BO GIAO DUC VA PAO TAO KY THI CHON POI TUYEN
TRUONG PAI HQC VINH DU THI HQC SINH GIOI QUOC GIA THPT
NAM HOQC 2026 - 2027

PE CHINH THU'C Moén: TOAN
Thoi gian: 180 phiit (khéng ké thoi gian giao dé)
Ngay thi thir nhit

Bai 1 (5,0 diém). Tim tt ca cac sb thuc a,b dé tén tai hdm f: R — R khéc hing va
thoa man '
f(a:ca + y2) = f(by3 +z2),\7’z,'y eR.

Bai 2 (5,0 diém). Cho sb nguyén duong n. Tim tit ca c4c da thitc P(z) € R[z] khéc
héng, chi c¢6 nghiém thiurc va thda man déng thirc sau véimoi z € R :
z® + 3z

16" P = (:1:4 + 7% + 16)n P(z).

Bai 3 (5,0 @iém). C6 30 hoc sinh tham dir m6t khéa hoc gbm 100 tiét. Két thiic khéa hoc,
nhitng hoc sinh di hoc it hon 56 tiét s& khong duge dy thi cudi khéa. Biét rang trong mdi
tiét hoc déu c6 nhiéu hon nira s6 hoc sinh vang mit.

a) Chirng minh rang c6 it nhat mét hoc sinh khong dugce du thi cudi khoa.

b) Tim s6 nguyén N 16m nhét sao cho chic chin c6 it nhit N hoc sinh khéng dugc dur
thi cuoi khéa.
Bai 4 (5,0 diém). a) Gi st o 12 mot s6 nguyén duong va p 1a mét s6 nguyén té. Ching
minh ring:

a*™ =1(mod p*) & oY =1(mod p?).

b) Tim tit ca céc s6 nguyén duong z,y vi sé nguyén t6 p thoa man ddng thoi hai

diéu kién:
7) 50 1 khong chia hét cho p?; i) p* +5=1y".

Hét

Ghichd: > Thi sinh khong dugc sir dung tai liéu va may tinh cim tay!
» Céan bj coi thi khong dugc giai thich gi thém!
HO vA 180 thi SINH: . .evvevenniirnieeniriiereenereneeeeeennnserneesnen Sé béo danh: ................



BQ GIAO DUC VA PAO TAO ' KY THICHON PQI TUYEN
TRUONG PAI HQC VINH " DU THI HQC SINH GIOI QUOC GIA THPT
NAM HQC 2026 - 2027

PE CHINH THUC Mén: TOAN
Thoi gian: 180 phiit (khong ké thoi gian giao dé)
Ngay thi thir hai

Bii 5 (6,0 diém). Tim sb thuc dwong k 16n nhét sao cho bit ding thitc

\O® + ka + B + kb +c + ke > J3(k+1)(a+b+c)
diing véi moi bd ba sb thuc duong (g, b, ¢) théa min didu kién ab + bc + ca = 3.

Bai 6 (7,0 diém). Cho tam gidc nhon ABC néi tiép dudng tron (0). Goi M 14 trung diém cia
AB, dudng kinh CD cua (O) cit AB tai E. Tiép tuyén tai 4, B ciia (O) citnhau & T, CT
cit (O) tai diém thit hai 1a S. Goi-T 1a tim ciia dudng tron (CME).

a) Chimg minh réing céc dudmg thing CD, TI, SM dong quy.

b) Dudng tron (CME) cit (0) tai diém thi hai 1a X, MK cét CE tai F. Chimg minh ring ba
dudmg tron (EFM), (DFS), (ABF) cing di qua mjt diém khéc F.

