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Li gidi thidu

Trong dé thi THPT Quéc Gia thi cac bai toan vé cue tri néi chung luon la cac bai toan 6 mic do van
dung va van dung cao va da phan cac déu cdm thay khoé vi khong nam duge nhitng phuong phap,
nhitng kién thitc co ban vé bat dang thiic hay cac danh gia thuan tay. Chinh vi li do dé ma minh da
nay ra ¥ tuéng viét mot sé bai viét c6 thé gitp duge cac ban hiéu duge va giai quyét cac dang toan bat
diing thiic va cuc tri trong cac dé thi thit va dé thi THPT Quéc Gia. Cudn sach cac ban dang doc sé
gidi thiéu va mang t6i cho cac ban nhitng cai nhin khac va phuong phap dang toan vé cuc tri ciia ham
s6 mil — logarit véi mong mudn nhiing ai doc déu c6 thé hiéu va ap dung cho nhitng bai toan khac phitc
tap hon hosic c6 thé phét trién them nhidu van dé khac. O 1an t4i ban dau tien thi da nhan dugc rét
nhiéu y kién déng gop tit ban doc, t6t c6, gop ¥ ¢6, minh ciing da tiép nhan nhitng ¥ kién do6 va hoan
thién t6t hon trong 1an tai ban nay. Trong ebook minh c6 sang tac va tu suu tam tit rat nhiéu nguon
nén c6 thé sé c6 nhitng cau héi chua hay hodc chua phit hgp mong ban doc bé qua. Trong qua trinh
bién soan khong thé tranh khéi nhitng thiéu s6t, mong ban doc cé thé gép ¥ truc tiép qua fanpage
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Cac ky thuat danh gia co ban

Cac bai toan van dung cao mil — logarit trong cac dé thi thit THPT Qubc Gia tuong doi da dang va
phong pht v6i rat nhiéu bién tau va phat trién qua ting dé, ting nam. Tuy nhién hau hét tat ca chi
xoay quanh cac ky thuat co ban nhu rat thé, ham dic trung, bat ding thiic phu co ban, hosic phuong
phap hinh hoc. Vi thé trong chuong dau tién ta sé tim hiéu cac dang toan, cic ky thuat danh gia co
ban thong qua nhitng bai toan da ting xuat hién trong cac dé thi thit trong 2 nam gan day.

I. Cac kién thitc co ban.

Dé c6 thé lam t6t cac bai toan & chuyén dé nay ching ta can phai ndm chic duge cac kién thic Iy
thuyét co ban vé bat ding thiic, didu kién c6 nghiém va bién ddi logarit sau. Day chinh la noi dung
chinh ctia chuyén dé ma minh muén nhic t6i, mot dang toan lay ¥ tudng tit dé thi THPT Quéc Gia
2018. Trudc tien dé lam t6t ta sé can c6 mot s6 kién thiic vé bat dang thiic va nhic lai cac kién thic da
hoc sau.

Bat dang thitc AM — GM.
e Cho 2 s6 thuc duong a,b khi d6 a+b=>2+/ab . DAu “="khi va chi khi a=b.
e Cho 3 s6 thuc duong a,b,c khi d6 a+b+c>3%abc . Dau “="khi vichikhi a=b=c.
e Toéng quét véi cac s6 thie duong le > nn’Hazi .Dau “="khi vachikhi z, =z, =...=z, .
i=1

i=1
2

s w1 n P . -
e Dang cong mau so Z— > —— . Dau “="khivachikhi z, =z,=...=1,
i=1 L; Zx,
i=1

4 — >

. . 4, 12 ) ~ 1 Ty, LT,

Khi cho n=2,n=3 thi ta dugc 2 bat dang thiic quen thudc L1 1 9

—t—t+—2

Bat dang thitc Cauchy — Schwarz.

2
+ Cho 2 b6 s6 (2,,2,,...,7, ) V& (Y;,¥s,---,y, ) khi d6 taco (fo}(ZyﬁJZ(ZmyJ

i=1
Dau “="khi va chi khi céc s6 lap thanh céc bo sb ti le.
Cha ¥ khi cho n=2,n=3 ta dugc 2 bat dang thitc quen thuoc



| Chuong 1. Céac ky thuat danh gid co ban

+ (2 42,7 ) (0 +0,) 2 (2, + 1y,
+ (3312 +13,° + $32 )(ylz +y, + ys2 ) 2 (acly1 + Loy + Ty, )2

2
T+
+ Dang cong mau Engel tong quat Z ( y)

. Trong d6 dang x_ + y_ > la dang ta hay

P bi Zb a b a+b
gap nhat
Bét ding thtic trén con c6 thé goi la bat dang thitc Svacxa.
Dau “=" xay rakhi 2 =% —...—% Rieng dang cong mau thi cin them didu kien 1a b,,b,,....b, >0

1 2 n

Bit ding thitc Minkowski.
Tong quat. Cho s6 thie 7>1 va moi sé duong ay,a,,...,a,,b,,b,,...,b, thita co.

S]] 2]

0 day chi xét truong hop cho 2 bo s6 (al,aZ,...,an) va (bl,bQ,...,bn) . Khi dé ta c6.

IS T S,

% o . a a
Dau “="xay rakhi +=-2=...= 12

1 2 n

Dang ma ta hay giap nhat \/(f +b* + \/02 +d* > \/(a + c)2 + (b + al)2 . Bat diing thiic nay con goi 1a bat
déng thiic Vector.

Bat dang thitc Holder.
Cho céc s6 duong =, ; (i =1m,j= 1,_n) )

Khi d6 v6i moi s6 ©,,@,,...,0, >0 théa man Zu) =1 ta co. H[ix ] >3 [ﬁxf’;]
i=1 \_j=1 =1 \i=1
O day ta chi xét truong hop don gian nhat cho 3 day sé gdm (a,b,¢);(m,n,p);(2,y,2). Ta co.
(a3 +b° +c3)(ac3 + +z3)(m +n’ +p ) (axm+byn+czp)
DAau “=" x4y ra khi 3 diy tuong tng ty lé.

Mot bat dang thic 6 dang nay ma ta hay gap. (1+a)(1+b)(1+c¢)> (1 +labe )

Bat dang thirc tri tuyét déi.

Cho 2 s6 thuc a,b khi d6 ta c6 |a| +|b|> |a +b| =|a| - [b]

DAu “=" thit nhat khi a,b cting dau, dau “=" thit 2 khi a,b trai dau.
Diéu kién c6 nghiém ctia phuong trinh bac 2

Cho phuong trinh az® +bz+c¢=0(a#0). Khi d6 néu.

+ A =0 thi phuong trinh c6 nghiém , dong nghia vé trai luon khong am hodc khong duong
+ A >0 thi phuong trinh c¢6 2 nghiém phéan bigt
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Phuong phap gidi toan cic tri mi — logarit |

Ung dung ctia kién thiic nay sé 4p dung cho nhitng bai tim diéu kién c6 nghiém dé suy ra min, max.
Ngoai ra phai chil ¥ t6i mot sé phép bién doi logarit ma ta da hoc.

Tinh chat ham don diéu

1. Néu ham s6 f(z) don diéu va lién tuc trén tap xac dinh ctia né thi phuong trinh f(z)=a c6 t6i da
mot nghiém

2. Néu ham s6 f (x) don diéu va khong lien tuc trén tap xac dinh ctia n6 thi phuong trinh f (x) =qa cb

t6i da n+1 nghiem.

II. Cac dang toan cuc tri Mua — Logarit.
1. Ky thuat rit thé, danh gia diéu kién dua vé ham 1 bién sé.

Day 1a mot kj thuat co ban nhat ma khi gip cac bai toan vé cuc tri ma ta sé luon nghi t6i, hau hét
chting sé dugc giai quyét bing cach thé mot biéu thitc tir gia thiét xuéng yéu cau hoic dit an phu va
céc bién d6i dé dua ra mbéi quan hé giita cac bién tit d6 sit dung céc cong cu nhu dao ham, bat déng
thitc dé giai quyét. Sau day ta sé cing di vao cac vi du minh hoa.

Vi du 1. Cho 2 s6 thuc a,b>1 théa man log,a+log,b=1. Gia tri 16n nhit ctia biéu thic

P =[log,a +4/log,b bang?
1 R R
A. (log;3+log,2 B Jlog,3+yflog,2  C. J(log;3+log;2) D TS

Chuyen KHTN Ha Noi — Lan 1 - 2017 - 2018

Toi gidi
Bién doi yeu cau ciia bai toan ta dugc.

p— \/@4_\/@ \/logz \/logigb:\/logQa_'_\/l—logQa

log, 3 log, 2 log, 3 log, 2

Xét ham s6 f

Jlog, 3 3
[_ +\/@\/7t:>f 2\/—\/10g2 2\/1_t(t_10g2a)

Ta co f'(t)=0c>\/1—t =log23\/2c>1—t:t.log§3<:>t=—2
1+log; 3

:>f(t)< ( J Jlog,3+log, 2 = max P = ,[log, 3 +log, 2

1+log’3
Chon 3 A.

Vi du 2. Cho 2 s6 thuc duong a,b théa man %log2a=log2%. Gia tri nhé nhat ctia bidu thitc

P=4a’ +b* —4log, (4@3 +bs) dugc viét dusi dang z—ylog, 2 v6i z,y,2 déu 1a cac s6 thuc duong 16n

hon 2. Khi d6 tdng 2 +y + 2 c6 gia tri bing bao nhiéu?
A. 1 B. 2 C.3 D. 4
Cris Tuan

Lai giai
© a1k 1 2 4
T gia thiet ta co Elog2 a=log, 5 < log, a =log, W Sa= el
Dit t =44’ +b° | theo bat ding thiic AM — GM ta c6

3 | Chinh phuc Olympic toan



| Chuong 1. Céac ky thuat danh gid co ban

t=4a’ +b° =£66+b3 =2—5ﬁ6+b—+b—23,3/@.b—.b— =12
b b 2 2 b 2 2

Khi d6 P =4a’ +b* —4log, (4’ +b*) = f(t) =t —4log, t .
4,4

tIn2 12In2

=P=f(t)>f(12)=4-4log,3=>z=y=—-4z2=3=1+y+2=3

Taco f'(t)=1 >0V¢>12. Vay ham f(t) dong bién trén [12;+o0)

Chon y C.

p 1
Vi du 3. Cho 2 s thuc duong a,b théa man 10g2(12—a—b)=§log2(a+2)(b+2)+1. Khi do gia tri

a3 bg 45 .z P m 20 N 2 2 ~
duge viet dudi dang — vdi m,n la cac sO nguyén

nhé nhit ctia biéu thic P = + +
b+2 a+2 a+bd n

NP N ,A
duong va — t0i gian. Hoéi gia tri cia m+n bang bao nhiéu?
n

A. 62 B. 63 C. 64 D. 65

Ldi giai
Bién doi gia thiét ta co. log, (12—a—b)= %log2 (a+2)(b+2)+1
< log, (12—a—-b)=log, 2\/(a+2)(b+2)
Sa+b+2y/(a+2)(b+2) =12
Theo bat déng thitcc AM ~ GM ta c6 (12—a—b) =4(a+2)(b+2)<(a+b+4) =a+b>4.

a’(a+2)+0’(a+2) 45 _a4+b4+2(a3+b3) 45

B-,/\ d,z-t-,( b"g h, P: —
ien dor tiep bieu thue (@r2)(0+2)  atb (ar2)(b+2)  a+b

a+b* Zl(a+b)4
Chu ¥ téi 2 bat dang thiic quen thuoc 213
a’ +b* > Z(a + b)3

1 bY 42 1 bV y ,
TfId()SuyraP>8(a+ ) + 'Z(‘” ) 45 :(a+b) +4(a+b) R t + 4t 45
B (a+2)(b+2) a+b 2(12—&—())2 a+b 2(12—t)2 t

Xét ham s6
(t+4)t° .\ 2(t+3)t° 45 (4+4)4° 2(4+3)4" 45
(12-t)"  (12-¢) ¢ (12-4) (12-4) &

A _
O ran il

:>P2f(t)2f(4):%:>minp=%:>m+n=65

Chon y D.

Vi du 4. Cho cac s6 thyc duong z,y thda man log(x + 2y) =logz +logy , khi d6 gia tri nhé nhat cla

2

. 4,’, o L m m
biéu thitc P =\e'** e dugc viét dudi dang — vai m,n 1a cic s6 nguyén duong va — t6i gian. Hoi
n n

gia tri cia m” +n” bing bao nhieu?
A. 62 B. 78 C. 89 D. 91
Sé gidao duc va dao tao tinh Hai Phong

Tap chi va tu liéu toan hoc | 4



Phuong phap gidi toan cic tri mi — logarit |
Loi giai
Bién doi gia thiét ta co

log(x+2y)=logm+logy<:>log(x+2y)=logxy©x+2y=xy©g+y=§.y

Theo bat ding thitc AM — GM ta c6

T 2
x x (2+yj x ’ T T
—ty=—y<——==| —+ -4l =+y |20 —+y=24
gyt (f] o
Ap dung bat dang thiic Cauchy — Schwarz dang cong mau sé Engel ta co.
2 B, v G
J S 2 2 Py 2 Py
P=\e¥erl s Inp=—2 T 2 Y4 > 2

4(1+2y) z+1 2y+1 1+2% 2(;“’“}

T t? 3 8
bat t=—+y(t=24)=>InP= =f(t)>f(4)===P>¢>
Chon y C.

T 222 +2ay—y* T
Vi du 5. Cho hai s6 thuc z,y thda man 0<z,y<1 dong thoi 2/ +4 ** =5.2Y. Goi M, m lan luct

oty 2
la gia tri 16n nhat va gia tri nho nhat ctia ham s6 f(z,y)=e ? -2 —z— Y Khido gia tri cia bieu

thitc T'=M +m c6 gi tri bang bao nhieu?

1 3 N
A. 6—5 B. e-1 C. 6—5 D. Khong ton tai

Lai giai

z 242 +2ay—y* T T 2z _y y

Tit gid thidt taco 2/ +4 27  =5.2' <2' +4.27 " =52¢
T Yy 2

Dat a=2;,b=2;(a,b>0) ta dudc. a+4%=5b©(a—b)(4a+5b)=0©a=b:x=y

Khi e g g Y e T
i of(x,y) e T 5 e 5 T g(x)

Ta co g'(x):ez—a:—l,g"(ac)ze‘”—1>0 vay khi dé6 g($)>g(0)=0.

Vay khong ton tai gia tri nho nhat.
Chon y D.

Vi du 6. Goi S1a tap hop céc cap s6 thuc (z;y) théa man z €[-1;1] dong thoi
ln(ac = y)z —-2017x = ln(a: = y)y —2017y +e™" .
Biét ring gia tri 16n nhat ciia biéu thic P =" (y+1)—2018:c2 v6i z,ye S dat tai (xD;yD) . Ménh
dé nao duéi day dang?
A. z,e(-10) B. z,=-1 C. z,=1 D. z,e[0;1)
THPT Chuyén Qubc Hoc — Hué nam 2017 — 2018

Lol gidl
Bién doi gia thiét ta co

5 | Chinh phuc Olympic toan



| Chuong 1. Céac ky thuat danh gid co ban

ln(x —y)m -2017z = ln(m - y)Lu —2017y +e*"*
2018
<:>(:L“—y)ln(x—y)—Z()l?(z—y)=62018 <:>ln(:v—y)—2017— ¢ =0(*)
r—y

2018 2018

:>f'(t)=2+et2 >0,Vt>0=> f(t) dong bién tren (0;+o).

X6t f(t)=Int-2017 -5
Khi d6 phuong trinh (*) < z—y =" = y=z-""

= P=¢"" (1+2-¢"")-20182" = g ()

= g'(z) =" (2019 + 2018z - 2018¢™"* ) - 4036z

= g"(z)=€"""(2018.2020 + 2018" £ — 2018°¢*"™ ) - 4036

<% (2018.2020 +2018° —2018”¢™"* ) - 4036 < 0,V € [~ 1]

Nén ¢'(z) nghich bién tren [-1;1]. Mat khéc ta lai c6 g'(1) =" +2018>0,¢'(0) =2019 —2018¢™"**
nén ton tai z, € (-10) sao cho ¢'(z,)=0= r[x}%ﬁcg(a:) =g(z,)

Chon § A.

. 2,2 1 o e
Vi du 7. Cho 2 s6 thuc z,y théa man 3" *log, (gL°—y)=§(1+log2 (l—xy)). Gia tri 16n nhat ciaa

biéu thitc P = 2(:133 +y° ) —3zy bang bao nhieu?

A.E B.H C.3 D. 7
2 2

Laoi giai
Diéu kien = > ;1> zy . Bién doi gia thiét ta co
37 2 og, (z— y)2 =log, (2—2ay)
o3 log, ($2 +y’ —2+2— Qxy) =log, (2—2ay)
o Néu 2’ +y° >2:>VT>10g2(2—2xy)=VP
e Néu 2’ +y9° <2:>VT<log2(2—2:L‘y)=VP

Vay z° +1° =2:>(x+y)2 =2—2xy:>xy=i;y)2. Do zy<1=(z+y)e(-22)
Khi do ta co6.

P=2(I+y)3—6$y(z+y)—3xy=2a3—3a(a2—2)—w=f(a)(a=x+y)£f(1)=g
Chon ¥ A.

Nhan xét. Ky thuat danh gia nay ta sé duge tim hiéu & chuong 3.

Vi du 8. Cho cac s6 thuc duong a,7,y,z théa man 4z >y’ ,a>1. Tim gia tri nhé nhat ctia biéu thic

S =log’ (a:y) +log, (x3y3 + :1:22)+ Jaz -y’
B. _2 D 21

A. 4 :
16 16

L5i giai

2 2 2 2 9 5
T gid thiét ta co 2> yz =2’y + 2’222y + xTy >2, /al:“yd x4y = (my)5

Tap chi va tu liéu toan hoc | 6




Phuong phap gidi toan cic tri mi — logarit |

2
Khi d6 S >1log’ (xy) +log, (:vy)g = (loga Ty + —J _2 > B

Vi du 9. Xét cac s6 thuc duong phan biét x , y théa man TrY log, 3. Khi biéu thic 4°* +16.3"""
=Yy
dat gia tri nhoé nhat, gia tri ctia z+ 3y bing
A. 2-log,3. B. 2-log,2. C. 1+log,2. D. 1+log,3.
Lai giai
Ta co rry =log, 3= z—-y= rry =(:z;+y).log32.
T—y log, 3 '
DO dé P :4:r,+y +16'3y—m :4m+y +];_i :4.1;+g/ +% :4.E+,7/ +Lw :4;r+?/ +];_?y )
3 3 3 (31‘%32) 2

Dit t=2+y>0 neén P=t2+%=t2+§+§233/t2.§.§:33/671:12.

Dau bing x4y ra khi va chi khi #> =§<:>t=2<:>2“y=2<:>x+y=1.

z+y=1
Szr+3y=2-log,2.

Vay P dat gia tri nhé nhat khi
r—y=log,2

Vi du 10. Cho cac s6 z,y thay dbi théa man =z >y >0 vi ln(a: — y) +%ln(xy) = ln(z + y) Gié tri nhé

nhéat ctia biéu thic M =z +y 1a
A 22 B. 2. C. 4. D. 16.
Toi gidi

2 2

ln(x—y)+%ln(my)=1n(x+y)<:>(x—y)2 xyz(ery) <::>[(a:+y)2 —4xy}vy=($+y)

. 2
Dt A=(z+y) ;B =ry. Ta duge (A—4B)B=A©A(B—1)=4BQ:AzéB .

2

>8+2.4=16

Do A>0nén B>1.Taco A= 1B

=4B+4+i=8+4(3—1)+ 4
B B

Suyra z+y>4.
B—l:L Ty =2

B-1 {Bzz ~ {$:2+\/§

2
A= 4B

B-1

Vay gia tri nhé nhat ctia biéu thitc M =z +y 1a 4.
2

Déu bang xay ra <

véi Be(Li+o0), ta duge f(B)=16.

Chii §. C6 thé khio sat ham s6 f(B)= ;B

Vi du 11. Cho z,y la cac s6 thuc duong théa méan 1 —%log2 (x —y+ 2) =log, (w_—i—l_'_ lj . Tim gi4 tri
Y

:1:(1+y)+17

Y
A. 9. B. 5. C. 6. D. 8.

L5i giai

nhé nhat ctia biéu thic P =

7 | Chinh phuc Olympic toan



| Chuong 1. Céac ky thuat danh gid co ban

Diéukién z-y+2>0.
Ta co

x+1+yJ

1 +1 2
1—510g2 (m—y+2)=log2 (%-i—lj@logz [ﬁleogQ[
= 2 =$+y+1<:>2y=(x+y+1)«/$—y+2

\/x—y+2

Y
<:>(x—y+1)\/x—y+2+2y\/1:—y+2—2y=0

@(x—y+1)\/m+2y(\/m—l)=0
@(m—1)(Jz—y+2+1)Jz—y+2+2y(Jx—y+2—1):0
e (Vrmyr2-1)| (Jamyr2+1)fo-yr2+2y | =0 (%)

Mgt khiic 2,y 1a céc s6 thue duong va diéu kien z—y+2>0nen (Jr—y+2+1)Jz-y+2+2y>0

Do d6 (*) xdyra < r-y+2-1=0z-y+1=0z=y-1.
V6i z =y —1 thay vao biéu thic P ta dugc

:x(1+y)+17:(y—1)(y+1)+17 :y2+16=y 16

P

4 4 4 Y

Ap dung bét déng thiic Cauchy cho hai s6 duong [y,gj ta duge P=y +E >2. [yE =8.
Y Y ()

D4u bang x4y ra khi y=§<:>y2=16<:>y=4.
)

Vay GTNN cua P 1a 8 khi (a:,y) = (3,4) .

2
Vi du 12. Cho céc s6 thuc z,y>1 théa man diéu kien zy <8. Biéu thic P=log,, (Sz)—logw [%j

dat gid tri nho nhét tai z=1,;y=y,. Dit T==," +y,'. Ménh dé nao sau day dang?
A. T=519. B. T =520. C. T=521. D. T=518.

Lai giai
2

2 log,(8z) 08, % 3100 2log,y-1
Bién doi biéu thitc leogm,(&z:)—log%2 [y—J— 2 2 __ £ 4 208,

2 ) log,(4z) log, (2y2) 2+log,z 2log,y+1

TacéxySS:logQ(:vy)S3<:>u+v£3,vc’iiu=10g2x;v=log2y.
3+u_2v—1:3+u_1+ 2 ‘
2+u 2v+1 2+u 20+1
Tacé{u_msg 2 2 2 +3+u

Hon ntta z,y>1 nén u,v>0. Hay 0<u<3. Khidé P=

=>05v<3-u=> > .
v,u >0 20+1 7-2u 7—2u 2+u

2
Dat f(u)=7 5 —1+2+u,tatimmin,maxcﬁa f(u) vGi 0<u <3.
-2u +u

! — 1 . ! — _3 .
f (u)—(7_2u)2 _(2+u)2 i f (u)—O@u—Ze[OB].
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Phuong phap gidi toan cic tri mi — logarit |

3
|z =2t 3, 09
Do do 9:>T:2 +2° =520.
y():2I

Vi du 13. Cho z,y la cac s6 thuc duong khac 1 théa man z #y va log, \Jzy = log, . Tich cdc gia tri
1
nguyén nhé hon 2021 cta biéu thic P =4 +4Y 1a

| |
A. 2021 B. 20208 C. w D. 2020!

16 2
Lai giai

Diéu kien O<z,y#1

1 1 log y=1
Ta colog Jzy =log < =(1+log y)=—— <=log’y+log y—-2=0 < ! =
g, oy =log, v & (1+log, y) g 5 By Hlog,y tog, y=-2 | y= L

T
T

T=Yy
1

Két hop diéu kien z#y suyra y =l2 (1) .Khido P=4"+4"=2.4" =2"",
x

Phuong trinh (1) (4n z tham s6 y) ¢6 nghiem duong khac 1 khi va chi khi y duong va khac 1.
Phuong trinh 2**' =P (an y tham sd P ) c6 nghiém duong khac 1 khi va chi khi P>2 va P#8
Laic6 P nguyén va nho hon 2021 nén P e {3;4;5;...,2020} \ {8} .

2020!

Vay tich cac gia tri can tim 1a

Vi du 14 . C6 bao nhiéu cip so nguyén duong (z;y) théa man 37" —z° (3’ —1) =(z+1).3" -2’ v6i

< 20207
A.13. B.6. C.7. D. 15.
Loi giai
Taco 37 -2’ (3" -1)=(2+1).3" =2’ < 3" =2” 3" +2” =2.3" +3' -2

3 (3 -2")=8" -2’ +2(3' -2") (3 -2")(3" —2-1) =0 3V —e°=0 (1
3 —2-1=0 (2)

Phuong trinh (1) 3’ -2 =0 < y=log, 2> < y=2log, = .

Dé z;y 1a nhitng s6 nguyén duong thi xe{3;32;33;34;35;36}

Phuong trinh (2) 3" —z—-1=0 vo nghiém, vi Vz>0=3"-2-1>0

Vay ¢6 6 cap so nguyén duong (z;y) thda méan yéu cau bai todn.

Vi du 15. Xét cac s6 thuc a, b,  théaméan a>1, b>1,0<z#1 va o = blog“(w ) . Tim gié tri nho

nhit ctia bidu thic P=In*a+1n’b— ln(ab).

A. 1_3‘/3. B. <.
1 2

3+2\/§

12

| =

9 | Chinh phuc Olympic toan



| Chuong 1. Céac ky thuat danh gid co ban

Lai giai
2log, b hl(l lnb 9 9
=z " <log,a=2log, b & —=2.— <In"a=2.In"0.
Inb Ina

Maa>1 b>1=1Ina>0; Inb>0 —Ina=~/2.Inb. Thay vao biéu thitc ta dugce
P=In”a+Inb—1In(ab) =21n2b+1n2b—(ﬁ1nb+1nb) :31n2b—(\/§+1).lnb

2
23'(ln2b_ﬁ3+1'1nb+3+326\/§j_3+2\/§ :3'[lnb_ﬁ6+1J 3422 34242

o

, log,z log, (2*
Taco a*®" =) oz

logy a

12 12 12

J2+1 V241
\/§+1<:>b=e 6 g=e2 .

3+2\/§

Vay gia tri nhé nhat cia P 1a — T

Déu bang x4y ra khi Inb =

Vi du 16. Cho z,y la cac s6 thuc duong thoa méan 2log, z —log, y > log, (ac+6y). Tim gia tri 16n

2
nhat ctia biéu thitc Pz%.
x° —2xy+2y
A.E. B.l. C.§. D. 2.
5 2 2
Lai giai
. |lx>0 B 7
Véi 0’ ta co 2log, z —log, y >log, (x +6y) < log, —2log, (m +6y)
y> Y
; , >3
>0
<:>‘T—2x+6y<:>x—2—§—620<:> Y :>£23(do{x j
y y oy To o ¥ y>0
Y
;! ;! t 1
Tac P=——2 =Y _ .Dattzf—1:>tz2.KhidéP=t2 =
x x Y +
=-2742 [ Tq 41 t+;
4 Y Y

Tacét+1=£+l+ﬁ22/£_1+§21+§:§‘
t 4 t 4 4t 4 2 2

. 2
Dang thitc xdy rakhi t=2< 2z =3y . Suyra P< Zg.Vay maxPz% khi z=3y.

Vi du 17. Cho céc s6 duong a,b,c thay ddi théa man log, a+log, c>2log,b. Gia tri nhé nhat cta
biéu thitc P=a+b+c+%b3 —2b° +2 bing

A. 3. B. 2. C.1. D. 3.
L3 giai

Tt gid thiét log, a+log, ¢ > 2log, b < log, (ac) 2 log, b* <> ac=b" .

Ta co P:(a+c)+b+éb3—2b2+222\/%+b+%b3—2b2+2 )

22b+b+%b3—262 +2=%b3—2b2 +3b+2.

Tap chi va tu liéu toan hoc | 10



Phuong phap gidi toan cic tri mi — logarit |

Xét ham s6 f(b):%lf —2b* +3b+2 v6i b>0.

: b=1 )
Co f'(b)=0b —4b+3=0<:{b , - Bang bién thien

b |0 1 3 +00
F(b) + 0 - 0 +
E +o0
1(b) / 3 \ /
2 2

Tu bang bién thién, ta dugce rninf(b) = f(3) =2=P22.

b>0

Vay gia tri nhé nhat ctia P bing 2 dat duge khi b=3 va a=c=3.

Vi du 18. Cho céic s6 thuc z,y >1 thay ddi thod man F =log,, © +10g,,, y=1. Goi M,m lan lugt

la gid tri 16n nhat, gid tri nhé nhat chia bidu thic F = flog,,, o + /108, ¥ . Khéng dinh nao sau day

dang?
A. M? —m’ =log,,,, 2020. B. M*+m’ = \/10g§019 2020 +log?,,, 2019 .
C. M +m = flog,,,2020 +/log,,, 2019 . D. M —m=\/log,,,2020

L5i giai

Dat \/logmo T = a;\/log2019 y=b v6i a,b=0.
Taco F=a+b v6i a’log,,, 2020+ 10g,,, 2019=1 (1)
Tim gia tri 16n nhat Ap dung bat dang thitc Cauchy — Schwarz ta co
(071084919 2020 + b 108, 2019) (108, 2019+ 10g,,4 2020) = (a+b)’

Suy ra a+b < 4/log,,, 2020 +log,,, 2019

a”108450,0 2020 b° log,,, 2019
108,00, 2019  log,,e 2020
log,,, 2019 e log,,,, 2020
J108401, 2020 +log,,, 2019 \flog,,, 2020 +log,,, 2019

Do d6 ta c6 M =[log,,,, 2020 +10g,,, 2019 .

Déu “=" x4y ra khi va chi khi

< alog,,, 2020 = blog,,, 2019

Két hop véi (1), tacod a=

Tim gia tri nho nhét ta c6
1=a’log,), 2020 +b* log,,,, 2019
= (" + 0" )10g,4y 2020 = b* (108, 2020 ~ 108,15, 2019) < (@ +* ) 108, 2020

Suy ra @’ +b% 2 10g,,, 2019 = (a +b)* > 1og,,, 2019 = a +b > ,/log,,, 2019

Dau “=" xay ra khi b = 0;a = \/log,,, 2019 .

Do d6 ta c6 m = \[log,,, 2019 . Vay M* —m? =log,,,, 2020 .

Vi du 19. Cho hai s6 thuc a,b théaman a>0,0<b<2.Tim gia tri nhé nhat ctia biéu thic
2b e a a
po ( ) - 2 +02b
(24 —p° ) 2b

A.P :Z. B.P =

min min

C. B, =2 D. B, =22,
4 4

min min

N
> | ot

L3i giai

11 | Chinh phuc Olympic toan



| Chuong 1. Céac ky thuat danh gid co ban

5 3
2 a a a - -
Taco P= (b) 2+22+ba2b = 2 >+ 2a .
(2-") Hbj } 2[@
9 2

Do O<b<2<:>0<g<1 nén véi a>0 tacod 0<(gj <1.

bat ¢t = (gj thi te (0;1) . Khi d6 bai toan trd thanh tim gia tri nhé nhét ciia biéu thic

t 1+2¢t
P=f(t)= —,v6i te(051).
f(t) (1—t)2+ ” ,véi te(0;1)
3 2
Taco fi(t)=Ftl Sl 30 -rasi-1 o, 1
(1-t) 2t 2% (1—t)
wp 1B
Vay Pmin_ 4 .

Vi du 20. Cho céc s6 thuc a,b théaméan a>b>0 va log, (a —b) =log, (a + b). Khi biéu thitc
P =log, a+log,b+2log, (a+b)—2log, (a2 +b2)

dat gia tri 16n nhat, gia tri ¢ —b thuoc khodng nao sau day?

A. (3:4). B. (5;6). C. (4;5). D. (23).
Lai giai

9" +4'
2 2 _
C(0<a=b=2" [a*—2ab+bp? =4 |* TS

bat & =
O<a+b=3 a’+2ab+b> =9 ab_9t—4f

4

P =log, ab+2log, (a+b)—210g2 (a2 +bz)

1‘,_ t t t t_ t f,_ t
=log. 9 —4 +2t—2log J +4 =log &+2t=10g‘ M
2 2 2 2 2 2
(9t+4t) (9t+4f’)
9 t
2l -1
Dat 5—36t_16t = (J __ k-l v(sik‘(gjt
T (graatY (9V LR 2k +1 4
(9 +4) [Zj +2[Zj +1

Biéu thitc P dat gié tri 16n nhat khi va chi khi S dat gia tri 16n nhét.
Gia st S c6 gia tri 16n nhat. Suy ra phuong trinh Sk* + (25 - 1)k +S5+1=0 c¢6 nghiém.

= A=(25-1) -45(S+1)20 @Ssé.

t
Suy ra S dat GTLN béng % khi k=3:>[%j =3<t=log,3.

4

Do d6 P dat GTLN bang log, é =-3 khi t=log, 3.
4

logy 3
Khi d6 log,(a—b)=t=log,3<a-b=2 * ~25.

4
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Phuong phap gidi toan cic tri mi — logarit |

Bai tap tu luyén.

Cau 1. Cho 2 s6 thuc z,y théa man loghy2+1 (2:1:—4y) =1. Tinh P=2 khi bidu thic S = 4z +3y—>5
B Y
dat gia tri 16n nhat
8 9 13 17

A. P=- B. P=- C. P=—— D. P=—
) ) 4 44

Cau 2. Cho 2 s6 thuc duong z,y théa man zy<4y—1. Tim gia tri 16n nhat ctia biéu thic
S= Sy +ln[L2yJ.
z Y

A. 24 +1n6 B. 12+1n4 C. g+ln6 D. 3+1In4

Cau 3. Cho 2 s6 thuc z,y théa man 2° " +log, (z2 +1 +1) =3. Biét gia tri l16n nhét ctia biéu thic

S = |a: - y| + ‘x3 - y?" 1a # v6i a,b 13 cac s6 nguyén duong va % 13 phan s6 toi gian. Tinh T =a +2b
A. 25 B. 34 C. 32 D. 41

Cau 4. Cho z,y 1a hai s6 thyc duong théa man logz +logy > log(ac3 +y) . Gia tri nhé nhat ciia biéu
thic S=2z+y 147

3
A. 242-2 B. 2 C. 4+4\2 D. 3+242
Cau 5. Cho 2 s6 thuc a,b théa man a® +b>>1 va log . . (a+b)=1. Gia trj 16n nhét cta biéu thic
P=2a+4b-3 1a?
1

J10
A, — B. 10 C. 2410 D. —
2 J10

P 1 N )
Cau 6. Cho 2 s0 thuc z,y théa man xy=4,2> E,y >1. Goi M,m lan lugt 1a gia tri 16n nhat va gia tri

nho nhat ciia biéu thitc P =log) = + (log2 y— 1)2 .Tinh §=M +2m
J10 1
A, — B. 10 C. 2410 - T=
: o V1o 7o

Cau 7. Cho z,y 1a hai sb thuc duong théa man log, z +log, (= +3y) <2+2log, y . Biét gia tri 16n nhat

.2 2 . .
clia bieu thic §=— rrY = — 2+3y la \/E—é v6i a,b,c 1a cac sO nguyén duong va b la cac
\/:Ez—gvy+2y2 T+2y ¢ ¢
phan s6 t6i gian. Tinh gi4 tri ciia bicu thitc P=a+b+c
A. 30 B. 15 C. 17 D. 10
Cau 8. Cho z,y 1a hai s6 thyc duong théa man 10g2;1;2+.1‘1/+3y2 (1 1z + 20y —40) =1. Goi a,b lan lugt 1a gia
tri 16n nhat va gid tri nho nhét ciia bidu thite S=2. Tinh a+b?
x
11 7
A. 10 B. 214 C. = D. -
Cau 9. Cho 2 s6 thuc z,y théa man log(z +3y)+log(z—3y)=1. Tim gia tri nhé nhat cta biéu thic
S=z-[y|
1 1
A5 B. 22 C. - D. L
3 3 9 8
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| Chuong 1. Céac ky thuat danh gid co ban

Cau 10. . Cho 2 s6 thuc z,y théa man log(x + 3y) + log(x - 3y) =1. Tim gié tri nhé nhéat ctia biéu thic
S=z-2[y|+1

52 -3 34542 3+25
C. D.
2 3 3
Cau 11. Cho 2 s6 thuc z,y théa man log ., .., (z+y+3)>1. Tim gia tri 16n nhat cta bicu thic
S=3x+4y—-6

56 -9 56 -3 53 -5 56 -5

B. C. D.
2 2 2 2

Cau 12. . Cho z,y 1a hai s6 thiyc duong théa manlogz +logy > log(a: + yQ) . Tim gi4 tri nhé nhat cla

A. J10+1 B.

A.

biéu thitc P =z +3y

Al B.§ C.9 D.l

2 2
Cau 13. Cho céc s6 thuc duong z,y théa man log, z +log, y =log, (x+y) Tim gia tri nhé nhat cta
biéu thic S =2° +9°
A. 234 B. 3 C. 2 D. V2
Cau 14. Tim tat ca cac gia tri thuc ctia tham s6 m dé ton tai duy nhat mot cip sé thuc (x,y) théa

man IOg;ﬁw? (4x+4y—4)21 va 2t +y’ +22-2y+2=m

A. (V10 —+2) B. (V10 ++2) C. 102 D. V10 ++2

Cau 15. Cho 2 sb thuc z,y théa min 4+3° 2 =(4+9’2_2y).72y"12+2. Tim gia tri nhé nhat ctia biéu
thic S=z+2y.
9 33 1

A — B. 7 C. — D. ——
4 4 8 4

Cau 16. Cho 2 s6 thyc z,y thda man z*+2y> >1 va log ., - (2z+y)>1. Biét gid tri 16n nhat cta

a+bx/g

P=z+y la v6i a,b,c 1a cac s6 nguyén duong va % 1a cc phan s6 toi gidn. Tinh gia tri ctia
c c

biéu thitc P=a+b+c

A. 17 B. 12 C. 11 D. 16

Cau 17. Cho 2 s6 thuyc duong thay doi a,b théa man diéu kien.
lna(l - lnb) =Inbv4—1In’a

Goi M,m lan lugt 1 gia tri 16n nhét va gia tri nhé nhat cia log, a . Gid tri cia M +m bang?

A 2(\2-1) B. 2(2+1) C. 2(1-+2) D. 142

Cau 18. Cho x,y la hai s6 thuc duong thda mén y>4z, giad tri lén nhat cia biéu thic

20+5y  2y+5z
Y T

A. 25 B. 24 C. 29 D. 4

Cau 19. Cho 2 s6 thuc duong thay doi a,b théa man log, (a + 1) +log, (b + 1) >6 . Tim gia tri nhé nhat

P=In

c6 dang ln%—n . Tinh téng m+n

cta bidu thitc S=a+b
A. 12 B. 14 C.8 D. 16

Tap chi va tu liéu toan hoc | 14



Phuong phap gidi toan cic tri mi — logarit |
Cau 20. Cho s6 thyc z théa méin ze[0;16]. Biét réng gid tri nhé nhat cla biéu thic

f(z)= 8.3 1 g1 _ oV qat duge khi =2 voi m,n 1a cac s6 nguyén duong va ™ a phan s6 to6i
n n

gian. Tinh m+n

A. 17 B. 18 C. 19 D. 20

Huéng dan giai.

Cau 1. Chon y C.

Taco 2z —y=a"+7° +1<::>(gv—1)2 +(y+2)2 =4
Khi dé theo bat dang thitc Cauchy — Schwarz ta cé.

Sz4(x—1)+3(y+2)—7£\/(42 +3")((2=1)" +(y+2)" ) -7=3

r—1 y+2 sz

Dau “="xay rakhivachikhi{ 4 3 o 5
4

4r+3y—-5=0 yz—g

Cau 2. Chony C.

2
Theo gi thiét ta co t:£S4y_1:—(l—2j +4<4

y oy y

Khi d6 S:@+ln(£+2J:§+ln(t+2):f(t)
z\y

Dén day xét tinh don dieu ctia ham s6 ta sé chira f(t)> f(4)= g +1n6

Cau 3. Chon y B.
Ta sé chuyén bai toan vé giai phuong trinh logarit dé tim moi lien heé gitta x,y.
Xét ham s6 f(t)=2""+log, (t+1)—3 day la ham dong bién trén [0;+o)

Do d6 f(t)=0<:>t=23x2+y2=2:>|xy|e[—1;1] . Khi d6 ta dugc

‘ ‘ 2 512 166
% =(z—y) (1+(2* +ay+y°)) =(2-22y)(3+ay) < == 5 <
(r=y) (14 (" +ay+07)) = (2= 20p)(3+ay)" < ;
Cau 4. Chon y C.
Ap dung céc tinh chét clia logarit thi tir gid thiét ta suy ra dude.

3
T

rz—1

xy2x3+y:>y(x—1)2x3:>y2
Vi do x,y duong nén tir diéu kién ta suy ra z > 1
3
Khi dé ta dugc 2x+y22x+x—1=f(x)2f(\/§)=4+4x/§
x_

Cau 5. Chon 7 B.

2 2
P 1 1 1
Theo gia thiét ta c6 a’ +b*>1=a+b>a’ +b° @(a—gj +(b—5j S§

Khi d6 theo bat déng thiic Cauchy — Schwarz ta cé.

reos e ol (]

Cau 6. Chon y A.
15 | Chinh phuc Olympic toan




| Chuong 1. Céac ky thuat danh gid co ban

. 1
Theo gia thiét ta c6 y=é21:>xﬁ4:>§st4:>log2xe[—1;2]
x

Khi do P=10g§:z:+(1—10g2:z:)2 e[%;5}:>5:5+2,%=6
Cau 7. Chon y D.

Theo gia thiét ta co log, (:v2 + 3xy) <log, 4y < 2* + 3y <4y’ = 0< 3!
Y

Khi d6 chia cé tit va miu cho y ta chuyén vé bai toan xét tinh don diéu ciia ham
t+1 2t+3 53t 1 2 1
f(t)= = ['(t)=

- - > >0
NP —t+2 142

o —iva) (Er2) T2 (1e2)

:>f(t)£f(1)=\/§—§:>P=10

Cau 8. Chon y C.
Tt gid thiét ta suy ra 22° + 2y + 3y =11z —20y +40 =0
Thé Sz =y vao gia thiét trén ta duge (452 + 2)1:2 —(20S5 +11)z+40=0

Stt dung diéu kién c6 nghiém ta c6

A, >0 2405 — 4408 +199<0= S e 55_2‘/ﬁ;55+2‘/E —a+b=it
/ 0 60 6
Cau 9. Chon y A.
. +3y>0
Theo gia thiet ta c6 LTy =>z> O;log(a:2 —9y2)=1 s2' -9 =10
x—3y>0
Khi do6 |y| =z -85 = 82" —18z5+95% +10=0
N . A, 20 15
Phuong trinh trén phai ¢6 nghiém duong nén ta co6 S. 0 @SZT
>
Cau 10. Chon y C.
Tuong tw nhu cau trén
Cau 11. Chon y D.
Lam tuong tu cau 5 ta cod
1Y 1) 3
T+y+32+yt 2| r——| +|y——| <=
! ! [ 2) (y 2) 2
2 2
1 _
=95=3r-=|+4 y—l _5¢ (32+42) -1+ y—— 5 565
2) 2 2 2 2 2
3J6-1
Déu “=" xy ra khi va chi khi 10
463
10

Cau 12. Chon y C.
Tuwong tu cau 4
Cau 13. Chon y A.
2
. 1 :
Tt gia thiét ta co x+y=xy£($7+y) :w+y243525($+y)2 28

Cau 14. Chon y A.
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Phuong phap gidi toan cic tri mi — logarit |

Tt gid thiét thit nhat ta suy ra (z-2) +(y—2)" <2. Day la mot hinh tron (C)) c6 tam la 7, (2;2) va
R, =2 . Tit gia thiét th 2 ta suy ra (z-1)" +(y—1) =m=m>0, day la dudng tron (C,) c6 tam la
L(11),R=m .
Do yéu cau ctia bai todn nén (C,),(C,) phéi tiép xtc ngoai véi nhau, suy ra

II,=R +R, :sm=(JE—J§)2

Cau 15. Chon y A.
Ta sé dua vé viéc gidi phuong trinh tit d6 tim ra mdi lién hé gitta x,y

4437 gy 30

7]?2 —2y+2 - 72(1;2 —Zy)

T gia thiét ta co <:>f(:v2 —2y+2)=f(2(x2 —2y))<:>x2 —2y=2

:>S=x2+x—22—%

Chi y. Ngoai ra ta c6 thé dit ¢ =2* — 2y sau d6 ding may tinh dé giai phuong trinh mii!
Cau 16. Chon y C.

Tuong tu cau 5.

Cau 17. Chon y A.

bat z =lna,y=lnb:>m(1—y)=y 4z’ (xe[—2;2])

Do logbazln—a=£:>£=x+\/4—a:2 e[—2;2\/§]

Inb y y
Cau 18. Chon y B.

Theo gia thiét ta co t = Y5 4. Khi 46 ta duoc

X
poin2EOY _2yr5r ) N2 51 2V s y[245]—2—5<nilo13
Y T Y T t 2

Cau 19. Chon y A.
Theo gia thiét ta c6 (a+1)(b+1)=64. Ap dung bat ddng thiic AM — GM ta dudgc

a+b+2

2
64£(a+1)(b+1)£( j =a+b+2214=a+b>12

Cau 20. Chon 7 A.

Gia tri nhé nhat ciia ham s6 1a 0 dat duge khi z = %

2. Ky thuat “ham dac trung”.

Dang toan nay chic hdn chiing con xa la gi véi cac ban hoc sinh tit khi hinh thtc thi tric nghiem bt
dau duge Bo ap dung, qua mdi nam dang toan nay lai c6 mot cai phat trién méi la. Cac bai toan dang
nay thi dé bai sé cho phuong trinh ham diic trung tit d6 ta sé di tim moi lien hé gitta cAc bién va rat
thé vao gia thiét thit 2 dé giai quyét yéu cau bai toan. Nhin chung dang toan nay ta chi can ndm chic
dugc k¥ nang bién doéi lam xuat hien duge ham dic trung két hop véi kién thiic vé dao ham 1a sé giai
quyét duge tron ven! Ta c6 tinh chat sau ctia ham s6 .

Tinh chit. Néu ham s6 y = f(z) don diéu 1 chiéu trén mién D va ton tai u, ve D thi khi d6 phuong
trinh f(u)zf(v)@uzv.

Ta sé ding kién thiic nay dé giai quyét cac bai toan muc nay!
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| Chuong 1. Céac ky thuat danh gid co ban

Cau 1. Cho 2 s6 thuc khong am z,y thda man z° +2z—y+1=1log, . Tim gi4 tri nhé nhat m

J2y+1
r+1
ciia biéu thitc P=e*" +42° —2y+1

A. m=-1 1 1 D. m=e-3

B. m=— C. m=-
2 e

Lol gial
Mau chét ctia bai toan nay sé phai lam xuét hién ham diic trung tit d6 rit ra méi lien heé gitta x va y.

Bién ddi gia thiét ta co.
J2y+1
r+1

<:>2x2+4z+2+210g2(m+1)=log2(2y+1)+2y

1
2’ +2z—y+1=log, c>ac2+2x—y+1:Elog2(2y+1)—log2(m+l)

& 2(z+1) +log,2(z+1) =log, (2y +1)+2y+1 & f(2(x+1)2)= F(2y+1)(1)

Xét ham s6 f(t)=log,t+t tren doan (0;+x) ta c6 f'(t)=ﬁ+1 >0.Do dé f(t) 1a ham dong bién
n

trén (0;+oo) . Vay phuong trinh (1) & 2y+1= 2(x 4—1)2

Thé vao biéu thic can tim ta duge P=¢*"" +42” —2(z + 1)2 +2> —% )

Chon ¥ B.
Cha §.
e Phan tim gia tri nhé nhat ctia ham 1 bién xin nhudng cho ban doc!
e D¢ tim ham dic trung ta phai ludn dya vao biéu thitc mii hosic biéu thiic trong ham logarit.
e Vi bai thi tric nghiém ta c6 thé luge bé bude xét ham s6 don dieu dé suy ra luon méi lien he.

xr—

Cau 2. Cho 3 s6 z,9,2z théa man z>y>2>0 dong thoi log{ sz(w+z)(z—x—2y). Khi do

Yy—z

2 2
GTNN ciia biéu thitc P = QZ;MQ béng bao nhieu?
42" +2xz + 4y
Al B. 2 c.t D. 2
2 3 5 7

Toi gidi
Y tudng bai toan khong mai, van dé la ta phai tim duge méi lien he gitta cac bién véi nhau, va bam sat
vio cac biéu thitc trong dau logarit dé xay dung ham dic trung. Bién doi gia thiét ta duge.
r—y
log,| —= |=(z+z)(z—2 -2
o 2L )=o)
< log, (sc—y)—log2 (y—z)=z2 — —2y(m+z)
2 2

< log, (m—y)+(x—y) =log, (y—z)+(y—z)

Sr—y=y-z2r+2=2y
Thé vao gia thiét ta duge

_ 22 +4y° _x2+2xz+222_t2+2t+2 =%

42° +2xz+4y" 2P +4x2+52° P +4L+5 z
1

T day dé dang tim dugc minP=§.

Chon y A.

Tap chi va tu liéu toan hoc | 18



Phuong phap gidi toan cic tri mi — logarit |

2

2 2

. 5. s R ; ; 1-
Cau 3. Cho 256 z,y >0 théaméan z°+y° >1 va dong thoi z° + 2y —1=In[
T +y

J . Biét gia tri nho

p 2 4 p 4
nhat cia biéu thac P =£2+ > J > =m~n v6i m,n la 2 so nguyén duong. Hoi ¢6 bao nhiéu bo so
y Tty
(m,n) théa man?
A. 1 B. 3 C. 0 D. 2
Lai giai

Nhin thay biéu thiic logarit viét dusi dang phan thiic 1a ta nghi ngay t6i ham diic trung.
Bién doi gai thiét ta dudgc.

2
x2+2y2—1=1n( 12 Y 2j<::>ln(1—y2)—i—1—y2 =ln(:€2—i—y2)+$2 +y’ oz’ +2y° =1
xr +y

Tuy nhién van dé khé khong nim & viéc bién ddi ma ndm & phan sau.
St dung bat dang thiic AM — GM ta co.

4 4 4 2
) 2x2 52 i S =x—:>x—4227x4:>£223\/§x2
r.y.y (g;2+y2+y2) 1
.
27
16y* 16y" 16y’ , 4y .
¢« — > — 5 >108y" = ——— >332y
2y (m Ty )($ Ty ) (2y2+$2+x2+y2+y2) (x2+y2) Tty

27
Cong vé theo vé ta duge P> 343 =1427
Vay ¢62 b0 s6 (m,n) théa man yeu cau dé bai.
Chon y D.

Cau 4. Cho phuong trinh log, (2352 + 2z + 2) =2v 4 y* —2° —x . Hoi ¢6 bao nhiéu ciip sé nguyén duong

(ac,y),(O <r< 500) théa méan phuong trinh da cho?
A. 4 B. 2 C.3 D. 1

Toi gidi
Bién doi gia thiét ta dudgc.
log, (22° +22+2)=2" +y’ —2’ ~z < log, (* +z+1)+2” +z+1=2" +y’

2log2 (2;2 +.'r+1) 2

+log2(gn2+ac+1):2y2 +y’ <:>log2(:v2+x+1)=y
Do 0<z<500= 3 =10g2(:ﬁ2+:1:+1)e(0;18):>0<y<5.

Thé ngugc lai cac gia tri c6 thé co clia y thi ta thay co 2 gia tri nguyén ciia y thda man yéu cau dé bai
dong nghia c6 2 cap s (2,y) théa man phuong trinh da cho.
Chon y B.

a+b+c

Cau 5. Cho 3 s6 thuc a,b,c théa méan log, —————
a +b"+c +2

=a(a—4)+b(b—4)+c(c—4). Tim gia tri l6n

it e o i P T
a+b+c
A 12++/30 B. 44430 c. 8++/30 D. 6++/30
3 3 3 3
Ldi giai

Mot bai toan phét biéu don gidn nhung kha 14 khé. Trudce tien bién ddi gia thiét ta dugce
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| Chuong 1. Céac ky thuat danh gid co ban

=a(a—4)+b(b—4)+c(c—4)
c>10g24(a-I—b+c)-|—4(a+b+c)=log2(a,2 +b° +¢ +2)-|—a2 +b° +c*+2
S b+ +2-4(a+b+c)=05 (a-2) +(b-2) +(c—2) =10(C)
Dén day stt dung dai s6 thi kha 13 kho, va y tudng sit dung yéu t6 hinh hoc ctia tac gia bai toan rat hay
dé 1a st dung diéu kién tuong giao gitta mit phang va mit cau trong hinh phing Ozyz Quy dong gia
thiét ta dugc.

_a+2b+3c
a+b+c

p < a(P-1)+b(P-2)+c(P-3)=0(P)
Diéu kién tuong giao ctia mét phang (P) va mat cau (C) la.

6P —12
6P 12 _ fjep< 830
3P’ -12P +14 3

d(I;(P))< R(I(2;2;2),R :\/ﬁ) o

Chon y D.

Vi du 6. Tim tét ca cac gia tri thuc duong ctia tham s6 @ théa man bat dang thitc

2017 a
a 1 2017 1
[2 + 2—@) < (2 + ST

A. O<ax<1 B. 1<a<2017 C. a>2017 D. 0<a<2017

THPT Kién An — Hai Phong 2017 — 2018

Lot gidl
LAy logarit co sb 2 ca 2 vé ta dudgc

1\ 1) 1 1
(2(1, i 27) < (22017 + Wj = 2017log, [20’ + 27] <alog, (22017 + Q2017 j

log, (2“ +1aj log, (22017 + 2%17 j
2 < 2

a h 2017

=

Xét ham s6 .

)=

10g2(2 +2tjlog2(4+1)$:>f'(x)il4 .X.ln4—[(4"+1)ln(4 +1)]<0
z T In2 x2(4‘” +1)

Suy ra f(:r) 14 ham gidm trén (0;+oo) = f(a) < f(2017) khi 0<a <2017

Chon y D.

Nhan xét. Qua cac vi du trén ta phan nao da hiéu dude § tudng va phuong phép lam dang toan nay.
Sau day la cac bai tap luyén tap cho cac ban.

2 2
Vidu 7. Cho z,y >0 théa log ¥y =gy —x—3y. Tim gi4 tri nh6 nhat cia P = Ll %y .
Y 1+3y 1+2
A. 10 B. a C. ~ D. LG
7 7 7
Loi giai

Phuong trinh dau tuong duong
log(a,‘ + Sy) - 10g(xy) =zy— (x + 3y) = log(x + Sy) + (ac + 3y) = log(xy) + zy (1) .

Tap chi va tu liéu toan hoc | 20



Phuong phap gidi toan cic tri mi — logarit |

Xét ham s f(t)=logt+t, t>0,c6 f'(t)=t1110+1>0,Vt>0.
n

Suy ra ham s6 f(¢) dong bién tren (0;+00).
Phuong trinh (1) tuong duong f(:v + 3y) = f(:vy) Sr+3y=ay.
Theo bat déng thitc Schwarz ta c6
_ 22 . 9y2 _ 72 . (3y)2 N (x+3y)2
1+3y 1+z 1+3y l+z 2+(z+3y
Theo béat déang thitic AM — GM cho 2 s6 duong ta c6
xy=x+3y22@<:>(xy)2 —12xy20<:>$y(my—12)20.
Vizy>0 nén zy212=2z+3y>12. Dt u=z+3y=>u=>12.

7 (2

2

Tir (2) taco P> f(u)=— 5
U+

, u=>12 ,tacod

2
f'(u)= u+du :>f'(u)=0<:>{u_04 (khong théa man).

(u+2)2 u=-
: 72
Suy ra mlnf(u)zf(12)=7.
Vay P27—72: mimP=77—2 khi =12, hay
z+3y=12 r=—3y+12 =6
LW T Cgyr12) —sy+12=3y+9y°  ly=2"
Tvay 1es  (FBUF12) =3y+12=3y+9y°  (y=
o .z N 2 = [N . ab oa+b 8(1_ab) .z .12 £ >
Vi du 8. Cho hai s6 thyc duong a va b théa méan dieu kién 4.2 :—b' Gi4 tri 16n nhat cta
a+
biéu thic P = ab +2ab” bing
A. 1. B. > C.@. D. 3.
17 2
Lai giai
Ta c6 ab <1, bién déi phuong trinh tuong duong
8(1—ab 8(1—abd
4ab'2a+b =u©22ab+a+b :MQ 22ab+a+b.(a+b) :8(1_ab)
a+b a+b

:>2ab+a+b+log2(a+b)=3+log2(1—ab)
< a+b+log, (a+b)=2-2ab+log,(2-2ab)(1)

Dit f(x):10g2x+x,x>0 (2),cc’> f'(x): 11 2+1>0:f(a:) dong bién trén (0;+oo) (3)
x.ln

Tu (1),(2),(3)= f(a+b)=f(2—-2ab) ©a+b=2-2ab<2ab=2-a-b.
Khi do, ta co
P=ab+2ab* =2b—b* —ab+ab=2b-b*=1—(b-1) <L, VbeR

Khi P=1<:>b=1:>a=%,th6adiéukién ab<1.

Vay P =11""3,
-1

max
b
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| Chuong 1. Céac ky thuat danh gid co ban

Vi du 9. Choz,ythdéa man z>1,y=>1va log, [Z—w]=4xy—3(x+y)—l. Gia tri 16n nhat ciia biéu
LY

thic P=2"+y*> — 3(1 + 1] thudc tap nao dudi day?
Ty

A. [59). B. [-50). C. [0;5). D. [9;+%).

L3i giai

Ta c6 log, (Z—wj=4xy—3(x+y)—1 < log, 3(z+y) :4:py—3($+y)
Ty LYy

= 3($ + y) +log, 3(95 + y) =4zy +log, (4xy) (1)
3(x+y) >6

. Xét ham s6 f(t)=t+log,t v6i t>0.
4y =>4

Do z21ly>1 nén{

Taco f'(t)=1+ ﬁ >0, Vt>0.Suy raham s6 f(¢) dong bién tren (0;+00).
n

Nén (1)<:>f(3(x+y))=f(4acy)<:>3(a:+y)=4xy
3(x+y)

Talaico P =z +y2—3[l+lJ=($+y)2—2xy—
Ty

r Yy

:%(xy)Z —2xy—4=§a2 —2a-4=g(a)

Véi a=acy=%(m+y)2%2\/@=%\/;©\/522®a2%

Dau bang xay ra khi va chi khi xzyzg.
Mat khac le,yZl@(w—l)(y—l)ZO@xy—(:c+y)+120<:>:vy—%xy+120<:>:Ey£3

) . ) o, x=1 . |z=3 ; 9
Dau bang xay ra khi va chi khi hodc ,dodb ae|—;3]|.
y=3 y=1 4

. 3. z ' _2 _9_ _g g S g :l =
Khldotacog(a)—ga 2=0<a= e[473},vag(4j 2,g(3) 6

16
Vay P__ =6 khi {:c hoac {:c .

maxr

y=3 y=1

Vi du 10. Cho hai s6 thyc duong z;y théa man 1nx+x(m + y) > 1n(4—y)+4x .

Khi biéu thitc P =8z +16y + l + E dat gia tri nhé nhat, gia tri z thudc khoang nao sau day
r Yy

Y
A. l;1 . B. l,l . C. O;l . D. (1;2).
2 4°2 4
Loi giai
p 1z PUPO . z>0 .
T gid thiet ta c6 dieu kién xac dinh . Khi do
O<y<4

1n:1:+:13(:v+y)21n(4—y)+4m < Inz+ 2 Zln(4—y)+x(4—y)

Shhz+lnz+2° Zlnx+ln(4—y)+x(4—y) < Ing’ +2° Zln[$(4—y)]+x(4—y) (*)

Tap chi va tu liéu toan hoc | 22



Phuong phap gidi toan cic tri mi — logarit |

Xét ham s6 f(t)=Int+¢ tren khodng (0;+) ta c6 f'(t)=%+1>0, Vt>0. Do d6 ham so f(t) 1a
ham déng bién trén khodng (0;+o0). Bat phuong trinh (*) trd thanh
f(#*)2 f(z(4-y)) © 2" 22(4-y) S a+y=4 do z;5>0
Khi d6 ta chon diém roi dé danh gia min ciia déing thiic P nhu sau
P=a(m+y)+(8—a)m+(16—a)y+%+% :a(;p+y)+[(S_Q)Hﬂ{(w—am%}

Ta chon gia tri o duong théa man dé ghép cap AM — GM cho cac déng thic trong ngosic vuong va

dau bing x4y ra khi
1 P
(8—(1)1: == R—o
14 14 1 14
(16—a)y=—7<:> = & b |y
Yy 16—-a 8—a V16—a
r+y=4 r+y=4
P 1 14
Xét ham so g(a)z + f 7 trén [0;8).
V8 —a 16—
1 14 1 \14
Ta c6 g’(a)z(J_+ n ’ J: —+ ! ->0,Vae[0;8).
§—o V16=a) 9g_qa) 2(16-a)
N 1 14 N P
Nén ham so g((x) = + ,/ 7 dong bien trén [0; 8) .
J8—a 16—a
- . 1 147 4 ~ s
Vay phuong trinh + =4 c6 toi da mot nghiém.
\/8—(1 16—
Dé thay o =4 1a mot nghiém ctia phuong trinh.
Vay phuong trinh c6 nghiém duy nhat a=4.
Do d6 ta viét lai P=4(m+y)+(4x+lJ+(12y+£j z4.4+2\/495.l +2\/12y.£ =104.
Z Y z Y
Déu bang x4y ra khi zzl; y:Z_ Suy ra E=l.zzlz0.1429€ O;l .
2 2 y 22 7 4
Vi du 11. Xét cac s6 duong z,y théa man log3W=3xy+4(x—y)—l3. Gia tri nho nhat
T +2y
ciia biéu thitc P =z +y thudc tap hop nao sau day?
A. (-30). B. (0;2). C. (25). D. (510).
Lai giai
ix e , 4—x+2y—xy
Dieukién 4—z+2y—2y>0. Tacod log3—2:3xy+4(a:—y)—13
x+2y

< log, (12 -3z +6y— 3$y) + (12 -3z +6y —3xy) =log, (z + 2y) + (m + 2y) (*)

Xét ham s6 f(t)=log,t+t v6i t>0. Suyra f'(t)=

+1>0,Vt>0.
t.In3

Do d6 ham s6 f(t)=log, ¢+t dong bién tren (0;+o)
Ta co (*)<:>f(12—3x+6y—3$y)=f(m+2y) S 12-3z+6y—3axy=x+2y
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| Chuong 1. Céac ky thuat danh gid co ban

12—-4z
3r—-4

S12-4z=Bz-4)yy=

Do z,y>0 nén xe(%;?;j. Ta co

— — 2_ —
P:x+y:x+12 4$=g(x);g'(x)=1+ 20 2=9x 24$24; ‘(ac)=0<:>$=4i2\/g.
3z -4 (3z—4) (3z—4) 3
Vi xe(%;i’;) nén ta lay gia tri z = 4+32\/g.
Lap bang bién thien ctia ham s6 g(z) ta dugc miang(4+§\/g}=4f ~2,98.

. . R .z . P o A AT 2 ~ 2 2 P2 2020 2020 \" Q4
Vidu 12. Goi S 1a tap hgp cac so tu nhién n c¢6 4 chit s6 thoa man (2 +3 ) <(2 +3 ) . So

phan tttcia S 13
A. 8999. B. 2019. C. 1010. D. 7979.

Lot gidl
V6i moi s6 tu nhién n c6 4 chit s6, ta co

(2” +3" )2020 < (22“20 + 32020 )" =N 1n((2” +3" )2020 ) < 1n((22020 +3%0% )7,,)

1n(2'" +3" ) ln(22020 + 32020)
<

PN 20201n(2” +3 ) < nln(22m + 320”) N

(+)-

n 2020
) In(2"+3°)
Xét ham s6 f(z)=———= tren (999;+).
X
o 1((2'n2+3"n3)z
Ta co f(:c)z;[ Y —ln(2 +3 )
27 1n2° +3"In3" —(2° + 3" )In(2" +3°
_iljzneren ( v (24 )=‘ L o) =2 |+3mm| 2|,
x 2" +3’ (27 +3") 2" +3° 2" +3°
Véi Vz >999 ta co 2 <1 va 3 <1:>ln( z j<0valn( 3 ]<O.
T +3" 2" +3° T 4+3° 2" +3°

= f'(2)<0,Vz>999 = f(z) 1a ham nghich bién trén (999;+ ).
Do d6 (*) < f(n)< f(2020) < n>2020.

Vi n 1as6 tu nhién c6 4 chit s6 nén n €{2021;2022;....;9999} .
Vay c6 S ¢6 7979 phan tir.

Vi du 12. Cho cac s6 thuc z,y théa man log, [;ij—logQ y=2x+2y+zy—5. Hoi gia tri nhé nhat
5

ciia P=2"+y” + 2y 1a bao nhiéu ?

A. 30-2042 . B. 33-22.2. C. 241642 . D. 36-24/2 .

Loi giai
Diéu kién z (—2;2), y>0.

Ta c6 log, [;;—mj—logQ y=2z+2y+zy—>5 < log, (4—2m)+(4—2m) =log, (2y+xy)+(2y+xy) (*)
x
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Phuong phap gidi toan cic tri mi — logarit |

Xét ham s6 f(t)=10g2t+t:>f'(t)=ﬂ%+1>0,Vt>0.
n

Suy ra (*)<:>f(4—2x):f(2y+my)@4—2x:2y+xy<:>4:2x+2y+xy.

. > =4+ 42

Ta co ($+y)224$y=16—8(a:+y) suy ra diéu kién ton tai z,y 1a ey 2 .

x+y£—4—4\/§ (L)
P=(x+y)2—zyz(aj+y)2+2(:L‘+y)—4t::yt2+2t—4=h(t).

Vay P =36-24\2 @ z=y=-2+22.

Cach 2.

Taco (*) o ry+2z+2y=4<(z+2)(y+2)=8.

Taco o +2>0y+2>0; +2+y+22>2[(x+2)(y+2) =42 2 z+y>4/2-4.

2

Xét P=2"+y" +xy; P+xy+2x+2y+1:x2+y2+1+2xy+2x+2y=(x+y+1)

:P2(4J§—3)2 —5=36-242

Vay minP =36-2442 khi {x+y:4\/§_4c>x=y=2\/§—2.

=y
fL‘Q + : log. (’52+212+1)
Vi du 13. Cho cac s6 thuc z,y duong va théa man log, 3—y2+2 =T <log, 8. Tim gia tri
Y+
2 2
nhd nhét ctia biéu thic P = w )
2zy—y
1
A. =, B. 2. c. 3. p, L5
2 2 2 2
Lai giai
Phuong trinh tuong duong
b+ y2 logy (2 +2y”+1) . T+ y2 9 9
log, ———+2 <log,8" < log, ———+z" +2y" +1<3wy
3zy+2x 3zy+2x
< log, (21’2 +2y° ) +22° +2y° <3zy+2° +log, (3:1:y + :cz) (1)

Nhan thay ham s6 f(¢)=log,¢+¢ dong bién trén khodng (0;+), nén (1) tuong dudng véi

2
22° +2y° <3ay+1° ©x2—3xy+2y23()©(£j —3(£j+2$0 e1<t<9.

Y Y Y
Dat t:§:>te[1;2],khi ds P:g(t)=2t;:1+2 =t+2t2_1,te[1;2].
Ta co g’(t)zl—(zt_l)Z Suyra g'(t)=0:>t=ge[1;2].
Laico g(1)=3, g(2)=§, g@]%.

Vay miang.
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| Chuong 1. Céac ky thuat danh gid co ban

Vi du 14. Xét cac s6 thyc duong =,y théa man dieu kiémQ(ac2 +y +4)+log2 £—+—j

Khi bieu thitc z+4y dat gia tri nhé nhat z bang

A. 2. B. 4.

N | —

L3i giai

| =

%(my—él)z.

Ta co 2(x2 +17 +4)+1og2 (2+2J—%(xy—4)2
Ty

2
<:>2(ac+y)2 —4azy+8+log{ (a:+y)}_ L
Y

—E(xy) —4zy+8

2
= 2($+y)2 +log, ($+y) = 2[%) +log, (%j .

Xeét ham s6 f(t)=2t"+log,t ,v6i t>0,co f'(t)=4t+

Suy ra ham s6 f(¢) dong bién trén khoang (0;+ )
Do d6 (*)@f(x-ky):f(%j@x-ky—xy

! >0,vVt>0.
2

<:>x(y—2)=2y.

Theo gia thiét z,y >0 nénsuyra y>2 va x——y2

=2+ i >2.
2y
bat P=x+4y :>P=—2+4y y 2 +— +10.
y—
Ap dung bt déng thitc AM — GM tacé P> 2\/_+10 18.
y=3
foas . : y=3
Dau bang xay ra khi 2y & { =>—=2
y—2 0
Vi du 15. Cho cac s6 thuc a, b théa man e* +e“b( —ab+b* - )— w0 Goi m,M lan
lugt 1a gi tri nhé nhat, gia tri 16n nhat ciia biéu thic P = — Khi d6, m + M bang
+ 2a
A B 2. c.t. D. 2.
3 5
Lai giai
Ta c6 ea2+2b2 +€ab( —ab+b?— )_el+ab+b2 =0 < eaQ-abubZ +a’—ab+b? _1_€1+b2 -0
@6(1,27(11&2}12

2_gb+2b" =" +1+07, (*)
Xét hamsd f(t)=¢' +t = f'(t)=€ +1>0 = f(t)=€' +¢ 1a ham s6 dong bién tren R
(*)<:>f(a,2—ab+2b2)=f(1+b2)<:>a2—ab+2b2—1+b2<:>a —ab+b* =1
2 2
Do dé P — 1 =a2 ab-i—b?'
1+2ab a +ab+d
Truong hop 1. b=0=> P =1
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aY (a
(bj _(bj+ r’—r+1 a
e Truong hgp 2. b#0=P= = —g(x) véizzg.
a

27" —2 =1
Ta co g’(m)zx—z; g’(x)zO@{x .
(ac2 +x +1) r=-1
Dodé m=P, :%; M=P, =3 :>m+M=§.
Vi du 17. Xét cac s6 thuc duong z ,y thda man 8.2 +2y° —22+6=2°. Gi4 tri nhé nhét ctia bidu
4
thic S = T+2y =3 thuoc tap hgp nao dudi day?
zy =3y
A.(0;2). B. [4;10). C. [34). D.B;:%j.

