BOQ TAI LIEU ON THI H-SCA ANH TU DAY TOAN
CHINH PHUC KIi THI H-SCA MON TOAN

KI THI PANH GIA NANG LUC CHUYEN BIET HCMUE

HCMUE Specialized Competency Assessment

TAI LIEU CHUYEN PE

TOAN THUC TE VE OXYZ

Thuc hién bién soan Zalo Tiktok
Pham Thanh T1 0382164170 Anh Tua Day Toan

Tai Liéu Luu Hanh N¢i B




ANH TU DAY TOAN H-SCA Chinh Phuc Ki Thi BGNLCB Mén Toan

Muc luc

1 TOQA PO PIEM, VECTO VA CAC PHEP TOAN 2
1.1 LYTHUYETCANNHO . . . . . . s,
1.2 BAITAPAPDUNG . . . . o s, 4

2 PHUONG TRINH MAT PHANG 10
2.1 LYTHUYET CANNHO . . . . . . 10
22 BAITAPAPDUNG . . . . . 0 s, 11

3 PHUONG TRINH PUONG THANG 14
3.1 LYTHUYET CANNHO . . . . . . s, 14
32 BAITAPAPDUNG . . . .\ oo s, 15

4 PHUONG TRINH MAT CAU 20
41 LYTHUYETCANNHO . . . . . . 20
42 BAI TOAN PHUONG TiCH CUA MOT BPIEM VOIMATCAU . . ... .... .. 20
43 BAITAPAPDUNG . . . . o o s s s, 23

5 BAITAP REN LUYEN 26

Toan Hoc La Am Nhac Cia Ly Tri Zalo: 0382164170



ANH TU DAY TOAN H-SCA Chinh Phuc Ki Thi BGNLCB Mén Toan

1 TOQA PO PIEM, VECTO VA CAC PHEP TOAN

1.1 LY THUYET CAN NHO

=

\"l

* Trong khong gian, cho ba truc Ox, Oy, 0z d6i mot vudng goéc. Goi ?,f, k lin luot 1a ba vecto don
vi trén céc tryc Ox, Oy va Oz. H¢ ba truc nhu vay dugc goi 1a hé truc toa do Descartes vuong goc

Oxyz trong khong gian hay don gian 1a hé toa d0 Oxyz.

« Trong khong gian Oxyz, cho diém M. Néu OM = xi + yf+ zk thi ta 20i bo ba sé (x; y; ) la toa
d6 ctia diém M d6i voi hé truc toa d6 Oxyz va viet M = (x;y; z) hodc M(x; y; z) trong d6 x 1a

hoanh d9, y 1a tung d9, z 1a cao d¢ cua diém M.

« Trong khong gian Oxyz cho vecto @. Néu @ = a,i + a,j + ask thi ta goi b ba sb (ay; ay; az) 1a

toa d0 cta vecto @ doi vdi hé toa do Oxyz va viet d = (ay; ay; az) hodc d(aq; ay; as).

» Toa do cua diém M la toa do cua vecto OM, tic la

M = (x;y;2) & O0M = (x;y;2)

« Piéu kién dé hai vecto bang nhau: Cho @ = (x; y; 2), b= (x";y';2z"). Khi do:
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« AB = (X —X4;YB — Va3 Zp — Za)
« Chiéu diém M (a; b; c) 1én mit phing toa do hodc hé truc toa do thi thanh phan bi khuyét bang 0.
Chang han: M(1; 2; 3) chiéu 1én Oxy thi z = 0 nén hinh chiéu khi d6 1a M, (1; 2; 0).
« T gidc ABCD 1a hinh binh hanh khi va chi khi AD = BC.
+ Toa d6 cac diém dic biét:
e M€ Ox = M(x;0;0) M€ Oy = M(0;y;0) M€ O0z= M(0;0;2)
M€ (Oxy) = M(x;y;0) e M€ (0Oxz) = M(x;0;z) M€ (0Oyz) > M(0;y;z)

Toan Hoc La Am Nhac Cia Ly Tri Zalo: 0382164170



ANH TU DAY TOAN H-SCA Chinh Phuc Ki Thi DGNLCB Mén Toan

* Trong khong gian Oxyz, cho hai vecto @ = (x;y; z) va b= (x';¥';2"). Khi d6 ta co:
—@+b=(+x;y+y;z+2)
—ad-b=x-xy-yz-2"
— ka = (kx; ky; kz) v6i k 1a mot sd thyc.
* Trong khong gian Oxyz, tich vd huéng cua hai vecto d = (x; y;z) va b= (x";y';2") dugc xac
dinh béi cong thie: @ - b = xx' + yy' + zz'
— Hai vecto @ va b vudng géc véi nhau khi va chi khi xx’ + yy’ + zz' = 0.
- Néua@=(x;y;z) thi|@| =Va-a@=+/x2+y2 + z2.

— Néu@ = (x;y;2) vab = (x';y'; 2') 14 hai vecto khéc 0 thi
a-b xx' +yy' +zz'

cos(@,b) = — =
|d| - |b| \/xz + y2 +ZZ-\/x’2 +y'2 4 22

* Trong khong gian Oxyz, toa d§ trung diém va trong tdm dugc xac dinh nhu sau:

xA+xB_yA+yB_ZA+ZB)
2 2 2

s Toa do trung diém M cua doan théng ABlaM (

X4 +Xxpt+Xx +Yyp + Zpt+2zZp t+ 2
m Toa do trongtémGcﬁatamgiécABCléG( 4 3B C;yA 3;; yc; 4 :f C)
K7 ning chudn héa vecto trong khéng gian Oxyz
Bai toan gdc: Cho diém A bat ki biét toa d6. Sau thoi gian t diém A di chuyén theo vecto dinh hudng i

voi tde do v toi diém A’. Xac dinh toa dd cua diém A'.

