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MG dau

Nha toan hoc vi dai Euclid da viét "Trong thuc té, nhiéu tinh chat
cia cdc so da biet deu duge tim ra bang phép quy nap va dude tim thay
rat lau trude khi sy ding ddn cia ching dudc chiing minh chat ché. Cing
c6 rat nhiéu tinh chat quen thudc vdi ching ta nhung hién thoi ching
ta con chua ching minh dugc. Chi co con duong quan sat va tu duy quy
nap mdi cé thé din ching ta dén chan lyj. " Cau néi nay da phan nao 1ot
t4 duge tam quan trong clia phép quy nap trong cuoc séong, khoa hoc va
toan hoc. Tuy nhién, qua trinh quy nap 1a qua trinh di tit "tinh chat"
clia mot s6 cé thé suy ra "tinh chat" ctia tap thé nén khong phai lic nao
cling dang. Phép suy luan nay chi dung khi théa man nhing diéu kien
nhat dinh. Trong toan hoc ciing vay, qua trinh suy luan nay chi ding
khi n6 thoa man nguyén 1y quy nap.

Trong toan hoc c6 nhiéu bai toan néu ching ta giai hay ching minh
theo phuong phap thong thuong thi rat khé khan va phic tap, khi dé
rat c6 thé phuong phap quy nap toan hoc lai 1a cong cu dic luc gitp
chtung ta giai bai toan do.

Trong chuong trinh toan hoc pho thong, phuong phap quy nap da
ducc dé cap dén & 16p 11, nhung phuong phap nay mdéi duge dé cap
trong mot pham vi han ché, chua mo ta dugc mot cach hé thong, chua
neu ro dude tng dung ctia phuong phap nay trong Sé hoc, Dai s6, Hinh
hoc,....

Tt niem yeéu thich mén Toan néi chung va phuong phap quy nap
noéi rieng, ciing mong mudn nghién ctu phuong phap nay mot cach sau
hon va hé théng, mong mudn duge tich liy kién thiic toan hoc nhiéu

hon, c6 chuyén mon viing vang hon, tac gid da lua chon dé tai



"Phuong phdp quy nap vdi cdc bai todn pho théng"

Cudn luan van nay nham dua ra cai nhin tong quan vé phuong
phap quy nap toan hoc, tt nguyén 1y va cac hinh thitc cia phuong phap
dén nhiing bai tap ap dung trong cac phan mon khac nhau. Hé thong
cac bai tap dudc dua ra phong phi. Tac gid da suu tam mot s6 dé thi
Olympic toan cac qubc gia va quoc té giai duge bang phuong phap nay.

Luan van gom phan md dau, ba chuong va danh muc céic tai lieu
tham khao.

Chuong 1: Trinh bay nguon goc ciia phuong phap quy nap va nhiing
kién thiic co ban vé phuong phap quy nap toan hoc.

Chuong 2: Trinh bay nhiing tng dung cua phuong phap quy nap
trong giai toan, bao gom mot s6 bai toan s6 hoc, dai s6, giai tich, hinh
hoc va mot s6 bai toan rdoi rac khac.

Chuong 3: Gom mot s6 bai toan tham khdo trich trong cac dé thi
IMO va dé thi vo dich cac nuée va khu vue.

LOI CAM ON

TAc gid xin g1 10i cAm on sau sic dén Thay Dang Huy Ruan, Thay
da quan tam, dong vién, giup do tac gia rat tan tinh trong suét thoi gian
thue hién luan van.

Tac gia cling xin gt 10i cAm on chan thanh cia minh dén cac Thay
Co6 trong khoa Toan — Co — Tin hoc, nhitng ngusi da tham gia giang
day, truyén thu cho tac gid nhitng kién thiic vo cung quy bau. Tac gia
xin cadm on cac Thay Co phong Dao Tao sau Dai hoc truong Dai Hoc
Khoa hoc Ty Nhién — Dai hoc Quoc Gia Ha Noi da tao diéu kien tot
nhat cho tac gid v cac ban trong sudt thoi gian hoc tap.

Mic du tac gid da hét stc co6 gang, song do thoi gian va trinh do

con han ché, cuén luan van chic chan khong tranh khoéi nhitng thiéu sot.
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Tac gia kinh mong nhan dugc sy chi day ctia cac Quy Thay Co6 va ¥ kién

dong goép cua quy doc gia. Tac gia xin chan thanh cam on.



Chuong 1

Kién thiic co ban vé phuong phap
quy nap toan hoc

1.1 Nguon gbéc ctia phuong phap quy nap toan hoc
(Trich trong tai lieu tham khdo [11])

Khi ta tinh mot s6 trong tam gidc Pascal bang cach ap dung cong
thic truy toan, ta phai dua vao hai s6 da tim dudc truée 6 canh day
trén. Phép tinh doc lap dua vao cong thiic quen thudc

o nn—1)Mn-2)..(n—r+1)
" 1.2.3...r

ma ta sé& goi la cong thiic tudng minh dé tinh cac hé s6 clia nhi thitc C7.
Cong thic tuong minh dé c¢6 trong cong trinh cta Pascal (trong dé né
duge dién dat bang 101 chit khong phai bang cac ki hieu hién dai). Pascal
khong cho biét ong lam thé nao dé ra cong thitc dé (c6 thé ltc dau chi 1a
phong doan- ta thuong phat hién ra cac quy luat tuong tu nho quan sat
lac dau, roi sau d6 thit khai quat cac két qua c6 duge). Tuy vay, Pascal
dua ra mot cach ching minh xuat sic cho cong thic tuong minh cia
minh.

Cong thitc tuong minh dudi dang da viét khong ap dung duge trong
truong hop r = 0. Tuy vay, ta quy udc khi r = 0, theo dinh nghia C? = 1.
Con trong truong hgp, » = n thi cong thic khong mat ¥ nghia va ta co

on— n(n—1)(n—2)..2.1 _
" 1.2.3...(n—1)n

1.
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D6 1a mot két qua diang. Nhu vay, ta can chitng minh cong thic diung véi
0 < 7 <, tic 1a & bén trong tam gidc Pascal cong thic truy toan cé thé
stt dung dugc. Tiép theo ta trich dan Pascal véi mot s6 thay doi khong
can ban. Mot phan nhiing thay doi do & gitta cac dau ngoiic vuong.

Mdc du menh dé dang zét (cong thiic tuong minh doi vdi cdc hé
s6 mhj thiic) c6 vo s6 truomg hgp riéng, toi chiing minh né mot cich hoan
toan ngdn gon dua trén hai bo de.

Bé dé thit mhat khing dinh, ménh dé dé ding vdi ddy thi nhat-
diéu nay la hién nhién (khi n = 1 cong thic tuong minh ding vi trong
truong hop dé mot gid tri co thé duoc cia r, nghia la r = 0,r = 1 rot
vao dieu da nhan zét J trén)

Bé dé tha hai khing dinh, néu ménh dé ding vdi mot day toy 4

[d61 vdi gid tri n tuy ] thh né sé ding vdi ddy tiép theo ciia né [doi vdi
n+1/.
Tt hai bo dé trén, ta suy ra duoc sy ding ddin cia ménh dée doi vdi moi
gia try cua n. That vay, do bo dé thi nhat, ménh dé ding véin = 1. Do
do, theo bo dé thi hai né ding vdi n = 2, cho nén theo bo dé thi hai no
diing vdi n = 3 va cit nhu thé dén vo han.

Nhu vay, ta chi con phai chiing minh bo dé thit hai. Theo cach phét
bieu ctia bo dé dé, ta gia thiét cong thiic ciia ta ding doi véi day thit n,

nghia 1 déi v6i gid tri tity ¥ n va v6i moi gia tri c6 thé dude ctia r (ddi

véir=1,2,...,n). Dac biet dong thoi v6i cach viét
o - nn—1)mn-2)..(n—r+1)
" 1.2.3...(r — 1)r

ta cling c6 the viét (véi r > 1)

o1 nn—=1)(n—2)..(n —r+2)
Cn = 1.2.3..(r — 1)

Cong hai déng thic dé va 4p dung cong thitc truy toan, ta dugc he qua

£+1:CIL+CIL—1:n(n_l)...(n_r+2)~(n_r+1+1)

12..(r—1) r
_nn—=1)..n—=r+2)n+1 (n+Lnn-1)..(n—7r+2)
B 1.2...(r — 1) Cor 1.2.3..1 '



N6i cach khac, sy ding dan clia cong thitc tuong minh déi véi gia
tri » nao dé kéo theo tinh dung dan ctia né déi véi n + 1. Chinh dieu
nay dudc khang dinh trong bo dé thi hai. Nhu vay, ta da ching minh
duce bo dé dé.

Nhitng 16i cta Pascal trich dan ¢6 mot gia tri lich sit vi ching minh
ctia ong 1a sy van dung lan dau tién ciia mot phuong phap suy luan co

ban va méi mé, thuong goi la phuwong phap quy nap toan hoc.

1.2 Quy nap va quy nap toan hoc
(Trich trong tai lieu tham khdo [10])

Quy nap 14 mot qua trinh nhan thic nhitng quy luat chung bang cach
quan sat va so sanh nhitng truong hgp riéng. N6 duge dung trong cac
khoa hoc va ca toan hoc. Con nhu quy map toan hoc thi chi dung
trong toan hoc dé ching minh mot loai dinh 1§ nao d6. That khong may
& chd hai tén goi lai lien quan véi nhau, vi rang gitta hai phuong phap
nay hau nhu khong c6 mot lien hé logic ndo. Tuy nhién, cling c6 mot
lien heé thyc té vi nguoi ta thuong dong thoi dung hai phuong phap do.
Ta minh hoa hai phuong phap dé bang vi du sau.

1. Mot cach ngau nhién, ta thay 1+ 8 + 27 + 64 = 100 c6 thé viét lai
nhu sau 13 + 23 + 3% + 4% = 102. Khi d6 ta tu hoi la téng nhing lap
phuong cic s6 tu nhién lién tiép c6 luon luon 1a mot binh phuong
khong? Dé tra 16i cau hoi do, ta sé lam nhu nha tu nhien hoc, tiic 1a
di kiém tra nhitng truong hop rieng khac nhau, lan lugt v6i n = 1,
n=2,n=3n=>.

13 =12

13428 =9 =32

17+ 2%+ 3% = 36 = 6

13 + 23 + 3% 4+ 4% = 100 = 10

19 4 2% + 3% + 49 + 5% = 225 = 15%.

Qua d6, nha tu nhién khong nghi ngd gi vé tinh ding dan cta quy
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luat tong quét suy ra tit nhing trudng hop rieng da quan sat. Nha
toan hoc néi phép quy nap da goi ¥ cho ta dinh 1y sau: "Tong cia
n lap phuong dav tién la mot binh phuong”.

. Tai sao tong cac lap phuong lién tiép lai 1a nhitng binh phuong?
Trong truong hop nay, nha tu nhién hoc tiép tuc nghién ciu gia
thuyét ctia minh va c6 thé di theo nhi¢u huéng khac nhau. Tiép
tuc xét t6i nhitng truong hop n = 6,7.... Nha tu nhién hoc c6 riat
ra mot quy luat sau sdc hon. Ta nhan thiy quy luat cia diy so
1.3.6.10, 15

1=1
3=1+2
6=1+2+3

10=1+2+3+4
15=1+2+3+4+5.
Tt d6 ta dy doan 12+ 23 + 33+ +nd = (1+2+---+n)

. Chinh nho quy nap ta da c6 dugc quy luat trén. That ra, cad qua
trinh 1i luan, du chi mdéi mot chiéu va chua hoan chinh hop 1i da
cho ta hinh dung dugc phuong phap dé (quy nap). Phép quy nap
c6 gang phat hién ra cac quy luat va cac lien hé an giau ding sau
cac hién tugng quan sat dudc bé ngoai.

Nhieu két qua toan hoc thoat tién c6 dudc bang quy nap, sau dé
mdi duge chiing minh. Toan hoc trinh bay chat ché la mot khoa hoc
suy dién, c¢6 hé théng, nhung toan hoc trong ltc hinh thanh 13 mot

khoa hoc thyc nghiém, quy nap.

. Trong toan hoc ciing nhu trong cac khoa hoc tu nhién, ta c6 the
diing quan sat va quy nap dé kham pha ra nhiing quy luat tong
quat, nhung gitta chiung c6 sy khac nhau. Trong cac khoa hoc tu
nhién, khong c6 gi cao hon su quan sat va quy nap, con trong toan

hoc ngoai quan sat va quy nap con c6 sy chiing minh chét ché.



Ta xét "bai toan chtng minh"

n(n+1
1—|—2—|—3+'~°—|—n:¥.
Trong moi truong hop, hé thitc d6 déu dé nghiém lai. Xét mot hinh
chit nhat c6 cac canh bang n va n + 1, chia n6 lam hai phan bang
mot duong gap khic nhu 6 hinh 1.1 (tng véi truong hgp n = 4).
MB&i nita déu c¢6 "dang bac thang" va c6 dién tich bieu dién béi cong
thic 1 +2+---+n.

(2) (b)
Hinh 1.1

Truong hop n = 4, dién tich d6 bang 1+ 2 + 3 + 4 hinh 1.1b.
Mat khac, dién tich hinh bac thang la mot nita dién tich hinh chit
nhat d6, diéu do6 chiing té cong thic diung.

Nhu vay, ta ¢ thé bién ddi két qua tim ra bing phuong phap

quy nap va biéu dién né nhu sau

M] (1)

13—|—23—|—...—|—n3:[ 5

. Néu ta khong c6 cach nao dé ching minh, thi ta ciing c6 thé thi lai.
Ta tht cho trudng hop dau tién, tic 1a thit véi n = 6 va thay dang
thitc ding. Ta ciing c6 thé thit nita. Cong thiic cé 1é 1a tong quat,
tic la ding v6i moi gia tri cia n. Nhung né ¢6 con ding khong khi
ta di tit mot gia tri n dén bat ki t6i gia tri tiép theo 1a n + 1.

Ap dung cong thitc trén ta phéi cé

(1.2)

(n+um+2qz
> :

13+23+...+n3+(n+1)3:[
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Ta lay (1.2) tru tung vé (1.1), ta c6

n+ 1)(%2)}2 B [Mr

(n+1)° = [( 5 5

Vé phai c6 thé viét lai nhu sau

(") [or 2]

2
_ (";1> [n% + 4n + 4 — n?]

Nhu vay cong thic tim ra bang thuc nghiem da dugce thi lai chit

ché. Ta hay lam r6 § nghia ctia phép thi.
Ta da c6 (1.3). Nhung ta con chua biét chic dang thiic sau c6 ding

kho
ong )
n(n+1)
5 :

Nhung néu ta biét rang né dung thi c6 thé suy ra bang cach thém

13—|—23—|—...+n3:[

vao dang thic da thiét lap & trén, rang dang thic sau ciing ding

(n+1) (n+2)r-
2

13—|—23—|—...—|—n3—|—(n—|—1)3:[

D6 chinh 1a biéu thiic (1.1), chi khac 1a n+ 1 thay thé cho n. Nhung
ta da biét dieu gia dinh cia ta la dung v6i n = 1,2, ...6, ding véi
n = 6, nén cling phai ding v6i n = 7, da ding v6i n = 7 thi cling
phai ding v6i n = 8 va cit tiép tuc nhu vay nén cong thic ding véi

moi gia tri cia n. Vay noé la tong quat.

. Chting minh trén c6 thé xem 14 mau muc cho nhiéu truong hop
tuong tur. Vay nhitng nét co ban ctia né la gi?

Diéu khéng dinh ma ta can chiing minh phai dugc phat biéu
r0 rang, chinh xac.

N6 phu thuoc vao mot sé tu nhien n.
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biéu khéng dinh d6 phai duge "xac dinh" dén mtc khién ta
c6 thé thit dugce 1a n6 con ding khong khi di tit mot sé tu nhien n
sang mot s6 tu nhién tiép theo n + 1.
Néu ta da thi duge c6 két qua diéu do, thi ta c6 thé dung kinh
nghiém c6 duge trong qué trinh thit dé di dén két luan diéu khang
dinh phai dung véi n + 1, néu nhu né da dung véi n. C6 duge diéu
d6 10, ta chi can biét rang dicu khang dinh ding véi n = 1, khi
d6 no6 sé dung v6i n = 2, roi v6i n = 3 va cit thé tiép tuc. Bang
cach di tit mot s6 nguyén bat ki dén mot sd nguyeén lién sau no, ta
da ching minh tinh tong quat ctia diéu khang dinh. Phuong phap
chitng minh nay rat hay ding va xing dang c6 mot tén goi. Ta ¢
thé goi né la phép chitng minh di tit n dén n + 1, hay don gian
hon 1a phép "chuyén t6i mot s6 nguyen tiép sau". Do mot su ngau
nhién, phuong phap nay mang mot cai tén khong tién lgi "quy nap
toan hoc". Diéu khang dinh ta vita chiing minh trén c6 thé c6 mot
nguon goc nao do nhung vé phuong dién logic thi nguon goc do
khong quan trong lam. Thé ma, trong nhiéu truong hop nhu truong
hop ta vita xét mot cach chi tiét ¢ trén thi nguon goc lai 1a quy
nap. Ta di t6i n6 bing con duong thyc nghiém. Thanh thi, ching
minh c6 vé nhu 1d mdt bd sung toan hoc cho quy nap. Dieu dé giai

thich tén goi ctia phuong phap.

1.3 Gidi thiéu phuong phap quy nap toan hoc

Trong doi song thuc té, viec gap cac suy luan mang tinh quy nap

14 khong it. Chang han, vi du sau.

Lép trudng kiém tra bai tap ciia cdc ban trong ldp (c6 85 hoc sinh),

kiem tra dugc 8 ban , cd 8 ban déu chua lam bai tap, bin than ldp trudng

cing chua lam bai. Lép trudng két luan: “Tat cd cdc ban déu chua lam

Trong vi du nay, 16p truéng da st dung phép quy nap, ma phép quy

nap c6 thé ding, c6 thé sai. Nhu vay, 16p trudng két luan chua chinh
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xac, con 26 ban nita chua kiém tra, khong thé két luan ngay nhu vay
dugec.

Hay mot vi du vé dinh 1y cudi ctia Fermat (hay con goi 14 Dinh 1y
16n Fermat) 1a mot trong nhitng dinh 1y ndi tiéng trong lich stt toan hoc.
Dinh Iy nay phat biéu nhu sau:

"Ton tai cac nghiém nguyén khdc khong z, y, va z thod man
2" +y" = 2", trong dé n la mot s6 nguyén lon hon 2."

Dinh 1y nay da lam hao mon khong biét bao bo 6c vi dai clia cac
nha toan hoc liing danh trong gan 4 thé ki. Cho téi dau thé ky 20 céc
nha toan hoc mdi chi chitng minh dugc dinh Iy nay dung véin = 3,4,5,7
va cac boi s6 clia n6. Nha toan hoc nguoi Dic Ernst Kummer da ching
minh dinh 1y nay 1a ding véi moi s6 nguyén t6 t6i 100 (trur 3 s6 37, 59,
67).Cudi cing n6 duge Andrew Wiles chiing minh vao nam 1993 sau gan
8 nam rong nghién citu, phét trién tit ching minh céac gia thiét c6 lien
quan. Tuy nhién chiing minh nay con thiéu sé6t va dén nam 1995 Wiles
mdi hoan tat, cong bd ching minh tron ven.

Nhu vay, méi tinh hudng thyc té hay mot bai toan ta khong thé két
luan ngay khi kiém tra véi mot vai truong hop, va ching ta ciing khong
thé kiém tra hét moi truong hop, khi d6 phuong phap quy nap toan hoc

13 cong cu dac luc gitp ching ta gidi quyét van de.

1.3.1 Nguyén li quy nap toan hoc

Heé khai niem khong dinh nghia duge qua cac khai niem khac vé tap
hop s6 tu nhién 1a: "S6 tir nhién", "s6 tut nhién nhé nhat" (c6 thé 1a b
0 ho#c s6 1), "S6 lien sau".

Co 86 ciia nguyén 1y quy nap toan hoc la tién dé thit 5 (con goi 1a
tien dé quy nap) ctia he tien de PEANO vé tap hop s6 tu nhién duge
xay dyng tit cudi thé ki 19. Ly thuyét c6 ba khai niém co ban va 5 tién
dé st dung 3 khai niém trén. Cac khai niem khong dinh nghia dudc qua
cac khai niém khac ctia Peano 1a "1", "Sé tu nhien", "S6 lién sau". Cac

tien dé ctia Peano c6 thé duge phat biéu nhu sau:
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Tién dé 1. 1 1a s6 tu nhien.

Tién dé 2. V6i moi sb6 tu nhién a, c6 mot sd tu nhién «* di lién
sau a.

Tién dé 3. 1 khong la s6 lién sau clia bat ki s6 tur nhién nao.

Tién dé 4. Néu a*=b*, thi a = b. S6 tu nhién di lién sau a la duy
nhat.

Tién dé 5. (Tien dé quy nap) Néu A la mot tap hop con ciia tap
hop sb tu nhién, sao cho 1 € A, va d6i véi moi s6 tu nhién n, néun € A
va m 1a sb tiép sau ciia n thi m € A, khi d6 moi s6 tu nhién déu thuoc
A, titc 1a A 1a tap hop s6 tu nhién.
Mot tinh chat nita clia s6 tu nhién ngudi ta cong nhan nhu mot tien de
va thuong goi 1a tién deé thi ty.

Tién dé thi tu.([4]) Trong moi tap khac réng clia s6 tu nhien
c6 phan tit nhé nhat.

Dinh ly 1. (Nguyén ly quy nap toan hoc)([}])
Cho ng la mot s6 ty nhién va P(n) la mot ménh dé cé nghia véi moi so
tu nhien n > ng . Néu ménh dé P(n) théa man hai diéeu kién sau:

(1) P(no) ding;

(2) Tu tinh ding dan cia P(k) (k la s6 tu nhién, k > ng) suy ra
tinh ding ddn cia P(k + 1),

thy ménh dé P(n) ding vdi moi s6 tu nhién n > ny.

