UBND TINH PHU THQ KY THI CHON PQI TUYEN

SG GIAO DYC VA PAO TAO DY THI HQC SINH GIOI QUOC GIA
NAM HOQC 2026-2027
Mo6n: TOAN
DE THI CHINH THUC Thoi gian: 180 phiit (khéng ké thdi gian giao dé)
P8 thi gdm 03 céu, 01 trang Ngay thi thir nhét: 18/9/2026

CAu 1 (7,0 d@iém). Cho da thitc P, (x)=x"+a, X" +..+ax+a, v6i neN,n23, ay,a,,...,a,, 1
cho s6 nguyén va P, (x) c6 n nghiém thyc phén biét 14p thanh mot cip s6 cong.
a) V6i n=4, chimg minh ring da thirc 7/(x) c6 ba nghiém thyc phén biét 1§p thanh mot cdp

s8 cong.

b) Chimg minh ring da thtic P, (x) luén phén tich dugc thanh tich ciia hai da thirc vé6i hé sd
nguyén c6 béc 16n hon hoic béng 1.

Céu 2 (7,0 diém). Cho neN, n>1, s6 nguyén duong k dugc goi 1a mot sé n—t6t, néu tdn tai

10* -1

n-a

1a s6 thap

aefl;2;3;..; 2026} @& k 12 s6 nguyén duong nhé nhét thod man sé heru ti

phén hru han,

a) Chtrng minh réng & =6 12 mot s6 18— tbt.

b) Goi S(n) Ia tip hop c4c s6 n—tbt. Tim gié trj 16n nhét |S(n)| (ki hi¢u |S| 12 s6 phén tir cia
tdp hop S).

Ciu 3 (6,0 diém). Cho tir gi4e 16i ABCD c6 hai canh 4D va BC khéng song song. Gi# sir hai
dudng tron c6 dudng kinh 4B va CD cét nhau tai c4c diém E va F ndm bén trong tir gidc.
Goi o, 1a dudng trdn di qua chén c4c dudng vubng géc tir E dén céc doan thing AB, BC,CD.

Goi o, 1a dudng tron di qua chén céc dudng vudng géc tir F dén céo doan thing CD, DA, AB.
a) Chimg minh @, di qua chin dudng vubng gbc clia E 1én DA.
b) Chimg minh ring trung diém cia doan thing EF nim trén dwdng thing di qua hai giso

diém ciia o, v o;.
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UBND TiNH PHU THQ KY THI CHQN PQI TUYEN

SO GIAO DUC VA PAO TAO DU’ THI HQC SINH GIOI QUOC GIA
NAM HOQC 2026-2027
Mén: TOAN
DE THI CHINH THUC Thoi gian: 180 phit (khong ké thoi gian giao dé)
Pé thi gdm 03 céu, 01 trang Ngay thi thir hai: 19/9/2026

Cau 4 (7,0 diém). Cho tam gi4c ABC nhon, khéng cén ndi ti€p dudmg trdn (0), dudng phén
giéc trong AD(D e BC), diém P thufc doan AD(P# A4,P # D). Goi X,Y,Z tuong (mg 12 hinh
chiéu vuéng géc cita P 1én ba canh BC,CA, AB. Pudng tron ngoai tiép tam giéc X¥Z cét lai BC
tai diém X' khéc X,

a) Chimg minh riing AX", BY,CZ ddng quy.

b) Goi M,N 1a giao diém ciia YZ v6i dudng trdn (0) (M,Y;Z, N thing hang theo thir tyr trén).
Goi S 1a giao diém hai tiép tuyén tai B,C cia (0), AP cét lai (0)tai diém T khéc 4.
Chimg minh ring SP,ST ding giéc géc MSN va SP di qua tim dudng tron ngoai tiép tam
gidc PMN.

