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CHUONG 1 KIEN THUC BO SUNG
KHI GIAI HEE PHUGNG TRINH

- Noi dung chudng nay dé cip dé&n cac ndi dung

- Phuong trinh, bat phuong trinh bac nht va bac hai.

- Céc phuong trinh bac ba, bac bon dang dic biét.

- Céc phuong trinh dang phéan thitc dic biét.

- Phuong phdp gidi phuong trinh bac ba, bac bon tdng quat.

- Hé phuong trinh cd ban gom hé bic nhit hai 4n, hé bac nhit ba 4n, hé
gdm mot phuong trinh bac nhi't hai 4n va mot phuong trinh bac hai hai 4n.

- Hé phuong trinh bac hai hai 4n dang téng quit.

DPay 12 nhitng ki€n thifc cd ban va cin thi€t trude khi ti€p can v6i hé phuong
trinh nén hy vong sé& cung cap di nhitng k§ niing vé gidi phuong trinh va hé
phuong trinh trudc khi chiing ta d&n véi cdc hé phuong trinh dang nang cao hon.

Cha P4 1: PHUONG TRINH, BAT PHUONG TRINH
BAC NHAT VA BAC HAI
1. Phuong trinh bac nhiat ax + b =0, (a # 0)
+ Néua =0, b #0 phuong trinh v6 nghiém.
+ Né&ua=0,b=0, phuong trinh v s6 nghiém.

+ Néuaz20 o x=— Elﬁ nghi€ém ctia phuong trinh.
a

B4t phuong trinh bic nhitax + b > 0.

+ Néu a>0<:>x>—E:S=( E; +%
a a

+ Néu a<0<:>x<—E:S:[ —QOEJ
a a

2. Phuong trinh va bat phuong trinh bic hai
a) Phuong trinh bic hai ax® + bx” + ¢ = 0, (a # 0). Dinh thic A = b” — 4ac.
+ N&u A =b’ - 4ac < 0, phuong trinh v nghiém.
+ N€&u A=b’ - 4ac, phuong trinh c6 nghiém duy nhi't x, = N
a

+ Né&u A = b® — 4ac > 0, phuong trinh ¢6 hai nghiém phan biét:



b+
=b_—\/XV§1 khi d6 ax® + bx + ¢ = a(x — X1 )(X — X»).
a

Xi2
b) Bat phuong trinh bac hai f(x)= ax> bx of ®Ga (3.

+ N€u A=b> d4ac 0O<khid6 af(x)>0,VxeR.

+ NEu A=b’> d4dac O khid6 f(x) = 0 ¢6 hai nghiém phan biét x; < x,.
X>X,

f(x)>0<:>a(x—x1)(x—x2)>0<:>{

-Néua>0=> X <X,

fx) <0 a(x—x)(x-x,)>0 x, <x<X,

fx)>0 < ax—x)(x—x%,) >0 x, <x<X,

-Néu a<0=> {x>x2
fx) <0 ax—x)(x-x,)>0&
X <X1
ChaDs 2: PHUONG TRINH BAC BA

1. Phuong trinh dang 4x° +3x =m.
Ham s6 f(x)= 4x3 3xc6 f'(x)= 12x%> 3 40,>x YR né€n phudng trinh
4% +3x =mc6 khong qua modt nghiém.

Ta chitng minh phudng trinh ¢6 nghiém duy nhat.

Détm=l(a3 i] @ V£3m \/m’:2 1.+

a3

oo i 3

Do d6 x= %(a l} la nghiém cta phuong trinh hay phuong trinh c6 nghiém
a

1

duy nhdtx = l[a —J .
2 a

Vi du 1. Gidi phuong trinh 4x> +3x=2.
Loi gidi
Ham s6 f(x)=4x> 8x 2c¢6 f'(x)=12x> 3 +0,>x WRnén phuong trinh

c6 toi da mot nghiém.



Datzzl(aﬁ iSJ @ Y2 5.

2 a
Chon a=\3142 \/g:> —\3/2 \/g

s {2454 2]

Vay: phuong trinh ¢6 nghiém duy nha't:

1( gj (V6 %),

2

o =

2. Phuong trinh dang 4x° —3x=m.

TH1: Néu ‘m‘éldat m=cos khi d6 do cosa=4cos3% 3cos§—nén

. 2 -2
phuong trinh ¢6 ba nghiém x, = cos%,x2 cos OL_; =-,X53 =COS ¢ 3 Uy
TH2: Néu ‘m‘ >1dat m=%(a3 —013—j @ A me 1.

a

3
Khido o o3+ |=alLla 4| 3li[a L.
2 as 2 a 2 a

R 1 1),. . A, .

Vivay x, :E a — |k mot nghiém cua phuong trinh.
a

Ta chitng minh x,1a nghi€ém duy nhA't ciia phuong trinh.
That vay ta co: 4x° —3x=4x8 3%, ¢<>x *0)(4X2 4x,x 4X% 3) 8.
Phuong trinh 4x” +4xx+4x; ~3=006 A'=12(1 xg} 0do [x,|>1.

Vay phuong trinh c6 nghiém duy nhat:

le(a 41_} j/m+\/m2—l +%/m—\jm2 -1
3 .

2 a
3. Phuong trinh dang x° + px=q.

TH1: Néu p=0= x3=qc> x=\/a.

TH2: Néu p>0dit x= 2\/§t dwa vé phuong trinh dang: 46 +3t=m.



TH3: N&u p<0dit x =2, f gt— dwa vé phuong trinh dang: 4x> —3x=m .

4. Phuong trinh bic ba dang téng quit ax’ + bx’ + cx + d = 0, (a # 0).
Phuong phdp phén tich nhén ti.
Né&u phuong trinh c¢6 nghiém X, thi ta c6 thé phan tich:

ax® +bx? +cx+d = (x e<0)(ax2 -(b -Iaxo)x € bx, -axg) .
Tur d6 @€ gidi phuong trinh bic ba trén ta di gidi phudng trinh bac hai:
ax? +(b+ax0)x+c+bx0 +ax% =0.

Phuong phap Cardano. Chia hai vé phuong trinh cho a [k phuong trinh vé

dang: x> +ax? +bx+¢=0.

Béng cdch dit y =x % ludn dua phuong trinh vé dang chinh tic:

2
y3+py+q=0 (1) trongddp=q— a?,q:c+ G(x, \/xz—az)zo L
Ta chi can xét p, ¢ #0 vi né€u p = 0 hodc q = 0 phuong trinh don gidn, ti€p tuc
daty =u+ v thay vao (1), ta dugc:
(u—l—v) +p(u—|—v)+q:0(:>u'3+v‘3—|—(3uv—|—p)(u—|—v)+q:0.
Ta chon u, v sao cho 3uv + p=0khi d6 v’ + v’ + q=0.

) 3uv+p=0 wv’ = =

Viy : ta c6 hé phuong trinh s 3 = 27 .
u+v'+q=0 3 3

u+v—= q

3
Theo dinh 1y Vi-ét u, v 1a hai nghi€m ctia phuong trinh X3+ gX —5—7 =0 (3)

2 3
pat A=1 P,
4 27

+ N&u A > 0 khi d6 (3) 6 hai nghiém u® = gr A4, V= % A4 va

phuong trinh (2) c¢6 nghiém duy nhat yzi‘/—%+ A+i/_%_\/Z nén

phuong trinh (1) ¢6 nghiém thyc duy nhét x :% +i/—§ A +43/ —(21 Ja.




+ N&u A = 0 khi d6 (3) c¢6 nghiém kép u=v= —i/% va phuong trinh (2) c6

hai nghi¢m thyc trong d6 c6 mot nghiém kép y, =23 /—%; Y, =Y3= i/g
Do dé: (1) c¢6 hai nghiém thyc, trong dé ¢6 mdt nghi€ém kép:

X, :34r213/—ﬂ;x2 =X, =E+§/§
3 2 3 2

+ Néu A < 0 khi d6 (3) ¢6 nghiém phitc, gid st 1a ug, v, khi d6 (1) c6 ba
nghiém phtc:

a
_ X, =—+u,+V
Y1 =Up+Vy 3 7070

1 N3 1 .3
y2 =—5<UO+VO)+17(UO—VO):> X2 25—5( 0+VO)+17(HO—VO)

1 N3 1 V3
Y3 =—5<u0 +V0)—17(u0 —VO) X4 =%—5(u0 +VO)—17(UO —VO)

Ngoai hai cdch trén c6 thé gidi phuong trinh bic ba biing phuong phép lugng
gidc héa hoic bién ddi dua vé ding thica’ = b’.

Chd D5 3: PHUGNG TRINH BAC BON

1. Phuong trinh dang tring phuong ax* +bx* +c = O,(a # O) .
bit t:x2,(t20) phuong trinh tr§ thanh: at> +bt+c=0. Pay 1a phuong
trinh bac hai da bi€t cdch gidi.

2. Phuong trinh dang (x - a)4 + (x - b)4 =cC.

4 4
bit t=x —%phlﬂing trinh tr thanh: (t +?j +(t +%} =cdua vé

phuong trinh dang trung phuong.
Vi dy 1. Gidi phuong trinh (x -2)" +(x-6)" =82.
Loi gidai

bit t =x —4 phuong trinh tr§ thanh: (t + 2)4 + (t - 2)4 =82.



t:l x—4=1 X 5

-1 _4-_1 -
4:»t“+24t2—25:0«:»(9—1)(t2+25)=0@{t @{X @{X 3

Vay phuong trinh ¢6 hai nghiém 1a x =3,x=5.
3. Phuong trinh dang (x + a)(x + b)(x + c)(x + d) =mvéia+d=b+c.
Pbat t= (x+a)(x+d)hoac t=(x+b)(x+c) dua vé phuong trinh bac hai vdi 4n
t.
Vi du 2. Gidi phuong trinh x(x—1)(x-2)(x—3)=24.
Loi gidi
it t=x(x-3)=x" -3x=(x~1)(x-2)=x* =3x +2=1+2 phuong trinh trd thanh:

-6 |x*-3x=-6 {x=—1
= = .
x> -3x=4 x=4

t(t+2)=24<:>t2+2t—24=0<:>{t

Vay: phuong trinh c6 hai nghiém 1a x =—1,x =4

4. Phuong trinh dang (x+a)(x +b)(x+c)(x +d)=ex’véi ad =bc=m.
Viét lai phuong trinh du6i dang: [(x +a)(x+ d)].[(x +b)(x+ c)] =ex?.
=N (x2 +(a+d)x +ad)(x2 +(b+ c)x+bc) —ex?.
Xét trudng hop x =0 xem thda min phuong trinh hay khong.

Véi x # 0chia hai v€ clia phuong trinh cho x?, ta dugc:

[x+ﬂ+a+dj[x+z+b+0J=e.
X X

ad be " . A DR
bit t =x+— =x+— dua vé phudng trinh bac hai vdi an t.
X X

Vi du 3. Gidi phuong trinh (x+2)(x +3)(x+4)(x +6)=30x".
Loi gidi
Phuong trinh da cho tuong duong véi:

[(x+2)(x+6)][(x+3)(x+4)]=30x* & (x2 +8x+12)(x2 +7x+12):30x2
Nhan thdy x = 0khong thda man phuong trinh.

Xét x # 0 chia hai v€ ctia phudng trinh cho x?, ta dugc:



[x+£+8](x+£+7}=30.
X X

bat t=x+ 2,(|t| > 4\/3) phuong trinh trd thanh:
X

t==2

_ 2 _
(t+8)(t+7)—30©t +15t+26—0<:>L=_13.

Da6i chi€u véi dieu kién chi nhan nghiém t=-13 < x + 12_ -13.
X

=-1
ex’+13x+12=0e|" |
x=-12
Vay phuong trinh c6 hai nghiém la x=-12,x=-1.

2
. Phuong trinh dang ax* +bx} +ex +dx+e=0véi &= (%) .
a

TH1: Néu e =0 dua vé phuong trinh:
ax* +bx® +cx? +dx = x(ax3 +bx% +ex+ d) =0, phuong trinh tich c¢6 chita
phuong trinh bac ba dang tdng quat da bi€t cach gidi.
TH2: N&u e # 0 = x = 0 khong 1a nghiém ctia phuong trinh.
Xét x #0 chia hai v& phuong trinh cho x” ta dudc:
ax’ +i+(bx+gJ+c=O<:>a(x2 +ij+b[x+ij+c=0.

X2 X axz bx

2
bit t=x+i:> > =x>+ d +2g= x2 +i+2g dwa vé phuong trinh
bx b2X2 b axz b

bac hai véi dn t.

Vi du 4. Gidi phuong trinh x* +3x% —6x%> +6x+4=0.
Loi gidi
Nhan thdy x =0khong thda man phuong trinh.
Xét x # 0chia hai v& phuong trinh cho x?, ta dugc:
x2 +3x—6+§+i=0<:>£x+2j2 +3[x+gj—10=0.
X x2 X X

t=
>2\2 phuong trinh trd thanh: t* +3t-10=0< { s
t=—

t

2
bit t=x+—,
X



Da6i chi€u véi dieu kién chi nhan nghiém:
5+
t=—5<:>x+2=—5<:>x2+5x+2=0<:>x=5_T\/ﬁ.

X
54417
==

Vay phuong trinh c6 hai nghiém la x =

. Phuong trinh dang x* =ax?+bx+c.
TH1: N&u A =b* —4ac =0 bi€n ddi dva phuong trinh vé dang:

2
x4=a[x+£] .
2a
TH2: N&u A =b? —4ac # 0 ta chon s6 thuc m sao cho:
2 2
x4=[(x2—m)+m} =(x2—m) +2m(x2—m)+m2=ax2+bx+c.
2 2 2 2
<:>(x —m) =(a—2m)x +bx+c+m”.
Ta chon m sao cho: b2—4(a—2m)(c+m2)=0.
Vi du 5. Gidi phuong trinh x* = 7x* —3x —% .
Loi gidi

Phuong trinh da cho tuong duong véi:

) 2 X2+1=3x—l X=
2 1 2 2
(x +1) :(3)(—5] = &

1

2

X“+1=-3x+— —_——
> X

. * -3t
Vay phuong trinh c6 bon nghi€ém 1a x = 3 2\/5 , X SENT .

. Phuang trinh bac bén tong quat ax* + bx® +cx? +dx+e=0.

Cich 1: bit x= —41 +tdua vé phuong trinh dang: t* = at® + Bt + 2.
a

Cich 2: Vi€t lai phuong trinh du6i dang:
4a’x* +4bax’ + 4cax? + 4dax +4ae =0

2
= (Zax2 +bx) =(b2 —421(:)x2 —4adx —4ae.



Thém vao hai v€ cda phuong trinh dai lugng 2y(2ax2 +bx)+y2 (v6i yla
hiing s6 tim sau).

2 2 2 2 2
Khi dé: (2ax +bx+y) =(b —4ac+4ay)x +2(by —2ad)x —dac+y>.
Ta chon y sao cho: A" = (by—Zad)2 —(b2 —4ac+4ay)(y2 —4ae) =0.

Vi du 6. Gidi phuong trinh x* —16x> +57x* =52x -35=0.
Loi gidi
Phuong trinh da cho tuong duong véi:

Xt -16x" +64x7 = 7x” + 52+ 35 < x? —8x)2 =7x% +52x+35.
Ta thém va hiing s6 y théa min:

(x2 —8)()2 +2y(x2 —8)()+y2 =7x> +52x+35+2y(x2 —8x)+y2.
= (x2 —8x+y)2 =(2y-|—7)x2 +X(52—16y)+35+y2.

Ta chon ysaocho A' = (26—8y)2 —(2y + 7)(35+y2) =0.

<:>(y—1)(2y2—55y+431):0c>y:1.

Vay phuong trinh da cho tudng duong vdi:

11-+/141

N AR L

X7 —08X + = X .

x2—8x+1=—3(x+2) X:11+'\/141
2

11-+/141 X_11+\/141
2 7 2

Viay phuong trinh c6 hai nghiém la x =



2. Phuong trinh dang

Cha P& 4. PHUONG TRINH PHAN THUC HUU TY

32X2
2
(x+a)

Phuong trinh da cho tuong duong véi:
2 2 2 )\ 2
(x— ax J +2ax :bc( X J +2a—>=b.
X+a X+a X+a X+a

dwa vé phuong trinh bic hai véi 4n t: t> +2at=b.

. Phuong trinh dang x° + =b.

2

X
bit t=
X+a

2
Vi du 1. Gi4i phuong trinh XZJ{ X J =1.
x+1

Loi gidai
biéu kién: x = —1.
Phuong trinh da cho tuong duong véi:

2 2 % 2
PO S > SIS O . S
x+1 x+1 x+1 x+1
2
PRI S-S 1442 =242 -1
<:>[ ] +2 1| Xl 2

= .
i——l—\/g —1+\/5+\/2\/5—1
X =

2

X+1

Vay phuong trinh c6 hai nghi€ém la:

X:—1+f—\/2\5—1‘X_—1+«E+\/2\E—1
2 T 2 '

x2+mx+a+x2+px+a_

b.

x> +nx+a x> +qx+a

Xét xem x =0 c6 1a nghiém ctia phuong trinh hay khong.

a a
X+54+m X+ -+p
Trudng hgp x # 0viét lai phuong trinh du6i dang: —=% +—=x

a a
X+—+n X+—+q
X X

a Sa N A . 4 R
bit t =x +—dua vé phudng trinh bac hai véi an t.
X



x*+5x+3  x®+4x+3 184
X2 —7x+3 x> +5x+3 119"

Loi gidi

Vi du 2. Gidi phuong trinh

Pieukién: x> +5x+3#0,x> —7x+3=0.

Nhin thdy x =0khong thda man phuong trinh.

x+§+5 x+§+4

Xét x = 0viét lai phuong trinh dudi dang: X x 184
3 119
X+——=7 xX+—+5
X X
bit t=x+ E,( t‘ > 2\/5) phuong trinh trd thanh:
X
t—z x+§—7 x=2
. - L
i t+d I8 12 L x 2 23
t—7 t+5 119 971 3 971 2
= —— X —_——=——
211 X 211 X_—971i\/408589
L 422

Chd P& 5. HE PHUGNG TRINH HAI AN CO CHUA
PHUGNG TRINH BAC NHAT

ax+by=c

1. Hé phuong trinh bac nhat hai 4n:
a,x+b,y=c,

«af+bf>0ﬁ§+b§>0)
Day la hé phuong trinh co bdn dé gidi ching ta c¢6 thé thuc hién phép thé, st
dung mdy tinh bd tdi hodc st dung dinh thic Crame(hay dugc dung trong
bién luidn).

Do a, b, _ ¢, b, D - a, ¢

a, by " e, b, H &

Céc trudng hgp K&t qud
D=0 Hé phuong trinh c6 nghiém duy nhat:
D D
X; = _X;_y .
() 22

D=D, = Dy =0 Hé phuong trinh c6 v sd nghiém.
D =0 nhung D_ # 0 hoac Dy #0 | Hé phuong trinh v6 nghiém.




ax+by+cz=d,
2. Hé phuong trinh bic nhi't ba 4n: a,x+b,y+c,z=d, ,(ai2 + b12 + C12 > 0) .
a;x+byy+cz=d,
Hé nay dung phép th& dua vé hé bac nhat hai 4n hodc dung mdy tinh bé tii.
3. Hé phuong trinh hai 4n gdm mét phuong trinh bic nhit va mét phuong
mx+ny=a

ax2+bxy+cy2=d.

trinh bac hai: {
Rit x theo y hoic rit y theo x tit phuong trinh diu ctia hé th& vao phuong

trinh thit hai cia hé dua vé gidi phuong trinh bac hai.

Chd P4 6: HE PHUONG TRINH BAC HAI HAI AN
DANG TONG QUAT
A.NQI DUNG PHUONG PHAP
Hé phuong trinh bic hai hai 4n 12 hé c6 dang:
alx2 +b1y2 +exy+dx+ey+f, =0 (1)
a2x2 + b2y2 +exy+d,x+e,y+f,=0 (2
a) N&€u mot trong hai phuong trinh 1a bic nhat thi d&€ dang gidi hé bing phuong
phép thé.
. b, . N
b) Néu izb—lbang céch loai bd x> +y” dua vé hé phuong trinh bac hai c6
a D
mdt phuong trinh bic nhat va gidi hé bing phuong phdp thé.
c) Néu mot trong hai phuong trinh 12 thuin nhdt bic hai(ching han
d, =e, =f )khi d6 phuong trinh dau 1a ax*+b,y> +c,xy =0phuong trinh

nay cho phép ta tinh dugc t = L
y

d) Hé déng cdp bac hai n€u d, =e, =d, =e, =0hé trd thanh hé ding cip bac

hai. Bing cdch khtt di hé s6 tu do ta duwa vé mdt phuong trinh thuan nhi't bac

hai cho phép ta tinh dugc t= Ly
y
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e) Pua vé hé bac nhat biing cdch dit y =txva dit z=x> gidi hé vdi hai 4n 1a
(x;z) ldc sau gidi phuong trinh z = x2.
f) Trong nhiéu trudng hop ta ¢6 thé 4p dung phuong phdp tinh ti€n nghiém.

X=u+a

Bing cdch dat { (v6i u,vl1a cdc 4n va a,bla hai nghiém cia hé

y=v+b
phuong trinh). P& tim a,b c¢6 hai cdch thyc hién ta cho cdc hang ti bic nhat
sau khi khai trién triét tiéu tir d6 ta c6 hé ding cAp bac hai vdi hai 4n
u,v cdch gidi twong tv trudng hop c) hodc dao ham mot phuong trinh Ian lugt
theo bi€n x,theo bi€n y gidi hé phuong trinh thu dugc ta dugc nghiém
(xo;yo)khi dé a=x,,b=y,.

g) Dung hé s bat dinh(xem thém chd dé hé s bt dinh).
Cich 1: Liy (I)+k.(2) dua vé mdt phuong trinh bic hai v6i 4n
t=ax+by+cta im khdp 1y sao cho phuong trinh bac hai c¢6 Delta 1a s&
chinh phuong.
Cich 2: Tim hai cip nghiém clia hé phuong trinh. Vi€t phuong trinh dudng
thdng di qua hai diém d6. LAy mot diém khédc hai diém trén thay vao hai v€
cdc phuong trinh clia hé tr d6 suy ra hé s6 bat dinh can tim.

h) Pao ham Ian lugt theo bi€n x hoic theo y d6i v6i mot trong hai phuong trinh
chia hé fim ra nghiém x =a,y=bkhi d6 dit 4n phu {u —X _sza vé hé
v=y-—
phuong trinh ding cap.
B. BAI TAP MAU

x2+y2—4x+2y=—3

Bai 1. Gidi hé phuong trinh .
x2+y2—xy+x—2y:12

Loi gidi
Cich 1: St dung phuong phdp thé. Trir theo v& hai phudng trinh clia hé ta dugc:
5x —4y —xy =15. Hé phuong trinh da cho tuong duong vdi:

S5x—4y—-xy=15 y=5x_15
5 & Xx+4 (x¢—4)
XAy —ax42y=-3 x2+y2—4x+2y=—3



_5x-15

x+4
- 5 ? 5
2| X g0 X7 5
x+4 x+4

_5x—15
P y X +4
x* +4x3 +22x% —180x +153=0

_5x-15
= B X+4 X:l,y:—2

(XIXX3xx2+8x+5q_0C3{x—1y_0'

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (3;0);(1;—2).

