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VECTG VA HE TRUC
TOA DO TRONG

KHONG GIAN

Vecto trong khong gian 1a mot doan thing c6 huéng.
Do dai ctia vecto trong khong gian 14 khoang cach giita diém dau va diém cudi ctia vecto
do.

& Vecto ¢6 didm dau 13 A va didm cubi 1a B dugc ki hieu 13 AB.

& Khi khong can chi r6 diem dau va diém cudi cua vecto thi vecto con duge ki hiéu la
= T = =
a,b,x,y,...
<. o ] 4 To& N N — PR PN T
& Do dai ctia vecto AB dugce ki hiéu 1a |AB|, do dai cua vectd @ duge ki hieu la |a@|.

© Duong thing di qua diém dau va diém cudi clia mot vecto dude goi 1a gia ctia vecto
d6 (H.2.4).

Hinh 2.4. Puong thang d la gid clia vecto @.

> Vidul

Cho tit dien ABC'D ¢6 do dai mdi canh bang 1 (H.2.5).
a) C6 bao nhiéu vecto c¢6 diém dau la A va diém cudi 1a mot trong cac dinh con lai clia
ti dién?
b) Trong céc vects tim duge & cau a, nhitng vectd nao ¢ gia nim trong mit phang
(ABC)?

¢) Tinh do dai ctia céc vecto tim duge 6 cau a.
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Chuong 1. VECTO VA HE TRUC TOA DO TRONG KHONG GIAN

A
a) Co6 ba vecto la AB,AC va AD.
b) Trong ba vecto AB AC va AD chi ¢6 hai vecto AB
() p@ylal va AC c6 gia nam trong mit phang (ABC). B D
¢) Vi tit dien ABCD c¢6 do dai mdi canh béng 1 nén
|AB| = |AC| = |AD| = 1. C
Hinh 2.5

(1) Cho hinh lap phlIdng ABCD A'B'C'D" (H.2.6).
Trong cac vecto AC’ AD AD':
a) Hai vecto nao c6 gia cting nim trong mat phang (ABCD)?

b) Hai vecto nao cé cung do dai?

e Hai vecto dude goi 1a ciing phuong néu ching c6 gia song song hodc tring nhau.
e Néu hai vecto cting phuong thi ching ciing huéng hodc nguge huéng.

g & z PN F S - 7 N ~ N
e Hai vecto @ va b dugc goi la bang nhau, ki hieu @ = b, néu ching c6 cuing do dai
va cung huéng.

Tuong tit nhu vecto trong mat phang, ta co tinh chat va cac quy udce sau doéi véi vecto

trong khong gian:
— Trong khong gian, véi mdi diem O va vecto @ cho trude, c6 duy nhat diém M sao
cho OM =

2 X o R Ko S . TR s TN Z
— Cac vecto c¢6 diem dau va diém cuoi trung nhau, vi du nhu AA, BB, ... goi la cac
vecto-khong.
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§1. VECTO TRONG KHONG GIAN

— Ta quy udc vecto-khong c6 do dai 1a 0, cing hudéng (va vi vay ciing phuong) véi moi
vecto. Do do6, cac vecto-khong déu bang nhau va duge ki hieu chung 1a 0.

& Vi du 2

Cho hinh lang tru ABC A’B’C’ (H 2.8).
a) Trong ba vecto BC, CC" v B’B vectd nao bang vecto AA™? Giéi thich vi sao.

b) Goi M la trung diém ctia canh BC. Xac dinh diém M’ sao cho MM’ = AA’.

a) Hai dudng thang AA’ vi BC chéo nhau nén hai vecto AA
va BC khong cung phuong. Do dé, hai vecto AA va BC
khong bang nhau.

Tu giac ACC'A’ 1a hinh binh hanh nén AA'//CC’ va
AA" = CC'. Hai vects AA' va CC' c6 cung do dai va
cting huéng nén hai vecto d6 bang nhau.

N (o0 gidi. Tuong tu, hai vecto A—_AZ va @) c6 cung do dai va ngudc
huéng nén hai vecto AA’ va B'B khong bang nhau.

b) Goi M’ la trung diém ctia canh B'C’. Vi tit giac BOC'B’
l& hinh binh hanh néen M M'//BB’ va M M' = BB’. Hinh
lang tru ABC.A'B'C" ¢c6 AA’//BB' va AA’ = B8 _suy ra
MM']JAA" va MM' = AA'. Hai vecto MM va AA' c6
cung do dai va cung huéng nén MM’ = MM = AA., Vay trung
diém ctia canh B'C’ la diém M’ can tim.

@ ho hinh choép S. ABCD co day ABCD la hinh binh hanh
a) Trong ba vecto SC AD va DC vectd nao bang vecto AB?

b) Goi M 1a mot diém thuoc canh AD. Xac dinh diém N sao cho M N = Zé
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Chuong 1. VECTO VA HE TRUC TOA DO TRONG KHONG GIAN

Il. TONG VA HIEU CUA HAI VECTG TRONG KHONG GIAN

1) Téng chia hai vecto trong khéng gian

Trong khong glan cho hai vects @ va b. Lay ba diém O, A, B sao cho OA =
AB=1.Ta goi OB la tong clia hal vecto @ v b , ky hieu @ + b
Phép lay tong ctia hai vecto @ va b duge goi la phép cong vecto.

A
= _b)\
a —
a
B

 NHAN XET. Quy tdc ba diém: Véi ba diém A, B, C, ta c6
AB+ BC = AC
Quy tac hinh binh hanh: Cho ABCD la hinh binh hanh, ta c6

AB+ AD = AC

Quy tac hinh hop Cho hinh hop ABCD.A'B'C'D’. Ta ¢6
AB + AD + AA = AC" o
Heé thic tuong ty: BA+ BC + BB’ = BD'.

—

@ Tinh chat giao hoan: @ + b=1b+
@ Tinh chét két hop: (a + b) +2=27

N
@ V6i moi vects @, ta luon c¢6: @ + 0 =

@ Toéng ctia ba vecto @, 3, 2 T+b+C= ((—1’4—7;) + 2.

& Vidu 3

Cho hinh 1ap phuong ABCD.A'B'C'D’ ¢6 do dai méi canh bang 1 (H.2.12). Tinh do dai cia
vecto BC' + DD'.
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§1. VECTO TRONG KHONG GIAN

B

; C
Tw giac ABCD la hinh vuéng nén BC' = AD. l
N I ... Dod6 BC+ DD =AD + DD’ = AD'. !
Lot gial. ) |
Ta giac ADD'A’ 1a hinh vuéng nén AD' = |

VAD? 4 DD”? = +/2, suy ra |BC + DD'| = V2. 2 c

A ad /

Hinh 2.12

$> Vidu 4

Cho tit dien ABCD (H.2.13). Chitng minh ring AC + BD = AD + BC.

Theo quy tic ba diém trong khong gian, ta c6 AC = E-I— DC.
Tu d6 lan luot ap dung tinh chat ctia phép cong vecto trong
N 0o gidi, khong gian, ta dugc:

A
AC + BD = (AD + DC) + BD = AD + (DC + BD) C
_ D+ (BD + DC) — 4D + BC. 0
B

Hinh 2.13

\J
' (3) Cho tit dien ABCD (H.2.13). Chitng minh ring AB + CD = AD + CB.
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Chuong 1. VECTO VA HE TRUC TOA DO TRONG KHONG GIAN

2) Hiéu cua hai vectd trong khdng gian

® Vecto déi ctia @ ki hieu la —@.

® Vecto dbi ciia AB la BA, nghia la —AB = BA (dung dé lam mat dau tri trude
vecto).

® Vecto 0 duge coi 1a vecto déi ciia chinh né.

Dinh nghia hiéu ctia hai vectd: Trong khong gian, cho hai vecto @, b. Ta goi

@+ (—3) la hiéu ciia hai vectd @ va b, ky hicu @ — b.

Phép lay hiéu ctia hai vecto dugc goi la phép trir vecto.

(DVéibadiémA,B,CtacéE—Zé:CTB).

® Haivecto @ va b déinhau thi @+ b = 0.

¢ Vidu5

Cho hinh chép S.ABCD cé day ABCD la hinh binh hanh. Goi M, N lan lugt 1a trung diém
cia AB,CD (H.2.16). Chiing minh ring:

B

Hinh 2.16

a) AM va CN la hai vecto déi nhau;
b) SC — AM — AN = 5A.

[ o{g‘ijzfc&; a) T giac ABCD la hinh binh hanh nén AB = CD va AB//CD, suy ra AM = CN

va AM//CN. Hai vecto AM va CN c6 cung do dai va nguge huéng nén ching 1a hai vecto do6i

nhau.

b) Tu cau a, ta c6 CN = —AM.
SuyraS_C')—m—zm:S_C')+C—N>—m:STV)—m:STV>+m:ST4>.
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§1. VECTO TRONG KHONG GIAN

>
' @ Trong V1 du 5, chiing minh réng:

a) BN va D] DM la hai vecto d6i nhau;
b) SD— BN —CM = SC.

3) TiCH CUA MOT SO VGl MOT VECTO TRONG KHONG GIAN

Trong khong gian, tich cia mot s6 thuc k # 0 v6i mot vecto @ # 0 1a mot vecto, ki
hiéu 1a k@, duge xac dinh nhu sau:
& Cung huéng vé6i vects @ néu k > 0; ngudc huéng véi vecto @ néu k < 0;

& C6 do dai bang |k| - ||
Trong khong gian, phép lay tich ctia mot s6 thuc véi mot vecto duge goi 1a phép nhan
mot sé6 véi mot vecto.

® Quy wéc k@ = 0 néu k=0 hoic @ = 0.
® Néu k@ = 0 thi k=0 hosic @ = 0.

¢ Trong khong gian, diéu kién can va di dé hai vecto @ va b (3 + 6) cling phuong
13 c6 mot s6 thuc k sao cho @ = kb.

> Vi du 6

Trong HD6, goi O la giao diém ctia AB’' va A’'B (H.2.18).
Chiing minh rang CC’ = (—2)OM.

Hinh 2.18

[ p@%[ézf. Vi O la trung diém ctia AB’ nén OM la dudng trung binh clia tam gidc AB'B. Suy
ra B'B//OM va B'B = 20M. Tt giac BCC’'B’ 1a hinh binh hanh nen B'B//C'C va B'B = C'C.
Do d6 C'C'//OM va C'C = 20M. Vi hai vecto CC”" va OM nguge huéng nén CC" = (—2)OM.

' @ Cho hinh chép S.ABCD c6 day AB C’D la hinh bmh hanh. Goi F, F' 1an lugt 1a cac diém
thudc cac canh SA, SB sao cho SE = SA SF = —SB Chitng minh ring EF = —DC
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Chuong 1. VECTO VA HE TRUC TOA DO TRONG KHONG GIAN

Tuong tu nhu phép nhan mot sé véi mot vecto trong mat phang, phép nhan mot s6 véi

mot vecto trong khong gian c6 cac tinh chat sau:
— Tinh chat két hgp: Néu h, k 1a hai s6 thyc va @ 1a mot vecto bat ki thi h(kd) =
(hk)@.
— Tinh chat phan phéi: Néu h, k 1 hai s6 thuc va @, b 13 hai vecto bt ki thi (h+k)d =
hd +kd vak(d+ b)=kd +kb.

— Tinh chat nhan vé6i 1 va —1: Néu @ 1a mot vecto bat ki thi1d = @ va (—1)d = —a.

> Vidu 7

Cho tt dien ABCD. Goi G la trong tam cta tam giac BC'D (H.2.19). Chitng minh réng
AB+ AC + AD = 3AG.
A

C
Hinh 2.19

v

@Vl G la trong tam ctia tam giac BC'D nén GB+GC+GD=0.
Do do6 ta c6: AB+ AC + AD = AG+GB+ AG+GC + AG+GD
=3AG + (GB + GC + GD) = 3AG + 0 = 34G.

 NHAN XET. Tuong tu nhu trong mat phang, néu G la trong tam clia tam giac ABC thi
v6i diem O tuy ¥, ta co

OA+ OB+ OC = 300.
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§1. VECTO TRONG KHONG GIAN

Trong Vi du 8, goi I 1 diém thuoc doan thang AG sao cho Al =3IC (H.2.19). Chiing

minh rang

@ Khi chuyén dong trong khong gian, méay bay luon chiu tac dong ctia bén lire chinh: e
day ctia dong co, lyc can ciia khong khi, trong lite va lite nang khi dong hoc (H.2.20). Lutc
can clia khong khi ngude huéng véi lue day ctia dong co va c¢6 do 16n ti 1é thuan véi binh
phuong van toéc méy bay. Mot chiéc méy bay tang van tdc ti 900 km/h léen 920 km /h,
trong qua trinh tang téc may bay gitt nguyén hudéng bay. Lic can clia khong kh1 khi may
bay dat van téc 900 km/h va 920 km/h lan lugt duge biéu dién bdi hai vecto F1 va Fg
Hay giai thich vi sao F 1= — kF 5 v6i k 1a mot s6 thic duong nao d6. Tinh gia tri cia k
(lam tron két qua dén chit s6 thap phan thi hai).
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Chuong 1. VECTO VA HE TRUC TOA DO TRONG KHONG GIAN

. TicH vO HUGNG CUA HAI VECTCG TRONG KHONG
GIAN

1) Géc cua hai vectd trong khdng gian

Trong khong gian, cho hai vecto @, b khéc 0. Lay mot diém O bat ki va goi A, B 1a
hai diém sao cho OA = @,0B = b. Khi do, géc AOB (0° < AOB < 180°) dudc goi la
gbc gitta hai vectd @ va b, ki higu 1a (@, b).

74 z .~ . N = N N P . N i ~ Z
Q NHAN XET. Néu goc gitta hai vecto @ va b 14 90° thi ta néi hai vecto @ vd b vuong goc
P N 12 1ta N i
v6i nhau va ki hieula @ L b.

— Dé xéc dinh géc giita hai vecto AB va CD trong khong gian ta c6 thé lay diém E
sao cho AE = CD, khi d6 (AB,CD) = BAE (H.2.23).

— Quy udc gée gita mot vects bat ki va 0 c6 thé nhan mot gid tri tuy ¥ tit 0° dén

180°.
B
A o
E
C \
D
Hinh 2.23
> Vidu 8
Cho hinh lap phuong ABCD.A'B'C'D’ (H.2.24).
Tinh goc gitta cac cap vectd sau:
a) AD va B'C’, b) AC va A'D’.
B
. C
A i >D
e A '
ale Dy
Hinh 2.2

12 > S iy v Bicn soan: 4 Vlinky Xpa 0399653362



§1. VECTO TRONG KHONG GIAN
o @zjm’,&; a) Hai vecto AD va B'C" ciing huéng nén (E, B'C") = 0°.

b) Vi tif gidc ADD'A’ 1a hinh binh hanh nen AD = A'D'.
Do do (AC AD D") = (AC,AD) = CAD. Tam gidc ADC vudng can tai D nén CAD = 45°, vi vay
(AC, A'D)) = 45°.

>
' Cho hinh lang tru tam gidc déu ABC.A'B'C’ (H.2.25). Tinh cac goc (ﬁ, B—C)) va
(AB,A'C).

C

Cl
A/

2) Tich v6 hudng cia hai vectd trong khdng gian

Trong khong gian, cho hai vectd a, b ddu khac 0. Tich vo huéng clia hai vecto @ va
b 1a mot s6, ki hieu 1a @ - b dugc xac dinh bdi cong thic:

T :|a|-\b|-cos(a,b).

—

® Quy w6cnéu @ = 0 hodc b = 0 thi @ b =
& Cho hai vecto @, b déu khac 0. Khi d6: @
a

& V61 moi vecto

,taco @2 =|d|*

® Néu @, b 1a hai vecto khac 0 thi cos(d@, b) = —%,
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Chuong 1. VECTO VA HE TRUC TOA DO TRONG KHONG GIAN

> Vidu9

Cho hinh chép tit gide deu S.ABCD c6 do dai tat cd cac canh bang a (H.2.26). Tinh cac
tich vo6 huéng sau:

a) AS.BC ;

b) AS - AC.

Hinh 2.26

() ﬂ@z(jzm

a) Tam giac SAD c6 ba canh bing nhau nén la tam giac déu, suy ra SAD = 60°. Tu giac
ABCD la hinh vuéng nén AD = BC, suy ra (AS, BC) = (AS, AD) = SAD = 60°. Do d6

—_—s — —> — 1 2
AS-BC:]AS\-\BC]-COSGOO:a-a-§:%.

b) Tt giac ABCD la hinh vuong c6 do dai méi canh la @ nén do dai duong chéo AC 1a v/2a.
Tam gidc SAC ¢6 SA = SC = a va AC = \/2a nén tam gidc SAC vuodng can tai S, suy ra

@:45°.D0d614_§-14—6’):|E|~|14—C')|~cos@:a-\/§a~g:a2.

»
' @ Trong Vi du 10, hay tinh cac tich vo huéng AS.BD va AS-CD.
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§1. VECTO TRONG KHONG GIAN

Q NHAN XET. Tich vo huéng ctia hai vecto trong khong gian ciing c¢6 cac tinh chat giong
nhu cac tinh chat clia tich vo huéng ciia hai vecto trong mat phang. Cu thé, néu @, b, ¢
1 céc vecto trong khong gian va k 1a mot s6 thuec thi ta co:

©T-b=10-a;

O K@ -b)=(ka) b=a-(kb);
©a-(b+2e)=a-b+a-7.

> Vi du 10

Cho tit dien ABCD c6 AC va BD ciing vuong goc véi AB. Goi M, N lan lugt 1a trung diém
ctia hai canh AB,CD (H.2.27). Chiing minh rang:
—_ 1 — —
a) MN = S(AC + BD);
b) MN - AB = 0.

Hinh 2.27

O o7 gici. ) Ta c6: MN = MA+ AC + CN va MN = MB + BD + DN.

Do dé 2MN = (MA + MB) + (AC + BD) + (CN + DN).
Vi M, N lan lugt 1a trung diém ctia AB,C'D néen MA + MB =CN + DN = 0.

Suy ra 2MN = AC + BD, hay MN = %(A_C)%—B—D))
b) Tit gi4 thiét, ta c6 AC - AB = BD - AB = 0.
Vivay, MN - AB = (AC + BD) - AB = JAC - AB + ;BD - AB =0,
N\
Cho hinh lap phuong ABCD.A'B'C'D'. Chiing minh ring A'C - B'D’ = 0.

» Swwe targ va Bién soan: Lé mné)(/za 0399653362
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Chuong 1. VECTO VA HE TRUC TOA DO TRONG KHONG GIAN

(13) Nhu da biét, néu c6 mot lye F tac dong vao mot vat tai diém M va lam cho vat d6 di
chuyén mot quang duong M N thi cong A sinh ra duge tinh theo cong thiic A = F-MN ,
trong d6 lyc F ¢6 do 16n tinh bang Newton, quang duong M N tinh bang mét va cong A
tinh bing Jun (H.2.28). Do d6, néu dimg mot lyc F c6 do lén khong déi dé lam mot vat
di chuyén mot quang duong khong déi thi cong sinh ra sé 16n nhat khi luc tac dong cling
huéng véi chuyen dong clia vat. Hay gidi thich vi sao.

Két qua trén c6 thé duge ap dung nhu thé nao khi kéo (hosic day) cac vat ning?

—

F

M N
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§1. VECTO TRONG KHONG GIAN

1) Trac nghiém nhiéu phuong an lua chon

¢ Cau 1. Cho tu dien ABCD. Dat AB = @, AC = 3, AD = ¢C. Goi G la trong tam tam giac
BCD. Dang thiic nao sau day diang?

@ AC=T+b+7. Z@:;E b+ 2).
— 1 1 N

© AG = §(a+b+c) @AGZZZL) b+ 7).

B

¢ Cau 2. Cho tit dien ABCD. Dt AB = @, AC = b, AD = 2. Coi M la trung diém cia doan
BC'. Dang thiic nao duéi day ding?

e N

A) DM = = (a+b—20) DM:§(?[+2 — 7).

© DM = =(@ -20 + ) ® DM =43+ —2).

A
¢ Cau 3. Cho ti dien ABCD. Goi M va P lan lugt 1a trung diém ctia cac canh AB va CD. Dit
AB = b, AC = ¢, AD = d. Khing dinh nao sau day ding?

@ M :§c+d+b). MP:§(d+b—c).

1 — — _— 1 — —

$> Cau 4. Cho t dien ABCD va diém G théa man GA + GB + GC + GD = 0 (G la trong
tam ciia tit dien). Goi Gy 1a giao diém ctia GA va mat phang (BCD). Khang dinh nao duéi day
ding?

@) GA = —2G,G. GA = 4G,C.
© GA =3GG. D) GA = 2G,G.
C
$® Cau 5. Cho hinh chép S.ABCD c¢6 day ABC D 1a hinh binh hanh. Dat SA = a,SB = 6),
SC = ¢, SD = d. Khang dinh nao dudi day la ding?
@ T+T=0b+4d. ®3+b+C+d=0
©ad+d=b+7 ®Dad+b=7C+d
4> Céu 6. Cho hinh ling tru ABC.A'B'C’. Dat AA' = @, AB = b, AC' = 2. Goi G' Ia trong
tam cta tam gidc A’B'C’. Vecto AG’ bang?
1 — rig — 1 — rig —
@§(a+3b+c). 5(3a+b+c).
1 — e — 1 — e —
©§(a+b+36). ®§(a+b+c)
<>‘> Cau 7. Cho hinh lang truy ABC.A’B'C’. Dat AA — @, AB = _b), AC =7 Hay biéu dién vecto
B'C theo @ a, b 7
@BC=a+0 -7 ® BC=-a+b -7
© BC=4d+b+7. D) BC=-d—- b+ 7.
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Chuong 1. VECTO VA HE TRUC TOA DO TRONG KHONG GIAN

$> Cau 8. Cho hinh lang tru tam gidc ABC.A'B'C'. Dat AA =@, AB=1b,AC =72, BC = d.
Khang dinh nao sau day la ding?

®aT=0+7 ®a+b+c+d=0
@b—c+d_0 Dad+b+7=d.
C

> Cau 9. Cho hinh lap phuong ABCD.A'B'C'D’. Goi O la tam ciia hinh lap phuong. Khang
dinh nao sau day la dang?

@Ao— (AB + AD + AA)). AO— AB+AD+AA’)
@AO_ (AB + AD + AA)). @AO_ (AB + AD + AA)).

g} Cau 10. Cho hinh hop ABCD.A'B'C'D'. Diat AB = @, AD = b, AA’ = 2. Phan tich vecto
AC" theo @, b, C?
® AC' = -7+ b + . ® AC =T +b - 2.
@AC’—a’+b+‘c’ a—-b+7¢
C

&> Cau 11. Cho t dien ABCD. Diém N xac dinh béi ding thic sau AN = AB + AC — AD.
Ménh dé nao ding?

(A) N la trung diém BD..
N la dinh hinh binh hanh BCDN ..
(©) N la dinh hinh binh hanh CDBN ...

D) N = A.
C

> Cau 12. Cho hinh hop ABCD.A'B'C'D’. Goi M la diéem dugc xac dinh béi ding thic sau
MA+ MB+ MC +MD + MA + MB' + MC' + MD' = 0. Ménh dé nao ding?
(A) M 1a tam mat day ABCD..
M la tam mat day A’B'C'D’..
(© M la trung diém doan thang ndi hai tam ctia hai mat day..
(D) tap hgp diém M 1a doan thang ndi hai tam ctia hai mat day..
C

$> Cau 13. Cho ba vecto @, 3, . Diéu kien nao duéi day khang dinh @, 7;, <

dong phing?
(A) Ton tai ba s thuc m,n,pthéaménm+n+p=0v§1m5’+n3—|—p 0.
Ton tai ba s6 thyc m,n,p théa man m+n+p#0vama +nb +p 0

(C©) Ton tai ba s6 thuc m,n,p sao cho md + nb +p?C = 0.

>
C

—
C

(D) Gia cia @, 3, ¢ dong qui.
B
<> Cau 14. Cho ba vecto @, 3 ¢ khong dong phéang. Xét cac vecto T = 2T+ b va Y=a- s
va 7 =—3b — 22, Khéng dinh nao duéi day la ding?

7,7y, 7 dong phang.
7, b cung phuong. D)

®
©
A
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¢S Cau 15. Cho ba vecto @, T;, ¢ khong dong phang. Khang dinh nao dusi day ding?

T=T+b+2C vy =20-3b—-6CvaZ=—a+3b+6¢ dong phing.
T=7-20+42 a7y =30 -30+2Cva 2 =27 3D — 3¢ dong phing.
T=T+b+Cvay=28-3b+Cvaz=-—a+3b+3C dong phing.
T=T+b-CWwy=20—-b+3vwawZ=—-a— b +22 dong phing.

>

O
OO 4 »OO®E

16. Meénh dé nao sau day la sai?

c

, ¢ ddng phing néu mot trong ba vects do bing 0.

S

, ¢ dong phang néu c6 hai trong ba vecto dé ciing phuong.
ong hinh hop ABCD.A'B'C'D’ ba vecto AB’,C'A’, DA’ ddng phing.

=3+ b+ ¢ luon dong phang véi hai vects @ va b

S I

>

2

o@® 0o v ® o o

u 17. Cho hinh hop chit nhat ABCD.A'B'C'D’. Déang thiic nao sau day ding?
AB = CD. @ AC =CA" © AA = B'B. ©) BD = B'D.
¢ Cau 18. Cho ba diem A, B, C tuy §. Ménh dé nao duéi day sai?

AB+BA=10. ®) AB + BC = —CA.
AB - AC =CB. ®) OA + AB = BO.

¢> Cau 19. Cho hinh hop ABCD.A'B'C'D’ (xem hinh du6i), tong ciia DA + DC + DD’ 1a vecto
nao dudi day?

A/ ‘ D/
B — Cr
Ak--===-1 - X
N
C
@) DB. DB. © BD. ©) BD.
A
$® Cau 20. Cho tit dien ABCD. Khang dinh nao duéi day ding?
@) AB+CD = AC + DB. ®) AC + BD = AB + CD.
© AD + BC = AB + DC. ©) BA+CD = BD + CA.
D

$> Cau 21. Tim khang dinh sai trong cac khing dinh sau.

(A) Véi 3 diém M, N, P tiy ¥ ta luon ¢c6 MN + NP = MP..
Véi 3 diém O, A, B tiy ¥ ta luon c6 OA — OB = AB..
(© Vecto b la vecto déi cita vectd @ néu |@| = || va @, b la hai vecto nguge hudng..
(D) Méi vecto déu c6 vecto déi. Vecto doi ciia AL la BA, vecto déi ciia 0 1a 0.
B

» Swwe targ va Bién soan: Lé /’Z[n/{ K/{a 0399653362



Chuong 1. VECTO VA HE TRUC TOA DO TRONG KHONG GIAN

$> Cau 22. Cho hinh hop ABCD.A'B'C'D’. Goi I,J lan lugt 1a trung diém cia AB' va CD'.
Khang dinh nao dudi day ding?

@) Al =CJ. ® DA =1J. © BI=D'J. ®) AT =JC.

D

> Cau 23. Cho |@| = 3, |—b)\ = 5, goc gitta @ va b bang 120°. Khang dinh nao sai trong cac
khang dinh sau?

—

@|a—b|—7 ® |+ b|=+19.
© |T+2b]=09. O |@ —2b]| =+/139.
B

¢ Cau 24. Cho hai vecto @, b théa man: |'d| = 26; |Z)| = 28;|d + ?))| — 48. Do dai vecto @ — b
bang

@) 25. V616. © 9. (D) V618.
B

$® Cau 25. Cho tit dien ABCD, goi M, N lan lugt 1a trung diém ctia AB, AD. Khi d6, vecto cling
huéng véi vecta M N la vecto nao dudi day?

@) MA. CD. © DB. ®) BD.

D
$> Cau 26. Cho tit dien ABCD, O la trong tam tam giac BC'D, M la trung diém ciia AD. Khang
dinh nao duéi day dang?

A) OM = gAB - §A(J + 6AD. OM = —gAB + gA(J + 8AD.

M=—-—-AB—--A —AD. M =-AB+ -AC — -AD.

©o 3 3 CI 6 @ O 3 + 3 A 6

& Cau 27. Cho tit dien SABC. Dat SA = @,SB = b,SC = 2. Goi M la trung diém ctia SA,

N la diém trén canh BC sao cho NC = 3NB. Phan tich vectc M N theo ba vecto @, b v ? ta
dugc

Sy
+
| ol | o

o

+

z.
z. ®

SRR
= =
==
Il Il
N | DO —
el

SR
SN
= =
o)

| Qo | o
N N

> Cau 28. Cho ba diém A, B, C tuy . Ménh dé nao duéi day ding?

© AB+CB = AC. @AB—l—AC’:BC.
B

> Cau 29. Cho tit dien ABCD c¢6 G la trong tam tam giac BCD. Khang dinh nio sau day
ding?

@14_65:—1(,@’+14_(5+E). Q_’:%<AB+AC+AD)
(%Zéz%(ABJrACJrAD) @—*:—g(AB+AO+AD>
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$> Cau 30. Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh tam O. Chon ménh dé
ding.

@) SA+ SB+ SC + SD = 450. ®) SA+ SB+ SC + SD = 850.

(© SA+SB+SC+ SD =250. (D) SA+ SB+ SC+ SD = 405.

A
¢S Cau 31. Cho tit dien ABCD. Goi G la trong tam tam gidc ABD. Meénh dé nao dudi day
dang?

@CG— CA~|—CB+C’D) CG— CB~|—C’A)
@CG—BCB+CA CD) @CG— CA+CB+C’D)

¢S Cau 32. Cho hinh hop ABCD.A’B'C’'D’. Tim ménh dé sai trong cdc ménh dé dudi day:

@) AD' = BC'. ® BC =AD. ©) & =D ©) AB = D'C".
C
$» Cau 33. Cho tt dien ABCD. Chon ding thiic ding.
(© AB+CD = AD. D) AB—-CD = AD.
A

¢ Cau 34. Cho hinh hop ABCD.A,B,C,D;. Tim gié tri ctia k thich hop dién vao déng thic
vecto: AB + BlCl + DD1 = kACl

@ k=4 ® k=1. © k=0. ® k=2
B

¢ Cau 35. Cho ti dien ABCD. Goi G la trong tam tam gidc ABC. Tim gia tri ctia k& thich hop
dién vao ding thiic vecto: DA+ DB + DC = kDG.

® k=3 ® k=2 © k=3 ® k=
C

$» Cau 36. Cho hinh chép S.ABC, goi M, N lan lugt la diém thuoc canh SB,SC sao cho
SM =3MB,CN = %NS. Tim s6 thuce k thoa man MN = kCB.

® 3 ® 3 © % ®
C

$> Cau 37. Cho hinh lang tru ABC.A’B'C". Goi M la trung diém ctia BB'. Trong cac khang dinh
sau, khang dinh nao ding?

A~ w

@) AM = AB + AA'. @) AM = 2AB + AA',
@W:E+%XZ’. @W:%@+%ﬁ.
C

$® Cau 38. Cho ba diém A, B, C tiy y. Ménh dé nao duéi day sai?
@) AB+BA=7. ®) AB+ BC = —CA.
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© AB - AC—CB. ©) O+ 4B - BO.

$> Cau 39. Cho hinh hop ABCD.A'B'C'D’ (xem hinh dudi), tong ciia DA+ DC + DD’ 1a vecto
nao dudi day?

,C/
| D’
A ;
' B
ATT e --c
=
D
@) DB DB. © BD. ®©) BD.
$> Cau 40. Cho tu dien ABCD.KhngOnhnodiQyDng?
@) AB +CD = AC + DB. ®) AC + BD = AB + CD.
(© AD+ BC = AB+ DC. (©) BA+CD = BD + CA.

¢ Cau 41. Tim khang dinh sai trong cac khing dinh sau.
(A) Véi 3 diem M, N, P tiy § ta luon ¢6 MN + NP = MP.
Véi 3 diém O, A, B tiy ¥ ta luon c6 OA — OB = AB.
(© Vecto b 1a vecto déi ciia vectd @ néu <] = |F| va @, b 1a hai vecto nguge huéng.
(D) Mbi vecta déu cé vecto ddi. Vecto déi ciia AB la BA, vecto déi ciia 0 1a 0.

> Cau 42. Cho hinh hop ABCD.A'B'C'D’. Goi I,J lan lugt la trung diém cia AB’' va CD'.
Khéng dinh nao duéi day ding?

B/
,C/
| D’
A {
' B
Ao ---C
AB
D
@) Al =CJ. ® DA =1J. © BI=D'J. ®) A'T=JC.
> Cau 43. Cho hinh hop ABCD.EFGH. Goi O la trung diém C'H. Khing dinh nao sau day
ding?
@BO:§BA+§BC+§BF. (D) BO = BA+ BC + BF.

&> Cau 44. Cho tit dien ABCD. Goi G la trong tam tam gidgc BCD. Diém M thoi man AM =
AB + AC + AD. Ménh dé nao dudi day ding?

(A) M trung véi G. M thuoe AG va AM = 3AG.
(© G la trung diém AM. (D) M la trung diém AG.

> Cau 45. Cho tit dien ABCD c6 trong tam G va I 1a trung diém ctia BC. Tim diém M thoa
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man |MA + MB + MC + MD| = |AB + AC).

(A) M trung véi G. M la trung diém ctia Al

(©) M la trung diém AG. (D) M ndm trén mat cau tam G.
$® Cau 46. Cho hinh lap phuong ABC'D.A;B,C1D;. Tinh c¢6sin ctia goc gitta cdp vecto AB va
AqCY.

Al D1

@ o. % = ®) _%2

¢ Cau 47. Cho hinh lap phuong ABCD.EFGH canh a. Tinh s6 do goc giita hai vecto AH va
EG.

D
——————C
A=
i),
/\)’****::::7 G
E ) F
@) 30°. 45°. © 60°. D) 90°.
¢S Cau 48. Cho hinh lap phuong ABCD.EFGH. Goc gitta cap vecto AF va EG bang
@) 30°. 120°. © 60°. ®) 90°.
&> Cau 49. Cho ti dien ddu ABCD. Tich vo hudng AB - CD bing
=3 a2 ,
$> Cau 50. Cho tit dién déu ABCD canh a. Tinh tich vo huéng AB - AC theo a.
1
® 5o a2, © —a. ® %gaz.

¢ Cau 51. Cho tt dien ABCD, goi I la trung diém ciia doan théing AB. Vecto Al cung huéng
vGi vectd nao sau day?

@) BI. ®) CD. © CI. ©) AB.
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¢> Cau 52. Cho hinh hop ABCD.A'B'C'D' (Hinh 7).

A/
D/
B! 0
q
D
B
Hinh 7¢
Khi d6, AA’ + AD bing
@) AD'. AB. © AC'. ©®) AC.
> Cau 53. Cho hinh hop ABCD.A, B,C,D;. Dang thiic nao duéi day sai?
Bl
c1
| D
Al ;
' B
R R ---s¢
=
D
@) BC + BA = B,C; + BiA;. AD + D:C, + D1A; = DC.
@BC—i—BA—i—BBl:BDl. @BA+DD1+BD1:BC.

> Cau 54. Cho tit dien ABCD. Goi M, N lan lugt la trung diém ctia BC,CD. Goi G la trong
tam ciia tam giac BO'D. Khi d6, AB + AC + AD bang
A

@) 6AM. 3AN. © 3AG. D) 6AG.
¢ Cau 55. Cho hinh hop ABCD.A'B'C'D'. Goi M va N lan ludt 1a trung diem ctia BC va CD.
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Vecto nao sau day bang 2M N?

@) AD. AC. © B'D. ©®) BC.
¢ Cau 56. Cho tit dien ddu ABCD c6 canh bing 2. Khi d6, AB - CA bing

@) 2. —2+/3. © 2V3. O —2.

& Cau 57. Cho ttt dien ABCD. Lay G la trong tam clia tam giac ABC. Phét biéu nao sau day

sai?
® GA+GB+GC=T. ® GA+GB+GC+GD=T.
© GD - GA = AD. D) DA+ DB+ DC = 3DG.

& Cau 58. Goi M, N lan lugt 1a trung diém ciia cac canh AC va BD cua tit dien ABCD. Goi [
la trung diém doan M N va P la 1 diém bat ky trong khong gian. Tim gié tri ctia k thich hop dién
vao déng thiic vecto: TA + (2k — 1)IB + kIC +1D = 0.

@ k=2 B k = 4. © k=1 (D45 = 0}
9 Cau 59. Cho hinh hop ABCD.A'B'C'D’. Tim gia tri ctia k thich hop dién vao déng thitc vecto:
AC+ BA' + k(DB+C'D) = 0

@ k=0. ® k=1 © k=4 ® k=2
$> Cau 60. Cho @ va b I hai vectd cting hudng va déu khac vecto 0. Menh dé nao sau day
ding?
® 7 5715 4
©a-b=-1 ), ja|-|b].
& Cau 61. Cho hai vecto @ va b khac 0. Xéac dinh goc « gitta hai vects @ va bkhi@- b =
—lal-|b].

A) a = 180°. By — 0 © a=90°. D) a = 45°.
¢> Cau 62. Cho hai vecto @ va b théa man EalllE=s- |3| —2va @ b = —3. Xac dinh géc a gitta
hai vecto @ va b.

@ o = 30°. a = 45°. © o = 60°. © o = 120°.

- g ; — 7 . — 2, -
$> Cau 63. Cho hai vects @ va b théa méan |@| = |b| = 1 va hai vecto @ = 0 —3b va

0.

i

a-b
_S

a-b

—>

- 7 ~ . L . . . . o . -> <7
v = a + b vudng géc véi nhau. Xac dinh géc o gitta hai vecto a va b.

@ o = 90°. o = 180°. © o = 60°. ©) a = 45°.
$> Cau 64. Cho hai vects @ va b théa man didu kien |@| = || =1va @- b = 3. Tinh do dai
vectd 34 +5b.

@) 5v/5. V24, © V124. D) 124.
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¢> Cau 65. Cho hai vecto @, b thda man: |d| = 4; ]3| =3;|d — 7;| = 4. Gol « la goc gitia hai
vectd @, b. Chon khéng dinh ding?

1
@cosa:g. B a = 30°. @cosa—g D) a = 60°.
¢> Cau 66. Cho @, b c6 (@+2b) vuong goc vdi vecto (5@ —45 ) va | @] = | b |. Tinh cos(T, b).
— 2 —
(A) cos(@, b) \/7_ cos(@, b) = 90°
— - 1
(© cos(d, b) = \/73 (D) cos(@, b) = o
¢ Cau 67. Chohalvectda b thoa man: |a|—4 |b|—3 . b = 10. Xét hai vecto ¥ = -0,
T =7 —2b. Coi a la géc gitta hai vects 2, 7. Chon khing dinh ding.
-9 1
cosaw = ——. cosaw = ——.
ST -V
cosaw = ——. cosaw = ——.
© eosa = I3 D =
<o Cau 68. Cho hai vecto @, b théa man: |d| = 26; | b| = 28;|d + 3| = 48. Tinh do dai vecto
-1
@A) 25. V616. © 9. (D) V618.

¢> Cau 69. Cho hai vects @ va b c6 |@| =5, |b| = 12 va |@ + b| = 13. Khi d6, cosin ciia goc
gitta hai vects @ — bvaad+b bang

12 5 119 119

3 ® 5 160 169°
¢ Cau 70. Cho @ = @ + 30 vuong goc véi v = 7d — 50 T = @ —4b vuong goc véi
7 =72 —2b. Khi d6 goc gifta hai vecto @ va b béang

® (@ 5) =175 (@) = 60°.
© (@.5) = 120" © (7.7) = 15"

$® Cau 71. Cho ti dien ABCD c6 AB = AC' = AD va Z/BAC = ZBAD = 60°. Tinh gbc gitta
cap vecto AB va CD.

@) 60°. 45°. © 120°. (D) 90°.
$® Cau 72. Cho hinh chép S.ABC ¢6 SA =SB = SC va ZASB = /BSC = ZCSA. Tinh goc
gitta cap vecta SA va BC.

@) 120°. 90°. © 60°. ©) 45°.
¢ Cau 73. Cho hinh chép S.ABCD c6 day 1a hinh vuong ABC'D canh bang a va cic canh bén
déu bang a. Goi M va N lan lugt 1a trung diém ctia AD va SD. S6 do ctia géc (M N, SC) bang:

@A) 45°. 30°. © 90°. (D) 60°.
$> Cau 74. Cho tit dien ABCD déu canh bang a. Goi O 1a tam dudng tron ngoai tiép tam giac
BCD. Géc gitta AO va C'D bang

@) 0°. 30°. © 90°. (D) 60°.
> Cau 75. Cho tt dien ABCD vé6i AB L AC,AB 1 BD. Goi P,Q lan lugt la trung diém cia
AB va CD. Géc gitta PQ va AB biang

@A) 90°. 60°. © 30°. (D) 45°.
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> Cau 76. Cho hinh lang tru déu ABC.A'B'C" ¢6 AB = a va AA' = /2a. Géc gitta hai duong
thang AB’ v BC' bing
A r C

B/

@ 60°. 45°. © 90°. ®) 30°.

¢ Cau 77. Cho hinh lap phuong ABCD.A,B,CyD; ¢6 canh a. Goi M la trung diem AD. Gi4 tri

_—s ——

BlM . BD1 la:
AL 1 Bl
D1 & ! .
-4 |
/1%/——— »—\—\—\—\— B
M 270N
DL -
C
1 2 2 3 2 3 2
@5(1. (l. @ZCL @5(1
¢ Cau 78. Cho hinh lap phuong ABCD.EFGH. Tinh goc gitta cip vects AB va EG.
E
‘ r H
F
! G
Al
/} 77777 Z ‘D
B (Ga
@A) 90°. 60°. © 45°. (D) 120°.

$® Cau 79. Cho hinh lap phuong ABCD.A'B'C'D’. Goi M, N lan lugt 1a trung diém ctia AD, BB'.
Cosin ctia goc hgp béi MN va AC’ bang

@?. g @?- @?-

&> Cau 80. Cho tt dien ABCD. Diat AB = @,AC = b,AD = €. Goi G la trong tam tam gidc
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BCD. Dang thiic nao sau day ding?

@ AG=T+b+7 ® AC=3(T+b+7)
@AG:§(6’+b+E’) D AG=-(d+ b+ 7)

> Cau 81. Cho hinh lap phuong ABCD.A;B,;C,D;. Goi O la tam ctia hinh lap phuong. Dang
thic nao sau c’[ay ding?

@AO_ (AB + AD + AA,). AO_ AB+AD+AA)
@AO_ (AB + AD + AA;). @AO_ (AB + AD + AA;).

$® Cau 82. Cho ti dien ABCD. Dit AB = a, AC =1 , AD = 2. Goi M la trung diém ctia doan
BC'. Déang thiic nao dudi day ding?

1—> o 1—> = —
@DM—2a+b—20) DMzé(a+2b—c).

1, - 1
@DMzﬁ(a—Qb+c). @DM—2a+2b—c)

> Cau 83. Cho tit dien ABCD. Goi M va P lan luot 1a trung diém ctia cac canh AB va CD.
Dat AB = b, AC = ¢, AD = d. Khang dinh nao sau day ding?
A
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1 _) — — —_— 1 —» — —

@ M :§c+d+b). MP:§(d+b—c).

1 — — P — 1 — -

© M :§?+b d). ®MP:§<?+d_b)'
%> Cau 84. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Dat SA=7, SB=10,

SC =72, SD=4d. Khéng dinh nao duéi day ding?

@D T+C=0b+4d.
@3 d=0+7.

dién tich ¢ (don vi: C) duge tinh theo cong thiic F = qﬁ , trong do6 E I cuong do dién truong
(don vi: V/m). Tinh do 16n ctia lyc tinh dién tac dung len dien tich diém khi ¢ = 1072 C va do lén
dien truong E = 10° (V/m).

[+ +++++++ 4+ + |

—

il

@ 1074 N. 2.1076 N. © 1072 N. ® 1,8-107¢ N.

2) Trac nghiém ding sai

& Bai 1. Cho t dien ABCD. Goi M, N lan lust la trung diém ctia AB,CD va I 1a trung diém
ctia MN. Goi G la trong tam ciia tam giac BO'D. Xét tinh ding sai ctia cac khing dinh sau:

b) AC + BD = 2MN
¢) IA+IB+IC+ID =70
d) 341 —24G =70
& Bai 2. Cho hinh chép déu S.ABCD. Goi O la giao diém ctia AC va BD. Xét tinh ding sai ctia
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cac khang dinh sau:

a)A_B) CD=0.
b)“” 0C=70.
¢) SA+SB +SC + SD = 250.

d) (SA—SC)-(SB+ SD) =0.

& Bai 3. Cho hinh hop chit nhat ABCD.A'B'C'D' ¢6 AB=1,AD =2, AA" = 3. Goi M la mot
diém trén doan C'C’ sao cho CM = 2M(C’. Xét tinh ding sai ctia cac khang dinh sau:
A D’

B/

C/

a) AA = 3CM.

b) cos <AM 1_4_’6’7) =2

¢) AM = AB+ AD + 1AA’.
d) AM -B'D = 0.

& Bai 4. Cho hinh chép ti giac déu S.ABCD c6 do dai tat ca cac canh déu bang a. Xét tinh
ding sai clia cac khang dinh sau:
S

A ' B
a) T giac ABC'D la hinh vuong.
b) Tam giac SBD can tai S.

30 > Sww lirg v Bién soan: 4é 1link Xha 0399653362



§1. VECTO TRONG KHONG GIAN

¢) (SB,BD) = 45°.
d) SB-BD = —a?.
& Bai 5. Cho hinh hop ABCD.A,B,C,D; nhu hinh vé. Xét tinh ding sai cia ciac khing dinh

sau:
Al D1

w0

D

a) AB = D,C.
b) AB+ AD = BD.
c) AB + AD + zﬁ; = m
d) C6 tt ca 28 vecto khéc 0 c6 diém dau diém cudi la cac dinh clia hinh hop tren.
& Bai 6. Cho hinh chép tit giac déu S.ABCD. Goi M, N lan luct la trung diém ctia AB va CD.

Xét tinh ding sai ctia cac khang dinh sau:
S

a) AM =CN.
b) BN va DM la hai vecto déi nhau.
¢) SC — AM — AN = 54
d) SD— BM +CM = SB.
& Bai 7. Trong khong gian, cho hinh 1ap phuong ABCD.A’B'C'D’ ¢6 canh bang 1. Xét tinh dung

sai cua cac khang dinh sau:
A D’

a) DA+ DC + DD’ = DB.
b) AB + CC" = AB.
¢) |IDA+DC +DD| = V2.
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d) \BC’ BA+CA’| =1.
& Bai 8. Cho tit dien ABCD c6 trong tam G. Xét tinh ding sai clia cic khang dinh sau:

a) GA+GB+GC+GD=0.
b) OG = HOA+ OB + OC + OD).
¢) BG =GA+GC +GD.
d) AG = 2(AB + AC + AD).
& Bai 9. Cho ti dien ABCD. Goi M va N lan lugt 1a trung diém ctia AB,CD va G la trung

diém MN. Xét tinh ding sai ciia cac khdng dinh sau:
A

a) GA+GB+GC+GD =10,

b) MA+MB+MC’+MD—4MG
c) (AB+C’D)

d) 2MN = AC + BD.

& Bai 10. Trong khong glan cho hinh chop S. ABC’D co day ABCD la hinh binh hanh tam O.
Goi G la diém thoa méan GS + GA + GB + GC + GD = 0. Xét tinh diing sai cia cac khang dinh

sau:

a) AB + BC +CD + DA = SO.
b) OA+OB+0C+0D=10.
) SB+SD =S4+ 5C.

d) GS = 300.

& Bai 11. Trong khong gian, cho hinh lap phuong ABCD.A’B'C'D’ ¢6 canh bang a. Goi I 1a tam
hinh vuong ABCD, goi G la trong tam ctia tam giac AB'C. Xét tinh ding sai clia cac khang dinh

C
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Sau:

et EEEEE c

A o \
D/
a) AB + AD + AA = AC'.
b) GA+GB + GC = 2G1.
o) AB + AD = AT’
d) BD' = 2BG.
& Bai 12. Cho hinh hop chit nhat ABCD.A'B'C'D’ ¢6 canh AB = a; AD = aV/3; AA" = 2a. Xét
tinh ding sai ctia cac khang dinh sau:
A D’

C/

—_ ——>

a) AB'+CD' =70.

b) AD+CB = 0.

c) ‘A—B)—l—ﬁ‘:a\/g.

= 2v/2a.

& Bai 13. Trong khong gian, cho hinh lap phuong ABCD.A'B'C'D’ ¢6 canh bang a. Xét tinh
diing sai ciia cac khang dinh sau:

d) ‘EJFA’D’JFW

Al D’

B’ c’

|
|
|
:
|
Ak D

B C

a) BB —DB = B'D.
b) BA+ BC + BB = BD.
¢) |BA+BC + BB| = av/2.
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d) BC—BA+C'Al=a

& Bai 14. Cho |d| =3, |Z)\ =5 va goc gita @ va b bang 120°. Xét tinh ding sai ciia cac khing

dinh sau:
a) \5’+—)| = /19.
b) |@ - b|=8.
¢) |@ - 20| =139
d) |@+20b|=09.

& Bai 15. Trong khong gian, cho hai vecto @ va b ciing c6 do dai bang 1. Biét rang goc gitta hai

vecto do la 45°. Xét tinh ding sai clia cac khang dinh sau:

a)E?:@.
2
b) (7+3F) - (7 -28) = 5+ 22,
¢) |7+ 0| = ﬁ
d) [@ - 20| =

& Bai 16. Cho t1t dien déu ABCD c6 canh bang a va M la trung diém ctia CD. Xét tinh ding

sai cua cac khang dinh sau:

a

=3

o

)
)
) AB-CD =
d)

& Bai 17. Mot chat dlem 6 vi tri dinh A ctia hinh lap phu’dng ABC’D A'B'C'D'. Chat diém chiu
tac dong béi ba lyc @, b ¢ lan lugt cting huéng vdi AD AB va AC" nhu hinh va. Do 16n cua cac
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luc @, b va ¢ tuong dng 1a 10N, 10N va 20 N.

A b B
RN
D v C
N
A/‘f ,,,,, N------J B
// {\
D’ c’
a) T+ b =2
b) |@+ b|=20N
c)|a’+§|:\ + 2|
d) |@+ b+ €| ~32,59N

& Bai 18. Trong khong gian cho hinh lap phuong ABCD.A’B'C'D’ ¢6 do dai canh 1a a. Goi O la
giao diém ctia BD va AC.

a) Vecto A'C — A’A = AB + AD
b) Vectoc BC' = A’/A+ B'C’

c¢) Vecto C'O =C'A" — OA’

d) AD-AB =0

& Bai 19. Cho ti dien déu ABCD canh a. Goi M,N,G,P,Q lan luct la trung diém cta
AB,CD,MN,AC, BD.

A

a) 2@) — AB+CD
—> — —> 4 2
b) Gia tri tich vo huéng AB - (AB — C'A) bing —

c) Gi4 tri ctia GA+GB+GC =-GD
d) Géc gitta AC va MN la 60°
& Bai 20. Cho hinh chép S.ABCD c6 day ABCD la hinh vuong, SA vuong géc véi mat phang
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(ABCD). Goi I, J lan lugt 1a trung diém ctia SA, SC. G la trong tam tam giac SBD.

a) AC — AB = AD.

b) AS + AB + AD = AG.

c) 1J-BD=0.

d) AG? = AS? + AB? + AD.

& Bai 21. Mot vat ning O duge kéo tit ba huéng nhi hinh v& va chiu téc dung ctia 3 e Fy, Fa, Fs,
c6 4o 16n 1an lugt 1a 24N, 12N, 6 N. Biét goc tao béi 2 luc Fq, F 1a 120° va lie thit ba vuong goc
v6i hai luc dau tien.

C
o E
Fs
I
@) A
F
B D

a) BO + BA = BD.
b) OF = OA + OB + OC.
c) Do dai cia vects OD la |OD| = 124/7.
d) Do 16n hop luc tac dung vao vat O 1a 64/13N.
3) Cau tra I15i ngan
& Bai 1. Cho hai vects @, b sao cho |@] = v/2, |b| =2 vahaivecto T =@+ b, § =2@ — b
vuong goc v6i nhau. Tinh goc gitta hai vecto @ va b.

R 4

& Bai 2. Cho hinh lang tru tam giac ABC.A'B'C" ¢6 AA = a;AB = _b),A_C’) = C. Goi I 1a trung
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diém ctia doan théng B'C. Tinh B'T theo @, 7;, Z.

& Bai 3. C6 ba lyc cung tac dong vao mot vat. Hai trong ba liyc nay hgp véi nhau mot goéc 100°
va ¢6 do 16n 1an luot 1a 25N va 12 N. Luc thit ba vuong géc v6i mat phing tao béi hai luc da cho
va ¢6 do 16n 4 N. Tinh do 16n ctia hop Iuc cia ba luce trén.

©
Fy
E
F
0 A
2./ 100
B D
Hinh 12

& Bai 4. Cho tt dien ABCD. Goi M va N lan lugt 1 trung diém ctia AB va CD. Tim gié tri
ctia k thich hop dién vao dang thitc vecto: MN = k(AC + BD).

& Bai 5. Cho hinh hop ABCD.A,B,C,D;. Tim gia tri ctia k thich hop dién vao dang thic vecto:
AB + B,C, + DD, = KAC,.

& Bai 6. Cho 2 vects @ va b théa man |@| =4, |b| =3 va |@ +2b| = 2v7. Tinh (T, b).

& Bai 7. Cho hai vectd @ va b tao vdi nhau goc 120° va |d| = 3, |b\ = 5. Tinh |@ +2—b)|

& Bai 8. Cho ba vecto @, b, ¢ théa man |@| = 1,|b\ =2,|d— b[ = 3. Tinh (¢ —20).(2@ —1—7;)
& Bai 9. Trong khong gian, cho ti dien S.ABC ¢6 SA =SB = SC = AB = AC =2, BC = 2v/2.
Hay tinh SC - AB.

& Bai 10. Cho hinh lap phuong ABCD.A'B'C'D’. Goi M, N lan lugt 1a trung diém ctia A'D’ va
C'D'. Goi ¢ 1a goc gitta hai vecto MN va A’B. S6 do clia goc ¢ biang bao nhiéu do?

& Bai 11. Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 canh bang a. Goi M, N lan lugt 1a trung
diém ctia A’D’ va C'D’. Tich vo huéng M N - C'B = na? (n la s6 thap phan). Gia tri ctia n bing
bao nhiéu?

& Bai 12. Treo mot vat nang c6 trong luong 30 N bdi ba sgi day giong hét nhau, cac sgi day doi
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mot tao v6i nhau mot goc 90°. Goi ]—51, FQ, F 3 lan luot 1& cac Iic cang clia ba soi day néi trén. Do
2 I . . £ 2 £ < X o
16n ciia lue F'; bang bao nhiéu Niuton? (Lam tron két qué dén hang phan tram)

Y32

/g

& Bai 13. Mot chiéc 6 to duge dat trén mat day dudi mot khung sat c6 dang hinh hop chit nhat
v6i day trén la hinh vuong ABCD, mat phang (ABCD) song song véi mit phang nim ngang.
Khung st d6 duge budc vao méc E ctia chién can cau sao cho cac doan day cap FA, EB, EC,
ED c6 do dai bang nhau va cling tao véi mit phang (ABCD) mot géc 45° nhu hinh vé. Chiée
IR 15
lugng khung sit 1a 1000 (N) va trong lugng ciia chiée xe 6 t6 12 4000 (N). Tinh cuong do luc cing
ctia mdi doan day cap (Iam tron dén hang don vi).

can cau kéo khung sit len theo phuong thang ding. Biét luc cing ‘ﬁ:‘ = ‘P_’;

& Bai 14. Mot chiée den tron dudce treo song song véi mit phing nim ngang béi ba sgi day khong
dan xuét phat tit diém O trén tran nha lan lugt buoc vao ba diém A, B, C trén den tron sao cho
tam giac ABC déu. Do dai ctia ba doan day OA, OB, OC déu bang L. Trong luong clia chiéc den
12 27 N va ban kinh ctia chiéc den 1a 0,5 m.Tim chiéu dai t6i thiéu ctia méi sgi day, biét ring moi
soi day d6 duge thiét ké dé chiu duge Iy cang t6i da 1a 12 N. (Chicu dai tinh theo don vi cm va
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lam tron dén hang phan mudi).

& Bai 15.Néu mot vat c6 khoéi lugng m (kg) thi Iyc hap dan P ciia Trai Dét tac
dung lén vat dugc Xac dinh theo cong thiic P=m G, trong d6 ¢ la gia toc roi ti do
¢6 do I6n g = 9,8 m/ s”. Tinh do 16n ctia lyc hap dan ctia Trai Dat tac dung lén mot

qua tdo 6 khéi luong 102 gam (Hinh 27) g
P
& Bai 16. Cho hai véc-to @, b saocho || =2, |b| =2vahaivécto T =T+ b, T =23~ b

vuong goéc véi nhau. Tinh géc gitta hai véc-to @ va b (don vi do).

& Bai 17. Cho hinh lang tru tam glac ABC A'B'C" ¢6 AA’ = 14—B) — T; a0 A 7 Goi I 1a
trung diém ctia doan thang B'C'. Biét ring Bl =m@ +nb +pc tlnh S=m+n+p.

& Bai 18. Trong dien truong deéu, Iyc tinh dlen F (ddn vi: N) téac dung len dien tich diém cé dien
tich ¢ (don vi: C) dugc tinh theo cong thic F= q- E trong do6 E la cuong do dién truong (don
vi: N/C). Tinh d6 16n ctia lyc tinh dién téc dung lén dién tich diém khi ¢ = 1072 C va do 16n dien
truong £ = 10° N/C (Hinh vé).

(= = = = + F F F F ]

E

el

& Bai 19. Mot lyc tinh dien F tac dong lén dien tich diém M trong dien trudng déu lam cho M
dich chuyén theo duong gap khic MNP (Hinh vé). Biét ¢ = 2- 10712 C, vecto dién trudng c6 do
I6n £ =1,8-10° N/C vad= MH =5 mm. Tinh cong A sinh béi lyc tinh dien .

l+ + + + + + + + + |

(0%

E

& Bai 20. Mot gié hoa treo trong nha lam bang 3 sgi day khong gian, méi sgi day dai 60 (cm)
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miéng ke 14 mot miéng gb can ddi hinh tron ban kinh 20 (cm), ba sgi day duge that mot dau ben
tren va dé gia gd tai 3 diem tao thanh tam gidc déu (gid st mdi thit clia 3 sgi day va mdi ndi clia
mdi sgi day véi miéng gb khong dang ké). Biét luc chiu dung ctia mdi sgi day bang nhau va méi
soi day chiu khong qua 15 (N) trong lugng ciia miéng gia gb 12 5 (N). Tinh trong lugng t6i da ctia
cac chau hoa dé day treo khong bi ditt (don vi N, két qua lam tron dén hang phan chuc).

& Bai 21. Mot chiéc den chum treo c6 khoi lugng m = 5kg dude thiét ké véi dia den duge gitt
béi bén doan xich SA, SB, SC, SD sao cho S.ABCD Ia hinh chép tit gide ddu c6 ASC' = 60°.
Biét P =m - q, trong d6 ¢ 1a vécto gia toc roi tu do c6 do 16n 10 m/s?, P 1a trong luc tac dung
len vat c6 don vi 1a N, m 1a khéi luong ctia vat ¢6 don vi kg. Do 16n ctia lie cang cho méi sgi xich
bang bao nhieu Niu-ton (lam tron két qué dén hang don vi)?

1) Tric nghiém nhiéu phuong 4n lua chon

$> Cau 1. Cho tt dien ABCD. Dit AB = a, AC = 3, AD = 2. Goi G I trong tam tam giac
BCD. Dang thiic nao sau day ding?

— — — 1 —>

A AG=4d+ b+ 7. AG:§E’+b+E’).

@AG:E(a+b+ ). @AG:Z(a+b+c).
[} Ha’o‘% Jé/z(jzfd(f.

. N .2 o = 2——
Goi M la trung diem ctia CD = BG = gBM.
MétkhéCz‘l—szzTB)+B_C$:14_B)+§B—]\/[)Iz4_B)+§'%(B—C’)"—ﬁ)
:AB+§(AC—AB+AD—AB):g(AB+AC+AD):§(E+ b+7). B

$® Cau 2. Cho tit dien ABCD. Dat AB = a, AC = —b), AD =72, Goi M la trung diém ctia doan
BC. Dang thiic nao duéi day ding?
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4 ]._, - — 7 ]-—> e —>
@DM:§(a—|—b—20) DM:§(a+2 — 7).
p— ]_ a7 —> - —>
@DM—Q(a—2b+c). ©® DM =4(d+ b — 7).

[} /‘[wo’?y f/{z‘/yzf(z’zf,
D
4 — 1=

VlMlatrungdiémcﬁaBC’éBM:EBC’.

e e P g R Rl — 1—>
MatkhécDM—DA+AB+BM—AB—AD+§BC

1 1-> 1l -

—AB-AD+ = (AC AB)——AB+1AC AD—§a+2b ?:5(6’+b—2?). A

<>‘> Cau 3. Cho tu dlen ABCD Goi M va P lan lugt 1a trung diém ctia cac canh AB va CD. Dit
AB = b, AC = AD -d. Khang dinh nao sau day ding?

Y - — 1 - — =~
@MP:§(c+d+b) MP:§(d—|—b—c).
1 — — —_— 1 — —
@MP_ (¢+0b—4d). @MP:§(E’+d—b).
@ HaOéj Q/(llijl(ﬂ
“----2> D
&
2AM = AB
Vi M, P lan lugt 1 trung diém ctia AB,CD =< _, -
AC + AD =2AP
MP:MA+AP:—AM+AP:—§AB+§(AC+AD)
1> 1, 1= 1., = -
:——b+§c+§d—§(c+d—b) D

> Cau 4. Cho t dien ABCD va diém G théa man GA + GB + GC + GD = 0 (G la trong
tam ciia tit dien). Goi G 1a giao diém ciia GA va mat phang (BCD). Khang dinh nao dudi day
diang?

@) GA = —2G,C. ®) GA = 4G,C.
© GA =3G,C. D) GA = 2G,C.

N ong din giéi. Vi Go la giao diém ctia AG va mit phang (BCD) = Gy la trong tam tam
C
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gidac BC'D.
= GoB + GoC + GoD = 0 ma GA + GB + GC + GD = GA + 3GGqo + (GoB + GoC + GoD) =
Suy ra GA+3GGy = 0 - GA = —3GGy = 3GG. C

<><> Cau 5 Cho hmh chop S.ABCD ¢6 day ABCD la hinh binh hanh. Dat SA = S_B) = ?)),
SC = Z, SD=d. Khéng dinh nao duéi day la ding?
@ T+T=0b+4d.
©d+d=10b+7.
ﬁ Hl()élj /(Z/I(/Z(ZZ
SA+S8C=250=3+7¢ S >
Goi O la tam hinh binh hanh ABC'D = —, > N NSRCIESNE N .
SB+SD=250=10+d
$® Cau 6. Cho hinh lang tru ABC.A’B'C’. Dat AA = @, AB = 3, AC = 2. Goi G’ 1a trong

tam ctia tam gidc A’B'C’. Vecto AG’ bang?

1—> X — 1 — i —
@g(a +3b + 7). §(3a+b+c).

1—> Fs — 1—> i —
© §(a+b+3c). ®§(a+b+c).

X a‘o‘% Jé/z(jlfd(f.

C

” B 2—>
Goi I la trung diem B'C’. Vi G’ 1a trong tam tam gidc A’B'C' = A'G' = §A/I'

Mit khac AG! = AA + A'G' = AA' + %Z? — AA + % (A'B' + A’C’)

. 7 1 _ - 7 _ Z(a7 —

= A4 + (AB+AC) 5 (3AA +AB+AC) 3T +7T +7).

> Cau 7. Cho hinh lang try ABC.A’B'C’. Dit AA = @, AB = 7;, AC = 7. Hay biéu dién vecto
B’C’ theo @, b 7
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@BC=a+0b -7 ® BC=-7+0 -7
@B' a+b+7 @B'C’: —-ad—-b+7.
[ Haozﬂ (/(z,/z,jz,’dzﬁ.
A’ B’
A B

C

VlBBC’Clahlnhblnhhanhnen:>BC B'C’+B’B BC AA’
:—AA’~|—BA—|—AC’——AA’ AB+AC——a—b+

$> Cau 8. Cho hinh lang tru tam giac ABC.A'B'C’. Dit AA = @, AB = b, AC =7, BC = d.
Khang dinh nao sau day la ding?

@ T=0b+7. ®d+b+C+d=0.
©b-2+d=0. ®T+b+2=4d.
@/‘[uo?ja/(m iGi. TacoBC=AC-ABo d=¢-beb-2d4+4d=0. C

¢ Cau 9. Cho hinh lap phuong ABCD.A'B'C'D’. Goi O la tam ciia hinh lap phuong. Khang
dinh nao sau day la ding?

@AO— (AB + AD + AA). A_()’:%(A_B’+E+ﬂ7).
© e AB+AD+AA’). ©)

A0 = %(ZE + AD + AA)).
@; HL{U'}(I Cl/(llé/[.((l..

A/ 3 Bl

D/

Ty C

Ta c6 AC' = AB + AD + AA/ (quy t&c hinh hop).
. _— ]l S s ——
Mt khéac O la trung diem AC" = AO = §AC’ = §(AB +AD+ AA’). B

$> Céu 10. Cho hinh hop ABCD.A'B'C'D'. Dit AB =@, AD = b, AA' = . Phan tich vecto
AC" theo @, b, C?

®AC =-T+b+7C ®AC =G+ -7
© AC'=Td+b+7 D AC"=3d - b+ 7
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() /‘/m)y f/(z‘\/ijz'(z’z'.
A’ B’
D’ z £ C'
A —— B
— [(
b
D C

Tacéﬁzﬁ+/4—6‘):ﬁ+@+ﬁ:3+z+?. C
&> Cau 11. Cho tt dien ABCD. Diém N xac dinh béi ding thic sau AN = AB + AC — AD.
Meénh dé nao ding?

(A) N la trung diéem BD..
N la dinh hinh binh hanh BCDN ..
(©) N la dinh hinh binh hanh CDBN..

D) N = A.

[} Hézv/nj(/(gléfz'd,zf; TacézHV):A_B)+A_C)—A_D)®EV)—A_B):A_C>—fTD)®BTV>:D_C>.
Suy ra N la dinh thit tu cta hinh binh hanh CDBN. C

> Cau 12. Cho hinh hop ABCD.A'B'C'D’. Goi M la diem dugc xac dinh béi ding thic sau
MA+MB+MC+MD+MA + MB' + MC' + MD' = 0. Ménh dé nao ding?

(A) M la tam mat ddy ABCD..

M 1a tam mit day A'B'C'D'..

(© M la trung diém doan thang noi hai tam ctia hai mat day..

(D) tap hop diém M 1a doan thang ndi hai tam ctia hai mat day..

OA+OB+0C+0D=70
O'A'+0'B' +0C" +0'D' =T
:>{MA+MB+MC+MD:4M0+ﬁ+@+@+@:4m

MA + MB' '+ MC'+ MD' =4MO' + O'A'+ O'B'+ O'C' + O'D' = 4M O’
:>4M—O)+4]\4—O7:6@m+ﬂ4—07:UiMlatrungdiémcﬁaOO’. C

[ ijﬁ (/{E)(lfz'dzl GoiO = ACNBDva O = AC'NnB'D' = {

&> Cau 13. Cho ba vectd @, b, ¢. Didu kien nao dudi day khéng dinh @, b, @ ddng phing?

(A) Ton tai ba s thuc m, n,p thdéa man m +n +p = 0 va mE’—I—nZ)quE’: 0.
Ton tai ba s6 thuc m,n,p thda man m +n +p # 0 va ma@ +nb +pc=0.
(C©) Ton tai ba s6 thic m,n,p sao cho ma + nb +pe=0.
(D) Gi4 cta @, b, 2 ddng qui.

[ /—[mf% a/(z?éfz'dzl Xétm=n=p=0taluonco m+n-+p=0vama + nb +p? = 0 nhung

khong thé suy ra dude @, F T dong phéng.
Xét m+n+p#0 thi chac chan c6 mot trong ba s6 m, %,p khac 0.

Gidstm#0—md tnb+p? =0 :——b——?%a’,f; ¢ dong phang. B
m m

— —

&> Cau 14. Cho ba vects @, b,  khong ddng phiing. Xét cic vects T =20+ b va g = @ — b — ¢
va 7 = —3b — 2¢. Khang dinh nao duéi day la ding?

@) cung phuong.
©

—
X
—
i

.7, Z dong phang.
)

, b cung phuong. , Z doi mot ciing phuong.
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[} Hmfy din giéi. Gia st ba vecto T, 7, Z dong phing khi d6 — © =m7y +nZ.
C

m =2
= — — N m:2
b —(m+3n)b —(m+2n)¢ < <m+3n=-1 <—>{

< 2a +

=ma
n=-—1
m+2n=20

Vay 7,7, Z dong phang. A
> Cau 15. Cho ba vectd @, b, ¢ khong dong phéng. Khang dinh nao dudi day ding?

@E’:6’+b+QCvay—25’—3b—60vaz-—a—l—3b—|—60dongphang
30’:6’—2_6)+4E’V T =30 -3b+2¢vaZ =20 —3b — 3¢ dong phing.
@E:’:E’—l—_b)—l—?vag‘]: 2d — 3b+cvaz——a’—i-Sb—i-Scdongphang
@E’:a’—i—g—cvaﬁz a’—b+3cvaz——a—b+20dongphang

[} Hw)iy a/(m(/mz Ta c6 @, Y, z dong phing khi va chi khi Im,n: ¥ =m7y +n7.
Z=0+0b+2¢ o

Vi céc vectd & dap an A: { T =20 —3b —6C = T = gﬂ’ - 5? — 7,7, 7 dong phang.
2= -3 +3b 467

A
$> Cau 16. Menh dé nao sau day 1a sai?

@) @, b, e déng phing néu mot trong ba vects dé bing 0.

if —b> T dong phéng néu cé hai trong ba vecto d6 cting phuong.

(C) Trong hinh hop ABCD.A'B'C'D’ ba vects AB',C'A’, DA" dong phang.
D 7=ad+ b + 2 luon dong phang véi hai vects @ va b

(&) Hw)?j J[iﬂj[(d. Xét dap 4n D: Dé 7 dong phing véi @ va bthi 7 phéi biéu dién duge dudi
dang md +nb.

Oday 7 =7 + b+ 2, néu e khong dong phing véi @, b thi 7 khong thé dong phing véi @ va
b.

Vi du cho hinh hop ABCD.A'B'C'D’ va goi M la trung diém C’'D’, khi doé:

AB + AD + C'M = AM = AM khong dong phang véi AB, AD. D

> Cau 17. Cho hinh hop chit nhat ABCD.A'B'C'D’. Déang thiic nao sau day ding?

@) AB = CD. ® AC =C'A.. © AA = B'B. ® BD = B'D.
(e Hmmj a/(?/ijz'dz',,
A D'
B = Cr
Akooooofeo D
B ’

Ta c6 BD = B'D'. D
> Cau 18. Cho ba diém A, B, C tuy y. Ménh dé nao duéi day sai?

(© AB - AC =CB. (D) OA+ AB = BO.
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[} Ha’oy c/rz’/ijz'd,z'. Ta c6: O—A) + AB = O—B) nén cau O—A) + AB = B—O) sai. D

$> Cau 19. Cho hinh hop ABC'D.A'B'C'D’ (xem hinh du6i), téng ctia DA + DC + DD’ 1 vecto
nao dudi day?

Ar——— D
B (— e
Ako-om-] -~ D
B 7
C
@) DB DB. © BD. ©) BD.

[ Ha‘o‘y c/(fn(j[(éz',, Theo quy tac hinh hop: DA+DC+ DD =DB. A

$> Cau 20. Cho tit dien ABCD. Khang dinh nao duéi day ding?

@) AB+CD = AC + DB. ® AC + BD = AB + CD.

© AD + BC = AB + DC. © BA+CD=BD+CA

O N lucong diin gidi. A sai i AB +CD = AC + DB & CA+ AB + BD = DC < CD = DC
(sai).

Bsa1v1AB+BD AB—}—C’D(:)AC' AB C’D+DB(:)BC CB( i).
Csa1v1AD+BC AB+DC’<:>AD AB DC—{—C’B(:)BD DB( i).
DdungmBA—i—CD BD+CA< BA-BD=DC+CA< DA= DA(dung) D

$> Cau 21. Tim khing dinh sai trong cac khing dinh sau.

(A) Véi 3 diem M, N, P tuy § ta luon ¢6 MN + NP = MP..
Véi 3 diém O, A, B tiy ¥ ta luon c6 OA — OB = AB..
(©) Vecto b la vecto déi ciia vectd @ néu |@| = |b| va @, b la hai vecto ngudc hudng..
(D) Mbi vecta déu cé vecto ddi. Vecto déi cita AB la BA, vecto déi ciia 0 1a 0.
O Jlicong f/fg,zjgfzg, Chon B sai vi: Véi 3 diém O, A, B tiy ¥ ta luon c6 OA — OB = BA. B

> Cau 22. Cho hinh hop ABCD.A'B'C'D'. Goi I, J lan lugt 1a trung diém ctia AB’ va CD'.
Khéng dinh nao duéi day ding?

—>

@ Al =CJ. ® DA =1J © Bl =D'J. ®) A'T=JC.
(&) Ha’()y f/(z‘\/ijz'(z’z'.

Tac6 A = JC. D
¢ Cau 23. Cho |d| = 3, |_b)\ = 5, goc gilta @ va b bing 120°. Khang dinh nao sai trong cac
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khang dinh sau?

@!E—El:?- ® |+ b| =10.
©|a+2b|—9 ®|a 139
|

Suy ra |a + b| \/_ B
$» Cau 24. Cho hai vecto @, b théa man: |'d| = 26; |Z)| =28;|d + 7))| — 48. Do dai vects @ — b
bang
@A) 25. V/616. © 9. (D) V618.
e Hocong f/a?n(jzf;z. T - P =(T—0)2=a2+b2-20-b =22+ 02— (T+b)?
—9 (|3|2 + |T)’|2> 1T+ B)? = 2(262 + 282) — 48% = 616
= |@—b|=+616. B
< Cau 25. Choﬂién ABCD, goi M, N lan lugt la trung diém ctia AB, AD. Khi d6, vecto ciing
huéng véi vecto M N la vecto nao dudi day?

@) MA. CD. © DB. ®) BD.
[} /‘[mfnﬁ c/a?,/yzf(ézf,

S
=

C
Vi M N la dusng trung binh ctia tam giac ABD, nén M N va BD cung huéng véi nhau. D
$> Cau 26. Cho tit dien ABCD, O la trong tam tam giac BC'D, M la trung diém ciia AD. Khang
dinh nao duéi day dang?
@A) OM = gAB — gA(J + 6AD. OM = —§AB + gA(J + 6AD.

o Hmfy din gici. Ta c6 O la trong tam tam gidc BCD nén BO+CO+DO =0 (1)

— —(———> — > — —_— —> — —
Ta c¢6: AO = AB+ BO; AO = AC + CO; AO = AD + DO
Tit (1) suy ra 340 = AB + AC + AD = A0 — % (4B + AC + AD) - %@’+§@+%@’
Suy ra OA = _§AB - §AC’ — §AD (2)

s 1
Ma AM = —AD (3)
2 1 1 1 1 1 1 1

C
& Cau 27. Cho tt dien SABC. Dt SA = @, SB = b,SC = 2. Goi M 1a trung diém ciia SA,
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Chuong 1. VECTO VA HE TRUC TOA DO TRONG KHONG GIAN

N la diém trén canh BC sao cho NC = 3N B. Phan tich vectd M N theo ba vecto @, b ova T ta
dugce

— 1 3> 1 — 1 3> 1

MN=—-—-a+°b+-2 MN=-a+°b+-C.
@A) %a+§ +%c %a+§ +lec

MN=--3+°b -2 MN=-a-°"b+-2
@ 2a—|—4b 46 @ 2& 4b—|—40

[ Ha‘o/’égﬁ c/(?léfz'(é Z.

——%a+b+ (SC SB)

> Cau 28. Cho ba diém A, B, C tuy y. Ménh dé nao dudi day ding?
@) AB — BC = AC. AB - AC = CB.
(© AB+CB = AC. @AB+AC BC.

() Ha{wj (/fc/z(/fmé Theo quy téc hiéu, ta co: AB-AC=CB. B

&> Cau 29. Cho tt dien ABCD c6 G la trong tam tam giac BC'D. Khang dinh nao sau day
diang?

@A_G':—%(EHTC#E) QA_cf—é(ABJrACJrAD)
@@ZE(ZE+Z§+X§>. @AG_—§<AB+AC+AD>

N fluon g a/(m(/maz Ta c¢6 G la trong tam tam giac BC'D nén
E+AC+AD:3@@@’:%<@+@+@)
Vay AG = 5 (AB+AC+ AD). B
¢ Cau 30. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh tam O. Chon ménh dé
dang.

@ S4+ 5B+ SC + SD = 450. ®) SA+ SB+5C+ 5D =850.

© SA+ SB+5C + SD = 250. ©) SA+ SB+ 5C + SD = 408.
e /—[u()éy a/(z/z(/m(zz ABC'D 1a hinh binh hanh tam O < OA+ OB+ 0C +0D = 0

& (08 + SA) + (08 + SB) + (05 + SC) + (05 + SD) = T
& SA+SB+5C+SD =408 =450. A

$> Cau 31. Cho ti dien ABCD. Goi G la trong tam tam giac ABD. Ménh dé nao dudi day
dang?

@CG— (CA+CB+CD). ® CC = 2 CB+CA)
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© CC = (OB +CA - D), © CC = ,(CA +CB + D).
@Hwéégﬁf/afnjzta?z. Tac6 GA+GB+GD=0oGC+CA+GC+CB+GC+CD=0

—> — — — —> 1 — — —
< 3GC =—(CA+CB+CD) < CG = g(CAjL CB+CD). A
¢S Cau 32. Cho hinh hop ABCD.A’B'C'D’. Tim ménh dé sai trong cdc meénh dé dué6i day:
@) AD' = BC'. ® BC =AD. © AB =CD. @©) AB = D'C".

[} Hu(fy c/é;y[d[.

Cl

Al B’

A

Dura vao hinh vé, ta xac dinh dudc cap vecto bang nhau la AB = D—C> Vay dap an C sai. C
$® Cau 33. Cho tit dien ABCD. Chon dang thitc ding.

@) AB — AD = DB. ® AB + AD = DB.

(© AB+CD = AD. D) AB—-CD = AD.
o Hm)‘?j din oiéi. Tac6 AB— AD = AB+ DA=DA+ AB=DB. A

¢ Cau 34. Cho hinh hop ABCD.A,B,C,D;. Tim gié tri ctia k thich hop dién vao déng thic
vecto: AB + BlCl + DD1 = ]fACl

@k:4. {5 s =8 © k=0. @k:Z
[ /‘[mf/(y f/(f/i/czfa’[.

Ta ¢6: AB + BiC; + DD, = AB + AD + AA; = AC;. (Quy tic hinh hop)
Nenk=1. B

$® Cau 35. Cho tu dien ABCD. Goi G 1a trong tam tam gidc ABC. Tim gia tri cia k thich hgp
dién vao dang thic vecto: DA+ DB + DC = kDG.

@kzé. ® k=2 © k=3 @k:%.
[} /{wo’ﬁ f/(z‘/zdfz'm'.

Ta c6 DA+ DB + DC = 3DG. (G la trong tam tam giac ABC). C

¢ Cau 36. Cho hinh chép S.ABC, goi M, N lan lugt la diém thuoc canh SB,SC sao cho
1 L — [
SM =3MB,CN = §NS' Tim so6 thuc k& théa man M N = kCB.

1 -1 -3
® ® L ©=2 ®
[} Haozy (zj(g)yzf(é,zi.

A~ w

. ., . SM SN 3
Xét tam giac SBC ta co: B - 5C 1
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MN //BC — =  — 33—
Nén theo dinh ly Talet ta co: 3 = MN=-BC= MN=—-—-CB. C

$> Cau 37. Cho hinh lang tru ABC.A'B'C’. Goi M la trung diém ctia BB'. Trong cac khéng dinh
sau, khang dinh nao ding?
&) AM = AB 1 AX. ® AM — 948 1 AX.
S — > l1— 1—
© AM:AB+§AA’. @AM:§AB+§AA’.
[} Ha‘o/’y c/(?/éj[(ézf. ?
Vi M la trung diém ctia BB’ nén ta co:
— — — — — —_— —> — 1—
2AM = AB+ AB' & 2AM =2AB + AA' & AM = AB + §AA’. C
$> Cau 38. Cho ba diém A, B, C tuy y. Ménh dé nao dudi day sai?
@) AB+BA=10. ®) AB + BC = —CA.
(© AB—AC =CB. (D) OA + AB = BO.
(e} Hwo‘/z(/f f/(z‘}z(fz'(é,é. Ta c¢6: OA + AB = OB nén ménh dé OA + AB = BO la sai. Chon dap an

$> Cau 39. Cho hinh hop ABCD.A'B'C'D’ (xem hinh dudi), tong ciia DA + DC + DD’ 1a vecto
nao dudi day?

BI
,C/
A | o
' B
e N 1 ---5C
NE
D
@) DB DB. © BD. ©) BD'.

O Macong f/f;,zjz(;z. Theo quy téc hinh hop, ta c6: DA + DC + DD’ = DB'. Chon dap &n A.

¢S Cau 40. Cho tit dien ABCD. K hng@nhnodi@ydng?
@) AB +CD = AC + DB. ®) AC + BD = AB + CD.
(© AD + BC = AB + DC. @BA+CD:BD+CA.
o8 Heong f/(zn(/az;z. Xét khang dinh D: BA+ CD = BD+CA < BA—BD = CA—CD &
DA=DA (luon ding). Chon dap an D.
> Cau 41. Tim khang dinh sai trong cac khang dinh sau.
(A) Véi 3 diem M, N, P tuy ¥ ta luon ¢c6 MN + NP = MP.
Véi 3 diém O, A, B tiy ¥ ta luon ¢6 OA — OB = AB.
(© Vecto b la vecto déi ciia vectd @ néu |@] = |b| va @, b la hai vecto ngude hudng.
(D) Méi vecto déu cé vects dbi. Vecto déi ciia AB la BA, vecto déi ciia 0 1a 0.
O eong din gidi. V6i 3 diém O, A, B ty § ta luon c6 OA — OB = BA. Do d6 khing dinh B
C

l1a sai.
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¢ Cau 42. Cho hinh hop ABCD.A'B'C'D’. Goi I,J lan lugt 1a trung diém cta AB' va CD'.
Khang dinh nao dudi day ding?

B/
‘Cl
| D
A {
' B
Aoy --—C
NE
D
@) Al =CJ. ® DA =1J. © BI=D'J. ® Al =JC.

. —> —_ — —_ 1—
[ Hmfy din giéi. Ta c6 I 1a trung diém AB' nén AT = A’A+ Al = A/A + §AB’.
C

Vi ABCD.A’B'C’'D' 1a hinh hop nén ta c6 thé chiing minh duge AT =1JC. Chon dap an D.
¢ Cau 43. Cho hinh hop ABCD.EFGH. Goi O la trung diém C'H. Khing dinh nao sau day

dang?
& PO — W V48 o [P
@BO:—BA+—BC+—BF @BO:BA+BC+BF.

o Hwaff r/a/zdmz Ta ¢6 O la trung diém CH = BO = 2(BC + BH)
Ma BH = BA + BC + BF (theo quy tac hinh hop)
l,— 11— 11—
Suy ra BO = §(BC’+ BA+BC + BF) = §BA+ BC + §BF. Chon dap an A.

& Cau 44. Cho ttt dien ABCD. Goi G la trong tam tam giac BCD. Diém M thoa man AM =
AB + AC + AD. Ménh dé nao dudi day dung?

(A) M trung véi G. M thuoc AG va AM = 3AG.
© G la trung diem AM. (D) M la trung diem AG.
N 2oong din giéi. Vi G la trong tam tam giac BO'D nén véi diém A tity ¥ ta c6: AB+AC+AD =
.,
3AG.

Két hop gia thiét AM = AB + AC + AD, suy ra AM = 3AG.
Diéu nay c6 nghia la ba diém A, G, M thang hang, M thuoc tia AG va do dai AM = 3AG. Chon
dap an B.
¢ Cau 45. Cho tit dien ABCD c6 trong tam G va I 1a trung diém ctia BC. Tim diém M thoa
méan [MA+ MB+ MC + MD| = |AB + AC|.
(A) M trung véi G. M 1a trung diém ctia Al
(©) M la trung diem AG. (D) M nim trén mit cau tam G.
[ Haoiy (/(E)yzfa’zf. Ta c6 G la trong tam cta ti dien ABCD nén MA+MB+MC+MD = 4MG.
Lai ¢6 I la trung diém ctia BC' nén AB + AC = 241
. — — 1
Khi d6 gié thiét tré thanh: [AMG| = |2Al| < AMG = 2A] < MG = QA['
Vi G, A, I ¢6 dinh nén MG 1a mot hing s6. Vay tap hop cac diem M nam trén mat cau tam G véi
1
ban kinh R = §AI. Chon dap an D.
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¢ Cau 46. Cho hinh lap phuong ABCD.A;B,C1D;. Tinh cosin cua goc gitta cip vecto AB va
AlCl.

bmmmmed --- 1

Al D1

@ o. % \/75 D —

X Hoong (/(2’/1271'(2'717. Vi A,C;//AC nén A,C; = A—é
C

Géc gitta (AB, 4,C}) = (AB, AC) = ZBAC.
Vi ABCD la hinh vuoéng nén ZBAC' = 45°.

— > 2
Vay cos(AB, A1C}) = cos45° = g Chon dap an C.

o5

&> Cau 47. Cho hinh lap phuong ABCD.EFGH canh a. Tinh s6 do goc giita hai vects AH va
EC.

D
A \”’1/ B
ey @
E " F
@) 30°. 45°. © 60°. (D) 90°.
& Huong c/(;njz(zz, Ta ¢6 EG = AC (vi ACGE la hinh chit nhat).

Nen (AH, EG) = (AH, AC) = LHAC.

Xét tam giac HAC, ta thay HA, AC,CH deu la cac duong chéo clia cac hinh vuong canh a nén
HA=AC =CH = aV/2.

Do d6 tam gidc HAC 1a tam giac deu, suy ra ZHAC = 60°. Chon dap an C.

$© Cau 48. Cho hinh lap phuong ABCD.EFGH. Géc gitta cap vecto AF va EG bang

@) 30°. 120°. © 60°. (D) 90°.
(Y Ha’o‘% Jé/z(jzfé(f, Ta c6 EG = AC.
Géc gitta (AF, EG) = (AF, AC) = ZFAC.
Tam giac FAC ¢6 FA = AC = CF (deéu la dudng chéo ciia cac hinh vuong bang nhau ctia hinh
lap phuong) nén AFAC déu.
Suy ra ZFAC = 60°. Chon dap an C.

&> Cau 49. Cho tit dien ddu ABCD. Tich vo hudng AB - OD bing
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a? a’

@) 0. 5 © CR D) a.
o Hw(fy(/d/éﬁzfd[. Tacé AB-CD = AB - (AD — AC) = AB- AD — AB - AC.
Vi tit dién déu nén tat ca cac goc giita cdc canh chung dinh déu bang 60°.

