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BAI 3. GIA TRI LON NHAT, NHO NHAT CUA HAM SO

A. GIA TRI LON NHAT, NHO NHAT CUA HAM SO

I. TOM TAT LY THUYET

1. Bai toan chung: Tim gi4 tri nho nhét hodc 16n nhat ctia ham s6 f (x)
Buéc 1: Dy dodn va chirng minh £ (x)>¢; f(x)<c

Budc 2: Chira 1 diéu kién du dé f(x)=c

2. Cac phwong phap thwong sivr dung

Phuong phép 1: Bién d6i thanh téng cdc binh phuong

Phuong phap 2: Tam thtrc bac hai.

Phuong phap 3: Str dung bat ding thirc ¢6 dién: Cési; Bunhiacépski
Phuong phéap 4: Str dung dao ham.

Phuong phép 5: Str dung ddi bién lugng gidc.

Phuong phap 6: St dung phuong phap vécto va hé toa do

Phuong phap 7: St dung phuong phap hinh hoc va hé toa do.

II. CAC BAI TAP MAU MINH HQA:

Bai 1. Tim gid tri nho nhat cta P(x, y) = x* + 11y* — 6xy + 8x — 28y + 21

Gidi. Bién doi biéu thitc dudi dang P(x, y) = (x =3y +4)* + 2(y - 1)* +3 >3

y—-1=0 {yzl
(==

Tu d6 suy ra MinP(x, y) =3 <
Y (- 7) {x—3y+4=0

x=-1

4 4 2 2
Bai 2. Cho x, y > 0. Tim gi4 tri nhé nhat cta: § = —+—————+£+—
yhoxt oyt xr oy o

yzxzyx

(o) G2 i)
i (] 2]

Véix=y>0 thi MinS =2

2 2
Gidi. :[x—z—l] (——1} B, T S A 4
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Bai 3. Tim gid tri 16n nhat ctia ham s& § =sin’ x +sin’ y +sin’(x + y)

1—0052x+1—cos2y+1_Cosz(x+y)

Gidgi. S=sin’ x+sin’ y+sin’*(x+y) =

2 2
S=2—cos(x+ y)cos(x—y)—cosz(x+ y)=%—[%+cos(x+ y)cos(x—y)+cos2(x+ y)}
2
S:%—[%cos(x— y) +cos(x + y)} —%sinz(x— y) S%.

Vi x=y=§+k7t, (ke Z) thiMasz%

Bai 4. Tim gi4 tri nho nhat cia biéu thuc

S=x] + X3 + X7+t Xg — (XX + Xy X + oot XXy + X Xg + Xg)

Gidi S—(x —lx j2+§(x —gx J2+i(x —Ex j2+§(x —ix j2+
. TR Ty TN T BT T T

+£(x 5, )Zl(x _6, )Zﬁ(x 7, jﬂz(x _ﬁjz_a_f
ol 6°° e 777 1477 g7 16U 9 9 9

. 1 2 6 8 .
Vi x, =5x2;x2 =§x3;...;x6 :7x7;x7 =§xg;x8 :5 , thi Min S =—

Bai 5. Cho x,y,ze R. Tim gi4 trj nh6 nhét cta biéu thirc:

S = 19x*+ 54y* +16z* —16xz — 24y +36xy

Gidi. Bién d6i S < f(x) = 19x* — 2(8z —18y)x + 54y* +16z° — 24y
Ta cé A, = g(y) = (82 —18y)> — (54 +162% — 24y) = —=702y* +168zy — 2407°
= A, = (84z)" — 702.2407° = —1614247 <0 VzeR = g(y) <0 Vy, zeR

SuyraA’, <0 Vy,zeR = f(x)20. V6i x=y=z=0 thi MinS=0

Bai 6. Cho x* + xy + y* = 3. Tim gi4 tri 16n nhit va nhé nhit caa biéu thirc:

S = xX*—xy+y°

Gidi Xét y=0=x*=3=S=31a1 gid tri cia ham sb.
Xét y # 0, khi d6 bién dbi biéu thirc dudi dang sau day