Céch 2: Pua vé hé bic nhit
Nhan thdy x =0khong thda man hé phuong trinh.
Xét x #0dat y =txhé phuong trinh trd thanh:

(1+t2)x2 +2(t—2)x:—3
(t2 —t+1)x2 +(1-2t)x =12
(1+t2)z+2(t—2)x:—3
Pit z=x>khi d6 hé trd thanh:

(t2—t+1)z+(1—2t)X:12‘

Ta c6 cac dinh thic:

1+t 2t—4
D= =413 +7t> -8t +5
2 —t+11-2t
—32t—4 1+t2 -3
= =-18t+45D = =15t -3t+15
12 1-2t 2 —t+112

N&u D =0 < —4¢3 +7t2—8t+520<:>(t—1)(4t2—3t+5):0

< t=1=D, =27#0 né€n hé vd nghiém.



DX

Xét t#1=>D = 0khi 6 ];) —z=x><D,D=D’.
—Z
D

2
(—18t+45)(—4t3 + 762 — 8t +5) - (15t2 “3t+ 15)

o153t +21663 +360t =0 < 9t(t+2)(17t2 —10t+20) -0.

t=0
=
i

. D
TH1:Néu t=0=D=5D, =15=x=—*=3=y=0.

. D

TH2 : Néu t=-2=D=81,D, =81=x= D" =l=>y=-2.
Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (3;0);(1;—2).

Céch 3 : Bit 4n phu dua vé hé déng cap

=u+1
Pat 4 "' hé phuong trinh tr thanh:
y=v-2

(u+1)2 #(v=2) —4(u+1)+2(v-2)=-3

#1) +( —2)2—(u+1)(V—2)+u+1—2(v—2):12'

w +v> —2u-2v=0
W —uv+vi+5u-T7v= O

h 4: Hé s0 bat dinh(2 huéng xit 1y).

2 2
Viét lai hé phuong trinh dugi dang: 4~ 0 Y ¢y
x2+y2—xy+x—2y:12 (2)

Lay (1) +k.(2) theo v& ta dudc:

(k+1)x> —(ky+k+4)x+k(y2—2y—12)+y2 +2y+3=0.
Ta c6: A, =(ky+k+4)2—4(k+l)(k(y2 —2y—12)+y2 +2y~|—3)

=(—3k2 —81<—4)y2 +(101<2 +8k—8)y+49k2 444k +4=0.



Ta chon k sao cho A_la s6 chinh phuong mudn vay cho A' =0.

2
= (51<2 +41<—4) —(—31(2 —81<—4)(49k2 +441<+4) =0

< 43k* +141k> +134k% + 44k +8=0=k =—1
Tic 12 trir theo v€ hai phudng trinh cta hé nhu 15 gidi 1 & trén.

X2 +3y% +4xy —18x =22y +31=0

Bai 2. Gidi hé phuong trinh .
2x% +4y? +2xy +6x —46y +175=0

Loi gidi

X=u+a

Cach 1: bat { khi d6 hé phuong trinh trd thanh:

y=v+b
(u+a)’ +3(v+b) +4(u+a)(v+b)-18(u+a)-22(v+b)+31=0
2(u+a)’ +4(v+b) +2(u+a)(v+b)+6(u+a)-46(v+b)+175=0
u® +3v? +4uv+(2a+4b—18)u+(6b+4a—22)v

+a%+3b%>+4ab-18a—-22b+31=0
202 + 4v? +2uV+(4a+2b+6)u+(8b+2a—46)v

+2a% +4b% +2ab+6a—-46b+175=0

Ta sé& chon cdc hé s& (a;b) sao cho hé trén tr§ thanh hé ding cAp bac hai.

2a+4b-18=0
6b+4a-22=0 a=-5
= )
4a+2b+6=0 b=7
8b+2a-46=0

Thay vao hé trén ta dudc:
{u2+3V2+4uV=1 {u2+v2—2uV=O {UZV
IS =

20 +4v? +2uv=1 20 +4v2 +2uv=1



[x= s
212
1 y ! +7
u=v=—— =—
= 2\/5@ 02
u=V=L X—L—S
NG 22
|
y=——=+7
NG

Viay hé phuong trinh c¢6 hai nghiém la:

1 1 1 1
X3y)=| ——F—-5%—-—F+=+ 7}(——5;—+7j .
() ( 2 T 22 202 22
Nhan xét: Viéc dit 4n phu thuc hién bing thd thuit nhanh nhu sau :
DPao ham theo bi€n x va dao ham theo bi€n y mot trong hai phuong trinh clia
hé(ta lva chon phuong trinh dau clia hé)ta dugc:

2x+4y—-18=0 Xx=-5 u=x+5
= = .
6y +4x—-22=0 y=7 v=y-7

Cich 2: Liy (2)+k.(1) ta dugc:
(k+2)x* +2(y+3+2ky —9k)x +4y” +3ky® —46y +175-22ky + 31k = 0.
Coi day 1a phuong trinh bic hai v6i 4n 1a x.

Ta co:
A =[(2k+1)y+3-9k]2 —(1<+2)(4y2 +3ky? —46y+175—22ky+31k)
:(k2 —61<—7)y2 —14(1<2 —61<—7)y+501<2 ~291k —341

(2k+1)y+3-9k
k+2

Chon k=-1thi A" =0suyra x=— =y-12.

Loi gidi
Lay (2)- (1) theo v& ta dugc: x* +2(12 - y)x +y* =24y +144 =0.
o (x+12-y) =0 x=y-12.
Thay vao phuong trinh dau clia hé ta dudgc:
(y—12)2 +3y? +4y(y-12)-18(y -12)-22y +31=0.



y—7——1 x———1 —5y———1 +7
o 8y2—112y+391=0 w2, 22 22
y=T+——  |x=—t !

sy 17
o) N0

C.BAITAP REN LUYEN

2x2 +xy—y> —5x+y+2=0
Bai 1. Gii hé phuong trinh Y 7Y TR TY .
x2+y2+x+y—4=0

Loi gidgi
Hé phuong trinh da cho tuong duong véi:

y=2-Xx
x+y—-2)(2x-y-1)=0
{(2 yz )< ’ ) < {y=2x—l
+y +x+y—-4=0
rryowRTy X +y*+x+y-4=0

y=2-X
x2+y+xty-4=0 |*=Ly=l
= = 4

{y=2x—1 x=——,y=——'

x2+y2+x+y—4=0

]

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (1;1){—%'—%} .

2 2
Y2 2x42y+3=0
Bai 2. Gidi hé phuong tinh |~ Y~ XTI
y2 —-2xy+2x+4=0

Loi gidgi
Nhan thdy y =1khong thda man hé phuong trinh.
2

Xét y=1rit x =; +:u‘r phuong trinh thd hai thay vao phuong trinh thit
y—

nhit cla hé ta dudc:

244 ’ 244
y —y2 2 T oy +3=0.
2y -2 2y -2

o 3yt —12y° —4y? +32y—44=0<:>(y2 —2y+2)(3y2—6y—22)=0.



y:l—i le—iyzl—i

o3y —6y-22=0< 53:> f ‘E
y=14+— x=l+—=,y=1+—

V3 V3 V3

Vay hé phuong trinh ¢6 hai nghiém la:

xAL2xy A2y +15=0

Bai 3. Giai hé \;{;U()'ng\/t;inh
2)(—2)(y+y2 +5=0

Loi gidi
Nhin thdy x =1khong thda man hé phuong trinh.

x2
Véi x#1rut y=

x> +15 x> +15 ’
2x -2 + +5=0.

il 125 thay vao phuong trinh thi hai cia hé ta dugc:

X.
2x =2 2x =2
o 3x4 —12x3 +26x2—28x—245=0<:>(x2—2x—7)(3x2 —6x+35)=0.
x:1—2\/§:> x=1-242,y=1-3\2
x=1+242  |[x=1+2{2,y=1+32

Viay hé phuong trinh c¢6 hai nghiém la:

(x;y) =(1—2\/5;1—3\/5);(1+2\/§;1+3\/5).

@xz—zx—7=0c{

X2+y2+x—2y=2

x2+y2+2(x+y)=11.

Bai 4. Gidi hé phuong trinh {

Loi gidi
Ciach 1 : Trir theo v€ hai phuong trinh ctia hé ta dugc x +4y =9.
Khi d6 hé phuong trinh da cho tuong dudng vdi:

{x2+y2+x—2y=2<:> (9—4y)2+y2+9—4y—2y=2
x+4y=9 x=9-4y



17y _78y +88=0 | Y=2
<:>{ y ooy ree=Ul

=94 X=— 23 _44
e 177717
23 44
Vay hé phuong trinh ¢6 hai nghiém 1a (x;y)=(1;2);| ——;—|.
1y hé phuong ghi¢ (Y)()(””)

Cich 2 : Nhan thdy x =0khong thda man hé phuong trinh.
Xét x #0dat y = txkhi d6 hé phuong trinh trd thanh:

(1+t2)x2+(1—2t)x=2
(l+t2)x2+2(l+t)x=ll'
(1+t )Z+ 1—2t)x 2

Pit z = x* hé phuong trinh trd thanh:
(1+ )z+21+t)x 1

Tinh duge D =(4t+1)(¢ +1],D, =9(¢ +1],D, =26t -7

NéuD=0<t= —% =D, = —22—7 # 0 hé phuong trinh vd nghiém.

Dx
)
NéuDz0otz——= —z=x><D, . D=D>.
4 D ’ x
z=—=%
D
t=2
<:>81( +1) = (26t - )(4t+1)(t +1)c>23t _2(-88=0c 44
23
. D
TH1:Nu t=2=D=45D, =45=x=—+=1=y=2.
TH2:Né’ut=—ﬂ:x=—£,y=ﬁ,
23 17717
23 44
Vay hé phuodng trinh c6 hai nghiém la (x;y)=(1;2);| ——;— |.
1y hé phuong ghi¢ (Y)()(””)

2 2
+4y° —4x+12y+11=0
Bai 5. Gidi hé phuong trinh {© Y Y
x2+4y2—2xy—x+4y—12=0




Loi gidai
Trit theo v& hai phuong trinh clia hé ta dugc:

(2x+8)y+23-3x =0y = 32"_283 (do x = —4 khong thda mén hé phuong trinh).
X+

3 vao phuong trinh dau cda hé ta dudc :

2
Lo Z2B ) a2 -0,
2X +8 2X + 8

o xt +4x3 +22x% —180x +153=0.

<:>(x—1)(x—3)(x2+8x+51):0<:>{xz3:> 2.

Vay hé phuong trinh c6 hai nghiém la (x;y) = (1;—2);[3;—2] .

2 2
+2y" +xy+x-10y =-12
Bii 6. Gidi hé phuong trinh | Y TR TXTRY .
3x2—y2—xy+15x+4y=—8

Loi gidi
bit u=x+2,v=y—3hé phuong trinh tr§ thanh:

(u=2)" +2(v+3) +(u-2)(v+3)+u-2-10(v+3)=-12

3(u=2) —(v+3) —(u=2)(v+3)+15(u=2)+4(v+3)=-8

S

{u2+uv+2V2=4 u2+uv+2v2=4(3u2—uv—vz)
3u> —uv—-v? =1

3> —uv-v? =1

u=v
11u® =5uv—6v> =0 6v

<~ = =
3l —uv-v? =1 11

3 —uv-v? =1



_{u:v u=-1,v=-1 x=-3,y=2

3 —uv v =1 u=1lv=1 x=-lLy=4
= = u——i v—i<:> x——i—2 y—l+3
u=-2y NEERNEE) Js3 T s T

11 6 11
| 3u"—uv-v- =1 \/5 > \/5 i \/5
Vay hé phuong trinh ¢6 bdn nghiém la:

6 11 6 11
(xsy)= (_3’2)’(_1’4){_E_2’§+3}[E_2’_§+3j'
Nhin xét: C4ch dit 4n phu nhu trén xuat phat tir thii thuat. Pao ham mot
trong hai phuong trinh clia hé theo bi€n x va theo bi€n y ta dugc(S day ta lva
chon phuong trinh dau clia hé).

2x+y+1=0 Xx=-2 u=x+2
& = .
4y+x-10=0 y=3 v=y-3

x2+y? =1 (1)
Bai 7. Gidi hé phuong trinh 5 o
48(x _y )+28xy+21x+3y=69 2)
Loi gidi

Lay 50.(1) +(2) theo v€ ta dugc:
98x? +28xy +21x + 2y +3y —119=0.

y=T7-T7x
o (Tx+y-7)(14x+2y +17)=0 <  14x+17-
=
" N oy ca s 24 7
Hé phuong trinh c6 hai nghiém la: (x;y) = (1;0);[2—5;E) .

2 2
+y Hx=
Bai 8. Giai hé phuong trinh { % Y TX=3 .
x> —2y2 -xy+y+1=0

Loi giai
Lay 2.(1)+(2) theo v& ta dudc:
3x? +2X—5—Xy+y=0@(X—l)(3x+5—y)=0.

Xét trudng hgp tim duge cdc nghiém ctia hé phuong trinh la:

(xy)= (1;1);(1;—1);(_2;_1){_%;%J .




CHUONG 2. CAC KY THUAT VA PHUGNG PHAP
GIAI HE PHUONG TRINH

Chuong nay 1a ndi dung chinh clia cudn sach. Téi trinh bay theo cdc dang
to4dn dién hinh phan theo cdc chii d&. Mdi chii d& cung cip cdc phuong phiap
ciing nhu k§y thuat gidi nhanh dong thdi 1a mot s6 Ivu y d6i v6i ban doc trong
qud trinh x¥ 1y tirng bai todn cu thé.

Cha &5 1. KY THUAT SU DUNG

HE PHUONG TRINH BAC NHAT HAI AN
A.NOI DUNG PHUONG PHAP
HXAOY=C ) o gidi

Ta da bi€t mot hé phuong trinh bic nhit hai 4n
a,x+b,y=c,

N . D D
dugc bang phép thé hodc thong qua cdng thitc Pinh thic x = DX )y = Fyv(ji
a, b c, b a, ¢
D=#0 trong dé:D= b D, = L ,D_ = b,
' a, b, ¢, b, 4h G

N&€u tinh y quan sat hé phuong trinh ta c6 thé dwa 1 hé phuong trinh phic tap
vé hé bac nhAt hai 4n nhu trén va ta st dung cong thic nghiém dé gidi.

DAu hién nhan bi€t phuong phap:

+ Céc phuong trinh clia hé chi 1a phuong trinh bic nhat hodc bac 2 clia mot
Anxvay.

+ C6 1 nhan t 13p lai & cd 2 phuong trinh cta hé va cdc thanh phan con lai
chi ¢6 dang bac nhit cda x va y(1 cin thic; 1 biu thic cla x va y).

+ C6 2 nhan tf 1ip 1aid cd 2 phuong trinh clia hé(cé 2 cin thic; 2 biéu thitc
clia x va y).

D€ 5 hon ban doc theo ddi cdc vi du trinh bay du6i ddy chic chin sé& hinh
thanh k§ ning nhan dién hé phuong trinh dugc gidi bing k§ thuit nay.

Chu §. Trong chuong 1 cdc bai todn vé hé phuong trinh bic hai hai 4n dang
tdng quat tdi da trinh bay k¥ thuit nay.

Can nhan manh thém riing phuong phdp nay gidp ta gidi quyé&t dugc bai todn
khi nhan bi€t dugc hé bac nhat hai 4n. Tuy nhién c6 1 thuc t€ ring ddi véi 1
s6 hé phuong trinh s& yéu cau ban doc tinh todn kh4 ning. Do viy muc dich
clia bai viét 12 cung cip thém cho ban doc 1 k§ thuit dé€ gidi hé. Nhin hé
phuong trinh dudi con mit linh hoat hon va tu duy suy nghi ta s& c¢6 thém céc
cach giai hay khdc nhau.



B. BAI TAP MAU

2 2
+y° —4x+2y=-3
Bii 1. Gii hé phuong trinh {7 T T .
x2+y2—xy+x—2y=12

Loi gidi
Phan tich tim 10i gidi:
Ca hai phuong trinh ctia hé c¢6 dang phudng trinh bic 2 cia x hodc clia y. Vi

vy ta c6 thé dua vé hé phuong trinh biac nhit 2 4n. Ta c6 thé coi x 1a tham
s6 hodc y 1a tham s6. Loi gidi dudi day ta coi x 1a tham s&.
Pit a=y?,b=yhé phuong trinh tr§ thanh:

a+2b=—x>+4x-3

a—(x+2)b=—x2 —x+12

Coi day la phuong trinh bac nhat hai 4n a va b khi d6
Hé nay hé s6 clia a va b khd don gidn nén ta dung phuong phdp thé:
Trit theo v€ hai phuong trinh ctia hé suy ra: (x + 4)b = S(X - 3)

S5(x-3
=b= u (Vi x =—4 khong thod man h¢ phuong trinh).

X+4
X a3x+18 . 5(x-3)
a= ;b= .
X +4 X +4
X +3x+18 _ (x-3)
Mit khic a=b’> < =25 .
X+4 X+4
:1 :1, :—2
@(x—l)(x—3)(x2+8x+51)=0<:> =LY =
x=3 x=3,y=0

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (1;—2);(3;0).
Con nhiéu gidi khdc cho 1 hé phuong trinh bac hai hai 4n dang tdng qudt da
trinh bay trong chudng trudc.

4 2 2
+4x"+y  —4y=2
Bai 2. Gidi hé phuong trinh 1~ Y T T4
xzy+2x2 +6y =23

Loi gidi
Nhén xét. Coi x la tham s6 va y 1a 4n thi rd rang c4 2 phuong trinh ctia hé c6

dang biac?2 vabic 1 ciay.



) '[—4y=2—x4—4x2
bit t=y” hé phuong trinh tr§ thanh:§ 5 -
(x +6)y ~23-2x

Ta coi hé phuong trinh trinh trén 12 hé phuong trinh bic nhat hai 4n t va y ta
duge: D=x"+6;D, =—x° —10x* -30x> +104,D, = 23-2x2.

2
D D 2
Suy ra:t=y> :»Btz(gy] & (x2 +6)(—x6 —10x* —30x> +1o4) =(23—2x2)

=1 =
o 1-00+x)0+x2)x +16x2+95) =0 | XTIV
x=—1=y=3

Vay hé phuong trinh dé cho c6 hai nghiém 1a (x;y)=(-1;3);(1;3).

Nhan xét. Ta hoan toan ding phép th€ cho hé phuong trinh trén bing cdch
, 2 - X2 N N . . 9 A N AN N A
rit y = ———tu phuong trinh thd hai ciia hé va thé vao phuong trinh dau

X" +6
clia hé ta c6 k&t qua tuong tu.

Bai 3. (TSPH Khdi A 2008) Gidi hé phuong trinh:

x2+y+x3y+xy2+xy=—§

x* +y2 +xy(1+2x):—%

Loi gidi
Nhan xét. Ldi gidi tham khdo va ddp 4n chinh thic st dung 4n phu khd don
gian. Nhin nhin cd 2 phuong trinh ciia hé 1a phuong trinh bac 2 ciia y. Vi vy
theo dd'u hiéu da bi€t ta hoan toan dua dugc hé vé hé phuong trinh bac nhat
hai 4n.

xy2 +(X3 +x+1)y =—x* 3
Viét lai hé phuong trinh du6i dang S 4
y2 +(2X2 + X)y =—x* 2

Xa+(X3 +x+1)b=—x2 —%

Pit a=y?,b=yhé phuong trinh tr§ thanh: S
a+ (2)(2 + x)b =—x* 2



Ta cé D=X(2X2+X)—(X3+X+1)=X3+X2—X—1=(X—1)(X+1)2.

+ Néu x=1:>y=—%.

+ Né&u x =1 thay vao hé ban dau ta thiy vd nghiém.
Tinh ti€p D,.D, ta tim dugc:

_4x4 +4x° +4x% +5

a_4x6+4x5+8x4+4x3+5x2—5x—5.

;b=
4(x+1)° 4(x+1)°
V6i(X—1)(X+1)¢O.
Mit khac:
2
5 4x% 4 4x0 +8x +4x7 +5x2 —5x =5 | 4x* +4x7 +4x% +5
a=b" < =

4(x+1)° 4(x+1)°
2
<:>(2x2+2x+3) (4X3—5):0©X=3J§jy:—3/§.
4 16
3 5 25
Vay hé phuong trinh ¢6 hai nghiém 1a: (x;y)=| ;—= ;| 3=;-3— |.
P o (y)( 2)(\/; \/16}

Xem thém 15i gidi dit 4n phu trong chi dé ky thuit 4n phu dai sd.

(x+y)(2—y) =(1—2y)(1+xy)

(X—y)(?)—x) =(1—3x)(1 —xy)

Bai 4. Giai hé phudng trinh { (xyeR).

Nhan xét. Sau khi khai trién ta dua vé mot hé phuong trinh bac hai hai 4n
dang tdng quat. Vay dp dung k¥ thua dua vé hé bac nhdt hai 4n ta dugc:
Vi€t lai hé phuong trinh dudi dang:

ZX(y2 —y+1)=y2 -4y +1

2x(y +3) =(3y +1)(X2 + 1)

2_
. y -4y +1
2(y2—y+1)
= 2
2 2
2 WL 43) (ay ) | 2L Lo
2(y2—y+1) 2(y2—y+1)




Tacé (1) = 11y° —35y* +110y° —70y* +55y - 7=0.

Dé€ gidi phuong trinh da thdc trén ta dit y= V_i va sau khi rut gon dua
v+

9

phuong trinh vé dang: 2v° —9=0<v=>3 % =>y=

12 -1
241

Thay ngudc lai ta tim dugc x =

l9

5|2

J12-1 42 !

5 b

12 +1 iF”
2

Nhan xét. Cau hoi dit ra 1a tai sao nghi dén viéc gidi phuong trinh da thidc

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) =

IS \'% _1 2 DN N Zs e Z
bac 5 nhu trén bang phép dit y =—1. b€ lam r6 di€u nay truc hét ta xét
v+

cach khac cho bai toan nhu sau:

x+y 1-2y
. 1 92—
Véi (x2y2 —1)(x—3)(y ~2)#0 viétlai h¢ phuong trinh duti dang:{ y
x—y 1-3x
I-xy 3-x
. u-—1 v—1_ R A
bit x= ,y = hé phudng trinh trd thanh: .
u+1 v+1 u-v_2-u
= M
u+v u+2
uv—1 3-v
= (2
uv+1l 3+v
Tur (1) k€t hdp vdi tinh chit cla ty 1é thic ta c6:
u-v _2-u_ 2-v  2+4v-2u
u+v u+2 2+4+v+2u 2—v
= (2-v)? =2+v)’ —4u’ o u’ =2y
R o uv—1 3-v 3u-uv 3u-—-1 3u+1-2uv
Tuong tu tir (2) ta cé: = = = =
uv+1 3+v 3u+uv 3u+l+2uv 3u-1

= @Bu-1?=Cu+1)? —4u*v? < u*v? =3u.