Bai 7 (7,0 diém). Bé An c6 mét bd c& gbm 32 quén cd. An choi trd choi dat 1an lugt céc quén
cir 1én mdt ban cir kich thuée n x n. Trén ban cd, mdt 6 goi 13 hop Ié néu 6 d6 chua c6 quén ciy
ndo ddng thoi tdng sé quan c&r dang c6 trén 2n — 2 6 ciing hing hoc cling cbt véi 6 d6 12 mét sb
chéin. M3i buéc An dit mdt quan c& vao mot 6 hop 1&.

a) Xét n = 8 va ban c& duge td tring den nhu bin c& vua tiéu chuin. Chimg minh ring An c6
thé dat hét 32 quén c vao 32 6 tring clia ban co.

b) Vi n = 8, chimg minh ring néu véi mdi budc dit quin c& An chon ngiu nhién mot 6 hop 1&
thi An luén dat dugc toan bd 32 quén cd lén ban co.

¢) Véi n = 7, héi néu véi mdi budce dat quan c& An chon ngiu nhién mét 6 hop 1€ thi c6 con ddm

bao ludn dit dugce toan by 32 quén c&r 1én ban c& hay khong? Vi sao?
Hét

Ghichii: > Thi sinh khong dugc sir dung tai liéu va may tinh cim tay!
> Can bg coi thi khong duoc giai thich gi thém!

HO VA 180 thi STIR: +eneeneenieieeeeeeeesneensenseieeenesnesnsanenan Sébaodanh: .....euen..n..n.



Chuong

CHON DTQG DAI HOC VINH 2026 - NGAY 1

I 4
( Baitoan 0.1. ] (Lim Olympic - Bai hoc Vinh TST - P1)

Tim tat ca cac sb thuc a,b dé ton tai ham f : R — R khéc hing v théa man

f(aa:3 + y2) = f(by3 -+ xz),‘v’x,y € R.

(£ Lai giai.
Truée hét, néu a = b = 0 thi diéu kién tré thanh f(y?) = f(2?), Vz,y € R.
; ; 5 , 0, 220,
Dé y ham s6 f : R — R khéc hing sau thod man: f(z) = .
1, &=

Vay (a,b) = (0,0) théa man yéu cau dé bai.

Ta chitng minh moi trudng hgp con lai déu bude f 1a ham hang.

Néu a = 0 va b # 0 thi f(y?) = f(by® + 2?), Vz,y € R.

Thay y = 0 cho ta f(z?) =0, V& € R hay f(z) = 0 v6i moi = > 0.

Do d6 f(by® +2%) =0, Va,y € R, thay z = 0 thi f(by®) = 0,Vy € R, va vi b # 0 nén f(z) =0, Vz € R.
Cubi ciing, gia stt ab # 0. Lay u,v € R bat ki, ta sé chiing minh hé phuong trinh sau ¢6 nghiém (z,y):

ax3+y2:u

byd + 22 =

— 2 | T
Ta cb z = {| — y,nénby3+3w=v.
a a

o i — 1232
Xét ham g(t) = bt + ¥ w trén R, ta sé chiing minh g 14 toan &nh trén R.
a

Dé y g 1a ham lién tuc trén R, va khi x — 400 thi g cing dau véi b, va khi  — —oo thi g nguge dau véi

b, do d6 theo dinh 1y gia tri trung gian suy ra dugc g la toan anh tren R.

Vi vay phuong trinh g(y) = v ludn c¢6 nghiém y € R, do d6 hé phuong trinh trén c¢6 nghiém (z,y).
Tit d6 ta suy ra dude f(u) = f(v) v6i moi u,v € R nén f 13 ham hang.

Vay ton tai duy nhat cip s6 thuec [(a, b) =0y, 0)] dé ton tai ham f khac hing.

4
( Baitoan 0.2. J (Lim Olympic - Bai hoc Vinh TST - P2)

Cho sb6 nguyén duong n. Tim tat ci cdc da thic P(x) € R[z] khac hing, chi ¢6 nghiem thuc va

thoa man ding thitc sau véi moi z € R:

z3 + 3z
4

16" P ( ) = (z* + 72% + 16)" P(z).

@ Ldi giai.

