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CHUONG MG PAU

Pao ham va tich phan khéng xé4c dinh 1a hai phép todn ngugc nhau, chiing
thuéce linh vigc todn cao cdp nhung lai lién quan mat thiét va gitp gidi quyét nhiéu
bai todn so c&p. Trudc hét viéc tim nguyén him co ban dugc chiing minh bang dao
ham, sau d6 dé tim nguyén ham ta thuding diing cic cng thiic hojc bién déi dua
vé nguyén him cd ban. C6 rét nhiéu cdch dé tim nguyén ham cla mét ham s6 nhu
ding bing nguyén ham co ban, d6i bién s6... Tuy nhién trong mdt s6 tridng hop
ta c6 thé diing dao ham dé kiém chiing nh+anh hon diing cdc phuong phdp khic.

% MOI LIEN HE GIUA NGUYEN HAM VA TiCH PHAN

Cho ham s8 f(x) x4c dinh trong khodng (a; b). Mot ham s8 F(x) cling xdc
dinh trong khodng nay sao cho F'(x)= f(x) véimoi x thudc (a; b). Tagoi F(x)
1a mot nguyén ham ctia ham s6 f (x).

Do nguyén ham F(x) 1a phdn ngugc lai tién trinh khi ldy dao him cla him
s6 f(x)nén tinh chét vé tinh dao him ciia ham s f (x) déu ap dung dugc vao cho
nguyén ham F(x).

Nguyén ham ta hi€u nhu “khoéi phuc tré lai” mot him s8 da duge ldy dao ham
trudc d6 mét cap.

Cach tim nguyén him ciing giéng nhu di gidi phuong trinh ma &n s6 ctia nd
la nguyén ham dugc d€ dudi dang dao ham clia cic ham 6 ndo do, va ngudi ta goi
13 gidi phuong trinh vi phén.

Ta da biét cich tim nguyén him clia mét s6 him s6 so cép f(x)bing cich di
ngugc lai tién trinh ldy dao ham. Dya véo cich niy dé tim nguyén ham cho mét
ham s6 f(x) phiic tap 14 viéc 1am khong hé dé dang. Do d6, ngudi ta mdi dua ra
khii ni¢m tich phan, ky hi¢u la [, dayla mét phitong phép ding dé tim nguyén
ham cfia mot ham s6 nao dé véi s sip dit ky hiéu khoa hoc nén cich tim nguyén
ham khi duing tich phén trd nén dé dang.

< Y NGHIA

Ta thdy ring trong cudc séng thudng ngdy thi todn hoc né rit gin gili v6i
chiing ta trong moi mit ddi song. Chinh vi thé ma xa hoi ngay cang phat trién
thi todn hoc lai phét trién 1én mét tim cao moi. Vi vy ma tich phin ra d&i nhim
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~ phuc vu vin dé thiét y&u clia cude sﬁng Tich phan dung @€ tinh dién tich va thé

tich ctia vit thé.

Tt théi xa xua lam ngudi ta chi cdng cac s6 don gidn nhdm phu vy cong viéc
mua bén, trao d6i. Anh mua t6i 5 déng rau, 7 déng gao viy anh ng tbi 5+7=12
déng, Néu anh dua t6i 20 dong thi 20-12 =8 d6ng, nhung néu anh c6 8 +8+8 dugc
lap lai 3 Iin thi 8x3=24 khi cdc s6 cOng gidng nhau theo mdt s& l4n nhat dinh.
Khi d6 phép nhin bit ddu xudt nhim rdt gin cong tc viét cla phép cong thay
Vi 7+747+7+7+7=6x7=42 vi s6 7 dugc 13p lai 6 lin. Nhung khi nhén nhiéu s8
gidng nhau nhu 7x7x7x7x7x7=7° thi dng cha ta lai nghi t6i phép lity thita. Trong
thyc thé cudc séng ngay cang pht trién thi vin dé chia dét cho méi ngudi dan.

Néu dién tich @4t 13 nhiing hinh dang quen thudc chii nhat,
vubng, hinh binh hanh. . thi céng téc chia tr& Ién don gian,
thé tich clia nhiing vét thé c6 hinh dang bit ky.

Dién tich moi hinh déu xuft phdt tli dién tich hinh
chii nhét cé canh 1 bva b:

S =ab

Khi chiéu dai béng chiéu rong thi a=b, lic d6 dién
tich hinh vuéng:

S, = a*
nhung khi hinh chii nhat chia 1am 2 khi d6 dién tich tam
gidc vuong

5= la.b

2

nhung tam gidc ABC thudng ta ké dudng cao AHB né
thanh 2 tam gidc vuéng AHB va AHC .

B i = B 8 -EAHBH+ HC.AH

= %AH.(HB +HC) = E.AH.BC

A

]

D

D

N

bing mét nita ¢4y nhén chiéu cao

= AH.DC (Bang ddy nhan chiéu cao)

CHBNGHA L -

Dién tich hinh binh hanh ABCD :
8 48cp = Sarnc + Samnc = 2Spupe =2~ AH DC= A@



e

Dién tich hmh thoi ABCD:
S asen =Saape +Saasc =%DI.AC+ —;—.IB.AC :

D 1 B
- %.AC[DH BI)= -;_-.AC.BD V

=

c
bing nita tich 2 dudng chéo. A 2
Dién tich hinh thang ABCD: L i

D HK C

SABCD = S}.\.AHB + SAHKH %+ S.ﬂBKC

_ %AH‘DH + AH.AB +4 %BK.KC

AR [ﬁ+ 4B KC] AH.(DH+KC+AB+ AB) _ AH.(DC + AB)
2 2 2 2

“Muén tinh dién tich hinh thang, ddy l6n ddy nhé ta mang cdng vio, thé réi
nhan vdi chiéu cao, chia déi ldy nita, thé ndo ciing ra.”

Vi sao lai c6 thé tinh, dién tich duding trén thong qua dién tich hinh chi nhét:

Do phuong trinh dudng tron x? +y* = R*nhén tim O lam tam ddi xing,
céc truc Ox, Oy chia duding trdn tam O(0, 0) bén kinh R thanh 4 phén bang nhau.
Ta goi dién tich cung tron: Si‘oi =8,

Ta chia cung tron thanh nhiing dii nhé: chiéu rong dx, chiéu dai y ma dién
tich hinh chit nhat y.dx khi cong v0 s6 ddi nho sé thanh dién tich cung tron:

R R

S =8 = fydx:f R* —x*dx.

AQE o i
Pit x = R.sint = dx = R.cost.dt.
R*—-x*=R*—Rlsin’t= Rz(l—s.in2 t): Rl.cos’t =R =2 = R.|cosl|
Déicin |*=R=Rsint=t==

x=0=t=0

x

5, =jR.|mst|Rcosf.dt=R’j'cos’ tdt-—-szl"'coszt :%—j 1+ cos2t)d
0 i} [ 1] [1]

. n
2 2 51-“(2-_] 2 . z
- [Hsi Zt)an L 2 {]+Sm(2'0} LI
T2 2 0 212 2 2 2 4

=5=48 =R’

P! cilpove it~ - 7
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Ta chia cung elip thanh nhiing dai nhd: chiéu réng dx, chiéu dii y ma dién
tich hinh chit nht y.dx khi cong v6 s6 dai nhé sé thanh dién tich cung Elip:

Sﬁ*ﬁfﬂh{%ﬁu%h[mdx
0
Pt x =asint = dx = acostdt .

Tacd @ —x* =a* —a®.sin’t =az(1—s'm2 t)=az.ooszt=> at —x* :a,icosf|

=asinf=t="1
D6i can |* =4sint = =g
x=0=t=0

b7 b3 : 1+c052t ab ] :
tdt =—.a* tdt = ab = 1 t
jI[a|¢‘a:|3t|.m:05 ¢ s ‘[cos af dt = 0( } cos2t)dt
_fg[t smzf] _ablw [ ] L §in 20) _mab
2 2 0 2 2 2 ‘

=5=45 =rab.

Ta thiy ring khi quay 360° ta mdi dugc dudng trén tim
O, bdn kinh R. Nhung cung tron tim O, ban kinh Rkhi quét
1 g6c n° thi chiéu dai cung AB=1; dién tich hinh quat OAB
sé bing bao nhiéu.

360" - C=2xR 360° — S=nR?
" _2@Rn_ wRn TR m
v T I L T

Qua do ta thdy tinh thé tich, dién tich cic khéi vat thé béng tich phan ma
ban chit co ban vin 1a dién tich hinh chit nhit co ban tit ngan nim nay. Tich
phan [a mot khdi niém toén hoc,va cling véi nghich ddo clia n vi phan doéng vai
tro 14 2 phép tinh co ban va chit chét trong linh vuc gidi tich C6 thé hiéu don gidn

. cumiG Wy ¢



tich phan nhu la dién tich hodc dién tich téng quét héa. Gia si cin tinh dién ti-:gP
mot hinh phing dugc bao béi cdc doan thing, ta chi viéc chia hinh d6 thanh cac
hinh nhd don gidn hon va da biét cich tinh dién tich nhu hinh tam gidc, hinh
vuong, hinh thang, hinh chi nhét... Tiép theo, xét mét hinh phic tap hon ma né
dugc bao bdi ca doan thing lin dudng cong, ta ciing chia né thanh cic hinh nhd
hon, nhung bay gitr két qua c6 thém cdc hinh thang cong. Tich phén gitip ta tinh
dugc dién tich cia hinh thang cong do.

Bén chét clia vi phén va cich viét gon d¢€ tinh tich phéan:

df(x)= f'(x)dx do vay f(u)=g(x) thi khi ta ldy dao him 2 v& thi ham
f(u) dao ham theo u nhung déng thoi nhin #(x), con ham g(x) dao ham theo *
nhung déng thoi nhan dx: f{u)=g(x) & ' (u)du=g(x) dx

[VidT)
u=2x+3ﬁu‘.du=(2x+3}'.dx#du=2.dx
u=+2x+3 e u’ =2x+3 & 2udu=2dx & udu=dx

u:ax+b©du:adx¢bdx:%
nu"du
a

dx dx
u:tanx#du:ms,zx:)ff{tanx).coszx=ff(u]du

a
u=Yax+beuw =ax+ben" du=adr & dx=

dx
= == Inx)d(lnx)= d
u=Inx< du x:}ff{ x) ( x) ff{u]u
Vi phén la cach viét tat

I=[(2x +3) xdx.

Ta thiy ring khi quan sit ta thiy dao ham (Exz +3): bing 4x ma & day c6
d(2x* +3)
xdx nénta xdqx=— %

1= f (20 + 3)5xdx =% f (222 + 3)5d(2x2 +3)

[ 1‘” [
é_(zxzzs) +C=(2x2‘: 3} e
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Hai truc Ox, Oy cia vong tron tugng tring cho sin
truc sin va cos. Nhung dugc md phong béi ciu:
“Séng diing - chét ndm” tifc 1a truc ding truc Oy la
sin tic séng con truc nédm la truc Ox 14 cos tic chét. . s

N6 giéng nhu quy ludt cude sdng la ding di lai
dugc thila song.

Con ndm xudng bit dong thi la chét. —=" ke

Ngugc chiéu ding hudng lén 13 sin Ia trii sin,
ngugc chiéu duong cos la trli nhut hinh vé.

Trong vong tron lugng gidc thi quy udc I cling chiéu kim déng hé 14 chiéu
4m va ngudc chiéu duong déng ho la chiéu duong nhung cdc em hoc sinh khéng
hiéu vi sao nhut viy?

tich phin

)
/

Toi xin man phép gidi thich theo quy luén “am duvong ngii hanh” clia cudc
song. Trong cudc sdng hay trong tedn hoc ludn ton tai hai mat ddi lap no chinh
la déng luc ctia sy phdp trién. Khi chiéu nay quy udc la duong thi chiéu khic quy
udic 13 am. Nhung trong todn hoc thi chiéu 4m la chiéu ciing chiéu kim déng hé vi
truc ditng 13 truc Oy 14 sin tiic s6ng, khi cing chiéu 12 ndm Ox 12 cos tdcla chét.
Khi kim déng hé quay cling chiéu tiic 1a qué trinh séng nhung thi gian cing tréi
thi ta cang gid va mau chét nén né chiéu dm. Chinh vi véy con ngudi chiing ta thai
gian quay trd lai nén nguge chiéu kim déng hé la chiéu duong,

“Pao ham 1 gi? Pao 14 dudng di, him la nhai ti¥c 13 dn.

Pao ham Ia mudn di dilding thi phai 4n dé séng mai tiép tuc di tiic la dao ham
la cing chiéu kim ddng hé.

Di theo chiéu kim déng hé thi dugc hiéu la 14y dao ham.

Bai toan:

[sin .1:]J =C0SX; (cosx)’ =—sinx; (--‘s.irnx)J =—C05X; (—cosx)i = +sinx.

Nguoe lai v6i qué trinh #n vao € séng 14 qua trdji thii ra, thai it 14 phan, thai
nhiéu 13 tich phan. '

Viy di ngugc chiéu kim déng hé thi duge hiéu 14 1y tich phan.

Bai todn:

fsinaadx = —msx;f{—cos J:},d'x =—sinx; f(——sinx)dx =COosX;

fcosxdx =sinx.

g Mok
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Chuong |

NGUYEN HAM

ﬁ KHAI NIEM NGUYEN HAM

Ham s6 f (x) xédc dinh trén K. Him s8 F (x) dugc goi 1 nguyén ham ciia
f(x) trén K néu:

F(x)=f(x)+C, vxeK.

Ham sé P(x] xac dinh trén K . Ham s6 f[x) dueic goi la ho nguyén ham ctia
F(x) trén K néu:

ff[x}dx: F(x]-‘rC, const=CeR.

Néu moi ham s8 f(x) lién tuc trén K déu c6 nguyén him trén K .

Hims6 f{x)=2x cé nguyén ham I F(x)=x+C, v (¢ +C) =2z,
Ham s6 f(x)=sinx c6 nguyénham la F(x):-——-:os;r+c,
vi (—cnsx+C)f=sinx.

ﬁ TINH CHAT NGUYEN HAM

Tinh chit 1: | { f(x)ax| = [f'(x)

Tinh chit 2: [kf( x)dx=kff x)dx véi (kio)

Tinh chat 3: f[f (x) £g(x)]ax= [f(x dx:{:fgxdx-l-c

Tinh chat4: [f(x)dx=F(x)+C= [f(u(x))’(x)dx=F(u(x))+C.
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Chuong Il

TICH PHAN

[ KELAI NIEM VE TICH PHAN

Cho ham 6 f(x) lién tuc trén K va a,be K. Ham s F(x) goi la nguyén
ham clia f(x) trén K thi F(b)—F(a) dugc goi la tich phin clia f(x) tit a dén
b va cé ky hiéu

ff d“aff = F(b)—F(a).

Déi véi bién s5 ldy tich phin. ta c6 thé chon bt ki mét chit cdi khic nhau
thay cho B nghla la:

f x)dx = ff f U= iwrwnennine= (D)= F(a).

> Y nghia hinh hoc: :

Néu ham s8 y = f(x) lién tuc va khong dm trén doan [a,b] thi dién tich S cta
hinh thang cong gig’)’i han béi d6 thicla y=f (x) ,truc Ox va hai duong thing
x=a,x=bp 5= [f(x)dx.

ﬁ TINH CHAT CUA TiCH PHAN
jf[x)dx =

j"f ——ff

fkf Jdx = kff x}dx (k=0).

Jlrtea(elec= [ risyecs e

f F(x)dx = f () dx+ f f(x)dx (cong thétc phin doan).

Néu f(x )>0 Vx€[a,b] thi ff dx>0.

A LFTHUYET




Chinh phuc Nguyén him - Tich phan tix A dén Z

Néu f(x)>g(x),vx<[ab] thlffx)d g(x)dx-

Néu m < f(x) <M, Vx€|a,b] thlm j x)dx < M(b—a).

Cho t bién thién trén doan [4, b thi G{t f dx la nguyén ham cta

#1) va 6(a) 0. :

E CAC PHUONG PHAP TINH NGUYEN HAM - TICH PHAN THUONG GAP

Tich ciia da thiic hoic lay thita PP khai trién.

Tich ctia ham mii PP khai trién theo céng thic mi.

Chiia cin thiic PP chuyén vé lity thiia.

Tich luong gldc bac mot PP bién ddi téng thanh tich.

Bac chin clia sinx va cosxPP diing cong thiic ha béc.

Ham hitu tf (khong chida cin)

Néu: bic tir =bac miu PP chia tif cho miu.

Néu: bic tif < bic miu PP ddng nhit thic.

» Phuong phép d6i bién s:

Néu ff[u Vdu=F(u)+C; CER vd u=u(x) c6 dao ham lién tyc thi:

f[; x)dx = Flu(x)|+C.

13



Chuong lli

2
f(ax+b)dxn=%+bx+c

flll.der
wfdx:x+C
fx.dx=5§+c fr‘dr%:‘:ﬁc
{ ﬁx+b}m

f{ax+h}'dx:; e s vOi a=0

dx dx -1 "
f?—lnlx|+C f?"_m(n—l)x"“ +C voin=1
dx dx 2
—_=2 C ==
.f& Jx + f — a‘}'ax+b+€
[ B _Linjay + b+ Cvoi a=0
ax+b a
f edy=¢"+C f&“”*'dJc:le“wi-C
a

f
/)
|

i fﬁnxdx:—cosx +C

x

a
fdx = +C vii :
fﬂ ne vii 0<a=1

fﬁ"du=ﬁ+c voi 0<a=1

Ry
Pdr=-4 1 véi
f k,h‘m+ 0=k 0<a=l

a&u:-{-:
+C
bina

f a iy =

fcosxdx: sinx +C

I

['sin(ax+ b)ax

=—lcus[ux+b)+c :
a

fcos(ax +b)dx

mlsm{ax+b)+c
i oa




Chirh phuc Nguyén ham - Tich phin tit A dén Z

hffanxdx =—Infcosx|+C

vai xz%+kﬂr

fmtxdx=h1|sinxl+c VOl x = kw

Jten(ax +b)dx [ cot(ax+b)ax

1 =11n[sin(ax+b)|+c
= —-;l.n‘cos(ax-+b}|+C a

dx . . dx il
fsinzx=—cotx+C voi x=km fmszx=ianx+(: vii x¢—2-+,!m

dx
dx 1 ax+b
:—lincotux—i_b +C
a | 2
dx 1 dx 1
fain,(m.%) _acot{ax+b)+c fcosz(ax+b) tan(ax+ )+
N 1 1he. o4
f ]+-;-2- dx:x—;+C f[i—?]dx—x+z+c




Chuong IV

CACH TAO DANG TiCH PHAN

Ta thdy tich phan cd bin ¢4 8 cdng thiic quen thudc nhung chiing dugc sép
thanh céc cip anh em sinh ddi clia nhau;

Il:fuadu: uaH +C (Cfi-—-l)_ I5=fsinudu=—c05u+c.
a+1

I, _.f =Injf+C (a=-1), 15=fcosudu=smu+c_

" a
. Ia=fadu=lna+c

I, —fe“du=—lf-:—+f.‘=e"+c | I=f

du
I _fsinzu =—cotu+C.

=tanu+C.

COS i

Ta thiyz cdp o sy tuong ddng gidng nhau, théng thudng. Bai toén tich phén
ta phai dua bai todn vé dang 8 ¢ ban nhut trén thi méi xust ra két qua .
Tich phén co bin ho nha sin mang d4u triy
d

: L _ v _
Is_fsmudu— COSH+C’I?_fsin2u_ cotu+C.

Tich phén cd bin ho nha cos mang ddu cong

16=fl:05ud1£:$inﬂ+c, 18=fc0§uu =tanu+C,

“Trudctién taphdihiéuvéviphan trudeda: u = flx)= d[f[x]) =du= f'(x)dx
mdt s6 cich viét ngugc.

*Céch viét vi phan Cach tich dp dung cong thiic
Cl+|
I,=fu“duq +C (a=-1),
I s a1
d| si = si dx P i o + i X
(sinx) (smx} fsm xcosxdx fsm xd(sinx) = +C
= cosxdx

A Y



i
d{cosx)=(cosx) dx | [ cos"xsinudx=— [ cos" xd(cosx)

:—smxd.x :_COSKHI_’_C
nt+l
4 a dx n
d(tanx)=(tanx} dx ftan xmzx-—-ftan xd(tanx)
i dx n+l

qx+b

dzzexfd:r: *dx ax+b =l ax+h :e
(e*)=(e") g fe+dx afe *d(ax +b) n +C

d(z)=(a) dx:g*lmdxl 1=f2§x+=dx=%+c

d[:sim2 x ) = (s:in2 x)" dx= 2.=;inx(e.iﬂx]F dx = 2sin x cosxdx = sin 2xdx

d{cosz x) = (c:m;2 Jr)f dx = 2cosx(cosx}’ dx = —2 cos xsin xdx = — sin 2xdx

(e +b) = (e + B)dx = adx = dx =~d(ax +b)

I=f(2x+3]5dx=%f(2x+3)sd[2x+3]=(2x+3)ﬁ c

d{ax" e b:] = (ax" + b}f dx = anx"dx = x"'dx =a—];!d(ax + bj

(Zf + 3)6

1= [(22 +3f xdx:%f[Zx’ +3f d(222 +3)= :

+C

Téi mudn gidi thidu véi cdc ban cich tao dang va ky thuat xit Iy né:

a+1

a u o
I1=f“ du=a+1+C voi a=—1,

Ta cho gid tri u bing cac biéu thiic khic nhau sé cho ta nhiing bai toan tich

phin khac nhau.
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a.Cho u=2x+1; =5, tacé du=2dx

1 1 &
= 1,= [(2x+1) dx= ;f(2r+1]5d(2x+1)=%.[2x;_1) -_ N
1} [/} i 3
b.ChUu=21nx+3;oz=4,tacédu:gdxz:ﬂldu=%
=>11_f(21nx+3) =—f (2lnx+3)*d(2Inx +3)
1 -
1 (2]nx+3}s 1441
27 5 | B
1
¢.Cho u=3tanx—-2; =6,
tacédu:d{Stanx—Z): 2 dx 3(l+fan )dxé%: dxz .
COs™ X

(Stanx - Z)Gd(S tanx — 2)

czc-—.ﬁm-lnt ru

= L}
A 3

43

1 (3tanx~2)? o
= =2

3 7

[+]
d.Cho u=2¢* —1; a =—3, ta cé du=2e"dx,

1

I Jc" (26 ~1)" erdx = -zluu:['[ze' 1" af2e 1)

i
10" efe-1)
2 -2 (1-2¢)
e. Cho u=ln(].nx);a=4,tac6 du= dx ;
xInx

' d
I, :_!ln‘[hx)‘xh:x

f. Cho u=ax+b thi du=adx .

I,=f(ar+b)odxxé.f(ar-lrb}“d(axi-b] % (ax+ b)m +C {a=-1).

a+l
.

;I]n* (1nx).d(in(inx)) :E?‘ =Lt (in2).



Chinh phuc Nguyén hion - Tich phin tit A dén Z

g.Cho u=sin(ax +b) = du = acos(ax +b)dx thi cos(ax +b)dx=%u.
B I F. 1 %
I :j sin (ax+b)cos(ﬂx+b)dx=;.fu du:;.a+l+c (a:t—l){
du

h. Cho u = cos(ax + b)= du=—asin(ax+b).dx thi sin(ax +b)dx=—.
a

atl

I =fcos‘*[ax+b)sm(ax+b)dx=—%fu"du=——1-. ¥

a ct+1+c (a::——l)_

dx :;.E_I.‘_— dx
ax+b a ax+b

I-I]n (ax +b). e b:-f
du

j.Cho u= ™ = du= g™y = =iy =",
a

i. Cho u=ln(ax+b)=>du=n.

u+'i

+C (a:t—l).

I,=fe“'+*.dx=§.fudu=—%.u—;+c.

Izzf%:m|u§+c_

Ta cho gia tri » bang cac biéu thic khdc nhau sé cho ta nhing bai todn tich
phan khéc nhau.

a.Cho u=2x+1=du=2dx

=f 2% j‘d 2i+) _-]n|2:r+1||:=h'|3.

p 2x+ 4 2x+1

2

b.Cho u=2Inx+3=du=—dx

X

2 2
dr dﬁlnx+3 [2]112 ]
I[,=2 =In|2lnx+3 —+1
: Ix{Zlnx-kB -{ 2Inx iz ||

c.Cho u=sinx+1=du=cosxdx

=j‘ cosx_ jdsmx+1
0

sinx+1 sinx+1 —-ln[sinx+1||§ =hn?

a

VT



R LV ENENLION.  Chuyen Gia Sach Luyen Thi

e. Cho i-;=ln:uc-+—l::-du:E

e =Infinx +1] =In(In2+1),

v 2dlI1Jr-}~1
fx]nx+l f Inx+1

1

I3=fa“du=];a+C.

a.Cho u=x+2=du=dx

1 1 X+2

4

f: 21+2dx: 2:(+2d 2 s R

s f f [x+ ) In2| In2
b. Cho u—lédu——d—f
X

2
3-3

1 1
P 2° 1 7
3 2 [1 3x
=L =—[Zdx= [37d|=|=
3 v{x” '[ x] In3

¢. Cho u:lnxz:-du:%

Lnx"

lr:2

=:-I—f—-dx fz‘"'dlnx) -5 s

d. Cho u=2cosx —1=>du=—2sinxdx

=I,= —j2 sinx.22% gy = ]22”"'d(2c05x - 1)

2 i3
4 4

wZZmz—I"*4'2-ﬁ 0
" In2 | In256

4

e.Cho u=¢e"=du=e’dx

=>f~f4' e f4= &) 1 . i

ln4 In4
»




Chinh phuc | i ham - Tich phin tix A dén Z

" e’ v
L= [etdu=1—+C=e"+C

a, Cho u=x=du=dx
1
':bfa:ff‘d_'r:e‘l;:e—l‘
a

b.Cho u=x+1=du=dx

z+1 x+] x+1
f iy = ‘{ d(x+1)=e

]

—e(e —1),

1 2
= B d
c. Chou 2x___3==‘d“ (2x—3:}1 x, .
3 L P
f dx=f82“3d[ ]=82"'3 =~3f§—e_
3 ZI 3} A Ax -3 5
d. Cho u:h{x—l]%dlet:%
3 3 1
:tr14=f e q f = 11;!(11'1[34:—1)]n=.*sl"£1'lj2 =1,
2 z
¢, Cho #=sinx- 1=bdu—co:,xdx
2
=>I —je*‘"" ”cosxdx—f eV (sin(x — 1)) = 5‘“["'”] %.

0 5
1 =f5inudu=—w5u+c-
a.Cho u=2x+1=du=2dx

2 2
=1, = [2sin(2x+1)dx = [sin(2x-+1)d(2x+1)
] L]

=—cos(2x+ 1}|§ =cos1—cos5.

1 3
b.Cho u= dym—— gy
3x+2 (3:c+2)2
. 1
N ETY ' 1 ,
R - (] |, Vil el 5, |2 - d
:.';Is ‘L (3x+2)2 X Lsm[3x+2] [3r+2]

S TR

o
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22

YO PPOTRRORR

1

= —C0s 1
[3x+2]n

¢. Cho u=cosx = du=—sinxdx

= I, = — [ sinxsin(cosx)dx = fsin(cosx}d(cosx) =—cos(cosx)+C.

—cosl—cosl
2 5

d. Cho u=hlx:;-du=d—x
X

=1 =fSin[x]nx)dx=fsin{]nx)d(lnx]=—cos(lnx}+c_
e. Cho u=¢"—x = du=(e*—1)dx

=1, =f(e’—]]sin(e’—x)dx=fsm(e‘—x]d[e’—x)=—cos(e‘ —x)-l—C_
I, =fccsua‘u=sinu+c.

a. Cho u=23x+2=du=3dx

=1, = [Bcos(3x+2)dr= [ cos(3x+2)d(3x+2) =sin(3x +2)+C,

1 2
b.Chou—zx_S:du——ﬁdx
1
Mou = Y NERVES
o 2:( 3 2x=3) 12x-3

) [ 1 J[ 1
=sin =sin——sinl.
2x-3 3

c. Cho u=sinx = du = cosxdx = d(sinx)

=->16=fmsxn:os(sinx]dx=fcos(sinx)d(smx)=Si.n(sinx}+C<
dx

d. Cho u=Inx+1=du="=
x

fs%fﬂdx=fcos(lnx+I)d(]nx.+]}=5in(h"lr+l]+c s

:”fa:
€. Cho u=uxe" = du=e(x+1)dx

=1 =fe’{x+1)cos(xe"}dx:fcos(xe‘)d(xe‘):sm(xe‘}+c.

du
I, =f5inzun-—potu+c-

- ALETHE .




Chinh phuc Nguyén him - Tich phan tic A dén Z

a. Cho u=x+2=du=dx

::rl—,:fsinzdx )=f Gr+2) =—cot(x+2)+C.

(x+2 sin® (x + 2
b. Cho u= 2 =du= b -dx
3x-1 (3x-1) (35-1)
dx d{3x—1
=] =6 = =—cot(3x—1)+C.
’ ‘f(3x—1)zsi.nz(3:c—1} fsinz(&*c—i) e
¢. Cho u=tanx=du= eth;
C0os X
- dx B d(tanx) o
::-17_fcoszxsinz(tanx)_fsinz(tanx)— cot[tanx)-i—C
d. Cho u:lnx-]—x:.»du:[%-%l}dx
1oy

x+1
= dr= [—% d
=L fx,sinz[]nx+x) * fsin’(lnx+x] ®

dllnx+x
=f§m(a(TH1)=‘°°*(‘””)+c'
e. Cho u=vJx’+1=du= - dx
x 41
d(szJrl)

S5 e e U

I =f du__ nu+c.
& cos i

2

a.Cho u=-3x+4=du=-3dx
dx d(—3x+4)
I =-3 =
~ fcos’(—sx-f-d) fcosz(—31+4}

=tan(—3x +4)+C.

b. Cho u= 2 g =6 &

+1 (3x+1) 5
i)
=>IB=~6I dx =f 3x+1)

(3::-1—1)2 cos"[--z—] ,:032[ 2 ]—tan[sxil]+c

3x+1 3x+1




_ Chuyén Gia Sach Luyén Thi

¢.Cho u=cotx=du=— _df
T dfeo)
dx d{cotx
= R _ _ .
=> Iy fsinzxmz(cotx) ICOS2(CDtx) tan(cotx) +C.
d.Cho H:E#d;‘=l_];nxdx
X x
dlEf‘]
1-Inx x Inx
L= dx= = tan| 2%
o fxzcosz E] : fcogz Inx tﬂn{ x ]+C
x x
Cho #=—— ¥ _dx
T (x+1)
O B A T WA
(x+1)2c032[ ] sz[ﬁ' x+
+1 x+1

S A i THET




ﬂ PHUONG PHAP TiM NGUYEN HAM - TiCH PHAN

Chuong |
PHUONG PHAP VI PHAN

ﬁ DINH NGHIA - PHUONG PHAP

Pinh nghia: Vi phin cfia ham s6 y= f(x) 1a biéu thitc f'(x).d(x). Néu
ki higu dy bay d(f(x)) 12 vi phan ciia y hay f(x) thi dy= f'(x)dx hay
d(f(x))=o"(x)ax.

Trong chuong trinh sach gido khoa cdc em dd lam quen vdi khdi niém vi
phin ciia mot ham s3 vi dng dung clia né trong tinh gdn ding. Nhung dé dé
hiéu thi ta chi cdn nhé cong thiic tinh vi phan nhu sau d( f (x)) = £ (x)dx.

Sit dung vi phan Ja mét cch thic mé& rong bing nguyén ham. C6 nghia hoc

sinh nén hiéu néu c6 mét céng thic trong bang nguyén ham la f dx=x+C thi
ta sé co c(mg tht&c. tlrcmg tng la

fd +C

fd[smx)=sinx+(:;fd(x2—x)le—x—i—C_
M@ rong ra thi st dung vi phan con dua cic bai todn phic tap vé cic bai
toén quen thudc;
dx 1p d[2x—])
Vi du: = =% :
(Ve f4xz_.4x_3 I(Zx—l]2—4 2 [21:—1}2—4)
Vidu

. d[x’ —2x+ 2:|={Jci —2x+2}Fdx =(2x—2)dx.
. d(si.nx-ﬁ- 2cosxj = (si.nx +2cos x]f dx = {cosx —2sin x]dx .
Chii y-Tii cong thiic vi phin trén ta d& dang thu dugc mot s6 két qud sau

1 1
. dx --Ed(axH;) ——--‘;d{b—ax}.

- & BHUANG PHAP TIM HGUYE AAM- FIOH PR



%

« % —a(Vx)=d(Vx +a)=—d(a—R).

= =%d(]nlax+ b)) =;--‘ix1 =d(Inx])-

»sin(ax -+ b)dx = sin(ax + b)d(ax + )

|

=~ d{cos{ax +1)) > sin2xdx = - d(cos2x).
l:us ax+b]dx :écos(ax + b]d(ﬁx+ b)

=—1d( [ax—i—b)):,*-coszxdx:%d(sinzxj.

. e’dxmd( :l=d[e*j:a}=—d(,;_g*}.

2 1 o 1 " 1
.t ’dx=;e *"d(ax+b)=;d(e‘””):}ez a‘a::;:i(e2

x dlax+b
’ cos”(ffzxi-b} - ; oos( [ax+)b] id[tan{ux+b)]
dx 1 d(ax+b)

[a.r+b) a sin® (ax +b)

w Bai tap minh hoa

LEEN » Tim nguyén ham san
' x
al= dx .
=t

b. I, =fx(1+xz)mdx.

z
C.I = i3 d
’ fJx’H :

o riday o)

_. a.Pul.raﬂr.ﬂt.irr|l{knu.\-£sHM-:&

1
- —;d[mt(ax +b)| = i

*)

dx

cos® 2x

dx

1
2-2—4'1(1:&1121).

1

= —Ed(thx) ?



Chinh phuc Nguyén kivm - Tich phiin tit A dén Z

B M

» Loigidi

] 1

a. St dung cdc cong thiic vi phén xdx=dl? ==Ed(x2 ia)_

du

—=d(ln

M ( u]
Tac()li=f1 + i zf'l-l-x
_ f 1+x = féfnu)inirc 3 :lm{x2+1)+c

1+x2 2

b. S dung cac cong thidc vi phin

Taco 12:fr(l+x2]wdx=-;~f(l+xzjmd(x2+1)

N (l+'.r:2]11

4 C-
2

¢. Sif dung céc cong thifc vi phin

T

: 2 x+1

Tacé I, = [ —= e

e fm I
fx+1 2 2ios]
W +1

m Tim nguyén ham sau
a I, = [x/1-<dx.
dx
b = :
’ f FEI)

¢ I,= [V5—2xdx.

+L

-.'a.mumﬁiumIm:md;{}iuﬁ_;g-‘riu'tﬂii.i}; )




W QUL Chuyen Gia Sdch Luyén Thi
> Loigii
a. St dung cdc cong thic vi phin

xdx =dl§]= %d(f} = %d(a—xz) -

u:ﬂ-l

n+1

Tacé I,= [xi=adx=2 [(1-2)d(+*)

u'du=d

=—%f(1—x‘)%d[1—x2]= (1_12}3 +C-

3
b. 5t dung cédc cong thic vi phan
dx:la'(ax+b)=- -%d(b—ax)
du .
2 )

£ dx d(ZI——l

fact: fo\hx g fJ2x 1
dk— W

f dze1) 540 I =Er=T+C

21f2x—1
¢. St dung céc cdng thiic vi phin
1 1

" +1

n+1

wrdn=d

Tacé Is:fx;’S—Zxdx:%fJS-Qxd(Zx)

3 3
g B 2(5-2x)2 (5—2x)
:—Ef(o—ZxJZd(S—bz]:— ( 5 }+C= 3 +C.
Tlm nguyén ham sau
a.l,=
= [

PRI 5. PTG PHAP Th HEUYER fehat - TECH PHAN
re H




> Léigidi
a. Sit dung cdc cong thiic vi phin

x%x:d[%‘]z %d(x" :l:a] = —-i-d(a —x*)

E:dl e

u" —n+1 e

Bl s (— | sdx[il

b 1oL o202
=

12
c. Sit dung cbng thiic vi phin d—: = d(l.nlxn , ta dugc:

L_,=f1“—;‘dx=fm3xd{mx)=%+c:-

M} Tim nguyén ham sau

3
a. I‘ln =fmdx.

b1 = f%@ax.

cl, =f\fcosxsinxdx.

> Loigidi

a.Tach I,= | —5zdx=— m 4 2x
" f4 2x ‘I }
=200
-3(4--2x] 3
2 —2009 4018(4-2x)""

Chirth phiec Ngizyén hiom - Tich phin Bt A dén Z

T . G Peie The HaLYE 0 -1 -mnl
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Chuyén Gia Sdch Luyén Thi

cosudu = d(sin u}
b. Sit dung c6ng thifc vi phéin T

COSJ; OCIS'J; ;
L dx=2 dx =2 | cosv/xd(vx)=2sinx +C
w=] Vx J 2J% J
du = d|si
c. St dung c6ng thic vi phin oanRs (Sm u]

sinxdx = —d{cos.r) .
Tach I, = fv’oosxsinxdx:—f[cosx)%d[cosx)
3
2((:051)5 _ 21|I|(}0531-
3 3
G 1im nguyén ham sau
a I, =fi1'sinx cosxdx .

sinx
b. iuzfmssxdx.

c. I, =fsin‘xcosxdx'

Loi giai

+Ci

Y

inudu=—d
a. it dung obrg thic v phan |74 =~4(c0s¥)
cosxdx:d(smx)

1
Tacé I, :f%‘sinxcosxdxﬁf(sinxji*d{sinx)

ar%a‘uggl ;J 3(Si )% a2
4 nx _ Jsin*x

i d(cos cosx)” 1
B e =f:;;2dx=—f ctossx) :_( —4) +C=4cos‘x

cosxdx =d(sinx)
¢, 5t dung cong thic vi phan 4
u'du = d[ ]

-+l

Tacéd I, = fsin" xcosxdx = fsin" xd(sinx) uw:l[_”']_, I, = Sif’f SWall

EUPHUTNG PHAP TIM ROUVEN RAM - TicH pidar -



Chinh phuc Nguyén hiom - Tich phin tix A dén Z

Tim nguyén ham sau
al.= ftanxd.x.
b. I, =fdsin4xo(}s4xdx.

C I _f st

1+ 3cmx
» Loigiai

sinxdx = —d(cos x]

a. St dung cdc cong thiic
: & —Infu|+C

: cosx
Taco [, = fta.nxdx= f%dx = —f%: —]n|ccsx|+C.

b.Taco I,= fv'sin 4x cosdxdx = i-f Vsindx CDS‘LId(‘Lx}

3

2(sindx)? Vsin® 4x

=%f\/sm4xd{ssn4x)=}- TN T
B B cosx)
c.Taco Iw_f1+3cosx fjH 3cosx
3cosx+1 1
___f 14 3cosx -§].n|1+3f-‘0511+c-
m'ﬁm nguyén ham sau
2c08x
a ly= | ————dx.
¥ f(z _'-':s‘u'lzrc)2
b1, = cosx
|
c Iz].:ftmx_]n((‘{)sx]dx.
» Loigiai

cos xdx =d(5in x)
a. St dung cong thiic vi phan { g, 4 1]
u

ul
2cosx B f 2d smx}
(2 SSmx) 2 551111}

Taco I, :f

- u. pitonG peide i naurin o - o pain: S|



20
Ta duge I, = [ =X = i
% fw’tisinx 3 ‘[Jésmx 3
(4sinx) (4sinx-3) 1
- =_+/dsinx—3 .
f«fdgsmx 3 2f2v"4smx 3 2 A
<. St dung cong thitc nguyén ham co bin
srn.r _ cosx)__
ftanxdx f = f——-—msx = ]n[cosx[—kc'
fudu:?-#c
Taco L, =ftanx.1n(cosx]dx=f].n cosx) CLIE dx
cosx
———fln oosx)d(cﬂ f]n cosx (1n|oosx|)
cosx
In*{cosx
oyl
Tim nguyén ham sau
tanx
I ;
& tn fcoslxdx
tan® x
f =
h fcos x
I:m2x+l
L
= j cos® 2x
»  Loigiai
% dfan)
a. St dung cdc cong thic { 9% *
du o’
—_—
u 2

32

: ""'.))il:-:MEg-a'.ﬁ.Bd!-(_-

. FHUTHG PRAPTIBNGUYEM HiM - ik PR <Y

2 551:1::) 2
_2 f o
2 5sin x) 5[2 SSmx)

cosxdx =d [smx)
b. St dung cong thiic vi phan | 4, ( J_)
H

In*(cosx)




Chinh phuc Nguyén him. - Tich phin it A dén Z

Tacé I, -_—fcti:zidxzftanx.

cos™ x

tan® x

= ftan xd(tanx) = +C

t r
L an x+C.
E dx

cos” x

=1

=d(tanx)

b. Si dung cic cong thiic .
=1+4tan*x

cos’ x

1 dx
cos®x cos’x

tanJ
Tac6 fu=fmsdidx:ftan3:x‘

=ftan3xA(1 +tan1x}d{tanx}=f(tan5x+1m3 x)d(tanx]

tan®x  tan'x tan®x  tan’x
=—t—-tC=l,= v 2.
6 4 " 2 3 + 2 +
_dx ld( )
¢. Stt dung céc cong thic [cos2x ﬁcos ax_ad(tan(“]}
wdu=—+C
=+
tan2x +1 tan2x dx
Tacd ] = . pone
= "r cos’ 2x [mszzx 'fCOSZZx
tan2x 1 d[z;)
o taand {a.n2x +— dtanzx
J‘mse *2x 2fc{,s f f )
tan®2x  tan2x
= C
4 * 2 +
2
$1M=tan42x+tax;2x+c‘

3




3

"@5) Bai t9n ban doc ty idi

Tim nguyén ham

X
1)1'1:f1+x2 -

oyI, = [5—2xax
)L, = [xe i

sinx
1)L =f|:055xdx

tanx
1)L, = [ gy
Jx

1?)117=f:’/£ax
dx
19)rm=f(3—_ﬁ

1

X

lefmzfﬁ

dx

2315, =fcosx\,'l +4sinxdx

25) I, = [ sinxdx

SInx
Nl = [ 1 3 conn

291, = f[e““‘ + cosx) cosxdx

B, PHUTHE FHRP TIM REEVER AN - THoH PHEN

2}12=f:r(1+12}mdx
4}I,=fu’cosxsmxdx
5)!6=f%'sinxcosxdx
dx
SJIS_I ox—1

3
10) I, =f¥dx

121, = fsi.n‘ xcos xdx

4)1, =fc0txdx

tanx

16) 1 =fc;gxdr
18)1,, = [x/x +1dx
20)1,, = [ @\ +5dx

22)fu=fx 1—x2dx

24) 1, =fx x* +1dx
26) L = [ xe”*%x

28)1, = f xe ™ dx

2lnx+1

dx

30}I3n=f




Chuong 1l

PHUONG PHAP BANG NGUYEN HAM

ﬁ PHUONG PHAP

Pé sit dung duge phuong phdp ny, hoc sinh ngoai viéc sif dung thanh thao
bang nguyén ham con cin ndm viing cic phép tinh vi phin, va bién d6i thanh
thao cic ding thidc vé vi phén.

Bai tap minh hoa

smx—i—cosx

Ti ham [ =
o nguyen am f Usinx — cosx
» Loigiai
Tacd [= f'(sinx—cosx) ';d(sinx- -cosx)

(sinx— c-:-s.Jr)_%Jrl 3
= - +C= = +C
~SHE Zd(sinx—msx]

Chii y: (sinx +cosx)dx =d(sinx — cosx).

Tim nguyén him r:fxfﬂdx

» Loigiai
x ] X
Ta cbd ;:flx—xz“_l]dx:jxdx—ij+1dx

d(x* +1
4 A el e

Ch: xdx = (¥ +1).

- 8. PRINONG FHke TM RGUTER HAM - ViCH#HAM



Chuyén Gia Sdch Luyén Thi

Tim nguyén ham [ = f

14¢°
» Loigia
1= 1 e
d
=x—f (1]:;]=x-—ln{1+e‘)+c.

Chii ¥: Ta dé st dung ky thuat thém bét hang tit, v6i muc dich don gidn
phén tich da thic va dén t6i d& dang st dung bang nguyén ham.

Tinh tich phan ; _ } sin2x

o cosx+1
P L(‘}igiéi
2.5 msx 1 —sinx
Ta c6 I=2J"Slr‘:3.'(:cisx f +
cosx+1 4 cm;x—H
2 cos;t—i—l)

=2+2m(1+cosx)§=2—2mz-
i 5. b

3 .
Tinh tich phan I:f—-s—uu—dx.
a

cos® xy1+cos’ x

»  Loi giai
Taco 1= I sinx d{tanx)
+ v1+4cos’x

bl 4 x
p tanx 3 tanx

=f d(ta.nx)=f d(tanx)
= by 1 % Y2+tan’x
4 C052I 4
3 -

= [d)(2+tan? )7 | =2+ tan® 2> =5 3.
s '4‘
4




Chuong il

PHUONG PHAP POI BIEN O

ﬁ PHUONG PHAP

P3i bién 56 12 mot trong nhiing phitong phip quan trong nhét d¢€ tim nguyén
ham hay tinh tich phan. Phép d8i bién s6 dyfa trén hai ménh dé sau:

Meénh dé 1:Cho y:f(u] va uzgix].
Néu [ f(x)dx=F(x)+C,
[ F{g(x))s ()= [ £(u)du=F(u)+C

Ménh dé 2:Cho y = f(x) lién tyc trén [a; b], ham x = p(t) kha vi, lién tuc
trén doan [m; n] v c6 mién gid tri 1 [a- b] o(m ]_a, ) b.
]
Khidotaco [ f(x)dx J"f H)dt (1).

Y nghia cta viéc déi bién s6
Giéng nhu trong phép déi bién s6 nguyén ham, ¥ nghia ctia cong thiic (1)
] n

I & chd sau khi d6i bién x=gp(t), thi [ f(x)dx tr thanh [ f(o(t))e'()dt va
tich phan thit hai nay c6 ham dudi déu tich phan f(#(t))¢'(f) c6 dang don gidn
hon va tinh nguyén ham dé hon so véi nguyén ham f(x) ban déu.

G PO BIEN SO HAM VO TY

Phuong phap: Néu him f(x) cé chia f

thi dit £=y/g(x) & 'g(x) = ni™ =g (x)dx

Khidé I= [ f(x)dx=[h(£)dt, viéc tinh nguyén ham [ h{)at don gian
hon so véi viéc tinh [ f(x)dx

7B, MNP TGN HAM - 1CH PR
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) Mega book  Chuyén Gia Sdch Luyén Thi

Bai t3p minh hoa
Tim nguyén ham
allmfj‘f-‘_.:]dx. b. I, = [x*Jx* +2dx. |
2
c.13=fJ::dx. —fxm
”_fx%/'m : EI(,=I@¢&.
h, IS=J'J§%Idx
Lg:fx\/%. j'I"’:j‘T‘?—H'
k1,1=fﬁ. ;rﬂ=f1—_-;i+?dx,
L2 5 fﬁ;dx. m. 1, = fiLtEn iy,

> Lbigidi

=l it

" 2
a.Dit t=Jix+1= P =dxtl=r=1
21t

1= i [ Zin=1 (e
1_\'(‘"‘;.1_)3_4@

1
=—|——f{+C==
3[3 ]+ 8

b.Ditt=x’+2= =y 41 2="= -2
= xdx = tdt = x’dx = x* xdx = - 2)tdt.

L= f\E +220dx= [1(f - 2)uae= [ (1 -20)ar
_ J(x" +2) . 2\((1:2 +2)_3
5 3

+C.

=2

38

B TG PRAP TINCNEUVTN A -T7CH P Y




Chinh phuc Nguyén him - Tich phin tic A dén £

dx = —2tdt
#=1-r]
= a2

=_2[‘55 : +t]+C “1 | "1 il +(1-7)

o Datt=+1-x =>t1=1—x=;-x:1—t’:>\

+C.

d. bat t=~)'1+lﬂx=:-t2=1+]:nx=}lnx=t’—1::-%:2tdt.

(£ —1)at

[ 2 2f
Jl—i— Inx * 4 B

1.3
2L _lrc=2
2[3 f]+

e Ditt= Inx==2-Inx=hx=2-=

+C.

3
(1 +31nx] Y

= —3t%dt .
X

I x 2-£)-3t
ls=f xd; f(_.g—.dt:.-3j(f?—-4t4+4t:]dt

- :
_a[E 4 oelec
8 5

(2-Inx)’ 43(2-1
=_3[J sx J_ ngy +23f2—Inx) |+C.
£#-3  dx
£ Dit t=3+2Inx = =3+2lnx=Inx= #?—Idt

Iﬁsf]i”—— "E:r?‘h”‘dpfmx 34—2111:{2:5
= [*2;3]11&=% G

5 3
I[P f:’] C——s—ﬁ e J(3+21nx] J(3+21nx) .

2\ 5

10 2+ 10 2
g. Pit t=e' —1=t* =¢" —1=¢" =t* +1 => Sai hét phdn sau.

o ey = 24dE = dx = e dt = dx = fff
; &

&, PHUENG PHAP TIM NETER RAM- THCH PHAN
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A )))Mega book

Chutyén Gia Séich Luyén Thi

f 2 l]a’t=f??_—ldf

ol lJ— t—1 t ¢
:f(t—-1)2(t+1)“t-_f((!+—l)(f(+1))dt ftd 1 ﬁ?
=].n|t—1|—in[t+li+c=ln}— EJ

h.Dit t=ve* +1l=t =" t 1= = —1= e*dx = 24dt
1)2¢dt

I, = efdx o eetdx _ [t2—3
e eI
=2ftzt:1dt=2[fdt—f%]

=2[t+%]+(.‘--—2 Ve 14—

e"+1

+C=In e

+C.

; dx x
. I = = dx
’ fox’+4 fx’\!'x2+4
Dit =¥ +4 = =2 14 =" = —4= xdr=1df.

fﬁ:.f 2 xz dx:f@eiﬂf*”f%

x\fx +4

STk o R R

——-(ln!t 2- Jn[t+2|)+c— ln‘;hc_%

hamf =P

bt E=JJCTE=>12:I" 41 pt =42 —1=+x3dx=%dt_

V' +4-2 r
Nt +4+42)

s 5 1p dt
L “fm‘“f?i—;‘*:af?—l

(t+1)- 1padt dt
- f f+-1 "4[ oy ft_ﬁJ
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Chinh phuc Nguyén ham -

u"x-i— 1
\.l'x++1

k-Ditt=~J2—5x=:-:2=2—5x=>2ta't=—5dx=:-dx=—€dt-
dx 2p ¢ 2 pl4t—1

F . Bl JETE A

= f1+J2—5x fl-l-t 5f 1+t

___f[ 1+t
=1, =—-§(m—mim+1‘)+c-

LDdt t=+2+x" = ¥ =2+ x* = 24df = 2xdx = xdx=tdt .
1-(1-t)
dt

fﬁ =[i5%=155
_I[E——;L-I}dt— fd(l J ~ [at=-tnjt-1|-t+C
=p4xt C.

_—ln t—1—In|t C= ln
(=11-Inft+ 1)+~ Jal =T c -

= ——(r ~Inft+1])+C

a2

=1I,=

et —f\.“4+x ufJ4+x

Pt t=Y4+x? =>t3=4+xzzvx1=t3—4=>xdx=%t2dt.

1 —4). 3p
2 3
IW f dt = Ef(t‘—ét]di
3(f 3,3)'(4+x’) p——e
nbit t=y1+4In*x =¥ =1+4Inx
= 24dt = 42Lnx£—>£dx 2o,
X 4
I =f 1+4ln2xde=ff.—dtmlft2dt
" x 4 4
1+4ln’x)
:iq.(::._(—x).l.c.

12 12
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M Mega book  Chuyén Gia Sach Luyén Thi

'w Bal tap ban doc  gidi

Tim nguyén ham ' ,
dx %
= DI, = dx
) f1+\!’1+—3; 2 f“1+x2
3}13#‘[__._._."1*_3]1%[@ 4)I4=fx3v'l—x?dx
X
dx X
v T . &L= dx
s Jﬂ:c~¢':vc3+1 e JAJIZJE-H
NI =[x+ aix 8)1,= [ —‘”‘x“d.r
9)19=fmxﬁdx 1001, = [ x*V3—2xdx
Va-3x e
= I,= | ———=dx
1)1, f == dx 12) 4y, f1+ r“'_—e,_l

ﬁ pOI BIEN HAM BA THUC BAC CAO

Phuong phap: Néuham f(x) c6 chita (ax+b)" thi dat
dt = adx

t=ax+b= t—b-
X=—ro

a

Bai tap minh hoa

Tim nguyén ham ctia cic ham s§
a. I, = [x(3x+1)" dx.

b. I, =f:\:2(2—x}99dx.

2
c.ly= Jt7_1-2dx.
3 f(x +1}2010
Loi giai
-1 dt

Pitt=3x+1l=r=—-=dx=—,
a. bat 3 3

i BPRIAONG PHAPTIS GUVEN AR T8 PIM. o




Chinh phuc Nguyén ham - Tich phdn tit A dén Z

L e Y e b

(Bx+1)" (3x+1)"

21 20

+C.

b.Pitt=2—x=x=2—t=dx=—di.
s L= [2(2-x) de=—[(2-t) Pt = [ (47 - 48 + £ )at

tlw tll]l o g —ln e
=—|4— +C=—+4
l 100 101 102]

TR T TR
_{z_x)we 4(2—1}101 (Z-x]m

= - C
25 + 101 102 *

- l:z"x)lm 4{2_x]101 (2—1)102
L= """ T

c.hitt=x+1=x=t—-1=dt=dx.

=142 o243 1 2 3
=>Ii=f( Ezgm .';’x=f 2010 dt = I[fm fm+£_1m'€}jt

. & i 1 B
20072 10048 2009

=- 1 + L - 2 +C

2007(x+1)""  1004(x+1)""  2009(x-+1)""

=] = ! + ! = e +C.

T 2007(x+1™ 1004(x 41" 2009(x+1)"

'*'iwaai tén ban doc ty gidi

Tim nguyén ham chia cic ham <8

I, =fx(1—x)2°dx 2}I,_=fx(31+1)gdx
3)I,= [(2x+1)(x+3) dx 41,= jL"JZJ

5)1, = [(x* +3x—5)(2x—3) dx 61, = [(x—1) (r+2)"ax

-8B
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.)))-Mégé-!bank.  Chuyén Gia Sdich Luyén Thi

ﬁ PO1 BIEN HAM LUGNG GIAC

Phuong phap: Sit dung céc phuong phap sau cho tiing lai biéu thic
a.Néuham f(x) c6 chia Va* —x*

) dx = d(asint) = acostdt
thi dit x =asint=

V& —x* =\Ja* —a*sin’t = acost
b.Néuham f(x) cé chila y/a® + x°

adt

dx=d(atant)=
thi dit x =atant = cost

Vo 422 =@ + 2 tan’tzlil.

cost
¢. Néu ham f(x) ¢6 chifa v e 3

dx =d[—_a—t]: L
a Sin Sin
thi dit x=——=

sint A7 ’ 2 2 ___|fi,
sin®t cotf

d.Néuham f(x) c6 chita (1+2°)

dx = d(tant) = —2L
thi dit x=tant = . cos' \ i
(I—i—xz} ={1+tan2xl e

Chi y: Tong hgp cic két qua ta thu duge mot s6 két qua quan trong sau:

-f 2dx z=1arctan[£]-l—(:-
x'+a a a

dx 1 xX+a
F =2 e
f:cl—ﬂ2 2a |x—a

dx 1. (x—a
. =—In +C.
faz~—3r2 28 |x+a

'fJ,%=]n|x+v‘x2:|:a|+C-
x'+a




Chink phisc Nguiyén him - Tich phin tir A dén Z 4

""U Bai tap minh hoa

Tim nguyén ham ctia cdc ham s6 sau
dx
al = : b. I = [v1-x"dx.
3 f f4— 2 2 f
x* 2 fo_.2
¢ I = | ——=dx d I,= | x*v9—x"dx,
3 f |I'1_xz 4 f
er=[-E_. £ 1,= [ +2x+5dx.

x2+1

xl xz
g I?=fmdx. g I7=fmdx
. dx
h I, = : L= ——.
fJx — » fxz-\}'xz ~4
. dx
.I — —. h- I = .
h f\/f—zxaz ) fwfx"‘—i
. dx : dx
T S

Loi giai

a. Dt x=2sint=>dx=2costdt vi \4—x* =4 -4sin®t =2cost.

fgzzzidmfdt:mc

d
L :f ||I4jx1 =

Til x= 2sint = tarcsin

%]:;‘ I, = arcsin[%] +C.
b. Dt x =sint = dx=costdt vi J1—x* =+1—sin¢ =cost .
fz=f l—xzdx=foostcoszdt

1+c052t k1
_f 2fdt+ fcos?.fdt—5+zsm2t+c.

cost =+1—sin®t =+v1—#*

T x=sint = :
t=arcsinx

= sin2f =2sintcost = 2xv1—x"




. Chuyén Gia Sach Luyén Thi

I, =am;mx+%xdl—x2 il
C. Pjt x=sint=>dx=costdt vi 1—x* =+1—sin’t = cost.
sin® tcosf
I,= dx =
f\fl - f cost

—f:.m tdt = costh :lt—lsith+C.
2 4

cost=+1—sin®f =y1-22

t = arcsinx
= sin2f=2sinfcost =2xy1-x*
fs_m“‘" SxV1-x +C.

d. bat x:33mtz:—dx=3005tdf va V9 —x* =9 -9sin’t = 3cost .

1, =f:cz-\.l":'l—:t‘ztfx:fgsin2 t.3cost.3costdt

—81f51.n cos” fdt = — fs 22tdf = ilf—czi#dt
=%1ahfdt—5fms4tdt

cost =1 r—‘/l_-—

T x=sint =

81t 1
L L N
4l2 8 }Jr

Tl x=3sint =

t = arcsin
3
=>-:,1n2f=2— P
3 9
2x°
Mit khac cos2t=1—2sin’*t=1- ) vl—T
2
#Siﬂ'ltr::ZSiﬂZfC&SZf:ZE ]—E— 1....2.“!_ i
3 9 9

Tt d6 ta dudc:

o
L) 2 6 9’ 9 '
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Chinh phuc Nguyén hivn - Tich phin tr A dén Z

€. Pt x =tani = dx= dz ={1+tanzt)d1 val+x*=1+tan’t,
cos" t
14 tan®t
I = di= | dt=t+C.
: '[1+tan f

Tii x=tant=+f=arctanx =1 =arctanx+C,

f.Taco I, = [ +2x+5dx= [(x+1) +4d(x+1)
P=x+l Izj. |If2 +4df

Dt x=2tanu =+dx=

du

cos® t

va V41 = 4+4tan2u=L.
cosu
_ cosu d(sinu)
b= 2 fcosu fmsu fl -sin® u

- 1I(]+sinu)+(1—sinu}d(smu)

g *[l—i-sinu)(l - sinu)
1 pdlsinu d(sinu i
3 gl 1 o) 1 s,
1—sinu 2 14sinu 2 |1-—sinu
t 1. £
Tl t=2tanu &< tanu=—=> s—=14+—
2 cos'u 4
2
=;-sin2u=1—coszu=1—iz=t—z-
44t 4+t
vy 32 1, |14sinu
Tt d6 ta dugc I, =—In — 4
2 |1—sinu
g 1+% i 1+J2x—+1-=
:._}n_._ii+(j=_]na_xL2?_+.i+c'
2 |,__t 2| x+l

Ja+r Fiax+s

& Dbt x=2ta.nt:>dx;—25—dt=-: 2(]+tanz f]dt
cos't

va Jx1+4 =J4tan2r+4 =?_Jtan’:+_1.

NG PP I GO EN 1AM < TECH PN
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 Chuyén Gia Sdch Luyén Thi

4 2 tant
_f G2 I+ f’t=4ftaz12t\;’1+tanztdt

2 1+tan
sin’ t sin® fcost sin’ f :
= —h————d
4f coei f cos't at= 4f 1 G t)z faing)

Dit u=sint= du=d(sint).

I=4f 2du=4f[1 u}du

1 L
1+u 1 u) = J ()

=j' fﬂ z.+f du :_f(1-.u)?1+uldu

1+u)

(i

_f A(1-u) f d(1+u) f(l_u)+(1+u)du

1+ } (l—u)(l-i-u)

1 du
1—u 2+u f1+u 1-u

=—r——————Infl+ul+nfu—1+C
1—u 14u
_1 1 u—1 +C
u—1 14u u+1
1 1 [sint —1]

=— 45 : +C.
sint—1 sint+1 |smf+1]

Tl x=2tant = tant:%

= 1 —1+tan2t—l+x—z=>coszf— 2
cos® t 4 442
.32 2 . X

=sin"t=——&sint =

4+ 4+2°

-1 —_—
4+ 4427 44 x*




Chirth phuc Nguyén ham - Tich phén bt A dén Z

_ dx cost
I‘_f\!xﬁ a fsﬁ'lztcottut
:.mt cost d(cost)
B f fl cosf fl cost)(1+ cost)
_lf[1—c03f]+[1+cosf)d(mstj_ i 1+c05f]
T2 [1—Cost)(1+cost) (l cost)

1 1 v' -1

T x=—— =cos’t=1—sin"t=1-—=>cost=
sint x
z
1 1+ :
==-Il=—]n—-x—-+(_‘.
2 ¥ —1
y A o i
x
’ t .
l.Détxﬂ,if»dx=—2Fof dt va Jx' -4 = 42 —4 =2cott
sint sin” £ sin”t
= x"Jx 4=8F0:£
sin“t
- dx —~2cost
I = = dt
-4 JxZJEE_‘l rsmz Smtf
sin®t
1 1
=—— | sintdt =—cost+C.
4f i
2_
Tlltx:,i:rcoszi:1—51'.11’&:1—--%:&-.:05!7- & A
sint x x
[. 2
:”2=_x_¢_i_+o
x
;.Bax:_ﬁw:.ﬂ@_?ﬂﬁdu
sinu sin® u
va \ll‘ —3= 3=J§C{)tu,
sin® u

I—f _ f wfi'cosu u=_f39j.'lnl12u 30

sin u\rcotu

B, PG PP TIM RGETER m ; nr«"'r_m &
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R N

d(cosu]

_fl cos® u f

1 Cosu

I +cos u) P (cosu}

-4t

T x=— 3
sinu

(1—cosu 1+cosu}

FI?-

I L lae=2in 4
2 1 #-3 2 ;xz—Zx—Z

g 3
= €08 u=1—t—2=;-cosu=

1- cosu}(] + cosu)

ol 1+ cosu)

—_—

1- cosu)

_1
2
t

Vx'—2x-2

x—1

14

1-
x—1

Tim nguyén hiam
2z
DI, = xdx
xi+4
W, x dy
4-x

5)1, = [ 247 +1dx

2) Iz’fﬁx_zxz &

ALE f;3x2]— 2x
Sl

HAM DUOI1 DAU TICH PHAN CHUA CAC BIEU THOC BAC NHAT

CUA SINX; COSX

Phuang phdp: visi nhiing tich phan thutc loai ndy, ta c6 thé sit dung phép

ddi bién 4 — gan*
2

-—_-1[1+tan2£]dx =dx =
2X 2 2

Khi d6 dt =

cos” -
2

; = 2t 1-¢
Ap dung cic cong thiic lién hé sinx— ;cosx=
REYR 8 ¢ 148 e

dt .

2
1+¢#

ta quy tich phén

cén tinh vé tich phan c6 ham duéi déu tich phan 14 céc biéu thic hitu tf ciia #,
nhu vdy bai todn trd nén dé ding hon.
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"s Bai tap minh hoa

c

Tim nguyén ham = f

sin x

> Loigidi

bit r:tangzrdx—_' dt .

1+4#

I:f#dt: ﬂ=m|t|+c=1ntan
(1+#).2, 3
144

X
__|_C.
2

Bii2.