S _x’-xy+y’ (2 y) =i 2o

2 > = 3 == =u véi ="
3 X 4+xy+yr (/) +(x/y)+1 P4+

u=
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S ul+t+D)=rf-t+leo@-DC+w+Di+w—-1)=0 (¥
+Néuu=1,thi t=0=>x=0,y=+J3 = u=11a1 gid tri cia ham sé
+ Néu u # 1, thi u thudc tap gia tri ham s6 < phuong trinh (*) ¢6 nghiém ¢

o A=Gu-1DGB-u)>0 @%swlss.
Vay tap gid tri ciia u la [%3} = Minu:%;Maxu:3

X=Yy
MinS =1 Minu=4 or=1= o x=y=*1
3 x2+xy+y2:3

X=-Yy x:\/g’y:—\/g

MaxS=9(:>Maxu=3(:>t=—1:>{ &
¥ +xy+y*=3 x:_ﬁ,y:ﬁ

\ 2
Bai 7. Cho x,ye R théa man diéu kién (x> —y2 +1)  +4x2y> —( x> +y?)=0

Tim gid tri 16n nhit, nho nhét cia biéu thirc S=  x? + y?

Gidi. Bibn dbi (x> —y2) " +2(x2 = y?)+1+4x2y? — (x> + y2)=0

’ —3()62 +y2)+1:—4x2

sz+yzs3+\/g
2 2

3_2\/5 , thi Min(x* + y?)= 3—2J§ )

3+2\/§ , thi Max(x? + y2)= 3+2\/§

= (x2+y2) 2—3(xz+yz)+1+4x2 =0 & (x2+y2)

Do-4x*<0nén (x2+y?) " =3(x* +?)+1<0 &

Véix=0,y=+

Voix=0,y= =

Bai 8. Tim gid tri nho nhit cia ham s f (x) = x +V4x* +2x+1

Gidi. Goi yo la 1 gid tri cua ham f(x)

= tOn tai xo sa0 cho yo = x, ++/4x] +2x, +1
S vy =Xy =Al4xg +2x, +1 = yg —2y,x, + x5 =4x; +2x, +1

< g(xg) = 3x§ +2(+ yy)x, +1- yg =0. Tacé g(x) =0 cé nghiém x,

SN =(1+y))" =301-y2)=2Q2y; +y, = 1) = 2(y, + D2y, —~1)=0
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Do yo= x, ++/3x; +(x, +1)* = x, ++/3x; =x0+\/§|x0|20 nén

N>202y,-120 J’o—% . Vi x:—% thi Minf(x)=%

Bai 9. Cho y= f (x)=|x? —5x+4|+mx. Tim céc gid tri cia m sao cho Miny>1

x*+(m-5)x+4 ; x<lvx24:(R)
Gigi. Tacé f(x)=

—x*+(m+5)x—-4 ; 1<x<4:(P)
Goi (P) la do thi cua y = flx) = (P) = (P;) U (P,) khi d6 (P) c6 1 trong cac
hinh dang d6 thi sau day

!
1
1

1

Hoanh d§ ciia cac diém dic biét trong dd thi (P):
5—-m

Hoanh d¢ giao diém (P)), (P») x4 =1; x3 =4 ; Hoanh d6 dinh (P,): Xc :T.

Nhin vao d6 thi ta xét cdc kha ning sau:

e Néu xc €[xa, x5] & me[ -3, 3] thi Minf(x) = Min{f(1), f(4)}.

-3<m<3
Khi d6 Minf(x) >1 & { f)=m>1 < 1<m<3 (1)
f@)=d4m>1
— —] 2 T
* Néu x¢ ¢ [xa, x5] < me [ -3, 3] thi Minfix) = f, (x.)= f1£5 2’"} = Jjom 2
me [-3,3]
Khi d6 Minf(x) > 1 & e3<m<5+243  (2)

m?> —10m+13<0

 Két lugn: Tu (1) va(2) suyra Minflx) >1 & l<m<5+ 2\/3
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Bai 10. (Dé thi TSPH 2005 khoi A)

114 TimMincaa$ = 1 + | + 1
y Z 2x+y+z x+2y+z x+y+2z

Cho x,y,z>0; —+
X

Gidi: St dung bit ding thirc Cosi cho cic s a, b, ¢, d > 0 ta c6:

(a+b+c+d)( +1+ += )>4\/abc 4/ 16141 11> 16
b abcd a b

c d a+b+c+d

l+l+l+lz 16 — 16

X X Yy z Xx+x+y+z 2x+y+z
+l+l+l+l> 16 _ 16

X y y z x+y+y+z x+2y+z

l+l+l+l> 16 = 16

X Yy z z x+y+z+z x+y+2z
16=4(L+1:1)>16 | I S — — Min S =1

Xy z 2x+y+z x+2y+z x+y+2z

Bai 11. (Dé thi TSPH 2007 khéi B)

Cho x,y,z>0.Tim Mincta S =x +L +y(Z 1j+z +L
2 yz 2

Gidi: St dung bat dang thirc Cosi cho 9 s6 ta c6

4 4
S =%(x2 +y +7° +i+i+l+l+i+ij22.9u=%:>MinS=%

2 oyzowoowxoxy xy) 2 xtytzt
x,y>0 . X y
Bai 12. Cho Tim gid tri nhé nhat cua S = +
x+y=1 Ni=x  I-y

Gi S=£%+6H%+J}]—(&+ﬁ)22(&+ﬁ)—(&+ﬁ)=&+ﬁ

< p y 1- X _
Mat khac, S = \/_ \/_ \/_ \/_ [\/_ \/_J (\/_+\/_)
Suy ra 28 > T T J_ y_zf:>3>f — MinS =+/2.
2

xyz(x+y+z+\/x2+y2+zz)

(> + 32 +22) oy + yz+ 20)

Bai 13. Cho x, y, z> 0. Tim Max cta: S =

Gidi: Sir dung bat ding thirc Cési va BunhiaCépski ta c6 3 danh gia sau:



Chwong I. Ham sé — Tran Phwong

Xy 422233 xMy 2 xy+ yz+ 233 xy.yzax =33 x2y2 22
x+y+zs\/(12 + 12412 (22 + 92 +22) =BAJx2 +y2 +22 . Tu d6 suy ra

S<xyz(1+\/§)\/x2+y2+z2 =1+\/§. IYxyz <1+\/§. Ixvz =3+\/§
(x2 +y2 + z2)3.«3/x2y2z2 3 X2 +yi+ 77 3 \/g-\SlxyZ 9

Bai 14. (Pé thi TSPH 2003 khéi B)
Tim gid tri 16n nhat, nho nhat ciia ham sb y=x++4 - x*

Cdch 1: Tap x4c dinh D=[-2;2];

x |-2 2 2

N 2
@{xzo @x:ﬁj{ma”:zﬁ Y TN

x"=4-x

min y=-2
Cdch 2: Bat x=2sinu,ue [—%,g}

:>y=2(sinu+cosu):2\/zsin(u+%)e[—2;2\/51; maxy=2\/§ ; miny=-2

Bai 15. (Pé du bi TSPH 2003 khoi B)

. . 3
Tim gid tri 1on nhat, nho nhat ciia y = x° + 4(1-x?)" trén doan [-1;1]

Cich 1. Dat u=x>e[0;1]. Tacé y=u’ +4(1—u)’ ==3u’ +12u> —=12u + 4

y'=—9u2+24u—12=0’;>u1=%e[0;1];u2=2>1 x [0 2 1
. y' |0 — 0 + O
Nhin bang bién thién ta c6 max y=4;min y Z% . "

NS

Cdch 2. Pat x=sinu= y=sin®u+4cos®u.