Cach 1. Goi m = deg P > 1 va ¢ 1a hé s6 cao nhat ctia P.

So sanh bac hai vé ctia dang thic, ta duge 3m = m + 4n nén m = 2n.

£ CLB Todn Lim - OLYMPIC - 8 0789102019 Trang 1
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Ta c6 2* + 722 + 16 > 0 v6i moi x € R. Do d6 tir dé bai ta c6 duge:

343
Plz) =0 & P(m Z x) =l
3
3 . £ 5 ”
bat f(z) = — Z T tren R. Lay mot nghiém thuce r cia P. Néu f(r) > r thi, do f dong bién nén

r& Jr) S fFl)) o,
hay P c6 vo han nghiém, vo ly. Tuong ty, néu f(r) < r ciing ¢6 diéu vo ly, do d6 f(r) = r. Ta ¢
r3 4+ 3r
4
nén moi nghiém cua P déu thuoc {—1,0,1}.

=r < r(r?-1)=0,

Vi P chi ¢6 nghiém thyc va c6 bac 2n, ton tai cac s6 nguyén khong am «, 3,7 v6i a+ 3+ = 2n sao cho
P(z) = ca®(z — 1) (z + 1), ¢=0.
Thay vao déng thitc ban dau dé suy ra dugc:
(2% +3)*(z® +z + 4)P (22 — z +4) = (¢* + 72? + 16)", Vz € R.
Maz?+ 722 +16 = (2?2 + 2+ 4) (22 —2+4), va 22 43, 2% + £ + 4, 2° — £ + 4 13 c4c da thitc do6i mot bat
kha quy trén R[z]. Do d6 a = 0 va 8 =y = n. Vay P(z) = c(z? — 1)" v6i ¢ # 0.
Thit lai dé thiy duge tit ca cac da thitc thod man yéu cau dé bai la P(z) = c(z? — 1)" v6i ¢ # 0.

Cach 2. (khong sit dung diéu kién chi cé nghiém thuc)

Dit deg P = k. Vi P khac hing nén k > 0. So sanh bac hai vé suy ra k = 2n.
Goi C # 0 la hé sb cao nhét ciia P va dit P(z) = C(2? — 1)" + Q(x).

Dé y Q = 0 thod méan, xét Q # 0, khi d6 deg@ = d < 2n.

So sanh bac hai vé ciia dang thitc trén, ta c¢6 3d = 4n + d, suy ra d = 2n, mau thuin véi deg Q < 2n.
Thit lai suy ra tit ca céc da thic can tim 1a P(z) = C(z? — 1)" v6i C # 0.

Thay vao dang thitc ban dau suy ra 16"Q (

f
( Baitoén 0.3. J (Lim Olympic - Bai hoc Vinh TST - P3)

C6 30 hoc sinh tham dy mot khéa hoc gom 100 tiét. Két thic khéa hoc, nhitng hoc sinh di hoc it
hon 56 tiét sé khong duge dy thi cudi khoa. Biét rang trong méi tiét hoc déu c6 nhiéu hon nita s
hoc sinh ving mit.
@ Chting minh rang c¢6 it nhat mot hoc sinh khong duge duy thi cudi khoa.
@ Tim s6 nguyén N 16n nhat sao cho chic chan c6 it nhat N hoc sinh khong duge dy thi cudi
khoa.

@ Ldi giai.
Trong mdi tiét c6 nhiéu hon 15 hoc sinh ving miit, nén c¢6 nhiéu nhat 14 hoc sinh di hoc. Do dé tong s6
luot di hoc ctia ca 30 hoc sinh trong 100 tiét khong vugt qua
100 - 14 = 1400.
Goi t 1a s6 hoc sinh duge dy thi cudi khéa. Mdi hoc sinh trong s6 d6 di hoc it nhat 56 tiét, nén
56t < 1400.
Suy ra t < 25. Vi ¢6 30 hoc sinh nén c6 it nhat 30 — 25 = 5 hoc sinh khong duge dy thi. Do d6 N > 5.