Gia stt canh bing a, ta co: 14—B)'14—D):CL'CL'COS6OO:%QVE]JAL—B)'AL—C'):CL'(I'COS&)O:%Z.

a’>  a?

Suyrafﬁ-O—D):E—EzO.ChQndépémA.

$> Cau 50. Cho tit dien déu ABCD canh a. Tinh tich vo huéng AB - AC theo a.
1 3
@ a2 o, © —a. ® \/T_aQ.

2
—_— —— — —_— —_— 1
[ Hwo”‘éy r/af/yz,'(z’zi. Ta c6 AB - AC' = |AB|-|AC| - cos(AB, AC) = a-a-cos60° = §a2. Chon dap
an A.

& Cau 51. Cho tt dien ABCD, goi I la trung diém ciia doan théng AB. Vecto Al cung huéng
v4i vecto nao sau day?

@) BI. CD. © CI. ©) AB.
[} Hw)}clﬁ a,/('z‘”/z(yzfdzf. Vi I la trung diém ctia doan thang AB nén vecto AT va vecto AB 1a hai
vecto cung huéng. Chon dap éan D.
$> Cau 52. Cho hinh hop ABCD.A'B'C’'D’ (Hinh 7).

A/
D/
B’ 0
d
D
B
Hinh 7€

Khi d6, AA’ + AD bing
@) AD'. AB. © AC'. ©®) AC.
[} Haa/(y c/(z‘}éf[fézf. Do tit gidc ADD’ A’ 1a hinh binh hanh (m#t bén ciia hinh hop) nén theo quy
t&c hinh binh hanh ta ¢6 AA’ + AD = AD'. Chon dap an A.
> Cau 53. Cho hinh hop ABCD.A, B,C,D;. Dang thiic nao duéi day sai?

B1
C1
l D
Al ;
' B
ATm---— --c
NE
D
@) BC + BA = B,C, + BiA;. AD + D;C; + D1 A; = DC.
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© BC + BA + BB, = BD;. ©) BA+ DD; + BD, = BC.
N Heuong a/(?/z(,jzfd,zi. Ta xét cac phuong an:
¢ : — —
& A dﬁng vi BC + BA = BD va 3101 + B1A1 = BlDl, ma BD = BlDl.
& C duang theo quy tac hinh hop: B_C)—i— BA + BBy = BD;.
® Dsaivi BA+ DD, + BD, = BA+ BB, + BD; = BA, + BD, # BC.
Chon dap an D.

> Cau 54. Cho tt dien ABCD. Goi M, N lan lugt la trung diém ctia BC,CD. Goi G la trong
tam ctia tam giac BC'D. Khi d6, AB + AC + AD bang
A

@) 6AM. 3AN. © 3AG. ©) 6AG.
[ Hwa/ﬁ (/('z?lz; giés. Vi G latrong tam clia tam giac BC'D nén theo tinh chat trong tam, véi diém
A tuy ¥ ta ludn co: AB + AC + AD = 34G. Chon dap an C.

¢ Cau 55. Cho hinh hop ABCD.A'B'C'D’. Goi M va N lan ludt 1a trung diem ctia BC va CD.
Vecto nao sau day bang 2M N?

@) AD. AC © BD. ® BC.
[ /—[uozz(/r g/n’/y[dﬁ. Trong tam gidc BCD, M va N lan luot la trung diém ctia BC' va C'D nén

M N la duong trung binh. Suy ra 2M N = BD.
Mat khac, trong hinh hop ABCD.A'B'C'D’ ta ¢6 BD = B'D'.
Vay 2M N = B’D’. Chon dap an C.

&> Cau 56. Cho tit dien ddu ABCD c6 canh bing 2. Khi d6, AB - CA bing
@) 2. —2/3. © 2V3. O —2.
O Jlicong J[gﬂjg{;z, Ta c6 AB-CA = —AB - AC = —|AB| - |AC| - cos(AB, AC).
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Do ABCD la ttt dién déu nén ZBAC = 60°.
Suy ra AB-CA=-2-2-cos60° = —2. Chon dap an D.

> Cau 57. Cho tit dien ABCD. Lay G la trong tam ciia tam giac ABC. Phat biéu nao sau day

sai?
® GA+GB+GC=T. ® GA+GB+GC+GD=T.
© GD - GA=AD. @DA+DB—|—DC:3DG.

[ Hu()y c/é;yz'dz'. Theo tinh chat trong tam tam gidc ABC, ta luon c6 GA+GB+GC=0.
Cau B chi dung khi G dong thai 1a trong tam cia ti dien ABCD. Chon dap an B.

> Cau 58. Goi M, N lan lugt 1a trung diém ctia cac canh AC va BD ctia tit dien ABCD. Goi I
la trung diém doan M NvaPlal dlem bat ky trong khong gian. Tim gia tri ctia k thich hgp dién
vao déng thic vecto: 1A + (2k — 1)IB +kIC+ID=0.

@) k=2 ® k=4 © h=1. D) k= 0.
[ Hwo‘n(/f f/(zfn,(jzdzl Ta chitng minh dugc vé6i I 1a trung diém ctia doan ndi hai trung diém ctia
cac canh doi dién trong tit dién (ttc I 1a trong tam t dien) thi IA+IB+IC+ID=0.
Déi chiu véi déng thitc IA + (2k — 1)IB + kIC + 1D = 0, ta cin c6:

2k—1=1
{k ’ < k= 1. Chon déap an C.

$® Cau 59. Cho hinh hop ABCD.A'B'C'D’. Tim gia tri ctia k thich hop dién vao déng thitc vecto:
AC + BA' + k(DB +C'D) = 0
@ k=0. ® k=1 © k=4. © k=2
o Hecong Javzjz(zz:. Ta c6 DB+ C'D =C'D+ DB =C'B
Khi 6 déng thic tx9 thanh: AC + BA' + kC'B =
V6i k =1: AC + BA'+ C'B = AC + C'A' = AC + CA = 0 (luon ding). Chon dap 4n B.

¢> Cau 60. Cho @ va b la hai vectd cting hudng va déu khac vecto 0. Menh dé nao sau day
ding?

@
©

m. ®
0)

[} Hmfy (/(211 (/fmc Do @ va b la hai vecto cting huén

cos(T, b) = 1.
Vay @ - b =1|d|-|b|-cos(@,b)=|a|-|b|. Chon dap an A.

<o Cau 61. Cho hai vecto @ v b khéc 0. Xéc dinh goc « gitta hai vecto @ va bkhi@- b =
—[@|-|b].

A) a = 180°. B a=0°. © a=90°. D) a = 45°.

oo Byo @b @b
O uong din oidi. Ta ¢6 cos(T, b) = —— o — _
wong dan gidi. Ta co cos(a, b) 7

L
[@l-1ol  |@|-|b]

®
elsy

b=
b=

@l @i

—Ia\ 2],

b
- b =
ng nén goc giita ching bang 0°, suy ra

Suy ra (d, Z)) = 180°. Chon dap an A.

¢> Cau 62. Cho hai vecto @ va b théa man |d| = 3, |3| —2va @b = —3. Xac dinh géc a gitta
hai vecto @ va b.

@ o = 30°. a = 45°. © o = 60°. ©) o = 120°.
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—

(e} Huo‘gy f/[[lz;l[&l Ta c6 cos(@ T.b) = |;‘ \%| = 3_32 = —% = (a, b) = 120°. Chon dap 4n
D.
¢> Cau 63. Cho hai vecto @ va b théa man |@| = |b| = 1 vA hai vectd @ = ;6’ — 3% va
T =@+ b vuong goc véi nhau. Xéc dinh goc o gitta hai vecto @ va b.

@ a = 90°. a = 180°. ©) a=60°. @ o = 45°.
O Hiaing din gidt. Taco T LT & T-T =0 (%3—33) @+ =0s §32_15_336’_
3b2=0.
Vi@ =|b|=1 néng-_}?&’?-?):O(:)—?TfZ:l—;@E’Z:—l
Suy ra cos(d, 7))) = |; |b?\ — g R af 3) = 180°. Chon dap an B
$> Cau 64. Cho hai vecto @ va b théa man diéu kien |@] = || =1va @ - b = 3. Tinh do dai

vecto 3@ 4+ 50

@A) 5v/5. V24, © V124. D) 124.
N Hoeon (/(?/z(,jzf(ézf, Ta cé: (38 +5b)% = 982+30T - b +2502 = 9+ 30(3) + 25 = 124 =
|3@ +5b| = v/124. Chon dap an C.

¢> Cau 65. Cho hai vectd @, b thda man: |d| = 4; ]3| =3;|ad — 7;| = 4. Gol « la goc gitia hai
vectd @, b. Chon khéng dinh ding?

3 1
@cosazg. B a = 30°. Cosa et D) a = 60°.
~ Ny — g = = T = B 9
@Hm)‘/yz/é/zdmidzf. Taco: (C—0)2=|dP+|b]?—-2@-b =16=16+9—-2d-b =a-b =3
L9
a-b ) 3
Do dé: cosa = — = = —. Chon dap an A.
@l |5] 43 8
$> Cau 66. Cho @, b c6 (T+2b) vuong goc vdi vecto (5@ —45) va |@| = | b |. Tinh cos(T, b).
— 2 —
@cos(a’,b)—\/?_. ®) cos(@, b) = 90°
- 7 3 R
(©) cos(@, b):\/T_. @cos(a,b):a
lﬁ/‘[m}/z? din gidl. Vi (@ —|—2b)vu0ng goc véi vecto (5d — 43) nén
(T+20)- (52 —4b) =0 532 —802+67 - b = 0.
— — — — 1
Tac()|a|:|b|<:>6’2:bz.Suyra5ZL’2—8fL’2—|—65’-b:0<:>6(_1’-b:3?z’2<:>a’-b:§32
7 37
- 7 : 2 z 2
Suy ra cos(a, b) = — = “5— = —. Chon dap an D.
) @ -lol a2
¢ Cau 67. Chohalvecto a, b thoa man: 7| = 4; |b|—3 . B = 10. Xét hai vecto ¥ = ZL)—?)),
T=7-2b.Coiala gbc gitta hai vecto 7, 7. Chon khang dinh ding.

1

@ COS&x = \/—1_5

B) cosa =
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2

D) cosa = —.

bI2—33-b =16+18—30 = 4.

—_
(S

3
COSt¥ = ——.
© V15 R N
e ucong din gici. Taco T-F=(T—2b)(T—0b)=|a|*+2

7= /(@ =28 = /[P + 4|2 =47 - b = I6 36— 40 = 2V/3.
|z7’|=\/(3—7;)2=J18|2+y‘b’|2—23-6’:\/_16+9—2 — 5.

Khi do6 cosa = Chon dap an D.

Ty 4 2
71171 2v3-v5 V15
¢> Cau 68. Cho hai vects @, b thoa man: |@| = 26;|b| = 28;|@ + b| = 48. Tinh do dai vecto
a—b.
@) 25. V616. © 9. (D) V618.
(2} Hmm(j a/é’}z(fzfd,zﬂ Sit dung cong thitc |@ — b2+ [T+ b2 =2(|2]2 + | ?), ta co:
1T — B2 = 2(26 + 282) — 482 = 2(676 + 784) — 2304 = 2920 — 2304 = 616.
Vay |d@ — b| = v/616. Chon dap &n B.
¢S Céu 69. Cho hai vecto a va b c6 |d| =5, ]b\ =12 va|d + b[ = 13. Khi d6, cosin cta goc
gifta hai vects @ — b + b bang
12 ) 119 119
e ® i 160 169
[} Haoiy (/@/éﬁ[d(ﬁ

Nhan thay 52 + 122 = 132 suy ra @ L b.

@] 5
RE e
Do tinh déi xtng, goéc gitta @ — bvad+b 2003.

5\° 50 119
COS(Qag):Zcoszozg—l:Q-(—) —1=——1=———". Chon dap 4n C.

Goc ap gitta @ va @ + b théa man cos Qg =

13 169 169

—

> Cau 70. Cho @ = @ + 30 vuong goéc v6i U = 7d — 5bva T =@ —4b vuong goéc véi
Y =7d —2b.Khi dé goc gitta hai vecto @ va b biang

@ (7, 0) = 75°. (@, 0) = 60°
© (T, 5) = 120°. © (T, 5) = 45°.
| | 7T-T=0 @ +30) (7T —50) = 7|32 — 155 + 16 -
l&/‘[u’()/‘/?(/(?/y[(éi. Ta co: i i & (i—i_ _>)( (_Z) _>) & |i| _’, | * _)a
C T-y=0 (@ —4b)(Ta —2b)=0 7<)+ 8|b]* — 307 -
. — 5 o - 1 >
Lay (2) trit (1) ta duge: 23|02 —46@ - b =0 a - b = =|b |

Thay vao (1): 7|22 — 15|02+ 8|62 =0 = 7|@2 = 7|b ]2 = |@| = | b).

T do: cos(a, b) = |—b)|:2 =5 (@, b) =60° Chon dap an B.
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Chuong 1. VECTO VA HE TRUC TOA DO TRONG KHONG GIAN

$® Cau 71. Cho ti dien ABCD c6 AB = AC' = AD va LBAC = ZBAD = 60°. Tinh gbc giita
cap vectoc AB va CD.

@A) 60°. 45°. © 120°. (D) 90°.
O ing (z]mz(jzm Ta c6: AB-CD = AB - (AD — AC) = AB - AD — AB - AC = AB - AD -

cos 60° — AB AC - cos 60°.
Vi AB = AC = AD nen AB-CD =0 = (AB,CD) =90°. Chon dap an D.

¢S Cau 72. Cho hinh chop S.ABC ¢6 SA =SB = SC va LZASB = ZBSC = ZCSA. Tinh goc
gitta cap vecto SA va BC.

(@A) 120°. 90°. © 60°. (D) 45°.
(2} Hu‘o‘ézi(/(&zéjz'dzl Ta c6: SA - BC = S_A)(S_C)—S—é) — SA-SC—SA.-SB = SA-SC -
cos ZASC — SA-SB-cos ZASB = 0 (vi cac canh bén bang nhau va cac géc ¢ dinh bang nhau).
Suy ra (SA, BC') = 90°. Chon dap an B.
¢ Cau 73. Cho hinh chép S.ABCD c6 day 1a hinh vuong ABCD canh bang a va cac canh bén
déu biang a. Goi M va N lan lugt 1 trung diém ctia AD va SD. S6 do ctia goc (M N, SC) bing:

@) 45°. 30°. © 90°. @) 60°.
(2} /7,’&[027 f/d/éiz'dzl Ta c6 M, N lan lugt 1a trung diém ctia AD, SD nén M N//SA = cos(M N, SC) =

cos(SA, SC).

Xét ASAC c6 SA= SC = a, AC = av/2.

Ta thiy SA? 4+ SC? = a? + a® = 2a®> = AC?, do d6 ASAC vuong tai S.

Khi d6 SA-SC =0« (NM,SC) = 90° = (MN, SC) = 90°. Chon dép 4n C.

¢ Cau 74. Cho tt dien ABCD deéu canh bang a. Goi O 1a tam dudng tron ngoai tiép tam giac
BCD. Goéc gitta AO va C'D bang

@) 0°. J0 © 90°. (D) 60°.
(Y Hazmj (/[UZ /¢, Vi ABCD la tit dién déu nén hinh chiéu ctia A lén mat phang (BCD) la tam

O clia tam giac déu BC'D. Suy ra AO L (BCD) = AO 1 CD. Vay goc giita AO va C'D bang 90°.
Chon dap an C.

> Cau 75. Cho tit dien ABCD v6i AB L AC,AB 1 BD. Goi P,Q lan lugt la trung diém ciia
AB va CD. Goc gitta PQ va AB biang

@A) 90°. 60°. ©) 30°. (D) 45°.
— gl &7 25 —
() Ha’o/‘/(y a/d}ijiéi'l Ta c6 PQ = §(AC' —1|— B 1
Vi AB L AC va AB | BD nen AB-AC =0 va AB - BD =0,
Suy ra AB - PQ =0 = AB 1 PQ. Géc gitta chiing bang 90°. Chon dap 4n A.
$> Cau 76. Cho hinh lang tru déu ABC.A'B'C" ¢6 AB = a va AA" = V2a. Goc gitta hai dudng
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thang AB’ vi BC' bing

A’ c’

@) 60°. 45°. © 90°. (D) 30°.
o /‘[uoga/mz giéi. Tac6 AB' - BO' = (AB—!—B—B?)(B_C)+C—C7):A—B)-B_C>+A—B)~C—C7+B—B7~

BC+ BB -CC'.

Vi lang tru deu nén ABC 1a tam gidc déu canh a va cdc canh bén vudng goc véi day.

CL2

QE-B_C):wa-coleOO:—?.
¢« AB-CC'=0va BB - BC =0 (do canh bén vuong goc canh déy).
e BB -CC' = (\/_a) = 2a%.

= AB - BC' = —§+O+O+2a

=
D6 dai: |AB'| = /a2 + (v2a)? = av/3; \BC”]

AB - BC' 5 1

Suy ra cos(AB’, BC') = |__+ _(_j_l = 2 ==

|AB|-|BC"| aV3-aV3 2

9 Cau 77. Cho hinh lap phuong ABCD.A,B,C1D; ¢6 canh a. Goi M la trung diem AD. Gi4 tri
BlM 1 BDl la:

2

v\ a2+ (vV2a)? = aV/3.

= (AB’, BC") = 60°. Chon dap an A.

w”

AL» Bl
| 7
D1 & ; /
N [l
’\\ 7/
Wi
Y
NS STHCS £
AN
D 7
C
1 2 2 3 2 3 2
@5@. CL. @Z(I @5&

[ Huozj a/(z/z gicl. Ta co: BlM BlB + BA + AM.

BD1 BA + AD + DD1

Khi d6: BiM - BD, = (B1B+ BA+ AM)(BA+ AD + DDy).

Do céc truc toa do doi mot vuong goc, cac tich vo huéng ciia cac vecto vuong géc sé bang 0:
_— ——> — —_— — 2

—B,B-DD,+BA?+ AM -AD = —a® + >+ = -a = —

2 2"
Chon dap an A.
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$® Cau 78. Cho hinh lap phuong ABC'D.EFGH. Tinh gbc gitta cap vecto AB va EG.

FE
‘ r H
P
! G
Al
/} 77777 Z D
B C
@A) 90°. 60°. © 45°. (D) 120°.

O Jlicong (/(z‘%g(;zt. Ta ¢6: EG//AC (do ACGE la hinh chit nhat) = (AB, EG) = (AB, AC) =
/BAC = 45°. Chon dap an C.

$® Cau 79. Cho hinh lap phuong ABCD.A'B'C'D’. Goi M, N lan lugt 1a trung diém ctia AD, BB'.
Cosin ctia géc hop bdi M N va AC’ bang

V3 V2 V5 V2
@ = — © —+- )=
3 3 3 4
O Macong (/a“n(,/affzz; Xét hinh 1ap phwong ABCD.A'B'C'D’ canh a. Dit @ = AB, b = AD, @ =
AA = || =|b|=|C|=a,@ - b=0-C=a-C=0.
. . - N 1. — 1 1 3
Tacé: MN = AN—AM = AB+BN—-AM =4a—-b+=¢ = |MN| = \/a2+—a2+—a2 = a\/_'
Db a2 AT NG

AC'=AB+AD+AA =T+ b+ 2= |AC| = V@ + @ + & = aV/3.
— — 1 1
Ta c6: AC"- MN = a* — §a2 + §a2 = g2,
———  |MN-AC 2 2

= cos(M N, AC") = |cos(M N, AC")| = |___+ _1 — 4 :i. Chon dap an B.
IMN|-|AC"|  aV3 3

w3 3

V2
&> Cau 80. Cho tit dien ABCD. Dit AB = @,AC = b,AD = €. Coi G I trong tam tam gidc
BCD. Déng thiic nao sau day ding?

— — R 1 —
A AG=4a+ b+ 7. AG=§(3+b+?).

[ Ha‘a‘nf (/(g)ifzkézl Vi G la trong tam tam giac BC'D nén GB+GC+GD=0.
C

Ta c6 AG = g(AB + AC + AD) = 5(6’—1— b + 7). Chon dap 4n B.
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¢ Cau 81. Cho hinh lap phuong ABCD.A;B,C,D;. Goi O la tam cta hinh lap phuong. Dang
thitc nao sau day ding?

@Ao— (AB + AD + AA,). ® A0 =+ AB+AD+AA)

@AO_ (AB + AD + AA;). @AO_3A3+AD+AA)
[ Hw?? a/(alz(jzfdzf, Theo quy téc hinh hop: AC; = AB + AD + AA,.

Ma O la tam cua hinh 1ap phuong nén AO = 51401 = é(AB + AD + AA;). Chon déap an B.

¢S Cau 82. Cho tu dien ABCD. Dit AB = @, 1_4_5 = Z), AD = 2. Goi M la trung diém ctia doan
BC. Ding thiic nao duéi day ding?

@DM_%(E’+b—2E’) W_é(a’+23—?).
@W:%(3—23+?) @W:%(3+2_b)—?).

[} Huogzj (1,/(2?,)2(,;/61,'(2"1,'/, Vi M la trung diém ctia BC = BM = %B—C}
MétkhéCWZI)—A)+A—B)+B—]W)ZA_B)—A—D)+lB_C)

—AB-AD + - (AO AB)_—AB+ A(J AD_% +%3—?:%(3+?—2?).

Chon dap an A

¢ Cau 83. Cho ti dien ABCD. Goi M va P lan ludt la trung diém ctia cac canh AB va CD.
Dat AB = b, AC = ¢, AD = d. Khang dinh nao sau day ding?

A
M
B D
P
c
@MP:§(c+d+b) MP:§(d+b—c).
© MP==(¢+b—4d) DO MP=—-(¢+d-1b

| o . L 2AM = AB
[} Hua% (/(z‘lg/mdz,, Vi M, P lan lugt 1a trung diem cua AB,CD néntaco: ¢ —,
AC + AD = 2AP
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1- 1, 1-—> 1 - -

Tacé: MP = MA+ADP = —AM+AD = ——AB+ (AC+AD) ) b+ +5°¢ 5d = 5(?+d— b)
Chon dap an D.
<><> Cau 84 Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh. Dat SA = a, @, SB = 77),
SC = c, 2. SD=4d. Khéang dinh nao dudi day diang?

@A T+T=0b+4d. ®F+b+C+d=0

© @ =b+7¢ DaT+b=72C+d.
(Y Ha‘a‘égj Jf?/é/z,a,(,, Goi O la tam hinh binh hanh ABCD, theo tinh chat trung diém trong khong

. (SA+SC=250=a+7 a8 - o
gian ta c6: § —» — > > = at+c=b+d
SB+SD=250=1b+4d

Chon dap an A.

¢ Cau 85. Trong dién truong deéu, lyc tinh dien F (don vi: N) téc dung len dien tich diém c6
dién tich ¢ (don vi: C) duge tinh theo cong thiic F = qE trong do E la cuong do dién truong
(don vi: V/m). Tinh do 16n ctia lye tinh dién tac dung lén dién tich diém khi ¢ = 1072 C va do lon
dién truong £ = 10° (V/m).

RS it it sl s |

—

e

(A) 1074 N. ® 2-107¢ N. Gpltis ek D) 1,8-107% N.

(e} Hamzc r/mé/zm D6 16n ciia e tinh dien 1a |F| = |g| - B = 10~° - 10° = 10~* N. Chon dap an

2) Trac nghiém dang sai

& Bai 1. Cho tit dien ABCD. Goi M, N lan luct la trung diém ctia AB,CD va I la trung diém
ciia MN. Goi G la trong tam clia tam giac BC'D. Xét tinh dung sai clia cac khang dinh sau:

a) MA+MB =0

b) AC + BD = 2MN.

¢) IA+IB+IC+ID=0
d) 347 —24G =T0.
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[} Ha’éy dén oidi.

C

a) Dung.
Do M la trung diém ctia doan thing AB nén theo tinh chat trung diém ta c6 MA+MB=70.
b) Ding.
~ [AC = AM + MN + NC
Ta, co:
BD=BM+ MN + ND
= AC + BD = (AM + BM) + 2MN + (NC + ND).
Vi M, N 1an lugt 1a trung diém ctia AB,CD nen AM + BM = 0 va NC + ND = 0.
Do d6 AC'+ BD =2MN.

c) Dung.

TA=1IM+ MA

IB=1IM + MB

IC=IN +NC

ID=IN+ND

= TA+TB+IC+ID=20IM+IN)+ (MA+ MB)+(NC+ND)=0.

(Vi I 1a trung diém M N, M la trung diém AB, N la trung diem CD).
DS I W A W SNy .

TfrIA—i—IB—l—IC—l—ID:O:>4A[:AB+AC+A2; o NN

Mat khéc_,)vi Gli)trong tain) cﬁa&m gi_é)c BCD nén AB + AC' + AD = 3AG.

Suy ra 4Al = 3AG, hay 4Al —3AG = 0.

& Bai 2. Cho hinh chép déu S.ABCD. Goi O la giao diém ctia AC va BD. Xét tinh ding sai ctia

cac khang dinh sau:

Ta co:

a) AB+CD=0.
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b) OA+0C =10,

¢) SA+SB+ SC + SD = 250.
d) (SA—5C)-(SB+ SD)=0.

() Ha’o‘zy f/fz‘\/iizfézf.

a) Ding.

Dotfl_’giécABCDlahinhvuéngnénA_B):D_C}, suyraA_B>—D—C’>:6)(:)A_B>+C_D): 0

b) Ding.

—

Vi tit gide ABCD la hinh vuong nén O la trung diém ciia duong chéo AC, suy ra OA+0C=7.

c) Sai.

Vi tit gidc ABCD 1a hinh vuong nén O la trung diém ciia cac duong chéo AC va BD.

) {@H@’:Q%’
Ta co:

SB + SD =250

d) Ding.

Ta co: (ASY_A—S_C:)(S'_B)—I—S_D»)

— SA+SB+SC+SD = 450.

= CA-(250) =204 - 50.

Do S.ABCD 1a hinh chép déu nén SO L (ABCD), suy ra SO L CA = CA- SO = 0.
Vay (SA—SC)-(SB+SD) =0.
& Bai 3. Cho hinh hop chit nhat ABCD.A'B'C'D’' ¢c6 AB =1,AD =2,AA" = 3. Goi M 1a mot
diém trén doan C'C’ sao cho CM = 2M(’. Xét tinh ding sai ctia cac khang dinh sau:

a) AA = 2CM.

C
d) AM -B'D = 0.

[ /’[aug a/mz olal.

a) Ding.

D/

B/

(0
|
|
|
T
|
|
|
|
|
|
|
|
|
|

C/

)
b) cos <AM A’C”) =2
) AM = AB+AD+1AA’

Ta c6 AA' cung phuong véi CM va AA' = 3,CM = 2C’C” = % 3 =2= AA = %C’M. Suy ra

AA = 3CM.
b) Sai.

Do AC cuing phuong véi A'C" nen (AM,A'C") = (AM, A_C')) — CAM.

Ta ¢6 AC = VAB2 + BC? = /12 + 22 = /5.

AM = AC? +CM? =

V5 + 22 =3
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Suy ra COS(W,A’C”) = cos CAM = 4C — ¥,

AM T 3
c) Sai.
Ta c6 AM = AC + CM = AB+ AD + 2AA".
d) Sai.
A D’
B : c
AM
SR
B C

Tacé B'D = AD — AB' = AD — (AB + AA)) = —AB + AD — AA.,

Do 6 AM - B'D = (AB + AD + 244") - (~AEB + AD — AA))

— AB? 4+ AD? —2AA% = —1+4+4-2.9= 3,

& Bai 4. Cho hinh chép ti giac déu S.ABCD c6 do dai tat ca cac canh déu bang a. Xét tinh
ding sai ctia cac khang dinh sau:

a) Ta gidc ABCD la hinh vuong.
b) Tam giac SBD can tai S.
¢) (SB,BD) = 45°.
d) SB-BD = —a?.
[ Haoiy (z/(glé/ﬁz'(z’z'. a) Duang.
Do S.ABCD 1a hinh chép déu nen day ABC'D 1a hinh vuong. Suy ra a) dung.
b) Ding.
Do S.ABCD la hinh chép déu tat ca cac canh bang a = SB = SD = a. Suy ra b) dung.
c) Sai.
Do tit giac ABCD 1a hinh vuong c6 do dai canh bang a nén do dai dusng chéo BD = av/2.
Tam giac SBD ¢6 SB = SD = a va BD = av/2 nén tam giac SBD vudng can tai S, suy ra
SBD = 45°.
Vi vectd SB va BD c¢6 huéng nguge nhau tai diém B nén:
(SB,BD) = 180° — SBD = 180° — 45° = 135°. Suy ra c) sai.
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d) Ding.
Ta ¢6 SB-BD = SB- BD - cos(SB, BD) = a- a2 - cos 135° = a?v/2 - (—?) = —a’.
Suy ra d) dang.
& Bai 5. Cho hinh hop ABCD.A,B;C, D, nhu hinh vé. Xét tinh ding sai ciia céc khang dinh

sau.
Al D1

wi o]

D

a) AB = D;C}.

b) AB + AD = BD.

¢) AB + AD + AA, = AC,.

d) C6 tat ca 28 vecto khac 0 c6 didm dau diém cudi 1a cac dinh clia hinh hop trén.
e luong a/f;‘ﬂjzfzg, a) Dung.
Vi tit gidc ABC, D, hoac cac tinh chat hinh hop cho thay AB//D,C; va AB = D,C}, huéng tit
A — B cung huéng tt D; — C}.

b) Sai.
Theo quy tic hinh binh hanh cho day ABCD ta c6: AB + AD = AC # BD.

c) Dung.
Theo quy tac hinh hop ta c6: AB + AD + AA, = AC,.
d) Sai.
Hinh hop c¢6 8 dinh phan biét. S6 cac vecto khéc 0 c6 diém diu va diém cudi 1a cac dinh ciia hinh
. . ]!
hop 14 s6 chinh hgp chap 2 ctia 8 phan tit: A2 = G_2) =8 -7 = 56 vecto.

& Bai 6. Cho hinh chép ti giac déu S.ABCD. Goi M, N lan lugt 1a trung diém ctia AB va CD.
Xét tinh ding sai ciia cac khang dinh sau:
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N oong din oddi,

C C

& a) Sai. Vi trong hinh vuong ABCD, AM va CN 1a hai vecto nguge huéng nén AM = —CN.

© b) Ding. Ta ¢c6 BN = BC + CN va DM = DA + AM. Vi DA = —BC va AM = —-CN

nén DM = —(BC' + CN) = —BN.

& ¢) Dung. Ta 6 SC — AM — AN = SC + CN + NA = SN + NA = 34.

& d) Sai. Ta 6 SD— BM +CM = SD+MB+CM = SD+CB = SD+ DA = SA + SB.
& Bai 7. Trong khong gian, cho hinh 1ap phuong ABCD.A’B'C'D’ ¢6 canh bang 1. Xét tinh ding
sai clia cac khang dinh sau:

A’ D’

B/

a) DA+ DC + DD’ = DB.

b) AB +CC' = AB'.

¢) |IDA+DC + DD/| = 2.
d) [BC—BA+CA|=1.

o Heeong din gidc.

© a) Sai. Theo quy téc hinh hop: DA + DC + DD’ = DB.

¢ b) Diing. Ta c6 AB + CC' = AB + BB = AB'.

& c) Sai. DA+ DC + DD/| = |DB'| = V2 + 1 + 12 = /3.

¢ d) Ding. Ta 6 |BC — BA + CA'| = |AC + CA| = |AA"| = 1.

& Bai 8. Cho t1t dien ABCD c6 trong tam G. Xét tinh ding sai cia cac khang dinh sau:

a) GA+GB+GC +GD = 0.

b) OG = HOA+ OB + OC + OD).

¢) BG=GA+GC+GD.

d) AG = 2(AB + AC + AD).
[} Ha’o‘éy (/(Z/z(, 71'{21', a) Duang. Theo dinh nghia trong tam ti dien ABC'D = GA+GB+GC +
GD = 0.
b) Diing. Ta co: OG = 1(0G+0G+0G+0G) = L(OA+AG+OB+BG+0C+CG+0D+DG)
(OA+OB+OC+OD+AG—|—BG+CG+DG) 1(OA+ 0B+ 0C + OD).

T
c) Dung. Tt GA+GB+GC+GD =0« GA+GC+GD=-GB = BG.

_d) Sai. Taci: AG = A0 + OG = A0 + 4 (OA+OB+OC+OD) A0 + 1404 + AB +
AC + AD) = AO + OA + 1 (AB+AC+AD) L(AB + AC + AD).

1
4
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& Bai 9. Cho tit dien ABCD. Goi M va N lan lugt 1a trung diém ctia AB,CD va G la trung
diém M N. Xét tinh dung sai ctia cac khang dinh sau:
A

GA+GB+GC+GD=10.

a)

b) MA+MB + MC +MD = 4MG.
) MN
)

c (AB+CD)

GA+ GB = 2GM

GC +GD = 2GN

Ma G la trung diém MN = GM +GN =0 = GA+GB+GC +GD = 0.
b) Diing. Chén diém G vio: MA+MB+MC+MD = AMG+(GA+GB+GC+GD) = 4AMG.
c¢) Sai. Dé ching minh duge MN = %(@ + B_C:)

o Hmfn(/p f/(f/z(izf(z’zf. a) Duang. Vi M, N la trung diém AB,CD =

MN = MA + AC + CN
MN =MB+ BD+ DN
Cong vé theo vé: 2MN = (MA + MB) + (AC + BD) + (CN + DN) = AC + BD.

[ [if
& Bai 10. Trong khong g_ia)n, cﬂ))hiri)ché;ﬁ./llﬁp c6 day ABCD la hinh binh hanh tam O.
Goi G 1a diém théa man GS + GA + GB + GC + GD = 0. Xét tinh diing sai clia cac khang dinh
sau:

d) Duang. Ta cé: {

a) AB+ BC +CD + DA = S0,
b) OA+OB+0C+0D = 0.

) SB+ 5D = SA+ SC.
) GS = 30G.

c
d

é(()éy (/[L‘/Z(/Zfl(
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a) Sai. Tacé AB+BC+CD+DA=AA=0.

b) Ding. Goi O la tam hinh binh hanh ABCD = OA + OB + OC + 0D = 0.

c) Duang. Ta ¢6 SB + 5D = 280; SA + SC = 250 nen SB + SD = SA + SC.

d) Sai. Tac6: GS+GA+GB+GC+GD =0 © GS+4GO0+ (0OA+0OB+0C +0D) =0
& GS+4G0 = 0 < GS = 400G,
& Bai 11. Trong khong gian, cho hinh 1ap phuong ABOD.A’B'C'D’ ¢6 canh bang a. Goi I 13 tam
hinh vuéng ABCD, goi G la trong tam ctia tam giac AB'C. Xét tinh dung sai clia cac khing dinh
sau:

c

A v,
a) AB+ AD + AA = AC'.
b) GA+GB +GC = 2G1.
c) AB +AD = A'C".
d) BD' = 2BG.

(e Sno dan oici.
Hl(’()él? a/(éll(jlﬁl

a) Ding. Theo quy tac hinh hop thi AB + AD + AA = AC'.
b) Sai. Vi G la trong tam ctua tam gidc AB'C nén GA+GB +GC=0.
c) Duang. Ta c6 AB+AD = AC = A'C'.
BI 1 BG 1 — —
. ~ BG __ it s _
d) Sai. Ta c6 ABIG ~ AD'B'G = 55 = DB -3 BD 3" BD' = 3BG.
& Bai 12. Cho hinh hop chi@ nhat ABCD.A'B'C'D’ ¢6 canh AB = a; AD = aV/3; AA' = 2a. Xét

tinh ding sai ctia cac khang dinh sau:

A’ D’
A P
B/ C
a) AB +CD =3.
b) AD+CB = 0.
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c) ‘E%—E‘ = a\/5.

d) ‘A—B)%—A’D’—l—C—C'7 = 2/2a.

O luong [/rz“njlffzzi.
& a) Sai: AB va CD' khong déi nhau nén AB +CD' £0.
© b) Dung: A'D va OB déi nhau nen A'D + CB = 0.
& ¢) Sai: ‘A—B)—FE‘ = ‘A_C')‘ = AC = VAB? + AD? = y/a? + (a/3)? = 2a.
_ AC' = VAP Y AD ¥ AA7 —

ot ‘ZE+Z§+M’

& d) Puang: (ZE+ AD +CC
Va2 + 3a2 + 4a? = 2v/2a.

& Bai 13. Trong khong gian, cho hinh 1ap phuong ABCD.A'B'C'D’ ¢6 canh bang a. Xét tinh
ding sai ctia cac khang dinh sau:

A D’

B’ c’

|

|

|

:

|
Ab---1--}D

B C

a) BB — DB = BD.
b) BA+ BC + BB = BD.
c) ‘ﬂ+§6+B—B7 = aV/2.

d) ‘B_é—ﬂJrCTA)‘:a.

[ Ha‘o/’égﬁ c/(fléfz'(ézl

& a) Pang: Ta c6 BBB— DB =B'B+ BD = B'D.
& b) Sai: Ap dung quy tdc hinh hop ta c6 BA+BC + BB = BD'.
® c) Sai: |BA + BC + BB/| = ‘BD’ 2 fol) — TR

& d) Dﬁng:TacéB_C’)—B—A)+(—7_’Z:A_C)+C_7_’Z:5’_6. Do d6 |BC — BA+ C'A| = C'C = a.

& Bai 14. Cho |d| = 3, |—b)| =5 va goc gitta @ va b biang 120°. Xét tinh ding sai ciia cac khang
dinh sau:

a) |@+ 0| =19.
b) |@ - b|=8.

) |@—2b|=+/139.
d) [T +2b]=09.

[} Ha’o‘éy r/(f/z(fzf(z’zf.
S T+ b]2=(T+b0)2=|BP+|bP+23 b =|aP+|0)2+2/T| |b|cos(T, b)
1 S, o
=94+254+2-3-5- <—§) =19=|ad + b| =+v19.
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S |B—DP=(T—-0)2=|TP+|b]2P-2-b=|B2+|b]>—2|T| ||cos(T, D)

1 o -
:9+25—2-3~5~(—§ =49=|a - b|=

5

9="17.
O |T—20P=(T—20)2=|TP+4DPP—4T b = |32+ 4|02 — 4|3 |b|cos(T, b)

1
:9+4.25—4.3-5-<—§):139:»|a’—2 | = /139.

S |T+2b2=(T+2b)2=|TP+4|b2+4T b =GP +4|b2+4|a||b|cos(T, D)
1 R -
—9+4+4-25+4-3-5. (—é) — 79 = |@+2b| = V79.

& Bai 15. Trong khong gian, cho hai vecto @ va b ciing c6 do dai bang 1. Biét rang goc gitta hai
vecto d6 la 45°. Xét tinh ding sai clia cac khang dinh sau:

L o> V2
a) = —.
2
— — 2
b) (@ +30b) (E—Qb)=—5+§.
) |+ =2+2
d) |2 -v2b|=0

[} Huozy (/(5)71%212.

— - . 2 2
& a) Déng: T+ F = (7] |Flcos(@, ) = 1:1. 22 = 22

¢ b) Diing: (E’+3b)-(a—2b):|a|2+a-b—6|b|2:1+§—6:—5+§.
/>  Tho - o5 = \/5 o —
®c)Sai: (T+0)2=3%24+20-b+b2=14+2-——+1=24+V2=|T+ b|=vV2+V2

2
S 7\2 —9 = 79 \/é
& d) Sai: (@ —v2b)2 = a2 —-2V20- b +2b :1—2\/§~7+2:1—2+2:1:>
T —V2b|=v1=1.

& Bai 16. Cho tit dien déu ABCD c6 canh bang a va M 1a trung diém ciia C'D. Xét tinh ding
sai ctia cac khang dinh sau:

A

b) E-TC’:%.
c) AB-CD = 0.
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2

d) AM -AB = -~

[ Hu’o‘g din gici. a) Dtang: Tam gidc ACD déu suy ra trung tuyén AM ddng thoi la duong
C

cao,nénAMJ_CDé;lﬁ-a—ﬁzo.
2

b) Ding: Ta c¢6 AB-AC = |Z§]|Z§| COS(ZE,Z@) — AB-AC'-cos BAC = a-a-cos 60° = %

¢) Ding: Ta c6 AB - CD = (AM + MB)-CD = AM -CD + MB - CD.
Mat khac AM, BM 1a trung tuyén clia cac tam giac déeu ACD, BCD nén AM 1 CDva BM L CD.
Suy ra AM -CD=MB-CD=0=AB-CD =0.

— 1 — —

d) Sai: Ta c6 AM:§(AC—I—AD).
SuyraAB-AM:AB-i(AC'jLAD):§(AB-AC’+AB-AD)
_1 a2+a2 _a2
S2\2 2/ 2

& Bai 17. Mot chat dlem 6 vi tri dinh A cta hinh lap phu’dng ABC’D A'B'C'D’. Chéat diém chiu
tac dong béi ba lyc @, b ¢ lan luot cting huéng vdi AD AB va AC' nhu hinh va. Do 16n cua cac
lue @, bva tuong ung la 10N, 10N va 20 N.

AT B
a, }\\\
D L C
NE
A/‘f ,,,,, NN SR B
// “\
D’ o
A T+b="1
b) |4+ b|=20N.
c)[d+2Cl=[b+7l
d) |@+ b+ 7| ~32,59N
O\ Hoong din gidl.
L(()/(Zﬁ G (Z/é([(l[
Tit gid thiét ta c6 @ L b; cos(@, ) = cos DAC" = i; cos(b, ?) = cos BAC" = L
, V3 V3

a) Sai: Gia st @ + b = d. Theo quy tac hinh binh hanh thi d cung huéng véi AC suy ra
@+ b #7¢ (vi ¢ cung huéng AC").

b) Sai: |d + 5)| = /102 + 102 = 10v/2 ~ 14,14 N # 20N (dudng chéo hinh vuong canh bing
10).

. 1 400+/3
¢) Dtng: Ta c6 |@ + C> = | T + 27 - +!c|2=102+2.1o-20-ﬁ+202:500+ 3\/_.
N 400+/3
Suy ra |@ + ¢| =1/500 + \/—
3 /3
- - > 1 400v/3
Mit khéc (b + )2 =[b|2+2b - T+ |22 =1024+2-10-20 - —= + 20% = 500 + .

/3 3
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4oof

Suyra|z)+—c'|: 500 + Vay]5’+?]:|—b)+?|.

d) Dtng: Gia st Iy tong th la m, tic lam = @ + b+ 2.
Dodo:m=ad+b+C & mP=(ad+b+7C) < |mP?=ad*+b*+7C?+2d-b+2b-C+2¢-a
1

1
<:>|m|2=102+102+202—|—0+2~10-20-%4—2.10.20.%
800

& M) = 600 + —= < || ~ 32, 59.

V3
& Bai 18. Trong khong gian cho hinh lap phuwong ABCD.A’B'C'D’ ¢6 do dai canh 1a a. Goi O la
giao diém ctia BD va AC.

a) Vecto A'C' — A'/A = AB + AD
b) Vecto BC" = A’A+ B'C'
c¢) Vecto C'O = C'A" — OA

)

d) AD-AB =0

/ A A
[ /Z{uoiy a/méjzm Dung Vi {A_C,(_ifl _i? = R— A_/A) = @—{—E
AB+ AD = AC
b) Sai: Vi BC" = BB’ + B'C" = AA'+ B'C".
c) Pang: Vi C'O = C'A'+ A0 =C'A' — OA'.
d) Sai: Ta c6: A’D - A'B=|A'D|- |A'B| 'COS(E, E) =av/2- a2 - cos60° = a?.

& Bai 19. Cho ti dien déu ABCD canh a. Goi M, N,G,P,Q lan luct la trung diém cta
AB,CD,MN,AC,BD.

A
M
B D
N
C

a) 2QP = AB +CD

—_—> —_—> > & 2 3
b) Gia tri tich vo huéng AL - (AB — CA) bing = ;f

c) Gia tri cua GA+GB+GC =—-GD
d) Goéc gitta AC va MN 1a 60°
o Huo{yc/a}z(ﬁmz ) Sai: AB + CD = (AP + PQ + QB) + (CP + PQ + QD) = (AP + CP) +
2PQ + (QB + QD) = 2PQ.
b) Sai: Ta c6: AB - (AB — CA) = AB - AB + AB - AC = AB? + |AB| - |AC| - cos(AB, AC)
a®>  3a®

:ABz—I—AB-AC-COS(B/A\C'):CL2—|—(I-CL-COS6OO:CL2+5:7.
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c¢) Ding: Tacé:G—A)—i-G—B):2W;G—C)+GD:2GN; GM+GN=0.
Suyra:C—?Z+G—B)+é—0)+@:6hayéz+G—B)+é—C):—@.

— —  AC-MN
d) Sai: Ta ¢6 cos(AC, MN) = __9—__+
|AC| - |[MN|
o|AC| = a; MN = %(A—O’JFE)’) = |MNJ? = }L(ACQ+2A_C)-§5+BD2) = i(m%z?c’-ﬁi).
Ma AC - BD = AC - (AD — AB) = AC - AD — AC - AB = a2 cos 60° — a? cos 60° = 0.

_— a
Vay [MN| = —.
—_— ——> T — —_— — 2
TacéAC'-MN:%AC’-(AC’—I—BD):%(AC'2+AC-BD):%.
—_— > a2/2 \/§ —_—
AC,MN)= ——— = — = (AC,MN) = 45°.
cos( ) o a/ 3 5 ( )

& Bai 20. Cho hinh chép S.ABCD c6 day ABCD la hinh vuong, SA vuong goéc véi mat phing
(ABCD). Goi I, J 1an lugt 1a trung diém ctia SA, SC. G 1a trong tam tam giac SBD.

a) AC — AB = AD.

b) AS + AB + AD = AG.

d) AG? = AS? + AB? + AD?.
[ Haog (/(Z/z,( 71,‘[5,1,7. a) Dang: Ta ¢c6 ABCD la hinh vuong nén AC = AB + AD (quy tac hinh
binh hanh), suy ra AC — AB = AD.

b) Sai: Do G la trong tam tam giac SBD nén: GS§+GB+GD=70 = (@—I—A_S))%—(G_A»—l—
AB)+ (GA+ AD) = 0 = AS + AB + AD = 3AG.

¢) Sai: Ta ¢c6 ABCD la hinh vuong nén AC' L BD = AC-BD = 0.
2 - 1—> _— —>
Vi I, J la trung diem SA,SC nén IJ = §AC’ = 1J-BD =0.

Meénh dé ghi IJ-BD=10 (vé phai 1a vecto khong), trong khi tich vo huéng phai la mot sd
thie 0. Vi 18i ky hiéu nay nén ménh dé sai.
d) Sai: Do G la trong tam tam giac SBD nén AS + AB + AD = 3AG
= (3AG)% = (AS+AB+AD)? = 9AG? = AS?+ AB*+ AD*+2AS-AB+2AS - AD+2AB-AD.
SA L AB {A_S’ AB =0
=

Vi SA L (ABCD) = EE.
SA L AD AS-AD =0
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ABCD 1a hinh vuong nén AB - AD = 0. Tit d6 ta duge 9AG? = AS? + AB? + AD?.

& Bai 21. Mot vat ning O dude kéo tit ba huéng nhit hinh vé va chiu téc dung ctia 3 lwc Fy, Fa, Fs,
c6 do 16n lan luct 14 24 N, 12N, 6 N. Biét goc tao bdi 2 luc F'i, F'5 1a 120° va lyc thit ba vuong goc
v6i hai luc dau tien.

C
N FE
F3
I
O A
P
B D

a) BO + BA = BD.
b) OF = OA+ OB+ OC.
c) Do dai cua vects OD la = 12V/7.

d) Do 16n hgp lie tac dung vao vat O la 61/13 N.
o /{aoz/ c/mjzm a) Sai: Theo quy tac hinh binh hanh, ta co: BO+BD = BA (hodc OA+OB =
OD).

b) Diting: Theo quy tdc hinh binh hanh, ta c6: OA + OB + OC = OD + OC = OE.

¢) Sai: Ta c¢6: |OD|? = |OA + OB|> = OA2 + OB? + 204 - OB = OA? + OB* + 20A - OB -

-

cos(Fy, ]_7)2)
Thay s6: |OD|? = 242 + 122 + 224 - 12 - cos 120° = 576 + 144 — 288 = 432
Suy ra: ]O—D)| = /432 = 12+/3.
d) Diang: Do 16n hop luc tac dung vao vat O la:

|F1+ Fy+Fs| = |0OA+O0B+0C| = |OE| = VOD2+ OC? = 1/ (12v/3)2 + 62 = /432 + 36 =
6v/13 N.

3) Cau tra I6i ngan

& Bai 1. Cho hai vecto @, b sao cho |@] =2, |b| =2vahaivects T =3+ b, § =20 — b
vuong goc véi nhau. Tinh géc gitta hai vecto @ va b.

l&/‘[m)’fyr/(m(/mz Taco(a+b)(2a—b)—0<:>2 32+33:0<:>2(2)—4+\/§~2~
cos(d, b)—0=>cos(a b)—O:>(a b)—90°
& Bai 2. Cho hinh ling tru tam giac ABC.A'B'C’ céﬁza’;A—B):Z;A—C):E’. Goi I 1a trung
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Chuong 1. VECTO VA HE TRUC TOA DO TRONG KHONG GIAN

-
b,?C.

diém ctia doan théng B'C. Tinh B'T theo a, b,

—>
C.

(@) Huo/zy (/a“/éjzfézf, Taco B'l = §B/C’ = §(AC—AB/) = E(AC—AA’—AB) =505 b +§
& Bai 3. C6 ba lyc cung tac dong vao mot vat. Hai trong ba luc nay hop véi nhau mot goée 100°
va ¢6 do 16n lan luot 1a 25N va 12 N. Luyc thit ba vudng géc véi mat phéng tao béi hai luc da cho

va ¢6 do 16n 4 N. Tinh do 16n ctia hop Iuc cia ba luce trén.

C
Fy
E
F,
0 A
7./ 100
B D
Hunh 12

[} Ha’oy (/(Zn(/aac Goi F 1 F 2, ]_7)3 1a ba lyc tac dong vao vat dat tai diem O lan lugt c¢6 do 16n
la 25N, 12N, 4 N.

VéO—A):]?l,O—B):]?Q,O_d:F?,.
Dung hinh binh hanh OADB va hinh binh hanh ODEC.
Hop lyc tac dong vao vat la
F=0A+0B+0C=0D+0C =OE

Ap dung dinh i cosin trong tam gidc OBD, ta co:

OD? = BD? + OB*>—2-BD-0B - cos OBD = OA> + OB? +2- OA - OB - cos 100°.
ViOC L (OADB) nén OC L OD, suy ra ODEC la hinh ch@ nhat.
Do d6 tam giac ODE vudng tai D.
Ta c6 OE* = OC?* 4+ 0OD? = 0C? + OA2 +0B?>+2-0A - OB - cos 100°.
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§1. VECTO TRONG KHONG GIAN

Suy ra OF = /OC? + 0A2 4+ 0B2+2-0OA- OB - cos 100°
=42 4252 + 122 +2-25- 12 cos 100° ~ 26,092.

Vay do 16n cua hgp luc la F'= OF ~ 26 N.

& Bai 4. Cho tit dien ABCD. Goi M va N lan lugt 13 trung diém ctia AB va CD. Tim gia tri
ctia k thich hgp dién vao dang thitc vecto: MN = k(AC + BD).

) N _— 1] — —> y ” 1 — — —s —
[ Hu‘o";zﬁ c/(}/y[(}[. Taco: MN = E(MC'—I—MD) (quy tac trung diem) = §(MA—|—AC+MB+BD).
! g

— — — ” — 1 — —
Ma MA+ MB = 0 (vi M la trung diem AB) = MN = §(AC+BD).
1
Vay k= —.
ay 5

& Bai 5. Cho hinh hop ABCD.A;B,C;D;. Tim gia tri ctia k thich hop dién vao ding thic vecto:
AB + Blcl + DD1 = kACl

[} /‘[mf?y [/(2‘\12}[.(2 Z.

D
C
A B
~
D1 \\\\\
, I " T T . Ol
7
7
7
Al Bl

Ta ¢6: AB + BiC; + DD, = AB + BC + CC; = AC + CC; = AC;. Nen k = 1.

& Bai 6. Cho 2 vects @ v b théa man |@| =4, |5 =3 va | + 25| = 2V/7. Tinh (T, D).
O Jlacong (/(s;yz(g(; Taco: |[@+2b| =27 (T+20)2 =28 @2+4b2+43 b =28
& | @+ 4| B2+ 4/@|| 5| cos(@, b) = 28 -

& 42 +4.3% +4.4.3.cos(d, b) =28 < 48cos(a, b) = —24

& cos(@,T) = —3 = (7, 7) = 120°.

& Bai 7. Cho hai vectd @ va b tao vdi nhau goc 120° va |@] = 3,| 5| = 5. Tinh |@ + 27 .
[} Hwo‘ézﬁ f/(z}z(,jzd,zf, Cach 1:

1T +20)2=(T+2b)2 =GP +4|b)2+4T.0 =T+ 402+ 4||.| 7| cos(T, D)

= 32 + 4.5 + 4.3.5c0s(120°) = 9 + 100 + 60 (—%) =179

= |3 +20b|=/79.

Cach 2: R . .

Vé hinh binh hanh ABCD sao cho: AB =a@, AD =2b.

—

Theo quy téc hinh binh hanh ta ¢6: |@ + 25| = |AB + AD| = |AC| = AC.
Ap dung dinh 1y ham cosin trong tam giac AC'D (v6i AD =10,CD = 3, ZADC = 60°):
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1
AC =+/CD?+ AD? —2CD.AD. cos60° = \/32 +102 — 2.3.10.5 =4/79.

& Bai 8. Cho ba vectd @, b, € théaman |@| = 1,|b|=2,|@— b| =3. Timh (3 —20).(23 + b).
[} Haozy [/fc/l(jl(u
Tacé:|6’—?|—3<:)( —b)2 =

9
Ta co: (6’—26)(2@%—6) at+a.
—9212-3(-2)—222=2+46-8=

& Bai 9. Trong khong gian, cho tt dien S.ABC ¢6 SA = SB = SC = AB = AC =2, BC = 2V/2.
Hay tinh SC . AB.

xR L(()/Zﬁ (/(5/%7[(21}

B

Ta c6: BC? = (2v/2)? = 8;SB? + SC? = 22 + 22 = 8 = BC? = SB? 4 SC? = ASBC vudng can
tai S.
Mat khac: SA = AC = SC =2 = ASAC la tam giac déu.

SC-AB = SC-(SB—SA) = SC-SB—SC-SA = 0—SC-SA-cos ASC' = —2-2-cos 60° = — 3 =2
VayS_C')-A_B):—

& Bai 10. Cho hinh lap phuong ABC’D.A_’_LE’)C”D’. Goi M, N lan lugt 1 trung diém ctia A’D’ va
C'D’. Goi ¢ la goc gitta hai vecto MN va A’B. S6 do cia goc ¢ bang bao nhiéu do?

() Ha’o‘% f/(f/z(izf(z’zf.

Cl

A/

A

Vi MN//A'C" nén (MN, A'B) = (A'C", AB) = C'A'B
Tam gidc C'A’'B 1a tam gidc déu vi ABCD.A’B'C'D 1a hinh lap phuong.
Suy ra C'A’B = 60°.
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Vay (MN,A'B) = C"A'B = 60°.

& Bai 11. Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 canh bang a. Goi M, N lan lugt 1a trung
diém ctia A'D’ va C'D’. Tich vo huéng M N - C'B = na® (n la s6 thap phan). Gia tri ctia n bang
bao nhiéu?

[} /‘[mféy f/(?/ijzfdzf,

— C'

A

Vi MN//A'C" nen (MN,C'B) = (AC",C'B) = 180° — AC'B = 120°.
Ta ¢6: MN = %ﬁ C'B = av/2.

av?2
2

Suy ra: MN - C'B = |MN| - |C'B| - cos(MN,C'B) =
Vay n = -0, 5.

-av/2 - cos 120° = —0, 5a’.

& Bai 12. Treo mot vat nang c6 trong luong 30 N bdi ba sgi day giong hét nhau, cac sgi day doi
mot tao véi nhau mot géc 90°. Goi F'y, o, F's lan lugt 1a cac Iyc cang ciia ba sgi day néi trén. Do
16n ctia Iyc F'; bang bao nhiéu Niuton? (Lam tron két qua dén hang phan tram)

Y3

P

[ Huamj {/(;/ifééd Xét tt dien déu SABC c6 canh SA, SB, SC biéu dién do 1én cac luc cing

day va SP biéu dién do lén ctia trong luc tac dung lén vat ning S.

Ta ¢6 |F1| = SA, |]—52| = SC, |18| — SG va SG + SP = 0, trong d6 G la trong tam ciia tam gidc
déu ABC.
Datx:SA,x>0:>AC:x\/§.
<AC\/§) B /6

Khi d6 AG = ;AJ\/[:2

3 2 3
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Mat khac SG = SP = 30 nén xét tam gidc SAG vuong tai G, ta ¢
222
SA? = SG? + AG? & 2? —302—|—T<:>x—30\/_~51 96 (N).

& Bai 13. Mot chiée 6 to duge dat trén mit day dudi mot khung sit c6 dang hinh hop chit nhat
v6i day trén la hinh vuong ABCD, mat phang (ABCD) song song véi mit phang nim ngang.
Khung sit do duge buoc vao méc E ciia chién can cau sao cho cac doan day cap EA, EB, EC,
ED c6 do dai bang nhau v& ciing tao v6i mit phiang (ABCD) mot goc 45° nhu hinh vé. Chiée
FI = 172) = fg‘ = ‘ﬁ) trong
lugng khung sat 1a 1000 (N) va trong lugng ctia chiée xe 6 t6 12 4000 (N). Tinh cuong do Iic cing
clia moi doan day cap (lam tron dén hang don vi).

can cau kéo khung st 1én theo phuong thang ding. Biét Iuc ciang

X a‘o/'/(zﬁ a/a72(,7zk2,12.

Goi O la giao ctua hai duong chéo AC va BD.

Hinh chép E.ABCD la chép c6 cac canh bén bang nhau va O 1a tam ctia dday 1a hinh chit nhat
ABCD. Suy ra EO L (ABC’D)

Ta c6 F1 = k;EA Fg = k;EB F3 = k:EC F4 = kED.

Lay E’ déi xing véi E qua O.
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Ap dung quy téc hinh binh hanh ta ¢6 F, + F = kEE'; Fy + Fy = kEE' (k 1a hing s6)
P+ Fy+ Fy+ Fy = 2kEE = 4kEO.
Vi 6 t6 dude dit ¢ vi tri can bang nén FI + }7’; + ﬁ’; + FZ = ﬁ, trong do 1—5 la trong lyc tac dung
lén 6 to va khung sit nén.
5000 1250
5000 =4kOF = OF = —— = —— (N).
4k k (V)
Vi E'A tao v6i (ABCD) mot goc 45° = EAO = 45°.
. ~ . . ) 1250 V2

Xét AAFEO vuong tai O ta c6 EO = AFE -sin45° = % = AFE - - = AE =1250kv2 (N).

Tit gi4 thiét EA = EB = EC = ED = k |F,

‘ _ EA  1250kV2
k 0k
& Bai 14. Mot chiée den tron dudc treo song song véi mit phing nim ngang bdi ba sgi day khong

Vay cuong do luc cang ctia moi doan day cap 13‘]7: (N)=~ 1768 (N).

dan xuat phét tit diem O trén tran nha lan lugt budc vao ba diém A, B, C' trén deén tron sao cho
tam giac ABC déu. Do dai ctia ba doan day OA, OB, OC déu bang L. Trong lugng clia chiéc den
12 27 N va ban kinh ctia chiéc den 1a 0,5 m.Tim chiéu dai t6i thiéu ctia méi sgi day, biét ring moi
sgi day do duge thiét ké dé chiu duge lyc cang t6i da la 12 N. (Chiéu dai tinh theo don vi cm va
lam tron dén hang phan mudi).

[} Ha‘a‘éy a/rf)éj[d,zf.

Goi G la trong tam tam giac ABC.

Vi AABC déu nén G la tam duong tron ngoai tiép AABC.

Do d6 GA =GB = GC = 0,5 m.

Goi F' 1a do 16n cia cac Iuce cang ]71), ]72), ]?3) tren mdi sgi day. Khi d6, F' = F(L) 1a mot ham s6 véi
bién s6 1a L. .

Theo b ra ta 6 OA = OB = OC = L nen OG L (ABC) va ]cﬂ" - ]cﬁ;" - ]0(1‘ ~ L.
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o, ] ] -
Vi vay, ton tai hiang s6 ¢ # 0 sao cho ﬁ = 052, ﬁ; = caﬁ, ﬁ; — cOC.
Suyra?’l%—ﬁ_’;—i—?},:c(O_A)—i—O_B)-I—O_C))

Theo quy téc ba diém ta co OA+ OB +0C = 300G.

Goi P 1a trong luc tac dung lén chiée den thi Fy + F, + F3 = 3cOG.
Ma trong Iugng tac dung lén chiée den 1a 20 N nén

P| =274 3¢|0C| =27V & ¢
Tam giac OAG vuong tai G (do OG L (ABC)) nén ta
0G = VOAZ —GA? = /L2 — 0,52m v6i L > 0.5.
Do d6 )(‘)Zf‘ /0 ece—
VI? — 0,5
9L
" (i L>05).
\/ L? — 0,52
Ta c6 Iiic cang t6i da clia moi sgi day 1a 12 N nén
L
F(L) <126 —2 <19
B— 05
& 3L < 44/L?—0,52
& 9L? <16L* —4
= 702 >4

2
= L > ~0,756 (m).
= (m)

9
oG

Khi d6 )F’ - |E

—c|04| =

Vay chiéu dai t6i thiéu ctia méi sgi day 1a L = 0,756 m=75,6 cm.

& Bai 15.Néu mot vat c6 khoi luong m (lig) thi lyc hap dan P clia Trai Dt tac }'
dung lén vat duge xac dinh theo cong thitc P = mq, trong d6 ¢ 1a gia toc rai tir do
¢6 do lén g =9,8 m/ s®. Tinh do 16n ctia luc hap dan ctia Trai Dat tac dung len mot
qua tdo c6 khoi lugng 102 gam (Hinh 27)

T el

o Vecong a/f;,z( gid. Déi don vi 102 gam = 102 - 1073 kg = 0,102 kg.
Tit cong thic P = mg suy ra |B| = m|F]
=0,102-9,8
= 0,9996 N.
Vay do 16n ctia Iyc hap dan cta Trai Dat tac dung lén qua tao xap xi 1 N.
& Bai 16. Cho hai véc-to @, b sao cho 17| = V2, )3’ =2 va hai véc-to 7 = @ + 3, Y =2d— b
vuong géc v6i nhau. Tinh goc gitta hai véc-to @ vab (don vi do).

—

Y =2d — b vudng goc véi nhau nén ta co

&5 /lucong f/av%zf(zz. Vi hai véeto Z=a 4+ b, 7 =
<E+?>-(2E—?>:0@232—32+3-3=0
—|2 — —
<:>2]?L’|2—’b‘ +|E’\~‘b‘~cos<6’,b>:()

@2-<\/§)2—22+2\/§-cos<3,3)=0
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& Bai 17. Cho hinh lang truy tam giac ABC.A'B'C" ¢6 AA = T AB=1b; AC = 2. Goi I 1a
trung diém ctia doan thang B'C. Biét ring B'l = ma +nb +p¢c, tinh S =m +n + p.

o u01(17 (/(Elzidmfdzﬁ.

Ta cb A c’
Bl =-B :—(AC—AB’)
2 2
1 —> e —>
:Q[AC—<AA’+AB]
Yy y Sy y. Sy s
2 2 2 A c
ol - NS
T foddez "’ ~ 28
Theo de, ta co B
( 1
m=——
2
n:—% =S=m+n+p=-0,.
_1
P~ 3

& Bai 18. Trong dién truong déu, hyc tinh dién P (don vi: N) tac dung lén dién tich diém c6 dien
tich ¢ (don vi: C) dugc tinh theo cong thiic F= q- E , trong do6 E la cuong do dién truong (don
vi: N/C). Tinh do 16n ciia e tinh dién tac dung lén dién tich diém khi ¢ = 1072 C v& do 16n dién
truong £ = 10° N/C (Hinh vé).

(= = = = = F F F F F=]

q
M -
E

F

(&) /-[uz)‘y a'/(?léf[d[' Tt cong thiic i — q- E suy ra ]]_7)| = q|E|
=10"7-10°
=10"*N.
Vay do 16n ctia liye tinh dieén téc dung lén dién tich diém la 10~* N.
& Bai 19. Mot lyc tinh dién F téc dong len dien tich diém M trong dién trudng déu lam cho M
dich chuyén theo dudng gap khiic MNP (Hinh vé). Biét ¢ = 2 - 107'2 C, vecto dién truong c6 do
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I6n £ =1.8-10° N/C vad= MH =5 mm. Tinh cong A sinh bdi lyc tinh dien E.

l+ + + + + + + + + |
«

E

[} HL{,‘U/’/ZJ c/r{/i/maz Cong A sinh bdéi e tinh dién FlaA=2-10"12. 1,8-10°-5=18-10"7 J.

& Bai 20. Mot gid hoa treo trong nha lam bang 3 soi day khong gian, méi soi day dai 60 (cm)
miéng ke 14 mot miéng gb can ddi hinh tron ban kinh 20 (cm), ba s¢i day duge that mot dau béen
trén va dé gia gd tai 3 diém tao thanh tam giac déu (giad st moi that ciia 3 sgi day va méi ndi clia
mdi sgi day véi miéng gb khong dang ké). Biét luc chiu dung ctia mdi sgi day bang nhau va méi
soi day chiu khong qua 15 (N) trong lugng ciia miéng gia gb 12 5 (N). Tinh trong lugng t6i da cta
cac chau hoa dé day treo khong bi ditt (don vi N, két qua lam tron dén hang phan chuc).

[ Hcm‘éy Jé‘/z&fz'dzl. Goi diém that mot dau bén trén 1a O va 3 diém ndi 3 sgi day véi gia gb tao
thanh tam giac deu ABC. Goi G la trong tam tam gidc ABC.

Vi tam gidc ABC déu nén G la tam dudng tron ngoai tiép tam gidc ABC.

Do d6, GA =GB = GC = 20 (cm).

Goi F' la do 16n cua céac e cang 1—51, 1—52, 1—53 trén moi sgi day.

bat F=2z v6i 0 <z < 15.

Theo bai ra ta c6 OA = OB = OC = 60cm nén OG L (ABC') va ‘O_A)‘ = ‘O_B)‘ — ’@)‘ = 60.

C
TR — r —>
L OB, Fy= L0C.
, 6000 I = 550¢
— — — r — —_— — T —> r —>
Frt Fot Fy=—(0OA+0B _350_ o0
Suy ra 'y + Fy+ F3 60(0 + OB +00C) GOOG 200G

Mait khac, ta lai c6 ﬁl + 1_7’)2 + ]_7)3 - P vOi P 1a trong lugng ctia gia gd va cac chau hoa.
- ey 602 — 202
Pl=2joe| = YO sy

Vay gia tri 16n nhat trong luong gia gb va chau hoa 1a max ‘]_5 ‘ = 15v/8.
Suy ra trong luong t6i da clia cac chau hoa dé day treo khong bi dit 1a 15/8 — 5 ~ 37,4 (N).

Do dé, F:l

_|F,

:‘FngﬁdétaCéﬁlzém, ﬁgz

Nén ta co

& Bai 21. Mot chiée deén chiim treo c6 khdi luong m = 5kg duge thiét ké véi dia den ducce git
bdi bén doan xich SA, SB, SC, SD sao cho S.ABCD la hinh chép tit gide déu c6 ASC = 60°.
Biét P =m - ¢, trong d6 ¢ la vécto gia t6c roi tu do c6 do 16n 10 m/s?, P la trong luc tac dung

> Sww lirg v Bién soan: 4é 1link Xha 0399653362



§1. VECTO TRONG KHONG GIAN

len vat c6 don vi 1a N, m 1a khéi luong ctia vat c6 don vi kg. Do 16n clia Iiie cing cho mdi soi xich
bang bao nhieu Niu-ton (lam tron két qua dén hang don vi)?

[} Hmfy f/[’f/éjzfd[.

® Tac6 P=m- g nen ‘13) —m-|g|=5-10=50N.

Vay do 16n cua trong luc P tac dong lén chiéc den chum 1a 50 N.
& Goi O la trong tam cla chiéc dén chiim ciing 14 chan duong cao hinh chép déu S.ABCD.

Vé OP biéu dién trong lyc tac dong len den chiim v6i OP L (ABCD).

Khi d6 Iitc cang moi soi xich sé la AS, BS, CS, DS.

Chiéc deén chum ding yén nén AS + BS +CS + DS+ OP = 0.

Suy ra

OP = SA+ 5C + 8B+ 5D
=250 + 250 = 450.
1 50 25

Suy ra SO 1 O 1 5 -

Tam giac SAC can tai S c6 cosOSA = SA

25
- 2
Vay luc cing moi sgi xich 1a SA = a? — 53

3
cos 30° \/73 3
S
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I. HE TRUC TOA DO TRONG KHONG GIAN

Trong khong gian, ba truc Oz, Oy, Oz doi mot vuong géc véi nhau tai goc O clia moi
truc. Goi i, j, k lan lugt la cac vecto don vi trén cac truc Oz, Oy, Oz.

& Heé ba truc nhu vay duge goi 1a hé truc toa do
Descartes vuong goc Oxyz, hay don gian la hé toa
do Ozxyz. biém O dugc goi la gbe toa do.

& Cac mat phang (Ozy), (Oyz), (Ozx) doi mot
vuong géc véi nhau duge goi la caAc mat phang

toa do.
© 2= 2=k2=1vai-j=4-k=Fk-i=20

Khong gian véi hé toa do Oxyz con duge goi la khong gian Ozyz.

¢ Vidu 1

Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 do dai mdi canh bang 1 (H.2.36). C6 thé lap
mot hé toa do Ozyz c6 goc O trung véi dinh B’ va céc vecto i, 7, k lan lugt 1a céc vecto
B'A’", B'C’, B’ B khong? Giai thich vi sao.

C

B

|
o C’

-
-

A&
D/

Hinh 2.36

[} O@%Mu Hinh 1ap phuong ABCD.A'B'C'D’ ¢6 cac canh B’A’, B'C' va B'B d6i mot vuong

gbc véi nhau.

Vi hinh lap phuong c6 do dai mdi canh bing 1 nén cac vects B’A’, B'C’, B'B cung c¢6 diém dau
la B’ va déu c6 do dai bang 1.

Tt cac diéu trén, suy ra cé thé lap mot hé toa do Oxyz c¢6 goc O trung véi dinh B’ va cac vecto
i, 7,k lan lugt la cac vecto B’A’, B'C', B'B.

@ Cho hinh hop chit nhat ABCD.A'B'C'D’. Cé thé lap mot heé toa do Ozyz c6 gbc O
trung véi dinh C' va cac vecto 7, 7, k lan luot cing huéng véi cac vecto CB , C’—D), cc’
khong? Giai thich vi sao.
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Il. TOA DO DIEM, TOA DO CUA VECTG TRONG KHONG
GIAN

Trong khong glan Oxyz cho mot diem M tuy y. Bo ba s6 (x;%;2) duy nhat sao cho
OM =27 + yj + ok duge goi 1a toa do ctia diém M dbéi véi he toa do Ozyz. Khi do,
ta viet M = (x;y; 2) hodc M(x;y; z), trong d6 z 1a hoanh do, y 1a tung do va z 1a cao

do ctia M.

& Toa do clia diem M ciing la toa do clia vecto O—]\i :
& Cho . Duyng diem M (a;b;c) théa OM = ¥ thi toa do ctia diem M la toa do cia
2. Theo hinh vé thi
—~OM=0H+OK+0P=ai +bj +ck.

Suy ra
i+ b? +ck.
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& Vi du 2

Hinh 2.38 minh hoa mot hé toa do Ozyz trong khong gian cuing véi cac hinh vuong c6 canh

bang 1 don vi. Tim toa do ctia diém M.

A~
B C
M
A 7
15//
— >_) 77 >y
E J -
Hinh 2.38

[ ”@1(7““ Trong Hinh 2.38, ABCM.FODEF la hinh hop chit nhat.

Ap dung quy tdc hinh hop suy ra
OM =0F+0D+0B =37 +4; +3k.
Vi vay, toa do ctia diém M 1a (3;4;3).
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> Vidu 3

Trong khong gian Oxyz, cho hinh hop chit nhat ABCD.A'B'C'D’ ¢6 dinh A’ trung vé6i goc
O va cac dinh D', B', A 1an lugt thuoc cac tia Ox, Oy, Oz (H.2.40). Gia stt dinh C ¢6 toa do
1a (2;3;5) ddi véi he toa do Oxyz, hay tim toa do clia cac dinh D', B', A ddi véi he toa do
do.

zZ
A
-,
| C
D :
v
/ N B’
7 ANFC y
D/
Cv/

[ Lozdzm Vi dinh D’ thuoce tia Oz nén hai vectd OD’ va 7 clng phuong, suy ra c6 sé thuc m

sao cho OD' = m 7. Tu’Ong t, co cac s6 thuc M, D 830 ChO OB = nj va OA = pk: Theo quy tic
hinh hop, suy ra 00 = OD’+OB’+OA mi +nj —i—pk: va do dé diém C c6 toa do la (m;n; p)

Mt khéc, dinh C ¢6 toa do 1a (2;3;5) nén m = 2,n = 3,p = 5, tUClaOD’—Zz OB’—3] va
O -5,

Tu day suy ra D'(2;0;0), B'(0;3;0) va A(0;0;5).

@\
@ Trong Vi du 3, hay xac dinh toa do ciia cac diém B, D va C'.
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Toa do céc vects don vi lan lugt 1a: 7 = (1;0;0), 7 = (0;1;0), ¥ = (0;0;1).
Trong khong gian Oxyz, ta co:
& Toa do ctia diém M 1a toa do ctia vecto OM, tiic la

& Diéu kien dé hai vecto bang nhau:

—

Cho @ = (z;y;2), b = (2/;¢/;2'). Khi d6 @ = b e y =1

Néu diém M c6 toa do (x;y; z) doi véi hé toa do Oxyz thi:
& Hinh chiéu vuong goéc ctia M trén cac truc Oz, Oy va Oz c6 toa do lan luct 1a
(;0;0), (0;9;0) va (0;0; 2).
¢ Hinh chiéu vuong géc clia M trén cac mat phang (Oxy), (Oyz) va (Oxz) c¢6 toa do
lan lugt 1a (z;9;0), (0;y; 2) va (z;0; 2).

Trong khong gian Oxyz, cho hai diém M (xyr; yar; 2ar) VA N(2y;yn; 2y). Khi dé:

MN = (fUN —TMYN — YM;EN — ZM)-

> Vi du 4

Trong khong gian Ozyz, cho hinh lang tru tam giac ABC.A'B'C" ¢6 A(1;0;2), B(3;2;5),
C(7;,-3;9) va A(5;0;1).

A'(5;0;1) ¢

Hinh 2.42
.
a) Tim toa do ctia AA’.

b) Tim toa do clia cac diem B’,C".
[ 9@1671(21
a) Ta co: ﬁ: (.’L’A/ —TA YA — YA A — zA) =4 (470, _1>

b) Goi toa do ctia diem B’ 1a (x;y; 2) thi BB = (x_—)3;y—_2);z —5). Vi ABC.A’B’C’ 1a hinh
lang tru nén ABB’A’ 1a hinh binh hanh, suy ra AA’ = BB'.

r—3=4
Dod6Sy—2=0 hay x =7,y =2 va z = 4. Vay B'(7;2;4).
z—5H=-1

Lap luan tuong tu suy ra C’(11; —3;8).
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)
@ @ Trong Vi du 5, hay xéac dinh toa do clia cac diem D va D’ sao cho ABCD.A'B'C'D’
la hinh hop.

>
Dé theo do6i hanh trinh ctia mot chiée may bay, ta c6 thé lap hé toa do Ozyz c6 goc O
triing v6i vi tri clia trung tam kiém soat khong luu, mat phang (Oxy) trimg véi miat dat
(dugc coi 1a phang) véi truc Ox huéng vé phia tay, truc Oy hudng vé phia nam va truc Oz
huéng thang ding len troi (H.2.43). Sau khi cit canh va dat do cao nhat dinh, chiéc may
bay duy tri huéng bay vé phia nam véi téc do khong déi 1a 890 km/h trong nita gic. Xac
dinh toa do clia vecto biéu dién do dich chuyén ctia chiéc may bay trong nta gio dé doi
véi hé toa do da chon, biét rang don vi do trong khong gian Ozyz duge lay theo kilomét.

Hinh 2.43
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1) Trac nghiém nhiéu phuong an lua chon

$> Cau 1. Trong khong gian Ozyz, hinh chiéu vuong goc clia diem A(1;2;5) lén truc Ox c6 toa
do la

@ (052;0). (05 0;5). © (1;0;0). ® (0;2;5).
$> Cau 2. Trong khong gian véi hé toa do Ozyz, toa do hinh chiéu ctia diém A(—2; —1;3) trén
mat phing Oyz 1a

@ (0; —1;0). (—2;0;0). © (0;-1;3). O 218
$> Cau 3. Trong khong gian v6i he toa do Ozyz, cho diém M (1;2;3). Goi H 1a hinh chiéu vuong
gbc ctia M lén mat phang (Ozy). Toa do ctia H 1a

@A) H(—1;-2;3). H(0;0;3).

(© H(1;0;0). (D) H(1;2;0).
$® Cau 4. Trong khong gian Oxyz, cho @ = (2;3;2) va b = (1;1;—1). Vecto @ — b 6 toa do
la

@ (3;4;1). (—1;-2;3). © (351). © (1;2;3).
$> Cau 5. Trong khong gian Oxyz, cho diém A(1;1;1). Tim toa do hinh chiéu vuong géc clia diém
A trén mat phang (Ozz).

@ (1;0;1). (05 1;0). © (1;1;0). ® (0;1;1).
¢ Cau 6. Trong khong gian véi he truc toa do Oxyz, cho @ = — i +27 — 3%. Toa do ciia @
la

@ (=2;-1;-3). (=3;2;-1).

© (2-3;-1). @ (-1;2;-3).
¢ Cau 7. Trong khong gian véi he truc toa do Ozyz cho hai vecto @(1;1; —2), b = (—2;1;4).
Tim toa do ctia vecto © = @ — 2b.

@ (5;—1;-10). (0;3;0).

© (=3;3;6). ©®) (5;—1;10).
$> Cau 8. Cho diém A(3;—1;1). Hinh chiéu vuong goc ciia diem A trén mat phang (Oyz) 1a
diém

@) M(3;0;0). N(0;—=1;1). © P(0;-1;0). D Q(0;0;1).

$> Cau 9. Trong khong gian Ozyz, hinh chiéu vudéng géc ciia diem A(1;2;5) trén mat Ozz ¢ toa
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do la
@ (0;2;5). (0;2;0). © (1;0;5). ® (0;0;5).
¢ Cau 10. Trong khong gian Oxyz, cho hai vecto @ = (2; —2;1), b= (0;1;3). Toa do cua vecto
a+ b la
1
@ (2,-3;2). (1;—5;2)- © (2;—1;4). D (-2;3;2).

$> Cau 11. Trong khong gian Owzyz, cho hai diem A(1; —1;2) va B(2;1; —4). Vecto AB c6 toa
do

@ (3;0;-2). (—1;=2;6). © (1;0;—6). © (1;2; —6).
> Cau 12. Trong khong gian Oxyz, cho diém A(1; —2;3). Hinh chiéu vuong géc ctia diém A lén
mit phang (Oyz) c6 toa do 1a

@ (1;0;3). (1;0;0). © (1;-2;0). © (0;-2;3).
¢ Cau 13. Trong khong gian v6i he toa do Oxyz, cho hai vecto 1a @ = (2;1; —1) va ¥ = (1;3; 1).
Toa do clia vecto (U + 27) tuong ting 1a

@ (3;4;0). (1;-2; -2). © &71). ® (5;5; —1).
$> Cau 14. Trong khong gian véi hé toa do Oxyz, cho diém A(2; —1;0) va diém B(3;1;1). Toa do
diém déi xiing v6i A qua B la

@ (1;-2;-4). (0;3; =1). © (43;2). ® (0;-1;3).
& Cau 15. Trong khong gian Ozyz, cho biéu dién clia vecto @ qua cac vecto don vi la @ =
217 + k — 375 . Toa do cia vecto @ la

® (23 1). (1;,-3;2). © (2;1;-3). © (1;2;-3).
> Cau 16. Trong khong gian Ozyz, cho diém M théa méan hé thiic OM =27 + 7 Toa do diém
M 1a

@A) M = (0;2;1). M = (1;2;0).

© M = (2;1;0). D) M = (2;0;1).
¢ Cau 17. Trong khong gian Oxyz, cho @ = — 4 +27 — 3%. Toa do ciia vecto @ la

@ (~1;2;-3). r-ch N © (2;—1;-3). @ (=3;2;-1).
¢> Cau 18. Trong khong gian Ozyz, gid st @ =21 +37 — ¥, khi d6 toa do véc to ¥ 1a

@ (=2;3;1). 23, -1). © (2,-3-1). @ (2;3;1).
¢S Cau 19. Trong khong gian Oxyz, cho @ = 7+ 27 — 3%, Toa do clia vecto @ la:

@) a(-1;2;-3). a(2;—-3;-1).

© @(-3;2-1). © @(2-1;-3).

> Cau 20. Trong khong gian Oxyz, cho diém M théa man hé thic OM = 27 + 7 Toa do diém
M la

@A) M = (0;2;1). M = (1;2;0).
© M = (2;1;0). D) M = (2;0;1).
¢ Cau 21. Trong khong gian Oxyz, cho OA = 67 +47 — 3%. Toa do ctia diém A la
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@ (4;6;-3). (—4; —6;3). © (—6;—4;3). @ (6;4;-3).
$© Cau 22. Trong khong gian Oxyz, véi 7, 7, ¥ 1a céc vecto don vi trén truc Oz, Oy, Oz tuong
ting va vecto @ = (1;0;1). Ké qua ndo sau day diang?

@T=7+j+Fk. ® d=]+E.
©ad=1+7. D ad=i+k.
$© Cau 23. Trong khong gian Oxyz, cho cac vecto OA=—-7+ E), OB =71 — 7+2E}. Khi dé

toa do vecto E 1a

@ (-2;1;-1). (2;-1;1). © (0;—1;3). ® (0;—1;-1).

$© Cau 24. Trong khong gian Oxyz, cho cac véc to OA=—-7+ 7; OB =7 + 7 — 2%. Khi d6
toa do véc to AB 1a7

@ (2:2;-2). (2;1; -3). © (0;0;-1). © (2;0;-2).
$> Cau 25. Trong khong gian Oxyz, cho diém M (z;y; z). Trong cac ménh dé sau, ménh dé nao
dang?

(A) Néu M’ déi xting véi M qua mat phang (Ozz) thi M'(z;y; —2)..
Néu M’ déi xting v6i M qua Oy thi M'(z;y; —z)..

(©) Néu M’ déi xiing véi M qua mat phang (Ozy) thi M'(z;y; —2)..
(D) Néu M’ d6i xiing véi M qua gbc toa do O thi M'(2x;2y;22)..

$> Cau 26. Trong khong gian Oxyz, hinh chiéu vuong goc clia diem A(3;5;2) trén truc Ox c6 toa
do la

@ (0;5;2). (0;5;0). © (3;0;0). @ (0;0;2).
$> Cau 27. Trong khong gian Ozyz, hinh chiéu vuong goc ctia diém M (3;1; —1) trén truc Oy c6
toa do 1a

@ (3;0;-1). (0; 1;0). © (3;0;0). ® (0;0;-1).
$> Cau 28. Trong khong gian Ozyz, hinh chiéu vuong goc ctia diem M (3; —1;1) trén truc Oz c6
toa do 1a

@ (3;-1;0). (0;0;1). © (0; ~1;0). ® (3;0;0).

$> Cau 29. Trong khong gian Oxyz, cho diém A(1;2; —3). Hinh chiéu vuong goéc clia A lén mat
phang (Ozy) c6 toa do la

@ (0:2;-3). (L) © (1;2;0). © (1;0;0).
$> Cau 30. Trong khong gian Ozyz, hinh chiéu vuong géc clia diem M (2;1; —1) trén mit phang
(Ozz) co6 toa do la

@ (0;1;0). (2:1;0). © (0;1;-1). © (2;0;-1).
$> Cau 31. Trong khong gian Oxyz, cho diéem A(3; —1;1). Hinh chiéu vuong géc clia diem A trén
mat phang (Oyz) 1a diém

@ M(3;0;0). N(0; —1;1). © P(0;-1;0). © Q(0;0;1).
$> Cau 32. Trong khong gian Ozyz, diem nao sau day nam trén mat phang toa do (Oyz)?
@ M(3;4;0). P(~2;0;3). © Q(2;0;0). @ N(0;4;-1).

$> Cau 33. Trong khong gian Oxyz, cho M (4;5;6). Hinh chiéu ctia M xudng mat phang (Oyz)
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1a M’. Xac dinh toa do M.

(A) M'(4;5;0). M'(4;0;6). © M'(4;0;0). (D) M'(0;5;6).
$> Cau 34. Trong khong gian Ozyz, cho diem A(2025;2026; —2027). Toa do A’ 1a diém doi xting
v6i A qua mit phang (Ozy) la:

@) A'(—2025; —2026; 2027). A'(—2025; —2026; —2027).

© A'(—2025;2026; —2027). D) A'(2025; 2026; 2027).
$> Cau 35. Trong khong gian Oxyz, cho diém A(—5;2;0). Toa do A’ 1a diém déi xing véi A qua
mit phang (Oyz) 1a:

@A) A'(5;2;0). A'(=5;—2;0).

© A'(5;-2;0). D) A'(5;2;1).
¢ Cau 36. Trong khong gian Ozyz, cho diem N théa man ON = —27 +3%. Tim toa do diém
K 13 hinh chiéu cta diém N trén truc Ozx.

A) K(—2;0;0). K(2;0;0).

© K(-2;0;-3). D) K(2;0;3).
> Cau 37. Trong khong gian Ozyz, cho diém M théa man OM =27 + 37 —4%. Tim toa do
diém H 1a hinh chiéu ctia diém M lén mat phang (Oxz).

Q) H(0;3;—4). H(-2;-3;4).
© H(2;3;0). (D) H(2;0;—4).
$> Cau 38. Trong khong gian Ozyz, cho diém A(—2;3;5). Toa do clia vecto OA 1a:
@ (=2;3;5). (2;-3;5). © (=2;-3;5). @ (2;-3; =5).

$> Cau 39. Trong khong gian Oxyz, cho hai diem A(1; —1;2) va B(2;1; —4). Vecto AB c6 toa
do

@ (3;0;~2). (—1;—2;6). © (1;0;-6). @ (1;2;-6).
$> Cau 40. Trong khong gian Oxyz, cho hai diéem A(1;2; —1), AB = (1;3; 1) thi toa do clia diém
B la:
@A) B(2;5;0). B(0; —1;-2).
© B(0;1;2). (D) B(—2;-5;0).
$> Cau 41. Trong khong gian Oxyz, cho A(1;0;1). Tim toa do diém C' théa man AC = (0;6;1)
@) C(-1;6;-1). C(1;6;2).
© C(1;6;0). D) C(-1;—6;—2).