Loi giai
Taco 8.2" +2y° ~20+6=2" <2" " +2(y* +3)=2"+2z.
Xét ham s6 f(t)=2'+2t xacdinhtréen R ¢6 f'(t)=2"In2+2>0,VieR.
Suy ra ham s6 y = f(¢) dong bién tréen R .
Ma f(y2 +3)=f(ac):>y2 +3=2x.Khi do, ta co

z+2y' -3 ¢ +3+2y' -3 y*+2y"
Ty —3Y (y2 +3)y—3y y’

v +3=x _\/5

y__
2 .
7

S = Loy 903 vyso.
Y

Dau = x4y ra khi va chi khi {2y° =1 <
x>0,9>0 T =

Vi du 18. Cho céc sb thyc =,y théoa man 2z—y=e¢" (2—6’”)+ln(2e”’ +y) . Tim gia tri nhé nhat cta

biéu thitc P=2"+y> +10y .
A. 0. B. -21. C. —20. D. -9.

Loi giai
Diéu kién 2¢" +y>0. (*)
Taco 2z—-y=e" (2—ez)+ln(261 +y) < e +1ne” =2¢” +y+ln(2@z + y) (1) .
Xét ham s6 f(t)=t+Int, te(0;+0). Taco f’(t):1+% >0, V't e(0;+0).
Suy ra ham s6 f(¢) dong bién tren (0;+00).
Do d6 (1) = f(eg’”)zf(Qe’” +y) e =2ty y=et —2".
Xét ham sd y=e> —2e",¢c6 y'=2e* —2¢"; y'=0=2=0.
Tit bang bién thien, ta c6 y>-1,Vz = (y+ 5)2 >16,Vx, ding thitc xay rakhi =0 .

Taco P=a+y* +10y =2 +(y+5) ~25>16-25=-9,Vz.

=0 R
Vay min P =-9 , dat dugc khi {T ) (théa man dieu kien (*)).
y=-
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Bai tap tu luyén

. . b P SR SRy
Cau 1. Cho cac so thuc duong a,b théa man log, 9 _3ab+a+b—7. Tim gia tri nho nhat cta bieu

a+b

thic S=a+5b

A /956 g W95 +15 o 395-16 b, 3V95-21

3 12 3 6
z* +2018
Cau 2. Cho 2 s6 thyc duong z,y thoa man 2017 =—————— _ Biét riing gid tri nh6 nhét cia
Yy —2y+2019

biéu thitc S=(4x2 +3y)(4y2 +3x)+25xy 1a % v6i a,b 1a cdc s6 nguyén duong va % toi gidn. Tinh
T=a+b.

A. T=27 B. T=17 C. T=195 D. T =207

ab _ 2ab+a+b—3. Tim gia tri nhé nhat ciia biéu

Cau 3. Cho cac s6 thuc duong a,b thoéa man log,
a—+

thitc P=a+2b.

A. —2*@_3

B. C.

210 -1 210 -5 b 3J10 =7
2 2 ) 2

Cau 4. Cho 2 s6 thyc x,y théa man e . Biét gia tri lén nhat ctia biéu thitc

2
x—4y+\ll—a;2 1/2 /122 _ y -z
—e =y+ 1

P=2"+2y" -22° +8y—x+21a % v6i a,bla cac s6 nguyéen duong va % toi gidn. Tinh T=a+b.
A. T=85 B. T =31 C. T=75 D. T=41
T+2Y
Cau 5. Cho 2 s6 thue duong z,y théa man 3%~ —(éj =2-2xy—2x —4y . Tim gia tri nhé nhat cla

biéu thitc P =2z + 3y

1042 +1 3V2 -4
A. 6327 B. 10V2+1 C. 15J2-20 D. 2
10 2
Cau 6. Cho 2 s6 thuc duong z,y théa man (x+y)3 +x+y+log2fﬂ:8(1—xy)3 —2zy+3. Tim gia
tri nho nhat ctia biéu thitc P=x+3y .
A 1VI5 p, 3015 C. J15-2 p, 3+2/5
2 2 6
~ Py - - Yy _ 2 N cL - %
Cau 7. Cho 2 so thuc duong z,y thoa man log, =—y +3y+x—3Jzr+1. Tim gia tri nho nhat
24z +1
ctia biéu thitc P=2-100y .
A. -2499 B. -2501 C. -2500 D. -2490

Cau 8. Cho 2 s6 thuc z,y théa man log > — TrYy

m=$($—3)+y(y—3)+a¢y . Tim gi4 tri 16n nhat

clia bidu thie P=*+t2*3
r+y+6
A 09+ J249 B 13+ 34/249 c 37- J249 b, 69- J249
) 94 ) 94 ) 21 ) 94
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Cau 9. Cho 2 s6 thyc z,y théa man logﬁ#zx(z—3)+y(y—3)+zy. Tim gia tri nho
Tty +ay+2
nhét ciia biéu thie P=“F2*3
r+y+6
A 69 + /249 B 43 +3+/249 C 37 —~/249 D 69 —~/249
Y ' 94 ' 21 Y
- 2 . 2e+y+1 e ta 1 gl . .z 3
Cau 10. Cho 2 so thyc duong z,y thoa méan log, ———— =z + 2y . Tim gié tri nho nhat ctia bieu thic
T+y

1 2
S=—+—.

T

A. 6 B. 3+243 C. 4 D. 3++3

T+y

Cau 11. Cho 2 6 thyc z,y théa man log, —————=z(z—4)+y(y—4)+zy . Biét gia tri 16n nhét
x4y +ay+2

x+2y+1_a+\/5
r+y+2 c

cua bidu thic P =

Py NPTt A L a2 L, . ez s
, v6i a,b,cla cac so nguyén duong va — toi gian. Tinh gia tri cia
c

biéu thitc S=a+b+c.
A. 221 B. 231 C. 195 D. 196

y+AJy° +1
r+z’ +1

Cau 12. Cho 2 s6 z,y thdéa man (a:—y)(a:2 +ay+1° —2)=21n . Tim gi4 tri nho nhat clia

. 1
bieu thic P=———+—+uxy.
" +y  2zy
A. 0 B. 1 C. 2 D. 3
, , 2 . P SR S p
Cau 13. Cho 2 s6 thuc duong z,y théa man 2018* 7% = $_+21/ . Tim gia tri nhé nhat ctia bieu thiic
xy —

S=x+4y.

A. 6+443 B. 1+243 C. 6-443 D. 9+443

Cau 14. Cho z,y la cac sd thuc théa man logQLz?)(y—\/erl)—gf +z . Tim gia tri nhé nhét
24z +1

ctia biéu thitc P=z—17.

3 5
A, — B. — C. 2 D. -1
4 4
P - 2 p
Cau 15. Cho 2 s0 thuc duong z,y théa man log, w =92" +9y” — 62+ 6y —21 . Biét gia tri lon
x4y

nhat ctia biéu thic P=(z+y)(50-9zy)-39z" —6y° 1a % v6i a,b 1a cac s6 nguyén duong va % toi

gian. Tinh T'=a+5b.

A. 188 B. 191 C. 202 D. 179
Cau 16. Cho 2 s6 thuc z,y théa man z,y>1 va log, [(ahLl)(erl)]y+1 =9—(:1:—1)(y+1). Biét gia tri
nhé nhét clia biéu thic P=2"+y* -57(z+y) la sb thuc c6 dang a+bJ7 v6i a,b 1a cac sb nguyen.

Tinh T=a+b.
A. -28 B. 29 C. -30 D. -31
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2 2

Cau 17. Cho 2 s6 thuc z,y thdéa man log, ; Y —+2° +2y° +1<3zy. Tim gid tri nhé nhat cta biéu
Y+
2 2
thite p=22 —TY*+2
2zy—vy
A2 B. > c. L D. .
2 2 2
- Z > - 40, + 2b + 5 ~ ., . 2 Z 2 « 2 .
Cau 18. Cho 2 s0 thuc a,b théa man log, T =a+3b—4. Tim gia tri nhé nhat cta bieu thic
a+
P=a’+b
A2 B. > c. L D. .
2 2 2 2
r+4y

Cau 19. Cho z,y 1a cac s6 thyc duong thdéa man logQ( ]z 27 —4y+1. Tim gia tri nhé nhat cia

T+y
22" —22°y" +62°
3
(z+y)
9 16 25

A. B. — C. 4 D. —
4 9 9

biéu thic P =

zy
Cau 20. Cho z,y la cac s6 thuc duong théa man 5% + % +r+l= 5? 437 4 y(x - 2) . Tim gia tri

nhé nhat ctia biéu thic T =z +2y.
A. 6-23 B. 4+2V6 C. 4-2V6 D. 6+243
Huéng dan giai
Cau 1. Chony A
Bién doi gia thiét ta dugc
log, (2—ab)—log3 (a+b)=3(ab—2)+(a+b)—1
< log, (3(2—&6))+3(2—ab) =log, (a+b)+(a+b)

6—a

& 3(2-ab)=a+b=b(3a+1)=6-—a=b=

—1+\/£J_2\/£—6
3

3

3a+1(0<a<6)

=85= f(a) > f(
Cau 2. Chony D
Bién doi gia thiét ta dugc

(2" +2018)2017" =((1-y)’ +2018)2017 @ =1y

:>S=16(:v2 —a;)2 +2($2 —x)+122%

Cau 3. Chony A
Tuong tu cau 1.
Cau 4. Chony A
Bién doi gia thiét ta duge
et _ gl y' —(z—4y)

Sr-4dy+ V1-2? +4€I_4y+\/1_7=y2 ++/1 =722 +4ey2+\/l—7
Sr—dy+Vl-2" =y’ +l-2 o=y’ +4y
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Dén day thé vao gia thiét con lai va khao sat ham sb trén doan [—1;1] ta sé tim dugc gia tri 16n nhat

cua Pzﬁ
2

Cau 5. Chony A
Bién ddi gia thiét ta co

1 1-zy T+2y
(—] —2(1—:13y)=(§] —2(:B+2y)<:>1—xy=x+2y

3
2P=f(:c):2x+3(1_xJ2f(3\/§2_4]=6\/§—7

Tx+2
Cau 6. Chony C
Bién doi gia thiét ta co
(:1c+y)3 +z+y+log, (:E+y)=(2(1—xy)) +2(1 xy)+log2( (1 :cy))

c>x+y:2(1—xy)c>y=22x_+x1(x6(0;2)):>P=x+%2—2+\/ﬁ

Cau 7. Chony B
Bién doi gia thiét ta co
log2y+y -3y =log,Vzr+1 +($+1) WNr+l=y=vz+1
:>P=:1:—10()\/:1:+1=(x/1:+1—50) —-25012>-2501
Cau 8. Chony A
Bién dobi gia thiét ta co
logﬁ(x+y)—logﬁ(x2+y2+$y+2)=z2+y2+xy—3(x+y)
c>logﬁ(3(:c+y))+3(a:+y)=logﬁ(x2+y2+zy+2)+x2+y2+xy+2

2 2
<:>3(x+y)=x2+y2+xy+2<:>(x+%j +3i—3(x+%)—%+2

4
@(m 3 2} (y;/_ \/_J =l<a’+b* =1(1)

a b

Khi d6 ta dugc
\/_,y \/_+1:>P(a:+y+6) T+2y+3
@P[a+i+8}a+3—b+6@(P—1)a+i(P—3)b+8P—6=o(2)
N N 5
Coi (1) la phuong trinh duong tron (C) c6 tam 13 goc toa do va R=1 va (2) la phuong trinh dudng
thang (d). Dé (C) va (d) ¢6 diém chung thi ta c6 diéu kien.
I8P -6 69— /249 < p< 69 ++/249

=le 94 94
\/(P—1)2 +%(P—3)2

d(0;d)<R &

Cau 9. Chony D
Tuong tu cau 8.

Cau 10. Chony A
Bién ddi gia thiét ta co
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log3(2x+y+1)—log3(x+y):3:+2y
<:>log3(2x+y+1)+(2x+y+1)=log3(3(x+y))+3(x+y)

<:>x+2y:1:>S=f(x)=l+ 2 Zf(ljz
x 11—z 2
V' 2
Cau 11. Chony A
Tuong tu cau 8.
Cau 12. Chony C
Bién ddi gia thiét ta co
’ 2
(x—y)(m2+xy+y2—2)=21 yryy +1
v+’ +1

<:>x3—y3—2(x—y) 21n(y+ v+ ) n(x+\/x2+1)
<:>21n(x+\/x2+1)+x3—2x=21n(y+\/ 1) Y’ -2y

1 ;
Sr=y=>P=—+1"22
T

Cau 13. Chony D
Cau 14. Chony B
Dé thi HKI — Chuyén Amsterdam — Ha Noi — 2017 — 2018
Cau 15. Chony A
Cau 16. Chony B
Nguyén Dang Dao — Bac Ninh — Lan 2 — 2017 — 2018
Bién dobi gia thiét ta co
log, ((x +1)(y +1))y+1 =9 —(x —1)(y + 1) & (y+ 1)log3 ((x +1)(y +1)) =9 —(x —1)(y +1)

<:>log3((x+1)(y+1))=%—(x 1)@10g3(x+1)+logg(y+1) yil—(z—l)

<:>log3(m+1)+x+1—log3i+l©:ﬂ+l—i:x+y 8—ay=22=1<2y<6
y+1 y+1 y+1
=83
Khi d6 P =(8-ay)’ —3zy(8—xy)—57(8—my):f(xy)zf(9—2ﬁ):>{z 1
Cau 17. Chony B
Bién dobi gia thiét ta co
2 2 2 2
x erQ+23¢2+2y2+1§3:1:y+ac2(i)logZMnLQx%rZyQSSJ:erm2
3zy+z 3zy+2x

log,
< log, (2z2 +2y° ) +22° +2y° <log, (3a:y +2° ) +3zy +2°

27 +2)7 <3ay+a’ o’ —3ay+2° <0 1< <2
Y

2y

Y

2(9”] ~Ti9
jp:sz(ﬂsz(ﬁji
Y 2

Cau 18. Chony C
Cau 19. Chony B
Cau 20. Chony B
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Bién doi gia thiét ta dudc

z4+2 3 5IU —z=2
5 ”+—+x+1=?+3 T+y(z-2)

xy

S5 3T p 42y =5"" =3 4y -1

z+1

<:>1—xy+x+y=O<:>y(x—2)=x+1>0:>y= (m>2)

€T —

2(z+1
:>S=f(x)=x+(—2)2f(2+\/6):4+2\/§
Ky thuat ham diac trung két hop véi tinh chat dac biét cia ham sé.

Dang toan nay xuat hién nhiéu trong cac dé thi thit cdc truong nam 2019, ta phai két hop véi tinh
chét diic biet ctia ham s6 nhu tinh chiin 1é, biéu thitc lien hgp,... Sau day ta sé tim hiéu né.

Vidu 1. Cho ham s6 f(z)= ln(x +z + 1) . C6 tat ca bao nhiéu s6 nguyén m théa man bat phuong

1
trinh f(1 +f| 1 — [<0.
flaogm)+ 1 tog. >

A. 65 B. 66 C. 64 D. 63

Lol gidi
Diéu kien m >1 (do m la s6 nguyén va m>0,m #1 ), suy ra logm >0.

Ham s6 f(x)zln(x+\/m2 +1) c6 tap xac dinh D=RR.

Ta co f(—x)zln(—x+x/ﬁ)=ln+=—1n(x+x/ﬁ)=—f(x), VzeR .

z+Nz”+1
1

Vz? +1

Ftogm) {106, 75 <0 fliogm) < ~ftog, 5o | f(omm) = 1{ -tog, 70

Mt khéc f'(z)= >0, Vz,nén f(z) dong bién tren R . Khi d6 ta c6

o logm<—log, —— e logm <198209 ) <10V L 65 77,
2019 logm

Suy ra me{2;3;...;65} . Vay c6 tat ca 64 sb nguyén m théa man.

Vidu 2. Cho ham s6 f(z)=e V'L (e‘Z —e”’) . C6 bao nhiéu gia tri nguyén duong ctia tham s6 m thda

man bat phuong trinh f(m—7)+f( 12 jSO.
m+1

A. 4 B. 6 C.3 D. 5

Loi giai
Tap xac dinh D=R 1a tap d6i xiing.
,]:‘a c6 f(flf) — earﬂ/m _6—.1:+m v f(—x) — e—ﬁ—m —€Z+m — —(€I+m _e—z+m) f(x) .

Suy ra f(z) 1a ham s6 18.

Ta co6 f'(x)=[1+ Je“”‘z“ +[1— < je””’zﬂ >0,Vz = f(z) dong bién tren R .
2t +1 Nz® +1
1<m<5H
f(m—7)+f( 12 JSO@f(m—?)s—f( 12 ):f ~ 2 lomore- o] ST
m+1 m+1 m+1 m+1 m<—1

Vi m la sd nguyén duong nén m e {1,2,3,4,5}.
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Vi du 3. Cho ham s6 y= f(:l:) = ln(\ll—i- z’ +:17) . Tim tap nghiém ctia bat phuong trinh
f(a—1)+f(lna)£0.

A. [0:1] B. (0;1] C. [0;+o) D. (0;+o)
Lai giai
Ta co m+x>\/x_2+z=|z|+x20VmeR:>m+x>0VxeR
Vay ta c6 tap xac dinh ctia ham s6 14 R . Xét bat phuong trinh f —ln( 1+ ))
=In{~1+ 2> —x)@f( ) 111[(@4.35 1+2° +$J
Jla? +z

( j (—x)z—ln(x/1+a: +a:)<:>f( = x
1+m +z
Vay ham s6 f(z)1a ham s6 1é. Mt khéc
' — 1 /1 2 ' ' _ 1 . T 1}
f(ﬂf) \/1+x2+x( o +$) <:>f($) \/1+x2+:v (\/1+x2 ’
1 V1+2® +2 1
()= . = 0
<:>f(13) Vi+a2® +2 N1+2° V1+2? -

Vay ham s6 f(z)dong bién trén R, ta c6
f(a—1)+f(1na)£0<:>f(a—l)S—f(lna)@f(a—l)éf(—lna)@a—lS—lna®a+lnaS1(*)

Xét g(a)=a+lna,‘v’a>O;g'(a)=1+l>0,Va>O.
a

Vay ham s6 g(a)dong bién tren (0;+w).

Ma g(1)=1,khi d6 (*) <= g(a)<g(l)=a<l.

Vay tap nghiém bat phuong trinh la (0;1].

Vi du 4. Cho ham s6 f(z)=2"-2". Goi m, la s6 16n nhat trong cac sé nguyén m théa man bat
phuong trinh f(m) + f(2m - 2" ) < 0. Meénh dé nao sau day dang?
A. m, €[1513;2019) B. m, €[100%1513) C. m, €[505;1009) D. m, €[1;505)

Loi giai
Taco f(-z)=2" -2 =—(2"-27)=f(z) ; f'()=2"In2+2" In2>0,Vz e R.

Ham s6 f(z)=2"—-2"" la ham s6 1 va tang trén R .
12
Yéu cau bai toan }‘(2m—212)<—f(m)=f(—m)(i)2m—212 <m©m<?.

12
Nhu vay gia tri m nguyeén 16n nhat la m, = {2?} =1365.

Vidu 5. Cho ham s6 y = f(2)=+1+2" +z . Tim céc gié tri chia m dé bat phuong trinh

(x—m)f(m—m)+ 7’ +2019z P
f(2* +2019z)
ludn ding trén doan [4;16] .
A. m>35228 B. m>36416 C. m <38421 D. m <34662
Lai giai
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Taxét f(-z)= 1+(—x)2+(—x)=m—x=\/ﬁ+$=f(lx),vay f(-=z)=

< . 2’ +2019z
Bat phuong trinh (x —m)f(a: —m)+m <

(m3 + 20199;)
f(2* +2019z)

f(z)

@(m—m)f(m—m <-
& (z-m)f(z—m)<(-2’ —2019z) f (2" - 2019z )(1)
Xét g(t)=t.f(t)=t(m+t),co

AM-GM tQ
g(t)=N1+t" + +2t > 2 N1+t
(t) N1+¢? V1+¢?

Vay ham s6 ¢(¢) luon dong bién trén R, khi d6
(1) & g(x - m) < g(—m3 - 2019x) S r-m< -z’ 2019z < m> 2’ +2020x

2

+2t =21 +2t = g'(¢) 2 2Jt|+2t >0

bé ( )luon dang ta phai c6 m> max(:r + 2020:5) 36416 .

[4:16]

Vi du 6. Cho ham sb f(x)zln(\/x +1 +x)+ez —e . Hoi phuong trinh f( )+f(2x 1) 0 c6 bao

nhiéu nghiém thuyc?
A. 3 B. 0 C.2 D. 1

Lai giai
Taco Va* +1+2>0,Vz € R nén ham sb f(a:) xac dinh trén R .

Ta co f(—a;) = ln(«/(—x)Q +1 —xj+er —e".
:—ln(\/x2 +1 +x)+e_z —e" =—(1n(\/:v2 +1 +:I:)+e“’ —e’“’)z—f(a:) voi VzeR.
Suy ra f(x)1a ham s 16.

2z T+NzT+1 |

+1

\/ 1
Ma f'(z)= L+e +e” Tl e +e'+e" >0, VzeR
Nzt +1+x 2 +1+x z*+1

Suy ra f(z)dong bién trén R .

Taco f(3")+f(20-1)=0 < f(3")=—f(20-1) < f(3") = f(1-22) <= 3" =1-2z.

Xét ham s6 g(z)=3". Ham s6 g(z) dong bién trén R, ham s6 h(z)=1-2z nghich bién trén R nén
d6 thi ham s6 y=g(z) va y=h(z) c6 nhiéu nhat mot diém chung. Mat khac ta c6 g(0)=h(0) suy ra

phuong trinh 3" =1-2x ¢6 mot nghiém duy nhat z=0.
Vay phuong trinh da cho ¢6 nghiém duy nhat z=0.
Do m nguyén thudc [—20;20] nén so6 gia tri m 1a 23.

Vi du 7. Cho ham sb f(2)=2019(e* —¢™)+2020In(z+ /2" +1)+2021a" . C6 bao mhicu gid tri

nguyén ctia tham s6 m dé bat phuong trinh f(‘?)x + m‘) + f(x —12) 0 c6 nghiém v6i Vz e [—2;1] .
A. 22. B. 20. C. Vo sb. D. 21.

L5i giai

Taco f(-2)=2019(c ™ =) +2020In( o +a +1)+2021(~a)’
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=-2019(¢* —¢ ™) - 20201n(x Nz 1)— 20212" = —f(x)

Suy ra f(z) la ham 18, lac d6 f($3 —12) =—f(12—a:3)

1+ x

f'(2)=2019(2¢* +2¢* )+ 2020 — == Vot +1, 6o63,?

r+Nzt +1

+60632° >0,VreR

2020
Vot +1

Suy ra f(z) ham dong bién va lien tuc tren [-2;1].

= 2019(262“’ +2e7% ) +

Khi d6 f(\:sgc2 +m\)+f(x3 ~12)<0 < f(\?,x? +m\)s f(12-2%)

3zt +m<12—2°

32" +m>1’ —12 Vae[-21] (do 12-2° >0Vze[-21])

©\3x2+m\s12—x3©{
m<8

m < min(12 -z = 3:132)
[-2:1]
{m >-12

{m <12-2° -32°
=4 Vze [—2;1] &

m>z® -3z -12 771210[13@{(%3 —-3z? —12)
[-2:1]

Ma m nguyén nén me{—12;—11;...;8}.

Vay c6 21 gia tri nguyén ctia m thoa man yéu cau bai toan.

Vi du 8. Cho ham s6 y = f(z)=2" +2020z +sin2020z va biét tap nghiém ctia bat phuong trinh
f(10g, (e” —2020) -2020) + £(2020) < £(£(0))

la S:(lna;lnb]. Giatri T=b—-a la
A. T=1. B. T=2. C. T=3. D. T=4.

Lai giai
Xét ham sb y = f(z) ==’ +2020z +sin2020z .
VeeD=-z€D
f(=2)=-f()
Dao ham y'= 32" +2020 +2020.c0s2020z > 0,V € D . Suy ra ham s6 y = f(z) dong bién tren D (2).
Taco f(0)=0= f(£(0))=f(0)=0.
Khi d6 bat phuong trinh da cho tuong duong

f(10g, (¢” —2020) - 2020) < - £ (2020)

Tap xac dinh D=R. Ta c6 }:yzf(x) 1a ham s6 1é (1).

& f(10g, (¢ —2020) - 2020) < £ (~2020)

(2)
< log, (e" —2020)-2020 <2020 <> log, (" —2020) <0

& 0<e —2020 <1 2020 < e’ <2021 < n2020 < 7 < In2021
2020
= § = (1n2020;1n2021] = {* .
b=2021
Vay T=b-a=1.

(—4;-6),(—6;—4),(-5-2),(-2-5), (-5-6),(=6:=5),(-L;—4),(-4-1),(0;-2),(~2:0),(0;-1),(=10).
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3. Cac bai toan lién quan t6i dinh ly Viet.

Phuong phap chung clia cac bai toan & dang nay hau hét sé 1a dua gia thiét phuong trinh logarit vé
dang mot tam thc, sau dé sit dung dinh 1§ viet v& cac phép bién ddi logarit dé giai quyét bai toan. Dé
hiéu r6 hon ta cting di vao cac vi du.

Vi du 1. Cho céc s6 nguyén duong a,b>1 théa man phuong trinh.

11log, xlog,  —8log, v —20log, x —11=0
Biét rang phuong trinh trén c6 tich 2 nghiém 1a s6 ty nhién nhé nhat. Tinh S =2a+ 3b
A. 28 B. 10 C. 22 D. 15
Dé minh hoa hoc sinh giéi tinh cAp THPT tinh Pha Tho
Lai giai
Ta dua phuong trinh vé phuong trinh bac 2 theo an la log, = ta dudc.

11log, a(log, z)° —4(2+5log, a)log, z~11=0
Dé phuong trinh c¢6 2 nghiém thi A >0 <> 400(logb a)2 —164log, a+64 >0 ludn diang
Goi z,z, 1a 2 nghiém cta phuong trinh thi khi dé theo dinh 1y Viet thi ta c¢6
4(2+5log, a) 8 20

lOgd x, +10ga X, :W:E Og(mb+ﬁ
b

8 20 3 2
< log, (5131% ) = ﬁlogu b+ I & 2,2, =blall

Do a,b 1a cac s6 nguyén duong dong thoi tich 2 nghiém 1a s6 tu nhién nhé nhat nén ta sé c¢6 1 danh gia
8 20 1 1 1
sau z,z, =b'"a' = (amb18 )“ > (220.178 )“ = 2(29()8 )“
Dé 2,2, e N = 2°b* =n"' >2°.2° = n >3, mit khac n'" 2= ni2. Dén day ta xét cac truong hgp sau
o Néun=4=10"=8192=bgN
e Néun=6=0"=708588=bgN
o Néun=8=0"=708588=b=8
Vay a=2,0=8.
Chon y A.
Vi du 2. Xét cac sb nguyén duong a,b sao cho phuong trinh aIn®z+blnz+5=0 c6 2 nghiém phan

biét z,,z, va phuong trinh 5log”z +blogz +a=0 c¢6 2 nghiém z,,z, thda man z,z, > z,z, . Khi d6 gia

tri nho nhat ctia bicu thiic S =2a+3b bing

A. 30 B. 25 C. 36 D. 17
Cau 46 ma de 104, dé thi THPT Qudc Gia mon toan 2017
Lai giai

Diéu kién dé ca hai phuong trinh c6 hai nghiém phan biét 1a x>0, —20a >0 va a,b dong thsi 1a cac
s6 tu nhién 16n hon 0. Xét phuong trinh aln®*z+blnz+5=0, dat ¢t=Inz phuong trinh tré thanh

at’ +bt+5=0, gid st t, =Inz,,t, =Inz, 12 2 nghigm ctia phuong trinh thi theo Viet ta co.
b

t,+t,=Inz, +Inz, = ln(aclac2 ) = — S TT, = e
_b
Tuong tu déi véi phuong trinh 5log” z +blogz+a=0 tacé z,z, =10 °
Miit khac theo gia thiét ta co.
- - b S b b 1 Inl0 5

2,7, > 2,0, e >10° & ——>Inl) * & —<-hlle -<—a>—>2
a a 5 a 5 In10
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Dong thai ta lai c6 a la s6 nguyén duong nén suy ra >3 va b*—20a>0,beN =b>8
Vay S=2a+3b>2.3+3.8=30.

Vi du 3. Cho cac sb thyc a,b>1va phuong trinh log, (ax)logb (bx) =2018 c6 2 nghiém phan biét
m,n. Tim gi4 tri nhé nhat ciia biéu thitc P = (4a2 +9b )(36m2n2 + 1)
A. 144 B. 72 C. 68 D. 216

Loi giai
Ta dua phuong trinh vé phuong trinh bac 2 theo an la log, = ta dudc.
log, (aav)logb (ba:) =2018 (1 +log, x)(l +log, x) =2018

< log, zlog, = +log, z+log, +1=2018 < log, a(log, x)2 +(1+log, a)log, = =2017

Theo dinh 1y Viet ta co

1+1 1 1
log, m+log, n= SR L —log,b—1=log, —=log, (mn) < mn=—
log, a ab ab

Ap dung bét ddng thiic AM — GM ta c6

P=(4a"+9b") 30 1> 2aa? 007 2,20 ~144
a’d a’d
4a” = 90’
Dau “=" xay ra khi va chi khi { 3¢ <a=3,b=2
b

Vi du 4. Cho 3 s6 thuc a,b,c thay dbi 16n hon 1, théa man a+b+c=100. Goi m,n lan lugt 1a 2
nghiém cua phuong trinh (loga x)2 - (1 +2log, b+ 3log, c)loga r—1=0. Tinh gia tri ctia biéu thic
S =a+2b+3c khi mn dat gia tri 16n nhat.

A 20 B, 0 C. 00 p. S

3 3 3
Lai giai

Véi bai toan nay gia thiét da duge dua vé mot tam thitc bac 2 sdn roi nén ta chi can st dung tdi dinh
1y viet, ta dugc

log, m +log, n=1+2log, b+3log, c=log, (ab‘zc:}) < mn =ab’c®

Theo bat ding thitc AM — GM ta c6

mn =ab’c* =ab* (100-a—b)’ = %(3&3—;.3—;(100—a—b)(lOO—a—b)(lOO—a—b)J

6

3a+2+%b+3(100—a—b)

4 _ 625.10°
27 6 27
Dau “=" x4y ra tai 3a=3—b=100—a—b<:>a=@,b=@,c=@:>5’=70—0
2 3 3 3 3

Vi du 5. Cho 2 phuong trinhIn®z —(m —1)11136 +n= O(l),ln2 T —(n —1)ln$ +m= 0(2) . Biét phuong
trinh (1),(2) c6 2 nghieém phan bi¢t dong thoi c6 chung mot nghiem va z, 1a nghiém ciia phuong

trinh (1), z, la nghiém ctia phuong trinh (2). Tim gia tri nhé nhat cta biéu thic S =1z, +z,”

A1l B. 2 C.3 D. 4
Dé thit nghiém moén toan ki thi THPT Qudc Gia 2018 — Bo GD&DT
Lol gial
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Diéu kien m=n. Goi z, 1a nghiem chung ciia 2 phuong trinh khi d6 ta c6

In’z, —(m-1)lnz, +n=0
’ ( ) ’ z(n—l)lnmo—(m—l)lnx0+n—m
anxO—(n—l)lnxO+m=0
@(n—m)lnxo=m—n:>lnx0=—1:>m+n=0

Ap dung dinh Iy viet cho 2 phuong trinh ta c6
{lnaco+lngv1 =m-1

[ ]

=Inz, —~Inz,=m-n
Inz,+Inz, =n-1

=—=mlnz, =nlnz,

Inz .Inz,=n Inz, n
o =
Inz,Inz,=m Inz, m

n n 1nm2:—m
= —Inz,-Inz,=m-n<Inz,| ——1|=m-n=
m m Inz, =-n

Khido S=z°+z,” =" +¢™. Theo bat dang thitc AM — GM ta c6.

S :1'12 +.Z'22 :e—Qm +62m > 2 6—2771,.62777, — 2

Vi du 6. Xét cac s6 thuc a,b,c v6i a>1 théa man phuong trinh Iogiw—leoga«/;Jrc:O c6 hai

x . . b(c+1
nghiém thuc z;z, déulén hon 1 va z,.z, <a.Tim gia tri nhoé nhat cta bieu thic S = u .
c
A 62 . B. 4. C.5. D. 242 .

Lot giai
Diéu kien z>0. Dat ¢ =log, z, ta c6 phuong trinh ¢* —bt +c=0(1)

Vi phuong trinh da cho ¢6 hai nghiém thuc z,;2, déulén hon 1 va z,.z, <a nén phuong trinh (1) ¢6

b, 4
B e T P

hai nghiém ¢,¢, théa man {tu-:t " 0<b<1 < 10<b<1(*)
T >0 c¢>0

Tacod S=

b(c+1
(C )=b+92b+é= b+1 +§22+§:5.
b b) b 1

C C

Déu bang khi b=1;c=

=~ | =

Vi du 7. Cho phuong trinh log, (ax)logb (bx) =2020 véi a,b 1a cAc tham s6 16n hon 1. Goi z,, z, 1a

cdc nghiém clia phuong trinh da cho. Khi biéu thitc P =6z,z, +a+b+ 3(% + %j dat gia tri nhé nhat
a

thi a+b thudc khodng nao dudi day?

A. §;9 . B. §,B . C. E,E . D. E,E .
2 2 4 4 3 32

Loi giai
Ta c6 log, (az)log, (bz)=2020 < (1+log, z)(1+log, ) =2020 < (1+log, z)(1+log, alog, ) =2020.
{m =log, a
Dat ,do a,b>1=m>0.Suyra
t=log,z

(1+¢)(1+mt)=2020 < mt* +(m+1)t-2019=0  (*)
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Xét A=(m+1) +4.2019.m >0=>m>0.
Vay phuong trinh (*) ludn c¢6 2 nghiém phan biét ¢,,t, .
m log, a+1

. +1
Theo Viet ta c6 t, +t, =——— = log, z, +log, z, =—
m ' log, a

=log, vz, = _(1 +log, b) =-log,ab =z, = ib
a

Do d6 P =6z,z, +a+b+3(i+éj
4a b

©P=£+a+b+3 i+é < P= £+2a+lb + la+i + 3—b+B
ab 4a b 4 b

Ap dung bét ding thitc AM — GM ta duge P>3+1+6=10.

. 11
Dau “=" x4y ra khi va chi khi a:%;b:él . Vay a+b=;.

Vi du 8. Cho hai s6 thuc duong a>1,b>1 va biét phuong trinh a* b =1 ¢6 nghiem thuc. Gi4 tri

nho nhat cta bieu thitc P =log, (—J + nam trong khoang nao?

a log, b
A. (1315). B. (-15,-13). C. (46). D. (-6;—4).

L5i giai

Tacoé a>1,b>1 nén log,b>0.
Xét a”b™' =1 < log, (aIQbIM):OCMC2 +zlog, b+4log, b=0.
log, b<0 (1)

Tac6 a” b =1 c6 nghiem thuc < log?b—16log, b >0 < .
log, b>16 (n)
b

Ta co leoga(%jﬁti:—:%-klogalﬂr 16 =—3+Elog(,b+ log, n 16 '
log, b log, b 16 16 log,b

a
1
og,b va 16 ta c6 IOgab+ 16
16 log, b 16  log,b

Ap dung AM — GM cho hai s6 duong

Vay P2—3+%.16+2<:>P214.

Vi du 9. Cho hai s6 thuc duong a,b 16n hon 1 va biét phuong trinh a® 5" =1 ¢6 nghiem thuc. Biét

p m._ . S A PO [N ~
¢6 dang — v6i m,n la so ty nhién va — 1a phan
n

gié tri nho nhéat ctia bicu thic P =log, (ab)+ g 4
o n

s6 toi gian. Khi d6 m +2n bang
A.34. B.21. C.23. D.10.
Loi giai
Phuong trinh tuong duong véi z° + (x + 2)loga b=0< 2’ +zlog,b+2log, b=0.

Diéu kien dé phuong trinh c6 nghiem 13 A = (loga b)2 —8log,b>0 < log, b=>8 (loga b> 0) .
_B_m
2 n

Khi d6 P=log, b+ +1=f(t)=t+%+1zﬁgi%f(t)zf(g)

log, b
Vay m+2n=23.
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Vi du 10. Cho hai ham s6 f(z)=az’ —11z° + cx—33 va g(x)=-32" +bz—25 ¢6 do thi nhu hinh vé.
Biét réng z, , z,, z, duong va khong nhat thiét phan bigt.

\

)

Y ——

Q
~
8
&

4
3
A
8

Gia tri nhé nhat ctia biéu thitc P =log, [a3 (c— b)] +3a(b-c) la
2

A. 2log,3-76. B. 4log,3-76.
C. log,3-76. D. 3log,3-76.

Lot giai
Phuong trinh hoanh do giao diém ctia hai d6 thi ham s6 y = f(z) va y=g(z) la
az’ —112” + cx —33=-32" + bz - 25 < az’ = 82" +(c—b)z—8=0 (*)

Duya vao do thi ta c6 @ >0 va phuong trinh (c6 3 nghiéem duong z,, z,, z, .

8
T+ Ty + T, =—
a

P . c—b
Theo hé thic Vi-et ta ¢6 < 2,2, + 2,2, + 2,0, =—— .

T, Ty Ty =

8
a

(SJB

3 - 2

Ma z,z,z, < LT <:>§§a—®27§(§j :0<a§%.
‘ a 27 a 9

2
(:171 T +$3) = c=b S—642 @a(c—b)sﬁ.
3 a 3a

64a”

Ty Ty + Ty + T, <

Khi d6 P =log, [a3 (c—b)]+3a(b—c)2 log, {
2 2

2

J—64=—7O+10g23—10g2a2.

C6 0<a’ S%@logzaQ Slogzgcﬂogza2 <6-3log,3

_8¥3

Suy ra P >4log, 3 - 76 . Dang thiic xay ra < ¢ 9

c—b=8\/§
83

Vay gid tri nho nhét ciia P 1a 4log, 3— 76, dat duge khi 1~ 9

c—b=8\/§
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Vi du 11. Cho a,b,c 1a cac s6 thuc théa man diéu kien a >1,b > 0,¢ >0 va bat phuong trinh

o (b+4c) 21
o U R S 16a 1 1 82 e TR TR 1t
c6 tap nghiém la R . Biét rang bieu thic P=—+ = += dat gia tri nhé nhat tai a=m,b=n.,c=p.
c
Khi dé, tong m +n+ p bing
g B.2T. c. 32 D.2%.
16 20 3 16
Lai giai

Bién doi gia thiét tuong duong
a” (b+ 40)”+3 >1< a” +(22+3)log, (b+4c¢) 20 < z° +2log, (b+4c).z+3log, (b+4c)>0 (*).
bé (*) ¢6 tap nghiém 1a R khi va chi khi
log? (b+4c)—3log, (b+4c)<0<0<log, (b+4c)<3 < 1<b+4c<a’.
Bing cach ap dung bat dang thiic Cauchy-Schwarz dang Engel cho cac s thic a,b va cac sd thuec

duong z,y, ta co
2 72 2
a b S (a+b)

—_— 4 —

x Yy T+y

b
xéy ra khi va chi khi £ =2 ;
Ty
va bat dang thitc Cauchy cho 4 s6 duong, ta co

16a+1 1_16& 1 4 16a 9 16a 9

“__”

v6i dau

P=—t-t—=—""-+-—4+— 22—+ 22— +—
3 b ¢ 3 b 4c 3 b+4c 3
160 160 160, 9, f1Ga 160 160 9 32
9 9 9 a 9 9 9 & 3
Suy ra minP:%.
160 9 a=3
N :
DAau “="xAy ra khi va chi khi {b+4c=a’ = b:% .
b=2
c C_ﬂ
a>1,b>0,c>0 16
Khi do m=§,n=2,p=gva m+n+p=§+g+g=2.
2 8 16 2 8 16 16

Bai tap tu luyén
Cau 1. Cho 2 sb thuc a,b>1. Biét phuong trinh a’b” ' =1 ¢6 2 nghiém phan bict z,,z,. Tim gia tri
2
2 S k3 o 2 P $1$2
nhé nhat cta biéu thic S =] ——— —4(x1 +x2) .
T+,

A4 B. 332 C. 31 D. {4
Cau 2. Cho 2 s6 nguyén duong a,b>1. Biét phuong trinh o =b" ¢6 2 nghiém phan biét z,,z, va

T

phuong trinh b = (9@) ¢6 2 nghiém phan biét z,,z, théa man diéu kien (ml + ;1:2)(3:3 + 3:4)< 3. Tim

gia tri nhé nhat ctia biéu thiic S =3a+2b
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A. 12 B. 46 C. 44 D. 22
Cau 3. Xét cac s6 nguyen duong a,b sao cho phuong trinh a.4” —5.2" +50=0 c6 2 nghiém phan biét
z,,z, va phuong trinh 9° —5.3" +50a =0 c6 2 nghiém phan biét z,,z, théoa man z, +z, >z, +z,. Tim
gia tri nhé nhat ctia biéu thic S =2a+3b
A. 49 B. 51 C.78 D. 81
Cau 4. Cho 2 s6 thuc a,b>1 thay ddi thda mén a+b=10. Goi m,n la 2 nghiém ciia phuong trinh
(log, z)(log, ) —2log, 2 —3=0. Tim gi4 tri nho nhat ciia P =mn +9a

279 81 45

A, — B. 90 C. — D. —
4 4 2

Cau 5. . Cho 2 s6 thuc a,b>1 thay déi théa man a+b=10. Goi m,n la 2 nghiém ctia phuong trinh

(log, z)(log, ) —2log, z —3log,  —1=0. Tim gia tri nhé nhat cia P =mn

N 16875 B. 4000
16 27

Cau 6. Biét ring khi m,n 1a cac s6 nguyén duong thay doi va 16n hon 1 thi phuong trinh

x—6log, =2017

C. 15625 D. 3456

8log, wlog, x —7log

m m

luon c6 2 nghiém phan biét a,b. Tinh S =m +n dé tich abla mot sé nguyéen duong nhé nhat

A. 20 B. 12 C. 24 D. 48

Cau 7. Biét riing khi m,n 1a cac sb duong thay doi khac 1 théa man m +n =2017 thi phuong trinh
8log, zlog, v —Tlog x—6log, z—-2017=0

m

luon 6 2 nghiém phan biét a,b. Biét ring gid tri 16n nhat ctia In(ab) la %ln(%}r%ln(%j véi c,d

13 cac s6 nguyén duong. Tinh S =2c+3d
A. 2017 B. 66561 C. 64544 D. 26221
Cau 8. Cho 2 s6 thuc a,b>1. Biét phuong trinh a" b =1 co nghiém thyc. Tim gia tri nho nhat cia

biéu thitc P =log, (ab)+

log, b

A. 2017 B. 66561 C. 64544 D. 26221
Cau 9. Cho céc s6 nguyén duong a,b >1 théa man phuong trinh.

13log, xlog, x —8log, * —20log, z —11=0

Biét ring phuong trinh trén c6 tich 2 nghiém 12 s6 tu nhién nhé nhat. Tinh S =3a + 4b
A. 52 B. 34 C. 70 D. 56
Cau 10. Cho 3 s6 thuc duong a,b,c théa man a+b+c=6. Goi m,n lan lugt 1a 2 nghiém ctia phuong
trinh log, z.log, (zabc) =712. Biét réng gia tri nhé nhat cia biéu thic

P =log, (Smn —E(l +1+1j+108j

mn\a b c

dugc viét dudi dang i +log, j v6i 4,713 cac s6 nguyén duong. Khi do gia tri ctia bieu T =i+ j bang?
A. 4 B.5 C.6 D.7

Huéng dan giai

Cau 1. Chon y C.
Bién doi gia thiét dong thoi 4p dung dinh 1y viet ta dugc
z, +z,=—log, a
x2—1+mlogba=0<:>{ b &

T, =—1
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| Chuong 1. Céac ky thuat danh gid co ban

Theo bat ding thitc AM — GM ta c6

2 2
S= ! +4log, a= ! +2logba+210gba23i/z
log, a log, a

Cau 2. Chon y B.
Véi phuong trinh dau ta lay logarit 2 vé ta duge z° —zlog, b+1=0

Phuong trinh nay c¢6 2 nghiém thi A= (loga b)2 —4>0b>ad”
Tuong tu v6i phuong trinh 2 ta ciing ¢6 z° —zlog, (9a)-1= A= (logb (Qa))2 +4>0

z, +z, =log, b

Theo viet ta dugc { = log, b.log, (9(1) <3< log, (9&) <3=>a>4

z, +z, =log, (9a)
Khi d6 ta dugc b>16=b0>217=5>46

Cau 3. Chon y D.

A >0;8 >0;F, >0

Diéu kién dé 2 phuong trinh déu c6 2 nghiém duong 1a =b" >200a
A, >0:5, >0, >0
) 2m.2% =@3x1+x2 =log2@
Theo viet ta co a a

3".3" =50a = z, + 1, =log, (50a)

Theo gia thiét ta c6 z, +z, >z, + 2, = log, (50@) >log, (@J =a23=0225=5>81
a
Cau 4. Chon § A.
Bién doi phuong trinh dau ta duge phuong trinh tuong duong
log, a(loga x)Q —2log, z-3=0

2
=logab2:>mn=b2:>P=bZ—9b+902%

Theo viet ta c6 log, n+log, n=
log, a

Cau 5. Chon y D.
Bién doi phuong trinh dau ta duge phuong trinh tuong duong

log, a(loga a:)2 —(2 +3log, a)loga z—1=0

2+3log, a

Theo Viet ta c6 log, m+log, n = =2log, b+3 = mn=a’b’

log, a
= §=a*(10~a)’ = f(a) < f(6)=3456
Cau 6. Chon 7 B.

Lam tuong ty vi du minh hoa 1
Cau 7. Chon y B.
Bién doi phuong trinh tuong duong

8log, m(log :1:)2 —(6log, m+7)log,, x—2017=0

m

Theo viet ta co
6 7

1 6 7
log,, a+log, b= Glog, m+7 =ab=m".n* =In(ab)= Sum +Zln(2017 —-m)=f(m)
’ ’ 8log, m 4 ]
:>f(m) <f 12102 =§1n12102 +z1n 14119 s S 66561
13 4 13 8 13

Cau 8. Chon y C.
Ta c6 log,b>0
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Phuong phap gidi toan cic tri mi — logarit |

Lay logarit 2 vé ta dugc z° +zlog, b+log, b=0

Diéu kién c6 nghiém ctia phuong trinh trénla A= (loga b)2 —4log, b>20<log, b>4

= P=log, b+

4
g5 +1=f(log,b)=f(4)=6

Cau 9. Chon § C.

Twong ty vi du minh hoa 1

Cau 10. Chon y A.

Bién doi gia thiét tuong duong véi
log, z.log, (zabc) =712 < log, z(log, z +log, a+log, c +1) =712
& (log, )" +(1+log, a+log, c)log, z~T12=0

Theo dinh 1y viet ta c6 log, m +log, n =log, abc = mn = abc

Khi d6 ta can tim gia tri nho nhét ctia biéu thic

P=log, (3mn —ﬂ(l +1+lj+ 108J =log, (3abc—10(ab+bc+ca)+108)

mn\a b ¢

Theo bat ding thitc Schur bac 3 ta c6
3(a-I—b+c)(4(ab+bc+ca)—(a+b+c)2)

9
= 3abc—10(ab+bc+ca) > —2(ab+bc+ca)—72

3abc > =2(4(ab+bc+ca)—36)

Theo bat ding thitc Cauchy — Schwarz ta cé

ab+bc+ca£%(a+b+c)2 =12:>—2(ab+bc+ca)—722—96

= P >log, (-96+108) =log,12=1+log, 3

4. Cac bai toan duwa vé danh gia bién log, a.

Van dé duge dé cap tdi ¢ day thuc chat chi 1a nhitng bai toan bién do6i gia thiét theo an log, a va dua

vé khao sat ham s6 1 bién don gidn. Sau day 13 cac vi du minh hoa.

Vi du 1. Cho a,b la cic s6 thuc thay déi théa man 1<a<+/b. Biét ring gia tri nhé nhit ciia bidu
S |
b .
thic P =(loga b2)2 +6{logﬁ$] la m+%+§/; la cac s0 nguyén . Tinh gid tricia T=m+n+p?

A, -1 B.0 C. -14 D. 10

Loi giai
Bién doi gia thiét ta dudc
2 2
2 \/g 2
P=4(log,b)" +6|log ; ~—.~Ja | =4(log,b) +6|1+log ;a
- a -

a

2

=4(log,b)’ +6 1+—b
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| Chuong 1. Céac ky thuat danh gid co ban

Dt t=log,b(0<t<1) =S5 =f(t)=4¢ +6[LJ2 2minf(t)=f(1—%j=2(1+§/§+3/1)

Chon y C.

- 1 . .
Vi du 2. Cho céc so thuc z,,,,...,z, thuoc khoang (O;Zj . Tim gia tri nhé nhat ctia biéu thic

1 1 1
S = 10ng [xz - Zj + 10g$2 (z5 - Zj +...+ IOg% (xl - Zj

A. 2n B.1 C.n D. 2

Loi giai
1 1Y
Trudc tién ta sé xét t6i bat ding thitc phu z, — n <z’ (xk _Ej >0.
Bat déng thtc trén luon dang, ap dung vao bai toan ta co.
P=log, ) +log, zi+...+log, z}= 2(10gI1 T, +log, z,+...+log, 331)
Théo bat ding thitc AM — GM ta co.
2(logw1 T, +log, z,+...+log, = ) >2nlog, z,.log, w,...log, x =2n

Chon ¥ A.

Vi du 3. Cho 2 s6 thuc a,b thay d6i théa méan %<b<a<1. Biét gia tri nhé nhat ctia biéu thic

P=loga(3z_1j+1210g§ a 1a M dat dugc khi a=0". Tinh M +m?

3
a

A. 15 B. 12 C. % D. %

Loi giai
3
3b-1 < b_
4a? a’

Ta c6 bat dang thic phu sau 3b—1<4b* < (2b —1)2 (b+1)=0=

Mat khac Khi do6 ta dugc % <b<a<1 nén ta dugc

2

3
leogab—3+12 1 :310gab—3+L2
a b (log,b—1)

log, —
a

Theo bat ding thitc AM — GM ta c6

12 3 3 12
3log, b-3+———=—(log,b-1)+—=(log, b—-1)+ ———2>3.3=9
(loga b —1)2 2( ) 2( ) (loga b —1)2
D"~ G__ 9.2 PN 2 . 3 ].2 3 %
au “=" xay ra khi va chi khi E(logdb—l)z—Z<:>logab=3:>b=a =a=b

(log,b—1)
Chon y D.

2
3
Vi du 4. Cho 2 s6 thuc a,b théa man 3a—4>b>0 va biéu thitc P =log, (Z—b]+%(log 20 aJ dat gia

b+4
tri nhé nhat. Tinh tong S=3a+b .
13 25
A.8 B. — C. — D. 14
2 2

Dé thi thtt truong THPT Kim Son A — Ninh Binh lan 2
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Phuong phap gidi toan cic tri mi — logarit |

L giai
Y tudng ciia bai toan nay khong con nhu bai todn trude vi dén vé log, b 1a mot diéu rat kho, thay vao
3

d6 néu tinh ¥ thi ta sé don bién vé theo an log, Z—b bing bat ding thitc AM — GM.

Ap dung béat déng thitc AM — GM ta c6.

2
a’ 3 a’ 3 1
P=log,| L |+2|log,, a| =log,| L |+ ————
Oga[4bJ 16[Ogljla} Og“[llbj 16 log 370/

“b+24+2

2 2

a’) 3 1 a’) 3| 3
2log,| — |[+—| ——— | =log,| — |+— 5
1) 716 15, @ ) 16,
S S 4b
S dung bat dang thitc AM — GM lan nita ta dudc

2 2

8o 4b ) 16 a’ 2 8o 4 ) 2 8o 4b ) 16 o a’

g, m

1 ad )1
>35|—1o — |.=lo
{2 ga[zﬂJ 2

Déu “=" x4y rakhi a=b=2
Chon y A.

A S )
S\ 1 ) 16 a’ 4
lo

S

Vi du 5. Cho 3 s6 thuc a,b,c €(1;2]. Tim gia tri nhé nhat cla biéu thic.
P =log,, (2a2 +8a— 8) +log,, (41)2 +16b — 16) +log,, (02 +4c— 4)

289
A. 10g3 7 +10g9 8 B. % C.4 D. 6

4

Dé thi thtt chuyén Lé Hong Phong

Loi giai
Xét bat dang thic phu 2* +4z-4>2° < (2 - 1)(x2 - 4) <0 luon dang khi = €(1;2].
Ap dung vao bai toan ta dugc.
P =log,, (2a2 +8a— 8) +log,, (41)2 +160— 16) +log,, (02 +4c— 4)
>log,, 2a’ +log,, 4b° +log,, ¢’ =log, 2+log,, 4+ 3(log, a+log, b+log, c)
Mat khéac do a,b,ce (1;2] nén ta co

1 1
log, 2+log 4= + > +
log,bc log,ca log,(2.2) log,(2.2)

Lai theo bat déng thiic Nesbit ta c6.

3
2

ab,c

3(log,, a+log,, b+log,, c)= 3'Zlnbln+nc > 3.%

cyc
Vay gia tri nhé nhat ciia P bang 6
Chon y D.
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| Chuong 1. Céac ky thuat danh gid co ban

Chi y. Céch chiing minh bat ding thiic Nesbit. Day 1a mot bat déng thiic rat noi tiéng, hien da co
hon 20 cach chitng minh cho bat déng thitc nay, sau day minh xin trinh bay mot cach xét hiéu nhanh
nhat cho moi ngusi tham khéo.

Xét 3 50 thuc duong a,b,c thay doi, khi do ta co ¢4 b 4 Z§
b+c c+a a+b 2
2
. . ., a b )
Chitng minh. Ta c6 + —z >0.
b+c c+a a+b 9 e a+c b+c)

Bét ding thic trén luon dang nén ta cé dieu phai chlmg minh!

Bai tap tu luyén.
Cau 1. Cho 2 86 thuc a>1,b>1. Tinh gia tri ctia biéu thiic S =log, Jab khi P= log> b +8log, a dat

gia tri nhd nhat?

3 p
A. 632 g, LV c. i1 D. 2(1+/4)

2
1
08, b +loga\/% dat
logz(aj
b

Cau 2. Cho 2 6 thyc b>a>1. Tinh gi4 tri cia S =log, 3fab khi bidu thic P =

gia tri nhé nhat ?

A. §=4 B.S=E C.S=é D. §=3
4 3
Cau 3. Cho 2 s6 thuc a>1,b>1. Biét gia tri nho nhét ctia biéu thic S = 1 + 1 e
log,, a log, b n

m,n 13 cac s6 nguyén duong va ™y phan s6 t6i gian. Tinh P =2m +3n
n

A. 30 B. 42 C.24 D. 35
Cau 4. Cho 2 56 a,be(1;2] théa man a<b. Biét gid tri nho nhét cha P =log, (b* +4b—4)+log; a la

m +33Yn v6i m,n 1 céc s6 nguyen duong. Tinh S =m +n
A.9 B. 18 C.54 D. 15

4
Cau 5. . Cho 2 s6 thuc a>b>1, biét ring P =log, (b ]+logb \/_ dat gia tri nhé nhat bang M khi

b=a".Tinh m+M?

AL B. o' c. 7 D. 2
2 10 2 2
Cau 6. Cho 2 s6 thyc a>b>1. Biét ring biéu thic P = ; 1 + /1oga% dat gia tri 16n nhat khi c6 sd
0g,, a

thuc k sao cho b=a". Ménh dé nao sau day dang?

A.O</~c<l B.l<k<1 C. —1<k<—l D. —l<k<0
2 2 2 2
, . NS b
Cau 7. Cho 256 thuc b >a >1. Tim gia tri 16n nhat ciia P =log’ 7 +log§/b7 — 1|7
a

923 +16+/2 B 23-16+2 c 23+8y2 b 2382

A. . .
2 2 2 2
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Phuong phap gidi toan cic tri mi — logarit |

2 . llog, & dat gi tri 1on nhét 1a M khi
log,, a b
¢6 s6 thuc msao cho b=a". Tinh M +m.

A2 B, 22 c. 2 D. 2
16 8 8 16

Cau 8. Cho 2 s6 thuc a >b>1. Biét ring biéu thitc P =

Z 2. > ~ 1 ~ ., . - Z > . 2 P
Cau 9. Cho 2 s0 thuc a,b thay doi thoa man 1 <b<a<1.Tim gia tri nho nhat ctia biéu thic

P:loga[b—ﬂ—logaﬁ?
b

A. 05 B. 15 C.45 D. 35
Cau 10. Cho 2 s6 thuc a,b thda man diéu kien a >b >1. Tim gia tri nhé nhét ciia biéu thic

P=log? (a*)+3lo (3 ?
g%( ) 293 b
A. 19 B. 13 C. 14 D. 15

. 2. , 1 i e A, 1.2 .
Cau 11. Cho 2 s06 thuc thay doi a,b théoa méan G <b<a<1.Tim gia tri nhé nhat cta bieu thic

1. ,(6b-1 .
P ="log’ +4log? a
8 g( 9 j 0

a

a

A.9 B. 12 C. = D. 2
2 2

Cau 12. Cho 2 s6 thuc a,b thay dbi théa man a>b>1. Tim gia tri nhé nhat clia biéu thitc

aY b
P =log, 3 +3log,| — |7
a

A.5 B. 5-/6 C. 5-26 D. 46
Cau 13. Cho 2 s6 thuc a,b thay d6i théa man @® >b>1. Tim gia tri nhé nhat ctia biéu thic
log ., (ab).logb a

o
b

pP= 5 ?
3(log,b-1) +8

1 1 1 1

A. e B. s C. et D. 4
~ 2 P ~ ., . 9 % 5 0,2 + 4b2 1
Cau 14. Cho 2 s0 thuc a,b16n hon 1 . Tim gia tri nhé nhat ciua S =log, +
4 4log,, b

A2 B. c.b? D. *

4 4 4 4
Cau 15. Cho 2 56 thyc a>1>b>0. Tim gia trj 16n nhat ctia P =log , (agb)+ log a’
A. 1-23 B. 1-242 C.1+243 D. 1+22

Cau 16. Cho 2 s6 thuc duong a,b nhé hon 1. Tim gié tri nhé nhat clia biéu thitc

4ab
P=1 +1 b
o, [ 22+t (a1

1+242 B 2442 c 3+242
2 D) 9 2

A.
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Cac bai toan chita tham so

Ta c6 thé thay ring cac bai toan chita tham s6 luon 1a mot cau hoi rat quan trong trong dé thi, né trai
dai & cac chuong nhu ham s6 va mii — logarit, thuc chat cac bai toan nay ban chat déu giéng nhau, chi
khac nhau & cac phép bién ddi, va tinh chit ciia titng phép bién doi. Trong chuong nay chiing ta sé tim
hiéu cac bai toan chita tham s6 lien quan t6i mi — logarit, cac ki thuat co ban & chuong 1 sé dugc ap
dung vio cac bai toan chita tham s6, bén canh ky thuat dit an phu.

Cau 1. Tim s6 céc gié tri nguyeén ciia tham s6 m dé phuong trinh
4[L‘+1 + 41—1: — (m + 1)(22+:L' _ 227({; ) + ].6 _ 8m

¢6 nghiém trén [0;1] ?

A. 2 B. 5 C. 4 D. 3
THPT Lé Hong Phong — Nam Dinh 1an 1 nam 2017-2018
Lol gial

Bién doi gia thiét ta co.

4 447 =(m+1) (27 =277 ) +16-8m < 4(47 +47 ) =4(m+1)(2" -2 ) +16-8m
Dat ¢ =u(ac) =2"-2" 1€ [0;1] = u’(a:) =2"4+27">0 Vm[O;l].
Suy ra u(0)<t<u(1) hay te [0; %} =P =4T 4477 -22°27 AT+ 4T =7 42,

Phuong trinh tré thanh .
A +2)=4t(m+1)+16-8m <t +2=t(m+1)+4-2m <1’ —t(m+1)+2m-2=0

<:>m(t—2)=t2—t—2<:>m(t—2)=(t—2)(t+1)<:>m=t+1[te[0; gD@t=m—1

. . b . 3
Dé phuong trinh da cho ¢6 nghiém trén [0;1] thi phuong trinh ¢ =m -1 phai ¢6 nghiém te[O; 5}

Suy ra m—le[O;g},hay me{l; g}

Chon y A.

A Ay oo . sl g 90172 <2017
Cau 2. Tim tat ca cac gia tri cia m de hé sau c6 nghiém § .
7’ —(m+2)x+2m+320

A. m=>-3 B. m>-3 C. m=-2 D. m<-2
THPT Chuyén Vinh Phiic —1an 2 ndm hoc 2017 — 2018
Lai giai

Diéu kién z>-1.

X6t 32Vl _ 32T | 90172 <2017 > 322.3V 1 323V <9017 -2017x



Phuong phap gidi toan cic tri mi — logarit |

& (97-9)37" <2017(1-=). D& théy 2 =1 la mot nghiem.

o Néugz>1th VI=(9"-9)3"">0, VP =2017(1-2)<0
Suy ra (9" —9)3"* <2017(1-z) vo nghiem.

o Néu-l<z<lth VT=(9"-9)3"" <0, VP=2017(1-2)>0
Suy ra (9" —9)3"*1 <2017(1-x) c6 nghiem v6i 1<z <1.

Vay bpt 3%+ — 321 190172 <2017 ¢6 nghiem véi ~1<z<1.
Cach 1
Xét. f(x)=m2 —(m+2)x+2m+320. Tacé6 A=m’ —4m -8, dé bpt c6 nghiem —1<z <1 thi.

e Trudng hop 1. ASO@—Q\/§+2SmS2\/§+2,bptcénghiém -1<z<1 (1)

e Trudng hop 2. A>0< m>2V3 +2 , nghiém ctia bpt la (—oo;wl]u[%&oo).
m<—2:/3 +2
-1)<0
Taco (-L1) <= (z;2,) < (D)< <:>{3m+6<0<:>m<—2
f(1)<0 m+2<0

Do d6 bat phuong trinh c6 nghiem —1<z <1 khi m >-2

Két hop diéu kien ta duge m > W3 +2 va —2<m<—243+2 (2)

Tu (1) va (2) suy ra hé da cho c¢6 nghiém khi m >-2.

CAch 2. Bai toan tré thanh tim m dé bpt z° — (m + 2)2: +2m+320 conghiem -1<z<1

Bat phuong trinh tuong duong

2
m(z—-2)<z’-2z+3 @mzil;:izf(x) (*) (Do -1<z<1)
-
, 2’ —dr+1 )
Ta co f'(m)z—Q.Xet f'(x)=0<:>m=2—\/§e[—1;1]

(¢-2)

Dé bat phuong trinh  (*)c6 nghiém thi m >min f(z). Lap bang bién thién ctia ham s6 f(z) tren

.1;5[—1;1]
[—1;1] taco m=> f(l) = f(—l) =-2.Vay m=>-2.
Chon y C.

Cau 3. C6 bao nhiéu s6 nguyén duong a dé phuong trinh sau cé nghiem duy nhat?
2

; 9 . z : 2-1°
(30,2 +12a + 15)log27 (2:5 —z’ ) + (5 a’ —3a+ 1JlogJH [1 - Ej =2log, (2x —z’ ) +log,, [Tj

A. 2 B. 0 C.Vosd D. 1
THPT C6 Loa — Ha Noi lan 1 nam 2017 — 2018

Toi gidi
Diéu kién 0<z < \/5
Bién doi phuong trinh ban dau tuong duong

(a* +4a+ 5)10g3 (22 —27)+(9a* —6a +2)log,, (%j =log, (22 -2") +log,, (2 _2352 j

<:>(a2 +4a+4)log3(2:1:—1:2)+(9a2 —6a+1)log“(2_$2j=0
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| Chuong 2. Céc bai toan lien quan t6i tham s6

‘ 92—z 3a-1Y) log,(2z-2")
@(a+2)2log3(2x—xz)+(3a—1)2logn(szo@(a+2J - 5 (*)
log,, 5o

Ma vé tréi clia (*) luon duong véi moi a nguyén duong.

Vi 0<:1:<\/§ nén 2—z*<2=

2 2
_xQ >1:>10g11(2—2j>0

Do d6 tu (*) suy ra log3(2x—x2)>0 <22-1">1< 2" —22+1<0 = khong ton tai z .
Vay khong c6 gia tri clia tham s6 a thda man yéu cau dé bai

hon y B.

Cau 4. Goi S 12 tap hgp tat ca cac gia tri cia m sao cho 10m € Z va phuong trinh

2log, . - (2x2 -5z + 4) =log — (£E2 -+ L= 6)

c6 nghiém duy nhat. Tim s6 phan tit cia S.
A. 15. B. 14. C. 13. D. 16.
THTT s6 3 — 486 thang 12 ndm 2017

Lai giai

Ta cé. 22° —5x+4>0 v6i moi & nén phuong trinh ban dau tuong duong véi
mx—5>0

mr—5H#1 me>5
22> =5z +4>0

=2
20 —bx+4=2"+2x—6 {

S smr#6

=5

Phuong trinh ¢6 nghiém duy nhat tuong duong véi ta nhan nghiém z=2 va loai z=5 hofic nhan
nghiém z =5 valoai x=2.
e Trudng hop 1. Nhan nghiém z=2 valoai z=5.

JD
2m >5 m

Diéu nay tuong duong véi 12m#6 < {m=3 (voli).
{5771 <5 m<1

5m =6 6
m=—
5
e Trudng hgp 2. Nhan nghiém =5 valoai x=2.
'm=3
m>1
om >5 5 5
Diéu nay tuong duong véi <5m #6 < mig o [I<m=3
2m <5 6
5) m#—
2m =6 mSE L
m=3
10m =30
Suy ra. {10<10m£25 . Vi 10m € Z nén 10me{11;13;14...;25}U{30}.
m#12
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Trong tap hop nay c6 15 phan tit nén tap hop S ciing c6 15 phan ti.
Chay. me E,E,%,§ v 30 .

1010 10 10 10
Chon 3 A.

Cau 5. Cho tham s6 thyc a. Biét phuong trinh e’ —e™ =2cosaz ¢6 5 nghiém thyc phan biét. Hoi
phuong trinh e* +e™ =2cosax +4 c6 bao nhiéu nghiém thuc phan biét.

A. 5 B. 6 C. 10 D. 11
THPT Chuyén Thai Binh — Lan 3 ndm hoc 2017 — 2018
Lai giai

Ta thiy ring phuong trinh e’ —e™ =2cosax c6 ding 5 nghiém

Suy ra phuong trinh e? —e 2 = 2cosa§ c6 ding 5 nghiém (*)

e"+e ' =2cosar+4 e’ +e” —2=2(cosa:1;+1)

T =T

= ax
e a2 e?—e? =2cos— (1)
@[62—62] =4COSQ%© 2

e —e; = —2COS%(2)

(&1
aQ

o Phuong trinh (1) va phuong trinh (2) néu c6 nghiem chung z, thi cosa—;[’zo v
z,=0 ~1e Tra p ‘n P
= ,voly. Vay (1),(2) ¢6 nghiém khac nhau.
cos0=0

e Phuong trinh (1) ¢6 5 nghiém ( theo (*)).
& 5 e e i ot ay, 5y Lo
Néu z, 1a 1 nghiém ctia (1) thi z, #0 va e? —e =2cos7:>e —e? =-2cosa Yy

Khi d6 —z, la 1 nghiém cta (2) .
Vay phuong trinh (2) ¢6 5 nghiém phan biét ( va khac 5 nghiém ctia phuong trinh (1) ).

Phuong trinh da cho c6 ding 10 nghiém.
Chon y C.

Cau 6. Cho bat phuong trinh m.3"" +(3m + 2).(4 —\/?)w +(4 + \/7)1‘ >0, véi m 1a tham s6. Tim tat
c& cac gia tri clia tham s6 m dé bat phuong trinh da cho nghiém ding véi moi z e (—o;0].

2-93 B m>2+2\/§ 2-923 2-93
3 3

3 3
THPT Hau Loc 2 — Thanh Hbéa nam 2017 — 2018

A. m> C. m> D. m>-

Lol gidl
Bat phuong trinh tuong duong.

a2 (1) (103 20 o LI Lo S g

3

Dit t:[“g‘ﬁj ,do 2<0mnén 0<t<1

Tacan tim tham s6 m sao cho t* +3mt+3m+2>0, diing v6i moi 0 <t <1
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t*+2
3t+2

—t* =2 —t* =2
<> m >1max
3t+3 1] 3t+3

1 £24+2¢-2 t=—1-+3
L ) PEN
3 (t+1) t=—1++3

trén 0<t<1

Tacom >

. Ta tim GTLN ctia ham s6 f(t)=—

Taco f'(t)=-

— 2 J— —
Lap bang bién thién ta duge maz -2 = f(—l + \/g) = 2 2\/§
1] 3t+3 3

Chon y A.

Cau 7. Phuong trinh 27723 +($3 —62° +910+m)2“”2 =2"""+1 c¢6 3 nghiém phan biét khi va chi

khi me(a;b)dat T=0b"—-a’ thi

A. T =36 B. T =48 C. T=64 D. T=72
THPT Tran Nhan Tong — Quang Ninh lan 1 ndm hoc 2017 — 2018
Lot gidi

Bién doi gia thiét tuong duong

2 (27— 627 + 9z +m) 2 =27 +1

=20 4 (2 -2) +84m-30=2" +2°

=20 -3 =2"" 4 (2-2)' (1)
Xét ham s6 f(t)=2"+¢* tren R c6 f'(t)=2"In2+3t*>0,Vte R nén ham sb lien tuc va dong bién
trén R . Do d6 ti (1) suy ra m—3:1::(2—:v)3 oSm=8-9r+62" —2°

Xét ham s6 f(ac) =—2"+62° —92+8 trén R . co f’(x) =-32>+122-9; f'(x) =0 {x
€Tr=

Lap bang bién thién ta thay phuong trinh c6 3 nghiém phan biét khi 4 <m <8.

Suyra a=4; b=8 =T =0b"—a"=48.

Chon ¥ B.

Cau 8. S6 cac gia tri nguyén nhd hon 2018 ctia tham sé m dé phuong trinh
log, (2018z +m ) = log,, (1009z)

c6 nghiém 1&7

A. 2020 B. 2017 C. 2019 D. 2018
Sé Giado duc va Dao tao Ha Noi lan 1 ndm hoc 2017 — 2018
Loi giai

2018z +m =6’

Dt log, (2018 +m)=log, (1009z)=t =1~ =24'+m=6 <m=-2.4+6.
1009z =4'

bat f(t)=-2.4"+6". Tacé. f'(t)=6"1In6—-2.4"In4.

t
21n4
Xét f'(t)=0:> 3] 2 =log, 16 <:>t=log3(log616).
2 In6 2

Lap bang bién thién ta thay ring phuong trinh f(¢)=m c6 nghiem khi va chi khi

m > f[log3 (log6 16)] ~-2,01.
2

—-2<m<2017

<2018
Ma {m
mel

nén ta co.
meZ

Vay c6 2020 gia tri m théa man yéu cau bai toan.
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Chon y A.