Lot gidi. Ta sé chitng minh bang phan ching. Gid st ngude lai, ménh
dé khang dinh P(n) trong dinh 1i 1 khong ding véi mot so ty nhién
n > ng ndo doé. Nghia la ton tai s6 tuy nhién m > ng ma P(m) khong
ding. Ta lay s6 tu nhien nh6é nhat m ma P(m) khong ding (dicu nay
thuyc hién duge do tien dé thi ti). Theo dicu kién (1) ta c6 bat dang
thic m > ng, tit d6 suy ra m — 1 > ng. Tit bat dang thic vita lap va
cach chon s6 ty nhién m suy ra P(m — 1) 1a dung, nhung n6 khong kéo
theo duge P(m) dung cho sb tiép theo vi m = (m — 1) + 1. Diéu nay
trai v6i giai thidt (2). Nhu vay, diéu gia st sai va P(n) dang véi moi sd

tu nhién n > ny, nén dinh 1y dugce chimg minh.
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1.3.2 Phuong phap quy nap toan hoc
(Trich trong tai lieu tham khdo ([4]))

Phuong phap dimng nguyén li quy nap toan hoc dé gidi toan, ngudi ta
goi la phuong phap quy nap toan hoc.

Gid st khang dinh P(n) zdc dinh vdi moi n > ng (n,ng la cdc so tu
nhién). Dé chiing minh P(n) ding vdi moi n > ngy bing phuong phdp
quy nap, ta thuc hién hai budc:

(1)Co sé quy nap. Ta kiém tra ménh dé P(ng) c6 ding khong. Néu
bude co sé dung, ta chuyen sang bude thi hai.

(2)Budc quy nap. Chiing minh: Néu v6i mdi k > ng (k 1& s6 tu nhien),
P(k) 1a ménh dé dang, thi suy ra P(k + 1) cling ding.

Sau budc (1) va (2), két luan P(n) dang v6i moi n > ny.
Chu 9.
e "Phép quy nap" la mot phuong phap tu duy dung dé tim toi, du
doan, tit nhitmg khang dinh riéng tién t6i khing dinh chung. Phép
quy nap c6 khi dua ra nhitng khang dinh ding, c6 khi dua ra khéng

dinh sai.

e "Phuong phap quy nap toan hoc" ta goi tat "Phuong phip quy
nap" 1a mot phuong phap ding dé ching minh cac ménh dé chita
bién thuoc tap hop sé tu nhién. Cach ching minh quy nap tranh
cho ta phai di kiém tra vé han budc cac khang dinh ctia ménh de.
Doi khi bai toan phu thudc vao nhiéu bién s6, nén khi chiing minh

ta can noi ro ching minh quy nap theo bién no.

e Ta ciing c6 thé st dung phuong phap quy nap toan hoc dé ching

minh cdc ménh dé doéi véi s6 nguyén khong am.

e Phuong phap quy nap toan hoc rat c6 tac dung trong nghién ciu,
dy doan két qua va chiing minh kiém nghiém két qua. Nhung nhiéu
khi chinh phuong phap quy nap toan hoc lam cho viéc chiing minh
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dai dong, bién doi phtc tap, gip nhiéu khé khan. Chinh G.Polya
néi: "Nhiéu bai toan ching minh bing quy nap toan hoc cé thé
chiing minh bang cach khéc, cach khac d6 nim trong chinh cach
chiing minh quy nap toan hoc khi ta phan tich kj noi dung ching

minh."

Trong chiing minh bang quy nap, ci hai budc déu can thiét. Néu thiéu
mot trong hai bude, thi sé dan dén sai lam. Mot s6 vi du sau sé ching
td dieu nay.

Vi du 1. ([4]) Ching minh rang moi so tu nhién déu bing so tu nhién

lien sau no.

Ta chiing minh theo phuong phap quy nap toan hoc. Gia st ménh de

dtng véi n = k v6i k 1& sd tu nhién nao do, nghia 1a ta c6
k=k+1. (1.4)

Ta sé ching minh ménh dé dung v6i n = k + 1, nghia 1a phai ching
minh k& + 1 = k + 2. That vay, theo gia thiét quy nap bai toan dung
v6i n = k, cong hai vé clia dang thiic (1.4) v6i 1 ta nhan dude k + 1 =
(k+1)+1=Fk+2.

Nhu vay khéng dinh v6i n = k thi né ciing ding véi n = k+ 1, do dé6
bai toan ding v6i moi s6 tu nhién n.
Hé qua clia bai toan nay 1a tat ci cac sd tu nhién déu bang nhau. Diéu
nay vo li, vay cach chiing minh sai é dau? Loi giai ctia vi du da ap dung
nguyén li quy nap toan hoc nhung bo qua bude co sé quy nap. Nghia la
da khong kiém tra bai todn c6 ding trong trudng hgp n = 1 hay khong.
Ta thay rang v6i n = 1 thi khang dinh sai vi 1 # 2.
Budc kiém tra ban dau ¢ mot ¥ nghia dac biét la tao ra co sé dé thuc
hién quy nap. Budc thit hai dua ra nguyén tic cho viéc md rong tir dong
vo han trén co sd diéu kién ban dau, day 1a nguyén tac di tir truong hop
riéng nay sang truong hop riéng khac: tir k dén k + 1.

Phan vi du trén chiing t6 rang: Khi chua kiém tra diéu kién ban dau

thi khong c6 co s dé thuc hién quy nap, vi vay khong c6 nghia gi khi
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thuc hién kiém tra phan quy nap.

Ngugce lai, khi ap dung phuong phap quy nap ma chi chitng minh
duge mot s6 dieu kién ban dau, ma bd qua phan quy nap thi méi chi
dua ra dudc co sé chit chua c6 nguyén tic nao dé mé rong co sé do. Ta

xét vi du.

Vidu 2. ([13]) Do b6 qua budc quy nap nén nha Todan hoc Phap P.Fermat
(1601-1665) da cho ring cdc so dang 2% + 1 la s6 nguyén to.
Ong da zét 5 s6 dau tién:
Vdin=0cho2® +1=2"+1=31lasb nguyén to.
Vdin=1cho2¥ +1=224+1=5la sb nguyeén to.
Vdin=2cho2¥ +1=2*4+1=17 la s6 nguyén to.
Vdin=3 cho2? +1=2%+1=257 la s6 nguyén to.
Véin =4 cho 22 +1 =21+ 1= 65537 la s6 nguyén té.
Nhung dén thé ki 18 Euler da phdt hién ra: Vi n =5 khong ding v
22 4 1 = 4294967297 = 641.6700417 la hop so.

Vi du 3. (/13]) D.A.Grave- nha todn hoc Xo Viét; Ong gid dinh ring:
Véi moi so nguyén to p, 2=t — 1 khong chia hét cho p*. Bang két qud
kiém tra truc tiép vdi moi s6 nquyén to p nho hon 1000 cang cing co
them gid dinh nay cia ong. Nhung chang bao lau sau ngudi ta chi ra
rang 21992 — 1 chia hét cho 10932 (1093 la so6 nguyén t6). Nhu vay, phéng

doan cua Grave la sai lam.

Nhu vay viéc kiem tra cd hai budc can dugce ton trong va thuc hieén

day du khi ap dung phuong phap quy nap toan hoc.

1.3.3 Cac vi du

Phan nay trinh bay mot s6 vi du nhdm minh hoa viéc van dung

phuong phap quy nap dé giai toan.

Vi du 4. Ching minh ring vdi moi s6 nguyén n > 2, ta cé dang thic

1 1 1 n—+1
(1= A= 5)l= =) = .

n? 2n
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L&i gidi.
1 3 241

(1) Co sd quy nap. Véi n = 2, taCél_Z:Z: 55 nén dang

thic dung.

(2) Buéc quy nap. Gia sit dang thic ding véi n = k (k 1a s6 nguyen,
k>2), taco

1 1 1 k+1
(1= DAl = 5) =5~

Ta chitng minh dang thic ding véi n = k + 1. That vay,
1 1 1 1 E+1 1
(1_1)(1_5)”'(1_ﬁ)(1_(k+1)2): TR _(k+1)2)
k+1 k(k+2)
2k T (k+1)2
_ k+2
C2(k+1)

Vay dang thiic ding v6i n =k + 1.
Theo nguyén 1y quy nap, ta cé dieu phai chiing minh.

Vi du 5. (IMO 1966) Ching minh rang vdi moi so ty nhién n va moi
s0 thuc x sao cho sin2"x # 0, ta cé

1 1 1

= cotx — cot2"x. 1.5
sin 2x + sin 4x Tt sin 2"x cobx T eote (1.5)
Lot giaz. Ta co
2cos’y — 1 1 1
coty — cot 2y = Gk = = (1.6)

siny 2sinycosy 2sinycosy  sin2y’
Ta stt dung phuong phap quy nap theo n dé chiing minh (1.5)
(1)Co sd quy nap. V6i n = 1, ta phai chiing minh

1
sin 2x

— cot x — cot 2x.

Dang thitc nay hién nhién ding khi ta thay y = z trong (1.6)
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(2)Budc quy nap. Gia sit dang thic (1.5) dang vé6i sd tu nhién n,
nghia la
1 1 1

= cotx — cot2"x.
sin2x  sindx et sin 2"x

Ta chitng minh dang thic (1.5) ding v6i n + 1.
Thay y = 2"x vao (1.6), ta c6

1
— = cot2"x — cot2" .
sin2ntly
Khi do,
1 1 1 . 1
sin2r sindxr sin2%x  sin2ntlgp

= cotx — cot2"x + cot2"x — cot2" .
= cotx — cot2" .
nén bai toan dang véi n + 1.
Theo nguyén 1y quy nap, ta cé dieu phai chiing minh.
Vi du 6. Chitng minh rang 2* > x,Vo € R.
Lot giazs.
(i) V6i x < 0, bat dang thitc hién nhién ding.
(i) Véi x > 0, thi = [z] + {«}, ki hieu n = [z], v6i n 1a s6 nguyéen
khong am. Khi d6 n < x < n + 1. Trudc tién, ta ching minh bing

phuong phap quy nap theo n bai toan sau:

Chatng minh rang vdi moi so nguyén khong am n thi
2" > 42, (1.7)

(1)Co s6 quy map. Véi n = 0, ta c6 2 > 2 la hién nhién, nén bat
déng thiic ding véi n = 0.

(2)Buédc quy map. Gia sit bat dang thic ding v6i n = k véi k 14 s6
nguyén khong am bat ky, nghia 1a

L > k4 2.

19



Ta chitng minh bat ding thic ciing dang véi n = k + 1.
That vay,

QR — 9 91 > 9 (k 4 2) (theo gia thiét quy nap)
=2k+4>2k+3>k+3=(k+1)+2.
Do dé, bat dang thitc ding véi n =k + 1.

Vay theo nguyén Iy quy nap, ta c6 diéu phai chitng minh.
Quay trd lai bai toan dau, ta ching minh bang phuong phap quy nap

theo n.
(1)Co sd quy nap.

Khi n =0 nghiala 0 <z < 1, ta co 2° > 2° =1 > z nén bat ding
thitc dung.

(2)Buédc quy map. Gia st bat dang thic ding véi n = k, nghia 1 véi
k <z <k+1 (klasdnguyén khong am ) thi 2% > x.

Ta chitng minh bat dang thtic ding v6i n = k + 1, nghia la khi
E+1<x<k+2,thi 2° > x. That vay, ta co

x>k+1e2°>2M > k42 (theo (1.7)) > .
Do dé, bat dang thitc dung véi n =k + 1.
Theo nguyén 1§ quy nap, bat déng thitc dude chiing minh.

Vi du 7. ([4]) Xét tap hop nhiing phan soé cé ti sé la 1 va mau sé6 la
L o 111 ) P!
nhing so tu nhién lon hon 1: T Ching minh rang vdi moi so
tw nhién n > 3 ¢é thé biéu dién 1 thanh dang té?ng ctia n phan s6 khdc
nhau trong tap hop trén. Vi dun =3, ta c¢6 thé viét
| — 1 N 1 N 1
2 3 6

Lot gidi. Ta ching minh biang phuong phap quy nap toan hoc.
(1)Co sé quy nap. V6i n = 3, ta c6 thé viét
1 1 1

l==+-+=
273756

thda man bai toan.
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(2)Budc quy nap. Gid st bai toan ding véi n = k, (k € Nk > 3)
nghia 1& 1 dugc viét thanh tong ctia k phan s6 khac nhau c6 tit 1a
1 v& mau la cac s6 tu nhién 16n hon 1.
1

=i ] (1.8)
T a b k '

Ta c6 thé cho rang nhing phan s6 sip xép theo thi tu nhé dan,
nghia 1a s6 ¢ mau tang dan.

Ta chting minh bai toan dang véin =k + 1.

Dol— ! + !
ko k+1 k(k+1)
o 1 . 1 1
nén khi thay z trong (1.8) bang ] + A ta dugc
=il
a b k
1 1 1 1

TR + .
a b k+1 k(k+1)
Ta thay cac phan s6 dau gitt nguyéen, chi c6 phan s6 cudi tach lam
hai phan s6, nén bai toan dang vé6in =k + 1.
Vay theo nguyén li quy nap, bai toan dugc chitng minh.

Vi du 8. ([4]) Trén mdt phang cho n hinh tron (n > 1). Ching minh
rang vdi bat ki cdch sdp dat nao, thi hinh nhan duge ciing cé thé to bing
hai mau, dé cho hai phan mat phang ké nhau (cé bién chung) ciing dugc

to bang hai mau khdc nhau.

Loi gidi.

(1)Co sé quy map. Véi n = 1, trén mat phang chi ¢6 mot hinh tron.
Ta t6 hinh tron bang mau den. Khi dé6 phan mit phang con lai ke

v6i hinh tron dudc dé tring, nén hai phan mit phang ké nhau c6

mau khac nhau. Nén bai toan dung véi n = 1.

(2)Budc quy nap. Gia st bai toan dung véi biic tranh gom n hinh
tron. Gia st trén mat phing cho n + 1 hinh tron tity y. X6a di mot
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trong nhitng hinh tron sé nhan dudc bitc tranh gom n hinh tron
(hinh 1.2a). Theo gia thiét quy nap, btic tranh nay chi to bang hai
mau, ching han den va tring ma hai mién ké nhau c6 mau khéac

nhau.

(b)

Hinh 1.2

Khoi phuc lai hinh tron da xoéa, tic 13 tré lai hinh ban dau gom
n -+ 1 hinh tron, réi theo mot phia ddi v6i hinh tron vita khoi phuc,
ching han phia trong ctia hinh tron nay thay déi cac mau da to
bang hai mau, ma hai mién ké nhau tuy § déu c6 mau khac nhau
(hinh 1.2b).

Vay theo nguyén 1y quy nap, ta c6 diéu phai chitng minh.

1.4 Mot sé6 hinh thic ctia phuong phap quy nap
toan hoc

Phan nay trinh bay mot s6 hinh thic thé hién ctia phuong phap quy

nap toan hoc.

1.4.1 Hinh thdc quy nap chuan tic

Hinh thic quy nap nay chinh la noi dung ctia nguyén li quy nap da
trinh bay & phan truée. Ta c6 thé tém tat lai nhu sau.

"Meénh dé P ding vdi so tu nhién kg va vdi moi so tu nhien k > ko, tu
viéc P ding vdi k, thi ciing suy ra dugc tinh ding din cia P vdi (k+1).
Khi d6 ménh dé P ding doi vdi moi so tu nhién k > ky."

Sau day tac gia xin trinh bay mot s6 vi du minh hoa.
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Vidu 9. ([6]) Cho A(n) =1+3+5+---+2n—1vdin la so tu nhién
bat ki.
Ching minh A(n) = n?.
Tw do suy ra
14+3+5+---4+(2"—1)=4""1, (1.9)

L&i gidi.

(1)Co s6 quy nap. Véi n = 1 ta c6 A(1) = 1 = 12, nén khang dinh
dang véi n = 1.

(2)Buédc quy mnap. Gia st khang dinh ding v6i n = k, k 14 s6 tu nhién
bat ky, nghia 1a A(k) =1+3+5+---+ (2k — 1) = k?. Ta chiing
minh, khang dinh ding v6i n = k + 1.

Theo gid thiét quy nap, ta cé
1+3+5+-+(2k—1) = k2,

nen Ak+1) =k +2k+1) - 1=k +2k+1=(k+1)%
Do d6, khang dinh ding véi n = k + 1.

Vay theo nguyén 1y quy nap, ta c6 A(n) = n?.
Dé c6 dang thic (1.9), ta 4p dung két qua trén:

o —1)+1]2
1+3+5+---+(2”—1):[( )+ ] = 4n—1,

2

Vidu 10. (USAMTS, 2000-2001, Cugc thi chon tai nang Todn hoc Mi).
Hay tim s6 du khi chia so 1776'49% cho 2000.

Loi gidi. Truée hét ta ching minh bo dé " Vdi moi s6 nguyén dwong n
thi 1376™ = 1376(mod2000)" bang phuong phap quy nap theo n.

(1)Co so quy nap. Ta c6
V6i n =1 thi 1376 = 1376(mod2000),
V6i n = 2 thi 1376% = 1893376 = 1376(mod2000).

(2)Buédc quy nap. Gia st bo dé ding véi n = k, k € Z*, nghia la
1376% = 1376(mod2000).
Ta chitng minh bo dé ding v6i n = k + 1. That vay, tit gia thiét
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quy nap ta co
137651 = 1376?(mod2000) ma 1376% = 1376(mod2000)
nén 1376+ = 1376(mod2000).

Nhu vay, theo nguyén 1y quy nap, bo dé dudc ching minh.

Quay lai bai toan ta c6 1776° = 1376(mod2000), nén
1492! 1492!

177619% = (1776°) 5 =1376 5 (mod2000)

ma 5 13 ude cua 1492! nén theo bd dé ta co
1492!
1376 © = 1376(mod2000).

Vay khi chia s6 1776™9% cho 2000 dugc s6 du 1a 1376.

Vi du 11. Chitng minh rang vdi moi so tu nhién n déu co:

1 2
C24CliC2p. 402, =Mt 6><”+ )

L&i gidi.
1.2.3

1)Co s6 quy nap. V6in=1thi C2 =1 = , nén bai toan dung
7

v6in = 1.
(2)Budc quy nap. Giad st bai toan dung véi n = k (k 1a s6 ty nhién
bét k). Khi d6
C3+C5+Ci+ ...+ Chy = k(k+1g(k+2). (1.10)
Ta chiing minh bai toan dang v6i n = k + 1. Ta c6

k(k +1)(k +2)
6

022+C§+”’+C/3+1+C/3+2:

+ C}%,, (theo(1.10))

Ck(k+1)(k+2)  (k+1)(k+2)
N 6 * 2

(k+1)(E+2)(k+3)
6

Nhu vay, bai toan ding véin =k + 1.
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Theo nguyén 1y quy nap, ta c6 dieu phai chiing minh.

Vi du 12. (Dinh lyj Fermat nhé) Chitng minh rang néu p la so6 nguyén

to, thi vdi moi so nguyén duong n, hiéu n? —n chia hét cho p.

Lot gidi. Ta ching minh bai toan bang phuong phap quy nap theo n.

(1)Co sé quy nap. Véin =1, ta c6 1?7 — 1 = 0 chia hét cho p. Do d6
bai toan ding v6i n = 1.

(2)Budc quy nap. Gia st bai toan ding véi n = a (a € Z7), nghia la
a’ — a chia hét cho p. Ta chitng minh, bai toan ding v6i n = a + 1,

nghia l& ta ching minh (a + 1)? — (a + 1) cling chia hét cho p. Theo

khai trién nhi thiic Newton ta co:
(a+1)"—(a+1)
=Cpa? + Cha’ "+ Coa? 7+ .+ CV la+ CP —a—1
=(a’ —a) + Cpa" ' + Cla" > + ...+ CP'a
Taeg b P _pp—=1)..(p—k+1)

Pkl p—k) 1.2.3...k
Do p 1a s6 nguyen t0, nén (p, k) = 1;Vk,1 < k <p—1, suy ra C¥

(véil<k<p—1)

chia hét cho p v6i moi k, 1 <k <p—1, ma (a” — a) cing chia hét
cho p (theo gi4 thiét quy nap) nén (a + 1)’ — (a + 1) cling chia hét
cho p.

Vay, theo nguyén 1y quy nap dinh 1y dugc chitng minh.

Vi du 13. ([4]) Chitng minh ring n day cung cdt nhau tai m diém trong

ctia hinh tron (n > m) sé chia hinh tron nay thanh n +m + 1 phan.

Loi gidi. Khang dinh dugce chiing minh bang quy nap theo s6 day cung

n.

(1)Co sd quy nap. V6i n = 1 hinh tron chi ¢c6 mot day cung. N6 chia
hinh tron thanh hai phan. Vi chi ¢6 mot day cung nén s diém cat
trong m = 0 nén ta c6 sd6 phan trong hinh tron 1a 2=1+0+1, do d6

bai toan ding véi n = 1.
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(2)Budc quy nap. Gia st bai toan ding véi n = k, nghia 1a k day
cung cat nhau tai m; diém trong hinh tron, hinh tron dugc chia
thanh k+my + 1 phan. Ta chting minh bai toan ding véin = k+1,
nghia 14 k 4 1 day cung cit nhau tai m diém trong hinh tron, hinh
tron dugc chia thanh £+ 1+m + 1 =k 4+ m + 2 phan.

That vay, xét n = k + 1 day cung tity ¥, cit nhau tai m diém trong.
Dénh s6 cac day cung tit 1 dén k + 1. Ta b6 di mot day cung tly
¥, chang han day cung k + 1. Khi d6, trong hinh tron chi con k day
cung cat nhau tai m; diém trong, theo gid thiét quy nap, hinh tron
duge chia thanh & + mq + 1 phan. "Khoi phuc" lai day cung thi
k+1, khi d6 day cung k+1 bi cac day cung c6 chi s6 tit 1 dén & chia
cat thanh m — my + 1 phan, nén hinh tron dugc them m — m; + 1

phan. Bdi vay, s6 phan hinh tron dugc chia bdi k 4+ 1 day cung 1a

kK+mi+1+m—-—mi+1=k+1+m+1=k+m+2.
Vay, theo nguyén li quy nap ta cé diéu phai chiing minh.

1.4.2 Hinh thic quy nap nhay budc

Dinh 1y 2. Cho p la s6 nguyén duong va day cdc ménh dé

néu
1. P(1),P(2),...,P(p) la nhitng ménh dé ding va

2. V6i maéi so ty nhién k > p cic ménh dé P(k—p+1), P(k—p+2),...,
P(k) ding kéo theo ménh dée P(k+ 1) ciing ding,

thy ménh dé P(n) ding vdi moi s6 nguyén duong n.

Vidu 14. ([4]) Cho x1, x5 la nghiém ciia phuong trinh 2* —27x+14 = 0
va n la s6 tw nhién bat ky. Ching minh rdang tong S, = o7 + x3 khong
chia hét cho 715.
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Lot giai. Theo cong thiic Viet, ta ¢ x1 + x9 = 27 va x129 = 14.