3
Tinh tich phan 1=j~—_—‘-ff—.
b 1+sinx +cosx
> Loigii

T
CNrx=—=t=1
Dat t:tm%:&,»dxr.—. zfz dt . Khi & 2 d

x=0=t=0
; 2 dt
» dt = _LnH-l =
‘£(1+12)[1+ 2t2+1—_i] ‘[”1 b
1+t 1+¢#

ﬁ pO1 BIEN DUA VAO CAN

[ DANG 1. PHEP DOIBIEN x =

Phuong phép: Phép déi bién x=—t rit thich hop trong hai dang bai todn:

» Khi biéu thiic dudi d4u tich phan 1a ham chin, hojc 1é va tich phin cdn
tinh <6 dang j1 f(x)dx. Ta sti dung két qua

« Néu f( )Lahamsulévﬂkhahchtren[—aa thlff =0

Chiing minh: I = ff x)dx = ff dx+ff

=[ﬂ4ﬁ%ﬂ+[ﬂﬂﬂ




N Chuyén Gia Sdch Luyén Thi

f dr+ff dx»-—ff dt+ff dx:-ff a‘x+ff dx=0.
i}

«Néu f(x) It ham s6 chin va kha tich trén [a; a] thi ff Jdx = sz

Chiing minh:1= ff x)dx = ff dx+ff
- J it J el

== 1 [ e[ty ] 1)
= [ ejie+ [ stejae=2 e

» Khi tich phan c6 dang 1= [ L)L g f f(x)dx>trong d6 f(x) 12 ham
s0 chan trén doan [—a; a] ; 1
Fhﬁﬂgmfnh' Trudc hét, ta cof(x) la ham s6 chin nén f[—x] = f(x)

i e f(x) I f(x) (1
fm +1 _‘_]'m'+1dx+-0’.m’+ldx )
x=0=¢=0
X=—a=i= a'

f t] fl=
fm +1 m™ l1 f dt f
_:-!m—i—l fm-t-ldl{z}
Lﬁy (1) + (2), ta dugc

bit x:—f:>dx=:d(—1). Khi [
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Lo gidi

Tacd ﬂ;i]z_tsn_x’ VxeL—l;'l]=¢. t:mx 1a ham l&,
[_.x) +1 x+1 x°+1

Bai tip tu luyén:

L
Tinh tich phan I = | lnm(x-r 1+27 Jdx.
Pdp s6: 1=0. =

El

3
Tinh tich phin j_ fms? xdx

x

Lai gidi

Ta ¢6 cos’ (—x)= cos’ x=>cos’ x la ham chin.

Suyra A= }cos’ xdx = 2}:0@’ xdx = 2}(&52 x)3 cosxdx
= [ i
3

= zj' (1-sin® x)3 d(sinx)= 2}(1 — 3sin? x + 3sin’ x —sin® x)d(sin x)
o
5

o

_ 3, 1
sy A s V\gr 2t P =¥
_21;(1 3% + 3t —t°)dt Z{f Bt~ ]

2 8 N 160 896

:2[ﬁ_3~f§ 27@_27J§]=1131J§ _

2240
Bai tip tu luyén:
F 3x x 24-x
. ) - 2 . bk R £ e dx.
Tinh tich phén [ J;[x + cos6x + sin o 2]1:1[2_1]
Pdp sd: 1=0.

Tinh tich phin [ = f(2—+1‘§3(;2—41_) :
1

53




)))-Megél book  Chuyén Gia Sach Luyén Thi

» Loigidi

Do

1 12 ham chin, lién tuc trén [~—1; l] nén ta co:
x*+1

1 1 dx
szl(z’ﬂ )(x*+1) {xz+1=

k|

dx

Tinh tich phan = [— %%
(e‘ +1) 1—x?

—im

LRy

> Lo giai
1

1—x

Do

; 1a ham chdn, lién tuc trén (—

—,E nén ta cé:
2
dx

b 0
(e +1N1-2 ‘[Jl—xz—ﬁ

‘%, i 1ap ban doc ty gidi

Yi

o S—

a. Tinh tich phén I = f fsmx| dx Pipsé: 1=m—-2,

: . . .
b. Tinh tich phan 1.—“}’2’&‘:3—%@9@5& 1=0.
€

2
pe 1 xln(x+~)'1+x=)

MPSd' I=v2In(1++2)-
1 2 2
d. Tinh tich phan 1= [*— Y. pipss 1=3i2-Z+2.
-1

1+x

i
Fl
e. Tinh tich phén [ =
j; e +1
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Chinh phuec Nguyén him - Tich phdn tir A dén Z

I T

Pépss: [=> B3 ioma.
24 8
f. Tinh tich phan ;_f" C‘mdx Dép s 1=1
e* 4

2

B DANG 2. PHEP DOIBIEN *=a+b—t
Phuong phap: Néu f(x) 1én tyc trén [a; b] thi ff x)dx = ff (a+b—x)dx.

Ching minh: Dit t=a+b—x véi xE[a,bl,suyradx -dt.
Khi 1x=b=}t:b'
x=a=it=b

1:j‘f[a+b—x)dx=—ff(:)dt=ff{:)a:=ff(x)fzx.
'

Tinh tich phin = [ In(1+ tanx)dx.

0

> Lisigiai: gt f(x)=In(1+tanx)

f[ +—~x] mlum[mg_x] _

=In{1+

w
tan——tanx
4 =]n[1 l—mnx]
x

T
14 tan—.tan
4

) 1) B _f
_ln[l+tmx]—ln2—ln{‘l+tanx)«=:-I-{ln(l+tanx}dx—[f[xj]dx

[In2~In(1+ tanx)|dx

o‘\——f&lﬂ

Dt--_‘»-ln

_f[ﬁ—i—z—x

= 4
=xin2f; - [In(1+tanx)=JIn2 120 =In2 = [=Zln2.
o

I pisiranc PuAe Th eareEic ks - Tice PHAN




ookl ELULIRN  Chuyén Gia Sdch Luyén Thi

> Baitép tu luyén:

Lin{x+1
Tinh tich phan 1= [ 1(1 )dx.ﬂépsﬁ:!:%lnl
X

0

DANG 3. HAM SO DUGI DAU TiCH PHAN CO TRUC BOT XUNG THANG DUNG
Bai to4n: Cho ham s8 f(x) lién tuc trén [z b] va théa man diéu kién
fla+b—x)= f(x), Vxela; b]

Khi d6 r—fxf “”’ ff

Chiing minh: D3t t=a+b—x = dx = —df | K&uL :Z::Z
f:j:xf(x)dxzjxf{a+b—x}dx=—j:[sa+b—t]f[t]dt
=Ji"(a+b—:)f{t)d:=[a+b)ff(r)dt—j'q(t)df
=(a+b]j‘f[x}dx—j-xf[x]dx
=>2‘z‘(a+b—f)f(tde=(a—i—b]jf[r)dx:&jxf(x)dx:a;bj‘f[x)dx‘
Tinh tich phan ] f %dx

> Loigidi: Dat f(x)= ﬁx— x€[0; .
T bl Pl R =), iR = f(x).

9+40052(1r x) 9+4cos’x

Suyral fxfxdx=-ff dx—%!mdx

xp dlcosx)  r7 d(cosx)

31
2

Dit cosx= g-tant:- d{cosx)= %(1 +tan® t)dt .

24 9+4cos’x By
cos"x+

B PIRICRG PAAE i HGUTEN it Tica pudn )



Chinh phuc Nguyén hdm - Tich phiin tit A dén £

x=1r=>t=arctan[—g]
Khi g
x={)=;-t=a.rctan[§]

2 2
Iz_ﬂgm 31 14 tan®t t:_f_r_m[ ¥
82 WIZI ‘—i(l—i-t zt) 12 um[;]
= itm[- ) . tani—g]—arctan%]l'
12 "“‘“E] 12

¥ Baitap tu luyén:
T , 2
Tinh tich phan 1= [ xsin’ xdx. Ddp s6: 1 = ?"'

0

DANG 4. TICH PHAN CUA CAC HAM SO DOI XUNG NHAU

» DBéitoan:

SIE

f{cosx)dx_

B e

Néu ham sd f{x] lién tyc trén [D; 1] thi I:ff(sinx)dx:
1]

x="=i=0
Chiing minh: &3t t =~ — x=> dx=—dt . Khi e
2 1=0=t=7

I=

a‘—-—lmla

f(sinx)dx= —j f[sin[g - t”df = ,:f f(cost)dt = J? fcosx)dx-

Tinh tich phan 1=

—tan® (cos x) dx .

)

I:t--:Nlﬂ

»  Loigidi:

" il
2 z
f f cosx)dx
5 COs smx 4

57

- i suow eAP A :,iqf_mtu:im-i :



Bai tip tu luyén:

sin” xcosx
sin™ xcos™ ' x

14 @L—-ﬁmn O(—--‘I\-ila

a, Tinh tich phan 1 dx. Dip s6; 1:%.

b. Tinh tich phén = P.n{tan:c)dx. Ddpsd: 1=0.

2
¢. Tinh tich phan r=fm(sinx)dx. Diép s6: I:—%an.
1]

In(9-x)
9—x) +,/In(x+3)

4
d. Tinh tich phén I = dx. Pdpsé: 1=1.
‘fJIn(

B DANG 5. BIEN POI TACH BO1 HAM SO VA CO CAN TICH PHAN

Bai todn:
Néu f(x) lién tyc trén [0; 24| thi I = j‘ flx)dx= jf[ F(x)+ f(2a—x)}ix.

x=2a=1t=0
x=0=4=25"

i f; f(x)dx=z feac+ | f[:x)dx=‘z F(e)ax— [ flaa—t)a
-'-j‘f(x)dxﬂ—.z‘fpa—x)dx=i[f(x}+f(2a—x)]dx.

Chuing minh: Ddt t =23 —x = dx = —dt . Khi {

B PEUTHGE PP TH REUTER RAN - THY rly

I
Tinh tich phan I = ['sinxsin 2xsin3xd
]
3

X
> Léigidi: = [[sinxsin2xsin3x+sin(3r — x)sin(6r ~ 2x)sin (97 — 3z)]dx
L]




Y

Chink phuc Nguyén hivm - Tich phin it A dén Z

3_7
2

= f(sinxsians'm 3x —sinxsin2xsin3x)dx=0.
a

Bai tip tuf luyén:

a. Tinh tich phan 1= fa's?nSxdx_
o Vsin5x

Pdp sd: 1=0.

b. Tinh tich phén = [¥sin3x Ysin5x.Ysin7x (cosx) dx.
Dip s6: 1=0. ’

RPRUONS PHAP TIM RaUYER WA - Tick Al T




Chuong IV

PHUONG PHAP TiCH PHAN TUNG PHAN

ﬁ KY¥ THUAT CHON HE SO C

Phuong phiép tich phén titng phin dudgc st dung ring rii trong chuong trinh
phé théng va té ra rdt hidu qua khi gidi mot s6 tich phan ma ham s6 dudi ddu tich
phén 14 tich chia hai ham khdc nhau

}udr} = u.ﬂ]: — jm‘u

Trong d6 u = f(x) va do=g(x).

Suyra v= f g(x)dx nén v(x) xac dinh khong phai la duy nhdt, cic ham s3
v(x) c6 thé sai khéc nhau mét hing s6 ¢ (¢€R), v(x)=1,(x)+c. Cin ci vio
méi bai todn cy thé ma ta c6 cach xdc dinh v(x) phit hop cho bai ton tich phan
[ vdu 1a don gidn, dé dang tinh dugc. Pay chinh 14 ky thudt chon ©(x) thén
qua hé s6 diéu chinh €,

3
Tinh tich phan 1= [ 21102 4
1 [I+1)
Nhin xét: Hoc sinh thudng lam
u=3+Inx du:E

X
R P 2 1
=+ =73
3+Inxf T dr 3+Inxf 3[1 1 ]
I= + =-— + |- dx
x+1 !, -Irx(x+1) x+1 |1 J:x x+1
3
= _3+Inx+ x =§+§h13—ln2
x+1 x+1f 44

5. UISGals PP TIM NEEYEN HAM < TicH P 2



Lai binh: Ta thdy hoc sinh thudng chon hé s6 ¢=0 trong tinh tich phin
titng phén, va no trd nén phic tap hon & budc tinh tiép theo I f

(ta
+1
phii stt dung déng nhdt thiic d€ tich ra). )
> Luigidi: Chon hésé c=1.
w=3+Inx du:dx
x
pit{, dx =
dv——lj f": dxzz_‘L_H: x
(x+1) (x+1) 21 x4
3
1 2 I
_ 3+nx| *f dx x(3+ nx)+—1nlx+1| —E+iln3-]n7..
x+1 | TS T LAk

Léi binh: Ta thSy, Izhi chon hé $8 ¢ =0 &3 bién ey phiic tap trd nén dé dang

x+1
1

Tinh tich phan [~ [ 2%*%
o (2x+1) (52+3)

>  Ligidi: Chonhé s C=—g‘

u=31+4 du:—%dx

s 5x+3 (5x+3)

bt = E
s, dx 1 5_ 5x+3

(23c+1)2 vr'f{

2x+1f 2(2x+1) 2 2x+1

3x+4f dx 5 5 2 ]
S| /- d
T2r4l), f(21+1){5x+3) 3" «![5x+3 2xr1)

5. |sx+3] 5 8
e 2x+1~L =31y
In(2x* +4x+1)

X -

Tinh tich phan 1= e
x+

b niu:inp'{.'ln Rt KA -"!1-L§r w6



» Loigiai:Chon hésd c=1

u=ln{2x2+4x+l)
Dit {1 =
(x—i—IJ

(2x2 +4x +1)1n(2x’ +dx

(2x+1)°
7
8

1

du_—._ﬂ_‘;_

2xt +dx+1

2 %

e 1 2+1=2x +4xi—1

2(x+1) 2(x+1)

1
+1)! " dx

| _2-[x+1

U]

:—h?—2j£22h7\—2'h|x+1||:—71:1?—21112
8 5 x+1 :

8

Tinh tich phan I—fx]n(l-l—xz)dx.

[}

> Léfigiéi:ChqnhésGJ::%.

2
i u=ln(1+:rz}:> d“:'H_xz
dv = xdx U—fxdxzx—z+l_xi+1
2.7 2 2
g (xz+1Jl;1(x2 +1)1_fx ;(x2+1 ha{zx‘ﬂ)—xl‘r:]nz_l
b 0

3 15 fa
Tinh tich phan I= [ (s +o087)

sin?
4

> Loi gidi:
Nhin xét: Hoc sinh thudng lam

X .
x

sinx + cosx

u=In(sinx + cosx) g SOBX
Pit dr =
dv=— i
sINx !

i

I=—cotxIn{sinx + cosx)E +; }

4
4

8 PN PR TIVENGRYEN M - TTcH 1N

dx ’
f ———cotx

ST x
cotx(cosx—sinx]

sinx 4 cosx



Chinh phuc Nguyén him - Tich phan tix A dén Z

cosx(cosx —sinx}dx

sinx 4 cosx

2
\E P-J mtx msx Smx)dx:_ﬁ-’_ sinx(sinx—bcosx)
1

hlﬂ“*——:‘ IE]

H
Ldi binh: T thay, d€ hoan thanh bai tich phan nay thi ta con phai gidi mot
bai tich phan H khd phic tap nita, viy d€ trd nén dé dang thi ta lua chon hé s6 ¢
phit hgp dé nhim don gidn héa tich phin H.
» L&igidi:Chon hés§ c=—1.

u=In(sinx +cosx) du:de
D3 d = sinx -+ cosx
s do=—"22_ 1— cosx+sinx’
sin® x v=—cotx— A S
g 3 :
I=~(c0tx +1)]_n(sinx +cosxj|§ ES de
T sinx
z
—Zlm/_—i-ln|smx| 3—3111\/_——
. o
g Bai 1@p ban doc t giai
3 4 In(sinx + cosx)
1. I= A i 2. I= | —io————~
I !In(x x]dx ‘! g
E1.115!*:,‘ 'x+c65x ' £ ln 243" 4+ 3x-2
3 1=](;"2u——)dx. 4. =f b,
o cos”x 4 x+l)
a
5 sz 3x+1
141' +28%% +65x + 50

63
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Q8 KY THUAT TINH NHANH

Nhim gidp tinh nhanh cdc tich phan c6 dang tich phan ting phdn.
Gid sl 4 va U 12 hai him s8 khd vicla x.

Khi d6, nhu ta da biét, vi phén cia tich ¥7 dugc tinh theo cong thiic:
d[uv):udv+vdu suy ra udv =uv—vdu hay fudv: uv—fndu,

Cong thiic nay goi la cong thiic Jdy tich phén tiing phén.

Cong thiic nay thuong dugc ding dé ldy tich phén cdc biéu thiic c6 thé bidu
dién duéi dang tich clia hai nhan t& ¥ va 4V sao cho viéc ham s6 ¥ theo vi phén
4 cfia né va viéc tinh tich phan 13 nhing bii todn don gidn hon so véi viéc
tinh tryc tiép tich phan. Y nghia tach bi€u thic duéi ddu tich phin thanh cic
thiia s6 u va dv thudng xay ra trong qud trinh gidi cic bai toan c6 dang sau

S P.(x)sinaxdx; [P,(x)dxcosax; [P, (x)emdx; [P, (x) Jinxdx

Trong d6 la da thiic bic n. Vi cdc dang trén, thi thong
thudng vai tro ctia u lubn 1a da thiic B, va 1a phén con lai
Nhu véy, ta ¢6 so d6 sau: 3

Khi dugc tich phdn méi, ta lai dugc mét tich phan lai | gy

la mét trong cac dang, vi phin da thiic mdilai déng vai tro hE

4, con phin con lqi tiép tuc ddng vai tro 14 v... z

Cit thé cho dén khi bic cia da thitc 1A bic 0 thi | gons Pam e 0

sé c6 két qui. Nhu viy, cic da thdc luén o i

déng vai trd u (nghia 12 ldy dao ham), \

con phin co lai luén 1a dv (ldy tich phin),

nén ta sé xdy dung thit todn gém 2 cft: “1 cit du (o= 7 == ow

chuyén ldy dao ham cia da thic cho dén khi

gid tri bing 0; 1 cft luén ldy tich phan du:  ==ET

tuong \ng vdi cft kia. Sau d6, ghép cdc gid tr REI

uv lai ta s& c6 két qud. Hay ta c6 so d8 sau: i .”"'%__k i
v

0

Tim nguyén ham | =f{13 +5x" —3x +2]c032xdx.

Léy dao ham Ly tich phan

2 52 —3x+2 - cos2x

B PHIFETRG PP TIM NSGVEN HAM - 1IEH Ptk )



T +
2z
3x"+10x-3 —l-sir12x
2
il
6x+10 —Ecoﬂx
+
6 i —1511121
i 8
— =
I
|
0 i l130523:
i 16

I =j (x3 +5x% —3x+ 2) cos2xdx

1

—%(ﬁx +10)sin2x —%mszx +C

= 5( ?+5x% —3x+ 2}sin 2x -|»i~{3:lc2 +10x— 3)-:052x

Tim nguyén ham I=f[3x3 +24% —4x+6)edx

Liy dao ham 3x° +2x" —4x+6 Léy tich phan €~
_l_

9% +4x -4 -
| 18x+4 T ,
E |
. j o |

18 —*

{] e--x |

_f=f(3x’+2x2a4x+6)e'*dx

=—(3x*‘ +2x° —4x+6]e" - (9x“ +4x— 4}9"

—(18x+4)e™ ~18¢7 +C
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"J Bai 13p ban doc t giai

’7“ Tim nguyén ham

f

TS

n lan).

a I= [(x* +72~5)cos2xdx.

Dip s6: 1= 3(* +7x~S)sin2x + 1(2v-+7)cos2x ~ Lsin2x,
b. I= [(x +4x* ~5x+6)edx.

Dip s6: 1= ~(x* + 72" +9x+15)* +C,

¢ 1= [(x* +4x+1)e2dx.

Ddp s6: 1 =%e== (x* +3x)+ %e"* +C.

d 1= [e*(x +42* +1)dx.

Pip s6: [=¢*(x* +2* ~2x +1)+C.

e I=[e(x" — 42" +a+1)dx.

3 4
ip s6: I = —¢*
Pdp s ze
2 2
£ifm I{M]msm
x

(x* +1)in"x

xs—gxwxa——x +—-x——]+C.

Ddp sé: 1 = 5,

oS PRAP T AGUYEN A - TICH PHAR

B0 PHAN DANG - PHUONG PHAP
&
L.Dangl: [— f P,(x)Q(x)ax Vi P, (x) Ia mot da thic bic n
Qfx)=—1—:n;;smx;cosx;e‘;a’
cos’x sin’x
hodc cdc ham nay cong thém mot héng s6 thi cich dit vin la:

[u=P.,(x)

i Q(x)dx

(néu P, (x) c6 bic n thi ta phai tinh tich phan titng phdn




Chinh phuc Nguyén ham - Tich phin tit A dén Z

Chii y:

« Néu Q(x)=InxIn" x;log, x;In| f(x]|
w=Q(x)
do=P, [x}dx
« Néu Q(x) = sin(Inz);cos(Inxx);sin log, x);cos(log, x)

bt (néu Q(x)=In"x thi ta phai tinh n ln tich phén).

bt l ( ) (thuding thi ngudi ta chon P, (x)=1;0(x)=x" d€ don
gian han). =F, (x)dx

Chu ¥: D& dé ding nhd va nhén biét cach dit theo phép uu tién cic him
thi ta c6 cau: “ Nhdt Lé, Nhi Pa, Tam Lugng, Tt MiT’; tic la trong mét phép tich
phan hay nguyén ham, néu xudt hién nhi€éu him khdc nhau thi ching ta sé uu
tién cach dit nhu ciu ndi trén.

. 1 1
a. Loai 1:Néu Q(x)= P
i i phin 1= 2
inh tich phan 1—‘! si.nzxdx
> Loi giai: C

=X du=dx
= "
v=—cotx

T 3
J +fcoixdx
4

3
x
= dx =
I sin’ x
i 1
9-43
i FENE
36 2 2
Binh ludn:Ta thdy, ham s6 c6 chita ham da thiic va ham higng gidc.
Nhu phép dit wu tién “ Nhdt L6, Nhi Da, Tam Lugng, Tit Mi? th; ta sé dit
= ham da thitc (tdcla u=x) vd do=ham lugng gidc (tic 12 dv= Smﬁ -).
Bai ton tré nén dé dang hon bing cach 4p dyng cong thiic Tich phén tiing phan.

3
Tinh tich phan I = f
a

mf

—t In]smx'l“ =

e

cos’ x

. 8. P UOnG e TIM nGTEE n'niu : m«rm 6F




's Bai 1p ban doc t gidi co hudng dén

Bai 1. §2

1 H
Tinh tich phan = [ ";:f:‘ dx (HVNH HCM - 2000).
o

U=x-+sinx
. du={(1+ cosx)dx
Hudng dan: Dit i = [ } s
do=— v=tanx
cos’ x

5ii2.

i
Tinh tich phan 1= [— % dx (Dubj PH - A - 2003).
'{1 +cos2x

Hudng ddn: Sit dung cong thic nhan déi 1+ cos2x = 2cos’ x

Nhu:vayf_]‘]
COSI

= % du=dx
2 v g v=tanx’

1
Tinh tich phan 1= [xtan® xdx (HVKTMM - 2000).

L]

Hidng din: Sit dung cong thﬂc =I+tan’x,




Chinh phuc Ngiwyén hium - Tich phn. tix A dé

3
Tinh tich phan [ = d
el {1+sm2x *

Huéng din:Phan tichl—i—sian:l—l—.cos[Zx—fz-]:zms? [I_E]'

ki

= T
Ayt

H=X
du=
d _E] ==
bt 4] =
dv=

-3
—_——  |v=tan|x——
cos® [x— L .
4
b. Loai 2: Néu Q(x) =sinx;cosx.
Budc 1: = fP[x]cosxdx= A(.‘x)smax + B[x]cuscxx +C (1).
Trong d6: A(x) va B(x) ciing bac véi P (x).
Bugc 2: Ly dao ham hai vé ctia (1).
=|A'(x)+B(x)|sina+ [A(x)+ B'(x)|cosa.
St dung phuong phép hé s6 bét dinh tim dugc A(x) v& B(x).
Bugc 3: Thay A(x) va B(x) vio (1) réi két ludn.

1
Tinh tich phan [ = f 22 sin® mxdx.

1 i
Lesigiaj:1=fx }—C‘fﬁdx——[ zdx—%fxzcos@ﬂx}dx
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31 Fl 1

=%L —ﬁ_{x’d(sﬁdﬁx]=%—-ﬁxzsi.n2wx£i —2[xsin27rxdx
101 % 1 1 11

= 5 L ! xd(costrx] o i e xcos?.arxjo +§ '! cos2rxdx
1 1 1 . 11 1

=g—q—z4—&‘;r251::‘-27r9:¢—3—47r2

Tinh tich phan I= [ (x+1)sin2xdx (Dy bj PH - 2006).

a(—-ﬁuln

> Loi gidi:
n u=x-+1 - du=dx
it dv = sin 2xdx v:—%msf&x'

foxtt 1% i s Vg dS W
= +E-!CDS x-E-+ Zsm xL] —-Z—i—

N
Tinh tich phin I = [ cos/xdx .
5 a

cos2x

0

)

> Loigidi:
m

Dit t =+x = x=1* = dy =2td¢ . Khi e

x=0=t=0

I= Z_Z’tcostdh zf:'m'(sine} —2tsint]? —2:fsinxdx =m-2.

Tinh nguyén ham I=f(13 —-x° +2x—3}sinxdx

> Loigidi:
Cich 1: I=(ax3+bx’+cx+d)c05x+(a'x +b'2 +c'x+d)sinx +C (1),
Ldy dao ham hai vé cta (1).

B PRI BT N LTEN LA LS Y




Chirth phuc Nguyén hivm - Tich phan tic A dén Z '0

(f 2% 3)sin:r= [a'xs +(3a+0")x* +(2b+c)x +c +d']cosx
—|ax® — (30~ b)x* - (2b'~c)x + '+ d]sinx (2).
a'=0 —a=1

3a+b'=0 (3a—b=—1
Déng nhét déng thiic trén ta c6 hé phutong trinh j,, | o V8 19p_ =2

c+d' =0 c'+d=3
Giai hé trén tim duge: a=-Lb=Lc=4;d=1 va a'=0; b'=3; c'=-2;

vay I=(—"+2" +4x +1)cosx+(3x” ~2x+4)sinx+C,

n=x-x*4+2x-3 du:{3xzw2x+2)dx
= o

dv = sinxdx D=—COSX

Cach 2: Pat [

’{waai 1ap ban doc ty gidi ¢d hudng dan

cx>»

Tinh tich phan [ = [(x* - 4x+8)sin2xdx -

du=(2x—4)dx

&S la

u=x*—4x+3

Hitdng din: Pit
g 4 [dv:sinz:cdx v=—%cos2x

Bai 2. 04 :

2
Tinh tich phin I= f x* cosxdx .
E [

u=x [du = 2xdx
= p i
T=5INnX

Hudng din: Dit I

i3 3

Tinh nguyén ham 1= [ xsinVxdx (DH M3 - Dja chit - 1998).
=7 ldu =3t%dt
==

dv = cosxdx

v=—cost’

3 - - s - u
H:mng din: Bt t= J; , sau do dit [dv — sintdt

Tinh tich phan [ = f +*sin® xdx (DHAN-D-1999).

]

n




,  Chuyén Gia Sdich Luyén Thi

Hudng din: S dyng cong thic sin®x = 1—cos2x

2 du = 2xdx
ol

U=x
= .
dv=cos2xdx v= %sian
%
Tinh tich phén [ = f xcos® xdx (PHBKHN - 1994).
o i
Hudng dan: Sit dung cong thiic cos’ x= HZLJJ 1

du=dx
2 I
Bat[ =

dv = cos2xdx U= %sin:!x ’

3
Tinh tich phin I = [(x+ sin®x)cosxdx (TN - 2005).
[1]

p=sinx

Hudng dan: bit =
" |dv=cosxdx

Bai 7. 43 ,

Tinh tich phéan I= [(2x—1)cos’ xdx (Dy bj DH - D - 2005).
L]

u=x-+sin*x 1dﬁ=(1+sm2x}dx
= "

Huéng din: Sit dyng cong thic cos® x = 14 cos2x

2
” u=2x-1 N du = 2dx
dv = cos2xdx f cos2xdxy”

2
Tinh tich phan I = [ (x* +1)sinxdx (PH Mo - 1997).
o

v=—cosx

u=x+1 du = 2xdx
dv=sinxdx

Hudng didn: Dt {

¢. Loai 3: Néu Q(x)=e*;a"

7




Chinh phuc Nguyén héum. - Tich phén tit A dén.Z

1
Tinh tich phan 1= [ xe*dx.
o

»# Lo giai:
Pit u=x du =dx
dv=¢"dx |v=¢"
i
I=xe‘:—fe‘dx=e—e’l;=1.

Binh ludn: Tua thdy, him sé c6 chifa ham da thiic va ham mi.

Nhu phép dit vu tién “ Nhdt 16, Nhi Pa, Tam Lugng, Tk M thi ta s& dit
1 =ham da thiic (tdc 1A u=x) va dv=ham mi (tdcla dv=e"dx).

Bai todn trd nén dé dang hon béng cach dp dung céng thiic Tich phin titng phan.

In3

l:f{x2 —Zx]e"dx_
1

¥ Ldigidi:
u=x" —2x du:(Zx—2]dx
bt =
3 dv=¢e"dx D=

I=[x2—2x "

f{zx—z)e’dx=ln23~21n3+e—A.
In3 !
Tinh A= [(2x—2)e"dx.
1
; u=2x—2_> du = 2dx
Dit do=e'dx |v=¢

3
A=(2x-2)¢ =6In3+12—2¢ .

In
1

n3 In3 . .

: -—Zfe dx=(2x—4]e
1

Vay [=In’3-8In3+3e—12.

1
Tinh tich phan I = [ Vxe™dzx.
e x=l=bt=1

- _ — 2 e i
b2 L(}]gidl‘Batf—'\[;;}x—! =}dx--2tdt.Klu[x"_=0=H=o.
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; x 4Ife'd! =24 ze‘|; — _z'e'df] =2¢—4.

1
I=2 f fetdt = 2%
1]

1
Tinh tich phan 1= [ Ye'ds .
’ du=2xdx

u=x*
v=¢"

> i gidi: D3 =
L&i giai: Dat {dv:e’dx

1
I:xze’l-—ZI!‘xe’dx:e—ZA,
1
Tinh A= [xe'dx.
o
du=dx

u=x
x
=g

bat
) L’v: e*dx

;—‘Ie*dx=e’(x~1)ll =1.

A=uxe*

Viy I=e-2,

Tinh tich phin [ = [ &*"*sin2xdx.

e‘--..}nh

Loi gidi: 1= 2]8“” sinxcosxdx .
o

o
m

Dit t=sinx = dt =sinxcosx . Khi x=5=>f:1.
1 x=0=t=0

I=2fte’dt.
0
u=t du=dt

. Id*u:e'dfz}‘{vze’

1] p ; 1
I=2 fe'[u—.{e df]=2e (:—1)|n =2,
Binh lugn: Ta thiy, ham s6 c6 chia ham da thic va ham mi.
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Chinh phuc Nguyén hiom - Tich phin He A dén Z

Nhu phép dit uu tién “Nhit L6, Nhi Pa, Tam Lugng, Ttf Mi” thi ta sé dat
1=ham da thitc (tic la #=1) vi dv=ham mii (tic [a dv=¢'dt),

Bai todn tr& nén dé dang hon bing cich dp dung cong thite Tich phin fiing phén.

'*:-asjnai 1an ban doc tu oidi co hudng din

CIN » Tinh tich phan 1= j“xsex’ dx .
Hudng dan: Dt t = '
G » Tinh tich phan 1= j"x(e* +1)dx

L]
=X

du=dx
do ( +1]d ﬁ{v:e’—}x'

EYEM b Tinh tich phan 1= | (x—2)e*dx .
pl f (x—2)
[1]

du=dx

Hudng din: Dt

u=x-—1

= e
do=¢" U=
2

m} Tinh tich phén = IL?SIHd
e

u=x"-2x* +3x+1 u=(3x2—4x+3)dx

Hudng din: Dt {

Hudng din: Dt dt = 2
dp=2 r=—>
e
2
m Tinh tich phén 1= fr:“’ sinSxdx .
L]
du=5cosbxdx
F . ... |u=sinbx
Hudng din: Pt = P

dv=e*dx |p=

3
Tinh nguyén ham I= (25 +x+1)e*dx (PHHH HCM-1999).
u=2x" +x+1 |du=(dx+1)dx

= .

Hudng din: Pat
s T dv= e*dx r=¢"

1
GIA » Tinh tich phan 1= [(1+x)' *dx (PHCD-1998).
a




L5 10vcqoro0 QO
(o 2 [du=2(1+x)dx

Hudng din:Dit = (1 = x) = s

|dv = e*dx =

2

CXX » Tinh tich phan 1= [xe 2dx (HVKTQY - 1997).
0

H=x du=dx
Hudng din: Dit i = s
dv=e %dx |v=-2e?

CXX» Tinh tich phan 1= [ ¢ sinxcos® xdx (PHKT HN - 1999).
, 0
2
Hudng dan: [ = f smxcosx ] sin x]dx
o

Pijt t=sin’ x = % = sinxcosxdx, sau 46 sit dung tich phén tiing phin.

e r*l-
G » Tinh tich phan 1= f
+1

o vxi+1
Dit t =x* +1=x* =t* = 1= xdx = tdt, saud6 sii dung tich phan tiing phin.
d. Logi 4: Néu Q(x)=Inx;In" x;log,, x;In £ (x)|

Hudng din: I = f

Lin(x+1
Tinh tich phén I= [ (Hz)
0 {x+2}
u=1n(x+1} du:_dx
+1
> Liigidi Dit |dp—© 7 i
(x+2) T
1
I.n 1 1 1
- i
0+J: P ) el
; dx
A=l
P -!(x+1](x+2)'




Chirth phuc Ngityén hivn - Tich phin. tieA 4

2 ] ? X+ 2
4
I=—= InZ In—,
Wy f=-ghnéting
Binh fuin: Ta thdy, ham s8 c6 chiia ham 16garit va ham da thic.

Nhu phép dit vu tién “Nhdt L6, Nhi Da, Tam Lugng, Tt Mi” thi ta sé dat

dx
(:H—Z)2 :

Bii todn tr& nén dé dang hon bing cich 4p dung cong thic Tich phin
tirng phén.

¢
Tinh tich phan = [ rinxdx.

1
PSS

4
3

x+2|,

u=ham l6garit (tdc 1a u=1In(x+1) va do=ham da thic (tdcla dv=

> Loi giai:

dx
du=—
0 *
dv = xdx _i
T2
2. [ 1 e A &+1
S Y B Ol [
T 2-[" 2 4| 4

Bink juds: Ta thiy, ham s6 ¢6 chiia him légarit va ham da thic.

Nhu phép dit uu tién “Nhdt L6, Nhi Pa, Tam Lugng, Tid Ma” thi ta sé ddt
u= ham légarit (tic 13 4 =Inx) vi do=ham da thic (tic 13 dv=xdx).

Bai todn tré nén dé dang hon béng cdch dp dung cong thiic Tich phin
ting phin.

Vidul )

2
In
Tinh tich phan 1=f?"d
1

u=Inx du:d—x
dv:—s 1
X V=




Chuyén Gia Sdch Luyén Thi

ljwi_x= n2 1 [ 15—4In2
4 64 162, 256 -

1
Tinh tich phan = [ xIn(x* +1)dx.
Léi gidi ’
r=1=2t=2

- Rar] St i i
Cich 1:Dit t=x" + 1= dt = 2xdx . Khi L:O::-f:l'

1 2
=5!1nrd=.

u=]r|i=>
dv=dt

a’u=ﬁ

EJ@{[ £
t

2
I=t1nt|:—fdt=2]n2—l.
1

2%

L 2 du=—"—dx
Cich 2:Djt w=hn(z*+1)_ %"
dv = xdx X
U=
2
Tinh tich phn 1=f(2x_1)1nxdx.
Loi gidi: Dt {“ i dh%
=
=(2x-1)dx 7| _ (20— 1)dx x

r:{xl_x]lnx\f—j"z X ix 2]112f
1

1

x* ]
=2in2—|% _x| =2mn2-1.
2 : 2

BE TR . PG IR TIMNGIREN AN ﬂmim.l,!; 2




"l Bai tap ban doc tu gidi c6 hudng din
m\i Tinh tich phan [ = flnxd (PHH - D - 1998).

u=Inx du:d—x

Hudng din:Dit dx = =
d’U = - L 1
¥ P=——
X

m Tinh nguyén ham I= IM

u:ln(x+\]x2—+1) 1+ -

Chinh phuwc Ngeyén héum - Tich phitn tit A dén Z

Vxt 41 dx
slau=— X 5
Huong dan: e x—i—\)'xz—i-l sz_H.
Vx' +1 v=+2"+1

X ) Tinh tich phan I z}

Hudng ddn: [ = 2f ehiage=3] —dx—QA 3B.

du—dx
: u=Inx e
Hlby e {dv=xdx=> ¥
v=—
2
dx
Tinh B; djt t=Inx=dt ==,
MTmhtlchphanI f+]'n?_f-‘&-
|[X‘i ])
u=3+lnx [z,
Hubng din:Dit {4, 4 = *
{‘z+'1)2 tF=_:1:-+-1

e 4 2
€I Tinh tich phn 1= [

> dx (TN - 2007).

=% du = Ede
Huong dan:Diat dv-d—x =

v—].nx

2x— iJm xdx (PH - D - 2010).



 Chuyén Gia Sdch Luyén Thi

2
@@ Tinh tich phan 1= [1%4x (DH - D- 2008).
X
1

u=Inx du= L3

Huéng din: Dat dx = i g
dv= xé = _L
L 2X2

m Tinh tich phén I=j‘1n(1':2 —x]dx
2
'uzln(xz-x) du=
=
|dv =dx

2x—-1

xf—-x

dx
Hudng dan: Dit .

=X
@ » Tinh tich phan [ = [ #*Inxdx (Dy bj PH - 2005).

d _dx

o u=Inx N -
Hudng dan: Dét e 1.
v==x"

xIn(x* +x+ 1)dx (HVKTQS - 1997).

Sy

Tinh tich phan I =

’ x4l
u=In{x*+x+1 2
Hudng din: Dt ( ) f tard
dv = x*dx .
2
GEI > Tinh tich phan 1= f
1
=Inx du:ﬁ
Hudng din: Dat dx x
g ¢ dy= 2=> 1
[x+1) D=_x+1

e, Loai 5: Néu Ql:x)= si.n(hlx;];cos(h'lx);sm(logn x);cos(loga x)

e f cos? (Inx)dx.

x

Lo gidi: [=— f[1+cos (21nx)|dx = [ -1 +%Tcos(21nx)dx
1

g0




Chinh phuc Nguyén ham - Tich pidn tic A dén Z

Tinh A:%fcos{ﬂnx]dx

1
*

T

1 g e
=Excos(2]nx)|1 +_{sm(2h‘1x)dx

5 &

+sin(2Inx) - }cos(ﬂnx}dx = -%

1

LIPS

1 .
(e
Sll? ra 10

Tinh tich phan = [ coszIn(sinx)dx

e

:
) u=l.n(si_nx] du=c?5xdx
Loi giai: bat P i = sinx
p=cosXdX |, _giny

I= sinx].n[sinx}E - jcos xdx = [sinxln(sinx] —sin xué - —;—(In?.—— 1).
¥ n ®

Binh lugn; Ta thdy, héjn s8 c6 chiia him 16garit va ham lugng gidc.

Nhu phép dittu tién “ Nhat L6, Nhi Da, Tam Lugng, Tt M’ thi tasé dit u=
ham logarit (tic la u=In(sinx}) vi dv = ham ligng gidc (tic 1a do= cosxdx).

Bai todn trd nén dé dang hon bing cich dp dung cong thic Tich phin
ting phén.

Tinh tich phan = [ sin(lnx)dx.
5i oidi: Dt =In = o' > dx — ¢t . Khi x=e=>t=1
Loi gidi: Dét t=Inx=>x=¢ = dx=e'dt. e Ty f i’

_ sint—cost ¥

2

¥ ~ (sinl—cosl)e +1
= 5 ;

I

0




M) Mega hook @  Chuyén Gia Sdich Luyen Thi

" Bai tap ban doc W gidi co hudng din

&
G » Tinh tich phan = [ cos(inx)dx (DHSPQN - 1995).
1

Hudng din: Dit 1&=C05(1nx):> duz_wdx
U |dv=dx . X

.:_'
X » Tinh tich phan I = [ cos2xIn(cosx)dx.
o

sinx

i du= dx
Hudng dan: [u m].n(cosx] = . cosx
dv 90 xdx -~ 5m2x
1
2.Dang 2: f—{me( x)dx véi Qfx ) s —coszx,smx,cosx,
el
Di u=|a
o Inx
dsz(x)dx
g 8
Chui y: Vi hai dang 1'=fe‘* sinbxdx va I=fe“ cosbxdx
Tinh I, :
eﬂ
o B g
W dv = sinbxdx 1 .
U= —Ecosbx

I=A+mjeI-mf=A (1)

Tinh .
EBI
B_,t H=€u N dMZde
Vv = cosbrdx 1.
vzgsmbx

J=B+nl<]—nl=B (2),
Gii h¢ gém phuong trinh (1) va (2) ta tim duge I va J .
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Chinh phuc Nguyén ham - Tich phin tit A dén Z

L]

Tinh tich phin I=fe’ sinxdx .

]
u=ge* [du =e'dx
=

> Loi gidi: Dat idﬂzsmm

U=—Cosx’

I:—e’msx[:-l—fe"cosxdx:e" +1+] (1)
(]
u=e* du=e*dx g
x = =e*sinx| — [ e"sinxdx=—I
byt [dﬂmcosxdx L:siﬂx d J:L' ‘! )

11
Thé vio (1), ta duoe 2f=e'+1=:-1=‘92+ .

z
Tinh tich phan sau = f ¢ cosxdx.
1]

. . u=¢e du=e"dx
#  Loi giai: it = —
dv = cosxdx p=sinx

3 ®
.(=e’sirn:::|2 —fne‘rrs.imcr:bc:f2 —A,
U
o

u=¢e" du=e"dx
. =
dv = sinxdx

bt [

v=-—Ccosx’

e*cosxdy=—1+1T

e

x
A=—e* cc-st?| +

T

L 2
=>1=e2+1-1:;-1=%

1

[ Vidy3 ) Tinh tich phan I = f e* sin® mxdx (PHQG HCM - 2000).

0

> Loigial:

1 1 1
I=fsinz mxd(e*) = ¢" sin’ ?I‘Ii; —fzﬂsimrxcos:'rm‘dx:—wain(wa)(e‘)
o o

0

A= fsin 217):;1'(8’ } =¢" sin 27rxL: - 2':'rj' cosh—xd(e')
0 [}

X




84

1
= —2me" cos21rx|:} —-rh-zf " sin2xdx = —211'(8 - 1} —d4rt.A

(1]
2r(1-e) 27* (e—1)
-~ == .
C14-4n? 1+ dn’

1
Tinh tich phan I = [ (e" sinx +e*x? )dx: (DHTN - 2000).
-1

Y

1
Lo gidi: 1= f(e sinx 4 e*x )dx+f(e’?sdnx+e’x2)dx=A+ B.
0
=0 =0
Tinh A:Djt t=—x=dt=—dx Khi {i:_]::t:l.
0 1 1
A=fe"2 si.n[—t)(—dt]=—fe'zsintdt=—fe*=smxdz=—
1 [ ] 0

224=0&A=0
u=x {du:Zxdx
= .

Tinh B: Dét{
dv=e"dx

2fxe"d:x—e fod 8—2{

v=g"

Bxe

’;—j‘e’dxl=e—2'

o

= l=ep—2.

3
Tinh tich phin I = [ ¢ sin5xdv (CDKTKT - 2005).
i}

e du=3e¥dx
Lo giai: it =X = 1
“ |dv=sin5xdx |v= —gcos5x'

¥

kLS

Fra= —le cos5xf + = je cosSxdx——-q——A:;-I—gA—
5 5 5

| =¥

. (1
5 (1)
3 du = 3e¥dx

u=e~
3 =
o {dv:cosSxdx ﬂ:%sﬁﬁx'

3=

J':—e sm5x| —3j-ejtsm51dx i—§I=nﬂ.+31.' —32 (2)
, 5 5 5




Tt (1) v (2) ta tinh duge I=%A=—e? .

=
2

Tinh tich phan [ = [ ¢ sin2xdx (Dy bi DH - 2004).
z []

7
» Lo gidi: I:zfe“‘“ cosxsinxdx ,
1}
m
Dit t=cosx = dt = —sinxdx  Khi x"E;"f_O_

0 r=0=t=1

1=2 [ e't(-dt)= Eje’rdt
o

1

[u =t !du =df
Pit

3 =:' t
do=¢dt v=¢

1
r=2te'] ~2 [e'dt=2e—2¢ =2e-2(e~1)=2.
L]
'\}Sfjnai tap ban doc 1 gidi co hudng dan

;.
EJX » Tinh tich phan 1= [¢* sin3xdx (PHNNI- B - 199).
a

s BB du = 3cos3xdx

v CgE, = 2r
HuGng din: Dit [dt.a:e“dx P

@Y Tinh tich phan | jer cos? xdx (PHTL - 1996).
0

1+ cos2x

Hut6ng din: St dung cong thifc cos® x = 5

x (cho tich phén thi hai).

7

dv=¢'dx v=¢

u=cos2x |du=—2sin2xdx
bit =

rl
X Tinh tich phan 1= j' ¢ sindxdx (PHCS - 1997).
1]

4= sindx du=4cosdxdx

o - & =% 3x
Hudng dan: Dt J[dv I s




M) Mega book )  Chuyén Gia Séch Luyén Thi

3. Dang 3: Dang dic biét

1
F u—|sin"x
I=f dx 1
son Ti=2
a.Logil:| SV pgf (605 X
£ o dx
I: = 2
!cos"x dv= S':xx
cos’ x

8
b. Loai 2: sz ax® + bx + cdx

2ax+b
u=+a® +b du= dx
Dét{ el ™ 2Ja tbxic -

do=dx
=X
du= * dx
I= f«j’x +a*dx. Dit ;-M = Vxt+a®
B v=x
1
Tinh tich phan I= [x* +1dx (DHSPV - B - 1999).
1}
Lai giai:
x
— duy = dx
Dc’.ltlu L 41 .
dv=dx
v=x
19 1
I__x'rx+| f j‘x +1 1dx=ﬁ—f+f dx
o VX x*+1 o V' +
I—'-—-i-
zf,r‘x +.
Pt t=x+J +ladt=[14 -2 |ax
Vri+1
R Lk D dx _ dt

dx = dx = =—,
2 +1 J2 +1 N1t

B PG RAP Fh KGUTER M- TiCH Paiin -




Khi B R W
Il 0=:-t 1 ’

I=

-e.lh..

G
Il

=

Tinh tich phan ;=j“ dr_,

, cos’ x
Loi gidi:
u= 12 sinx
-E)“ cos” x du=2 3 dx
at 2 cos” x
dv= =tanx
cos® x
ta“"r 2f B —tanxdx=2-24
cos x|U

Lot
3
4.Dang4: = fln[f )| Q(x)dx véi Q=)

N o
Q[x) z.!—fQ(x

Chink phuc Nguyén hiam - Tic

in(1++2 =>i——lf+ln1+J_]l

Tich phéan phin I = f cosxIn(1+cosx)dx (HVKHQS - 1999).

Loi giéi:
u=]n[:1+msx) du = —— iy
bit = 1+4cosx
dv = cosxdx S B :

" 8. PHISPE PHAR Th RGIYEN MAM - TICH PHAY- 3




b Chuyén Gia Stich Luyén Thi

I= I+msx sm:tl +]

3
1+003de ‘[1 cos::
_(I—SMIJIEZ%HI' .

3
Tinh tich phan 1= [ i@:_’fdx (PH - B - 2011).
Cos
a

= =

P odx xsinx L 3 xsinx P xsinx
> Loigidi: I= f > f nix:tanxlg +foos*xdx=£+fcos’xdx
@ [}

CDS2 x

o CO8" X
UH=x d“=dx
. . .
D o SOF =
cos’ x cosx
J'- 2?r j' COsSX
cosx|, - COSX sin® x — 1
WJ_+2?1' 11 sinx — 13 J_ 2ﬂ'+lln2 \@
3 2 sinx+1j 2 2% 3

"“?ahai tan ban doc tu gidi cd hudng dén
GEH» Tinh tich phan 1= [In(1+tanx)dx (PHTL - 2001),
0

dx
coszx(1+ tanx) :

n=x

u=.In(1+tanx]:> du =

Huong din: Pjt ld i
v=dx

XX Tinh tich phan 1=

cosxl.n[tanx)dx .

o1 S

h‘l(tanx) du= dx = dx‘
= cos’xtanx cosxsinx .
v=sinx

Huéng din: Pt
dv = cosxdx

X Tink tich phan 1—

cosx]n(l +sinx)dx.

e L1E]




Chinh phuc Nguyén hium - Tich phiin tit A dén Z

" 1+sinx

Hudng dan: Dit {
v=sinx

u=]n(1+sinx)=} ldu = _CO5% o

dv = cosxdx

=)

[cosx)dx .

X
3
]

GXX» Tinh tich phan 1= [

cos’ x
u=l_n[:cosx)=bidu:_smxdxz_tanxdx

Hudng dan: Dit dx cosx

2 v=tanx

3
(BH > Tinh tich phan I:J"m!—_:gs-;—}dx.
§

) =In(cosx) du=—0% gy sindx
Hudng din: Dit dx = cos X '
U= =
sin’ x v=—cotx
- z cosxl.n(sinx)
G ) Tinh tich phan 1= [———dx.
sin® x

CAE

Hudng din: Dit t=sinx = dt = cosxdx ; sau d6 sti dung tich phén tiing phén.

X Tinh tich phan r=} il
i

cos® x

Ib: ; sau d6 stf dung tich phan tiing phén.

Hudng ddn: Dt t =tanx = dt=
cos® x

5.Dang 5:




))) Mega book €  Chuyén Gia Scich Luyén Thi

u= f{x) du= f'(x)dx
ou 2, =, 06,

- Q{’i]

Qlx)

7
Tinh tich phan = ['sinxcosx(1+ cosx) dx (PHTS - 1999).
il

du = —si
b sinxdx

PRSTT T ; 3
> Loigidi: Dyt {dv = sinx{1+ cosx)zdr ™ v= _7(1 52 cos:c) ;
3

13

s

I_—%cosx 1+ cosx

2
%f mx 1+|:D$x
0

=
2

2 1 2 1 B
23_5_!(]+C05x]3d(] +cosx):§—1—2(1+cosx)‘j

. , R 2x+sinx
[Vidu2 ) Tinh tich phan 7= [ dx (PH - A - 2005).
] f ;}H— 3cosx
u=2cosx+1 du = —2sinxdx
=

sinx .
@=T====dx U=—gif‘1+3COSI
1+3cosx 3

5

LY

» Lai giai:

i
I=—§(2cosx+l)\ﬂ+3msx1: ;fsmxv'l+3cosxdr
[]
L 2.8 8
=3+5 D 1+3cosxd(l+3cosx]—3+2 (1+3cosx) =

Tinh tich phan I= [—* _dx (DH - B - 2010).

1x{2+]nx)
u=Inx Ay
»  Loi gidi: Pat (4o = Gy = * 1
x(2+lnx) BEEYSEY
Inx [ dx d(2+Inx)
I :—— i i
" 2+Inx), +f x(2+Inx) f 2+Inx

B IR - 5. PIUTIoG FHAR Th NGUVEN i - THOH Phla.




 Chinh phuc Nguyén k

1 i B
=—§—}-]n(2+]nx)|:=—§+lni.

In5 Ir
Vidud ) Tinh tich phin 1= [ ———dx (Dy bj PH - B - 2003).
JVide1) P f —

x

Lai gidis T T & i B u=e 5 du=¢e"dx
Ol gial: = = = :
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dx
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Chi y: Khéng dp dung phuong phap nay cho tich phin ¢6 doan cin di qua 0.
; i ; _ 2 -1

Vi du: Tim nguyén hﬁm I—fm

1 AL [l + - 1 ]

vl
f-d-

B[x2 +—y +2

it
=f3,z_2

2(+2

Lo gidi: = |

| d
@\
w Bai tap minh hoa

#»  Tim nguyén ham cdc ham s6 sau day

x* -1 dt
“l= Ix +x +I =ft’ ’
h‘1=f— _f—t2+3

2t -1 dt
Wl f—x Y2xt -1 =f_t2+4;




Chinh phuc Nguyén haw - Tich phan v A dé,

2 d
d'jzfx f2121+1dx=ftz :

1
Sl fclx P it _j4t2-7

2
Dang 16: 1 — ¥l dx
g fax‘+bx"‘ +ox’ +bx+a
1
=

X

Phuong phép: I =
a[x +—]+b[:¢:+ ]

=j‘ d[z+;] =J“ i

1F 1 at +bt—2a+c
a[l—i——] -2 —i—b[x%—;]d—c
X

Chif y: Khéng 4p dung phuong phdp ndy cho tich phén c6 doan cin di qua 0.

-1 ”
11x* +13x% +15x2 +13x +11

Vi dy: Tim nguyén ham =
Loi gidiz

1_.l d[x+l

X
i
[x—l-—]-] =i
x

: =
x+;]+15 11 +13[x+ ]+15

__,f__dt_
1182 +13t—7

e . .
s Bai tip minh hoa

¥ Tim nguyén ham cic ham 6 sau diy

2
=1 dt
a. I= —_  dx= ]
fx‘+x3+x2+x+1 ff2+t-—1

- t .
b. I= = dx= :
J‘—:rc“+2x“—1-3;.;*—{—2:;—1 f—f2+2t+5

a1 dt
L= dx= | ————.
" fx"—3x3+x2 —3x+1 “rfz -3t-1




\ Chuyén Gia Sdich Luyén Thi

d 1= ar= [— %
f—x 4xs+5x2 4x—1 f_13_4f+7‘
dt
€ = = )
fx +9x% —3x? +9x+] ftz_{_g‘_s

dx

Dang17: = [

Phuong phép: 1=
(

N —
g T

(x—a)z —2(x—a][x—b)+(x—b)z
J (—a) (s—b) &

1

(b - a)z

1

1 T
(x—a)

2
b—~a

i

E

1

1

1

[x—i—b-—x;}}dx

mfx=4

T(o—af| T-a 1D (b_) e —a]| "
A,

£ fl_m_f%j_dx: = _(Zf:):)(f_';)f{x_z)z“
gl == ‘(x—nz(x-zuld"
T
I_cxil)_{xin'zl“ijJ'*C~




0’ Bai tap minh hoa

Chinh phuc Nguyén hiam

- Tich pk

»  Tim nguyén him cac ham s6 sau day
dx 1 1 1 |x+1|
= et = ——ln +C,
) j[r+l)2(x+5:]2 16| (x+1)' (x+5) |x+5|
dx 1 1 1 2. |x47
N A | = = C
Bt f(x_,?_)z(x-i-?}z 81 (x—2) (x+7) o=zt
a I 1 11 lx+5)|
5 fI -3)° x+5 64| (x—3) (x+5) 4 |x-3 *
dx 1 1 1 2. 1x-b
v £ -=—|— - —=Inl—— .
4.2 f[x+-4)z(x—5} 81 (x+4) (x-5 9 [x+4 e
dx ' 1 1 1, [x-3
= [ — C.
B f[x—3}1(x-+l) 16| (x—3) (x+1) 2 |x+1 &
| i
Dang18 1= | ———F——=
f(ax+b) (cx+d)™
: 1 1 [cax+b r" dx
Phuong phép: = -1 —.
gphip: 1= | +b] ]l“ cx+d (cx+d)
cx+d a
Vi du: Tim nguyén ham [=
& fx Ye-2)
o e 11 [x=1 7 &
g 1= f _xf_l]'(z—xy[x—z | oo
x=2
Pt =Xty = tx -
x-2 (x—Z)
_(at—l)3
1= [(e-1) dt=[(t-1) d(t-1)=F5—+C




Chuyén Gia Sdch Luyén Thi

" w Bii tdp minh hea

> Tim nguyén him cac ham s6 sau day
dx _ 1 (f‘-{-]r
a-‘i:f( 7 )4_"1EI e d

1-x) (x-5
B dx __plee=ry :
b.r—fm_ f"—'xa dt.

3 dx 1 (2:E+2)S

“ j'r_“‘r(s42::)“(2::—:-1]"_2043f O
d. r=f

__1_1-(2!—1) .

& fx+33 )5_ 1214 ¢

(x— 3 x+1

2n—1
o LS [ —
Dang 19: fax”' +bx" +c
xzu
ipr [ = | ——————dt
Phuong phap: f x(ax"‘ b +C)
x" dt _dx

—dx = —=

bitt=x"=dt=nx""dx=n. .
) x nt  x

z

‘=fo(af= +bt--|-c}df:;fafz+bt+cdt

ai tap minh hoa

#  Tim nguyén ham cic him sé sau diy

. x
e i g lp 4 .
% j3x4—5x=+1 & 2f3t2—51+1
x°
T s dt
B. f5x‘+2x*—11 * 3f5f2+2t—11
x 1 i
T T | —_dt
J 132° —252¢ 4f 136 — 25¢
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Chirth phuc Nguyén ham - |

m—1 r=1
Dang20: 1 = [ZE_tbnx
ax™ +bx" +¢

d[a.r"' +bx" + c)
-
Phuong phap f b te
9x” 4 4x

32 +2x% 41

=ln|ax"' +bx" +d+C.

Vidu: Tim nguyén ham [ = f

d(3x3 +2x + 1)
3 +2x +1

+*.
s Bai tap minh hoa

¥  Tim nguyén him cic him 56 san diy
424" 4 30x*

Lo gidi: [= [ =In[3x’ +22° +1|+C.

A= | =T dr—In[7x*+6x" +4/+C-
f?x6+6x5+4 I ‘
3
b 1= ﬂdx:]nx1+3x‘+1 +C-
fx?‘+31"+10 I Ol

15x* +15x7

s f = dr=In[3x" +5¢° +7|+C-
3x° +52° +7

ﬁ KY¥ THUAT NHAM HE $O TRONG PONG NHAT THUC

Trong céc bai tinh tich phén bit dinh, hodc nhiing bai tinh tich phéan ctia ham
phiic bing Iy thuyét thing du, chiing ta 4t sé gip nhiing dang phén thdc htu ty ma
dé tinh dugc thi phai chuyén vé cic phan thifc hitu ty thét su (co bac tit bé hon bac
méau va mau s6 12 nhj thitc bac nhdt hodc tam thic bic hai v6 nghiém).

Phuong phdp chung cia dang todn nay 1a ban phdi sii dung phuong phip
déng nhit hé s8. Tuy nhién, néu lim theo cich ndy sé rit lau va ton nhiéu cong sic.

1. Phuong phap 1: Ky thuat che hang tf
Nay nhé:

Vo )=

(bécchia P(x) nhd hon 2) thi taphai phin tich thanh:
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M Mega book \ Chuyén Gia Sdch Luyén Thi

Sau d6, quy déng méu s& rdi déng nhdt hé s hai vé€ d€ xdc dinh cdc hé s§
A B C.

Tuy nhién viéc nay rit mét thoi gian nén ching ta sé ti€p cin vdi mt thu
thudt khéc, gidp ta tinh nhanh céc hé s6 ma khong cin phai trdi qua budc quy
d6ng miu sé.

Thét vy, gid sti:

P(x) A B C

(x—x)(x—x,)(x-%,) x-x +x—xz +x—xs

P& xic dinh hé s6 A, ta chi cn che biéu thitc (¥ —x,) & vé trdi lai, nghia Ia
Plx
.
(x—xz)(x—xs)
Sau dé thé ¥ =%, vao (*) thi gid tri tinh dugc chinh la hé s& A, hay:
P[xl}

khi dé & vE trai ta sé cd

A=—V1
(xl - xz)l:xl = xa)
Tuong t:
Pé xac dinh hé s6 B, ta chi cdn che biéu thic [x - x,_) & vé trdi lai, nghia la
P
khi 46 & v trdi ta 58 06 (),

'(I—I.J(X“XJ)

Sau d6 thé X =%, vao (*) thi gid tri tinh dugc chinh la hé s6 B, hay:
L
{xz T xj)(xz 5 x3:]
Tuong ty d8i véi viéc xdc dinh hé s8 C:
P(x,)
(%, —xl)[xg ~1,)

Phan tich

C=

3x+2
(x—3)(x+1)(x-2)"
3x+2 A B C

e (x=3)(x+1)(x~2) x=3 x4+l x-2°

3x+2
Chethirasé (x —3) §mauséva thé x =3 vao phan thiic méila m
33+2 11

tadugc A=— 7 ——=—,
R (3+1)(3-2) 4
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Chinh phuc Nguyén ham - |

Tuong ty, che thita 56 (x+1) & mAu s6 i thé x=—1 vio phan thic mdi
1 3x+42 3(-1)+2 1
3 —— —_—— =
(x—3)(x-2) (-1-3)(-1-2) 12
Tiép tuc che thita 8 (x—2) lai rdi thé x=2 vio phén thic méi la

ta dugc B=

3x 42 3242 8
——F,tadu = RS
(EE PV K T W R

Nhut vy ta sé c6:
3x+2 11 1 8

G-3)x+1)(x-2) 4(x-3) 12(x+1) 3(x-2)
[ViduZ ) Phén tich (xfﬁ(i 7
x+5 A B C

TaC67__Tf_jxx+2 = =;—+m+m.
Che thita s6 * & miu s6 va thé x=0 vio phén thitc méi la
.,
e
Tuong ty, che thifa s6 (x+2)  mau s8 r6i thé x=—2 vao phan thiic méi
x+5 —245 1
m,tadum B:mzz.
Tiép tuc che thiia sé [1—4] lai rdi thé x =4 vao phan thic mdila FH
445 _3 e
ta dugc C=m:§,
Nhu vy ta sé co:
x+5 5 1 3

Axr2)(x-4) Bx 4(x+2) 8(x—4)

x+5
x+2)(x—4)"
ta dugec A= ( )( )

la

2. Phuong phap 2: Ky thut sir dung mdy tinh bo tui

Bai todn: Tinh tich phan [ = fx k=1

1 I + 3)

Loi binh: PE tinh dugc tich phin nay ta phai thuic hién thao tic déng nhat
thiic (giai hé phuong trinh, hogc nhu Phuong phép 1). Tuy nhién, né déu c6 mat
han ché, nén trong phuong phdp ndy, cdc ban sé dugec tiép cin 1 thi thudt mdi ma
khéng cén ding tdi gidy nhdp.




\  Chuyén Gia Sdch Luyén Thi

" g RS
»  Loigiai: Trudc hét ta phai phén tich ham .

(x+3)
- Budc 1: Viét lai biéu thitc dudi dang
2 4x-1 a b d
= = —+ +ée
(x+3)"  (x+3)" (x+3) x+3
- Budc 2:
a. Tim hé s6 a.
Thao tdc trén may tinh My tinh hién thj
N ¥ +x-1 +3 it e
bép (x+3) e tmlﬂxmﬁ)‘l
X? T
&n '
0
! .
! -3+10°C-8)1
Nhép —3+107°
0
=] Bt
4.99993935
Viay a=5.
b. Tim hé sd b.
‘Thao téc trén mdy tinh M4y tinh hién thj
1 + Wath &
Nhépi-— 5:(x+3 KZ4K=1 4
S e 2 5 i)
ﬁl’l E Nath &
Aad ey

-4. 39933933024
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Chisth phic Nguyen him - Tich phin tx A déh Z. iy

Nhgp| 2S5 (v +3) [(+3) *(x+3)4](x+333|
(x-I—S)
i - | o 4
Kz_-!-?'i-_l..
[tx+314 9+(Xe3.p
-4.9993939399
Viy b=-5.

c. Timhéséc

Thao téc {rén méy tinh My tinh hién thj

Nhip . ] ;m

12+X:1_5:(x+3}4+5:(x+3]3 "'3) +5-(X+3) l
(x+3)
18y = Akl o
[ 13:314_5*(“*3 ®
1xni®
Nhép " a hzmn
2 4(X+3)7 | (A+304
i':_‘h;“.ll—S:{Jc-H*})' +5:(x+3)3 (Jc+3]2 ]
(x+3)
ﬁna KL 4%-1 ol
[tmﬁﬂ 5_0{"'3 4
1
Vay c=1.
d. Tim hé sé d.

Thao tdc trén méy tinh M4y tinh hién thi
x?_,’_x_l s ] sth &
gt et +3)3-1:(%+3)2

Nhip (+3) e
+5:(x+3)" —1:(x+3)’




) Mega-b‘oo'ig' Chuyén Gia Sdch Luyén Thi

®+x—1 4 § . e
Nhip| ~————5:{x+3 - 2
B o e (r3) | 4D Jxean
+5:(x+3) ~1:(x+3)°
E.I'IE Math &
HE K
[cxiszd 5 (R+3.
0
Viy d=0.

Nén ta c6 cac hé s6Ja a=5;b=-5;c=1;d=0 va khong cén tinh ta ciing
biét e=0).