Cau 9. Cho a, z la céc s6 thuc duong, a#1 théa man log, = = log(a’) . Tim gi4 tri 16n nhat cta a.

e In10 loge
G Eo D2 -1 ol D. 10" ¢
Phé thong ning khiéu — Dai hoc Quéc Gia TP. HCM lan 1 nam 2017 — 2018
Lot gidi

logx

Ta cé. logaleog(a’”)clogaxleoga = =zloga <:>loﬁ=(loga)2
x

loga
Gi4 tri ctia a 16n nhat khi va chi khi loga 16n nhat.
. logz .. 1-Inzx

Xét ham so f(z)= voi £>0.Tacod f(z)=——; f'(z)=0z=¢

o) =2 F)=1 2 ()

12 . . % 1s 2 4, 1.1y loge
Lap bang bién thién ta dé dang suy ra (log a) 16n nhat 1a bang
e

loge
Khi 6 (loga)’ =25 = loga=,|"28¢ == 0l
e [§]

Chon ¥ D.

Cau 10. C6 bao nhiéu gia tri nguyén duong ctia tham s6 m dé phuong trinh

q' 2
logQ[w]+\/2x2+mx+1=x+2

T+2

¢6 hai nghiém thuc phan biét?

A. 3 B. 4 C. 2 D. 1
Sé Gido duc va Dao tao Phi Tho lan 1 nam hoc 2017 — 2018
Toi gidi

. rz+2>0
Dieu kién. )
2 +mx+1>0

Phuong trinh ban dau tuong duong.

V2a? IR N e
log{M}nL 20 +mr+1=2+2

T+2

< log, \/2x2 +mz+1 +\/2a:2 +mz +1 =log, (x+2)+x+2 @f(\/QxQ +mx+1)=f(m+2) (1)
Xét ham s f(t)=log,t+t véi t e(0;+0) o f’(t)=ﬁ+1>0, Vit e (0;+00)
n
:>f(t) dong bién trén (0;+oo) nén (1) SN2 +mr+l=2+2

Tur d e o v>-2
3 da
? 2$2+m$+1=($+2)2 x2+(m—4)x—3=0(2)

.5 T, 16n hon —2

Dé c6 hai nghiem thuc phan biét thi (2) ¢6 hai nghiém phan biét z

A=(m-4)+12>0  [peR meR
o +2)+(7,+2)>0 &, +2,+4>0 S4-m+4>0
(z,+2)(z, +2)>0 2,7, +2(z, +2,)+4>0 -3+2(4-m)+4>0
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m<8

R 9<:>m<g mameN*:me{l;Z;S;él}.
m<§ 2

Chon y B.

e*" —4e" +m| trén doan

Cau 11. C6 bao nhieu gid tri cia m dé gid tri nhé nhat ctia ham s6 f(z)=

[0;In4] béng 6 ?

A. 3 B. 4 C.2 D.1
THPT Chuyén Ngoai ngit - Ha Noi lan 1 nam hoc 2017 — 2018
Loi giai

Xeét ze[0;In4]. Dat t=e” =t e[1;4]. Dat g(t)=t>—4t+m v6i t €[1;4]
Dao ham. ¢'(t)=2t-4.Xét ¢'(t)=0=2t-4=0<1=2
Taco. g(1)=m—-3; g(2)=m—4; g(4)=m
Gié tri nhé nhat ciia f(z)=|e’ —4e” +m| trén [0;In4] sé thuoe A= {|m —3[;lm —4f;|m|}
. xe |m_4|:6c>_m=10:>A={7;6;10}
|m=-2=A={5;6;2}
Ta thdy m =10 thoa mén yéu cau bai toan 1a min f(z)=6
'm=9= A={56;9}

o Xét |m—3|=6<:>
_m=—3:>A={7;6;3}

(khong théa man)

m=6=>A= {2;3;6}

o Xét|m|=6<
m=-6= A={10;9;6}

Ta thdy m =—6 théa man yéu cau bai toan la min f(z)=6

Vay c6 hai gia tri cia m thdéa man yéu cau bai toan.

Chon y D.

Cau 12. C6 bao nhiéu gid tri nguyén thuoc khoang (-9;9) ctia tham s6 m dé bat phuong trinh

3logz SZlog(m T -z —(I—I)\/l—l’)

¢6 nghiém thuyc?

A. 6 B. 7 C. 10 D. 11
Sé Giao duc va Dao tao Quang Nam nam hoc 2017 — 2018
Loi giai

O<zx<l

R O<x<l1 O<z<l
Diéu kién

= = 1-
m x—xQ—(1—$)\/1—:p>0 m\/z—(l—x)>0 m>(\/7x)>0
T
Bat phuong trinh da cho tuwong duong.
. 2 . - 2
logx‘gélog(m - —(1—I)\/1—$) @xsﬁ(m x—zz—(l—m) 1—x)
T x+(1—x)x/1—x_ T 1

+
T - 1-z x

—x

@x\/Es(m r—x’ —(1—:6)@) oSm2

Ap dung bat dng thic AM — GM ta c6 (%+ 1—xj+(1_—m+ ijQ\/;+2\/1—x
-z

7z

Vivay m2~z +/l1-z .
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Khéo sat ham so6 f(x) =z +1-7 tren (0;1) ta dugc f(x) >/2 ~1,414 .
Vay m ¢6 thé nhan duge céc gia tri 2,3,4,5,6,7,8 .
Chon y B.

Cau 13. Tim tap hop tat ca cac gia tri thuc ciia tham s6 m dé phuong trinh
e e = Q(x +41-27 )(1 + a1 -2 )

c6 nghiém

A. (O;lInQJ B. (—oo;llnﬂ C. (O;lj D. {lln2;+ooj
2 2 e 2

Sé& Gido duc va Dao tao Bic Ninh lan 2 nam hoc 2017 — 2018

Loi giai
—1<t<V2 . . ‘
Dit t=z++1-2" :{ [ . Khi do6. €*" +e” =t(t2+1) St re" =t +t.

t—1=2xy1-2"
3m m

Xét ham f(u)=v’+u = f'(u)=3u’ +1. Ham s6 luon dong bién= ™" +¢" =’ +t <" =t.
N . . « m 1
Phuong trinh c6 nghiém thi e™ < Poms< 511{12

Chon y B.

Cau 14. Cho phuong trinh log, (:v—\/x2 —1).log2017 (ac—\/x2 —1)=loga (x+\/x2 —1). C6 bao nhiéu

gia tri nguyeén thudc khodng (1;2018) ctia tham s6 a sao cho phuong trinh dau c6 nghiém lén hon 3
A. 20 B. 19 C. 18 D. 17

Toi gidi
Nhan thay v6i = >3 thi Vz° -1 <\/x_2=x Sr—Ar'=1>0 va z+Jz°=1>0

Bién dbi phuong trinh tuong duong .

logQ(I—\/xz—1).10g2017(:p—\/x2—1)=Ioga(x+\/x2—1)
<:>log2(a:+\/x2—1).10g2017(x+\/x2—1)=loga2.log2(x+\/x2—1)
<:>log2m7(x+ 7’ - )—log 2 (1) (v logQ(:v+\/a:2—1)>0,Vx>3)

Xét ham s6 f( )—logzm ($+ 1) trén khoang (3;+oo).
1
Taco f'lz)=—/——— z)>0, Vr>3.
(=) \/$2—1.ln2017 fi)

Lap bang bién thién ta thay phuong trinh (1) c6 nghiém 16n hon 3 < log, a > f(3)
& log, 0> logy,, (3+2v2) < loga<log,, 52017(a>1) < a<2™#"" 2199,

Lai do a nguyén thuoc khoang (1;2018) nén a € {2;3;...;19}

Vay c6 18 gia tri nguyén clia tham sb a théa man yéu cau deé bai
Chon y C.
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T

Cau 15. Gia st ton tai s6 thuc a sao cho phuong trinh e’ +e™* =2cosaz +4 ¢6 10 nghiém thuc phan
biét. S6 nghiém phan biét ctia phuong trinh e’ —e™ =2cosaz 13

A.5 B. 20 C. 10 D. 4

Loi giai
Day 1a mot cau tuong tu véi cau trong deé thi thit Chuyeén Thai Binh 1an 3.
Phuong trinh dau tuong duong

T T
T

2
e"+e " =2cosax+4 @(62 —e_QJ =2cosaxr +2

T T

:L. 2\2 2 e? —e ? =2cos% (1)
2 2 ax 2
olet—e? | = 20087 =

T T

e?—¢? =—2(:os% (2)
Nhan thay z =0 khong la nghiém ctia phuong trinh da cho.
Néu z =z, la nghiém ctia (1) thi = =-z, 13 nghiém cta (2).
Do d6 s6 nghiém ctia (1) va (2) béng nhau va dong thoi khac nhau doi mot.

Suy ra phuong trinh (1) ¢6 ding 5 nghiém z; z,; z,; 2, ; ;.

Vay phuong trinh e” —e™ =2cosax c¢6 ding 5 nghiém phan biét 1a %, %2; 2—3; x—; ; %5
Chon y A.
Cau 16. C6 bao nhiéu sé nguyén m dé phuong trinh sau c6 nghiém thuc?
ln(m +2sinz + ln(m + 3sinx)) =sinz
A.5 B. 4 C.3 D. 6

Loi giai
L m+2sinx+ln(m+3sinac)>0
Diéu kién. .
m+3sinz >0
Phuong trinh da cho tuong duong.

sinz

m+2sinm+ln(m+3sinx)=e

= m+3sinx+ln(m+381n1:)=eSi"" +sinx

ln('m,+3sin .1') sinz

Se +In(m+3sinz)=e™" +sinz, (1)
Xéthamsé f(t)=e' +¢,teR. Taco f'(t)=e' +1>0, VieR.

Nén ham s6 f(¢) dong bién tren R .

Vay (1)< f[In(m+3sinz) |= f(sinz) < In(m+3sinz) =sinz .

Dat a=sinz , a €[-1;1]. Phuong trinh trd thanh. In(m+3a)=a < m=¢"-3a.

Xét g(a)ze“—?)a, ae[—l;l], g’(a):e“—3<0, Vae[—l;l].
Vay dé phuong trinh ¢6 nghiém thuc thi g(l) <m< g(—l) &e-3<m S1+3 .
e

Vay c6 4 gia tri nguyén ctia tham sé m 14.0;1;2;3.
Chon ¥ B.
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Cau 17. Cho n 13 s6 ti nhién théa man phuong trinh 3° —3™ =2cosnz c6 2018 nghiém. Tim s6
nghiém cta phuong trinh 9° +9™ =4 +2cos2nzx .

A. 4036 B. 2018 C. 4035 D. 2019
THPT Quéng Xuong 1 — Thanh Héa nam hoc 2017 — 2018
Loi giai

Bién doi gia thiét tuong duong.

9" +97" =4+2cos2nx < 9" +97" -2.3".37 =2+2cos2nx

3" =37 =2cosnz (1
<:>(3‘”—3"”)2=4cos2nx© , , ( )
3" =37 =—2cosnx (2)

Khi d6 néu (1) va (2) ¢6 nghiém chung thi 3° =37 =37 -3 <3"=3" < 2=0
Thay z=0 vao (1) ta duge 3" —3" =2cos0 < 0=2, tic la (1) va (2) khong c6 nghiém chung. Mat
khac ta thay néu z, 1a nghiém ctia (1) thi —z, séla nghiém ctia (2). Ma (1) ¢6 2018 nghiém nén (2)
cting ¢6 2018 nghiém. Vay phuong trinh da cho c¢6 4036 nghiém.
Chon y A.

Cau 18. Goi S 1a tap hop tat ca cac gié tri thuc clia tham s6 m dé phuong trinh

2 o2 5
msz Tx+12 +321 a :9.310 5 +m

c6 ba nghiém thuc phan biét. Tim s6 phan ti ctia S .

A.3 B. Vo6 C.1 D. 2
THPT Tran Hung Dao — TP. HCM nam hoc 2017 — 2018
Lai giai

Bién doi gia thiét ta dugc.

m.3E TN | g2eeat g 9105 4 o m(3"2’7’”12 _ 1) _ g2’ (3.1;2771-“2 _ 1) —0

. , 31;2—7a;+12 —1= O z=3
<:>(3z‘—71+12_1)(m_321—z ):0 @{ _ <=4
m=3"" =0 22— 2" ~log, m=0(*)

Phuong trinh da cho c6 ba nghiém thyc phan biét, ta ¢6 cac truong hgp sau.
e Trudng hgp 1. (*) c¢6 mot nghiém = =3 va nghiém con lai khac 3 va 4

Thay =3 vao (*) ta dugc loggmz_g@mZ%

Khi d6 (*) tré thanh —2° +2z+3=0< {m - 5 (Thoa yéu cau)
T =
e Trudng hgp 2. (*) c6 mot nghiém z =4 va nghiém con lai khac 3 va 4

Thay =4 vao (*) ta dugc log,m=-8< m=3"

Khi d6 (*) tré thanh -z’ +22+8=0< B B 42 (Thoa yeu cau)
A'=1-log,m=0
e Trudnghgp 3. (*) c6 nghiem kép khac 3 va 4 < <log, m = -3 < m=3
log, m # -8
Vay c6 3 gia tri m théa yéu cau dé bai.
Chon 3 A.
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Cau 19. C6 bao nhiéu gid tri nguyén ctia tham s6 m dé ton tai cdp s6 (z;y) thoéa man diéu kien

e — e = g4y —1, ddng thai log; (2z+y—1)—(m+4)log,z+m* +4=0.

A. 3 B. 4 C.5 D. 6
S6 Gido duc va dao tao Ba Ria Viing Tau dé 1 nam 2017 — 2018
Lot gidl

Bién d6i gia thiét ta co €' —e*™ =z +y—1 <" + (20 +y+1)=""" +(3z+2y).
Xét hamso f(t)=e'+t tren R. Taco f'(f)=¢'+1>0 nén ham s6 dong bién tréen R .
Do dé6 phuong trinh cé dang f(2x+y+1)=f(3x+2y) S2r+y+1=3z+2y ©oy=1-=x.
Thé vao phuong trinh con lai ta duge logs z — (m + 4)log2 z+m’+4=0.

Dit t =log, =, phuong trinh c¢6 dang ¢ —(m + 4)t +m’+4=0.
Dé phuong trinh c6 nghiem thi A>0 < -3m’> +8m>0 < 0<m Sg .

Do d6 c6 3 s6 nguyén m théa man.
Chon y A.
Cau 20. Biét (a;b) 1a khodng chita tat ca cac gia tri ctia tham s6 thuc m dé phuong trinh

(1536 v+ ) =2

c6 dung bon nghiém thiuc phan biét. Tinh M =a+b .

A M= B. M=1 c.mM=_" D. M=3
8 16 16 5
THPT Hong Linh — Ha Tinh lan 1 ndm hoc 2017 — 2018
Lot gidi

Bién doi gia thiét ta co.

s (7-35) 7+35) 1
(r-55) w7+ 35) = Q( J o J .

2 2

Vi [7_3\/gj (7+23\/5J =1nén dat t=£7_§\/5J , 0<t<1 phuong trinh trg thanh

i+ =L o irom=0 o oam=—2 +1()

Xét ham s6 f(t)=-2t"+t, 0<t<1 = f'(t)=—4t+1, f'(t)=0<:>t=i. Vé bang bién thién ta thay

rang dé phuong trinh da cho c6 ding bon nghiém thyc phan biét thi phuong trinh (*) phai c6 hai

nghiém phan biét théa man 0<t<1.
Tu dé ta dugce O<2m<l <:>0<m<i :M=O+i =i
8 16 16 16

Chon y B.

Cau 21. C6 bao nhiéu gia tri nguyén ctia tham s6 m nhé hon 10 dé phuong trinh ym+~«m+e” =¢”
¢6 nghiém thuyc?

A9 B. 8 C. 10 D.7

S6 Gido duc va dao tao Bic Giang ndm hoc 2017 — 2018
Lot gial
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R m+e” >0 m+t=e*
Diéu kien. .Dat t=vm+e’ (t20) tasuy ra. {
m+m+e” >0 > =m+e”

= -t =t-¢" <:>(e —t)(e“’ +t+1)=0<:{2: ;:fzog))

Phuong trinh (2) vo nghiém vi e” +¢+1>0

Phuong trinh (1) tuong duong véi e” =t < e’ =Jm+e’ & m=e* —¢’ (3)

Phuong trinh \m+ym+¢" =¢” (*) ¢6 nghiem thic khi phuong trinh (3) ¢6 nghiem thite. Xét ham

T

£ 1 .z . .
SO f(:z:)z —e" v6i e R, ta co. f( ) 2" —e" =0 e =§c>x=—ln2.Lapbéngblénthléncua

. , 1
ham so f(a:) =e” —e" tasuy ra phuong trinh (3) ¢6 nghiém khi m > e

Két hop v6i gid thiét m 14 sd nguyén nhé hon 10 ta suy ra me{0,1,2,3,4,5,6,7,8,9} .

Vay c6 10 gia tri thoa méan.
Chon y C.

Cau 22. Cho ham s6 f(z)= (a2 + 1)11(12017 (:v +1+27 )+ brsin®"® £ +2 v6i a,bla cac s thuc. Biét ring

£(77)=6. Tinh f(-5"*).

A. f(-5"7)=2 B. f(-5"7)=4 C. f(-5"7)=-2 D. f(-5"7)=6
S6 Giao duc va dao tao Bac Giang nam hoc 2017 — 2018
Loi giai

bat g(z)= (a2 + 1)1112017 ( +N1+2 )+ brsin®"® z c6 tap xac dinh R 1a tap déi xiing.

Tacovéimoi xeR, g (a2 +1) 2017 (—a: Ny )—bmsinmg (—ac)

=(a® +1)I™"" [—x N \/11+7J—bxsin2m (2)
—(a* +1)m™" (x +1+2? )—bxsinm (z)=—g()
Suy ra g() la ham s6 1¢, mat khac 7% =5"*" nen g(-5"")=—g(5"*")=—g(7"*")
Theo gié thiét ta c6 f(7°)=g(7"")+2= g(7l°g°) 4.
Do d6 f(-5"")=g(-5"")+2=—g(7"")+2=-4+2=-2
Chon ¥ C.

Cau 23. Cho bat phuong trinh m.3""" +(3m +2)(4 —\/?)T +(4 + \/?)T >0, v6i m 1a tham s6. Tim tat

c& cac gia tri clia tham s6 m dé bat phuong trinh da cho nghiém ding véi moi z & (—0;0)

2423 2-923 2-923
3 3

3

A. m> B. m> C. m2 D. m>-

2-23
3

Chuyén Dong bang song Hong 1an 1 nam hoc 2017 — 2018

Toi gidi
Bién doi gia thiét tuong duong
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m.3"" +(3m+2)(4—«/7)$ +(4+\/7)$ >0 <:>3m+(3m+2).[4_3ﬁJz +[4+‘ﬁ]z >0

3

Dit t=£4+3ﬁj "Khi 2<0thi 0<t<1.BPT tr& thanh.

3m +2 —t* -2

3m+ +1>0,Vte(0;1) < 3m > P , Vte(01)
+
2 2
Xét ham s6 f(t):_z _12, Vie(01) 3f'(t)=_tt_—2i+2:0c>t=\/§—l
+ +

V& bang bién thien ta thay ring dé dé bat phuong trinh da cho nghiem ding v6i moi z € (—o;0) thi

2923

3

3m>2—2\/§<:>m>

Chon y B.

Cau 24. Tim tat ca cac gia tri thyc clia tham sé m dé phuong trinh ln(m +In(m +ac)) =1 c6 nhiéu

nghiém nhat.

A.m=0 B. m>1 C. m<e D.mz-1
THPT Chuyén Vinh Phiic 1an 4 — ndm hoc 2017 — 2018
Lot gidi

Diéukien z>e™ —m
bat 1n(m+m)=y ta dugc e’ —m =z . Thay vao (1) ta dugc ln(m+y)=:1:<:>e“’ -m=y
Ta co hé {61 _m:y:e“' —el=y—rx=e"+x=€"+y
e/ —m=x
Do ham s f(t)=e'+¢ dong bién trén R nénsuyra z=y > z=In(z+m) e’ —z=m
Xét ham s g(z)=e"—z; ¢'(z)=€"-1; ¢'(z)=0=2=0.
V& bang bién thién cho ham g¢(z) ta suy ra phuong trinh c¢6 nhiéu nhét 1a hai nghiém khi va chi khi

m>1.
Chon y B.

Cau 25. Cho phuong trinh TP
tap tat ca cac gia tri cia m dé phuong trinh ¢6 nghiém. Khi d6 S ¢6 dang (—Oo;a]u[b;+oo), Tinh

T =10a+ 200 .

1) 9 _sing—mcosz v6i m 1a tham sb thuc. Goi S 1a

A. T=1043 B. T=0 @ =1l D. T =310
THPT Kim Lién — Ha Nai lan 2 nam hoc 2017 — 2018
Ldi giai

Bién doi phuong trinh dau tuong duong

e cosz—sinz 62(1—Sinr) mcosz—sin

=2—-sinz—mcosz < e +mcosz —sing = 2 m?) +2(1—sinx)
Xét ham s f(t)=e' +t,f'(t)=€"+1>0 (teR) = f(t) dong bién tren R

. 2(1—si .
=e +mecost —sinz = eX &'m)+2(1—smx)

<:>mcosx—sinx:2(1—Sinx)<:>mcosx+sinx=2
Phuong trinh cé nghiem khi m*+1>4<m* >3 =8 = (—oo;—\/g] u[\/§;+oo)

Vay T =10a+20b =10~/3
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Chon y A.

3z +3z+m+1
2

Cau 26. C6 bao nhiéu s6 nguyén m dé phuong trinh log, =2 -5z+2-m cb hai

20" =@l
nghiém phan biét 16n hon 1.
A. 3 B. Vo6 C.2 D. 4
THPT Chuyén Luong Thé Vinh — Dong Nai lan 2 nam hoc 2017 — 2018
Loi giai

Diéu kien. 3z +3z+m+1>0.
Bién doi gia thiét tuong duong

2 2

<:>log2[3x +23a:+m+1J_1:m2 -5z+1-m < log, 5 J;3x+m+1 =z’ -b5z+1-m
20" —z+1 dx” =2z +2

<:>log2(3x2+3$+m+1)—log2(4x2 —2x+2)=(4x2—2x+2)—(3x2+3$+m+1)

@10g2(3:1:2+3x+m+1)+(3x2+3x+m+1)=log2(4x2—2x+2)+(4x2—2x+2) (1)

Xét ham s6. f(t)=t+log2t trén (0;+oo) ,taco f’(t)=1+ 1 5 >0, Vte(0;+oo).

t.In
Do d6 ham s6 f(¢) dong bién tren (0;+o) .
Khi d6 phuong trinh (1) =3 f(4ac2 —2z+2) =f(3z2 +3x+m+1)

©4r’ -20+2=32"+3z+m+1 &2’ -bx=m-1 (2)

Diéu nay dang v6i moi ze R .

Xét ham s6. g(z)=2" -5z tréen R, taco ¢'(z)=22-5=0z=

N | Ot

V& bang bién thién ta thiy ring phuong trinh (2) c6 hai nghiém phan biét 16n hon 1 khi va chi khi

—%<m—1<—4 @—%<m<—3.Do m €7 nén me{—5;—4}.

Chon y C.

Cau 27. Cho phuong trinh log, (:B —z’ —1).10g5 (:13 —z’ —1) =log,, (z ++/? —1). C6 bao nhiéu gia

tri nguyén duong khac 1 ctia m sao cho phuong trinh da cho ¢6 nghiém z 16n hon 2 7

A.Vosd B. 3 C.2 D.1
THPT Chuyén Dai hoc Vinh — Nghé An lan 2 nam hoc 2017 — 2018
Loi giai

Diéu kien x4c dinh. z>+z° -1 <z >1
1+
2 o1 — —
bat t=log2($—\/$2—1) =Nz -1 ! v 1w L <0

z—~z’ -1 2 1112(:1:—\/302 —1)\/»’52—1 ) Va? ~11n2

Mat khéac ta co x>2 :t<log2(2—\/§)
Phuong trinh tré thanh
t.log. 2' =log, % < t.log,2=-log, 2 < log,m= —%

Dé cho phuong trinh da cho c6 nghiém z 16n hon 2 thi ta can c6
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1

log, m < I S om<5 log, (2-45)

log, (2—\/5)

Do meN vam#1nen m=2
Chon y D.

Cau 28. C6 tat ca bao nhiéu gia tri nguyén ctia tham s6 a thudc khodng (0;2018) dé ta ludn cé

n+l
lim, |23 L o
5" 49" 2187
A. 2011 B. 2016 C. 2019 D. 2009
THPT Chuyén Nguyén Quang Diéu — Dong Thép lan 5 nam hoc 2017 — 2018

Lai giai
n n+l

T gia thiét ta luon co g >0,Vn . Tu do6 suy ra
+
n n+l n n+l 1 + 3 l
. 9" +3 . 9"+3 3
lim,|——— =, /lim——— = N2/
5IL +9n+a 5" +9n+a

n n+l
Theo d bai ta ¢6 lim,/g LMD PSS SR
5" 49" 2187 3% 2187

Do a la s6 nguyeén thuoc khoang (0;2018)nén c¢6 a € {7;8;9;...;2017} neén c6 tat cd 2011 gia tri clia a.
Chon y A.

lim

Cau 29. Cho phuong trinh 4” —(m+l)2ng +8=0. Biét phuong trinh ¢6 hai nghiégm z,, z, thda
man (xl + 1)(av2 + 1) =6 . Khiéng dinh dang trong bon khang dinh dusi day 1a?
A. Khong cé m B. 1<m<3 C. m>3 D. m<2

THPT Chuyén Luong Thé Vinh — Ha Noi lan 2 nam hoc 2017 — 2018

Lai giai
Dat =27 (¢>0) thi phuong trinh da cho trd thanh t* —2(m+1)t+8=0 (1).
Diéu kién dé phuong trinh c¢6 hai nghiém z,, z, 14 phuong trinh (1) ¢6 hai nghiém duong phan biét
A'>0 m’+2m—-7>0 m<—1-22
t,ty, ©9>0 ©12(m+1)>0 < l:m>_1+2\/§<:>m>—1+2\/§.
P>0 8>0 m>—1

Khid6 ¢, =m+1+Vm’ +2m—-7=2"  t,=m+1—-m’ +2m-7=2"
Taco t,.t,=2""" =8 =z, +x,=3, (2, +1)(z,+1)=6 < z,2, =2

<:>log2(m+1+\/m2+2m—7).10g2(m+1— m2+2m—7)=2
(i}log,f2(m+1+\/m2+2m—7)log2 8 =2

m+1+\/m2+2m 7

@10g2(m+1+\/m2+2m—7)[3 10g2(m+1+ m? +2m — } 2

=1
=2

Pit u=log,(m+1+m’+2m=7) thi (2) txd thanh 3u—u’~2= 0@{
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e Néuu=1l=m+l+ym’+2m-7=2 < Jm’*+2m—7 =1-m thi phuong trinh v6 nghiém do
m>—1+2+2
o Néuu=2=m+l+ym’+2m-7=4 < \m*+2m—-7=3-m < m=2 (nhan).

Vay m =2 théa man yéu cau clia bai toan
Chon y B.

Cau 30. Tim tap hop S tat ca cac gia tri ctia tham s6 m dé phuong trinh
2(1_1)2.log2 (x2 —2z+ 3) = él‘l_m‘.log2 (2|x —m|+ 2)

c6 daung ba nghiém phan biét .

A. S= 1;13 B. §= l;—1;§ C. S= —1;1;§ D. S= l;1§_§
2 2 2 2 22 2 2
THPT Chu Van Anh — Ha Noi nam hoc 2017 — 2018
Lai giai

Xét ham so f(t)=2"log, (t+2), f'(t)=2f.1n2.1og2(t+2)+2‘.m>0, Vi20.

= f(t) dong bién trén [0;+00).
Bién doi gia thiét tuong duong
Q(I_l)z.log2 (x2 -2z + 3) = él‘l_m‘.log2 (2|x —m|+ 2)

- 2(1_1)2.log2 ((z _ 1)2 + 2) - 22\z—m\,logz (2|x - m| + 2)

& I (2=1) |= (2l —m[] & (z-1) =2fe—m| (1)
Khi z2m, (1) &2’ -4z+1+2m=0 (2)
Khi z<m, (1) & 2*=2m-1 (3)
e Trudng hop 1. (2) c6 nghiem kép z,, (3) c6 hai nghiem phan biét khéc =, .

(2) c6 nghiém =22 %, (3) ¢6 hai nghiém phan biét z = i\/§ <§ .
- (

3) c6 nghiém kép z,, (2) c6 hai nghiém phan biét khac z,, .

Khi do m—— thi

o Trudng hdp
. . 1 - . 1
Khi d6 m—— thi (3) c6 nghiém :1;=0<5, (2) ¢6 hai nghiém I=2i\/§Z§.

e Truong h(jp 3. (2) va (3) ¢6 chung mot nghiem z,

Khid6 z,=m = m =1, thitlai m=1 thda yéu cau bai toan.

1.3
Vay S=4—;L,—¢.
o 5= {33}

Chon y B.

Cau 31. C6 bao nhiéu s6 nguyén duong m trong doan [—2018;2018] sao cho bat phuong trinh sau

logz 11

dtng véi moi = €(1;100). (10z)" 1 210"
A. 2018 B. 4026 C. 2013 D. 4036

—logz

Lai giai
Bién doi gia thiét tuong duong
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(415 Jtog+1)> iog o (1og-+10m)logr+1) - 1log 20

<:>10m(loga:+1)+log2m—lOlog:z:ZO .
Do z e(l;lOO):logm 6(0;2). Do dé6 ta co
2
10m(logz +1)+log? z ~10loga > 0 <> 10m > 11087 108 @
logz+1

2
Dit t=logz , t €(0;2), x6t ham sb f(t)zl(it —1t
+

=10—2t—z&2
(t+1)

16

Ta co. f'(t) >0Vte(0;2). Dodo f(0)<f(t)<f(2)e=0<f(t)< 3

dang voi moi z €(1;100) thi 10m > % =>m> %

_ 2
D& 10m > 10logx —log” x
logx+1

Do d6 m e{%;2018} hay c6 2018 s6 thdéa méan.

Chon y A.

Cau 32 . Goi S la tap cac gia tri cia tham s6 thyc m dé ham s6 y=2" +In(z+m+2) dong bién

trén tap xac dinh ctia n6. Biét S = (—oo;a + \/E] . Tinh téng K =a+b 1a

A. K=-5 B. K=5 C. K=0 D. K=2
Lai giai
Diéu kién xac dinh. z>-m—-2.
) , 1 207 +2(m+2)z+1 ,
Cach 1. Taco y' =2z + = , Y =022 +2(m+2)x+1=0
r+m+2 T+m+2

e Trudng hdp 1. A'=m’+4m+2<0 < —2-J2<m<-2+2
Khi d6 y'>0 Va e(—m—2;+0).

m<—2—\/§

e Trudng hop 2. ,khi d6 ¢'=0 c6 hai nghiém phan biét.
m>—2+\/§
—(m+2)—m’ +4m+2 —(m+2)+¥m’ +4m+2
xl = 5 9 =
2 2

Vé bang bién thién ta suy ra dugc.

. —(m+2)+Nm* +4m+2 5
y' 20 Vxe(—m—2;+oo) ST, <-m-2 & <-m-2<Vm +4dm+2<-m—2

2
m?+4m+2<m’> +4m+4 m< -2
Sim<-2 ollm<c—2-2 om<-—2-2.
m’ +4m+2>0 m>-2++2

VaySz(—oo;—2+\/§J:>a=—2,b=2nénK=a+b=0.
1 27 +2(m+2)z+1

T+m+2 T+m+2

e Truong hop 1. A’=m2+4m+2S0<:>—2—\/§Sms—2+\/§,khidéy’ZOVwe(—m—2;+oo).

m<—2—\/§ (*)

m>—2+\/§,

Cach 2. Taco y' =2z+ Y =022 +2(m+2)z+1=0

e Truong hgp 2. A'>0 @{
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Khi d6 phuong trinh c¢6 hai nghiém phan biét z,, =,

x1+x2=—(m+2)

Theo Viet ta co

+x,=

z 2

N | —

1
Ham s6 dong bién tren (—oo;z, ) va (2,;+0) khi d6 ta can c6 2, <z, <—(m+2). Suy ra.
T, +z,+2(m+2)<0
1 (m ) :m<—2—\/§
(z, +m+2)(z, +m+2)=0
Két hop (*) va (¥*) co m<—2- V2 . Hop hai trudng hop c6 céc gid tri can tim ciia m 1a 100.

Vay Sz(—oo;—2+\/§] =a=-2,100 nén K =a+b=0.

Chon y C.
Cau 33 . Cho hai s6 thuc a, b (a>1,b>1). Phuong trinh a® +b" =b+az c6 nhiéu nhat bao nhiéu
nghiém?

A. 0 B. 1 C. 2 D. 3

Lot gidi
Xét ham s6 f(x)za” +b"—b—azx. Taco f’(x):a‘” Ina+b"Inb—a.
Do f”(x) =a"In’a+b"In”b >0 nén ham s6 da cho c6 tdi da mot cic tri. Do dé phuong trinh da cho c6

t6i da hai nghiem. Ta sé chon cac sé dé phuong trinh trén cé 2 nghieém nhu sau. Chon a=b=e ta cé
f'(:c)=2e” —e, f’(x)=0<:>ac=ln§.
f[ln%j = —elng <0; lim f(x) =+00 .

Vi vay phuong trinh da cho c6 t6i da 2 nghiem.
Chon y C.

Cau 34. Tap hop tat ca céc gia tri thuc ctia tham s6 m dé phuong trinh
27" —m.3*" +(m’ —1)3"" —(m* -1)=0

C6 3 nghiém thyc phan biét 1a khoang (a;b) . Tinh gia tri ctia biéu thic S=a+b
A. 2 B. 1+4/3 C.2+\2 D. 1+2+4/3

Loi giai
bat t=3" (t > 0) phuong trinh tré thanh ¢* —3mt* + 3(m2 —1)t -m*+1=0.
Ta can tim diéu kién dé phuong trinh c6 3 nghiém phan biét duong.

Xét ham s6 y =t* — 3mt’ Jr(7712—1)t—m2+1:>y'=3352—6mac+3(m2 —1)

[t=m-1= Top . . . .
Tac6 y'=0= . Bé phuong trinh c6 3 nghiém duong phan biét khi
[t=m+1=1,,

m—1>0
Yep-Yer <0 m+1>0
ZTop > 0,X0p >0 (mz_l)(mz_3)(m2_2m_1)<0<:>{\/§<m<1+\/§
v(0)<0 (m-1)<0

Chon y D.
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Cau 35. C6 bao nhiéu sé nguyén m e [—2018;2018] dé phuong trinh

ol _ 8‘ = g:ﬁ +m c6 dang 2

nghiém thyc phan biét?
A. 2013 B. 2012 C. 4024 D. 2014

Lai giai

bl —8‘ —gﬁ 13 mot ham s6 chdn

Phuong trinh tuong duong véi m =

olet+1 —8‘_§x2. Ham s6 f(x)z

do d6 ta chi can xét trén nita khoéng [0;+00) dé suy ra bang bién thién ctia ham s6 f(z) trén ca tap so

thuec.
Xét ham s6
z+1 3‘,132 >
2 —8—7(1:_2) g(z)=2""In2-3z(z >2)
f(z)=

orf! —8‘—§$2 = = f'(z)=
2 _2z+1+8_%(0<x<2) —2“11n2—3x<0(0<x<2)
5 (0=

Ta ¢6 g¢'(z)=2""In’z-3>8In’2-3>0,Vz>2¢(2)=8In2-6<0,9(3)=16In2-9>0 nén phuong
trinh g(x) =0 cé nghiém z, € (2;3) .
Vé bang bién thién cho ham s6 f (m) ta suy ra dugc phuong trinh ¢6 diang 2 nghiém thuyc khi va chi

m>6

khi > =melr,8,...,2018
i) = -3 = }

Chon y B.

Cau 36. Cho bat phuong trinh log, 11+ (log1 (\/:1:2 +3ax +10 + 4)}0%3@ (ar:2 + 3ax + 12) >0. Gia tri
7

thuc ciia tham s6 a dé bat phuong trinh trén c6 nghiém duy nhat thuoc khoang nao sau day?

A. (-10) B. (12) C. (0;1) D. (2;+)
THPT Ham Rong — Thanh Héa lan 1 nam hoc 2017 — 2018
Lol gidl

Diéu kién xac dinh 0<a # % )
Bién doi bat phuong trinh tuong duong

log, 11 +(logl (\/x2 +3ar+10 + 4)Jlog3a (m2 +3az +12) >0

7

< log,, 11-log, (\/xz +3az +10 + 4).log3a (x2 +3ax + 12) >0
< log, ('\/x2 +3az +10 + 4).log3a (m2 +3azx + 12) <log,, 11
Dit t=+2> +3a2+10 > 0= 2" +3ar +12=2" + 3az +10+2 =t + 2. Khi d6 bat phuong trinh tré thanh

()

log, (¢ +4)log,, (£ +2) < o5 32

e NéuO<a< % = log,, 3a <0 bat phuong trinh (*) trd thanh

log, (¢ +4)log,, 3alog,, (t2 + 2) >1 < log, (t+4)log,, (t2 - 2) >1

Xét ham s6 f(t)=1log, (t+4)log,, (¢* +2)(t20) la ham dong bién dong thai f(3)=1 nén
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f(t)=2f(3)e=t=23e 2’ +3ax+120.
Y . 2
Dé phuong trinh c6 nghiém duy nhat thi tacé a= 3’ nghiém nay khong thoa man.

. 1 . 2
e Néeua> 3 = log,; 3a>0 . Dén day xét tuong tu truong hdp 1 ta sé tim duge a = 3

Chon y C.

Cau 37. C6 bao nhiéu gia tri nguyen duong ciia tham s6 m dé tap nghiém ctia bat phuong trinh
(3I+2 - \/g)(?)z —2m) <0 chita khong qua 9 s6 nguyén?

A. 3281 B. 3283 C. 3280 D. 3279

Lai giai

TacémeN*:szbg.Khido

(3“2 —x/g)(?)'” —2m)<0c>§<3“ <2m < —%<x <log, (2m).
Dé tap nghiém ctia bat phuong trinh chita khong qua 9 s6 nguyén thi
log, (2m)<8 < 2m <3° < m <3280,5.
Ma m nguyén duong nén ta cdé m e {1;2;...;3280} .

Vay c6 3280 gia tri nguyén duong ciia tham s6 m théa man yéu cau bai toan.
Chon y C.

P 2 1 1
Cau 38. C6 bao nhiéu s6 nguyén a € (—2019;2019) dé phuong trinh + =z+a co hai
ln(x + 5) 3" -1

nghiém phéan biét?
A. 2017 B. 2022 C. 2014 D. 2015

Loi giai
In(z+5)#0 (z=-4

Diéu kién xac dinh {z+5>0 Sdr>-5.

3" -1#0 z#0
., 1 1 1 1
Ta co +— =r+a& +— —-r=aqa
In(z+5) 3" -1 In(z+5) 3" -1
Dat ham sb f(x) = ln(;+ 5) + 311_1 —x¢cO6O D= (—5;—4) u(—4;0)u(0;+oo)
Suy ra f'(x) = -1 __3'In3 —1<0 nén f(z) nghich bién trén ting khoéng xac dinh.
(z+5)In*(z+5) (31' _1)2 ' '
Ta co Jlir_r} f(x) = 351_1 +5=5 —% ; 1133]”(1) = _Oo;mlig;l* f(x) =+

lim f(x):—w;}irg f(:v):+oo 711Lr£10f(x) =—00

20"
Lap bang bién thién ta dé dang chi ra ring phuong trinh f(x) =a ¢6 hai nghiém phan biét khi va chi
243

khi a>25-——
242
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ac? ac
Do = .
ae(-2019;2019) ~ |a€[42018]
Vay ¢6 2018 -4 +1=2015 gia trj ca a.
Chon 3 D.

Cau 39. Tat ci cac gia tri cia m dé bat phuong trinh (3m+1)12° +(2-m)6” +3" <0 c6 nghiém

dang véi moiz >0 la.

A. (~2+0) B. (-0:-2] c. (_w;_lj D. (_Q;JJ

3

Loi giai
Bat phuong trinh dau tuong duong
(3m+1)12° +(2-m)6" +3" <0< (3m+1)4" +(2-m)2" +1<0
bat 2" =t . Do z>0=>t>1.

Khi doé ta co
2
(Bm+1)t +(2-m)i+1<0,Vi>1 & (36 —t)m <" -2t -1 Vislesm< 21 ;2t_1 vi>1(*).
2 2
Xét ham sb f(t)z_t;—%_l Vi e(1;+) :>f'(t)=7t+—6t_21>0 Vie(L+).
3t°—t (3¢* 1)

Lap bang bién thien ta dé dang chi ra ring m <lim f(t) =—21a diéu kién can tim.
t—1*

Cau 40. Tim m dé bat phuong trinh 2° +3° +4° >3+ maz c6 tap nghiem la R .
A. Khong ton tai m. B. In26 C. In26 D. In9

Lot giai
Xét dusng cong (C’) : f(ac) =2"+3"+4" .
Phuong trinh tiép tuyén ctia dudng cong (C) tai diém M (0;3) la. y=2In24+3.
Ta can chitng minh 2° +3" +4* >3+ xIn24,VreR .
Xét ham s6 g(z)=2"+3"+4" -3-zIn24 trén R .
Tac6 g'(z)=2"1n2+3".In3+4".In4-1n24 .
9"(z)= 2“’.(1112)2 + 31’.(1113)2 + 4"'.(1n4)2 >0,Vz e R= g'(z) dong bién trén R.
Phuong trinh g'(x) =0 c6 nghiém duy nhat =0 trén R.
Béng bién thién ctia g(z) trén R
Lap bang bién thien ctia g(z)tren R= g(z)20,VzeR..

Cau 41. V6i a la tham sb thuc dé bat phuong trinh 2° +3° >az +2 c6 tap nghiem 1a R , khi d6
A. ae(—oo;O). B. ae(1;3) C. ae(3;+oo) D. ae(O;l)

Loi giai
Xét truong hop a <0, bat phuong trinh khong nhan cac gia tri am ctia z 1am nghiem.
That vay, khi d6 2" +3" <2 ma ax+22>2.
Suy raloai a<0.
Xét truong hop a>0.Tacd 2°+3"2ar+2<=2"+3" —ax—-220.
Dat f(a:)=2” +3"—ar—-2,zeR.
Khi do f'(m) =2"In2+3"In3—-a,VzeR.
Taco f'(2)=02"In2+3"In3=a (1)
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Dat g(:v) =2"In2+3"In3,zeR = g'(x) =2"In"2+3"In*3>0,VzeR.

Suy ra ham s6 g(z) dong bién tren R

Laico }Lrigog(x)=+w va Tlij}og(a:)zo

Suy ra v6i mdi gia tri a >0 thi phuong trinh (1) luon ¢6 nghiém duy nhat 1a z, .

Ta c6 phuong trinh f'(2)=0 c6 nghiém duy nhét la z, .

Ma Ill)rgf'(x) =+ va Zlggf'(z) =—-a<0 nén f'(x) >0,V >z, va f‘(x) <0,Vr<z,.

Dua vao bang bién thien ta thay f(z) dat gid tri nho nhat tai z, , ta két hop véi diéu kien dé bai la
f(m)ZO,Vxe]R va f(0)=0 nén tasuy ra z, =0 va x, =0 la gia tri duy nhéat dé f(x)zO.

Suy ra z, =0 la gid tri duy nhat dé f'(z,)=0 = f'(0)=In2+In3-a=0.

Suyra a=In2+In3=1n6.

Nhu vay a=In2+In3=1n6 13 gia tri duy nhat théa man yéu cau bai toan.

Cau 42. Cho phuong trinh (2log§ m—310g2:1:—2) 3"=m =0 (m la tham s6 thuc). C6 tat ca bao

nhiéu gia tri nguyen duong ctia tham s6 m dé phuong trinh da cho c6 hai nghiém phan biét?
A. 80. B. 81 C. 79 D. Vo sb.
Dé thi THPT Qudbc Gia mon toan 2019

Lai giai
Xét phuong trinh (2log§ z —3log, 413—2)\/3z -m=0 (1)
R >0 z>0
Diéu kién x’ .
3"—m=>0 z>log,m (do m>0)
log, z =2 r=4
2log’ z—3log, z—2=0 1 1
Ta co (1)@ & & S|log,r=—|2=—F
’3:{: —m = O ’ 2 \/5
3" =m z =log, m
log;m <0 0<m<1
Phuong trinh (1) ¢6 hai nghiém phéan biét < 1

L 47
2o oS 3% <m <3

m=1
Do m nguyén duong = .
sy & [me{3;4;5;...;80}
Vay c6 tat cd 1+80-3+1=79 gia tri m nguyén duong thda man dé bai.
Chon y C.

Cau 43. Cho phuong trinh 7 + m =log, (:B —m) v6i m 1a tham s6. C6 bao nhiéu gia tri nguyén ctia
me (—25;25) dé phuong trinh da cho c6 nghiém ?
A.9 B. 25 C. 24 D. 26

Toi gidi
Dang toan nay xuat hién trong dé thi THPT Quéc Gia 2018, v6i huwéng gii la dit an phu dé dua vé he
phuong trinh déi xtng.
Diéu kien z>m .

T +m=t

bat t =log, (z—m) tacc’){ =7 +z=T+t (1)

T +m=x
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Do ham s6 f(u)=7"+u dong bién trén R , nén ta c6 (1)< ¢t==z. Khi do
T"+m=rom=x-T".
Xét ham s6 g(m) =zr-7" = g'(:r:) =1-7"In7=0 < z=-log, (1117) .
Vé bang bién thién ta thiy phuong trinh da cho c6 nghiém khi va chi khi
m < g(~log, (In7))~ —0,856
cac nghiém nay déu théa man dieu kien vi z—m=7">0.
Do m nguyén thuoc khoang (—25;25) ,nén m e {—24;—16;...;—1} .

Cau 43. Téng tit ci cic gia tri cia tham s6 m dé phuong trinh 37 2141 = log., . (2|x —m|+ 2)
c6 dang ba nghiém phan biét 1a
A. 3 B. -2 C. -3 D. 2
Lot giai
Ta co
3z2+2z+1—2\z—m\ _ logzz+2z+3 (2|x B m| N 2) - g’ 2043 B 1n(2|x _ m| + 2)

gz In(2” +2z+3)
(2’ +20+3).3" " =In(2w —m|+2) 3%
Xét f(t)=1In(t).3",Vt22,c6 f'(t)z%?f +In(t)3'In(3)>0,vt>2.
Vay ham s6 f(t) dong bién .
F(#* +22+3) = f(2z—m|+2) & &* + 22 +3=2]z —m|+2
z* =—-1-2m (1)

®x2+2x+1=2|x—m|<:> )
o’ +4z=—1+2m (2)

Diéu kién can dé phuong trinh c6 3 nghiem la
: -1 .. £ P
e Trudng hop 1. (1) c6 nghiém kép = m = > thit lai ta thay théa méan.
e Trudng hgp 2. (2) c6 nghiém kép = m = _?3 thit lai ta thiy théa man.
e Trudng hgp 3. (1) va (2) c6 nghiem chung = x=m .Thé (1) vao taco m=-1

-1 -3
Tacé) —+—+(-1)=-3.
aco 53 ( )

sinl‘+\/5—)cosz—‘m‘+5 — |m| + 5) 6 nghlém

Cau 44. Tim cac gia tri m dé phuong trinh 3 - 5005%10(

A. V6 <m=<+6 B. 5<m<5 C.5-J6<m<b5+V6 D.-J6<m<5
Loi giai
Bién ddi phuong trinh dau tuong duong
) - B} sinz-%—\/gcosz-#l() 1 + 5
3s1na;+ ocosm—‘m‘-h) — log e (|m| + 5) o 3 ‘n]‘+5 _ n(|m| )
3" In(sinz ++/5 cosz +10)

& 3Si”+£“’”“°.ln(sinx ++/5cosz + 10) = 3‘7""+5.1n(|m| + 5)
Xét f(t)=In(t).3 . V¢25, taco f'(t)%gf+1n(t)3t1n(3)>o,wz5.
Vay ham s6 f(t)dong bién. Khi d6
f(sinx+ 5603x+10)=f(|m|+5)©sinm+ 500sx+10=|m|+5@sinx+\/gcosx+5=|m|

Mat khéc ta lai c6 —+/6 <sinz + \/g cosz <+/6 , nén dé phuong trinh c6 nghiém ta phai cé
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5-J6<m<5++6.

Cau 45. Tim s6 gia tri nguyeén ctia m thuoc [—20;20] dé phuong trinh
log, (x2 +m+avz’ +4) =(2m—-9)z—1+(1-2m)vz’ +4
c6 nghiém
A. 12 B. 23 C. 25 D. 10
Loi giai

Diéu kien xac dinh 2> +m+azvz® +4>0.

logQ(:l:2 +m+avz’ +4)=(2m—9)95—14—(1—2771)\/$2 +4

< log, (= x° +4+w +m) 2mx—9x—1+\/x2+4—2m\/x2+4

<:>log2£ J 2mz —9r —1+~z° +4 —2m~z* + 4
7’ +4 -z

<:>log2[4$+m r +4_m$]=2ma:—9x—1+ 2’ +4 —2m~z’ +4

Nl +4 -z
<:>log2(4x+m x2+4—mx)+(8w+2m x2+4—2m:v)+1=10g2(\/x2+4—a;)+(\/a:2+4—m)
<:>log2(8x+2m x2+4—2mx)+(8x+2m x2+4—2mx)=10g2(\/x2+4—w)+(\/x2+4—x) (1)
£ 1 ) N
Xét ham so f(t)=10g2t+t, te(0;+oo), ta c()f’(t)ztl—2+1>0, Vte(0;+oo) nén ham s6 luon dong
n

bién trén tap xac dinh. Khi d6 phuong trinh (1) 8z +2mNz’ +4 —2mr =z’ +4 -2
S8z

Nt +4 -z

©2m=1—2x( x2+4+x)

©2m( 44— x)z( z+4— x)—8x<:>2m=1—

837(\/3:2 +4 +:1:)
S2m=1- 1

1-2
St +4+at = m.

2
Xét ham s g(z) =ava® +4 +2° voi z e (—o0;+00).

2
(\/x2 +4 +x)
x’+4

lim g(z) = lim _x(\/gf +4 +x):| ~ lim {xL} “lim—— 2 9,

T—>—0 T——0| T \/1‘24-4—.%' .T"_OO_ 1+£_1
'\’ ZEQ
. . 2 4
Jim g(w)=lim | Lo 5 1] = e
2

Taco ¢'(x)= >0,VzeR.Taco

Dé phuong trinh c6 nghiem thi 1=2m >2om< 5 .
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Cau 46. C6 bao nhiéu gia tri nguyén ctia tham s6 m (|m| < 10) dé phuong trinh
2°" =log, (z+2m)+m

c6 nghiém ?
A.9 B. 10 C.5 D. 4

L3i giai

Diéu kién z+2m>0.
Taco 2" =log, (x+2m)+m < 2" =log, (m+2m)+2m.

Dit t =log, (z+2m) ta co {2, =t+zm =2"+z=2"+t (1).

2'=x4+2m

Do ham s6 f(u)=2"+u dong bién trén R, nén ta c6 (1)< ¢t==z. Khi d6
2" =x4+2m<2m=2"-z.

Xét ham s6 g(x)z?z -z zg'(x)z 2'In2-1=0 < z=-log, (1n2).

T d6 phuong trinh da cho ¢6 nghiém khi va chi khi

9(—10g22 (ln2)) 0457

2m > g(—log2 (ln2)) oSm2

cac nghiém nay déu théa man diéu kién vi z +2m=2" >0.
Do m nguyén va |m|<10, nén me{1,2,3,4,5,6,7,8,9} .

Cau 47. Cho phuong trinh (%J +(%) = Z(x N )(1+ N1—2z° ) C6 bao nhiéu gia tri nguyén

thuodc doan [—10;10] ctia tham s6 m sao cho phuong trinh c6 nghiem?
A. 13. B. 12. C. 11. D. 10.
Lai giai
Taco f(z)=2(z+V1=2")(1+av1-0 | diéukien 15251,
2+2x\/1—x2).

(x2 +2zl -2 +1-2° +1).

Véiham f(t)=¢’+t.Taco f'(t)=2t"+1>0,Vinén f(t) dong bién trén R .
Theo phuong trinh dé bai :(%j =z +1-2° (*) v6i xe[—l;l].
Xét g(m)=$+\/1—x2 v6i xe[—l;l] ta co —1£g(a:)3\/§.

Dé phuong trinh (*) c6 nghiém 0< (%j <o _?1 <m<0.

Vay co 11 gia tri nguyén ctia m thao man.
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Cau 45. C6 bao nhiéu s6 nguyén m e [—2020; 2021] dé phuong trinh

1 N 1 _xz—(m+2)a:+2m—1

In(z+5) 3°-3 z-2
¢6 ba nghiém phan biét?
A. 4042 . B. 2027 . C. 0. D. 2016.
Loi giai
Tap xéc dinh D =(=5;+)\ {-4;1;2}.
) 1 1 2 =(m+2)z+2m-1 1 1 1
Ta co +— = om=x-— - — .
In(z+5) 3°-3 z—2 z-2 In(z+5) 3°-3
1 1 1
Dat =x— - - . Ta c6
it g(a)=e-75 m(z+5) 3 -3
1 1 3"In3
' =1 0, VxeD.
g(x) +($—2)2+($+5)1n2($+5)+(31 32> ’ re
Tacéo A= lim g(x)=—5+l—%=—%.
—— 7 3°-3 728

Phuong trinh (1) ¢6 3 nghiém phan biét khi va chi khi m < —% =—4,523(351648).

mel
0 nén m e {-2020;-2019;...;—5} .
{me[—2020;2021]

Cau 46. Cho biéu thic P = (2"

i 1 242 N 2 A > = [N o
— 25 4 m‘ , VOi x,y 1a céc so thuc thoa man dieu kién

| 2 2
\/g <—elx” + .
(Ve " =5elet+v)
C6 bao nhiéu gia tri nguyen ciia tham sé m dé gia tri nhé nhat ctia P bing 20207
A. 1. B. Vo6 s6. C. 2. D. 3.

Lot giai
Dit =%(x2 +y’), u20.Khido (@)y s%e(ﬁ +y’) trd thanh e <ew (1)
Suy ra e’ —eu<0.Dat f(u)=e"—e.u; f’(u)ze“ —e;f'(uv)=0eu=1.
Suy ra ham f(u) nghich bién trén khoang (0;1) va dong bién trén khoang (1;+)
flw)2f(1)=0=e"—eu>0=e">eu (2)

T (1) va(2)taco e =eu Su=1=1"+y"=2=-2<2+y<2.Taco

pP=

2ry) _ gty m‘ =|t* =2t +m| voi t=2""t e 5;4}

Dat g(t)=¢"~2t+m. Can tim m dé min|g(t)/=2020.
—4
4
Ta co I[Illi?g(t):g(l):m—l va rr{axg(t):g(4):m+8.
f§4 -4

4 4’

m—1=2020 m=2021
Suy ra = )
m+8=-2020 | m=-2028

C6 hai gia tri nguyén clia m thda mén bai toan.
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Cau 47. C6 bao nhiéu gia tri nguyén ctia tham s6 m e (—20;20) dé phuong trinh
-2"-12
3log, [&TmJ—T -z =3m

c6 dang hai nghiém thyc phan biét.

A. 19. B. 18. C.20. D. 21.
Loi giai
Ta co
310g2(8x—23—12m]_2z _x:3m®310g2[8x—23—12mJ= 2 +g;+3m _,

8z-2"-12m=3.2" (1 -2"-12m=3.2"
j{x m ()3{83: 2" —-12m=3.2 :12$+3_2ﬂ?:3_2“’+12y<:>f($):f(3/)7

x+2x+3m:3y 4x+4.2’”+12m=12y
V6i f(t)=12t+3.2" 13 ham s6 luén dong bién trén R =z =y

Khi d6 tuong duong (1) 8z —2" —12m =3.2" < 8z -4.2" =12m < 22 -2.2" =3m

Xét ham s6 f(z)=22-2.2"= f(z)=2-2"In2= f'(z)=0 <z =log, (%j
n
m < 0,17
Khi do6 lap bang bién thién ta dugc {m e Z = me{-19;-18;...;0}
m e (—20;20)
Cau 48. C6 bao nhiéu gia tri nguyén ctia tham s6 m dé phuong trinh .
1n(2:1:2 + 2) ln[2$2 2 (mg == m)z}
1n(x2+2) ln[x2+2+(x3—3x—m)2}
¢6 dang 3 nghiém phan biét?
A. 1. B. 2. C. 3. D. V6 sb.

Loi giai
Phuong trinh da cho tuong duong
1n[x2 +2+(:p3 -3z —m)Q} 111[2:1:2 +2+(a:3 —3x—m)2}

- )

11[1(132 +2) ln(2x2 -|—2)

Truwong hgp 1. £ =0, khi d6 (1) tré thanh ?n_; = in—g = 2 =0 1a 1 nghiém cta phuong trinh.
n n

Trudng hop 2. 2#0, khidé (1) =2’ -3z-m=0<2"-3z=m (2)

|

y=1m

0 Y =1m

/ 2 y=m

Phuong trinh (1) ¢6 3 nghiém phan biét khi (2) ¢6 2 nghiém phan biét khac 0 @{

m=1%2

m=0
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Cach 2. Ap dung menh dé sau

B6 dé. Néu b>a>1;c>0=log,b>log,, (b+c). Dau bing xiy ra < {a
@

B dé nay chiing minh don gian, nhudng lai cho cac ban, minh hoi ngai go....

2P +2=22"+2 =0
&

(w3—3x—m)220 w3—3x=m(2)

|

Ap dung vao bai tit phuong (1) =

y=m

o

Yy =1m

/ 2 y=m

=42
Phuong trinh (1) ¢6 3 nghiém phan biét khi (2) ¢6 2 nghiém phan biét khac 0 < {m 0
m =
a—2b+82>0
Cau 49. Goi M la gia tri nhé nhat ctia biéu thitc g(a;b) =a’+b* v6i a;b théa man Ja+b+2>0 .
26-b+4<0

Khi m e [O;M] thi tong cac nghiém ctia phuong trinh
2 2
logzm(x —2x—2+|1—m|)=log2+ﬁ(x —2x—3)
thudc khoang nao dué6i day?

A. (ﬁz} B. (1;2+J§).
C. (2+J§;2 2+J§). D. (2 2+J§;+w).

Lai giai
Nhan xét. Cau nay vao phong thi cac ban nén bo!
x—=2y+8=0
Xét hé phuong trinh <z +y+2>0
2c—-y+4<0

Vi A iz —2y+8=0; A, io+y+2=0; A, : 20—y +4=0;4(—-4;2); B(0;4);C (-2;0)

g

Mién nghiém ctia hé phuong trinh 1a phan giéi han béi AABC
= g(a;b) =a’+b* = OM2,M(a;b) e AABC;
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min \/5 \/3

logQ\/%—ﬁ(ac2 —23U—2+|1—m|)=10g2+ﬁ(:1c2 —230—3)

Ta c6 OM,,, =d(0;BC)=—==m e[o;i] Khi do

x2—2z—2+|1—m|=(2 2+J§)t
x?—2x—3=(2+\/§)"

Xet ham 55 ()= (2248 | ~(243) ~1. Taco
P(1)=(2425 8 ) 225 - (245) n(2+45)
1n(2+J§)

=

:>|1—m|=(2 2+\/§)t—(2+\/§)t—1

Ft)=0et=log , |——=L |=t,
N 1n(2 2+J§)
Bang bién thién
t —00 to 400

F(t)

— 0 +
fit) | -1 e
t \ o /

=[1—m|=f(t) luon ¢6 nghiém duy nhat ¢, .

4

:>a:2—2a:—3—(2+\/§) :O;A':4+(2+\/§)tl >0.

Vay phuong trinh luén c6 2 nghiém z,,z,va z, +, =2¢€ (1;2 + \/g)

Cau 50. Cho ham s6 y = f(z) ¢6 dao ham f'(z)=(z+1)e", c6 bao nhiéu gid tri nguyén ctia tham sb
m trong doan [—2020;2021] dé ham s y = g(:v) = f(lnx) —ma® +mx —2 nghich bién tren (e;e%20 ) .
A. 2018. B. 2019. C. 2020. D. 2021.

Lai giai
Taco y' =g'(x) = (lnx)' .f’(lnx)—?m:c +m =l.(lnx +1)el‘” —2mx+m=Inz+1-2mz+m.
x
Ham s6 y = g(z) nghich bién trén (e;emo) khi va chikhi ¢’ <0, Vz e (e;emo)

Inz+1
2z -1

<Slnzx+1< m(21:—1), Vz e(e;emo) Sm2

202
, Vme(e;eoo)

I+l l(236—1)—2(1ngn+1) —l—2lnx
Xét ham s6 h(z)= DT fren (e;emo) =h'(z)== =

2z -1 (22 -1) (2z-1)
1<Inz <2020
Vi a:e(e;emo): _l<0 :>—;—21nx<0 nén h'(x)<0, Vxe(e;emo)
x

Suy ra ham s6 h(z) nghich bién trén (e;emo )

Ta c6 bang bién thién nhu sau
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xr & f5'2[]20
h(x) -
2
2e — 1
h(x) \
2021
282020 -1
Vay m> Sy ~0,45 . Ma m [-2020;2021] suy ra me{1,2,...,2021} .
o_

Do d6 ¢6 2021 gia tri ctia m thoéa man yéu cau bai toan.

Cau 51. Goi S1a tap hop tat ca cic gia tri ctia tham s6 m sao cho hé phuong trinh
2020* (20207 —2020%"* )+ (2 1)’ +(y+3)" <4

e(z+1)2+(y—3)2

S($2+y2 +2x—6y+ll—m).em

c6 nghiem duy nhat. Téng ctia tat ca cac phan ti thuoc tap hop S 1a
A. 88, B. 2,10-2. C. 2410 +2. D. 44.

Lot giai
Tit phuong trinh 2020° (20207 ~2020% " )+ (2 =1)" + (y +3) <4 taco
2020 "2 —2020% % 1 22 44 — 22+ 6y +6<0

20207 +2? +y” +2<2020°° " + 20 -6y —4 (1)
Xét ham s6 f(t)=2020"+¢,VteR c6 f'(t)=2020"1n2020+1>0,VteR do d6 f la ham dong bién
tren R . Bat phuong trinh (1) tré thanh

f(as2 +1° +2)Sf(2m—6y—4)<:>$2 +y’ +2<22-6y—4 <:>(£L‘—1)2 +(y+3)2 <4. (%)
Ta thdy mién nghiem ctia bat phuong trinh (1a hinh tron tam I, (1;-3) va ban kinh R, =2.
T phuong trinh L) (x2 +1y’ +20 -6y +11— m).e"” ta co
R (a: + 1)2 + (y — 3)2 -m+1 (2)
Xét hamso g(t)=e' —t-1VteR c6 g'(t)=¢'—1 do d6 ta c6 bang bién thien la
Suy ra bat phuong trinh g(¢)<0<> ¢ =0, do d6 bat phuong trinh (2)trd thanh
(3v+1)2 +(y—3)2 -m=0 (*¥)
D@ hé phuong trinh c6 nghiém thi phuong trinh (*c6 nghiem, hay m >0.
e Néu m =0, phuong trinh (2)c6 nghiem (-1;3) (khong thoa mén)
e Néu m>0, khidé tap hop diém M (:U,y) biéu dién nghiém ciia phuong trinh nim trén dudng
tron tam I,(~1;3), ban kinh R, =+/m .
Do d6 dé hé phuong trinh cé nghiém duy nhat thi hai dudng tron nay phai tiép nhau hay
LI,=R +R,  |210=2+m [ -44-8J10
11, =|R, ~ |~ | 210 =]2—im| ” | m =4+ 8T0
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Cau 52. Cho ham s6 y=ln(x+a) va y=e"" c6 do thi lan lugt 1a (C) va (C") v6i a 1a tham sb
thuc. Gia sit didm M €(C) va N €(C") sao cho tam gidc IMN la tam gidc déu véi didm I(—a;0).
C6 bao nhiéu gia tri nguyén ctia tham s6 o dé hoanh do ciia diém M vd N dong thoi thda man bat
<10.

A. 5. B. 3. C. 11. D. 20.

phuong trinh ‘ln(x +a)—ae™

Lai giai

(d")

Diéu kién x4c dinh ctia bat phuong trinh ‘ln(x + a) —ae”™|<10 laz+a>0.

Nhan xét. D thi (C') va (C') dbi xing nhau qua dudng thing A:y=z+a va I(-a;0)eA.
Laicé M e(C), Ne(C'), tam gidc IMN déu, suy ra M,N dbixing nhau qua A va
(IM,A) =(IN,A) ~30°.
Duong thang A c6 hé s6 goc k, = 1(= tan45°) cho nén c6 hai duong thing di qua I(—a;O) va tao véi
A goe 30° 1a duong thing d c6 he s6 goc k, = tan15° =2 —+/3 va duong thing d’ 6 he sb goc
k, =tan75°=2++/3.
Ta dugc phuong trinh dudng thing d:y = (2 - \/g)(x + a) va phuong trinh dudng thing
d':y=(2+\/§)(x+a).
D& thiy d khong cit (C') va d' khong cit (C). Khi d6 M la giao diém ctia d va (C), N la giao
diém ctia d' va (C ). Xét phuong trinh hoanh do giao diém cta d va (C )

ln(x+a)=(2—\/§)(m+a)<:>{

r+a=t ~15
rra=t,=7,5
Xét phuong trinh hoanh do giao diém ctia d’ va (C')
r+a=k =04
e = 2+\/§ T4+a) o
( )( ) L+azk2z2,02
Tu do thi ham s6, dé thay
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e Tam gidc IM,N, déu véi M, c6 hoanh do théa z,, +a=t, va N, c6 hoanh do théa z, +a=F,.
e Tam gidc IM,N, déuv6i M, c6hoanh do thoa z, +a=t, va N, c6hoanh do thoa r, +a=k,.

Trudng hgp 1. Véi tam giac IM N, déu

. \hltl —a-e“\ﬁlo —2,16<a<234
Yéu cau bai toan tuong duong =

=a e{—2;—1;0;1;2}.
‘lnk1 —a.ekl‘ﬁl() -7,3<a<6,1

Trudng hgp 2. Véi tam giac IM,N, déu

ty
‘ln t, —a.e?

Yeéu cau bai toan tuong duong 0.

=a

<10 {—0,004 <a<0,006

Ik, —ae®| <10~ [-106<a<16

Vay c6 5 gia tri nguyén clia a théa mén yéu cau bai toan.

Cau 53. Cho ham sb f(:v) c6 dao ham trén R thdéa méan |f(z+h)—f(x—h)|Sh2 véi moi zeR |
h>0. Dat g(z) =[:c+f'(:c)}2019 +[z+f’(z)]297m —(m4 —29m® +10O).sin2 z—1 v6i tham s6 m. Goi

S 1a tap hop tat ca cac gia tri nguyén ctia m <27 sao cho g(x) dat cuc tiéu tai z=0. Tong binh
phuong cac phan tit ctia S 1a
A.108. B. 58. C. 100. D. 50.
Lai giai
Nhan xét. Néu vao phong thi gip cau nay thi nén bé nhé!
Véimoi x€R va h>0,taco

F(+m) =)+ (@) o=n)

[f(z+h)=f(z-h)<h <

h
[f(z+h)=f(z) f=m)-f() _,
o o T

Cho h— 0, ta dugc f'(x) =0.Khi dé g(x) =z 4 > —(m4 -29m’ +1OO).sin2 x—1.

g'(z)=20192"" + (29 —m)2™ " —(m' —29m” +100)sin2z = ¢'(0)=0.
Xét g"(z)=2019.20182""" +(29-m)(28—m)a*™" —2(m" - 29m” +100)cos 2z
= g"(0)=-2(m" —29m" +100).

15
m=+2

3
[

e Néu g"(0)=0<:>m4—29m2+100=0<:>{

Néu m=5 thi g'(z)=20192"" + 242" =27 (20192"" +24) ddi dau tir am sang duong khi qua
=0 nén théa man yéu cau.
o Néu m=-5 thi ¢'(z)=20192"" +342% =2 (20192'" +34) di dau tir am sang duong khi
qua z =0 nén théa man yéu cau.
o Néu m=2 thi g'(z)=20192"" + 272" =2 (20192 +27) khong ddi dau khi qua =0 nén
loai.
o Néum=-2 thi ¢'(z)=20192"" + 31" =2™ (20192 +31) khong ddi déu khi qua =0 nén
loai.
Xét g"(z)=0 thi g(z) dat cuc tidu tai 2=0 < g"(0)>0 < —2(m' —29m” +100)>0

om'-29m”+100<0<=4<m’<25.
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Vi m nguyén nén m e {—4; —3;3;4} .
Vay S ={-5-4;-3;3;4;5} . Do d6 tong binh phuong cac phan tit ctia S béng 100.

Cau 54. C6 bao nhiéu gia tri nguyén ctia tham sd m e (—2020;2020) dé bat phuong trinh

o7~ <3 -
3 27"

¢6 nghiém?
A. 3. B. 6. C. 2020. D. 2017.

Loi giai
9 T s X [P 4 < 2, N 3 27 3 *
Dat 3" =t dieu kién ¢t >0 . Bat phuong trinh tré thanh ¢ +t—3Sm ;+t ( )
3 . N 2 9
Do t>0 nén ?+t>0 nén phuong trinh (*)<:>t —3+t—2Sm.
Xé 2 9 Py 18 ’ _ _\/_ T 5 b b.; hie
ét f(t)zt _3+t_2 (t>0) ta co f(t)=2t—t—3, f(t)-()@t- 3 . Ta c6 bang bién thién

t 0 V3 +00

f(t) - 0 +

+00 00
" \ /
3

Dé (*) c6 nghigm thi m> (I(]);lill)f(t) =3.

Vay c6 2017 gia tri nguyén ctia m théa man yéu cau dé bai.

. 2 -m— . )
Cau 55. Cho hai ham so f(a:) =—+L va g(x) _mz=m=1 . S0 gia tri nguyén cia tham so
5" ln(x + 1) -1
m dé do thi ctia hai ham s6 da cho cit nhau tai dang ba diém phan biét 1a?
A. 11. B. 8. C. 10. D. 9.
Lai giai
Hoanh do giao diém ctia hai do thi 14 nghiém ctia phuong trinh
2 5 mr—m-—1 2 5 1 2 5 1
—+ = < —+ =m-— <> —+ + =m .
5° ln(z+1) -1 57 1n(x+1) -1 57 1n(x+1) -1
. 2 5 -
Dat h(z)=—+ + LVl z>-1,z#0,x#1.
5° ln(x+1) z—1

1 1 .
_2In5 > - -<0,Vz>-12#0,2#1, vé bang bién thién ta sé chi

Ta c6 h'(z)= 5 (e+D)n’(z+1) (z-1)

. R L 19 o s .,
ra dugc rang yéu cau bai toan tuwong duong 0<m < rR suy ra c¢6 9 gia tri nguyén cua m .