NoJEN

=(sin6 u + cos® Lt)+3cos6 uS(sin2 u+coszu)+3:4

Vi x=0 thimax y=4. Sir dung bat ddng thic Cdsi ta cé:

: 6 8 8 : 6 8 8 4 . 2
+ =24+ 2>3.3 S A Ll
Sin - u 7 7_3 Sin - u 7 7 3SlIl u

4 cos® +i+123.{/4 6,4 4 _4 >
COS U 27 27 COS U 27 27 3COS u

y=sin6u+4cos6u+§2%(sin2u+cos2u)=%:>y2§. Véi x===miny=
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x+3
Vx? +1

b) Cho a+b+c=1.Chtng minh ring: Va® +1+vb2 +1+/c2 +12>+/10

Bai 16. a) Lap bang bién thién va tim gid tri 1on nhit cia ham sé y=

1-3x =04:>x=l:>y(l)=\/ﬁ

(x2+1)\/x2+1 3 3

Gidi. a) TXD: D=R; y'=

lim y = lim (x+3)/|x| (x+3)/|x|
xX—yo00 X—yo0 x + x—>oo 1+ x—)eolxl X |—oo 1/3 +o0
\ v’ + 0 - 0
Suy ra lim y—l hm y=-1.Nhin BBT J10
X—>+oo
y 7 \
tacd y=——"= x+3 <\/_:>maxy J10 -1 1
x?+1

b) Theo phdn a) thi y<+/10, Vx & x+3</104/x% +1, Vx.

Dic biét héa bat dang thirc nay tai céc gid tri x=a,x=b,x=c ta cé:

x=a:a+3Sx/E.\/a2 +1
x=b:b+3<104b% +1
x=c:c+3Sx/E.\/c2 +1

a+b+c+9S\/E.(\/a2 14402 +14c2 +1)<:> 10<Va? +144b% +1+/c? +1

Cdch 2. Trén mat phéng toa d6 Oxy dat

OA=(a;1);AB =(b;1); BC =(c;1). y;f ______________ C
Khid6 OC=0A+AB+BC=(a+b+c;3).  pf-c-cemey B

Do [0l +[4B|+[Bel 204 + A5+ Bel=loc] [ ZZTA
Tu d6 suy ra Ja? +1+4b2 +1++/c2 +124/10 © @ arbatbre

Bai 17. (P& 33 I11.2, B$ dé thi TSPH 1987 - 1995)
Cho x? + y*=1. Tim Max, Min cia A = x I+ y + yy/1+x.

Gidgi. 1. Tim MaxA: St dung bat ding thirc BunhiaCoépski ta c6
A s\/(x2 + yz)[(l+y)+(l+x):| =2+ x+y S\/2+\/2(x2 +y2) =y2442 .

Véi x=y=—L thi Max A =y2+2

V2
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2. Tim MinA: Xét 2 truong hop sau day
 Trwong hop 1: Néu xy >0, xét 2 kha nang sau:
+) Néu x>0,y>0 thi A>S0 =MinA>0

+) Néux <0, y<0 thi

IA] < \/(xz +y)[A+ 0+ A+ 0] =24 x+y =2~y <2~ (x> +y?) =

Tu 2 kha nang da xét suy ra véi xy >0 thi MinA = -1

<0 = re(=1,1)
AP =2 (1+y) + 20y (1 + ) (1+y) + y> (1+x) =1+ xy(x+ y) + 2xy 1+ x+ y + xy

ST W N S

=1+t > +2 > W_ : [(1+\/5)t+\/§]+1
Azzf(t)z%[(HﬁV+x/5t2—(1+x/5)t+2—\/ﬂ
acé:f’(z):Mtz_'_ﬁt 1+\/_

2
* Truwong hop 2: Xét xy<0: Pat x+y=t = xy= 21

1+\/§;t:t2:\/5—1

=0er=t=
b 3

Thé ¢,, t, vio phan du cua f (¢) chia cho f/(t):f(h):M ;f(1,)=0.
Nhin bang bién thién suy ra:

t |—1 21 123 1
A* < )= Az f t suy ra
MinA=—,/f = 19 3\/7 /f(tl)

fl1 \ /1
Xay ra < x+y—tl,xy— 5 (1)

_ - +4/15—
= x, y la nghiém cua u2+1+3\/§u+\/§9 3:O:> X, y= (1+\/§)_6 15-2y2
Két lugn: Max A =\2+~/2 ; MinA=— w
Bai 18. Cho x,y,ze[O,l] thoa man diéu kién: x+y+z=%.
Tim Max, Min cua biéu thirc: S =cos(x2 +y+ zz)