2

Budc 3: Nh v x4+x—1 5 5 . 1

b va = - T %
ge £ [Jc+3}4 (x+3))I (Jc+3j3 (:t:+3}2

]
b b ol 5 5 1

Budc 4: S - X +x Idxz I _ " »

| (x+3) / le+a) (x+a) (z+9)

¥
5 5 1 3

T 1800

3 + g 3
3(x+3) 2x+3) FH3|
Béng hai cich ny chiing ta sé thdy ring viéc phin tich phén thiic hiu ty
cing khong qua phiic tap va chiing ta d4 giai quyét bai todn phan tich mét cach
nhe nhang.

ﬁ NGUYEN TAC GIAI

Nguyén tic: Khi bic clia ti s6 P(x) 16n hon Q(x) thi ta phai chia da thiic d&
quy vé nguyén ham cé béc ciia tit 6 nhé hon miu sé.

1. Dang 1: Mau 56 la bac nhéat
Khi d6 Q(x)=ax+b.
+ Néu bic clia P(x] 16n han thi ta chia da thic.
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Chinh phuc Nguyén héun - Tich phin tir A dén Z.

« Khi P(x) 13 hing s& (ba.: bz‘ing 0) thitacé

(x aa:—i—b k
Tim nguyén him cta ham s6
4 x+1
a I,:fzx_ldx, b.1, _f__ax
_r2x+1 _ X +x+4
c I,= 3_4xdx. d. 14-]‘ i dx.
Loi gidi
4 4 d(2x—1:]
a. 11:f2x_1dx=-f oy =21+

b. Iz=fzt:dxnfxx1;+2..x—f[l+:]dx

=fdx+2f%:x+2]n]x—l|+c-

1 5
——(3—4x)+=
_ fRxEL 2( 2, _l 5
< 13'-’3—4xdx_f 3—dx dx_f 2+2(3—4x) e
3 4.:: 5
-7 +_f3-4x=_“ **f 3-4x _Eh’lad'hhc
91’3=—~,—2~x-—-§[ni3—4xl+c-
P 4x44 10
d I, =f—+—3dx==f[x—2+ +3]dx
2
=[x~ “‘Hlﬂf ———2x+101n[x+3|+c

Tim nguyén him ciia cdc ham s6

J‘x —x+7
2x+5
3% +3x° 4+ x+2
b I‘*:I_T‘i’"
e 1 _f4x‘+3x’+x+2
2x+1

dx .




B Niegabook

. Chuyén Gia Sdch Luyén Thi
> Loigiai
3 ﬁ
a.Chiatﬁséchomﬁusﬁ,taduocI;xﬂzlx!_é +§__$_.
2x+5 2 4 8 2x+5

49
£ —x+7 1, 5 2 F

Lme fE T TG0 2 i

= 2245 f:z’t I8 g

LSy )y 80 s
2 4 8 8 2x+5

d(2x+5)
2445

37 +3x% +x+2
—-_x—l dx = f[

=" 438 +7x +9Infx—1|+C.

3x? +6x+7+i]dx
x—1

¢.Chia tid s6 cho miu 36 ta dugc

5
do* +3x" +x42 2
i M il o TP Vg2

221 el 2+2 +1

4 2 5

4x* +3x* dx42 1 P
e fH3 342, 1
=T = | - 25 Tt

',J Bai tan ban doe tu giai

2x—-1
1) Ilzfx+3dx.

3“ _f3x +3x° +x+2
x+1
5) 1= 4—3xdx'

dx.

2)1,= f_f:_i‘fl—_ldx
91,=f

¥ —x+7
2x+5
52 —3x% +x
Vo=t



Chirh phuc Nguyén hitm - Tich phin tit A dén Z

2. Dang 2: M4u s6 Ia tam thic béac hai
Khi d6 Q(x)=ax* +bx+c. Ta c6 ba kha ning xay ra véi Q(x)
a. THI: Q(x)=0 c6 hai nghi¢m phén bi¢t *,,%;.

+ Néu P[x) 1a hiing s6 thi ta sii dung thuat phén tich tif s6 c6 chita nghiém
clia mau sé.

« Néu P(x) bac nhit thi ta phén tich
| P P _1f A B
Q(x) “ﬁ(x_xl](x —x)= Q(x) - a[x—xi)(x—xzj Calx—x, ¥ X—x,
Déng nhét hé s§ & hai vé ta dugc A, B. Tit d6, quy vé bai toan nguyén ham
¢ miu s6 12 ham bac nhat da xét & trén.

* Néu P(x] ¢6 bac 16n hon hodc béng 2 thi ta chia da thic, quy bai toan vé
hai trutng hop co béc clia P(x) nhu trén d€ gidi.

Chui y: Viéc phan tich da thic thanh nhén tif v6i cdc phuong trinh bic hai
<6 hé s6 a khéc 1 phai theo quy tic ax’ +bx-1—c:a(x—xl)f:r—xz)
(x=1)(3x—1) Piing

1
(-1fx-3) sa

« Khi ti 56 12 bac nhdt thi ngoai cdch d6ng nhdt & trén, ta c6 thé phan tich t
56 ¢6 chifa dao ham clia mdu, 16i tach thanh 2 nguyén ham ( xem cic vi du & déy).

Tim nguyén ham cta céc ham s3

Vidw 3x% —4x+1=

o[ dx bl = [—2 i
& Il_'.fx*_zx_g,' b f—3x2+4;r—'l
Zahd =214
¢4 “f e 4 $ f5x2+6x+1
» Loigiai

a. Ingxz —d;x—.%:f(x ‘;?x 3)
=i_[fxdf3_fxix1] nfE e

|x+1|

4
b. ] = E dy=-2
! f—3x2+4x—1 f3x2—4x+1

»



Chuyén Gia Séch Luyén Thi

B dx __a(B3x=1)-3(x-1)
e e *

:_1[ _d_x__3f dx 3x—-1

+C.
=

=-In|x—1+In|3x—1|+C =1In

x—1 3x—1

¢. Cdch I:Nhén thiy miu s cé hai nghiém x=-1Lx=4, khidé

2x+3  __ 2x+43 A B
¥ -3x-4 (x+1)(x—4) x+1

Déng nhit thic, ta dugc

1

A=ai

2=A+B 5

2x+3=Alx- :
T+ (x 4}+B(x+1}@{3:_4A+Bﬁ 1
5

2x+3 -1 11
udo I, = dx= + dx
b fx2—3x—4 * f[sp;ﬂ) 5(.«;—4)]

dx +E dx
5/ x+1 5J x4

:——]n| +:1|+ ]n]x 4+cC.

VayI_——[nlx+l|+ 1n[x 4|+C.

Cich 2:Do méu s8 cé dao ham 13 2x~ 3 nén ta sé phén tich tli s§ ¢6 chiia
dao ham ciia miu sé nhu sau

fzzf 2x+3 d:r=f 2x_3+6dx

X' ~3x—4 x*—3x—4
o o . sl - —3x | ;:-_35;Jr 44 Gf(x-f;;?xﬂ-l]
=In|x* —3z 4+ —I%
=1n[x‘—3x—4[+g[ ——fxﬂ] =In(x*—3x—4)+ %mﬁw.

Nhén xét: Nhin hai cich gidi, thoat nhin chiing ta l4m tuéng 12 bai ton hai
ddp s6. Nhung chi bang mot vai phép bién déi logarit don gidn ta c6 ngay ciing
két qua .

8 (Z-.:is._u'irﬂu.m:ﬂmnhiu(i.rue.uq.ms.ﬁ£



Chinde phuc Nguyén hium - Tich phiin tix A dén Z

6 4
ln(:ti—Sx—‘l}-i—-gln ;+1‘

=1n|x—4|+]n|x+1|+§]n[x—4|—glnlx+1[+c
1 11
=_Eln|x+1|+?1n|x---4l.

R& rang, chiing ta thdy ngay uu diém cia cich 2 1a khong phdi d6ng nhat, va
ciing khong dung dén gidy nhdp ta 6 thé gidi quyét nhanh gon bai todn vadéla
diéu ma téi mong mudn cdc ban thuc hién dugc.

3x+4 A B
x+1)(5x+1) x+1 5x+l

d. Cdch 1:Tacd (

N

3=5A+B |4=~

= ‘
4=A+B |, _17
4

; _ Sx+4 o 17 |4
Tudo I‘_f( +1)(5x +6) fi a(et1)  aBxry)|

=>3x+4=A{5x+1]+B(x+1]ﬁ[

:__fx—i-l 5x+1
=1, =—Zln|x+1|+—2-6ln|51+1|+cv

Céch 2:Do miu s6 c6 dao ham 1a 10x+6 nén ta sé phén tich tii s6 c6 chua
dao ham clia miu nhu sau:

3
o= [t 3x+4 _f10(10x+6)+ﬁd
5x% +6x +1 5x* +6x+1

3 » (10x+6)
R ) e
104 5x" +6x+1 104 5x° +6x+1

3 d(5x2+6x +1] 2 dx
= +=f
10J 522 4+6x+1 109 (5x+1)(x+1)

(5x+1)—5(x+1)

Bl gl 2
_mmbxﬂexﬂ\ 409 (5x+1)(x+1)
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3 2(p d i
=g +éx+1-35 ijfsfs:rﬂ

x+1‘

S5x+1

J Vidu2 ) Tim nguyén him ctia cic ham s§
4 +2x -1
[ =) ——F———dx.
a b= =

I =
b. fB 2x x*
» Loigiai
a. Do tii 86 ¢6 bic 16n hon miu nén chia da thiic ta dugc
4x° +2x—1 6x 1
I = ————dx 4
3 f 1 f x+ 1de

X‘z— e

 6x-1_ 6x—1

b ey
=2+ B L ex-1=A(x—1)+B(x+1)
x4+1 x-1
¥
{G:A—H} N A=
~1=—A+B |,_5
2
7 5 7 5
I = fl4x4+———p— = |dx=2124+1 = =1
| f x+2(x+1}+2(x_1)dx 2x +2ln[x+1]+21nix 1+c.
. - - . S x-5
b‘TaCé'3—2x—x2—x2+2x—3_(x—1](x+3}

A B 1=A+B A=-1
e 5=A(x+3)+B(x—1) = [5:331—5“’3:2 X
Tﬂd@rz:fs 25— Izdx f[ ]

dx dx ( :
R Pl =—In|x—1/+2In 3|+ C = Inj2———
x“1+2fx+3 |x—1|+2In|x +3|+ e +C
2
ﬁlzzln%ti}+c,

. u -311:(# wfjn- CAG DAL E



b. TH2: Q(x)=0 c6 nghiém kép
Khi @6 Q(%) duoc biéu dién dudi dang
P(z)

Ox)=(ax+b) = 1= [ ——_dx

=lemttf »1= [ 5
«Néu P(x) 12 hing s6 thi ta st dung céc bién d6i sau

1
dx = Ed(ax + b]

a1
bl 4 u

«Néu P(x)=mx+n

ax+b +n-—b—m

s mx—i—nd et a a_g.
= f ax+b ‘[ ax+b
bm
mf ]J dx mf ax-}-b n"'";j-d(ﬂx—#bl
b ax +b)’ ax+b (ax+b)"
M na— bm 1
'__'a? +b| ax+b

« Néu P(x) 6 bic16n hon hodc béng 2 thi ta chia da thiic, quy bai toin vé
hai truding hgp c6 bic cia P(x) nhu trén dé giai.
Chti y: Ngoai céch giai dd néu trén, dang nguyén ham nay c6 cdch giai tong
t—b

quitladit t=ax+b=1{" @
df = adx

Tim nguyén ham ciia cc ham s6
a I =fxT:§x—+1-dx.
b. I, =f6?fg-;—].
Sl
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b, lzzf : dx :f' dx :lfd(3x+1]= 1

65" +9x+1 YV (3r41f 3 (3,,_”)2 3(3x+1)

o 1
L= 3(3x+1)+c

dx 5x 1 1
C. .= = =
? f25x?—10x+1 f{,‘t 1 f5x 1 5x 1]
_ 1
:>1,_—5(sx_1]+CA

Tim nguyén ham ctia cic ham s

_f 2x—1

4x* +4x+]

b. Le 4x’ -3 d
4x* +12x+9

1-5x
i Pl 2.
3 f9x2—24x+16
> Lbi gidi

2x—1 2x-1
a. = =
b I4x=+4x+1dx f(2x+1)zdx

2x=t-1
dt=2dx

L={ 21 _f‘tzzdf [f f%‘:i]=%h‘1‘|+%+c

2x+1

Cich 1. Dt t=2x+1=:-[

+C-

i =Eln|2x+lj+2x+1

1
%1 Z(sx+4]-2

Cichzl=]—2"" g4 °
. f4x=+4x+1 dx* +dx+1

+C



8x+4
4x* +4x+l

dx
4f J"(21:4-

4x* 3
b. 12=f"27
4x* +12x+9

;IF_

2x+3

Chivth phuc Nguyén ham - Tich p

1) —_I

-1 1 -
'31-“|4x2+4x+1l+2x+1+c_2]n|2x+1|+2x

4x +4x+l)
4x* +4x+1

fd(2x+l}

(2x+1)°

—1-—+C,
+1

12x+12 ]dx
4x* +12x+9

6

— L

- fur-raf oo

(2x+3)°

1-5x

2x |~3

2x+3

C. 13-——f

Cich 1: Dt t=3y—4=1"
dt = 3dx

5(t+4)

9x* —?.4x+16
t+4

1-5x L=

(3x—4)

L=]

__1_f5t-|;17

=1, =—-—-[5]n]3x 4[+—4

3.

dx = f———

]+C=——h1|3x -4+

_ 1-5x
fo‘l

df
3

=__[51n|r|+—]+c

17

9(3x— 4]+c

5 d(3x—4) 17 pd(3x—4)

(3x—4)

“oJ T3x—a 9
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c. TH3: Q{x) =0 vb nghiém
Khi d6, Q(x) dugc biéu dién dusi dang

Q(x)r:axz—i-bx—i-c:a

2
b dac— b’ 2
e =(mx+n) +&
i Za} * 4a [ ]

« Néu P(x) la hing s thi ta sit dung céc bién d6i sau
dx = %d(ﬁx +b)

fﬁi——larctan[ }+C

Hz-l-ﬂ a

«Néu P(x)=ax+§ thita cé phin tich sau:

ba

2 (2ax+b)+ B - s

ax+ 3 fz

ax’+bx+c ax* +bx+c

_a p(2extb)ax [_E] __dr
" 24 mr1+.bx+1:+ﬁ fﬂx2+bx'+c

d(ax2+bx+c { ]f

E ax® +bx+c

4a

4ar: -b*
2a

B— ba
=—in|ax +bx+d+ 2"’f -

2
b dac—b*
phLal ] +—.
[x+2:z] 4a*

b
g d[x+—J
=%h|ﬂx’+bx+c‘+ ﬂz“f 28

b dac—b
[x+2 ] 4q°

a [ﬁ__] 2ax b
;ZMIaxz-Fbx—i-c‘—i- il +C

I| b2

« Néu P(x) c6 bdc 16n hon hodc béng 2 thi ta chia da thiic, quy bai todn vé 2
truding hgp c6 bic cita P(x) nhu trén @8 giai.
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g Chinh phuc Nguyén him - Tich phin tir A dén Z

Nhin xét: Nhin vio biéu thifc cia bai todn tdng quat trén ¢6 thé ban ddu lam
cho céc ban phét hoing, nhung ditng qud ban tim dén né, ban chi ¢in nim dugc
¥ tuéing thuc hién cfia né 12 phén tich tii s8 ¢6 chita dao ham ctia méu s6, 16i tach
thanh hai bai todn nhd hon déu thudc dang don gidn da hoc,

Chii y: Khi mau 12 bic 2 ¢6 2 nghiém phén biét va trén i a hang s6 thi ta xét
hiéu hai don thtic 14y mdu 16n trlit méu nhd ra hing s duong, sau d6 ta viét 1 trén
hiéu vifa tim. Sau d6 trong mét trén méu s6 nhé trif mdt trén méu 56 16n.

dx dx
1l = =
k=~ ey

1 1( 1 1
Ta thdy x-3>x-5 do d6 x-3-(x-5)=2 >0 (:r i 3].[}: — 5) = _-[ 3]

21x—5 x-—

_J_&_L%¢=

x-5 x-3 {infx -5~ nfx~3)+C

dx 1 1
=% _= 1
! ff—&+w 2 2

dx dx
b Il_fxz—-x-—ﬁ_f('x+2).(x—3)
1 1( 1 1
Ta thdy x+2>x-3 do dé x+2-(x-3)=5 >0 [:c+2) {x—?x):E'[x ]

+2 x-3
dx 1
JT‘:fxz —8x+15:5'-[

VD3:

1 1
x+2 x-3

Lﬁ:%{mh+4-mh-3ﬂ+c

o i 5dr d(5x]
h_f5fHSI—2_ka—ﬂ{m+2y_fﬁx—ﬂ{k+2y:fﬁx—ﬂ(h+2)
Ta thiy 5x+2>5x-5 do d6 5x+2-(5%-5)=7>0

1 f ¥ 1
1525 5x+2

(5x+2).(5x—5) 7
1 1

dx 1
Iz:.fsx’—sx—zz?f 5xr—5 5x+2

Tim nguyén ham ciia céc ham s8

].dr:%.{lnle— 5~ In|5x +2)+C

dx dx
I=|—""— R - SR
ki fx’+2x+3' b f4f+4x+2
dx

I
i j9x2+24x+2[]'

:.{ HE\.I\!‘F&'K,‘K-TKE_FHE_HE Lm;_(i’_ﬁ'i!_i'-.

153



 Chuyén Gia Sdch Luyén Thi

d dx
% I‘zfx’+;c+3=f[ ‘

:c+1) +2
d(x-i-I} 1 x+1
= ———"t __ —_° arctan +C.
(1) +(2f 2 (V2
dx —_—
& 12—f4x2+4:c+2_f 2x+1)’+1
f d(zxﬂ = axctan(2x+1) &,
"2 (2x+1) e
- _IQA: +24x+20_f3x+4} +4
f 3x+4 ..-—_la 3x+4]+c
(3x+4f +2¢ 2 2

Tim nguyén ham ctia cdc ham s§

3x+45 Y
ag . [_3x+5 . e f 2l o
i f2x2+x+]0dx 2= ) e +9x+4

22t —x
& Iazfz——dx
X +2x+7

> Loigidi
3 ”
L3 3x+5 o 4(41—!—1)
e 7 _f
2x" +x+10 2x* +x+10
f 4:¢+] dx
2z +x+1ﬂ 2x* +x+10
fd[Zx +x+10) L7 dx
25 +x+10 8 x2+%+5
=3 in(2x? ENEL 1) A O S
4 8 1 79
el + HFt
[Hq: 16




. d[x+—]
3 1n(2¢* +2+10)+ ISTIW

+1"7 3 arctan
8 V79

T
4

4x+41

V79

+C

3
=E]n(2xz+x+1(l]

4x+1

Vay Il=gln(2x2+x+10}+%arctan[ﬁ +C.

1
~(12x +9)-4
b'f=f 4x—1 I:fs( I'l'} ix
: 6x° +9x+4 6x° +9x + 4

(12x +9)dx dx

_faf+9x+4 f6x2+9x+4
6x +9x+4 dx

)

6x° +9x+4 3x+1)2+3

1 4 d(3x +1)
=~3—Ln{6x2 +9r+4)-2 [————

3 (Bx + l)2 + (Jg)z

1 41
=-]n 6x’ +9x +4|————arctan|—=—
( N
1 3x+1

=1,= Eln(éx +9x+4}———arctan[T]+C

2% —x 2 25x -7 ]
Cl=f—"——dx=)|2x" -dx+1+——|dx
3 fx2+2x+? f[ ¥ 4+2x+7

25x—7
———212 +I+J‘mdx

25x -7
bit dx
J= -[x +2x4+7

= {2x + 2)

_ 27 _ 242 o aor @
f 2 4+2x+7 :af:é+2x+? fx1+2x+7




9))] Mega book- \ Chuyén Gia Sdch Luyén Thi

25f x +2x+7 —3f

242247 x+1
_25 (x+1)
Zin(x* +2x+47) —32f_____2
2 x+1) {JE)
=%M[xz+2x+?}—§%arctanx4%1
-“'”a=§-2x+x+?ln[x +2x+7)—%arctanx\;%l+c.

Tong két:Qua ba phin trinh bay vé ham s6 phéan thiic cé méu s 14 bic hai,
chiing ta nhén thdy diém mu chdt giai quyét bai toan 1a xit Iy miu sd.

o o’ +bx+e=afx—x ){x~x,)
P(x) :1[ A, _B

ax’ +bx+c alx—zx, x-X,
) P(x) . ax’+bx+c=[:mx+n)1+k2
2 d 1
ax’ +bx+c =:-f . e 2=~—arcf:amy-+c
4o s o
® aac:t+th:+::=(nlu{-i—ﬂ)2
1
u u

'Q Bai 14p ban doc I giai

»  Phuong trinh béc hai c6 hai nghiém phan biét

2x-1 3x+4
I = | ————dx. 20 = | ————
), Ix2+3x+2 * M, f5x2+6x+1
3 +1 5+4x
3}1 = ——  d¥. 4 = | — " dx
d f212+3x+1 }4 3_2x—x*
+ Bx+3 1-5x
S5)L= ] ——"" dx. o= | v
M, JZJ:Z—x—l * ), f4x2+5x+1dx

RGOV T PRAN Chc oM BAMSD.



4 : Chinh phuc Nguyén him. - Tich phén tit A dén Z

»  Phuong trinh bic hai cé nghiém kép

4x—1 3x+7
NI = | ————dx. 8} =] ———
) fx2+2x+1 s f4x2+4x+1
32" +1 45" —3x41
9y J = | = "~ dx. I, =|——4d
) 5y f9x2+6x—1—1 ) Do f4x2—-4x—|-] *
2x* 4+ 3x+2 3-2x
11 I, = | ——————dxr. 12)i. =] ——
) In fx‘—4x+4 Vs X2 —6x+9

% Phuong trinh bac hai v6 nghiém

2-3x 3x+1
)= [ 5 5 Whe= 7
_ dx 2x—1
1) =[5 o7 16)1,, = [ 5.
x+1 4x+1
I,=]———idx = | -
17) Ly 'f4x2+x+1 ' 18) L, J”;xz—x+1m:
3.Mau so la da thiic bac 3

Khi d6 Q(x)=ax® +bx* +cx+d. Ta cé 4 kha ning xdy ra vdi Q(x).

a. THI: Q(x)=0 c6 ba nghi¢m phén biét x,; x,; ;.

Tuong td nhu trudng hop méu s8 1a him bic hai c6 hai nghiém phén biét. Ta
c6 cach gii truyén théng la phan tich va dong nhét hé s&. Ngoai ra ta con c6 thé
su dung phuong phdp bién déi tit s6 chda dao ham cia mau (thy thude vao biéu
thiic chia tii 56 14 bac bao nhiéu).

Tacd Q(x)=ax’ +bx* +ex+d=a(x—x, )(x—x,)(x—x,)

Plx) A B C
=

= + + i
Q(x) x—x x—x, x-x

Péng nhit hé s6 hai vé ta dugc A, B,C . Bai todn nay quy vé nguyén ham co
miu s6 1a bic nhit 43 xét d trén.

Chii y: Péviéc déng nhdt dugc thi ta vin phdi tudn thd nguyén tic Ia bién déi
sao cho bdc ctia tit s6 phdi nhé hon bic ciia miu s6.




) Mega book' . Chuyén Gia Séch Luyén Thi

: x(.rz—l}
3x'—x* +3x—7
= | ——— = " dx.
= x{x"+x—~2)
> Loi gidi

=i

1 _A B _C
B A E+a)r=9) 7-2 ¥+3 -3

=1=A(x" —9)+B(x—2)(x—3)+ C(x—2)(x+3)

I—
0=A+B+C 15
&1{0=-5B+C . B=ﬁ .
1=—9A+6B—6C 1
o

6

Nhin xét: Ngoai cdch gidi truyén théng trén, chiing ta c6 thé bién d6i cich
khdc nhu sau ma khéng mét nhiéu thoi gian cho viéc tinh todn,suy nghi:

- dx x+3) (I—BJ a
I’_f(x 2)(x+3)(x— 3) 6"‘[* x+3)(x_3]“x

i o &
_ﬁf(x—z)[x—3j ef(xuz}(ﬁsj
Dén diy, bai todn trd vé cdc dang bién ddi don giin di xét dén!

ﬁ:c +x 1 6x* +x -1
f P
b. f [f x+l x 1)

6x +x-1 A B C:
Cach 1: Ta co AL
ac (x+1](x 1) x +x+1+x—]

= 62" +x—1=A(x" — 1)+ Bx(x 1) + Cx(x +1)




Chirth phuc Nguyén ham - Tich phén tiz A dén Z :

3 5
. = 2
L= ;+xi1 ledx 2ln|x|+ Injx+1/+2 Sinfx— 1]+C.

62’ +x— 2(3x" —1)+(x—1)+1
Ca'chz‘:fz:jﬂt—xzdx:f (82" — 1)+ (x—1)+ %

x(x* 1) X —x
A3x —1)dx x—1)dx dx
=2J{ x“’-x) +f(x3—)x +fx3—x-
= 3 —x +3x—7 g —3x+7|, 32
Cl= [ X0 TPrad dx= [|3x 3+7(I - z)dx- ——3x+]

8x* —3x+7 _J" 822 =3x+7
x(x— 1)(x+2]

8x° —3x 47 _i B ” C
x(x—l)[x+2)_x =1 x+2

Ta c6
=8x* —3x+7 = A(x—1)(x +2)+ Bx(x +2)+ Cx(x—1)

7
8=A+B+C A==g

&1-3=A+2B-C&1B=4
7=-2A 15

Cf
2

7 15
2. 4 7 15
1:! %+ﬁ+$ dx=_51n|x|+4]n!x-=1[+42~Ln[x+-2|+C.

Vay I, =-3—’2‘——3x——m1x1+41n(x 1)+-1n(x+2) +C.




) Mega book  Chuyén Gia Sdch Luyén Thi

b. TH2: Q(x] =0 co hai nghiém (mét nghiém dan, mét nghiém kép)
Khi d6 ta ¢6 Q(x)=ax* +bx’ +.::1c+c:i=1:1(Jc—xl)(x—:¢:2}2 :

Dé dong nhit thic, ta phai phén tich theo quy tic

P(x) P(x) A Bx+C

- = -
Q(x) a(x—x)(x— xz)z x-x  (x— xajz
Déng nhit hé sd hai vé€ ta dugc A,B,C. Bai todn tré vé dang co ban di
xét dén.

Cha y: Ngoai viéc st dyng d6ng nhdt, ta cling ¢6 thé phan tich ti s6 theo
dao ham cGa miu dé giai.

Tim nguyén ham ciia cc ham 8

x+1) (2x---3]
_ (22 +x+4
[V | _f4_xz[2x—1) dx.
> Loigidi
a. Cdch I: (Ddng nhit 2 v& ).
1 A  Bx+C

Ta co =
xz{x—i-Z) x+2 o

a=1
0=A+B 4

=1=Ar +(Br+C)(x+2) & [0=2B+C e [B=-1.
1=2C .

1 1
I'=fx’(x+2jzf(x-zll-2)+ 4:-:2 é

d 1pdxr_1 1 1
:"fx+2 W2 §?=EMP+#_Emhkix+c'

Cich 2: (St dyng ki thuefat phén tich nhiy ting 14u ta dugc).

11 _13_x2+4x—3x[x+2)+2x+4
(x+2) 2427 4 2 +2x°




Chinh phuc Nguyén ham - Tich p

_1[3pax 3x(x+2)  2x4a | 1(3%44r 3 2
4| 2x* x4 2x? x’+2x=J 4

¥+ x 2
_ dx 3x +4x 3 pdx 1 pdx
:'Il_fxz(erz} 4fx 4297 f

44 P2t 4

=1, =%1nlx3 +2x2|—%1n|xl—%x+c

=lln|x+2|—lln|x|—lx+c-

(x+1)— t—2 o
= dx+1)= | ————=di (vdi t=x+1).
fx+1 [2x+1} 5| (x+1) ft’(zt—5]
Ciéch 1:(Péng nhit hai vé).
Tace_t=2 _At+B C
£(2t-5 £ 2%-5 .
0=2A+C ez
= t—2=(At+B)(2~5)+CF & {1=2B-54 & {B=2
5
—2=-5B 5
Cmi
25
Sogn B B
_(t=2 ol =5,
Iz_fﬁ(zz-t;)dt_f R
-—f— -f— -_fd(Zf—5}
2t—5
1n|z|——+ Snf2t - 5|+c_—51 ———2’t5-~-— #C
2x-3 2
== e
25 | x+1 5{:'c+1}+




A UL ELLL @  Chuyén Gia Sdch Luyén Thi

Cdch 2: (St dung ki thudt phan tich nhay ting liu ta dugc).
ti=2 1 2
(2t —5) t(2t—5) #(2t-5)

1(2t-5)-2¢ 4 (6:2 _ lﬂt] —3t{2t-5)- %[2: -5)

"5 t[2f—5) 25 r’(zr-S]
_ 1 2 ) 4 6f—lﬂt_§_i
T 5|t 2t-5) 2528857 ¢ ¢
dt d(2t - 5 6:2—1m dt 2 pdt
sf 5 2r 5 25f ?+§ft_*
7 pdt R ,__
b e ]_n|2t 5 In|2£ 51| +C
e 2t 5
_EI '5 2f 5 ° 25f 2t’ 5&2 f

A L SN PP T R POCORpe )
—25_[ : +51n|2t 5 251n|2t 5¢] =+C

J2e-5]_2

=1 = ——In|t|+—~1n]2t 5[——+C—25 = gt
Thay ¢ = x+1,taduge ; _ 1, [2%x=3]__ 2 .
* 225 | x4 5u+ﬂ+c

c. Cdch 1: (Péng nhét hai vé).
2xt 4 x +4 Ax+B

T
ac6 x*(2x— 1) x +2x—1

1=—A+2B&{B=—4.
4=—B C=20

22 +x+4 —-9x-4 20
b= fx{Zx 1) :r_f[ x* +,2x—1]dx
d.
__9f__4fx 2;r 1

=—mﬂq+5440mpx—q+c.
X

=2x" + x+4=(Ax+B)(2x 1)+ &

2=2A+4C IA=—9

162
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L2 +x+4 2 1 4

#(2x-1) 22-1 x(2x-1) ¥ 2 (2x-1)
2 (2x-1)-2¢  (6x* -2x)—62 +(2x-1)
261 x[:2x—1] - x [2x——1)

2 1, 2  ,6x-2x 24 4
T2xr-1 x 2x—1 28 -x 22-1 ¥

2
=‘"Is=f146x_2x+28 4

x 2(2x-1) 20-1 £

=—In|y| - 4In[2x* — | + 14|22 - 1| + §+c

=—-9Ln!x|+101n|2x—ll+%+c-
¢. TH3: Q(x)=0 c6 mdt nghiém don
Khi d6 ta c6 Q(x)=ax® +bx* +ex+d=(x— )(mx +ﬂx+p)
Trong 46 mx® +nx+p=0 vo nghiém.
Pé d6ng nhit dugc, ta phai phan tich theo quy tic
P(x) P(x) A Bx+C
= = + .
Q(x) (x—xl)(mxz+ﬂx+p) x—x, mx+nx+p

Déng nhét hé s§ hai vé ta dugc A, B,C. Bai todn trd vé cdc dang co ban da
xét dén.

Chii y:

= la‘.l_'t:t-an[E] +C.
u a

« Ngoai viéc sif dung déng nhit, ta c6 thé phin tich tit s6 theo dao ham cua
mau dé giai.

Tim nguyén ham cia cdc ham s&

d . 2x+3
L=l = A

ﬁ I.ﬂ.l:lﬂ'u Hﬂ.‘l '.'.ﬂ.ﬂt‘F‘“ﬁ Llf
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. Chuyén Gia Sdch Luyén Thi

Loi gidi
a. Cdch 1:(Déng nhit hai vé)
1 A Bx+C

x(xz—i-]} Tx P+l

0=A+B [A=1
>1=A(r +1)+(Bx+C)x & {0=C & {B=-1
1=A C=0

d s
e omad [5+x=_i1]“"
_f +fx2+l

Cich 2:(Sik dung ki thuit phan tich nhay ting lu ta dugc).
1 _(x1+])—x2_1 x
x(x* +1) B x(x* +1) Tx 2+l
g:f%mffilh=mﬁ—§ﬁf+ﬂ+o
b. Céch 1:(DPéng nhit hai vé).
2543 A |, Bx+C

infet+1) 4

=——+
(x—l)(fﬁ—é} x=1 x*+4 A:l
0=A+B 5
= 2x+3=A(x' +4)+(Bx+C)(x-1) & {2=B—C @-B~€§
3=4A—C i
T
5
‘f 2x+3' s34 1p-3x+7
N +4) 5V x-1"5) ¥ 44

= Sai hét phin sau.




= %qu—q'— %ln[xz +4) +%%drctan[%} +C

——-ln[x 1| ln(x +4]+I%arctan ;]+C-

Cdch 2: (St dung ki thuat phén tich nhdy ting l4u ta dugc).

2x+3 2(x—1]+3
[x—l)[xz +4] (x_I)l(x—lf +2{x—1]+5]

Ta cbd

243 2 3

- G +zt+5}_ I +2r+5+:(t’ +2£+5) ey

3 1 (38 +41)-3(¢* +2t+5)+ 2t

* t[t2+2t+5]_ 5 t(t"+2t+5)

1 3t+4 3 2 1

5 +2t+5 5t 5 42t+5
> 3

+

P 4L2+5 f(t2+2£-+-5)

suy ra

1 3*+4 3 2 1 2

. ._.—+_.—
5P 4245 5t 5 #4245 £+2t+5

1 3 44t 3 8 1

"5 P+2645 5t 541245

2x+3 _ 2t+3
_f _ft(t1+zz+5]dt

x1x+4

1 38 44t 3 8 1

5P L2845 Bf 5P 4+284+5

:__Jn19+2t +5[ —-ln|t|———a retan t;l]+c_
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"j Bai tap ban doc 1y gidi

Dang 1: Phuong trinh bac 3 c6 ba nghiém phan biét

_[_dx - [ 2x+1
2 Il_fx(xz—l)' 25 f(x+l)(xz—9)dx
_ P 4x+1 _ 5x+2
» Ia_f(x+2)(x’+4x+3}dx' oL f(1+x)[4—x=}

- x+1
5) fs—f—n—x(xz_4}dx

r Dang 2: Phuang trinh bic 3 ¢6 hai nghiém
(mét nghiém don, mét nghiém kép)

¥—1 x2+3
= Sk R L=[—%22 4
Nb= a2 8 f(x+2)zl:2x—l)x
22 +1 4x+1
foom oot 2 O x2S
9 % fx(x2+2x+l) <) 10y I(h—l)(x+1)? '
— 4—x ) x+5
1 I, fzf(s—zx)dx' ; 12) u:fmdx.

Dang 3: Phuong trinh bdc 3 c6 mét nghiém (nghiém boi ba)

2—x 3x—2
13) Iﬁ:jm‘h- 14) fu=f(2:+1]3dx
(32 +2x) 4
15) I, = dx. 16) I, = ——4d
) f(4.r+3]° * ) f(x+2]3 “

2
g —4
17) i’u=f(x3 L 18) 1=a=f(—i—:l—),dx.




Chinh phue Nguyén hivm - Tich phin tic A dén Z

Dang 4: Phuong trinh béc 3 c6 mot nghiém dan

2x+5 3x+4
19) 119=fmdx' W) b= [
2x _—2+1
21) le sf__f_]_ldx' 22] Igz :f[;-l-S)xdx
x+2 4x" -3
=f—"—dx = e
23) I f[2f+3)(x~1) . 24)1, f(3x2+1](1_2x)dx_

WA BAITAP AP DUNG

Dang 1: fﬁa:_jrb:%h‘l“"’bhc

Tinh tich phan
1 0
dx dx
= . b) I=
B -£3x+1 ) fl 3x
1 2 5
:J'- 1 3 ]dx. d}l—fx +3x3—2;'( +5x_1dx.
4 2x+1 4-2x 4 X
1 _ ) 1 [ A
e)I:If_ﬁ*‘_zx_ldx‘ J"Zx 32 +4x-1,
0 x—2 24 1-2x
Loi gidi
a) -'—].nHBx—i—l“L ~(ln4-In1)= ";‘*
b) I=—Linf1-3 =-1(in1-Ing)=2%.
3 4 3

1
o 1=(Linfpx +1]+ 2nfe-24) =|2im3+3mm2 —[1m1+§1n4
2 2 T2 2 gy
1 3.1
=L+ 3ml
2 T

2 3 2 2z
d) f=f[x“+3x-2+§—l2]dx=[%-+%c——21+5h1x+%]
1

1

1
2

13

8
=|=4+6—-4+5n2+— 2 _245Inl+1|=—+5In2.
[3+ + [3+ ] =

. HaRVER HAM i mi.h'f-l-'i'iwﬁ_i:{s_ﬂ.'
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sl _xﬂ;;Jax:r;—%i-w—ﬂJJ;

1]

=[§-%—hﬂ]—(—

012}

-1

calfpaS

» Tinh tich phan

dx
J I=f"x+—um-

x—H ?_x+3

¥ x+2 I-II
I 15 f x+1]x+2

1]

=(in}x+1]~Inje+ 2] =In

b) I_'__%j.{x-lrl}%-{?x—x}

- NGUVER KM - VicH PHEN CACLOAI AR 5

2 2(-2x+1)

A (x-i—l)(S-—x)

=B+ i+ =1

1

1
=I[L__1._]dx
o lx+1l x42

1
x+1
x+ 2],

2 1 4
mE-In—=In=.
3 Iny=lng

10 1 1
dye==f|l— 4|4
* 4f[3—x+x+1J ¥

In3

x+1
i

1[1111 S ]
4 3




Chinh phutc Nguyén ham - Tich p

c}1=j(2:;+3).—2.(x+1)dx:j[ 1 2 ]dx

¢ (x+1)(2x+3) flx+1 2x+43
=(ln|x+1|—]n]2:r+3|)E=ln s+l _ 2 1 _im®
2¢+3),” 5 3 5
dr 1 p(x+3)( 1p 1§
oI f(x+3)(x_4)‘7[ Gl ?[J—cgfmJ“"
= —;(lnlx 4|~ (infx+3]),
L lx=4f _1, 9
=—Inl— =— e N
7 |x+3|, 7 16
1 dx r 1 5 (2x—1)-2(x-2)
e) I= dx
_lz(x_z,[x__] a3
2
1% 1 1 0
_3f1[f Srip 1] 3(m[x—2|—m§2x—1|jﬂ_]
:llnx_—2| _Ling ooy 102
3 |x-1, 3 3
r dx 7 dx 1 %3(x+1)+(1-3%)
j:_s(xﬂ)[xu%] «[(r%—i](l—Sx) 4[ (x+1)(1-3x)

:lj'[ g, ]dx:i(—ln|1—3x|+h1|x+l|)ﬁ

aJ (1732 "k 41

1 1T 1f..3 1, 3
=~ ZET 2 ntf=—ins.
4 |1-3x| 45 145

¢ Tinh tich phin

a) I=j-;—“:.
1
1

by I= [ =

[] 3x+]

gernon BRI 169
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o

dx

e I= | —m——.
) f—16x2+8-x—1

-1

v
5
&

a3,
==
=

. dx 1 1 [ (1 1)1
b' I= = —=, = | | =
) J:(?ax+1)2 3'(ax+1)), 12 3] 4
oA b @ e 1.1
C) I= = —_ _-_ __+4_]:,_-_~
“£[l—2x) j:(Zx—l) 22x—1|_1 2 6
Wraf oo 1L L (L
L(ax-1f 8-, 3'12) 4
o dx S oax 1 1 [ 1.1
e} I=- — i = — =t —=
»_’:mfus”l -.[{4::—1) 4'4x -1, PR
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Chuang lll

TICH PHANHAMVO TY

ﬁ HAM SO TIM NGUYEN HAM

Dang 1: I=J‘x\.l'“ux+bdx

Dang 2: 1—f ¥ Jax* + bdx

(v(n 0(]{42)

Dang 3: I=fx’“v'ux" +bdx

Dang 4: I= J‘xza Yax® + bdx

Dang5: I= [x~igfar" +1) dx

Dang6: = fxnﬂ'\in:éz + bdx

Dang7: I = [Vx* +a'dx

Dang 8: [= fu‘x’ —atdx

| Dang9: 1= [Va® —x%dx

dx
D:_mglﬂ:l’=fﬁ

; dx
Ddllgll: I:‘I‘-sz—_g;

dx
Dgng12:1=fm

= dx
D131 [

mx-+n

T

dx

B
Dang 15: 1= | =55 —

dx
Jax +bx+c

Dang 16: I=f(x_k]

dx

. =
Dang 17- ‘r(px+q}\jﬂz+bx+c

Dang 18:
=l

mx+n
(px+4) Jaxz +hx+c

dx

= —
Dang 19: f[ax‘ +bjm

dx

g Jo
Dang 20: (af +b)dcx* +d

ks
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‘ mE+ 1 o P(x)
Dang2l: I= f(ax —i—b)J— Deng 22: I_f ax+b+cdx
_ o(x) r—
Dang23: I= f Tjea Dang24: 1= f
Dang2s: 1= [—% Deng 26: I*fmxﬂdx
' x(l—r’%ﬁ’;}rr | et
Dang27: 1= [ DR el
- G |Pwen i=f e
Dang 29: 1=f ﬁ:g PR T
Dang 31: I=I = Dang32 sz =
2 'i(x+a)(x+f?] : {[[:ax+b)*(cx+d}h_*
i dx dx
Dang33: I= $d=
ang fvfﬂ“,bwfﬂﬂc J fJax+b+Jax+c
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g PHUONG PHA;’

Dang1: 1= fx%‘;'ax + bdx !

b = dx =nt"dt,

Phliﬁngphép:{)itt=y‘"a:x+b=>t":ax+b:-x:t ;
t"—b n

= == " _b\Pdt

I nf[ - ]tt dt af(r )

e E Im _ " — 2" Intl bn 41 C
_af(t bt )dt rznﬂ}t —a(rﬂ—l)j +C.

Vi du: Tim nguyén ham I = fx_elg,x —%dx.

1
1 1 i
Lo gidis Dt ¢ = {f3x— =16 =3x— S x——3 2 o dx=6%dt

2 5 sl 1
1= 6f Hdt = 2ft [z 2]d£
rﬁ t13 f?
= R dt=2 C.
2l = G+ )

‘ -
g Bai 13p ap dung

¥ Tim nguyén ham cic ham sé sau déy

a.I:fx%'?—l-—ldx=3[-t;——%]+C;t=%fx_H

b.r:fx‘ ~x+2dx=—4[§—2%]+-’:;f=m.

ol=|x -—3x+1dxv—§l%—i]+€t—m.
+C;t=m.

d. I_fn"Sx dx——{15+48

elu-f Wo7x+3 -

21 11

11
‘——3*—]+C t=9"7x+3.
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Dang2: 1= [x*\Jar* +bdx (véi 0<k<2)

- du=dx
Loi giai: Pt {

dv = x\x* —1dx L zf(x —1)=d(x ~1)=

gy B
=:-%.I=%x(x’ —1]g +%f\!12 —1dx

4 1 /.5 3o 1fxxr -1 1 ] P
Zi== P | T S ol b N
3 I 3x(x ) +3 2 —f—2 Injx++x I’ +C

=dx

2xdx
—afy? did =
;:J‘\Ixz—&dx}{:v_ - a#:}’ “ 2l —g

=X

Vi du: Tim nguyén ham J=f:cz\4'x2 .dx:fx.x x* —1dx.

e -ap

ﬁf _Ln[x+\/;:|

2

= [=xalx" =g - ﬁdx X x V' —ady4a S
f J—a f fwa'x*—a
( ) i
X' —a T
Jx+u';r —-a‘#du— dy= xz_a.dx:. ax
x+vxt —a x+yxt—a Ve —a

2] =xax? —a+a.f =% L3 —a+ In‘x+ ¥ —al+C
J:r —a 2

&3] Bai 130 4o dung
> Tim nguyén ham cic him s6 sau day

a
a. I=fx~.,f2x+3a‘x:;\§if=%x.[2x + 3)E —fJ2x+3dx‘
4 1 |
b. J=fx2 3x? +1dx=>-§1=§x(3x2+1}2 -§f\,i3x1+1dx.

- NGEN AN Tiey PN CAC OAL AN SO




Chinh phic Nguyén ham - Tich pha

3
c 1=f::c2 —x +5dx=>-§1=—%x,(uxz +5)i +§f —x? +5.dx.
5 2 314
d. I:fx. -3x+7dx=:-31=—§x.(‘3x +7)?i +?f~.}—3x+7u:x.

. 3
e, I:J x~Jdx +1dx ::-%i‘:%x(-lx-i-l)? —%f 4x +1dx.

Dang3: I= [ xVax' +bdx
2 f—
Phuong phap: Bat t=Jax* +h=> P =axt+b= 2 =0 = b
Skt dr=Zar e =2,
a ak

2t 2 2
I= |t di== [ Pdt=-—+ 4 C.
f ak akf 3ak

Vi dy: Tim nguyén ham T= [x*V-2° +3dx.

2
Loji gidi: Djt f=v—22° +3 =1 =—2%° +3:,f=3_§L

= 5x'dy = —tdt = x'dx = —%dh

_ 1 _lpra, P
I-f{—gt.]t.df——gft dt=——-+C.

"%; Bai tap 4p dung

5  Tim nguyén ham cdc ham s6 sau déy
3
a. I=fx1 % -I-]dx=%+c;t=ql'x3 +1.

b. 1= [x! 3x542dx=%+c;r=m.
c.1=fxﬁmm=%+c;r=m.

d-1=fx3sz’—de=;—l+C;t=JH°—-H—
e 1= [ B adr=tr Cit= 12

15
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Dang4: 1= f 7 Jax® + bdx

2
Phuong phip:Dit = vax* +b =" =ar* +b=x" = E=t

a
:kx*‘ldx—z dt = xdx= ——dt

I= [ o +batx = f—bt-zid:

2 fre g 2(F by

== [P -b)Pat=—|~-2¢4C.
Gl -ira=Z]

Vidu: Tim nguyén bam 1= [ 'y-2x* + 3dx.
Lot giai: Dat #=y—2x' +3 =12 =22 43

= ! =i—2L=>4.t3dx —tdt = X’dx = —f?‘

I'= fx‘ J=2x' 4 3.x i .t.[— :i-}d!

=_%I(3F—t‘)dx=—%[t3—§ +C:
!

&) vai 0 10 0ung

»  Tim nguyén ham cic him & sau dy

5

3
al=[x x2+1dx=35~—‘—+c.

bl fx NEYE -2dx=—[ +2i +C.

5 3
3
1= [2"x* —adx= [ 4*J+c.
3
1{# ¢
d. /= 298 L lde=—tE L
fx +1dx 65 3 +C.

e. Iz:f 19 |||x10+ d.r [___

G AR TIoH BN EORF A



Chirth phuc Nguyén hium - Tich phdn tix A dén Z

Dang 5:I:fx"'1.£d(ax“ +b)kdx
k
Phuiong phép: I=% [{a +b)7 afa +5)=1

Vi dy: Tim nguyén ham I= [ 3~ + 1) dx.

S 3 5
L&igiéj:f:—lf -—x3+])§d(—x3+l)=—%( 1;1]5+
5

5 ( x’+1) el

w Bai 1ap 4p dung

¥  Tim nguyén ham cic ham sd sau diy

a.I= [} (x —]]3 +C.
b-1=fx2,5ﬂ (~2+* +3 dx=—%{—2r3+3}%+c.
3 R s 7 i lE
—f 1,7ﬂx+1 n§x+17+c‘
dI= f 43/ -3 +2 = (-3 +2 .
el—= f 5:{ = dx 2[x —2) T

Dang 6: :fx““.dﬁxz + bdx
2 —

Phuong phap: Dit t =ax’ +b = ¢ =ax’ + b= x* =¥ = xdx = tdi .

I= [ xa’ +bdx=;1f f (£ —b)i #di -

Vi dy: Tim nguyén ham [ = x*y—2x* + 3dx.

Lo gidisDat t =22 43 P =—202 +3 =2 = 3_2

I= fx‘x«i—2x +3dx——f 4 Fdt

2
s = —tdt

e T e T T
'.n(. HGUYEN HAM - FICH PHAN cir:_r.o.ylﬂu_sﬂ";‘:-a?

i
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»  Tim nguyén ham cic ham s6 sau day

a 1= [2\d +1dx= [(F -1).fdse=\ +1.

b. 1=fx5m;ix=éf(:’+2)2t2dt;t=m‘
o I=[22 —adx= [(F +4) Payr=Jr" -4

d. 1= [£ 27 +1dx=%f(r=—1]‘:2dz;z=m.
e 1= [z :‘2+2dx:f(t2—2)5 Pdtt=x* +2.

Dang7: ! =f1;'3c2 +atdx

x

s ) 2 du= dx
Phuiong phip 1: Dit |%~ : ™ J2id
U=4dx
=X

I=xy+a* - dx=xx* +4° fx Te

f\l'x +a val+at

= x|t +d —fsz—rala'x—f—azf

dx
Vi +at
=xyx* +a° +azln}x+ 2t +at

=2l =xyx* +4a° +azf

wxt+at

dx
f'xz + &

I
I= 5 +~Z—.!n‘x+ x* +4a*|;Do u=1-n[1+vxz—ﬂ‘
(x-i— xz—f-az)' 1+ ||'::c 3 dx
edu= dx= B
x 2 x4V +a Ve +d

x + 2 +at

d
f ,—xziaz =fdu:u=r--ln
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Phuong phdp 2: Pat x =atant;t& IO;%]_:dx =a(1+tan’t)dt =

szmzz Ja (1+ tan?® £t = ?

_ [ cost cost
Bael= fcos t fcos !Jt_f 1 sjnit)z-di

u=sint < du=costdt

g = 7

(u-1) [a+1] f{ﬁ_m

__fl {H+1 (u—lf{u-]-l}}du

e . T %
4 (u-1) (uﬂz utl u-1

ol R 4 P L A W A L
J1'_4'[ u+l u— 1+}.nku+11 ]nlu 1|]+C [ u+1 u—l+lnu—lU+C

Vi dy: Tim nguyén ham 1= [x" +1dx.

7 dt
Lo gidi: Pat x=tanf;i €|0;— |, dx=(1-+tan’ t}dt =
glal: Dat ] { ] P
oty 1 1 |sinx+1
1+ tdt = =1 - +In +C
f f 4[ sinx+1 sinx—1  |sinx—1
LA
el Bai tap an dung
» Tim nguyén ham cic him sd sau day
a. I:fq;‘:cz+4dx=i.\fxl+4+2.lnix+\fxz+4{+C=4f "’3 B

b.r= [ +9ar=2 e 49 4 2inle+ i + 9|+C= 9] —x=tant.
X
c.mf ' +-15.dx=5. xz+25+?.kx|x+u'x1+25‘+c=25,fmss

sx = tant
t




VLU ELLU I Chuyén Gia Sdch Luyén Thi

Dang 8: I=f1.':c:t —a*dx
Phuong phap 1: Bat x—ﬁ te RMEE

oszt

dt .

™
o2l

smf vldt— f sint Jl cos®

cos t cos’ cos® t
, psin’t 2 f1—cost 2[

=a di=a dit =a =
fcm“t f cos’ fcos! f

Dén day ta xem dang Dang 7: [ =

}M_

Phuong phdp 2: Dt t=x+x" —a* =t —x=-x' -7
2 a 2
NI I

(= -T2 i - i el i i 9

2f

Phuong phap 3: Dt ”=“'x1_ﬂ2:;_ d“‘:—“—dx_
dv=dx o

dxn[x— fxz a +a

2
I=xda® —d® — -
f\fxz- Ve -2

—xl -2 - [P —Pdx—a [
e
= 2] = xx? — 4 —af —x\.l'x —a —a ]n‘x-i- 2 —a
Iz%—%.hﬂx—kdf—azl;Dou=h1}x+~q"xz-a2

180
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Chinh phiwc Nguwyén ham -

X

peVF-d) Mg

dx

dx= dx=

e du=
x+xt - x ¥ —a

f&f_lazzfdu:u=lnlx+ X —a

Vidy: Tim nguyén ham ] = f Jx? —1dx.

T
0;—|U
2]

ve a3 1
Loi giai: Dat x=——:t¢€
cost

:rr;E],dx _ sintdf

J -2

cos’

smt sint 1—cos®
’ —]
cos ¢ f cos’t\ cos’t
1-— cost dt dt
_-f cos®t fcosgt_foosr

- = e S

(l—sm t}

Pit u=sint < du=cost.di

du
#jzf[l—:f:]z:f(u—) u+1) __j[u 1

1 1 1 2
= | |— - .
/ J‘[ﬂ_l]‘Jr(uH)z (n-1u+1) g

f 1 1
== ———Hu
u+1 u+1 u-1

}:1,{——3—— +Infu+1-Inju-1)|+C
4| u+l u-1

=%

cos t.df cost.dt
K= = = =
J‘cost cos® t J‘1-—sirL t

e e

sint=1 sinf+1

Jﬂ;‘m i'
cos’ ¢

u+1

1[_L_L+mu+1

u+l u-1 w—1

t+1|—In|sint + 1|}

+C
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#  Tim nguyén hiam cic ham sd sau diy

% I=f\/x2——4dx=4[foos i fcosf]

b.l= [Jx¥*—25dx =25

f ) [ cost |’
dt dt

el= fJx — 36dx = 36 e}
cost cost

‘ Dang9: I =fv'a" —x'dx
i Phuong phap: Pétx =asin{;t €

| I=af1faz(1—si.n2 t]oostdt:azfcosatdt

14 cos2t & .
—a* | " df=—t+—sin2t+C-
‘ f 2 2 4 oK

Vi dy: Tim nguyén ham sz‘h ~x*dx.

Losi gidi: Dat X =sint;t €

!
L

—E;El;dx = costdt

i 1= fd zcostdt—fcos tdt = f”mszt

2

—-"“5;-1£ ;dx =acosidt .
22

" Bai tap 4p dung

#  Tum nguyén ham cdc ham s sau diy

a. I=f~."4—x2dx=2t+sin2t+{'.'.

9 951112{
4

b.I= f9xd +C.

c.I=f\(4—x2dx=2f+sin2£+C.
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- dx
!)arlg 10: I_fm

4
Phuong phap: Dét t=x+ xz+a22rdt={1+ z ]dx= dx
ding? ‘;Px Jx_z—i—az JIZ—HIZ
== !
t ' +a
I=f%=]n]£|+c=ln‘x+u'x2+az +C

dx

Vi du: Tim nguyén ham = .
' f sz +a
Lai giai:

dtz dx

pit f=x+ v +1=dt=

X i
1+ dx= dx=
V2 +1] 2 +1 b ¥ +1

I= d—:=1n|t|+C=1n‘x+Jx’ +1\+C.

L

*.
,J Bai tép ap dung
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x+sz+64‘+C-

dx
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f\lx2+16
dx

( Dang11: 1= | L
¥ -d
a by 3 asint
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cos’t _ B ]

A,



Dang11: I:f

dx

a T I asinf
Phui ip L Piatx=——te|0;—|U|m—|dx= dt
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sint sint dt
I=g g dt = di= | —.
fcoszt\lal[-—l——l] fcoszf\/l_mszt fcosr
) 2
cos™ cos
Phuong phap 2:
Pit t=x 4V @ = di =14 ——2 ]dx: t dx
N N
:;,E_ dx
I
I=f£=in|:[+c==mlx+ X —a|+C-
i
Vidu: Tim nguyén ham I=f & .
Vr -1
i 1 Ly sint
Loi giai: Pit x=——;f |0~ dx = dt
glar: pPat x o 2} ] p—
I=af — L g[S04t
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cos"t ] cos’t
cos” £ cos”
K= f - mﬁdt:f Q6! jh;u=sint 4 du=costd!
cost Y cos?t 1—sin’#
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—1 1 1 1, lu+l
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f,i' 1 i + cusf 2 J|sint-1 R t
. f~f —]n‘x+~}x —16 ‘+c gl 4
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Bang 12 I:f

dx
Jat —x*

Phlmng frhép: Dt x=asinf;t e‘—g;% ;dx = acosidt .

acost

dt= [dt=t+C=arcsin>+C (v6i a>0),
,|| 1 smf a

Vi du: Tim nguyén hém P f L

V1—22 I

—I;E sdx = costdt
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Lo gidi: Piat x=sint;fe

1= [ il dt:fdf=t+C=axcsh1x+C.

y1—sin?
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C I=
f\JZS "

= arcsm— +C.
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Dang13: I=
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+THI1: a>0.

sz—"“‘dx—zﬁf dx

m]x +XE A

4¢°
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*THM:IJME
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dx

+ TH2: [Jax

mx+n

wl T wl T

dx
Vi dy 1: Tinh tich phén I = | =—————=.
o P ‘_[\J'xz-—Zx-kS
Loi gidi: Dat t=x—1+ v’ — 2x+5=>dt—[1+ .

_ ¥ —=2x4+5+x—1 t
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x=1=f=2
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M= f T“h‘|’||z.5. _h‘[( ]

Khi

thete \/pz—-(mx+n)2
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Fbxtc J(mx+n]2+k Lo J(mx+n]2+k

—-——-——-—-dx
Vi’ —2x+5
d_t= dx
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2
Vi dy 2: Tinh tich phan I = f
. 0

T
e

Pt x—1=+2sint;t € z;d.I:ﬁcostdt.

P, WO .
Khi
w
x=0=t=——
4
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2

H : g e s
1=J§_fl‘f2(:°§£ dt=\f§:£ o =fdt=£1f%=
4 a4

—sin?t J2cos?t Y.
4

.
,j Bai {ap ap dung

»  Tim nguyén ham cdc ham s6 sau day

2 ,—w '
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1
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1 !
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f\f?)—f-éx—x’




188

..):)' M-ega book @  Chuyén Gia Séch Luyén Thi

mx+n
g% szv'ax +bx+c

(291+b}+ﬂ— il

Phuong phép: [ = f 2a 22 gy

-Jaf +bx+c

_m 2
J#;de-k
=£fw+[“'1]f—"—
227 ol 4bx+c 2a }* Jax* +bx+c
m mb dx
= VX +bx+c+[n—g]fm—b~x—:-
2x+3

V2 +x+1

7 e

Vidw: Tim nguyén ham /= f

2x+1 +2 2x+1 dx
Loigidi: I= = dx+2
L f\fx +x+1 f\"x +x+1 f\ﬁx2+x+
f x +x+1

=2 1+2
Jx2+x+1 fsfx +x+1 FraeLE ‘f\_.fx Fr+1
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dx dx
¢ I=[—28 _dy=dfr?2x434af—2
f\fx2—2x+3 * o f\}'xz—2x+3
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dx

g P (x)
Ot~ s

Phuiong phap: St dung ddng nhat thic.

» P(x)
I= [—22l _dx=Q_ (xWar* +bx+c+R
j\-‘ax’*+bx+c >R e f

Vi dy: Tim nguyén ham = f

_dx
. Vaxt +bx+4c
¥ 4+2x  +3x+4

VA2 +2x42

dx .

Lo giai:
szxs +2x2+31+4dx___(ma+bx+c) #I2+2x+-2-+Rf dx

Jai 42242 ¥ +2x 42|

3 z
Pao ham hai vé ta duge X +2X +3x+d

Nt 2x 42

1 1
:(ZH_,.;;)JIZ+2x+2+(ax2+bx+c}sz_izx+2*R [ t2x+2

= x* 420 + 3x +4=(2ax +b)(x? +2x+2)+ (ax* +ba+c)(x+1)+R

1 1 7 5
: = tope ety Rt
Déng nhithésGtacd a i 5

2
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Nt 4+ 2x 42

=[%Jc2 +-é—:c+%] L -i=2x—i—2—1—§]n!x-+-l+\n'x2 +2x+4214C.
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Dang16: 1= |
1 d
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2
Py o TRV
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k
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| Loi giai:
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C.I]= = .
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Dang 17: I:f
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—dt
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2

p ple 1
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b= fo
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=_f L ;
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_m dx
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dx
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Dang19: I= 'rm

Phuong phép:
Datxt=\1l'cx’+d:-xzt2=cx’+d=>x“=t2i=>xdx= - Sdt
—d_, ‘ (£ -¢)
. F
o _dx_xax_ (P _dt
s == 7T a_z
Cx2+d J.‘I xt = ¢ - —c
#-c
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Loi giai:
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1
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(x* +1)y22 -1

2
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JP( 24 +3)J4x +1 f 2P +14'

G f ,/5;3 :f9tz+43'

mx+n

2x+1 &
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gt f (x +2)J3x +4dx+f(x2+2)43x2+4'

Vidw Tim nguyén ham I=f
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3x+7
a, I= dx
f —4x* 41 sz +9

dx
=3 4"__51 &
f (-—4xz+1)11'2x"+9 " f (—4x? +1)~sz+9

=) ——————dx=-2 dx
’ 'r 4x +3 v'3x +11 f 4x +3 \.|'3x2+11
11x +17

c1=f (182 +2)7? +9dx
dx
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P(x)

1= dx
Dang 22: f\/-—+c
Phuong phap: ’
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3x —7 =l
2-6x + 1

JSx J3x Jat -7

dx .

_ pext +12x 15
s e

b. [= J'-Sx +4x+20 , f‘3-(x2+5}+ 2. 2% " 5 \

Jx* 45 J +5 Jx +5 4x? +5‘
—x? x* +8 3.2% g
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2
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Phuong phdp: Bt ¢ =%y = 12 = x = 2ns™dt = dx.
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meI_f)a dt
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ol [1+J_) f (1+12)
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d'rzfx(lﬂf;):éff‘U“)'f_ﬁ;'
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1
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Phuong phdp 1: Dit x= acos(Zt};t € |(};% stach dx= —2asin 2tdt

i ol x+a=a+acos2t=a(l+cos2t)=2acos’ t
a-x=a-—acos2t=a(l— cos2t)=2asin’{

r—f "‘“dx 22 f,f2“c°5f in2tdt = — 2af——-—-s1n2tdt
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2
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tan’u(1+taﬂ1u) i -
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Chirh phuc Nguyén hém - Tich phin tit A dén Z .

Péi cin: x—l}::ri—{)'x—lzrwt=f.
2 6 .

E
:f\ﬂ 2sinty1—sin’ t.cost.di = fu"l 2sint.cost.costdt
0

I

& o3 o —n

{sint —(:oest]2 costdt = (cost —sint).costdt

L-_)crlw

o
z
= (coszf—sintcosf)dt=%_!‘(1+c032t—5in2f}df
:l t+sh‘12t+c052t] J_ l
2 2 2 ), 12 8 8
1 2
f) 1= xdx -
0 22—~-(x-l)

Pit x—1=2sint, vgi t € ,w = cost >0, suy ra dx=2costdt .

() w
Péi ca :x:(}:-}fz__.-;x—_-]:;;t:_-—
01 Can 2 6

4
f (1+2sint) 2cost | J(1-+4sint + 4sin® ¢)at

|
1L

4—(2sint)’

_-:E_}_Eﬁ_dv
2 2 2 -
2

6
=_r 1+4smi+2 2c038£jdt—[3t—4cost—smsr]

2 2
g) I:fx’dtl—xzdx-!-fx: 4—x*dx=A+B.
Tinh A= fx Ja—xdx= [ x4 —xtxdx.

Ditt=vi-x'==4-x =>xdx=—tdt4

Hc..._:N

b




Chuyén Gia Sdch Luyén Thi

Péicin: x=-2=t=0x=2=¢=0.
a

1:f(4—12)’.t=m=0.
0 2

Tinh B:fxzxr‘nl—x‘dx.

Piat x=2sint, vdi t€

T T
—EIE]#COSfZU,suym dx =2costdt .

Dé’ic@n:x=—2=>t=—%;x=2=}»t=

"y

(3]

4sin® fy4 — dsint® 2 cost.dt —16_’.sin2 1 —sin#?.cost.dt

g--..‘ula

™ N|=|
(€]

o

= 16f31112 E.]cos ll.cos tdt =16 f sin® t.cos® t.dt

7 3
% i sin8t :

=4 | sin® 4tdt =2 1 cosSt .dt-?[f— =2x.
Jorr =2l 5 ).
. z

Vay [ =2r.

h}rj[s jwh;x

4

3 37
Tinh A= [ dr=2 [x*dx=
: 2[ 16
2 2
Tinh B= “42‘4" dx
-

Déat x=2sint = dxr =2 cost.dt.

Blicin: x=1=t=




Chinh phuc Nguyén hiun - Tich phén tie A

i) Pt x =2cost = dx =-2sintdt ,

Dﬁc&nr:ﬂ#f=g1x=2ét=&

t

2 sin—
_J" 2
o |:o:-".i
2

el

4sm cos dt j —cos: Z(t—smf)\ =7r—2,

5

Jt_f-———u—fumU+@ﬂ.