Tap chi va tu liéu toan hoc | 82



Phuong phap gidi toan cic tri mi — logarit |

Cau 56. Cho phuong trinh 2(1 —a’ )1:2 —2a’ +log, (a:2 + 3z + 3) =z* +log, (3:1:2 +61+2a” + 3) -4 v6i
a la tham s6 thuc. Goi T la tap hop tat ci cac gié tri ctia ¢ dé phuong trinh c6 nghiém, biét rang
= [c;d] khi do6 (d3 -c )5 thudc khoang nao sau day.

A. (650;750) B. (1000;1500)
C. (550;650) D. (200;450)
Lai giai

Vi 2(1—@2)372 -2a’ +log, (a;Q +33€+3)=ac4 +log, (3352 +62 +2a° +3)—4
& log, (¢* +3x+3)=(¢* +1) +24° (¢* +1)—4(a* +1) -1 +log, (32 + 6 + 24 +3)
e log, (a7 +30+3)+4(z” +1)+1= (2 +1) +20° (" +1) +log, | 3(s-+1)" +2a° | (1)
Véi log, (3(x +1)2 + 2a2)2 log, (2&2)= 1+log, a’, khi d6 phuong trinh (1) tuong ducong
log, (302 +3I+3)+4(l‘2 +1) > (:cQ —i—l)2 +2a’ (ZE2 -i—l)-i—log2 a’
< log, (ZL‘2 +3x+3) > (x2 +1)(x2 +2a’ —3)+1og2 a’
2’ +32+3>a” fg(m_%TJrég%
= (x2+1)(x2+2a2—3)=0<:> , 22 v
3-2a" =z2" 20

J_

—=<a S
S
_\/§§a<\f
2
3 [3 Y (BY] 218146
Nhu vay ta suy ra dugc T = —\/:;\/: = \/: o = ~ 669.
2°\2 2 2 8

Cau 57. C6 bao nhiéu gia tri nguyén ctia tham sé6 m trong doan [—10;10] dé he phuong trinh

v+ et +(ac2 +y° +z2).2‘42 = 4.(2"2 +4)
o c6 nghiém?
Xz

A. 17. B. 15. C. 16. D. 18.

2.4+ =3-m
x

Lol gidi
Cach 1.
Didukien z#0 . Taco 27+ +(x2 +1° +22).2Z2 =4.(2Z2 +4)
2727 4 (2t +yt+27) 27 = 4.(222 + 4) S by’ =4+16.27 -
S22 p gy =20 g (1).
Xeét ham f(u)=2"+u;f'(u)=2"In2+1>0,Vue R . Do d6 ham s6 f(u) dong bién tren R .
Khi do, (1)<::>:1c2 +y =4 o +y +25 =4,
z—06

=3- —3)z+2y+2=6(z#0
AL m< (m—-3)z+2y+2=6(z#0)

Ap dung bat déng thitc Cauchy — Schwarz ta c6
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[(m—B)2 +2° +1ZJ(332 +1 +z2)2[(m—3)x+2y+z]2

m=5

& (m’ —6m+14).4236 <> m’ —6m+520< .
m<1
Ma m e[-10;10] = m e {~10;—9;—8;—7;—6;—5;—4;—3;—2—1;0;1;5;6;7;8;9;10} .

Vay c6 18 gia tri cia tham s6 m thda man yéu cau bai toan.
Cach 2.
Dicukien 120 = 2> +y* +2°>0. Tacod

o+ Jr(ﬁc2 +y’ +22).222 =4-(222 +4) 27 -16=2" (4_$2 Y _22) ()

27+ _16>0

o (4_$2 L —z2)< 0 = (*) vo nghiem.

o Véi 2’ +y’+2° >4
27 _16<0

o (4_$2 _y _22)> 0:> (*) vo nghiém.

e VG6i 0<a’+y’+72 <4=>

Day 1a phuong trinh mat cau (S) c6 tam O(O;O;O) ,ban kinh R=2.

Xét phuong trinh 9.4, 27 6
r  x

Day 14 phuong trinh mit phiang (P) . Hé da cho c6 nghiem < (P) N (S) 2D d(O,(P)) <2
o 9 S2<:>\/m2—6m+1423<:>m2—6m+520<:>{m2 .
(m-3) +4+1 m<1
Do me [—10;10] vamel = me {—10;—9;—8;—7;—6;—5;—4;—3;—2;—1;();1;5;6;7;8;9;10} .

=3-m (x¢0)<:>(m—3)x+2y+z—620.

Vay c6 18 gia tri clia tham s6 m théa man yéu cau bai toan.
Nhan xét. Ky thuat danh gia & cach 2 ta sé tim hiéu & chuong sau.
Cau 58. Goi S la tap hop chita tat ca cac gia tri nguyen ctia tham s6 m dé co6 ding 2 bo s6 thuc

(z;y) thoa man dong thoi hai he thic (z - 12)2 +(y+ 2)2 =196 va

2+’ +22+4y+5

log? (26 +53).log, s +8log, m=0.
Tdng gié tri cac phan tit clia tap S bing
A. 2. B. 82. C. 81. D. -32.
Lot giai

Trén hé truc toa do Ozy , goi M (m;y) 14 diém c6 toa do théa méan cac hé thic trong gia thiét ctia bai

toan.
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Tw (:r—12)2 +(y+2)2 =196 ta c6 M nam trén dudng tron (C) c6 tam 1(12;—2) va ban kinh R=14.
Taco 2° +y° +2ac+4y+5=(95+1)2 +(y+2)2 =AM’ ; trong dé6 diém A(—l;—2).
Dé dang xac dinh duge 1< AM <27 nhu hinh vé bén trén. Mit khac, ta ¢
262 +53 =261 +53-196+(z—12)° +(y+2)° = (z +1)* +(y +2)* = AM".
Suy ra
P4yt +22+4y+5
729

log: (22 +53).1og, +8log, m=0

2

AM
< log2 AM? log.
&3 837799

+8log, m=0

< logi AM?.(log, AM? —6)+8log,m=0 (1)

Dat t=log, AM*, diéu kién 13 log, 1> <t <log,27* <> 0<t<6.Déy khi t=0 hogic t=6 thita co duy
nhét mot bo sé (z;y) va véi méi 0<t<6cho ta hai bo s6 (z;y), v6i hai vi trf cia diém M doi xing
qua IA . Khi d6 (1) tré thanh ¢*(t—6)=-8log, m < f(t)=t’—6t* =—8log, m (2).
Lap bang bién thién ctia f(t)=t" -6t tren [0;6].

e V6i -32<-8log,m<0 thi phuong trinh (2) c6 hai nghiém ¢,t, € (0;6) nén ta c6 4 bo (z;y) .

e V6i —8log, m =—32 <> m =81 thi phuong trinh (2) c¢6 ding mot nghiem ¢ =4 ¢6 hai bo (:v,y) .

e V6i —8log,m=0<>m=1thl phuong trinh (2) c6 hai nghiem ¢ =0;¢t =6 c6 hai bo (z;y) .

Nén m =1 va m =81 théa man diéu kién bai toan.
Vay téng cac phan tit clia tap S bing 82.

1 1
Cau 59. S6 cac gia tri nguyén clia m € (1;2020) dé phuong trinh zlnz +ze * —(ac +e® jm =mlnz -1

¢6 dang 2 nghiém thuec 1a
A. 2018. B. 2016. C. 2017. D. 2015.

Lot giai
Diéu kién z >0 . Phuong trinh tuong duong

1 1
zlnz+ze * —(ere ”]m:mlnx—l

1 1
sSzlhnz+ze * —mx—me * —mlnz+1=0

1

@(x—m)(lnx+e_’j=mx—1 (1)

VT=0

) =z =m khong la nghiém
VP =m’-1>0, Vme(1;2020)

e Trudng hop 1. Vi x=m, tacod {

clia phuong trinh.

1
. — -1
e Trudng hgp 2. V6i z#m , chia ci 2 vé ciia (1) cho z—m ta duge Inz +e * )
T—m
Cach 1.
- . mx—1 . 11 2 . 2 N
Dat f(x)zlnx+e I,g(x): . Ta co f(x):—+—26 ¢ >(0,Vz>0, suy ra ham so yzf(a:) dong
x—m T T

bién trén (0;+).
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Véi me (1;2020);9'(35) = 1——77122 <0,Vr=m.

x—m
Khi d6, v6i moi m e(1;2020) thi do thi ham sé f(z) va do thi ham s6 g(z) luon cit nhau tai 2 diém
phéan biét. Do d6, véi moi m e (1;2020) thi phuong trinh f(a:) = g(m) ludn ¢6 2 nghiém thuc phan biét
, 1 nghiém thudc khoang (O;m) , 1 nghiém thudc khoang (m;+oo). Ma meZ suy ra m=2;3;....;2019 .
Vay ¢6 2018 gia tri nguyén ciia m € (1;2020) théa man phuong trinh da cho ¢6 dang 2 nghiém thuc.
Cach 2.

1
bat f(x)zlnx+67—mx_1
r—m

,Vz#m,z>0. Khi d6 s6 nghiém ctia phuong trinh f(z)=0 chinh la s6

giao diém ctia do thi ham s6 y = f(z) va truc hoanh y=0. C6

1 2_
fla)=tete e Tl S0 vaem, a0, me(1;:2020)
r T (x—m)
Ta c6 bang bién thién

x 0 m +oo

f'(x) + +
+00 +00

f(x)

Dua vao bang bién thién ta thay do thi ham s6 y = f(z) luon cit truc hoanh tai 2 diém phan biét véi
moi m e (1;2020) . Ma m nguyén nén ta c6 m=2;3;...... ;2019 .
Vay c6 2018 gia tri nguyén ctia m € (1;2020) théa man phuong trinh da cho ¢6 dang 2 nghiém thuc.

Cau 60. C6 bao nhiéu gia tri nguyén duong ciia m nhé hon 20 dé phuong trinh

P R eS| 3 9
2 - r +mxr +x

zt+1

e

¢6 nghiém thyc duong?
A. 19 B. 16. C. 18. D. 17.

Lot giai
z#0
Dicu kién < 22 4 mz +1 0 Ta co6
TS

241 et emal 3 P 241 et ematl 2 2
o, T 4Amr+w >, Tz +mr+l
=—F—%e ' = . .
4
X

zt+1 +1 T

X

(&

a'+1 2 22 +mz+1

zt+1 — z°+mx+1

el v = ———¢l T (%)

T T
Xét ham sd f(t)=t"e",v6i 20, taco f'(t)=2te +¢’e >0,VE>0.

Do d6 ham s6 y = f(¢) dong bién trén [0;+ ).
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4 2
Phuong trinh (*) c6 dang f[ x le:]{ ’w] .
z x

\/£U4+1 \/x2+mx+1 2+l 2P+mz+1
Suy ra = P -

JIZ Z 2172 x

st —x+1=mz*.

TR SR S
om x+x2xx().

1 .o, 1 ‘
bat a=z+—, 2>0=a22 va x2+—2=a2—2.
x x

Khi d6 (**) trd thanh m=a* —a—2 (*¥**).

Phuong trinh (*) c6 ngiém thyc duong < (***) c6 nghiém a e[2;+ ).
Xét ham s6 g(a)=a’ —a—2 trén [2;+00).

C6 g'(a)=2a—-1>0,Va>2.Suy raham g(a) dong bién tren [2;+ ).
Do d6 g(a)=g(2), Vae[2;+o) < g(a)=0, Vae[2;+x).

meZ

=>me {1;2;3;...;19} .

Vay (***) c6 nghie 2; >0. Ms
ay( )cong iem ae[ +oo) om a{0<m<20

C6 19 gia tri cia tham s6 m thoa man bai toan.

Cau 61. Tim tap hgp tat ca cac gia tri ciia tham s6 m dé ton tai hai s6 thye z,y théa man

log, y= logy x va log, [m(x + y)] = logy (a: — y) +2.

A. (0;+). B. [1;+x). C. (L+). D. (0;1).
Lai giai
O<z,y=1
1 oy 1 log, y=1 z=y (loai)
Dieu kién <z >y . Taco log, y=log, z < log,y= = = ) .
>0 ’ log,y [log,y=-1 [y=2"" (nhan)

Véi y=1:>z>1:>x>1 (do z>0).
T T

Khi d6 log, [m(m + y)] =log, (w —y) +2 < log, |:m(x + lﬂ =log, (x —lj +2
x - x

< log, [m(m + lﬂ +log, (w - lj =2<log, {m(f - %ﬂ =2
T x T

4
T 1 1

oS —=1-— (*).
=1 m x *)

2 1 2
om|’-= =2 om=
T

D@ ton tai hai s6 «,y thi phuong trinh (*) c6 nghiem z > 1.

V6imoi z>1 thi 0<1—i4<1,dodédéth&amanbairatm 0<l<iemst.
T m

Vay m>1.

Cau 62. Vi méi ciip so thuc (z;y) théa manlog, (22 +y)=1log, (x2 +xy+7y2) luon ton tai mot so
thuc k& sao cho log, (3:1:+y)=10g9 (33}2 +4xy+ky2). Goi S 1a tap hop tat ci cac gia tri k& co thé

nhan. Téng cac phan tit ciia S bang?
A. 17. B. 10. C. 30. D. 22.

L3i giai
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Xét phuong trinh log, (2x + y) =log, (ac2 +zy + 7y2) (1)

. 20+y>0
biéu kién ) )
T 4+zy+T7y >0

Vé6i diéu kien trén, phuong trinh (1) tuong duong 2z +y =+/2° +zy + Ty

o4z’ +day+yt =2" +ay+7y° < 2 +ay -2y :Oc(x_y)(ﬁ%):()@{m:y? ©)
z=-2y

Xét phuong trinh log, (33: + y) =log, (3352 +4xy + ky2 ) (2)
3x+y>0

Diéu kiéen , ,
3z° +4xy+ky” >0

Véi diéu kien trén, phuong trinh (2) tuong duong 3z +y = /32" +4ay + ky’ (3)
Tu (*) ta c6 cac truong hop sau
e Truong hop 1. V6i x=y thi

0
Neody=1/ +k =1’  ok=9
9 2

e Trudng hop 2. V6i z=-2y thi

0
(3) = —by =47 + @{‘M k=21

21y° = ky’
Vay tap hop céc gia tri ctia S 1a {9; 21}.

Cau 63. Goi S la tap nghiém ctia phuong trinh (2’ —Qx) (3)2 -m =0, v6i m la tham s6 thuce. Co6

tat ca bao nhiéu gia tri nguyén ctia m €[-2020;2020] dé tap hgp S c6 hai phan ti?
A. 2094. B. 2092. C. 2093. D. 2095.

Loi giai

Phuong trinh (2" - 22:)1[(3)21 —m =0 c6 diéu kién xac dinh (3)21’ -m>0<s (3)21 >m.

e Néu m<1 thitapxac dinhla D=R.

e Néu m>1 thitap x4c dinhla D= [log2 (log, m); + oo) :
Taco (27 -22)(3)" -m =0 ’ Z% W :
(3) =m (2)
Phuong trinh (1) 2° =2z < 2" -2z=0.
Xét ham s f(z)=2"—2z,taco f'(z)=2"In2-2, f"(z)=2"(In2)’ >0,Vz eR.
Suy ra f'(z) dong bién trén R .
Ham f'(z) lien tuc, dong bién tréen R va c6 f'(1).f'(2)=(2In2-2)(4In2-2)<0, nén phuong trinh
f'(z)=0 c6 nghiém duy nhat z =g,. Hon nita f'(z)<f'(z,)=0,Vo <z, va f'(z)> f'(z,)=0,Vz >z,.
Ham s6 f(z) dong bién trén khodng (z,;+%) va nghich bién trén khoang (—w0;z, ). Trén méi khodng
do, phuong trinh f(:]:) =0 c6 khong qua mot nghiém. Suy ra trén R, phuong trinh f(:]:) =0 c6 khong
qué hai nghiem. Nhan thay f(1)=/(2)=0. Vay phuong trinh (1) ¢6 dang hai nghiem z=1z=2.

e Néu m <1 thi PT(2) vo nghiém nén yéu cau bai toan dugc théa man, két hop véi diéu kien
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m &[-2020;2020] N Z = m & {-2020;— 2019;...;-1;0;1} , c6 2022 gia tri ctia m .
e Néu m>1 thi phuong trinh (2) c6 nghiém la z =log, (log, m).
Dé yéu cau bai todn dugc théa mén thi 1<log, (log, m)<2 < 2<log,m<4<9<m<81.

Nhu vay c6 72 gia tri nguyén cia m 1la m € {9;10;...;80} .

Cau 64. Goi S 1a tap hgp tat ci cac gia tri ctia tham s6 m dé ham s6
1 2 4z 1 3z 1 Dz 2 a7
z)=—m'e" +—me” ——e" —(m " +m-—1)e
f( ) 4 3 2 ( )

khong c6 cuyec tri trén tap R . Tdng gia tri ciia tit ca cac phan t@ thuoc S bing

A. —2. B.z. C.l. D. 1.
3 3 3
Lai giai
Tap xac dinh D=R. Ta c6 f'(x) =m’e" +me* —e* —(m2 +m—1)e’
T :0 L
/ 6’[ ( ) xZO
f(e)=0e et =1 @ m2621’+(m2+m)e%+m2+m—1=0(*)

m’e*’ Jr(m2 +m)62‘" +m’+m—-1=0

Dé ham sb da cho khong cé cuc tri thi z =0 1a nghiém ctia (*)

m=-1
Thay =0 vao (*) ta dugc 3m’ +2m-1=0< 1
m=—
3
: 22 e =1 : , 2 g
e Viéim=-1 thi(*)<:>e =le| | 1(L)<:>x=O.Khld(’)f(x)kh@ngdéldauquam=0.
e =—
e'=1
e V6im== thi (*)=e” +4e" -5=0= 5, ©z=0
e =——(L)
4
Khi d6 f'(z)khong déi dau qua z=0.
Va]ymz—l,mzl:—le—g
3 3 3

Cau 65. Goi S 1a tap hop tat ca cac gia tri nguyéen duong ciia tham s6 m dé hé phuong trinh
(zy-1)4" = 2(x2 + y).212+”

2
2
(ZL‘+2— T +1) 18 /ac2+1

+ =m
2ry—y—1 2oy +z—2° —y+z’ +1

6 nghiem (z,y) théa man z va y la cdc sd thuc duong. Tich clia tat ca céc phan tit trong tap hop
S

A. 30. B. 42. C. 60. D. 56.

Lai giai
Nhan xét. Van nhu 16i khuyén é mot sé cau trén, vao phong thi gap cau nay nén bé ! Day 13 mot cau
trong dé thi thit cia mot SG nao do.
(xy—1)4“"‘“ =2(ZL‘2 +y).2"”2”’ (1)
Ta co 2 ’ e
+ =m (2)
2zy—y-1 2ay+r -1 —y -+’ +1
Do z>0,y>0 neén ti (1) taco zy—1>0(*).
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Phuong trinh (1) @2(@—1)&.22“@ =(2*+y)2"" o (20y-2).27"" = (2" +y)2" " (3).

Dt {uszy—Z i {u >0 (do(*))

’ v>0 (doz,y>())

V=2 +y
Khi d6 (3) trd thanh v.2" =v.2" (4). Xét ham déc trung f(¢)=t.2" v6i t>0,taco
f(t)=2"+t.2"Int>0 V¢>0.
Do d6 ham s6 f(¢) luon dong bién trén khodng (0;+o) .

Nhu vay (4)<:>f(u):f(v)<:>u:v o2y —-2=2"+y @(2x—1)y=m2+2:2x—1>0c>x>%.

2ry—y—1=1"+1 )
Taco 2oy —2=2"+y = vy thé vao (2) ta co
2y +r—2" —y=c+2

2
2

2’ +1 T+2++z" +1

ofzr2= e 2+ 8 @[ T+2 _1J2+ 8 s
N z+2+2° +1 Vr? +1 z+2 4
Vz? +1 Na* +1

bat t= z+2 v6i xe[é&ooj .

Vo' +1

1-2x 1 1
Taco t'=——F———=<0, Vz>—,dodovéi z€| —;+o0 | thi te(L,/5]).
(w2+1)\/x2+1 2 (2 j ( )
18
Khi d6 1) = )
ido (5)<:>(t ) +t+1 m (6)

S 2 2 18 .. ] ,

Xét ham so g(t)z(t—l) +m v6i te(l,\/g).Taco
18 2(t +£-t-10)

"(t)=2(t—-1)- = ‘ :9'(t)=0=>t=2.

Theo yéu cau bai toan thi phuong trinh (6) c6 nghiém t e (1;\/5) &S7<m<9 .

Theo dé bai meZ nén me S ={7;8}.
Vay tich cac phan t& ctia S 1a 7.8=56

Cau 66. Cho ham s6 f(z)= ga:% + %xQ —%x —3.Goi S 1atap hop tat ca cac gia tri nguyén duong ctia

tham s6 m dé bat phuong trinh [m2 +2(m—2"")+2.2/® —3}(2 —g8 2] <0 nghiém dang véi

Vz e R .S6 phan ti ctia tap hop S 1a
A. 3. B. 1. C. 0. D. 2.

Ldi giai

Nhan xét. Nhu cau trén!
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Vi [mQ +z(m—2"") 2.2/ —3](2—28” D jso (1) nghiém déng véi Vz e R, suy ra didu kien

can la (1) dng khi =0, tic 1a

[m2 +2.2f(°)—3](2—2*2)30@ —Vil Smsﬂ.
9 2

Do meN = m=1. Thitlai, v6i m =1 bat phuong trinh da cho trd thanh

5 3

30,88
[1+x(1—2f’<‘”))+2.2f("’)—3}{2—281 e 2js0©2(1—2f(‘”))2(x—2)ﬁo (2)

Ta thiy = =3 khong phéi la nghiem ctia (2) do d6 m =1 khong théa man yeu cau bai toan.
Vay s6 phan tit ctia tap hgp S 1a 0.

Cau 67. Cho phuong trinh log? (52)—6log] (%j —(11+m)log; +3+m =0 (mla tham s6 thuc). Tap

hop tat ca cac gié tri clia tham s6 m dé phuong trinh c6 ba nghiém phan biét thuoc doan [1;625] la

A. (1;2). B. [1;2] . C. (2+). D. (1;2].

Lot giai
Diéu kién z >0 . Phuong trinh tuong duong

log; (5z)—6log? (%j—(11+m)10g5 z+3+m=0

<::>(1+10g5x)3 —6(10g5a:—1)2 —(11+m)log5x+3+m20 .
Dit ¢ =log, z ta dugc t* —3t* +(4—m)t+m—-2=0 (*).
Véi ze[1;625] thi ¢ €[0;4] nhu vay ta can tim tat ca cdc gia tri ciia tham s m dé phuong trinh (*)
¢6 ba nghiém phan biét thudc doan [0;4] . Ta co
) t=1
() (t-1)(# —2t+2-m)=0] :
1222t 42-m=0 (**)
Vay ta can tim m dé (**) c6 hai nghiém phan biét khac 1 thudc doan [0;4] )

Tacoé t* —2t+2-m=0=m=t>-2t+2.

Suy ra diéu kién ctia m 1a m e(1;2].

Cau 68. Cho phuong trinh 4™ -3z +log, (m—x)—2m+2=0véim la tham s6 thuc. Goi S 1a tap tat
c& cac gid tri m nguyén dé phuong trinh da cho c6 nghiem thuoc doan [-1;1]. S6 phan tit ctia S 1a

A. 3. B. 6. C. 5. D. Vo6 sb.

Loi giai
Nhan xét. Bai toan nay tuong dbi hay, cac phuong phap ta da hoc & trén gan nhu khong thé phat
huy téc dung trong bai todn nay, tuy nhién dé § ring vé trai la mot ham nghich bién, khi dé ta c6 15i
giai nhu sau.
Diéu kien m—-z>0< z<m . Dé phuong trinh da cho c6 nghiém thudc doan [—1;1] thi m > -1.
Xét ham s f(z)=4"" -3z +log,(m—z)-2m+2.
Trudng hop 1. m >1
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Taco f'(z)=—4".In4-3- <0,Vz €[-1;1] nén ham s6 nghich bién trén doan [-1;1].

(m—z)lnél
Do d6 I[r_llal}](f(:zr)zf(—l),r[{llllr]lf(x)=f(1) Vi f(:r) 13 ham s6 lién tuc trén doan [—1;1] nén phuong
trinh f(x):() ¢6 nghiém thudc doan [—1;1] khi f(l)SOSf(—l).

f(-1)=log ,(m+1)-2m+920 (1)
< 3

f(1)=10g4(m—1)—2m—ZS0 (2)

Xét bat phuong trinh (1), tacé log,(m+1)—2m+9>0< log,(m+1)-2(m+1)+11>0.

1 1
Dt g(t)=log, t—2t+11 v6i te(24w), g'(t)=———-2=0e>t=—— . Suy ra g'(£)<0,Yt e (2+w).
Vé& bang bién thién thi ta thay nghiém ctia bat phuong trinh (1) 1a 2<m+1<6. Suy ra
me{2;3;4;5}.

—-2=0&2z= .
zIln4 41n?2

bat h(z)=10g4z—22—14—1 v6i 2>0.Taco h'(z)=

Vi h(411 2} <0 nén h(z)<0,Vz. Do d6 bat phuong trinh (2) ding véi moi m >1.
n

Vay trong truong hgp 1, cac gia tri théa méan la m e {2;3;4;5} .
Truong hgp 2. m=1
Phuong trinh da cho tré thanh 4™ -3z +log, (l—x) =0. Xét ham sb p(x) =4" -3z +log, (1 - x) la

ham s6 lién tuc trén doan {0;%} va p(O).p[%j<0 nén phuong trinh p(a:)zO c¢6 nghiém thuoc

khoang [O;%J. Do d6 m =1 thoéa man yéu cau bai toan.
Truong hop 3. m=0
Phuong trinh dé cho tré thanh 47 -3z +log, (—z)+2=0.

Xét ham s6 ¢(z)=4"" -3z +log, (—z)+2 la ham s6 lien tuc trén {—1;—%} va q(—l).q(——j<0

nén phuong trinh q(m) =0 ¢6 nghiém thudc khoang (—1;—2—;6j .
Do d6 m =0 thoéa man yéu cau bai toan.

Vay tap hgp cac gia tri cia m thoéa man 1a {0;1;2;3;4;5} .

Cau 59. C6 bao nhitu m nguyén duong dé bat phuong trinh 3*** —3° (3”’+2 +1)+3m <0 c6 khong

qua 30 nghiém nguyeén?
A. 28. B. 29. C. 30. D. 31.

Loi giai
Xét bat phuong trinh  3**% —3° (3"H2 + 1) +3" <0 (%)
N (3“+2 —3?”.3’”*2)—(31 —3’”)< 0 < 9.3 (31 —37")—(31 —3" ) <0 & (9.31 —1)(31 —37")< 0
. {9.3-’”—1<o {x<—2
e Trudng hgp 1. &= .
3"=-3">0 T>m

Tap chi va tu liéu toan hoc | 92



Phuong phap gidi toan cic tri mi — logarit |

Do m >0 nén trusng hgp 1 loai.

. 9.3 1> 0
e Truong hop 2. { & -2<r<m
3" 3" <0
Do BPT (*) ¢6 khong qua 30 nghiém nguyén va m >0 nén 0<m <29.

Vay c6 29 gia tri m nguyén duong thda man deé bai.

Cau 70. Goi m, la gia tri nhé nhat dé bat phuong trinh sau c6 nghiem

1+log, (2—-z)—2log, (m—§+4(\/2—$ +\/2x+2)JS—log2 (z+1)

Meénh dé nao sau day ding?
A.m, €(8;9). B. m, €(9;10).
C. m, €(-10;-9). D. m, €(-9;-8).

Lot gidi
Dicukién 1<z <2.Dat t=v2-2 +22+2 :te(\/§;3]

Bat phuong trinh tuong duong

o log, (2—:1:)(2x+2)SlogQ(m—ngél(\/EwLM)j
o f2-o)(2rr2)sm-2 + (V2= +202)

o \(2-2)(20+2) + - 4(V2-o +2a+2)<m

L dr<m, 1e(3:3]

2

. t
Ta xét bat phuong trinh

2
Xét ham 6 f(t) =tT—4t te(3;3]
Taco f'(t)=t-4<0,Vie (\/§;3] , suy ra ham s6 f(¢) nghich bién trén (\/5;3} .
= f(t)2 /(3 )=__ vie(v3;3]
Bat phuong trinh da cho ¢6 nghiém khi va chi khi bat phuong trinh f(t) <m cénghiém te (\/5;3] .
19 19

Do do6 m>(nJ1_1§ﬁf( ) —?:mo =—Ee(—10;—9).

Cau 71. C6 tat ca bao nhiéu gia tri thuc clia tham s6 m e [—1,1] sao cho phuong trinh
log ., (ac2 +1° ) =log, (22 +2y—2)

c6 nghiém nguyén (z,y) duy nhat.
A.3. B.2. C. 1. D. 0.

Ldi giai

R 29t zy=0
Diéukién{ vy >0 <::>{$ 4

20 +2y—2>0 T+y>1
z’+y° =(m2 +1)t

Ta c6 logmz“(xz+y2):log2(2x+2y—2)=t3{ 97 42y — 2 = 9
rT+2y—z=

Suy ra @ +y —20 -2y +2=(m* +1) —2' & (z-1) +(y-1) =(m* +1) ~2'20=(m* +1) 22 (1).
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Theo baira me [—1,1] om'+le [1,2] =>m’+1<2 (2) .

Tu (1)va (2 .
u( )va( )suyra {m2+1=2

Truwdong hgp 1.V6i t <0 .Ta co 2x+2y—2=2‘£20:>m+ysg.

. . ex 1e 3
Keét hgp véi dieu kién suy ra 1<m+y£§

Ma theo bai ra x ,y nguyén nén khong c6 gia tri nao ciia z ,y théa man yéu cau bai ra.

Trudng hop 2. V6i m* +1=2< m=+1.

Khido (z-1) +(y—1)" =(m* +1) -2 =2 -2 =0@{x_1 (thoa man).
y:

Vay v6i m =+1 phuong trinh log , | (m2 +1 ) =log, (Qz +2y— 2) c6 nghiém nguyén (m,y) duy nhat.

Cau 72. C6 bao nhiéu s6 nguyén m dé phuong trinh log, (3’ + Zm) =log; (3’ - m2) ¢6 nghiém?

A. 3. B. 4. C. 2. D. 5.
Loi giai
bat t=log, (3‘" + 2m) =log; (3”’ - m2) . Taco
T __ ot
SIS mam?=3 5 =(m+1) =3 =5"+1 (%)
31_m2:5t

Xét ham s f(t)=3"-5'+1.Taco f'(t)=3'In3-5'In5=0<t =log, (log,5) =t, va

t——0 L—>+0

i

lim f(t)=1, lim f(t)= lim 5 [(%) —1+5—1,j =—0.
Nhu vay phuong trinh c¢6 nghiém khi va chi khi

(m+1)" <f(t) o —f(t) -1<m < Jf(t,) +1 & -2,0675... <m < 0,0675...
Ma meZ nén me {—2;—1;0} .
Tht lai cac gia tri ctia tham s6 m vao hé ban dau ta thay déu c6 nghiém.
Cach 2.
Nhan xét, néu m =1 thi 3" +2m>3" —m* = log, (3" +2m)>log, (3" +2m) > log, (3" —m”).
Néu m <-3 thi 2m>-m” nén 3° +2m>3"-m>>0 va 3 >m*>>-2m—-m  hay 3" +2m>-m=>3.
Khi do log, (3" +2m)>log, (3" +2m)>log, (3" —m”).
Do d6 phuong trinh da cho v6 nghiém v6i m >1 hoac m <-3.
Véi m e {~2-1;0}, bing cach thit lai ta thiy théa man. Vay c6 3 gid tri ciia tham s6 m .

Cau 73. Goi S la tap hgp cac gia tri cia m , sao cho hai phuong trinh
22" +1=3" va m=3"-22" +z -1
c6 nghiém chung. Tinh tdng cac phan tit ctia S ?

A.g. B. 1. C. 6. D. 3.

Lai giai
Dé hai phuong trinh ¢6 nghiem chung thi hé phuong trinh sau phai c6 nghiem
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22> +1=3"

{sz‘”—2z2+z—1
Tacé m=3"-22" +z-1=>m=3"—(22"+1)+2=3"+2-3" =3 +2=3"+m.
Xét ham sd f(u)=3"+u,tacé f'(u)=In3.3"+1>0,VueR
Neén f(u) dong bién. Khid6 3" +2=3"+m< f(z)=f(m)ez=m.
Taco 22° +1=3". Dat f(:r) =22" +1-3" xac dinh va lién tuc trén R | (g
f'(m)=4:13—3’.1n3
f”(x)=4—3’.ln23
f"'(x)=—31.1n33<0
Suy ra phuong trinh f(:v) =0 c6 toi da ba nghiém phan biet. D& thay f(O) :f(l) :f(2) =0 ma nén
phuong trinh f(m) =0 c6 ba nghiém phan biét la z =0,z =1;2 =2.
Vay m=0m=1m=2.

Cau 74. C6 bao nhiéu gia tri nguyén ctia tham s6 a trén doan [—10;10] dé phuong trinh
e —e' =In(l+z+a)-In(1+z)

c6 nghiém duy nhat.
A. 2. B. 10. C. 1. D. 20

Lot giai
Didu kien xéc dinh {”’ tlra>0
z+1>0

Phuong trinh tuong duong véi e —e” —(ln(l +T+ a) —ln(l + x)) =0.
bat f(z)=e¢"" —¢", g(z)=In(1+z+a)-In(1+z), Q(z)=f(z)—g()
Phuong trinh da cho viét lai thanh Q(z)=0

e V6ia=0 thi Q(z)=0 (luon ding v6i moi & thod man (¥)).

e V6i a>0 ¢ (*) tuong duong véi z>-1, f(z) dong bién va g(z) nghich bién véi z > -1
Khi d6, Q(z) dong bién véi z>-1. (1)

lim Q($)= lim e’+“—ez—ln1+$+a = lim | —¢e" =In| 1+ ¢ =—00
s—(-1)" s—(-1)" 1+z a—(-1)" 1+z
Ta co (2)
, a
lim Q(z)=lim|e"(e"—1)—In| 1+ =+00
fL'—>+ooQ( ) 1'—>+00|: ( ) ( 1+2x j:|

Két hop (1), (2) thi phuong trinh Q(z)=0 c¢6 nghiém duy nhat.
Véi a<0 c6 (*) tuong duong véi z>-1-a, g(x) dong bién va f(z) nghich bién véi z>-1-a.
Khi d6, Q(z) nghich bién véi z>-1-a. (3)

Ta co

a;ﬁ(—l—af z—(-1-a 1+2x

tin 0()= i (¢ ~1) -1 172 ) -

lim Q(z)= lim [e’”"’ —e’'—In Lres aj = lim {e”’*”’ —e" — ln(l + -2 H =400
) )
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Ké&t hop (3), (4) suy ra Q(2)=0 c6 nghiém duy nhét.
Do a 1 s6 nguyén trén doan [~10;10] nén két hop 3 truong hgp trén thay c6 20 gia tri clia @

thod man diéu kién ctia bai.

Cau 75. C6 tat ca bao nhiéu gia tri thuc ctia tham s6 m sao cho phuong trinh
long+ — (x2 +y ) =log, (2:1: +4y - 5)
c6 nghiém nguyén (z;y) duy nhéat ?
A. 2. B. 3. C.1. D. 6.

L3i giai

Diéu kién -1<m<1.

Taco V2 <m+1+41-m < 2(m+1+1-m)=+2.2=2
jlongT+ — (z2 +y2)210g2 (xz +y2) = log, (2:1:+4y—5)210g2 (acz +y2)

=2z +4y—-5>2" +1° <:>(m—1)2+(y—2)2S0 @{x:;
y:

Véi z=1,y=2=log — —(5)=log,(5)=m=0

Thtt m =0 lai thay théa man.

Cau 76. So gia tri nguyen ctia m thuoc khoang (—2000;2000) dé 20V V" > . flog b +1 véi
moi a,b e (1;+00) 1

A. 2199. B. 1999. C. 2000. D. 2001.

Lai giai

Y

y=mt+1(m<0)

+1

O t

bat t= \/@:ﬁ >0,Va,be (1;+oo) , khi d6 2a 0%t _plese 5 log, b+1,Vabe (1;+oo) tré thanh
a' >mt+1,vt>0.
Bing do thi dé thay, néu m <0 thi a' >mt+1,Vt>0
Néu m>0 thi dudng thing y=mit+1 luon di cdt d6 thi ham s6 y=a' tai diém (0;1) va phai ndm
gitta dudng thing y=1 va duong thing y=tlna+1, (dudng thing y=tIna+1 la tiép tuyén cia do

thi ham s6 y=a' tai diém (0;1)). Do d6 0<m <Ina. Tl 2 trudng hop suy ra m<Ina,Va>1=m<0.

Vay P

min

=22 , dau bing x4y ra khi
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Cau 77. Cho ham sb6 yzf(x) c¢6 dao ham f'(:v)z(m—m—Q)(ac— 4—m’ )3 ln(x+1) vGi moi gia tri

cliaz € (—1;+) , trong d6 m1a tham s6 . C6 bao nhiéu gia tri nguyen ctia m dé ham s6 y = f(z) dat

cuc tidu tai z=07
A. 3. B. 4. C.5. D. 2.

Lot giai
Diéu kien 4-m* >0 < me[-2;2]

Tacs £(0)=0(vmel-22])
f”(:l:)=((:z:—m—2)($—M)3J’ln(z+1)+(aj—m—2)(z— e

Suy ra 17(0)=(-m~2)(~A—m |

X6t 7(0)>0 ¢ (-m—2)(~1-m | >0 @{W’&O@{mﬂ

-m—-2<0 m>-2

Vay co6 3 gia tri m nguyén thoa ménla m=-1; m=0; m=1.

Xét f(0) =0 (-m—-2)(—a-m’ )3 —0e [m =2

m=2

V6i m=-2 thay vao f'(z)suyra f'(z)=2"In(z+1). Bing xét dau

€ ‘1 0 +00

f(@)
Vay m =-2 thoéa man yéu cau bai toan.
Véi m=2 thay vao f'(z)suyra f'(z)=(z-4)2’In(z+1). Bing xét dau

x ‘1 0 4 400

f(a) - 0 - 0 4

Vay m =2 khong théa man yéu cau bai toan.

C6 4 gia tri nguyen ctia m dé hamsé y = f(m) dat cuc tiéu tai z=0.

Cau 78. Cho ham s6 f (x) c6 dao ham lién tuc trén R va c¢6 bang bién thien nhu hinh duéi day

T |[—-oo -2 1 2 +o0

H “+00
! 4

f'(x) E \ /
' 0

—00

Goi S 1a tap hop tat ca cac gia tri nguyeén duong clia s6 thuic m sao cho ham s6
2020, 2-— ?
g(x):f(x+1)+ﬂln $+%+3x+4ln(2—x)
m
nghich bién tren khoéng (~1;1). Tinh téng tat ca cac phan tit thuoe S ?
A. 81810. B. 5151. C. 1275. D. 127765.

2+

L5i giai
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| Chuong 2. Céc bai toan lien quan t6i tham s6

Tap xac dinh ciia ham s6 g(x) 1a D=(—2; 2). Ta co g'(ac)zf’(x+1)—@4 1 5 +3—2
m 4-x -

Ham s6 g(z) nghich bién tréen khoéng (~1;1) khi va chi khi ¢'(z)<0, Vz €(-11) (do ham sb g¢'(z)

chi c6 thé bing 0 tai hitu han diém trén (—1; 1) )
c:f($+n+x+3—2fxgnif?lw<:{4_$gf(x+n_xs_&f+4s

(do 4-2">0,Vze(-1;1)).

Dit t=2+1.Khi ze(-11) thi t(0;2).

8080
m

, Voe(-1;1) (1)

Phuong trinh (1) txd thanh [ 4-(1=1)" | /(1) ~ (1 -1)' ~3(¢ -1 +4< >0
m

¢>(3+2t—t2)f(ty+2+3t—t3s8080
m

, Vie(0;2) (2).
Ta c6 ham sb h(t) =3+2t—¢* lién tuc tren (0; 2) c6 bang bién thién nhu sau

t 0 1 2

1
h(t) /,/f’/f \\\\\\\
3 3

Suy ra 3< h(t) <4 Vte (O; 2). Ham s6 k:(t) =2+3t -1’ lién tuc trén khoang (O; 2) .
Taco k'(t)=3-3t"; k'(t)=0<t=+1. Bang bién thién ctia ham s6 k() trén khoang (0;2) 1a

¢ 0 1 2

K'(t) + 0

4
k(t) / \
2 0

Suy ra 0<k(t)<4, Vte(0;2). Dua vao bang bién thien ctiaham sé f' ta thay
J'(t)e(0;4], vie(0;2).

Tir d6 ta thay g(t)=(3+2t—t").f'(t)+2+3t —° <20, Vte(0; 2) .
8080

m

Do d6 (2) théa man khi va chi khi 220 m<404 suyra S = {1;2;...;404} .

. R 1+404
Vay tong cac phan tt cia tap S la %.404 =81810.
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Cac ky thuat danh gia nang cao

0 chuong 1 ching ta da tim hiéu cac danh gia va ki thuat co ban dé xit Iy cac bai toan mii — logarit,
tuy nhién titng day thoi la chua di, trong thuc té chting ta gap rat nhiéu cac bai toan yéu cau can phai
c6 ky thuat gidi quyét nhanh va manh hon, thay vi chi st dung cong cu dao ham hay bién doi thong
thuong. Truéc tién ta c6 bai toan mé dau sau.

Bai toan. Cho 2 s6 thyc a>0,b>0 théa man log,,..,., (160,2 +b° + 1) +1ogg,,., (4a+5b+1)=2. Gia tri

ctia biéu thitc a +2b bing?
A9 . 6
5. 2 : p 2
3 4

Cau 43 ma dé 105 — Bé thi THPT Qubéc Gia mén toan 2018

Nhan xét. Day 1a mot bai toan tuong déi kho trong dé thi THPT Qudbc Gia 2018 véi nhiéu ban hoc
sinh chua dugc trang bi kién thitc vé bat ding thitc AM — GM, tuy nhién néu da nim dugc bat ding
thitc nay thi bai toan nay dé dang nhan ra diém méau chét ctia né, tit do ta dan téi loi giai sau.
L3i giai. Theo bat ding thiic AM — GM ta c6 16a° +b° >8ab . Tt day suy ra.
VT >log, 5., (8ab+1)+logg,,,, (4a+5b+1)>2
a,b>0 3
Dau “=" x4y ra khi va chi khi {16a? = b ol T2
logy,,,, (4a+5b+1)=1 |b=3 !

Vay chon dap an D.
Chu §. Ngoai phép danh gia dau ta con sit dung thém danh gia sau.

log, b+log, a=log, b+ 1 >2 logab-Lzz
log, b log, b

Bai toan trén chi la md dau cho mot 16p cac bai todn c6 gia thiét ling nhing va yéu cau dé bai 1a phai
tinh mot biéu thic nao d6, thi da phan mau chét ta sé phai di chitng minh V7T >VP hodc VT <VP,
tit d6 chi ra duge dau clia ding thitc. Sau day ta sé cting di tim hiéu sau hon vé titng ki thuat mot.




| Chuong 3. Céac ky thuat danh gia nang cao

1. S& dung phuwong phap danh gia bat dang thiic.

Noi dung chinh ctia muc nay 1a dé cap t6i cac bat déng thiic phu, cac bai toan wdc lugng khé hoic cac
bat dang thiic ¢6 dién nhu AM — GM hay Cauchy — Schwarz va cac danh gia co dién khac.

Cau 1. Cho 2 s6 7,y >0 théa man diéu kien 4log, 2z.log, 2y =log) 4zy . Goi M,m lan lugt la gia tri

5 1+ .
16n nhit va gis tri nhd nhit cta bidu thic P =2"""1+2" Biét Mn=a2 ¥ véi a,b la cac sb
nguyén duong va a,b> 0. Tinh gia tri ctia biéu thic o’ +b°
A. 31 B. 32 C. 33 D. 35

Loi giai
Bién doi gia thiét ta co.
4log, 2z.10g, 2y =log, 4zy < 4log, 2z.1og, 2y = (log2 2z +log, 2y)2
= (1og2 2z —log, 2y)2 =0 log,2z=log,2y = z=y

Thé vao gia thiét ta duge P =h(z)=2""+2"(t€[0;1]). Dat ¢ =|sinz| khi do ta dugc

F(t)=2+27F = p(1) =22 -2 o
1-t
te(0;1)
Ta c6 f'(t)=0©2‘1n2=%2ﬁ-71n2© ot ot .
- e
Xét ham s6 g(a)zz trén khoang (O;l) ta co g'(a)=M<0Vae(0;1).

2
a a

. f 1
Do doé g(a) nghich bién trén (0;1) vi vay ta dude t=+1-t> & t=—

{2

Mat khac ta lai ¢ f(O) = f(l) = ?);y(L = = 1

—

1
maxP =2 ¥

N5

Ll minP =3
2

Chon y D.

Cau 2. Cho z>2,y>1 thdéa méan log2§.log2£.log§ 2yu=4. Dat P=2"+2". Ménh dé nao sau day
Z Y

dang?
A. 18<P<19 B. 19<P <20 C. 20<P<21 D. 17<P<18

Lai giai
Nhin thoang qua thi nhiéu ban sé cho ring day 1a dang toan rit thé dé tim min, max, tuy nhién & bai
nay ta phai sit dung dén kién thitc ctia bat ddng thic. Bién ddi gia thiét ta co.
log, §.log2 E.logg =4 (3 —log, gz:)(log2 z —log, y)(log2 y+ 1)2 =4
z Y
Theo bat ding thiic AM — GM ta c6
log,y+1 log,y+1
2 2

(3 —log, sc)(log2 r —log, y)(log2 y+ 1)2 = 4(3 —log, ac)(log2 z —log, y)

log2y+1+log2y+1 !

av-cv | 3—1og, z +log, v —log, y+

< 4 y 2 2 —4=VP
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Phuong phap gidi toan cic tri mi — logarit |

DAu “=" x4y ra khi va chi khi .
Y IOgQ—yH log2 Y= 1 Y= 1

3-log, z=log,z—log,y log, z=2 v=4
: =N
3-log,z

Tw dosuyra P=18<19.

Cau 3. Cho hai s6 thuc 7,y >1 théa man diéu kien.

2($+y)

10 —210 4:1: +1
g291:2+4y2+1 g, (4zy+1)

|log2 Q(x + y)| +

Gié tri 16n nhat ctia biéu thic f(z,y)=2zy ++/z+2y —z” —4y* béng?

A. L B. 2 C. 3 D.
2 3 4

| w

Lot gidi
Nhin hinh thitc bai todn khéa cong kénh, thay rang bai toan c6 chita dau tri tuyét déi nén ta sé nghi
ngay t6i bat ding thic lien quan t6i né. Ap dung bat déing thic tri tuyet dbi ta co.

2(z+y Prdyt+1
|log22(x+y)|+ logQ#sz)r1 =|10g2 (x+y)+1|+ 1—10g2%
2 2
:|log2 (x + y)+1|+ log, Trdy Al > ‘log2 (332 +4y° +1)‘ =log, (ac2 +4y° +1)
T+y

Miit khéc theo bat dédng thitc AM — GM ta lai ¢6 log, (ac2 +4y” + 1) >log, (4xy + 1) =VP
r+4y° +1
1-log, ————— |(1 1
DAu “=" xay ra khi v chi khi ( Ty ]( og, (¢ +y)+1)
T =2y
Thé vao f(z,y) ta duge f(z,y)=g(z)= N
Ta co g'(x)=0©L=2x<:>x=1:>ma})< (x):g(lj:%

\/% 2 [1:+cx> g 2

Chon y C.

Cau 4. Cho hai s6 thuc z > g >y >(thoéa man diéu kien

log, (3z—y — /
42& T )\/42 14 log2 —log2 3x y

Khi d6 biéu thitc P =4zy c6 bao nhiéu udc s6 nguyéen?
A. 2 B. 4 C.5 D. 8

Lai giai
Bién ddi gia thiét ta dugc.

1
Lors (B 20) T o, 2 <o, (30-0)
= ].Og2 (3113 - y)\/m+ 421:75;1/71\/m — 10g2 (3117 _ y).421:73y—1

Theo bt déng thitic AM — GM ta co.

2x-3y-1 _ 421—33/—11 _
o log2(3x—y)\/mglog2(3x_y).4 y2 1+1 052(335 y)
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2z-3y-1 _
o g2 W < 421 108y (32:—2 y)-1+1_ 47 1o§2 (3z—y)

Cong 2 vé bat dang thiic ta duge VT <VP

42.1,—3]/—1 — 2 3 xTr=

. 2r—3y ==
Déu “=” x4y ra khi va chi khi =S o
log, (396 - y) =2

3r—y=4 Y=

N = N

Vay P =4xy=3 c6 tat ca 4 u6c s6 nguyeén la +1,+3
Chon y B.

(:t—?y)1 +1

Cau 5. Cho hai s6 =,y > % théa man diéu kién = # 2y dong thoi 2 (=20 (e“y - (z+y- 2)) =4e’.

Dat P =z +y. Héi ménh dé nao sau day dang?
A. P>5 B. minP=1 C. P<3 D. maxP =4

Lai giai

Day 1a mot cau kha 1 hay chic hin nhiéu ban sé nihi t6i phuong phap danh gia dau tién, ¥ tudng do
14 diing nhung trude tién ta can phai biét t6i 1 bat ddng thitc phu sau.
Bat diang thitc phu hay gip. e’ >z +1
Chitng minh. Xét ham s6 f(z)=¢" —z-1= f'(z)=¢"-1, f'(z)=0=2=0

:minf(x)zf(O)zO:e’ >r+1Vz
Bién doi gia thiét ta dudgc.

(2-29)'+1 (z-29)"+1

9 (2-24) (6:)7+'y _ 2 (m by 2)) =4 <9 (s-2y)° (6'1?+y—2 _ (m +y- 2)) =4

Ap dung bét déng thic phy trén ta co. ™2 — (x +y— 2) >1
2y,

Mat khéc cing theo AM — GM ta c6 2 (20 _g (=20) > 92 24

2
Vay VT >4. Dau “=" khi va chi khi {(m—Qy) =yt

T+y=2
Chon y C.
Cau 6. Cho hai s6 thuc duong z,y théa man diéu kién
2
92 4 1 == logyﬁy—z%x (l‘ R 1)
Tim gia tri lén nhat ciia biéu thic P = log,, (y = g;).22’”’4y
1 1 1 1
A. > B. — C. - D. —
2 4 8 16
Loi gid

Dén bai nay sé khong con dé& nhu nhitng bai toan trudc nita, ta can mot chut ki ning bién doi dé co
thé c6 them dinh hudng giai bai toan nay. Bién ddi gia thiét ta dugc.

5 1
—_—= 2 _]. 2 2 1 or2y 1 2 -
2.1:—2y +1 Ogl/ ty-TT -z (x+y+ )c> 2172?, +1 10gz+y+l (x+y+1)(y_x)
= 2 2- ! = 2 + . =2
2‘%2"(/ +1 - lOg;1>+y+1 (y - I) +1 217% +1 10g1¢+y+1 (y - l‘) +1 )

Khi d6 P viét lai thanh P=log,, ,, (y—=).(2"*)’
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2 a=lo THy+ -
Dé don gian ta dit Bovyet (8 ):i+ L =2:>a=ﬂ—1
h=29%% b+1 a+1 2b
) b*(1-b) b(1-0b
The vao ta dugc P = ( )= ( )Sl
2b 2 8
Chon y C.
~ .z , .1 1 5 5
Cau 7. Cho hai so thuc duong z,y théa man — +—+—F——+—Inay=—.
Ty x4y 2 2
Héi c6 bao nhiéu s6 nguyén duong khong viugt qua z+y?
A. 0 B. 1 C. 2 D. 3

Lol gial
V6i bai nay ta sé sit dung céch don bién vé dai lugng zy. C6 thé thiy 1a vé trai la da thiic dbi xiing nen

1 1 5 5

1 :
tacho r=y=>—+—+ =——_ Vay bai toan sé thém bét nhu sau.
x

v 2t +y 220 2y

22%y (x2 +y2) 2
Xét ham s5 f(t)zt—lnt(t>O):>f'(t):g(l—%j,f'(t)=0<:>t=1:>f(t)2f(1):g
Vay VT >VP.Dau “=" x4y rakhivachikhi z=y=1
Chon y C.

Cau 8. Cho 2 s6 thuc z,y théa man 4° —2°*! +2(2z —1)sin(2’ +y—1)+2 =0.

bat P=sin®"(y+1)+2z™"*. Héi ménh dé nao sau day ding?

A. P=1 B. P=2 C. P=3 D. P e[4;5]

Loi giai
Bién doi gia thiét ta dudc.
47 =2 42(2° =1)sin (2" +y—1)+2=0
(2 =227 +1)+2(2" ~1)sin(2" +y—-1)+1=0
& (27 2.2 +1)+2(2" —1)sin (2" +y—1)+sin’ (2" +y—1)+cos’ (2" +y—1)=0
= (2]” —1+sin(2" +y—1))2 + cos’ (QI + y—l) =0 jo; Zl;(fyi?)_:l[))z !
Vi cos’ (27 +y—1)=0=>sin(2" +y—1)=+1.

e Néu sin(2’ +y —1) =1=2" =0 - Phuong trinh v6 nghiém
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o Néusin(2 +y-1)=-1=2"=2=z=1=sin(y+1)=-1

Vay gia tri ciia biéu thitc P=2.
Chon ¥ B.

Cau 9. Cho hai s6 thuc z,y>1 théa man didu kien log’ 2z = 2log’ (y2 +1)(log§ x+1). Tinh gia tri

ctia biéu thitc P =log, ($ + y)
A. log,3 B. log,5 C. 1 D. 2

Lol gial
Y tudng bai nay giong véi bai 12, nhung hinh thitc da don gidn hon rat nhiéu.
Bién ddi gia thiét ta co.

(log2 (a:) + 1)2
log’ 2z =2log} (y2 +1)(log§ x+1) & IoggT =2log’ (y2 +1)
1)’ _9¢?
Xet ham £(1) =S (12.0) = ()= 252 (1) =05 =15 £(1)< (1) =2
t+1 (£ +1)

(log2 (a:) + 1)2

> <2. Mit khac theo gia thiét ta co.
log, z +1

T do suy ra

2log; (y* +1)22log, (1+1)=2
Dau “=" x4y rakhi vhchikhi z=y=1.
Chon y C.

Cau 10. Cho hai s6 thyic duong z >y >1 théa man diéu kién.

4log, (z+y)+12 Z(QW +1)(log2 (I+y)+5+\/2log§ (:E+y)+2)

Dat P=d’ +b°. Hoi ménh dé nao sau day ding?
A. P=2 B. P=3 C. P=1 D. P<1

Toi gidi

Van la § tudng clia bai toan 12 va 14 tuy nhién v6i bai nay can mot chat kién thiic vé bat ding thic
thi sé gidi nhanh hon rat nhiéu thay vi cach dao ham truyén thong.

Ap dung bat ding thitc Cauchy — Schwarz ta cé.

Ing(ery)Jrg:10g2($+y)+5—20-10g2(x+y)+1 § logQ(:l:+y)+5+\f(log;(lury)Jrl)

4log, (x+y)+12
log, (x+y)+5+\/2(log§($+y)+1) -

Mat khac theo gid thiét ta laico 277/ +1>2"+1=2
Dau “=" x4y ra khi va chi khi z=y=1
Chon v A.

Cau 11. Cho 2 s6 thuc x,y khong am théa man diéu kien z >y +1 dong thoi
21:711/ + 221/721 — 9.272.’p+y
Dat P =z +y. Hoi c6 bao nhiéu s6 nguyén duong khong vudt qua P ?
Al B. 2 C.5 D. 0

Lol gidi
Day 1a mot bai toan véi cach phat biéu don gidn nhung tuy nhién mot sé ban sé rat dé bi nham khi ap
dung bat ding thitic AM — GM. Sau day minh sé chi ra mot 16i c¢6 thé mot vai ban méc phai.
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Vi y tudng clia cac bai toan cii thi ching ta thudng sé c6 danh gia sau.
1 1 1 1
QI*y +22y72z :21731 + - :_'21*1/ +_‘2ry + > 3
ER RN

“__9

Sau khi c6 danh gia trén thi tiép theo ta sé& danh gid vé trai dé chi ra dau “=", nhung tuy nhién diéu

S

nay 1a khong thé do diém roi ctia bai toan khong phai nhu thé. Dé giai quyét dugc ta phai cht ¥ them
toi diéu kien ma dé bai da cho la z>y+1 tit day ta sé suy ra 27 >2. Sit dung bat ding thiic
AM -GM ta co.

1 AR 1 20y 2y
21—y+22y—2z:21—y+ 2: + + 2+3 2§+3 22
(gw ) 8 8 (gw ) 4 4 4 4
Miit khéc talaicé o>y +1=>272"" <2722 =272 <27 = i

. z=1
Vay VT >VP. Dau “=" x4y ra khi va chi khi { 0
y =
Chon y A.
Nhan xét. Ngoai mic phai 16i nhu trén thi mot s6 it khi lan dau gip sé bi nham riang day la dang
toan tim mobi lien hé x,y, nhung ta phai tinh ¥ nhan ra yéu cau ctia dé bai 1a hdi c6 bao nhiéu s6
nguyén duong dé nhan ra phai st dung t6i phuong phép danh gia!

z21l-y
y<0

\/ln(x+y) +\/ln(1—y) =% /111:1:—2}—1

Gia tri nhé nhét ciia biéu thic P =2 +zy+y° 1a?

Cau 12. Cho 2 s6 z,y théa man { thod man diéu kien.

A.l B.l C

L D.
5 3 6

| =

Toi gidi
Thuyec chat day 1a mot bai toan kha la don gian, dé § t6i yéu cau ciia bai toan 1a tim gia tri nhé nhat
nén chic chan tir gia thiét ta sé phai tim duge mdi lien hé gitta x va y.
T+y=a
Dit Y N +1 _a+ b
1-y=b 2
Ap dung bét ddng thiic AM — GM ta c6.

Ina+Inb>2+/Ina.lnb 32(lna+lnb)2(x/1naerllnb)2
Mat khc lnaT_'_bZln\/a_zé(lna+lnb)2i(x/lna+\/lnb)2 3%(\/lna+x/lnb)£ /m‘";b

Vay VT <VP.Dau “="x4yrakhivachikhi a=b=>z+y=1-y=>2r=1-2y

a+b

. Gia thiét tré thanh vIna ++/Inb =2, (In

min

Khido P :l.
4

Chon y D.

Cau 13. Cho 2 s6 thuc z,4 >0 théa man dicu kién

2
\/logz z+logiy’ + \/logg T+2=, /log2 £
x

C6 bao nhiéu s6 nguyén duong khong vuct qua S8xy ?
A. 2 B. 4 C. 6 D. 8

L3i giai
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2
\/logQ z+log’ y +\/log§ r+2 =, /log2 L
x

= \/log2$+log§ y +\/log§ z+2=42log,y—log,z

< log, z +log’ y —2log, y+log§x+2+log2x+2\/log2x+log§ y\/logg x+2=0

Bién doi gia thiét ta dudgc.

= (log2 T+ 1)2 + (log2 y— 1)2 + 2\/log2 z +log’ y\/logg z+2=0

log, z=-1 1

r==
<qlog,y=1 = 2
log, z +logZy =0 y=2

Khi d6 8zy =8, vay c6 tat ca 8 s6 nguyén duong théa man yéu cau bai toan

Chon y D.

Cau 14. Cho 2 s6 thuc z,y >0 thoéa man diéu kien

(2J:+y71 + 21‘+2y71 )(23.’L'+4y73 + 2171:71/ ) _ 221L'+3y

Biét ring biéu thrc z* ZyZ =%
A. 5 B. 6 C. 4 D. 7
Lot gidl
Nhin chung bai toan nhin rat cong kénh, ta sé tu duy theo huéng ma ta hay nghi t6i nhat do6 1a quy
dong. Bién doi gia thiét ta dugc.
(2;E+g/—1 + 2.T,+2y—1 )(231:+4;1/—3 + 21—;r—y ) _ 22m+3y

> QA= | glrsby—t | ou | | _ 92r+3y
o QA QI g e g
Dén day moi viec tré nen rat don gian phai khong nao? Ap dung bat déng thiec AM — GM ta co.
Q2r+2y=4 | 9=2u-2y | 523y | 92r+dy—d 5 2\/22“2;1/—4_2—21—2;; 4 2\/2—21-—351'22“3;4—4 —1=VP

v6i % 14 phan s6 t6i gian. Tong a+b bang?

. ( -1 2 2
Dén “=” xéy ra khi va chikhi {© =2 ¥ _1
y=0 4 4

Chon y A.

Cau 15. Cho céac s6 thuc a,b,c théa man 0<a,b,c<1. Khi d6 gia tri nhé nhat ciia biéu thic
]. 1 1 2 .« £ 24 m P N 2z A ~ N m ~ ~
P= Elogu b+ Elogb c+ Zlogc a dugc viet dudi dang — , v6i m,n 1a cac so nguyén duong va — 1a phan
n n

s6 t6i gian. Héi T =m® +n’ c6 gia tri 1a bao nhieu?
A. 171 B. 189 C. 195 D. 163

Toi gidi
Theo bat ding thiic AM — GM ta co.

1 1 1 1 1
o Pzglogab+§logb C+Zlog§a2 Jlog, blog, c +Zlogfa=,/10gac +Zlogfa

o Jlog,c +ilogf a =i\/loga c +i\/loga c +i\/loga c +i\/loga c +ilogf a

L 1 1 1 Liog2a =2
25\/4\/logd0.4\/logac.4\/loga0.4\/Ioguc.4log(,a 1

Vay gia tri nhé nhat ciia P =§ ,khi do T =189
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Chon y B.

1 y, 1

Cau 16. Cho 2 s6 thuyc z,y théa man 974 421 =4 Dt P=x+ y . H6i ménh dé nao sau day dung?

A. P=1 B. 2
c.: D. 2
2 2

Lot gial
Ap dung bat dng thic AM — GM ta c6.
T+L ngl p 1rL 2 g-l
I T s

T = 1 )
DAau “=" x4y ra khi va chikhi {° 2=P= 5

y=2
Chon y D.

log“}—)/
Cau 17. Cho 2 s6 a,b théa man b>a>1 va 2°%* +16 V& —4 . Gié tri ciia bidu thitc P = log, [%J ?

A. 0 B. 2 C. 3 D. 1

Lol giai
Bién doi gia thiét ta co.

13

‘ logu% ) 4(103,-,, bﬁ] 4( j
16 W =g U S p(1) =2t 42 Y (t=log, a e (031])

413 é_A
Suy ra f'(t)=2" 1n2—%.2 g 4j1n2£[2f—4.2t 3J1n2£(2—4.243)1n2<0

13

:»f(t)=2f+24(f 4]2f(1)=4:VT2VP

Déu “=" xéy ra khi va chi khi a=b=> P =log, (%J -

Chon y A.

Cau 18. Cho 2 s6 thuc z,y >0 théa man lSySZx va 10g2g 10g22—xlog2 xy =%. bit P=2".2".
x x \/ Y

Ho6i ménh dé ndo sau day ding?
A. Pe[45] B. Pe[1;2] C. Pe[23] D. Pe[67]

Loi gidi
Bién doi gia thiét ta dugc

log, % flog2 2leog2 Ty = % & (1 —log, a;)\/(log2 z—log,y+ 1)(log2+ log, y) = %

=1
Dé don gian ta dat {Zzlcc)):j; = (1—a)\/(a—b+1)(a+b) =%

Néu a>1=VT<0,voly

i .1 1 1
be y thay —SyﬁQm:logQszlogZ—:>a+12—a,:a,2—§.
x x

Néu —%g a<1 thita cob.
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2
1 1 1 1 9
1-a)Jla=b+1){a+b)<=(1-a)(a-b+1+a+b)=(1-a)|a+=|S=|1-a+a+—=| =—
(1) b e ) <L (1-a)( )=+ )25 (1marars) -2
1 1 1
a=— log, z=— _o1
Déu “=" xy ra khi va chi khi f: f: = P=6,07725
b== log,y=— =92
5 &Y=5 =2
Chon 3 D.
. sl J2=z<3 .. . 2 s
Cau 19. Cho 2 s6 thuc z,y théa man {2 . Hoi c6 bao nhiéu bo so6 (x,y) théa man phuong trinh
<y<
log2(3—|Sinxy|)=cos[nx—ﬁj?
6
A. 4 B. 2 C.3 D. 1
Lai giai

Thuyc chat day 1a mot cau kha don gidn néu nhu ta da lam quen véi phuong phap danh gia roi, cac cau
28, 29 sé lam tuong tu nén minh sé chi trinh bay méi 161 giai cau 27. Ta c6

3—- |sinxy| 22 = log, (3 - |sin:ny|) >1,

mat khac cos(nw - g) <1. Do d6 phuong trinh théa méan khi va chi khi.

1
cos(m:—Ejzl x=g+2k’
6 =

(k,neZ)
|sinxy|=1 $y=g+nn
s ea P3 ~ e 13 6 T
Vi gia thiet 2<x <3 nén k=1.Véi k=1 :x:Ejy:E §+nn
ths
6(m y:E
Do 2<y<b=2<—| —+nn |<5b=>ne{l;2}=
13\ 2 157
13

Vay c6 2 bo sb théa man yéu cau dé bai. Chon y B.
Bai tap tuong tu.

1. Tim téng céc sd a. e (5;16) dé phuong trinh sau c6 nghiém trén doan [1;2]

‘cosnz—sinnl“
1+COSQ(%+3—njz(lj
2 8 3
A 1T B, 3% o, 03
T 5 T 5 © 5

2. Tim téng cac sb6 o e (2;7) dé phuong trinh sau c¢6 nghiém trén doan [1;2]

log, (1 +sin’ (gx + %D = |cos am| -1

187
7

197

7

B. C.
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Cau 20. Biét ring ton tai duy nhat mot a dé phuong trinh 27 + |sinz| =cosz +sin®z+a c6 nghiém
duy nhat, héi a c6 tat ca bao nhiéu uéc s6 nguyen
A. 2 s6 B. 86 C. Khong c6 D. Vo s6

Lai giai
. . . 2 . 2 P . ~ .
Do |smm| = |sm(—x)|,(sm(—x)) = (sm :E) nén néu phuong trinh c6 1 nghiém 1& x thi cling c6 nghiém la

—z . Nén dé phuong trinh c¢6 nghieém duy nhat thi dong nghia v6i = =0. Thé ngugc lai ta giai ra dugc
a=0.
Chon y D.

Cau 21. Cho 2 s6 thyc x,y thay ddi théa man z+y+1= 2(\/x—2 +Jy+ 3). Gia tri 16n nhét ctia biéu

thitc §=3"""+(z+y+1)2""7 - 3(z2 + y2) 1a % v6i a,b 1a cac s6 nguyén duong va % t6i gian. Tinh
P=a+b
A. P=8 B. P=141 C. P=148 D. P=151
Lot gidl

Day chinh 1a dé thi THPT Quéc Gia 2016 da dudc bién tau dé tré thanh 1 cau hoi trac nghiem!

Tt gia thiét ta co (:E+y+1)2 =4(m+\/y+73)2 =4(x+y+1+2m\/yT3)

Ap dung bét dng thiic AM — GM cho 2 s6 thyc khong am ta ¢6.
2mmﬁx+y+1:(x+y+l)2 S8(w+y+1):>—1£x+y£7

Mat khac ta lai co.

(:U+Z/+1)2:4(x+y+1+2m\/yT3)24(m+y+1):>[I+y23 3{33“3/37

3;‘+y<— $+y:—|
-2 = =2 ;4
NT y+3 0 {x S 9746

Néu z+y=-1= 200
y=-3 243

z+y=-1
Néu 3<z+y<7.Dat t=z+y(te[3;7])
Xét ham 6 f(t)=3""+(t+1).2"" (te[3;7])
= f'(t)=3"In3+2"" —(t+1)2"" In2
= f"(t)=3""In*3-2"" In2-n2(2"" —(t+1)2""' In2)
=370’ 3+((t+1)In*2-2In2)2"" >0Vt e[3;7]
Vi f'(3)<0,f'(7)>0 neén ton tai s6 a€(3;7) sao cho f'(a)=0. Suy ra f(¢) nghich bién tren (3;a) va

dong bién tren (a;7). Mat khac f(3)= %;f(?) =35=f(t)<f(3)= %w e[3,7]

Ta sé di chting minh z° +y° >5 véi z+y>3,2>2.

Nhan thay rang khi.

+ ze[23]|=y23-220=y" 22" -62+9= 2" +3° 222° —62+9=2(2z-2)(z—-1)+525
+r>3=2"+y">9

Vay 2> +y° 25 :SS%.

Chon y D.
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Cau 22. Cho z,y1a 2 s6 tu nhien khéc 0. Tim gié tri nhd nhét ciia biéu thitc P =[36" —5'|
A. P=38 B. 9 C. 10 D. 11

Lol gidi
Day 1a mot cau phat biéu vo ciing don gian, nhung thiuc chéat 14 mot bai toan néu lam ti luan sé rat
kho doi hoi t6i kién thite s6 hoc.
Ta c6 36™ tan cung bing 6, 5" tan cling bang 5. Néu 36™ >5" thi P c¢6 tan cuing biang 1, néu 36™ <5"
thi P c¢6 tan ciing bang 9
Xét P=1 taco 36" —5" =1<>36" —1=5". Ding thiic nay khong thé xay ra vi vé trai chia hét cho 35
nén chia hét cho 7, con vé phai khong chia hét cho 7
Xét P=9 taco 5" —36" =9 = 5" chia hét cho 9, vo 1i.
Xét A=11, x4y ra kha ning nay ching han khi m=1,n=2. Vay minP=11.
Chon y D.

Cau 23. Cho cac s6 thuc duong a,b,c khic 1 théa man log? b +log; ¢ =loga§—210gb%—3. Goi M,m

1an lugt 1a gia tri 16n nhat va gia tri nhé nhat ciia biéu thitc P =log, b —log, ¢ . Tinh S =2m +3M

. = . =2
A.Szg B.Sz% C. 5=3 D. 5

Lol gial
Dit x =log, b,y =log,c = P =x—y, khi d6 gia thiét viét lai thanh 2* +y* =2y -2 -2y -1
Thé y =2 — P vho gia thiét tren ta duge 2° +y° =ay -2 -2y —1 < 2° +(3—P)$+(P—1)2 =0
Phuong trinh trén c¢6 nghiém khi va chi khi A= (3—P)2 —4(P —1)2 >0 -1<P Sg

Chon y C.