Céu 5 (7,0 diém). Cho tap hop S ={1; 2; 3;...; 2025; 2026}.

a) C6 bao nhiéu tép con khéc rdng ciia S thoa mén tdng céc phén tir ciia tip con d6 chia hét
cho 4.
b) Xét n (neN,n>2) tap hop con S,,S,,..,S, ciia S thoa mén ddng thdi cic didu kién sau:

1. 8 #@ v6ii=1,2,..,n
2. |S\8)|#0,Vi#j,1<i,j<n.
3. |S|#|S)|, Vi# i, 150/ <n.
Tim gi4 trj 16n nhét ciia » (ki hiu |S| 12 s6 phén tir ciia tap hop S).
Cau 6 (6,0 diém). V6i s6 thye k, xét cdc ham s§ f:R — R théa man
f(f(x)+y)=ls+ f(x+ 1 (7 (), ¥y eR.
Tim tht ca céc gié trj cia & @& ton tai ham s6 f thoa méan diéu kién bai todn.

--------------- HET.




Chuong

CHON DTQG PHU THO 2026 — NGAY 1

s

( Bai toan 0.1. ] (Lim Olympic - Phi Tho TST - P1)

Cho da thic Py(z) = 2"+ ap_12" 14+ 4+ a1z +ag véin € N, n > 3, ag,ay,...,a,_1 1a cic sb
nguyén va P, (z) ¢6 n nghiém thyc phan biét 1ap thanh mot cap s6 cong.
@ Véi n = 4, chiing minh ring da thic Pj(z) c6 ba nghiém thyc phan biét 1ap thanh mot cap
s6 cong.
@ Chitng minh ring da thitc P,(z) luon phan tich duge thanh tich ciia hai da thic véi he s6
nguyén c6 bac 1én hon hoic bang 1.

(&' Loi giai.
@ Goi bén nghiem ciia Py 1a 21 < 29 < 23 < 24.
Vi cac nghiém nay lap thanh mot cap s6 cong nén ton tai s6 thuc m sao cho x1 +z4 = x9 +x3 = 2m.
Theo Rolle, Pj(z) c6 diing ba nghiém thyc phan biét y;,ys,y3 thod man

T <Y1 <T2 <Yy <3 <Y<y

- P, 1 1 1 1.
V6i moi « khong 1a nghiém ciaa Py, ta ¢ 1(2) = + + + ;
Pyz) xz—21 T—%9 T—T3 T—1I4
. N 1 g i
Do m € (x9,23) va &1 + x4 = x2 + x3 = 2m nén + =0va + =0,
m—x m — X4 m — X2 m — I3

Suy ra Pj(m) = 0, nén m = ys.
3
Mat khac, theo dinh 1y Viete, y1 + y2 + y3 = Z(ml + x9 + x3 + x4).

Vi zy + z9 + 23 + x4 = 4m, suy ra y1 + y2 + y3 = 3m.

Két hop v6i yo = m, ta dugc y; + y3 = 2m = 2ys.

Vay ba nghiém ctia Pj(z) lap thanh mot cap s6 cong.

@ Ta xét hai truong hgp sau:
& Truong hop 1: n = 2k.
Vi cac nghiém ctia P, 1ap thanh mot cAp s6 cong nén ta c6 thé viét ching dudi dang
a—(2k—-1)d, a— (2k—3)d,...,a—d, a+d,...,a+ (2k —3)d, a+ (2k — 1)d,

v6i d > 0. Theo dinh 1y Viete, tong cic nghiém bang 2ka € Z, do d6 a € Q.

2
Goi r1,79,...,7r9 1a cac nghiém cua P,. Ta c6 Zr? = (Z ri) - 227373.
i<j
Theo dinh ly Viete, hai tong ¢ vé phai déu la cac s6 nguyén, do dé Z r2 e Q.
k
Mat khac, » rf = 2ka® +2d°) (2i —1). Vi a € Q nén suy ra d* € Q.

i=1

Véi méi i = 1,2,...,k, ghép hai nghiém a — (2 — 1)d va a + (2i — 1)d, ta c6
(z — (a— (20 — 1)d)) (z — (a+ (2i — 1)d)) = (z — a)® — (2i — 1)*d* € Q[z].