(1)Co so quy nap. Ta c6 S = 27, Sy = (a3 —HCQ)Q — 2x129 = 701
va S3 = (r1 + 29) [(xl + x2)2 — 3%‘11’2} = 18549 déu khong chia hét
cho 715. Do do, bai toan diang véi n =1, 2, 3.

(2)Budc quy nap. Gia st bai toan ding véin =k -2, n =k — 1,
n = k, nghia 1& S;_s, Si_1, S; déu khong chia hét cho 715.
Ta tinh
Spy1 = o 2 — (1) 4 1y (CL‘l + xQ) — 2179 ( Upad- h
= (71 + 32) [(v1 + 22) (21 + 257Y) — 2y (2% + 2577)]
— X129 ( —|— xlg 1)
=715 (zy ' + a5 7!) — 378 (2§ 2 + 25 ?)
= T71555_1 — 3785 _».
Do 378 va Sy_o déu khong chia hét cho 715, nén Sj,; khong chia
hét cho 715. Suy ra, bai toan ding véi n = k + 1.

Theo nguyeén 1y quy nap, ta c6 diéu phai chiing minh.

Hinh thiéc quy nap nhay buéc 1a mot truong hop dac biét cua
dinh 1y 2, dugc phét biéu nhu sau:

Cho a, kg la cdc so nguyén duong, P(ko), P(ko+1), ..., P(kg+a—1) la
nhitng ménh dé ding. Néu ménh dé P(k) ding (Vk > ko) kéo theo meénh
dée P(k+ a) ding thi ménh dé P(n) ding ¥Yn > k.

Vi du 15. ([}]) Chiing minh vdi moi so thuc x > 0 va moi so tu nhién
n > 1 bat dang thic sau ding

1 1

1
x"‘4+x”2+_>n+1 (1.11)

xn+mn—2+xn—4+_”+

Loi gidi.
(1a) Véi n = 1 bat dang thitc (1.11) c6 dang
1
Tt - > 2. (1.12)
T
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Bat dang thic (1.12) ding vi
1 ?
r+—>2& 1°-22+1>0 (viz >0) < (z—1)* > 0 (hién nhiéen).
T
(1b) Véi n = 2 bat dang thiic (1.11) c6 dang
2 1 >
Tl 523 (1.13)

Bat dang thic (1.12) ding véi moi 2 > 0, nén né ding v6i 2? thda
mén z > 0, nén ta c6 2° + — > 2. Cong hai vé clia bat dang thiic
x

nay véi 1, ta duge (1.13).

(2) Gia st bat dang thitc (1.11) ding véi n = k, v6i k 1a s6 tu nhien
nao do, nghia la

k 4 1 1

1
A L L T +—>k+1.  (1.14)

rh—4 rh—2 T

Ta chitng minh bat dang thic (1.11) dang véi n = k + 2, nghia la

1 1 1
k+2 k k-2
T S A T A H +W+_+xk+22k+3' (1.15)

That vay, trong (1.12) thé z > 0 béi 2542, ta duge

1
k+2
xr + W Z 2. (1.16)

Cong vé tuong tng clia (1.14) va (1.16) cho bat dang thic (1.15)

Theo nguyén 1y quy nap, ta cé dicu phai chiing minh.

Toém lai.
Budc co sd. Trong (1a) va (1b) ta chitng minh bat dang thiic ding véi
n=1van=2.
Budc quy nap. Trong (2) ta da ching minh tir gid thiét quy nap (1.11)
dtng véi n = k suy ra n6 dang véi n = k + 2. Két qua la

e Ti (1a) va (2) cho khang dinh (1.11) dang cho moi s6 1é n.

e Tit (1b) va (2) cho khang dinh (1.11) ding cho moi s6 chin n.
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Do d6 (1.11) dang v6i moi s6 tu nhién n.

Vi du 16. Cho n la so tu nhién lén hon hodc bang 6. Ching minh rang
luon chia duge mot hinh vuong thanh n hinh vuong nhé (cdc hinh vuong

sau khi chia khong nhat thiét phdi bang nhau,).
Lot giazs.

(1)Co sd quy nap. Trudsng hop n = 6,7, 8 da duge giai trong hinh 1.3

n=6 n=7 n=8

Hinh 1.3

(2)Budc quy nap. Ta chiing minh bai todn néu dung véi n = k, k >
6,k € N thi cing dung v6i n = k£ + 3. That vay, ta chon mot hinh
vuong bat ki trong k hinh vuong da co, chia né ra lam 4 hinh vuong
nho hon, khi d6 s6 hinh vuong dudc tao ra la k + 3.

Nhu vay bai toan théa man nguyén 1y quy nap, nén ta cé diéu phai

chiing minh.

Vi du 17. Tim cdc so tu nhién n dé phuong trinh

1 1 1
—2+—2+...+—2:1
o x2

c6 nghiém ma cac thanh phan ciua no la so tu nhién.

Loi gias.
(i) Khi n = 1, phuong trinh ¢6 nghiém z; = 1.
1 1
(ii) Khi n = 2, ta ¢6 phuong trinh : ) + 5= 1.
1 2

Gia st phuong trinh ¢6 nghiem (aq, as), a1, as 1a cac s6 tu nhien. Co6
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the gia thiét oy < oy vi vai tro ctia 21, £9 nhu nhau.
1 1 1 1
ay  a ap Gy Qg

1
nén oy = 1. Thay vao phuong trinh ta c6:— = 0 (v 1y)
a3
Vay khi n = 2, phuong trinh khong c6 nghiém ma thanh phan 1a cac

s6 tu nhién.

(iii) Khi n = 3 tuwong tu nhu trén, phuong trinh khong ¢6 nghiém ma
thanh phan 1a cac s6 tu nhieén.

(iv) Khi n = 4, phuong trinh ¢6 nghiém (2;2;2; 2).

(v) Khi n = 5, tuong tu nhu trusng hop n = 2,n = 3 phuong trinh
khong c6 nghiém ma thanh phan 1a cac s6 tu nhieén.

(vi) Khi n = 6, phuong trinh ¢6 nghiém (2;2;2; 3;6).

(vii) Khi n = 7, phuong trinh c6 nghiém (2;2;2;4;4;4;4).

(viii) Khi n = 8, phuong trinh c6 nghiem (3;3; 3; 3; 3;7; 14; 21).

(ix) Gia st v6i n = k tu nhién nao dé phuong trinh c¢6 nghiém

(an; g, ..., ) v6i ; 1a s6 tu nhien, i = 1, k.

1 1 1
Taco—2+—2+...+—2:1.
af a3 o
Mat khac
A S S S S
— nén
@ 4ol dai o dai o 4ad]
1+ 1 PR 1 L 1 n 1 1 1 _ 1
o2 of T Al 4l 4ol 4ol 4ol

Do do6, v6i n = k + 3 thi phuong trinh c6 nghiém

(1 gy eevy 13 2003 20 2005 200 )

(hién nhién cac thanh phan ctia nghiém nay cfing 1a s6 tu nhien).

Nhu vay, néu phuong trinh c6 nghiém thoéa man dé bai véi n = k, thi
phuong trinh ciing c¢6 nghiém théa man dé bai véi n = k+ 3. Ma phuong
trinh c¢6 nghiém ma thanh phan 13 cac s6 ty nhién véi n = 6;7;8 nén
theo nguyeén 1y quy nap thi phuong trinh c¢6 nghiém ma thanh phan 1a
cac s6 tif nhién véi moi n > 6. Ngoai ra, phuong trinh cling c6 nghiém

thoa man deé bai véi n = 1;n = 4.
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1.4.3 Hinh thic quy nap kép

Hinh thic quy nap kép ciing 1a mot truong hgp dac biét cua dinh
1i 2, duge phét biéu nhu sau:

Cho kg la s6 nguyén duong, P(kg), P(ko+1) la nhimg meénh dé ding.
Néu meénh dé P(k — 1), P(k)(Vk > ko) ding kéo theo ménh dé P(k + 1)
ding, thi ménh dé P(n) ding ¥n > k.

Duéi day 14 mot s6 vi du minh hoa cho viéc van dung phuong phap nay.
Vi du 18. (//]) Cho vy = 2,v1 = 3 va vdi méi s6 ty nhien n > 1 cé
Una1 = 30, — 20,_1. Chiing minh rang v, = 2"+ 1, vdi n la s6 nguyén
khong am bat ky.
Lot giai.
Ta chitng minh bai toan bang phuong phap quy nap kép theo n.
(1)Co sd quy nap.
Véin=0thivg=2"+1=2.
Véin=1thiv, =21 +1=3.
Nhu vay, cong thitc ciia bai toan cho két qua dung véi n = 0 va
n = 1.

(2)Budc quy nap. Gia st bai toan da ding chon =kvan =k —1
(k€ Z,k>1),nghiala vy = 2F + 1 va vy = 281 + 1. Khi d6

V1 = 328 + 1) — 20281 1) = 28 1,
Do do bai toan diang v6i n = k£ + 1. Vay theo nguyén 1y quy nap ta co
diéu phai ching minh.
Vi du 19. (Thi hoc sinh gici Viet Nam, 1989)

Voin=0,1,2,..., ta goi {x,} va {y.} la hai diy so dugc Tdc dinh mot
cach dé quy nhu sau

o= 1,21 =4, 219 = 3Tp11 — Tp;
Yo = 1,1 = 2,Yns2 = 3Ynt1 — Yn-
Chitng minh rang x2 — 5y> + 4 = 0 vdi moi s6 nguyén khong am n.

31



Lot giai. Ta tinh duge x9 = 11,y = 5. Ta chitng minh

(xn—i-la yn—H) — (

3Ty, + OYn T + 3y,
2 ’ 2

) , (n 1a s6 nguyen khong am)

(1.17)
bang phuong phap quy nap theo n.

(1)Co sd quy nap.

Véln:Othl Il yl

3.1 511 3.1
( il + — (4;2).

Véi n =1 thi (x9, o)

3.4 524 32
+ + ) (11;5).

Vay (1.17) ding véi n = O,n

(2)Budc quy nap. Gid st (1.17) ding khin =k van =k+1 v6i k la
s6 nguyen khong am. Ta chiing minh (1.17) ding véi n = k + 2.
Ta co

(Tk+3, Ykts) = (BTpro — Tht1, SYk+2 — Ykt1) 5

suy ra

(pss, vrs) = [ 3 3Tpt1 + dYp+1 3T + DYk o Tkl +3Yk+1 Tk + 3y
k+3y Yk+3 . 2 2 g e 2 2

_ 3 (3xp1 — xk) + 5 (BYkt1 — Yr) 3The1 — 2 + 3 (3Y1 — yk:))
2 ’ 2
_ 3Tp+2 + OYky2 Tri2 + 3Yit2
2 ’ 2 )
Nhu vay (1.17) ding v6i n = k + 2.

Theo nguyén ly quy nap, (1.17) ding vé6i s6 nguyeén n khong am.
Bang phuong phap quy nap theo n, ta chitng minh tiép

r2 — 5y’ +4=0. (1.18)

(1)Co sd quy nap. Véin =0thitacé1l—5+4 =0, nén (1.18) ding
vol n = 0.

(2)Budc quy nap. Gia st (1.18) ding véi n = k (k 1a s6 nguyen khong
am), ta c6 r7 —5y2+4 = 0. Ta chitng minh (1.18) dtng v6in = k+1.
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That vay,

3Tk + Sy 2 T + 3yx 2

_ 427 — 20y3

0 +4=a} -5y +4=0.

Theo nguyén 1y quy nap, ta c6 diéu phai chiing minh.

Chu y. Mot dinh 1y tuong duong dinh 1y 2 nhung c6 gid thiét quy nap
manh hon trong buéc quy nap va thuc té noi dung dinh 1y nay dugc ap
dung dé hon dinh 1y 2 1a dinh 1y 3.

Dinh 1y 3. Cho mot day ménh dé
P(1),P(2),...,P(n),...

néu

(1) P(1) la khding dinh ding va

(2) véi méi s6 ty nhién k > 1, nhitng khang dinh P(1), P(2),..., P(k)
ding kéo theo ménh dé P(k + 1) cing ding,

thy ménh dé P(n) ding vdi moi s6 nguyén duong n.

Vidu 20. (/4]) Chitng minh ring so a:+i la 56 nguyén duong tha x"+%
ciing la s0 nguyén vdi moi s6 nguyén duong n.

Loi giaa.

(1)Co s6 quy map. Khi n = 1 ménh dé hién nhién ding.

(2)Buédc quy nap. Gia st v6i moi sd nguyen duong tit 1 dén k, bicu

1

thitc #* + — 1a nhiing s6 nguyén. Ta can ching minh 2*! + ——
L x

ciing la s6 nguyen. That vay,
1

1 1 1
k+1 _ k k—1
T = (:1:+;)(x +—$k) — (x +—:13k*1)'
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L X 1 1 1 N N .~
Theo gia thiét quy nap = + —, 2% + — A —— deu bicu dien
x x xh
cac sb6 nguyen, nén ! + —-7 ciing la so nguyen.
x

Theo nguyén 1y quy nap, ta cé diéu phai chiing minh.
V6i bai toan nay, ta c6 thé thay n la s6 nguyén duong tuy ¥. Véi moi
s6 nguyeén duong n, ta dugec mot bai toan mdi. Vi du cho bai toan sau:

1

"Cho x + - la mot s6 nguyén (x # 0). Chiing minh ring 2°% + 5015

cung la mot so nguyén.”
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Chuong 2

Ij’ng dung phuong phap quy nap
toan hoc trong giai toan

2.1 Phuong phap quy nap toan hoc trong cac bai
toan sé hoc, dai s6, giai tich

Phan nay trinh bay viéc van dung phuong phap quy nap dé gidi mot

s6 bai toan s6 hoc, dai s6 va giai tich.
2.1.1 Mot s6 bai toan chia hét va chia cé du.

Bai toan 1. (Thi vao lop 10 chuyén, DHKHTN-DHQGHN 1996)
Chiing minh rang vdi moi s6 nguyén duong n, ta c6 A(n) = n+5n chia
hét cho 6.

L&i gidi.

(1)Co sé quy nap. Véin = 1 ta c6 A(1) = 6 chia hét cho 6 nén bai

toan ding véi n = 1.

(2)Budc quy nap. Gid st bai toan ding v6i n = k, nghia 1a A(k):6
v6i A(k) = k* + 5k, ta chitng minh bai toan ding v6i n = k + 1.
That vay, véin = k + 1 thi
Alk+1) = (k+1)+5(k+1)

= k3 +3k*+ 8k +6
=k*+5k+3k(k+1)+6
= A(k) +3k(k+ 1) +6.
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Ta c¢6 A(k):6 (theo gia thiét quy nap), 3k(k + 1):6 (vi tich hai s6 tu
nhién lien tiép chia hét cho 2) suy ra A(k + 1):6 nén bai toan dung
véin=k+ 1.

Theo nguyén 1y quy nap ta c6 diéu phai chitng minh.

Bai toan 2. (/3/) Chitng minh rang vdi moi s6 tu nhién n,
Sp=(Mn+1)(n+2)...(n+n) chia hét cho 2".

Loi gidi.
(1)Co sé quy nap. V6in = 1, ta c6 S; = 1 + 1 = 2 chia hét cho
2! = 2. Vay bai toan dung véi n = 1.

(2)Budc quy nap. Gia st bai toan dung véi n = k (k 1a s6 tu nhién
bat ky), nghia 1a
S = (k+1)(k+2)...(k+ k) chia hét cho 2. Ta phai chiing minh
bai toan dung véi n = k + 1.
That vay,
Spi=(k+1+1)(k+1+2) ... (k+1+k)(k+1+k-+1)
=(k+2)(k+3)...2k+1)(2k +2)
=2k +1)(k+2)...(k+k)(2k+1)
= 25;.(2k + 1).
Theo gid thiét quy nap thi S chia hét cho 2%, suy ra Sj,; chia hét
cho 2F+1,

Theo nguyén 1y quy nap toan hoc thi S, chia hét cho 2" véi moi s6 tu
nhién n.
Bai toan 3. Hay tim ch@ so tan cung cia so: A, = 22" + 1 vdi moi s6
nguyén n, n > 2.
Loi gidi.

Nhan xét. Véi dang toan tim n chit s6 tan cing clia mot s6 that ra
1a di tim s6 du ctia s6 d6 khi chia cho 10",
(1)Co sé quy nap. Véin = 2, 86 Ay = 22 + 1 = 17, ¢6 chit s6 tan

cung la 7.
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(2)Budc quy nap. Gid st véin==k (k€ Z k> 2),s6 A, = 22" 4 1
c6 chit s6 tan cung 1a 7. Ta sé ching minh A, cling c6 chit s6 tan
cung la 7.

That vay, do A, c6 chit s6 tan cling 1 7 nén ton tai s6 nguyén duong
m dé Ar = 10m + 7, hay 22" + 1 = 10m + 7 nen 22" = 10m + 6.
Tu do
A =22 +1=2"241

=(2¥)*+1

= (10m +6)* + 1

= (100m?* + 120m + 37

= 10(10m* + 12m + 3) + 7

nen A, cling c6 chit s6 tan cung 1a 7.

Vay v6i moi s6 nguyén n, n > 2 thi A, = 22" + 1 c6 chit s6 tan cing 1a
7.
2 on

Z ? 2 2
Bai toan 4. (/3]) Viet tong 1 + 5 top— = trong do py, qn
n dn

la cdc so nguyén duong, pn, g, nguyén to cung nhau. Ching minh rang
Pn'8,Vn > 4.

Lot gidi. Ta ching minh bang phuong phap quy nap theo n bai toan
sauu:

Chiing minh rang
2" % >n+1,Vn€N,n>5. (2.1)

(1)Co sé quy map. V6i n = 5 thi 22 = 8 > 6, nén (2.1) ding vdi

n =>5.

(2)Budc quy nap. Gia st (2.1) ding véi n =k (k € N, k > 5), nghia
13 282 > k + 1 . Ta chitng minh (2.1) ding véi n = k + 1. Ta c6
2(h+1)=2 — 2 2k=2 > 9 (k4-1)(theo gia thiét quy nap) = 2k+2 > k+2.
Nén (2.1) dang v6i n = k + 1.

37



Theo nguyén 1y quy nap (2.1) dung véi moi s6 ty nhién n,n > 5.

Ta chitng minh bai toan ban dau bang phuong phap quy nap theo n.
2 22 23 921 39
(1)Co sd quy nap. V6in = 4 thi I+§+§+Z =3 khi d6 py = 32
chia hét cho 8 nén bai toan ding véi n = 4.

(2)Budc quy nap. Gia st bai toan dung véi s6 ty nhien n = k, k > 4,

nghia la

2 22 ok .

I + B 4+ o4 ’ = &, trong do6 pg, qr la cac so6 nguyén duong,
dk

(pr,qr) = 1 va pgi8, nén g phai 1a s6 1é. Ta chiing minh bai toan
ding v6i n = k + 1. That vay, ta co
Pr+1 _ Pk 2L (k4 1)p + 28 g,

1 q k+1 qr(k + 1)

Néu k 4 1 1é, khi d6 gz(k 4+ 1) 1 nen liy thira 2 tren tit khong bi
rat gon. Do d6 ppiq:8.

Néu k + 1 chén, diat k+ 1 = 2°.m (m 18). Ap dung (2.1), ta c6
P2 > k41w 282 > 25.m, suy ra

k—2>s
Sk+1>s+3

S2m—s>3

khi do
Prr1 2°.mupg + 2(2°m) g _ 2%(mpy + 22 m=s)g.) mpg 92" m—s) g
Tk+1 qr-2%.m qk-2°.m qr-m

ma pi:8,2°.m — s > 3, qr,m 1é, nén ta co pr1:8.
Theo nguyén 1y quy nap ta c6 diéu phai chiing minh.

Bai toan 5. (Dé thi hoc sinh gidi toan quoc 1978)
Chitng minh rang vdi s6 nguyén duong n tuy 7y, so A, gom 3" ch@ so

giong nhau luon luon chia hét cho 3".
Lot gias.
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(1)Co s6 quy nap. Véin = 1,s6 A; = aaa v6i a la chit s6 tuy y. Tong
cac chit s6 ctia Ay 14 a + a + a = 3a chia hét cho 3! = 3, nén A,
chia hét cho 3'. Béi vay, bai toan dang véi n = 1.

2)Budc quy nap. Gia st khang dinh ding véi n = k, nghia la s6
Yy g g g
Ay =0bb...b (gdm 3* chit s6 b tuy ¥) chia hét cho 3.
Ta chiing minh bai toan dung véin = k+1, nghialasd Ay 1 = cc..c
(gom 3% chit s6 ¢ tuy ¥) chia hét cho 3%,

That vay,

Apy1 = geceeceec (vi 38T =3.39)
M~

3kc/s 3kc/s 3kc/s
A 6k — 3k —
=cc...c.10” 4 ¢cc..c. 107" +¢ce. ¢
3kc/s 3kc/s 3kc/s
=cc...c.1 00..0 1 00..0 1
3kc/s  (3k—1)c/s0  (3k—1)c/s0

Theo gia thiét quy nap, sd ¢é...¢ chia hét cho 3%,
3kc/s

maso 1l 00..0 1 00...0 1 co6 tong cac chit so la 3 nén noé chia het

(3k—1)c/s0  (3k—1)c/s0
cho 3.

Do dé Ay, chia hét cho 3%,
Theo nguyeén 1y quy nap ta cé diéu phai chiing minh.

Bai toan 6. (Vo dich todn Hungari 1932)
Chitng minh rang néu a,b,n la nhiing nguyén khong am va b chia hét
cho a®, thi 6 (a +1)® — 1 chia hét cho a™*.

Lot gidi. Ta ching minh bang phuong phap quy nap theo n.

(1)Co s6 quy nap. Véi n = 0, ta c6 (a + 1)® — 1 luon chia hét cho

0+1

a’" = a, nén bai toan ding véi n = 0.

(2)Budc quy nap. Gia st bai toan ding v6i n = k (k 1a s6 nguyén
khong am nao do), tc 1a néu b chia hét cho a®, thi (a + 1) — 1 chia
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hét cho a**!'. Ta ching minh bai toan ding véi n = k + 1, tic 1a
néu by 14 s6 ty nhién chia hét cho a**! thi (@ + 1) — 1 chia hét cho

a2
That vay, dat ¢ = ﬁ, thi ¢ chia hét cho a*.
Ta co !
(a+1)"—1=(a+1)—1
=[l(a+ 1" =1
= [(a+ 1) = 1][(a + 1)@V 4 (a + 1)4@72)

+oot @+ 1)+ 1

Biéu thiic trong dau ngodc vuong thit nhat chia hét cho a**! (theo
gia thiét quy nap).

