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I. DAT VAN PE

1. Mot van co' b6 dé nam 1654

Mua hé nim 1654, nha quy toc Phap Antoine Gombaud — thuong duoc biét téi véi biét danh
Chevalier de Méré — mang dén cho Blaise Pascal mot cau hoi tuong nhu chi danh cho song
bac: hai ngudi choi mét chudi van cong bing, ai thing truéc mdt sé van nhit dinh sé
dwoc toan bd tién cwoe; néu cude choi bude phai dirng giira chirng thi chia tién thé nao
cho cong bing?

Cau hoi nay khong méi. Nam 1494, Luca Pacioli trong Summa de arithmetica d& xuét chia
theo ti 1& s6 van da théng — mot 101 gidi ma vé sau bi chi ra 12 sai, vi n6 chi nhin qua khir ma
b6 qua fwong lai. Pascal va Pierre de Fermat da trao d6i mét loat thu trong nim 1654 va di
t6i cung mot dap sb bang hai con duong khac nhau. Fermat liét ké tat ca cac kich ban con co
thé xay ra; con Pascal 1am mot viéc tinh té hon: ong bat diu tir nhirng tinh hudéng da nga
ngii roi Ii din vé tinh hudng hién tai, mdi budc chi dung két qua cua budce lién sau. D6
chinh 14 hat nhan cta phuong phap ma ba thé ki sau duoc goi la

Nhiéu nha sir hoc toan hoc, chang han Keith Devlin trong cubn The Unfinished Game (2008)
hay Anders Hald trong A History of Probability and Statistics... before 1750 (1990), xem cac
14 thu nay 14 thoi diém khai sinh cua 1i thuyét xac suat nhu mot nganh toan hoc.

2. Tir Huygens, Markov dén Bellman

Ba nam sau, Christiaan Huygens viét De ratiociniis in ludo aleae (1657) — gido trinh x4c suat
in 4n ddu tién. Cudi sach, Huygens néu bai toan ma ngay nay dugc goi 1a bai toan nguwoi choi
pha san (gambler’s ruin): hai ngudi 1an lugt choi, mdi van ngudi thua tra cho ngudi thing
mot déng, hoi xac suat mdi nguoi cudi cung can tui. Loi giai tu nhién nhét lai la: €01 Xac suét
thang khi dang c6 i dong, rdi lién hé né véi trang thaii — 1 va i+ 1.

Nim 1906, A. A. Markov nghién ciru cac diy phép thr ma két qua mdi 1an chi phu thudc vao
trang thai hién tqi — nay goi la xich Markov. bén nhitng nam 1950, khi 1am viéc tai tdp doan
RAND, Richard Bellman hé théng hoa phuong phap “chia bai toan thanh cac bai toan con
chdng l4p, giai mdi bai toan con mot 1an, luu két qua lai” va dit cho né cai tén dynamic
programming (cudn sach cung tén xudt ban nam 1957). Trong hdi ki Eye of the Hurricane
(1984), Bellman ké ring éng chon chir “dynamic” va “programming” phan nao vi ching nghe
an tuong va kho bi cap trén phan ddi — mot chi tiét tha vi cho thy tén goi nhiéu khi ra doi vi
li do rat doi thuong.
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Pascal (1654) lui tir cubi vé dau — Huygens (1657) l4p phuong trinh theo trang thai —
Markov (1906) chuan hoa khai niém “trang thai” — Bellman (1957) dat tén va tong quat
hoa. Mot y tuéng xuyén sudt hon 300 nim: dirng tinh ca con dwong dai; hdy tinh tirng
budrc, va nho lai nhitng gi da tinh.

3. Vi sao chuyén dé nay cin cho HSA va TSA?

Theo dang thirc bai thi 4p dung tir nim 2026 cua Vién Dao tao sé va Khao thi (PHQG Ha
Noi), phan 1 cta bai thi HSA 1a Toan hoc va xir Ii 6 liéu gdm 50 cau trong 75 phut (35 cau
tric nghiém 4 lya chon va 15 cau dién dap an), voi mach kién thirc ¢6 T héng ké va xdc sudt.
Vi bai thi TSA ctia DPH Bach khoa Ha Noi, phan Tw duy Toan hoc c6 40 ciu lam trong 60
phut, trén tong diém toan bai 1a 100.

Nhu vy thi sinh chi ¢6 trung binh khoéng 1,5 phiit cho mdi cau. Nhiing ciu xé4c suat “nhiéu
budc” — tung ddng xu dén khi..., di ngdu nhién trén hinh..., ddu nhiéu van... — néu liét ké
truong hop thi rt d& sét hodc qua gid. Quy hoach dong bién chung thanh mot bang sé tinh
tuin tw, vira nhanh vura it sai, lai tan dung tbt may tinh cAm tay.

Xu huéng nay ciing thy rd trong cac dé kiém tra, khao sat & cdp tinh. Chiang han dé mon
Toan ciia S6 GD&DPT Son La c6 cdu hoi mod phong tran dau cd vay giita ki thi Lee Sedol va
AlphaGo (thang 3/2016, AlphaGo thing chung cudc 4 — 1): xac suat dé tran ddu két thic sau
dung 6 van voi chién thang ctia ki thu. Loi giai gon nhat chinh 1a mot bang quy hoach dong
(Viduy 15). Tuong tu, cic bo dé luyén thi dang Dung/Sai thudng dit cau hoi vé robot di chuyén
ngau nhién giira cac vi tri — mot xich Markov thu nho (Vi du 14).

Luu y vé ngudn bai tip

Céc vi du qudc té (AIME, AMC) va cac vi du trich tir tu liéu trong nudc déu dugc ghi rd
ngudn. Céc bai luyén tdp & myc VI 1a bai bién soan theo dinh dang cau hoi HSA/TSA
(trdc nghiém 4 luya chon, dién dap an, Pung/Sai), khong phai cau hoi trich nguyén vian tir
d@ thi chinh thirc. Moi dap s trong tai liéu da dugc kiém tra lai bang tinh toan phan sb
chinh xac.
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4. Cau truc tai liéu va cach sir dung

Co s 1i thuyét: xac sudt toan phan, hai ddc trung ciia quy

L hoach dong, top-down va bottom-up, dém c6 trong s6 Boc ki trude khi lam bai
Khéi dong véi bai toan dem cau thang, ludi 6 vudng, quan S TP e Bemums T T
1 hau, d6i tién, kiém phiéu Ren ki ndng lap bng
\Y 10 dang toan xac suat, mdi dang c6 vi du giai chi tiét Trong tAm 6n thi
v 8 tinh huong thyc té: thO’l‘ tiét, j[h1 phaﬂn, bao tri may, thé Mo rong, lién hé ddi s 6ng
thao, tro choi, thi ctr
VI- VII 29 bai luyén tép theo ba dinh dang cau hoi, kém dap an va Ty luyén c6 bim gio

huéng dan

Do kho cac bai luyén tdp duoc danh ddau bang sao: -+ co ban, xx+* van dung, **x van

dung cao.
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II. CO SO LI THUYET

1. Cong thirc xdc suit toan phan — “ddng co” ciia moi hé thirc
Cho cac bién ¢d By, By, ..., B, d6i mot xung khic, c6 tong xac sudt bang 1 (mot hé day du).
Khi d6 v6i moi bién cb A:

k
P(A) = > P(B)-P(A|B)

Cong thirc nay c6 trong chuong trinh Toan 12 (Chuong trinh GDPT 2018). Trong quy hoach
dong, “hé day du” thuong chinh 13 cdc két qua c6 thé ciia mdt bude — budc dau tién hoic
budc cubi cung.

2. Hai dic trung cua mot bai toan quy hoach dong
Céc gido trinh thuét toan (Cormen va cong su, Introduction to Algorithms) ciing nhu nhiéu
bai viét phé bién béng tiéng Viét, chéng han bai “Quy hoach dong — mot thuat toan than
thanh” trén Viblo (2017), déu néu hai ddu hiéu nhan biét:

- Bai toan con géi nhau (overlapping subproblems): cting mot bai toan con xuat hién
nhiéu lan khi ta phan ra bai toan 16n. Néu tinh lai mdi 1an gip, khdi lwong cong viée ting
theo ham mii; néu luu két qua, mdi bai toan con chi tinh mot lan.

- Céu tric con tdi wu (optimal substructure): 101 giai téi uu cua bai toan 16n duge ghép

.....

16n nhat, nhd nhat; véi bai todn dem va xdc suat trong tai liéu nay, thtr ta can la phép
cdng (quy tac cong, xac suat toan phan) va phép nhan (quy tac nhan, xac suat c6 diéu
kién).

(=) F(2) bi tinh 3 1én
31 o3 srf i tinh 1 1én
F(2) (F) (F) (Fo) () (Fo)
D)

Hinh 1. Cay dé quy tinh F(5) cua ddy Fibonacci: cac bai toan con lap lai cung mau

Cay ¢ Hinh 1 cho thiy chi dé tinh F(5) ma F(3) di bi tinh 2 1an, F(2) bi tinh 3 lan; véi
F(40) sb 101 goi 1én t6i hang tram triéu. Luu lai két qua thi chi can 40 phép cong. Bai toan
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xac suat nhi€u budc cling y nhu vay: mot trang thai (chang han “con 3 diém, sau 4 van”) c6
thé dat dugc bang rat nhi€éu con duong, nhung ta chi can nhé tong xdc suat di téi no.