£ CLB Todn Lim - OLYMPIC - 8 0789102019 Trang 1
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k

Do'd6 B,(z) = H((a: —a)? — (2i — 1)%d?) nén P, kha quy trén Q[z].

i=1
Mit khac, P, la da thitc monic thuoc Z[z] nén theo b dé Gauss, P, kha quy trén Z[z].

& Trudng hop 2: n = 2k + 1.
Ta viét cac nghiém cta P, duéi dang
a—kd, a—(k—-1)d,...,a—d, a, a+d,...,a+ (k—1)d, a+kd

v6i d > 0. Theo dinh ly Viete, (2k + 1)a € Z, nén a € Q.

Tuong tu truong hop tren, ta ciing suy ra duge d € Q. Vi thé
k

P,(z) = (z —a) H((:c —a)? - i2d2),

i=1

kha quy trén Q[z], va theo bd dé Gauss thi P, kha quy trén Z[z].

Vay trong moi trudng hop, ta déu c6 duge P,(z) c6 thé phan tich duge thanh tich ciia hai da thitc
v6i hé s6 nguyén c6 bac 16n hon hoic biang 1.

L
( Baitodn 0.2. ) (Lim Olympic - Phii Tho TST - P2)

Cho n € N, n > 1. S6 nguyén duong k duge goi 1a mot sé n-tot néu ton tai a € {1,2,3,...,2026}
10% —1

dé k 1a s6 nguyen duong nhé nhéat théa man so hitu ti 12 s6 thap phan hitu han.
@ Chiing minh rang k& = 6 1a mot sd 18-t6t.

@ Goi S(n) 1a tap hop cac s6 n-tét. Tim gia tri 16n nhat cta |[S(n)|.

(&' Lai giai.
Trude hét ta c6 bé dé quen thudc sau:

BS dé 0.1.

" LA 4
Cho A, B la cac so6 nguyén duong. Phan so 3 bieu dién dugce dudi dang so thap phan hitu han khi va
chi khi sau khi rit gon phan s t6i gidn, mau s6 chi c6 cac uéc nguyén t6 1a 2 va 5.

k

@ Chon a = 7, ta can tim s6 nguyén duong nhé nhét k sao cho 13 s6 thap phan hitu han.

Ta ¢6 126 = 2- 63 va ged(10F — 1,10) = 1, nén 10* — 1 khong chia hét cho 2 hoic 5.
k

Theo bé dé trén, 1a s6 thap phan hitu han khi va chi khi 63 | 10 — 1.

Dé ¥ 9| 10 — 1 v6i moi k > 1 va ord;10 = 6 nén ordgz10 = 6.
Vay 6 1a sb nguyen duong nhé nhét sao cho 63 | 10% — 1, suy ra 6 1a mot s6 18-t6t.
(2) C6 dinh n. Viét n = 2°5°m, trong d6 ged(m, 10) = 1.
V6i méi a € {1,2,...,2026}, viét a = 2"5%¢, trong d6 ged(c, 10) = 1. Khi d6 na = 22775 me.
Vi ged(10% — 1,10) = 1, tit s6 10¥ — 1 khong ¢6 uée nguyen t6 2 hoic 5.

k

2 ~ ]. Z
Theo bd dé trén, 13 s6 thap phan hitu han khi va chi khi me | 10F — 1.

na
Do d6 s6 nguyén duong nhé nhat k tuong ting véi a 1a ord,,.(10).

Trang 2 £l LIM Olympic - CLB én chuyén, HSG
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Hon nita, s6 k£ nay chi phu thudc vao ¢ va khong phu thudce vao cac sé mii 7, s.

Mat khéc, 1 < ¢ < 2026 va ged(c, 10) = 1. Vi vay |S(n)| khong vuot qua sé cic s6 nguyén duong
khong qua 2026 nguyén t6 cting nhau véi 10, va s6 cac s6 nhu vay 1a

202 202 202
2026 — {%J s L%J + {(1)—06J = 2026 — 1013 — 405 + 202 = 810.

Vi vay |S(n)| < 810 v6i moi n > 1.