Trang 2 £ LIM Olympic - CLB én chuyén, HSG



Chudng 1. Chon DTQG Dai hoc Vinh 2026 - Ngay 1 838 LIM EDU

Ta dung mot cach diém danh c6 ding 5 hoc sinh khong duge di thi.
Danh s6 25 hoc sinh dau tién bdi cac s6 0,1,2,...,24. Chia 100 tiét thanh 4 vong, mdi vong gom 25 tiét.
Trong tiét thit j ctia mdi vong, cho ding 14 hoc sinh

Ji+1,...,7+13 (mod 25)
di hoc, 5 hoc sinh con lai luén ving mit. Trong mdi vong, mdi hoc sinh thugc nhém dau di hoc ding 14
tiét, nén sau 4 vong méi em di hoc ding 56 tiét va duge du thi. Chi ¢6 5 hoc sinh cudi khong duge du thi.
Vay (N =5

4
( Baitoan 0.4. J (Lim Olympic - Bai hoc Vinh TST - P4)

@ Gia sit a 1a mot s6 nguyén duong va p 1a mot sé6 nguyén t6. Chitng minh ring:
a?1=1 (modp?) & a1 =1 (mod p?).
@ Tim tat ci cac s6 nguyén duong x,y va s6 nguyén t6 p théa man dong thai hai diéu kién:
& 5@ _ 1 khong chia hét cho p?;
S p*+5=¢"

@ Lai giai.

@ Chiéu thuan 1a hién nhién, gid ta chitng minh chidu déo. Gia st a® 1 =1 (mod p?).

Khi d6 pta. Vi a?! =1 (mod p) nén ton tai sé nguyen k sao cho a?~ ' =1 + kp.
=gV = (1+kp)Pt=1+kp(p—1) (modp?).

Vi(p,p—1)=1,suyrap|k. Dodéa? ' =1+kp=1 (mod p?).

@ Theo ¥ 1, diéu kien dau tuong duong véi 571 £ 1 (mod p?).
Ta ¢6 p = 2 khong thod man, con p = 5 thi y° = 5% + 5, dé y 5v5(y) = v5(5° +5) = 1 nén vo ly.
Bay git gia sit p 1a s6 nguyén t6 18 va p # 5. Theo dinh 1y Fermat nhé ta c6 v,(5¢~' — 1) = 1.
T p* + 5 = yP, xét modulo p suy ra y =5 (mod p).
Gia sit z > 2. Ta ¢6 yP — 57 = p® — 5(5P~! — 1). Khi d6 ta c6 duge:

1=wp(p® — 5(5P" — 1)) = up(y® — 5°) = vply — 5) + vp(p) 2 2,

mau thuan. Vay x = 1. Khi d6 y? = p + 5.
Néup=3thiy’=8dodéy=2. Néup>T7thiy>2vay?>2">p+5,voly.

Thit lai dé thay dugc nghiem duy nhat thoid man yéu cau dé bai la [(:z:, 9y, 2) = (1,2, 3)]

£l CLB Todn Lim - OLYMPIC - @ 0789102019 Trang 3
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CHON DTQG DAI HOC VINH 2026 - NGAY 2

[
( Bai toan 0.5. ) (Lim Olympic - Dai hoc Vinh TST - P5)

Tim s6 thuc duong k 16n nhat sao cho bat ding thic

Va3 + ka+ VB + kb+ /S + ke > \/3(k+1)(a+b+0)
diing v6i moi bo ba s6 thue duong (a, b, ¢) théa man diéu kien ab + be + ca = 3.

@ Loi giai.
2

V61b=c=tthia=3_ v6i 0 <t < V3.