Gidi. Do x,y,z€[0,1] nén 0<x®> +y> +z <x+y+z—% 5

Vi ham s y=coso nghich bién trén (o,%) nén bai todn tré thanh.
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1. Tim MaxS hay tim Min(x2 +y+ zz)
x2+y2+z2 =%(12+12+12)()c2+y2+z2)2()c+y+z)2 =%.
Vi x=y=z=% thi MaxS = cos%

2. Tim MinS hay tim Max(x2 +y%+ zz)

Cdch 1: Phwong phdp tam thirc béc hai:

Khong mat tinh tong quat gia st z=Max{x,y,z} = z€ [%;1} . Bién d6i va ddnh
gid dua vé tam thirc bac hai bién z

Pyt =2 4 (x4 y) —2xy 2 P +(%—z)2 =27* —3z+%=f(z)
Do d6 thi ham y = f(z) 12 mot parabol quay bé 16m 1én trén nén ta c6:
Maxf(z)=Max{f(%);f(1)}=f(%)=f(1)=%.

Vi z=1;x=%;y=0 thi MinS = cos%

Cdch 2: Phwong phdp hinh hoc

Xét hé toa Dé cac vudng géc Oxyz. Tap hop cdc diém M (x,y,z) thod man
diéu kién x,y,ze[0,1] nim trong hinh 1ap phuong ABCDA’B’C’O canh 1 véi
A0, 1, 1); B(1, 1, 1); C(1, 0, 1); D(0, 0, 1); A’(0, 1, 0); B’(1, 1, 0); C’(1, 0, 0).

Mait khiac do x+ y+ zzg nén M (x,y,z) nam trén mat phéng P): x+y+ zzg

Vay tap hop céc diém M (x,y,z) thoa min diéu kién gia thiét nam trén thiét
dién EDKLN véi cdc diém E, I, J, K, L, N Ia trung diém cédc canh hinh lap
phuong. Goi O’ 12 hinh chiéu cta O 1én EIJKLN thi O’ Ia tim cua hinh Iap
phuong va ciing 12 tAm cua luc gidc déu EIJKLN. Ta ¢c6 O’M 1a hinh chiéu cua
OM lén EIJKLN. Do OM?® = x* + y? + z” nén OM 16n nhit < O’M 16n nhit

< M trung véi 1 trong 6 dinh E, I, J, K, L, N.
Tu d6 suy ra:

2 2, .2 2 1\_5
+y°+z"<0OK —_1+(—)—_—
X y Z 1 1

:>cos(x2 +y’ +12)Zcos(%)

Vi z=1;x=%;y=0 thi MinS = cos%
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(9%)

Bai 19. Cho a,b,c>0 théa man diéu kién a+b+c < 5

c 2

Tim gid trj nho nhat cua § = \/az +bi2 + \/bz +i2 + \/cz L
a

Gidi. Sai lam thwong gap:

2, 1 . 2, 1 , 1 , 1
S233\/\/a +b—2' b +C—2'\/C +a—2—3.6\/(a +b—2j(b +C—2j(c +a—2j
23.6\/[2\/612~bi2][2~\/b2~12J[2- c2~12) =3.8=3V2=>Min§ =32
c a

® Nguyén nhdn:

Min S =312 @a:b:c=l:%=l=1:>a+b+c:3>§ mau thuin véi gia thiét
a c
® Phdn tich va tim toi loi gidi :
Do S 1a mot bicu thuc doi xung véi a, b, ¢ nén dy dodn Min S dattai a=b=c=—

o So do diém roi:

=i = | =16
o

NG

e Cdch 1: Bién d6i va st dung bét dang thic Cosi ta cé

, 1 , 1 1 , 1 1
S= la”+ 2+...+ 2+ b- + 2+...+ 2+ c +—2+...+ 5
16b 16b 16¢ 16¢ 16a 16a
16 16 16

@ b ¢’ a b ¢
ZJ”'” 657 N Vigee N Vigean =17} 165° T \1ec® T \16ae

b c 1
>J17]3-317 a ,17\/ _17\/ =317 17
{ \/\/168b16 165 \16%a" 168a°b°c

. Véi a:b=c:% thi MinS =

oz
3

_ 3T W17 N
2-7a2p2c)’ 2,17/(2a+2b+2c)15 2
3

10
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e Cdch 2: Bién d6i va st dung bat dang thic BunhiaCépski ta c6