Gid ta sé chitng minh ton tai s6 nguyén duong n sao cho |S(n)| = 810.
Chon s6 nguyén duong T sao cho p — 1 | T v6i moi sd nguyén t6 p < 2026, p # 2,5, ching han
T =lem{p—1: p <2026, p nguyén t6, p # 2,5}.
Dit M = 107 — 1. Ta sé ching minh |S(M)| = 810.
V6i mbi s6 nguyen t6 p < 2026, p # 2,5, theo dinh 1y Fermat nhé, ta ¢6 10°~' = 1 (mod p).
Vip—1|T,suyrap|10T —1= M va hién nhién ord(10) = T.
Ta sé& chitng minh ring véi moi ¢ < 2026 théa man ged(c, 10) = 1, ta ¢6 ord.ps(10) = T
Trude hét, ta ching minh eM | 107 — 1.
Xét 6 nguyen td p | ¢. Vi p < ¢ <2026 va p # 2,5, theo cach chon T ta ¢6 p | M. Theo LTE ta c6
up(10T — 1) = v, ((107)° = 1) = vp(107 — 1) + vy(c) = vp(M) + vy (c).
Con véi cac s6 nguyén té p f ¢ nhung p | M, ta c6 ngay purM) [ 407 = 1.[360% <1,
Vi vay cM | 10T — 1, suy ra ord.ps(10) | cT.
Dit d = ordear(10). Vi M | eM, tix 102 = 1 (mod ¢M) suy ra 10¢ =1 (mod M).
Do d6 T = ordys(10) | d. Viét d = Tu v6i u € N*.
V6i méi s6 nguyen t6 p | ¢, tit ¢M | 109 — 1 = 107 — 1 suy ra
vp(c) + vp(M) < v,p(10T% —1).
Do p | M =107 — 1, 4p dung LTE ta dugc
vp(107% — 1) = 9, (10T — 1) + v,(u) = vp(M) + vp(u).
Suy ra vp(c) < vp(u) v6i moi s6 nguyen t6 p | ¢. Vay ¢ | u, nén T | d.
Két hgp v6i d | T, ta duge ord.ps(10) = T

Bay gio chon n = M. V6i méi ¢ € {1,2,...,2026} théoa méan ged(c, 10) = 1, lay a = c.
k

cM
han chinh la s6 nguyén duong nhé nhat théa man ¢M | 10¥ — 1. Do d6 k = ord.ps(10) = T

Vi ged(eM, 10) = 1, theo bd dé, sé nguyén duong nhé nhat k sao cho 13 s6 thap phan hitu

Khi ¢ chay qua céc s6 khong qua 2026 nguyeén t6 ctiing nhau véi 10, cac s6 ¢T' doi mot khac nhau.
C6 dung 810 gia tri ¢ nhu vay, nén |S(M)| > 810.

Két hgp véi
Vay gié tri 16n nhat cta |S(n)| 1a

€3 CLB Todén Lim - OLYMPIC - @ 0789102019 Trang 3
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~Nhan xét.
Bai toan trén da xuét hién trong IMO Shortlist 2017.
Bing cach lam tuong tu, khi thay 2027 thanh N tong quéat thi ta c6 dap s6 can tim la

v-|7]- 5]+ %]

L
[ Bdi toan 0.3. ] (Lim Olympic - Pha Tho TST - P3)
Cho tit giac 16i ABCD c6 hai canh AD va BC khong song song. Gia sit hai dudng tron c¢6 dudng
kinh AB va CD cit nhau tai cic diém E va F nam bén trong ti gidc. Goi wg 1a duong tron di
qua chan cac dudng vuong géc tit E dén cac doan thing AB, BC,CD. Goi wp la duong tron di
qua chan cac duong vuong goéc tit F' dén cac doan thing CD, DA, AB.

@ Chitng minh wp di qua chan dudng vuong goc cia E lén DA.
@ Chitng minh ring trung diém ctia doan thing FF nim trén dudng thing di qua hai giao

diém cia wg va wp.

B
A
H H
2
M
) F
4 S'
R Q
P
s
RI
D H c

@ Li giai.
(1) Goi Hy, Hy, Hy, Hy 1an lugt la hinh chiéu ctia E tren AB, BC,CD, DA. Tit cc tit gidc noi tiép
EH,BH,, EHsCHs, suy ra: ZH HoHs = /H HoE + /EH,Hs = ZABE + /ECD.

