5+y)x—y2+2y+3=0
Taco A=(5+y) +8(y2 —2y—3)=(3y—1)2. Vay phuong trinh thir ndy tach

dugc nhan tir va dugc viét lai nhu sau : (X+y+1)(y—2x—3)=0. Véi diéu

. |x=3
kién =>x+y+1>0.
y>10

Thé y=2x+3 vio phuong trinh thir hai ta s& c6 : x —4=2x -3 -22x -7
Téidaytadéyla (2x—7)—(x—3)=x—4.

Nhu vay phuong trinh nay s& duoc viét lai 1a: 2x —7 +2y2x -7 =x =3+ 2Jx-3.
Va téi day cau tric ham so dai dién da thé hién rd rang. Nhu vay bai toan hoan
toan dugc giai quyet.

x2>3

y>10

Phuong trinh tht nhit trong hé duoc viét lai thanh phwong trinh :

Loi giai : Didu kién : {

2x° —y2 +Xy+5x+2y+3=0c:>2x2 —Xy+3x+2xy—y2+3y+2x—y+3=0
<:>x(2x—y+3)+y(2x—y+3)+2x—y+3=0<:>(x+y+1)(2x—y+3):0

C|x=3
S2x—y+3=0y=2x+3 vi =>x+y+1>0.
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Thé vao phuong trinh thir hai trong hé ta c6 phuong trinh :
x—4=2Jx-3-2V2x -1 (2x-7)—(x—3)=2vx -3 -242x -1

S2x—T4+2Y2x -7 =x—-3+2/x-3 (1)

Xéthamsd f(t)=t>+2t,Vt>0.Taco f'(t)=2t+2>0,vt>0.

Véy ham s6 f(t) ludn tang trén [0;+00).
Do d6 tir (1) < f(V2x=7)=f(Vx-3) o 2x -7 =k 3 o x=4=y=17.

Déi chiéu diéu kién ta c6 nghiém cua hé l1a (x.y) = (4;17) .

Binh ludn: Bai toan trén theo nguyén tic tu duy tu nhién, chic chén ta s& can kiém
tra tinh phén tich nhan tir ciia phuong trinh thtr nhét truée. Tuy nhién, trén suy
nghi xét ham dai dién thi bat dau tir phuong trinh trinh thir hai ciing hop li. Pay
1a vi du minh hoa cho huéng di sir dung phép thé dé tao ham s dai dién. Tiép
theo ta s€ nghién ctru mot vi du tuong tu nhu vay

Vi du 11: Giai h¢ phuong trinh

y> —10y” +14y +52 =(x +1)(3«/3x+ —6x+26)

3x? -8y? =10x -7
Phin tich : Vi hé nay, ta nhan thiy phuong trinh thir hai tuy hinh thtrc don gian
nhung nhimg dau hiéu c6 dugc ctia n6 ciing don gian nhu hinh thirc ctia nd vi ta
chang bat dau dugc gi tir phuong trinh nay ca. Hinh thirc phuong trinh thir nhat
ciing chang kha hon gi vi su sip xep clia nd cua bai toan ching dua ta dén gi &
v€ phai nhung c6 mot diém ho 1a vé trai cua phuong trinh nay toan chira bién y

(x,yeD)

nén ta s& cd gang bién d6i cho phuong trinh nay d& nhin hon.
Cu thé ta bién doi phuong trinh thir nhat trong hé tro thanh :

—10y +14y+52=3(x+1)\/3x+1—(6x—26)(x+1)
&y —10y? +14y +6x% —20x +26 =3(x + 1)\3x +1 (*)
O vé tréi (*) ta nhan thay

3 .
3(x+1)V3x+1=(3x+1+2)Bx+1=(VBx+1) +2Bx+1 la mot ddu higu
dang mung, vi tir day ta c6 thé nhan thy tinh c6 1ap va xét ham sé dai dién rat
la cao. Viéc con lai la vé trai cia (*) chi can ta c6 dugc d6 1a mot bi€u thure toan
chua bién y va c6 thé dua vé dinh dang phuong trinh nhu vé phéi nita la xem
nhu y tudng xét ham s dai dién di hoan toan thanh cong.

Nhéan xét théy vé trai (*) tu nhién xuat hién dai lugng 6x% —20x = 2(3){2 - le) .
Quay ngugc lai phuong trinh thir hai trong hé ta lai co6 :
3x2 —10x =8y? =7 < 6x% —20x =16y> —14.

Va nhu thé bang phép thé tur phuong trinh thir hai trong h¢ xudng (*) ta s& c6 vé
trai 1a mot biéu thirc chi chira bién vy .
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Cu thé ta s& c6 :

3
v —10y2+14y+16y2—14+26:(x/3x+1) +23x+1
3
Sy +6y" +12y+8+2y+4=(Bx+1) +2Bx+1

<:>(y+2)3+2(y+2)=(x/3x+1)3+2\/3x+1.

Lic nay ta xét ham sé dai dién 1a f(t)=t> +2t,Vt e[l . Va khong kho khan dé
khiang duoc tinh ting cia ham sb nay. Vay la ta da tim dwoc mbi quan hé giira
X,y va hé hoan toan dugc giai quyét.

Loi giai : Diéu kién : x > —% .

H¢ phuong trinh da cho dugc bién d6i thanh hé phuong trinh sau :
y? —10y* + 14y + 6x% —20x +26 = 3(x +1)\Bx +1(1)

{6x2 —20x =16y” —14(2)
Thé 6x* —20x =16y” —14 vao (1) ta c6 phuong trinh :
Y +6y? +14y+12=3(x +1)\3x +1
Sy +6y’ +12y +8+ 2y +4=(3x+1+2)\3x +1
o (y+2) +2(y+2)=(x/3x+1)3 +\Bx+1(3)
Xéthamsd f(t)=t +2t,Vtell .
Tacé f'(t)=3t+2>0,Vtell .
Vay ham s6 (t) ludn tang trén [ .
Do o tir (3) & f(y+2)=f(VBx+1) = Bx+1=y+2.
Két hop voi (2) ta cd hé phuong trinh

y=>-2
{\/3x+ =y+2

3x2 -10x =8y* -7

& 3x=y2 +4y+3
3x2 -10x =8y* -7
y=>-2 y=>-2

_ Y +4y+3 - X=y2+4y+3
3 3

yly +8y" —-12y—-16)=0
3Ly +4y+3j _10[y +:y+3J:8yz_7 ( )

= (X
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y=>-2 y=>-2
2 2
ol +4y+3 oix?y +4y+3
3 3
y(y—2)(y2+10y+8)=0 y=0vy=2vy=-5+7
x =1
y>-2 y=0
2 =5
- X:y +4y+3 o X
3 y=2
y=0vy=2vy=—5+xﬁ X=5_2\ﬁ
y==5+.7

Déi chiéu diéu kién ta c6 nghiém cua hé 1a
(X,Y)={(1;0);(5;2);(5—2\/7;—5+\/7)}.

Binh luan : Bai toan nay ciing ¢ ¥ tudng sir dung phép thé dé tao dugce ham sb dai
dién, nhung c6 d6 kho hon vi du trude.

Vidu 12:
Xx+y=2+3x>-x—4

Giai hé phuong trinh (x,yel)
3y? (y-3)+11(y—4)=2313-x* -3x°

Phén tich: V6i hé nay dau tién ta nhan thay cau tric clia phuong trinh thir nhat c6

thé chuyén vé sir dung phép nang liiy thira dé dua vé phuong trinh bac hai hai

an, v6i hy vong s& tim duoc nhan ti.

Cu thé ta c6 phuong trinh thir nhat s bién ddi dé tré' thanh phwong trinh :

(x+y—2)2 =9(X2 —)(—4)<::>8x2 —y2 —2xy—-5x+4y—-40=0

Kiém tra phuong trinh tach dugc nhéan tir nhung lai khong c6 duge delta chinh
phuong, nhu vy v6i phuong trinh nay ta s& khong tim mdi quan hé gitra x,y &
dang c6 thé st dung phép thé c6 lgi. Do d6 moi trong tdm phai d6 don veé
phuong trinh thur hai trong h¢. Pé y phuong trinh nay c6 hai dai lugng tham gia
chinh 1a vy, J13-x3 varo rang hai dai lugng nay da c6 1ap nén kha nang xét
ham s6 rat cao.

Tuy nhién ta dé y ve& phai phuong trinh thir hai ta c6 hai dai luong
2\/3 13-x° ,3x3 nén ta s& bién ddi chung theo dung mot dai luong J13-%3 dua
trén y tuéng 3x> 1a bac ba ddi véi dai luong \3I13 —x3

Cu thé ta s& ¢6 duge : 2413—x° = 2313 - x3 +3(13-x7)-39.
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Vi bude tach nay ta quan sat thay vé trai cua phuong trinh th hai ta c6 do 1a
mot da thirc bac ba voi bién y do 1a : 3y® —9y? +11y —44 . Khong kho dé nhén
thay ti 1¢ hé s cuia bac ba va bac hai cua bién y 1a 3:(=9)=1:(-3) nén ta lién
tuéng dén hang déng thie (y— 1)3 =y’ —3y? +3y—1.

Do d6 ta tién hanh tach phuong trinh thir hai thanh phuong trinh :

3y2 —9y? +11y—44=3(13—x3)+23 13-x> -39

= 3(y-1) +2y-2=3(13-x*)+ 2313 %’

S 3(y-1) +2(y-1)=3(13-x")+ 213 -x" .
Va t6i day hinh dang xét ham sé dai dién dd xuat hién, d6 13 ham sb
f(t)=3t +2t,Vtel .
Khong khé thiy ham nay don diéu ting trén [ nén tir day ta d3 c6 mdi quan hé
gitra hai dai luong y va \3/13—x3 . Vay xem nhu bai toan di dwoc giai quyét
hoan toan.
. 2_x—4>
Lo gidi : Didu kign: (X X420
x+y=20
Phuong trinh tht hai trong hé dugc bién d6i thanh phwong trinh :
3y’ —9y? +11y—44=2313—x> —3x>
3(y-1) +2(y-1)=3(13-x*)+ 2313 -x° (1).
Xéthamsé f(t) =3t +2t,Vted . Taco f'(t)=6t> +2>0,vt el .
Vay ham s6 f (t) ludn dong bién trén [ .
Do do tir (1)©f(y—1)=f(%/13—x3)@y—1=%’/13—x3 :

Thay vao phuong trinh thtr nhat trong hé ta c6 phuong trinh :

x+1+313 x> =2430x? —x—4 < Y13—x> =1-x+2x> —x -4 (2).

u=1l-x

Dit =’ -3v2 =1-3x+3x> —x’ - 3x% +3x - 12=13-x,(v20)
{V=’\/X2 -x—4

Luc d6 phuong trinh (2) tré thanh phuong trinh :

2

3
w=3v? =u+2veu’ —3v? =u’ +6ulv +12uv? +8v°

-

\%
< 3v2 +6ulv+12uv? + 8V =0<:>V(6(u+v)2 +2v? +3V)=0<:> {u
v

=0
=0
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2 —x—4-0 X_1+\/ﬁ:>y:1+313—54ﬁ
2 2

< [1-x=0 oSxl-x-4=0 .
* _
e ] zﬂjy:m/@

Vi (*) v nghiém.
Dbi chiéu didu kién ta c6 nghiém ciia hé phuong trinh 14 :

(x.y)= [1+;/ﬁ;1+13/13—§«/ﬁ}[1—;/1_7;1+3 13+§\/ﬁ] :

Binh luin : Bai toan dé tim dugc phwong trinh c6 thé xét ham sb twong dbi kho,
doi hoi mot chut khéo 1éo va giai phuong trinh tim nghiém c6 thé dung danh gia
hodc lién hiép. Tuy nhién hai cach gia nay doi hoi mot chut khéo 1éo nén an phu
hoa 14 cach giai ty nhién nhat.

Vidu 13:

2
2x% +3=(4x2 —2yx2)1/3—2y+4x *l
X

,yell
(2_ ,—3_2y:\3f2x2+x3+x+2 (Xye )

2x +1

(Thi thit GSTT)
Phan tich: Cau trac cua hé kha céng kénh, tuy nhién diém ho manh nhat cua hé
chinh 13 hé cho ta dugc dau hiéu dé cong pha hé nay ta khong thé bat dau tir
phuong trinh tha hai trong hé.
Ngoai ra c¢6 mot diém ho ciing kha manh 1a cach sip xép & phuong trinh thir
nhit trong hé 13 rang cho x =0 nhung lai sip xép & tich bén vé phai phuong

Giai hé phuong trinh

trinh chira mot thira sb déu gin véi x? diéu nay goi mé duoc ta sé chia hai vé
cho phuong trinh thtr voi x> dé thu gon phuong trinh nay.

X Lo ~ . 3 4 1
Cu the sau khi chia ta s€ c6 phuong trinh : 2+X—2=(4—2y)~/3—2y +;+;.

Phuong trinh hoan ¢6 1ap duoc hai bién X,y nén ta s€ tién hanh c6 lap, ta dugc :

1 3 4
_;+X—2——+2:(4—2y)1/3—2y.

X
O phuong trinh nay ta lai nhan thiy vé phai chta J3—2y vata hoan toan tach
dugc 4—-2y=1+3-2y, vay la ta co vé phai 1a da thirc bac ba voi dai lugng
32y, thit vay ta s& co bién ddi sau :

—%+%—i+2=(1+3—2y)1/3—2y

<:>——+———+2=(3—2y)\/3—2y+\/3—2y
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- ’ A & A A A A A \ A . o . 1 \
Mat khac vé trai ta nhan thay hé so6 bac ba va bac hai cua dai luong — la
X

(-1):3 nén ta s& ddy y tuong tach vé trai cua phuong trinh ndy theo hang dang

3
thirc (1 —lj , khi d6 ta s€ co6 phuong trinh:
X

303 1 1 3
1——+———+1—;—(\/3—2y) + 32y

x xr x°
3
@(l—lj +1—l=(a/3—2y)3+af3—2y.
X X

Va toi day céu triic ciia ham s6 dai dién da hién rd. Va nhu thé hé da duoc giai
quyét.

3-2y2>0 1 1
3-2y=0 2 2
Loi gidi : Dicu kién: {4 Sex =0
1
_ X#*——

Phuong trinh thtr nhét trong hé duoc bién doi thanh phwong trinh:

2+i:(4—2y)a/3—2y+i+L<:>—L+i—i+2:(1+3—2y)a/3—2y
x2 x X3 x> x* x
3
Q(l_lj +1—l=(a/3—2y)3+af3—2y (*)
X

X
Xéthamsd f(t)=t +t,Vtell . Taco: f'(t)=3t>+1>0,Vtell .
Vay ham s6 (t) ludn dong bién trén [ .

Do do tir (*)@f{l—ljzf(«/?)—Zy)@l—l=a/3—2y .
X X

Thé vao phuong trinh thir hai trong hé ta c6 phuong trinh:

3 2 3
2- (1—%: V2x ;X 1“”2 (2x +1) /1+—_x+2+x3f—
X +

(2+ J,H— I+— +3f1+— (1+1+ j,/1+— 1+— +3"1+—
1+l+( 1+lj =1+%+3f1+2 (1)
X X X X

Xét ham s f(t):u3+u,ueD .

Tacé: f'(u)=3u’+1>0,Vuell
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o (2

—1+«/§
<:>1+§+i+x3:1+i+i<:>x2+x—1:0<:>

2
X x2 X x2 _1_\/5'

X =

2

—1+\/§:y:3—\/§
2 4

X =

Thirlaitacd x =

—1+5 3-5
2 4 )

Binh luén: Bai toan tuy c6 diém ho manh nhung 13 mot bai toan }huﬁn ham sé tir
tim moi quan hé gitta x,y va ca tim nghiém. Pay la mét ki€u bai toan cling
thudng dugc ra trong cac dé thi thir dai hoc ciing nhung chinh thirc.

D6i chiéu diéu kién ta c6 nghiém cia h¢ 1a: (x,y)= (

, 1 3x+4
X+3y+l=y " ——+
Vi du 14: Giai hé phuong trinh y x+1 (x,yel)

YOy —2+3[7Tx+2y+2=2y+3

Phén tich : V6i bai toan nay, dé cong pha ta can phai cong pha phuong trinh trinh
thir nhat trong hé dé tim mdi quan hé giita x,y va ciing nhan thay rang phuo‘ng

trinh ndy hoan toan c6 thé ¢ lap dugc hai biénx,y nén kha nang xét ham so rat

cao.
Cu thé ta c6 phuong trinh thir nhat duoc bién d6i thanh phwong trinh :
3x+4 5 1
+1- =y -3y——.
Jx+1 y

O vé phai ta nhan thdy x +1 1a bac hai cia Vx +1 va 3x +4=3(x+1)+1.
1

L _yogy-1
\/x+1 y’

o Co 1
Phuong trinh cudi da dinh dang xét ham s6 dai dién f(t)=t* -3t —ot>0.

Vay ta s& tach tiép nhur sau : x +1-3y/x+1—

2
Taco £1(t)=2t—3+ L 220301 QU o0 g.

2 2
t t t
Vay ham sé f(t) don di¢u ting trén (0;+o0). Nhu thé mdi quan h¢ giita hai

2=

bién x,y da co va hé di hoan toan duoc giai quyét.
x>—1
Loi gii : Didu kién : 2.
yZz—=
9
Phugng, trinh.thir.nhat frong hé.duog:b
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+1—3X+4=y2—3y—l<:>x+l—3xfx+ ! :y2—3y—l (1)
y y

Xétham sd f(t)=t" —3t—%,‘v’t>0.
2
Ta c6 f’(t):2t—3+%:%>om>o.
t t
Vay ham s6 f(t) dong bién véi mei t>0.
Dodétﬁ()@f(x/ 1)= ( )<:>y=x/x+1<:>xzy2—1.

Thé vao phuong trinh thir hai trong hé ta dugc phuong trinh :

«/9y 2+«f7y +2y-5=2y+3<y+2- «/9y 2+y+1- «3f7y +2y-5=0

o =203 | (yr)ly=2)(y=3)
yrary2 o lﬁm
< (y-2)(y-3) B

y+2+\/9y 2 y+1 y+1 «f7y +7y- 5+\/7y +7y- 5

y=2=>x=3 | 2
< (y=-2)(y-3)=0<= vi K>0,Vy>—.
(y )(y ) [y=3:>x=8 Y 9
Déi chiéu diéu kién ta c6 nghiém cta hé 1a (x, y) ={(3:2):(8;3)} .

Binh luin : Bai toan van xoay quanh chon ham sd dai dién, tuy nhién de khang
dinh tinh don diéu ciia ham s6 nay ta can do khéo vi trén thuc té co rit nhidu
hoc sinh t6i khiic ndy hoan toan di gia may moc dao ham bang 0. Bai toan tim
nghiém cuoi cung la mét phuong trinh vo ty gidi bang phép lién hi¢p quen

thudc.
(X+\/X2 +3)(y+\/y2 +3)=3

x~/3x—2xy+ =4xy+3x+1

Phan tich: Vi hé ndy, co ciu trac & phuong trinh thir nhét kha quen thudc va ciing
dugc chung t6i giai bang phuong phap nhan luong lién hiép. Tuy nhién, ching
t6i s& giai bai toan nay theo phwong phap ham sd.

Nhu ¢ phan lién higp chung t6i d phan tich thi phuong trinh thir nhat s& duoc
dua vé phuong trinh :

VX743 4x=y? +3 -y VX7 +3+x=(—y)+[(-y) +3.

Va nhu vy dinh dang ham s dai dién d xuét hién d6 chinh 1a

f(t)zxftz +3+t,Vtell .

Vi du 15: Giai hé phuong trinh (x,y el )
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t V434t [f+t

Taco: f +1=

\/t +3 \/t2+3 _\ft2+3

Va nhu vy ham sb f(t ( ) ludn ting trén [ va luc ndy ta c6 mdi quan hé giira

>0,Vtel .

X,y . Nhu thé hé duoc giai quyét hoan toan.
Loi giai :
biéu kién : 3x —2xy+12>0.
Vi y2 +3 —y>|y|—y20:> y2 +3-y>0.
Do d6 phuong trinh thir nhit trong hé dwoc bién dbi thanh phuong trinh sau :

V2 4343=\y? 13-y ox2 +3+3=(-y)+4/(-y)’ +3 (1)
Xétham sé £(t)=vt> +3+t,Vtel |
t NE 43+t [+t

Taco: f'(t)= +1=

V2 +3 Ji2 43 \/t2+3
Do d6 ham sb f(t) ludn ting trén [ . Do do tr (1) < f(x)=f(-y) = y=—x.
Thé vao phuong trinh thir hai trong hé ta c6 dugc phuwong trinh :

x\2x% +3x +1 =—4x2 +3x +1 ().

Nhan xét véi x =0 khong théa phuong trinh (*)

>0,Vtell .

@ Truong hop 1: x >0 thi phuong trinh (*) trd thanh phuong trinh :

2+3+L2——4+3+1<:>2+i ——2/2 i+——6 0
X X X X
3.1 f f
[\/2+ +—+ZJ(\/2+ +——3J - ——3 vi | [2+— +—+2>0
%) X x2

_3+\/§

o242+ 97k 3x—1=0e 14

X x? 3-37
3++/37 3437
14 14

@ Truong hop 2: x <0 thi phuong trinh (*) tr¢ thanh phuong trinh:

- f2+i+i2=—4+3+i2<:>2+3+i+ f2+3+i—6 0
X X X X X
3 1 f 3 f
@(\/2+—+—2—2J(\/2+ +—+3J 0=, 2+— +——2V1 24— +—+3>0
X X X x X x
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X_3+\/ﬁ
PGS NI EPIG SE I D T DN 4 @x—3_“/ﬁ:sy=_3+4‘/ﬁ.

X x? x—3_ﬁ -4
4

Dbi chiéu didu kién ta c6 nghiém cia hé 1a
cor[(=B B 20

14 4 4

Binh ludn : Bai toan nay ¢ phuong trinh thir nhit du giai bang lién hiép hay ham
s6 déu 1a 1o giai ty nhién va dep. 0 phuong trinh thir hai trong hé néu ta khong
phan chia truong hop thi s& ddn dén sai 1am lam mat nghiém cta phuong trinh.
V& ban chit la st dung lién hi€p dé tao ham sb dai dién. Tiép theo chung ta s€
xét mot bai toan c6 sy bién tAu rat tu nhién cia ¥ tudng tao ham sb dai dién theo
phuong phap nay.

Vi du 16: Giai h¢ phuong trinh

3X+(X+\/X2 +3)(y+\/y2 +3)y=0
(2M+\/2T)2(4—3\/3— )=\/2X+y+3 +Vx+2

Phén tich : V61 hé nay, v6i phuong trinh thir hai ta s€ khong giai quyét duoc gi vi
cAu tao “rat tro” cua nd. Do d6 budc 1ong ta can phai dau tu ¥ tudng vao phuong
trinh thir nhét trong hé.

Quan sat phuong trinh thr nhat, ta chwa c6 nhan thiy diéu gi rd rang. Tuy nhién
ba con sd 3 xudt hién, ching phai ngau nhién va ta ty hoi 1a tai sao trong tich hai

(X,yeD )

dai lugng x + \sz +3,y+ \/yz +3 sao lai chi gan véi bién y ma khong gan véi
bién x, con sd 3 dung ngoai tai sao khong gin v6i y ma gin véi x .
Mat khac ta nhan thay rang

(x+\/x2 +3)(\/X2 +3—X)=3, (y+\/y2+3)(\/y2 +3—y)=3.

Do tinh chat nhan xét vé su “nguoc nhau “ cua hai bien X,y & ngoai can nén ta

s& ddy y tudng dua phwong trinh thir nhét trong hé vé phwong trinh :

3x(\/x2 +3—x)+(x+\/x2 +3)(\/x2 +3—x)(y+«fy2 +3)y=0
<:>3x(\/x2 +3—x)+3(y+«/y2 +3)y=0<:>x2 —xVx2+3 =y2 +y y2 +3
<:>(—x)2 +(—x)~f(—x)2 +3 =y2 +y y2 +3.

Phuong trinh cubi goi cho ta anh cia ham s6 dai dién 1a

f(t)=t>+tVt* +3,vt e[l . Him s6 nay kha quen thudc qua céc vi du nén viéc
khang dinh tinh don diu n6 khong con kho nira. Va nhu vay mdi quan hé giita
hal blen x,y da co, hé da dugc g1a1 quyét hoan toan
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x2-2
Loi giai : Didukién: {y<2
2x+y+320
Vi VX2 +3—x>[x|-x>0=yx? +3—x >0. Nén ta bién déi phuong trinh thir
nhat trong hé thanh

3X(\/E—X)+(X+\/X2 +3)(\/X2 +3—X)(y+\/3TH)y=O
<:>3)((\@—){)+3(y+\jyzz+3)y=0<:>x2 —X\mzy2 +y y2 +3
e (=P +() (%) +3=y? +yy? 43 (%)

Xétham s f(t)=t> +tJt* +3,vt el .
2

Taco £'(t) =2t + /2 +3 +—— > 2t+20t|>0, Vtell .
t? 3 AM-GM

Vay ham s6 f(t) ludn tang trén [ .
Do d6 tir (¥) > f(—x)=F(y) & y=—x.
Thay vao phuong trinh thir hai trong hé ta dugc phuong trinh :

(2\/m+x/x+2)2(4—3\/x+3)=\fx+3 +x+2 (1)

Pat t=x+2, t>0.Taco: x=t>—2.
Lac d6 (1) tro thanh phuong trinh :

2
(2 t2+1+t) (4—3 t2+1)=\/t2+1+t
@3(2 t2+1+t)\/t2+1+4(\/t2+1+1)=4(2 t2+1+1)

<:>(15t2 —16t+16)x/t2 +1=-123 +20t2 - 16t +16

—12¢% +20t” —16t+16

1
15t —16t+16

oAt +1=

t=0
2 2(z_
! v(5-120) 1 512t

N T1s2_16t+16 =
V4141 156161416 J2 141 152-16t+16

@Voi t=0Yx+2=0<x=-2=y=2(théamin).
1 5-12t (2).

@ Véi

JZ 4141 1582 —16t+16
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5-12t

15t —16t+16 .
e Truong hop 1: tz% tacod: - .Do d6 (2) v6 nghiém.

! >0

N2 +1+1

o Trudng hop 2 : O£t<% taco (2) =15 —16t+16=(5-12t)Jt* +1+5-12t
152 —4t+11=(5-120)V +1 & (157 —4t+11)2 =(5-12t)* (2 +1)

< 81t* +177t% +32t +96 =0 (vo li vi 81t* +177¢ +32t+96>0,Vt€[0;%j !

Vay voi t >0 taco (2) vo nghiém.
Do d6 hé phwong trinh da cho c6 nghiém 1a (x,y)=(-2;2).
Binh ludin: Bai toan ciing dung lién hiép dé dua vé ham s6 dai dién nhung c6 tinh
chat kha tha vi va hay, cach giai phuong trinh tim nghiém 1a cach tu nhién nhat,
cling c6 thé st dung danh gia bang bit ding thirc dé tim nghiém.
Vi du 17: Giai h¢ phuong trinh

Yy +4-Yy* +7y+10 =\/X+1-%/X2+2X+3-<1/X2 +2x+4

3(3X+2):1/y+2x+5(3 xz+5—x2)+23 y—2x+5

Phén tich: Véi hé nay, ca hai phuong trinh trong hé déu that “kho nhan”, véi tim
1y chung that khong dam nhung tay vao cong pha phuong trinh nao trong hé.
Tuy nhién, hiy quan sat phuong trinh thir nhat tuy 1a mot phwong trinh chtra cac
cin bac khac nhau, nhung & day lai 1a mot phuong trinh d c6 1ap hai bién x,y

(X,yeD)

nén kha nang xét dugc ham s6 dai dién 1a rat cao.
Quan sat phuong trinh thir nhat ta nhan thay vé phai phuong trinh nay c6 diéu gi
do that dac biét.

Tht vy, taco: x* +2x+3=(x+1)" +2; x> +2x +4=(x+1)" +3.
Vi nhan xét nay, ta dwa phuong trinh thir nhat vé phuong trinh :

Yy +4. a4fy2+7y+10—»\/x+ %jx+1 242 {‘/x+1 >43.

Vay la vé phai ciia phuong trinh nay da c6 mét “hinh anh” rat 1 rang, gio ta s&
cb ging bién 601 v€ trai cling s& duge mot “hinh anh” nhu v@y. V6i y nghi nay,
ta nhan thdy vé phai c6 ddy dil cac cin bac hai, bac ba, bac 4 nhung vé trai chi
¢o hai loai can la bac ba va bac 4. V& céu tric can ta ce‘in phai thém cho vé trai
mot can bac hai.

Mat khac ta nhan théy duoc

Y +7y+10=(y+2)(y+5)=(y+2)(y+2+3);y+4=y+2+2.
Nét tuong d(‘Sng ctia cac hé sb thua ra 1a 2,3 ddi véi dai lugng y+2 va dai

lugng y+1 lam ta thém ty tin dé tién toi tach dugc vé trai co mot “hinh anh”
ohu vephii.
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Cu thé ta s€ bién do6i nhu sau :

%ﬁ#yz+7y+10=§/y+2+2-(‘/(y+2)(y+2+3)
=3y+2+2-4y+2+3-4y+2 =\/\m-§/(\/y+2)2+2-§‘/(\/m)2+3 :

Va nhu vay ta s& c6 dugc phuong trinh th nhét duoc viét lai 1a :

Q/Jyju_z-i/(\/ﬁ)zu-‘\‘/(\/ﬁ)zw=«/ﬁ-%/(x+1)2+2-(‘/(x+1)2+3
Té6i day ta co hai cach xét ham sé dai dién :
@® Céach 1: Xét ham sb f \/- \It +1 \/t +3,Vt>0.

Khi d6 phuong trinh thir nhét s& ¢ dang : f(a/ ):f(x+1)

@ Cach 2 : Xét ham s f —t Jtr+2-Vt*+3 ,Vt>0. Khi @6 phuong trinh thir
nhét s& ¢6 dang : f(afy 2)=f(x/x+1).
Vi hai cach nay thi 16 rang ing véi cach tha hai viéce tinh dao ham sé€ thuén loi
hon mot chut. ) .
Khoéng khé dé nhan thay ca hai cach xét ham déu cho dugc ham dai dién luon
tang trén [0;+).
Vay xem nhu mdi quan hé giita hai bién x,y di duoc giai quyét va hé s& duoc
giai hoan toan.

x=-1 x>-1
. 2 > <-5vy=-2 x>-1
Lo gidi : Didu kign: Y T7/Y 1020}y Y= .
y+2x+5>0 y+2x+520 >-2

y+22>0 y=-2

Phuong trinh tht nhat trong hé duoc viét lai thanh phuong trinh :
%/y+2-§1j(y+2)(y+5)=e\/x+1-%/(x+1)2+2-(‘/(x+1)2+3
<:>%/y+2+2-{‘/y+2+3-i‘/y+2=\/x+1-%j(x+l)2+2-{‘/(x+2)2+3
<:>4/\/y+2-%/(\/y+2)2+2-{‘/(«/y+2)2+3
=»\/x+1-%/x+1 2+2-(‘/x+1 2+3 ().
Xét ham s6 f(t)=t- Jtt+2 Nt +3,ve>0.
4 47 R RN

Ta c6 f'(t)=x3/t4+2-4t4+3+4t AL +j L3 0wz0

(et 03 (et +3)

Do d6 ham s f(t) ludn dong bién trén [0; +oo) .
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Do do tir (*) <:>f(,4/y+2)=f(\/x+1)<:>\/x+1 ={y+2
<:>x2+2x+1=y+2<:>y=x2+2x—1.

Thé vao phuong trinh thir hai ta thu dugc phuong trinh sau:

x3x+2)=4x2+4x+4(3Jx2+5—x2)+23x2+4

<:3@x+2y4x+2w3>8+5—xﬂ+23x2+4

e3P +2x2 +9x +6-3(x+2)Vx* +5-23x> +4 =0

<:>(X+2)\/X2+5( x> +5—3)+(x+2—23 x2+4)+3(x—2)

<:>(x+2)\/x2+5[ x4 ] (X+2) _8(X +4) x 2 :
Vx? +5+3 (x+2 +(x+2) x3/x2+5+,f X +5

o (x42) Tﬁ[(x 2)(x+2)] (x-2)(x*+12) (x-2)=t
VX +5+3 x+2 +(x+2)Vx’ +4+,/x +4)

x+2)2x/x2+5+ x? +12

\/X2+5+3 (X+2 +(x+2 ’\3/X2+4+\/ x +4

T

0

@(x—2) (

&x=2 =>y=7viT>0,Vx=>-1.
Ddi chiéu diéu kién ta co nghiém cua h¢ 1a (x,y) = (2; 7) .

Binh lun : Pay 1a mot bai hé hay va kho ca & hai bude d6 1a budc tim ham sb dai

dién, budc hai l1a giai phuong trinh tim nghiém. Bai toan doi héi su khéo 1éo trén
toan bd hai phuong trinh. Cach xét ham cho dugc hai sy chon lya va doi hoi
ngudi giai can biét tinh toan lya chon cai nao hop 1y va suy dién c6 loi nhat.
Mot dang diéu hé quen thudc nhung lai rat la mit.

Logi 2 : Xét ham sé dai dién hodc ham sé trén mét mién nghiém chua biét.
Trong loai ndy ching ta sé quan tam dén cdc bai todn ma & dé mét phirong
trinh trong hé dwa duoc vé ham dai dién hodc mét ham so hay hai ham $6 khdc
nhau trén mién nghiém chua biét. Pé xdac dinh duoc mién nghiém ta thuong dua
vao cdc déu hiéu sau :

Str dung diéu kién co nghiém cua mot phuong trinh bdc hai.

-k <a<k

Sir dung tinh chat a®™ +b™ =k = .
—k<b<k

Diéu kién sinh ra tir an  phu hoa.
sgah tinh chat vé:ddu githa haivé kuxmg trigh,
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(47 +1)x+(y=3){5-2y =0
4> +y? +23-4x =7

Vi du 1: Giai hé phuong trinh (x,yel).

(Khéi A —2010)

Phan tich :
Vi hé ndy, ta nhan thdy tir phuong trinh thir hai s& khong cho ching ta tim
dugc mdi quan hé nao co loi dé giai hé. Phuong trinh thir nhat rd rang hai bién
X,y c0 tinh c6 1ap nén c6 kha nang xét dugc ham s6 rat cao, mat khéc phuong
trinh nay chi chira mot can thirc ma dai lugng trong can thirc lién quan dén y
nén ta s€ nghi dén viéc 4n phu hoa nd.

5-a’

Cu thé ta s& ¢6 : a=J5—2y,a20.Tacé y=

Khi d6 phuong trinh thir nhat dugc bién doi :

(4)(2 +1)x+[5 —2a2

Do a>0 nén tir (*) tasuyra x >0.

—3]a=0©8x3+2x=a3+a(*).

Mit khéc (*) ciing cho phép hinh anh ctia ham sé dai dién la:
f(t)=t +1t,Vt e[0;+00).

Vige khang dinh duoc ham s6 nay ludn ting khong kho, didu do ciing c6 nghia
rang mdi quan hé giira hai bién x,a hay x,y di co va hé hoan toan duogc giai

quyet.

<
IA

5-2y>0

Loi giai : Diéu kién : =
3-4x>0

>
IA
AW N|W

o
(3]

Bmazwﬁ—Z%aZO.Tadxyzs_

Khi d6 phuong trinh tht nhét trong hé dwoc bién d6i thanh:

(4)(2 +1)x+{5_ i

a —3}1:0@8){3+2x=a3+a<:>(2x)3+2x=a3+a (1)
Do a>0 nén tur (1):>x20.

Xéthamsd f(t)=t>+1,vt>0.Taco f'(t)=3t>+1>0,vt>0.
Vay ham s6 f(t) ludn ting trén [0;+0) .

Do do6 tx (l) c>f(2x):f(a)<:>2X=a <:>2x:a/5—2y oy=
Thay vao phuong trinh tht hai trong hé ta c6 phuong trinh :

5—4x?

2
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2
2
4x2+(5_;x J +23—4x =7 (2)

3
Tur diéu kién XSZ@OSXSE.DO do ta giai (2) véi moi XE|:O;§:|.
4 4
x>0
Tacd: (2) < 16x* —24x> +5+8(3—4x ~1)=0
2 2 2x —1 .
<:>(4X —1)(4X —5)—16ﬁ—0
) 16 3 B 1 _
<:>(2x—1)((2x+1)(4x —5)—ﬁJ—0©2x—1—0<:>X—2:>y—2.
K
2x+1>0
Vi VX€|:0;—:|:> 11:>(2x+1)(4x2—5)<0:>K<0.
47 | ssax s

D6i chiéu diéu kién ta c6 nghiém cta hé 1a (x,y) = (%;2) .

Binh luén : Bai toan nay, chung t6i lua chon cach gidi xay dyng mién nghiém cta
ham s0 dai dién trén viéc an phu hoa. Tuy nhién chiing ta van cé thé xét truc
tiép ham so dai dién nhu sau :

(4 +1)x+(5-2y)5-2y <8’ +2x=(5-2y)5-2y +5-2y (i)
Xéthamsd f(t)=t +t,vtel . Taco f'(t)=3t>+1>0,vt el .

x20
Tadotacs: £(2x)=f(5-2y) o 2x=\5-2y &{  5_4

T
Con néu tinh y thi do vé phai (i) luon khong 4m nén suy ra x>0 ( cach nay
chinh 13 4n phu héa ngim dai luong /5 -2y).
Con vi€e giai phuong trinh tim nghiém thi ngoai 101 giai trén, chung ta van cd
the sir dung ham so dé gidi. Tuy nhién 101 giai trén tu nhién va phu hop véi s
doéng hoc sinh hon.

x> —3x2 —9x+22=y3 +3y2 -9y

Vi du 2: Giai h¢ phuong trinh § 1 (x,yel)
XT 4y —x+y=o

Phén tich : Nhan dinh dau tién 1a hé nay 1a hé doi xtng loai 1 v6i hai bién x,—y
nén véi hé nay ta hoan toan giai quyét dugc hé nay bang phuong phép tong tich
ctia hé dbi xung loai 1. Tuy nhlen néu ta quan sat dlIO’l mot goc nhin khic ta dé
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kha nang xét ham so rat cao. V€ cau tric cua hai vé ta déu c6 thé co dinh bén
nao ciing duogc rdi bién doi dinh dang doi xing cho bén con lai. O day ching ta
nhén thay veé trai dé co dinh hon nén ta s€ c6 dinh bén veé trai nhu sau :

=32 —9x +22 =y 43y’ —9y & (x-1)’ —12(x~1)=y> +3y* -9y

& (x=1) —12(x=1)=(y +1)’ =12(y +1).

Té6i day ta d thdy hinh dang cta ham sb dai dién la f(t)=t"—12t,vtell .
Nhung van d¢ di phat sinh vi ham s6 nay khong lun tang hay lu6n giam trén [ ,
dleu nay la diéu ta khong mong mudn. Do d6 y tuong phat sinh la ta can chan
mién nghiém. Dé c6 dugc didu nay, ta can quan tim dén phuong trinh thi hai.
Khong khé nhén ra phuong trinh thr hai la phuong trinh nay la phuong trinh
béc hai nhung khong c6 delta chinh phuong nén viéc tach nhan tir la khong the.
Tuy nhién, ta c6 thé bién doi phuong trinh nay nhu sau :

1 1) 1Y

2 2

X“+yV —-X+y=—|x—— | +|y+—| =1.
Y ) ( 2) (y 2)

Téi day tir tinh chat da nhic ¢ 1y thuyét ta suy ra duoc

1 1 3
-1<x——<1 ——<Xx<—
RS TS
1<y+—<1 |-2<y<-
Y 2 2 Y 2
—ESX—lﬁl
Véi diéu kién nay ta suy ra dugc : f i
——<y+1<=
2 y 2
A O 33
Nhu vay ta s& xét ham f(t)=t> —12t,Vte 25
Taco £'(t)=36 —12=3(t* —4)<0,vt e 330
272

Do d6 ham sb f(t) ludn gidm trén {—%,%} , cling tir ddy mbi quan hé giira x,y

d3 c6 va hé hoan toan duoc giai quyét.
Loi gidi : Phuong trinh thtr hai trong hé duoc viét lai thanh phuong trinh :

2 2 —ISX—lSI —lSXSg

1 1)y 2 2 2
X_E + y+§ =1= ) = 3 l(*)

—-1<y+—-<1 ——<y<—

Y 2 2 Y 2

Phuong trinh tht nhit trong hé duoc viét lai thanh phwong trinh :
x> =3x% +3x —1-12(x 1) =y’ +3y* +3y +1-12(y -1)
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IA
IA

x—1

Do (*) néntaco: . Xét ham s6 f(t)zt3 —12t,Vte[—%;%}.

IN

N — W
IA
N N —

y+1

33
T f' 3t2—12=3(t> -4 O,Vte| ——;—|.
aco f'(t)= ( )< e[ > 2}

b

Vay ham s6 f(t)ludn gidm trén [_E%} .

Do dé6 tx (1)<:>f(x—1)=f(y+1)<:>x—1=y+1<:>y=x—2.
Thay vao phuong trinh thir hai trong hé ta dugc phuong trinh :

1
| a3
x2+(x—2)2—x+x—2=5 S 4x?-8x+3=0< § ?
X:—: [p—
) YT
A <A <A A , . A > A 12 1 3 3 1
Doi chiéu diéu kién ta co nghiém cua hé 1a (x,y)= 5;—5 : 5;_5 i

Binh ludn: Néu dit van dé vé xét ham trén mién diéu kién chua biét khi xét ham
thi bai toan nay c6 d6 khé hon khdi A — 2010. Tuy nhién, hé nay c6 nét goi mo
hon hé trudc, minh ching 1a hé nay hoan toan sir dung phuong phap dbi ximg
loai 1 dé giai. Cac ban cha y sur dung tinh chat da nhéc Iy thuyet la mdt cong cu
rat manh dé chian mién nghiém cho nhing bai toan nhu thé nay.

\2X + —a/2y+ =X-Yy

X2 —12xy+9y* +4=0

(X,yeD)

Vi du 3: Giai hé phuong trinh {

Phén tich : V6i hé nay, khong kho nhén ra dugc ngay phuong trinh thi nhat da
cho dg:qc anh ctia ham so dai diér,l. o
Cu thé ta co phuong trinh thir nhat dugc bién doi thanh phuong trinh :

\/2x+1—x:«/2y+ -y (1
. 1 1
Xét ham sd f(t)=+2t+1-t,Vte| ——;+0 |. Tacd: f'(t)=
( ) e{ 2 j ( ) J2t+1

Téi day ta nhan dugc ngay f'(t)=0<>t=0. Nhu vay ham s6 s& dong bién

-1.

1 . X . . .
trén (—E;OJ va nghich bien trén (0;-+c0) nhu thé qua ham so nay ta chua c6 két

luan duogc gi tir phuong trinh (1) vi ddu ctia x,y chua r s& nhu thé nao ca.
Tuy nhién tir phwong trinh thir hai trong hé ta c6 : x2 + 9y2 +4=12xy = xy>0.

Va nhu vay néu hé c6 nghiém (x,y) thi x,y phai cung ddu. Diéu nay ta lam

cho xét ham dai dién da thanh cong va hé hoan toan duoc giai quyét.
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xZ—l

Loi giai : Didu kién : f .
> ——
Y 2

Tur phuong trinh thtr hai trong hé ta co: X%+ 9y2 +4=12xy =>xy>0.
Phuong trinh thtr nhat trong hé duoc bién d6i thanh :

V2x+1—x=2y+1-y (1)
Xét ham sb f(t)=+2t+ —t,‘v’te[—%;—i-oo).TaC() f'(t)= L

2t +1

1

\/2t +1
1

Tir day ta suy ra ham sb dong bién trén [——;Oj va nghich bién trén (O;+oo) .

Lai co f'(t):O<:>

—-1=0=t=0.

o

1 . ) »
® Trudng hop 1: x,ye{—E;OJ thi ham s6 f(t) dong bicn nén tir

(l)’cf(x)zf(y)cn(:y.
Thé vao phuong trinh thr hai trong h¢ ta c6 phuong trinh :
2x? —4=0 (vO nghiém vi 2x> —4<0 ).
® Truong hop 2 : x,y €(0;+00) thi ham sé f(t) nghich bién nén tir
f(x)=f(y)=x=y
Theé vao phuong trinh thir hai trong hé ta c6 phuong trinh :
2x2 —4=0=x =42 vi x>0.
Ddi chiéu diéu kién ta co nghiém cua h¢ 1a (X,y) = (\/5 ; \,5 ) .
Binh luén : Bai toan nay nhin qua tudng chirng don gian, tuy nhién no lai géy cho
nguoi giai rit dé sai 1am. Mot sai 1dm ma trén thyc té co rat nhiéu hoc sinh mic

phai. Sap day, chungq toi gun gidi thiéu mot vai vi du nhu Vay‘ dé gitp cac ban
nhan biét va thong hiéu dé khi gip lai s€ khong con nhiing sai 1am nhu vay nita.

Vidu 4:
x+1 (\lx + —«¢ + ) xix +1

Giai hé phuong trinh Y (x, yel )
2x(x—y)+2(x+y)=2—y2

Phén tich : V61 hé nay, viée dau tién ta nhan thay phuong trinh thir nhét trong hé
¢6 thé thu gon lai vi hai vé ¢6 nhirng dai lwong chung.
Cu thé ta c6 phuong trinh (1) dugc bién d6i lai thanh :

(y+1)\/x2 +1 =(x+l)«fy2 +1.
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Téi ddy c6 thé nhan thay néu ta chia chéo hai dai luong ngoai can ta s& thu duoc
mot phuong trinh c6 tinh d6i xtmg va o 1ap cac bién .

1 241
That vay ta co : (y+1)x/xz+1=(x+1)«/y2+1<:>\/X j; :\/y . (1)
X+ y+
Tuy nhién khi chia nhu vay ta can hai dai luong x+1Ly+1 déu khac 0.
Néu x+1=0<>x=—1=y=—1. Thu lai khong thoa hé.
Néu y+1=0< y=—1=x=—1. Thir lai khong thoa hé.

Vay voi (x+1)(y+1)=0 thi ta ¢ (1) va ciing tr (1) ta suy ra dugc
(x+1)(y+1)>0 tirc 14 hai dai lugng x +1,y+1 phai cing diu hay ta ¢6 :

x+1>0 [x+1<0 x>-1 [x<-1
\4 = Y4
y+1>0 [y+1<0 y>-1 |y<-1

Nhu vdy viée xét ham s6 dai dién f(t)=

t? +1

t+1

Vit e (—oo;—1) U (=1;+0)
t—1

(t+1)2\jt2ﬁ'

Luc nay ta s€ c6 nhiing nhan xét sau :

Taco f'(t)=

Lic ndy van dé dd ndy sinh ra la néu te(—o0;—1) hay te(—L+o) ta ciing
khong xét dau duoc dai lugng t—1. Va nhu viy viéc cAu trac ham dai dién nhu
trén da pha san.

Tuy nhién ta dé ¥ rang (1) c6 thé dua vé phuong trinh sau :

\jx2+1 _\/y2+1

Nhu thé thi ham sé dai dién luc nay 1a f(t) =

x+1 y+1
(*)

t+1

NEN

Vtell .

1-t

—
(t2 + 1)
Va bay gid Van dé nay sinh chinh 1a dai lwgng 1—t, vi chinh dai luong nay sé
1am cho ham sb c6 hai khoang c6 tinh don diéu khéc nhau Gio ta can chin mién

nghiém cho t.
Bay gio ta s€ quan tam phuong trinh th hai trong h¢, ta sé co :
2x(x—y)+2(x+y) =2—y2 < 2x? —Z(X—l)(y—1)+y2 =0 (*) .
Nhan thiy hé phuong trinh nay khéng thé c6 nghiém (X, y) = (0; 0)
x>1 [x<l1
v
y>1

Taco f'(t) =

Do x* >O,y2 >0 nén tu (*) tasuyra: (x—l)(y—1)>0 <:>{

y<l
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Nhu véy ta dd c6 hai mién chin nghiém cho t 1a (;+00) va (—oo;1) nén f'(t)
dugc danh gia hoan hoan va hé da dugc giai quyét.
Loi giai : Nhan xét do hé khong thé c6 nghiém dang (x,y)=(0;0).
Tir phuong trinh thir hai trong hé ta c6 bién déi sau :
2x2 —2()(—1)(y—l)+y2 =0 (a) .
>1 <1
Vi X2>O,y2>0 nén tir (a):>(x—1)(y—1)>0<::>{X V{X .
y>1 |y<l
Phuong trinh thtr nhat trong hé duoc bién doi thanh phuong trinh :
x+1 y+1 b) '

\jx2+1 _\/y2+1

Xétham s f(t)=

1 vien . Taco f'(t)=——t

e (e+1)

® Trudong hop 1 : Néu t>1 thi 1-t<0=f"(t)<0. Do d6 ham s6 f(t) nghich
bién trén (1;+00).
Nén tr (b) < f(x)=f(y)<> x=y. Thay vao phuong trinh tht hai trong hé ta
c6 phuong trinh : x> +4x-2=0x=-2+.6 (loai).

® Truong hop 2 : Néu t<1 thi 1-t>0=f"(t)>0. Do d6 ham sé f(t) dong
bién trén (—o0;1).
Nén tr (b) < f(x)=f(y)<> x=y. Thay vao phuong trinh tht hai trong hé ta
c6 phuong trinh :
x% +4x —2=0<>x =—2+26 ( nhan).
Vay hé phuong trinh da cho c6 nghiém

(X,y)={(—2+\/3;—2+\/€);(—2—\/3;—2—\/3)}.

Binh lun : Qua bai hé nay, chung t6i mubn giri gim dén cac ban nhiing diéu sau.
V& nhan dién ham dai dién, chung ta da biét ham chung ta xét chua phai la duy
nhit. Tty vao sy chon lya cta chung ta ma dua ra nhitng ham dai dién phu hop.
V6i cach chon ham dai dién thir nhét thi d6 ciing 1a mot 16i tu duy thuong gip &
hoc sinh. Cach chon ham dai dién th hai ciing 1a 16i thuong gip cta hoc sinh.
Ca hai cach nay vé ban chat tu duy thi cach chon ham & hai cach déu ding! Tuy
nhién van dé nay sinh la biéu thirc caua dao ham cua ham s dai dién c6 thé triét
tiéu tai mot diém t&i han t=1 & ca hai cach. Néu cach tha nhét viée chi ra duge
(X + 1)(y+ 1) >0 vé duong 16i 1a diing nhung lai bi trd ngai ngay véi biéu thirc

dao ham. Tuy nhién néu ta khai thac phuong trinh thir hai thi that su ca hai ham
deu cho 101 giai hoan thién dugc bai toan. Vi qua 101 giai cac ban da thay cach
khal thac thir hai da lam cho nhan xét (x + 1)(y+ 1)>0 bi pha san & khuc chan
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dai dién c6 diém t6i han qua chit. Tuy nhién, trong 16p bai toan tao hing dang

thirc trong cin dé xét ham dai dién nay, c6 mot sd bai vi cach chon ham dai dién

c6 tinh “goi md™ hon thi hai cach nay déu ap dung duoc nhu vi dy sau day.
Vi du 5: Giai h¢ phuong trinh

x? —3X=(y—2)(y+l)

(x,ye[l )
(x+y)\/x2 —4x+5 +(x—2)\/x2 +y2 +2xy+1=0

Phén tich: Tur hé ndy, ta s& bién ddi phuong trinh thtr hai trong can vi chira cac
hang dang thirc c6 li€n quan chéo dén cac dai lwong ngoai can.
Cu thé ta bién doi phuong trinh tha hai trong hé vé phuong trinh :

(x+y)J(2=x)? +1=(2=x)y(x+y)* +1 (*).

® Huéng tu duy 1: Pua (*) vé phuong trinh : Xty 27X .
JxryP 41 J2-x) +1
Khi d6 ta ¢6 ham sd dai dién 1a f(t)= ¢ ,Vtell .

2 +1

Ta co: f'(t)=;>0,‘v’tei )

(t2 +l)3

Toi day bai toan da duoc giai hoan toan.

\/(x+y)2+1:\/(2—x)2+1.

X+y ED¢

® Huéng tu duy 2 : Pua (*) vé phuong trinh :

Jt2 +1
) t

Vatacanxét x+y=0, 2—x =0 va tir cau tric phuong trinh ta can cé

(x+y)(2—x)>0.

Taco: f'(t)= N S <0, Vte(—0;0)U(0;+0).
t2\t? +1
Nh¢ nhan xét (x +y)(2—x)>0 nén hé ciing hoan toan gidi quyét dugc.

Khi d6 ta c6 ham s6 dai dién 1a: f(t)= ,Vte(—0;0) U (0;400).

Gio chung t6i s€ di vao 101 gidi cho bai toan theo hudng tu duy 2.
Loi giai : ) o
Phuong trinh thr nhat trng h¢ dugc bién d6i thanh phuong trinh :

(x+y)(2=x) +1+(x=2)\(x +y)* +1=0

e (xty)2-x) +1-(2-x)J(x+y) +1=0 (1).

Xét 2—x=0=x=2=2y=-2.
Thur lai khong thiy thoa hé.
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2 2
y +3y=y -y-

2 hé v6 nghiém.
2+y=0

Xét x+y=0=x=—y tacohé¢: {

Vaytaco (x+y)(2-x)=0.

Jxryf +1yJ2-x) +1 )

Do do tir (1) taco:

X+y 2_X
2
Tir (2) = (x +y)(2—x)> 0. Xét ham s6 £(t) =1L vt e (—o0;0) U (0;490)
Ta co f'(t):—;<0,Vt€(—00;0)u(0;+oo)'

2\t +1
Vay ham sb (t)ludn nghich bién trén ting khoang (—o0;0) va (0;+0), mat
khac (x+y)(2—x)>0 nén tir (2) taco
f(x+y):f(2—x)<:>x+y:2—x<:>y:2—2x .
Thay vao phuong trinh thir hai trong hé ta dugc phuong trinh :

x(x—l)zO@[XZij:z

Vay hé phuong trinh da cho c¢6 nghiém la : (x,y) = {(0;2);(1;0)} .

Binh luin : Chinh sy “goi m& thong thoang” ciia dao ham trong viéc chon ham sb
dai dién ma tac gia di ciu tao sdn lam cho con dudng tu duy thudng gip ca hai
hudng déu dat duge muyc dich. Tat nhién véi bai toan nay di huéng tu duy 1 s&
cho 151 giai gon hon, nhung chiing t6i chon 16i di thtr hai ciing dé giup cac ban
thém nhiéu su chon lya cho 16i giai mot bai toan thudc 16p bai toan nay.

x=1=y=0 ’

Vidu6:
Jx? +1-3x +2)(~/4 2+1+1)=8x2 3(1

Giai hé phuong trinh ( g d g ( )(x,yeD)
Xzy—x+2=0(2)

Phan tich : Vi hé nay viéc dau tién nhin vao hé ta nhan thiy phwong trinh thir hai
trong hé cho ta phép rat the, nhung néu nhu vay da s€ day bai toan con kho khan
hon lac dau nén tu tudng nay that bai.

) \ A A 5 < A A \ 3 VT > O A
Quan sat phuong trinh (1) ta nhan thay ¢ hai vé néu ma y <0 thi vp<o MeD

rd rang hé nay khong thé c6 nghiém (x,y) ma y<0. Do d6 néu h¢ nay c6

nghiém thi can y >0

=x>2.