2
=2
Viy ta ¢6 hé phuong trinh: 4 v .
u“v® =3u

Xétu=0=>v=0=>x=y=—-1=xy=1 (loaido 1-xy=0).

Vayu7—3<:>u \/73V \f: \/7 _ V2 .
+1 i/;”

Pay 1a mdt hé dudc xay dung mdt cich kha ddc bi€t. Nguyén do dau ta cé
phép dit trén va cd s nao xay dung dang hé trén xin nhudng cho ban doc.
DPé 4p dung ban doc rén luyén qua bai todn tuong tu sau:

x+y 1-3y

] P - +tXy 3-y
Vi du. Giai hé phuong trinh .
x—y 1-5x

I-xy 5-x

(x+y)\/2xy+5=4xy—3y+1 ( R)
J(x,yeR).
(x+2y)\/2xy+5=6xy+x—7y—6 g

Bai 5.Giai hé phuong trinh:

Loi gidi
Phan tich tim 10i gidi:
Chi y cédn thic /2xy+5 va cd hai phuong trinh ctia hé c6 chita thém dai

lugng 4xy,6xy hoan toan biéu di€n dugc theo cin thic trén va cdc thanh

phan con lai déu dang bic nhit clia x va y. Vi vy néu coi u=./2xy+51a
tham so ta dua dudc hé phudng trinh vé hé bac nhat2 4n x va y.
Cich 1: Piéu kién2xy +5>0.

bit u=\/2xy+5,(u20):>2xy=u2 -5.

Hé phuong trinh trg thanh:
(x+y)u=2(u?-5)-3y+1 202 —(x+y)u-3y-9=0
(x+2y)u=3(u2 —5)+X—7y—6 3u? —(X+2y)u+x—7y—21:0

—ux—(u+3)y=-2u"+9
- ux—(u+3)y=-2u"+

(1—u)x—(7+2u)y:21—3u2‘



Coi day 1a hé phuong trinh bac nhat hai 4n clia x va y; u 1a tham s& ta dugc:

)
Iy _(7+2u)—u +5u+3.

Tuong ty ta ¢6: D, :u(u2 +5u+3), Dy :(u—3)(u2 +5u+3).

V61 D =0hé phuong trinh v6 nghiém.

Véi D;'&O:xzDX =u y=—y=u—3:>xy=u(u—3).
D ~ D

u—5
2

u=1

u=>5

Rt (u 3)<:>u —6u+5= Oc{

Thay ngudc lai cong thiic nghi€ém ta c6 cac nghiém la:
(x;y) = (1;—2);(5;2) thod min diéu kién.
Vay hé phuong trinh c6 hai nghigm la (x;y)=(1-2);(5:2).
Céch 2:Vié€t lai hé phuong trinh du6i dang:
(x+y)m=4xy—3y+l @
(x+2y)\/2xyi+5=6xy+x—7y—6 (2).
Lay 2.(1)—(2)va3.(1)-2.(2) theo V& ta dugc:
\/m —2xy—x+4y+7
xy+5 =-2x+5y+15
X—y—-3=2xy+5- x\/2xy75
< x y— 3 2xy+5+5) 3(X—\/2xyi+5)

X—y—3=2Xy+5—-X42Xxy+5
“ 2xy+5 X\/ny+5)(\/2xy+5+5) 3(x—1/2xy+5)'

X—y—3=2Xy+5—-X42Xxy+5
<
x— 2xy+ (2xy+5+5w/2xy+5+3)

X — y 3=2xy+5- X«/ZX}/+5<:> Xx—-y—-3=x 2 _x?
=4/2xy+5

<
2xy +5



B 3 y=x-3
y=Xx- x=5y=2
= <49x20 Rt .
X = 2x(x—3)+5 5 5 x=1Ly=-2
X =2Xx"—-6x+5

Nhén xét. Qua bai toin gréatHannfta khing dinh ky thut nay 0 ra rat hi¢u qua.

Bai 6. Gidi hé phuong t\[inh'

X+y

+y\/2x —1—xy+2y
(x,yeR).
2x x+y)\/2x -1=3xy- x?

L\l‘n gidi
Phan tich tim 15i gidi:

’ 3
Viéc lap lai 2 cédn thic y—:3,\/2x2 —1 6 hai phuodng trinh ctia hé lic nay
y

coi hai 4n 1a 2 cdn va x,y l1a tham s6. Hy vong dua vé hé phuong trinh bac

nhit 2 4n ¢6 thé tim dugc 2 cin thifc theo x va y.

3
Pieu kién: 2x% —1>0,Y :320,y¢0.
y

bit u= ﬂ,v =v2x> —1,(u,v20)

2
X+yju+yv=xy+2y
Hé phuong trinh trd thanh : ( ) .
2xu+(x+y)v :3xy—x2
Coi day 1a hé phuong trinh bac nhat v6i hai 4n 12 u va v ta dudc:

D=x> +y2,Du =2y(x2 +y2),Dv =—x(x2 +y2).

3
Vi vay = .

y=1
— v _ _
V= D x V2x? —1=—x

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (—l;l) :




3x+y

3x-y+ TR 8
Bai 7. Gii hé phuong trinh: X3 7 [(xyeR)
3x+y+ 2X —}’2 =7
x* -y
Lévi gidi

Phén tich tim 1oi gidi:

Nhin nhén cd 2 phuong trinh cia hé ¢6 chung —— Va néu coi dai lugng
X -y
nay la tham s& thi hé trd thanh hé bic nhit 2 4n véi x va y.

bicu kién: x> —y? #0.

Vi€t lai hé phuong trinh dudi dang:

bit m=

> hé phuong trinh trd thanh: {3

x> —y
Coi day 1a hé phuong trinh bac nhat v6i hai 4n x,y va m 1 tham s6.
Tacé: D=6(m+1)(1-m),D, =15(1-m),D, =-3(m+1).
m=1=D, =0

0 hé phuong trinh vd nghi€ém.

D 5
Xx=""T=—
D 2(m+1)
Véi D#0=> .
Dy 1
y=—2-_ 1
D 2(m—1)

1 5 ) .Y 1 |m=
< e 2 _ g2 _ L B _1 2
Mit khic: x”~ —y mc{z(m+l)J (2(111—1)} m<:> 3+\/§'




5+\/§ 1+\/§
X = ,Yy=—
4 4 ‘
5-45 1445
X = ’y:

Thay ngugc lai cong thiic nghi€ém & trén ta c6

4 4
Cich 2:Cong theo v& va trir theo v€ hai phuong trinh clia hé ta dugc:
6x + 26" =15
X -y
2y + 22y =1
X -y

Nhan thdy x =0hodc y =0khong théa min hé phuong trinh.
Xét xy # 0 viét lai hé phuong trinh dudi dang:

— X X
Ty = Y :2—3—%: 216 2(:)xz=5y2 (1)
o2 L34y Ky

2oy? Xy x%_y?
Thay x? = 5y2 vao phuong trinh thit hai ta dugc:
1+\/§ 5+\/§ l+\/§
2 1 B e YT
D+ —— o8yl +4y-2=0c

4 4 4
4y? Y —1++/5 5-V5  -1+45
R I

Viay hé phuong trinh c6 hai nghiém la:

(X'y):[5+\/§'_1+\/§}£5_\/§'_1+\/5J'

4 4 4 4

Ghi chi. (1) xem thém k§ thuat cong, trit 1dy tich hai phuong trinh cla hé.
Ngoai ra ta ¢6 thé gidi hé phuong trinh trén biing s& phic.

5x2(y+1)+y=y2x+6x+l
Bai 8. Gidi hé phuong trinh

y? +y(1-10x) = -25x L
X

Loi gidi
Phan tich tim 16i gidi: Ro rang cd hai phuong trinh ca hé 12 phuong trinh

bac hai ctia y. Do vdy néu dit a=y?,b=y hé trd thainh mot hé phuong trinh

bac nhat 2 4n.



biéu kién: x #0.
Pit a=y?,b=ykhi d6 hé phuong trinh tr§ thanh:
x.a—(5x2+1)b—5x2+6x+1=0 _25x3+15x2—x+1

) \ = X ,(x(sz—x—l);tO)
xa+(x=1082)b+255 ~x-1=0 |} 5.5

3 2

Ta co a:b2<:>25X ~15x X+1=(5X+2)2.

X

54345 X__5+3£y__3\£+1
& 5x2 +5x—1=0 < 10 10 2

C 535 | 5-35 35—

10 0 7 2
x=0=> VN

, — +1—
Néu x(5x2—x—1):0<:> X=1 \/i:>y= 1 \/a

10 2
1++21 V21-1
X = =>y=
10 2
Viay hé phuong trinh ¢6 5 nghi€ém la:

(X,y)_(_5+3\E,_3\E+1},(_5—3\E,3\6—1],
y)= == |

’

10 10
121 +1-421) (14+21 V21 -1
o 2 T 10 7 2

Cich 2: Vi€t lai hé phuong trinh duéi dang:
yzx—(sz +1)y—5x2 +6x+1=0
xy2 +(x—10x2)y+25x3 -x-1=0

Trit theo v& hai phuong trinh clia hé ta dugc:

=21 1421

10 Y 2

<:>(5X2—X—1)(5X—y+2)=0<:> X=1+1\(/)i :yz\/?;_l

y=5x+2




+ V6i y = 5x + 2 thay vdo phuong trinh dau ctia hé ta dudc:

(5x+2)2x—(5x2 +1)(5X+2)—5x2 +6x+1=0.

54345 54345
_ e y

35 +1
0 _ |10 2
SRR NER I
10 10 2
Viay hé phuong trinh ¢6 5 nghi€ém la

(X,y)_[_5+3\5_3\6+1]'[_5—3\6'3\5—1}
I 0o > 2 f 2 f

S5x2+5x-1=0

B

10
1-321 +1-+21 ) [ 1++21 \21-1
0 2 T 10 7 2

3 2
2 — _ _1

Bai 9. Gidi hé phuong trinh 4% Y~ X7y =D (x.yeR).
x3—x2+y+1:xy(x—y+l)

Nhan xét. Ciing tuong ty bai todn trén coi x 12 tham s6 va y 1a bi€n thi ca 2
phuong trinh ctia hé né€u vi€t lai déu 1a phuong trinh bac 2 cia y. Do vdy
hoan toan st dung dugc phuong phap trén.

X4y =x’y—xy? +y-x

2

Vi€t lai hé phuong trinh dudi dang: :
x> —x +y+1:x2y—xy2 + Xy

(erl)y2 —(x2 +1)y+x3 +x=0(1)

= :
xy2 —(x2 +x—1)y+x3 —x2+1=0(2)

Nhan thdy tir hé trén ta hoan toan gidi bing phuong phdp th€ bing cich lugc

b di nhan ti y> tir hai phuong trinh cia hé.

Do vay ta ldy x.(1)—(x +1).(2) theo v€ ta dugc:

—X(X2+1)y+X(X3 +X)+(X+1)(X2 +x—1)y—(x+1)(x3 —x? +1)=O.

& (2x+1)(x—1)(y+1)=0<| x=1




+THI1: N&u x = —%thay vao phuong trinh dau cla hé ta dudc:
1, 5

5 5 5435
-y ——y——=04y" -10y-5=0cy= .
2}’ 4}’ 3 y y y 4

+ TH2: N&u x =1thay vao phudng trinh dau clia hé ta dugc:

2
2y? —2y+2=0<:>2(y—%] +§:0v6 nghiém.
+ TH3: N&u y =1 thay vao hé ta dugc:

(hé v6 nghi€ém).

—_1_5+3\EM—_1;5—3£]‘

x> +x2+2x+2=0
x> +2x=0

Vay hé da cho ¢6 hai nghiém la (x;y) = ;
ay hé ghiém Ia (x;y) [ 4 > 2
Cich 2: Dang hé hai phuong trinh bac nhat

Chii § néu dit a=y?,b=y=>a=b?va hé phuong trinh tr§ thanh:
(x+l)a—(x2 +1)b+x3 +x=0
xa—(x2 +x—1)b+x3 —x° +1=0'
Thi r6 rang day 1a hé phuong trinh hai 4n bic nhat va ta coi x 12 tham s6.

Lic ndy chi ¢in tim a vd b theo x roi gidi phuong trinh a="b?ta dugc 1

phuong trinh cda x va ta ¢6 ngay k&t qué cta bai todn.

That vay ta cé: D=—(x+1)(x2 er—l)+x(x2 +1)=—2X2 +x+1.
D, =(x2 +1)(2x2 —x—l),Db =2x2 —x—1.

1
+N&uD=0<| "~ "7 thay lai vao hé ta tim dugc nghiém nhu cdch 1.
x=1

. D
+Neu D#0=a=—2=—x>-1<0v0 ly.

D
1.5-3V5)( 15435
b b 2, 4 .

Vay hé c6 hai nghiém 1a (X;y) = [_2 "



Céch 3: Hé so bat dinh.
Lay —1.(1)+2.(2)ta dugc: (x —1)(x> +y*> —x =3y —xy —2)=0 .

x=1
< 2 2
X“4+y —x-3y-xy-2=0
3 2
+x°+2x+2=0
V6i x=1 thay vao hé ta ta duge: 4 N (hé vo nghiém).
x> +2x=0

V6ix2+y2—x—3y—xy—2=0 3).

Lay 2.(1)—(3) ta dudc: 2x+1)(x*>+y° —x+y—xy+2)=0
X=——

Rt 2
X2+y2—x+y—xy+2=0

- +
Véi x=—1:>y=5_3\/g .
2 4
Véi x2+y2—x+y—xy+2=0 “4).

Liy (4)—(3) ta dugc: y =—1 thay vao (3) thay vd nghiém.

—_1,5+3\/§J (__1.5_3\/5].

Vay hé da cho c6 hai nghiém la (x;y) = ;
ay he ghie (x;y) (2 2 5 4

3x+\/x2—7—\/y2+24:3

Bai 10. Gidi hé phuong trinh:
Mx2 -7 —\/y2 +24 =3y

,(x,ye]R).

Loi gidi
Phan tich tim 10i gidi: Khi bit gip hé xuat hién hai cin thitc lip lai trong
hai phuong trinh clia hé trén y tudng dau tién 1a rit titng cin thic theo x va
y. R6 rang khi bi€u dién dugc mdi cin thitc theo x va y roi chi can thuc hién
phép binh phuong ta duwa vé hé phuong trinh bic 2 hai 4n dang téng quit. Va
theo k§ thuat hé phuong trinh bac nha't hai 4n ta hoan toan giai dugc hé mdi
sinh ra.

biéu kién: |x| > ﬁ

Hé phuong trinh tuwong duong v§i:

\/)(2—7—\/y2+24:3—3x<:> \/x2—7=X+y—1
4\/X2—7—\/y2+24=3y Y2 +24 =4x+y—4




x+y-1204x+y-420 |x+y-1204x+y-420
o2 -T=(x+y-1) o ix3=T=(x+y-1) ).

v +24=(4x+y—4) v +24=(4x+y-4)
x2-7=(x+y-1) n y?+2y(x~1)-2x+8=0
y2+24:(4x+y_4)2 (x=1)y=—2x" +4x +1

Taco :

Do |x >.[7 hé trén kha don gidn ta sit dung phép th€ tir phuong trinh thd hai
cua hé ta dugc:

_2x7 +4x+1

" . Thay vao phuong trinh thit nhit clia hé ta dugc:
X —

(x—1)—2x+8=0.

x—1

2
[—2X2+4x+1] L, 2 A
e I

& 2x° —6x2+6x—11=0.

<:>2(x—1)3=9<:>x=1+3§:>y:%—%/%.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = [1 + i/g,é/g - %J .

x+y—1204x+y—4>0 |*TY~1204x+y-420
Cach2: Taco: ()< (y—l)(2x+y—1)+7:0 - y_1:_4 "
2x+y-1
(x—l)(2X+y—2)_3:0 ;
X=l=o———>(2)
2x+y-2
6 7

Liy (1)+2.(2) theo v€ ta dugc: 2x+y—3= - i
2x+y-2 2x+y-1

bit t=2x+y—2 phudng trinh tr thanh:

t—lzg—%©t=%©2x+y—2=%.
t t+

Thay vao (1), (2) tim dugc nghiém ctia hé phuong trinh 1a:

(x;y) =[1+£;%—%J :



Nhan xét. Pay 1a mot bai todn hay va khé ca 2 15i gidi cho bai todn hét sic
dep mit. Vi 16i gidi 1 tw nhién va dé nghi d€n hon tuy nhién 15i gidi 2 cho
ta 1 18i tu duy gidi hé dwa vé 4n phu giita 2 4n rit hay.

C.BAITAP REN LUYEN

Bai 1. Chiing minh ring v6i moi m hé phuong trinh sau c¢6 nghiém X2 +y2

2X—my =m

khong ddi: 3m2 + 4
mx+y=—17
m-+4
Loi gidi
2
Dé tinh dudc x = 4m ,y=4 o
m~ +4 m? +4

2
16m> +(4—m2)

Khi d6 x? +y* = -
(m2 +4)

=1.

4 2 2
—y2—8x>—6y=-2
Bai 2. Gidi hé phuong trinh {X R A

x2y+y2+y=—1

Lai gidi

2
_8b= )
Déta=x4,b=x2:{a 8b=y"+6y .

by =—y’-y-1

3 2 _ 2
D& tinh duge a= Y —2Y ~10y=8 \ y +y+l

y y

2

Mit khic ab? o Y —2¥" —10y -8 =(y2 +y+1J
. y :

x=xly=-1

=-1
Y _3+\/§ y=—9+\/§

<:>(y+1)(4y2+9y+1)=0<:> 9465 = x= :
y=———
8

4
3—\/5 9+\/%
ETT YT

Vay hé phuong trinh c6 5 nghiém la

<x;y)=(ﬂ;-1);[_3+ﬁ 9@{3@9@

8 4 8



(y+x)1/2xy+8 =4xy—-3y+7
(x+2y)«/2xy+8 =x—-Ty+6xy+3

Bai 3. Giai hé phuong trinh (xyeR).

Loi gidi
bit u=«/2xy+8,(u20):>xy=#.

Hé phuong trinh tr§ thanh:
—ux—(u+3)y =-2u?+9
(1-u)x—(7+2u)y=21-3u>
Coi day 1a hé phuong trinh bac nhat hai 4n clia x va y; u 1a tham s& ta dugc:
—u —(u + 3)

)
Iy _(7+2u)—u +5u+3

Tuong ty ta c6: D, = u(u2 +5u+3), Dy =(u—3)(u2 +5u+3).

V61 D =0hé phuong trinh v6 nghiém.
Dy
D

D
V(’iiD;tO:x:D":u,y: =u—3:>xy=u(u—3).

2
- =2
Ta c6 phuong trinh: uTS = u(u —3) ou’-6u+8=0 {u
u=
Thay ngudc lai cong thi'c nghi€ém ta c6 cac nghiém la:
(x;y) = (2;—1);(4;1) thod min diéu kién.

Vay hé¢ phuong trinh c6 hai nghiém Ia (x;y)=(2:-1);(41).

(x+y)\/x2+7+y\/2y2+1=xy+2y2

2xVx% +7 +(x+y)\[2y2 +1 =3xy—x2 .

Bai 4. Gidi hé phuong trinh

Loi gidi
Pit a=vx2+7,b= \/2y2 +1,(a,b>0)hé phuong trinh tr& thanh:

(x+y)a+yb=xy+2y2
2xa+(x+y)b=3xy—x2 .

Taco D=x*+y®.D, =2y(x" +37).D, = —x[x* +¥?).




+N&u x? +y*> =0 < x =y =0thod man.

D

_Za _

a—D 2y Vx2+7 =2y x=-3
f=— f—

sz - x \/2y2+1=—x

D
Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (O;O);(—3;2) .

+N&u x? +y*> >0 tacé :
y=2

(x+y)«/x+y +y x—yzxy+2y2

Bai 5. Gidi hé phuong trinh — .
2x\/X+Y +(x+y)4)’x—y =3xy—x2
—— ——

V Loigiagi Y
bit a= \/x +y,b= \/x —y,(a,b > O)hé phuong trinh trd thanh:

(x+y)a+yb=xy+2y2
2xa+(x+y)b=3xy—x2 '

Taco D=x"+y".D, =2y(x* +y* )., =—x(x" +¥?).

+N&u x? +y*> =0 < x =y =0thod man.

D
_“a _
a= D =2y - X4y =2y
N N
D

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (0;0) .

+Né&u x2 +y?> >0 tacé (hé v6 nghiém).

b= =—X

x+\/x2—7—\/y2+24=2

Bai 6. Gidi hé phuong trinh
X2 -7 —\/y2 +24 =7y

,(x,yeR).

Loi gidi
Pieu kién: [x|> J7.

\/x2 —7—\/y2 +24 =2-x
4\/)(2 —7—\/y2+24 =Ty

Hé phuong trinh da cho tuong duong véi:

3 X2—7=7y+x—2

= .
3y? +24 =4x+7y -8




biéu kién trudc tién: {Zi 1 );;—2;2()0
Binh phuong hai v€ ctia hé phuong trinh bic hai tdng quat:
8x? +(4-14y)x —49y” +28y -67=0
2x2 +(7y—8)x+5y2 -14y-19=0 ‘
Pit a=x>,b=x,a=b’ hé phuong trinh trd thanh:
8a+(4-14y)b-49y” +28y -67=0
2a+(7y-8)b+5y> ~14y-19=0

3 2 _ . 2
Tutong t t tinh duge a1 ~124y° +301y =204 | 23y” +28y 43
4(7y-6) 2(7y-6)

2
_ 2
Miit khic do b2 =x2 37 e | 230 F28Y+3 1 5 5.
2(7y-6)

2
3 2 _ . 2
Mit khic a=b’> < oly” —124y” +301y —204 :( 23y +28y+3}

4(7y-6) 2(7y-6)
< 12y* —14y> +245y* —378y +135=0.
@(y—l)(12y3 _2y? +243y—135):0<L>y=1:x=4.

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (4;1) :

, . u=x+vx> -7 uw? —2ux+x2=x>-7
Cach 2: bit ,(V > 0) = .
- 2 2 2_ .2

v=y+yy? +24 Vi=2vy 4yt =yt +24
u?+7  vi-24
X = ’y:
- 2u i 2v . .
,X2— :u —7; Iy2+24:V +24
2u 2v
(Do u=0khong théa man hé phuong trinh).
2
v +24:2
Khi d6, hé phuong trinh trd thanh: 2Zv .
u'-7 vP+24 V-4

4. 7.

2u 2v 2v



u_v2+4v+24
V2 +dv+24 2v
ul=— 5 2
A v , o | Vitdvi24) .
A N 2v =4v2—72
u v V2 +4v+24 v
2v

Vi +4v+24
=

v2 +4v+24
2V ui=—

o 2v

2
2 2
(V +4V+24) —28v (v—6)(3v3 +26v2 +144v+384)=0

—4vi-72

Vi +4v+24

(_v>0_){u=7<:> x+Vx?—7=7 @{x=4‘
v=06 y+\/m=1 y=1

Viy: hé phuong trinh c¢6 nghiém duy nhat: (x;y) = (4;1) .