Biéu thtc trong dau ngoac vuong thi hai chia hét cho a vi ta co
thé biéu dién n6 dusi dang

(@ + 1)) 1]+ [(a+ 12 1]+ .. +[(a+1)¢ =1 +a
(mdi s6 hang clia tong nay déu chia hét cho a)

Nhu vay, bai toan dang véi k + 1.

Theo nguyén 1y quy nap ta c6 diéu phai chiing minh.

Bai toan 7. (Vo6 dich Toan Ba Lan 1982)

Cho q la mot s6 tu nhién chan lén hon 0. Chitng minh rang vdi moi
s6 nguyén khong am n, s6 ¢ 0" + 1 chia hét cho (¢ + 1)"+

chia hét cho (q+ 1)"*2.

va khong

Lot gidi. Ta ching minh bang phuong phap quy nap theo n.

(1)Co sé quy nap. Véin = 0, ta c¢6 ¢« +1 = ¢+ 1 chia hét cho
(q + 1) va khong chia hét cho (¢ + 1)% Do d6, ménh dé ding véi

n = 0.

(2)Budc quy nap. Gia st ménh dé dung véi n = k (k 14 s6 nguyén
khong am), nghia 1a ¢'4+D* +1 chia hét cho (¢+1)F*! va khong chia
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hét cho (g + 1)**2. Ta chtitng minh ménh dé ding v6i n = k + 1,
tidc la: ¢t )™ 41 chia hét cho (¢ + 1)*2 va khong chia hét cho
(q+ 1)+,

That vay, theo gia thiét quy nap, ta c6 thé viét

¢t 41 = (¢+1)"*1.s (s 1a s6 ty nhien khong chia hét cho (g+1)).
Khi d6 ta co

gt 41 = [t et 4

— [(q_|_ 1)k+1.8 o 1]q+1 + 1

=C), (g + 1) (D0 0 (_1)atl 4 Cri-(g+1) s (—1)
+C2 (g + )PP ()T 44

=(g+1)(g+ D)"s —C2 (g + 1) + L+
+ (q+ 1)tV o+ (do ¢ chiin)

= (q+ D" [s = C2 (g + DFs® + .. 4 (g + DL,

Do d6 ¢@t"™™" 41 chia hét cho (g 4+ 1)*2. Mt khac biéu thic trong
dau ngodc vuong khong chia hét cho (¢ + 1) (do s khong chia hét cho
(g+1)), nén ¢ 41 khong chia hét cho (g + 1)"+3,

Theo nguyén 1y quy nap, ménh dé dugc ching minh.

2.1.2 Mot s6 bai toan ve day sb

Bai toan 8. (/1]) Cho (ay, as, ..., asgor) la mot hodn vi cia (1,2, ..., 2007).
2007

Tim gid tri nhé nhat cia Syor = Y. |ait1 — a;], (a8 = a1).
i=1

Loi gidi. Ta ching minh trong truong hgp tong quat S, > 2 (n — 1),
VOl @y = aq, n 1a s6 tuy nhién, n > 2.

Khong méat tinh tong quat, ta gia sit a; = 1 (vi d& thay hai hoan vi
(a1, a9, ..oy 1,1, Qfi1y -y @) VA (L, Qpi1, ey Gy A1, Ao, ...y Gp—1)) €O CUNG

tong S,,.
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(1)Co sd quy nap. Khi n = 2 ¢6 hai hoan vi la (1,2) va (2,1) ca hai
déu c6 tong So = [2 — 1|+ |1 — 2| = 2.

(2)Budc quy nap. Gia st khin = k véi k € N, k > 2 ta c6 S >

2(k—1). Khido, v6in=k+1 taco
k+1 k
Z a1 — a;| = Z |@iv1 — ai| + |ag — a1| + |ar — agy1|

= E ‘az—s—l - az‘ + ap41 +as — 2
|@3 — ap| + |ag — ag| + ... + |ag+1 — ax| + |az — ap1]
+ap1 + az — |az — ap1| — 2.
Ta thay (as — 1,a3 — 1, ..., ap+1 — 1) 1a mot hoan vi ctia (1,2, ..., k).
Do d6 theo gia thiét quy nap ta co6
lag — as| + |as — ag| + ... + |ap+1 — ax| + |ag — ap41]
a1 + az — |ag — ap41| — 2
— (a5 — 1) — (as — )]+ . + |(a2 — 1) — (a2 — 1)
+ (a1 + as — |as — age1| — 2)
>2(k—1)+2min{ag1, a9} — 2
> (k—1)+4—2 =2k
Theo nguyén ly quy nap ta ¢6 S, > 2(n — 1) v6i moi s6 ty nhién
n > 2.
Hoan vi (1,2,...,n) c6 S, =1+1+ ...+ 14+[1 —n|=2(n—-1).

n—1 sb

Ap dung bai toan trén véi n = 2007, ta c6 gia tri nhé nhat ctia Saor
1a 4012.

Bai toan 9. (/2/) Cho day s6 uy,us, ..., Uy, ... la cdic s6 thuc théa man

Uy = 0
Us = 1
U = (k — 1) (uk_l + uk_g) Vk=3,4,...n
Chitng minh rang, vdi moi s6 nguyén duong bat ky, thi
Coup + Cluy 1+ C?upy o+ ...+ C" luy = n! — 1. (2.2)
Lot gidi. Ta ching minh bang phuong phap quy nap theo n.
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(1)Co sé quy map. V6in =1 ta c6 CPu; = 0 = 1! — 1 nén bai toan

dang v6i n = 1.

(2)Budc quy nap. Gia sit bai todn diung t6i n, ta chiing minh bai toan
ding v6i n + 1. Goi vé trai ciia (2.2) 1a S,,. Tt cong thiic
Citl = Ok + CH1 ta c6
Spa1 = CY i1 + (CL4+CY) up + oo+ (CH+ C 1y
= CY quns1 + (Cluy + Chup_y + ... + C )
+Cluy, + C2upy g + ... + Cluy
= Sp+nChu,+[n + Ch(n — 1)] up_14+[Crh(n — 1) + C2(n — 2)] up—2
o4 [C133 4+ Cn 22  ug + C lug + Cluy
=S,+n (C’gun + Cluy 1+ .. + O 2y + Cg_lul) + C Ly,
Do do,
Spi1 = Sp+nS,+n=5,4+n(S,+1) =nl —1+nn! =
(n+ 1)! —1.
Vay bai toan dung véi n + 1.

Theo nguyén 1y quy nap ta c6 diéu phai chitng minh.

Bai toan 10. (/2]) Day so ug, uy,us, ... dugc xdc dinh nhu sau:
Céc s ug, uy la nhitng so tu nhién nhé hon 1000, con vdin > 2, thiu, =
[Up_1 — Up_o|. Chatng minh ring, it nhat mot trong cdc s6 uy, us, . . ., Uiseo

phdi bang 0.

Loi gidi. Ta ching minh bang quy nap theo n, "néu trong day da cho
ug, uy la cdc so ty nhién déu nhé hon 2n (n la s6 nguyén duong), thi mot

trong cdc so ui, us, . .., us, phdt bang 0"

(1)Co sd quy nap. Véi n = 1, theo dé bai thi ug,u; déu nhé hon 2
nen ug = uy = 1 (Vi ug, uy 1a céc s6 ty nhien). Khi d6, us = 0.

Vay khang dinh ding véi n = 1.

(2)Budc quy nap. Gid st v6i moi sd6 nguyén duong k£ nhd hon n,
khéng dinh ding, nghia la: V6i ug, u; nhoé hon 2k thi trong céc

sO w1, U, . . ., us, cO it nhat mot sé bang 0.
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Ta can ching minh khang dinh ding véi nguyén duong n, nghia la
ta phai ching minh rang: Néu trong day s6 da cho ug, u; déu nho
hon 2n, thi mot trong cac s6 wy, us, . . . , us, phai bang 0.
Ta c¢6 uy = |u; — ug|, nén uy > 0. Néu uy = 0, thi khdng dinh ding.
Ta xét truong hop us > 1.
Viwug > 1, mauy <2n—1 (do u; < 2n) nén

ug = |ug —ug| < 2n—1—-1]=2n—2

ug = |ug —usl <2n—2—-1]=2n-3
a) Neuug <2n—2=2(n—1) vauy < 2n —2 =2(n — 1) thi theo
gia thiét quy nap, khang dinh ding.
b) Néu ug = 2n — 2, thi c¢6 thé xay ra hai truong hop:

THI1. uy = 1,uy = 2n — 1. Khi d6 ug = 2n — 2, uz = 2n — 2,
ug = 2n — 3, us = l,bug = 2n — 4, uy = 2n — 5, ug = 1,...,
usy = 2n — 2k, ..., ug, = 2n —2n = 0.
Nhu vay, khang dinh ding trong trudng hop nay.

TH2. u; = 1,u9 = 2n — 1. Khi d6 uy = 2n. Ta thay truong hop
nay khong xay ra vi ug < 2n theo gid thiét quy nap.
Vay, khang dinh dtng véi n.

Theo nguyén 1y quy nap khang dinh ding v6i moi gia tri ctia n nguyén
duong.
Van dung két luan nay véi n = 500, ta c6 diéu phai ching minh.

Bai toan 11. (/2]) Day so ug,u1, ..., Uy, ... dudc xdc dinh nhu sau:

ug, Ui, Uy = |uy —ug|,uz = |ug —u|,..., trong dé ug,uy la cdc s6 tu
nhién. Biét rang ton tai so tu nhién N, sao cho uy = 0 va moi so hang
ctia day s6 déu khong lén hon 1978. Héi so cac so ldn nhat cé thé cia

day so la bao nhiéu?

Loi giai. Trude hét ta thay rang, voi k > 2 thi up < max [ug_1, ug_2],
nén s6 16n nhat trong day sé da cho chi c¢6 thé 1a ug hodc u;. Hon nita
trong day s6 c6 s6 cac s6 hang 16n nhat thi u; 14 s6 16n nhat vi khi d6
c6 thé chon ug = u; — uy va ta c6 diy sd méi

Up = Uy — Uz, Ui, Uz = |u1 — ug|,... ma u; > ug théa man dieu kién cua
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bai toan.

Néu u; = 1 thi diy s6 c6 khong qua 2 sb.

Néu u; = 2 thi cac s6 chiia trong diy khong qua 3 so.

Néu u; = 3 thi cac s6 chita trong diy khong qua 5 so.

Nhu vay, néu day s6 c6 chita cac s6 16n nhat, thi u; = n, uy = 1.

Khi d6 day sb6 c6 dang sau
n,lbn—1,n—2,1,... (*)

Ta ki hiéu s6 cac s trong day (*) 1a k,, thi c6 cong thitc tinh s6 phan

tu cta day (*) sau day:

kn = 3+ ko (*%)
Bang phép quy nap ta co
an+1
k= ' sskok
e (s

Nhu vay, ta con phai chiing minh: Néu diy s6 théa man diéu kién cla
bai todn, u; = n (s6 16n nhat), thi s6 cic s6 trong day nay sé khong vugt

qué k,. Khang dinh nay sé dudc ching minh bing quy nap theo n.

(1)Co sd quy nap.

. 3.1+1
Véin:1khidédéycéhais@lal,lvakl:[ 2+ ]:2.

) 3.2+1
Véin:2khidédéycébasc3132,1,1Vakgz[ 2+ ]:3.

) 3.3+1
Véin:3khidédéycébasé1&3,12,1,1vékg,:[ ; ]:5.

Vay khang dinh ding véi n = 1,2, 3.

(2)Buédc quy map. Gia sit khang dinh ding v6i moi s6 ty nhién nhd
hon n, ta ching minh khing dinh ding véi n. Thay vay, gia sit c6
day

n,m,...

trong d6 m < n, ta c6 cac truong hgp:

45



1. Néu m = n thi day chi gom 2 s6 hang khac nhau.
) n ) N
2. Néeum = B (vi m 1a s0 nguyén, nén n phéi chén), thi day chi
gom 3 s6 hang khac nhau.
2.3+1

Do n la mot s6 chn duong, nén k, > ky = [23] = 3. Khang

dinh la dang trong truong hgp nay.
3. Neun >m > E,thikhibéb(’jt di so n ta c6 day so m,n—m,....

Day nay c6 sd6 hang 16n nhat 14 m nén sé cac s6 trong day,
3m + 1] .
, MA

theo gid thiét quy nap sé khong vugt qua &, = [

m <n—1, nén

L+Fm;ll§1+lanzﬁ+l]:F%]§[&jﬁi:kw

. n .
4. Neu m < 5 thi day so c¢6 dang n,m,n —m,....

e Néu n —2m > m (hay m < g), thi khi xét day sd bat dau

ti n— 2m ta c6 sb cac s6 trong d6 sé khong vuot qua k,_om

T [3(71— 22m) + 1} _ [3n+ 1 < [3n2+ 1] e

Do d6 s6 cac s6 ctia diay ban dau khong vuot qua &,

(theo gia thiét quy nap)

—3m

e Néu n —2m < m thi s6 hang thi sau la m — (n —2m) < m,

nén bat dau tir s6 hang thit nam, s6 cac s6 c6 trong diy so

n
3m+1}< 35 11 _[&w+ﬂ

kho uct qua k,, =
ong vudt qua [ 5 5 1

(dom < 2), néen so cac so trong day khong vuot qua
2 1
km+4<!&j_]+4§!&g_]:kw

Vay trong moi truong hop sb cac s6 ciia diy déu khong vuot qua k.
Xét bai toan nay véi n = 1978, thi day chita khong qua

3.1977 + 1
1+k1977:1++:2967
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Vay s6 cac s6 16n nhéat c6 thé chita trong day 1a 2967.

Bai toan 12. Cho day s6 u, zdc dinh nhu sau:

up = l;ue =3
Upio = 2Upi1 — Uy, + 1;m=1,2,3,...

Chatng minh rang vdi moi s6 nguyén duong n, s6 A, = 4u,tys + 1

la 56 chinh phuong.

Lot gias.
1 ) X
Ta sé chiing minh u, = @ v6i moi so nguyén duong n bang

phuong phap quy nap.

(1)Co sd quy nap.

1(1+1 .
Véin=1,u=1= % khéng dinh tren dang.
22+1)

Véin=2 tacou,=3= nén khang dinh trén ding.

(2)Budc quy nap.
Gia st khang dinh ding véin =k — 1, n =k (k € Z, k > 1). Ta
chiing minh bai toan ciing dung khi n =k + 1.
That vay, theo cong thitic xac dinh ugq, ta co

Upt1 = 2up — up—1 + 1
kE(k+1) (k—1k

=2 — 1
2 S

2k 42k — K+ k+2

B 2

(k1) (k+2)

B 2

Do dé, khang dinh trén ding véi n = k + 1.

Theo nguyén 1y quy nap thi khing dinh trén ding véi moi s6 nguyén
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duong n. Nhu vay,

4 gD (D0 3)
2 2

=n(n+1)(n+2)(n+3)+1
= (n®+3n+ 1)

+1

Vay A, 1a s6 chinh phuong v6i moi s6 nguyén duong n.

Bai toan 13. Cho day so w,, zdc dinh nhu sau:

(AR ) =1
2
Ynol 49 =345

Up—2

Uy =
Chatng minh rang moi s6 hang cia day déu la s6 nguyén.
Lot gias.
Ta sé ching minh u, = 4u,_1 — u,_»2;Vn = 3,4, ... bang phuong phap
quy nap theo n.

5+2 1242
(1)Co sd quy nap. V6i n = 3, ta co u3=u2+ = :_ —
Uy

Mat khac dus —uy = 4.1—1 = 3. Vay uz = 4us —u; hay khezmg dinh
diang khi n = 3.

3.

(2)Buédc quy map. Gia st khang dinh ding v6i n = k(k > 3), tic 1a
w, = 4uy_1 — up_o Ta chitng minh khéng dinh ding véi n = k + 1,

tac 1a upa = 4dup — up_q.
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That vay,

U1 = dup, — U1
u% + 2
<~
Uk—1
Sud 4 2 = dupup_ — up_,

= duy, — U1

<:>(4uk,1 — ukf2>2 + 2= 4ukf1(4uk,1 — ukfg) — u%_l

2 2
Sup_o — dup_1up—2 +2 = —uj_,

Sud |+ 2= up_o(dup_1 — up_o)
2
u; ,+2
k-1

Uk—2
Sup = 4dup_1 — Up_9.

= 4dup_1 — Ug_2

Ding thic cudi nay ding theo gia thiét quy nap. Do do ta c6
Ups1 = dugp — Up_1.

Khéang dinh trén dugc chiing minh.
Mzt khac c6 u; = us = 1 déu la s6 nguyén nén st dung phuong
phap quy nap mot lan nita két hop véi khang dinh trén ta di dén

két luan moi s6 hang ctia day déu la s6 nguyén.
Bai toan 14. ([7]) Cho day so (z,,) théa man diéu kién

ro=4,r1 =34 ,
Tnso @y = 22, 4+ 18.10" Vn € ZF (1)
26

Dat S, = > xpik, Vn € ZT. Chiing minh ring vdi moi so tu nhién Ié n,
k=0

ta luon co S,,:60.

Lot giai. Ta sé chiing minh
_10M 42
3
bang phuong phap quy nap theo n.

Ty ,v6i n 1a s6 nguyén khong am (2)

(1)Co sd quy nap. Véi n = 0 thi 9 =4, n = 1 thi 1 = 34 nén (2)
ding.
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(2)Budc quy nap. Gia st (2) ding véi v6i n va n + 1, ta sé ching
minh (2) dang véi n + 2. Ta co,

10n+2 2 2
Tp42.Ty = x721+1 + 181On+1 = <T+> + 1810n+1

10" 42 102" 4+ 4.10"2 + 4 4 162.10"H

< Tn42. 3 9
107t 2 1024 4+ 202.10" 1! + 4
S Tp42. =
3 9
- ot +2 107t 42 1073 4+ 2
Tpa2. = .
T2 3 3

1073 + 2

STpy2 = 3

Nhu vay (2) ding vé6i n + 2.

Theo nguyén 1§ quy nap, (2) ding v6i moi n nguyén khong am. Khi do6

o _ 10+ 104+10°+ . +10%) +2.27 T
" 3 T3

Ta ludn co

10¥ = 1(mod9), 10" = (—=1)*(mod11), Vk € N.
Do do6
T =1.274 2.27 = 0(mod9),
T =1.1+2.27=>55=0(modll) (vin 1é).
Suy ra 739,711, ma T2 va 2,9, 11 1& ba s6 nguyén td cling nhau ting
doi mot, nén 7:2.9.11. Do S,, = §32.3.11, nen S,:66. Ta c6 diéu phai

chiing minh.

2.1.3 Mot sb bai toan vé tinh tong va chitng minh ding thiic

Van dung phuong phap quy nap toan hoc vao tinh tong va ching minh
déng thic dude sit dung kha phd bién trong cac bai toan phd thong.

Bai toan 15. (/4]) Tinh A(n) = ——+—+ 41 !

T 1237234 345 ThirDn+2)
vdin € Z7.
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Lot giaz. Ta co

1 1(1+43)
AV =3 = mr D+ o)

B 1 1 _ 2(2 + 3)
A(2) = 123 " 234" 42+1)(2+2)

B 1 1 1 B 3(3 + 3)
AB) =153 %931 345 1B+ 1B+

Ta du doan
Aln) = n(n+3) Vn e Z". (2.3)

4(n+1)(n+2)’
Ta chiing minh (2.3) bang phuong phap quy nap theo n.

1 1(1+3)
1.23 41+ 1)(1+2)

(1)Co 56 quy nap. Véi n = 1 thi A(1) =

nén (2.3) diung véi n = 1.

(2)Budc quy nap. Gia su (2.3) dung véi n = k(k € Z™), nghia la

i  k(k+3)
Zz z—l—l )@ +2) 4k +1)(k+2)

=1
Ta chiing minh (2.3) ding v6i n = k + 1. That vay,
Ak+1) = Z

1

( 3(z+2) (k;+1)(k+2)(k+3)
1
Ak )k 2) A Dkr2)(kt3)
k(k+3)° 44 KB +6k*+ 9k +4
4k +1)(k+2)(k+3) 4k +1)(k+2)(k+3)
(k+1)%k+4)  (+1)(k+4)
Ak+1D)(k+2)(k+3)  4(k+2)(k+3)
Nhu vay, (2.3) dang v6i n = k + 1.
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Theo nguyén 1y quy nap thi (2.3) la dang.

) _ n(n+3) N
Vay A(n) = 4(n+1)(n+2),Vn€Z :

Bai toan 16. (Dé thi vo dich CHLB Dic 1982)
Goi S(n) la tong tat cd cdc udc s6 1€ lon nhat ciia cdc so tu nhién tu 1
dén 2". Chitng minh rang 3S(n) = 4™ + 2.

Lot gidi. Céac so6 tu nhién tir 1 dén 2" bao gom céc s6 1é tit 1 dén 27, cac
s6 con lai nhan dudc bang cach gap doéi cac so6 tu nhién tir 1 dén 271
Do do

Sn) =8 —1)+1+3+5+---+(2" - 1),

ap dung cong thic (1.9) trong vi du 9 ta c6,
S(n)=S(n—1)+4" . (2.4)
Ta ching minh bai toan bang phuong phap quy nap theo n.

(1)Co sé quy nap. Véin =1,35(1) = 3(1 + 1) = 41 + 2, do d6 bai
toan ding véi n = 1.

(2)Buwdc quy nap. Gia st bai toan ding véi n = k, k € ZT, nghia la
3S(k) = 4% + 2, ta chitng minh bai toan ding véi n = k 4 1. Tit
(2.4) taco S(k+1) = S(k)+4*, ap dung gia thiét quy nap ta dugc

4k 42
S(k+1) = ; + 4F

3

& 35(k+1) =41 12

Do dé6 bai toan ding v6in =k + 1.