$> Cau 42. Trong khong gian Ozyz, cho hai diém M(1;2; —3), N va vecto U = (2; —1; —2) thoa
méan dicu kien ¥ = M N. Toa do ctia diém N la

@ (—1;3;-1). (3;1;-5). © (1;-3;1). © (=3;-1;5).
> Cau 43. Trong khong gian Ozyz, cho véc to @ = (—3;2;1) va diem A(4;6; —3). Toa do diem
B théa man AB = @ la:

@ (~1;-8;2). (7;4; —4). © (1;8;-2). @ (=7;—4;4).
> Cau 44. Trong khong gian Oxyz, goi M’ 1a hinh chiéu vuéng goc ctia diém M (1;3; —2) trén
truc Oz. Khi d6 vecto MM’ ¢6 toa do 1a
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@ (1;3;0). (0;0;2). © (~1;-3;0). ® (0;0; -2).
$© Cau 45. Trong khong gian Ozyz, cho OM = (1;5;2), ON = (3;7,—4), K(—1;3;1). Goi P la
diém déi xitng véi M qua N. Tim toa do vecto K P.

@) KD = (6;6;—11). KP = (8;6;—11).

(© KP = (6;6;—4). (D) KP = (3;3;-2).
$© Cau 46. Trong khong gian véi hé toa do Oxyz cho hinh binh hanh ABC D va cac dinh ¢6 toa
do lan lugt 1a A(3;1;2), B(1;0;1),C(2;3;0). Toa do dinh D 1a

@ D(1;1;0). D(0;2; —1). © D(4;4;1). © D(1;3;—1).
¢S Cau 47. Trong khong gian Oxyz, cho hinh binh hanh ABC'D ¢6 A(-3;1;2), B(—2;4; —1),C(1; —3; 3).
Toa do diém D la

@ (0; —6;6). (=6;7; —2). © (2;0;0). @ (—4;2;5).
¢S Cau 48. Trong khong gian Ozyz, cho tam giac ABC véi A(1;2;—1), B(2; —1;3),C(=3;5;1).
Toa do diém D sao cho tit giac ABC'D la hinh binh hanh la

@ (=2:8;-3). (—4;8; -3). © (—4;8;-5). ® (-2;2;5).
¢ Cau 49. Trong khong gian Oxyz, cho hinh binh hanh ABC'D tam I ¢6 toa do cac dinh B(3;1;0),
D(0;4; —6). Tim toa do diém I.

® I(%3,-3). I(3;5; —6).

© I(-%;3,-3). ©) 1(-3;5;—6).
$> Cau 50. Trong khong gian Oxyz, cho ba diém A(1;2; —1), B(2; —1;3), C(—2; 3; 3). Diém M (a; b; )
14 diém thit tu ctia hinh binh hanh ABCM, khi d6 biéu thitc P = a® 4 b — ¢? ¢6 gia tri bang bao
nhiéu?

(@A) 44. 6. © -3. O -1.
¢S Cau 51. Trong khong gian Ozyz, cho hinh hop ABCD.A’B'C'D’ ¢6 A(1;0;1), B(2;1;2), D(1; —1;1),
C’(4;5; —5). Tinh toa do dinh A’ ctia hinh hop.

B/

1 %%
w5
S R c
A 7
@) A'(4;6;-5). A'(2;0;2). © A'(3;5;—6). D) A'(3;4;-6).

> Cau 52. Trong khong gian Oxyz, cho hinh hop ABCD.A'B'C'D’, biét rang A(—3;0;0),
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B(0;2;0), D(0;0;1), A'(1;2;3). Tim toa do diem C'.

@A) C'(10;4;4). C'(—13;4;4).

©) C'(13;4;4). D) C'(7;4;4).
¢ Cau 53. Trong khong gian Ozyz, cho hinh hop ABCD.A'B'C'D’. Biét A(2;4;0), B(4;0;0),
C(—1;4;—7) va D'(6;8;10). Toa do diém B’ la

B/

(A) B'(8;4;10). B'(6;12;0).

(© B'(10;8;6). (D) B'(13;0;17).
& Cau 54. Trong khong gian Oxyz, cho hinh hop ABCD.A'B'C'D’ ¢6 AB = (2;0;0), AD =
(0;4;0) va AA’ = (0;1;3). Tim toa do vecto AC".

@ AC = (2;4;3). AC = (2;35).
© AC" = (2;5;3). (D) AC" = (1;5;3).

> Cau 55. Trong khong gian Ozyz, cho hinh hop chit nhat ABCD.A'B'C'D’ ¢6 diém A tring
véi gbc toa do O, diém B nam trén tia Oz, diém D nam trén tia Oy, diem A’ ndm trén tia Oz.
Biét AB =2, AD =4, AA’ = 3. Goi toa do ctia C’ 1a (a;b; c), khi d6 biéu thitc a + b — ¢ ¢ gia tri
la.
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@ —4. 9. © 3. D) 6.
¢S Cau 56. Trong khong gian Oxyz, cho hinh lap phuong ABCD.A'B'C'D’ ¢6 do dai cac canh
bang 1, diem A tring véi goc toa do (nhu hinh vé).
Y

D
17

c’ ¢

A/

Toa do vecto A'C’ c6 toa do la

@ (1;0;1). (0;1;1). © (1;1;0). ® (1;1;1).
$¢> Cau 57. Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 canh bang 2. V6i hé toa do Oxyz dudgc
thiét lap nhu hinh bén (gbc toa do O trimg vé6i diém A).
Yy

D
17

o/ ¢

A/

Toa do diém C’ 1

@) C'(2;2;0). C'(2;2;2). © C'(2;0;2). D) C'(2;0;0).
$© Cau 58. Trong khong gian Ozyz, cho hinh hop chi nhat ABCD.A'B'C'D’ ¢6 canh AB =
1,AD = 2, AA’ = 3. Véi he toa do Oxyz dugc thiét lap nhu hinh duéi day.

z

A D

o
S

Toa do B'D la

@ (1;2;3). (—1;2;-3). © (1;2;-3). ® (—1;2;3).
$> Cau 59. Cho hinh choép tit giac déu S.ABCD c6 canh day bing av/2, canh bén bing av/5. Goi
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§2. HE TRUC TOA DO TRONG KHONG GIAN

O 1a tam ctia hinh vuong ABC'D. Véi hé toa do Ozyz duge thiét 1ap nhu hinh bén (gdc toa do O
trung v6i tam hinh vuong ABCD), toa do SC' la:

z

S

@ SC = (2a 0; —2a). SC = —2a).
@SC: a; —2a). @S—C): a02a)

2) Trac nghiém ding sai

& Bai 1. Cho hinh hop diing ABCD.A'B'C'D’ ¢6 déy la hinh z

thoi. Hai duong chéo AC, BD ctia diy c6 chiéu dai lan lugt 1a Al [
a,b. Canh bén AA" = c. He toa do Oxyz c6 goc trung véi giao !
diém O ctia hai dudng chéo hinh thoi ABCD, c6 tia Oz tring i
v6i tia OB va tia Oy trung véi tia OC' (Hinh vé). i

D/

a) Mit phang (ABC D) vuong goc truc Oz.
b) Truc Oy L B'D'". A

oy K b b ) \:\’\’/,,
c) Toa do diem B, D lan lugt la (—§;O;O>, (5;0;()), AR "O r |

? ) b
d) Toa do diém C’, D' 1an lugt 1a (o; g;c), <—§;o;c).

& Bai 2.Trong khong gian Oxyz, cho hinh hop ch@ nhat z
ABCD.A'B'C'D’ ¢6 dinh A trung véi goc O va cac dinh D, B,
A’ ¢6 toa do lan lugt 1a (2;0;0), (0;4;0), (0;0;3) (Hinh vé).
Xac dinh toa do cua cic dinh con lai ctia hinh hop cht nhat.

a) C(2;4;0) P

)

b) D'(3;0;2) 7)_:7
| -
)

B/

¢) C'(0;4;3) A=
B'(0:4;3) z

d
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& Bai 3.Trong khong gian Ozyz, cho hiri)hcf)p
OABC.O'A'B'C" ¢6 A(1;1;—1), B(0;3;0), BC"
(2;—6;6). Goi H, K lan lugt la trong tam ctia tam
gidc OA'O" va CB'C".

a) Toa do diém C' 1 (2; —3;6)
b)
)

Toa do diém O’ la (3; —5;5)
¢) Toa do vecto AB = (—2;3;—6)
d) Toa do vecto HE — (—1;2;-1)

& Bai 4.Cho hinh chép S\ ABCD c6 ddy ABCD la hinh chit

AB =1, AD = 2, SA vudng goc v6i mit day va SA = 3. V6i hé

GIAN

A/

nhat,

toa do Oxyz dugce thiét lap nhu sau: Goc toa do O tring véi diem

A, cac vecto A—B), ﬁ, AS lan luot ciing hudéng véi 7.7 va s

tinh ding sai ctia cac khang dinh sau
a) Toa do D(0;2;0)

b) Toa do C(1;2;3)
c¢) Toa do S(2;0;0)
d) Toa do 1(1;1;0)

Xét

& Bai 5.Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 canh biang

2. V6i he toa do Ozyz duge thiét lap nhu hinh bén (gbc toa do

O trung v6i tam hinh vuong ABCD), hay xét tinh ding sai ctia
cac khang dinh sau:

a) Toa do A(—1;0;0)
b) AC' = (2v2;0;2)
c¢) Toa do D'(0;v/2;2)
d) BD = (0;0;2)

& Bai 6.Cho hinh ling tru ABC.A’B'C’ ¢6 day ABC' la tam
giac déu canh bang 2 nhu hinh vé. Hinh chiéu vuong goc clia
A’ len (ABC) trung véi trung diém canh AB, goc A’AO = 60°.
V6i he toa do Oxyz duge thiét lap nhu hinh bén (gbc toa do O
tring véi trung diem ctia doan BC'), hay xét tinh ding sai ctia
cac khang dinh sau:
a) Toa do diem A(—1;0;0)

b) Toa do diém C(0;/3;0)

c¢) Toa do diém A’(0; —1;+/3)

)

d) Toa do diém C’(l; \/3; \/§)

& Bai 7. Trong khong gian Ozyz, cho hai vecto @
A(4;6; —-3).

(=2;1;
a) Toa do vecto @ —2b = (0;1; —1).
b) Toa do diém B(2;7;—6) thi @ = AB.

)
c¢) Hai vecto @ va b ciing phuong huéng.
)

d) Géc gitta vecto @

va b bing 120°.

=R

D/
B/ + T C/
Bl O s

C
x

z

A c’

B/

A 77777777 ::47 y

o)
B
x

N
—3), 1

(—1;-3;2) va diém
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§2. HE TRUC TOA DO TRONG KHONG GIAN
& Bai 8. Trong khong gian Ozyz, cho ba vecto @ = (—1;1;0) b= (1;1;0), € = (1;1;1).
a) Do dai vecto @ bing v/2.

b) Vecto b vuong goc véi .
¢) Vecto b vuong goc véi ¢.
d) Toa do vecto 3@ +2b — € bang (—2;4; —1).
& Bai 9. Trong khong gian véi hé toa do Oxyz, cho hinh hop ABCD.A'B'C' D’ biét rang cac diém
c6 toa do A(2;1;0), C(0;3;0), C'(—1;2;1), D'(0; —2;0).
a) Toa do cac diem A’, B’ 1a A'(1;0;—1), B'(0;4;2).
b) Toa do cac diém B, D la B(1;5;1), D(1; —1;—1).
c) Toa do vecto AB 1a AB = 7—1—47—1— k.
d) Toa do vecto AB 1a B 57— 3%.

@éi 10. Trong khong gian Ozyz, cho hinh hop OABC.O'A'B'C" ¢6 A(

: : 1;1;—1), B(0;3;0) va
BC" = (2;—6;6).
/O/ \
A ,
Qimmmmnmmmee -5 c
A B
a) C'(2;3;6).
b) ’( —5; —5).
c) AB = (2;—3;6).

d) Goi H, K 1an lugt 1a trong tam clia tam gidc OA'O’ va CB'C". Khi d6 HK

= (1;2;1).

& Bai 11. Cho hinh chop S.ABCD c6 day ABCD 1a hinh chi nhat tam I va AB =1, AD = 2.
Canh SA vudng gbéc véi mat day va SA= 3 Vol hé toa do Oxyz duge thlet lap nhu sau: Goc toa
do O trung véi diém A, cac véc to AB AD AS 1an lugt cung huéng véi e j va k.

z

a) D(2;0;0).
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Chuong 1. VECTO VA HE TRUC TOA DO TRONG KHONG GIAN

b) OC = (2;2;0).
¢) SC = (2-2-—3).

1>

& Bai 12. Mot ngo6i nha c¢6 hinh dang va kich thuée duge gan hé truc toa do Oxyz nhu hinh vé
(don vi trén mdi truc la 1m).

T 6m J
i - e\ H
E
: 3,5 m
F y
; G
SRR - = O
,/’O T} ¢
5m
i 8 m C

Biét rang cic biic tuong va nén nha déu 1a cic hinh chit nhat; hai bén mai nha IJGF, IJHE
14 cdc hinh thang can va c¢6 dién tich bang nhau; do déc ctia mai nha s6 do géc nhi dien [J, FG, H|
la 45°.

a) (5 0:0).
b) B (5 8:0).
c) ( ; 0).

d) Chiéu cao ngoi nha 1a 7m.

& Bai 13. Dé chuan bi cho ngay hai thao, ban t6 chitc truong Nguyén Van Trdi dung boén chiée cot
AA', BB',CC', DD’ 1an lugt tai bon goc clia mot san bong hinh chit nhat ABC D véi kich thuée 13
CD = 15m, AB = 25m. Bon chiéc cot AA’, BB',CC’, DD’ vuong gbéc véi mit san va c6 chiéu cao
la AA' = BB' = 4m,CC" = DD’ = 6m. Mot tam bat hinh chit nhat A’B’C’'D’ dugc cing phang
v6i bon goc duge ¢6 dinh vao dau bon cot nhu hinh vé. Chon hé truc toa do Ozyz (don vi trén cac
truc 1a mét) sao cho O = A va cac truc Oz, Oy, Oz trung v6i AB, AD, AA’ nhu hinh vé bén dudi.

z

a) A'(0;0;4).
b) A'C" = (15;25;2).
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¢) AC + DD’ = (15;25;0).

d) Ban t6 chiic truong Nguyén Van Trdi mubn treo mot béng den cong suat 16n nim & chinh
gitta tam bat hinh chit nhat A’B'C’D’. Biét boéng den cach tai vi tri treo 0,4m. Khi d6 bong
den cach mat san cia san 1a 4, 6m.

& Bai 14. Hai chiéc khinh khi cau A va B bay lén tit cing mot dia diém. Sau mot khoang thoi
gian bay, chiéc A ndm cach diém xuét phat 2 km vé phia Nam va 1 km vé phia Dong, dong thoi
cach mat dat 0,5 km. Chiéc B nam cach diém xuat phat 1 km vé phia Bac va 1,5 km vé phia Tay,
dong thoi cach mat dat 0,8 km.

Chon heé truc toa do Ozyz véi goc O dat tai diem xuat phat ctia hai khinh khi cau, mit phang
(Ozy) trung véi mat dat véi truc Oz huéng vé phia Nam, truc Oy huéng vé phia Dong va truc Oz
huéng thang ding len trsi, don vi do lay theo kilomét.

B
\h//
E O A
1 W
| b
: .~ Bac
Tay e ot : Déng
------ L I = > Y
' O L
____: ________ a1’
x 1
Nam

d) Hinh chiéu cta toa do chiéc khinh khi cau B trén mat dat 1a (a;b;c), khi d6 a+b+c = 2,5.

& Bai 15. Trong khong gian chon hé truc toa do cho trude, hai chiéc may bay khong nguoi 14i
ciing bay lén tai mot dia diém. Sau mot thdi gian bay, chiéc may bay tht nhat cach diém xuét
phét vé phia Bac 20(km) va vé phia Tay 10(km), dong thoi cach mat dat 0, 7(km). Chiéc may bay
thtt hai cach diém xuat phat vé phia Dong 30(km) v vé phia Nam 25(km), dong thdi cach mat
dat 1(km). Xac dinh khodng céach giita hai chiéc may bay (két qua lam tron dén hang don vi, don
vi do: km).

Chon hé truc toa do Ozyz, v6i goc dit tai diém xuat phat ciia hai chiéc may bay, mat phéng
(Ozy) trung véi mat dat, truc Oz hudéng vé phia Béc, truc Oy hudng vé phia Tay, truc Oz hudng
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thang ding lén trsi, don vi do 1y theo kilomét (xem hinh vé).

A%

% B

1

1

1

1

1

:

1

| *

: Nam
amleas Satsss lasazasasasr” T |

PP LA DA .

s Zadil ! A
——————— T Tay
A L A e LT _

DOI’lg **:/4*8;’:*:’1*:’/

a) Chiéc méy bay tht nhat c6 toa do (10;20;0,7).

b) Chiéc may bay thit hai ¢6 toa do (—30; —25;1).

¢) Toa do hinh chiéu ctia chiéc may bay thtt nhat trén truc Oy 1a (0; 20;0).

d) Toa do hinh chiéu ctia chiéc may bay thtt hai trén mat dat 1a (—30; —25;0).
& Bai 16. Trong khong gian v6i he toa do Ozyz (don vi do lay theo km), mot Radar phat hien
mot chiéc may bay di chuyén v6i téc do va huéng khong ddi tit diem A(920;740;5,2) dén diém
B(980; 800; 6, 8) trong 12 phut. Néu may bay tiép tuc giit nguyen téc do va huéng bay thi toa do
clia may bay sau 12 phut tiép theo 1a C(z;y; 2).

C
7
B .-
A
i7
a) = (920; 7405 5, 2).
b) AB = (60;60; —1,6).
c) BC =607 1607 — 1, 6k.
d) z+y+ 10z = 1980.
3) Cau tra I6i ngan
& Bai 1. Trong khong gian véi hé toa do Ozyz cho céc véc to @ =27 —27 + k7= (m;2;m+1)
v6i m 1a tham s6 thue. C6 bao nhiéu gid tri cia m dé |u| = | 7).

& Bai 2. Trong khong gian Oxyz, cho hai diém A(3;1; —2), B(2; —3;5). Diém M thudc doan AB
sao cho MA = 2M B, toa do diem M 1a (a;b;c). Khi d6 a + 3b + ¢ bang?

& Bai 3. Trong khong gian véi hé toa do Oxyz cho hai diém A(4;2;1), B(—2;—1;4). Tim dudc
toa do diem M (a;b; c) thoa man ding thic AM = 2MB. Khidé a +b+c =

& Bai 4. Trong khong gian véi hé toa do Oxyz cho ba diém M (2;3; —1), N(—1;1;1) va P(1;m —
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1;2). Tim m dé tam giac MNP vuong tai N.

& Bai 5. Trong khong gian Oxzyz, cho hinh hop chit nhat ABCD.A'B'C'D’ ¢6 diéem B tring véi
gbc toa do O va toa do cac diem A(3;0;0), D(3;1;0), B'(0;0;5). Goi toa do C'(m;n;p), khi do
m? + n? + p? bang bao nhiéu?

& Bai 6. Trong khong gian Ozyz, cho hinh binh hanh ABCD. Biét A(0;1;—2), B(x;y;2),
C(0;—2;1), D(1;0; —1). Tinh gia tri biéu thic T = x +y + 2.

& Bai 7. Trong khong gian Ozyz, cho diem A(1;2;3). Goi toa do A’(a; b; ) 1a diem déi xing vdéi
A qua mat phang (Ozz). Tinh gia tri biéu thic T =a + b+ c.

& Bai 8. Trong khong gian Oxyz, cho diém A(—2;1;4). Goi H la diém ddi xtng véi A qua mit
phing (Oyz) va K la diém déi xing v6i A qua truc Oz. Biét HK = (a;b;c), khi d6 gia tri biéu
thic a 4 b + ¢ bang bao nhiéu?

& Bai 9. Cho tit dien O.ABC ¢6 OA,OB,OC déi mot vuong goc véi nhau OA = 3 va OB =
OC = 2. Goi P la trung diém ctia BC. Chon hé truc toa do Owzyz (don vi do dugdc lay 1 don vi)
c6 cac diem A, B, C lan lugt thuoc cac tia Oz, Oy, Ox nhu hinh vé. Biét AP = (a; b; ), khi d6 gia
tri bicu thitc 2026a — 2027b + ¢ bang bao nhicu?

& Bai 10. Trong khong gian véi mot he truc toa do cho trude (don vi do 1ay theo km), ra da phat
hién mot chiéec may bay di chuyén véi van toc va hudéng khong ddi tit diem A(800; 500; 7) dén diém
B(940; 550; 8) trong 10 phut. Néu may bay tiép tuc giit nguyén van toc va hudéng bay thi toa do
clia may bay sau 10 phat tiép theo D(x;y;2). Khi d6 z +y + 2z =7

& Bai 11. O mot san bay, vi trf ctia may bay dugc xac dinh béi diem M trong khong gian
Oxyz nhu hinh vé. Goi H 1a hinh chiéu vuong géc ctia M xudng mit phang (Ozy). Biét OM = 80;
(?, O—H)> — 60°; ((7{’, OM) — 45°. Goi toa do didm M (a; b; ¢), khi d6 gié tri ciia av/2+bv/6+cv/2
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bang bao nhieu?

z
C \\\
LM
|
|
|
|
|
|
|
|
\
|
|
l
k| A |
j B
> < \ Z Y
1 T | //
e | //
A ,,,,,,,,,,,,,::J’
H

& Bai 12. Hinh bén mo t4 mot san cau long vé6i kich thude theo tieu chuan qubc té. Véi hé toa do
Ozyz dugc thiét 1ap nhu hinh ben dué6i (don vi trén méi truc 1a mét). Gia sit AB 1a mot tru cau
long dé cang ludi va cé toa do clia vecto AB 1a (a;b; ¢). Tinh gia tri bidu thic T = a + b + 100c.

O <

& Bai 13. Mot phong hoc c6 thiét ké dang hinh hop chit nhat véi chiéu dai 1a 10 m, chiéu rong
la 6 m va chiéu cao 1a 4 m. Mot béng den cong suat 16n duge treo trén tran nha sao cho la diem
chinh gitta ctia phong hoc. Xét he truc toa do Oxyz (don vi do duge 1ay theo mét) c6 gbe O trung
v6i mot goc phong va mit phang (Ozy) tring v6i mat san. Goi I(a; b;c) 1a toa do clia diém treo
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quat. Tinh gia tri a + b+ c.

xT

& Bai 14. Cho lang tru dimg ABCD.A'B'C'D’ ¢6 day ABCD 1a hinh thoi tam O c6 canh bang
1 va AA" =1, ABC = 60°. Goi M la trung diém ctia canh AA’. Thiét lap hé truc toa do Ozyz
(don vi do duge 1ay 1 don vi) c6 C, D lan lugt thuoc cac tia Ox, Oy va truc Oz song song AA’ nhu
hinh vé. Biét MC' = (a;b;c), khi d6 gia tri biéu thiic 2026a — 2027b + 2¢ bing bao nhiéu?

A/

T

& Bai 15. Trong khong gian Ozyz, cho hinh chép S.ABCD c6 day ABCD la hinh thoi canh bang
5, giao diém hai duong chéo AC va BD trung véi gbc O. Céac vects OB, OC, OS lan lugt ciing
huéng v6i i, j, k via OA = OS = 4 nhu hinh bén duéi. Toa do vecte AM = (a;b;c) v6i M la
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trung diém ctia canh SC, khi d6 a + b + ¢ bing bao nhiéu?
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1) Tric nghiém nhiéu phuong an lwa chon

> Cau 1. Trong khong gian Oxyz, hinh chiéu vuong géc clia diem A(1;2;5) len truc Ox c6 toa
do la

@ (0;2;0). (0;0;5). © (1;0;0). © (0;2;5).
o Hwozy (/afzéjzfrézf, Hinh chiéu vuong goc ctia diem A(1;2;5) len truc Oz c6 toa do 1a (1;0;0).

$> Cau 2. Trong khong gian véi hé toa do Ozyz, toa do hinh chiéu ctia diém A(—2; —1;3) trén
mat phing Oyz 1a

@ (0;~1;0). (~2;0;0). © (0;-1;3). © (-2-1;0).
(2} Haaéy dién giéi. Toa do hinh chidu ciia diém A(=2; —1;3) trén mat phang Oyz 1a (0; —1; 3).

$> Cau 3. Trong khong gian v6i he toa do Ozyz, cho diém M (1;2;3). Goi H 1a hinh chiéu vuong
gbc clia M len mat phang (Ozy). Toa do ciia H 1a

@) H(-1;-2;3). H(0;0;3

@© H(1;0;0). ® H(1;2;0
e lucong f/fz,ymfl; Toa do diém H 1a H(1;2;0).

¢ Cau 4. Trong khong gian Oxyz, cho @ = (2;3;2) va b = (1;1; —1). Vecto @ — b 6 toa do
1a

@ (3;4;1). (—1;-2;3). © (3;5;1). @ (1;2;3).
[} Ha(f% c/(&y[d[. Vecto @ — b c6 toa do (1;2;3).

> Cau 5. Trong khong gian Ozyz, cho diém A(1;1;1). Tim toa do hinh chiéu vuong géc ctia diem
A trén mit phang (Ozz).

@ (1;0;1). (0;1;0). © (1;1;0). © (0;1;1).

[} Huzfg f/af,/yzfd,zf, Toa do hinh chiéu vuong géc ctia diem A trén mit phang (Owxz) 1a H(1;0;1).

$> Cau 6. Trong khong gian vé6i hé truc toa do Oxyz, cho @ = G e 27 _ 3%, Toa dd clia @
1a

@ (=2;-1;-3). ( 3 2 1)
© (2;-3;-1).
[ /{mf?jf/@wz@; Dods, @=—1i +27 —3k = (— 1 2 —3)

¢ Cau 7. Trong khong glan V01 hé truc toa do Ozyz cho hai vecto @(1;1;—2), b = (—2;1;4).
Tim toa do clia vecto ¥ = @ — 2 b

@ (5;—1;-10). (0;3;0).
© (—3;3;6). ® (5;—1;10).

a(l;1; -2 -
[ /‘[mﬁ(y a/(zn giat. Ta co {%( ) = uU=7a-2b=(5-1;-10).

(—2;1;4)

$> Cau 8. Cho diem A(3;—1;1). Hinh chiéu vuong géc ctia diém A trén mat phang (Oyz) la
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diém

&) M(3;0;0). N(0;—1;1). © P(0;~1;0). © Q(0;0;1).
[} Hw)ﬁ din j[{ézf. Ta c6 hinh chiéu vuéng goc ciia diem A trén mat phang (Oyz) la diém
N(0;—1;1).
$> Cau 9. Trong khong gian Ozyz, hinh chiéu vuong géc ciia diém A(1;2;5) trén mat Oxz c6 toa
do 1

@ (0;2;5). (0;2;0). © (1;0:5). ® (0;0;5).
[ Haoiy c/c’z“/%zfd,z; Hinh chiéu vuong géc ctia diem A(1;2;5) trén mat Oxz c6 toa do la (1;0;5).
$® Cau 10. Trong khong gian Ozyz, cho hai vecto @ = (2; —2; 1), b= (0;1;3). Toa do cta vecto
a4+ bla

@ (2;-3;2). (1;—1;2) © (2,-1;4). @ (-2;3;2).

2
&5 Hucong [/Q?sz(zz, Taco @+ b = (2 —1;4).
$> Cau 11. Trong khong gian Ozyz, cho hai diém A(1; —1;2) va B(2;1;—4). Vecto AB c6 toa
do
@ (3;0;-2). (-1;,-2;6). © (1;0;-6). @ (1;2;-6).
O Macong din gigi. Taco: AB = (2— 1;1 — (—1); —4 — 2) = (1;2; —6).

$> Cau 12. Trong khong gian Oxyz, cho diém A(1; —2;3). Hinh chiéu vuong goc clia diem A lén
mit phang (Oyz) c6 toa do 1a

@ (1;0;3). (1;0;0). © (1;-20). @ (0;-2;3).
(e} Huo;f sz giéi. D@ tim toa do hinh chiéu ctia diém A(1; —2;3) lén mit phing (Oyz) ta chi
can giit nguyen tung do va cao do, cho hoanh do bang 0.

$® Cau 13. Trong khong gian véi hé toa do Oxyz, cho hai vecto 1a @ = (2;1;—1) va ¥ = (1;3;1).
Toa do clia vecto (U + 27) tuong tng la

@ (3:4;0). (1;,-2;-2). © &71). © (55 -1).
(2} Ha‘o/’égﬁ c/(?/éj[(éz',, Ta co6 U + 27 = (4;7;1).

$> Cau 14. Trong khong gian v6i hé toa do Ozyz, cho diém A(2; —1;0) va diém B(3;1;1). Toa do
diém déi xitng v6i A qua B la

@ (1;,-2; —4). (0;3; —1). © (43;2). ® (0;—1;3).
[ Haﬁo‘/zj t/a)i/fzaz Goi A'(z;y; 2) 1a diém doi xiing véi A qua B < B la trung diém doan thing
_2+4x
3= r=4
/ T +y . 1(A.9.
AA & (1 = 5 & <y=3 .Suyra A(4;3;2).
2

> Cau 15. Trong khong gian Ozyz, cho biéu dién clia vecto @ qua cac vecto don vi la @ =
27 + k — 3. Toa do cha vecto @ 13
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@ (2;-3;1). (1;-3;2). © (2;1;-3). © (1;2;-3).
O acong a,’(z‘njazz. Taco: @ =27 +k—-3] =21 -3] +1%k=a=(2-31).

¢ Cau 16. Trong khong gian Oxyz, cho diém M théa man hé thiic OM =27 + 7 Toa do diém
M la

@& M =(0;2;1). ® M = (1;2;0).
© M = (2;1;0). @M:(Q;O; ).

o Hmréy diin gici. Vi diém M thoa man he thitc OM = 27 + 7 nen toa do diém M = (2;1;0).

¢ Cau 17. Trong khong gian Ozyz, cho @ = — i +27 — 3% . Toa do ciia vecto @ Ia
@ (-1;2;-3). (2;-3;-1). © (2,-1;-3). @ (=3;2;-1).
[} Hmmy din gici. Ta cb @ = x7+y7+zz = ad = (z;y;2). Vi d = —1- T2 - 3?, ta
suy ra toa do clia @ 1a (—1;2; —3). Dap an A.
¢ Cau 18. Trong khong gian Oxyz, gid st @ =27 + 3 — ¥, khi d6 toa do véc to ¥ la

@ (=2;3;1). (2;3; -1). © (2;-3;-1). O (2;3;1).

O eong a’[z,yz(zz. T=27+3] —1k = ¥ = (2;3;—1). Dap an B.

¢ Cau 19. Trong khong gian Ozyz, cho @ = — i +27 — 3%. Toa do ctia vecto @ la:
@ @(-1;2;-3). @(2;-3;-1).
© @(=3;2;-1). © @(2;—-1;-3).

o Hmézf (2,/(2)2,(//61,'(2’,1,1. T=-1-i+2j —3k = a=(—1:2;-3). Dap an A.

> Cau 20. Trong khong gian Ozyz, cho diém M thdéa méan hé thiic OM =27 + 7 Toa do diém
M la

@) M =(0;2;1). M = (1;2;0).

© M = (2;1;0). D) M = (2;0;1).
e/ lucong (/[’2/1(7[(2’1'. OM =27 +17 +0k = M(2;1;0). Dap 4n C.

¢ Cau 21. Trong khong gian Oxyz, cho OA = 67 147 —3%. Toa do ctia diém A la
@ (4;6;-3). (—4; —6;3). © (~6;—4;3). @ (6;4;-3).

e Hocong f/(?/éjzfdzf. OA =47 +67 — 3% = A(4;6;—3). Dap 4n A.
& Cau 22. Trong khong gian Oxyz, véi 7, 7, ¥ 1 céc vecto don vi trén truc Oz, Oy, Oz tuong
ting va vecto @ = (1;0;1). Ké qué nao sau day ding?

D T=i+7]+F. ®a=]+F.

©ad=1i+7y. D ad=1+k.

lﬁ/{u‘o‘ézﬁ(/(g)zé/c[(}zﬂ. a=(101)=ad=1-1+0-j+1-k=1+k.DapanD

¢ Cau 23. Trong khong gian Oxyz, cho céc VectoO—A):—_i)jLz,O—B):;’ 7 2%. Khi d6

toa do vecto AB 1a

@ (-21;-1). (2 -1;1). © (0;-1;3). © (0;=1;-1).
O luong (/(s;yzf(z(; Ta c6 A(—1;0;1) va B(1; —1;2).
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AB=0B—0A=(1-(-1);-1-0;2—1) = (2;—1;1). Dap 4n B.
1

$© Cau 24. Trong khong gian Oxyz, cho cac véc to OA=-7+ 7; OB = 1
toa do véc to AB 1a7

@ (2;2;-2). (2;1;-3). © (0;0;—1). © (2;0;-2).
o Hoeong [/fzf,zjlzfz(; Ta ¢6 A(—1;1;0) va B(1;1; —2).

AB = (1-(~1);1—1;-2—0) = (2;0;—2). Dap an D.
$> Cau 25. Trong khong gian Oxyz, cho diém M (z;y; z). Trong cac ménh dé sau, ménh dé nao
diang?

(A) Néu M’ déi xiing véi M qua mit phang (Ozz) thi M'(z;y; —2)..

Néu M’ d6i xting v6i M qua Oy thi M'(z;y; —z)..

(© Néu M’ déi xing véi M qua mat phang (Ozy) thi M'(z;y; —2)..

(D) Néu M’ déi xting véi M qua goc toa do O thi M'(2z;2y; 22)..

./ uvy z(z‘/z(jz‘azf. 1€m dol xung vol z;y; z) qua mat phang (Ozy) la diem T;Y;—2).
O 2wong din gici. Diém déi xing véi M héng (Oxy) 1a diém M’
bap an C.
$> Cau 26. Trong khong gian Ozyz, hinh chiéu vuong goc clia diém A(3;5;2) trén truc Ox c6 toa
do la

@ (0;5;2). (0;5;0). © (3;0;0). ® (0;0;2).
[ Hafo/‘/zj f/a?zjzfdz, Hinh chiéu vuong goc ctia diém A(z;y; z) trén truc Oz la diém c6 toa do
(%;0;0).

Ap dung cho A(3;5;2), ta c6 hinh chiéu 1a (3;0;0). Dap &n C.

$> Cau 27. Trong khong gian Ozyz, hinh chiéu vuong goc ctia diém M (3;1; —1) trén truc Oy c6
toa do 1a

@ (3;0;-1). (0;1;0). © (3:0;0). ® (0;0; —1).
(Y Ham‘y a/(’z‘}z(jgd,d, Hinh chiéu vuong géc ctia diem M (x;y; z) trén truc Oy la diém co toa do
(059;0).

Ap dung cho M(3;1; —1), ta c6 hinh chiéu 1a (0;1;0). Dap an B.

$> Cau 28. Trong khong gian Ozyz, hinh chiéu vuong géc ctia diém M (3; —1;1) trén truc Oz c6
toa do 1a

@ (3;-1;0). (0;0;1). © (0;-1;0). © (3;0;0).
[ Hm)‘y a’(z‘njzdz. Hinh chiéu vuong géc ctia diem M (x;y; 2) trén truc Oz 1a diém c6 toa do
(0505 2).

Ap dung cho M (3; —1;1), ta c6 hinh chiéu 1a (0;0;1). Dap an B.

$> Cau 29. Trong khong gian Oxyz, cho diém A(1;2; —3). Hinh chiéu vuong goéc clia A lén mat
phing (Ozy) c6 toa do la

@ (0;2;-3). (1;0;-3). © (1;2;0). © (1;0;0).
() Hmin(j din 71’(212 Hinh chiéu vuong goc clia diem A(x;y; z) 1én mat phang (Oxy) c6 toa do la
C
(2393 0).
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V6i A(1;2; —3), hinh chiéu 1a (1;2;0). Dap an C.

> Cau 30. Trong khong gian Ozyz, hinh chiéu vuong géc ctia diém M (2;1; —1) trén mat phang
(Ozx) c6 toa do la

@ (0:1;0). (2:1;0). © (0;1:-1). © (2;0;-1).
[} Hwoz(y f/fé)z(f[[ézi. Hinh chiéu vuéng goc ciia diem M (z;y; z) trén mat phing (Ozx) c6 toa do
1a (z;0; 2).

V6i M(2;1; —1), hinh chibu 1a (2;0; —1). Dap 4n D.
$> Cau 31. Trong khong gian Oxyz, cho diém A(3; —1;1). Hinh chiéu vuong goc ciia diém A trén
mit phang (Oyz) 1a diém

@ M(3;0;0). N(0; —1;1). © P(0;-1;0). © Q(0;0;1).
[ H‘”’W dién gigi. Hinh chidu vuong géc clia diém A(z;y; z) tren mat phéng (Oyz) c6 toa do la
(0595 2).

V6i A(3;—1;1), hinh chiéu 1a N(0; —1;1). Dap 4n B.
$> Cau 32. Trong khong gian Ozyz, diém nio sau day nam trén mit phang toa do (Oyz)?

@ M(3;4;0). P(=2;0;3). © Q(2;0;0). © N(0;4;-1).
[ Hmfy f/dzéjzfdzf. Diém thuoc mat phang (Oyz) phai ¢6 hoanh do bang 0.

Trong cac diém trén, chi c6 N(0;4; —1) théa man. Dap an D.
> Cau 33. Trong khong gian Ozyz, cho M(4;5;6). Hinh chiéu ctia M xudng mit phang (Oyz)
1a M’. Xac dinh toa do M.

(A) M'(4;5;0). M'(4;0;6). © M'(4;0;0). D) M'(0;5;6).
(&) /Z{amy a’a‘”;y[di. Hinh chiéu ctia M (z;y; 2) lén mat phang (Oyz) 1a M'(0;y; 2).

Vay M'(0;5;6). Dap an D.
> Cau 34. Trong khong gian Ozyz, cho diem A(2025;2026; —2027). Toa do A’ 1a diém déi xing
v6i A qua mat phang (Ozy) la:

@A) A'(—2025; —2026; 2027). A(—2025; —2026; —2027).

© A'(—2025;2026; —2027). D) A'(2025;2026; 2027).
[} Huonf c/c&y[d[. Diém déi xting v6i A(x;y; 2) qua mat phang (Oxy) 1a diém A'(z;y; —2).

C

Vi A(2025;2026; —2027), ta c6 A'(2025; 2026;2027). Dap an D.
$> Cau 35. Trong khong gian Oxyz, cho diém A(—5;2;0). Toa do A’ 1a diém ddi xting v6i A qua
mat phang (Oyz) la:

@) A'(5;2;0). A'(—=5;-2;0).
©) A'(5;—2;0). D) A'(5;2;1).
(2} Hmfy diin gici. Didm déi xing véi A(z;y: z) qua mat phang (Oyz) la didm A'(—z;y; 2).
C

Véi A(—=5;2;0), ta c6 A'(5;2;0). Dap an A.

¢ Cau 36. Trong khong gian Oxyz, cho diém N théa man ON = —27 +3%. Tim toa do diem
K 13 hinh chiéu ctia diém N trén truc Ozx.

@) K(—2;0;0). K(2;0;0).
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© K(—2;0;-3). (D) K(2;0;3).
[ /’[u()/7 a/(z/z(/z(zz T gid thiét ON = =21 + 3k ta c6 N(—2;0;3).

Hinh chiéu ctia diem N (z;y;2) trén truc Oz la diém K (z;0;0).

Do d6 K(—2;0;0). Dap an A.
> Cau 37. Trong khong gian Ozyz, cho diém M théa man OM =27 + 37 —4%. Tim toa do
diém H 1a hinh chiéu ctia diém M lén mat phiang (Oxz).

(A) H(0;3;—4). H(-2;-3;4).
© H(2;3;0). (D) H(2;0;—4).
o Ha‘a‘ézy (/(gkz(fzké,zf, Tu OM =27 +35 —4k ta c6 M(2;3;—4).

Hinh chiéu ctia diem M (z;y; z) 1én mat phang (Oz2) 1a diem H(z;0; 2).

Vay H(2;0;—4). Dap an D.
$> Cau 38. Trong khong gian Ozyz, cho diem A(—2;3;5). Toa do clia vecto OA 1a:

@ (-2:3;5). (2;-3;5). © (-2-3;5). © (25 -3;-5).
() H“’"y (/(flz,/ (¢, Toa d6 ciia vecto OA chinh 1a toa do clia diém A. Vay OA = (—2;3;5). Dap
an A.
$> Cau 39. Trong khong gian Oxyz, cho hai diém A(1; —1;2) va B(2;1; —4). Vecto AB c6 toa
do

@ (3;0;-2). (=1;-2;6). © (1;0;-6). © (1;2;-6).
(2} h’a’o/’NJp a/(‘?/ifz'(ézl AB = (¥ — Ta;yB —Ya; 28 — 24) = (2—1;1 — (=1); =4 — 2) = (1;2; —6).
Dap an D.
$> Cau 40. Trong khong gian Oxyz, cho hai diem A(1;2; 1), AB = (1;3;1) thi toa do ctia diém
B la:

@ B(2;5;0). B(0 2)
© B(0;1;2). _® B(-%-50).
e uong (/MJM AB=B—-A=B=A+AB= (1+1 2+3 —1+1) = (2;5;0). Dap an A.

$> Cau 41. Trong khong gian Oxyz, cho A(1;0;1). Tim toa do diém C théa man AC = (0;6;1)

@ C(=1;6;—1). C(1;6;2)
© C(1;6;0). D) C(—1;—6;-2).
[ Hwo‘zyf/é/z(jzdz, AC=C-A=C=A+AC=(1+0;0+6;1+1)=(1;6;2). Dap an B.

$> Cau 42. Trong khong gian Ozyz, cho hai diém M(1;2; —3), N va vecto ¥ = (2; —1; —2) thoa
méan diéu kien v = — MN. Toa do ctia diém N la

@ (=1;3;-1). (3;1;=5). © (1;-3;1). @ (=3;-1;5).
o Ha’()‘%a}i/z(fzfdzf. MN=T=>N-M=T=N=M+7=(1+22-1;-3-2) = (3;1;-5).
bDap an B.
$> Cau 43. Tﬁcing khong gian Oxyz, cho véc t6 @ = (—3;2;1) va diém A(4;6; —3). Toa do diém
B théa man AB = @ la:

@ (-1;-8;2). (7;4; —4). © (1;8;-2). D) (—7;—4;4).
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lﬁ/{m)éy(/d/z(jmz A_B):E):>B—A:3$32A+3:(4—3;6+2;—3+1):(1;8;—2).
Déap an C.

&> Cau 44. Trong khong gian Oxyz, goi M’ 1a hinh chiéu vuong goc ctia diém M (1;3; —2) trén
truc Oz. Khi d6 vecto MM’ ¢6 toa do 1a

@ (1:3:0). (0;052). © (=1;-3,0). © (0;0;-2).
(2} Huv‘igﬁ din gidi. Hinh chiu ctia M(1;3;—2) tren Oz la M’(0;0; —2).

MM =(0-1;0-3;—-2—(=2)) =(—1;-3;0). Dap an C.
$© Cau 45. Trong khong gian Ozyz, cho OM = (1;5;2), ON = (3;7,—4), K(—1;3;1). Goi P la
diém déi xiing v6i M qua N. Tim toa do vecto K P.

@ KP = (6;6;—11). KP = (8;6;—11).

© KP = (6;6;—4). ©) KP = (3;3;-2).
e lucong C/@yz@t. Ta c6 M(1;5;2) va N(3;7; —4).

Vi P ddi xtng v6i M qua N nén N la trung didm MP: zp = 22y — 2y = 2-3—-1 =5
yp:QyN—yM:2'7—5:92p:2ZN—ZM:2~(—4)—2:—10.

Vay P(5;9; —10).

KP=(5—(—1);9—3;—10 — 1) = (6;6;—11). Dap an A.

¢ Cau 46. Trong khong gian véi hé toa do Oxyz cho hinh binh hanh ABC'D va cac dinh ¢6 toa
do lan lugt 1a A(3;1;2), B(1;0;1),C(2;3;0). Toa do dinh D 1a

() D(1;1;0). D(0;2;—1). © D(4;4;1). D D(1;3
O eong (/[’2/2?[(2[. Vi ABCD la hinh binh hanh néen AD = BC.

BC=(2-1;3-0,0—1) = (1;3;—1).

D=A+BC=(3+1;14+32—1)=(4;41). Dép 4n C.
¢S Cau 47. Trong khong gian Ozyz, cho hinh binh hanh ABC'D ¢6 A(—3;1;2), B(—2;4;—1),C(1; —3;3).
Toa do diém D la

@ (0;-6;6). (—6;7,—2). © (2;0;0). © (—4:25).
[ Hu’o‘éy (/(;/z,/ /¢¢. Trong hinh binh hanh ABCD,tac6 D = A+C—B. D = (-3+1—(-2);1—
3—4;2+3—(—1)) =(0;—6;6). Dap an A.
¢S Cau 48. Trong khong gian Ozyz, cho tam giac ABC véi A(1;2;—1), B(2;—1;3),C(=3;5; 1).
Toa do diém D sao cho tit gidc ABC'D la hinh binh hanh 13

@ (-2;8;-3). (—4;8;-3). © (—4;8;-5). © (-2;2;5).
e Jeong c/(f,yz(gz; ABCD la hinh binh hanhnen D = A+C —B = (1-3—-2:245—(—1); -1+
1 —-3) =(—4;8;-3). Dap an B.

$> Cau 49. Trong khong gian Ozyz, cho hinh binh hanh ABC'D tam I ¢6 toa do céac dinh B(3;1;0),
D(0;4; —6). Tim toa do diém I.

® 1(3:3:-3). ® 1(3;5;—
© I(-53-3). © 1-556)
[ Hmfy din giéi. Tam I clia hinh binh hanh ABCD 1a trung diém ctia duong chéo BD.
C
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1 _
I = 3+0; +4;0 0 = §;§;—3 . Déap an A.
2 2 2 2°2

4> Cau 50. Trong khong gian Oxyz, cho ba diém A(1;2; 1), B(2; —1;3), C(—2; 3; 3). Diém M (a; b; )
14 diém thit tu ctia hinh binh hanh ABCM, khi d6 biéu thitc P = a® 4 b — ¢? ¢6 gia tri bang bao
nhiéu?

(@A) 44. 6. © -3. D —1.
O Jacong diin giéi. ABCM la hinh binh hanh néen AM = BC. BC = (—2—2:3—(—1);3—3) =
(—4;4;0).

M=A+BC=(1-42+4;-1+0)=(=3;6;—1). = a=—3,b=6,c=—1.

P=(-3)2+6>—(~1)2=9+36—1=44. Dap an A.
¢ Cau 51. Trong khong gian Oxyz, cho hinh hop ABCD.A'B'C'D’ ¢6 A(1;0;1), B(2;1;2), D(1; —1;1),
C’(4;5; —5). Tinh toa do dinh A’ ctia hinh hop.

B/

| C,
Al i D/
e c
‘ D
@) A'(4;6;-5). A'(2;0;2). © A'(3;5;—6). © A'(3;4;-6).

@Hm)‘/zjrﬁfifzdzf. Tac6C=B+D-A=(2+1-1;1-1-0;2+1-1) =(2;0;2).

AL =CC =C' —C = (4—25—0; =5 —2) = (2;5; 7).
Toado A' = A+ AA = (1+2,0+5;1—7) = (3;5: —6). Dap an C.

¢ Cau 52. Trong khong gian Ozyz, cho hinh hop ABCD.A'B'C'D’, biét rang A(—3;0;0),
B(0;2;0), D(0;0;1), A'(1;2;3). Tim toa do diém C".

B/

(A) C'(10;4;4). C'(—13;4;4).
© C'(13;4;4). . D C(Ti434).
o Heeong (/52’/1(717(511, Ta c6 AC' = AB+ AD + AA',
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§2. HE TRUC TOA DO TRONG KHONG GIAN

Véi AB = (3;2;0), AD = (3;0;1), AA = (4;2;3).
Suy ra AC" = (34+3+ 42+ 0+ 2,0+ 1+3) = (10;4;4).
Toa do diém O = A + AC" = (—=34+10;0+4;0+4) = (7;4;4). Dap an D.

¢ Cau 53. Trong khong gian Ozyz, cho hinh hop ABCD.A'B'C'D’. Biét A(2;4;0), B(4;0;0),
C(—1;4;=7) va D'(6;8;10). Toa do diém B’ 1a

B/

Q) B'(8;4;10). B'(6;12;0).

© B'(10;8;6). (D) B'(13;0;17).
[} Hmfg c/a“,/z(fzfdzf, Trong hinh hop ABCD.A'B'C'D’, ta ¢6 AB=DC=D=C-B+A=
(—3;8;=17).

Laic6 BB =DD' = B' = B+D'—D = (4+6— (—3);0+8 — 8;0+ 10 — (—7)) = (13;0;17).
bap an D.
¢ Cau 54. Trong khong gian Oxyz, cho hinh hop ABCD.A'B'C'D’ ¢6 AB = (2;0;0), AD =
(0;4;0) va AA = (0;1;3). Tim toa do vecto AC.

@ AC = (2;4;3). ® AC = (2;3;5).

© ACT = (2;5;3). @AC’—153).
[} Haaff c/mz sidi. Quy tac hinh hop: AC' = AB+ AD + AA = (24+040;04+441;04+0+3) =
(2;5;3). Dap an C.
¢ Cau 55. Trong khong gian Oxyz, cho hinh hop chit nhat ABCD.A'B'C'D’ ¢6 diém A tring
véi gbe toa do O, diém B nam trén tia Oz, diém D ndm tren tia Oy, diém A’ ndm trén tia Oz.
Biét AB =2, AD =4, AA’ = 3. Goi toa do ctia C’ 1a (a;b; c), khi d6 biéu thitc a + b — ¢ c6 gia tri
la.

@) —4. 9. © 3. D) 6.

[ Hua?/f c/(?zéjz'afzf, T gid thiét ta c6 toa do cac dinh: A(0;0;0), B(2;0;0), D(0;4;0), A’(0;0;3).
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Vi day 1 hinh hop chit nhat c6 A 1a goc toa do va cac canh ndm trén cac truc toa do nén C’
c6 toa do (2;4;3).

Vaya=2,b=4,c=3=a+b—c=2+4—-3=3. Dap an C.
$© Cau 56. Trong khong gian Oxyz, cho hinh lap phuong ABCD.A'B'C'D’ ¢6 do dai cac canh
bang 1, diém A tring véi goc toa do (nhu hinh vé).
Yy

)
17

o/ ¢

A/

_
Toa do vecto A'C" ¢6 toa do 1a

@ (1;0;1). (0;1;1). © (1;1;0). © (1;1;1).
X Hoong din gidl. 5 A'(0; 0; aC'(1:1;1).
/L[L{()lclﬁ (/(3/1(7101 Ta c6 A'(0;0;1) va C'(1;1; 1)

A'CT=(1—0;1—0;1—1) = (1;1;0). Dap an C.
$¢> Cau 57. Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 canh bang 2. V6i hé toa do Oxyz dudgc
thiét lap nhu hinh bén (gdc toa do O trimg vé6i diém A).
Yy

)
17

o/

A/

Toa do diém C’ 1
@) C'(2;2;0). G T © C'(2;0;2). D) C'(2;0;0).

[ Han‘aj c/d;z(jzﬁézf, V6i canh bang 2 va A la gbc toa do, ta c6 B(2;0;0), D(0;2;0), A’(0;0;2).
Diém C’ 14 dinh d6i dién véi A, c6 toa do 1a (2;2;2). Dap 4n B.

$® Cau 58. Trong khong gian Oxzyz, cho hinh hop chi nhat ABCD.A'B'C'D’ ¢6 canh AB =
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§2. HE TRUC TOA DO TRONG KHONG GIAN

1,AD =2, AA" = 3. V6i he toa do Oxyz duge thiét 1lap nhu hinh duéi day.

z

D/

A/

B’ C’

Y

o

Toa do BT?) 1a
@ (1;2;3). (—1;2;-3). © (1;2;-3). © (-1;2;3).
[ Haaéy f/a?)yszz’zl. Dura vao hé truc toa do Oxyz v6i A 1a gbe toa do, ta c¢6 toa do cac dinh:
A(0;0;0), B(1;0;0), D(0;2;0), A’(0;0;3).
Vi B’ 1a dinh trén ctia hinh hop chit nhat nén B'(1;0; 3).
Khi d6 B'D = (0 —1;2 — 0;0 — 3) = (=1;2; —3).

$> Cau 59. Cho hinh chép tit gidgc déu S.ABCD c6 canh day bing av/2, canh bén bing av/5. Goi
O 1a tam ctia hinh vuong ABC'D. Véi hé toa do Ozyz dugce thiét 1ap nhu hinh bén (gdc toa do O
trung véi tam hinh vuong ABCD), toa do SC' la:

z

S

@ SC = (2a;0; —2a). SC = (a;0; —2a).
© SC = (2a; —a; —2a). D) SC = (a;0;2a).
[ Hmfg 5/(5127[(2’1’. Day ABCD la hinh vuong canh av/2 = AC = av/2 - V2 = 2a.

Suy raOC’:A—zcza. ViC € Oz = C(a;0;0).

Trong tam gidc vuong SOC: SO = /SC? — OC? = 1/(aV/5)? — a? = 2a.
ViS e Oz= 5(0;0;2a).
Vay SC = (a —0;0 — 0;0 — 2a) = (a; 0; —2a).
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2) Trac nghiém dang sai

& Bai 1. Cho hinh hop ding ABCD.A'B'C'D’ ¢6 day la hinh z
thoi. Hai duong chéo AC, BD ctia day c6 chiéu dai lan lugt 1 W Iy
a,b. Canh ben AA’ = c. He toa do Ozyz c6 goc trung véi giao ‘
diém O ctia hai duong chéo hinh thoi ABCD, c6 tia Ox tring B i 0 C
v6i tia OB va tia Oy trung véi tia OC' (Hinh vé). i !
a) Mit phang (ABCD) vuong goc truc Oz. L
b) Truc Oy L B'D'". AL”L 77777777 b
: \ b b
¢) Toa do diem B, D lan lugt 1a | —=;0;0 |, | =;0;0 ). Lo 6 S~
2 2 B c
2 N b
d) Toa do diém C’, D' 1an lugt 1 (0; g;c>, (—5;0; c>.
wong dan grat.
a) Hinh hop ding nén OO’ L (ABCD) hay Oz L (ABCD,).
Ny AC L B'D' hay Oy 1. B'D’
= a -
BD//B'D' it/
b b
¢c) B;DeOx= B 5;0;0 gD —5;0;0 |
d) O_C7=O—O7+O_C'=g-7+c-?.
b - —
OD’:OO’+OD:—§~ i +c- k.
Vay toa do diém C’, D' lan lugt 1a (0; g; c), (—g; 0; c).
& Bai 2.Trong khong gian Oxzyz, cho hinh hop chit nhat z
ABCD.A'B'C'D’ ¢6 dinh A trung véi goc O va cac dinh D, B, B
A’ ¢6 toa do lan lugt 1a (2;0;0), (0;4;0), (0;0;3) (Hinh vé). VAT o
Xac dinh toa do cia cac dinh con lai ctia hinh hop chit nhat. i ! L
a) C(2;4;0) e ﬁ/
1(92.0)- S //,'
b) D/(3:052) 0 I
¢) C'(0:4:3) apr-=° |~ °
d) B'(0;4;3) z D ¢

[} Ha‘o/’éy c/(?léfz'(é Z.

a) Diém C nam trén mat phang Ozy nén c6 cao do bang 0. Vi D, B 1a hinh chiéu ctia C' trén
truc hoanh va truc tung nén C(2;4;0).

b) Diém D’ ndm trén mat phang Oxz nén c6 tung do bang 0. Vi D, A’ 1a hinh chiéu ctia D’
trén truc hoanh va truc cao nén D’(2;0;3).

c) Vi (C(2;4;0) 1a hinh chiéu ctia C” trén (Ozy) va A’(0;0;3) 1a hinh chiéu ctia C’ trén truc Oz
nén C'(2;4;3).

d) Diém B’ ndm trén mat phang Oyz nén c6 hoanh do biang 0. Vi B, A’ 1a hinh chiéu ctia B’
nén B’(0;4;3).
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§2. HE TRUC TOA DO TRONG KHONG GIAN
& Bai 3.Trong khong gian Ozyz, cho hinh hop

o /
OABC.O'A'B'C' 6 A(1;1; 1), B(0;3;0), BO' = ! ¢
(2;—6;6). Goi H, K lan lugt 1a trong tam clia tam A "‘ B’
giac OA'O" va CB'C',
a) Toa do diem C' 1a (2; —3;6) !
b) Toa do diém O’ 1a (3; —5;5) o) o
¢) Toa do vecto AB — (—2;3;—6) -

d) Toa do vecto HE — (—1;2;-1)

[ Hm)‘ézj a/(uz(jzm

a) Goi C'(x;y; 2). BC = (x;y —3;2) = (2;—6;6) = C'(2; -3, 6).
b) A0 = BO' = (x—1Ly—1;,2+1) = (2;-6;6) = O0'(3; =5; 5).
¢) AB = OC" = (2; —3;6).

d) HE = AB = (—1;2;1).

& Bai 4.Cho hinh chép S.ABCD c6 day ABC'D la hinh chit nhat,
AB =1, AD = 2, SA vudng goc v6i mat day va SA = 3. V6i hé
toa do Oxyz dugce thiét lap nhu sau: Goc toa do O tring véi diem
A, cac vects AB, AD, AS lan lugt ciing huéng véi i, 5 va k. Xét
tinh ding sai ctia cac khang dinh sau

a) Toa do D(0;2;0)

b) Toa do C(1;2;3)

c) Toa do S(2;0;0)

d) Toa do I(1;1;0)

[} Haog a/(f)ijzké,zf.
a) Diem D € Oy va AD = 2 nén D(0;2;0).
b) AB=1,AD =2= (C(1;2;0).
)

c) S €0zvaAS =3 nén S(0;0;3).
d) I 1a hinh chiéu len Oxy la trung diém AB, AD nén 1(0.5;1;0).
& Bai 5.Cho hinh 1ap phuong ABCD.A'B'C’'D’ ¢6 canh bang

z
2. V6i he toa do Ozyz duge thiét 1ap nhu hinh bén (gbc toa do A’ T

O trung véi tam hinh vuong ABCD), hay xét tinh ding sai ctia !
cac khang dinh sau:

B’ — ¢
a) Toa do A(—1;0;0) Lo
b) ACT = (2v/2;0;2) o>
¢) Toa do D'(0;v/2;2) c
d) BD' = (0;0;2)

[ /L/u‘o/‘/;; din 71.’(21.'. Do dai AC = 2V/2.
C C

a) A € Ox ngugc chiéu duong, OA = v/2 = A(—+/2;0;0).
b) C"(v/2;0;2) = AC" = (2/2;0;2).
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¢) D(0;v/2;0),DD" =2 = D'(0;1/2;2).

d) B(0;—+/2;0), D'(0;+/2;2) = BD' = (0;2v/2;2).
& Bai 6.Cho hinh lang try ABC.A'B'C’ ¢6 day ABC' la tam z
giac déu canh bang 2 nhu hinh vé. Hinh chiéu vuong géc clia
A’ len (ABC) trung v6i trung diém canh AB, goc A’AO = 60°.
V6i hé toa do Ozyz duge thiét lap nhu hinh bén (goc toa do O
tring v6i trung diém ctia doan BC'), hay xét tinh ding sai clia

cac khang dinh sau:
a) Toa do diem A(—1;0;0)
b) Toa do diém C(0;/3;0)
¢) Toa do diém A’(0; —1;+/3)
d) Toa do diém C”(l; V3; \/5)

[ Ha‘o/’égﬁ c/(z?/éj[(ézl oC = \/g, OA' = OA.tan 60° = /3.

a) A € Oz ngugc chieu duong, OA =1 = A(-1;0;0).
b) C € Oy,0C = /3 = C(0;/3;0).
c) A€ 0z,0A" = /3 = A'(0;0;V3).
d) AC = AC = C'(1;V/3;V/3).
& Bai 7. Trong khong gian Owyz, cho hai vecto @ = (—2;1;—3), b = (—1;-3;2) va diém
A(4;6;-3).
a) Toa do vecto @ —2b = (0;1;—1).
b) Toa do diém B(2;7;—6) thi @ = AB.
c) Hai vecto @ va b cting phuong huéng.
d) Goéc gitta vecto @ va b bang 120°.

[ Ha‘o‘zy r/mz(jmz
a) Sai: Vi@ —2b = (0;7;—7).
—2:ZL‘B—4 .CL'BZQ
b) Ding: id=AB&{1l=ys -6 <yg=7 = B(27;—6).
—3:ZB+3 ZB:—6
: —2 1 -3
C) Sal\ﬁ_—l%_—g#T
R 2 (<) 1 (=3) +(=3) -2 1 L
d) Duang: Vi cos(d; b) = (D) +1-(=9)+ (=3 = — = (a;b) =
VEPH P (32 V()P (32 2

120°.
& Bai 8. Trong khong gian Ozyz, cho ba vecto @ = (—1;1;0), b= (1;1;0), € = (1;1;1).
a) Do dai vecto @ bing v/2.
b) Vecto b vuong goc véi .
¢) Vecto b vuong goc véi ¢.
d) Toa do vecto 3@ + 25 — T bing (—2;4; —1).
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[} Ha’éy dén oidi.

C

) =/(-1)2+12+0= V2.
b) Ding: Vi@-b =(—1)-1+1-1+0=0.
) Sai: Vib -@=1-1+1-1+0-1=2.
d) Sai: Vi 3@ +2b — @ = (=2;4; —1).
& Bai 9. Trong khong gian véi hé toa do Oxyz, cho hinh hop ABCD.A’B'C’' D' biét réng céc diém
c6 toa do A(2;1;0), C(0;3;0), C'(—1;2;1), D'(0; —2;0).
a) Toa do cac diem A', B’ 1a A'(1;0; 1), B'(0;4;2).
b) Toa do cac diém B, D la B(1;5;1), D(1;—1;—-1).
c¢) Toa do vecto AB 1a AB = 74—47—1— k.

d) Toa do vecto ABlBD=7 — 57 ALy

[} Haoy i )yz'a’fzﬁ.

a) Sai: Goi toa do diém A’ 1a (z;y;2) = AC' = (=1 —x;2 —y; 1 — 2).
Khi d6 AC = (—2;2;0). Vi A’C'CA 1a hinh binh hanh nén A'C' = AC

—1—x=-2 r=1
Suyraq2—y=2 S<y=0 = A(1;0;1). Lam tuong tu ta c6: B'(0;4;2).
1—2=0 z=1

b) Duang: B(1;5;1); D(1; —1;—1).
¢) Diing: AB = (1;4;1) = AB = 7 +47 + k.

d) Ding: B'D = (1;,-5;-3)= BD= i —5] — 3k.
& Bai 10. Trong khong gian Ozyz, cho hinh hop OABC.O'A'B'C" ¢6 A(1;1;—1), B(0;3;0) va

BC" = (2;-6,6).
o' @
/.
A/ III /
o,ll —————————— 1. SIE
7 B

a) C'(2;3;6).

b) O'(3; —5;—5).

c) AB = (2;—3;6).

d) Goi H, K lan lugt 1a trong tam clia tam giac OA’O’ va CB'C’. Khi d6 0K = (1;2;1).
[} /‘[u‘o‘y a,/(?‘x/é 71'(2[,,

a) Goi C'(z;y;2). Ta 6 BC' = (2,-6;6) = y—3=—-6 << y=-3 = C'"(2;,-3;6).

Vay a) SAL
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r—1=2 =3
b) Goi O’(x;y;z).Tacém:B—CJ@ y—1=-6 < <{y=-5 =0'(3;-55).
z24+1=6 z2=95

Vay b) SAL
c) Ta co: AB = 0C" = (2; —3;6). Vay c) DUNG.

d) Vi H, K lan lugt 1a trong tam ctia tam giac OA’O’ va CB'C’ nén OK = AB.
Ma AB = (—1;2;1). Suy ra HK = (—1;2;1). Vay d) SAL

& Bai 11. Cho hinh chép S.ABCD c6 ddy ABCD la hinh chi nhat tam [ va AB =1, AD = 2.
Canh SA vudng gbéc véi mit day Va SA= 3 le hé toa do Oxyz dugce thlet lap nhu’ sau: Goc toa
do O trung véi diém A, céc véc to AB AD AS lan lugt cung hudng véi T j va k.

z

a) D(2;0;0)

b) OC = (2;2:0)

c) SC = (2;2;-3)
Q) Ol =27+7

[} Huv‘/gj c/(?n(jz'(ézl Chon hé truc nhu hinh vé: V6i AB =1, AD =2,SA = 3 ta c6:

a) Diém D € Oy va AD = 2 nén D(0;2;0). Suy ra ménh dé a) sai.

b) Diém C € (Oxy) va c6 hinh chiéu lén Oz, Oy lan lugt 1a diem B va D. Do AB = 1 va AD =2
nen C(1;2;0) = OC = (1;2;0).

c¢) Diém S € Oz va AS = 3 nén S(0;0;3). Do do6 5C'= (1-0;2—-0;0—-3) = (1;2;-3).

d) Diém I € (Ozy) la tam hinh chit nhat, ¢6 hinh chiéu lén Oz, Oy lan lugt 1a trung diém clia
AB va AD nén:

[\]

1 —> 1 — 1- >
I<§;1;0) = 01 = (5;1;()) =0I=-1+7.
Vay menh dé d) ding.
& Bai 12. Mot ngoi nha ¢6 hinh dang va kich thuée dudge gan hé truc toa do Oxyz nhu hinh vé
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(don vi trén méi truc la 1m).

T 6m J
) H
: 3,5 m
F y
I G
NI
,/’O D Y
5m
8m C

T

Biét rang céc bitc tudng va nén nha déu la cac hinh chi nhat; hai bén mai nha IJGF, IJHE
14 cdc hinh thang can va c¢6 dién tich bang nhau; do doéc ciia méi nha s6 do géc nhi dien [J, F'G, H|
la 45°.

[} Hwoffy f/(z?/z(jz'dz'. Ngoi nha gan hé truc toa do Ozyz nhu hinh vé nén ta co:

a) Diém B € Oz va OB = CD = 5nén OB = 51 = B(5;0;0). Khing dinh nay ding.
b) Diém D € Oy va AD = BC =8 nén OD =8 = D(0;8;0).
Suy ra BD = (0 — 5;8 — 0;0 — 0) = (—5;8;0). Khang dinh b) sai.

c) DiémEeozvaOE:DH:3,5:—nénOE:g%’.

|

[\

2 2 —> — — — — — =S 7
Toa do diem G 1a tong cac vects: OG = OB+ 0D +0OFE =51 +8) +§k =G (5;8;5).
Khang dinh c) sai.

TI 6 m J
L AL N
////:E e
A 3,5m
F ’
: M G
R I
0 D Y
5m
Q) 8 m C
Ké JM L FG va JN L FEH. Khi d6 s6 do goc nhi dién [J, FG, H| chinh 1a s6 do goc

TMN = 45°.
Xét tam gidc JMN can tai J. Goi K 1 hinh chiéu ctia J trén canh M N. Khi dé tam giac
JMK vuodng can tai K.
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Ta co KM:%MN:%EF:

Vi tam giac JM K vuong can nén KJ = KM = 25.

N | Ot

=25

Do cao cia néc nha la: z; = 2z;, = 3,5+ 2,5 =6 m.

Vay chiéu cao ngdi nha 14 6m. Khang dinh d) sai.

& Bai 13. Dé chuan bi cho ngay hoi thao, ban t6 chiic trudng Nguyén Van Trdi dung bén chiée cot
AA' . BB',CC', DD’ 1an lugt tai bon goc ctia mot san béng hinh chit nhat ABC D véi kich thuée 1a
CD = 15m, AB = 25m. Bon chiéc cot AA’, BB',CC’, DD’ vuong goéc véi mat san va c6 chieu cao
la AA' = BB = 4m,CC" = DD’ = 6m. Mot tdm bat hinh chit nhat A’B’C’'D’ dugc cing phang
v6i bon goe duge ¢6 dinh vao dau bon ¢ot nhu hinh vé. Chon hé truc toa do Ozyz (don vi trén cac
truc la mét) sao cho O = A va cac truc Oz, Oy, Oz trung véi AB, AD, AA" nhu hinh vé bén dudi.

z

gitta tam bat hinh chit nhat A’B'C’D’. Biét bong den cach tai vi tri treo 0,4m. Khi d6 bong
den cach mat san cta san la 4, 6m.

[} /‘lm)/’éy diin 717(217. T hinh vé va gid thiét thiét lap hé truc toa do, ta c6 toa do cac dinh:
! C

O = A(0;0;0), B(15;0;0),C(15;25;0), D(0; 25;0), A’'(0;0;4), B'(15;0;4), C'(15; 25; 6), D'(0; 25; 6).

126

a) Diém A’ ndm trén truc Oz va AA’ = 4 nén toa do A’(0;0;4). Khing dinh a) ding.

Ta c6 A'C" = (15— 0;25 — 0;6 — 4) = (15;25;2). Khang dinh b) diing.
Ta c6 AC = (15;25;0) va DD’ = (0;0;6).
Suy ra AC + DD’ = (15;25;6). So véi khing dinh dé bai 1a (15;25;0), vay khing dinh c) sai.

d) Goi M(x,y,z2) la diém treo béng den, suy ra M la trung diem A'C’.

0+15 15 0425 25 446
=5 YM = —F5 = 5 AM = 5 &

2 2 2 2 2 g

Toa do ctia M dugce tinh bang: x5 =

Suy ra M <15' 25'5).

2727
Vi béng den treo dusi M mot khoang 0,4m nén cao do ciia bong den la: h = 2z, — 04 =
5—0,4 =4,6m.
Vay khéng dinh d) ding.
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& Bai 14. Hai chiéc khinh khi cau A va B bay lén tit cing mot dia diém. Sau mot khoang thoi
gian bay, chiéc A nam cach diém xuat phat 2 km vé phia Nam va 1 km vé phia Dong, dong thoi
cach mat dat 0,5 km. Chiéc B ndm cach diém xuat phéat 1 km vé phia Bac va 1,5 km vé phia Tay,
dong thoi cach mit dat 0,8 km.

Chon hé truc toa do Ozyz véi goc O dit tai diém xuét phat clia hai khinh khi cau, mit phéng
(Ozy) trung v6i mat dat véi truc Ox hudng vé phia Nam, truc Oy hudéng vé phia Dong va truc Oz
huéng thing ding lén troi, don vi do l1ay theo kilomét.

B
\V
i 014
1 \/
; A
: .~ Bac
Tay el vl : Déng
------ <A — > Y
O s
____: ________ 27
x 1
Nam

d) Hinh chiéu ctia toa do chiéc khinh khi cau B trén mat dat 1a (a;b;c), khi d6 a +b+c = 2,5.

[} Hwo‘iy f/a?z(jzfd,zf. Tt hé truc toa do Ozyz theo mo ta va hinh vé, ta xac dinh toa do cac diém

nhu sau:

& Chiéc khinh khi cau A cach O vé phia Nam 2 km (z = 2), phia Dong 1 km (y = 1) va cao
0,5 km (2 = 0,5 = 1/2).

1 . .
= A <2; 1; 5) Vay khang dinh a) DPUNG.

& Chiéc khinh khi cau B cach O vé phia Bac 1 km (z = —1), phia Tay 1,5 km (y = —1,5 =
—3/2) va cao 0,8 km (2 = 0,8 = 4/5).

3 4 — 2 Ll
Bl-1.-2:2 B=|[-1.—2:2).
= ( ; 275>:$O ( : 2,5)

Menh dé b) ghi z = —4/5 nén khang dinh b) SAL

AB=-3i —=j +—k.
= 31 2j+10k

Menh dé c) ghi +§7’ nén khéng dinh c¢) SAL

N L 2 3 4 A~ o £ N 2 2 ~

& Hinh chiéu cta B [ —1; —3F tréen mat dat (Ozxy) la diem c6 toa do (—1;—1,5;0).
Khidda=-1,b=-1,5,c=0=a+b+c=—2,5.
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Menh dé d) ghi 2,5 nén khang dinh d) SAIL

& Bai 15. Trong khong gian chon hé truc toa do cho trude, hai chiéc may bay khong nguoi 1ai
ciing bay lén tai mot dia diém. Sau mot thsi gian bay, chiéc may bay thit nhat cach diém xuat
phét vé phia Bac 20(km) va vé phia Tay 10(km), dong thoi cdch mat dat 0, 7(km). Chiéc may bay
thtt hai cach diém xuat phat vé phia Dong 30(km) va vé phia Nam 25(km), dong thdi cach mat
dat 1(km). Xac dinh khoang cach gitta hai chiéc may bay (két qua lam tron dén hang don vi, don
vi do: km).

Chon hé truc toa do Oxyz, véi gbc dat tai diém xuat phét ctia hai chiéc may bay, mat phang
(Ozy) trung v6i mat dat, truc Ox huéng vé phia Bac, truc Oy huéng vé phia Tay, truc Oz hudéng
thang ding lén trsi, don vi do lay theo kilomét (xem hinh vé).

AZ

a) Chiéc méy bay thtt nhat c6 toa do (10;20;0,7).

b) Chiéc may bay thit hai ¢6 toa do (—30; —25;1).

¢) Toa do hinh chiéu ctia chiéc may bay thit nhat trén truc Oy 1a (0; 20;0).

d) Toa do hinh chiéu ctia chiéc may bay tht hai tren mat dat la (—30; —25;0).

[} Haofy f/ff/lji(z)[. Tit hé truc toa do Ozyz dude thiét 1ap theo hinh vé ta co:
a) Chiéc médy bay thit nhat cach goc toa do veé phia Bac 20 km (z = 20), phia Tay 10 km
(y = 10) va cao 0,7 km (2 = 0,7). Vay toa do chiéc may bay thit nhat 1a A(20;10;0,7).
b) Chiéc may bay thit hai cach goc toa do vé phia Dong 30 km (y = —30), phia Nam 25 km
(x = —25) va cao 1 km (z = 1). Theo 10i giai duge cung cap, toa do may bay thit hai duge
xéc dinh 1a B(—30; —25;1).

¢) Toa do hinh chiéu ctia chiéc may bay thtt nhat trén truc Oy la (0; 10;0).

d) Toa do hinh chiéu ctia chiéc may bay thit hai tren mat dat (mat phang (Oxy)) 1a (—30; —25;0).
& Bai 16. Trong khong gian v6i he toa do Ozyz (don vi do lay theo km), mot Radar phat hien
mot chiéc may bay di chuyén v6i toc do va hudng khong ddi tit diem A(920;740;5,2) dén diém
B(980;800; 6, 8) trong 12 phut. Néu may bay tiép tuc giit nguyén toc do va hudng bay thi toa do
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clia may bay sau 12 phat tiép theo 1a C(z;y; 2).

a) OA = (9205 740; 5, 2).
b) AB = (60;60; —1,6).

) BC=607 +60j —1,6%.
d) = +y -+ 10z = 1980.

C

[} /‘[mféy c/a?,/yzf(ézf,

a) Ta c6 toa do diem A(920;740;5,2) = OA = (920; 740; 5, 2). Khang dinh nay Dung.

b) AB = (980 — 920; 800 — 740;6,8 — 5,2) = (60;60; 1,6). Khing dinh nay Sai (do sai dau
cao do).

¢) Do chiéc méy bay di chuyén véi toc do va huéng khong doi tit A dén B trong 12 phit va tit
B dén C trong 12 phut nén quang dudng AB = BC va ba diém A, B, C thing hang theo
dung tht tuy do. Suy ra AB = BC
Ma AB = (60;60;1,6) nen BC = (60;60;1,6) = BC =607 +607 +1,6k. Khing dinh nay
Sai.

d) Goi C(;y; 2 );»B_C’ (z — 980; y — 800; z — 6, 8).
Vi AB = BC neén ta c6 hé phuong trinh:

z — 980 = 60 x = 1040
y—800=60 < <{y=860 = C(1040;860;8,4).
~6,8=1,6 2 =84

Tinh tong: = +y + 102 = 1040 + 860 + 10 - 8,4 = 1900 + 84 = 1984.
Khing dinh nay Sai.

3) Cau tra I16i ngan

& Bai 1. Trong khong gian véi hé toa do Ozyz cho cac véc to U = 27—27—1— l_c), v =(m;2;m+1)
v6i m 1a tham s6 thie. C6 bao nhiéu gia tri ctia m dé || = |7

e lucong a/(;,z, gicl. Taco T = (2—2;1).

Khi d6 |7| = \/22 2+12=3va U] =/m2+22+ (m+1)2 =+2m2 +2m + 5.

Dodé |Z|=|T| o 9=2m>+2m+5e2m>+2m—4d=0m>+m—-2=0o m:1_2

nén co hai gia tri.
& Bai 2. Trong khong gian Oxyz, cho hai diém A(3;1; —2), B(2; —3;5). Diém M thudc doan AB
sao cho M A = 2M B, toa do diem M 1a (a;b;c). Khi d6 a + 3b + ¢ bang?
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(e} /{m)y c/(z‘}iiz'(z’z'. Goi M(x;y; 2).

7
3—r=-212-1) =3

VthhuOcdoanABnén:m:—Qm(:) l—y=-2(-3-y) &©<{y=—- =a+3b+
—2—z2=-2(5-2) 222

c=0.
& Bai 3. Trong khong gian véi hé toa do Oxyz cho hai diém A(4;2;1), B(—2; —1;4). Tim dudc
toa do diem M (a; b; c) thoa man ding thic AM = 2MB. Khi d6 a + b+ ¢ =?
r—4=2(-2-1)
[} Hmfy f/dz‘”/zz/m'a’zf. Goi diem M (x;y;2). Khi do: AM = 2MB & y—2=2(-1—-y) <<
z—1=2(4—2)

r=0
y=0
z=23

Vay M(0;0;3) nén a + b+ c= 3.

& Bai 4. Trong khong gian véi he toa do Oxyz cho ba diém M(2;3; —1), N(=1;1;1) va P(1;m —
1;2). Tim m dé tam giac M NP vuong tai N.

O Pacong [/Q?,z(jzf(zz. MN = (—=3;-2;2); NP = (2;m — 2;1).
Tam gidc MNP vuong tai N < MN-NP =0 —6-2(m—2)+2 =0 m—2= —2 < m = 0.

& Bai 5. Trong khong gian Ozyz, cho hinh hop chit nhat ABCD.A'B'C'D’ ¢6 diém B trung véi
gbc toa do O va toa do cac diem A(3;0;0), D(3;1;0), B'(0;0;5). Goi toa do C'(m;n;p), khi do
m? + n? + p? bang bao nhiéu?

[} Ha’o/‘ﬂ(j f/(f/z(izf(z’z,'.
Vi toa do diém A(3 0; 0) = BA = 3 i; toa d do dlem D(3;1;0) = BD =37 + 7
Mt khic: BD = BA + BC = BC = BD BA=37+7-37=7.

Vi toa do diém B’(O :0:5) = BB =5k.
Ta c6 BC' = BC + BB = 7 +5k = (C'(0;1;5).
Vay m? +n? +p? = 0% + 12 + 52 = 26.

& Bai 6. Trong khong gian Oxyz, cho hinh binh hanh ABCD. Biét A(0;1;—2), B(x;y;z2),
C(0; —2;1), D(1;0; —1). Tinh gia tri biéu thic T =z +y + 2.

(2} Huo;czﬁ a,/(z‘”/ifz'dz?. Toa do diem B 1a (z;y; 2).
BA = (—x;1 —y; =2 —2).

CD = (1;2;-2). -

Vi ABCD la hinh binh hanh nén BA = CD.
—r=1 r=-1

Suyraq1l—y=2 Sqy=-—1
—2—2z=-2 z=0

s=T=c+y+z=-2
& Bai 7. Trong khong gian Ozyz, cho diem A(1;2;3). Goi toa do A’(a;b; ) 1a diem déi xing véi
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A qua mat phang (Oxz). Tinh gia tri biéu thic T =a + b+ c.

N Hleong (1451271'(511 Toa do hinh chiéu ctia diem A(1;2;3) qua mat phang (Ozz) 1a A'(1; —2;3) =
C

T'=a+b+c=2.

& Bai 8. Trong khong gian Ozyz, cho diém A(—2;1;4). Goi H la diém déi xing véi A qua mat

phang (Oyz) va K la diém déi xing v6i A qua truc Oz. Biét HK = (a;b;c), khi d6 gia tri biéu

thiic a + b + ¢ bang bao nhiéu?

[ Haog (z/(ﬁfifzf(é,zﬁ. Toa do hinh chiéu ciia diém A(—2;1;4) qua mat phang (Oyz) 1a H(2;1;4).

Toa do hinh chiéu ciia diém A(—2;1;4) truc Oz 1a K(—2;0;0).

Suy ra HK = (—4;—1;—-4).

=a+b+c=-9.

& Bai 9. Cho tt dién O.ABC' ¢6 OA,OB,OC db6i mot vuong géc véi nhau OA = 3 va OB =
OC = 2. Goi P la trung diém ctia BC. Chon hé truc toa do Owzyz (don vi do dugc lay 1 don vi)
c6 cac diem A, B, C lan lugt thuoc cac tia Oz, Oy, Ox nhu hinh vé. Biét AP = (a;b; ), khi d6 gia
tri biéu thitc 2026a — 2027b + ¢ bing bao nhieéu?

[ Huo‘% a/(g/éjl'd,z',, Ta c6: O(0;0;0), A(0;0;3), B(0;2;0), C(2;0;0).

P 1a trung diém ctia BC nén P(1;1;0).
Do d6 AP = (1;1; —3) = 2026a — 2027b + ¢ = —A4.

& Bai 10. Trong khong gian v6i mot hé truc toa do cho trude (don vi do lay theo km), ra da phat
hién mot chiéc may bay di chuyén véi van toc va huéng khong doi tit diem A(800; 500; 7) dén diém
B(940; 550; 8) trong 10 phut. Néu may bay tiép tuc giit nguyén van toc va hudéng bay thi toa do
clia may bay sau 10 phit tiép theo D(x;y;z). Khi d6 oz +y + 2 =7

[} /‘[mf’fy a/('z‘\/yzf(ézl

Goi D(x;y;2) 1a vi trf cia may bay sau 10 phit bay tiép theo (tinh tir thsi diém may bay &
diém B). Vi huéng ctia may bay khong doi nén ABva BD ciing huéng. Do van tdc may bay khong
doi va thoi gian bay tit A dén B bang thoi gian bay tit B dén D nén AB = BD.

Do d6, BD = AB = (140;50; 1).

r — 940 = 140 x = 1080
Mit khic: BD = (z — 940;y — 550; 2 — 8) nén { y — 550 = 50 <> { y = 600
z—8=1 z2=9

Vay D(1080;600;9). Vay toa do ctia may bay trong 10 phut tiép theo 1a (1080;600;9).
Suy ra x +y + z = 1080 + 600 + 9 = 1689.

& Bai 11. O mot san bay, vi trf ctia may bay dugc xac dinh bdi diem M trong khong gian
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Oxyz nhu hinh vé. Goi H 1a hinh chiéu vuong géc ctia M xudng mit phang (Ozy). Biét OM = 80;
(7, O_H’) — 60°: (O_H’, O_M) — 45°. Gloi toa do didm M (a; b; ), khi d6 gié tri ctia av/2Z+bv/6+cyv/2

bang bao nhiéu?

Cr-.
LM
|
|
|
|
|
|
|
|
|
|
|
1
k| /~ |
J B
= = \ 7 Y
) = s I s
ey
A ,,,,,,,,,,,,:::J’
H

S Hucing i oidi, Tl co: (7, O—H’> — 60° = AOH = 60° va (O_H’, O—M> — 45° = HOM = 45°.
Do doé:

© c=0C=MH=O0M -sin HOM = 80 - sin 45° = 40+/2.

© OH = OM - cos HOM = 80 - cos 45° = 40v/2.

& a=0A= OH'COS@Z4O\/§'COSGOO = 40v/2 - % = 204/2.

® b=0B=AH = OH - sin AOH = 40/2 - sin 60° = 40v/2 - ¥2 = 201/6.

a=20v2
Suy ra toa do diém M 1a (20v/2;20v/6;40v/2), hay { b = 20/6
c=40v2

Khi dé gia tri biéu thiec la:
av2 +bvV6 + V2 = 2012 - V2 4 20v6 - V6 4 40v/2 - V2 = 40 + 120 + 80 = 240.
& Bai 12. Hinh bén mo ta mot san cau long véi kich thude theo tieu chuan qudc té. Véi he toa do

Ozyz duge thiét 1ap nhu hinh ben duéi (don vi trén méi truc 1a mét). Gia sit AB 1a mot tru cau
long dé cang ludi va co toa do ctia vectd AB 1a (a;b;c). Tinh gia tri biéu thic T = a + b + 100c.
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[} Hwo‘/y dén oidi. Goi toa do diém A la (Ta;YA;24).
C

& Vi chiéu rong clia san 1a 6,1 m nén hinh chiéu cia A lén truc Oz c6 gia tri x4 = 6, 1.

¢ Do lugi ndm & chinh giita chidu dai clia san (tong chidu dai 13,4 m) nén mot nita chidu dai
san la 6,7 m, suy ra y4 =6, 7.

® Diém A thuoc mat phang (Oxy) nén z4 = 0.

Vay diém A c6 toa do 1a (6, 1;6,7;0).
Tru cau long AB vuong géc véi mat dat va cé do dai 1, 55 m, nén diem B ¢ toa do 1a (6, 1;6, 7; 1, 55).
Khi d6, vects AB = (6,1 —6,1;6,7 — 6,7;1,55 — 0) = (0;0; 1, 55).
Déi chiéu véi gia thiét AB = (a;b;c), taco: a=0,b=0, ¢ = 1,55,
Gia tri biéu thite T la:
T=a+b+100c=040+100- 1,55 = 155.

& Bai 13. Mot phong hoc ¢6 thiét ké dang hinh hop chit nhat vé6i chidu dai 1a 10 m, chiéu rong
la 6 m va chiéu cao 1a 4 m. Mot béng den cong suat 16n dude treo trén tran nha sao cho la diém
chinh gitta ctia phong hoc. Xét he truc toa do Oxyz (don vi do duge lay theo mét) c6 goe O trung
v6i mot goc phong va mit phang (Owy) tring véi mit san. Goi I(a; b; ¢) 1a toa do clia diém treo
quat. Tinh gia tri a + b+ c.

z
A D’
|
|
|
|
1
B’ : '
|
l
A
e e LT Ly
0 Yy
B c

x
[} Haoy (z/(ffijzké,zf.

Dira vao hinh vé va gia thiét, ta c6 cac toa do dinh ctia hinh hop chit nhat trong hé truc toa do
Ozyz (v6i chiéu rong 6 m theo truc Oz, chiéu dai 10 m theo truc Oy va chiéu cao 4 m theo truc

Oz):
& Goc toa do O trung véi diém A, nén A(0; 0;0).
© A’ ndm trén truc Oz véi do cao 4, nen A’(0;0;4).

& (" la dinh d6i dien v6i A’ tréen tran nha, toa do 1a C’(6;10;4).
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Goi I(x,y,2) la trung diém ctia A’C'. Do dé:

33[:?:3
0+10
yr=—3 =5
Z]:ﬂzﬁl
2

Vay toa do ctia diem treo béng dén 1a 1(3;5;4). Suy ra a = 3,b = 5,¢ = 4. Gia tri can tinh:
a+b+c=3+5+4=12.