Trang 4 £l LIM Olympic - CLB &én chuyén, HSG



Chuong 1. Chon DTQG Phii Tho 2026 — Ngay 1 8?8 l‘!;\;lhl,,‘:}l)mll
Tuwong tu: /ZH{HyH3 = /BAE + ZEDC. Do d6 £/H1HsH3 + /H HyH3 = (LABE + /BAE) +
(LECD + LEDC) = 180°. Vay Hy, Hy, H3, Hy cling thuoc wg.

(2) Dung R, R’ € AD, S,5' € BC sao cho ER L BC, ES L AD, FR' 1 BC, FS' 1 AD. Ta c6:
ZRH5S = ZRH,S = 90°. Suy ra Hy, Hy, Hy, S dong vién. Do d6 wg 1a dudng tron duong kinh RS.
Tuong tu, wp 1a dudng tron dudng kinh R'S’.

Goi M, P, lan lugt 1a trung diém ctia EF, RR', SS’. Theo tinh chit duong trung binh: M P 1 SS’,
M@ L RR'. Theo cong thic dudng trung tuyén:
RRIZ RRI2

MR?* + MR? =2MP? + vd SR? + SR? =2SP% + . Do d6:
MR? + MR? + 2M S? — SR? — SR"?

Puyrs) + Pumyrrs) = 5 = MP?+ MS? — PS? = 2Py (pg).-
Tuong tu: Pry(rsy + Pmyrrs'y = 2Pmy(psy)-
Do MP la truc ding phuong ciia (PS) va (PS’), suy ra:

Pumy(rs) + Pmyr'sy = Puyrsty + Pumyris (1)
Do MQ 1a truc ding phuong ciia (RQ) va (R'Q), tuong tu ta co:

Pumyrs) + Puyrsy = Pumyres) + Pumyresy (2)

Cong theo vé (1) va (2), suy ra Pur/w, = Parjwp-

Vay M thuoc duong thing di qua hai giao diém clia wg,wp.

Nhan xét.
!>Bai toan trén da xuat hién trong IMO Shortlist 2011.
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( Baitoan 0.4. ) (Lim Olympic - Phii Tho TST - P4)

Cho tam gidc ABC nhon, khong can noi tiép duong tron (O), dudng phan giac trong AD (D € BC),
diém P thuoc doan AD (P # A, P # D). Goi X,Y, Z tuong ting la hinh chiéu vuong géc ctia P
len ba canh BC,C A, AB. Duong tron ngoai tiép tam gidc XY Z cit lai BC tai diém X’ khac X.

(1) Chiing minh riing AX', BY,CZ déng quy.

@ Goi M, N la giao diém ctia Y Z véi duong tron (O) (M,Y, Z, N thiang hang theo tht tiy trén).
Goi S 1a giao diém hai tiép tuyén tai B, C ctia (O), AP cit lai (O) tai diém T khac A. Ching
minh ring SP, ST ding gidc goc MSN va SP di qua tam dudng tron ngoai tiép tam gidc
PMN.

b ‘i

(&' Lai giai.
@ Goi Q 1a diém lién hgp ding giac clia P trong AABC. Ta thay X', Y’, Z’ 1a hinh chiéu ctia Q trén
BC,CA, AB ciing nam trén (XY Z).
/ /
Theo dinh li Ceva, ta can ching minh ﬁ—lg . }};—i . % = 1& f(_/g = % (%).
=>X'B=BZ‘Z'B.CX
X'C oY Y¢ BX
Lai c6 BX = BP -cos PBC, BZ' = BQ -cos ABQ, CX = CP -cosPCX va CY' = CQ - cos ACQ

Trang 6 £ LIM Olympic - CLB én chuyén, HSG
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L BZ _BQ _AQ sinBAQ CY' CQ _ AQ sinACQ -
BX BP AP sinBAP CX P AP sinACP
sin PBA  sin PCA
sin PBC _ sin PCB

Nén thay vao (%) ta can ching minh diéu nay luon diang theo dinh 1i Ceva

dang sin ctia AP, BP,C P dong quy.