Theo nguyén 1y quy nap ta c6 diéu phai chiing minh.
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Bai toan 17. Cho day so6 Fibonaxi zdc dinh nhu sau:

Fy=0
Fi=1
F2:0—|—1

Fn—I—l :Fn+Fn—1;nZ 1
Ching minh
a)Foin = FoaFy+ FyFyvoim > 1,n > 1 (2.5)
DVIVFy+ o+ -+ Py o = Fy oy — 1,Vn € Z7. (2.6)
Lot giai.
a) V6i m bat ki, m > 1 ta chiing minh (2.5) bang phuong phap quy nap
kép theo n.
(1)Co sd quy nap.
e Khi n = 1, dang thitc tré thanh F),,1 = F,, + F,_ 1 (vi
Fy, = Fy = 1) nén dang thiic ding v6i n = 1.
e Khi n = 2, dang thtc tré thanh
Fm+2:Fm+1+Fm
=Fn+ F,1+F,

= 2F,, + F,,—1 théa man (2.5) (vi Fy, =1, F5 = 2).
Do do, (2.5) dang véi n = 2.
(2)Budc quy nap.
Gia stt dang thiic ding véi n = k — 1;n = k(k > 1), tic la ta
co
Fm+k—1 = Fm—l-Fk:—l + Fk:Fm
Fm—|—k = Fp_1.F) + Fk+1-Fm-
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Ta chitng minh dang thitc ding véi n = k + 1, tic 1a
Foikr1 = F1.Fpp1 + Fro By,
That vay, theo cach cho day sb va gia thiét quy nap ta c6

Foikr1 = Fogr + Fope
= Fy 1.ty + Fpp By + Fyq Fre + Fi Fy,
= Fp1.(Fy + Fim1) + F(Fi + Fy)
= Fp1Frr1 + Frpo b

Do do, (2.5) dang v6i n =k + 1.
Vay, theo nguyén 1y quy nap ta c6 diéu phai chitng minh.
b) Ta chiing minh (2.6) bang phuong phap quy nap toan hoc.

(1)Co sd quy nap.
Véin=1thi i+ B =11+12=22—-1=F;—1. Vay
(2.6) ding véi n = 1.

(2)Budc quy nap. Gia st (2.6) ding v6i n = k(k € Z"). Khi d6

FVES + FoFs + .+ FopFopq = F22k+1 — 1.

Ta chiing minh, (2.6) dang v6i n =k + 1.
Ta co,
FiFy + FoF3+ -+ - + FopFopn + Fopr1 Fopyo + FopraFogts
= F3. . — 1+ Fop1 Foryo + Fop2Fopys (theo gid thiét quy nap)
= Fop1 (Fopy1 + Fopya) + FoproFopyz — 1
= Fopp1Fop 43 + Fopqolopys — 1

= Forrs (Fopr1 + Fopeo) — 1
- F22k+3 -1

Vay, (2.6) dung v6i n = k + 1.

Theo nguyén 1y quy nap ta c6 diéu phai chitng minh.
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Bai toan 18. (Cong thic nhi thiic Newton)

n
Chitng minh rang (a +b)" = Y C*a"*b*, vdin la s6 nguyén duong.
k=0

Loi gidi.
(1)Co sé quy nap. V6in = 1, ta c6 a + b = C%ab’ + C{a’ 1 hién
nhién.

Vay cong thitic dung véi n = 1.

(2)Budc quy nap. Gia st cong thitc dung véi s6 nguyen duong n, tiic

la ta co .
_ Z Ok an—kpk
" :
k=0
Ta chitng minh cong thitc ding vé6i n + 1. That vay, ta co

(a+b)""" = (a+0b)".(a+b)
= [Ca" " + CLa" b+ ..+ CFa" T L+ CMa VY (a + b)
—a" 4 Cla" b+ .+ O R
+ab" +a" b+ Cla" 0+ .+ CRam RO gt
=a"™ +(Cl).a" b+ (C)+C2).a" L + .+
L (CFL g ORy R e gy et
"+ Cr b+ CE a4 Lt

+Ck+1 n+1—k bk + . +bn+1
n+1

_ Z O, am Rk,
k=0
Nhu vay, cong thic dung véi n = k + 1.
Ta c6 dieu phai chiing minh.

Bai toan 19. (Olympic 1983) Tim tat cd cic ham f : RY — R™ thda

man hai diéeu kién sau:

(1) f(zf(y) =yf(x), Yo,y € RT
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(ii) f(z) — 0 khi x — 400

Loi gidi. Voi x € RY ) tu (i) ta co f(xf(x)) =z f(x).

Do do f(f(zf(z))) = f(zf(z)) = zf(z).
Cho x = 1 ta dugc

FUFM)) = f1) (2.7)

SUG))) = FfQA). (2.8)
)

T (2.7) va (2.8) suy ra f(1) =1 (loai f(1) =0 vi f(x) > 0,Vz € RT").
Gid st z € RT thdéa man f(z) = z. Khi do,

o G) —f Gf(Z)) —f) =1

1 1
Do do f <—> = —.
z 2
Ta sé chiing minh vé6i z € RT théa méan f(z) = z, thi
f(z") = 2", n 1a s6 nguyén duong. (2.9)
Ta dung phuong phap quy nap dé ching minh (2.9).
(1)Co sd quy nap. V6in =1thi f(z) = z. Vay (2.9) ding v6i n = 1.
(2)Budc quy nap. Gia si (2.9) ding véi n = k (k € Z7), nghia la
f(2¥) = 2*. Ta can chting minh (2.9) ding v6i n = k + 1.
That vay,
P = f(2)
f(Z"f(2))
f(=")
k k+1

T =Z .

z

z
Do dé6, (2.9) ding v6i n =k + 1.

Theo nguyén 1y quy nap thi (2.9) ding v6i moi s6 nguyén duong n.

1 ) . 1 1
Vi — la diem bat dong, theo (2.9) ta c¢6 f <—) = — v6i n nguyén
z zZ" zZ"
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duong.

. 1 1
Néuz>1,thif(z”):z"—>—|—oo,hoé£0<z<1thif<—> =— =

+o00 (diéu nay khong théa man diéu kién (ii)). Do d6 c¢6 duy nhét diém
bat dong cua f 1a 1.
Tuy nhién, ta ¢6 f(zf(z)) = xf(x) v6i © € RT nén suy ra zf(z) = 1.
Do d6, ham duy nhat thoa man (i) va (ii) 1a f(x) = %

1

Vay ham thoa man bai toan la f(z) = —.
T

Bai toan 20. (Vo dich Todn Matxcova 1945). Mot vai so trong cdc so

ai, as, ..., a, bang 1, cac so con lai bang -1. Ching minh rang

. a1a9 a1a92as a1a2as...ay T
25 | o QO T
sin |(aq + 5 52 i1 )4
— al\/Q +agV/2 + ... 4+ a2
L&i gidi.

(1)Co sé quy nap. Véi n = 1, ta thay cong thic 2sin alg = a2
ding ca khi a; = 1 hay a1 = —1.

(2)Budc quy nap. Gia st cong thitc ding véi n = k (k nguyén duong),
tuac 1a ta co
a1a9 a1a-2as ajasas...ag T
2 22 ok—1 )ﬂ

- al\/2+a2\/2+ a2

Ta chitng minh cong thic dang véi n = k4 1. That vay, tit gid thiét

2sin [(al +

quy nap ta co

2+a1\/2+a2\/2+...+ak\/§

— 2+ 2sin [(al + a12a2 algga?’ —alaéif'l"ak)ﬂ

— 92— 2cos [g + (ar + a12a2 + ‘“‘2‘;‘“ ot —W;ji;'a’wﬂ
_9 {1 — cos2(1 + % + % N —alazg,i’"'ak)ﬂ

— 4sin? (1 + % + % bt —alaQ;L,f"'a’“)ﬂ
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Mt khéc cac s ay, as, ..., a; 12 1 hoac -1 ma

1
—I—l—i- + + .= 5 1
sty T T T = 1_1 =
2
ai a10a2 a1a2a3...aj
éntaco 1< —4+ —4+ ...+ — < 1.
nén ta co 5 + 1 + ...+ o
aq ai1as ai1asas...ag
Dodo0<1l4+—4+—+4+...+ — < 2.
o do + 5 + 1 + .+ oF
aq aias ajasas...ag T m
Hay0O<(1+ =4+ ——4+ ... 4 ———)— < —
ay (1+ ;T et o )4 5
. al a10a9 ajasas...ag T
a 14—+ —4+ ... 4 ——)— >0
va sin(1 + 5 + 1 + ...+ oF )4

Vay tit dang thic trén suy ra

\/2+a1\/2+a2\/2+...+ak\/§

. ap ~ a1az
ZQSIH[(1+E+T+...+T)4

V6i aj41 = £1, ta nhan vao hai vé clia ding thic trén

ak+1\/2 -+ CL1\/2 -+ CLQ\/Q + ...+ ak\/§

ajasas...ag 7'('}

. aq a1a9 aiaoasg...ar T

= ap2sin (14 2+ 22 44 SR T

app2sin |(1+ 5+ ==+ .+ — )
. 1041 A1G020k41 apaz ... apag41\ T
o | T
sin |(ag+1 + 5 1 + -+ oF )4

(do ham sin 1a ham 18).
Vay ding thic dang véi n = k + 1.

Theo nguyén 1y quy nap, ta cé dieu phai chiing minh.

Bai toan 21. Cho fi, fo, ..., fu(n > 2) la cac ham khd vi. Chiing minh

(fifo-- fo) = fifefs. . fo+ fifafs. . fut+ -+ fifofs .. f. (2.10)

Loi gidi.
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(1)Co so quy nap. V6in = 2 thi (f1fs) = fifo+ fifs (theo cong thiic
tinh dao ham mot tich), nén (2.10) dang véi n = 2.

(2)Budc quy nap. Gia st (2.10) ding véi n = k(k € N,k > 2), nghia

la

(fifooo i fu) = fifafs fo+ fifafs fo+-+ fifafs. .. fi.

Ta phéi chiing minh (2.10) ding v6i n = k + 1. Théat vay,
(fifoo o feferd) = (fifeo o f6) fen + (fifo o o) fl
= (fifafs. - futfifsfs. o fete -+ fifafs o fi) frn
+fifo o fefia
= fifafs. . foferr + fifofs o fuferr oo

+fifofs. o fiferr + fife o fefig
Nhu vay, (2.10) ding v6i n =k + 1.

Theo nguyén 1y quy nap, ta cé diéu phai chiing minh.

Bai toan 22. Cho n nguyén duong, chitng minh ring

; n 2n+1 n! 2
/ (1—2%)"de = ﬁ (2.11)

Lot gidi. Tru6e hét, ta ching minh

1

1
/ (1—2%)"de = 251 . / (1—2%)"da (2.12)
-1

-1

1
Tadat I= [ (1-— :UQ)nda:
5

pat § 4= (=) 15 g6 § du=n(=22)(1 —2*)""de
' dv =dx v —

1
I=x(1- x2)n‘11 + n_fl 22%(1 — xz)n_ld:v
1

=0+2n [ 2?(1 - xQ)n_ld:L’
1

29



1 n—1 n—1
=2 [ [(1=2?) (1-2%)"" = (1-2)"| da
51
1 1
=-2n [ (1 — :L‘Q)nd:p +2n [ (1 — x2)n_1dx
-1 -1
1
= —2nl+2n [ (1 — xQ)n_lda:
suy ra -

1
2n+1)I=2n [ (1—2?)" "do
—1
5 1
er=_" / (1- xz)n_ld:v.

2n+1
-1

Ta chiing minh (2.11) béng phuong phép quy nap.
(1)Co sd quy nap. V6in =1 ta co
1

s (-2 -

Vay (2.11) ding v6i n = 1.

(2)Budc quy nap. Gia si (2.11) dang v6i n = k, k € Z*, ta ¢6

; ok B 22k+1(k!)2
/1(1“) = GE5 )

Ta can chiing minh (2.11) ding véi n = k + 1.
That vay,
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1

/ (1— x2)k+1dx = 2(2%—?)2 1/ (1-— xQ)kdx (theo (2.12))

2k +2 22k (2K + 2)(2k + 2) 22K (K1)?
T 2%k +3 (2k+ 1) (2k+2)(2k+3) 2k +1)!
22(k + 1)2.22F+1 (k1)?
(2k + 1)!(2k + 2)(2k + 3)
2Bk 1))
2k +3)

Vay (2.11) ding véi n = k + 1.

Theo nguyeén 1y quy nap ta cé diéu phai chiing minh.

2.1.4 Mot sb6 bai toan chitng minh bat dang thiic

D6i véi hoe sinh, bat dang thitc van dudc coi 1a dang toan kho va viec
van dung phuong phap quy nap dé ching minh bat ding thic 14 hiém
gap trong cac bai toan phd thong. Duéi day, tac gia xin trinh bay mot
s6 vi du vé st dung phuong phap quy nap dé chitng minh bat ding thrc.

Bai toan 23. Ching minh rang vdi moi s6 nguyén duong n, a la so thic

khong am, thi

\/a+1—|—\/a+2+...+\/a+n<a—|—3.
Lot giaz.

(1) Co sd quy nap. V6i n =1 thiva+ 1 < a+ 3 luén ding Va > 0.
That vay,

vat+l<a+3

Sa+1<(a+3)?

5\° 7
@a2+5a+8:<a+§) +Z>Olu6ndfmgVa20.
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(2) Budc quy nap. Gié st bai toan dung véin =k (k € Z").
Khi do,

\/a+1+\/a+2+...+\/a+k<a+3 (2.13)
Ta can chiing minh bai toan dung véi n = k + 1 , nghia la véi b 1a
so thyc khong am, & nguyén duong, thi

\/b+1+\/b+2+~-+\/b+k+\/b+k;+1<b+3 (2.14)

Dé chitng minh (2.14), ta ddt a = b+ 1.
Khi d6

\/b+1+\/b+2+...+\/b+k+\/b+/<:+1

=\/b+1+\/a+1+...+\/a+k1+\/a+k
<Vb+1l+a+3=vV2b+5. (2.15)

Mat khac,
V2b+5<b+3
&20+5< (b+3)*=b+6b+9
S0 < b +4b+4=(b+2)? (hién nhien dang véi b > 0)

Vay bat dang thitc (2.15) ding véi moi sé thyc b khong am. Do vai

tro cua a va b nhu nhau nén

\/a+1+\/a+2+...+\/a+k+\/a+k+1<a+3.

Nhu vay bai toan dung véi n = k + 1, nén theo nguyén 1y quy nap ta co
diéu phai ching minh.

Bai toan 24. (Vo djch Toin Matzcova 1984) Cho x1, T, ..., x, la n s6
khong am (n € Z,n > 4), tong ciia ching bing 1. Ching minh ring

109 + x93 + ... + 11 < Z
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Loi gidi.
Ta sé chiing minh bat dang thiic sau bing phuong phap quy nap theo

(1 + 22+ ..

>0,2=1,n

n)? > 4(x129 + 2013 + ...+ T,71)
4.

I\/&

(1)Co sd quy nap. Véin =4, ta c6
(21 + 20 + T3 + 24)% > 4(T120 + Tow3 + T374 + T4T1)
& (11 — 9 + 23 — 24)? > 0 nén bat dang thitc ding véi n = 4.

(2)Buédc quy nap. Gia st bat dang thitc ding véi sé ty nhien n = k
(k > 4), tic la ta ¢

(21 + 20 + ... + 21)? > 4(w129 + 223 + ... + T471)
Ta chitng minh bat dang thic ding v6i n = k + 1, tic ta cling c6
(5131 + 2o+ ...+ T+ :Ck+1)2 > 4(51715132 +Xox3+ ... + TpTp41 + xk+1x1).

Vi tong hai vé cia bat dang thic nay 1a vong tron theo chi s6, nén

ta co thé gia thiét xp1 < z;,i =1, k.

Khi do, tir gid thiét quy nap ta co,

(:(:1 +To+ ...+ + $k+1>2 = (.’1‘?1 +To+ ... + (.Q?k + $k+1))2
> Alwywy + w3 + .o+ 21 (g + Tpg1) (2 + Tpg) 7],

[561332 + Toxsy + ... + ﬂ?k,1<£€k + $k+1) + (Slfk + $k+1)$1] =

(x122 + 2223 + ... + TpTpg1 + Tp121) + Tp—1Tk+1 + Tk(T1 — Tigr)
Viz; >0vax; — 2 >0, nén ta co:

(129 + oxs + ... + Tp—1 (2 + Tpg1) + (5 + Tppr) 1] >

(3315132 + Xox3 + ... + Tp_1Tf + TpTp41 + ZI?k_H:)Zl).

63



Vay
(1 + 2o+ oo+ Tp + Tps1)” > A(T1702 + ToT3 + oo+ TpTpy + Th171)

nén ta c6 dieu phai chitng minh!

Bai toan 25. Ching minh rdng néu tichn sé6 thuc duong bing 1, thi tong
ctia ching khong nhé hon n. Néi cach khdc, cho x1,xs, . .., T, la nhitng so
thue duong, ching minh rang néu x1xs ... 2, = 1 thi ;1 +29+- - -+x, > n
vdi moin=1,2...
Lot gias.
(1)Co sé quy nap. Ta chiing minh bang phuong phap quy nap theo
n.
Véi n = 1, ta thay bai toan théa man.
V6i n = 2, ta phai ching minh: Néu zy29 = 1 thi z1 + 29 > 2 trong
d6 x1, x9 1& nhitng s6 thuc duong.
That vay, ta luén cé

1
(561—1)220@56%—1-1223]1@3}1—1——22V1($1>0)
Ty
1

<:>$1+$222(d0332:—.)
x1

Ding thiic x4y ra khi 1 = 2 = 1.

(2)Budc quy nap. Gia st bai toan dung véi s6 tu nhién n, ta sé chiing

minh bai toan dung véi n + 1, nghia la cho
T1To ... TpXpy1 = 1 (2.16)
ta phai ching minh
T+t F+x, T >n+1 (2.17)
Dang thtic (2.16) x4y ra hai truong hop:

l.ryy=29=--=z,=2,,1 = 1. Khidé x1+29+ - -+2, 42,11 =
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2. T1,T9,...,T, cO cic s6 khong bang nhau. Khi d6 dé (2.16) xay
ra thi phai c6 thita s6 16n hon 1 va c¢6 thita sé6 nhé hon 1. Do
sit binh dang gitta cac sb, ta gid st x; < 1 va 2,41 > 1. Khi d6
tu (2.16) ta co6 yywoxws ...z, = 1, trong dé y; = z12,11. Do gid

thiét quy nap dang véi n, nén y; + 29 + ... 2, > n. Khi do,

L1+ T2+ Ty T = (Y1 Ta+ o+ Tn) + Ty — Y1+ 2
>N+ Tpyl — Y1+ 21
=n+1)+Tp—yta1—1

(n+1)

(n+ 1)+ (@np1 — 1)1 —x1)

> (n+1)

Do do, bai toan dang véi n + 1.

+ Tpp1 — T1Tpg1 + 21 — 1

(Vi Zpy1 > 1vaax; <1)

Theo nguyén li quy nap ta c6 diéu phai chitng minh. Dang thic xay ra
khizi=29=---=2x,.
Phuong phdp quy map todn hoc dwoc wng dung dé ching

minh mot sé bat ding thidc noi tiéng.

Bai toan 26. (Bat dang thic gitta gid tri trung binh cong va trung
binh nhan). Vdi moi s0 nguyén n > 2 va moi bo n so thuc khong am
x1,To, ..., T, déu co:
L+ T2+ -+ 2y,
n

> x129...2,,. (2.18)
Loi giai.
Cdch 1: Ap dung bar toan 25
XXt Ty

Dat a = , = /T1T9...2y,.

n

o Xét truong hop x1, o, . .., x, déu duong.

Khi do, bat dang thic (2.18) chi la hé qud ciia bai todn 25.
1 T Ty

That vay, ta c6 ¢g" = x129...2T,, nén —.— ... — = 1. Do do theo
g g g
két qud cia bai todn 25, ta cé
1 T L2 o>
g g g



<:>I1+ZCQ—|—"'—|—ZCn

> w1x9... Ty

n
, x T T
angthﬁcxdymkhi—l:—2:.--:—”hay;glsz:...:xn_
g g

o X¢ét truong hop dx; = 0,7 = 1,n.
3,72 A T +txo+ ...+
Khi dé hién nhien ta c6 = 2 “>0= /T1.209... T

n

Ta c6 dieu phdi chitng minh.

Cdch 2. Day la kiéu quy nap theo cip hudng (lén - zuong ) do Cauchy
de zudt nam 1821. Mot s6 nguoi da loi dung tinh huong nay dé goi tén
bat dang thic nay la Bat dang thic Cauchy. Tuy nhién cho dén nay, theo
thong lé quoc té va theo cdch goi clia cdc nha todn hoc thi bat dang thic
nay duoe goi la Bat dang thic gitta gid tri trung binh céng va

trung binh nhan.
Dé cho gon ta ki hieu

1 +2x9+ ...+ x
Sn: ]. 2 n’

n

II, = Vx129...20,,,
m m
I = (Yr1zg..xn)™.

(1). V6i n = 2, 11,15 12 hai s6 khong am, ta co6

5 > \/T1%2 (2.19)

dugc suy ra tt (/21 — \/x_2)2 > 0 v6i o1, T2 12 cic s6 khong am.

Dau dang thiic xay ra khi va chi khi z; = 2.

(2). Quy nap tién (quy nap lén)

Gia stt bat dang thitc ding véi k s6 khong am bat ki (k > 2), ta chiing
minh né ciing dung véi 2k s6 khong am bat ki.

That vay ta co,
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T+ T2+ ... +Tpy1 + ... + ok

Sok = 2%k
T+ T+ ...+ Thy1l + ... + ok
_|_
_ k ki
2
> \/xl T2 Z o Tk Tl +k % (4 dung (1) véi n = 2)

> \/\’“/xlxg...xk\k/xkﬂka...:Egk (theo gia thiét quy nap)
= Q\k/$1$2...£l}'2 = Hgk
Vay Soi, > Ilay.
(3). Quy nap lui (Quy nap xudng)
Gia stt bat dang thitc ding véi n = k(k > 2), tiic 14 v6i moi bo s6

khong am x1, 2o, ..., x%, ta co

Sk > 1.

Ta chitng minh bat dang thic ding vé6i n = k — 1.
That vay, ap dung gia thiét quy nap véi x, = Sip_1, ta co
T1+To+ ... +Tp—1

(l{—l)—FiCk
5 _ k-1

k
(k — 1)Sk_1 + Tk
k
(k — I)Sk_l + Sk—l

k/1Thk—1 k/1Thk—1

Do S > 11, nén Sj_1 > \k/ HlljjSk_l va (Sk_l)k > HijSk_l

Vay

Sk—1 > Iy
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T cac budce trén, ta thay bat ding thic ding véi moi bo n s6 khong
am bat ki.

Ta kiém tra xem dau dang thitc x4y ra khi nao?