-

X - \ u ’ A IN: LY \ 5 \ A r
Budre 1: Ta chuan hoa vecto u thanh vecto —- c6 d6 dai bang 1 va bao toan chiéu (hudng).

||

N
u
lal

Bude 2: Taco: AA" = t.U, tir day ta rat dugc cong thirc tim toa 36 A’ theo thoi gian t nhu sau:

Khi d6 vecto van tdc xac dinh hudng va do 1én di chuyéncia A la: v = v -

A'=A+tv (%)

Cong thirc mé rong
X < R . 2 r A A \ P . , A A7
Neéu diém A di chuyén véi vecto van toc d va chiu anh huéng cua vecto van toc b

A A . A LA L 1A 7
Thi diém A s& chuyén dong voi vecto vintoc méilac =d + b

Zalo: 0382164170
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ANH TU DAY TOAN H-SCA Chinh Phuc Ki Thi DGNLCB Mén Toan

1.2 BAITAP AP DUNG

Ciu 1. Mot may bay xuét phat tir A(1; 2; 3) di chuyén theo hudng vecto d = (2; —1; 2) voi van toc 1a
150 (km/h). X4c dinh toa do diém A’ sau 10 gid biét gi6 thdi theo huéng vecto b = (3;4; 0) vé6i van
tbc 100 (km/h).

A. (1101;482;1003). B. (1061;322;1003).

C. (1001;502;1003). D. (1061;402;1003).

Zalo: 0382164170
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ANH TU DAY TOAN H-SCA Chinh Phuc Ki Thi BGNLCB Mén Toan

Ciu 2. Tram kiém soat khong luu dang theo ddi hai may bay. Gia sir trong khong gian vé6i hé truc toa
do Oxyz, don vi do léy theo kilomét, tai cung mot thoi diém theo ddi ban dau: may bay thr nhét & toa
d6 A(0; 35; 10), bay theo hudng vecto #; = (3; 4; 0) v6i toc d6 khong d6i 900 (km/h) va may bay thir
hai & toa do B(31;10; 11), bay theo huéng vecto ¥, = (5;12;0) v6i toc dd khong ddi 910 (km/h).
Biét rang khoang cach an toan ti thiéu giira hai may bay 1a 5 hai 1y (khoang 9, 3 km). Néu hai may bay
tiép tuc duy tri hudng va tbc do bay nhu trén thi sau it nhat bao nhiéu phut (ké tir thoi diém theo ddi ban
dau), hai may bay vi pham khoang cach an toan (két qua lam tron dén hang phan tram)?
A. 1,52 phut. B. 1,67 phat. C. 2,15 phat. D. 2,48 phut.

Toan Hoc La Am Nhac Cia Ly Tri Zalo: 0382164170
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Ciu 3. Cho diém A(1;2;3) di chuyén theo hudng vecto @i = (2; —1;2) véi van toc 13 6 (km/h). Xac
dinh toa do diém A’ sau t gio.

A. (1+4t;2 —2t;3 + 40). B. (1+42t;2—1t;3+2t).

C. (1+6t;2—6t;3 + 61). D. (14 2t;2—2t;3+ 2¢).

Toan Hoc La Am Nhac Cia Ly Tri Zalo: 0382164170
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Ciu 4. Trong mot cin phong hinh hop chit nhat ABCD.A'B’C'D’ ¢c6 AB = 3; AD = 6; AA’ = 4. Ong
Ta gia dang nam trén vong ngt trua thi quan sat thiy 2 con thach sing tai 2 géc nha B va D. Con thach
sung tai B bo doc theo duong chéo BA' vai van tde 2 (m/s), con con tai D bo doc theo duong chéo DC’
véi van toe 3 (m/s).

A D’

BI I/ C,

Toan Hoc La Am Nhac Cia Ly Tri Zalo: 0382164170



ANH TU DAY TOAN H-SCA Chinh Phuc Ki Thi DGNLCB Mén Toan

Ciau 5. O mot sin bay, vi tri cia may bay dugc xac dinh boi diém M trong khong gian voi hé truc
toa @ Oxyz nhu hinh v&. Goi H 1a hinh chiéu vudéng goc ciia M xubng mit phang (0xy). Biét ring
OM = 79; (i,0H) = 68°; (OH,0M) = 50°. Goi toa d0 diém M(a; b; ¢). Gia tri cua a + b + ¢ 1a bao

nhiéu? (1am tron dén hang phan mudi).

z
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Ciu 6. Nguoi ta can 1ap mot camera phia trén san bong dé phat song truyén hinh mét tran bong da,
camera c6 thé di dong dé 1udn thu duge hinh anh rd nét vé dién bién trén san. Cac ki su dyu dinh tréng
bén chiéc cot cao 30 m va sir dung hé thng cap gin vao bon dau cot dé gitr camera & vi tri mong
mudn. M6 hinh thiét ké duoc xay dung nhu sau: Trong hé truc toa d6 Oxyz (don vi do dai trén mdi truc
13 1m), cac dinh cua bdn chiée cot 1an luot 1a cac diém M (90; 0; 30), N(90; 120; 30), P(0; 120; 30),
Q(0; 0; 30). Gia st K, 13 vi tri ban ddu ctia camera c6 cao do bang 25 va K,M = K,N = KoP = K,Q.
Dé theo ddi qua bong dén vi tri A, camera duoc ha thap theo phuong thang duing xudng diém K, co cao
d6 bang 19. (Nguon: https://www.abiturloesung.de; Abitur Bayern 2016 Geometrie VI). Biét rang vecto
KoK, c6toa dd 1a (a; b;c);a, b,c € R. Khi dé a + b + ¢ bing bai nhiéu?

Z

Q(0; 0; 30) P(0; 120; 30)

M(90; 0; 30)

ST P2y N(90; 120; 80)

e A

Toan Hoc La Am Nhac Cia Ly Tri Zalo: 0382164170
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2 PHUONG TRINH MAT PHANG

2.1 LY THUYET CAN NHO
« Vecto 7 # 0 1a vecto phap tuyén (VTPT) néu gia ciia 7t vudng goc v6i mit phing (a).
Chu y:
« Néu 7 1a mot VTPT cta mit phing (a) thi k7 ciing 1 mot VTPT ciia miat phang (a).
* MOt mat phéng duoc xéac dinh duy nhét néu biét mot diém noé di qua va mgt VTPT cua no.
« Néu i, ¥ co gia song song hodc nam trén mit phang () thi @i = [, ¥] 1a mot VTPT cua (a).

« Trong khong gian Oxyz, moi mit phang déu c6 dang phuong trinh:

Ax+By+Cz+D=0 v6iA2+B*2+C?+#0

« Néu mat phang (a) c6 phuong trinh Ax + By + Cz + D = 0 thi n6 c6 mot VTPT 1a ii(4; B; C).