1-Vx
T

0;1 ;
zl

1
Tinh K= [2xIn(1+x)dx.
o

Tinh H= f

Pt v'; =cost;te

H=2-ZL.
2




Chuong IV

TICH PHAN HAM LUGNG GIAC

ﬁ HAM 56 TIM NGUYEN HAM

Dang1: 1= [sin(ax+b)dx

Dang 2: 1= [ cos(ax+b)dx

Dang3: | = ftan(ax+ b)dx

Dang 4: I=fcot(ax+b)dx

dx
Dang5: 1= D G:
w6 fa—i—bsinx e fa—frbc&sx
| Dang?7: —
g k= fﬂ+btanx Dang 8: 1= fa—i—bcctx

Dang9: 1= f sin™ xdx

Dang 10: szcosz"xdx

Dang 11: 1=fsin2"“ xdx

Dang 12: I=fcnsz"”xdx

Dang 13: I:ftanuxdx

Dang 14: 1 = f-t:otz’r xdx

Dang 15: I=ftan““xdx

Dang 16: [ = "cmz*” xdx

Dang 17: 1= f—ﬂ;j
ﬂx

Dang 18:

Iifcos’ffx+b)

o dx
Daﬂglg.l_fm

1 dx
PERR = [

PRmEUrir= fsmmxa::b

Dang 22: [ = f mx+n

cos® ax+b

4 R

n-1

Dang23: [= [— X dx
sin

2 (ax" +b]

-1

D{-_ll'lg 24; I=fm

dx

Hale7icH AL Lo iamEs o)




“ Chink p.'i{u? Nguyén hiine- Tich phin teA dén 2

Dﬂng 25: = j‘m

P

Dang 27

I= fsm(ax +b)sin(cx +d)dx

1 Dang 28:
szcos(ax +b)cos(cx +d)dx

Dang 29:

I= fsm(ax +b)cos(cx +d)dx

Dang 30: I = [ tanxtan(x +a)dx

Dang 31:
dx
b)sin(ax + c}

I=f..‘-}in[a:c+

Dang 32:

_If

ax-HJ )cos(ax +c)

Dang34: [= fsin" xcosxdx

Dang 35: | :fcos xsinxdx

Dang 36:
I= fsm ax+b)cos(ax+b)d

Dang 37:
I= fcos" (ax+b)sin{ax + b)dx

Dang38: [ = f sin® xcosz*xdx

Dang39: [ = f sin™ x cos™*! xdx

Zk+1

D@ng 40: I = f sin®™*" xcos™ xdx Déng 41 I = ['sin™ xcos xix |
Dang42: [ = j‘m Dang 43: szpsi_rﬁ’f—:i);"_x
Dang44: [= f pro xdozs”“’x Dang45: 1= f si.n“"'dxxcosz"x
Dang46: [ = fta" % iy Dq,ng47:1=fsc?;::dx

t 2k
Dang 48: [ = f c::hdx

2
Dang 49: I=f:::2xdx




2 §

s, Chuyén Gia Sdach Luyén Thi

Dang 54:

I . = sin” xcosx Dang 53: 7— cos” xsinx
i Demgeel fa+bsinx w8 1 a+bcosx e

I=fa5m2x+b3inxdx Dang 55:

¢+dcosx

I=fasm2:c+bcesxdx

Je+dsinx

Dang 56:

Dang 57:

I= f[msm ax+b]+n] cos(ax+b d:o - f[mcos ax+b)+n] 5m(gx+b}dx\

Dang 58:

D;xng 5%

!=fasin2x+b[si.nx~oosx

sinx —cosx

sinx +cosx 1. f

usm2x+b smx—i—sm:c}—l-c

dx

Dang 60: [= IM@ iDang 61: I = f_wd,

smx cosx+ a]

(sinx +cosx +a)

Dang 62;

- Dang 64:

ju [__8inE .
f\}' cos2x+b

| Dang 63:

Fi cosx dx
fq'aoos2x+b

I= fsmx\l'ams?.x-r- bdx 'Dangé:»:

I=fcosx\iaco52x+bdx

' Dang 66:

I= f sinxy/asin® x + bdx |Dgulg 67;

I= fcosx asin® x + bdx

sin"™" x COsX

"-—:N'lﬂ

- Hanged: I__ 1+sin® x :,'ng,g(}Q: 14 cos™ x
D&_mgm: 1— fwdx | Dang 71: [ il
(sinx + cosx) : (sinx - cosx)
P72 e [ EOMERHCRE g s, o ff (EAIRACORE 5, 4
(J.’Esinx+cosx) | ' (Jgsinx—oosx)
i
Dang 74: 1T=f[:¢z:1:2 +bx+c)sinxa'x f'ngg 75 I:f(ax’ +bx+c}cosxdx
Dang 76: I= f f(sinx)cos xdx Dang77: I= f f{cosx)sin xdx




" Chink phuc Nguyén hém - Tich phédn tir A dén.Z -

o e e R

1
Dang78: 1= [ fltanx)——ds  |Dang79: I= [ f(cotx) ——dx
g . S ST,
Dang 80: L—fasinx+bcosx+c Dang 81: I fazsinx+bzcosx *
Dang 82: Sill(ﬁx+f])
sz- a, sf.nx+blcosx+cl " Dang 83: IZIW
a,sinx+b, cosx+c,
e ‘ |
I
I= i i el Dang 85: 1= [ (ax+b)cos(mx +n)dx
{/[m+ncos(ax+b]] : -
| Dang 86: Dang 87:
_ sin2x . sin2x
I= ndx 1=
f(ﬂsinz:c+bcoszx+-?] f\/ﬂmszx+1’3i‘121+c
cos2x cos” x
= | ————ix IS ik A bioa s
Dang 88: I f(smx—cosx+ﬁ)" Dang 89: 1 fgsmx-q-bcocsx
& In[tan (ax + b)|
Dang%0: I = | ——— RS T
f(asinx+bcossz ‘Dang91 =] sin( 2‘“""21’}
dx
Dang 92: I:vrasinz x+bsinxcosx+ccos’ x+d

Dang 93: [ = I f [sin2 x,C08” X,C08 Zx) sin2xdx

z f(sinx)
Dang94: I=
{ A

snnx)+f(-:osx}

3 dfomx

Dang 95: 1 jo‘f(smx)dx'=-’25{f(mx]dx;x=w—r




3 i 7

sin" x cos" x

ang 97; I= dx= dx =
Dang 97 ‘!‘sin"x+cos"x \-! in"

-

ﬁ PHUONG PHAP

B 1= ['sin(ax +b)dx

Phuong phap: I=%fsin(ax+b}d[ax+b}=—é-oos(ﬂx-}-b)-c-c.
Vi du: Tim nguyén him 1=fsm{x+1}a'x.
Loi gidi: 1= ['sin(x+1)d(x+1) = —cos(x +1)+C.

&
,J Bai 1ap minh hoa
#  Tim nguyén ham cic ham s6 sau day
@ I=fsi::(?.x+3)dx=—%cos(2x+3]+c.

. 1
b. I=fsm(3x+2]dx=—-3-ms(3x+2)+C.

. 1
c. I= [sin(6x—1)dx= —geos(6x—1)+C.

Dang2: I = [ cos(ax+b)dx
Phuang phdp:
I= [ cos(ax+b)dzr=" [ cos(ax + b)d(ax+b) =.sin(ax + b) + C

a a '
Vi du: Tim nguyén ham [ = f cos(5x +2)dx
Lo gidi:
I=fcos{Sx—i—Z)dx=—;—fcos[5x+2)d(5:r+2)=%si.n[5x+2)+c.




L&
5 Bai tap minh hoa

%  Tim nguyén ham cdc ham s san day

a. 1:fcos('?x—2]dx=%sin[9x—2}+{l

b I= [fcos(3x-+5)ds=2sin(3x+5) +C.
1.
¢ 1= [cos(2~7x)dx=—zsin(2-7x)+C.

Dang3: 1= ftan(ax +b)dx

.1 psin{ax+D) d(cos(ax + b))
Fhuiang plop: [=Efms[ax+b :-_f ccs ax—i—b
:«-—J_nloos ax+b)|+C.
Vi du: Tim nguyén ham [ = ftan 2x+1)dx

1 sm(2x+1} 1 cos(2x+1)]
Lon ght: 1= 2cos(2x+1) 2e41)= f cos(2x+1)

= —El_nicos 2x+1)l+-(?- -

Chiith phuc Nguyén hivn - Tich phin bt A dén Z 4

¢
’j Bai tap minh hoa

» Tim nguyén ham cic ham s& sau day

a. 1= [tan(9x—2)dx= —%]n‘cos[E?x -2)+cC.
b. 1= [tan(6x—5)dx= —-Ié-hl]cos(éx +5)+C.

cif= ftan(:s-sx)d.x = %ln|cos(5—6x]! +C

Dang4: I= fcot(ax +b)a’x

Phuadng phap:
cos(, ax+b Smﬁx+b)) 1. 1.
_f ax+b —_fm—fnlsm(ax-}-b)l-}-q




,  Chuyén Gia Sdch Luyén Thi

Vi du: Tim nguyén ham. I = f cot(5x + 3)dx
Lo gidi:
cos( 5x+3 d|sin{5x +3
__f 3)_ f ( ( ))

S
5x+3 sin(5x+3) =glnFsm(5:r+3]‘+C-

&
, Bai tap minh hoa

#  Tim nguyén ham cic ham sd sau day

a. I= [ cot(9x—7)dx= %lnlsin(gx ~7)+C.
b. 1= [ cot(6—2x)dx =~ Infsin(6 - 25 +.C.-

&.lm f cot(2x +2)dx = -il)-m‘sin(zx+2)[+c g

dx
Dang5: 1=
ang J‘.ca+bsimc
Phuigng phap:
idx
| Ji 2cos’ =
I= =
a|sin® +c<:|es2£J+2bsm£cf;>es£ in?Z sin®
[ 2 2 2 4 Z24p—24g
| 00825- oo
2 2
x
d|tan®
" 2 w2
atan?® 4 2btanZ 4o o Thi+a
i 2 2
|
: {(Dang 1_Tich phdn hiiu ty).
| VidyTim ham I=
| g nguyén J.2-f-49..mx
L gidis = dx
- .
i sin® +cos +2.4 =
i [ T

2

10 e




iyén haam - Tich phin HEA

dx
2cos?E d[taﬂ“xz‘] i

_f 2 -
= = i ]

sin?X  sin® s EppemEen A LR

2248 §+2 2 2
2 X
= cos
haal 2

l

*
, Bai tap minh hoa

»  Timnguyén ham cic ham s6 sau ddy

dx dt x
I= = 5i t=tan—).
a. f1+25i.nx jt2+2t+1 kot 2)

dx dat x
b.I= = Vi t=tan=).
f3+2$inx fat’+2t+3 ( 2}

oI= L f at (V('ﬁt——-tan%).

dtsinx Y 48 +t+4
dx
iz e 2 -
Dang 6: fa+bccsx
Phuang phap:
dx
2
- d _ 20058 —
a[sin2£+cos2£]+b[ooszf—s' 23"-] sin? =
B 2 (a_b) 2 ta+b
cost
2

d[tanf]' B dt _ 1 p at
=f 1: _f{ﬂ—b]fz+ﬁ+b_ﬂ—bf£2+ +b
(a—b]tan 2—-+a+b a—b

(Dang 1_Tich phan hitu t§).




Chuyén Gia Sdch Luyén Thi

. dx
Vdptganin =0

dx
Lc‘figiz’ti:Iﬂf . 3 o %
6[sm2-i+cosli]+4{msz E—s‘m’ 5]
2% dteme
of 20T [ 2 _1fdt
— = — 2 i
sin? £ JtartZyag &7 EES
2—2410 2
cos? X
2

5 ,J Bai tan minh hoa

¥ Tim nguyén ham cic ham sd sau day

dx 1 dt x
= =— 5i f=tan—
% f5+3oosx 2ftz+4 (i 2)'

dx dt x
I= = i t=tan—
b. 5+ 4cosx ft2+9 S 2}-
dx 1 dt x
I= =— 41 = iz
C. f?+3m5x 4ft2+§ (vai ¢ tanz).
2
il e
Dang7: 1= a+btanx
Phuong phip 1:

- cosx _ 1 cosx
I_facosx+bsinxdx_-\]a2+bi fsin{x—}-or)dr

Pit u=x+oa=du=dx,

1 fcos(u—a}g 1 j-oosuccsa+5i11usina
Ja +p2 Y sinu Va? 48 sinu

du -




Chinh phirc Nguyén hang - Tich phin tit A

Phuong phip 2:

dw [ A ButC
I:‘r(a+bu}{:1-l-u2)_-‘[_[:H—lm%‘ ul+l]du

A
:F]nlﬂ +bu

Pt u:tant=>du=(]+tan2 t]df.

1+tan®t
fu +1 ftan a:I—I

, . dx
Vidy Timnguyénhdm j— [ = .
f\/g-i-tanx
COSX 1 cosX
i T "y | _dx
higat f-\ﬁcosx+sinx 2‘]‘55_.“[:[_,_1]
3

cosx 1 poosx, . . k. \
.—fSmxdx-l-ﬁfmsxdr_m!smx[-i-ﬁx+c

bit ur:tan::=:-dnt:[1+ta112Jc)ti.ac=(1+;.:z)dx=‘-d:c:d—"Il

1+4u

: .

el
s Bai tdp minh hoa

Tim nguyén ham cic ham s6 sau déy

dx
=
o f3+7tanx

dx

= | —.
b 2+ 5tanx

6+ tanx




Dang&:!:f i

a+beotx
Phuong phap:
i du
bit u=Qotx=>a‘u=—(1+c0t2x]dx=—(l+u2}dx=$dx:—l+uz .
- frH—bu H—u’]

1 _ A Bu+C
Tac‘jfa+bu}(l+u2)_ﬂ+bu 1+4?

A(l+u’)+(su+c){a+ bu) _(A + Bb)u” +(Ba+Cb)u+Ca+ A

(a+bu)(1+w?) (a-+bu)(1+22)
_r
A+Bb=0 @+’
2 1Ba+Ch=0& Bz_sz’
Cap A1 “n+
T
b b e B
Viy = [| @+ a4+ P4
Wi f a+bu 1+u* #
P f du 1 —bu+a
@+ atbu a+b8Y 1+4°
—bu+a
e [
- b 2u __a du
- a2+b=ln]u+bu|+2(az+bz)fl+uz TR 1+u?
o b b 2zl a du
——— h1|a+b‘u|+——( bz)l.t111+u| _—a2+b’f—1+u’

(Dang 1_Tich phan hitu t).




dx

2+cotx |
Loi gidi: |

bt u=cotx=}du=-(1+mt1x}dx=—(1+u2:]dx:}dx=— du

130 i
S f 2+u 1+u f1+u 5fu+2 |

f1+u 10f1+u

= f1+u -i%h1|‘l+uz|+%]n|u+2l.

Vi du: Tim nguyén ham [ = f

u+2

¢
,J Bai tp minh hoa

» Tim nguyén ham cic ham s8 sau diy

(véi u=cotx).

Bl f5+2:otx_ f5+2u 1+u

b.I= = vOi u=cotx).
f6+3mtx f6+3u 1+u el )

c.I= = vdi u=cotx).
f3+4cotx f3+4u 1+u ¢ )

Dang9: I = [ sin xdx

. 1-cos2x| , 1 "
Phutong phép: I=f[a—2——] dxz;f(l—coshj dx.
Vi du: Tim nguyén ham [ = J‘ sin® xdx .

Loi gidi: I= f[l—i'ﬂ] dx=512—f(1—c052:c}2 dx .




JAIVELER T /@ Chuyén Gia Sdch Luyén Thi

&}
al Bai tap minh hoa

#  Tim nguyén ham cdc ham sé sau day

a, I:fsinzxdx=f1_—c;sz—xdx=-;—f(l—c052x)dx-

3
b. I=fsinx“¢x=f[#] dx 2% (1-cos2x) dx.

4
c. I:fsmﬂxdxzf[zig.sﬁ] dx —;Tf(l—cosh)‘a‘x.

‘ Dang 10: I=fcos"‘ xdx
Phuong phap:

1=
‘ Lwﬁr:fm?mzf{#‘ﬁ]"dx

| Vidy:Tim nguyén ham I= f cos® xdx.

1+ cos2x|’ 1 g
—2-] dx=Ff(1+C032x) d:t"

14+ cos2x

1
> dx:Ef(l-Pcost)dx‘

Lo gidi: 1= [

L4
, Bai tap minh hoa

»  Tim nguyén ham cic ham sd sau day

Z
a. [=fcos4xdx=f[1—+c;Lh] dx=zli-f(l+cos2x)zdx-

_ s o 1+cos2x) 1 4
b,l_fcos xdx_f—-z— dx=§f(1+c052x) dx,




Chinh ﬁk{u: Nguyén ham - Tich phin tir A dé,

Dang11: I= [sin®"" xdx
Phuong phap:
I=fsinz"xs‘mxdr=f(‘l—cos”x)ﬂsiludx:—f(l—ui)"du.
Vi du: Tim nguyén ham I—fsin xdx -

Loi giai: I = fsm xsin xdxy = fl cos’ x smxdx —f 1 u

&
’ Bai tap minh hoa

¥ Tim nguyén ham cic ham s6 sau ddy
a. 1= [sin® vixr=— [ (1-1) du.

b. I=fsm7xdx=—f{l-uzjjdu.

Dang 1= J cos™* xdx

Phuiong phap:

1= [ (cos? )" cosxdz = [(1-sin’x)" cosadx= [ (1-u)du.

Vi du: Tim nguyén ham I= [ cos® xdx.

Lo gidi: = | cos’ x.cosxdx = [(1-sin’ x)cosxdx = Jl-w) au.

!
,J Bai tap minh hoa

» Tim nguyén ham cic ham s san day

a. I=fc055xdx=f(l—smzxfcusxdx=f(1—uz)2du.

b.I=fccns7xdx=f(l—sin’x)soosxdx=f{1~—u2]3du.




Chuyén Gia Sich Luyén Thi

Dang13: 1= f tan? xdx

Phudng phap:
tan® x +tan® 2 x — tan®* 2 x —tan®* x
I= dx
f+tan”‘"x+ta.n2Hx—‘..—tan2x+tan2x+1—1
tan?? x(I +tan® x) — tan®*™* x.(1+ tan® x)
= dx
+..,.....-i-(1+tarl2 x)—l
:fltan“‘zx 12 —tanz““x—12—+ ........ + 12 —1|dx
cos® x cos® x cos® x
tan®*?x  tan®™ % x
—— o= i
2k-1 2k=3 i o
Vi du: Tim nguyén ham 1=ftan‘ xdx
Lo gidi: I:f[tan‘x+tan7x—tan2x-1+1)dx
=f[tan’x(1+tan2 x]—(tanzx-H)—i-l}dx
3
:f[tanzx ]2 o +1]dx=t"“ % tanx+x+C.
Cos" X CO8° X 3

"3 Bai tn minh hoa

#  Tim nguyén ham cic him sé sau diy

tan’x tan’x

3 —tanx—x+C.

a. f:ftan“rdx=

7 5 3
b. I:ftanaxd_rztm x_tarl" x+tan JC—tam.x+:r+(?,
7 5 3
E 7 5 3
Cll=ftan1°xdx=tan x tan'x tan’x tanx
9 7 5 3

+tanx—-x+C.




hant - Tick phin tEA ¢

Dang 14: I=fcot2*xdx

Phuong phép:

e f cot™ x + cot™ ? x — cot* 2 x — cot®™ * x + cot™ x + cot™ F x 5
——co x4+ ot x+1-1

= f[cot“‘zx{l + cot? x} — cot™* :vc(l-t-c:o’c2 x)+ ........ + (1 +ootzx) -1]t:b:

~ ~1|dx

sin’ x sin® x sin® x

_f[cot“'zx_mt”“x i 1

- cot?1x  cot*x
T 2k-1  2k-3

Vidu: Tim nguyén ham [ = f cot* xdx.

+.n—cotx—x+C.

Loi gidi: I=f[oot“x+cot1x-—cot“x+1—1]dx

= u”cotz Jc(mt2 x+ 1)— (cot2 x4+ 1) +lldx

sinx sin’x

&
: w Bai tap minh hoa

»  Tim nguyén ham cic ham so sau day

3
=r[mllx. P +1]dx=—m;x+cotx+x+c_

5 3
. I=J‘c0tﬁ'xdx=—mt x+c0t x—cotx—x—i—C‘
5
Px cot'x cot®x cot’x
b. I= [cot®xdx=-2%4 + + —cotx—x+C.
f 9 7 5 3
cot"x cotx cot'x cot’x cot’x
ol I=foot“xdx=—-—+—~—+——-——+—~+—-——
11 9 7 5 3

—cotx—x+C.




Phuong phéap:

Zh—l

Bl

i _tan™x tan

x + tan®

k-2

Dang 15: I:ftan”‘“xdx

tan?! x(l + tan? x:] —tan®*? x{l + tan® r)
+errr+ tanx(1+ tan” x) — tanx

1&3

fim f Fly—tan®™ ' x—tan™ " x + tan
—..—tan’x+tan®x + tanx — tanx

2k-5

x+tan™ " x
dx

tanx

+ o A= —tanx]dx

CO5™ X

| 2% 2k —

. Bé tro:
i cosx

an’
! —f[mszx—tanx]dx=

+ ) x+ln|cosz1+c.

--!n|cosx|+C.

| Vi du: Tim nguyén ham sztansxd:r.

Lai gidi: ['= ftan3x+tanx tanxdx f[tanxtan x+1 tanx]dx

= -I«ancosx|+C-

"’J Bai tap minh hoa

¥ Tim nguyén ham cic ham s6 sau day

a J= :ftﬁn’

b.I=ftm"'xa’x=

c. I:ftan"xdx:

ta.nx

tan® x

4 2 +]n|cosx|+C.
tan®x tan‘x  tan’x

- + injcos 3
= 2 Tt cosx|+C
tan®x tan®x tan"x tan® x

% } 1 3 +in|cosx|+C,



Chinh phyc Nguyén ham - Tich phdn bt A dén Z

Dang16: 1= f cot™ xdx

Phuong phap:

ot x + cot? x — cot™ x — cot™® x + cot?* ° x 4 cot™” x] 5

T'=
—...—cot® x4 cot® x + cot x —cot x

cot™™ {1+ cot” x)—cot™* x(1+ cot® %)
P +cotx(1+cot1x)—cotx

21’—1 Zk —3

t
_f[mt x+ ........ 4 i —cotx]dx

sin® x sin®x sin® x

cot®*x cot*?x cot” x .
= + e ~Inlsinx|+C.

2k 2k—-2

Botro: [<%ax = A8 B3] gl

Vidu: Tim nguyén ham = f cot® xdx.
Loi giai: I=f{cct5x+ mtaxﬁcotax+ootx-mtx)dx

sinx

= ‘”coﬁ x mt2 :c+1) - cotx(cot: x +1) + cotx]dx

ot t?
- . x+002 x+ln]5mx|+C

% s Bai tan minh hoa

»  Tim nguyén ham cic ham sd sau diy

cot?x cot'x cot’x

a. I=fc0t7xdx= ¢ : 5 —lrllsinxl+C.
b. I:fcot"'xdx:—m;:x m,:x coix—mt?x—ln|$i.nx|+c.

cot®x cotfx cotx cot'x
10 8 6 4

C. j:fgotn xidx =

- CD: = —Injsinz|+C-
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| ]
Dang17: I= f——+b—}
’ Phuong phép: I——fm—ﬂzj—)b)z—loot(ax+b]+c.

Vi du: Tim nguyén ham J = f

sin [2x + 3]

2.r+3} 1
Loi gidi: I—Sf-—ﬁi-x_i_—g) cot(21+3j G

"J Bai tan minh hoa

¥ Tim nguyén ham cic ham sd sau day

3. dax . A,
a. I_fm_ 4cot{cl:c—i—z)—i-c-

= r 1
b. I—f (52 14) 500t(5x+4]+£"

WY IS, SRR |
& I_fsinz(?!x-i-l) e

[ Dang 18:1= f i

o cos*(wx-+0)

| Phuong phép: 1=—f (za;b) 1tan(ax+b) 2
Il Vi du: Tim nguyén ham 1= [ — ax+1)
b




" Chink phuc Nguyén ham - Tich

&
’J Bai tdp minh hoa

Tim nguyén ham cac ham s6 sau déy

1
a. Iﬂfm=;mn(7x+2)+c

1
= C
b.I= f 8;r+5 8tar|.(8x+5}+

1
= | ————== 2 3+ C
&l fm52(2x+3) Ztan{ 2EIHC,

d
Dang 19: 1= fm

Phuong phap:

= r dx = J‘ dx )
~J sin®?(ax +b)sin® (ax+b) 7 sin®*(ax+b)sin® (ax +b)

Dit u = cot(ax +b)=> du=— dx.

sin® x

.H__f[l-i-cot (a:x+b)] ll'i(c‘}t(“x"'b])'

Vi dy: Tim nguyén ham I = J 5x+1

dx _f dx
(5x+1)sin* (52 +1)  sin®(5x+1)sin’ (5x+1)
N SRS
sin’ (5x +1)

Loi gidi: 1= f =
Dit t=cot(5x+1)=>dt=—
1= —%_ﬂl+cot2 [5x+1)]d(cot(5x +1))

1 1
s —Ecot{53c+1) 4 ﬁc'f’ta (5x+1)+C.

"*’J Bai 13p minh hoa

¥ Tim nguyén ham cac ham so sau diy

a 1= si—nﬁ—(%ﬁ = --i— J[1+cot? (4x+1)] d(cot(4x + 1))

s g wfmmrm




cot"’(éx N 1) cot? (4x+ 1) ' co‘t(tﬂx +1)

N T A

b. szﬁx—k?]= —éf[1+cot2[3x+7)]3d{cot[31+7)]

ot (3x+7) cot’(3x+7) cot’(3x+7) cot(3x +7)
21 5 3 3
dx 1
C. I=fm—gf[l+mtz (5x+2)rd(cot(5x+2n
_ oo (5x+2) 4cot’(5x+2) 6cot’(5x+2)

45 35 25

dcot’(5x+2)  cot(5x+2)
15 5

+C.

+C.

dx
e e

Phuong phap:
k-1
_ dx _ " &
b= fccs“"‘ (ax +b)cos’ (ax + b) o fl«:ms2 (ax+ b}] “cos® (ax +b)

=1f[1+tan2(ax+b)r"d(tan(m+b))-

Pat u—tan(ax-l-b)::'dil“% ?sérb:]
1=—f (142" du.
Vidu: Tim nguyén ham I= f T‘['T)
x
dx 1 1 dx
=
Loi giai: f 5x—4—4)|:03 (5x+4 -[[COS 5x+4] Cogz(:)x+4

:E.ﬂl"'tmz (5x+4) id[tan[5x+4n'

Datt_tan(5x+4)=;.df_l 1

e il
5 cos’(5x+4)

_1 AT L
I—5f[l+t}dt—5+1§+c




"y Bai tap minh hoa

% Tim nguyén him cic ham sd sau day

dx
d =] ——m—
fcosﬁ 2x+1

bjf

dx

C'I_fcos"’{'?x-i—z 7

Chinh phuc Nguyén hium - Tich phin tit A dén Z

=lf 1+£) dt (vi t=tan(22+1)).
9“6 -ﬂf (1+2) dt (v6i t=tan(9x+6)).

f 1~if "dt (véi t=tan(7x+2)).

Dang2t:1=

Phuong phap:

=mrt+n

u
Dit{gy_ 9% =1 _ dx _ _
\v si.nz(ax—i-b] z fsinz(ax+b)

a

_(mx +n) cot(ax + b)

(mx+n]cot(ux +b)

mx+mn

e e

du = mdx

cot(ax +b)

+Efcot (ax+b)ax

a

Vi dw:Tim nguyén ham I= f

Loi giai:
u=2x+3

B T 0%

fi=

m sm[ax+b))
f sin(ax + b)
2x+3
?(4x+6)

du=2dx

a

cot{4x +6) .

— = Plo= . A,
sin’(4x+6) | J sin’(4x+6)
(2% +3)cot(4x + 6)

4

(21‘ s 3] cot(lix + 6

+1f-:ot (4x +6)dx

4x + 6))

4

=%h1|sin(4x + 6}]—

2j sin 4x+6)

(2x+ 3)c:t(4x+ 6) e

4
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&
,] Bai tap minh hea

» Tim nguyén ham cdc ham s6 sau diy

al=] 5x+2 . (5x+2)cot(4x+2) —f d(sin(4x+2))

sin? (4x - 2) 4

= injsin(4x+2) - :

dx=—

sm(flx + 2)

b, I f 7x4+9 {7x+9 2x+1 —f 2x+1

2x+]

=-%ln|sin(zx+1)|_(7J‘+—9)“;’*(_Z_’L1JI

sin [2x+ 1

_— f 4x+5 _ (4x+5)cot(3x+2) Sf sm{3x+2])

3x+2 B 3

4x +5)mt(3x +2)

=%1nisin{3x+ 2){- :

sm(31+ 2)

I}ang 2: 1= f_’"r_%dx
ax

Phuong phép:

u=mx-+n du = mdx

tan(ax-i—b)‘

dx = dx
Bl fpme ¥
e cos’ (ax +b) foos

2 (mx+n]tan(ax + b}

m
= ——g"ftaﬂ(QxJ-b]dx

_ (mx +n)tan(ax +b)

m d(cos(ax+b))
_;f cos(ax+b)
:(mx+ﬂ)tan(ax+b)

Hax+b)

~Zinfcos(ax-+b) +C.

a

I
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2x+3

— i,
(4x+5)

Vi dy: Tim nguyén ham 1= f
Loi giai: Dit
|u:2x+3 du = 2dx

___dx = _f dx tan(4x +5) -
cos®(4x+5)

0062[4;!—!-5): 4
2x+3)tan(4x+5) 1
I=(—~—)F—Eftan(4x+5)dx

_ [Zx + 3)tan{4x+ 5) 1 d(OOS(4x +5})

4 2 cos(4x +5)
_ (21+ 3)tan(4x+5}
e

- %-ln |cos (4x + 5)| +C.

og Bai ,l@l,. minh hoa

b

¥  Tim nguyén ham cic ham s6 sau day

ol=] m;’f;il)dx = (7I+3)t2"(5x il -—%ln|cos(5x +1)+C.
b, I= fm::"(‘;i g St 2)T(5x ) - Sin[cos(5x-+4) +C.
S fm:xg-:i;r _ (6.r+1)ta8n(8x +7) m:_m‘m(sﬂﬂhc.

Dang23: I= [ ﬁdx

Phuong phép: 1= EIE s;g“{ﬂ*i)b] - ;‘m (ax" +)+-C.

Vi duy: Tim nguyén ham 1= f m

5 oo 10 d2P+e) g
Loi glal: I—gjm— —gcot(z:t’ +4)+C.




» P
b1 _fsing (33:6 + 8)

eix:-%cot(ﬂ.x" +8)+C.

___];_ 1
c.I= f 2x"+9 = chot(Zx +9]+C.
A=1
D@ng 24: I =f;;mdx
d(ax" +b)

Phuong pha’p:1'=if =-1—tan{a.r” +b)+C.

cosz{ax"-kb) an
3
Vi dy:Tim nguyén ham [ = fmdx.
1 di4x* +3 1
Lo gidi: [ = ﬁ_ﬁm[h +3)+C.

", Bai tap minh hoa

#  Tim nguyén him cic ham sé sau day

1

a.l= f 7;r +2 =42tan[7x‘+2:]+c,
x" 1

b.I"Imdﬁ=£im(5x7+2)+c.

9
c.I= fmdx:—"—tan(xm+5} +C.

H.M:l‘('lﬂlh I Oﬂﬂtlniﬁ i




Chinh phuc Nguyén ham - Tich phan

dx
Dgngzs:f=fm
Phuong phip:
sin ux—i—b )

=I_W -_f[_l COS ]F:H __f x+1
i k=12,

Vi dy:Tim nguyén ham 1=Ifm‘

Lai giai

"f 2x+3 f cos 2x+3 1 du

5‘“ 2’”'3' [1 cos 2x+3]1 2 1 u)

L4
g Bai tap minh hoa

> Tim nguyén ham cic him so sau day

= dx 1 du i
a-j_fsins(ﬁx-i-z)_sf(l’uz)s (Vé‘lf—-cos{6x+2)}
dx 1 du e
b'f=f$in?(?x+2]_?f ]_u?)‘i (véi t c05(7x+2))_

(vdii £ = cos(9x+1)).

C.I'=fsin9{‘;;+1):%f(}_uz)s

d
Dang 2611 = [ i)

cos ax+b "f ]}

Phung phip: = | — sy Wrb dx= il sm= )rﬂ-

Dit u=sin(ax+b)::—du=%cos[:ax+b}_

| :'f(
L

v voi k=12
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Vi du: Tim nguyén ham | = f

cos® 4x+3)
4x+3 sm(4x+ 3 )
Lot gidi: 1= f 4x+3 ) f[l sin® 4x+3)r

Djt t=sin(4x+3)=>dt =%cos[-ix +3).

o (1-a)

', Bai 1ap minh hoa

»  Tim nguyén ham cac ham 3§ sau diy

a, I= f 6x+4 ﬁf L. ]3 (véi t =sin(6x +4)).

dx 1,0 dt -
b. I=fms’(2x+9]=5f(1_tzr (véi ¢=sin(2x +9)),

dx 1 dt
« I=fms°[:3x+1]=§f(1_

£)

Dang 27: I = [ 'sin(ax + b)sin(cx + d)dx

5 (v6i t=sin(3x+1)).

Phuong php: 1'-—f{ces[(a——c)x+b—d]—cos[(a+c}x+b+d}}dx
=2(31 3 sinf(a - c)x+b-d]- z(aichh[(a+c]x+b+d]+C.

" Vi du: Tim nguyén ham I-—-fsin(2x+3)sin(?x+9)dx.
Loi gidi: I=% J[cos(5x +6) - cos(9x + 12)]ax

=-é!5[9sin(5x+6)— 5(9x+12)|+C.




"J Bai tap m"'ln"“;m'

A
”~

Tim nguyén ham céc ham s0 sau day

a.l= fsin(Sx +4)sin(3x +9)dx = %f[cos (2x—5)—cos (Bx+ 13)1&1
1. 1.

- zsm[:Zx— 5}—Esm (8x+13)+C.

b. 1= ['sin(21x+8)sin(18x +9)dx =%f[cos(3x~ 1) — cos(39x +17)]dx

1 1
E gsm{f:}x -1) —7g5in (39x +17) +C.
. I =

¢. 1= [sin(6x+5)sin(3x +2)dx = % Jcos(3x+3)—cos(9x +7)|ax

1. 1.,
=gsm(3x+3)——-1~§mn(9x+?)+c-

Dang28: = fcos(ax +b)cos(ex +d)dx
Phuong phap:

I=%f{ms£(u+c)x+b+d}+cos[(u—c]x+b~d]}dx

: 1 ;
2(a+c]sm[[ﬂ+f:]x +b+ d]+?(;:—c-jsm[(a—c)x+b—d]+(3-
Vi du: Tim nguyén ham I:*foos(Bx +2}cos(3x +1]dx .

Lai giai: 1 =% f [cos(8x+3)+ cos(2x +1)|dx

1. 1
:Esm(81+3]+zsm(2x+l)+c.

»

Q:;’J Bai tap minﬁ hoa

Tim nguyén ham cac ham s sau day
a. I= fcos(ax +7)cos(2x+1)dx :_%ficos[5x+ 8)+ cos(x +6)]dx

1. 1.
=-1—-[ism[5x+8)+53m[:x+6)+€' .

b. I= fcos(gx +8]CDS(5.1‘. —1—_2)d.r =%f[cos(14x +10) +cos(4x +6)]dx

s




1. i g
-_-_-Egsm(lfl_x+10)+§sm[4x+6)+C-

¢.I= [ cos(7x +6)cos(4x +1)dx = %f[ons(llt +7)+ cos(3x +5)|dx

=%s‘m(nx + 7) -+ %sin(Sx +5)+C.

Dang29:1= fsin{ax +b)cos(cx +d)dx

Phuong phép:I=%f{sin[(uﬂ}ﬁb+d]+sm[(a-c]x+b—d]}dx

= —-2(;'_(‘) cosl(a +c}x+b+d]—

1
2(a—c)

Vi dy:Tim nguyén ham I = [ sin(7x+2)cos(5x +1)dx .

cos[(a—c}x+b—-di+cv

Lai giﬁj:lz% [ [sin(125+3)+ sin(2x + 1)) dx

1 1
= —Ecos(lz:r S 3}—?:05[2;1 +1}+C.

i
|
|
|
L

Bai tdp minh hoa

»  Tim nguyén ham cic ham s sau déy
al= fsin(?x +1)cos(2x + 5)dx = %‘ﬂsin(gx+6} +sin(5x —4)]dx

1 1
= —Ecos(gx—i- 6) —ﬁcos(Sx—4)+C .

b.I= ['sin(6x+7)cos(2x + S)dx=%f[sin(8x +10) +sin(4x + 4)|dx

1 1
= Ems(8x+10)—gms(4x+4)+c.

cl= _rsin{zx+ 3)cos(x +5)dr= 1ﬂ.‘;i.n(Snc +8) +sin(x —2)|dx

a

1 1
= —gocs[Sx + 8) —Eoos[x— 2)+C,




Dang 30: i= ftanxtan (x + a:)dx

Phuong phap:
I=f sinxsin(x+ ) e f[cosxcos[x-l-a)—lrsinxsin(x +a) df
cosxcos(x +a) I cosxcos(x+a)
_cosa sin(x—i—cr—x} s
sing cosx::os(x +ct)
_ cosa fsin[x +a)r.‘osx - sinxcos(x-l-or) g
" sina- cosxcus[x+a] 2
_ cosa E-“'i-n(x"'“}*sinxl "
sina Icos(x +f_t] cosx]
C?sﬂhl1cos(x +a)|—x+C-
sino ‘ COosSX |
Vi dy: Tim nguyén ham I = ftanxtanlx—i—%]dx.
Loi gidi:
sinxsin[x—i—“} cosxcos[x+£ + sinxsin x+z]
4 4 4
fa f dx = f —1ldx
COSXCOS| X+ 11—"] COSIEOS[I + T[
4 4
sin[x +1—x] sm[x+-z—]cosx—sinxcos[x+i]
- ——4——dx —x= dx—x
Cos xcos[x+ 1] Cosxcos[x~i— -'{r—]
4 4
sin[x+%] B cos[x+£]
X gy x=—In ——x+C
w| cosx cosx

cos 1

x+3]




m™
4=
T Jg 3
A= tan —|dx=——"Tmh}——T%— i
a.l ftanx lx+3] 3 — X+
cos[x%—z]
b.I=ftanxtan[x+E-]dx=— 3In -x+C.
6 cosX

dx
Dang 31:
cL e o f ax-i—b]sm(ax-i—c)

. 1 Iﬂx+b ax—i—cl
Phu hap: 1= 3
RpEl sin(b c)fc05(ax+b} (ax+c)"x

dx

1 fsin(ax+b]cos(ax +¢)—cos(ax + b)sin(ax +c)
sin(b—c) sin(ax + b)sin(ax +c}

= sm[;—c]f

cos{ax+ c} 3 cos(ﬂx +b]
sin{ax + c] sin(ax +b)

- asin(lb — c l]H‘sin (ax 'H-')I -~1n[sin(gx +b)”+ c

1 |sm ux+c)|
r.*sm(b c) ’sm ax+b}|

Vi
{du: Tim nguyén ham = fsm(x+2)sm{x+4)

sin|(x+2) —(x +4)|
sin(l—Z) fcos{x + 2]cos(x+4}

Lo gidi: [ =

1 fsin[x+ 2)cos(x + 4) — cos(x + 2)sin(x +4)
sin2 sin(x +2)sin(x +4)




Chirth phuc Newyén ham - Tich phén ti

cos(x+4 cos x+2 l

dx
sin(x+4) sin(x+2) ]

=~ {injsin(x-+4)| ~Infsin(x+2)]}+C

[sin[x—l— 4}|
2sin2 " [sin(x +2)|

+C,

"J Bai 1p minh ha

»  Tim nguyén ham cic ham s sau day

- |si.11[5x+6]|
* fsm 5x+2 sin 5x+6] 5sin4 |sin{5x+2}|

1 !sinl'ﬁx+3]|

L2 fsm 6x+6 Jsin(6x+3)  7sin3 \sm(6x+6)|+c‘

o dx |sm 2x+2 |
o1=J sin(2¢+3)sin(2x+2) 2sm1 " lsin(2x+3)|

+C.

+C.

Dang32: 1 = dx
e ! fcos(ax+b]cos(ux+c]

sm[[ax + b (ax -+ c)]
cos(ax + b)cos(ax +c)

Ph hap: I=
uong phap: [ = b c]f

1 fsm(ax+b)cus(ax+c)—nos[ax+b]sin(ax+c]dx

sin[:b—c]
~ 1 gj_n(ax-l—b) _sin(a.x+.cﬂ v
_sin(b—c)f ms(ax+b) cos(ax+|:}ld

cos{ax + b)cos(ax +c)

“asin(b—c) [in]cos(ax +c)| ~Injcos(ax + b)|}+c:

L l+c

asin(bvc) |cos

o AR
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Vidu: Ti ham [— dx J
m nguyén f cos(3x + 4)cos(3x +5)

sin|(3x + 4) - (3x +5))
cos(3x +4)cos(3x +5)

L EEs 1
L g f=
oi gidi: [ =— (-—l)f

1 fsintax+4]cos(3x+5}—cos(3x+4)sm[3x+5]

sinl cos(Sx + 4] 005(33: + 5)

ism 31+4 sin 3x+5)
smlf c05(3x+4 oos[Bx |-5}

35m1lh1lc°3 +5)|~In|cos(3x -+-4)H+c

Bai 1dp minh hoa
»  Tim nguyén ham cdc ham sd sau day

_ dx _ 1 cos(5x+4)
% I_fms(5x+8)c03(5:r+4j _55‘,infie]rl cos( ] +e

1 cos

b. I= - (6x+7) .
Vi 6x+9)cos(6x+7) 6sin2 " |coslex+9)| T C

& 1= f 1 ]ncos[
Cos 2x+6)c05(2x+3] 2sin3 cos[2x+6

+C.

dx
sin(ax +b)cos{ax+c)

Dang33: 1= [

1 fcos!(ax+b)—(ax +c)] .

|
i
_E
P ap: = )
l humgphap I cos(b—c) sin(ax_l_b)cos[ax‘f'c)

%6 S




Vi du: Tim nguyén ham I = f

_ 1 j-cos{i;x+b)cos{ax+cj+sin(ax+b]sin{ax+c}
cos(b—c) sin{ax + b)cos(ax +c)

1 cos[ax+b]_sin(ax+c) "
_cos[b—c)f sin(ax+b) cos(mc—i-c)d

m—c—{mlsm ax+b)1 Inlcos ax+c}“+C

dx
sm 2x +7) cos(?.x + 6)

1 fcosl{?.x+7 _(2x+6)]dx

(I N I =
Lol gii cos(1)V sin(2x+7)cos(2x+6)

cos(Zx +7 cos 21 +6} +sm(2:\: -+-7)sm(2.x +6)

coslf sm 2x+ 7)cos(2x+6) L

cos(2x+7) sjn[2x+6)d
sin[2x+?)_cos[2x+6] %

_ 1

" cosl

1, |sin(2x+7)

1 ¥
= ~——{In[sin(21+7)|- Injcos(2x + )]+ C=5—— m]ms (z58)

}+c.

»

L
“f”l Bai tap minh hoa

Tim nguyén ham cic ham s sau diy
4 I-f dx 1 |sin(8x+6)
""" J sin(8x +6)cos(8x+2) Bcos4d |cos(8x+2)

i f _ 1 1nsin(4x+2)‘+
fsm(4x+2 cas 411—1) dcosl cos(4x+1]i

[= dx Ism 3x+4 |
o _fsin(3x+4)cos{3x+5) Smsl ‘cos 3x+5|

e,




Chuyén Gia Sdch Luyén Thi

Dang34: I= f sin" x cos xdx

i e TN s 1
Phuong phap: 1_f5m xd(smx)_..m
Vi du: Tim nguyén ham .f:fsi;l“xcosxc{x.

+C.

7
M X,

! Loi gidi: I= f sin® xd (sin:c) =

', Bai 130 minh hoa

*  Tim nguyén ham cic ham s¢ san diy

4
_ S _sm x
a. I—fsm xrcosxdx = n +C-
6
b. I=fsin5xcosxdx=sm *4C.
;8
C [= fsin7xcosxdx=sm EAe

Dang35: 1= f cos” xsinxdx

Phuiong phap: I=—fcos"xﬂ(cosx]=—c?t5r1x+c

Vidy: Tim nguyén ham I=fc057xsinxdx.

&

Lo gidi: I_—fcc)s xd(cosx)=-224C.
,]Bﬁl i&p minh hoa
»  Tim nguyén him cic ham sé san diy
a. szo(:s"'xsinxdxz-mux—i-c.
b. !=fcos4xsinxdx=—mssx+(f.
c. I=fcos’rsinxdx=—mssx+c_




Chinh phiic Nguyén hivm - Tich phin tr A aénZ

— ;
- Dang36: 1= ['sin” (ax+b)cos(ax +b)dx

Phiiong phap:
1 sin™ (ax +b)

1 s :

Vi du: Tim nguyén ham 1= ['sin® (5 +1)cos(5x +1)dx.

N . 1 sin®(5x+1
Loi gidi: I=gfsmz(5x+5)d(sm[51+.1)}~—,--5-.-—[3—)

"J Bai tap minh hea

»  Tim nguyén ham cac ham s4 sau day

in'(6x-+4
& I:fsm3(6x+4)cos(6x+4)dx=.-%,5m—(:___1+c_

in®(3x+7
b. 1= fin(32-+7)cos(ax 4 7)1 S5 HT)

in’(2x+1
c. I=fsin*‘[2x+1)cos(2x+1}dx=%.s—m~%i)-+c-

+C.

Dang37: 1= [ cos" (ax+b)sin(ax +b)dx

Phuong phép:

Vi dy: Tim nguyén him 1= [ cos® (8x +2)sin(8x +2)dx-

Lo gidi:
1 1 cos® (8x +2)
I= —gfcosz (8x +2]d(cos[8x +2)) =—§'——3——+C




Chuyén Gia Sdch Luyén Thi

'3 Bai 1ap minh hoa

»  Tim nguyén ham cic ham sd sau day

2. 1= [cos’ 71+4)sm(7x+4)dx——%$-4—}

10 B
b. I=fcosg(8x+2)sm(8x+2)dx:—%.$+c

0
c I= f‘:osi‘ (14x+ 2}5in(14::+ 2]dx= _ﬁm‘;(ll‘;ig). -

' Dang38: 1= fsin’" xcos™ xdx
Phuong phép:

!
‘ I= f[1 mst} [”‘:"sz]dx 2”+k[1+cu:.2x) (1-cos2x) dx.
|
]
1
i

1— cost 1+cos2x|’
Vi du: Tim nguyén ham 1= f > dx

| mesess s 1
Loi giat: I=§f(1+cos2x)z (1—cos2xjdx.

* 3 Bai 1ap minh hoa

» Tim nguyén ham cdc ham sé sau day

a. I=fsi.n‘ xcos® xdx = %f[l—r 005 2x)(1— cos 2x)dx .
b. I=-.f5in‘xcoszxdx=%f(1+C052x)(1—c052x)2dx.

. I:fsixfxcos“xdx:-é—i;f(1+co52x)3(1—cos2x]jdx.




Chinh phuc Nguyén hitm - Tich phin ticA dén Z

Dang39: 1= f sin xcos™*" xdx

Phuong phap:

Jis fsinz" xcos™ xcosxdx = fsinz" x(l —sin® x}k cosxdx .
Dit u=sinx = du = cosxdx.

I=fu2"(1~—u2)kdu.

Vi dw: Tim nguyén ham I = f sin® xcos’ xdx .

Lai giai: Dit £ =sinx = df = cosxdx

1=f#@-ﬁfa'

Bai tan minh hoa

%  Tim nguyén him cic ham s6 saa diy
a I=fsm“xcus3xdx=ft“(l—tz)df (véi t=sinx ).
b. 1= [ sin® xcos® xdx = ff"‘(l—fifdf (véi t=sinx ).

G szsi_n‘*xcos?xdxzft“(l—t2]3d1 (v6i t=sinx ).

Dang40: 1= f sin®* xcos™ xdx

Phiiong phap:

I= fsin’“ xcos™ xsinxdx = f(l— cos’ x)” cos™ xsinxdx

Djt U= cosx = du=—sinxdx,

I=—[(1-u)u*du.

Vi du: Tim nguyén ham [ = fsins xcos® xdx.

Loi gidi: = fs'm* xcos® xsinxdx = f{] —cos’ Jc)2 cos® xsinxdx

Pit t =cosx = dt =—sinxdx

I=—f[1—tz)1tzdt‘

61



b Chuyén Gia Sdch Luyén Thi

[ &
, Bai tap minh hoa

#  Tim nguyén ham cic ham s6 sau diy

a. I_=fsil‘laxco.’:-sz xdxz—f(l—fz){zdt (véi t=cosx ).

b. I=fsin’xcos‘ er:r:—f(l-—tz)3 £'dt (véi t=cosx).

¢ I=fsin5'xcos‘*xdx=—f(1—fz}‘ t*dt (vGi t=cosx).

1
’ Dang41: I = [ sin™** xcos™ ' xdx
| Phuong phap: :
I:fsinz"“ xcos™ xcosxdx = fsinz"“ x(l —sin® x]k cosxdx .

Dit f =sinx = dt = cosxdx .
o I=fEm -

|
[ .4
,J Bai tap minh hoa

#  Tim nguyén ham cac ham s6 san day

a. I=fsm3xc052xdx=ff3{1—t2)dt (vdi t=sinx ).
b.I= [sin® xcos xdx= [#*(1-£) dt (véi t=sinzx).

G I=fshlgxms’xdx=ft’[l—t’)dt (véi t=sinx ).

dx
J=
Dang 42: f sin” xcos™ x
‘ Phucng phap:
men=2

| e dx =f dx =I{1+cot2x} 2 di

L] f o TR m . i

Sin™" x C'%i! x sin” " xcot” x cot™ x sin” x
s Xx
1

| =fLth:J_d(mtx) (véi m+m=2k).

%2 |




- L Chinn phiic Nguy.én haum - Tichphiin trA dé 7

o — O . - —_—

dx
sin® xcos ix’

Lot giai: [ = =
5 f s cos®x fsm Sycot’ x
SII‘I r—

S].‘.l'lI

Vi du: Tim ngﬁyén ham 1= [—;

3

[1-[~cn:)t2 x)2 d 1+ cot? Jc:]2
:f cot® x 'sinxxzf( cot’ x d(cotx]

«,’1+cot x[ ]— ln(JHcot x+1)+%1nx+c

‘, Bai tap minh hoa

» Tim nguyén ham cic ham s6 sau ddy

a.l'=‘j(v dx -f 1+C0t I) d(ootx:].

sin® x cos® x cot* x
dx 1-!—-::0’:7 )
bJ:fsm xcos® x‘f cot® x d{cotx).
(1+c0t x:]

- phay dx —
“ I_-fsirl‘s:u:u-s“'x_hf cot'x d(cotx).

dx

LT
Phuong phap:

. fsinu xmﬁizf‘z xcos’x =f(1+ tan’ x]k (1+t:m2 I)H d(tanx)

=f(1+r2)* 148 ar= [(1+£) )
Vi du: Tim nguyén ham 1=Iﬁ.
dx

Loi giéi: IZIW—I 1+ tan® x](1+tan x)d(tanx)

=f[1+t2)rdt=1+%ts+gt5+C-




. Chuyén Gia Sich Luyén Thi

) vai tan minn oa

# Tim nguyén ham cac ham s6 sau day
dx 3 :
A= —— = [{1+#) dt (v6i t=tanx).
I= Jreya 2

*xcos’x

boi= [ B [(14#) at (véi t=tanx).

sin® xcos® x
c ,'=f—jx—:f[1+t’)ﬁdf (véi t=tanx),
sin® xcos® x
dx
Dangddi /= | ———
ang fsi.n“xcosz’“"x
Phuong phap: I=f - Hmsxhu dxzf L pre
sIm° xcos™ X sin®* x(l—si.nzx}

Dat u=sinx = du=cosxdx,

I= fu n+‘1'

|' Vi dt_l.Tn-n nguyén ham I=I‘Tzdx—3'
| sin” xcos® x
' Loi gidi: 1= f COSY gy = f dx

sin” xcos® x smxl mx]z

Pit u=sinx = du=cosxdx .

[ du
R

"% Bai 1ap minh hoa

»  Tim nguyén ham cic him s6 sau day
dx du
al= = i u=si
fsin‘xcns3x fﬂa(l_uz)z (edl wmlnz ).

d d o ;
b. I:f s =fu2(1_”uz)3 (V6 w=sinx).

sin® xcos® x

_ dx _ du foi
« I_Isin’x-:os?x _fuz(l_uz)“ (L e sli),




Chirth phuc Nguyén him - Tich phin tr A dén Z

' , dx
b3 f e

Phuong phap: | = L S dx.
g P P f 2&1—2 IOOS x jc()sz"x 1 -~ x)ku
Dit u=cosx = du=—sinxdx.

du
e [ T
fuz" (1 —‘Hz)“I

'ﬁ Bai tin minh hoa

%  Tim nguyén ham cic ham s0 sau ddy

d -ood .
= r=f3i113x20$2x:-fu2(1—“ﬂ2)2 oz ons)
. dx _ du A
b. F:j ;insxcosgx = fi{" [1 —H.z}z (VUI- U= (05X )
_(_ax du 4 U=COSX ).
c. f_fsmaxmssx— f_-—ub[l—uz)z (v6i )

Dang46: I = ftan *d

Phuong phap:
Néu n chdn (n = 2k) thi bién doi:

k=1
tan" x 1 dx
I= dx= | tan" x
fcos x f [cos x] cos” x

= ftan"‘ x(l +tan® x)H d(tanx)= fu” (1 +u? )H du.

Néu m chin, n Ié (m=2k, n=2h+1) thi sit dung bién doi:
tan®™ x sin®* xcos X g — A
I= f cos™ ' 1 dx = f cos™ ) f k+h+1 ————rrdsing)

(véi u=sinx).

265



Chuyén Gia Sdch Luyén Thi

u* u?2[1-(1—u?)]
gt {1— }"“““3{_ (1- 2) "

u?k -2
_f k-HH-I du f(l k+h du.
Néumlé Hlé(M=2k+1,rt=2h+l)tlﬁbiénd5i:
3 tanx

2k+1

2k
| I= fcosz"“ ——dx= ftan
e
az Itan“ x[L] smzx dx
cosx) cos“x

2k
'f[ [ ] P ]zf(uz—l)ku”‘du (Vi 1 =—
CCIS x COSX COsX COsXY

Néum chan, n 1& (m=2k, n=2h+1)thisf1dungbi§ndﬁi:
i fta.n I fsm xcosx __f sin™ x d(sinx:]

2hHL g 2{k+£+l} in2 )H—Ir 5

vii u:smx:t-du:d(sm:rj

g 22 [1 ]
| I= f Y _f A i
! 2k—2 k-2

=J (“)_“f <_"_“'

1 1

tan® x
cos’ x
tanx’

| Vi du: Tim nguyén ham I=f dx.

Lot gidis [ = [ tan’ xd(tanx) = =X

",J Bai tap minh hoa

¥ Tim nguyén ham cic him s6 sau day
tan®x 2
a.1=f S dx=fu3{l+:¢2) du (véi u=tanx).

b= f::: i (—1+u1)zdu {(v8i u=tanx).

. I=f$f:dx:fu"(1+u2)3du (vdi u=tanx),




néun - Tich phin bt A

Dang 48: I =f;‘%d

dx

2k
Phuong phip: [ = [ —j 2 —dx= f tan” x

cos® x —sin® x sm x cos’x

CGSI

| : tan® x
: I_-fcosx —sin®x _f _ sin’x "cos® xdx
cos® x
tan* ' —1+1
=fil_tm::x.s.‘!(tarw:]=J"——1_t2 di
—{fz—lj[fztk")-',-t;{*‘z]+....+t2 +1) 1 1 1
-] 71 +olm )

B _[ E_Z(t--l)-i-] z[k-z}-u P 1

k-1 k=3 "3 2

i
Loi gidi: 1= [ L —f dx
COS x— Si]l'l X Slrl X CU'S X

COS2 X

t—-1+1

fl tanx x]=f 1-# %

(F-1(F+1) 111 1

| —fN e
L =

®
' ’ Bai tdp minh hoa

» Tim ngoyén ham cac ham s6 sau day

= | —idt=-—"——— t—=In|—+C.
J1’:09..234: 3 2 L—]I
tan® £ F £ P 1, [t+1
b-1= m— f
fcosilx * 9 7 5 3 2 (t-1

5 3
o JEE L2 Y g bl
cost 5 3 2

¢ 1
dt =—+t+=In
3 2

t+1
t—-1

[+c.




B Chuyén Gia Séch Luyén Thi

2k
Dang49: 1= f ;;:h dx

2k
Phuong phap: [ = f cot™ x dx= f cozi s vdf
cos’ x—sin’ x cos’x , sin’x

2
o fOE g PP Mt

sin” x
cotfx—1 1-#
1

t+1 -1

iy | 2

tz{k—l}-\\-l z[x 2+l $
=— 2h_ 1 o7 + o BT +£+ l.nH

cot® x
dx
cos2x

_(rz —1}(?(“’ T R, 1) 1[ 1 1 ]

|
|
‘ Vi dy: Tim nguyén ham 1=
|

cott x f cot' x

Lai giai: [ =
8l fcoszx—sinzx

EOSI smx

SII"IX

cot* x ~1+1
g SRR o -
cot’ x—1 1656%) f 1= at

3
dt = f—+:E+ ln| +C-

i-1t+1]+ B
2 3 1

t+1 t-1

o'

Bai tap minh hoa

»  Tim nguyén ham cic ham sé sau day

cot® £ P 1
I= st
f cos2x o 5 3 d 2 i

te-1
t=1

+C (vhi t =cotx ).

%Jrc (véi £ = cotx),

tan™ P A S 1, lt+1
¢ I= T o et O f—=In C (vdi t=cotx),
Iccs2x 9 7 5 3 2 |t-1 HEA )

tan& f? fE fS
b.I= dr=—————- by
fcos2x 7 5 3 2




Chinh phuc Nguyén him

Dang 50: ;=j‘"'m”xdx
O

s x
Phuong phip: P4t t=tanx=>di = de ;
cos’ x
5
Vi dy: Tim nguyén ham 1=ftﬁ“zxdx_
COs™ X

[}
LGIgIﬁlDﬁt [-=tanx::.dt:_5r§_;1'ﬁft5df=.f_+c_=
| COos” X 6

tan® x
6

+C-.

" Bai 3p minh hoa

» Tim nguyén him cdc him s§ sau diy

3 t 5 3
o ftan xdx——+t—+C= an x+tan I+C_

cos X 3 5 3
3
b. I= f + DD ¥
cos” x 3
tan® x f9 ¥ tan’x tan’ x
o I= dx="4_4C= P T
fcos x 9 7 9 Vi

Dang51: 1= [ E%Sfx—dx

dlsi o 1-n
ok fes ) i

sin” x 1—-n

Vi du: Tim nguyén ham | = f C_Gszx dx.
s X
Loi gidi: 1:]‘1(—_“’;"—}—-,1—%.

sin® x sinx

s Bai tap minh hoa

% Tim nguyén ham cic ham sé sau day

cosx 1
a, I= E= +C.
fsm x 35in3x
boI= [SEgo L sc.
sin® x 2sin’x
cosx 1
e l= +C.
J"sm X " 6sin’ x




. Chuyén Gia Sdich Luyén Thi

sin” xcosx
a+bsinx

Dang52: 1=

_a=}cosxdx=%

Phuong phap: P4t u=a+bsinx = sinx= ¥

‘ I= f[u ﬂ] bmf@du.

" Vidy: Tim nguyén him [ = %ﬁ:ﬂs—;
| Loi giai: Pat u:I-i-ZSinx::rsinxzu—z-—l::-cosxdx:ilf.
2
H] 1 1 ff,
I= f du—— -—du:-gf[u~2—z]du
o _# u Injy 1+2smx) _142sinx In[1+2sina]
| 16 4 8 16 ¢ 8 ¢

's Bai tap minh hoa

»  Tim nguyén ham cac ham s sau day

du (véi u=5+6sinx ).

. e fsm XCOSX ;. 1"*(11—5)3
5+651n:r T

in? u—4
b. 1= wdx (—J—du (vdi u=445sinx).

44 5sinx 5"

_ psinxcosx , 1 {H—'ﬂ S :
C. f__fmdx_é—if-T-du (véi u=446sinx).

Dang53: I~ cos“xsmxdx
a+bcosx
Phuong phip: it u=a+bcosx=>cosx=“—;—£=>sinxdx=—%,

I=—IE]~du*—Lf-(-a:—ﬂ)ndu

Im == b1|+l




" Chinth phisc Ngigyén héom - Tich phin tic A

5
Vi dy: Tim nhim [= [ XX
’ g 3+2cosx
Loi gidi: Pat u= 3+2cosx=>cosx=—73-=:-smxdx_-%—
=,
u- 3 W —12u
r:-f ——f — ~18In4|+C

_12cosx—2cos2x+25
16

—18In|3+ 2cosx|+C.

’
’ Bai tap minh hoa

% Tim nguyén ham cic him s6 san dfl}’

e fccs xsinx __f du (v8i u=4+5cosx).
44+ 5cosx
= f“’s xsSinX 4 1f——(“ W) s AT,
11+2cosx T u
cos xsmx 1 (“ 2) =
o =—— 7 gy (v6iu= 2+4cosx),
f2+4ousx 4“f u
in2x+bcosx
Danq54; [= [Z5eX TUCOSY oy
ang f We+dsinx
; b cosx 2asmx+b
Phuiong phip: I=J-2asmxoosx+ cosX .. “f )
Je+dsinx Je+dsinx:
2
Détuzm_—:-u’:c+dsinx=>smxw—u € = cosxdx = ;du,
W — 2u
bl.—
2a[ d ]+ q

dug = -dl—zf(Zcmi +bd — Z:m}du

ua
= Za-é——l—(bd—zac)u +C

1=f -
]

2sin2x + 3cosx ax

Vi dy: Tim nguyén him I=IT
V44 5sinx




Chuyén Gia Sdch Luyén Thi

Lai giai:
Pit u=+/4+5sinx

2
=u —4+55mx=}smx—u5—4=-cosxdxu~?du.

uw —4 2u
4, +3.—

R

u

du=%f(4u’ +15—]6]du=%u5 —%H?

=%sinxu’4+55inx +§—§J4+55inx +C.

'w Bai tap minh hoa

#  Tim nguyén ham cac ham s§ sau day

4sin2x + 2cosx
a. I= dx:—smx\]3+4smx—~13+4smx+c
f V3 +4sinx

b. I= f55m2x+4msxdx——~smx~f2+35inx _3 rssmz+cC.
J')-Ju?ﬁrmr 27

3sin2x +6cosx : : 52
==y =—sme1 +5sinx —==+/1+ 5sinx +C.
J1+5sinx 5 25

c. I=

Dang 55: I:J'-::arsmbc+f;vsuurd.\Jr

Je+dcosx

Phudng phap:

I=f2asmxcosx+bsinxdx:f[zamsr+bjsinx
Je+dcosx Ne+dcosx
bat

2

u m—
u=+/c+dcosx =u’ =c+dcosx = cosx =

€ :bsi.nxd.r:~%du,

2
24:[ar d_c}-f—b 5
I:—f——u 4

- .?duz—t%z f (2w +bd —2ac)du




Vi du: Tim nguyén ham I=f35ir;2x;-4sinxdx'
+6cosx

Lot g I‘_j-ﬁsm:xcosxﬂ—tlsinx f (6cosx+4) Su‘l.xdx
J5+6cosx J5 +6cosx

2

2
Ditu=+5+6c0sx =u" =5+6cosx = cosx=

5 =>sinxdx=—%du.

+C
u

;=_f6[_u_5_;]+j. au=—1 [ - __{1*31_”

- ~%msx§.{5+6cosx —%JS +6cosx+C.

’ $ Bal tap minh hoa

% Tim nguyén ham cic ham s6 sau day

2
a_I:f:Bsm x+7sinx

dx= ——cost_+5cusx——J6+5cosx+C
:}6+5cosx
b. I=fSszx'Fzsmxdx:-sgi.,osxqﬁ—i—kosx + 443+ 2cosx +C.