Nhan xét. VSi phép dit 4n phu nhu trén ta xi 1y toan bo nhitng hé phuong

a1x+b1\]a2x2 +b +c1y+d1\lczy2 +d=e
a2x+b2\/azx2 +b +C2y+d2\,C2y2 +d=f

u=ax+\/a2x2+b
V=cy+\/czy2+d

Euler (xem thém chi dé hé phuong trinh chif ciin thic).

trinh c6 dang:

Phép dit 4n phu 12 phép dit 4n phu khi cin thic dang

2/x? +3—2\/y2 +5=—y
3\/X2+3—\/y2+5 =3x

Bai 7. Giai hé phuong trinh (xyeR).

Loi gidgi

6x+y>0,6x+3y>0

4Nx> +3 =6x +
Tim dugc . Ty = 16()(2+3):36x2+12xy+y2

44Jy? +5=6x+3y
16(y2 +5) = 36x2 +36xy + 9y>



. 20x? +12 2_48=00
Pua vé gidi hé phuong trinh: XLy Ty ( ).
7y? —36xy —36x> +80=0 (2)
Lay (2)-7.(1) theo V€ ta dudc:

416 176x*

120xy + 176x> —426 = 0=
120x

Thay vao phuong trinh (1) ta dugc:

2
_ 2 _ 2
20x2 +12x.416 176x N 416 -176x _48-0.
120x 120x
x==1 x=1Ly=2
@(xz—l)(64x2—169)=0© 13i> 13 1-
X:i— X:—’y:——
8 8 4
13 1
Viay hé phuong trinh c¢6 hai nghiém la (x y) (1 2);(§;—ZJ.

Nhin xét. P& sing tao ra cdc hé phuong trinh dang nhu trén ta xuit phat tir

Vx? +a =c¢,x+dy+e,
s/y2 +b=c,x+d,y+e,
Ta chi viéc 14y tong bat ky 1<1\/x2 +a+ kz\/yz +b dugc 1 phuong trinh ctia hé.

x2y+xy—2\/§+1=0
x2(4—2y2)+y2—9=0

cdc déng thirc

Bai 8. Giai hé phuong trinh (xyeR).

Loi gidi
DPiéu kién: y>0.
Pit a=x%,b=x=a=Db’ hé phuong trinh tr§ thanh:

2_
a= y2 2
ya+yb—2yJy +1=0 2y -4
= _
a(4—2y2)+y2—9:0 2fy -1-y. ¥-9
b 2y -4 2\/; 1 y -9
y y  2y?-4

(do y= J2 khong thod man hé phuong trinh) .



2
Mt khic a=b? <Y 2 :[2\/§_1_ yz_gJ |

2y? -4 y 2y? -4

( ) \/7+10y +16y* +24\/7

=0
40y’ +28\y° —8y? — 45|y} +54y 28,y +8
1
y=2&y=4=x 5
Vay hé phuong trinh ¢6 nghiém duy nhat (x; y) = [%;4] .
Cha 45 2. HE PHUONG TRINH POT XUNG LOAI I

Noi dung chii dé nay tdi dé cap d&€n phuong phdp chung gidi hé phuong trinh
doi xitng loai I va mot s6 hé dua dudc vé hé doi xding loai I thong qua céc
phép dit 4n phu co ban. Ngoai ra dé cAp tng dung clia hé ddi xitng loai I
trong gidi phuong trinh vo ty va chifng minh ba't ding thifc.
A. NOI DUNG PHUONG PHAP
Pa thitc d5i xiing: Xét da thitc hai bi€n z,yl1a P (x;y).
Néu P(z;y) = P (y;2) voimoi o,y € R thitandi P (z;y)la da thifc ddi xting.
H¢ phuong trinh doi xiing logi I la hé phuong trinh c¢6 dang:
F(z,y)=0
G(z,y) =0
trong do¢ F(z,y);G(z,y) 1a cdc da thic d6i xting v6i 7,y .
- Heé doi xing loai I 1a hé ma vai tro cla x,y trong mdi phuong trinh ctia hé
l1a nhu nhau.
- Né&u (z;,y,)1a nghiém ciia hé thi (y,,z, ) cling Ia nghiém ciia hé.
2 2
Vidu 1. Hé phuong trinh Ty = :z:y+:c+y‘
ry=zv+y—1

Vi hé nay d6i vay trd clia z,y thi hé khong thay déi.



Phuong phdp chung:

Pit {i:‘; Y y6i dieu kién S > 4P tim dugc S,P .

Khi d6 theo dinh ly Vi-ét x, y 1a hai nghiém cta phudng trinh:

 ~St+P=0.

Luu §: Mot 88 trudng hdp ta phdi dit S=x—y,P=xy va lic nay ta phéi c6
S? > —4P thyc chdt 1a hé dugc suy ra tit hé doi xtng loai 1 khi thay y bdi
—y. Mot sd bai todn don gidn ma khi bi€n d6i S,P chi c6 dang bac nhat
hoic dang bic hai ta c6 thé khdng can dit 4n phu va ct thé ti€n hanh bién
ddi twong duong. Khi tim dude S,P viéc tim x,y khdng cin chi ti€t ma chi ra
chi ra nghiém (x;y) bing bao nhiéu.

Mot s6 hiing ding thitc hay dudc sit dung:

x? +y2 =(x+y)2 —2xy=S2 -2Pp

xz—xy+y2 =(x+y)2—3xy=52—3P

xz+xy+y2 :(x+y)2—xy:SZ—P

x> +y = X+y [ x+y —3xy} S(Sz—3P)
)2

2
x4+y4—[(x+y —2xy} y2=(52—2P) -2p?

2
x* +y +x2 y —(x +y —xy)(x2+y2+xy)=(82—2P) -P?
1,1 x+y S
x y xy P
1 x? +y _s*-2p

1
St5= >
y x%y? P

Dic diém clia dang todn nay 13 doi khi s6 nghiém ctia hé thi chi ¢6 nghiém
duy nhat hodc c¢6 s6 nhiém chdn va doi khi rat nhiéu nghiém cé khi dén 8
hodc 16 nghiém.

B. BAI TAP MAU

x2+y2+x+y=4

Bai 1. Gidi hé phuong trinh {X(X iyt 1)+ y(y s 1) s




Loi gidgi
Hé phuong trinh da cho tuong duong véi:
2,2 2,2
+y +x+y=4 =
{X y +X+y - {x +y +x+y=4

X +yT+x+y+xy=2 Xy =-2

<:>{()(+y)2—2xy+x+y=4C}{(x+y)2+x+y=0

xy:—z Xy=—2

o x+y=0v X+y=—1'
Xy =—2 Xy =—-2

Q{:fﬁv{:\}fv{:l—zv{izz

Vay hé phuong trinh ¢6 bon nghiém la:

(xsy)= (\/5;—\/5); (—\/5;\/5); (1-2): (-2:1).

X+y+2xy=2

3

Bai 2. Gidi hé phuong trinh 3
X +y =8

Loi gidgi

S=x+
Pit {P X y,(52 > 4P). Khi d6 hé phuong trinh trd thanh:

S+2P=2 P:T 28° +38% —68S-16=0

2 _ap)_e & _ A 2-S
s(s 3P)_8 8(82—6—236):8 p_2-S

2 _
(s—z)(zs +7S+8)0®{S2©{x+y2©{x2 {x:O

v
P=0 xy=0 y=0 |y=2

Vay: hé phuong trinh c6 hai nghiém Ia (x,y)=(2,0);(0,2).

)(3+y3 =19

Bai 3. Giai hé phuong trinh {(x .\ y)(8+ Xy) _y

Loi gidi




S—
Pit { X y,(52 > 4P). Khi d6 hé phuong trinh trd thanh:

P=xy
5(52 ) 19 _[sp=2-8s S$3+245-25=0
= _
S(s+P s3—3(2—ss)=19 p_2288 SSS

2 _
(s-1) s +S+25)_0 - ry_1
& 285 o6 ®

)
y——2 =3

Vay: hé phuong trinh c6 hai nghiém la (x,y) :(3, 2),(—2 3).

Xy =—6

X+y (3x2y+3xy2)

%/;+%/;=6

Bai 4. Gidi hé phuong trinh

Loi gidi
Pt x =a,3ly =b khi d6 h¢ phuong trinh tré thanh trd thanh:

e

a+b=6

S=x+
Pit {P X y,(s2 > 4P). Khi d6 hé phuong trinh trd thanh:

25(52—3P)=3SP S=6 [atb=6
= = .
S_6 P=8  |ab=8

a=4 |a=2 x=64 [x=8
P Vv IS v .
b=2 |b=4 y=8 y =64

Vay hé phuong trinh c6 hai nghi¢m la (x,y)=(64,8);(8,64).

VX2 +y? "'\/QZS\/E

Bai 5. Gidi hé phuong trinh {
y=4

Li gidi



Y twéng: Binh phuong hai v& phuong trinh hai ciia hé va rit x +y theo xy thé
vao phuong trinh dau cda hé.
DPiéu kién x>0,y >0.

Khi d6 hé phuong trinh da cho tudong dudng vdi:

\/{(\/@\5)2—2\/5}2_2)(% s
N

- \/(16—2\/5)2—2xy+\/5=8x5_

Jx +4fy =4

- \/2xy—64\/g+256+m=8\/5© Jxy —32{xy +128 =8 —[xy
\/;+\/§:4 \/;+\/§:4
xy —32/xy +128 =64 —16/xy +xy

e {xy <8 SV my-a

x+y=38
x4y =4 ’

Vay hé c6 nghiém duy nhat (x;y)=(4:4).

Cach 2: TU hai phuong trinh cia hé ta c6
2
2(x2+y2)+2«/xy =(\/;+\/§) = [2(x2+y2)=x+y.
41)2()(2er2)=xz+2xy+y2 c>(x—y)2 =0eox=y.

Thay y = x vao phuong trinh thit nhit cia hé ta ¢6 k€t qua tuong ty.

x* +y4 +6x2y2 =41

Bai 6. Gidi hé phudng trinh
* P & xy(x2+y2)=10

Loi gidi
T phuong trinh thit hai ctia hé suy ra xy >0.
Khi d6 hé phuong trinh da cho tuong dudng vdi:
2 2142 ) =10
(x2 +y2) +4xzy2 =41 xy(x Ty xy{(x+y)2—2xy}=10
<9 =

2.2
xy(x2 +y2)=10 x2y2 +axTy” =41 4x4y4 —41x2y2 +100=0




5
= = — =+
Xy =2V Xy 5 {x+y=i3 x+y=213
= ) S,V 5
SEEES TN
x=Ly=2
=+ =2 =
Vi X+y _3<:> x=2y=1 .
Xy =2 x=—ly=-2
x=-2y=—1
X+y=13 5
Véi 5 truong hgp nay khong thda man (x+y) > 4xy nén vo nghi¢m.
Xy =—
2

Vay: hé ¢6 bon nghiém 1 (x;y)=(1:2);(2:1);(-1-2)s(-2:-1).
Cich 2: Nhan thay hai phuong trinh clia hé v€ trdi déu cuing bac 4.
Ta dua vé phuong trinh:

4 4 2.2 41 ( 2 2) 2 8 2
X" +y" +6x =—Xxy[x" + < (2x - X =2y x“ ——xy+ =0.
y v =Ty e (2x=y)(x=2y) - oxy+y

Do xy;tO:>x2 —%xy+y2 >0.

Do d6 hodc y =2xhodc x=2y.
Chi viéc th€ vao mdt trong hai phuong trinh cda hé ta tim dudgc (x;y).

(x2+y2){1+ 212J=49

Xy

(x+y)(1+i):5

Xy

Bai 7. Gidi hé phuong trinh

Loi gidi
biéukién xy #0.
Hé phuong trinh da cho tuong duong véi:

1 1 2 2
X2+y2+—2+—2=49 (X+lj +£y+lj =53
Y o X y .
1 1
X+y+—+—=5 X+y+l+l:5
XYy Xy
2
1 1
{x+l+y+l} —2(x+lj(y+1J=53 £X+;j(}’+—j=—l4
= Ly ' ' = 1 1y '
X+y+l+l=5 X+y+—+—:5
Xy XY




x+%=7 x+§=—2 x=-1 7+3\/_
y+—=-2 |y+—=7 —_1
y y 2 y
IEENERN REENET
2\/— 2\/—’ .

Viy hé phuong trinh ¢6 bon nghiém la (x y) (

(x + y)(l + xy) =18xy
Bai 8. Gidi hé phuong trinh .
(x2 + y2 )(1 + x2y2 ) = 208)(2y2

Loi gidai
Nhan xét: Hé phuong trinh nay tuong ty bai todn trén khi khir di xy va
x?y?bén v& phii ciia phuong trinh ctia hé.
Nhén thdy (x;y)=(0;0) 12 nghiém ciia hé phuong trinh.
Xét v4i xy # 0 khi d6 hé phuong trinh tuong duong vdi:

1
(X+y)(l+—}218 X+y+l+l=18
Xy Xy
o 11 .
(X2+y2) 1+ |08 |4y +—=208
x2y? x>y
x+y+l+l:18 x+y+l+l:18
Xy Xy
o =
1Y 1Y 1Y 1 1
X+—| +|y+—| =212 X+—+y+—| =2 x+—||y+— (=212
X y X y X y
1 1
X+y+—+—=18 x+l:14 x+l=4
XYy X X
& v

[x+1J[y+lj=56 y+l=4 y+l:14
X y y y
{x 71443 {x:2i\/§

y=2%3 y=yi\/§.

Vay: hé phuong trinh ¢6 nghiém la:

(xiy)=(0:0); (7i4\/§;21\/§);(2i\/§;7i4\/§).

X+y—4xy =3

Nx+1+\y+1=4

Bai 9. Giai hé phuong trinh (TSPH Khdéi A 2006) {




Piéu kién : {

xy =0

x,yZ—l.

Li gidi

Dat{S:X+y(szzmﬁ.Kmdéhepmnmgumhuaﬂmnm

3
AZ=BZA =B A*=B* .1y
y

P =xy

W2 +1-x2+y*=3y-220

{S—J5=3

=

P=(s-3),8>3

4x? +y4 —4)(y3 =1

(XQ[%9+2+1j¥y2mq

=x2+x+1

P=(s-3),823

=
S+2+2yS+P+1=16 2J§:E;:5;:I=14—S

=
20/S%? —58+10=14—-S

382 +85-156=0
P=(s-3),823

o

S=6
P=9

P=(s-3),8>3

4(s2 —SS+10)=S2 —285+196

X+y=6 x=3
f=4 f=4 .
xy=9 y=3

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (3;3) .

Bai 10. Gidi hé phuong trinh

\/x2—1+\ly2—1:\/xy+2
1 .

—+—=1

X

2

2
y

Loi gidi

biéu kién: |x| > 1,|y| >1,xy+2>0.

Hé phuong trinh da cho tuong duong véi:

x> —1+2 (xz—l)(y2—1)+y2—1:xy+2

d

X2 + y2 _ X23{2

x> +y2—xy—4+2\/x2y2—x2 —y2 +1=0

X2 + y2 — X2y2




Pit u=x>+ yz,v = xy,(u >2,v> —2) hé phuong trinh trd thanh:

u—V—4+2\/V2—u+1=0<:>{11:1,V=—1

u=v>2 u=4,v=2

u=4 {x2+y2:4 {X=—\/5,y=—\/5
& = .

D0&i chi€u véi diéu kién suy ra {

V=2 |xy=2 x=v2,y =12
Vay: hé phuong trinh c6 hai nghiém la (x;y) =(—\5;—\5 ;( 2; 2).
\l/— \//— \//— \l/—
Bai 11. Giai hé phuong trinh (TSPH Khdi A,A1 2012):
x> —3x? —9x+22:y3 +3y2 -9y
2, .2 1 :
+y —X+y=—
X Ty —X+tYy >
Loi gidgi
2
(x—y) +2xy—(x—y):§

Hé phuong trinh tuong duong véi:
(x3 —y3)—3(x2 +y2)—9(x—y)+22 =0

(x—y)2+2xy—(x—y):%

- (x—y)((x—y)z +3xy)—3((x—y)2 +2xy)—9(x—y)+22=0'

Khi d6 ta dat {z ~*7Y he phuong trinh trd thanh:
= Xy

_1,a a2
4 2 2

“ 3 3a 3a’ 1 :

a a2+—+_a_i 3la24slia_a?l 924220

42 2 2
2

b=l+i_£ b:l+i_a_ a=2
A 4 2 2 o 4 2 2 - )

2% +6a2 — 452 +82=0 (a—2)(—2a2+2a—41)=0 =




Do phuong trinh: —2a%+2a-41=0 c6 A'=-81<0 nén vd nghiém.
a=2 Xx—y=2 Xx=y+2
Véi 3 3 &
4

b=- xy:—Z y(y+2):—%

X=y+2 X=

f—g 2 1<
(y+1) =7 |x

Viy hé phuong trinh c6 hai nghiém Ia (x;y) = (% _%} (1; _ij .

(x=1)" —12(x=1)=(y +1) =12(y+1)

2.2 1
X“ 4y —x+y=—
y y >

Cich 2: Vi€t lai hé dudi dang
bén day dit u=x-Lv=y+1 va dua vé hé phuong trinh
w—12u=v° —12v @ (U—V)(u2+UV+V2—12):O
2 2 <7 1 -
(u+1) +(V—l) —(u+1)+(v—1):5 w+v +2u_2v_5=0(2)
Cich 3: Vi€t lai hé phuong trinh duéi dang:

(x=1) —12(x=1)=(y+1) ~12(y+1)

2 2
1 1
[X—Ej +(y+5j —1 (2)

x—o<t Lo 31 3 ]
Tir (2) ta c6: sl 2 2o 2 2
+l <1 —§<y<l _l<y+1<§
YT 2 72 2 "2
=>x-lLy+le —3;g .
| 272
PN ~ 3 N 33 .
Xétham sO f(t)=t’ —12ttrén —5;5 ta co:

f'(t) = 3(t2 - 4) <0,Vte {—%%} titc f(t) 1a ham nghich bi€n trén [—%%} )



Dodé ) e fx-D=f(y+Dhox-l=y+lx=y+2.
Thay vao phuong trinh th@ hai clia hé ta dugc:

2 2 1 2 3 B 2 _2’ - 2

+2) 4y —y-24y=—2y +4dy+—=0& = .
(y+2) +y -y 24y =2y +dy+2 RN
T 277

Bai 12. (VMO 2005) Cho x,yla hai s thuc thda man x —3vx+1=3\y+2-y.

Tim gi4 tri 16n nhat, gid tri nhd nhat clia bi€u thitc P=x+1y .

Loi gidi
biéukién: x>-1,y>-2.
Ta cin tim tAp gi4 tri clia P, xét hé phuong trinh :
X— 3\/: =3\y+2-y
{x +y=P .
Nhitng gia tri clia P d€ hé trén ¢6 nghiém chinh 1a tap gid tri cda P.

x+y=3(m+\/yj).

Viét lai hé dudi dang :
x+y=P

(u,v>0)khi d6 hé phuong trinh trd thanh:

V:\/y+2’
2,2 _ _
{u +v —3—3(u+v)©{3(u+v) P

w+v2-3=P

Pit {u:\/x+1

W +vZ=P+3

P
u+v=—
3

2
Khi @6 u,vl1a hai nghiém cla phuong trinh: t? —gt + %{% -P- 3} =0().

Hé phuong trinh c6 nghi€ém < (1) c6 hai nghi€ém khong am.




2 2
A:P——Z P——P—3 >0
9 9

= 220 @%SPS9+3\/E.

2
U2 p_s3]s0
21 9

Vay gi4 tri 16n nhit cfia P bing 9+ 315, gid tri nhd nhat clia P biing

9+3421
=

Bai 13. (TSPH Khdi A 2006) Cho x,yla hai s6 thuc x,y=0thda min

xy(x+y)=x>—xy+y”. Tim gid trj 16n nhat cia bi€u thic A =%+i3.
X7y
Loi gidi
Theo gié thi€t ta c6 :
xy(x+y) x2-xy+y® 1 1 1 1 1
22 202 Xy T2 xy
y y X y

bit u=l,V=l,(u,V¢0)khi d6 u+v=u’—uv+v? ;
X y

Va A=u’ +v° =(u+v)(u2—uv+vz)=(u+v)2.
ut+v=u®—uv+v?

Xét hé phuong trinh: )

(u+v) =A

Khi d6 gid tri 16n nhat cia A dé hé trén c6 nghiém chinh 14 gid tri 16n nhat
cia A.
Tru6c tién ta phdicé A>0 va dé y :

2
u+V=u2—uV+V2=(u—§J +3%>0,Vu,v;t0

Viét lai hé phuong trinh dudi dang:

u+V=(u+V)2—3uV uv:(u+v)2—(u+v) uV:A—\/X
5 = 3 = 3
(u+v) =A utv=+vA ut+v=vA

Khi d6 u,v1a hai nghiém cla hé phuong trinh :



t2 —\/XHA_;/X

=0 @.

Hé c6 nghiém théa man yéu ciu trén < (1) c6 nghiém u,v#0.

A—\/X>

A=A-4. =0
3 {

0<A<16
A=l '

Khi A=16:>x=y=%.Vaygié tri I6n nhi't ciia A bing 16.

Bai 14. (TSPH Khéi B 2009) Cho c4c s6 thuc x,y thay d6i thda man:

(x+y)3+4xy22.

Tim gid tri nhd nhit cla biéu thic P = 3(X4 + y4 + )(2y2)—2(x2 + y2)+ 1.

Loi gidi

Tac6 (x-+y) = 4xy két hop véi gid thi€t suy ra :

(x+y)3+(x+y)2 2(x+y)3+4xy22
<:>(x+y—l)[(x+y)2+2(x+y)+2}20c>x+y21.
Ta co:
P:3(x4 +y4 +x2y2)—2(x2+y2)+1

2
:%(x2+y2) +%(x4 +y4)—2(x2 +y2)+1

2 2 2
3] o3 e oot or- S i)

it t=x>+y? zl(x+y)2 ~Lhido P22~ 2041,
2 2 4

Xétham so f(t) =%t2 —2t+1trén {%&oo) ,taco:

f'(t)=2t—2>0,Vtzl: min f(t)=f 1 =i.
2 2 2) 16

te| —;+owo
2

Vay Pdat gid tri nhé nhat bing %khi X=y :%.

DANG 3: Ung dung hé ddi xitng loai I gidi phuong trinh vo ty



Mot s& phuong trinh vo ty néu khéo l1éo dit 4n phu dang hai 4n ta dua dugc
vé hé doi xdng loai I dé dang tim dugc nghiém clia phuong trinh.

Bai 1. Giai phuong trinh sau: 35— %3 (x 35— j =30.

Loi gidi
bit y=\3/35—x3 = x* +y3 =35.
Va phuong trinh ban du trd thanh: xy(x + y) =30
Tu doé ta c6 hé phudng trinh:
x3+y3=35 x+y3—3xy x+y)=35 X+y=5 x=2,y=3
{XY(X+Y)=30© iy(x+)y)=3o( ) Q{XY=6 QL=3,Y=2'
Viay phuong trinh da cho c6 hai nghiém la x=2,x=3.

Bai 2. Gidi phuong trinh ¥x +¥x—1=1+x.