« Phuong trinh mit phang di qua diém M, (xo; Vo; Zo) va nhan vecto 7(4; B; C) khac 0 1a VTPT la:

A(x —x0) + B(y —y0) + C(z—2)) =0
Cac truwong hop riéng
Xét phwong trinh mét phang (a): Ax + By + Cz+D = 0 véi A2 + B2+ C2 # 0
« Néu D = 0 thi mit phang (a) di qua gdc toa dd 0.
* NéuA = 0,B # 0,C # 0 thi mat phang (a) song song hoic chua truc Ox.
« NéuA # 0,B = 0,C # 0 thi mit phang (a) song song hodc chtra truc 0y.
« NéuA # 0,B # 0,C = 0 thi mit phing () song song hodc chura truc 0z.
« NéuA = B = 0,C # 0 thi mit phang (a) song song hoic tring véi (0xy).
« Néu A = C = 0,B # 0 thi mit phang (a) song song hodc tring véi (0xz).
« NéuB = C = 0,4 # 0 thi mat phang (a) song song hoic tring véi (0yz).
Chu y:
« Néu trong phuong trinh () khong chira an nao thi (@) song song hodc chira truc tuong tng.
y

. , x z ; ,
* Phuong trinh médt phang theo doan chan («): p + 5 + - = 1. O day (a) cat céc truc toa do tai

cac diém (a;0;0), (0; b;0), (0;0;c) voiabc # 0.

9
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Khoang cich tir mdt diém dén mit phing
Trong khong gian 0xyz, cho diém M, (xo; Yo; Zo) va mit phang (a): Ax + By + Cz + D = 0. Khi d6
khoang cach tir diém M, dén mit phing (a) duoc tinh:

|Ax0 + ByO + CZO + DI
VAZ + B? 4 C?

d(Mo, (@) =

My (x0; Yo; Zo)

n(4; B; C)

T

~B

~oal Y I

(@)

Géc giira 2 mit phing

Trong khong gian Oxyz, cho hai mat phang (@): A;x + Byy + C;z + D; = 0va (B): Ay,x + Boy +
C,z+ Dy, =0

Géc gitra (a) va (B) bang hodc bu véi goc giira hai VIPT 7y, fig. Tic la:

[fia gl _ 14145 + BiBy + C1G
il - ||  JAZ+ B2+ CZ-JAZ + BZ + C2

cos((@), (B)) = |cos(itq, ig)| =

2.2 BAI TAP AP DUNG

Cau 7. Mot phén san truong dugc dinh vi boi céc diém A, B, C, D, nhu hinh vé& bén dudi. Bude dau
chung duogc 1dy “thing bang” dé ¢ cung do cao, biét ABCD 14 hinh thang vuéng ¢ A va B véi do dai
AB = 25m, AD = 15m, BC = 18 m. Do yéu cau ki thuat, khi 1at phing phan san trudng phai thoat
nude vé goc san & € nén ngudi ta lay do cao & cac diém B, C, D xubng thap hon so véi do cao ¢ A 1a

10 cm, a cm, 6 cm twong tng sao cho bén diém A, B, C', D' dong phang. Tinh gié tri cua a (don vi cm).

A 25m B

15m 18 m

Toan Hoc La Am Nhac Cia Ly Tri Zalo: 0382164170
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Cau 8. Trong khong gian Oxyz (don vi trén mdi truc toa do 1a km), mot may bay dang & vi tri A(3; —2,5; 0,5)

va s€ ha canh ¢ vi tri B(3; 8,5; 0) trén duong bang.

V4

0,9

C6 mot 16p may duoc md phong boi mot mat phang (a) di qua ba diém M(9;0; 0), N(0; —9;0) va
P(0; 0;0,9). Tinh d6 cao cia may bay khi may bay xuyén qua dam may dé ha canh (don vi km).

Toan Hoc La Am Nhac Cia Ly Tri Zalo: 0382164170
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Ciu 9. Biét goc quan sat ngang cia mot camera 1a 116°. Trong khong gian Oxyz, camera duoc dit tai
diém A(2; 1; 5) va chiéu thang vé phia mat phang (P): 2x —y — 2z + 13 = 0. Hoi ving quan sat duoc
trén mat phang (P) ciia camera 1a hinh tron c6 duong kinh bang bao nhiéu? (lam tron két qua dén chir

s6 hang chuc)

A(2;1;5)

116°

(P)

Toan Hoc La Am Nhac Cia Ly Tri Zalo: 0382164170
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3 PHUONG TRINH PUONG THANG

3.1 LY THUYET CAN NHO

M(x;y;2) g4

Mo (x9; Yo; Zo) % = (a; b; )

/\,

X

« Puong thang d di qua My (xo; yo; Zo) va vecto chi phuong % = (a; b; ¢). Phuong trinh chinh tic
cuad:
X~X _Y~Vo_Z27 20
a b

(abc # 0)

« Puong thing d di qua Mo (xo; Yo; Zo) va vecto chi phuong ¥ = (a; b; ¢). Phuong trinh tham s
cua d:
X =x9+at
y =yo+ bt (t eR)

z=2zy+ct

« Trong khong gian cho hai dudng thiang A; di qua M; va c6 mét vecto chi phuwong 7y, A, di qua

M, va c6 vecto chi phuong u,. Khi d6 vi tri twong doi ctia A; va A, duge xac dinh nhu sau:

Al va AZ chéo nhau & [u—l), l—l,;] . M1M2 * 0.
[ug;uz] - MyM; =0

A va A, cit nhau &
u; # ku,

uy = kg
Al A, &
M, € A, M, & A,

u; =k
A=A, &
M1 EA]_,M]_ € Az

_ 7 Un; AM
» Cong thirc khoang cach tir mot diém dén mot duong thang d(4; A) = |[ N ” ; Vo1 M thudc A.
A

d

Toan Hoc La Am Nhac Cia Ly Tri Zalo: 0382164170
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|[uT1F Up, | M1M2|
[, ua, ||

« Cho duodng thang d di qua My (xo; Yo; Zo) va c¢6 vecto chi phuong @ = (a; b; ¢) va mit phang
(P) : Ax + By + Cz + D = 0 c¢6 vecto phap tuyén 7 = (4; B; C). Khi d6:

« Cong thirc khoang cach giita hai duong thang d(Aq; A,) =

d cit (P) © Aa+ Bb + Cc # 0
Aa+Bb+Cc=0

dll (P)&e
Ax0+By0+CZO+D¢0

Aa+Bb+Cc=0
AXO+By0+CZO+D=0

dc(P)e
diL(P)eilrne [ =0

« Trong khong gian Oxyz, cho hai dudng thing A; va A, ¢ cac vecto chi phuong lan luot 1a

u_l) = (al; bl' Cl) Véu—z) = (az,' bz, Cz). Khi d6:

— —
s — U~ u aia; + byb, + ¢qc
cos(Aq;Ay) = | cos(ug; uz)| = I_} 2l laja; + bib, + c16,]

[wil - 1wzl JaZ + b2 + cZ - JaZ + b2 + 2

« Trong khong gian Oxyz, cho dudng thiang A c6 vecto chi phuwong U = (a; b; ¢) va mit phang (P)
c6 vecto phap tuyén 77 = (4; B; €). Khi do:

|Aa + Bb + Cc|

sin (4; (P)) = | cos(T; 0)| =
(8 (P) = | cos(ii D) VA2 + B2 +C? -Va? + b? + c?