Cau 24. Cho cac s6 thuc a,b,c khac 0 théa man 3° =5" =15". Héi gia tri nho nhét ciia biéu thic
P=ad’+b" +c —4(a+b+c) 1a?

A. -3-log, 3 B. 4 C. -2-3 D. —2-log,5
Laoi giai
Bién ddi gia thiét ta co 3" =5" =15 =t < a=log, t,b=log. t,—c =log,, t
—c= 1 = 1 = 1 = ab < ab+be+ca=0
log,15 log,3+log,5 1 1 a+b
a b
Khi doé ta co P=(a+b+c)2—2(ab+bc+ca)—4(a+b+c)=(a+b+c)2—4(a+b+c)2—4

Chon ¥ B.

Cau 25. Cho a,b 13 hai s6 thirc thay déi thda man b> 0. Tim gia tri nhé nhét ctia biéu thic

Pz\/(a—b)2 +(10° ~logb)

1 1 1 1
A. V2| —+log| —— B. V2 -1
\/_(mm Og(lnlOD \/_(mm Og(lnl()jj

C. V2log(In10) D. \/5( ! m( L D

In10  \In10

Lai giai
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Xét 2 diém A(a;lO“),B(b;logb) , do dd thi ctia 2 ham s6 y=10",y =logz dbi xiing qua duong thing
y=x do d6 khodng cach giita 2 diém A va B chinh la P va dat gia tri nhé nhéat khi A, B d6i xting v6i
nhau qua dudng thing y=2, do d6 2 diém A, B ciing nam trén dudng thing y=—-z+m .

Vivay tacod
1 1 1
Ala;10"),B(a;10 AB=P=+2|10" —a|= > fllog| — | |=+/2 -1
(6:10°), B(a510") = [10° = f(a)>f( Og(lan [lnlo Og(lnwD
Chon y B.

Cau 26. Cho cac s6 thuc a,b,c 16n hon 1 théa man 10g2(12(1—10g2blog2 c)logbCQ. Tim gia tri nhé
nhit ctia biéu thitc S =10log} a +10log; b +log? ¢
A. -3-log,3 B. 4 C. -2-3 D. —2-log,5

Laoi giai
Bién doi gia thiét ta dudc
log, a>(1-log, blog, c)log,, 2
< log, a.(log2 b +log, c) >1-log,blog, c
< log, alog, b+log, alog, c+log, blog, c>1
bat (log, a;log, b;log, ¢) = (z,y,2) ta can tim gid tri nh6 nhat cia S =102 +10y” + 2*
Bay gio ta can tim s6 k duong sao cho
102 +10y° +2° > 2k(xy +yz+ xz)
< 102° +10y° +2° +k(ac2 +y° +z2)2k(aj2 +y° +z2)+2k(xy+yz+xz)
& (k+10)2? +(k+10)y* +(k+1)2* 2 k(2 +y+2)°

2 2 2
T Yy z 2
ST+t >k(z+y+2z)

k+10 k+10 k+1
S dung bat dang thitc Cauchy — Schwarz dang cong mau Engel ta c6

2 2 2 +y+ 2
SN
1 1 1 1 N 1 N 1
k+10 k+10 k+1 k+10 k+10 k+1
. . 1
Dén day st dung dugc gia thiét ta sé chon k sao cho T T = ko k=2
+ +
k+10 k+10 k+1
Chon y B.
Cau 27. V6i a,b,c16n hon 1. Tim gia tri nho nhat cia P =log, be +log, ca +4log, ab
A. 6 B. 12 C. 11 D. 10
Lai giai

Day 1a mot cau sit dung bat ding thitc AM — GM kha 1a co ban

Bién doi gia thiét va 4p dung bat ding thiic AM — GM ta c6
P =log, bc+log, ca+4log, ab=log, b+log, a+log, c+4log, a+log, c+4log, b
> 2\/loga b.log, a + 2\/4 log, c.log, a + 2\/4 log, c.log, b =10

Chon y D.
Tuong tu véi cau 39. Chon § C.
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Cau 28. Xét cac s6 thue duong z,y,2 thay déi sao cho ton tai cac s6 thuc a,b,c 16n hon 1 va thda man
Jabe =a” =b’ =¢” . Tim gia tri nhé nhat ctia P =z +y +22°

A. 42 B. 4 C. 6 D. 10
Lé Phic L
Lai giai
NP . e 1 1 1
T gia thiet ta c6 a” =+abec < 2log,,, a=— tuong tw —=2log,, b,—=2log,, c
x Yy z
1 1 1
=>—+—+—-= 2(10gm a+log, b+log,,. c) =2.
T Yy z
Theo bat déng thitc AM — GM ta c6 .
LIPS SN S S P +22% = f(2)> f(1)=6
T+y x Yy z 2z-1 2z-1

Chon y C.

Nhan xét. Cach giai bai toan nay c6 16 da khong con qua xa la véi cac ban thi THPT Quoc Gia 2020
vi dang nay da xuat hién trong dé tham khio ctia Bo nam nay, cau dudi day 14 mot cau hoan toan
tuong tu.

Cau 29. Xét cac sb thue duong z,y,2 thay doéi sao cho ton tai céc s6 thuc a,b,c 16n hon 1 va thda man

Jabe =a” =b" =¢ . Tim gia tri nho nhét ciia biéu thic P = EJrE -2
Ly
A. 20 B 20—i C. 24 D 24_i
. . E/Z . * }\;/Z
Loi giai
o . 11 1
Tuong ty v6i cau 40 ta c6 = —+—+—=2(log,,, a+log,, b+log,, c)=2.
Ty z
:>P=16[1+1]—z2 =16(2—1j—22 =32 2027 = f(2) < f(2) =20
Ty z 2

Chon ¥ A.
Cau 30. Cho cac s6 thuc a,b,c théa man 0<a,b,c <1.Tim gia tri nhé nhat clia biéu thitc

S =log,b+log, c+log, a

c. # D.

A. 242 B. 3

N | o

Loi giai
Day la mot cau tuong tu cau 23 ta sé phai diing téi bat ding thitc AM — GM dé triet ticu cac bién
Theo bat ding thiic AM — GM ta c6

S =log,b+log, c+ \/logc az= 2\/loga b.log, c + \/logc a= 2\/loga c+ \/logc a

> 2\/21 [log, c.4/log, a = 2\/21/loga clog,a = 22

Chon y A.
Cau 31. Cho 3 s6 thuc duong a,b,c théa man log® a+2log” b+ 3log” ¢ =6 . Biét gia tri 16n nhat cia

biéu thiic 1a T =logalogh +logblogc +logcloga la % . Ménh dé nao dudi day dang?
1
A. k=1 B. ¥’ +3k* =3 C. k*+3k=3 D.k=§

Lai giai
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Mot cau hoan toan tuong tu véi cau 26, ta sé ding phuong phap tham sé hoa két hgp bat dang thitc co
dién Cauchy — Schwarz. Dat (log a;logb;log c) - (x,y,z) =2 +2y° +32° =6.

2 2 2

Tacédénhgié6=m2+2y2+322Z2k(xy+yz+xz)<:> xl + yl + zl Zk(x+y+z)2.
k+1 k+2 k+3
Khi d6 can tim k sao cho k= l i I SE 43 =3
+ +
k+1 k+2 k+3

Chon y C.

Cau 32. Cho 3 s6 thyc duong a,b,c théa man logalogb +logblogc+3logcloga=1. Biét gia tri nho

i

nhat ctia biéu thitc P =log”a+log”b+log’c la v6i m,n,p lan lugt 1a cic s6 nguyén duong

p
N m N ~ A P .2 z
va — la phéan s0 toi gidn. Tinh m+n+p?
p
A. 64 B. 16 C. 102 D. 22
Lai giai

Vé6i bai toan nay néu dit (loga;logb;logc) - (a:,y,z) = zy+yz+3zz=1 thi ta sé khong thé ap dung
phuong phap lam ctia bai trén, khi d6 ta sé can phai nghi ra cach dat khéc.
Dat (loga;logb;logc) - (ix,jy,kz) = ijxy + jkyz + 3kizz =1

Tim m,n,p théa man ijzkaBki:izkz%.Chon j=3=i=k=1

Khi d6 ta duge 3ay+3yz+3zz=1=ay+yz+az= 3 Bai toan lai quay tré ve cac bai toan trén.

—3+\/ﬁ
2

V6i cach lam tuong tu cac bai toan trén ta tim duge min P =

Chon y D.
Cach 2. Chii ¥ rang & gia thiét va yéu cau ciia bai toan vai tro ciia 2 bién a,c 1a nhu nhau nén dau “=>
sé xay ra tai a=c. Khi do ta c6.

P=22"+y
Y = P(SJE2 +2xy) =20+’ & (3P—2)$2 +2Pyr—y° =0
327 +2xy =1
Stt dung diéu kién c6 nghiém ctia phuong trinh bac 2 ta sé tim duge dap 4n clia bai toan.
Cau 33. V6i n 1a s6 nguyen duong, biét ring —log, [log2 [ ..A2018 D >2017 ma bicu thiic
trong dau ngodc c6 tat cd n dau can. Tim gia tri nhé nhat cia n?
A. 2021 B. 2014 C. 2013 D. 2020
Lé Phuc L
Lai giai

!
Tit gia thiét ta c6 yyV..A2018 =(2018)> =(2018)" = logQ[ ..~[2018 }:2"’ log, 2018

= —log, [log2 { .A[2018 B >2017 < —log, 27" —log, (log, 2018) > 2017

= nlog, 2 >2020,4 = n > 2020,4 = n > 2021
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Vay gia tri nhé nhat ciia n 13 2021
Chon y A.

Cau 34. Cho a,b 1a cac s6 nguyen duong théa man log, (10g2u (10g2b (21000))) ) Gl W sl v

ab 137

A. 500 B. 375 C. 125 D. 250

Laoi giai
Bién doi gia thiét ta dugc.
log, (logQ,, (logQ,, (21000 ))) =0 logg,,, (logQ,, (21000 )) =1
e log, (2')=2" 2" =2"" <25 =1000

Do a,b 1a cac s6 nguyén duong nén ta c6 10002 . Mit khac ta lai c6 1000 =25 = a <3
e Néua=3=b=125=ab=375
e Néua=2=0=250=ab=500
e Néu a=1=b=500= ab=>500

Vay gia tri 16n nhat ctia ab bang 500

Chon y A.

Cau 35. Cho sb thuc duong a>1, biét khi a=a, thi bat ding thitc z° <ae” dang v6i moi sé thuc

16n hon 1. H6i ménh dé nao dué6i day dang?

A. 1<a,<2 B. e<a, <é’ C.2<a,<3 D. ¢’ <a, <é’
Loi giai
. . . 1 1
Lay logarit tu nhién 2 vé ta dugc ln(z“)s ln(a“‘ ) salnz<zlng o —2> 2%
a x

Taxct f(5)="0 = /()= 0L () =0 52 =e = fa)< f(e) =

T d6 tasuy ra a=e.
Chon y C.

Cau 36. Cho ham s6 f(z)=e"(asinz+bcosz) véi a,b la cac s6 thyc thay doi va phuong trinh

f'(:v) + f”(x) =10e” c6 nghiem. Tim gia tri 16n nhét ctia biéu thic S =a* —2ab + 3b>

A. 10+102 B. 20+10+/2 C. 10+202 D. 20++2

Lai giai
Do f(ac) =e’ (asinx +bcos :c) nén phuong trinh f'(x) + f”(x) =10e" tuong duong
e ((a—b)sinx+(a+b)cosx—2bsina:+2acosx) =10e"
< (a—3b)sinz +(3a+b)cosz =10
Phuong trinh trén 6 nghicm khi va chi khi (a—3b)° +(3a+b)" 2100 < a® +b* 210
Khi d6 ta c6.

10(a* —2ab+3b*)  10(a® —2ab+3b*) 10(£* =2t +3
S=a2_2flb+3b2= (a ¢ )S (a 3 0’2 ): ( 5 )If(t)(tzgj
10 a +b " +1 b
Khio sét ham s6 f(t)=> f(¢)< f(1-+2)=20+1042

Chon y B.
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a+n b+n
. 1 1 P
Cau 37. Cho 2 s0 thuc a,b théa man [1+—j <e< (1 +—j v6i moi s6 n nguyén ducng. Tim gia
n n

tri nhé nhit ctia biéu thic |a — b| ?
1 3 1 1

A ——— B.1 C. —-1 D. —-3
In2 2 In2 In2

Lot giai
Day 1a mot cau rat kho khong phu hgp vé6i ki thi THPT Qudc Gia nén chiing ta chi tham kho.

1
ln(l + 1)
n

—z,z>1 khi do ta co min|a—b| =gigxf(x)—minf(z)

=1

LAy logarit tu nhién 2 vé ta c6 a < -n<bVneN

1
ln(1+1j
x

-1<0,Vz>1, do do ta duge

Xét ham s6 f(z)=

Mait khac f'(x) =

x(x+1)
maxf(x)—minf(x)zf(l)—limf(x)zi—l—lim ;—x
z>1 r>1 T—>+0 1n2 T—>+0 ( 1 )
In| 1+~
T
1 1—zln(1+1j —ln(1+1j+ 1
=——1—lim—$:——1—lim ) T
1112 Z—>to0 1 [ 1) 1112 T—>+0 _ 1
n|l+—
T x(x+1)
1 B 1
1 ? — 2t
i ) @) 1 a(ee)-at 13
In2 T—>+0 2z+1 In2 w0 Qp 4] ln2 2
xQ(x+1)2
Vaymin|a—b|=%—%
n

Chon y A.

Chu y. O day ta ding t6i quy téc. Trong giai tich, Quy tic L'Hopital (phat am nhu Lo-pi-tan) (ciing
duge goi 1a quy téc Bernoulli) 1a quy tic sit dung dao ham dé tinh toan céc gi6i han c6 dang vo dinh.
Ung dung ctia quy tic nay la dua dang vo dinh tré thanh dang hitu han, cho phép tinh toan gi6i han
mot cach dé dang. Dang don gian nhat clia quy tic L'Hopital duge phat biéu nhu sau.

Cho hai ham sé f(:l:),g(g:) néu limf(x)zlimg(x)z() hodic 00 va limfgx;
T—>C Tr—c T g :L,
!
limf(m) = limf (:1:)

T g(.’l:) T3¢ g'(l‘)
kht dang vo dinh.

ton tai thi ta ludn c6

. Viéc lay dao ham ctia t1t 86 v mau s6 thuong lam don gidn thuong s6, hodc lam

Cau 38. Cho céc sb thuc duong x,y,z bat ki théa man zyz =10. Tim gia tri nhé nhat ciia biéu thitc

P=\/10g2x+1+\/log2y+4 +\/log2z+4

A. 29 B. 23 C. 26 D. 27

L5i giai
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Ap dung bat dang thitc Mincowsky ta c6

P:\/log2x+1 +\/10g2y+4+\/10g22+4 2\/10g2x+1 +\/(logy+logz)2 +16

2
z
:\/logzm+\/(l—log$)2 +16 2\/(logx+1—logac)2 +(1+4)2 :\/%

DAang thifc x4y ra khi va chi khi z =310,y =2 =%/100.
Cau 39. Cho 2 s6 thuc z,y sao cho tong ciia chiing khong am va dong thoi

T+y T+y
(27 + 4)( 1+v2 7 142 j =% 4 9T W2 4y

1+4° 1+47

s A > sz . 2 + 2 - 3 £ m 2,2 N z A ~ N m N ~ A A.
Biét ring gia tri ciia biéu thic P =2" +y* =— v6i mn 1 céc s6 nguyén duong va — 1 phan s6 t6i
n n

gian. Hoi biéu thitc m* +n c6 tat ca bao nhieu wéc sé6 nguyen?

A. 2 B. 4 C.6 D. 8
Lot giai
_ b— _
Taco T=2_-2 m:m( a)ZO khi 0<m<a<b.Nen L>2 m(l)
b b—-m b(b—m) b b—-m

Theo gia thiét tacé z+y>0=4"" >1. Ta c6 danh gii sau.
0<4” +4" =27 <14+4" +4" +1<1+4" +4Y +4"
Khi d6 st dung két qua (1) ta co.
1,1 1447 +47+1 244" +47 - (47 44 -2
L+d" 1447 144" 474477 14 447 447 — (47 447 -2

S e (R
+2 )

92 L gr vt g (2 )2 +4.27 44 42

Mat khéc

22:1:72‘11 +4 (2z—y )2 +4 (2Z—y )2 +4
. L, a2 ) B 4.2"7 4.2"7
Ap dung bat dang thiic AM — GM ta c6 1+ — <1+ = =2
(27) +4 2 a(2)
1
r=—
- PP . Jr+y=0 2 2
Vay VT zVP . Dau “=" xay ra khi = =>P=—=m" +n=25
z—y=1 _ 1 16
Y 2

Cau 40. Cho céc sb thuc a,b,c €[2;3]. Biét gia tri 16n nhat ctia bidu thic

S=4"+4" +4"—i(a+b+c)3

N m 2,0 N 2 A A~ N m N ~ A A .2 z
la — v6i m,nla cac so nguyén duong va — 1a phan so toi gian. Tinh P=m +2n
n n

A. P=257 B. P =258 C. P=17 D. P=18
L&i giai
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V6i dang toan nay ta sé xét t6i bat ding thitc phu 4' <mt+n,Vte [2;3]

16 =2m + 48
Thay t=2,¢ =3 ta dugc he phuong trinh { mEn_ {m

64=3m+n n=-80

Gid ta can chi ra bat déng thic 4' <48¢t—80 ding v6i moi ¢ €[2;3] 1a bai toan sé dugc giai quyét. Ta

xét f(t)=4"—48t+80= f'(t)=4' 1n4—48;f'(t)=0<:>t=10g4% .
n

Nhan thay réng f(2)=f(3)= O;f(log4 14—21) <0 nén bat dang thitc luon ding.
n
Dau “=" x4y ra khi va chi khi ¢ € {2;3} . Khi d6 ta dugc
S=4"+4"+4° —i(a+b+c)3 S48Za—i(2a)3 -240<16

Chon y D.
Bai tap tuong tu

Cho 3 s6 thuc z,y,z €[1;2]. Tim gié tri 16n nhat ctia §=3" +3" +3° —%(w+y+z)2
A. 5 B. 15 C. 8 D. 12

Ta xét bat ding thic phu 3' <6t -3
Chon y D.

o 4 16% —128

Cau 41. C6 tat ca bao nhiéu bo s6 thuc (z;y;2) théa man ) ,
2 4\ _ 2 4
(xy +2z ) —4+(xy -z )

A. 3 B. 4 C.1 D. 2
THPT Chuyén Quéc hoc Hué - Nam hoc 2017 — 2018
Toi gidi

Tu gia thiét ta co.
o 2V 16T S198 o 2T 4V 16V 29T o 807 w23y + a3 =7(1)
o (a+2t) =a(ay =) eaet =1 il =1(2)
Dit (2/5{/5%/2 ) — (a,b,¢) . Ap dung bat déng thic AM — GM ta c6
T=a+20 +4 =+ + 02 + P+ P+ + 2 2T =7
Déu “="xay rakhi a* =b* =¢* = 2” =§fy* =¥z =1

Vi z >0 nén c6 tat ca 4 bo s6 théa man yéu cau deé bai.
Chon ¥ B.

2

Cau 42. Cho ham s6 f(z)=log, ;n >

. Goi S 1a tap hgp tat ca cac gia tri thyc ctia tham s6 m sao

f(a) + f(b) =3 v6i moi s6 thue a,b théa méan e’ < e(a + b) . Tinh tich cac phan tit ctia tap hop S.
A. 27 B. 343 C. -33 D. 27

Lai giai
Theo gia thiét ta cé e <a+b< e <l+a+b-1
Mat khéc theo mot bat dang thic phu mé ta da ching minh duge & céc bai tap trudce thi ta luon cé
e 21+ (a+b-1). Do d6 dau “=" x4y ra khi va chi khi a+b=1
Khi d6 ta co
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f(a)+f(b)=3<:>f(a)+f(1—a)=log3 ;njz+log3 T_g:;;ziﬂi)md‘ =27

Do d6 tich cac phin tit ciia S bing —3+/3
Chon y C.

9z° — 49> =5
log, (3.’L’ + 2y) —log, (33: = 2y) =1

3z +2y <5 . Tim gi4 tri l16n nhat ctia m?

Cau 43. Cho hé phuong trinh { c6 nghiém (:Jc;y) théa man diéu kién

A. -5 B. log,5 C.5 D. log, 3
THPT Chuyén Luong Van Tuy — Ninh Binh lan 1 nam 2017 — 2018
Lai giai
T phuong trinh 1 ctia hé ta co (3:1: - 2y)(3$ + 2y) =5#0=>3zx-2y= >
3z +2y
T phuong trinh 2 ctia hé ta co
5
log 3log,(3z+2y)-1lo =1
g, 3log, (32 +2y) g3(2x+2yj
< log, (Sx + 2y)(logm 3+ 1) =log,5+1
1+log, b 1-log 5
< log, (3z+ 2y) - 080 <log, 5(31: +2y < 5) = %2 ¢ 0
' 1+log, 3 ' 1+log, 3
. 1
Giai bat phuong trinh trén ta dugec m e (5;5} \ {1}
(Bz+2y)(32-2y)=5 |5 o _5
Khi d6 hé phuong trinh dau c6 dang 1+logy 5 = Y M nén ludn c6 nghiém. Vay
3z 42y =3'18? 3z+2y=M

gia tri 16n nhat ctia m dé hé c6 nghiem 14 5
Chon y C.

xT

Cau 44. Cho ham s6 f(z)= = ) -
+m

f(a) + f(b) =1 v6i moi s6 thuc a,b thoa man e’ <e? (a+b —1) . Tinh tich cac phan ti ctia S.

. Goi S'1a tap hop tat ca cac gia tri thuc ciia tham s6 m sao cho

A. 81 B. 3 C.3 D. -9

Loi giai
Theo gia thiét ta c6 "' <a+b-1< e <1+(a+b-2).
Mat khac theo mot bat dang thitc phu ma ta da chitng minh duge & cac bai tap trudce thi ta luén co
e""? >1+(a+b-2). Do d6 dau “=" x4y ra khi va chi khi a+b =2

Khi do6 ta co.
9¢ 920 162+m? (9“ +9% )
a)+ f(b)= + = =1
fa)+f(0) 9" +m’> 97" +m’ 81+mQ(9H+9‘L)+m4
om'+81=162<m' =81<> m=13
Chon y D.

Bai tap tuong tu
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t

1. Cho ham s6 f(t)= 41‘4 v6i m >0 la tham s6 thyc. Biét réng f(z)+ f(y)=1 vo6i moi x,y thoa
+m

1
man (z+y)§ > %(m+y)+% Tim gia tri cia f(t) trén doan {%;1}

A. 3 B. L C. D. 5
4 2 4

| =

Huéng dan.

1
) e 1 1
Cha y tir gia thiét ap dung bat déng thic AM - GM = (z+y)? > (m+y)+§:x+y=1

1
2
Dén day bai toan sé quay vé bai toan & trén
Chon y B.

16'
16" +m

f(a) + f(b) =1 v6i moi s6 thuc a,b théa méan e’ <e’ (a +b— 1) . Héi S c6 bao nhiéu phan t?

2. Cho ham b f(t)= —. Goi S la tap hop tat ca cac gia tri thuc ctia tham s6 m sao cho

A. 8 B. 20 C. 11 D. 34
Chon y B.

Cau 45. Cho phuong trinh 3" = \/a.?)‘” cos(n$)—9. C6 bao nhiéu gia tri thyc clia tham s6 a thuodc
doan [—2018;2018] dé phuong trinh da cho c6 ding mot nghiem thuc?

A1 B. 2018 C. 0 D. 2

Lot gidl
Bién doi gia thiét ta co .

3" = \/a.3“’ cos(mc)—9 =9 =a.3" cos(m:)—9(3’” > 0) <3437 = a.cos(mc) (*)

Diéu kién can. Néu phuong trinh (*) c6 nghiém duy nhat z, thi ta thiy ring 2 -z, ciing la nghiém
ctia (*) do d6 z,=2-x, < z,=1. Thay vao (*) ta dugc a =—6.

Piéu kién di. Ngudc lai néu a =—6 thi phuong trinh (*) tré thanh 3° +3°" = —6.cos(7tx)

Theo bat déng thitc AM — GM ta cé

3" +377>24/3.3"" =6 ma —6.cos(m:)£6

sSr=1

, 31 + 3271' — 6 31: — 3271’
Do d6 3" +3°" =—6.cos(nz) < 6

—6cos(n:r)= cos(nx)z—l

Chon v A.

Cau 46. Cho cac so6 thuc z,y,2 khong am théa man 0 < (x + y)2 + (y + z)2 + (a: + z)2 <2. Biét gi4 tri lén

4

Z N P 4 3 . Z
nhat ctia bieu thitc P=4"+4" +4" +hr1(gv4 +y +z4)—1(x+y+z) la v6i a,b la cac so nguyén

@
b
duong va % toi gidn. Tinh S =2a+3b

A. 13 B. 42 C. 54 D. 71

Loi giai
Theo gid thiét 0< (gm—y)2 +(y+ z)2 +(ac+z)2 <2=27"<2=2<1. Tuong tuy ta cing sé dugdc
0<z,y,2<1.Khidob ta co.
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2(1‘2+y2+z2)32(:1:2+y2+z2)+2($y+yz+xz)32:>x2+y2+22Sl
Dong thoi o' +9' +2* Sx2+y2+z2:>ln(x4+y4+z4)£1n(:1:2+y2+z2)ﬁ0
Xét bat déng thic phu 4° <mt+n . Khi d6 ta can bat dang thic trén dang v6i moi ¢ €[0;1] nén thay

t=0,t=1 vao giai he ta sé tim dugc m=3,n=1. Xét ham s6 f(¢t)=4"-3t-1 tren [0;1] ta c6

f(t)=0=4'In4-3=0<t=log, % . Lap bang bién thién ta dé chi ra dugc bat ding thitc trén luon
n

dting. Dau “="x4dyrakhi t=0vt=1. Ap dung vao bai toan ta co

PS3($+y+z)—%(x+y+z)4+3£%

Chon y C.
Bai tap tuong tu.
Cho cac sb thuc z,y,z khong am théa man 0<(z+ y)2 +(y +z)2 +(z+ 2)2 <18. Biét gia tri 16n nhat cta

T y z

biéu thic P =43 +43 +43 _ﬁ(lﬁ-’_ Y+ z)4 1a % v6i a,b 1a cac sd nguyén duong va % toi gidn. Tinh
S=2a+3b
A. 13 B. 42 C. 54 D. 71

Ta gi thiét ta ciing tim diéu kién ctia 3 bién z,y,2 va ap dung y nguyén cach lam ciia cau trén dé giai
quyét bai toan nay
Chon y C.

Cau 47. Cho 2 ham s6 f(z)=(m—-1)6" —§+2m+1,h(:r)=(x—6”). Tim tham s6 m dé ham sb
g(x) = h(x)f(x) c6 gia tri nhé nhat 1 0 v6i moi = € [0;1]

1
A. m=1 B.msé C.me[i;l} D. m>1

Lol gial

Ta thay ring v6i moi m, ta luon c6 h(1)f(1)=0 nén bai toan tré thanh tim m dé cho ham sb
g(z)=h(z).f(z)=0Vz e[0;1]. D& thdy véi z=1 thi bat ding thic luon ding, do d6 ta sé xét trén
[0;1).

Ta dé thay h(z) la ham dong bién tren [0;1), h(1)=0= h(z)<0Vz[0;1). Dén day lai rat gon bai

toan tré thanh tim m dé f(x) <0Vze [0;1) .Dat t=6" (t € [1;6)) ta co

2 ' —t+2
f(z)£0<:>(m—1)6’—6—1+2m+130:>(m—1)t2+2mt—2+t£0:>msﬁ
+
DTG . N P —t+2 1
beén day bai toan trd thanh bai toan rat don gian, ta can m < rﬁn{?W =3
6 +

Chon ¥ B.

Cau 48. S6 thuc a nhé nhat dé bat dang thic In(z+1)>z—az® ding véi moi s6 thuc z la ™ v
n

m,n la cac sO nguyén duong va — la phan so toi gian. Tinh 7' =2m + 3n
n

A.T=5 B. T=8 C.T=7 D. T=11

L3i giai
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Day 1a mot cau kha co ban trong viéc itng dung dao ham tim diéu kién c6 nghiém.

P . x—ln(x+1)
Bién doi gia thiet ta c6 a > ————=,V2>0.
T
21n(m+1) g
-1 1 T
Xét ham s6 f(x):LW:f'(m)z - r+1
x x
2
Xét h(z)=2In(z+1)—2———=h'(z)=————<0,Vz>0=>h(z)<1(0)=0
ét h(z)=2In(z+1)-z > z) (x+1)2< \Vz>0=h(z)<h(0)
Vay f'(x)<0:f(x)<hmf(x)z%:aZ%.
70"

Chon ¥ B.
Bai tap tuong tu.
2

S6 thuc a nho nhat dé bat dang thic In(z+1) Sx—%+ax3 dting v6i moi s6 thuc z 1a i m,n 13
n

cac s6 nguyén duong va ST phan s6 t6i gidn. Tinh T =2m + 3n
n

A. 8 B. 20 C. 11 D. 34

Tuong tit nhu cau trén thi day ciing 1a mot cau kha co ban trong viéc ting dung dao ham tim diéu kién
¢6 nghiém.

Chon y C.

Cau 49. Cho cac s6 thuc a,b,ce[l;Q] théa man log) a+log)b+log)c<1. Tinh gia tri biéu thitc

S=a+b+c khibidu thitc P=a’ +b° +¢* —3(log, a’ +log, b’ +log, ¢ ) dat gid trj 16n nhat?

A5 B. 3.9% C. 6 D. 4
THPT Chuyén Thai Binh lan 1 nam hoc 2017 — 2018
Lot gidi

Y tudng van sé nhu bai trudc ta phai sit dung téi bat dang thitc phu.
Ta sé c6 danh gia t* —3tlog,t <log)t+1. Dé chitng minh don gian ta sé dat log,t =2z . Khi d6 ta can
ching minh ¢* -3tz <z® +1. Xét ham sb
f(t)=t—log,t,Vte[L;2]= f'(t) =1—$;f‘(t): 0t =$:> f(t)<1
Khido t-z<let-z-1<0="=3te—a’ —1=(t—z—1)(£* +t(x+1)+2" —2+1)<0
Vay bét dang thiic can chiing minh Iuon dang.
Ap dung vao bai toan ta c6 P = Za3 —3(2a10g2 a) < ZIOgS a+3<1+3=4
Chon y D.
Bai tap tuong tu.
Cho céc sb thuc a,b,c €[1;2] théa man log)a+log)b+log)c<2. Tim gia tri I6n nhat ctia biéu thic
P=a’+b"+c’ - Z’)(log2 a” +log, b’ +log, c* ) ?
A.3 B. 6 C. 334 D. 5
Chon y D.
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Cau 50. Cho 2 s6 thuc z,y phan biét théa man z,y (0;2018). Dt

S = L In y —In L .
Y- 2018 -y 2018 -z

Meénh dé nao duéi day dang?

SZL B.SSi C.SZi D.S’Si
1009 1009 1009 1009

Lai giai
Mot bai toan chi nén tham khao vi c¢6 sit dung téi kién thitc khong trong chuong trinh phé thong co

ban. Xét ham s6 f(t)= 1n( ] va tham s6 u ndm gita x va y. Theo dinh Iy Lagrange ta c6

2018—¢
SZMZ (u)= 2018 AMe 2018 _ 2
y-x u(2018-u) (u+2018—u)2 1009
2

Chon y A.
Dinh 1li Lagrange - Lagrange's Mean Value Theorem.

Néu f(:L’) 14 ham lién tuc trén doan [a;b] va dong thoi c6 dao ham trén khoang (a;b) thi ton tai

ce (a;b) sao cho f'(c) =M .

b—a
b ) )
tng minh. Xét ham so F(m) —f(m)—b—x . Ta co F(m) la ham lién tuc trén doan [a,b] , €O
—a
dao ham trén khoang (a;b) va F(a) = F(b) . Theo dinh 1i Rolle ton tai c e (a;b) sao cho F'(c) =0.Ma
F'(x)Zf'(l')—f(bz_f(a) :>f'(c)= f(bz_f(a) '
—a —a

Dinh 1i Rolle 14 mot hé qué ctia dinh 1i Lagrange trong trusng hop f(a) = f(b) .

Cau 51. Cho 3 6 a, b, ¢ 1a céc s6 thye 16n hon 1. Tim gia tri nhé nhét ctia biéu thiec.

P= 1 + L + 8
log -a log, Vb 3log, Ve
A. 20 B. 10 C. 18 D. 12
THPT Chuyén Hung Vuong — Gia Lai — Lan 2 nam 2017 — 2018
Lot giai
Bién dobi gia thiét ta co
4 1 8
= + + =2log, bc+2log, ac +8log, ab
2log, a %10&16 p log,c

=2log, b+2log, c+2log, a+2log, c+8log, a+8log, b
=(2log, b+2log, a)+(2log, c +8log, a)+(2log, c+8log,b) .
Vi a, b, ¢ 1a céc s6 thuc 16n hon 1 nén. log, b, log, a, log, ¢, log, a, log, ¢, log, b>0.
Do d6 4p dung bat ding thitc AM — GM , ta co.
P 22,[2log, b.2log, a +2,/2log, c.8log, a +2,[2log, c.8log b =4+8+8=20.

log, b=log, a a=b

DAau “=" x4y ra khi va chi khi {log, c=4log, a < {c=0a* <a=b= Je>1
log, c=4log_ b c=b

Chon y A.
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Cau 52. Cho a,b,c,d la céc s6 thuc duong c6 tong bing 1. Tim gia tri nhé nhat ciia biéu thic
}3=(1+a2+b2+a%QX1+c2+d2+c%ﬁ)

Lot giai
Tu gia thiét ta co.

P=(1+a2 +b° —i—a2b2)(1+c2 +d° -+-02d2)=1_[(a2 —i—l):>1nP=Zln(a2 +1)
Ta c6 danh gia sau ln(t2 +1) >mt+n, dé tim duge hai s6 m,n ta sé sit dung t6i bat ding thiic tiép

tuyén, day la mot phuong phap rat hay dé ching minh cac bat dédng thic dbi xting véi cac bién doc
1ap nhau.
Co sd cua phuong phap
e Néu duong thing y=az+b 1a tiép tuyén ctia do thi ham s6 y=f(z) tai diém A(z,;y,), A
khong phai diém ubn thi khi d6 ton tai mot khoang D chia z, sao cho f(z)>az+b hodc
f(z)<az+b. Dang thic xay rakhi z =z,
e Néu dudng thing y=az +b 1a tiép tuyén ctia d6 thi ham s6 y = f(z) tai diém A(z,;y,) thi ta
luon phéan tich duge f(m) - (az + b) = (x -, )k g(m),k >2
Sau day ta ap dung ly thuyét trén vao bai toan trén. Cha y ta c6 Zln(a2 +1) 13 mot biéu thic doi

xttng theo bén bién a,b,c,d dong thai gia thiét ciing 1a ddi xitng nén ta sé dit doan dau “=" xay ra khi

1 . Z 2 . 2 c
a=b=c=d= T Quay lai bat dang thic phu ma ta dang di tim hé so ln(tz +1) >mt+n ,ta sé tim m,n

R . . , 1
sao cho hai do thi ham so6 y = ln(t2 +1),y =mt+n tiep xtc nhau tai diem c6 hoanh do t:Z ta dugc

8
m=—
i 2 17T o
17 . Vay ta c6 bat déng thiic phu la In(#’ +1) > 8, 2 it , d& thay bt déng thic
2 1 17 17 16
n=——+ln—
1716

f 8 2 17 17 17\
mP=SIn(a?+1)>=Sa+4| - +In=-L |=4ln—L = p>| =L
nP=Yn(a*+1)2 230 ( 17 nmJ "16 (16j

Cau 53. Cho 3 s6 thuc z,y,2 khong am théa man 2° +4' +8° =4 . Tim gia tri nhé nhat ctia biéu thiic

Loi giai
Cht y v6i diéu kién z,y,z khong am thi ta luon c6 27,4",8° >1.
Theo nguyén ly Dirichlet ta c6
(27 -1)(4-1)20=>2"4" >2" +4" -1
=248 <(2°+4" ~1).8" =2".8" +4°.8" - &
>2"+8 —1+4"+8 —-1-8" =2"+4Y +8 -2
Cht § ring khi 27,4%,8° >1 thi 8° <2

=2".4".8" 22“’+4”+82—2=2:>:1:+2y+3221:>52%

Chon y C.
Nguyén i Dirichlet
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Nguyén Iy nhiing cai 16ng va cac chit thé da duge biét dén tir rat lau. Ngay trong chuong trinh phd
thong co s6 ching ta ciing da lam quen v6i phuong phap giai toan nay. Thuc ra nguyén 1y nay mang
tén nha bac hoc ngudi Ditc Péte Gutxtap Legien Dirichlet (1805-1859). Nguyén ly phét biéu rat don
gian. Néu chiung ta nhét tho vao cac 1ong ma s6 1ong it hon s6 thd, thi thé nao ciing c6 mot 1ong nhét
it nhat hai con thé. Nguyen i Dirichlet cé rat nhiéu tng dung trong Toan Hoc, dién hinh 14 bat dang
thitc. Chiing thuong duge ap dung dé giai mot sé bai toan bat déng thiic khong thuan nhat. Hom nay
t6i sé dua ra mot s6 vi du dé cac ban hiéu hon vé van dé nay. Trong 3 s6 a,b,c luén c6 2 s6 nam ciing
phia v6i s6 m bat ky (Hay 16n hon biang m ho#c bé hon bing m). Day chinh 13 co s6 10i gidi clia bai
toan trén.

Cau 54. Cho céac s6 thuc a,b,c>1 théa man a+b+c=5. Tim gia tri nhé nhat ctia biéu thic
P =log, a+2log,b+3log,, c

A. log,5 B. 1 C. log,15 D. 10g3§

Lai giai
Gia thiét tuong duong P =log, a + 2log, b+ 3log,. ¢ =log, a+log, b +log, ¢ =log, (abc)
Theo nguyén 1§ Dirichlet ta co
(a—l)(b—1)20<:>abZa+b—1:>achc(a+b—1):ac+bc—c
>a+c—1+b+c—-1-c=a+b+c-2=3
= P =log,(abc)>log,3=1
Chon y B.
Cau 55. Biét a la s6 thuc duong bat ki dé bat ding thic o’ >9z+1 nghiém dang v6i moi zeR .

Meénh dé nao sau day dang?

A. ae(10%10" | B. ae(10%10° | C. ae(0;10° | D. ae(10%+x)

THPT Chuyén DH Vinh —1an 1 - nam 2017 — 2018

Lol gial
Bat déng thic a* =9z +1 dang véi moi 2 € R thi n6 phai ding véi z=1=a>10.
Do a>1 nén ham s6 y=a" dong bién trén R , d6 thi ham s6 R c6 bé 16m quay lén trén.
Hay ham s6 13 ham s6 16m trén R
Do hai dd thi ham s6 y=a" va y=9z+1 luon di qua diém A(0;1)nén bat ding thic a’ 29z +1
nghiem dang v6i moi x khi duong thing y =9z +1 1a tiép tuyén ctia do thi ham s6 tai diém

A(0;1)<:>y‘(0)=9(y' =a’ lna) Sha=9<a=¢’

Chon ¥ A.
[Tlog, i
Cau 56. Goi ala gia tri nhé nhat cta f(n)= 29— v6i n e N,n>2. C6 bao nhiéu s6 ty nhien n dé
f(n)=a?
A. 2 B. Vo s6 c. 1 D. 4
Loi giai
Tit gié thiét taco f(n+1)= f(")loggs (n+1) F(n)= w
Dé f(n) dat gid tri nhé nhat thi ta c6 {f(n) <f(n+1)
f(n)<f(n-1)
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f(n)log, (n+1)
f(n)< 5 @{log3(n+1)29©39 e
—13sn=
f(n—lg)loggngf(n_l) log,n <9

Vay c6 2 gi4 tri clia n théa man yéu cau deé bai.
Chon 3 A.

1

Cau 57. Cho 2 s6 thuc x,y khong am thoa man 2" = log, (14 —(y—2)\/y?). Tinh gia tri ctia biéu
thic P=x2>+1y* —ay+17?
A. 3 B. 1 C.2 D. 4
THPT Quang Xuong — Thanh Héa lan 1 ndm hoc 2017 — 2018

Lai giai
Khi da lam quen v6i cidc dang toan 6 dang 5 nay thi bai toan nay trd nén vo ciing binh thuong.
- z+l 2\/;
Ap dung bét dang thitcc AM — GM taco 2 * =2V * =4
Mit khéc ta c6 14— (y—2)yfy+1=14—(y+1)Jy+1+3Jy+1. Dst t =y +1>0.
Xét ham s6 f(t)=—t* +3t+14,f'(t)=0<:>t=1:>f(t)£16:>log2(14—(y—2)1/y+1)£4

L . L. |o=1
Déu “=" x4y ra khi va chi khi {x > P=2
y =
Chon y C.
Bai tap tuong tu

Tinh gia tri ctia biéu thitc P =1"+y’ —zy+1 biét rang.

b1
4,15 = 1 :10g2 |:14_(y—2)«,y+1:|({13¢0,—1§y£§j

A. 3 B. 4 C.1 D. 2

THPT Chuyén Luong Van Chanh — Phit Yén nam hoc 2017 — 2018
Chon y D.

Cau 58. Cho 7,9,z 1a cac s6 thuc théa man diéu kien 4° +9” +16° =2 +3” +47 . Tim gia tri 16n nhat
cia biéu thitc P =2"" +3"" +4°"

9+\/§ B 7+\/8_7 C 5+\/§ D 3+\/§

2 2 2 2

A.

Loi giai
a,b,c>0

bat (2°,3Y,4" 0, .
* ( )—)(a C):{az+62+c2=a+b+c

Khi d6 ta co P=2a+3b+4c=2(a—%j+3(b—$j+4[c—%)+

Theo bat ding thiic Cauchy — Schwarz ta c6

PS\/(22+32+42)[(a_%j2+(b—%)2+(c_%j2:|+%=9+;/§
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Inz+1

—tm
Jinfz+1

Cau 59. Gia tri 16n nhat ctia ham s6 y = trén doan [1;62} dat gia tri nhoé nhat 1a bao

nhiéu?

1+2 —1+:2 —1+:2 1+2

A. B C. D.

2 T4 2 4
Lai giai
t+1 1-t
Ta c6 maxy =max t‘+1 +m|. Xét f(t)z il +m,f'(t):—2=0<:>t=1
IR AN N ( i +1)

Mat khéc ta co

f(O)=m+1,f(1)=m+\/§’f(2)=m+¥

~1+42

2

= I[nlljly :min{|m+1|;‘m+\/§‘} Zé(|m+1|+‘m+\/2‘) 2
1;62
Chon y C.

2 2 £ . A1z, a2 . 1) Gt o N
Cau 60. Biet o la so thyc 16n nhat théa man bat dang thic (1+—j <e,VneZ . Hoéi ménh de
n

nao sau day dang?

A. oce(();l) B. ae(1;2) C. oce(—l;()) D. ae(2;3)

Lai giai
Nhan xét. Day 1a mot bai toan danh cho cac ban 6n thi HSG khong thi THPT Quéc Gia.
Goi f(n) las6 thuc théa man dang thic

1 n+f(n) 1 1
(1+—j =e<:>(n+f(n))ln(l+—]=1<:>f(n)=—1—n
" " ln(1+j
n
Tréen khoang (1;+00) ta xét ham so f(x)z%—x taco f'(z)= ! : -1
1n(1+j a:(x+1)1n2[1+]
x T

t

Nt+1

Mat khac ln(t + 1) < Vt>0.That vay ta co.

/ a2+t 1 _(\/m—l)Q
g(t)zln(t+1)—\/t+—1:>9 (t)_Q\/H_l(t+1)_t+1_2\/t+_1(t+1)>

Nén suy ra g(t) > g(O) =0=> 1n(1+t)<

0

. Do dé ta dugc

t
Vi+1

ln2(1+lj<;<:>J:(x+1)ln2(1+lj<1:>f'(ac)‘v’:z:>0
T 2( 1} T
7| 14+~
T
Vay ham s6 f(z) dong bién trén [1;+00). Do d6 ta suy ra an(n):azf(l)z%—l
n
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Cau 61. C6 bao nhiéu cap s6 nguyén (a;b)théa man 0<a,b <100 sao cho do6 thi clia 2 ham sb

Y= L + E va y = 1 + 1 cit nhau tai diing 2 diém phan biét?
a” b b* a
A. 9704 B. 9702 C. 9698 D. 9700

Lot giai
Tathidy a>1;b>1,néu a=0> 2 dudng cong tring nhau nén cé vo s6 diém chung, loai.
Vi vai tro clia a,b nhu nhau nén ta chi can tim cip s6 nguyén (a;b) v6i a>b>1 sao cho phuong trinh
1 1 1 1 1

1 1 1
—+-=—+—-<—————+—=0 c6 2 nghiém phén biét.
a” b b a a" b a b

Xét ham s6 f(:n)zi—i—l+1:>f'(:r)=—(ljz 1na+(%jz,f(1)=0

a” b a b a

Ta co f'(m)=0<:>x=x0=logb(@j, f'(x)>0 khi x>z, f'(x)<() khi z <z, .

Ina
. Inb Ina Inb
Néeu z, =l<log, | — |=1lo—=—<(a;b)=(42) .
0 gb(lna) a b ( ) ( )
Chii § xét ham sb f(zf)zln—t:>ln—3>1n—2=1n—4>1n—5>...>h[1100
t 3 2 4 5 100

Khi do f(ac) > f(xo)zf(l) =0= f(x) c6 dang 1 nghiém z, =1
Néu =z, #1, khi d6 vé bang bién thién cho ham s6 ta thiy phuong trinh f(z)=0 luén c6 2 nghiém
phan biét.
V6imbi b=k e {2,3,...,99} =ac {k + 1,...,100} tic ¢6 100 —k cach chon a.
99
Vay ¢6 D (100—k)=4851 cap (a;b)(a>b>1) valoai di cap (42) ta c6 4850 cap.
k=2

Xét tuong tu v6i trusng hop b>a>1 ta co tat ca 9700 cach chon.
Chon y D.

Cau 62. Cho 2 s6 thuc x,y khong am théa man dang thiic sau.
log, (log3 (—£U2 —9y” + 62y — 22 + 6y + 2)) =log, (log2 (9x2 +1° —6zy — 62 + 2y + 3))
Biét ring zy® dudc viét dudi dang M i m,n 13 cac s6 nguyén khong am va ™ 1a phan sb toi gian.
n n
Hbi m+n c6 gia tri bing bao nhiéu

A. 8 B. 9 C. 10 D. 11

Lol gidl
Bién doi gia thiét tuong duong

log, (log3 (—a:2 —9y° + 62y — 22 + 6y + 1)) =log, (log2 (9362 +1y* —6xy — 62 +2y + 3))
< log, (log3 (3 —(z-3y+ 1)2 )) =log, (10g2 ((3:1: -y— 1)2 + 2))

log, (Iog3 (3 —(:1: -3y + 1)2 )) <log, (log3 3) =0

Ta thay rang .Dodo VT <VP.

log, (log2 ((31: —y—1) + 2)) > log, (log,2)=0

r—3y+1=0 1 s 1
Sr=y=—=uwy =—

Dau “=" x4y ra khi va chi khi
3x—y—1=0 2 8
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Chon y A.

Cau 63. Cho 2 s6 thyc z,y théa man 0<z—y < g va dong thoi

(tan(x - y))sm(z_y) + (Cot(x - y))cos(m_y) =log, (4 -2y’ )
Tinh gia tri ctia biéu thiic sin(ﬁy2 +r—y+ gj ?

2

A= B. 0 C. 1 D.

w|§‘

Loi gial
+ Néu 0<z—y Sg , 4p dung tinh chét ctia lugng gidc va bat ding thic AM — GM ta c6
(van(a—y)) "+ (cot(w—y)) ™ 2 (tan (2 —y))" T + (cot(a—y)) " 22

+ Néu =<z -y<=,,ap dung tinh chét ctia lugng giac va bat dang thiic AM — GM ta c6

(tan=9)) "+ cot( =)™ 2 (san(a )™ cot(o-0)) " 22

Vay (tan(x - y))sm(z_y) + (cot(x - y))ms(z_y) > 2. Mat khac log, (4 -2’y ) <log, (4) =2.

N3

zy=0
n:sin[x2y2+x—y+gj=1

Neén dau “=" x4y ra khi va chi khi {
T—y=
4

Chon y C.

Cau 64. Cho céc sb thuc a,b,c c6 tong bing 3. Tim gia tri nhé nhat ctia biéu thiic sau

P=4"+9" +16° +9° +16° +4° + 16" +4° +9°

Lo giai
Ap dung bt déng thiic AM — GM ta c6
P 233/(4“ +9"+16°)(9° +16" +47)(16° +4" +9°)

Theo bat déng thitc Holder ta co
(47 +9 +16°)(9° +16' +47)(16" +4' +97) 2 (2/4“”” +3fgrre 4 3fgertee )3

—(4+9+16)' =3' = P>343 =343

Cau 65. Cho 3 sb thuc théa man = [24];y €[0;4];2 €[1;5]. Khi d6 gid tri l6n nhat cla biéu thic
T = ('\/;-i- \/5 + x/;)z - 5(log3 (z—-1)+2log; (y+1)+4log; z) bang?

A. 10 B. 11 C. 85 -14 D. 12

Lai giai
Theo Cauchy — Schwarz , ta co.

. 2
(\/;+\/§+«/;)2=[1«/;+1 y+%\/§j s(1+1+%)(x+y+2z):g(x+y+2z)
Diu "=" Xéyrakhi.\/zz\/gz%/;@w:yzélz (1)

Suy ra T < g(z+y+2z)—5(log3 (x—1)+210g5 (y+1)+410g5 z)
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:>TSg(z+y+22—210g3(x—1)—4 10g5(y+1)—810g5z)
:ng(z+y+22—2log3(:p—l)—4 10g5(y+1)—810g5z)

:ng(x—210g3(x—1))+g(y—4logs(y+1))+5(z—4log52)
Ap dung két qua quan trong = —(a—1)log, 7 -1<0,Vz [L;a].
z—log, (z—1)=((z-1)-2log, (z-1)-1)+2<2
Dau “=" xéy ra khi =1 hodic z=a = {y—4log,(y+1)=((y+1)-4log,(y+1)-1)<0 =T<10
z—4log; z=(z—4log, z—1)+1<1

Dau “="xayrakhi z=y=42=4.

Cau 66. Cho céc s6 thuc z,y,z Tim gia tri nhé nhat ctia biéu thiic sau

P =+/3+20117""% £/3+20117% ++/3+2011° %

Lot gidl
Ap dung bét ding thitc Mincowsky va bat ddng thitc AM — GM ta co.

T+y—2z y+z—2x 2+z-2y Jz

Z\/3+2011“y'22z\/(\/§+\/§+\/§)2+(2011 242011 2 +2011 °

i/ T+y—2z ; y+z—2x , z4+r-2y 2
> [27+|3.N2011 2 2 2 =6

Cau 67. Cho hai cac s6 thuc a,b,c,d,e duong théa man a+b+c+d+e=1000 va
a—b+c—d+e>0
a+b—c+d—e>0
—a+b+c—d+e>0
a—-b+c+d—e>0

—a+b—c+d+e>0

Tim gid tri 16n nhat ctia biéu thic M =(a+ C)b+d

Lai giai
Mot cau chi mang tinh tham khéo cho nhitng ban ¢6 tim toi thoi nhé.
a-b+c—d+e=h
a+b—c+d—-e=k
Dit {—a+b+c—d+e=1 tathdyring h+k+n+m+Il=a+b+c+d+e=1000 vi dong thoi
a—b+c+d—e=m

—a+b—c+d+e=n

2a=h+k2b=k+1,2c=1+m,2d=m+n,2e=n+h. T do suy ra h, k, [, m, n déu 1a cac s6 chdn. Bén
1 1 1

canh do6 ta suy ra dugc a+c=§(h+k+l+m)=5(1000—n),b+d:§(1000—h).

bé M =(a+c)b+d dat gia tri 16n nhat thi n va h c6 gia tri nhé nhat, ma n,h chia hét cho 2 nén

h=n=2=max M =499"" .
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k=9974 -2t
1=2,4,...,2t
l[+m=2+2t
k+1+m=996

Ding thiic x4y ra khi (t = 1,496)

Cau 68. Gia tri nhé nhét ctia m dé hé phuong trinh sau c6 nghiem .
log, (a; + y) +log, (xy + 2) =2
{zﬁ +y’ —2zy=m
A. 1. B. 2. C. 3. D. 4.

Ldi giai
bit log, (z+y)=a, log,(zy+2)=b khi d6 a+b=2
Lai ¢o. (z+y) 2day = (2') 24(3' ~2)=4(3"" ~2) =12 +8.3" ~3620
Xét ham g(a)=12"+8.3" =36 dong bién trén R , g(1)=0=a>1
m=(z+y) —3ay(z+y)-2ey=(2") -3(3"" ~2).2" ~2(3"* ~2) = f(a)
Ham f dong bién trén [1;+) suy ra m> f(1)=1

Vay hé phuong trinh ¢6 nghiém khi va chi khi phuong trinh tht 2 ¢6 nghiéem a>1<m>1

Cau 69. C6 tat cd bao nhieu cap s6 thuc (z;y) théa man dong thoi 2 diéu kien

3‘;02721:—3‘710&5 _ 5,(%4)

o
, !
4|y|—|y—1|+(y+3) <8
A.3 B. 2 C.1 D. 0
Loi giai
z? —2;1:—3‘ 3‘:1:2 —2:1:—3‘ ,
Tt gia thiét ta suy ra g = 50 o —= 570+ o 3‘* 20y _ 50 >1 =<3

= Aly|-ly-1|+(y+3) =—4y—(1-y)+(y+3) ==3y—1+(y+3) =8(y<-3)
:>4|y|—|y—1|+(y+3)2=—4y—(1—y)+(y+3)2=—3y—1+(y+3)2=8

r=-1

Déu “=" x4y ra khi va chi khi y=-3. Thé vao gia thiét ta dugc ‘xg -2z — 3‘ =0 { 5
xTr=

Vay ton tai 2 bo s6 théa man yéu cau dé bai.

Cau 70. Cho 3 s6 thyc duong ,y,z théa man 2z >y . Khi biéu thitc

P =log’ zy +log, ($3y3 + 5’7’ ) + \/—y4 —zy’ +22° + 212

dat gia tri nhé nhat, hay tinh log, /zyz ?

A. 3 B. 2 C. -1 D. 0

Lai giai

Taco P= logz zy +log, (x3y3 +2°2° ) + \/—y4 - ng + 2zy2 + 272
=log) zy +log, (x3y3 +2°2° ) + (2z -y’ )(x + y) >log) zy +log, (x3y3 + a:?’zg)

Theo bat ding thitc AM — GM ta c6 z°y’° +2°z° > 22°\Jy’2°
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3
= P>log) zy +log, [2(x2yz)2 J =log) zy + glog2 (w2yz) +1
e Trudng hdp 1. y<z= P >log’ 2y +3log, my+12—§
e Trudng hgdp 2. y>2= P >log, 7z +3log, xz+12—%

Vay minP = —g , dau “=" x4y ra khi va chi khi z =1£62,y =z=4=log,Jryz =-1.

. . a0 28 1
Cau 71. Gia st k la so thic 16n nhat sao cho bat dang thic ——<— +1 —% ding v6i moi gia tri
sin“z  x T
clia e (0;5] . Khi do6 gia tri cha k 1a?
A. 5 B. 2 C. 4 D. 6
Lai giai
1 k 1 1 k

Ta co <—=+1-— ——<l-—

sinz 2’ n’ sinz 2’ n’

1 1 Y
Xét f(x)= -—,Vz el
f( ) sinz 2’ ( ]

. 3
S T T

Ta sé ching minh f,(x):_2cosx +%>0, vV G(&g] .

2sin® x —22° cosx
= >0

That vay f'(z)

2’ sin®

. ‘ T
o sin’r—2°cosz >0,V E(O;Ej

( i sinz yis
&> sing > xi/cosz ,V:re[(];—j S g(z)= —z>0, Vxe(O;—j.
2 () cosz 2

Ta cé g'(z): 2cos’ z +1 _1:2(%‘/@)6—3(%/@)4+1

3cosz.ifcosz 3cosz.ifcosz
2
[(i/cosx)Q —1} [2(\3/00551:)2 +1}
T
= >O,V:ve(0;§)

3cosz.icosz

Do d6 g(x)> g(0)=0. Suy ra f'(x)>0,Vze(O;gj,

Vé bang bién thien ta suy ra f(m)<1—£2, Vme[O;gj @1—%31—%@k£4.
T T T

Cau 72. Cho 4 sb thuc a,b,c,d sao cho c+d <0 dong thdi théa man

log(1+a2 +b2)=1+log(a+b)

-4
27274 Qevd 4 ha(c2 +d® +2cd +4c+4d + 5) =16

Goi M va m lan lugt 1a GTNN va GTLN ciia biéu thic Pz\/(a—c)2 —i—(b—d)2 . Tinh gia tri cta
S=M+n?

A. 642 B. 82 C. 1042 D. 1242

L3i giai
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Bién doi gia thiét dau tien ta co
log(1+a” +b*) =1+log(a+b) < a” +b” +1=10(a+b) < (a—5) +(b-5) =49

Gia thiét 2 tuong duong

4 4

¢ o-d 0 ord 2, 12 _ med=Td 2 _
22702 i +1n(c* +d” +2cd +4c—+4d +5) =16 <2 +In((c+d+2) +1)=16

Theo bt ding thitc AM — GM ta c6 9 i 392 gt 216 Mt khéc

In((c+d+2) +1)20=VT>16.
Dau “=" x4y ra khi ¢+d=-2. Ta sé sit dung phuong phap hinh hoc cho bai nay. Xét duong tron tam
1(5;5) ban kinh R=7, va duong thing (A):x+y+2=0. Goi diém A(a;b),B(c;d). Ta c6 hinh vé
dudi day.

o =d(0A)—R=632-7
AB. =AB, +2R=62+T

max

AB
Ta co Pz\/(a—c)QwL(b—d)2 =AB :>{

Cau 73. Cho y=f (m) 13 ham s6 chén xac dinh trén R , sao cho f (0) # (0 va phuong trinh
4°—47"=f (w)
x

c6 dang 10 nghiém thyc phan biét. S6 nghiém thuc ctia phuong trinh 4° +4°° = f* ( 2)+ 2 1a

A. 10 B. 20, C. 5. D. 15.
Lai giai
Tt gia thiét f(O) #0 ta suy ra =0 khong phai 1 nghiém cia hai phuong trinh 4" -47" = f(:l:) va

I (§J+2. Taco 4" +47" = f° (gjw (*)

(2 _2-.7;)2 =f2(§j© 97 _g =f(§} (1)

Phuong trinh (2) <27 2" = f[—gj (3)
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Xét phuong trinh (1) dat t:%. Khi d6 ta co 4' 47 = f(t) (4)

Theo gia thiét phuong trinh 4" -4 = f (x) c¢6 10 nghiém phan biét nén phuong trinh (4) c6 10
nghiém t . Suy ra phuong trinh (l)cé 10 nghiém 2 phan biét. Gia st 10 nghiem dé 1a z;z,;...;2,, .
Chiing minh tuong tu ta 6 phuong trinh (3) ¢6 10 nghiem phan biet 1a —z,;—,;...;—,,. D& thay sb
nghiém ctia phuong trinh (béng tong s6 nghiém phuong trinh (1) va (3) (nghiém trung nhau tinh 1
lan). Suy ra phuong trinh ¢6 20 nghiém .

Cau 74. Xét cdcsd a, b, ¢>1 théa man log, b+2log, c+3log, a=8. Gia tri 16n nhat clia
P =2log,c+3log,b+12log, a

thuoc khoang nao dudi day?
A. (15;20). B. (25;30). C. (20;25). D. (30;35).

Lai giai
x3y;2>0

Dat z=log, b, y=log,c, z=1log,a. T gia thiét ta c6 {z +2y +32=8.

ryz =1
bat T =2log, c+3log, b+12log, a, suy ra T—B—Fg+z
T oy z
Ta co T—2 2y+32 2 8_:5:2—:16 +8x.
T Yz r 1z
T
26 _
Tacod z+2y+3z22x+2\/6yz =2+ — S8<:>\/_ 8[+2x/6<0
P
e (V7 ) s+ 6x_2)so©@g@s¢a@5_ﬁgm.
Xét ham so f(x)zg—x2+8x Véime[5—\/ﬁ;6}tacéf'(x)=—2—2 +8= w
x T x
z—1,086e[5—\/ﬁ;6J
Xét f/(2)=0e -22" +82° ~12=0 = m3,514e[5—ﬁ;6]
xz1,572e[5—ﬁ;6]
f(5 ) 9+ 521 ~31,91
Ta co f(6)
f(3 514) 19,18
£(1,572) ~17,39
Vay maxT =9+5+/21 dat duge khi z=5-~/21 va y, 2 thoéa man
2y +3z=3+21
T+2y+32=8 Y y:M
15 +3/21 3++/21 4
xyz =1 Sy dz=———— S 2Y=32=——m .
o = 3 2 2 34421
y= 2y=3z Z= 6
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Cau 75. Xét cac s6 thue duong a,b,c théa man abe =4fe . Biét gia tri 16n nhat ctia bidu thitc
T=2Inalnb+T7Inblnc+3Inclna

12 phan sb t6i gidn P p,q 13 cac s6 tu nhién. Gia tri ¢ —3p bang
q

A. 10. B. 11. C. 12. D. 9.

Loi giai
bat x=lna;y =lnb;z=Inc tacod
: 1
=abc=¢? <:>x+y+z=§

T+y+z

x+y+z=lna+lnb+lnc=ln(abc)<:>e
Ta co

T=2xy+7yz+3zx=2:z:y+(7y+3x)z=2:L‘y+(7y+3z)(%—:z:—yj=—8$y+§y—7y2 +12—32°

-1’ -1y’
<:>x2+éx(8y—1)+(8y36 ) _(8y36 ) +§y —gy+—=0

= x+%(8y—1) +—y —=—y+———=0

& :1:+%(8y—1)

r 2 2 2
=1 x+l(8y—1) =—§[y—ij —Z+120:>ZS1—§( —ij Sl
6 ] 3 90 3 90 9 10

‘5,1 T 1 5(23 9)7’7

+—= —Zy+—
9/ T3 75567 9l 75 100

Vay gia tri 16n nhat ctia T 1a T = % . Dau bang x4y ra khi

3
y—E=0 y:i A

o 10 Khids =2

7 15

1 2
[m+g(8y—1)} =0 T==25

Vay p=7;q=30=>¢-3p=9.

Cau 76. Cho céc s6 thuc duong z, y théa man 3+(1—2"*4‘).2‘y*3‘ :(1—2*‘1’*3‘).22*‘“‘ . Goi M, m 1a

gia tri 16n nhat va nhé nhat ciia biéu thic P =1’ +y° +6x—2y+12. Gia tri M.m béng
A. 1302. B. 2697 . C. 4263 . D. 4165 .

Ldi giai
Pat 2" =a, 2" =b (a>1,b>1). Khi d6

3+(1-2"7").2h = (12 ) 2 o 34 (1- b:(l—ljé
+( ) ( ) < 3+(1-a) > )

& 3ab+ab’ —a’h =4b—4 < (0’0 —3ab—4)—(ab® —4b) =0

< (ab—4)(ab-b+1)=0.
Do ab—b+1=a(b-1)+1>0=>ab=4= |z —4|+|y—3|=2
Xét trong he truc toa do Oy , goi M(z;y), I(~3;1). Khidé P=(z+3) +(y—1) +2=MI*+2 va M
di dong trén 4 canh hinh vuong ABCD, trong d6 A(2;3), B(4;1), C(6;3), D(4;5).

Tap chi va tu liéu toan hoc | 134



Phuong phap gidi toan cic tri mi — logarit |

3 M‘[min = ‘[A =N 29 m= ‘Pmin = 3]‘
Khi do = = M.m =2697
MI,, =1C=+85 |M=F,, =87

max

Cau 77. Cho hai s6 thuc z,y théa man [4% + 9%)(2’ +3Y ) =4 . Gia tri nhé nhat cia bidu thic

21} 3117 1
= — + — + —
1+3 1+2Y 1+2%.3"

thudc khodng nao sau day?

A. (V334). B. (0:43). C. (5;2020). D. (45).

Lot gidi
bat a=2",b=3",khi d6 a,b >0 théa man (%eri?j(cwrb):él (*)
a

vap=—% 4 % 1 Ty didukion ta co
1+6 14+a 1+ab

%+i2= 4 £l+1:(a+b)a62a2+b222ab:a+622.
a” b a+b a b

Taco P=| -2 +1 |+ b +1|-2+ 1 =(a+b+1) 1 + 1 -2+ 1 i
1+ 1+a 1+ab 1+b 1+a 1+ab

2(a+b+1)[ j—2+ 1 2:2(a+b)+ 4 =
2+a+b [(Hbj 2+a+b 4+(a+b)
+
2
Dat t=a+b,taco t>2 vaP21+ 24 .
t+2 t7°+4
4(t=2)" (£ +2t+4
Xét ham s6 f(t):iJrg—,tacé f'(t)= 1 s - 8t = ( )2( > )zo,wzz
t+2 £ +4 (t+2) (2+4)  (t+2) (£ +4)

Hon nita ham s6 f(¢)lién tuc trén [2;+), suy ra ham sd f(¢) dong bién trén [2;+%).

:>minf(t)=f(2)

[2;+oo)

% .Do doé PZ%.Déu“:”xéyra@ a=b=1 hay z=y=0.

Vay min P :26(0;\/5) .

Cau 78. Do thi clia cdc ham s6 y=a”,y =a™",y =2(a >1) d6i mot cit nhau tai ba diém A,B,C’ phan
biét, khong thing hang. Biét tam giac ABC déu, khing dinh nao duéi day ding?
A. ae[3;4). B. ae[2;3). C. ae[4;5). D. ae(l;Z).

Loi giai
Ta c6 A la giao diém ctia hai dd thi ham s6 y =a”,y =a ". Ta tinh dugc A(O;l) .
Tac6 B la giao diém ctia hai dd thi ham s6 y =a”,y =2. Ta tinh dugc B(log, 2;2).
Tac6 C la giao diém ctia hai dd thi ham s6 y =a™,y =2. Ta tinh dugc C(-log, 2;2).

Ta tinh duge AB=AC =,/log’2+1,BC = \/41log’ 2

Pé tam gidgc ABC déuthi AB=AC =BC hay \log?2+1 =4/4log’2

< log’2+1=4log’2 ©3log32=1<:>loga2=§®log2a=\/§®a=2ﬁ.
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Cau 79. Xét cac s6 thuc duong a, b, 2,y théa man a>1,b>1 va a* =b" =a°b’. Biét gia tri nhd
nhét ctia biéu thic P =4zy+2z -y c6 dang m+n+165 (v6im, n 1a cac s6 tu nhién), tinh S=m+n .
A. 58. B. 54. C. 56. D. 60.

Loi giai
Theo bai ra ta co

@ =g [2w=log, (V") (20=6+6log,b  [z=3(1+log,b)
=
3y=6+6log, a

a” =b" =a’b’ < R = =
b =a’b° 3yzlogb(a6b6) y=2(1+log, a)
Via>1,0>1 nén log,b>log,1=0.Do do6
P=4zy+2x—y=24(1+loga b)(1+logba)+6+610gab—2—210gba

P =52+30log, b+22log, a > 52 +2,/301og, b.22log, a =52+ 4+/165

11
Vay min P =52+4+4165 khi 30log, b=22log,a < log, b= % = bza\/;.

Suyra m=52,n=4=>m+n=>56.

Cau 80. Cho céc sb thuc duong a,b théa man e*’ <e(a+b).

Gid tri nho nhét ctia bicu thic P =— 1 -+ 1. 2020 bang
a’ +b ab
A. 2024 -24/3 . B. 2028. C. 2020++/3. D. 2024+ 243 .
Lai giai

Xét bat ding thitc phu ma ta da qua quen thude e’ < e(a + b) (*)
Dit t=a+b diéu kien ¢ >0, khi d6 (tr6 thanh e’ <et < e’ —et <0.
Xét hamso f(t)=¢' —et;t e(0400),co f'(t)=¢' —e= f'(t)=0=t=1
Lap bang bién thien ctia ham s6 f(¢) tren (0;+00)= f(¢)=0 Vie(0; +oo)
Didukien < f(t)<0= f(t)=0<t=0 hay a+b=1.

1 1 1

Khi do6, P = 7 +—+2020= +i+2020
(a+b)‘—3ab(a+b) ab 1-3ab ab

+b)’
Dit u=ab, co 0<ab£(a 1 ) :>0<ab£i:ue(();i]

2
L L o090 (), 06 ¢/ (u) =3~ L _Bu+Ou=1

2

1-3u  u (1-3u)” v (1-3u)u’

_3-43
T 6
3-8
6

Khido P=

9'(u)=0 —6u’ +6u-1=0<

(loai)

Lap bién thién ctia ham s6 g(u) trén (O;i} . ta duge min P =2024+2+/3 .

Cau 81. Cho cac s6 thuc a > 3,b>1,¢>1thdéa man

log MJrlog ‘ (ab+2ac)=1.
a(b+2c) ab +2ca be(a—3)
Gi4 tri nhé nhat cia T =a+b+ ¢ thudc khodng nao dudi day?
A. (19;20). B. (16;17) . C. (18;19) . D. (17;18) .
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L giai

, tUr gid thiét suy ra £>9,0<y=1.

ab+2ca=x
at
{bc(a—?)) =y

Theo bai ra ta co 1:10gzg+logym=log}y—1+logyaz@logzy+logyx=2.
x

=2:>logiy—210gwy+1=0<:>(10g1,y—1)2=O<:>log$y=1<:>y=:1:.

Do d6 log, y+
o log,y

T d6 suy ra ab+2ca=bc(a—3)©ab+2ca+3bc=abc<:>l+g+§=1.
c a

Ap dung bét déng thiic Cauchy — Schwarz cho bo 3 s6 ta c6
> ) 2 (2Y (BY )
() +(4B) +(4a) }l[ﬂ (Tﬂ [Tﬂ }(mmg)

@(a+b+c)(l+%+%j2(1+\/§+\/§)2<:>T2(1+\/§+\/§)2.

c
Dau "="ctia bat ding thiic trén xay ra khi
1 2 B
lzﬁzﬁ Z+T+7_1 c=1+2++3
(1: 2b 3 " ebeel2 & 1b=2+2+6 .
z‘f‘g‘f‘gzl LL:C\/g a:3+\/§+\/g

Vay gia tri nhé nhat cia T bing (1 + \/§+\/§)2 ~17,19€(17;18).