Mt khac tir (2) taco : y=2 5
X

Ma néu téach vé phai (1) theo x%y thi con thira y2, dé y co
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(\/4y2 +1- l)(\/4y2 +1- 1) — 4y nén ta lai nghi dén phép lién hiép.
Cuthétaco:

(x/x2+1—3xzy+2)( 4y® +1+1) 2x ( 4x +1+1)(\/4x2+1—1)
o Vx?+1-3x2 y+2=2x ya/4y +1-2x2 y

T6i day tir (2) tarit 2=x—x"y, thé vao (3) tacd duqc:

VxZ+1+x :2x2y«f4y2 +1 +2x2y .
Véi x >0 ta dua phuong trinh nay vé dang : 1 /1+i2 L 2y4f(2y)2 +1+2y.
X X X

Va toi ddy ta da thay hinh anh ciia ham sé dai dién. Vay hé di hoan toan duogc
giai quyeét.
Loi giai :

(x/x2 + —3x2y+2)(a,4y2 +1 +1) >0

8)(2y3 <0

Néu y<0 tacé: nén hé vo nghiém.

Néu y >0 thi tur (2)tacé: y=X_22

X
Taco (1) @(\/Xz +1 —3x2y+2)(«/4y2 +1 +1)=2x2(\/4y2 +1 +1)(«/4y2 +1 —1)
aAx? +1 —3X2y+2 :2x2yaf4y2 +1 —2x2y (*) .

Lai co tu (2) rut : 2=x—x2y, thé vao (*) ta c6 phuong trinh :

VX% +1+x =2x2yfay? +1+2x%y @i /1+% +§:2y«/(2y)z+l+2y (4)

Xétham s f(t)=t t? +1+1,Vt>0.

Taco f'(t)=\/1+t2+ !
1+t

Vay ham s (t) luén dong bién trén (0;+oo) .

+1>0,vt>0.

Do do tir (4)<:>f(lj:f(2y):>l=2y<:>2xy=1.
X X

Két hop voi (2)tacohé:

1
2xy =1 Xy=7

X’y —x+2=0 lx—x+2=0
2
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e e < X ‘A y ‘A 5 A TN 1
Doi chiéu diéu kién ta c nghiém cua hé 1a (x,y)= (4;§J )
Binh luan : Bai toan doi hoi sy tinh té trong viéc gidi han mién nghiém. Mot ky
thuat cling thuong dugc dung trong viéc gidi han mién nghiém dé xét ham so.
Con lai thi bai toan khong kho lam.

Vidu7:
(5—2x)Jx+2y:(6—X—2y)«/x—1
Giai hé phuong trinh ,yell
PR (x3—2y—3)(x+\/8x(3—x)+4y2+5)=21(Xye )

Phaén tich : Vi bai toan ndy, chung ta cling nhan thy rang phuong trinh thi hai ro
rang khong cho ta duoc tin hidu nao dé khai thac. Trong khi d6, phuong trinh
thir nhat c6 chira hai can thirc ma cac dai luong trong can déu ¢ nét twong dong
v6i cac dai lugng ngoai can. Do d6 ta s& tién hanh phuong trinh thir nhat va day
¥ tuong an phu hoa cong véi viée dinh dang ban déu ciia phuong trinh nay ciing
d3 co tinh c6 l4p cac bién nén kha ning sau khi 4n phu hoa thi xét duoc ham sd
1a rét cao.

Cu thé ta c6 phép bién d6i sau cho phuong trinh thir nhat trong hé

(5—2X)~/x+2y=(6—x—2y)\/ﬁ
& (3-2(x-1))x+2y =(6—(x+2y))Vx—1 (*).
Dt {a: *1 Knidétacs (+) tr6 thanh : (3-2a%)b=(6-b%)a (1).

b=a/x+2y

O (1) ta da thiy hinh anh cta ham sé dai dién da thap thoang xuat hién, nhung
vi su sai biét ctia hai dai lugng a,2a” va hai s§ 3;6 nén ta s& day y tuong nhan
toan bo hai vé (1) cho 2 dé gan két céc dai lwong va s6 ¢ tinh trong dong.
6-4a® 6-b’

2a b

Cu thé ta s 6 (1) < (6-4a” |b=(6-b")2a =

6—t2

Vay ta s& xét ham sd f(t)= ,Vt>0. Viéc khang dinh ham nay c¢6 tinh

don diéu gi khong qua kho nén ta sé& truc tiép vao 10i giai cho bai toan.
x+2y=0
x2>1 '
Phuong trinh thir nhét trong hé duoc bién dbi thanh phuong trinh :
(3-2(x—1))/x+2y =(6—(x+2y))Vx -1 (1).
bit a=+x-1
a
b= afx +2y

(3—2a2)b=(6—b2)a<:>(6—4a2)b:(6—b2)2a‘(2:).

Loi giai : Diéu kién : {

, a,b>0.Khido (1) tré thanh :
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V6i a=0vb=0 thi h¢ khong théa man. Do d6taco a,b>0.

- (221)2 6—b?

6
Khi @6 (2) trd thanh : = .
ido (2) tro than o - (*)

2

© V0. Taco £'(t)=- 6”

<0,vt>0.

Xét ham s6 f(t)=

Do d6 ham sb f(t)ludn nghich bién trén (0;+00).

Nén (*)<:>f(2a)=f(b)<:>2a:b<:>2x/x—l :Jx+2y &3x—-4=2y.

Thé vao phuong trinh tht hai trong hé ta dugc phwong trinh sau
(¥’ —3x+4—3)(x+\/24x—8x2 +(3x -4’ +5):21

(¥ —3x+1)(x+\/x2 +21):21
<::>(x3 —3x+1)(x+\/x2 +21)=(x/x2 +21+X)(\/X2 +21 —X)

S x-3x+1= X2+21—X<:>x3—3x+2+(x+3— x2+21)=0

1) (x - +M=®x— xelPo— O |-
= (x-2) X +3+4x% +21 bl 2)(( Y x+3+\/x2+21J ’

P
&x-2=0=x=2=y=1vi P>0,Vx=1.
Ddi chiéu diéu kién ta co nghiém cua h¢ 1a (x,y) = (2;1) .
Bai to4n : Bai toan voi viée 4n phu hoa la diéu ty nhién, tuy nhién dé xét duge ham
dai dién ta can c6 mot chut khéo 1éo. Con lai tat ca déu la quen thudc.
Vidu 7:

(267 +1= Y N2x? +1 =3y (Jy -1)
4y2—4y+1=4(M—%]2

Phén tich : V&i hé nay, dau tién ta nhan xét trong hé dai lugng V2x% +1 xuét hién
rat nhi€u lan nén y tudng dau tién ta s€ an phu hoa d¢ lam gon nhe hinh thirc hé
lai.

Cu thé ta dit a = J2x2 +1. Khi d6 hé da cho tré thanh hé :

(02— 5)a =205 (51

1 2
4y2—4y+1=4(a—5j

Ta nhén thay vé h¢ méi ca hai phuong trinh trong hé déu c6 thé co lap duoc

A

hicngnhuyhé kha njng:xétham 14£:6a0. Ty nhign ;lxink:thare: phigong:trinh

Giai h¢ phuong trinh (X, yell ) .
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thir hai trong cho ta phép bién ddi don gian va d& nhin hon nén ta s& c6 bién doi

(a2 B ﬁ)a - 3\/;(\/;_1) (¥)

y'—y=a’-a
Chu y rang ta c6 a >1 nén tir phuong trinh thir hai trong hé ta s& c6

tiép theo cho hé nhu sau :

y2 -y20<y<0vy2>l.
A Pt WV U TP y=0
Két hop voi dicu kién ciahé la y>0= o1
y>
Vé6i y=0, kiém tra rt don gian.
Mat khac phuong trinh: y2 -y= a’-a.
Tir ddy dan dén ta xét ham sb f(t)=t> —t,vt >1. Khong khé dé két luan dugc
ham nay tdng Vt>1
Do d6 ta s& c6 y=a thé vao phuong trinh thir nhat trong hé (*)ta c6 phuong
3
tiinh : (a” —va)a=3\a(Va-1)=a’ ~3a=(Ja) -3Ja.
Phuong trinh nay goi anh xét ham sé f(u)=u’ —3u,vu >1. Tuong tuy nhu ham
trén ta van khong kho dé két luan duoc ham nay ting trén [1; +oo) .
Vatrdiytacd: a=a<a’—a=0<a=0va=1.
Nhu vy hé da duge giai quyét hoan toan.
Loi giai :
bicu kién y>0.
Hé phuong trinh da cho dugc bién d6i thanh hé :

(2x2 +1-y Nax2 +1 =3y (Jy -1) Q
y2 —y=(2x2 +1)—«I2X2 +1

Taco y2—y=\/2X2+1(\/2x2+1—1)20:>y2—y20<:>y£0vy21.

, ‘ -0
Két hop voi didu kién y>0=> {y .
y>1

V6i y =0 khong thoa hé.

Pat a=V2x2 +1,a>1.
2 =3 -1
Khi d6 h¢ (1) tré thanh : (a \/;)a \/;(\/; )
y’-y=a’-a

Xét phuong trinh : y* —y=a”—a (1).

336




Cty TNHH MTV DVVH Khang Viét

Xét ham s§ f(t)=t>—t,vt=1. Ta c6 f'(t)=2t—1>0,vt>1 nén ham sb
f(t)ludn dong bién trén [1;+00). Do dé tir (1)< f(y)=f(a)< y=a. Thé vao
Phuong trinh tht hai trong hé (I) ta ¢6 :
(a2—\/;)a:3\/;(\/a_—l)<:>a3—3a:(\/a_)3—3\/a_ (2).

Xét ham s f(u)=u’ —3u,Vu>1. Tacé f'(u)=3u’-3>0,Yu>1. Vay ham
s0 f(u) ludn ting trén [1;+).

Do do tir (2)<:>f(a):f(x/a_)<:>a:«/5<:{
= 2 — =
Vaytacc’):{a 1@{&){ +1_1<:>{X 0

y=1""|y=1 y=1'

Déi chiéu diéu kién ta c6 nghiém cta hé 1a (x,y)=(0;1).

a=0=y=0(l)

a=l=y=1

Binh luin: Bai todn nay la mot bai todn 1ong hai ham so trén mot mién nghiém
chua biét, viéc tim mi€n nghiém dya vao danh gia co ban thong qua an phu.

afx+y+afy—x _ 24
Vi du 8 : Giai hé phuong trinh Jy-x 2(Y—X)3+11 (x,yel)
2y(y2+3x2)=1

Phan tich : Vi hé nay, viéc dau tién ta nhan thay sy xuat hién cia cac dai lugng
X+Yy,y—X trong can thic cling nhu ngodi cin nén ta uu ti€n an phu hoa roi
bién di x,y theo an phuy va thay xuéng phwong trinh thir hai.

a+b
a=x+y x= 2
bat = .
{b:y—x _a-b
Y 2

Ltc nay hé phuong trinh da cho dugc viét lai thanh hé :

Vardb 24

Jbooo2bP 411
(a_b)(az—Zab+b2_’_332+2ab+b2J=1
4 4
ﬁz 24 Ja  13-2v° Ja 22 +11
oidb 23411 oidb W +11oidb 2% +11
(a—b)(a2+ab+b2)=1 a’—b’ =1 b’=1-a°

Chu ¥ rang ta c¢6 diéu kién a >0,b >0 nén tir phuwong trinh :
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Na_22%+11 Jb

= L = .
Joo 2P +11 22 +11 2b° 411

g

—,Vt>0.

Tir ddy dan ta dén ¥ tuong xét ham dai dién f(t) = B
t+

H(1-¢)
Taco: f'(t)z—z.
2(26 +11) Vi
Téi day van dé da nay sinh d6 1a ham nay vira c6 khoang ting vira c6 khoang
giam trén (0;+0).
Tuy nhién t6i day chung ta lién tuong dén phuong trinh thi hai : a® +b°> =1,
a=0,b>0 az0b>0 [0<a<l
= .
ad<1bd<1 |a<lb<l 0<b<l1
Do d¢ ta chin duoc mién nghiém cho f(t) 1a [0;1]. Tir nhan xét ndy ta cé ngay
duoc f'(t)<0.
Va moi chuyén téi ddy di don gian va hé s& dugc giai quyét hoan toan.

Tu day ta suy ra duoc : {

_a+b

o [a=x+y NI I
Loi giai : Dat ,a>0,b>0.Twrcach dattacod: .
b=y—-x _a-b

Y 2

Luc d6 hé phuong trinh da cho dugc bién dbi thanh hé phuong trinh sau :
atdb 24 Ja 13-20°
b 26 411

Yoo 2b el
(a—b)£ ; 3 ]:1 (a—b)(a® +ab+b?)=1

a’ —2ab+b’ N a’ +2ab+b’
4

Ja 13-2(1-2°) Ja Jo

(*)

©10b 200411 922 +11 26 +11 .
b3:1—a3 b3=1—a3
a>0,b>0 a>0,b>0 a>0,b>0 0<ac<l
Do = = .
a+b =1 |a’<1b’<1 |la<lb>1 0<b<l1

1(1-¢
i,Vte[O;l]. Ta ¢ : f'(t)=(3—)so,we[o;1].
27 +11

Xéthamsb f(t)=
éhim s0 £(1) 27 +11

Vay ham s6 f(t) luén nghich bién trén [0:1].

Do do taco (*)<=f(a)=f(b)<a=b.

Tudo ta hé.phuong trinh,
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1 1
a=-—= X+y=-= x=0
a=b 3 3
{3 b 1<:> FQ \156 y -
a’+b’ = ==
b:_ — 3
I NG

O

Vay h¢ phuong trinh da cho c6 nghiém 1 (x,y)= [0;%)
Binh lufn : V@ viéc tu duy an phy hda hé nay thi khong kho dé nghi, tuy nhién do

kho cia hé nay chinh 1a chan mién nghiém cho ham s6 dai dién dL(a trén cac

danh gia co ban ma ta thuong gip. Diém dac biét cia hé nay 1a mién nghiém

duoc chan trén sy “giao thoa” cta hai mién riéng 1€ cta a,b .

Tuy nhién ham dai dién trén khong 1a duy nhat cho ham nay,ta ¢ thé xét ham

dai dién ¢ dang sau : f(t) :(13—2‘[3)\/{ trén doan [0;1] ciing duogc két qua

nhu vay.Sau ddy chung ta s& nghién ciru mot vi du c¢é cach chian mién ciing
tuong tu nhu vi du ndy nhung c¢6 “bé rong” siu hon mién nghiém riéng 1é cua
tung bién, cling nhu ham s6 dai dién cling duogc bién tAu v& hinh thae khac hon
céc vi du ma ta da nghién ciru & phén trude.

(2x2 —3x+4)(2y2 —3y+4):18

Vi du 9 : Giai hé phuong trinh (x,yel)
x> +y2 +xy—-7x—-6y+14=0

(Chon doi tuyén chuyén DPHSP Ha Noi 2011)
Phén tich : V61 he¢ nay, chung ta nhéan thay dugc ngay phuong trinh thir nhat trong
hé 1a tich hai biéu thuc co clu trac giong nhau chi khac nhau Ve bién. Nhu thé
phuong trinh thir nhét vé trai c6 thé biéu dién dudi dang ham s6 dai dién nhung

khac hon céc vi du trudc ctia chung ta vi lic nay ta sé thu dugc phuong trinh thi
nhit & dang f(a)-f(b)=18 vai f(t)=2t> -3t+4.

Khong kho dé nhan thiy ham nay vira c6 khoang ting vira c6 khoang giam trén
[, di€u nay vé ban chat d6i véi bai toan ham s6 dai dign thi trong di€u kién
rang budc nhat dinh thi ta van c¢6 thé giai dugc. Tuy nhién ta khong tim dugc
dicu kién rang budc cho x,y cung dau ¢ phuong trinh nay nén ta can chan mién

nghiém ctia ham sd f(t).

Xét phuong trinh thir hai trong hé : x> +y> + xy—7x —6y +14=0.

Néu ta xem day 1a phuong trinh bac hai theo x: x% + (y - 7)X + y2 —-6y+14=0.
Phuong trinh nay c6é nghiém

e A=(y-7) —4(y2 —6y+14)=—3y2+10y—720 elcy<].

W

Néu ta xem day 1a phuwong trinh béc hai theo y: y2 + (x - 6)y +x%—T7x+14=0.
Phuong trinh nay ¢6 nghiém

10

< A=(x-6)" ~4(x’ —7x +14)= =3 +16x =202 0 2 < x < —
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Qua hai budc nay ta nhan thdy mién gia tri c6 nghiém cta hé 1a
X € [2;?} ,VE [l;g} . Do d6 ta dé xuat y tuong xét ham sd

f(t)=2t>—3t+4,vt>1.Taco f'(t)=4t—3>0,vt>1. Nhu viy ta s& c6 f(t)
12 ham sb dong bién trén [1;+00) . Mit khac ta nhan thiy
f(x)>f(2)=6,f(y)=f(1)=3.

Vay f(x)-f(y)=18. Dau ding thirc xay ra @{ . Va nhu vdy hé da toan
y =

duogc giai quyét.

Loi giai
Xét phuong trinh thi hai trong hé ta c6 : x* +y* +xy—7x -6y +14=0 (*).
Néu ta xem (*)1a phuong trinh bac hai theo x ta c6 phuong trinh c6 nghiém
khi va chi khi :
A=(y-7) —4(y2 —6y+14)=—3y2 +10y—7>01< yﬁg.
Néu ta xem (*) la phuong trinh bic hai theo bién yta c6 phuong trinh ¢6
nghiém khi va chi khi :
A=(x=6)" —4(x* = Tx +14)=—3x> +16X—2020<:>2£x£?.

Viy x e [2;?}” € [l;%:|' Tir phuong trinh thir nhat trong hé dan dén xét ham

s £(t)=2t> -3t+4,vt>1.
Taco: f'(t)=4t-3>0,Vtell . Do d6 ham s6 f(t) dong bién trén (1;+00).

T d6 dan dén f(x)2f(2)=6,Vt e{z;?} , f(y)=f(1)=3,vt e{l;ﬂ.

Do do f(x)-f(y)ZlS.
Xx=2
y=1
Thé lai vao phuong trinh thtr hai ta thdy khong théa mén. Do d6 hé phuong trinh
da cho v6 nghiém. o ) i
Binh ludn : Bai toan nay n6 1a mét bién tau cua dang ham so dai dién. Chu y rang

Déu ding thirc xay ra khi va chi khi {

. Xx=2 2 2
ket ludn nghiém { la mét budc tuong duong de dang thirc xay ra nhung lai

1a nghiém hé qua cua phuong trinh thir hai nén néu khong ki€m tra s€ dan dén
sai lam. Tiép theo ta s€ nghién ciru mdt bien tau khac cia ham so6 dai dién qua
bai toan sau

340




Cty TNHH MTV DVVH Khang Viét

Vi du 10 : Giai hé phuong trinh
x* —2x? +3x = 4(y3 - 2y2 + 3y)

3x? +y2 =2(y\/x(3x+y) +xJ3y(y—x)) (XaY‘ED )

Phén tich: Véi hé nay chﬁr}g ta nhan thay hai diéu sau, thi nhat 13 phucmg trinh
thir nhét trong h¢ hai vé da c6 tinh phan li cho hai bién, hinh anh cau tric
phuong trinh glong nhau nhung chinh hé s6 4 da day phuong trinh thir nhat tir
diéu quen thudc vé hinh thirc kha la mat. Tha hai ta dé dang quan sat dugc
phuong trinh thir hai trong hé mang dang dap dang cap v6i hai bién nén c6 thé
sir dung an phu héa. Bay gio ta di giai quyét timg nhan xét ma ta di néu ra. )
Vé6i nhan xét “ham dai dién quen ma la” ¢ phuong trinh thir nhat ta s& di tiép
can st dung “cai quen” lam trudc.

Cu thé ta xét ham s6 f(t)=t> —2t* +3t,Vtel .
Khong kho dé nhén thdy ham nay ting trén [ . Nhung vin dé ¢ déy ta khong
suy ra dugc x =y tu phuong rinh thir nhat.
Vi nhan xét thir hai 1a phuong trinh thir hai mang dang dap dang cip nén ta diy
v tudng dat y = tx . Tuy nhién hinh thirc phuong trinh thir hai chira can thirc nén
sau khi dit 4n phu dé thu gon thanh coéng thanh mot bién t ta can xac dinh déu
cho cic bién ban dau. Xuét phat tir suy nghi ndy, ta nghi dén tinh tang ciia ham
dai dién da xét ta di dén viéc chin mién nghiém cho cac bién ban dau
Ttr phuong trinh thir nhét ta co: f(x) = 4f(y) va tinh ting ctia ham s6 f(t).
Ta c6 cac nhan xét sau:
Néu x>0 f(x)>£(0)=0<4f(y)>0=f(y)>0<y>0.
Tuong tu ta ciing s& c6 x <0 thi y<0. Mit khic ta nhan thiy hé ban dau lu6n

i Ak LA o . ]x<0
c6 nghiém (x,y)=(0;0) va hé s& khong bao gid ¢6 nghiém (x,y) véi 0

y <

Vay ta chi con duy nhat mot truong hop x>0,y >0. Khi d6 voi y=tx thi

phuong trinh thir hai dugc bién d6i thanh phuong trinh sau :

t? +3=2(t\/t2 +3+4/3t2 —3t).

CAu triic cua phuong trinh nay c6 thé gitup ching ta nghi dén hai phuong 4n
hoic 12 nang liiy thira hai vé hodc sir dung ‘lién hiép gia dinh kéo theo”. Va rd
rang & day dé co loi cho tinh toan ta s& sir dung phwong 4n thi hai 1a “lién hiép
gia dinh kéo theo”. Va nhu vay trén co sé phan tich nay thi hé cua chung ta co
da co ban duoc giai quyét.

Loi gidi :
Nhén xét hé luon ¢ nghiém (x,y)=(0;0).
Xétham s f(t)=t> —2t* +3t,Vtel .

)

2
Tacé:f'(t =3t2—4t+3=3(t—2j +§>0,VteD.
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Vay ham s6 f(t) ludn ting trén [J . Do d6 ta c6 c4c nhan xét sau:

@®Voi x>0.Taco f(x)>f(0)=0®4f(y)>O©f(y)>0<:>y>0.
®V6i x<0.Taco f(x)<f(0)=0=4f(y)<0=f(y)<0<y<0.
x <0 {3x2+y2>0

= . Do d6 hé v6 nghiém.
y<0 y\/x(x+3y)+x\/3y(y—x)<0

Mit khac néu {

>0
Vay {X 0 bat y =tx,t>0. Phuong trinh tht hai trong hé tr¢ thanh:
y>

3x2 +t2x2 = Z(tx\/x(x +3tx) +x\/3tx(tx —x))

2
<:>t2+3=2(t t+3+x/3t2—3t)<:>t t+3+\/3t2—3t=t 2+3
2
73 +432 —3t = ;3(1)

Ta xét hé sau : t(t2 +3) t(t2 +3)
tt+3 —3t2 =3t = = =2t(2
W13 +43t2 3t £ +3 )

2

Léy (1)+(2) vé theo vé ta c6 dugc phuong trinh:
szt+3=t2+4t+3¢316€(t+3yzﬁz+4t+3f

ﬁ—gﬁ—2&2+2m+9=0c>@2+m-3ﬂ€-&m-3):o

o I;izﬁ Péi chiéu didu kién >0 tacé:{:;”ﬁ.
t=5+27

Vi t=1< y=x. Thay vao phuong trinh thir nhat trong hé ta co:

x> —2x? +3x=4(x3 -2x? +3x)<:>x(x2 —2x+3)=0.

Phuong trinh cudi cung v6 nghiém véi x >0.

Véi t=5+247 < y= (5 + Zﬁ)x . Thay vao phuong trinh thir nhit trong hé ta

cé:x3—2x2+3x:4(5+2J7)«53+20J7)x3—2(5+2J7)x+3x)
{((5+zf)@3+2on ) ((5+2Jj +qx+12@+24_) }

Phuong trinh cudi cung vO nghlem vl x>0.
Vi .
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Binh luén : Day la mot bai toan hay va la. Néu xét trén phuong dién ky thuat giai
thi khong méi nhung néu xét trén tu tuong di dén 10i giai thi bai hé nay c6 tinh
dot pha vé cach xay dung y tuong va giri gam y do. Mot bién thé cua ham sb dai
dién, ¢ day chung ta khong xur li dleu kién ctia ham sb dai dién ma 1a muon ham
sO dai dién dé xur 1i diéu kién cho an ban dau. Mot phép toan ngugc ma ching ta
dang quan tam d6 1a tir dicu kién cua bién ban dau di xay dung diéu kién cho
ham s6 dai dién. V& ky thuat dit an phu 1a mot ky thuat rat thuong gip ma
chung ta da di qua cac vi du trude do.

Tiép theo ta chuyén sang nghién ciru cdc bai todn gidi bang cdach khdo sat truc
tiep mot ham so hodc hai ham so dé tim moi quan hé giita cdac bién ciing nhw
tim nghiém ma mién nghiém ta chua biet.

y3x —x*=63

xy2 + 2x2y +x> =273

Phén tich : Vi hé ca hai phuong trinh trong hé déu c6 thé nhém nhén tir dua vé
hé dé nhin hon.

x(y3 —x3)=63
X(X+y)2 =27\E'

Tu phuong trinh X(X + y)2 =273 = x >0. Mit khéc tir phuong trinh thtr nhat

(X,yeD).

Vi du 11 : Giai h¢ phuong trinh {

Cu thé ta co:

. 63
ta lai co: y3 == +x’.
X
Ta suy ra duge y>0. Vay néu hé c6 nghiém (X,y) thitas€ co x>0,y>0.
Va ciing tir nhan xét ndy ta thiy hé nay hoan toan c6 thé rut thé dé quy vé mot
phuong trinh toan chtra x .

That vay, tu (x+y)2:wc>x+y: ’Mcy: 27\/3_’_
X X X

3
r r 2
Thé vao phuong trinh thtr nhat trong hé ta c6: x [ 3 - x} —x7 [=63 (%).

X

3
Pt t=/x,t>0. Lic do (*) tro thanh : ¢° —(3\4/27 —t3) +63t=0.
Vi phuong trinh nay thi khao sat ham sb dé giai 1a lya chon ti wu nhat .

Xétham s f(t)=t* -(3¢3 ¢’ )3 +63t,Vt>0.

Taco: £'(t)=9t" +9t2(3<‘/§—t3)2 +63>0,9t>0.

Mit khac ta du doan duge t=33 thi f (t)=0. Va nhu viy hé duoc giai quyét
hoan toan.
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Loi giai :
x(y3 —x3)=63(1)
x(x+y) =2743(2)
Tir (2)=x>0. Matkhac tir (1) =y’ -8B idsyso.

X
3427
Jx

. 3
Thé vao (1) ta dugc phuong trinh : X[(g)EXJ x3j—63 (3).

Hé phuong trinh da cho dugc viét lai dudi dang : {

—X.

T (2)<:>y=

Jx
Pit t=/x,t>0.
3
Khi d6 (3) tro thanh phuong trinh ¢ — (3427 — ') +63t=0.

Xétham b £(t)=t" - (343 ¢ )3 +63t,Vt>0.

Taco: £'(t)=9t" +9t2(3i‘/§—t3)2 +63>0,Vt>0.

Vay ham s f (t) ludn dong bién trén (0; +oo) .

Mit khac f(i‘/i):o.

Do d6 phuong trinh f (t) =0 c6 nghiém duy nhat
tzfﬁ@ﬁ:fﬁ@x:ﬁ:y:%ﬁ.

Vay hé phuong trinh da cho c6 nghiém la (x, y) = (ﬁ ; Zxﬁ ) .

Binh luén : Bai hé nay ngoai viéc rat thé thi ta c6 thé sir dung phwong phap thé tao
dong bac de gia quyet nhu sau :
3 3
= - =

e =21 |x2 ()= (2E) () (2745)

Sau d6 xét ham so (i) trén mién (0;+00) ciing duge. Hogc cé thé rat thé kiéu

41.

khéac, tuy nhién cho du hinh thirc ndo thi diém méau chét dé giai quyét cia bai
toan nay la chan nghiém va khao sat mot ham so.
Vi du 12: Giai h¢ phuong trinh

§/3(2x2 +3y7)+49(x—y)+134 =

8

«3fX—y+6 (X,yeD)

x(x+2y)+y(2y+1)—x—2=0
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Phan tich : Nhin vao h¢é nay, ta quan tam ngay dugce phu‘ong trinh thir nhét vi ¢
phuong trinh thir nhét dai lugng x —y xudt hién rat nhidu lan. V&i nhan xét nay,

ta nhan thy phuong trinh tht hai ¢6 chira x? ,y . Vay phai chang bai toan
mubn chung ta rat thé tir phuong trinh thr hai 1én phuong trinh thir nhat roi 4n
phuhoda x—y?

Ta s€ }ién hanh rat thé dé tim cau tra 101 cho 16i tu duy nay.

Cu thé phuong trinh thr hai dugc viét lai:

x? +2xy+2y2 —x+y—2=0<:>2x2 +3y2 =x? +y2 —2Xy+x—y+2

Thay vao phuong trinh thtr nhit trong hé ta c6 phwong trinh duoc bién doi lai
thanh :

8

Jx—y+6

{‘/3(X2+y2 —2xy+x—y+2)—49(x—y)+134=

8

Fioyio

Y32 +52t+140 = - 8

= {‘/3(X—y)2 +52(x —y)+140 =
Va toi day cau tra 101 da ro.

bat t=

Vi hinh déng ciia phuong trinh nay ta c6 thé nghi t6i lién hi¢p, nhung hay dé y
khi thuc hién rat thé & phuong trinh thtr hai ta nhén thay dugc phuong trinh thur
hai cling chira dai lugng x —y va cd chlrta hang dang thirc nén ta thur xody vao
didu nay xem co didu gi dic biét co lgi cho ching ta khong?

Ta co: x* +2xy+2y2 =x—y+2<i>(x+y)2 +y2 =X—-y+2=>x-y+2>0
SX—y>-2.

Tic lata cd t>—2 va nhu vy ta s& c6 bude bién ddi tiép theo sau day cho (*).

Cu thé ta s& c6 : (*) < §(t+14)(3t+10)-Yt+6 =8. Vi phuong trinh nay ta

doan dwoc t=2 thi ludn dung va céc biéu thirc trong cin déu duong véi t > -2
nén ta s€ manh dan day y tudéng xét ham so.

Ta xétham sé f(t)=4[(t+14)(3t+10)-Jt+6,vt = -2,
(6t+52)3ft+6 N #(t+14)(3t+10)

16y(t+14) (3t+10°  33(t+6)’

Va nhu vay ta da c6 f(t) ludn tang trén [—2;+00) va viéc du doan dugc t=2

Ta cod f'(t)z >0,Vt>-2.

thi xem nhu hé di duoc giai quyét hoan toan.
‘ 3(2x% +3y? ) +49(x —y) +134>0
Loi gidi : Didu kién : ( y*)+49(x-y) .
X-y+6%0
Tu phuong trinh thir hai trong hé ta coé: x? +2xy+2y —-x+y—-2=0, ta co
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@ Thir nhat : 2><2+3y2 =x2+y2—2xy+x—y+2.

@ Thr hai : (X+y)2 +y2 =X—y+2=>x-y+220=x-y=>-2.
Thé diéu thir nhét vao phuong trinh thir nhat trong hé va bién doi ta thu duoc
phuong trinh :

{‘/3(x—y)2 +52(x—y)+140 =

8
Ix-y+6

S Y3(x—y) +52(x—y)+140-Yx—y+6=8 (1)
bat t=x-y,t>-2.

Khi d6 ta c6 (1) tro thanh : Y312 +52t +140 -3t + 6 -8=0.
Xethamsof x}3t +52t+140 \/t+ -8, Vt=>-2.
6t+52)-3ft+6 «/

Taco: (1) ( t+ +6 3t2 + 52t +140

‘\*/(3t2 +52t+140) Nt+6

Do d6 ham s6 f(t) luén dong bién trén [-2;+). Do d6 f(t)=0 néu c6
nghiém thi nghiém d6 1a duy nhét.

Ma f(2)=0<> t=2 langhiém duy nhat ctia phuong trinh f(t)=0.

Két hop véi phuong trinh thir hai trong hé ta co hé :

>0,Vt>-2.

Xx—y=2 y=x-2
2 2 < 2
X" +2xy+2y" —x+y—-2=0 5x°—12x+4=0

2

y:X_Z {x=2 ng
=

f— \%

x=2vx=g y=0 8
5 y=—g

Déi chiu diu kién ta c6 nghiém cia hé 1a (x,y) = {(2 0); @ —%]} :
Binh luian: Day la mot bai toan hay, hinh thirc tao can bac 4 va bac 3 néu dung lién
higp s€ ¢ chut khé khan du da chan dugc mién cua t , nhung néu ding ham sb
thi 101 giai cho that ngén gon va dep. Su danh gia dé chan mién nghiém cling 1a
mdt truong hop hay gip ddi v6i viée tir phuong trinh bac hai hai 4n dé danh gia
mét dai lugng nao d6, ma trong cic phan trude ching toi ciing nhidu lan dé cap.
Vidu 13:

2 2
—+y—4— —2+y—2 +2+Y-
Giai hé phuong trinh < y yo X y X (x,yel)

(2x+y+6)Bx+2y+2 +1=3Bx+7
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Phin tich : Vi hé nay, chung ta nhan thiy ngay phuong trinh thir nhat 1a phuong
trinh d6i xtmg voi bién X+ Y nén theo phuong phap bit nhan tr chung dya

y X
trén tinh dbi xtmg thi kha nang bét nhan tir phuong trinh nay rit cao, va diéu do
cang manh thém niém tin vi cdu trac phuong trinh “rat tro” khong cho chiing ta

khai thac dugc gi.
Dé tién loi trong tinh toan ta 4n phu hoa t =+ |t| >2.
y

2

2
2
Khi d6 ta s€ co: —4+y—4— [§+XJ -2 —Zz(t2 —2) -2 X—2 y—z—t2 -2.
y y X y
Do d6 phuong trinh thir nhat trong hé dugc bién doi thanh phuong trinh :

t=2

2 2 2 4 <2
(t —2) —2—-t"4+2+4t+2=0t" -5t +t+6=0= 3 )
t°—2t"—t+3=0

Vi phuong trinh t?—2t2 =t +3=0, st dung may tinh bim nghiém ta biét

dugc phuong trinh ndy v6 nghiém véi moi |f|>2. Lic ndy dé chimg minh

phuong trinh nay vo nghiém thi cong cu ham sb 1a hiéu qua nhat. Phan nay

trong 101 giai chinh thirc ching t6i s€ chi ra.

Biy gid ta xét néu ‘[=2<::>§+Z=2<:>(x+y)2 =0< y=-x. Thay vao
y X

phuong trinh thir hai trong h¢ ta thu dugc phuong trinh :

(x+6)Vx+2+1=Bx+7 (x2-2).

Vi phuong trinh ¢ hai cin bac 1éch thé nay thuong ta co hai sy chon lya la an

phu hoa hodc lién hip. V6i ca hai cach giai chung toi s& d€ cép trong phan 161

gidi chinh thurc s€ diéu thl vi quanh bai toan nay.

Ne eoe s A ‘A X;é()’y;éo
Loi giai : Dicu kién : .
3x+2y+220
4 4 )
el =(P-2) -2
X y'oox
bat t=—+~— 5 5
X
X—2+y—2:t2—2
y X

Phuong trinh thir nhét trong hé duoc bién d6i thanh phuong trinh :
t=2
t4—4t2+2—(t2—2)+t+2=0<:>t4—5t2+t+6=0<:> s (*)
t" =2t —t+3=0

Xétham sd f(t)=t" —2t> —t+3,v|t|>2.
Taco f'(t)=3t" -4t 1.
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Laico f'(t)=0<3t> —4t-1=0<

Lap bang bién thién (Nho em v& dum ).

Duya vao bang bién thién ta suy ra f(t)<—11 khi t<-2, f(t)>1 khi t>2.

Do d6 f(t)=0 vo nghiém v6i moi [f>2.

Vay tir (*)ta co t=2<:>§+lz2<:>(x+y)2 =0 < y=-x. Thé vao phuong
y X

trinh thtr hai trong hé ta dugc phuong trinh : (x+6)vx+2+1=33x+7 (2)
dicukiénla x>-2. ,
@® Céch 1 : An phuy hoa két hgp xét ham s6 dai dién.

Pit a=+/x+2(a>0). Taco x=a’-2.

Khi do (2) tro thanh : a’ +4a+1=<3a’ +1 (3)
s 32 3 ) . Cla*+4a+1=0b

Laidat b=y3a“+1<b’ =3a"+1.Kéthoptaco:

3a% +1=b’

Cong vé theo vé hai phuong trinh ta dugc : (a + 1)3 + (a + 1) =b’+b.
Xéthamsd f(t)=t +t,Vtel . Taco f'(t)=3t>+1>0,vt el .
Do d6 ham sb f(t) dong bién trén [ , do d6
fa+1)=f(b)>a+l=becra+1=33a>+1
<a’+3a=0<a=0 (do a>0).
Véia=0Jx+2=0x=2=y=2.

@ Céach 2 : An phu hoa két hop véi lién hiép.
bit : »\/x+2:a(a20):>x:az—2.
Phuong trinh (2) trd thanh :

a’+4a+1=13a% +1 <:>(a3 +3a)+(a—1—\3/3a2+1)=0

a(a2 + 3a)

a+l+(a +1)x3/3a2 +1 +13’(3a2 +1)2
! = |=0vi a’+3>0.
(a+1)2 +(a +1N3 3a% +1 +§/(3a2 +1)

<:>a(a2+3)+ 0

<all+
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<a=0vil+ ! >0

(a+1)2 +(:¢1+1)’\3i3a2 +1+3 (3a2 +1)2

x+2=0x="2=y=2.

Vay qua hai cach va dbi chiéu diéu kién ta c6 nghiém cua hé 1a (x,y)=(-2;2).
Binh luén : Bai toan nay that chit phuong trinh thtr nhét 1a truong hop dang thirc
xay ra cia mot bat ding thirc. Noi dung chira trong bai hé kha bao quat va kiém
tra duoc nhiéu van dé va cac ban thay d6 d6i luc ham s6 13 mot su chon lira kha
dlng trong chirng minh phuong trinh v6 nghiém.
Vi du 14:

(x+y)2 (x2 +y2 —2)=(x2 +y2)(xy+2)

2(x3 +3y? —13)(y+ 7)=y(3-y)-
Phén tich : V61 hé nay mot lan nira ta lai nhan thay phuong trinh thir nhat trong hé
c6 tinh doi xng nén c6 kha nang bat dugc nhan tur rat cao va nhu vi du truge thi
diéu nay cang khang dinh hon khi ma phuong trinh thir hai chang cho ta dugc
mdi lién quan nao ca. o

Phuong trinh thtr nhat dugc bién d6i thanh phuong trinh sau :

(X+y)2 (x2 +y2)—2(x +y)2 —Xy(x2 +y2)—2(x2 +y2):0

<::>(X+y)2(x2 +y2)—2(x+y)2—xy(x2+y2)—2(x2+y2):O

Giai hé phuong trinh (x,yel)

<::>(x2 +y2)2 +2xy(x2 +y2)—4(x2 +y2)—4xy—xy(x2 +y2):0

<::>(X2 +y2)(x2 +y2 —4)+xy(x2 +y2 —4)=O

2 52 x> +y*=4
2,2 y y

S(XT+y 4| x+= | +— |=0& =

(2 4y )(( o] ] c=0

y=0

Voi (x,y) = (O;O) khong qua kho dé kiém tra.

Vi x2 +y? =4 thi phuong trinh thir hai tré thanh: x> —3x% —1= 3y -4 .
2y+14

Phuong trinh nay da ¢6 1p duoc hai bién, cong voi truong hop nay ta co thé suy
ra mién gia tri cua x y nén ta day y tudéng xé&t tu’ng ham so trén tung mién
nghiém riéng clia n6 rdi so sanh dua ra két qua cudi cung. Vay ta sé di vao 10i
giai cuia bai toan nhu sau.

Loi giai : Tir phuong trinh thtr nhat trong hé ta bién ddi duoc phuong trinh :
(X+y)2 (x2 +y2)—2(x+y)2 —xy(x2 +y2)—2(x2 +y2)=0

<:>(x+y)2 (Xz +y2)—2(x+y)2 —xy(X2 +y? :):E_z(xz +y22 =0
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<:>(x2 +y2)2 +2xy(x2 erz)—4(x2 erz)—4xy—xy(x2 +y2)=0

<:>(x2 +y2)(x2 +y2 —4)+xy(x2 +y2 —4)=0

2 4.2 x2+y2=4
<:>(x2+y2—4) (x+%} +% =0 {x=0
y=0

Véi (x, y) = (O;O) thi h¢ khong thoéa man.

Véi x2 +y2 =4c:>y2 =4—x*.

Thay vao phuong trinh thir hai trong hé ta thu dugc phuong trinh :
2(x* =32 +1)(y +7) =3y -4 (1).

—2<x<2

3y—-4
=—— (2).
—2<y<2 ( )

C2y+14
Xét ham sd f(x):x3 —3x% -1,Vx e[-2:2]. Taco f'(x)=3x2 —6X.

Do x2+y2=4:>{ néntir (1) taco: x° —3x* -1

s 2 X:0:>y=—1
Laico f'(x)=0<3x" -6x=0< )
x=2=>y=-5

Mt khéc f(-2)=-21.

V& bang bién thién ta c6 duge Vx €[-2;2]=-21<f(x)<-1.

Xét ham s6 f(y)= 3y_14;|.,VXE[—2;2].

2y +
. 50
Taco f'(y)=—2>0,VXe[—2;2].
(2y+14)
Do d6 ham s f(y) ddng bién trén [—2;2] nén —1=f(—2)£f(y)£f(2)=é.
—21<f(x)<-1
Vay ta s& ¢6 : 1 néntur (2) taco 1°(x)=f(y)=—1:>{x=2

Thir lai ta thdy théa man nén nghiém ciia hé phuong trinh 1a (x, y) = (2; —2) .

Binh luin : Bai toan nay thuan ham sb va do chung t6i dé xuét, trong no 1a su két
hop cta hai ham s6 trén mot mién ma ta danh gia dugc gia tri 16n nhat ctia ham
nay 1a gi4 tri nho nhét ciia ham kia thi 10 giai ham s6 1a 10i giai toi vu nhat cho
loai nay. Su khé hay va tha vi cua bai toan s€ dugc tang 1én khi tac gia chon
ham c6 d6 kho va viée chin nghiém ciing duoc niang do khé 1én. Nhung vé co
ban cua ban chét thi ching ta ludn c6 thé giai t6t loai nay dya trén nhimg tinh
chét da nhic dén hodc mot vai danh gia bt dang thirc co ban.
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Vidu15:
105 2 2
o (x+y)(25—4xy)=—+4x +17y (1)
Giai hé phuong trinh 4 (x,yel)
4x7 +4y* +4x -4y =7(2)

Phén tich : V6i hé nay, ta nhan xét duoc ca hai Qhuong trinh trong hé déu la
phuong trinh bac hai hai an, tuy nhién ta khong thé phan tich thanh nhan ti trén
ting phuong trinh vi khong c6 delta chinh phuong. Tuy nhién, phuong trinh thir
hai c6 cau triic 1a dang mot phuong trinh dudng tron nén ta s& tach veé dang

(x—a)’ +(y-b)’ =12

Cu thé ta c6 phuong trinh thir hai duoc tach thanh: (2x+1)2 +(2y—1)2 =9.
Té6i day ta co dugc danh gid mién nghiém cta x,y nén ta co thé day tu duy bai
toan ndy vé xét ham s6 . ) . ) )

Tuy nhién dé xét dugc ham so ta can phai c6 lap dugc hai bién x,y muon vay
ta can khir dugc dai lugng xy c6 trong phuong trinh thir nhat trong hé.

D¢ y thy trong phuong trinh (1) ta c6 trong ca vé déu chira x +y nén ta s& nghi
dén phép thé.

Tur (1) taco :

(x+ y)(25—4xy) =%+4(x2 —y2)+21y2

<:>(x+y)(25—4xy—(4x —4y)) =1’%5+21y2

Téi day ta nhan thay tir (2)ta co: 4x —4y =7 —4x> —4y”, thé vao ta c6 phuong
trinh :

X+y 25—4xy+4x2 +4y2 -7 =ﬁ+21y2
4

<:>(x+y)(18+4(xz—xy+y2))=$+21y2

<:>18(X+y)+4(x3+y3)=%+21y2 < 4x3 +18x +4y° —21y2+18y=%.

Téi day ta dé xuat xét hai ham sb £(x)=4x> +18x, f(y)=4y’ —21y> +18y.
. ) -2<x<1
T (2) ta co :

-1<y<2
nghiém ctia ham, ta s€ ¢o :
—68<f(x)<22

. Khao sat hai ham sé f(x),f(y) trén timg mién
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Loi giai :

-3<2 1< —2<x<
Tir (2) tacé:(2x+1)2+(2y—1)2=9:{_§£2§ilgi<:>{ SX

Mit khac tir (2)ta ciing co @ 4x —4y =7 —4x> —4y” (¥).

Phuong trinh (1) dugc bién ddi tré thanh phuong trinh :

(x+ y)(25—4xy) =%+4x2 —4y2 +21y2
105 )
<:>(x+y)(25—4xy—(4x—4y)) =T+21y (3)

Thé (*) vao (3)ta co: (x+y)(18+4(x2 _xy+yz)):%+2lyz

<::>18(x+y)+4(x3+y3)—21y2 =%

< 4x° +18x +4x° —21y° +18y=% (4)

Xétham s6 f(x)=4x> +18x,Vx e[-2;1].

Taco: f'(x)=12x> +18>0,vx e[-2;1].

Véy ham s6 f(x) dong bién trén [-2;1]. Do d6 —68=f(-2) <f(x)<f(1)=22.
Xétham s f(y)=4y’ —21y” +18y,Vye[-1;2].

Tacé: f'(y)=12y" —42y +18.

o 2 X :
Lai co f'(y):0<:>12y -42y+18=0<= 2

x=3(1)

17

Ma f(_l):_43,f@: ;

(2)=-16.

Tur day ta co : —43Sf(y)£%. Vay :

Thir lai ta thay théa méan he.
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Vay h¢ phuong trinh ¢6 nghiém (x,y) = (1;%} )

Binh ludn : Bai toan ndy do chung t6i dé xut, tuy nhién ngoai 16i giai bang ham sé
nhu trong 101 giai thi ching ta van c6 thé giai bai toan nay bang phép an phy hoa

a_2x+1

- , o 9b—6b° =6a’ +14a —20
, thé vao hé va bién ddi ta co hé méi 1: a imama

po2Y- a’+b’ =1

K

Heé nay giai duoc bang phuwong phap thé. Va nhu vi du s6 19 ¢ phuong phap cong
trir nhan chéo ta ciing c6 thé giai hé nay bang phuong phap cong trir “ghép va
tao”, cac ban hay thur strc nhé.

x* +4y3 +(x4 —1)y+4y2 =1(1)

8y’ +4Vx2 +1=x>+6y+2(2)

(Thi thir Quang Xuong 1- Thanh Hoéa lan 1 —2015)

Phaén tich : Vi hé niy, ching ta khong kho nhan ra phuong trinh thir nhét ta s& bat
dugc nhan tir chung y +1. Nén ta bt tay vao khai thac diéu nay ngay.

Vi du 16: Giai hé phwong trinh (x,yel)

Cuthétaco:

)(4+4y3 Jr()(“—l)y+4y2 =1®(y+1)x4+4y2(y+1)—(y+1)=0

y=-1

a(y+1)(x4+4y2—1):0@L4+4y2_1.

Véi y=—1, khong co gi dé quan tdm vi qua don gian. Voi x*+ 4y2 =1 goi anh
dén tinh chit dung dé suy ra mién nghiém.
Vay c6 kha ning hé nay sé& giai bang ham sb rt cao. Didu nay cang duoc khing
dinh vi voi x* + 4y2 =1, ta khong thé thay thé gi dugc vao phuong trinh hai vi
chi tao thém cén thtic phtic tap, trong khi d6 rd rang phuong trinh thir hai cac
bién di c6 1ap nén viéc giai no bang ham sb 1a kha ning t6i vu nhit. Vay duong
hudng giai hé da co, ta di vao 10i giai dé hoan thanh hé nay.

Loi gidi :
Tu (1) ta co:

y=-1

(y+1)x4+4y2(y+1)—(y+1)=0<:>(y+1)(x4+4y2—1)=0<:>{ 4 5 .-
X +4y° =1

Véi y=-1 thay vao (2) tacod :
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x=0
4 X2+1=X2+4C>X2(X —8) X = 2\/_ .
x:—Z\/E

0<x? <1 -1<x<1
Vc’yix4+4y2:1: =Xl o 1 1-
-1<2y<1 _E ysz

Tir (2) taco: 4x* +1-x"+8y> —6y—2=0 (*).
Xét ham sd f(x)=4 x2+1—X2,‘v’xe[—l;1].

4x 2X(2—\/X2+1)
Tacod f -2x =

\/x +1 \/x2+1

Lai co f'(x)=0<:>2x=0<:>x=0:>f(0):4 vi 2— x2+1>0,‘v’xe[—1;1].

Mit khac taco : f(—1)=f(1)=42~1.Doddtaco: 4<f(x)<42 1.

Xét ham s6 f(y) =8y’ —6y—2,Vy el:—%;%]

Taco: £'(y)=24y> ~6=6(4y> ~1)<0.vy | 22 |,
2°2
A \ A A . 4 A 1 1
Vay ham so f (y) ludn nghich bién trén {—5,5} .

Mt khac ta co: f(—%j = O;f(%] =—4.Dodo 4<f(y)<0

f(x)+f(y)20.

x=0
1

4<f(x)<442 -1
Véy:{ () 2 =

-4<f(y)<0

Do do tir (¥) & £(x)+f(y)=0=
y:
2

Thir lai thdy thoa mén hé nén hé phuong trinh di cho ¢6 nghiém

(x,y)= {(0;—1);(2\/5;—1);(—2\/5;—1);(0;%)} :

Binh luin : Bai toan nay dugc tac gia xay dung theo y tuong ding ham s dé giai.
Véi chu truc cia hé kha d& doan. Tuy nhién, ching t6i danh gia bai toan nay kha
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thi vi vi néu chwa ting gip hay tiép xuc voi loai hé nay thi ddy chua chic 1a bai
toan dé ddi voi sb dong hoc sinh.
Vi du 17: Giai h¢ phuong trinh

(x —10y? —11)\/ﬁ+(x+1)(y2 —10) ——y*-21

2(3y2+7x)—9ﬁ+ Vy—2-74=0

(x,yeD).

Phén tich : Vi hé nay, ta nhan théy su xudt hién cua hai can «x — l,a/y—2 nén
viéc ta nghi dén 4n phy héa. Tuy nhién, hiy dé y bac cia y trén phuong trinh
thir nhat kha cao nén néu ta theo phép an phu hoa nhu suy nghi s& tao cho
phuong trinh thtr nhét 1a mot biéu thire c6 bac 1a 8. Mot con sd ma ta khong thé
mao hiém dugc. Mit khac ta nhan théy 0 phuong trinh thr nhét néu ta an phu
t =+/x —1 thi ta s& thu dugc mot phuong trinh bac ba theo t nén ta c6 thé nghi
dén viéc bat nhan ti.

Trudc tién ta s& bién dbi phuong trinh thir nhit nhu sau :

(X—10y2—11)\/X—1+y4+11+xy2—10x+y2 -0
<:>(x—10y2—ll)x/’x—l+y4+xy2+11(1—x)+x+y2 =0.

Té6i ddy, ta nhan thdy ring ta s& 4n phu héa t=+/x —1 nhung ta dé y thay vé
phai ciing chita x —1 nén ta s& chuyén hudng d6i phuong trinh bac hai theo t
va gilt nguyén x bén ngoai xem nhu tham s va hy vong s& c6 delta chinh
phuong. Con néu khong ching ta s& chuyén hudng dua vé phuong trinh bac ba
theo t nhu suy ludn ban dau ta da vach ra.
Véi suy nghi nay, dua phuong trinh cudi vé phuong trinh :
—11t2 +(x—10y2 —11)t+(y4 +xy2 +y2 +X)=0.
Phuong trinh nay c6

2 2
A=(x—10y2 —11) +44(y4 +xy? +y? +x)=(x+12y2 +11) .
Vay phuong trinh ndy tach dugc nhan tir. Do d6 ta sé biéu dién phuong trinh
nay thanh phuong trinh :
x>1

:>y2+1+t>0.
y=>2

Luc niy ta thyc hién phép thé vao phuong trinh thir hai trong hé ta c6 dugc
phuong trinh : 24/x -1 +13x+4/y—2 +5y2 =74.

Phuong trinh ndy goi anh xét ham s6. Va nhu vay xem nhu hé da c6 duong 16i

A

(—11t+y2+x)(t+y2+l)=0 o llt=y? +x vivéi {
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Loi giai :
x>1

Diéu kién : .
{y22

Bién d6i (1) ta c6 phuong trinh :
—11(X—1)+(x—10y2—11)\/x—l+(y4+xy2+x+y2):O(*)

Pat t=x—1,t>0. Lic do (*) trd thanh :
—11t2+(x—10y2—11)t+(y4+xy2+X+y2)=0(3).

Taco : A=(x—10y2—11)2—4(y4+xy2+x+y2)=(x+12y2+11)2.
Do do (3) <:>(—11t+y2+x2)(t+y2+1)=0<:>y2+x=11xlx—1 vi

t+y2+1>0.
Thé vao (2) ta c6 phuong trinh :
V2 +x—x—1+y—2+13x+5y>* —74=0

& 20X —1+13x+.Jy—2+5y* =74 (5)

Xét ham s £(x)=24x—1+13x,vx>1.Tacé: f'(x)=

+13>0,vx>1.

ﬁ_
L

Vay ham s f(x) ddng bién trén [1;+00).
T do Vx e[;2]=f(1)<f(x)<f(2)<=13<f(x)<28.

Xét ham sd f() Jy —2 45y, Vy>2.

Taco: f'(y)=

+5y>0,Vy>2.
2\y—2

Vay ham s f(y) ddng bién trén [2;+00).
Turdo Vye[2;3]=f(2)<f(x)<f(3)<=20<f(y)<46.

x=2 . ,
Do do tir (5) tacod £(x)+f(y)=74 :{ 3 Thir lai ta thay hé thoa man.
y:

Vay h¢ phuong trinh da cho c6 nghiém la (x,y) = (2;3)
Binh ludn: Bai toan nay c6 d6 kho hon cac bai toan trudc Vi nghiém cua hé da cho
khong nim ¢ mat mién nghiém ma 1a trong mién nghiém.
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VI. HE PHUONG TRINH GIAI BANG PHUONG PHAP PANH GIA.
Diy la mot phwong phdp khd manh va dé nhin dign hé gidi bang phwong
phdp nay la mét chwong ngai khong hé nhe doi voi ngwoi gidgi. Dé gidi hé nay
yéu to can cé dé chinh la dj tinh té, sw nhay cim va thong hiéu, vin dung
diing dai lwong nao cin dinh gid va danh gid biang cdch nao thi diéu nay con
c6 nhiéu bé ngé doi véi hoc sinh.
Trong dé muc nay chiing ta thwong gip cdc dang hé dinh gid thong qua cdc
hwong sau :

1) Pdnh gid qua diéu kién nghiém ciia hé.
Théng thuong hé danh gid dwoc qua diéu kién nghiém ta thuong gdp cdac danh
gid co ban sau ddy :

@ Yéu t6 diéu kién cé nghiém cua mot phuwong trinh bdc 2.

® Pua vé dang f} (x)+f22 (X)+f32 (x)+...+f§ (x)=0<4f5(x)=0.

2) Pdnh gid qua cdc bat dang thirc co ban.
Théng thwong hé dwege danh gid thong qua cdc bat dang thire ta thuong gdp cdc
danh gia sau :

® a’ +b’ >2ab,Va,bell . Ddu bang xdy ra khi va chi khi a="b.