3.2 BAITAP AP DUNG

Cau 10. Mot radar co thé quay 180° dé quan sat may bay quanh ving phtl song ctia nd. Mot méay bay
cAt canh tir diém A nam trén mat dat theo chiéu cung chidu véi vecto AB. Trong h¢ toa do Oxyz mat dat
la mat phéng (Oxy), truc Oz hudng 1én troi, diém A nam trén truc Oy cach géc toa d6 0,6 km; diém B
nam trén truc 0z c6 cao do béng 0,3 km; radar dang nam trén truc Ox c6 hoanh do béng 0,4 km. May
bay dang ¢ diém B bay theo hudng bay nhu cii dén diém C(a; b; ¢) thi radar quay mot goc bang 60°.

Tinh a + b + ¢ theo don vi mét (lam tron dén hang don vi).

Toan Hoc La Am Nhac Cia Ly Tri Zalo: 0382164170
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Cau 11. Mot ngudi ding ¢ mat dat diéu khién flycam dé phuc vu chuong trinh truyén hinh. Chon hé
truc toa d§ Oxyz véi géc toa do O 1a vi tri nguoi diéu khién, mat phéng (Oxy) trung v6i mat dét. Chiéc
flycam dang & vi tri M(1;2;4) va chuyén dong trén duong thang song song véi mat dat. Biét huéng
chuyén dong cua flycam 1a @ = (2;a; b) (a, b 13 cac sé nguyén) sao cho khoang cach tir vi tri nguoi

diéu khién dén duong thang chuyén dong cua flycam 1a 16n nhat. Tinh a + b.

Toan Hoc La Am Nhac Cia Ly Tri Zalo: 0382164170
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Ciu 12. Mot phan mém mo phong van dong vién tap bin bia muc tiéu c6 kich thudc nho (42 X 42 cm)
bang stng tiéu lién AK trong khong gian Oxyz. Cho biét van dong vién d6 sir dung thudc ngdm 3 va

dung cach xa bia myc tiéu 12 100 m, truc d ctia ndng sting va coc d& bia d’ 1an luot c6 phuong trinh

x=t x=1
d: y=2 va d': y =2
z=4 z=1+ 3t

Pé ban trang hong tim thi van dong vién phai ngdm béan vao diém N(a; b; ¢) € d’ va cach giao diém

ctia d va d’ mot khoang 6 cm. Khi ¢ < 0, tinh gia tri biéu thic a — b + c.

Toan Hoc La Am Nhac Cia Ly Tri Zalo: 0382164170
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Ciu 13. Trong khong gian vai hé truc toa dd Oxyz, mot cabin cap treo xuat phat tir diém A(10; 0; 3)

va chuyén dong theo dudng cap c6 vecto chi phwong @ = (2; 2; 1). Hai ¢t tru cap treo dit tai diém B, C
biét x5 = 20; y. = 120. Thoi gian cabin di tir diém B dén diém € 13 55 s. Hoi van tdc ciia cabin bing
bao nhiéu m/s?

Toan Hoc La Am Nhac Cia Ly Tri Zalo: 0382164170
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Cau 14. Khi gfm hé toa 40 Oxyz (don vi trén mdi truc tinh theo kilomét) vao mot san bay, mit phfmg
(Oxy) tring v6i mit san bay. Mot may bay bay theo dudng thang tir vi tri A(5; 0; 5) dén vi tri B(10; 10; 3)
va ha canh tai vi tri M (a; b; 0). Gia tri cia a + b biang bao nhiéu (viét két qua dudi dang s6 thap phan)?

Toan Hoc La Am Nhac Cia Ly Tri Zalo: 0382164170
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4 PHUONG TRINH MAT CAU

41 LY THUYET CAN NHO

+ Cho khong gian Oxyz c6 mit cau (S) thoa man diéu kién: a® + b% + ¢ — d > 0. Ta c6 phuong

trinh co ban cua (S) nhu sau:
x2+y2+2z%2—-2ax—2by—2cz+d=0 (1)

Tur phuong trinh co ban, ta c6 cong thirc tinh ban kinh cda (S) nhu sau:

R=\/a2+b2+cz—d

« Ngoai ra, khi biét ban kinh R, tam I(a; b; c) thi mat cau (S) trong khong gian Oxyz c6 phuong
trinh chinh tic nhu sau:
(x—a)’+ (y—b)?>+ (z—c)*> = R?

« Ta c6 cong thire tinh khoang cach tir tim I ctia mit ciu dén mit phiang (P) : Ax+By+Cz+D =0
dé xét vi tri trong ddi giira mat phang va mit cau:

|Aa + Bb + Cc + D|
VAZ + B% + (?

d(l,(P)) =

4.2 BAI TOAN PHUONG TiCH CUA MOT PIEM VOI MAT CAU

Cho mit cau (S) tim 0, ban kinh R va mot diém M cb dinh. Mot duong thang A bat ky di qua M cat mat
cau (S) tai hai diém A va B. Khi 6, tich vo hudng cua hai vector MA va MB 1a mét hang sd, khong phy
thudc vao vi tri ciia cat tuyén A. Hing s6 d6 duoc goi la phuong tich cua diém M d6i voi mit cau (S),
ky higu 1a Ppy/(sy.
Cong thue:

Puscs) = MA - MB = MO? — R? (1)
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Cach 1: Chirng minh béng Hinh hoc thuan tiy (Mt cit)

Phuong phép nay chuyén bai toan tir khong gian 3D vé bai toan phang 2D cuc ky tryc quan.