Jg+4cosx

” J.[:J‘F’Si:l'tz:t:—i~2511:'ucdx
J3+2(105x

= lscosx\f3+2cosx 1+124/3+2cosx +C.

Dang56: 1= ﬂmsin(ax+ b) -I—nr cos(ax +b)dx

Phuong phép: DAt t = msin(ax+b)-+ n = dt = "~cos{ax +b)dx
= idt = r:os(ax +b)dx i

__J rt a tt-ﬂ
T m k+]

Vi du: Tim nguyén ham 1= f [253:1 (2x+1)+ ll2 cos(2x +1)dx




:>dt=cos(2.x+ 1)dx.
[2sin(2x+1)+1]
I

£3
= * = — =
I_ft df = 3 +C

@
,‘ Bai tap minh hga

Tim nguyén ham cac ham s§ sau day
a. I= f[4sin(2x+3)+2] ms{2x+3)d,x-—-%ft3dt=%+c
[4sin(2x +3) +2[

8

. 2 2t°
b. i=f[53m(2x+6)5+7]' Cm(21+6}dx=§ft‘df=g+{3
_ 2[5sin(22+6)+7]
a 25

C. fzf[ssin(sx‘f“1]"“6]2Cos(3x+1de=§ft’dt:§+c

_ [Bsin(3x+1)+6

C.
5 +

Dang57: 1= f[mccs ax+b)+n] sin(ax +b)dx
Phuong phdp: Dt t=mcos(ax+b)+n:*rdt:—?sin(ax +b)dx
= -idt=sin[ax +b)dx.

tu-l
I=—2 fitg—_ 2 +C,
f mk+1

Vi du: Tim nguyén him [ = f[?.cos[Sx+4) +5}2 sin{3x + 4)dx.
Loi gidi: Dat t=2cos(3x+4)+ 5= dt = ——:—sin[Sx +4)dx
= —%a‘t= sin(3x +4)dx .

3
sz’dt —+C— §+C= [2005(3r2-1-4)+5] -




&
,J Bai tap minh hoa

»  Tim nguyén him cic him sd sau diy

2[5cos(2x+6)+ 4] N

a. I= [[5cos(2x+6)+4[ sin(2x+6)dx=— =

7[3cos(7x +6)+8[
12

5[7cos(5x+2)+3["
2

b. T= [|[3cos(7x+6)+8[ sin(7x +6)dx=—

c I= f[?cos(Sx +2) +3]5 sin(Sx + 2)&:( -

+C

Dang 58: I:f sinx —cosx

asin2x + b(sinx + cosx)+c¢

sinx —cosx
)+ b(sinx 4 cosx)+c—a

Phuong phap: I=fa{sir12x+1

_I d(sinx +cosx) f dt

(sinx +cosx)’ +b(sinx+cosx)+c—a

sinx —cosx
2sin2x + 3(sinx +sinx) + 4

P

Vi dy: Tim nguyén ham 1= [

sinx —cosx

—— —d
Loi giai: I f2(3m2x+1)+3(smx+sinx)+2 *

‘-=—f2( d(sinx-+-cosx) =—f dt

smx+cosx)2+3(sinx+smx)+2 22 4342
(Dang 6_Tich phan hitu tj).

at’ +bt+c—a-

* ,l Bai idp minh hoa

¥ Tim nguyén ham cic ham s6 sau day

sinx —cosx dx=—f
4sin2x + 6(sinx +cosx) +5 4 +6t+1

a.-I=

(vdi t=sinx +cosx).

vl 205



Chuyén Gia Sdch Luyén Thi

SINX —COsX dt
:f - - dx:—fz_
5sin2x +10(sinx + cosx)+6 5¢* +10t+1

{vdi fF=sinx+cosx).

:f sinx —cosx d;r:—f dt
sin2x +2(sinx + cosx) +2 £ +2t+1
(vdi F=sinx+cosx),

sinx + cosx
asin2x +b(sinx —cosx)+c

Dang59: I= f

Phuong phdp: Pat u = Si.nx-—cosx::»du:{sinx+cosx)dx;

u’—sinzx+coa"'x+25inxcosx=1+sin2x=:-uz—1=sian.
du

I= = 5

f u —1 +bu+c fﬁu‘+bu+c—a

\ sinx 4 cosx
Vi du: Tim nguyén ham I =
: 2 f2$in2x+4{smx—cosx)+4

dx .

Loi gidi: Dat u=sinx—cosx=-du= [sii‘lx+ cosx)dx.

Tacod u? =sin® x4 cos® x + 2sinxcosx =1+ sin2x = 1> —1=sin2x.

= [ (ung6 Tichphanh
! 20 1) +aura J 28+ 4ur2 (P38 6-Tichphin hiuty).

Bai 1p minh hoa

#  Tim nguyén ham cac ham s6 sau diy

d i sinx +cosx dr— du
fsin2x+5{sinx~cosx}+7 L f:ﬁ +5u+6

(véi t =sinx —cosx).

_f sinx +cosx dx=f du
2511121—!—7 smx Cosx]+5 2u +7u+3

(v6i t=sinx —cosx).

£ = sinx 4 cosx gy — du
f3sin2x+7(sinx—msx)—3 % f3u2+7u—6

(véi t =sinx —cosx ).




Chinh phuc Nguyén hém - Tich phan tit A @én Z . 4

Dang 60: I=f—°°fﬂ-;dx
' {si.nx-oosx+a)
d(sinx—cosx+a)  rdi 1

Phuongphap: [=  ——————— = | —=————+C
PP f(smx—cosx—i-_a]" ff" (n,—l]u""

vOi t=sinx—cosx+a.

Vi dy; Tim nguyén ham sz—wm—zdx.

(sinx—cosx +2)

Ll:l‘kg‘lal

Hwh: #_to 1
(5j_nx_msx_|_2)2 # t sinx —cosx + 2

Bai tap minh hoa
»  Tim nguyén ham cic him s6 sau day
al= f cosx +sinx 3dx=-——1——2—+(,‘.
(sinx— cosx+3) 2(sinx~c05x+3)
cosx+sinx 1

b.I= dx = +C.
f{sinmr-—cosx-}-?)"l 3[5in::c—cos:c+7)3

& I:f cosx+sinx Tr— 1 +C

' (sinx—cosx+1l)5 4[s‘mx-cosx+11)4

Dang61: 1= [ e S

S
sinx +cosx + a)

Phuiong phap: I = ‘[M J‘dt ft"‘dt -—+C

mx+cosx+a

cosx —sinx

Vi du: Tim nguyén ham [ = dx.
& f(six1x+cosx+2015)2

d 1 1
ooy [0 b oot o 4D
Lo giéi: 1 f tz t R sinx +cosx + 2015




. Chuyén Gia Sdch Luyén Thi

.
,} Bai tap minh hoa

#  Tim nguyén ham cdc him & sau day

dx = =0,
(sinx +cosx+1) 30(sinx + cosx +1)

b= COSX —sinx . 1. . +C,
f_ (sinx+cosx+20)° 12(sinx +cosx +20)’

f ‘cosx —sinx 1

ey sinx

sinx

ux_
55y — 1 ‘fv’2acos ‘x+b—a
Pt t = cosx = dt = —sinxdx .

= ——_1 e+ff2 Ll
T%rf, a—b b e 22

Vi dy: Tunngu}'énhém I= fﬁ_
2c0s2x +

Lai gidi: 1= B dx dx .
IJP. 2cos” x — 1 f\fd-cos x+2

Dt t=cosx=dt = —sinxdx,

P
N
2

dx.

Phuong phip: I = f J
2cos’

+C.

| Lo a

! 1
L 3

+C.

',J Bal tap minh hea

#  Tim nguyén ham cic ham s6 sau day

a. I= =-_———]_n
f\)'3c052:r+
1
=——=In
J6

+C

1
t+.|’£" -

+C.

c05x+1/cos°x—%




" Chinh phuc Nguyén ham ~Tick phan it A dén Z

1

[0 B | S W
V'3
3

R | L
W

+C.

1ln

+C

b.I=
f«,’4co52;x+
’ 3 1
cosx 4, [Ccos x+§

1
el= —In
fv'Scost +2 v'

= —Ti-gln‘cosx +1Jm52 x— %

1
=——In +C.
V8

3

Cr cosx
DangﬁS.I_fM

Co5X
Phuong phép: I:I?Za(]vzsinzx]+bdx"‘[\f=n—a+b—2asi11’x dx

Dit t =sinx = dt =cosxdx .

f:f dt =_1_J- dt .
Ja+b—2at2 J2a iﬂﬂ—tz
2a

Détt=1’ﬂcosu:>dt=— +bsinudu.
2a
a+b .
f —2;_”81111.‘. ? " &
U=———+C.
\j_ Jﬂ-l—bl CO.‘.’.:H) Jz_ﬂ

i I: COsX Fe
Vi dy: Tim nguyén ham f m
CosX
Lai giai: I = dx =
8 ‘IJ_1 2sin? x}+6 IJﬂ—zasinzx

Dit t = ginx = df = cos xdx

=fdi_=Lf_£f__
Vi1-2a 10 Jg

dx .

10

L



Bai tap minh hoa

¥*  Tim nguyén ham cic ham s sau ddy

I— :__
& f:}2m92x+6 +C

b. sz R +C

\-‘3c052x+
1= [ x:-i
\fcl_-c032x+5 Jg

C. +C.

Dang 64: I=fsinx\,l'ac052x+bdx
Phuong phap:

. a—b
I:J‘sm:nEa(stix—l}+bdx::—-J2_af caszx—-—ﬁud(cosx)-
Vi du: Tim nguyén ham I = fsin:\:\,l'2 cos2x + 4dx .
Lof gidi:

I= fsmx,IZ 2cos? x— 1 +4dx = _‘Ffﬂl x+—d l:osx

Bai tap minh hoa

¥ Tim nguyén ham cdc ham 8 sau diy

a. I=Isinx4||3(2coszx—l]+7dx=—Jgf"cosgx—ir%d(cosx)-
b. I=fsinx,|'6(2c052JI:—I)+_?dx=—~/ﬁf,icoszx+%d(ccsx).
C. I:fsmx,f4{2coszx—1)+3dx=*—\fgf"mszx—%d(cosx).




Chinh phuc Nguyén ham - Tich phdn tix A déi

Dang65: I = f cos x+/acos2x + bdx
Phuong phdp:

I:fcosx,fa(l—Zsmzx)+bdx=fcosx a+b—2asin® xdx
gﬁ;f 'a—;;'i{asinzxd(smx}-

Vi dy: Tim nguyén ham = fccs;rJZcoszx +7dx.
Lo gidi: 1 =f|:osx, !2(1 —2sin’® x} +7dx = fcosn") — dsin® xdx

=~J’Zf,/%.—sinz xd(sinx).

'w Bai tap minh hoa

>

|

Tim nguyén ham cdc hiam sd sau ddy

a. I=fcosx\25r:052x+3dr=\.ﬁ6f1’%—5inz xd[:sinx).
b.I= fcosx 8cos2x+ 2dx = J‘EIJE sin? xd[sinx)A
c. I:fcosx c052x+2dx=«ﬁf,’%—sin’ xd(sinx) .

Dgn966:1=fsinx asin® x+ bix
Phuang phap:
I=fshxmdx=fsinxda+b«acos2xdx.

Dit t=cosx=>dt = —sinxdx

1=—f a+b—at2d£=-—~f;f1}a+b—r1dt‘
a




Chuyén Gia Séich Luyén Thi

bit t—,’ﬂsmu=>dt— a+bms'udu,
a

. I-—*\[_f‘jaH’ Jﬁ'bl sin’ )du——%?fcoszudu

=_%+T:f[1+m52”]d“=_‘ﬂ ~a+bsm2u+f.'

N
Vi du: Tim nguyén ham I=fsinxJ251n’ x+2dx.

Loi gidi: I = ['sinx,[2(1—cos x) + bdx = ['sinxvd— 2008 xds.

bit t =cosx = dt = —sinxdx .

1=_—fd4—m‘d:=—«/¥f~/2—c=d:.

Dit #=2sinu = dt =2cosudu.
I:—2f2cosu‘/2[1—smzu u=—}fooszudu

—Tf ] +cos2u}du_ -—%u -—-%stLH—C

,’ Bai 1p minh hoa

% Tim nguyén ham cic him s& sau day

a.l= SiHX‘\JISSiI‘I:I-’r'zﬂ'x:—? cos® udu
5
=—%f(l+cos2u]du:—%u-;ﬁ%sh2ﬂ+c.

b. I=fsinx 6sin“x+8dx=—-%fcosludu

) 7 7 ¥
=—Jgf(l+m2u]du=—-£u—ﬂ;mn2u—I—C.
C. I=fsinxd35in2x+8dx=—%fcos2 udu

11 11

11
=—2J§f(1+COSZR]duzn-m—u—NEBmZM—FC




. le.it ph.u( N_r,'uyrn héum - Tich phén hrA "

Dang67: 1= fcosx\,‘asm x + bdx

Phuong phap:

I=fcosx,,‘a[l—sinzx)+bdx=fccsx a+b—asin® xdx.

Pt t =sinx = dt = cosxdx .

+b
1= [Jat+b—attdt= ,/—" —Ft.
f a a J;f .
Bétt=1faT”5inu=>dt=1ia:bcosudu.

a+b atbr ., _atb 3
5 coqu = {1 smu}du m—fﬂos udu

a+b a+b

e 2l

Vi du: Tim nguyén ham I=fcosxd2eﬁﬁx+3¢ix.

Loi gid: I= [ cosx,[2(1—sin®x)+3dx = [ cosx/5—2sin’ xdx ,

Pit t =sinx = dt = cosxdx,

- |5 /5 . 5
I=w"§f\gcosu E(l—sm’u)dat:ﬁfcus‘udu.
biat t=\[~§-si1w=:~dt=‘/-§7-oosudu.

5 5 : 5
I=ﬁf‘j-;cpsu.,,§(l—sm’ u]duzﬁfcos" udu

5 5 5
=EI{1+ms2u)du=2-Eu+msm2u+C-

a+b

—sin2u+C.

Jdu=




 Chuyén Gia Sdch Luyén Thi

Bai tap minh hoa

#  Tim nguyén ham cic ham s6 sau diy
a I=fcosxm3dx=-‘%fcos’udu
=2%f(1+coszu)du=2—%u+ﬁsinzu+c :
b. I:fcosx 9sin2x+1dxm% cos’ udu

=§f(1+cm2u)du=gu+%sm2u+6.

s -3 o 2
C. I—fcosx 5sin x+2dx—J§fcos udu
7

ZJ_f 1+m32u 2J§u+%9{m2u+c-

: sin"" xcosx
Do B8 L s

Phuong phéap:

. : ; du
Dit #=sin" x = du = nsin"" xcosxdx = sin" ' x cos xdx =? ;

1+m2
Pit u=tanf=du :[l + tan® f)df_
_ 1+tant _t
1+tan£ n
Vi du: Tim nguyén ham = sz
: 1+sin"x

Loi gidi: Pt u = sinx = du = cosxdx = cosxdx=du.

fl—i—u.

Pit u=tant :}-du:[] + tan® f]dt .

fI—i—tan tdt—t+C~arctanu+C = arctansinx +C -




Chinh phuc Nguyén him - Tich phén tit A dén Z

&
3 Bai tap minh hoa

»  Timnguyén ham cic ham s6 sau day

SINLC0EX 4 t arctanu arctansinx
Bk dr= o= +C= +C.
-rl-!—sm x 2 2 2
t arctanu arctansinx
b, [ [Snxeosx, f . i s
fl-}—s'm"x 3 3 3
.3 ]
c. szi'f.‘_x_c‘:“‘.dx=£+c=ardanu+C:arctansmx+c_
1+sin" x 4 4 4

N | cos™ ! xsinx T
Dang69: 1= [ <= "dx

1+cos™ x

Phuing phap: Pt u = cos" x = du= —cos™! xsin xdx .

du
[=— g
fl-}—uz
Pit u=tant --?du:[li-tanzt)df
_____Il—trtan t _ i+C=_arctanu+C_
1+tan® ¢ n
Vi du: Tim nguyén ham I=f_—smx dx
1+costx
du
Loi giai: Dt u=cosx = du=—sinxdx. [ =— .
R f1+u2
Pit u= tant::—durz(l—i—ta.n’ t)di :
2
I=-f—-—-1+ta“2tdf=—!+C=—arctanu+C.
1+tan”f |
Bai tap minh hoa
#» Tim nguyén ham cic ham s8 sau day
a I= fcos xsmx - arctanu +C=_arctancosx+c_
1+ cos® x 3 3
i tanu arctancosx
b. 1= cos® xsinx __arc b +C.
fli—cosax 4 4
_J‘coq xsinx :_arctana+cz_arctancosx+c
1+cosx 5 5




D@ng 70: I= de
smx+ cosx]

Afsinx+ cosx]r + B(sinx + cosx) :

Phuong phép: I= f ( s )3
SIMX+CosXx

...

"f (cosx— smx)+B(smx+cosx}

(sinx+ cosx)

=f(A+B)sinx+fB-A}cosxdx

(sinx +oo:-".x)3

a=A-+B = 2

B ;
i’[b:s-,ﬁ’ _a+th

a__{;_fd(sinx+cosx) ;;.Haf dx

== : 3
(sinx + cosx)

(Si'.l‘l.x+COsx)2

=a—b -1 +a+bf dx

ool

m
x——|.
g

4sinx+ 2cosx

Vi dll Tim nguyén hiam I= f——i—?‘dx :
sm X+Cosx

2 '2{51nx +cosx)

— a~b _l_a—l—btan

4(sinx -Iwr:os:t::]2 4

(sinx +msx) + B(sinx + cosx)

Lot gidk: 1= f E—

_f (cosx— smx]+B(smx+oosx)

(Smx + oosx)

_ I«(A+B)sinx+(B—A)cosxdx

(sinx + cos x)a

8 &




" Chinki phic Nguyen hiam =

a=A+B {A:l

bat ;
b=B—-A |[B=3

=fd(sinx+c051;)+3f dx i
(sinx +cosx) (sinx -+ cosx)
-1 dx

2(sinx + cosx)’ [J—m[xm H

2 3
= ——-——-—-+—tan x——i+C.
4[smx+cosx) [ 4]_

0’ Bai 1ap minh hoa

}

Tim nguyén ham cdc him sé sau day

o 65mx+3ccsxdx__ 3 y +2tan[:r—£]+c_
smx+cosx) 4(sinx+cosx) 4 4

b. r=f5s‘“+3c°sfdx=- - - :2tan[x—1]+c,
(sinx +cosx) 2(sinx + cosx) 4

o e f45mx-+3msxdx__ 1 2+Ztan[x—£]+c_
smx+cosx) 4(si.nx+cosx) 4 4

.+ f{asiny+bcosx
Dang 71: I——fmdx

i H
S : e i
sinx cosx) +B(smx me]dx |

A
Phiong phap: 1= f (

(sin x + cos Jt:)3 ‘

_f uosx+smx)+B{smx cosx]dx |

[sm X+ cos x)

=J.(A+B]sinx +{A—B)cos:rdx

[3i.nx+cosx)3 ' ) JI

o 28



A_a+b
a=A+B T2
Dﬂ{b:A B~ a—b'
B=
[_8+h d(sinx— cosx)+ dx
2 (sinx— cosx) 2 {sinx— mx)z
_a+bh -1 - a— b dx
| T2
| 2(sinx + cosx)’ [Jicosx+4]]
=———-—~L+“—btan x+ ]
4(sinx+cosx] 4
Vi dy: Tim nguyén ham [ = [7SmX+3cosx
(sinx +cosx)
L
Alsinx-—-cosx| + B(sinx—cosx
L&rigiéi:l=f{ ) (3 )
(sinx—i—cusx)
_fA[:cosx+sinx)+B(smx—cosx)dx
(si.nx+ccsx)a )
- a=A+B=} A=5
“lo=a-B" |B=2"
J:-—5~—2+tan{x+£]+(3.
2(sinx + cosx) 4
Bal 1@p minh hoa
#  Tim nguyén him cic ham sé sau diy
_szmx+6cosx S 11 2—~1~tan[x+1]+C.
(sinx 4 cosx) 4(sinx +cosx)” 4 4
b 1= [y tanx 4T
(sinx + cosx) (sinx +cosx) 4
_J-Ssmx—i—Soosx dx = - 5 : +ltan{x+£]+C.
(sinx + cosx) (sinx+cosx)’ 2 4




asinx +bcosx

Dang72: 2 j(\ﬁsinx + cosx)z

A(n@sinx + ::oe.x)J + B(Jgsinx+ cosx}
dx

(JE sinx+ cosx)z

Phucng phap: 1= f

A(chosx —sinx}-+- B(Jgsinx+ cosx}

- dx,

-J

(wﬁsinx+cosx)

b\fg—u
a-B-fM A A= 4
b=B+a3 g3 +b’

T4

4 (Jgsmx—i-cosx)z *

bJ_ ( 35mx+cosx) RJg+bf 7
i

b\[g—ﬂ =1 ]4 a\/§+bf dx

4 [y@sinx+cosx -

Bé tro: f——~_1ntan
in|x+
6]

6sinx 4+ 2cosx

Vi du: Tim nguyén ham I:f[JE - ]2
SINX--COSX

A(J’gsinx +cosx}r‘ 4 B[@sﬁnx +cosx)
dx

Lo gidi: 1= [ (\Eﬁnﬁmﬂz

A(Jgoosx—smx)+ﬁ[v[§sinx+cosx)
dx .

-f

(\Es'mx +cos x]2

' < TER ki TicH )



M Mega hook ¥ . Chuyén Gia Sdch Luyén Thi

23-6
Dit BBy T
b=B+AV3 |, _2V3+6
4
=2V{§—6 d(ﬁsinx+cosx)+6ﬁ+zj dx
4 . 4 4
(vgsmx—i—cosx) 2 -‘“?gsmx—i-%oosx

6—2v3-6 +6J§+2j- dx

N 4(J§si:nx-+—cosx] 8

'% Bai tap minh hoa

»  Tim nguyén ham cic ham s6 sau diy
5sinx +4cosx

1= (\Esinx+cosx)2

_ 5-443 +5J§+4f dx

= 4(J§sinx+cosx) 8 sin[x—i-g] .

4sinx 4+ 6cosx

. I:JP(\ESEI\:r+ccne5:c)2

1-6\3 i 43 +6 dx
4(J§sinx+cosx) 8 sin[x+£}

3sinx+2cosx
2
(Jgsinx+ cosx]

32243 ! 3J5+2f dx

::4{J§sinx+oosx) 8

c.l= dx

NN - l:ru b CAC L0 kM 5T




sinx 4 beosx
Dang 73:1= f SRR
{Jgsinxamsx)

A(Jgsinx—cosx)! + B(Jgsinx —cosx)
(wﬁ Sinx — cos :c)2
=f A(chosx -+-a‘m:x)+ B(\Gszinxw oosx]dx
{J{;sinx—cosx] .
bﬁ+a .
4
rhk;—-b
4

Phuong phép: I = f

dx

A=

a=A+BJ§

bat e
b=A\3-B

b=

_b«ﬁ—i—a d[u@sinx—cosx) H\E—b
= . («Esinx—casx]z+ 4 f J_

=b\f5+a[ -1 ]+aw/§—b

4 |J/3sinx—cosx

tan[z 6]\

dx
ot
6
Vi dy: Tim nguyén ham I=IMM;

[\Esinchcsx)z
(Jgsmx cubx) +B(J§sinx—msx}
(J_smx——cosx)z

B(jﬂ'(l‘f =In

sin

dx

Ld;gjﬁl I—f

A(\/Ecosx +5i11x) + B(\Esi.nx = cosx]

:f (w.lfgs.i.rlx—oosx)2

e




- Chuyén Gia Sédch Luyén Thi

53 +6
st a=A+BJ§:’ A 4
T lb=av3-B | _6B-5"
4

[_5V3+6 “{*ES*“I—CWL&JE—.SI dx

& (\l’rgsi.nx—cosx)z 4 2 V3
2

4(J§si.nx—-oosx} 4

5\'5—}-6 _'__6_\!5—5] dx
sin[

—sinx —=cosx
2

. %JH' tap minh hoa

»  Tim nguyén ham céc ham s§ sau day
8sinx + 5cosx 53 +8 . 8J3-5

v (\!r?:sinx—cosx)zdxz_‘l(‘jgsmx'_mst T4

3sinx+8cosx

—_—ix

(\Esi.nx—cosx)
8V3+3 +3«J§~sf [dx

B 4(J§sinx—cosx) 4

b, I=[

9sinx +2cosx d
(Jgsinx—cosx)z
23+9 +9J§-2J« dx

sin[

2_4(Jgsirsx—cosxj 4 x_%].

e 1=f

f dx
sm[

w
X ——
6




Chink phuc Nguyén hitm - Tich phin tit A dén Z

Dang74:1= f(ax2 +bx+ c)sinxdx

Phwong phap: Bit

dv = sinxdx o= —COSX

I= —[axz +hx+ C)COSX—}-I(ZHJ: +b)cosxdx .

it u=2ax+b ey du.—_ZRdx'
dv=cosxdxy |v=sinx

I=—[ax1+bx+c]msx+(2ax+b)sinx-f2a5inxdx

=—(|:Uc2 +bx+c)cosx+(2ax+b)sinx+2acosx‘

u=ax’+bx+c ldu=[2ax+b)dx
=

Dang75: I = f{ax‘ +bx +c)cos xdx

du=(2ax +b)dx

v=8Inx

u=ax’ +bx+c

Phuong phdp: Dat
ng phap: Y {dv=cosxdx

Iz(axz +bx +::)sinx— I[Eax—i-b)sinxdx.

u=2ax+b du = 2adx
Pat =

dv=cosxdx |v=-—cosx’

I:(axz +bx+c]sinx—[Zax+b]cosx+fz;zcosxdx
:-:(ax2 +bx + c)sinx ~ (2ax 4 b)cosx + 2asinx +C.

Vi du: Tim nguyén ham = [ (ax* +bx+c)cosxdx.
Lisi gidi: Dt 1“:“‘2 ™ Id“:(z“”b)dx.

dv = cosxdx v=sinx
I=(ax’ +bx +c)sinx — [(2ax +b)sinxdx.

u=2ax+b du=2adx
dv=cosxdx

bit {

?=—C0SX
!=(:‘-'.1c2 +bx+ r:)smx— (2ax+b}cosx+f2acosxdx

=(ax2 —H:vx-i-c}sinx—(2m:+b]cosx+2asinx+c.




9 _ Chuyén Gia Sdch Luyén Thi

"“-ﬂfj@ﬁ Bai tap minh hoa

»  Tim nguyén ham cdc ham s6 san diy
a. I--—J"(Ex2 +3x+6Joosxdx
=['2x2 +3x+ 6)5inx—(41+3)cosx+4sinx+c.

b. 1= [(6x* +7x+2)cosxdx

= (6x" +7x +2)sinx —(12x+7)cos x + 12sinx + C |
¢ I=[(72* +2x+3)cosxdx

= ('i’:vc2 +2x +3)5inx —(14x + 2}0031 +14sinx+C

Dang 76: I-ff(sinx)cosxdx

Phuong phép: Pt u =sinx = du= cosxdx

1= [ f(u}du.
Vi du: Tim nguyén ham I=fsin’xoosxdx.
Loi gidi: Pat u =sinx = du = cosxdx.

3 I §
_ (25, ¥ _smnx
I-—fudu_3+C'_

+C.

A Jnéi tdp minh hoa
¥ Tim nguyén ham cdc ham sé sau day

sin’x

+C.

4
a. I=f5ﬁ13msxdx=%+c=

6 . 6
b. I_-fsinsxcosxdx=%+C=me+C_

sin” x
9

4
C. I=fsinsxccsxdx=%+cz +C.




Chinth phuc Nguyén ham - Tich phan tig A dén Z

Dang77: = ff(cosx] sinxdx

Phuong phdp: Pit u=cosx = du =—sinxdx.
1= [ f(u)du.

Vi dy: Tim nguyén ham I = fcos x° sinxdx .

Loi gidi: Pat u=cosx = du=—sinxdx.

cos® x

+C.

]
I:—fu5du=—%+(?=—

Jnai tan minh hoa

%  Tim nguyén ham cac hdm s sau day

3 B
a. I=fcos:€5inxdx:—%-+(3:—=5%x-+€.
b. f:fcoijsinxdx=—_-u—‘—-‘-c=wccs.x-i"C.
g = 4
pli] 10
C. I=fcosxgsinxdx=%+C=£%+C.
Dang78: 1= [ f{tanx dx
ang J flanz)—
Phudng phap: Pit u=tanx=du= L
g phap: Ba oy

I=ff(u)du.

Vidu: Tim nguyén ham I = ftan’ x cos‘]f xdx i

dx

Lo gidi: Dat w =tanx =+du=—5—.
cos’ x

tan’ x

i 1=J"u=du=i;+cz 3 +C. _]




_ Chuyén Gia Sdch Luyén Thi

Tim nguyén him cdc him sé sau day

1 u® tan® x
A = | tan*x dy=—+4C= +C.
f cos’x 5 A
If'-l'=ftan"‘:x' 1 dx=u—6+c=tansx+c.
cos® x 6 6
7 7
C-I:ftan"x =t g _BRX .
cos® x b g 7
Dang79: 1= _ [ f(cotx d
ff( )sinzx ®

Phu&ngphép:f)m U= cotx = du=— d': ]
Sin- x
I:—ff(u)du.

Vi du: Tim nguyén ham Iz—fcoft ——dx.
SN x
Lo gidi: Pat y = cotx = du = - df \
! sin® x
4 ' x
b te—fddu=-X 0= % ¢
[ f 3 3
]| Bai tap minh hoa
»  Tim nguyén ham cic ham s3 sau day
a'lz_fmtsf 1 dx:—“4+C=—C°t‘x+C.
sin® x 4 4
b. ;_ 2, 1 u® _cot®x
I_—fcot tsinzxdxz_?_'_c- +C.
10 tlﬂx
CI=—cot’t dt=—r 0= % C.
f sin® x 10+ T




Chinh phuc Nguyén ham - Tich phin it A dén Z

Dang 80: 1=f dx

asinx +becosx + ¢
Phuong phép:

= [ dx
|

XX L X
rzs1n—oos—+b[cos2;--ssz]—f—c[cosz——Fm’E

22 2 2
dx

2cos? =
2

sinfX  sin>
{c—b)—2+a 2 4b+c
cos’>  cosZ

2

dltan®
[anz]

(c-b}tan25+atan§-‘i-b+c

= f dt :
J (c—b)f +at+b+c
: dx
Vi dw: Tim nguyénbham [= | ——M .
guy J.25;in:'c+4@c:sx—i—5
Lis gidi: [ = [ dx
2sin X cos® + 4| cos? X —sin? X |+ 5{cos? £ 4 sin %
2 2 2 2 2 2
ax
X
—f 2cos’-~;- g d[tanE]
sinf¥  sin tan? = 4 2tanZ 49
242 2,49 2
2 x
Cos™ — CcOs—
2 2

Dit ¢ — tanx = dt --=d[tanx)-

1= dt m
_f_iz 12t 49 (Dang 6_Tich phén hau ty).




QUL ER o lo (@ Chuyén Gia Sdch Luyén Thi

) Bai tan minh hoa

#  Tim nguyén ham cic ham s6 sau diy

dx dt
a, I= = it= 2
szinx+7cos:c+5 —28 +3t+12 (oL it
dx dt
b. I= = Gi t=tanx ).
szinx+4ccsx+l =3+ +5t+5 (véi *)
dx dt .
& = = vOi f=t ;
J"7ssi|:1.::c—|—3cn:)f:‘&:vc+1 f—2£2+7t+4 et e

Danefi: 1< a,sinx + b, cosx
geld fazsi_nx+b r:o\sxdx

Phﬂdngphap Fisi f ansmxﬁ-b cosx) +B(l‘1’smx—f—b Cosx)dx

a,sinx+b, cosx

__IA(“zCOSx*b;Sinx}'*“ B(a, sinx+b2cosx)d
- a,sinx 4 b, cosx *

d(a, sinx +b, cosx)
f a,sinx+b, cosx ¥ A1n|a251nx—}-b=cosxj+8x
| fim A, B bling cich gidi hé phuong trinh | A%+ Bh =4
Aa, +Bb,=b,
Vi dg: Tim nguyén ham j - J‘Zsinx +3c‘osxdx
4sinx+5cosx

! g T3 7
i —|4sinx 4+ 5cosx) +—(4sinx +5cosx
! Loi giai: I=f ( } 10[ )

4sinx+5cosx

%(4@3:& — 5$inx} 3 (45111:: + 5cosx}
e )

i =J" 10
i 4sinx+5cosx

| (4sinx +5cos:r)
Ly ey

= 4si 5 —
4sinx + 5cosx 10 8 nlgnsy cosx|+ 0x+C




__ Jﬂéi 1ap minh hoa

¥ Tim nguyén hdm cic hiam sd sau day

_ r6sinx+3cosx

a I= -
2ginx +4cosx

dx=-j—]:n|2sinx +4c05x]—§x+c.

K I:f35inx+4cosx

7sinx +9cosx
_ [5sinx+6cosx
~J 8sinx+2cosx

dx= i-]n]’.?.s;inx + 9cosxi+lx +C.
14 18

c I dx=—1—1n|85inx+2cosxt+ﬂx+c.
16 4

a, sinx + b cosx+c, i

Dany82: I=
an 'fmzsinx—1—bzci:)53c+r:2
Phuong phap:

!
a,sinx+b,cosx+c,) +B(a,sinx+b,cosx+¢,)+C

A{
= dx
d f a,sinx +b, cosx+c,

B A[u2 cosx—bzsinx)-r B(azsi.nx—i-bgmsx-kczj +Cdx
_f a,sinx-+b,cosx+c,

d inx+b, cosx+c, Cd
I=AI [ﬂ;smx ; 2)+deX+f X
a,sinx +b,cosx+c,
Cudx
sinx +b,cosx +c,

=A1n[a, s'mx+b2cosx+czl+Bx+fu2

—Ab, +Ba, =a,
Tim A, B, C bang cdch gidi hé phuong trinh } 45 By, =b,
Be, +C=¢

?sir1x+6cusx+5d
e . —dx

Vi du: Tim nguyén ham I:f4sinx+ 3eosx+1

Loi gidi: i 5
i ’ )
%(4sinx+ 3cosx+1) + ﬁ[-lsmx +3c08x +1}+—25~
i dx
4 f 4sinx+ 3cosx+1

a,sinx +b,cosx+c,




%{4c0&x—33§nx}+%(4sinx+3cosx+ 1]+§

dx
4sinx+3cosx+1
B 3fd(4sinx+3rzosx+l) 6 .7 dx
~25J dsinx+3cosx+1 | 25 ' 25J 4sinx+3cosx+1

3 46 79 dt
=—Inldsinx+3cosx+1j|+ —x+— | ——v--o--
25 | ! 25" 25J 2P 1 dr+4

'Q;“J Bai tép minh hoa

»  Tim nguyén ham cdc ham so sau day

a‘I=J"53i.nx+2cosx+?

3sinx +6cosx+4
-8 . 3 23 di
=—In[3sinx+6cosx+4 4=y 4= —*F .
" 5 5j—2t=+3r+1u
b, IO AT R
5sinx+2cosx+7
23 l1si 4 76 dt
=—In|dsinx+3cosx+1| +—x—— .
29 | 297 29J 5¢ 45t 49
r il 8sinx+5cosx+2
6sinx+2cosx+5
7
=—]n|4s'mx+3cosx+1|+£x_z_] #ﬁ
20 200 4Y 28 pat+4
sin{ax+b
Dgngstl:1=f ( ) —dx
{ﬁm+ncos(rlx+b”
Phuong phap:

1 pd(m+ncos(ax+b))

Fromee

- [m +ncos(a:x + b)i;

= _;%f[m+ncos(ax+b) _Ed[m+noos(a:\:+b:l}




Chinh phuc Nguyén hium - Tich phin trAdénZ #

1 [m+ncos(ax+b)]'zn .

an —E-H
n

Vi dy: Tim nguyén ham | =f

sin(4x +3)
216+ 2cos(ax + b)l

dx.

1 pd(6+2cos(4x+ 3))

Loi giai: T=— 3

16+2cos(4x+3)ﬁ
=—%‘“6+2ms(4x+3?l_%d(6+2cos(4x+3]}
l M—FC

S8 1
2

+1

og Bai tap minh hoa

» Timnguyén ham cic ham s§ sau diy

a3
sin(5x46) 1 [2+3cos(5x +6)| *

a I= £ +C
lZ+3cos{5x+6)r 15 —%—i—l
il
b, I—f sin(7x +2) dx:—%r)- [2+5c05(?',7x+2)] e
2+ 4cos(7x+2)f 2+
2a
sin(5x +3) 1 [2+5cos(5x+3)]®
c. I= sdx—-ﬁ 3 +C,
3|2+ 5cos(5x+3)| =i

Dang ES:- sz[ax +b)cos(mx +n)dx

Phuong phap:

-1 du = adx
Dit . _
' Lv:cos(mx+n]dx:> v:jms[m+n]dx:m[mx+nl




& Chuyén Gia Sdch Luyén Thi

sin(mx +n)
m

I={ax+b) +%fsin(mx+n)dx

b)fm(m—x—fﬂ—%ms[mx +n)+C

= [ax +
Vi du:Tim nguyén him 1= f(Zx +3)cos{4x+ S)d.x §

u=2x+3
dv=cos(4x +5)dx

= e 5in[4x+5} H

ru =2dx
4

Lo gidi: Pit {

sin(-ix +5

| I=(2x+3) > )+§fsin(4x+5)d.x

i i 5
| =(2x+3)$ﬂ—%ms(4x+5)+c.

J Bai tap minh hopa

»  Tim nguyén ham cic ham s6 sau day

a.1=f[7x+8)cos(6x +5)dx = (?x+§l%nﬁ;15)_ .-6?2—:05(6x+5}+C-
b_I:f[&x+4)cos(9x+2)dx=(-Em—s?(%i_ﬂ—gcos(9x+2)+c
e 1'=f{?x—{—i}}cos(?.x+1)dx:&—i_3]sé;(2xﬂ-)——2izﬂos(2x -+-1)+C-
Dang 86: 1 = o =

f[asinzx+ bcoszx+c)

Phuong phap:Dit u=asin® x + beos” x +¢
=» du = (asin2x — bs‘mzx}dx = (a— b)sin 2xdx .

1-n

_ de 1 u
I“f[a—b}u" _a—b-1—4n+C

R RGYEN RN T PHEN CACLONY AN S, )




Chinh phuc Nguyeén hiom - Tich phin tit A dén Z

[_ 1 (ﬂ sin® x 4-bcos® x + c)l_“
=— 8
a—~h 1-n

Vi dy: Tim nguyén ham ] = f sin2x e

(351'112 x+2cos’ x + 1)2

Loi gidi: Datu = 3sin® x+2cos’ x +1

= du=(3sin2x - 2sin2x)dx = sin 2xdx

t—3 3 # 3
- > drzf[:-F]dt=-i+?+c

2 2
(3sin3x+2coe x+ 1) 3
N 2 | 3sin®x+2cos’x+1
Bai tap minh hoa

»  Tim nguyén ham cic ham sd sau day

I— sin2x d =__1_ E=L+C
* f(4sinzx+6coszx+2)3 : zf“a 4’
1
= ¥e,
4(45inlx+6c052x+2]2
J= sin2x d =}. d_u.-;_ ! +C
. J"{?sinzJc—+—21:c)521::—i-:%j]? ) 5.[1; 30u°
1
= +C.
30 (’7 sin® x +2cos® x + 3)6
] sin2x i _1pdu_ _ 1 i
© j‘(5sinzx+2costx+3)‘ i 3];{4 ou’*
= ! +C.

9(5sin’ x +2c0s x +3)




M Megabook |

Chuyén Gia Sdch Luyén Thi

sin2x

Dang87: 1= [ o™

x+bsin’x+c¢

Phuong phap: Pt » = Jacos? x +bsin® x +¢

=P :acos2x+bsinzx+c:>Zuduz(b—a]siandx.

1= -_2_ Edu: 2u +C:L 2¢0s® x + bsin? o
b—a h— b—a
Vi dy: Tim nguyén ham 1= J" sin2x -
V200> x+ 3sin® x + 4

Loi gidi: Dt u=+/2cos’ x+3sin’ x + 4
= u® = 2005 x + 3sin’ ¥ + 4 = 2udy = sin 2xdx .

I= 2f—du 2u+C=2y2cos’ x+3sinx+4 +C.

>

%Iﬂai 1an minh hoa

Tim nguyén ham cic ham s6 sau déiy

a. f=f T i’f=—l\f9coszx+55in2x E3EE.
J9cos 2

'x+5sin®x+3

sindx dx=—7cos’x+5sin*x¥+7 +C.

I=
f\bcos’x+551nzx+7

. I=f L dx:3J4cos’x+gsin’x+2+C.
Vdcos® x +9sin® x + 2 5

Dang 88: I:f_cgﬂ_x—dx

(sinx —cosx +a)"
Phuong phap:
(cosx—sinx)(si.nx-i—cosx} t—ag
I:f dxzf dt

#

(sinx — cosx +a)
Dt t=sinx —cosx+a=> dt =(sinx + cosx)dx




Chirih phuc Nguyén ham - Tich phin tie A dén Z

t-nﬂi

I= f - t"‘ =_ma1—n.

[si_nx —cosx+ a)" [sin X —CO8X -I—a}l_“
e 3 —a i +C,

Vi du : Tim nguyén him l'=f

cos2x
: : dx .
(sinx—cosx+3)

(cos x— sinx) (sinx + cosx} .

e . l.- I=
L f [sinx —COSX + 3}2

Pat t=sinx—cosx+3=>-dt=(sinx+msx]dx<

-3, 3), ¢ .3
_IT“"I[FF]““EJF?FC

2
sinx—cosx+3 3
=( ) +— +C.
2 sinx —cosx+3

sy, Bal tap minh hoa

» Tim nguyén ham cic ham s& sau day

3
o sz( cos2x dx= f{tz ]df_f_ t%—H:

sinx —cosx + 4

=(sinx—cosx+4] " 2 e,
3 (s‘mx—cosx+4)
cos2x 3 ] - 5
I=| ———————dx= ||’ - t= —+—-+C
B. f(smx cosx+5 I[ 3£
inx— 5
:(smx cosx + ) - 5 3+C,
4 3(sinx — cosx +5)

. &
c. I=I—ﬂ—ﬁ—dx=j[t5—%—]dt=?—+is+€
(sinx—cosx+4:1 t 6 5t

_[sinx—-cos:r+ 4}6 . 4

=4C
6 5(sinx — cosx +4)




b Chuyén Gia Sich Luyén Thi

2
Dang89: 1= f o8 X

asinx +bcosx
Phuong phap: = [ S dx

a : ]
Lk mm‘“ﬁmxl

1 f cos® x a1 fcosz[u“&)du

N N

sin(x+a) J@2 41 sinu
S | fcc:s‘acos’uhzsmacosasmumsu—i—smzasinzudu
N Jai* + 1 sinu
(véi x=u—o0;——2 = cosa; 3 =sina ).
Jat 41 Ve +b?
COSzx
{ du:Ti am [= [— B %
Vi dy: Thn nguptn hdm fasinx+bcosx

Lai giai:

1 [“*E]
I= dx:if —f
f [ 1 sm[x+6]

——sinx-+-cosx
-

cos’ [I]ms2 u— Zsm[z}cos[i]sinumw +sin? [E}sinz u
1 f 6 6 6 6
a2 - du
2 sinu

3 1
—cos u— smucosu+ sin® u
f4 : 4 i
sinu

S
—cas u———smucosu-f-l

fZ du-




Chink phuc Nguiyén ham - Tich phdn HEA d’e?J.Z

" Bai tap minh hoa

"

#  Tim nguyén ham cic ham s san diy

CCIS X
a.l=|—dx
f 2sinx + 3cosx

1 f cos” a cos® u — 2 sinacosasinu cos 1 + sin® asin’ u du
J13 sinu
cos®x
T
2sinx+cosx
1 pcos®acos® u—2sinacosasinucosu+ sin® asin® Ly
J5 sinu
2
cos® x
5sinx +1cosx
cos® aecos® 1 — 2sinacosasinucosu + sin’ arsin® 4 -

1
=Ef sinu

dx
(asinx+b cos.:vc)‘qs
Phuong phap 1:

Dang 90: sz

dx _ f d(tanx)

I= F
fazsinzx+2absmxmsx+bzcoszx & tan® x + 2abtanx + b

Dit t=tanx = dt =d(tanx).

dt "
_‘J’Iazf2+2aflf+bz (Dangﬁ_'l'lchphén hiu lj’}

Phuong phép 2:

= Co5- X —f d(tanx) _ 1
(atanx+b) Y (atanx+b)  alstanx+d)




B M) Mega book:

- Chuyén Gia Sdch Luyén Thi

1 : I
] Vidu: Tim nguyén ham I=f—dx—-—-—i-_ i
§ i ¥ (3sinx 4 3cosx)

| x

d(tan x) 1
Loi gidi: 1= cos’x __ =_ W
# f (3tanx+ 3] ‘[‘(Stamc-i-E,)2 3(31anx+ 3)

|| Bai tap minh hoa

> Tim nguyén ham cac ham sé sau ddy

1
a. I= +C
f 4smx+5cmx} 4(4tanx+5)

b [= dx __ 1 LC
f[fi::n'ur+2t:m:r]2 8(8tanx +2)

1
Cl= = +C
f 4smx+2cos.r) 4(4tanx +2)

. Intan(ax +b)|

Dang9%: f— [ L\~ "7/

el f sin(2ax +2b) B

Phuong phap: it u= Inltan(ax 4+ b)|

1 1 dx 2

== atan(ax+b}'cosz(ax+b) - sin[Zax—l-?_b)dx

In? |tan (ax + b)

4

In|tan(3x +2)|
sin(6x +4) o

1 W
J’—-z—fudu—-—T+C—-
Vi du: Tim nguyén ham I=f

Léi gidiz Dt u=Intan(2x + 3)|
1 1 B

dig = 2ot
= 2 ta.n(2x + 3] cos’ (2:{ + 3] sin(d:x + 6) dx

2
I:%fudu:ufjﬂ—(::lﬂ |tan[2x+3]|+c




Chinth phuc Nguyén him - Tich phin tit A dén Z

J Bai 1ap minh hoa

%  Tim ngoyén ham cac ham s6 sau diy

ln[ta_n 2x+4 _ fudu——4-+C In* tan[2x+4)]+c.

f sm 4_-x+8 :
In|tan(x + 2)) u? ‘ni[ta“["”]]
o plnlenGra) A L G|
b. [= fsm(2x+4 ‘[ = : '
_J.m{tan B+8)] 1 foggatt +C_M+c
sm(ﬁx—l—lﬂ) 2 4
dx
Dang 92: I_Igsin’x+b5inxmx+"“”szx+d
ax
. cos’ x
Phuong phép: [ f Sm x+bsinxcosx Cc052x+d 1
Tos'x cos’x  cos’x cos’x
d(tanx)

_fatan *x+btanx +c+d[1+t:m x}

bit t=tanx::-dt=d(tanx).

dt
Taco I= D 6_Tich phén hitu ty).
e f(u+d)t“+bt+.:+d( e dp )
x

{du T s ham [= ‘
Vidhy: Thoe ngutyéa b fsin‘x+2sinx-:osx+3coszx+4

dx
2
Loi gidi: I= [— oS X _
sin x+ sinxcosx cos™ X 1
cos® x cos’ x cos’x  costx

_ dl:tanx)
fta.n x+2tanx+3+4[‘l+tan x)

Dit t=tanx=>df =d(tanx),

A
e f4sz+zr+7




*
,l Bai 13p minh hoa

Tim nguyén ham cic ham s§ sau diy

dx
a. 1=f — - :
5sin” x + 4sinxcosx + 5cos x + 2
tanx)
= ———(i=t i
f5tan2x+4tanx+4+2[1+tan x) f7t’+4t+e( anx)

b.r=f i . H%

7sin® x + 8sinxcosx + 2cos’ x + 3

‘f i —f % (t=tanx)
7tan® x+8tanx+2+3(l+tan x} 108 L85
dx
c' I_f6$inzx+3§inxcosx+2coszx+1
d(tanx)
=f (t=tanx).

6tan® :c+3tan.r+2+(1+tan2 )_f7t2+3t+3

Dang 93: I=ff(m'nzx,cos’ x,cos2x)sin2xdx

Phuong phap: szf(sinz x)d(sin’ x):—-ff(cos’ x)d(cos’ x)
=2 J Flcos2x)d(cos2z).

ﬁ CAC CONG THUC LUGNG GIAC THUONG SU DUNG

Céc hing ding thiic lugng gidc:

e sin*x+cosfx=1.

. 12 =1+tan’x
cos® x
n 2 =1+cot’x,
sin” x

» tanx.cotx=1.




Céng thiic ha bic hai:

5 14cos2x

s o8 X="—-——"—.
. 2 1--cos2x

o sintx=——"—.

Cong thiic bién déi ti thanh téng;:
« cosacosh =%[COS{R -+ b] + cos(a —-b]] "
» sinasink = —;-Ioos[a—b) - cos(a—i— b)l

« sina.cosb= —;-[si.n[a +b)+sin(a —b)] ;

Chiy: sin(-—sz —sinx
cos(—x)=cosx

Céng thiic bién d6i t6ng thanh tich:

. sina+sinb:25ina+b.cosa;b.

. sina—sinb=2cosﬂ+b.sina;b.

. cosa+cosb=2cosa+b.wsf_—b.
2 2
a+b ., a—

. cosa—msb:-Zsin-z—‘sm——;.

Cong thiic cong:

. sin(a%b)=sinacosb+sinbcosa,

« cos(a+b)=cosacosh F sinasinb.

(sin thi diing déu khéc lodi, cos thi khic d4u nhung loai gidng nhau)
Chu y:

- Trong trudng hgp a=b ta dugc cong thiic goc nhén doi:
« sin2a=2sinacosa.

o cos2a=cos’ a—sin’a=2cos’ a~1=1-2sin"a.

- Trong truding hop 2a="b ta dugc cong thiic goc nhén ba:
» sin3a=3sina—4sin’a.

« cos3a=4cos’ a—3cosa.
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ﬁ CAC DANG NGUYEN HAM LUONG GIAC THUONG GAP

Dang 1: Nguyén ham diing cong thiic higng gidc thudn tiy

Chii y: V6i cdc nguyén ham c6 chfa sin"x va cos™ x thi ta diing phép ha

[ bac khim, n chdn, Ngwogc lai, ta dung bién déi vi phan.

»

-‘(.,-

Vi du: Tim nguyén ham cdc ham sé

8. I, = [sin 2udx. b. 1, = [ cos® 4.

c. Ia=fcos"xdx. d. I,zfsinaxdx.

e Is=f|:os5 xdx . £, =fcosz xsin® xdx.
g I =fsin31::05:rdx. h. Is=fm32xc053xdx.

i dx
=) ———-
-/ f sin3x +sinx

i gidi
a. I‘=fsin22xdx:f$dx:%f(l—cos4x)dx
1

2
b. 1, = [ cos? dudz — [ 110582y, dx =2 {1+ cosz)ax

1 x 1
—|x—=sindx|+C==—=sindx+C.
x 45511 x]+C 5 8‘sm.::

i x+lsm8x +
2 8

C=;~+%Sinﬂx+c.

€. St dyng lién ti€p cong thiic ha bic hai ta dugc;

2
costx= [n:c;s2 x]z = [1—+-C;s—sz = %(1—1—2&)52: +cos® 2x]
1 ;
Z[] +2cos2x + H%—“}: % + ; cos2x + ;cc)s‘ix

. s 1 1
Khido I, = fcos‘ xdx = I[E + Ecos2x +§cos4x]dx

—%+;sm2x+;—25m&x+ C.
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_.

Binh ludn: Trong nguyén ham trén ta thdy cos’ x chin nén chi st dung duy
nhit dugc phép ha bac. Néu & day la cos’ x hofc cos® x thi ching ta tich, vi sit
dung vi phén.

d I, = fsin3 xdx = fsinz xsinxdx = —f(b-cosz x]d[:oosx]

3
=—cosx+&gx—+c A

e I,= fccs5 xdx = fccs“x-:osxdx = f(l —sin’ ,vc]2 d(sinx)

3
sInC X
+C

=f[:1—2sinx+smz x)d(sinx)= =sinx—sin®x+

sin x

+C-

= I, =sinx -sin’x+
f. St dunglién ti€p cic cong thifc ha bic hai cho sin® x va cos® x ta dugc:

7 e 2 2
cos  xsin x 2 -2 I + C0s 21’ 1—C0$2:(
= Cos I(Sm x) = [ 1

_ 1+4cos2x 1—cos2x 1—cos2x _1—c0522x 1—rcos2x
@2 T g v E 4 2

1 | 1 . ¥ 1 - 2
= —gin? 2x(1—cos2x) = —sin" 2x ——sin® 2xcos2x .
8 I( ) 851 8

Khi do I =fcoszxsin‘ xdx = %fsin2 2xdx~%fsing 2xcos2xdx

:%f%‘ﬂdx_% [ sin* 2xd(sin2x)

6.
1 1 1 sin®2x
=—x——sindr—— +C
6 e 16 3
@16:-1—1——1-sin4x—lsir132x+c
16~ 64 48

g Sii dyng cong thifc bién ddi tich thanh tdéng ta dugc
sin3xcosx = —;u[sinf-lx +sin2x)
Lo f%(sinix +sin2x)dx = %f(sin-lx +sin2x)dx

= l —lcos4xw- -1—('0@ 2x
2] 4 2

1 1
+C=——cosdx ——cos2x+C.
SC 1 s
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h. I =IC052XC053.tdx=f%{c0951+cusx)dx

= %[ésins.": +sinx

+C=isin5x+~1—sinx+(3-
10 2

< dx dx dx

" I = = —

L5 fsin?rx-b-sinx fzsin?_xcosx f4sinxcos2x
1 B d(cosx)

“4J gin? xeos? x f

1 l:osxcos:c

d. h:fsm xdx:fsm xsmxdx:—f(]—coszx)d(cosx]

C083 X

=—Cosx+ +C.

e I, :fcoe;sxdxzfoos‘xcosxdx:f{l-—sinzx)zd(smx)

sin® x

=.ﬂl—25inx+sinzx)d(sinx)= =sinx—sin" x + +C

f. Sit dung lién tiép céc cong thiic ha bic hai cho sin® x va cos? x ta dugc:
2

cos” xsin® x =cos’ x (sin2 x}z = 1_4—_0;3_21:[1:%&

1+c052x 1-cos2x 1—cos2x 1 cos’2x 1—cos2x

2 7 2 7 2 4 2

= %sin2 2x(1- cos2x)= %sinI 2x— %sin2 2xcos2x.

Khideé I, =foo52 xsin? xdx:—;—fsinz’zmx—%fsinz 2x cos 2xdx

1 p1—cosdx 1 S j
=—f—-—-— Efsm 2xd(sin2x)
7.3
=1Lx—é i _%sm 21+ =Hé-—x—émn4x——sm32x+c

g. St dyng cong thiic bién d6i tich thanh téng ta dugc
sinchosx:%(ain4x+sin2x) |

I =f%(sm4x+sin2x]dx=%f(sm&x+sian)dx




| =

4

l—lcoséx —%cost] +C= —%mse!xuicosz:c +C.

h. I, =fcos2xc053xdx=f%(c055x+cosx)dx

__1 lsir-Sx+ sinx
T 215 10

+C=lsjn5x+%sinx+c

; dx _ dx 3
= Ig_fsm3x+sinx_f2s'm21cosx_
1 d[cos:r)

JﬂSlI'r. xcos’ I

bit cosx=t= d(cosx)— dt.

i ,--_f| R

-I'IQSi_mr:ct}s2 x

{1 —cos® x) cos® x

a3 [% [ 2

1—#

|

dl‘ ]+t 1. i+t

+,f f 1+t dt U1+t —J =G,
1] 1 1, |14t
Viv [ = ——|—=+=In|- s
i 4[ PR e
1 1+cosx

Thay ¢=cosx vao taduge I, =——|- 1l ‘+C‘

. 4| cosx |1-cosx|

’__.._.

Dang 2: Nguyén ham st dung bién d6i vi phan [

% Viduw: Tinh cic nguyén ham sé

cosxdx sin® x
A Ji=mf—_——m ., b. I,= dx.
! fsinzx+35mx+2 2 fcosx )
dx d dx
O B ..l L :
% cosx 4 fcosax

sinudu = _—d(msu)
cosudyu =d(sinu)
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dx 4sin® xdx
e J — . = .
I fs'mxcusx & 1 1+ cosx
h. 1 — sin xdx _
d J‘\co@;‘x—l
Loi giai
coSX 51111
A Tacd I, = = A
! fsi.nz:c+35inx+2 fsm *x+43sinx+2

Dit ¢ =sinx = dt =d(sinx).

t+2 t+1
R Rt o et
} :2+3z+2 t+2 :+1 :+1 !+2

t+1 sinx+1

d,ln‘-——-—l-C_]n - ‘-+—C.
sinx+2
_ [sin X i sin® XCOSX |
b.Iz—fmsx —f o dx
_ sin® x ; sin” x A
B fl—sinzxd{smx)_fsinzx-]d(smx]

Djt t =sinx = dt =d{sinx).

Pt t -1+1
z_fe2_1 = f[1+—]dt

dg f f-{—l) !—I
*3 (F+1)(t-
1, |- 5 1. [sinx—1
=t+=In|—{4+C=s =In C
2 H—I|-{ smx—i—2 'sfnx—f-l‘+

=1, =sinx+%]n

slinx—l +C
smx+II
dx cosxdx _ (sinx) sinx
c I, = =
3foosx cos® x fl sin® x fsmxl
Dit t =sinx = df =d(sinx).

B d(sinx) _ dt
l[S_J‘sin“x—l_fm
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5+1 1, |t-1 1. |sinx—1
=Ll e DBy
2Jr t+1t 1) 2mlf+1}+c o e
_ _ cosxdx (smx)
& I"_fmsaxnfn:os x f] sint x) .

Pt t=sinx=dt= d{smx)

_ o dt gt
= “r{l—r?)2 f{ti—l)2
J

E:L—(f_l_)] al f[_l___l_]i o

2(t+1)(t-1) 4J (t-1 t+1

1
1

dt dt 2dt
Sy ey e
Ja[H-l]—-(f—l)dr

=1 t+1 J (t+1)(t-)

"Thay t =sinx vio ta digc

-1
i+1

1

4

+C.

1 1 1
== —— 4In
4| t—-1 t+1

1 1 1 sinx—1
I"_Z[—s'iﬂx—l-_.v,imc—i-l—,r sinx +1 8

_ dx cosX d(sinx)
& Is_fsmxcosx_-[sinxcos x _famx(I sin x)

Dt t—sinx = dt =d(sinx).
e )
Ij_fm._f——t(l_p] dt

d(1-#)

- A=A - reise

Thay t =sinx vao ta dugc I, = —%lnil— sin® xl +1n|5inx| +C

_-:—-;—]n]coszx‘+1n|sinx1+C=ln|tanx]+C-
Vay I, =f dx

sinxcosx
f. St dung phép bién d6i lugng gidc ta cé:

=Inltanz|+C.
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4sin’x  4sin’x.sing _4{1—cos’x)sinx
1+cosx 1+ cosx 1+cosx

=4[1 - cosx]smx =4sinx —2sin2x.
T dé I, = f

cosx
gir?:fcosx Idx fcosx 1

Dit t = cosx = dt —d(cosx}

dsin® x

dx=f 45511:—25in2x]dx =—4cosx +cos2x+C.

Ll ey

Béng ky thut phén tich nhay ting l4u ta dugc

1 _3t2—3(tz+t+l)+3(f—l)
(:—1)(:‘+t+1)_ —6(t-1)(F +t+1)
REI86 T __fafz-s(t*+:+1)+3(f 1)

(1=1)(# +2+1)
38%dr

£-1 2 -1 —-ftz-i-H—I

1 =ln|t3—1‘+C,.

+V6if£33—t_zl-dt=f ﬁ:

+ Véi f;‘-f_%zln[fwlhcz.

1

t=

o dt dt 1 2
+ Véi = =—=arctan|—==|+C
ft‘+t+1 f F (AT R

[”5]*? 2 2

2 2t+1

:E‘“‘““"“[ﬁ]”a-

4 1 1 12 2t+1
__.l'; - __l . 2t+1 L
_Gm[z 1 Zlni: 1]+Tarctan 7 J+c

Binh ludn: Ngoai cach sii dung ki thudt nhiy ting lau trc tiép nhu trén,
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chiing ta cé thé bién ddi theo hudng khic nhu sau
o “'f dt - _f dt
T e (t—1)(# +t+1)
=—f d(t—1) _ —f du
(e-1)f(e-1) +3(t-1)+3]

-1 -1
= =
;.t(:.:2 +3u+ 3) u® 4 3u* +3u

b

_1(3u=+6u+3]—3(u2+3u2+3u)+3u
6 u[u"+3u+3)

__1_ 3" +6u __1_ 1 .
T 6 W43 13 2u 2(u=+3u+3)

Thay vao ta dugc

I = lln.u’ +3f + 3u| —l].n|ui+
76 2

{2
e

é]n‘u + 3’ +3u| —-—!.nlu] +——arctan[

', Bai tap ban doc ty gidi

Tim nguyén ham cic ham s6

1= f cos? 3xdx N I,= fsin‘ S
3) I, = fsins‘xdx 4) I, =fsir_1xc052xdx
" g _ rtanx
5) Iszj sin3x cosxdx 6) Ié_f?@dx
dx cos® xdx
Nh=[— 8 1,= [
ax dx
=l ——— [ = —m™ ™
9% fsin"xcosx 10) " fsmxcos“x




Mega book

) —d(tanu}

Dang 3. Nguyén ham diing bién d&i vi phan “f'; *
- !: =—d(cotu]

sin® x

Phuang phap: Céc nguyén ham chda tanx va cotx thi ta thuéng diing
héing ding thiic

1
——=I1+tan’x |tan’x=1- 12
cos’ x - cols x,
——=1+cot’x feot’x=1-—
sin® x sin” x

Nguyén ham ma miu sé 1a ding cip bic hai véi sinx vi cosx:
Asin’ x + Bsinx.cosx +Ccos’ x thi ta chia ca tif v miu cho cos® x hoic |

I: sin’x.

¥ Vidu I: Tim cdc nguyén ham cia cdc ham s6

a. I = [ tan® xix.
b. I, = [ tan® xdx.
¢. I = [(tan’ x+ tanz)dx.
> Loigii
a. Il=ftan2xdx=f[]-—coslzx dx=x—tanx+C.
b. Cich 1:

I, = [tan® nix = f tan® x tan xdx = f[ —1]tanxdx

—_Irtan;\rmS x—ftanxdx—

COS

tan® x J" smx
COSX

tan® d{cosx) tan?
= m; x+f (cos:\:): az; x+1rl|cosx|+C.
Cach 2:

- sin? x sin xdx _ (1—C0$2:r)d[cosx]
E ftan = fco:, % f cos’x _f T T




phuc Nguyén h.am o1

7

cosx) 1
——f f =———+In|cosx|+C.
cos’x COSX 2cos” x
Binh lugn: Nhin vao hai két qua thu dugc tit hai phuong 4n tinh khéc nhau,
thoat nhin gdy ching ta cho cim giac khong biét cich ndo diing, cich nio sai.
Nhung quan st kj, va thuc hién mét phép bién d6i don gidn ta thu dugc ngay
cung két qua.

Thit vay tanTlx+ln|cosx|+C=E[ -1 +]_n|cosx[+C

cos’ x

= . + ].n[cosxl—kC—-l-A
2cos’ x

!
o [C - %] = (C], =0 nén thuc chét hai nguyén ham cé cling két qua.

¢l =f(tan3x+tanx dx=ftan3xdx+ftanxdx

= [tan’ xtanxdx+ [ tanxdx = f[

—1]lanxdx+ftanxdx
CC‘S g

2
L

Binh lugn: Cach gidi bai trén 1a dua vao cach gidi truyén théng cho dang todn
ndy. Véi cac nguyén ham c6 chifa tan” x thi théng thudng ta tach theo so do:

1

——1
€os" X

X 1 £l
tan"x:tan"'zxtanzx=tan"_1x.[ =tan"* x.—5——tan"" x...

[aal- i o

voin>2.

Qua trinh tach ct tiép dién dén cudi ciing xudt hién tANX hogc faNX, mj
cdch nguyén ham néay déu c6 cong thic tinh.