3. Hai cach “cit” bai toan
- Phén tich theo buédc diu (first-step analysis — thuat ngit quen thudc trong gido trinh
cua Karlin & Taylor, Blitzstein & Hwang): xét xem budc dau tién dua ta t6i trang thai
nao, roi dung dap sb cia bai toan “con lai”. Thuong dung cho xac suit hap thu va ki
vong.

- Phén tich theo budc cudi: xét trang thai trude bude cudi, roi cong don. Thuong dung
khi hoi “sau dung n buéc”.

Ca hai déu dan t6i mot hé thire truy hdi giira cac dai luong cing loai nhung “nhé hon”.

4. Hai cach tinh: top-down va bottom-up

_ Top-down (dé quy c6 nh¢) Bottom-up (1ap bang)

Tir bai toan 16n, goi dan xudng bai toan | Tinh tir cic trang thai co so, 1ap ddy bang

Y tudn X. 1 A 2y . I , 4 s AN
& con; moi két qua tinh xong dwoc ghi nhé theo thtr ty dén trang thai can tim
Uu didm D@ viét hé thirc; chi tinh nhirng trang thai ~ Khong dé quy; rat hop dé lam tay hodc
that sy can dung may tinh cam tay
Khi nado dung Dé tim ra hé thirc Dé tinh ra con sd trong phong thi

Tac gia Vii Manh Quan, trong tai liéu “Ung dung tu duy quy hoach dong vao bai toan dém t6
hop”, mé ta cach 1ap bang bottom-up bang hinh anh “vét dau loang”: tir diém xuét phat, con
s6 lan dan sang cac 6 k&, mdi 6 chi can cong cac 6 lién trudc nd ma khong phai nhin lai ca
con dudng. Trong tai lidu ndy, ta s& dung top-down dé nghi va bottom-up dé tinh.

5. Quy trinh bon buéc

—0— 0 —0— —0—

Chon trang thai Lap hé thuc Diéu kién bién Tinh theo thua tu

v
v
v

Céng thirc xac suat
toan phan theo
budc dau/cubi

Bién s6 mo ta
"dang 6 dau"

Trang thai xuat phat, Lap bang tur
trang thai hap thu trang thai da biét

\ J J J )

Hinh 2. Quy trinh bon budc giai bai toan xac suat bang quy hoach dong

1 Cén biét nhitng gi & thoi diém hién tai d& S8 van mdi nguoi con thiéu; vi tri con bo; d3 ¢o
di tiep? may mat ngura lién tiép
Tu trang thai nay, mot budc cod thé dan

dén dau, v6i xac sudt bao nhiéu? Uiy e — (0= L 3 e vt = b = 1)
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ba théng: xéac suat 1; da thua: xac suét 0; bude 0:

e v am ik L. as Ao !
3 Trang thai nao da biét chac dap so? vi tri xuit phat

Tinh theo thir tu ndo dé ludn c6 san sd
li¢u? PBép s6 nam & 6 nao?

Tir trang thai gan dich ra xa; tir n = 0 tang dan
6. Tor dém dén xac suat — ki thuat “dém c6 trong s6”

Khi moi két qua dong kha ning, xac suat bang s6 két qua thuin lgi chia tong s6 két qua,
nén moi bang dém déu co thé ddi thanh bang xac suit. Khi cac kha ning khéng ddng déu

s e ~ , A qxtoar oo 1 rooA A 1ea 5 \ .
nhung moi xac suat mot budce déu 1a bdi cua —, ta c6 mot meo rat hiéu qua trong phong thi:

Pém co trong sb

Viét mdi x4c suat mot bude dudi dang % v6i w nguyén, coi w 1a “sé cach” di theo budc
d6. Lap bang dém nhu binh thudng (mdi 6 bang téng cic 6 dan t6i nhan véi trong sé w).
Sau n budc:

tong trong so cac dwong thuin loi

mn
; & 1 1 1, re 4 A X 21 o S | £
Vi du: thang " hoa » thua > Ung voi trong so 1, 1, 2 trén mau 4. Ca bang chi con toan s

nguyén — day chinh 1a cach giai dé Son La ¢ Vi du 15.

7. Nhan dién dang bai

Déu hiéu trong dé Pai lwgng cin 14p bang

“Ai thing trude k van...”, “dd6inao  P(i, j): x4c sudt thing khi hai bén con thiéu i, j |
vo dich...” van
“Sau diing n budc/lan...” Pn: X4c suét & trang thai X sau n budc 2,8
“Khéng c6 ... lién tiép” Sb day do dai n két thuc theo tumg kiéu 3
“Cuiu%ir;% / t;l; gillfcl)l ;t’:” “rol p;: xac suat hap thy tir trang thai i 4
“Trung binh can bao nhiéu lan...” E;: ki vong s budc con lai 5
“Téng s6 cham bang...” N, (s): s6 cach duoc tong s voi k con 6
“S6 1an ... 1a s6 chan/le” €p: Xac sut chan sau n lan 7
Nhiéu vi tri, ma tran/so d6 chuyén Bang phan phdi theo thoi gian 8
Xéc suét la boi ctia 1/m, hoi “sau Bang trong 6 nguyén 9
ding n van
“Lan luot rat, khong hoan lai” S6 phan tir mdi loai con lai 10
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III. KHOI PONG: QUY HOACH PONG TRONG BAI TOAN PEM

Trudce khi budc vao xac sudt, ta luyén “co tay” véi bai toan dém. Pay 1a cach tiép can cua
nhiéu tai liéu chuyén dé (ching han tai liéu “Ung dung quy hoach dong trong bai toan dém
va tinh x4c suat” va bo bai giang “Lam chi tu duy quy hoach dong”): moi bang dém déu tré
thanh bang xac suit khi ta chia cho téng s6 kha ning.

1. Bai to4n leo ciu thang

Vi du 1 (bai toan kinh dién)

Mot cau thang c6 10 bac. Mdi budc co thé bude 1én 1 bac hodc 2 bac. a) C6 bao nhiéu
cach leo hét cau thang? b) Néu mdi budc nguoi d6 chon ngau nhién budce 1 bac hoic 2

A , A, 1 =x. N , e o4 A A 1A A ,
bac (xac suat 5 moi loai), tinh x4c suat nguoi do dat chan 1én bac thu 10.

baci 6
+1 bac
+2 bac 5
= f(i) = f(i—-1) + f(i—2)
1 f(0)=f(1) =1
0
Hinh 3. Mudn dén bac i, buéc cudi xudt phat tir bac i — 1 hogc bdci— 2

a) Goi f; 1a s cach leo dén bac i. Budc cudi la 1 bac (tir i — 1) hodc 2 bac (tir i — 2), nén
fi = fiex + fiavOify = f1 = 1
Day 1, 1,2,3,5,8, 13,21, 34,55, 89 cho f;, = 89 cach.

b) Goi p; 1a xac suit dat chan 1én bac i. Mudn cham bac i thi phai cham baci — 1 roi bude

1, hodc cham bac i — 2 rdi budc 2 — hai truong hop xung khic:

1 1 1 2 1/ 1,\"
Pi = 5Pi1 + 5Pi-2 Po = Lp, = 5 = Pn=3 + §(‘E>
Do doé pyy = CON E Luu ¥ hai cAu a, b ciing mdt bang nhung khac ban chit:

3 31024 1024
cau a dém dwong di dén diing bédc 10, cAu b tinh xac suat cham bac 10 khi budc ngau nhién —

% 89 A YO A v \ LA . , A A A
con 80 5 khong phai dap an cau b, vi cac con duong co6 so budc khac nhau nén khong dong

kha nang.
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2. Pwong di trén lwgi 6 vudng
Vi du 2 (theo Vii Manh Quan)
Mot con kién di theo cac canh cua ludi 6 vudng kich thude 7 x 5 tir goc A(0; 0) dén goc
B(7; 5), mdi budc sang phai hodc 1én trén mot don vi (duong di ngan nhat). a) Co bao
nhiéu duong di? b) Chon ngau nhién mét duong di.

Tinh xac suat duong di qua diém C(3; 2).

OROROROROROROK )
ORORORORORORORO.
ORORORORORORORC.
OOOO®EO®®E
OOOOOOO
- JORORORORORORO

Hinh 4. Bang “vét dau loang”: s6 ¢ méi niit bang tong mit bén trdi va nit bén duwdi
a) Moi nat (x; y) chi dén dugce tir nit bén trai hodc nit bén dudi, nén sé duong
N(x; ¥) = N(x—1; y) + N(x; y—1). Lan dan tir A, ta duoc tam giac Pascal xoay
nghiéng va N(7; 5) = 792 = C7,.

b) Sé duong qua C bang (s6 duong A — C) x (s6 duong C — B)=C2-C3 = 10-35 =

, A, A N 350 175
350. Xac suat can tim: — = — = 0,44.
792 396

Can than: “chon ngiu nhién mot dwong” khac “di ngiu nhién tirng buéc”

Néu thay vi chon déu mot trong 792 dudng, con kién & méi it tung dong xu dé chon
phai/lén (dén bién thi chi con mot hudng) thi cac duong di khong con dong kha ning:
dudng men theo bién cé xac suat 16n hon. Khi d6 phai 1ap bang xac suit riéng — xem Bai
12, muc VL
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3. Lw6i c6 diém cAm
Vi du 3 (theo tii liéu chuyén dé “Ung dung quy hoach ddng trong bai toan dém va
tinh xac suat”)
Robot di tir (0; 0) dén (4; 5) trén ludi, mdi budc sang phai hodc 1én trén. Ba diém (1; 1),
(2; 3), (3; 2) bi cam. Dém s6 duong di hop 18.