Loi gidi

biéukién: 0<x<1

Nhan thdy x =0khong 1a nghiém clia phuong trinh
Xétvdi 0<x<1.

Khi d6 chia c4 hai v€ ctia phuong trinh cho i‘/; ta dudc:

1+¢_1:4J1+1©¢+1_4J1_1:1.
X X X X

bit u= ‘{/1 +l;v = ‘{/1 1 khi d6 ta c6 hé phuong trinh:

X X
u—v=1 —v=1
ut vt = (u2—+v ) ——2u2V2-2.
—v=1
4y 5 u-v=1
= = .
Uu—402+2uvj-—mfvz—2 2u°v2 +4uv—-1=0




=>X=

2
Bai 3. Gidi phuong trinh /33— 2x — x> =(2—\/x+1) .

Loi gidi
Pieukién:—1<x<—1++/34.

2
Phuong trinh da cho tuong duong vdi: { 34— (x + 1)2 = (2 —Vx+ 1) .

o jlu=Ax+1
bit ,
{V=2—\/X+l

2
Khi d6 ta c6 v* =(2—\/x+1)4:( 34—(x+1)2] =34—(x+1) =34-u*.

(uZO):>u+V=2.

Ta c¢6 hé phuong trinh:

=2 =
{u+v <L20{u 1JM/E:M/H —1+2 o x=2+22.

ut+vt=34 Vzl_\/a
C.BAI TAP REN LUYEN

x2+y2=8
Xy+x+y=0

Bai 1. Gidi hé phuong trinh {

Loi gidi
Hé phuong trinh da cho tuong duong véi:
2 2
{(ery) —2xy=8®{(x+y) +2(x+y)=8.

xy+x+y=0 Xy+x+y=0



{x=—2
{x+y=4 y=-2

+y=-+4
{X y xy =4 {le_\/g
S x+y=2 < =

Xy+x+y=0 {X+y=22 y=1+ﬁ
XY= x=1++/3
{y=1—ﬁ

Vay h¢ phuong trinh c6 ba nghiém la:

(X;y) =(—2;—2);(1—\/§;1+\/§);(1+\/§;1—\/§).

2 2 _
Bai 2. Gii hé phuong trinh {X TXy+yT =3,

X+xy+y=3

Loi gidi

Hé phuong trinh da cho tuong duong véi:

(x+y)2 —xy=3<:> (x+y)2 -xy=3
xy=3—(x+y) xy=3—(x+y)

{x+y=2
2
+y) +x+y-6=0 xy=1 =1
e | (xry) rxey=6=0 _j oy @,{X .
xy=3—(x+y) x+y=-3 y=1
xy=6

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .

x2+y2+x+y=4

Bai 3. Giai hé phuong trinh (Dy Bi Khéi A 2005)
x(x+y+1)+y(y+l)=2

Loi gidi
Hé phuong trinh da cho tuong duong véi:

{X2+y2+x+y:4 <:>{>(z+y2+x+y=4

2

X +y? +x+y+xy=2 Xy =-2

<:>{(x+y)2—2xy+x+y=4<:>{(x+y)2+x+y=0

Xy =-2 Xy=-2




{x+y=0 x:ﬁ,yz—\/i

Xy=-2 - -

o SR \/E’y_\/a.
Xy=—2 X:l’y:—z

Vay hé phuong trinh ¢6 bdn nghiém la:

(x;y)=(ﬁ/_;—f) (—{Z_f) (L-2)s(

21; 21;
[ [

—2;1).

SN

Bai 4. Gidi hé phuong trinh X Y 7%V =2
X+y+xy=3

Loi gidgi
Hé phuong trinh da cho tuong duong véi:

[olea=2 {(3—x—y>(x+y>=z,

X+y+xy=3 Xy=3—(X+Y)

X+y=2

- (x+y)2_3(x+y)+2=0<:> {xyzl @{x=1'

Xy=3—(x-|—y) x+y=1
xy =2
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .
Dép s6: (x;y) =(1;1).

X2 —xXy+y’ =x+y
Bai 5. Gidi hé phuong trinh

X +y3—Z:X2y2—Xy‘

Loi gidgi
Hé phuong trinh da cho tuong duong véi:

xz—xy+y2=x+y

X2 —Xxy+y’ =x+y

) ) 1 xz—xy+y2=X+y
o | X=Xy +y =xy—5 PN

1
xz—xy+y2=—xy+5

xz—xy+y2 =X+y

(Hy)(xz_xwyz):[xy_%f@ (Xz_xy+yz)2=[xy_lf'

2

X+y+Xy=




x+y+xy=% Xy=%—(x+y)
<~ <~

(X+y)2—2xy=% (x+y)2_2(%_(x+y)j=%.

3 /5
=y () AR
= ) 3 f— .

(x+y) +2(x+y)—5=0 X+y=—1+ %

Bai 6. Gidi cac hé phuong trinh sau:

X+y+xy=5
1. Giai hé phuong trinh ) ) .
Xy+y'x=6
Loi gidi
Hé phuong trinh da cho tuong duong véi:
X+y+Xxy=5 X+y+xy=5 X+y+xy=5
= = 2 .
xy(x+y)=6 " [(S-x-y)(x+y)=6 " |(x+y) ~5(x+y)+6=0

{x+y:2

X 23 = =

y o|X 2,y 1'
x=1y=2

x+y=3
xy =2

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (1;2);(2;1).

2. Gidi hé phuong trinh Xy(x_y):_z.
x> —y3 =2
Loi gidi
Hé phuong trinh da cho tuong duong véi:
xy(x—y)=—2 Xy(x—y)=—2 {x—yzz {x=l
) = 3 = = .
(x—y)[(x—y) +3xy}=2 (X—y) —6=2 xy =-1 =-1

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (1;—1) .



x3+y3=2

3. Gidai hé phuong trinh .
xy(x + y) =2

Loi gidi
Hé phuong trinh da cho tuong duong véi:

(’H'y)[("ﬂ/)z_3xy}=2<:> (x+y)3 =8 @{xjuy:z@{lel
xy(x+y)=2 xy(x+y)=2 (=l

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (1;1) .

U N x2+y2=8—x—y
4. Giai hé phuong trinh .
xy(x+y+xy+1)=12

Loi gidi
(x+y)2+x+y—2xy=8

Hé phuong trinh da cho tuong duong véi:
xy(x+y+xy+1)=12

S=
bit { X y,(52 > 4P) hé phuong trinh trd thanh:

P=xy
_S*+S-8
S?+S-2P=8 2
P(S+P+1)—12<:> S?+S-8 S?+S-8 '
- 1S+ +1|=12
2
S?+S-8

P= 45—

5 p_S+5-8

S>+S-8 S?+S-8 ~ 2 '
: .(S+ > +1J=12 s(s-3)(5+2)(5+5)=0

{X+y=0 (x=2,y=-2

xy=—4 x=-2,y=2

S=0,P=-4 x+y=3 x=2,y=1

S=3P=2 Xy=2 x=1y=2

=

S=-2P=-3  |[x+y=—2 |x=-3,y=1

S=-5P=6 Xy =-3 x=1Ly=-3
{x+y=—5 X=-2,y=-3

i xy=6 | x=-3,y=-2




Vay hé phudng trinh c6 tdm nghiém la

()= (22 (B (22 (2223 32).

(x+y)4 +2(x+y)3 =3(X+y)
5(x2+y2)—8xy=18 ‘

5. Gidi hé phuong trinh {

Loi gidi
Hé phuong trinh da cho tuong duong véi:

(cea)(sey (s +alsen) a0 [0Y=)

x+y=1 _
5(X2+y2)—8xy=18 5(x2+y2)—8xy=18
- x=-1y=1
x+y=0 * Y
{X%—y:() Xy = — x=Ly=-1
PN x+y:1 o X+y:1 o XZS_\/g,y=3+\/§'
2 6 6
S5(x+y) —18xy=18 13
( y) y Xy=—-— 3+\/£ 3—\/%
L 18 X = 5 Yy = 5

Vay hé phuong trinh ¢6 bon nghiém la:
3-435 3+35 | [3+35 3-435
(xy) = (=t1)s(-1);| == ; ; :

6 6 6

Bai 7. Gidi cdc hé phuong trinh sau:

11 1
1. Gidihé phuong trinh {x y 2.
X2 + y2 =5

Lui gidi

Hé phuong trinh da cho tuong duong véi:

{xy——z(xw) = {xy—_z(ﬂy)

(x+y)2—2xy=5 (x+y)2+4(x+y)—5=0

x+y=1

Xy =-2 x=2,y=-1
= = .

X+y=-5 x=-Ly=2

xy =10

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (—1;2);(2;—1) .



. X+y=1-2xy
2. Giai hé phuong trinh 5 .

X +y2=1

Loi gidi
Hé phuong trinh da cho tuong duong véi:

x+y=1-2xy x+y=1-2xy X+y=1-2xy
= = .
(x+y)2 —-2xy =1 (1—2xy)2 —-2xy=1 4)(2y2 —-6xy=0

{x+y=l

=0

xy x=1Ly=0
< [x+y==2%

x=0,y=1'

Xy =—
y2

Vay hé phuong trinh c6 hai nghiém la (x;y)=(0;1);(10).

1 1
X+y+—+—=5
re A . Xy
3. Giai hé phuong trinh ] .
x> +y2 +—2+—2=9
Y

Loi gidi
Diéu kién: xy #0.

Hé phuong trinh da cho twong duong véi:

Xy Xy
& .
1y 1Yy 1Y 1 1
X+—| +|y+—| =13 X+—+y+—| 2| x+— | y+—|=13
X y X y X y
I _1 _3+\/§
’ 2
X+y+—+—=5 X+—=2,y+—=3 X:Ly:_3_\/§
X y X y 2
= . | = \/,
X y X y 2
3+\/§
= 2 ’y:l




Vay hé phuong trinh ¢6 bon nghiém la:

(x ):(1_3—6}(1.3+\/§}_{3—\/§,1J,(3+x/§,1]
Y 2 T2 o2 TN o2 )

x2+y2=13

4. Giai hé phuong trinh .
3(x+y)+2xy+9=0

Loi gidai
Hé phuong trinh da cho tuong duong véi:

2
-13
{(X+y)22xy—13 o xyz%

3(x+y)+2xy+9=0 3(x+y)+(x+y)2—13+9=0

x+y=1 [
xy:—6 X=3,y=—2

= {X+y__4<:> x=-2,y=3

3 XZ—HJE , —43410
2 9

XyZE i B

Vay hé phuong trinh ¢6 bon nghiém la:

(x;y)=(—2;3);(3;—2);(‘4 iz\/m;—hx/ﬁ}

2

2 2 _
5. Giai hé phuong trinh {X Ty ox+y=2

Xy+x-y=-1

Loi gidi
Hé phuong trinh da cho tuong duong véi:

{(xy)2+2xy(xy)2© Xy = 2
Xy+{x—-y)=-1 2 (x— 2 _
( ) (X }’)2 +(X y)+(x_y)__1
2 x—-y=-1
- xy:2—(x—y)2 +(X_y)<:> {xy=0 Q[x:—l,yzo
x—-y=4 x=0,y=1 '

(x-y) =3(x-y)-4=0 {Xy:—S

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (—1;0);(0;1) .




. X+y+xy=5
6. Giai hé phuong trinh 5 5 .
X+y—Xy—-xy =-3

Lui gidi
Hé phuong trinh da cho tuong duong véi:
X+y+xy=5 X}’:5_(X+Y)
= .
x+y—xy(x+y)=—3 x+y—(x+y)[5—(x+y)]=—3
x+y=1
Xy=5—(x+y) - Xy =4 {x:l,y=2
(x+y)2—4(x+y)+3:0 X+y=3 X:2,Y:1.
Xy =2
Vay hé phuong trinh c6 hai nghiém la (x;y)=(12);(2:1).
7. Gidi hé phuong trinh {XB +y'=8
X+y+2xy=2
Li gidi

Hé phuong trinh da cho tuong duong véi:

2 _ 3 2-x-y _
(X+y)[(X+y) 3Xy}—8© (x+y) —3.T(x+y)—8—0'
X+y+2xy=2 X+y+2xy=2

(x+y—2)[2(x+y)2+7(x+y)+8}=0©{x+y:2<:{x:0,y:2.
xy=0 x=2,y=0

X+y+2xy=2
Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (2;0);(0;2).

X\/§+y\/;=6

8. Gidi hé phuong trinh
xzy + y2x =20

Loi gidi
biéukién: x>0,y>0.

Hé phuong trinh da cho tuong duong véi:

\/g(\/;+\/§)=6© xy(x+y+2\/g)—36©{20+2xy\/g36.

xy(x+y)=20 xy(x+y)=20 xy(x+y)=20

xy =4 x+y=5 |[x=ly=4
= = = .
xy(x+y)=20 xy =4 x=4y=1




Vay hé phuong trinh c6 hai nghigm la (x;y)=(1;4);(4:1).

X+y+xy=11

9. Gidi hé phuong trinh .
> P £ {x2+y2+3(x+y)=28

Li gidi

S=x+
Pit {P X y,(52 > 4P) hé phuong trinh tr& thanh:

S+P=11 P=11-S
= 2 .
$2-2P+3s=28 |S?-2(11-S)+35=28
P=11-S P=11-S S=5 (S=-10
= = = Vv .
$2458-50=0 |S=5vS=-10 |P=6 |P=21

Dép s6. (X;y) = (2;3);(3;2);(—3;—7);(—7;—3) )

X+y=2

10. Gidi hé phuong trinh 4 4 .
X'+y =34

Loi gidi

S=x+y

bat ,(82 > 4P) khi d6 hé phuong trinh trd thanh

P=xy

§=2 S=2 S=2
2 2 ) = 2 = .
(s —2P) _2P?=34  |2P?-16P-18=0 |P=9vP=-1

bép s0. (X;y):(1—\/5;1+\/5);(1+\/5;1—\/§).

Xx+y=4

11. Giai hé phuong trinh
- P & (x4+y4)(x3+y3)=280

Loi gidi

S=x+
Pit { X y,(52 > 4P) khi d6 hé phuong trinh trd thanh:
S

S=4
[2P? _64P + 256}.[4(16 ~3P)]=280"

.




Dép s6. (x;y) = (1;3);(3;1).

x>+ y2 =1
12. Giai hé phuong trinh 1
10
+y ==
8
Loi gidi

2
= (1 - 2x2y2) - x4y4 - )(2y2 (1 - 2xzy2 ) = 5x4y4 - 5x2y2 +1
Vay hé phudng trinh di cho tuong duong vdi:

X2+y2=1 (x+y)2—2xy=1

SN
Sxty? —5x%y? 4121 sxty? — 5x2y2 +% ~0

oo

X+y=4/1-4/2- g,xyz—% 2- g
S X+y=—1+,]2- g,xyzé 2-— g
X+y=4/14+,2- g,xy:% 2-— g




Loi gidi

S=
it { X y,(52 > 4P) khi d6 hé phuong trinh tr& thanh:

P=xy
§*-P=7 $2-P=7 S=+3
2 2 2 2 < 2 2 < ’
(s —2P) —2p?P?=21  |(7-P) -pP?=21 [P=2

Dép s0. (x;y) = (l;2);(2;1);(—1;—2);(—2;—1) )

x2+y2+xy=13

14. Giai hé phuong trinh .
X +y4 +)<2y2 =91

Loi gidi

S=x+
Pit { X y,(52 > 4P) khi d6 hé phuong trinh trd thanh

P=xy
2 _
2 .
(sz—zp) —2p24+p2=9] |[P=3

Dép s6. (x;y) = (1;3);(3;1);(—1;—3);(—3;—1) )

x2+y2=5

15. Giai hé phuong trinh s s .
X" +y =1 l(x + y)

Loi gidai
Hé phuong trinh da cho tuong duong véi:
X% + y2 =5
(x+y)(x4 —x3y+xzy2 —xy3 +y4):11(x+y)'

<

2
X“+y =5
4 y3 2.2 3, 4 2)
X —Xy+xy —xy +y —-11=0




5
X ===
2
e
2,2 =X A5
Gidi hé phuong trinh (1): X 1Y =2 0” , o 2
x+y=0 2x° =5 5
X=,|=
2
__|2

2 2
=5
Gidi hé phuong trinh (2): {x Ty

X4—x3y+xzy2—xy3+y4—11=0.

2 .
(x2 +y2) —2)(2y2 —xy(szryz)+x2y2 -11=0

{x2+y2=5 x=-2,y=-1

X2 +y? =5 Xy =-7 x=-ly=-2
& & :
X2y +5x%y? —14=0 ryl=5 |x=Lly=2
xy =2 x=2,y=1

Vay hé phuong trinh ¢6 sdu nghi€ém:

Xy

(X+y)(1+i]=5.

16. Giai hé phuong trinh
Xy + 1 =4
Xy

Loi gidi

S=x+
Pit {P X y,(52 > 4P) khi d6 hé phuong trinh trd thanh:

1
S(HFJZS s{1+1]:5 g S
= P = 3443V 3—\@.

1
Pt =4 P2_4P+1=0 |P=2-+3 |P=2+3




(x+y)[l+ij=4
A . Xy
17. Gidi hé phudng trinh

2,2
Xy + 1 + X Ty 4
Xy Xy

Loi gidi
biéukién: xy #0.
Hé phuong trinh tuong duong véi:

1 1

x+y+l+l=4 [x+—J+[y+—j=4
Xy X y

1 < '
xy+—+§+X=4 X y+l +l l+y =4
Xy y X y) X\¥

x+l + y+l =4 1 2
X y X+;_ {x2—2x+1=0 {le
= =

< < 1 2 .
x+l y+l =4 y+—=2 y —2y+1=0 y=1
X y y

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (l;l) .

(X+y)(1+ij:6

Xy

.
(x2+y2)(1+ij ~18
Xy

18. Gidi hé phuong trinh

Loi gidgi
biéukién: xy #0.
Hé phuong trinh da cho tuong duong véi:

1 1
X+y+l+l:6 X+ty+—+—=6
Xy XYy
= ) ) .
X2+y2+2(i+lj+%+%:18 x| 4 y+l =18
y X X y y X
- 1 1
X+y+—+—=6 X+y+—+—=6
Xy Xy
et 5 = | | .
x+l+y+l -2 x+l y+l =18 (x+—]{y+—}:9
y X y X y X




XHUE3 (yr1=3
= Y G4
Xy +1=3x

345

X=Yy X 2
’ =
Xx“=3x+1=0 3+J§
X = ,

3-5
y:

y+l=3
X 2
Viy hé phuong trinh ¢6 hai nghiém la:

(X_y):[3—\/3_3—\/§},£3+J§_3+\/§J
’ 2 ’ 2 )

2 2 7

y

2 .
_3+\/g
2

(X2 +y2)(l+$J2 =8
(x3 +y3)(1+$f -16

19. Gidi hé phuong trinh

Loi gidi
biéu kién: xy #0.
Hé phuong trinh da cho tuong duong véi:

(x2 +y2)[1+i+ ! J:S
Xy

X2y2

(x3+y3) 1+ 232+i+ 313 =16
x7y" XY Xy

X“y y X
2 2
E IS

y X

1
u=x+—

Y he phuong trinh trd thanh:

V::y+”;

bat

w+v2=8 u?+v: =8
=

w’+v =16 (U+V)(u2+V2—uv):16

2
x2+y2+i2+i2+2—x+2—y=8 (X+lj +[

3 3
3 3 3x
X +y -|-_2-|— 5 +—3‘|‘_3=16 X+l + y+l :16
y X X




_(u+v)2—8 )
_ uv s . uv:(u+\/2) -8
2
-8
(u+v) 8 (u+\/2) =16 (u+v)3—24(u+v)+32=0
x+l+y+l=4
y X
_ 1 1
[
uv=4

x+l+y+l=—2—2J§
{u+v=—2—2\/§<:> y X

uv=4-+4y3 [X+1J[y+1J=4+4\/g
{u+v=—2+2\/§ y x

uv=8-4+3 x+l+y+l=—2+2\/§
L y .

£x+lj[y+1J=4—4\/§
y X
_le,yzl

+1
o (x+y).%=—2+2\/§'

xy+iz2—4\/§
L Xy

Ban doc tu gidi ti€p hé phuong trinh c6 nim nghiém.

x2+y2+x+y=4xy

20. Giai hé phuong trinh < 1 1| y X .
—+—+—+—=4
Xy x2 y2

Loi gidai
Diéu kién: xy #0.
Hé phuong trinh da cho twong duong véi:
{X2+y2+x+y=4xy {x2+y2+x+y=4xy

xy(x+y)+x3+y3=4x2y2 xy(x+y)+x3+y3=4x2y2 .




X2 +y> +x+y=4xy {x2+y2:2xy
=S

(x + y)(x2 + y2 ) = 4xzy2

X=y x=0,y=0
= 2<:> .
2x =2x x=1y=1

X+y=2xy

D0&i chi€u véi diéu kién suy ra (x;y) = (1;1) )

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (1;1) .

(3+X (x+y)=4
y X
21. Giai hé phuong trinh ( 5 ZJ

Loi gidi
Diéu kién: xy #0.

Hé phuong trinh da cho tuong duong véi:

Xy _
;+;j(x+y)—4
[ 2
(1+X] -2 .[(x+y)2—2xy}=4
y X
Xy _
;+;j(x+y)—4
= 2 2
(x+y)2[i+zJ —2(x+y) +4xy—2xy(—+zj =4
y X y
§+Xj(x+y):4 x2+y2 (x+y):4
y X Xy
= 2 nd 2
(o) (o)
(x2+y2)+ =6 (X2+y2)+ =6
Xy Xy

S=x+
Pit {P X y,(s2 > 4P) hé phuong trinh tré thanh:




3
2 P= >
S?-2p 2S+4
S=4 )
P 3
, a2 @ $*-2.
X (s —2P) @, S 25+4
- = -2. + =
S -2P+ 6 2S+4 &
2S+4
3
:2SS 4 __S
= 5 + = 2S+4
457 L 165 ¢ |s?4s-6=0
2S+4 2S+4
(s=-3
P:2 {x+y—2 {x—l
=
S_9 xy =1 y=1
{le

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (l;l) .

\/XZ +i2 +\/y2 +L2=2\/;

22. Giai hé phuong trinh X y
1 6
—+ =1
Xy X+ y
Loi gidi

biéu kién: xy(x + y) #0.

Hé phuong trinh da cho twong duong véi:

1 1 2 g
\/x2+—2+\/y2+—2=2\ﬁ \/(x—lj +2+\/(y—lj +2=27
X y N X y .

X+ 1 1
6+ y=x+y [x——]+[y——j=6
Xy X y
1
u=x-—
Pit ’1‘ hé phuong trinh trd thanh:
V=y-——

y




u+v==6 u? +v2 +2uv =36
Ju2+2+JVL+2=2J§ v +4+2Juv +2b1+v)+4=29

u+v==6
< Juv>6 (hé phuong trinh vd nghiém).

u? +v? +2uv=36

uv=-5

- \/i\fizyi\/[ljz\/[yaz
>J[X_§+y--j H(V2 ) =275 247

Viay hé phuong trinh da cho v6 nghiém.

Juzv2 +2(36—2uv)+4 =uv-—-6

\/xZ +i2 +\/y2 +L2 :2\/5
23. Giai hé phuong trinh y X .