Thay vao bat déng thitc ta duge Va3 + ka + 2V 3 + kt > \/S(k + 1)(a + 2t).
Cho t — (\/5)_, titc a — 0T thi
2-3Y4/k+3>3Y4/6(k+1) < 2Vk+3>/6(k+1) < k<3

Ta sé chitng minh k& = 3 thod man, tic véi moi a, b, ¢ > 0 thod man ab + bec + ca = 3 thi

Va3 +3a+ Vb +3b+ V3 +3c>1/12(a+b+c)
2
Ta c6 (Z \/a3+3a> =Z(a3+3a)+2z \/(a3+3a)(b3+3b).

cyc cyc cyc

Datp=a+b+c, ¢g=ab+ bc+ ca =3, r = abc thi
Z(a3+3a)=(a3+b3+c3)+3(a+b+c)=(p3—3pq+3r)+3p=p3—6p+3r

cyc

Hon thé nita
\/(a3 + 3a) (b3 + 3b) = \/a,(a+ b)(a+c)-bla+b)(b+c) = (a+b)\/ab(a+c)(b+c) > (a+b)(ab+ cVab)
Do d6 22 \/(a?’ + 3a)(b3 + 3b) > 2Zab(a+ b) +2Zc(a+ b)Vab.

cyc cyc cyc
Dé ¥ them a +b > 2vVab = c¢(a + b)Vab > 2abe nén
2" /(a3 +3a)(b3 + 3b) > (6p — 6r) + 12 = 6p + 6r

cyc

2
Vi vay (Z \/a3+3a> > (p® — 6p+3r) + (6p + 61) = p® + 9.

cyc

Theo bat ding thitc Schur ta cé:

PP —dpg+9r >0 = p?—12p+9r >0 = p*+9r > 12p=12(a+b+c)

Vi vay Va® + 3a+ Vb +3b+ v/ + 3¢ > \/12(a + b+ ¢) nén k = 3 thod man.

Vay gia tri 16n nhat ctia k bang 3.

Trang 4 £l LIM Olympic - CLB én chuyén, HSG



Chuong 2. Chon DTQG Dai hoc Vinh 2026 - Ngay 2 828 l!)\’[l;“l)U

L

( Baitoén 0.6. J (Lim Olympic - Bai hoc Vinh TST - P6)
Cho tam giac nhon ABC nai tiép dudng tron (O). Goi M la trung diém ctia AB, dudng kinh C'D
ctia (O) cit AB tai E. Tiép tuyén tai A, B ctia (O) cit nhau ¢ T, CT cit (O) tai diém thit hai 1a
S. Goi I la tam ctia duong tron (CME).
@ Chitng minh ring cac duong thing CD,TI,SM dong quy.
@ Dudng tron (CME) cit (O) tai diém thit hai 1a K, MK cit CE tai F. Chiing minh ring ba
duong tron (EFM), (DFS), (ABF) cung di qua mot diém khac F.

M I A 2

@ L& giai.
(1) K& dudng kinh EN ciia (I) = T, M, N théng hang,
Ta ¢c6 OM - OT = 0C? = /OTA = ZOCM = /MNE = EN//CT.
Goi M S cit OC tai X, theo hang diém tiép tuyén cat tuyén ta c6 —1 = M(BTSC) = M(EOXC) =
T(EOXC) = T(ENXC), ma TC//EN = TX chia doi EN = T, X, I thing hang.

@ Do tit gisc OM SC noi tiép nén ZSME = 90° + ZSMT = 90° + Z0CS = 180° — ZCDS = MEDS
noi tiép. Goi SD cit ABtaiY = YA.-YB=YS-YD=YM-YE = Y nim trén truc ding
phuong cta (EFM), (DFS), (ABF). Ma 3 dudng tron nay cung di qua F nén 3 dudng tron nay
dong truc, diéu phai chiing minh.