- Hién nhién néu tat ca cac s6 bing nhau, thi dau dang thic xay ra.
Gia st ton tai hai s6 khac nhau, ta ching minh dau déng thitc khong
x4y ra. That vay, khong mat tinh tong quat, gia st z; < z,. Khi dé ta
c6 bat dang thic thuc su o1+ T

> \/T1.29, NEN

RS B 73 T PP ol 7 - \/ZL‘1$2-|—\/$1£B2+$3+... +x,
n n

Sn

> (/\/1'11’2\/1'11'2.333...33” =11,

Vay dau ding thtc x4y ra khi va chi khi tat cd n s6 khong am do6

bang nhau.

Bai toan 27. (Bat ding thiic Bernoulli) Chitng minh rang vdi moi x >

—1, x # 0 va vdi moi so6 tu nhien n > 2, ta c6
(1+2)" > 1+ na.
Loi giadi.

(1)Co sé quy map. Véin = 2, bat dang thiic c6 dang (14+x)% > 1+2x
hay 22 > 0, diéu nay ding do x # 0.

(2)Buéc quy nap. Gia st bat dang thitc ding véi sé tu nhien n = k
(k>2), ticlataco (1+2)F > 1+ ka.

Ta chiing minh né cling dung véi n = k 4+ 1. That vay, ta c6

(I+2)" =1 +2)"1+2)> (14 ka)(1 + )
=1+ (k+Dr+kr*>1+ (k+1)x

Vay bat dang thitc dugc ching minh.
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Bai toan 28. (Bat dang thiic Cauchy- Bunyakovsky)
Chitng minh rang v0i T1,Ta, ..., Tn, Y1, Y2, - Yn € R, n la 86 tu nhién,

n > 1. Ta luon co
(a7 + @5+ 2 (Y Y3+ yn) 2 (T Taye o Tayn)?
Lo gidi.
(1)Co sd quy nap.
e Véi n = 1, bat dang thitc hién nhién ding.
e VGin =2, taco
(@7 + 23) (47 +13) = (2151 + Toyo)” + (2192 — 2201)?
> (21y1 + 2912)?, nén bat dang thiic ding véi n = 2.

Dau dang thic xay ra khi va chi khi 2190 = 291, hay ton tai
cap so thuc a, B khong dong thai bang khong, sao cho

{ ary = By

azy = Py

(2)Buéc quy map. Gia st bat dang thic ding véi n = k(k > 2), tic

la ta co
(@3 + a3+ o+ 20) (W7 + 95+ o+ YR) = (211 + Tayp + o+ 2rn)”
Ta chitng minh bat dang thic ding v6i n = k + 1. That vay ta c6

(24 23+ . +2i )W+ + . +yi)

2 2
[Vt ] [

> (\/x% + 23+ ...+ x%\/y% + Y3+ ... + Yo4Tr1yk1)? (do bat dang
thic ding véi n = 2)

2
= (J (27 + 23+ .. +27) (Y + 5+ ) + xkﬂym) (theo gid
thiét quy nap)
2
> (\/(iﬁyl + ZToy2 + ... + Sckyk)2 + $k+1yk+1)
> (191 + Taya + o + TpYr + T 1Y) (*)

Vay bat dang thic ding véi n = k + 1.
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Theo nguyén 1y quy nap, ta c6 dieu phai chiing minh.
Trong gid thiét quy nap ta ciing gia stt, dau dang thiic xay ra khi va chi
khi ton tai cap s6 a, 3 v6i a? + 52 # 0, sao cho ax; = By;; Vi =1,k
Khi d6 dau dang thitc & (*) xay ra khi va chi khi ton tai cac cip s6
a, 8,0, v6i a? 4 B2 £ 0; o? + 5% £ 0, sao cho
ax; = ByNi =1k

o/\/:c%—%x% + .tk = /3’\/y% +y5+ ...ty
&'Tpi1 = B'Yri

Dé dang chiing minh dugc céac cap s6 a, 8 va o, f' ti le. Vay dau dang
thiic ¢ bat dang thic can ching minh xay ra khi va chi khi ton tai cap
s6 v, B véi o + B2 # 0, sao cho ax; = By;; Vi = 1, k.

2.2 Phuong phap quy nap toan hoc trong cac bai
toan hinh hoc

Phuong phap quy nap khong chi duge ap dung trong cac bai toan sé
hoc, dai s6,..., ma con dudc ap dung dé giai quyét cac bai toan hinh
hoc. Sau day tac gia xin trinh bay mot vai dang toan trong hinh hoc

dugc ap dung phuong phap nay.

2.2.1 Tinh toan bing quy nap

Cac bai tap vé tinh toan tudng chimg nhu rat khoé khan, nhung phuong

phap quy nap nhu mot chiée chia khéa dé ma ra cac bai toan nay.
Bai toan 29. Tinh s6 duong chéo cia da gidc loin canh (n > 4).

Loi gidi. Ta tim mot s gia tri clia cong thitc nay véi S(n) la s6 duong

chéo cua da giac n canh.

S(n) | 2=
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T bang trén ta dua ra gia thiét quy nap

n(n—3)'

S(n) = 5

(2.20)

Ta sé& chiing minh cong thitc (2.20) bang phuong phap quy nap theo n.

(1)Co sd quy nap. Véin = 4, ta thay ti gidc c6 hai duong chéo (hinh
2.1a), théa man (2.20), nén (2.20) ding v6i n = 4.

Hinh 2.1

(2)Budc quy nap. Gid st (2.20) dung v6i n = k, nghia la da giac 161
k canh ¢6 s6 dudng chéo 1a S(k) = M Ta ching minh (2.20)

ding v6in =k + 1.

That vay, khi thém dinh tht £ + 1 thi ¢6 thém k£ — 2 dudng chéo

noi ti Ag 1 t61 Ag, Az, ... Ax_1 (hinh 2.1b), ngoai ra A; Ay, cling tr6

thanh duong chéo. Do do,

Sk+1)=5Sk)+(k—-2)+1=

(k+ 1)(k —2)
Nhu Vay,2(2.20) ding véin =k + 1.

_ 2 _
Kk=3) K k-2
2 2

Theo nguyén 1y quy nap, S(n) ding v6i moi s6 tu nhién n > 4.
£ L 1. . nn-—3
Vay so duong chéo trong mot da giac 16i n canh 1a %
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Bai toan 30. (/15]) Tinh ban kinh r,, R, cia duong tron noi tiép va
ngoai tiép 2"-gidc deu chu vip cho trudc (n > 2).

Loi gidi.

(1)Co sd quy nap. V6i n = 2 | ta ¢6 hinh vuong chu vi p. Dé dang
tinh dugce
pV2

p
_P.g,=PVZ
9 83 2 ]

(2)Budc quy nap. Gia su biét ban kinh r,, R, cia cdc dudng tron
noi tiép va ngoai tiép 2"-gidc déu chu vi p, ta tinh cac ban kinh
Tnit, Rngp1 clia cac dudng tron noi tiép va ngoai tiép 2"1- giac déu

chu vi p.

o

Hinh 2.2

Goi AB la canh ctia 2"- gidc déu chu vi p tam O. Goi C 1a diém chinh
gitta cung AB, D, E, F lan lugt 14 trung diém ctia day AB, AC, BC;
G la trung diém ctia EF. Vi (OE, OF) = (OE,OC) + (OF,0C) =
%(O@C)#—%(OEBC) = %(O@B) va EF biang canh ctia 2"
gidc déu noi tiép duong tron ban kinh OF, nén chu vi ctia 2" - giac
nay la

2"l BF = Q”HATB =2".AB = p.
Do d6 r,, 1 = OG va R,,1 = OF.
M3t khac, ta dé thay

OC —0G =0G —0D(= %C’D)
R, + 7y,

2

nén R, —rpi1 = rpa1 — Ty hay rpq =
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Cudi cting, tit tam giac vuong OEC ta c6, OE? = OC.OG.

Nghia la R?Hl = R,rp 1, nén R, 1 =/ R,rpaq.
R, +r,

V?ly T'n+l = Ta Rn—|—1 =V Rnrn—i—l-
Bai toan 31. Trén mot mat phazng cho n duong tron phan biét, dot mot
cat nhau va khong cé ba duong tron nao giao nhau tai mot diém. Cac
duong tron nay chia mat phang thanh cac mién roi nhau. Tinh s6 mién
thu duoc.
Lot gias.

Goi s6 mién thu dude béi n dudng tron trong mit phang thoa méan

dieu kién de bai 1a F(n).
(1)Co sd quy nap.

V6i n = 1, dé thay F(1) = 2 (hinh 2.3a).

V6i n = 2, ta ¢6 hai dudng tron cit nhau va F'(2) = 4 (hinh 2.3b).

Hinh 2.3

(2)Budc quy nap. Gia st véi k duong tron théa man dieu kien deé bai,
chting chia mat phang ra lam F(k) mién. Xét (k + 1) duong tron
théa man diéu kien dé bai. Ta tinh F(k + 1).

Goi (k+1) duong tron dé la (C1), (Cy), ..., (Cr41). B6 di mot dusng
tron bat ky trong (k + 1) dudng tron d6, chang han (Cj,1). Khi d6
con k duong tron, theo gid thiét quy nap, s6 mién thu dugce 1a F(k).
Bay gio ta dung lai (Cyy1). Khi d6 duong tron (Ciyq) giao véi cé
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k duong tron ban dau. Trén (Cji1) ¢6 k cap giao diém nén cho ta

thém 2k mien.

Vay F(k+ 1) = F(k) + 2k. Do do6 ta co,

Cong cac dang thic trén lai ta dugc,

Fk)y=21+1+24+3+...+(k—-2)+(k—1)]

—2[14 2]

=k —k+2

Vay s6 mién thu duge tit n dudng tron théa man deé bai 1a F(n) =
n? —n+ 2.

Bai toan 32. (Dé thi vo dich todn nudc Anh nam 1970). Tim sé it nhat
cdc mat phang chia khoi lap phuong ra khong it hon 300 phan.

Loi gidi. Ta ching minh bang quy nap theo n khing dinh: n dudng

n(n+1)
N N 2 2

dong thoi nhan duge ding p(n) phan khi khong ¢6 hai duong thang nao

thang chia mat phang ra khong nhiéu hon p(n) = + 1 phan,

song song va khong cé ba dusng thang nao dong quy. That vay,

(1)Co s6 quy nap. Véin = 0, ta c6 p(0) = 1, hién nhién ding vi mot
duong thang chia mit phang thanh hai phan.

(2)Buédc quy nap. Gia st khang dinh ding v6i n — 1, nghia 1a n —
1 duong thang chia mit phang ra khong nhiéu hon p(n — 1) =
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(n—1)n

2
n nguyén khong am, ta co

+ 1 phan. Ta chitng minh, khing dinh ding v6i n. Véi moi

p(n) < pn—1)+n==00 g, nntlD)

1.
2 2 i

Dang thitc x4y ra khi duong thang n cit mdi dusng con lai va bi
chia ra khong nhiéu hon n doan, mdi doan dé xac dinh mot phan
mit phing méi.

Tuong tu, ta ching minh dudc n mit phéng chia khong gian ra khong

. S+5n+6 .
nhiéu hon ¢(n) = n—l—anL phan, dong thdi nhan duge dung q(n)

phan néu khong c6 2 mat phang nao song song, khong c6 3 mat phang

nao cing di qua mot duong thang. That vay,
(1)Co sd quy nap. V6in =0, ta c6 q(0) = 1 la dung.

(2)Budc quy nap. Gia sit khang dinh ding v6i n — 1, nghia la n — 1
mat phang chia khong gian ra khong nhiéu hon
n—132+5n—-1)+6
1) (= D50 )

6
Ta chiing minh khang dinh ding véi moi n nguyén khong am. Véi

phan.

moi n nguyén khong am, ta co
(n+13+5n—-1+6 n—1
_|_
6 2
- n*4+5n+6

6 )
dong thoi dang thic xay ra (mit phang thi n cit cAc mat phang

+1

g(n) <gn—1)+p(n—1) =

con lai va bi chia ra khong nhiéu hon p(n — 1) phan, méi phan dé

xac dinh mot phan khong gian méi).

S6 mit phang can tim 1a 13 vi ¢(12) = 299 < 300 < 378 = ¢(13).

That vay, 12 mit phéng chua du, con 13 mat phang c6 thé chia khong
gian thanh ¢(13) phan, sau d6 chon trong méi phan mot diém va lay
khoi lap phuong chita tat ca ¢(13) diém d6, cudi cting thi chi can ding
phép dong dang véi ti s6 thich hop dua vé khdi lap phuong can thiét.
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2.2.2 Chitng minh bang quy nap

Bai toan 33. (/5]) Cho 27 diém phan biét trén mat phang va khong cé
3 diém nao thang hang. 4 diém trong ching lap thanh cdc dinh cia hinh
vuong don vi; 23 diém con lai ndm trong hinh vuong trén. Chidng minh
rang ton tai 3 diém rieng biét X; Y; Z sao cho tam gidc XY Z ¢6 dién

1
tich kho i —.
ic ong qud - o

Lot gidi. Trube hét, ta ching minh bang quy nap bai toan:

Lay n > 1 diém nam trong hinh vuong (trong d6 khong c6 3 diem
nao thang hang, tinh ca cac dinh cfia hinh vuong). Khi d6 hinh vuong
c6 thée duge chia thanh 2n + 2 tam gidc, ma cac dinh ctia tam gidc ciing

14 1 trong n diém hodc cic tam giac nam bén trong hinh vuong.

(1)Co sé quy map. Véi n = 1, vi hinh vuong 1 da gidc 16i nén c6 thé
chia hinh vuong thanh 4 tam giac (hinh 2.4a) bdi cac duong nam

trong hinh vuong. Do d6, cac tam gidc déu ndm trong hinh vuong.

Hinh 2.4

(2)Budc quy nap. Gia st bai toan ding v6i n = k,k > 1. Ta chiing
minh bai toan dung véin =k + 1.
That vay, v6i n = k, giad st ta c6 thé chia hinh vuodng thanh
2k 4+ 2 tam gidc ma cac dinh tam gidc ndm trong k diem hoic
cic tam gidc nam bén trong hinh vuong. Véi n = k + 1, ta xét

thém diem P. Vi khong c6 3 diém nao thang hing nén P niam
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trong mot tam giac trong 2n + 2 tam giac. Vi du P nam trong tam
giac ABC. Nhu vay, tam giac ABC dugc chia thanh cac tam giac
nho 1la APB; BPC;CPA. Nhu vay, hinh vuong dugc chia thanh
(2k+2)+3—-1=2k+4=2(k+1)+2 tam gidc. Nhu vay, bai toan
dang véin =k + 1.

Vay theo nguyén 1y quy nap, bai toan dugc chiing minh. Quay trd lai
bai toan ban dau, xét truong hop n = 23. Khi d6, hinh vuong don vi c6
thé dugc chia thanh 2.23 + 2 = 48 tam giac véi tong dién tich bang 1.
Vay mot trong cic tam giac trén cé dién tich t6i da la I théa man yéu

cau cua bai toan.

Bai toan 34. (/13]) Cho n hinh vuong bdt kyj. Chimg minh ring cé thé
cdt ching (bdng nhdt cdt thang) lam mot s6 mdnh da gidc roi ti dé co
thé ghép lai thanh mot hinh vuong mdi.
Lot giadi.
(1)Co sd quy nap.
V6i n = 1, bai toan hién nhién ding.
Vé6i n = 2, ta goi do dai cac canh hinh vuéng cho truéec ABCD va
IJKL tuong tng la x va y. Gia st x > y. Trén cac canh ctua hinh
vuong ABCD, ta lay cac diém M, N, P, (@, sao cho AM = BN =

CP=DQ= % (hinh 2.5a).

Cat hinh vuong nay doc theo cac duong thang M P, NQ, dé thay
MP va N@Q vudng gbéc v6i nhau tai tam O cua hinh vudng va chia
hinh vuong thanh 4 manh bang nhau. Bay gio ta ghép cac manh
nay véi hinh vuoéng thi 2 nhu trong hinh 2.5b, ta dugc mot hinh
vuong méi vi tai M', N', P, Q' cac gbc but nhau, A ﬁ, /C\’, D' 1a céc
goc vuong va A'B' = B'C' =C'D' = D' A’.

(2)Budc quy nap. Gia st bai toan ding vé6i n(n > 1) hinh vudng. Ta
chiing minh bai toan ding v6i n = k£ 4 1 hinh vudng.
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Hinh 2.5

That vay, gia st ta ¢6 n + 1 hinh vuong Ky, K, ..., K,, K, 1. Ta
lay hai hinh vuong bat ki, chang han K, va K,,;. Nho budc co sd,
ta c6 thé cat mot trong hai hinh vuong nay va ghép cdc manh véi
hinh vuong con lai dé c6 hinh vuong méi K’. Khi d6, nhs gia thiét
quy nap ta cé thé cit va ghép n hinh vuong K, Ko, ..., K, 1, K’

dé tao thanh mot hinh vuéng méi .
Ta c6 dieu phai chitng minh.

Bai toan 35. Cho n diém Ay, A, ..., A, van so thuc ay,as, . .., a,, Sao

cho a1 +as+ -+ +a, = k # 0. Ching minh rang ton tai duy nhat diém
noo—

O, sao cho Y a;.0A; = 0

1=1

L&i gidi.

(1)Co s6 quy map. Véi n = 1, ta thay O trung v6i A; 1a diem duy
nhat thoa man bai toan.

(2)Budc quy nap. Gia st bai toan ding véi n > 1, nghia la
voi n diem Ay, A, ..., A, van sb thuc aj, as, . .., a, thda man
a1 +as 4+ - +a, = k' # 0, ton tai duy nhat diém O’, sao cho

n ? - . . . .
a;.0’A; = 0. Ta phéi ching minh bai toan ding v6i hé n + 1
=1

]
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diem Ay, Ay, ..., Ay, Ay va hé n+ 1 s6 thuc a1, as, ..., 4y, Gngt
thoa mén a; +as + -+ a, + a1 =k # 0.
That vay, ta co

n+1 n+1

i=1 i=1
n+1 n —
= Z ai._O—_>0' + Z ai.(ﬂ + ap 110" A iq
=1 1=1
n+1

— — -
= CLZ'.OO/ —f—CLn_HO/An_H =0 (Vi

1=1 1

— A1
& 00" = = A,1,0

> a
=1

e
A O

CLZ'O/AZ' =

1

)

o 00 =
k

Do O’ va A, 41 ¢ dinh va k, a1 khong doi, nén O’ c¢6 dinh va duy

nhat. Vay bai toan dung v6i n = k + 1.
Theo nguyén 1y quy nap, ta cé dicu phai chiing minh.

Bai toan 36. Trong mat phang cho n hinh loi (n > 4), ma ba hinh bdt
ky trong ching cé diém chung. Ching minh rdng cd n hinh 10t da cho c6
diém chung.

Loi gidi.

(1)Co sé quy nap. V6in = 4, xét 4 hinh 16i ky hieu (H;), (Hs), (Hs), (Hy)

va:

Ay € (Hy) N (Hs) N (Hy)
Ay € (Hy)N (Hs) N (Hy)
As € (Hy) N (Hy) 0 (Hy)
Ay € (H)N (Hy) N (H3)
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C6 hai kha nang sau:

(i) 3 trong 4 diém A;, Ay, A, A4 thang hang.

Gia st Ay, Ay, A3 thing hang va diém A, ndm trén doan A;A; :
Ay € [A1A3]. Ta c6 Ay, A3 € Hy (101) nén [A1A3] C Hs. Do dé6
Ay € Hy.

Vay Ay € (Hy) N (H3) N (Hy) N Hy hay ca 4 hinh c¢6 diém chung.
(i) Trong 4 diém khong c6 3 diém nao thang hang. Lai c6 hai kha
nang:

+) 4 diém Ay, Ag, Az, Ay 14 4 dinh ctia mot tii giac 16i. Gia st d6
1a t@ gidc A1 A3 A3Ay. Goi I 1a giao diém hai dudsng chéo A;As va
AsAy. Ta co,

Ay

Hinh 2.6

AQ,A4 € (Hl), H3) = [A2A4] C (Hl), (H3> = 1€ (Hl), (Hg)
Al,Ag € (HQ), H4) = [A1A3] C (HQ), (H4> =1 € (HQ), (H4)

Vay I € (Hy) N (Hy) N (H3) N (Hy) hay ca 4 hinh ¢6 diém chung 1a
I.

(
(

+) Trong 4 diém c6 3 diém lam thanh mot tam giac, diém con lai
nam bén trong. Gia si tam giac A; Ay As chita A, bén trong. Goi J
1a giao diém ctia doan AsAs, va A A,.
Twong tu nhu trén ta co

J € (Hy)N(Hs)N(Hs) N Hy
Vay ménh dé dung véi n = 4.
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Hinh 2.7

(2)Budc quy nap. Gid st ménh dé dung véi n = k(k > 4), ta ching
minh ménh dé dang v6i n = k + 1. That vay, xét k + 1 hinh 16i
(Hy),(H3), ..., (Hy), (Hpy1) ma ba hinh bat ki trong chiing c¢6 diém
chung.

Dat (H}) = (H) 1 (Hyr)

X6t k hinh 16i (Hy), (Ha), ..., (Hy_,), (H.). D& théy ba hinh bat k
trong k hinh nay cé diem chung. Theo gid thiét quy nap thi ca k
hinh nay c6 diém chung. D6 ciing 14 diém chung ctia (k + 1) hinh
161 (Hy), (Hs), .., (Hy), (Hpi1).

Vay bai toan dugc chiing minh.

Bai toan 37. Ching minh ring moi n-gidc loi (n > 5) déu dugc chia
thanh mot so hitu han cdc ngt gidc 10i.

Loi gias.

(1)Co sé quy map. Véi n = 5, ménh dé hién nhién ding.

(2)Budc quy nap.
Gia stt ménh dé dung v6i n = k(k > 5), tic 1a moi k- giac 161 déu
chia duge thanh mot s6 hitu han cac ngfi giac 16i. Ta chitng minh
ménh dé diang véi n = k + 1, titc 1a moi (k + 1)- gidc 16i (H) déu

chia dugc thanh mot s6 hitu han cic ngii giac 16i.

That vay, xét (k+ 1)- giac 161 (H) = Ay As... A Ap 1. Trén céc canh
Ay Apq va A3 Ay lan luot 1ay cac diem M, N khac cac dinh. Doan
MN chia (H) thanh hai da giéc.
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Hinh 2.8

(Hy) = MA A AN vau (Hy) = MN A, A5 AyAp s
Ro rang (Hip) 1a ngt giac 101, con (Hy) 1a k- giac 16i. Theo gia thiét
quy nap, (Hs) chia duge thanh mot s6 hitu han ngii gidc 16i. Vay
(k + 1)- giac 16i (H) chia duge thanh mot s6 hitu han cac ngi giac

16i.
Meénh dé duge ching minh.