OOO®O
020302020
OOOOG
020208 2O
OXORORORO,
20302020

Hinh 5. O cam dwoc gan so 0, cdac 6 khac van cong nhu cii

Quy tic lap bang giit nguyén, chi thém diéu kién: 6 cAm cé gia tri 0. Lan dan ta duoc 16

duong. Néu tinh bang phan bu (trir di cac duong qua diém cam) ta phai dung nguyén li bao

ham — loai trir v&i 3 tap, d& nhdm hon nhiéu. Vi robot chon déu mot trong €& = 126 dudng
8

. A £ A , £ \ , Xy v < R £ . 16
di khong c6 rang budc, xac suat duong dugc chon tranh hét cac di€m cam la e = o

4. Quan hau trén ban co

Vi du 4 (theo Vii Manh Quan)

Trén ban cd 4 x 4, mot quan hau dung & 6 dudi cung bén trai, mdi nude di 1én trén, sang
phai hodc chéo 1én phai mot s6 6 tuy ¥. C6 bao nhiéu cach dé quan hau dén 6 trén cung
bén phai?
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4 17 60 188
A

2 7 60
1 7 17
\ 1 2 > 4

Hinh 6. M6i 6 bang tong tat ca cdc 6 ciing cdt phia dedi, cing hang bén trdi va cing
dwong cheo phia dudi-trai
Diém méi 1a mot 6 ¢ thé dén tir 6 cdch xa chi khong chi 6 ké. Quy tic 1ap bang van vay, chi
1a mdi 6 phai cong nhiéu 6 hon. Chang han 6 (1; 1) nhan tir (0; 1), (1; 0) va (0;0): 1 + 1+ 1
= 3. Két qua: 188 cach.

5. Doi tién va bai toan “gi6 hang”

Vidu 5
C6 cac to tién ménh gid 1, 2, 5 nghin dong (s6 luong khong han ché). C6 bao nhiéu cach
d6i to 10 nghin dong (khong tinh thir ty cac to)?

Goi d, 1a s6 cach d6i sb tién x. Dé khong dém lap thir tu, ta dwa tirng ménh gia vao
lan hrot: voi mdi ménh gia c, cap nhat d, « d, + d,_. cho x tir ¢ dén 10, xudt phat tir
do = 1

S |0 11| 2 13 4| s 16 7] s s w
1 1 1 1 1 1 1 1 1 1

chicol 1
thém 2 1 1 2 2 3 3 4 4 5 5 6
thém 5 1 1 2 2 3 4 5 6 7 8 10

C6 10 cach. Bo bai giang “Lam chu tu duy quy hoach dong” mo ta hé thirc nay bang so do:
mdi 6 d,, nhan “dong chay” tir cac 6 d,,_, — ding tinh than vét dau loang.

6. Bai toan kiém phiéu (Bertrand, 1887)

Vi du 6 (bai toan kiém phiéu)

Trong mot cudc bau chon 16p trudng, ban A dugce 5 phiéu, ban B duoc 3 phiéu. Cac phiéu
duoc rat ngau nhién lan luot dé kiém. Tinh xac suat dé trong sudt qué trinh kiém phiéu,
s6 phiéu ctia A luén 16m hon han sb phiéu cia B.
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37 duong hoa — » poeseesinae
ki p :
(A =B) 7
/
7
//
?S 5 s
< 2
A0 //
© 7
o ’
i /’
po cham hg‘a’
= s
oo [ SN (SIS S— N .
2 @
VAl
P
7/
7/
//
o @
T . : . . '
0 . 2 3 4 5

S6 phi€u A da kiém
Hinh 7. Moi thir ty kiém phiéu la mot dwong di trén luoi; dwong hop 1é khong dwoc cham duong hoa

M3i thir tw kiém 12 mot duong tir (0; 0) dén (5; 3), moi thir tw dong kha ning nén c6 C§ = 56
duong. Puong hop 1¢ phai bat dau bang phiéu A rdi luén ndm dudi han duong y = x. Lap
bang nhu ludi c6 diém cam (cac nut trén duong hoa, trir goc, c¢o gia tri 0) ta dém duoc 14
duong, nén xac suit 13 % = i.

Pinh li kiém phiéu

Néam 1887, Joseph Bertrand cong b két qua: néu A duogc a phiéu, B duoc b phiéu (a >
b) thi x4c suat A ludn dan trude 1a Z—;Z. Kiém tra: 5 = i. Feller (1968) trinh bay dinh
li nay cung cac ing dung vao bai todn di ngau nhién.

M¢ réng: Bai toan hai d6i bong ban mbi doi 7 ngudi thi dau theo thé thire “thua thi bi loai,
thing thi ddu tiép” trong tai liéu ciia Vil Manh Quan ciing dugc giai bang mot bang 7 x 7 nhu
vay, cho 2-1716 = 3432 = C/, cach dién ra.

IV. CAC DANG TOAN XAC SUAT VA Vi DU MINH HOA

Dang 1. Quy hoach dong hai chiéu — bai toan chia tién cuoc

Vi du 7 (Bai toan Pascal — Fermat, 1654)

Hai nguoi A va B choi mot chudi van, mdi van mdi ngudi thang voi xac suat %, ai thang
da 3 van trude s& nhan toan bd 64 dong vang. Cudc choi dimg khi A da thing 1 van, B
chua thing van nao. Hoi nén chia 64 dong vang thé nao cho cong bang?
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Budée 1 — Trang thai. Goi P(i,)) 1a x4c suit A thing chung cudc khi A con thiéu i van, B
con thiéu j van. Hién tai A thiéu 2, B thiéu 3, can tim P(2, 3).

Buéc 2 — Hé thire. Van tiép theo A thing (x4c suat %) thivé (i — 1,5), A thua thivé (i,j — 1):
P@,j) = %P(i -1,j) + %P(i,j -1)

Budée 3 — Bién. P(0,j) = 1 (A da thing), P(i,0) = 0 (B di thing).

Buéc 4 — Lap bang. Mbi 6 bang trung binh cong cia 6 bén trai va 6 bén duéi:

Trang thai (i, j): A con can i van, B con can j van

X p X p
(2,0) /2 (2.1) /2 22) | 7 (2.3)
0 1/4 172 | 11/16
—
Rz 7% e
v
M) M) )
(1,0) /2 (1,1) /2 12 | 7 (13)
0 1/2 3/4 | 7/8
Cotj=0: 2 Ve b
B da tlwéng
(xac suat 0) 0.1) (0,2) (0.,3)
1 1 1
—

Hang i = 0: A da thang (xac suat 1)
Hinh 8. Bang quy hoach déng ciia Pascal: méi 6 la trung binh céng cia hai 6 ké
Vay P(2,3) = % Chia cong bing 13 A nhan ﬁ .64 = 44 ddng, B nhan 20 ddng
(ti 18 11 : 5, chir khong phai chia theo s6 van di thing nhu Pacioli).

Poi chiéu voi cach ciia Fermat
Nhiéu nhat can 4 van nira 1a phan dinh. Gia sir choi dii 4 van (thém van “a0” khong anh
huong két qua), A thang chung cudc khi thing it nhat 2 trong 4 vén:
Ci+C+¢C 6+4+1 11
N 24 - 16 16
Hai phuong phap cho cung dap sé — diéu khién Pascal viét cho Fermat rang “su that 1a

nhu nhau ¢ Toulouse cling nhu ¢ Paris”.

Téng quat. Néu A thang mdi van véixacsudtp,q = 1 — pthiP(i,j) = p-P>i—1,j) +
q - P(i,j — 1). Pay chinh 14 khung ctia moi cau hoi “doi nao vo dich loat tran thang 4 trong
7 tran” (Bai 13, muc VI).
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Dang 2. Quy hoach déng mot chiéu theo s6 budée
Vi du 8 (AIME I1 2003, Bai 13)
Mot con bo xuét phat tor mQt dinh cua tam giac déu. Mdi buée, nd chon ngau nhién mot
trong hai dinh con lai va bo sang dinh d6. Biét x4c suat con bo & dung dinh xuat phat sau

budc tht 10 1a % v6i m, n nguyén duong nguyén té cung nhau. Tinh m + n.

Con bo trén tam giac déu Thu gon thanh 2 trang thai

1

—

Khéng 1/
G A

) o S
K— )
A B %

L

mé&i mii tén: xac suat %

Hinh 9. Nho tinh doi xvmg, 3 dinh thu gon thanh 2 trang thdi: “6 A” va “khéng 6 A”
Trang thai. Goi p,, 12 x4c suit con bo ¢ dinh xut phat A sau n buée; p, = 1.
Hé thirc (theo bude cudi). Mudn & A sau bude n + 1 thi sau bude n phai khdng & A (xac

A \ , , £, 1
suat 1 — p,) va chon ding A (x4c suat E):

Pn+1 = %(1 — Dn)
a0 1l 2]3]als 6] 7] 8] 9 | 10|
1 1 3 5 11 21 43 85 171

Pn 1 0 — - — — — —
2 4 8 16 32 64 128 256 512

Vay p1p = % vam + n = 683. Dap sd nay trung véi dap an chinh thic cia AIME.

M6 rong: cong thirc tong quat

batu, = p, — %thi Uppr = —%un (cAp s6 nhan), suy ra
1 N 2( 1)”
Pn =37 3\72

. . A pe 1 A - A e , A 1N 7 A i A )
Khi n 16n, p, dan toi 5~ con bo “quén” diém xuat phat. Pay 1a vi du dau tién vé phdn

phéi dirng cta xich Markov, s& gip lai & Dang 8 va muyc V.
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Dang 3. Day két qua cé rang budc “khéng lién tiép”
Vidu9

Tung mot dong xu can ddi 10 1an. Tinh xac sudt dé khong c6 hai 1an ngira (N) nao lién
tiép.