1 1
X+y=—+—
Xy

Loi gidgi
biéukién: xy #0.

2 2
Ta c6: x2+J—+Jy2+J—2 X+EJ +(y+l} >+22 422 = ZJh
y2 x2 X y

X+l=2
X x=1
& .
{y=1

DAau bing x4y ra khi va chi khi )
y+—=2
y

Thay vao phuong trinh thit hai thi'y théa man.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .

Jx—T+y-1=3

24. Giai hé phuong trinh .
X+y=5+ (X—l)(y—l)

Loi gidi
DPiéu kién: x>1,y >1.




u=+vx-—1

u+v=3 u+v=3 u+v=3
{UZ-G—VZ+2=5+uV<:>{u2+V2—UV=3<:>{(U+V)2—3L1V=3
_{x/:zz
<:>{u+V=3<:>{u=2,V=l<:> \/YT=1©{X=5,y=2

u=1Lv=2 { x—1=1 x=2,y=5'

-2

Vay hé phuong trinh c6 hai nghiém (x;y) = (2;5);(5;2).

Sy g sy =
25. Gi4i hé phuong trinh | VX Y T Py =43 '

Loi gidi

Khi d6 dat { hé phuong trinh trg thanh:

uv =2

biéu kién: x>0,y >0.

Hé phuong trinh da cho tuong duong véi:

ﬂ(ery)z—nyr\/@=4\/§<::> \/(8—2\/5)2—xy+ 3xy=4\/§
x+y+2xy =8 x+y=8-2xy

- \/3xy—32\/5+64+\/§=4\5© J3xy —32xy +64 =443 —f3xy
x+y:8—2\/; x+y=8—2\/g
Jxy <4

o 3xy—32\/5+64=3xy—24\/g+48©{x+y=4@{x22.

xy =4 y=2

x+y=8—2\/g

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2;2).

x? +y2 +x+y=18

x(x+l)y(y+1) =72
Loi gidai

Cach 1: Hé phuong trinh da cho tudng duong vdi:

26. Giai hé phudng trinh {




(X+y)2+x+y—2xy=18
xy(xy+x+y+l)=72

2
Xy:(x+y) +£X+y) 18
= 2 2
(x+y) +(X+y)18.[(x+y) +(X+y)_18+x+y+1 9
2 2
2
" Xy:(x+y) +£X+y)—18
(x+y)4+4(x+y)3—31(x+y)2—7O(x+y)=0
{X+y=0 (x=3,y=-3
Xy =-9 x=-3,y=3
{x+y=5 x=2,y=3
= xy=6 = x=3dy=2
x+y=7 x=4,y=3
{xyle x=3,y=4
X+y=-— x=—4,y=2
L{Xy=—8 | x=2,y=—4

Viay hé phuong trinh ¢6 tdim nghi€ém la:
(x;y)=(3;—3);(—3;3);(—4;2);(2;—4);(3;4);(4;3);(—3;—4);(—4;—3).
Céch 2: Vi€t lai hé phuong trinh dudi dang:
_{xz +x=12
X +x+y’+y=18 y2+y=6
{(Xz +x)(y2 +y)=72c> {Xz tx=6

y2+y=12

(x+y)[l+ij=5

Xy

(x2+y2) 1+ ! =9
x2y?

27. Giai hé phudng trinh

Li gidi



biéukién: xy #0.
Hé phuong trinh da cho twong duong véi:

1 1
X+y+l+l=5 X+y+—+—=5
Xy XYy
= .
2, 2, 1 1 1Y LY
XHy A —+—=9 X+—| +|y+—]| =13
Xy X y
X+—=3
X
X+y+—+—=5 y+l=2 X:1y23i\/§
Xy y ’ 2
= . = | = e
{X+—J(y+—j=6 X+—=2 :3i 5’ =1
X y X 2
1
y+—=3
Uy
. t t+
Viay hé phuong trinh ¢6 bon nghiém la (X;y) = [1; 3 2\/5}{3 2\/5 ,IJ

\P \F 7
=+ |—= +1
28. Gidi hé phuong trinh {\'x \y /xy

Xy +y/xy =78

Loi gidai
biéu kién: xy >0.
Tu phuong trinh thit hai suy ra x+y>0do dé x>0,y >0.
Hé phuong trinh da cho tuong duong véi:

ATy 7+\/7 x+y=7+\/g X+y=7+\/g

B vy e - )
Sy (x+y)=78 Jxy(x+y)=78 \/E(HJE)_

i x+y=13
x+y=7+\/g \/g:6 <:>{x+y=13<::{x=9,y:4

= = .
xy =36 x=4,y=9

2
(\/E) +7xy —78=0 X+y=-6
Jxy =-13

Vay hé phuong trinh c6 hai nghigm 1a (x;y)=(4:9);(9:4).




(x2 +xy+y2)«/x2 er2 =185

(xz—xy+y2) 2+y2 =65

—

29. Giai hé phuong trinh

Loi giaV
Hé phuong trinh da cho tuong duong véi:
2,2 w2 2
2(x +y ) x“+y” =250 ,x2+y2 -5 {x2+y2:25
= = .
(xz—xy+y2)\[x2+y2 =65 (25_XY)-5=65

xy =12

{X+y=7 x=3,y=4
2 — p— p—
- (x+y) —2xy=25<:> xy =12 o x=4,y=3 .
xy=12 x+y=-1  |x=-3y=-4
xy =12 x=—4y=-3

Viay hé phuong trinh c6 bdn nghiém la (x;y) = (3;4);(4;3);(—3;—4);(—4;—3) .
Cach 2: Nhan chéo hai phuong trinh ctiia hé ta dugc:

65()(2 +xy+y2)=185(x2 —xy+y2)<:>(4x—3y)2 :0<:>y=%X.

Thay y = %x vao phuong trinh thit nhat clia hé ta dugc k&t qué tuong tu.

X5+y5=1

30. Giai hé phuong trinh .
X +y? =xt+y?

Loi gidi
Hé phuong trinh da cho tuong duong véi:

X5+y5=1 |:X:O’y:1

= =
X’ +y9 =(X4 +y4)(x5 +y5) {x4y4(x+y)=0

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (0;1);(1;0) .

x5+y5=1

x:l,y=0'

3 3.3 3 _
31. Gidi hé phuong trinh {¥ TXY Y =17
X+Xxy+y=5

Loi gidai
3 3.3
+y) -3 +y)+xy’ =17
Hé phuong trinh da cho tuong duong véi: (X y) xy(x y) i .
X+y)+xy=5




S =
Pit {P X y,(52 > 4P)khi d6 hé phuong triinh tr§ thanh:
= Xy

S*-3SP+P* =17 s3—3s(5—s)+(5—s)3=17
= .
S+P=5

{53—35(5—s)+(5—s)3=17 {1882—9OS+108:0
= = .

S+P=5 S+P=5
{szz
P:3 = = =
- x+y=3 x=Ly=2
S=3 xy =2 x=2,y=1
P=2
Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (1;2);(2;1).

x2+xy+y2=3

5

32. Giai hé phuong trinh 5 .
X" +y +15xy(x+y)=32

Loi gidi
Hé phuong trinh da cho tuong duong véi:
x2+xy+y2=3 K +xy+y’ =3

xs+y5+5xy(X+y)(X2JFX}’+3’2)=32<:> (X+Y)5 =32

X+y=2 X+y=2 x=1
= 5 & & :
(x+y) —-xy=3 xy =1 y=1

Vay hé phuong trinh c¢6 nghiém duy nhat (x;y) = (1;1) .

33. Giai hé phuong trinh .
L A X —xy+y>
x+1 y+1 Xy

Loi gidgi
Diéu kién: xy(x + 1)(y + 1) #0.



Khi d6 hé phuong trinh tuong duong vdi:
X2 +y% -1 B X2 +y% —x2y?

Xy x2y?

(xy—l)(x2 +xy+y2)=0

2 2 -
X " y =X Xy+y

2 2
X + y :X Xy+Yy

X+l y+1 Xy x+1 y+1 Xy

Do xy #0 nén x> +xy+y> >0do d6 hé twong duong vdi:
xy =1 xy =1

<Y X LY _xz—xy+y2© 2Xy +X+Yy _xz—xy+y2-
x+1 y+1 Xy Xy+x+y+1 Xy

D0&i chi€u véi diéu kién chi nhan nghiém (x;y) = (1;1) )

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .

x> + y2 =1+xy
34. Giai hé phuong trinh x V 2

y+1 x+1

Loi gidi
biéu kién: x,y #—1.
Viét lai hé phuong trinh dudi dang:
x> + y2 =1+xy

X y T 2xy
+ - =1
Ly+1 x+1 (x+1)(y+l)

X2+y2=1+xy

< X2+y2+x+y 2_ 2xy _
| Xy+x+y+1 (x+1)(y+1)_
x> +y? =l+xy X2 +y? =1+xy
= {l+xy+x+yT_ 2xy _1c> 2xy _
Xy+x+y+1 (x+1)(y+1)_ (x+l)(y+1)




x=-1,y=0
o X2+y2:1<:> x=1y=0 .
xy =0 x=0,y=-1

x=0,y=1
Vay hé phuong trinh ¢6 bon nghiém la (x;y) = (—1;0);(1;0);(0;—1);(0;1).

2 2
X +y :l

35. Gidi hé phuong trinh 4 (y + 1)2 (X+1)2 2,

x+y+1=3xy
Loi gidi
bieukién:x # -1,y #—1.
Céch 1:
x? y2 2xy 2xy 1
Ta cé +

(y+1)2 (x+1)2 2(x+1)(y+1):xy+x+y+1:§'

X+y+1=3xy x=1y=1
biing thic xdy ra khi va chi khi ¢ x y < 1 1-

y+1:x+1 XZ_E’yZ_E

Viy hé phuong trinh ¢6 hai nghiém la x;y) = [—%;—%}(l;l).

Cich 2: Vi€t lai hé phuong trinh duéi dang:

[ x y T 2xy 1

y+1 x+1 +(x+1)(y+l) 2

+y+1=3xy

X

- -2 2
{x y N 2xy 1 [x_y}zo
X

= _y+1_x+1_ xy+x+y+1_5® y+1 x+1
+y+1=3xy X+y+1=3xy
X __ ¥ x=Ly=1

Sqy+l x+1 & 1 1.

X+y+1=3xy x 3 3




(xy+3)2 +(x+y)2 =8

36. Giai hé phuong trinh X y 1
+

X2 +1 y2+1 4

Loi gidi
Hé phuong trinh da cho tuong duong véi:

x2y2+x2+y2+8xy+9=8 (X2+1)(Y2+1):_8XY
X + y —_l < X y 1

= + -
C+loyier 4 C+loyiel 4

O N
x>+1 4
X y _ 1 y :_l XZZi\/g
x>+1 y*+1 8 y2+1 2 y=-1
f— f—
L :_l x 1 x=-1
X1 y*+1 4 X412 y:2i\/§
y _1
_y2+1 4

Vay hé phudng trinh ¢6 bon nghiem 12 (x;y) = (—1;2 : \E);(z iﬁ;—l) .

1 1 2

=+ =
2 2
37. (VMO 2009) Giai hé phuong trinh Viend ey 12y :

\/x(l—ZX)+\/y(l—2y) =§

Loi gidgi
A 1
biéukién: 0<x,y < 5
Xuat phét tit phuong trinh dau ctia hé ta dugc:

2
1 4

+ ! =
\/1+2x2 \/1+2y2 1+2xy
1

1 2 4
& + +

1+2x> 142y \/(1+2X2)(1+2y2)_1+2xy




1 1 2 2 2

= S+ > + - =
1+2x* 1+2y* 1+2xy \/(1+2X2)(1+2y2) 1+2xy

2(X - y)2 (2xy - 1)

(1+2xy)(1+2x2)(1+2y2 )2

<

~4(x-y)’

+ (1+2xy)(1+2xy +\/(1+2x2)(1+2y2)]

Do x,y e [0;%} nén v€ trdi clia (1) ludn nhd hon hoic bing 0 do d6 ddu bing

=0 )

xdy ra khi va chi khi x=y.
Thay vao phudng trinh thi hai cia hé ta dugc:

x(l—2x):éc>2x2—x+$=0©x=9i\éﬁ

:(x;Y)Z(giﬁ'gim

; J (théa man diéu kién).

36 36

Vay hé phuong trinh ¢6 hai nghiém la:

(X.y):[9+ﬁ.9+ﬁ]_[9—5.9—5].

36 36 || 36 36

1 1 2
+ =
38. Gidi hé phuong trinh Jl+x \/1 ty \/ 1+ \/g

\/1+\/1—x2 .\/1+\/l—y2 =x+y-1
Loi gidi
biéu kién: xy > 0,|X| < 1,|y| <1.

Bi€n d6i phuong trinh ddu tién clia hé tuong tu bai trén suyra x =y.
Thay vao phudng trinh thi hai cia hé ta dugc:

1+\]1—x2 =2x -1 V1-x? =2x—2©x=1:>(x;y)=(1;1).
Vay hé phuong trinh ¢6 nghiém duy nhat: (x;y 1

X2+Xy+y2=19(x—y

xz—xy+y2 :7(x—y)

39. Giai hé phuong trinh




Loi gidgi
Vi€t lai hé phuong trinh dugi dang:

(x—y)2+3xy=19(x—y)2<:> xy=6(x—y)2 |
(X—y)2+xy=7(x—y) 7(x—y)2=7(x—y)

x—-y=0
x=0,y=0
xy=0
& &S| x=3,y=2

x-y=1 x=—2,y =3
Xy=6

Viay hé phuong trinh c6 ba nghiém la (x;y) = (0;0);(3;2);(—2;—3).

l+—=3:—xy
X
40. Giai hé phuong trinh .
- PRong 1 3x%y? +2
I A ——
X“y Xy

Loi gidi
biéu kién: xy #0.
Hé phuong trinh da cho tuong duong véi:

11
—+—=3-Xxy l+l=3—xy
Xy Xy
1Y 2 w2 2 2 3x2y2 42
NN SN S o NI A
X y) xy Xy Xy Xy
X+y=2
11 Y
—+—=3—Xy Xy:l {XZI
+y= =
x2y? —3xy+2=0 {X Y Y

Xy =2
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .

(4x2 + 3y)(4y2 + 3x) +25xy =12
41. Giai hé phuong trinh

x3-|—y3+2xy(x+y)=x2+xy+y2

Loi gidgi
Hé phuong trinh da cho tuong duong véi:



4x2 + 3y)(4y2 + 3x) +25xy =12

X+ )( —Xy+y )+2xy(x+y)=x2+xy+y2

(
(
(4x2 +3y)(4y2 +3x)+25xy ~12
(x+ )(x +Xy+y ) 0
(

4)(2y2 +9xy+12(x +y ))+25xy =12

x+y=1

@{ 4X y +9xy+12(x+y)[(x+y)2—3xyD+25xy=12

4x y? +9xy +12(1- 3xy))+25xy=12<:>{4xzy2_2Xy+12:12

x+y=1 x+y=1
xy=0
2 2— = =0, =1
- 4x7y" —2xy+12 12@ xy=l<:> X y==
x+y=1 2 x=1Ly=0
x+y=1

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (0;1);(1;0) .

(3x+y)(x+3y)\/; =14

42. Giai hé phuong trinh .
(X + y)(x2 +14xy + y2 ) =36

Loi gidi
Diéu kién: xy >0.
Hé phuong trinh da cho tuong duong véi:

(3x2 +10xy+3y2)\/g=14 (3(x+y)2 +4ij\/gz 14

(x+y)(x2+14xy+y2)=36 (x+y)((x+y)2+12xy)=36.

S=x+y (3SZ+4P2)P=14
bat khi d6 hé phuong trinh trd thanh: .
P=/xy s(s2+121>2)=36

Pay la hé déng cap nhin chéo theo v€ ta dudc:




18(352 +4P2)P =7s(s2 +12P2)c> (S—6P)(7s2 —12SP+12P2)=O.

6. ) 48 5=0
<:>(S—6P) 71S—=P| +—=P? |=0<||P=0.
7 7 S=6P

Chi c6 nghiém S =6Pthda man.

S=6p S— 6P S—
Khi d6 P Rt
1o S(SZ+12P2):36 6P(36P2+12P2):36 P

X+y=3 X+y=3 x:é—\/g,yzéJr\/E
& \/—_1<:> e i i .
* 2 Xy_Z x:5+x/5,y:5—\/5

Viay hé phuong trinh c¢6 hai nghiém la:

(X;y):@_\E;%Hﬁ}{%ﬂ/&%_ﬁ} :

(3x+y)(x+3y)\/g = 35\/5

43. Giai hé phuong trinh
(X —y)(x2 +14xy+y2)=33

Loi gidi
biéu kién: xy >0.
Hé phuong trinh da cho tuong duong véi:

(3x2 +3y? +10xy)\/g =352 (’é’(x—y)2 +16ij\/§ =35\2

(x—y)(x2+14xy+y2)=33 - (x—y)((x—y)2+l6xy)=33

\/1+xy +\/1+X+y=2

2

44. Giai hé phuong trinh .
X2y? —xy=x>+y> +x+y

Loi gidi
biéu kién: xy>-1Lx+y>-1.
Hé phuong trinh da cho tuong duong véi:
\/1+xy+\/l+x+y=2 \/1+xy+\/1+x+y=2
(x+y—xy)(x+y+xy+l)=0.

xzyz—xyz(x+y)2—2xy+x+y




<:>{\/l+xy+\/1+x+y=2<:>{\/x+y+1+\/1+x+y:2
X+y—-xy=0

x+y=0 x=0
= = .
xy=0 y=0

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (0;0) .

x+y—-xy=0

X+y_2\/;

+1 x+1
45. Gii hé phuong trinh {° vxy +1

biéu kién: x> 1Ly >1.
XuAt phat tif phuong trinh dau tién clia hé suyra x=y.
Thay vao phudng trinh thi hai cia hé ta dugc:

2

Ji-x

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2;2) .

2o x=2=(xy)=(22).

z + Y =
- 2) - \/1— 1 2)
46. Giai hé phuong trinh: \/( b ( y) ( y)( *
L |
\/l—x2 \/l—y2 \/(1—X2)(1—y2)
Loi gidi

biéu kién: ~1<x<1,-1<y<I1.

Phuong trinh thit hai cia hé tudng duong véi: x\/l —y? + y\/l —x? =1.
St dung bat ding thitc Bunhiacopski va C6 si ta c6:

2, 2,8 2 2
X\/l—y2+y\/1—x2S\/(x2+y2)(2—x2—y2)sx Yy +§ XY .

X ___y
D#u bling xdy ra khi va chikhi {\1-y?> V1-x? ©x=y=+

o[t

X2+y2=1

Thit lai vio phuong trinh thit nhat chi ¢6 nghiém x =y = % thda man.




Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (—

£

x* +y Xy 3
(x+y)4 X+y 8
11

Ky

47. Giai hé phuong trinh
-3= 2(x + y)

Loi gidgi
biéu kién: x>0,y >0.

52

: (x+y)

T s x4+y4>(xz+y2) S ?
a Co: 2> —.
(X+y)4 2(x+y)4 2(X+y) 8

Mit khéc: Dy 3 xty
X+y 8 2(x+y)

3.1
8 8
DAau biing xdy ra khi va chi khi x=y.
Thay vao phuong trinh th@ hai clia hé ta dugc:

%—3=4x@2—3\/;=4x&©\/§(4x+3)=2.
X

<:>x(4x+3)2:4<:>(4x—1)(4x2+7x+4):0<:>x=i:>y=%.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (—;—j .

X+y_2\/g(\/;+\/§)

48. Giai hé phuong trinh < XY

\/;+\/;=3 Xy —2

Loi gidi
biéu kién: x>0,y >0.
Hé phuong trinh da cho tuong duong véi:

o ’ 1
[KJrﬁ—xy] =0<:> \/; |
Yx+4fy =3xy -2 Jx +4fy =3yxy - XY\/7 3yxy -2




<~

(-1 (-0 s
(Hé vo nghiém do \/;+\/;22\/\/77y=2>1).

Viy hé phuong trinh da cho v6 nghiém.

(x—y)Z(\/x2 —2xy+y2 +3+1j=3

x2+xy+y =2

49. Giai hé phuong trinh

Loi gidai
(x—y)2 w[(x—y)z +3+1|=3
Hé phuong trinh tuong dudng vdi:

x2+xy+y2=2
2 _L
(x—y) =1 @{x2—2xy+y2=1© xy—3

< 2 2
X2 +xy+y> =2 XT+Xy+y =2 X2+y2=§
3
I —3+J_1 3+J_
1 N 3+r _3+f
xy:§ Xy—g X = G
= = = .
()(er)2—2xy=é x+y=i\/z X =— 3+\/7 3_\/5
3 3 6
_3- \/_ _ 3421
L 6 6

Vay hé phuong trinh ¢6 bon nghiém la:

(xy)- [3+J— 3+\/_N3+J_ —3+J_J

6 6 6

( 34431 3- f}{a i 3+r]

6 6 6 6

Nhén xét: Phuong trinh dau twong duong véi (x - y)2 =1 dudc suy ra tur tinh

dong bi€n cia ham so f(x):x(\/x+3 +1)trén R (xem thém ky thuat st



dung ham sd trong gidi hé phuong trinh). P& tao ra cdc hé phuong trinh khé
hon ta ta thay phuong trinh thi¢ hai vao phudng trinh dau ctia hé ta dugc:

(x—y)z(\/x2 —2)(y+y2 4—3+m(x2 +xy+y2)—2m +1j=3

x2+xy+y =2

Chon m =2ta c6 bai todn.

E+ﬁ:z(@_1)
(@()[ ! ]2

\/x+3y \/y+3x

50. Giai hé phuong trinh

Loi gidai
DPiéukién: x>1y>1.
Ta ¢6: Vx Sl[ X +x+y]; Wy gl(lJrz_yj
Ix+3y 2 x+y x+3y /x+3y 212 x+3y
:>\/;+\/;Sl X +x+3y+l :l X +§.
/x+3y 2\x+y x+3y 2) 2{x+y 2

Tuong tu ta cé: \/— \/— ( j
\JY +3x 2\ x+y 2

Cong theo v& hai bat ding thic trén suy ra :

N e e R At

Dau bing xdy ra khi va chi khi x=y.

Thay vao phuong trinh dau clia hé ta dudgc:

2x-1=2 (\/7 )@x 1=(x-1)" & (x-1)(x-2)=0

Vay hé phuong trinh c6 hai nghiém la (x;y) = (1;1);(2;2).



_+l:9
Xy

51. Giai hé phuong trinh . . | . .
b | et 1| == +1]=18

Loi gidgi
biéukién: xy #0.

A . .y 5 1 1
Trudc ti€n khu can cho don gian ta dit u=—4=,v=—

Khi d6 hé phuong trinh trd thanh:
w+vi=9 - (u+v) —3uv(u+v)
(u+v)(u+1)(v+1)=18 (u+v)(uv+u+v 1) 18'
3
( ( ) (u+v)3—9
(u+

v)
(U+V)[ ( )V)9+U+V+1]—18 (u+v)3+3(u+v)2+3(u+v)—63:0

uv =

p= e 3(u+v)

(u+V)3—9
uw=-—+~+ 3
= 3(‘”") @{u+v_3.