Tuy nhién. Véi bai todn trén cé mot dic diém riéng mé ta c6 thé trinh bay
cach gidi ngan gon hon nhd sau:

1, =f[tan“x+tanx]dx

tan® x

=f(tan2x+lJtanxdx=ftanx —ftanxd tanx)=

+C,

cos® x




A Iﬁégﬁ book §

 Chuyén Gia Sdch Luyén Thi

Vi dy 2: Tim cdc nguyén ham cda cic ham s§

dx
- Jlr"=f|:cas"':rc‘
N . S
2 fsinaxcossx

C. Iézf—d'x___.
Ysin® xcosx

> Loigiai

a. 14=fc0:2xmd;x=f(1+tannx)d(tanx]=tanx+tagax+c.

Binh lugn: V&i nhiing nguyén ham 6 xudt hién tanx kém theo cos® x & miu
50 thi ta st dung phép phin tich nhu sau

1 1 1 o ]
= . =[tan"x+1) .
cos™x  cos®?x cos’x ( ) cos’x
i = d[tan xJ
cos® x

Dya trén phép phin tich nhu trén ta c6 thé md réng them mot s6 bai toan

nhu sau:
2
1 d o[ 1} ax
jr'_fc:us“x—focues‘xcorslxﬁ_f[u:-cus’x.] cos’x
E 5 3
=f(1+tanzx}zd{tanxj=¥+—2—E§~—£+t&nx+c
tan®™ x 1 dx
= | —dr= [ tan™ . ——— —_
J2 f cos’ x f cos® x cos® x

g tEI.l’lzD]g ¥ tan2|311 x
= [tan®® 2 L S
J tan™® x(1+ tan® x)d(tan x) R T

b. Is:fsi]f:zcssx:f i d:
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Itanx

3
_ftan x[I:OS x] cos? x_f d tanx}

tanx

_f1+3tan2x+3tan x+tan®x

tan® x d{tanx)

s f[(tanxjma +ﬁ+3tanx+tan3x

d(tanx)

=— 12 +3In|tanx|+
2tan” x

3t tan*
a.nx+ 41

+C.

dx 1 dx
“ lr"_“’r%n’sin-"x.:m,x_f\/ .y cos’x
3 Smx]

COsSX

-3
23tan’ x
Binh ludn: Trong c4 hai nguyén him I, va [, & trén ching ta d& dang nhin
thdy dic diém chung clia hai nguyén ham la mu s6 cé chita sinx va cosx vdi
téng lay thita la mét s6 chin. Phuon phdp gidi trén 12 cich gidi tng qudt cho dang
nguyén ham nay. Tuy nhién, néu tng liy thiia qud l6n thi bai todn sé trd nén phiic
tap hon nhiéu!

=f[tanx):'; d{tanx) = —g[tanx)%z +C= +C.

¥  Vidu 3: Tim cac nguyén ham cta cic ham sé

dx
a ] = %
‘ f23in1 x—5sinxcosx —3cos’ x
b. I, = & =
(cos x*—~/3sin x)
> Loigial
a. (J miu s6 ta thiy co dang biéu thiic déng thic bac hai véi sinx va cosx.
Trong chuyén dé vé phitong trinh lugng giéc ta ciing biét cdch gidi cho loai phuong

trinh déng cip béc hai nay, v6i nguyén ham cling tuong ty. Chia ¢ t vA mau s
cho cos” x ta dugc:

€ HGUYEM HAM- TICH PHAR CACLOM ARM S0
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o f cos® x
! 2sin’x 5sinxcosx 3cos’x
cos’ x cos® x cos® x

tanx
_IZtan x—5tanx 3_f2f2—5t H(em )

i (2)-20-9
zﬂ’_f 2:+1 f 2£+1 it
1, |¢-3 1, | tanx—3
N7 i zf—H”:?“—szHl
dx
cos’ x s d(tanx)
(1 »j_tanx] (l—w/gtan:\:r
d(1—3 tanx)

1
= +C
J_f( J"tanx) Jg(l—\/gtanx)
Binh lugn: Miu s6 trong nguyén ham trén c6 dang la mot biéu thic higng
gidc kha dic biét, thé nén a ciing c6 thé tim ra mot cich gidi dic biét khac.

Thét viy cosx—3sinx =2
dx

lcof.:rc—ﬁsinx =2cosx Jf+z i
2 2 3
Tir dé I,= 3
cosx — SSinx)
d[x+1]
=f dx =1f 3 zltan I+-7—T-
2 m 4 2 ™ 4 3
4cos” x| x+ = cos x|x+—
3 3
Biéing phép bién ddi lugng gide cho cich gidi trén, hodc khai trién cong thiic

lugng gidc cho cich gidi dudi ta sé thu dugc ciing mét két qua. Néu cic em khong
ty tin vdi khing dinh dé thdy sé chiing minh diéu nay.

+C.

m
tanx + tan
x+%]+C=l. +C’=l tanx ++3

= 4C
1-tanxtan 41-V3tanx

1




+C=——F=+
4(1—J§tanx] 43 4{1— tanx)
1 1

= +C——.

\/5(1— 3ta.nx] 4\5

1
Ro rang |C———=|'=(C)' =0.
g[ 4J§] (€)
Vi du 4: Tim cdc nguyén ham céia cac ham so
B i _ [cosx
a I, _fcot xdx . b. I, _fsinf‘xdx'
e dx
“ r“_fl-Ha,inzx'
¥ Loigiai
1
a. I9=fmt“xdx=foot2 xcot? xdx:f[sinﬂx-l]cotz xdx
dx 3 : 1

=fmt2xsmzx—fcot2xdx:—fcoti xd(cot x)_f[sinzx_l]dx

—cot® x
= 4cotx+x+C.

b.Xet I, = [ dx.

sin® x
d(sinx) -1
Cach1: 1= COSH! 1y S MO B 23
& fsinsx fsinsx 4sin’ x
Sl OIS, ffcde_x
T sinx sin®x "sin®x sin’x
4 2
= —fcotx.(l + cot? x)d{cctx} = _co; . —-ED%—I+C.

Binh lugn: Bing phép xit Iy lugng gidc don gidn ta cling thu dugc ciing két
qud voi hai cdch gii trén.

Tuong tu nhu nguyén him tanx, v6i nguyén ham cotx ma cho ching ta
ciing sif dung thii thudt phan tich




dé dua vé& nguyén ham co ban c6 chifa cotx va cot’x di biét.

dx dx
Cilii= =
. ""(.t_ai_mr+c:osx):t Zm'nz[x—b?-r-y
4

)

Y

w
[ ey
w+1)

»

v

thiic lugng gidc

Dang 4. Nguyén ham dung bién déi vi phan

d(Asinx + Beosx +C) = (Acosx— Bsinx)dx

d{A’ sinx — B cosx +CJ = (A’ cosx+ B’ sinx)dx

Phuong phép: Céc nguyén him dang nay thudng sit dung mét s6 cong
1:|:sin2x=(sinxﬂ:cosx)z
€os2x =cos® x —sin® x
Dé tim nguyén ham, ta thuéng tim vi phin ciia miu s6:
d(Asinx+Bcosx+C]=(Acosx—Bsindex.

Vi du: Tim cdc nguyén ham ciia cic ham s6

J‘QQSI smx
31nx+cosx

cos2x
.r —
b Jn‘[+smz:c

sin2x + 2cosdx
C. fa = ““‘_‘,—dx.
cos2x —sindx

Lo gidi

a.Taco d[smx—i—cc:-sx]:.(ccsx—sinx)ir
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_fcosx smxdx=1rt]simc+c-::is.:-c|—l—C.

sinx +cosx
BT, = cos2x _ cos*x—sin’ x
- 2_ -
1+5’-“21 smx+cosx}
Ccosx—sinx d{sinx +cosx .
= | — dx=f { ):knlsmx+cosx|+C-
sinx 4+ cosx sinx +cosx

Binh Iué.n:. Do cost:%d(sin 2x) =%d{1 +sin2x) nén ta con c6 thé giai
theo cich ldy vi phén tryc tiép nhu sau :
cos2xdx 1 pd(l+sin2x) 1 ,
Sy by e e
= %]n*{si.nx —H:as:r)z' +C =]111sinx + cosxl-}- .

, sin2x + 2cosdx
eXekiy =f cos2x — sindx dx
Vi phan miu s6 ta c6 d{cos2x —sin4x) = (—2sin2x — 4 cos4x)dx
d(cos2x — sin4x)
e T
sin2x + 20054de
cos2x —-sindx

= (sin2x + 2cosdx)dx =
Tit d6 ta thu duge L, = [

_ _lfd[cos 2x —sin4x)
2 cos2x —sindx

'\SJ Bai tap ban doc Ly giai

Tim nguyén ham cac ham s6

= —%ln!mﬂx —sindx|+C .

sin® x dx
= | — I =) —
D4 fl+eoszxdx' )1 fsmaxcosgx'
dx dx
3)I e HI, = ———m—m—.
: Jﬂ(sim:—2::::)53:)2 . fsuﬁ:c—-bcoslx
dx dx
[ =) ———— . 6lL=]—————————
51, fsin’x—-'}cos"x Ve fsmzx_2c052x+1

2cosx —3sinx
= 1 dx, = ———— k.
i f[cot x-l—cotx) 8) I, 2einy —3cosx +1 x




Chuyén Gia Sich Luyén Thi

Dang 5. Nguyén ham dung bién déi vi phan
d[Asinlxj:BooszxiC);:’(A:FB]siandx.
d(siﬂ‘l x + cos’ x) = —sindxdx

Phuong phép: Ta cé sin® x4+ cos® x= (sin2 x+cos’ x)2 —2sin’xcos’x

1., 11-cosdx 3 1
=l--sin"2x=1—————>-="+—cosdx.
27" 27 2 4 3 %%

Tl dé d{sin4 ¥+ cos? x) = d[% + icostix] = —gindxdx.

Dang nguyén ham thudng dugc goi 12 “nguy trang” vio cdo him s6 c6 vé

phiic tap, nén cic ban hdy 8 ging nhd cic vi phan ciia né.

Vi céc nguyén ham lugng gidc ma miu s6 6 vé “dai dong” thi mét kinh
nghi¢m la cic em hay ldy vi phén ciia mAu s6 xem til s6 ¢6 quan hé v6i vi phan

sdo hay khong?
Chi ¥ Ngoai hai cong thiic trén dang nguyén ham nay c6 thé chia

si.nsx+cos°x=1—-25in22x.

¥ Vidu 1: Tim cdc nguyén ham cita cic ham sé

al :J" sin2x e
' Jcoszx+4sinzx

b. Eim f sin2x

2sin® ¥ —4c0s2x 4 5cos® x

> Loigidi

a. Tacod &(cos2 x+ 45inzx) =(-2sinxcosx + 8sinxcosx)dx

= Bsinxcosxdx = 3sin 2xdx msmzxdxzéd(coszx-f—ilsmn x:}_

sin2x 1 fd(coszx +4sin’ x)
3

Tieds I,= [

Jcos’x+4sinzx Joos*x+4sin:x
2 od|cos® x +4sin® x

=-f( ):Ev'coszx—kilsinzx—i—c{

3 2Jm62x+451nzx 3




Chinh phuc Nguyén ham - Tich

Binh lugn: Ngoai cich gidi nhu trén, chiing ta c6 thé manh dan vin dung kién
thic luong gidc dé€ bién d6i méiu sd gon gang hon nhu sau
1+ cos2x 1—cos2x 3

i
cos’ x+4sin” x = +4 =—"cos2x+=-
b 2 2 2 2

5 d[—%cosz:r—k g]
Khids I, = [ Sote

;J——cus2x+— .’—2.20132.14-§
2 2
2 d[”gmzﬁz} 23 5
== | Y -——c052x+ +C-
? 2.‘ 3—-':032:::+5 3 ?
2 2
R& rang hai két qua thu dugc hodn todn gidng nhau!

b. Ta c6 2sin® x —4cos2x + 5c0s* x

=(]-cos2x) dcos2x+ 5(1+c092x) = —%cost +1;—-

Khi d6 I2=f;Lh?t.dx=_2f5_§~njé2x_?dx ;
COSLX —

—=cos2x+—
g TR
5c052x 7
=——f =Eln|5cos2x—7|+c.
5cos2x—7 5

»  Vidu2: Tim cic nguyén ham cia cac ham so

a. Ilzj'ﬂ-—dx. b. I, = L] dx.

. 4 4 2 .4 4 pai v}
Vsin'x +cos' x (sm X+ cos x)

sin2r+2¢082x ;. d. I, = [
sin® x 4 cos® x sin® x +cos’ x

¢ L=

> Loigidi

Binh luan: Ngodi cach gidi truyén théng cho loai nguyén ham nay bing cach
ldy vi phan tryc tiép cho biéu thiic § mau s6, & ddy thy gisi thi¢u céch lam them
vé bién déi lugng gidc két hop voi vi phan.

cosdx

1 1—cosdx i+

3 2

1
4

a.Taco sin’ x4 cos* x = 1——;-3111 2x =1--




) Megabook 8 Chuyén Gia Sich Luyén Thi

i e
3 + 2 cosdx

cosélx 3+cos4x
=-2./3 4x +C.
f:}3+cos4x f 33+c054x o

b. Tuong ty, thay sin‘x +cos x_g’--l lcos*lx

sindx d(msd-x
=1 “f 010 ___f 2010
[4-{-40054::} [4—1—40054::]
d[lms4x+3
4) 1 .
[E Zcos‘lx} 2009[2+Zcos4x]
= ! —+C.
2009(sin‘ x+cos* x]
si:12x+2m52x sin2x + 2cos2x
oh= 25 - - dx
sin® x +cos' x 1- Lain?ox
2
_f23m2x+4ms2x f 2sin2x f 4cos2x
2—sin12x 2 —sin® 2x 2—sin® 2x
2sin2x 2sin2x 2sin2x
+f = —f dx = =
2—sin"2x ] —Cos Zx) 1+cos" 2x
f oost = arctan(cos2x) + C,
— - o .
1+co322 1

4cos2x .+ d(sin2x) dt
+J3 g e ke Koy

—sin® 2x
(+2)(-) 0
el

sl )
-1, |t— \E -1, |sin2x— wE
g PP e




Chinhk phuc Nguyén hi

-1 sian—w.E
Tit d6 ta duge I, = arctan(cos2x) + C, 4 —=In|———={+C
: ( ) P2 [sin2x—\2 ?
=arctan(=:052x)——1~h1 sm?.x-\ﬁ +C.
J2 |sin2x—+2|
: L ;
sinxcosx =—sin2x
d.Taco 2 5 ,
sin“x—}-cos"x:]—zsianx
lsin?_x d 2
= i cos2x
T g ide g Het]
l—ésiRIZ 4 —3sin” 2x J 4-3+3cos" 2x
4
Djt t = cos2x = dt =d(cos2x).
—dt dt 1 4V3) 1
I“=I1+3r2 =—f - ———arctan(wfgt)—FC

(Bf+1 B (B B
:—%arctan{\/’é cosix) +C.

E Dang 6. Nguyén ham ding bién d6i vi phan

d[tanf] = o lYH tanzf]dx.
' 2costt 2 %
dx
2 [= )
a.Xét nguyén ham I, fA T P
Phuong phap: D€ tinh nguyén ham trén ta xét hai truong hop:

o Néu C=++JA2 + B

= Asinx + Beosx+C = Asinx + Beosx + A® + B*

=V A* + B cos(x+ )£ VA + B,
O déy, ta d4 biét phép bién d6i lugng gidc
A* + B cos(x+a)

dx .
Khidé I, =
| v fJA2+B"OOS(I+O:):E\IA2+BE

Asinx 4 Becosx =




I NMegabook Chuyén Gia Séch Luyén Thi

1 f dx
JA2+BZ 20051 x+a}
_ 1 f dx _ 2
JA2+32 ocs[x+a):|:1 -1 f dx
'JAZ-"Bz 2gin? x+"—"]
2
e Néu C=+JA* + B thitadit
gt Moo ¥l Lo 2”'“2
2(‘052£ 2 2 14t -
t=tan—= 2
; 2t 1-¢
sSnx = SCO8K =——
1+42 144
Thay vao ta tinh dugc I, theo dn ¢.
Clni ¥: Mot s6 cong thic tinh nhanh:
sinx 4+ cosx = 251n[x+ v’_oos[x—z]
Jgsinx+cosx:25in[x+%]x2cos[x—%] .
sinx— 30051:25ﬁ1lx—%]=2c05[x+%]
Vi du 1: Tim cdc nguyén ham cla cdc him s6
dx
al = b.,=———""—
fsmx+cosx~1 vr— ¢ f\@sinxmcosx—z
dx dx
¢lL=] d1,=]——
3 3sinx+cosx+1 . fsinxucosx—l

Lai giai
a.Tacd JI2+12 =2
i ! 1 T
=>smx+cosx=ﬁ —~=35inx +—=cosx =«.Ecos{x——]
R O

S . SR N SN N S
s H—

g—-{wﬁ V2 I+ccs[x——:




Binh Judn: Trong nguyén ham trén, & biéu thic sinx+cosx ta théng nhat
chuyén vé& ham cos dé st dung cong thiic lugng gidc

1+cesa=2cosz£=}»f

2 1+ cosa 2 cos g

b. Ta c6 \3sinx—cosx = 2[%5111::—%005:] = -—Zcos[:c +%] :

dx 1 dx
g [ L T
\Esmx—msx—2 _2cos{x+g_l_2 2 l+cos[x+%]
X ’ﬂ'
___J' | e
COS |' z 2 6 .
26
Bl i =—[1i—t xldx:}dx— dt
2 2 X 2 1+
COs8™ —
2
T c;sirlx—aQL‘CIE:»&;J:—l_—!2
a8 14+£" 148
_2_
2 dt
Khidé I, = 1+t dt=2
Rl f 6t  1-f 6t+1—F +1+8
142 7+l
1+t 14t
d6r+2) 1 1 x
i — .7 ——Inl6t + 2|+ C=-Injtan=+2|4-C.
fﬁz+2 3J 6t42 3 l 21 3 2
1 dx 1 2
=t t=— tan® dx = dt
d. Pyt t=tany > dt = i x 2[“" ]dx:x 1+£
COs5" —
2
" 1-¢
Ta cb sinx =——; cosx = ~.
3 1+t




2
id6 I = dx _ 14 £
Khidé I, = [ =f R .

sinx —cosx—1

148 148
24t dt x
=|———————=|—=Injf{+C=Injtan=|4C.
f2t-—'!.-i-f2—1—t2 j‘t H 2
Asinx+ Bcosx+C

b. Xét énham | =
Attnguy L Jﬂf’l's'u'wf-f-B‘C'os:r+C'

Véi dang nguyén ham nay ta sé sii dung phuong phap déng nhdt nhu véi

nguyén ham cia ham phén thiic hitu ti da xét béng viéc phan tich:

Asinx +Bcosx +C _ m(A'cosx—B'sinx)+n(A'sinx + B'cosx+C')+p

A'sinx+ B'cosx+C' A'sinx+ B'cosx+C'
Déng nhit theo cdc hé s6 ciia sinx va cosx ta dugc
A=—mB'+nA' m

B=mA'+nB' =1in.

C=nC'+p P

Asinx+ Bcosx+C
A'sinx+ B'cosx +C*

Tirdé taduge I, = |

f m{A'cosx — B'sinx) & Y

s —dx —

A'sinx+ B'cosx+C P A'sinx+ B'cosx +C"
dx

:mln|A’sinx+ B'cosx -i-C"+ "x+pfA's'mx+B'cosx+C' :

Vi du: Tim céc nguyén ham ciia cdc him sé

a - sinx+3cosx—1
! sinx+cosx+2
7sinx—5
b. I, = sinx r:osxzdx.
{Ssinx-f-&cosx)
a. Ta 6 phan tich

sinxy+3cosr—1 A(Cosx—shlx}+8(sinx+cosx+2)+c
sinx+cosx+2 sinx+-cosx+ 2
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Chisth phuc Nguyén hium - Tich phan Eic A dén Z

1=—A+B A=1
=13=A+B < {B=12
—-1=2B4+C |C=-5

~ (cosx —sinx)+2(sinx + cosx+2) -5
fl_f sinx+cosx+2 e

_f Ccosx—sinx dx+2fdx—5f : dx
sinx +cosx+2 sinx+cosx+2

_f smx+cosx+2}

+2x—5] =In|sinx +cosx +2|+2x 5],
inx+cosx+2

dx
Xet J-_f51'_r1;\:—i—u::os:lc—k2‘
df==% dx 1[1+tan ]d.r eix—lid:z
2
bit t:fan%::-d ox
sinx=_2 1-¢
2 1+#
2
2
e e it
sinx+cosx+2 2t 1—#
——2+_2.
14¢ 1+¢
dt - dt d(t+1)
:2f - 2=21 . =zj " 2
241 +242¢ t+2t43 (I‘+1) -l—(ﬁ]
tan +1

+C=+[2arctan s,
_JE 1

= Joran|

tan® 41
=1, =].n|31nx +cosx+2|+2x~—5\5arctan N B +C,
V2
b. Ta c6 phin tich

7sinx —5c0sx A[3cosx—4smx]+5(3sinx4 4cosx]

(Ssimr+4cos.:c)z ) (Iiusinsvc-i—‘zlzcos.:c)q

" vty wa- Tics endnchc o nin 55 . JEEGY




7=—4A+3B |47
-5=3A+4B 1
B=—
25
1 .
; :f TR S . _f 25 3|:osx 451111) E(Bsm:c--kelcosx)
(3smx+4c05x (Ssinx+4cosxf
=Ef 3cosx—4siny _]'f dx
25 (3sinx+4cosx)z 257 3sinx + dcosx
43 (35mx+4msx] dx

25 [3smx + 4cosx)
43 - 1

dx

25(3sinx + 4cosx) +E

25 (3sinx + 4cosx)

I.

& j=f{3si_nx+4oosx) '

et

Pit f=tan§=>

dx ik

- dx _ 1482 _ dt
jmf{35in1+4msx]_f 6t 4(1“t!)dt_f2t1+3t_2

14+£ 148

=f d B ]‘_f(2i'—1)-—2(t+2Jdt

(2t-1)(t+2) 5

(26-1)(t+2)

SRR LT B e ey

= 511-||H2]+5 T 5h1[¢+2]+51n[2.e 1+C,
2tanZ -1

1, 12t—-1 1 2

_SMIH-ZJ C==In}|——=—|4C.

x
tan—+4-2
2

dx



Chinh phuc Nguyén hém

" 43 1
Wil S—————t
25{351nx + 4cosx) 125
e
' w Bai tap ban doc Wy gidi
»  Tim cdc nguyén ham cta ciac ham s6
sin2x
I =]———"——dx.
)4 3sin® x 4 cos® x
3} g [ SDE—oEX L
) 4 fsir1x+c05x+2

dx
5= [———— .
’ fﬁcosx—smx—i—z

7) I?:fsiux-l--Scosx—ldx

sinx+cosx+2
9) L= f
sindx

) 4 =fcuszx(si_n‘x+cos’ x]

sinx —cosx+1
sinx + 2cosx +3

dx.

2tan> 1
12 +C.
tan=+42
an2+
CcOsSXSIinX
2) I, = dx .
! I;,iazsmzxirbzco:szx
4) | = A
¢ fcosx-smx~xﬁ
dx
PG AW, NP L—
¢ fcosx+si1\x+x/5
dx

81 = ———— .
) f3sinx+ccrsx

sindx
sin® x4+ cos® x

12) Iu:ftan(

10) IL,= [ dx .

sin4x
—= S dx .
sin’ x + C0s x}

CE > Tinh cic tich phan

Sl

a-I=fcos‘xdx- b.I= 'l:sin“x+cns“x}dx.
o 0
2 s
c szsinzxsinaxdx. d1= L6 X e,
% A 1-+cosx
2
%\ESin[x—E]
e. Ir-'f dx
o cosXx




Megaboak

 Chuyén Gia Sdch Luyén Thi

» Lo giai
T : b " 2
L I= * ydy — 2 2d _ [l+oos2x} o
3I. _!cos x ‘{(cos x) X ‘!‘ >

17 1503 )
ZZ[[I+2m32x+c0522x)dx :Z‘[[E+2th+c°; x]dx

&
"

x i
-:Q—-_.:ru.a q:‘-_._amn QQ...’HH

_ 143 5m4x 37r
4

—x+sin2x+
2

(Sin‘ x4+ cos® x)dx

Il
o;—-?nln

[s:n x + cos® x)(sm‘x—smzxcoszx+cos‘ x):ix

OL._,.:NI!I.

((sinijr;-i—cos2 x)z — 3sin® x cos? x)dx [1-—%5111 ?.dex

=,

|
+
ool w
8
w
£

de =[£x+ isirulx]
8 32

ool

. [= j.si_n?_x sin Sxdx

i
;f[cos.'ix oos?x)dx -—[

sin3x sir'l?xlE 4

2l 3 7 21
5 2 4sin’ x
il_'[1+c.'osm:
2 4(1- cos® x)sinx 3
=[ 1+c053]|: dxx! fl—cosx}d(l-—cosx) =2(1—C05x)2:
T =
4 3

5 ZSm[x——] brisescos i
s x
R =

=g
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EXX » Tinh cic tich phan
Y oa E
a. I=-£1+C052x. b. I_{msszOSZxdx.
3 : dx
<. I=‘z(cos3x—1)coslxdx. d. f;}fmg}x
e J= j‘[sm x+cos x)(sin“x+cosﬁx)dx.
0 .

> Loigii

4
f dx :—tanx
l+::052x Uzcosx 2

T

0

=
—
i

-4
||
u;—-._‘m!c Dc—-ﬁmlﬂ'

cos? xcos2xdx = —_T(1+cos 2x)cos 2xdx

ii‘(1+2m52x+cus4x)d % x+sin2x +%sinéx :=%
£ 2
c. I:j‘(cl:):r,"'J:—l)(‘.‘()ﬁvi2 xdx :J‘[cossx_msz x}i‘t_
0 1 '
: :
A= Sxdy= | (1— d
{cos x _!{ sin x] [:smx)
: i
B=Ic}cs xdx—Ef(-i+(‘052x)dx —
1] o
wiss
E
= ~!ms x
2 . 3 5
:{m:{ 1+2tan x+tan* x)dl:tanx} T

B 33




Chuyén Gia Sdch Luyén Thi

€. Tacd (Sil'l‘ x+cos' x][sin"’x + cos® x] §+ %cos4x+ %ms&t

X » Tinh cic tich phan

H 8
a. I=Ic052x(si.11'x+cos‘x)dx. b. I:fcot:rwtafu—Zt.mzx
4 sindx
" 1
&
dx dx
G I= di=f[—prt
‘!25111:( NED ‘[2+J§sinx—oosx

3

::ns“![x-{-——g]
€. r:f dx.

sin2x+c052x+v'5
> Loigiai
z 1 N .
a I= fcosilx 1—=sin®*2x dx——f 1——5:11 2x d(smz:c]:[!.
0 2 2 Ei]
T z
b. Ta c6 I=f2cot21:—2tan2x chotéx cos4xﬂ
4 sin4x sindx ! sin®4x
12 E
1 [F_2y3-3
2sindx|s 6
C.Taco
1% 1% dx
=i —
2»[ ; 2f ™
sinx — sif— 0 Smx—smg
« . Oos[[x } ?r] [x rr]]
2 s : b ] [
2 6) |2 6
T
0 sinx~sinT o 2cos| 2+ X | sin| 2T
3 2 6 2 6

dx .
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mw
2x +—
cos[ 4]

1+ sin[Zx + 1;-

cos{2x+ |

dx+—-f
1+sm[2x+ ] [ B]

L 3
1+sin|2x+—|[ —cotjx ——
+sm{ x—i-dll [:r 8]

[H

(%]
e
“'-3

in +C.

1
T a2

XX ) Tinh cac tich phan

a.I:J‘Mﬂdx‘ b_I:fx."l—t-sinxdx.

sinx —cosx 3
 — - L s
c.I:f—-—zdx. d.I:.f = = dx .
(2+smx) 2 +/sin® x + cos® x

)
R

dx .
g Pt e

COsX 3+qm x




Chuyén Gia Séch Luyén Thi

¥ Loi giai

(simx—-:t:»s:c:)2 +4cos2x
a. I=f -
SINXY—C0s5x
=3cosx —~5sinx+C.

y in ¥ = 2 2n
= In— —_ d =
b [ smz+cosz] X .[

el

ik x
ST — + CO8 —
2 2

2 4 2 4
e Tach I=j sin2x =2? sinxoosxa.
0 {2+smx) 0 (-2+51nx]

1
. 8 2 21 4 0p 2
bitt=1—-—sin 2x;{—=j\ S M= =2
4 / 3;;; 3“'/-'1

2.
e.Dit t=v3+sin’x =v4—cos’x .

sinxcosx
3+sin’x

Tacod cos*x=4—#* vi di=

o
. : 3 =
sy SINXCOsSXY
dx= f dx
(1]

"
. at—-’uln

2 1
5 4

1“~./1_5+-;1

15-4

= :
-2l 2 342

hﬁu} 1. 15+4

dx =flsinx— cosx —4(sinx + cosxﬂdx




:
> Tinh cic tich phan

E "
a'1=j1+(x+smx)smxdx

—_———dx. b.I=

sin’ x +sin® x

1% s

3sinx +4cosx
4 3sin®x +4cos®x

} sin[x + Z]

2sinxcosx—3

YRR v.::L-_.:MI-I

sinx.,/sin” x +

i

tanx

+ cosxy1l+co

Chink phuc Nguyén ham - Tich phin Lt Adén Z

dx "

\wﬂ'

Lo gidi

z_g

dx f1+smx

wlc-—a

A x
3
x =5 du=dx
bat do= d': p=—cotx
sin® x
™
f=:8.
1 JEZ .
+Tinh 7= [=2
’ 1+sinx
2= 3 2x

il




34 4cos’x

1=

. 2 2
=f 331:1:: 4{:05:; dx—f 3sinx f 4cosx
{ 3+cos’x o 3+cos’x 3+cos’x 4—sin’x
; 3sinx
+)Tinh I, = | ——
3+ +cos’ x

Dit

L=

t,=cosx=dt =

f J zdt1'
e 3T

~sinxdx

it ¢, =~.|{"stauu.‘!=>cft1 :Jg{1+tanzu)du,

_%‘ 3(1+tan’u)  f3
b= )
+) Tinh I, =‘T‘f%dx.

1]

bit ¢, = sinx = dtf, = cosxdx.

] 1
V4 1=ﬂ§.+1n3
6 o
d.Tacér=f
%COS x

Pit u=tanx=du=

1= LA
;[w’uz +2 *
3

bat

t=vut 42 =4t =

dx.

cos® x

w42

—_—dx = j‘
'l C0s x:}tan x+ 2
(3092 x

7.1
6

du.

dx.



. _ii sinx +cosx
ETachb= J”[snu«::c's}x +2

V21

4
Dét t=sinx —cosx.

J_ft +2
Bétf:ﬁtanu.
1
1 WZE\E(I rtzmzu)gi 1

1
I= o
2 4 2tan’u+2 2 J2

|
(@A > Tinh céc tich phin

3 ; 1+4sinx
=J‘ b. I= f——]edx
cos® x i 1+cosx

:
e fa sin2x P d f:f sindx X
2 ysin® x 4-cos® x

sinx

e l=]| ——/——
cosxy3+sin” x

dx .

> Loi gidi

a. Stt dung céng thiic tich phén titng phan ta c6:

T

3 1 5 13 B 5
I=«[xd[cosx] cosx] f T3

3

s
3
dx

Véi K= .
cosXx

K

3
bit t=sinx.
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TiCH PHAN HAM MU - LOGARIT

ﬁ NGUYEN HAM CAC HAM

Dangl:lzfam;+bdx

Dang19:I= fﬂ""”dx

In +hj+k
Dang2: 1= [ AR,

DgngZO:I:fe““dx

D@ng3:1=fx“lnxdf' )

Dang 21: I= f[ax’ +bx +cletdx

Dangat:;f:f{ax-{—b)]n(mx-i-n)dx

‘Dang22: 1= f

ae+b

Dang5: I = [(ax* +bx+c)inxdx

Dang23: = IW

Dangé:! =f(ax+b]1nz (mx +n]dx

Dang 24: 1=f#dx

Dang7: I = [(ax+5) In* xdx

e*dx

Dang25: 1= f b)
nx

Dang 8: I = [ (ax+b)in* xdx

Dang26: [ = f Xle= iy

Dang %: f=f1n(ax2 +bx+c)dx

Dang27: 1= f x* et dx

Dang 10: I=fx“1n(ax" +b]dx

mln{n+b]+n

+b

Dang 28: I = f

D i:l= | ————~
" fx(alnx +b]

Dang29: 1= [ ﬁdx




A iega book

Chuyén Gia Séch Luyén Thi

In ax+b) e
Dang12: [ = dx Dang 30: 1= —..dx
/ (ax+0) / (a+be?) J-
€ ln'"l en:x-rh
D 13: 1= U= dx
o '1[' x(l + 1112” Dang 3 f:k}me“% +n
In"" x
Dang14:1=fx—(m Dang32: [ = fm
In*x % O ¢ TR
Dang 15: I = Dang 33: 1= [ Ya+be*edx
| J‘xq'aln*x{h
i ]Il2k-] Dang 341.

Dang 16: = [ — e #*7
aln*x+b

e

X

m=1 . m &
Dang 17:1=f£n i ‘Hb} d

ax

[i[mx+n}+b

3
n ln(mx+n)

Dang 18: I= [

dx

mx+n

Dang 35: 1= [e™ "1 sin g + bax

Dang 36: 1 = f grenlmthn g (ax - b)dx

un[ru +5)

Dang37: I = fm

e mcot(ar+b)+n

Dang 38: szmdx

ﬁ PHUONG PHAP




" Chiink phuc Nguyést hiam - Tich phin tict A dén'Z

_:§

alnx+b

Dang1: I= dx
ang1: 1= ==
I=-m
£ -n ] - —n x
Phdo’ngphapLI:j(ax Inx+bx :]a‘x_afx lnxdx+b1_ .
dx
i u=Inx - du=?
2 dv = x""dx v—fx"‘dx= o
-1
1-n 1-n l=n J-n
.F=.czfx"'lnxd:4:=mt Inxvafx .d_x=ax lnx—ax 2-}—C
1-n 1-nx 1-n (]—n)

(voi n>1).

u=alnx+b du="2dx

Phuong phap 2: Dat dx = x
do=— v:fﬁdﬁzfx"’dxs X
x - 1

=1

1-n °

x\-n a xl—u xl-.n ax]__.n
T_l_n{alnx+b:]—1—_—ﬂf - dx—l__ﬂ(alnx-l—b]—-(—it;)—z—kc
, 3 7 2Ilnx+3
Vi du: Tim nguyén ham I = f—-—z—dx.
X

u=2lnx+3 |du=2dx

Lai gidi: Bat 25 =
d‘U:'—z

x L

x

1=+M+ZIE=_M_E+CFM+C.

x i* x x

Bai tip minh hpa

3  Tim nguyén ham cac ham s& sau diy

Inx+2 2Inx+5

d. I-_—f x3 dx=—T+C.
3lnx+1 3lnx+2

b 1= [T dx ===+ C

2inx+3 4Inx+13
S dx= +C.
¢ f X 16x*




B, Chuvén Gia Sach Luyén Thi

Dang2: | = fi"ﬂ(.“_’:ﬁ’)_"'_kdx
X

Phucng phdp:

1-n
T=m [Infax +b)a—dx+k [ x"de=m ] Infax +b)x~"dx +k—.

Tinh H= [In{ax+b)x"dx. #

| a
du= dx
B
! p=x"" o LTI, .
| v—fx dx_jﬁn
| xl—n b
==
| In(x+1)+
| Vidy: Tim nguyén ham 1= f_(i;%)ﬂdx_
| Lo gidi: 7— f[nx+1) fdx f x+1)dx+:§-‘
| 1
Tinh H= f x+ )dx
bt i = x1+
- v=-1
_— (x+1) f dx __in(x+1]+]n| x f+c
! x x(x+1) x fx+1] "
L -
U Bai tap minh hoa
#  Tim nguyén ham cdc ham sé sau day
8-I:f2m(3x:1)+4dx= In(3x — 1)+2+3+91113" 1 -
x x* 2 x x
3in(x+5)+2 n(x+8)+2 ;1 4 |,
b. 7= = 3 1 1.1 ’ ¢
: f x* = & IOch-‘n25:rc-'-i25ln;|c+5—i_C
3 3
=In{2x+11)4+=
4 1=f5m{2x+1)+6dx——4 (x‘ ) > 1
x x 2y
el 12h1\—{+c.
2x° x 2x+1




Chinh phisc Nguyén hium - Tich phin tic A

Dang3: 1= [x"Inxdx

dx
u=Inx dﬂ:?
Phuong phap: Dat = e
dv=x"dx v:fx"dx: x
n+1

n41 H+1 n+l

=¥ s fu B e X e
i n+llnx fx(n+1)wx rH—lhu fn—t—l

Vi du: Tim nguyén ham I=fx1nxdx.

u=Inx du=7

dv = xdx P
gz

2

Loi gidi: Dt [

b
T2

O’J Bai tap minh hoa

% Tim nguyén ham cic him s san day

1px’ Xt 1 X X
R P TR = i
Inx 2f z dx > Inx zfxdx > Inx 7 +

3 3
a. I=fx=!nxdx=-{3—h1x—%+C-

) 4 4
b. I=jx31nxdx=%lnx-f—6+c.

5 5
C. I=fx'1nxdx:%hlx—%+(3.

Dang4: 1= [ (ax+b)In(mx+n)dx

du= dx

m
““h‘(m+")=> mx+n
dv:(ax—t—-b)dx

Phuong phap: bat * , 3
o= [(ax+b)dx=a"-+bx

x* ax’ 4 2bx
I=[a-2—+bx]ln(ax + b) —2mf~ﬂmdx .




Vi dy: Tim nguyén ham [ = f(x+1)in(3x+2)dx.

3
u=In3x+2)  |#=3 5%

Lai gidi: Dit
T Li =(x+1)dx 2
v=?+x

¥l
Jx +-2xdx

In(x-+1)-6 5

2
X
O L

Bai tap minh hoa

v

Tim nguyén ham cac ham s sau day

+4xdx

a. 1—-f 5x+2)In(x —3)dx = [—x +2x]ln(5x+2 2_[5’; :

b-1=f(-—x+6)ln(2x 3)dx—l——+6x} —x+6 4f G +12x

c. I:f[x+3)h1(x—1jdx=[-x2—2+3x}]n(x+3]—2fxxt?xdx.

Dang 5: I=f[:vz2 +bx+c]lnxdx
, u=Inx
Phuong phap: Pit { i (Hz i bx+c] .
du=—
= % x3 x? &
U:f{ax2+bx+c}dx=a?+b?+cx

i i x 2 x
I—[§?+b“2—+ cx]h\x—f[a?+b-2—+c dx

3 2 3 2
={ﬂ%+b%+cx]lnx-[u%+b%+cx}+c‘

Vi dy: Tim nguyén ham = [(x* +x+1)inxdx,




" Chinh phitc Nguyén hivm - Tich phin A dén Z

o
Lot gidis Dt |0 ]
MO o o] o

X
LIS |
*3

13 IE xi
Iz[?+i+x]lnx—f 3

r© i ¥ 3
=[=+—+x|lnx—|=—+—+x|+C.
[3+2+x] % {9 7 x]

L 4
, Bai tap minh hoa

» Tim nguyén ham cac ham so sau ddy

a3

—Z 4T +5.
]nx[9+4+x

a, I_ﬂ—x +3x+5)1n:cdx [__+T+5x

2 7x ¥ 73
LA N ATl
9 4

b. I= [(¥* ~7x+2)lnxdx = [?—T+zx Inx—

X

+C.

+C.

c. I_f{x +5x — ]7)]nxdx— 3 +%—-—]?x}]nx—[?+——17x
Dang 6: I=f(ax+b}ln’(mx+n)dx
h'l.(m.r-l—n]
o [e=mP(mxtn)  [du=2— ——tdx
Phuong phap: Pt do = (ax-+ b)dx = a
v:a?-i-bx
3 2 428, '
I:[g%+bx}l.nz(mx+n)—fa;x—_i;ln(mx+n]dx.
H
2
Tinh H=f-(fx—mﬂln(mx+n)dx.
mx+n
u=In{mx+n) R
p [:ax’+2bx} = mjn
bit dv = dx i ax +2bxdx-
mx-+n mx +n




VI8 Chuyén Gia Sdch Luyén Thi

H=]n(mx+n}ax2+2bx~m ux‘-fzba:
mx+H (mx+n]
Vi dy: Tim nguyén ham 1= [(x+1)In? (2x+3)dz.

In(2x+3)
u=In*(20+3) |W=2— —o"dx
= .

Lo gidi: Pat
do=(x+1)dx Fa
P

wl X gl _[rte
1_[2 -f—xlln (2x+3)- 7o 15 (2 +3)dx.

|

! .

i . X +2x

| Tinh H:f e In(2x+3)dx .
|

! =In2x+3) - du=22+3dx
i . - x

P Pat =

| : dv:xz+2xdx x4 2x
| 2x+3 2% +3

':w Bai tap minh hoa

»  Tim nguyén ham cic him s6 sau day
@ I= [(-x+2)in?(2x—1)dx

—x% 4+4x —x* +4x

_[_#: T

= 2+2x]zn (20-1)-——=FIn(2x~ 1+2f e dx.
b. I= [(3x+5)in*(—4x +9)dx

_[3x* 5 3" 410x, 3x -i—le
c. I=f(—x—6]‘in2 (——5x—3)dx

_...f_._ 2 g _x2+12x X +12x

-|-5 ﬁlen{ 5x=3)— " Cin(~5x~ 3)+5f 520} .




Dang7: 1= [ (ax+b) In’ xdx

u:lnzx du:%{dx
Hibg ety do=(ax+b)dx RGN
(ax +b)’ o
r ax -+ 5 slnx
I= —"n'x f( ]
u=Inx dH—E
. X
bit da=(ﬂ+b]a =

X dr Uf(:)dx..

Vi du: Tim nguyén ham I=f(x+ ) In® xdx

Inx
N =
Lai giai: Pat

3
L 1 gl
T3 3 X
u=Inx du=%
Pit ’ (x+1)3 =
=

(et | (o)

*
w Bai tap minh hoa

# Tim nguyén him céc ham s6 sau diy




’)Mﬁ‘gﬂ h’?'_fliﬁ b, Chuyén Gia Sach Luyén Thi

Dang8: 1= f (ax +b)In* xdx

In*" x i

" du=k
Phuong phap: Dat Lia::(ax s

v=a—+bx
2

k=1
In X g

| ” x?
I-[a?+bx]]n x—kf[a;-i—bx

Vi du: Tim nguyén ham [ = f (x +1)In® xdx.

2lnx
b u=lnzx du= = d.x
Loi giai: Ddt 5
dv (x+l)d v__x__H:
2
. 2 e Inx
I=|—+x|ln x—2f[7+x]—dx

#  Tim nguyén ham cdc ham sd sau day

1

b. I= [(~3x—5)In‘ xdx = [———SxJIn"x 6f[~———5x]

¢. 1= [(5x=7)in® xdx= [-—-n] x— sf[——7]

In®x

2 2z 3
a. I=f(—x+3)ln“xdx:[—%+3xlh1’x-—2f[—%+3x I nxx

dx.

®x

Dang9: I= [In(ax® +bx+c)dx

I

u=In(ax’ +bx+c) |du
=
dy = dx
2ax* +bx
ax’ +bx+c

Phuong phdp: Dét |
v=x

I=x1r1{ax2+bx+c)—f

2ax+b
ax® +bx+c

dx .

dx .




" Chlnis piic Nguyén higm - Tich phin tic A déin Z

-_lnaxl bx4c |
=X ( +b1+€)—f 2—m dx-

Vi du : Tim nguyén ham I=fln{x2+x+1)dx.

_ 2 o 2x+1
Lo gidi: Dt \u—-ln(x +x+‘1)=¢‘ du—x;+x+1dx
do=dx S g
287 +x
I=xIn(x* +x+1)— | =——dx
( ) f *+x+1

—xlnx +x+1) f[ xi—:l—i—l]

>
3 Bai tdp minh hoa
»  Tim nguyén ham cic ham s§ sau day
2x+1
a. I= [In(2* +2x {—l)d.r:xln(xz-}-ilx—rl}—f[z—m
—4x+6
b. I:fln(—xz~5x+6)dx=xh1(—x1-5x+6]—f[2——_?%;—%]d
C. I=fln(3x: +8x—6]dx=xln(3x2 +8x-—6)—f[2—3—x2§%]
[ Dang 10: I=f:\:"“1 ]n[ax"—i—b}dx .
Phuong phép: Dit t =ax" +b=> dt =anx""dx=> x""dx =% :
f: 1
I=flnt;dt=;f]ntdt.
dt
Dt lujln:#gduz_f_>
do =dt ol
| I= m(tlntu [at)= [1m-1)+c. J

[



)))"M_éga book ¥  Chuyén Gia Sdch Luyén Thi

Vi dy: Tim nguyén ham I = [ xIn(x" +3)dx.
Loi gidi: Pit t ="+ 3= xdx=—

1
Iziflntdt.

Pit u=lnt=? du:ﬁ
Flao=a™ ] _, b

I=%(tlnt—fdt}:%(ilnf—f)+c=%{x2 +3)[in(x* +3)-1]+c.

*.
% Bai tap minh hoa

#  Tim nguyén ham cic him s& sau day

a. Ir-:flen(Sf+9)dx:%(ht—1]+€=%9-(!n[5x3+9‘—1)+C

b. I= [2In(2s* —7]dx=%{lnt—1]+C= 21;_7{111]2::* -7|-1)+c

¢. I= [«*In(-22° —s)¢r=~i%(mz—1)+cz 2";;8(114-2;,75 —g-1)+c

dx
Dang11: I= [ —-—
g “r:vc(.rzl.nxﬁ-b]irr
) 1 pd(alnx+b)
Phuong phap: T=— [ ——— —~ ln b Inx+&
g phip f(gmx+5) fa x+) d(alnx +b)
1 (a:]rlx+b]1
e o
Vi du: Tim nguyén ham L—f——mu
1r1x+1]
d(lnx+1) 1

(].r’ur-t—l):r CInxt1




's Bai tap minh hoa

% Tim nguyén ham

Cﬁfnh phudic Nauyén him - Tich phin bt A dén.Z

cdc ham so sau diy
1

a.j:f{ dx

2nx +3}"

=- +C.
6(2Inx+3)°

1

b. 1=

3]nx+4

+C.
12(3inx+4)

1

¢ l=
fx{4h1x+5]“

=- =+C.
20(4Inx +5)

ang12:1=f(

[a.r + b)l'k

=210

= ln(ax + b] (

voi
‘f ux + b

Loi giai: Dat i

In(x +1)
x+1

In (ax + b)

Phuong phap: Dat

.mc+b)1_Jk 1
(1—k) +k_ﬁf (
Vi du: Tim nguyén ham [ = f

U=

+f(

ax +b]k

du=

=

u=In{ax +b)
du=(ax+b)" dx

ax+b

% [ux + b)l—k

ln[ax+b:]—fm.-;[—1_—k)-—

dx
mc—i—b)It
ux+b 1
1 k)[ax-‘rb)
x+1)
x+1}

dx
x+1 )

ax+b

In(x+1)
dx =
(x+1]z v=—

du=

x+1
B ln(x-l—l) 1
TTT x4l x4l

dx
x~+«1)1




Phuong phap:

Dit u=In"x=du=nIn"" xdxahq"‘lxdx=ﬁ_
n

! bit u:tantdvdu:(]-q-tanz t]dt

r:f:J“:izt dt= [at=t.

Vi du: Tim nguyén ham 1= f

z+1n'* x)
Lui giai: Pt t=1n? x:*df—z—hﬁdx
_1 1 dt _
_fo(l+1'n‘Jc)dx_1’.-[1+f2

Dit t=tanu=>dt=(1+tan2u)du.

fH—tan u

s - . L 2
| oy —fdu—-u+C—arctant+C_arctanln x+C,

¥ J Bai 1ap minh hoa

#  Tim nguyén him cic ham s6 san diy

. f 1+1n‘

_ In®x
b I_Ix(lﬂnﬂx]‘




Chinh phuc Nguyén' hion - Tich phi

=1
Di_:ngld-:!:f—lfl—x——dx
x[aln"x—i—b:]
=l
Phuong phap: Bit t=aln"x-+b =>dt=ﬂm;—£dx.
I= -dizlln|u|+c-
an.ud
Vi du: Tim nguyén ham I = —-—dx
Y f %(2In” x +2)
Liiigiéi:Bitt=2h12x+2;‘-dt=4hudx.
1 4lnx d 1 1 3
I=— | ——— _dx==— | —=—n{f{{+C==In2In" x+ 2|+ C.
4fx(zln’x+z} 4 t 4 i 4l 2

" Bai tap minh hoa

#» Tim nguyén hﬂm cac ham s sau déy

a l= f T er3) =;§|3]n’x+3[+€.
nx

In® x 1
b.I:f—(m)- =E‘4}n'x+4[+c.

e lI=fo—r—r 5m5x+5 =?15-|51n“"x+5|+(.‘.

]nk—l

D@ﬂg 15: I=fm=b

| Phuong phép: Dit u=+aln* x+b =’ =aln* x+b

=1y -1
=:r2udu=.rzk.ln dx#z—udu—-ln xdx.
x ak X
2Jaln* x+b
I= |24 = BN i,
f u="24 -

Inx
Vi du: Tim nguyén him [ = | ————dx
Buye "rxx,l']nzx+1
Loi gidi: Dat {=+In"x +1=t $h12x+1:»tdf=—l-l;—xdx.

I=‘fdt=t+C=J]nzx+1+C<




M) Mega book

*.
3 BAi tdp minh hoa

#» Tim nguyén him cic ham s6 sau day

Chuyén Gia Séch Luyén Thi

a I= ——«,’—m3x+4+c
fx«.l'—lnsx+
. 4
b, I= J‘ Ax:_\f Sn‘x+7 .
- 51n*x+7 10
= f 2~J 7In®x+2 +C.
x— ?1n"x+ 35
k-1
Dang 16: f=f—~—h—1-—x—dx
x (aln"x+b)
Phuong phép:
k=1
Pit usalt ks hitpa ol S0 L
a x ak
-z -
1 u—bdu 1 e 1|a ™ uom
I= [ S = [(u-b)umdu=—— ~b. +C.
] 2 Z
Q’u_ a ak ak akz__n_l 1_£
m
i E]
Vi dy: Tim nguyén ham 1= [——22X___gx.

x{(2in? x +1)

Léi gidi: Dt #=2In x+1=>In’x = ‘;1 iy L e B8

x 4’
.
| _fJ_ L L -lf(t—l)t%dt=g %—t% +C
| .
i 2
-—%M-{zm%u}é +C.




Chinth phuc Nguyén ham.- Tich phén ti

'\
: w Bai tap minh hoa

»  Tim nguyén ham céc ham so sau diy

1 t‘ 1 3
—|—+43t* | +C (v6i t=4In"x—3).

i‘!]n; ‘ 12 5
5 2

— ———F +C (v6i t=—8In*x+5).

,I' —8In* x+5 256 pi 2
——812 +C (véi t=In"x+8).
.ﬂ x+8

g {a]n"‘ 9:+1:~:]Jt %

In
Dang17: I= |
Phuong phép: Bt ¢ =Inx=dt = d— :

f’"‘{'/ at™ +b) }a‘f—-—f : " +b.

—+1

(1n? |
Vi du: Tim nguyén ham JZIMJ

X -
X

X

dx
Loi giai: Dit r—lnx_.d,,»dt-—‘

4
I= ft?’:lﬂ di == f ‘=~—-u3+C voi u=#+1.
, Bai tap minh hoa

'S

»  Tim nguyén ham cac ham s6 sau ddy

3
In? x4/(2In x 45 7
5 I:f%——)dx=£u’ +C (v61 u=2t*+5).

21
5
lnx."’[Slnaxﬁ—z) 5 &
— = g =3¢
b.1=f . dx="ut +C (vol =31 +2),

5
h1313{—51.n4x—7) 7 B
c - 47 4 C (¥Oi u=-5t*-7).
a1 f = dx ¥ (




Chuyén Gia Sdch Luyén T

li(mx +1)+b- %Fln{mx +n)

Dang18: 1= [\© dx

mx+n
u=Inx
Phuong phap: Dit 2%’ + 3a°x%b + 3axb® 4 b°
r= f . dx

du=—
T ; Bab
=—J.‘3+ ¥ +3a +b'Inx
Inx dx
B& tH= | —dx;ditt=Inx=di=—
sung f O dat x 2

|
| H=frdz=1t‘+c=11n2x+C.
| 2 2

Dang 19: 1 = f 2" dx

|

| Phuong phap: 1= ifa""""‘dl[rwc + n) = i. 2 +C.
‘ m a
i

m Ina
Vi dy: Tim nguyén ham 1= [2-dx

1 2x+‘1
2'In2

Léi gidi: 1= fz**’d (x+1)= +C.

g) Bai tap minh hoa

#  Tim nguyén ham cic ham s§ sau day

2x=5
+C

. 3
a = |2% %y =
Jota 6In3

4—:1—'2

C
4ln4 *

b. 1=f4-“=dx=—

g5

+C

e lI= fS"”sdx .-

SInb




Chink phuc Nguyén him - Tich phin tie A dén

| Dang20: I = [ e=*'dx
Phuong phdp: I——f e**d(ax +b)= L m‘+"+c‘ |

‘ Vi du: Tim nguyén ham 1= f ""zdx ‘
' Lai gidi: [ = IE"“d (x+2)=e""+C.

’l Bai tap minh hoa

%  Tim nguyén ham cic ham s6 sau diy
: 1
e 245 i e —2z45 i - — —x-d
a.I—fe dx = 5t +C. b.I—fe dy =—e**+C.

& I=f A5y — ; S e

| -D@ng M= f (e + bx-+ cJedx

Phuong phap: Pat u:ar3+bx+c$ du=(2H+b)dx
gphap:baty -

I=(ax2+bx+c]e’—f(2ux+b]e’dx. i
u=2ax+4b |du=12adx
ét{dvse’dx $l0=fe”dx=e"
I=(ax‘+bx+c)e’—(2mr+b]e"+f2.ae’dx
=(ax* +bx+c)e'—(2ux+b)e‘+2ae’ +C.
Vi dy: Tim nguyén ham 1= f (2 +x+1)edx.

o Ju=2 a1 [du=(2041)dx
Loi giai: Dat = .
dv=¢"dx

v=e

=2 +x+1)e* - [(2x+1)edx.

L |u=2x41 |du=2dx
biat = . -
dv=¢"dx =g

‘ I=(x2+x+1)e‘—{2x+1}e‘+2fe‘dx=(xz—x+2}e"+C.

.
s
iy




»  Tim nguyén ham cic ham s6 sau day
a. I:f(sz +x+2)e‘dx=(2f —3x+5)e’ +C.

b. I= [(3x* + 2x -+ 4)e*dx=(32* —4x +8)e" +C.
c I=f(5x2 +x—11)e"dr=(52* ~9x-2)¢* +C.

dx
ae’ +b

Dang22: 1= [

Phuong php: 1= [ ﬁ;ﬁ
du

Dit u=ae* +b=>¢* —i——bduzbe’dx=——.
a

+C.

_a, fju—bl . a | a
' ._ fu(u b b [__h__] - ]n u +C_b]nue“+b
| i dx
Phlidng phép: I= .fwdx .
u—b du

Ditu=ne" +h=e"=——=¢'dx=":1=g
a a

bfub] uub]d_[

Vi dy: Tim nguyén ham I= f

Loi gidi: [ = f de

Pitt=e"+1=e"=t-1=p¢"dx=4dt.

e +1)

o dt pt=(t-1)
=g e e

1
t—1

=.-[—-}—1—I~+in[f|—h1|t-—1’}+(.‘:[_

t
—||+C
r—1]+

t

bf
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’J Bai tap minh hoa

»  Tim nguyén ham cic ham s6 sau day

- dx |t | _
a I__f(Ze’-‘,-Z)e‘ ,..[ = lnl 2|]+C(v61t 2¢* +2),

f—dx  _5__1 gl b
b'lzf(sew?)e‘d?[ 7

]+C (vOi t=5¢* +7).

- 2( 1
cI=[———==|-——=+In +C (V6i t=2¢" +3).
J(Ze’+3)e* 3[ (-3 t—3} (v61 $=2¢" +3)
Dang24: = [—5—dx
0 g J‘1+82m
Phuong phap: [ =— fl—H: __fl-H

bit t=tanu=-di =(1-i-tan2 u)du.

it £ =tanu = dt =(1+tan’u)du.

1+ tan’
= s

J-1+tan u _+C_arctartt C arctane +C
1+tan’u n n n
d(&z) dt
Lai gidi: [ = —
& J-1+e f1+t

du= fdu:u—i—C —arctant 4+ C =arctane® +C.

"J Bai tap minh hoa

¥ Tim nguyén him cic ham so sau day

N 2% 2z
P )
1™ 2 2 2

3x 3z
£ u arctani arctane
f= i ey o NS o WOOROP 4,
e e 3 3
e u arctant arctane®®
= gty +C= ¥,
¢! f1+e5* e o 1 4




Chuyén Gia Sédch Luyén Thi

| Dang2s: I= [t g
| J f (ax+b)’
5‘ —(ax+b-b)' +d-
‘ Phuong phap: 1= f “———e’dx
| (ax +b)’
L P, C2bep & dcrd p o
e f dr—— [ ——ax+ = f{ax+b)2dx'
Vi dy: Tim nguyén him ] = j‘ o
i 2x+3]
! 81 8Ju:
i Loi giai; = dx+5| ———dx.
' . f2x+3 4f 2 2x+3 Jr(zx+3j2
L2
g Bai tap minh hoa
#  Tim nguyén ham cac ham sé sau day
2x* +1 £
a.l= e'dx= | e'dx—6 dx +33 —dx .
f x+4 f f’f f I+4J
3x* — e [4
b. 1= e'de=3 | e"dx+42 | ——dx+289 | ——dx.
f(x_y)z Je fx_? x fx_,,]a :
cl= e'dx= | e -dx
f (x+5)’ f x+5]
| Dang26: I = f ol e’
| £ _i "l " __1- +
! Plnidngphap.l'—mfe“ d(ax +b}_me“*‘ Fe,
| Vidy:Tim nguyén ham | = f xe” .
|‘ LU F=i :':-r‘.'fdx P43 =l 43 ;
| i giai: f2xe f d(x* +3) € e




P

L4
’ Bai tp minh hoa

Tim nguyén ham cdc ham s6 sau diy

a ] =fxze"*"2dxw—- —%e‘”a_z +C.
f 3e4! Sy = I “_S-t—C

c. I=fx-3esr"+1dx=_é_£ax"+1+C_

Dang27: 1= [x™ e’ dx
Phuong phap: Dit ¢ = x" = dt =nx"'dx.
1 | iy,
= = — 5 Z
nffed n{e 1)+C
Vidu:'?hnnguyénhﬁml:fx’e‘)dx.
Lo gidi: Dt t = 2" = dt =2xdx,

I=%fte*dt=%[:e‘ —l)-i—C

»

L&
\g Bai tap minh hoa

Tim nguyén him cdc ham s6 san diy

a.l= fx"e‘jdx—%( 1}+C,

'_  Chii phue Nguyé}t_ A ik




N Chuyén Gia Sdich Luyén Thi

Dang28: 1= [ L
ax

R B _:-1_ m infax+b}4+n :l minfer+b}4+n
Phuong phép: I—mfe d{mIn(ax+b)+n) —e +C.
h1(1+1]+2

Vi du: Tim nguyén ham [ = f

Lo gidi: I= f 24 1n(x +1) + 2J:eln[=r1]+z i

', Bai tap minh hoa

»  Tim nguyén ham cac ham sé sau day

2I:L{2:+t}+‘l
= f"‘mdx=8(12 +I)+C i

eZln[Sz—‘l]+3

b.I= | ——
3x—1

dx:e”[gxz —x]+C‘.

41n{z—2! x 2]
c. I= f 3 = +C.

de
Dang29: [= [—* .y
% fl"a+be’
2 _
Phuong phép: Dit t=1.1'a+bex >t =a+be’=e =Lb_“ @-g!dxz%df
[t’ 2"
2 pra oyt 2
t==|(F —a] dtveinzl,
f a—i—be f V"r( }
; e
¢ Vidu: Tim nguyén ham [ = dx
5 f\11+e‘

L gidi: DAt =14 e" =8 =1+¢" = ¢* = ~1=> e*de = 24dt .

i ."—=2f%=2h1lfl+c=2111[\}'14-8*)4-(7.
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" Bai tan minh hga

» Timnguyén ham cdc ham sd sau diy

a I= fmdx (3e ~4)y3e* +2 +C.
b. I= J’W ( 66 +2¢ +1)J1 4¢* +C.

Dang30: I= f\/i
la+be”

Phuong phép: [ = f

[a+be)
Pt u=a-+be #du:be‘dx:e‘dx=§§_

I=f d”;:_éj'u‘idu:%“ - +C.

bun 1-

Vi dy: Tim nguyén ham 1=f]{3+2 ])2 dx.

Loi gidi: Djt £ =3+ 2¢" = dt = 2e*dx = e*dx ‘;‘.
|_3 .
113 3¢ 3Y3+ 2¢*
1= [5== gl Lot R Sk B B o 8
f dt = 2 5% o 5+
25 =
| 3

[ 2
’ Bai tap minh hoa

%  Tim nguyén ham cdc ham sd sau ddy

alnf\jidx———v”l 3¢ +C.
1-3

b.I_f dx= +C-

\[(Z-be’) \{2+E
c.I=f—L5dx=—3u"'5—2e‘ LY A
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Dang31: 1= [ 4
ang31: 1= [——* i
*fme“”’-i-n
Phuong phap: Dt u=4me™** +n = u* =me*** +n

= ki ik 3
= k" du = mae™Hdx = — " du = e dx .
ma

IS SO
I_am u R f du_am[:k 1) i

Loi gidi: Dt t=3e™ +1 = =™ +1= M dx =347dt .

f—dt 3fwt:=gr’ +C=%3{e’”+1)2 +C.

_dx
ae* +be™ +c
dx

e
=f x X I'Q.’I
aex+§+c ae”™ +ce’ +b

Dang32: I= f

Phuong phap: I= f
Dit t=e" = dt =e*dx .

ey ...
fﬁt’-ﬂ:t-!—b

Tim nguyén ham 1= f—+-—-:;—1
e +e +

Ldlgial I= fmd 4

bit t=¢" = e"dx=dt.

=fa
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+.
’ Bai tap minh hoa

% Tim nguyén ham cic ham so sau day

dx
a'I=fzg*+e‘x+3=f2f2+3t+l'

dx dt
b. [ = = 5
f—4e‘+e"—3 f—4z‘—3f+1

dx dt
c. I= = =
fﬁe"—e'”-}-‘? j6t"+9t—1

Dang33: 1= [¥a-+bee'dx
Phudng phap: I=%f s+be‘d{a+be‘)=%f(a+be‘)id(a+be")
(a-}-be*}iﬂ

Loy

1
=— C
b +C.

n
Vi du: Tim nguyén ham I= f N +2eedx.

Loi giai:
; et 1 Ry
I=%fﬁd(l+2€’)=%.(l+lze M L
| | 3! ’

'gl Bai t4p minh hoa

»

Tim nguyén him cdc ham sd sau diy

4“[2-}-.-3')5 5

af—f%‘ +efefdx=—"—— = +
6
b. 1= fx,f4+2e’e‘dx~— "'(Hze) +E.

e
77 (1-2e*)

+C.
16

C.I=|yl1-2e"e"dx=—
f?




; Ciug»wGiuSad: Lum?ki

( Dang34: 1= f,! ) =iy

i Phuong phap: .

‘ ; &b L4

! =—fme‘”’+"+n]*d( +n)='wM+C.
a ﬂ +1

I
L Vidw Thnnguyenhamf_f,i et 41 '+1dx

il Laigiai: = f “1-',-1)361( r+1+1}

LR

5

+C

,J Bii tap minh hoa

¥ Tim nguyén ham cic ham s§ sau day

’ T2 z
a. I=f{||(26“'z + 3)3 e dy = -2—4~—2—e—;+—3)—+C
7
b: I= Ifll(ezx'ﬂ - EJzez“Ii‘r =% M—FC
cI= J,,‘ 3er-°+1 e Sdx = b (gee)

11J—

Dang 35: f=fem‘“{”+"1+“sin(ax+b]dx

Phuang phap:

Vi du: Tim nguyén ham 1= f e sin(x+1)dx.

Loi gidi: [=— f e°°‘[m]+'d[cos(x+ 1)+1)= -~ 4,

i I=—%ﬂ-femm(ﬂfﬂﬂd(mcﬂs(ﬂ+b)+n)=—%ﬂ—emwﬁa”]+" iC




‘w Bai 1ap minh hoa

¥ Tim nguyén ham cic him sd sau day
a. I= [0 sin(3x —1)ax= —%e’“"‘:““}“ g

b. I= f P gin (25 +1)dx = --;-e:‘“’{“" e

S fem[””]'z sin(4x+ S)dx = —iem[""a}'z +C.