Trang thai. Goi a,, 14 s6 diy “hop 16” do dai n két thuc bang sap (S), b,, 1a s6 diy hop 16 két
thic bang ngira (N).

Hinh 10. So' do chuyén trang thdi: sau N khéng dwoc thém N
He¢ thirc. Thém S vao moi day hop 1€ déu duoc; thém N chi dugc vao day tan cung S:
Ans1 = A + by, bpyy = ay

DitT, = a, + b, thiT,,, = T, + T,_, —chinh la ddy Fibonacci, véiT, = 2,T, = 3.

I N I T A 2 B O T
a, 1 2 5 8 13 21 34 55 89

3
b, 1 1 2 3 5 8 13 21 34 55
T, 2 3 5 8 13 21 34 55 89 144
X4c suat can tim:ﬁ = -2 5 0,14.
210 1024 64

Binh ludn: C6 thé dém tryc tiép theo s 1an ngira k: chon k vi tri d6i mot khong ké nhau trong

10 vi tri co CK,_ céach, nén

5
T10=261"1_k=1+1O+36+56+35+6=144
k=0

Céch nay doi hoi nhé bai toan “chon khong ké nhau”, con quy hoach dong thi khong can meo
va mé rong ngay sang “khong c6 ba ngtra lién tiép” (Bai 1, muc VI) hay dong xu khéng can
dbi (Bai 11, muc VI): khi dé ta ldp bang xdc sudt thay cho bang s6 day, voi a,,,; =
q(an + byp), by = pan.
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Dang 4. Xac suit hip thu — bai toan nguoi choi pha san
Vidu 10 (AMC 10B 2014, Bai 25 — ciing 1a AMC 12B 2014, Bai 22)
Trong ao ¢6 11 14 sting xép hang, danh s6 0 dén 10. M6t con éch ngdi ¢ 14 1. Khi 614 N
(0 < N < 10), éch nhay sang 14 N — 1 vdi xac sut iv_o vasang 14 N + 1 véi xac suét
1 — f—o cac 1an nhay doc 1ap. Dén 14 0 éch bi ran dn; dén 14 10 éch thoat khoi ao.

Tinh xé4c suét éch thoat.

1/10 9/10 5/10 5/10 8/10 2/10
) ¥\ n KN\
Ran Ech Thoat
xuat phat

TUrld N (0 <N < 10): sang N—1 véi xac sudt N/10, sang N+1 véi xac sudt 1 — N/10
Hinh 11. Ech trén 11 ld sung: hai trang thdi hap thu la 1d 0 va la 10

Trang thai va h¢ thirc (phéan tich theo buédce dau). Goi py 12 xac suat thoat khi dang ¢ 14 N:
N N
bn = EPN—l + (1 - E) Pnv+1» Po = 0, P = 1
Nhin xét d6i xtimg. LA N vala 10 — N d6i xing nhaunénpy + pyo_y = 1, ddcbiétps =

1

>
Giai bang hiéu sb. Dit dy = py — py_;. Hé thic twvong dwong v6i (10 — N)dy,, =

Ndy,nénvoid; = py:

dy dy dy dy
d, = = 4= g4 =1 g =_-L
27 9 37 36 * 7 84 > 7 126
= —d(1+1+1+1+1)—d 73
=P T4 9736 "84 " 126) = %63

1
2
Suyrap; = —— (dap an C ciia d& AMC).

Cong thirc kinh dién (Huygens; Ross, A First Course in Probability)

Néu mdi buéc sang phai véi xac sudt p khong do6i, sang trai véi xac sudt
g = 1 — p # p, trang thai hip thu 12 0 va N, thi x4c suat dat N trudc khi vé 0, xuét
phattu i, 1a

TRAM TOAN APLUS TEAM Ceral - Trang 18 - CHIENMATH.COM



Quy hoach déng trong bai todn xdc sudt - On thi HSA — TSA

vakhip = q = % thi P, = ﬁ Trong trudng hop cong bang, ki vong sb van dén khi két
thacla E; = i(N — i) (Bai 24, muc VI).

Dang S. Quy hoach dong cho ki vong

Vidu 11
Tung lién tiép mot ddng xu can ddi cho t6i khi xuat hién hai mat ngtra lién tiép thi ding.
Trung binh phai tung bao nhiéu 1an?

S't%
N:%
—
‘ - ‘
—
— —
S:%

Hinh 12. Ba trang thai: chwa co N o cudi, vira ¢é mét N, da dat NN
Trang thai. E, 13 ki vong s6 1an tung con lai khi chua c6 mit N & cubi (ké ca lic bat dau); E;
la ki vong khi vira tung dugc mot N.
Hé thire. Mdi lan tung ton 1 luot roi chuyén trang thai:
E 1+1E+1E E 1+10+1E
Tir phuong trinh dau: E, = 2 + E;. Thay vao phuong trinh sau: E; = 1 + %(2 + E;)
nén El = 4‘, EO = 6

Mot két qua bat ngo

Néu chd diy NS (ngtra rdi sip) thay vi NN, ki vong chi 1a 4. Li do: khi dang cho NN ma
tung ra S, ta mat hét “tién do”; con khi chd NS ma tung ra N, ta van giit nguyén tién do.
Day 1a cau hoi kinh dién trong gido trinh Stat 110 (Harvard) cta J. Blitzstein va 1a chu dé
“trd choi Penney” ndi tiéng.
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Dang 6. Phin phdi ciia tong — quy hoach dong “tich chap”

Vi du 12 (bai toan cua Galileo)
Gieo dong thoi ba con xuc xac can ddi. Tinh x4c suét tong sé cham bang 10.

Ghi chit lich sir: Pau thé ki XVII, nhitng ngudi choi ¢ Florence thic méc vi sao tong 10 ra
nhiéu hon téng 9, du ca hai déu c6 6 cach phan tich thanh ba s tir 1 d&én 6. Galileo giai thich
trong ghi chép Sopra le scoperte dei dadi: phai dém b ¢6 thir tw, khi d6 tong 9 c6 25 két qua
con tong 10 ¢ 27.

Trang thai. Goi N, (s) 1a s6 két qua co6 thr ty ctia k con xtic xdc ¢6 tong s. Phan tich theo

con xuc xac cudi cung (ra t chdm):
6
Ne(®) = D Nea(s =8, M) =1 (1 <526
t=1
S T e s Lol a0 |t uli
N,(s) 1 2 3 4 5 6 5 4 3 2 1

Xac sudt can tim: % = %. Toan bd phan phdi tong ctia ba con xtic xdc duwoc minh hoa & hinh

dudi.

S8 két qua (trén 216)

3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
Téng s6 chdm cla 3 con xUc xac

Hinh 13. S6 két qua theo tong so cham khi gieo ba con xiic xdc (tong 10 t6 mau cam)

Bién thé: Néu chi hoi tong chia hét cho 3, ta khong can nhé ca tong ma chi can nhé s6 dw cua
tong khi chia cho 3 — bang chi con 3 cot (Bai 6, muc VI). Chon trang thai “vira di” 14 ki nang
quan trong nhat ctia quy hoach dong.
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Dang 7. Tinh chiin —1¢

Vidu 13
Mot dong xu khong can doi ¢ xac suat ra ngura 1a p. Tung dong xu n lan. Tinh xac suat
sO lan ngtra 1a so chan.

Goi e, 1a xac suat can tim, e, = 1. SO lan ngura sau n 1an chan khi: truéc do chan va lan nay
ra sap, hodc trudc do 1€ va lan nay ra ngua:

1
en = (1 - p)en—l + p(l - en—l) = ey — E = (1 - Zp) <en—1 - _)

en = 71+ (L~ 2p)"]

Chang han p = l, n = 5choe; = e (1 + i) = 22 péi chiéu bang nhi thirc Newton:
3 2 243 243
_ +p+@-p"
2

en — hai cach gap nhau.

Dang 8. Xich Markov theo thoi gian — bang phan phdi

Khi ddi twong di chuyén gitta nhiéu vi tri va dé hoi vé mot thoi diém cu thé, ta 1ap bang phén
phéi: moi hang 1a mot thoi diém, mdi cot 1a mot vi tri, mdi 6 1a x4c suat dang ¢ vi tri ¢6. Hang
sau tinh tir hang trudc theo cong thirc xac suat toan phan:

Pea () = D () PX - V)
X

Kiém tra nhanh: téng mdi hang ludén b?mg 1 —nén v&i 3 vi tri chi can tinh 2 cot, cot thi ba
suy ra.

Vi du 14 (theo tw li¢u luyén thi 29EDU, dang Dung/Sai)

Mot robot di chuyén gitra 3 vi tri A, B, C. Moi lan di chuyén mét 1 phut, robot sang vi tri
khac theo quy téc: & A thi sang B hodc C véi xac suit bang nhau 0,5; ¢ B thi sang A véi
xac suit 0,6 va sang C vdi xac suét 0,4; & C thi sang A véi xac suét 0,8 va sang B voi xac
suit 0,2. Ban dau (t = 0) robot & A. Mdi ménh dé sau dung hay sai?

a) X4c suat robot & A tai thoi diém t = 1 bang 0.

b) Xé4c suat robot & A tai thoi diém t = 2 bang 0,7.