2
@ (a+b)2 >4ab,Va,bell, a’+b? Z@,Va,beﬂ ,

n n n
a_+b > a+b ,Va,b>0,nell ™.
2 2

@ Bat dang thirc AM- GM (hay con goi la bdt dang Cauchuy ).
a+b>2ab,Va,b>0. Ddu ding thirc xay ra khi va chi khi a=b.
Tong qudt :a, +a, +...+a, > nm, Va; 20,i={1,2,..,n},nell,n>2
Dau dang thirc xdy ra khi va chi khi a;=a,=..=a,

@ Bat dang thirc B.C.S ( bt dang thirc Bunnhicopxki).
(32 +b? )(c2 +d? ) > (ac +bd)2, Va,b,c,del] .

Dau dding thirc xdy ra khi va chi khi ad=bc .
Tong qudt :
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Dau dding thirc xdy ra khi va chi khi i
b, by b,

@ Bat ding thirc B.C.S dang phdn sé ( hay bat dang thite Sva x0).

a; ) (a1+az)2
a2 ,Va,a, ell,b;,b, >0.
b, b, b +b,

Dau ddang thirc xdy ra khi va chi khi ﬂ:i—z
1 D2
2 2 2 2
2 a;+a,+..+a
Tong quat : a—1+a—2+...+a—“2( =2 ) , Va;ell,b;>0.
b, b, b, b +b,+..+Db,

Ddu dcfng thue xay ra khi va chi khi & _% = a—“.
1 b2 bn
@ Bat dang thirc Mincopxki.
Ja2 +b2 ++4c? +d2 2\j(a+c)2 +(b+d)2 .
ad =bc
ac+bd=>0

Dau déng thire xay ra khi va chi khi {

@ Bat dang thirc dau gid tri tuyét doi.
|A|+|B|2|A +B|. Ddu ding thitc xay ra khi va chi khi AB=0.
|A—B|2|A|-|B|. Ddu ding thirc xdy ra khi va chi khi (A—B)B>0.
@® Mot 56 bé dé thuong ding.
PR S S
l+a 14b [++fab’
P S B
l+a 14b l++fab’

voi a>0,b>0,ab>1.

voi a>0,b>0,ab<1.

Dau déng thirc xdy ra ¢ cd hai bé dé khi va chi khi {zb_ bl .
O thé logi hé dwoc gidi bang phwong phdp ndy ta thuong gdp cdc bdi todn ma
ddnh gid co thé xay ra trén mot phiong trinh trong hé hodc cd hai phirong trinh
trong hé hodc cé dwoc danh gid khi két hop cd hai phwong trinh lai. Sau day
chung ta sé di vao cac vi du minh hoa.
Vidu 1:

x% +5y* —4xy —2x +8y +5=0(1)
Giai hé phuong trinh (x,yel)
3%/)(3 +xy+6y2 -2 +\/y3 +2x% -6 =5(2)
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Phin tich : Vi hé nay, rd rang ching ta khong thé bt ddu véi phuong trinh thir
hai. Phuong trinh thtr nhét lai 1 mot phuong trinh bac hai hai 4n quen thudc nén
ta s& tinh delta cua phuong trinh ndy xem thir nghiém cua hé nay s€ bi chan &
dau.

Ta bién d6i phuong trinh tht nhat thanh : x? - 2(2y + l)x + 5y2 +8y+5=0.
Taco A'=(2y+1)" —5y> 8y —5=—(y+2)’.

Phuong trinh nay cé nghiém khi va chi khi

AN>0e—(y+2)’ 20 y+2=0=y=-2.

Tur day ta suy ra dugc x =—3. Va tdi day viéc con lai la thir lai nghiém 1a hé da
dugc giai quyét.

Loi giai : Diéu kién : y* +2x* —8>0
Taco (1) < x> —2(2y+1)+5y* +8y+5=0.
Phuong trinh c¢6 nghi€m khi va chi khi
A=(2y+1Y =5y> -8y -5=—(y+2) 20 y+2=0oy=-2.
Thay y=—-2 vao (1) taco: (x+3) =0 x=-3.
Thé x=-3,y=-2 vao (2) ta cé két qua luon ding.
Déi chiéu diéu kién ta c6 nghiém ctia h¢ 1a (x,y)=(-3;-2).
Binh luin : Cau tric ctia bai toan budc long ching ta phai xody vao phuong trinh
thir nhat. Vi véi phuong trinh nay chung ta c6 nhiéu duong hudéng dé goi md

nhu 1 bit nhan tir va chan mién nghiém. Va thyc té bai nay la ching ta su dung
diéu kién c6 nghiém cua phuong trinh nay dé tim nghiém cia hé.

Vidu 2:
2
y—2x +4=y—6x+21f2 x+1)(y+1)(1
Giai hé phuong trinh ( ) ( )( )()(x,yeD)
(y=1)(x% +x)+1=y-3T=3x(2)

Phan tich : Vai hé nay, 10 rang su lya chon cdng pha tir phuong trinh thir nhat 1a
lura chon tdi vu vi phuong trinh chira hai can bac 1éch va néu co tinh dén an phu
hoéa thi ciing khong tim dugc moi lién quan nao c6 lgi dé giai hé.

Ta bién d6i (1) vé phuong trinh sau :

(y—2x)2 +4—(y—6x):2af2(x+1)(y+1) )

Té6i day ta hdy dé v dai lugng ngoai cin va khong c6 binh phuong: 4 —y +6x

¢6 lién quan dén dai lugng trong can va dai luong dudi mii 2.
Thét vy, taco : 2(x+1)(y+1)=(2x+2

Jy+1) ¢6 2x+2+y+1=2x+y+3
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Viy ta s& tim mdi quan hé :

4—y+6x=m(2x+y+3)+n(y—2x)=(2m—2n)x+(m+n)y+3m.
2m—-2n=6 m=1

Ta déng nhét hé s6 hai vé ta s8 ¢6 {m+n=-1 <<{n=-2. Va téi day, ta
3m=4 3m=4

nhan dinh duoc rang hé s6 4 s& diéu chinh lai 12 3 thi (m,n) = (1 ;-2) 1a bd sb
thuan loi nhat.

Khi d6 taco (1) = (y—2x)> +1+6x—y+3-22(x +1)(y+1)=0

& (y-2x)" =2(y-2x)+1+2x +y+3-2,2(x +1)(y +1) =0
& (y-2x—1 +2x+2-22(x +1)(y +1) +y+1=0
@(y 2x — 1) (\/2X+ \/}T)

y—2x—-1=0
=

N2x+2 =«fy+l
Va t6i déy, ta chi can thyc hién phép thé vao (2) ta dugc phuong trinh :

2x3 +2x +1=1+2x -31-3x .

Dé y vé phai phuong trinh nay chua tich ma mdi thira s6 c6 dang +/ab,3/abc

S y=2x+1.

nén ta nghi dén bét déng thrc AM —GM . Mit khac ta doan dugc nghiém cia
phuong trinh 1a x =0.

Vay néu ta st dung dang Jab < ar

b i iR < 2
Dau dang thirc xdy ra<>1=1+2x < x =0
Con néu 3fabc SL;HC thi 1-3x S#. Dau dang thic xay ra

<1=1=1-3x<=x=0.
Nhu vay huéng phan doan ctia ching ta ¢6 thém niém tin dé giai phuong trinh
nay bang danh gia la chinh xac. Do d6 hé c6 thé giai quyét.
N ene A 1A x2-1
Loi giai : Dicu kién : .
y=>0

T (1) ta bién d6i thanh phurong trinh sau:

(y-2x)’ =2(y=2x)+1+2x+2-22(x +1)(y +1) +y +1=0
~2x-1=0
& (y-2x-1)" +(V2x+2- y+1)2=0<:>{y2 -
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Thé vao (2) ta c6 phuong trinh : 2x> +2x° +1=1+2x -3/1-3x .

x>-1
Tir dieu kién 1<:>x2—5,tacc')2x3+2x2+1:2x2(x+1)+1>0.
X_—_
2
1 : A 1 1
Suyra:«3/1—3)(>0<:>x£§.Vayténgho’pcécdléukléntacé:—ESXSE.

V1+2x S#Zx-i-l
h—3x S@zl—x
Tir day ta suy ra: 0<+/1+2x -31-3x <(x+1)(1-x).

1.1

Vay ta can chimg minh : 2x> +2x” +1<(x +1)(1-x), Vx e {—E,g}

Ap dung bat dang AM—GM taco:

Tacod: 2x> +2x> +1<1—x° c>x2(2x+3)20 (1udn dang Vxe{—%;%} ).

Dau ding thirc xay ra khi va chi khi x =0 (théamén ). Suyra: y=1.
Dbi chiéu diéu kién ta c6 nghiém cua hé la (X, y) = (0;1)

Binh luan : Bai toan duoc giai bang cach danh gia trén timg phuong trinh trong hé.
O phuong trinh thtr nhét ta sir dung hing déang thirc va dung tinh chit téng cac
s6 khong 4m, phuong trinh thtr hai ta dung bat dang thirc co ban dé giai quyét.
C6 mot vin dé chic cac ban thic mic 1a tai sao ching ta khong bién déi :
4—y+6x=m(x+2y+3)+n(y—2x). Diéu nay la thic méc c6 ly. Cau tra 16i

v6i phan tich nay chung ta tim duoc bo sd (m,n) ”khong c6 loi” cho chiing ta

bién doi.
Vidu 3:
58y 1
8(\5—&)+ xy =\/§(8 xy+x—yj
Giai hé phuong trinh . (X,y ell )
8 )(2+y2 + =5
i

Phan tich: V6i hé nay, budc dau tién ta can bién doi lai phuong trinh thir nhat cua
hé dé cho d& nhin hon.

Cu thé ta c6 phwong trinh thir nhét dugc bién ddi thanh phuong trinh :
SX(\/;_\/;)-FS—Syz =«/xy[8 Xy +%J
Xy
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Téi day ta quan sat voi phuong trinh thir hai ta nghi dén ngay phép thé.
; . 1 X
Cu thé tr phuong trinh thir hai ta c6: 5— 8y2 =8x% + f , the vao phuong
Xy
trinh méi bién ddi va thu gon ta dwoc phuong trinh :
x—Jx = =
y- \/_ \/— n \/— 1

Ta quan tdm dén hé sau :

Nrgy arbel

1 =
8(X2+y2)+—=5 8(a4+b4)+—= {
a

N

O hé nay ta lién tuong dén danh gia quen thudc : a’+b’>

%%

(a+b)®
~——~* hai lan ta
2
s€ co dugc o1 giai.
Vay hé da dugc giai quyét.
Loi giai : Piéukién: x>0,y>0
Phuong trinh tht nhit duoc bién dbi thanh phuong trinh :

8x(ﬁ—&)+s_gyz:@[8 y%j

LAy phuong trinh vira bién doi cong véi phuong trinh thtr hai trong hé vé theo
vé ta thu duoc :

x=x=y=\y & (Vx+y -1)(Vx -y )=0 L/_+\/_1

lJ Truong hop 1 : x=y. Thay vao phuong trinh thr hai trong hé ta thu dugc
phuong trinh :

16x2+l=5<:>16x3—5x+1=0<:> x=——
X
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a+b=1
Khi d6 ta ¢c6 hé moi :
’ 8(a4+b4)+i=5
ab

2
. [(axb)y
2 a’ +b? 2
Ta c6 a2+b22@.Dodé:a4+b42( ) > L
2
Vaytaco: 8(a4+b4)21.
a+b 2

Mait khéac ta ¢o : a+b22ﬁ®abs(7j =Z<:>—24

. . 1
Tur hai danh gia trén ta c6 : 8(a4 +b4)+—b >5.
a

1 1 1
+b=1 5 5 2
N R P
a=
b:— i = —
>, =3 g
—1+\/17_—1+«/17J}

8 8

Diu dang thirc xay ra khi va chi chi {

Vay hé da cho c6 nghiém (x;y)= {(%’%j,(

Binh luin : O truong hop 2, ta dé nhan thdy hé thu dugc véi hai 4n a,b 1a hé doi
xtng loai 1, ta van c6 thé sir dung phuong phap giai cua loai hé nay dé giai. Tuy
nhién, véi phuong phép d6 ching ta s& dé gip kho khin vi vudng phai phuong
trinh béc cao. Do d6 dua vao két qua a,b duong ta c6 thé danh gia qua bat déng
thirc AM-GM d¢é 1am gon bai toan. Bai toan 1a sy phdi hop gitta ky thuat thé, an
phu va danh gia. Bai toan nay do chung toi dé xuét.

%/)(2—xy+1+%/y2—xy+l—2:2(x—y)2
(16xy =5)(Vx +fy ) +4=0

(Thi thir Yén Phong Bac Ninh 2015)
Phan tich: V&i hé nay, ching ta nhan dinh duoc rang phuong trinh thir hai la
phuong trinh d6i ximg hai bién nhung ta lai khong phan tich duoc thanh nhan tu.

Vi du 4: Giai hé phuong trinh

O phuong trinh thir nhit ta @8 ¥ : x? —xy+1+y? —xy+1=(x—y)2 +2 nén ta
déy ¥ twong dit 4n phu héa phuong trinh thir nhét.

3,2

a=i/x" —xy+1

Pit —ad+b’ =(x—y) +2
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S2(x-y) =2(a’+b’)-420=a’+b’ 22.
Mit khac tir phuong trinh thtr nhit ta c6 :
a+b—2:2(x—y)2<:>a+b—220<:>a+b22
Khi d6 phwong trinh thir nhét trong hé dugc bién ddi trd thanh phwong trinh :
a+b-2=2(a’+b’)-4<a+b=2(a’+b’)-2
3,13

%:2(a3+b3)—2(*)

a”—ab+b
Métkhéctalaicé:az—aberz=i(a+b)2+%(a—b)22%(a+b)221

a’+b’ <a3+b3

a’—ab+b*>

2(313 +b3)—2£a3 +boat+bi<2

,dodotir (*) tacod:

Vay tasé co:

3,13
a’+b’>2
i <:>a3+b3=2<:>(X—y)2+2=2<:>(x—y)2=O<:>x=y.
3,13
a’+b <2
Va téi day bai toan da duogc giai quyét.
\e o eae A 1A x20
Loi gidi : Diéu kién : .
y>0

a=3x2—xy+1

bat
b=«3fy2 —xy+1

S2(x—y) =2(a’+b’)-420=a’+b’ 22.

=a’+b’=(x-y)’ +2

Mit khac tir phuong trinh tht nhit ta c6 :

a+b—2=2(x—y)2 <a+b-2>0<a+b>2

Khi d6 phuong trinh thtr nhit trong hé dwoc bién ddi tré' thanh phuong trinh :

a+b-2=2(a’+b’)-4<a+b=2(a’+b’)-2
%:2(&%3)—2 (%)

a“—ab+b

Mat khac ta lai co a2 —ab+b? =i(a+b)2 Jr%(a—b)2 Zi(a+b)2 >1

3.3 3,43
a’+b a’+b s ,
,dodotir (*) tacd:

Vaytas€co:

a’—ab+b>
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2(a3+b3)—2Sa3+b3®a3+b3£2
313
a’+b =2
Vi sad+b’ =2 (x-y) +2=2o(x-y) =0ox=y.
313
a’+b <2

Thé véo phuong trinh thit hai ta thu duoc phuong trinh: (16x” =5)v/x +2=0 (3).
Dit t=+/x,t>0. Luc d6 phuong trinh (3) tré thanh phuong trinh :

(16t =5)t+2=0 =166 =5t+2=0< (2t=1)’ (46 +4> +3t+2)=0

<:>2t—1=0<:>t:% Vi 4t +42 +3t+2>0,Vt>0.

1 1 1
Sdx=—ox=—y=—.
2 4 4
Ko A oA A r A 9 A \ 1 1
Doi chiéu diéu kién ta c6 nghiém cua hé 1a (x,y)= ol

Binh luin : Pay 1a mot bai toan kha hay, bai toan chic chin s& lam kho hoc sinh
rat nhiéu, boi vi trong bai toan ta can sir dung cac danh gia khéo 1éo két hop véi
lién hiép mot cach tinh té néu khong chung ta s& kho tim ra 10i gidi cho bai toan.
Va néu str dung danh gia khong khéo ciing s& din dén nhimng danh gia rat kho
chiu.

Vi du 5: Giai hé phuong trinh

(xz +2)\/X+7 —3(x2 —y2 —4y—3):(y2 +4y+5)\/m

2x° +3y +4Jx +7 + 5y +6 =100

(X,yeD)

Phan tich : Quan sat hé nay, ta nhan thdy ca hai phuong trinh trong hé déu chira
hai dai lugng chung d6 1a Jx+7 ,\/}T6 diéu nay din dén cho suy nghi 4n phu
héa. Nhung néu 4n phu hoa thi ta lai thu dugc mdt hé méi ma bac cia no la kha
cao nén phuong an nady xem nhu that bai.

Vi cac kinh nghiém da co ta c6 thé nhan dinh duoc néu cho hai can thuc bang
nhau va lam phép thir xem c6 duoc dieu gi ?

Taco: \ﬁ:m@x+7=y+6 . Thur ngay voi (X,y)=(2;3) ta thay hé
hoan toan dung. Vay day chinh 1a mdi quan hé giita x,y trong hé nay.

Vi phuong trinh thir nhat trong hé ta nhéan thiy cac bién c6 thé ¢6 1ap voi nhau
nén kha nang xay ra xét ham so dai dién cling kha cao nén ta s€ ti€n hanh tach

xem sao ?
Cuthétaco: (x2 +2)\/x+7 ~3x2 =(y2 +4y+5)a\/y+6—3y2 —-12y-9.
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Vi phuong trinh nay ta nhan xét dugce 1a tuy cac bién cd 1ap nhung lai khong
xét dugc ham dai dién, vay y tuong ham dai dién lai thét bai. Tuy nhién quan
sdt phuong trinh mdi, chi can thém bot 1a tach duoc dai luong

x2+2,y2+4y+5 nén ta tién hanh tich nhu sau :
(x2+2)\/m-3xz:(y2+4y+5)\/y+_6—3y2—12y—9
<:>(x2+2)\/m-3(x2+2):(y2+4y+5) y+6—3(y2+4y+5)
<:>(x2+2)(xfx+7—3):(y2+4y+5)( y+6—3)
(X2+2)(X—2) (y2+4y+5)(y—3)
= = .
m+3 m+3

Tur phuong trinh cuéi ta lai c6 duge (x—2)(y—3)=0. Vay téi day, ta s day ¥

tuong danh gia hé qua mién gia tri cua x,y. Didu ndy s& cang c6 niém tin khi
ma d6i v6i phuong trinh thir hai trong hé ta c6 hai nhan xét :
@ C6 dinh yva xét ham sb f(x)=2x" +4x+7 +3y+5y+6-100,vx > -7 .
Taco: f'(x) =10x* + JL_7 >0,Vx >—7. Vay ham s6 f(x) dong bién.
X+
@ C6 dinh x va xétham sb f(y) =3y +5y +6 +2x> +4/x +7,Vy>-6.

5 . 3 .
>0,Vy>—6.Vay ham so f(y) dong bien.
24 /y +6 ( )

Taco: f'(y)=3+
Vi hai nhan xét ndy ta s& ludn c6 nhirg danh gia thuan chiéu. Vay xem nhu
duong hudng giai quyét bai toan da co.
x=>-=7
y 2> -6
Phuong trinh tha nhét trong hé dugc bién d6i lai thanh phuong trinh :
(x2 +2)\/x+7 —3x2 :(y2 +4y+5)a/y+6 —3y2 -12y-9
(P +2x+7-3(x> +2)=(y? +4y+5) y+6-3(y’ +4y+5)
(X +2)(Vx+7-3)=(v* +4y+5)(y+6-3)
(X2 +2)(x—2) (y2 +4y+5)(y—3)
PN -

i T e

Vitaludn co :

Loi giai : Didu kién : {
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x>2

2 2 { >3
X2 0 I 0 nentir (1) = (x-2)(y-3)2 0|

Nx+7+43 (y+6+3 x<2

y<3

X >

2
>3:>2X5+3y+4\/x+7 +5y+6>100.
y=

@ Truong hop 1: Néu {

L =2
Déu ding thic xay ra khi va chi khi {X .
y =

x<2

@ Truong hop 2 ; Néu { 3 = 2% +3y +4Jx+7 +5y +6 <100.
y=

L s x=2
Dau dang thtic xay ra khi va chi khi { 3
y =

x=2 £ . s 1A
ta thay thda man hé.

Thir lai ta thay {

Viay h¢ phuong trinh nghiém (x, y) = (2;3) .

Binh luin : Bai toan sir dung dénh gia trén mién gia tri cua cac bién x,y két hop
v6i tinh don diéu cua ham sé va phép khir 1ién hiép. Su phat hién ra tinh chat
ham s6 don diéu tang da lam cho cac danh gia cua bai toan tré nén don gian va

gon gang.
Vi du 6: Giai hé phuong trinh

ﬂ 2
4— Xzy—l =y4—x2 1-2x2
( ) ( ) (X,ye[l )
1+«f1+(x—y)2 =—x2 (X4 +1-2x2 —2xy2)
(Thi thtr math.vn 2010)

Phan tich : Vi hé nay, cau trac hé kha kho doan. Tuy nhién hay dé y toi cac dai
luong trong cén ¢ cé hai phuong trinh ta s€ c6 nhitng danh gia quen thudc.

That vay, ta co :

4_(X2y_1)zg4 4—(X2y—1)232 4—(X2y—1)2S2
f—g =g

Loy 2l P et ey 22

y4—X2(1—2x2)S2

Tir day dan dén ta c6 cac danh gia sau :

_xz(x4 +1-2x2 —2xy2)22‘
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2
y4—x2(1—2x2)=—x2(x4+1—2x2—2xy2) (x3—y2) =0

Suyra: xzy—1=0 S | Xy =
X—y=0 X=Yy

Va nhu thé hé da dugc giai quyét.

| 2
Loi gidi : Didu kién : 4—(x2y—1) >0.

5 2 (20 1V “(x2y—1)
Taco: 4-(y-1) =t m32© A
Lr(xeyPzt o (leoyf 20 (e (x-y) 22

y4—x2(1—2x2)ﬁ2
Do d6 tir hé ta s€ co : .
—XZ(X4+1—2X2—2X}/2)22

Dé hé c6 nghiém thi dau dang thire ¢ cac danh gia xay ra. Do d6 ta co :

2
y4—x2(1—2x2)=—x2(x4+1—2x2—2xy2) (X3—y2) =0
xy—-1=0 & | xy=1 & .
x—-y=0 X=y

Tht lai va dbi chiéu diéu kién ta co nghiém cua h¢ 1a (x, y) = (1;1) .

Binh ludn : Nhin 161 gidi gon gang cua hé¢, ta tuong chung do 1a hé don gian.
Nhung trén thyc té voi hé nay néu khong c6 du tinh té nhin nhén, chon lya danh
gi4a phu hop thi bai toan nay khong hé d&. Cai hay va thi vi ctia hé nay dé chinh
1a chi can xur 1y cac danh gia quen thudc 1a giai quyét duoc bai toan.

Vi du 7: Giai hé phuong trinh

\/5x2 +2xy+2y2 +\/2x2 +2xy+5y2 =3(x +y)

(x,yeD)
J2x+y+1+237x +12y +8 =2xy +y +5

Phan tich : V&i hé nay, ro rang tir phuong trinh thir hai ta khong khai thac dugc gi
vi chira hai can bac léch va cic dai lugng trong can lai chiang twong dong gi véi
nhau dé c6 thé két hop lai. Trong khi d6 phwong trinh thir nhét rat ‘goi y lién
hiép” nén tai sao ta khong bat dau tir phuong trinh nay dé cong pha.

Str dung ky thuat doan nghiém trong phuong phap lién hiép. Ta c6 ngay néu
x =y thi hai v& phuong trinh thtr nhit ludn dung.

. . . \/5)(2 +2xy+2y2 -3x
Khi d6 ta sé tach lién hiép dang:

v6i dang nay tré ngai

\,/2x2 +2xy+ Syz -3y
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ctia chiing ta chinh 1a ddu cta x,y tir diéu kién cho ta khong rd rang nén cach
nay khong triét dé dugc.
Con néu ta dé v : 5x? —2xy+2y2 —(2x2 —2xy+5y2) = 3()(2 —yz) ta s& dan
dén cach lién hiép sau:
\/5)(2 +2xy + 2y2 + \/2)(2 +2xy + Sy2 = 3(x + y)
3(X2 _ yz )

= = 3(x + y) .

\/57(2 +2xy + 2y2 - \/2y2 +2xy + 5y2
Thi 13 rang ciing khong an toan cho 1im vi s& bi vuéng danh gia phan sau, chua
ké ta phai kiém tra nghiém (x, y) = (0, 0) vi nghiém nay khong khé dé thay thoa
hé.
Viy vé phuong dién truc tiép lién hiép c6 vé khong kha thi lim. Nhung ta nhan
thiy dugc qua phuong trinh thr nhét hai dai luong trong cin kha dic biét.

5x% + 2xy + 2y2 = (2x + y)2 + (x - y)2
That vay, ta co : 5 .
2x2 +2xy+5y2 =(x+2y) +(x—y)
Su xuat hién cua dai lugng chung (x - y)2 dan ta dén danh gia :
5x% + 2xy + 2y2 > (2x + y)2
2x% + 2xy + Sy2 > (x + 2y)2
Laico: x+2y+2x+y= 3(x + y) va cac dai luong déu nam trong cin thirc
nén ta nghi dén danh gia bang bét dang thirc c6 diu tri tuyét dbi dang
|A|+|B|>|A+B|.
Ap dung tu duy nay ta bién doi phuong trinh thir nhat trong hé thanh :
\/SXZ +2xy + 2y2 + \/2)(2 +2xy + 5y2
2 2 2 2
:\/(2x+y) +(X—y) +\/(x+2y) +(x—y)

2|2x+y|+|x+2y|23|x+y|23(x+y).

Dau dang thirc xay ra khi va chi khi: x=y>0.
Va toi day mqi chuyén con lai chi 14 thé vao phuong trinh thir hai dé giai va hé
duoc giai guyét hoan toan.
Loi gidi : Dicu kién : 2x+y+120.
Phuong trinh thr nhat trong hé duoc bién doi thanh hé phwong trinh

\/5X2 +2xy + 2y2 + \/27(2 +2xy + 5y2

=\(2xty N
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2|2x+y|+|x+2y|23|x+y|23(x+y).

Dau dang thirc xay ra khi va chikhi x=y>0.

Nhan xét (x,y)=(0;0) théa hé nén ta chi can xét x >0,y >0.
Thé vao phuong trinh thir hai trong hé ta dugce phuong trinh :
Bx+1+2319x +8 =2x* +x +5

<:>2(x2—x)+(x+1—M)+2(x+2—§/1%(_+8):

2 X“—=x](2x+14
c>2(x2—x)+ * X + ( )( ) =0
XA TEB3xET (x4 0) 4 (x42) %/19;<+8+%,"’(19x+8)2
<:>(x—1) - 1 2x+14

+
X+1+43x+1 (x+2)" + (x+2x/l9x+8+13,19x+8

vi x>0
ox=l=y=1vix>0=P>0.
Dbi chiéu diéu kién ta c6 nghiém cua hé la (x,y) = {(O;O);(l;l)} .

Binh luén : Bai toan nhin c¢6 vé lién hiép truc tiép nhung lai gay khé khan lac thuc
hanh truc tiép nhung v6i su tinh ¥ ta da chuyén phwong trinh vé danh gia co ban
thong qua bt dang thirc dau tri tuyét d6i kha dep mat va gon. Tuy nhién, bai
toan nay van c6 thé st dung phép lién hiép ‘gia dinh kéo theo” van giai duoc
phuong trinh thir nhat nhu chung toi da dé cap o phan phuong phap lién hiép.
Cu thé ta s co v6i x>0,y >0:

\/5X2 +2xy+2y2 +\/2x2 +2xy+5y2 =3(X+y)

3(X2—y2)
\/SX +2xy+2y +\/2x +2xy+5y
=X-Yy

\/5x +2xy+2y —\/ZX +2xy+5y

Cong theo vé hai phuong trinh cho nhau ta dugc phwong trinh

\/5)(2 +2xy + 2y2 =2x+y

o 5x° +2xy+2y2 =4x2 +4xy+y2 <::>(x—y)2 =0 x=y

Va t6i déy ta giai quyét lai nhur trong 101 giai.

Qua day, su chon lira con dudng ching ta di vao 10 giai c6 thé chua phai 14 con

duong duy nhét de thuc hién. Su khong dung lai trudc mot 101 gidi da tim ra sé
ré
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Vi du 8 : Gidi hé phuong trinh

ra(y? 1= =y(y-xo3)
x2(y2 —1)—2x+1:$/x2 +6y2 —17

Phin tich: Vi hé nay, mot lan nira ta phai thira nhan dé cong pha hé ta can cong
pha phuong trinh thir nhat trong hé.
Phuong trinh thtr nhat trong hé dugc bién doi thanh phuong trinh :

‘?(x+4)(y2+1)+y\/x+3 =y2+x+4

Ta thdy vé trai phuwong trinh nay hai s6 hang trong tong déu c6 dang ab nén ta

a’ +b?

(x,yeD)

,Va,bell .

thir lién tuong dén phép danh gia quen thudc sau: ab <

2 2
Khido taco: [(x-+4)(y? +1)gw i3y +2x+3'

Cong vé theo vé cac danh gia nay ta thu dugc:

(x+4)(y2+1)+y\/x+3ﬁy2+x+4.

s , N N g >0
Dau dang thtrc xay ra khi va chi khi : X v = Y .
y=+x+3

Va téi déy ta chi can thuc hién phép thé vao phuong trinh thir hai 14 hé da duoc
giai quyét hoan toan.

Loi giai : Didu kién : x> -3.
Phuong trinh thur nhét trong hé duogc bién ddi thanh :

(x+4)(y2+1)+y«/X+3 =y2+x+4.

a’+b?

y=¢x+3

,Va,bell ,taco:

Str dung dénh gia : ab<

2 2
(x+4)(y2+1)ﬁw ; yWx+3 S%m.

Cong vé theo vé cac danh gia nay ta thu duoc :

‘f(x+4)(y2+l)+yxix+3Sy2+x+4.

i J :1/ 2 >0
Déu ding thitc xay ra khi va chi khi: { VX 4= VY +1 @{y .
y=+x+3 y=~x+3

Thay vao phuong trinh thir hai trong hé ta thu dugc phuong trinh :

371



Tuw duy logic tim toi loi gidi Hé phwong trinh

x3+2x2—2x+1=\3fx2+6x+1
<:>(x+1)3+(x+1):x2+6x+1+\3}x2+6x+1 (1)

Xéthamsd f(t)=t> +t,Vtell . Tacé: f'(t)=3t>+1>0,Vtell .

Véy ham s6 f(t) dong bién trén (I . Do d6 tix (1)@f(x+1)=f(%/x2 +6x+1)
<:>x+1=x3jx2+6x+1<:>(x+1)3:x2+6x+1<:>x(x2+2x—3)=0

x=0:>y=\/§
olx=l=>y=2
x=-3=y=0

Pdi chiéu diéu kién ta co nghiém cia h 1a (x,y) ={(0:3):(1:2)5(-3;0)} .

Binh luén : Bai toan nay dugc tac gia ra chic véi hai chu dich chinh 1a danh gia va
sir dung ham sb dai dién dé giai hé, sy két hop nay lam cho bai toan c6 do khé
riéng cia nd. Tuy nhién, ngoai cach danh gia trén thi phuong trinh thir nhét trong
hé van co tan cong nd bang phuong an lién hiép “gia dinh kéo theo” dé tan cong.
Cu thé ta co hé gia dinh sau :

(x+4)(y2+1)+y\/x+3=y2+x+4

x+4)(y? +1) —yx 13 = y'+x+4 =1
( )(y ) g \/(x+4)(y2+1)+yﬁ

Cong vé theo vé ta c6 dugc : 2 (X+4)(y2 +1) =y2 +x+5

o 4xy? +4x +16y° +16 = y* +x? +25+2xy” +10y” +10x
2

(i)(y2 —x—3) =0 <:>y2 =x+3.
Va rd rang c6 1é tac gia sé bat ngd v6i phuong an ndy, va néu xét trén binh dién
chung thi phuong phap lién hiép ‘gia dinh kéo theo” cho 151 giai ciing dep mat
khong kém va c6 1€ tu nhién hon phuong an danh gia. Do chinh 1a cai tha vi cia
toan, doi luc ta nghi phuong phap nay manh nhung y nghia do chi dung lai &
mirc trong di.

Vi du 9: Giai hé phuong trinh

2 2 2 2
\/X +y +\/X +Xy+y —x+y
2 3 (x,yel)

J4x =3y +5+6=7311-9x +8y +10x — 12y
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Phan tich : V6i bai hé nay, chung ta ciing chi céng pha phuong trinh thir nhit théi.

O phuong trinh thir nhit ta c6 ba cach dé danh gia véi su trg gitip cia diéu kién
Xx+y=0
@ Cach 1 : Sir dung hang dang thuc theo kiéu tong hiéu.

1 2 1 2
2, .2 §(x+y) +§(x—y) |

Taco: = ;y = 5 =Z(x+y) +%(x—y)22 (x+y)
3 2 1 2
X% +xy+y? Z(X+y) +Z(X_y) 1
3 - 3 =7 (x+y) + o (x—y) 2 o (x+y)
22 2 2
Ttrdétacé:\/x ;y +\/X “;-”y >xty.

Dau dang thirc xay ra khi va chi khi x =y .

2
+b
® Cach 2: Str dung danh gia quen thudc a?+b’> u

Taco:

X2 +xy+y° =%(x+y)2+%(x2+y2)zl(x+y)2+%(x+y)2 =%(X+y)2

2, .2 2 2 2 2
+ +
Dod(’)tacé:\/X 42-y +\/X TXyry 2\/(X y) +J(X 4y) ZX+Yy.

2 4
Diu ding thic xay ra khi va chi khi x =y .

[\

2
@ Cach 3 : Sir dung dénh gia bang bat dang thic B.CSS va ab < (?j taco:

21y’ :Jz(x2+y2) J(1+1)(x2+y2)

2 VR 4

x+yJ2

x+y -

;x +xy+y ’x+y —2xy 2 :l(x+y)
2

Dodotaco: \/ 3 \/X +x3y+y ZX+Yy.

Déu dang thic xay ra khi va chikhi: x=vy.

Taco:

2%(x+y)

Qua céc danh gia trén viéc con lai cia chung ta 1a thé vao phwong trinh thir hai
va giai tim nghiém.
Loi giai. Tir phuong trinh thir nhat trong hé ta suy ra dé hé c6 nghiém thi x +y >0,
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2, .2 l(x+y)2+1(x—y)2
Taco: = ;y =2 22 =Z(x+y) + (x—y)22 (x+y)
X2 +xy+y? E(X+y)2+l(x‘y)2 1 1 1
3y Yy _4 34 =Z(x+y)2+a(x—y)222(x+y)2
2, .2 2 2
T&dé:\/x ;y +\/X +X2Y+y >x1y.

Dau dang thic xay ra khi va chi khi x=y .
Thay x =y vao phuong trinh thi hai trong hé ta c6 phuong trinh:

Pers5+6=T-x-2x & (Fx+5-2)+7(2-T-x)+2(x-3)=0

o X3 7(x=3) _+2(x-3)=0
(x+5) +2\/x+5+4 2+ 2311~ x+4f11 X)
< (x-3) ! - ! +2|=0
Yx+35)? +28x75+4 2+24T—x +3(11-x)’
P

&x-3=0=x=3=y=3vi P>0,Vxel].
Déi chiéu diéu kién ta c6 nghiém ctia h¢ 1a (x,y)=(3;3)

Binh luén : Pay la mdt bai toan kha quen thudc, trén day chiung t6i mé rong thém
cac duong hudng danh gia dé cic ban tién theo ddi va qua timg danh gia rat
duoc cho minh thém kinh nghiém. Cac ban hay thir sirc minh véi phuong phap
lién hiép “gia dinh kéo theo” v6i phwong trinh thir nhat xem. S& rat co ich cho
cac ban vé& duong 16i sau nay néu ta gip phai 16p toan nhu vdy. Ngoai ra bai
toan ndy van giai quyét dugc bang phuong phap an phu héa trén phuong trinh
thir nhat khi chia hai vé cho x +y

X3(1—x)+y3(1—y)=12xy+8

|3x =2y +10| +|2x —3y|=10

(Toan hoc Tudi Tré sb 431)

Phan tich : Vi hé nay, phuong trinh thir hai bao trudc hé s€ dugc danh gid thong
qua bit ding thirc d4u tri tuyét dbi.

Tir phuong trinh thir nhat trong hé ta c6 phép bién doi sau :

Vi du 10: Giai hé phuong trinh { (x,y el )

X3+y3:(xz—y2)2+2(xy+3) >0:>(X y)(x —Xy+Yy )>0:>x+y20,

Voi dleu kién nay ap dung bat dang thirc dau gia tri tuyét ddi ta s& giai quyét
du an vi ta nhd hay 2X+3_ =X
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Loi giai: Tir phuong trinh thir nhit trong hé ta c6 phép bién doi sau :
2

x> +y3 :(x2 —y2) +2(xy+3)3 20:>(x—y)(x2 —Xy+y2)20:>x+y20.

Ap dung bat dang thic : |A| +|B| > |A — B| .Taco:

|3x =2y +10|+[2x —3y| 2[3x =2y + 10— 2x +3y| =[x +y+10|>10.

Déu dang thic xay ra khi va chi khi

(3x—2y+10)(2x-3y)<0 [-2<x<0
& .
y=-X

Thay vao phuong trinh thir nhét trong hé ta dugc phuong trinh:

x+y=0

(x2—3)2=0<:>x=— 3 i 2<x<0.

Suy ra y =+f3 . Déi chibu didu kién ta c6 nghiém ctia hé 1a (x,y)= (—\/5 3 ) :

Binh luin : Day 1a mot bai hé nhin 10 giai c6 vé don gian nhung thit chat né 1a
mot bai hé khong dé chut nao. Viéc tach phuong trinh thi nhit dé c6 dugce danh
gia quan trong d6 thi khong phai 1a chuyén don gian ma doi hoi mot ky nang rat
tot. Doi lac mot bai hé nhin qua khong c6 gi ca nhung an chtra trong né 1a mot
diéu hét stc “16m lao”.

Xy +6y\x —1+12y =4
Vi du 11: Giai h¢ phuong trinh { xy 1 2wWx  (xyel)
+ =
l+y xy+y +fx+ \j?
(Chon ddi tuyén hoc sinh gioi TPHCM 2015)
Phan tich : Vi hé ndy, ta nhan thdy phuong trinh tht hai c6 chira nhiéu dai lugng
chung nén ta s€ di khai thac phuong trinh thtr hai trude. Vi véi phuong trinh thir

nhét ta ¢6 thé an phy t=+/x —1 dé dua vé phuong trinh bac hai 4n t nhung ta
cling ching dua dén dau. Chu ¥ véi diéu kién cua bai toan 1a x >1,y >0 nén ddi

v6i phuong trinh thtr hai ta s& chia vé trai cho x, vé& phai cho Jx ta duoc

phuong trinh : 1y +

X X

—

a= b 2

a
—+ =
b+ab a+ab 1+.fab

Dé gon ta 4n phy hoa x , ta dua vé phuong trinh:

b=y

Ap dung bit dang thirc Cauchuy-Schwaz ta c6 :
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a b (a+b)2 (a+b)2 1
+ > = =
b+ab a+ab (b+ab)(a+ab) ab(a+b)+2ab ab _ 2ab
a+b (a+b)2
Téi day ta st dung thém hai danh gia quen thudc sau :
2ab <1
2 2T
4ab < 2
ab<(a+b) - (a+b)
a+b>2ab 1 < 1
a+b_2\/E
Taco: — b > ! 2

+ > = .
b+ab a+ab ab +l 1++/ab

2Jab 2

A < CY . : 1 N ors oana > A 4
Dau dang thtc xay ra khi va chi khi a=b<> y=—. Va t6i day ta chi can thé
X

vao phuong trinh thir hai nira 1 hé dwoc giai quyét.

o x>1
Loi gidi : Bicu klén:{ .
y>0
1
Phuong trinh tht hai trong hé dugc bién d6i thanh : 1y fox 2 (1).
—+ oy Y
X X X X
a—l b 2
Pit {° x.(0<a<lLb>0).Khidétaco: (1)< TR B .
b=y a+ab b+ab 1+./ab
Ap dung bat dang thirc Cauchuy - Schwaz ta c6 :
a b __ (atb) _ (a¥b)’ 1
b+ab a+ab (b+ab)(a+ab) ab(a+b)+2ab ab _ 2ab
a+tb (a+b)
Téi day ta sir dung thém hai danh gia quen thudc sau :
2ab 1
> TS
4dab<(a+b
ab<(a )<:> (a+b)
a+b22E 1 < 1
a+b_2ﬁ
Taco: — b > ! = 2

+ 2 .
b+ab a+ab ab +l 1++/ab
2 .

Jab

376




Cty TNHH MTV DVVH Khang Viét

s . S 1
Dau dang thuc xay ra khi va chikhi a=b< y=—.
X

Thé vao phuong trinh thir hai trong hé ta dugc phuong trinh :

x=>4
HWx-l=x-4<
4(x —1) =(x —4)
Doi chiéu diéu kién ta c6 nghiém ctia hé 1a (x,y) = (10;%} .
Binh luén : Day 1 mot bai toan kha kho, khi doi bién ta dwoc mot phuong trinh
nhung that chit d6 12 mot bat drfmg thirc. Dya vao tinh ddi xtrng nén ta dy doan
a=Db, cong v6i dang phan sb nén ta nghi dén bit dang thirc Cauchuy Schwaz
dé danh gia va dung bat dang thic AM- GM dé danh gia tiép theo. Nhan dinh
chung, day la bai toan kha hay.

1
Sx=10=Dy=—.
2 T

2
(x—y+%) +(xy—3)2 =%

(x+1)«fy2 +5 +(y—l) x*-3=10

Phan tich : Ta nhén thiy phuong trinh thtr nhét c6 dang a”" +b*" =k nén c6 thé
tir phwong trinh cho ta dugc danh gia gi d6 ? Tai sao ta khong thir vé diéu do.
Ta co:

Vi du 12: Giai hé phuong trinh (x,y el )

2
1
(X—y+§j Jr(xy—3)2 =%©x2+y2—2xy+x—y+xzy2—6xy+8=0
<:>x2+y2+x—y=8—(x2y2—8xy+16)<:>xz+y2+X—y=8—(xy—4)2

Tur day ta suy ra dugc x> +y2 +x—-y<8.

Mit khac phuong trinh thi hai trong hé vé phai 1a téng hai thira s6 c6 dang ab,
2 1.2

a“+b

véy ta diy ¥ tudong danh gia theo mot danh gia quen thudc ab <

2 2
(X+1) ﬁyzﬁ-SSX +2X+21+y +5

—2y+1+x%-3

Tacod:

2
(y—l) x2-3<?

2
:>(x+l)«fy2 +5 +(y—l)\}x2 -3<x? +y2 +x—-y+2

Tu dotaco: IOSXZ+y2+x—y+2<:>x2+y2+x—y28.
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X2+y2+x—y=8

xy—-4=0
Vay qua hai budc danh gia ta da c6 dugc hé sau:
x+1= «fyz +5

y—l=vx%*+3

Do d6 hé da duoc giai quyét hoan toan.
Loi giai : Didukién: x<—Bvx=3.
Phuong trinh thtr hai trong hé dugc bién do6i thanh phuong trinh :
2
(X—y+%j +(xy—3)2=§©x2+y2—2xy+x—y+xzy2—6xy+8=0
<:>x2+y2+x—y:8—(x2y2—8xy+16)<:>x2+y2+x—y:8—(xy—4)2.
Vi 8—(Xy—4)2£8:>x2+y2+x—ys8 (a).

2 2
(x+l) T+5sx +2x+21+y +5

Mait khac ta co: 5 5
(y—l) 2 _3<Y —2y+1+x" -3
B 2

:>(x+l)«fy2 +5 +(y—l)*\}X2 -3 Sx2+y2 +x—-y+2

Twrdotaco: IOSXZ+y2+x—y+2<:>xz+y2+x—y28 (b)

x2+y2+x—y:8

xy—4=0 x=2
Tu ,(b) ta co h¢ co nghiém khi va chi khi :
Ur (a),(b) ta co hé c6 nghiém khi va chi khi X+1=\W {

y—1=\/x2+3

Déi chiéu diéu kién ta co nghiém cua h¢ la (X, y) = (2;2) .

y=2

Binh luén : Day 1a mdt bai toan hay, st dung cac danh gia khong qua manh nhung
lai kh4 chit. Viéc bién doi phuong trinh thir nhat dé c6 budce danh gia dau tién
1a mot tu duy ty nhién dua trén cu triic ciia phwong trinh nay. Cac danh gié tiép
theo 1a quen thudc.

2
X+Y_XY

1 x+1 Jxy+1

Vi du 13 : Giai hé phuong trinh Y Xy ¥ (x,yel)
> + 3 =4
-1 -1

N
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Phan tich : V6i h¢ nay, ta nhén dinh tuy phuong trinh thr hai don gian nhung rd
rang khong gitp chung ta duoc gi ca. Do d6 chung ta s& quan tim dén phuong
trinh thir nhét trong hé.

O vé trai phuong trinh thtr nhét ta can chu ¥ téi rang néu ta cong 1 vao mdi sd
hang trong tong ta s& c6 dugc nhan tir chung.
Do d6 ta tién hanh bién d6i phuong trinh thir nhét thanh :

2 2
LI A LANDINE S R AR X 42

y+1 X+1_1fxy+l y+1 x+1 ny-ﬁ-l

1 1 2xy +1
1 =2
o (xiys )[X+1+y+1j [ hxyﬂ](*)
1

1
x+1 y+1 f +1

lam ta lién tudng dén bo dé sau :

O (*) sy xuat hién cua cung véi diéu kién x >1,y>1

1

1
I1+a 1+b 1+J_

Véi a,b>0,ab>1 ta co : (Viéc ching minh b6 dé kha

don gian ).
Khi d6 sir dung b6 dé nay va ap dung bat dang thirx AM —GM ta s& c6 :

x+y+121+2\/g : . 1+2\H
1 1 2 =(x+y+l)| —+— 22| ——|.
I+x 1l+y \/g+l

+ 2
1+x 1+ y 1+ Xy
Dau ding thirc xay ra khi va chi khi x =y . Va nhu thé hé da dugc giai quyét.
N A 1A x>1
Loi gidi : Dicu kién : .
y>1

Ta chirng minh b dé sau : 1ia lib 1+\/_( ),(Va,b>0,ab>1).

That vy, ta ¢d () < (1+a)(1+ab)+(1+b)(1++/ab)=2(1+a)(1+b)
& (a+b+2)(1+ab)=2(1+a)(1+b)
& (vab-1)(va—b) 20 (ludn ding).

Déu déng thic xayra <>a=bvab=1.
Phuong trinh thtr nhat trong hé dwoc bién ddi thanh phuong trinh :

X Y 2F +1+ 2F +2

y+1 x+1 \ﬁ+1 y+1 X+1 \/’34%}’+1
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+1
< (x+y+1) L2 :
x+1 y+l1 «fxy+1

Ap dung bd dé vira chimg minh va bt dang thirx AM —GM ta co :
X+ +121+21/x

Y Y 1 1 1+2afxy

1 1 2 S(x+y+l)| —+— 22| =

+ > I+x I+y a}xy+1
1+x 1+y 1+1fxy

Déu dang thirc xay ra khi va chi khi x =y .Thé vao phuong trinh thr hai trong

hé ta duoc :

5 3
+

x—1 +Jx-1

Déi chiéu diéu kién ta c6 nghiém ctia h¢ 1a (x,y)=(5;5).

=4 Jx-1=2ox=5=y=5.

Binh luin : Bai toan nay giai kha mat ty nhién vi bai toan giai phai sir dung dén bd
dé. Tuy nhién cach dénh gia nay ciing kha quan trong.
1 1 2

+ =
Ji+2x?  (1+2y? \/1+2xy(

\/x(l—Zx) +\jy(1—2y) =§

Phén tich : Nhin vao hé d& dang nghi dén an phu hoa phuong trinh thir nhat trong
hé d& nhin hon va thdy duoc ngay diéu cAn danh gia sé& lién quan dén mot bd dé

Vi du 14 : Giai hé phuong trinh x,yell )

quen thudc .

a
2 2 X=—7=
=2
Véi a X & V2 .
b* =2y’ b
2
Khi d6 ta dua phuong trinh thir nhat vé phuong trinh :
1 1 2

+ = .
Jl+a? l1+b?  Vi+ab
Str dung bét ddng thuc B.C.Sta o :

y:

L 1 s\/(1+1)(L+LJ.
Vi+a® 1+b? I+a? 140

| 1 2
Str dung bo d¢ + < ,Va,b>0,ab<1.
1+a> 1+b> l+ab

Ta c6 ngay dugc
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Dau dang thirc xay ra khi va chi khi a=b. Va luc nay ta s& c6 mdi quan hé
gilta x,y va thé vao phuong trinh thtr hai thi hé s& dugc giai quyét hoan toan.

0<x<—

x(1-2x)20 2

Loi gidi : Diukién: {y(1-2y)20 < OSyS%.
1+2xy>0

Xy >——

X =

2 2
=2
Pat {az X2 IS , a,be{o;g}.

Sle &l

Luc d6 phuong trinh thtr nhat trong hé duoc bién d6i thanh :
1 1 2
—+ =
Jl+a? 1+p?  Vi+ab
Str dung bét ddng thuc B.C.Sta o :

L 1 s\/(1+1)(L+LJ.
Vi+a?  1+b? 1+a’  1+b

1 2
" 2+1 b2£1 b,Va,b>0,ab£1.
+a + +a

Mait khac ta lai co :

That vay, ta co :
L, .2 <:>(1+ab)(1+b2)+(1+ab)(1+a2)s2(1+a2)(1+b2)

1+a> 1+b> l+ab
<:>(a—b)2 (ab—l)SO ( luon dung a,be{o;?} ).

Dau dang thirc xay ra khi va chikhi a=b.

Ap dung b dé nay ta co duoc : ! + ! <,]2 2 __2
' © tva? iep2 VO l+ab JTvab
(N
Dau dang thirc xay ra <> \j1+az \/1+b2 Sa=box=y.
a=b

Thay vao phuong trinh thir hai trong hé ta dwoc phuong trinh :

x(1—2x)=§<:>x(1—2x)=é<:>(4x—1)2=0<:>x=%:>y=z.
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Doi chiéu diéu kién ta c6 nghiém cta hé 1a (x,y) = G;%) .

Binh luin : Bai toan nay va bai toan trén déu sir dung bat dang thirc va bo dé dé
chi ra dugc diu béng, nhitng bai toan thudc thé loai 1a loai toan rat kho. Néu
chung ta khong nam viing cac bo dé thi kha nang giai bai toan hau nhu 1a s6 0.
Nhung néu biét nhu khong thong hiéu cach van dung nao cho hop 1y thi kha
nang thanh cong that la may rui.

4x3 + y3 + y«f2x—y =3y2x

Vi du 15: Giai hé phuong trinh x,yell
(x+\/4x2+1)(y+2 y2+1)=3xy( )

(Nguyén Duy Hong)
Phin tich : Vi bai toan ndy, nhan xét dau tién 1a ta thiy vé trai cia phuong trinh

thtr hai trong luén duong. Tu day ta suy ra xy >0.
Mit khéc tir phuong trinh ta c6 nhitng dénh gia rat quen thudc.
® Néu x>0,y >0 thi ta co cac danh gia sau :

X +V4x? +1>3x
:>(x+x/4x2 +1)(y+2 y2 +1)>9xy
y+2 y2 +1>3y
Do d6 phuong trinh hai vd nghiém.
@® Néu x <0,y <0 thi tir phuong trinh thir nhét trong hé ta c6 bién doi sau :
) 2x—-y=0
(x+y)(2x—y) +y2x-y=0< S y=2x<0
2x -y =0
Va nhu thé hé da dugc giai quyét hoan toan.
Loi gidi :
Diéu kién : y—2x>0. Nhan xét (x+x/4x2 +l)(y+2 y2 +1)>0.

Do @6 tir phuong trinh thtr 2 trong hé ta c6 3xy >0 nén ta c6 hai truong hop .
L Truonghop 1: x>0,y>0 .

Ta co:
3xy=(x+\/4x2 +l)(y+2 y2 +l)>(x+2x)(y+2y)=9xy®3>9 (vo 1i).

L/ Truong hop 2 : x<0,y<0.

Céch 1 : Tir phuong trinh thir nhét trong hé ta c6 :
3.2 2

0=—3xy+4i+y7+y7+a/2x—y2—3xy+3xy+\/2x—y=\/2x—y >0
y
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Céch 2 : Tir phuong trinh thtr nhat trong hé ta co:
2x—y=0

(x+y)(2x—y)2+y 2X—y=0:>{ & y=2x
\f2x—y:0

Thay y=2x vao phuong trinh thr hai trong hé ta co :
2
(x+x/4x2 +1)(2x+2 4x? +1)=6x2 <:>(X+\/4x2 +1) =3x?

ox+V4xl+l=—x o =——%:> =——;
X X X X 2% y 2%

Dbi chibu diéu kién hé c6 nghiém duy nhat x y J
\/2\/' L

Binh luin: Bai toan nay c6 dep tir ciu tric toi 10 giai. Mot bai toan ma chung toi
danh gia 1a kha hay.
Vi du 16: Giai h¢ phuong trinh

(mqm)[ L, !

=2
J3x+3y +1 \/3—x+yJ (x,yell)

Xy+2\/2x4 —x° +7x% +y+2=4

Phén tich: Vi hé nay, ta nhan thiy phuong trinh thir hai tuy don gian nhung
chung ta s& khé khai thac dugc gi tir ddy, v6i phuong trinh thi nhét tuy cong
kénh va phtrc tap nhung ching ta lai c6 mdi lién hé giira cac dai luong trong
bdn can thirc véi nhau.

\ Sx+3y+1=1-x+3(2x+
Cu thé ta co: Y ( y)
3—x+y=2x+y+3(1—x)

Tir nhan xét ndy ta dé xuét dat an phu cho phuong trinh thir nhat dé lam giam di
d6 cdng kénh & phuong trinh nay.
a=1-x
Pat : ,a,b>0.
b=2x+y
Khi d6 phuong trinh thtr nhat dugc bién déi thanh phuong trinh sau:

(«F+«F)[ 1 J=2<:>\/E+\/_ J_+x/_

Ja+3b Jb+3a Ja+3b  +Jb+3a

Téi day dé 1am gon hon ta tiép tuc dit t = %,t >0.

\ﬁ+1+ \ﬁ+1 _

Khi dota co:

=2 (*).
t+3 \/3t+1 ()
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O (*) ta nhan thay t=1 lu6n thoa.
Do d6 ta s& sir dung cac danh gia sau dé hoan tat.
Theo bat dang thitc AM—GM ta c6 :

N t+1<1(t t+1

= +
Jt+3 Vt+1 t+3 7 2t+1 t+3j «/'+1 ( t 3)
+_
1 fl L<l[l+LJ BEGEREIEY
«/ t+3 2 212 t+3
% e Che
3 2 3t+1 2\2 3t+l f+1 ( 3}
, t+1 ( t+1j NETES AN S .
«/ t+1 3t+1 t+1 3t+1

J_+1 Ji+1 2(t+1+3j:2‘

Jt+3 J3t+1 t+1

Do d6 ta co:

t>0
t t+1

t+1 t+3

P i v e |1 2

Dau dang thuc x4y ra khi va chi khi : Ezﬁ sSt=1
+

1 2t
2 3t+l

I t+1
m_3t+1

Lucndytasd c6 a=b<1-x=2x+y < y=1-3x. Va nhu thé hé vé co ban

da duoc giai quyét.