& Bai 14. Cho lang tru ding ABCD.A'B'C'D’ ¢6 day ABCD 1a hinh thoi tam O c6 canh bang
1va AA =1, @ = 60°. Goi M la trung diém ctia canh AA’. Thiét lap hé truc toa do Ozyz
(don vi do duge lay 1 don vi) ¢6 C, D lan lugt thude céc tia Ox, Oy va truc Oz song song AA’ nhu
hinh vé. Biét MO = (a;b;c), khi d6 gia tri biéu thiic 2026a — 2027b + 2¢ bang bao nhieu?

z

A/

T

N Huong a,/('z‘\/ifzdz'. Goi O 1a giao diém cia AC va BD.
C

Vi ABCD 1a hinh thoi canh 1 vi ABC = 60° nén tam giac ABC la tam gidc déu canh 1.
1
SuyraAC’:1:>OC:OA:§.

Dua trén hé truc toa do Oxyz da cho, ta xac dinh toa do cac diém nhu sau:
& 0(0;0;0).
- . oy 1
& Vi C thuoc tia Ox va OC = 7 hen C (5;0; 0).
& Vi lang tru ding c6 chiéu cao AA’ = 1 nén C’ (%, 0; 1).

. 1
& Vi A doi xting v6i C' qua O nén A (—5; 0; 0) va A’ (—%;O; 1).

2

o — (Yo (YooY 2 (1ot
0 (L (D)oo 1) = (vl
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1
Tﬁ’d(’)tac()azl,bzo,c:§
Gi4 tri biéu thic can tim la:
1
2026a — 2027b + 2¢ = 2026 - 1 — 2027 -0 + 2 - 3= 2026 + 1 = 2027.

& Bai 15. Trong khong gian Ozyz, cho hinh chép S.ABCD c6 day ABCD 1a hinh thoi canh bang
5, giao dlém hal du’Ong chéo AC va BD triung vé6i goc O. Cac vecto b_é 6_5 0S lan lugt cung
huéng véi z j , % vii OA = OS = 4 nhu hinh ben dudi. Toa do vecto AM = (a;b;¢) véi M la
trung diém ctia canh SC, khi d6 a + b+ ¢ bang bao nhieu?

[} Haondo a/a?)ifzfdzi. Vi ABCD la hinh thoi canh bang 5, O 1a giao diém ctia AC va BD nén O

1a trung diém ctia AC va BD.

Xét AOAB vuong tai O, c6 OB = VAB?2 — OA? = /25 — 16 = 3.
\/EO—B)V&YCunghu’OngvaOB—BnenOBf?)z

Vi OA va j ngugce hu’dng va OA—4nen OA = —4]

Ta c6 AB = OB — OA—S@ —|—4j

Co AC’— QOA— 8 ma AC va j cling hu’(jng nén AC— 8]

Co OS va k cung hu’dng va OS — 4 nén OS = 4F%.

C6 SB=0B—08 =37 —4F.

Laic6 AS=AB+BS = (37 +47)— (37 —4k) =47 +4%.
Vi M la trung diém ciia SC nen AM = %(Z@ +AC) = %(47 +4K +87) =67 +2k.
Do dé AM = (0:6;2).

Suyraa+b+c=0+6+2=8.
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A VYT v - T T @ESTT@TTTeTm—
§3 BIEU THUC TOA DO CUA CAC PHEP TOAN
VECTGQ

I. BIEU THUC TOA DO CUA PHEP CONG HAI VECTO,
PHEP TRU HAI VECTG, PHEP NHAN MOT SO VGI MOT
VECTO

Trong khong gian Oxyz, cho hai vecto @ = (ay;as; as), b = (by; bo; b3) va b k. Khi d6
@E’+b:(a1+bl;a2—|—b2;a3+bg);
@a)—_b):(al—bl;GQ—bQ;ag—bg);

@ ]{/‘?L) = (k:al; kag; k’ag).

Cho hai vecto @ = (ay; as; az), b= (by; ba; b3), b #£ 0. Hai vecto @, b cting phuong khi
a; = kbl

va chi khi ton tai mot s6 thuc k sao cho { ay = kb
as — kbg

> Vidu 1

Trong khong gian Oxyz, cho hai vecto @ = (2;1;5) va b = (2;2;1). Tim toa do clia moi

vecto sau:
a) @ —b; b) 3d +2b.

O Lo gidi ) VI T = (2;1:5) vab=(221)nen T — b =(2—21—2,5—1) = (0;: —1;4).

b) Ta c6 3@ = (3-2;3-1;3-5) = (6;3;15) V323:(2'2;2'2;2'1):(4;4;2).
Do d6 3@ +2b = (6 +4;3+4;15+2) = (10;7;17).

(1) Trong khong gian Ozyz, cho ba vecto @ = (1;8;6), ¥ = (—1;3; —2) va & = (0;5; 4).
Tim toa do clia vects © — 20 + .
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Trong khong gian Ozyz, cho ba diém khong thang hang A(x4;ya4;24), B(2p;yp; 25) va

C(zco; yo; zc). Khi do:
& Toa do trung diém ctia doan thang AB la (xA —; mB; L ; yB; £d ; ZB)

I

& Toa do trong tam cua tam gidc ABC' la

<xA+xB-|-xc'yA+yB+yc'zA-I-zB-I-zc)
3 ’ 3 ’ 3 '

> Vidu 2

Trong khong gian Ozyz, cho ba diém A(1;2;3), B(3;2;1) va C(2; —1;5). Tim toa do trung
diém M ctia doan thing AB va toa do trong tam G clia tam giac ABC.

. 2 2 ” 1 3 2 2 3 1
[} O@Efm‘ Vi M la trung diém ctia doan thang AB nén toa do ctia diem M la ( —; : —; ; ;r ) :

suy ra M (2;2;2).
. 14342 24+2+(—1) 3+1+5
Vi G 1a trong tam cia tam giac ABC nén toa do cta diem G 1a ( yE 3 = ; a ;_ (=1 ] + 3 + ) ,

suy ra G(2;1;3).

>
@ @ Trong khong gian Ozyz, cho ba diém A(2;9; —1), B(9;4;5) va G(3;0;4). Tim toa do
diém C sao cho tam gidc ABC nhan G la trong tam.

1. BIEU THUC TOA DO CUA TiCH VO HUGNG

Trong khong gian Oxyz, tich vo huéng clia hai vecto @ = (ay; as;az) va b= (b1 ba; b3)
duge xac dinh bdéi cong thic

(_l) . F = a1b1 + a/2b2 + a3b3.

137

» Swwe targ va Bién soan: Lé 7’&'}14(/{@ 0399653362



Chuong 1. VECTO VA HE TRUC TOA DO TRONG KHONG GIAN

L Luuy.
@ alb <:>a1b1—|—a2b2—|—a36320;

@ |d|=+/a?+d:+ak AB=/(vp—xa)®+ (yp —ya)®+ (25 — 24)2
ZL)' b a1b1+a2b2—|—a3b3 (Véla);éﬁ) 37&6})

® cos (@ b) = — =
( ) |g|.’b‘ V@i +ad+ai- /B + b} + b2

$> Vidu 3

Trong khong gian Oxyz, cho hai vecto @ = (1;4;2) va b= (—4;1;0).
a) Tinh @ - b va cho biét hai vecto @ va b c¢6 vuong goc véi nhau hay khong.
b) Tinh do dai clia vecto @.

!

O Loi gidi. ) Ta c6: @ - b =1-(—4)+4-1+2-0=0.Do dé, hai vectd @ va b vuong goc véi

nhau.

b) Do dai clia vecto @ 1a |@| = V12 + 42 + 22 = /21.
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> Vi du 4

Cho hinh chép S.ABCD cé day ABCD la hinh chit nhat va SA vudéng géc v6i mit phing
(ABCD). Gia st SA =2,AB = 3, AD = 4. Xét hé toa do Ozyz v6i O trung A va céc tia
Oz, Oy, Oz lan lugt trung véi cac tia AB, AD, AS (H.2.48).

z

Hinh 2.48

a) Xac dinh toa do ctia cac diem S, A, B, C, D.
b) Tinh BD va SC.
c¢) Tinh cos(BD, SC).

o ”@éjda a) Vi A trung goc toa do nen A(0;0;0). Vi B thuoc tia Oz va AB = 3 nén B(3;0;0).
Vi D thuoc tia Oy va AD = 4 nén D(0;4;0). Vi S thuoc tia Oz va AS = 2 nén S(0;0;2). Vi hinh
chiéu ctia C' lén cac truc Oz, Oy, Oz lan lugt 1a B, D, A nén C(3;4;0).

b) Tacéﬁ:(0—3;4—0;0—0): (—3;4;0), suy ra BD = |BD| = 1/(—3)% 4+ 42 + 02 = 5.

—>

Ta c6 5C = (3 —0;4 — 0;0 — 2) = (3;4; —2), suy ra SC = |SC| = /32 + 4% + (—2)2 = v/29.

—» _»  BD-8C  (-3):-3+4-440-(-2) 7
¢) Ta ¢6 cos(BD,SC) = ——— = = ,
) ( ) IBD| - |SC| 5v/29 5v/29
74,9°.

suy ra (ﬁ, S_C)) ~

Néu A(za;ya;24) va B(zp;ys; 2B) thi AB = ]/Té| =

V(s —24)?+ (yp — ya)? + (25 — 24)>

)
' @ Trong khong gian Oxyz, cho A(0;2;1), B(3;—2;1) va C(—2;5;7).

a) Tinh chu vi clia tam giac ABC.
b) Tinh BAC,
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1. VAN DUNG TOA DO VECTG TRONG MOT SO BAI TOAN
CO LIEN QUAN DEN THUC TIEN

> Vidu 5

Trong khong gian v6i mot he truc toa do cho trude (don vi do 1ay theo kilomét), ra da phat
hién mot chiéec may bay di chuyén v6i van téc va hudng khong doi tir diém A(800; 500; 7)
dén diém B(940;550;8) trong 10 phit. Néu méay bay tiép tuc gitt nguyén van téc va hudng
bay thi toa do ctia may bay sau 5 phut tiép theo & gi?

(Y @zyzdz; Goi C(z;y;2) 1a vi trf cia may bay sau 5 phut tiép theo. Vi huéng ctia may bay
khong dbi nén AB va BC cting huéng. Do van téc clia may bay khong doi va thoi gian bay tit A
dén B gap doi thoi gian bay tit B dén C nén AB = 2BC.

Do do6

50— %E: (940;800; 55();500; 8;7) A0}
z — 940 = 70
Mit khac, BC = (z — 940;y — 550; z — 8) nén { y — 550 = 25
2 —8=0,5.
z = 1010
T dé ¢ y =575 va vivay C(1010;575;8,5).
z=2_8,0

Vay toa do ctia may bay sau 5 phut tiép theo la (1010;575;8,5).
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< Vidu 6

Hai chiéc khinh khi cau bay lén tit ciing mot dia diém. Chiéc thit nhat cach diém xuét phat
2 km vé phia nam va 1 km vé phia dong, dong thoi cAch mat dat 0,5 km. Chiéc thi hai nam
cach diém xuét phat 1 km vé phia bac va 1,5 km vé phia tay, dong thoi cach miat dat 0,8
km.

Chon hé truc Ozyz véi gbc O dit tai diém xuat phat ctia hai khinh khi cau, mat phing
(Ozyz) trung véi mat dat véi truc Oz hudng vé phia nam, truc Oy huéng vé phia dong va
truc Oz huéng thang ding lén troi (H2.50), don vi do 1ay theo kilomet.

@ Tim toa do ctia mdi chiéc khinh khi cau déi véi hé toa do da chon.

(2) Xéc dinh khodng céch gitta hai khinh khi cau (lam tron két qué dén chit s6 thap phan
thi hai).

(2 (@‘1(7[(212
(1) Chiéc khinh kh{ cau tht nhit va thi hai 6 ¢6 toa do lan luot 1a (2;1;0,5) va (—1; —1,5;0,8).
@ Khoang cach hai chiéc khinh khi cau 1a
V(=1-2)24(15—-1)24 (0,8 —0,5)2 = 1/15,34 ~ 3,92 (km).

S Vidu7

Mot chau cay duge dat trén mot gia dé c6 bon chan
v6i diem dat S(0;0;20) v cac diém cham mat dat cia
bén chan 1an lugt 1a A(20;0;0), B(0;20;0), C(—20;0;0),

D(0; —20; 0) (don vi cm). Cho biét trong luc tac dung lén p’45 Py
chau cay ¢6 do 16n 40(N) va duge phan bé thanh boén lye In
F\, F,, F3, F, c6 do 16n bang nhau nhu hinh bén. Tim 7 18 y
~ 2 ~ 1
toa do ctia cac luc noi trén (mdi centimét bieu dién 1 N). i 0 = 5
“a

[ o@z(imc Tt gidc ABCD c6 hai dudng chéo bing nhau v vuong goéc véi nhau tai trung diém
ctia mo6i duong nén 1a hinh vuong.

Ta c6 SA = (20;0; —20), SB = (0;20; —20), SC' = (—20;0; —20) , SD = (0; —20; —20).

Suy ra SA = SB = SC = SD = 20v/2. Do d6 S.ABCD la hinh chép t giac déu.
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Cac vécto ﬁ , ﬁ; , ﬁ; , FZ c6 diém dau tai S va diém cubi lan luot
la A, B, C', D,
Ta c6 SA" = SB’ = SC" = SD’ nén S.A'B'C'D' cting la hinh
chop tit gide deu.
Goi F la trong luc tac dung lén chau cay va O’ 1a tam ctia hinh
vuong A'B'C'D'. Ta ¢6

F=F +F+F+F=SA+SB +SC' +SD =450’
Ta ¢6 ’F’)‘ = 40, suy ra (5_07 = SO" = 10.

Do tam giée SO'A Vuéng can nén SA' = /250 = 10v/2.
Suy ra F1 SA = —S_A) = (10; 0; —10). Chiing minh tuong tiy ta cing c6

—r -—>

Fy = 558 = (0;10;~10), F; = 5SC = (=10;0; =10), F} = 55D = (0; ~10; ~10).

1) Tric nghiém nhiéu phuong an lwa chon

¢S Cau 1. Trong khong gian Ozyz, cho @ = 27 — 3?,—6) =47 + 7 + %. Tinh do dai cua
v=2ad—-0b

® V7 3V/G. © 5v2. ® V2.
$> Cau 2. Trong khong gian Ozyz, cho ba diém A(2; —1;5), B(5;—5;7); M(x;y;1). Khi A, B, M
théng hang thi gia tri ctia z,y la

@A) r=4y=-T. ®r=—-4y=".

© rx=4y=T. D z=—4y=-T7.
$> Cau 3. Trong khong gian Oxyz cho 3 diem A(1,2,—1), B(2,—1,3),C(-3,5,1). Toa do diém
D sao cho tit giac ABCD la hinh binh hanh la

@) (-2,2,5). (—4,8,-5). © (—4,8,-3). D) (-2,8,-3).
¢ Cau 4. Trong khong gian vé6i hé toa do Oxyz, cho tidien ABCD vé6i A(1; —4;2), B(2;1; —-3),C(3;0; —2)
va D(2; —5; —1). Diém G théa man GA+ GB + GC +GD = 0 ¢6 toa do la:

@ G(2;-1;-1). G(2:—2;—1).

© G(0;—1;-1). D) G(6; —3; —3).
¢S Cau 5. Trong khong gian Oacyz cho tam gidgc ABC ¢6 A(1; —2) va trong tam G(2;1; —3).
Toa do clia vecto U = — AB + AC 1

@ (3;6;3). (3;6; —3). © (3;-3:6). @ (3;2;1).

$> Cau 6. Trong khong gian véi hé truc toa do Ozyz, cho hai diém A(1;2;—1), B(2; —1;3). Tim
toa do diém I théa man [A+2IB = 0.

@1(_2;0;2). 1(2;2;0).

o1(30?) 01(03)

$> Cau 7. Trong khong gian Oxyz, cho ba diéem E(1;3;2), F(0; —1;5), K(2;4; —1) va tam gidc
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ABC théa man AE + BF + C'_K) - 0. Toa do trong tam G cua tam giac AABC' la

@) G(1;2;2). G(—1;—4;3).

© G(2:2;1). © G(1:1;-3)
$> Cau 8. Trong khong gian Ozyz, cho bén diém A(2;0;0), B(0;2;0),C(0;0;2) va D(2;2;2). Goi
M va N lan lugt la trung diém ctia AB va CD. Toa do trung diém I clia doan thing M N la:

@) 1(1;1;0). I (%%1) © I(1;1;1). D I(1

$> Cau 9. Trong khong gian Ozyz, cho diem A(2;1;3) va diém B(4; —3;1). Toa do trung diém [
ctia doan thang AB la

@ (6;-2;4). (3;-1;2). © (1;,-2-1). @ (24 -2).
¢ Cau 10. Trong khong gian Oxyz, cho hai vecto @ = (ai;as;az); b = (b1;b9;03) va k € R.
Khéng dinh nao duéi day ding?

A kd = kal,kag,kag)

@ E’— b = a1+b1,a2+b2,a3—i—b3)
@ (—I) b = &1b1 — a2b2 — (Igbg.
¢ Cau 11. Trong khong gian Oxyz véi 7, 7, % lan lugt la cac vecto don vi trén cac truc
Oz, Oy, Oz. Tinh toa do ctua vectd ¢ + j — k.
@ T+4-k=(-L-L1) ® i+ -k=(-111)
©z+]—k_(,,1). D i +7—k=(1;-11).
¢ Cau 12. Trong khong gian Ozyz, cho hai vecto @ = (1;—4;0) va ¥ = (—1;—-2;1). Vecto

U + 37 ¢6 toa do 1a

® (=2-10;3).

© (—4;-8;4). @ 10 3)
9 Cau 13. Trong khong gian Ozyz, cho hai vecto @ = (1 3;—2) va U = (2;1; —1). Toa do vecto
U -7 la

@ (3;4;-3). (=1;2;-3). © (-1;2;-1). @ (1;-21).

> Cau 14. Trong khong gian Ozyz cho @ = (2;3;2) va b = (1;1;—1). Vectd @ — b c6 toa do
la

@ (3:41). (=1;-2;3). © (3;5:1). © (1;2;3).
&S Cau 15. Trong khong gian Ozyz, cho ba vecto @ (1;2;3); b (2;2;—1); €(4;0; —4). Toa do cta
vecto d =@ — b +2C Ia

@ d(—7;0; —4). 3(—7;0;4).
© d(7;0;—4). ©) d(7;0;4).
< Cau 16. Trong khong gian Ozyz, cho @ = (2;—3;3), b = (0;2;—1),¢ = (3; —1;5). Tim toa

do ctia vecto © = 2@ —|—3b —27.

@ (10;-2;13). (—2;2;=7). © (=2;-2;7). © (-2;2;7).
¢ Cau 17. Trong khong gian Oxyz, cho cac vecto @ = (1;—1;2), b= (2;1;-3),¢C = (0;3; —2).
Diém M (x;y; z) théa man OM + @ =2b — ¢, tong x + y + 2z bang
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@) 3. -3. © 4. D) -2.
¢ Cau 18. Trong khong gian Ozyz, cho hai vecto @ = (2;1; —3) va i = (1;0; —1). Tim toa do
clia vects @ = 7 + 27

@A) @ =(4;1;-1). a = (3;1;—4).
© @=(0;1;-1). D) @ = (4;1;-5).

$© Cau 19. Trong khong gian Oxyz, cho cac vecto @ = i —1—2] —Bk, T =27 74—?, W=Tu+
Toa do ctia vecto w 1a

@ @ = (3;-1;2). W= (3;1;-2).

© W= (3;1;2). ® w
¢ Cau 20. Trong khong gian Ozyz, cho @ = (—2;2;0), b = (2;2;0), ¢ = (2;2;2). Gia tri clia
|@ + b + | bang

@) 6. 11. © 2V11. (D) 2V/6.
¢ Cau 21. Trong khong gian Ozyz, cho cac vects U = 27 — 27—1— E’, v =(m;2;m+1) véim la
tham s6 thyc. C6 bao nhiéu gid tri cia m dé | @] = |7

@) 0. 1. © 2. D) 3.
& Cau 22. Trong khong gian Ozyz, cho cac vecto @ = (2;m — 1;3), b = (1;3; —2n). Tim m, n
dé cac vecto @, b cung phuong.

3

@mz?;n:—z. ® m=Tn=—=

© m=4;n=-3. @mzl'n:().
$® Cau 23. Trong khong gian Ozyz, cho vecto @ = (3;0;1) va ¥ = (2;1;0). Tinh tich vo hudéng
u- .

@7 -T=8 @[T =5 © -7 =0. ® -7 = 6.

¢ Cau 24. Trong khong gian Ozyz, cho hai vecto @ = (1; —2;3), b= (—2;1;2). Khi do, tich vo
huéng (¢ + b)- b bang
@) 12. 2. © 11. (D) 10.

¢ Cau 25. Trong khong gian Oxyz, cho @ = (2;—1;1) va ¥ = (0; —3; —m). Tim s6 thyc m sao
cho tich vo huéng @ - ¥ = 1.

@A) m = 4. B V"2 © m=3. D) m = —2.
¢ Cau 26. Trong khong gian Oxyz, cho hai vecto @ = (2;1;0) va b = (—1;0;—2). Tinh
cos(d, b).
- 7 2 - 7 2
@Cos(a,b):—%. cos(a,b):—g.
- 7 2 Sy 2
@cos(a,b)—%. @cos(a,b)—5.
$© Cau 27. Trong khong gian Oxyz, goc gitta hai vecto TV = (—v/3;0;1) 1a

) 120°. 60°. © 150°. (D) 30°.
$» Cau 28. Trong khong gian Oxyz, cho @ = (—3;4;0), b= (5;0;12). Cosin clia goc gitta @ va
b bang
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3 ) ) 3
3 ® 5 © % BE)
> Cau 29. Cho @ = (—1;1;0), ¥ = (0; —1;0), goc gitta hai vecto @ va v 1a
(A) 120°. 45°. ©) 135°. (D) 60°.

—

> Cau 30. Trong khong gian Ozyz, cho 2 vects @ = (2;1;—1); b = (1;3;m). Tim m dé (@ b) =
90°.

¢ Cau 31. Trong khong gian Oxyz, cho vectos ¥ = (1;1;—2), ¥ = (1;0;m). Tim tat ci gia tri
ctia m dé goc giita @, U bang 45°.

A m=2. m =2+ /6.
© m=2-+6. ® m =2+ 6.
$> Cau 32. Trong khong gian Ozyz, cho diéem A(2;2;1). Tinh do dai doan thiang OA.
A) OA = /5. B) OA=5. © OA=3. (D) OA=0.
$> Cau 33. Trong khong gian Ozyz, cho hai diém A(1; —3;1), B(3;0; —2). Tinh do dai AB.
@A) 26. 22. © V26. O v22.

$> Cau 34. Trong khong gian Ozyz, cho hai diém A(1;1;2) va B(3;1;0). Trung diém ctia doan
thing AB c6 toa do la

@ (4;2;2). (2;151). © (2;0;-2). © (1;0;-1).
$> Cau 35. Trong khong gian Oxyz, cho hai diém A(—1;5;3) va M(2;1; —2). Toa do diém B biét
M 1a trung diém ctia AB la

@B(%;S;%). ®) B(—4;9;8).
© B(5;3;-1). (D) B(5;-3;-7).

$> Cau 36. Trong khong gian Oxyz, cho ba diem A(1;—2;3), B(—1;2;5),C(0;0;1). Tim toa do
trong tam G cua tam giac ABC.

@A) G(0;0;3). G(0;0;9). © G(-1;0;3). (D G(0;0;1).
$> Cau 37. Trong khong glan Ozyz, cho tam gidc ABC ¢6 A(1; —2) va trong tam G(2;1; —3).
Toa do clia vecto U = —AB+AC I

@ (3;6;3). (3;6; =3). © (3;-3;6). © (3;21).

$> Cau 38. Trong khong gian Oxyz, cho ti dien ABCD vé6i A(1;—4;2), B(2;1;-3),C(3;0; —2)
va D(2; —5; —1). Diém G théa man GA+ GB + GC +GD = 0 c6 toa do la:

@ G(2;—1;-1). G(2;—2; —1).

© G(0;—1;-1). D) G(6;-3;-3).
$> Cau 39. Trong khong gian Ozyz, cho hai diém A(2;—2;1), B(0;1;2). Toa do diém M thudc
mit phang (Ozy) sao cho ba diém A, B, M thang hang la

(A) M(4;-5;0). M(2;—3;0). © M(0;0;1). (D) M (4;5;0).
$> Cau 40. Trong khong gian Oxyz, cho ba diem A(—1; —2;3), B(0;3;1), C(4;2;2). Cosin ctia goc
BAC l1a
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o L ® -2 9 0
V35 V35 2v/35 2v/35
¢S Cau 41. Trong khong gian Ozyz, cho A(1;2;3); B(—1;2;1); C(3; —1; —2). Tinh tich v6 huéng
AB - AC.
@ —6. —14. © 14. ®) 6.
$> Cau 42. Trong khong gian Oxyz, ba diém M(1;0;2), N(2; —3;0) va P(2;3;2). Chu vi clia tam
giac MNP la:

@ V10 + V14 + V/40. ® V5 + V13 + V1T
© 64. O v20+ v22 + v24.

$> Cau 43. Trong khong gian Oxyz, cho ba diem A(3;2;1), B(1;—1;2),C(1;2; —1). Tim toa do
diém M thoa man OM = 2AB — AC.
(A) M(5;5;0). M(—2;—6;4).
© M(-2;6;—4). (D) M(2;—6;
$> Cau 44. Trong khong gian v6i he toa do Oxyz, cho hai diém A(2;1;1), B(—1;2;1). Toa do
trung diém ctia doan thing AB 1a?
2

1
@I<§;1;—). I -3;1;0).

3

3 1 13
I(=2.-Z.0). I(=;=;1).
©1(-33) ©1(331)
$> Cau 45. Trong khong gian véi hé toa do Oxyz, cho hai diém A(1;2;3), B(—2; —4;9). Diém M
thuoc doan AB sao cho M A = 2M B. Do dai doan thing OM 1a
@) 5. 3. © /54 ® V17.
$> Cau 46. Trong khong gian Oxyz cho diém G(1; —2;3) va ba diem A(a;0;0); B(0;b;0); C(0;0; ¢).
Biét G 1a trong tam clia tam gidac ABC thi a + b+ ¢ bang
@) 3. 9. © 6. D O.
$> Cau 47. Trong khong gian véi he toa do Owzyz, cho ba diém A(1;1;1), B(2;3;2),C(3; —1;3).
Tim toa do diém D sao cho bén diém A, B, C, D lap thanh mot hinh chit nhat.
Q) D(4;3;4). D(4;-1;4). © D(2;-3;2). (D) D(4;1;4).
$> Cau 48. Trong khong gian véi he toa do Ozyz, cho hai diém A(—2;3;1) va B(5;6;2). Dudng
2 . 2 2 . P AM
thang AB cat mat phang (Oxz) tai diem M. Tinh ti s0 ——.

BM
AM 1 AM_2 AM 1 AM_3
BM 2 BM 7 BM 3 BM 7

$> Cau 49. Trong khong gian Ozyz, cho hai diem A(—4;1;5); B(1;5; —3). Goi C la giao diém ctia
duong thang AB va mat phang (Oyz). Trong cac khing dinh sau, khing dinh nao ding?

@AC_——AB ®) AB =5BC.

© AC = 4BC ©) AC = —4BC.
o Sau 50. Trong khong gian Ozyz, cho vecto @ = (1;1; —3); b= (2;2;-2);C = 27 +27 — 6k
va d = (1;1; —1). Cap vecto nao sau day cung phuong?

@ Tvab. ® @ vad. © @va 2. ® b va C.
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$> Cau 51. Trong khong gian Oxyz, cho ba diém A(0; 1; —1), B(1;2;0), C(m;n;0). Tim m, n sao
cho ba diém A, B, C' thang hang.

@mzl;nzl. mzl;n:2.

@sz;nzl. @sz;an.
¢ Cau 52. Trong khong gian Ozyz, cho 2 vecto @ = (—1;2x —1;1—32) va b= (2+3y; —1; —2).
Khi @ = b thiténg T = x + 2y + 32> bing

@ 2. 5. © 1. ©) 4.
$> Cau 53. Trong khong gian v6i hé toa do Oxyz, cho ba diém A(1;2; —1), B(2; —1;3),C(—4;7;5).
Toa do chan duong phan giac trong géc B cta tam giac ABC' la

@ (=2;11;1). ( § 131 1)-
© (34) o (5-2)

> Cau 54. Trong khong gian Oxyz, cho A(—1;4;2), B(3;2;1),C(—2;0;2). Tim tat ci cac diem
D sao cho ABCD la hinh thang c¢6 day AD va dién tich hinh thang ABCD gap ba lan dién tich
tam giac ABC.

@) D(9;8;0). D(—11;0;4) va D(9;8;0).
(© D(—11;0;4). (D) D(11;0; —4) va D(—9; —8;0).

2) Trac nghiém ding sai
& Bai 1. Trong khong gian Ozyz, cho ba diém A(4;2;1), B(2;1;3),C(—1;3; —2).

s 5 2
a) Toa do trong tam tam giac ABC bang (g, 2; §)

) . . 3
b) Toa do trung diem doan thang AB bang (3; o 2).

c¢) Tt giac ABCD la hinh binh hanh thi toa do diém D = (1;4; —4).
d) Ba diém A, B, C' thang hang.

& Bai 2. Trong khong gian Ozyz, cho ba diém A(3;5; —1), B(7;2;1),C(9;2;%).
a) Ba diém A, B, C thang hang thi 2 +y = 5.

19 8
33

¢) Tam gidc ABC vuong tai A thi x = 13,y = —1.
d) Tich vo6 huéng cia AB-AC = —3z + 2y +41.

b) Diém G ( 3) la trong tam tam gidac ABC thi x = 1;y = 3.

& Bai 3 Cho cac diém A(1;—2;3), B(—2;1;2),C(3; —1;2).
a) AB = (~3;3;-1).
b) AC = (—2;-1;1).
c) ADB = 3AC.

d) Ba diém A, B, C khong thang hang.
& Bai 4. Cho ba diem A(3;3;—6), B(1;3;2) va C(—1;—3;1). Goi M, N, K lan lugt 1a trung diém

» Swwe targ va Bién soan: Lé /’Z[n/{ K/{a 0399653362 147



Chuong 1. VECTO VA HE TRUC TOA DO TRONG KHONG GIAN

cua AB, BC' va CA.

a) Toa do M (2;3;2).
b) Véi G 1a trong tam tam gidc ABC thi GC = 2v/5.
¢) Trong tam tam giac MNK 1a E(1;1;—1).
d) Véi D(—3;—3;9) thi ti giac ABDC' la hinh binh hanh.
& Bai 5. Trong khong gian Ozyz, cho vecto @ = (2; —2; —4), b = (1;,—1;1) va @ = (—1;1;2).
a) =27 —27 +4F.
| = \/§

va b 1a hai vecto cung huéng.

=
?¢@

o
S

)
d)

& Bai 6. Trong khong gian Ozyz, cho @ = (2;3;1),7; = (-1;5;2),¢ = (4 -1;3) va 7 =
5}

—
N

va b vuong goc.

(—3:22:5).
2) @] = VIA
b) @-b =19
¢) cos(a’,c):@.

d) T=28+30-7¢
& Bai 7. Trong khong gian Ozyz, cho ba vecto @ = (2;1; —3), b= (—4;—-2;6), ¢ = (m—1;2;0).
a) @ cung hudéng voi b
b) 5| =2|3].
éu
il

¢) @b =0.
b L2 thim=1

. Trong khong gian Ozyz, cho ba vecto @ = (3;0; 1), b = (1;-1;-2),¢C = (1;7; =3).

V59.

= -1

) VB

c) cos(a, —
30
d) Goc gitta hai vecto @ va ¢ 16n hon 90°.
& Bai 9. Trong khong gian Ozyz, cho hinh binh hanh ABCD. Biét A(—1;1;2), B(1;0;3), C(0;2; —2).
a) AC = AB — DA.
b) AB=27+ 7] + k.

N

ai

&

—

d)
B
a)
b) @ -

S

1
¢) Toa do tam hinh binh hanh la (5, g; 0).
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§3. BIEU THUC TOA DO CUA CAC PHEP TOAN VECTO

d) AD=—7 +27 +5k.
& Bai 10. Trong mat phang Oxyz, tam gidc ABC véi A(1;—3;3); B(2; —4;5),C(a; —2;b) nhan

diém G(1;¢;3) lam trong tam ctia no.

2 2 3 7
a) Toa do trung diem cia doan thang AB la (5, —5 4).

b) Toa do vecto la AB =1 7 2ok .
c) a+b+c=-2
— — 14
d) cos(AB, AC) = — f
& Bai 11. Trong khong gian Ozyz, cho ba diem A(1;2;—1), B(2; —1;3),C(—4;7;5).
a) A \/_6.
b) BA-BC = —2.
c¢) Goi ( y; 2) 1 diém théa mén MA + MC =3MB. Khidé x +y + 2z = 2.
)

d) Goi D(a;b;c) la toa do chan dudng phan gidc trong géoc B cua tam gidc ABC. Khi d6
a+b+c=1.

& Bai 12. Cho hinh hop ABCD.A'B'C'D’, biét diem A(0;0;0), B(1;0;0),C(1;2;0), D'(—1;3;5).

Goi M, N la tam ctia cac hinh binh hanh ABB’A’, ADD'A’.

a) Toa do D(0;2;0).
b) Toa do A'(—1;1;5).
c¢) Toa do MN = ( DI ()1
d) |AB—|—AD+CC’\ V29.
& Bai 13. Trong khong gian Ozyz, cho AABC ¢6 A(0;0;1), B(—1;—-2;0) va C(2;1; —1).

a) =(3;-3;—-1)

b) AABC can tai A

c) AB L BC

1

d) Goi H(a,b,c) la chan dudng cao ha tit A xubng BC. Khid6 a +b+c¢ = —1—;
& Bai 14. Trong khong gian Ozyz, cho AABC ¢6 A(1;0;0), B(0;0;1), C(2;1;1).

a) =(—1;0;1)

b) AC va AB cling phuong

c) AB L AC
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d) Dién tich tam giac ABC la /6
& Bai 15. Trong khong gian Oxyz, cho @ = (1;—2;3) va b= (1;1;-1).

a) ‘E’%— b| =
b) 3—3‘ —4

Q) T-b=4

- 4

d) cos (?L’, b) =

) \/@

& Bai 16. Trong khong gian Oxyz, cho ba véc-to @ = (—1;1;0), b = (1;1;0), ¢ = (1;1;1).
a) a-¢=1
@ cung phuong ¢

d) @
& Bai 17. Trong khong gian Ozyz cho ba diém A(1;2; —3), B(=2;4;5), C(7; —3; —5).
a) Ba diém A, B, C khong thang hang
b) A'(—1;—2;3) la diém ddi xiing ciia A qua O
c¢) Diém G(2;1;—1) la trong tam ctia tam gidc ABC
d) Diém D(10; —5; —13) thoa tit gisac ABC'D 1a hinh binh hanh
Ba
3;2

&
Al=

i 18. Trong khong gian véi he truc toa do Oxyz, cho hinh hop ABCD.A'B'C'D’. Biét
:1), C(4;2;0), B'(—=2;1;1), D'(3;5;4).
]. 5 2
a) B <§, 3 5) 1a trung diém cua B'D’
1 1 oz )
b) F (5, R 5) la trung diem cta AC
c¢) Toa do diém A’'(—3;3;3)
d) Toa do diém B(—2;0;1)
& Bai 19. Trong khong gian Ozyz, cho vecto @ = =27 — 3] nwys

a) Toa do clia vecto @ la @ = (2; —3;4)
b) Néu vecto OA = @ thi diém A c6 toa do la A(-2;3;—-4)
)Bleta—zvaz (Bx —y;x —4y;4). Khi do x +y =2
d) Biét A = @ va A(1;2; —1) thi diém B ¢6 toa do la B(3;—1;3)
& Bai 20. Trong khong gian Ozyz, cho ba diéem A(0; —2;1), B(—2;—2; —1), C(3;1; —2).
a) Hinh chiéu ctia A lén mit phang (Ozz) 1a A’(0;0;1)
b) Tam gidc ABC la tam giac vuong tai A

)
c) T giac ABCD la hinh binh hanh thi toa do ctia D(5;1;4)
)

1 -2
d) Trong tam cua tam giac ABC la G < ?>
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& Bai 21.Trong khong gian Oxyz, cho hinh hop chit nhat z
ABCD.A'B'C'D’ ¢6 dinh A trung vé6i goc toa do O va cac Al D’
dinh B, C, D' ¢6 toa do lan lugt 1a (2;0;0), (2;4;0), (0;4;3). |
a) Toa do D(0;4;0) B : (o4
b) Toa do C'(2;3;4) e e 2
c) Toa do cua AA = (0;0;3) ///
d) Toa do ctua BD = (—2;4;—-3) T/ B C
& Bai 22. Trong khong gian Oxyz, cho diém A(2; —2;1) v& B nam trén truc Oy sao cho OB = 2.

a) OA =27 — 27 + %
b) Toa do diém B(2;0;0)
c¢) Diém M(2;2; 1) dbi xiing v6i A qua truc Ox
d) Toa do diém N(—2;2;1) dbi xiing v6i A qua mat phang toa do (Ozy)
& Bai 23. Trong khong gian Oxyz, cho ba vecto @ = (3;1;=2), ¥ = (1;—1;1), ¥ = (—1; —3;4).
a) U+ U =(40;-2)
b) =
c¢) Hai vecto @ — 27 va @ cung hudéng
d) |© -7+ 28| = V4l
& Bai 24. Trong khong gian Oxyz, cho tam giac ABC véi A(1;0; —2), B(—2;3;4), C(4; —6;1).

ﬁi

a) Toa do trong tam G cia tam giac la (1; —1;1)

) = (3;-3;6), AC = (—3;6;—3)

¢) Tam gidc ABC' la tam giac can

d) Néu ABDC la hinh binh hanh thi toa do diém D 1a (7; —9; —5)

& Bai 25. Trong khong gian Ozyz, cho cac diém A(3;2; —1), B(1;4; —2) va C(0; —2;3). Khi d6
a) AB = (—2;2; 1)
b) ’AB‘ %

—_— —>

¢) Toa do diém M sao cho AB + CM = 0 1a (1;—2;2)
d) Toa do diém N thuoc mit phang (Ozy), sao cho A, B, N thang hang 1a (5;0;0)

& Bai 26. Trong khong gian Ozyz, cho hinh binh hanh ABCD c¢6 A(0;0;—1), B(—1;1;0),
C(1;0;1) va M 1a diém sao cho 3M A% + 2M B? — MC? dat gia tri nho nhat. Khi do
a) AB = (—1; 1; 1)
— 2v15
b) cos BAC = \1/—5_
¢) Toa do diém D la (2; —1; 0)

) 1
d) Toa do diem M la (%, —5 1)
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& Bai 27.Cho hinh hop ABCD.A'B'C'D’, biét diem A(0;0;0),
B(1;0;0), C(1;2;0), D'(—1;3;5). Goi M, N la tam cta cac hinh
binh hanh ABB'A’, ADD'A’.

a) Toa do D(0;2;0)

b) Toa do A'(—1;1;5)

c) Toa do MN = (—1;1;0)

d) |AB+ AD +CC'| = V29

& Bai 28. Trong khong gian Oxyz, cho diem A(—2;3;1), B(5;6;2), va C(—2;2;4). Duong thang
AB cit mit phang (Ozz) tai diem M. Xét tinh ding sai cdc khang dinh sau.

a) Tam giac ABC vuong tai A

Ao = . 1 11 7
b) Trong tam cia tam giac ABC la G <§, 3 §>
c) AD = (=7;3;1)
d) Toa do ctia diem M la (—9;0; —2)

& Bai 29. Hai chiéc khinh khi cau bay lén tit cing mot dia z
diém. Chiéc tht nhat cach diém xuat phat 2 km vé phia nam

va 1 km vé phia dong, dong thoi cach mit dat 0,5 km. Chiéce :
thit hai ndm cach diém xuét phat 1 km vé phia bic va 1,5
km vé phia tay, dong thoi cAch mat dat 0,8 km. Chon hé truc CArleEsy
Oxyz véi goc O dat tai diem xuat phat ciia hai khinh khi cau, - Nam
mat phang Ozy tring véi mit dat véi truc Oz huéng vé phia  Béc 0 |

nam, truc Oy huéng vé phia dong va truc Oz huéng théng
ditng len troi (Hinh minh hoa), don vi do 1ay theo kilomet.

a) V6i he toa do da chon, toa do khinh khi cau thit nhat 1a (2;1;0,5)

b) V6i hé toa do da chon, toa do khinh khi cau thit hai la (—1,5; —1;0,8)

¢) Khoang cach tir diém xuat phat dén khinh khi cau thit nhat bing /21 km

d) Khoang cach hai chiéc khinh khi cau 1a 3,92 km (két qud lam tron dén hang phan tram)
& Bai 30. Hinh vé sau mo ta vi tri cia may bay vao Z(,
thoi diém 9 gio 30 phit. Biét cac don vi trén hinh tinh l
theo don vi km. Mat phang (Ozy) tring véi mat dat, O \
tring véi vi tri trung tam diéu khién. x

30 Y
(Dong)

a) Tai thoi diém 9 gis 30 phit, may bay dang & do cao 9 km so véi mit dat

b) Tai thoi diém 9 gid 30 phit, toa do clia may bay 1a (300; 150;9)

c¢) Phi cong dé may bay & ché do tu dong bay thang theo huéng dong véi van tdc 1a 750 km/h,
do cao khong ddi. Biét ring gié thoi theo hudng dong véi van toc 10 m/s. Gia st van toc va
huéng gi6 khong thay déi thi tai thoi diém 10 gio 30 phit may bay & toa do (150; 1 086;9)
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d) Tai thoi diem 9 gio 30 phit, may bay cach trung tam diéu khieu mot khoang (lam tron dén
hang phan muoi) 1a 335,6 km

& Bai 31. Trong khong gian chon hé truc toa do cho trude, don vi do 1ay km, ra da phat hién mot
méy bay chién dau di chuyén v6i van tdc va huéng khong doi tit diem M (500;200; 10) dén diém
N(800; 300; 10) trong 20 phit.

a) May bay dang di chuyén theo huéng tién lai gan vi trf dat ra da

b) Khoéng cach M N = 100/10 km

¢) Téc do clia may bay khi di chuyén tit M dén N 1a 1504/10 km/h

d) Néu tiép tuc gitt nguyen van tdc va hudng bay thi toa do cia may bay sau 4phtt tiép theo
1a Q(a;b;c) v6ia+b+c=1191
& Bai 32. Hinh minh hoa so do mot ngoi nha trong khong gian Oxyz, trong d6 nén nha, bon bic
tuong va hai mai nha déu 1a hinh chit nhat.

Q(2;5;4)
I‘{ *************** G(4;5;3)
z | P(2;0:4)
|
|
|
E(0;0;3) L s F
! /
by
c/mm . ---- B(4;5;0)
0(0;0;0) A x

a) Toa do diem F(4;0;3)

b) Toa do vecto AH = (4;5;3)
) AH-AF =3

Q)

Géc dbc ctia mai nha, tiic 1a s6 do clia géc nhi dién c6 canh 1a duong thing FG, hai mit lan
lugt 1a (FGQP) va (FGHE) bang 26,6° (1am tron két qua dén hang phan mudi véi don vi
do.

3) Cau tra I16i ngan

& Bai 1. Trong khong gian Ozyz, cho hai vecto @ = (2;1;5) va b = (2;2;1). Biét vecto 3@ +2b =
(703 Yo; 20). Tinh gia tri biéu thiic xq + yo + 20.

& Bai 2. Trong khong gian Ozyz, cho ba vecto a = (5;4;-1), b= (2;—5;3), ¥ = (z;y; 2) thoa
min @ + 24 = b. Tinh gia tri bicu thitc T = 2z + 2y + 2.

& Bai 3. Trong khong gian Oxyz, cho cac vecto @ = (5;3; —2) va b= (m; —1;m + 3). C6 bao
nhiéu gia tri nguyen duong ctia m dé géc gitta hai vects @ va b la géc ti1?

& Bai 4. Trong khong gian Oxyz, cho vecto @ = (1; —1;0). X4c dinh k dé vecto @ = (2;2k —1;0)
cting phuong véi vecto @.
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& Bai 5. Trong khong gian Oxyz, cho ba diém M(2;3;—1), N(=1;1;1) va P(1;m —1;2). Tim m
dé tam gidc MNP vuong tai N.

& Bai 6. Trong khong gian Oxyz, cho tam giac MNP ¢6 M (3;7;2), N(5;1; —1) va P(4; —4; —2).
Goi G(a; b;c) 1a trong tam ciia tam giac M N P. Tinh gia tri biéu thic T = a + 3b + 3c.

& Bai 7. Trong khong gian Oxyz, cho hai diém A(—1;5;3), B(a; b;c) va M(2;1;—2). Biét M 1a
trung diém ctia AB, tinh T = a + b + c.

& Bai 8. Trong khong gian Oxyz, cho diém A(2;—3;5). Goi toa do A'(a;b;c) 1a diém ddi xing
v6i A qua truc Oy. Tinh gia tri bicu thitc T =a + b+ c.

& Bai 9. Trong khong gian Ozyz, cho ba diem A(2;—1;5), B(5; —5;7), M (z;y;1). Dé ba diém
A, B, M thang hang thi gia tri ctia  + y bang bao nhiéu?

& Bai 10. Trong khong gian Oxyz, cho ba diém A(3;2; 1), B(—1; —x;1),0(7; —1;y). Khi A, B,C
thing hang thi gia tri biéu thiic « + y bing bao nhieu?

& Bai 11. Trong khong gian Ozyz, cho hai diém A(3;1;—2), B(2;—3;5). Diém M thuoc doan
AB sao cho M A = 2M B, biét toa do diem M 1a (a;b;c). Khi d6 a + 3b + ¢ biang bao nhieu?

& Bai 12. Trong khong gian Oxyz, cho tam giac ABC ¢6 A(1;2;—1), B(2; —1;3),C(—4;7;5). Goi
D(a; b; ¢) 1a chan duong phan gidc trong géc B clia tam giac ABC. Gia tri cia a + b+ 2c bang bao
nhiéu?

& Bai 13. Trong khong gian Oxyz, cho hinh thang ABC'D vuong tai A va B. Ba dinh A(1;2;1),
B(2;0; —1), C(6;1;0) va hinh thang c6 dién tich bing 6v/2. Gia st dinh D(a;b; c). Tinh gia tri ctia
biéu thiic a + b + c.

& Bai 14. Trong khong gian Ozyz, cho 3 diém A(2;0;0), B(0;3;1); C(—3;6;4). Goi M la diém
nam tréen doan BC sao cho MC = 2M B. Tinh do dai doan AM (Két qua dugce lam tron & chit s6
thap phan thit nhat).

& Bai 15. Trong khong gian Oxyz, cho A(3;0;0), B(0;3;0), C(0;0;3). Diém M (a; b; ¢) trong khong
gian théa mén M  khong tring v6i cac diem O, A, B, C va
AMB = BMC = CMA = 90°. Khi d6 tong a + b + ¢ bing bao nhiéu?

& Bai 16. Trong khong gian Ozyz, cho ba diem A(1; —1;1), B(3;1;2) va C(—1;0; 3). C6 bao nhiéu
diém D sao cho tit gidc ABCD la hinh thang c6 2 canh day AB,CD va c6 ADC = 45°.

& Bai 17. Trong khong gian Ozyz, cho hinh thang ABC' D vuodng tai A va B. Badinh A(1;2;1), B(2;0; —1),C(
c6 dién tich bang 6v/2. Gia sit dinh D(a;b;c). Tinh a + b+ c.

& Bai 18. Trong khong gian Oxyz, cho ba diem A(1;1;1), B(—2;1;0),C(2; —3;1). Lay diém
S(a; b; ¢) sao cho biéu thitc SA% 4+ 25B? + 35C? dat gia tri nhé nhat. Tinh T = 2a + b + 3c.

& Bai 19. Trong khong gian Oxyz, cho ba diém A(1;4;5), B(3;4;0),C(2; —1;0). Goi M(a;b;c) la
diém sao cho M A% + M B? + 3MC? dat gia tri nhé nhat. Tinh gia tri biéu thitc S =a + b+ c.

& Bai 20. Trong khong gian Ozyz, cho 4 diém A(2;4; —1), B(1;4; —1),C(2;4;3), D(2;2; —1). Lay
diém M (z;y; z) sao cho M A%+ M B%*+ MC? + M D? dat gia tri nhé nhat thi T = 4z + 2y + 2 bing
bao nhiéu?

& Bai 21. Trong khong gian Ozyz, cho hai diem A(1;2;1); B(2; —1;3) va diém M (a; b;0) sao cho
M A? + M B? nho6 nhat. Tinh gia tri ctia a + b.

& Bai 22. Mot ngoi nha gom hai phan. Phan than nha dang hinh hop chit nhat ABCD.OMN P
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c6 chieu dai 10 m, chiéu rong 8 m, chiéu cao 4,2 m. Phan mai nha dang hinh chép S.ABCD c6 cac
canh bén bang nhau va cling tao v6i mit day mot goc o c6 tan o = 6 Chon hé truc toa do Oxyz

sao cho M thuoc tia Oz, P thuoc tia Oy, A thuoc tia Oz (nhu hinh vé). Biét S(a, b, ¢) (don vi clia
a, b, ¢ 1a mét). Tinh gid tri clia biéu thic P = a + b+ ¢ (két qua lam tron dén hang phan mudi).

tS
s
Afmem S D
P
i |
B~ ¢
o | G, P
/,/ Yy
/// m
M 10 m N
X
& Bai 23.Mot phong hoc ¢6 thiét ké dang hinh hop chit nhat véi z

chiéu dai 1a 8 m, chiéu rong 14 6 m va chiéu cao 1a 3 m. Mot chiée

den duge treo tai chinh gifta tran nha ctia phong hoc. Xét hé truc i

toa do Oxyz c6 goc O trung véi mot goéc phong va mit phing ¢ | O ee==a-R ] I
(Ozy) trung v6i mat san, don vi do duge lay theo mét (hinh vé). . 6 m
Hay tim toa do ctia diém treo den. " 8 m

& Bai 24. Mot toa nha c6 dang hinh hop chit nhat vé6i kich thuée chiéu dai 35 m, chiéu rong 15
m, chiéu cao 28 m. Ngudi ta dinh vi cac vi tri trong toa nha dya vao mot hé truc toa do Oxyz nhu
hinh vé.

a) Chi Huong dang diing & vi tri A(20;5;20) va di chuyén dén P
thang may dé xudng sanh chs don khach. Biét vi tri vao
thang may c6 hoanh do = = 15 va tung do y = 3. Hoi chi
Huong méat bao nhiéu giay dé di chuyén, néu tit vi tri A c6
thé di thang dén ctta thang may va chi ay di bo vé6i téc do
1,5m/s?

b) Chi Huong vita diat mot bo phat séng wifi trong phong lam
viéc ctia minh tai vi tri ¢6 toa do (20;5;20). Do yéu cau clia
cong viée, sang nay chi Huong phai ding ¢ ban 1é tan c6 toa
do (5;0;0) dé dén khéach thi dien thoai ctia chi c6 bat dudc
song wifi phat ra tit phong lam viéc ciia minh hay khong?

Biét ving phii séng bo phat wifi néi trén c6 ban kinh 30
mét.

» Swwe targ va Bién soan: Lé 7’&'}14(/{@ 0399653362 155
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& Bai 25.Mot chiéc may quay duge dat
tréen mot gia dé ba chan véi diem dit
E(0;0;6) va cac diém tiép xic v6i mat
dat ctia ba chan lan lugt 1a

V3 o1 V3 o1
A0:150), 45 [ X220 ) 45 [ -2 250
1(07 70)7 2( 9 ) 270 y 413 9 ) 270

Biét rang trong lugng clia chiéc may la
300 N (hinh vé). Tim toa do ctia céc luc
tac dung lén gia dé Fy, Fy, F3.

& Bai 26. Nguoi ta can lip mot camera phia trén san béng dé phéat séng truyén hinh mot tran
béng da, camera c6 thé di dong dé luon thu duge hinh anh ré nét vé dién bién trén san. Cac ki
st dy dinh trong bén chiée cot cao 30 m va st dung hé théng cap gin vao bon dau cot dé giit
camera & vi tri mong mudén. Mo hinh thiét ké dugc xay dung nhu sau: Trong hé truc toa do Oxyz
(don vi do dai trén mdi truc 14 1 m), cic dinh ctia bén chiée cot lan lugt 1a cac diém M (90;0; 30),
N(90; 120; 30), P(0; 120; 30), Q(0; 0; 30) (Hinh 34). Gia st Ko 1a vi trf ban dau clia camera c6 cao do
bang 25 va KoM = KoN = K,P = K,Q. Dé theo déi qua bong dén vi tri A, camera dudc ha thap
theo phuong thang diing xubéng diém K, cao do bang 19 (Nguon: https://www.abiturloesung.de;
Abitur Bayern 2016 Geometrie VI).

z

Q(0;0; 30) P(0;120; 30)

1/
Tim toa do ctia cac ditm Ky, K7 va clia vecto KyK;.
& Bai 27. Trong Ho6a hoc, cau tao ctia phan tit ammoniac (NH3) ¢6 dang hinh chép tam gide déu
ma dinh 1a nguyén tt nitrogen (N) va déay la tam gidc HiHyHs v6i Hy, Hy, H3 la vi tri cia ba
nguyén tit hydrogen (H). Géc tao béi lien két H — N — H, c6 hai canh 1a hai doan thang néi N véi
hai trong ba diém Hi, Hy, Hs (chang han H;N H,), goi 1a goc lién két ctia phan tit NHs. Géc nay
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xap xi 107°.

N
y Y
L o “J
N |

H

Trong khong gian Oxyz, cho mot phan tit NHs duge biéu dién béi hinh chép tam gidc déu
N.H,H,H; v6i O la tam cta day. Nguyen ti nitrogen duge biéu dién béi diém N thuoc truc
Oz, ba nguyén tt hydrogen & cac vi tri Hy, Hy, H3 trong d6 H;(0; —2;0) va HyHj song song véi
truc Ox

a) Tinh khoéng cach gitta hai nguyén tit hydrogen.
b) Tinh khoéng cach gitta hai nguyén tit nitrogen v6i mdi nguyén tit hydrogen.

& Bai 28. Trén phan mém mo phong
viec diéu khién drone giao hang trong
khong gian Oxyz, mot doi gom ba drone
giao hang A, B, C dang c6 toa do la
A(1;1;1), B(5;7;9), C(9;11;4). Tinh:
@ Céac khodng céch gitta moi cap
drone giao hang.

@ Goc @

& Bai 29. Trong khong gian v6i mot he truc toa do cho trude (don vi do 1ay theo kilomét), ra da
phat hién mot chiéc may bay di chuyén vé6i van téc va hudéng khong ddi tir diém A(800; 500; 7) dén
diém B(940;550;8) trong vong 10 phit. Néu méy bay tiép tuc giit nguyén van téc va hudng bay
thi toa do clia may bay sau 10 phit tiép theo la C(x;y; 2), hay tinh x +y + 2.

*
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& Bai 30. Ngudi ta thuong dung cau truc thap (nhu hinh vé) dé van chuyén vat lieu xay dung;
than thap vuong goc véi mit dat, can nang vuong goc than thap ding dé lam diém tua nang vat
lieu, trén can nang c6 bo phan goi la xe con, c6 thé chay doc can nang nhim di chuyén vat lieu.
Ban dau vat lieu ¢ mat dat, cau truc dimng méc cau nang vat liéu lén cao theo phuong thing diing
va cao hon 1m so v6i vi tri can dit, sau do gitt nguyén do cao v cau truc quay can nang mot
g6c a € (0°5180°) sao cho qui dao tao thanh mot cung tron cho dén khi mat phang (P) chita can
nang va diém can dat vuong goc v6i mat dat (vat lieu va diém can dat ciing ndm trén mot nia
mit phing (P) so véi than thap). Tiép dén diéu chinh xe con nhim di chuyén v& ha vat licu xubng
Im theo phuong thing ding ding vi tri can dat. Gia si rang trong khong gian véi hé truc toa do
Oxyz, than thap 1a truc Oz vi mat dat 1a mat phang Oxy (don vi tinh bing mét); vi tri ban dau
clia vat lieu la diem A(6;8;0) va vi trf can dat vat lieu la diem B(4; —3;15). Tinh quang duong
vat lieu da di chuyén (két qua lam tron dén hang phan chuc).

1) Tric nghiém nhiéu phuong an lwa chon

—

¢S Cau 1. Trong khong gian Ozyz, cho @ = 27 — Sk,—b) —
T=2d-1

— —
1

+ 7+ %. Tinh do dai cia

@ V74 3v/6. © 5v2. © v42.

O Hucong dingici. Taco: T =28—b =227 —3k)—(47+j+k)=4] -6k —4i—j—k =
47 +35 —Tk
= T =(-4;3;-7) = |V| = /(=42 + 32 + (-7)2 = V74
$> Cau 2. Trong khong gian Ozyz, cho ba diém A(2; —1;5), B(5;—5;7); M(x;y;1). Khi A, B, M
thing hang thi gia tri cia z,y 1a
A z=4y=-T. ®) =4y =
©z=4y=T. D) z _

e ueong (/(g)z(jzfafzﬁ. Ta c6: AD = (3;—4;2); AM = (x — 2,y + 1; —4)

C
2 2 2 -2 1 —4 =4
Dé ba diém A, B, M thing hang thi ~ = yt N {5’7

—4 2

$> Cau 3. Trong khong gian Oxyz cho 3 diem A(1,2,—1), B(2,—1,3),C(-3,5,1). Toa do diém
D sao cho ti gidc ABCD la hinh binh hanh 1a
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@) (-2,2,5). (—4,8,-5). © (—4,8,-3). D (-2,8,-3).
[ Hu()/z (/(z/ijmzz Ta c6 AB = (1,-3,4); AC = (—4,3,2). Suy ra ZE, AC khong cting phuong.
Goi D(m,y, ),DC (=3 —2,5—y,1—2)
—3—x=1
Tt gisac ABCD la hinh binh hanh < AB = DC < {5 —y= -3 = D(—4,8,—3).
1—2=14

¢ Cau 4. Trong khong gian v6i he toa d do Owyz cho ti dien ABC’D voi A(1;—4;2), B(2;1; -3),C(3;0; —2)
va D(2; —5; —1). Diém G théa man GA+GB+GC+GD = 0 c6 toa do la:

@ G(2;—1;-1). G(2;—2; —1).
© G(0; —1;-1). @ G(6; —3; —3).
e sza,g(/c c/g%,z(/mffgz; Ta c6: GA+GB+GC+GD = 0  40G = OA+ OB+ 0OC + 0D <
—> 1 —_— — —> —_—>
OG = (0A+0B +0C +0D)
TG = 1(1+2+3+2) =)
= {ye=-(—4+14+0-5)=-2 = G(2;-2;-1).

f

w=7(2-3-2-1)=-1

$® Cau 5. Trong khong gian O:Uyz cho tam gidgc ABC ¢6 A(1; —2) va trong tam G(2;1; —3).
Toa do ctia vecto @ = — AB + AC 1a
@ (3;6;3). (3;6;—3). © (3;-3;6). @ (3;2;1).

—_— - ——

o Hecong f/fz;yz'[z,zf. Goi M 1a trung didm canh BC. Ta ¢6: €@ = AB + AC = 2AM =2 -
3AG = (3;6; —3).

¢S Cau 6. Trong khong gian véi h hé truc toa do Oxyz, cho hai diém A(1;2;—1), B(2; —1;3). Tim
toa do diém I théa man TA + 278 = 0.

®1(30d) o1(:50)
©[(§;0;§>- @1'(0;2;%)( + A
1-2)+22-2)=0

(2} Huw(zﬁ c/r?/zjlf(é[, Coid ! A ol JA+2IB =10 & 2-—y)+2(-1—-y) =0 <=
(-1—2)+2(3—2)=0

w;]|>co
Al
|

l

5
3

y—0 .vayf(§;o;§).
5 3" 3
3

$> Cau 7. Trong k khong gian O Oxyz cho ba diem E(1;3;2), F(0;—1;5), K(2;4; —1) va tam giac
ABC théa man AE + BF +CK = 0. Toa do trong tam G cta tam giac AABC' la

@) G(1;2;2). G(—1;—4;3).
© G(2;2;1). L D) G(1;1;

[ szo‘/z(/c Ja’/if{(z’zl Ta c6 GE +GF +GK = 0. Suy ra G la trong tam tam giac AEFK. Do
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140+2

ite % 1
do: yG:MZQ = G(1;2;2).
2+§—1
0= — =2

$> Cau 8. Trong khong gian Ozyz, cho bén diem A(2;0;0), B(0;2;0), C(0;0;2) va D(2;2;2). Goi
M va N lan luot la trung diém ctia AB va CD. Toa do trung diém I clia doan thing M N la:

11
@) 1(1;1;0). I (5;5;1). © I(1;151). D) I(1;-1;2).
[} Haozy a,/(z‘\/z, siid. Toa do diém I duge tinh bang trung binh cong toa do ciia 4 diém A, B, C, D:
2404042 0+2+0+2 0+0+2+2
xI:—+ Z + :1;y12—+ Z il :1;21:—+ Z + =1=1I(1;1;1).

$> Cau 9. Trong khong gian Oxyz, cho diém A(2;1;3) va diem B(4; —3;1). Toa do trung diém I
ctia doan thang AB la

@ (6;-2;4). (3;—1;2). (@2 1. © (2;—4;-2).
2+4 1-3 3+1
[} Hu‘a‘y c/(?/éfz'(ézl Ta c6: x; = % =3;y; = o = —1;z; = % e e O - 2).

$® Cau 10. Trong khong gian Ozyz, cho hai vecto @ = (ay;as;as); b = (b1;bg;b3) va k € R.
Khang dinh nao dudi day ding?
@) k@ = (kay; kay; kas).
®) | @] = a2 + a2 + a2.
© d - b= (a1 + by;as + be;as + bs).
T 0= a1b; — ashy — asbs.

®©o®

(@) Haog c/d/z(jz'(é,zf, Theo dinh nghia phép nhan vecto v6i mot s6 trong khong gian Oxyz, ta co
kﬁ’ = (kal; kag; kag).

—

$© Cau 11. Trong khong gian Ozyz v6i i

,7, Z lan lugt 14 cac vecto don vi trén cac truc
2
Oz,Oy,Oz. Tinh toa do cta vecto ¢ + j — k.

® 7 +7-k=(-15-11) P+ —k=(-L11)
© i+j—k=(11-1). D i+j—Fk=(;-11).
[ Haofy f/fglzjz'dz'. Vi i =(1;0;0), 5 =(0;1;0), k =(0;0;1) nén ¢ + j — k = (1;1;-1)

¢ Cau 12. Trong khong gian Ozyz, cho hai vecto @ = (1;—4;0) va ¥ = (—1;—2;1). Vecto
U+ 37 co6 toa do la

@ (=2;—10;3). (—2;—6;3).

© (—4;-8;4). © (=2;-10;-3).
(2} /{uo/g c/(zf/i/fz'(z’zf, Ta ¢6 30 = (—3;—6;3). Vay ¥ +37 = (1—3;—4—6;0+3) = (—2; —10; 3).
$® Cau 13. Trong khong gian Ozyz, cho hai vecto ¥ = (1;3; —2) va ¥ = (2;1; —1). Toa do vecto
T — T I

@ (3;4;-3). (—1;2;-3). © (=1;2;-1). © (1;-2;1).

(e} Hao‘/z(/f f/ff/z(jzf(z’zf. Toa do vecto hiew: ¥ — ¥ = (1 —2;3 —1; -2 — (=1)) = (=1;2; —1).

$» Cau 14. Trong khong gian Ozyz cho @ = (2;3;2) va b = (1;1;—1). Vecto @ — b c6 toa do
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la

@ (3;4;1). (—1;-2;3). © (3;5;1). @ (1;2;3).
O eong (2.,/(512(,717(217, Taco@— b =(2-1;3-1;2— (1)) = (1;2:3).

¢ Cau 15. Trong khong gian Ozyz, cho ba vecto @ (1;2;3); 3(2; 2; —1); €(4;0; —4). Toa do cta
vecto d =@ — b +27 la
@® d(-7;0;-4). d(=7;0;4).
© d(T7;0;—4). ©®) d
N luong a’(z‘,ijmfz. Ta 6 2T = (8;0; —8).
Khidé d =(1—2+82—2+0;3—(—1) —8) = (7;0; —4).
¢ Cau 16. Trong khong gian Ozyz, cho @ = (2;—3;3), b = (0;2;—1),¢ = (3; —1;5). Tim toa
do cta vecto © =2a@ +3b —27C.
@ (10; =2;13). (S2251)- © (-2,-27). @ (=2;2;7).
[} /‘[mf?y f/a?/yzfdzf. Ta c6: 2@ = (4;—6;6), 3p = (0;6; —3), —2C = (—6;2; —10).
Cong céc toa do tuong tng: @ = (4+0—6;—6+6+2;6 —3 — 10) = (—2;2; 7).
¢ Cau 17. Trong khong gian Oxyz, cho cac vects @ = (1; —1;2), b (2;1;-3), ¢ = (0;3; —-2).
Diém M (z;y; z) théa man OM + @ =2b — ¢, tong x + y + 2z bang
@ 3. -3. © 4. D -2.
() Haondo a/a},)%[[ézﬂ. Ta c6 W —2h-2-7.
z=2(2)—0-1=3
y=2(1)—3— (1) =0.
2=2(-3) — (-2) -2 = —6.
Toa do M (3;0;—6). Tong v +y+2=3+0—6= —3.
¢ Cau 18. Trong khong gian Owyz, cho hai vecto 7 = (2;1;—3) va ¥ = (1;0; —1). Tim toa do
clla vecto @ = © +27.

@) @ = (4;1;-1). a = (3;1;—4).
© @ =(0;1;-1). @ @ =(41-5)
l—)ﬁ Huozzy a,/(zf/zndc[(z"(ﬂ. Ta c6 27 = (2;0; —2).
a=(2+2,14+0;,-3-2)=(41;-5).
$9 Cau 19. Trong khong gian Oxyz, cho cac vecto U = 7—1—27—3]6, v = 7—7—1— Z, W=u+7v.
Toa do clia vecto @ 1a
@ &= (3;-12). W= (3;1;-2).
© W = (3;1;2). W= (3;—1;-2).

—

o Huo‘igﬁ diin gidi. Dua vao céc vecto don vi: @ = (1;2;—3) va T = (2;—1;1).
w=01+22-1,-3+1)=(3;1;-2).
2 Cfil)] 20. Trong khong gian Oxyz, cho @ = (—2;2;0), b= (2;2;0), ¢ = (2;2;2). Gia tri clia
|d + b + | bang

@) 6. 11. © 2v11. D) 2V6.
P wag/m&ayz{g(; Taco @+ b+ T =(-2+2+224+2+20+0+2) = (2,6;2).
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T+ b+l =vVE+62+22=I+36+4 =4 =2/11.

¢ Cau 21. Trong khong gian Ozyz, cho cac vecto U = 27 — 274— k, v =(m;2;m+1) véim la
tham s6 thyc. C6 bao nhiéu gia tri ctia m dé |v| = | 7.

@ o. 1. © 2. D 3.
(e} Haoéy a/mz(/zm Ta c6 |U] = /22 + (—2)2 + 12 = 3.
|7 = /m2 +22 + (m+1)2—\/2m2—|—2m+5.

7] = |7 e3=V2m2+2m+5<9=2m>+2m+5 2m*> +2m — 4 =0.
Phuong trinh ¢6 2 nghiém phan biét (m = 1 hoac m = —2). Vay c¢6 2 gia tri m.

$> Cau 22. Trong khong gian Ozyz, cho cac vecto @ = (2;m — 1;3), b= (1;3; —2n). Tim m, n
dé cac vecto @, b cung phuong.

© m=4;n=-3. ® m=1;n=0.

[ Hmfy c/rz’/ifz'd,zi. Hai vecto cung phuong khi cac toa do tuong tng ti lé:

29 m—1 3 {m—1:6 m="7
=3 === = 3

3 — —4n =3 — B
n n i
¢ Cau 23. Trong khong gian Ozyz, cho vecto @ = (3;0;1) va ¥ = (2;1;0). Tinh tich vo hudéng
u- .
@) u-v=8. ® WU =6. © uw-7=0. D) U -V = —6.

o Hmfga/@ifzfdzl - T=3-2+0-1+1-0=6.
$> Cau 24. Irong khong gian Ozyz, cho hai vecto @ = (1;—2;3), e (—2;1;2). Khi do, tich vo
huéng (¢ + b)- b béng
@) 12. 7, © 11. D) 10.
&5 Hucong f/@”,%z(zzz Tacé @+ b = (—1;—1;5).
(@+D)- b =(—1)(=2) + (=1)(1) +5(2) =2 — 1 + 10 = 11.

$® Cau 25. Trong khong gian Ozyz, cho @ = (2;—1;1) va ¥ = (0; —3; —m). Tim s6 thyc m sao
cho tich vo huéng u - v = 1.

@A) m=4. @) ¥ Cric2s: D) m = —2.
o Hecong f/(s,%z(zz, Taco @ T =2-04(=1)(=3) + 1(-m) = 3 —m.
Theo gia thiét: 3—m =1=m = 2.
<o Cau 26. Trong khong gian Ozyz, cho hai vecto @ = (2;1;0) va b = (—1;0;—2). Tinh

cos(@, b)
(A) cos(d T, b) = —%. cos(@, b) = i
© cos(T, b) = % (D) cos(d T, b) = %

&5 /lucong f/(;,ifzf(zz. Taco @- b =2(—1)+1(0) + 0(~2) = —2.
@] =V + 12+ 02 =5, |b] = /(-1 + 02 + (-2 = V5.
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—>

- - b -2 2
Vay cos(@, b) = = = =—-.
T VAR
$© Cau 27. Trong khong gian Ozyz, goc gitta hai vecto TvaT = (—v/3;0;1) 1a
(A) 120°. 60°. (©) 150°. D) 30°.

e luong (/(5;7(71?(51:. Vecto don vi 1 = (1;0;0). Tacé 7 - @ = 1(—v/3) 4+ 0(0) + 0(1) = —v/3.
7= 17 =/ (-vBP + 012 =2,

> > _\/_ \/_ °
cos(i,u) = T5=-"9 (@ w) = 150°.
¢ Cau 28. Trong khong gian Ozyz, cho @ = (—3;4;0), b= (5;0;12). Cosin clia goc gitta @ va
b biang
3 ) 5 3
1_3. @ 6. @ _6. _E.

[ Ha‘o‘igﬁ cz,/a‘”/zi/,z'[éz'/. T b= —3(5) +4(0) + 0(12) = —15.
1@ = /(B2 +2+02=5,|b| =B+ 02+ 122 = 13.
~15 3

cos(d, b) e
¢ Cau 29. Cho @ = (—1;1;0), ¥ = (0; —1;0), gbc gitia hai vecto ¥ va v la
@A) 120°. 45°. © 135°. (D) 60°.
(oY Heong (/('z}z,jzfdzf T - T =—1(0) + 1(—1) + 0(0) = —1.
2] =v2, |¥] = .
cos(, V) = ! s, 7) = 1359

f 1~ V2
¢ Cau 30. Trong khong gian Ozyz, cho 2 vecto @ = (2;1; —1); b =(1;3;m). Timm dé (T 0) =
90°.
A) m = 5. B m =5. © m = D m = 2.
e Mocong a/éf,z(fzd,zz DE(T;5)=90°thi @- b =021)+13)+(-)m=0c5-—m=0<
m = 5.

¢ Cau 31. Trong khong gian Oxyz, cho vecto @ = (1;1;—2), ¥ = (1;0;m). Tim tat ci gia tri
ctia m dé goc giita @, U bang 45°.

@A) m=2. ® m =2+ 6.
© m=2-6. @m—2+\/_

u-U 1 —2m| 1—2m
N ong din gidi. Ta ¢ cosds® = M = |
J T KiBE f Vo VitmE BT me

g6c 45° nén tich vo huéng phai duong, 1 — 2m > 0).
= (1-2m)*=314+m?) < 1—4dm+4m* =3+3m* & m?> —4m — 2 =0.
Giai phuong trinh ta duge m = 2+ V6. Do didukien1 —2m > 0= m < 1/2, chon m =2 — V6.

> Cau 32. Trong khong gian Ozyz, cho diém A(2;2;1). Tinh do dai doan thang OA.
) OA = /5. ®) OA =5. © OA=3. D) OA=09.
(e} /{u()ézi a,/(zf)z,//j[(z)(ﬁ. OA=+22+224+12=+9=3.

=1 (do
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$> Cau 33. Trong khong gian Ozyz, cho hai diém A(1; —3;1), B(3;0; —2). Tinh do dai AB.

() 26. 22. © V/26. D) v22.
&5 Hucong z/d)yzf(ézf, AB=\/B=12+(0—(-3)2+(—2—-12=,/22+32+ (—32=/119+0=
V22,
$> Cau 34. Trong khong gian Oxyz, cho hai diém A(1;1;2) va B(3;1;0). Trung diém clia doan
thing AB c6 toa do la

@ (4:2;2). (2;1;1). © (2;0;-2). ® (1;0;-1).

N . 1+43 141 2+0
N Huono din oici. Toa do T — : . —(2:1:1).
wong (/(”(7101 oa do trung diem M ( 5 o ) =(2;1;1)

$> Cau 35. Trong khong gian Oxyz, cho hai diém A(—1;5;3) va M(2;1; —2). Toa do diém B biét
M 1a trung diém ctia AB 1a
1 1
@ B (5;3; 5)_ B(—4;9;8).

© B(5;3;-7). D) B(5;—3; =17).
(2} Huozzj c/(?/éfz.'(ézf. Toa do diém B = 2M —A = B(2:2—(—1);2:1-5;2-(=2)-3) = (5; —3; 7).

$> Cau 36. Trong khong gian Oxyz, cho ba diem A(1;—2;3), B(—1;2;5),C(0;0;1). Tim toa do
trong tam G cua tam giac ABC.

@ G(0;0;3). G(0;0;9). © G(-1;0;3). ® G(0;0;1).
, N 1-14+0 —24+240 3+5+1

N Huong din gici. G = : ; = (0;0;3).
Hwonj f/(/ZdOZQZ G ( 3 ; 3 ; 3 ) (0;0;3)

$> Cau 37. Trong khong glan Ozxyz, cho tam giac ABC c¢6 A(1; —1; —2) va trong tam G(2;1; —3).
Toa do clia vecto U = —AB+ AC 1a

@ (3;6;3). (3;6;—3). © (3;-3;6). © (3;2;1).

_ s - ——>

o Hamj [/fg,z(jzdz Goi M la trung didm BC, ta c6 @ = AB + AC = 2AM.

Mat khac AG = —AM = 2AM = 3AG

AG = (2—1,1—(—1),—3— (—2)) = (1;2;-1).
Vay @ = 3(1;2;—1) = (3;6; —3).

$© Cau 38. Trong khong gian Oxyz cho tu’ dien ABC 61 A(1;—4;2), B(2;1;-3),C(3;0; —2)
va D(2; —5; —1). Diém G théa man @ et bl GD — 6 toa do la:
@ G(2; -1 -1). G(2;-2;-1).
© G(0;—1;-1). D G( 6 3 —3).
A B D
O Huaing din gii. G 1a trong tam tt dien ABCD = G = + Z ¢+b
o= <1+2I3+2; —4+14+0—5;2—3;2—1) _ (2 -2 1),

$> Cau 39. Trong khong gian Ozyz, cho hai diem A(2;—2;1), B(0;1;2). Toa do diem M thuoc
mit phang (Ozy) sao cho ba diém A, B, M thang hang I3

(&) M(4;-5;0). M (2;—3;0). (© M(0;0;1). D@ M(4;5;0).
o Hucong (/[g/z(j[d,zf, M € (Ozy) = M(z;y;0). AB = (=2:3;1), AM = (z — 2,y + 2, —1).
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. ” — — —92 2 —1
Dé A, B, M thing hang thi AM = bAB = = :%:T'
>rx—2=2=x=4,y+2=-3=y=—5. Vay M(4;-5;0).

$> Cau 40. Trong khong gian Oxyz, cho ba diém A(—1;—2;3), B(0;3; 1), C(4;2;2). Cosin clia goc

BAC a
9 9 9 9
® 7% V3 NG ® 57
X lwono a/(z/z(jmz AB = (1;5;—2), AC — (5;4; —1).
cos BAC = AB-AC _ 1(5) +5(4) + (=2)(=1) B 27 27 9

AB|-|AC| I +52+ (22 R+ (12 V30-/2 635 235
ﬁCéi_ufl. Trong khong gian Ozyz, cho A(1;2;3); B(—1;2;1); C(3; —1; —2). Tinh tich vo hudng
AB - AC.

@A) —6. —14. © 14. D) 6.
o Huozj (/(Uijmz AB—(C20 =2 AC — (2:=3,=5))
AB - AC = (=2)(2) + 0(=3) + (=2)(—5) = —4 + 10 = 6.

$> Cau 42. Trong khong gian Oxyz, ba diém M(1;0;2), N(2; —3;0) va P(2;3;2). Chu vi clia tam
giac MNP la:

@ V10 + V14 + v/40. ® V5 + V13 + V1T
© 64. ©® V20 + V22 + v24.

(e Hwﬂ% f/(;;z(fg(zl; MN =,/(2-1)2+(=3-0)2+ (0 - 2)2 = V14.

NP =./(2-2)2+ (3—(=3))2+ (2 — 0)2 = /40 = 2V/10.
MP=,/(2-1)2+(3-0)2+ (2 - 2)2 = V10.

Chu vi C' = /14 + /40 + V/10.

$> Cau 43. Trong khong gian Ozyz, cho ba diem A(3;2;1), B(1; —1;2),C(1;2; —1). Tim toa do
diém M théa man OM = 2AB — AC.

@ M(5;5;0). ® M(- 2» )
© M(-2;6;—4). @ M(2; -
[} Huozzy (2,/(5/?/61"(2417. AB = (—2;-3;1), ;1—5 = (—2;0;-2).

OM =2(—2;-3;1) — (=2;0;—2) = (—4 + 2; —6 — 02+2) (—2; —6; 4).
Vay M(—2;—6;4).

$> Cau 44. Trong khong gian v6i hé toa do Owxyz, cho hai diém A(2;1;1), B(—1;2;1). Toa do
trung diém ctia doan thang AB 147

1,2
3 1
©1(-3-37) ® (m)
N ) , 2—1 142 1+1 13
@Huv‘éyc/{&éﬂ[{ézﬁ Ta ¢6 toa do trung diem I ctia AB 15:]( 5 ; _g ; —5 )¢I(2 3’ 1).

$> Cau 45. Trong khong gian véi hé toa do Oxyz, cho hai diém A(1;2;3), B(—2; —4;9). Diém M
thuoc doan AB sao cho M A = 2M B. Do dai doan thing OM la
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@) 5. 3. © /54 ®) V17.
[} Ha’a/y %?/27[(517, bat M(x;y; z), khi do: MA = (1—2;2—y;3—2) va MB = (=2 —mz;—4 —
y;9 — 2).
l—x=-2(-2—-2x)
Vi M thuoc doan AB va MA = 2MB nen MA = —2MB & {2 —y=-2(—4—y) <
3—z=-2(9-2)

r=—1
y=-2 = M(-1;-2;7).
z2=1

Khi d6 OM = (—1;—2;7). Vay OM = /(=12 + (—2)2 + 72 = /54.

$> Cau 46. Trong khong gian Oxyz cho diém G(1; —2;3) va ba diém A(a; 0;0); B(0; b; 0); C(0;0; ¢).
Biét G 1a trong tam cia tam gidac ABC thi a + b+ ¢ bang

@ 3. 9. © 6. D o.
Ta+2xp+ 20 a
rg=———— l1=-
+ys+ 5
() Huv"g a,/a‘”/gf[d,zf, Ta c6 trong tam G ctia tam giac ABC":  yg = Ll i A . 5 _ ©
3
: :zA+zB+zC 325
N 3 3
a=3
b= —6
c=9

Khi d6: a+b+c=3+(—6)+9 =6.

$> Cau 47. Trong khong gian véi he toa do Owzyz, cho ba diém A(1;1;1), B(2;3;2),C(3;—1;3).
Tim toa do diém D sao cho bén diém A, B, C, D lap thanh mot hinh chit nhat.

(A) D(4;3;4). D(4; —1;4). © D(2;-3;2). (D) D(4;1;4).
[ Ha’o‘éy f/ff/z(izfa’zf.

C D

Ta c6: AB = (1;2;1); AC = (2,—2:2). AB-AC =1-2+42-(=2)+1-2=0nén AB L AC.
Diéu nay cho thay A, B, C khong thang hang va hinh chi nhat tao ra phai la ABDC.
Goi D(z;y;2), taco CD = (x — 3;y + 1; 2 — 3).

r—3=1 r=4
T giac ABDC' la hinh cht nhat khi va chi khi AB =CD & y+1=2 < {y=1 =
z—3=1 z=4

D(4;1;4).
$> Cau 48. Trong khong gian véi hé toa do Ozyz, cho hai diem A(—2;3;1) va B(5;6;2). Dudng

. . . . . AM
thang AB cat mat phang (Ozz) tai diem M. Tinh ti s6 B
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AM 1 AM_2 AM 1 AM
BM 2 BM 7 BM 3 BM

[} Hm)‘ﬁ a/(éf}ijz'd,zf, Diém M € (Oxz) = M(x;0; 2); AB = (7;3;1); AM = (x+2;-3;z—1).

= 3.

r+2="7k k=-—1
A,B,M théng hang = AM = kAB & { —3=3k  ©<{z=-9 = M(-9,0;0).
z—1=k z=0
AM

— —— — — 1
BM = (—14: —6; —2): AM = (~7:—3; —1) = BM = 2AM. Vay =~ = -
( ) 67 )7 ( 77 37 ) i va‘y BM 2
$> Cau 49. Trong khong gian Ozyz, cho hai diém A(—4;1;5); B(1;5; —3). Goi C la giao diém clia
duong thang AB va mat phang (Oyz). Trong cac khang dinh sau, khang dinh nao ding?
— 1— — —
@A) AC = _ZAB' AB =5BC.
© AC = 4BC. ®) AC = —4BC.
[} Huog (/(2/2(/1&( Goi C(0;a;b) 1a giao diém clia AB va (Oyz). Khi d6 A, B, C thang hang nén
AC va AB cuing phuong.

21
— — 4 -1 b-5 =
AB = (5;4;-8); AC = (4;a—1;b—5). Ta co — ¢ =— = 57
°5 =4 =8 Al
5}
— 16 32 4 4—
Khi d6 AC' = (4; —; —— —(5;4; = -AB.
ido AC ( T 5(5 —-8) = F
== 21 4 . —_—> —
Mit khac BC = (—1; = 95 —g + 3) = (—1; —g; g) Ta thay AC = —4BC.
¢ Cau 50. Trong khong gian Ozyz, cho vecto @ = (1;1; —3); b= (er=ls T = 27 +27 — 6k

va d = (1;1;—1). Cap vecto nao sau day cung phuong?

@ Twab. ® @ vad. © @va 2. ® b va C.
o /—[uozy (/(31275[2& Taco ¢ = (2;2; —6) = 2(1;1; —3) = 2@ neén hai vecto @ va ¢ ciing phuong.

$> Cau 51. Trong khong gian Ozyz, cho ba diém A(0;1; —1), B(1;2;0),C(m;n;0). Tim m, n sao
cho ba diém A, B, C' thang hang.

@mzl;nzl. mzl;n:2.
© m=2;n=1. D m=2;n = 2.
(&) wany ai(dl(jl[u Ta c6 AB = (1; 1; 1);A_C) = (m;n—1;1).
C
m=k k=1
Ba diém A, B,C thing hing < AC = kAB & {n—1=k <_Lm=1
1=k n=2

¢ Cau 52. Trong khong gian Oxyz, cho 2 vecto @ = (—1;2x —1;1—32) va b = (2+3y; —1;-2).
Khi @ = b thiténg T = x + 2y + 32° bing

@ 2. 5. © 1. ©) 4.
—1=2+3y y=—1
e Huong f/a-“,ym’z. TacoT =02 —1=-1 <{a=0 =T=0+2-1)2+3(1) =
1—-3z=-2 z=1
5.
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$> Cau 53. Trong khong gian v6i hé toa do Oxyz, cho ba diém A(1;2; 1), B(2; —1;3),C(—4;7;5).
Toa do chan duong phan giac trong géc B cua tam giac ABC' 1a

2 11
@A) (—2;11;1). ( 1)
2 111
© (55°5) ( )
o Hoeong f/a?,ijzf(zzf. Tac6 BA=/(2—1)2+ (-1 —2)2+ (3— (—1))% = v26.
BC = /(—4—-2)2+ 7—(—1))2+(5—3)2:\/36+64+4—\/ 4:2\/_.
DA BA 1
Goi D la chan duong phan giac trong goc B, ta ¢ D0 - BC 3 = DC = 2DA.
YAt re 2—4 2
€T = = = ——
—_— — s 2 ?)i- 4—?7 113 2 11
Vi D nédm trén doan AC nén 2DA+DC = 0 = { yp = yA3 bo _ — =D (_5; —; 1
224 + zZc —§+5 1
z — = —
D 3 3

$> Cau 54. Trong khong gian Ozyz, cho A(—1;4;2), B(3;2;1),C(—2;0;2). Tim tat ci cac diém
D sao cho ABCD la hinh thang c6 day AD va dién tich hinh thang ABCD gap ba lan dién tich
tam gidc ABC.

(A) D(9;8;0). D(—11;0;4) va D(9;8;0).
(© D(—11;0;4). (D) D(11;0; —4) va D(—9; —8;0).
[ Hmfy a/ézz(yz’dz',
B C
h
A H D
Gid stt D(zp;yp; 2p). Khi d6 AD = (zp + L;yp — 4;2p — 2); BC = (=5; —2;1).
Irp = —1 -5t
Do AD//BC nén AD = tBC(t £0) < { yp =4 — 2t
zZp = 2 +t

Vi dién tich hinh thang ABCD gap ba lan dién tich tam giac ABC nén
1 1
§h(BC'+AD) :3-§h-BC:BC+AD:3BCﬁAD:2BC’.

Suy ra \E\ = Q\B—C’)\ S (xp+1)2+ (yp —4)%* + (z2p — 2)? = 4[(-5)* + (—2)? + 17]

S (B2 (<22 2 =430 2302 =120 2 =4 i z 2_:;?;;1800?)

2) Trac nghiém dang sai

& Bai 1. Trong khong gian Oxyz, cho ba diém A(4;2;1), B(2;1;3),C(~1;3; —2).
a) Toa do trong tam tam giac ABC bang (g, 2; ;)

2 2 NS 3
b) Toa do trung diém doan thang AB bang (3; 3 2>.

c¢) Tt giac ABCD la hinh binh hanh thi toa do diém D = (1;4; —4).

168 > Sww lirg v Bién soan: 4é 1link Xha 0399653362



§3. BIEU THUC TOA DO CUA CAC PHEP TOAN VECTO

d) Ba diém A, B, C' thang hang.

[} Haoiy (z,/(glé/ﬁz'(z’,z'.