¢) Tait = 3, A la vi tri robot c6 kha ning & cao nhit.

d) Xéc suat dé robot trd vé A lan dau tién tai thoi diém t = 513 0,0176.
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\/
\@/

Hinh 14. So do chuyén vi tri cua robot (moi miii tén ghi xac sudat chuyén)

0

1 0 0,5 0,5 1
2 0,7 0,1 0,2 1
3 0,22 0,39 0,39 1
4 0,546 0,188 0,266 1
5 0,3256 0,3262 0,3482 1

Chang han p,(4) = 0,5-0,6 + 0,5-0,8 = 0,7 va ps(B) = 0,7-05 + 0,2:0,2 =
0,39. Vay a) Pung, b) Pung, c) Sai (tait = 3, A chi c6 0,22 trong khi B va C cung 0,39).
Céu d) — “lan dau tién”. Day la chd hay sai: khéng dugc dung cot A cla bang trén, vi bang
d6 tinh ca nhitng duong da ghé A trude thoi diém 5. Ta 1ap bang moéi, trong d6 cAm di vao A
& cac thoi diém 1 dén 4 (gidng 6 cAm cua bai ludi):
B (chua vé A) 0,5-0,2=0,1 0,2:0,2=10,04 0,04-0,2 = 0,008
C (chua vé A) 0,5 0,5-:0,4=0,2 0,1-0,4=0,04 0,04:0,4=0,016

p =0,008-06 + 0,016-0,8 = 0,0048 + 0,0128 = 0,0176

Viy d) Ding. Nhin xét: sau khi roi A, robot chi c6 thé “né” A bang cach di qua lai B < C,
nén duong di duy nhét c6 dang A — (B hoic C) — ... — A vdi cac budc giita luan phién B,
C — dGng nhu 101 giai liét k¢ ABCBCA, ACBCBA.

Dang ma tran
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Xép X4c suét chuyén thanh ma tran M (hang: vi tri hién tai, cot: vi tri tiép theo) thi phan
phéi sau t budc la m, = myMt. Bang phin phdi & trén chinh 13 cach nhan ma tran “bang

tay” timng budc — mot vi du dep vé viéc quy hoach dong gitip ta tranh tinh M tryc tiép.

Dang 9. Pém cé trong so — lwéi thoi gian x trang thai

Vi du 15 (dé ciia S6 GD&DPT Son La)

Niam 2016, trong chién dich mang tén “Niém ty hao cudi cung cia loai ngudi”, ki thu cd
vay s6 mot thé gio1 Lee Sedol da c6 tran d4u lich st véi tri tué nhan tao AlphaGo. Mot
trd choi mé phong tran du nay c6 luat nhu sau: diém khoi dau coa ki tha 13 2. Trong mbi
van dau, néu the“ing ki thu dugc cong 1 diém, néu hoa thi diém sb khong ddi, néu thua bi
trir 1 diém. Tran dau két thuc ngay khi ki tha dat 3 diém (gianh chién thang) hoic 0 diém
(thét bai). Gia str xac suat mdi van théng, hoa, thua cua ki thu 1an luot l1a %, i, % va két qua
cac van doc 1ap. Xéc suat dé tran dau két thuc sau dung 6 van va ki thu gianh chién thang
la p. Tinh 4096p.

Quy dbi trong s6. Mau chung 14 4: thing i — trong s6 1; hoa i — trong s6 1; thua % — trong
sO 2. Sau 6 vén, tong trong sd ctia moi kich ban 1a 4° = 4096 — chinh 1a con s trong dé,
mot goi ¥ rat rd cho cach 1am nay.
Trang thai. Goi a,,, b,, 12 tong trong sb cac kich ban sau van n ma trin ddu chua két thiic va
ki thi dang c6 1an luot 2 diém, 1 diém; w,, 13 tdng trong sd cac kich ban két thiic bang chién
thang diing & van n.

Ani1 = An + by, bpyy = 20y, + by, Wy = ay
(O 2 diém: hoa giit nguyén x1, thua xudng 1 diém x2, thing 1én 3 diém x1. O 1 diém: thang
1én 2 diém x1, hoa giit nguyén x1, thua vé 0 — loai.) Bit dau a, = 1,b, = O:
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Van 0 Van 1 Van 2 Van 3 Van 4 Van 5 Van 6

3 diém

2 diém

1 diém O e

wn O O O OO O O
Hang 0 diém: thua cudc (ding) - thang x1 - hoa x1 - thua x2

Hinh 15. Ludi “van x diém s0”: moi nut ghi tong trong so, hang 3 diém ghi so kich ban thang tai dung van

75
“---—-“
2 diém (ay) 3
1 diém (b,,) 0 2 4 10 24 58 140
Théng tai van n (Wy,) - 1 1 3 7 17 41

Vayp = ——va4096p = 41.

Vi sao cach nay nhanh?

Khong c6 phan s6 nao xuét hién trong sudt qua trinh tinh. Mdi budc chi 1a phép cong va
nhan déi cac s6 nguyén nho — c6 thé 1am nham trong mot phut. Hiy dé y cac s 1, 1, 3, 7,
17, 41 cua hang chién thing thoa w,.; = 2w, + w,_; (ddy Pell) — mot phan thudng
thAm mi cho ngudi lap bang.

Dang 10. Rut khong hoan lai — trang thai phai “nh6” nhirng gi di mat

Vidu 16
Mot bo bai gém 10 14, trong d6 c6 3 14 co. Hai ban An va Binh lan luot rat tung 14 (khong
hoan lai), An rut trudc. Ai rat duoc 14 co dau tién thi thang. Tinh xac suat An thang.

Trang thai. Goi W (h, n) 1 x4c suit ngwdi dén lwgt rit thing, khi con h 14 co va n 14 khong
phai co. Ngudi dén luot rat duge co thi thang ngay; néu khong, luot chuyén sang dbi thu véi
bd bai it hon mot 14, va ngudi nay thang khi ddi thu khdng thang:

W(h,n) =

P h+ (1 -whn-1), Who) =
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a0 2 3 45 6|7
13 22 17 25 7

7
W(3,n) 1

p—

10 20 35 28 42 12

A w

A < reo s £, 7 o . r1 ot A
Vay An thang v6i xac suat 5= 0,583. Nguoi rut trude c6 loi the.

Sai 1am thwong giip: “quay vé trang thai ban dau”

Vi bo bai 52 14 ¢ 13 1a co, mot 10i giai hay gap viét P = = + =-2(1 — P) (hoic
tuwong ty) voi 1ap luan “sau hai luot khong ai rut duge co thi tro choi quay vé nhu cii”.
Lap luan nay sai: sau hai lugt bd bai chi con 50 14 véi ti 1€ co da thay ddi, nén d6 1a mot
trang thdi méi, khong phai trang thai ban dau. Phép “quay vé” chi dung voi phép thir ¢é
hoan lai (nhu ném boéng, tung dong xu).

Lap bang W (13,n) véi n tir 0 dén 39 theo hé thirc trén cho dap sé dung W(13,39) =

0,5708.

Tong két cac miu hé thic

Hé thirc miu Pidu kién bién

1 P(i,j) = pP(i—1,j) + qP(i,j— 1) P(0,j) = 1,P(i,0) = 0
2,8 Pns1(Y) = an(X)P(X - 7Y) Phan phbi ban dau
X
3 DPém theo “kiéu két thuc” — Fibonacci, Tribonacci. .. Day do dai 1
4 bi = Zp(i - Jp;j Hap thu: 0 hodc 1
J
5 E =1+ ) Pi~)F Ey. = 0
j
6 Ni(s) = ZNk—1(S — t) N,(0) = 1
t
7 en = qepy + p(1 — ep4) e =1
9 Nhu dang 2 nhung véi trong s6 nguyén Trong sb ban dau 1
10 W(h,n) = hin + h—tn(l — W(h,n—1)) W(h,0) =1
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V. UNG DUNG THUC TE

Quy hoach dong khong chi 1a “meo giai dé”. Nhitng tinh hudng dudi day 1 phién ban don
gian hoa cua cac mo6 hinh dugc dung that trong du bao thoi tiét, kinh doanh, ki thuét bao tri,
phan tich thé thao va thiét ké tro choi. Dé thi HSA, TSA rit uva chudng nhitng bdi canh nhu
vy vi chiing kiém tra kha ning doc hiéu tinh hudéng va mé hinh ho — chtr khong chi ki

nang tinh toan.
Tinh huéng 1. Dy bdo thoi tiét

Thdng ké cho thay & mot dia phuong: néu hom nay nang thi ngay mai nang véi xac suét
0,7 va mua véi xac suat 0,3; néu hom nay mua thi ngay mai mua véi xac suat 0,6 va ning
v6i xac sudt 0,4. Hom nay troi ndng. a) Tinh xac suat ngay kia troi mua. b) Vé lau dai,
khoang bao nhiéu phan trim sb ngay c6 mua?

0,7

[\

Hinh 16. Xich Markov hai trang thdi ciia thoi tiét

P(néng) 0,61 0,583
P(musa) 0 0,3 0,39 0,417

a)P = 0,7-0,3 + 03-0,6 = 0,39. b) Khi n 16n, phan phdi 6n dinh tai 7 thoa m,, =
0,3

. 3 12 .
0,3y + 06y vamy + my = 1,suyramy, = ai0a -5 7 43%. Quan sat bang, xac

sudt mua 0 — 0,3 — 0,39 — 0,417 dang tién dan tdi 0,4286.