5 2 £ZBAC
@ Ké duong kinh T'L cta (O), U la trung diem BC, TM cat BC tai R. Ki hieu A/2 = 5
e UT TB? . YP?2 KP
Theo he thic luf()ng, ta co ﬁ - m = tan (A/Q) — '}/—142 = ﬂ
KP KA-tan?(A/2)
= tan(NMP) = KM = 78 ma AKAM ~ ALMT.
L
= tan(NMP) = % -tan?(A/2) = tan(MTU) - tan®(A/2) = tan(MTU) - %

Lai ¢6 TU - TL = TR - TM(= TC?) = TMU = TLR.
T T — e —
= tanUMT = tanULR = % -tan(MTU) = tan NMP = UMT = NMP.

Ta thay MS 1a d6i trung AMBC nén MT la phan giac UMS = SMT = UMT = NMP =
MT, M P ding giac trong m, tuong tu ta c6 NT, NP ciing dang giac trong MNS = P, T lién
hop dang giac trong ANSM = SP,ST dang giac trong MSN hay S, T ciing lién hgp dang giac
trong ANPM = PT, PS dang giac trong NPM.Ma PT la dudng cao = PS di qua tam (NPM).

M
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[( Bdi todn 0.5. ] (Lim Olympic - Phi Tho TST - P5)
Cho tap hop S = {1,2,3,...,2025,2026}.
@ C6 bao nhiéu tap con khac rdng ctia S théa méan téng cac phan tit ctia tap con dé chia hét
cho 47
@) Xét n (n € N;n > 2) tap hop con Sy, Ss, ..., S, cia S théa man dong thoi cac diéu kién sau:

€ 5 V8L 1="1,2yuu: s
& |Si\ S| #0, véimeii#j,1<14,j <n.
& |8;| # |S;], véimoi i # j, 1 < 4,5 <n.

Tim gia tri l6n nhat ctia n (ki hieu |S| 1a s6 phan tit ctia tap hop S).

@ L&i giai.
(1) V6i mdi tap con T C {3,4,...,2026}, xét bén tap T, T U {1}, T U {2} va T U {1,2}.

Gia st tong cac phan tit ctia T ¢6 s6 du 1a r khi chia cho 4. Khi d6 téng cac phan tit ctia bon tap
trén lan Iugt ¢6 s6 du r,7 + 1,7 + 2,7 + 3 (mod 4).

Do dé trong bén tap trén c6 ding mot tap cé tong cac phan tit chia hét cho 4.

Khi T chay qua tat c& cac tap con cta {3,4,...,2026}, cac nhém gdém bon tap trén tao thanh mot
phan hoach cfia tap hop tit ca cac tap con ciia S. C6 2%°% cach chon T, nén ¢6 dang 229 tap con
clia S c6 tong cac phan tit chia hét cho 4 (ké ca tap réng).

Gis trir di tap réng (c6 téng bing 0) ta duge s tap con can tim la
(\@ Diéu kien |S; \ Sj| # 0 v6i moi ¢ # j tuong duong véi S; ¢ S; v6i moi i # j.
Nhu vay cac tap Si1,59,...,.5, doi mot khong chita nhau.
Trude hét ta chiing minh n < 2024.
Dé ¥ v6i n > 2 thi ta khong thé c6 S; = S, do d6 1 < |S;| < 2025 véi moi i.
Vi céc |S;| doi mot khéc nhau nén trude hét ta c6 n < 2025.
Gia sit n = 2025. Khi d6 cac sb |S;| phai nhan du cac gia tri 1,2,...,2025.
Goi A, B,C la tap 3 tap S; bén trén thod man |A| = 1, |B| = 2025, |C| = 2. Viét A = {a}.
Do A ¢ B nén a ¢ B. Ma |B| = 2025, suy ra B =S\ {a}.
Mat khéc, tt A ¢ C ta ciing ¢6 a ¢ C. Vi thé C C S\ {a} = B, mau thuan véi diéu kiéen C ¢ B.