442—-1 24143 1+3—-2 5 .2
a) Dung: Toa do trong tam tam giac ABC 1a< + 2R ):( 1 2; )

3 ' 3 ' 3 3773

. ) 442 2+1 143 3
b) Dung: Toa do trung diem doan thang AB la ( ;— ; —5 ; ;— ) = (3;5;2).
2—4=—-1—xp
c) bang: Tw giac ABCD la hinh binh hanh khi AB = DC & {1-2= 3—Yp &

3—1:—2—ZD

Tp — 1
yp=4 = D(;4-4).
ZD:—4

&, — 2 -1 2
d) Sai: Vi AB = (—2;-1;2) va AC = (—5;1;—-3). Ta c6: = e T # N A, B, C khong
thing hang.
& Bai 2. Trong khong gian Ozyz, cho ba diem A(3;5;—1), B(7;z;1),C(9;2;y).
a) Ba diém A, B, C thang hang thi z +y = 5.
19 8
E; §; 3) la trong tam tam giac ABC thi z = 1,y = 3.
¢) Tam gidc ABC vuong tai A thi x = 13,y = —1.
d) Tich v6 huéng ctiia AB-AC = -3z + 2y + 41.

b) Diém G (

[ Hmf% a/(‘é‘}ijz'd,z',,

a) Ding: Ta c6 AB = (4;z — 5;2)714_0) = (6;—=3;y +1).

DébadiémA,B,Cthezmghang@/l_ézk’A_C')ﬁ r—5=k-(-3) & qx=3 . Vay
2=k(y+1) Yy =
T +y=23.
] e I
=1
b) Diing: Ta c6 Mzg @{x
“1f1+y ° Uan
3 =

c) Ding: Ta ¢ AB = (452 — 5;2),14—6’): (6;=3;y +1).
Khi d6: AB-AC =24+ (x —5)(=3) +2(y + 1) = =3z + 2y + 41.
Véi x =13,y = —1 = AB - AC = —3(13) + 2(—1) + 41 = 0 = AB L AC.

d) Ding: Vi AB - AC = 24 + (z — 5)(—3) + 2(y + 1) = —3x + 2y + 41.
& Bai 3. Cho cac diém A(1; —2;3), B(—2;1;2),C(3; —1;2).
a) ADB = (—3;3;—1).

b) AC = (=2;—1;1).
c) AB = 3AC.
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d) Ba diém A, B, C khong thang hang.

N luong din olal.
J

a) Ding: AB = (tp — 2.4;yp — yas 25 — 24) = (—2 — L1 — (=2);2 = 3) = (=3;3; -1).
b) Sai: AC = (e —xA;yc —Yas2c —24) = (3—1;—-1—-(=2);2-3) = (2;1; -1).

¢) Sai: A—B) (— 3, 3;—1), AC = (2;1; —1). Hai vecto nay khong cting phuong nén khong ton tai
k 46 AB = kAC.
d) Diung: Hai vecto AB va AC khong ciing phuong nén ba diém A, B, C khong thing hang.
& Bai 4. Cho ba diém A(3;3; —6), B(1;3;2) va C(—1;—=3;1). Goi M, N, K lan lugt la trung diém
cua AB, BC' va CA.
A

a) Toa do M (2;3;2).

b) Véi G 1a trong tam tam gidc ABC thi GC = 2v/5.

¢) Trong tam tam giac MNK la E(1;1;—1).

d) V6i D(—3; —3;9) thi tit gide ABDC 1a hinh binh hanh.
M()/ZC f/ﬁ/l(jl[ll

A 3+1 3+3 —6+2
a) Sai: M la trung diem cuia AB:>M< ;— : —12_ : 2+ ):(2;3;_2)_

b) Sai: Ta c6 G(1;1;—1). Suy ra GC = /(-1 = 1)2+ (=3 = 1)2 + (1 — (=1))2 = v/24 = 21/6.
¢) Duang: Hai tam gidc ABC va M NK c6 cung trong tam. Suy ra F = G(1;1; —1).

d) Dung: Ta c6 AC = (—4; —6; 7),§5 = (—4;—6;7) suy ra AC = BD. Vay ABDC' la hinh
binh hanh.

& Bai 5. Trong khong gian Ozyz, cho vecto @ = (2; —2; —4), b= (1;,—1;1) va @ = (—1;1;2).

170

a) =27 —27 +4F.
b) |b] =3,
c) b

—> ~
a
-
d) @ va b vuong goc.

va b la hai vecto cuing hudng.

[ Ha‘a‘éz? (/ﬁ/if&ézf.

a) Sai: @ = (2; —2; —4):>a—22—2]—4k.

b) Dung]b\ V124 (=12 +12 = /3.

c) Sai @ =20 la sai (dotoadothuba —4#2-1)

d) Dang: @- b =2(1) + (-2)(-1)+ (-4)(1)=24+42—-4=0=>a L b
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§3. BIEU THUC TOA DO CUA CAC PHEP TOAN VECTO

& Bai 6. Trong khong gian Ozyz, cho @ = (2;3;1),—1)) = (-1;5;2),¢ = (4 -1;3) va 7 =
(—3;22;5).

a) || = V14
b) @b =19

S 2V91
c) cos(a,c)=——.

d) T=23+3b -7,

[} Hmfy dén oidi.

= V213112 =14
b) Sai: @+ b = 2(—1) +3(5) + 1(2) = 15.
N &7 @ .09t 4 4401
TR T Vidvee - Vo 9l
d) Ding: 2@ +3b — C=(4—3—4;6+15+ 1,246 — 3) = (—3;22;5) = 7.
& Bai 7. Trong khong gian Oxyz, cho ba vecto @ = (2;1; —3), b = (—4;—-2;6), ¢ = (m—1;2;0).

a) Ding: |

g ~ 2, 2, =
a) @ cung huéng véi b.

b) |b] = 2|a|.
c) a- b =0.

d) Néu b 12 thim=1.

[} /‘[mfnﬁ f/('z?/z; GlGL.

a) Sai: Ta c6 b = —27 nén hai vectd ngudc hudng.
b) Diing: |b| = | - 2||@| = 2[a].
¢) Sai: @ - b=-8-2-18=—28.

—>

d) Sai: b - =0 —4(m—-1)—4+0=0&m=0.
. Trong khong gian Ozyz, cho ba vects @ = (3;0; 1), b= (1;-1;-2),¢ = (1;7; -3).

5

)
b) @-

c) cos(d, _b)) =

wh
o=
ot

d) Goc gitta hai vecto @ va ¢ 16n hon 90°.
[ Ha(fiy (z,/(glyz'(z’,z'.
a) Ding: || =1 +49 +9 = /59.
b) Sai: @b =3+0—-2=1.
- 1 1 \/_ \/_

c¢) Dung: cos(d, b) = JiovE ~ Jio ~ 60 30
d) Sai: @- T =3+0-3=0= (a,7) = 90°.

& Bai 9. Trong khong gian Ozyz, cho hinh binh hanh ABC'D. Biét A(—1;1;2), B(1;0;3), C(0;2; —2).
») 70 — A8 - DA
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Chuong 1. VECTO VA HE TRUC TOA DO TRONG KHONG GIAN
b) AB=27 +j + k.
1
¢) Toa do tam hinh binh hanh la <§, ;; 0).
d) AD= -7 +27 +5k.
(&) Ha’()‘ézy f/é/l(j[dd.
a) Ding: AC = AB + AD = AB — DA.

- -

b) Sai: AB = (2, —1;1) = AB =27 — j + k.
. 13

¢) Sai: Tam [ 1a trung diem AC = I <—§, 5 O)

d) Ding: AD = BC = (-1;2;—5) = AD = —i +2j — 5k.
& Bai 10. Trong miat phang Oxyz, tam gidc ABC véi A(1;—3;3); B(2; —4;5), C(a; —2;b) nhan
diém G(1;¢;3) lam trong tam clia no.

4 . 3 7

a) Toa do trung diem cia doan thang AB la (5, o 4).

b) Toa do vecto 1 AB = 7—7—2?

c) a+b+c=-2.

14+/57

d) COS(A_E,Z—@) =5

() Hm)‘f(y a/fZ/z(jz,'(ézf.

142 —3—4 345
Ding: M : :
a) Ding < 5 )

b) Sai: AB = (1;—1;2) = AB = 1 — j +2
(1+2+a)/3=1 a=0
=

c) Ding: ¢ (-3—-4-2)/3=c¢ c=-3 =a+bt+c=-2
(3+5+0)/3=3 b=1
d) Sai: AC = (0;1; —2) = cos = e
\/_\/_ V30
& Bai 11. Trong khong gian Ozyz, cho ba diem A(1;2;—1), B(2; —1;3),C(—4;7;5).
a) AB = V/26.
b .BC =—

) BA

c) G 1M(x Yz ) la diém théa man MA+ MC =3MB. Khidé z+y+ 2z = 2.

d) Goi D(a;b;c) 1a toa do chan dudng phan gidc trong géc B ctua tam giac ABC. Khi dé
a+b+c=1.

() Haozy f/f[/z(/om L.

a) Ding: AB = /12 + (=3)2 + 42 = \/26.

b) Sai: BA = (—1;3;—4), BC = (—6;8;2) = BA- BC =6 + 24 — 8 = 22.
)
)

¢) bingg MA+ MC =3MB=M=3B—-A—-C=(9—-125)=ac+y+z=2.
d) Sai: Chan phan gidc D chia AC theo ti s6 k = —BA/BC = —1/2 = D(-2/3;11/3;1) =
a+b+c=4.
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& Bai 12. Cho hinh hop ABCD.A’B'C'D', biét diém A(0; 0;0), B(1;0;0), C(1;2;0), D'(—1:3;5).

Goi M, N la tam ctia cac hinh binh hanh ABB’A’, ADD'A’.

a) Toa do D(0;2;0).

b) Toa do A'(—1;1;5).

¢) Toa do MN = (—1;1;0).
d) |AB + AD + CC'| = v/29.

[} /‘[mf’zy a/('z‘\/yzf(é s

a) Dung: Theo quy tdc hinh binh hanh day, ta c6 AD = AC — AB = (1;2;0) — (1;0;0) =

(0;2;0) = D(0;2;0).
b) Diing: Ta ¢6 AA' = DD’ = (—1;1;5) = A'(=1;1;5).

IL 1 -1
c¢) Sai: Theo hinh vé M N = §B’D’ = §BD = (7, 1;0).

d) Sai: Tacém:@+,ﬁ+ﬁ: (()’_3’)5) e
Xét |[AB+ AD 4+ CC'| = |AB + AD + AA| = |AC"| = V07 + 32 + 52 = /34

& Bai 13. Trong khong gian Oxyz, cho AABC ¢6 A(0;0;1), B(—1;—-2;0) va C(2;1;—1).

a) BC = (3;—3;—1)

b) AABC can tai A
c) AB L BC

. 1
d) Goi H(a,b,c) la chan duong cao ha tit A xuoéng BC. Khi dé a+ b+ c= —1—;

[} /Z{Lm/‘g a/(z/ijzm

© BC = (3;3;—1).
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Chuong 1. VECTO VA HE TRUC TOA DO TRONG KHONG GIAN

O AB = \/6, AC =+/19 nen AABC khong can tai A.
& Tacézﬂ?)-B_C'):—B—G—i-l:—S;éOnénAB khong vuong goc véi BC.
® Taco AH = (x;y;2 — 1), B—C/’):(S;B;—l), B—H):(x—l—l;y—i—Z;z).

Khi do
AH | BC 3r+3y—(2—1)=0
L, e 1 2
BG)BH |- _Yr2_ g
3 -1
xr=3k—1 q
Suy ra y:3k:—2khid(’)3x+3y—(z—1):0@9k—3+9k—6+k+120(:>k‘:1—9.
z=—k
5 —14 -8 17
H | —; Khi d b = ——
(19’ 19 19) LY T

& Bai 14. Trong khong gian Ozyz, cho AABC ¢6 A(1;0;0), B(0;0;1), C(2;1;1).
a) AB = (—1;0;1)
b) AC va AB cliing phuong
c) AB 1L AC
d) Dieén tich tam giac ABC la /6
[} Hu0217 a/(z‘”/z(fz'(z’zf, Tac6 AB = (—=1;0;1) va AC = (1;1;1) nén AB.-AC = 0, suy ra AB 1. AC.

Khi d6 dién tich AABC' la % -AB - AC = ?

& Bai 15. Trong khong gian Oxyz, cho @ = (1;—2;3) va b = (1;1;-1).

T+ b
3‘:4
c) -_b):4
4
d) cos (E’, b) = ——
V42

X one f/(f/ifz'dzl Ta co

o |7+ F’ JOTIP+ (2+1P2+B-12=vETI+4d=3
@(a’ ‘:¢1—1 T (21213 _12=/010+16=5.

& @ - b—1—2—3— —4.
S —4

& cos(?[,b) = —.
V42

& Bai 16. Trong khong gian Ozyz, cho ba véc-to @ = (—1;1;0), b= (1;1;0), ¢ = (1;1;1).
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§3. BIEU THUC TOA DO CUA CAC PHEP TOAN VECTO
(e} Hmfy a/ an giel. Ta co

C
©aq-C —1-1+1-1+O-1:O:>5’LE’.
© T+ Db+ (1-3-1)7&6.
@COS< >_ 2 11+41:140.1 _ 2
‘b‘ T Vit Virir1l V6

& Bai 17. Trong khong gian Oxyz cho ba diém A(1;2; —3), B(—2;4;5), C(7; —3; —5).
a) Ba diém A, B, C khong thing hang
b) A'(—1;—2;3) la diém ddi xing ciia A qua O
c¢) Diém G(2;1;—1) 1a trong tam ctia tam giac ABC
d) Diém D(10; —5; —13) théa tit gisc ABCD la hinh binh hanh
a) Diang. Ta ¢6 AB = (—3;2;8),1—4_5
khong ciing phuong, nén ba diem A, B, C' khong thang hang

b) Ding. A’ I diém ddi xting ctia A qua O thi O 1 trung diem AA’ = A'(—1;-2;3)
c) Dung. G 1a trong tam tam giac ABC, nén

N Huong f/(z/z(jmz = (6; —5; —2). Hai vecto AD va AC

;

zat+zpt+ze 14+(-2)+7
g = = =)
3 3
_Yatyspt+yc 2+4+4(-3)
Yo = = =1
3 3
za+z2p+2zc (—3)+5+(-5)
6 = - — i
\ 3 3
Vay G(2;1;—1).

d) Ding. Vi ba diém A, B, C khong thing hang, nén tit giic ABCD 1a hinh binh hanh khi va chi
khi

r—1=9 =10

AD=BC&{y—2=-7 &{y=—5

z+3=-10 z=—13.
Vay D(10; —5; —13).

& Bai 18. Trong khong gian v6i hé truc toa do Ozyz, cho hinh hop ABCD.A'B'C'D'. Biét
A(=3;2;1), C(4,2;0), B'(=2;1;1), D'(3;5;4).

1 .5 2
a) B (5, 3; 5) la trung diém cta B'D’
1 1 .2 ,
b) F (5, 2 5) la trung diem ctua AC
c¢) Toa do diém A’'(—3;3;3)

d) Toa do diém B(—2;0;1)
() /‘[mf/(y f/(f/i/mfa’z,'.
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Chuong 1. VECTO VA HE TRUC TOA DO TRONG KHONG GIAN

) 1 _5
a) Dung. E la trung diem ctia B’D’ nén E (—; 3; —).

22
b) Ding. F la trung diém ctia AC nén F (%, 2; %)
c¢) bung. Ta ¢6
za+3=0 Ta = —3
FE = AA = yo —2=1<<yr =3 . Vay A'(-3;3;3).
za—1=2 Za =3
d) Sai. Ta c6
—2—x=0 rg = —2
FE=AA={1-yp=1 olys=0 .Vay B(—2;0;-1).
1 —zg=2 Sy = —

& Bai 19. Trong khong gian Oxyz, cho vects @ =27 — 3 +4Fk.
a) Toa do clia vecto @ la @ = (2; —3;4)
b) Néu vecto OA = @ thi diém A c6 toa do la A(—2;3;—-4)
C)Bibt T=0bvab=(3x—yz—4y;4). Khidéz+y=2
d) Biét AB = @ va A(1;2;—1) thi diém B ¢6 toa do la B(3; —1;3)
&5 Jlucng Jfg,z(jltfz,ét, a) C6T =21 —37 +4k & @ = (2,-3;4).
b) Ta c6 OA = @ = (2, —3;4) = A(2;—3;4).
_E 3r—y=2 =l
c)Coba=0b<s & =>z+y=2.
r—4y=-3 y=1
d) Goi B(zx;y; z). Ta ¢

z—1=2 = §
AB=3e{y-2=-3y=-1
z+1=4 b = o

Vay B(3;-1;3).
& Bai 20. Trong khong gian Ozyz, cho ba diem A(0; —2;1), B(—2; —2; 1), C(3;1; —-2).
a) Hinh chiéu ctia A len mat phang (Ozz) 1a A’(0;0;1)
b) Tam giac ABC la tam gidc vuong tai A
¢) Tt gidc ABCD la hinh binh hanh thi toa do cia D(5;1;4)
)

] -2
d) Trong tam cua tam giac ABC la G (5, 1; ?>

(e} Hao‘/(zc f/(z\/zéfz'a?zl a) Hinh chiéu ctia A lén mat phang (Oxz) 1a A'(0;0;1).

b) Ta 0@33; 3:—3), AB = (—2;0; —2).

Khi d6 AC - AB =3+ (~2) +3-0+(=3)- (-2) =0 = AC L AB.

¢) Giad st D(z;y; 2). Ta c6 BA = (2;0;2), CD = (x — 3;y — 1; 2 + 2).
r—3=2 T =95

Dé ABCD 1a hinh binh hanh thi BA=CD & {y—1=0c{y=1
z+2=2 z=0.
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Vay D(5;1;0).
1 —2
d) Trong tam cla tam giac ABC' la G <§, —1; ?>
& Bai 21.Trong khong gian Oxyz, cho hinh hop chit nhat z
ABCD.A'B'C'D’ ¢6 dinh A trung véi gde toa do O va cac A D’
dinh B, C, D' ¢6 toa do lan lugt 1a (2;0;0), (2;4;0), (0;4; 3). |
a) Toa do D(0;4;0) B % C
b) Toa do C'(2;3;4) e e 2
c) Toa do clia AA = (0;0;3)
d) Toa do ctia B'D = (—2;4;-3) T B C

[ Huozy (/(E/sz(ézﬁ. T gid thiét, ta suy ra AB = (2;0;0), AD = (0;4;0) va AA = (0;0;3).
a) Toa do ctia D(0;4;0).
b) Toa do cua C'(2;4;3). .
c¢) Toa do cua A’(0;0;3) nén AA" = (0;0;3).
d) Toa do cia B'(2;0;3) va D(0;4;0) nén B'D = (—2;4; —3).
& Bai 22. Trong khong gian Oxyz, cho diem A(2; —2;1) va B nam trén truc Oy sao cho OB = 2.
a) OA =27 — 27 + %
b) Toa do diém B(2;0;0)
c¢) Diém M(2;2; 1) dbi xiing v6i A qua truc Ox
d) Toa do diém N(—2;2;1) dbi xiing v6i A qua mat phang toa do (Oxzy)
[ Ha'()/’éz/f din gigi. a) Vi A ¢6 toa do (2; —2;1) nen OA=27-27+%.
b) Vi B nam trén truc Oy sao cho OB = 2 nén toa do clia B ¢ thé 1a (0;2;0) hoac (0; —2;0).
¢) Diém déi xiing véi A qua truc Oz c6 toa do 1a (2;2; —1).
d) Toa do diem dbi xiing v6i A qua mat phang toa do (Owzy) 1a (2; —2; —1).
& Bai 23. Trong khong gian Oxyz, cho ba vecto @ = (3;1;-2), ¥ = (1; —1;1), W = (—1; —3;4).
a) U+ v =(40;-2)
b) ¥ LU
¢) Hai vecto @ — 27 va @ cung hudéng
d) |7 — U + 20| = V41
o Hmf?/c (/avyzf(zz; aA) VIU+7 =3+11+(-1);-2+1)=(4,0;-1).

D)VIiw -T=3-1+1-(—1)+(-2)-1=3-1-2=0nén ¢ L 7.
¢)Taco@—20=(3-2-1;1—2-(—1);-2—2-1) = (1;3; -4).

Vi w = (—1;-3;4), tathdy ¥ —27 = (1;3; —4) = —(—1; —3;4) = —w nén hai vecto ngugc hudng.
DTacoT—TH2B=(3—1+2-(=1);1— (=1) +2-(=3); =2 — 1 +2-4) = (0; —4; 5).

Suy ra |¥ — U+ 26| = /02 + (—4)2 + 52 = V0 + 16 + 25 = /41.

& Bai 24. Trong khong gian Oxyz, cho tam giac ABC véi A(1;0; —2), B(—2;3;4), C(4;—6;1).

a) Toa do trong tam G cua tam giac la (1;—1;1)
b) AB = (3;—3:6), AC = (—3;6;—3)

c) Tam gidc ABC la tam gidc can
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Chuong 1. VECTO VA HE TRUC TOA DO TRONG KHONG GIAN

d) Néu ABDC Ia hinh binh hanh thi toa do diém D 1a (7; —9; —5)
o Hao}czﬁ c/(zfzz,pzf(z"zi. a) Goi G(x,y, z) la toa do trong tam cia tam giac ABC, suy ra
C

( 14+(-2)+4
‘T = — ‘7
3 r=1
:O+3;r(—6) D I
24441 z=1
S
Vay G(1;—1;1).
b)
AC = (4~ 16— 0:1— (-2)) = (3: ~6:3).
c) Ta ¢

AC = ‘AC‘ V31 (62 + 32 =+/97136+9=154=3V6.
Do AB = AC = 3v/6 nén tam giac ABC' can tai A.
d) Goi D(z;y;2). Vi ABDC la hinh binh hanh nén AB = CD.
Ta co
© AB = (—3;3;6).
<>C’_D):(:c—4;y—(—6);z—1):(:1:'—4;y+6;z—1).Dodé
r—4=-3 z=1
y+6=3 < Jy=-3

z—1=6 z2="T.
Vay toa do diem D 1a D(1; —3;7).
& Bai 25. Trong khong gian Ozyz, cho cac diem A(3;2; —1), B(1;4; —2) va C(0; —2;3). Khi d6
a) AB = (—2;2;—1)
b) ‘fTé‘ A

c¢) Toa do diém M sao cho AB+CM =70 la (1;-2;2)
d) Toa do diém N thudc mat phang (Oxy), sao cho A, B, N thang hang 1a (5;0;0)
O ucong [/mz(/mm YAB=(1-3;4=2-2—(-1)) = (=2;2; —1).
b) ‘AB = /(CE T 22+ (-2 =
c) Goi M(z;y; z) thi MC = (—x;—2—y,3—2). Vi AB+CM = 0, suy ra
2

AB=MC={ —2-y=2a{y=—4

Suy ra M(2; —4;4).

d) Vi N thuoc mit phang (Ozy) nén toa do diem N 1a N(z;y;0).

Ta c6 AN = (z = 3;y — 2;1); BN = (z — Ly — 4;2).

Dé A, B, N thing hang thi hai vecto AN BN ciing phuong. Do d6, AN = kBN (v6i k #£0).
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§
—3=(z—1
r—3=k(x—1) v (z—1)
1 =
Suyrady—2=k(y—4) = y—2:—(y—4):>{
1=2k B
b=t
\ 2
Vay N(5;0;0).

& Bai 26. Trong khong gian Ozxyz, cho hinh binh hanh ABCD c¢6 A(0;0;—1), B(—1;1;0),
C(1;0;1) va M 1a diém sao cho 3M A? + 2M B? — MC? dat gia tri nhd nhat. Khi do

a) AB = (—1; 1; 1)

b) cos BAC = \1/—5_5
¢) Toa do diém D la (2; —1; 0)
? 1
d) Toa do diem M la (%, =5 1)

O Pacong a/(gnjazz. a) Ta cé6 AB = (—1; 1; 1).
b) Ta c6 AC = (1; 0; 2), suy ra
zp—0=1+1 Bip) =4 X
c)\ﬁtfrgiéCABCDlahinhbinhhanhnénE:B—C)@ yp—0=0—-1 & <yp=—-1
zp+1=1-0 zp = 0.

Vay D(2; —1; 0).
AM = (z;y;2 + 1) AM? =22 + y* + (2 + 1)

d) Goi M (z;y;2) = W:(x+1;y—1;z) = {BM?*=(z+1)*+(y—-1)>+2°
C'_]\/_;:(a:—l;y;z—l) CM?’=(z— 12+ +(z—-172

Ta co

SMA*> +2MB* — MC? =3[0 +y* + (2 + 1)*] +2[(z+ 1)+ (y— 1) + %] = [(e = 1)+ ¢* + (2 — 1)°
=4z + 49° + 422 + 62 — 4y + 82+ 3

o E 9 9
= [z 4 o O P N
(x+2)+wy )+ (22 +2) =
3 1
DA “_” A = —— = - =S —1
au XE;ylia@l’ 4,y 2,2
Vay M |
ay ( 47 27 )

& Bai 27.Cho hinh hop ABCD.A'B'C'D’, biét diem A(0;0;0),
B(1;0;0), C(1;2;0), D'(—1;3;5). Goi M, N la tam cta cac hinh
binh hanh ABB'A’, ADD'A’.

a) Toa do D(0;2;0)

b) Toa do A'(—1;1;5)

c) Toa do MN = (—1;1;0)

d) |[AB+ AD + CC'| = V29
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() /‘[a’()y f/(z‘\/ifz'(z’z'.

& Bai 27.
a) Theo qui tic hinh binh hanh, ta c6

AD = AC — AB = (0;2;0) = D(0;2;0).
b) Ta co
AA = DD = (~1;1;5) = A'(~1:1:5).
¢) Theo hinh vé MN = BC = (0;2;0).
d) Ta c6 AC' = AB + AD + AA" = (0;3;5).
Xét
|AB + AD + CC'| = |AB + AD + AA| = |AC'|
= V02 + 32+ 52 =34

& Bai 28. Trong khong gian Ozyz, cho diém A(—2;3;1), B(5;6;2), va C(—2;2;4). Dudng thing
AB cat mat phang (Ozz) tai diém M. Xét tinh ding sai cac khang dinh sau.

a) Tam giac ABC vudng tai A

1 11g%7
b) Trong tam cua tam giac ABC la G (5, E §)
c) AB = (=7:3;1)
d) Toa do clia diém M la (—9;0; —2)

(e} Hm)‘y a/d/z(fzfa’z,'. a) Dung. Ta c¢6

© AB = (7;3;1), AC = (0;—1;3).
® AB-AC=7-0+3-(-1)+1-3=0.
Do d6 AB 1 AC. Hay tam gidc ABC vuong tai A.

1 11
b) Ding. Trong tam clia tam giac ABC' 1a G <§, 3 g)
¢) Sai. AB = (798 1),
d) Sai. Vi M € (Oxz) nén M (x;0;z2).
Ta c6 AM = (x4 2;—3;z — 1).
Vi M € AB nén

Khi do
7T=(zx+2)k k=—-1
= -3k ={r=-9
1=(z-1k z=0
Vay M (—9;0;0).
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& Bai 29. Hai chiéc khinh khi cau bay lén tit cing mot dia z
diém. Chiéc thit nhat cach diém xuat phat 2 km vé phia nam

va 1 km vé phia dong, dong thoi cich mit dat 0,5 km. Chiée '
thit hai ndm cach diém xuét phat 1 km vé phia bic va 1,5
km vé phia tay, dong thoi cich mat dat 0,8 km. Chon hé truc i
Oxyz véi goc O dat tai diem xuat phét ciia hai khinh khi cau, L - Nam
mat phang Ozy tring v6i mit dat véi truc Ox huéng vé phia  Bic 0 |

nam, truc Oy huéng vé phia dong va truc Oz hudéng thing
ditng len troi (Hinh minh hoa), don vi do 1ay theo kilomet.

Dong

a) V6i he toa do da chon, toa do khinh khi cau thit nhat 1a (2;1;0,5)

b) V6i hé toa do da chon, toa do khinh khi cau thit hai la (—1,5; —1;0,8)

c¢) Khoang cach tir diém xuat phat dén khinh khi cau thit nhat bing /21 km

d) Khoang cich hai chiéc khinh khi cau 1a 3,92 km (két qud lam tron dén hang phan tram)
[ /{uw(z (/(5)1(,7[(}12

a) Chiéc khinh khi cau thit nhét ¢6 toa do 1a (2;1;0,5).

b) Chiéc khinh khi cau thit hai ¢6 toa do 1la (—1; —1,5;0,8).

c¢) Khoang cach tir diém xuat phat dén khinh khi cau thit nhat bing

21
V24124052 = g km.
d) Khoang cach hai chiéc khinh khi cau la
V(=1-2)2+(1,5-1)2+ (0,8 —0,5)2 = /15,34 =~ 3,92 km.

& Bai 30. Hinh vé sau mo6 ta vi tri cia méy bay vao 29
thoi diém 9 gio 30 phit. Biét cac don vi trén hinh tinh

theo don vi km. Mat phang (Ozy) trimg véi mat dat, O \
triing v6i vi tri trung tam diéu khién. X

300 Y
(Dong)

,,,,,,,,,,,,,,,,,,,,,,,

a) Tai thai diém 9 gio 30 phit, may bay dang & do cao 9 km so v6i mat dat

b) Tai thoi diem 9 gis 30 phiit, toa do clia méy bay 1a (300; 150; 9)

c¢) Phi cong dé may bay & ché do tu dong bay thang theo huéng dong véi van toc 1a 750 km /h,
do cao khong déi. Biét ring gi6 thoi theo hudng dong véi van toc 10 m/s. Gia st van tdc va
huéng gi6 khong thay ddi thi tai thoi diem 10 gis 30 phit may bay & toa do (150;1086;9)

d) Tai thoi diem 9 gio 30 phit, may bay cach trung tam diéu khi¢u mot khoang (lam tron dén
hang phan muoi) 1a 335,6 km

[} /‘[mf//(y f/(?/i/rzfa’zf,

a) Dang.
Vi cao do ctia may bay bang 9 km.
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b) Sai.
Vi tai thoi didm 9 gids 30 phiit, toa do ciia may bay la (150;300;9).
c) Duang.
Van t6c thuc ctia may bay 1a 750 km/h, van toéc gié 1a 10m/s= 36 km/h.
Suy ra van toc cia may bay 1a 750 + 36 = 786 km /h.
Tai thoi diém 10 gis 30 phiat, quang dudng di chuyén dude ctia méy bay theo huong dong
la 786 - 1 = 786 km.
Suy ra vi tri cia may bay cach trung tam diéu khién theo huéng dong 1a 7864300 = 1 086 km.
Vay toa do cua may bay la (150;1086;9).
d) Sai.
Goi M (150;300;9).
Tai thoi diém 9 gis 30 phit, méay bay cach trung tam diéu khién mot khoang 1a
OM = v/1502 + 300% + 92 ~ 335,5 km.

& Bai 31. Trong khong gian chon hé truc toa do cho truée, don vi do lay km, ra da phat hién mot
may bay chién dau di chuyén v6i van tdc va huéng khong doi tit diem M (500; 200; 10) dén diém
N(800;300;10) trong 20 pht.
a) M4y bay dang di chuyén theo hudng tién lai gan vi tri dit ra da
b) Khoang cach M N = 100v/10 km
c¢) Toc do ctia may bay khi di chuyén tit M dén N 1a 1504/10 km/h
d) Néu tiép tuc gitt nguyén van toc va huéng bay thi toa do clia méay bay sau 4phut tiép theo
1a Q(a;b;c) v6i a+b+c= 1191
(Y Ha’o‘y z/(?/éjz'fézf.
(1) Méy bay dang di chuyén tit diém M (500;200; 10) dén diém N (800; 300; 10).

Hoanh do x va tung y tang lén, cao do z khong ddi. May bay dang di chuyén ra xa vi tri dat
ra da.

(2) Ta c6 MN = (300;100;0) suy ra M N = /3002 + 1002 + 02 = 100+/10 km.

1
@ Ta ¢6 20 phit = 3 gis.

. . . 100410
Toc do cua may bay khi di chuyén tiw M dén N la i = 300v/10 km/h.
3

(4) Trong 20 phit, may bay di chuyén tit diém M (500; 200; 10) dén diém N (800; 300; 10).
Néu giit nguyén van téc va huéng bay thi sau 4 phit tiép theo méy bay di chuyén dén vi tri
2 -_—> ]_ _—>
diem Q(a; b; ¢) sao cho NQ = EMN.

(a—800:1~300
5 a = 860
Suy ra b—300:%-100 < ¢ b =320 = Q(860;320;10). Vay a4+ b+ ¢ = 1190.
1 c=10
kc—l():gO

& Bai 32. Hinh minh hoa so do mot ngoi nha trong khong gian Oxyz, trong d6 nén nha, bon bitc
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tuong va hai mai nha déu 1a hinh chit nhat.

Q(2;5;4)
H
A S G(4;5;3)
¥ | P(2;0;4)
|
|
|
E(0;0;3) L F
! /
by
C,L/ *********** ----+ B(4;5;0)
0(0;0;0) A x

a) Toa do diém F(4;0;3)

b) Toa do vecto AH = (4;5;3)

¢) AH-AF =3

d) Géc dbc clia mai nha, tiic 1a s6 do clia géc nhi dién c¢6 canh 1a dusng thang FG, hai mat 1an
luot 1a (FGQP) va (FGHE) bang 26,6° (1am tron két qua dén hang phan mudi véi don vi
do.

[ Huo/‘% a/(m(jzm

a) Vineén nha la hinh chit nhat nen OABC 1a hinh chit nhat, suy ra x4 = 23 = 4, yc = yg = b.
Do diém A nam trén truc Oz nén toa do diem A(4;0;0); diem C nam trén truc Oy nén toa
do diém C(0;5;0).

Tuong nha la hinh ch@ nhat nén OC HE la hinh cht nhat, suy ra yg = yo = 5, 2y = zg = 3.
Do H nam trén mit phang (Oyz) nén toa do diém H(0;5; 3).

T giac OAFE 1a hinh chit nhat nén xp = x4 =4, 2r = 2z = 3.

Do H nam trén mit phang (Oxz) nén toa do diém F(4;0;3).

b) Ta c6 toa do vecto AH = (—4;5;3).

c) Ta 6 AF = (0;0;3). Suy ra AH-AF=0+0+9=09.

d) Dé tinh géc doc clia mai nha, ta tinh s6 do cia goc nhi dién c¢6 canh 1a dudng thang F'G, hai
mat lan lugt 1a (FGQP) va (FGHE).

Do mit phang (Ozr) vudng goc v6i hai mat phang (FGQP) va (FGHE) nén PFE Ia goc
phéng nhi dién can tim.
Ta c6 FP = (~2;0;1), FE = (=4;0;0).

— — FP.FE —2)-(=4)4+0-0+1-0
SuyracosPFE:cos<FP,FE>: = (=2) (4 + + —
‘FPHFE’ VI(=2)2 402+ 12 \/(—4)2 + 02 + 02

2v/5

5

Do d6, PFE ~ 26,6°.

Vay goéc déc mai nha khodng 26,6°.
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3) Cau tra I6i ngan
& Bai 1. Trong khong gian Oxyz, cho hai vecto @ = (2;1;5) va b= (2;2;1). Biét vecto 33420 =

(70; Yo; 20). Tinh gid tri biéu thitc zg + yo + 20
() Haﬁo‘y [4/[21271,'(21,'. Ta c6: 3d = (3-2;3-1;3-5) = (6;3;15) 2% = (2:2;2-2;2-1) = (4;4;2).
C

Do d6 3@ +2b = (6+4;3+4;15+2) = (10;7;17) = @0 + yo + 20 = 10+ 7+ 17 = 34.

& Bai 2. Trong khong gian Ozyz, cho ba vecto @ = (5;4; —1), b= (2;—5;3), U = (x;y; 2) thoa
man @ + 2% = b. Tinh gia tri biéu thic T = 2z + 2y + z.

N Mwong din gidi. Ta cé: 2T = (2;2y;22) = @ +20 = (5+2z;4+ 2y; — 1+ 22) b= (2;—5;3)

C
3
9+ 2z =2 x:—g NG
2

Dod6: T=2x+2y+2=-3+(-9)+2=-10.

& Bai 3. Trong khong gian Oxyz, cho cac vecto @ = (5;3; —2) va BlL (m; —1;m + 3). C6 bao
nhiéu gia tri nguyen duong ctia m dé géc giita hai vects @ va b 1a géc tu?

—

70 3m — 9
13- |b]  V3-vV2mZ+6m+ 10

Géc gitta hai vecto @ va b 1a goc tit khi va chi khi cos(@; 5) <0< 3m—9 <0< m < 3.

(e} Hao‘nj f/f'&%zfrézf. Ta c6 cos(d; —b)) -

Vi m nguyen duong nén m € {1;2}.

Vay c6 2 gia tri m théa man yéu cau bai toan.
& Bai 4. Trong khong gian Ozyz, cho vecto @ = (1; —1;0). Xac dinh k dé vecto @ = (2;2k —1;0)
cting phuong véi vecto @.

, 2k — 1
N Huong din giad. 6: U = (2;2k — 1;0) = —
Hwon(j f/f/l(il(il Ta c6: w = (2;2k — 1;0) 2(1, 5 ,O)

—1 1

& Bai 5. Trong khong gian Oxyz, cho ba diém M (2;3; —1), N(—1;1;1) va P(1;m — 1;2). Tim m
dé tam giac MNP vuong tai N.

e Jlicong c/@‘”,iiz(zzz Ta c6: NM = (3;2;—2), NP = (2;m — 2;1).

Vecto @ ciing phuong vé6i vecto @ khi

Tam gidc M N P vuong tai N khi va chi khi NM-NP =0« 3:242:(m—2)—2-1=0<m=0.
Vay m = 0 la gia tri can tim.

& Bai 6. Trong khong gian Oxyz, cho tam giac MNP c6 M (3;7;2), N(5;1; —1) va P(4; —4; —2).
Goi G(a; b;c) 1a trong tam ciia tam giac M N P. Tinh gia tri biéu thic T = a + 3b + 3c.

[ Han‘aj f/a?z(ym’zi. Ap dung cong thiic tinh toa do trong tam theo toa do cac dinh clia tam gidc

3+56+4 7+1-42-1-2 4 1
MNP 0: : : h 422
,tacoG( 3 ’ 3 ’ 3 )’ ayG(,B, 3)
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3 3

& Bai 7. Trong khong gian Ozyz, cho hai diém A(—1;5;3), B(a;b;c) va M(2;1; —2). Biét M la
trung diém ctia AB, tinh T =a+ b+ c.

4 1
=>T=a+3b+3c=4+3--+3- (——) =T.

TA+a —1+4+a
Ty = 2=
2 2
(&) /Zz/a0117 z/a’,/gf[d[, Vi M la trung diém ctia AB nén ta co: { vy, = yat+h Sl = 5+b =
¢ ZM:zAz—l—c _2:§+c
2 2
a=2>5
b=-3 =T=a+b+c=-5.
c=—7

& Bai 8. Trong khong gian Oxyz, cho diém A(2;—3;5). Goi toa do A'(a;b;c) la diém doéi xing
v6i A qua truc Oy. Tinh gia tri biéu thic T =a + b+ c.

o Hmfgy c/('z‘}ijzfdzf, Goi H la hinh chiéu vuong goc ctia A(2; —3;5) len Oy. Suy ra H(0; —3;0).
Khi d6 H la trung diém doan AA’.
a = 21L‘H —TpA= -2
c=2zg — 24 = —5
& Bai 9. Trong khong gian Oxyz, cho ba diém A(2;—1;5), B(5;—5;7), M(z;y;1). Dé ba diém
A, B, M thing hang thi gia tri ctia = + y bing bao nhieu?
[} Hmfg f/(z’)zjz'd,zl Ta c6: AB = (3; —4;2), AM = (r — 2;y + 1;—4). A, B, M thang hang

—q ol 4 {x:—4
—. = — &

<:>A—B),IHJctmgphufdng<:>I3 — 5 =>rt+y=—-44+7=3.

= G

& Bai 10. Trong khong gian Ozyz, cho ba diém A(3;2; —1), B(—1; —x;1),C(7; —1;y). Khi A, B, C
thing hang thi gia tri biéu thiic  + y bang bao nhieu?

[} Haaéy a/(ﬁ)éfszé,zl. Ta c6: AB = (—4; —x — 2;2); AC = (4;=3;y+1).

4=k-4 k=—1
D& A, B,C théng hang thi AB = kAC < { —z —2=Fk-(=3) <<z=-5
2=Fk-(y+1) y=-3

Vayx +y=—-5—-3==8.

& Bai 11. Trong khong gian Ozyz, cho hai diém A(3;1; —2), B(2;—3;5). Diém M thudc doan
AB sao cho M A = 2M B, biét toa do diém M 1a (a;b;c). Khi d6 a + 3b + ¢ bang bao nhieu?

o Hwofﬁ (/(z‘“/yzfdzf. Ta c6 M (a; b;c).

7
3—a=-2(2-a) “@=3
Vi M thuoc doan AB nen MA = —2MB < 1-b=-2(-3-0) <« b:—g
—2—c=-2(5—-1¢) c:§
3
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7 ) 8
S Bbte=-+3(—2)+2=0.
uy ra a + 30 + ¢ 3+ ( 3)+3
& Bai 12. Trong khong gian Oxyz, cho tam giac ABC ¢6 A(1;2;—1), B(2; —1;3),C(—4;7;5). Goi
D(a; b; ¢) 1a chan dudng phan gidc trong géc B clia tam giac ABC. Gi4 tri ciia a + b+ 2¢ bang bao
nhiéu?
e Meong (/(gfijz(zzi, Ta c6 AB = /26, BC = /104 = 2/26.

. ) . . . . DA BA 1 = 1=
Goi D(i)y, z), theo tinh chat duong ph_ar)l giac ta c6 DC-BC -3 Suy ra DA = _EDC (1).
Taco DA=(1—x;2—y;—1—z)va DC = (=4 —a;7—y;5 — 2).

1

l—2=—=(-4—2) J—

Do d6 (1) =< 2 = 7 & 113 =D 2-11-1
0o ~v= 350 20 V=3 5371):
—1—z:—§(5—z) z=1
2 [l

Suy ra a + b+ 2c = _§+§+2<1) = 5
& Bai 13. Trong khong gian Ozyz, cho hinh thang ABC'D vuong tai A va B. Ba dinh A(1;2;1),
B(2;0; —1), C(6;1;0) va hinh thang c¢6 dién tich bing 6v/2. Gia stt dinh D(a; b; ¢). Tinh gié tri ctia
biéu thitc a + b + c.

() Hm)‘f(y a/fZ/z(fz,'(izf.

BH C
Ta ¢6 AB = (1;-2; —2) = )E}" —3,BC=(41;1) = ‘B_C" . Vo)
Theo gid thiét ABC'D la hinh thang vuong tai A va B va c¢6 dién tich bing 61/2 nen
%-AB-(AD+BC):6\/5@%-3-(AD+3\/§):6\/§:>AD:\/§:>AD:éBC.

— Iy =2 %
Do ABC'D la hinh thang vuong tai A va B nén AD = §BC’.

( 4 ( 7

e .

& 5 =
Giés&D(a;b;c).Khidétacé<b—QZ%<:> b:§:>a+b+c:6.

1 4

\6_125 \C:§

& Bai 14. Trong khong gian Ozyz, cho 3 diém A(2;0;0), B(0;3;1); C(—3;6;4). Goi M la diém
nam tréen doan BC sao cho MC = 2M B. Tinh do dai doan AM (Két qua dugce lam tron & chit s6
thap phan thit nhat).

[} Hzm‘éy c/fi/z(/m'(z’fzi. Goi toa do diem M (a;b;c), do M thudc doan BC va MC = 2M B < CM =
2MB (x).

Tac6 CM = (a+3;b—6;¢c—4) vai MB = (—a;3 —b;1 — ¢).
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Do do6
a+3=—2a a=—1

(5) @ b—6=6-2b e {b=4 = M(—1;4;2) = AM = (-3;4;2)

c—4=2-2c c=2
= AM = /29 ~ 5.4.
& Bai 15. Trong khong gian Oxyz, cho A(3;0;0), B(0;3;0), C(0;0;3). Diém M (a; b; ¢) trong khong
gian théa mén M  khong tring v6i cac diem O, A, B, C va
AMB = BMC = CMA = 90°. Khi d6 tong a + b + ¢ bang bao nhieu?

AM -BM =0
e Jlocon (/(e/z(/mz Goi M(a;b;¢) vi AMB = BMC = CMA =90°néen { CM - BM =0 (x)
AM -CM =0

m:(a—B;b;c),B—]\/[):(a;b—S;C),m:(a;b;c—S).
Tit biéu thitc (%) ta c6 biéu thiic toa do
(@a—3)a+bb—3)+c =0 a>+b+c*—3a—-3b=0(1)
a>+(b—3b+clc—3)=0 & a’+b*+c*—3b—3c=0
(a—3)a+b+(c—3)c=0 >+ b +c2—3a—3c=0
< 3a+3b=3b+ 3c=3c+ 3a

Sa=b=c
.2 a=0 M (0;0;0) (1)
Thay vao bieu thitc (1) ta c6 3a? — 6a = 0 < =
a=2 |M(22;2)(TM)

Vay a+ b+ c=6.

& Bai 16. Trong khong gian Ozyz, cho ba diém A(1;—1;1), B(3;1;2) va C(—1;0; 3) Cé6 bao nhiéu
diém D sao cho tit giac ABCD la hinh thang c6 2 canh day AB,CD va c¢6 ADC = 45°.

o }{migﬁ din giéi. Goi D(z,y, 2), khi d6 AB = (2;2;1), DC = (=1 — 2; —y; 3 — 2).

T giac ABCD la hinh thang c¢6 2 canh day AB,C'D nén A_B), DC cung phuong.
—1—-z -y 3-=2 {x:2z—7
= =

2 N

y=2z—06

Ta c6 AD = (x—ly—i—l z—l)vaCD (x + 1;y; 2z — 3).

—_— AD-CD 9(z — 3)2
cos(ADC) = | | (2 —3)

|AD| - |CD)| \/9(z2—62+10)-\/9(z—3)2

1 —3)° z2=4 r=1ly=2
& — = (—3) =2(22—6249) =2>-62+10& = Y :

V2 V22 —62+10 z2=2 r=-3y=—2

& Bai 17. Trong khong gian Ozyz, cho hinh thang ABC' D vudng tai A va B. Badinh A(1;2;1), B(2;0; —

c6 dien tich bing 6v/2. Gia sit dinh D(a;b;c). Tinh a 4+ b+ c.
(2} IZ{L(‘()/‘IJ a/rz‘”/éj[d[ Ta c6 |A_§| = 3; |§6| =32
S = —AB(AD+BC) —6\/_4:) ~.3-(AD +3V2)=6y2= AD =2 =

11—
Do ABC'D vuong tai A, B nén AD = gBC.
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4 7
CL—1:§ a:,’?
b—2:§ & bzé =a+b+c=06.
C—lzg C:§

& Bai 18. Trong khong gian Oxyz, cho ba diém A(1;1;1), B(—2;1;0),C(2; —3;1). Lay diém
S(a; b; ¢) sao cho biéu thitc SA% 4+ 2S5B? + 35C? dat gia tri nhé nhat. Tinh T = 2a + b + 3c.

” — B ey — 1 1
() Ha‘o‘y c/afn(j[(z’z',, Goi G la diem sao cho GA+2GB+3GC =0 = G (5, —1; —g)
SA? +25B?% +35C% = 65G* + GA? + 2GB? + 3GC? > 65G*

PN 1 i
Dau bang khi S =G = S <§, I

roa(B) s (D)o

& Bai 19. Trong khong gian Oxyz, cho ba diém A(1;4;5), B(3;4;0),C(2; —1;0). Goi M(a;b;c) la
diém sao cho M A% + M B? + 3MC? dat gia tri nhé nhat. Tinh gia tri biéu thitc S =a + b+ c.
e Huong a/(z/z,(/mf(zz:. Goi I théa man IA + IB +3IC = 0 < Of = %@T 1 é5§ % 255 =
(2;1;1) = 1(2;1;1).

T =5MI*4+TA? +IB?+3IC* > A% +1B? + 31C?

Nho nhat khi M =1(2;1;1)=a=2,b=1,c=1=S=a+b+c=4

& Bai 20. Trong khong gian Ozyz, cho 4 diem A(2;4; 1), B(1;4; —1),C(2;4;3), D(2;2; —1). Lay
diém M (z;y; z) sao cho M A? + M B? + MC? + M D? dat gia tri nhé nhat thi T = 4z + 2y + z bing
bao nhiéu?

N luong (/Q/ijz(zz Goi G la trong tam cia ABCD = G (7 ’ )

4’92’
S_4MG2+GA2+GBQ+GCQ+G 2

Nho nhat khi M = G(ZL ; 0) :>T=4(£)+2<;>+0:14.

& Bai 21. Trong khong gian Ozyz, cho hai diem A(1;2;1); B(2; —1;3) va diém M (a; b;0) sao cho
M A% + M B? nhé nhat. Tinh gia tri clia a + b.

, B ’
N leong din gid. Wa — 3 iem ct :
Haoiy f/f/ljl(?l Goi I (2, 6 2) 13 trung diém cua AB

AB?
MA? + MB? =2MI* + 5
£ . 1
Nhé nhat khi M 1a hinh chiéu cta [ len (Ozy) = M <;, 5 0).

1
3 b===>a+b=2.

=a==
=577

& Bai 22. Mot ngoi nha gom hai phan. Phan than nha dang hinh hop chit nhat ABCD.OMN P
c6 chiéu dai 10 m, chiéu rong 8 m, chiéu cao 4,2 m. Phan mai nha dang hinh chép S.ABCD c6 cac

canh bén bang nhau va cling tao v6i mit day mot goc o c6 tan o = 5 Chon hé truc toa do Oxyz

sao cho M thuoc tia Oz, P thuoc tia Oy, A thudc tia Oz (nhu hinh vé). Biét S(a,b,c) (don vi ctia
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a, b, ¢ la mét). Tinh gid tri clia biéu thic P = a + b+ ¢ (két qua lam tron dén hang phan mudi).

Z A
|
! S
|
| /
I //
\//
Iy
|
G e D
el
P
- I
e |
e |
B & '
| C
o e P
s Y
/// m
M 10 m N
X
[} Hu'o‘zzy aéz?y[dzl
Z A
|
! S
|
| 71
| OA]
7
N |
¥ |
A\ 3D
TN e
i1 | | -
- . TR
//—/ - . N
B = t
'O 9 p
Ze. 7 ___ A
s d
/// m
M 10 m N
x

Ta c6 A(0;0;4,2), B(8;0;4,2), C(8;10;4,2), D(0;10;4,2).

Goi I 1a giao diém ctia AC va BD = 1(4;5;4,2).

Vi SA =SB = SC = SD nén I 1a hinh chiéu vuong goc cia S len (ABCD) = S(4;5;¢)(c > 4,2).
SI 1 Al = (SA,(ABCD)) = (SA, AI) = SAI = o,

IS = \J(4—42+(5—-52+(c—42)% = c—42, Al = /(4—02+(5-0)2+(42—42) =

VAL
tang = 22 o =42 TG E+4,2%5,3.
AT VA1 6 6
a+b+c=4+5+53=143.
& Bai 23.Mot phong hoc c6 thiét ké dang hinh hop chit nhat véi z
chiéu dai 1a 8 m, chiéu rong 14 6 m va chiéu cao 1a 3 m. Mot chiée ‘
den dudc treo tai chinh gifta tran nha ciia phong hoc. Xét he truc i
toa do Ozyz c6 gbc O trung v6i mot goéc phong vh mit phang 3m|OF---mmm I
(Ozy) trung v6i mat san, don vi do dugce lay theo mét (hinh vé). 6 m
Hay tim toa do ctia diém treo den. T g m

[} Ha’éy dén oidi.

C
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Chuong 1. VECTO VA HE TRUC TOA DO TRONG KHONG GIAN

& Bai 23.Goi cac diém B(3;0;0), C(3;6;0), D(0;6;0) nhu hinh z
VE. —
N la trung diém OC, N’ 1 hinh chiéu ctia N lén mat phéng tran i N f
nha. 3 m O)‘*:"Jr'——:::-D—g/
Suy ra N’ la diém treo den. B N7 ]6m
TacéNcétoad@la(0+3;0+6;0+0>,suyraN(§;3;O>. x Sm C

2 2 2 2 Hinh 2.51

Suy ra N’ (§;3;3>
2
Vay toa do ciia diém treo den la (g, 3; 3).

& Bai 24. Mot toa nha c6 dang hinh hop chit nhat vé6i kich thuée chiéu dai 35 m, chiéu rong 15
m, chiéu cao 28 m. Ngudi ta dinh vi cac vi tri trong toa nha dya vao mot hé truc toa do Oxyz nhu
hinh vé.

a) Chi Huong dang diing & vi tri A(20;5;20) va di chuyén dén z
thang may dé xubng sanh chd dén khach. Biét vi trf vao
thang may c6 hoanh do = = 15 va tung do y = 3. Hai chi
Huong méat bao nhiéu giay dé di chuyén, néu tir vi trf A c6
thé di thdng dén ctta thang may va chi ay di bo véi téc do
1,5m/s?

b) Chi Huong vita dat mot bo phat song wifi trong phong lam
viéc clia minh tai vi tri ¢6 toa do (20;5;20). Do yéu cau cta

cong viée, sang nay chi Huong phai diing ¢ ban 1€ tan cé toa
do (5;0;0) dé dén khéach thi dien thoai ctia chi c6 bat dudc
song wifi phat ra tit phong lam viéc cia minh hay khong?
Biét viing phti séng bo phat wifi néi trén c6 ban kinh 30
mét.

() /‘c’u()% a,/d}z(fz'a’,zl

@ Do vi trf vao thang méy c6 hoanh do x = 15 va tung do y = 3 nén toa do thang may la
M (15;3;20). Suy ra quang dudng can di chuyén 1a AM = /52 + 22 = /29 m.
V29

Thai gian dé chi Huong di chuyén 1a ¢t = TE = 3,59(s).

)

(2) Toa do ctia ban 1& tan 1a B(5,0,0) nén AB = /152 + 52 + 202 = 51/26 ~ 25,495 < 30 nén
chi Huong van bat duge séng wifi.
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§3. BIEU THUC TOA DO CUA CAC PHEP TOAN VECTO

& Bai 25.Mot chiéc may quay dude dit
tréen mot gia dé ba chan véi diem dat
E(0;0;6) va cac diém tiép xic v6i mat
dat ctia ba chan lan lugt 1a

A1(0;1;0), Ay <§, —%;O) , As (_\/_§ —1'O> i

Biét rang trong luong ctia chiéc may la
300 N (hinh vé). Tim toa do cia céc luc
tac dung lén gia dé Fy, Fs, F3.

o u()/(z? a,/(z‘\/z( 71.’(21.'.

E(0;0;6)

Y
X
. — — 3 1
Theo gid thiet ta suy ra FEA; = (0;1;-6); FEA = (%3_55_6)
N V31
FA3=| ——;—=;—6].
3 ( 27 2a

Suy ra |EA;| = |EA;| = |EA;| = V/37. Do d6 |E| = |By| = |Fy).
Vi vay, ton tai hing s6 ¢ # 0 sao cho

Fi=c-EA, = (0; ¢; —6¢);

Suyraﬁ%—]—?;%—ﬁgz(o;();—lé% ).

Mit khéc, ta ¢6 Fy + Fy + F3 = F, trong d6 F' = (0;0; —300) la trong luc tac dung lén may quay.
50
Suy ra —18¢ = —300, tic la ¢ = 3
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Chuong 1. VECTO VA HE TRUC TOA DO TRONG KHONG GIAN

N 50 (25 25 - 25 25
Vay F, = (0;3;—100); = (Tf 3 —100); = (——‘[ 3 —100)

& Bai 26. Nguoi ta can lip mot camera phia trén san béng dé phat séng truyen hinh mot tran
bong da, camera c6 thé di dong dé luon thu duge hinh dnh ré nét vé dién bién trén san. Cac ki
st du dinh trong bén chiée cot cao 30 m va sit dung hé théng cédp gan vao bén dau cot dé giit
camera & vi trf mong mudén. Mo hinh thiét ké duge xay dung nhu sau: Trong hé truc toa do Oxyz
(don vi do dai trén mdi truc 1a 1 m), cdc dinh ctia bén chiée cot lan lugt 1a cac diém M (90; 0; 30),
N(90; 120; 30), P(0; 120; 30), Q(0; 0; 30) (Hinh 34). Gia st Ko 1a vi trf ban dau clia camera c¢6 cao do
bang 25 va KoM = KyN = K,P = K,Q. Dé theo déi qua bong dén vi tri A, camera dugc ha thap
theo phuong thang diing xubéng diém K, cao do bang 19 (Nguon: https://www.abiturloesung.de;
Abitur Bayern 2016 Geometrie VI).

z

Q(0;0; 30) P(0;120; 30)

J/
Tim toa do clia cac diém Ky, K; va cla vecto Kok;.
[} /‘[Lz‘()/’% (/a?zgfzfd,zi; Toa do tam ciia hinh binh hanh MM N PQ la trung diém H ctia M P nén
H (45;60; 30).
Suy ra toa do K(45;60;25); K;(45;60;19) va KoK, = (0;0;6).
& Bai 27. Trong Hoa hoc, cau tao ciia phan tit ammoniac (NHz) ¢6 dang hinh chép tam gidc déu
ma dinh 14 nguyén tit nitrogen (N) va day la tam giac HiHyHs v6i Hy, Ho, Hj 1a vi tri cia ba
nguyén tit hydrogen (H). Géc tao béi lien két H — N — H, c¢6 hai canh 1a hai doan thang néi N véi
hai trong ba diém H,, Hy, Hs (chang han H;NH,), goi la goc lien két ctia phan tit NHs. Goc nay
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xap xi 107°.

N
@~
S

H

Trong khong gian Oxyz, cho mot phan tit NHs duge biéu dién béi hinh chép tam gidc déu
N.H,H,H; v6i O la tam cta day. Nguyen ti nitrogen duge biéu dién béi diém N thuoc truc
Oz, ba nguyén tt hydrogen & cac vi tri Hy, Hy, H3 trong d6 H;(0; —2;0) va HyHj song song véi
truc Ox

a) Tinh khoéng cach gitta hai nguyén tit hydrogen.
b) Tinh khoéng cach gitta hai nguyén tit nitrogen v6i mdi nguyén tit hydrogen.

[ Hmfﬁ c/d/éﬁ[d[.

€)) Goix:HlHQ,khidédC)daiOHl:a:?(:)Q:x?@x:Q\/g.

@ Goi y 1a khoang cach gitta hai nguyén tit nitrogen v6i moi nguyén tit hydrogen; khi do
NH2 =Y.
Ap dung dinh i cosin ta ¢6
H\H2= NH?+ NH? —2-NH; - NHycos H{NHy < 22 — 242 cos 107° = 12
12

2
& = &y =2155
y 2 —2cos 107 y 4

& Bai 28. Trén phan mém mo phoéng
viec diéu khién drone giao hang trong
khong gian Oxyz, mot doi gom ba drone
giao hang A, B, C dang c6 toa do la
A(1;1;1), B(5;7;9), C(9;11;4). Tinh:
@ Céac khoang céch gitta moi cap
drone giao hang.

@ Goce B/Rj
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() 7‘[&(’027 f/(f/iiz'(z’zl

@ Céac khoang céch gitta mdi cap drone giao hang la
O AB=/(6-12+(7T-1)?2+(9—1)2=2v29;
& BC = /(3-8 + (11— 77 + (1= 9 = V5T,
& AC =/(9—-1)2+ (11— 1)2+ (4 — 1)2 = V1T3.
(2) Ta c6 AB = (4;6;8) va AC = (8:10;3).

cos BAC = cos <AB,AC’> = 1B AC
4. -1 .
- 8+6-10+8 3%0,819.

2+/29 - /173

Suy ra BAC ~ 35°2.

& Bai 29. Trong khong gian v6i mot he truc toa do cho trude (don vi do 1ay theo kilomét), ra da
phat hién mot chiéec may bay di chuyén v6i van téc va hudéng khong ddi tir diém A(800; 500; 7) dén
diém B(940;550; 8) trong vong 10 phit. Néu méy bay tiép tuc giit nguyen van téc va huéng bay
thi toa do clia may bay sau 10 phut tiép theo la C(x;y; 2), hay tinh x + y + 2.

[ Huv‘mj (/(?/1(71'1211 Goi C(z;y; 2) 1a vi trf clia may bay sau 10 phut tiép theo.

Vi huéng ctia may bay khong doi nén AB va BC cung huéng.
Vi van téc clia méay bay khong doéi va thoi gian bay tit A dén B bing thoi gian tit B dén C neén
AB = BC.
Ta c6 AB = (940 — 800; 550 — 500; 8 — 7) = (140;50; 1); BC = (x — 940;y — 550; z — 8).
140 =z — 940 x = 1080
AB=BC & {50 =y—550 & {y=600
1=2-38 z=09.
Vay C' = (1080;600;9) = = +y + z = 1080 + 600 + 9 = 1689.

& Bai 30. Ngudi ta thuong ding cau truc thap (nhu hinh vé) dé van chuyén vat licu xay dung;
than thap vuong goc véi mit dat, can nang vuong goc than thap ding dé lam diém tua nang vat
lieu, trén can nang c6 bo phan goi la xe con, c¢6 thé chay doc can nang nham di chuyén vat lieu.
Ban dau vat lieu 6 mit dat, cau truc ding méc cau nang vat lieu lén cao theo phuong thing ding
va cao hon Im so véi vi tri can dat, sau d6 gi®t nguyén do cao va cau truc quay can nang mot
géc a € (0°;180°) sao cho qui dao tao thanh mot cung tron cho dén khi mat phang (P) chita can
nang va diém can dit vuoéng goc véi mit dat (vat lieu va diém can dit ciing ndm trén mot nia
mit phang (P) so véi than thap). Tiép dén diéu chinh xe con nhim di chuyén va ha vat ligu xudng
Im theo phuong thang ditng ding vi tri can dat. Gia sit rang trong khong gian véi hé truc toa do
Oxyz, than thap la truc Oz vh mat dat 1a mit phang Ozy (don vi tinh bang mét); vi tri ban dau
clia vat lieu 1a diém A(6;8;0) va vi trf can dat vat lieu 1a diém B(4; —3;15). Tinh quang dudng
vat lidu da di chuyén (két qua lam tron dén hang phan chuc).
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[ Huo‘y a/(iiz.jzfrézf. Goi A’, B’ lan lugt la hinh chiéu clia diém A va diém B trén mat phing
(Oxy).

)
A'(6;8)
O x
B'(4;-3)
A"(8;—6)

& Lic dau vat lieu ¢ vi tri A'(6;8) di chuyén thang ding theo phuong song song véi phuong
ctia truc Oz quing dudng 16m (phai cao hon do cao 15m ctia vi trf diem dén 1m).

& Tiép theo cau truc quay can an nang di di chuyén tit vi trf diém A’ dén vi tri diém A” (di chuyén
mot goc c¢6 do 1én 90° vi OA’ OB = 6 4 +8-(=3) = 0), khi d6 vat lieu di chuyén mot

quang duong | = Ra = OA’ - § = 10-5 =

& Tiép dén dicu chinh xe con nham di chuyén tit vi tri A” dén vi trf B’ (v6i B’ 1a trung diém
ctia OA” vi OA” = 10m va OB’ = 5m), ttic la vat lidu di chuyén quang dusng A”B’ = 5m.

& Cubi ciing mbc cau ha vat lieu xuéng 1m theo phuong thing ditng ding vi tri can dat 1a
diém B(4; —3;15).

Vay tong quang dudng di chuyén ciia vat lieu 1a: 16 + 57 + 5 + 1 ~ 37, 7m.
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BO DE ON TAP
CHUONG VECTO

TOAN THAY KHA PE ON TAP CHUONG VECTO TRONG KHONG GIAN
PE SO 1 Moén: TOAN 12
(Dé gom c6 5 trang) Thoi gian lam bai: 90 phit, khong ké thoi gian phat dé

Phan I. Cau tric nghiém nhiéu phuong an lwa chon Thi sinh trd loi ti cau 1 dén cau
12 méi cau hoi hoc sinh chi chon mot phuong an.
¢S Céau 1. Trong khong gian v6i hé truc Ozyz, cho A(1;—2;0) v B(—3;0;4). Toa do cta vecto
AB la

@ (=2;-2;4). (4; —2;—4). © (-21;2). D (—4;2;4).

D
$> Cau 2. Trong khong gian Ozyz, hinh chiéu vuong goc clia diem M(3; —1;1) trén truc Oz c6
toa do 1a

@ (3;0:0). (3;—1;0). © (0;0;1). ® (0;-1;0).

C
$> Cau 3. Trong khong gian Oxyz, cho diém M (1;2;3). Goi My, M, lan lugt 1a hinh chiéu vuong

goc ctia M lén cac truc Ox, Oy. Véc-to nao dudi day la mot véc-to chi phuong ctia dudng thang
My My?

@ U= (-1;2;0). a1 = (0;2;0).
© Uy = (1;2;0). © Us = (1;0;0).
A

$> Cau 4. Trong khong gian véi hé toa do Ozyz, cho diem A(1;2; —1). Toa do hinh chiéu vuong
goc clia diém A trén mit phang (Oyz) 1a

@ (1;2;0). (1;0;0). © (0;2;-1). © (1;0;-1).
C

$> Cau 5. Trong khong gian Ozyz, cho ba diem A(1;2;—1), B(2; —1;3), C(—3;5;1). Tim toa do
diém D sao cho tit gidc ABCD la hinh binh hanh.

(A) D(—4;8;—5). D(-2;2;5).
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© D(—4;8;-3). D) D(-2;8;-3).
C

$> Cau 6. Cho hinh hop chit nhat ABCD.A’B'C'D’ (tham khao hinh vé duéi). Khang dinh nao
duéi day dang?

B C
A i D
B;L::,:::::::) C/
P
D/
@) AC” = BD'. AD cting huéng véi B’C”
© CD cing huéng véi DO ©) ACT ciing phuong vdi AC,

¢ Cau 7. Cho |d| = 2;| b| = 6, goc gitta hai vecto @ va b bing 120°. Khing dinh nao dudi day
ding?

@ T-b=12 @b = 40.
©a-b= 6 D @b =6V3.
$® Cau 8. Cho hinh hop ABCD.A'B'C'D’. Goi O la tam ctia hinh hop, khang dinh nao dudi day
ding?
@ OA+0A =T ® OA+0C =T.
© OA+0B =7 ® OA+0D = T.
$> Cau 9. - Cho hinh lang tru tam glac ABC.A'B'C'. Dt AA = Tz’,@ = T;,A—C) = ¢. Khi d6
biéu dién BC’ theo cac vecto @, b < la
@BC’——a+b+ ® BC=7-0+72.
©BC=a+b+7 ® BC"=4d+b-7
¢ Cau 10. Cho AABC ¢6 AB = AC = 5a va BAC = 120°. Do dai clia vects téng AB + AC
bang
A
B/L\c
H
oav 3
@ 10a. aQ\/_. © 5a. ©®) 5av/3.

¢ Cau 11. Cho hinh hop chit nhat OABC.O'B'C’ ¢6 canh OA = 4,0C = 6,00’ = 3. Chon hé
truc toa do Oxyz c6 gbc toa do O; cac diem A, C, O’ lan lugt nam trén cac tia Oz, Oy, Oz. Khi dé
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toa do diém B’ 1a

o’ c’
- 5 yal
i - v Y
J
A
B
X
&) B'(6;3;4). B'(6;4;3). © B'(4;6;3). D B'(4;3;6).
$> Cau 12. Cho diém M (3; —2;0); N(2;4;1). Toa do cia MN la:

@ (1;-6;-1). (—1;6;1). © (1;0:6). @ (-1;6;-1).

Phan II. Trac nghiém diang sai Thi sinh lam ti cav 1 dén cau 4 moi i a) b) c) d) thi sinh
chon dung hodc sai.

& Bai 1. Trong khong gian cho hinh lap phuong ABCD.A’B'C'D’ ¢6 do dai canh la a. Goi O la
giao diem ctia BD va AC.

a) AC—AA=AB + AD

b) BC' = A’A+ B'C'

c) C'O=C'A"—OA

d) AD-AB =0
& Bai 2. Trong hé truc toa do Ozyz, cho ba diem A(0; —2;1); B(—2; —2; —1); C(3;1; —2).

a) Hinh chiéu ctia A lén mat phang (Oxz2) 1a A'(0;0; 1).

b) Tam giac ABC la tam gidc vuong tai A.

c) Tt gidc ABCD la hinh binh hanh thi toa do ctia D(5;1;4).
)

1 —2
d) Trong tam cua tam giac ABC la G <§, 1; ?>

& Bai 3. Cho tt dien déu ABCD canh a. Goi M, N, G, P, Q lan lugt la trung diém ctia AB,
CD, MN, AC, BD.
a) 2QP = AB + CD.

—> — —> 2
b) Gié tri tich vo hudng AB - (AB — CA) bing 2 f

c) Gia tri cua GA+GB+GC = —GD.
d) Géc gitta AC va MN 1a 60°.
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& Bai 4. Cho hinh chép S.ABCD c¢6 day ABCD la hinh
vuong, SA vuong goc véi mat phang (ABCD). Goi I, J lan
lugt 1a trung diém ctia SA, SC. G la trong tam tam giac

SBD. .
a) AC — AB = AD
b) AS + AB + AD = AG.
c) IJ-BD=70.
d) AG? = AS? + AB? + AD?.

Phan III. Cau tra 16i ngan Thi sinh trd i tic cav 1 dén cau 6

& Bai 1. Trong khong gian v6i hé toa do Oxyz, cho AABC biét A(2;0;0), B(0;2;0),C(1;1;3).
Goi H (z0;yo; 20) 1& chan duong cao ha tir dinh A xuéng BC'. Khi d6 zg + yo + 20 bang bao nhiéu?

(Lam tron dén hang phan tram).

& Bai 2. Mot phong hoc c6 thiét ké dang hinh hop chit nhat véi chiéu dai 8 m, chiéu rong 6 m va
chiéu cao 3 m. Mot chiéc den dudc treo tai chinh gifta tran nha ctia phong hoc. Xét hé truc toa do
Oxyz c6 goc O trung véi mot goc phong v mit phing (Ozy) trung véi mit san, don vi do duge
lay theo mét. Khi do, toa do ctia diém treo den 1a I(x;y; 2), hay tinh z + y + 2.

z

A/

O/
N IR -
-
o £ 31m] S B
O
bv‘
C
8 m B

X

& Bai 3. Cho tit dien déu ABCD c6 canh biing 1. Tinh tich vo huéng AB - (2024BC — 2025CD).

& Bai 4. Trong khong gian Oxyz, cho @ = (2;3;1),3

D

B

(—3;22;5). Biét ¥ =md + nb +p¢, tinh m —n —p.

= (-152),¢ = (&

~1;3) va 7 =

& Bai 5. Trong khong gian v6i mot hé truc toa do cho trude (don vi do: ki-l6-mét), ra-da phat
hién mot chiéc may bay di chuyén véi van toc va huéng khong doi tit diem A(800; 500; 7) dén diém
B(940; 550; 8) trong 10 phut. Néu may bay tiép tuc giit nguyén van téc va hudéng bay thi toa do
clia may bay sau 10 phit tiép theo 1a D(z;y; 2z). Khi d6 z + y + 2 bang bao nhiéu?
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& Bai 6. D¢ chuan bi cho ngay hoi thao, ngusi
ta dung bon chiée cot tai bon goc clia mot san
béng hinh chit nhat véi kich thude la 15 m x
25 m. Bon chiéc cot vuong goc véi mit san va
c6 chiéu cao lan lugt 14 3 mét, 4 mét, 6 mét va
c mét. Mot tam bat 16n dude cang phing véi
bén goc dude c¢d dinh vao dau bon cot. Xét
hé truc toa do Oxyz nhu hinh vé bén (don vi
trén cac truc 1a mét) thi diém D’ c6 toa do 1a 7 95m C
X

(a;b;¢). Tinh a — 2b + c.
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TOAN THAY KHA DE ON TAP CHUOGNG VECTO TRONG KHONG GIAN
Pk sO 2 Mon: TOAN 12
(Dé gom c6 5 trang) Thoi gian lam bai: 90 phiit, khong ké thoi gian phdt dé

Phan I. Cau tric nghiém nhiéu phuong an lya chon Thi sinh trd 10 t cau 1 dén ciu
12 méi cau héi hoc sinh chi chon mot phuong dan.

¢S Cau 1. Cho ti dien ABCD. C6 bao nhiéu vecto khéac H, c6 diém dau 1a A va diém cudi 1a mot
trong cac dinh con lai cta tit dién?

@) 1. 2. © 3. D) 4.
$> Cau 2. Cho hinh lap phuong ABCD.A'B'C'D’. Hai vecto nao c6 gia cling nam trong mit
phang (ABCD)?

B c
‘ D
A l
BN ¢’
Ak’ D’
@) DD, AC. AD'. AD. © AD', AC. ©) AC, AD.

$® Cau 3. Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 canh la a. Hai vecto nao sau day cé cung do
dai?

@) DD', AC. AD', AD. © AD', AC. ©) AC, AD.
¢S Cau 4. Cho hinh lap phuong ABCD.A’B'C'D’. Vecto nao sau day bang vecto D'C'?
A D
B ¢
A
B
Cl
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@) DD AD. © AB. ©®) CD.
$> Cau 5. Trong khong gian Oxyz, cho hai diem A(1;—1;2) va B(2;1; —4). Vecto AB 6 toa do
1a

@ (1;2;-6). (1;0; —6). © (~1;-2:6). @ (3;0;-2).
$> Cau 6. Trong khong gian Oxyz, cho biéu dién clia vects @ qua cac vects don vi la @ =
27 + k — 37 . Toa do cla vecto @ la

@ (2:-3;1). (1;-3;2). © (2:1;-3). ® (1;2;-3).
¢S Cau 7. Trong khong gian Ozyz cho hinh binh hanh ABCD va cac dinh c6 toa do lan lugt 1a
A(3;1;2),B(1;0;1),C(2;3;0). Toa do dinh D la

@ (1;1;0). (0;2;-1). © 441). © (1;3;-1).
$> Cau 8. Trong khong gian Ozyz, cho vectd @ = (—3;2;1) va diém A(4;6; —3). Toa do diém B
théa man AB = @ la

@ (—1;-8;2). (7;4; —4). @pks: 7). @ (=7;—4;4).
¢S Cau 9. Trong khong glan Oxyz, cho ba vecto @ = (1;2;3), b= (=2;0;1), ¢ = (=1;0;1). Tim
toa do clia vecto 1 = @ + b +22—37.

A 7 = (6;2;6). n = (6;2; —6).

© 7 = (0;2;6). © 7 = (—6;2;6).
$> Cau 10. Trong khong gian Ozyz, cho ba diém A(3;5;—1), B(7;z;1) va C(9;2;y). Dé A, B,C
thing hang thi gia tri « + y bing

@) 5. 6. © 4. D 7.
$> Cau 11. Trong khong gian Ozyz, diém M thudc truc Ox va cach déu hai diém A(4;2; —1) va
B(2;1;0) 1a

A) M(—4;0;0). M(5;0;0). (© M(4;0;0). (D) M(-5;0;0).
$> Cau 12. Trong khong gian Ozyz, cho ba diém A(1;3;4), B(1;0; —2) va C(4;0;1). Toa do trong
tam G cua tam gidc ABC la

@) G(3;0;2). G(2;1;1). © G(1;1;3). D) G(3;0;—1)

Phan II. Trac nghiém ding sai Thi sinh lam ti cau 1 dén cau 4 moi 4§ a) b) ¢) d) thi sinh
chon ding hodc sai.
& Bai 1 Trong khong gian Oxyz, cho hinh binh hanh ABCD. Biét A(—1;1;2); B(1;0;3) va
OC = 2] — 9%,

a) Toa do C(0;2;—2).

b) Hinh chiéu vuong géc ciia A len Oz c6 toa do A’(0;0;2).

c¢) Hinh chiéu ctia B len mat phang (Oyz) c¢6 toa do B'(—1;0;0).

d) Toa do D(—2;3;—-3).

& Bai 2. Trong khong gian Owzyz, cho ba vecto @ = (3;1; —2), ¥ = (1; —1;1), W = (—1; —3;4).
a) T+ T = (4;0;—2).
b) uw

U
c) Hai vecto @ — 27 va @ cung hudng.
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d) |7 — ¥ + 28| = V4L

& Bai 3. Trong khong gian, cho hai vecto @ va b ciing c6 do dai bang 1. Biét rang goc gitta hai
vecto do la 45°.

. 2
& Bai 4. Cho hinh chép S.ABC'. Diem M thudc canh SA va SM = §SA.
—_— 2>
a) SM = gSA.
— 1—
b) MA = -~AS.
3
. N 2 — 2
¢) Diem N nam trén canh SB sao cho SN = §SB. Khi d6 SN = §SB.
— 2 —>
d) MN = —<BA
Phan III. Cau tra 16i ngan Thi sinh trd 10i to cau 1 dén cau 6
& Bai 1. Trong khong gian Owxyz, cho diém A(—3;0;0), B(0; —4;0). Goi I, J lan lugt la tam
dudng tron noi tiép va ngoai tiép clia tam giac OAB. Tinh do dai doan thang IJ. (Két qua lam
tron dén hang phan tram).
& Bai 2. Cho hai vecto @, b sao cho |2| = V2, |Z)| —2vahaivecto T =@ + b, Y =2ad— b
vuong goc v6i nhau. Tinh goc gitta hai vecto @ va b (don vi do).
& Bai 3. Trong khong gian Oxyz, cho cac diem A(1;0;3), B(2;3;—4), C(-3;1;2). Biét diém
D(a; b; ¢) sao cho ABC'D 1a hinh binh hanh. Tinh a + b + c.
& Bai 4. cac canh OA,OB,0OC db6i mot vuong goc va OA = (a)B :aOC = 1. Goi M la trung
diém ctia canh AB. Cosin goc gitta hai vecto OM va AC bing -3 voi 7 14 phan s6 to6i gian. Tinh
Q=a-b.
& Bai 5.Mot chiéc den tron dudce treo song song véi mat phang nim ngang
béi ba sgi day khong dan xuat phat tit diém O trén tran nha lan lugt buoc
vao ba diém A, B, C trén den tron sao cho tam giac ABC déu. Do dai cta
ba doan day OA,OB,OC déu bang L. Trong lugng ctia chiéc den 13 27 N
va ban kinh ctia chiée den 1a 0,5 m.Tim chiéu dai t6i thiéu ctia méi soi day,
biét rang méi soi day do dudc thiét ké dé chiu duge luc cing toi da la 12 N.
(Chiéu dai tinh theo don vi cm va lam tron dén hang phan mudi).
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& Bai 6.Mot chiéc 6 to duge dit trén mit day dudi mot khung st
¢6 dang hinh hop ch@ nhat véi day trén 1a hinh vuong ABC' D, mat
phang (ABC D) song song v6i mat phang naim ngang. Khung sit do
duge bude vao moc E cia chién can cau sao cho cac doan day cap
FA, EB, EC, ED c6 do dai bang nhau va ciing tao véi mit phang
(ABC D) mot goc 45° nhu hinh vé. Chiée can cau kéo khung st len
Rl |7 - [F| = |7
trong lugng khung sit 1a 1000 (N) va trong lugng clia chiée xe 6 t6
14 4000 (N). Tinh cudng do luc cing ctia mdi doan day cap (lam
tron dén hang don vi).

theo phuong thang ding. Biét luc cang

I
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TOAN THAY KHA DE ON TAP CHUOGNG VECTO TRONG KHONG GIAN
Pk sO 3 Mon: TOAN 12
(Dé gom c6 5 trang) Thoi gian lam bai: 90 phiit, khong ké thoi gian phdt dé

Phan I. Cau tric nghiém nhiéu phuong an lya chon Thi sinh trd 10 t cau 1 dén ciu
12 méi cau héi hoc sinh chi chon mot phuong dan.

¢ Cau 1. Cho hinh lap phuong ABCD.A'B'C'D’. Goi O la tam ciia hinh lap phuong. Khang
dinh nao sau day la dang?

A/
| B/
D’ l —C’
\/cc
A== e
D C
@AO:§(AB+AD+AA’>. AO:§(AB+AD+AA’>.
@AO=Z<AB+AD+AA’>. @AO:§(AB+AD+AAf>.
¢ Cau 2. Cho @ va b la hai vecto ciing hudng va déu khic vecto 0. Menh dé nio sau day
ding?
@ T b =gl |5l ® @b =0.
© a-b=-1 D @ -b=-|a||b]
&> Cau 3. Cho hinh chép S.ABC'D c6 day ABCD 1a hinh binh hanh. Dit SA = @, SB = b,5C =
¢,SD = d. Khiang dinh nao dudi day ding?
S
D
O
B C
@ T+T=0b+4d. ®a+b+C+d=0
©ad+d=1b+7. D ad+b=7+d.
¢ Cau 4. Cho tit dien ABCD ¢6 AB = CD = 2a. Goi M, N lan lugt la trung diém ctia AD va
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BC. Biét MN = +/3a, goc giita hai vecto ABvaCD bang

@A) 30°. 60°. © 90°. (D) 120°.
¢ Cau 5. Trong khong gian Oxyz, cho vecto @ théa man @ = - 37—1— s Toa do clia @ 1a
@ (21;-3). (2l © (=3;1;2). @ (1;2;-3).

$> Cau 6. Trong khong gian Oxyz, cho diém A(1; —2;5). Hinh chiéu vudng géc ciia A len truc Oz
co toa do 1a

@ (1;0;0). (0; —2;0). © (0;0;5). @ (0;-2;5).
$> Cau 7. Trong khong gian Ozyz, cho hai diém A(2; —1; —1), B(—3;2; —2). Toa do clia AB 1a
@ (5;-3;1). (—5;3;—1). © (=5;1;-1). ® (5;—-3;—1).

¢ Cau 8. Trong khong gian Oxyz, cho hinh binh hanh ABC'D ¢6 A(2;1; —3), B(0; —2;2), C(4; —3;0).
Toa do diém D la

@ (2;0;5). (605 =5). © (2;0;-5). @ (60;5).
¢ Cau 9. Trong khong gian Ozyz, cho vecto @ = (2;1;3) va [ = (—=1;2;1). Toa do cia vecto
a+bla

@ T+ b =(1;34) ® T+ b =(—1;34)

© @+ b=(212) D @+ b =(3-1;2)

$> Cau 10. Trong khong gian Ozyz, cho ba diem A(1;2;4), B(—1;3;2) va C(0;4; —3). Trong tam
G cia tam giac ABC' 1a
@ G(1;3;1). G(0;3;1). © G(0;9;3). D) G(-1;9;3).

$> Cau 11. Trong khong gian Ozyz, cho vecto U = (—4;2; —3) va diem A(1;2;3). Toa do diém
B théa man AB = 7 1a

@ B(3;2;—-4). B(-3;4;0).
© B(3;—4;0). D B(—3;—4; —4).
$> Cau 12. Trong khong gian Oxyz, cho ba diém M (2;3; —1), N(—1;1;1) va P(1;m — 1;2). Tim

m dé tam giac MNP vuong tai N.

@A) m = 0. ® m = 2. (© m = —6. D) m = —2.
Phan II. Trac nghiém diang sai Thi sinh lam ti cau 1 dén cau 4 moi 4 a) b) ¢) d) thi sinh

chon ding hodc sai.

& Bai 1. Mot vat niing O dugc kéo tit ba hidng nhu hinh vé vi chiu téc dung ciia 3 luc Fy, Fa, Fs,
c6 do 16n lan luct 1a 24N, 12N, 6N. Biét goc tao bdi 2 luc F'i, F'y 14 120° va lyce thit ba vuong goc
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v6i hai luc dau tién.

C
s E
O F)l
F
B D

a) BO + BA = BD.

b) OE = OA+ OB + OC.

c) Do dai cta vecto OD la |OD| = 12V/7.

d) Do 16n hop Iuc tac dung vao vat O la 6v/13N.

& Bai 2. Cho hinh chép S.ABCD c6 day ABCD la hinh vuong, SA vuong goéc v6i mat phang
(ABCD). Goi I, J lan lugt 1a trung diém ctia SA, SC. G la trong tam tam giac SBD.

a) AC — AB = AD.
AS

b) AS + AB + AD = AC.
c) ﬁ BD = 0.
d) AG? = AS? + AB? + AD?.

& Bai 3. Cho hinh lap phuong ABCD.A'B'C'D’ canh a. Goi M la giao diém ctia CD’ va C'D

a) DC" = DC + DD

b) AD' - CC = a2,

c) W:%Z@+Zﬁ+%@.
)

d) Goc gitta A'C' va BD la 60°.
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& Bai 4. Cho hinh hop chit nhat ABCD.A'B'C'D’ ¢6 canh AB = a; AD = aV/3; AA' = 2a. Xét
tinh ding, sai clia cac khang dinh sau:

a) AB +CD =0

b) AD+CB =0

c) |A—B) + E‘ =avh

d) |AB + A'D +CC'| = 22a

|
|
B’ : (04
|
|
|
|

B C

Phan III. Cau tra 18i ngan Thi sinh lam ti cau 1 dén cau 6 .
& Bai 1. Cho hai vecto @, b vuong goc véi nhau va |@| = 6,|D| = 4. Tinh (@ — 5)(23 + b).

& Bai 2. Cho hinh hop ABCD.A'B'C'D’ ¢6 tat ci cac mat déu 1a hinh thoi canh v/6 va céc goc
BAA' = BAD = DAA’ = 60°. Tinh do dai AC".

& Bai 3. Trong khong gian véi hé toa do Oxyz, cho hai diém A(4;2;1), B(—2; —1;4). Tim dugc
toa do diém M (a;b;c) thoa man dang thic AM = 2M B. Khi d6 a + b+ ¢ =?

& Bai 4. Mot gié hoa treo trong nha lam béng 3 s¢i day khong gidn, moi soi day dai 60 (cm)
miéng ké 14 mot miéng gb can ddi hinh tron ban kinh 20 (cm), ba s¢i day duge that mot dau ben
trén va d6 gia gd tai 3 diém tao thanh tam giac déu (gid st moi that ctia 3 sgi day va mdi ndi clia
mdi soi day véi miéng gb khong dang ké). Biét luc chiu dung ctia mdi sgi day biang nhau va moi
soi day chiu khong qua 15 (N) trong lugng ctia miéng gia g 1a 5 (N). Tinh trong lugng t6i da clia
cac chau hoa dé day treo khong bi ditt (don vi N, két qua lam tron dén hang phan chuc).

& Bai 5. Hai chiéc méy bay khong ngusi 1ai ciing bay lén tai mot dia diém. Sau mot thsi gian bay,
chiéc may bay thtt nhat cdch diém xuat phéat vé phia Bac 20(km) va vé phia Tay 10(km), dong
thoi cach mat dat 0,7(km). Chiéc may bay thit hai cach diém xuat phét vé phia Dong 30(km) va
vé phia Nam 25(km), dong thoi cach mat dat 1(km). Xac dinh khoéng céch gitta hai chiéc may
bay (két qua lam tron dén hang don vi).