(u+v—3)((u+v)2+6(u+v)+21j=0 e

1
-l
\/; x=1
Lzz 1
u=1Lv=2 %/; y_8
& & = .
u=2,v=1 1 1
—=2 X=—
Ix 8
y=1
1, L
Wy




X X+{y+ /X =82 +
52. Giai hé phuong trinh ( 7y)\(/7 (y 7 )\/§ Xy\x+y ‘
’ y2 \/T xy =8 "
:‘,7"

N Loi glai
Piéukién: x>0,y >0.
Phuong trinh dau clia hé vi€t lai du6i dang:

xx 4 yly + Txy (Y #fy ) =8, 2xy (x +y).
o (S (s 5 R (45 ) =8 (5 )
o (R B R =8 ()45
2 G-V
R e exs
& (V= ) (Vo)) 35 sy =0 0.
Ta cé: (\/§+\E)(\/M+\/§+\E)—8\/E
o (VE #4345 7 5 )84
=2(J§+\/§)2—8 xy=2(\/;—\/;)220.

D4u biing x4y ra khi va chi khi x=ydod6 (1)< x=y.
Thay vao phuong trinh thi hai cia hé ta dugc :
Vax? +42x% =8 = 242x =8 = x =22 = y=24/2..

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2\/5;2\/5) .

3(X2+y2)—2(x+y+xy)=15

53. Giai hé phuong trinh

Loi gidi
Hé phuong trinh da cho tuong duong véi :

3((x+y)2 —2xy)—2(x+y+xy)=15.

3 25
(x+y) —3xy(x+y)=7




S=x+
Pit { X y,(52 > 4P)khi d6 hé phuong trinh trd thanh:

P=xy
2
3(s2-2p)-2(s+p)=15  [p=B 257D
8
25 < 2 '
S?_3sp=2= 3 38 -2S-15 25
1 §3g 2 =2 -
8 4
s-1p--
38% -2S-15
p=22 =2~
= 8 & S=10,P=2—§5.
S-1)(S-10)(s+5)=0 3
S=-5pP=""
i 4
7

D6i chi€u véi diéu kién chi nhan nghiém S=1,P = 7

1+242  1-242
X = ,y =

S=1 x+y=1 =
7 & 7 2 2
P=—— |xy=-—- 1-242  1+242
4 4 X = 5 Y = :

Viay hé phuong trinh c¢6 hai nghiém la:

(X‘y){uzﬁ'1—2\5}(1—2\5'1+2\5J.

2 2 2 2

2 2 2 2
X" +y +\/X +Xy+y —xty

54. Gi4i hé phuong trinh \/ 2 3
3(x + y)

2xy ———==5
Y 2

Loi gidgi
D& hé phuong trinh c¢6 nghiém ta phdicé x+y=>0.

/x2+y2>x+y
22

/x2+xy+y2>x+y
3 2

D4u biing x4y ra < x =y. Thay vao phuong trinh thi hai cda hé ta dugc :

Ta c6:




2x% -3x =5 53 = 5 .
X==
2 2
D6i chi€u véi dieu kién suy ra hé phuong trinh c¢6 nghiém duy nhat :

(my){%;%}

(x + 1)2 (y + 1)2 =-9xy

55. Giai hé phuong trinh .
(x2 + 1)(y2 + 1) =—10xy

Loi gidi
Hé phuong trinh da cho tuong duong véi :

2 2
X +1 yo+1
(x2+1+2x)(y2+1+2y)=—9xy [ " +2j[ +2J=—9
xy#0 y .

(X2+1)(y2+1)=—10xy 41 y2+1
X ’ y

=-10

X+Y =4/Xy +X
56. Giai hé phuong trinh Y i

\/1+3x2+\/1+3y2 =4xy'

Loi gidi
DPidukién xy>0=x+y>0=>x>0;y>0.
Nhan thdy xy =0 khong Ia nghiém ctia hé nén x > 0;y >0.
TU phuong trinh th nhit cda hé ta c6

+ 1 1
x+y=xy+\/xySxy+%:>x+y£2xy:>—+—£2
Xy

Tu phuong trinh thd hai ctia hé :
2
16x%y* :(\/1+3x2 +\/1+3y2) g(l.,.l}(y(l+3X2)+X(1+3y2)).
y X

=[l+lj(x+y)(l+3xy) < 2.2xy(1+3xy) =4xy +12x2y2 =>xy<l1.
y X

Laico 2xy2>2x+y2>24xy =xy=1.

Nhu vay tit ci cdc bat ding thifc trén phidi xdy ra diu bing, diéu ndy tuong
duong véi x=y=1.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .




Chd 48 3. HE PHUONG TRINH POI XUNG LOAI II
Noi dung chii dé nay tdi dé cap d&€n phuong phip chung dé gidi mot bai todn
hé phuong trinh ddi xitng loai II vd mot s6 hé phuong trinh ¢6 cich gii
tuong tu. Mot s6 hé dwa dugc vé hé d6i xitng loai II bing phuong phédp dit
4n phu va ng dung hé phuong trinh d6i xing loai II trong bai todn gidi
phuong trinh vé ty.

A.NQI DUNG PHUONG PHAP

. F(x,y)=0
He¢ doi xiing logi II la hé co dang: (*.¥) .
F(y,x)=0

Trong d6 F(x,y)la mot da thitc khong doi xing.

Hay cach khdc hé d6i xitng loai II 12 hé ma khi ta d6i vai trd x,y cho nhau

thi phuong trinh nay chuyén thanh phuong trinh kia.

3x° =2y +1
Vi du: Hé phuong trinh X Y+
3y3 =2x+1
Khi thay y bdi x thi phuong trinh thd hai trd thanh 3x> =2y +1 day
chinh 13 phuong trinh thi nhat ctia hé.

Phuong phdp chung.

Trir theo v€ hai phuong trinh trong hé ta dugc mot nhan ti chung (x—y)

nhém lai dua vé phuong trinh tich va sau d6 xét hai trudng hgp

X=y

f(x,y)zO'

Viéc trir theo v& thudng sit dung cdc hiing ddng thiic hodc nhan lién hgp

F(x,y)-F(y,x) =(x—y)f(x,y)=0<:>{

(néu chita dau cin).




A.

THI1: N&u y=x thay vdo mot trong hai phuong trinh cia hé tim dugc
nghiém.
TH2: N&u f(x,y)=0ta c6 cac huéng x{t Iy nhu sau:
- Né&u f(x,y)c6 dang bac nhit hodc rit dugc y theo x hay x rit dudc theo
y thuc hién phép th€ vao mot phuong trinh clia hé tim ra nghiém.
- N&u f(x,y)c6 dang bac cao chd y f(x,y)va F(x,y)+F(y,x)1a cdc da
. N f(x,y)=0
thifc d6i xting ta dua vé gidi hé phuong trinh: 4. Y day Ia hé
F(x,y)+F(y,x)=0

ddi xdng loai I da bi€t cdch gidi.
Chi y:N&u hé phuong trinh bao gom cdc ham dang da thifc, cin thitc, ham
mii va Logarit, lugng gidc sau khi trit theo v€ hai v€ mdt phuong trinh
dang g(x)=g(y), trong d6 g(t) 1a mot ham don diéu thi ching ta st dung
tinh chi't cia ham s& d€ chira ring x =y.

2x=y? +1
Vi du:Hé phuong trinh x=J .

2y = x% +1
Trir theo v€ ta dudc 2(x - y) = y2 x> o x> +2x= y2 +2y & gx)=g(y).
Trong d6 g(t)=t> +2t 1a ham dong bi&n trén [O; +oo). Trdésuyra x=y.

BAI TAP MAU
DANG 1: GIAI HE PHUONG TRINH

Bai 1.Giai hé phuong trinh {

x? —4x =3y
y2 -4y =3x

Loi gidi
Trit theo v& hai phuong trinh clia hé ta dugc:

x*—y? —4x+4y =3y -3x o (x—y)(x+y)-(x-y)=0.

X=Yy

@(x_y)(m_l):o@[y:l_x.

TH1: N&u y = x thay vao phuong trinh du cla hé ta dudc:

x=0
x=0 y=0

X2 —4x=3x = x>-Tx=0< = .
X X:7
y=1



TH2: N&u y =1-x thay vao phuong trinh dau clia hé ta dudgc:

1-J13

X =

2
l—x/B 1+x/E

X = y=
X2—4x=3(1—x)c>x2—x—3=0® 2 = 2 .
x=1+\/E X_1+\/B
2 2
1-4/13
y=

2
Vay: hé phuong trinh ¢6 bon nghiém la:

(x;y)=(0;0);(7;7);[1—5/5;1+\/E}[1+\/§;1_\/E]‘

2 2 2

3x3 =x? +2y?
Bai 2. Gi4i hé phuong trinh{ ey

3y3 = y2 +2x°

Loi gidi
Ti hai phudng trinh cta hé suy ra hé c6 nghiém khix,y >0.
Trit theo v& hai phuong trinh clia hé, ta dudc:

3(){3 —y3)=—(x2 —yz)(:)(x—y)(3(x2+y2+xy)+x+y)=0.

X=Yy

@ 2 2 .
3(x +y +Xy)+x+y=0

. . x = —y=0
N&u x =y, khi d6 ta dugc hé | . L el T
3x7 =x"+2y x=y=1

; 3(x2+ 24x )+x+ =0
Né&u 3(x2+y2+xy)+x+y:0,khid6tacéhé o =
3x> =x? +2y2

TU x >0suy ra dé hé c6 nghiém thi phuong trinh thi nhit phdi c6 nghiém,
suyray<0.Do dé x =y =0, thi lai thi'y thda man.

Vay hé phuong trinh c6 hai nghi¢m la (x,y)=(0,0);(L1).




Jy= y :2
Bai 3. Gii hé phuong trinh (TSPH Khéi B 2003) Zx .
3x = X :2
y
Loi gidgi

Hé c6 nghiém khi x >0,y >0 khi d6 hé phuong trinh tuong duong véi

{3X2y:y2+2©{(x—y)(3xy+x+y)=0©{x:y

3y2x=x2+2 3xy2=x2+2 3xy2=X2+2'
X=y (x—l)(3x2+2x+2)=0

S5 = ox=y=1.
3 —x“-2=0 X=y

Vay: hé c¢6 nghiém duy nha't (x;y) = (l;l) :

Nhan xét: Pdi véi hé c6 dang phin thitc trudc tién ta bi€n d6i dua vé dang
da thic va diéu kién c6 nghiém clia hé phuong trinh gitip ta x{ 1y bai todn
nhanh gon hon.

2 3

+ =
Bai 4. Gii hé phuong trinh 1~ %~ .
y + X2 = y3

Loi gidgi
Trit theo v& hai phuong trinh clia hé ta dugc:

X—y+y> —x* =x3—y3<:>x—y—(x—y)(x+y)=(x—y)(x2+xy+y2).

X =
<:>(x—y)(x2+xy+y2+x+y—l)=0c> ) Y ) .
X +xy+y +x+y-1=0

TH1: N&u y = x thay vao phuong trinh thit nhat clia hé ta dudgc:

x=0 x=0,y=0
x+x2:x3<:>x(x2—x—1):0<:> le_z\/gj x=1_2\/§,y=1_2\/g.
1+\/§ 1+\/§ 1+\/§
X = X = Yy =
L 2 L 2 2

TH2: N&u x2+xy+y2+x+y—1=0.

Cong theo v€& hai phuong trinh cla hé ta duge: x +y + x> +y2 =x° +y°.



2,2 _.3,.3
+Yy+X 4y =x"+
Ta c¢6 hé phuong trinh: {X yraemy =amy

x2+y2+xy+x+y—1=0.

- (x+y)3—3xy(x+y)=(x+y)2—2xy+x+y

(X+y)2 -xy+x+y—-1=0
,(52 > 4P) khi d6 hé phuong trinh tr& thanh:

2
S*-3Sp=§-2P+S |P=S"+S-1
3 2 2 2 '
2 _P4S_1=0 S —3s(s +s-1)=s —2(s +s-1)+s

P=S°+S-1
= .
28° +28% —4S+2=0 (1)
Miit khic: 8224P<:>8224(82+S—l)<:>352+4S—4£0<:>—2SSSE.

3
Khi d6: 25 +258% —4S+2>0,VS> -2 = (1) v6 nghiém.

Vay hé phuong trinh c6 ba nghi€ém la:

(r2y) = (0:0) 1—\6;1—\5]_(1+\E;1+\EJ‘

2 72 I o2 7 2

Bai 5. Gidi hé phuong trinh

Loi gidi
biéukién x,y #0.
oo . 11
Cong theo v€ hai phuong trinh cua hé ta dudgc x+y = —t—> 0.
Xy
Khi d6 trir theo v€ hai phuong trinh clia hé ta dugc

2(X—y)=%—y%©(x—y)[2+m}=0<:>Xzy.

X2y2



X=y

Vi vy ta c6 hé phuong trinh

=y=1.
2x+y:iz<:>X y

y
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (l;l) .

(x—l)(y2 +6):y(x2 +1)

Bai 6. Gidi hé phuong trinh (y ) 1)(X2 . 6) _ X(y2 . 1) .

Loi gidi
2 2 2
+6x-y —-6= +
Hé phuong trinh da cho tuong duong véi xy =y ey
yx2 +6y—x2 —6=xy2 +X
Trit theo v& hai phuong trinh clia hé ta dugc
X=y
X—-y)x+y-2xy+7)=0<= .

( y)( Y Y ) L(+y—2xy+7=0

TH1 : N&u x = ykhi d6 ta c6 hé phuong trinh :

X=y X=y x=y=2
2 2 2 .2 < :
Xy +6x—-y " —6=yx" +y X" =5x+6=0 X=y=3
TH2: Néu x +y—2xy+7=0, khi d6 cong theo v& hai phuong trinh clia hé ta
dudc: X2+y2—5(x+y)+12=0.

Tir d6 ta c6 hét{xzwz_S(HY)HZ:O@{(HY)Z_5(X+Y)—2XY+12=0
X+y—-2xy+7=0

X+y-2xy+7=0

Pit S=X+y,(5224p).
P=xy

Khi d6 hé phuong trinh trén trd thanh:

S+7 S=5P=6

2 _
$2_ss—2p+12=0 |3 "65¥5=0 rg_1p_y
= =
S—2P+7=0 P==-

e 5=5 =5 [x=2y=3
P6i chi€u digu kién chi nhan nghiém { o {X " y6 o {X y
67 xy=

x=3;y=2'

Vay hé phuong trinh ¢6 bon nghiém 1a (2,2):(3,3):(3.2):(2.3).



Nhan xét: Viéc 14y tdng hai phuong trinh ctia hé dua vé mot da thitc doi
xtng ri't c6 y nghia khi ta thuc hién trit theo vé& hai phuong trinh cda hé ma
phuong trinh ldc sau khé xr y. Pay 1a mot kinh nghiém quy bdu khi giai hé
ddi xitng loai II. Phan bai tdp rén luyén t6i c6 dwa ra mot sd bai tap cling
dang nay cho ban doc rén luyén.

s .o x> 2y
Bai 7. Giai hé phuong trinh ) .
» 3 x* Ty
Y m X+ — ==
2 y 2x
Loi gidi
biéu kién: xy #0.
> y2_Ix Ty
X +2y+—2=2—+7
Hé phuong trinh da cho tuong duong véi: x 5 Y .
2 x° Ty Tx
y +2X+—2=2—+?
y X
2
X 2 y
2 7 '
y 2 X
= y XA N % 1a
bit u=x+=,v=y+—hé phudng trinh trd thanh:
X y
y —
x+;:O x=-ly=-1
5 5
X = y=2
W=ty u=0,v=0 y+;=0 RN
& 7 7 =
2 7 u:—’V:— y 7 )(:3’y:2
vVi=—u 2 2 X+=—=— 2
2 x 2 3
x 7 Xx=—,y=3
yr—=2 L 2
Uy 2

Vay: hé phuong trinh c6 bon nghiém la: (x;y) = (—1;—1);[%;%);[3;—];[—;3} .



Nhan xét:Vdi dang hé ddi xiing loai II biéu thitc phuong trinh ¢6 dang phiic
tap hodc bac cao cin chii y bi€n ddi phuong trinh dua vé hé don gian hon.

VX+5+4y-2=7
Jy+54x-2=7

Bai 8. Gidi hé phuong trinh {

Loi gidi
biéukién x>2,y>2.
Nhin thdy x =2 khong thda man hé phuong trinh.
Xét x >2khi d6 trir theo v€ hai phuong trinh clia hé ta dugc
\/X+5—\/y+5+\/y—2—\/x—2=0.
1 1
S (x-—y - =0 x=y,
( )[\/x+5+\/y+5 \/X—2+\/y—2]
1 1
do -
\/x+5+\/y+5 \/x—2+\/y—2

Vi vay ta c6 hé phuong trinh tuong duong véi:

<0.

X=y X=y
=
{\/x+5+w/y—2=7 {\/x+5+ x—2=7 0

X=y
X=y
= &9x<23 oSx=y=11.
VxZ+3x-10=23-x

x% +3x —10 =529 — 46x + x>
Vay: hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1 I;1 1).
Nhan xét: Phuong trinh (1) c6 thé chi ra nghiém duy nhat bing phuong phap
ham s6 (xem cudn phuong trinh, bat phuong trinh vo ty cling tic gid) va mot
hé don gidn nhu nay ta c6 thé ti€p can véi 10 13i gidi khdc nhau. Pua ra cho

cac ban tim toi.

X (1—x2)(1—y2) —x—y?

Bai 9. Gidi hé phuong trinh .
AT -

Loi gidi
Picu kién: (1—x2)(1 —yz)Z 0.

Trir theo v€ hai phuong trinh clia hé ta dugc:



(x—y) (1—x2)(1—y2)=x—y+x2—y2.

y=Xx
& (x=y) [1-x*)(1-¥*) -1-x- j=0@ .
( y)( Y Y /(l—xz)(l—yz):l+x+y
TH1: N&u y = X thay vao phuong trinh dau ctia hé td dudc:

2

X (l—x2 x—x2<:>x(‘1—xz‘—l+x)=0.
X= x=0 |x=0,y=0
= 2 = = .
‘1—X‘—1+X=O x=1 X:l,y:l
TH2: N&u /(1—x2)(1—y2) —1+x+y thay vao phudng trinh the nhit ciia hé

ta dugc:

X(1+X+y)=x—y2®x2+xy+y2=0.

2 y
olx+2 +§y2=0<:> x+2_0<:> x
2 4 y

0
0

y=0
Viay: hé phuong trinh c6 hai nghiém la (x;y) = (O;O);(l;l) .

x\/1+y2 er\/ler2 =2

Bai 10. Gidi hé phuong trinh .
X\/1+X2 +y\/1+y2 =2

Loi gidai
Trit theo v€ hai phuong trinh clia hé ta dugc:

x\/ler2 —X\/1+X2 +y\/1+x2 —y\/1+y2 =0.

X =

@(x_y)(ﬁ_m):o@{ﬁzwgkz:.

TH1: N&u y = —x thay vao phudng trinh dau cla hé ta dugc:

14x2 —xy1+x2 =2 (vo nghiém).
TH2: N&u y = x thay vao phuong trinh dau cta hé ta dudgc:
J5-1

X\/1+X2 +X\/1+X2 2o xVl+xl =lox= T




o {5
J5-1 451

Vay: hé phuong trinh c6 nghiém duy nhat (x;y) —[ _— —}

)

4\/1+L+ jl)z +5y\/=(\/;+;/\/ﬁ)2

Bai 11.Gidi hé phuong trinh

)
4 1+L2+ ! 2+5X=(\/;+2\/X+1)
y© (y+1)
Loi gidgi

biéu kién: x,y>0.

Hé phuong trinh da cho twong duong véi:

1Y 2

;—XHJ +X(X+1)+5y=y+4(y+1)+441y(y+1)
é_yilj +y(y2+1)+5x=x+4(x+1)+441x(x+1)




« —1+x/§
2 =
+x-1=0
L 0 :
y2+y—1=0 _—l+\/§
2

Vay: hé phuong trinh ¢6 nghiém duy nhtla (x;y) =£

-1+ 5.—1+\/§}

2 72

VX243 +2Jx =344y
«/y2+3 +2\/§=3+\/;

Bai 12. Gidi hé phuong trinh

Loi gidgi
Pi¢u kién x>0,y > 0. Nhan thdy (x;y)=(0:0) khong la nghiém cia h¢ vay
xét véi x>0,y >0.

Trit theo v€ hai phuong trinh clia hé ta dugc:

\/X2+3—\/y2+3 +3(\/;—\/;)=0

( X+y

o y) \/x +3+\/y +3 \/;+\/7

=0eox=y.

Vi vay ta c¢6 hé phuong trinh:

X=y X=y
{\/x2+3 +2\f=3+\5©{\/x2+3—2+&—1:0’

X=Yy

<:>( ){ X+1 1 }_O©x=y=1.
Vx2 4342 \/;H

Vay: hé phuong trinh c6 nghiém duy nhat (x;y) = (1;1) .

Bai 13. Gidi hé phuong trinh:

3 2
+3x°+x+2=42y+11+2 +4 (1
{X X" +X y Yy +4 () x>0,y>0).

y +3y +y+2= V2x +11 +2x>x + 4 (2)

Loi gidgi
biéu kién: x,y>0.

Ly (1)-(2) theo vé& ta dudc:



X3—y3+3(x2—y2)+x—y=\/2y+11— 2X+11+2y2«/y+4—2x2\/x+4

YO J

2 X +xy+y2+4(x+y)

+2.
21T+ 2y +11 xP x4+t y+4
& x=y(do x,y20). / / / /

Thay y =x vao phuong trinh thit nhat ctia hé ta dudc:

<:>(x—y) x2+xy+y2+3(x+y)+1+

432+ x+2=V2x +11+2x2x +4.

Nhu vdy mau chot clia bai todn 12 xi 1y phuong trinh vo ty trén. Ta c6 ba
cach x{r Iy nhu sau:

Cich 1: biéu kién: x > 0 tir gia thiét.

Viét lai phuong trinh dudi dang:

(x+2—\/2x+11)+x2(x+3—2\/x+4)=0.

THI: N&u x+2>/2x +11 < x > 242 —1= x + 3> 2+/x + 4 phuong trinh v6
nghiém.

TH2: N&u x+2<y2x+11e 4<x<22-1=>x+3<2/x+4 phuong
trinh vd nghiém.

TH3: N&u x +2=+2x+11 < x =242 — 1 phuong trinh théa man.

Vay phuong trinh c6 nghiém duy nhit x = 2\/5 —1 suy ra hé c6 nghi€ém duy

nhdt: (x;y) :(2&-1;2\6—1).
Cach 2: Nhan lién hgp ta dugc:

(x+2—\/2x+11)+x2(x+3—2\/m>=O.