« Budre 1: Xét mit phing (P) chtra diém M va cat tuyén A (dudng thang chtra 4, B). Néu tam
0 & A, ta hoan toan c6 thé chon mit phiang (P) chira diém M, diém O va cit A doc theo

chinh no.

« Buéc 2: Mit phang (P) s& cit mit cau (S) theo mot dwdng tron l6m (duong tron taim O,
ban kinh R). Luc nay, A, B chinh 14 cac diém nam trén dudng tron 16n do.

« Buére 3: Ké cat tuyén thir hai di qua M va tdm 0, cat mit cau tai C va D. Tt giac ACBD la
tr gidc noi tiép dudng tron 16m.

* Budce 4: Xét hai tam gidc AMAC va AMDB:
— Goc M chung.
— MCA = MBD (hai gbc ndi tiép cung chin cung AD).
Do d6, AMAC ~ AMDB (g-g).
« Két luan: Ta c6 ti s dong dang:

MA _ MC MA-MB =MC-MD
e = 5 = c
MD MB

Lai ¢6 C, D, O thang hang, do d6 khoang cach MC = MO — R va MD = MO + R.

= MA-MB = MA-MB = (MO — R)(MO + R) = M0% — R? (dpcm)
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Cach 2: Chirng minh bing Hinh hoc Vector (Siéu gon & Pinh cao)

Day la cach tiép can bang dai so vector, thé hién ban chat ndi tai cia phuong tich ma khong can

ké v& phu.

« Buére 1: Goi i 1a vector don vi (|@i] = 1) nam trén duong thang A c6 hudng tir M di qua cat
tuyén. Moi diém X € A déu c6 thé biéu din du6i dang tham sb:

MX =tu (t€R)
« Buéc 2: Diém X nam trén mit cau (S) khi va chi khi khoang cach tir X dén O bang R:
—_ —_ 2

0X?=R? < |MX-MO0| =R?

* Budc 3: Thay MX =t vao phuong trinh, ta dugc:
|td — MO|? = R? & t2|i|? — 2¢(MO - @) + MO? = R?
Vi |u]| = 1, phuong trinh bac hai theo t trd thanh:
t2 —2(MO - W)t + (MO? —R?) =0

« Budrc 4: Hai giao diém A, B ctia dudng thang va mit cau chinh 13 2 nghiém t,, t, ctia phuong
trinh trén (tuong Gng MA = t,U va MB = t, ). Ap dung dinh 1y Viéte:

tl'tz =M02—R2
« Két luan: Ta c6 tich vo hudng:
MA-MB = (1) - (1) = it = tyt,

Suy ra:
MA -MB = M0? — R?> (dpem)
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Hé qua: Truong hop A 1a Tiép tuyén

Khi duong thang A di chuyén ra xa tim O va trd thanh tiép tuyén ctia mat cau (S) tai tiép diém
T, hai giao diém A va B chap lam mét (A = B = 7).

Khi d6, tam giac AMTO vudng tai T (do tiép tuyén vudng goc vé6i ban kinh). Ap dung dinh 1y
Pytago, cong thirc phuong tich tré nén cuc ky don gian:

Puscsy = MT - MT = MT? = M0? — R? 2)
- v

4.3 BAITAP AP DUNG

Cau 15. Phia trudc cua mot san van dong, nguoi ta c6 dat mot qua bong da khéng 16. Cach d6 khong xa,
c6 mdt bong dén. Trong khong gian Oxyz (don vi do 1a mét), gid st mat ngoai qua bong (S) cé phuong
trinh (x — 1)? + (y — 1)? + (z — 3)? = 9 va bong dén ¢ vi tri M(15; 1; 6). Khi d6, khoang céch xa
nhat ma bong dén co thé chiéu dén mot diém trén qua bong bang MA, vdi MA chinh 1a tiép tuyén ké tir
M d&n (S) va A 1a tiép diém. Vay M A bang bao nhiéu mét?
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Ciu 16. Heé thdng dinh vi toan cau (tén tiéng Anh 13: Global Positioning System, viét tit 1a GPS) 1a mot
hé thdng cho phép xac dinh chinh xé4c vi tri ctia mot vat thé trong khong gian. Ta c6 thé mo phong co ché
hoat dong ciia hé théng GPS trong khong gian nhu sau: Trong cting mot thoi diém, toa do cuia mot diém
M trong khong gian s& duoc xac dinh bai bon vé tinh cho trude, trén mdi vé tinh c6 mot may thu tin hiéu.
Bing cach so sanh su sai 1éch vé thoi gian tir luc tin hiéu duoc phét di véi thoi gian nhan phan héi tin
hiéu d6, mdi may thu tin hiéu xac dinh dugc khoang cach tir vé tinh dén vi tri M cén tim toa do. Trong
khong gian voi hé toa d6 Oxyz, cho bon vé tinh A(0; 4; 5), B(—3; —1;3), C(=2; 8;9), D(=7; 2; —3).
Tinh khoang céch tur géc toa 40 O dén diém M biét réng khoang cach tir cac v¢ tinh dén diém M lan lugt
1a MA = 3,MB = 5,MC = 9,MD = 10. (Két qua 1am tron dén hang phan nghin).
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Cau 17. H¢ théng dinh vi toan cau GPS 1a mot hé théng cho phép xac dinh vi tri ctia mot vat thé trong

khoéng gian. Trong cung mot thoi diém vi tri ciia mot diém M trong khong gian s& duoc xac dinh boi
bdn vé tinh cho trudc nho cac bd thu phat tin hi€u dat trén cac v¢ tinh. Gia st trong khong gian vdi hé
toa do Oxyz, mdi don vi trén mdi tryc c¢6 do dai 10 km, bon vé tinh co toa do lan luot 1a A(2; 1; —2),
B(2;3;1), C(—4;—1;2), D(0; 7; 6) dang tién hanh theo ddi vat thé M (coi 1a mot chét diém). Cac vé
tinh dung song dién tir co tan s6 1 MHz. O mdt thdi diém c6 4 vé tinh cung phat tin hi¢u vé M thi nhan
dugc tin hiéu tra vé cac vé tinh ngay sau d6 trong nhimng khoang thoi gian 1a t, = 0,4 ms, t = 0,2 ms,
tc = % ms, tp = 0,4 ms. Biét rang van toc cua song dién tir bang van toc anh sang ¢ = 3 - 108 m/s
va 1s = 1000 ms. Tinh khodng céach tir diem M dén goc toa do theo don vi do chon trong khong gian