& Bai 6. Trong khong gian Ozyz, cho tam giac ABC' ¢6 toa do cac dinh A(2;3;4), B(0;2;2) va
C(3;—1;5). Diém H(a;b;c) la chan dudng cao dinh A. Khi d6 gia tri biéu thic S = a + 2b — 5¢
bang.
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TOAN THAY KHA DE ON TAP CHUOGNG VECTO TRONG KHONG GIAN
Pk SO 4 Mon: TOAN 12
(Dé gom c6 5 trang) Thoi gian lam bai: 90 phiit, khong ké thoi gian phdt dé

Phan I. Cau tric nghiém nhiéu phuong an lya chon Thi sinh trd 10 t cau 1 dén ciu
12 méi cau héi hoc sinh chi chon mot phuong dan.

¢ Cau 1. Cho tu dién ABCD. Héi ¢6 bao nhiéu vecto khac vecto 0 ma méi vects co diém dau,
diém cubi 1a hai dinh ctia ti¢ dien ABCD?

@ 12. 4. © 10. ©) 8.

> Cau 2. Trong khong gian Ozyz cho @ = (2;3;2) va b = (1;1;—1). Vectd @ — b c6 toa do

@ (3;4;1). (152;3). ©(=1=2;3). ® (3;5;1).
¢ Cau 3. Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh. Dat SA = @; SB = b;
SC = ¢; SD = d. Khang dinh nao sau day ding?

@T+T=d+1b ®T+b=C+4d.

©a+d=b+7C ®aT+b+7+d=0.

$> Cau 4. Cho ba véc to @, —b), ¢ dong phang. Xét cac véc to ¥ = 24 — T;; Y = —4ad +2b;
Z = —3b —27. Chon khang dinh ding?

(A) Hai véc to ¥, Z cling phuong. Hai véc to @, § cliing phuong.

(©) Hai véc to 7', 2 cling phuong. (D) Ba véc to 7, ¥, Z dong phang.
$> Cau 5. Trong khong gian Ozyz, cho ba diém A(3;5; 1), B(7;z;1) va C(9;2;y). Dé A, B,C
thang hang thi gia tri z + y bang

@) 5. 6. © 4. D 7.
$> Cau 6. Trong khong gian Oxyz, cho diém A(1; —2;5). Hinh chiéu vuong géc ctia A lén truc Ox
c6 toa do la

@ (1;0;0). (0; —2;0). © (0;0;5). ® (0;-2;5).
$» Cau 7. Trong khong gian Ozyz, cho hai diem A(2; —1; —1), B(—3;2; —2). Toa do clia vecto AB
la

@ (5, -3;1). (=5;3; =1). © (=5 1;-1). © (5;-3; —1).
¢ Cau 8. Trong khong gian Oxyz, cho hinh binh hanh ABC'D ¢6 A(2;1; —3), B(0; —2;2), C(4; —3;0).
Toa do diém D la

@ (2;0;5). (605 =5). © (2;0;-5). © (6;0;5).
¢ Cau 9. Trong khong gian Ozyz, cho vecto @ = (2;1;3) va b = (—1;2;1). Toa do cta vecto
a+bla

@ (1;3;4). (—1;3;4). © (2;-1;2). © (3;-1;2).
$> Cau 10. Trong khong gian Oxyz, cho ba diém A(1;2;4), B(—1;3;2) va C(0;4; —3). Trong tam
G ctia tam gidc ABC' la
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@) G(1;3;1). G(0;3;1). © G(0;9;3). D) G(-1;9;3).
$> Cau 11. Trong khong gian Ozyz, cho vecto U = (—4;2; —3) va diém A(1;2;3). Toa do diém
B théa man AB = 4 la

(A) B(3;2;—4). B) B(—3;4;0).

(© B(3;—4;0). (D) B(—3;—4;—4).
$> Cau 12. Trong khong gian Oxyz, cho ba diém M (2;3; —1), N(—1;1;1) va P(1;m — 1;2). Tim
m dé tam giac M NP vuong tai N.

@) m = 0. ®) m = 2. © m = —6. © m=—

Phan II. Trac nghiém diang sai Thi sinh lam ti cau 1 dén cau 4 moéi i a) b) c) d) thi sinh
chon ding hodc sai.
& Bai 1. Trong khong gian Ozyz, cho cac diem A(8;9;2), B(3;5;1) va C(11;10;4). Xét tinh ding
sai ciia cac khang dinh sau:

a) Diem D théa man ABCD la hinh binh hanh c6 toa do 1a D(6;6; 3).

V14

b) Do dai trung tuyén AM clia tam giac ABC bang 5

¢) BAC = 30°.
d) Diém N thuoc mp(Oxy) sao cho ba diém A, B, N thing hang c6 toa do 1a N(—2;1;0).
& Bai 2. Cho t dien ABCD ¢6 AB = 2a,CD = 2b. Goi I, J lan lugt la trung diém ctia AB,CD
va I.J = 2¢, M 1a mot diém bat ky va G 1a trong tam clia t1¢ dién. Xét tinh ding sai clia cac khing
dinh sau:
a) AB+CD = AD + CB.
b) AB + AC + AD = 3AG.
c) MA2+ MB?%=2M1I2
d) Gia tri nhé nhat cia P = MA? + MB? + MC? + M D? bang 2(a? + b* + 2¢2).
& Bai 3. Trong khong gian Oxyz, cho hinh binh hanh ABCD ¢6 A(0;0; —1), B(—1;1;0), C(1;0;1)
va M la diém sao cho 3M A2 +2M B?* — MC? dat gia tri nhé nhat. Xét tinh ding sai ciia cdc ménh
dé sau:
a) AB = (—1;1:1).
— 21
b) cos BAC = —5
15
¢) Toa do diém D la (2;—1;0).
. 3 1
d) Toa do diem M la (—; ——: 1).
4" 2
& Bai 4. Mot chiée 6 to duge dat trén mat day dudi cia mot khung sat ¢6 dang hinh hop chit nhat
v6i ddy tren la hinh chit nhat ABC D, mit phang (ABCD) song song véi mit phing nim ngang.
Khung sét d6 duge budc vao méc E ctia chiée can cau sao cho cac doan day cap EA, EB, EC, ED
c6 do dai bang nhau va cling tao véi mat phang (ABCD) mot goc bang 60° Chiéc can cau kéo
khung sit lén theo phuong thang ding. Biét ring cac luc cing Fl, F2, F3, F4 déu c6 cuong do la
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4500 N va trong lugng cia khung sit 1a 2900 N. Xét tinh ding sai clia cac ménh dé sau:

a) 1—|—}_7)22}_7’)3—|—}_7)4.
) 1-}-?3:?2—{—?4.
¢) |Fi + Fs) = 8000N (lam tron dén hang don vi).

d) Trong lugng ctia chiéc xe 6 t6 1a 12688 N (lam tron dén hang don vi).

=
T T

Phan III. Cau tra 18i ngan Thi sinh lam ti cau 1 dén ciu 6 .

& Bai 1. Trong khong gian Oxyz, cho hai diém A(0; —2; —1), B(1; —1;2). Diém M (a;b; c¢) thudc
doan thing AB thoéa man M A = 2M B. Tinh gi4 tri clia biéu thitc T = a — b + ¢?

& Bai 2. Cho ttt dien déu ABCD canh bang a. Goi M la trung diém ctia CD; G la trung diém
ctia AM biét BG - AC = na? (n la s6 thap phan). Gia tri ctia n bing. (két qua lam tron dén hang
phan mudi)

& Bai 3. Trong hé truc toa do (Oxyz), mot thiét bi am thanh duge phat tir vi tri A(1;5;8). Nguoi
ta dut dinh dat mot may thu tin higu trén mat phang (Oxy). Biét may thu dat ¢ vi tri M (a; b; c)
sé nhan dudc tin hiéu sém nhat. Khi d6 a + 20 + 3¢ bang.

& Bai 4. Trong khong gian toa do Oxyz cho @ va b tao v6i nhau mot goc 120°. Biét rang
|@| = 4;|b| = 3, tinh gia tri clia bidu thic A = |@ — b|+|@ + b (lam tron két qua dén hang
phan tram)
& Bai 5. Mot luc tinh dién F tac dong len dien tich diém M trong dién truong déu lam cho M
dich chuyén theo duong gap khic MNP (Hinh vé). Biét ¢ = 2- 10712 C, vecto dién trudng c6 do
I6n £ =1,8-10° N/C vad= MH = 5 mm. Tinh cong A sinh béi lyc tinh dien .

l+ + + + + + + + + |

(0%

E

& Bai 6. Néu mot vat ¢6 khoi lugng m (kg) thi lye hap dan P ctia Trai Dt téc dung len vat duge
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xac dinh theo cong thiic D= mq, trong d6 ¢ la gia tbc roi ty do ¢6 do 16n g = 9,8 m/s”. Tinh
do 16n ctia Iyc hap dan cta Trai Dat tac dung len mot qué tao c6 khoi lugng 102 gam (Hinh 27)
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TOAN THAY KHA DE ON TAP CHUOGNG VECTO TRONG KHONG GIAN
PE sO 5 Mon: TOAN 12
(Dé gom c6 5 trang) Thoi gian lam bai: 90 phiit, khong ké thoi gian phdt dé

Phan I. Cau tric nghiém nhiéu phuong an lya chon Thi sinh trd 10 t cau 1 dén ciu
12 méi cau héi hoc sinh chi chon mot phuong dan.

¢ Cau 1. Cho hinh lap phuong ABCD.A'B'C'D’. Goi O la tam ciia hinh lap phuong. Khang
dinh nao sau day la dang?

® A0 = (AB + AB + A4, ® A0 = 5 (4B + AT + AA).
© A0 = ; (4B + AD + AA). ® 0= (AB+AD + AA).

¢ Cau 2. Cho @ va b la hai vecto ciing hudng va déu khac vecto 0. Menh dé nio sau day
ding?

@ T b=|2 | ® @b =0.
© - b=-1 ®a-b=-|3| ||
&> Cau 3. Cho hinh chép S.ABC'D c6 day ABC D 1a hinh binh hanh. Dit SA = @, SB = b,5C =

®T+C=b+d ®T+b+C+d=0
©ad+d=b+7¢ @Dad+b=7C+d

¢ Cau 4. Cho ttt dien ABCD c¢6 AB = CD = 2a. Goi M, N lan lugt la trung diém ctia AD va
BC'. Biét MN = v/3a, gbc gitta hai vecto AB va C'D béng

@A) 30°. 60°. (© 90°. (D) 120°.
¢ Cau 5. Trong khong gian Ozyz, cho vects @ théa man @ =27 — 37 + ¥. Toa do ciia @ 1a
@ (21;-3). (2;-3;1). © (=31;2). © (1;2;-3).

$> Cau 6. Trong khong gian Oxyz, cho diém A(1; —2;5). Hinh chiéu vuong goc ctia A len truc Oz
c6 toa do la

@ (1;0;0). (0; —2;0). © (0;0;5). © (0;-2;5).
$> Cau 7. Trong khong gian Ozyz, cho hai diém A(2; —1; —1), B(—3;2; —2). Toa do clia vecto AB
la

@ (5, -3; 1). (=5;3; —1). © (=5 1;-1). © (5;-3; —1).

¢ Cau 8. Trong khong gian Oxyz, cho hinh binh hanh ABC'D ¢6 A(2;1; —3), B(0; —2;2), C(4; —3;0).
Toa do diém D la

@ (2;0;5). (6;0; —5). © (2;0;-5). D (6;0;5).
¢ Cau 9. Trong khong gian Oxyz, cho vecto @ = (2;1;3) va b = (—1;2;1). Toa do cta vecto
a+ b la

@ (1;3;4). (—1;3;4). © (2,-1;2). © (3;—1;2).

> Cau 10. Trong khong gian Ozyz, cho ba diém A(1;2;4), B(—1;3;2) va C(0;4; —3). Trong tam
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G ctia tam giac ABC' 1a

@) G(1;3;1). G(0;3;1). © G(0;9;3). D) G(-1;9;3).
< Cau 11. r_l’igng khong gian Ozyz, cho vecto U = (—4;2; —3) va diém A(1;2;3). Toa do diém
B théa man AB = 4 la

(A) B(3;2;—4). B) B(—3;4;0).

© B(3;—4;0). (D) B(—3; —4;—4).
$> Cau 12. Trong khong gian Oxyz, cho ba diém M (2;3; —1), N(—1;1;1) va P(1;m — 1;2). Tim
m dé tam giac M NP vuong tai N.

@A) m=0. ® m=2. © m = —6. D) m = —2.

Phan II. Trac nghiém diang sai Thi sinh lam ti cau 1 dén cau 4 moi ij a) b) c) d) thi sinh
chon ding hodc sai.
& Bai 1. Cho hinh hop ABCD.A'’B'C'D’. Xét tinh ding, sai cia cac khang dinh sau:

a) AB+ AD + BB = AC'.

b) AAB'+ A'D'+ AA = AC".

¢) AB+ BD+ A'A=AC'.

d) AB+AD + A'A = AC'.
& Bai 2. Trong khong gian Ozyz, cho cac diem A(8;9;2), B(3;5;1) va C(11;10;4).

a) Diém D théa man ABCD la hinh binh hanh c6 toa do 1a D(6;6;3).

V14

b) Do dai trung tuyén AM clia tam giac ABC bang ot

¢) BAC = 30°.

d) Diém N thuoc mp(Ozy) sao cho ba diém A, B, N thang hang c6 toa do la N(—2;1;0).
& Bai 3. Cho ba diém A(3;3; —6), B(1;3;2) va C(—1; —3;1). Goi M, N, K lan lugt la trung di¢m
cua AB, BC va C'A.

a) Toa do M (2;3;2).

b) V6i G la trong tam tam gidc ABC thi GC = 2v/5.

¢) Trong tam tam giac MNK la E(1;1;—-1).

d) Véi D(—3;—3;9) thi tit gidec ABDC' la hinh binh hanh.

& Bai 4. Hinh minh hoa so do mot ngoi nha trong hé truc toa do Oxyz, trong dé nén nha, boén
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btic tuong va hai mai nha déu 1a hinh chit nhat.

Q(2;5;4)
D I i G(4;5;3)
- |
z -7 }
BQZ;O I
- |
P I
// !
/// I
Z |
E(0;0;3) = ‘ 'agd
T
[
R B(4;5;0)
0(0;0;0) A x

a) Toa do ctia cac diem A(5;0;0).
b) Toa do clia cac diem H(0;5;3).
c¢) Goéc nhi dién c¢6 canh 14 duong thing F'G, hai mit lan lugt 1a (FGQP) va (FGHE) goi la
goc dbc clia mai nha. S6 do clia gée doc ciia méi nha bang 26, 6° (lam tron két qua dén hang
phan muoi cia do).
d) Chiéu cao ctia ngoi nha Ia 4.
Phan III. Cau tra 16i ngan Thi sinh lam ti cau 1 dén cau 6 .

& Bai 1. Trong khong gian v6i hé toa do Ozyz, cho tam giac ABC c¢6 A(1;2;—1), B(2;—1;3),
Vva

C(—4;7;5). Goi D la chan duong phan gidc trong géc B clia tam giac ABC'. Do dai doan AD = 3

gia tri cia a 1a?

& Bai 2. Trong khong gian v6i hé toa do Oxzyz, cho hai diem C(4;0;0) va B(2;0;0). Tim toa do
diém M thudc truc tung sao cho dién tich tam giac M BC bing 3.

& Bai 3. Trong khong gian véi hé truc toa do Ozyz, cho ti dien ABCD c6 A(2;—1;1), B(3;0; —1),
C(2;—1;3), D € Oy va the tich tit dien ABCD bang 5. Tong tung do clia cac diem D thoa man
yéu cau bai toan bang

& Bai 4. C6 hai tram thu phét séng tin hieu mit dat dit ¢ hai diem O, A va vé tinh thu phét tin
hiéu tai & vi tri M, biét vé tinh di chuyén luon cach mat dat 35000km. Tin hiéu tai O phat len ve
tinh M roi truyén dén tram thu tai A. Xét he truc Oxyz duge chon thoa O(0;0;0), A(30;40;0),
M (x;y;35) (don vi toa do 1a ngan km). Biét van toc trung binh truyén tin hieu gitta vé tinh voéi
tram thu phat khoang 270000km/s. Mot tin hi¢u phéat tit O dén M, roi truyén vé A mat it nhat
bao nhiéu giay (lam tron dén hang phan tram).

& Bai 5. Khi chuyén dong trong khong gian, may bay luon chiu tac dong ciia bén Iire chinh: e
day ctia dong co, luc can ctia khong khi, trong luc va luc nang khi dong hoc. Luc can ctia khong
khi ngugc huéng véi luc day ciia dong co va c6 do 16n ti 1é thuan véi binh phuong van téc may
bay. Mot chiéc may bay tang van toc tit 900 km/h len 920 km/h, trong qué trinh tang toc may
bay giit nguyén hudéng bay. Lyc cdn khong khi khi méy bay dat van toc 900 km/h va 920 km/h 1an
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lugt duge bidu didn béi hai vecto Fy vi Fo. Bibt Fy = kFs vdi k 1a mot s6 thuc duong nao do.
Tinh gia tri cia k (lam tron két qua dén chit s6 thap phan thit hai).

& Bai 6. Mot chiéc den tron duge treo song song véi mit phang nidm ngang béi ba soi day khong
dan, xuat phat tit diém O tren tran nha va lan lugt budc vao ba diém A, B, C trén dén tron sao
cho cac luc cang ]?1), 1?’2, ]?3) lan lugt trén mdi day OA, OB, OC do6i mot vuong goc véi nhau va
\]Fﬂ = |}?’2| = |}?},] =15 (N). Tinh trong lugng ctia chiée den tron do.
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TOAN THAY KHA DE ON TAP CHUOGNG VECTO TRONG KHONG GIAN
Pk sO 6 Mon: TOAN 12
(Dé gom c6 5 trang) Thoi gian lam bai: 90 phiit, khong ké thoi gian phdt dé

Phan I. Cau tric nghiém nhiéu phuong an lya chon Thi sinh trd 10 t cau 1 dén ciu
12 méi cau héi hoc sinh chi chon mot phuong dan.

¢S Cau 1. Trong khong gian Ozyz, cho @ = 7+ 27 — 3%, Toa do clia vecto @ 1a

@ (2;—1;-3). (—3;2;-1). © (-1;2;-3). O (2;-3;-1).
$> Cau 2. Trong khong gian Owzyz, cho diém A(—2; —1;3). Goi A;, Ay, A3 lan lugt 1a hinh chiéu
ctia diém A trén cac mat phéng toa do (Oxy), (Oyz), (Ozz). Tim toa do cac diém Ay, A,, As.

© Al( 27 ) A2( 2'0' 3) A3< 1 3)
D A (-2;0; 3 ), Ao (0; —1; 3), A3(—2;1;0).
$® Cau 3. Trong khong gian Oxyz, cho hai vecto @ = (2; —2; —4) va b = (1; —1;1). Menh dé nao
dudi day sai?
@ T+ =(3-3,-3).
© |b]=
¢ Cau 4. Trong khong gian Oxyz, cho vecto U =
C' sao cho BC' = 1.

©6
=) sy
l_

b
va b cung phuong.

:1;—1) va diém B(2;3;2). Tim toa do diém

—~
—_

@ (3;4;1). (—3 =210
© (3;2;1). D) (2;3;1).

¢ Cau 5. Trong khong gian Oxyz, cho hai vecto @ = (1;2;3), b= (4;5;6). Toa do @ + b 1a
@ (3;3;3). (2:5;9). © (57;9). D) (4;10;18).

¢ Cau 6. Trong khong gian Ozyz, cho vecto U = 37 + 47 _ 5k va diém A. Biét OA = T. Tim
toa do diém A.
@ (3;4; -5). (3;4;5). © (=3,—4;5). @ (=3;4;5).

$> Cau 7. Trong khong gian Ozyz, cho A(2;5; —2), B(1;1;3),C(3;3; —1). Tim toa do diem E sao
cho C la trong tam cua tam giac ABE.

@ (6;3;4). (6;3; —4).
© (6;—3;—4). @ (—6;—3; —4).
<> Cau 8. Trong khong gian Ozyz, cho cac vecto @ = (2;m — 1;3), b= (1;3; —2n). Tim m, n dé

cac vecto @, b cung huéng.
3

@mz?,n:—z. ® m=1n=0
4
@mz?,n:—g. D) m=4,n=-3.
¢ Cau 9. Cho hai vecto @, b théa man: |d| = 3, \7))| ,\5’4—3\ = 6. Tinh |a’—7ﬂ.
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® Vid. VL. © 2v3. ® 3.
¢S Cau 10. Trong khong gian Oxyz, cho A(1;2;3), B(—2;0;1),C(—1;0;1). Tinh cos ABC.
3 -3 7 3
® == ® = © & 17

¢S Cau 11. Trong khong glan Oxyz cho cac vecto @ = (1;0; —2); b= (—1;1;4), 7 = (—5; 3;16).
Tim cip s6 (r;y) dé @ = xd +yb

@ (z3y) = (2 -3). ® (z;9) = (=2;3).

© (39) = (2;3). © (z3y) = (2 -1).
$> Cau 12. Trong khong gian Oxyz, cho hai diém A(1;1;—1), B(2;1;2). Do dai doan thang AB
bang

@) V10. ® V14. © 9. (D) 10.

Phan II. Trac nghiém ding sai Thi sinh lam ti cau 1 dén cau 4 moi 4 a) b) ¢) d) thi sinh
chon diung hodc sai.
& Bai 1. Cho hinh lang tru tam giac déu ABC.A'B'C" ¢6 AB = a va AA' = av/2.

a) AC = AB + BC.

b) Goi M la trung diem BC va A’M = A’A+ A'B' — CM.
\/§a2

¢) AM-AC =

d) Géc gitta vecto AB’ va BC' bang 60°.

& Bai 2. Trong khong gian Oxyz, cho ba diém A(1;1;1), B(—1;2;1),C(1;2; —1).
) = (2;-1;0).
b) AB+ BC = (0;1; —2).
¢) AB =5,
d) |BC + CA+ BA| =2V5.
& Bai 3. Trong khong gian Ozyz, cho cic diem A(3;2; —1), B(1;4; —2) va C(0; —2;3). Xét tinh

dtng sai ctia cac ménh dé sau:
a) AB = (—2;2;—1).
b) |AB| = 3.
¢) Toa do diém M sao cho AB+CM =70 la (1;-2;2).
d) Toa do diém N thudc mat phang (Oxy), sao cho A, B, N thang hang 1 (5;0;0).
& Bai 4. Trong khong gian v6i hé toa do Oxyz cho ba vecto @(1;1;0), ?(2; —1;1), ¢(-3;1;3).
a) Toa do clia vecto @ + b la (3;0;1).
b) Gidstt @+ T =2b — . Toa do ctia @ 1a (6; —4; —1).
c) Goi p la goc gitta hai vecto @ va b —22. Khi d6 cos =11
d) Gid st T = (—14;9;14) va T = k@ +mb +n?. Khi dé k +m+n = 9.

Phan III. Cau tra 16i ngan Thi sinh lam tu cau 1 dén cau 6 .
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& Bai 1. Trong khong gian chon hé truc toa do cho trude, don vi do 1ay kilomét, ra da phat hién
mot may bay chién dau X di chuyén v6i van téc va hudng khong doéi tit diem M (1000; 600; 14) dén
diém N trong 30 phit. Néu may bay tiép tuc git nguyén van toc va huéng bay thi toa do ciia may
bay sau 10 phit tiép theo bang Q(1400;800; 16). Toa do vi tri diem N(a;b;c), tinh S = a + b+ 2c.

[ Hc{o‘f/c f/(ZTIZ(,/C‘LTQ),L.,
Q

/
M
Goi N(z;y; z) la toa do clia may bay sau 30 phiat. Ta c6 M Q) = (400;200;2).
NG = (1400 — ;800 — y; 16 — 2).
Vi may bay git nguyén huéng bay nén M va NQ cung hudng.

Do may bay tiép tuc gitt nguyén van toc va thoi gian bay tit M — @ gap 4 lan thoi gian bay tir
N — @ (tong cong 40 phit so véi 10 phiit) nen MQ = 4NQ.

400 = 4(1400 — z) = 1300
Suy ra ]\T@ = 4]V—Q) < 4 200 = 4(800 — y) & Cy =750 = N(1300; 750; 15, 5).
2 = 4(16 — 2) »=15,5

Toa do vi trf diem N 1a (1300; 750; 15, 5).
Suy ra S =a-+ b+ 2c = 1300+ 750 + 2 - 15,5 = 2081.

& Bai 2. Mot chiéc méy do dac trac dia duge dat trén mot gia d6 ba chan véi diem dat S(0;0;4)
vA cac diém tiép xtc v6i mat dat ciia ba chan lan lugt 1a A(—2;0;0), B(1;v/3;0), C(1; \/_ 3;0). Blet
rang trong luc tac dung lén chiéc may c6 do 16n 1a 30N va dufdc phan b6 thanh ba I F 1, F 2, F 3
c6 do 16n bang nhau nhu hinh dudi. Tinh tich vo huéng clia F 1 F 2.

[ Huoiy a,/(?/z(/czfdzf.

Ry

xT

Ta c6: SA = (—2;0;—4); SB = (1;4/3; —4); SC = (1;—v3;—4) = SA = SB = SC = /20.

Lai c6 AB = (3;v/3; 0);;1—5 = (3;—/3; 0);56 = (0; —2v/3;0) = AB = AC = BC = /12. Dan
dén hinh chép S.ABC' déu c6 duong cao 1a SO = 4, v6i O(0;0,0) la trong tam tam giac ABC.
Mat khac,

Gid st Py = kSA = (—2k; 0; —4k), Fy = kSB = (k;/3k; —4k), F3 = kSC = (k; —v/3k; —4k).
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Khi d6 Fy + Fs + F3 = (0;0; —12k).
— — — — — 5
Vi trong luc P = (0;0; —30) nén F1+F2+F3:P:>—12k:—30(:)k:522,5.

- - 5 9V3
Suy ra F'y = (=5;0;—10), Fy = (5, T\/_; —10>.

e e 5
Vay, Fi Fa = (=5) - 5 + 0+ (~10)(~10) = ~12,5 + 100 = §7.5.

& Bai 3. Mot binh c4 cdnh c¢6 dang mot chom cau duge dat trén mot chan dé (tham khao hinh
vé). Biét tong khéi lugng bé ca la 20 kg, ba chan dé la ba canh bén clia mot hinh chép cut déu
c6 do dai canh bén bang 50 cm, hai day c6 do dai lan lugt 1a 30 cm va 20 cm. Biét gia toc trong
truong bing 10m/s°, tinh do 16n lyc téc dung clia bé cé len timg chan dé (Két qua lam tron dén
chit s6 thit nhat phan thap phan).

(&) Haﬁoy f/(z‘/z(fz(zz.

Gia st cac vecto luc ctia bé ca tac dung leén cac chan dé la fl = O_A), Fg = @, 1_7)3 = O_C’)
Dé thay ba lyc nay c6 do 16n bang nhau va F1+f2+f3 :(‘)‘ﬁ; |b—ﬁ| = F =200N.
Tinh dugc OM = ON = OP = 100; OE = 2-0OD = 2+4/150% — 152 = 90v/11; DC = \/73-143 =

15v/3.
cos e — OD?+0C? — DC*  [2401
a 2.0D-0C 2475’
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OF? =0FE?+ EF?+4+2-0OF - EF - cosa = 199800 = OF = 30v/222.
- OA OA
Tacd) = =—=F=— -F=r 1.
a co = OF = Fi OF 67,
& Bai 4. Cho hinh chép S.ABCD c6 day la hinh chit nhat véi AB = 3; AD = 4;SA vudng gbc
v6i mit day SA = 2v/6. Tinh (SC; BD) theo don vi do géc bing do? (két qua lam tron dén hang
phan mudi)

[ uozzy a,/(z‘\/z(,/cz'(éz'.

Do ABCD la hinh chi nhat v6i AB = 3; AD =4 nén AC = BD =5,5C = VAC? + SA%2 =1.
SC-BD = (SA+AB + D) (AD - AB) = AD* - AB* =42 -8 = 7.

CellenN 7
~SC-BD 75
& Bai 5. Trong khong gian Ozyz, cho hai diem A(1;2;1), B(2; —1;3) va diém M (a;b; 0) sao cho
M A? + M B? nhé nhat. Gia tri ctia a + b bang

(&) /‘[u‘o‘?j a,/(‘z‘wléyz'dzi, Taco: MA2+ MB*=(1-a)?+(2-0)2+1>+(2—a)?*+ (-1 -0)*+ 3

coS (S—C’), B—D)) % = (S—C), B—D)> ~ 78,5°.

3\° 1\?
—2a2—6a+262—2b+20—2<a—§) +2(b—§) +15 > 15.
3
Déng thitc x4y ra khi £ khidsa+b=2
2

& Bai 6. Trong khong gian v6i hé toa do Oxyz, cho hai diém A(1;2;3), B(—2; —4;9). Diém M
thuoc doan AB sao cho M A = 2M B. Binh phuong do dai doan thing OM bang bao nhiéu?

[} /’{uo;(z; (/(5/71.’(21.’. Goi M(z;y; 2).
Vi diem M thuoc doan AB sao cho M A = 2M B nén

3-(-2—x)=-3 z=-1
AB=3MB & {3 . (—4—y)=—6 < {y=-2
3-(9—2)=6 z2=17

= M(—1;-2;7) = OM = 1 +4+49 = /54 = OM? = 54.
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Chuong 2. BO DE ON TAP CHUONG VECTO

TOAN THAY KHA PE ON TAP CHUOGNG VECTO TRONG KHONG GIAN
PE SO 7 Mon: TOAN 12
(Dé gom c6 5 trang) Thoi gian lam bai: 90 phit, khong ké thoi gian phdt dé

Phan I. Cau tric nghiém nhiéu phuong an lwa chon Thi sinh trd 10 tu cau 1 dén cau
12 méi cau hoi hoc sinh chi chon mot phuong dan.

¢ Cau 1. Cho vecto @ = (1;3;4), tim vecto b cting phuong véi vecto @.

® b =(-2-6;,-8). b =(-2-6:8).
© b =(-2;6;8). D b = (2;-6;-8).
> Cau 2. Goi ¢ la goc gitia hai vecto @ = (1;2;0) va b = (2;0; —1), khi d6 cos ¢ bang:
2 2 %
@) 0. = © 7 0) A
¢ Cau 3. Tich vo huéng ctia hai vecto @ = (—2;2;5), b= (0;1;2) bang:
@) 10. 13. © 12. D) 14.

$> Cau 4. Trong khong gian Ozyz, cho ba diem A(1;0; —3), B(2;4; —1),C(2; —2;0). Toa do trong
tam G cia tam giac ABC' la:

S 0(:39)
© (5;2;4). ® (2;1;—2),

$> Cau 5. Cho diém M(1;2; —3), hinh chiéu vuong goc ctia diém M trén mit phing (Oxy) la
diém:

@ M'(1;2;0). M'(1;0; =3).

© M'(0;2; -3). (D) M’'(1;2;3).
$> Cau 6. Trong khong gian Ozyz, cho hai diém A(1;2;1), B(2; —1;2). Diém M trén truc Oz va
cach déu hai diém A, B ¢6 toa do la:

@M(%;%;g). MG;o;o).
@M(%;O;O). @M(O;%;;).

$> Cau 7. Trong khong gian Ozyz, cho ba diém A(2;5;3), B(3;7;4), C(x;y;6). Gia tri clia x,y dé
ba diém A, B, C' thang hang la:

A z=5y=11 ®) z=-5y=11.

© z=-11,y = —5. D z=11,y=5.
$® Cau 8. Trong khong gian Oxyz, cho ba vecto @ = (2; —1;3), b = (1;-3;2) va @ = (3;2; —4).
Goi 7 la vecto théa man: - @ = =5, 7 - b = —11,7 - € = 20. Toa do clia vecto @ la:

@ (2:3;1). (2;3; -2). © (3;2;-2). © (1;3;2).

$> Cau 9. Trong khong gian Oxyz, cho ba diém M (2;3; —1), N(—1;1;1), P(1;m — 1;2). Véi gia
tri nao ctia m thi tam giac M N P vuong tai N7
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@A) m=3. ® m=2. © m=1. D m=0.
¢ Cau 10. Trong khong gian Ozyz, cho tam giac ABC' ¢6 A(—4;—1;2), B(3;5; —10). Biét trung
diém canh AC thuoc truc tung, trung diém canh BC thudc mat phing (Ozz). Toa do dinh C
la:

@) C(4;—5; -2). C(4;5;2).

© C(4;-5;2). © C(4;5-2)
¢S Cau 11. Trong khong gian Oxyz, cho tam giac ABC ¢6 A(1;0;0), B(0;0;1),C(2;1;1). Dién
tich clia tam giac ABC' bang:

VT vh V6 V11
2 2 2 2
$> Cau 12. Trong khong gian Oxyz, cho cac diém A(2;5; 1), B(—2; —6;2), C(1;2; —1) va M (m;m;m),
dé MA? — MB? — MC? dat gia tri 16n nhat thi m bang:
@) 3. —4. © 2. D) 1.
Phan II. Trac nghiém diang sai Thi sinh lam ti cau 1 dén cau 4 moi i a) b) c) d) thi sinh
chon dung hodc sai.
& Bai 1. Trong khong gian Oxyz, cho hai vecto @ = (—2;1;-3), T (—1;-3;2) va diém
A(4;6; -3).
Toa do vects @ — 25 = (0;1; —1).
b) Toa do diém B(2;7;—6) thi @ = AB.
Hai vecto @ v b cting phuong huéng.

—

)

)

)

d) Goc gitta vecto @ va b bang 120°.

& Bai 2. Cho tt dien déu ABCD c6 canh bing a va M la trung diém ciia CD.
a) AM -CD = 0.
)
)
)

2

b AB-TC’:%
C AB CD 0.

CL2
d) AM - AB = — =3

A
B D
M
C

& Bai 3. Mot chat d1em 6 vi tri dinh A cta hinh lap phu’dng ABC’D A'B'C'D’'. Chéat diem chiu
tac dong béi ba lyc @, b ¢ lan luot cing huéng véi AD AB va AC" nhu hinh va. Do 16n cua cac
lue @, bvae tuong tng la 10N, 10N va 20 N.

a) THb =7
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Chuong 2. BO DE ON TAP CHUONG VECTO

b) |d+ b |: 20 N.
Q) |T+72|=1|b+72
)\ZL’—I—ZjL | = 32,59 N (lam tron két qua dén hang phan muoi).
AT
B
a/
D 1 c
| c
ALF----\ - - B
D
C/

)
c) OA+ OB = (=3;-7;2).
, £ T
d) Toa do trung diem ctia doan thang AB la (—5; 3 2>.
Phan III. Cau tra 18i ngan Thi sinh lam ti cav 1 dén cau 6 .

& Bai 1. Trong khong gian Oxyz, cho hinh lang tru tam giac déu ABC.A'B'C’ ¢6 A'(v/3;—1;1),
hai dinh B, C thuoc truc Oz va AA’ = 1 (C khong trung véi O). Biét vecto ¥ = (a;b;2) (v6i
a,b € R) cing phuong véi A'C. Tinh T = a® + b2

& Bai 2. Cho tit dien déu ABCD canh bang 4. Chon hé truc toa do Ozyz sao cho gbc toa do O
trimg véi B, diem D thudc tia Oy, vecto El cuing huéng véi vecto NC vé6i N 1a trung diéem BD,
tia Oz hudng 1én trén nhu hinh vé. Khi d6 toa do vecto BM véi M trung diém ctia CD ¢6 dang
(a;b;0). Tinh gia tri S = a +b.

& Bai 3. Trong khong gian Ozyz, cho hinh thang can ABCD c6 cac day lan lugt 1a AB,CD.
Biét A(3;1;—2), B(—1;3;2),C(—6;3;6). Tinh tong binh phuong cic toa do ciia diem D.

& Bai 4. Ngudi ta can lip mot camera phia trén san béng dé phat séng truyén hinh mot tran
bong da, camera c6 thé di dong dé luon thu duge hinh anh ré nét vé dién bién trén san. Cac ki
st du dinh trong bén chiée c¢ot cao 30 m va stt dung hé théng cap gin vao bon dau cot dé giit
camera G vi tri mong mudén. Mo hinh thiét ké dugc xay dyng nhu sau: Trong hé truc toa do Ozyz
(don vi do dai trén méi truc 14 1 m), cac dinh ctia bon chiée cot lan lugt 1a cac diem M (90;0; 30),
N(90; 120; 30), P(0;120;30), Q(0;0;30). Gia stt Ky la vi trf ban dau ctia camera c6 cao do bang
25 v KoM = KoN = KoP = K,Q. Dé theo d&i qua béng dén vi tri A, camera dudc ha thap theo
phuong thing ding xudng diém K; c¢6 cao do bang 19. Biét trung diém doan Ky K; cé toa do la
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(a;b; c). Khi d6 hay tinh gia tri biéu thic T = 5a + 7b + 9c.

z

x

& Bai 5. Trong khong gian, cho hai vecto @ va b c6 cung do dai bang 6. Biét do dai ciia vecto
@ +2b bing 61/3. Biét s6 do goc gitta hai vecto @ v b la  do. Gia tri clia = 1a bao nhiéu?

& Bai 6. Trong khong gian véi hé toa do Oxyz, cho hinh thang ABCD c¢6 hai day AB,CD; toa
do ba dinh A(1;2;0), B(2;0; —2),C(6;1; —1). Biét hinh thang c6 dién tich bing 6v/2. Gi st dinh
D(a;b;c). Tinh P =3a+b— c.
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TOAN THAY KHA PE ON TAP CHUOGNG VECTO TRONG KHONG GIAN
Pk sO 8 Mon: TOAN 12
(Dé gom c6 5 trang) Thoi gian lam bai: 90 phit, khong ké thoi gian phdt dé

Phan I. Cau tric nghiém nhiéu phuong an lwa chon Thi sinh trd 10 tu cau 1 dén cau
12 méi cau hoi hoc sinh chi chon mot phuong dan.

$® Cau 1. Cho |d| = 2; |?| = 6, goc gitta hai vecto @ va b bing 120°. Khing dinh nao dudi day

ding?
® @b =12 ® @b =40.
© @-b=—6. ® @b =6v3.

$> Cau 2. Trong khong gian Oxzyz, diém dbi xing v6i diem M(2;2; —1) qua mat phang (Oyz)

la

A M'(2;-2;1). M'(-2;0;0).

© M'(=2;-2;1). D M'(-2;2;-1).
¢S Cau 3. Cho hinh chép S.ABCD c¢6 day 1a hinh binh hanh (nhu hinh vé minh hoa). Hay chon
khiang dinh ding trong cac khang dinh sau.

@) SA+SC =SB+ SD. ®) SA+AB = SD + DC.
(© SA+ AD =SB + BC. ©) SA+SB=SC+ SD.
¢S Cau 4. Trong khong gian (Ozxyz), cho OA=3% — 7. Toa do ciia diem A 1a
@A) A(3;—-1;0). A(-1;3;0). © A(3;0;-1). (D) A(-1;0;3).

$© Cau 5. Cho hinh lang tru ABC.A’B'C’ ¢6 hai day la cac tam gidc déu nhu hinh vé. Géc gitta
hai vecto BC va A’C" bang
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@) 150°. 120°. © 60°. ©) 30°.

$® Cau 6. Trong khong gian Ozyz, diém nao sau day thuoc truc Oz?

@) M(1;0;0). M(1;0;2). © M(1;2;0). © M(0;0;-2).
$> Cau 7. Trong khong gian Oxyz, cho M (—4; —5;5). Tim toa do diem M’ trén truc Oz sao cho
MM’ ngian nhat.

@ M'(0;-5;5). M'(—4;5; —5).

(© M'(4;—5;5). (D) M’'(—4;0;0).
¢ Cau 8. Trong khong gian véi he toa do Oxyz, cho ba vecto @ = (—1;1;0), b = (1;1;0),
¢ = (1;1;1). Trong cac ménh dé sau, ménh dé nao dung?

@E’,T;cﬁngphu’orlg. ® @-¢=1.

— 2 — —
cos(b,?C) = —. 4+ b+7C=0.
© con(F. ) = ®

$> Cau 9. Cho hinh binh hanh OADB c6 OA = (—1;1;0), OB = (1;1;0) (O 1a gbc toa do). Toa
do giao diém hai duong chéo ctia hinh binh hanh OADB la

@ (1;1;0). (1;0;1). © (1;0;0). © (0;1;0).
¢ Cau 10. Trong khong gian Oxyz, cho tam giac ABC biét A(2;0;1), B(—1;3;0), C(8;6;2). Goi
G 1a trong tam clia tam gidac ABC'. Do dai vecto OG biang

@ V19. 3. © 9. D) 19.

¢ Cau 11. Trong khong gian véi hé toa do Ozyz, cho @ = (2;-3;3), b= (0;2;-1), ¢ =
(3;—1;5). Tim toa do clia vecto ¥ = 2d +3b —27.

@ (=2;2;7). 62 2; =), © (10;-2;13). @ (-2-27).
$> Cau 12. Trong khong gian Ozyz, diém nao sau day nam trén mit phang toa do (Oyz)?
@ N(0;4;-1). Q(2;0;0). © P(-2;0;3). D M(3;4;0).

Phan II. Trac nghiém ding sai Thi sinh lam tic cau 1 dén cau 4 méi 4 a) b) ¢) d) thi sinh
chon diung hodc sai.
& Bai 1. Trong khong gian Ozyz, cho cac diem A(1;—2;3), B(—2;1;2), C(3; —1;2).
a) AD = (—3;3;1).
b) AB = 3AC.
¢) Ba diém A, B, C khong thang hang.
)

29729’
& Bai 2. Trong khong gian Ozyz, cho hinh hop chit nhat OBC'D.O’B'C'D’ ¢6 B(2;0;0), D(0;1;0),
0'(0;0;1).

a) C(2;1;0).

b) B'(2;0;1).

¢) OC' =27 +37 + .

d) OD' = (1;1;1).

47 13
d) Toa do chan dudng cao vé tit A cua tam giac ABC' la (— ; 2).

& Bai 3. Hinh vé sau mo ta vi trf clia may bay vao thoi diém 9 gis 30 phut. Biét cac don vi trén
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hinh tinh theo don vi km. M#t phang (Ozy) tring v6i mat dat, O trung véi vi trf trung tam diéu
khién.

y (Dong)

x (Nam)

a) Tai thoi diém 9 gio 30 phit, may bay dang & do cao 9 km so véi mit dat.

b) Tai thoi diem 9 gio 30 phiit, toa do clia may bay 1a (300; 150;9).

c¢) Phi cong dé may bay & ché do tuy dong bay thang theo huéng dong v6i van toc 1a 750 km/h,
do cao khong doi. Biét ring gi6 thoi theo huéng dong véi van toc 10 m/s. Gia st van toc va
huéng gi6 khong thay doi thi tai thoi diém 10 gio 30 phit méy bay & toa do (150; 1086;9).

d) Tai thoi diém 9 gis 30 phit, may bay cach trung tam diéu khién mot khoang (Iam tron dén
hang phan muoi) la 335, 6 km.

& Bai 4. Mot vat 1a chiéc den chum treo c6 khoi lugng m = 6 kg duge thiét ké véi dia dén duge
gitt bdl bon doan xich SA, SB, SC, SD sao cho S.ABCD la hinh chép tit glac déu, co6 ASC = 60°.
Biét P =m - g trong d6 ¢ 1a véc-to gia toc roi tu do ¢6 do 16n 10 m/s?, P la trong luc tac dong
lén vat c6 don vi 1a NV, m 1a khéi lugng ciia vat ¢6 don vi kg. Khi doé:

a) SA+ SD =SB+ 5C

b) |SA+SB+SC+SD| =0

c¢) Do 16n cua trong lyc P tac dong lén chiéc den chuum bang 60 N
) Do 16n ciia luc cang cho méi sgi xich bang 10v/3 N

Phan III. Cau tra 18i ngan Thi sinh lam ti cau 1 dén cau 6 .

& Bai 1. Trong khong gian Ozyz, cho ba diem A(0;2; —3), B(1;0;2), C(z;y; 1) thaing hang. Tinh
gia tri ctia 125
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& Bai 2. Ba luc Fl, F2, F;; c6 gia doi mot vuong goc, cing tac dong vao mot chat diem M va
|Fi| =3 N, |Fy| =4 N, |F3| = 10 N (tham khao hinh bén). Goi F = Fy + F + F3 la téng hop
cua ba lyc trén. Goc tao bdi gia cua 1—7) va mat phing chita hai luc ﬁl, F)Q bang bao nhieéu do (lam
tron két qua dén hang phan muoi)?

Fy

& Bai 3. Trong khong gian Oxyz, cho tam gidc ABC biét A(1;0;3) va M(6;1;3) 1a trung diém
BC. Goi G la trong tam AABC. Tinh cao do clia diem G.

& Bai 4. Trén mit dat phing, ngudi ta dung mot cot cd thing cao 6 m vuong goc véi mat dat, co
chan cot dat tai vi trf O trén mat dat. Tai mot thoi diém, duéi anh ndng mat troi, béng ctia dinh
cot dudi mat dat cach chan cot 3m vé hudng S60°E (hudng tao véi huéng nam mot goc 60° va tao
v6i huéng dong mot géc 30°). Chon hé truc toa do Oxyz c6 goc 1a O, tia Ox chi huéng nam, tia
Oy chi huéng dong, tia Oz chia cot, don vi do 1a mét. Dudng thing chita tia ning mit troi di qua
dinh cot tai thoi diém dang xét di qua B(a;b; —1). Tinh gia tri @ + 2b (Iam tron dén hang phan
tram).

& Bai 5. Mot phan ctia san truong dude dinh vi béi cac diem A, B, C, D nhu hinh vé
A 25 m B

15 m
18 m

D

Budc dau ching duge 1ay "thang bang" dé c¢6 ciing do cao, biét ABCD la hinh thang vuong & A
va B v6i do dai AB =25 m, AD = 18 m, BC = 15 m. Do yéu cau ki thuat, khi lat phing phan
san trudng phai thoat nuée vé géc san ¢ C' nén ngudi ta lay do cao & cac diem B, C, D thap xudng
hon so véi do cao & A lan lugt 14 10 cm, a cm, 6 cm. Hoi gid tri clia a bang bao nhiéu?
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& Bai 6. Hinh vé dudi day mo td mot san cau long véi kich thude theo tieu chuan qubc té. Ta
chon hé truc Oxyz cho san d6 nhu hinh duéi (don vi trén mdi truc la mét). Gid sit AB 1a mot tru
cau long dé cang ludi. Biét toa do clia vée-to AB = (a; b; ¢). Khi d6 S = a — b+ 2¢ bing bao nhigu?

13.40 m
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TOAN THAY KHA DE ON TAP CHUONG VECTO TRONG KHONG GIAN
PEsO 9 Mon: TOAN 12
(Dé gom c6 5 trang) Thoi gian lam bai: 90 phit, khong ké thoi gian phdt dé

Phan I. Cau tric nghiém nhiéu phuong an lya chon Thi sinh trd 10 t cau 1 dén ciu
12 méi cau hoéi hoc sinh chi chon mot phuong dn

¢S Cau 1. Cho hinh lap phuong ABCD.A'B'C'D’ . Vecto nao duéi day la vecto doéi clia vecto
AB?

@ A'B. ®) BC. © CD. ® D'C.
$> Cau 2. Trong khong gian Ozyz, hinh chiéu vuong goc ctia diém M (2; —2;1) trén mit phing
(Oxy) c6 toa do la

@ (0;0;1). (2;0;1). © (2;-2;0). © (0;-2;1).
$> Cau 3. Trong khong gian Oxyz, cho hai diem A(1;1; —2) va B(2;2;1). Vecto AB c6 toa do
1a

@ (3;3;-1). (—=1;-1;-3).

© (1;1;3).

© (3;1;1).
¢ Cau 4. Cho hinh lang try tam giac ABC.A’B'C’. Goi M la trung diém ctia B'C’
nao sau day dang?

. Dang thrc
@) AM = AA' + AB + AC. ® AM = AB'+ AC'.
@AM:AB—BM. @AM AB+BB/+BM

¢ Cau 5. Trong khong gian Oxyz, cho vecto @ = (2;
d6 diém M c6 toa do 1a

:3) va diém M théa man OM = @. Khi

@ (2;-1;0). (2;-1;3). © (2;0;3). © (21;3).
$® Cau 6. Trong khong gian Ozyz, cho vecto OA =7 — 7 2% va A’ la diém déi xung cua A
qua mat phang (Ozy). Ménh dé nao sau day ding?

@ OA' = -7 +2F. ®0A=7-7.

© OA = 7 — J +2k.

!

© OA' =7 — 7 +2k.
$> Cau 7. Cho hinh lap phuong MNPQ.M'N'P'Q)'. Ménh dé nao sau day dang?
A) MP'=MP+ M'M. B) MP'= MN +Q'M
(© MP' = MN + PN + MM’ D) MP'= MN + MQ+ MM
$® Cau 8. Trong khong gian Oxyz, cho OH =87 + 47 Toa do cua diem H la

@) H(-8;4;0). ® H(8;4;0).

© H(0;—8;4). (D) H(—8;0;4).
$> Cau 9. Trong khong gian Oxyz, cho diém A(800; 500; 7); B(940; 550;9), goi C'(x;y; z) théa man
AB—-2BC=0.Timhx+y+ 2

@ 1559. 2025. ©) 1595. ©) 1955

¢ Cau 10. Cho hinh ling tru ABC.A’B'C’, M la trung diém ctia BB'. Dat CA =
b,AA" = . Khang dinh nao sau day ding?

—

_ 3,08 -
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1— Y S 1
@) AM = +§b AM:b—a’+§?.
N — 1
@AM:?L’—l— §b @AM:b—l—E’—éE’
¢> Cau 11. Cho diém A(1;2; —1), AB = (1;3; 1) thi toa do ctia diém B 1a
@A) B(0;—1;-2). B(0;1;2).
© B(=2;-5;0). © B(2:5;0)
$> Cau 12. Trong khong gian Ozyz, cho diem A(2; —3;5). Khang dinh nao sau day la sai?
cos(OA; 1 — ) = —. cos(OA; 1) = ——.
cos(OA; k) = ——. cos(O4; 7) = ——.
© cos( ) 75 D) cos(04; j) e

Phan II. Trac nghiém diang sai Thi sinh lam ti cau 1 dén cau 4 moi i a) b) c) d) thi sinh

chon ding hodc sai.
& Bai 1. Cho hinh chép S.ABCD c6 didy ABCD la hinh vudng c6 cac canh bang 1, SAD la tam
gidgc déu va ndm trong mit phang vuong goc véi day. Goi O, M va N lan luct la trung diém ctia

AD, BC va CD. Thiét lap he truc toa do Oxyz nhu hinh vé.

D
/ N c
y

. 1 1
a) Toa do cac diem A, B la A (O, 5 ) B (1; ~1 0).
1 1
b) Toa do cac diém C, D la C 1,5, > < ;5;0).
c¢) Toa do diém S 1a S (O 0; >

) 11
d) Toa do cac diem M, N la M (1;0;0), N (5, 5;0).

& Bai 2. Trong khong gian Oxyz, cho cac diem A(1;-2;3), B(—2;1;2), C(3;-1;2).

a) AB = (—3;3:1).

b) AB = 3AC.

c¢) Ba diém A, B, C khong thang hang.
47 13

d) Toa do chan duong cao vé tit A clia tam giac ABC' la <—2—9; 20’ >

& Bai 3. Trong khong gian Oxyz, cho hinh hop chit nhat OBC'D.O'B'C' D' ¢6 B(2;0;0), D(0; 1;0),
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0’(0;0;1).

a) C(2;1;0).

b) B'(2;0;1).

¢) OC' =27 +37 + .

d) OD" = (1;1;1).
& Bai 4. Trong khong gian v6i hé toa do Oxyz, cho tam gidc ABC véi A(1;2;4), B(0;—2;3) va
C(4;—2;3).

a) Do dai ciia vecto AB — BC bing v/42.

b) Dién tich ctia tam gidc ABC bang 2v/17.

¢) Néu ABCD la hinh binh hanh thi toa do diém D la (5; —2; —4).

d) Tich vo hudng AB - AC = 14.

Phan III. Cau tra 18i ngan Thi sinh lam ti cau 1 dén ciu 6 .
& Bai 1. He thong dinh vi toan cau GPS (Global Positioning System) 14 mot hé thong cho phép
xac dinh vi trf ctia mot vat thé trong khong gian. Trong cliing mot thoi diém, vi trf cia mot diém
M trong khong gian sé& duoc xac dinh bdi bon vé tinh cho trude nhd cac bo thu phat tin hieu dat
trén cac ve tinh. Gia s trong khong gian v6i hé truc toa do Ozyz, c6 bén vé tinh dat tai cac diém
c6 toa do lan lugt 1a A(0;4;5), B(—3;—1;3), C(—2;8;9), D(—7;2; —3) dang tién hanh theo dai vat
thé M (coi 1a mot chat diém). Tai mot thai diém, cd bén vé tinh dong thoi phéat tin higu vé diém
M va ngay lap tiic nhan lai tin hiéu phan hoi sau nhitng khodng thoi gian lan lugt 1a ¢4 = 0,2 ms,

1

3
¢ =3-10% m/s. Tinh khoang cach tit M dén O biét mot don vi do dai trén cac truc bing 10 km

thuc té (don vi: km, két qué lam tron dén hang phan chuc).

tg = — ms, tc = 0,6 ms, tp = 3ms. Biét rang van téc clia song dién tit bang van tdc anh sang

& Bai 2. Trong khong gian Oxyz (don vi trén moéi truc 13 mét), mot cabin cap treo xuat phat tu
diém A(0;1;5) va chuyén dong déu theo huéng vects @ = (1;2;2) v6i téc do 6 m/s. Sau 6 giay ké
tit lic xuat phét, cabin dén diém B(a;b;c). Tim c.

& Bai 3. Cho hai vecto @, b théa man |@| = 3,|b6| =4,|@ + b| = 6. Tinh |@ — 5. (Lam tron
két qua dén hang phan tram).

& Bai 4. Trong khong gian v6i hé toa do Ozyz, cho tam giac ABC ¢6 A(1;2;—1), B(2;—1;3),
Vva

C(—4;7;5). Goi D la chan duong phan gidc trong géc B ctia tam giac ABC'. Do dai doan AD = 3

gid tri clia a bang bao nhiéu?

& Bai 5. Cho tit dién déu ABCD c6 tat ca céc canh bang 1 (don vi do dai). Goi M Ia trung diém
ctia canh AB va N thuoc canh CD théa man ND = 2NC. Tinh do dai doan thang M N? (Lam
tron két qua dén hang phan tram).

& Bai 6. Trong hé truc Ozyz cho trude (don vi trén truc 1a mét), cho mot tram thu phat séng 5G
¢6 ban kinh viing phti séng ctia tram ¢ ngudng 600 m duge dat 6 vi tri 1(200; 450; 60). Tim gia tri 16n
nhat ctia m (Iam tron dén hang don vi) dé mot ngusi ding dien thoai & vi tri A(m+100; m+370;0)
c6 thé sit dung dich vu ciia tram néi trén.
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TOAN THAY KHA PE ON TAP CHUOGNG VECTO TRONG KHONG GIAN
PE sO 10 Mon: TOAN 12
(Dé gom c6 5 trang) Thoi gian lam bai: 90 phait, khong ké thoi gian phdt dé

Phan I. Cau tric nghiém nhiéu phuong an lwa chon Thi sinh trd 10 tu cau 1 dén cau
12 méi cau hoi hoc sinh chi chon mot phuong dan.
$® Cau 1. Trong khong gian Ozyz, cho 7, 7, ¥ 1a céc vects don vi. Tich vo huéng ctia @ = (1;2; 3)
va k bang

@) 1. 3. © 2. D) 0.
$> Cau 2. Trong khong gian Ozyz, cho ba diém A(1;1; —2), B(2;3;2) va C(3; —1;6). Goi M (a; b; c)
théa man MA+ MB+MC = 0,tnh T =a+b+c

@) 3. 5. @ D) 21.
$> Cau 3. Trong khong gian Owzyz cho ba diem A(—1;2; —3), B(1;0;2), C(x;y; —2) thing hang.
Khi d6 = + y bang

@x%—y:—g. ® z+y=1T7.
@x+y:%. D z+y=1.
$> Cau 4. Géc gitta hai vects @ = (1;0;0) va @ = (—+/3;0; 1) bing
@A) 120°. 30°. © 60°. (D) 150°.

$> Cau 5. Trong khong gian Ozyz, cho diém A(—2;3;1), B(5;6;2) va I la trung diem AB. Toa
do diém I 1a

@ I(1;3;1). I(;g%)
0i(:2) 0:(723)

$© Cau 6. Trong khong gian, cho hinh lap phuong ABCD.A'B'C'D’ Cé_)d@ dai cac canh bang 1,
diém A tring v6i gbe toa do (nhu hinh vé bén dudi). Toa do ctia vects B'C' 1a

‘ D
B 3 @
Abmmmmmees D’
B/ L,
C/
@ (0;1;1). (0;1; —1). © (1;1;1). O (1;0;1).

¢ Cau 7. Cho ba vecto @ = (—1;1;0), b = (1;1;0) va € = (1;1;1). Trong cac khing dinh sau,
khing dinh nao sai?
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b. ® |2| =
va (i, ) = 60°. Tinh @
201/3.

40.

,cho hai vecto @ = (1;2;3) va b =27 —4k.

@ |2 = TLD.
¢ Cau 8. Cho hai vecto ¥ va U thoéa man |u| =

@ w
©

©@
ol
—

ot

=
I
00

>
(%
—
(%

©6

Qi ﬁi
@i @i

U
—>
u - O.

—
1

=

-2
v J s

¢ Cau 9. Trong khong glan le hé toa do (O;
Tinh toa do vecto @ = @ — b

@) ¥ =(-1;2;-1). ®)

© W = (~1;6;3). )
> Cau 10. Trong khong gian Ozyz cho ba diém M
12 hinh binh hanh thi toa do diém Q la

@ (=2;-3;4). (—2; —3; —4).

© (2:3;4). ©) (3;4:2).
$> Cau 11. Trong khong gian véi hé toa do Oxyz, cho hai diém A(2;1;1), B(—1;2;1). Tim toa do
ciia diém A’ déi xting v6i diem A qua diem B?

@) A'(3;4;-3). A(—4;3;1). © A'(1;3;2). D A'(5;0;1).
$> Cau 12. Trong khong gian v6i hé toa do Ozyz, cho ba diem A(1;1;1), B(5;—1;2), C(3;2; —4).
Tim toa do diém M théa man MA +2MB — MC = 0.

ool (i3
© M (4; LY, %) ® M (_4;_2; g)

Phan II. Trac nghiém ding sai Thi sinh lam tit cau 1 dén cau 4 mdi 4 a) b) ¢) d) thi sinh
chon dung hodc sai.

®

(—1;-2;3).
= (=1;2;7).

(2;0;0); N(0; —3;0); P(0;0;4). Néu M N PQ

—
u
>
u
2:

& Bai 1. Trong khong gian Oxyz, cho hinh chép S.ABCD c6 diém A tring véi goc toa do, cac
diém B, D, S lan lugt thuoc Oz, Oy, Oz nhu hinh bén duéi. Biét rang AB = 2, AD = 4 va SA = 6.

a) Tich vo huéng SB-CD bing —4.

b) Toa do ctia diem S 1a (0;0;6).

c) Goc gitta hai vecto SC va BD 16n hon 70°.

d) Toa do trung diém ctia doan thang BD la (1;2;3).
& Bai 2. Tren mot suon doi, ngusi ta trong mot tru dien va muén giit né thing ding bang hai soi
day neo AC va BC'. Hai soi day nay dugc kéo cang thanh hai doan thing c¢6 chung diém C trén
tru dién va hai dau A, B dugc neo trén suon doi (tham khao hinh minh hoa).

C

P_/O_-

Gia st trong mot hé truc toa do Ozyz phit hop, gbc tru dién dit tai goc toa do O, dau cac soi day
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neo ¢6 toa do lan lugt 1a A(—3;4;2), B(4;2;1) va C(0;0;5).

a) Tru dién cao hon 5 mét.

)
b) Tong chiéu dai hai sgi day neo la gan bang 11,83 mét.
¢) Hai sgi day neo tao v6i nhau mot goc gan bang 76,8°.
)

d) Dé gia cb tru dién, ngudi ta can thém soi day neo thit ba C'D thda ba diém A, B, D thing
2v/435

hang. S¢i day neo thit 3 c6 do dai ngan nhat bang mét.

& Bai 3. Trong khong gian Oxyz, cho cac diem A(2;1;1), B(1;2;1) va C(2; —1;3).
a) Goi D la dinh tht tu ctia hinh binh hanh ABCD thi D(3;—2;3).
b) Chu vi cia tam giac ABC 16n hon 8.

525

c) G (§’ 3 §) 1& toa do trong tam tam gidc ABC.
d) Géc BAC 1a géc ti.

& Bai 4. Cho ba vectd @ = (—1;1;0), b = (1;1;0) va @ = (1;1;1).

2) 7] = 2.
b) €] = V3.
2
c) cos(d,?)=——.
V5
d) b L2

Phan III. Cau tra 15i ngan Thi sinh lam ti cau 1 dén cau 6 .
& Bai 1. Trong khong gian Ozyz, cho diem A(—5;2;3) va B la diem déi xting v6i A qua truc Oy.
Do dai doan thang AB biang bao nhiéu (Iam tron két qua dén hang phan chuc)?
, 1
& Bai 2. Cho hinh hop ABCD.A'B'C'D’. Goi N la diem trén doan C'D sao cho DN = §DC/'
Khi phan tich BN = 2BA + yBC + 2BB thi gia tri 3z + 2y + 32z bang bao nhiéu?
A/ 2 B D/
B A c’

& Bai 3. Mot may bay dang bay véi van téc @ = (630;600; 18) (km/h) thi gap gi6. M4y bay bi
lech va di tu M(100;200;8) dén N(210;303;12) trong 10 phat. Tinh téc do cta gié (1am tron két
qué dén hang phan muoi).

& Bai 4. Trong khong gian v6i hé Oxyz, cho cac diem A(19;0;0), B(0;19;0), E(12;0;7) va
F(0;12; 7). Biét rdng mat ddy hinh vuong ABC'D song song véi mat dinh hinh vuong EFGH (nhu
hinh vé&). Diém S(0; 0; k) 1a dinh ctia hinh chép S.EFGH két hop véi khoi da dien ABCD.EFGH
tao thanh mot khoi chop lén S.ABCD. Héi thé tich ctia khdi chép S.EFGH bang bao nhiéu m3?
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Biét rdng mdi don vi tuong ting v6i 1 mét trong thuc té (két qua lam tron dén hang don vi).

)

& Bai 5. Hai chiéc Flycam dugc diéu khién cling bay lén tai mot dia diém. Sau mot thsi gian
bay, chiéc flycam thtt nhat bay dén vi tri diém A, chiéc flycam thit hai bay dén diém B. Chon hé
truc toa do Oxyz v6i gbec O dat tai diém xudt phat ctia hai chiée flycam, mit phang Oxy tring
v6i mat dat (coi nhu phang) ¢6 truc Oz huéng vé phia nam, truc Oy huéng vé phia dong va truc
Oz huéng thing ding lén troi (don vi do mdi truc 1a mét).

B

,,,,,,,,,,,,,,,

Biét diém A cach mit dat 4m, cach diém xudt phat 5m vé phia nam va 6m vé phia dong.

Vects OB ¢6 do dai bang 10 va hop véi cac vecto don vi trén cac truc toa do Ox, Oy, Oz cac goc
lan lugt 1a 135°,120°, 60°. Khodng cach giita hai chiéc flycam lic d6 1a bao nhieu mét? (lam tron
dén hang phan mudi).

& Bai 6. Trong khong gian véi mot hée truc toa do cho trude (don vi do 1ay theo km), mot ra-da
phat hién mot may bay khong ngudi 1ai tai diém A(800; 500; 7). Tit diém A, méay bay nay di chuyén
v6i van toc va hudng khong ddi dén diém B(940; 550; 8) trong 10 phit dé tiép can muc tidu. Sau
khi dén B, may bay nhanh chéng quay bay nguge tit B vé A dé trd lai can ctt C(a;b;c) véi van
téc nhu lac ban dau. Biét ring trong hanh trinh quay vé, méy bay nay ciing khong ddi huéng thi
sau 30 phit, méy bay da vé can ctit C. Hay xac dinh T' = 3a + 2b + ¢ — 339.
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LGOI GIAI CHI TIET BO
DE ON TAP CHUGNG

VECTO

TOAN THAY KHA PE ON TAP CHUONG VECTO TRONG KHONG GIAN
PE SO 1 Moén: TOAN 12
(Dé gom c6 5 trang) Thoi gian lam bai: 90 phit, khong ké thoi gian phat dé

Phan I. Cau tric nghiém nhiéu phuong an lya chon Thi sinh trd loi ti cau 1 dén cau
12 méi cau hoi hoc sinh chi chon mot phuong an.
¢S Céau 1. Trong khong gian v6i hé truc Ozyz, cho A(1;—2;0) v B(—3;0;4). Toa do cta vecto
AB la

@ (=2;-2;4). (4; —2;—4). © (-21;2). D (—4;2;4).
O Vlacong (2./(52%17(2,11. Ta c6 AB = (—4;2;4). D
$> Cau 2. Trong khong gian Ozyz, hinh chiéu vuong goc clia diem M(3; —1;1) trén truc Oz c6
toa do 1a

@ (3;0;0). (3;=1;0). © (0;0;1). ® (0;-1;0).

(&) Hcm‘éy a/(i“/z(izfrézf. Hinh chiéu vuong goc ciia diém M (3; —1;1) len truc Oz c6 toa do (0;0;1).

$> Cau 3. Trong khong gian Oxyz, cho diem M (1;2;3). Goi M, My lan lugt 1 hinh chiéu vuong
goc ctia M léen cac truc Ox, Oy. Véc-to nao dudi day la mot véc-to chi phuong ctia dudng thang
My Ms?

@ Wy =(-1;2;0). uy = (0;2;0).

© W, =(1;2;0). D) W3 = (1;0;0).
(2} Hm}% c/rz’/ijz'd,z'. Hinh chiéu vuong goéc ctia M len truc Oz la M;(1;0;0).
Hinh chiéu vuong géc ctia M lén truc Oy 1la My (0;2;0).
Véc-to chi phuong ctia dusng thang M; M, 1a My My = (—1;2;0). A
$> Cau 4. Trong khong gian véi hé toa do Ozyz, cho diem A(1;2; —1). Toa do hinh chiéu vuong
goc clia diém A trén mit phang (Oyz) 1a

@ (1;2;0). (1;0;0). © (0;2;-1). ©® (1;0;—1).

[ Ha’o‘zy z/(z}z(,/m'(éz',. Hinh chiéu vuong goc ciia diém A(w,y, z) 1én mat phang (Oyz) c6 toa do
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(0,y, z). Vay hinh chiéu ctia A(1;2;—1) 1a (0;2;—-1). C
> Cau 5. Trong khong gian Ozyz, cho ba diéem A(1;2;—1), B(2;—1;3), C(—3;5;1). Tim toa do
diém D sao cho tit giac ABCD la hinh binh hanh.
(A) D(—4;8;-5). D(—2;2;5).
(© D(—4;8;-3). (D) D(—2;8;-3).
o Hmffy (/a’/yzfdzf, bat D(z;y; 2).

Tt gise ABCD 1 hinh binh hanh suy ra AB = DC, khi d6 ta c6

l=-3—-=x r=—4
—3=5—y=<Ky=8 = D(—4;8;,-3).
4=1-z e —)

C

$> Cau 6. Cho hinh hop chit nhat ABCD.A’B'C'D’ (tham khao hinh vé duéi). Khang dinh nao
duéi day dang?

B C
A i D
B;L::,:::::::) C/
e
D/
@) AC” BD'. AD ciing huéng véi B’C”
© CD cing huéng véi DO 0) ACT cling phuong vi A’C’

[} Hauaj din 71(21 Duta vao hinh vé ctia hinh hop chit nhat, ta thay AD va B'C’ 1a hai vecto

cuing huéng (cting song song véi canh chiéu dai ctia hinh hop va hudng tir trai sang phai).
Chon B.

¢ Cau 7. Cho | 7| = 2; ]3] = 6, goc gitta hai vects @ va b bang 120°. Khing dinh nao dudi day

diang?
® @b =12 ® @b =40,
© @-b=—6. D @- b =63

[ Hwo‘éz/c f/afn(jm’z. Ap dung cong thic tich vo huéng ciia hai vecto:

— — — 1
a-b=|d|l-|b| cos(a ,b)—2~6-C081200212-(—§) = —6.

Chon C.
¢ Cau 8. Cho hinh hop ABCD.A'B'C'D'. Goi O la tam ctia hinh hop, khing dinh nao duéi day
ding?

@ OA+0A =T. ® OA+0C" =7.
© OA+0B=10. ©® OA+0D =70,

[} Huozy (/a/z giéZ. Vi O la tam ctia hinh hop nén O 1a trung diém ctia dusng chéo AC’, do d6

OA+0C" = 7
¢ Cau 9. Cho hinh ling tru tam giac ABC.A'B'C’. Dit AA = @,AB = b,AC = . Khi do
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bidu dién BC" theo cac vectd a, Z, 7 la
@ BC =-T+70 + 2. BC/:_C—{——Z))—F
© BC'=@+ b+ ®) BC' = —d+b—
[ HUUW (/mz(/maz Do ABC.A'B'C’ la hinh lang tru nén AC = AC =
Taco: BO'=BA+AA + AC = ~AB+ AA + AC' = —b+@+C=a— b+ C.

¢ Cau 10. Cho AABC c6 AB = AC' = 5a va BAC' = 120°. Do dai cfia vecto téng AB + AC
bang

ﬁi ol

A
B/!;\c
@) 10a. 5"2\/5. © 5a. ®) 5av/3.

(2} Haozy a,/d/ifz'ézf. Goi H la trung diém ctia BC, suy ra AB + AC = 2AH = |A—B) + A_C')| =
2|AH| = 2AH.

Trong AABC' can tai A, ta co B=C= M = 30°.

Xét tam giac vuong AHC (tai H): AH = AC -sin30° = 5a - % = 52—(1.

Vay |AB—|—AC’| = 57@ — ba.

$® Cau 11. Cho hinh hop chit nhat OABC.O'B'C" ¢6 canh OA = 4,0C = 6,00’ = 3. Chon heé
truc toa do Oxyz c6 gbc toa do O; cac diem A, C, O’ lan lugt nadm trén cac tia Oz, Oy, Oz. Khi dé
toa do diém B’ 1a

o’ c’
| 7 € Y
A
B
X
(A) B'(6;3;4). B'(6;4;3). © B'(4;6;3). (D) B'(4;3;6).

[ Hwoy (/(Z/yz'éz', Vi céc diém A, C, O’ lan lugt nam trén cac tia Oz, Oy, Oz va OA = 4,00 =
6,00’ = 3 nén toa do cta ching la A(4;0;0), C(0;6;0), O'(0;0; 3).

Ap dung quy tic hinh hop, ta c6 OB’ = OA+0C+00 = (4;6;3) = B'(4;6;3).

Chon C.

$> Cau 12. Cho diém M (3; —2;0); N(2;4;1). Toa do ciia MN la:
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@ (1;-6; —1). (=1;6;1). © (1;0;6). © (=1;6;-1).
[} HUU/Z? c&‘z’/z(/mf(ézf, Toa do clia vecto M N duge tinh bang cong thiic: MN = (xx — xaryn —
ymizn — 2m) = (2 — 314 — (=2);1 - 0) = (—1;6;1).
Chon B.

Phan II. Trac nghiém ding sai Thi sinh lam tit cau 1 dén cau 4 moi 4 a) b) c¢) d) thi sinh
chon ding hodc sai.
& Bai 1. Trong khong gian cho hinh lap phuong ABCD.A'B'C'D’ ¢6 do dai canh 1a a. Goi O la
giao diém ctia BD va AC.

a) AC—AA=AB+AD

b) BC' = A'A+ B'C'

c) C'O=C'A"— OA

d) AD-AB =0

[} Hmfy WEAY

C
A
. D’
n
I
1\
/ \
B "
¢ h C
) A
I e
| \/
A 4‘4
/*i*lv***:::f D
. N P
- -
- ’—/ N
- [ORN
B C

a) Ding.
AOLAALAG | £, =
Tac6d_ 5 ., _ . =AC-AA=AB+AD.
AB+AD = AC
b) Sai.
Ta c6 BC' = BB' + B'C' = AA' + B'C".

c¢) Ding.
Ta c6 C'O=C'A"+ A0 =C"A"—0OA.
d) Sai.
Taco A’D-A'B = ‘A’D‘ . )A’B‘ . COS (A’D,A’B) = av/2 - a2 - cos60° = a?.

& Bai 2. Trong hé truc toa do Ozyz, cho ba diem A(0; —2;1); B(—2; —2; —1); C(3;1; —2).
a) Hinh chiéu ctia A len mat phang (Ozz) 1a A’(0;0;1).
b) Tam giac ABC la tam gidc vuong tai A.
c) Tt gidc ABCD la hinh binh hanh thi toa do ctia D(5;1;4).
1 —2
d) Trong tam cua tam giac ABC 1la G (5’ 1; ?)
[} /‘[mf/(y f/(?/i/mfa’z,'.

a) Dung.
Hinh chiéu ctia A(0; —2; 1) len mat phang (Oz2) 1a A’(0;0; 1) (gitt nguyén hoanh do z va cao do z,
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tung do y = 0).
b) Ding.
Ta c6: AC' = (3;3;-3); AB = (—2;0; —2).
Khid6 AC-AB=3-(-2)4+3:-0+(-3)-(-2)=—-6+04+6=0= AC L AB. Vay tam giac ABC
vuong tai A.

¢) Sai.
Gia iu’ D(z;y; z). Ta co: BA = (2;0;2); CD = (x =3y —1;2+2).
r—3 =2 r =295
Dé ABCD 1a hinh binh hanh thi BA = D < y—1=0 <y=1
z+2=2 z=0
Vay D(5;1;0).
d) Sai.
Trong tam G cua tam giac ABC' ¢6 toa do: zg = O—i_(_gﬁ = %; i == A (3_2) +1_ —1;

1+ (D) +(=2) _ -2

ZG: =

1 ; 2
Vay G =;—1;— ).
ay <37 Y 3 )
& Bai 3. Cho tt dien déu ABCD canh a. Goi M, N, G, P, Q lan lugt la trung diém ctia AB,

CD, MN, AC, BD.
a) 2@_13 = AB+CD.

— — — . 2
b) Gid tri tich vo hudng AB - <AB - CA) bing 2 f
c) Gia tri cua @)—FG—B)#—G—C’): —GD
d) Géc gitta AC va MN la 60°.

[ Ha()ﬁ a/mz olal.

ava

C

a) Sai. Ta cé: AB+CD = (AP+PQ+QB)+ (CP+PQ+QD) (AP+(713)+217Q§+(@§+@’).
Vi P, Q lan luot 1a trung dlem cia AC, BD nén AP+ CP =70 w QB + QD =0.
Vay AB +CD = ZPQ = —QQP.
3a?

—_— —— — — —_— — —_— — 1
b) Sai. Ta c6 AB-(AB—CA) = AB*+ AB-AC = a*+|AB|-|AC| - cos 60° = a2+a2-§ =5

c¢) Ding. Vi M la trung diém AB nén GA+GB = 2GM.
Vi N la trung diém C'D nén GC + GD = 2GN.
Ma G la trung diém M N nén 2GM +2GN = 0.
Suyra@)+@)+G—C}+@:6:>GTA)+@)—I—G—C):—@.
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— s —> 2 N
d) Sai. Tinh toén chi ra cos(AC, MN) = \/7—, suy ra goc gitta chung bang 45°.

& Bai 4. Cho hinh chép S.ABCD c¢6 day ABCD la hinh
vuong, SA vuong goéc v6i mat phang (ABCD). Goi I, J lan
lugt 1a trung diém ctia SA, SC. G la trong tam tam giac
SBD

) AC

) AS + AB + AD = AC.
) IJ-BD=0.

)

_,  ——.  —>

I
AG2 = AS? + AB? + AD2.

O Macong c/avz(/a'(zzi. a) Ding. Tt gisc ABCD la hinh vuong nén AC = AB + AD (quy tic hinh
binh hanh). Suy ra AC — AB = AD.

b) Sai. Vi G la trong tam tam giac SBD nén TS - Gl 2= e =
Chén diém A vao: (GA + AS) + (GA + AB) + (GA + AD) = 0 = AS + AB + AD = 3AG.

¢) Sai. Do I.J 1a dudng trung binh cia ASAC nén 1.J//AC. Ma AC' 1. BD (hai dudng chéo
hinh vuong). Suy ra I.J - BD = 0 (1a s6 0, khong phai vecto 6)

d) Sai. Tt két qué cau b: 3AG = A_S)%—A—B)—i- E
Binh phuong hai vé: 9AG2 A52 + AB? it AD2 + 2(AS AB + AS-AD + AB - AD)
Vi SA 1L (ABCD) nén AS - AB =0va AS - AD = 0.

Vi ABCD la hinh vudng nén AB-AD = 0.
Vay 9AG? = AS? + AB? + AD?, khing dinh dé bai thiéu hé s6 9.

Phan III. Cau tra 16i ngan Thi sinh trd 10i to cau 1 dén cau 6

& Bai 1. Trong khong gian véi he toa do Ozyz, cho AABC biét A(2;0;0), B(0;2;0),C(1;1;3).
Goi H(zo; yo; 20) 1a chan duong cao ha tir dinh A xuéng BC'. Khi d6 zg + yo + 20 bang bao nhiéu?
(Lam tron dén hang phan tram).

ﬁﬁ,}{&bz7c%§27&ﬂl
Ta ¢6 BC = (1;—1;3).

Vi H 1a chan duong cao ha tit A xuéng BC nén H € BC, do d6 BH cung phuong véi B—C), tic la
BH =tBC = (t; —t;3t) v6i t € R.

Qfozt
= (o= 090 —2;20—0) = (t; —t;3t) = < yo =2 — t
20:3t

Suy ra H(t;2 —;3t). Khi d6 AH = (t — 2;2 — t; 3t).
—_— — 4
ViAH L BCnen AH-BC =0 (t—2)-1+(2—1)- (1) +3t-3=0 11t —4=0ct=—

11
4 4 18 12
Git=— taco H(—;——
Vot =gy, taco (11’11’11
£ 18 12 34
Vay zo + yo + 20 = + =+ —==—=3,09.

11 11 11 11
& Bai 2. Mot phong hoc c6 thiét ké dang hinh hop chit nhat véi chiéu dai 8 m, chiéu rong 6 m va
chiéu cao 3 m. Mot chiéec den duge treo tai chinh giita tran nha ctia phong hoc. Xét hé truc toa do
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Oxyz c6 goc O trung véi mot goc phong va mit phang (Ozy) tring véi mat san, don vi do duge

lay theo mét. Khi d6, toa do ctia diém treo den 1a I(z;y; 2), hay tinh 2 +y + 2.

z

) — A’

~ 3 1M N

2
@

©

8 m B

[ Ha‘o‘zy z/(?/éf[d Z.

Gié st can phong hinh hop chit nhat duge mo phong nhu hinh vé.
Khi d6 ta c6 toa do cac dinh ctia tran nha 1a O’(0;0; 3) va B'(6;8; 3).
Goi I(z;y;2) la diém chinh giita tran nha ctia phong hoc, nén I la trung diém ctia dudng chéo
O'B'. Khi d6 O'T = IB.
Ta c6 O'T = (x—0;y —0;2—3) = (z;y;2 — 3), 1B = (6 —x;8—y;3— 2).

r=6—=x r=3
Ol=IB"&{y=8—y S y=4
A= =3 = & 7" —3)

Vay toa do diém treo den 1a I1(3;4;3) = 2 +y+2=3+4+3 = 10.

& Bai 3. Cho tit dien déu ABCD 6 canh biing 1. Tinh tich vo huéng AB - (2024BC — 20250D).
D

() Hm)/‘/(y f&f}ijzf(z’zf.

Ta c6: AB - (2024BC — 2025CD) = 2024AL - BC — 2025AB - CD.
Vi ABCD la tt dien déu nén AB L CD, suy ra AB - CD = 0.
—_— — _— — _— — 1
Lai c6: AB - BC' = ~BA-BC = ~BA- BC - cos(BA, BC) = ~1-1- cos 60° = —_.

—> — — 1
Vay AB - (2024BC — 2025C'D) = 2024 - (—5) —2025-0=—-1012.

& Bai 4. Trong khong gian Oxyz, cho @ = (2;3;1),77) = (-1;5;2),¢ = (4 -1;3) va 7 =
(—3;22;5). Biét 7 =md +nb +p¢, tinh m —n — p.

() Hwo‘/z(/f f/fz‘\/z(jzfa’zf.
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DitZ=m-@T+n-b+p- T véimn,peR.
= (—3;22;5) =m(2;3;1) + n(—1;5;2) + p(4; —1; 3).
2m —n+4p = -3
Diéu nay dan dén hé phuong trinh: < 3m + 5n — p = 22 (I).
m+2n+3p =15
Giai heé phuong trinh (I) bang phuong phap cong dai sé hoiic dung may tinh bé tui, ta dugce:

m=2
n=3
p=-1

Vaym—-n—p=2-3—(—1)=0.

& Bai 5. Trong khong gian v6i mot hé truc toa do cho trude (don vi do: ki-l6-mét), ra-da phéat
hién mot chiéc may bay di chuyén véi van toc va huéng khong doi tit diem A(800; 500; 7) dén diém
B(940; 550; 8) trong 10 phut. Néu may bay tiép tuc giit nguyén van toc va hudéng bay thi toa do
clia may bay sau 10 phut tiép theo la D(x;y; 2). Khi d6 = + y + 2z bang bao nhieu?

o 4/0/’21/( z/(f/z(jz’d,i,

& Vi trf clia may bay sau 10 phut tiép theo 1a D(z;y; 2).
& Vi huéng clia may bay khong doi nén AB va BD cung huéng.

& Do van tbc clia may bay khong doi va thoi gian bay tit A dén B bang thoi gian bay tit B dén
D nén AB = BD.

® Do d6 BD = AB = (940 — 800; 550 — 500; 8 — 7) = (140; 50; 1).

z—940 =140
& Mat khac, BD = (z — 940;y — 550; 2 — 9) nén { y — 550 =50 .
z—8 =1
z = 1080
& Giai hé phuong trinh trén ta duge < y = 600 nén z + y + z = 1080 + 600 4+ 9 = 1689.
z=9
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& Bai 6. D¢ chuan bi cho ngay hoi thao, ngusi
ta dung bon chiée cot tai bon goc clia mot san
béng hinh chit nhat véi kich thude la 15 m x
25 m. Bon chiéc cot vuong goc véi mit san va
c6 chiéu cao lan lugt 14 3 mét, 4 mét, 6 mét va
c mét. Mot tam bat 16n dude cang phing véi
bén goc dude c¢d dinh vao dau bon cot. Xét
hé truc toa do Oxyz nhu hinh vé bén (don vi
trén cac truc 1a mét) thi diém D’ c6 toa do 1a
(a;b;¢). Tinh a — 2b + c.

7 25m C
45

[ Ha‘o‘y c/(fn(j[(z’z',, Theo hé truc toa do da chon, ta c6 A’'(0,0,3); B'(15,0,4); C'(15,25,6).

Vi A’B’C'D’ 1a hinh binh hanh nén

xD/:J,’A/—l—I'C/—xB/:0—|—15—15:0
yD/:yA/+yC/—yB/:O+25—O:25
ZD/:ZA/+ZC/—ZB/:3+6—4:5.

Suy raa=0,b=25vac=5.
Vay a—2b+c=0—2-25+5 = 45.

> Sww lirg v Bién soan: 4é 1link Xha 0399653362



TOAN THAY KHA DE ON TAP CHUOGNG VECTO TRONG KHONG GIAN
Pk sO 2 Mon: TOAN 12
(Dé gom c6 5 trang) Thoi gian lam bai: 90 phiit, khong ké thoi gian phdt dé

Phan I. Cau tric nghiém nhiéu phuong an lya chon Thi sinh trd 10 t cau 1 dén ciu
12 méi cau héi hoc sinh chi chon mot phuong dan.
¢S Cau 1. Cho ti dien ABCD. C6 bao nhiéu vecto khéac H, c6 diém dau 1a A va diém cudi 1a mot
trong cac dinh con lai cta tit dién?

@) 1. 2. © 3. D) 4.
[} /‘[Mo/’g J(’z‘?yi@’i. Céc vecto c6 diém dau la A va diém cudi 1a mot trong cac dinh con lai ctia
tit dien ABCD la: AB, AC, AD. Vay c6 tit ca 3 vecto.
Chon C.

$¢> Cau 2. Cho hinh lap phuong ABCD.A'B'C'D’. Hai vecto nao c6 gia cling nam trong mit
phiang (ABCD)?

B C
‘ D
A :
% ~THCS A
Ak D’
@) DD', AC. AD', AD. © AD', AC. ©) AC, AD.

[} Hwoy (/(‘z‘x/z/ ¢¢i. Mat phang (ABCOD) chita cac dinh A, B, C, D. Do dé6, cac vecto c6 diém dau
va diém cudi thudc tap hop cac diém nay sé c6 gia nam trong mit phang (ABCD).

Trong cac phuong an, chi cé6 cap vecté AC, AD thdéa méan.

Chon D.

$® Cau 3. Cho hinh lap phuong ABCD.A’B'C'D’ ¢6 canh la a. Hai vecto nao sau day c6 cuing do
dai?

@) DD, AC. AD', AD. © AD', AC. ©) AC, AD.
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X lwong c/(z‘\lijz'(z"z' Xét hinh lap phuong canh a:

- Do dai canh: \DD’\ = ]AD| =a.
- Do dai dudng chéo cua mot mat (hinh vuong canh a): ]AD’] = |AC| = av/2.
Do dé6, hai vecto AD' va AC ¢6 cung do dai.

Chon C.
¢ Cau 4. Cho hinh lap phuong ABCD.A'B'C'D’. Vecto nao sau day bang vecto D'C’?
A D
BE— ¢
Apkaas D
B/
C/
@) DD'. AD. © AB. ® CD.

[ Hmfy (%‘z’/chzdzl Vi trong hinh lap phuong, ti giac ABC'D’ 1a hinh ch@ nhat (hoac xét cac
mit 1a hinh vuéng), vecto AB 6 cung huéng va cung do dai véi vecto D'C’ nén AB=DC".
Chon C.
$> Cau 5. Trong khong gian Oxyz, cho hai diem A(1; —1;2) va B(2;1; —4). Vecto AB c6 toa do
1a

@ (1;2;-6). (1;0; —6). © (-1;-26). @ (3;0;-2).
(@) Hwo"g f/af/%[d[. Tacé AB = (xp—xa;yp—Ya;26—24) = (2—1;1—(—1); —4—2) = (1;2; —6).
Chon A.

> Cau 6. Trong khong gian Oxyz, cho biéu dién clia vects @ qua cac vecto don vi la @ =
27 + k — 3. Toa do cha vecto @ 1a

@ (2;-3;1). (1;-3;2). © (2;1;-3). O (1;2;-3).
&S /lucing c/(fwzfzzy Tacé: @ =27 —37 +1k = @ = (2, —3;1).
Chon A.

¢S Cau 7. Trong khong gian Ozyz cho hinh binh hanh ABCD va cac dinh c6 toa do lan lugt 1a
A(3;1;2), B(1;0;1),C(2;3;0). Toa do dinh D la

@ (1;1;0). (0;2; -1). © (4:4;1). © (1;3;-1).
O Placong (/(2)2(717(212, Tt giac ABCD 1a hinh binh hanh suy ra AD = BC.