2.2.3 Dung hinh bang quy nap

Bai toan 38. ([13]) Cho hai dudng thang song song | va ly. Bing mot
cay thudc hiy chia doan AB ndm trén duong thang [ lam n phan bing

nhau.

Lo gidi.

(1)Co sé quy nap. Véi n = 2. N6i diém S bat ky clia mit phang véi
A va B (hinh 2.9a).

Lan luot goi C va D la giao diem cia AS va BS véi l;. Goi giao

diém ctia AD va BC 1a Ty, giao diem ctia STh va AB 1a P,. Ta sé
. s 1

chiing minh P; la diem can duyng, nghia la AP, = §AB :

Goi @ 1a giao diem ctia ST va [, ta thay rang
ATyP,B  ATyO,C, AABTy ~ ADCT

ASAPy, ~ ASCQ:C,ASAB ~ ASCD,
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Hinh 2.9

BB T,B AB _PA SA AB

khi do

Q2C_Tg?4_CD Y 0,c T SsCc T CD
B P, 1
S _ do d6 PoA = PoB vi AP, — —AB.
uy ra QQC QQC, O doO I3 2 va 2 9

(2)Budc quy nap. Gia st rang chi bang mot cay thude ta da dung
duge diém P, trén AB, sao cho AP, = lAB. Lay mot diém S bat
ky khong 6 trén [ hay ;. Ta goi T, anlén lugt 13 giao diem clia
SP, véi AD va Iy (hinh 2.9b). N6i giao diém ctia T}, ctia AD va
CP, véi S va goi cac giao diem cta STy, véi I; va [ lan lugt 1a
Qn+1 V& P,y1. Ta ching minh P, 1a diém can duyng. That vay, vi
cac tam giac CQpi1Thiq va P, Pyi1Thit, CTyi1 D va P, T, 1 A dong
dang, nén ta co

Popi Py Pl AP, (2.21)

CQun+1 CT,xn CD
Vi céc tam giac SAP,,1 va SCQ, 11, SAB va SCD dong dang, nén
AP, SA AB

= = 2.22

CQuy1  SC  CD (2:22)
N N . PTH-an . APn
T (2.21) va (2.22) ta c6 AP, ~ AB

1
lai ¢6 P, P, = AP, — AP,., va AP, = —AB
n

1 1
“AB— AP,,, —AB

1 1
én 1 =" _ o ~AB—- AP, ., =—AP,.;.
He AP, 11 AB n Ty -
. 1
Cudi cung ta ¢c6 AP, .1 = ——AB.
n—+1
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Dé tim cac diem chia lien tiép P, P/, ... ta chi can dung céc

) 1 1 .
cach tuong tu.
Bai toan 39. (/13]) Tréen mat phang cho (2n + 1) diém. Hay dung mot

(2n + 1)- gidc dé cic diém da cho la trung diém cdc canh cia da gidc.
Lot gias.
(1)Co sé quy nap. V6in = 1, ta dung tam giac ABC khi biét 3 trung

diém M, N, P bang cach qua M, N, P lan ludt dung céc duong thang
song song v6i NP, M P, M N. Chiing cat nhau cho ta tam giac ABC.

(2)Budc quy nap. Gia st dung duge (2(n — 1) + 1)-giac hay (2n — 1)-
gidc tit trung diem céac canh ctia né. Ta ching minh c6 thé dung
duge (2n + 1)-giac tit trung diém cac canh ciia né.

Goi Ay, Ay, ..., Agpyr 12 (2n + 1) diém da cho lam trung diém cac
canh cta (2n + 1)-giac can dung By, Bs, ..., B, i1

Hinh 2.10

Xét t1t giac By Boyp_1BonBons1 ¢6 Aop_1, Agp, Aspir 1an luot 13 trung
diém cac canh Bs,,_1Bon, BonBoni1, Bans1B1. Goi A 1a trung diém
BBy, 1 thi AAs,_1A5,As,.1 1& hinh binh hanh. Vi Ay, _1As,A2,1
cho truéc nén ta dung duge A. Xét (2n — 1)-gidc B1Bs...Bay, 1 ¢
(2n — 1) trung diém cac canh la: Ay, Ay, ..., Ay, 5. A da xac dinh
nén theo gid thiét quy nap ta dung dudge da giac nay. T By, Bo,_1
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va cac trung diem As,_1, Agniq ta dung dude nét Bs, va Bayi1.
Vay ta dung dugc (2n + 1)-giac By Bs...Ba, 1 khi biét trung

diem cac canh cua noé.

2.2.4 Quy nap vé6i bai toan quy tich

D6i v6i hoc sinh thi bai toan quy tich van luon 14 bai toan kho nhung
lai rat tha vi. Duéi day, tac gia xin néu vi du vé bai toan quy tich ma

dugc gidi bang cach van dung phuong phap quy nap toan hoc.

Bai toan 40. Trong khong gian cho mat cau (C) tam O ban kinh R va hé

.2 . » N .2 Z no— —

diem Ay, As, ..., An. G goi la trong tam cua hé diém, néu >, GA; = 0.
i=1

Tm tap hop trong tam cia hé diém Ay, As, ..., Ay, M vdéi M 1o diém di

dong tréen mat cau (C).
Loi gids.
(1)Co sd quy nap. V6i n = 1 khi d6 trong tam ctia A;M la trung

diem cua A; M va ta co

— = l—>
GA, +GM =0 o A,C = SAM.

Do d6 G 1a anh ciia M qua phép vi tu tam A; ti s6

N

1
2
mit cau (C) qua

Vay tap hop cac diém G 1a mit cau (C1) anh ctia m
1
phép vi tu tam Ay, ti so oY

(2)Buédc quy nap. Gia st ta tim dudc trong tam G, ctia he diém
Ay, Ay, Ay, M 1a mit cau (Cy) tam O, ban kinh R,,. Ta tim tap
hop trong tam G,,4; ctia hée diém Ay, Ao, ..., A, Api1, M

Ta co

S S 5 s
Gp1di +GppAs+ .+ G Apn + G M = 0

o (n+2)Gn+lG,§+(G A+ G+ + G AL + GnM>)+GnAn+i -7

> _> 2
< (n+ 2)Gn+1G’ +GpAn1 = 0 (vi G, la trong tam cia hé diem

A17A27"'7A7”MM)
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)
)
)Gn—i—lG — An+1Gn+1 .
1) <An+1G - An+1Gn+1) = AnJrlGnJri

——— n+ 1—>

Ap1Gp
n+2

Do d6, G,4+1 1a anh ctia G,, qua phép vi tu tam A, 1, ti s6

n—+1

n+2
Theo gia thiét quy nap, quy tich cia G, 14 mat cau (C,), nén quy

tich ctiia G,41 13 mat cau (Cyyq) 1 anh cta (C),) qua phép vi tu

i L + 1 s 2 N X 2 2
tam A, .1, ti 80 5 Vay quy tich ciua G, 1 la mat cau anh cua
n

mit cau (C) tam O, ban kinh R qua n + 1 phép vi tu.

Bai toan 41. (/18]) Cho n diém Ay, Ay, ..., A, van s6 ay,as,...,a,
(dwong hogdc am). Tim qug tich cac diem M dé tong

alMA% + CLQMA% + -+ anMAi
la hang so.
Lot giai.
(1)Co sd quy nap. Véi n = 2.

a) Xét truong hop ay, as déu duong. Trén doan A;As ta lay diem

O chia 1n6 theo ti s6 as : a1, sao cho

OA, = AlAQ; OAy =

a1 + as a1 + as

AL As. (2.23)

Goi M la diém bat ky trén mat phang va H la chan duong
vuong goc ha tit M xudng dudng thang A; A, (hinh 2.11)
Khi do ta co

MA{? = MO? + A{0O? + 2A,0.HO

MAy* = MO? + A,0* — 24,0.HO
Nhan dang thtc thi nhat véi véi A0, dang thic thi hai véi

A0 10i cong theo vé, ta co
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Hinh 2.11

M A% A0 + M Ay*. A0
= MO? (4,0 + A;0) + A;0%.4,0 + A,0%.4,0
= MO? A Ay + Ay0.A10.A, As.
Két hop véi (2.23) ta duge

MA2 AyO+MAZAO =MAZ—2 A Ayt MA2—22 A4,
a; + ao and ai + as
— MO2. A Ay + ——— (A Ay)?
(a1a—|—aa2)
& arMA? 4+ a;M Ay? = (ay + as) MO? + - 1+2a (A1 45)°.
1 2
Do d6 néu a1 M A% + asM A2 = R2, thi
2
MOr= M9 402 Khong déi.
ay + as (CL1 + CLQ)
. R? aiap 2 e ) .
Dat — 5(A1A2)" =k, khi do xdy ra cac truong
air+az  (ay + az)

hgp sau:

(*) k > 0 thi quy tich can tim la duong tron tam O ban kinh

R2 ai1a
\/ B 102 2(A1A2)2

ai+az  (ay + as)
(*) k = 0 thi quy tich can tim la diém O.
(*) k£ < 0 thi quy tich la tap hgp rong.

b) Néu a1, as déu am, ta dua vé truong hop a)

c) Néu a; > 0,as < 0 va a; + ay # 0, chang han a; + ay > 0, thi
diem O dugdc chon trén phan kéo dai ctia doan A;A, vé phia
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phai cia diem Ay dé

a a
A0 = |— | A1 Ay, A0 = |—2—| A1 Ay
a + ao aj + a
Sau do, ta lap luan tuong ty trén.
d) Cudi cuing néu a; + as = 0 thi a; = —ay bai toan cla ta duge

dua vé bai toan sau: Tim quy tich cac diém M, sao cho hiéu
binh phuong khoang cach tit M dén A;, A, cho trude 1a hing
s0.
Goi H 1a hinh chiéu ctia M xubéng duong thang A; A, (hinh
2.11), thi

MA* = MH? + A H?

MAy* = MH? + AyH?
Do d6, MA®> — MAy* = A H? — AyH?.

2
Néu M A2 —MA? = R%, thi A1H— AyH = al
A A,

xac dinh hoan toan. Suy ra, trong truong hop nay quy tich can

. Vay H dugc

tim 13 duong thang di qua H v vuong goc v6i A; As.

(2)Buédc quy map. Gia st ta da chiing minh duge véi n diém da cho
khi a; +as+- -+ +a, # 0 quy tich 1a mot dusng tron (hoac quy tich
13 mot duong thang khi ay + as + -+ + a, = 0)

Bay gio ta xét v6i n + 1 diém Ay, Asy,..., A, Apir van + 1 s6
A1,09, ..., G, Apy1. Gid st rdng a, + a,11 # 0 (néu a, + a1 = 0,
ta sé thay cp s6 nay bang cap s6 a,_1, ap+1 hodc cap s6 an_1, ay.
Néu dong thoi a, + apy1 = 0,an—1 + apny1 = 0,a,-1 + a, = 0 thi
Un_1 = ap = ap41 = 0, khi d6 ta st dung truc tiép gia thiét quy nap
vi lic nay bai toan dua ve truong hop n — 2 diem Ay, As, ..., A,
van — 280 ay,as,...,a,).

Nhu trong phan co s6 quy nap, ta chiitng minh ring trén doan
thing A, A, c6 thé tim ra mot diem O dé v6i moi diém M trong

mit phing

anMAn2 + an+lMAn+12 = (an + an—H) M02 + M(AnAn—H)Q
ap + an41
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Do d6, bai toan clia ta quy vé viéc tim quy tich clia cac diém M,
sao cho
atM A + aaMAS® + ..+ a1 M A, 1*
+ (an + any1) MO? 14 hing s6

On

N an@ +1 2 1s S
(Vi ——————(A4,A,+1)° 1a hing s
+
O

)

Theo gia thiét quy nap, quy tich can tim sé 1a dudng tron khi
ay+as+---+a, #0vala duong thang khi a; +as +---+a, = 0.

2.3 Phuong phap quy nap toan hoc trong cac bai
toan roi rac khac

Céac vi du duge chon loc trong phan nay, c6 mot s6 vi du 1a cic bai
toan logic, mot s6 khac 1a cac dang khac véi cac dang dudc néu trong

cac phan trén.

Bai toan 42. ([2]) O mot nude nao dé, gitta hai thanh phé bat ki c6
thé di tu thanh phé nay dén thanh phé kia theo mot dudng thding, theo
mot duong sat nhung chi cé thé di mot chiéu. Ching minh ring, ¢é mot
thanh phé sao cho tu bat ky thanh phd nao cing cé thé di dén né ma
khong phdi di qua qud mot thanh pho trung gian.

Loi gidi. Ta goi cac thanh phé c6 thé di thang dén thanh phd N la
"nhitng thanh phd lién sat N", con nhitng thanh phé di dén N phai di
khong qua mot thanh phé trung gian 1 "nhitng thanh phé gan N'". Ta
sé chiing minh khang dinh ctia bai toan bang phuong phap quy nap theo
sO cac thanh pho.

(1)Co sé quy map. Véi nhitng nuée chi c6 2 thanh phd thi diéu khang

dinh ddng la hién nhién.

(2)Budc quy map. Gia sit khang dinh clia bai toan ding véi nhiing
nuée ¢6 n thanh pho, ta chitng minh bai toan dang véi nhitng nuée
c6 n + 1 thanh phd. Ta vé so do cac duong néi n thanh phd ndo
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d6. He thong duong nay thoa man diéu kién bai toan va theo gia
thiét quy nap c6 thanh phd A, sao cho n — 1 thanh phd con lai déu
"oan A", ngia l1a cac thanh phd nay hoac "lien sat A" hoic "gan
A". Néu nhu thanh phé B thtt n + 1 ciing "gan A" thi tat ca cac
thanh ph6 déu "gan A". Néu B "khong gan A" thi thanh pho A va
cac thanh phd "lién sat A" 1a nhitng thanh phé "lién sat B". Mo6i
thanh pho con lai "lién sat" v6i mot trong cac thanh phd "lién sat

A" nén "gan B". Do dé bai toan ddang véi n + 1.
Theo nguyén 1y quy nap, bai toan ding véi moi n.

Bai toan 43. (/2]) Chitng minh rdng tu cdc chit s6 1 va 2 coé thé lap
2" 56 ¢6 2" chit 50, sao cho 2 so bat ky khdc nhau khong it hon 27!
hanyg.

Loi gidi.
(1)Co sd quy nap. Véi n = 1 thi hai s6 bat ky trong céc s6 hai chit
s6 11;12;21; 22 khac nhau ¢ it nhat mot hang. Vay bai toan ding

véin = 1.

(2)Budc quy nap. Gia st bai toan dung véi s6 tu nhién n, nghia 14
tir 1 va 2 lap duge 2"! s6 c6 2" chit s6, sao cho hai s6 bat ky khac
nhau it nhat 6 27! hang. Ta ching minh bai toan dung véi n + 1.
Tu 2"+ s6 trong gia thiét quy nap, ta thanh lap bang A kich thudc
27+l % 2" ma mobi s6 1a mot dong, con cot 1a cac hang chit s6 clia
ching. Ta viét mdi s6 a sang bén phai né vd nhu vay nhan ducc
27+l 56 gom 2"*! chit s6 va lap thanh bang AA. T bang A lap bang
AA bing cach viét vao bén phai s6 a s6 @ (sd @ nhan duge bang
cach thay tir 86 a chit s6 2 thanh 1, chit s6 1 thanh 2). Nhap bang
AA va bang AA (bang 2.1).

Theo gia thiét quy nap cac s6 6 nita trén ctia bang (phan AA), khac
nhau & khong dudi 271 x 2 = 2" hang. Déi véi 2 s bat ki & nita
duéi cling c6 két qua tuong tu. Néu ta lay 2 s6 & 2 nita khac nhau
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Al A

Al A

Bang 2.1

ctia bang & aa va bb thi néu a khéc b & k hang, ta sé ¢6 a khac b &
2" — k hang. Do d6, ching ciing khac nhau 6 2" hang. Vay bai toan
dang vé6i n + 1.

Theo nguyén 1y quy nap, bai toan dung v6i moi s6 tu nhién n.

Bai toan 44. ([2]) Cé n tén cudp muon chia cia (n > 2). Méi tén déu
néi la né da chia s6 clua cudp duge thanh n phan bang nhau, nhung n—1
dita con lai khong tin. Hay chi ra phuong phdp chia dé moi tén cudp déu

tin rang né da nhan khong it hon — s6 ciia ma ching cudp duoc.
n

Lot gidi. Ta ching minh bang phuong phap quy nap toan hoc.

(1)Co sd quy nap. V6i n = 2, ta thuc hién phép chia nhu sau. Mot
tén chia s6 ctia thanh 2 phan, tén con lai sé 1ay phan ma n6 cho 1

nhiéu hon. Nhu vay, bai toan 1a ding véi n = 2.

(2)Budc quy nap. Gia st n tén cudp da tién hanh mot cach chia ma
moi tén déu vita §. Ta xét truong hop sb tén cudp 1a n + 1. Ta chia
sO clia cho n tén cudp, sau d6 dé nghi mdi tén chia phan ctia minh
thanh n + 1 phan bang nhau (theo y ching). Bay gio tén cudp thi
n+1 lay § méi tén cudp trong ching mot phan trong sé6 n + 1 phan
da chia.

Khi d6 mdi tén cuép trong n tén cudp dau déu nhan

han
n + P

ban dau clia n6é nén s6 ciia né nhan duge theo ¥ n6é khong it hon
1

n+1

s6 ctia. Ngay tén cudp cudi cung cling vita ¥ vi n6 da lay 6

modi tén cudp trong bon khong it hon ctia mo6i phan (theo y
n

n6) va do d6 nhan duge khong it hon s6 ctia cudp duge. Do

n+1
do6 bai toan dung véi n + 1.
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Theo nguyén 1y quy nap, ta c6 dieu phai chiing minh.

Bai toan 45. (IMO 1998) Véi moi s6 nguyén duong n, ta ky hiéu d(n)

la 56 tat cd cdc wdc s6 duong cia n (ké cd 1 va n). Hay xdc dinh tat cd

cdc s6 nguyén duong k, sao cho d(n?) = kd(n), vdi n nguyén duong nao

do.

Lot gidi. Gia st khi phan tich thanh thita s6 nguyén t6, s6 n c6 dang
n = pit.pst...per.

Ta co,
din) =(ag +1)(az+1)...(a, +1).

d(n?) = (2a; +1)(2as +1) ... (2a, + 1).
Dé d(n?) = kd(n) thi ta phai chon cac s a;, sao cho
(2a1 +1)(2a2 + 1)...(2a, + 1) = k(ag + 1)(ag + 1)...(a, + 1). (*)
Do (2a; +1)(1 <14 < r) déu la cac s6 18 nén k phai 14 s6 1é. Ta sé chiing
minh ménh dé do lai ring: "V6i s6 1é k bat ki, ta c6 thé tim dudc cac
s6 a; théa man (*) (ttc 1a tim duge n)"

Dung phuong phap quy nap theo k.
(1)Co sé quy nap. V6i k = 1, ménh dé dung (n =1,a; = 0).

(2)Budc quy nap. Gia st ménh dé dung véi s6 k nao do, ta chiing
minh né cling ding cho (2™.k — 1)(m > 1). Lic d6 ménh dé diang
cho moi 6 1é vi moi s6 16 [ déu viét duge dudi dang (2™.0' — 1) ( vdi
I’ 1a $6 1¢ nhd hon 1).
Dit a; = 212" — 1)k — 1] v6i i = 1,2, ...,m.
Khi do
2a; +1=2(2" —1).k — (2" — 1),

a;+1=2712m — 1)k — (271 = 1) = 2a;_1 + 1.

Do vay, tich ctia cic s6 (2a; + 1) chia hét cho tich cac s6 (a; + 1) voi
i = 1, m khi (2a,,+1) chia hét cho (a;+1) hay [2"(2™—1)k—(2"—1)]
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chia hét cho (2™ — 1).k, c6 nghia 1a (2™.k — 1) chia hét cho k.
Vay néu ta chon cac a; nhu trén véi k da cho thi ménh dé trén dung
cho (2".k —1).

Meénh dé dugc chiing minh. Nhu vay tat ca cic sd nguyén duong k can

phai tim 1 s6 18.

Bai toan 46. (Vo dich Toan Canada, 1982)
Cho a,b va c la nhiing nghiém cua phuong trinh

2P —r—-1=0

Chitng minh rang so

plos2 _ L1982 1982 _ 1982 1982 _ 31982

+ +
b—c c—a a—>b
la mot s nguyén.
Lot giaa.
. b — " " —a" a®—b" . ~
bat u, = b—c’vn: c—a’wn: o , V61 n nguyén, n > 1.

Ta sé chting minh u, + v, + w, nguyén véi moi n nguyén, n > 1 (*).
Trude hét ta thay ring
Uptg = Upro + Upi1 + Up, VN, > 1.

2

That vay, do b, ¢ 14 nghiém phuong trinh 23 — 2> — 2z — 1 = 0, nén

B=0V+b+1.=F+c+1.

Do do6
bn+3 _ Cn+3 bnb3 _ Cn.c3
s =T e T b—c
V(P b+ 1) —(F 4 e+ 1)
B b—c

bn+2 o Cn+2 bn—i—l - Cn+1 b —

b—rc + b—rc + b—c
= Up+2 + Upt1 + Up.
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Tuong tu ta co
Up43 = Un42 + Unt1 + Up,
Wpt3 = W2 + Wpg1 + Wy

Tiép theo ta sé diing phuong phap quy nap dé ching minh khing dinh
(*)
(1)Co sd quy nap.

Véin=1,tacoui+v+wi=1+14+1=3 € Z.

Vé6i n = 2,

Vi a, b, ¢ 1a nghiém ctia phuong trinh 2% — 22 — 2 — 1 = 0, nén

theo hé thitic Vi-et ta co

a+b+c=1
ab + bc + ca = —1

Khi do,

2—c2 2—a? a?-—1?

Uy vz W2 = b—c c—a a—>b

=2a+b+c)=2€Z

Vé6in = 3, ta co

B—c S—add o=

U3+U3+w3:

b—c c—a a—2b
= 2(a® +b* + ¢*) + (b + ca + ab)

=2(a+b+c)* —3(bc+ca+ab)=5€Z
Vay khang dinh ding véi n = 1,2, 3.