Oxyz (1am tron két qua dén hang phan tram).
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5 BAI TAP REN LUYEN

Bai tap 1
Bai toan: Hé thong dinh Toan Cau GPS hién tai c6 24 vé tinh, mdi vé tinh cach Trai Dat
20000 km, ta coi Trai Dat 1a khdi cau ¢ ban kinh R = 6 (nghin km). V&i mot hé toa d6 Oxyz
da chon, O 13 tAm Trai DAt va don vi trén mdi tryc 1a nghin km, hai v¢ tinh c6 toa do A(26; 0; 0),
B(0; 26; 0). Xét diém M (x; v; z) thudc bé mit Trai Dat. Tinh gia tri nho nhat cia MA + MB theo

don vi nghin km (1am tron d&én hang don vi).
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Bai tap 2

Bai toan: Mit cau tam I ban kinh R > 0 1a tap hop tat ca cac diém trong khong gian cach I mot

khoang b%mg R. Trong khong gian véi hé toa do Oxyz, don vi trén hé truc 1a cemtimet, mot td

kién c6 bé mat 1a mot mat cau tam 1a gdc toa do va ban kinh R = 6 cm, ¢ diém A(20; 0; 0) c6 10
miéng mdi va ¢ diém B(0; 20; 0) c¢6 3 miéng modi. Mot con kién trén bé mat t6, mdi lan di dén
A hoic B tha ding mot miéng mdi vé t6. Hoi tong quing duong ngan nhat con kién do6 di 13 bao

nhiéu centimet dé con kién tha hét 13 miéng mdi vé t6 (két qua 1am tron hang don vi)?
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Bai tap 3

Bai toan: Trong khong gian véi hé truc toa d0 Oxyz (mot don vi trén moi truc twong tng véi
mot km trén thuc té), xét mdt vung phong thu hinh cau (8): x? + y? + z%2 = 49 va mot hanh
lang bay an toan dugc giéi han boi hai mit phang song song (P;): x + ¥ + z = 5 va mit phang
(Py): x +y + z = —5. Mot may bay trinh sat bat dau xam nhap khu vuc tir diém M, (6; 0; 0) va
bay theo dudng thing A c6 vecto chi phwong % = (—1; 1; 1). Tinh chiéu dai doan duong bay cta
may bay nam hoan toan trong phan giao ctia hanh lang bay an toan va ving phong thu hinh ciu
(don vi: km).
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Bai tap 4

Bai toan: Trong hé toa d6 Oxyz (don vi do dai trén mdi truc tinh 13 mét), mot vudn hoa nam trén

mat phang (P): 2x + 2y —z— 12 = 0. C6 hai bong dén chiéu sang cb dinh duoc dit tai cac diém
A(40; —40; 12), B(—40; 50; 38). DBé dam bao ki thuat chiéu sang, cac ki sw mudn thiét ké trén
mat vuon mot duong ray dé lap dat mot dén chibu sang M di dong trén dudng ray dy. Yéu ciu
ki thuat dat ra 1a goc tao boi MA voi mat vudn va goc tao boi MB v6i mat vuon phai ludn bang

nhau. D6 dai duong ray 1 bao nhiéu mét (két qua 1am tron dén hang don vi)?
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Bai tap 5

Bai toan: Trong khong gian v4i hé truc toa dd Oxyz, don vi trén moi truc toa do 1a mét, mot
thiét bi phat tia laser dugc dat tai diém A(S\/§ ;8;15). Thiét bi nay chiéu mot tia sang vé phia btrc
tuong phang tring voi miat phang toa dé (0yz). Biét ring tia sang phat ra luon thay d6i nhung
1udn tao vai truc Ox mot goc 60°. Goi M 1a vi tri vét sang laser chiéu 1én btic tuong. Khoang cach

16n nhét tir vét sang M dén gbc toa dd O bang bao nhiéu mét?
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Bai toan: Trong khong gian v&i hé truc toa do Oxyz, bé mat cta Trai Dat 1a mit cau c6 phuong

trinh x2 + y? + z2 = 1 (1 don vi dai trong khong gian Oxyz tuong tng véi 6371 km trén thuc
té); vi tri P ¢6 vi d9, kinh d6 tuong ung la a°N,f°E (0 < a < 90,0 < B < 180) c6 toa do
12 P(cos a® cos B°; cos a® sin 8°; sin @°). Ung dung Google Maps cho phép xac dinh khoang cach
giira hai vi tri trén bé mat Trai Dat khi biét vi 46 va kinh d6 cua chiing. Khoang cach giita hai vi
tri P va Q trén bé mat Trai Dat 1a d6 dai cung nhé PQ cua dudng tron c6 tim O va di qua hai diém
P, Q. Tinh khoang cach trén mit dat giita ho Hoan Kiém (Ha Noi) ¢ vi tri 21°02’N, 105°51'E va
dao Trudng Sa & vi tri 8°39'N, 111°56’E (don vi: km; két qua lam tron dén hang don vi).
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Bai toan: Nguoi ta thuong dung cau truc thap (nhu hinh v&) dé van chuyén vat liéu xay dung;
than thap vudng goc v6i mit dat, can nang vudng goc than thap dung dé 1am diém twa ning vat
liéu, trén can nang c6 b phan goi 1a xe con, c6 thé chay doc can nang nham di chuyén vat liéu.
Ban dau vat liéu & mat dat, cau truc dung moc cau nang vat li€u lén cao theo phuong théng ding
va cao hon 1 m so véi vi tri can dit, sau d6 giit nguyén do cao va cau truc quay can nang mot
goc a € (0°;180°) sao cho quy dao tao thanh mot cung tron cho dén khi mit phang (P) chira
can nang va diém can dat vuong goc voi mat dat (vat ligu va diém can dat cung nam trén mot nira
mit phing (P) so v6i than thap). Tiép dén diéu chinh xe con nham di chuyén va ha vét liéu xubng
1 m theo phuong thang ding dung vi tri can dat. Gia sir rang trong khong gian vai hé truc toa do
Oxyz, than thap 13 truc Oz va mit dat 1 mit phang Oxy (don vi tinh bang mét); vi tri ban dau
clia vat liéu 1a diém A(6; 8; 0) va vi tri can dat vat liéu 1a diém B(4; —3; 15). Tinh quing dudng

vat liéu da di chuyén (két qua 1am tron dén hang phan chuc).