Tinh huéng 2. Canh tranh thi phan ciia hai vi dién tiv

Hai vi dién tir X va Y chia déu thi truong (mdi vi 50% nguoi dung). Mbi thang, 10%
ngudi ding X chuyén sang Y, con 20% nguoi dung Y chuyén sang X; nhitng ngudi con
lai giit nguyén. Tinh thi phan cua X sau 1 thang, sau 2 thang va vé lau dai.
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Goi x,, 1a thi phan cua X sau n thang. Thi phin m&i = phan X giir lai + phan Y chuyén sang:
Xp+1 = 09x, + 0,2(1 — x,) = 0,7x, + 0,2

Dodéx; = 0,55,x, = 0,585.Diémcanbingx *= 0,7x * + 0,2chox *= = ~ 66,7%

[SSI ]

vax, — 2 = 07" (0,5 - 2) Bai hoc kinh doanh: thi phan dai han chi phu thudc vao ti 18

giir chan khach hang, khong phu thudc thi phan ban dau.
Tinh huéng 3. Bdo tri mdy méc

Mot may san xuat mdi ngdy & mot trong ba trang thai: Tét, Xudng cip, Hong. May dang
Tét thi ngay hom sau van Tt véi xac sudt 0,8, chuyén sang Xudng cap véi xac suit 0,2.
May dang Xudng cap thi hom sau vin Xubng cap voi xac suat 0,7, bi Hong voi xac suét
0,3. May Hong dugc sira xong trong 1 ngdy va hom sau trd lai T6t. V& lau dai, may bi
hong bao nhiéu phan tram s ngay?

1 (sura xong sau 1 ngay)

Hinh 17. Ba trang thdi cia mdy va xdc sudt chuyén trang thai moi ngay
O trang thai can bang: dong vao Xudng cap bang dong ra, 0,2m; = 0,37y; dong vao Hong
N \ 2 1 .
bang dong ra, 0,3y = my. Suyramy = STy = T Taomy + my + Ty = 1:
15 10 3 10.7%
o My = 5o, Ty = —— = 10,7%
28" " 28 M 28

Néu dau tu dé giam xac suat hong tir 0,3 xudng 0,15, ngudi quan 1i c6 thé tinh ngay hiéu qua

T[T:

bang cach lip lai phép tinh — day 1a cach cac ki su d6 tin cdy dung xich Markov trong thuc té.
Tinh huéng 4. Quan vot — vi sao ngwoi giéi hon mét chit lai thing nhiéu hon hin?

Trong mot game quan vot, ngudi thing 14 ngudi dau tién dat 4 diém va hon ddi tha it nhat
2 diém (khi hoa 3 — 3, goi 1a “deuce”, phai thing hai diém lién tiép). Tay vot A thing mdi
diém véi xac sudt p = 0,6 doc 1ap. Tinh x4c suat A thing game.
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4—”—\

Deuce A thang
40 40 game

Hinh 18. Tir deuce: thang hai diém lién tiép méi thang game, thua mot diém thi quay lai deuce
Buwéc 1 — Tir deuce. Goi D 1a x4c suat A thing khi dang deuce. Sau hai diém: A thing ca hai
(p?), thua ca hai (¢%) hoic mdi ngudi mot diém — quay vé deuce (2pq):

p? 0,36 9
p?2 +q> 052 13

D =p?>+2pqg-D = D =

Buéc 2 — Trude deuce. A thing 4 — 0,4 — 1, 4 — 2 (diém cudi 1a cta A) hoidc vao deuce (3 —
3):

P = p*(1 + 49 + 10g®) + 20p3q®-D = ~ 0,736

Thing mdi diém 60% nhung thing mdi game gan 74%; cong don qua set va tran, loi thé con
khuéch dai hon nita. DAy 1a li do cac nha phan tich thé thao ding quy hoach dong (theo diém
— game — set) dé udc lugng co hoi thing tran theo thoi gian thyec.

Tinh huédng 5. Loat sit ludn lwu “cdi chét bit ngo™”

Sau 5 luot stt luan luu, hai doi van hoa va budce vao loat “cai chét bat ngo”: moi luot moi
doi sat mot qua; néu mot doi ghi ban con doi kia khong thi tran d4u két thuc. Cau thu doi
A sut thanh cong v6i x4c suat 0,7, d6i B 14 0,6, cac cu stt doc 1ap. Tinh xac suit doi A
thing.

Sau mot luot: A thing ngay néu A vao, B truot (0,7 - 0,4 = 0,28); B thing ngay néu A truot,
B vao (0,3-0,6 = 0,18); con lai (0,54) thi quay vé ding trang thai cii — ¢ diy “quay vé&”
13 hop 1& vi mdi luot sut doc 1ap va nhu nhau (khac véi Dang 10):

0,28 14

0.46 =53 = 0,609

=028 + 0,54x = x =

Tinh hudng 6. Swu tdp thé cau thii

Mbi gobi bim bim c6 kém mot thé cau thu, ngau nhién trong 6 loai v6i kha niang nhu nhau.
Trung binh phai mua bao nhiéu géi dé suu tap du 6 loai thé?

Goi E, 1a ki vong s6 go6i con phai mua khi di c6 k loai. M6i go6i méi cho thé tring véi xac

i,k
suat —:
6
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15,(=1+§15,(+TE,<+1 = Ek=6fk+Ek+1, E, =0
1 1 1 1 1
E0=6(1+5+§+Z+§+g)_14,7

75
6 6.00

£ 57

:23_ 3.00

(;2

2.00
1.50
i - . .
1 | -
. 1l
0-1 1-2 2-3 3-4 4-5 5-6

S6 loai thé da cé - sé loai thé mai

Hinh 19. S6 g6i trung binh cho méi giai doan: thé cuéi ciing “dat” nhat
Riéng viéc tim thé thtr 6 d3 ton trung binh 6 godi — bang tong cua ba giai doan dau. Pay 1a “bai
toan ngudi suu tap phiéu” (coupon collector) dugc Feller phan tich chi tiét, va ciing giai thich
vi sao cac chuong trinh khuyén mai “suu tdp du bd” ludn c6 191 cho nha san XUuat.

Tinh huéng 7. Tro choi “Rin va Thang” thu nho

Bancococac 60, 1, ..., 8. Quan co Xudt phat ¢ 6 0; moi luot tung déng xu, ngtra di 1 6,
sap di 2 6. Pén 6 8 (hodc vuot qua) 1a vé dich. O 2 ¢ thang 1én 6 5; 6 7 ¢6 ran kéo xudng
6 3. Trung binh can bao nhiéu lugt dé vé dich?

EEEEEEEEE

Hinh 20. Ban ¢ thu nhé: thang 2 — 5 va ran 7 — 3

Goi E; 1a ki vong s6 luot con lai khi dimg ¢ 6 i (6 2 va 6 7 khong bao gio 14 noi ding). Phan
tich theo luot dau:

1 1 1 1 1
E6=1+§E3, E5=1+§E6+§E3, E4_=1+§E5+§E6

1 1 1 1 1 1
E3=1+§E4+EE5, E1=1+§E5+§E3, E0=1+§E1+§E5
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Biéu dién E,, Es, By theo E3 rdi thay vio phuong trinh ciia E3, ta duge By = =, B = =,
Ey = ZvaEy = == = 10,1 luot. Céc nha thiét ké tro choi ding diing phép tinh nay (trén

ban 100 6) dé can chinh d6 dai van choi.
Tinh huéng 8. Podn mo trong bai thi tric nghi¢m

Mot hoc sinh khong biét 1am 10 cau trac nghiém, mdi ciu c6 4 phuong an, va quyét dinh
chon ngau nhién. Tinh x4c suat hoc sinh d6 doan diing it nhat 5 cau.

Goi g, (k) 1a x4c suat ding k cau trong n ciu dau. Cau thir n ding (i) hoac sai (%):

1 3
qn(k) = an—1(k -1+ ZCIn—1(k)» q0(0) =1
Pay 1a “tam giac Pascal co trong s6” — 1ap bang 10 hang (hodc dung cong thirc nhi thic

[ (1)k (3)10_’() ta duwgc P(= 5) = 1%L~ 7,8%.

4 4 524288

0.282

0.250

0.20 1 0.188

0.146

Xac suat
o
=
w

0.056 0.058

0 1 2 3 4 5 6 7 8 9 10
S6 cau doan dung (trén 10 cau)

Hinh 21. Phdn phéi sé cau dodn diing trén 10 cdu (ving cam: tiv 5 cdu tré 1én)
Ki vong sb cau dang chi 1a 2,5. Thong diép cho thi sinh: doan mo khong thay thé dugc viec

ndm phuong phap — va quy hoach dong 1a mot trong nhirng phuong phéap “dang dong tién”
nhat.
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VI. BAI TAP LUYEN TAP THEO DINH DANG HSA - TSA

Ki hiéu: trac nghiém 4 lya chon; dién dép an; bung/Sai. Thoi gian goi y: 2
phut cho cau TN, DDA va 4 phut cho cau B/S.

A. Cau héi tric nghiém 4 lya chon
Bai 1. *++ Tung mot ddng xu can ddi 8 1an. Xac suat dé khong co ba lan ngira nao lién
tiép 1a

81 149 143

7
A.— B. — C.— D.—
16 256 256 256

Bai 2. *x+ MOt nguoi ¢6 2 triéu dong, choi mot trd choi: mdi luot thing 1 triéu véi xac

suét 0,4 hodc thua 1 triéu véi xac suét 0.6. Nguodi dé dung khi ¢é 5 triéu hoac hét tién. Xac

sudt nguoi d6 dat 5 triéu 1a
40

A =  p C.