Dang36: 1= [e™*""* cos(ax +b)dx

Phuong phap:
1 msin| +n . 1 m sin| ar n
I=Efe (ax-+b) d(msm[m’+b)+n)=ae sin(ex-+b)+ s

Vi dy: Tim nguyén him [ = f 1 cos(x +2)dx .

Lo gidi: 1= f¢***d(sin(x +2)+3)= (e | o

*.
w Bai tdp minh hoa

%  Tim nguyén ham cic ham s8 sau diy
A I= fezgh(?"”)" " cos(3x+5)dx = %ezd"(a“ HIT 3.

b.I= fg““i"{x-ﬁﬂ cog(_-; _])dX= __la;e—aml{x_]}ﬂ +C.

cl= f gt H2 cos(—6x + 5)dx = —-2—148““‘[_6“5]“ +C.




P tan|ax-+b)

- I: ——
Dang37 f cos’ (ax +b)
| Phuongphip: I =% [ e {tan (ax-+ b)) = %ew{nw} e

tn.n{x+I]

Vi dy: Tim nguyén him I:fzo-zz(x—ﬂ]dx

Loi gidi: 1= [ eI (tan(x +1)) =) 1-.C.

L2
B;j Bai 1ép minh hoa

»  Tim nguyén ham cic him sé sau diy

B eh.n[z.t-—l:l | elm{h-]j
a'I_vroosz[waljdx_ 5 +C.
lvm(Bx—z} unf&x-z}
b.I= e g E .
. fcosz(sx—z]“x 3 +o

tan{2x+3) pn(2e+d)
B

€
c I-—fcosz(21+3)..x— 3 +C.
. e!hdol(-ﬁd-&}in

B
Phucng phép:

= ._,.1_ meot{ar-+b)n _ __1_ mcot(x-+E|+n
1oL it ot ) ) Lerter

i . e2ml{x+‘l)+l
Vi dy: Tim nguyén him r—f;m ’

| loigii: I= ——;: [ M al2cot(x +1) +1)= —%em{rﬂw +C.
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L
,J Bai tip minh hoa

»  Tim nguyén ham cic ham s6 sau diy

ifim f Gootlzx-1l-2 5 :_133“[’”“}’2+C
* sin® 2x 1) 6 '

Zoot 3~ 2;171

b. I= f lgsm[s-zz]+3+cl
3 2x 4

dcot(2-x)=1

_ =l tcot{2-x}-1 C
1 fsinz{Z—x}dx e i

[ BAITAP VAN DUNG

E-%—[) Tinh cdc tich phin _ -
2 T
b.I= f (xj)_e_ dx.

< 3

le
a I= dx
I

x+e
i In(1+2*) +2011x
= ; d. 1= ——dx
f;‘eh‘*‘ f In(ex1+e)1 "
e [= I xe" +1

| e —an

> Loigidi
3Digt=1f_':>t2=e‘=>21di=e“dx,

J-—Zf—dt £ +2t 2|t +1)+C

=%e‘xﬁ‘_—e‘ +2Je_'—21n‘\(?+1i+€.
b. I:j.xe’(x+1]dx

xe* +1
Pitt=xe" +1=1=

C.Dit t=vem +9 =51 —9=¢"

+C.
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'._____Gug@ntaSﬁeruyén Thi

= {dt =™ dx = (tz —Q)dx =dx=

t

dt.
# -9

t—3 1
Inj——| C==
z+3‘+ 6

[in(x* +1)+2011]x

d. Tacé 1=f[

x* +l)[ln[x’ +1)+1|“x'

Dit f=1n(x2 +1}+1_

1
dt_5t+1{][15]_n’t|+c

=%ln(x2 +1J+%+1Cﬁ5h‘t’ln(x2 +1)4;1]+c.

g ° g
e" + lrlx” =In——o
1 e

+1

X » Tinh cic tich phan

—_—dx,
e —1++e" -2

b.I:T 2

0 (if?mf '

Ini5

IIE,ZJ +9_3

e +943

% — 24¢*

d.I= dx
;L e Ne* +1 456" ~3e" +1-15

2 3¢% 2™ —¢” -—(a" +e* —¢ +1},:
ax
—e"+1

383: +2£h _er

== lldx =ln[e3‘ e —ef 4 1)’:2 - x’::"

e ¥ —e* +1

=Inll-ln4=In—.
4




3f, 3 1
I=2{n=—=
4[ 2 6]

2
c. bat %‘e’—l=t=¢-dx=%.

1 1
1 1
I—_~3f[1—t3+1]dt:3—3f[t3+lldt.

L]

F 2—¢ 7
- £at t———ldt=—+In2.
Hehih Sj[ +1] ﬂtﬂ —t+]] J3

Viy [=3-In2———.

J3
d. Dit: t=ve* +1=1" +1=¢" = 2tdi =e"dx.
“(2f-108) ¢ 3 7
=X —  tdi= —— e |dt
I ! P !2 2 H—Z]

4
= (2t _3|n|r—21—71n|f+2|]13 =2-3In2-7In6+7In5,

e. Dat ¢ =+/e* —2 = 24t = e*dx .

L (2 +2)t 2t+1
I= 2f:’+r+1dt_2ft_l+—_f]dt
p ‘dt2+f+1 1 1
o .!"‘ dt+2f~;2—-——f-—-|_-1—) (tzuit)L-I—Zm{fz-i-t-i-l}L

=2In3-1.

" Chink phuic Nguiyén him - Tich phin tit A dén Z
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=S SR f\/____
" 3¢ —4dx .
‘{e *Jae* — +1x )
I T £ d. =
Cl= | ———dx. e dx
(] (f.}.])a f\‘!e'—]
e.Isze”—ldx.
0

> Loigii

A. Dit § =~4e™ — 3™ =1 =4¢* - 3e¥

= 24t =[14e3’ —&”}dx:% (283* -e“)a:x.

17 tdt 8—In5
I_alm _f[ t+1 f‘_(t_]n[t“m 3

b. Dat t=3¢" —4 =>e==%=>dx=fz—zd:_-
+

3 2 243
2t dt
- - —4{J3-1]-
o (V2 1)
243 )
dt
Voi H= | ——.
' f1’+4

2

Dit ¢ =2tanu,uc

_E,%] =dt= 2(1+ tan® u)du .

Vay 1=4[J§—1]-1.
2tdt

C. Datt—xf'e +letf=F+l=2dt=dr=de="—
t?
tdf
N

d. bt t=¢e’—1étz=e‘ﬁ1:~dx=g;tdt.
e
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20

3

I= 2}(9 +1)dt=2
1

£ ’
—+t] =
7+,
eDﬁtt:xl'e‘-—1=>t2=e“—1=:r2tdt—edx:dx—giﬁzjtf]_
€

2t z‘f[l—-—] 4;

I=

[ 1
Tinh céc tich phan
2 5 1 6
= St bIl=|—"—"/dx
a.I—‘[ +4'=_2dx- {9 36 oA
€ £ ]I'Ll
c r=f—£—+3x2inx]dx. d 1= [ —— s L K4 P
a1+ Inx 1
Y dx
e. }:f_.._
xlnx]nex
¥ Loigiai
1
gt =2 =27 P4 _2={2"4277) -4, I= ——ln—-
a.batt=2 ?4+ (2 +27) T
3
‘ [ZJ 3
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2 12
3
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T In3-In2J 1 43t+2 In3-In2
2(2—‘5) 2 +1 5-22+2¢
¢ I= + =
3 3 3
d. Dit t=2+In"x=>dt = !'nxd:r.
1 93 3 Alnd 3l
=L (e =2({3 —J.z—)+
L =305
. d(Inx)

I___f dx -
R e x.lnx.(l—f-inx} } !.nx.{l—i—h‘l:c)

j”[—l-— ! ]d(mx]=21n2—1ns.

Inx 14Inx
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p

|

P

Ing 2x lo
BT & 0 b. I B2 %
;";e’+63"—5 "1rx 1+3]_n2
it 1 x+(x—2) r‘ ‘yx—xlnx*+3
¢ = !‘“—-(r—]nx)-— i d = .!" 1 lnx dx .
&
e. I=I—E%de.
1
Loi giai

a.bPiti=e"=edr=dt.
I=2+9In3—-4In2.

Inx b
‘ E] 1 In®x Inx
bol=)——f _gyx=——_
‘!‘xu"1+3].n=x h132f:?1+31n x X

2
bit I=\J'1+31nzx=>ln2x=t 3_1=>]'—n£dx gdt.
T

4
271n°2

2
1 (1.
= —ft =f =
91:132[3 Jl

cf_fdx 2f 1+ln — X dy—e—1- 2f

Tinh H:]Thl-dx

x 1+]nx]
bit t=1+lnx=:-dt=i‘i
b
H= udt—l In2.

1

V%yr—e 34+2In2.

-
(1- an)
B 0 s I

H

d. /= sf dx 2f1.nxdx ~3In2—de® 4 2¢7.
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e. Dt f=lnx=>dt=£.
X

22 =2 +1 2}t —1| at-1 t—1
I=f - dt= | 2 dt:—-Jﬁ—dt+I‘ ?dt_
tdt 1dt e 1
s - L A R L
1pdt pedt _ 2dt padt Tl
K= 1?— l?=~'fﬁ r|1+£ ?_.1?:_&}1:;_8_2.

Viy [= e 1]
2
XA > Tinh cic tich phan
- j[m{ +l] ar=flmx g
B 2x 1+~.F_ ' “{xm ’
3—2Inx Tinxy2+In’x
b.I= P o P oy L
J‘x31+2]rur: Jl- x =
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e f e +h‘lx
» Loigidi
dx
Piatt=In[vr—-1+1)=2dt = ————.
i R R ™ =
I=2]dt=(]n3-—]n?.).2;
In2 d
X

b.Dit t=/1+Inx =:-1+lnx=:2:¢._
-1

1
2
f[r" 33 43t — ]dt=——]n2
1

—2tdt va x=(F 1) .

dt

3
2 46 4
o L
df_.ff 3t +t 31

1

2
c. Dat t=+142Inx;# =1+21nx—»2fdt=—;tdt=?

3 e B
I=[(2-#)a= [2:-—] )
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2lnx

x

d.Ditt=24In*x=

f=%[€/3_‘—€f§]-

dx=dt.

e Ditt=¢" +lnx=>dt=[e’ +1]dx-= .3 +1dx{
7 X X
Tt +1‘
e
; 1
m Tinh céc tich phan I

2
a. I= | e sin2xdx.
)

5'12} Inx dx
72'+=
e [= f[ In?x

x 1+lnx

dx.

b. I=fxln(x2 +x+]de. '

0
€ 2
d 1= fx_wexdx ,
x

1

Z

du = cos xdx

= i

=™ cosxdx |v=e™
"

I =2¢ si.an —fe‘"" cos xdx = Ze—Zegm’E =2

1]

. du::
b. Dt ‘u—ln(xz+x+1):_

2x+1
¥ tx+1
dv = xdx i_

X Zx’ +x2

I==-Infy’ +a+1) - f

=lm3—%ﬂ2x 1)dx +— f

xz+x+1
1

2x+1 i 3 dx

¥ x4+l 4

o X +x+1
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T4 12
u=Inx d dx
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¢. Dit i dx = x

NEES | v=2yx+1
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I=(2 x+1.1nx)| —2f———‘”‘“dx=6ms—4ln3—zn
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x
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3
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1 N ——
H K

Tinh H= fx.e‘dx =x.e" ;

1

j‘erdx =e‘(e—1).
f—dx—e —f dx.

Tinh K= f]nx.e’dx—e’ lrlx

Vay I—H+K+f-—dx .,

= | ——= _dx+ | In® xdx.
1 xwltine x\fl+]nx f
E
Tinh H=
¢ fx\fl—i-lnx

bit t={l+nx=F=1+nx=Inx=4# -1$%=2tdt.

_4 22

'3 3

Tinh K=Ilnzxdx.
1

Chinh phuc Nguyén ham - Tich phin tie A deér




))l Mega book @ Chuyén Gia Sach Luyén Thi

L4y tich phan tiing phdn 2 14n ta duge [, =e—2.

Viy I=e— zhi
3
Tinh cic tich phan
2In(x* +1) ZIn(x +1)
d. I=[—x$-dx b. 12‘[ ‘r?‘ dx
1
z 1+x t 1
c I:_!‘xln[m]d d I=‘[x21n[x+-£ dx.
1
e I= [2In(1+2?)dx
i,_“ a
»  Loi giai
2x 2
u=Inlx"+1 du= InfxZ 41 3
a. bjt P )=:- x +1 = (x:)‘ +f a:x
do=2% v=———1— 2x L l:c(:c +1)
X zxz
_In2 In5 x N2 In5, rde 1 54(x+1)
B [ e e e
In2 In5
T=—+[In| |——].n|x +1|J —2]112———1n5
u=In(x+1) |du=—2
b. Pit i = 1
d'!.":-—z‘- v:_l
x x
Ph i 3
:——ln(:c-r—lﬂ1 +‘!x(x+1}=31r12——1n3
2
o [14x)  |du= S dx
c. Dat u=ln 1-x {1_:‘}
2
dv = xdx o,
2
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do=x"dx ‘U=%
10 1
I=3].n3.—v?]nj_+-6—-
g P 2x
= 2
e. Dit u In{l+x)=} §+x
dv=x"dx g
3
1 4 «
Iug.h‘lz-l-g—g'
i
| @) Tinh cic tich phin
3 . eIn’x+e*(ef +In’x
a.I:I ]'nxzdx. b.I:f ( ;l )dx
1[I+1} 1 Ite
2 1 L |
c I=f[x+1—%]e”;dx- d. I=f1n(u'xz +9~—x]dx i
. |
2 ' )
»  Loi gidi
u=Inx du:d_x
& x
a. Dt {4, - dxz_'}" 1
x+1) v= )
B ln:c|3 Todx Inx
= +J =
x+1), 4 x(x+1) x+1
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b. Ta cé I=jm2

1
—— ——
H K

Tinh H = [ In® xdx.
[

= n? i
Dit [u—]n x___} du= . dx‘
dv=dx —

H= xln" zflnxdx e—2.

Batt=e"+1=etdx=dt.

?+1
= f—d!—-e —8+]ne+1
e+l +]
Vay [=¢—2+mtL.
e +1
2 1 e,
c.Taco I= fe ”ﬁ’x—i—f x——]e *dx
3 3
K

Tinh H theo phuong phdép tiing phén

2 g 12 2 1 5
x4= Prel 1] =4= 3.2
H=|e *dx=xe *| — ||x——|e *dx==¢?-K
‘1[ 1 Jl‘ x] 2
: z 3
5
=:-I=§es.
< dx
t]31 2 — dy=—
d. Pat u (v‘x +9 x)zb W
dv=dx ey

r=x1n[Jf—+9—xNﬂ+f z

* CMBOYENHAM = TICH pAN CC 0 AW 56



Chuong VI

TiCH PHAN HAM TRI TUYET DOI

ﬁ PHUONG PHAP

St dung tinh chét co ban fg x)dx = fg x)dx+fg

Cach 1: Xét ddu biéu thic f (x) aé k}ui ddu gia tri tayét ddi.

Céch 2: (Khéng cin xét diu).

Gidi phuong trinh f(x)=0 trén khodng (2 b). Gia si trén khodng (a; b)
phuong trinh c6 nghiém @ <, <...<x, <b. Do trén mdi khoing (x,: x,.,) biéu
thiic f(x) luon mang cling mot ddu nén ta c6

I] f(x)dx = fl f(:c]|dx+zfl Flx)dx 4.+ j’] £()|dx

x, ]
(x)daxf + ff[x}a‘x ot ff(x)dx ;

L} =

Bai tp minh hoa

2
Tinh tich phén 1= ﬂ] —xdx.

Q

> Lo gidi:

Céch 1:L4p bang xét ddu ham s6 [1— | trén doan [~2;2].
Tacé 1-x=0%x=1€[0;2].
Béng xét ddu

x | o 1 2
1-x | + =

Dodd 1= fll xldx—i—lﬂl x|dx f x)dx — f

39



.1 2
xZ
—|x——

0 1

Céch 2: Ta 6 1-x=0x=1¢[0; 2]

J‘I x)dx|+

+|Je-

1 2
Dodé I= [[1-xjdx+ [[1—-xfdx=
[rstees ]

[ 2\ = T
[ _?)L 2, ]
Tinh tich phan I = j'!x:’ —x]dx .
»  Loi giai: 0
Cch 1: Lap bang xét dffu ham s6 |v* —] trén doan [0; 2].

+ =[i-3}+p-3]=1.
2 2

1

Tacé x° —I=0¢=>-[x=06{0;'2l.
=1

Bing xét diu
x | 0 1 2
¥-x | 0 - 0 -+

Dods I= j"xz - x|d.7c + j’l]x’ —x‘dx = —j‘(xz - x}dx+j(x2 —x)dx
L] 1 o 1

__i 121+x3 .. 2_
T3 2 3D
i) 1

Cich2Tacé ¥ —x=0e|"
=

?6[0;2].
f(x’—x j x° —x

e

Do d6 I=j7|x1—xldx+j‘|x’—-xldx=

<-4
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Chink phuc Nguyén ham

4
J¥idy3) Tinh tich phan I= [|* —4x+3dx.
-2
Lo gidi:
Céch 1: Lip bang xét déu ham s6 |¢* —4x+3| trén doan [~2;4].

=1
Tach x* —4x+4+3=0% x_ e[-2;4].
Bang xét ddu
x | -2 1 3 4
X -4x+3 | + 0 - 0 +

Do d6 I=j‘| 2 —4:::+3|a':4:+j-.sr2 —4x+3‘dx+j‘|x‘ —A4x +3{dx
-2 1 3

= f[xz —dx 4 3}dx—j(x2 —4x +3)dx + j‘(x2 —4x+ 3]dx
-2 1 3

4

3

3

3 ! 3
—|E x4 3x| —|E-242+3x
3 e

Cich2:Tacd x¥* —4x+3=0& ;j

P 3
x
2% 4+ 3x

8,50
3

1
35[-2;4],

Do d6 I=jﬂx‘ —4x+3‘dx+j1jx’ —4::—1—3|dx+j‘[x2 —4x+31dx
-2

= j"(xz —4x+3)dx+
—2

j' x —4x-+-3

3

3
f ¥ —4:c+3 dx|+
1

1 3

3
X 2243
3 1

4

3
= %——-2x2+3x] +

+ [%— 2x + Sx]

- 3

64
—=324+12|—|—=—-18+9
+ 3 + ] [3

: ]\‘*:
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Tinh tich phan 1= fm

2
Léi gidi: Lap bang xét ddu ham s6 "‘_3%'
Xt

i;e[O; 3| va x+1>0Vxelo; 3]

trén doan [0; 3] .

Tacé ¥ —3x+2=0|"
x

Bang xét ddu
x | o0 1 2 3
P-3x+2 | + o - 0+

3x+2 2 [x? —3x+ Bl —3x 42
Do dé r=[}x—-| f’—£+]—24dx+j"—xrﬁ——dx

+1
1 3 2.7 3.9
x5 —3x+2 x°=3x 42 ¥ —3x+2

= dx— dx + d

-{,f x+1 f x+1 f x+1 *

1 2 3

6 6 6

=J|lx—4+ dx— | |x—44+——|dx —44 d.

'{[ 'H] ‘ﬂ x"‘I] +3r ) x+1] ’

o i
5 —[?—4x~1-61n]x+1[]l

1
=[£~2——4x+61nix+1|
]

=241r|2——12]n3—;-

2z
JVidy5 ) Tinh tich phan I = [ V1—cos2xdx.
2x 0 2
Lo gidi: Tacé 1= [ V2sin xdx =12 [|sinz|dz.
o 0

Lap bang xét ddu ham s6 sinx trén doan [0; 2-,-.—] .

Tacé sinx =0+ x=kn, chon k=1::-x:fre[0; 2;-r],

Bang xét ddu
x| 0 T 2ar
sinx | + 0 =

Dodé I= \Eﬁsmx]dx - ﬁjisinﬂdx = ﬁj sinxdx —ﬁ?sinxdx
= ﬁ(—cosx)E - \E(—cosx)‘:w =2+ V2442442 =42

R B~ T PN ciic OB S

+[§—4x+61n|x+1§

3

2
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3

JVidy6)Tinh tich phén = fEZ —ddx.

0

»  Loi gidi: Lap bing xét dfu ham s6

2* — 4| trén doan [0; 3].
Tacod 2‘—4=0@I=26[0; 3],

Béng xét ddu
x | 0 2 3
2% 4 | == 0 +
Do dé f:j’? —4!¢x+j2*—4tdx=—}(zi —4)dx+j(2‘—4]dx
21 1} ’ zx 2 . 1 [1] 2
.—:—[ﬁ—‘t{nu-{-[inz—‘lx]: =4+E2--

2
J¥idy7) Tinh tich phén 1= f[2x—|x+1]dx.
-1
> Lo gidi: Lap bang xét du ham s |x +1| trén doan [-2; 2].

Ta cd x+]=UﬁX=~—1E[—2; 2].

Bang xét ddu
x - —1 2
x+1 | - 0 +

Dods I =:f|2x +(x+1]|stx+j"|2x—(x+1j\dx
-1

-2
=1 2
= [|px+1ldx+ flx—1]ax.
-2 -1
Lap bang xét dfu ham s8 [3x+1 trén doan [-2; —1].

Tacod 3x+1=0+ xz—%g’[—z;—l].
2 ‘ 3 4 1

3x+1 | - = 0
Lap bang xét d&u ham s6 Jx—1| trén doan [-1; 2]

Ta co x—1=0@x=1€[—1; 2].




Sx+1 | - 0 +

-1 2 .
Dodé I= [|3x+1dx+ [x—1lax
-2 =1
=l

- f[3x+ 1|dx +f|x— 1|dx + j\|x—1|a‘x
=1 1

-2

= _]1‘(3,: +1)dx -j'(x —1)dx +jf(x —1)dx

=1

=1 2 1 2 2
x x 7 1
-1 —x] +|E—x] =L+24+-=6.

-2 [2 J_1+[2 xﬁ 2+ I+2

1
4
Tinh tich phan I'= [ —2x* +xdx,

eyl Bl o
2

4 4
»  Léigiai: Taco I:f x[x—l)zd.rzﬂx—ﬂ\/;dr.
0 0

Lip bang xét déu ham 6 |x~1] trén doan [0; 4.

Tacé x—1=0«x=1¢[0; 4].
A | 0

-
W

=1 | - 0 +
Do dé

1 4 : :
1= [x =1z + [~ 1= — [ (x— 1) ae+ [ (x-1) s

L] 1 5 )

1 1 e \
:—-!‘[xé—xi d:r-l-‘!‘[x;—x%]dx;_[%xg_%x%u +[%I%—§x5 |

1
o
L/ 2
g Bai 13p ban doc ly gidi

1. Tinh tich phan I, = j’[ﬁ ~1|dx. Pdpso; I, =
-3

4
3

V2 ly? _q
2. Tinh tich phén Izzf‘E;—de.Déps& Iz=wif§—2+g—.
2 X+

133

3
3. Tinh tich phan 13=ﬂx’—212—1x+2'dx. Dip s6: IS:E'
-2
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4
4. Tinh tich phén I, zf|3—x[dx . Dips6: 1,=5.
o

5. Tinh tich phan I, = j(lx+1| +|x—2|)dx. Pap s 1, =17
-2
3

6. Tinh tich phan I, = f

]

Jx2_4x+4—1‘dx. Ddp s6: 1, =%_

2
7.Tinh tich phan I, = [V1+sinxdx. Ddp s6: I, =442
o

3| 2
—3x42
8. Tinh tich phén I_ = }xidx.
§ ]u‘ x+1

16777216 ¥ E
531441 2~

Ddp s6: I,=In




Chuong Vil

- TiCH PHAN LIEN KET

Trong nhiéu trudng hgp viée tinh tich phidn I phic tap, ta tim cich xét thém
tich phan / (ggi 1 tich phan lién két, c6 quan hé véi I) sao cho ta tinh dugc
ml +nf va nl —m] (thudngla I+ ], I -] ) tuong d6i d& ding, tit @6 suy ra L. Vin
dé 1a lic ndo thi dung tich phan lién két va lién két dén tich phin nao?

Tinh céc tich phén sau nhé sit dung tich phin lién két.

Bai todn. Tim nguyén ham 1= [ T
SMx+Cosx

> Lo gidi: Xét tich phan lién két = [—>2 .

sinx +cosx

Ta co

sinx + cos
I+]= f’“ BILLSONEE o = [dr=x+C,

sinx + cosx

si cosx smx+cosx .
f—]--f Sk = f ——in|smx+cosx|-_'—C1

smx+cosx sinx +cosx

1 .
21' x+C l.n|s1nx+cosx|+{j “ !=E(x—ln]su1x+cosxl}+c‘
2} x+C, +In|sinx + cosx| - C }=%(I+ln|sinx+msxn+c

Nhu vay I=%(x-ln|sinx+cosx”+c

:
JVidu1)Tich tich phin 1= f
o

{sinx + caax)

i
> L gidic Xét tich phan J = f o8
1}

=:m X+ n:c-sx]

, i dx
Tacé I+]= _snyroosx o [ &
f(sinx+ cosx)g ‘f(af.i_m:+::oesx)z

5
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Val-j=

¢t—-—°wlﬂ
E

(SIS

o S—ta i

(anfesZ]

cosx —sinx

d(sinx +cosx)

—

1

(smx + CCISI)

2

=0.

2(sinx+cos :c)2 A

Viy 2l =1« f:%
z

Tinh tich phin 1= fr:os2 3x.cos® 6xdx.
1}

£l
> Lisi gidis Xét tich phan ] = [ sin® 3x.cos® 6xdx.
a

Tacod I+]= j{cos2 3x 4 sin’ 3x] cos? bxdx = Icos2 6xdx

1 5
_EJD' (14 cos12x)ix = [x+

smx+oosx)

smlz:c]ﬂE _T.
12 ), 4

Val-]= f (cos? 3x —sin® 3x)cos? 6xdx = f cos bx.cos® 6xdx

1

2
_lf 1—sin 6:: sm&x
60

Vay 21

J¥T&43) Tim nguyén ham = [

Lo gidi: Xét nguyén ham J= |

Tacd [+]=

val-J=[

=—¢}I=_
4

w
8 .

J-sin"x +cos’ x

sin® x +cos* x

sin‘x—cos'x |

sin® x +cos® x

cos'x
sin® x 4+ cos® x

L |
sin’ x
dx

1 [ . sin® Gx] 2
] =—|sinbx—
6 3

0

dx=[dx=x+C,.

=(.

s 4 &
sin” x+cos x

f (n:os2 x4 sin’ x](cos" x—sin? x)

. 2 -
(-::c;s2 x+sin’ x] —2cos” xsin®x

dx
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. 2 -
Vﬁy 1*381'11221 2—sin* 2x |J_ 5mx|

A=54C, 4+ —lnft2 toNZ V2 +sinx
2\5 2 —sinx

Tim nguyén ham I'=f CoRI%

2cos3x —5sin3x

_ cos2x :!x:—f d{stx) _ H_+smx‘

1
+C2€)I— x—l——]n

22

i e 2 sin3x
» Lo gidi: Xét nguyén ham J:fm

2c083x — 5sin3x

Tacé 21— 5] = [ 26083 —5sin3x
e / chosBx—SsinSx <

:fxd.r+Cl

VaBEeg = fiIs0u0x Seinde :_éfdizﬂosh—ssins.rj

v 2c083x —5sin3x 2c0s3x —5sin3x

= —%]anccsSx~ 5sin3x|+C, .

Vay 291 =2x+2C, - EIn’2cosSx— Ssin3x| +5C,

=]= ;g[x——]njzcosh 5$1n3x'

Tim nguyén him 1= [__SN5%

9cos5x — 7 sinSx

e a3 s 5oia cos5x
» Loi fgan Xét ngl.lj(cﬂ hal'ﬂ I: fm

: _ [9cosbx—7sinbx ,
Taco 9}*7!——fm;dl’-—fﬂd¥+ci

» d(9cos5x—7sin5
Va7]497= 700852+ Saindx =—5f cos5x —7sin 57

9cos5x —~7sin5x 9cos5x — 7 sinbx

= —éln[9c035x‘—7si115x| +C,.

Viy 1301 = —-%111'9 cos5x -7sin.5xr +9C, -7x—-C,

= I;E[——zr].nfgcos&x —7sin 5x|— 7xJ+C g

39
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Chinh phuc Nguyén hium - Tich phiin W1 A dén Z 4 &

JVidy6) Tinh tich phan 1= j .

> Lo gidl: Xét tich phin J = f —dx.
2 5t zd(e*—e*)
T Y oLl iy In{e* —e In(e* +1]-1
Tacéd : {81_{: x {e‘—e" ( ) ( )
1—}:!;:2_,dx=[dx=x|f=1

.—_:~2l'=lr':(ezz +1)&I:%ln(ez +1):

ek
2

(]

| Vidy 7 ) Tinh tich phén = fe“ cosbxdx voi a4; b=0.
é o
2h

> Loigidi: Xét tich phan ] = [ ¢ sinbxdx.
]
du = —bsinbxdx

u=cosbx
Diat = 1

do=e“dx |v=—e"
a

x

1 " b ] 1 b i)
= I =—e" cosbaf™ +—fe”sinbnix= ——+—fe“sinbxdx
a 0 ax a a4

=

a a

eminbe du=bcosbxdx

Pat = 1
” [dv:e”dx v=—e"

L

gy

a
g v B
= ]=‘1-e‘“‘ sinbx‘i*’_ —Efe” cosbxdx =le’*’ —Efe‘r cosbxdx
a L 5 i

b, 1% -
=] +2I=—e® &bl +af=e®,
a a

.
a*l —ab]=—a m
Tacé = (@ + 0 )1 =—a+be®
b1 + ab] = b.e®
_ —a+be?
@ +b*

CNGHYEN HAM - TICH EMEN LA
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"*ghm tap ban dec ty giai

Cos3x
dsin3x -+ 3cos3x

Dip sd: J=%(9x+4m[4'sin3x+3cossx|)+c

1. Tim nguyén ham 1= f

‘ o sindx
2. Tim nguyén ham f=fm :

Pédpsé: [=— ! (161+9ln|9c054x 4sindx|) +C

3 "
SN x
3. Tinh tich phén I= | —— =
P -[singgx-!-ms”:r
Papsé: =L
4D $O. r )
é sin’x
4. Tinh tich phan = [ 2= Zax,
o Cos2x

Dip so:

5. Tinh tich phén I

sm:c

6. Tinh tich phan 1 dx.

sinx ++3cosx

7. Tinh tich phan |

L
iud

f
o
fa
U

sinx +cosx

\ . Chuyén Gia Sdch Luyén Thi

fcos x.sinxdx; [= fcos x.cosnx.sinxdxvdiVne N,



Chuong Vil

TiCH PHAN TRONG DE THI DAl HOC
Tif ném 2002 dén 2015

Tinh dién tich hinh phing gi6i han bdi céc dudng y=|x" —4x+3| va
y=x+3.

(bH_A_2002)

>  Lui gii: Phuong trinh hoanh d6 giao diém clia d6 thi y=|x* —4x +3| véi
d6 thiham s6 y=r+3 la: [x* ~4x+3|=x+3& x=5.

X=
Mt khic [x* - 4x+3|<x+3Vx€[0; 5

Viy S:j‘(x+3—|x2 --4x+3|]dx

1

=j"(x+3_x* +4x'3]dx+j(x+3+x‘ —4x+3)dx
P 1

+j{x+3—x2+4r—3)dx
3
1
=
o

(—x" +5.x}dx+ f{x2 —3x +6)dx —i—f(—x2 + Sx)d'x

3
+

1
L -1—§-J:2 +[lx3 -—Ex2 +6x
37 T2 ) TIET T2

13 26 22 109
s bt G20 en o 100 TRl
=¥y 6( )

5
La, 53 2
— +_
3" zxL

Nhin xét: Bai toén tinh dién tich hinh phdng gi6i han boi cac dudng cong
§= f[:x) va y=g(x) , thi thuc hién theo cic budc:

+ Budc 1: Phuong trinh hoanh d¢ giao di€ém cia cic dé thi f [x} = g[x)
(tim hoanh d¢ giao diém).

€. MGTEN MANM - TICK PHEN CAC LOM B ﬁ.-‘
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. Chuyén Gia Sdch Luyén Thi

+ Budc 2: Khio sét ddu clia biéu thiic f(x)—g(x) trén doan nghiém.
+ Budic 3: Chia nhé doan céin ra thanh nhiéu doan cin (néu biéu thic c6 d6i
diu trén toan bd doan cin).

+ Buée 4: Ap dung bang nguyén him co ban dé tinh.

2 2
Tinh di¢n tich hinh phéng gidi han bi cic dudng v = 4"52;‘ vay= ZJ:_/E'
(PH_B_2002)

2
»  Loi gidi: Phucmg trinh hoanh d$ giao diém ctia d6 thi y =, fa— 54— voi dé

thi ham s y = J—lz’t
2 P X2 x==22
Ji-t="ei i _4-0e :
4 42 732 4 yunp
Ta c6 —--<: \’4—— Vx&[-2v2; 242 va do hinh d6i xiing qua tryc tung
nén dién tich cﬁn xdc dinh la:

szzﬂﬁ——]u me—xd » J_fx?dx

5

Tinh §,: Pt x =4sint = dx = 4costdt, Khi

T

cos tdi—Sf (1+cos2¢)dt =27 +4.

I=2\"E=}E=Z
x=0=t=0 .

S, =16

D'--—.,ma

2
"8

Tinh S,: s, =$fx1dx=ix3 =2

642

Viy §=85, -8, —21r+ (dvdt).

(]

Nhdn xét: Bai todn tinh dién tich hinh phing gidi han béi cic dudng cong
y=f(x) vay= g(r) , thi thyc hién theo cic budc:
+ Budc 1: Phuong trinh hoanh d¢ giao diém cita céc d6 thi f(x)=g(x)
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Chivh phuc Ni

(tim hoanh &6 giao diém).

+ Budc 2: Khao sat ddu cira biéu thitc f(x)—g(x) trén doan nghiém.

+ Budc 3: Chia nho doan cén ra thanh nhiéu doan cin (néu biéu thidc c6 déi
diu trén toan b$ doan cin).

+ Budc 4: Ap dung bang nguyén ham cg bin d¢€ tinh.

O bai todn nay, chiing ta luu ¥:

+ Khi hinh phing cin tinh dién tich ¢6 tinh d8i xiing qua truc toa dg, thi ta
chi cin tinh mét nia, sau d6 nhén 2 1én la xong.

+Khitinh S, thi ta da s& dung phuong phép i bién (Iugng gidc hoa) dé
tinh todn.

Nguyén ham & dang f J# —x*dx thi ta thudng dit x=asint hoic

x=acost.

+ St dung cong thiic ha bac cos’ x = %[l +cos2x).

1 1.
+ fmstdr:Efcostd(Zx)zgmn2x+C.

A+l

+ Khi tinh S, thi ta st dung cong thiic f wdi=2—+C.
n+1
Tinh dién tich hinh phing giéi han bai cic dudng y = _f’i _1 1 v bai trge
toa do.
(PH_D_2002) |
> Loi gidi: Phuong trinh hoanh d§ giao diém cda d6 thi y=—2—" véi
truc hoanh la: i TRV
x—1 3
x _1 0
3
el g +
x—1
—3x—1

Ta c6 bang xét ddu haim s8 y = trén doan

Viy dién tich cin xdc dinh la:

1, g]
3




M Mega book Chuyén Gia Sdch Luyén Thi

1] (1]
_pl-3x-1] . p(-3x-1 _ 4
§= = |dx_J: = J:—x_1+3 dx
e 3

o 4
_(4]n|x-1]+3xH_% =4In= -1 (dvd).

Nhin xét: Bai toén tinh dién tich hinh phdng gi6i han béi cic dudng cong
I} =f(X] va yzg(x] , thi thuc hién theo cic budc:

+ Budc 1: Phuong trinh hoanh dé giao diém ciia cdc d6 thi f(x)=g8(x)
(tim hoanh d¢ giao diém).

+ Budc 2: Khio sit ddu ciia biéu thitc f{x)—g(x) trén doan nghi¢m.

+ Bugdc 3: Chia nhd doan cén ra thanh nhiéu doan cin (néu biéu thic cé déi
déu trén toan bd doan cin).

+ Budic 4: Ap dung bang nguyén ham co ban d€ tinh.

O bai toan nay, chiing ta luu y:

+ Tinh phén & dang tich phin héu t§, bic & tit bing bic & miu nén ta thuc
hién phép chia tif cho méu.

2.3 i
Tinh tich phan I = [
Exyxt +4
(DH_A_2003)
=2/3=1=4
> Loigidi Dit t=V +4= x> = —4= xdx=tdt , Khi |
x=5=¢=3
23 4 4
t dt
I= dx= dt=
:r[x\fx +4 ‘[ sz +4 '!(f‘! —4)f ‘!12—4
—f 1. &Y, l 145,
B 43 t+2 4 3
Nhin xét:

+ Bai todn sit dung phuong phap d6i bién, dat t=+x* +4.
+ St dung phuaong phdp bién d6i quen thujc trong tich phan hiu ty,

dx

F e e e Ly L
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T $1-2sin’x
Tinh tich phan [ = f ——dx
! (PH_B_2003)

— . i —2sin®x  cos2x
Fol gt TR I=_Uf +sin2x o -{1+am2x

3 x=f-=>t=2
DPit # =1-} sin2x = dt = 2cos2xdx, Khi 4 .

. x=0=t=1
I =%j’%=%m|t||f =%ln2 .

1
Nhin xét:Bai toan st dung cong thifc nhan doi cos2x=1— 2sin’x,
+ P8ibién t=1+sin2x,

% _nja+C.
X

Tinh tich phén [ = fﬂx2 -x‘dx :
{DH_D_2003)

Lési gidi:Lap bang xét ddu ham s8 [x* - x| trén doan [0; 2].

x=0
=1e[0,2}.

Bang xét ddu
X | 0 1
r—x | 0 - 0 4

1 2

Dcldé 1=j‘lxz--x‘dx—i—j"\xz—xwx:—f(xz -—x}dx+f(x2 —x)dx
1] 1 a 1

1 2
¥ f il 1] 5
==|———]| + =—|—— —=1.
[3 ZTL [3 2]1 [ 6]+6

Nhin xét:Bai todn 14 tich phan ham tri tuyét doi.
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Dé giai quyét bai todn, ta cin phai mé trj tuyét ddi ra, bing cich xét ddu
trén doan cén.

2
Tinh tich phin szﬁdx
1

(DH_A_2004)

x=2=¢=1

> Loigiai: Dt t=+/x —1=>x—t2+1-4»dx=2fdt Kh[ g

K fiﬂztdt_ _[‘ 2f[z —:+2--12—]dt

1,
=2[ Zt +2t—21n[t+1” —E—eﬂnz

3
Nhin xét: Bai todn sit dung phuong phép déi bién quen thuéc.

Ditt=+x-1.
Ta duoc mét tich phin méi Ia tich phan hiu tj.

Dé gidi bai toan nay, ta nhin thiy bac & ti cao hon bac & maiu, nén ta thuc
hién phép chia tif s6 cho miu s6.

A+l

Sitdyung congthic [ y*dy ="
ung cong cfu u T}

+C scongthticviphanva f% =Infu{+C

f . I
‘ Tinh tich phan 1= [Y1#3nrinz,

1 x
! (PH_B_2004)
> Loi gidi: Dt t =14 3Inx =4 =14 3Inx = 2tdt = > .
X
,Jx=e=t=2
x=1=¢=1"

=—ff _l.fdf——f — dt:uﬁ-

Nhin xét: Phép d6i bién, dit £ =1+ 3Inx.
+ Cong thiic d30 ham cén nh¢ (Inu)'=—
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Chinh phuc Nguyén ham

R+l

U
+ Cong thi én ha "y = +C.
ng thuc nguyen amfu u el

Tinh tich phan I = jln(x2 ~x)dx. }

2

{DH_DJOM)
st - -1,
»  Loigiai: bat u—ln(x x)=> = ¥t —xd .
dv=dx D=%
2 22x_1 2 1
— 2_ — — - PP,
I=xn(¥" —x), !x_ldstme 2In2 !l2+x_1 dx

~2In6-2In2~(2x+Infx~ 1| =3In3-2.

Nhién xét: St dung phuong phép tich phan tiing phén.

+ Xudt hién tich phan hitu tj ¢ bac bing nhau, ta thuic hién chia it s6 cho méu 6.
+ Sit dung céng thiic fdf =Infu+C.

7. .
2x+sinx

Tinh tich phan = [*% dx.
5 Jo‘al+3cosx

{BH__A_}OOS)

sin2x +sinx j. 2msx+l]smx
0

1+ 3cosx
2

bit t=+1+3cosx = r:osx=t ;1 = sinxdx = —gfdt.

Khi lx:%:ﬂ=1

x=0==2

3
%«
B
Il
G:—-ﬂNlil
a.
]
Il

r~1
1

H] 2 2 2(2
[ Ez]dt = —§f(2f2 +1)dt :_5[?3 +f]2 =

2

A
27

-]

Nhin xét: Tich phan ham lugng gidc c6 chia cin thic.
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Ta thyc hién phép d6i bién, dit t=+1+3cosx.
Chil Y (cosx}‘ =—siny,
Bugc tich phan hitu ty, sau khi bién d6i rit gon, ta dua vé dang don gidn, si

n+l1
dung cong thitc f u'du = :+1 +C v cdc nguyén ham co ban.

1 - _l
| 2 !
Tinh tich phan I = fsmz.tcosx
A 14 cosx
(DH_B_2005)
B Lo ‘,._I‘}smzxcosx 2j‘cos xsmx
1§t 4 1+ cosx A ]_J,-::osx
i : x=Z=t=1
Dit t=1+cosx=> sinxdx = —dt, Khi 2 .
x=0=t=2

2

=2In2-1.

1

I=- f 2f[ -2+ ]dt— [——2i+1n|t|]

2

Nhin xét:Tich phin ham lugng gidc, ta bién d6i mét chit dé théng nhét vé
1 loai cung duy nhit.

Thyc hién phép déi bién (hoic vi phan) dé dua vé dang hitu ty.
Chia ti 56 cho méu s6 (bic & tit cao hon bac & miu) va sit dyng céng thiic

fu"du: u™ f—"'ln|u| i

3
Tinh tich phan I'= [(¢™* +cosx) cos il
a

(PH_D_2005)
: : :
> Lﬁigi."ii:1'=f[: +cosx cosxdx f oosxdx—i—fcos%dx.
a
. - D —
Tinh A:Dit t =sinx = df = cosxdx, Khi ::.f_l.
x=0=1t=0

08
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A:}e’dt:e‘ﬁ:e-l.
o

z
Tinh B: B=fm2xdx—
(1]

aL-—ﬁpH

(cos 2x + 1)dx =%[%sin2x +x

1
2

Vay I=A+B=ff+%—i.

Nhin xét;Tich phan clia téng thi bing tdng céc tich phin (tinh chit tich phan).
Ta chia tich phan [ thanh tich phin A va tich phén B.

Thyic hién phép déi bién déi véi tich phin A, dit t=sinx.

Sit dung cong thiic ha béc cos’ x = %[cOSZI +1) d& don gian tich phan B.

Cong thiic nguyén ham co bén fcosudu =sinu+C.

sin2x

o Veos® x+ 4sin® x

3
Tinh tich phan = [——————dx.

(PH_A 2006)

Al

: % in2x z sin2x
Las gidic I = =
e

x+4sin x +3sinx

Dit t =14 3sin” x =t =1+3sin2x=}%dt=sin2xdx.

Nhén xét:Thyc hién phép déi bién £ =1+ 3sin® ¥ sau khi bién d6i mau so.
+ Cong thiic tinh dao ham [sinz xj‘ = ZSinx(sinx]' =2sinxcosx =sin2x.

+ Cong thifc nguyén ham fdu= u+C.
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b Chuyén Gia Sdich Luyén Thi

Ins

dx
" .h Im e —
Tinh tich phin ig’+2€"—3
(DH_B_2006)
. Ing e*
» Loi I= =I= *
£ ie * 4267 -3 iezx_se* 2
) % . x=Inb=t=>5
Ditt=e'=dt=¢'dx. Khi| _, o ., .
3
& —]n =In-.
f(f- E--2 IL_ t-1 ] ?

Nhin xét: Ta blén d6i mot chut dé bai todn trd nén gon dep hon.
Chay: e =—

e’
+ Déi bién, dat t =¢*
+ Cong thtc dao ham [:e‘)' =e",
+ St dung phuong phép bién d6i quen thuéc trong tich phén hitu ty,
x—a)—(x—b
f(dx 1f(a){)d_1[1 1

x—ﬂ)(x—b):m (x—u)(:t—-b) I_E a

x—b x—a
+ Cong thilc nguyén ham [ % nju+C.

1
{ Tinh tich phan 1= [(x—2)e¥dx,

| ’ (PH_D_2006)
du=dx
u=x-2

»  Loigidi: B :

. g %t | "“dx L,_%eh
1 | _5-3¢2
2 eh e m— = —] .

I= z(x L f dx = +I l 2

Nhdn xét: Bai todn st dung phudng phép tich phén titng phén.
+ [eax= fe“d 2x) =—e .

10

- NGV AR ST P




Chinh phuc Nguyén him - Tich phé

Tinh dién tich hinh phing gi6i han béi cic dudng y=(e+1)x va
y:{l+e‘]x. .
(PH_A_2007)

»  Loi gidi: Phuong trinh hoanh d6 giao diém clia @5 thi y=(e+1)x vdi d6
thi ham s6 y=[1+ex]x la: [e+1]x=(1+e‘)x¢}[izg.
Ta ¢ bang xét dfu ham s6 (e +1)x—(1+¢*)x trén doan [0; 1]
X ] 0 1
(e+1)x—(1+e’]x 0 + 0

Véy dién tich cdn xdc dinh La:

S=;”(e+ 1)x-—(1+e")xidx= _Ix[e—e’]dx:efxdx-—fxe’dx_

_ \_.....,u —
B

2 22 M
Tinh A=e xdx=£i Ty
Jraeer] w5

=X du=dx
= ;
dv=¢e*dx L=er
x ! 1 x —_— 3 x b —
B=rxe L-‘Gfe dx-(xe —e :lln—l.
Vay 5=.A—B=%—1 (dvdt).
Nhén xét: Bai todn tinh dién tich hinh phing gidi han béi cic duong cong
y=f(x) va y=g(x) , thi thuc hién theo cdc budc:

+ Budc 1: Phudng trinh hoanh dé giao diém ciia céc d6 thj f(x)=g(x)
(tim hoanh 46 giao diém).

+ Bude 2: Khdo st difu cha biéu thic f(x)— g(x) trén doan nghiém.

+ Budc 3: Chia nhd doan cin ra thanh nhiéu doan cin (néu bifu thiic cé déi
déu trén toadn bd doan cin).

+ Budc 4: Ap dung bing nguyén him co bén dé tinh.

Détich A, ta st dung cong thiic nguyén ham fu"du e
Dé tinh B, ta st dung phuong phdp tich phin tiing phén.
Chiy: [efdx=e*+C.

Tinh B:Dét{

1¢Iﬂ+‘1

+C,

m
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Cho hinh phing H dugc gidi han bé_ﬁ cac duong y=xInx, y=0,x=e,
Tinh thé tich ctia khéi tron xoay khi quay hinh H quanh truc hoanh.
(PH_B_2007)

\ Chuyén Gia Sdch Luyén Thi

» Lai giai: Phuong trinh hoanh dé giao diém cia dé thi y=xInx véi truc
hoanh la: xInx=0&x=1.

Thé tich cdn tim 13: v = ﬁfyzdx = xj{xlnsz dx::rjnxz In® xdx .
1 1 1

_ 2Inx

55 L N du= . dx
L do = x*dx ]
r="—
3
V="rIn?x ugwflenxdx=£—zwm
34 3
dx
. |u=Inx d“_T
bat y, = i
dv=x"dx x
="
3
B [ 3 2l 3
A=f—lnx —lfxzdx=e——x— B,
3 . 34 3 9 9

N *4'1'(5.‘:3 —2)
Vay v et (dvtt).

Nhiédn xét:
+ Budc 1: Phin dudng cong kin (C) thanh hai cung (C,):y=f,(x) va
(Cz]:y:fz(x) vli g<x<b va f,{x),fJx} cung déu.
b

+ Budc 2: Thé tich cdn xéc dinh 1a: V = [1£2(x) - £2 (x)|dx.
Sit dung phuong phép tich phan tiing phén.

Tinh tich phan 1= f 2} In® xdx.

1 o _(BH_D._ZOO'?}
21
u= ].'[‘I2 X = :xdx
> Loi gidi: Pét L’f’ g = - _’i
T4
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3¢t 41
=~—m 2 de——-x— :
9 f 16
5" 1
Viy [ = ]
o 32

Nh4n xét: S dyng phucng phép tich phén tiing phdn 2 1dn dé tinh.

n+l

Cong thi én ha "y = +C.
4ng thifc nguyén amfu u n+1+
% tan® x
Tinh tich phan 1= f dx.
p cos2x
(DH_A_2008)
L gidi I_jtan‘xdx_j- tan® x 15
: ) cos2x . (1 tanzx]cos x
dx X x=£=>t=i§-
Pit t=tanx=-dt = . Khi 6 3 -
cos * x=0=1t=0
RE) S e
P Ty i 17 1 3 T
I= dt=—[(P-tldt+= [|—=—-—
fl—t‘ -!-[ ) +2[[:+1 t—1
R}
£ 1, fe+1f)? 1 10
ol Gt = Sin{2 48]~ -
[ 3 th--lln 2 (+J-) 9.3

Nhin xét: Bién d8i ham 6 dudi ddu tich phan d€ don gidn bai toan

2
. S5 x
cos?x:coszx—smzx:coslel— ——| = cos® x(l-—tan’x).
c

Péibién, dit t =tanx = di = d(tanx) = (l:zm2 x+ l)dx =

cos®x

413



CkuymeSamLuy@sDu

Ta duqc tich phén hitu tj, thifc hién chia ti s& cho miu s6 (vi bic & ti s6
cao hon béc & miu 56).

sl

+ Sit dung cong thiic: [ w'du="2
ung cong cfu u o
+ Ky thudt tdch mi

dx dx (a—x)+(a+x)
fa:—x2 _f(a—x)(n-i—x):ifm 2af[a+x - ]

+C.

? : . [ 'ﬂ-]
z sinfx— =
Tinh tich phin | =] a
a Sin2x+2(1+ sinx + cosx)

(PH_B_2008)

> Loi gidi: Dit £ =sinx 4+ cosx = df = (cos x -—sinx]dx:—ﬁah'l[:c—%]dx .

Klli {x=:_;'=:"t=‘j5'

x=0=t=1

ff # 2 1[% a3

(¢+1) 2 1) 4

Nhién xét: St dung cdng thiic lugng giée sin[x— E]= —%(cosx— sinx) .
2

Lo 1 1
Ta c6 Bm[I—I]dxz— {msx—si.nx]dx=——d(sinx+cosx} {cdng
thidc vi phan). V2 V2
D3Gi bién, dit t =sinx+cosx
; " du -1
Céng thiic n ham [%#__ —1 .. P _
ng guyen fu" (ﬂ-l)u“_1 +C vdin=1

2
Tinh tich phan 1= [ 4
1 X

(PH_D_2008) |
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z 2
I=_—3 + d—IB— = =
x|, 4 2x 8 4x°|

16

Nhin xét: St dung phuong phép tich phan tiing phdn.
—1

——————+C viin=1.
(n—l)u"“‘

Cong thiic nguyén ham f d—l: =
< ou

3
’ Tinh tich phin [ = f (cos® x—1)cos? zdx.
’| (PH_A_2009)

R

¥ Loigiai: I= f(oof x—1)cos” xdx = j'coss xdx— _zrcos’ xdx.
0 o [

A B

™
Tk AL DE = et Kl F =g i
. x=0=t=0
2
8
A= 1 smx dx= | [1— t o !——t+ t5 =—
‘! COS'X f [ 5 ]D 15

L

5 173 i 1. )
Tinh B: p== R = s
in B 2{ 1+00st 2[x+ 25m2x]

i 4

Viy [=A- B—_s__f
15 4

Nhién xét: Tich phin dugc tach thanh 1 tich phan thanh phdn.
D& tinh A, ta thuc hién phép bién ddi, sau d6 ding phuong phép ddi bién.
Tinh B, sl dung cong thiic nguyén ham
1 | F
fcos ¥2xdx = Efcostd(Zx) = Estx +C.

( Tinh tich phan I = fa*”l“"x
[x+1)
(PH_B_2009)
u=3+Inx [z, %
AW g dx = x
»  Loi gidi: Pat |dv= 5 1 P x
E+) Pt Ea
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\  Chuyén Gia Sdch Luyén Thi

3
3 x[3+1nx:]‘3 T dx | x(3+Inx) 27
fut e |1+j1'x+1_~ e —H.nix+1|] [3+1n16]

Nhin xét: Sit dyng phuong phdp tich phan tiing phén.
St dung ky thuat chon héing s6 ¢ d€ don gian héa phén tich phin sau dé.

Cu thé, chon e=1=v= il ,nén f vdu s€ trd nén don giin hon nhiéu.
x

Céng thitc vi phan v nguyén ham f%:f%:mhﬂuc
= }

(PH_D_2009)
LT z —d't i x:3=?t=83
> Loi gidi: Dat t=¢ =>dt=e‘dx=;-dme.Kh1 {x=1:>t=e

t=1

e &
dt 1 1 -
pofa o w2 Sl g|R 8
[t(t—l} [[:—1 r]
Nhin xét: Phép d6i bién dugc thyc hién ngay tit d4u, va bién déi khit *
hoan toan,

:].n(€2+e+1)—2+

[4

1 et 4 9
Sudungkythuéztachmau (_]) —t'(le)——-E ?

1 2 X x

[— Tinh tich phan ] = [* t¢ +2x¢

, A 1+2¢*

‘ (PH_A_2010)

1 1 M 1 -
I:f—"-e—ﬂf-'?—dx=fxz+ = dx=fx2dx+f & dx.
b 1+2ef d 1+2¢* 4 J 142
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Chinh phyuc Nguyé

1, 1+2e
Vg L dy L 2e
Y 32 3

Nhdn xét: Phén tich ti s8 thainh méu s6, nham rat gon.

R+l

Tich phén A, sit dung cong thiic nguyén him f widu— ”+ L c.
i

Tinh phan B, sit dung phép bién déi vi phan e"dx = %d[:l +2¢7).
Cong thic nguyén ham j‘d—u =Inju+C.
u

Tinh tich phan Juf*dx.
1 X 2+]nx)

(PH_B_2010) 1

dx x=e=>1=3
Laigidi: Pat t=2+Inx=dit=—_Khi ;
R B “HAR x |x=1=:~t=2

3 3 3 3
t— dt ) pat s 20 1.3
=[ it = [T_z«[?_mit”z +?L =—zhn.
Nhdn xét: Thyc hién phép déi bién.

Téch tich phéan thanh c4c tich phin thanh phén.

Cong thic nguyén ham fg:("—__lleH: viin=1,

Tinh tich phan r=f[2x-§]mxdx. ' 1
1 X

(PH_D_2010) |

Loi giai: I= f[zx —%]lnxdx = Z‘Txinx :3}%&::.
1 3

1
A B

dx

Inx du=—

Tinh A4: Dt{d —Zxdx 2;rc,
v=x

[) z|® 2

Ll _p x| e+l
A_xlnxL—‘[xdx—e 21— 2

AT 417



 Chuyén Gia Sdch Luyén Thi

3In® x

Tinh B: B= 3j"1nxd[1nx) =

1

1 2 .
Vay I=A—B=-€2——I.
Nhén xét: Tach tich phan thanh cic tich phan thanh phin.
Dé tinh A, ta ding phuong phép tich phén tiing phén.
DE tinh B, ta diing phuong phép vi phan, 2 — 4(Inz).
X

% xsinx +(x+1)cos:
Tinhﬁchphanr=f“"‘x (241 cper

A xsinx + cosx
(PH_A_2011)
[ xsinx-l—xcaex—i—cosx ¢ XCOsX
> Lc‘sigiéi:f=j - f[ de
o XSINX+CosX r xsinx +cosx

Tinh B

f _xcosx dx=fdf‘xémx+msx}=]r||xsinx+cosx[’|;=h-|£(l4j
p Xsinx+cosx o XsInx+cosx 0 8
Vayj_—-i-ln\[zw(:—i_‘i)

Nhén xét:Phén tich tit thanh miu, v6i muyc dich rit gon.
St dung phdcmg phép vi phz‘m dé tinh B, xcosxdx = d(xsinx+cosx).

:
Tinh tich phan [ = f””‘“"
(1]

{PH_B 2011)
' 3 : 3 3.
xsinx dx xsinx
» Loi I= + dx = dx .
gidl: f[cm ¥ coszx] v!‘coszx-’-‘[ms"‘x *
A B

ATV C HauvEm HAB - TICH PIRAK CAC 100 Him S8 .



Chinh phuc Nguyén har HrAdénZ

Tinh A: A=fcd§ —tanafp =3,
0

0s” x
H=1X du=dx
Tinh B: Dit i =
"l 51an i v:_fd(co:;x): 1
cos” x cos‘x  cosx

14_‘?:" dx .."f. msxdx 2_”4_}_5@)_

cosx cos x 3 1—sin®x

COSX

2r 1 .
_?+E-!‘[si.nx+1 N l—sinxld(smx1

E-z—“Jr}n(z—JE].

2 1, |sinx+1
=4 —Inl—
3 2 |l-sinx

Vay 1= +2% +ln[ -3).

. o]
4x-1 i
Tinh tich phén I= [—2X—" _dr
P “!va21+1+2
| (PH_D_2011)
2 _
» La‘:figiéi:Bétt:.f2x+1;n,x:%=>dx=fdt-
lx=4=it=3
Khl[x=l]=>tsl'

—fﬁ Stdt—f[Zt —4:+5——]d:

[3:3 2¢% 4 5§ - 10]n|1+2|j| =§-1 101:.%

Nhin xét:Sii dung phuong phap déi bién.

Ta dugc tich phan hitu ty, thyc hién chia tit s6 cho méu.s6 (vi bac & tlf cao
hon bac & miu).

. . . . gt du .
Cong thiic nguyén ham fﬂ du=n—+l+c; f;:ln]uHC-

¢ Wateth AR TR P



D Mega book - . Chuyén Gia Sach Luyén Thi

2
Tinh tich phan 1=j'1+h”‘+1
1
(DH_A-A1_2012)
u=1+In(x+1) |du= ‘:’:1
Lai giai: Pat dv=d—: = v:_l_lz_x‘ﬂ‘
X X X
3
- x+l[l+1nx+l ‘ j (x+1]p+1n(x+1]]+mlxl
1 1
2
—EHnS—gan.

Nhgn xét: St dyung phuong phap tich phin tiing phin,
811 dung k¥ thuét chon hing s6 ¢ d€ don gidn phan tich phin sau dé.
1 nen [vdu don gian hon nhiéu.

Chonc=—1=2v=-—
X
Cong thitc nguyén him f%=m|x|+c.

1
x
Tinh tich phén I = [ ———
J: x* +3x" 42

(PH_B_2012)

1p 20
g T= [ el 23,
gidi fr +32 42 2-!x*+3x2+2

Dit F=x% = dt =2xdx  Khi S Lyl
x=0=¢=0"

efend _p AWE. 1
ir_-‘{(14-1)(“»2]‘“_2{[¢+z r+1]dt

1
[ln|t+2!+%ln|t+l']
0

3
=In3—-=In2.
2

Nhin xét: Phén tich tii s6, sau 46 diing phuong phap déi bién.
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2t +1)—{t+2
Thuchiéntéchméusc‘i( : = L o s O (R

t+1)(E+2)  (e+1)(e+2) 142 t+1

sti dung phuong phdp déng nhit thdc dé tach.
Céng thifc nguyén ham fi—u = ]_n|u| +C.

Tinh tich phan I =

o S—

x(1+sin 2x)dx

(PH_D_2012)

| &

4

W ;
> Lésigiéi:1=fxd fxstxd:c- + xsmzxdx_3—+A
0 [ 0

u=x = dx
Tinh A:Diét ‘Li = g™ t,:_-;-cosilx'

=

P14 i
A:—E.COSZ ; +1J costdxz—zc—.oosEx-]--l—stx =l-
2 L, 29 2 4 1

7 1
Vay I=—+—.
R4 32 4

Nhdn xét: Tach thanh 2 tich phén.
Tinh A, sit dung phuong phap tich phan tling phén.

Cong thic nguyén ham fcos 2xdx = % f cos2xd(2x)= %sin2x+ c.

Tinh tich phin I = f Linsde.

(PH_A-A1_2013)




DAV ERTTel (@ Chuyén Gia Sdch Luyén Thi

2
:Ei-lrﬁ—[:::—l ==In2-—.
2 X 2 2

5 3

Nhén xét: S dung phuong phép tich phén tiing phén.

=1
T+C vdin=1,

Cong thiic nguyén ham [ L e
i n—=1ju""

1
Tinh tich phan 1= [xJ2-x"dx.
]
(PH_B_2013)

Loigidi: it t=v2—2" = 2" =2 = xdx = tdt,
r=1=t=1

Khi :
: x=0::—t:~.6

N 52
1:fﬁﬂ=ﬁ_ =2‘E_1 .
TS T
Nhin xéf: St dung phuiong phép tich phin tiing phén,

nl

Céng thiic nguyén ham fu"du= :+1 +C véin=-1,

2

(x+1)
41
(bH_D_2013)

dx.

1
Tinh tich phin I = [
[}

. Lo gidi:

1

I:!%%dx:j‘[l—kxfil]dx:[x+1’.n‘x2+lr)'::l+ln2.

Nhin xét; Phin tich t € xuit hién miu, nhim rdt gon.
Céng thic vi phan 2xdx = d(x*)=d(x* +1).

Cong thiic nguyén ham f 1:— =Infu/+C.

30K PN KACEQA M &5



Chinh phuc Nguyén ham - Tich phdn tit A déh Z

Tinh dién tich hinh phing gi6i han bdi dudng cong ¥y=x"—x+3 vi !
dudng thing y=2x+1. |

(DH_A-A1_2014) ‘

»  Loi gidi: Phuong trinh hoanh d¢ giao di€m ctia dudng cong ¥ = ¥ —x+3

va dudng thing y=2x+1 la: x —x+3=2x+1¢>’ :;

"Ta ¢6 bang xét dfu ham s6 x* —x+3—2x—1 trén dogn [1; 2]

x | 1 2
*—x+3-2x—1 | 0 _ 0
Vay dién tich cin xdc dinh la:

5= _Zﬂxl —x+3—-21-1|dx = —j(x‘ —x +3—2x—1]dx
1

F 2 3 "
=-—_{{x2 —3x+ 2]dx = _[?_Ef + 2;:]1 = (dvdt).
Nhin xét: Bai toan tinh dién tich hinh phéng gidi han bdi cc dudng cong
y=f(x) va y=g(x) , thi thyc hién theo cic buéc:
+ Budc 1: Phuong trinh hoanh dé giao diém cha cic d6 thi f (le= S(X]
(tim hoanh d9 giao diém).
+ Budc 2: Khio sit déu cira biéu thitc f(x)—g(x) trén doan nghiém.

+ Budic 3: Chia nhé doan cin ra thanh nhiéu doan cin (néu biéu thiic cé déi
déu trén toan bd doan cén).

+ Buéc 4: Ap dung bang nguyén ham co ban dé tinh.

.2
| Tinh tich phan I= [2 53 gy,
) x'+x
‘ (DH_B_2014)

o
e 3x+1 X +x+2x+1 2x+1
> Litglbje (228 [XTET0W e de+
& f X 4x -[ X 4x f f

1

Tinh A: A=j‘d1‘:'~'xﬁ=l.
1

3 {.w.'u'_\'ru'_l_ilu TicH PHAN G

L



Tinh B: B:jgﬁldxnj
1

1

Viy I=1+In3,

Nhin xét: Phén tich t& d€ xuit hién mau, nhim rut gon.
Tinh A, sit dyng bang nguyén ham co ban.
Tinh B, sit dung phuong phdp vi phén, (2x +1)dx=d (xz +x} i

Cong thiic nguyén ham fﬁuﬁ =Inju+C.

Tinh tich phin I = j (x+1)sin2xdx .