1 4 4 4 1 1 1 1 15(1 1 1
= Sz2—|at+tb+ct+—+—+—|=—= |a+tb+c+—+—+—+—| —+—+—
b 4a 4b 4c 4\a b c

L L 6.eabc.L.i.L+E[3.sl.l.lJ _ L4 1
17 4a 4b 4¢ 4 ab c J17 4 3abe
1 (5,45 1 1 [ 45 j 317

3+—-2 =T.Véri a:b=c:% thi MinS=

317
a+b+c 2
3

e Cdach 3: Dbat ‘u“:(a,l);7=(b,l);w=(c,l)
b c

Do |7|+|7|+|W|2|‘u“+7+4w«| nén suy ra :

2
S=\/a2 +i+\/b2 L +\/c2 +L2\/(a+b+c)2 +(l+l+l)
b* c? a’ a b ¢

> 11 1 1) 15(1 1 1
=./la+b+c) YD) Telata e

a b ¢

S 2(a+b+c).l.(i+l+l)+£(3.3l.l.l
4 \a b c a

2 a b c 16 (3[abc) 2 16 (a+b+c

e

317

a=b:c=l thi Min§S =——
2 2

216 4 4 N4

>\/9+§.4: 18 135 _ [153 _ 317

11
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B. CAC UNG DUNG GTLN, GTNN CUA HAM SO

I. ’NG DUNG TRONG PHWONG TRINH, BAT PHUONG TRINH

Bai 1. Giai phuong trinh: ¥Yx—2 +34-x=2

Gidi. Dat f(x)=Yx-2+Y4-x véi 2<x<4

o=t 1 0o x=3 LI
Hi-2' Y-y’
Ny,

Nhin BBT suy ra: f(x)> f(3)=2 Vxe[2,4]
= Phuong trinh f (x)=4x -2+ 44— x =2 c6 nghiém duy nhat x = 3

Bai 2. Giai phuong trinh: 3* +5* =6x+2

Giidi. PT & f(x)=3"+5"-6x-2=0.Tacé: f (x)=3"In3+5"In5-6

= £7(x)=3*(1n3)* +5*(In5)° >0 VxeR = f'(x) ddng bién

Mat khéc f’(x) lién tuc va
X |0 0 x5 1 +oo

f(0)=In3+mIn5-6<0, f(1)=3In3+5In5-6>0 % 0 1

= Phuong trinh f’(x) = 0 ¢6 ding 1 nghiém x,
f
f(x0)

Nhin bang bién thién suy ra:

Phuong trinh f(x)=3*+5% —6x—2=0 c6 khong qué 2 nghiém.
Ma f(0)=f(1)=0 nén phuong trinh (1) ¢6 ding 2 nghiém x=0 va x=1

Bai 3. Tim m dé BPT: m+2x2 +9 <x+m c6 nghiém ding Vxe R

Gidi. m2x2 +9<x+m o m(N2x? 19 -1)<x @ m<f(x)=—X
V2x? 49 -1

2
Tacé: f'(x)= 9—N2x"+9 > =02 V2x?+9=9ex=16
222 +9 (Vx> +9-1)

1 1 X |—oo -6 6 400
lim f(x)=lim ——————=— ; ’ _ -
X—>+oo X—>+oo 2+i_l \/E f 0 + 0

x2 x 3

4

~._L
lim f(x)=lim —=L  =-1 fl=L / V2
X—>—o0 X—>—o0 f2+%+i \/5 \/5 \ —%
X

X

Nhin BBT tacé f(x)>m , VxeR < M%Rnf(x)=f(—6)=—%>m<:)m<_73

12
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Bai 4. Tim m dé PT: 2+ 2sin2x= m(l+cosx) (1) c6 nghiém xe [—5 %}

Gidi. Do xe[—a %} = %E[Tﬂ: %} nén dit r=tg> e[ 1,1]
2
= cosx—l_t2 ; sinx:1 2t .Khi d6 (1) & 2(sinx+cosx)’ =m(1+cosx)’
+1 +l‘