Tac6 BC = (2 1;3—0,0 = 1) = (1;3;-1).
Goi D(zp;yp; 2p), ta c6 AD = (zp — 3;yp — L;2p — 2).

JID—3:1 ID:4
AD=BC < {yp—-1=3 «<{yp=4 = D(441).
ZD—2:—1 ZD:1

Chon C.

$> Cau 8. Trong khong gian Oxyz, cho vectd @ = (—3;2;1) va diém A(4;6; —3). Toa do diém B
théa man AB = @ 1a
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@ (-1;-8;2). (7:4; —4). © (1;8;-2). @ (=T —44).
[ Haoiy cz,/(z’/é/cz'(z’,z'. Goi B(x;y;2). Ta c6 AD = (x —4;y — 6,2+ 3).

z—4=-3 r=1
Khide AB=3 < {y—-6=2 <{y=8 = B(1;8-2).
z+3=1 z=—2

Chon C.
$® Cau 9. Trong khong glan Oxyz, cho ba vecto @ = (1;2;3), b= (=2;0;1), ¢ = (—1;0;1). Tim
toa do clia vecto W = d@ + b +2C—37.
@A) 7 = (6;2:6). n = (6;2; —6).
® n :

© 71 = (0;2;6).
(&) /-[uz)‘y a/(z“/g;[dzf, Ta c6 § = (1;0;0).
= (1= 2+2(=1) = 3(1);2+ 0 + 2(0) — 3(0); 3 + 1 + 2(1) — 3(0)) = (—6;2; 6).
Chon D.

$> Cau 10. Trong khong gian Ozyz, cho ba diém A(3;5; —1), B(7;2;1) va C(9;2;y). Dé A, B,C
théng hang thi gia tri z + y bing

@) 5. 6. © 4. D 7.
[} Hzm;y a/mijzm Ta c6 AB = (4;z — 5;2), AC = (6;—3;y +1).
A, B, C théng hang khi AB, AC cung phuong:

s ff SR {6(90—5):—12 {x—5=—2 {::::3
= = = <~ <~ <~ 5

6. =3 grl 4ly+1)=12 y+1=3
Vayx+y=3+2=05.
Chon A.
$> Cau 11. Trong khong gian Oxyz, diém M thuoc truc Ox va cach déu hai diém A(4;2; —1) va
B(2;1;0) 1a

A) M(—4;0;0). ® M(5;0;0). (© M(4;0;0). (D) M(-5;0;0).
[} /Z{a‘o/‘igj a/méjzm M € Oz = M(x;0;0).
Ta c6: MA? = (4 — )2+ 22+ (—1)?> = 2? — 8z + 21.
MB?=(2-—x2)>+ 124+ 0% =2? — 42 + 5.
M céach déu hai diém A, B khi MA = MB < MA? = M B
Sa?—8r+2l=1—4r+54r =16z =4= M(4;0;0).
Chon C.
$> Cau 12. Trong khong gian Ozyz, cho ba diém A(1;3;4), B(1;0; —2) va C(4;0;1). Toa do trong
tam G cua tam giac ABC' 1a

® G(3;0;2). G(21;1). © G(1;1;3). ® G(3:0
() Hwoffy f/('z‘}z(jz'dz'. Toa do trong tam G la:
g LELHA 34040 440-2
3 ’ 3 ’ 3 ’
Vay G(2;1;1).
Chon B.

Phan II. Tric nghiém diang sai Thi sinh lam ti cau 1 dén cau 4 moéi j a) b) ¢) d) thi sinh
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chon ding hodc sai.
& Bai 1. Trong khong gian Ozyz, cho hinh binh hanh ABCD. Biét A(—1;1;2); B(1;0;3) va
OC =27 —2k.
a) Toa do C(0;2;—2).
b) Hinh chiéu vuong goc ctia A léen Oz ¢6 toa do A’(0;0;2).
c¢) Hinh chiéu ctia B len mat phang (Oyz) c¢6 toa do B'(—1;0;0).
d) Toa do D(—2;3;-3).
[ /‘/L{’()y f/(z‘\/ijz'(z’z'.
a) Dang.
Tit gia thiét OC =25 —2k =04 +25 — 2k, theo dinh nghia toa do diém ta c6 C(0;2; —2).
b) Ding.
Hinh chiéu vuong géc ctia A(—1;1;2) lén truc Oz gitt nguyén toa do z, cac toa do z,y bang 0. Vay
A'(0;0;2).
¢) Sai.
Hinh chiéu ctia B(1;0;3) lén mat phang (Oyz) giit nguyén toa do v, z v cho toa do x = 0. Vay
B'(0;0;3).
d) Ding.
Goi toa do diém D la (z;y; 2).
Tacé AB=(1-(-1);0—1;3—-2)=(2;-1;1).
DC=0-z;2—y;—2—2)=(—z;2 —y; =2 — 2).

—z =2 T =—2
Vi ABCD la hinh binh hanh nen DC = AB < {2 —y=—-1 < {y=3
—2—z=1 z=-3

Vay toa do diem D 1a D(—2;3; —3).
& Bai 2. Trong khong gian Ozyz, cho ba vecto ¥ = (3;1;-2), v = (1;—1;1), © = (—1; —3;4).
a) U+ v =(40;-2).
b) w L 7.
c¢) Hai vecto @ — 27 va @ cung huéng.
d) |7 — ¥ + 20| = VA41.

(&) Hmfy de (2\12(71'(21'.

a) Sai.

Ta co U+7}):(3+1;1—1;—2+1):(4;0;_1).
b) Diang.

Ta ¢6 tich vo huéng @ - T =3-1+1-(—1)+(-2)-1=3—-1-2=0.Suyra @ L 7.
¢) Sai.

Tacow —20 =(3—2-1;1—-2-(=1);=2—2-1) = (1;3; —4).
Dé thay @ — 270 = —(—1;—3;4) = —0.
Vihé s6 k = —1 < 0 nén hai vecto nay ngugce huéng.

d) Ding.
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Tacéﬂ’—7)’+2w—(3—1+2( 1) 1—(=1)+2(=3); =2 —1+2(4)) = (0; —4;5).
Khi d6 |@ — U + 20| = /02 + (—4)2 + 52 = /16 + 25 = V/41.

& Bai 3. Trong khong gian, cho hai vecto @ va b cting c6 do dai bang 1. Biét rang goc gitta hai
vecto do la 45°.

d) |@—v2b|=
[ /‘[mfgy (/a?/yzfdzl

a) Dung.
- 2
Tacé @ b =|a| - |b\cos( ,b)—l-l-cos45°:\/—_.
b) Dang.
V2 V2

2 R - V<
= |7+ a- | 5| +2 +2

®l

(T+30)-(T—2b)=a%-23 - b+3b-T—6
c¢) Sai.

S

Tacs (T+0)2=a2+20- b+ 02=1+2-L54+1=2+2.

2
Suyra |€ 4+ b|=vV2+V2#2+ V2.

d) Sai.
2 B = 72 \/5
(@ —V2b)?2=a2—-223- b +2b :1—2\/5-7+2-1:1—2+2:1.
Suyra|a—\/§b|:17é0.
. 2
& Bai 4. Cho hinh chép S.ABC. biem M thudc canh SA va SM = gSA.
__ A e
b) m:%ﬁ.
. . 2 — 22—
c) Diém N nam trén canh SB sao cho SN = §SB' Khi d6 SN = §SB.

— 2—>

d) MN = BA
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() /‘[a’()y f/(z‘\/ifz'(z’z'.

B
. = ) 2
a) Pang. Vi M thudoc doan SA nén SM va SA cung huéng. Theo gid thiet SM = gSA nén
SAf = 254,
3
S 2 1 e —_>
b) Sai. Ta ¢c6 M nam gita S va A v6i SM = §SA nén MA = §SA' Tuy nhién M A va AS

cung huéng, nén M A = §SA = _§AS'

— 2—>»
¢) Dang. Tuong tu cau a, vi N thudc doan SB nén SN = gSB.

g 2

d) Diang.
2GB-54) = 2a5--2BA

Tac6 MN = 5N - 5M = 258 — 254 =
3 3 3
Phan III. Cau tra 18i ngan Thi sinh trd loi ti caw 1 dén cau 6
& Bai 1. Trong khong gian Ozyz, cho diem A(—3;0;0), B(0; —4;0). Goi I, J lan lugt la tam

duong tron noi tiép va ngoai tiép clia tam giac OAB. Tinh do dai doan thang I.J. (Két qua lam
tron dén hang phan tram).

[ HL[()/Z? c/(’f/%idb.
Ta c6: OA = (=3;0;0) = OA =3; OB = (0; —4;0) = OB = 4.

AB = (3;—4;0) = AB = /32 (—4)2 + 02 = 5.
AOAB vudng tai O, nam trong mat phang (Ozy).

y
A(-3;0;0) 0]

B(0;—4;0)

1 1
Dién tich tam giac OAB la: Soap = §OA-OB: 5-3-4:6.
OA+OB+AB  3+4+5

6.
2 2

Ntta chu vi: p =
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SoaB :§:1.
6

Do AOAB nam & géc phan tu thtt Il ctia mat phang (Oxy) nén tam noi tiép I c6 toa do
I(—-1;,-1;0).
Do AOAB vuéng tai O nén tam duong tron ngoai tiép J 1a trung diém ctia canh huyén AB.

-3+00—-4 040 3
. . __._2. .
:>J< 5 T ):>J( 5 ,0)

— 1 1\? 5
Ta co 1J = (—5;—1;0) :>IJ:\/<—§) +(—1)2+02:§z1,12.

Ban kinh dudng tron noi tiép: r =

& Bai 2. Cho hai vecto @, b sao cho |@] = v/2, |b| =2 vahaivecto T =@+ b, ¥ =2@ — b
b (don vi do).

vuong géc véi nhau. Tinh goc gitta hai vecto @ va

[ Haoy e )yz'a’le

— —
Vi hai vecto 7 = d + b vA §¥ = 2d — b vudng goéc véi nhau nén:
a 0

( ) (28 -0)=0232-02+3-b =0
272 — |02 +|3|-|b| cos(@, b) =0

2 (V2)2—22 422 cos(, b) =0
<:>4—4+2\/§~cos(6’,—b)):0

=9

S cos(T,0)=0= (T, D)

a
b

_|_

0°.
Vay gbc gitta hai vecto 1a 90°.

& Bai 3. Trong khong gian Oxyz, cho cac diém A(1;0;3), B(2;3;—4), C(-3;1;2). Biét diém
D(a; b; ¢) sao cho ABC'D 1a hinh binh hanh. Tinh a + b + c.

[} Ha’éy Vet oidis

C
Goi D(x;y; z). D& ABCD 1a hinh binh hanh ta cin AB = DC.
Ta co: AB = (2 133 - 0;—4 = 3) = (1;3; 7).
DC=(-3—-z;1—y;2—2).

S5 3 = x=—4
AB =DC < 1| Gy =% Sqy=-2 = D(-4-29).
2—z=—7 z=9

Suyra:a=-4,b=-2c=9=a+b+c=-4—-2+9=3.
& Bai 4. cac canh OA,OB,0OC db6i mot vuong goc va OA = gB :aOC = 1. Goi M la trung
diém ctia canh AB. Cosin géc gitta hai vecto OM va AC bing ~3 vGi 7 14 phan s6 t6i gian. Tinh

Q=a-b.
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[ /‘/m)y f/(z‘\/ijz'(z’z'.

Dit OA=3,0B=1,0C = ¢
Theo gié thiét, ta c |?L’| =[b]= |c|:1véa’-bza’-?:b-?
OM - AC
OM| - |AC|

” — 1 — — | —
Mat khac, doMlatrungdiémcﬁaABnénOM:§(OA+OB):—(a+b).
VaAC=0C-04="2-7.
Khi doé:

1 - - 1
OM - AC_2(a+b) (¢ —3):§(E’~E’—a’2+b~?— b.a’):§(0—1+0—0):——

Il
<

Ta co: COS(OM,AC’) —

Tinh do dai cac vecto:
N 1 2
|0M| = VOM \/ +b2—\/z(1+0+1):£.
AC| = VAC? = /(T — a2 =vI+0+1=V2

Do do6:
1 1

COS(W, ;l_é) =

2 __-
1 2

S

V3

=1,b=2.

L

Theo dé bai COS(W, ;1_5) = —
VayQ=a-b=1-2=2.

S e
S e
DN | —

& Bai 5.Mot chiéc den tron dugc treo song song véi mit phing nim ngang
béi ba soi day khong dan xuat phét tit diém O trén tran nha lan lugt buoc
vao ba diém A, B, C trén den tron sao cho tam gidac ABC déu. Do dai cua
ba doan day OA, OB, OC déu bang L. Trong lugng ctia chiée den 1a 27 N
va ban kinh ctia chiée den 14 0,5 m.Tim chiéu dai t6i thiéu ctia méi soi day,
biét ring méi soi day dé duge thiét ké dé chiu duge lyc cing tbi da la 12 N.
(Chiéu dai tinh theo don vi cm va lam tron dén hang phan muoi).
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[} Ha’éy dén oidi.

C

Goi G la trong tam tam gidc ABC.
Vi AABC déu nén G la tam duong tron ngoai tiep AABC.
Do d6 GA=GB =GC =0,5 m.

Goi F 1a do 16n ciia cac luc cang Fy, F, Fj tren mdi soi day. Khi d6, F = F(L) 1a mot ham s véi

bién sb 1a L.

Theo bai ra ta c6 OA = OB = OC = L nén OG L (ABC) va ]@1" £ ](ﬁa"

oo F] - |-
Vi vay, ton tai hang s6 ¢ # 0 sao cho ﬁ = 05;4), ﬁ; = 05§, ]—?; — ¢cOC.
Suyraﬁ+§+?ézc<m+0_3)+0_6')>.
Theo quy téc ba diém ta co OA + OB + OC = 30G.
Goi P la trong luc tac dung lén chiée den thi Fy + F, + F3 = 3cOG.
Ma trong lugng tic dung lén chiée den 1a 20 N nén

|P| =274 3¢|0C| = 27V & ¢ =
Tam giac OAG vuong tai G (do OG L (ABC)) nén ta

2
oG

OG = VOA2 —GA? = /L2 —0,52m v6i L > 0,5.

a 9
Do d6 ‘OG‘ —JIP-0 e ——
L% — 0,52
9L
—— (v6i L > 0,5).
V L? — 0,52
Ta c6 Ic cang t6i da clia moi soi day 1a 12 N nén
L
F(L)§12<:>9—§12
v/ L? — 0,52
< 3L < 44/L?—-0,5?
& 9L% < 16L% —4
= 702 >4

2
= L > ~0,756 (m).
> = (m)

Khi d6 ‘F‘ -|E

:cm\:

Vay chiéu dai t6i thiéu ctia méi sgi day 1a L = 0,756 m=75,6 cm.

oc
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Chuong 3. LOI GIAI CHI TIET BO DE ON TAP CHUONG VECTO

& Bai 6.Mot chiéc 6 to duge dat tren miat day dudi mot khung sit
¢6 dang hinh hop ch@ nhat véi day trén 1a hinh vuong ABC' D, mat
phing (ABC D) song song v6i mat phang nam ngang. Khung sit dé
duge bude vao moc E cia chién can cau sao cho cac doan day cap
FA, EB, EC, ED c6 do dai bang nhau va ciing tao véi mit phang
(ABC D) mot goc 45° nhu hinh vé. Chiée can cau kéo khung st len
| = || =8| = |7
trong lugng khung sit 1a 1000 (N) va trong lugng clia chiée xe 6 t6
14 4000 (N). Tinh cudng do luc cing ctia mdi doan day cap (lam

theo phuong thang ding. Biét luc cang

tron dén hang don vi).

ﬁQA}ﬁwog7c%b€7ani

Goi O la giao cua hai duong chéo AC' va BD.

Hinh chép E.ABCD la chép c6 cac canh bén bang nhau va O la tam clia day 1& hinh chit nhat
ABCD. Suy ra F EO AL (ABC’D)

Ta co F1 = k:EA F2 = kEB F3 = kEC' F4 — kED.

Lay E' d6i xtng véi E qua O.

Ap dung quy tdc hinh binh hanh ta c6 F, + Fy = kEE : P+ Fy = KEE (k 13 hang s6)

—

F1 + FQ + F2 + F4 — 9kEE = 4kEO.
Vi 6 t6 dugce dat ¢ vi tri can bang nén F‘l + P_’; + FQ) + P_?: = l_D), trong do f’) la trong lyc tac dung
lén 6 t6 va khung sat nén.

5000 1250
5000 = 4kO i»\o i — (V)
Vi EA tao v6i (ABCD) mot goc 45° = EAO = 45°.
1250 V2
Xét AAEO vuodng tai O ta c6 EO = AFE -sin45° = % = = AFE - - = AE =1250kv/2 (N).

T gid thiéet FA= EB=FEC =ED =k Fl.
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EA  1250kv2
ko ok

R

Vay cuong do luc ciang ctia mdi doan day cép la (N)~ 1768 (N).

> Sww tir vi Bicn soan: 3¢ Plindy Kha 0399653362 257



Chuong 3. LOI GIAI CHI TIET BO DE ON TAP CHUONG VECTO

TOAN THAY KHA PE ON TAP CHUOGNG VECTO TRONG KHONG GIAN
pE sO 3 Mon: TOAN 12
(Dé gom c6 5 trang) Thoi gian lam bai: 90 phit, khong ké thoi gian phdt dé

Phan I. Cau tric nghiém nhiéu phuong an lwa chon Thi sinh trd 10 tu cau 1 dén cau
12 méi cau hoi hoc sinh chi chon mot phuong dan.
> Cau 1. Cho hinh lap phuong ABCD.A'B'C'D’. Goi O la tam ciia hinh lap phuong. Khang
dinh nao sau day la dung?

A .
A
4)!:9—— B
pl C
@,TO’_S(AB+AD+AA') ,4_0’:%(,4_B’+E+ﬁ).
© AC = - (AB+AD+AA’) ©®) zg(@JrZﬁJrﬂ).

X oong a/(z/ijz(zz Ta c6 AC' = AB + AD + AA' (quy téc hinh hop).
(ﬁ +AD + Z?f’).

N | —

— 1—
Vi O la tam ctia hinh lap phuong nén O la trung diém ctia AC’, suy ra AO = §AC” =
Chon B.

¢ Cau 2. Cho @ v b 1a hai vecto ciing huéng vi déu khac vects 0. Meénh dé nao sau day
diang?

@ T-b=1al|ol ® @ b =0.

© ad@-b=-1. D @ b=—|a||b]
(2} Hav‘y din giéi. Do @ va b 1a hai vecto cung huéng nén (@, b) = 0° = cos(d, b) =
Vay @ b = ||| cos(T, b) = |a|-|B]-

Chon A.

&> Cau 3. Cho hinh chép S.ABC'D c6 day ABCD 1a hinh binh hanh. Dat SA = @, 5B = b, SC =
T,SD = d. Khing dinh nao duéi day ding?

@A T+T=0b+4d. =~ 0.
©a+d=0b+7.
N wong din gic/. Goi O la tam hinh binh hanh ABCD. 1 trung diém ctia AC va
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BD.
Tac6 SA+S5C =290 =T+ CvaSB+SD=250=1b + d.

Suyrad+¢C=0b+d.
Chon A.

& Cau 4. Cho tit dien ABCD ¢6 AB = CD = 2a. Goi M, N lan lugt 1a trung diém ctia AD va
BC'. Biét MN = /3a, gbc gitta hai vects AB va C'D béng

@A) 30°. 60°. © 90°. (D) 120°.
, . 1 1
[ /‘[wo/’iy (/a?/z(ﬁzfréz,'. Goi [ la trung diem cta AC. Khi d6 IM = §C’D =avalN = §AB =a.

Mit khéc (A_B)7 @) = (W, [T/[)) = 180° — MIN (hogc tinh tryc tiép qua cos M/\IN)
——  IM?+IN? - MN? a®+a®— 3a? 1 —
T AMIN: MIN = = =——= MIN = 120°.
rong coS 2 IM-IN__ 52 5 = 0
Vi gbe gitta hai vecto phai € [0°,180°], goc MIN chinh la géc can tim néu xét huéng phit hgp hoac

lay bt néu can. Trong trudng hop nay MIN = 120° théa man.

Chon D.

¢ Cau 5. Trong khong gian Ozyz, cho vects @ théa man @ =27 — 3] + . Toa do ciia @ 1a
@ (21;-3). (2, =3;1). @F 3o ® (1;2;-3).

e Hocong f/afnjzfzz: Taco @ =27 —3) +k=a=(2-3;1).

Chon B.

$> Cau 6. Trong khong gian Oxzyz, cho diém A(1; —2;5). Hinh chiéu vudéng goc cia A len truc Oz
c6 toa do 1a

@ (1;0;0). (0; —2;0). © (0;0;5). © (0;-2;5).
[} Hwo‘éz/c a@ﬂ(jiéé. Hinh chiéu vuong goc ctia diém A(x;y; 2) lén truc Ox 1a diém A’'(x;0;0).
Vay A’(1;0;0).
Chon A.
$> Cau 7. Trong khong gian Ozyz, cho hai diém A(2; —1; —1), B(—3;2; —2). Toa do clia AB 1a
@ (5:-3;1). (=5;3; —1). © (=5 1;-1). © (5;-3; —1).

O eong a./(gnjz(zzi. Ta c6 AB = (=3 — 2,2 — (=1); =2 — (=1)) = (=5;3; —1).

Chon B.

¢ Cau 8. Trong khong gian Oxyz, cho hinh binh hanh ABC'D ¢6 A(2;1; —3), B(0; —2;2), C(4; —3;0).
Toa do diém D la

@ (2;0;5). (6;0; —5). © (2;0;-5). @ (6;0;5).
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[} /{m)y c/(z‘}iiz'(z’z'. Goi D(xo; yo; 20)-
Ta ¢6 AD = (—2;—3;5) va DC = (4 — z0; —3 — Yo; —20)-

4 — Ty = —2 Ty = 6
Vi ABCD la hinh binh hanh nen AB=DC < { -3 —yo= -3 <<{yp=0 = D(6;0;—5).
—Z20 — 5 z20 — -5

Chon B.

¢ Cau 9. Trong khong gian Ozyz, cho vecto @ = (2;1;3) va b = (—=1;2;1). Toa do cua vecto
T+ bl

® T+ b= (134, ® T+ =(-134)

© @+ b=(212). D @+ b=(3-1;2)
e /—[u()éz? a/(z/z(/m(zz Taco @+ b = (24 (=1);1+2;3+1) = (1;3;4)
Chon A.

$> Cau 10. Trong khong gian Oxyz, cho ba diéem A(1;2;4), B(—1;3;2) va C(0;4; —3). Trong tam
G cua tam giac ABC' la

@) G(1;3;1). G(0;3;1). © G(0;9;3). D) G(-1;9;3).
1-1 2 4 4+2—
() Ha0127 (/(z/z ‘¢ Toa do trong tam G la ( 3+0; +§+ ; +3 3) = ({0 3NN
Chon B.

$> Cau 11. Trong khong gian Ozyz, cho vecto U = (—4;2; —3) va diem A(1;2;3). Toa do diém
B théa man AB = 7 la

(A) B(3;2;—4). ® B(—3;4;0).
(© B(3;—4;0). (D) B(—3;—4;—4).
[ Haﬁo‘nj f/f?/z(izfrézf. Goi B(z;y;2). Tacé AB = (x — 1;y — 2;z — 3).
zT—1=-4 T=-3
AB=To{dy—2=2 ©<{y=4 = B(-3;4;0).
z—3=-3 z=0
Chon B.

$> Cau 12. Trong khong gian Ozyz, cho ba diem M(2;3;—1), N(—1;1;1) va P(1;m — 1;2). Tim
m dé tam giac M NP vuong tai N.
@A) m = 0. G =.2: © m = —6. D) m = —
O Macong a/d/ijzfézf. Ta c6 NM = (3;2;—2) va NP = (2;m — 2;1).
Tam gidgc MNP vuong tai N khi NM - NP = 0.
©3.242m—2)+(=2) 1=06+2m—4—2=0<2m =0 m=0.
Chon A.
Phan II. Trac nghiém ding sai Thi sinh lam ti cau 1 dén cau 4 moi 4§ a) b) ¢) d) thi sinh
chon dung hodc sai.

& Bai 1. Mot vat niang O dugce kéo tit ba huéng nhu hinh vé va chiu tac dung ctia 3 lyc Fl, F)Q, }_7)3,
c6 do 16n 1an luct 1a 24N, 12N, 6N. Biét goc tao bdi 2 luc F'y, F'y 1a 120° va lyce thi ba vuong goc
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v6i hai luc dau tién.

C
s E
I
O 1 A
F
B D

a) BO + BA = BD.
b) OF = OA+ OB + OC.
c) Do dai cta vecto OD la |@| = 12V/7.
d) Do 16n hop Iuc tac dung vao vat O la 6v/13N.
[ /_[[[027 a/mz(/zaz a) sai: Theo quy tac hinh binh hanh, ta co: BO+BA=DBD I sai, dung
phéi 1a OA + OB = OD.
b) ding: Theo quy tac hinh hop: OA+ OB + OC = (OA+ OB) + OC = OD + OC = OF.
c) sai: Ta c6: |OD|2 = OA? + OB? + 20A - OB - cos 120° = 242 + 122 + 2 - 24 - 12 - (—0.5) = 432.
Suy ra: |OD| = /432 = 12+/3.
d) diang: Vi OC L (OADB) nén OE? = OD? + OC? = (12V/3)? + 6% = 432 + 36 = 468.
Hop lyc: |OE| = v/468 = 64/13N.
& Bai 2. Cho hinh chép S.ABCD c6 day ABCD la hinh vuong, SA vuong goéc v6i mat phéng
(ABCD). Goi I, J lan lugt 1a trung diém ctia SA, SC. G la trong tam tam giac SBD.

a) AC — AB = AD.
b) AS+ AB + AD = AG.
d) AG? = AS? +E§2 + AD2.
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[ /‘/m)y f/(z‘\/ijz'(z’z'.

—_—>

a) ding: AC — AB = BC. Do ABCD la hinh vuong nén BC = AD.
b) sai: G la trong tam ASBD = AS + AB + AD = 3AG.
c) sai: I.J//AC (dudng trung binh), ma AC' L BD nén IJ 1L BD=1J-BD =0. (Ménh dé trong
hinh ghi 0 # 0 1a dé chi sy nham 1an gitta s6 va véc to).
d) sai: Tit 34G = AS + AB + AD, binh phuong len ta duge 9AG? = AS? + AB? + AD? (do céc
véc to doi mot vuong goc).

& Bai 3. Cho hinh lap phuong ABCD.A'B'C'D’ canh a. Goi M la giao diém ctia CD’ va C'D.

a) DC' = DC + DD
b) AD' - OC" = a2,
e 1— — —>
¢) AM = SAB+AD + SAA'.
d) Géc gita A'C va BD 1a 60°.
[ Ha’()y f/(z‘\/ijz'dz',
a) ding: Quy tic hinh binh hanh trong mat phang (DCC'D").
b) ding: AD' - CC' = AD' - AA' = |AD'| - |AA| - cos 45° = av/2 - a - %2 = a®.
c) ding: AM = AD + DM = AD + 1DC’ = AD + L(AB + AA)).
d) sai: St dung tich vo hudng A'C - BD = 0 = Géc biing 90°.
& Bai 4. Cho hinh hop chit nhat ABCD.A'B'C'D’ ¢6 canh AB = a; AD = a\/g; AA = 2a. Xét
tinh dang, sai clia cac khang dinh sau:
a) AB +CD =0
b) AD+CB =0
c) {E + E‘ =aV5
d) |[AB + AD + CC'| = 2v/2a

o /‘[u‘()‘/cz,ﬁ c/a‘/z(, olal.
a) AB va CD' khong d6i nhau nen AB' + CD' # 0
b) A'D va CB' déi nhau nén AB + CD' = 0
¢) |AB + AD| = |AC| = AC = VAB® + AD? = 2a
d) |AB + A'D + CC'| = |AB + AD + AA| = AC' = JAB? + AD? + AA? = 2/2a

Phan III. Cau tra 18i ngan Thi sinh lam ti cav 1 dén cau 6 .

& Bai 1. Cho hai vectd @, b vuong goc véi nhau va |@| = 6,|b| = 4. Tmh (@ — 5)(2@ + b

[ Hwo‘/z(/f f/fz‘\/z(jzfa’zf.
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6’,—b)vu6ng géc nén a - b =0.
Taco (T — b)2T+b)=2a2+ @b —208 — b2=2a2— 52— Qb =2-62—42— 0 = 56.

& Ba Bai 2. Cho hinh hop ABCD.A'B'C'D’ ¢6 tat ci cac mat déu 1a hinh thoi canh v/6 va céc goc
BAA = BAD = DAA’ = 60°. Tinh do dai AC".

(&\ HL['()/? a/(dl(jlﬁl

B/ e \

Tacéﬁ:@ﬁLA_C):ﬁ—i-A_%—FE.

Xét AC? = AC™? = (ﬂ+ﬁ+ﬁ)

— AA? + AB? + AD? + 2AA' - AB + 2AA - AD + 2AB - AD

= 3(v6)>+3-2v6 - V6 - cos60° = 18 + 18 = 36.

Vay AC" = 6.

& Bai 3. Trong khong gian véi hé toa do Owzyz, cho hai diém A(4;2;1), B(—2; —1;4). Tim dudc

toa do diém M (a;b;c) thda man dang thitc AM = 2M B. Khi d6 a + b+ ¢ =?
r—4=2(-2-1)

e Huong a,/(gnjzzgz. Goi diém M(z,y,2). Khi d6: AM = 2MB & {y—2=2(-1—y) <
z—1=2(4-2)

rz=0
y=0
z=3.

Vay M(0;0;3) nén a + b+ ¢ = 3.

& Bai 4. Mot gié hoa treo trong nha lam bang 3 soi day khong gidn, méi sgi day dai 60 (cm)
miéng ké 14 mot miéng gb can ddi hinh tron ban kinh 20 (cm), ba sgi day duge that mot dau ben
tren va do gia gd tai 3 diem tao thanh tam giac déu (gid st mdi thit clia 3 sgi day va mdi ndi clia
mdi sgi day véi miéng gb khong dang ke). Biét luc chiu dung ctia mdi sgi day bang nhau va mdi
soi day chiu khong qua 15 (N) trong lugng ciia miéng gia gb 12 5 (N). Tinh trong lugng t6i da ctia
cac chau hoa dé day treo khong bi ditt (don vi N, két qua lam tron dén hang phan chuc).

[} /‘[mf/(y f/(?/i/fzfdzl
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Goi diem thit mot dau ben trén 1a O va 3 diém ndi 3 soi day véi
gid g6 tao thanh tam giac déu ABC'. Goi G la trong tam tam giac
ABC.

Vi tam giac ABC déu nén G la tam duong tron ngoai tiép tam
gidc ABC.

Do d6, GA =GB = GC = 20 (cm).

Goi F' la do 16n cua céac lic cang fl, FQ, Fg trén moi sgi day.
bit F=xz v6i 0 < x < 15.

Theo bai ra ta c6 OA = OB = OC = 60cm nén OG L (ABC) va
04| = 05| = |oc| = 6.

—

— — — — rT —> T —> — T —>
Do do. F‘:‘F’:‘F "Tffd't 56 F1 = —O0A, Fy = —O0B, F3 = —0C.
o do 1 2 3 0 ta co I'y 50 1= s

- — o —> — —> 3 —> —>
Suy ra Fy + Fo+ Fy = 6£(OA +0B+0C) = 6—§OG - ;—OOG.
Mait khac, ta lai ¢6 ﬁl + F9+ F)g = 1_5 vOi f’) la trong lugng cua gia gb va cac chau hoa.

N r V602 — 902
Nén ta c6 ‘P):;—O‘OG):%:xﬂgw\/@.

Vay gia tri 16n nhat trong luong gid gd va chau hoa la max ‘1_5‘ = 15/8.
Suy ra trong lugng t6i da ciia cac chau hoa dé day treo khong bi ditt 1a 15v/8 — 5 ~ 37,4 (N).

& Bai 5. Hai chiéc méy bay khong ngui 14i ciing bay lén tai mot dia diém. Sau mot thoi gian bay,
chiéc méay bay thit nhat cdch diém xuat phéat vé phia Bic 20(km) va vé phia Tay 10(km), dong
thoi cach mat dat 0,7(km). Chiéc may bay thit hai cach diém xuat phéat vé phia Dong 30(km) va
vé phia Nam 25(km), dong thoi cdch mat dat 1(km). Xac dinh khodng cach gitta hai chiéc may
bay (két qua lam tron dén hang don vi).

O\ Hubne din oidi,
d W
Chon hé truc toa do Oxyz, véi goc dat tai diém xuat phat ctia hai chiéc may bay, mit phang

(Ozy) trung véi mat dat, truc Ox huéng vé phia Béc, truc Oy huéng vé phia Tay, truc Oz hudéng
thang ding lén trai, don vi do lay theo kilomét (xem hinh vé).

Chiéc may bay tht nhat c6 toa do (20;10;0,7).
Chiéc may bay thit hai c6 toa do (—30; —25;1).
Do d6 khodng cach gitta hai chiéc may bay la:

d = /(20 4 30)2 + (10 4 25)2 + (0,7 — 1)2 = /502 4 352 + (-0, 3)2 ~ 61 (km)

& Bai 6. Trong khong gian Oxyz, cho tam gidac ABC' ¢6 toa do cac dinh A(2;3;4), B(0;2;2) va
C(3;—1;5). Diém H(a;b;c) la chan dudng cao dinh A. Khi d6 gia tri biéu thic S = a + 2b — 5¢
bang.
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[} Ha’éy dén oidi.

C
A
B H C
+) BC = (3; —3;3); BH = (a;b—2;c—2). Do B,C, H thang hang nén BH = %B—C’) hay
; a=1
(a;b—2;c—2):5(3;—3;3):(t;—t;t) = b=2—t tudédugc H(t;2—t;2+1)
o=Vt

+) AH = (t—2;,—1 —t;¢t — 2), do H la chan dudng cao nén
BC-AH=0 < 3(t—2)—3(-1-8)+3(t—-2)=0
— (t—-2)—(-1-)+({t—-2)=0
— Ht-3=0 <= t=1
Tu dé H(1;1;3) tinh duge S =a+2b—5c=1+2(1) —5(3) = —12.
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TOAN THAY KHA PE ON TAP CHUOGNG VECTO TRONG KHONG GIAN
Pk SO 4 Mon: TOAN 12
(Dé gom c6 5 trang) Thoi gian lam bai: 90 phit, khong ké thoi gian phdt dé

Phan I. Cau tric nghiém nhiéu phuong an lwa chon Thi sinh trd 10 tu cau 1 dén cau
12 méi cau hoi hoc sinh chi chon mot phuong dan.

& Cau 1. Cho tit dien ABCD. Héi c6 bao nhiéu vects khac vecto 0 ma mdi vecto ¢ didm dau,
diém cubi la hai dinh ctia ti¢ dien ABCD?

@ 12. 4. © 10. ®) 8.
[ Hzm‘g c/a?‘/ifz'réz', S5 vecto khac vectd 0 ma mdi vecto c6 diém dau, diém cudi 1a hai dinh ctia
tit dien ABCD 1a s6 cac chinh hgp chap 2 ctia 4 phan tit = s6 vecto 1a A2 = 12.
¢> Cau 2. Trong khong gian Ozyz cho @ = (2;3;2) va b = (1;1;—1). Vectd @ — b 6 toa do
1a?

@ (3:4;1). (1;2;3). © (-1;-23). @ (3;51).
o Vucing (/(;/1(71'(51; Taco: @— b =(2—1;3—1;2+1) = (1;2;3).

<><> Cau 3 Cho hlnh chop S.ABCD c¢6 day ABCD la hinh binh hanh. Dat SA = S_B) = 7));
SC = ; 2, 5D =d. Khéang dinh nao sau day ding?

@3 T=d+b. ®T+b=C+4d.

@a’ d=10b+7. ®a+b+C+d=0.

/‘[a‘oy f/([/?(jl(ll

SA + 5C =250 )
Goi O 1a tam cta hinh binh hanh ABCD. Ta cé: « —, __, — (theo tinh chat duong
SB+SD =250
trung tuyén) = SA+SC=SB+SDead+2C=0+4d.
$> Cau 4. Cho ba véc to @, b, ¢ dong phing. Xét cac véc to ¥ = 2@ — Z); Y =—4ad +2b;
Z = —3b — 27. Chon khang dinh ding?
(A) Hai véc to ¥, Z cling phuong. Hai véc to @, 3§ ciing phuong.
(©) Hai véc to 7, Z ciing phuong. (D) Ba véc to 7, Yy, Z dong phang.
[ Ha‘(fyy (Agfz(jz'(éz',, Nhan thiy ¥ = —27 nén hai véc to 7, ¥ cling phuong.

$> Cau 5. Trong khong gian Ozyz, cho ba diém A(3;5; —1), B(7;x;1) va C(9;2;y). Dé A, B,C
thang hang thi gia tri « + y bing
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@) 5. 6. © 4. D 7.
[} Huoiy (/(z‘”/?fzf(z’,zi; Tacé AB = (4;x—5;2), AC = (6; —3;y+1). A, B,C thang hang < A—g, AC

. 4 25 9 r—95=—2 r=3 ~
cung phuong < § = 5 = 5 < & ) . Vay z +y = 5.
y:

> Cau 6. Trong khong gian Oxyz, cho diém A(1; —2;5). Hinh chiéu vuong géc ciia A lén truc Ox
co toa do la

@ (1;0;0). (0; =2;0). © (0;0;5). ® (0;-2;5).
[} Huzfn(j f/a\\lzjlf(él:, Hinh chiéu vuong goc ctia A(z; y; 2) 1en truc Oz 1a A'(z;0;0). Vay A’(1;0;0).

$> Cau 7. Trong khong gian Ozyz, cho hai diém A(2; —1; —1), B(—3;2; —2). Toa do clia vecto AB
1a

@ (5;-3;1). (—5;3; —1). © (-5 1;-1). © (5;-3;-1).
O eong a/[zndcz(zz. AB = (-3—2;2 — (—1); -2 — (-1)) = (—5;3; —1).

¢ Cau 8. Trong khong gian Oxyz, cho hinh binh hanh ABC'D ¢6 A(2;1; —3), B(0; —2;2), C(4; —3;0).
Toa do diém D la

@ (2;0;5). (6;0; —5). © (2;0;-5). D (6;0;5).
e lucong din giéi. Goi D(x;y; ). ABCD la hinh binh hanh < AB = DC

x=0
& (=2,-35)=(4d—z;-3—y;—2)sy=0 = D(6;0; —5).
z=-95

¢ Cau 9. Trong khong gian Ozyz, cho vecto @ = (2;1;3) va b = (—=1;2;1). Toa do cta vecto
a+bla

@ (1;3;4). (—1;3;4). © (2,-1;2). ® (3;-1;2).
[ Hmféz/c z/(f/z(jz’dz, T+0b = (2-1;14+2;3+1)=(1;3;4).
$> Cau 10. Trong khong gian Oxyz, cho ba diém A(1;2;4), B(—1;3;2) va C(0;4; —3). Trong tam
G cua tam giac ABC' la

@) G(1;3;1). G(0;3;1). © G(0;9;3). D) G(-1;9;3).

1—-140 24+3+14 4+2-3
—3+ Dyy ) 2 i IS :3;zG:—+3 =1=G(0;3;1).

$> Cau 11. Trong khong gian Ozyz, cho vecto U = (—4;2; —3) va diem A(1;2;3). Toa do diém
B théa man AB = 4 la

[} Hl(’()/’él/f z/(f/z(jzfdzf. ra =

Q) B(3;2;—4). ®) B(—3;4;0).
© B(3;—4;0). (D) B(—3;—4;—4).
[} Ha()/(y a/rf)éj[d[. Goi B(z;y;2), taco AB = (x — 1,y —2;z — 3).
r—1=-4 rT=-3
AB=Te{y-2=2 «{ly=4 = B(-3:40).
z2—3=-3 z2=0
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$> Cau 12. Trong khong gian Ozyz, cho ba diem M (2;3;—1), N(—1;1;1) va P(1;m — 1;2). Tim
m dé tam giac M N P vuong tai .
@A) m=0. ® m=2. (© m = —6. D m = —2.

O Jlicong Jd‘/ifltfz(; NM = (3;2,-2),NP = (2;m — 2; 1).

Tamgiécvu@ngtaiN(:)NM-]WD):O@B-Q%—Q(m—Q)—2-1:0(:)2m:0<:)m20.

Phan II. Trac nghiém ding sai Thi sinh lam ti cau 1 dén cau 4 moi 4§ a) b) ¢) d) thi sinh
chon diung hodc sai.
& Bai 1. Trong khong gian Ozyz, cho cac diem A(8;9;2), B(3;5;1) va C(11;10;4). Xét tinh ding
sai ctia cac khang dinh sau:

a) Diém D théa man ABCD la hinh binh hanh c6 toa do 1a D(6;6;3).

V14

b) Do dai trung tuyén AM clia tam giac ABC bang o

c) BAC = 30°.

d) Diém N thuoc mp(Oxy) sao cho ba diem A, B, N thang hang c6 toa do 1a N(—2;1;0).
o Vecong c/(?/éjz'(ézl a) Sai.
Goi D(x;y;2). Taco AB = (—=5;—4;—1), DC = (11 — z;10 — y; 4 — 2).

=0 = 1§ 7 r =16
Dé ABCD 1a hinh binh hanh thi AB=DC & { —4=10—y < <{y=14
—1=4—2z z=25
Vay D(16;14;5).
b) Duang.
~ 2 X . 15 5
Toa do trung diem M cua BC' la M 7;7;5 .
— 31 3 4118 9 1 V4
y Ay . - — . [(—1)2 _id B iy & "~
Ta c6 AM ( 1; 2,2).SuyraAM (—1) +< 2) +(2> 1—1—4—1—4 5
¢) Sai.
Ta c6 AB = (—5;—4;—1) va AC = (3;1;2).
— AB- A —5) - —4)-1 —1)-2 —21 —21
cos BAC = Oy~ s S e A D V3

Suy ra BAC' = 150°.
d) Dang.
Vi N € (Ozy) nén N(xz;y;0). Taco AN = (x — 8;y —9;—2) va AB = (—5; —4; —1).

2 > — — — — _2
Ba diém A, B, N théng hang khi AN = kAB = x_58 _ y_49 ===

r—8=-10 x=—2
= & . Vay N(-2;1;0).
y—9=-8 y=1

& Bai 2. Cho tt dien ABCD ¢6 AB = 2a,CD = 2b. Goi I, J lan luogt 1a trung diém ctia AB, CD
va IJ = 2¢, M 1a mot diém bat ky va G 1a trong tam ctia t dien. Xét tinh ding sai ctia céc khang

dinh sau:

a) AB+CD = AD + CB.
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b) AB + AC + AD = 34G.
¢) MA? + MB?=2MI°.
d) Gia tri nho nhét ctia P = M A% + MB? + MC? + M D? bang 2(a? + b* + 2¢%).

[} /‘[u‘o‘g a,/(‘z‘xn( 71'(51',

A

1
D
B
J
C
a) Dung.
Ta c6 AB+CD = (AD+DB)+(CB+BD) = AD+CB+(DB+BD) = AD+CEB+0 = AD+CB.
b) Sai.

ViGlatrongtamtfrdiénnén§Z+é_§+é—6+@_§:6.
AB+AC+ AD = (GB—-GA)+ (GC —GA)+ (GD —GA) = (GB + GC + GD) — 3GA.
Ma GB+GC+GD =—-GA,dodo AB+ AC+ AD = —GA — 3GA = —4GA = 4AG.

c) Sai.
Ta c6 MA? + MB? = (MI + TA)? + (MI +IB)? = 2MI? + IA? + IB? + 2MI(IA + IB).

Vi T la trung diém AB nen IA+IB =0 va IA=IB = a.
= MA? + MB? =2MI? + 242

d) Ding.

Tuong tu cau ¢, MC? + M D? = 2M J? + 2b* (v6i J 1a trung diém CD, JC = JD = b).
Khi d6 P = 2(M1I* + M J?) + 2a® + 2b2.
Vi G la trung diém I.J (tinh chat trong tam t dién), tuong tu ta c6 MI? + MJ?* = 2MG? +
17\?
7 = 2MG2 —+ 262.
= P =2(2MG? + 2¢*) + 2a® + 2b* = 4AMG? + 2(a® + b* + 2¢?).
P dat gia tri nhé nhat khi MG =0< M = G. Khi d6 Py, = 2(a® + 0* + 2¢2).
& Bai 3. Trong khong gian Oxyz, cho hinh binh hanh ABC'D c¢6 A(0;0; —1), B(—1;1;0), C(1;0;1)
va M la diém sao cho 3M A? +2M B? — MC? dat gié tri nhé nhat. Xét tinh ding sai cia cac ménh
dé sau:

a) AB = (—1;1;1)
215

15

i

b) cos BAC =
¢) Toa do diém D la (2;—1;0).

. 1
d) Toa do diem M la (%, —5 1).

(2 Hz/o‘?/c /(i/z(jééé. a) Dung.
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Ta c6 A(0;0;—1), B(—1;1;0) = AB = (—=1—-0;1—-0;0—(—-1)) =(—-1;1;1).
b) Sai.
Ta co AC' = (1—00 0;1—(-1)) =(1;0;2).
_——  AB-AC (=1)-1+1-0+1-2 1 V15
cos BAC = = — )
AB-AC ~ VEDZF12H12. /12402 +22 V36 15
c) Ding.
ID—Ozl—(—l) $D22
Vi tit gidc ABCD 1a hinh binh hanh nen AD = BC < { yp—0=0—1 slyp=-1 =
zp+1=1-0 zp =10
D(2;-1;0).
d) Sai.

Goi M (z;y; 2), ta co:

AM? = 22 + 2 + (2 + 1)%

BM? = (z+1)* + (y — 1)* + 2%

CM?=(z—1)*+y*+ (2 — 1)2

Xét biéu thic P = 3MA? +2M B? — MC?:
P=3z+y*+(z+ 1) +2[(z+1)2+(y—-12+22—[(z - 12+ y* + (2 — 1)?]
P=42?+ 49>+ 422+ 62— 4y + 82+ 6

3\ 9 9_ 9
P=(22+2% 2 —1)2+ (22422 - - > -2,
(x+2) +(2y —1)*+ (22 + 2) T B 3
. , 3 1 31
Dau "=" xay ra khi x = 5~ —1. Vay M <_Z_L; > _1).

& Bai 4. Mot chiéc 6 to duge dat tréen mit day dudi cia mot khung sit ¢6 dang hinh hop chit nhat
v6i day trén 1a hinh chi nhat ABC D, mit phang (ABCD) song song véi mit phang ndm ngang.
Khung sét d6 duge buoe vao méc E ctia chiée can cau sao cho cac doan day cap EA, EB, EC, ED
c6 do dai bang nhau va cling tao véi mat phang (ABCD) mot goc bang 60 Chiéc can cau kéo
khung sit len theo phuong théing ding. Biét ring cac luc cing 7 1, F 2 F 3, F 4 déu c6 cuong do l1a
4500 N va trong lugng clia khung sat 13 2900 N. Xét tinh ding sai clia cAc ménh deé sau:

a) F1+F2 F3+F4
b) F1+F3:F2+F4.
c) |1_U')1—|—F3| = 8000 N (lam tron dén hang don vi).
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d) Trong lugng ctia chiée xe 6 t0 1a 12688 N (lam tron dén hang don vi).

[} Haoiy (z/(glé/ﬁz'(z’,z'.

Lay cac dlem M, N P,Q lan lugt trén cac tia EA, EB,EC,ED sao cho EM = Fl,EN =
Fg, EP = F3, EQ F4 Do cac e cang déu c6 cuong do 4500N néen EM = EN = EP = EQ =
4500.

a) Sai.
Tacé Fy + Fy = EM + EN = 2EH, véi H 1a trung diém MN.
Fs+ F,=FEP+ FEQ =2FK, v6i K la trung diem PQ.
Hai véc to nay nguge huéng nhau nén khong bang nhau.

b) Dung.
Ta co F1 + F3 EM + EP = 2EO v6i O la trung diém ctia M P (ciing 1a tam déy).
F2 + F4 = EN + EQ = 2EO VOI O la trung diém ctia NQ.
SuyraF1+F3 F2+F4—2EO

c) Sai.
|ﬁ1 + F3| = 2E0. Theo gia thiét, goc giita day cap va day 1a 60°, suy ra EMO = 60°.

3
Xét AEMO vuong tai O, ta ¢c6 FO = EM - sin 60° = 4500 - g = 2250/3.

Vay |F1 + Fs| = 2 - 2250v/3 = 45001/3 ~ 7794 N.
d) Dang.
Téng luc kéo len 1 |Fy + Fo + Fy + Fu| = |4EO| = 4 - 22504/3 = 9000v/3 ~ 15588 N.

Day la tong trong lugng ciia 6 t6 va khung sét.
Vay trong luong 6 t6 la 15588 — 2900 = 12688 N.

Phan III. Cau tra 16i ngan Thi sinh lam to cau 1 dén ciu 6 .

& Bai 1. Trong khong gian Oxyz, cho hai diém A(0; —2; —1), B(1; —1;2). Diém M (a;b;c) thuoc
doan thing AB théa mén M A = 2M B. Tinh gia tri ctia biéu thic T =a — b+ ¢?

[ Hm)‘% a/(fiz(jz'd,zf,

Do diém M (a;b; c) thuoc doan thang AB théa man M A = 2M B nén MA = —2MB.
Ta c6: MA=(—a;—2—-b;—1—c)va MB=(1—a;—1—0;2—¢).
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2

—a=-2(1-a) “=3
Khi d6 ta c6: { —2—b=—2(~1—-b) <<p_ _2
3

—1—c=-2(2-¢) c=1

2 4
VayT'=a—1b =-—\|—-z 1=23.
ay a +c 3 ( 3>+

& Bai 2. Cho t1t dien déu ABCD canh biang a. Goi M la trung diém ctia CD; G la trung diém
ctia AM biét BG - AC' = na® (n 1a s6 thap phan). Gia tri ctia n bang. (két qua lam tron dén hang
phan mudi)

() Hmfy de (2\12(71'(21'.

2

Xét tit dien déu ABCD canh bang a, ta co: BA-BC=BC-BD=BD-BA=a-a-cos60° = %
Do M la trung diém ctia CD; G 1a trung diém ctia AM nén ta co:
BC = §(BA+ ) = 3 (BA+ ;BC + 15D

2 B ) 2 2

. ,.—) —)_ ]_—) 1—) ]_—) ] r gt WY TN
Khi dé: BG AC—<2BA+4BC+4BD)(BC BA) = . 2+4 8+8 =%

Vay n = —0,125 ~ —0, 1.

& Bai 3. Trong hé truc toa do (Owxyz), mot thiét bi am thanh duge phat tu vi tri A(1;5;8). Nguoi
ta dut dinh dat mot may thu tin higu trén mat phang (Oxy). Biét may thu dat ¢ vi tri M (a; b; ¢)
sé nhan dudc tin hiéu sém nhat. Khi d6 a + 2b + 3¢ bang.

xR ud‘}gﬁ a,/(Z‘VIZC,fZ.(Z?L./.

Ngudi ta dit may thu trén mit phang (Ozy) sao cho nhan dudc tin higu sém nhat nén bai toan
tré thanh: Tim M € (Oxy) sao cho M A dat gia tri nhé nhat khi va chi khi M 1a hinh chiéu vuong
géc clia A len mat phang (Ozy). Do d6 M(1;5;0).

Vaya+20+3c=14+2-5+3-0=11.

& Bai 4. Trong khong gian toa do Oxyz cho @ va b tao véi nhau mot géc 120°. Biét rang
|@| = 4;|b| = 3, tinh gia tri ctia biéu thitc A = |@ — b|+|@ + b| (lam tron két qua dén hang

phan tram)

(& HL{()/[ (/(Z/Z olal.
%

Tac6: [@ = D> = (T — b)> =@ = 2@ - b +[b]* = 16— 2|@| - | b] cos 120° + 9 = 37.
Tuong tu |@+ b2 = (@ + b)2 = |@2+2a- b +|b[2=16+2|a|-|b|cos120° + 9 = 13.
Dod6 A=|a@ — b|+|d+ b|=+37+13~9,69.

Vay P =a+ b+ ¢ = 50(cos43° - cos 65° + cos 43° - cos 25° + sin43°) ~ 82, 7.

!
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& Bai 5. Mot luc tinh dién 1—5 tac dong len dien tich diém M trong dién truong déu lam cho M
dich chuyén theo dudng gap khiic M NP (Hinh vé). Biét ¢ = 2 - 107'2 C, vecto dién truong c6 do
I6n E=1,8-10° N/C va d = MH = 5 mm. Tinh cong A sinh béi lyc tinh dien F'.

l+ + + + + 4+ + o+ o+ |
«

E

[} Huozy a,/(?/z,; iée. Cong A sinh bdi luce tinh dién FlaA=2.10"12. 1,8-10°-5=18-10"" J.

& Bai 6. Néu mot vat co kh01 lu’dng m (kg) thi lyc hap dan P ctia Tréi Dt tac dung lén vat dugc
xac dinh theo cong thic P mq, trong d6 ¢ 1a gia toc roi tu do c¢6 do 16n g = 9,8 m/s . Tinh
do 16n cua luc hap dan cia Trai Dat tac dung lén mot qua tao c6 khoi luong 102 gam (Hinh 27)

elAsY’

[ Hmf% [/(’2/2(,7[0’[, Do6i don vi 102 gam = 102 - 1072 kg = 0,102 kg.
Tit cong thic P = mg suy ra |D| = m| G|
=0,102-9,8
= 0,9996 N.
Vay do 16n ctia Ic hap dan ctia Trai Dat tac dung lén qué tao xap xi 1 N.
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Chuong 3. LOI GIAI CHI TIET BO DE ON TAP CHUONG VECTO

TOAN THAY KHA PE ON TAP CHUOGNG VECTO TRONG KHONG GIAN
Pk sO 5 Mon: TOAN 12
(Dé gom c6 5 trang) Thoi gian lam bai: 90 phit, khong ké thoi gian phdt dé

Phan I. Cau tric nghiém nhiéu phuong an lwa chon Thi sinh trd 10 tu cau 1 dén cau
12 méi cau hoi hoc sinh chi chon mot phuong dan.

> Cau 1. Cho hinh lap phuong ABCD.A'B'C'D’. Goi O la tam ciia hinh lap phuong. Khang
dinh nao sau day la dung?

@@ZE(ZEJFA_BJH@) Z@:%(ZEJFA_BJH@).
© A0 = - (AB+AD+AA’> ®) A = g(ABJrADJrAA’).
lﬁ HL{()/ZC H/Qlijl(Zl
D o
B/
A .
-0
2 M. %
A B

Theo quy tac hinh hop, ta c6 1@7 — AB + AD + AAT
> —> 1 = 1 ——> =g —>
V10 la tam hinh 1gp phutong nén O la trung diém dusng chéo AC' = A0 = ACT = 2 (AB +AD + AA') .

¢ Cau 2. Cho @ va b la hai vecto ciing hudng v déu khéc vecto 0. Menh dé nao sau day
ding?

® @5 =al- b ® 7 5=0
© 7 =1 ® 7T =—al 3

[ /—[ao% f/d”/zyzfa’,zf. Do @ vi b 12 hai vecto cting huéng nén goc gitta chiing bang 0° = cos(@, b) =
C

Theo dinh nghia tich vo huéng: @ - fig= || - |3| - cos( @, 3) — |7\ |F|

3O Cau 3. Cho hinh chép S.ABCD c¢6 day ABC'D 1a hinh binh hanh. Dt SA = a,SB = b,5C =

b

Z, SD=4d. Khéng dinh nao duéi day ding?
@ T+T=0b+4d. ®T+b+C+d=0.
©ad+d=b+7. Dad+b=7C+d.
274
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[} Hmfy dén oidi.

C

Goi O la tam hinh binh hanh ABCD. Theo tinh chat duong trung tuyén trong cac tam giac SAC
va SBD, ta c6: SA+ SC =250 va SB+ SD = 250.
TudésuyraSA+SC=SB+SD&ad+C=10b+d.

¢ Cau 4. Cho ttt dien ABCD c¢6 AB = CD = 2a. Goi M, N lan lugt la trung diém ctia AD va
BC'. Biét MN = v/3a, gbc gitta hai vects AB va C'D béng

@) 30°. 60°. © 90°. (D) 120°.
[} Hmfy f/d/éﬁzfd[.

, 1
Goi I 1a trung diem ctia AC. Ta ¢6 IM la duong trung binh AACD = IM//CD,IM = §C’D = a.

1
IN la duong trung binh AABC = IN//AB,IN = §AB = a.
Khi d6 géc gitta (AB, CD) = (IN,IM) = MIN.
Xét AMIN ¢6 IM = a,IN = a, MN = av/3. Ap dung he qua dinh Iy cosin: cos MIN =

IM?2+IN?—MN? a®+a®—3a2 1 —
+ N, Y el — —5 = MIN = 120°

2IM - IN 2-a-a
¢ Cau 5. Trong khong gian Ozyz, cho vects @ théa man @ =27 — 3 + . Toa do clia @ la
@ (21;-3). (2;-3;1). © (=3:1;2). @ (1;2;-3).

[ Huozzﬁ (/(?/z(jzkéz', Trong khong gian Oxyz, néu @ = z7 + y7 + 2% thi toa do clia vecto @ 1a
C

V6id =21 —35 +1k,tacoétoado @ = (2;—-3;1).

> Cau 6. Trong khong gian Oxyz, cho diém A(1; —2;5). Hinh chiéu vuong goc ciia A lén truc Ox
c6 toa do la

@ (1;0;0). (0; —2;0). © (0;0;5). ® (0;-2;5).

» Swwe targ va Bién soan: Lé /’Z[n/{ K/{a 0399653362 275



Chuong 3. LOI GIAI CHI TIET BO DE ON TAP CHUONG VECTO

[ Hwoiy r/d/z(/m(zz Hinh chiéu vuong goc ctia diém A(w;y;z) lén truc Oz 1a diém c6 toa do
(2;0;0).
Vay v6i A(1;—2;5), hinh chiéu len Ox 1a A’(1;0;0).
4> Cau 7. Trong khong gian Oxyz, cho hai diém A(2; —1; —1), B(—3;2; —2). Toa do ctia vecto AB
la

@ (5:-3;1). (=5;3; —1). © (=51 -1). © (5;-3; 1)
(e} Huv”/c;ﬁ czzfgzé/cz'(é,z'. Ta c6 AD = (xp —xa;y —Yay 28 — 24) = (=3 —2;2 — (—1); -2 — (—1)) =
(—=5:3:—1).
9 Cau 8. Trong khong gian Oxyz, cho hinh binh hanh ABC'D ¢6 A(2;1; —3), B(0; —2;2), C(4; —3;0).
Toa do diém D la

@) (2;0;5). (6;0; —5). © (2;0;-5). D) (6;0;5).
(e Hm)/zc Q/Q}ijau Goi D(xo;yo; 20). Tt gidc ABC'D 1a hinh binh hanh khi AB = DC.
Ta c6 AB (—2;—3;5) va DC = (4 — zo0; —3 — Yo; —20)-

4—1’0:—2 .%'0:6
AB=DC<{ -3—y=-3 <y=0 .Vay D(6;0;—5).
—Zp =05 2= —9

¢ Cau 9. Trong khong gian Ozyz, cho vecto @ = (2;1;3) va b = (—=1;2;1). Toa do cia vecto
a+ b 1a

@ (1;3;4). (—1;3;4). © (2;-1;2). ® (3;-1;2).
e Jlicong (/(5/2(,717(512. Tacd @+ b = (2+ (—=1);1+ 23+ 1) = (1;3;4).

$> Cau 10. Trong khong gian Oxyz, cho ba diem A(1;2;4), B(—1;3;2) va C(0;4; —3). Trong tam
G cta tam giac ABC' 1a

@) G(1;3;1). G(0;3;1). © G(0;9;3). D) G(-1;9;3).
, 2 . 1—-140
()} Hu’o’ny c/zmjazz. Toa do trong tam G cua tam gidc ABC la: xg = TJF =0; yg =
C
2—|—3+4_3‘ ; _4+2—3_1
3 — 9 G — 3 - L
Vay G(0;3;1).

$> Cau 11. Trong khong gian Ozyz, cho vecto © = (—4;2; —3) va diém A(1;2;3). Toa do diém
B théa man AB = 7 1a

@3(3;2;—4). B —3;4;0).

© B(3;—4;0). (D) B(—3;—4;—4).

[ Ha0117 din giéi. Goi B(x;y;2), tac6 AB = (z — 1;y — 2; 2 — 3).
r—1=-4 r=-3

AB=T<{y—2=2 o{y=4 = B(-3;4;0).
z2—3=-3 =

$> Cau 12. Trong khong gian Ozyz, cho ba diem M(2;3;—1), N(—1;1;1) va P(1;m — 1;2). Tim
m dé tam gidc M NP vuong tai N.

@A) m = 0. ® m=2. (© m = —6. D) m = —2.
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O Pacong din gigi. Ta 6 NM = (3;2;—2) va NP = (2;m — 2;1).
C

Tam gidc MNP vuong tai N < NM L NP < NM - NP =0.
©3-242m—2)+(—2) 1=0264+2m—-4—-2=0&2m =0 m = 0.

Phan II. Trac nghiém diang sai Thi sinh lam ti cau 1 dén cau 4 moi i a) b) c) d) thi sinh
chon dung hodc sai.
& Bai 1. Cho hinh hop ABCD.A'B'C'D’. Xét tinh dung, sai clia cac khang dinh sau:
a) AB + AD + BB = AC'.
b) A'B'+ A'D'+ AA = AC".
¢) AB+BD + A'A = AC'.
d) AB+ AD + A'A = AC',
(&) /‘[mfgy Ja’;ijzf(ézf, a) Dang. Ta co: AB +AD + BB = AC + AA = AC'.
b) Sai. Do A/B’ +AD +AA=AC +A4 AA=AC.
c¢) Sai. Do AB + BD + A’A (A’A + AB) + BD A’B + BD A’D
d) Sai. Do AB +AD + A'A = (A’A + AB) +AD=AB+BC =AC.
& Bai 2. Trong khong gian Ozyz, cho cac diem A(8;9;2), B(3;5;1) va C(11;10;4).

a) Diém D théa man ABCD la hinh binh hanh c6 toa do 1a D(6;6;3).
V14

b) Do dai trung tuyén AM clia tam giac ABC' bang wh

c) BAC = 30°.
d) Diém N thuoc mp(Ozy) sao cho ba diém A, B, N thang hang cé toa do 1a N(—2;1;0).

[ HL[()/‘% a/(i\/ifz'd,z',,

a) Sai. Goi D(z;y;2). Ta c6 AB = (—=5;—4;—1), DC = (11 — 2310 — y; 4 — ).

—5=11—-2z r =16
D& ABCD 1a hinh binh hanh thi AB = DC < —4=10—y < qy=14 . Vay D(16;14;5).
—1=4—-z Z2=29
. ~ 2 ) Ry 15 5
b) Diang. Toa do trung diem M ctia BC la M 7;?;5 .
—— 2u, 3\ (1\* V14
. (. 1)2 Ln 7 A
Ta c6 AM ( 1;— % 2> Suy ra AM = \/( ) +( 2) +<2> 5
c) Sai. Ta c6 AB:(—5;— —1); AC’ (3,1,2).
AB-AC (=5) -3+ (=4) -1+ (-1)-2 V3

Ta c6 cos BAC = COS(AB, AC) A5 AC - (e vy sy B b =5

Suy ra BAC' = 150°.
d) Pang. Vi N € (Ozy) nén N(x; y,O) Ta c6 AB = (—5;—4;—1); AN = (z — 8y — 9; —2).
Vi 3 diém A, B, N thang hang nén AB cuing phuong véi AN Khl do:

=2 —8=-10 = —2
-5 & {:1: & {x . Vay N(—2;1;0).
7 y—9=-8 y=1

& Bai 3. Cho ba diém A(3;3; —6), B(1;3;2) va C(—1; —3;1). Goi M, N, K lan lugt la trung diém
cua AB, BC' va C'A.
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Chuong 3. LOI GIAI CHI TIET BO DE ON TAP CHUONG VECTO

a) Toa do M (2;3;2).

b) Véi G 1a trong tam tam gidc ABC thi GC = 2v/5.

¢) Trong tam tam giac MNK la E(1;1;—1).

d) V6i D(—3; —3;9) th tit gidc ABDC 1a hinh binh hanh.

Heeong f/f[/l(jl(il

B c
N

TA+Zp Ya+Yp ZA+ 2B
e 2 7 2

b) Sai: Ta c¢6 G(1;1; —1). Suy ra GC = /(=1 — 1)2 + (=3 — 1)2 + (1 + 1)2 = 2V/6.

¢) Diang: Hai tam giac ABC va MNK c6 cung trong tam. Suy ra F trung véi G(1;1; —1).

d) Ding: Ta c6 Ac = (—4;-6;7), BD = (—4;—6;7) suy ra AC = BD.

a) Sai: M la trung diém ctia AB, suy ra M < > hay M(2;3;—2).

& Bai 4. Hinh minh hoa so do mot ngoi nha trong hé truc toa do Oxyz, trong dé nén nha, boén
btic tuong va hai mai nha déu la hinh chit nhat.

Q(2;5;4)
x B
T By - G(4;5;3)
- |
2 @ -
P/)QZ,O |
- |
7 I
// !
Lo |
z |
E(0;0;3) £ ‘ add
7
(g
O - SEIEEE - B - - I B(4;5;0)
0(0;0;0) A x

a) Toa do ctia cac diem A(5;0;0).

b) Toa do clia cac diem H(0;5;3).

¢) Géc nhi dién c6 canh 1a dudng thing FG, hai mat 1an lugt 1a (FGQP) va (FGHE) goi 1a
goc dbc ctia mai nha. S6 do ctia gée doc ciia méi nha bang 26, 6° (lam tron két qua dén hang
phan mudi ctia do).

d) Chiéu cao clia ngo6i nha la 4.

(& HLIU/ﬁ [/fc/l(/lf((

a) Sai: Vi nén nha 1a hinh chi nhat nén t giac OABC' 1a hinh chit nhat, suy ra x4 = 25 =
4,90 = yp = 5. Do A nam trén truc Oz nén toa do diém A 1a (4;0;0).
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b) Sai: Tuong nha la hinh chit nhat, suy ra yg = yo = 5, 2y = 2 = 3. Do H nam trén mit phang
(Oyz) nén toa do diem H 1a (0;5;3).

c¢) Sai: Dé tinh goc dbc clia mai nha, ta di tinh s6 do goc nhi dién c6 canh la dudng thing FG,
hai mit phing lan lugt 1a (FGQP) va (FGHE) Do mit phing (Ozx) vuong goéc v6i hai mit
phiang (FGQP) va (FGHE) nén goc PFFE 1a goc phang nhi dién tng v6i géc nhi dien d6. Ta co

2v/5
FP = (—2;0;1), FE = (—4;0;0). Suy ra cos PFE = COS(FP, FE) = %_ Do do, PFE ~ 26, 6°.
Vay goc dbc clia mai nha khoang 26, 6°.
d) Sai: Chiéu cao bing cao do cia diém P suy ra h = 4.
Phan III. Cau tra 15i ngan Thi sinh lam tu cav 1 dén ciu 6 .

& Bai 1. Trong khong gian v6i hé toa do Ozyz, cho tam giac ABC ¢6 A(1;2;—1), B(2;—1;3),
C(—4;7;5). Goi D la chan duong phan gidc trong géc B ctia tam giac ABC'. Do dai doan AD = %
gia tri cua a 1a?

[} Hzm‘ﬁ a/(z/ijzm

Ta c6 AB = /26, BC' = /104 = 2/26.

Goi D(x;y; z) la chan duong phan giac trong géc B ciia tam giac ABC, theo tinh chat phan giac

DA BA 1
. ki, DA_——D
tacoDC B0 2Suyra C()
Ta c6 DA = (1—2;2— y,—l—z)vaDC (=4 —z;7—y;5 — 2).
1
l-z=—-(-4-—2x) x:—g
1 2.1
—1—2:—5(5—2) z=1
AD = —§;§,2
33
Vay Ap = Y _ Ve g

& Bai 2. Trong khong gian v6i he toa do Oxyz, cho hai diém C(4;0;0) va B(2;0;0). Tim toa do

diém M thudc truc tung sao cho dién tich tam giac M BC bing 3.

[} Huaéy a/(z’/zyzf(ézf, Vi M thuoc truc tung nén: M(0;yu;0). Ta ¢c6: BM = (=2;yp;0); BC =

C

(2;0;0).

Khi do: [BM,B—C’] — (0;0; —2yas).

Dién tich hinh binh hanh ABCD la: (Dya theo &nh goc: thyc té 1a dien tich tam giac M BC')
1= = 1

& Bai 3. Trong khong gian véi hé truc toa do Ozyz, cho ti dien ABCD c6 A(2;—1;1), B(3;0; —1),

C(2;—1;3), D € Oy va thé tich tit dien ABCD bing 5. Tong tung do ciia cic diem D thdéa man

yéu cau bai toan bang
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Chuong 3. LOI GIAI CHI TIET BO DE ON TAP CHUONG VECTO

[} /‘/m)y f/(z‘\/ijz'(z"z'. Do D € Oy = D(0;y;0).
Khi d6 DA = (2,—1 —y;1), DB = (3;—y; —1), DC = (2, —1 —y;3).
Ta c6 [174), D_B? = (14 2y;5;y+3).

[174’,173’] DC =244y —5—5y+3y+9=2y+6.

Va VABCD:—HDA,DB] -DC” _5o4Y oY
6 2 + 6 = —30 — 18
Vay y1 +y2 =12 — 18 = —G.

& Bai 4. C6 hai tram thu phét séng tin hieu mit dat dit ¢ hai diém O, A va vé tinh thu phét tin
hiéu tai & vi tri M, biét vé tinh di chuyén luon cach mat dat 35000km. Tin hiéu tai O phat len ve
tinh M 1oi truyén dén tram thu tai A. Xét hé truc Ozyz duge chon théa O(0;0;0), A(30;40;0),
M (x;y;35) (don vi toa do 1a ngan km). Biét van toc trung binh truyén tin hieu gitta vé tinh vdi
tram thu phat khodng 270000km/s. Mot tin hiéu phat tit O dén M, roi truyen vé A mat it nhat
bao nhiéu giay (lam tron dén hang phan tram).

[} Haﬁo‘fy (/K;IZ(j)l,'(z)l,'. Ta c6, do dai quang dudng truyen tin hieu
T =0M+ MA = \/z2 + 4> + 352 + /(30 — 2)% + (40 — y)? + 352

>\/(x+30—2)2+ (y+40 —y)2 + (35 + 35)2 = 10¢_ 4 (ngan km).
10V/74
o~ 0,32 (s).

Thoi gian it nhat dé A nhan duge tin hiu tit O la:

& Bai 5. Khi chuyén dong trong khong gian, may bay luon chiu tac dong ciia bén luc chinh: I
day ctia dong co, lic can ctia khong khi, trong Iuc va lie nang khi dong hoc. Luc can ctia khong
khi ngugc huéng véi luc day ciia dong co va c6 do 16n ti 1é thuan véi binh phuong van téc may
bay. Mot chiéc may bay tang van toc tit 900 km/h léen 920 km/h, trong qué trinh tang toc may
bay git nguyén huéng bay. Litc can khong khi khi may bay dat van toc 900 km/h va 920 km/h lan
luot duge bidu dién béi hai vecto F 1 Va F 5. Biét F 1= kF 5 v6i k 1& mot s6 thue duong nao do.
Tinh gia tri cia k (lam tron két qua dén chit s6 thap phan thit hai).

X ono f/(z‘\/ifz'dz'.

Vi trong qua trinh may bay tang van toc ti 900 km / h lén 920 km/h may bay git nguyén huéng
bay nén vecto Fy v Fy c6 cing huéng. Do do, F, = kFy v6i k 1a mot s6 thuc duong nao doé (1).
Goi vy, vy 1an lugt 1a van toc ciia chiée may bay khi dat 900 km/h va 920 km /h.

Suy ra v; = 900(km/h), vo = 920(km/h).

Vi luc can ciia khong khi nguge huéng véi luc day ctia dong co va c6 do 16n ti lé thuan véi binh
phufdng van toc may bay nén

\F | vl 9002 2025 — 2025 -
Tl 02 0200 2116 F1l = 51pgl F2l (2)-

> 2025 2025
Tir (1) va (2) ta c6: Fy = ——Fy = k = —— ~ 0, 96.

2116 2116

& Bai 6. Mot chiéc den tron dudce treo song song v6i mit phang nam ngang béi ba soi day khong
dan, xuat phat tit diém O trén tran nha va lan lugt budc vao ba diém A, B, C trén den tron sao
cho cac lyc cang F;, F;, F§ lan lugt trén mdi day OA, OB, OC doi mot vuong goc véi nhau va
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75| = |Fy| = |F5| = 15 (N). Tinh trong lugng ctia chiée den tron do.

o uozzy a,/(zf/z;jz'dzﬁ.

Goi A;, By, C; lan lugt 1a cac diém sao cho O—AI = F}, O—BI = ?’2, O—C'l) = F;
Lay cac diem Dy, A}, B}, D} sao cho OA;D;B,.C; A} DB} 1a hinh hop.
Khi d6 ap dung quy tac hinh hop, ta co:

OA, + OB, + OC, = OD..

Mat khac, do céac luc cang F,, Fy, F, doi mot vuong goéc va |F:| - |]—7;] L |F§| = 15 (N) nén hinh
hop OA; D, B;.C1 A} DB} ¢6 ba canh OA;, OBy, OC; bang nhau va doi mot vuong goc. Vi thé
hinh hop d6 1a hinh lap phuong ¢6 do dai canh bang 15. Suy ra do dai duong chéo O D] ciia hinh
lap phuong d6 bing 15v/3.

Do chiéc den treo § vi trf can bang nén 1—7: e ﬁ; + F§ = ]—5, 3d6 P 1a trong litc tac dung lén chiée
den. Suy ra trong lugng chiée den la |P| = |OD)| = 15v/3 (N).
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TOAN THAY KHA PE ON TAP CHUOGNG VECTO TRONG KHONG GIAN
pE sO 6 Mon: TOAN 12
(Dé gom c6 5 trang) Thoi gian lam bai: 90 phit, khong ké thoi gian phdt dé

Phan I. Cau tric nghiém nhiéu phuong an lwa chon Thi sinh trd 10 tu cau 1 dén cau
12 méi cau hoi hoc sinh chi chon mot phuong dan.

¢ Cau 1. Trong khong gian Oxyz, cho @ = —7 + 27 — 3%, Toa do clia vecto @ 1a

® (2-1;-3) (~3,2;-1). ©(=1:2;-3) © (2-3:—1).

[ Haofj f/fc/z(jmz Tacd@=—1-47+27 — 3% = Toa do cia vecto @ = (—1;2; -3).

$> Cau 2. Trong khong gian Ozyz, cho diém A(—2; —1;3). Goi Ay, Ay, A3 lan lugt 14 hinh chiéu
ctia diém A trén cac mat phang toa do (Oxy), (Oyz), (Ozx). Tim toa do cic diem A, Ay, As.
(20 ) L0513 3), As(2 —1,0).
© Ai(=2;-1;0), A2(—=2;0;3), A3( —1;3).
D) A (—2;0; 3 ), A2(0; —1; 3), A3(—2;1;0).
(&) Hm)/z (/Qlijl(u Hinh chiéu ctia diém A(—2; —1;3) trén cac mit phang toa do la:
Tren (Oxy) la A,(—2; —1;0).
Trén (Oyz) la As(0; 1 o)
Trén (Ozz) 1la A3(—2;0;3).
$® Cau 3. Trong khong gian Oxyz, cho hai vecto @ = (2; —2; —4) va b= (1;—1;1). Ménh dé nao
dudi day sai?

@ T+ b =(3-3-3). ®TLDb.
© |b] =3 (D) @ va b cung phuong.
, 2 -2 -4 R y ,
() szo‘g cfrz’/yzfrézf. Vi - = =+ T nén a va b khong cing phuong. Do d6 ménh de D sai.

$> Cau 4. Trong khong gian Ozyz, cho vecto © = (1;1; —1) va diém B(2;3;2). Tim toa do diém
C sao cho BC' = 1.

@ (3;4;1). 3 TIRD

© (3;2;1). @ (2;3;1).
a—2=1

@Hwa;zjf/@ndmzz, Goi Clajbje) = BC = (a—2b—3c—2) = BC =T < b—-3=1 <

c—2=-1

-

= C(3;4;1).
c=1

$® Cau 5. Trong khong gian Oxyz, cho hai vecto @ = (1;2; 3), b= (4;5;6). Toa do @ + b 1a

@ (3;3;3). (2;5;9). © (5:7;9). © (4;10;18).
e Jlicong a./(z,z(,f,f(zz:, T+ =(1+42+53+6)=(5T,9).
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¢ Cau 6. Trong khong gian Ozyz, cho vecto @ =37 +47 — 5k va diém A. Biét OA = 7. Tim
toa do diém A.

@ (3;4;-5). (3;4;5). © (—3;—4;5). D) (-3;4;5).
O\ Pacong din gici. T c6 T = (3:4;-5) = OA = A(3:4;-5).

> Cau 7. Trong khong gian Oxyz, cho A(2;5;—2), B(1;1;3),C(3;3; —1). Tim toa do diem E sao
cho C' la trong tam cla tam giac ABE.

@ (6;3;4). (6;3; —4).
© (6;—3; —4). D) (—6; —3; —4).
[ Huoéy cz,/(ﬁfé/cz'(z’,z'. Goi E(x;y;z). Vi C la trong tam clia tam giac ABE nén
241+
i; - =06

5*%:3 oly=3 = E(6:3-4).
—2+3—|—z__1 s = —4
—— 7 a

¢ Cau 8. Trong khong gian Oxyz, cho céc vecto @ = (2;m — 1;3), b = (1;3; —2n). Tim m, n dé
cac vecto @, b cung hudéng.

3
@mz?,n:—z. ® m=1,n=0.
4
@mz?,n:—g. D) m=4,n=-3.
@Hu‘o‘igj din gidi. Ta co E’,FCQHg huéng < Ik > 0 sao cho T =kb.
2="Fk-1 k=2 k=2>0
Tudo, suyra{m—1=3k S im—-1=6 <& m=7
3= —-2nk 3=—4n n:—§
4
¢> Cau 9. Cho hai vecto @, b théa man: |@] =3,|b| =4,|@+ b|=6. Tinh |7 — b|.
® VL. ® VIL. © 2v3. ® 3

O Hoeon [/(g,zj,t(zg, Tacé: |[@+ b]2= (T +0)2=|22+28b +|b]2=20b =|a+ b]>—
|E’|2—_)|b|2:62—_)32—42:11. TOA >
T - bPP=(C—0b)?=|2)P—20b +|b]?=9—-114+16=14=|a — b| =14
$© Cau 10. Trong khong gian Ozxyz, cho A(1;2;3), B(—2;0;1),C(—1;0;1). Tinh cos ABC.
3 5 % 3
[} Hmf’é{/c a,/(z“/z(jz‘afzf. Ta ¢6: BA = (3;2;2),§6’) = (1;0;0) — cos ABC' = COS(EZ, E@) =
BA - BC 3
BA|-[BC| V1T
$¢> Cau 11. Trong khong gian Ox_y)z, cho céc vecto @ = (1;0; —2); b= (—1;1;4), @ = (—5; 3;16).
Tim cip s6 (z;y) dée @ =2d +yb.

@ (z59) = (2;-3).
© (z39) = (2;3).

©6
—
£
&
I
N
&
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Chuong 3. LOI GIAI CHI TIET BO DE ON TAP CHUONG VECTO

T—y=—9
I — 9
[ Ha(fiy cz,/(?/z?z'(ézf. Ta c6: © = zd +yb nén ¢ y =3 & {:C = (x;y) =
' C y=3
—27 + 4y = 16
(—2;3).
$> Cau 12. Trong khong gian Ozyz, cho hai diém A(1;1;—1), B(2;1;2). Do dai doan thing AB
bang
@) V10. V14. © 9. D) 10.

(e} Ha'o/‘/(zy (/(;;yz{zz; Taco AB=/(za—xp)2+ (ya—yp)>+ (za—2)2=/(2—-12+(1—-12+(2+1)%-
V10.
Phan II. Trac nghiém ding sai Thi sinh lam ti cau 1 dén cau 4 moi 4§ a) b) ¢) d) thi sinh
chon ding hodc sai.
& Bai 1. Cho hinh ling tru tam gidc déu ABC.A'B'C" ¢6 AB = a va AA' = av/2.
a) AC = AB + BC.
b) Goi M la trung diém BC va AAM = AA+ A'B'— CM.

., & 2
c) A’M~AC:\/ia.

d) Goc gitta vecto AB' va BO" bing 60°.

[ Hwo‘nj f/ff/z(fzf{ézf.
a) Duang. Day 1a quy tic cong vecto co ban.
b) Ding. Ta c6: A’A+ AB' — CM = A’A+ AB + BM = AB+ BM = A'M.
c¢) Sai. Ta co: A'M-AC = (E"A’er) AC = AA-AC+AM-AC = 0+ AM - AC - cos 30° =

av/ I (e Joi

2 2 4

d) Dﬁng.Tacé:ﬁ-B—C7:<A—B)+B—B7> (B—C')+C'_C7):A—B)B—C)+EC—C7+B—B7B—C)+
BB -CC
N 2 3a*
= AB BC+O+0+2a2:——+2a2:7.
—_— ——> ,.—7 3a2 —_— —>
Suy ra cos (AB’,BC’): iBi Bi = 2 :1:> <AB’,BC”):60°.
‘AB’-’BC’ aV3-av3 2

& Bai 2. Trong khong gian Oxyz, cho ba diém A(1;1;1), B(—1;2;1),C(1;2; —1).

b) AB + BC = (0;1;-2)
c) AB=5
d) (B_(J>+(T4’+E4":2\/5

[ HL{O}(27 c/(Z/z(,; 71,'(2"17/.

a) Sai vi AB = (—2;1;0).
b) Ding vi AB + BC = AC = (0;1;—=2).
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c) Sai vi AB = /(-2)2 + 12 + 02 = /5.

d) Ding vi ‘R"+CT4’+§4" — ‘Eﬁﬂ‘ —2.BA =25
& Bai 3. Trong khong gian Ozyz, cho cac diém A(3;2; —1), B(1;4; —2) va C(0; —2;3). Xét tinh
ding sai clia cac ménh deé sau:

a) AD = (—2;2;—1).

b) |AB| = 3.

¢) Toa do diém M sao cho AB+CM =0 la (1;—-2;2).

d) Toa do diém N thudc mit phing (Oxy), sao cho A, B, N thang hang 1a (5;0;0).
[} HL[’()/‘W a@/ﬁj[di.

a) Ding. AB = (1 —3;4—2,—-2— (=1)) = (-2;2; —1).

b) Ding. |[AB| = /(<2)2 + 22 + (—1)? = 3.
c) Sai. Goi M(z;y;2) thi MC = (—z; -2 —y;3— 2).

—T = —2 T =2
VIAB+CM=0=AB=MC={-2-y=2 &iy=—-4 = M(2—44).
3—,2:—1 224

d) Ding. Vi N thuoc mat phé&(Owy) nén toa do diém N 1a N(z;y;0).
Ta co: AN(x—B;y—Q;l);BN(x—1;_y_)—_4_;_%). e
Dé A, B, N thang hang thi hai vecto AN, BN cung phuong. Do d6, AN = kBN (v6i k # 0).
z—3=k(z—1) k=3 e
Suyra, Sy —2=k(y—4) ={z-3=31(z—1) @{x— . Vay N(5;0;0).
1=2k y—2=1(y—4) J=4

& Bai 4. Trong khong gian vé6i he toa do Ozyz cho ba vecto @ (1;1;0), 3(2; —1;1), 2(-3;1;3).
a) Toa do clia vecto @ + b la (3;0;1).
b) Gidstt @+ 7 =2b — . Toa do ctia T 1a (6; —4; —1).
c) Goi ¢ la goc giita hai vects @ va b — 2. Khi d6 cos ¢ = %
d) Gia st T = (—14;9;14) va T =k@ +mb +n<C. Khi d6 k+m +n = 9.
O /luong (/(5/1(71?(54.

—

a) Dung. Taco: @+ b = (14+2;1+(=1);0+1) = (3;0;1).
b) Ding. T =2b — C— @ = (4;-2;2) — (=3;1;3) — (1;1;0) = (6; —4; —1).
c) Ding. Dat W= b — 22 = @ = (8;—3;—5) = |¥| = V98 = TV2.

7.7 =53 = V2.

N - - 5
Khi dé: cos ¢ = cos(a@, )

a-u _i
@7 V2eTv2 o 14

d) Sai. Ta c6 k&’%—mz—l—n?:(k—|—2m—3n;k—m—|—n;m+3n). Khi dé:

kE+2m—3n=-14 k=3
T=k@+mb+nce k—m+n=9 Sim=-1 =k+m+n="T.
m+3n =14 n=>5
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Phan III. Cau tra 16i ngan Thi sinh lam to cau 1 dén cau 6 .

& Bai 1. Trong khong gian chon hé truc toa do cho trude, don vi do lay kilomét, ra da phat hien
mot may bay chién dau X di chuyén v6i van téc va hudng khong déi tit diem M (1000; 600; 14) dén
diém N trong 30 phit. Néu may bay tiép tuc giit nguyen van téc va huéng bay thi toa do clia may
bay sau 10 phit tiép theo bang Q(1400; 800; 16). Toa do vi trf diém N (a;b;c), tinh S = a + b+ 2c.

() Ha‘o‘g a/(Z/z( 71,'(21,'.
Q

/N‘
M
Goi N(z;y;z) 1a toa do ctia may bay sau 30 phiat. Ta ¢c6 M Q) = (400;200;2).
NQ@ = (1400 — x; 800 — y; 16 — z2).
Vi may bay gitt nguyén huéng bay nén M@ va N cung hudng.

Do may bay tiép tuc gitt nguyén van toc va thoi gian bay tit M — @ gap 4 lan thoi gian bay tit
N — @ (tong cong 40 phit so véi 10 phiit) nen M(Q = 4NQ.

400 = 4(1400 — z) z = 1300
Suy ra MQ = 4ANGQ < { 200 = 4(800 —y) <<y =750 = N(1300;750;15,5).
2 = 4(16 — 2) 2 =155

Toa do vi trf diem N 1a (1300; 750; 15, 5).
Suy ra S =a-+ b+ 2c = 1300+ 750 4+ 2 - 15,5 = 208]1.

& Bai 2. Mot chiéc méy do dac tric dia duge dat trén mot gia d ba chan véi diem dat S(0;0;4)
va cac diém tiép xtc v6i mat dat ciia ba chan lan lugt 1a A(—2;0;0), B(1;v/3;0), C(1; \/_ 3;0). Blet
rang trong lyc tac dung lén chiéc may c6 do 16n 1a 30N va du’dc phan b6 thanh ba Iy Fl, Fg, F3
c6 do 16n bang nhau nhu hinh dudi. Tinh tich vo huéng clia F1 Fz

[ Ha‘(fny (/(5)2(71’(217,

T

Ta c6: SA = (—2;0;—4); SB = (1;4/3; —4); SC = (1;—V3;—4) = SA = SB = SC = /20.