A Cin ning

Xe con

Moc cau

Than thap
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Bai toan: Trong khong gian Oxyz (don vi trén cac truc 1a mét), mot kién trac su can lép dat mot den
chiéu sang tai vi tri A cho mot phong trién 1dm. Diém A thay ddi trén mot khung thép hinh tron 1a
giao tuyén ciia mit phang (@) : x+y—z+4 = 0vamitcau (S): (x—1)2+(y—1)%+(z—2)% = 6.
Dén phat ra ludng sang c6 dang hinh nén vé6i gbe & dinh bang 60°, truc ciia hinh nén luén vudng
goc voi mat san (P): x — 2y + 2z + 10 = 0. Pé dam bao mat do anh sang tap trung cao nhat
cho khu vyc trung bay dudi san, kién tric su can diéu chinh dén dén vi tri sao cho dién tich vung
chiéu sang trén mit san (P) 1a nho nhét. Hay tinh dién tich ving chiéu sang nho nhat d6. (Khong

lam tron céc két qua trung gian, chi 1am tron két qua cudi ciing dén hang phan mudi ctia m?).
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Bai tap 9

Bai toan: Trong khong gian Oxyz, mot miéng bia hinh tron (C) chin khong cho 4nh sang di qua

c6 phuong trinh . Biét rang c6 mot muc tiéu dit tai vi tri A(1; 2; 3), cung lic do
x2+y2<4

ban An C6 Pon diéu khién mét chiéc Drone quan sat muyc tiéu xuat phat tir vi tri B(1; —3; 5) va
bay theo vector van toc ¥ = (—1; 3; 5). Hoi sau it nhét bao 1au tir vi tri B thi Drone khong nhin

thdy duoc muc tiéu tai A (Két qua 1am tron dén chit s6 hang phan chuc)?
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Bai tap 10

Bai toan: Trong mot game mo phong ban sting. Muc tiéu xuét phat tir vi tri A(—5; 4; 3) bay theo

huéng vector d = (1;2;2) voi van tdc 6 m/s, sau 3 s thi dimg lai tai vi tri diém B. Cung lac d6
ban Tt Bé Bong di chuyén trén mit dat tring v6i mat phang (Oxy) quanh dudng tron tim O ban
kinh 2 m. Hoi khoang cach ngan nhét dé ngam ban muyc tiéu tai B 1a bao nhiéu mét (Biét don vi

trén mdi truc 1a mét va két qua 1am tron dén chir s6 hang phan chuc)?
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Bai tap 11

Bai toan: Tram kiém soat khong quan dang theo ddi hai may bay chién dau Su—30 va MiG — 31.

Gia st trong khong gian véi hé truc toa do Oxyz, don vi méi truc 1a 1 km va xem mit phéng
(Oxy) la mat dat, tai cung mot thoi diém theo doi ban dau: may bay chién dau Su — 30 & toa do
A(0; 35; 10) bay theo hudng véc-to ; = (3; 4; 0) v6i toe d6 khong ddi 1a 900 km/h va may bay
chién ddu MiG —31 & toa d6 B(31; 10; 11), bay theo hudng cta véc-to ¥, = (5;12; 0) véi tc do
khong d6i 910 km/h. Khu vuc nay ¢ gié manh thdi voi véan tée bang 80 km/h theo hudng véc-to
i = (—3;0; 4), gi6 anh huong dén hai may bay trong qua trinh bay. Mot khu vuc khong phan bi
han ché bay da dugc mot quéc gia khac thiét 1ap, c6 dang hinh tru véi tam day tai C(178; 430;0),
ban kinh day 7 km, truc vudng goc véi mit dat va chiéu cao 43 km, may bay MiG — 31 c6 nhiém
vu bay vao khu vuc khong phan bi han ché dé tham do. Tai thoi diém may bay chién dau MiG —31
bay ra khoi khu vuc khong phan bi han ché thi khoang cach giira hai may bay chién dau 1a bao

nhiéu? (két qua 1am tron dén hang phan chuc).
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Bai tap 12

Bai toan: Trong khong gian Oxyz (don vi mdi truc 1a km), mot UAV (thiét bi bay khong ngudi
x=8+12t

lai) thyc hién nhiém vu trinh sat, bay theo mot duong thiang A: y=2-t (t € R). Ngoai
z=1-t

ra, c6 mot vé tinh vién tham dang chuyén dong theo mot dudng tron. Biét ring quy dao vé tinh

nam trén dudng tron giao tuyén giitra mit cau (S): (x — 7)% + (y — 6)? + (z — 8)? = 91 va mit

phang (P): x + y + z — 6 = 0. Tim khoang cach nh¢ nhit gitra UAV va vé tinh trong subt qua

trinh hoat dong (1am tron két qua dén hang phan trim caa km).
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Bai tap 13
Bai toan: Trong hé truc Oxyz cho trudc (don vi trén truc 1a mét), cho mdt tram thu phat song
5G c6 ban kinh vung phu song cua tram & ngudng 600 m duoc dat ¢ vi tri 1(200; 450; 60).
Tim gia tri 16n nhét cia m (lam tron dén hang don vi) dé mot nguoi dung dién thoai ¢ vi tri

A(m + 100; m + 370; 0) c6 thé sir dung dich vu ctia tram néi trén.
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Bai tap 14

Bai toan: Trong khong gian Oxyz voi don vi trén mdi truc toa do 1a mét. Mot hat chuyén dong

v6i van toe khong d6i 1 m/s tir diém A(1; —2; 6) sau d6 bay thang va va cham v&i mit phing
(P): z+ 3 = 0 tai diém M, 6 gidy sau hat dap thing va va cham véi diém N thudc mit phang
(Q): z— 3 = 0 va cudi cung tir N hat bay thang dén vi tri diém B(—2; 4; 9). Hoi quing duong
hat chuyén dong tir diém A dén diém B ngin nhét 1a bao nhiéu mét (lam tron két qua dén hang

phan muo1)?
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Bai tap 15

Bai toan: Trong khong gian Oxyz (don vi: mét), cac véc-to i, f, k lin lugt 1a cac véc-to don vi
trén cac truc Ox, Oy, Oz. Mot con chim ung dang bay lugn trén bau troi. Mot tram quan tric cb
dinh duoc dat tai diém N (5; —7; 10) dang quan sat con chim d6. Tai thoi diém t = 0 (gidy) ké tur
lac bat dau quan sat, con chim dang & vi tri M(2; —1; 5). Van tdc ciia chim thay di theo thoi gian
t (gidy) boi cong thirc v(t) = 2t + € (m/s), v6i € 1 hing sb dwong. Sau 5 gidy, chim di bay dugc
quing duong 30 mét. Biét rang huéng bay caa chim ludn song song voi vée-to @i = (1;—2; 2).
Tai vi tri ma tram quan tric gan con chim nhét thi né dd bay duoc bao nhiéu gidy ké tir thoi diém

quan sat (1am tron két qua dén hang phan tram).
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Bai tap 16

Bai toan: Trong khong gian v6i hé truc toa d6 Oxyz, gia sir mit dat trung véi mat phang (0xy).