I-x2>0
2x+y=20
Loi giai : Didu kién : {5x +3y+1>0
3-x+y>0

2x4—x3+7x2+y+220

_ la=1-x o [5x+3y+1=a+3b
bat ,a,b>0.Taco:
b=2x+y

3—-x+y=b+3a
Khi @6 phuong trinh thir nhat trong hé duogc bién ddi tr¢ thanh

(Va+ f)[ 1 J=2©«/5+x/_ Ja ++/b

Ja+3b  +Jb+3a

=2(1)

+
«/a+3b x/b+3a
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R0 rang v6i (a,b)=(0;0) 1a khong thoa (1). Do d6 véi a,b>0 ta dat

tzi,t>0tadua() J_+1 J_+1
b N «i3t+
Theo bat dang thic AM —GM ta c6 :

N t+1<1( t +t+1j
. ,\/t+3 t+1 t+3 2(t+1 t+3 \fﬂ ( t 3}
1 2 <1(1 2) «/t+ S 2\t+1
J— J— _+_
,/H 2 202 t+3
Jt 12t <1(1 2tj

=4z S| —+—
JJBeT N2 3t+1 202 3+l JH ( 3)
1 1 t+l 1( L, t+1j \/3t+ 20 t+1

Brrr Nt+l 3t+1 20e+1 3t+1

Do do ta co: YL, Vel (”1 3}:2.
\/t+ «/3t+ 20 t+1
t>0
t _t+1
t+1 t+3
A a2 ., T I | 2
Dau dang thic xdy rakhivachikhi: |- =—— < t=
2 t+3
12t
2 3t+1
L_Hl
t+1 3t+1

Licnaytas€co a=be=1-x=2x+y<y=1-3x.
Thay vao phuong trinh thir hai trong hé ta thu dugc phuong trinh :
x(1-3x)+2y2x* — x> +7x> =3x +3 =4

& x—3x2 +2\/2X2(X2 +3)—X(X2+3)+X2+3 =4

& x—3x> +2\/(x2 +3)(2x2 —x+1) —4
Lai theo bét dang thitc AM —GM ta c6 :

2\/(x2 +3)(2x2 —x+1) <3x%-x+4.

Tir dé ta c6 - x—3x2+2\/(x2+3)(2x2—x+1)£x—3x2+3xz—x+4=4.
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Dau ding thirc xay ra khi va chi khi :
x=-1=>y=4
2x2 —x+1=x’+3x>—x-2=0 Y
x=2=y=-5
Doi chiéu diéu kién va thir lai ta c6 nghiém cta hé 1a (x,y)=(L4).
Binh luén : Day 12 mot bai hé kha hay, viéc nhan xét duoc t=1 1a mau chdt cua
bai toan. V&i nhan xét nay ta s& chon tach biéu thuc dé sir dung bat dang thic
AM-GM sao cho danh gia dugc tot nhat.

Jx -1+ +l=y+=
12y1yz

Vi du 17 : Giai hé phuong trinh X1 v+l 1 (x,yel)

+ ==
y+1+1 Jx-1+1 3
Phén tich : Véi hé nay ciu tric cta hé cho ta ngay duoc ¥ tuong an phu hoa dé
lam gon hé.

a=+x-1
b=«/y+1

Cu thé ta dit : { , a,b>0. Khi d6 hé phuong trinh di cho trd thanh hé

a+2b=b’+ %
phuong trinh : .
a’ b 1

- 4+ ——
b+1 a+l1 3
Vé6i hé méi ndy, goi y du tién d& nhan thiy d6 1a st dung phép thé dé giai. Tuy
nhién rd rang cau triic hé nay néu str dung phép thé nhu vay rat kho dé dén duoc
thanh cong boi s& c¢6 nhiing phép bién ddi dai sé kho khin va bic cao. Mit khac
cdu triic phuong trinh thir hai trong hé cho ta lién tuong dén hinh déng ctia mot
o . A? B’ _(A+B)
danh gia quen thu¢c la —+—>-——-" VA ,Bell, X, Y >0.
X Y X+Y

Do d6 ta tién téi st dung bd dé nay dé danh gia cho phwong trinh thir hai trong
hé nhu sau :

2 2 2 2

a” b (a+b) N (a+b)

b+l a+l a+b+2 3 a+b+2

<:>3(a+b)2—(a+b)—2£0<:>a+b£1<:>asl—b.

Vi danh gia nay, két hop v6i phuong trinh thtr nhét ta ¢6

a=b2—2b+%:>b2—2b+§s1—b<:>(2b—1)2SO <:>2b—1=0<:>b=%.

Va t6i dy bai toan di dwoc giai quyét.
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x>1

Loi giai : Didu kién:
y=>-1

Nhan thiy hé khong c6 nghiém (x,y) = (1;—1) .

a=+/x-1
bat { a,b>0.

b=a/y+l ,

a+2b=b>+ %
Luc d6 h¢ phuong trinh da cho tré thanh hé: 5 5

a b 1

b+1 a+1 3

2 B2 _(A+BY
Taco: A—+B—Zu
X Y X+Y

That vay : (+) = (A?Y + B*X)(X+Y)2 (A+B)’ XY

(*),VA,Bel,X,Y>0.

& A’Y —2ABXY +B*X >0 < (AY -BX) >0.

Bét dang thirc cudi cling luén ding. Dau bang xay ra < A = g .
, : o a2 b2 _(a+b)’ 1_(a+b)
Ap dung bd dé nay ta co : + > &S=—2

b+1 a+l a+b+2 3 a+b+2
<3(a+b)’ —(a+b)-2<0=a+b<lea<l-b.
Véi danh gia nay, két hop véi phuong trinh thir nhat ta ¢6 :

a=b2—2b+§:>b2 —2b+§s1—b<:>(2b—1)2 <0

<:>2b—1=0<:>b=l:>a:l.
2 2
a:l xix—lzl x=E
Voi %<:> f<:> 43.
b=— ,[ +1=— =—=
2 YT TG

b

4 4
Binh luén : Bai toan 1a mot bai toan hay, hinh thirc don gian nhung dé giai dugc
no6 ta can két hop ca hai yéu t6 13 4n phu hoa va danh gia. Mot bai toan néu
khong c6 sy tinh tdo nhat dinh thi s& rat kho dé giai quyét. Bai toan nay, do
chung t6i dé xuét.

Déi chiéu va thir lai ta c6 nghiém cua hé 1a (x,»)= (2 : _Ej
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Vi du 18 : Giai h¢ phuong trinh
x* +4y2 +6y+2=4x2y+x2 +2X1f2y+1(1)

(x, yel )

2x? =5+332y -7 =4y -3x(2)
Phén tich : V6i hé nay, tur phuong trinh thr nhat ta nhan thay cé chtra biéu thuc
dang ab nén ta s& nghi dén danh gia quen thudc ma ta da ding nhiéu lan trong

2 2
loai hé nay 1a ab <2 ;b .

Tacod: (x* —2y)* —x* +6+2=2x2y +1 <x* +2y +1(3)
o (x2=2y)P? -2(x2=2y)+1<0 = (x> —2y-1)? <0< x? =2y +1.
Va t6i day chi con lai phuong an thé va giai phwong trinh con lai.
N 2y+1=0
Loi giai : Di€u kién: 1
X" =520

Phuong trinh (1) dugc viét lai :
(x2 =2y)? = x? +6+2=2x 2y +1 <x* +2y +1(3)
o (x2 -2y —2(x% —2y)+1<0 = (x> -2y -1)’ <0 x? =2y +1

x? =2y+1

Mit khac, ddu ding thirc tai (3) xay ra khi: x = «yZy +1< { 0
X2

Thay vao phuong trinh (2) ta dugc: 24x% —5 +33/x% -8 = 2(x% —1) = 3x

Taco:
2
VP =2x7 —3x —2 = \J4(x> = 5) + 31.1.(x* -8) s‘”"T

_5+(l+l+x2—8)

= %(x ~3)? <0< x =3(TMDK) = y = 4(TMDK)

Viay hé phuong trinh da cho ¢6 nghiém: (x;y)=(3;4).

Binh luén : Bai toan st dung danh gia trén toan hé. Mot bai toan kha hay.

x? +2x—2=«f—y2 —4y -2

6x—y—11+y-2x2—4x+10=0

Vi du 19 : Giai hé phuong trinh (x,yel )

Phan tich : Vdi hé nay, ta nhan thay timg phuong trinh trong hé khong thé giai
quyét dugc. Do do ta day y tuong danh gia trén timg phuong trinh roi phdi hop
lai v&i nhau 1a cach kha quan nhét. Do ca hai phuong trinh déu chira cac cin bac
hai nén ching ta s& sir dung bit ding thtc AM—GM dé danh gia khr can 1a
lua.ghontoiam nhat. ;
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~2x* —4x+10>0
—y2 —4y-220
Str dung bat dang thirc AM —GM ta c6 :

J— 2_ J—
x2+2x—2 =4y —4y -2 s% = 2% +4x+y? +4y-3<0 (1)

2
y—6x+11= _2X2_4X+10=\/4(10—421X—2X )£4+10_;X_2Xz.

Suyra: x* —10x +2y+15<0(2).
Lay (1) + (2) vé theo vé ta ¢ :

Loi giai : Diéu kién : {

x—1=0 x=1
y=-3

3x2—6x+y’ +6y+12<0=3(x~1) +(y+3)’ <0 @{ =
y+3=0
Déi chiéu diéu kién va thir lai ta c6 nghiém ctia h¢ 1a (x,y) =(1;-3).
Binh luén : Bai hé str dung dénh gia va két hop véi viéc danh gia qua dang
A=0
B=0
Vi du 20 : Giai hé phuong trinh

\ﬁer—l:\/Z(yz —2y+x+2)

JX(x+y)+¢(x_1)(y+1):M

Phan tich : Vi hé nay, cu tric cia phuong trinh thir nhit rit goi anh bat ding

A2+B2£O<:>{

(x,yeD)

x—1

thirc B.C:S vi ta s& nhan thay y2 —2y+x+2=(y—1)2 +x+1.

Vay ap dung bat dang thic B.CS ta cé: Vx+1+y—1< \/(1+1)(y2 —-2y+x+ 2)

Déu déng thirc xay ra khi va chi khi vx—1=y—1.
Mit khac ta nhan thay phuong trinh thir nhat dugc bién d6i thanh phuong trinh :

(xz—x)(x+y)+(x—1) y+1 =x2—x+y+1.

a’ +b’ A e
. Ta c6 cac danh gia sau :

Téi day ta su dung danh gia quen thude ab <

x> —x+x+1

2

2
(x—l) %valSX -2x+1+y+1

(X2 —x)(x+ y) <
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= (Xz—x)(x+1)+(x—1)afy+1sz—x+y+1.

[.2
4 » — = +
Déu déng thitc xay rakhiva chikhi: 4~ VY o [Fil=x—1.
x—lz,/y+1
. Jx-l=y-1 .
Khi d6 két hop lai ta s€ c6 hé phuong trinh:{ Y . Hé nay gidi quyét
y+l=x-1

kha don gian.

Vay xem nhu h¢ da dugc giai quyét hoan toan.

x>1

y>-1

Ta bién d6i hé phuong trinh da cho tré thanh hé phuong trinh :

\/x+1+y—1=\/2(y2 —2y+x+2)
(xz—x)(x+y)+(x—1).fy+l =x2—x+y+1'

Ap dung bat dang thirc B.CS tacé : Vx +1 +y—1S\/(l+l)(y2 —2y+x+2).

Loi giai : Diéu kién : {

DAu déng thire xay ra khi va chi khi vx—1=y—1.

2 1.2
Str dung danh gia: ab < a+b . Ta c6 cac danh gid sau :
x> —x+x+1
(x2 —x)(x+y)sf

2
(x—l) '_y+1SX —2XJ2rl+y+l

= (Xz—x)(x+1)+(x—1)afy+lsz—x+y+1.

[.2
(e —x=.x+
Dau dang thirc xay ra khi va chi khi : ORTINETY o y+l=x-1.
x—1=4y+1
: 27 1.4 - ~ r 1A . x—-1=y-1
Khi do6 két hop lai ta s€ c6 h¢ phuong trinh : (x>1,y21)
y+l=x-1

{x—yz,/y+ —Jx+1 x—y+(«/x+1— y+1)=0
<~ <~
Vx+l=y-1 Jx+1=y-1
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1
- (X‘y)(1+ﬁTﬁ]=°
m:y—l

N b

= & :
Jx+l=x-1 X+1=(x—1)2 x(x-3)=0 {x=3

Déi chiéu diéu kién ta c6 nghiém ctia h¢ 1a (x,y)=(3;3).

Binh luin : Dé giai quyét bai hé nay, ta sit dung bat dang thirc va danh gia kha
quen thudc. Hé cudi cing dua vé giup ta giai mot hé rat co ban. Pay 1a mot hé
rat hay va tha vi.

Vi du 21: Giai h¢ phuong trinh
y(3x+43)=10,(7y +4)(3x +4)

(3x = 7y)\Bx+4=(3x -6y —5)[Ty + 4
Phéan tich: V&i h€ nay, dau an an phu hoa ciling kha rd rang. Tuy nhién, khi chung
ta an phu hoa thi hé nay ciing khong thé giai don gian dugc. Hiy quan sat &
phuong trinh thir hai trong hé ta c6 dau hidu dé lién hiép do 1a :
(3x+4)—(7y+4)=3x—7y.
Do d6 ta s& cd gang tach cho dugc dai lwong 3x —7y & phuong trinh thtr hai

. (x,ye[l)

trong hé v6i hy vong bat dugc nhan tir chung.
Cu thé ta c6 bién ddi cho phuong trinh thir hai trong hé nhu sau :

(3x—7y)\Bx+4=(3x Ty +y-5)Ty +4
<:>(3X—7y)(\/3x+4—\/7y+4)=(y_5)\m

(3x—7y)2 :(y_s)m‘

3x+4+Ty+4
07’ phép bién d6i lién hiép cudi cung, tuy chung ta khong dat duoc muyc dich 1a
bat dugc nhér} tor chung nhung chung ta lai thu dugc sy danh gid mién nghiém
cho y.Cuthétirdaytaco: y—5>0.
Mit khac tir phuong trinh thir nhét trong hé theo bat dang thitc AM —GM ta c6

10{(7y +4)(3x +4) =5-2,/(Ty +4)(3x +4) <5(3x +4+ Ty +4).

Turdotaco: y(3x+43) < 5(3x+8)+35y<:>(3x+8)(y—5) <0.
Véi diéu kién ciia bai toan tir ddy ta lai c6 : y—5<0. Két hop voi cac danh gia
taduge y=5. Tu ddy hé da dugc giai quyet.
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e e A 1A 3x+4=0 XZ_E
Loi gidi : Dicu kién: = .
T7y+4>0 >_Z
=T
A A 4 7 R . 1A . . A 4 7
Nhén thay (x,y): —5;—1 khong thoa hé. Do d6 ta chi can xét x>—§, y>—Z.

Tir phuong trinh thir hai ta c6 bién d6i sau :

(3x—7y)x/m=(3x—7y+y—5)\/7yﬁ
& (3x=7y)(\Bx+a - Ty +4)=(y-5)JTy+4

(3X—7Y)2 :(Y—S)m-

Bx+4+Ty+4
Turdaytasuyra: y—52>0.
Theo bét déng thirc AM-GM ta c6 :
107y +4)(3x +4) =5-2,/(Ty +4)(3x +4) <5(3x + 4+ Ty +4)
Tudotaco: y(3x+43)S5(3X+8)+35y<:>(3x+8)(y—5)£0 (1)
Do d6 3x+8>0 nén tir (1)tacd y—5<0.

y—=520 5 35
Vay qua cac danh gid ta co dugc: {y—-5<0 = y= = X_?.
3x+4=39
3x+4=Ty+4 =5

Déi chiéu diéu kién va thir lai ta c6 nghiém ctia h¢ 1a (x,y) = [3?5;5] :

Binh luin : Bai toan ndy duoc giai dua trén cic ky nang lién hiép, danh gia mién
nghiém va st dung bat ddng thirc co ban. Mot bai toan kha hay. Tuy 1oi giai
tuong chimg nhu don gian nhung lai an chira rit nhiéu diéu c6 ich cho chung ta
sau nay.

Vi du 22: Giai h¢ phuong trinh

X +axyt 22

2x2+xy+y2 ,(X,yeD)
2(2x—y)afx—y:x2—5xy+4x+y—1

(Thi thir Toanhoc24h)

Phan tich: V6i h¢ nay, ta nhén thay tu phuong trinh thir hai chiung ta c6 thé dat an
phu hoa cén thitc va hy vong phan tich dugc nhan tu.
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Khi @6 phuong trinh thir hai tr¢ thanh phuong trinh:
2(X+u2)u =x> —SX(x—u2)+5x—u2 -1
< 4x3 —(Su2 +3)x+2u3 +ul+1=0 (*)
Kiém tra phuwong trinh nay ta nhan thiy phuong trinh nay tach dugc nhan tu
nhung khong téi wru do c6 delta khong chinh phuong.
Quay lai v6i phuong trinh thtr nhat trong hé, ta c6 phép bién doi sau :
3 2 2 2
«fxz —xy+y2 :2x+y—%©«fx2 —Xy+y2 =y 4X2¢yz
2X°+Xxy+y 2X°+Xxy+y
Tir day ta suy ra dwoc y > 0. Mit khac tir didu kién x>y =x>0.
Lai dé ¥ ta c6 phép bién dbi dai s6 quen thudc sau :
1 2 3 2
x? —xy+y? =Z(x+y) +Z(x—y)
Do d6 ta c6 danh gia quen thudc sau :

«/xz —nyry2 =\/i(x+y)2 +%(X—Y)2 Z%(ery).

Dau dang thirc xdy ra khi va chi khi x =y . Nhan thdy v6i x =y thi phuong

trinh thir nhat ludn dung.

3 2
4x° +4xy >3X+y (1)

Do d6 ta s& dé xuat mot danh gia sau : 5 5 =
2X° —xy+y 2

Thét vay, ta co (1) < 8x° 4—8)(y2 > (3X + y)(ZX2 —Xy+ y2) <:>(x—y)2 (2x—y) 20.

Bét ding thirc cudi cung ludn dung vi 2x —y =x + (x - y) >0.
Dau dang thirc xay khi va chi khi x =1y
3 2

Vay tur d6 ta co: %+«/}(2 —nyry2 Zl(x+y)+l(3x+y)=2x+y

2X7+Xxy+y 2 2
Déu ding thire xay ra khi va chi khi x =y . Va nhu thé hé da duoc giai quyét.

Loi giai : Didukién: x>y
Tir phuong trinh thir nhit trong hé ta c6
3 2 2 2
Jx2 —xy+y? :2x+y_%© K2 —xy+y? =y 4X2¢y2
2X°+xy+y 2X°+Xy+y

x? —nyry2 >0

2 2 . . X2y
Do: q4x" —xy+y >0 néntasuyra: y>0. Vi 0:>x>0.
y >
2x2+xy+y2>0
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Mat khac ta c6 cac danh gia sau :

® «/xz —Xery2 =\/i(x+y)2 +%(X—Y)2 Z%(x+y)

Dau dang thic xay ra khi va chi khi x=y.

S

3 2
4)2( +4xy . 23X+y (1)
2X° —xy+y 2
That vay, ta co
(1)<:>8x3+8xy22(3x+y)(2x2—Xy+y2)<:>(x—y)2(2x_y)20_

Bat dang thire cudi cung luén ding vi 2x —y=x+(x—y)>0.

Dau dang thirc xay khi va chikhi x=1y .

Tur hai danh gia ta co :
M+mzl(x+y)+l(3x+y)z2x+y
2X"+xy+y 2 2
Dau dang thic xay ra khi va chi khi x=y.

Thay vao phuong trinh thir hai trong hé ta thu dugc phuong trinh :

x=1l=y=1
4x2 -5x+1=0 <= 1 1.
X=—=>y=—
4 4
A A A A e A 5 A TN 1 1
Doi chicu dicu kién ta c6 nghiém cua hé 1a (x,y)=1(L1); Z,Z )

Binh luén : Pay 1a mot toan kha hay, tac gia di dwa ra nhitng van dé rat tha vi. Loi
giai trong bai toan duoc chung toi dua ra thuin vé phuong an danh gia dua trén
cac danh gia quen thudc va danh gia co dugc tir viée tu duy déu bang xay ra khi
x =y . Dé c6 danh gia (1) ta thir phép danh gia c6 dugce nhd phép tach sau

1

2
Tuy nhién, ngoai 10i giai thuan danh gia nhur trén thi tir cu trac phuong trinh thir
nhét ta c6 thé nghi dén phép lién hiép ciing rat tw nhién.
Cu thé ta c6 dung lién hiép nhu sau :

3 2
4X+—4Xyz_2x+,’xz_xy+yz —y:()

2x2 +xXy+y

2X+y=%(x+y)+ (3x+y).

x(x-y) . 2x(x-y)

2 2
\/xz —xy+y? +y 2X7+Xy+y
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Véi x>0,y >0. Sir dung bat dang thixt AM —GM ta c6 :

2y«fx2 —xy+y2 <x? —Xy+2y2
T dotaco:
2x2 +xy—y2 —Zyafxz - Xy + y2

>2x? +xy—y2 —x? —xy—y2 =(x—y)(x+3y)20

Dau dang thic xay ra khi va chi khi x =y . Do d6 tir (i) < x =y.

Mit khac, khong kho dé nhan thiy ciu tric ciia phuong trinh thir nhét ciing
mang déng dap ding cap, do d6 nhu di dé cap trong phan dit an phu ta ciing co
thé tinh dén phuong an dit an phu dé giai quyét bai toan.

Cu thé ta bién d6i phuong trinh thir nhat vé& phuong trinh :

(2X2 +xy+y2)«fx2 —xy+y2 =y3 4—4)(2y—xy2
Pit y=tx>0,taco: X(2+t+t2)\/t2—t+1=x(t3+4t—t2)
<:>(2+t+t2)2(t2—t+1):(t3+4t—t2)2@(t—1)2(3t3+t2+8t+4)=0

Chu yringtacd t>0 nén t=1.

X +64xy —y=6

Vi du 23: Giai hé phuong trinh 6(X3 n y3)
Xt 7

X +Xy+ y

- 2(x2 +y2)+3 (oy<0)

(Thi thir math.vn)

Phan tich: V&i hé nay, nhan dinh ban dau ciu tao cua phuong trinh tht hai trong
hé dé 1am hoc sinh nghi dén kiéu dang cp. Tuy nhién, n6 khong phai vay. O
phuong trinh thir nhat trong hé tuy hinh thirc don gian nhung ciing chang giup ta
dugc gi, cau tao phuong trinh thir hai thi cang khing hon. Do d6 dé giai quyét hé
ta s& day y tuong két hop ca hai phuong trinh trong hé dé giai quyét. Van dé 1a
két hop theo ¥ tudong nio 1a c6 loi nhat??

Nhan dinh thir nhat d6 1a néu x =y thi ca hai can thiic trong timg phwong trinh
trong hé déu thoat can. Va tir phuong trinh thir nhat ta lai c6 x=1=y=1. Thé
vao phuong trinh thir hai ta the”iy thoa. Do d6 ta du doan dugc hé s€ c6 nghiém la
x,y)=(L1). ,

Nhan dinh tht hai d6 1a néu x <0,y <0 thi phuong trinh tht hai trong hé vo
nghiém. Do do néu hé c6 nghiém thi nghiém do6 phai thoa x >0,y >0

Vi hai nhan dinh nay thi tur \E ¢6 trong phuong trinh thir nhat lam ta lién

tuong dén danh gia bt dang thic AM-GM dé pha cin va bao toan nhan dinh da
dat r
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Khi d6, 4p dung bét ding thire AM-GM ta ¢6 : 6,/xy <3(x +y)
Tuddétaco: 6=x+6 xy—ny+3(x+y)—y:>2x+y23
Mat khac tir phuong trinh tht hai ta st dung danh gia quen thudce sau day :

2 2
X" +y
Xy < ———
y 2
6()(3 +y3) 6()(3 +y3) 4()(3 +y3)
Khidotas€co: x+ 3 22x+ 3 T =— 5
X" +Xy+y x2+y2+X +y X" +y
4(x3+y3)

Tiép theo ta s& di danh gia bat dang thuc sau : 22 2(X2 + yz) ().
X" +y

That vay, ta co (*) = 2()(3 + y3)2 (X2 + yz) 2()(2 + y2)
2
c>2(x3 +y3)2(x2 +y2) (xz +y2)c:>x6 —3x4y2 +4X3y3 +3xzy4 +y6 >0
<:>(x—y)2 (X4 +2x3y+2xy3 +y4)20 ( ludn dung vx,y>0)
Déu dang thic xay ra khi va chikhi x=y .
Vi cac danh gia nay ta c6 :
6()(3 +y3)

2x+2\/2(x2+y2)—\/2(x2+y2)=x+ 2();2 +y2)

Mait khac ta lai 6 : 2(x2+y2)2x+y.

Dodotacod: 32x+x+y<=2x+y<3.
2x+y=>3

Viy qua cac danh gid ta co dugc {2x +y<3. Va t6i day ta da giai quyét duoc
X=Yy

bai toan hé nay.

Loi giai : Diéu kién: xy>0,x>+y> >0.

Vi x <0,y <0 khong thoa hé nén ta chi cin xét x >0,y >0.

Theo bat diang thitt AM — GM ta ¢ : 64/xy <3(x+y).

Do d6 tir phurong trinh thir nhit ta c6 :

NS,
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x? +y?
2

Mat khac tacd : xy < . Do @6 tir phuong trinh thr hai trong hé ta co :

. 6(x3+y3) - 6(x3+y3) :4(x3+y3)
x2+xy+y2_ Xerszrxz+y2 xz+y2 '

4(x3 +y3)

x% +y?

Ta sé& di chirng minh : >2 2()(2 +y2) ().

That vy, ta cé () < 2(x3 +y3)2 (x2 +y2) 2(X2 +y2)
A 2(X3 +Y3) Z(Xz +y2)2(X2 +y2)<:> x5 —3)(4y2 +4X3y3 +3»)(2y4 +y6 >0

<:>(x—y)2(x4+2x3y+2xy3+y4)20 ( ludn dung vx,y>0)

Diu ding thic xay ra khi va chi khi x =y .
Vi cac danh gid nay ta co :

6(x’ +y3
3=X+H— 2(x2+y2)

X +Xy+y

2x+2\/2(x2+y2)—\/2(x2+y2)=x+ 2();2 +y2)

Mat khac ta lai c6 : 2(x2+y2)2x+y.

Dodotaco: 32x+x+y<=>2x+y<3.

2x+y=>3
i o 2x+y=3 _[x=I
Vay qua cac danh gid ta c6 dugec {2x+y<3 & = .
X=y

Déi chiéu diéu kién ta co nghiém cua h¢ la (X,y) = (1;1) .

Binh luin : Bai toan nay 1a mot bai toan hay va kho. Dé gidi n6 doi héi nguoi
giai can do khéo 1éo va chon cac danh gia sao cho phu hop. Céac ban chu ¥ ring
tu tuong dé xuat hién danh gia (*) chinh 1a do két hop giita hai yéu t6 nhan dinh

x =y, khir can thirc 2()(2 + yz) va muyc dich tao ra dugc 2x+y. Co mot diéu

thl vi tir bai toan nay do la nguén khéi ban dau ciia nd 1a mot bai toan cyc tri hai
bién, nhung sau d6 tac gia da chinh bién lai thanh mdt bai hé. Va sy chinh bién
nay da tao mot di€ém son mai cho bai toan ban dau.
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\/X—j +3yx—y? =2x +
Vi du 24: Giai hé¢ phuong trinh{ > Y T (xyel)
(x+5y—4) X—y2=2xy—2y
(Thi thtr Toanhoc24h)

Phéan tich: Véi hé nay, ta nhan théy toan bo cau truc ctia hé lién quan dén hai can
thirc \x — 1,«}){ - y2 . Tuy nhién dai lugng céan thuc /x — y2 lai xuat hién nhiéu

hon, mit khac nhan thiy phwong trinh thir hai chi chira duy nhat mét can thirc nén
ta co thé nghi dén an phu hoa hy vong bat dugc nhan tir va thuc hién phép the.

bat tz#x—y2 ,t>0.Tacd x=t> +y2.

Khi d6 phuong trinh thi hai tré thanh: (t2 +y2 + 5y—4)t = 2(t2 +y2 )y ~2y
ot —2yt? +(y2 +5y—4)t—2y3 +2y=0 (%)

Kiém tra phuong trinh‘néy thay phuong trinh té‘ch dugc nhan tir va theo hudng
phan tich nhan tir & phan phuong phap gidi h¢ bang phuong phép nhan tir hoa ta
co dugc : (*) (:)(‘c—2y+2)(t2 —2t+y? +y) =0

<:>(4/x—y2 —2y+2)(x—2 x—y2 +y)=0.

Téi day ta c6 duoc hai nhan tir dé thuc hién phép thé. Tuy nhién ta khong nén voi
vang ma ta can dé y tdi phuong trinh thir nhat trong hé bén vé trai cia hé déu
chtra cac dai lugng & dang ab nén ta nghi dén phép danh gia quen thudc ma ta

a’+b?

hay dung d6 1a ab < ,Va,bell dé thuc hién danh gia xem cé loai bét

duoc nhan t& nao khong?
2
y2 Tx—1 +3(X_y +1)
2

3_1+J§.

2
Tur nhan dinh nay ta c6 dugc : 3—«/532—2y£3+x/§:> X—y2 —-2y+2>0.
Vi nhdn xét nay hé phuong trinh di cho dwoc bién ddi thanh hé phuong trinh :

yWx—1+43Jx—y* =2x+y 2Y\/X—1+3(X+Y)=2X+Y
S .

Str dung danh gid ta c6 : 2x +y < =2x—y? +1.

—1-5
2

IA

Trdotaco: y* +y—1<0<

y

x—2 x—y2+y=0 2 Xz—Y:XJFY
Hé méi nay hoan toan giai quyét duoc nén xem nhu hé da cho da dugc giai quyét.
. vy >
Livi gidi : Didukign: 4¥ Y =0,
x>1
Dt s Xy st = Quia oo
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Khi d6 phuong trinh tht hai tré thanh:
(t2 +y2 +5y—4)t=2(‘[2 +y2)y—2y<:>t3 —Zy‘[2 +(y2 +5y—4)‘[—2y3 +2y=0

<:>(t—2y+2)(t2—2t+y2+y)=0

<:>( x—y2 —2y+2)(x—2 x—y2 +y)=0.(1).

a’+b?

Mat khéc str dung danh gia ab <

,Va,bell ,taco:

y2+x_1+3(x—y2+1)

2x+y< 5 =2x—y2+1.
Tu dotaco: y2+y_130@_1_2\ESys_lJ;‘E.

Tt nhan dinh nay ta c6 duoc : 3—\E£2—2yg3+\ﬁz> x—y2 —-2y+2>0.
Vi nhdn xét nay hé phuong trinh di cho dwoc bién ddi thanh hé phuong trinh :

yWx—1+3x—y? =2x+y 2yNx —14+3(x+y)=4x+2y
=
X—=2{x—-y* +y=0 x>~y =x+y
{2},4/)(_1:)(_}; 4y* (x-1)=x* - 2xy +y* {x2—2(2y+1)xy+5y2=0
< S

> = 4( 2\_ .2 2 2 2
24X -y =x+y X-y )—X +2xy+y X +2(y—2)x+5y =0

_{x=0
X(y2+y—1)=0 y=0
1 (.2
X2 +2(y-2)x+5y*=0 y +y-1=0
xz+2(y—2)x+5y2 =0

f—g

{XZO [(x=0
y=0 {y=0
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Doi chicu di€u kién va thir lai ta ¢6 nghi€m ctia hé 1a :

2 2

Binh luin : Pay 1a mot bai toan kha hay, bai toan co su két hop giira an phu phéan

tich nhan tir, danh gia va hang ding thirc. Noi dung bai toan tuy khong méi
nhung lai kha dac sac. Bang nhiing nhan dinh tinh t€ tac gid da khong ché duogc
nhitng ki thuat co ban trong mot bai toan, diéu dé da lam cho bai toan vé tong

thé c6 nét dep rat riéng.
2x2 + y3 + y6 = «/Xy— )(2y2

Vi du 25: Giai hé phuong trinh (x,yel)
: 3,3, 1 2, | 2
4xy” +y +5=2x + 1+(2x—y)

Phan tich: V6i h¢ nay, cau triic cua hé lam cho ta d€ y dén hai dai lugng trong can

400

thirc ¢ ca hai phuong trinh d6 1la mét dai lwong xy — xzy2 mang dang dip cua

mét binh phuong thiéu, dai luong con lai 1+(2x — y)2 hoan toan danh gia duoc.
Do d6 dé giai hé nay ta s& bat dau tir nhimg nhan dinh nay dé dua ra cac danh
gia thich hop.

2
Cu thé ta c6 : «fxy—xzyz =\/i—(i—xy+x2y2j= i—(%—xyj S%.

Tir danh gia nay thi tir phuong trinh thir nhét ta s& ¢o : 2x% + y3 + y6 < % .

T6i ddy ta dé y néu ta cong hai vé danh gid vira c6 dwoc cho dai luong
y3 + 4xy3 10i cong chéo vé theo vé ciia danh gia voi phuong trinh thir hai ta s&

khtr duoc dai lugng y3 . Khi @6 ta s€ co cac dai luong xz,xy3 ,y6 (khong ké hé
s6) mang dang dip hang ding thirc nén c6 thé str dung tiép dwoc cac danh gia
nao do.

Ta thtr phép gia dinh sau tir danh gia : 2x7 + 2y3 + y6 + 4xy3 < % + y3 + 4xy3 .
Cong chéo vé theo vé danh gia nay voi phuong trinh thi hai ta thu duoc :

%+y3+4xy3 +4xy3+y3 Jr%22xz+2y3 +y6+2x2 +4xy3+«fl+(2x—y)2

<:>1+8xy3 24X2+y6+1f1+(2x—y)2 <:>(y3—2x)2+,,1+(2x—y)2 <1

3 —
oY 2X—0'
2x—y=0

Va t6i ddy hé da duoc giai quyét hoan toan.
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Loi giai: Didu kién xy—x’y> >0 (*)
2
Tacod y6 +y3 +2x% = %—(xy—lj S%

1
<::>y6+2y3 +2x> +4xy3 £5+y3+4xy3

Cong chéo vé theo vé danh gia nay voi phuong trinh thit hai ta thu duoc :

y6 +2y3 +2x° +4xy3 +2x° +«f1+(2x—y)2 Sl+2y3 +8xy3
2
(i)y6+4x2 —4xy3 +«f1+(2x—y)2 <le y3—2x) +«f1+(2x—y)2 <1

3 - =1 =—1
0 y=0 y y
= v 1Vv 1
— X:O X =—
2

¢ Cly=2x=0 y
Dau bang xay ra khi = y
2

y3—2X=0 X== X=—=

2

Thir lai ta thdy, nghiém cua hé da cho 1a (x;y) = (—%;—1].

Binh lugn: Pay 1a mét hé ciing khé kho vi khi thuc hién phép danh gid budc 1 xong
can c6 mot dd quan sat tinh t& méi 6 thé thyuc hién duoc budc danh gia tiép theo
néu khong thi chiing ta ciing rat kho di dén 10 giai tron ven cho bai toan.

y X y*

B 2" 2
Vi du 26: Giai hé phuong trinh Jxry (y+\/;) (x+y2) (x,yeel)

Jy+x—1 =32(x—2y+1)|2y -2

Phan tich: V6i hé nay, ta nhan dinh duoc dé giai quyét hé nay, ta can bt dau tur
phuong trinh thir nhit trong hé. Va ciing tir phuong trinh nay ta nhan thiy ta co
thé 4n phu hoa cho phuong trinh dugc gon gang hon théng qua phép chia cho
mdt dai lwong thich hop tuong tmg trén timg phan sd.

Cu thé ta bién ddi phuong trinh vé dang : L =

X
-
y

Toi day ta dat a = b= (a,b>0).

By

Khi d6 ta sé dugc phuong trinh :

2t 2
(a+1)" (b+1)” ab+l
pé giai phuong trinh nay ching ta cé thé sir dung phép bién ddi tuong duong,
tuy nhién & ddy chung t6i st dung danh gia truc tiép bang bét dang thic B.C.S

A
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Cu thé ta sir dung bat dang thirc B.C.S d4nh gi4 nhu sau :
1 b

@) 2120+’ | o> e

b |
(ab+1)(g+1]2(b+1) (b+1) 2 (a+b)(ab+1)

Cong vé theo vé cac danh gia ta s& c6 duoc : ! >+ ! 5 2 ! .
(a+1)" (b+1)” ab+l

ab:% a=1
Dau ding thirc xay ra khi va chi khi: = o x=y’.
b b=1
ab=—
a
x>1
Loi giai : Didu kién {y>1
y+x—1>0
1 1 1
(e + =

G Tl 3

NS}

b

y , 1 1
bat a=—; ——=(a,b>0) taco + = *
b= (+0>0) (a+1)”  (b+1)’ w1 )

Theo bét déng thirc B.C.S ta c6

~<

1 b 1
) T e S e

= 1 1
(ab+1)(9+1jz(b+1)2 S
a

(b+1)2 a+b ab+1

a+b 1 x
b)) w0

= <X=Yy
a=1

Suy ra VT(*)>

ab=
Déiu "=" xay ra <
ab=

o |o o

Vi x = y2 thay tr¢ lai ta c6 phuong trinh :

«nyr\/_ 32( 1) 2y -2 <:>y+»\/y2— f2(4y—4)5
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bat: 4y-4= u(u > 0) . Phuong trinh da cho tré thanh :

2
2s U4 (‘”4) ~1=0<80° =\u® +8u +u+4(*)

4 4
+) RO rang u=0 khong la nghi€ém cia phuong trinh (*)

. . 1 1
+) V6i u#0 , phuong trinh (*) tuong duong véi : 8=—+—+ —8+%
uw u u’ u
oz 4 1 1 8 . A .
Ham so : f(a)=—5+—4+ — +—5 » nghich bién trén (0;+00) va f(1)=0
v u u® u

Suy ra phwong trinh (*) c6 nghiém duy nhit u=1 .
Thay tr6 lai ta c6 nghiém cua hé phuong trinh da cho 1a (x;y) = (%,%j
Binh luin : Bai toan dugc giai dua trén sy phdi hop gitta danh gia bang bat ding
thirc quen thudc va ham sd. Tuy nhién, ching ta van c6 thé giai bang phuong
phap bién d6i twong dwong két hop v6i phuong phap nhan luong lién hiép dé
tim nghiém. Binh dién chung, day 12 mot bai toan hay vi co thé goi mo dugce
nhiéu 161 di va voi 16i di nao thi bai toan ludn tao duge mot nét riéng. Cac ban
hay thtr sirc minh v6i phuong an bién d6i twong duong va nhan luong lién hiép
xem thi nhé !
Vi du 27 : Giai hé phuong trinh

\/xz +x+l—\/x2—xy+y2 =\/y2—y+1

Bx+1) +9 = (x4 y+1) X +2p(x+ 1) +1+2

Phén tich :Véi hé nay, 16 rang tu phuong trinh thi hai ta khong thé khai thac duoc
gi tir ddy. Do d6 ta chuyén sang phwong trinh tht nhat, quan sat thiy rang ba dai
lwong trong can déu 1a cac dai luong & dang binh phwong thiéu. Chinh sy nhan
dinh dinh nay lam cho lién tuong dén bat dang thirc Mincopski hay con goi 1a
bat dang thirc vé vécto.

Cu thé ta bién d6i phuong trinh thir nhat vé phuong trinh :

\/xz—xy+y2 Jr\/yz—y+1=\/x2 +x+1

(x,yeD)

1V 3 1Y
Nhan xét ta co : y2—y+1=(y—§j +Z ; xz—xy+y2=(x—5yj =y

2
1 3
hodc XZ—X + 2= —X—= +—X2
: y+y (2 yj 1

Mit khéc ta c6 bat ding thirc Mincopski ¢6 dang nhu sau :

Ja2 +b2 +4/c? +d? 2\/(a+C)2+(b+d)2
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Do d6 néu ta xem a=y—%,b=§,c=x—%y, dzgy thi bat dang thirc

khong xay ra so véi dé bai.

Con néu ta chon a = y—E b—{ =%x—y, dzgx thi bat dang thirc xay
ra so v6i dé bai.

Tt nhan xét nay ta tién téi danh gia sau :

R
ZJ(y_§+§X_yj2+(£+£x]z e

Déu dang thie xay ra khi va chi khi : ﬁx y—l =£ lx—y
2 2 2\2
< xy+y=x. Va ltic ndy ta chi cin thyc hién phép thé vao phuong trinh thir

hai xem nhu hé da duoc giai quyét.

Loi gidi : Didu kién : x* +2y(x+1)+1>0.
Phuong trinh thtr nhit duoc bién déi thanh phwong trinh :

[T (5

Ap dung bat dang thirc Mincopski ta ¢o :
2 2 2 2 2 2
1Y (B 1 Ng) 11 3 3
—— | = + ) =x-y| +|—=x]| =, [|y-=+=x-y| +| —+—Xx
\/(y 2) ( 2 J \/(2 yj ( 2 J \/(y 2 2 yj ( 2 2 j

Dau dang thirc xay ra khi va chi khi:

ﬁ(yljﬁl

=—| =X-y | SXy+y=Xx
2 2) 2 (2 yj Y
Tir day ta c6 diéu kién x =—1
Thay vao phuong trinh thir hai ta dugc phuong trinh :

JB(x+12 49 =(x +1)|(x +1)? 25 8(x +1)2 +9 = (x +1)[x +1/+2
Dit t=x+1, lac d6 phuong trinh vira bién d6i tro thanh phwong trinh :

V8tZ +9 =t|t[+2
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(t>0 -
t>0 W {t>0
t*—4t2 -5=0
82 +9=t2+2 =5
& < tL0
t<0 5 t? <2
5 ) 2—-t°2>0 5 N/=(Vn)
. t2 =6+/41
LWBEH9 =27 a2 os=0 |

ot=y5ox=-1+5

Voi x:—1+\E,tacé: y=

x 145 5-45

x+1 —l1+{5+1 5
Doi chiéu diéu kién, thur lai ta c6 nghiém cta hé : (x,y) = (—1 RGE _;EJ '

Binh luén : Bai toan trén dugc giai dua trén yéu t6 ap dung bat dang thirc Mincopski
dé danh gia. Dé ap dung dugc danh gia nay ta thuong gip cac bai toan ma du
hiéu cta né 1a cac dai luong dudi can thuong chira cac binh phuong thiéu hodc
cac binh phuong du (no6i cach khac chira dang d6 dai cia mot vécto )cong hudng
véi mot dai luong nao do6 thoa diéu kién la do dai cua mot vécto téng cua hai
vécto kia. Bai toan nay con chi y & cach giai phuong trinh.

Vi du 28 : Giai hé phuong trinh

«fl 2y — x> +x— 1—4; x> —y +2
«f1+2x y -y- I—J y —x? +2

Phén tich : V6i h¢ nay, ching ta hdy d€ y néu trén tirng phuong trinh chung ta tach
riéng dé sir dung mot 18i di nao d6 thi rt kho dé hoan thanh. Vi sao ¢6 nhan
dinh nhu vay, cdu tra 10 chinh 1a ching ta hiy dé y tdi cac phép toan sau :

S) 1—2y—x2 Jr(erl)2 =y2

XyeD

—x>+2
® 1+2x—y2 +(X—1)2 =x? —y2 +2.
V6i hai phép toan tir nhan xét ndy, ta s& dé xuat phdi hop ca hai phwong trinh lai

bang phép cong va sir dung bit ding thirc B.C.S dé danh gi4 .
Cu thé cong vé theo vé hai phuong trinh ta ¢6 :

«/1—2y—x2 —(y+1)+«fl+2x—y2 +x—1 =\/2(x2—y2+2)+\/2(y2—xz+2)

St dung bét ding thue B.C.S ta c6 :

«/I—Zy—xz—(y+l)s\/(12+( 1) (1-2y-x*+(y+1)°) = \/2 y?-x? +2)
a/{+2x—y2+(X—1)S\/(12+12):(

1+2X—y2+(x—1)2 =
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Cong vé theo vé ta s& co duoc ddu ding thirc xay ra khi va chi khi :
\fl—Zy—xz =-y-1
«f1+2x—y2 =x-1

Va téi day ta xem nhu hé da dugc giai quyét.
1-2y-x*>0

e e2s A ‘A 1+2X—y220
Loi gidi : Bicu kién : .
— y2 +22>20

y2 —x2+2>0
Cong vé theo vé hai phwong trinh ta c6 :

1-2y—x2 —(y+ 1) +142x—y? +x -1 = [2(x* —=y? +2) +,[2(y* -x* +2
(y+1)

Str dung bét dang thie B.C.S ta ¢6 :

Ji-2y -+ —(y+l)S\/(12+(—1)2)(1—2y—x2 H(y+1)°)= 2y -x*+2)
Jir2x—y? +(x—l)s\/(12+12)(1+2x—y2+(x—1)2)= 2(x* -y +2)

Cong ve theo ve ta s€ co dugc dau dang thirc x4y ra khi va chi khi :

\/1272 | x2l,y<-1 x2lLy<-1

= 1—2y—x2:y2+2y+1 = x2+y2+4x=0

2— _
VI+2x—y" =x-1 1+2x —y? =x? —2x +1 x> +y?—4x=0

x>Ly<-1 x>Ly<-1 x>2Ly<-1 5
X =
Sy=—x Sy=-x Sy=—x <:>{ 5
y=-
x> +y? —4x=0 x*—2x=0 x=0vx=2

Déi chiéu diéu kién ta co nghiém cua h¢ la (x, y) = (2; —2) .

Binh luin : Bai toan sir dung dénh gi4 khi két hop ca hai phwong trinh lai véi
nhau. Mot diém luu y ring nhitg dang hé ma c6 két ciu danh gia két hop ca
hai phuong trinh lai v&i nhau thuong chia lam hai truong phai do6 1a cong (tri)
r0i méi danh gia hodc danh gia trén timg phwong trinh roi méi cong (trir) dua
ra danh gia cubi cung. D& nhan biét kiéu hé nay thuong ta dwa trén cac phép
toan két hop gitra cac dai luong c6 trong timg phuong trinh trong hé hodc trén
ting phuong trinh trong hé c¢6 cac ddu hiéu sir dung duoc cac danh gia co ban
va théng qua cic danh gia nay ta chua két luan duoc gi thi luc nay du hiéu
két hop cac danh gia 1a hau nhu rat kha quan, loai hé giai theo hudng nay

ang t0i da o mot vi du do chinh la vi du 19.
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Vi du 29 : Giai hé phuong trinh
\/x—y+4(\/x—y+2 +2\fy—x):3x/§

X +2x-1=2-y-2

Phién tich : Vi cau trac hé nay, chﬁng ta khong thé xuat phat tu phu'ong trinh th
hai trong hé duoc vi cac dai lugng hau nhu khong lién quan gi dén vai nhau. Do
do chung ta s& chuyén trong tim sang phuong trinh thtr nhét trong hé. Hay dé y
rang tuy phuong trinh thi nhat chita x,y thuan nhat nhung ta khong dat dugc an

(X,yeD )

phu dé 1am gon phuong trinh vi ¢6 chita hé s6. V&i cau triic nay chiing ta c6 1é
phuong an ¢6 thé 1am dugc ma dé nghi dén nhat do6 1a lién hiép. Mubn sir dung
duoc lién hiép ta can doan duge mdi lién quan giita hai bién x,y dé thoat cin va
lam cho hai vé bang nhau. Khong kho dé dy doan duge mébi quan hé d6 chinh 1a
Xx—y+1=0<y=x+1. Va dic biét dé lién hiép dugc voi ciu tric niy co 1é du
tru phuong an lién hi€p gia dinh kéo theo la cé ti kha quan, tuy nhién do cac dai
lugng tham gia trong cin thirc khong gitup chung ta nhin nhan dugc gi 16 rang
cai gi chung va kha ning lién hiép gia dinh kéo theo 4t s& cho nhitng phép tinh
réc 101 vé sau. Do d6 v6i nhan dinh dwoc mdi quan hé gitra hai bién x,y thi ta
c6 thé nghi dén danh gia. Nhung dé dung dwoc danh gia ta cin phai chon xem
dai luong tham gia danh gi4 1a nhitng dai lvong nao va ciu trac sap xép ra sao dé
c6 dugc danh gia thanh cong. Muén c6 dugc diéu nay ta can thuc hién cac bude
gia dinh sau khi cho y=x+1.

@Khicho y=x+1=x-y+2=1.
@Khicho y=x+1=2{Jy—-x=2.

Vaylataco: «/x -y+2= \/_ ‘4 . Tlr nhan dinh nay ta s& ddy y tuong danh

gi4 bang bat dang thirc B.C.S cho tong trong tich & vé trai phuong trinh thir nhat.
Cu thé ta c6 :

\/an\/E-\/Z(y—x) S\j(l+2)(x—y+2+2y—2x) =\[3(y—x+2)

Téi danh gia nay ching ta van chua thu dugc gi rét rao. Tuy nhién ta lai ¢6 nhan

xét sau khi cho y=x+l:>\[x—y+4 =\/y—x+2 .

Vi sau khi danh gid budc 1 ta con lai tich ¢ dang «/E nén ta s¢ tiép tuc xu li

tiép danh gia bang bat ding thire AM-GM.

X—y+44+y—-x+2
2

Va véi hai budc danh gia ta da c6 dugc: Jx —y+4(\/x -y+2 +2\/y—x) <33

Cuthétacé:\/x—y+4-\/y—x+2ﬁ =3.
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1
X>—

2
Loi giai : Didu kién: |y>2
—2<x-y<0
Ap dung bat dang thirc B.C.S ta ¢ :
\/an\/_ \/Zy X <\jl+2 X y+2+2y-— 2x \j3y x+2
Do dotaco:
\/x—y+4(\/x—y+2+2\/y—x)ﬁxj§(\/y—x+2-\/x—y+4)(1)
Mit khac tir diéu kién : 2<x-y<0=0<y-x<2=y—-x+2>0.
Do d6 ap dung bét déng thirc AM-GM ta c6 :

\/y—x+2-\/X—y+4Sy_X+2J2rX_y+4=3(2)

Két hop (1) va (2) ta c6 duoc : \/x—y+4(\/x—y+2 +2\/y—x)s3x/§.
Déu ddng thitc xay ra khi va chi khi diu dédng thirc ¢ cac danh gia (1),(2) xay

ra < NG3 Sy=x+1.

\/x—y+4 =\/y—x+2
Thay vao phuong trinh thir hai trong hé ta thu dugc phuong trinh :

X+ 2x—1=2-x -1 x* ~1+2x -1 -1+x-1=0 (x 1)

QHL(XZJFXH)\/):JF—’Z/%_IIHHJ:O

P
oNx-1=0=x=1=>y=2vi P>0,Vx2>1.
Déi chiéu diéu kién ta c6 nghiém clia h¢ da cho 1a (x,y)=(1;2).

Binh luén : Bai todn nay 1a mot bai toan kha hay, tu tuong di dén 10i giai da duoc
ching t6i phan tich qua d6 cac ban nhén thdy rang tir nhiing suy nghi cho
nhitng dudng 18i co ban roi tir d6 dua ra cac kho khan gip phai dé tir d6 tién
t6i lya chon phuong an phui hop. Bai todn 1a sy nhan dién dénh gia boi hai bat
dang thurc hét stic quen thugc va viéc phat hién ra moi quan hé giira hai bién da
quyét dinh hoan toan dén cuc dién ctia 101 giai bai toan nay.

Vi du 30 : Giai hé phuong trinh

3(x—y—1)«fx2 —y2 +9 =y(y—x)—3
10yy10—x2 =x —y—94

(x,yeD )
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Phin tich : Vi hé nay, cdu tric phuong trinh goi anh dénh gi rat 1 rang. O ca hai
phuong trinh trong hé déu goi dén hinh anh dénh gia quen thuoc ma ta thudng
2 12

dung trong loai nay do 1a ab < ,Va,bell .

Ttir phuong trinh thir nhét trong hé ta ap dung dénh gia nay ta co :

2 2.2
x-y—-1)+9(x"-y"+9
3(x—y—1)«/x2—y2+9s( ) 2( )

Tirdo tacod : 2y? —2xy—6<x° +y> +1-2xy—2x+2y+9x> —9y* + 81

c>5(x2—y2)—(x+y)+4420.

Tiép dén ta danh gia cho phuong trinh thr hai dya trén danh gia c6 duoc tir
phuong trinh thir nhét.

2 2
Ta ¢6 :10y\10— x> < 10[%} =5y + 50— 5x2.

Do dé taco: x—y—94<5y*+50—5x> c>5(x2 —y2)+ (x—y)-144<0.
Panh gia nay hoan toan khong co6 1gi cho chiing ta vi vdi hai danh gia da co
chung ta nhitng vin dé khong lién quan. Vay 1a & phuong trinh thi hai chung ta
khong thé sir dung danh gia cua phuong trinh thir nhit vao duoc, tuy nhién hinh
thirc van 1a dang ab & vé trdi nén ta co thé lién tuong dén danh gia thong qua
hang ding thirc va ciing phai dwa trén nén danh gia di c6 ¢ budc dau.

Cu thé ta s& tach phuong trinh thr hai vé dang phuong trinh :

5(y2+2y\/10—x2 +10—X2):—5X2+5y2 +x—y—44

<:>5(y+x/10—x2 )2 =—5( 2—y2)+x—y—44.
Tir day ta ¢6 : —S(Xz—y2)+x—y—4420<:>5(x2 —yz)—(x—y)+4430.

S(Xz—yz)—(x—y)+4420 )

Valac nay daco : , nhu the phép danh gia da cong
5(x2—y2)—(x+y)+44£0

va hé da duoc giai quyét.

x? —y2 +9>0

10-x>20

a’+b?

Loi giai : Diéu kién : {

,Va,bell .Taco:

Str dung danh gia ab <

409




Tuw duy logic tim toi loi gidi Hé phwong trinh

2 2.2
X—-y-1) +9(x"—y"+9
3(x—y—1)«/x2—y2+9s( ) ( )

2
Tirdo tacod: 2y? —2xy—6<x° +y> +1-2xy—2x+2y+9x> —9y* +81
& 5(x7—y? )= (x+y)+4420 (1).

Mit khac tir phuong trinh thtr hai ta c6 duoc bién doi :

5(y2+2yx/10—x2 +10—xz)=—5xz+5y2 +x—-y-—44
2
<:>5(y+\/10—x2) =—5(X2—y2)+x—y—44.

Tir day ta o : —S(Xz—y2)+x—y—4420<:>5(x2—yz)—(x—y)+44£0(2)
Tir (1).(2)ta c6 -
x—y-1=3x2-y? +9 x—1+410— x> =3y2x> -1
S(Xz—yz)—(x—y)+44=0 5(x2—y2)—(x—y)+44=0

10-x7 =9(2x” -1} +6(1- V2x? -1+ (1-x)

10— x>
y2) (X y+44 0

,-\

1-x=0
(1-x)(10x+9) =3(1—x)v2x> ~1 10x +9=3y2x* ~1
Sy =— 10 - x> = y=—\/10—x2

5(x2—y2)—(x—y)+44=0 5(x2—y2)—(x—y)+44=0
x =1 x=1

10x+92>0 _—45+6x/§

41x% +90x +45=0 T4

o |y=—10-x? o ly=—10-%? OL
y=

5(x2—y2)—(x—y)+44=0 5(x2—y2)—(x—y)+44=0

Doi chicu diéu kién va thir lai ta c6 nghiém ciia hé 1a (x,y

y)=(

1;-3).
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Binh luin : Day la mot bai toan tu tuéng danh gid da rd nhung thuc hién danh gia
bang cach nao c6 loi thi lai khé. Tuy nhién trén phwong dién dinh dang chung ¢
vé trai cua mdi phuong trinh vAn cho chiing ta nhiing 16i di d4nh gia quen
thudc. V& binh dién chung thi ca hai phuong trinh trong hé van c6 thé sir dung
hing dang thirc dé danh gia toan bai ciing dugc. Quan trong & day 1a ching ta
can chon dai lugng dénh gid sao cho hop 1i va hiéu qua.