2
@2[2”172) (Hi jj & )= (26 +1-12)" =2m (2)
+1

Tacé: f(1)=2(20+1-12)(2=21) =0« t =1;t =1-+/2 = Béng bién thién

Nhin bang bién thién suy ra: t |-l 1-2 1

. O] - 0
Dé (2) c6 nghiém te[-1,1]

4 4
()
thi Min f(t)<2m<Maxf(t) g \ 0 /

re[-1,1]

& 0<2m<4e0<m<2. Vay dé (1) c6 nghiém xe[ X :|th1 me [0;2].

. x*=3x<0
Bai 5. Tim m dé hé BPT: (1) c6 nghiém.
x3—2x|x—2|—m2+4m20
0<x<3 2
Gidi. (1) & ). x]|0 3 2 3
f(x):x3—2x|x—2|2m2—4m ~ B — H n
. 3x? +4x -4 Vxe[0;2) ; 8/,21
Tacé: f'(x)= ; 0
3x2 —dx+4 Vre (23] ~cr—

=0 x:%. Nhin BBTsuy ra: N{(&)}é{}f(x) =f(3)=21

Dé (2) ¢6 nghiém thi 1\/{ax]f(x)2m2 —4m = m’> -4m<2l & -3<m<7
xe(0;3

sinxcosy=m> —m? —6m+£
Bai 6. Tim m > 0 dé hé: (1) c6 nghiém.
33

cosxsiny=m? —6m + 2

Gidai

13




Chwong I. Ham sé — Tran Phwong

sin xcos y+cosxsiny =m’ —12m+17 sin(x+y)=m’ —12m+17
(D) = = (2)
sin xcos y —cos xsin y = m’> —2m’ +% sin(x—y)=m® —2m? +%

Xét f(m)=m>-12m+17.Tacé: f'(m)=3m*> -12=0=m=2>0

Nhin BBT suy ra: f(m) = f(2)=1,vym =0 m 10 2 +oo
i - 0 +

két hop véi sin(x+ y)<I suy ra déhé (2) -
—+oo
c6 nghiém thi m = 2, khi d6 hé (2) tré thanh: | f

sin(x+y)=1
c6 nghiémx:%;y:%. Vay (1) c6 nghiém < m = 2.

sin(x—y)zE

. ’NG DUNG GTLN, GTNN CHU’NG MINH BAT DANG THUC

Bai 1. Ching minh ring: 1+ xIn(x+~+1+x2)2V1+x2 , Vxe R

BPT o f(x)=1+xIn(x+/1+x2)-1+x2 20 VxeR

Ta cé: f'(x)zln(x+\/l+x2)=0(:)x=0 X |—oo 0 oo

= Bang bién thién. A

- 0 +
Nhin bang bién thién suy ra: f \ /
0

f(x)=f£(0)=0 = (dpcm)

a,b,c>0
Bai 2. Cho CMR: 7= -4 _4+—_b 2“223*5
Al +b?4cl=1 b*+c? c¢*+a* a’+b 2
2 2 2
Tacé:T= —4 4+ b _, ¢ _ a 4+ b 4+ ¢ )
l1-a®> 1-b> 1-¢* a(1-a?) b(1-b2) c(1-¢?)
Xét ham sb £ (x)=x(1-x2) véix>0 O % oo
Tacé f'(x)=1-3x>=0& x=—1>0. £ v _

N

0
2
Nhin bang bién thién = f(x)s% Va>0. f / 33 \

Khidé: T=@ 4 b> o ¢ 33 (0 40, 2) 33
fla) f) fle) 2 2
2 , . 1
bang thtic x4y ra @ a=b=c=—=.
V3
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Bai 3. Gid tri l6n nhdt, nhé nhét ciia ham sé

Bai 3. Cho 3 < n 1é. Ching minh rang: Vx # 0 ta c6:

2 n 2 3 n
(1+x+%+...+x—‘)(1—x+x——x—+...—x )<1

21 3! n!
Pat u(x) =14 x+2 4 12 p()=l—xp 22, X
' - 20 N 20 3 T
Ta can chirng minh f(x)=u(x)v(x) <1
’ _ ﬁ xn—l _ _xn
W (x)=1+x+ 2!+'”+(n—1)!_u(X) I
Ta co:
’ _ xz x*’l—l _ _xn
v(x)——1+x—a+...—(n_l)!— vi(x) o
N f'(x)=u'(x).v(x)+u(x).v'(x)=[u(x)—xr:}v(x)—u(x)[v(x)+x—r:}
n! n!