Mot bong dén trang tri dang khdi cau c6 tam I(—1; 2; 4) va ban kinh R duoc treo c¢b dinh 1én tran

nha (don vi trén moi truc toa do 1a m). Mot con kién bo tuy y trén bong dén va mot con kién khac

bo tuy y trén mat dat, gia st véc-to tao boi toa do vi tri cua 2 con kién ludn cung phuong voi

duong thang c6 phuong trinh A: % _ 2 ; ! _ 2 ; - (coi mdi con kién 1a mot diém). Biét luc 2
5

con kién gan nhau nhat c6 khoang cach bang 10 (m). Ban kinh cua khoi cau c6 d6 dai bao nhiéu

cm?

Toan Hoc La Am Nhac Cia Ly Tri Zalo: 0382164170



ANH TU DAY TOAN H-SCA Chinh Phuc Ki Thi BGNLCB Mén Toan

Bai tap 17

Bai toan: Tai mot cong ty xing dau, ngudi ki su xay dung can thiét ké mot bon chira xang hinh
cau. Trén ban thiét k&, trong hé truc toa dd Oxyz, bon chira hinh cau (S) c¢6 tam I(10; 16;12),
ban kinh R = V101. Mt dat chinh 14 mat phing (Oxy). Tir diém A(5; 0; 0) nguoi ki su thiét
ké mot cau thang thu nhat di théng 1én dén mat cau tai diém B thudc mat cau, sao cho ciu thang
AB 1a duong thang ti€p xtc mit cau (S) tai diém B (hoanh d6 diém B thoa xp > 10). Biét ring
duong thang AB tao v6i mat dat (Oxy) mot goc nhon a 6 sina = 3 Sau d6 ngudi ki su thiét ké
mot cau thang thir hai c6 dang cung tron di doc theo mat cau, di tir diém B 1én t¢i dinh cao nhat
clia mit ciu so véi mat dat. Goi T 1a téng do dai cta ca hai cau thang dugc thiét ké. Hay tim gia
tri nho nhit cia T (khong tinh kich thudce cua nguyén vat liéu dugce st dung dé 1am hai doan cau

thang noi trén) (1am tron két qua dén hang phan muoi).
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Bai tap 18

Bai toan: Xét mot chiée ban phang, ¢6 hai vién bi hinh cau duoc dit trén mat ban. Gan hé truc toa
d6 Oxyz sao cho mit phang (Oxy) tring v6i mit ban, truc 0z hudng thang ding 1én trén so véi
mat ban va mdi don vi trén cac truc twong ing voi 1 cm. Ban dau 2 vién bi nay dung yén trén mat
ban, tAm ciia chung 1an luogt tring véi cac diém I1(—11; 5; 3) va J(13; —2; 5). Tai mot thoi diém,
ngudi ta dong thoi tac dong cho 2 vién bi lan vé phia nhau trén miat ban theo ciing mot dudng
thang voi toc do khong doi 13 5 cm/s va 4 cm/s (vién bi nho hon c6 téc do 16n hon). Héi sau bao
nhiéu gidy ké tir khi tac dong thi hai vién bi va cham v6i nhau? (1am tron két qua dén hang phan

tram).
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Bai tap 19

Bai toan: Trong khong gian Oxyz, hai tram phat song di dong dwoc dat 1an luot tai hai vi tri X va

Y (don vi: km). Ving phu séng ctia tram X 1a mot hinh cau ¢6 tdm I(1; —1; 3), ban kinh R = 2;
con ving phti séng ctia tram Y 12 mot hinh cau c6 phuong trinh x? + y? + 22 —2x — 6z +7 = 0.
Hai viing phi1 song ndy giao nhau tao thanh mot duong tron ndm trén mit phang (P). Hai thiét
bi gidm sat M va N hoat dong trong khu vuc giao nhau nay va luén duy tri khodng cach giira
ching 1a 1 km. C¢ hai thiét bi thu phat song di dong duoc dat 1an luot tai hai vi tri A(0;=2;0)
va B(3; 4; 5). Tinh téng khoang cach nhé nhat tir tram phat song A dén thiét bi M va tir tram phat
song B dén thiét bi N (két qua 1am tron dén hang phan chuc).
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Bai tap 20

Bai toan: O trung tdm nghién ctru X c6 mot thiét bi duoc dit trén mot qua ddi thude vung ring
nui dé do cac thong sd vé thoi tiét khi twong cua ving d6 (nhiét do, ap sut khi quyén, do am,
may, gid, mua...). Cau tao bén ngoai ciia thiét bi gdm hai mit cau cit nhau 1a (S;) c6 tim I, ban
kinh bang 4 m va mit cau (S,) c6 tdm J, ban kinh bang 2 m. Dé do cac thong sb can thiét, nguoi
ta 1ap dat mot tAm thiét bi dién tir hinh chit nhat (R) ludn tiép xtc voi ca hai mit cau (S;), (S,) va
¢6 thé di chuyén quanh cac chom cau dé truyén tin hiéu toi hop diéu hanh (duwong truyén khong
day). Chon hé tryc toa d0 Oxyz trong khong gian véi do dai don vi trén mdi truc toa do 1a 1 m
va 0(0; 0; 0) 1a vi tri hop didu hanh thiét bi thi 1(2; 1; 1) va J(2; 1; 5). Khi khoang cach tir O dén
tam thiét bi dién tir (R) ngan nhat 13 lic duong truyén tin hiéu tot nhat. Khoang cach ngin nhat
nay bang bao nhiéu mét? (Két qua lam tron dén hang phan trim, tham khao mé ta thiét bj nhu
hinh trén).

(R)
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