Vi du 32 : Giai hé phuong trinh

{\/erZ +\/3(2y—2) =(X+5y)«fx+2y
(y- 1)K 278 =(y-3) 5 2y

Phén tich : Vi hé nay ta nhan thay tuy toan bd hé chua rat nhiéu can thirc nhung

(x,yeD)

c4 hai phuong trinh trong hé déu chua ﬁ nén theo 1é ty nhién ta s€ xét
hai truong hop cho dai lugng trong can thire nay.

Jx+2+3(2y-2)=0
(y-1)Jx—2y+8=0

Néu x +2y =0 thi hé s& tr¢ thanh :

Vi hé nay khong co gi kho dé giai quyét.

Néu x + 2y >0 thi tor phuong trinh thir nhat ta d¢ y thay duoc rang :
X+2+2y—-2=x+2y.

Tir day ta ddy y tudng sir dung bat dang thirc B.C.S dé danh gia cho phuong

trinh th{r nhat.

Taco: Vx+2+3(2y—2) < J(1+3)(x +2+2y-2) =2k +2y .

Tir ddy ta c6: (X +5y)y/x +2y <2/x+2y < x+5y<2.

Mit khéc tir phuong trinh thir hai trong hé ta c6 phép bién dbi sau :
y-3 Jm
y—-1 X +2y
Str dung bat dang thirc AM- GM ta c6 danh gid sau :
\/ﬁgl(x_z}”rg.;.l}: x+4
X+2y 20 x+2y X+2y

Tirdaytaco: Y 2> X% o (v 3)(x+2y)2 (x+4)(y-1)

y—1 x+2y
©x+5y2y2+222:x+5y22.

Vi dénh gia nay thi xem nhu truong hop x + 2y > 0 ciing da dugc giai quyét.
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X>-2
Loi gii : Didu kién :{y>1
x—-2y+820
Truong hop 1 : x+2y=0. Luc d6 h¢ phuong trinh da cho tré thanh hé :

y—-1=0
{x/x+2+\/3(2y—2) 0 {\/x+2 =0
=
(y-1)Jx—2y+8=0 {X=2y—8 -

y=1 .
& (thoa).
x=-2

Truong hop 2 : x+2y >0,y >1. Khi d6 phuong trinh thir hai dugc bién doi

thanh phuong trinh : y=3 = ’x—2y+8 .
y—1 X+2y

Str dung bét dang thie AM- GM ta c6 danh gi sau :

Xx-2y+8 _1 X—2y+8+1 _ x+4

x+2y 2\ x+2y ) x+2y
< an , y=3_ x+4
Tird > -3 2y)z(x+4)(y-1
r day ta co 1 x+2y<:>(y )(x+2y)=(x+4)(y-1)

<::>x+5y2y2 +222=>x+5y=22 (*)
Mit khéc tir phuong trinh thi nhit 4p dung bét déng thie B.C.S
Taco: x+2+3(2y-2)<[(1+3)(x +2+2y-2) =2k +2y .

Tirdy taco: (x+5y)yx+2y <2\x+2y < x+5y<2 (*).

Tu (*), (¥) suy ra hé da cho tuong duong voi hé phuong trinh sau :
Xx+2 2y-2

X+2y x+2y

X—2y+8
X+2y -

3

1 (hé vo nghiém).

y=0

x+5y=2
Vay h¢ phuong trinh da cho c6 nghiém (X,y) = (—2;1) .

Binh ludn : Bai toan dua trén tinh chit nhan tir chung ciia ca hai phwong trinh va
xét ting truong hop. Cac danh gia c6 dugc trong bai toan la nhitng danh gia
quen thudg:thugng g :
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CHUONG II. SUY LUAN TiM LOI GIAI HE PHUONG

TRINH BANG KY NANG PAC BIET HOA
Trong todn hoc ciing nhw trong doi song chiing ta, cé nhitng khang dinh khd thii
vi, d6 la: Néu mot khang dinh hay mot quy lut ndo d6 dung v6i moi truong
hop thi n6 ciing ding voi nhiing trudng hop riéng 1é. Tuy nhién didu nguoc lai
chua chic di xay ra.
Trong cudc sdng, chung ta rét it bat gap diéu gi d6 ding véi moi trudng hop,
nhung ching ta lai tim thay nhiing sy gidng nhau ki la giita nhitng truong hop
riéng 1€ nao do.
Trong khoa hoc ma don cir 1a nhiing chuong trinh dy bao thoi tiét, du béo bio. ..
nguoi ta da st dung tu duy dic biét hoa trong toan hoc mot cach rat hiéu qua.
Ho do dac, tinh toan cho nhiing trudng hop riéng 1é rdi bang su suy ludn, du
doan va nhirng cong cu hd tro khac, ho tim dugc hay du bdo duoc mot quy luét
nao do cua tu nhién.
Bai toan Hé phwong trinh la mot bai toan kho, hién nay da $6 cde ban hoc sinh
déu gidi quyét né dwa vao kinh nghiém ban than théng qua viéc gidi nhiéu bai
tdp ma chuwa thyc sy co mot huwong phan tich hay dy bao nao cho viéc gidi toan
Do vy trong cuon sach ndy, téi danh han mét chiwong véi mong mudn sé givp
cac ban tim ra mot huedng di bang nhitng suy ludn va dw bdo khi ditng truée

mot hé phwong trinh.
A. TIM MOI QUAN HE GIUA CAC BIEN TREN MOQT PHUONG TRINH CUA
I. Hé phwong trinh chira da thirc bic hai kha quy.
Bai toan 1.
4x% +10x +6=y° + 1
Giai h¢ phuong trinh oy ( ) (x,y el )
x3—2xy+y2=9 (2)
Phén tich.
Str dung phép thir cac gia tri dac biét Ién phuong trinh (1), ta co:
2 y=2
+)Cho x=0=>y " +y-6=0= 3
y=-

Ta nhan dugc (x;y)= {Al (0;2), Ay (0; —3)}

x=-1
+) Cho y=0=2x>+5x+3=0= 3

X=—=

Ta nhan dugc (x;y)= {Bl (-1;0),B,

[
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2 y=4
+Cho x=1=2y " +y-20=0= i
y=-

Ta nhan duoc (x;y)= {Cl (1,4),C, (1 —5)}
Suy ludn va dw dodn. Do phuwong trinh (1) la mét da thire béc 2, do vdy néu (1)
phan tich dwoc thi né la tich ciia céc da thirc bic nhat. Liic d6 ta ¢é cdc phwong
trinh dwong thang:
AB :2x-y+2=0, A|B,:4x-3y+6=0,
A,B;:3x+y+3=0,A,B,:2x+y+3=0
Ta nhdn thdy diém C, e (AB,), nén ta di dodn moi lién hé ciia cdc bién x, y
trong phuwong trinh (1) la y = 2x + 2.

Loi giai. Bat 2x + 2 = a, thay vao PT(1) cho ta:

(a—2)2+5(a—2)+6=y2+y<:>a2+a=y2+y<:>(a—y)(a+y+l)=0

et

=

a+y+1=0

+) Véi a=y=y=2x+2 thay vao (2) ta dugc x> +4x—-5=0<>x=1. Trong
truong hop nay hé da cho c6 nghiém (x;y) = (1;4).

+) Voia+y=1=y=-2x—3 thay vao (2) ta dugc x> +8x> +18x=0<x=0.
Trong trudng hop nay hé da cho c6 nghiém (x;y) = (0;-3)
Vay nghi€ém cta hé da cho la (x;y) = {(0;-3);(1;4)}

Binh luin.
Nhén thdy da thite & phwong trinh (1) la da thirc bdc hai, do vy ta dé dang
kiém chimg da thirc @6 c6 kha quy hay khéng nho ky thudt Pen-ta chinh
phuong:

Viét lai phwong trinh (1) thanh 4x* +10x —y* =y +6=0 (¥). Xem x la dn s6,

y la tham sé ta c6 ', =25+4(y* +y—6)=(2y+1)’
—10+/A} _y-2

4 2

4 2

X =
Khi do nghiém cua phwong trinh (*) la

Bai toan 2.
3x> —3xy+3y* —9x+3y+4=0 (1)

(x,yeD )
3y? —6xy+2x—10y+3=0 (2)

Giai h¢ phuong trinh{
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Phén tich.

e Xét phuong trinh (1):

+) Cho x =0=>3y” +3y+4=0(V6 nghiém)
Suy lugn va dw dodn: Néu da thirc (1) dwa dwoc vé dang tich, chirng 16 né la tich
cde bdc nhat. Vi thé véi cdc truong hop x=0 (hodc y=0) ta thuong nhdn duoc
cac gia tri hitu ty cua y (hodc x ). Vi vdy ta du doan (1) khong co dang tich.

e X¢ét phuong trinh (2):

y=3
+)Cho x =0=3y*> —10y+3=0= 1
Yy==
3
e, 1
Ta nhan dugc céc gia tri cia cap (x;y) ={A1 (0;3), A, (O,EJ}

+) Cho y=0:>2x+3=0:>x=_%

Ta nhan duoc (x;y)=B, (—%;O)

+) Choy =1=>x =-1. Tanhén dugc (x;y)=C,(-L1).
Suy lugn va dw dodn. Pa thirc (2) la da thire bdc hai, do vdy néu né kha quy ta
du doan no la tich cac bdac nhat. Luc do:
AB;:2x-y+3=0; A,B,;:2x-9y+3=0
Nhan thdy C, €(A,B,) nén ta du doan mdi quan h¢ giita cdc bién x, y 1a
y=2x+3.

Loi giai. Dat a=2x + 3, thay vao (2) ta co:

a=y

3y2—3»ay—y+a=0<:>(a—y)(3y—1)=0<:{3 |
y:

+)Véi 3y-1=0< y:§ , thay vao phuong trinh (1) ta c6 :

3x2 —1ox+?=0@

3 21 1
Trong truong hgp nay hé ban dau cé cac nghiém (X; y) = {(E,gj,[g,gj}

+) Véi a =y = y = 2x + 3 thay vao phuong trinh (1) ta dugc phuong trinh
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Két lugn. H¢ ban dau c6 nghiém (x;y)= {(%éj,(géj}

Bai toan 3.
6x> +x+4y=3y2 +7xy+1 (1)

(X,yeR)
x? +y2 +2=x(y—4)+3y (2)

Giai h¢ phuong trinh {

Phén tich.
Str dung phép thir cac gia tri dac biét Ién phuong trinh (1), ta c6 :

y=1
+)Cho x=0=3y* —4y+1=0= 1

3

y =
Ta nhan dugc céac gi tri (x;y)= {Al (0;1), A, (O,éj}

x=1
+)Cho y=0=>6x2+x-1=0=| >

X=——

2
R s 1 1
Ta nhan dugc cac gia tri (X;y)= B, 5;0 ,B, —5;0

2 y=1
+) Cho x=1=y +y—2=0:>[
y=-2
Ta nhan duoc cac gia tri (x;y)= {C1 (1,1),C, (1; —2)}

Suy ludgn va du dodn. v
Ta c¢6 phuong trinh cac duong thang:
AB;:3x+y—-1=0; AB, 2x-y+1=0
A,B,:3x+3y-1=0; A,B, :2x -3y +1=0
Nhan thiy C, e (AIBl ) , ta du doan mdi quan hé giira céc bién x, y 1a
3Xx+y-1=0=>y=1-3x
Loi gidi: Dat a=1 — 3x, thay vao phuong trinh (1) cho ta:

+) Véia=y = y=1 - 3x thay vao (2) ta dugc 13x2 +6x =0 < x 13 .

1
Trong truong hop nay h¢ da cho cé nghiém (X;y) = {[—g;%j,(();l)}.
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1) Véi 9y +2a—5=0= y =22 F1

thay vao (2) ta dugc

Xx=-2
7x+19x+10=0&| 5.
x="3
\ \ A ~ A 1A 5 1
Trong trudng hop nay hé da cho ¢6 nghiém (x;y) = {(_2;_1)’(_7;_7]} '
5 1 6 31
Vi hié ia hé di cho 13 : — _2;_1 === ===, 0,1 .
ay nghiém ciia h¢ da cho la (x;y) {( )( 7 7}( 13 13j( )}
Bai toan 4.
+y+l+dx+1+4y=2 (1
Giai hé phuong trinh Jory ey ) (x,yel)
2 2
X -y +3x+y=-2 (2)

Phén tich : Xét phuong trinh (2):

2 [y:_l
+)Cho x=0=y —-y-2=0=>
y=2
Ta nhan duoc cac gia tri (x;y)= {Al (0;-1), A, (0;2)}.

x=-1

+) Cho y=0:>x2 +3x+2=0:{
Xx=-2
Ta nhan duoc cac gia tri (x;y) = {Bl (-10),B, (—2;0)}

+)Cho y=1=x"+3x+2=0=>
Xx=-2
Ta nhan duoc céc gia tri (x;y)= {Cl (-L1),C, (—2;1)}.
Suy lugn va dw dodn.
Ta c6 cac phuong trinh dudng thing:
AB :x+y+1=0;AB, :x+2y+2=0
A,B;:2x-y+2=0; A,B, :x—-y+2=0
Nhan thay C, e (A1B1 ) , ta dur doan mdi quan hé giita cac bién x, y 1a
x+ty+1=0

oo Y20
Loi giai: Diéu kién
x>-1

bita = -x - 1, thay vao (2) ta dugc: az—yz—a+y=0<:>(a—y)(y+a—1)=0
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HVoia=y=x+y+1=0= -y +y=2 (v nghiém)
+)Véiy+a—1=0=y=x+2 thé vao phuong trinh (1) ta co:

\/2x+3+\/x+1+\/x+2:2<:>(«\/2x+3—1)+(\/x+2—1)+M:0

2x+2 N x+1 +dx 120
2x+3+1 Jx+2+1

- x+1( ofx+1 . Jx+1 1

N2x+8+1 Jx+2+1
Viay nghi€m ctia h¢ phuong trinh 1a (x;y) = (-1;1).

]:0<:>x:—1:>y:1

Bai toan 5. (Trich TSPH khéi B — 2013)
2x% +y? =3xy+3x—2y+1=0 (1)
4x2 —y2 +X+4=\/2X+y+\jx+4y (2)

(x,yel)

Giai h¢ phuong trinh {

Phén tich: Xét phuong trinh (1):
+)Cho x=0=y?> —2y+1=0=y=1
Ta nhan duoc (X; y) =A, (O;l)

x=-1

+)Cho y=0=2x> +3x+1=0= 1
X=——

2

Ta nhan dugc céc gia tri (x;y)= {Bl (-10),B, (—%;0)}

y=2
y=3
Ta nhan duoc cac gia tri (x;y) = {Cl (12),C, (1;3)}.

+)Chox=1= y2—5y+6=0:{

Suy lugn va dw dodn. 7

Ta c6 cac phuong trinh dudng thang:

AB:x-y+1=0; A|B, :2x—-y+1=0

Nhan thdy C, € (AB;), ta du doan mdi quan hé ciax, y1a x—y+1=0
2x+y=20

x+4y=0

biata=x + 1, thay vao (1) cho ta:

Loi gii. Piéu kién {

2a% +y* -3ay+y-a=0<(a-y)(2a—y-1)=0

+) Véia=y = y=x+ 1, thay vao (2) ta dugc 3x2 —x+3=x+1+/5x+4
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& 32 =) +(x+1-Bx+ D) +(x+2-x+4)=0
(xz—x)(3+ ! + ! ]:o
x+1+3x+1 x+2++/5x+4
1 N 1
X+1+3x+1 x+2++/5x+4

Do 3+ >O,Vx2%

x=0=>y=1
Nén phuong trinh twong duong x? —x=0<:>[ Y
x=1l=y=2

+)Véi2a—y=1= y=2x+ 1, thay vao (2) ta duogc
3-3x=+4x+1+9x+4 ©3x+(\/4x+1—1)+(«/9x+4—2)=0

4x 9x
< 3x+ + =0
Jix+1+1 9x+4+2

@x(3+ 4 + 9 j=0©x=03y=1
Nax+1+41 9x+4+2

D6i chiéu diéu kién thoa man.
Viay nghiém cta phuong trinh 1a (x;y) = {(0;1), (1;2)}.

Véi mét da thire bic hai, ta cé thé dé dang kiém chitng né la kha quy hay bat
kha quy nho ky thudt Delta chinh phwong. Tuy nhién voi ky nang dac biét hoa
chung ta lgi co thém mdt cdac nhin nhdn moi vé cach dwa mét da thire bdc hai
vé dang tich va quan trong hon né sé givip chiing ta giai quyét nhitng bai todn
kho hon sé néu sau day.

I1. Hé phwong trinh chira da thirc bac cao kha quy.
Bai toan 6.

x> —y3+3x2 +4=3(y-2x) (D

(x,yel)
x* —4y2 +8(x+y)=0 2)

Giai hé phuong trinh {

Phén tich: Xét phuong trinh (1):

+)Cho x=0=y’ +3y—-4=0=y=1
Ta nhén dugc (x, y) = Ai(0;1)

+) Cho y=0:>x3 +3x% +6x+4=0=>x=-1
Ta nhan dugc (%, y) = By(-1;0)

+)Cho x=1=y +3y-14=0=y=2
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Suy lugn va dw dodn. ’ w
Phuong trinh (1) chira da thirc bac 3’, néu no6 kha quy né co6 the la tich ciia mot
da thire bac 2 va mot da thirc bac nhat.
Phuong trinh duong thang A|B, :x—y+1=0
Nhan thdy C, €(A,B,), tir d6 ta du dodn mdi quan hé gitax,y lax -y +1=0
Loi gidi: Data=x + 1, thay vao (1) cho ta:
a’ -y +3(a—y):0<:>(a—y)(a2 +ay+y’ +3)=0©a=y
+) Véia=y = y=x+ 1 thé vao (2) ta dugc
x*—4x? +8x—4=0x*—(2x-2)? =0
x=-1-Boy=—5
x=-1+ xﬁ =>y= x/g

Vay nghiém ctia h¢ phuong trinh la (x;y) = {(—1 — \ﬁ; —x/g),(—l + x/g; xﬁ)} .

(x2+2x-2)(x?=2x+2)=0= x> +2x-2=0 <

Bai toan 7.
2y  —xY) =6x% +7x -y +3 1)
43-y+22(1+y) = Jox2 +16 ()

Phan tich : Xét phuong trinh (1):

(x,yell)

Giai h¢ phuong trinh {

+)Cho x=0=2y’ +y-3=0=y=1
Ta nhén duge (x;y)=A,(0;1)
+)Cho y=0=>2x>+6x>+7x+3=0=x=—1
Ta nhan dugc (x;y) =B, (—1;0).
+)Cho x=1=2y’ +y—18=0=y=2
Ta nhan duoc (x;y)=C, (1;2)
Suy lugn va dw dodn.
Phuong trinh duong thing A|B, :x—y+1=0
Nhan thay G e(AlBl) nén ta du doan mdi quan hé gitta x,ylax—y+1=0
Loi gidi. Diéu kién —1<y<3
bata=x+ 1, thay vao (1) cho ta
Z(y3 —a3)+(y—a):O<:>(y—a)(2y2 +2ya+2a’ +1):0<:>a:y

Véia=y=y=x+1thé vio (2) ta dugc 442 —x +2,/2(2—x) —J9x2 +16

7
A

Diéu kién -2< x < 2 binh phuong hai vé ta c6
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32+ 16v8—2x2 —9x% —8x =0 <> 4(8 — 2x%) + 16v8—2x2 — x> —8x =0
Pit t=2v8—2x2 (t20)

t=x
Phuong trinh tr¢ thanh t> +8t—x%> =0 < {

t+x+8=0 VN(2<x<2)

>
[ 2 x=0 42
2N8-2x" =x<=q , 32D>X=——

X" =— 3
9

Vay nghiém cia hé phuong trinh 1a (x;y) = ( 3 3

ﬂ'3+4\/5}

Bai toan 8.
x=-Yx+y+y)=x(y+) ()
SUX —1+4x+1=3y -5y +2 (2)

Phén tich: Xét phuong trinh (1):

Giai h¢ phuong trinh { (x,yell)

+) Cho x=o:>y2(1+y):0:{
0

Ta nhén dugc (x;y) =B, (1;

S
SN

— 1
) Cho y=l=x2—x-2=0=|"
x=2

Ta nhan duoc (X;y) = {Cl (—1;1 ,Cy (2;1)}
Suy lugn va dw dodn.
Phuong trinh cac duong thing AB,:y=0; A,B;:x-y—-1=0
Ta nhan thdy C, € A|B,, nén ta dy doan mdi quan hé gittax, ylax—y—1=0
x?-1>0 x=-1
Loi gidi. Didukién <x+1>0 < {[x>1
y=>0 y=>0
THl: x=-1=y=1
TH2: x> 1:
bat a =x — 1, thay vao (1) cho ta:
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(y3—ayz+ay—a2)+(y—a):0<:>(y—a)(y2+a+1:0)
+) Véia=y=y=x—1 thé vao phuong trinh (2) ta c6
5VUx2 —1+Vx+1=3x—1-5Jx -1
o SPx—1Wx+1+D)+Wx+1+1)=3x < Wx+1+DGEVx—-1+1)=3x
o 50x—1+1=3x+1-1) dox>1
o 5Ux—1+4=3Jx+1<20Jx-1=9-8x

9 xsg
X< — 8
SR= 8 = 3
+
64x? —54dx +481=0  |x=2EIN3

8
34-1543 26 —154/3

) Véi y?+a+1=0=x+y> =0 (loaido x>1)

Vay nghiém cua h¢ phuong trinh 1 (x;y)= {(—1;1), (34 — 15\/§; 26— 15\@}} .

8 8
Bai toan 9.
3+2Jy*+4|(6x+5)=16 1
Giai hé phuong trinh ( Y )( ) ®) (x,yell)
y3—3x(y2—2y+6)—18x2+6y:0(2)

Phén tich: Xét phuong trinh (2):
+)Cho x=0=y=0
Ta nhan duoc (x;y) = A, (0;0)
+)Cho y=0=>x"+x=0=> :
X=—

Ta nhan duoc (x;y)=B,;(-1;0)
+) Cho y=1=18x>+15x - 7=0=

Ta nhan duoc (x;y)= {C1 (%;lj,cz (—%;1}

Suy lugn va dw dodn.
Phygng trinh.dudng thing AR, - y=0,
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Nhan thdy cac diém C,, C, ¢ A,B,.
Cau hoi dat ra la: Phdi chang da thirc trén la khong kha quy ?
Ta du bao rang, néu da thic bac ba 1a kha quy né c6 thé 1a tich ciia mot da thirc
béac nhat va mot da thirc bac hai, tuy nhién viéc thir trudng hop y = Ochung ta
nhan dugc mot gia tri gidng vai truong hop x = 0, diéu d6 khién chung ta lién
tuong rang da thirc bac nhét d6 ddc biét ching ? (y = kx)
Bay gid chung ta s& thir truong hop khéac dé thay thé cho trudng hop x =0
+)Chox=1= y’-3y* +12y-36=0=y=3
Ta nhan duoc (x;y)=D;(1;3).
Ta c6 cac duong thang : A,B, :y=0; A,C, :y=3x; A,C, :6x+ 7y
Nhan thay D, € A,C, = tadu doan mdi quan hé giira cac bién la y = 3x
Loi gidi. DBat 3x = a, thay vao (2) ta duoc:
(y3 —ay2)+(23y—2a2)—6a+6y:0<:>(y—a)(y2 +2a+6)=0
+) Vo6i y = a = y = 3x ta c6 phuong trinh
(8+2v0x" +4)(6x+5) =16 & (3+ V362" +16 ) (6x+5) ~16
bat ¢ =6xkhi do
(34 +16)(t+5)=16 < (3+ Vi +16) (¢ +8)+2(Je +16 -5) =0
-9
o (34 +16](t+3)+2———=0 _ 1,3
( )( ) m+5 t——3:x——§:y——§

2 2t-6 | 7 £ +2t+10+5V2 +16
& (¢+3)| 3+4t7 +16 + ——— =0 3+ -0 (VN)

N +16 +5 N2 +16 +5

+)V6i y? +2a+6=0=y> +6x+6=0

Tu PT(1) c6 VP>0= VT >0suyra 6x+5>0:>y2 +6x+6>0
Hay truong hop nay khong xay ra.

Vay nghiém cta hé phuong trinh 1a (x;y) = [—%;—gj .

Bai toan 10.
xy* +4y* +8=x(x+2) (1)

x+y+3:3\f2y—1 (2)

Giai hé phuong trinh{

Phén tich.
Xét phuong trinh (1):

+) Cho x=0=>y*+2=0 (VN). Khong ton tai diém A
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2 x=—4

+)Cho y=0=x"+2x-8=0=>
x=2
Ta nhan duoc (X; y) = {Bl (—2;0), B, (4;0)}

+) Cho x =1=>5y? +6=0(VN). Khong tdn tai diém C,

) x=3
+)Cho y=1=2x"+x-12=0=

X =

Suy ludn va dy dodn.
Khi cho cac gia tri dac biét cua x, ta nhan théy A, C; khong tdn tai, diéu dé co
thé do da thtrc bac nhét nay dic biét (x =k).
Khi cho cac gia tri cia y khac nhau, ta déu nhan dugc gia tri x = -4. Ta dy doan
mot nhan tur trong tich d6 1a (x + 4)
Loi gii. Didu kién y> %
Tu phuong trinh (1) ta c6 :
a2
(x-+4)y? ~(x+4)(x~2) =0 (x +4)(y? ~x +2) =0 {’“{;2
xXx=-
THI: x = -4, thé vao phuong trinh (2) cta hé ta co
yz1 yz1
~1=32y-1o o = y=10+3y10
Y Y {y2—20y+10:0 {yzloi&/ﬁ Y

TH2: x = y* + 2, thé vao phuong trinh (2) ctia hé ta co

Y +y+5=38{2y-1 @yz—y+%+(2y—1—3\/2y—1+%J=O
2
(y2—y+%j+(,/2y— —%) =0 (VN)

Vay nghiém cua h¢ phuong trinh 1a (x;y) = (—4; 10+3410 ) .

Bai toan 11. (Trich TSDH- Khoi A 2012)
X’ =3x* -9x+22=y’ +3y* -9y (1)

Giai h¢ phuong trinh
X2+y2—x+y=% (2)
Phén tich.
Xét phuong trinh (1):

+) Cho X=O:>y3 +3y2 —9y-22=0=y=-2
Ta nhén dugc gi trj hitu ty (x;y)=A,(0;-2)
+) Ch 3’
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Ta nhan dwoc gié trj hitu ty (x;y)=B,(2;0)

+)Cho x=1=y> +3y? -9y —11=0=y=-1
Ta nhan duoc gid tri hitu ty C, (1;-1)

Suy ludn va dy dodn.
Phuong trinh dudng thdng A;B, :x—y—2=0. Nhan thiy C, €(AB,) do vdy
ta dy doan mdi quan hé gittax, ylax—y—-2=0

Loi giai.
biat x — 2 = a, thay vao phuong trinh (1) ta dugc a’+3a2-9a= y3 + 3y2 -9y
<::>(a—y)(a2 +ay+y’ +3a+3y—9):0

+) Véi a=y = y = x — 2 thay vao phuong trinh (2) ta co:

4x% -8x+3=0<

wmto-{3-2)3-3)

+) Véi a? +ay+y2 +3a+3y—-9=0, thay x = a + 2 vao phuong trinh (2) ta c6 hé:

21
a2+ay+y2+3a+3y—9=0 ay+2y—?:0
&

2, .2 3_
a“+y +3a+y+5—0 az+y2+3a+y+%=0

Lo 2l-4y
2y
< 2
2% +3a+| —2 2L 1320
2(a+2) 2(a+2) 2
_ 21
!’ 2(a+2)
4a* +28a° +70a” +114a +549 =0 (*)

Ta co: 4a’ [az +7a +?j +(21a2 +114a+ 549) >0 nén (¥) vo nghiém.

Vay hé ¢6 nghiém (X;y) = {[ 1,
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Binh luén.
> Bing cach thiét 1ap biét thirc Delta cho phwong trinh (2), ta c6 thé tim diéu kién
chit cia cc bién nhu sau :
VR % > 3 1
+)Xemx laansdo: = A, =3—4(y +y)20:>—53y£5
1

+) Xemy 14 an s :Ay:3—4(x2—x)ZO:—%SxS%:—ESaS—E

Luc do : a2+ay+y2+3a+3y—9=(a+3)(a+y)+(3y—9)<0
Via+3>0, a+y<0, 3ys% nén ta dé dang loai bo trudng hop nay.

> Bai toan duoc giai quyét nhu 161 giai trén dé chung to ring ta c6 thé giai quyét
tron ven bai toan trén ma khong can st dung dén viéc tim diéu kién chat cua cac
bién. Viéc sir dung may tinh bo tii CasiO dé giai phwong trinh bac 4, cic ban
6 thé xem & phu luc.
Bai toan 12. (Tap chi TH&TT — thang 01 nam 2015)

2x° er3 +2x° +y2 =xy(2x+3y+4) (1)
Giai h¢ phuong trinh{ 42 4 | . y2+1 10

=3 (2)

y X
Phan tich : Xét phuong trinh (1):

y=0
y=-1

+) Cho x=03y3+y2=0:>{

Tanhén duge (x;y)={A,(0;0), A, (0;-1)}
x=0
x=-1

Ta nhén duge (x;y) =B, (-1;0)

+)Cho y=0=2x>+2x>=0=

+) Cho x=1:>y3—2y2—6y+4=0:y=—2
Ta nhén dugc (x;y)=C; (,-2)

+)Cho y=1=2x> -7x+2=0=>x=-2
Ta nhan duoc (x;y)=D, (-2;1)

Phdn tich va suy ludn.
Nhan thay néu da thirc bac ba kha quy, né c6 thé chira mot da thirc bac nhat. Tir
d6 ta c6 cac phuong trinh duong thing AB,:y=0; A,B;:x+y+1=0

Dé thay C,,D, € A,B, nén ta du dodn mbi quan hé giira cac bién 1a x +y+1=0.
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Loi giai. Didu kién x,y #0.
Tu () taco: 2x° +y3 +2x° +y2 =4)(y(x+y+1)—2)(2y—>(y2
<:>2X2(x+y+1)+y2(x+y+1)—4xy(x+y+1)=0
x+y+1=0
@(x+y+l)(2x2+y2—4xy)=O© 5 };
2x°+y  —4xy=0
+) Véi x +y = -1. Két hop voi phuong trinh (2) ta tim dugc xy = -6
Liic d6 nghiém cua hé da cho 1a (x;y) = {(2;—3),(—3;2)}
+) Véi 4xy=2x2 +y2 :>4xy2x2 +y2 >2xy =>xy=0
Két hop véi phuong trinh (2) suy ra x, y > 0. Do do:
2 2
1 1_2x 2 2x 2 1
= VT(2)= AN A e f—x—y =4>—0>VP(2)
y X y X y X 3
Hay truong hop nay khong c6 nghiém.
Vay hé da cho ¢6 nghiém (x;y)= {(2; —3),(—3;2)}.
Bai toan 13. (Trich TSPH khoi A nam 2011)
5><2y—4xy2 +3y3—2(x+y)=0 (1)
Xy(x2 +y2)+2:(x+y)2 (2)

Giai h¢ phuong trinh

Phan tich.
Néu da thirc & phuong trinh (1) kha quy, lac d6 do da thirc 13 bac hai ddi v6i 4n
x nén biét thirc A, phai chinh phuong. Ta d& dang kiém ching né khong co diéu
nay.
Xét phuong trinh (2):
+)Chox=0=y* =2
+)Choy=0=x>=2
+) Cho x=1:>y3 —yV—y+1=0=y? =1

Suy lugn va dw dodn.
Nhin thiy da thirc & phuong trinh (2) ¢6 bac 4, do d6 néu no kha quy thuong 1a
tich cua hai da thtrc bac nhat va bac 3 hodc 1a tich cta hai da thtrc bac 2.
Vi viée xét voi cac gia tri x — 0, y = 0 chiing ta khong nhan dugc cac gia tri
hiru ty, do vay ta s€ loai trir kha nang no 1a tich cia mdt bac nhét va bac 3.
Hon nita chiing ta lai nhan duoc (ngyz) = {A1 (0;2),B,(2;0),C, (1;1)}

Lic d6 phuong trinh dudng thang A;B;:X+Y=2 va C, €(A,B) trong dé

X=x2,Y= y2 . Tr d6 ta du doan mbi quan hé giita chung 1a x2 + y2 =2
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Loi giai : Ta co
xy=1

2,2 2.2 2,2 1=
(2)c>xy(x +y )+2—x +y +2xy<:>(X +y 2)(Xy 1)_0@{"2"'}'2:2

. 1
+) V6i xy=1= x =—, thay vao (1) cho ta y4—2y2+l=0©y=i1
y

Ta suy ra c4c nghiém (x;y)= {(1;1),(—1;—1)}.

+) Véi x2+y? =2

{ X2+y2=2 x2+y2=2

=
5x2y—4xy2 +3y3 —2(x+y)=0 5X2y—4xy2 +3y3 —(x2 +y2)(x+y)=0

DAy 1a mot phuong trinh ding cdp 5x%y —4xy? +3y° — (x2 +y? )(x +y)=0

e Xéty =0 khong phai 1a nghiém
e Véi y# 0 chia ca hai vé cho y° ta dugc

5167

y

Pt t=— khidé ta duoc phuong trinh t3—4t2+5t—2=0@L:2
y =

» Véit=lex=y suyra:(x;y)=(L1) hodc (x;y)=(-1-1)

" Vi t=2<x=2y tr x> +y° =2

@@j hoéc(X’y):(_%/ﬁ-ﬂJ
- ac(X; "

Suyra(x;y):( S . :
Vay, hé c6 nghiém (x;y) :{(1;1)’ (1 1), (2\51ﬁ; \/?} (—2gﬁ; _éﬁj}

Bai toan 14.
\/x—y+1+\/2—y=x (1)

Giai hé phuong trinh
P s xy(x2+y—3):(x+1)(x2—2)+y. (2)

Phén tich : Xét phuong trinh (2):

+)Cho x=0=y* =2
Trudng hop nay cho ching ta du doan, néu da thic bac 4 & (2) kha quy no s&

khong dua vé dugc tich ciia mot da thirc bac nhat va bac 3. (Do y khong co gia

tri iy
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X
+) Cho y=o:{

y=2
y=1
Truong hop nay chimg t6 n6 khong thé 1a méi quan hé giira x* va y* vi néu diéu

+) Cho x=13y2—3y+2:0:{

do xay ra gia tri nhan dugc cliay phaila y=z+a.
+)Cho y=1=x"=1
Suy lugn va dw dodn.
e Da thiic bac 4 nay khong 1a tich cua mét da thirc bac nhét va bac 3.
e Da thtrc nay khong c6 mdi quan hé giira x%, y*.
e Nhan thay (xz, y) ={A,(20),B,(1;1)}, nhu vay nhiéu kha ning xay ra mdi quan

hé gilta x* va y. Ta s& thir mot vai truong hop khac dé kiém chimg diéu nay.

1
+)Cho y=-1=2x’+x">-6x-3=0= =73
x*=3

Ta lai nhan duogc (xQ;y) =C,(3;-1)
e Khi d6 phuong trinh dudng thing A B, : X+Y =2, (szz,Y:y) va C, e AB,.
Tir d6 ta du doan mbi quan hé gitta cac bién 14 x> +y =2
Loi gii.
(2)<:>xy(x2+y—2):x3+x2—2x—2+y+xy
<:>xy(x2+y—2>:(x2+y—2)+x(xz+y—2)
2Ly-2=0
o(ry-2)(xy-x-1)=0e|" 77
( Y )( Y ) Lcy—x—lzo
) Voi x¥*+y-2=0=>y=2-x"
Thay vao (1) ta dugc

\/x2+x—1+\/x_2:3c<i)ac2+x—1:0c>x:_lJr\ig

2
(Do tir (1) suy ra diéu kién c6 nghiém cua phuong trinh ldx>0)

+) Véi xy—x—1:0:>y:x—+1 thay vao (1) cho ta : fx—l+ ’1—l:x
x x x

e Khi x€[-1;0) , phuong trinh da cho v nghié¢m.

e Khix>1:
Taco:
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1 1+x—l
/x—— < —X
X AM-GM 2
1 1 l+x—1
X X AM-GM 2

1 1
1 1 1+4x—— —+x-1

=VT=[x-——+,[1-—< X X =x=VP
X X 2 2

2——:
X -x-1=0 5 +1

x>1 2

—1+\/§;1+\/5_}(1+\/5_;1+\/5_J}

2 2 2 2

Dau ‘=’ xay ra khi va chi khi {

Vay h¢ di cho c6 nghiém (x;y)= {

Nhue dd néu ¢ phan mé dau: Nhitng cdi diing voi mot vai triueong hop chwa han di
xdy ra voi tat cd cdc truong hop. Do do dé cé nhitng suy ludn mang tinh Logic

thi viéc ¢é thoi gian dé thir dwgc nhiéu gid tri sé cho ching ta dén gan hon véi
nhitng phan doan chinh xdc.

II1. Tim mdi quan hé giira cAc bién v6i phwong trinh hai 4n chira cin thiec.
Bai toan 15.

Z\ix2+3x—y—\/4x+y2 =x+1 (1)

Giai hé phuong trinh
42x+1+x-2y+2=0 (2)

(x,yell)

Phén tich.
D& dang nhan ra phuong trinh (2) khong thé c6 méi quan hé nao khac giira cac

A2 +1+x+2
2

bién vi (2)=y
V6i phuong trinh (1):

+)Cho x=0= 2J—y - [y’ =1=y=-1
Ta nhéan dugc (x;y)= A, (0;-1)

+) Cho y:0:>2x/x2+3x—\/AE=x+1:x:1
Ta nhan duoc (x;y) =B, (1;0)

+) Cho y:1:>2\/x2+3x—1—\/4x+1 =x+1=>x=2
Ta nhan duoc (x; y)=C1 (2;1)
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Suy lugn va dw dodn.
Ta c6 phuong trinh duong thing A B, :x—y-1=0 va diém C, e (A,B)) nén ta
du doan mdi quan h¢ gitra cac bién 13 x - y—-1=0.

Loi gidi. Didu kién x> —é :
Phuong trinh (2) tuong dwong 42x+1-2(x+y)+3x+2=0 do

3x+2>0=>x+y>0.
Mat khac tir phuong trinh (1) ta co

(\/xz+8x—y—\f4x+y2)+(\fx2+3x—y—x—l):O

<:><x—y—1)[ £ty ! }o g

\/x2+3x—y +\/4x+y2 +\/x2+3x—y+x+1

1 \ A
Do x2—§:>x+1>0 va x+y>0 nén

x+y 1

0
\/x2+3x—y+\,4fﬂ4x+y2 +\/x2+3x—y+x+1>

Vivay (*) o y=x-1

Thé vao phuong trinh (2) suy ra
x=4

42x +1 —x+4:O<:>{

=40 =y =39
16(2x+1)=(x—4) 7

Vay nghiém cua hé phuong trinh 1a (x;y)=(40;39).

Luuy.

e Trong viéc thir cdc gid tri, ching ta thwong bat gdp phwong trinh vé ty, chiing
ta khéng nén truc tiép gidi cdac phwong trinh vé ty dé vi né khién ching ta mat
nhiéu thoi gian.

o Dé xit Iy cdc phirong trinh vé ty nay ta nén dodn nghiém: Nghiém sé lam cho
gid tri trong can la sé chinh phiong, hodc ta cé thé sir dung mdy tinh bo tii
CasiO dé do nghiém (Xem cdch sir dung ¢ Phu luc).

Bai toan 16.

V2x+41-\2y+1=y-x (1)

Y2y" +100° —4x-4=2y (2)

Giai h¢ phuong trinh {

Phén tich: Xét phuong trinh (1):
+)Cho x=0=1-2y+1=y=y=0
Ta nhan duoc (x;y)= A, (0;0)

+)Cho y=0=>+2x+1=1-x=x=0
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+)Cho x=1=3-\2y+1=y-1=y=1
Ta nhéan dugc (x;y)=B,(1;1)
+) Cho x:Z:x/g—\/m:y—2:>y=2
Ta nhén duge (x;y)=C,(22)
Tir d6 ta dw dodn méi quan hé giita cdc bién la x =y

Li giai. Didu kién xy > _%

Taco (1)<:>(m—\/ﬁ)+(x—y)=0c> 2(x-7) +(x-y)=0

V2x+1+2y+1

@(x—y)[

Thé vao phuong trinh (2) ta duge 2x = ¥2x* +10x*> —4x— 4

<:>x4—4x3+5x2—2x—2:0<:>(x4—4x3+4x2)+(x2—2x)—2:0

+1 (=0 x=
V2x+1+2y+1 J Y

<:>(x2—2x)2+(x2—2x)—2=0
{xZ—szl {x2—2x—1:0
=

—1442
¥ -2x=-2  |a*-2x+2=0 (VN) 2

Vay nghiém cua hé phuong trinh 13 (x;y) = (1 +2;1+ \ﬁ) .

Bai toan 17.

xz—y2+1:2(\ﬁ—ﬁ—x)
\/x+_1+\/yTS+x—y:2

Phén tich: Xét phuong trinh (1):

+) Cho x:O:—y2+1:2(\/§—1):>y=1

(x,yeD)

Giai h¢ phuong trinh{

Ta nhan duoc (x;y) = A, (0;1).
+) Cho y:03x2+1:—2(M+x):>x:—1
Ta nhéan duoc (x;y)=B,(-1,0)
+) Cho x=3=10-y*=2(\y-5)=y=4
Ta nhan duoc (x;y)=C,(3;4)
Suy lugn va dw dodn.
Phuong trinh duong thing AB, :x—y+1=0 va C, e (AB)). Tir do ta du doan
Mdi quan h¢ giita cac bién 1a x—y—-1=0.
Dé xit ly phwong trinh (1) chiing ta c¢6 nhieu cach, chang han:
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Cach 1.
+) HE khong c6 nghiém {xi_l
L. |x>-1 ,
+)V01{ , ta co:
y>0
2(x+1 )
(x+1) y+2(«ix+ \F) 0O (x+1-y)(x+1+y)+ ——+==0
x+1+4y
(x—y+1){(x+y+1)+—,ﬁ2+\5}=O<:>x—y+1=0
Do véi didu kie x+1>0 1 2 0
o vdi dieu kién {y>0 :>(x+y+ )+—x+1+\/§>

Céch 2. Tir phuong trinh (1) tacé (x+1) +2Jx+1=3*+2\fy

Xétham sé £(£)=£*+24F (£20)= f'(t) =2t +-=>0 V>0

Jt
Ham s dong bién ¢ >0, khi d6 ta co flx+1)=f(y)eoy=x+1
Khi x-y+1=0thay vao phuong trinh (2) ta co:

Jx+l+x-2=3cJx?’-x-2=5-x

S 3 4 (TM
< xz—x—2=(5—x)2<:>x_ =y =4(T™)

Vay, hé c6 nghiém la (x; y) =(3; 4).

Bai toan 18.

x+3=2,(3y—x)(y+1) (1)
Giai hé phuong trinh p (x,yel)

5+xy:~j3y—2+2y+2

Phin tich : Nhan thiy phuong trinh (1) sau khi nang 1én liiy thira hai vé thi ban

chét ciia PT(1) ciing 1a mdt da thic bic hai, do vdy ta c6 thé d& dang kiém
chung n6 c6 kha quy hay khong nho ky thuat DPen-ta chinh phuong.
Nhu vay:

a <:>{x+3>0 <:>{x+3>0
(x+3) =4(8y-x)(y+1)  |(2y—x-1)(x+6y+9)=0
x=-b5

Loi gidi. Didu kién |y > %

3y-x20
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) x+320 x+3=>20

T8 =43y -x)(y+1) " |(2y-x-1)(x+6y+9)=0
x>-3

9 =>x+6y+9>0 nén
y2§

(2y—x—-1)(x+6y+9)=0<=2y-x—-1=0

Két hop diéu kién {

+) Vi x =2y —1. Thé vao phuong trinh (2) ta c6
2(y-2)
3y—-2-— 2=2y"-83y-2 ——o 7 —(y-2)(2y+1
NEX NY+ y y Qm_’_m (y )( y+)
<:>(y—2)[(2y+1)(,/3y—2+«/y+2)—2]:0

y=2=>x=3
=

(29 +1)(YBy=2+y+2)-2=0 (¥
Theo diéu kién ta c6 y223(2y+1)(a23y—2 +«/y+2)2(%+1j(,/§+2]>2

nén phuong trinh (*) v6 nghiém
Vay nghiém ctia hé¢ phuong trinh 1a (x;y) =(3;2).

Bai toan 19.

,fx+y(x—1)+\ﬁzy+\/7 (1)

(\/x+2+\/2y—x+6)(\/2y_1_3):4 (2) (x,yell)

Giai h¢ phuong trinh{

Phan tich : Xét phuong trinh (1) :

+) Cho x=0:>@=y+ y=y=0
Ta nhan duoc (x;y)= A, (0;0)

+) Cho x:1:>2=y+\/§:>y:1
Ta nhan duoc (x;y) =B, (1;1).

+)Cho x=2=\y+2+2=y+fy=y=2
Ta nhéan dugc (x;y)=C,(22).

Suy lugn va dw dodn.
Tir cac két qua trén ta dy dodn mdi quan hé giira céc bién 1a x = y.
x20
1
Léi giai. Didu kién |~ 2
x+y(x-1)20
+62>0

2y —
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Tur phuong trinh (1) ta c6 ,fx+y(x—1)—y+ﬁ—\ﬁ:0

1+y 1

) \/x+y(x—1)+y+\ﬁ+\ﬁ

x+xy—y—y* x—y
= + =
\/x+y(x—1)+y \Eﬁ“\ﬁ

Sx=y

=0

0= (x-y

o 1+y + 1
\/x+y(x—1)+y \/;+\E

Thé vao phuong trinh (2) ta ¢6 («/x +2+x+ 6)(«/2x -1- 3) =4 (*)

D

>0 VxZO;yZ%

Tur phuong trinh suy ra 2x-1-3>0<x>5
Xét ham s f(x):v’x+2 +Jx+6>0
1 1

- + >0 ham sb luon ddng bién
Wx+2 2Jx+6 8

Taco f'(x)

Tuong ty g(x)=+2x-1-3>0=g'(x)= >0 ham sd ludn ddng bién

1
V2x -1
Khi d6 ham s6 £ (x)g(x) = (Vx+2 +x+6)(V2x—1-3)

Ham sb ludn déng bién
Nén phuong trinh (*) c6 nghiém duy nhat x =7
Vay nghiém ctia h¢ phuong trinh 1a (x;y) =(7;7).

Bai toan 20. (Trich TSPH — Khéi B nim 2014)

Giai hé phll'O'l’lg trinh{(l—y)ﬁ-Fx=2+(x—y—1)\ﬁ (1)

k (x,yeD)
2y” —3x+6y+1=2Jx—2y —\[4x—5y-3 (2)

Phén tich: Xét phuong trinh (1):

+)Cho x=0=(1-y)J-y=2—(y+1)\y (V6 nghiém)

+) Cho y=0=Jx+x=2=x=1
Ta nhan duoc gid tri (x;y) = A,(0;1)

+)Cho y=1=x=2+(x—2) (Nghiém ding véi moi x).
Diéu nay dan dén mot nhan tir ciia tich chic chén 1a (y-1).

+)Cho x=1=(1-y) 1—y=1—y\5:{y:(1)
y:
Ta nhéan dugc (x;y)=B,(1,0).
Vi truong hop (x;y)=(1;1) da roi phép thir thir hai.
+)Cho y=2=~fx—2+x=2+(x-3)2=x=3

........ )6 (32)
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+) Cho y:3:>—2m+x:2+(x—4)\/§:>x:4
Ta nhan dugc D, (4;3)
Suy lugn va dw dodn.
e Phuong trinh (1) ¢6 mdt nhéan tir chic chan 14 (v-1)
e Phuong trinh duong thang BC,:x-y-1=0 va diém D, e(B,C,) nén ta du
doan mbi quan hé giita cac bién1a x—y-1=0.
e Takhéng dung dugc diém A, nfta vi n6 roi vao két qua cta phép thu thir ba.
e Két qua ctia phép thir thir nhat khong c6 gia tri cua y 1a boi diéu kién x> y>0.
i y=>0
Loi gidi. Dicu kién {x >2y (*)
4x>5y+3
Ta c6 phuong trinh (1)

e 1-y)(r=y-1)+(x-y-1)(1-y)=0
@(1_y)(x_y_1)ux_1y+1+1+15J:o (3)

y=1
y=x-1

1 1
Do +
\/x -y+1 1+ \/;
Vo6i y =1 phuong trinh (2) tr¢ thanh 9-3x=0<x=3
Vi y=x—1 khi d6 diéu kién (*) trd thanh 1<x <2
Thé vao phuong trinh (2) ta c6 2x* —x-3=+2—-x

&2 =x-1)(r-1-TF) =0 & (¢ o-1) 2o L] -0
1+

2
Két hop didu kién (*) x =1 +2J5 —y= ~/52—1

>0 nén(3)<:{

ox*-x-1=0=x=

>

Vay nghiém cua hé phuong trinh 1a (x;y) = {(3;1),[1 +2J§ 1 ; \/Ej } .

Bai toan 21. (Trich TSPH Khoi A — 2010)

(42° +1)x+(y-3)\5-2y =0 (1)
40’ +y* + 23 -4x =7 (2)
Phan tich. Xét phuong trinh (1):

Giai h¢ phuong trinh

+) Cho x=0:>y=g (Do ysg)
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Ta nhan dugc (x;y)= { A, (OEJ}

2
+) Cho y:0:>(4x2 +1)x—3£:0:x:§
Ta nhan duoc (x;y) =B, [?;OJ

+) Cho y=2:>(4x2+1)x—1:0:>x=%
Ta nhén dugc (x;y)=C, (%, 2}

Suy lugn va dw dodn.

e Ta nhan thay, khong thé xay dung mdi quan hé giira cac bién bang viét phuong
trinh duong thang cic duong thang A B, dugc, do C, s& khong thudcduong
thang d6 vi gia tri cua cip C, (x;) hitu ty.

e Trong phuong trinh (1) chira \/5—2y , nén mdi quan hé nay c6 thé 1a mbi quan
hé gitra cén thirc ,ﬁ) —2y vabién x? Pat Y = J5-2y

+) Cho x=0=Y =0

+)Cho Y=0=x=0

+) Véiy=2:>Y=1:>x=%

+) Cho y:—2:Y:3:>(4x2+1)x—15:0:x=%

Ta co cac cap (x;Y)= {A1 (0;0),B, (%;1),01 @3}

Phuong trinh duong thing A B, :2x=Y va C, e (AB).
Do vay ta du doan dugc mbi quan hé nay 1a 2x=Y hay 2x = J5-2y

x < §
Loi giai. Didu kién. | ¢
< —
v 2
Dén day chung ta c6 nhiéu cach dé xir Iy phuong trinh (1), chang han:
2
Cach 1. bat «f5—2y =a(a20)=y= 5—2a

Thay vao phuong trinh (1) ta nhan duoc

(4x2+1)x+(5_2a2 —SJa:O<:>(8x3—a3)+(2x—a):0
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Cach 2.
PT(1) < (42 +1).20=(5-2y +1) {52y
Xét ham sb dai dién f (¢)= (t2 + 1)t , d& thdy ham ddng bién trén R, nén

x>0

f(2x)=f(B-2y) =20 = -2y = T,

2

2

Tu do tathay y= vao phuong trinh (2) c6:

2
4x2+(g—2x2j +243-4x-7=0 (*).

2
Xét ham sb g(x)=4x" +[g —2x2j +23-4x-7,x e (O;%j

4
3—4x

4
3—4x

<0

2
Co g'(x):Sx—Sx[g—%czj - =4x(4x2—3)—
Nén g(x) nghich bién trén [O;%J , ddng thoi g[%j =0. Nén phuong trinh nay
c6 nghiém duy nhat x = % .
Suy ra hé c6 nghiém duy nhat (xy)= [%;2}.
Binh luén.
Dé giai phuong trinh (*) ta c6 thé sir dung PP nhan lugng lién hop. Van dé nim

& viée tim nghiém cta phuong trinh nay (Xem phan Muc Luc).
Bai toan 22.

3y -1 «f?) —1=(3x—4)V3x+2 1
Giai hé phuong trinh (8= T)\3y (Bx—4)Sx+ 1)
By-1.By-5=8x-12 (2)
Phén tich.
Xét phuong trinh (1):

+)Cho x=0= (3y-7)\By-1=-42=y=1
Ta nhan duge (x;y)=A,(0;1)

+) Cho x=1=(3y-7)By-1=—6=y=2
Ta nhan duoc (x;y) =B, (1;2)

+)Cho x=2=(3y-7)\By-1=28 = y=3
Ta nhan duoc (x;y)=C,(2:3)
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Suy ludn va dy dodn.
Phuong trinh duong thang A B, :x—y+1=0 va C, e A B, do d6 ta du doan mbi
quan hé giira cac bién1a x—y+1=0.

2
x>-=

Loi gidi. Diéu kién 3

y2

w | ot

Tu phuong trinh (2) suyra 8x-12>0< x> g .

Dé xir Iy phirong trinh (1) ching ta ¢é nhiéu cach. Chang han:
Cich 1. Datu=By-1(z>2),v=8x+2(v=7)

Tu phuong trinh (1) cho ta

u3—6u:vs—6v<:>(u—v)(u2+uv+vz—6):0<:>u:v:>y:x+1,

u>2
do{ su+v+uv-6>0.

vzﬁ
Cich 2. (1) = (3y-7)\By—1 =[(3x+3)-7]{[(3x+3)-1

Do y2§:>3yz5;x2§:>3x+32E
3 2 2

Xét ham sb dai dién £(¢)=(¢t-T)\t-1, t>5
t-17 3t-9
Taco F'(t)=Alt-1+———="—"_>0,Vt>5.
! ( ) WNt-1 24t-1
Néntr f(3y)=f(3x+3) <= y=x+1
+) Véi y=x+1, thay vao (2) tacod  3x+2./8x -2 =8x-12 (¥).

Dit Bx-2=a [a > \/gj . Phuong trinh da cho tré than

8(a®+2
axS/a2+4=¥—12<:>33‘&+% +2:8.

a

Ham s fla)= 33?1 + % + 2—(2) , nghich bién trén l:\/g + ooJ va f(2)=0
a a a

Suy ra phuong trinh (*) c¢6 nghiém duy nhat x = 2.

Hay h¢ phuong trinh da cho c6 nghiém {x_: 2
Bai toan 23.
P +4 +1)=2 1
Giai h¢ phuong trinh (xJM/x i )(y+\/y ’ ) (1)
27x° = x° -8y +2 (2)
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Phén tich: Xét phuong trinh (1):

+) Cho x=0=y+y’ +1=1=y=0
Ta nhan duoc (x;y)= A, (0;0)

+) Cho y=—1:>(—l+x/§)(x+\/ﬁ)=2:>x=2
Ta nhan duoc (x;y) =B, (2-1)

+) Cho y=1:(1+J§)(x+M)=2:x=—2
Ta nhan duoc (x;y)=C, (-21)

Suy lugn va dw dodn. 7 ’
Phuong trinh duong thang A B, :x=-2y va C, € A B, nén ta du doan moi quan
hé d6 13 x+2y=0.

Loi gidi. T phuong trinh (1) ta co < x+ N . ,f(—2y)2 +4+(-2y)

Ham sb f(¢)= N dong bién trén R nén (1) x=—2y
Thé vao 2)tacd 276 =" +4x+3 <= 3x? =’ +4x+3
@(x+1)3+(x+1):x3+4x+3+m (3)
Xéthamsd g(¢)=t>+¢, te R=g'(t)=3*+1>0,vtcR.