Cau 82. Biét ring z, y 1a cac s6 thuc théa man 3% (3“ +3% ) = 81(3"” +3 ) Gia tri ctia biéu

thiicz + 6y bang

A 1. B. 2. C. 4. D. 3.
Loi giai
ol , , o 1 1
Taco 3% (3" +3")=81(3" +3™) < 3" (3" +34y)=81(§+@j
4y T
3% (3" +3”)=81(3 9 ] e
3".3" 37.3"
& 3%3.3"=813"" =81 r+6y=4.
- s oz . e ea 231 PR
Cau 83. Cho a,b 1a cac s6 thuc duong va z,y € R théa méan 2 —§+§—3—a=1—a—b. De gia tri 16n

nhét clia bidu thic P =e™ "™ —ge"? —b+2020a bing 1 thi a thudc khodng nio sau day
g g

A fo—]|. B.[—— |  o—2—] -]
2018 20152012 20122009 2018 2015

Loi giai
b
Ta c6 2° —%+3——i=1—a—b@2a —i+a=21’b—%+1—b.
3 3 3 3

bat f(t)=2"-3"+t,f'(t)=2"In2+3"In3+1>0 = f(a)=f(1-b)<=a=1-b.
Xét P = e"’““’fl)y —ae” —b+2020a = 6”’("”"?/) —ae"’ +2021a-1.

137 | Chinh phuc Olympic todn



| Chuong 3. Céac ky thuat danh gia nang cao
Dit t=¢"">0=P(t)=t"—at+2021la—1,¢6 P'(t)=at"" —a=0<t=1.

Ta c6 max P(t)=P(1)=1-a+202la—1=1 Sa=—.
(05+0) 2020

Cau 84. Cho cac s6 thuc z,y théoa man Iny > ln(x3 + 2) —In3. Tim gi4 tri nh6 nhat ciia biéu thitc

5 :1:2+ 2
H=e"> +2_Ty+x(y+1)_y
1
A. 0. B. -. C.1. D. e.
e
L3i giai

. 3 2 _3 _3
Co 1ny21n(x3+2)—1n3<:> T 3>0 = z>‘ \/5 < ‘z> \/5 .
Jy=zx"+2 dy>2’ +2+y dy—a°—x-22y—2x
. . 2
Iz + yz dy—a®-z-2 _ (y B 'T) + 21"]/
2

7/37/7
Taco H=e"" "% -

+x(y+1)—y=e +xy—(y—x)-

2
Khi d6 Hze”’”—(y_;) ~(y-=z). Dt t=y—z,taco

. x3;—2_$=$3—§z+2 z(ﬂ?—l)(f’?;“'f—?) :(z—l);(“?)zo vos>_i3

2

Khi d6 HZet—%—t.Xét T(t)zet—t—%ﬁ voi t20

Co T'(t)=e' —t—1;T"(t)=e€" -1,

Ta thay T"(t)=¢'—1>0 Vte[0+0); T"(t)=0<t=0

= T'(t) dong bién trén nita khoang [0;+0)

=T'(t)=T'(0) Vte[0;+n).

=T'(t)20,Vte[0+0); T'(t)=0<1=0

= T(t) dong bién trén nita khoéng [0;+)

Nhu vay thi m[i[ﬂwT):T(O):lezl; dau bing xdy rakhi 2=y =1

Vay gia tri nhé nhat cia H 1a 1 .

Cau 85. Cho cac s6 thuc a,b,c thuoc khodng (1;+00) va théa mén
2
loggﬁ b+log, c.log, (%J +9log, c=4log,b.
Gi4 tri ctia biéu thitc log, b +log, ¢* bing

A. 1. B.%. C. 2. D. 3.

L5i giai
2

logQJZ b+log, c.log, {%j +9log, c=4log, b < (2log, b)2 +log, c.(2log, c—1)+9log, c =4log, b

< (2log, b)2 +log, c.2log, c—log, ¢ +9log, b.log, c—4log, b=0 (1).

log, b=z R
at . Do a,b,c thudc khoang (1;+oo) nén x>0;y>0.
log,c=y
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Khi do6 (1) tré thanh 4z* + 2y —y+9zy —42 =0

< (40" +ay)+(2y" +82y) - (y+42) =0 = (dz+y) (2 +2y-1) =0 @{ do+y=0 {y=—4w

= .
z+2y—1=0 x+2y=1
Do z>0;y>0 nén y=—4xz biloai. Khi d6 z+2y=1

Suy ra log, b+2log, c=1<>log, b+log, ¢’ =1

Cau 86. Cho cac s6 thyc z,y sao cho z>1,y>1 va théa man

log, zlog, 6y +2log, zlog, 2y(3 —log, 2zy) = g

Gia tri ctia biéu thitc P =z +2y gan vdi gia tri nao nhat trong cac sb sau day
A. 10. B. 8. C. 9. D. 7.

Lai giai
bat a=log,z va b=1log,2y trong d6 a>0 va b>log,2.

Khi d6 phuong trinh & dé bai tré thanh a(b+1)+2ab(3—-a—b) =g . Diéu nay tuong duong véi
2 2 9
2ba’ + (26" ~7b—1)a+==0.
2

Ta xem dang thitc trén la phuong trinh bac hai an o . Nhan thay 5> 0 va g > (0 nén phuong trinh c6

nghiém duong khi va chi khi

—(20* =7b-1
S>0 ¥>0 log32<b<7+\/E
& 2b = 4
A>0 2 2 2
(2()2_7(,_1) —36b>0 (b—l) (4b —20b+1)20
log32<b<7+;/§
log32<b<7+\/577 i
! b=l b=1
= = < b=
(b_1)2=0 b>5+2\/g
(46* —20b+1)>0 S22
bs5_2\/g
L 2

Khi do a=§.
2

Vay P=3"+3" =27 +3~8.2.

Cau 87. Goi A thuoc do thi ham sé y=2"; B thuoc do thi ham sé6 y=2"";C, D la hai diém thuoc
truc hoanh sao cho tit gide ABCD 1a hinh thang can v6i day lon AB, AB=2CD va c6 chu vi bang
20 don vi . Diéen tich ctia hinh thang ABCD nam trong khoang nao duéi day?

A. (20;25). B. (27;33). C. (34;39). D. (41;45).

Lai giai
Goi A(a;Z“):> B(—a;Z“).

Goi H la trung diém AB:>H(O;2”’):> Trung diém CD 1a O(O;O):D(%;Oj.
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2
Ta co AB:2|a|;CD=|a|;AD=«/22“+aZ.
2
Yeéu ciu bai todn 2, /22‘1 +C‘Z +3[a| =20 = a ~2,5823

=S sen :%(ABJrCD).OH =%.3|a|.2” ~23,19791302.

Cau 88. Cho cac sb thuc duong a,b,c,m,n,p théa man cac didu kien 22m +22°n + 32 p <7 va

2(2@)2018 N 2(2b)2018 N 302018

4a +4b + 3¢ >42 . Tim khang dinh dang vé6i biéu thitc S = ?
m n p
A. 42<8<7.6"" B. §>6"" C. 7<8<7.6""° D. 4<5<42
Loi giai

bat 2a=2,;2b =z,;c = 3;3;2“1% = yl;zo% = y2;2°k7/5 =Y.

2:1; + 2.Z' + 3$ 2 42 2018 2018 2018
Khi d6 ta ¢6 { ST Y 2 T M, L N

2y, +2y, + 3y, <7 Y Yo Ys

2017 2017 32017

2017 x2018 $2018 .’172018
= 7P >(2y, +2y, +3y,) (2 L_ 42243z, ]
Y Ya Ys

1 2 3
2017 +2 2017 + 3 2017
1 2 3

2018 2018 2018
Theo bat dang thiic Holder ta c6 (2y, +2y, + 3y, )...(2y, +2y, +3y, )(2 z < z }

1 2 3

2017 xZOlB 2017 1'2018 2017 xQO]S o 2018
- - - B _ 2018
> 0(2y, ) .2 y12°17 +2018(2y,) .2 ygon +.208(3y, ) .3 y;w = (22, + 213, +3z,) 242"

= P>7.6"".
Nhan xét. Cau nay qué siic khing khiép tuy vay la cau trong dé thi thit cia Nguyén Khuyén!

Cau 89. Cho a,z 14 hai s6 duong khac 1. Goi S 1a tap hgp tat ca cic s6 nguyén duong n sao cho
1 1 1| 4095
ar P 000 AR < .
log,z log .z log , :c‘ |loga x|
Tinh tong T tat ca cac phan tit clia S .

A. T =8010 B. T =4005 C. T =8090 D. T =4095
Loi giai
1 1 1 n(n+1)
Ta co + +ot =log, a+2log, a+...+nlog, a= log, a.
log,z log .,z log , »

. 4095 .
a |l—=4095|10gxa . Do d6 n(n+1)<8190=-91<n <90=1<n<90.

og, T

Téng cac gia tri n théa man yéu cau bai todn 1a T = 4095 .

edz 1
Cau 90. Cho 0<a#1, phuong trinh log, (a“ g ) = (x + 1)2 +log, (a + —j ¢6 bao nhiéu nghiém?
a

A. 0. B. 1. C. 3. D. 4.

Loi giai
Phuong trinh < log, (a212+4’” +a’ ) =2’ +2z +log, (a2 + 1)

2.4, 2 ) 2 )
= loga(a“ e +a2)=10ga a” " +log, (a2 +1) =S (a’ *21) +a’ =(a’ *“)(a2 +1)
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2 r=0
2 +2z 2 22422 - +2x=2
<:>(a —-a )(a —1)<:> 2o 0<:> r=-2 .
T +2r =
lei\/§

Cau 91. C6 bao nhiéu gia tri nguyén ctia m théa man bat phuong trinh
2019" —log, z > (m2 - m)x + (2019 —m?+ m)

luon dting Vz >1, biét ring 2" >e¢.
A. 122 B. 100 C. 98 D. 123

Lai giai

, 1
Taco 2" 2e<>m=log,e >m=—
In2

Al

Bat phuong trinh tuong duong 2019° —(m’z +2019—m’ )+ (mz —m —log, z) 2 0,V > 1.
e Taxét A, :y=mz—m diqua diém c6 dinh (1;0) c6 hé s6 goc ky =m, may :f(ac)zlog2 x cod

1

tiép tuyén tai (1;0) c6 he s6 goc tai diem 1a k, = y'(l) = T3 "
n

1 . .
Vi mzﬁ;xm:ﬂ% >k = A, :y=mz—m nam phia trén do thi f(x):10g2x.
n 1

= mx—mzlog2x|.

Nen 2019" - (m’z +2019-m’ )2 0<> 2019° 2 m’z +2019-m*,Vz =1 (2)

o Taxét A,:y=m’z+2019-m’ di qua diém co dinh (1;2019)va c6 he s6 goc la ky =m® .
Ma y=g(z)=2019" ¢6 tiép tuyén tai (1;2019) c6 he s6 goc k, = ¢'(1)=20191n2019..
Dé (2) xiy rathi k, <k, < m’ <20191n2019 < —/20191n2019 <m <+/20191n2019 .

Vay % <m<+20191n2019 = 6122 gia tri nguyén cia m .
n

Cau 92. Cho a,b 14 hai s6 duong phan biét théa man a.b <e” va b* =a’. Tim sb gia tri nguyen ciia
» N e , .
m vGi me[0;6] théa man a” +b +(a.b) + T+2(m —3m)—4 x=>3 v6i V>0

A. 4 B. 5 C. 2 D. 1

Loi giai
Taco b =da’ @a.lnbzb.lna:ﬁzln—a.
a
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. 1 1-1 .
Xét ham s6 f(a:)zﬂ,Vm>0 co f'(x)z 2le:0 = x =e¢ ta c6 bang bién thién cta f(:v)
x x
|0 a e b +o0
r@ o+ 0 y -
T T
1 |
/(@) i
f(a) F(b)
1 oz o ce _ Inb Ina
T bang bien thién ta gidst b>a=>b>e>a=b>1=Inb>0 ma —=— =Ilnae>0=a>1.
a

Nen = (0):g(z)=a"+b" +(ab)" sé c6 do thi nhu hinh vé

2m2 _ 23m

Tacod a” +b" +(a.b)z Z—{ +2(m2 —3m)—4jm+3 (1)

Goi d 1a tiép tuyén cia dudng cong (C): g(z)=a" +b" +(ab)" tai diém M (0;3) nhu hinh vé.
m’ 3m

Dudng thing d':y= _[T + 2(m2 —3m)—4]x+3 luén di qua diém c6 dinh M(0;3) .

Nhu vay dé (1) ludn dang Vz >0 thi £, <k, .
Lai co g'(a:) =a"lna+b"Inb+ (ab)x ln(ab) = g'(O) = In(ab)2

= - M+2(m2 —3m)-4 |<g'(0)
2

m? 3m .
= —{% + 2(m2 — 3m) —4] < ln(ab)2 <lne' =4

2 9 >3
—+2(m2—3m)20:>m223m<:> " ma me[O;G].
2 m<0
Vay c6 tat cd 5 gié tri nguyen théa man.
. 1 1 1 1 .
Cau 93. Cho céac so thuc a,b,c,d thod man e + rg + 8_‘ + W = s Goi m la gia tri nho nhat cua
biéu thitc S =a+2b+3c+4d. Gia tri ciia biéu thiic log, m bing
1 1
A. —. B. —. C. 4. D. 2.
2 4
Lai giai
3 2. ]- 1 1 1 —a —2b -3¢ —4d ]-
Bien doi tuong duong —+—+—+—=—2"+27 +27 427" =—
2 4 8 16" 4
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r=2"
_ 1
=27 |r4y+z+t==
Dat Y W= y 4.Taco
=27%
y z,Y,2,t >0
t=2"

S=a+2b+3c+4d= —(log2 z +log, y +log, z +log, t) =—-log, (:L“yzt).

x+y+z+t

Ta co zyzt <
y ( .

1 =21 = §>16.
" 16"

PN 1
Dau bang xay ra :Uzy:z:t:E.Dodé m=16.

zZ+T

Cau 94. Cho céac s6 thuc z,y,z thdéa man dieu kien 3" +3"" +3°** =1. Tim gi4 tri nh6 nhat cta

1 1
bidu thitc P=9"+9 2+9 27
A. P =1 B. P C.P =3 D. P =4

min min min min

Loi giai
Ta dat 3" =a,3" =b,3° =c. Khi d6 ab+bc+ca=1.
Dong thoi P=a’ +3b* +3c* =(1+k)a’ +(3+k)b° +(3+k)c? —l<:(a2 +b’ +c2).

S P= o + o + a —k(2+b2+ 2)>M—k(2+b?+ 2)
! 1 1 ¢ “)=T1 L 2 ¢ “J
1+k 3+k 3+k 1+k 3+k
Chon k=1 thi PZ(a+b+c)2—(a2+b2+c ):>Pmm—2.
ab+bc+ca=1
Déng thitc xay ra khi va chi khi ﬂ_ﬁzﬁ :azi,b:c=i.
[ 5 5
2 4 4

Cau 95. Cho a, b 12 hai s thyc duong. Gia tri nhé nhat ctia P =log, va® +b* +log, (§+%j bang
a

A. l B. 1. C. % D. 2.
2 2
Lot giai
2 4+1Y
§+;=4_+12u 1 s
Tacoia b 2a 20+b = = +b>—,
a [5(2 32
2a+b <4[5 a +b2 5((1 +b)
2 2
Do do P >log, \a® +b? +log55——log55—=§.
1[5(@ +bQ) \/g 2
Cau 96. Cho a, b 13 hai s6 thuc duong. Gia tri nhé nhat ctia biéu thitc
b 4
P=log.(1+2a)+log.|1+— |+2log.|1+—
g3( ) gs( QaJ gs( \/3]
A. 1. B. 4. C. 7. D. 9.

Lai giai
4

Ta c6 P =log, {(1 + 2a)[1 + %)(1 + ET ]
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o (1+2a)(1+ij:1+i+2a+b21+2\/5+b:(\/b_+1)2.

2 2
. (1+2a)(1+%)(1+%]2 z{(ﬁu)(u%ﬁ :[1+\/5+%+4j2 >(1+2.2+4) =81.

Suy ra P >log,81=4.

Cau 97. Xét ham s6 f(z)=log,v2+4" va a, b la hai s6 thuc duong théa méan f'(a)+ f'(b)=1. Dt
T =%a" +*¥b™7 . Khéng dinh nao sau day 1a dang?

A.0<T<l. B.lsTsl. C.1<TS1. D. T>1.
4 4 2 2
Loi giai
4" 4" 4" O<a<l
Tacod f'(z)= .Dodé f'(a)+F'(b)=1 +— =144 oa+b=1 )
7'(z) 4" +2 f'(a)+£(0) 4°+1 4" +1 {0<b<1

4 2017

Khi d6 taco T =Xa? +*b™7 =a° +528 > q+b=1 véimoi a,b 6(0;1).

Cau 98. V6i hai s6 thuc a,b bat ky, ta ki hieu fun) (z)=|z —a|+ |z —b| +|z — 2| +|z - 3|. Biét réng ton
tai duy nhét s6 thuc z, dé mipjf(a’b) (z)= j&a’b) (z,) v6i moi s6 thuc a,b théa mén a’ =b" va 0<a<b.

Gia tri clia z, bang

A. 2e-1 B. 25 C. e D. 2¢
Lai giai
e b Inb Ina
Tacod b =0 < alnb=blna=>—=—.
a
Inz _1-Inx

Xét ham s6 f(z)=—Vz>0 c¢6 f'(z)=——=0 =z =e¢ taco bang bién thién ctia f(z)
T T

x | a € b T
f(z) + : 0 : -
1 1
I |
fz)
fla) f(®)
w12 .z N _Inb Ina
T bang bien thien vi b>a=b>e>a=0>1=Inb>0 ma —=—— =Ilna>0 =>a>1
a

Nen [b>e>a>1].

Véi r=e=> f(”“b)(e)=b—a+1,tathéy jzmb)($)2|$—a+b—x+x—2+3—m|Zb—a—i-l:f(e) thdéa méan

{(x—a)(b—x)z()
( —

z-2)(3-2)20"

Cau 99. Cho 2 s6 thuc z, y (0;2) thoa man diéu kién (x —3)(I + 8) = ey(ey - 11) . Gi4 tri 16n nhat

cia P=+/Inz +/1+Iny bing
A. J1+In3-1n2. B. 24/In3-1n2 . C. 1++In3-1n2. D. 1++/In2.

L3i giai

Diéu kien le,yZl. Ta co (x—3)(ac+8)=ey(ey—11) St +5r-24=c"y’ —1ley
e
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ey’ —11(3@/—(x2 +5$—24)=0 (*)

11+ (22 +5) T+8
ey:— y:
, ey=r+8
6 A=(20+5) >0,¥z21. Do d6 (*) 2 oY N
11-(22+5) |ey=3-z 3-z
ey=——-—"> Y=
2 e
D0y=$+8>9>2 nénloaiy=$+8.
€ € €
Voi y=2=% 1<z<2

[&

Khi do6, ta duge P=m+.[1n(3—x) trén [1;2).
= P? :[mju/ln(?)—x)f S2(lnx+ln(3—x))=21n[x(3—x)]

2
. QH{MJ
2

Jinz = fin(3-2)

Déau “="xayrakhi {z=3-x @xzi.
xe[l;?)

4(In3-1n2),Vz e[1;2)

Vay P, =2VIn3-In2 tai rc=%, yzg.
€

Cau 100. Cho z;y;z >1 thoa man log(

wyryas) (5:1:2 +16y° +272° ) +log,,, Ty +yz + 2z =2. Gia tri cia

, 2y+2z | .
bidu thite 2222 bang
-1
1 2
A2 B. 2. c. 2. D. 2.
12 6 11 19
Lai giai
Taco bz’ +16y° +272° =32 +12y° +22° +182° + 4> +92° > 12(xy+xz +yz)
2 2 2
=108, 10 (52" +16y" +272" ) 1+10g,,., . 0 12
1
=>VIzl+log,, . ...12+ Zlog12 (xy +yz+ xz) >2
o r=2y=3z 2u+2z 2
Dau bang xay ra khi Y =>r=12,y=62=4= yr Z=—0.
logIQ(a:y+yz+xz)=2 x—1 11
201 neau z <0
(\/a,x2 -3z +2x)(:v—3)
Cau 101. Goi (C’) 12 do thi ham s6 y = f(x) = - ,(a > 0) .
20+4 ) 4 .
nedu z >0
2z +1

Biét ring cdc duong tiem can ngang ciia (C') déu ndm phia trén truc Oz . Goi D la hinh phing gi6i

, 1
han bédi cac dudng tiem can cta (C’) va dudng thang y=x. Dién tich cia D la S =§em —n. Tinh

tich a.m.n .
A. 4. B. 32. C. -8. D. 8.
Loi giai
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bDiéu kien D=R.

2 1
2z -1 T
Tacod lim f(z)=lim = lim L .
x x

Néu —Va+2#0 thi lim f(z)=0= (C) ¢6 tiém can ngang y =0 (mau thuan gia thiét).

T—>—0

Suyra —va+2=0<a=4.

(20-1)(V1a" =30 20
Véi a=4,taco lim f(z)=lim
A T 5 (a-3)

(2_3(_\/2_% 2(—1-2)

= lim = =

T—>—00 _{3(1-_:3j __3
Zz

3x+2

Ta co limf(a:)zlim[l—i—z 5 1] ' .
X +

XT—>+0 T—>+0

w | oo
—
—_
SN—

2r+1 . 3t—1

,tacd x= va khi £ —>+400 thi t —>+00.

Dat t=

9t+1 1
. . s | IR 1y 2
Suy ra }Lrgof(m)ztlirg 1+; = }EBO 1+; tlilg 1+; =e (2)

Tt (1) va (2) suy ra (C) c6 hai duong tiém can ngang la y =§ ,y=ed.

lim f(a:)z lim 201

0 0 (\/4x2 -3z +2:1:)(x—3)
Ta c6 hinh phéng D 1a hinh thang vuong MNPQ (nhu hinh vé).
Ay

=400 :>(C') ¢6 tiém can ding z=0.

-.E\u
Ln)

Z

CI| OO0 fn mm o o -
9}
ool
<Y

9 9

Co MN=§, PQ=¢®, QM:eS—g.Nhu’vaythi

9 9 9 9 39
s:sm=§<pQ+MN>.QM:;(es+§j.[es_§]=1(e4_%}564_%
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Cau 102. Xét cac s6 thuc khong am z vi y thoéa man 2z +y.4""" >3 . Gia tri nhé nhat ctia biéu
thic P=21"+y’ +41+6y bing
33 65 49 o7

A, —. B. —. C. —. D. —.
4 8 8 8

Lai giai
Cach 1.
Nhan xét. Gia trj clia z,y théa man phuong trinh 2z +y-47"" =3(1) sé lam cho biéu thic P nhé

nhat. Dat a=z+y , t (1) ta duge phuong trinh

4! +2.a—2—§=() .
Y Y

~ Z a—1 2 3 < < 4 3 « £ . Z ~ < ~ A .n

Nhéan thay y=4"" + —.a—2—— la ham so6 dong bién theo bién a, nén phuong trinh trén c6 nghiém
Yy
. 3 3

duy nhat a=—=z+y=—.

Y 2 i 2
Ta viét lai biéu thitc P=(z+y)’ +4($+y)+2(y—ij—é= % .Vay P = %5

Cach 2.
V6imoi x,y khong &m ta co

TH+y—

-2 3
2+yd T 23 rt+yd | 2 2%@(:6"‘9_%)4'3/-(4 2 —1]20 (1)

Néu x+y—%<0 thi (x+y—%j+y.[4z+y 2 —1j<0+y.(40—1)=0 (vo 1i)

Vay z-i—yzg.

Ap dung bét déng thic Cauchy — Schwarz ta dugc
P=2"+79 +4:16+6y=(ac+3)2 +(y+2)2 -13

2
21(I+y+5)2—1321 3i5] 1329
2 2 8

2
R
Pang thic xdy rakhi {7 2 < ‘; .
T+3=y+2 T=—
4

Vay mian% .

147 | Chinh phuc Olympic to4n



| Chuong 3. Céac ky thuat danh gia nang cao

2. Diéu kién can va du.
Mé dau phuong phap nay ta sé di vio mot bai toan khé noi tiéng sau.
Bai toan. C6 bao nhiéu gia tri nguyeén cia tham sé m dé phuong trinh

9.32I—m(44x2 2T+l +3m+3).3’+1:0

Co6 dang 3 nghiém phan biét?

Chéc hén bai toan nay sé lam rat nhiéu ban gap kho khin trong viec tim ra huéng gidi quyét phai
khong nao? Tuy nhién trong phan nay ta sé tim hiéu t6i phuong phap diéu kién can va du dé giai
quyét cac bai toan nhu nay. Phuong phap diéu kién can va da thuong t6 ra kha hiéu qua cho 16p bai
toan tim diéu kién tham sb dé.

e Phuong trinh tri tuyét ddi c6 nghiém duy nhat.

e Phuong trinh tri tuyét ddi c6 nghiém v6i moi gia tri clia mot tham sé.

e Phuong trinh tuong duong véi mot phuong trinh hosic mot bat phuong trinh khac.

Khi d6 ta thuc hién theo cac bude sau

e Budc 1. Dat didu kién dé cac biéu thitc ctia phuong trinh c¢6 nghia.

e Budc 2. Tim diéu kién can cho hé dya trén viec danh gia hodic tinh déi xting ciia hé. Gia sit he
théa man tinh chat p nao dé ma dau bai doi héi. Khi d6, dua vao nhitng dic diém ciia tinh
chat p va dang ctia phuong trinh ta sé tim duge mot rang budc nao dé ddi véi tham sé6 m va
rang budc iy chinh 13 diéu kién can dé c6 tinh chat p. Didu d6 c6 nghia la néu v6i m, khong
théa man rang buoc trén thi chic chan ting véi m, , hé khong c6 tinh chat p.

e Budc 3. Ta tim xem trong céic gia tri ciia m vita tim dugce, gia tri nao lam cho hé théa man
tinh chit p. Kiém tra didu kien di. O bude nay néi chung ta ciing chi cin giai nhimg he cu thé
khong con tham s6. Sau khi kiém tra, ta sé loai di nhitng gia tri khong phit hop va nhitng gia
tri con lai chinh 1a dap sb ctia bai toan.

Nhu vay, ¥ tudng ctia phuong phap nay kha ro rang va don gidn. Trong rat nhiéu bai toan vé bién
luan thi phuong phap nay lai thé hién wu thé r6 rét. Tuy nhién, thanh céng ctia phuong phap con nim
& chd ta phai lam thé nao dé phat hien diéu kién can mot cach hop i va chon diéu kien di mot cach
dang din. Sau day chiing ta sé di vao céc vi du cu the!

Cau 1. Tim m dé phuong trinh Yo +i2—z+Jz+V2-1 = m(l) c6 nghiém duy nhat.

Giai
Phan tich. Néu nhu & phuong phap co 1ap m thi ta da cé cach giai quyét bai nay bing dao ham thi &
phan nay ta sé tiép can né véi phuong phap diéu kién can va da
Piéu kién can.
Gia st (1) c6 nghiém la r =z, = (2 —avo) cling 1a nghiém ctia (1)
Vay (1) c6 nghiém duy nhéat khi z, =2 -z, =1
Thay z, =1 vao (1), ta dugc m =4
D6 chinh 1a didu kién can dé phuong trinh c6 nghiém duy nhét.
DPiéu kién du.
Vi m=4,khi d6 (1) c6 dang Yz +42-z +z +42-2 =4(2)
Jr+2-2<2
Yr+i2=z<2

Ap dung bét déng thiic Cauchy — Schwarz , ta dude {

Sz 7=z =2

Do do (2) <:>{ < z=1 la nghiém duy nhat ctia phuong trinh.

Yo +i2-z=2
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Vay v6i m =4 phuong trinh c6 nghiém duy nhéat.

Cau 2. Tim m dé phuong trinh \/xZ +2z-m’+2m+4 = x+m—2(1) nghiém dang Vz >0.

Giai
Diéu kién can.
Gié st (1) c¢6 nghiém Vx>0 = =0 la nghiém cta (1) , khi do.

m—22>0
(1) oVv-m’+2m+4=m-2& , , &m=3
-m +2m+4=(m—2)
D6 chinh la diéu kién can dé phuong trinh nghiém dang véi Vz >0
Diéu kién di.
V6i m =3, khi d6 (1) c6 dang
- >0
N-m*+2z+l=x+1lc s+1=2+1< 0=0 luon dang.

Vay v6i m =3 phuong trinh nghiém dang véi Vo >0.
Cha y. Véi bai toan c¢6 nhiéu hon mot tham sb ra sé thdy tam quan trong ciia viéc lya chon diém
thuan lgi ciing v6i viéc xac dinh cac gié tri clia tham s6 duge thiie hién tuan tu. Ching ta di xem xét
vi du sau.

Cau 3. Tim a, b dé phuong trinh a\/:l:2 +1- \/$2 +bz+1=0 nghiém ding v6i VzeR.

Giai
Piéu kién can.
Gia st (1) c6 nghiem Ve = =0 1a nghiém cta (1) , khi do (1) Sa-1=0=a=1

Vé6i a=1 thi (1) <::>\/$2 +1 =\/:1:2 +bhz+l e +1=2" +bx+1<:>b:1;=0<v:§b20
Vay a=1,b=0 la diéu kién can dé phuong trinh nghiém dang véi Vz .

Diéu kién di.

V6i a=1b=0 thi (1) < 0=0 luon ding.

Vay v6i (1) phuong trinh nghiém dang véi Vo

(a:+5)(2—:1c)=3m\/ac2 +3z+m—1 (1)

Cau 4. Cho 2 phuong trinh .
z* +62° +92° -16=0 (2)

Tim m dé (1),(2) tuong duong?

Giai
Phan tich. Dé 2 phuong trinh tuong duong nhau thi phuong trinh 1 phai c6 cting tap nghiém véi
phuong trinh 2. Do d6 ta di giai phuong trinh 2. Ta c6
2 x
2) = (2°+3z) -16=0<(z-1)(z+4)(2* +3z+4)=0<
@)oo 43 16200 (e s s s 1) 0T
Piéu kién can.

Gi& stt (1),(2) tuong duong = z =1 la nghiém ctia (1) khi d6

0
(1)<:>6=3m\/m+3<:{ = <:>{ m>0

4=m2(m+3) m®+3m’>—-4=0
m >0

Q{(m—l)(m2+4m+4)=0

Vay m =1 la déu kién can dé (1),(2) tuong duong.

om=1
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Diéu kién di.

V6i m=1,khi d6 (1) c6 dang —2* =3z +10 =3z + 3z (3)
bit t =+’ +3z , dieu kién ¢t >0

Khi d6 (3) <t +3t—10=0<:{t:_5§L)

P . 9 9 rz=1

Véit=2tacot V' +3r =22 +3r=4< 4
r=-

Tic 1a (1),(2) tuong duong.
Vay véi m=1 thi (1),(2) tuong duong.
Chu y. Chang ta da thay ton tai nhitng phuong trinh chia cin thitc ma tap nghiém ciia né 14 mot
khoang, do dé mot phuong trinh chita cin thiic c6 thé tuong duong véi mot bat phuong trinh. Chiing
ta di xem xét vi du sau.

Cau 5. Cho phuong trinh va bat phuong trinh

Jr—1+2mz—2 +Jz-1-2mJz—2 =2 (1)

[o* + 3z +2| <2’ +20+5 (2)

Timm dé (1),(2) tuong duong?

Giai
Diéu kién can
Gié st (1),(2) tuong duong suy ra z =3 la nghiém cia (1) , khi do
(1) V2 +2m+42-2m =2 & 4—4m* =0 & m=+1
Vay m =1 la diéu kién can dé (1),(2) tuong duong.
Dieu kién da
Véi m=1, khi do (1) c6 dang
o142z —2 4z —1-2Jz 2 =2 No-2+1+[Na-2-1=2
@‘x/w—Q+1‘+‘1—«/x—2‘=‘(x/x—2+1)+(1— x—Q)‘
o(Vr-2+1)(1-Ve-2)2001-(z-2)20 = 2<3

Tic 1a (1),(2) tuong duong.

Véi m =-1 tuong tu hodc c6 thé nhan xét vé tinh ddi xiing ctia m trong phuong trinh
Vay v6i m==1 thi (1),(2) tuong duong.

Cau 6. Tim m dé phuong trinh Jr+l-z+ 2m\/x(1 —x) = 23/%’(1 —x) =m’ (1) c6 nghiém duy nhat?

Giai
Phan tich. Mot bai toan nhin nhiéu cin kha la phitc tap, va ¥ tudng ham dic trung dudng nhu ciing
kha 1a kho, tuy nhién hiy chit § dén cac biéu thitc z,1-z ta khong khé dé nhan ra néu z, thi 1-z,
ciing 14 nghiém ctia phuong trinh, do d6 chiing ta sé sit dung phuong phéap diéu kién can va di dé giai
quyét bai todn nay.
Loi giai
Nhan thay néu z, la nghiém ctia phuong trinh (1) thi 1-z, ciing la nghiém ctia phuong trinh (1),

Phuong trinh (1) c6 nghiém duy nhat thi
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r,=l-z, or,=—=>m’=m<m=0vm==1

e V6i m=0 thi (1) tré thanh
, 2 1
JI—z-24fz(1-2) =0 (Yo -41-2) =0 z==
Jz + x z(1-17) <:>(\/_ a;) N 5
Vay m =0 théa mén
e V61 m=1 thi (1) trg thanh \/;-i—\/l—m—Q:‘/x(l—x) =1—2«/x(1—x)
€Tr =

4 4 2 > é/—:ﬂ
(5 5] = (V7 —T3) {%m:f’ -~

= O N

Vay ta loai m=1
e V6i m=—1 thi (1) tré thanh

Vo +1-z-2yfs(1-2)+1-2fz(1-2 =0©(%/5—4/1—7)2+((—\/ﬂ)2 =0
@{ -z 1

_ STr=—
=+l-z 2
Vay m=0,m=-1 1a 2 gia tri théa man.

Vay m=-1 thdéa man

Cau 7. Tim m dé phuong trinh 2\/(52 + 2(\/511: +m? ) +3m+1= Q‘x + \/5‘ +3+m c6 nghiém duy nhat?

Giai
Bién doi phuong trinh tuong duong

2\/:U2+2(\/§x+m2)+3m+1=2‘$+\/§‘+3+m

@2\/(“&)2 +2m +3m =1 =2z +2|+3+m(1)

bat t=x+ J2 , ta ¢6 phuong trinh 2\/t2 +2m*+3m—-1= 2|t| +3+m (2) .

Nhan xét (1) c6 nghiém duy nhét khi va chi khi (2) ¢6 nghiem duy nhat.

Gia st ¢, 1a mot nghiém cta (2) thi ¢, cling la nghiém cua (2) Do dé dé (2) c6 nghiém duy nhat,
diéu kién can 1a ¢, =—t, < ¢, =0.

m=>-3 m=1
13

2 _ A __ Y
Tm”~+6m-13=0 m=

V6i ¢, =0 thay vao (2) ta dugc 2 2m2+3m—1=3+m<:>{
7

Th lai.
e V6i m =1 phuong trinh (2) tré thanh
W' +4=20t|+4 =’ +4=1" +4|t|+4 <t =0 (thoa man)
1
e Véims= —73 phuong trinh (2) tré thanh

2 tz’+§:2|t|+§<:>t2+E
49 7

1
:t2+§|t|+—6<:>t:0 (thoa méan)
49 749

151 | Chinh phuc Olympic toan



| Chuong 3. Céac ky thuat danh gia nang cao

13 e U G
Vay m=1,m=—7 1a 2 gia tri cia m thoa man yéu cau bai toan.

Cau 8. Tim a va b dé phuong trinh sau c6 nghiém duy nhat

%/(a:z:+b)2 +§/(ch“—())2 +m=% (1)

Giai
Diéu kién can
Gié st (1) 6 nghiem duy nhat = =z, khi d6 dé thay 2 =-z, ciing la nghiem cta (1).
b=0
b

Do d6 tir gid thiét suy ra z, =0. Thay z, =0 vao (1)ta dugc ip? = %/g:{

Diéu kién da
Khi 6 =0, (1) c6 dang

Q/an2 + i/aQ:L‘Q + Q/anQ =0 a’r” =0
Do d6 (1) c6 nghiém duy nhat khi va chi khi a = 0.
Khi b =1, (1) c6 dang

#(aav+1)2 +§/(ax—1)2 +3a*z* -1=1 (*)

Diat u=3%az+1; v=%az -1, ta thay.

% w0t = u—v=2 u=1 ar+1=1
()< , , o1, , & o Sar=0
1 u +uv+ov =1 1

Vay (*) c6 nghiém duy nhét khi va chi khi a # 0.

. . . . #0; b=0
Tém lai, de phuong trinh (1) ¢6 nghiém duy nhat thi dieu kién can va dua la {Z .

Nhan xét. Day 13 mot bai toan tong quat cho rat nhiéu bai toan khac ma mot sé “thay” day online
trén mang da dua ra duta vao viéc thay céac bién thanh céc biéu thic chita mi hoic loagrit.

Cau 9. Tim m dé hé phuong trinh sau c6 nghiém duy nhat
NT+x+N1l—-2—-4=m—-+4-3J10-3m
NT+Hy+4fl11-y—4=m—-+4-3v10-3m

Giai
—-7<z2,y<11
Dieu kién Egmgg
27 3
Trit theo vé hai phuong trinh ta c6
\/m+7—\/11—:13 =\/y+7—\/11—y

Xét ham s f(t)=~/t+7 —11—t, —7<t<11 taco f'(t)

1

1
= + > 0.
WE+T  24/11—t

Vay ham s6 dong bién, khi d6 f(z)=f(y) <= z=y.
Thay vao mdt trong hai phuong trinh ctia hé ta duge

Tz 41—z —4=m—+/4-3J10-3m (*)
Diéu kién can
Ta thiy la néu z, 14 mot nghiém ctia phuong trinh thi 4 —z, ciing 14 nghiém ctia phuong trinh.
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Nen he da cho ¢6 nghiem duy nhat khi va chi khi z,=4-1, < z,=2
Thay vao phuong trinh (*) ta duge \4— 3J10—m =m—2 (**)
Gii phuong trinh (**) ta tim dugc m =3.

Diéu kién di.

Ji+z+\11-2=6

JTry+ 11—y =6

Vi z =y nén ta chi viéc giai phuong trinh Ji+z+ll-z=6<2=2

Vay m =3 la gia tri can tim dé hé da cho c6 nghiem duy nhat.

Véi m =3, ta thu dugc hé phuong trinh {

TYz+2z2=a
Cau 10. Tim a va b dé phuong trinh sau c6 nghiem duy nhat {zyz> +z=0

4+’ +27 =4

Giai
Piéu kién can.
Gid st (2,;9,;2,) 12 nghiém ctia hé phuong trinh da cho thi (—z,;-y,;2,) ciing la nghiém. Do tinh duy
nhat nén z, =—z,y, =—y, =, =y, =0.
Z,=a
Thay tré lai vao he, tacé. <z, =b . Tuday tasuyra a=b=2 hoac a=b=-2.
zg =4
Diéu kién di.
Yz +z2=2 (1)
Néu a=b=2.Khi d6 he c6 dang qayz’ +2=2 (2)
Pyt 4+ =4 (3)
Lay (1) —(2) ta dugc xyz(l —z) =0, tu (1) laicod z#0 do do :vy(l —z) =0
Néur=0=>2=2=y=0
Néu y=0=2=2=12=0
Néu zzlz{%ﬁ2 ty =3
zy=1

Hé trén c6 nghiém (avl;y1 ) * (0;0). Vi vay ngoai nghiém (O; 0;2), hé con ¢6 nghiém khac (Xl;yl;l) do do6
hé khong c6 nghiém duy nhat. Truong hop nay khong théa man.

TYz =-2
Néu a=b=-2.Khi d6 hé c6 dang < zyz” +2z=-2

Py +2 =4
Tién hanh lam nhu truong hop trén ta di dén
Néurz=0=2=-2=y=0
Néu y=0=>2=-2=2=0
Néu z=1:>{x2 ty' =3

zy=-3

Ta thay tit he phuong trinh trén, ta suy ra 2* +y° < 2|xy| nén hé vo nghiém.

Vay trong trusng hdp nay hé c6 duy nhat nghiem (ac; y;z) = (O; 0;2)
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Vay diéu kién can va du dé hé phuong trinh da cho c6 nghiéem duy nhatla a=b=-2.

Cau 11. Tim ¢ dé phuong trinh sau c6 nghiém ding v6i moi x:

logQ(a?acQ—5@:162wL\/fq)zlogzﬂg2 (3— a—l) (*)

Giai

Diéu kién can
Gié st (*) dang véimoi x . V6i x=0 ta co log, J6—a= log, (3— a—l)

1<a<6
Laico {Ja—1<3 = aec{2;5}

Jo-1+6-a=3
Diéu kién da
Néu a=2 thi (*) <> log, (2-122%) =log, .2 (**)
R6 rang (**) khong dang véi moi z, vi dé log, (2 —12x2) c6 nghia thi phai c6 12z° <2
Néu a=5 thi (*) < log,1=log, .1 (luon dang)

Vay a=5 la diéu kieén can va dt dé (*) dang véi moi z.

2 4 (a + l)by2 =a’

Cau 12. Tim ¢ dé hé phuong trinh an (:Jc;y) c6 nghiém véi moi b: s
(a—l)x +y =1

Giai
Diéu kién can.
2
a” =1
Gia st hé c6 nghiém v6i moi b, thay b =0 ta dugc s
(a - 1)1“' +y =1
Do d6 diéu kién can 14 a=+1
Diéu kién di.
2" +2by* =1

Néu a=1, tacohg ¢~
y =1

1
Khi b > 5 hé vo nghiém. Vay truong hgp nay loai.

) 2" =1
Néu a=-1, ta c6 hé s
22" +y =1
Heé trén luén c6 nghiém (:v,y) = (0;1).

Vay a=-1 la diéu kién can va dua dé he phuong trinh c6 nghiém vGi moi b.

2 : 211) +(b* +1) =2
Cau 13. Tim a dé hé phuong trinh an (x,y) ¢6 nghiém véi moi b : (x ) ( )
a+bry+xiy=1

Giai
Diéu kién can.
Gié st hé c6 nghiém v6i moi b, thay b=0 ta co
2+1) =1 =0; 2’y =1
(*) (x ) & a2 Y , < aef{01}
a+ziy=1 ' +l=a+z'y=1

Diéu kién du.
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y
Néu a=0, taco (b2+1) =1 (1)
bry + 2y =1 (2)

Néu b#0=b>+1=1 nén tir (1) ta c6 y =0, nhung khong thoa (2) . Vay truong hgp nay loai.

z’ +(b2 +1)‘I/ =1

Néu a=1, taco { . Hé trén ludn c6 nghiém z =y =0.

bay +2°y =0

Vay a=1 la diéu kién can va du dé hé c6 da cho c6 nghiem v6i moi b.

Nhan xét. Qua 13 vi du & trén c6 16 phan nao ta da hiéu duge § tudng ciia phuong phap nay, bay gio
quay lai bai toan mé dau, ta c6 161 gidi bai toan nhu sau.

L&i giai bai toan mé dau.

Tac6 9.3 —m(4yfla+1]+3(m+1))3" +1=0 <:>9.3‘”+%=m[4 o1 +3(m+1)]

Nhan xét thiy z 13 nghiém thi —2 -2 1a nghiém, vay c6 phuong trinh c6 3 nghiém thi phuong trinh
phai c6 mot nghiém 1a —1.
m=1

Nén 6=3m(m+1)<:>m2+m—2=0<:>{ o
m=—

Thr lai.
2% 2 T ]‘ T+ 2 T
e Véim=1 taco 9.3 +§=4«/|x+1|+6 <:>(3 1—1) =4.3". |:1:+1|

3“1—1=2.3§3/M v=-2
= .

. < x=0
3 —1=—2.35.4/|:U+1| z=-1
o Véim=-2taco (3" -1) +2/z+1.3" =0 z=-1(voly).

Vay m =1 la gia tri can tim.

Vi du 14. C6 bao nhiéu gia tri nguyén ctia m sao cho bat phuong trinh
log, (1:2 +2max +2m’ — 1) <1+log, (ac2 +2z + 3).10g3 (232 + 3)

nghiém dang véimoi zeR ?
A. 2. B. 3. C. 1. D. 4.

Lai giai
bat log, (:c2 +2mz +2m’ —1) <1l+log, (:1:2 +2z+ 3).10g3 (ac2 + 3) (*).
* +2mz +2m* —1>0
Diéu kién {z° +2z+3>0 <z’ +2mz+2m’ -1>0.
2°+3>0
Piéu kién can.
Dé bat phuong trinh (*) nghiém ding véi moi zeR thi trudec hét z° +2mx+2m* —1>0 phai co
nghiém v6i moi = € R . Diéu nay tuong duong vdi
a>0 1>0
{A'<O©{m2 -(2m* -1)<0

Véi £ =-1 thi (*) trd thanh

m>1

(1)-

<:>1—m2<0<:{
m<-—1

log, (Zm2 - 2m) <1+log, (2).10g3 (4) =log,12

< 2m’ —2m<12&m’ -m—-6<0<-2<m<3(2)
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T (1), (2) vado meZ nén me{—2;2;3}.
Tht lai.
Véi m=3 thi (*) trd thanh log, (m2 +6:1:+17)S 1+log, (x2 +2:n+3).10g3 (:L"2 +3).

Tuy nhién bat phuong trinh trén khong thod véi z = —% nén ching ta loai truong hgp nay.

V6i m =12 thi (*) tré thanh log, (x2 t4z+ 7) <l+log, (a:2 +2z+ 3).log3 (x2 + 3) .
Bat phuong trinh trén c6 nghiem véi moi z € R vi
log, (x2 +4x+ 7) <log, (33:2 + 9) =1+log, (3:2 + 3) <1+log, (a:2 +2z+ 3).10@;3 (3:2 + 3),Vm eR.

Tém lai m e {-2;2} .
St dung diéu kién can va dii trong cac bai toan cuc tri.

Cd sd 1y thuyét.
Bén canh céc 16p bai toan vé nghiém ciia phuong trinh thi ta ciing ¢6 thé st dung phuong phép nay
cho 16p céc bai toan vé cuc tri. Cu thé ta xét cac trudng hop sau.
e Néuhams6 y=f(z) c6 dao ham trén khodng (a;b) va dat cyc tri tai 2, €(a;b) thi f'(z,)=0.
e Néu ham s6 y=f(z) lien tuc tren khoang (asb) va f(2)=0, Vze(a;b) maf(z,)=0, véi

%, €(a;b) thi diéu kien can la z, la diém cyc tiéu ctia do thi ham s6 y = f(z).

A

A 4

e Néu ham sb yzf(x) lién tuc trén khoang (a;b) va f(x)SO, Vxe(a;b) ma f(x0)=0, vGi
T, € (a;b) thi didu kién can 1a z, 1a diém cuc dai ctia do thi ham s6 y = f(a:)

A

\ 4

(SR —_— R~

Nhan xét. Phuong phap nay t6 ra vo ciing manh vé6i cac bai toan cé gid thiét bat phuong trinh ding
vdi moi $6 thue x. Sau day ta sé tim hiéu vao cac bai toan cu thé dé thay noé wu viet ra sao.

Cac bai toan minh hoa.

Tap chi va tu liéu toan hoc | 156



Phuong phap gidi toan cic tri mi — logarit |

Cau 1. Biét o 14 mot s6 thie sao cho bat phuong trinh 9 + (cwc)2 >18z +1 ding v6i moi s6 thuyc z ,
ménh dé nao dudi day diung?
A. oce(12;+oo). B. ae(2;6]. C. ae(O;Q]. D. ae(6;10].

Loi giai
Diéu kién can.
Xét ham s6 f(z)=9* +a’z” 18z -1 tréen R.
Ta cb f'(ac) =09 1In9+2a’2z-18, VreR.
f(z)=0VzeR B .
Do . Suy ra ham s6 dat cyc tieu tai =0.
f(0)=0
Suy ra f'(0)=0<:>(x=1—.
Piéu kién di.
1 , .
Véi a =% = f’(x) =18.9" + 20’z —18. Ta c6 f”(:z:) =18%.9" + 20> >0,Vre R, suy ra ham sb f’(:z;)
n
dong bién tren R hay phuong trinh f'(z)=0 c6 t6i da mot nghiem, ma f'(0)=0.
Tt do suy ra f(x)ZO, VreR.

Cau 2. Biét ring a la s6 thyc duong dé bat phuong trinh a® >9r+1 nghiém dang v6i moi reR.
Meénh dé nao sau day dang?
A. ae(103;104]. B. ae(102;103] C. ae(O;lOZJ. D. ae[104;+oo).

Lai giai
Taco a”"292+1, VzeR <a"-92-120,VzeR.
Piéu kién can.
Xét ham s f(z)=a"-9z-1= f'(z)=a"Ina—9
f(x)za”’—Q:z:—lZO, Vel
o
1(0)=0
Diéu kién di.

Vi a=e taco ()= ~9r 1= f(x) =96 ~9=0(c> 1)

nén ham s dat cuc tiéu tai =0 :>f’(av)=0<:>a=e9

Tt do suy ra f(x)=a1—9x—120,VxeR =a"29z+1VreR.

Cau 3. Goi S la tap hop tat ci cac gia tri ctia tham s6 m dé bat phuong trinh
m* (In*z-16)+3m(In*z - 4)-14(Inz-2) >0
diing véi moi z € (0;+). Tong gid tri clia tat c& cdc phan ti thuoc S béng

A. —§. B. 2. C. —Z. D.

8 8

DO | =

Lot giai
DPiéu kién can. Dit t=Inz , t € R | bat phuong trinh trd thanh
F(t)=m’(t' =16)+3m(t* —4)-14(t-2) >0

& (t=2)| m? (£ +26° +41+8)+3m(t+2) 14|20
9(t)

< (t-2)g(t)=0
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Ta c6 bat phuong trinh da cho nghiém dang Vz e (0;+ oo) = f(t) >0,vVteR.
Vi t =2 khong phai la nghiém cla g(t) thi f(t) sé doi dau khi t diqua t=2.
Do d6 diéu kien can dé f(¢)=0,VteR la t =2 phaila nghiém cta g(¢)=0

1
m==
=g(2)=0=32m’+12m-14=0| >

m=——
8
Diéu kién di.

Vi mzé thi f(t):i(t—Q)Q(t“’+4t+18)20,weR nén m:% thod man.

Vi m:—g thi f(t):6—14(1t—2)2(49zf2 +196t+420)>0,Vte R nen m:—% tho& man.
Vay S= l;—Z nén tong cac phan tit ciia S 1a 1—Z=—§.
2 8 2 8 8

Cau 4. Véi a la tham s6 thuc dé bat phuong trinh 2° +3” > az +2 ¢6 tap nghiem 1a R, khi d6 ménh
dé nao sau day 1a ding
A. ae(—oo;O). B. ae(1;3). C. ae(3;+oo). D. ae(();l).

Laoi giai

Cach 1.
Xét truong hgp a <0, phuong trinh khong nhan cac gid tri am cia z lam nghiém.
That vay, khi d6 2" +3" <2 ma az+2>2.
Xét truong hgp a >0, ta co

2"+3"2ax+22"+3"—ax—220.
bat f(x)z?w +3"—ax—-2,zeR.
Khi do f'(x)=211n2+3’1n3—a, VzeR.Taco

f(z)=0<2"In2+3"In3=a (1)
bat g(x)=2“ln2+31'1n3, zeR.

g'(x):2’ln2x+311n23>0, VzeR.
Suy ra ham s6 g(z) dong bién tren R
Suy ra v6i méi gid tri a >0 thi phuong trinh (1) luon c6 nghiem duy nhét 1a z, . Lap bang bién thien
ta thay f(z) dat gia tri nh6 nhét tai z, , ta két hop véi diéu kien dé baila f(2)>0, VzeR va dong
thoi f(()) =0 néntasuyra z, =0 vi z, =0 la gid tri duy nhat dé f(m) =0.
Suy ra z, =0 la gid tri duy nhat dé f'(z,)=0 = f'(0)=In2+In3-a=0.
Suy ra a=In2+1In3=1In6. Nhu vay a la gia tri duy nhat théa man yéu cau bai toan.
Suy ra ménh dé ding 1a a (1;3).
Cach 2. Taco

2"+3" 2ax+2,V2eR <2"+3" —ar-220, VzeR .

Dat f(x)=2’” +3"—ax—-2,zeR.
Khi do f’(ac)=2” In2+3"In3—a, VzeR.

Diéu kién can.
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Ham s6 f(z)20,vzeR va f(0)=0 nén ham s6 dat cyc trj tai 2=0
:>f’(0):1n2+1n3—a=0.:>a=1n2+ln3=ln6.

Diéu kién di.

Véi a=In6, taco f(z)=2"+3"-zIln6-2. Taco

f'($)=2” In2+3"In3—-1In6, VzeR.

f'(z)=2"In’2+3"In*3>0, Vo e R = f'(z) dong bién trén R

Ma f’(0)=0 nén phuong trinh f’(m)zO c6 nghiém duy nhat z =0 :>f(ac)20 ,VrzekR.

Vay a=1n6.

Cach 3.

Taco 2°+3"2ax+2,VxeR

Xét ham sé f(z)=2"+3" (C),c6 f(0)=2.

Tacé f'(z)=2"In2+3"In3-a, VzeR,c6 f'(0)=In2+n3=In6.

Goi A la tiép tuyén ctia (C) tai diém (0;2) . Phuong trinh ctia A 1a
y=f'(0)(z-0)+2=y=In6x+2.

Yéu cau bai toan dugc thoa man khi a =1n6 .

That vay, ta sé ching minh 2° +3" 2In6.x+2, Ve eR.

Taco 2°+3"2Inb.c+2=2"+3" —Inb6.x-22>0.

Dat g(ac)=2z +3"—In6.x -2, suy ra g'(x)=2l In2+3°In3-In6=0<x=0.

T béang bién thien ta c6 g(2)>0,VzeR hay 2" +3" 2In6.x+2, VzeR.

Vaya=1n6.

Cau 5. Tat ca cac gia tri ctia tham s6 m dé bat phuong trinh (\/ﬁ+ l)x - m(\/ﬁ—l)m > 3" nghiem

ding v6i moi x € R 1a

A.m<—z. B.m<—2. C. m<-2. D.m<—£.
4 4 4

Lol gidl
Xét bat phuong trinh (m+1)” —m(\/ﬁ_l)” >3 (1)

(8] {2

3

Nhan xét

J10+1 \/5—1_1:(@—1J_{\/E+1j_1
3 3 3 ) '

3

Do d6 (1)«:{ 3

\/EJFIJJ; _m[\/ﬁ+1)[ >3
3 .

Détt=£\/€+1

J , t>0.Khid6 (1) trd thanh t—%>3<:>t2—3t>m (2).

Phuong trinh (1) nghiém dang véi moi zeR < (2) nghiém dang véi moi ¢ >0.

. 9
Tt bang bién thién ta c6 m < e
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Cau 6. C6 bao nhiéu gia tri nguyen ctia tham s6 m dé bat phuong trinh ln(:v + 1) <m’z' +maz dang

v6éimoi x >-1.
A. 2. B. 5. C. 1. D. Khong c6.

Loi giai
Diéu kién can.
Xét ham s6 f(:r) =-m’z' —mz+ ln(:c+1) trén (—1;+ oo) .
f(z)<0,vz>-1
£(0)=0

5 1
Tacod f'(:v)z—étm"gv3 -m+——, Vz>-1.Do

suy ra ham s6 dat cyc dai tai =0,
z+1

suyra f'(0)=0<-m+1=0cm=1.
Diéu kién di.

Véi m=1 tacod f(w)z—:c4—:v+1n(x+1);f’(x)=—4a:3—1+L1; f'(O)zO.Talaic()
T+

[ (z)=-122" - <0 v6i Vo >-1

(31:+1)2

Suy ra ham s6 f'(z) nghich bién nén z =0 la nghiém duy nhat cta f'(z).
Vay f(I)SO vGi Vo >-1.

Cau 7. Gia st tham s6 m, 1 gia tri dé bat phuong trinh 27 +3 +5° —mz—3>0 théa man véi moi
z € R. Nhan xét nao sau day la dang?
A. m, e(12;+ ). B. m, (2;6]. C. m, €(0;2]. D. m, (6;10].

Lai giai

Xét ham s6 f(x)=2“’ +3"+5"—mx—3 trén R.

Taco f'(z)=2"1n2+3"In3+5"In5-m ,VzeR.
{f(x)ZO,‘v’xeR R ) o L )

0 nén mlnf(x) =0. Suy ra ham so dat cuc tieu tai z=0.

f(O)=0 reR

Suyra f'(0)=0<m=In2+In3+In5=In30.

Thit lai 4p dung bat dang thic e* >u+1,VueR cho ue {xln2;zln3;xln5} , ta dugc
o 2°>zIn2+1
o 3">zIn3+1
e 5" >zInb+1

Suy ra2” +3" +5” Z(]n2+ln3+ln5)x +3 hay

2" +3"+5" —(In2+In3+In5)z-3>0.

Cau 8. C6 bao nhiéu gia tri nguyén ciia tham sé m dé bat phuong trinh
ln(ac2 +1)+(m—1)x+ ’+1-1>0

¢6 nghiém véi moi z € R .

A. 3. B. 0. C.2. D. 1.
Lai giai
Dat f(x)zln(x2 +1)+(m—1)x+\/x2+1—1 ; ham séf(m) xéc dinh v6imoi zeR..
o 22
Tacof(x)=$2+1+m—1+ —
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Diéu kién can.
. f(x)ZO,VxeR . R L e .
Ta co = mlnf(x) =0 = 2 =0 14 mot diém cuc tieu cia ham so.
7(0)=0 R
Tudo suyra f'(0)=0=>m-1=0=>m=1.
Diéu kién di.

Vi m=1 tacod f(x):ln(x2+1)+\/x2+1—1 va f’(m)z

2z T
+

RN
f'(x)=0<:>ac=0.

Lap bang bién thién ta dé dang chira m =1 théa man.

Cau 9. C6 bao nhiéu gia tri nguyén ctia m dé bat phuong trinh 9° + 2(m + 1).3” —3-2m >0 nghiém

dting v6i moi s6 thuc zeR?.
A. 0. B. 1. C. 2. D. 3.

Lai giai
Diéu kién can.
Xét ham s6 f(x)=9’” +2(m+1).3’” —-3-2m trén tap R . Ta co f'(x)=9“’ ln9+2(m+1).3"’ In3.

f(a:)ZO,VerR o L . R .
Do nén suy ra ham so6 dat cuc tieu tai z =0va do dé6
f(0)=0
f(0)=0=m9+2(m+1).In3=0<m=-2.
Piéu kién di.
Véi m =-2 ta c6 bat phuong trinh da cho tré thanh 9° -2.3" +1>0 < (3"’ —1)2 >0,VzeR.

Vay c6 mot gia tri nguyén ciia m thoa méan bai toan.

Cau 10. Biét m 1a s6 thuc dé bat phuong trinh e 4 22t mr—m—2>0 dting v6i moi s6 thyc x .
Meénh dé nao sau day dang?
A. me(—oo;—3). B. me[2;5).

C. me[-3;2). D. me[5;+®).

Loi giai
Dieéu kién can.

T

Xét ham s6 yzf(:c)zem(z_l) +2° +mz—m—2 trén R , c6 f'(:c)zmem( D2z 4+m.

f(:v)ZO,‘v’xeR
) {f(l):o

Suyra f'(1)=0=>m+2+m=0=>m=—1.

Dieu kién du.

Véi m=-1 taco y=f(x)=61_1'+x2—x—1,suyra
f(z)=—€"+22-1

f”(x)zel””+2>07 VzeR

suy ra ham sb dat cuc ticu tai z=1.

Suy ra ham sé f'(z)=—€'"" +2z—1 dong bién trén R .
Suy ra phuong trinh f'(x) =0 c6 téi da mot nghiém, ma f'(l) =0 nén =1 14 nghiém duy nhét cia
phuong trinh f'(x) =0. Lap bang bién thién ta c6 f(:]:) >0,VzeR.
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Cau 11. Goi S 1a tap hop tat ca cac gié tri thuc ctia tham s6 m dé bat phuong trinh

47 +(m+1)2" —2m—-620

nghiém dang v6i moi s6 thuc z € R. S6 phan tit cia S 1a

A. 0. B. 1. C. 2. D. 3.
Lai giai
Piéu kién can.
Xét ham so f(z)=4"+(m+1)2"-2m—6 trén R .
Taco f' ( ) 4" 1n4+(m+1)2‘1n2 VreR.
f(%)=0, Vo e[0;+ ) ) .
( ) = ham so dat cuc tieu tai x=1.
0
Suy ra f( ) 0e=m=-5
Diéu kién di.
Vi m=-5 bt phuong trinh trg thanh 4 —4.2 +420& (27 ~2) 20, Ve eR
Vay S = {—5} .
Cau 12. Goi S 1a tap hop tat ci cac gia tri cia tham s6 m dé bat phuong trinh
mQ(ac"1 —x?’)—m(x?’ —1‘2)+€z_1 —x20
dting v6i moi s6 thyc z . Tim s6 tap con cia S .
A 1. B. 2. C. 4. D. 8.
Laoi giai
Piéu kién can.
Xét ham s6 f($)=m2 (334 —al:?’)—nz(av3 —0152)+e‘r_l —x trén R.
Ta co f'(x)=m2 (4173 —3:1:2)—m(3:1:2 —2:1;)+eH -1,VzeR.
f(z)ZO VreR . )
Do . Suy ra ham so dat cyc tieu tai x=1.
f(1)=0
, ) m=0
Suy ra f(1)=0<:>m -m=0 < )
m=1
Diéu kién du.
Véi m=0= f(ac)ze"”"1 -x.
Ta co f'(ac):eg”"l -1,VzeR;co f'(x)zO S -1=0r=1.
Tu bang bién thién ta suy ra f(ac) ="' 220, VxeR (*) .
Véim=1= f(x)z:f‘ -22° +2° +e! —xz(xz —x)2 +e ' —r>0,VzekR.
Do (:c2 —x)2 >0,VzeR vae " —2>0,VzeR theo (*)
Vay S ={0;1}, nhu vay sb tap con clia tap S ={0;1} 1a 4.
Vay co6 hai gia tri cia m thda méan bai toan.
Cau 13. Goi S 1a tap hop tat ci cac gia tri cia tham s6 m dé bat phuong trinh
m’ ($4 —$3)+m(—x3 +:r:2)+2(e"’1 —x) >0
dting véi moi z € R . S6 phan tit ciia S 1a
1
A. 0 B. 1. C. 2. D.g.

Tap chi va tu liéu toan hoc | 162



Phuong phap gidi toan cic tri mi — logarit |
Lai giai
bat f(:z:) =m’ (304 —mfs)+m(—x3 +a:2)—i-2(eH —a;) .
Taco y= f(x) 13 ham s6 x4c dinh trén R va c6 dao ham trén R ,
Diéu kién can.
Nhan thay f(1)=0 nén f(x)ZO, VreR <:>f(x)2f(1), VreR, hay z=1 la diém cuyc tri clia ham
s0, suy ra f'(1)=0, ta c6
f f f . =0
' :45_32 2 _32 2 2 1:71_1 !1: 2 _ 71:0 m
f(x) (x ac)m+( z+x)m+ (e ):>f() m m:>f() C{mzl
Diéu kién di.
V6i m=0 taco f(z)=2(e"" —z);f(z)=2(c"" ~1); f(z)=0=2=1,
Suy ra f(x)ZO;VmeR hay m =0 thoéa man
Vi m=1 taco f(ac)zac"1 -2z +2° +2(el'_l —x)=x2 (gv—l)2 +2(el'1 —x)z O,VrelR.

Suy ra m=1 théaman= 5 = {0;1} .

Z 2 mJ“ﬂ o logz+1)"
Cau 14. Gid st m la so thuc sao cho bat phuong trinh (101‘) 0 < 1010( ) (1) nghiém dang véi
moi z € (0;+00) , ménh dé nao sau day dang?

A. me(O;l). B. me(2;3). C. Khong c¢6 m. D. me(S;lO).

Lai giai
Diéu kién can.

Bét phuong trinh (1) < [m+%j(logm+l)£%(logw+l)4.
Dt t =logz =t € R, bat phuong trinh (1) nghiém dang véi Vz e (0;+ )
& (m+ij(t+1)—£(t+l)4 <0, VteR
10 10
& f(t)=11(t+1)' —(t+1)(10m+)20, VteR

f(t)=0,vteR , . )
Ta co . Suy ra t=-1 la diém cyc tieu ctia ham s6 y = f(t) = f'(—l) =0.

f(-1)=0
Ma f'(t)=44(t+1)’ —(2t +10m+1) nén suy ra f’(—1)=0<:>2.(—1)+10m+1=0<:>m=%.
Dieu kién du.

1, logz E(10gz+1)4

Véi m= % thi bat phuong trinh (1) c6 dang (10x)5+ 0 <101

1 logx 11 4
<:>(1O+ 10 j(logachl)SlO(longrl)

o (1+1)(t+1)<11(t+1)", VEeR, t=logz

o g(t)=11(t+1)" —(1+1)(t+1)20, VteR
Ma g(—§j=—i<0 nén m=i , load.
4) 256 10

Vay khong c6 gia tri m thoéa man.
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Cau 15. C6 bao nhiéu sb thuc duong a dé bat phuong trinh 2002° +a* >2019" +2020" dang v6i moi
s6 thuc z?

A. Vo S6. B. 0. C. 1. D. 2.

Loi giai
Xét ham s6 f(z)=2002" +a” —2019" —2020°
= f'(2)=2002" In2002 + a” Ina —2019" In 2019 — 2020" In 2020 .
Piéu kién can.
f(:E)ZO,VxeR:ménf(z)zOzf(O):f’(O)zO
=1n2002+Ina—1n2019 —1n2020 =0

5 2002.0 = 2019.2020 = q = 2192020
2002
R 2019.202 2019.2020 " :
Diéu kién du. Vai a:% taco f(z)=2002" +(Mj —2019" —2020".
2019.2020\" . (2019.202
f'(x)=2002"In(2002) + 019.2020 ) 1 20192020 —2019” In(2019) - 2020" In(2020) .
2002 2002
z=0
=f'(z)=0= .
/'(z) |:9Uz—0,262791
Lap bang bién thien
T |—o0 —0.262791 0 +00
(=) 0 - 0 +
7,07365.10"

N

0

Tit bang bién thién ta c6 min f(z)=0< z=0.

2019 2020
2002
Vay c6 duy nhat mot s6 thic a théa man yéu cau ctia bai toan.

Do d6 véi thi f(x)ZO, VreR.

Cau 16. Goi S 1a tap hop tat ca céc gia tri ciia tham s6 m dé ham s6

5z 3z 2x
f(g;)zm{z —166“’j+3m(63 —46“’}—14(62 —26‘”J+2020

dong bién tren R . Tdng clia tat cd cac phan tit thuoc S bing

A. T . B. 1 . C. 2. D.—§ .
8 2 8

Lai giai
Dt t=e";t>0. Yéu cau bai toan tré thanh tim m dé ham sb

5 3 2
F(t)=m* [% - 16tj + 3m(% —4t] - 14[% - QtJ +2020

dong bién tren (0;+e0). Taco f'(t)=m’(t' —16)+3m(t’ —4)-14(¢-2).
Khi d6 yéu cau bai toan tuong duong
m? (' —16)+3m(t* —4)-14(t-2) 2 ;v >0

& (t=2)[m? (£ +4)(¢+2)+3m(t+2) 14|20,V >0
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Diéu kién can la phuong trinh m” (¢* +4)(t+2)+3m(t+2)~14 =0 phai c6 nghiem =2 , tic 1a

m=—
m® (2" +4)(2+2)+3m(2+2)-14=0<32m’ +12m-14=0 < 2

m=——

8

Thit lai. Véi m = % thi

f(z) =(t—2){i(t2 +4)(t +2)+§(t+2)—14}

1 ‘ 1
=Z(t—2)(t5 +21” +10t - 36) = Z(t_2)2 (£ +4t+18)2 0Vt >0

Nén m =% nhéan.
Véi m= —g thi

49

Pa) =) 23 ( +a)(+2) -2 e s2) -1

- Lo 2)(49¢" +98¢" + 28t —840) = Loy (49" +196t +420) > 0; V¢ > 0
64 64

Nén m = —g nhan.

Vay S= {%,—g} Téng ciia tat ci cac phan tit thuoc S bing %—g = —% )

3. Ky thuat danh gia mién gia nghiém.

Gan day xu huéng cac bai toan van dung cao dang dan huéng t6i cac ki thuat danh gia ham s6 kho
hon ma nhitng noi dung nay chi xuét hién trong cac dé thi hoc sinh giéi nhitng nam vé trude. Tuy
nhién néi thé khong c6 nghia la né rat kho, cac ki thuat nay ciing chi tit phuong phap ham s6 ma ra,
tudng clia n6 1a ra cic truong hgp doéi nghich nhau, tit d6 nghiém ctia phuong trinh chi x4y ra tai mot
diém. Trudc tien ta di vao bai toAn mdé dau sau.

. P £ 2 ~ o X . 3 + 8
Bai toan. Cho 2 so thuc duong z >y >1 thoa man dieu kién log, zy +y = e
x

Tim gié tri nhé nhét cta biéu thic P =(log, 35)3 +(log, y + 1)3
Ta bién ddi phuong trinh ban dau
3x+8 3x+8—1zy
log, 2y +y =—— < log, 1y = ————
x
) 3rx+8—zy >3
e Neéuzy<8=> z .
log, zy <log,8=3
) 3r+8—1y <3
e Neéuzy>8=> z .
log, zy >log, 8 =3
e Néuazy=8=VT=VP.
Khi do6 ta co
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3
P=(log, x)g +(log, y + 1)3 =(log, :U)3 + (log2 8, lj
T

3
= (1og2 x)g + (4 —log, a:)3 > (4 ~log, Z+ log, v) =16

Déng thiic xay ra khi va chi khi log, 7=2 < 2=4,suyra y=2.

Nhan xét. Bai toan trén da cho cic ban thiy phan nao ¥y tudng c6 phuong phap danh gia nghiem
nay, mac di1 bai toan nay cé thé giai bing phuong phap ham dic trung, tuy nhién ta thay ring cach
danh gia nay 14 vo cing tu nhién, 6 mot s6 bai todn néu bé tac trong viéc 4p dung cic phuong phap
khéc thi phuong phap nay c6 thé mé cho ta mot 16i di vo cing dé dang. Sau day ta ciing tim hiéu cac
vi du dé tim hiéu ro hon.

Cau 1. Giai bat phuong trinh JU(Blog2 x— 2) >9log, z—-2.