(2)Buéc quy nap. Gia sit khang dinh ding v6in =k, k+1,k+2(k >
1). Ta chitng minh khang dinh dang véi n = k + 3. That vay, ta c6

Ug43 + Vgp43 + Wiy3

= (kg2 + kg1 + ur) + (kg2 + Vi1 + Ug) + (W2 + Wi + wy)

= (Upto + Vg2 + Wit2) + (Uks1 + Vb1 + Wi1) + (ug + vp + wy)
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Theo gia thiét quy nap, ca ba sb hang ctia tong trén déu nguyén
nen (ujy3 + Vgis + Wrig) cing nguyen.

Theo nguyén 1y quy nap, khang dinh dugc chitng minh.

Ap dung khang dinh (*) v6i n = 1982, ta c6 diéu phai ching minh.
Nhan xét. T bai toan (*), ta c6 thé sdng tac ra nhiéu bai toan

khac bang cach thay n bang cac gia tri nguyeén duong khac nhau.

Bai toan 47. ([8]) Chitng minh rang moi so tu nhién khong vugt
qud n! déu phan tich dugc thanh tong gom khong qud n so, sao cho

hai s6 bat ki déu khdc nhau va moi so6 nay deu la udc cia n!.

Lot giaa.

(1)Co sd quy nap.
V6i n = 1, thi 1! = 1 ¢6 s6 nguyén duong duy nhat a = 1,
khong vugt qua 1!. Khi d6 ta phan tich a = 1. Vi 1 la uéc cua
1!, nén khing dinh duge chitng minh.

Véi n = 2, thi 2! = 2, ¢6 hai s6 nguyén duong khong vuct qua
2!'1a a1 = 1,ay = 2. Ta phan tich

a=1=1 a=2=2.

Vi1 va 2 déu la uée ctia 2!, nén khang dinh duge ching minh.
Véi n = 3, thi 3! = 6 c6 6 s6 nguyén duong khong vugt qua 3!
1a a; =1,i = 1;6.
Ta phan tich:
ap=1=1, as =2 =2, a3 =3=1+2,
ay=4=143 a;=5—=2+3 ag=6=1+2+3
MB&i tong déu gom céc s6 khac nhau ting doi mot va 1,2, 3 déu
la cac udc ciia 3!, nén khang dinh dugce chitng minh.

(2)Budc quy nap. Gid st ménh dé dung véi n = k(k > 1), tic
la v6i moi s6 tu nhién khong vuot qua k! déu phan tich ducc

thanh tong gom khong qua k s6, ma hai s6 bat ki déu khac nhau
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va mdi s6 nay 1a udc ctia k!. Ta ching minh meénh dé ding véi
n==k+1.
That vay, gid st a 1a s6 tu nhién tuy y va a < (k + 1)!. Chia a
cho (k + 1) duge thuong 1a d va du 1a r, khi d6 a duge viét
a=dk+1)+m0<r<k+1
Do a < (k+1)! nén d < k!. Theo gia thiét quy nap, ta c6
d=dy+dy+ ...+ d
trong do6 di, ds, ..., d; 1a cac s6 tu nhién doi mot khac nhau, 1
uée cua k! va l < k.
Ta co
a = (d1+d2+...+dl)(k—|—1)+T
=di(k+1)+do(k+1)+...+di(k+1)+7r

Do [ < k nén trong tong nay c6 khong qua (k + 1) s6; cac sd
nay doi mot khac nhau (do dy,ds, ..., d; 1a cac s6 tu nhién doi
mot khac nhau va r < k + 1).
Lai do dy, ds, ..., d; la u6c ctia k! nén dy(k+1), do(k+1), ..., dij(k+
1) 1a u6c ctia (k+ 1)!. Ma 0 < 7 < k + 1 nén hién nhién r 13
uée ctia (k+1)! (néur = 0, ta khong tinh s6 hang nay).
Nhu vay, meénh dé dang véin = k + 1.

Theo nguyén 1y quy nap, ta c6 diéu phai chiing minh.

— —
Bai toan 48. (IMO 1973) Cho OPy, OP, ..., OPy, 1 la cic vecto

don vi trong mot mat phcfng. Cdc diém Py, P, e, Pop1 déu cung

nam vé mot phia ciia mot duong thang qua O. Ching minh ring
OP, + OB, + ... + OPy] > 1.
Lot gias.
(1)Co sé quy map. Véi n = 0, ménh dé hién nhien ding do
0P =1>1.
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(2)Budc quy nap. Gid si ménh dé dung véi n =k — 1(k > 1), tiic 1a
vGi hé vecto don vi

>
1

OP,,0P,, ...,OPy,_

trong mot mit phang; cac diem Py, P, ..., Py, cing nam vé mot

phia ctia mot duong thing qua O. Ta co,
T S
|OP, + OPy + ... + OPy, 1| > 1.

Ta chiing minh ménh dé dung véi n = k, tic la véi he (2k + 1)

vects OP;, OP,, ...,OPy 1 thoa man cac dicu kien trén, ta cing co,
T — S
‘OPl + 0P+ ...+ OP2k+1| > 1.

That vay, do vai tro cua (7132(1 < i < 2k + 1) nhu nhau, nén ta

P2
P2k-1
P1

P2k P2k+1

o

Hinh 2.12

? z Z NS %
c6 theé sap xép lai, sao cho Oﬁi(l <4 <2k — 1) nam gitta O Py, va
s

U = OPy, 4 OPy

- — G
U =0P,+0P, 4+ ...+ OPy. 1.

Khi d6 o ¢6 phuong ndm trén phan giac goc P2m+1 Ap dung
quy téc hinh binh hanh nhleu lan, ta du’dc 7 nim gitta OP1 va

T
OPsj;_1, nén nd nam gitta OP% va OP%H Vay goc gitta U va U
bé hon hoiic bang 5

Ta lai co,

(W + V) =0+ + 207
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= W+ U+ 2/ |V |cos(U, V)
> 72 (do cos(W, V) > 0).

Do d6, |7 + ¥| > | 7|, ma theo gia thiét quy nap ta c6 || > 1.
Vay | @ + 7| > 1 hay

s —
‘OPl + 0P + ... +OP2]€_|_1‘ > 1.

Meénh dé ding véi n = k + 1.
Theo nguyén 1y quy nap, ta cé diéu phai chiing minh.

Bai toan 49. (/8]) Hay chia mot luc gidc thanh cdc tam gidc den, trang
sao cho:
(i) Hai tam gidc tuy ¢ hodc roi nhau hodc cé dinh chung hodc cé canh
chung.
(i1) Hai tam gidc tuy § co canh chung thi ¢6 mau khdc nhau.
(111) Moi canh cia luc gidgc dong thoi la canh cia tam gidc den.

Ching minh rdng da gidc n canh co thé chia dugc theo cdch tréen khi
va chi khi n'3.
Loi giaz.

D61 véi luc giac, ¢6 it nhat hai cach chia theo hinh 2.13 théa man ba

diéu kién trén.

Hinh 2.13

Ta chiing minh n-giac chia dugc theo cach trén khi va chi khi n:3.
a) Diéu kién can. Gia st n-gidc da chia duge thanh cac tam gidc thoa
méan ba diéu kién trén. Ta chiing minh n:3.

Goi tong s6 canh clia tat cd cac tam giac den la z; tong s6 canh cia

tat cd cac tam giac trang 1a v.
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Vi hai tam giac chung canh ¢6 mau khac nhau va canh cia da giac
ludn 1a canh cta tam giac den nén x = y + n, ma x:3, y:3, nén n:3.
b) Diéu kien du.

Gia st n-giac T c6 n'3. Ta can chi ra rang c6 thé chia 7 thanh cac
tam gidc thoa man ba dicu kién trén.

Vi ni3, nén ton tai s6 nguyén duong k, sao cho n = 3k. Ta chiing
minh bang quy nap theo k.

(1)Co sé quy nap. Véi k = 1, ta c6 tam giac, c6 thé chia nhu hinh
2.14.

Hinh 2.14

(2)Budc quy nap. Gia st doi véi cac da gidec c6 n = 3k canh, ta da
chia dugc thanh cac tam giac théa man ba diéu kién trén. Ta can

chitng minh da giac c6 n = 3(k + 1) canh cting chia duge nhu vay.
Xét da gléC coOn = S(k + 1) canh AlAQ...A3k+2A3k+3.

Asg Agis 1

Az

Az

4;

Hinh 2.15

Theo gid thiét quy nap, da giac c6 3k canh A;A,...As; chia dugc

thanh cic tam giac thoa ba diéu kién tréen.
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Con lai ngti gidc A1 AspAzpi1A3ps0A3k3, trong do A Asy. da la canh
clia tam giac den, ta chia tiép ngii gidc nay. C6 nhiéu cach, ching
han 14y M thudc mién trong ngil gidc, to tam giac A;M Ag, mau
trang; lac do6 luc giac Ay M AspAsjyq1 AspioAsi s dé dang chia dugc

thanh céc tam giac thoa man ba diéu kién trén.

Nhu vay, d6i véi da giac ¢6 n = 3(k + 1) canh ta ciing chia dugc

theo cach trén. Bai toan dugc chitng minh.

100



Chuong 3

Mot s6 dé thi tham khao

3.1 Dé thi Olympic toan hoc qubc té

Bai toan 50. (IMO 1977) Cho ham f zdc dinh trén tap hop cdc so
nguyén duong va cung nhan cac gia tri; nguyén duong. Gid sU vdi moi n

ta c6:n+1> f(f(n)). Chitng minh ring f(n) =n vdi moi n.

Hudng dan.
Chiing t6 rang f(1) < f(2) < f(3)... bang quy nap.
Goi S(n) 1a phat bieu: Néu r < n va m > r thi f(r) < f(m).
Chimg minh f(m) < m va f(m) > m v6i moi gia tri cua m, nén

f(m) =m, v6i moi m.

Bai toan 51. (IMO 1979)

Mot con éch nhdy ti dinh A dén dinh doi tam E cia mot hinh bat gidc
deu. Tai moi dinh cia bdt gidc tric dinh E, con éch co thé nhay mot budc
tdi mot trong hai dinh ké. Dén E con éch dung lai va & luon tai dé. Goi a,
la s6 cdc duong di phan biét ciia con éch di tit A dén E bang ding n budc

1 -1 n—1
ﬁ[(ﬂ\/@) 2=V

nhdy. Chitng minh rang as,—1 = 0, as, =
Hudng dan.

M&i budce con éch nhay thuan chiéu kim dong ho ta biéu thi bing mot
dau cong va mdi bude con éch nhay ngudc chiéu kim dong ho ta bicu
thi bang mot dau tri. Lic d6 mdi duong di phan biét ciia con éch c6 n
bude nhdy sé dude bicu thi bang mot day n dau cong trit. D& thay rang

moi day déu c6 hai tinh chat
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(i) S6 dau cong va trit chénh nhau dung 4

(ii) Mot day con gom cac dau thi nhat dén dau thi m, véi m < n tuy

¥ 6 cac dau cong trit chénh nhau khong qua 3.

1. Ta thay as,—1 = 0 vi mot day gom 2n — 1 dau thi s6 dau cong va
s6 dau trit phai c6 mot s6 16 va mot s6 chin nén khong thé chenh
nhau ding 4, do d6 khong thé thda man tinh chat (i).

2. Xét cac day 2n dau c6 so6 dau cong nhicu hon s6 dau tru (ting véi

duong di dén E qua D, goi tat cac day do 1a cac day cong 2n.
) a .
SO cac day cong 2n la by, = % Chiing minh bang quy nap coéng thic
bon = 4bay o — 209y, 4

Bai toan 52. (IMO 1997) Véi moi s6 nguyén duong n, ta ki hiéu f(n)
la so tat ca cdc cdch biéu dién n nhu mot tong cdc liy thua cia 2 vdi s6
ma nguyén va khong am. Cdc biéu dién khdc nhau vé thit tu sdp xép cic

50 hang cta tong duoc vem nhu giong nhau. Vi du, f(4) =4, vi
4=22=2" 42 =2 + 20420 =20 4 20 4 20 4 20,
Chiing minh rang vdi n > 3, ta co:

2 2

n n
2.

24 < f(2") <2

Hudng dan. Néu n 1a s6 18, khi biéu dién n nhu mot tong cac liy thita
clia 2 v6i sé mil nguyeén va khong am, bao gio trong tong ciing phai xuat
hien 2°. Nhan xét nay gitp ta thiét lap tuong tng 1-1 gitta cac tong cia
n va cac tong ctia n — 1. N6i cach khac: f(2n + 1) = f(2n).

Néu n chin. Ta ciing thiét lap dudc tuong tng 1-1 giita cac tong cia,
n ma cb chita 2° v6i cac tong ciia n — 1. Céc tong ctia n ma khong chia
1 thi tuong tng 1-1 v6i cac tong cia g

Nhu vay, ta c6: f(2n) = f(2n— 1) + f(n) = f(2n — 2) + f(n).

Céc dang thitc trén ching té f 1a ham don diéu ting.
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Ap dung heé thic trén nhiéu 1an dé tinh £(2"*1), ta co:
P = M- 20 g f(2 - 2 ) o (20 1) 4 (2)

= 2+ f(2" 1) 4.+ f (27 1)+ f(27), (*)

va suy ra f(2"1) > (2"71 + 1) f(2"). Ta ching minh f(2") < 22 bang
quy nap.

Ap dung (*) nhiéu l1an ta co:

F@T) = f@) A F2 =D 4+ fB) 2+ (1) +1. (**)

n

Pé chitng minh 2 4 < f(2"), ta st dung bo dé sau.

Bo dé: Taco f(1)+ f(2) +... + f(2r) > 2rf(r).
Ap dung bd dé cho (**) ta dugc:

f(2n+1) > 2n+1f(2n—1). (***)

Tl2

T (***), bang quy nap chiing minh 24 < f(2m.

3.2 Dé thi vé6 dich cac nuéc va khu vuc

Bai toan 53. (Putnam, 1997)
Cho day so a, zdc dinh bdi a1 = 2, anpq = 2.

Chatng minh rang a, = a,_1(modn) vdin > 2.

Hudéng dan. Ching minh: a, = a,_1(modm) véi moi m < n bang quy
nap.

Két qua hién nhién ding véi n = 2. Gia sit két qua dang véi k < n.
Ta phéi chitng minh a,, = a,_1(modm) v6i moi m < n, nghia la
20n=1 = 2%=2(modm) v6i moi m < n. Dit m = 2"(2s + 1), khi d6 theo
dinh Iy Euler: 2°+Y = 1(mod2r 4+ 1), do ¢(2r +1) < 2r+1 <m < n,
theo gia thiét quy nap ta co:

n-1 = ap—2(modd(2r + 1)),

suy ra 2% = 2%-2(mod2r + 1).

Hién nhién ta c6 2°] 291 va 2%| 292 nén 2% = 2%-2(mod2?).
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Nhung (2r + 1) va 2° nguyén t6 cing nhau, do do:
20n-1 = 22 (modm) v6i moi m < n.

Suy ra diéu phai chiing minh.
Bai toan 54. (Putnam, 1999)
Cho uy = 1,us = 2, ug = 24 va vdi moin > 3

2 2
Ou; _Up—3 — S8Up_1Us_
Uy = )

Up—2Up—3

Chiing minh rang w, luon la boi cla n.

Hudng dan.
Unp

Dat v, = (%)
Un—1 5 5
6us Up—3 — SUp_1U .
Khi d6, u, = —2=1"=3  Onmln=2 g viét thanh
Up—2Un—3 .
Up = 6v,_1 — 8v,_9. Ching minh bang quy nap v, = A2" + B4". Nhung
ta co:
u u
'(_)2:—2:27’03:—3:12,
Ui U9

nén ta dugc v, = 4" — 2",
Suy ra u, = (4" —2771) (4"72 - 2772 (4 - 2).
Véi moi s6 p nguyén to, 4/~ = 20" (modp), do dé p chia hét
Ar=t _or=1 9 p chia hét 4° — 25, vdi moi s la boi ctia p—1. Néu p" chia
hét m, thi ton tai it nhat r boi s6 cia p — 1 nhé hon n. Do dé, p" chia

hét u,. Tu dé suy ra n chia hét u,.

Bai toan 55. (/2]) Cho trudec moét s6 qud ta ma trong luiong cia moi
qud la mot so tu nhién. Biét rang c6 thé phan ching thanh k nhém co
trong luong bang nhau k > 2. Chiing minh rang cé khong it hon k cdch
chon 1 qud ta sao cho cac qud ta con lai khong thé chia thanh k nhoém
c6 trong luong bang nhau.
Hudng dan.

Ta goi qud ta la co ban néu khi chon né ra thi cdac qud con lai khong
thé chia thanh k nhém cé trong luong bang nhau. Cdc qud ta khong cé

tinh chat do goi la cdac qud ta khong co ban.
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Gid st két luan ctia bai todn la sai, nghia la s6 qud ta co ban nhé hon
k. Khi dé ta c6 ménh dé sau:

Véi moi so6 tu nhién n, trong luong clia mot qud ta khong co bdn bat
ky la boi cia k™.

Chatng minh ménh dé nay bang phuong phdp quy nap.

Mot qud ta khong co ban cé trong lugng la mot so tu nhién a nao dé.
Ré rang a < 2%, nhung theo ménh dé trén thi a chia hét cho 24Tt nén

a > 2t mau thuan suy ra ta cé diéu phdi ching minh.

Bai toan 56. (/2]) Trong mét cdi bang kich thudc m x n, nguoi ta viét
cdc so6 sao cho khi lay hai dong va hai cot bat ki ciia bang tao thanh hinh
chit nhat thi tong cde so ¢ hai dinh doi dien bing tong cdc s6 & hai dinh
doi dien khdc. Nquoi ta xéa di mot so sao cho ti cdc s6 con lai cé thé
zdac dinh duge cac s6 da zéa di. Ching minh rang cdc s6 con lai khong
nhé hon (n+m —1) so.

Hudng dan. Ta ching minh khang dinh ctia bai toan bang phuong phap
quy nap theo m + n. Khong mat tinh tong quat, ta coi n > m. Ta sé
chiing t6 néu s6 cac s6 con lai bé hon (n +m — 1) thi bang khong dugc
xac dinh duy nhat.

Bai toan 57. (/2]) Ta goi tam gidc Pascal la tam gidc so trong dé cdc

s6 ¢ bién la 1, con mdi so & trong bang tong hai s6 trén né & hang trén
gan nhat. C6 bao nhiéu s6 khong chia hét cho p trong p hang dau? (p la

s6 nguyén to cho trude, n la s6 tuy 1j.)

Hudng dan.
Ki hi¢u s6 ¢ hang thit n, chd thi £ tinh tit bén trai (s6 ¢ bien coi nhu
thit 0) clia bang tam giac 14 C*. Biang quy nap ta chiing minh duge

K n!
Cn = kl(n — k)!
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Cp=Cy '+ Oyl

Do p 1a s6 nguyén t6 nén Cgip, k=1,2,...,p—1, tic 1a trtt hai s6 & bién,
dong thit p ciia bang gom toan cac s6 1a boi cla p.

T d6 cling bang quy nap ta ching minh s6 cac s6 khong chia hét

R 1 "

cho p & p™ dong dau ctia bang 1a {ﬁp (p+ 1)] .

K9 thi Olympic truyén théng 30/4 lan thit XIII tai thanh
phé Hué

24+ x,

Bai toan 58. ([1]) Cho day s6 (x,) wdc dinh bdi xy = 2,2, = s

vdin=1,2,3...
1. Chiing minh rang x, # 0 vdi moi n.
2. Chitng minh rang dday s6 khong tuan hoan.

Hudng dan.
Béing quy nap chiing minh duge x, = tan (na), 6 day tana = 2. T

do
2 tan (ma) 2T,

= tan (2ma) = = .
2 an (2ma) 1 —tan? (ma) 1 — a2,

1. Gid st x,, = 0 v6i n = 2m.
Khi d6 ta c6 x,, = 0. Xét n = 28(2s + 1) véi k, s 1a cac s6 nguyen
khong am. Lap luan tuong ty, ta suy ra duge xos11 = 0. Do do
2+ o 2T,

=0= 295 = —2=

= = —2.
1— 2$23 1— ZU%

Giai phuong trinh trén ta duge hai nghiém vo ty. Vo ly.
T trén ta thay véi n 18, z, # 0.
Vay x,, # 0 véi moi n.

2. Gia st c6 m,n sao cho ., = x,. Khi do6

sin ma
tan(m + n)a — tanma = = 0.
cos(m + n)acosna

Nhu thé z,, = tanma = 0. Diéu nay mau thuan véi (1).
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Két luan

Phuong phép quy nap la phuong phap ching minh cé dién, 1a mot
trong nhiing cong cu duge st dung dic luc trong gidi toan hoc, khong
chi dimng lai & céc bai toan co ban ma dudc van dung kha nhiéu trong
cac bai toan thi hoc sinh giéi qubc gia, thi Olympic toan hoc quéc té.

Luan van da hoan thanh va dat dugc nhitng két qua sau:

e Trinh bay nguon goc ctia phuong phap quy nap, lam roé dude quy

nap va quy nap toan hoc.

e Néu dugce nguyén 1y quy nap toan hoc, phuong phap quy nap toan
hoc, khic sau hai buée: Bude co s va buée quy nap ciing nhu tam
quan trong phai thuc hién day du hai budc nay, thong qua cac vi

du va phan vi du.

e Néu dudge mot s6 hinh thic ctia phuong phap quy nap ciing cac vi

du minh hoa.

e Suu tam dugc hé théng bai toan phong phi vé itng dung ciia phuong
phap quy nap trong cac phan mon khac nhau ctia Toan hoc: s6 hoc,
dai s6, giai tich, hinh hoc. D#c biét, luan van da suu tam mot s6 cac
dé thi Olympic toan cac quoc gia va quoc té dude gidi bang phuong
phap nay.

Luan van 1a két qua ctia qué trinh tich lu§, hoc héi vé noi dung phuong
phap quy nap toan hoc. Hy vong luan van sé la mot tai liéu c6 ich véi
cac doc gid quan tam dén phuong phap nay. Tuy da rat co6 gang, nhung

trong dieu kieén thoi gian, ning luyc ban than con han ché, luan van khong
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tranh khéi thiéu sot. Trong thoi gian t6i, tac gid sé danh nhiéu thoi gian
dé nghién ciu, tim hic¢u sau hon vé dé tai nay.
Téc gia kinh mong nhan dudc su chi day ctia cac Quy Thay Co va ¥

kién dong gép ciia quy doc gia dé luan vin dude hoan thien hon.

Tac gia xin tran trong cam on.
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