Suy ra ham s g(t) dong bién trén R nén

(.‘3)<:>x+1:3x3+4x+2c>3x2—x—1:0@x=1J_r;}/E
Do d6 nghiém ciia hé 1a (x;y):{[1‘””1_3;‘“”/1_3],(1“/1_3;‘1‘41_3]}
6 12 6 12
Bai toan 24.
«f3y+1+\/5x+4:3xy—y+3 (1)
Giai hé phuong trinh a(®+ 2+
«¢2xz+2y2+ —(x {-3;/ xy)=2(x+y) (2)
Phan tich.

Ta d& dang nhan thiy tinh déng cip & phuong trinh thtr (2) cua hé. Van dé bay
gio con lai 12 tim hang s6 « dé x=ay.
Xét phuong trinh (2) :

2
+) Cho x=1=2y° +2 + 4y+—;y+4:2+2y:>y:1

Dy doan x=y.
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1
Loi giai. Diéu kién 3

Nhan théy (%) =(0;0) la mot nghi¢m ctia h¢ phuong trinh.
Dé xir 1y phuong trinh (2) ta c6 nhiéu cach :
Ciach 1. Do VT'(2)>0=VP(2)=x+y>0.Khido:

(2)@[«{2x2+2y2 —(x+y):|+|: M—(x+y)]:0

3

(-9 | (x—y)
\l2x2+2y2 +x+y \/4(x2+y2+xy)

3

=0

+x+y

S x=y,do ! + !
\/2x2+2y2 +x+y \/4(x2+y2+xy)
3

>0,Vx+y>0
+x+y

Cach 2.

VT(Z):\/(x+y)2+(x—y)2 +\/(x+y)2+(x_3y) Z|x+y|+|x+y|22(x+y):VP(2)

Je 5 X =
Dau “=" x4y ra < Y
X+

y20
Céc 3. it {“y =5 (S* 2 4P) . Khi d6 PT(2) trd thanh:
xy =P
\/7 S>0
2P 28 & 2
y2(s 2S+_16P 2\/§(sz_2p)(s2_p)
3
S>0, S2 >-8P
S>0 _
= = §*=4P < S?=4P
16P* +88PS? -238*=0 4
SP=-—p
23
A poup
23

2
Do khi szz—zi‘SP: {S 24P

2
§2-8P | _4p, gp
23

= {i i 8 = P =0 (Khdng x4y ra)
+) V6i x =y thay vao phuong trinh (1) cho ta:

V3x+1+hx+4=3x-x+3
<:>(x+1—x/3xfl)+(x+2l—a\i5 +4)+3
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2 2 =0
o xox + X X +3(x2—x):0<:>x2—x:0<:> x
x+1+3x+1 x+2++Bx+4 x=1
Do & 1 + 1 +3>0,Vx2—1.
x+1+3x+1 x+2++px+4 3

Véy nghiém ctia hé da cho 1 (x;y) = {(0;0),(1;1)}.

Bai toan 25.
2+ =xy,[2(x% + 5P 1
Gidi hé phuong trinh {~ >N (x*+57) @
ax+ ' -1 =9(y-1)V2x-2 (2)

Phin tich: Ta nhén thiy tinh déng cap ¢ phuong trinh (1), vin dé con lai 14 ta can
tim hang sb « théa min x = ay.

+) Cho x=1= 3" +1=y,/2+2y* =y =1. Tir d6 ta suy luan rang mdi quan h¢ gitra
cac bién la x=y.

Loi gidi. Didu kién x>1. Tir phuong trinh (2) ta co:
VI'(2)20=>VP(2)20=>y>1

Pé xir Iy phieong trinh (1) ta ciing cé nhiéu cach, chang han:
Cach 1.

(1)<:>xy( 2(x2+y2)—x—y)+x2(y—x)+y2(x—y):0

2
xy(x—y)
\/Z(xz +y2) +x+y

e (x-y) ald —(x+y)|=
(==2) (\/2(x2+y2)+x+y ( y)} "
C{ (x-y)'=0

xy:(x+y)2+(x+y) 2(x2+y2)
Chu ¥ la:

xy:(x+y)2+(x+y) 2(x2+y2) <:>—(x2+y2+xy):(x+y) 2(x2+y2)

~(x—y) (x+y)=0

A L. x21 . ~
Khong c6 gia tri { thda man.
y=>1
Cach 2. Dit x=ty (¢>0), ta co:
3c3(1+1,“°’):t9c3 2(1+t2)c>(1+t3):t 2(1+t2)
et -2 426" =26 +1=0 (¥ -2t +1) (¢ +26° + £ + 2 +1) =0

st=1,dot>0
H
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Cach 3.
(2 49)(w) 40 - E2) B ) o )
22%'\/(’6+y)2\/2(x2+y2):xy(x+y) 2(x*+37), do 4,y >1.

Hay x° +y® > xy, ?2(x2 +y2)

Déau “="xayra < x=y.
+) V6i x =y, thay vao phuong trinh (2) cho ta:

ax e -1 =9(x - 1)V2x—2 = 8w+ " 1) =81 (x -1

Dit x-1=a(a>0),tacod: 8la’-8a-8=8Va’+2a

o 20d? +2a(3\/a2 + 2 —4)+81a3 —6a’>—-20a-8=0
(3a —2)(3a+8)

3ya®+2a +4
(3a+8)

3ya? +2a +4

& 2Ja’ +2a +(3a—2)(27a"* +16a +4)=0

< (3a-2)| 2Va’ +2a +(27a” +16a + 4) —0ca=2
3

3

Vi a=§:>x:—

Vay hé da cho c6 nghiém (x;y)= (g,gj

Bai toan 26. (Trich TSPH - khoi A nam 2014)

1le J 12— =12 1
Giai hé phuong trinh * y y * (x,yeR)
x—8x-1=2y- (2)

Phén tich.

e Vi phuong trinh (2): Sau khi nang lén lily thira, ta nhén dugc phuong trinh bac

nhat ddi véi an v, viy nén ta s& khong thé tim duoc mbi quan h€ nao niia tu
phuong trinh nay.
e Vi phuong trinh (1).
+) Cho x=0= 12y =12= y =12
Tanhén dugc (x;y)= A, (0;12).
+) Cho y=0=x12 =12 = x =12
Ta nhan duoc (x;y) =B, (\/ﬁ;o)

+) Cho x=1:><f12—y+1f11y:12:>y=11.

Ta nhéan dugc (x;y)=C, (1;11)
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+)Cho y=1=x11+12-2* =12 > x =11
Ta nhan duoc (x;y) =D, («/ﬁ;l)

Suy lugn va dw dodn.
Thong thudng (1) chi ¢6 thé duge quy vé tich cac da thirc bac nhat, hodc khong
kha quy (do bac cia né bang 2).
Viy ta suy dodn da thirc bac hai do 1a gi ?

+) C6 thé n6 khong chtra nhan tir bac nhat, do xuat hién gia tri can thirc khi cho gia
tri y=0.

+) N6 khong 12 mdi quan hé gitta «%y*> do khong xuit hién x=+a hodc y=+a.

+) Tir phép thir thir hai va thu tu, ta doan rang c6 thé mbi quan hé ta can tim 1a méi
quan hé giira ( y; xz)
Ta co (X =x%Y = y) = {(0;12),(12;0),(1;11),(1 1;1)} . Viét phuong trinh dudng
thang, ta nhan dugc X +Y =12=x%+y=12. (X =x%Y =y)

2<y<12
23 <x<23

Pé xir ly phuong trinh (1) ta ¢6 nhidu cach , chang han :
Cach 1.

x«f12 y+4?y 12-x) =12
—2x,J12 - y+12 y) (y—24¢y(12—x2)+12—x2)=0

=
o (x-J12=y) (\/__m) :Od{xﬂ/lz_—y 2:{x20

12— |y=12-«

Loi gii. Piéu kién {

5

Cach 2.

o X +12-y

WiZ-y < 9 :>VT(1)<x2+12—y+y+12—x2
+12-2° 2 2

izw) < 212

AM-GM 2

=12=VP(1)

>2

s y 2
Chu y 1a khi ap dung bat dang thirc AM-GM, tu {

y(12—x2)20
:af12—y

12— x®

:>(12—x2)20.

I X
Dau "=" xayra @{

Cach 3.

12—y +,{y(12—x2) =12 xf12-y =12—1/y(12—x2)
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x(12— fy(lz—xz)) >0
x*(12-y) :144—24,jy(12—x2) +y(12-x%)

x(144—12y+x2y)20 x>0 y=12-4’
(12—x2)—2,fy(12—x2)+y=0© (\/;_ Vlz—xz)zzoc}{xzo

Do y=2 =(12-x*)>0néntacd: ,|y(12-x*)=y12-x7
o *’

y(12—x2 >

Ciach 4. Taco:
x(1/12—y—x)+\/_(\/12—x2—\/;)+y+x2—1220
2 +y—12 12-x"—y 2_19)=0
\/5
12 1- =
o« +y- )[x+\/12_y+ N TR
V12 - &2
? -12 =0 ? -12)=0
@(x +y 1)[9”\/12 " \/12 x+\/_ @(x +y 1)
2o >0 , xem chirng minh x >0¢& Cach 3.

x+\/12 y \/12 2y

+) Vi 2> +y-12=0< y=12—x> Thé vao phuong trinh (2) ta c6 :

x—8x—1=2J10 - <:>x3—8x—3—2(«/10—x2 —1):0

c>(x—3)(x2+3x+1+MJ:0
N10—x% +1

x=3
M:o Vx>0 (VN)

At 2
x“+3x+1+
N10—x% +1

Vay nghiém cua h¢ phuong trinh la (x;y)=(3;3).

Bai toan 27.
1j2y—x+«f2x—y+\,lE:3 (1)

\/Zx(x+y)+\/(x+1)(y+1):2x+y+1 (2)

Giai h¢ phuong trinh {

Phan tich: Xét phuong trinh (2):
+) Cho x=0:1fy+1 =y+1:{y:_
y =
Ta nhan duoc (x y)={A,(0;0), A, (0;-1)}
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+) Cho y=0=+2x" +Jx+1=2x+1=x=0
Ta nhén duge (x;y) = A, (0;0)

+) Cho x:1:>2,f2(y+1):y+3:>y:1

Tanhéan dugc C, (1;1)

+) Cho x=2=2[(y+2)+\3(y+1) =y +5=y=2
Ta nhén duge (x;y) =D, (22).

Phén tich va dw dodn.

e (2) c6 bac nhit do vay mbi quan hé néu c6 c6 thé chi la bac nhat. Tir cac phép
thir trén ta du doan x = y.

o Chiy. Khi thir cac gid tri, chiing ta nén thir trén mién xdc dinh ciia hé phirong
trinh dé tranh truong hop hé da cho la cdc bat dang thirc chdt lam phép thir vo
nghiém.

2y-x20

2x+y>0

Loi giai. Didukién {xy>0

2x(x+y)=0

(x+1)(y+1)20

Tt diéu kién {2x-y>0=
xy >0
Véi diéu kién (*) ta co:

2 1 1
VT(Z):\E\/x+y+a\/x+1.\/y+1AM§GM x+2x+y+x+ ;y+ =2x+y+1=VP(2)

«/Z_xzxfx+y <:>{x,yZO
\/x+1:a{y+1 x=Yy

+) Véi {x:io thay vao phuong trinh (1) chota: 2Jx +x-3=0<x=1
X,y 2

2y—-x20
{2(xw;y)—(x+y)ZO@{x+y20:>{x20

xy 2 xy =0

Dau "=" xayra @{

Vay h¢ da cho c6 nghiém (x;y)=(1;1).
Bai toan 27. (Thi thir chuyén Hung Yén nam 2014)
(1—y)\m:x+2y+3xy (1)
Wl v2y =2y-x  (2)
Phan tich: Xét phuong trinh (1):
+) Cho y=0=|x|=x (nghi¢ém dung Vx>0).

Ching ta.co.mot nhan hoé huong trinh. (1) do 1a;
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+) Cho yzl:x:—% . Ta nhén dugc (ny):A{—%;lj

+) Cho y=2=x*+8+Tx+4=0=x=-1
Ta nhén dugc (x;y)=B,(-12).

+) Cho y=3=2 x2+18=10x+6:>x=—g

Ta nhan dugc (x;y)=C, (—%;3)
Suy ludn va dw dodn.
Phuong trinh dudng thang A B, :y+2x=0 va C, e (AB)
Ta dy doan mot nhén tir nita 1a (y +2x).
Viy suy luan cta chung ta 13 phuong trinh (1) dua duoc vé dang :
<y2 + ny) G(x;y)=0
Loi giai. Dicu kién y+1>0.
+) Dé théy (x;7) =(0;0) khong la nghiém ctia h¢ da cho.
+) Vi (x;5) #(0;0), ta co:
(1) & (1 - y)[«fxz +2y% — (x + 2y)} - (Zy2 + 4xy) =0
(1-9)(-2y" ~day)
\/xz +2y% + (x + Zy)
<:>(2y2+4xy) 1oy +1(=0
\/x2 +2y° + (x + 2y)
2y® +4xy =0
o
~(x+y+1)=yx*+2y°

e V6i y=0,thay vao (2) ta cé: 1+|x|+x=0 (VO nghiém)

- (2y2 + 4xy) =0

e V64i y=—2x,thay vao (2) ta co:
x/1—2x+3|x|+5x:0<:>x:_1;\/g.
~1-5 1+\/5J

’

Lic dé (x:v)=
tic d6 (x;) [ 1 5
o V&i —(x+y+1)=yx’+2y*,thay vio (2) chota:

,,/y+1=3y+1<:>y=0,tuongtunhutréntacé 1+|x[+x=0 (V6 nghi¢m)

(—1—«51+«EJ

4 >

Vay nghiém cia hé da cho la (x;y) =
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Chii y. Viéc sir dung cach ghép: x* +2y* —(x+2y) nham muc dich khir bac nhdt &
VP (2) do nhan tir ching ta nhdn duoc cé bdc 2.

Bai toan 28. (Thi thir Toan Hoc 24h)

2 2
(x+1) ISy—x+2:x +y ‘1 (1)

\lx+y+2 x+y

Giai h¢ phuong trinh

Jr+y-1+\5-2x =4ay-12y+7 (2)

Phan tich : T phuong trinh (1) :
3y+2
y+2

2
+)Ch0 x=1= 2 w:y_ﬂ+1:>y:1
y+3 y+1

2
+) Cho x:—1:>y—+11+1=0:>y:—1

+)Cho x=0= =y+1=>y=0

Dy doan : |x=y
5-2x>0
Loi giai. Diéukién {x+y-1>0
3y—-x+220
Véi didukién x+y>1= VP(1)20 nén VI(1)20=x+120

2 2 2
Lai c6 VP(1):x ry +12(x+y) 1=ty

x+y 2(x+y) 2
v VT(1) - 1 [4(x+1)"(3y-x+2) _1 [2(x+1)+2(x+1)+3y-x+2] xiys2
=3 x+y+2 "2 27(x+y+2) )

x=y

Tur do suy ra (I)Q{Z(x+1)=3y—x+2©x:y

Vi x =y, thay vao (2) ta co v/2x—1 ++/5—2x =4x* —12x+7

2x—5 1-2x
< 2(4x? —12x+5)+2x 1| —=—2 |+ p-2x| —==|=0
( * o ) * [\/2x—1+2j x[\/5—2x+2j

X =
J5—2x . Pox—1 JZO -

Vox-1+2 h-2x+2

& \(2x-1)(5-2x) (2\/(2x -1)(5-2x) +

X =

DO DO

Vay nghiém cua hé da cho 1a (x;y) = {(l,lj, (é,éj}
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Bai toan 29. (Thi thir Toan Hoc 24h)

Giai hé phuong trinh ( Wy EETYE 3)m =82 (1)
V2t —x =2y -y" -3y 2)

Phan tich : Xét phuong trinh (1) :
+) Cho y:0:>(«/;+3)\/9—x2 =82 =x=1
Ta nhan dugc (x;y) = A, (10).

+) Cho x=0=(3-y){/9-y* =82 = y=-1

Ta nhén duge (x;y) =B, (0;-1)

+) Cho y=1=x=2, tanhan dugc C (21).

Suy ludn va dw dodn.
Phuong trinh duong thing AB, :x-y-1=0 va C e(AB)) ta du dodn moi
lién hé giita cac bién 1a x=y+1.

O0<x,y<2

Loi giai. Diéu kién
|x—y<3

Khi d6 \Jxy +x :\/;.«fy+1 S%W

Suy ra

VT(1)s(x_Ty+7}/9—(x—y)2 - ele-y G ) <

(x-y+7) +72-8(x-y) 121+14(x—y)-7(x-y)

8\2 8\2
128 -7(x—y—1)°
- <82=vP(1
— )
Dau "=" xdyra <>x=y+1 . Hay (1)ex=y+1

Véi y=x-1 thay vao (2) ta c6 phuong trinh :

«/1—y2 —«(fz;v—vv2 +(2y—1):0<:>(2y—1)[

0

1- 1 =
\/l—yz +\j2y—y2

+) Véi a/1—y2 +«f2y—y2 =1=(2y-y")=1-2{1-y" +(1-57)
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y=0
y=1
Thir lai ta thdy y=0,y =1 14 cac nghiém cua phuong trinh trén.

= (%) ={(1:0), (21)}.

Viéy nghiém cua hé phuong trinh da cho 13 (x;y) = {(LO) (1), @ ;j}

S1l-y=41-y° @{

Chu y.
Khi giai phuong trinh \/1—7+~f2y—y2 =1 bang phép bién doi hé qua nhu
trén thi viéc thir lai nghiém la can thiét (d@é tranh truong hop phirong trinh hé
qua co nghiém ngoai lai).

Bai toan 30.

1
Giai hé phuong trinh ( )[\//x+3y 4y+3x] 2 (1)
- (2

Phén tich va du doan.

x=0->y=0
Tir phuong trinh (1) 1an lugt cho céc gia tri {x=1->y=1 ta duy dodn mdi quan
x=2->y=2
hé giita cac bién 1a x=y.
x22
Loi gidi. Dicu ki¢n <~ 2
y=0

Tacod
\/; <1( X +x+yj
RIS R TR D)
Jy _<1[1+_2y ) Jr+dy 2lxty 2

ﬂ¢;x:+3y “2l2 x+3y

e Hoan toan tuong tu cho ta \E+\F_ [ +3] (4)
\/y+3x 20x+y 2

Lay (3)+(4) theo timg vé cho ta :

VT(1)£%( ad +§]+%£ Y +§j=2:VP(1)

x+y 2 x+y 2

Dau "=" xdyra <ox=y.

Vi x =y thay vao phuong trinh (2) ta dugc:
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N T (*{ngj

Xét ham sd: f(x)sz_2+«/2x—3—%‘/ -1 (ng],tac():

, _l 1 3 1
f'(x) 4+«/2x—3 33/(x—1)2

Nén phuong trinh (¥) c6 nghiém duy nhat x = 2.

>0, Vx z% .Suyra f(x) déng bién, ma f(2)=0

Tur d6 suy ra (x;y)=(2;2) 1a nghiém cua hé da cho.
Bai toan 31. (Thi thir Toan Hoc 24h)
5y—4 ‘/ -y*=2xy-2y (1
Giai h¢ phuong trinh (x+5y ~4)yx—y =2y (1)
ya\/x—1+3«/x—y2 =2x+y (2)

Phan tich.

Xét phuong trinh (1):

+) Cho x=0:>(5y—4)\}—y2 =2y=y=0
Ta nhén duge (x;y) = A, (0;0).

+) Cho y:OD(x—4)x/7:O:>{z

Ta nhan duoc (x;y) =B, (4,0).

=1

—

y

+) Cho x=1=(5y-3) 1—y2:0:{ 3
Y==

5

ot w

Ta nhan duoc (x;y) = {Cl (11),C,(1-1),C, (1;

)

+)Cho y=1=(x+1)Jx-1=2(x-1)=x=1
Ta nhén duge (x;y)=C,(1;1)
+) Cho y=—1:>(x—9)x/x—1=2(1—x):{

Ta nhan dugc (xy)={C,(1-1),E, (5-1)}

Suy ludn va dw dodn.
o Nhan thiy tir cac diém A,,B,,C,,D, ching ta khong thiét 1ap duoc mbi quan hé

béc nhét nao.
\ ’ 2 A , 5 . ’ ~ ) A 1x
e Trong phuong trinh (2) chua «/x— y® nén ching ta ndy sinh y nghi, c6 the la

moi quan hé gilta né vdi cac bien x,y .
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+) Diém A, e(*)=c¢=0
+) Diém Bl,Cle(*)ja:%;b:—%: 2fx—y* =2y (a)

Wy =y
+) Dicm B,C,e(*)=a=b=s=2fi—y" —x+y]

+) Diém E, e(b), nén ta du dodn méi quan hé giita cdc bién la :

2«}x—y2 =x+y

+) Diém B,,C,e(*)=>a=

(6)
(6)

N e Y A x2=1
Loi gidi. Diéu klen{
xzy
(1)<:>(x+5y—4)(2 x—yz—x—y)+(x+y)2—4(x—y2)=0
<:>(x+5y—4)(2 x—yZ—x—y)—(2\fx—y2+x+y)(2 x—yz—x—y):O
9 x—y =
<:>(2 x—y2—x—y)(4y—4—2 x—y2)=0<:> YTy exty
»\fx—yZ:Zy—2

+ Véi 2x—y* =x+y, két hop v6i (2) cho ta hé :

{2 x—y =x+y @{2 x—-y =x+y

% x—1+3\fx— P =2x+y o2yNx—-1=x—y
x+y=>20,(x— >0
x+y20,(x-y)y=0 y20(x-9)y _5 5
) ) x=2Lx>y" =
S X +5y +2xy—-4x=0 <4, ) =
) ) ) x> +5y* +2xy—4x=0 -1
x°+by” —2xy—4xy" =0 ) y =
4x(y—1—y):0 2

+) Véi \Jx—y* =2y -2, két hop vé6i (2) cho ta hé :

Jx—-y'=2y-2 (3)
y\/x—1+3\fx—y2 =2x+y (4)
T (3)tacd y>1. Ap dung BDT AM-GM, ta c6 :

2
SL“+§(x—y2+1):2x+1—y2<2x+1$2x+y,Vy21

VT (4) 2 5

3
Do d6 hé {( ) v6 nghi¢m.
(4)

Vay nghiém ciia hé da cho I (x;y) = (5 - ;Ji—l}

Ea

N ‘
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Binh luan.

., 2 _ 2 2
Néu dit {*/x by RN {x Z *O° Khi d6 tir phiong trink (1) ta nhdn duoe:
y= y=

(a* +b” +5b-4)a=2(a’ +b*)b-2b < (2b—a-2)(a* ~2a+b* +b) =0
c{ % -a-2=0—>x—y’ =2y-2

052—2a+b2+b:0—>x+y:2«fx—y2
Bai toan 32. (Thi thir Toan Hoc 24h)

(x-1)Jx—y+1+(x—y)Jx+3=3x-2y-1 (1)
Giai h¢ phuong trinh
fy+1—l+«/y+x2—x3:%(x2+3) (2)
x

Phan tich.

. Jr—y+1= .
Nhdn thay, néu dat Ty a(a,b >0) ta co thé duwa (1) thanhphwong trinh
Nx+3=0b
hai én chira da thire béc cao : (a—2)0° +(a2 —4)1)—(a2 +a—6)=0 (*)
Bang suy ludn va dw dodn ¢ muc II.
a=2
Khidé (*) < (a-2)(b-1)(a+b+3)=0<|b=1
a+b+3=0
x—y+120, x+320
Loi gii. Didu kién 1 o,
x#0, y+1-—20,y+x"—x>2>0
X

(a,b>0) . Thay vao phuong trinh (1) cho ta :

Pit {a/x—y+1:a

Jx+3=b
a=2
(a-2)0" +(a* -4)b—(a* +a-6) =0 (a-2)(b-1)(a+b+3)=0<|b=1
a+b+3=0

x=1

+) Voi a=2:>{
y=1

+) Véi b=1=x=y, thé vao (2) cho ta: }x+1—l +x+a -2 :%(x2+3) (*)
X
Ko *) — _l Jl _ 2
Ta co: VT'(*) \/x+1 x+|x| x+1 x£4f2(x +1)

Lai c6 VP(*) :%(x“‘ +3) :%[(ﬁ +1)+2] z%(Z\/Q(ﬁ +1)) = \2(+* +1)
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Binh luin.
o Dé xit Iy phiong trinh (*) ta c6 thé danh gid truc tiép bang cdach sir dung BDT
AM-GM nhu sau:

1 2 1
l+x+1-— x+;+1—x_xz+3_

VT(*):\/x+1—l+|x|\/l+1—x < X, VP(*)

x x AM-GM 2 2 2

o Ta ciing cé thé dé dang duwa phwong trinh (1) vé dang tich ma khéng can sir
dung dén phép dat an phu:
(1)<:>(x—l)m—(x—l)+(x—y)\m—ﬂx—y):O

x—=y ( x—1 -0

1) )=
<:>(x )afx—y+1+1+x y)\/x+3+2
1 1 x=1
-1)(x- =0
<:>(x )(x y)[Jx—y+1+1+Jx+3+z] <:>LC y
Bai toan 33. (Thi thu Toan Hoc 24h)
x2+xa}1+y:«f1—y2+1—y (1)

Giai h¢ phuong trinh [
2, —11 2 _33 (2)
Yy -y

Phan tich.
Phuong trinh (1) chira hai can thic [1+y va J1—y dé dua (1) vé phuwong

trinh chi chita mét can thirc ta sir dung phép ddt an phu:

Dt {C/:_“ , - Liic d6 (1) tr6 thanh: o’ + a2—b =2 —b7 + 7

Pén day ta c6 thé hoan toan nhin thdy nhdn tir ma khéng can sir dung dén phép

thu nao.
-1<y<1
Loi giai: Diéu kién {y#0
1-2x*>0

x=a 1 1

bat ———=,be(0;N2|,b£1

s oo pelol o]
@ +a2—b" =b\2-8" + b (3)

Hé phuong trinh da cho tré thanh iq )
— =3B (4)
1-b6 b

Ta co:

(3) = (a-b)(a+b) +\2-0" (a-b) =0 < (a=b)(a+b+2-b7| =0 (*)
(b_v+5\/52—b2)2 —2b\2-b* +2>2 Vbe[O;ﬁ]:b+«/2—b2 >\

Laico
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Do dé a+b++2—b* 2—%+ 2>0 nén (*)@a:b

Véi a=5b, thay vao (4) cho ta:
ab  1-2p 4b 241 - 26 1
= =33 (* e
-5 33 <31—b2+1—(1—2b"') VB () be(o’ﬁ}
2
1+—t2>0, vt €[0;1)
(1-#)

Suy ra ham f(¢) dong bién trén ¢ €[0;1) , suy ra hai ham £(b) va f(\/1—2b2)

Xét ham s6 f(t):#, te[0;1) taco: f'(t)=

ddng bién. Do 46 4f (b)+2f (\/1 - 2b2) cling dong bién, dong thoi

1
b=——
1 1 n 3 1
4f(—)+2f(—j=3«/§ .nén (*) < eb=—=
)N B e LB
3
T do6 ta tim dugc nghiém cta hé phuong trinh da cho 1a (x;y) = (%,gj

Bai toan 34.

«3/y2—4+«3fy2+5+x3:1 (1)

Giai hé phuong trinh
P s {Zy(\/x+3+xy):y4+xz—5y2+7x+12 (2)

Phén tich va dy doan.

Tu phuong trinh (2), dat { X 23 =% tas@ co:

(a4 - 2a°b* +b4)+(a2 —2ab+l)2):0<:>(a2 —62)2 +(a—l))2 =0<a=b
Loi giai. Piéu kién x>-3 Ta co:

(2)<:>(y4—2y2x+x2)+(y2—2yx/x+3+x+3)—6(y2—x)+9:0

@(yz—x—3)2+(y—M)2=0©{y2:“3 {yzo

=3
y:a}x+8 y2:x+3
- [y =x+3 . .
Véi { -0 thay vao phuong trinh (1) ta duoc :
y=2

Yx—1+Yx+8 +x3—1:0©(i”ﬁ+1)+(\3/x+8—2)+x3=O

X X

+x°=0=x=0

= +
Y1) ~a-1+1 Y(xr+8) +3xr8+4

455



Tuw duy logic tim toi loi gidi Hé phwong trinh

Binh ludn. Khi mot phuwong trinh nao do xudt hién mét hay nhiéu nhi thirc béc
nhat trong can thire thi viéc sir dung an phu dé da phwong trinh vé da thirc béc
cao gilp chiing ta nhin dwoc moi quan hé giita cdc bién moét cach tuong minh
hon viéc s dung cac phép thir .

Bai toan 35.

(x-y)Vd-x +2x\[y = 2(x+y) (1)

2x-y-1)= [T )3 2)

Phan tich. Phuong trinh (1) c6 cac can thitc chira nhi thiic bac nhat nén ta c6 thé
str dung an phu dé chuyén biéu thirc chira cin vé da thirc bac cao.

Dét \/m =a
Jy=b

dung cac phép thir nhu da néu & muc A.II

Loi giai. Diéu kién {y >0 bt {m —a

x<4 ﬁ:b

Khi d6 hé phuong trinh da cho tr¢ thanh {

Giai h¢ phuong trinh {

(a,b>0) . Khi do6 ta hoan toan dwa (1) vé dang tich bang cach sir

(a,b=0)

(a+2)(a+b-2)(a+b+2)=0
2(3—a2—b2):ab

{a+b=2 a+b=2 wz3+3"/§,bz?"g‘/g

=g L f=
2(a+b) —3ab=6 abzg 3-8 ,_3+\8
a= 5 =
3 3

Thay tr¢ lai ta tim dugc nghiém cuia hé phuong trinh da cho 1a

(x;y):{(8—2\5;4—Z\E}(S+2«E;4+2ﬁJ }

3 3 3 3

& Trong qud trinh gidi todn, néu khéng bi khong ché vé mat thoi gian chiing
ta nén thay méi quan hé giita cdc bién x,y viva tim dwoc vao phwong trinh.

Néu phwong trinh nghigm diing véi moi x,y thi dw dodn ciia chiing ta ld
chinh xdc.

& Trong xu huwéng ra dé thi theo cdc cip d: nhin biét, thong hiéu va vin
dung . Téi dw dodn gido vién ra dé thi sé thich siv dung cdc hé phwong trinh
& muc nay hon béi né quyét dwoc mét sé vin dé sau:

o Quen thudc véi dai da sé hoc sinh.

o C6 thé dé ding tich hé phwong trinh di cho thanh hai (hay nhiéu) hé
phuwong trinh mdi chira nhiing y do khé dé khdc nhau dé kiém tra kién thirc
va ky nang ciia hoc tro.
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B. HE PT KHONG CO MOI QUAN HE GIUA CAC BIEN TREN MQT
PHUONG TRINH.
Khi chiing ta gidi todn c6 thé bdt gdp rat nhiéu hé phwong trinh khéng chira
moi quan hé giita cdc bién trén mot phwong trinh, dién hinh nhw Hé gidi dwoc
bdng phwong phép ddt an phu.
O muc nay chiing ta sé lam ré thém nhitng hé nao khéng chira méi quan hé giiva
cde bién va cdch gidi quyét chiing nhie thé ndo ?
Sau ddy t6i xin néu 3 cdich thong thuong dé xir ly Iop nhitng hé phwong dd
néu:
I. Sir dung phép dit an phu.
Bai toan 1 . (Thi thir Todan hoc 24h)
1 4 1 _ 2 a
Giai hé phuong trinh {Vx+2 Jy-1 Jx+y
2 +y P +4xy—4x+2y-5=0 (%

Phan tich.

e Chung ta dé dang kiém chimg cac phuong trinh (1), (2) khong thé dwa vé dang
tich (c6 nhan t).

e Do phuong trinh (1) chira cén thiic, vay nén ta s€ st dung cac phép thir lam cho
cac gia tri trong can thirc chinh phuong:

1

(1)—> =1
+) Cho x=-1 tacd: y-1

(2) > (y-1) =1

1)—> ! =1

+) Cho y=2 taco @ Jx+2
(2) > (x+2) =1
Chung ta dé dang nhén ra sy giéng nhau khi thir cac gia tri ngau nhién, tir 6
suy doan cua chung ta 13 hé phuong trinh dwoc xdy dung dwa phép dat 4n phu
dé che gidu y d6 giai toan.
x>-2
Loi gidi. Didukién {y>1
x+y>0

Hé phuong trinh da cho dugc viét lai thanh

fx+y x+y
x+2 y-

x+y  fx+y
x+2 y—l_

2 1
2+ y) = (x+2f + (y-1) [;:yj +(3}clTyj s
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x+y —a
- +b=2 a=2-b =1
pat 1“2 (4,520) tacohe {“ @{ {“

=
fx+y_b a'+b'=2 " |(2-b)' +b'=2 " [b=1
y-1

L. s , +y=x+2 =2
Véi a=b=1 thay trd lai ta co xrysxwa |y
x+y=y-1 x=-1

Vay hé da cho c6 nghiém (x;y) =(-12).

Bai toan 2. (Thi thw Todn hoc 24h)
+y +y=28 (1)

Giai h¢ phuong trinh
J2xy+x-3-Jx-y=x-y+3 (2

x—y=0

Loi giai. Diéu kién
2xy+x-320

2
H& da cho duoc viét lai thanh {(x —y) +(ay+a)+(y-a)=28
\/2xy+x—3—\/x—y:x—y+3
_a_ 4, 2 72 _
Pyt VY32 b5 0) taco he {b va =25
«/x—y:b a-b=b"+3
{b4+b3+3b2+3b—8:0 {(b—l)(b3+2b2+5b+8):0 {b:l
= =4 =

a=b"+b+3 a=b>+b+3 a=5

2xy +x =28 x=4y=3
x-y=1 x——z‘ _9
27" g

. =5 o1 A
Véi {Z—l thay trd lai ta co hé

Vay hé phuong trinh da cho c¢6 nghiém (x;y)= {(——;— —j, (4;3)}.

Bai toan 3.
(2x+y—1)(m+\m+ﬁ)=8«ﬁ (1)
(m+ﬁ)2+xy:2x(6—x) (2)

Giai h¢ phuong trinh

Loi giai. Didu kién {x 20
y2
e Truong hop 1. x =0, suy ra h¢ da cho vo nghiém.
e Truong hop 2. x#0, ta viét lai hé phuong trinh da cho thanh

(2x+y—1)(\/xx?+\/§+1}8

[ x+3+\/§J +(2x+y-1)=11
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2x+y-1=a
bt b>0) hé trén trd thanh
c x+3+\E:b( ) S
X
- 11-5°)(b+1)=8 =
{a(b+21) 8@{( )(b+1) @{b 3 (do 50)
a+b*=11 a=11-52 a=2
2x+y=3 206+y=3
Thay tr¢ lai ta c6
ay tro lai ta co x+3+m:3<:> (1—M)+[2— x;3j:0
X
2x+y=3

< 2(x—1) + S(x—l) :0<:>{x:1(dox20)
1++/3-2x \/x+3 y=1
2x +x

X
Vay nghiém cuia h¢ phuong trinh da cho 1a (x;y)=(1;1).
Bai toan 4. (Thi thw Todn hoc 24h)
16 +2y* +3=5-x+2y (1)
xm—y V' +3=x"+y" -2 (2)
Loi gidi. Ta viet lai hé phuong trinh da cho thanh

(M+x)+2(\/yz_+3—y):5 (MJF’C)JFZ(M_y):{’
N N I e W I R D

\/x2+6+x_x/y2+3—y_

Giai h¢ phuong trinh {

2
\/x2+6+x:a(a>0)3 C+6=a-x=>x +6=a’-2ax+x =>x="2 -6
Dit 2a (%)
P +3-y=b(b>0)=> 1y’ +3=b+y=y +3=0+2by+y* = y="_
a:\)xz+6+x>|x|+x20)
b=\y"+3-y>|y|-y=0

Ta c6 h¢ phuong trinh

2b

déyla {

a=2

a+2b=5 a+2b=5 a=5-2b b—3
6(a2—6) 3(3—62) <936 9 <4 36 9 _ .o 2
- == 3

1

e ——+—==13
2 N N a-
b=
a=2 x:—l
HV6i 13 thay vio (*) cho ta 2

. 2 .
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1
+) Véi {" =3 thay vao (*) chota {32
b=1
y=1
Thir lai ta thiy, nghiém ctia hé phuong trinh di cho 1a ()= {(—l,lj,(l,lj}

I1. St dung danh gia trén ca hai phwong trinh cia hé.

Bai toan 1. (Thi thir K2pi.Net.Vn)
Nx-1+2 y+1:y+§ (U

Giai hé phuong trinh B
L, o+l 1y

Jy+1+1 Jx-1+1 3

Phan tich.
\f’ —1 = 1
e Pat |V N (a,b>0) va dua h¢ phuong trinh vé dang
y+1=>
, 5
a+2b=0b*+ " (3)
2 2
a . b _1 (4)
b+1 a+1 3

e Tanhan thay tinh d6i xting & phuong trinh (4) nén s& du doén a =b = %

2
Tur d6 ta s€ danh gia phuong trinh (3) nhu sau: a+b= (b —%j +1=a+b>1

Ta can danh gia & phuong trinh (4) dé dat dugc a+b<1.

Lo gii. Didu kién {x =1
y=>-1
Jx-1=
bat ¥ ¢ (a,b>0) . Hé phuong trinh da cho tr¢ thanh
y+1=5
s D
a+2b=b"+ Z (3)
2 2
a b 1 (4)
b+1 a+1 3

2
T (3)tacd a+b:[b“’—b+ij+1©a+b:(b—%} +1=a+b21(¥)

2 2 2
Tur (4) ta lai co: 1_a | b > (a+b) :>3(a+b)2—(a+b)—2£0
3 b+l a+1 (a+b)+2

< (a+b-1)(3a+3b+2)<0<=a+b<1,doa,b>0(**)
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(3

~—

Tu (*) va (**) suy ra hé phuong trinh tuong duong voi: a=b= ;

—
/'\
v

C)‘l

Do vay h¢ PT da cho c¢6 nghiém (x;y)= (Z —_j

Bai toan 2. (Thi thir Mathlinks.Vn)
(x-y-1)2(3-5")=2-xy (1)

yb—x? =x—y—4 (2)

Giai hé phuong trinh {

Phén tich.
(x-y-1)= 2(3—y2)
y=—5-x"

Nén ta sé& str dung dénh gia & phuong trinh (1) va sir dung phén tich thanh hang
dédng thtrc & phuong trinh (2).

3-y">0

5-x*>0

a’+b

Ta doan duoc nghiém (x;y)=(2-1) khi do : {

Loi giai. Didu kién {

Ap dung BDT ab < ,Va,b e R . Tu phuong trinh (1) ta c6:

2-xy=(x-y-1) 2(3—y2)s(x‘y‘1)22+6‘2y2 = (¢~ 5*)~2(x-)+320 (3)

Tu phuong trinh (2) ta lai co:

(2) = (y+B-2) =—(x ~5") +2(x )-8
=(*"-y*)-2(x-y)+3<0 (4)

Tt (3), (4) suy ra hé da cho tuong duong véi

y<0
x—y—-1=4/6-2y R 9
x"=5-y x=2

_ a2
= \/25 2x . O@ x—y=1+ ﬁ;_zf Q{y:—l
— — — + =

¥ =2(x-9) (6—2y2)—2«/6—2y2=0

Vay nghiém cua h¢ phuong trinh da cho 1a (x;y) =(2;-1).

2

R L
(39

& Bai toan 3.

(4y-2)Vx-1+2yBy-2=y"+3y (1)
(4y+x-3) =27y(2-) (2)

Giai hé phuong trinh {

x>1
Loi gidi. Diéu kién
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Tur phuong trinh (2) ta co:

(4y+x-3) =27(2y-y")=27[1-(y-1) | <27 = dy+x<6 (¥)

Lai co:

(1)= y* +3y=(4y-2)Nx-1+2y\By -2 <(4y-2)Jx -1+ (y* +3y-2)

:>(2y—1)«}x—121<:>1S(2y—1)2(x—1), doyzg

Suy ra
3 3
2 2y —-1+2y-1+x-1 dy+x—-3
1S(2y—1)(x—1XW%W( 3 j :( 3 :>4y+x26(*ﬂ
y—-1=0
. . o an .. |4y+x=6 =2
T (*) va (**) ta c¢6 hé da cho tuong duong voi Y =1
y =43y -2 y=1
2y-1=x-1

Thi lai ta thdy nghiém cua hé da cho 1a (x;y) =(2:1).

Bai toan 4.
(x—l)\/yj+(y—1)m=5 (1)

10x® +5y° —12xy —x—y =8 (2)

Giai hé phuong trinh {

NI X en >2
Loi gidi. Diéu kién {y

x2-3
Tur phuong trinh (1) ta co:
(x—1f+y—2 (y—1f+(x+2)
5:(x—1)J7T§+(y—1)J7T§S 2 + 2
=x"+y" —(x+y)-820 3)

Tur phuong trinh (2) ta lai co:
10x* +5y* —12xy —x —y =8 < x” + y° —(x + y) -8 =—9x” + 12xy — 4y°
c>3c2+y2—(x+y)—8:—(3x—2y)2 <0=x’+y —(x+y)-8<0 (4)

x—lzafy—Z
Tir (3), (4) cho ta hé twong duong vai 7 ~1= V¥ +2 @{“2
3x—-2y=0 y=3

& +y'—(x+y)-8=0

Vay nghiém cuia h¢ da cho la (x;y)=(2;3).

& Bai toan 5. (Thi thir Todn hoc 24h)

Pr=2+\2y+2=(x-3y)ary (1)
1

Giai h¢ phuong trinh
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x>1
Loi giai. Diéu kién {y>-1
3x-y—-420
e Truong hop 1. x+y=0 h¢ da cho tré thanh
V2x -2 +42y+2=0 {le
=S
(y+1)Bx—-y-4=0 (y=-1

e Truong hop 2. x+y>0 taco:

PT(1)©\/2(’C—1) +\/2(y+1) sy

x+y x+y

3x_3y:\/2(x—1)+\/2(y+1) L \/(1+1)(2(x—1)+2(y+1)J:2 )
x+y x+y BCS x+y x+y

Lai co:

PT(2)<:>2y+l— A3x_y_4,doy#—1

y+1 _\[ x+y

N 2y+1: d3x—y—4 < l[1+3x—y—4):2x—2

y+1 \ﬂ X+y AM-GM2 x+y x+y

o (2y+1)(x+y)<(20-2)(y+1) o x -3y 22y  +2=>x -3y =2 (4)

x-1 _ y+1
x+y x+y
; \ A an o |3—y—4 x=2
Keét hop (3) va (4) suy ra h¢ da cho twong duong véi { ————=1 <
x+y y=0
y=0
x—3y=2

Vay hé phuong trinh da cho c6 cac nghiém (xy) ={(1;-1), (2;0)}.
& Bai toan 6. (Thi thir Todn hoc 24h)
dxy+x+4 (2—x)(y+2):14 (1)

Giai hé phuong trinh
x2+y2+2x—1=0 (2)

Loi gidi. Diéukién (2-x)(y+2)20

Tu phuong trinh (2) ta c6: 2=(x+1)’ +y*22(x+1)y = y(x+1)<1 (¥

dong thoi 2=(x+1)" +3* =|y| <2 = y+2>0, két hop diéu kién x4c dinh suy
ra 2—x>0. Do do tir (1) cho ta:
14—4xy—x:2«/2—x(2 y+2) SM(Z—x)+4(y+2):>y(x+1)21 (**)

AM-G.
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x+1l=y
T (*), (**) suy ra hé c¢6 nghiém khi va chi khi {\2-x =2/y+2 = {xi_i
y(x+1)=1 -

Thir lai ta thdy nghiém ctia hé phuong trinh di cho la (5y)=(-21).
& Bai toan 7. (Thi thir MathLink.Vn)

Iz Iﬁ x+y+2xy (1)

\Jx-i-l \iy+1 2

Giai hé phuong trinh
oty —3xy+5y=4\/;(\f5y—1 —\/;) (2)
. x>0
Loi giai. Dicu kién 1
yz 5

e Tu phuong trinh (1) ta lai c6:

x+y+2xy:x\/y?+y\/x?©x+y+2xy:x(y+1)+y(x+1)
2 x+1 y+1 2 \/(x+1)(y+1)
x+y+2xy  x+y+2xy
2 Jx+1)(y+1)
x+y+2xy=0
‘:’{(“1)(%1):4

(SR

c>(x+1)(y+1):4, dox>0,y>

<:>xy+x+y2333—xy:x+y22\j@<:>xy+2\/5—3§0
@(M—l)(@ﬂ%)sO@xysl (*)

e Tir phuong trinh (2) ta c6: x* + y* —3xy +5y = 4«/3?(«{5y -1- ,\/;)
<:>(x—y) [Sy 1) 4\/_a}5y 1+4x} xy—1

<:>(x—y)2+( 5y—1—2x) =xy-1=xy<1l (*%)

x=y>0
Tu (*), (**) suy ra hé co6 nghi€m khi va chi khi {xy=1 Sx=y=1.
5y—-1=2x

Vay hé phuong trinh da cho ¢6 nghiém (x;y) =(1;1).

Bai toan 8.

,jx+y<\/§+1) :«fxz +y*+2 (1)
Giai hé phuong trinh 2 4v_4

xy -1 +yx— :x++ (2)
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Loi giai. Dicu kién { x=1
y=1
e Tu phuong trinh (2) :
x + 4y 4 y +4x -4

x2 +4y—4= xZ\f —1+y.24x— D)
x> +;y—4£y +;x_4<:>x2—y2+4y—4x£0<:>(x—y)(x+y—4)£0 (*)

e Tu phuong trinh (1) :
1fx+y—2=\/x2+yz—\/ocy+yz
e (x y) xyx+y 4>O )

\/x+y+2 \/x +y? +\/xy+y
x = 2«?

Suy ra hé da cho c6 nghiém khi va chi khi y 2a/ Sx=y=2
x +y- 4) =0
Vay hé da cho c6 nghiém (x;y) =(2;2).
f’ ; ,/ )
Bai todn 9. Gidi hé phuong trinh {17 * 1 y+l
- 1= 2
-NET=222 ()
x>1
Loi giai. Diéu kién {
y20

e Tu phuong trinh (2) ta co:

xz_y:(y—l)mﬁmc(x—y)(x+y—l)£0

2 2

x>1
y=>0

:>x2y(d0{ )

e V6i x>y tir phuong trinh (1) cho ta:

= 4+ y
y+ x+lBCS y+1 x+1

W5 \/(1+1)(yi1 + yil) \/2[’;{] -VvP(1)

Dau "=" xdyra <x=y

+) Vi x =y thay tr6 lai phuong trinh (2) ta cé: 2(x-1)Vx-1=x(x-1) < {x N
x—

T dé-ta.tim duoc nghiém.cia hé ban.dau 13 (g
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III. Tim nhén tir bang két hop hai phwong trinh ciia hé.

\l3+x2+2\ﬁz3+\ﬁ (1)
B+y2+2fy=3+x (2)

Bai toan 1. Giai h¢ phuong trinh {

e ez A 1A |Xx20
Loi gidi. Diéu kién N
y=z

Lay (1)-(2) theo timg vé ta cé: V3+a% +3Jx +3=\3+y% +3y +3 (*)
Xét ham sb f(t)=\/3+t2 +3t+3, t>0. Taco:
t 3 o \ by e
"(¢)=——+—=+3>0,Vt >0 nén ham f(¢) dong bién.
f ( ) W ot f( ) g
Tu (*):f(x):f(y)cwc:y
Vi x =y thay vao (1) ta dugc phuong trinh

2
x/3+x2+x/;—3:0<:>(\/3+x2—2)+<«/§—1):0© x 1 -1

+ =
it r2 a1
<:>(x—1){ x+1

1
+
J3+x? 42 Jx+1

Vay hé phuong trinh da cho ¢6 nghiém (x;y)=(1;1).

]=O<:>x=1

2x2+x+\/x+2:2y2+y+«f2y+1 (1)

x?+2y* —2x+y-2=0 (2)

Bai toan 2. Giai h¢ phuong trinh {

v

x>-2
1

2
Lay (1) — (2) theo timg vé va bién ddi ta c6:
3+ 2+\x+2 =4y + 2y + 2y +1
<:>(x+1)2+(x+1)+\ix+2=4y2+2y+\j2y+1
Xét ham s6 f(t):t2+t+\/t+1, t>-1 taco:

1

+ -1

4t +1 4Nt +1

Loi giai. Diéu kién {

v

y

fr(t)=2t+1+ =2(¢+1)+

1
2t +1
> 332(t+1).;—1=§—1>0
AM-GM 16(¢+1) 2

Hay ham s f(¢) ddng bién, do vay tir flx+1)=f(2y)=x+1=2y

Véi x =2y -1 thay vao phuong trinh (2) ta c6 6y~ 7y +1=0 <

fonf24)

Tir d6 ta tim duoc nghiém ctia hé phuong trinh 1a (x;y)
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x+Vx?-2x+5 :3y+«¢y2+4 (1)

Bai toan 3. Giai h¢ phuong trinh
x®—y® -3x+3y+1=0 (2)

Loi giai. Lay (1)+(2) theo timg vé ta co: (x- 1 J (x-1) fra=y iy +4

£ 1
Xétham so f(¢)=t+t+4,¢>0taco F'(¢)=1+ >0,Vt>0.
f() f() 2\/t+4

A -4 o 2\ 9 y=x-1
Suyra f(¢) dong bicn, do do tur f((x—l) )—f(y )<:>|:y=1—x

i3

+) Véi y=1-x thay vio (2) ta co ¥ =2 = (x:y) :(ﬁ;l}

+) Vé6i y=x—1 thay vao (2) ta c6 x:; = (%)

4 4
Vay nghiém cuia h¢ phuong trinh da cho 1a (x;y) = {[% - Ej (i ij}
(y+1)2+y y2+1:x+g (1)

Bai toan 4. Giai h¢ phuong trinh

w25 =1+22x—4y+2  (2)

Loi giai. Diéu kién 2x—4y+2>0.
2 ’
Tacod (1)< 2x—4y+2= («fy2 +1+ y) thé vao phuong trinh (2) ta dugc:

(x—1)+J(x—1) P4 = 2,’ ¥? +1+y <:>—+ [x 1) +l=y+4y’ +1

Xét ham sb

f(t)=t+E+1=f'(¢)=1 t__NE it >0, do i +1 >t > ¢
x/t +1 \/t +1

Suy ra ham f£(¢) ddng bién, do vay tir f(xT_lj =f(y)eox=2y+1

Voi x=2y+1 thay vao (1) ta co

2 P+1=2- 3
Frley) mte| 2 i Yoyl
(Feivs @“”1:_2_y@y 4

Tir d6 ta tim dugc nghiém cta hé da cho 1a (x;y) = (é;éj.

2°4

Bry doy 2 (1

Bai toan 5. Giai hé phuong trinh V> " 7Y y-x+ (1)
’ +2“\Ax: = 4
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x>1
Loi giai. Didu kién {3y -x>0
5x—y*—x-1>0
Lay (1)+(2) theo timg vé ta dugc:
JSy—x—y2 ~1+\By—x+2Jx-1=3y+1 (*)

Ap dung bat dang thirc AM-GM ta c6:

2 2
VT(*)£5y x—y 1+1+1+3y x+1+(x_1): y +8y+1:
2 2 2
—(y*=2y+1)+6y+2 6y+2—(y-1)
(" -2y+1)+6y+2 6y+2-(y )36y+2:3y+1:VP(*)
2 2 2
5y—x—y'—-1=1
,( , —x= =2
Dau "=" xdyra < Sy-x=1 ="
x—-1=1 y=1
y=1

Thir lai ta thdy nghiém cta h¢ phuong trinh da cho 1a (x;y)=(21).

2r2x-2=\y*—ay-2 (1)
11+y—6x:xl10—49c—2x2 (2)

Bai toan 6. Giai hé phuong trinh

-y —4y-22>0

Loi giai. Diéu kién
10-4x-2x>2>0

Lay (1)+(2) theo timg vé ta dugc:

2 —dx+y+9=y-y? —4y-2+\10-4x-2> (¥)
Ap dung bat dang thirc AM-GM ta c6:

_ 2_ _ _ _ 2
VP(*)=«/—y2—4y—2+%(2. 10-4x-24" | <=2 4; 2+1 10 4x42x Ly

_—2x" -2y —4x-8y+12
n :
Ta s& chimg minh VT'(*)> A, that vay:

=A

2 2
- dx+y+9> 2x° -2y —4x 8y+12<:>

6x° —12x+2y* +12y+24>0

4
=6(x-1)" +2(y+3)° >0 (ludn ding).

I:J—yz—4y—2

Tir {VT(*)ZA nén (*) (2= 10—4x—2x2©{x:1

VP(*)SA x-1=0
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Bai toan 7. (Thi thiw Todan hoc 24h)
\/E+\Ix—2:x+y—2 (1)
xy-2x-y+2=2Jx-2 (2)

x>2
y=20
Lay (2)—-(1) theo timg vé ta co:

xy — xy:x+3x/x—2@[xy—\/g+i):(x—2)+3\/x—2 +§

@(Jx_—%j{m%j@{g;g:i (loai)

V6i \Jxy =2++/x—2 thay tré lai vao hé ta cé:

{2ﬁ:x+y—4@{2(\@—2)=x+3’_4©{(\/§—\/§)2=O

Giai h¢ phuong trinh {

Loi giai. Dicu kién {

Jw=2+dz-2 | fy-2+Jx-2 Jo=2+z_2
x=y>0 {x:y:Z
=N
x—2=+x-2 x=y=3
Véy nghiém ctia hé phuong trinh dé cho 13 (x;y) ={(2:2), (3;3)}.
Bai toan 8.
Jr-2+y*=x-1 1
Giai h¢ phuong trinh 4~ > * ™)
By —2-2\[(x-2)(2y 1) =x-2y (2)
. x 22
Léi gigi. Didukién { 1
y2§

Lay (2)-(1) theo timg vé ta co:

2y —2—y% -2 (x—2)(2y—1)—y2 =1-2y

e (x-2)-2(x-2)(2y-1) +(2y-1) [ * ~20¥x -2+ (x-2) |- 0
o (T B -y 3 o T

2y-1=y
+) Véi \2y-1=y" < y=1 thay vao (1) cho ta x =3=(x;y)=(3;1).
+) Véi 2x -2 =y+«/2y—1 thay vao (1) cho ta:

5y2—2y—3:0<:>y:1,d0y2% , tr do suy ra (x;y)=(3;1)

(x

¥ ay nghigm cua hé phuong trinh. da cho. la
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CHUGCNG I1I. HE PHUGNG TRINH TONG HOP

A.MOT SO HE PHUONG TRIiNH PAC TRUNG
Bai toan 1.

x+y—3x/x+3=3afy—5 1
Giai h¢ phuong trinh ( ) (x,yeD )
afxz+16(y—x)+y=2ﬁ (2)

x>0
Loi giai. Diéu kién {y>5
x? +16(y—x)20
T phuong trinh (1) ta c6 y—5—3ﬁ+x—3m+5=0
Pat t=\[y-520
Khidotaco 2-3t+x—3Jx+3+5=0
A =9-4(x+5-3Jx+3)>0 4(x+3)-12Jx+3-1<0

<:>O£\/x+3£@:>x<l6

Mat khac tur (2) ta co
,fx +16y x \/Z ﬁ+y 0
x—16 Y
S(x—y —(x—y)——F—>=
( )[\/x2+16(y—x)+@} ( )y+ﬁ

<:>(x—y) x—16 _ y _
\/Ex2+16(y—x)+ﬁ y+\/g

x—-16
\/x +16(y —x) +Jxy y+\j=
Vdix:y32x:3(M+M)
<20 —9x+9=9x*-2x-15
=x'-9x*+9x+324=0
= (x—6) (x* +3x+9)=0

=x=6

Do 0<x<16;y>5=

Thir lai théa man
Vay nghiém cua hé da cho 1a (x;y) =(6;6).
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Bai toan 2.
13\/x—1+9 +2=16x 1
Gii hé phuong trinh Y O (yen)
(xZ +x)ajx—y+3 =2x"+x+y+1 (2)
x>1
Loi giai. Didu kién |y > -2
x—y+320

Tur phuong trinh (2) ta c6 (x2 +x)\/x—y+3 =2(ac2 +x>—x+y+1

(x2+x)(\/m—2)+x—y—1:0<:>(x2+x)—yg%_31+2+x—y—1=0

2 +x
—y-1) ———=—+1|=0
(x Y )L/x—y+3+2+]

2
., X" +Xx
Vol x>1=>——=—+1>0

«;’x—y+3+2

Nén ta co x—y—1=0< y=x—1thé vao phuong trinh (1) ta duoc

13\/x—1+9\/x+1:16xc>13(x—1—\/ —1+i}+3(x+1—3«/x+1+§j:
1Y 3Y
<:>13(Jx— _Ej +3(x/x+1—§] =0
-y

Vay nghiém cua hé da cho 1a (x;y) = [i }J

Bai toan 3. Giai h¢ phuong trinh

{«/x+1+«/4 2y+~f5+2y x 1 xyeﬂ)

3x' +(x y) =6x’y +y* )

Loi gidi.
Tt phuong trinh (2) ta ¢6 3x* +x° — 2xy + y* =62y + y*
x=0

@3x3(x_2y)+x(x_2y):0<:>x(x—2y)(3x2+1):0<:>L::2y

-2<y<2

< y=0
«ﬁ6—4y2:4

Véi x=2y thé vao (1) tacod Jx+1+Vd—x +V4+3x—x*> =5 (*)

Véi x=0 thé vao (1) tacd \J4—2y +f4+2y :4©{
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2
Dit t=x+1+J4-x (¢20)=J4+3x—x* _Loh

2

2 _ t=-3 (L
5=5<:>t2+2t—15:0<:> (L)

Thé vio (¥) ta co ¢+

Khi t=5 taco V4+3x-x* =10 = x* -3x+96 =0 (VN)

Vay nghiém cua h¢ da cho 1a (x;y) =(0;0).