= f’(x)=%[u(x)+v(x)] :_i—’;n[l+x2—2!+%+...+(:i)!}

Do 3 < n1é nén f'(x) cing dau vdi (—2x) x |—oo 0 +oo

N 5 - A N f, + 0 —
Nhin bang bién thién suy ra:

1
f(x)<f(0)=1Vx#0 = (dpcm) / / \

Ya, b>0.

3, .3 4 4
Bai 4. Chtirng minh r'fmg: i/a ;—b < i/a ;b

1 1
4 4 4 i f \ﬂ/
i Y+t 1+ h
Xetf(z‘):3 == - Vvéit=—>0 2
7 (144)3
)
=3 1 1 =2 2)3 =3
() = (+r)* 2 0+2) =(+0*)* 2 (144°) 3 _t2(1+t3) (1+¢4)% (1=1)
(1+t3)% (1+t3)%
f(t)=0 < =1 = Bang bién thién cua f(r)
4 4 4f 4 4 3 3 4 4
TirBBT:>£$f(t)<1Vt>0:>£S\/a b :>i/“ b si/“ b
" B e 2

DA4u bing xdy ra < a=b > 0.

15




Chwong I. Ham sé — Tran Phwong

Iil. BAI TAP VE NHA

Bai 1.

Bai 2.

Bai 3.

Bai 6.

Bai 7.

Bai 8.

Bai 9.

Bai 10

Bai 11

Bai 12

Bai 13

Bai 14

Bai 15

Bai 16

Bai 17

16

Cho AABC ¢6 A>B>C . Tim gid tri nh6 nhit caa ham sé:
f(x) \/ —sin A \/ x—sinB _1

—sinC —sinC

Tim Max, Min cua: y= sin® x + cos® x + asin xcos x

4 4 2 2
Cho ab # 0. Tim Min cia y=9-+2 _[a b |, a, b
b* 2) b a

a* b* a
2 2
. +
Cho x? +y2 >0. Tim Max, Min cua Sz%
x° +xy+4y

Gid st phuong trinh x* + px+-L=0 ¢6 nghi¢m x,, x..

Tim p # 0 sao cho S =x; + x; nho nhit.

Tim Min cta y=(24+3)" +(2=+3)" =8| (2+43) +(2=43)"]
Cho x, y>0va x+ y=1. Tim Max, Min ctia §=3"+9”.

Cho x2+y2+z2=1.TimMax,Mincﬁa P=x+y+z+xy+yz+2zx.
Tim m d8 PT: V2—x +v2+x -(2=x)(2+x) =m c¢6 nghiém.
Tim m dé PT: Vx +49—x =v—x?> +9x+m c6 nghiém.

5 3
Tim m @ PT: (x? —2x+2) —d/x? —2x+2=2x% —dx+m c64
nghiém phan biét.

5 2 .
Tim m de PT: Sxt -1 V2x—1+mx c6 nghiém duy nhat.
2x -1

Tim m dé PT: mcos2x—4sinxcosx+m—2=0 ¢o nghiém xe (O,%) .
Tim m dé PT: sin x.cos 2x.sin3x =m c6 diing 2 nghiém xe [4 2}

) 3x* +2x—-1<0
Tim m dé hé BPT: c6 nghiém.
X2 +3mx+1<0
a. Tim m dé: mvx2 +8 =x+2 c6 2 nghiém phan biét.
b. Cho a+b+c=12. CMR: Va2 +8 +/b2 +8 +c? +8>66
Chang minh: 2(x% + y3 +z3) = (x2y + y2z + z2x) <3, Vx, y,z€[0,1]