{PH_D_2014)
du=dx
u=x+1
oi gidi: Pat = .
nglm '[dv=sin2xdx f‘):_%mz"

"
= ”

r

0

1 R 1 1.
I=—E(x+1]c052x +-2—‘!‘c052xdx= —E(x+1}c052x +Zsm2xﬁ

0
Nhin xét: St dung phuong phdp tich phan tiing phan.

R y § 1 1.
Cong thiic nguyén ham fcostdx = Efcostd(Zx) = 551n2x +C.

1
Tinh tich phan I= [(x—3)e"dz.
L

(THPTQG_2015)

—e‘dx v=g"

u=x-3 du=dx
Lo giai: Dit =

fe’dx [(x~3)e -e}L—a;hseA

Nhin xét: St dung phuong phép tich phan tiing phin.
Céng thiic nguyén ham [ e*dr=e* +C.
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Chuong IX

TiCH PHAN TRONG CAC DE THI THU DAI HOC

CEN » 1inh cic tich phin

1 -ff_ 2 4—11
_ e J o X B X
a,Iu![xe +1+J}.]dx. b. I ‘!‘x[e 7
1 1 2
x - 3 41 .
1= e d—x —:rl)dx. d.I= e*dx
: [ﬂ—xl( ‘ur(xﬂ)z
B 3
x'e
I= dx
2 '! 1+x*

dx.

1
+) Tinh I, = f x'e

3

I

1

Pitf=x" = =%fedi L _E_E'
0
1 3,{;

4} Tinh [, = | —=dx.

2 ~{1+-J§

2

Pit t=4x =1, —4J‘ —pdt= ['§+I]‘

Vay I—*%e-{-ﬂ 3.

Z : | 1
b_j_’:fx.e’dx+f 4;;1 dx=1,+1,.
1 H

2
+) Tinh Il=fx.e’d:x=ez.
1

j' 45"
+) Tinh [ = dx.
2 1 xz




)’)’i-Mega Lol (O - Chuyén Gia Sdch Luyén Thi

Dit x=2sint i€ 0;325}.
gmszt T
— y [
I, -[si.nzfdt cost t}l 3
%
Viy I=e* +43-2

1
+)Tinh I, = f xedx =
/]

1 3

+) Tinh rzzf =
4_

(1] X
Pitt=\a-r =1, :—3«1’5+1—;
——+3J_——-

d. bat £=2‘+1=>dx=df

2 3 2
I= f——f: 28"’dt = f[l—i——fzz ——?]e"ldt
1

1

:—-e—‘i+2
€

2
—e—+e]=1.
2

e Pt t=+1+2" =dr=tdt .

f edf—ffze’df el =E~- e —e)
1

i

Tinh E= f t‘c’a’f:t“s.-'ﬁw f 2fe'ds
1 1

1

=4e? —e—-2 k'lj—je*dt = 4¢? —e—?_(ie‘ —e’)r.
Viy I=¢. '

426 [ cnnu!'_fnHaii_-ﬂm;-u.l.u_(.-kln'g_: WS- Y



B » Tinh cc tich phan

xln[xz+1]+x3 =ln( x +9) 3%’
a. ITM. b. I-..!‘ sz-i-g dx.
B (x’+1)h1x+2x +1 _f’ -
c.I—[ L il d.f—!x =
-
xsinx
e.I=“{mdx.
»  Loigii
xIn(x*+1) z(x*+1)=x xIn{x"+1
a.Tact')f(x}: x£+1 ) (12-}_1 = IE+1 )+x—%+1
%)= [ flx dx_—fln a(x* +1) fxdx—%fdln(xz—i—ljl
1 1
=Zlnz(x2+1]+2f—§ln( )+CA
41n[x+ x1+9] L0
= dx=3 dx=1I =3I,.
'!1 Ji 19 * JQ‘JIZ-FQ e :
4h1(x+ xz+9]
Tinh I = | —————Ltdx.
o ‘{ Vx* 49
Détu:ln(x+ x2+9):du= L.
2 +9
Ing 2 [n? 2 2
e Paio ] LIS,
; h\fau ! E“lnS 2
4 3
Tinh I, =
1]
Ditxfxz+9=v=>dv£\{x.:—wdxj r=v"-9
3 3 i 4_4
Iz=‘!(u2—9)du: %--%Lz?-




e [

C. szxidx+f1—+‘~ridx=fl+lz.
1

: 2+xInx
e o -
Tinh 11=fx2dx=i =
1 31 3

€ [

_ [ ltinx . pd2+xlnx) e . e+2
Tinh 12_'!‘2+x1nxdx_-! e _111|2+xl.nx||t_ln 5

" 1 e+42
Vi =5 finST=.
3 2

d. Pt t=~.n"‘1+lnx=%-l+h1x=-t2-)~E—2tdt va 1n3x={r’—1)3.
x

2l -1)3 PE 3 37 -1
I=| d::f dt

t

1
2
=f[r5—3t3+3r—1Jdr=E—m2.
J ¢ 4

2_l1n2+‘j§

4 2 22

428
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Chinh phuc Nguyén hion - Tich phin tit A dén Z

@) Tinh cic tich phan |

a. IEJ‘M;{I, b. I:j'i‘fx(2—x)+ln(4+x=)]dx.

x?

1
T Inx 142
C. I=‘!ﬁdx‘ d. I:f 5 Inxdx . . |

1

_[x *pxlnx+1 S I

J :
|

e I

a.TacéI—j ax+foET_dx—K+H

1 X
u=In(5-x)
bit
dvzgz
X
K:élné
4

4
+) Hzfxds—xdx‘

1
B;tr:JS-x.H:I—E‘;i.

Vay 1_3m4+%
b. I, —fln4+x)dx xin(4+2) l ‘2f4+x dx

=J:”Nx_z'x+1n (4427 ]dx fmdx+fm (a+2)

h

+) I =imW=iqﬂl—[xu_ljzdx=-

(St dung d6i bién: x=1+sint).

£ BEUEI - TICH
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+) rz=jm{4+x2}dx=xm(4+x2)\:—2j’ £ g (st dung tich phan
0

4+t

tling phin)

=6In2+w—4 (D&ibién x=2tant)
Vay I=11+I2=§2£-4+61112.

u=Inx dx
o duy=—
. bat dx = x

- .
¢ Jx+1  |v=2Jx+1
8
I=2\/’x+1lnr|s—‘2f“x+1dx.
3 5 X

]
9 Tinh A= [YErLg
3 X
Pit t=yx+1.
3 3
2184t
A=ftz_1:2f
2 2
=I1=6In8-4In3-2(2+In3-1n2)=20In2-6In3—-4,
11
di=[]=—x=
I[xe+x
u=Inx

bat
i dv=[—1~3-+l
xx

1
1+
5]

]dt:2+]113—ln2

Inxdx.

dx ’

-1 =11 1 63 1
+Inx{inx - f|—+-Inx|dr=——In2+-—4-In*2,
o ] ! ﬂzlx” x x] ot

g
4

e_I:fxe‘dx+]e"1nxdx+]§dx=M+N+O_
1 1

1

)

:—fe‘dx:eg(e—lj.

1

+) M=fxz"dx=:xe"
1
e P Cex ¢ &t
+) N= [ e'Inxdyr=e*lnx| — | —dx=¢"~ | —dx=¢*—0O.
N
Vay I=M+N+O=e* —e* +¢* —0+0=¢",

CNGUREM HAM - Thew PRAK ¢ 108 RAM 50 ; b



{ I » Tinh cic tich phan

2 (x+sin®x = x{cos® x+cosx +sinx
c. I f( : Jdr. d.I:f ( ; )a’x
1+sin2x s 1+4cos™ x
_x+ x)sin
e.1=[ (x—l—sm ) X
5 (1+4sinx)sin®x
L
» Loigiai
r
aTacé[ 12 ]z—z_cofx
x sin® x
H=x du=dx
bt =
. ) e
sin” x 2sin” x
7 1% -
2" sin? x| 24 sinx 212 2) 2 = 2
a
u=x du=dx
=
b. Bt 2 qmax o, . 12
cos’ x 2cos" x
z 1
1.1 _lf xz__ltanﬂ:z_l.
2" cos’x|, 24 cos’ 4 2 ° 4 2
: o |
c.I= + dx=H+K
~£‘]+sm2x ~!‘1+s'
,:f " .
+) Tinh H = - = dx .
0 1+sinds 0 stz[x-—
e du=dx

CpuivEe A8 - Thea AR €AC LA B
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l+00$2 +sinx . T oxsi
cosx{ x] ool }dxz[x.msxdx+~[——]iiz;fxdsz+K.

d. I"—*jx
1]
+) Tinh H:}x.cosx.dx*

pat |77 .
dv = cosxdx

14 cos’x

H= (xsinx)r —j'sinxdx =0 +cosx|; =-2,
o

3
+) Tinh K = f lfc‘:;

Dit x=m—t=>dr=—df

- et plesant,  osans,

1+ cos? )

x+71'—-x smx . i

= 2K = f "~"=ﬂ'f il dx
1+cos® x

201+c05x




Chinh phuc Nguyén him - Tich phén tit A dén Z

it t= = df = —sinxdx
Dit £ =cosx sinxdx 2f1+f

Pit t=tanu =>dt=(1+tan1u)du

p

1+tan udu
”'f 1+tm “f u=3

4 2
VayI=H+K=T—2.
x(1+sinx)sin’ x oy oy
W s fel wedipshl inckllll) Mo =H+K.
1 f% (l+sinx)sin2x o fi s‘mzx"x+ff 1+sinx o

24
= ox
+) Tinh H= |_? dx .
) f% sin® x
Dat e du=dx o
dv= _df v=—cotx  ~  [3
s X

REH Y f 1+smx

K:f?’ i B S S - S
3 14cos|F—x 3 2c08?[ T -2 .
2 4 2
V@YI.-:%+J§-—2_

CHX ) Tinh cic tich phan

x . 3
a, po [Fxsin’x, b. 1= [Vx+Tsinya+1ds.
¢ 14 cos2x 4

2
f +einx o "~ Eeps f
o +cosx o gt 1+sm2x

J- sin® x + cos® X i
6" +1
3




;j:))) Mega book Chuyén Gia Sdch Luyén Thi

> Luigiai
= X T sin®x
I= d. 4 dx=H~+K.
% 0 2cos’x I+L 2cos® x *
: _ _1lp; x
+) Tinh H—J; -—Zcos?xdxHZ 4 coszxdx'
B Y= s du=dx
3 do= dxz p=tanx
CO5™X
H=~1— xtaan —-f%tanxdx =L—11n2_
2 0 203 2
L
+) Tinh K=f3 X g
x
f tan xdx-%(tanx xg— [J—~—]-
J§ 1)
1
I—H+I(——-————1n +o{B-Zf= L, (3 _m3).
Vi 23 [ ] +2(J_ )

b. Pit t=vx+1.

2 2 2
Fig ! t.sint.2idt = [ 2t sintdt = ! 2+ sinxdx .

Pit u=2x.2 du=4xdx.
dv = sin xdx U=—C08X
2
I=v2x2msx‘:+f4stxdx.
1
T T el T
3 dv=cosxdx |v=sinx’ 5 oy sl qud.
1 2 M 2
C. I=Ef g .dx—!—f i £ dx
s mszf A 14+ cosx

L. X x
2. 2 2sin—.cos - ]
+) Tinh I8 =f1 i e"dx:f——u.e‘dx=ftan£,e‘dx.
o 1+cosx A x 4 2

434 8 uir;u:'fi_no_u_'u_i_n;u'pm,n:i_:m.mamq-:




dx,
° cos® =
m=E i du = e*dx
Pt b * . -
2c0s? 2

X

L=e?- [tan=eide 21=1+I,=¢?.
2 2 1
L]

__ Cosx
H=— du=
d. Pat = =
dv= T Ak o=
(sinx+cosx]

b

_ Cosx sinx

I e SN,
¢ sinx+4cosx

o 4

u, =sinx du, = cosxdx

it dx = =1
dv1 == o=
ez 1 l’,’:
L .k
-1z %cosx -1
I_siz'uc—x +f - dx=—-r—+
e, 5 € ot
u, =cosx |du, =—sinxdx
bat dx = -1
i L T i
[ i
1 1|2 sinx
I=—+cosx mf
k- x
g2 0 o E
—a2 1
== +=
2

e. Pit t=—x=dt=—dx,

—{sin X+ cosx} 4

sinx
sinx +cosx

*

FI 2o

2 nx s
+ [Flar= [Tl

2 €

-1

e2

dx=—+1-1=2I=-¢

b

6 +1

" x

1 i 6 6 s . 6 6
I=fé'sm t+cos tdz‘:fﬁ’sm X+ cos xdx

r _E

r [}

6" +1

435
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:21:}[6*“]%“:

sin® x + cos® x |dx
6" +1 ( }

s *L._jﬂlz

4

o5 3 5n 5
- 3 cosdx|ax =320 - 1=27.
f[a’LsmS x] % 2
EN

Tinh céc tich phan
a. I=j' sin’ x drx . b. I:j'cos(lnx]dx.
*2—f+1 1
&
3 -
c I=f.e’"‘=‘.sinx'cnssxdx. d. J’thl{l—i—!anx)dx.
o [
3
e. I=fsinx.h1{1+sinx]dx.
1]
> lc')'igifli
2% sin® %, *sin? X g ‘ 2%sin' x
4 |= f f +J{; 711 de=I+1,-
+) Tinh I, = f %dx,
Pat x=—1. =
] 2"51:14(4) sin* sin® x
7 — dt =
z f 241 at IZH—‘IJ -[2'+1d
§ . € .8 .
& sintx S 9% gin'x e 15 2
=:~I=JD“21+1dx+ ) 1 dx:{sm‘xdxzz‘!(l—cos:lx) dx
s
:-:%{(3—4c052x+c054x)d}:=%»

b. Dit t=Inx=>x=¢' = dx=2¢'dt.

]

1= | ¢'costdt = —%{e“ + 1] ( Diing pp tich phén tiing phin).

a
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c.Bit t=sin’x.

Chinh phuc Nguyén ham - Tich phin tt A dén Z

el=

—n

+3lenx]dx_

[ Inx
T lxl+Inx

f (1t df— e (Dung tich phan tiing phén).
d.pitt="—x
x 4 w w
Y 1 I
=f]n 1+tan[-?-r-—t] a‘t:fln[]—f—l_tant]dt:fln dt
A 4 ) 1+ tant ) "1+ tant
A
= [m2dt— [In(1+ tant)dt=t. 2 -1
0 0
=21="In2 1=%m2.
) lazln(l+s'mx) dib e 5
e.Diat ; = 1+sinx
dv = sinxdx R
2 3 cos’ x
I——cosxln[1+smx){ +f = dx
5 1+sinx
1—sin .r .
=0 1 x —1A
+f1+smx ! Bl
@A » Tinh cac tich phan
ln e
a.{:fwdx b.1=f -L+h2x]dx.
A cosx L1+ Inx
e Inf1+In’x e i
g AT, di=[ 12,
A x , XInx+x

» Loigiai

a.bit f=cosx=>dt=-sinxdx.
1

1= Bl g

2
1

Int .

1
2
1

¥z




b  Chuyén Gia Séch Luyén Thi

I=J§_1_‘f—2£-1n2‘

P In
b.+) [ =“!‘:J—-I%dx’dét t=+14+Inx,

_4 22
'3 3
+) 11=f(1n2 x)dx, ldy tich phén titng phan 2 1dn dugc I, =e—2.

V‘@Hﬂ +1, —e—g—i
3 3

c.Dit nx=t¢,
1=]1n(1+:1}dr.
1]

2t

1+t1dt

u=ln[1+t2)=} du=
dﬁ=d! o=t

bt

I—t].rLl+fL 2_[ dt—lnz 2j'df (*).
&

bit t =tanu. iy

fl-]-ti:?

'lhayvéo(}tacéf=1n2-2+%.
d. f=j‘£.:2__dx

x(Inx +1)
X=e=>t=2

x=1=2t=1"

I—f—a’t_f[l—%]di=(t—]n|t|)|:=1—h12‘
c}:!ﬁﬁdws[xlmm:usg.

Dit t=Inx+1=>dt="Lgx. Khi {
X

433
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Inx
+) Tinh I, = ——dx.
: "!lx-.)'l—klnx
= =
Détt=ﬁ'1+lnx=>t2=1+h“tx=>2td£:£.Kh' Fee= JE
x x=1=t=1
G P e )7 222
=1 = 2dt =2 | {## =1t =2|——t| =——77""-
e (B ol e
+) Tinh I, =fx=1nxdx
! dx
) du=—
it u=Inx 3’5
dv=x*dx o=
3
3 4 € 3 alf 3 3
L=%iny -1 [dx=S-25] =5 -5 1% 4l
3| 3y 3 33| 3 9 9
3
olml, o B 2242
3
[HEN # Tinh cac tich phén
"(x—2]lnx+x gil.=
I= [~ i _T1le
a. !x(l-l»}nx] b.1_£x=+x e x+2t;mx]dx.
y
2 41
_f2x1nx1nx 1)+ 13 d.;=f"a‘3 +1n(x+1)dx_
1-Inx) : b
T Inx
e]= | ————=dx.
‘[x-Jl+]nx
—_
» Loigiai
1 l:n —2In e b
_f + I x =fdx-2f_._h‘—x—dx
1+1nx J 4 x(l +lnx]
Tacod fdx—e -1.
Tinh B= J’ dx.Dit t=1+lnx=>dt ==

)




. Chuyén Gia Sdch Luyén Thi

B= ledt—f[lm—] t=(t -l =1-In2.

1

Viy I=e—1-2(1-In2)=e—3+2In2,

® 1
11
b.Tacdé I= | e*.
4

T |

1

r = 1 T % 1 =
+) Tinh M_fe .x_zdx_—i’e d[;]=_g
T

o LS

i Al
3
4

L
4

+) Tinh I—:£+31n2—§ln3

2

. (u B [d’u =2xdx
bit dx = 5
dv = v=tanx

N= { Ithanxdx———f?.xianxdx

d. l
2

14
Thay vio (1), tac6 I = —e~ +83,+91l6.

L
c.I=3 deT—zflnxdx 3f— [lnx[ fdx]
=-3In(|1—Inx]) { -2[xlnx|‘, —xLZJ=—3ln2---4es+2ez.

d.Tacéd Izij‘ iy +f—--——--]-—]:)-

dx=]+K.
2
Tinh /= [x37"dx

1
1. 3l 17
P 31 +:Id 2 N
2f (1 ETERTE
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22-1n3 | x [
= +11"l .
+1])
Vay I—Li+31n2 ~2n3.
dx x=1=t=1
e.Dit t=+14+Inx = 2idt =—  Khi 5
. X x=e=:-!‘=x5
: V2 0 3 \a 2 Z—ﬁ
I= nz dx:ft _1,21&-_»2[!__;1 _[__1.
i le+1nx t 3 i 3
Tinh cic tich phan
xl.nx+].n(.xe) e {x3+1)h1x+21'2+1
—f—u-—d:c, b.I=
xlnx+1 . 2+ xinx
3 i
fsm.xcosxl.n 1+sm x}dx d.I= J‘Md
& ] xInx+x

e

> Lo gidi

xlnx +1+Inx+1 lnx—H.
= | = —— = _dx=|dx
Rd= J: xlnx+1 j +f lan

e Sdlxlnx+1 3
=xL+I—(x-hF1)~——'e—1+h1Lxlnx+1||l=e—1+ln(e+l)

b.1=f(x$+1)lnx+2xq+ldx-j‘ 2dx+f Ltlnx

4 24+ xlnx 2+xlnx
£y s -1
Ta co dx=|"—-|| = .
[as [3 -5
Va _3 -1 1nf+2
4y ] 3 + 5
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el =%‘Z‘si:12xln(1 +sin’ x}dx_

sin2x
u=In(1+sin® x du=—7
bt ( ):> 1+ sin’ x
dv = sin 2xdx peitsindx

T

I =% (] +sin® x)]n{l +sin® x]E —jsin:!xdx

L]

3 . 2 s 2 5 (23| Ind—1
E(l—i—sm x)ln(1+sm x)‘:—[:sm x}i: —
" Inx—2 T Inx-2
d.Taco I= x=
-lrxlnx-i-x J:[lnx+1)x
=1=t=1
Dt t=Inx+1=dt=Ladx . Khi | .
x x=e=>f=2
2 2
t—3 3 2
I—‘[Tdf—_{[lv?Jdt=(t-ln|t|]L =1-In2.
4x
-1 |du=
=/ =
eDiA T a1 f‘_l
do=x*dx v=x—_1
4
4 2_qf° € 4 2o z[f
=% 1 ; 1 —fxdx:e lIne:2 1_14*
4 +1J5 % 4 e+1 2 A
et -1, e*—1 3 é
= nE—+Zm3-£ 4+1.
4 4l 4 2"
!Tinhcéctichphén
rinx4xin®x+x+1 . .
ali= . il = 2
a j]‘ S dx b= [xIn(x* +x+1)dx I

n

o

l
—

=

+

e

|
=
h S

LY

W

"

—

I

”"‘L"a"'lfo"r -:‘-—-.1..




» Loigiai

1
x

al= flnxdxif x(Inx— 1)r ‘[M

x+Inx
=[x{nx~1)+In(x+ 1nx)]|: =Ine(e+1)).

2x+1
du=———dx
u=In{x"+x+1 |
b.Dit ( )=> e
dov = xdx

U=
2
2

t 1 3, .2
x 2 1p2x +x 3 3
S 1) —= | =———dx==In3~-—].
zm(x TS }n 2-!‘xz+x+1 4 I

I=

3
Tinh J = [ o
o, 1) [
2) T2
tant, te|——; =
Dt x+ == P

;Jﬁj‘d;;@

6

J'
vaﬁ_ _m3

iy 1==In3 o

=j[x+1—le iy = fe 1dx+f[x——]e iy = IL+1,.
1

Tinh I, theo phuong phap nmg phén:
32

T lou 2
f[_r ]e Ty = 28

d_i-);jtt=v'1—x =t =1-x" = 2dt=—2xdx =

r2|

I—xe"

5
1.'2=:r1=§ez
2

dx tdt

xﬂ

x——‘g-z:-t=
-1
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1 ) ) o
2 2
dt dt 1 |e+12 1. 174+443
= = o | e T :
: :[tz-l -lrl-t’ 2 1=t T2 [ 3
3 3 2
2
g T 16x a5
. [#=In 3 x*—16
e. bt 44+xt = .
b _x —-16
dv=x"dx 1
1y, 4—x 15
1._-1[;: ~16)In [ ] —4fxdx_ ]n[ ]
:m)mhascﬁchphsn
1
a 1—f3x4+xz+1ax zf it dx
J; Y+ x J—[ B ]'rx +1
2 1 4
cI:f 1-2° Sdx dlzj‘xie”+ tx dx .
1x(l+x5] 0 T+vx
: {x+2$mx 3)cosx
el= dx
| [ sin’ x
!_ P
> Loi gidi
1 1 1
F 4, .2 VI a4 7
— 3t +x de:f 3x —H:zﬁ, f 1 Est
L XY +x L Y+ x L Y x
2 T
1
7 2
Tinh I, = [ e
Lx2313+x
. V26 -j;
+7
1 1 1 1 1 3 1
I= —dx=—= Al+—|=—Z31+—
: -’!1 1% 2{ 1 2 e [ 2
JEBI+:€_Z = 1+?
. 3
Viy 1=—=—
91
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Dit t=yx* +1=dt=

x’*+1

Chinh phuc Nguyén ham -

de;xt =" —1.Khi x=2251=3 .
x—\f_:;-tz

2
r=f(i:“) - [ e [

1+x

i

2 2
“3 2J_f[ - :+~r]
—?+—[m‘t—xf§\— ‘rm[“‘&
" 144 —2x f F 2x*

C 1_“[x{1+x] dx= _.!1 I(l—i-x -!x(l—kx ‘[(
Bi1x=%=>dx=—-—'§

-l

t £ z 2

— i) +1H‘1 =1(61n2—1n33).
_EI 2[ 1 ﬂ: 31
_5, 14x°) 2 +1f, 165

Véyf_;[&nz Lnsa)—i

165

d = flxe +f_]a‘x fx’e”dx+f

1+J_

-

=

=

—

|
S

H .
x%e* dx . Dit t:xsszzdx:%.Khli

x=1=t=1
x=0=>1=0"
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X .

el j»[x+2smx S)msxdx j,xcusxdx ][Zsmx 3)005::
- J sin® x B J sin’x sin’x
i 4 3
" I &
2
Tinh I, = [Z5F%
J sin®x
I
15 (1 1 x [F 1% ax
Ii=——(xd = +=
! 2-[ [smzx 2sin’xlr  2Y sin’x
i 4
=z 7] Lotda=l
|2 3] 27k

FSE]
=

Vay I=1,+1,=22-3,
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NHUNG BAI TOAN TiCH PHAN KHO

XX » Tinh tich phan I= fx el

x2+4x+4
x+1 +1 : x+2 1)2+1
Loi giai: I= ‘! x+2 ! x+2)2

1
B (:r+2) 2x+2 8 T gt
_‘ﬁ[ jn" dx—2!x ax+2f e

dy = e*dx z,=fgrdx:er

x+2| (x.‘.g)i
1 1 1
2e* ¥ 2e*
x+2) f x+2 '{x—t—2 T x+2 .

M} Tinh tich phin I = f[].t‘l.(Sf + xz] —Zlnx]dx :
1

3

1

Lo gidi: 1= f[].n(B-x‘ + x"].—]nledx = f]n{sz -i-l]dx
1 1

3 3
u=tn(3 +1)_ |du= 8% s
Dit - :

3x% 41
dv=dx i

=2]= xh‘\{?’xz -HLNI1 -- 6}' Y
3 1
3




r=1st=2
Dit x=§tant:>dx=%(tanzt+l)dt_l(hi 3
= " I=§—-b't=-g-
3 2 =
A=f tan“t+1 df_lt3=£._
* Lean?s 41 : 18
i3 3 A
Viy r:h(z&@)—iﬁ—“
‘ EEHX > Tinh tich phan 1= f dx.
> xsmx+casx}
Iy
> Loigidis 1= e L TS S
Jq:{xsinx+cc:osx)2 cosx
x CO5X + Xsinx
o=— dy=————z
it cosx cos’ x
= w
dv:_.ﬂ_?dx ﬁzfd(xsmx—i-casxj: 1
{xsmx+cosx) (xsmx—}-cosx) xsinx -} cosx

ul w*
4

1_
xsinx 4 cosx cosx

X 4
+tanx| -
xsmx-i—cosx Cos X

x
.T
0 o

]

1 1+e]

‘ €I » Tinh tich phan 1= f[lx—lllnf : }

> Loigiai:
* (H—e‘)lnx “ xe"lnx  Inx xe*Inx

dx — dx = d. da
) (I+.e.=’)2 . ‘!‘{1+e:]2 f(l+e) " ‘[(1+e) =

et A B
u— 1 du=———dx

Pt T = (e*+1)
dv=Inx.dx

v:flnxdxlenx—x
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e+l 4 (e 41 [.c:’+1)1
1 "_L
Nén I—g+1 1{e‘+1}1dx.
U=x du=dx
dle” +1 _
Dt {4y oo [ [e+2)=11.
(e +1) (e +1) € +1
xe x| P 1 e et 41—¢f
[(Eﬁ_i_l]zdx:ex—i—ll+\{e‘+l_m_e’+1+~[ aan 2
P AECT: RETPINN Y
:c—+1"'e'+1+v,rdxd-! Frl e+l e+l ” b Py )
e +1
Vi I=— +1+8_1 l“[e+1]

@I » Tinh tich phan I= ‘]fh;x'”
0

df
cos’t’

>  Loigiai: Dt *=tant = dx=

1

Tacod x* +1=tan’ t+1=—7p.
cos ¢

I= }h‘l[1+tantjdt

i tan%—-tanu
du=fln 14+———\du
0 1+tan—E.tanu




x(xsinx+J;)_5inx
A
x—1

Tinh tich phan I =

et—.ﬁ,”,

: 2* —1)sinx +xv/x L
»  Loigidi 1= f ) dx= j'xﬂsmm fﬂdx
=1 0 2 x—1
A
n 1
- H e 4 ___ e ]
=[sin (x+1)msx]}o +A=—+A
_ T, NT
Dit u=vx = =x=2udu=dx Khi ¥~ 2745 .
r=0=u=0
=
A=2[- et 5 A 2}[11 14 ]du
Uu 1
i
P L O |
3 20 fu+1
f ] _
. L T
Tﬁﬂlﬁchphén1=f__Lx!dx_
- 1 (Inx+x+41)
e ]_11I(]1'lx+1J lIlI+1 1 Inx
> Loigiak I= [——— L dx= Inx
§ f lnx—i—] f x ]_m'x_'“1 13 e
X
Inx+1 Inx g pm 2
Dyt t=—"-—+1=di =———d i EE =
) x=1=pt=2
= = 24¢
e t—l € l o o E 3
I=— | —dt= A ___+ 3
»[P .!La 3 JI 2+e 2+e 8
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d UNG DUNG TiCH PHAN

Chuongl

UNG DUNG TiCH PHAN DE TINH DIEN TiCH

B DIEN TICH HINH PHANG GIGT HAN BOT CAC BUONG CONG

(€):y=r(x)
1. Dang 1: Tinh dién tich hinh phing gidi han béi {(0x):y =0

Phuong phép: x=a;x=b

b
Budc 1: Goi $ 1a dién tich cén xic dinh, ta c6: S= ['|f(x)[dx.
Buidc 2: Xét ddu biéu thic f(x} trén doan [a; b]. ‘
Tit d6 chia doan [4; b] thanh cic doan nhé hon, sao cho f(x) khéng b d6i
dfu trén doan d6, gi sit [a; B]=[a; ¢,|U]c;; ¢,]U...Ule,; B].
Budc 3: Khi d6, dién tich cin tim 1a:

§= }:|f(x){dx +j‘f{x)‘dx +.. +j\f(x)\dx.

JViduT) Tinh dién tich hinh phing gi6i han bdi y = —x" +4x—3; x=0;
x=23 vi truc hodnh.

> Loi gidi: Phuong trinh hoanh d6 giao diém !
clia d6 thi ¥ =—x" +4x—3 véi truc hodnh 1a: /%
=1 i 3
—x*+4x—-3=04 .
x=3 3
x | o 1 3
—x* +4x-3 | = 0 + 0

Ta 6 bing xét ddu ham s6 ¥ =—x" +4x—3
trén doan [0; 3]

N ING DGO PAN 1
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) Mega book . Chuyén Gia Séch Luyén Thi
Vay dién tich cdn xdc dinh la:

S=j‘|—x1+4x—3|d1=_j-[_xz+4x_3)dx+j(_x2+4x_3)dx
o 2 ] :

YR F 8
+[——+2x2 +ax| =& (avay).
] 3 1 3

= —[—% +2x* + 3.r]

Tinh dién tich hinh phing gi¢i han bai ¥ =sinx+1; x=0;
VEs

6
» Loigiai:
Do sinx +1>0vx,suyradiéntichcdnxic

Tz Fu
5 5
dinhla: S= [ |sinx+1|dx = | (sinx+1)dx
Jins- s = [ (1)
\!'g 7T

7o
= (—cosx + x}l: = R 1 & +1 (dvdt).

.
*‘u Bai tap minh hoa

X =— vi truc hoanh.

a. Tinh dién tich hinh phdng giéi han bdi y=x"—1; x=0; x=2 v truc
hoanh.

b. Tinh dién tich hinh phing gi6i han bdi y=Inx; x=1; x=¢ va truc

| hoanh. :

c. Tinh dién tich hinh phing giéi han béi y=2"—2x; x=-1; x=2 va
truc hoanh.

d. Tinh dién tich hinh phing gi6i han bai y=-]—ni; x=1; x=e va truc
oo 2x '

oanh,

€. Tinh dién tich hinh phing giéi han béi y=ﬂn‘£; r=1;x=¢e v
truc hoanh. *

f. Tinh dién tich hinh phing gi6i han béi y=x(x+1){x—2); x=-2;
*=2 v truc hoanh,

G TG T PN
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» Loigiai
a. Phddngtrmh hoanh d6 giao diém cadéthi y=x"~1
véitruc hoanhla: ' —1=0<x=1.

Ta c6 bing xét dfu ham s6 y=x" —1 trén doan [0:2)
x | o 1 2 a1
£-1 | 0 0

Viy dién tich cin xac dinh la:

5 =j:‘x3 -1\dx=—_;f(x3 —1)dr+;r{x3 ~1)dx

1 2
——x—.t—x +£—x
4 e

b.Do Inx >0 Vx€|l; e], suy ra di¢n tich

cén xac dinh 1a: !
S§= fﬂnx|dx=]lnxdx: x[lnx—l)l: =1
1 1

(dvdt).

7
=7 (dvdy).

¢. Phuong trinh hoanh d¢ giao diém
ctia d6 thi y=x"—2x véi truc hoinh li

¥ —2x 1 + 0 = A
Ta ¢ bang xét ddu ham s6 y=x"—2x trén
dogn [~1:2]

Vay dién tich cén xdc dinh la: :

S:jlxi—zx}dx=jn(x2—2x dx— fx ~2x

]

z

A -

8
3 (dvdt).




\  Chuyén Gia Sach Luyén Thi

Inx| Inx

In
= 5L =m, suy ra dién tich cén

2x

*lnx
dx= | —=dx. W
'1['2\“” 7] 2

d. Do Inx>0 Vxe[l; ¢]=
xdc dinh la:

]

u=Inx ’du:E

>0=

Inx
24

bit dv:—dx—-; X

olx  |v=vx
§= JElnx[ -}{’idm[v'?mx-z&]‘: =2—+e (dvdt).

e. Do
1
J1-|J-clm >0 vrelt E];[Julnxi: Jp;lnx
X

suy ra dién tich cdn xic dinh la: 1

O |\/1+lnx| _ yl4Inx
S_“ﬁ = 'dx_“!‘ < dx .

Diat t=v‘1+lnx=:-t2=‘l+1nx=:»2:df=ﬁ.
x
Khi x=e=t=+2
x=1=t=1

B & a
5= f £.20d = f 2wa—2p _42-2 (dvdt).
1 1 3 3

{. Phuong trinh hoanh dé giao diém ctia d6 thj ¥ =x(x+1){x — 2) v6i truc

x=-1
hoanh [4: x(x+1}(x—2]={}® x=0 .
x=2
Ta c6 bang xét diu ham s6 ¥ =*(x+1)(x—2) trén dogn [-2; 2]
_ x | -2 -1
x(x+1)(x-2)| - 0 + 0 -

2
Viy dién tich cin xdc dinh la: § =‘ﬂx(x +1)(x —2)|a‘x
-2




Tinh dién tich hinh phing gidi han béi y=x"; x=-1; x=2 va truc
hoanh.
.

4p 50: S = T (dvdt).

Tinh dién tich hinh phing gi¢i han béi y = sinx(2+cosx); x=
vi truc hoanh.
Dép s6: §=3 (dvdt).
Tinh dién tich hinh phing gidi han boi y=Inx; x=2; x=e va truc
hoanh.
Dip s6: § =2 —2In2 (dvdt).
Tinh dién tich hinh phing gi6i han b&i y=xe*; x=-15 x=2 va tryc
hoanh.
Dip st 5— 2622 (dvay).
Tinh dién tich hfnh phiing gi6i han boi y= sin” xcos® x; x=0; 1’=g- va
truc hoanh.

x 7
Ddp s6: § - (dvdt).

(Cl ¥= f(x)
2. Dang 2: Tinh dién tich hinh phéng gidi han béi (C,):y=23(x)
x=a;x=b

Phuong phép:
b
Budc i: Goi S 14 dién tich cdn xdc dinh, ta cd: 5= f\f(x) —g(x)idx i

Buc 2: Xét déu bi€u thiic f(x)—g(x) trén doan [2;b].
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s vrrrmarmem e

m Megabook §

Tit @6 chia doan [a; b] thanh cic doan nhé hon, sao cho f x) —g{x) khéng
bi d6i ddu trén doan do, gid sii [a; b]=g; c,
Budc 3:Khi dé, dién tich cdn tim la:

s=z\f(x)—g(x)fdx +Zﬂ f(x]_g(x)|dx+...+j'| £(x)-g(x)ax.

['.I"!

- :

Vidy i ié nh i6i Y= jx=o

TInhdle_:ntichhi phing gi6i han bai ¥ e ) =
x:i_
3

#  Lui gidi: Phuong trinh hoanh dé giao diém cta dé thi y— véidé thi

1
ham s6 y=—— la: ! e 1 & sin®x=cos’ x

Cos x sinfx cos?x
@Si]'lz-'f=1—5in2xﬁ1—2Si312x=-0-®0062x-0ﬁx:i%-1.h_
Vigel sl lawwaX,

6”3 4

Tacébingxétdfuhamss — L 1 tren doan {— z
sinx  cos’x 6 3

|

i
6

S ==
W

sin*x cos’x

1 1 ‘

1 1

sinx cos’x

1 1
[_2- 2}dx
sin“x cos x

dx

Véy dién tich cin x4c dinh 13: S=

LAE] ‘--.:u-la

IxL-.."mIH

[l =]
= dr —
sinx  cos’x

Il
L3 <—|—-;ﬂl=1

= (—r:otx— tanxJE —{—cotx —tan :r)l1 = i—t{ (dvdt).

Tinh dién tich hinh phing gi¢i han bdi y=x°* + 11x—6; y =62%;
x=0;x=2.
> Lai gidi: Phuong trinh hoanh d¢ giao diém cia dé thi y=x"+11x—6



Chink phuc Nguyén ham - Tich ph

; =T
v6i d6 thiham s8 y=6x" la: x> +11x—6=65" & |x=2.
x=3
Ta c6 bing xét ddu ham s6 *° +11x—6—6x* trén doan [0; 2
x | o 1 2
P 411x—6-6x° | - 0 + 0

2
Vay dién tich cdn x4c dinh I: 5=f|xf’ +11x -6 —6x*|dx

= —j'(f +11xu6—6x2)ﬂ+j(x: +11x-6—6x*}dx
1

L]

4 2 h 4 2 -
| o ] 2 e 1 6| =2 (avar).
1 2 Y 2 R

'@ Bai tap minh hoa

a.Tinh dién tich hinh phing gidi han béi ¥y =% ; y=4x; x=—1, x=2,
b. Tinh dién tich hinh phing gi6i han béi y=—x"—5; y=—6x; x=0

§a=1,

> Loigidi
a. Phuong trinh hoanh d¢ giao diém ciia d6 thj y =x" vdi d6 thi ham s&
x==2
y=4x la; X’ =dx & |x=0
x=2

Ta ¢6 bang xét ddu ham s x* —dx trén doan [—1: 21

x | -1 0 2
©—4x | + 0 - 0

2
Vay dién tich cdn xic dinh 1 S= [’ —4x/dx

° o © 23
w{I—zx ]L:T (dvdt).

= [[( ~ax)ax— :ﬁ;& ~ 4x)dx=[§—2x2] .




M Megabook |

b. Phuong trinh hoanh d¢ giao diém ctia 46 thi ¥ =—x" —5 vdi dé thi ham

56 y=—6x lit x* —-5=—fx & x=1.
x=2
Ta ¢ bang xét dfu ham 56 (—x* —5)—(—6x) trén doan [0; 1]
x | o 1
{—xz —5)—(—61) ‘ = 0

Viy dién tich cdn xdc dinh la: $= jﬂ(—x* —5)—(—6x)dx
1 ' k

s mf(-—xz +6x—5)dx=—l-—£;-+3x’ -5::]D

o

—7 (dvdy).
3

'%U Bai 140 ban doc Iy gidi

1. Tinh di¢n tich hinh phing gi6i han bdi y=—x"-2; y=—3x; x=0;
xr=2.

Pip sé: S=1 (dvdt).

2. Tinh dién tich hinh phing giéi han béi y=2°~x; y=x—2*; x=-2;
x=1.

Pips6: :% (dvdt).

3. Tinh dién tich hinh phing giéi han bdi y = cosx; y =sinx; x=0; x=n.

Dip s6: § =22 (dvdt).
(C)y=f(x)

3. Dang 3: Tinh dién tich hinh phang gi6i han béi (C ] ( )
2 Y =8\x

Phuong phép:

Budc I: Xét phuong trinh hoanh d¢ giao di€m clia hai d6 thi ham s
y=f(x) va y=g(x) 1 f(x)-g(x)=0+< nghiém.
Nghiém nay dugc sdp xép theo th ty ting dén, gid st x, <x, <..<x,.

Budc 2: Goi 5 la dién tich cin xic dinh, ta co

5= ﬂ £(x)- g(x)|d:c+-_:ﬂ F(a) -8+t [17(0)— gz

50 s UG TN AR S

458



Tinh dién tich hinh phing gi¢i han bai ¥ =" —2x; y=—x" +4x

»  Ldi gidi: Phuong trinh hoanh d§ giao diém clia dé th1 y=x"—2x v6idé

thi him s6 y=—x* +4x la: ¥* —2x=—x’ axel

x=3
'Ta 6 bing xét du ham s6 (x* —2x)—(~x* + 4x) trén doan [0; 3]
X | © 3

(x1 —Zx} -(-12 +4x] ‘ =

Vay dién tich c4n x4c dinh 1a: S= ]\(xi —2x)— [~ + 4 dx
i}
3
- —}{2::’ —6x)dx = —[% —3xll =9 (dvdt).
o L]

Tinh dién tich hinh phing gi6i han béi y = —2x”* —x+2 va truc hoanh.
»  Loi gidi: Phuong trinh hoanh d6 giao diém cta d6 thj y=2"—2x" —x+2

vdi truc hoanh
x=-1
¥ =2 —x+2=0&[x=1
x=2

Ta ¢6 bing xét dfu ham s6 x° —2x? —x+2 trén doan [1; 2|

x | -1 1 2
¥ -2 —xlr2 + 0 i

Viy dién tich ¢dn xdc dinh la: Sﬂiix’ ~2x" -x+2|dx

5:=}(r"--—2x’—x+2}dx j'(::cJ 2x° —-x+2)d
"1 1

¥ 28 X
e e -
[4 CE x]

2 © a7
_E X ol =27 (avdo).
F Hl 12( )




L2
gﬂ Bai tap minh hea

a. Tinh dién tich hinh phing gi¢i han béi ¥ =—x" —2x; y=-x-2,
b. Tinh dién tich hinh phing gidi han bdi y=x>; y=4x,

> Loigidi

a. Phuong trinh hoanh d% giao diém cia d(g thi y=—x"—2x vdi d6 thi
ham 6 y=-x--2 la: =2 —2x=—x—2@[§:_

x=1
Ta c6 bang xét dfu ham s6 (—x* —2x) - (—x—2) trén dogn [-2; 1]

x | -2
(—xz —2x]—(—x—2) r 0 + 0

Vay dién tich ¢dn xdc dinh 1a: 5= ‘h{—x“ — Zx] ~ (—x - Zj‘dx

1
= j(——xt -x+ Z)d;r: [—%—%2- +2x

=2

='§ (dvdt).

b. Phuiong trinh hoanh dé giao diém ctia d6 thj ¥ =x" véi d6 thi ham s6
x=-2

y=4x 13 ¥ =dxa|x=0 |

x=2

Ia c6 bing xét ddu ham s6 x* —4x trén doan [—2; 2]

x g 0 2
xﬁ —dx 0 o 0 # 0

Vay dién tich cdn xéc dinh la: 5= j'|x* - 4x| dx
-2

=j“(x3 —4x)dx-v‘z(r3 —4x)dx=[€--2x*]_z _[%‘_212] _-:3 (dvdt).

]

-2
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'*és;Jsai tap ban doc ty oidi

2

1. Tinh dién tich hinh phing giéi han bai y=—V4—x*; y=_%.

Dip s6: 5= 41%—@ (dvdt).

2. Tiuh dién tich hinh phing gidi han bi ¥ =|¢* —4x+3; y=3.
Ddp s6: § =8 (dvdi).
(Ci) y=f (x}
4. Dang 4: Tinh dién tich hinh phdng giéi han boi {(C,):y=g(x)
Phuiong phdp: (C’] = h(xj
Budc 1: Xét cic phuong trinh hoanh d¢ giao 4
diém clia céc 46 thi ham s5 1a: {4=(C,)N(C;).
B= (Cs]n (Ct)
Budc 2: Goi S la dién tich cdn xdc dinh, ta c6:

S:Ilf{x]—h(ledx +j[g{x) —h(x)]dx -
Tinh dién tich hinh phing

gi6i han béi y=x’:y=%:y=—.

» Lo gidi: Cac hoanh d0 giao diém
2
P ex=0
27

2
x==—7@x=3
x .

Xt 27
= x=9
27 «x

Goi 5 1a dién tich cdn xdc dinh, tacé 5=5,+5,

3 2 g 2
=fx2--x—dx+f Z_X |y
/ 27 x 27

3




kil

3 3
4 [Zﬂnx _';TJ =27In3 (dvdt).
o 3

(]

2.8
) Vidy 2 ) Tinh dién tich hinh phing gidi han boi ytx’;yz%;y=;;y=;.
» Lo giai: Céc hoanh d6 giao diém
x“:-zu@f:?_@x:%ﬁ

X

2=8ur_ser
x

2
2 2 o9er=2
4 x )
2
%:—%#xs =32 x=2Y1
X
9
Go 5 1 dién tich cdn xic dinh, ta VI 2 2d
6 §=5,+5,
2 P 5 % 2 23
= ]2 —Ede-;- i g—x—]d = x—-zmxﬂ + 81nx——]
e x A 4 3 =
=4In2 (dvdt).
B8 DIEN TICH HINH TRON
Phuong phép:
Cho dudng tron (C):x2 +y'=R?, suy ra X s
phuong trinh cia (C) trong goc phén tu th T 1a
y=+R*—x*. Goi 5 1 dién tich cén xic dinh, ta ¢6
R
S=45, =4 [VR* —x%dx. X

m

Dit x = Rsint véi — < ¢
a sint vdi 7S S?_

.suyra dx = Rcostdf

T
Khi X=R=§’f=5-

x=0=t=0

B GG DN THCH Pk



: :
Vay S= 4Rj"d;az — R¥sin’ t.costdt = 4R" [|cost].costdt
o L

w

: :
= 4R? [ cos? tdt =2R? [ 1+ cos2t)dt = 2R’
o

1]
Bl oieN Tick HiNg FLP
Phuang phap:

xl yl
Cho Elip [E]:—2+-b7=1 , suy ra phuong
a
trinh cta (E) trong goc phdn tu thi I 1a
y=E [ .
a

Goi § lil dién tich cdn xic dinh, ta cé

5= 45———- at —x*dx-
Pit x =asint vdi %{ %suyradx:

™

Khi x=a=>t=-2—.

= 0=>t:0

Vay §= 4abf\|'a —a®sin® t.costdt = 4abf]cost| costdt

= dab f cos® tdt = 2ab j (1+ cos2t)dt =2ab

[r+—1~sin2t
2

Chinth phuc Nguyén hivm - Tich phdn. tir A dén Z

3
=nR?
0

SN

acostdf.

£+ 2t
25"1 ]

(]

/AL&
2

= grab .



Chuong i
UNG DUNG TiCH PHAN PE TiNH THE TiCH

ﬁ THE TICH VSINH BGT DIEN TICH §
(TAO BOI MOT DUONG CONG VOI TRUC)

1. Dang 1. Khi quay xung quanh truc Ox
(€):y=f(x)

Phuang phap: Cho $:10x:y =0
Acx=a A, :x=b

b
Thé tich cin xéc dinh la: v = = [ £ (x)dx.

Tinh thé tich vit tron xoay sinh bdi dién tich S quay xung quanh truc
y=xlnx
Ox; véi 5:{Y =0
x=1
x=¢e y
> Lii gidi: Thé tich cin xéc dinh la: V=:rf(xlnx)zdx.
|
2 du:glnxdx
Dit u=In"x o x
dv = x%dx &
3

. Dit u=Inx du =
=
L dv=xdx Gen

3
T 17, & 2 2°+1
R 0 F L

3-{x 3 ?{ 5 -

1

3
Khi dé I=%1nx

Vay V = (5¢° ~3) (dvto).




e

Tinh thé tich vit tron xoay sinh bai dién tich § quay xung quanh
y=Inx

truc Ox;véi S:1y=0
x=2
»  Lii gidi: Phuong trinh hoanh 9 giao diém ctia d6 thi ¥ =Inx véi dé thi
hams6 y=0 la: Inx=0e x=1.
2
"Ihé tich cén xdc dinh 1&: V =7 f In? xdx.
1
u=In*x du:zln:rdx
- X .

Bt L’fﬁ‘ =dx

=X
Khido V = nxin’ of ~2 [[Inzde =[rxin® x— 2x(tnx—1)]]
=2n(in2-1)° (avtt). I

* .
‘@ Bai tap minh hoa
2

a. Tinh th&tich do hinh phing gi6i han béi duding Ellipse (E): §2_6 - %— =1
quay quanh Ox.

| b. Tinh thé tich do hinh phing giéi han béi dudng y* = (x—1)"s y=0;|

x=2 quay quanh Ox. |

=

> Loigidi
2 2

a. Phiong trinh hodnh d gizo diém ciia d8 th (E):T-+7-=1 véi truc

2 —
hoknh B = o=t 2
16 y=4

2 2
9
Tacé-—-x— y—: 2=9__ =
]6+9 ley 16x

Thé tich cin xac dinh la:
s 4 " y; %
V_ar‘_[y dx_%-‘_[[l jﬁ]dx—%{x 48“_4—48*5 (dvtr).

b. Phuong trinh hoanh d giao diém ctia dé thi = (x - 1)3 vdi truc hoanh
la: (x—1j3 =0ex=1.




LN R Lo Tol @ Chuyen Gia Sdich Luyén Thi

Thé tich c4n xac dinh la:

2 5 2 ” Tl'(l‘—l)‘z ”
V=:rfydx=wf(x—1)dx= 2 = (dvit).
1 1 \

2. Dang 2. Khi quay xung quanh truc Oy
(C):x=fly)
Phuong phip: Cho $:{0y:x=0
Acy=m; A y=b
b b
Thé tich cdn x4c dinh la: V =ﬂfx=dy == frff2 (v)dy
Tinh thé tich vét trén xaa}: sinh bai d;en tich 5 quay xung quanh truc
x?
=7
Oy;véi S:{x=0 |
y=2
y=4
xZ
¥ Loigidi: Ta c6 =5 =2y,

'Thé tich cdn xéc dinh la: v — f y=n f 2ydy = 'm_l,ri =12 (dvtt).

gj Bai tap minh hoa

a. Tinh thé tich do hinh phing giéi han boi duong Ellipse ] =+ T 1

| quay quanh Oy
b. Tinh thétich dohinh phing giéi han bdi dudngtron (C): x* + (y— 4)' =4

' quay quanh Oy .

> Loigiai

a. Ph{to‘ng trinh tung 9 giao diém ciia dé thi (E): x_6 %«-] v6i tryuc tung
-

la: —+y——1 Y

679

y=3
2
, 16
Tacod 3‘_4_3_:14:} 2=:|_6——— x
69 * 9 ¥




Chinh phuc Ngiyén ham - Tic

Thé tich cin x4c dinh la:
3 3 yg ys

_ 24, _Y g = -

V-ﬂ‘{x dy—lﬁﬂ![l gldy 16?1’[],‘ 27]

b. Phuong trinh tung d6 giao diém clia d6 thi (C): 2* + (y- 4)2 =4 vditruc

i |
=32 (dvtt).
i}

. 2 y=2
tungla: 0+(y—4) =4 & yep
Ta co x’+(y—4)2=4ﬁxz=4—{y—4)z.
6 6
Thé tich cin xic dinhla: V == f xzdy=wf
2

2

a—(y—1) |ay

&
= ﬁ[—% +4y° — 12y] 3%“ (dvtt).

2

ﬁ THETICH VSINH BOT DIEN'TICH S(TAO BOT TU HAI BUONG CONG)

1. Dang 1: Khi quay quanh truc Ox.

Phuong phap:

Budc 1: Phan dudng cong kin (C) thanh hai cung (C,):y=f,(x) va
(C,):y=fi(x) véi a<x<b va fi(x); fi(*) cting ddu.

Budc 2: Thé tich cén xdc dinh la: V = n'j‘lff (x)- 7 [x)\dz .
Tinh thé tich vt tron xoay sinh bi dién tich S quay xung quanh tryc

y=3x
o | Y=%
Ox;voi S: 2
x ; VOl g
x=1 :
> Loi gidi: Thé tich cén xéc dinh 1a: v =7 [[|(3x)" —#°|dx
(1]
1 Fik
8mx 87
— 2 = — =
—Sﬂ‘!‘xdx— : L 5 (@),

Tinh thé tich vat trbn xoay sinh béi dién tich S quay xung quanh
y=x"—4x+6

truc Ox; vdi S: 3
uc Ux Lr=—x2—2x+6




I Mega book RRICRTARELY

Loi gidi: Phuong trinh hoanh d6 giao diém clia d8 thj y=x"—4x+6 vdi d6
thi ham s6 y=—x" —2x +6 la:
x=0

¥ —dx4b6=—x'-2x4+6 & ’
X1

Thé tich cdn xac dinh la: v = ”j. (xl —dx 4+ 5]2 a {_xz —2x+ 6)2'0&
(i}

- -rr_]r(IZx3 —36x" + 24x)dx = 71'(3.7:‘ —12x8 +12x2) il 37 (dvtt).
| 0

J Bai tap minh hoa

a. Tinh thé tich vit tron xoay sinh b&i dién tich § quay xung quanh truc
iy
Ox;voi S: y=x +2A
y=4-¥

b. Tinh thé tich vit trén xoay sinh béi dién tich § quay xung quanh truc

y=—V4-x*

Ox;vhi S: 2
y=~—3—

» Loigidi

a. Phuong trinh hoanh d¢ giao diém ctia d6 thi y =x" +2 véi d6 thi ham
86 y=4—2% la:
x=-1

C+2=4d-x"e
r=1

1

Thé tich cin xdc dinh 1a: V =7 f

(22 +2)" —(4—2)'|ax

1

=16n (dvtt).

-1

1 1
=127 f ¥ —1ldx=-12x !‘ (+* —I)d:c:—IZa'r[E;—x]
Chii thich: ¥* ~1<0Vx €[-1; 1] = x* — 1| = ~(x* 1),
b. Phuong trinh hoanh dé giao diém cta d6 thi y=—v4—x" v6i d6 thi

ham s6 y:=—€ la:




Chinh phuc Nguyén him - Tich phin tit A dén Z ”
Thé tich c4n x4c dinh la:

Vﬂ'f

4
4 x 2 a7y dldx

oeef}2

5
' 2 2 28?f~J_
——— —_ dwtt).
arf[ X 4dlde= ‘.N'[ 5 3+4xl ) 5 (
—ui -3
Chui thich:
4 4 a4
“%—f+420‘v‘xe[—\f§; ng#‘—fg——xl-m =[—%—x2 _4—4],

Bai tap ban doc tu gldi

1. Tinh thé tich vit tron xoay sinh bdi dién tich § quay xung quanh tryc

Ox;vdi S:
y=~2—
Dipst v =T 4 37 (avir).
T4 10

2. Dang 2: Khi quay quanh truc Oy.

Phuong phap:

Bugc 1: Phan dudng cong kin ( 3 thanh hai cung (C):x=f,(y) va
(C):x=£y )véna<y€bvaf1( % F )cungdiu

Buéc 2: Thé tich cdn xdc dinh 1a: V=7 J‘ |£2(y)- £ (v)|ay -

Tinh thé tich vit tron xoay sinh bdi dién tich S quay xung quanh truc

L -
Oy ; véi s:[y =a=d,
x =0

» Lai gidi: Phuong trinh tung d¢ giao diém ctia d6 thi Y’ =4—x vdi truc

=2
tung la: y2=4—0®‘5=2 : 2

Thé tich cdn xéc dinh 1 V = [[(4-y*) dy
-2




Tinh thé tich vit tron xoay sinh béi dién tich S quay xung quanh

a2
truc Oy ; v6i S:{x_ ¥ +5.
x=3=-y
»  Lui gidi: Phuong trinh tung d¢ giao diém cita d6 thi x= -y +5 v6i dé thi
y=-1

him s x=3-y la: -y2+5=3~y1:}[ :
y=2

Z

Thé tich cén xic dinh Ix: V = [/ ‘(—f +5) —(3 ~yfldy
=1

2

f(y‘ —11y* + 6y +16)dy]

-1

5 2
= = y——£+3y’+lﬁy
5 3 "

_ 1537 (gvy).
5 b b
Chu thich: chiing ta vin c6 thé ding phuong phap f l f(x)|ax= f flx)dx
dé tinh tich phan, ma khong nhdt thiét phai xét ddu biéu thitc trong &0 trj tuyet
d6ila f(x) dé md trj tuyét dsi.




Chuang Il

SAI LAM KHI TiNH TiCH PHAN

XN » Tinh tich phan [ = j‘Jz —xPdx.
[/}

> Ldi gidi sai: Dat x=sint = dx = costdt .

14cos2i

LY
2 8 4

e ik

i i
I= [V1-sin’t.costdx = [ cos tdt =
o 1] 0
I do sai: D6i bién s6 nhung khong déi can.

»  Loi giai diing: x = sint = dx = costdf . Khi

I ., T
r=—=t=arcsin—
4 4.

x=0=t=0
w% ; m% amm%l ”
I= [ J1-sin’t.costdx= [ costtdt= f 1+cos2t
o o 0 2
1 T ™
= —arcsin— + —sin| 2arcsin— | .
2 14 [ 41
1 1]
X » Tinh tich phén 1= [[— %
" (2x+1) -
»  Loi gidi sai; D3t £ =2x+1. Khi x=lmt=3
x=0=t=1
3 4P
1= d_!—_i. __l l—l =§
VG 81’
If do sai: D6i bién khong tinh vi phn.
x=1=4#=3
Lo oidi dane: Dat $ =2x +1=>df =2dx. ;
” o1 gial dung: L' |x=0=:~t=]

3
a 1(1 10
= —=—— =——|——1]=—.
fzzﬁ 8] 8{3“ ]81




4n

N Chuyén Gia Sach Luyén Thi

2
J m Tinh tich phin I= f xe'dx.
o

. =x u'=1
» Loigidisai:Paty , = .

u
o =g V=€

I=(xel)

2
r
.o 2
O—Jo"e*dx_e ~1.

Ly do sai: Hiéu sai ban chit céng thic tiing phin.
u=x {du =dx
=

dv=e"dx

>  Loigiai ding: Pt {

CE

2
I=(xe")l:—fe’dx=ez—1.
L]

Ix
EA » Cho n &N chiing minh I= ['sin(sinx +nx)dx=0.
A L -

> Loi gidi sai: Xét ham s§ f(x) =sinx(sinx + nx) trén [0;27],
Tact f(x) laham lién tyc trén [0;27] va f(~x)=sin(sin(—x) - nz) = £(x)
Viy f(x) laham1é, suy ra 1=0.
Ly do sai: Hoc sinh hiéu sai vé dinh Iy “Néu ham s& f(x) 12 ham 1¢, lién tuc
trén [-g;a| thi f flx)dx=0"
» L('iigiflidﬁ:g; pit x=r+y=dx=dy,

2x

I= fsin(sinx-i— nx)dx =ff sin(siny +ny +nr)dy
o &

x

= (-—-l]“l fsin (ny —siny)dy.

Mt khic ta c6: g(y)=sin(ny —siny) x4c dinh trén [~r;7] 12 ham lién tuc
vé g(—y)=sin(-ny —sin(~y}) = —sin(ny —siny) = —g(y)

Suyra g(y) 14 ham lé.

Vay 1=0.

= e B i v




Chink phuc Nguyén hiom

E}Cho ham s8 £ lién tyc trén [0;]; héy so sanh I = fxf sinx)dx
v [= f}' smx dx

»  Loigidi sai: Dat{ —% {duzdx

dv= f(sinx)dx o= —f(cosx) '
I =—xf(cosx]E - ff[oosx)dx
Do f lién tuc trén [{] 7, suyra f(cosw)= f(O):G:’:*I=ff(cosx]dx (1).
= o
Mag_T i ().
] = \!f(smx dx
Tu(l)va(2)tacd i=].
1¥ do sai: Hoc sinh khong hiéu vé ham lién tuc, tich phin va vi phan.

»  Lui gidi dung: Pt x =7 —t=dx=—dt.

"

1= —j‘[w —~t) f(sin(m —t))dt = ri‘f(sinx)dx - fxf(sinx]dx

.

(=]

= 21=wlz'f{sinx)dx =I= gl'f(sinx)dx

Viytaco I=].

[y Choham s3 f lién tuc trén [ﬂ' b] chiing minh tén tai it nhit mét
diém CE[Eb]SﬁOChD f[f [ (c]—f(x}]dx ‘
»  Loi gidi sai: Do f lién tuc trén [a;bl, suy ra f(x)— f(c) trén [a,c| bing

f(x)— f(c) trén [b,c], vaytaco

I [£(x)- Fle)dx= [ ()~ £(e))ax= .iﬂf(c)—f(r)]dx

Ly do sai: Khong hiéu vé him lién tuc nén tinh tich phan sai.




» ngzal dung Apdungd;nhl}?vé g1étntrungbmh cﬁatichphén ,suy ratén
tantnhﬁtmétdaém(?e[ab | sao cho ff dx= f(c)(b—a) ff

Su?raf[fx) f(c)]dx= _ﬂf ]dx+f[f ]dx:[)-

Haytacof flx)- c]dx:f’fc - x)]a'x (dpem).

) Tinh dién tich hinh phéng gidi han bai |y_g'1"1'x_4‘ —‘
y=9-2 |

» Loi &iéi sai: Dién tich hinh pl;lﬁng 15 4y
5= f[*;_xz)dle%r—lx’ | =7
1 3 1
Ly do sai: Ap dung sai céng thic,
khéng ghi “dvdt - dan vi dién tich”.
»  Loi gidi ding: Dién tich hinh phing Ja:

S

(=]
—
'
[
-
t

S= f|9 xidx fgxdx+fx— dx

3 4
- 9:—%:(3]" +{%x3—9x]1 23—8—%=—3§ (dvdt).
3

. y:[};y:l
Tinhdiént.{dlhilﬂlphanggidihanbﬁi{yzzx_l.x:g “

Loigidgisaiy’ =x—1=y==Jx-1
y=0=x=1;y=1=x=2.

=2 .

Dién tich hinh phing la: S= fn‘ dx——(x l)g 3

1y do saf: Xdc¢ dinh sai hinh cin tinh dién tich,
> Loigial ding: Dién tich hinh giéi hana: 5=, +8,
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TacH A s | (dvdt).

1 2 El
Sz=[[1—\fx——1]dx= x—g(x—ljﬂll ==
1_4
S=1+7=> (dvdt).
- |
y=x2+21+1[Cl] :
. )Tinhdiéntichhinhgiéihanbéi y=%+6x+9(G,)-
| (3.5
i 272
> Lo gidi sair C,NC, =(2:1).
Viy dién tich ciia hinh giéihan 1a: 4
3
2 b y=(x-1) x-3)*
5= [(x—1) dx+ [(x—3) ax
3 2
H i .
1 3 1 32
=—(x-1)| +=(x-3
3{ ) i 3( J i \l z :_K
1 1 1. )%
:[§'£]+[_£+§]‘Ti (dvdy).
Ly do sai: Xdc dinh sai hinh cin tinh giéi han.
> Loigidi ding: C,NC, =(21).
Dién tich hinh gidi han la:
5=5,+5,-
2 2 2 1
S = [Yx—3) —(x—1)|dx = [(—dx+8)dx=(-2x" +8x), ==
i Pl <l = [ difnbataiel=
2 2
2 2 |
5,= Ix—lz— x—BIIdx = | (4x—8)dx={2x" —8x|* =—
=[]l 1) —(e-9Y o = [lax-g)ae= (2 -8} =3

§=S5, +8, =

(=

1
+5=1 (dvdy).
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Tinh thé tich hinh xuyén gay bsi hinh trdn #* +(y—b)’ <a;
(0<a<b)quay quanh truc Ox .

> Loi giai sai: Phuong trinh dudng tron (C):2* +(y—b)’ =a* hay
(y—b}2=a2—x2

pI=HE-2(C)

y=b— H[ ]( e

Viay thé tich ciia hinh xuyén la:

v =1rj‘ (b+ar =< )2 (- =< J dx=2na'h (A,

L} dﬂsaj Sai céng thiic tinh thé tich: V:r:arf yi —yz dx mali

'v’zldx

> Lﬂl@éldung‘b’_ﬁf

(b-ﬁ-\.l'a —x) [ —v‘az—xz)f‘:ﬁ=2wazb.

y=x
Bai 11. Tinh thé tich hinh gi¢i han bai {x=1 .
x=2
1
2 #f 31«
» Lo gidi sai: V=7rfx‘dx=1rg =27 (dvtt).
1 1

\\

o)\
y

Ly do sai: Da sit dung cong thiic v = frfy’dx-

» Loigididing: V= erfxx ]57" (dvtt). /I 1
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