Bai toan 4.

Giai h¢ phuong trinh{

v eae A 1aa | XS]
Loi giai. Diéu kién
x21

y=+x*-1
y=—x*-1

% Véi y=+x* —1 hay vao phuong trinh (2) ta duoc

Tur phuong trinh (1) ta ¢6 y* =x" -1 @{

LV 5_1 2 _ 2\ :_1 Z_1 x+y=1
(x=9) (49 =1 (= =5") (xry) =1 (xry) =1 0 7
x<1

=1 =0
xz—lz(l—x)zcx =Y

o x+y=leoy=1l-x= x2—1=1—x<:>{

x<-1

=-1=y=0
x2—1:(1+x)2<:>x -7

° x+y:—1c>y:—1—x3 xz—lz—l—x<:>{

% V6i y =—x* —1 hay vao phuong trinh (2) ta dugc
(x+y)3(x+y)5 :1<::>(9c+y)8 :1<:>B:§;i1
x>1

2_1:(36_1)2<:>x:1:>y=0

. x+y:1<:>y:1—x:>\/xz—1=x—1c>{

x>-1

; =-1 =0
xz—lz(x+1)2<:>x =Y

* x+y=-loy=-1-x= x2—1=x+1<:>{

Vay nghi¢m ctia h¢ phuong trinh 14 (x;y) ={(1;0),(-1;0)}.
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Bai toan 5.
x(x® 1)+ (xy+3)y=x"+5" (1
Giai hé phuong trinh ( ) ( ) 1) (x,yell)
(xy+3)x+y(y2 +1):0 (2)
Loi giai.

% Xét x=0=y=0 la nghiém cua h¢ phuong trinh
— 3 f—
% V6i x =0 khi d6 tir phuong trinh (2) ctia hé ta coxy +3=—2—2
X
Thé vao phuong trinh (1) suy ra

x(xZ—l)—[m]y:x2+y2 oxt—xt—yt—y? :x(x2+y2)
x

<:>(x4—y4)—(x2+y2):x(x2+y2)
<:>(x2+y2)(x2—y2—x—1):0

{x2+y2:0:>x20;y:0 (L)
=

-y —x-1=0=y" +1=a"—x (¥)

Thé (*) vao (2)taco y(xz—x)+(xy+3)x:O<:>2xy—y+3:0<:>x:yz—_3 thé
y
vao (2) ta co

Vay nghiém cta h¢ da cho 1a (x;y) = {(O;O),(—l;l),(Z;—l)}.

Bai toan 6.
2 +y +3xy=1 (1)

2% +3y +25 (x,yel)
4-x)(18-y)=2T2YT29 (9
( x)( y) 2x+y+2 @

Giai hé phuong trinh

oA (2 2%0
Loi giai. Didukién | 247
(4-x)(13-y)=0
Tur phuong trinh (1) ta c6

o’ +y +3xy-1=0 (x+y) —3xy(x+y)+3xy-1=0

@[(x+y)3—1]—3xy(x+y—1):0@(x+y—1)[(x+y)2+x+y+1—3xy]:0
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Taco (*)@%(x—y)Z+%(x+1)2+%(y+1)2:0:>x:y:—1

Thay vao phuong trinh thir (2) khong thoa man
Vi y=1-x thay vao phuong trinh thu hai ta c6

28 —x
4—-x)(12 =
(w12 rx) = 2

(Va:-12<x<4; x#-3)

28 —x
x+3

2
j < x' +14x +10x* - 272x +352=0

<:>(4—x)(12+x):(
x=-4+42
x:—3i\/3=1

x=42-4=y=5-42
x:x/ﬁ—3:y:4—\/ﬁ
Vay nghiém ctia hé phuong trinh la

(%)= {(4@—4;5—4@),(@—3;4—\/5)}.

Bai toan 7.
4
X
. . 1 - 1
Giai h¢ phuong trinh ( ‘ yJ +( ’

<:>(x2+6x—22)(x2+8x—16):0<:{

boi chieu dieu kién suy ra [

Y

X

I =32 (1)

LAY+ %y +2x+y+6=0 (2)

Loi gidi. Didukién x,y #0. Ta co:

]4+(1+ J4=(1+1)4+£1+%J4

4
Xét ham sb f(t)z(t+1)4+(1+%j ,t>0.

X
y

Y
x

Phuong trinh (1) < [1 +

3
Taco f'(¢t)=4(¢t+1) + 4(% + t) >0,¥¢ >0 hay hiam s6 dong bién trén (0;+0)

J-r=f:

+) Véi x =y thay vao (2) ta c6 phuong trinh x° +2x* +3x +6=0 < x=-2

Do vay f U

:la{x:y

il
Y x=-y.

+) V6i x =—y thay vao (2) ta ¢6 phuong trinh —x* +2x* +x+6=0<=x=3
Tur do ta tim dugc nghiém ciia hé da cho la (x;y) = {(—2; -2),(3; —3)}.

Bai toan 8.

Giai hé phuong trinh

{(3y—7)\/3y_—1:(3x—4)m

33y —-1.43y—-5=8x—-12
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Loi giai. Diéu kién

Tu phuong trinh (2) suyra 8x-12>0< x> ; .

Pitu =By -1(1>2),v=\Bx+2(v=7)

Tu phuong trinh (1) cho ta

u3—6u:03—6v©(u—v)(u2+uv+v2—6):0<:>u:v,

Uzﬁ
Véi u=v=y=x+1,thay vio (2)tacéd 3x+2.8x—2=8x-12(*).

u=>2
do{ =u+v +uv-6>0.

Pit \8x-2=a (a > \/gj . Phuong trinh da cho tré thanh

8(a”+2
a\3/a2+4:¥—12<:>33 1,4.,20 ¢
a a a

Ham s f(a):33fl+i3 +2—8,nghich bién trén [\E;JrooJ va f(2)=0
a a a

Suy ra phuong trinh (*) c¢6 nghiém duy nhat x = 2.

Hay hé phuong trinh da cho ¢6 nghiém {x :5
y=3.
Bai toan 9.
4 3 2 2
y -4y’ =4 x«/y -x°+6 1
Giai h¢ phuong trinh ( ) ®) (x,yell)

X+y+ \W =2 (2)

Loi gidi. Diu kién [y] >« (¥)

Phuong trinh (2) < x+4y* —2* =2-y

Binh phuong hai vé va rit gon ta dugc x\/yz’%x2 =2-2y

Thé vao phuong trinh (1) ta co y* —4y° = 4(8-2y) <= y' -4y’ +8y-32=0

¥ —2y=8

(yz_zy)z_4(y2_zy)_32=0<:>{y2_2y:_4(VN)

<:>y2—2y—8=0<:{
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V(’riy:4:>xx/16—x2:—6<:>{xso x=—8 27

f
x'-16x>+36=0
Thoa man diéu kién (*)

. x>0
Véi y=-2=«x 16—x2:6<:>{ —x=+8+2J7

x*—16x*+36=0

D4i chiéu didu kién (*) = y =2, x =827 (TM)
Thr lai ta c6 nghiém cua hé phuong trinh la

(x5)= {(—«/8 + 2ﬁ;4), (8 —2ﬁ;—2)}.

Bai toan 10.

4x” :(x/x2 +1 +1)(x2 —y? +3y—2) (1)
x2+(y+1)2=2(1+1_x2j (2)

y

Giai hé phuong trinh

Loi giai. Diéu kién y #0.
Phuong trinh (2) tuong duong v6i y(x” +y* +2y +1)=2(y+1-x")
o (y+2)+y +2y° —y-2=0 <:>x2(y+2)+(y+2)(y2—1):0

y=-2
S(y+2)(x*+y*-1)=0
e R e
+) V6i y=-2 thay vao phuong trinh thtr nhit cta hé ta co

2
x° =0 x=0
4x? :xz(\}x2+1 +1)© =
1/x%rlzg x = +24/2.
-1<x<1

) Voi 2* +y° =1
-1<y<1

Tir phuong trinh (1) ta ¢ 4[ (x +1)-1] = (V" +1+1)(x* =" + 3y - 2)
<:>4(x/x2+1—1)=x2—y3+3y—2 o +1-22+y*-3y-2=0
% Xét ham sb f(x)=44x® +1-2" v6i xe[-1;1].

Ta c6é ham sd f (x) lién tyc trén doan [-1;1] va

2 =0
f'(x)= dx - 2x; f'(x)zO@Zx{MJ:OC{x

x=+3 g[-1;1]

Suy ra J[\_/.{ggf(x) = Min{f(-1); £(0); (1)} =F(0)=4.
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< Xéthamsd g(y)=y"-3y-2 v6i ye[-11]. Tacé hamsé g(y) lién tuc trén
doan [-L;1] va g'(y)=3y"-3; g'(y)=0ey=+1
Suyra Ming(y)=Min{g(-1); £(0); g(1); = £(0) =4

Tudotacod f(x)+g(y)=0, vx,ye[-L1]. Dau “=" xay ra @{ )
y=

Thir lai ta c6 tap nghi¢m cia h¢ 7 ={(0;-2),(242:-2), (22— 2), (0:1)}.

Bai toan 11. (Trich HSG Nghé An nam 2014)
«f5x+y+«/2x+y =3 (1)
«¢2x+y+x—y=1 (2)

(x,yell)

Giai h¢ phuong trinh{

ve eas A gea |DX+Yy20
Loi giai. Diéu kién Y
2x+y >0

Tu phuong trinh (1) cua hé phuong trinh ta c6

a}5ac+y+42x+y:3<::>~j5x+y:3—4\}2x+y

3-2x+y>0 3—42x+y 20 (3)
= = _
Ba+y=2x+y+9—6y2x+y \/2x+y=37x (4)
x<3
Tur (4) ta cd x*—14x+9
YT

Thé vao phuong trinh tht hai ta dugc
3—x x*—14x+9
+x-

2 1 =lox’-16x+T7=0c x=8++57

D6i chiéu cac diéu kién suy ra nghiém thoa man 1a x =867 = y = 9= Vo7

9—;@}

Vay nghiém cua hé phuong trinh 13 (x;y) = (8 —57;

Bai toan 12.(Trich tap chi TH&TT s6 439 — thang 01 nam 2014)
Giai hé phuong trinh

axt = (Vat 41 +1)(x* - 5" +8y-2) (1)

, (x,y€R)
(x2+y2) +1=x+2y (2)

Loi gii.
Tur phuong trinh (2) tacd (2 +y” )2 —(
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2 2 2 _
x°<x"+y S1:> 1<x<1 (*)
Yy <xP+y" <1 (-1<y<1

Tir phuong trinh (1) ta lai co: 4|:(x2 +1)- 1} = (x/x2 +1+ 1)(x2 -y’ +3y-2)
<:>4(\/x2+1—1)=x2—y3+3y—2 el +1-22+y ~3y-2=0 (¥)
& Xétham sd f(x)=4Va® +1 -2 voi xe[-1;1]. Taco ham 6 f(x) lién tuc trén

doan [-1;1] va

| " N 9y +1 ~ x=0
f'(x)= il f(x)_oaza{ﬁJ—O@inﬁg[_m]

Suyra Minf (x)=Min{f(-1); f(0); f (1)} =£(0)= 4.

< Xéthamsd g(y)=y"-3y-2 v6i y e[-1;1]. Ta c6 ham 6 g(y) lién tuc trén
doan [-1;1] va g'(y)=3y"-3; g'(y)=0cy=+1
Suyra Ming(y)=Min{g(-1); £(0); g(1)} = £(0)=—4

Turdotacd f(x)+g(y)=0, vx,ye[-1;1]. Diu“="xayra < {x = (1)
y =
. 4 . N N . - . — 0
Th lai ta thay nghi€m ctia hé phuong trinh da cho la {x )
y=1

Nhan xét. Ta ¢ thé gidi quyét bdi todn mét cach ngdn gon hon tir viéc gidi quyét
phuong trinh (*) nhu sau
(*) e (+1)-4Ja’ +1+3=y" -3y +2

@(\/x2+1—1)(\ix2+1—8)=(y+2)(y—1)2

*+1-120 _, 9
Véi x| <1= dong thoi |y|<1=(y+2)(y-1) 20
1= 1 i 1= 0210
Tir d6 suy ra (*)@{ x2+1_1:0©{x:0
y—-1=0 y=1
Bai toan 13.
Nx -1 «4/ 3+ 7 =8 (1
Gidi hé phuong trih ) £ LTy ¥3ratrx=8 (1) (xy<d)
y+3+y=x"-x-3 (2)
Loi giai.

A qea -3
bicu kién {y
x>

T
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2 2
y+3+,/y+3+%=x2—x+i<:>[a/y+3+%J =(x—lj

1 1
\/y+3+§=x—§ C{ﬁw—l
fBetamerl Lye3=mw (D)

Véi «fy+3:x—1<:>14fy+8:x/x—1 (do x>1)
Thé vao phuong trinh (1) ta ¢6
2fx-T+a’+x=8c2(Va-1-1)+x" +x-6=0
o2 2 i (x-2)(x+3)=0c

dx—1+1

Sx=2=>y=-2

f=—4

+x+3]=0

el

Vay nghiém ctia h¢ phuong trinh 13 (x;y) = (2,-2).

Bai toan 14.
4 4 9 = 1
Giai h¢ phuong trinh \/ *+(a-9)(x-y) J_ ®)
4/(x+2)(y+2x) =3(x+3) (2)

4x* +(4x-9)(x—y)=0
Loi gidi. Diu kién { xy >0
(x+2)(y+2x)=0

D& thdy (x;y)=(0;0) khong la nghiém cuia hé. Tir phuong trinh (1) suy ra y >0

ket hop véi dieu kién xy>0=x>0. Do do:
@(\/4x2+(4x—9)(x—y)—2y)+(ﬁ—y)=0

<:>4(x2—y2)+(4x—9)(x—y)+y(x—y)
\/4x2+(4x—9)(x—y)+2y \;7y+y

8x+4y-9
= (e [\/495 +(4x - 9;/(95 y)+2y \/_yy+y] 0@
Véi x>0,y>0 tr

3 x+3 3 1 3 Jx+2 3
N fyrox=2f 22 22 frrgr—— 229 [NEE2 _ 2 4 (yr2x)29
(2)= Jy+2e 4(\/x+2j 4( * «/x+2) N s 2o )

Két hop véi (3) cho ta: x =y . Thay trd lai vao (2) ta c6 phuong trinh:

x>0
J?)x(x+ ) 3(x+3)<:>{39x2+42x—81:0<:>x

Thir lai ta thiy, h¢ phuong trinh da cho ¢6 nghiém (x;y) =

) =(5:1)

=0
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Bai toan 15. (Trich tap chi TH&TT sé 418 — thang 04 ndm 2012)
Giai h¢ phuong trinh

\/xy+(x—y)(\/5—2)+«/;:y+\/; (1)

(x,y€R)
(x+1)[y+ xy+x(1—x)}:4 (2)
x20
Loi gidi. Dicukién {y>0 (*)

xy+(x—y)(\/x:—2)20
Ta co (1)@[\/xy+(x—y)<\/§—2)—y}+(\ﬁ—ﬁ):0

&—yﬂy+-w—2) x—y

Q\/xy+(x—y)(\/@—2)+y+\/;+\/;:

o (x— yH+xy -2 N 1 _
(=) \/xy+(x—y)(ﬁ—2)+y \/;+\/; ’ )

oA A rw 4 ' —x+4
Véi dieu kién (*), PT(2) @ y+xy =x(x-1)+ — < y+Jay =—"—
x+1 x+1

3 —
Xét ham s6 f(x) = X f; 4 trén nira khoang [ 0;+), ta co
x

3 2 ,
f‘(x):M ; f'(x)=0<x=1.Tacb bang bién thién :

(x+1)’
x |0 1 +o0
filx) - 0 +
4 90
fix) \ ) /

Tir bang bién thién ta thay Minfgx) =2.Do do:

[O:+oc
2 —x+4

yiay ==—=—=22, Va0 .Kéthop voi 3) chota x=y.
X+

Thay vao (2) ta c6 phuong trinh :

x3—2x2—3x+4=0©(x—1)(x2—x—4 =0
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Th lai ta thiy, cac nghiém cta h¢ da cho 1a(x; y) = {(1;1); (@%ﬁ}

Bai toan 16.

,fx+y(x—1)+v§:y+\ﬁ (1)

(Ve+2+2y—2+6)(\2y-1-3)=4 (2)

Giai h¢ phuong trinh{ (x,yel)

x>0

ve  e2e TviA 1A yzl
Loi gidi. Diéu kién 2
x+y(x-1)20

2y-x+620

Tur phuong trinh (1) ta c6 1fx+y(x—1)—y+\/;—\/;=0

x+xy-—y-y x-y
= +
\/x+y(x—1)+y NN

Sx=y

:0<:>(x—y) 1ty + 1 =0

\]x+y(x—1)+y Vo +y

1+y 1

° \/x+y(x—1)+y+x/;+\/§

Thé vao phuong trinh (2) ta c¢6 («/x +2+x+ 6)(«/295 -1- 3) =4 (*)

D

>0 VxZO;yZ%

Tu phuong trinh suy ra \2x-1-3>0<x>5
Xét ham sb f(x)=vx+2+Jx+6>0

1 1
INx+2 20x+6

Taco f'(x) >0 ham s6 ludn dong bién

Tuong tu g(x):«/Zx—1—3>0:>g'(x):\/21=1>0 ham sb ludn dong bién
.

Khi d6 ham sb f(x)g(x)= (x/x +2++x+ 6)(\/236 -1 —3)
Ham s6 luén déng bién

Nén phuong trinh (*) c6 nghiém duy nhit x =7

Vay nghiém cua hé phuong trinh 1a (x;y) =(7;7).

Bai toan 17. (Trich tap chi TH&TT 56 407)

X +y° \/x2+xy+y2
e n s + =x+ 1
Giai hé phuong trinh \/ 2 3 y 0

xyJ2xy +5x +3 = 4xy —5x — 3 (2)

Loi giai 1.
i€y kie
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Nhan thiy x =y =0 khong la nghiém ctia h¢ phuong trinh, tir phwong trinh (1)
suyra x+y>0. Luc d6 chia 2 vé cia phuwong trinh (1) cho x+y, taco:

y 2, 2 24192 ’ 2 4 42
x+y2+ (x +y )+(x2+y) -1 .bat Lyzzt,t>0,taco':
\2(x+y) 6(x+y) 2(x +y)

—t>
t+ ﬁ+l—1© 21 =0 5 <:>t—l
3 6 gt2—2t+gzo 2°

2 2
Tur d6 suy ra L% _1L <:>2(x2 +y2):(x+y)2 < x =y, thay vao phuong
2(x+y) 2

trinh (2) ta dugc nghiém ctia hé da cho 1a (x;y)=(3;3).
Loi giai 2. Diéu kién 2xy +5x+3>0.

X+ xy+y° 2§(x+y)2
Ta co 4 .Do do

xz+yzzé(x+y)2
x°+y° \/x2+xy+y2 \/1 2 \/1 2
+ Z, —=x+ +.—lx+ =lx+y=(x+
= 025 o) o (L) =feeafz ()
Dau “="xayra < x=y>0
Thay x=y vao phuong trinh (2) ta duwgc phuong trinh
x\f2a® +52+3 = 4x* —5x — 3 & (22 + 52 +3) + xn/2x® + 51 +3 —62° =0

\2x% +5x+3 =-3x

2x% +5x+3 =2x

<:>(x/2x2+5x+3+3x)(\/2x2+5x+3—2x)=0c>[

SN2 +5x+3 =2x <> x=3.
Viay hé da cho ¢6 nghiém 1a (x;y) =(3;3).

Bai toan 18.
2\x” +3x —y —/4 P=x+1 (1

Giai hé phuong trinh A C 1) (x,yel)
420 +1+x-2y+2=0 (2)

Loi gidi. Didu kién x> -%.
Phuong trinh (2) tuong dwong 42x+1-2(x+y)+3x+2=0 suy ra

3x+2>0=>x+y>0.
Mat khac tir phuong trinh (1) ta co

(\/xz+3x—y—\f4x+y2)+(\/]x2+3x—y—x—1):0
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<:>(x—y 1[ xry ! JZO (*)

\/x +3x— y+\/4x+y \/x2+3x—y+x+1
1 \ ~
Do x2—§:>x+1>0 va x+y>0 nén

x+y 1

0
\ixz+3x—y+\]€4x+y2 +\/x2+3x—y+x+1>

Vivay (*) oy=x-1
Thé vao phuong trinh (2) suy ra

x>4
4\I2x+1—x+420<:>

=40= y=39
16(2x+1)=(x—4) 7

Vay nghiém ctia hé¢ phuong trinh la (x;y)=(40;39).

Bai toan 19. (Trich Nghé An TST 2012)

Xyt 4 8xy =16 (1)
et A . X+
Giai h¢ phuong trinh y3 -

& 2 |2 a2y (2)
8y 3 3y 4 2

x+y+0
N ene A A 0
Loi gidi 1. Diéu kién yE
x 1
—+—-20
3y 4
2
x—+2?x+%_0 y>0
Tu phuong trinh thir hai cua hé ta suy ra: Y 3
x 1 x+—y=0
—+—-20 4
3y 4
Tacd £+ 9+ 16 (x+9)° —16-2xy + o2 —0
X+ x+y

<:>(x+y—4)[(x+y)2+4(x+y)—2xy}=0
<:>(x+y—4)[x2+y2+4(x+y)]=0 *
Do x+y>x+%y20:>x2+y2+4(x+y)>0 nén (*) < x+y=4.Mait khac, do

2?36 % = g(x + iyj >0 nén ap dung bét dang thirc AM-GM ta co:

x x*(2x y %«
8y 8y 3 2 3y 4

483



Tuw duy logic tim toi loi gidi Hé phwong trinh

2
Suy ra phuong trinh thir hai cia hé < X2 +2

8 3 2
(24
.’)CZT
x+y=4 N 4 4
LA 4 x+y=
Dodohé¢dacho <44 2¢ ye Zy ) S| |y==
8__? 5 3x” —16xy —12y° =0 7
y x=-8
| ly=12
A . n , ~ . ~ \ 24 4
Vay nghiém ctia hé phurong trinh da cho 1a (x;y) = —i ,(—8;12) .
Loi giai 2.
1 (x* 2« y2 1(x* «x° 2 2z 1) & &
QeS| —+=+2| =S| —+= || —S+—+=| =05+—.
y \8 3 2 y 3y 4 8y" 3y 2 3y° 4y
N . 2 2
, Véidiéuklen:x—+gx+l>0c> lx—2+z£+l >0 (%)
8y 3 2 8y 3y 2
2 t=6
Déttzf,tac(): lt2+gt+l =lt3+lt2<:> 9
y 8 '3 '2) 3 4 t=-3

+) V6i ¢=6=x=6y, thay vao (1) ta cd phuong trinh :
37y° +7y—16:0<:>y:% hoac yz—% (loai, do khong thoa man (*) ) .
0 \ \ A A 24 4
Véi truong hop nay, hé c6 nghiém (x;y) = (7, ?j )
.. 2 2 . . .. 13,
+) Véi t:—§:>x=—§y, thay vao (1) ta c6 phuong trinh : oY -16y-16=0<
y=12 hodac y= —% (loai, do khong thoa man (*)). Véi truong hop nay hé co
nghiém (x;y)=(-8;12).
A 1A ax . . 24 4
Viy hé da cho c6 nghiém (x;y)= {(7 ?j; (—8;12)} )

Bai toan 20.

+1= -1 (1
Giai hé phuong trinh e el =y ey (1) (x,ye0)
sdy-1+dx=2y+1  (2)

v ene A 1 |20
Loi giai. Diéu kién {
y=>1
Tu phuong trinh (1) ta ¢6
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2_ 0241 2142
x—«fy2—1+\lx2+1—y:0<:>x y 1o XY g

x+\/y2—1 \/x2+1+y
1 1
S -y +1 +
( )[x+\/y2—1 \/x2+1+y
eat=y -1 (%)
Mat khac tir phuong trinh (2) ta co
3 y—1+‘\*/x=z=2\/y+1@3\/y—1+$/y2—1—2Jy+1=0

y—-1 2 97
hoi, 51 vs1 577 6
- - +
<3 y—1+4y—i—2=0<:> Y
+ + _
Y Y 4fy_1:_1 (L)
y+1

2
Thé y:% vao (*) ta co xzz(%j :x:% (Do x>0)

]:O<:>x2—y2+1:0

7297
6565 )

Vay nghi¢m cta h¢ phuong trinh 1a (x;y) = (

Bai toan 21. (Trich tap chi TH&TT s6 431)
(1-x)+y’ (1-y)=12xy+18 (1)
|3x -2y +10[+[2x-3y[=10  (2)

Giai h¢ phuong trinh{

Loi gii.
Nhan thdy (xy)=(0;0) khong la nghiém ctia hé¢ phuong trinh.
Taco
(1) ex’+y° :(x2 —y2)2 +2(xy+3)3 203(x+y)(x2 —xy+y2)ZO:>x+yZO (*)
Ap dung bét dang thiic |A|+|B|>|A-B| talaico
(2) =10 =[3x -2y +10| +|2x — 3/ 2‘x+y+10‘D2(*) 10

(3x—2y+10)(2x—3y)£0®{—2SxSO
y=—x

Dau “=" xay ra <
x+y=0
Thay y=-x vao phuong trinh (1) ta c6 phuong trinh
2x* —124* +18=0=x*=83=x=—/3,do —-2<x<0.

Thay tr¢ lai ta tim dugc nghiém ctia hé da cho 1a (x;y) = (—\/5; NE) )

Bai toan 22.

2x” —bxy—y* =1 (1)
Giai hé phuong trinh
°P & y(\/xy—Zy2 +\/4y2—xy):1 (2)
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NP A qea > 2y? x—2y)>0
Loi gidi. Dicu kién {xy Y @{y( y)

y(4y—x)20
Tu (1) va(2)tacod 2x* —5xy—y* = y(\/xy—2y2 +\/4y2 —xy) (*)

T (2)= y>0. Chia cd hai vé cuia (*) cho »* ta dugc

2
Z(EJ —5(£j—1: ff—2+ f4—£ . bat tzf,tacéphuongtrinh
y Yy Yy y Y

2" =5t —1=\t -2+ VAt =t -2(t-2-1)+(1-Va—t)+2t(¢-3) =0
Ji-2  ¢-3
NE-2+1 1+44-¢

<:>(t—3)[ iz |1

NE=2+1 1++4-t

4y* > xy

< (t-3) +2t(t-3)=0

+2tJ=O<:>t:3, do2<t<4

V6i t =3 = x =3y thay vao (1) ta dugc 2y2:1<:>y:i§
3@@}

Do y>0 nén suy ra h¢ da cho chi c6 nghiém (x;y) :{ 5 o

Binh luén. Badi toan dwoc xdy dung dudi mot y twong cua mot hé phuong trinh

ddng cap, tuy nhién dé gidi quyét dwoc phwong trinh dang cap d6, doi hoi
nguoi gidi toan phai nam vitng dwoc ky thudt lam hep mién nghiém cua hé

phirong trinh trude khi thice hién phép dat an phu t = x
y

Bén canh d6, phwong trinh vé 1y dwoe tac gid lwa chon cé thé gidi quyét mot
cdach dep mdt nho phwong phdp “Truy ngwoc dau biéu thire lién hop”.

Chit y. Péc gia cé thé tim doc phiong phdp truy nguwoc ddu biéu thirc lién hop &
cuon “Phwong trinh vé ty - Phwong phdp, suy ludn va tw duy” ciia cing tic
gia.

. . x4y+l+x2—7y:0 (1)
Bai toan 23. Giai hé phuong trinh y (x,yell)

2y +x’ +x-5xy=0 (2)

Loi giai. Diéu kién y #0.
x=0

Tt phuong trinh (2) cho ta x(x2y+x2 +1—5y)=0 e,
xy+x  —5y+1=0

+) V6i x =0 thay vao phuong trinh (1) ta dugc l—7y =0 @y:i%
Yy

x4y+l+x2—7y=0
+) V6i x*y+x* -5y +1=0ta co hé y

3 GimBy + 1
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2 1 2 2
x4+i2+—:7 £x2+—j X g
y y y
= =
2 2
2+ ilos 2+l]+X o5
y y Y y

| x* .
bat x +—:a,—:b(a 24b).
y y

2 _ 2 _ _ __ _
Hé da cho tré thanh {“ ‘5‘7@{“ ta-12 0@{“_94 (loai): {Z ;’

a+b=5 b=5-a b =
x2+—:3 x2:1 x2:2
.. ja=3 - A Y <
+) Vi b2 , thay tro lai taco hé 4 <41 hoac {1
= X _= _—=
—=2 y y

Tu d6 suy ra nghiém cua hé da cho la

o) o) () o) -

Bai toan 24.

(x+y)2+y:5 (1)

, (x,yel)
3(x+y) —22xy +21=11x" +12y* (2)

Giai h¢ phuong trinh{

2
-5
Loi giai. Hé phuong trinh twong duong (x+7) :y 2
3(x+y) ~11(x+y) +21=y

bit a=x+y , ta co hé phuong trinh

a’+y=5 y=5-a’
< g 2
3" -11a"+21=y"  |3a"-11a"+21=(5-0a’) (¥
Giai phuong trinh (*) ta cé6 a*-3a’ +a*+4=0

1
1

<:>(a—2)2(a2+a+1):0<:>a=2:>{y:1 <:>{x
x+y=2 y

Vay nghiém ctia hé phuong trinh da cho la (x;y) =(1;1).

Bai toan 25.
4x* -3y =2 (1)
Giai hé phuong trinh {(sz + y)[4x2 (x2 - 3) + y(4x2 +y+ 6)} =8 (2) (yel)
Loi giai. HE phuong trinh da cho twong duong véi
4x° -3y =2
(23c2 + y)[(sz + y)2 - 3(352 - 2y):l =8
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bit 2x* +y=a, x> —2y=>b ta cé hé phuong trinh:
2-a
{a+2b=2 b= 9 b:2—_a b=0

2 _ = _ p=—4 2 @{ .
a(a Sb)_S a3—3a(22aJ:8 2a’ +3a”> ~6a-16=0 a=2
2.
Thay tro lai ta co: {2x Ty=2,,

\/Z
x=x,|—
- 5
x*—2y=0 2

y:g y=

x* =

(S

[SIEN N

Hay nghi¢m cua h¢ phuong trinh da cho 13 (x;y) = {[\/géj(_

Bai toan 26.

x6+y9+3x2(x2+1):8 (1 (syen)

Giai h¢ phuong trinh ‘
4x* —3x°y* +y* =2 (2)

e o (x2+1)3+y9:9

Loi giai. HE da cho twong duong véi

4(x2+1)+4y3—3y3(x2+1):6
3 3 _

Pit ’+1=a,y’=btacohe {¢ *b=9
4a +4b-3ab=6

Dit S=a+b, P=ab (S*>4P)
Khi d6 ta c6 h¢ phuong trinh

S?_3PS=9 3P=45-6 3P=4S-6 S=3
g 3 < 3 2 <
4S-3P=6 S*-(4S-6)S=9  [S*-45*+6S-9=0 [P=2

a=1 2+1=1 x=0
{a+b=3 b=2 ||y’ =2 y=
= =
ab=2 {a:Z X+1=2 {xzil
b=1 y3:1 y:1

Véy nghiém cua h¢ phuong trinh da cho 1a (x;y) = {(1;1),(—1;1),(0; 3’/5)}

Bai toan 27.

Giai hé phuong trinh {y Sy =2
x® +2y% + ym =4
Loi gidi. H¢ phuong trinh da cho twong dwong voi
2y® + 23’W =4 (1)
{x2+2y2+y\m:4 (2) '
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Lay (1)-(2) theo timg vé cho ta : —x2+y(2\/x2 +y* =« +4y2):O
ox' = 32y & ©=0
2\/x2 +y° +\/x2 +4y° 2\/x2 +y° +\/x2 +4y* =y
+) Véi x=0 thay vao (I)tacd y*+y|y|=2cy’ =1 y=+1

Trudng hop nay hé da cho c6 nghiém (x;y) = {(0;—1),(0;1)}.

+) Véi 2\/’“2 +y° + \/xz +4y® =y, chia ca hai vé cho y? (do y>0) taco:

2 2 - ,
2 /%+1+ /%+4=1(*),déthﬁy VT (*)> 21 +J4=4>1=VP(¥)

Suy ra phuong trinh (*) v6 nghiém.
Vay nghiém cia h¢ ddchola (x;y)= {(0;—1),(0;1)}.

Bai toan 28. (Trich HSG Tinh Nghé An nam 2013)

9 o9 1 1
o . X+y +—5+—5=5 (1
Giai hé phuong trinh Xy (x,yell)

(xy—l)2 =x*-y'+2 (2)

0 .
x i 0 H¢ phuong trinh da cho tuong duong véi
y#0.

3 o ot

(x* +1)(»* -1) = 2xy (mlj(y—ljzz

x y

Loi gigi. Diéu kién {

Dt x+==a, y——=b (ja|>2) , hé da cho tro thanh
x y

{a+b:3
a®+b*=5 (a+b)2—2ab:5 (a+b)2:9 ab =2
S & =
ab=2 ab=2 ab=2 a+b=-3
ab=2
b {Z_ (loai)
+)Véi{a+ 3 B
ab=2 a=
bt
x+—=2 x=1
Thay tré lai ta duoc S 1++5
y-—=1 Y=
y
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{a:—z

+) Véi {a+b:—3<:> b=-1
ab=2 a=-1 .
{ (loal)

b=-2

1

x+=-=-2 [x=-1
Thay trd lai ta duoc ’16 N “1++5
y-—=-1

y

Viay nghi€m ctia hé phuong trinh da cho la

o B )

Bai toan 29.
2y —4xy+3y—-4x—-1= 3,; 2x 1
Giai h¢ phuong trinh Yy By - y ) )
\/y+1+\jy—2x:\j2(y—x+1) (2)
Loi gii. Piéu kién {y =1
y=>2x

Phuong trinh (2) < 2,[{y +1)(y—2x) =1 (y+1)(y-2¢) = (3)

Laico (1) < 2y° +3y—1—-4x(y+1) =3\/(y—1)(y+1)(y—2x) (4)
Tu (3) va (4) suy ra

y=2
2y* +3y—-1-2 y—; (y 1) Safy le2y-1= 3«} -1 5
4(y+1) 2 y= 1
s, . . LA an \ 41 5
Tur d6 ta tim dugc nghiém cta hé da cho 1a (x;y) = { =t 4 }
Bai toan 30.
e . x+y+1)(x+y+1+xy)=12xy 1
Giai hé phuong trinh ( )( ) 1)
yx/3x—2x2—1+x\/1+y—2y2+xy:l (2)
1
—<x<1
ve e Y R 3x—-2x*-1>0
Loi giai 1. Dleuklen{x X X 2= 21
1+y-2y"2>0 %Syﬁl

+) V6i (x+y+1)(x+y+1+xy)=0 h¢ da cho v6 nghiém.
+) Voi (x+y+1)(x+y+1+xy)#0
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1 1 1
x+y+1 x+y+1l+xy 12
1 1 4

- < -
x+y+1 x+y+l+xy x+y+1 (x+y+2)2

Tur phuong trinh (1) cho ta

Talai co

Xét ham sb f(t):l—%,t €[1;3] trongdo t=x+y+1
t (¢+1)
Lap bang bién thién ta tim dugc £(¢)<f(3)=—

12
R +1=y+1 =1
Viay @{x Y @{x
y=1

. . ) n e . =1
Thr lai ta c6 nghiém cua hé da cho 1a {x

N A  a 3x—-2x*-120
Loi giai 2. Diéu kién e ) &
1+y-2y" >0 -1

x+y+121+_—1+1:1>0
2 2

Taco 1 1 1 1
Xx+y+l+ay>—+—+1+1.—==>0
2 2 2 2

Néntr 12xy=(x+y+1D(x+y+1+xy)>0=>xy>0
Ma x>0=y>0. Nén tr phuong trinh (2) suy ra xy <1 (*)
Tir phuong trinh (1) va ap dung bét dang thirc AM-GM ta c6

120y = (x + y + D(x +y +1+x) > 33x.y. 1.2y + 2f1.xy) =12(xy)° = xy>1 (**)
x,y>0

Tu (*) va (**)chota {x=y <x=y=1
xy=1

x=1

y=1

Bai toan 31. (Trich HSG Nghé an nam 2013)

(x+xlx2+4)(y+\/y2+1):2 (1)

27x° =x* —8y +2 (2)

Thtr lai ta c6 nghiém cua hé da cho la {

Giai hé phuong trinh

Loi gii.
Tur phuong trinh (1) ta c6 < x+\x® +4 = af(—Zy)2 +4+(-2y)

Ham s [f) =Nt +4 +t dong bién trén R nén () ex

491




Tuw duy logic tim toi loi gidi Hé phwong trinh

Thé vao (2) ta c6 27x° =2° + 4x + 3 < 3x* = Yx’ + 4x+ 3
<:>(x+1)3+(x+1)=x3+4x+3+x3/x3+4x+3 (3)
Xéthamsd g(t)=t"+t, teR=g'(t)=3t*+1>0,VtcR.

Suy ra ham s g(t) dong bién trén R nén

(B)ex+1=x"+4x+2 3" —x-1=0cx=

Do d6 nghiém cua hé 1a (x;y):{[1_\/1_3;_1+J1_3J,(1+J1_3;_1_J1_3]}

1+413
6

6 12 6 12

Bai toan 32.

‘s 2y 2-x" =2 1
Giai h¢ phuong trinh x\/ Y+ 2= ( )

(x+y) —12(x-1)(y 1) +xy =9
. . xy >0
Loi gidi. Dicu kién
8 - {—ﬁswsﬁ
Tur phuong trinh (1) ta co:

x\/2—y2 +y\/2—x2 S‘x\/2—y2 +y\/2_x2‘S\/(x2+2—x2)(2—y2+y2):2
Déu “="xdy ra < xy=v2-2"2-y* S 2®+y* =2

2 2
2=x"+y 22xy=0<xy<1 { \/;>O

2 *
2=x2+y22(x+Ty):>x+y§2 X+y— 2) <0()

Cing tir 2=2"+y* < (x+y) = 2(1+xy) két hop véi phuong trinh (2) cho ta:

(x+y)3—12xy+12(x+y)+\/:y:21

<:>(x+y)3—6(x+y)2+12(x+y -8=12xy - \/: x+y +13

o (xry-2) =120y - Joy ~12(1+xy) +13 & (x+y-2) =1 \Jxy (*¥)
x=1

y=1

Thir lai ta tim dugc nghiém cta hé da cho 1a (x;y) =(1;1).

Tu (*) va (**) ta c6 h€ phuong trinh { =1 {
x+y=2

A r 1A 714 z , 1N L JU=X+ \
Binh ludn. Ta c6 thé nhdn ra tong cia hai ham f(u)=u’+12u, voi { o< va
us=

g(v)=-12v* +v, voi UENY trong phwong trinh :
0<v<1

(x+y) —12xy+12 x+y \/_ 21
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Bai toan 33. (Chon PT HSG TP Ho Chi Minh — 2015)

xy+6yJx—1+12y =4 (1)
Giai h¢ phuong trinh< 4, 1 2Jx

= 2
1+y+xy+y \/;+\/§ ()

N eae A qea |x21
Loi giai. Dicu kién
y20

1
Ta co (2)©1yy+ x 2 . bat a:l,b:y,tac():
4 Y ye? 1+\/; x
x x x x
@ 4 b ___ 2 Ap dung bét dang thire Cauchy — Schwarz ta dugc
b+ab a+ab 1++Jab ' b aung g Y ’
a_, b N (a+b)2 _ (a+b)2 _ 1
b+ab a+ab ab+a’b+ab+b’a ab(a+b)+2ab _ab N 2ab
a+b (ar,+b)2
1 2 £ 1
= .Dau "=" xdyra < a=>5b hay y=—
ab_ 1 1+vab Y YTy
2Jab 2
x>4
Thay vao (2)tacod 2x-1=x-4 < , <& x=10
4(x—-1)=(x-4)
Tir d6 cho ta nghiém ctia h¢ da cho 1a (x;y) = [10;%}.
Bai toan 34.
. x/2x2+1—1:x(1fy+1—\fy—1) (1)
Giai hé phuong trinh )
x(x—2)+(y—1) :2xy(y—2 (2)
Loi gidi. Didukién y>1
oy 9 x=0
Taco (1) a X x 1

S = S
V228 #1410 y+14yy-1 \/2x2+1+1:\/y+1+\/y—1
+) V6i x =0 thay vao (2) ta tim dugc nghiém ctia hé da cho 1a (x;y)=(0;1).
x _ 1
\/2x2+1+1_«ly+1+\/y—1
x B 1
\/2x2+1+1_\/y+1+\/y—1

+) Véi — x>0

Lai co
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Déta:l,b: y-1 (a>0,b>0) tacod
x
1 1
= o (V2+a® —V2+8% |+ (a-b)=0

N2+a®+a N2+b°+b ( ) ( )

a’-b’

=

2+ a? +42+ b

1
Suyra 2 =Jy—1 (*
uyrax y (*)

a>0
b>0

a+b
2 +a? +2+ b

+(a_b):o@(a_b)[ +1]=0<:>a:b,v{

T (2) ta lai co x(x—2)+(y—1)4 :2xy(y—2)<::>(y—1)4 —2x.(y—1)2 +x*=0

o[r-1) =] =0s(y-1)-x (¥)
1

& *) vy (F* -1 - ( y—1)5:1

Két hop (*) va (¥*) ta co y-1=0< Sy=2
y>1 y>1

Két lugn. Nghiém ciia h¢ phuong trinh da cho 13 (x;y) ={(0:1),(1;2)}.

Nhén xét.
- Ta cé thé dwa phirong trinh (1) vé dang /%+2—\/IQ=\/(y—1)+2 ~y-1 va
X X

str dung ham s6 dai dién f(t)=t+2 -t t>0 dé gidi quyét bai todn.

- Diém hay nhadt cia bai todn chinh la sir dung diéu kién c6 nghiém x>0 trong

phirong trinh (1) va ky ning quan sdt dwea phwong trinh (2) vé dang tich.
Bai toan 35.

x*+2y"+3xy+3=0 (1)
Gidi hé phuong trinh e ¥y +18 _g 7m0 (g

(3c+y)2
. >
Loi giai. Diéu kién {x—y
x+y#0
Pat «/x—y:a(aZO)j{x—y:a23{2x:a2+I;
b=x+y (b+0) x+y=>b 2y=b-a

Ta ¢ hé phuong trinh {3172 ~ba*+6=0 {%2 ~3ba’ +18=0 (1)

p=4
a*+18=9%  |a’-9b'a+18=0 (2)

Trir (1) cho (2) theo timg vé s& ¢o :

3b—a=0
3b+a+3ba=0

(9b2—a2)+3ba(3b—a)=0<:>(3b—a)(3b+a+3ba)=0<:{

+) V6i 3b+a+3ba=0=3ab=-3b—a thay vao (1) co:
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9* +3a(3b+a)+18=0<3b" +3ba+a*+6=0 (VO nghiém)
b=1->a=3

+) V6i 3b—a=0<a=3b thay vao (2)tacd 3b°-b*-2=0< 92 _
b:—g(loaz)

.4, A -y=9 =5
Khi d6 ta c6 hé TTYEIL
x+y=1 y=—4

Vay nghiém ctia h¢ da cho 1a (x;y)=(5;-4).
Nhén xét. Chiing ta da sir dung bién doi sau dé hitu ti héa hé phwong trinh.

x* +2y® +3xy = a’+b 2+2 b-d’ 2+3 a’+b|(b-a’
2 2 2 2

3 +2a’b + b’ +2(b2 - 2ba’ +0t4)+8(b2 —a“) _ 6b” —2ba’

4 4
Bai toan 36.
. x3—3x2+2:«f ?+3y° 1
Giai h¢ phuong trinh yorey (1)
,f—14x+2y+48+5:x+\/x—3 (2)
x>3
Loi giai. Dicu kién {y>-3
—-14x+2y+48>0

Ta co (2)<:>‘j—14x+2y+48 =(x-3)+Vx-3-2

o Fldx+2y+48 =(Va-3-1)(Va-3+2)=Vx-3-1>0cx>4

Két hop véi didu kién 2y —14x+48>0=>2y>14x-48>8=y >4
Do do

@(x—1)3—3(x—1):y y+3<:><:>(x—1)3—3(x—1):(y+3)\/373—3 y+3
a=x—1(a23 )

bat b— 373 (bz«ﬁ) ta co

a3—3a:b3—Sb<:>(a—b)(a2+b2+ab—3):0<:>a:b

Do a®+b>+ab-3>0,Ya>3,b>7

Vi a:bzx—lz\/m:y:x2—2x—2 . Thay vao (2) ta co

V20" ~18x+44 =(Va =3 -1)(Vx -3 +2)

bat «/x—S:t(tzl):x:t2+3,taduqc

2t -8 +4) =P +t-2 1" - 2" -3 +4t +4 =0t =2 (do t >1)

52 .cho
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Bai toan 37.

\/2x+y+1—\/x+y:3 (1)

\W+\/ﬁ:5 (2) (x,yeD)

Giai h¢ phuong trinh {

Loi giai.

\/2x+y+1 \/x+y—3

H¢ phuong trinh twong duong
«f x+y +1+\I2x+y+1

Dit a=\2x+y+1;b=\x+y (;6>0)

Khi d6 ta c6 hé phuong trinh méi la

a-b=3 a=b+3
J3b* +1 ++a? - \/364 1+6b+3 =5 (*)
Giai phuong trinh (*) taco

e T e I Gl M

3b'+1+2 J6b+3+3

<:>3(b—1)[(b+1)(b2+1)+ 2 }:Oabzl

36" +1+2 6b+3+3

i (b+1)(b2+1) 2

+ >0 Vb>0
3b' +1+2 6b+3+3

. ., , |2x+y=15 =14
Voi b=1=a=4 khldotaco{x Y @{x

x+y=1 y=-13

Vay nghiém ctia hé phuong trinh 1a (x;y) =(14;-13).

x+y) 6=5

Bai toan 38. (Trich tap chi TH&TT s6 444)

Giai b o R ~Jy=2x-6 (1)
iai hé phuong trin
*P & x3+y3+7(x+y)xy:8xy,?2(x2+y2) (2)

Loi gii 1. Didu kién x> g,y > 0.

(2)e(x +y) +dxy(x+y)= 8xyaf2(x + y)2 —4xy

Ditx+y=S,xy=P(S*>4P,8>0,P>0) taco:
S® +4SP=8P\25* ~4P

2
< S%+8S8'P-1128%P% + 256P° =0 < {S

=—16P (loai)
S* =4P

Vi 8 =4P = x =y thay vao (1) cho ta
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V20 =3~ =20 -6 = \2x =3 —x =2(V2xr =3 - )(V2x =3 + )
<:>(«/2x—3—\/;)<2«/2x—3 +2\/;—1)=O<:>x/2x—3—\/520<:>x:3

Do 2x/2x—3+2\/;—1>0,Vx22

Tir d6 ta tim dugc nghiém ctia h¢ da cho 1a (x;y) =(3;3).

Loi gidi 2. Didu kién x> g y20.

Ap dung bit dang thirc AM -GM ta co

x3+y3+7(x+y)xy:(x+y)3+4(x+y)xy22\/(x+y)34(x+y)xy
=4(x+y) Jry =4 xy[(x2+y2)+2xy}z4 xy.Z\/(x2+y2)2xy =8xy\/2(x2+y2) .

Nhu vy x° +y° +7(x+y)xy > 8xy, ¢2(x2 +y2)

Dang thirc xdy ra <> x =y
+) V6i x =y thay vao (1) cho ta

«/2x—3—«/;:2x—6<:>«/2x—3—x/;:Z(«/Zx—3—«/;)(«/2x—3+\/;)
@(«/295_—3—\/;)<2«/2x_—3+2\/;—1):0<:>a\/2x—3—\/3?:0<:>x:3

Do 2\/2x—3+2x/;—1>0,Vx22

Tir d6 ta tim dugc nghiém ctia hé¢ da cho 1a (x;y) =(3;3).
Nhén xét.
o C6 thé dwa phwong trinh (2) vé dang tich :

(ac—y)2 |:(x+y)2 +(x+y) 2(x2 +y2) —8xy:| =0

o C0 thé sir dung tinh ddng cdp ciia phwong trinh (2).

Bai toan 39.
. 207 +ax+Nx+2=2y" +y+.2y+1 1
Giai h¢ phuong trinh yry Y (1)
x®+2y" —2x+y-2=0 (2)

Loi giai. Diéu kién x>-2,y> —%. Léy (1)-(2) theo tirng vé ta co:

x2+3x+2+\x+1=4y> +2y+ 2y +1
<:>(x+1)2+(x+1)+\/x+2=4y2+2y+\j2y+1

Xéthamsb f(¢)=*+¢+t+1,¢>-1.

(¢

Taco f'(t)=2t+1+ L . Ap dung bat dang thitc AM —GM cho ta
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1 1 3
+

1
-1>2—-1===f"(t)>0,Vi>-1
At+1 4t+1 2 2 f()

Do vy f(x+1)=f(2y) < x+1=2y

2(¢+1)+

Thay vao phuong trinh (2) ta c6 6y* -7y +1=0<

T d6 ta tim dugc nghiém cla hé¢ da cho 1a (x;y)

Il
—_
=
[\
~—
|

Bai toan 40.

2 = 2
Giéihéphuongtrinh{x+m 3y+~fy +4 (1) (

x*—y*-3x+3y+1=0 (2)

x,yeD)

Loi gidi.
Tt phuong trinh (2) ta cd 8y =—x*+y* +3x -1
Thé vao phuong trinh (1) ta ¢6

XN 20 +5 =2+ ¥ +3x—1+y* +4
<:>(x—1)2+af(x—1)2+4:y2+~fy2+4

, 1
Xét ha 0 t)=t t+4 (¢t=0 (¢)=1 0
éthamso f(¢) At ( )=1'(¢) +2x/t+_4>

Ham s6 luén ddng bién v¢>0

Phuong trinh (*) < f[(x—1)2] = f(yZ) o (x-1) =y C{iiijl

THI: V6i x =y +1thé vao phuong trinh (2) ta duoc

(y+1)2—y2—3(y+1)+3y+1:O<:>y:%:>x:g
TH2: Vi x=1-y thé vao phuong trinh (2) ta duoc

(1—3’)2—yz—3(1—y)+3y+1=0<:>y=i:>x:%

Vay nghiém cta hé phuong trinh 13 (x;y) = {(%,%),(%&j} .

Bai toan 41.

20y -1 20x-1=4 1
Giai h¢ phuong trinh Ny +3y * (1)
(2x+y-1) =27x(2-x) (2)

N A qea 1
Loi gidi. Diéu kién x2§’y21'

Ap dung bat dang thirc BCS ta co:
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[VI(1)] =(2ey—1+ 322 —1) <(1+1)[42*(y-1)+ 5 (22 -1)] (*)

Ap dung bit dang thirc AM-GM ta lai c6
x2( _1)<(x+ac+y—lj3_[2x+y—1}3
you= 3 BE

y+2x-1 ’
3

y*.(2x-1) :4% %(2x 1)< 4(

3
Két hop véi (*) cho ta: [VT(I)T < 16[%)
Tu (2) talai co

(2x+y-1) :zm(z—x):[%f —x(2-x)=1-(x-1) <1

3
Do vay [VT(1)] < 16(%) <16= VT(1)<4

Két hop véi (1) ta co 4=VP(1)=VT(1)<4 . D4u bang xay ra @{x 9
y:

Viay hé da cho ¢6 nghiém (x;y)=(1;2).

Bai toan 42.
(x+1)yy* +5 +( =10 (1)
Giai h¢ phuong trinh 1)
[ y+ J + xy 3

Loi giai. Diéu kién x* > 3.
Ta co

(2)<:>x2+y2+x—y:8—(xy—4)2:>x2+y2+x—yﬁ8(*)

2 2
(y-1E g+ eyt o2y

Lai ¢6 : )2 2
1) +y°+5 x +y°+2x+6
1 D) 5 < X+ y
(x+ )«fy +5< 3 5

Nén tur (1) ta lai co:

10:(x+1)«fy2+5+(y—1)\/x2—3 <P +y tx-y+2 =20+ Y +x—y28(F¥)

xy=4
Tu (*) va (**) suy ra hé c6 nghiém < {y—-1=+x*-3 <:>{ B
x+1=4y*+5

da.cho.co nghiém (x:
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N8 —x% +y4J3-2y =5 (1)

Bai toan 43. Giai hé phuong trinh
s {(3—2y)«/x+1:2y+ 4—y—-2 (2)

Loi giai. Diéu kién yS%,—leS%ﬁ

Taco (2) < (2-a-y)(2J2-y+3)=(3-2y)Vx+1

Do (3-2y)Jx+120,v 773

“1<x<242
Suy ra (2—,/4—y)(2 4—y+3)20:>2— 4-y>0=y>0
Talai co
2 .2
. x\/8—x23%:4
3
*y*(3-2y) < (M] =1=y3-2y<1
AM-GM 3

Hay VT'(1)<5=VP(1)
y=3-2y { y=1
=S

x=+8~-x’ x=2
Thir lai ta thay, hé da cho c6 nghiém (x5)=(12).

Nhin xét.

- Mdu chét cia bai todn chinh la viée sir dung dieu kién ¢ nghiém dé lam chat
khodng nghiém cuia bién y, tir d6 sir dung bat dang thirc AM-GM.

x*+ (8 - x2)

Dau "=" xdyra @{

- Viéc sir dung danh gia x\8—x* < —4 khéng can dén diéu kién
x>0

- Ta ciing c¢6 thé khio sdt cdc ham sé f(x)=x2(8—x2),0£x232 va

g(y):y2(3—2y),0£y£% dé tim gid tri I6n nhdt ciia fx)+g(y)

Bai toan 44.