Lai c¢6 AB = (3; \/5;0);/1_0) = (3;—V/3; 0);B—C’) = (0; —2v/3;0) = AB = AC = BC = /12. Dan
dén hinh chép S.ABC déu c6 duong cao 1a SO = 4, v6i 0(0;0,0) la trong tam tam giac ABC.
Mat khac,
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Gid st Fy = kSA = (—2k; 0; —4k), Fy = kSB = (k;/3k; —4k), Fy = kSC = (k; —v/3k; —4k).
Khi d6 Fy + Fa + F3 = (0;0; —12K).
\ﬁtrongluc]? (0;0; —30) nén F1+F2+F5 P= —12k=-30c k= Z =2,5.

= = 55
Suy ra Iy = (=5;0; —10), F'y = (5 5v3, —10)

- - 5
Vay, Py Fy = (=5) - 2 + 0+ (~10)(~10) = ~12,5 + 100 = 87,5,

& Bai 3. Mot binh ca canh ¢6 dang mot chém cau duge dat trén mot chan dé (tham khéo hinh
vé). Biét tong khdi lugng bé ca 1a 20kg, ba chan dé la ba canh bén ctia mot hinh chép cut déu
c6 do dai canh bén bang 50 cm, hai day c¢6 do dai lan ludt 1a 30 cm va 20 cm. Biét gia toc trong
truong bang 10m/s”, tinh do 16n lyc tac dung clia bé ca len ting chan dé (Két qua lam tron dén
chit s6 thit nhat phan thap phan).

[} Huoéy cz,/(glé/ﬁz'(z”,z'.

Gia st cac vecto luc clia bé ca tac dung lén cac chan dé la F O—A), F)g = OB ]? =
Dé thay ba luc nay c6 do 16n bang nhau va Fl + F2 + ]_7) F

Tinh dugc OM = ON = OP = 100; OF = 2-0OD = 2/150% — 152 = 90v/11; DC =
15/3.
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OD? + OC? — DC? 2401
cosa = =4/ :
2-0D-0C 2475’
OF?=0FE? +EF?+4+2.-0OF - EF -cosa = 199800 = OF = 30v/222.
- OA OA
Taco 2 =22 o p =22 paor i
a co = OF = F OF 67,
& Bai 4. Cho hinh chop S.ABCD c¢6 day la hinh ch@ nhat v6i AB = 3; AD = 4;SA vudng goc
v6i mit day SA = 2v/6. Tinh (SC; BD) theo don vi do géc bing do? (két qua lam tron dén hang
phan mudi)

[ /’[a‘o‘/(z/ﬁ (z./(g)z(,fzf(z'zﬁ.

Do ABCD la hinh chit nhat v6i AB = 3; AD =4 nén AC = BD =5,5C = AC? + SA2 =17.
SC-BD = (ﬂ’+ﬂ3’+ﬂ5> (ﬂ)’-@’) —AD? — AB* =42 32 =7,

DA | _.
_ S W .BD) ~ 78, 5°.
SC-BD 7-5 5;$(SC’ ) 76;9

& Bai 5. Trong khong gian Ozyz, cho hai diem A(1;2;1), B(2; —1;3) va diém M (a;b;0) sao cho
M A% + M B? nhé nhat. Gia tri ctia a + b bang

(e} Hmmj (/fzf/z(fgfzg, Ta c6: MA2+ MB? =(1-a)?+(2—-0)24+12+(2—a)?> + (-1 —b)? + 32

coS (S—d 3 ﬁ)

3\° 1\?
:2a2—6a—|—2b2—2b+2022<a—§) +2<b—§) +15 > 15.
a3
Déng thitc x4y ra khi £ khidsa+b=2.
2

& Bai 6. Trong khong gian v6i hé toa do Owzyz, cho hai diém A(1;2;3), B(—2; —4;9). Diém M
thuoc doan AB sao cho M A = 2M B. Binh phuong do dai doan thing OM bzang bao nhiéu?

[} Ha'o‘éy (/(E)z(fzfdzi. Goi M(x;y; 2).
Vi diem M thuoc doan AB sao cho M A = 2M B nén

3-(—2—2)=-3 r=-—1
AB=3MB & {3 (—4—y)=—6 o y=—2
3-(9—2)=6 z2=17

= M(—1;-2;7) = OM =1+ 4+ 49 = Vb4 = OM? = 54.
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TOAN THAY KHA DE ON TAP CHUOGNG VECTO TRONG KHONG GIAN
PE SO 7 Mon: TOAN 12
(Dé gom c6 5 trang) Thoi gian lam bai: 90 phiit, khong ké thoi gian phdt dé

Phan I. Cau tric nghiém nhiéu phuong an lya chon Thi sinh trd 10 t cau 1 dén ciu
12 méi cau héi hoc sinh chi chon mot phuong dan.

¢ Cau 1. Cho vecto @ = (1;3;4), tim vecto b cting phuong véi vecto @.
® b = (~2-6;-8). b= (~2-68).
© b =(-2;6;8). D) b = (2;-6;-8).

[ Hmfg a/d/z,(jzfézf. Hai vecto cting phuong khi vecto nay bang k lan vecto kia. Ta thay

(—2; —6; —8) = —2(1;3;4), do d6 b= (—2; —6; —8) cuing phuong vé6i @.
¢ Cau 2. Goi ¢ la goc gitta hai vecto @ = (1;2;0) va b= (2;0; —1), khi d6 cos ¢ bang:

2 2 2
0. =) A %
| T-b 1.242. = p
[} Hl[éﬁ a/ffzz(jz(z’,é. Ta c6 cosp = _? = +2-0+0-(-1) L | _
1Z]-|5] VI2+22+02-4/224+02+(-1)2 +5-5
2
5.
¢ Cau 3. Tich vo huéng clia hai vecto @ = (—2;2;5), b = (0;1;2) bang:
@) 10. 15Y © 12. D) 14.

lﬁ/{a‘o‘/?(/a},n&/c[d[. Ta co Tz’-?:(—2)-0+2-1+5-2=O—|—2+10=12.
4 g

$> Cau 4. Trong khong gian Ozyz, cho ba diem A(1;0; —3), B(2;4; —1),C(2; —2;0). Toa do trong
tam G cua tam gidc ABC la:

5 2 4 5. VR4
® (5:53) £
5%
© (5:2:4). ® (5;1;_2).
) 14242 5 04+4—-2 2
(&) Ha’og a,/rf‘”n(fzfa?zf, Toa do trong tam G la xzg = chet -85 = 3 Y = +T = 3 g =
3—140 4 (52 4
3 __§'VayG(§’3’ 3)'

$> Cau 5. Cho diém M(1;2; —3), hinh chiéu vuong goéc ctia diém M trén mat phang (Oxy) la
diém:

@ M'(1;2;0). M'(1;0; -3).

© M'(0;2;-3). (D) M'(1;2;3).
o Hmféy (/(211(7['[2['. Hinh chiéu ctia diém M (x;y; z) lén mat phang (Oxy) c6 toa do (z;y;0). Do
do M'(1;2;0).
$> Cau 6. Trong khong gian Ozyz, cho hai diém A(1;2;1), B(2; —1;2). Diém M trén truc Oz va
cach déu hai diém A, B ¢6 toa do la:
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Chuong 3. LOI GIAI CHI TIET BO DE ON TAP CHUONG VECTO

o (L) o (Low)
@M<§-o-o). @M< L ;)

[} Ha‘()/zc a/mijz(zz Diém M € Oz = M(z;0;0). Vi MA= MB = MA? = M B?

3
<:>(1—a:') +224+12=2-2)?+ (1)’ +22 22— 20+ 6 =27 —4x+9<:>2:1::3<:>x:§.

3
Vay M (5;0; 0).

$> Cau 7. Trong khong gian Ozyz, cho ba diém A(2;5;3), B(3;7;4), C(x;y;6). Gia tri clia x,y dé
ba diém A, B, C' thang hang la:

A z=5y=11 ®) z=-5y=11.
© z=-11,y= -5 D) 5= llLg=15.
(2} Haozy din gidi. AB = (1;2;1), AC = (z —2;y—5;3). D& A, B, C théng hang thi AC = kAB

-2 -5 3
x _Y =-=3=>zx=5vay=11L

12 1
$» Cau 8. Trong khong gian Ozyz, cho ba vecto @ = (2;—1;3), b = (1;-3;2) va @ = (3;2; —4).
Goi 7 la vecto théa man: - @ = =5, 7 - b = —11,7 - ¢ = 20. Toa do clia vecto @ la.
@ (2:3;1). (2;3; -2). © (3;2;,-2). @ (1;3;2).

2 —y+3z2=—-5 r=2

() Hwo‘/y z/af/z(,jszézi. Goi ¥ = (z;y;2). Taco he: Cz—3y+22=-11 & <(y=3 . Vay
3r+2y—4z=20 L= =)

7 =(2;3;-2).

$> Cau 9. Trong khong gian Ozyz, cho ba diéem M (2;3; 1), N(—1;1;1), P(1;m — 1;2). Véi gia
tri nao ctia m thi tam gidc M N P vuong tai N?

@) m = 3. ® m=2. © m=1. D) m = 0.
O Macong f/f;,iizf(zz. Tam gidgc MNP vuong tai N < NM - NP = 0.
Ta c6 NM = (3;2;—2) va NP = (2;m — 2;1).
NM-NP=3-242-(m—2)+(-2)-1=6+2m—-4—-2=2m=0=m=0.
$® Cau 10. Trong khong gian Ozyz, cho tam giac ABC ¢6 A(—4; —1;2), B(3;5; —10). Biét trung
diém canh AC thuoc truc tung, trung diém canh BC thudc mat phéng (Ozz). Toa do dinh C
la:

@A) C(4;—5; —2). C(4;5;2).

© C(4;-5;2). D) C(4;5;-2).

[ Ha()éy din oidi. Goi O(x;y; 2). Trung diem AC thudc truc tung nén x4 +xc = 0 va 24 + 20 =
O=zxr=42=—-2.

Trung diém BC thuoc (Ozz) nén yp +yo = 0 = y = —5. Vay C(4; —5; —2).

$© Cau 11. Trong khong gian Oxyz, cho tam giac ABC ¢6 A(1;0;0), B(0;0;1),C(2;1;1). Dién
tich ctia tam giac ABC' bang:

oL of  of  of
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O Pacong f/(f/l(rzfd[. AB = (~1;0;1), AC = (1;1;1). Tich ¢6 hudng [AB, AC] = (—1;2; —1).
V6
2
$> Cau 12. Trong khong gian Oxyz, cho cac diém A(2;5;1), B(—

dé MA? — MB? — M(C? dat gia tri 16n nhat thi m bang:

@) 3. —4. © 2. D 1.
e locong z/é/iyzfézf. Diat P = MA2 — MB2 — MC? = (m —2)2 + (m —5)2 + (m — 1)2 — [(m +
224+ (m+6)2+(m—22—[(m—-12+(m—2)2+ (m+1)%
P = —3m? — 24m — 20. Day la parabol quay bé 16m xudng duéi, dat cic dai tai m =
—4.

l,— — 1
Dién tich Sapc = 5\[AB,AC]\ = 5\/(—1)2 +224(—-1)2 =

—6;2), C(1;2; —1) va M (m; m;m),

-b 24
2a -6

Phan II. Trac nghiém ding sai Thi sinh lam ti cau 1 dén cau 4 mdi 4 a) b) ¢) d) thi sinh
chon ding hodc sai.
& Bai 1. Trong khong gian Oxyz, cho hai vecto @ = (—2;1;-3), b = (—1;—3;2) va diém
A(4;6;-3).

a) Toa do vecto @ — 2b = (0;1;—1).

b) Toa do diém B(2;7;—6) thi @ = AB.

c¢) Hai vecto @ va b ciing phuong huéng.

d) Goc giita vecto @ va b bang 120°.
e Hocong f/a?,yzf(zz; a) Sai: Vi @ —2b = (0;7; 7).

—QILUB—4 .’L’B:2
b)Dfmg:\/“l(—f:A_B)@ l=yp—6 Syp="7 = B(2;7;-6).
—3=25+3 zp = —6
—2 1 -3
C)Sai:\/“l—#—;é—.
- -2 (-1 1-(-3 —3)-2 1 4, =
d) Dang: Vi cos(@, b) = (= )+ ( )+< ) =——=(d, b)=120°.
V22 + 12+ 2. /12 4 (—3)2 + 22 2
& Bai 2. Cho tit dien déu ABCD c6 canh bing a va M la trung diém ctia CD.
a) AM -CD =o.
— CL2
b) AB-AC’z;
c) AB-CD =0.
— > CL2
d) AM AB:—E.
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Chuong 3. LOI GIAI CHI TIET BO DE ON TAP CHUONG VECTO

A

C

() Huozz(/r f/d/; si¢i. a) Ding: Tam gidac AC'D déu suy ra AM vuong goc véi C'D nén AM-CD = 0.
— — — — — — — 2

b) Ding: Ta ¢6 AB - AC = |AB| - |AC|cos(AB, AC) = AB - AC - cos BAC' = a - a - cos60° = %

¢) Dtng: Ta ¢6 AB-CD = (AM + MB)-CD = AM -CD + MB - CD.

Mat khac AM, BM la trung tuyén clia cac tam giac deu ACD, BCD nén AM 1 CD,MB 1L CD.

Suy ra AM -CD =MB-CD =0= (AB,CD) = 90°.

d) Sai: Ta c6 AM = %(A_CM— E)

—_ —> g 1 —> g 1 _ —> —_ —> 1 0,2 CL2 CL2
SuyraAB-AM:AB-i(ACjLAD):§(AB-AC+AB-AD):§ 5+7 = —.
& Bai 3. Mot chat dlem G vi tri dinh A cta hinh lap pthGng ABC’D A'B'C'D'. Chéat diem chiu
tac dong béi ba lyc @, b ¢ lan luot cuing huéng vdi AD AB va AC" nhu hinh va. Do 16n cua cac

lue @, bva tuong tng la 10N, 10 N va 20 N.

a) T+ b =72
b) |@+ b|=20N.
o) |2+72=b+72|
d) |@+ b+ 2| =32,59N (lam tron két qui dén hang phan mudi)
AT
B
@/
D | C
| 4
YU = S=h ===k y2f
8
C/
- — 1 -
N long din oiéi. Tt gid thidt ta 6 @ L b; cos(@, @) = cos DAC" = —; cos(b,C) =
wong (111 gl gia thi ( ) 7 ( )
cos BAC! = —.
V3

a) Sai: Gia st @ + b = d. Theo quy tdc hinh binh hanh thi d cung huéng véi AC suy ra
a+b#7C.
) Sai: |@ + b| = 10v/2 (dudng chéo hinh vuong canh bing 10).

!

o

R | 400+/3
c) Dang: Tacé |d + CP> =|d|*+2@ - C+|C*=10>+2-10-20 - — + 20% = 500 + \/_

/3 3
4004/3
—

Suy ra |@ + €| = 1/500 +
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- - - 1 400v/3
Mit khac (b + )2 =|b]?+2b - C+|C*=102+2-10-20 - — + 20> = 500 + 3\[.

\/§
400\/_ -

Vay [+ 7C|=]b + 2.

Suy ra |b + 2| = /500 +

)Glasu?lu’ctongh(jplam tufclam— T+b+7

Dodé:m=a+b+C e M= (T+b+0)2 e [M2=a2+b2+C2+23- b +2b-C+2C-
N 1 1

& |mP=102+10*+202+0+2-10-20- —=+2-10-20- —=

N
a

v v
@]Fn’\?:102—|—102—|—202—|—O—|—2~10~20-ﬁ+2~10‘20~%<:>]r_n’|%32,59.

& Bai 4. Trong khong gian Ozyz, cho hai diém A(5;0; —3) va B(—2;7;1).
a) 5Z+3%’:57+7.
b) AB = (~7:7;4).
c) OA+ OB = (—3;—7;2).
)

77
d) Toa do trung diém ctia doan thing AB la (——' =; 2).

e Jlocong (/(UUW ) Sai: Ta c6 OA = (5;0; —3) va 3% = (0;0;3) nén OA + 3% = (5;0;0).

Mt khéc 51 >0 + 7= (5;1;0). Do do OA+3Z7£57+7.

b) Ding: AB = (xp —Ta;yB —Ya;28 — 24) = (-2 —=5;7—0;1— (=3)) = (=7;7;4).
c) Sai: OA+ OB = (5+ (-2);0+7;-3+1) = (3;; -2).

d) Sai: Goi M la trung diém ctia AB, toa do ctia M la:

i g (s 0 _—3—|—1__1
Ty = 5 —27?JM— 23 7—2,21\/1— 5 = .
Vay toa do trung diém laM(2 3’ 1).

Phan III. Cau tra 16i ngan Thi sinh lam ti cau 1 dén ciu 6 .
& Bai 1. Trong khong gian Oxyz, cho hinh lang tru tam giac déu ABC.A'B'C" c6 A'(V/3;—1;1),
hai dinh B, C thuoc truc Oz va AA’ = 1 (C khong trung véi O). Biét vecto © = (a;b;2) (v6i
a,b € R) cing phuong véi A'C. Tinh T = a® + b2
[ /{uon (/mzdzaz Lay M la trung diém BC.

. AM 1 BC .
Khi dé ta c6 nén BC 1L (AAM)= BC L A’M tai M.
AA" L BC

Suy ra M 1a hinh chiéu ctia A’ trén truc Oz = M (0;0;1) va

AM = /(V3= 02+ (—1- 02+ (1-1)2 =2
Mat khac AM = VA M2 — AA2? = /22 — 12 = /3.

LaicéAABCdéunénAM:?BC’:\@:§BC:BO:2:MC:1.

Goi C(0;0;¢),c # 0 suy ra MC = |c — 1].

c=0
MC=1&|c-1=1« [ . Vi C khong tring O nén chon ¢ = 2 = C(0;0;2).
c=2

SuyraA’ = (—V/3;1;1).
Vi ¥ = (a;b;2) cung phlidng véi A'C nen @ = 2A4'C = (—2/3;2;2).
Vaya——Q\/_,b—Z. Suy ra T = a* + b* = (— 2\/_) +22=124+4=16.

» Swwe targ va Bién soan: Lé /’Z[n/{ K/{a 0399653362 293



Chuong 3. LOI GIAI CHI TIET BO DE ON TAP CHUONG VECTO

& Bai 2. Cho tit dien déu ABCD canh bang 4. Chon heé truc toa do Ozyz sao cho gbc toa do O
trimg véi B, diém D thuoc tia Oy, vectd i ciing huéng véi vectd NC véi N 1a trung diem BD,
tia Oz huéng lén trén nhu hinh vé. Khi dé toa do vects BM véi M trung diém ctia CD c6 dang
(a;0;0). Tinh gia tri S = a + b.

e uong f/avzjztmt. Ta 6 B = 0(0;0;0). Do D € Oy va BD = 4 nén D(0; 4;0).

N la trung diém ctia BD nén N(0;2;0).

R 4v/3
ABCD la tam giac deu canh 4 nén duong cao CN = %— =2v/3.
Vects 7 cting hudng véi NC nen C(2v/3;2;0).
M 1a trung diém ctia C'D nén toa do ctia M la:
2v340 2+4
xM:xC+:CD = V3t Z\/g;yM:yC—i_yD = i = 3; 2, = 0

2 2 2 2
Vay BM = (v/3;3;0) = a = v/3,b = 3.
Giatri S =a+b=3+3.

& Bai 3. Trong khong gian Oxyz, cho hinh thang can ABCD c6 cac day lan luot 1a AB,CD.
Biét A(3;1;-2), B(—1;3;2),C(—6;3;6). Tinh tong binh phuong cac toa do clia diém D.

() Ha’o‘zy f/af/z(jzfézf. Goi D(z;y; z). Ta c6: AB = (—4;2;4); CD = (x 4+ 6;y —3;z—6).
Do ABCD la hinh thang (AB//CD) nén CD = kAB (k # 0).

; . 6 r=—6—4k
@”4 :?/; :Z; —kedy=3+2% = D(—6— 4k;3 + 2k; 6 + 4k).
z =06+ 4k

Lai c6 ABCD la hinh thang can nén AC = BD & AC? = BD?.
AC* = (—6—-3)2+(3—=1)2+ (6 — (—2))* = (=9)? 4+ 22 + 8% = 149.
BD? = (=6 — 4k — (—1))?> + (3 + 2k — 3)2 + (6 + 4k — 2)? = 36k? + 72k + 41.

k=1
AC'Q:BD2<:>36/€2+72/{;—108:O<:>/€2+2k—320<:>[k 3].
4) Véi k = 1 = D(—10;5;10). Khi d6 CD = AB = ABCD la hinh binh hanh. Kiém tra thiy
AD = \/@7& BC = /41 nén loai.
+) V6i k = —3 = D(6; —3; —6). Kiém tra thiy théa man ABCD la hinh thang can.
Vay tong binh phuong céc toa do diém D la: 62 + (—3)% + (—6)% = 81.

& Bai 4. Ngudi ta can lip mot camera phia trén san béng dé phat séng truyén hinh mot tran
bong da, camera c6 thé di dong dé luon thu duge hinh anh ré nét vé dién bién trén san. Cac ki
st du dinh trong boén chiée cot cao 30 m va sit dung hé théng cap gin vao bén dau cot dé giit
camera & vi tri mong mudén. Mo hinh thiét ké dugc xay dyng nhu sau: Trong hé truc toa do Oxyz
(don vi do dai trén méi truc 14 1 m), cac dinh ctia bon chiée cot lan lugt 1a cac diem M (90;0; 30),
N(90; 120; 30), P(0;120;30), Q(0;0;30). Gia stt Ky 1a vi trf ban dau clia camera c6 cao do bang
25 v KoM = KoN = KoP = K,Q. Dé theo déi qua béng dén vi tri A, camera dudce ha thap theo
phuong thing ding xubng diém K; c6 cao do bang 19. Biét trung diéem doan KoK, c6 toa do la
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(a;b; c). Khi d6 hay tinh gia tri biéu thic T = 5a + 7b + 9c.

z

T
[} Huozzy a,/(z‘\/z(,/cz'(ézf.
& Vi K cach déu 4 dinh M, N, P, clia hinh chit nhat nim trong mit phang z = 30 nén hinh
chiéu ctia K, lén mit phang nay la tam ctia hinh chit nhat M N PQ.

& Toa do tam hinh chi nhat 14 trung diém ctia M P (hoic NQ):
Ty +Tp 90+ 0 Ym + Yp sl
2 2 2 2

Theo gid thiét, cao do ctia Ky 1a zg = 25. Suy ra K,(45; 60;25).

60.

Ty —

¢ Diém K; nam duéi K, theo phuong thang ding nén c6 ciing hoanh do va tung do, cao do
z1 = 19. Suy ra K;(45;60;19).
& Trung diém I(a;b;c) clia doan KoK c6 toa do la:
g 45;—45 — Y N 60—;—60 iF
< Tinh gié tri biéu thic T
T=5a+74+9=5-454+7-60+9-22 =225+ 420 4 198 = 843.

,_25+19
==

Hi

60;

& Bai 5. Trong khong gian, cho hai vecto @ va b c6 cung do dai bang 6. Biét do dai ciia vecto
T+ 2b bing 6v/3. Biét sb do goc giita hai vecto @ va b 1a x do. Gia tri clia z 1la bao nhieu?

e Jluong f/zzn(,jmz; Ta ¢6 |@| = |b| = 6. Theo gid thiét: |@ + 2b| = 6v3 = |3 + 2B |2 =
(6v/3)2 = 108. < [T2+4T - b + 4|52 = 108 < 62 +4- || || cos(T, ) +4- 62 = 108
< 364+4-6-6-cosx®+ 144 = 108 < 144 cosx® = =72 & cosx® = 3 = z° = 120°. Vay gia tri
cua x la 120.

& Bai 6. Trong khong gian v6i hé toa do Oxyz, cho hinh thang ABCD c¢6 hai day AB, C'D; toa
do ba dinh A(1;2;0), B(2;0; —2),C(6;1; —1). Biét hinh thang c6 dién tich bing 6v/2. Gia st dinh
D(a;b;c). Tinh P =3a+b—c.

(2 Hwo‘ézﬁ f/(z}zdmfd,z', Ta ¢6 AB = (1;-2;—2) = AB = V12 + (=22 + (-2)2 =3.

AC = (5,-1;-1) = [ﬂ?’, A_C’] = (0;-9;9).

lir-— — 1 2
Dien tich tam gige ABC la Spapc = 5 ‘ [AB, A(J} ( = VP (PP = %

2Spa8c _ V2 _ 33
AB 3 '
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Chuong 3. LOI GIAI CHI TIET BO DE ON TAP CHUONG VECTO

AB + CDh D) -3v2
DiéntichhinhthangSABCD:%:6\@@(3+02) V2 _ 6 ss oDt

Vi AB//CD nén DC cing huéng véi AB (do thit tu cac dinh hinh thang ABCD).

D 1 —s ] - 1 2 2
Mat khac O— = —,suy ra DC = gAB = (_- _Z. __>'

AB 3 373 3
6 1
g = -
— 1 2 2 39
Toadédiéthhéamén:DC:(6—a;1—b;—1—c):(g;—g;—g):> 1_52_5 =
2
3
17
a=—
53 17 5 1 6
= - . a P: b— = T _— _— :1 —:1
b 31 Vay 3a + = 3—1-3 (3> 7—1—3 9
c=—=
3
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TOAN THAY KHA DE ON TAP CHUOGNG VECTO TRONG KHONG GIAN
Pk sO 8 Mon: TOAN 12
(Dé gom c6 5 trang) Thoi gian lam bai: 90 phiit, khong ké thoi gian phdt dé

Phan I. Cau tric nghiém nhiéu phuong an lya chon Thi sinh trd 10 t cau 1 dén ciu
12 méi cau héi hoc sinh chi chon mot phuong dan.
¢ Cau 1. Cho |d| = 2; |3| = 6, goc gitta hai vecto @ va b bing 120°. Khing dinh nao dudi day
ding?

@ T b =12 @ 40.

© @-b=—6. ® @ 6/3.
[ Haoiy (/(E)yzfaizf. Ta ¢6 cong thitc tinh tich vo huéng ctia hai vecto: @b = |@|-|b|-cos(d, b) =

1
2-6-cos120° =12 (—5) =L,

b
B

$> Cau 2. Trong khong gian Oxyz, diém dbi xting véi diém M(2;2; —1) qua mit phing (Oyz)
la

@) M'(2;-2;1). M'(-2;0;0).

© M'(=2;-2;1). D M'(=2;2;-1).
[} Hazfn(j (/[uz(/mm Diém déi xing véi diem M (x;y; z) qua mit phang (Oyz) (c6 phuong trinh
x = 0) sé git nguyen tung do, cao do va lay doi s6 clia hoanh do.
Vay diém déi xing véi M(2;2; —1) qua mit phang (Oyz) 1a M'(—2;2; —1).
¢S Cau 3. Cho hinh chép S.ABCD c¢6 day 1a hinh binh hanh (nhu hinh vé minh hoa). Hay chon
khang dinh ding trong cac khang dinh sau.

@) SA+SC =SB+ SD. ®) SA+ AB = SD + DC.
© SA+ AD =SB+ BC. ©) SA+ SB =3C + SD.
[} defy r/(?ﬂ(jmz Goi O la tam ciia hinh binh hanh ABCD, khi d6 O la trung diém cta AC
va BD.
Xét diém S bat k¥, ta co tinh chat trung diém:
SA + SC =250
SB+ SD = 250
SuyraS_A)jLS—C’):S—B)%—S—D).
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Chuong 3. LOI GIAI CHI TIET BO DE ON TAP CHUONG VECTO

¢ Cau 4. Trong khong gian (Ozxyz), cho OA=3%k — 7. Toa do clia diem A 1a

@A) A(3;-1;0). A(—1;3;0). © A(3;0;—1). D) A(-1;0;3).
&S Jlicong [/af;z(jzf(zz:, Tac6 OA=—1-7 407 +3- % =(=1,0;3).
Vi O la gbc toa do nén toa do diém A chinh 1a toa do vecto OA. Vay A(—1;0;3).

$> Cau 5. Cho hinh lang tru ABC.A'B'C" ¢6 hai day 1a cac tam giac déu nhu hinh vé. Géc giita
hai vecto BC va A’C’ bang

(@A) 150°. 120°. (© 60°. D) 30°.
N luong a/fz‘\/z(jz'(z’z' Vi A'C"// AC nen A'C' = e

Goc gitta hai vecto (BC A’C’) = (BC AC’) ACB.
Do tam gidc ABC' déu nén ACB = 60°.

$> Cau 6. Trong khong gian Ozyz, diém nao sau day thuoc truc Oz?

(A) M(1;0;0). M(1;0;2). (© M(1;2;0). (D) M(0;0;—2)
() Haouj a/(‘)z‘f/z(,j[d[. Cac diém thuoc truc Oz c6 hoanh do va tung do bang 0, tic la c6 dang
(0505 2).
Dua vao cac phuong an, diem M (0;0; —2) thoa man.
$> Cau 7. Trong khong gian Oxyz, cho M(—4; —5;5). Tim toa do diem M’ trén truc Oz sao cho
MM’ ngan nhat.
(A) M'(0; —5;5). M'(—4;5;-5).
© M'(4;-5;5). (D) M'(—4;0;0).
[ /{mf% J(’Z;y[@?zf, Khoang cach MM’ ngan nhat khi M’ 1 hinh chiéu vuong goéc ctia M trén
truc Ox.
Toa do hinh chiéu ctia diém M (z;y; 2) lén truc Oz 1a (z;0;0).
Vay M'(—4;0;0).
¢ Cau 8. Trong khong gian v6i he toa do Owxyz, cho ba vecto @ = (—1;1;0), b= (1;1;0),
= (1;1;1). Trong cadc ménh dé sau, ménh dé nao ding?

@) @, b cimg phuong. a-7=1.
— 2 — —
cos(b,C) = —. a+b+7=0.
© cos(b, ) 7 B )
l&}{av‘@jc/(?/éj[(ézl Tacé: b-C=1-1+1-140-1=2.

b
Bl= VETT TP = 2, |2 = vET T T = V3.
- b-¢C 2 2
Khi d6: cos(b, @) = T =

2 V23 Ve
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Vay khang dinh C dtng.

> Cau 9. Cho hinh binh hanh OADB ¢6 OA = (—1;1;0), OB = (1;1;0) (O la gbc toa do). Toa
do giao diém hai dudng chéo ciia hinh binh hanh OADB la

@ (1;1;0). (1;0;1). © (1;0;0). ® (0;1;0).

[} Huonj f/a?/z,(yzf(z?z,'. Giao diém hai duong chéo ctia hinh binh hanh OADB la trung diém cta

doan thang AB.

Vi O la gbe toa do nén toa do cac diém la A(—1;1;0) va B(1;1;0).
—-1+1 1+1 040

Toa do trung diém I clia AB: x; =
Vay toa do giao diém 1a (0;1;0).

¢ Cau 10. Trong khong gian Oxyz, cho tam gidac ABC biét A(2;0;1), B(—1;3;0), C(8;6;2). Goi
G 1a trong tam ciia tam giac ABC. Do dai vecto OG bang

@) V19. 3. © 9. D) 19.
2—1 1 2
[} Hwo‘/(y f/(f/i/mfézf. Toa do trong tam G la: G < 3 ax 8; Uy 2 i 6; + g L > = G(3;3;1).

Khi d6 OG = (3;3;1) = |OG| = V32 + 32 + 12 = 1/19.

¢ Cau 11. Trong khong gian v6i hé toa do Oxyz, cho @ = (2;-3;3), b = (0;2;—-1), T =
(3;—1;5). Tim toa do clia vecto & = 2d +3b — 27¢.

@ (=2;2;7). (—2;2; =7). © (10;-2;13). @ (=2;-2;7).
% /’/uoéy c/(f/éﬁ[d[. 2@ = (4;—6;6)
3b = (0;6;—-3)

—27 = (—6;2; —10)
T=(4+0—6,—6+6+2;6—3—10) = (-2;2; 7).

$> Cau 12. Trong khong gian Ozyz, diem nao sau day ndm trén mat phang toa do (Oyz)?
(A) N(0;4;—1). Q(2;0;0). © P(-2;0;3). (D) M(3;4;0).
(&) Ha’o‘nj f/a?z(,ﬂzféz'. Mit phing (Oyz) c6 phuong trinh # = 0. Diém thuoc mat phing nay phai
c6 hoanh do biang 0.
Vay diém N(0;4; —1) thuoc mit phing (Oyz).
Phan II. Trac nghiém ding sai Thi sinh lam ti cau 1 dén cau 4 moi 4 a) b) c¢) d) thi sinh
chon diung hodc sai.
& Bai 1. Trong khong gian Ozyz, cho cac diem A(1;—2;3), B(—2;1;2), C(3; —1;2).
a) AD = (—3;3;1).
b) AB = 3AC.
¢) Ba diém A, B, C khong thang hang.
)

47 13
d) Toa do chan dusng cao vé tit A cua tam giac ABC' la (—2—9; 20’ 2).
N Huon (/(E/zdmfdzﬁ. a) Taco AB = (=2 —1;1 — (=2);2 — 3) = (=3;3; —1). Khang dinh nay sai.
4 i

b) Ta c6 AC = (3 —1;-1—(-2);2-3) = (21;-1).
-3 3 — —_ R . 5 N
Vi 9 7 1 nén AB va AC khong cuing phuong, do d6 khong ton tai s6 thuc k sao cho AB = EAC.
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Khang dinh nay sai.

c) Vi AB va AC khong ciing phuong (da chiing minh & cau b) nén ba diém A, B, C' khong thang
hang. Khéng dinh nay dang.

d) Goi H(z;y;2) 1a chan dudng cao tit A xudng BC. Vi H € BC nén BH = kBC = k(5;—2;0).
Suy ra H(—2+ 5k; 1 — 2k;2). Khi d6 AH = (5k — 3;3 — 2k; —1).

—y s 21
ViAHJ_BC:AH-BC:O@M%—S)—2(3—2k:)+0(—1):0®29k:21$k:2—9
21 47 21 13 47 13 .
T Hla:z = -2 =1-2- —=—-——,2=2. H ——;2 . Kha
oa do a: x +5- 29~ 29° Y 29 59’ Vay (29 59’ ) ang

dinh nay sai.
& Bai 2. Trong khong gian Oxyz, cho hinh hop chit nhat OBC'D.O'B'C' D’ ¢6 B(2;0;0), D(0; 1;0),
0'(0;0;1).
a) C(2;1;0).
b) B'(2;0;1).
¢) OC" =27 +37 + k.
d) OD = (1;1;1).
(2} Haon c/(z/z(jzaz Vi OBCD.O'B'C'D’ 13 hinh hop chit nhat c¢6 O 1a goc toa do, B € Ox, D €

Oy,0' € Oz nén:
a) C thuoc mat phang (Oxy) Cé toa do C'(2;1;0). Khang dinh nay ding.
b) B’ 1a diém sao cho OB’ OB + 0_07, suy ra B'(2;0; 1) Khang dinh nay ding.
¢) C' la diém sao cho OC" = 0C + 00 = (2;1;1) = 27 + j + k. Khéng dinh nay sai.
d) D' 1a diém sao cho OD" = OD + OO’ = (0;1;1). Khang dinh nay sai.

& Bai 3. Hinh vé sau mo ta vi trf clia may bay vao thai diem 9 gis 30 phit. Biét cac don vi trén
hinh tinh theo don vi km. Mt phang (Ozy) tring v6i mat dat, O trung véi vi trf trung tam diéu
khién.

z

AN

|
|
l
|
1 - y (DPong)
|
|
|
|

x (Nam)

a) Tai thai diem 9 gio 30 phit, may bay dang 6 do cao 9 km so v6i mat dat.

b) Tai thoi diem 9 gio 30 phiit, toa do clia may bay 1a (300; 150;9).

c¢) Phi cong dé may bay & ché do tu dong bay thang theo huéng dong véi van toc 1a 750 km /h,
do cao khong doi. Biét ring gi6 thoi theo hudéng dong véi van toc 10 m/s. Gia st van tdc va
huéng gi6 khong thay doi thi tai thoi diém 10 gio 30 phit méy bay & toa do (150; 1086;9).

d) Tai thoi diem 9 gis 30 phit, may bay cich trung tam diéu khién mot khoang (Iam tron dén
hang phan muoi) 1a 335, 6 km.
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[} /‘[u‘o/’% a/a/z(jmz a) Dua vao hinh vé, cao do clia méy bay trén truc Oz 1a 9 km. Khang dinh

nay dang.

b) Dya vao hinh vé&, hinh chiéu clia may bay lén truc Oz 1a 150 va lén truc Oy la 300. Do d6 toa
do may bay la (150;300;9). Khang dinh nay sai.

c) Tai thai diém 9h30, may bay & (150;300;9).

Van t6c gi6: 10 m/s = 36 km/h.

Van tdc tong hgp theo hudng Dong (truc Oy): v = 750 + 36 = 786 km/h.

Sau 1 gio (dén 10h30), méay bay di them quang dudng 786 km theo huéng Dong.
Tung do méi: y' = 300 + 786 = 1086.

Toa do méi 1a (150; 1086; 9). Khang dinh nay ding.

d) Khodng cach tit may bay P(150;300;9) dén goc O la:

OP = /1502 + 3002 + 92 = /112581 ~ 335, 53 ~ 335, 5 km. Khéng dinh nay sai.

& Bai 4. Mot vat la chiéc den chum treo c¢6 khoi luong m = 6 kg duge thiét ké véi dia den duge
giit bdi bén doan xich SA, SB, SC, SD sao cho S.ABC'D 1a hinh chép ti gidc déu, c6 ASC = 60°.
Biét P = m - ¢ trong d6 g la véc-ta gia téc roi tu do ¢6 do 16n 10 m/s?, P la trong lic téac dong
len vat c6 don vi 1a N, m 1a khéi lugng ciia vat c¢6 don vi kg. Khi do:

a) SA+ SD =SB+ 5C

b) |[SA+SB+SC+SD| =0

¢) Do 16n cua trong lyc P tac dong len chiéc den chum bing 60 N
d) Do 16n ciia Iie cang cho mdi soi xich bang 10v/3 N

[ Hwa/ézy f/(z}zjid,zﬁ,
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a) Sai.
Goi Iyc cang day ctia chiée can don lan lugt 1a SA, SB, SC, SD va O Ia giao diém ctia AC
va BD.
Tac6 SA— SB+SD —SC=BA+CD=2BA+0.
b) Sai.
SA+SB+ SC+ SD =450.
c) Duang.
Ta c6 trong lic tac dung lén chiéc can 1a P =m - g = -10 = 60 N.

d) Ding.
Ta c¢6 |P| = 4[5S0, suy ra SO = 15 N.
Ta c6 ASAC la tam giac déu ¢6 SO = 15 nén SC = 10+/3.
15v/2 2
Suy ra SA = 52\/_ = 3011/_.
Vay do 16n ctia Iite cang cho méi s¢i xich bang 10v/3 N.

Phan III. Cau tra 18i ngan Thi sinh lam ti cav 1 dén cau 6 .
& Bai 1. Trong khong gian Ozyz, cho ba diém A(0;2; —3), B(1;0;2), C(x;y; 1) thang hang. Tinh
gia tri cta 12
e Jlicong [/Q?Wz(zz. Ta c6 AB = (1;—2;5).

Ba di¢ém A, B, C' thing hang khi va chi khi hai vecto AC va AB cung phuong.
Tacé AC = (z—0;y —2;1—(=3)) = (z;y — 2;4).

r=k-1 kz%
Khidé,t(;)ntauiséthu?cksaochoA—C’):kA_B)@> y—2=%k-(-2) <& xz%
4
Suyrafzﬁz
y 2/5

Vay 12v = 122 = 144.

& Bai 2. Ba luc F)l, FQ, Fg c6 gia doi mot vuong goc, cing tac dong vao mot chat diém M va
\F | =3 N, \FQ\ —+4LN |F3\ =10N (tham khao hinh bén). Goi F F1 + Fy + F3 1a tong hop
cta ba lyc trén. Goc tao bdi gia cua F va mat phiang chita hai lyc F i F » bang bao nhicéu do (lam
tron két qua dén hang phan muoi)?

Iy

() Hmfy f/d/ijz'a’zf, Dt he truc toa do Maxyz sao cho cac luc 3 1y I 2, I 3 lan lugt nam trén cac
tia Mz, My, M z.
Khi dé: Fy = (3;0;0), Fa = (0:4;0), F5 = (0;0;10).

— —

Luc tong hop la F=F +Fy+Fy= (3;4;10).
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Mat phéng chita hai lu’c F 1, Fy 1a mat phang (Mxy) c6 phu’dng trinh z = 0.

Goc « gitta gia cua F va mat phang (Mzy) 1a goc giita vecto F va hinh chiéu cia n6 len (Mzy)
1a Flg = (3,4 O)

|| 10 10
Ta co tana = ==— = = — =2

|F12] V32442 5

Suy ra a = arctan(2) ~ 63,43° ~ 63, 4°.

& Bai 3. Trong khong gian Oxyz, cho tam giac ABC biét A(1;0;3) va M(6;1;3) la trung diém
BC. Goi G 1a trong tam AABC. Tinh cao do ciia diém G.

[ /{mf/(y z/(?/z(fz'dzl Trong tam gidac ABC, do M la trung diém ctia BC nén trong tam G nam

Z — 2 e
trén trung tuyen AM va thoa man AG = §AM'

A+2M
Toa do trong tam G dugc tinh theo cong thic: G = +—

5]

Khi dé do clia diém G 1a: 2g = = =-=3.
i do, cao do cta diem G la: z¢ 3 3 3

& Bai 4. Trén mit dat phang, ngudi ta dung mot cot cd thang cao 6 m vuong goc véi mit dat, co
chan cot dit tai vi trf O trén mit dat. Tai mot thoi diém, dudi anh nang mat troi, béng ctia dinh
cot dudi mat dat cach chan cot 3m vé hudng S60°E (huéng tao véi huéng nam mot goc 60° va tao
v6i huéng dong mot géc 30°). Chon hé truc toa do Oxyz c6 goc 1a O, tia Ox chi huéng nam, tia
Oy chi huéng dong, tia Oz chita cot, don vi do 1a mét. Dudng thang chita tia ning mit troi di qua
dinh cot tai thoi diém dang xét di qua B(a;b; —1). Tinh gia tri a + 2b (Iam tron dén hang phan

tram).

e lucong Ja’;ijzfdzf, Theo d& bai, dinh cot ¢ 1a diém A(0; 0;6).

Goi A’ 1a diém trén mat dat biéu thi cho béng ciia dinh cot.

Vi A’ nim trén mat phang (Oxy) nén c6 toa do A'(x;y;0).

Boéng ctia dinh ¢ot cach chan cot 3m, tic 1a OA" = 3.

Huéng ctia bong 1a S60°E, nghia la véc-to OA tao véi tia Ox (huéng Nam) mot géc 60°.
Ta c6 toa do ciua A’ 1a

—_

3

x4 = O0A - cos60°=3- = =5

élw

ya = OA - sin60° = 3 - -

) 3 3\/_
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5 § , 3 3V3
Duong thang chia tia nang mit troi di qua hai diem A(0;0;6) va A’ 3 %_;O , nén c¢6 mot
— 3 3
véc-to chi phuong la AA" = ( 5 \2/_ 6)

Ta c6 thé chon véc-to chi phuong khéac don gian hon 1a @ = %@ = (1;1/3; —4).
r=t

Phuong trinh tham s6 ctia dudng thang chia tia ning 1a { y = ¢v/3
z=6—41.

Diém B(a;b; —1) thuoc dudng thang nay, do do

—1:6—415(:)475:7(:)75:;

Vab:t\/gz%g.

A~ =3

Suyraa=t=
Do do

— = ~ 7,81.
4 3 g

4 4 4 4

14 14
crmeLn(1f) 1 1 1o

& Bai 5. Mot phan ctia san truong duge dinh vi béi cac diém A, B, C, D nhu hinh vé
A 25 m B

18 m

D
Bude dau ching duge 1ay "thang bang" dé c6 ciing do cao, biét ABCD la hinh thang vuong & A
va B v6i do dai AB = 25 m, AD = 18 m, BC = 15 m. Do yéu cau ki thuat, khi lat phéng phan
san trudng phai thoat nude vé géc san ¢ C' nén ngudi ta lay do cao 6 cac diem B, C, D thap xudng
hon so véi do cao § A lan luct 1a 10 cm, a cm, 6 cm. Hoéi gia tri clia a bang bao nhiéu?
[} Hao‘/z(/f f/fz’/z(jzfrézf. Chon hé truc toa do Axzy sao cho B thuoc tia Az, D thudc tia Ay.
Ta ¢6 A(0;0;0), B(25;0;—10), D(0;18; —a), C(25;15; —6). AL (25;0; —10), AD = (0;18; —6),
AC = (25;15; —a), [ﬂa’, ﬂ)’] — (180; 150; 450).
Vi A, B, C, D dong phang nén
[A‘E,Z@} . AD = 0= 18025+ 150 - 15+ 450 - (—a) = 0 = a = 15 (cm).

& Bai 6. Hinh vé dudi day mo td mot san cau long véi kich thude theo tieu chuan qubc té. Ta
chon hé truc Oxyz cho san d6 nhu hinh duéi (don vi trén méi truc la mét). Giad sit AB 1a mot tru
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cau long dé cang ludi. Biét toa do clia véc-to ADB = (a;b;c). Khi d6 S = a— b+ 2c béng bao nhiéu?

13.40 m

[} }&w% a}a”}%mz/ Vi véc-to AB cling hudng véi vée-to don vi % cla truc Oz va do dai AB = 1,55

a=20
nén AB =1,55%. Do d6 AB = (0;0;1,55) = {b=0 =S =a—b+2c=3,1.
c=1,55
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TOAN THAY KHA PE ON TAP CHUOGNG VECTO TRONG KHONG GIAN
PR sO 9 Mon: TOAN 12
(Dé gom c6 5 trang) Thoi gian lam bai: 90 phit, khong ké thoi gian phdt dé

Phan I. Cau tric nghiém nhiéu phuong an lwa chon Thi sinh trd 10 tu cau 1 dén cau
12 méi cau hoi hoc sinh chi chon mot phuong dan.
¢ Cau 1. Cho hinh lap phuong ABCD.A'B'C'D’ . Vecto nao duéi day 1a vecto doéi ctia vecto
AB?

@ A'B. BC. © CD. ®) D'C.
[ Hm)‘/(y a/['Z/z(jz,'(izf. Vecto déi ctia vects AB 1a vecto —AB = BA.
Trong hinh lap phuong ABCD.A'B'C'D’, mit ABCD la hinh vuong nén CD = BA (cliing do dai
va cung hudng véi BA, nguge huéng véi AB).
Vay vecto doi ctia AB 1a CD.
$> Cau 2. Trong khong gian Oxyz, hinh chiéu vuong goc ctia diém M (2; —2;1) trén mat phang
(Ozxy) c6 toa do la

@ (0;0;1). (2;0;1). © (2;-2;0). © (0;-2;1).
[ H'Lm% a/(z/z(jazz Hinh chiéu vuong goc ctia diem M (x;y; 2) trén mat phang (Owzy) 14 diém
M'(z;y;0).
V6i M(2; —2;1), hinh chiéu tréen (Ozy) 1a (2; —2;0).
$> Cau 3. Trong khong gian Owzyz, cho hai diém A(1;1; —2) va B(2;2;1). Vecto AB ¢6 toa do
la

@ (3;3;-1). (a3

© (1;1;3). © (3;1;1).
[ Ha‘o‘éy a]af,)z: siai. Taco AB = (xp—xa;YyB—ya;2B—24) = (2—1;2—1;1—(-2)) = (1;1; 3).
$> Cau 4. Cho hinh lang try tam giac ABC.A'B'C’. Goi M la trung diém ctia B'C’ . Dang thiic
nao sau day dang?

®) AM = AA + AB + AC. ® AM = AB' + AC'.
(© AM = AB — BM. @AM:AB—i-BB'—!—B/M.

[ /—[ao‘/czﬁ din gidi. Dia vao quy téc cong vectd (quy tic néi dudi), ta co:
(—> _
AM = AB + BB'+ B'M.
Day 1a mot dang thiic vecto luon ding.
$> Cau 5. Trong khong gian Ozyz, cho vecto @ = (2; —1;3) va diem M théa man OM = @. Khi
d6 diém M c6 toa do 1a
@ (2:-10). (2;,-1;3). © (2:0:3). © (2;1;3).
[ Hazfn(j z/fE/z(f[Td,A Trong hé toa do Ozyz, toa do clia diem M chinh 1a toa do clia vects OM.
ViOM =@ = (2;—1;3) nen M(2;—1;3).
1

$© Cau 6. Trong khong gian Oxyz, cho vecte OA = i — 7 — 9% va A la diém db6i xung cua A
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qua mat phang (Ozy). Ménh dé nio sau day ding?

®OA4=—J+2f ©OL=7-J
© OA'=—4i — 5 +2k. @OA’—Z'—]—I—Qk

(&) /‘[u‘o‘gj din gice. T OA =7 — j 2k suy ra toa do diem A(1; —1; —2).

Diém A’ d6i xtng véi A(1; —1; —2) qua mat phang (Ozy) sé git nguyén hoanh do, tung do va doi
dau cao do, ta duOc A’( —1; 2)
Do d6 OA =17 —1] yok =1 —j +2k.

$> Cau 7. Cho hinh lap phuong M N PQ.M'N'P'Q)’'. Ménh dé nao sau day ding?

@MP’ZMP-FM’M. B) MP'= MN + QM.
© MP = MN + PN + MM, © MP = MN + MG + MM.
(&) Hum(y a,/(?‘”/z(jzf(z’z'. Theo quy téc hinh hop, vecto dudng chéo ctia hinh hop xuat phat tit mot

dinh bang téng ba vecto canh xudt phat tit dinh do:
MP = MN + MG + MM.

¢ Cau 8. Trong khong gian Oxyz, cho OH = —87 + 47. Toa do ciia diém H la

(A) H(-8;4;0). H(8;4;0). © H(0;—8;4). (D) H(—8;0;4).
O Pacong f/[z,ymfz. Tac6 OH = —87 +47 + 0k = (—8;4;0).
Vay toa do diem H 1a (—8;4;0).

> Cau 9. Trong khong gian Ozyz, cho diém A(800; 500; 7); B(940; 550;9), goi C(z;y; z) thoa man
AB-2BC=0. Tinh z +y + 2.

@) 1559. 2025. ©) 1595. D) 1955.

e ucong /é?ijz'd,zf, Tinh AB = (940 — 800; 550 — 500;9 — 7) = (140; 50; 2).

—_— — —> ey T—
AB —2BC =T & BC = JAB = (10;25;1).
z— 940 = 70 = 2 = 1010
Ma BC = (z — 940;y — 550;2 — 9) = { y — 550 = 25 = y = 575
z2—9=1=2=10
Suy ra x +y + z = 1010 + 575 + 10 = 1595.

¢ Cau 10. Cho hinh ling tru ABC.A'B'C’, M 1a trung diém ciia BB'. Dat CA = @,CB
b,AA" = . Khang dinh nao sau day ding?

I 1
@AM:&—?JFEI) AM:b—E+§?.
1 —_— > 1
© AM =7a + ——b @AM:b+?—§E
— 1—
e ucong a/(m(jmz Ta c6 AM = AB + BM = (CB — CA) + SCLE
Do tinh chat ctia hinh lang tru nén BB = AA = 2.
1, - 1
Thay céc vecto da cho vao: AM = (b — @) + 55’ =b-—7d+ 5_0'.
> Cau 11. Cho diém A(1;2;—1), AB = (1;3; 1) thi toa do ctia diém B 1a
@A) B(0;—1;-2). B(0;1;2).
© B(-2;-5;0). (D) B(2;5;0).

[} Hm)‘ﬁ a/(éf}ijz'd,zl Ta c6 AB = (T — TA;YB — YA 2B — 24)-
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rg—1=1=z5=2
Suyraqyp—2=3=yp=>5 . Vay B(2;5;0).
zp—(—1)=1=25=0
$> Cau 12. Trong khong gian Ozyz, cho diem A(2; —3;5). Khing dinh nao sau day la sai?
_— —> —> —1 - —>
cos(OA; 1 — j) = —. cos(OA; @
® coslOA 7= ) = = Ok T) =
© cos(O4; k) = D) cos(OA )=
(e} Hmfy (/Q‘\/z(jz'(éz'. OA = (2;-3;5) = |OA| V22 + 2452 =/38.
Géc gitta vecto OA va céac vects don vi (1 0; O) (0; e O) I (0;0,1) 1an lugt théa man:
cos(OA; 1 B ding); cos(OA,; D diang); cos OA k C diang).
(OR,7) = 5 (3 ine) cos(O ) = 75 (D ding): (O ) = 7 (C dang)
Xét dap an A: Dat w = i — 5 = (1;-1;0) = |¥| = V2.
OA-u.  2(1) 4+ (—3)(-1) + 5(0) 3

OA|- 2| V3812 V76
Khang dinh A la sai.
Phan II. Trac nghiém ding sai Thi sinh lam ti cau 1 dén cau 4 méi 4 a) b) ¢) d) thi sinh
chon ding hodc sai.
& Bai 1. Cho hinh chép S.ABCD c6 day ABCD la hinh vuong c6 cac canh bang 1, SAD la tam

gidc déu va ndm trong mit phing vuong goéc véi day. Goi O, M va N lan lugt la trung diém cla
AD, BC va CD. Thiét lap he truc toa do Ozyz nhu hinh vé.

a‘ c’om'
&0

@_\w

(O8]
;'w

D
/ N Gj
Yy

, 1l 1
a) Toa do cac diem A, B la A (O, 57 ) B (1; Yoo 0).
1 1
b) Toa do cac diém C, D la C 1,5, ) < ;5;0).
c¢) Toa do diém S 1a S (O; 5 >
.2 11
d) Toa do cac diem M, N la M(1;0;0), N (5, 5;0).

, 1
(Y Hav‘% a/a’,/z,f[éz',, Vi day ABC'D la hinh vuong canh 1, O 1a trung diem AD nén OA = OD = 5
C

Dua trén hinh vé:
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, N 1
- Diem D nam trén tia Oy nén D (O; 5; 0).

2 NS 1
- biem A nam ngugc tia Oy nén A (0; —5 0).
- OM =1 va nam trén tia Oz nén M (1;0;0).

1
—TirAvaMsuyraB(l;—E;()).

1
—TfJ.’DVaMsuyraC’<1;§;0).

&

R 3 .
- Tam gidc SAD deu canh 1, duong cao SO = = \/7_, S nam trén tia Oz nén

V3
S (0;0; 7)

B 1 1/2+1/2 11
—NlatrungdiémC’D:N(O; s / —12_ / ;0>:N<§;§;0)‘

Vay cé 4 khang dinh a, b, ¢, d déu dung.
& Bai 2. Trong khong gian Ozyz, cho cac diem A(1; —2;3), B(—2;1;2), C(3; —1;2).
a) AB = (—3;3;1).
b) AB = 34C.
c¢) Ba diém A, B, C khong thang hang.
)

w"

47 13
d) Toa do chan duong cao vé tit A cua tam giac ABC' la (—2—9; 297 2).

(2} Hu‘o‘g din gidi. a) AB = (=2 —1;1 - (=2);2 — 3) = (—3;3; —1). Khing dinh nay Sai.

b) AC = (3—1;—1— (—2);2—3) = (2;1;—1). Ta thiy AB # 3AC. Khing dinh nay Sai.

c¢) Do AB va AC khong ciing phuong nén A, B, C' khong théng hang. Khiang dinh nay Ding.
d) Goi H la chan duong cao tit A. H € BC = BH = kBC = k(5;—2;0) = H(5k — 2;1 — 2k; 2).
AH = (bk — 3;3—2k;—1). AH-BC=0<505k—3)—2(3—-2k)=02%=21=>k=—

29°
47 13 .
——;2 ). Khang dinh nay Sai.
29" 29

& Bai 3. Trong khong gian Oxyz, cho hinh hop chit nhat OBC'D.O'B'C'D’ ¢6 B(2;0;0), D(0; 1;0),
0’(0;0;1).

a) C(2;1;0).

b) B'(2;0;1).

¢) OC" =27 +37 + k.

d) OD = (1;1;1).

Toa do H<

(&) Haozj a/mijmz a) C(xp;yp; 20) = (2;1;0). Khang dinh nay Ding.

b) B'(xp;y0;20/) = (2;0;1). Khang dinh nay Ding.
c) C'(zg;yp; zo0r) = (2;1;1) = OC” =27+ + k. Khang dinh nay Sai.
d) D'(zo;yp; z0r) = (0;1;1) = OD' = (0;1;1). Khang dinh nay Sai.

& Bai 4. Trong khong gian véi hé toa do Ozyz, cho tam gidac ABC vé6i A(1;2;4), B(0;—2;3) va
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Chuong 3. LOI GIAI CHI TIET BO DE ON TAP CHUONG VECTO

C(4;—2;3).
) Do dai cia vecto AB — BC bing /42.
b) Dién tich ctia tam gidc ABC bing 2v/17.
) Néu ABCD la hinh binh hanh thi toa do diém D la (5; —2; —4).
d) Tich v6 huéng AB - AC = 14.
o Haoiy f/a/z(/oml ) AB = (—1;—4; —1), BC = (4;0;0) = AB — BC = (—5; —4; —1).
\AB_) BC| = \/W = _\@. Khing dinh nay Ding.
b) AC (3 —4; — ) = [AB, AC] = (0; —4; 16).
S = ¢02 24162 = 1\/2_72 = 24/17. Khéng dinh nay Ping.

¢) ABC’D 14 hinh binh hanh — AD = BC = D(5;2;4). Khang dinh nay Sai.
d) AB - AC = (—=1)(3) + (—=4)(=4) + (=1)(=1) = 14. Khéng dinh nay Diing.

Phan III. Cau tra 18i ngan Thi sinh lam ti cau 1 dén cau 6 .

& Bai 1. He thong dinh vi toan cau GPS (Global Positioning System) la mot hé thong cho phép
xéac dinh vi trf ctia mot vat thé trong khong gian. Trong cling mot thoi diém, vi trf ctia mot diém
M trong khong gian sé duoc xac dinh bdi bén vé tinh cho truée nho cac bo thu phat tin hieu dat
trén cac vée tinh. Gia st trong khong gian vé6i hé truc toa do Ozyz, c6 bén vé tinh dat tai cac diem
c6 toa do lan lugt 1a A(0;4;5), B(—3;—1;3), C(—2;8;9), D(—7;2; —3) dang tién hanh theo doi vat
thé M (coi 1a mot chat diém). Tai mot thoi diém, ca bén vé tinh dong thsi phat tin hiéu vé diém
M va ilgay lap ttc nhan lai tin hiéu phan hoi sau nhitng khodng thoi gian lan lugt 1a 4 = 0,2 ms,

tg = 3 ms, tc = 0,6 ms, tp = gms. Biét rang van toc clia séng dién tit bang van toc anh sang
¢ = 3-10% m/s. Tinh khoadng cach tit M dén O biét mot don vi do dai trén cac truc bang 10 km

thuc té (don vi: km, két qué lam tron dén hang phan chuc).
(2} Hm)‘g (/0?12671,'(21,'. Goi M (z;y; 2).

Do mbi vé tinh gt tin hieu dén M va nhan lai phan hoi sau thoi gian ¢, tic tin hiéu di tit vé tinh

dén M va quay vé nén quang duong di duge 1a gap doi nén
0,2-107%-3-10%

MA = 5 = 30 000 m = 30 km;

1 )

~—.107%.3-108
MB =3 5 = 50 000 m = 50 km;

1073 108

MC = 06 02 3-10 =90 000 m = 90 km;

2

£.107%-3-108
MD=3 5 =100 000 m = 100 km.
Do mdi don vi do dai trén céc truc bang 10 km neén
2?+(y—4)7°+ (2 —5)* =3’ 2? +y? + 22 =8y — 102 = —32

(z+3)2+(y+1)*+ (2 —3)* =5 P4y’ + 22+ 60 +2y—62=6
=
(2422 + (y—8)* + (2 — 9)? = 9? 224yt 4 22 4 4x — 16y — 182 = —68
(z+7) 4+ (y—2)%+ (2 +3)? = 10 2+ y? + 22 ldr — 4y + 62 = 38
— 6z — 10y — 4z = —38 r=1
& ¢ —4r +8y+82 =36 S y=2.
— 14z — 4y — 162 = =70 z=3
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Suy ra OM = /12 422 + 32 = /14.
Vay khodng cach tit O dén M 1a /14 - 10 ~ 37 4km.

& Bai 2. Trong khong gian Oxyz (don vi trén moi truc 13 mét), mot cabin cap treo xuat phat tu
diém A(0;1;5) va chuyén dong déu theo huéng vects @ = (1;2;2) v6i téc do 6 m/s. Sau 6 giay ké
tit Iic xuat phét, cabin dén diém B(a;b;c). Tim c.

e Hmffy (/a‘“wzf(zz; Ta ¢6
|7 = V12 +22+22=3.

Suy ra mdi giay cabin di chuyén duge mot quang dudng bang 2 lan do dai vecto .
Khi dé, ta cé

>

AB = 12U = (12;24;24).
Suy ra
c—5=24& c=29.

& Bai 3. Cho hai vects @, b thoa man |@| =3,|b| =4,|@ + b| = 6. Tinh |@ — 5. (Lam tron
két qua dén hang phan tram).

(&) Ha‘o‘égj z/d/gfzfézﬁ. Ta st dung cong thitc hinh binh hanh déi véi do dai vecto: | @ + 5)|2+ |'d— 77)|2 =
2(17P +15P).

Thay céc gid tri da cho vao ta cé: 62+ |@ — b |2 = 2 (3% + 42) = 2(9 + 16) = 50.

= |@— b[> =50 — 36 = 14.

= |7 — b| =14 ~ 3,74.

& Bai 4. Trong khong gian véi hé toa do Oxyz, cho tam giac ABC ¢6 A(1;2;—1), B(2;—1;3),
C(—4;7;5). Goi D la chan duong phan giéc trong géc B clia tam giac ABC'. Do dai doan AD = g,
gid tri clia a bang bao nhiéu?

O Pacong (/a?njm; Tinh do dai cac canh BA va BC: BA = (1 — 2,2 — (—=1);—1 — 3) =

(—1;3; —4):>BA: \/(_1)24_32_{_(_4)2:\/%.
BC = (—4—2;7—(—1);5—3) = (—6;8;2) = BC = \/(—6)2 + 82 + 22 = \/104 = 21/26.
DA:BA:\/%ZliA_D,:lA_C’).
LN 0 g i 20 0 4 3

D6 dai doan AC 1a: AC = (—4—1;7—2;5—(—1)) = (=5;5;6) = AC = /(=5)2 + 52 + 62 = /86.
Khi dé AD:%AC:@_

3
Vva

So sanh v6i gia thiét AD = ER ta dugc a = 86.

Theo tinh chat duong phan giic trong goc B, ta co:

& Bai 5. Cho tit dien déu ABCD c6 tat ca cac canh bang 1 (don vi do dai). Goi M 1a trung diém
ctia canh AB va N thuoc canh C'D théa man ND = 2NC. Tinh do dai doan thang M N? (Lam
tron két qua dén hang phan tram).

_ . —>

[} Hwo/n(j f/af/z(,jz'dzf, Dat AB = 1,AC = U,AD = w. Vi ABCD la tt dién déu canh 1 nén:

<|

1
7| =7 =|b|=1vau- -7 = -ﬂ)’:ﬂ)’-l_/f:l-l-cosﬁoo:é.

1.,
Ta c6 AM:§u.

N €CDvwaND=2NC = ON = CD = 5(AD - AC) = (@ - 7).
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Chuong 3. LOI GIAI CHI TIET BO DE ON TAP CHUONG VECTO

e 1 2, 1
AN:AC+CN:F+§(@’—U):§W+§G.
2 1 1
MN = AN —AM = -0V + -W — =1
3 i;) 2
2, 1, 1, 4 1 4, 5 2, , 1,
MN2=<§U+§w—§u> :§v2+9w2+1u2+§v AL A A U A
1
M N? —9
36
V19

& Bai 6. Trong hé truc Ozyz cho trude (don vi trén truc 1a mét), cho mot tram thu phat song 5G
¢6 ban kinh viing phti s6ng ctia tram & ngudng 600 m duge dat 6 vi tri 1(200; 450; 60). Tim gia tri 16n
nhat ctia m (lam tron dén hang don vi) dé mot ngusi ding dién thoai 6 vi tri A(m+ 100; m+370;0)
c6 thé st dung dich vu ctia tram néi tren.
() Ha‘o‘égj f/(?/éjz'fézf. Dé mot ngudi dung dién thoai & vi tri A(m + 100; m + 370;0) c6 thé st dung
dich vu ctua tram thu phat song 5G cé ban kinh ving pht séng cia tram ¢ ngudng 600 m duge dat
& vi tri 1(200;450;60) thi
TA <600 < (m —100)* + (m — 80)* + (—60)* < 600?

& 2m® — 360m — 340000 < 0

< 90 — 10v1781 <m <90 4+ 10V 1781.
Vay gia tri 16n nhat ctia m 1a 90 + 10/1781 ~ 512.
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TOAN THAY KHA DE ON TAP CHUOGNG VECTO TRONG KHONG GIAN
Pk sO 10 Mon: TOAN 12
(Dé gom c6 5 trang) Thoi gian lam bai: 90 phait, khong ké thoi gian phdt dé

Phan I. Cau tric nghiém nhiéu phuong an lya chon Thi sinh trd 10 t cau 1 dén ciu
12 méi cau héi hoc sinh chi chon mot phuong dan.
$® Cau 1. Trong khong gian Oxyz, cho 7, 7, ¥ 1 céc vects don vi. Tich vo huéng ctia @ = (1;2; 3)
va k bang

@) 1. 3z © 2. D) 0.
o Hwofﬁ (/('z‘}yz'dzf. Ta c6 vecto don vi k = (0;0;1).
Tich vo huéng @ -k =1-042-0+3-1 =3,
$® Cau 2. Trong khong gian Oxg)z, cho ba diém A(1;1; —2), B(2;3;2) va C(3; —1;6). Goi M (a; b; c)
thoa méan MA+ MB+ MC = 0,tinh T =a+b+c¢

@) 3. 5. © 1. D) 21.
[ Hao?j a/(z}ifz(zzf, Déng thiic MA + MB + MC = 0 chiing t5 M la trong tam ciia tam gidc
T d ol Ml am TEZEE _p p _LHITL_ ) PeBn
Vay M(2;1;2) =T =a+b+c=2+1+2=5.

$> Cau 3. Trong khong gian Oxyz cho ba diéem A(—1;2; —3), B(1;0;2), C(x;y; —2) thing hang.
Khi d6 = + y bang
11

@xjty:—?, ® r+y=1T.

11
©x+y:€. ®z+y=1.

O\ Pacong a/a‘”,%z[zz. Ta c6 AB = (2;—2;5).

Vecto AC' = (x + 1;y — 2;1).
Ba diém A, B, C thing hang khi AC' ciing phuong v6i AB:

2.

:1:'—1—1:y—2:1:> x—i—lz%:x:—%
3 8 5
Va =——+_-_=-=1
ay v +y 5+5 5
$> Cau 4. Goc giita hai vecto @ = (1;0;0) va @ = (—+/3;0; 1) bing
@ 120°, 30°. © 60°. D) 150°.

[ Huoiy cz/(ﬁfé/cz'(z’,z'. Goi 0 1a goc gitta hai vecto. Ta co:

-7 1-(—V3)+0-0+0-1 —/3
cosf = = =—

@l 1%l 1~\/(—\/§)2+02+12
Suy ra 6 = 150°.
&> Cau 5. Trong khong gian Oxyz, cho diem A(—2;3;1), B(5;6;2) va I la trung diem AB. Toa
do diém I 1a
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Chuong 3. LOI GIAI CHI TIET BO DE ON TAP CHUONG VECTO

731
I1(1;3;1). I|=:ZZ).
® 10:3:1) (553)
393 -7 =3 —1
(2:2.2). (=522 20,
@ <2 2’ 2) @ < 27 2)
[ Hao;zc H/(Uijau Toa do trung diém I ctia doan thing AB la:
—2+5 3 3+6 9 1+2 3

rr = STy T AT, Ty

Z? 9 3
I
Vay <2 2’ 2)
¢S Cau 6. Trong khong gian, cho hinh lap phuong ABCD.A'B'C'D’ ¢6 do dai cac canh bang 1,
diém A tring v6i gbe toa do (nhu hinh vé bén dudi). Toa do clia vects B'C' 1a

= D
B 3 @
Afmmmmmfeees D’
B/ L,
C/
@ (0;1;1). (0;1; —1). © (1;1;1). O (1;0;1).

X flon z/ré}z,mf(z’,zf. Dua vao hinh vé va gia thiét canh bang 1, ta c6 toa do cac diém:

A(0;0;0), B(1;0;0), D(0;1;0),C(1;1;0), A’(0;0,1), B'(1;0,1), C"(1;1, 1), D'(0, 1, 1).

Khido B'C=(1-1;1-0;0—1) = (0;1;—-1).

¢ Cau 7. Cho ba vecto @ = (—1;1;0), = (1;1;0) va € = (1;1;1). Trong cac khang dinh sau,
khing dinh nao sai?

@ |2l = 3. ® @Llb. © ¢ L. ® || = V2.
() Haonj f/f?/zdmfrézf. Kiém tra cac phuong an:
A |2 =12+ 12 + 12 = /3 (Dting).
B.@-b=(-1)-1+1-140-0=0=a L b (Ding).
C.¢-b=1-14+1-1+1-0=2+#0. Vay khing dinh € L b la sai.
D. |@] = +/(=1)2+ 12 + 02 = v/2 (Diing).
> Cau 8. Cho hai vecto ¥ va ¥ théa man |d| =5, |7 =8 va (u, ¥) = 60°. Tinh

@® -7 =20.
T = 20, ®)

(2} Huog a/(z/z(/mm Ta c6 cong thiic tich vo huéng:

Thaysovao:7[‘7)’:5'8-(:086002405220.

¢S Cau 9. Trong khong glan le hé toa do (O; _), _>, E}) cho hai vecto @ = (1;2;3) va b =274k,
Tinh toa do vecto @ = @ — b

@ 7= (-1;2;-1). = (-1;-2;3)

© U = (~1;6;3). © T =(-1;,27).
o Haaﬁjf/fznja;z. Taco b =21 +0j —4k = b = (2:0; —4)

314  Swae Lirg ra Bicn soan: 4é Viinky Kja 0399653362



Khido @=3—0b=(1-22—0;3—(=4)) = (=1;2;7).

$> Cau 10. Trong khong gian Ozyz cho ba diém M(2;0;0); N(0; —3;0); P(0;0;4). Néu MNPQ
12 hinh binh hanh thi toa do diém Q la

@ (=2;-3;4). (—2; —3; —4).
© (2:3:4). @ (3:4:2).

[} Hmffy (/a’/yzfdzf, Goi Q(z;y; 2). -

Tt gise M NPQ la hinh binh hanh khi MN = QP.

Ta cé6 MN = (0—2;—3—0;0 — 0) = (—2; —3;0).

VA QP = (0—2;0 — yid — 2) = (—a; —y; 4 — 2).

— T T =
Dang thitc vecto tuong duong véi he: { —y = —3 &y = = Q(2;3;4).
4—2=0 2=

$> Cau 11. Trong khong gian v6i hé toa do Ozyz, cho hai diém A(2;1;1), B(—1;2;1). Tim toa do
ciia diem A’ déi xtng véi diém A qua diém B?

@A) A'(3;4;-3). A'(—4;3;1). © A'(1;3;2). (D) A'(5;0;1).
[ Huo‘ézy f/a?/z(,jz'd,zf, Diém A’ déi xtng v6i diém A qua diém B nén B la trung diém clia doan
thing AA’.

Theo cong thiic trung diém ta cé:
Ta =25 —x4=2(—1)—2=-4

yao =2yp—ya=2(2)—1=3
ZA/ZQZB—ZAZQ(l)—lzl
Vay A’'(—4;3;1).

$> Cau 12. Trong khong gian véi hé toa do Ozyz, cho ba diém A(1;1;1), B(5; —1;2), C(3;2; —4).
Tim toa do diém M théa man MA +2MB — MC = 0.

wu(i3 ) 0 (132)
o (1-22) o (--52)

[ Huozj (/(Uz(jmz Goi M (a; b; c).

Ta c6: MA = (1-a;1-81-0¢), MB 5—a;-1-b2—c¢), MC=(3—0a;2—-b;,—4—¢).
Déng thic MA+2MB — MC = 0 tuong duong véi hé phuong trinh:

(I1-a)+2(5b—a)—(3-a)=0 ~2a+8=0 a=43
(1= +2(-1-b)—(2-b)=0 &{-206-3=0 & b=—3
(1—c)+202—¢c)—(-4—¢)=0 —2c+9=0 C—g

Vay toa do diém M la M (4; —g; g)

Phan II. Trac nghiém dang sai Thi sinh lam ti cau 1 dén cau 4 moi i a) b) c) d) thi sinh

chon dung hodc sai.

& Bai 1. Trong khong gian Oxyz, cho hinh chép S.ABCD cé diém A trimg véi goc toa do, cac
diém B, D, S lan lugt thuoc Oz, Oy, Oz nhu hinh bén duéi. Biét rang AB = 2, AD = 4 va SA = 6.
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Chuong 3. LOI GIAI CHI TIET BO DE ON TAP CHUONG VECTO

a) Tich vo huéng SB-CD bing —4.
b) Toa do clia diem S 1a (0;0;6).
¢) Goc gitta hai vecto SC va BD 16n hon 70°.
d) Toa do trung diém ctia doan thang BD la (1;2;3).
(&) Huo‘éy a/(wé/mm Chon hé truc toa do Azxyz nhu hinh vé. Khi d6: A(0;0;0), B(2;0;0), D(0;4;0), S(0;0;6),C
a) SB = (2;0;—6),CD = (0 — 2:4 — 4;0 — 0) = (—2;0;0).
SB-CD = 2(—2) + 0+ 0 = —4. Khang dinh nay Dung.
b) S nidm trén truc Oz v AS = 6 nén S(0;0;6). Khang dinh nay Diing.

c) SC = (2;4; —6),2375 = (—2;4;0).

— = 2(=2) +4-4+0] 12 12 3
cos(SC,BD) = = — =

( ) V22 + 424 (—6)2/(-2)2+42+ 02  V56v20 470 /70

Suy ra géc ~ 69°. Khang dinh nay Sai.

, 240 0+4 0+0
d)TrungdiémBDlaM( _5 ; —; ; ;

~ (0,358.

) = (1;2;0). Khang dinh nay Sai.

& Bai 2. Trén mot sudn doi, ngusi ta trong mot tru dién va mudn giit né thing ditng bing hai sai
day neo AC va BC. Hai s¢i day nay dugc kéo ciang thanh hai doan thang c6 chung diém C' trén
tru dién va hai dau A, B dugdc neo trén suon doi (tham khéo hinh minh hoa).

C

—0

Gia stt trong mot hé truc toa do Ozyz phit hop, goc tru dien dit tai goc toa do O, dau cac soi day
neo c6 toa do lan lugt 1a A(—3;4;2), B(4;2;1) va C(0;0;5).
a) Tru dién cao hon 5 mét.
b) Tong chiéu dai hai sgi day neo la gan bang 11,83 mét.
c¢) Hai sgi day neo tao v6i nhau mot goc gan bang 76,8°.
)

d) Dé gia cb tru dién, ngudi ta can thém sgi day neo thit ba CD théa ba diém A, B, D thang

24/435
meét.

hang. Sai day neo thit 3 c6 do dai ngdn nhat bang

o Hao/y (245)%17(2,11, a) Do cao tru dien 1a OC = /02 + 0% + 52 = 5 m. Khang dinh nay Sai.

b) AC =/(-3—-0)2+42+ (2—-5)2=+/9+16 + 9 = v/34 ~ 5,83.

BC = /42 +22+ (1-5)2=+/16+ 4+ 16 = 6.

Téng chiéu dai ~ 5,83 + 6 = 11,83 m. Khang dinh nay Ding.

c) CA= (—3;4; —3),@ = (4;2;—4).

COS(CTA)?CTB)):|_12+8+12|: 8
V346 6v/34

d) Do dai ngdn nhat ctia day C'D khi D 1a hinh chiéu ctia C trén dudng thing AB.

w. Ta tinh duge CD = 2v435
|AB] 9

~ 0,228 = gbc ~ 76,8°. Khang dinh nay Ding.

. Khang dinh nay Dtng.

Khoéng cach d(C, AB) =
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& Bai 3. Trong khong gian Ozyz, cho cac diem A(2;1;1), B(1;2;1) va C(2; —1;3).
a) Goi D la dinh thit tu ctia hinh binh hanh ABCD thi D(3; —2;3).
b) Chu vi cia tam giac ABC 16n hon 8.

525
c) G (3 3’ 3) la toa do trong tam tam giac ABC.

d) Géc BAC I goc t.
[} Hm)iy a/(z/z(/mz ) ABCD la hinh binh hanh < AD = BC = (xp —2;yp — L;2p — 1) =
(2-1;-1-23—1)=(1;-3;2).
Suy ra D(3; —2;3). Khang dinh nay Ding.
b) AB = 2~ 1,41; BC = V14 = 3,74; AC = /8 ~ 2,82.

Chu vi ~ 1,41 + 3,74 4 2,82 = 7,97 < 8. Khéng dinh nay Sai.

) 2+1+2 5 el 1§79 1+1+3 5Kh3 B o D
C Ji 3 _3:,%' 3 S 3 e nay g
d) AB = (-1;1;0), AC = (0; -2 2).

AB - AC = (-1)-0+1-(-2)+0-2=-2<0.

Vi tich vd huéng am nén goc BAC I goc tit. Khang dinh nay Ding.
& Bai 4. Cho ba vecto @ = (—1;1;0), b= (1;1;0) va € = (1;1;1),

a) |@|=2.
b) |2| = V3.
2
c) cos(d,C) = —.
V5
HBL?

[} Haoiy cz,/(Efé/z'(z’,z' a) Ta ¢6 |@| = /(=1)2 + 12 + 02 = v/2. Khing dinh nay Sai.

b) Ta c¢6 | €| = V12 + 12 4 12 = /3. Khéng dinh nay Diing.
c) Taco @ ¢ =(— 1)-1+1-1+0-1=0.

a-c 0 A
Do d6 cos(@, —c') - = 0. Khang dinh nay Sai.
| GRGRRCERYE
d)Taco b-¢=1-14+1-140-1=2+#0. Suy ra b khong vuong géc v6i ¢. Khang dinh nay

Sai.
Phan III. Cau tra 16i ngan Thi sinh lam ti cau 1 dén ciu 6 .
& Bai 1. Trong khong gian Ozyz, cho diém A(—5;2;3) va B la diém déi xing v6i A qua truc Oy.
Do dai doan théng AB bing bao nhiéu (1am tron két qua dén hang phan chuc)?
[ /‘[L[(ffy (:/(Entfz'(ézi. Diém B dbi xiing v6i A(—5;2;3) qua truc Oy nén B c6 toa do B(5;2; —3)

(gitt nguyén tung do, 1ay ddi hoanh do va cao do).
Do dai doan thing AB 1a: AB = \/(5— (<5))2+ (2 —2)2+ (-3 —3)2 = /12 + 02 1 (—6)% =
V136 ~ 11, 7.

. 1
& Bai 2. Cho hinh hop ABCD.A'B’'C'D’. Goi N la diem trén doan C'D sao cho DN = gDC’.
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Khi phan tich BN = 2BA + yBC + »BB' thi gia tri 37 + 2y + 32 bing bao nhieu?
Al D/
B A C

—_s — 1—
o Vecong c/(;,éjzzzzt, Tac6 BN = BD + DN = (BA+ BC) + 5 DC".
Mit khac DC" = DB + BC' = —(BA + BC) + (BC + BB') = —BA + BB,
” — e E— 1 _— — ) — 1—
Thay vao biéu thic tren: BN = BA+ BC + g(—BA + BB') = §BA +1BC + gBB’.

2
Suyraa::§,y:1,z:—.
2 1l
Giatr13x+2y+3z:3(§)+2(1)+3<§) =24+24+1=5.

& Bai 3. Mot may bay dang bay véi van toc @ = (630;600;18) (km/h) thi gap gi6. May bay bi
lech va di tut M (100;200;8) dén N(210;303;12) trong 10 phit. Tinh téc do ctia gié (Iam tron két
qué dén hang phan mudi).
[ Ha’oy c/rz‘”/iiz'a’zl Vecto van toc clia may bay khi khong ¢6 gi6 1a v, = @ = (630;600; 18).
Do ddi thie 6 clia may bay 1a MN = (210 — 100; 303 — 200; 12 — 8) = (110; 103; 4) (km).
3 1

Thoi gian bay thuc té la 10 phit = 6 gig.

~ A £ 2 P 2,0 P ~ 2 sz N i~ MN
Vecto van toc thuc té ctia may bay dudi tac dong cua gi6 la: v = SN T 6 - (110;103;4) =
(660; 618; 24) (km/h).
Goi U, 1a vecto van toc cia gio. Ta ¢6 phuong trinh: ¥ = U, + U,.
= T, =T — T = (660 — 630; 618 — 600; 24 — 18) = (30; 18; 6).
Téc do ciia gi6 a: |T,| = v/30% + 182 1 62 = /900 + 324 + 36 = /1260 ~ 35,5 (km/h).
& Bai 4. Trong khong gian v6i hé Oxyz, cho cac diem A(19;0;0), B(0;19;0), E(12;0;7) va
F(0;12;7). Biét rang mat ddy hinh vuong ABC'D song song v6i mat dinh hinh vuong EFGH (nhu
hinh vé&). Diém S(0; 0; k) 1a dinh ctia hinh chép S.EFGH két hgp véi khoi da dien ABCD.EFGH
tao thanh mot khoi chép 16n S.ABCD. Héi thé tich ctia khdi chop S.EFGH bang bao nhicu m>?
Biét ring mdi don vi tuong ting v6i 1 mét trong thuyc té (két qua lam tron dén hang don vi).

Y

() Hwoiy c/rz’/ijz'(z’z'. Mat ddy ABC'D la hinh vuong c6 hai duong chéo AC va BD nam trén céac
truc toa do Oz, Oy cit nhau tai goc O(0;0;0).

318 > Sww lirg v Bién soan: 4é 1link Xha 0399653362



Do A(19;0;0) va B(0;19;0) nén OA = OB = 19. Do dai canh ctia hinh vuong day la:

AB =VOA? + 0B? = 19V2.
Tuong tyw, mat dinh EFGH 1a hinh vuong ¢6 tam O'(0;0;7), cac dinh E(12;0;7) va F(0;12;7)
nén canh cia hinh vuéng nay la:

EF =122 +122 = 12V2.
R L s EF 12
Hai hinh chop S.EFGH va S.ABCD dong dang vé6i nhau theo ti so dong dang ¢ = AE- 19

Goi I/ 1a chiéu cao ctia khoi chép S.EFGH, chiéu cao ctia khdi chép cut 1d h = OO0’ = 7.
Khi d6 chiéu cao ctia khdi chép 16n S.ABCD 1a b/ + 7.
Ta c6 ti s6 chiéu cao:
W :E@19h/=12h/+84<:>7h/:84<:>h/:12.

h+7 19
Dien tich mat day ciia khéi chép S.EFGH 1a Sppay = EF? = (12v/2)% = 288.
Thé tich ctia khéi chép S.EFGH la:

V:%-SEFGH-h’:%-288-12:1152m3.

& Bai 5. Hai chiéc Flycam dugc diéu khién cling bay lén tai mot dia diém. Sau mot thoi gian
bay, chiéc flycam thtt nhat bay dén vi tri diém A, chiéc flycam thit hai bay dén diém B. Chon hé
truc toa do Oxyz v6i gbe O dat tai diém xudt phat ctia hai chiée flycam, mit phang Oxy tring
v6i mat dat (coi nhu phang) c6 truc Oz huéng vé phia nam, truc Oy hudng vé phia dong va truc
Oz huéng thing ding lén troi (don vi do mdi truc 1a mét).

,,,,,,,,,,,,,,,

Biét diém A cach mat dat 4m, cach diém xuit phat 5m vé phia nam va 6m vé phia dong.

Vecto (ﬁ?) c6 do dai bang 10 va hgp véi cac vecto don vi trén cac truc toa do Oz, Oy, Oz cac goc
lan lugt 1a 135°,120°, 60°. Khodng cach gitta hai chiéc flycam lic d6 1a bao nhieu mét? (lam tron
dén hang phan mudi).

[} /—[m)‘iy a,/r?n, /. Tt gia thiét clia bai toan, ta xac dinh duge toa do ciia diém A:

¢ (Céach diém xuat phat 5m vé phia nam (theo chi¢u duong truc Oz) = x4 = 5.
& (Céach diém xuat phat 6m vé phia dong (theo chi¢u duong truc Oy) = y4 = 6.
& Cach mat dat 4m (theo chiéu duong truc Oz) = 24 = 4.

Vay A(5;6;4).

—

Goi (1, 7, E}) 1& céc vecto don vi trén cac truc Ox, Oy, Oz. Vecto OB = (xB;yp; zp) ¢6 do dai
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l

rp = OB - cos(OB, 7) =10-cos 135° = —5v/2
OB = 10 va hop vdi cac truc cac goc da chonén:  yp = OB - cos(OB, j) =10 - cos 120° = —5

J
2p=0DB- cos(O_B), ?) =10 cos60° =5

l

Vay B(—5v/2; —5;5).
Khoang cach giita hai chiéc flycam chinh 13 do dai doan thang AB:

AB = \/(xB —x4)?+ (Yp —ya)* + (2B — 24)?
AB = \/(—5\/5—5)2+ (=5 —6)2+ (5 —4)2 = \/(5o+50\/§+25) +121+1 = 1/197 + 50v/2 ~ 16, 36 m.

Lam tron két qua dén chit s6 thap phan thit nhat (hang phan mudi), ta duge khoang céch 1a 16,4
mét.

& Bai 6. Trong khong gian véi mot he truc toa do cho trude (don vi do 1ay theo km), mot ra-da
phat hién mot may bay khong ngudi lai tai diem A(800; 500; 7). Tt diém A, may bay nay di chuyén
v6i van toc va hudng khong ddi dén diém B(940; 550; 8) trong 10 phit dé tiép can muc tidu. Sau
khi dén B, may bay nhanh chéng quay bay ngugc tit B vé A dé trd lai can ct C(a;b;c) véi van
téc nhu lac ban dau. Biét rang trong hanh trinh quay vé, méay bay nay ciing khong ddi huéng thi
sau 30 phit, méay bay da vé can cti C. Hay xac dinh T' = 3a + 2b + ¢ — 339.

() Huo‘iz? din 71’[2[. Vecto dich chuyén ban diu la AB = (140;50; 1). Thai gian di 1a ¢; = 10 phaut.
C

Van tbc clia may bay 1a U = é—;ﬁ = (14;5;0,1) don vi/phit.

Hanh trinh quay vé tit B ngudce huéng AB véi ciing téc do, nén van toc lic quay ve la
(—14; —5;—0,1).

Sau t, = 30 phit quay vé tit B, may bay dén cin ctt C. Vecto dich chuyén BCla: BC =" -ty =
30 - (—14; —5;—0,1) = (—420; —150; —3).

Toa do can ctt C Ia: O = B + BC = (940 — 420; 550 — 150; 8 — 3) = (520; 400; 5).

Vay a = 520,b = 400, c = 5.

Gié tri T = 3(520) + 2(400) + 5 — 339 = 1560 + 800 + 5 — 339 = 2026.

—>/ v d
vV = —0
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