Lot gidl
Diéu kién z >0, khi d6 bat phuong trinh tuong duong véi
3(95 —3)10@;2 x> 2(3: —1)
Nhan thay z =3 khong la nghiém ctia bat phuong trinh.

e Néu z >3 thibat phuong trinh trd thanh §log2113>—ﬂv_1 @f(x)zélo&x_ z-1 S0,
2 rz—3 2 rx—3
3 2 o )
Taco f'(z)= + >0, nén f(x) la ham s6 dong bién trén (3;+0) .
/') 2zln2 (35_3)2 /(z) & ( )

Mat khac ta lai ¢ f(4)=0 , VAY f(:l:)>0:>x>4 .
e Néu z <3, khi d6 ta xét tuong tu truong hop trén, ta sé chi ra duge 0 <z <1.
Vay tap nghiém ctia bat phuong trinh 1a S = (0;1) U (4; +oo) .
Tong quat. Dé gidi bat phuong trinh f(z)>0 trén mién D ta dua vé gidi bat phuong trinh
z—z,20 néu f(z) dong bién hosic z—x,<0 néu f(z) nghich bién, v6i z, 1a nghiém ctia phuong
trinh f(x) =0.
Bai tap tuong tu. Gidi cac bat phuong trinh sau

1 2F2-5
T —2
4-z
9 27—z +1 >
(x2 —25)(log2 |x| —2)
5+x
log
3. — D= g,
2" —-3x+1
4. 3-2+—$_4>0‘
T —-x—6
l-z oz
5. 2 -2 ALl o
2" -1
2 3
log, (z* -4z -11) —log,, (2> -4z 11
6. ol ) ot Lo,
2-5x—-3x

7. logQ(\lgv2 —5x+5+1)+10g3(:ﬂ2 —5x+7)£2.

_ )31()g3(1:71)710g3 (1;71)(21'+1)

8. (4.3f +37
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Sau day ta sé cting tim hiéu 16p cac bai toan st dung ham s6 danh gia dé loai mién nghiém ctia phuong
trinh. Trudc tién xét bai toan sau.

Bai toan. Giai phuong trinh (a - 1)10&, b+ (b - 1)logﬁ a=0

Trudc tién ta nhan thay ring b =1 12 mot nghiém ctia phuong trinh, do d6 ta xét b=1.

Bién dbi phuong trinh ta dugc

a—1 log a

~1)log, b=(1-b)l -
(a=1)log, b=(1-b)log e == log, b

=log, a

e Néub>1thitaco f(a)= (11—_; —log, a 1a ham nghich bién, do vay phuong trinh f(a)=0 c6 tdi
da 1 nghiém, ta chi ra nghiém d61a a=1.
e Néub<1 thitaco f(a)= (11—_; —log, a 1a ham dong bién, do vay phuong trinh f(a)=0 c6 tbi

da 1 nghiém, ta chi ra nghiém d61a a =1
Nhu vay thi phuong trinh dau tuong duong
a=1
(a—1)log b+(b—1)log, a=0< L} .
Bai toan dudc giai quyét.
Nhan xét. C6 vai bai toan c6 dang gan nhu nay, vi du nhu ta ¢6 phuong trinh sau.
(a—1)log, a+(b—1)log,b=0(c,d>1)
O bai toan nay ta dé dang ching minh duge timg ham theo bién a va bién b luon duong va ddng thoi
a—1 cung dau véi log, a, b—1 cung dau vé6i log, b , tit d6 chi ra nghiém ctia phuong trinh la a=b=1.
Bai tap tuong tu. Cho phuong trinh
(x2 —2mx — 1)10g2 (x2 - 2ma:) + (x2 +4nx — 2)log(a:2 +4nz — 1) =0,
trong d6 m va n 13 hai s6 thiic khong am sao cho phuong trinh da cho c6 nghiém. Gia tri nhé nhat
ctia biéu thitc T =2m + 3n tuong tng bing?

A2 B. 1+4/3. C.

N

D. 0.

=

Cau 2. Giai phuong trinh 2.3 + (2’ —1)3" +1-z -2’ =0.
Dé chon doi tuyén VMO - Chuyén Quoc Hoc Hué

Lol gidl
Nhin hinh thtc bai todn tudng chitng rat binh thudng, c6 thé nghi ngay téi phuong phap ham dic
trung, néu khong tin vao mic do khé ctia bai toan nay thi c6 thé dat bat lam thit nhé. Bién doéi
phuong trinh ban dau ta duge
(2% -1)(3" ~1)+ (37" ~1)=0
Nhan thay ring = =0,z =+1 déu théa man phuong trinh trén.
Xét z# 0,z # %1 thi phuong trinh tré thanh

37 -1 3"7'-1
+

=0
T |

t

V6i t#0, ta xét ham sb f(t):%,ta dé dang nhan thay ring néu ¢>0 thi 3'-1>0= f(¢)>0 va

v6i t<0 thi 3 —1<O:>f(t)<0, do d6 phuong trinh (2) tuong duong véi f(z)+f(ac2 —1)=O vO

nghiém. Nhu vay bai toan dugc giai quyét.
Nhan xét.
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t_

e Nhu vay tit bai nay ta rat ra duge mot hé qua la cting dau véi t , trong d6 t#0.
e Ngoai ra ta c6 thé bai toan cho dang nhu nay, ma cho ta dang f(t) + g(t) ma ¢ d6 ham f(t)

va ham ¢(t) cting dau v6i nhau. Day la cac bai toan tuong d6i kho dé nhan biét duge no.

—_

. Giai phuong trinh 2*° +3* =2" +3"" +z+1.
. Giai phuong trinh 777" =1+ 2log, (6x - 5)3 .

w N

. Gidi phuong trinh (1+4z—2).5" > +(22” =32 -1).5" =2” + 2.

B

. Gidi phuong trinh (2” =32 +2).6"" +(2” —52+6)-6"" +(2° —42+3).6" =32" — 122 +11.

ot

. Giai phuong trinh (2’"2 - 1)111:1: +(z— 2)(:13ln2 - 1) =0.

(=)

. Giai phuong trinh (332 +2a:—1)lna:+(m—1)log(a:2 +21:): 0.

7. Tim m dé phuong trinh (z—1)lnz + (m2 —2mx +m— 1)log(ac2 —2mx + m) =0 c6 nghiém

T

Cau 3. Cho bat phuong trinh +3°2 (:v—log2 (4“’ —2))—1 >0 c6 nghiém thuc la z e (OL;B]. Tim

4" -2
gié tri 16n nhat cta bieu thic P=2(B-a) .
Lol gidi
Dieu kién 41—2>0<:>x>%
Ta c6 bat phuong trinh ban dau tuong duong
2°¢ r-log, (47-2)

+372(z-log, (4" -2)) 212’ +37%(z-log, (4" -2))=1 (1)

log2(4r—2)

\V]

R Néu :r,—lngz(zl” —2)

—

z-log, (4" ~2))<0=3"*(v~log, (4" ~2)) < 0:2

1).

z-log, (4" ~2))20=3"*(v-log, (4" -2)) > 0;2

<1, truong hgp nay khong théa

B
—_

a

=]

R Néu :r,—lugg(zl” —2)

—

>1, truong hgp nay khong thoa
man (1) .
Vay nghiém ctia bat phuong trinh (1) 1a nghiém ctia bat phuong trinh
r-log, (4" -2)20 = r2log, (4 -2) 2" 24" -2 -1<2" <2 2<1

. N 1 1 1
Két hop diéu kién suy ra §< r<l=z 6(5;1:| =(OL;B] —>2(B—oc)max = 2(1—5j =1.

Cau 4. Giai bat phlfdng trinh 31279 n ($2 _9) sl o

Lai giai
Pat 377 +(2* -9)-57" <1. (1)
Taco 5" >0, Ve . Khi doé
e Xét2*-9=0,c6 VT (1)=3"+0=1 (loai).
377 >3" =1

(I2 _g)-5 0= Vétrai (1)>1 (loai).

o Xét2°-9>0=> {
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3;#4) < 30 =1

(#-9)-5 <0 = Vé tréi (1)>1 (luon ding).

o Xét x2—9<0:>{

Co2°-9<0=ze (—3;3) , nhu vay tap nghiém ctia bat phuong trinh 13 (—3;3) .

Cau 5. Giai phuong trinh log, (log2 x) =log, , (log2 235) .

Lot giai
Dicukién 0<z<6,2#5 .

bat log, , (log,z)=log,_, (log,2z)=t=(6- m)t +1=(7- :E)t .

t t
Dit 6 —x =a >, khi d6 ta c6 phuong trinh at+1=(a+1)t<:>( a j+( 1 jzl.

a+1 a+1
1
Do 0<—2 , <1 nén ta xét cac truong hgp sau.
a+1 a+1
t t
o Néut>1thi|—2|+ 1 >4 4 1 =1, loai.
a+1 a+1 a+1l a+l

t t
o Néut<lthi| -2 |+ 1 <4y L =1, loai.
a+1 a+1 a+l a+1

e Néu t=1 thithoéaman. Suyra r=4.
Tht lai thay théa man.
Bai tap tuong tu. Giai phuong trinh

. llog L (35+3)=10g1 (2’+ac3+a;2).

o & (2’ +32° ~6)4" +2(a +3¢° —6)3 ~0.

. logg(ac2 +x+1)—log3x=2x—x2.

Cau 6. Chiing minh rang
. azz(a—l)erl,VxSvaZl
e V&i 0<a=#1 thitaco
a” <(a—1)x+1,Vwe(0;1)
o Véiz>0 thi z° Za(a:—l)+1,Va>1 , dang thitc xay ra khi va chi khi 2 =1.

Bat dang thiic Bernoulli

Loi giai

Xét ham so f(m) =q" - (a - 1)2: -1, taco f’(m) =q¢"lna— (a - 1),f"(x) =aq" (lna)2 >0, nén phuong trinh
f(2)=0 c6 khong qué hai nghiém phan biet. Ta lai thay f(0)=/f(1)=0 nén 2=0,2=1 la hai nghiéem
clia phuong trinh f(z)=0. Dyua vao bang bién thién ta chi ra diéu phai chitng minh.
Xét ham s f(z)=2"—-a(z-1)-Lz>0.Taco

f(z)=az"" —a= a(a:””l - 1),f”(x) =a(a-1)z"*>0
Nén ham sb da cho dat gia tri nhé nhat tai nghiém cta phuong trinh f ’(x) =0 hay ta dudc
f(z)= f(1)=0. Nhu vay ta c6 diéu phéi ching minh.

Bai tap. Chitng minh céc danh gia sau.
e V6i0O<a#1va z,yeR thi " —a’ cung dau vdi (a—l)(x—y) .

e V6i0<ab#1lvazeR thi e’ -b" cing dau véi z(a—b).
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e V6iO<a=1vaz>0 thilog,z cing dau véi (a—1)(z-1).
e Vé6i0<a#1va z,y>0 thi log, z—log,y cung dau véi (a—l)(m—y).
o Vi 0<a,b#1 va x>0 thi log, z—log, z cung dau véi (1—x)(a—b).

e Sirdung 1 trong cac danh gia trén, gidi va bien luan bat phuong trinh 2% —a”> >0.

Cau 7. Cho phuong trinh 2018 *¢=2 4 [(av + 1)2 - mﬂn]ln(z2 + 1) =2018. C6 bao nhiéu gia tri nguyén

m thudc doan [—2018;2018] dé phuong trinh c¢6 nghiém duy nhét thuoc khoang (—1;+oo) ?
A. 2017. B. 2018. C. 2019. D. 2020.

Lol giai
Phuong trinh tuong duong (1 —2018" ) ).2018 = [xz +(2-m)z+ 1].11r1(31:2 + 1).

. VT <0
e Néu 2z’ + (2 . m)x +1>0 thi {VP 0 = phuong trinh vé nghiém.
>

. VT >0
e Néuz’+ (2 - m)a: +1<0 thi {VP 0 = phuong trinh v6 nghiém.
<

Thit thay z° + (2 - m)x +1=0 (*) théa man phuong trinh. Do d6 yéu cau bai toan tuong duong véi
phuong trinh (*) ¢6 nghiem duy nhat trén (—1;+). Bing cach ding tam thiic bac hai hogic xét ham

£ £ > m:4 meZ 2 sz :
80 cho ta két qua {m - OW c6 2019 gia tri.

Cau 8. C6 tat ca bao nhiéu gia tri nguyén ctia tham s6 m dé bat phuong trinh
o 9 (s 8)(a* ~32+2)
nghiém ding v6i v6i moi z € [1;3] ?

A. 0. B.1. C. 2. D.V

(o)}
195}
On

Lot giai
Nhan xét. Day 1a mot bai toan tuong ddi kho, ta dé nhan thay phuong trinh
‘ r=1e [1;3]
' -3r+2=0<
z=2e[1;3]

nén ta xét bat phuong trinh véi r=1 va z=2.

{22'"&17 <9 {|2m+17|£1 {—1S2m+17§1 -9<m<-8
=

=
Pl <o |[Bm+23)<1 [-1<3m+23<1 —83m§—E

Thay m =-8 vao lai bat phuong trinh ta dudc

2‘21:2 *8.’L’+7‘

2% =8z +8>0 —2Y >
S2<:>‘2:E2—8$+7‘S1<:>—1S2I2—8$+7S1<:>{ vooer @{(x 2) 20

22> —8x+6<0 1<x<3

Vay v6i m = -8 bat phuong trinh nghiém ding v6i Vz e [1;3] .

Cau 9. Cho phuong trinh 1113ch2(3:2 +x)e"”“ +(m—2)x —2=0. Khoang (a;b) 13 tap hop tat ca cac
gi4 tri ctia tham s6 m dé phuong trinh da cho c6 dung hai nghiem thuoc khoéng (1;64) . Tinh % .

A —=—. B.

2

C.

b_2 b_ b_e D.
a a a 3

N |

e
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Loi giai
Diéukién z>0. Dat e™ =t (t>0) < mz=Int.
Ta c6 phuong trinh Inx +max + 2(35 +1)(a:e"”’”’ —1) =0 c6 dang
e z+int+2(z+1)(ze™ —1)=0 < In(at)+2(z+1) (2t -1)=0 (¥).

e Néu at>1=VT(*)>0=(*) vo nghiem.

e Néul>azt>0=VT(*)<0=(*) vo nghiem.

e Néuat=1=VT(*)=0.

Do d6 phuong trinh (*) Sm =_1n_x = f(m)
x
_ Inz-1

2
X

Ta co f'(z) =0« z=¢, lap bang bién thién ta thiy ridng phuong trinh c6 hai nghiém phan

biet thuoce khoang (Le' ) khi va chikhi m e (—L—ij b i3 .
€

(& 64 a

Cau 10. Cho z,y la cac s6 thuc duong théa man log, (m + 2y) + x(x + 3y — 1) + y(2y —1) =0. Khi biéu
thitc P =1og,,, = +2log,,, y dat gia tri 16n nhat, tinh gia tri 4z° +5y°.

A. 1. B.g. C.§. D. 3.
3 9

Lai giai
Cach 1.
Ta co logQ(x+2y)+x($+3y—1)+y(2y—1)=0<:>log2(x+2y):[1—($+2y)](x+y) (*)
Dé thay z +2y =1 théa man (*)
e NéuO<z+2y<1 thi VT'(*)<0,VP(*)>0= voly.
e Néu z+2y>1 thi VT(*)>0,VP(*)<0= voly.
Vay (*)<:>m+2y=1:>x=1—2y.Vi z,y >0 nén 0<y<%. Khi do,

P =108,y © + 21084 Y =108y zy’ = 10g,m (y2 - st)
va P lénnhat f(y)=y’ -2y’ 16n nhat.

Xét ham s6 f(y)zy2 —2y3,ye(0;%J , €O f’(y) =2y -6y’ =2y(1—3y);f’(y)=0 &

x ) .z s Lo1s 1 . 1
Nhu vay ta dé dang chi ra ham so f(y) dat gié tri 16n nhat bang 77 tai y= g,x =

Khi do 42° +5y° =1.
Cach 2.
Huéng suy luan P =log,,, T +210g,,, ¥ =108y, 2y°; P dat GTLN khi zy® dat GTLN

3
Theo bat d&ng thic AM — GM ta ¢6 ay? < (“%*yj tir 6 phan doén & + 2y 13 hiing sb.
Mt khdc phan phia ngoai logarit ctia log, (z+2y)+z(z+3y—1)+y(2y—1)=0 (1) bac hai nén can

tao ra (:L‘ + 2y)2 : suy ra nhan ca 2 vé clia (1) vii 2.
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Lai giai.
Phuong trinh (1) < log, (x + 2y)2 +22° + 62y — 2z +4y* -2y =0
<:>log2(a:+2y)2+(x2+4xy+4y2)+x2+2xy=2(x+y)
< log, (1:—1—23/)2 +(:v—i—2y)2 +$(x+ 2y) = 2($+y) (2)
Dat a=z+2y;b=x; tu (2) suy ra log,a” +a’ +ab=a+b
e Néua>1:log,a’>0,a(a+b)>(a+b)=>VT>VP.
e NéuO<a<l:log,a*<0,a(a+b)<(a+b)=>VT<VP.
e Néua=1 (1)va(3)dang véi moi b>0

1 L . 1
Vay x+2y=1:xy2£E. Dau "="xayrakhi x=yva z+2y=1 hay mzyzg.

Khi d6 4z” +5y° =1.
Cach 3. Ta ciing c6 thé sit dung ham dac trung cho bai toan nay.
log, (x+2y)+m(x+3y—1)+y(2y—1):0
< log, (ac+2y)+(ac+2y)2 —y($+2y)—(:c+y)=0
(a:+2y)(a:+y)
(z+y)
< log, (ac +2y)($ + y)+ (:1: + 2y)(z + y) =log, (:1: + y)+ (ac + y) (1)

< log, o +2y)(z+y)=(a+y)

Xét ham s f(z)=log, z +z,2 €(0;+0), taco f'(z)= 11 5 +1>0Vze(0+0);
zln
Ham s6 dong bién tren (0;+)
Tu (1), taco (z+2y)(z+y)=z+y=2z+2y=1(vi z,yduong)
5 TH+y+ 1
Vay P =108y, & + 210854 § =108y zy’ < 108,99 (%j =10,y §

Diu "="x4y rakhi z=yva x+2y=1 hay x:y:é.Suyra 42° +5y° =1.

Cau 11. C6 tat ca bao nhieu cap s6 (a;b) v6i a,b 1a cc s6 nguyen duong théa man
log, (a+b)+(a+b)3 =3(a2 +b2)+3ab(a+b—1)+1 .
A. 2. B. 3. C. 1. D. V6 s6.

Lot giai
Cach 1.
V6i a,b 1 cac s6 nguyén duong, ta co
log3(a+b)+(a+b)3 =3(a2 +b2)+3ab(a+b—1)+1

< lo a’+b°
81 a* +b* —ab

< log, (a3 +b3)+a3 +b° = log, [3(0,2 +b° —ab)]+3(a2 +b° —ab) (1)

+a’ +b3+3ch)(@+1))=3(@2 +b2—ab)+3ab(a+b)+1

Xét ham s f(t)=log,t+¢ tren (0;+), ta co f'(t)zﬁJrl >0,V¢>0 nén ham s6 f(¢) dong bién
n

trén ((); +oo) . Khi d6, phuong trinh (1)tr6 thanh
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f(a’ +b3)=f[3(a2 +b’ —ab)]@a3 +b" =3(a® +b" —ab)
2 2_ — k

@(a2+b2—ab)(a+b—3)=09{a o7 —ab 0()
a+b—-3=0

Do a,b e N" nen phuong trinh (*) vo nghiém. Suy ra a+b=3.

O<a<3 {a=2

M ab 13 che 56 o0 d ~|0<b<3 b=1

, cs uo =
a a,b la cac so nguyén ng nén atb=3 ue1
a,beN b=2

Vay c6 hai cip s6 (a;b) théa man yeu cau bai toan.
Cach 2.
V6i a,b 1a cac sb nguyeén duong, ta co

logs(a+b)+(a+b)3=3(a2+b2)+3ab(a+b—1)+1
<:>log3aT+b+a3+b3+3ab(a+b):3(a2+b2—ab)+3ab(a+b)
a+b 9 g2
<:>10g3T=(a +b —ab)(3—a—b)(1)
Truwong hop 1. a+b=2. Khi dé (1)<:>log3§=4—3ab loai do a,beN".

Truong hop 2. a+b >3:log3aT+b >0 va (aZ +b —ab)(3—a—b)< 0, nén (1) khong xay ra.

Trudng hop 3. a+b=3,khi d6 (1) théa man.

a=2

/ b=1
Ma a,b la cac so0 nguyén duong nén x
a=

b=2

Vay c¢6 hai cip s6 (a;b) théa man yéu cau bai toan.

Cau 12. S6 nghiém ctia phuong trinh 2° +2° +1= (a:“ -3z + 2).2018“’2*3”’1 + (xz +3z— 1).2018“’3’3‘”2 ?
A. 1. B. 2. C. 3. D. 4.

L&i giai

=2’ +3z-1
Dat ¢ x‘ v , phuong trinh tré thanh
b=2"-3z+2

a+b=0.2018" +a.2018" < a(2018” - 1) + b(2018“ - 1) =0.

2018 -1 2018" -1
—+ =

Néu a#0, b#0 chia hai vé cho ab, ta dudc ; 0.
a
a b
Phuong trinh nay vo nghiém do 2018 1 >0 va 2018 —1 >0 v6i moi a,b#0.
a

That vay néu a >0 thi 2018" —1>0; néu a<0 thi 2018 —1<0.

2 . ) _ 22 +3z-1=0
Kiém tra thay a =0 ho#c b=0 théa méan. Suy ra | . .

2’ -32+2=0

Thoi dén day cho cac ban giai tiép, minh gé hoi mét 1di....
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Cac bai toan vé day so

Trong dé minh hoa THPT Quéc Gia 2018 dang todn mi — logarit két hgp voi day s6 da gay s6t mot
thoi gian v6i cac bai toan dude cac trudng cac s dua ra vo ciing phong pht va phét biéu dudi nhiéu
hinh thitc khac nhau. Mic dii trong nam vita roi dang todn nay khong con duge phd bién nita, tuy
nhién trong chuong nay ta van sé cing nhin lai dang toan da ting thanh trao luu mot thoi nay.

Cac bai toan minh hoa.

Cau 1 . Cho day s6 (u,) théa man logu, +\/2+10gu1—210gum =2logu,, va u,,, =2u, v6i moi

n+1

n>1. Gi4 tri nhé nhit dé u, >5'" bang
A. 247 B. 248 C. 229 D. 290

Dé tham khéo ky thi THPT Qudc Gia 2018 — Bo Gido duc va Dao tao
Lai giai

Vi u,,, =2u, nén dé thay day so (u, ) 1a cAp s6 nhan c6 cong boi ¢=2.

Taco u, =u,.q" =2°u,. Xét loguy, +\/2+logu1 —2logu,, =2logu,,

< logu, —210g(29.u1)+\/2 +logu, —2log(29.u1) =0

< logu, —18log2 —2logu, +\/2+logu1 —18log2 —2logu, =0

< —logu, —18log2 + /2 —logu, —18log2 =0
1 1

Dat \/2 —logu, —18log2 = t(t > O) . Phuong trinh trén tré thanh
t=1

! —2+t=0=t’+t-2=0<
t=-2(L)

5

217

Vi t=1<[2-logu, —18log2 =1 2—logy, —18log2=1<u, =—

Trong trudng hop nay ta c6. u, = 2%.2”’1 >5" < 2" > 5% <> n>99log, 5+18

Ma n e N nén gia tri nho nhét trong trudng hop nay 1la n =248 .

Cau 2 . Cho bidu thic A= log(2017+ log(2016 +1og (2015 + log( ... +log(3 +1og2)...))))
Biéu thitc A c6 gia tri thuoc khodng nao trong céc khoang dusi day?

A. (log2017;10g2018) B. (log2019;l0g2020)

C. (log2018;log2019) D. (log2020;l0g2021)

S6 Gido duc va Dao tao Ninh Binh ndm hoc 2017 - 2018
Loi giai
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Dit A = 10g(2017 +1og(2016+ log 2015+ log( ...+ log(3+ log2)...)))) = A =(n+A_)

Ta co
0<log2<1<0<A4,<1

= 0<log3< A, =log(3+A4,)<logd<1

= 0<log9 <A, =log(9+4;)<logl0=1
=1=logl0< A, =log(10+ 4, ) <logll<2
=1<logl2< A, =log(11+ A4, ) <logl3<2

= 2<10g999 < A,,, =10g(997 + Ay, ) <log1000 =3
= 3=10g1000 < Ay, =log(998+ A, ) <log1001< 4
= 3<log1002 < Ay, =log(999+ Ay, ) <log1003 < 4

= 3<10g2020 < A, =1og (2017 + A,; ) <log2021 < 4

Vay A, €(log2020;l0g2021)
Chon y D.

Cau 3. Cho day sb (u, ) théa man In*u; —Inu, =Inu, -1 va u,, =u,.evVn>1.Tim u,

A. e B. ¢ C.ce’ D. ¢
THPT Quéng Xuong I — Thanh Héa ndm hoc 2017 — 2018

Lai giai
Tt gid thiét suy ra day sb (u, ) 1a cap s6 nhan v6i cong boi e va u, >0Vn>1.
Ta c6 u, =u,.€’;u, =u,.e";u, =u,.e’. Do dé ta co.
In* U, —Inug =Inu, -1 < In’ (ul.es)—ln(ul.e7)= ln(ul.eg)—l
< (Iny, +5)2 —(Inw, +7)=(Inu, +3)—1©(1nul)2 +8(Inw, )+16=0
Sy =-4<u =e
Chon y D.

4y

Cau 4. Cho day sb (u,) théa man e" +5+ye" —e' =e™ va u,, =u, +3 v6imoi n>1. Gid tri l6n

nhat ctia n dé log, u, <In2018 bing?

A. 1419 B. 1418 C. 1420 D. 1417

THPT Kim Lién — Ha Nai lan 2 nam hoc 2017 — 2018

Lai giai
Ta c6 u,, =u,+3 v6imoi n>1 nén (u,) la cip sb cong c6 cong sai d =3
e’um +5 e’uig _e4u1 — e-"lul = 5 ,euw _e4u1 :e4u1 _eum (1)
Dat t=e" —e' (¢>0) Phuong trinh (1) trd thanh

5\/_=—t<:>t+5\/_=0<:>\/Z(\/Z+5)=O<:>\/E<:>t=0

4y

Véit=0 taco e™ =e™" ©u,=4u S u +5l1=4u < u =17

Vay u, =u, +(n—1)d=17+(n-1)3=3n+14
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n2018
Khi d6 ta dugc log, u, <In2018 < u, <3""""* < 3n+14<3"" < n< % ~1419,98

Vay gia tri 16n nhat ctia n 13 1419.
Chon 3 A.

, v6imoi n>1. Tim s6 nguyén duong

Cau 5. Cho day s6 (a,) thoa man a, =1 va 5" -1

3n+2
n >1 nhoé nhat dé ¢, 1 mot sé nguyén.
A. n=123 B. n=41 C. n=39 D. n=49
Lai giai
Tit gi thiét ta c6 5 —1=—> s Z30FD g log, MO
3n+2 3n+2 ' 3n+2
T d6 suy ra
a =a _, +lo M—a +1lo M—i—lo Sn+2
T T e P |
=a, +lo §—i—lo E+ +1lo 3n—1+10 Sn+2
L O T T O g T " g

8 11 3n—1 3n+2 3n+2
=l+log.| —.—... . =1+log, ——=log.(3n+2
g"(5 8 3n—4 3n—1j 85 —1og; (3n+2)

Do d6 a, =log,(3n+2). Vi n>1 nén a, =log, (3n+2)>log;5=1, dong thoi dé thay (a,) 1a day tang.

Lai c6 a, =log; (3n+2) < n= > 7]3_2 .

Lan lugt thit cic gid tri a, =2;3;4;... ta c6 a, =3 1a gia tri nguyen, 16n hon 1, nhé nhat, cho gia tri

tuong ing n=41.

Vay n=41.
Chon y B.

R ) . . ) 46211,9 +2€u9 _46111+ug :eul —62“1 +3 5 ) . . . . )
Cau 6. Cho day sb (u,) thoéa man X . Gia tri nho nhat ctia so n de

u,, =u, +3,VneN
u, >17
A. 725 B. 682 C. 681 D. 754
Loi giai

Tt gid thiét ta suy ra (u, ) 1a CSC c6 cong sai d=3 = u, =u, +24.

Bién doi gia thiét tuong duong
4:62'11‘J + 26’:19 _4eul+u£, — eul _€2u1 +3

& 4P L e g Z et —? —3 =0
=S ((2624 - 1)62"l )2 + ((2624 - 1)82“1 ) -3=0

SENER :1{ 14413 }

= (2624 —1)62“’1 = 5 2(2624 _1)

Ta c6 u, =u, +3(n—1)>2018 = n>681=>n > 632
Chon y B.
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Cau 7. Cho day s6 (u,) c6 s6 hang dau tien u, #1 thoa man déng thic sau .

log? (E’)u1 ) +log> (7u] ) =log;5+log,7 va u,, =Tu, v6imoi n>1.

n+1

Gia tri nhé nhat ctia n dé u, >1111111 béng

A. 11 B. 8 C.9 D. 10
Lot gial
Vi u,,, =7u, nén dé thay day so (u, ) 1a cAp s6 nhan c6 cong boi ¢=7.

Bién doi gia thiét tuong duong
log; (5u1 ) +log; (7u1 ) =log25+1log) 7
< (log, 5+log, u, )2 +(log, 7 +log, u, )2 =log>5+log} 7
< 2log, 5.log, u, +2log: u, +2log, 7.1og, u, =0
log, u, =0 u, =1 (L) 1
= P P =
2log, 5+2log, u, +2log,7=0 log, 35u, =0 35

Taco u, =u,.7"".u, >1111111 @;—5.7"—1 >1111111 < 7" >35.1111111

< n>log, (35.1111111)+1 .Ma neN’ nén gia tri nhd nhit trong truong hgp nay 1a n=10.
Chon y D.

Cau 8. (6 bao nhiéu gid tri nguyén cta tham s6 a thudc doan [0;2018] sao cho ba sb6

5 + 51’“’;2;25" +257" theo thit tu d6, lap thanh mot cap s6 cong?

A. 2008 B. 2006 C. 2018 D. 2007

L3i giai

Baso 5" +5'7"; % ; 25" +257"  theo thit tu d6 lap thanh cap s6 cong khi va chi khi

a=(5""+57" )+ (25" +257) 225" 51 424257 2577 =12.

z+1 1-z
. =5
Dau “=" x4y ra khi va chi khi < z=0.
25" =25""

Nhu vay néu xét a €[0;2018] thi ta nhan a €[12;2018]. C6 2007 s6 a thoa de.
Chon y D.

Cau 9. Cho diy s6 (u,) théa man 2°" +27" = 1 8 va u,, =2u, v6imoi n>1.
log, (ug —4u, +4j
“\4
Gi4 tri nhé nhat ctia n dé S, =u, +u, +...+u, >5'"" bing
A. 230 B. 231 C. 233 D. 234

Lai giai

Theo gia thiét ta c6 u,,, =2u, nén (u,) la mot cap s6 nhan véi cong boi ¢=2. Suy ra u, =u,.2"" véi

n+1

. * . -
moi neN | n>2.Talaico.

Tap chi va tu liéu toan hoc | 178



Phuong phap gidi toan cic tri mi — logarit |

8

92l 4 gt = & 24%+ 4u G (1)
log{ —4u, +4j log{4 — U, +4)
Ma 2.4" +i >8 va 8 <8
4" L,
log, Zus Us +4 log; —u —1
24" +—=8
4IL1 1
Nén phuong trinh (1) tuong duong 8 _3 Su = B
L,
log, VR +4
Khid6 S, =u, +u, +...+u, =, 172 2 -1
1-2 2
2 100 2" _1 100 2“ -1
Do do, S, >5 <:>T>5 < log; >100 < n>233
Chon y D.
Cau 10. Cho day s6 (un) thoa man log, (2u5 —63) =2log, (un —8n+8) , VneN".
Dat S, =u, +u, +...+u, . Tim s6 nguyen duong 16n nhat n théa man Uy, L8
' u,, .S, 75
A. 18 B. 17 C. 16 D. 19

Sé Giado duc va Dao tao Bic Ninh 1an 2 nam hoc 2017 - 2018

Loi giai
Taco VneN', log, (2u; —63) =2log, (u, —8n+8) < log, (2u; —63)=log, (u, —8n+8).

=1=3"-22"=t=2

2u, —63=3" 2u, —63=3'
bat 13:10g3(2u5 —63) = =

u, —8n+8=2' u, —32=2"
=u,=8n-4 =5, =u +u, +...+u, =4n’

un'S2n _ (8n_4)16n2 148

Do do = > <— =>n<19.
u,,.S, (16n-4).4n
Chon y A.
1+L2+ lz m
Cau 11. Cho ham s6 f(z)=e' *= "V . Biét f£(1).f£(2).f(3)..f(2017)=e" (m,neN) véi = la

n

phan s6 t6i gian. Tinh P=m—n*.
A. -2018 B. 2018 C.1 D. -1

Sé Giao duc va Dao tao Phit Tho lan 1 nam hoc 2017 - 2018

Ldi giai

Bién doi gia thiét ta co

Do dé ta dugc.
1 11 11 1 1 1 1

f(l) — e.eFE ;f(2) —ee? 3 : f(3) — e_e?Z f(2016) ©2016 2017 . f(2017) @2017 2018
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1 2017 2018%-1

= F(1)-£(2)-£(3)--f(2017) =e®MTe 215 — a5 _ g s
=m=2018" -1, n=2018. Vay P=-1.
Chon y D.

Cau 12. Cho cap s6 cong (u, ) c6 tat c cdc s6 hang déu duong thoa man déng thic
Uy + Uy + .o+ Uy g = 4(u1 +u, +...+u1009).

Tim gia tri nhé nhat ctia biéu thic P =log] u, +log: u, +log; u,, .

A. 2 B. -3 C.2 D. 3

Ldi giai
Bién doi gia thiét tuong duong

2018(2y, +2017d) =2.1009(2u, +1008d)

Uy + Uy + oo+ Uy =4(ul +u, +...+u1009)c>

2
3d
’U,Q ZE
d d 3d 5d 9d 3d 9d 27d
<:>u1=§:>(un):§;?;?;...:> u5=7 :>P=10g§?+10g§?+log§722
27d
Ty

Chon y C.

Cau 13. Cho cap s6 cong (a,), cap s0 nhan (b,) théa man a,>a, >0 va b,>b >1; va ham sb
f(z)=2" -3z sao cho f(a,)+2=f(a,) va f(log,b,)+2=f(log,b, ). S6 nguyén duong n nhé nhat

va 16n hon 1 sao cho b, >2018a, la

A. 16 B. 15 C. 17 D. 18
THPT Lé Xoay — Vinh Phiic 1an 1 nam hoc 2017 — 2018
Toi gidi
Ham s6 f(z)=2" -3z c6 bang bién thién nhu sau.
T —00 -1 1 +00
y' + 0 - 0 +

—o0 /2 T /
f(a2)+2=f(a1):{f(az)<f(a1)

Theo gia thiét
a,>a, =0

a,>a, =0
0<a <a,<1

, hon nira f(x)+2 >0Vz>0. Ta xét cac trusng hgp.
0<aq <l<a,

T d6 suy ra {

, ) +220 =-9 _
e Néu0<aq, <a,<1 thi fla)+ = fla) :{az
f(ay)=<0 f(ay)=0 a =0
. {f(a2)+2>0 N ,
e Neéu0<gq <l<a, thi dieu nay la khong the
f(a,)<0

Do d6 chi x4y ra truong hop a, =0;a, =1.
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Tu d6 suy ra a, =n—1(n>1). Tuong tuvi b, >b, >1 nén log, b, >log, b, >0, suy ra
log, b, =1 b, =1
SRR =0b, =2""(n21).
log,a, =0 b =1
Xét ham s6 g(z)=2" —2018z trén nita khoéng [0;+%) , ta c6 bang bién thién.

2018
N e 08 T e

() - 0 -

9(z) 1\ g(b&@j /

In2

Ta co g(12

Cau 14. Cho cap s nhan (b,) théaméan b, >b >1 vaham s6 f(z)=2" -3z sao cho
f(log, (b,))+2=f(log, (b))
Gi4 tri nhé nhat ciia n dé b, >5'" béng
A. 234 B. 229 C. 333 D. 292

THPT Phan Chau Trinh — Pak Lak lan 2 nam hoc 2017 — 2018

Lot giai
Xét ham s f(z)=2" -3z .
Co f’(x)=3x2—3, f'(x)zO Sr=+1.
z —0 -1 1 +00
y' + 0 - 0 +

+00
: /
Mt khac, taco b, >b, >1. Dat a=log,b, >log,b =b>0.Tacé. a’ —3a+2=b"-3b (1).
e Néub>l=a>b>1=a"-3a>b"-3b :>(1) vo nghiém.

o Néu0<bs<l =-2<b'-3b<0 =da’-3a+2<0 = (a-1) (a+2)<0.

b=2"=1

Suyra a=1 :>b=O.Khidc’){1 ) =b =2"">5" < n-1>100log,5 =>n>234.
b,=2 =2

Vay gia tri nhé nhat ctia n 1a 234.

Chon y A.
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Cau 15. Cho day s6 (u, ) théa man

1

1 B N
log, | u) +u, +—u, —— |=e'" " +e"7° -3
1( % 3T

8

4 .
U, =§ u, _Z)n; ,VneN
) 207 n"+3n+2
o s 3+(n+1)2""
Gia tri 16n nhat cia so n dé v, > ————
n+1
A. 3472 B. 3245 C. 3665 D. 3453
Lai giai
Bién doi gia thiét ta cé u,,, = 3 u, S PN u, ., _3 .3 u, .
' 207 n+l n+2 n+2 2 n+1

3

bat v, =u, ———=v,,, = §vn = (vn) 13 CSN véi cong boi q = 3 i
’ - on+1 ’ 27 ’ 2
3 n—1 3 n—1 3 3 3 n—1 3
Khldé Un: — ’U1= — ul__ :un:—— — ul__
2 2 2 n+l 2 2
1 P
Taco u, = %—%ul,u? = I?)—gul , thay vao gia thiet ta dugc

log, (ul2 —2u, +4) =e" % te

3

6u, —6

-3

Theo bat déng thitc AM — GM ta c6 e” " +e”7° =3>2/e" % ™% —3=-1

Mat khéc ta ciing ¢6 log, (uf —2u, +4) =log, ((u1 —1)2 +3) <-1
3 3

Do d6 VT <VP, déng thitc x4y ra khi vi chi khi u, =1=u, =

jﬁ

3+(n+1)2"
n+1

3 1(3
: —_— —
n+l 2

bé u, >
2

Chon y D.

-1 2018
. 3+(n+1)2

3 1(3)"
n+1 2\2

<= n <3453
n+1

2 *
Cau 16. Cho f(n)z(n2+n+1) +1 VneN .Dét u, =

Tim s6 n nguyen duong nhé nhat sao cho u, théa man diéu kien log, u, +u, <

A. n=23 B. n=29

F(2)-F(3)--f(2n-1)
£(2)£(4)...f(2n)

-10239
1024

C.n=21 D. n=33

THPT Chuyén Bién Hoa — Ha Nam lan 1 ndm hoc 2017 — 2018

Ldi giai

Tir gié thiét tacs f(n)=(n’ +n+1) +1=(n’ +1)[(n+1)2 +1J .

Khidotaco u, =

(12 1)(22 +1)(37 +1)(4 #1)... (2n-1)" +1 |[4n” +1]

n

2 1
(2n+1)2+1 o’ +2n+1

-10239
1024

Theo dé bai ta c6 log, u, +u, <

(2 +1)(3° 1) (42 41)(5* +1).. [ 4n? +1]] (2n41) 41

1

10239
5 + <
2n° +2n+1

1024

< —log, (2n2 +2n+ 1) +
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) 1 102
Xét ham s6 g(n)=—10g2(2n2+2n+1)+2n2+2n+1+ 1002349 véi n>1.

4dn+2 3 4dn+2
(20" +2n+1)In2 (2n* +2n+1)

. —1++/2047
g 2

Taco g'(n)=- —~<0 v6i n21= g(n) nghich bién.

1 10239
<

Ma 5 +
2n° +2n+1 1024

=0 nén —log, (2n2 +2n+1)+

=n . Do n nguyén duong nhé nhét théa man nén n =23

S —-1++2047
2

Chon 3 A.
Cau 17. Cho day s6 (u,) xéac dinh béi v, =ln(2n2 +1)—1H(’ﬂ2 +n+1),Vn >1. Tim s6 nguyén n 16n

p 2 p N p p p
nhat sao cho u, — [un] < = Biet [a] ki hiéu phan nguyén ciia so a la s6 tu nhién nho nhat khong vugt
qua a.
A. 37 B. 36 C. 38 D. 40

THPT Chuyén Bién Hoa — Ha Nam lan 1 ndm hoc 2017 — 2018
Lai giai

2n° +1
mG[O;IHQ):)[UH]ZO

Taco u, =In

2 2 o2’ +1 2 o2n +1
:>un—[un]<§©un<—c>ln

- <—©2—<3/e_2:n<37.462
n +n+l 3 n"+n+1

Chon ¥ A.

Cau 18. Cho day s6 (u,) 6 tat cd sb hang déu duong théa man wu,,, =2u, vi dong thoi

4 ; . y vz a2 .
\/U12 +\/u§ +...+\/u5 +yu’,, +u, ., +1 == ¥Yn>1. S5 tunhién n nhd nhat dé u, > 5" 1a?
3 ,

A. 232 B. 233 C. 234 D. 235

Ldi giai

Taco u,, =2u, = u, =2""u, , ding thitc ding v6i moi n>1 nén diing véi n=1 nén

4 4
\/uf+1/u§+u3+1 :§<:>\/uf+w/4uf+4ul +1 =3
<:>Juf+2u1+1:§<:>u1+1:§<:>u1:é
271—1

Do d6 u = 5" < 2" >3.5" < n>log,3+100log, 5> 233 .

n

Chon y C.
Cau 19. Cho day s6 (w,) théa maén ln(uf+u§+10)=ln(2ul+6u2) va dong thoi

U, +u, =2u,, +1,Vn>1.Gia tri nhé nhat ctia n dé u, > 5050

A. 100 B. 99 C. 101 D. 102

Loi giai
Bién doi gia thiét ta co
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ln(uf +ul +10)=ln(2u1 +6u, ) < (y, —1)2 +(u, —3)2 =0<:>{ 5
U, =

Mat khactaco u,,, +u, =2u, +l1<u, ,—u,,, =y, —u, +1.

bat v, =u,,,~u, =v,,, =v, +1= (vn) la CSC c6 cong sai d =1
Uy =U +2
Uy = Uy +3 n n(n+1)
Khidé =v, =n+1=u,, =u, +n+l1= =>u, =u, + ==
................... i=2

. n(n+1)
Vay de u, > 5050 3T>50503n>100

lo u+g+lo —u+§ =2
8" 0 Bla"T g

Chon y C.

Cau 20. Cho day s6 (u, ) thoéa man

2(n+1 = .
u, = (n )u”“+ 2 n2 ,VneN
n (nQ +n+ 1) +1
100 2
Gia tri nhé nhét ctian dé u, > DN )
51 (n3 + n)
A. 235 B. 255 C. 233 D. 241
Loi gidi

Taco (n* +n+1) +1=(n’ +1) +2n(n’ +1)+n” +1=(n* +1)((n+1)" +1]

Bién doi gia thiét tuong duong

—n? 1) —2(n2+1)+1
nu, =2(n+1)un+1+ 2n-n - 22(n+1)“n+1+(n+ ) (n +2 )+
(n2+1)((n+1) +1) (n2+1)((n+1) +1)
1 2 1 1
< nu, =2(n+l - 1 _
=2+ )Un+1+n2+1 (n+1)2+1<:>(n+ i~ n+ ) 2(%" n2+1J

=lv :( ) la CSN c¢6 cong boi ¢ =

n+1 n
2

bat v, =nu, — =

n°+1

1
2
n—1 n—1
1 1 1 1
Tudosuyra v, =|=| v =|= U =5 |=u, = T
) 2 2 P 4+n 2”

Thay u, = —4—10 + iul vao gid thiét ta duge

1 39 1 39 1 1
log| —u, +— |+, [log| —u, + — | =2=u =1=u, =— +
4 4 4 4 n’+n 2'n
100 2
Déu, > S 100l0g, 5= n > 233
' 5100(n3+n)
Chon y C.
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Phuong trinh nghiém nguyén

Dau tien thi chiing ta can chu ¥ 1a dang todn nay khong phai 1a phuwong trinh nghiém nguyén trong
Ly thuyét s6, ma la mot dang toan xu huéng trong nam 2020, thic chat ciing chi la viec van dung
cac bién ddi 6 cac chuong trude va cac danh gia co ban dé tim ra méi lien hé giita cac bién trong
phuong trinh, tit d6 sit dung diéu kién “nguyeén” dé chi ra cac gia tri thda man. Chuong nay dude tham
khéo tit chuyén dé phuong trinh nghiém nguyén trén VIV7 va chuyén dé phét trién cau 47 — 50 ctia
Nhoém Toan VD — VDC.

Mé dau.
Trudce tién ta hay xem 16i giai bai toan sau.
Bai toan. C6 bao nhiéu s6 nguyén z sao cho tng v6i mdi x c6 khong qua 127 sé nguyén y thoa

man log, (1'2 + y) >log, (:13 + y) ?
A. 89 B. 46 C. 45 D. 90
Pé t6t nghiep THPT 2020 ma dé 1043
Lai giai
Ta c6 log, (ac2 + y) >log, (a} + y)(l) .
bat t=x+yeN* (do z,yeZ,z+y>0), khi do
(1) = log, (a:2 —-T+ t) >log,t < ¢(t)=log,t —log, (1:2 —T+ t) <0(2)
1 1

Dao ha "(t)= -
i amg() tln2 (w2—:z:+t)1n3

>0 v6imoi y. Do dé g(t) dong bién tren [1;+w)

Vimdi x nguyén c6 khong qua 127 giéd tri t € N* nén ta co

9(128)>0<>log, 128 -log, (2" —2+128) >0 <> 2’ —2 +128 <37 <> —44,8<x <458,
Nhu vay c6 90 gia tri thda yéu cau bai toan.
Nhan xét. Day 1a cau kho nhat trong dé thi THPT Quéc Gia 2020 vita r6i, didu lam bai toan nay kho
hon so véi bai toan & dé tham khao 1a dau bat phuong trinh va gia thiét “khong c6 qua 127 s6 nguyén
y”. Nhu vay ta da nhan dang dudc 16p cac bai todn vé phuong trinh nghiém nguyén ma chuong nay
dang dé cap. Sau day la cac vi du minh hoa.

Cac bai toan minh hoa.

Cau 1. 06 bao nhiéu cap s6 nguyén duong (z;y) théa man

log,[(z+1)(y+1)]" =9~ (z~1)(y+1)
A. 2. B.1. C. 3. D. 8.

L3i giai
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Tt gia thiét ta co (y + 1)log3 [(x + 1)(y + 1)] =9- (QU - 1)(1/ + 1)

9 9 9
@logs[(x+1)(y+1)1=m—(w+1)<:>log3(x+1)+(a:+1):log3m+m(*).

Xét ham f(t):t+log3t trén (0;+oo).

Ta c6 f'(t)=1+ﬁ>0,Vt>0:ham so f(t) dong bién tren (0;+).
n

Do d6 (*)<:>a:+1=i hay $=8;y=—1+i.
y+1 y+1 y+1
8;y>0
y+1

Dé z;y nguyén duong thi (y + 1) € {—9; -3;—1; 1;3;9}. Suy ray=2.
yerl"

Do d6 (z;y)e {(2;2)} . Vay c6 duy nhat 1 cip s6 nguyen duong (z;y) théa méan yeu cau bai toén.

Cau 2. C6 bao nhiéu ciap sé6 nguyén (m;y) théa man 0<2 <2020 va 3(9” + 2y) =z +log, (x +1)3 -27
A.2. B.3. C.4. D.5.

Lai giai
Taco 3(9 +2y)=z+log, (v +1) -2
< 3.9" +6y =z +3log, (z+1)—-2
< 3" +3(2y+1)=(z+1)+3log, (z+1) (*).
Xét hamso f(t)=3"+3t. Taco f'(¢)=3"1n3+3>0, V¢.
Suy ra ham s6 f(¢) lien tuc va dong bién tren R .
Do d6 (*) < f(2y+1)=f(log,(z+1)) < 2y+1=log,(z+1) < z=3""-1.

Vi 0<2<2020 nen 0<3%" —1<2020 @—%gyglogﬂ#‘

Do y nguyén nén y € {0;1;2} = (:zz,y) € {(2;0);(26;1);(242;2)} .

Nén tong cong ¢6 3 cap s6 nguyén (z;y) thoa de.

Cau 3. 06 bao nhiéu 6 ty nhién z sao cho ton tai s6 thyc y théa man log, (z +4y) =log, (x2 +49° ) ?
A. 1. B. 2. C. 3. D. V6 sb.

L5i giai

r+4y=3" {I:3t—4y

Dit log, (v -+ 4y) =log, (#” +4y°) =t , suy ra { (3 —4y) +4y7=2" (1)

ot 4yt =2

Phuong trinh (1) < 20y° -8.3'y+9" —2' =0. Phuong trinh phai c6 nghiém nén
t

A'=16.9'~20(9 _zt)zoc(gj <5 t<log,5.

2
logy 5 logg 5

Dod6 2’ +2y°<2 * =2’<2 * =21.VizeN=ze{01}
Thit lai.
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t=log, 4
. 4y =3
Vé6i z=0,suyra . log, 4 -

4y =2 _1 ;

y=—.3

4

1+4y=3' =0

Véi z=1,suyra Y :{ .

1+4y° =4 y=0

Vay z € {1;2} .

Cau 4. C6 bao nhiéu s6 nguyén duong z sao cho ton tai s6 nguyén duong y théa man diéu kién
1

ln[(a:—y+1)(:1:-i—2y)}+2‘"’y+1 =8 4 In3?

B. 2. C. 2020. D.2021.
L3i giai

Diéu kien xac dinh (z—y+1)(z+2y)>0 (*)
Do >0,y >0 nén x+2y >0 tu (*) tasuyra x—y+1>0

1

Neén ln[(x—y+1)(x+2y):|+2z—y+1 :8r21/ +1In3

3
S n(a-y+1)+In(a+25)+ 2 =25 4 1n3
3
e n(z—y+1)+27"" =2 +In3-In(z +2y)
3
P ln(x_y+1)+2;r—?/+1 :In%%+2x+2y (1)

Xét ham s6 f(t)=Int+2'v6i t e(0;+00), c()f'(t):%+2t In2>0, Vt>0.

Neén ham s6 f(t) dong bién trén khodng (0;+0) . T (1) ta suy ra f(m—y+1)=f( 32 J
T+2y
Sr-y+l=

x+2y<:>(ac—y+1)(x+2y)=3(2)

Do z,ynguyén duong, nén (2) tuong duong vGi

x+2y=3 x+2y=3

= i €Tr =
z—y+1=3 z—y+1=3
rz+2y=1 rz+2y=1

/_H
< 8
(I

| OQlCﬂ = =
w | L

p N . . |z=1

Keét hop cac dieu kién chi c6 { )
y =

Vay ¢6 1 gia tri cia x thoa man.

thdéa man.

Cau 5. C6 bao nhiéu cap s6 nguyén duong (:L‘,y) théa man 2" +y <100 va

og, ——— =4(xr — + 1!
8 2’ + 4y Y
A. 5. B. 6. C. 7. D. 10.
Loi giai
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Bién doi phuong trinh dau tuong duong

(:E+4y)2

- =4(x—y) +1
$2+4y2 (=y)

log,

< log, (m + 4y)2 —log, (302 +4y2)= 5(1:2 + 4y2)—(x —i—4y)2 +log, 5

< log, (ac+4y)2 +(ac+4y)2 =log; 5(352 +4y2)+5(ac2 +4y2) (*)
Xét ham so f(t)=log,t+t trén khoang (0;+o)

Co f'(t)=

. 11 - +1>0,Vt e (0;+0)= f(¢) la ham s dong bién trén khoang (0;+w)
In

Khi do (*) <:>f[(x+4y)2]:f[5(x2 +4y° )] <:>(3U+4y)2 =5(:1c2 +4y2)
Ap dung bat ding thic B.C.S ta c6
(ac+4y)2 = (1.ac+2.2y)2 < (12 +22).(x2 +4y2):5(3:2 +4y2)

PN 2
Dau bang xay ra @%z;yc»xzy.

Theo gia thiét ta c6 2" +y <100 <> 2 +2<100.

bat g(z)=2"+2=g¢'(2)=2"In2+1>0,Vz = g(z) la ham s6 dong bién tren R .

Nhan xét ¢(6)<100< g(7).Ma znguyen duong nén g(z)<100 < z € {1;2;3;4;56}
= (a:,y) € {(1;1);(2;2);(3;3);(4;4);(5;5);(6;6)} .

Vay c6 6 cap so nguyen duong (z;y) théa man dé bai.

Cau 6. C6 bao nhiéu s6 nguyén x sao cho ton tai s6 thuc duong y théa man

log, (x + 2y) =log, (ZEQ +y+ %j

B. 2. C. 1. D. 4.

On

A.Vos

Lai giai
1
Ta c6 log, (ac + 2y) =log, (:EQ +y+ E} .
Diéu kién z+2y>0.

t:logg(x+2y) z+2y=3" 1
Dat , 1)=1 , 1 =22 —z+3' -2'+-=0 (1)
t=log,| z +y+E T +y+E=2t 8

Phuong trinh (1) c6é nghiém z khi va chi khi

t
A=8.2t—8.3t20<:>[gj <l t<0.

:>m2+y+%=2t£20=1 :>$ZS%—ZU<%31’2=U©I=O-

1

log,| y+—

) 1 ( 16)

Taco x=0=log,2y=log,| y+— | & ——————=
log, 2y

1
T =log,2 < log,, (y+Ejzlog32.

=31
< log,, (y + %j =log,2= {y ,nhan.
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Cau 7. C6 bao nhiéu cip s6 nguyén (m;y) théa man 0<z <2020 va 2.625° —10.125" = 3y—42° +1.
A. 2020. B. 674. C. 2021. D. 1347.

Lai giai
Bién doi phuong trinh dau tuong duong
2.625" —10.125" =3y —4a” +11 < 2.5 ~25%" =3y 42’ +1 < 2.5 +42” =2.5"" +3y+1 (¥).
Xét ham s f(t)=2.5'+¢ la ham s6 dong bién trén R . Ta co
(%) f(42") = f(By+1) = 42’ =3y +1 <> 42" —1 =3y < (22 —1)(2x+1) =3y (**).
Do z,y nguyén nén 2z —1;2z+1eZ va 3 lasé nguyeén t6 nén (**) tuong duong véi hodc
(2z-1):3hoic (2z+1):3.

e Trudong hop 1. (21: —1)53 2= 1(mod3) 2= 4(mod3) Sr= 2(mod3) .

e Trudng hgp 2. (295 + 1)33 &2 = —1(m0d3) 2= 2(mod3) Sr= 1(mod3) .
Ta c6 2021 gia tri nguyén clia z sao cho 0<xz <2020 . Trong do6 c6 674 s6 chia hét cho 3 nén c6 tat ca
13476 thoa (**). V6i méi gia tri nguyén clia z thi ta tim duge mot va chi mot gia tri y nguyen

tuong tng. Vay c6 1347 cap (x;y) nguyén thdéa mén bai toan.

. T _q
Cau 8. C6 bao nhiéu cip s6 nguyén (m,y) thoa man 0<y <2020 va log, (3 > j =y—3"7
Y

A. 2019. B. 6. C. 7. D. 11.

Lol gidi
y>0
T gid thiét ta co {3° —1 0<::>ac>0.
>
)

Ta c6 phuong trinh < log, (31 - 1) +3"-1=log,y+y (*)
Xét ham sd f(t)=log,t+t trén (0;+).

Khido f'(t)= ﬁ +1>0do d6 ham sb f(t)=log,t+t dong bién trén (0;+)

Phuong trinh (*) ¢6 dang f(3’ —1):f(y)<:> y=3"-1

Vi 0<y <2020 0<3" -1<2020 < 1<3" <2021 < 0<z <log, (2021)
0<x<log, (2021

Vi{ v <log, (2021)

o re{l;234,56}=>y=3"-1cZ.
zel

Vay co 6 cip (:B,y) thoéa man.

Cau 9. C6 bao nhiéu gia tri nguyen ciia tham s6 m sao cho phuong trinh 3" = 47" ¢6 nghiem?
A. 0. B.3. C. 2. D. Vo6 sb.

Loi giai
’172 77L2 xTr+m
Vizl+m?’>0=4"" >1=3">1=z2+m>0.

- z+m=log.t
Diit £=3"" =4 (150) = © 08T
" +m” =log,t

Ta co (az:+m)2 32(332 +m2) <:>(10g3 t)2 SQlog416<:>(log3 t)2 —2log, 3.1og,t<0

0<log,t<log,9¢>1<t<3"" = 0<a’ +m’ <log, (3"*)~1,25
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SmP<2e 2<m<2.
Vi meZ:me{—l;O;l}.
o Néum=-1taco3 ' =4"" <2’ +1=(z—1)log,3
< 2’ —(log,3).z+1+log,3=0 (vo nghiém) nén m =-1 (loai).

o Néum=0taco 3" =4" <> =z.log,3< nén m =0 (théa man).
z=log, 3

o Néum=1taco 3" =4"" &2’ +1=(z+1).log,3
< 2 —(log, 3).z+1-log,3=0 (luon c6 hai nghiém phan biét) nén m =1 (théa man).

Vay c6 2 gia tri nguyén ctia tham s6 m théa man yéu cau bai toan.

Cau 10. C6 bao nhiéu cip s6 nguyeén (m,y) théa man 0<y <2020 va 4" + 8(3: — 1) =4y +2log, y*.
A. 4. B. 7. C. 6. D. 5.

Lai giai
Ta co 4" —i—8(m—1)=4y—i—210g2 Y’ 4" +8(x—1)=4y+810g4y.
Dat ¢ =log, y . Dang thiic da cho trd thanh
4" +8(z-1)=4.4"+8t < 4" +8x=4""+8(t+1) (*).
Xét ham sé f(u)=4"+8u véi teR.
Tacé f'(u)=4"In4+8>0,Vu. Suy raham sd f(u) dong bién valien tuc trén R .
Khi do (*) dugce viét lai thanh
f(x)zf(t-i—l) Szr=t+l=log,y+1.
Vi 2,y € Z,0<y <2020 nén c6 0<y=4" <2020 =t <log, 2020 ~5,5,t € N

Ung v6i moi gia tri ¢ cho ta 1 gia tri cia y va ciing cho 1 gia tri z. Vay c6 6 cip s6 nguyén (a:;y) .

T

Cau 11. C6 bao nhiéu cip s6 nguyén (a:,y) théa man 0<y <2020 va log, [ J— y=1-2"7

A.19. B.12. C.2020. D. 11.
L3l giai
y#0
Tu gia thiét ta co my_ >02">1<2>0
y=>0

Phuong trinh dau tuong duong log, (2”’ - 1) +2" —1=log,y+y (*).
Xét ham so f(t)=log,t+t tréen (0;+w).

Khido f'(t)= ﬁ +1>0do d6 ham sb f(t)=log,t+t dong bién trén (0;+)

Phuong trinh (*) c6 dang f(zz _1) - f(y) Sy=2"-1.

Vi 0<y <2020 0<2" -1<2020<1<2° <2021 <0<z <log, (2021).

&xe {0;1;2;3;4;5;6;7;8;9;10} .

M {0 <z <log, (2021)
Tel
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Véi moi gia tri clia x ta c6 mot gia tri clia y tuong tng.

Vay ¢6 11 gia tri clia znén tacd 11 cip (:U;y) thdéa man.

Cau 12. Cho hai s6 nguyén z,y thay doi, héi c6 bao nhiéu bo (x;y) théa méan

et 1 z+2y
39— 5 =2-2zxy—2z-4y.

A. 4. B. 2. C. 3. D. 1.

Loi giai
T+2y
Taco 37" — (%j =2-2qy—22 -4y =37 -3 =2-2qy -2z — 4y
<37 +2(2y—1)=3""" +2(—z—2y)

Xét ham f(t)=3"+2t taco f'(t)=3"In3+2>0,VieR
Suy ra f(¢) la ham dong bién nén

flay-1)=f(-z-2y) o ry-l=-1-2ySy(z+2)=1-zy= 112
T

P G S B I

T+2 T+2

r+2=21 _ . e ez
. Tt d6 c6 4 bo (x;y) thdéa méan gia thiét.

Khi d6 y€Z nén
T+2=13

T

Cau 13. Goi (x;y) 1a ciip s6 nguyéen duong théa man 1<y <2020 va log, [4 * 1} =y’ —2y+1-16".

Goi y,,;, va y,,.. lan lugt 1a nghiém tng véi gia tri nho nhat va gia tri 16n nhat cta y. Tinh gid tri
ctia bidu thitc T=y,, +y,. -
A. T=103. B. T'=3010. C. T =1030. D. T'=301.
Lol gial

T

4" +1 : : ’
Ta co6 log3[ i ]=y2—2y+1—16’ <:>10g3(4l+1)—log3y=(y—1)2 -16"

< log, (41 +1)+(4’ )2 =log, y+(y—1)2 (*)
Dat t=4"+1<4"=t-1 (t>1).

("‘)<:;>log3t+(t—1)2=log3y+(y—1)2 (**)
1

u.ln3

Xét ham f(u)=10g3u+(u—1)2(u>1). Ta co f'(u)z +2.(u—1)>0 khi u>1.

Suy ra ham s6 y = f(u) dong bién tren (1;+x).
Khids (**)eot=y 4" +1=y.
Vi1l<y<2020,néntacod 1<4"+1<2020 < 0<4" <2019 < z <log, 2019 = 5,49

+ xmin = 1 ymin = 5
VizeZ :>$={1;2;3;4;5} = = .
x =90 Yo = 1025

max

Vay T=vy_ . +y__=5+1025=1030.

min max
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Cau 14. C6 bao nhiéu cip s6 nguyeén (x; y) va 0<2 <2020 thoa man diéu kien

2
log{ x+6j+i:y_2+2y?

=1l 8=
A. 2018. B. 2. C. 2020. D. 1.
Loi giai
Diéu kién ctia z:z € (—oo;—3) U(l; +oo) . Nén ta chi kiém tra 2 <z <2020 .
Ta co log2[2x+6j+ 8 =y—2+2”<:>10g2(2x+6j+2+ 8 =y+2'
r—1 x—1 z—1 z—1

log, 2z+6
<:>log2(2§j16J+ 2;_+16 =y+2' @logg(% +16j+2 g'( o j =y+2' (1)

Dat f(t)=2"+t.Taco f'(t)=1+2"In2>0Vt= f(t) luon dong bién trén R

T — T

-1 z—1

Dat u=2x+6:u'= -8 5 <O,Vxe(—oo;—3)u(1;+oo).
r—1 (z-1)

Do 2<2 <2020 vi u=2%+0

luon nghich bién trén [2;2020] nén u e {;lglllg ;10} .

rz—1

Ma v =2" v yeZ nén ue{4;8}.

4=2"y=2

¢ Viiu=d= 2;_+16:4<:>2x+6:4:1:—4c>x:5
8=2"<=y=3

e Véiu=8= 2;_+16:8<:>2a:+6=8x—8<:>g;:§ (loai)

Vay, phuong trinh c6 mot cap nghiém théa bai toan (5;2) .

Cau 15. C6 bao nhiéu bo hai s6 nguyén (x,y) thoa 1<2” +2<2020 va
logx—klog(:v—kl)—kx2 +z=y+10"
A. 8. B. 4. C.2 D. 0.

Loi giai
Diéu kién z>0
Ta co

10g$+10g($+1)+$2 +z=y+10" @log[w(m+1)}+x2 +x=y+10"

e log(2” +z)+2” +z=log(10" ) +10"

Xét ham s6 f(t)=logt+t v6i t>0, taco f'(t)= +1>0, Vt>0.

tIn10

Ham s6 dong bién trén khoang (0;+0) = z° +2 =10

Vi 1<2® +2<2020 nén 1<10Y <2020 <0<y <log2020 ~ 3,305
Ma y chinhén gia tri nguyén nén y e {0;1;2;3} .

—1+\/5

2

o V6iy=0=z= (loai).
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o Véiy=1= x:_”Tm (loai).

o Véiy=2=uz=

—1++/401 .

————— (loai).
2

—1++/4001

o Vi y=3:>x:T (loai).

Vay khong c6 bo hai s6 nguyén (z;y) théa man yéu cau bai toén.

zy+1

Cau 16. C6 bao nhiéu ciip s6 nguyén (:L“,y) théa man e"* +e”*' + x(y + 1) +l=e@" + -3y7?

+3
e

A. 10. B. 7. C. 4. D. 3.

Lai giai
Déng thitc da cho tuong duong

e —L+I+3y:€a}:yil _ 1 +(_xy—1) (*) .

61:+3y e—q’y—]
) 1 .
Xét hamso f(t)=¢' ——+t v6i teR.
€

Taco f'(t)=¢ +l[+1 = f'(t)>0 véi VieR.
e

Suy ra ham s6 f(¢) dong bién va lien tuc tren R

Khi d6 (*) dugc viét lai thanh
f(x+3y)=f(—xy—1) Sr+3y=—ay—1 <:>y(w+3)=—x—1.

—r—1 2

=-1+
z+3 T+3

Dé thay = =-3 khong thod man, nén y = (z=-3).

Vi yeZ nen (—1+ Jez = r+3e{xL;#2} > ze{-5—4-2-1}.

z+3
Ung v6i moi gia tri  nguyén trén cho ta tuong tng 1 gia tri clia y .

Vay c6 4 cap sd nguyen (z;y) .

Cau 17. C6 bao nhiéu gia tri nguyén z dé ton tai sd thuc y €[1;2020] va théa man diéu kien
ylny+e™' = y(x +2)?
A. 8. B. 7. C. 6. D. 5.

Loi giai

Dit t=lny < y=¢'.
Khi do, ylny +e"*™' zy(a:+2) trg thanh te' +e"' =¢' (m+2)<:>eHH :(at+1—t)+1 (1)
Xét ham f(u)ze“—u—l,tacé f'(u)ze“—l

{f‘(u)ZOVuZO
Suy ra

f'(u)=0<:>u=0
Do do, u20:>f(u)2f(0)<:>e”Zu+1,Vu20 (a)
f'(u)SO‘v’uSO
f'(u)=0<:>u=0
Do d6, uSOzf(u)Zf(O)@e“2u+1,Vu£O (b)

— Ham s6 f(u) dong bién tren [0;+0)

Ta ciing co, { = Ham s6 f(u) nghich bién trén (—o0;0]

Tu (a) va (b) suy ra e’ 2u+1,Vue R va "=" xay ra khi va chi khi v =0
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Tudo, (1)< z+l-t=0<z=Iny—1. V1 y&[1;2020] = -1<z<In2020-1

Do zeZ=zxe {—1; 0;...6} . Vay ¢6 8 gia tri nguyén ctia x thda man yéu cau bai toan.

Cau 18. C6 bao nhiéu s6 nguyén z sao cho ton tai s6 thiic duong y théa man
3z +2y

log, ——==log, (z* +4°)?
Ty )
A. 1. B. 2. C. 3. D. Vo s
Lot giai
Dieu kien z* +1” # 0;3z+2y>0.
) 3z +2y _5
bat logsﬂzlog4(:ﬂ2+y2)=t,tacé Jz© + 497 (*)
7' +4y° 5 9
+y =4
3z +2 3. +2 3a+2
Xet 22129 5l Y _5 Data=2 , phuong trinh tré thanh a =5".
4[x2+43/2 [wT 4 ) \a© +4
Y
P 2 12-2
Xét ham so f(a)z?)a—_'-,c() f‘(a)z—a;f'(a)=0<:>a=6.
a’ +4 (a2+4)\/a2+4
Tt bang bién thién ta c6 f(a) <J10=5 <10 >t < log, J10
Khi d6 o® +y° =4' <40 <35 4° <3 —B<z<\3 ma zeZ nen ze{-10,1} .
2y Rt
) . 7 oy 0 L Jt=0
e Néu z=0,khi do (*) tré thanh |24 = . (théa man) nén x =0 nhan.
y2:4t y_
2y+3 . 1
P —:5 P = —
e Néu z=1, khi do (*) trg thanh < /4y +1 nhan thay 2 la mot nghiém cta hé nén
Y +1=4' y=1
z =1 thdéa mén .
2y -3 _5
o Néu z=-1,khid6 (*) trd thanh < \/4y* +1 .Tit y* +1=4" ta thay
y2+1=4t
Y +121=4'21t20=>5">1
2y—3 y>3 v23
Khido ——"==5'21=2-32 iy’ +1 e 2 = ; (vo 11)
Vay +1 (2y-3) 24y’ +1 y<3

Suy ra z=-1 loai.
Vay co6 hai gia tri nguyén ctia z thda méan bai toan la z=0;z=1

log:;(:v—ky):m )
Cau 19. Cho hé phuong trinh , trong d6 m 1a tham so0 thuc. Hoi c6 bao nhiéu gia

log, (:132 +1° ) =2m
tri ctia m dé he phuong trinh da cho c¢6 dang hai nghiem (:E,y) va z;y nguyén?
A. 3. B. 2. C. 1. D. vo sb.
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L giai

Diéu kién z+y>0.

1Og3($+y):m x_‘_y:gm . $+y:3m (L-_’_y:3m .
1 2 2 < 2 2 'm,( ) < 2 m = 97” _4'!71, ( )
ng(x tY ):2m T +y =4 (l‘+y) —2Xy=4 TY = 5
< . 9" _ g™ 21 o . . N i e
bat S=z+y=3";P=1y= 5 de he (* *) c6 nghiém thi dieu kién 1a S* > 4P
9" >4 o m<log, 2.

4
logg 2
Mat khac tit z° +9° =4" suyra z° <4" < 2" <r<2" <2 *  do z nguyén nén chon 7€ {—1;0;1} .

Lam tuong ty v6i y nguyén nén y e {—1;0;1} . Vi zye {—1;0;1} vd r+y=3">0 nén x;y khong thé
nhan gia tri —1 do d6 z;y e {0;1} khi d6 ta c6 cac nghiém nguyén cé thé xay ra ctia hé phuong trinh 13
(0;0);(0;1);(1;0);(1;1). Ta di thit lai thay tirng cap nghiém trén vao hé phuong trinh (*)

e V6i (2;9)=(0;0) khong thoa man diéu kien.

e Vi (:E;y):(();l) tré thanh {1:2” <Sm=0.
: 1=3"
e Véi (a:;y):(l;O) tré thanh {1 4 <m=0.
m m =log, 2
: 2=
o Vdi (x;y)z(l;l) tré thanh { = 1 vo ly.
2=4" m=

2
Nhan thay m =0 thi hé ¢6 hai nghiem (0;1) va (1;0).

Vay c6 duy nhat mot gia tri m thod man bai toan.

Cau 20. C6 bao nhiéu s6 tir nhién y va s6 thuc z théa man 2020112 = 3= +3v* 9
A.l. B.2. C.0. D.4.