?pax=4(yJx+1-1 1
Giai hé phuong trinh ’ (y ) @) (x,yeR)
(x-1)" -8y =3y*~x-53 (2)
Loi gigi. Didu kién {x =1
y=>0
Taco (1) = y* —2yfax +4 +(4x +4
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Thay vao (2) ta ¢6 phuong trinh x* - 3x — 8x + 40 = 8/4x + 4 (*)
Ap dung bat dang thir c AM-GM ta c6 :

4 4 4
VP(*)=8{ax 4 =2224ax+4 < 2 +2 +i TAxXEd 13

Dau ‘=" xdy ra khi va chi khi x =3 .

Ta s& chimg minh : VT'(*)>x+13, Va>-1 (*) . That vy :
<:>x3—3x2—8x+402x+13<:>x3—3x2—9x+2720<:>(x—3)2(x+3)20 luén
dung v&i moi x >-1 . Dau ‘=" xay ra khi va chi khi x =3 .

* j—
Tir dé cho ta - {VP( )3x+13:>(*)©{ 5 8ifax+4-x+13
x —

. ) S x=3
VT(*)>x+13 3x* —8x+40=x+13

Thay tré lai, ta tim duoc nghiém cta h¢ di cho 1a (x;y)=(3;4).

Bai toan 45. Giai hé phuong trinh

(y—2x)2+4:y—6x+2 2(x+1)(y+1) (1)
(y-1)(x* +x)+1=yYT-3x (2)

(x,y € R)

N eae A A |x2-1
Loi gidi. Diéu kién
y=>0

Taco (1) | (y-2x) ~2(y—2x)+1]+(y+1-2[y+1)(2x+2) +2x+2)=0

y—2x-1=0

@(y—Zx—l)QJr(\/m_ “2x+2)2:0©{ﬁ—m:0

Thay vao (2) ta c6 phuong trinh  2x® +2x% +1=1+2x.81-3x

Sy=2x+1

Tur phuong trinh trén suy rax > —% nén 2x° +2x” +1=2x"(x+1)+1>0, suy ra

J1+2x31-3x>0=81-3x>0.
Ap dung bat dang thirc AM-GM ta c6 :
14/1+2x SM
Lt 2 s =0<1+2x31-3x <(1+x)(1-x).
11313 s%_x)

Ta s& chimg minh  2x® +2x” +12(1-x)(1+x) . (*) That vy :

(*) =24 +3x% 20 < «®(2x +3) 20 dung véi moi x > —% hay (*) duoc chitng

Ce__%

minh. Dau x4y ra khi va chi khi x=0.

Thay tr¢ lai ta tim dugc nghiém ctia h¢ da cho 1a (x;y)=(0;1).
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Yr(x+1) =y* -y’ -1=2-6 (1
Bai ton 46. Giai hé phuong trinh (“)2 YooY x (1)
(v -8x) —y*=2yBx+1-92-2 (2)

3x+1>0
Loi gidi. Diéu kién {y>-1>0
7(x+1)2—y2 >0

Ta co (2)@[(3/2 —3x)2 —2(y2 —3x)+1}+[y2 —2ym+(3x+1ﬂ:0

— 2 _
<:>(y2—3x—1)2+(y—«/3x+1)2:0<:> yz_ 3x+1©{y =3x+1
y =3x+1 y=>0

Thay vao (1) cho ta phuong trinh (\4/7362 +11x+6 — @) +(6-x)=0 (%)

+) Nhan thiy x = 3 12 nghiém cua phuong trinh (*).
+) X¢ét cac hé bat phuong trinh:
x<6

6-x>0
. * ©(x-6)(2x+1)<0<=0<x<6
Y1 +11x+ 6 —Bx > 0 £20
6-x<0 x>6
° <S9(x-6)(2¢+1)>0< x>6
{«4/7x2+11x+6—ﬁ<0 i>0)( )

Suy ra:

+) Néu 0<x<6 thi (W—ﬁ%@—x) >0 hay (*) khong c6 nghiém
x €[ 0;6)

+) Néu x> 6 thi (i/m—@) +(6-x)<0 hay (*) khong c6 nghiém
x € (6;40) . Vay PT (*) c6 nghiém duy nhat x=6

Thay tr¢ lai ta tim dugc nghiém ctia h¢ da cho 1a (x;y) = (6; J19 )

Bai toan 47.
Giai h¢ phuong trinh \/x(2 —9) \/y(Z —)=2 (1) (x,yeR)
4y +1=2(x+y) (2)
\ 2—-y)20
Lo gii. Pidu kien 1“2 7Y
y(2-x)=0

502




Cty TNHH MTV DVVH Khang Vi¢t

-1<1
Taco (2)<:>(x—1)2+(y_1)2:1:>{|x | {OSxSZ

*
ly-1<1 O£y£2()
Tir diéu kién (*) va (1), ap dung bat ding thire AM-GM ta co:

VT(1)§x+(2_y)+y+(2_x):2:VP(1) ,do do (1) a+y=2

2
_ .
X =—-
2
2+ \/5
. x+y=2 y= 2
Keét hop voi (2) cho ta hé 1 =
Xy = 9 2+ \/5
X =
2
P2
Viéy hé da cho ¢6 nghiém (x;y) = {2 _\/5;2 JM/Z_),F h \/(2_;2 _\EJ}
2 2 2 2
Bai ton 48.(Trich HSGOG nim 2009)
1 1 2
+ = (1)
Giai hé phuong trinh Vie2et (le2yt 1+ 2 (x,yel)
2
\/x(1—2x)+\/y(1—2y):§ (2)

)
IN
K

IN

Loi giai.Diéu kién

en]
IN
<
IN
(SN SR

—~

*

SN—"

Tir phuong trinh (1) 4p dung bét dang thirc Bunyakovsky ta co

2
1 1 1 1
<2l——+——| (3
{\/1+2x2+\/1+2y2J = (1+2x2+1+2y2j (3)
1,12 2(y—x)’ (2xy 1)
1+422° 1+2y° 1+2xy  (1+2xy)(1+20)(1+2y7)

Mait khac ta co

b

| . 1
Do tir (*)taco OSxySZ:>1+2xy>0, 2xy—-1<0

Khi d6 (3) 1a mot nghiém ctia hé phuong trinh

1+12<4©1+1<2
Jieo? 142y ) 1+20y (a2’ 142y 1+2xy

Déu bang xay ra khi x =y, thé vao phuong trinh (2) ta dugc
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Vay nghiém cua h¢ phuong trinh 1a (x;y) = [ ;

Bai toan 49.

xzy(2+2~f4y2+1):x+\/x2+l (1)

Giai h¢ phuong trinh 1 T
~/3+x—«/2—x=2——4 2—+3+8 (2)

y \fy

-3<x<2
y>0

1

<_=
Y=7%

Tir (1) taco VP(1)=x+4x* +1>x+[2>0= VT (1)>0=y>0

Lai06(2)<:>\/3+x—\/2—x:Kzi+3J—4,2i+3+4}+1
y Y
2
<:>\/3+x—«/2—x:[ 2i+3—2] +1=>3+x—2-x>1
\} Y

Sx>22-x=>x>1
Tur diéu kién x>1 tacod (1)< 2y+2ya}4y2+1:l+l f1+i2
X X X

Xét ham s f(t)=t+tN1+£,6>0,tacod

Loi gidi. Didu kién {

2

t
Fr8)=1+V1+¢ + >0,vt>0.
() 1+¢
Do d6 }C(Zy):f(lj<:>2y=l<:>x=i
x x 2y

Thay vao (2) ta ¢6 phuong trinh x—5Jx+3 +V2-x +8=0 (*)
Xét ham sb f(x)=x—5\/x+3+\/’2—x+8,x21 co

5 1 2Jx+3 -4 1( 1 1 j
_ + — + = _
2Jx+3 2y2-x  2Jyx+3  2({2-x x+3
Do 24Jx+3-4>0,vx>1 va

1 1 2x+1 S0V 1

-z Jx+3 _\/(Z—x)(?c+3)(\/2—x +\/x+;3)

f'(x)=1
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Nén f'(x)>0,va>1 .
Dong thoi £ (1) =0 suy ra phuong trinh (*) c6 nghi¢m duy nhit x=1.

Bai toan 50. (Trich chon dgi tuyén HSGOG Nghé an nam 2014-2015)
Giai h¢ phuong trinh

x(4y3 +3y+«/5y2 —xz):y2 (x2 +4y* +8) (1)
x+\12-2x0=2y* -2y -4 (2)

(x,yell)

5y —x> >0
Loi giai. Dicu kién {x <6 (*)
y=0

Taco
T NIy B B )
Thay vao (2) ta co

2y +\12-4y =2y* ~2fy 4oy + By =y ~Jy -2 (4)

Sy -y-2=B-y+fy20=y22=2<y<3

Wy -3y+1=\y-(y-1)+B-y-(y-2)

Y -3y+1  y'-3y+1
y—1+\/; y—2+\/3—y

@(y2—3y+1)[ ! ! +1]:O<3y2—3y+1:0c>y:31”'/g

oy -3y+1=-

y—1+\/;+y—2+\/3—y 2

Két hop diéu kién ta tim dugc nghiém cua hé da cho 1a (xy)= [3 ++/5; 3+ Jg}

2
Binh luan. C6 nhiéu cich dé ching ta tim ra moi quan hé x=2y & phwong trinh
(1), song cdi hay cua bai toan chinh lgi la viéc xur [y phwong trinh vo ty
Yy —y—2= \/?H+ \/5 bcing ky thudt sw dung lwong lién hop, tir viéc lam chdt
mién nghiém ciia phwong trinh.

+2x-1+4l—-y=y+2 (1
Bai todn 51. Gii hé phuo‘ngtrinh{\/y x-l+yl-y=y+2 (1)

x«/;:\/y(x—l) +\/x2 -y (2)

y+2x-1

x>0
Loi gigi. Didukién {1-y>0
y(x-1)=0
2 —y20
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Nhan thiy (x;)=(0;) khong la nghiém cua hé.

Véi x+0,tacod:

oy xymx) xy-x) y-x
\/y(x 1) \/ Y \/y(x—1)+x/x2—y xx Jx

Két hop v6i (2) cho ta

\/y(x—1)+\/x2—y =xx

= ,{ x—1) = xfx + 2=
\/y(x—l)_\/x2—y=y\};x 2P e) Jx

=2 y(xz—x):(xz—x)+y:>[(x2—x)—y]2 =0=y=x"-x

Thay vao phuong trinh (1) chota: a® +x—1+V-2* +x+1 =2 —x+2 (*)
Ap dung bit ding thirc AM —GM ta c6

2
Jervx-1<2 rx

2

2
af_x2+x+]_ S%M

Ta s€ chimg minh VP(*)>x+1.

=>VI(¥)<x+1

Thatvay «°-x+2>x+1< (x—1) >0 (luon ding)

oSx=1

Vay{VT(*)sx+1 ) {VT(*)=x+1

VP(*)2x+1 VP(*):x+1

Thir lai ta thdy nghi¢m ctia phuong trinh di cho 1a (xy) = (1;0).

Binh luén.

Phép bién doi dé cho ta y=x*—x la mdt phép bién doi hé quad, vi vy sau khi
tim dwoc két qua cudi ciing, bdt budc ching ta phdi thir lai vao hé ban dau dé
kiém tra né la nghiém hay khéng.

Ta ciing c6 thé nang lén lily thira & phwong trinh (2) ciing c6 thé dra vé két qua
y=x"—x.

Sai lam thuwong gap la danh gia chi sw dung cho cdc so

2

=z - 1
xz_ S&
Y 2

khong am.
Bai toan 52.
2y —1)4/2 1= -9 1 1
Giai hé phuong trinh (x+2y-1)\2y+1=(x-2y)Vx+1 (1)
2xy +5y =[(x +1)(2y +1)
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2y+120

Loi giai 1. Diéu kién
x+1>0

Nhan thdy (x;y)= [_1;_5 khong 1a nghiém ctia hé .
Tt phuong trinh (1) ta c6

(1)©(x—2y+4y—1)\m:(x—2y)m
C%4y—1%ﬁ7TT=(x—2yXJ7TT—¢?7TT)

(x- Zy)2 1
4 1 2 = 20 > *
R TN T PR

Ap dung bat dang thic AM —GM ta lai c¢6

(2) = 2xy +5y =[x+ D)(2y + 1) < LFLF 2+

:>x+224y(x+2):>(x+2)(1—4y)203y$i, dox>-1 (**)

_1 y=l
Tu (*) va (**) suy ra h¢ c6 nghiém khi YT =S 4
x—2y=0 x= 1
2
Thtr lai suy ra hé da cho c6 nghiém (x y) = (% ij

2y+1>0

Loi giai 2. Diéu kién
x+1>20

biat Jx+1=a,2y+1=0b (a,b>0). H¢ phuong trinh da cho tr¢ thanh
(a-b) (a+b)=b(26"-3)  (3)
(a—b)2 :(a2 +1)(3—2b2) (4)

Nhan thdy a = b = 0khéng phai la nghiém ctia hé phuong trinh. Khi d6
PT@y{a+bﬂnxQ=0¢>@w—3[b+@+bxf+1ﬂ=0:b=Jg

Tt @6 cho ta a:b:\E .

Thay tr¢ lai ta tim dugc nghiém clia h¢ da cho 1a (x;y) = (1 IJ

2'4)
Bai toan 53.
A . x2+y2+(xy)2:3 (1)
Giai hé phuong trinh
{x«/yz +1+y7dx®+1 (2)
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Loi gii.
Taco
(1):>(9c+y)2 —2xy+(xy)2 :3:>4:(x+y)2 +(xy—1)2 Z(xy—l)2 =-1<xy<3 (*)
Lai co:
(2)= 9c2(y2 +1)+y2 (x2 +1)+2xy (x2 +1)(y2 +1) = 4(x2 +y° +2xy)
= 2x%y* —3(x2 +y2)—8xy+2xy (x2 +1)(y2 +1) =0

= 2x%y? —3(3—x2y2)—8xy+23cy«fx2y2 +x*+9y*+1=0

xy=-1
:>5x2y2—4xy—9:0:>[ (**)

xy—g
5

Tir (*) va (**) suy ra xy =—1.

{x =-1
L L |xy=-1 =1 =1
Tir d6 ta co hé , & v oY
x*+y* +(xy) =3 x+y=0 x=1
y=-1
Thr lai ta tim dugc nghiém cta h¢ da cho 14 (x;y) ={(-1;1),(L-1)}.
Bai toan 54.
o ‘ S ()
Giai hé phuong trinh{ Vx+2  y-1 (x+y
X+ y +4xy—4x+2y-5=0 (2)
N A qea -2; 1
Loi giai. Diéu kién {x ZTEY
x+y>0

Taco (2) < 2(x+y) =(x+2) +(y-1) @(“ZT{y‘lT:z

x+y x+y
va (1) ’“h 1Y _9 Pt /“y=a; 1Y _b (a,b>0).
x+2 y-1 x+2 y-1
a+b=2
Ta c6 h¢ phuong trinh < 1 1 (*)
?4‘?—2
Ap dung bét dang thirc AM —GM ta c6
1 1 11 1

(1):2=a+b22m:>absl




Cty TNHH MTV DVVH Khang Vi¢t

x+y

=1
L. =1 =2
Vb1 ¢ = x+2 = Y
b=1 x+y:1 x=-1

y—-1
Vay hé phuong trinh da cho ¢6 nghiém (x;y) =(-12).
Bai toan 55.

dxy+x+4\(2-x)(y+2) =14 (1)

Giai hé phuong trinh
Z+y +2x-1=0 (2)

Loi gidi 1. Diéu kién (2-x)(y+2)20
T phwong trinh (1) ta c6 2:(x+1)2+y222(x+1)y:>y(x+1)sl (*)
Ciing tir phuong trinh (1) :>(x+1)2+y2=2:>— 2<y<\V2=y+2>0
Do do
(2)=14—day—x=242-2.(2Jy+2) < (2-2) +4(y+2) = y(x+1) 21 (*¥)

Tu (*) va (**) suy ra h¢ da cho c6 nghiém khi hé sau c6 nghiém:
x+1l=y

x=-2
N2—x =2 y+2<:>{
y

y(x+1)=1 o
Thir lai ta tim dugc nghiém ctia hé da cho 1a (x;y)=(-2-1)
Loi gidi 2. Diéukién (2-x)(y+2)>0
T phwong trinh (1) :>(x+1)2+y2=2:— 2<y<2=y+2>0=2-x>0
Do d6 (1)@4(xy+y—1)=(«/2Tx—2 2+y)220:xy+y—120(*)

Lai co (2)@(1—xy—y):(x—y+1)2ZO:xy+y—1£0(**)

N2-x=22+y 5
Tu (*) va (**) suy ra hé da cho twong duong véi {x—y+1=0 & {x : _1
xy+y-1=0 T
Hay hé da cho c6 nghiém (x;y)=(-2;-1).
Bai toan 56.
Giai hé phuong trinh
(x+2)* —|x+y|(y—1)+(x+y)* =0 (1)
5 ) (x,yell)
(y-1)(x+y) —y+1:|x+y|(y —Zy) (2)
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Laoi gidi. Tur phuong trinh (1) taco |x+y|(y—1)=0 (¥)
Néu [x+y=0=y=1=x=-1 (L)
Véi |x+y|#0=y-1>0

Mit khac tir (2) suy ra |x+y|—ﬁ:y—1—%
X+y Y-
Xét ham sé f(t)zt—%:f'(t)=1+tl2>0 (vt>0)

Ham s6 lun dong bién v¢ >0 nén f(|x+y|):f(y—1)c>|x+y|:y—l

Thé vao (1) suy ra (x+2)2=O<:>x=—2:>|y—2|=y—l:>y=g

Thir lai ta thy, cac nghiém ciia hé d cho I (x;y) = E_%j'

Bai toan 57.
Giai h¢ phuong trinh

2x% + y° + = \Jxy — xy? (1)
(x,ye0)
4xy +y +——2x +1f Zx y 2

Loi gidi. Didukién xy—x%y%>0 (¥)
2 1
Tacod y+y% +2x2 = |- - xy—— Sg
<:>y +2y +2x2 +4xy 2+y +4xy

Cong voi (2) ta dugc

<:>y6+2y3+2x2+4xy3+2x2+«¢1+(2x—y)2£1+2y3+8xy3
6 2 3 2 3 2 2
&y +4x” —4xy” + 2x y) <l |y 2x) + 1+(2x—y) <1

3 = —
<0 y—2x=0 ¥y -y=0 _o |¥=1 |y=-1
Dau bang xay ra khi y Y=, 1v 1
y —2x = O xZE x=0 xZE _')C:_E

Bai toan 58.
xy+ f2(x4+y4):1 (1)
Giai hé phuong trinh (x,ye0l)

x>y +xy° :% (2)
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Loi giai.

Tu (2)tacod xy(x4+y4):2—27>0:>xy>0

2
l-xy= ;2(354 +y4) 22|xy| :2xy3xy£é; xt +y4 = (1—2xy)

Xeét
2
RPN Cr)
VT—xy(x +y )— y 2
-xy l-xy
B _ xy+—
:2xy.1 xy.l xySZ 2 :i
2 2 3 27
1-xy
W= 1 1
. ) 5 I*° 6
Dau bang xay ra khi =g & Y 1
Y=—7 = |Y=—7F
xt =y 3 B

. 1 . 1 1 1 1
Thr lai ta thay, nghiém cua hé dd cho l1a (x;y)=:| —=;—=|,| ——=;——= |-
iy, i i acho s () {5 ) -5 )
Binh luin.
Déi véi hé phwong trinh trén ta cé thé bién doi tir (1) nhur sau

xy <1
2
4 4 (1 —xy)
x5 +yt = 2
' (1-w)° _ 2
The vao phuong trinh (2) ta c6  xy 5 "o
Bai toan 59.
2,‘% 1)(3 - - =2x+2 (1
Giai h¢ phuong trinh (x+1)(3-3)+ M V=2 (1)
3f(3x+8)(y+6) +Vx =12+ xy (2
(x+1)(3-y)=20
Loi gidi. Didu kién {x >0 -, jx20
0<y<3

xy >0

Cong (1) va (2) theo ting vé ta duoc

44(x+1)(3-y) +63(3x+8)(y+6) =4x+28 (*)
Ap dung BDT AM-GM ta co:
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4W£1+1+(x+1)+(3—y):6+x—y
{GWS8+(3x+8)+(y+6):3x+y+22
= VT (*)<4x+28=VP(*)
Do viy (*)Q{;gi;j;iﬁ{izg
Vay nghiém cuia phuong trinh da cho la (x;y) =(0;2).

Bai toan 60.
Br-2-fi-y- 1
Giaihe | r M)
\l(x+3)(5—y)+\/y2—3y+2+x\/2—y:2x—y+4 (2)

2

Y R > —

Loi giai. Dicu kién X 3
y<1

(2) = J(x+3)(5-y) +y-1\2-y+x 2=y =2x-y+4 (3)
Tur phuong trinh (1) = 1-y =3x -2 -« , thay vao (3) ta dugc
Jx+3)5-)+(Br—2-x )2y + 22—y =20-y+4

& J(x+3)(5-y) +|(8x—2)(2-y) =2x -y +4 (¥)

Ap dung bat dang thuc AM-GM cho ta

(3x—2)(2—y)£3x_22+2_y :3x2—y

(x+3)(5-) < T 25

Do d6 VT (¥)<32=Y  X-Y+8

=2x—y+4=VP(*).
2 2 Y *)
. . 3x-2=2- =1
Dau “=" x4y ra < * Y )”
x+3=5-y y=1

Thay tr¢ lai ta tim duogc nghiém cua hé da cho 1a (x;y)=(1;1)

Bai toan 61. Giai h¢ phuong trinh

2 2
X :3’ +1:2(M)
X'y xy

(1)
6??(9c+1)(y+1)2 +3ﬂf(2x—1)(2y—1) =bx+T7y+3 (2)

W PN % Y
Loi gidi. Dicu kién {(Zx -1)(2y-1)20
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1 1 ¢ (1 .Y
Ta cod (1)@—2+—————+1=o@(——1) +[——1) =1

Suy ra

< |

Ap dung bit dang thirc AM-GM ta c6
(x+1)+(y+1)+(y+1)
3
3(2x—1)+(2y—1)
2
Suy ra VT'(2)<5x+7y+3=VP(*)

63f(x+1)(y+1)° <6

=2x+4y+6

3y(2x-1)(2y-1) <

=3x+3y—-3

PPN x+1=y+1
Dau “=" xdy ra < =>x=y
20-1=2y-1

x=2+2
x:Z—ﬁ

Tu d6 ta tim dugc nghiém cua hé da cho 1a

(x;y):{(2+\E;2+\E),<2—\E§2_\E)}‘

1 )Y 1
Thay vao (1) ta co (——1} =—<:>[
x 2

Bai toan 62.

4(1+2 y+1)\/x—2=1—4y
Giai h¢ phuong trinhy =5 Jy+1l 2

Jy+1+1 Jx-2+1 3

Ne ene oA |22
Loi giai. Diéu kién
y=>-1

Dat Jyx-2= a~/y+ ab>0

H¢ phuong trinh da cho tré thanh

8ab+4a:1—4(62—1) 4(a+b) =4+(2a-17 (1)
=

a , b 2 e, b 2 (2)

b+1 a+1 3 b+1 a+1 3

Tu(l)tacd (a+b)’21=a+b>1

Tur (2) ta lai co
V()= —2 s 2 (axb) ,__ (a+d) SIS
ab+b ab+a 2ab+(a+b) (a+b)2 1.1 3

2 1 +(a+b) §+a+b
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A 5 1
Dau “="xadyra < a=> =3

Thay tr¢ lai ta tim dugc nghiém ctia h¢ da cho 1a (x;y) = (2;— %j

Bai toan 63.

\/y(x—2)+\/x(y+2):x+y (1)

\/w_3+4(\/m+\/2__2) =3 (2)

3( y+1)

Giai h¢ phuong trinh

Loi giai.
Tu didu kién x>2=y>0
Ap dung bat dang thirc AM-GM ta ¢

VI ()= b+ (i3 7)< 2l

=x+y=VP(1)

Dau “=" xay ra <:>{y N Sy=x-2
X

Dodo (1)=y=x-2

Thay vao (2) ta c6 phuong trinh

s W A ) SO e o 4 3
3(\/E+1)2 (\/x+1—\/x—2)(\/x—2 +1)2

Dit: Jx+1=a;yx—2 :b(a>b20) .
B
(a-b)(b+1)

Ap dung bat diang thitc AM-GM cho ta :

+m+1:(a—b)+£b;1j+(b;1j+( )ézb+1)
(

Ta c6 phuong trinh : a+

4

a-b
b+1Y 4 ,
24J(a—b)( 5 J @ D)6r1) =4 hay: a+m

>3 .

2
2
Déu bing xay ra < {b

Thay tr¢ lai ta tim dugc x =3.

x=3
y=1

Vay nghiém cua hé phuong trinh da cho la {
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Bai toan 64.
y x y* 1)

Giai hé phuong trinh Vx+y ) (y + x/;)z ) (x+ y2)2

Vol T =82(x-2y+1)\By 2 (2)

x>1
Loi gidi. Didu kién {y>1
y+m20
1 1 1

(1)©(§+1]2 +(jv;+1j2 :\yEH

y
Dat azf;b:y(a,b>0)ta co
Y

1 1 1,
(a+1)2+(b+1)2:ab+1 )

Theo bt ding thirc B.C.S ta co

" , 1 b 1
(ab+1)(z+lj2(a+l) i larbab
-

b 2 1 ._a 1
(ab+1)(z+1]2(b+1) (b+1)2_a+b'ab+1

a+b 1
(a+b)(ab+1)_ab+1

Suyra VT'(*)= =VP(*) .

ab=

Dau "=" xayra <

{b:l 9
= :>x:y
ab=

a=1

Qo o> Q

Véi x=y? thay tré lai ta c6 phuong trinh :

«%y+ﬁ:32(y—1)21/2y—2 oy+y —1=2(4y-4)

Dit: 4y -4 =u(u=>0) . Phuong trinh da cho tr¢ thanh :

2
LA (u+4j ~1=08u’ =u’ +8u +u+4(*)

4 4

+) RO rang =0 khong 1a nghiém cua phuong trinh (*)
1 1 8

+) V6i u #0 , phuong trinh (*) twong duong véi : 8 =i5 +—+. |5+
u u u

u

Ham s6 : f(a)=i+i4+ Hﬁ% , nghich bién trén (0;+00) va f(1)=0
u u

u5 u

Suy ra phwong trinh (*) c6 nghiém duy nhit u =1 .
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Thay tr¢ lai ta c6 nghiém cuia hé¢ phuong trinh da cho 1a (x;y) = (§;§J

1674 )

Bai toan 65. Giai h¢ phuong trinh

2(x+y)3+4xy—3:0 (1)
4 ,(x,yell)
(x+y) 22" —4xy +2y* +x-3y+1=0 (2)

Loi gidi.
Tac()(x+y)224xy:2(x+y)3+(x+y)2—322(x+y)3+4xy—3=0
=2(x+y) +(x+y) -320 (¥) dat
t=x+y ()2’ +17 =320 (t-1)(2° +3t+3) 20 >1
Viét lai (2) duéi dang (x+y)4 —2(x+y)2 +(x+y)+(2y—1)2 =0
Xéthamsd f(¢)=t' 262+t (vt >1)

Khi dé f'(¢)=4¢"-4t+1>0 (V£ 21)
Ham s6 luén dong bién Vtz1=f(t)=f(1)=0
Hay (x+y)4—2(x+y)2+x+y20 va (2y—1)220.

Suy ra (x+y)4—2(x+y)2+(x+y)+(2y—1)220

o x+y=1 x = 1
Daubang xayrakhi ¢ 1 < ?
2 y= 2
Két hop céc diéu kién suy ra nghiém ctia hé phuong trinh 1a (xy)= (%,%j
Bai toan 66.
A+ yH)+y A +x%) = 4\/5 (1)
Giai hé phuong trinh x,yel
phons x—xf1+x2:x2y(1—«/1+y2) (2) ( )

Loi gii. Piéu kién xy >0
Tacd x—y1+a° <0, 1—«f1+y2 <0 nén tir phwong trinh (2) ta c6 x*y >0
Két hop diéu kién suyra y>0=x>0
Khi d6 phuong trinh (2) < X-1 f1+i2 —y-iry? (%)
X X X

Xétham sé f(t)=t—tN1+¢* véi t>0

<0do 1-y1+£<0

Ta co f'(t):(l—

2
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Tur (*) @fej=f(y)©i=y©xy=l

. = =y=1 (TM
Theé vao phuong trinh (1) ta dugc {xy ! , & {x Y (7M)
=2

Z+y=

Vay nghi¢m cua h¢ phuong trinh la (x;y)=(1;1).

Bai toan 67.
2(y3—x3):6x2+7x—y+3 (1)

4f3-y+2,2(1+y) =92*+16 (2)

Giai h¢ phuong trinh {

Loi giai.
Diéukién -1<y<3
Tu (1) tacd 2y +y=3(x+1) +(x+1)
Xét ham sb: f(¢)=26"+¢=f'(t) =6t +1>0 V¢

Ham s6 ludn ddng bién trén 0 nén suy ra fly)=f(x+1)=y=x+1

thé vao (2) ta dugc 42— x +2,[2(2 - x) =92 +16
Diéu kién -2 <x <2 binh phuong hai vé ta c6

32 +16+/8 — 2x% — 9x —8x=0<:>4(8—2x2)+16\/8—2x2 —x*—8x=0
Pit t=28-2+ (¢£20)

t=x
Phuong trinh tr¢ thanh #* +8¢-x" -8x=0 < {

t+x+8=0 VN (-2<x<2)

248 — 22 :x<:>{

Vay nghiém cta h¢ phurong trinh 1a (x;y) = [% 3+ 4J§] .

3

Bai toan 68.

{ 2 2 _
Giai hé phuong trinh { * 1=y + V-2 =1 (1) (x,yel)
(1-x)(1+y)=2 (2)

Léi giai.
a n |x| <1
biéu kién
[v=1

Dit x =cosa; y=cosp V6i a,fe[0;7]

Khi d6 hé phuong trinh tré thanh
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{cosa sin 8 + cosfsina =1 {sin(a +4)=1
=N

(1—cosa)(1+cos,8)=2 sina —cosa —sinacosa—1=0

Vid
a+pf=—

2
sina —cosa —sinacosa—1=0 (*)

2

Giai (*) dat ¢ =sina - cosa, [f|< V2 = sinacosa =

t=1 (TM)

Khi d6 phuong trinh tr¢ thanh #* +2¢t-3=0 <
t=-3 (L)

Vi t=1osina—cosa=1<sin|a-2 |=——=a=2= =0
( 4) 2 2 p

Vay hé da cho c6 nghiém 13 (x;y) =(0;1).

Bai toan 69.

GadErdly o

xX+y

F- e g (3

x+y

Giai hé phuong trinh (x,yell)

Phan tich. Bai toan trén c6 nhiéu cach giai. Tuy nhién ta ciing c6 thé giai bang
phuong phap lugng gidc hoa nhu sau. Gia s (\/; )2 + (ﬂ )2 =a’

bat «/; =a.sina;+ ¥y =a.cosx
Vi dinh hudng nhu trén ta c6 cach giai bai toan nhu sau.
. x>0
Léi giai. Piéu kién {y>0
x+y#0
bit Jx =a.sine; y =a.cosa VOi a#0
Khi d6 hé phuong trinh tré thanh

a.sina +3a.cosa

a.sina+ e =3 (a2 + l)sina +3cosa =3a
a.cosa —3a.sina ] ( 2 _ ) -
4.COSCl — . -0 3sina +(a” —1)cosa =0
a

Pbat X =sina; Y =cosa
(a2 +1)X+3Y =3a

Khi d6 hé phuong trinh tré thanh
83X +(a®-1)Y =0

Taco D=a"-10; Dx:3a<a2—1); D, =9a

hé phuong trinh vo nghiém
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Véi D#0< a=+410 khi d6 nghiém ctia hé phuong trinh la

:3a£a2—1)_Y:_ _9q
a” -10

>

T a*-10
Mit khic X +Y? =1 9a*(a* 1) +81a° =(a' ~10) , dit t=a’20
Khi d6 ta c6 phuong trinh

9¢(¢~1)" +81¢ = (¢ ~10)" & ¢ ~9¢* ~ 26>~ 90¢ + 100 = 0

2
c>t2+1;)0—9(t+?J—2:0<:>[t+%j —9[t+¥]—22:0

2
t+2:11
o :t2—11t+10:0<:{

t+%:—2 (L)

t=1
t=10

Voit=load =1x+y=1

x+y=1

thé vao hé ban dau ta co «/;+M=3<:>{x=0
x+y y=1

R Ll A

xX+y

Vé6it=10=ad’=10=x+y=10

x+y=10

thé vao hé ban dau ta c6 «/;+M =3 (VN)

x+y

J;_jziéﬁgzo

x+y
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B. PHU LUC
SU HO TRQ CUA MAY TINH CASIO-FX 570ES

A. PHUONG TRINH BAC CAO
1. Tim nghiém hitu ty ciia phwong trinh bic cao

Thi du. Tim nghiém cla phuong trinh: 6x* —13x® +15x* —9x+2=0

THAO TAC
o TREN KET QUA , .
THUTUY MAY TiNH HIENQTHI Y NGHIA
CASIO
1.1 6 6
1.2 ALPHA < Viét an X trén
1.3 ) CaSiO
14 x 6X*
1.5 4
1.6 (REPLAY) > i
1.7 - 6X" -
1.8
1.9 3
1.10 ALPHA
11 ) 6X* -13X®
1.12 ol
1.13 3
1.14 (REPLAY) > Viét phuong
115 + trinh da cho
1.16 1 trén may tinh
1.17 5 6X* -13X3 +15X2 CaSiO
1.18 ALPHA
1.19 )
1.20 x?
1.21 9
1.22 ALPHA 6X" —13X® +15X* - 9X
1.23 )
124 s 6X" —13X* +15X* —9X +2
1.25 2
1.26 ALPHA
1.27 CALC 6X* -13X* +15X*-9X +2=0
1.28 0
i'iz ZTLFE 6X* —13X° +15X7 —... Nghiém ciia
] 0.6666666667 phuong trinh
0 dé cho 1a
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2
X =—
3

2x | Binh luén. Tir viée biét trieée nghiém ciia phwong trinh dé cho, ta dé dang dwa phiong trinh

d6 vé dang tich: (3x —2) (22 —8x” +8x 1) =0.

2. Tim nhan tir trong phwong trinh bic cao c6 nghiém vo ty.

Phwong an 01: Str dung chttic nang TABLE

Thi du 1.Tim nhén tir cia phuong trinh: x* —2x° +x* —1=0

THAO
TAC
THU R TREN i I , .
- NOIDUNG MAY KET QUA HIEN THI Y NGHIA
TINH
CASIO
Viét phwong trinh T,uong ,H'I
4 R N cac budc . 5 ;
2.a.1 x'—2x"+x*-1=0 fr: 1.1 X' -2X"+X*-1=0
trén may tinh CaSiO dén 1.28
Thee =1 X _2x®+X*-1=0
Gaén gia tri: hién lai Phuong trinh
2.a.2 S(‘)lve for, X1a: 9 c‘ac bucy(z X = 1.618033989 c6 nghiém
va cho két qua... trl.29dén 1.618033989
1.32 [R= 0

Q Chiu y: Ching ta khong quy d6i két quado co gia tri chinh xac 13 bao nhiéu madi tim
nhan tir cia phuong trinh ban diu dira vao két quado.

2.a.3 ALPHA
2.a.4 )
2.a4 L ,, SHIFT
Gan bién X cho bién
2.a.5 A RCL
X—>A
2.a.6 -
1.618033989
MODE
2.a.7 Kiém tra gi4 tri ciia SETU N
ham P Nhép ham so
2.2.8 56 7 £(X) =
f (X) =A’-AX
2.a.9 ALPHA
trong khoang (—9; 9)
2.a.10 -
va cach nhau 1 don vi
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2.a.12 -
2.a.13 ALPHA
2.a.14 =)
2.a.15 ALPHA
2.a.16 ) f(X)=A”-AX
Start ?
2.a.17 = Gi4 trj bat dau
1
2.2.18 - Bit dau
2.a.19 9 bang: -9
End? cro s 1A
2.2.20 _ Gia tri ,ket
thuc
5
2.a.21 9 Két thic 1a: 9
Step ?
2.a.22 = Cach nhau
1 1don vi
2.a.23 1
Kiém tra cac gia tri
ciia F(X) thé hién trén X | FX) Phuong trinh
2.a.24 | bang. Chung ta chi = 11 ; ; c6 nhan tir1a
quan tam dén gid tri x>—x-1=0
F(X) nguyén
Két qua: Phurong trinh ¢6 nhan tir la: (x* —x - 1)
o Puwa phwong trinh vé dang tich:
Pé xuat: Phuong phap giai toan (x2 e 1)(xz et 1) -0

2 | Chuay : Cach lam nay tuy nhanh, nhung ching ta chi nén dap dung cho cdac phwong trinh bdc
bén cé hé s6 a=1.

Phwong 4n 02: St dung chirc ning RCL (g4n bién)
Thi du 2:Tim nhén tir cia phuong trinh: 16x* +112x® +284x” +212x —39=0

THAO
TAC
THU R TREN KET QUA , 3
TV NOI DUNG MAY HIEN TH Y NGHIA
TINH
CASIO
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Viét Tuong
phuong trinh tu cac . 5 )
3.b.0 | 16x* +112%" +284x* | busc 16X° +112X" + 284X
+212x -39 =0 Wil | PR1ZX-39=0
trén may tinh CaSio | dénl1.14
Thuee 4 3 2
‘an [ai 16X* +112X° + 284X
Gén gié tri: }Clin lai 919K -390 Phuong trinh
3.b.2 S(‘)lve forA Xla: 9 buée X = 0.1513878189 c6 nghiém
va cho két qua... : 0.1513878189
wils | | R=o
dén 1.18

Tim nghiém ciia phuong trinh va gan bién X cho bién A

3.b.3 ALPHA
3.b.4 )
3.b.5 SHIFT

3b.6 | GanbiénXchobién A [ gcr

X—>A
3.b.7 ()
0.1513878189

Tim nghiém khéc cia phwong trinh va gan bién X cho bién B

Viét phwong trinh Tuong

16x* +112x° +284x% | %€ | 16X* +112X° + 284X°

3.b.8 budc
+212x-39=0 i 1.1 +212X-39=0
trén may tinh CaSiO | 445 1.14
Thuc
hienlai | 16X*+112X° +284X*
Gan gia tri: cé.c ) +919X -39 =0 Phuong trinh
3.b.9 Solve for X1a: -9 | X =1 65138_7819 c6 nghiém
va cho két qua... . - -1.651387819
trl.15 |:R =0
dén1.18
3.b.10 ALPHA
3.b.11 )
3.b.12 ) ) SHIFT
Gan bién X cho bien B
3.b.13 RCL
X—>B
3.b.14 ©5s5

-1.651387819
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Nhain thiy bién A va bién B c6 gia tri khac nhau. Ta tiép tuc thuc hién nhu sau: (Chay:
Néu budc: 3.b.9 cho két qua gibng v6i bude 3.b.2 ta cin gan gia triSolve for X khac)

3.b.15 ALPHA
3.b.16 Q) A
3.b.17 +
3.b.18 Tim téng: A+B ALPHA
3.b.19 555 A+B

A+B
3.b.20 = 3

2

3.b.21 ALPHA
3.b.22 [
3.b.23 X
3.b.24 ALPHA
3.b.25 Tim tich: A.B °,,, AxB

AxB
3.b.26 = 1

4
Nhan tir cia phwong trinh da cho la:
A 2 . 1
Két qua: x’ —(A+B)x+AB, ticla: [x2+;x—ZJ
o Puwa phwong trinh di cho vé dang tich:

Dé xuat: Phuong phap giai toan <4x2 +6x— 1).(4x2 +99% + 39) -0

2

Chu ¥ : Trong truong hop A+ B va AB  khéng hitu ty, ta tiép tuc tim nghiém va gdn cho
bién C sau dé thitvéi A +C va B+C  dé tim xem tong ndo c6 két qud hitu ty

524




Cty TNHH MTV DVVH Khang Vi¢t

B. PHUONG TRINH VO TY
1. Tim nghiém hitu ty ciia phwong trinh vo ty

Thi du. Tim nghiém cta phuong trinh: x® +/3x -2 =2

... | THAO TAC TREN KET QUA ’ .
THUTU | 1Ay TiNH CASIO HIEN THI Y NGHIA
1.1 ALPHA -
X Viét an X trén CaSiO
1.2 )
1.3 x? X2
1.4 + X2+
1.5 \ﬁ X2+ ﬁ
1.6 3 X2+3 Viét \3X
1.7 ALPHA trén CaSiO
2
18 ) X+ 43X
1.9 - X2+ [3X -
1.10 2 X2+ A/3X -2
Pua dau nhic
2 f
111 (REPLAY) > X'+ 48X -2 ra ngoai cin thirc
1.12 ALPHA
X+ 43X -2 =
1.13 CALC
Viét phuong trinh:
1.14 2 X2+ 48X -2 =2 x> +4/3x -2 =2
1én may tinh CasiO
1.15 SHIFT Solve for X Obudc 1.17
6 thé nhap
1.16 CALC 0|  motgia tri bt ky
1.17 9
X?+4/3X -2 =2 e
Nghiém cta phuong
1.18 = X=1 trinhlax =1
|R=0

céu hoi nghiém cita phirong trinh bing bao nhiéu mét cich nhanh chéng.
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2. Kiém tra s6 nghiém ciia phwong trinh vé ty

Thi du 1. Tim tit cd cac nghiém cia phuong trinh: x® +3 =+/2x+1

va cho két qua. ..

turl.15 dén 1.18

[«][>]: Goto

THAO TAC
THU X TREN KET QUA HIEN , .
. 1D o Y NGHIA
TU NOIDUNG MAY TINH THI NG
CASIO
Viét phwong trinh - )
5 _ e uong tu‘ cac
2.a.1 x 4:3_, 29,C+1 budc X2+3=~f2X+1
trén may tinh tir: 1.1 dén 1.14
CaSiO
)
Gan gia tri: Thuc hién lai cac Can’t Solve Phwong
2.2.2 | Solve for X 1a: 9 budc [AC] :Cancel trinh

vO nghiém.

(Gia tri nay nén chon gia tri nguyén lan cin X = —5 , chon 120 chiang han)

Q Chu y: Khi gip trudng hop nay dé chic chin ban nén thir gan Solve for X voi mot gia
tri khac.

Quay vé
buéc hién
2 _
2.a.3 <(REPLAY) X2 4+3= \/2X +1 thi phwong
trinh
2.a.4 SHIFT Solve for X
Gan gia tri:
2.2.5 Solve for X 1a: 0 CALC 0
2.a.6 0
Can’t Solve Phuong
2.7 = [AC] :Cancel trinh vo
[<][>]: Goto nghiém.

Dudoan

Phwong trinh da cho vo nghiém

Pé xuit: Phuong phéap giai

toan

Ham sb, danh gia
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Thi du 2. Tim tit ca cac nghiém cua phuong trinh: 23/3x —2 + 36 —5x —8 =0

THAO
TAC
THU A TREN - S ; -
v NOI DUNG MAY KET QUA HIEN THI Y NGHIA
TINH
CASIO
Viét phwong trinh | Tuong
232 tw chc
budc
3 —
2b.1 | 136 5x-8=0 | .11 | 2¥BX-2+3V6-5X-8=0
trén may tinh dén
CaSiO 1.14
Thuc
. hién 1 938X 2 +36-5X -8=0 ‘
Gaén gia tri: lai cac Phwong trinh
2.b.2 Solve for X 1a 9 budc c6 nghiém
A 1A - \ X = -2
va cho két qua... torl. 15 x=-2.
dén |-R= 0
1.18

Q Chi y: Ta tiép tuc kiém tra xem phwong trinh c6 nghiém nao khac ngoai x = -2 bing

cach gan Solve for X bdi mot gia tri khac 1an cén X = g .

Solve for X
2.b.3 Gan gi tris SHIFT | >olvefor
2.b.4 Solve for X 1a: 2 CALC )
2.b.5 2
233X -2 +3Y6-5X~8=0 | Phuong trinh
2.b.6 = €0
0. - X = -2 nghiém
|-R = 0 x=-2.
Du doan Phuong trinh d4 cho c6 nghiém duy nhit x = -2
Pé xuit: Ph hép giai <
¢ xua T(’)‘;i phap glal Lién hop, danh gia, ham sb
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© Thi du 3.Tim tit ca cac nghiém cia phwong trinh: \/x(x - 1) + \/x(x + 2) = 2\/37

THAO TAC
THU A TREN i . Y
TV NOIDUNG | \ ' io i KET QUA HIEN THI NGHIA
CASIO
Viét phwong
trinh
x(x-1) Tuong tu cac
budc 2
2ed | 4+ r(@+2) | nqgaie | VXD X (X+2) —2JX
— o 1.14
trén may tinh
CaSiO
Gan gia tri: . .
: Thuyc hién 1 _ Phwon
Solve for X 1a wehiénlai |- X (X 1) +[X(X+2) =2yX* | Phuong
.02 9 cac budc trinh co
C © b kit wl.15dén | X = 0 nghiém
va cho ke 1.18 |-R = 0 x=0.
qua...

O Chu y: Ta tiép tuc kiém tra xem phuong trinh c6 nghiém nao khac ngodi x =1 bing
cach gan Solve for X boi mot gia tri khaclancan X =1.

2.c.3 Gan gia triz SHIFT Solve for X

2.c.4 | Solve for X 1a: CALC 0

2.c5 2 2
JX(X-1) +X(X+2) =2(x* | Phuong

trinh c6

2.c.6 = nghiém
X = 1.125 9
|-R = 0 =y

cach gan Solve for X béi mot gia tri khaclancin X = -2,

Q Chu y: Ta tiép tuc kiém tra xem phuong trinh c6 nghiém nao khac ngoai x =0 va x = 3 bang

2.c.7

Gén id tric SHIFT Solve for X
an gia triz
2.8 | goveforXla: | CALC 1.125
-3 -
2.c.9 3
JXEX-1) + X(X+2) =2{X°
2.c.10 = X = 0

|-R= 0
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Dy doan

Phuong trinh da cho chi ¢6 2 nghiém x =0 va x = %

Pé xuit: Phuong phap

giai toan

Nhén lién hop dwa vé dang: (8962 - 9) f(x) =0

Q Chu y: Chung ta c6 thé sir dung lien tue nut L SHIFT [ CALC

dé thir cac khoang chira nghiém

cia phuong trinh. Viéc thir cang nhiéu gia tri (Solve for X) chiing ta s& nhan doan duoc két
qua cang chinh xac!

3. Tim nhén tir ciia phwong trinh c6 nghiém vo ty
Phwong an 01: St dung chiic nang TABLE

@ Thi du 1.Tim nhén ti cia phuong trinh: x* + x* —x* =2x+1

THU
TU

NOI DUNG

THAO
TAC
TREN
MAY
TINH
CASIO

KET QUA HIEN THI

Y NGHIA

3.a.1

Viét phwong trinh
O +¥xt - =22 +1
trén may tinh CaSiO

Tuong
tu cac
budc

tr: 1.1
dén 1.14

X2 +3X X% =2X +1

3.a.2

Gan gia tri:
Solve for X 1a: 9
va cho két qua. ..

Thuc
hién lai
cac
budc
tul. 15
dén1.18

X2 +{X-X? =2X +1

X = 1.618033989
|-R = 0

Phuong trinh
c6 nghiém
1.618033989

Q Chu y: Chung ta khéng quy déi két quado cé gid tri chinh x4c 13 bao nhiéu madi tim nhan
tir cia phuong trinh ban dau dua vao két quado.

trong khoang (—9; 9)

vig;each;

hau.l:den vi

3.a.3 ALPHA
3.a.4 )
3.a.4 SHIFT
3.a.5 | Ganbién X chobién A [ RCL
X—>A
3.a.6 &)
1.618033989
Kiém tra gié trj cua MODE
3.a.7 ham SET oy
56 f(X) =A%2- AX UP Nhap ham so
3.a.8 7 f(X) =
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3.a.10 )
3.a.11 x? f(X)=A*
3.a.12 -
3.a.13 ALPHA
3.a.14 ()]
3.a.15 ALPHA
3.a.16 ) f(X)=A*-AX
Start ?
3.a.17 = Gid trj bat dau
1
3.2.18 - Bit dau
3.2.19 9 bang: -9
End? cros 1A
3.2.20 _ Gia tri ,ket
thac
5
3.2.21 9 Két thic 1a: 9
Step ?
3.2.22 = Céch nhau
1 1don vi
3.a.23 1
Kiém tr? cic giét tri ?ﬁa X | FX) Phuong trinh
3.2.24 F(X) thé hién trén bang. _ 6 nhan tir 13
Chung ta chi quan tam 11 1 1 B 120
dén gia tri F(X) nguyén roox=i=
Két qua: Phuong trinh c6 nhan tirla: (x* —x—1)
o Nhan lién hgp dwa phwong trinh vé dang:
Peé xuat: Phuong phap giai toan (x2 e l)f(x) ~0

% | Nhin xét: Phirong dn 01 chidwa véduoc phirong trinh:

& —mx +n=0(m, n eN), khéng dua védwoc phwong trinh: ¥ —px +q =0 (p, q € Q).

Nguyén nhan: Trén bang TABLE ta cho Step? nhan gia trj 1al nén mdy tinh chi kiém tra cic gia
tri ciia bién X nguyén va cach nhau 1 don vi.
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Phwong an 02: Sir dung chirc ning RCL (gan bién)
& Thi du 2:Tim nhan ti cia phuong trinh: 4x” + 14x +11 = 4/6x + 10

THAO
TAC
THU R TREN KET QUA , .
v NOIDUNG MAY HIEN TH] Y NGHIA
TINH
CASIO
Viét
phwong trinh Tuong ty 9
2 ic bud 4X% +14X +11
3b1 | (407 +14x+11) C?Cf‘i"c (4X* +14X +11)
tu: 1.
. =16(6X+10
:16(6x+10) dén1.14 ( )
trén may tinh CaSiO
“a 2
Thychién | (4X?+14X +11)
Gan gia tri: lai cac Phuong trinh
3b.2 | SolveforXla:9 | busc =16(6X +10) c6 nghiém
va cho két qua... tul.15 X =0.1513878189 0.1513878189

dén 1.18 -R=10

Tim nghiém cua phuong trinh va gan bién X cho bién A

3.b.3 ALPHA
3.b.4 )
3.b.5 » y SHIFT
Gaéan bién X cho bién
3.b.6 A RCL
X->A
3.b.7 ©)

0.1513878189

Tim nghiém khac ciia phwong trinh va gan bién X cho bién B

Viét phuwong trinh
9 Tuong tu 9
ibs (4x2 +14x+11) cac budce (4x? +14X+11)
~16(6x +10) tr: 1.1 ~16(6X +10)
dén 1.14
trén may tinh CaSiO
Thychién | (4X* 414X +11)
Gan gia tri: lai cac Phuong trinh
3.b.9 Solve for X 1a: -9 | budc = 16(6X + 10) c6 nghiém
va cho két qua. .. tul.15 X =-1.651387819 -1.651387819

dn1.18 | |-R=0

ALPHA
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3.b.11 B )
3.b.12 SHIFT
3.b.13 RCL
X—->B
3.b.14
-1.651387819

Nhin thiy bién A va bién B cé gia tri khac nhau. Ta tiép tuc thuc hién nhu sau: (Chuay:
Néu bude: 3.b.9 cho két qua gidng véi bude 3.b.2 ta cin gan gia triSolve for X khac)

3.b.15 ALPHA
3.b.16 ) A
3.b.17 +
3.b.18 Tim téng: A+B ALPHA
3.b.19 ©315 A+B
A+B
3.b.20 = 3
2
3.b.21 ALPHA
3.b.22 0
3.b.23 X
3.b.24 ALPHA
3.b.25 Tim tich: A.B °,,, AxB
AxB
3.b.26 = 1
4
Nhan tir cia phwong trinh da cho la:
Két qua: x* —(A+B)x+AB, ticla: (x2+gx—ij
o Nhin lién hgp, dwa phwong trinh vé dang:
Pbeé xuat: Phuong phap giai 3 1
. 2 -
toan [x +§x—zj.f(x)—0

» | Nhin xét: Piém manh cia phwong dn 02 1a tim nhin tidoi voi nhitng phwong trinh khéng chira

can thirc (phwrong trinh sau phép lity thira).

Nguyén nhan: Mot phuong trinh vo ty ¢6 thé ¢ 2 nghiém, nhung mot nghiém khong thoa man
diéigkiensVi vy méystinh:diisudongloai O
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4. Kiém tra mién gia tri ciia ham s6 bing chirc ning TABLE

© Thi du. Kiém tra mién gi4 tri ciia ham s6: f(x)=2x" —11x+21— 384x — 4 va néu dinh

huéng cach giai phuong trinh: 2x* —11x +21—-334x—4 =0 (VMO-1995)

—Buwéc 1: Kiém tra diroc ring phueong trinh ¢ nghiém duy nhat x = 3 (xem muc B)
— Bwéc 2: Kiém tra mién gid tri ciia ham s f (x) =92x" —11x + 21 — 3% 4x — 4 trong khodng (-9; 9)

va cach nhau 1 don vi.

THAO TAC
THU . TREN KET QUA ’ .
U NOIDUNG MAY TINH HIENQTH[ Y NGHIA
CASIO
Tai vi tril3
ta thiy
X=3va
Kiém tra trén X F(X) F(X)=0,
TABLE ham sb 1 -9 292.25 nghia la
f(x) — 9% —11x Tuorngl;tu cac 2 -8 246.9 phu}(lmg
ude trinh c6
dal | 421-3Yx—4 tir: 3.a.7 dén 12 2| 22377 || nghiém
trong khoéng 3.2.22 13 3 0| x=3
(-9; 9) va cach 14 4| 2.1317 | | Céacgiatrj
nhau 1 don vi con lai cua
19 9 | 74475 X lubn
cho gia
triF(X)>0
Buéc 3: Kiém tra gié tri ciia X trong khoang (2;4) v&i d6 rong 0.1 (1an can nghiém x =3)
Viét ham s Tuong tw cic
s f(x)=2x"-11x budc f(X)=2X*-11X
U o1 osYaxr o4 | edaddéin | o) gyIX 4
trong TABLE 3.a.16
Start ?
4.a.3 =
1
Bit dau voi
4.a4 \ 2
Kiém tra gid tri cia X x=2
trong khoang End?
4.a.5 (2;4) v6i do rong =
0.1 5
Két thuac
4.a.6 4 .
voix =4
Step ?
4.a.7 =
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4.a.8 0 Kiém tra
4.2.9 . cac gia tri
cach nhau
mot
4.a.10 1 khoang
0.1
X F(X)
1 2| 2.2377 Cac gia tri
2.1 1.804 cua X
Kiém tra diu F(X) «. || khac3
4.a.11 thé hién trén = 10 29 | 0.0217 trong bang
bang. 11 3 0 luén lam
12 3.1 0.0216 cho
FX)>0
21 4| 2.1317
Nhin dinh: 2x* —11x+21-3%4x -4 >0,vx eR
Dé xuat: Ph“t‘:)r;i phdp gial Panh gi4, ham s6, lién hop

» | Nhin xét: Trong qud trinh gidi todn, ching ta sé gip phdi nhimg phwong trinh can sir dung
phuwong phdp dénh giddé giai quyét tron ven bai todn. Chivc ning kiém tra céc gid tri ciia F(X)
trén bang TABLE sé givp ching ta ¢ nhirng nhdn dinh chinh xdc hon nhu: f{x) > 0 hay fix) <
0, ham s6 cédon diéu khong? ...

O Chuy:

Néu cac gié tri ciia F(X) tang dan theo gia tri cia X chimg to ham sbddng bién, va gia triF(X) giam
dén khi gia trj cia X ting dan chung t6 ham sé nghich bién.

Khong nén thur cac gia tri ngoai tip xac dinh, béi chung ta s& khéng nhan dwoc két qua voi
nhiing gia trido.
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