25 ‘211

16
‘81

ulN

Bai 3. *+ Mot con kién & dinh S cua tir dién SABC. Mdi budc, nd bod sang mét trong
ba dinh con lai v6i xac suat nhu nhau. Xéac sudt kién ¢ S sau diing 4 budc 1a

AL B. = c.2 p. 2
3 27 9

S
@)

A
B

M&i budc: sang 1 trong 3 dinh con lai (xac sudt ¥3)

Tw dién SABC (Bai 3)

Bai 4. *+#+ An va Binh lan lugt ném béng vao ré, An ném trudc. Mdi lan ném, An
trang voi xac suat 0,4, Binh trang voi xac suét 0,5; ai trang trude thi thing va trd choi dimg.
Xac suat An thing 1a

A2 B.
5

N |-
@
.

N

D.

Nl
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\e Ae AA ~ A Ae o e , 1 by A ,
Bai 5. **+ MGt dong xu khong can doi c6 xac suat ra ngura T Tung dong xu 5 lan. Xac

suat sO lan ra ngura 1a s6 chan (ké ca 0) bang
121 122 61
* 243 ‘243 81

A=
2
Bai 6. **+ Gieo bdn con xtic xdc can d6i. Xac sudt dé tong sé chdm chia hét cho 3 1a
1
A.> B.- c.= s
3 4 108 1296
Bai 7. I} ~x+ Viét ngau nhién mot diy gom 4 dau “(” va 4 dau )" (moi cach sap xép
ddng kha ning). Xac suit dé day thu dugc 1a mot diy ngodc ding (doc tir trai sang, sb du
md ludn khong it hon s6 ddu dong) 1a

AL B.1 C. D.
4 5

N
NN

Bai 8. *++ MOt hop ¢o 3 bi d6 va 2 bi xanh. An va Binh lan luot 1y ngiu nhién timg
vién (khong hoan lai), An ldy trudc; ai lay duoc bi do trude thi thing. Xac suat An thing 1a
A2 B.— c.2 D.>

5 10 3 4

Bai 9. *#+ Trong mot van bong ban, hai dau thu dang hoa 10 — 10; tir day ai din trudce
2 diém thi thing van. D4u thu A thang mdi diém voi xac suat 0,55. Xac suat A thang van gan
nhit véi

A. 0,55 B. 0,60 C. 0,65 D. 0,70

Bai 10. * %+ Hai d6i thi ddu loat tran, doi nao the“ing 3 tran trudc 1a vo dich. Bo1 A tha"mg
Xe A r s £, 2 A , \ , A, an: A g \
mol tran véi xac suat o khong c6 hoa. Xac suat doi A vo dich la
A2 B.2 c.z D.2
3 27 81 9
\e A A A A IS e , 1 A A
Bai 11. B *xx Mot dong xu khong can doi c6 xac suat ra ngira . Tung dong xu 5 lan.

Xac suat dé khong c6 hai lan ngtra nao lién tiép l1a
164 B 32 211
* 243 ‘32 * 243 * 243

Bai 12. * Trén ludi 6 vudng, mot con kién di tir (0; 0) dén (4; 4). Tai mdi nut, néu

. 5 . P se 1A A \ X ‘A X P re oz 4, 1
di dugc ca hai hudng (sang phai, Ién trén) thi n6 chon ngau nhién moéi hudng voi xac suat >
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néu da cham bién trén hozc bién phai thi né di theo hudng duy nhat con lai. Xéc suat con kién

di qua diém (3; 1) 1a

A2 B. C. D.
35

=
N |-
0o |w

B. Cau héi dién dap an

Bai 13. * %+ Hai d0i A va B thi d4u loat tran, ddi nao théng 4 tran trude sé vo dich.
MOi tran A théng véi xac suit 0,6, cac tran doc lap, khong c6 hoa. Xac suit A vo dich 1a bao
nhiéu? (1am tron dén hang phan trim)

Bai 14. *%% Gieo lién tiép mot con xuc xic can dbi cho téi khi c6 hai 1an lién tiép ra

mat 6 thi ding. Ki vong s6 1an gieo 1 bao nhiéu?

Bai 15. *%+ Gieo bon con xtc xic can ddi. C6 bao nhidu két qua (bo c6 thir tir) ma
téng sb chdm bang 147

Bai 16. * %+ Tung lién tiép mot ddng xu can d6i cho t6i khi xudt hién mot 1an ngira
ngay sau d6 12 mot 1an sap (diy NS) thi dirng. Ki vong s 1an tung 13 bao nhiéu?

Bai 17. *+#+ (Theo bai toan Pascal — Fermat) Hai ngudi gop tong cong 64 dong vang,
choi cac van cong bang, ai thing dii 3 van trudc nhan tat ca. Khi nguoi tht nhat da thing 0
van va ngudi thir hai da thang 1 van thi cudc choi phai dimg. Chia cong bang, nguoi thir nhat
nhan bao nhiéu dong vang?

Bai 18. *++# MOt ciu thang c6 12 bac, mdi budc ¢6 thé bude 1én 1, 2 hodc 3 bac. Co
bao nhiéu cach leo hét cu thang?

Bai 19. *#+ CO6 cac td tién ménh gia 1, 3, 5 nghin ddng vdi s6 lugng khong han ché.
C6 bao nhiéu cach d6i 20 nghin dong (khong tinh thir tu cac td)?

Bai 20. *%% Mot hé thong c6 ba trang thai A, B, C. Mdi budc, tir A hé chuyén sang
A, B, C v&i xac suit 0,2; 0,5; 0,3; tr B: 0,4; 0,1; 0,5; tir C: 0,3; 0,3; 0,4. Ban diu hé & A. Xac
suit hé & A sau dung 6 budc 13 bao nhiéu? (1am tron dén hang phan nghin)

Bai 21. **x+ Trong cude bau chon, ban A duoc 4 phiéu, ban B duoc 2 phiéu; cac
phiéu dugc kiém theo thtr ty ngdu nhién. Xac suat dé trong sudt qua trinh kiém, A ludn c6
nhiéu phiéu hon hin B 13 bao nhiéu? (Iam tron dén hang phan trim)
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Bai 22. *** Tung lién tiép mot dong xu can ddi cho t&i khi xuat hién ba lan ngira
lién tiép. Ki vong s 1an tung 13 bao nhiéu?

Bai 23. *#x+ Gieo lién tiép mot con xtc xic can dbi cho tdi khi da xuat hién du ca ba
mit 2, 4, 6 (theo thir tu bat ki). Ki vong s lan gieo 1 bao nhiéu?

Bai 24. *%+ An co 3 vién bi, Binh c6 5 vién bi. Mdi van tung mot ddng xu can dbi,
ngira thi Binh dwa An 1 vién, sap thi An dua Binh 1 vién; tro choi dimg khi mot nguoi hét bi.
Ki vong sb van 1a bao nhiéu?

Bai 25. *x+ Trong loat “cai chét bat ngd” (nhu Tinh hudng 5), cAu thu doi A sut
thanh cong véi xac suét 0,8, doi B 1a 0,75. Xac suét doi A théng la bao nhiéu? (Iam tron dén
hang phan tram)

C. Cau hoéi Dung/Sai
Bai 26. [JR) O mot ving, néu hém nay ning thi ngdy mai ning véi xac suit 0,8, mua
v6i x4c sudt 0,2; néu hom nay mua thi ngay mai ning hay mua déu voi xac suét 0,5. Hom nay
troi nang.
a) Xac sudt ngdy mai trdi muwa 13 0,2.
b) Xéc suat ngay kia trdi mua 1a 0,26.

¢) X4c suit ba ngay toi déu ning 1a 0,64.

O o o o
O o o od

2 8 18 TR <R o L2
d) V¢ lau dai, ti 1€ s0 ngay mua la pt

Bai 27. *** Trong tro choi mo phong tran Lee Sedol — AlphaGo (Vi du 15), gid su ki
tha khoi dau voi 1 diém (cac luat khac gilr nguyén: théng i, hoa i, thua %; dung khi dat 3 diém

hodc 0 diém).

a) Xde sudt ki thi thua ngay & van déu tién 13 ~. O O
b) Xéc suit tran dau két thic sau diing 2 van véi chién thing cua ki thu 1a %. O O
¢) X4c sut sau 2 van tran ddu van chua két thac 1a Z. O O
d) Xéc sudt ki thi gianh chién thing chung cudc 1 % O O
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Bai 28. *x% Xét chiéc may ¢ Tinh hudng 3 (Tét — Tét 0,8; Tét — Xudng cip 0.2;
Xubng cip — Xudng cip 0,7; Xudng cidp — Hong 0,3; Hong — T6t 1). Hom nay may Tot.
a) X4c suat ngdy mai may van Tét 13 0,8. O

b) Xéc suat ngay kia may Hong bang 0.

O o 0o O

|
¢) Vé lau dai, may Hong khoang 10,7% sb ngay. O
d) V& lau dai, may & trang thai Tét khoang 60% s6 ngay. O

Bai 29. *#+ Gieo lién tiép mot con xuc xic can dbi.

a) Ki vong s6 1an gieo dén khi xuét hién mat 6 1an dau 13 6. O

o A A i .- 125
b) X4c suat can gieo nhi€u hon 3 lan méi thay mat 6 1a 216

O o o o

O
¢) Ki vong s6 1an gieo dén khi xuét hién di ca 6 mat 13 14,7. O
O

d) Ki vong s 1an gieo dén khi c6 hai 1an lién tiép ra mit 6 1a 36.
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VIL. DAP AN VA HUONG DAN GIAI

Bang dap an

m---n-n-nn

bép an C
NN
Pap an 0,71 146 927 20 0,300 0,33 15 0,57
_____
b b S b
27 b b S b
28 b S b S
29 b b b S

Hud6ng dan giai
Bai 1. Goi T,, 1a s6 diy d6 dai n khong chira NNN. Phan loai theo phan cudi la S, SN, SNN:
Ty = Typoq + Tyey + Tys V6iTy = 1,T; = 2,T, = 4. Taduoc 7, 13, 24, 44, 81, 149,

~ , %, 1. 149
nén xac suat la —.
256

(

N W

~.