£l CLB Todn Lim - OLYMPIC - 8 0789102019 Trang &
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[
( Baitoén 0.7. J (Lim Olympic - Bai hoc Vinh TST - P7)

Bé An c6 mot bo ¢ gom 32 quan ¢d. An choi tro choi diat lan lugt cdc quan cd lén mot ban co
kich thuéc n x n. Trén ban cd, mot 6 goi 1a hgp 1é néu 6 d6 chua c6 quan ¢d nao dong thoi tdng
s6 quan cd dang c6 trén 2n — 2 6 ciing hang hodc cling cot v6i 6 dé 1a mot sé6 chin. Mdi bude An
dat mot quan cd vao mot 6 hgp 1é.
@ Xét n = 8 va ban c¢d dugc t6 tring den nhu ban ¢d vua tiéu chuan. Chiing minh ring An c6
thé dat hét 32 quan cd vao 32 6 tring ciia ban cd.
@ V6i n = 8, chitng minh ring néu véi méi buée dat quan ¢d An chon ngdu nhién mot 6 hop 1é
thi An luon dit duge toan bo 32 quan ¢d 1én ban co.
(3) Véin = 7, hoéi néu v6i moi bude dat quan ¢ An chon ngau nhién mot 6 hgp 1é thi ¢6 con

2/
dam bao luon dat duge toan bo 32 quan cd 1én ban ¢ hay khong? Vi sao?

@ Ldi giai.
Goi r; 1 s6 quan cd trén hang i va ¢; 14 s6 quan cd trén cot j. Vi 6 (4,7) dang tréng nén tdng sé quan

trén céc 6 cung hang hodc ciing cot v6i né bang r; + ¢j. Do dé
(4,j) hgplée <= 7ri+c;=0 (mod2),
Goi u 1a s6 hang chita 1é quan va v 1a s6 cot chita 18 quan. Ban dau v = v = 0. Mdi nudc di hop 1é c6
ding mot trong hai dang:
& Dat tai giao cia mot hang chdn va mot ¢ot chan, khi dé u, v cliing tang 1;

& Dat tai giao cia mot hang 1é va mot c¢ot 16, khi dé u, v cung giam 1.

Vi thé, trong sudt tro choi ta ludn c6 bat bién 1a u = v.
CD Goi My la cac 6 mau xanh nude bién, M la cadc 6 mau xanh 14 cay, Ms 1a ciac 6 mau cam, M3 la
céc 6 mau dé. An lan lugt dit hét cac quan trong My, My, Mo, M3 va dé ¥ moi bude déu hop lé.

1 <) 17 25

2 10 18 26
27 3 11 19

28 4 12 20
21 29 5 13

22 30 6 14
15 23 31 f

16 24 32 8

@ Gia st An bi ket sau khi da dit m quan. Khi dé6 khong con 6 trong hop 16. Theo bat bién, c6 cling
u hang 18 va u cot 16. Do khong con 6 hgp 1é nén moi giao diém ctia hai cot v6i hang cting tinh chin
18 déu da c6 quan. Vi vay
m>u?+ (8—u)?=2u-4)>%+32> 32
Suy ra trude khi dat di 32 quan, An khong thé bi ket, ta ¢6 diéu phai ching minh.

Trang 6 £ LIM Olympic - CLB 6n chuyén, HSG
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;.(.‘.‘ 2

@ Cau tra 1oi 13 khéng. Ban dau An dién cac 6 nhu sau:

1 4 7

8 2 5

6 9 3
10 14 18 22
23 11 15 19
20 24 12 16

Sau khi dién xong, An da dat 25 quan. Ba hang va ba cot ciia khoi 3 x 3 déu 18; bén hang va bon
cot con lai déu chin. Vi thé moi 6 tréng déu néi mot hang 1é véi mot cot chan hodc nguge lai, nén
khong hgp 16. An bi ket va con thita 7 quan; do d6 cau tra 1oi la khong.

Nhan xét.

n2+1 . . _n?+2n
quan véin 1é, va ——

Ngoai ra véi bang n x n téng quat, An c¢6 thé luon dat duge téi da

quan véi n chin. Ban doc ¢6 thé thit sitc dé chi ra diéu nay.

£ CLB Todn Lim - OLYMPIC - 8 0789102019 Trang 7
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