Vay n < 2024. Gio ta sé chiing minh gia tri n = 2024 dat dugc.

Ta chitng minh biang quy nap ring véi moi s6 chin m > 4, ton tai mot ho F,,, gom m— 2 tap con ctia
{1,2,...,m} sao cho cac tap doi mot khong chita nhau va c6 kich thuée lan lugt 1a 1,2,...,m — 2.

V6i m = 4, lay Fy = {{1},{2,3}}. R& rang ho nay thda man yéu cau.
Gia st da xay dung duge F,. Xét ho

Fmio={AU{m+1}: A € F,} U{[m],{m + 2}},
trong d6 [m] ={1,2,...,m}.

Trang 8 £ LIM Olympic - CLB 6n chuyén, HSG
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Cac tap AU {m + 1} ¢6 kich thuéc 1an lugt 14 2,3,...,m — 1, con {m + 2} ¢6 kich th%l va [m]
¢6 kich thuée m. Vi vay F,1o ¢6 ding mot tap ¢ moéi kich thude 1,2, ..., m.

Hai tap dang AU{m+1} d6i mot khong chita nhau vi cac tap A ban dau doi mot khong chita nhau.
Mai tap AU {m + 1} chtta phan t m + 1, trong khi [m] khong chita m+ 1, néen AU {m+ 1} ¢ [m].
Ngugc lai, [AU{m +1}| <m —1<m = |[m]|, nén [m] ¢ AU{m+ 1}.

Cubi cung, {m + 2} khong chita trong bat ki tap nao con lai vi céc tap d6 khong chita m + 2; dong
thoi céc tap con lai déu c6 it nhat hai phan tit nén khong thé chita trong {m + 2}.

Vay Fpo cling théa man yéu cau.
Lay m = 2026, ta thu duge 2024 tap con ctia S théa man tat cd cac diéu kién ctia bai toan.

Do d6 (nmax = 2024)

L
( Bai toan 0.6. ) (Lim Olympic - Phd Tho TST - P6)
V6i s6 thuec k, xét cac ham s6 f : R — R théa man

F(f@) +y) =kz+ f(z+ F(f(y), Yz,yeR

Tim tat ca céc gia tri cia k dé ton tai ham s6 f théa man diéu kién bai toan.

@ Lai gidi.
Vé6i moi z,y € R, dit P(z,y) la menh dé
f(f(@) +y) =ka+ f(z+ f(f())
Dat a = £(f(0)). T P(0,0) ta c6 f(f(0)) = f(f(f(0))), hay f(a) = a.
Mit khac, tit P(x,0), ta suy ra f(f(z)) = kx + f(z + a).
Xét P(z,a), ta c6 f(f(a)) = f(a) =anén f(f(z)+a) =kz+ f(x + a), tit do

f(f(@) +a) = f(f(z)), Vz R
Thay = = a ta duge f(2a) = f(a) = a.
Mit khac, ta ciing c¢6 f(f(a)) = ka + f(2a) nén a = ka + a hay ka = 0.
Néu k = 0 thi r6 rAng moi ham hing déu thoid man bai toan, tit day ta xét k # 0, ta ¢c6 a = 0.
Khi d6 vi f(a) = a, ta c6 f(0) = 0.
Tix P(0,y) ta suy ra duge f(y) = £((f(3))) v6i moi y € R.
Mt khéc, tit P(z,0) ta cing c6 f(f(z)) = kx + f(z) véi moi z € R.
Thay = béi f(z) ta duge f(f(f(z))) = kf(z) + f(f(z)), do d6

f(x) =kf(x) + f(z) + kx

hay k(f(z) +z) =0, Vx € R.
Vik #0,suy ra f(z) = —z v6i moi z € R.
Thit lai ham nay vao dé bai, ta duge k = 2, va tng v6i ham f(z) = —z, Vo € R thod man.

Suy ra tat ca cac gia tri can tim 1a |k € {0, 2}

Nhén xét.
FB‘ai toan trén c6 1& 1a bién thé ctia bai ham trong IMO Shortlist 2002.
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