2

5
)—1 _ i _ %0
> 2L 7 o
32

N W

Bai 2. Cong thire nguoi chot phé san V(')’i% = =2,N =5P, =

b

-1

N|w
= ~—

‘. , 1 2
Bai3. Nhu Vidu8:p,,,; = -1 — p,),po = 1chop, = 0,p, = D3 = 5P = 5

3 27"
(Phuong an D 13 ps — bay dém thira mot budc.)

Bai 4. Goi x 13 x4c suit An thing ¢ d4u mot “vong”. Vong dau khong ai tring thi quay vé

trang thai cli (phép thur 13p lai nhu nhau): x = 0,4 + 0,6-0,5-xnénx = % = %.
‘- . , 1 1%, 122
Bai 5. Cong thuc Dang 7: e5 = 5[1 + (;) | = Tan

Bai 6. Chi can nhd s6 du cua tong khi chia cho 3. Mdi con xtic xac cho s6 du 0, 1, 2 véi cung

, £, 1 X: A ; < A , £ A L. A ~ A 1 1 1
Xac suat - (moi s0 du c6 2 mdt), nén ngay sau con thir nhat, phan phoi s6 du da déu (5" 3 E)
N A o s , , %1
va gilr nguyén ¢ cac budc sau. Dap so .

Bai 7. Goi ¢;(j) 14 s6 day d6 dai i c6 (sé mo —sb dong) bang j = 0:¢;(j) = ;-G — 1) +
1

ci—1(j + 1). Bang cho cg(0) = 14 (sb Catalan thir tw), trén tong C4 = 70 day: % =
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Bai 8. Dang 10: An ldy do ngay (S); hodc An lay xanh (E), Binh ldy xanh (i) r0i An chic chin

liydo.P = 2 + 2.2 = 2
5 5 4 10

2

D 0,3025 121

— = = — = 0,599. Chon B.
pc+q 0,505 202

Bai 9. Nhu quan vot tir deuce: D =

Bai 10. Bang Dang 1 véip = g, hoac dém theo sb tran thua k trudc tran théng cudi: P =
3 ,.\k
2k Z)(l) :E( E):ﬁ
Zie=o Co v (3 3 7\t 143 81’

Bai 11. Lap bang xac suét: a, (hop 18, két thic S), b,, (hop 1¢, két thuc N) v6i ap., =

2 164

2 1 1 e
g(an + bn)rbn+1 = gan, a, = g,bl = E.Benn = 5.a5 + b5 = 243"

Bai 12. Lap bang xdc sudt dén timg nut: P(x; y) = P(x —1; y) 1y_4, + P(x; y— 1) -
Uy y—1, trong d6 7, u bang ; & nat trong va bang 1 & nat bién. Ta duoc P(3; 1) = i. Phuong
an A (3;“5) 1a dap s6 néu chon déu mét trong 70 dieong — dung cai by di canh bao ¢ muc I11.2.

11097 _
15625

Bai 13. P(i,j) = 0,6-P(i—1,j) + 0,4-P(i,j — 1); bang 4 x 4 cho P(4,4) =
0,7102. Hodc P = ¥3_,Ck,, - 0,6*- 0,4%. Dap s6 0,71.

Bai 14. By = 1 + 2By + <Ey, Ey = 1+ 2Eg. Suyra By = 6 + Ey, By = 36, Ey =
42.

Bai 15. Tir bang N; ¢ Dang 6: N,(14) = N5(13) + ... + Ns(8) = 21 + 25 + 27 +
27 + 25 + 21 = 146.

Bai16.E, = 1 + %El + %EO,El =1+ %El (d3 c6 N, tung N tidp van & trang thai “c6
N”). Pugoc E; = 2,E, = 4.

Bai 17. Nguoi thtr nhét thiéu 3 van, nguoi thir hai thiéu 2 van: P(3,2) = % (d6i ximg voi
P(2,3) = o). Nhén%- 64 = 20 ddng vang.

BAi18. f, = fur + fao + fauss fo = fi = Lf, = 2:4,7, 13,24, 44, 81, 149, 274,
504, 927.

Bai 19. Pua lan lugt cdc ménh gid 1, 3, 5 vao nhu Vidu 5. Sau ménh gid 1: moi d,, = 1;sau
ménh gid 3: d, = |x/3] + 1;sauménhgiasS:dy,, =7 +6 +4 + 2+ 1 = 20 (ing
v610, 1, 2, 3, 4 td 5 nghin).

Bai 20. Lap bang phan phéi 6 hang nhu Dang 8 (mdi hang 3 6, tong bang 1): ms(4) =
0,300243 =~ 0,300.
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Bai 21. Dinh i kiém phiéu: E = é ~ 0,33.Kiém lai bang bang: 5 dudng hop 18 trén €2 =
15.
Bai22. E, = 1+ 2Eo By = 1 + 2By + 5B By = 1 + 5By + > Ey. Giai: Ey = 14,
(Toéng quét: chd k ngira lién tiép can trung binh 2¥*1 — 2 1an.)
Bai 23. Nhu Tinh hudng 6 vé6i 3 “thé”, mdi lan gieo tring mot mat con thiéu voi xac suat

32LE=24+34+6=11.

6)

o
-
o |

Bai 24. Ngudi choi phé san cong bang, i = 3,N = 8: E; = 1 + %Ei—l + %El-ﬂ, E, =
Eg = 0conghiémE; = i(8 — i),nén E; = 15.
Bai 25. Mot luot: A thing ngay 0,8 - 0,25 = 0,2, B thing ngay 0,2 - 0,75 = 0,15, con lai

0,65 thi lap lai: x = 0,2 + 0,65x = x = % = § ~ 0,57.
Bii26.2)D.b)0,8-0,2 + 0,2-05 = 026-D.¢)0,8° = 0,512-S.d)ymy = —=— =

Z_p.
7

Bai 27. a) D. b) Thing — thing: i . i = 1—16 —P. ¢) Chua két thiic sau 2 van tng véi cac kich

5 < | < | < \ \ 5 .
ban (thang, hoa), (thang, thua), (hoa, thang), (hoa, hoa): i + % + i + i = R_S' d) Got
X1, X, 12 x4c suét thang chung cudc tir 1 diém, 2 diém: x; = ixz + ixl, X, = i + ixz +

1 1
Exl, ChO xl == ;_D.

Bai 28. a) . b) T6t — Xubng cip — Hong: 0,2-0,3 = 0,06 # 0—S.c¢) % ~ 10,7% —
D.d)2 ~ 53,6%-S.
28

r A Y \ 3
Bai 29. a) D (Ki vong cta phan phéi hinh hoc > = 6). b) Ba lin dau déu khong ra 6: G) =

% —D. ¢) Tinh huéng 6 — D. d) Bai 14 cho 42 —S.

VIII. KET LUAN VA LOI KHUYEN KHI LAM BAI

Luén héi “trang thai 1a gi?” trudc khi tinh. Phan 16n sai sét dén tir chon trang thai
thiéu thong tin (quén ghi “dang c6 may N lién tiép”, quén rang bo bai da voi di) hoic
thira thong tin (nhd ca tong trong khi chi can sb du).

Phan biét “cé hoan lai” va “khong hoan lai”. Chi khi phép thir 1ap lai y hét thi mdi
dugc lap phuong trinh “quay vé trang thai cii”.

Phin biét “chon déu mét dwong” va “di ngiu nhién tirng buéc”. Hai mo hinh cho
dap sb khac nhau (Bai 12).
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Tan dung ddi xirng dé thu gon trang thai (tam giac — 2 trang thai; 14 sing — chi can
giai toi 14 5).
Poi xac suit thanh trong sé nguyén khi moi xac suét c6 chung mau — bang chi con sb
nguyén, tinh nham duogc (Vi du 15).
Viét bang thay vi liét ké. Mdi 6 mot phép tinh don gian, dé kiém tra lai; khi dugc phép
dung may tinh cam tay, chirc ning lap hodc 1ap bang giup tinh nhanh cac diy truy hoi.
Kiém tra bang giéi han va trwomg hop nhé: xac suat phai nam trong [0; 1], tong mdi
hang cta bang phan phdi bang 1, cac xac suit hip thu cong lai bang 1, n = 1, 2 phai khép
v6i cach dém truc tiép.
Canh giac phwong an nhiéu: dé tric nghiém hay dit dap sé cta budc lién trude/lién
sau (Bai 3), dap s6 cia mé hinh “gan giéng” (Bai 12) hodc dap sb “chia theo ti 18” kiéu
Pacioli.

Tur nhiing 14 thu nam 1654 t61 cac cau hdi trén may tinh cua ki thi HSA, TSA hom nay, y

tudng van gilt nguyén: mot bai toan lon la chuoi cdc bai toan nho biet cach noi voi nhau.

Nhu bo bai giang “Lam chu tu duy quy hoach dong” tom lai: dimg giai lai nhiing gi da biét —

hdy xay ti€p trén n6. Nam dugc tu duy nay, hoc sinh khong chi gidi nhanh cau xac suat ma

con c6 mot cong cu dung dugc trong tin hoc, kinh té, ki thuat va khoa hoc di liéu.
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