Loi giai
2+ 2,92 $+2y:10g t

Dit 20202% — 37 15 0. Ta ¢ | | ol
:L‘Q + 3y2 = log:S t

2
Ta co (|x|-ﬁ-2y)2 =(1|x|+%\/§yj Sg(:pg +3y2).

B

Suy m(log2020 t)2 < glog3 i< (log2020 t)2 — glog3 2000.108.,500 1 <0 < 0<logyy, t < glog3 2000 .

Taco z° +3y° =log,t < z° +3y° =log, 2000.log,,,,, t = z° +3y* < g(log3 2000)2 ~111,69 .

Do z° >0= 3y’ <111,69=y* <37,23. Do yeN =ye{0,1,2,3,4,5,6} .
o VGiy=0tacoét=1=x=0 thoa man.

|2 +2 =1og, ¢ {|x|=logmot—2 (1)
<~

e Véi y=1 thay vao hé (*) taco
Y Y () 0{ 2’ +3=log,t (2)

2’ +3=log,t
Thay (1) vao (2) ta co
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(108000 t —2)" +3 =log, t =log, 2020.10g,,, t < log?,, t —(4 +log, 2020).1og,,, t +7 =0
Taco A= (4 +log, 2020)2 —28>0 nén phuong trinh c6 hai nghiém ¢ nén, tuy nhién khi thay 2
gia tri vao ta déu dugc |x| <0 nén khong ton tai s6 thuc .

|| +4 =log,, t {|x| =1og,p, t—4 (3)
=

e V6i y=2 thay vao he (*) ta c¢ |
1y ay vao G() & O{ 1:2+12=10g3t (4)

?+12= log,
Thay (3) vao (4) ta co
(10800 t —4) +12 =log, t =log, 2020.10g,,, t < log,, t — (8 —10g, 2020).10g,,, t +28=0 .
Tac6 A=(8-log,2020)" ~112<0 neén phuong trinh vo nghiem nen khong ton tai s6 thuc =
|x| +6=1og,,,t {|x| =log,,,t—6 (5)

=

Véi y =3 thay vao he (*) ta cd .
. 1y ay vao he (*) aco{ 427 —log, t (6)

z° +27=log, t
Thay (5) vao (6) ta co

(108,050 t —6) +27 =log, t = log, 2020.10g,,, t < logl,, t —(12~1og, 2020).10g,,, t +63=0

Ta c6 A=(12-log, 2020)2 —252 <0 nén phuong trinh vé nghiém nén khong ton tai s6 thuc

|m| +8=10gy, t {|x| =log,p t =8 (7)
P

e V6i y=4 thay vao he (*) taco .
! yvaohe ) { 2 +48=log,t (8)

2’ +48 =log, t
Thay (7) vao (8) ta co
(108,00 t —8)” +48 =log, t =log, 2020.10g,,, t < log?,, t —(16—log, 2020).10g,,, t +110=0
Ta c6 A=(16-log, 2020)2 —440 < 0 nén phuong trinh voé nghiém nén khong ton tai s6 thuc z .
Tuong tu véi y =5,y =6 déu khong ton tai so6 thuc x .
Vay c6 duy nhat 2 =0,y =0 théa man.

Cau 21. C6 bao nhiéu cip (x;y) v6i x,y nguyén la nghiém ciia phuong trinh

2 2
21 _log, T 2EH9 _ 956 96 _log, (z+1).
Yy
A.0. B.3. C.4. D.5.
Lot giai
Diéu kién z>-1;7>0. Ta cod
2 2
2/ _log, T2 _ 95690 _log, (2+1)
Y

N log, (z2 +2z + 9) +log,y= v 2 _ log, (z+1)

o2V o log, y(z+1)= 9720y log, (w2 +2z+ 9) (1)
Xét ham s f(t)=2"+log, ¢ véi t €(0;+0) , taco f'(t)=2t.ln2+t 1 >0,Vt>0 .

In
Suy ra ham s6 f(t) dong bién trén (0;+00).
Do d6 (1)<:>f(y(x+1))=f(a:2 +2x+9) <::>y(:1:+1)=$2 +2x+9<:>y=w<:>y=$+l+ 8 .
z+1 rx+1

Khi d6 y nguyén khi va chi khi x+1e{1;2;4;8}<:>:ve{0;1;3;7}.

Vay ton tai 4 cap s6 nguyén théa man dé bai.

Cau 22. C6 bao nhiéu sé nguyen = sao cho ton tai 6 thuc y théa man didu kien 372 =47
A. 1. B.3. C.4. D.2.
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Laoi giai
Taco 2’ +y°20=4" " 21=3" >1= 242y >0.
Dit t=3"" =4"" (¢>0).
Khidétacé{a;JrQZ:loggt { rrloB )
" +y =log,t 5y2—4(log3t)y+(log3t) —log,t=0 (*)
Phuong trinh (*) c¢6 nghiém khi va chi khi
Al =4(log3 t)2 —5(log3 t)2 +5log,t>20< —(log3 t)2 +5(log4 3)(log3 t) >0
& 0<log, t <5(log, 3) 1<t <3
Tt a6 {osi+2zs5log43 2
0<z +y S5(log43) (**)
Tu (**) suy ra 2%,y° <5(log, 3)2 ,ma zeZ nén ze{-1L01}.
o Néu z=-1,khid6 3% =4"" & y* ~2(log, 3)y +1+log, 3=0, vo nghiem.
o Néu z=0,khid6 3% =4" <y’ —2(log,3)y =0, c6 nghiem.
o Néu z=1,khidé 3" =4"" <7 —2(log, 3)y+1-log,3=0, c6 nghiem.

Vay c6 2 cap s6 nguyén z théa man yéu cau bai toan.

Cau 23. C6 bao nhiéu gia tri nguyén khong am ciia tham s m dé phuong trinh sau c6 nghiem
thuclog, (m + \/;) =log, (m4 + xQ) .
A. 2. B.Vo s6. C. 3. D. 4

Lai giai
=2' (1
Diéu kién >0 . Dat log;Q(m+\/;)=10g3(m4Jr:BQ)zzf:>{m4+\/;2 t (( ))
m-+zx =3 (2
t

Ap dung bét dang thiic B.C.S, ta c6 (m+\/5)2 < Q(m2 +$):> 4' < 2(m2 +m) = % < (m2 +9B)2

t

Ap dung bét ding thic B.C.S, ta lai ¢6 (m2 +z)2 < 2(m4 +2° ) = % <2.3".

16
Suy ra Y <8=t<log,;8<2.

3
m* =0 m=0

T (2),do m'"+2°=3"<F =>m'<9I=>m’<3=>|m’ =1 |m==1 :{m: vimelZ*
m* =2 m=+2 "=

Vé6i m =0, ta thiy phuong trinh da cho c6 nghiem z =1.

Véi m =1, ta thay phuong trinh da cho ¢6 nghiém z =0.

Cau 24. C6 bao nhiéu cip s6 nguyén (x,y) théa man 1<2 <2020,y 22 va
2’ + 1 — 2y =log, (:vy—x)—Q’
A. 2021. B. 6. C. 2020. D. 11.

Loi giai
Bién déi phuong trinh dau
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m2+x—xy=xlog2(xy—x)—2z
<:>x—i—l—yzlog;Qa:(y—l)—i
T

< log, 2" + (1 - y) =log, z +log, (y - 1) _z
x

20 2"
<:>log2;+?=log2(y—1)+(y—l) (1)
Ta c6 ham s6 f(t)=log,t+t dong bién trén (0;+0)
2" . al 2"
Suy ra (1)c>—=y—1,kh1 do (1)®y=—+1
T T
Do y nguyén nén 2° chia hét cho z nén z=2" v6i m1a s6 tu nhién

C6 1<2<2020=0<2" <2020 = m e {0;1;2;....;10} .

Khi d6 ta c6 11 cip s6 nguyen (z;y) thoa man dé la (1;3),(2;3),(4;5),(8;33),....,(210;2210’1“ +1;)

. 2
Cau 25. C6 bao nhiéu cap s6 nguyén duong (x;y) théa man 2y.2" =log, (1 + _x] +2y+3x
Y

A. 1 B. 2. C. 10. D. 4.

Lai giai
B . 2z
Taco 2y.2° =log,| 1+— |+2y+3z.
Y

< 2y.2" =log, (y+2x)—log2 y+2y+3z
< y.2™" +log,y+(z+1)=1+log, (y+27)+2y + 4z
< y.2"" +log, (1.2 ) =log, (2y +4z) +(2y +4z) (1)
Ta thiy f(t)=log, ¢+t dong bién trén (0;+00) nén
2z

(N)ey2" =2y+dr < y.2" =y+20=2"=1+= (2)
y

Do y nguyén duong nén 1+ 2 <1+2x (3)
Y

Tu (2) va (3) taco 2" <1+2z (4)
Xeét f(z)=2"-22-1,2>0.
f(z)=2"In2-2>0,Vz>3 = f(2)>f(3)=2°"-2.3-1>0Vz>3
Suyra 2" -2x-1>0Vz>3
T (4) va do z nguyen duong nén tir 2° <1+2z = z e {1;2}

e Thay z=1 vao (2) taco y=2.
e Thay z=2 vao (2) taco yzg.

Vay c6 mot cap sd nguyén duong (m,y) théa dé 13 (1;2) .

Cau 26. C6 tat ca bao nhiéu cap sb6 nguyén khong am (z;y) théa man

y+2

log2(2x+y+xy+2) —8—(m—2)(y+2)?
A.l. B. 2. C. v0 s6. D. 3.

L3i giai
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Véi hai s6 thie khong am ta c6
10g2(2x+y+$y+2) =8— ( )( )()
<:>(y+2)10g2[$+1 y+2] 8— y+2)+3(y+2)
8
<:>log2(x+1)+log2(y+2)=ﬁ—(ac+1)+3

8 8
<:>10g2(.’L’+1)+(.’L’+1)=10g2{mj+ﬁ

@f(zﬂ):f(ij,

y+2

V6i ham s6 f(t)=log,t+t xét tren (0;+00), ta c6 f’(t):ﬂ%+1>0,v:5>0 nén ham s f(t) dong
n

bién tren (0;+). Vay (1) < z+1 _8 (2).
Do z, y la cac s6 nguyén khong am nén tu (2) ta cod (x,y) € {(3;0);(1;2);(0;6)} .

Vay c6 tat ca 3 cap so nguyén khong am (z;y) théa man.

Cau 27. C6 bao nhiéu cip sb6 nguyén (x;y) vGi 10 <y <15 thdéa méan

r+y
log,——————=z(z—-9)+ -9)+ay.
83 Py raoy+2 (z=9)+y(y—9)+ay
A. 13. B. 16. C.15. D. 14.

Lot gidi
2 3 9
Diéukien z+y >0 (do x2+y2+xy+2=(a:+%j +%+2>0).

Déng thic da cho tuong duong véi

log, 9(x+y)

jm=$($—9)+y(y—9)+$y+2(*).

Dit u=2"+y* +2y+2>0, v=92+9y >0, ta co.

(*)<:>log3%=u—v®u+log3u=v+log311

Ma ham s6 f(t)=t+log,t o f'(t)= +ﬁ>0:>ham s0 dong bién trén (0; +0o0) nén

( Su=ve i+t +ay—-9r-9y+2=0.

Taco 2°+y’ +ay—92-9y+2= 0<:>( j ( j —%y2+gy_2

@(mﬂj -9( jz—%(y—?)f%—%.

’ 19 1 19
Dan dén [x—i—%j —9(I+EJSZ:>——SI+%SE =-1<2z+y<19.

2 2
Do 10<y<15va yeZ = ye{11;12;13;14} . Taco
y 11 12 13 14

z | {0:1;2;3;4) | {0;1;2;3} | {0;1;2;3} | {0;1;2}
Vay c6 tat cd 5+4+4+3=16 cap s nguyeén (z;y).
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Cau 28. C6 bao nhiéu sé nguyén z sao cho ton tai sd thuc y théa man 7° =4+ ?
A.l. B.2. C.3. D.V6 s6.

Loi giai
r+y=log,t

2

Dat 77 =4""" =1>0. Taco ,
z 42y =log,t

2
Vi (:I:er)2 =(1.x+iz.\/§yJ Sg(a:2 +2y2) nén (log7 t)2 S%logﬁz%lo& 7.log7t<:>0£10g7tsglog47

J2 2
Suy ra 2* +2y° =log, t =log, 7.log, t < g(log4 7)2 ~2,96 va z° nguyén nén z° € {0,1} S Te {—1,0,1} .

hé nay c6 mot nghiem { B 0 théa yéu cau.
y =

y=log.t

e V6i =0 thay vaohe (I) taco { |
2y” =log,t

thay (1) vao (2) ta co

1+y=log.t y=log. t—1 1
. Vc’iim:lthayvéohé([)tac(){ Yok @{ ' )

1+2y* =log, t 1+2y° =log, t (2)

1+2(log, t —1)" =log, t =log, 7.log, t < 2log?t —(4+log, 7).log, t +3=0 (3)
Phuong trinh (3) ¢c6 A=(4+log, 7)2 —24>0 nén phuong trinh (3) c6 nghiém nén ton tai s6
thue y.
e Véi z=-1 thay vao hé (I) ta co
~1+y=log. t y=log t+1  (4)
{1+2y2 =log,t - {1+2y2 =log,t (5)
Thay (4) vao (5) ta co
1+2(log, t +1)° =log, t =log, 7.log, t < 2log? t +(4—log, 7).log, t +3=0 (6)
Phuong trinh (6) c6 A=(4-log, 7)2 —24<0 nén phuong trinh (6) vo nghiém nén khong ton
tai so thuc y.

Vay z e{0,1} thoa yeu cau bai toan.

Cau 29. C6 bao nhiéu sd nguyén z sao cho ton tai s6 thuc y théa man diéu kien

log, (2x + y) =log, (43:2 + y2) .
A. 1. B. 0. C. 2 D. 3.

Lol gidl
Diéu kién 2z +y > 0. Dat log, (2z+y) =t
et
2z+y=5 2ety=5

Theo dé ra c6 log5(2z+y)=log6(4m2+y)=t<:>{4 2y 6t:> ) 25! — 6t -
Ty = Ty =

t ot
Ta c6 2z,y 1a nghiém phuong trinh X* —5' X — 6 =25 _

0 (1).

t
Dé phuong trinh (1) c6 nghiem < A>0 Q(Q_(fj <2&t<log, 2.
6
log§2
Ma 42° +y* =6' =42 <6'<6 °© =239.
2 t

y =6

" =6'=25'=>t=0=y=1.
y=o

Vi zeZ nén x=0:{
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=0
Vay { n théa man bai toan. Vay chi ¢c6 mot gia tri z thda man bai toan.

Cau 30. C6 bao nhiéu cap céc s6 thuc nguyén (z,y) théa man z e[-2;2),y €[0;+) va

logz(y+«/y+2‘”)=2x.

A. 2. B. 0. C. 3. D. 1.

Lot gial
Ta c6 logQ(y+«/y+21)=2x<:>y+«/y+2z =2 o (yr2 ) ey 2 =(27) +20 (%),

Xét ham s6 f(t)=t*+t v6i t>0 suy ra f(¢)=2¢t+1>0,Vt>0 nén ham s6 f(¢) dong bién tren

khoang (0;+00) . Do d6 (*)@f(«/y+2“’)=f(2“’)<:> y+2 =2~’”@y=(2f)2—2“’.

bat u=2" vé6i xe[—2;2):>u=2’ e{i;llj ta dugc ham s6 y=u" —u v6i ue{i;élj c6
y’=2u—1<:>y'=0<:>2u—1=0<:>u=%

. 1
Tt bang bién thién suy ra 1 <y<l2 ma ye [0;+oo) nén 0<y <12. Ta c6 bang sau

T -2 -1 0 1

=27 1 1 1 2
‘s 4 2

y=u’—u _3 L 0 2
16 4

Vay ¢6 2 cap so nguyén (z,y) thod man yéu cau bai toan la (0;0) va (1;2).

Cau 31. S6 cap s6 nguyen (z;y) théa méan log, (z—y+2)+log, (z+y+2)<log, (4x+13—2y2) 13
A. 14. B. 12. C. 10. D. 15.

Lol gial
r—y+2>0
Diéu kién xdc dinh < z+y+2>0
47 +13-2y° >0
Vi diéu kién trén ta bién ddi bat ding thiic dé cho ta c6
(m—y+2)(x+y+2)£4x+13—2y2 S+ <9

Suy ra z° <9, ma z la s nguyén nén z €{0,+1,+2,+3}

o 3en 1. L s o lz—y+2>0 . . .
T dieu kién xac dinh ta co =2x+4>0=>2x>-2,suyraloai z=-2 valoai z=-3.
r+y+2>0
r—y+2>0
. . R y s o x+y+2>0
Ta kiém tra ting truong hop thoa dieu kién ) (*)
4x+13-2y" >0
2’ +y° <9

e Vi =0 thé vao (*) ta c6 dugc két qua —2<y<2,nén y==+1 hodc y=0.
e V6i z=-1 thévao (*) thi duge -1<y<1,suyra y=0.
e V6i z=1 thévao (*) thi dugc —2\/§Sys2\/§,suyra y=0, y==%1, y=%2.

e V6i x=2thévao (* thi dugc —x/gSyS\/g,suyra y=0,y==%1, y=%2.
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e V6i z=3 thé vao (*) thi duge y=0.

Vay c6 tat cd 15 cip s6 nguyén thoa yéu cau bai toan.

Cau 32. C6 bao nhiéu cip s6 nguyén (x,y) théa man 0<y <2020 va log, LT _1] =y+1-2"7
A. 2019. B. 10. C. 2020. D. 4.
Loi giai
y#0
Tt gia thiét ta c6 y_ >02">1e >0 .
y=>0

Phuong trinh tuong duong log, (2’” - 1) +2"-1=log,y+y (*) .

Xét ham sd f(t)=log,t+t trén (0;+).
Khido f'(t)= ﬁ +1>0do d6 ham sb f(t)=log,t+t dong bién trén (0;+00).
n

Phuong trinh (*) ¢6 dang f(2"’ —1) =fy)ey=2"-1.

Vi 0<y <2020 0<2" -1<2020 < 1<2° <2021 < 0<z<log, (2021).

. [0<z<log,(2021) . y S
Ta co 7 <:>me{l;2;3;4;5;6;7;8;9;10} . Vay co 10 cap (x;y) thdéa man.
TE

Cau 33. C6 bao nhiéu cip s6 nguyén (x,y) thoa man log, (x2 -2z + 5)2y e Y +8y—77
A. 6. B. 1. C. 2. D. 3.

Loi giai

Taco o® —2c+5=(x—1) +4>4, VzeR va 2y’ +8>0, VyeR

= log, (xz —2x+5)2y * =(2y2 —i—8)log4 (:L‘2 —2$+5)2(2y2 +8)10g44=2y2 +8.
Két hop dé bai, ta duge 2y° +8<y*+8y—7 < y* —8y+15<0 < 3<y <5 = ye{3;4;5}.

. 9 26
Véi y=3310g4(x —2x+5) <26
2 2 1 2
& 26log, (" —22+5)<26 < 2 —20+5-4'<0 < (z-1) <O < =1,

Véi y=4 = log, (a* ~20+5)" <41

41
& 40log, (" —20+5) <4l & 2° —22+5-4" <0 < 0,6<wr<14 = X =1.

Lt 2 o8
Véi y=5=log, (a* —22+5) <58
& 58log, (2” —20+5) <58 < o’ ~20+5-4' <0 & (z-1) <0 o 2=1.

Vay c6 3 ciap sb6 nguyén (m,y) théa man la (1;3), (1;4) va (1;5).

TY+5

Cau 34. C6 bao nhiéu cip s6 nguyén (x,y) thoa man log, (w - y) =log , (O <a# 1) ?

A. 4. B. 8. C. 2. D. 3.

L5i giai
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Diéu kien {x—y>0 @{x>y

zy+5>0 zy>-5
TY+95

Vi diéu kién tren, ta co log, (z - y) =log , —— < log, (x - y) = %[logu (:L"y + 5) —log, 2}

& 2log, (x—y)+loga 2=log, (xy+5) < log, [Z(x—y)z] =log, (acy+5)
& 207 —day+2y° =2y +5 < 22° —bry+2y° =5.

Bai toan tré thanh tim nghiém nguyén ciia phuong trinh 2z* —5zy +2y° =5 (*) .

(*) © 22" —day—ay+2y° =5 < 2z(z-2y)-y(z-2y)=5 < (z—2y)(22—-y)=5.

Do z -2y va 2z —y nhan cac gia tri nguyén va la udc ciia 5 nén

-2y

1

-1

5

2 —y

5

-5

1

(z3y)

(31)

(-3-1)

(-5-3)

So diéu kién, ta duge 2 cdp sb6 nguyen (z;y) théa méan la (31) va (-1;-3).

Cau 35. C6 tat c& bao nhiéu s6 nguyén y thuoc [-2020;2020] sao cho ton tai duy nhat sd thuc

théa man log, = =log, (a: + y) ?

A.2019. B.2021. C.2020. D.2022.
Lai giai
. x>0
Diéu kién .
{$+y>0
:2t =2t :2t
Dat 10g2x=10g3(x+y)=t<:> v = v & v .
z+y=3" 2 +y=3' y=3"-2"(1)
Xét hamso f(t)=3"-2".Taco f'(t)=3'In3-2"In2.
, . . 3 In2
f(t)=0<:>3 In3=2"In2 < 5 =ﬁ=log32 <t=log, (log32)=t0.
n 2

Lap bang bién thién ta thiy ring ton tai duy nhat s6 thuc z théa man bai toan <> (1) an ¢ c6 nghiém

y>0
duy nhat khi va chi khi log (1o, 2)
y=3 *

log (log3 2) .

—92 2
Do y nguyén thuoc [-2020;2020] nén y e {0;1;2;...;2020} .

Vay c6 2021 s6 nguyén y thoa man bai toan.

Cau 36. C6 bao nhiéu s6 nguyén = sao cho ton tai 6 thuc y thoéa méan log, (z+y)=1log, (174 + y4)

A. 0. B. 2. C. 4. D. 8.
Lai giai
o x+y>0
Diéu kién L )
x +y #0
, +y=3'
Dat t=10g5(x+y)=log7(z4+y4)<:> my Y .
.’L’4+y4=6t
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4 4 4 £\ t t t t t
Ta c6 (x;yJ <t ;y @(%J SRR @(gj s% @(%) <8 < t<log, 8

2

t —log,; 2
Mat khac 6' =z* +y* > 2 :>|ar:|£6Z :>|x|£64 & ~1,43.

Vi er:xe{—l;O;l}. Véi x=-1 taco he
{y;?’ttﬂ =(3'+1) =6' 1 3" +4.3" +6.3" +4.3' —6' +2=0(*)
y =6 -1

Dat f(t)=3"+4.3" +6.3" +4.3' —6' +2

Véi t20 suy ra 3" >6'= f(t)>0

Vi t<0=2-6'>0= f(t)>0 = (*) vo nghiem.

: 81
~3 31)' ¢ 21 (t=0
Véi =0 tacé hé {y4 @{( ) & (6} @{
y

:6t _at =1
) y—3 y:St

z=0
y=1"

4
y=3"-1 3'-1) =6"-1
=3 o131
y =6 -1 y=3"-1

Phuong trinh da cho c6 nghiem {
Vé6i =1 tacod hé {

Xét ham s6 f(t)=(3' 1) ~6'+1 1a ham 6 lien tuc va c6 f@jj(l)w = f(¢)=0 c6 it nhat mot

1
nghiém 3 <t<l=3ye (0;2) , thoa manx.

Vay z € {0;1} .

Cau 37. C6 bao nhiéu s6 nguyén z sao cho ton tai so thyc y théa man
log, (av+y—2)=log4 (1:2 +1° —2z—2y+2)
A. 0. B. 2. C. 4. D. 8.

Loi giai
R r+y—2>0
Dicu kién ‘ 5 5 .
{x2+yz—2x—2y+2=(fv—1) +(y—1) #0
r+y—-2-3"=0 (A)
(-1 +(y-1) =4" (C)

He trén c6 nghiém khi va chi khi duong thang (A) cit dudng tron (C'), diéu nay c6 nghia khoang cach

Dat t=10g3(x+y—2)=log4(m2+y2—2x—2y+2)<:>{

tir tam 7(1;1) chia duong tron (C') dén dudng théng (A) nhé hon hodc béng ban kinh R=2".

\1+1—2—3f

t
Ttc 1a ta phai c6 | <2 c{%j <2 = t<log, 2 ~0,8547 .
2

Taco 4’ =(z-1) +(y-1) 2(z-1) =]z -1 <2 = 0<z<2.
y=2+3

. = (341) 4 +1=09 +2.3 —4' +2=0(¥)
(y-1) =4'-1

Véi £=0,taco {
V6i t<0 c6 —4' +2>0=(*) vo nghiem.
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Véi 0<t <logs /2 c6 9" >4" = (*) vo nghicm.

2

y=1+3'

t
, :>32t—4"‘=0<:>(2j =lot=0=>y=2.
(y-1) =4’ 4

Véi le,tacc’){

=1
Phuong trinh da cho c6 nghiém {:1: o
y =
y=3'

2 t
(y-1) =4'-
Ta thiy ¢=0 la nghiém cta (**)=y=1, théa méan diéu kien.
Vayco ze {1;2} .

VGixz?,tac(){ =(3'-1) ~4'+1=0(**).

Cau 38. C6 bao nhiéu cip s6 nguyén (x,y) théa man 3<x <27 va
[2+log2(x—1)]3 +4r=8y> +4" +47?
A. 2019. B. 3. C. 2020. D. 2.

Laoi giai

Taco [2+log,(z-1)] +40=8y’ +4" +4 & [log,4(z 1) +4(z-1)=(2y)" +2* (1).
bat t=log,4(z-1) = 4(z-1)=2".
Khi do6 (1) trd thanh ¢* +2' =(2y)" +2% (2).
Xét hamso f(h)=h’+2".Taco f'(h)=3h*+2"In2>0 VYheR nénhamsd f(h) dong bién tren R .
Do d6 (2) <= f(t)=[f(2y) =t =2y = log,4(z-1)=2y < 4(z—1)=2".
Do 3<2<27 nén 8<4(z—-1)<104 < 8<4" <104 < log,8<y<log,104.
Do yeZ nén ye{2;3} , vOi mdi gid tri y cho ta 1 gia tri  thoa de.

e V6iy=2 tadugc x=5.

o Véi y=3 tadugec z=17.

Vay c6 2 cip so nguyéen (z;y) théa man.

Cau 39. C6 bao nhiéu sb thuc ye [O;Gn]sao cho ton tai s6 it nhat mot s6 thuc z € R thoa man diéu
kien 4° —2"" +2(2" —1)sin(2’ +y-1)+2=0
A. 3. B. 4. C.5. D. v6 s6.

L5i giai

Tac6 4" -2 +2(2" —1)sin(2" +y—1)+2=0
)

(
(

@(21— ) +2(2” )5111 2" 4y )+1 0

& 4" -22+1+2(2" —1)sin(2" +y—1)+1=0

S

2

(
(2 - ) +2(2° =1)sin(2" +y—1)+sin’ (2" +y—1)+cos’ (2" +y-1)=0
<:>(21 1+sm 21+y 1)) +cos” 2 +y-— 1) 0

(21—1+sin(2f+y—1) =0 [2"-1+sin(2"+y-1)=0
=

0

COSZ(2I+y_1):0 cos(2"’+y—1)=0
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2" =1-sin(2" +y-1) sin(2+y-1)=1

, Vi 6082(2”;+y—1)=0c>

cos(2” +y-1)=0 sin(2° +y-1)=-1

2" =0 (vn) 2"=2
= i \4 ‘
sin(2°+y-1)=1 |sin(2"+y-1)=-1
=1 z=1 r=1
= =
sin(y+1)=—1 y+1:—g+k2n y:_l_g+k2n
r=1
Vi z e R;y €|0;6m| nén
y<[0:67] ye{—1—g+2n;—1—g+2.2n;—1—g+3.2n}

Vay ¢6 3 cip so (z;y) théa méan bai todn.

Cau 40. C6 bao nhiéu cdp s6 (z;y) voi z,y 1a cac s nguyen duong thoa mén diéu kien
2" ~log, (1’ +615) =y’ —x +615
A. 1. B. 2. C. 3. D. v6 s0.

Loi giai
Ta c6 2" —log, (y* +615) =y’ —z+615
o2 +x=log2(y2 +615)+y2 +615
& log, (2")+2" =log, (4 +615)+y* +615
e f(27)=f(v’ +615)(1)
Ta thay ham s f(¢)=log, ¢+t dong bién trén (0;+).
Khi d6 phuong trinh (1) < 2 =y* +615.

Xét chit s6 hang don vi clia céc s6 y° +615, 2°

Chit s6 hang don vi clia y 0 1 2 3 4 5 6 7 8 9
Chit s6 hang don vi cia y° 0 1 4 9 6 5 6 9 4 1
Chit s6 hang don vi ctia y° +615 5 6 9 4 1 0 1 4 9 6
Chit s6 hang don vi clia 1 2 3 4 5 6 7 8 9 |10
Chit s6 hang don vi clia 2° 2 4 8 6 2 4 8 6 2 4

Ta thay z phéila séchin =z = 2k,(k € N*)

Tac6 2% =y’ +615 < 2% —y* =615 < (2" —y)(2" +y)=615.

Miit khéc 615=3x5x41=1x615=15x41=5x123 =3x205 .

Ma tong (2" —y)+(2" +y)=2"2=2""; lai c6 1+615;15+41;3+205 khong c6 dang lily thita clia 2 va

2F —y=5 2k =26 {k:G
‘ = =
¥ +y=123  |y=59 y =59

Vay c6 duy nhat mot cap sé nguyén duong (z;y)=(12;59) théa mén bai todn.

5+123 =128 =2" nén xay ra
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Cau 41. C6 bao nhiéu bo (z;y) v6i z,y la cac s6 nguyén théa man 1<z,y <1024 va

ey

logﬁm+x(a:—y)+2:T
A. 1. B. 3. C. 11. D. 22.

Lai giai
(21ﬁ)y 2 2 y—2
Ta co logﬁx+x(z—y)+2=T<:>log2x +x"=2""+ay—2.
Xét ham s6 f(t)=2"+t co f'(¢)=2"In2+1>0,V¢.
Nhu vay ham s6 f(¢) luon déng bién nén f(log2 a:z) =f(ay-2)log, 2’ =y -2 < 2” =27

T,y el
Vi z&[1;1024] nén 277 =2* <1024° = xy <22. Vay ta c6 {zy <22

2 ay-2
- =2"

Nhan xét. Ta thay z c6dang 2" |z =4;y=

Vay ¢6 3 bo (1;2),(2:2),(8:1).

Cau 42. C6 bao nhiéu cap s nguyén (z,y) théa man log,, (m4 —22% + 2020)’“2019 =2y +20187
A. 1. B. 2. C. 3. D. 0.

L5i giai

/ - - . 2y+2018
Ta c6 log,, (:17 -2z + 2020) =2y +2018 < log,y, [(z _1) + 2019} 42019

VT 2log,,,2019=1Vz (*).

_2y+2018_ (1-y)
y* +2019 y* +2019

=VP<1LVy (**).

Tt (*) va (**) suy ra log,,, [(:ﬁ 1)’ +2019J =

2y +2018 2 -1=0 [z=41
2—<:> = .
y~ +2019 1-y=0 y=1

Vay ¢6 hai cip s6 nguyén (z,y) théa man yeu cau dé bai.

Cau 43. C6 bao nhiéu cgp s6 nguyén (z;y) théa man diéu kien
log2($2 +17 +4)—log2(:c+2y)§1 va 2x—y>07?
A. 2. B. 5. C. 3. D. 4.

Loi giai
Ta c6, log, (12 +y’ 4) —log, (x + 2y) <1 (1)

< log, (m2 +y’+ 4) <log, (x + 2y) +log, 2
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< log, (:1:2 +y + 4) <log, (2:5 + 4y)

et +y’+4<2+dy o (e-1) +(y-2) <1

Tap hop nhitng diém M(x;y) théa man diéu kién (1) 1a hinh tron tam 1(1;2) ban kinh R=1 (ké ca

duong tron)

|
|
I
i
i
i
]

] I

] " " -

To

O g

T d6 suy ra c6 5 cip so nguyen (z;y) thoa man diéu kien (1)1a (1;1), (2:2), (0:2), (L,2) va (1;3).

Trong 5 c&p s0 (z;y) trén thico 3 cdp s6 thoa man diéu kien 2z -y >0 la (L1), (1;2) va (22).

Cau 44. C6 bao nhiéu cap s6 nguyen a, b théa man dong thai cac dicu kien a® +b6° >1 va

bz(a2 +b’ +4)+4dZ
a*+b*-3< logum2 ?

a’ +2b

A. 10. B. 6. C. 7.

. 8.

Lai giai

bQ(a2 +b’ +4)+4a2]

Taco o’ +b°—3<log, , - -
Bura? [ a® +2b°

(6% +4)(a? +b2)]

a’ + 2b*

<a’+b° —Z’)Slogam2 [

Sa’+bP-4< logam2 (b2 + él)—logam2 (a2 + 2b2)
log,, . (a2 +2b2)+(a2 +262)s log . . (b2 +4)+(b2 +4) (*)

Xét ham sb f(t)=log,, . t+t tren (0;+o0).

+b*

Taco f'(t)= m +1>0,Vt e(0;+0) . Do d6 ham sb dong bién trén (0;+w) .

Phuong trinh (¥) < f(a” +2b°) < f(b* +4) < a” +26° <b’ +4 < a” +b” <4

Vay, a,b théaman 1<a’+b><4. T dé ta cé 8 cip sd (a; b) thdéa man bai toan la

(-2-2),(-2-1),(-15-2),(-1-1),(1;1),(1;2),(251),(2;2) -
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Cau 45. U6 bao nhiéu s6 nguyén y sao cho ton tai s6 thuc z théa man
log, (4444 + 4z -22°) =2.2 +1” +2” 20 -22207
A.13. B.9. C.11. D.7.

Lai giai
Ta c6, log, (4444+4x—2x2)=2.2y2 +y?+at—20-2220  (¥)
& log, [ 2(2222+ 20— 2°) [+ 2220+ 20— 2° =2.2" +
e 1+log, (2222+22-2")+2220+ 222" =22 +y° (1).
Dat 27 = t(t > 1):> y* =log,t. Phuong trinh (1) tré thanh
log, (2222 +2x — 2" ) +2222 + 22 2" =2t +log, t +1
& log, (2222 + 22 —1” )+ 2222+ 22— 2 =log, 2t +2t (2) .

Dt f(t)=10g2t+t:f‘(t)=ﬁ+1>0Vt21.
n

Suy ra f(t) dong bién trén [1;+00). Do d6 (2) <> 2222+ 2z —2” =2¢ .
Ta co 2222+ 2z -2’ =2223 - (z-1) <2223.
223 2223 2223

©y2S10g22T<:>— logQT <y< long.

Tom tai v R thoa (¥) < 2.2 <2223 & 2" <2225

Ma yeZ nén ye{-3;-2;—1;0;1;2;3}.

Vay co 7 giatriciaa y.

Cau 46. C6 bao nhiéu bo s6 (:B,y) v6i z€Z , yeZ théa man phuong trinh sau day
47 + 2log, (zy +2021) =27 4 2log, (2 +1) ?

A.12. B. Vo sb. C. 1. D. 3.
Loi giai
x,Yy €L T, yel T, yel
Diéu kien < 2y +2021>0 < {2y +2021>1 < <y +2021>1.
2¢+1>0 2r+12>1 z>0

Phuong trinh da cho tuong duong vé6i
2" 1+ 21og, (zy +2021) = 2.2 +2log, (22 +1)
< 27" ~log, (22 +1) =2""""" ~log, (zy +2021) (1).
Xét ham s6 f(t)=2"—log,t v6i t>1.
1 t2(In2) -1
t.In2 t.In2
Neén ham s6 f(¢) dong bién, do d6 (1)< f(2z+1) = f(zy +2021)
& 20+1=zy+2021 < z(2-y)=2020.

Co f'(t)=2"In2— >0 voi t2>1.

Suy ra z 1& mot udc nguyén duong cia 2020.
Ta c6 2020 =2%5.101 nén = =2"5"101° v6i 0<a<2,0<b,c<1 vi a,b,ceN.

Do d6 méi s6 nguyén z 1a mot cach chon bo ba s6 (a;b;c) nén c6 3.2.2=12 sb.

Vay ¢6 12 cap s6 (z;y) théa man.
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Cau 47. C6 bao nhiéu cgp s6 duong (z;y) théa man diéu kién log, brt2y+l , log,, Syz2etd
20+y+1 y+1
nhan gia tri 1 sd nguyén duong bang nhau.
A. 1. B. 0. C. 2. D. V6 s6.

Loi giai
2y +1 —-2x+4 2y+4
Cho le va thay vao log, brr2y+l , log, Jy-2e+d ta dugc log, s =log,2=1,Vy>0 va
2 20+y+1 y+1 y+2

log, (wj =log,3=1Vy>0.
Hyr :

Do dé6 ta c6 v6 so cap so (z,y) duong, v6i I:E va y >0 tuy y thi

log, fz+2y+1 =log, y—2z+4)_
2z +y+1 ' y+1

Cau 48. C6 bao nhiéu b6 s6 thuc (z;y) véi z+y la sé nguyén duong théa man diéu kien

z* +¢°
log, [%leog3 (:1:+y)

A.8. B.12 . C.6 . D.10 .
L5i giai

) ) ‘x:s+y:5‘ )
Cach 1. bt t=log, e =log, (x+y) .Tacé

oy’ (el ey’ [(ery)(ef —ayryt)
5 =2 2, 2 =2 2 .2 =2
o +y g " +y = Tty (I)
z+y=3' z+y=3" z+y=3" (1)
2 2 4 ¢
3%2 z 1= 2$y 2 = g (2)
T +y 3 x4y 3
. - X —
TaCé, $2+y222 IzyZQ%Sl @lg%gl
x4y 2 2 x4y 2
1 3 f
Do d6, = <1- ;EyQS—.TfI(Q) Suyralﬁ 2 S§ hay—lstsha—2
2 x4y 2 2 3 2 In3—1n2
Mat khac z+y=3" (14 s6 nguyén duong nén x+ye{1;2;3;4;5;6}
t t
{1-@} }-32‘ 4-[1-@) }32’
Tu (2) tacé zy==——=——_Do (St)2 >—,Vt:—1£tsln—2
In3—1In2

T

Nén luon ton tai z,y (a: #* y) théa man yéu cau bai toan véi z+y e {1; 2;3;4;5;6} . C6 12 cip.

|x3 +y3|
Cach 2. Dat t=log,| —— |=log, (:v+y) . Taco

T +y

Tap chi va tu liéu toan hoc | 210



Phuong phap gidi toan cic tri mi — logarit |

A I e L I
Pyt S v’ +y’ < 7’ +y (7) 21 3 (2)
r+y=3' r+y=3' r+y=3'
(50
Truwdong hgp 1. y =0, (2)@ N Y 2} .bat u== taco
)

RN
%:@j o u —utl=(u +1)@jt c{l—@ﬂzﬁ —U+1—@jt =0 (1)

t
<:>1£ 2 gﬁ@—ls <
2 3 2

t
Trudng hop 2. y=0, (2) tré thanh [%J =1 <t=0=z=1 (théa man).

' 2
Ta c6 phuong trinh (1) ¢6 nghiem khi A>0<1- 4{1 —(%J } >0

Mt khac z+y=3" 14 s6 nguyén duong nén z+y e {1;2;3;4;5;6}.

Nhan xét khi thay z=y vao hé (I) khong thoa man yéu cau bai toan.

Vai tro cia z;y nhu nhau trong hé (I) nén c6 12 cap (:r;y) théa man yéu cau bai toan.

In3-1n2

Cau 49. C6 bao nhiéu cap s6 (w,y) VOl z,yel va ye [—2019;20203] théa man phuong trinh

log4(x+%+,/x+i]=log2(y—x)?

A. 84567 . B. 93781. C. 90787 . D. 60608 .
Loi giai
y—z>0 Y>>
Diéu kien 1 & 1.
z+—20 TZ——
4 4
Két hgp gia thiét z,yeZ, ye [—2019;20203] néntasuyra y>0,yeZ.
2
1 1 1 1 2 1 1 2
Tacé log,| t+—+,]z+— |=1o —r)or+t—+,|r+—=(y—z) S| Jr+—+—| =(y—=z
g{2«/4J g, (y—12) 2,/4(1/) 1ty =v-2)
1 1
T+—+—=y—=T 2
R / 11 1 1
= ST+, |r+—+—=yy=|,Jr+—+=
1 1 4 2 4 2
z+—+=—=x-y()
4
yzl y>l
oy= x+ + = :HZ J_—§c> 2 o174
=Y—y+— y=y-ze’
1
yel —s\/gs\/20203
Theo bai ra, =12 ye{l,2,....,90787} .
y [ -2019;2020° |
y e

Vay c6 90787 cip sb (z,y) thoéa yeu cau bai toan.
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Cau 50. C6 bao nhiéu cap s6 thuc duong (a;b) théa méan log, a 1a s6 nguyén duong théa méan diéu
kien log,a=1+log,b va a*+b* <2020°?
A. 8. B. 6. C. T D. 5.

L3i giai

:2m
Theo baira ta c6 log,a=m (meZ;le):{a -
a2

Lai c6 log,a=1+log,b <> log,b=m—-1<b=3"".

Suy ra a* +b° =(2") +(3") =4" +9"" <2020%

bat g(m)=4"+9""=g (m)=4"In4+9" ' In9>0VmeR.

Vay g(m) 1a ham dong bién trén R. Suy ra g(m)<2020° =~ ¢(7,92). Ta dugc m <7,92.
S6 cap (a;b) 1a s6 gia tri nguyen duong ctia m .

Vay me {1,2,...,7} . CO6 7 gia tri.

Cau 51. C6 tat ca bao nhiéu s6 nguyén duong x sao cho ton tai s6 thuc y théa man

log, (x+2y)=10g3 (3” +(\/§)Uj ?
. 0.

A. 2. B. Vo sb. C

Loi giai
Ta xét ba truong hop clia s6 thyc y nhu sau
Trudng hop 1. Véi VzeN' va Vye(0;+0) taco

Yy
log, (:1: +2Y ) =log, (3” + (ﬁ)y )n < log, [2"” (1 + %D =log,| 3’| 1+ (?J n
J2

Y
T
<::>y+log2(1+2—}/}=y+log3 1+(?J n

\/5 Y
<:>10g2[1+2%j=10g3 1+£? (*)

Véi VzeN va Vye(0;+0) thi

z 1 1Y
VT(*)=log, [1+§jzlog2£1+2—yj=1og{1+(§j jn
Y Y
>log, 1+[?J >log, 1+{§] =VP(*)

Do d6, phuong trinh da cho vo nghiem véi Vz e N' va Vy e (0; +oo) .
Trudng hop 2 Véi Vo e N va Vye(-x;0) taco

10g2($+2y)210g2(1+2”)>log3(1+2”)=log3((\/§)0 +2”)>log3((x/§)y +3”j

Suy ra, phuong trinh da cho vo nghiem véi VX e N™ va Vy e (—oo ; O) .
Trudng hop 3 Véi VzeN' va y=0, ta duge phuong trinh log, (x + 1) =log, 2 (* *) .
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Dé thay phuong trinh nay vo nghiém.
Vay, khong ton tai s6 nguyén duong z nao thdéa man yéu cau.

log;Q(av2 —23:+y2)+1

logQ(ac2 +y’ —1)
A. 2. B. 5. C. 6. D. 4.
Loi giai

Cau 52. C6 tat ca bao nhiéu cap cac so nguyén (z;y) théa man <1?

Xét truong hgp log;Q(ac2 +y’ —1)<O<:>0<3U2 +y—1<l ol<r’+y° <2 (1)
Do z va y la cac sO nguyén nén khong ton tai (z;y) thoa man (1)

Xét truong hop log, (cc2 +1° —1) >0 2° +y° >2 (*)

logQ(m2 —2x+y2)+1

Khi d6 bat phuong trinh
log, (x2 +y° — 1)

<1 <::>log22(ac2 —23U+yQ)<log2(a:2 +y’ —1)

2362—4:1:4-2@;2<:52—i-g/2—1<:> ($—2)2+y2<3 (2)
= 2’ =2z +y> >0 (z=1) +17 >1 (*¥)
(x—2)2<3 z € {1;2;3}

ye{—l;O;l}

Tu (2) suy ra {

do z,y nguyén nén
Yy’ <3

Vay c6 tat cad 5 cap (z;y) théa man bai toan.

Cau 53. Trong hé toa do Ozy, cho diem M(z;y) v6i zyeZ;—6<x<6;y#0 va théa man phuong

36—2°

36
+2=log, (—2j . Hoi ¢6 bao nhiéu diém M thoéa yéu cau néu tren?
Y

trinh 3% — 3 -
31
A. Bén diém B. Mot diém C. Ba diém D. Hai diém

Toi gidi

Ta co

, 36 2 ) o, _ g2 02 a2 -
3% —3—2+2=10g3(36 i J@?f’y —3% =log, {%—I]—Q 3% g% =log3(36—xJ
37 y y

2 2
3" —3"" =log, (36 -2”)~log, 9y* < 3" +log, 9y’ =log, (36 -2")+3"" (1).
Xét ham s6 f(z)=3" +log,z v6i 2>0.

Co f'(z)=3"In3+

3 >0,Vz>0,d6 d6 ham s6 y = f(z) dong bién trén khoang (0;+o0)
In

xr
Khido (1) © f(9y°) = f(36 —2°) < 93> =36 — 2" < z° +9y” =36

=0
Vi z;y € Z;—6 < 2 < 6;y # 0 nén nhan dugc {x o = M,(0;2); M,(0;-2).
y==x

Cau 54. Cho cip s6 nhan (a,),neN c6 a, =a ,cong boi ¢=rvéi a,r la cac s6 nguyen duong. Biét
logg a, +log a, +...+log, a;, +log, a,, =2020 . Hoi ¢6 bao nhiéu cip s6 (a,r) theo thi tu théa man ?
A.92. B. 91. C. 45. D. 46.
Loi giai

P . _ . . _ 11
Taco a, =a;a, =a.r;...;a, =a.r

logga, +1logg a, +...+log, a,, +logga, =2020 < log,, (a,.a,...a,,) =2020
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11.12

= %log2 (am .7’2} =2log, (aQ.rH ) =2020

< log, (aQ.r“ ) =1010 = a’.r" =2 (*)
Vi a,r déu la s6 nguyén duong nén chiing phéi 13 liiy thita ctia 2.
Dit a=2";r=2" v6i 2,y 1a cac s6 tir nhién. Ta co
1010

(¥) > 22,2 =221 Z 91010 5 90 1 119 =1010=>0< y < —7 =91 (%)

Ma 21;1010 déu chia hét cho 2 nén 11y phai chia hét cho 2 nén y 1a s6 chin.

Két hop v6i (**) ta co s6 gia tri cia y 1a +1=46 gia tri

V6i moi gia tri clia y sé c6 mot gia tri z thoéa man .

Cau 55. C6 bao nhiéu cip s6 nguyén (:E,y) théaman z+y>0;-20<2 <20 va
logQ(x+2y)+:c2+2y2+3wy—x—y=0?
A. 19. B. 16. C. 10. D. 41.

Lot gidl
Diéu kién z+2y>0.

(x+y)(m+2y)
T+Y

Ta co log2(364—2y)+gv2 +2y° +3ry—z-y=0 < log, +2* +2y° +3zy—x—y=0

<:>log2(a:2+2y2+3xy)—log2($+y)+$2+2y2+3a:y—x—y=0 (doco z+y>0)

< log, (x2 +2y° +31:y)+a:2 +2y° + 3y =log, (z+y)+z+y (1)
Xét ham so f(t)=log,t+t, ta c6 f'(t)=ﬁ+1>0,Vte(0;+oo) nén ham sé f(t) dong bién trén
n

khoang (0;+oo).Do do (1)<:>f(ac2 +2y° +336y)=f(a:+y)<::>av2 +2y° +3zy =2+
<:>(x+y)(x+2y—1)=0<:>:13=1—2y viz+y>0
21

-1
e Do —20<z<20 suyra TQSySE.

o Dozr=1-2y<=xr+y=1-y>0 nén y<1.
e DoyeZ nén ye{-9;-8;...;0 } , v6i mdi gid tri y cho ta 1 gid tri z thoa deé.
Vay ¢6 10 cdp s6 nguyen (z;y) thoa de.

Cau 56. C6 bao nhiéu bo (x;y) v6i z,y nguyén va 1<z,y <2020 théa man

($y+2z+4y+8)10g3 (2_y2] < (2$+3y—a:y—6)log2 [21’ +31j ?
Y+

A. 2017 B. 4034 . C. 2. D. 2017.2020 .
L5i giai

T gia thiét két hop v6i dieu kién clia bat phuong trinh ta c6 1<y <2020;4 <z <2020;z,y e Z  (1).
2z + 1)

Ta co (zy+2ac+4y+8)log3 (Q—yQJS (2x+3y—xy—6)log2[
Y+

2r+1

3)30 (*).

o (2+4)(y+2)log, (%J+(m—3)(y—2)log2[
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2“1):10& (2+L] >0,V [42020] (2).
3 -3

e Véi y=1 thay vao (*) ta dugc

3(a+4)log, (%j—(az—?))logQ(Qx +31jso

Xét ham s6 f(z)=log, (

x_
luon ding Vz €[4;2020] do (1) va (2). Suy ra c6 2017 bo (z;y) .
e V6i y=2 thay vao (*) ta thiy luon ding Vz €[4;2020]. Suy ra c6 2017 bo (z;y) .
o VGi3<y<2020=y—2>0. Xét ham s6

2y y+y y+2
=log,| —— |=log,| =—= |>log,| =—— |=0,Vy >3 (3).
g(y) gg[y_'_zj gg(y+2j g3[y+2 ) (3)

Suy ra (*) vo nghiem.
Vay c6 tat cd 4034 bo s6 (2;y) théa man yeu cau.
Cach 2. Bat phuong trinh tuong duong

(zy+2z+4y +8)log, [%j <(z-3)(2-y)log, (%:j;} (1)

Tu (1) suyra z>4.

Néu y=3 tacg ($y+2$+4y+8)10g3(y232j20: (x—3)(2—@/)10g2(2;—+31J<0,

Suy ra (1) vo nghiem, suy ra y=2,2>4 thoa (1) va y=1,2>4 thoa (1).
Vay c6 2017 +2017 =4034 bo (x;y) nguyén thdéa bai toan.

Cau 57. C6 bao nhiéu s6 hitu ti a thuoc [—1;1] sao cho ton tai s6 thuc b théa man

a a 1 1
log, (1-a* —b* +2b) = 2z 4 —27
4°+1 2"+1 2°+4" 2
A. 0. B. 3. C.1. D. Vo sb.
Loi giai

Ta co 10{;2(1—(12 —b2+2b)=log2(2—a2 —(b—1)2)£10g22=1 (1).

2¢ 4" 1
+ +
4" +1 2°+1 2" +4°

Xét ham f(a)= —% véi ae[-1;1].

1
bit 2* =t , v6i ae[—l;l] ta co te[;?]

L t t° 11 . 1
Khi dé, ta duge g(t)z —+ + s—— VvOite| ;2.
t"+1 t+1 t+t7 2 2

ool a2t 241 241 P e2t-2t-1 241 (£-1)(F+2e+1)
g\t)= 7t 2 2 = > T 2 2 7 T 2 2
(t2+1) (t+1) (t+t2) (t2+1) t*.(t+1) (t2+1) . (t+1)

-1 th P +1
=(£ -1 =(£-1)| —— ==

(#-1) G ( )
tzle[%ﬂ}

Ta cé g'(t) =0
t=-1¢ {%;2

1
<
7~ N\
DO |
N—
Il
(S EIEN|
=
—~
—
N—
Il
=
o
—_~
)
N—
Il
(G EIEN|
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Do do, rrlling(t)zl hay f(a)Zl,Vae[—l;l] (2)

7

Tu (1) va (2) suy ra

o o log, (1—a*-b>+2b)=1
logQ(l—aZ—b2+2b)= 2 4, 1 2( )
4" +1 2°+1 2°+4° 2 f(a):1
a=0b=1
& a=00=1.
2" =1
Vay c6 mot gia tri clia a thoa méan.
1 p
Cau 58. Cho phuong trinh log, (29E+5y+1)—10g5 21 :l_ﬁ' Hoi ¢6 tat cd bao nhiéu cip
Og2‘1‘+y+z2+z
s0 nguyeén duong (z;y) théa phuong trinh trén.
A. 2. B. 3. C. 4. D. 1
Lai giai
1
log,}(2x+5y+1)—log,}21=1——
( ( 10g2“‘+y+12+x 5

& log, (22 +5y+1)~log, 21 =1-log, (2" +y+2° +z)

<:>log5(2x+5y+1)+1og5(2"‘ +y+z’ +:E)=10g521+1

< log, (22 +5y +1)(2"”‘ +y+a’+ x) =log, 105

<:>(2x+5y+1)(2“”‘+y+x2+x)=105 (*)

Do 10516 = 2z +5y +1 16 = by chin =y chin, mat khac 2" +y+2* +2=2" +y+a(z+1) 16,

Ma y va x(x+1) chinnen 2 18 = 2=1=z=0.
Thé z=0 vao (*) taduge (5y+1)(y+1)=105< 5y’ +6y-104=0< 26

Do x,y nguyén duong nén (x;y):(0;4).

Vay c¢6 mot cap s (z;y) théa yeu cau dé bai.

Cau 59. C6 tat ca bao nhiéu cap sb (a;b) v6i a,b la cac s6 nguyén duong théa méan
log, (a+b)+(a+b)’ =3(a2 +b2)+3ab(a+b—1)+1 :
A. 2. B. 3. C.1. D.vo s6.

Lol gidl
Cach 1.
Véi a,b 1a cac s6 nguyén duong, ta co
10g3(a+b)+(a,+b)3 =3(a2 +b2)+3ab(a+b—1)+1
3 3

a’ +b
< log, 5

e —ab+a3 +b3+3ab(a+b)=3(a2 +b2—ab)+3ab(a+b)+1

< log, (a3 +b3)+a3 +b* =log, [S(a2 +b —ab)}rS(a2 +b —ab) (1)
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Xét ham so f(t)=log,t+t tren (0;+0). Taco f'(t) =ﬁ+1 >0,V¢>0 nén ham s6 f(¢) dong bién
n

trén (0;+oo) . Khi d6, phuong trinh (1)tr6 thanh
f(a’ +b3)=f[3(a2 +b’ —ab)]@a3 +b° =3(a” +b” —ab)
2 2 _ — k
<:>(a2+b2—ab)(a+b—3)=0<:>{a o7 —ab 0( )
a+b-3=0
Do a,b € N nén phuong trinh (*) vo nghiém. Suy ra a+b=3.
0<a<3 a=2
0<b<3 b=1
=
a+b=3 a=1
a,beN’ {b=2

M2 a,b 13 cac s6 nguyén duong nén

Vay c6 hai cdp s6 (a;b) thoa man yéu cau bai toan.

Cach 2. Véi a,b 1a cac s6 nguyén duong, ta co

105;,3(6L+b)+(cz+l))3 =3(a2 +b2)+3ab(a+b—1)+1

< log, (LT—H)4-6L3 +b° +3ab(a+b) = 3((12 +b —ab)+3ab(a+b)
a+b 9 19

<:>log3T=(a +b —ab)(3—a—b)(1)

o Trudng hgp 1. a+b=2.Khi do (1)<:>10g3§=4—3ab loaido a,beN".

o Truong hop 2. a+b>3:>10g3aT+b>0 va ((12+b2 —ab)(3—a—b)<0,Va,beN*,nén (1)

khong x4y ra.
e Trudng hop 3. a+b=3, khi dé (l)théa man.
a=2
. b=1
Ma a,b la cac so nguyén duong nén L
a=
b=2

Vay 6 hai cdp s6 (a;b) thoa man yeu cau bai toan.

Cau 60. C6 bao nhiéu sé nguyén z thuoc doan [1;2020] sao cho ton tai sé nguyén duong y thoa

(4:t2—3y+10)10gz _ 3y +1 ?
4
A. 2020. B. 1347. C. 673. D. V& sb.

man 10

Ldi giai

polt Brtfless _ 3y4+ Lo (4962 -3y + 1)log T= log[3y4+ 1)

& (42 = (3y+1)+2)logz =log(3y +1) - log4

= [4:52 —(3y+1)}log:z:+210gx+10g4—log(3y+1) =0
= [4x2 —(3y +1)]10g:v + [log(éle)—log(?)y +1)] =0

Néu 4z° >3y +1 thi log(4w2)> log(3y+1). Suy ra VT'(1)>0
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Néu 4z° <3y +1 thi 10g(4x2)<log(3y+1). Suy ra VT'(1)<0

4x;—1 (z-1)(z+1) (2)

2
Sy=z"+
Y 3

V6i z=3k+1,2=3k+2keN ti (2) dé dang thay y la s6 nguyén duong.

Do do, tu (1) suy ra: 42° =3y+1<y=

Xét y khong phai la s6 nguyén duong. T (2), suy ra z chia hét cho 3.

Dat z=3kkeN". Vi z€ZN[1;2020] nén 1<3k<2020keN =1<k<673keN .
Do d6, ¢6 673 s6 nguyen z thudc doan [1;2020] ma y khong phai la s6 nguyen duong.
Vay c6 2020 -673 =1347 sd nguyén z théa man yéu cau bai toan.

Cau 61. C6 bao nhiéu cap s6 nguyen (a,b) théa man dong thai cac diéu kien 0<a’ +b” <16 va

16[b| +64
|a| +|b| > log, M.
A. 10. B. 6. C. 7. D. 8.
Loi giai
Tit diéu kien 0<a® +b° <16,suy ra a,b khong dong thoi bing 0nen |a|+2b|> 0. Ta c6
|a| + |p| > log, 1|i||lj—;|i|4 & al+[o| > 4+1log, (|b| +4) —log, (ja] +2[p])

& log, ([a] + 2[p]) + (|a] + 2[p]) > log, (b + 4) + (|| + 4) < £(ja|+2[p|) > £ (b +4),
véi f(t)=t+log,t 1a ham dong bién tréen khodng (0;+o0).
Do dé, f(|a| +2|b|) > f(|b| +4) < |a|+ 2| > [o|+ 4 < |a] +[b] > 4.
Két hgp véi dieu kien 0<a’ +b° <16,a,b € Z nén nghiém nguyen (a,b) 14 cac diém nguyén trong miit
phéng toa do (Ozy) nim trong hinh tron tam O(0;0), ban kinh bing 4 (b6 di tam O) va ndm ngoai
hinh vuéng |a| + |b| =4.

N,
N

Dém truc tiép trén hinh, ta c6 8 diém nguyén théa méan yéu cau bai toan.

Vay ¢6 8 cap s6 nguyeén (a,b).

Cau 62. 06 bao nhiéu s6 nguyén z sao cho ton tai s6 nguyén y théa man

y(an +a:)+3—x7

log, [:E—_?)J —log, (4:02 +4x+ 8) =
Yy Yy

A. 2. B. 4. C. 3. D. V6 sb.
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Lai giai
N =
Dieukién 1 y . Taco

ye

y(:r2 +:L‘)+3—ZL‘

log, [x—_?)j—log2 (4x2 +4x+8):
Yy Yy
<:>log2(x—_3j—log2 (x2 +gc+2)—2=ac2 +x—x—_3
Y Y

<3log2($;3}+x_f’:log2(x2 +£U+2)+(:c2 +x+2)©f(x7_3j=f(x2 +x+2),

Véivéi f(t)=t+log,¢ la ham dong bién trén khodng (0;+0). Do d6

f(x_gjzf(mQ+x+2)©x—_3=x2+x+2©y=2$;3.
Y Y T +x+2

L s ) . . -3 , _
Nhan xét. Neu ton tai cap so (z;y) thi dieu kién r—o >0 ludn thoéa méan.
Y

Cach 1. Xét ham y=—; — vGi z#3, tacd

T +r+2
2
y':w;y':o@—x?+6x+5=0@xe{3—\/ﬁ;3+«/ﬂ}
(a:2+x+2)
Lap bang bién thién, suy ra ye{_7_72\/ﬁ;_7+72\/ﬂ \{0}

Ma yeZ nén ye {—2;—1}. Mait khéc, dia vao bang bién thién , ing v6i mdi gia tri y e {—2;—1} ta co 2
nghiém z.

Vay c6 4 gia tri x théa man yéu cau bai toan.

Cach 2. Xét phuong trinh yz” + (y - 1):5 +2y+3=0 (*)

Phuong trinh (*) c6 nghiém khi va chi khi A=(y- 1)2 —4y(2y+3)=0

—7-2J14 —7+2J14
— _LTENTE

& -Ty —1l4y+120 & =

<y<

Vi yeZ,yiO:ye{—Q;—l}.

e V6i y=-2 thay vao (*) suyra z e {—1;_?1}.

e Vi y=-1,thay vao (*) suy ra xe{—1+\/§;—1+\/§}.

Vay c6 4 gia tri x théa man yéu cau bai toan.

Cau 63. Cho céc s6 thic duong z,y théa man diéu kien

Jlogz +\/logy +log\/;+log\/§= 100
va \flogz,4/logy,log \/E, log\/; 13 cac s6 nguyén duong.

A. 10" B. 10" C. 10™, D. 10,
Lol gidi
Jlogz=a  [logz =a?
pat |V 87 a:{ogx *  Tacs
logy =b logy =0
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Jlogz +4/logy +log\/;+log\/§=wﬂog:p +/logy +%1ogx+%logy =100
<:>a+b+%a2 +%b2 =100 (a+1) +(b+1) =202 = (a+1) +(b+1) =92 +11°

a+1=9 {a+1=11
hoac

Ma a+1,b+1 13 cac s6 nguyén duong nén suy ra .
b+1=11 b+1=9

Truwdong hgp 1.

+1=9 =8 1 =64 210(54 ‘ |
{ZJF =11 {Z 10 {lzix 100 {x 10 W= 10419 =10

Truong hop 2.

+1=11 =10 1 =100 =10""
{Z+1 9 Q{Z 8 ®{10g$ 64 ®{$ 1364 = ay =107 =10
= = Ogy: y:

Vay xy=10""

Cau 64. C6 bao nhiéu cap s6 nguyeén (z,y) théa man diéu kien

(m2 +2)

2" 8" +2?(z-y)=32.2"" ") + 2y~ 3z +57
A. 4. B. 2. C. 1. D. 3.

Lai giai
Ta co

2

+2y—3z+5<2" % + (2’ +3$)=2(z *2
41)]”(:6g +3x)=f(y(m2 +2)+5),

Xét ham s6 f(t)=2"+¢ la ham dong bién trén R.

(12 +2)

2" 8"+ (v—y)=32.2" )+5+y(x2+2)

3
. +3x— —
Suy ra x3+3x=y<x2+2)+5©y=w©y:x+ l; > .
T +2 x"+2

T—5

Cach 1. Xét ham g(:n):z—,V:reR Ta co
T +2

g'(x)zM:O©$E{5—3\/§;5+3J§}.
(CE2+2)

—5—3J§.—5+3\/§}.

Lap bang bién thién ta duge g(z)e [ 1 1

Vi z,y € Z nén g(m)eZ. Suy ra g(x)e{—Q;—l;O}. Thit lai

=95
e Vdiglz)=—2= =2=zr=-1lLy=-3.
g( ) 7P +2 Y
e Véig(z)=-1= 2_5 =-1l=>ze _1_m;_1+\/ﬁ (loai).
T +2 2 2
o Vi g(m)=0:> L0 =0=>z=5y=>5.
z*+2
Vay ¢6 2 cap s6 nguyeén (z,y) 1a (=1,-3),(55).
Cach 2.
Taco y=z+ x2—5 . VizyeZ nén %_5 eZ. Suyra :132_5 =ke.
T +2 T +2 x+2
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T
Ta co 5
z°+2

e Vé6i k=0=z="5y=>5(nhan)
e V6i k=0. Khido, (*) c6 nghiém khi va chi khi

=kokt’—2+2k+5=0 (*)

A:1—4k(2k+5)20<:>ke{

—5-3v3 —5+33
4 7 4

Vi keZ\{O} nén ke{—?;—l}. Thit lai ta nhan k=-2,x=-1,y=-3.

Vay c¢6 2 cip so nguyén (x;y) la (—1;—3),(5;5).

-5 =5

2

. Vi z,yeZ nén —;
T +2 T +2

(z-5):(2* +2) = (z-5)(z +5):(2” +2)= (2 -25): (2" +2)

Cach 3. Taco y=z+ .

= (2” +2-27):(2* +2) = 27:(2” +2)
= (2" +2) e {1;3,927} = 2” e {1;25} = w e {-1;1;-5;5}.

Thit lai
e V6i x=-1=y=-3(nhan).

o Voi x=1:>y=—% (loai).

145
e V6l x=-5=1y=——_loai).
y=-" (loai)

e Vé6i z=5=y=>5(nhan).
Vay ¢6 2 cap s6 nguyen (z;y) 1a (-1;-3),(55).

Cau 65. C6 bao nhiéu cap s6 nguyén khong am (a;b) théa méan didu kien

0 s 2 2
27 4 log, = YUY
Jaf +[o
A. 25. B. 24. C. 36. D. 35.
Lai giai
. A+ _ N 1 e .
Diéu kién W >0< a,b khong dong thoi bang 0. Khi do, ta ¢
al|+

a’ +b’

Ja| + )

=2 4 log, (az p? ) < 2leb+hl) log, [2(|a| + |b|)] = f(a2 +b? ) = f[2(|a| + |b|)]’

2,72
2a +b +10g2

<Al | ey 0 log, ((12 e ) < gl log, (|a| + |b|) +1

V6i f(t)=2'+log,t la ham s6 dong bién trén khodng (0;+c0).

Do do, f(a* +b*) < f[2(|a|+[p]) ] a® +b* <2(|a| +[p]) = (o] - 1) + (| -1) <2.

Két hop véi didu kien a,b €Z va a,b khong dong thoi bing 0 nén nghiem (a;b) 1a cac diém nguyen
trong mat phing toa (Ozy) nim trong hinh hoa, ké ca bien, bé di diém 0(0;0) (hinh hoa la hinh hgp
bdi bon hinh tron bén kinh +/2 1an lugt ¢6 tam 1, (1;1),7, (-1),7, (-1;1),Z, (-1;-1))
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Dém triec tiép, ta thay do6 la cac diém nguyeén ndm trong hinh vuong ABCD, kich thudc 4 x 4, bo di
diém (0;0). Do do6, c6 5* —1=24 diém nguyeén.

Vay ¢6 24 cap s6 nguyen (a;b).

Cau 66. C6 bao nhiéu cip s6 nguyén khong am (x,y) théa man diéu kien
o 4+ +11

6z +8y+2

A. 45. B. 49. C. 48. D. 47.

+2° +y° —62—-8y+9<0?

Lot giai
Ta co
2 2
o} w+m2 +1y’ =62 -8y+9<0
6z +8y+2
<:>log(a:2+y2+11)+x2+y2+11£log(6z+8y+2)+6x+8y+2 (1)

>0,Vt>0=Ham s f(t) dong

Xét ham s6 dac trung f(t) =t+logt v6i t>0. Tacod f'(t) =1+ ; 1110
In
bién trén khodng (0;+00). Do d6(1) < f(x2 +y +11)S f6r+8y+2)=2” +9* +11<6x+8y+2
o (1‘—3)2 +(y—4)2 <16.
Vi 7,y la s6 nguyén khong am nén ta coi cip sb (z,y) 1a cac diém nguyen (z,y) nim trong hinh tron
(C) c6 tam I(3;4),R=4 & gbc phan tu thit nhat.

Yy
8¢

7 ¢
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Vay 6 5x7+5x2+1+1+1=48 cip s6 nguyen (z,y).
Cha y. Ta ciing c¢6 thé tinh truc tiép nhu sau
(2-3) +(y—4) <16 (*)=(z-3) <16=> 1<z <T.
Vi z 13 s6 nguyén khong am nén z € {0;1;2;3; 4;:5; 6;7}.
Thay vao (*) ta ciing c6 dugc 48 cap s6 nguyén (z,y).

Cau 67. C6 bao nhiéu cap so6 thuc (:E,y) ;XY >% théa man log, (%j = log{ 2y ] el
T+

A. 0. B. 3. C. 1. D. 2.
L3i giai

Dat log, ( 102} =log, (%} =t (teZ). Taduge
T+

R S PO >1,Vy>=
2y—1 2 y—1
10 1<:> 20 1
T o3 Ve>=  |3=10-—<10Vz >~
x+2 2 T+2 2
3' <10 t <log, 10 t < 2,095
Suy ra & 8 & .Do teZ nénte{l;Q}
2'>1 t>log,1 t>0
2
Wy (o
£ 2y—1
e Neut=1- = 6
102 T=—
= 7
r+2
o Néut=2—1Y" 1973
10 g |z=18
T+2

Vay c6 2 cap (:v;y) théa man.

Cau 68. C6 bao nhiéu cap sd nguyén (a; b) théa man 4.2 _gw—b 4 g2 1§24 3(a + b) —ab+2=07
A. 12 B. 10. C. 14. D. 9.
Lai giai
Taco 4.2 —8"" 10> 11* +3(a+b)—ab+2=0

e 20 (g4 bY 42222 1 30h—30-3b (1).
Xét ham s6 f(t) =2'+t trén R, c6 f'(t) =2In2+1>0,VteR = f(t) dong bién va lien tuc trén R |
nén phuong trinh
(1) f((a+b)" +2) = F(3ab~3a—3b) < (a+b) +2=3ab—3a-3b
<a’—(b-3)a+b"+3b+2=0 (2).
Xem (2) 1a phuong trinh bac hai bién a va b 1a tham s6. Tén tai cap sb thuc (a;b) théa (2) khi va chi
khi phuong trinh (2) c6 nghiem

—9+2\/ﬁ

S A20e (b-3) —4(b’ +3b+2)20< -3’ —18b+120 < ;

<b<

—9-221
3
Do b nguyén nén be{—6,—5,—4,—3,—2,—1,0}.
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a=-4

e V6i b=—6: phuong trinh (2) thanh o’ +9a+20=0c>[ .
a=-—

=-2

e Vi b=-5: phuong trinh (2) thanh a2+8a+12:0<:>[a .
a=-

p N N 2 a=-1

e Véi b=-4: phuong trinh (2) thanh o’ +7a+6=0< .
a=-

e V6i b=-3: phuong trinh (2) thanh a* +6a+2=0<a=-3+/7.

=0
e V6i b=-2phuong trinh (2) thanh o’ +5a=0@{“ .
a=-
» . . ) a=0
e Vi b=-1 phuong trinh (2) thanh ¢° +46=0 < "
a=-—
=-1
e V6i b=0 phuong trinh (2) thanh o’ +3a+2=0<::{a .
a=-—

Vay ¢6 12 cip s nguyen (a,b) théa yéu cau bai toan.
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