X2 +2x -7 2 X2 +2x—-7

+ X, =0.
X+2+v2x+11 X+3+2Vx+4

<~

2
2 X 1
<:>(x +2x—7) + =0.
(x+3+2\/X+4 x+2+\/2x+11J

X2 +2x-7=0
= 2
X + ! =0 ()
x+3+2\/x+4 x+2+\/2x+11

Dé xir 1y phuong trinh (1) ta 1am nhu sau:

—



2
X 1
+
X+34+2Vx+4 x+2++42x+11

S H2x2 rx 43+ x3V2x + 11+ 24/x +4 =0.
K&t hgp v6i phuong trinh dau tién ta dugc hé:
{x3+2x2 +X+3+X2\/2X+11+2\/X+4 =0

X +3x% +x+2=2x +11+2x2x +4
Suy ra —x2+1+2(X2+1)x/x+4 +(x2+1)\/2x+11=0.

<:>(x2+1)(\/2x+11+2\/x+4—1)+2=0.

=0

Phuong trinh nay vd nghiém do dé X2 +2x-7=0x=—1% 2\/5 .
K&t hop v6i didu kien suyra x =242 —1=y=2v2 1.
Cach 3: bit t =+x+4 phuong trinh tr§ thanh:

2
(t2 —4) (t2 —2t—1)+t2 _2-\2:2+3=0.

2
<:>(t2—2t—1)[(t2—4) 14 2 ]:o 20 L1442,
2t—1++2t2 +3

x2+\/;:2y

Bai 14. Gidi hé phuong trinh .
y2 +4/y =2x

Léi gidi
biéukién : x,y>0.
Xétham s§ f(t)=t> ++/t trén doan [0;+oo).

1
Tacé £'(1)=2t+—=>0,Vte(0;+%).
24/t

Do d6 ham s& f(t) dong bi€n trén [0;4—00)
2y =1f(x)

Hé phuong trinh tuong duong véi
2x =1(y)

=2(y-x)=f(x)-1(y)

Do f(t) 1a ham dong bi€n nén, nfu y>x=f(x)<f(y) vd néu

y<x=f(x)>f(y). Vady x =y, khi d6 hé tr§ thanh:

X=y X=y
< .
X2+\/—=2y X2 —2x+4/x =0



X=y y=
y=

< \/2(\/;—1)(”\/;—1):0

0
1
3-

X=y=

\/g .
L 2

Vay hé phuong trinh c6 ba nghiém 1a (x,y)= (0;0);(1;1);[

3-53-15
2\/” 2\/’ .

Nhan xét:Ngoai st dung ham s ta thuc hién theo hai cdch sau:

Céch 1: Nhan thdy (00) 1a nghiém cla hé, xét véi x> +y* >0 khi d6 trl

theo v& hai phuong trinh ctia hé ta dudc

x2_y2+2(X_y)+\/;—\/;:Oc(x—y){x+y+2+

=0 x=y.

o]

Cich 2: Trir theo v€ hai phuong trinh ctia hé ta dugc:
x? +2x+\/;=y2 +2y+\/;.
Khi d6 ham s (1) =t* + 2t +/t dong bi€n trén [ 0;+o0) nén:

fx)=f(y)eox=y.

X2 +3x+ln(2x+1):y
Bai 15. (VMO01994 Bang B) Giai hé phuong trinh .
y2 +3y+1n(2y+1)=x

Loi gidi
biéu kién: x,y > —% :
Trur theo v€& hai phuong trinh clia hé ta dugc:
%2 —y2 +3x—3y+ln(2x+l)—ln(2y+1)=y_x_

& X2 +4x+In(2x+1)=y* +4y +In(2y +1) ().

Xétham s§ f(t)=t> +4t+ln(2t+1)trén (—%;+oo] , ta c6:

f'(t)=2t+4+ 2
2t+1

bién trén —5;+oo .

=2 t+l + 2 +3>O,Vt>—lnén f(t)1a ham dong
2) 2t+1 2



Viviy () & f(x)=f(y) & x=y.
Thay y = x vao phuong trinh thi¥ nhit clia hé ta dugc:

x*+3x+1In(2x+1)=x < x> +2x +In(2x +1) =0 (2).

Xétham s g(t)=t> +2t+ ln(2t + 1) trén (—%;-‘FOOJ , ta c6:

2 1 2 1 N
't=2t+2+ =2l t+— [+ +1>0,Vt>——nén g(t)la ham don
g 2t+1 [ 2} 2t+1 2 &) g

bién trén —5;+oo .

Vivily Q)< g(x)=g(0) = x=0=y=0.
Vay hé phuong trinh ¢6 nghiém duy nhit (x;y)=(00).

X+1+Vx2=2x+2=3Y
y+1+qy> —2y+2=3"

Bai 16. Gidi hé phuong trinh

Loi gidi
Trit theo v& hai phuong trinh clia hé ta dugc:

X—y+\/x2—2x+2—\/y2—2y+2=3y—3X.
S+ x+VxE=2x+2 =37 +y+4ly> =2y +2 (D).

Xétham sd f(t)=3"+t+\t> —2t+2 trén R, ta c6:

2
f'(t)=3tln3+l+L=3tln3+m+t_l>3tln3+|t_l|—+t_l>0’

VteRnén f(t)1a ham dong bi€n trén R.

Vivay D= fx)=1f(y) &>x=y.
Thay y = x vao phuong trinh dau clia hé ta dudc:

x+1+vx2 —2x+2 =3% @3X(x+1+\/x2—2x+2j—1=0 2).
Xétham so g(t):3_t(t+1+\/t2—2t+2)—1,ta co:

g'(t)=—3—tln3(t+l+MJ+3—t N
Je—2te2



1 3
t

B S
2 _2t+2

D01+L—ln3(t+l+ t2—2t+2j

t+1+ t2—2t+2jJ<0, YteR

t2—2t+2
VEE =2t 42 +t—1-+t2 —2t+2ln3(t+1+\/t2 —2t+2]

2 —2t+2

V2 =2t +2 +t—1—(t+1+\/t2—2t+2)
<
2 —2t+2 Ve =2t+2

Do d6 g(t)1a ham nghich bién trén R.

Vivay: Q) gx) =gl x=1=>y=1.
Vay: hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .

Tuong tu cdch trén ta gidi dudc hé téng quit:

X—1+vx2=2x+a’+1=2a’
,(azl).
y—1+4y? =2y +a’+1=a"

Hé phuong trinh nay ciing c6 nghiém duy nhat (x;y) = (1;1) .

DANG 2: UNG DUNG HE POI XUNG LOAI II
TRONG BAI TOAN GIAI PHUONG TRINH VO TY.

Dang 1: Phuong trinh (ax+b)n =pVex+d +gx+r.

bit Yex+d =ay+bnéu pc>0.

bit VYex+d = —(ay + b) néu pc<0.
Dang 2: Phuong trinh [f(x)]“ +b(x) = a(x)¥a(x)f(x) - b(x) .

pac /U f(x) - u" +b(x)=a(x)v
" | v=Yax)f(x) - b(x)

Pay la hé d6i xitng loai II ¢6 nhan tif chita bi€n a(x).

v? +b(x) =a(x)u .

Bai 1.Gidi phuong trinh 3/3x —5 =8x> —36x” + 53x —25..

Li gidi



’

ach 1: Viét lai phuong trinh di cho dudi dang:

Q

PBx-5=(2x-3) ~(x-2).
bit Y3x -5 = 2y —3khi d6 ta c6 hé phuong trinh:

S

2y-3=(2x-3) ~(x-2) |2y+x-5=(2x-3)
2y-3) 3x-5=(2y-3) .

3x-5=
bay la hé nia d6i xdng loai II. Trir theo v€ hai phuong trinh cda hé ta dudc:
2(x—y)((2x—3)2 +(2x—3)(2y—3)+(2y—3)2)=y—x.
@(x—y)[2(2x—3)2 +2(2x-3)(2y-3)+2(2y-3)’ +1}=0.

& x=y(do 2(2x-3) +2(2x-3)(2y -3)+2(2y -3)" +1>0).

Viy: bai todn dua vé gidi phuong trinh: Y3x-5=2x-3.

Maatwﬂﬁ:{ysﬂx‘s .

y =8x> —36x% +53x —25

Cong theo v& hai phuong trinh clia hé ta dugc:

y3 +y =(2x—3)3 +(2x—3) @.

Xétham s f(t)=t> +t,taco: £'(t)=3t> +1>0,Vt e Rnénham s§ f(t) dong bien.

Do d6 (1) < f(y)=f(2x—3) < y=2x-3 < /3x—5=2x-3.

x=2
&8¢ =36x7 4 51x-22= 0 (x-2)(8x* ~20x +11)=0| 545
X =
4
+
Vay: phuong trinh c¢6 ba nghiém la x =2,x = 5_4\/5 .

Bai 2. Gii phuong trinh: 8x> —13x +7 =(1+1Jg/(x +1)(2x—1)+x* —x—1
X

Loi gidai
Phuong trinh da cho tuong duong véi: 8x> —13x% +7x = (x + 1)\3/3x2 -2

& (2x-1) = (2 =x=1)= (e )3 (x 1) (2x 1)+ (2 -x -1




bitu=2x-1,v= J3x>—2tacé hé phuong trinh:
u? —(X2 —x—l)z(x+1)v
v —(x2 —x—l):(x+1)u'
Trit theo v€ hai phuong trinh trong hé ta dugc:

u=yv

2

(u—v)(u2+uv+v2+x+l)=0© 5
u“ +uv+v +x+1=0

THL:VGi u=v & 2x-1=33x> -2 & (x-1)’ (8x+1) =0 @x:lvx:—%

2
TH2:V6i u” +uv+v> +x+1=0 <:>(V+§J +%(2x—1)2+x+1:0
2
u 2 2 N N A ‘a
@4{V+Ej +4x +2(2x—1) +5=0, phuong trinh nay v6 nghiém.

Vay phuong trinh ¢6 hai nghiém x =1;x = —% .

B. BAITAP REN LUYEN

1
X+—=y+1
Bai 1.Giai hé phuong trinh y
y+—=x+1
X
Loi gidi

Diéu kién: xy #0.
xy+1= y2 +y
Hé phuong trinh da cho tuong duong véi: .
xy+1= X% +X

Trit theo v& hai phuong trinh clia hé ta dugc:

yz_Xz+y_x=0©(y—X)(X+Y+1)=O©Lz—l—x'

TH1: N&u y = x thay vao phuong trinh dau cta hé ta dudgc:
x2+1=X2+X®X=1:y=1.

TH2: N&u y =-1-x thay vao phuong trinh thit nhit clia hé ta dugc:



x(—l—x)+1=(—1—x)2+x<:>2x2+4x=0<i>x=—2:>y=1.

Vay: hé phuong trinh c6 hai nghiém la (x;y) = (1;1);(—2;1) .

X2 - Xy :3(2+y)
Bai 2.Giai hé phuong trinh )

yz—xy=3(2+x

Loi giai
Trit theo v€ hai phuong trinh clia hé ta dugc:
22 y=X
X" -y =3y-3x &< (x-y)Ix+y+3)=0< .
y y ( y)( y ) |:y ——3_x
Xét trudng hdp thay vao phuong trinh dau ctia hé tim dudc cdc nghiém

(X;Y) :(—2;—2){—3+2\/§;_3+\/§};(_3+\/§;—3+\/§J .

2 2 2

Vay: hé phuong trinh c6 ba nghiém:

(X;Y):(—2;—2)2(—32\/7;_3+\EJ{_3+\5;—3+\/g] :

2 2 2

4x+2)' =2y +15
Bai 3. Gidi hé phuong trinh

(4y+2) =2x+15

Loi gidi
Trit theo v€ hai phuong trinh clia hé ta dugc:
(4x+2)" —(4y+2)" =2y -2x = 4(x—y)(4x+4y +4)=2(y —x)
y=X
<:>(X—y)(8x+8y+10)=0 = 5+4x -
T4

Hé phuong trinh c6 bon nghiém:

6 6 6 6

(x:y) =(—%;—1—;);[1;1}[—%@;_9+\/ﬁ}[_9+m;—9+@

J.

X+y2 =y3

Bai 4. Gidi hé phuong trinh { 5

y+x2=x

Loi gidi
Trit theo v€ hai phuong trinh ctia hé ta dugc:




X—-y+y> —x* =y3—x3<:>x—y+(y—x)(y+x)=(y—x)(y2+xy+x2).

=X
@(y—x)(x2+xy+y2—x—y+1)=0© y2 5 .
X" +xy+y —x-y+1=0

TH1: N&u y = x thay vao phuong trinh dau cta hé ta dudgc:

x=0 x=0,y=0
x+x2=x3<:>x(xz—x—l)=0<:> xz#: x=1_2\/§, =1_2\/§.
1+\/§ 1+\/g 1+\/§
X = X = ,y =
L 2 L 2 2

TH2: N&éu x° + Xy + y2 —x—y+1=0cdng theo v€ hai phuong trinh cia hé
ta dudc: x+y+x2 +y2 =x> +y3.

x+y+x2+y2=x3+y3

Xét hé phuong trinh { (day la hé déi xing loai I).

x> +xy+y2 -x-y+1=0
Céch 2: Viét lai:
x? +xy+y2 —x—y+l=0<::>(x+y)2 +(x—1)2 Jr(y—l)2 =0

x+y=0
S9x=1 (voly).

y=1
Vay trudng hgp nay hé phuong trinh v6 nghiém.
Vay hé phuong trinh c6 ba nghiém:

1-v5 1=+/5 ) (145 14+/5
(x:y)=(0:0); ; N : J

2 72 I o2 7 2

x> +1=2(x2 —X+y)
ai 5. Giai hé phuong trinh

y3+1:2(y2—y+x)

Loi gidi
Trit theo v& hai phuong trinh clia hé ta dugc:
x> —y3 =2x2 —2y2 —4x +4y.

<:>(x—y)(x2 +Xy+y2)=2(x—y)(x+y)—4(x—y).



=X
@(X—y)(xz+xy+y2—2x—2y+4)=0© y2 ) .
X" +xy+y —2x-2y+4=0

TH1: N&u y = x thay vao phudng trinh thd nhat clia hé ta dugc:

x=1 x=Ly=1

1-5 :1—J§ yzl—ﬁ

x3+l:2x2@(x—l)(xz—x—1)=0<:> X=—=| X

2 2
1+\/§ X:1+\/§y:l+\/§

2 2 2
TH2: Néu X2+Xy+y2—2x—2y+4=0.

X=-y
o (x+y) +(x-2) +(y-2) =0 {x=2 o1y

y=2
Vay hé phudng trinh c6 ba nghiém la:

1—\/5 1—\/g 1+\/§ 1+\/§
(x;y)=(1;1);[ o M ; J

2 2 2

3
+1=2
Bii 6. Gii hé phuong trinh | Y
y3 +1=2x

Loi gidi
Trit theo v& hai phuong trinh clia hé ta dugc:
x> —y3 =2y—2x<:>(x—y)(x2 +xy+y2)=—2(x—y).
<:>(x—y)(x2 +xy+y2 +2)=0©X:y.

Véi y = x thay vao phuong trinh dau cta hé ta dudc:

x=1
X3+1=2X<:>(X—1)(X2+X—1)=O<:> x=_1+\/g

2
—1-+5
X =

2




x=1Ly=1
—1+\/§ —1+\/§
X = )y = .
2 2

B e A e

2 Y 2
Viay hé phuong trinh c6 ba nghiém:

2 R

N (1) S1HNS
(X’y)_(l’l)’( 2 72 2 2

2x2—y2:3x—2

Bai 7. Gidi hé phuong trinh .
2y2 —x?= 3y-2

Loi gidgi
Trir theo v€ hai phuong trinh clia hé ta dugc:
3X2—3y2:3X—3y©(x—y)(x+y—1)=0<:> Y= .
y=1-x

Xét trudng hdp thay vao phuong trinh dau ctia hé ta dugc: (X;y) = (1;1);(2;2).

(1+X)(1+x2)(1+x4)=y7 +1

Bai 8. Gidi hé phuong trinh .
(1+y)(1+y2)(1+y4)=x7 +1

Loi gidgi
Trit theo v& hai phuong trinh clia hé ta dugc:
(1+x)(1+xz)(1+x4)—(1+y)(1+y2)(1+y4)=y7 -x’.
o x! +(1+x)(1+x2)(1+x4)=y7 +(1+y)(1+y2)(1+y4) ).
Xét ham s6 £(t)=t’ +(1+t)(1+t2)(1+t4)trén R.
Ta ¢6 £'(t) =14t° +(t+1)2(3t4 +212 +1) S0,VteR .

Do d6 f(t)1a ham s6 dong bi€n trén R. Vivay (1) < f(x)=f(y) < x=y.
Thay ngugc lai phuong trinh ctia hé ta dugc:
(1+x)(1+x2)(1+x4)=1+x7.




Nhan thdy x =1khdng 12 nghiém cla phuong trinh nén nhan theo v& hai
phuong trinh véi 1—xta dudc:

(1—x)(1+x)(1+xz)(1+x4):(l+x7)(l—x)

x=0
Sl1-x3=1+x" - x-x | x=-1.

x=1
K&t hdp v6i x # 1suy ra (X;y) = (O;O);(—l;—l) )

Viay: hé phuong trinh c6 hai nghiém la (x;y) = (0;0);(—1;—1) .

x*+ Xy _2 =4
Bai 9. Gi4i hé phuong trinh y
s 2
y +xy——=4
X
Loi gidi

biéukién: xy #0.

Trit theo v€ hai phuong trinh clia hé ta dugc:

x* —y4 —z+g=0<:>(x—y)(x+y)(x2 +y2)—M=O.
y X Xy

@(X_Y)((X—i-y)(xz+y2)_i]:0® x=y

Xy xy(x+y)(x2+y2)—2=0'

Xét trudng hdp thay vao phuong trinh dau cda hé tim dudc nghiém.

(SX —4y)(3x+2y) =T7y-2x

Bai 10. Gidi hé phuong trinh .
{(Sy - 4x)(3y + 2X) =7x-2y

Loi gidi
Trit theo v€ hai phuong trinh clia hé ta dugc:

_ =Yy
(X—y)(23x+23y+9)—0@[23X+23y+920.

Xét céc trudng hgp thay vao phuong trinh dau clia hé, suy ra:

(x;y) =(O;0);(1;1).



(5x—4y)(3x+2y) =Ty -2x+20
Bai 11. Gidi hé phuong trinh

(5y-4x)(3y+2x)" =Tx -2y 120

Léi gidi
Trit theo v€ hai phuong trinh clia hé ta dugc:
(x—y)(61x2 +113xy +61y> +9)=0© x =y (do 61x2 +113xy +61y2 +9>0).
Thay y = x vao phuong trinh dau clia hé ta dudc:

25x° =5x+20 & 5% —x—4 =06 (x—1)(52 + 5x+4) =0 @ x =1 =y =1.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .

Bai 12. Tim cdc s6 thuc duong x,y théa man hé phuong trinh

(5x—4y)(3x+2y)’ =5(7y —2x +20)

(5y - 4x)(3y +2x)" =5(7x —2y +20)

Loi gidi
Trit theo v€ hai phuong trinh clia hé ta dugc:
(x —y)[(x + y)(167x2 +266xy + 167y2)+ 45} 0 x=y(do x,y>0).
Thay y = x vao phudng trinh th nhit clia hé ta dugc nghiém duong duy nhat
x=l=>y=1.

Vay: hé phuong trinh c6 nghiém duy nhat (x;y) = (1;1) .

(3x+2y)(y2 +6) %y(x2 + 1)

(3y +2x)(x2 +6) :§x(y2 + 1)

Bai 13. Gidi hé phuong trinh

Loi gidi
Hé phuong trinh da cho tuong duong véi:

2(3x +2y)(y2 +6) - 35y(x2 +1)
2(3y+2x)(x2 +6) - 35x(y2 +1) ‘

Trit theo v& hai phuong trinh clia hé ta dugc:




2 2 X=Yy
(x—y)(4x +45xy + 4y —47)=0<:> 5 5 .
4x° +45xy+4y- —47=0
TH1: N&u y = x thay vao phuong trinh thd nhat clia hé ta dugc:
x=0 x=0,y=0
10x(x2 +6)=35x(x2 +1)<:>x(25x2 —25)=0@ x=-1=|x=-1y=-1.
x=1 x=Ly=1
TH2: N&u 4x> +45xy +4y> — 47 =0 cong theo v& hai phuong trinh clia hé ta
dugc:
( 2 2 _
x+y)(4x —33xy +4y +25)—0.
(x + y)(4x2 —33xy + 4y2 + 25) =0

Xét hé phuong trinh:
4x% +45xy +4y* —47=0

Pay la hé d6i xitng loai I da bi€t cdch gidi(hé phuong trinh nay vd nghiém).
Vay hé phudng trinh c6 ba nghiém la (x;y) = (0;0);(—1;—1);(1;1).

(6x + 4y)(x2 + y2 —1) = Sy(x2 + 1)
Bai 14. Gidi hé phuong trinh .
(6y + 4x)(x2 + y2 - 1) = 5)((y2 + 1)

Loi giai

Trit theo v€ hai phuong trinh clia hé ta dugc:

X =
(x—y)(sz—Sxy+2y2+3):O<:> 2y 5 .

2X° =5xy+2y°+3=0
Xét trudng hdp va thuc hién tuong tu bai todn trén tim dugc cdc nghiém cta
hé la: (x;y)=(O;O);(—l;—l);(l;1).
VX+9+4y-7=4
Jy+9+vx—7=4

Loi gidi

Bai 15. Gidi hé phuong trinh {

biéukién x>7,y>7.

Nhan thdy x=7=y=7. Xétvéi x> 7.

Trit theo v& hai phuong trinh clia hé ta dugc
Vx+9—Jy+9 +y-7-x-7=0.




1 1
Q(X_Y)l:\/X+9+\/y+9_\/X—7+\/y—7]=0®xzy.

Vi vay 1 c6 e g Min {%Jrﬁ% 4@{/:1%\/ 7=4
—_ = X X = =

X=y
= Sx=y=7.
VxZ +2x-63=7-x

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (7;7).

Nhan xét:Pé ¢ \/x-|—9+\/y—7 >+/7+9 =4 nén hé wong duong véi x =7,y =7 .

NSy

Bai 16. Gidi hé phuong trinh {

Loi gidi
DPiéu kién: 0<x,y<2.
Néu x=0=y=0.Néu x=2=y=2.
Xét véi 0<x,y <2 trit theo v€& hai phudng trinh ctia hé ta dudc:

Ny 2y -2-x=0e 274 s =0.
ooy 2exs0e e e e

@(x—y){ ! + ! J=O<:>x=y.
hody —xe—y

Thay ngugc lai y = x vio phuong trinh dau ctia hé ta dugc x =0,x =2 (v 1y).
Viay: hé phuong trinh c6 hai nghiém (x;y) = (0;0);(2;2).

\/x2 +91=4y-2 +y2
\lyz +91=+/x-2+x2

Bai 17. Gidi hé phuong trinh {

Loi gidi
biéu kién: x,y>2.

Lay (1)—(2) theo v€ ta dudc:

\/X2+91—\/y2+91=«/y—2—\/ —2+y*—x%.

x2—y2 ) yox ]
<:>\/X2+91+\/y2+91 _\/X_“\/y_2 +(y=x)(y+x).




<:>(x—y) Xty ! +x+y |=0.
Vx? +91+\/y +91 \/x 2+4y-2

X+y 1
Jx? +91+\/y +91 \/X 2+4y-2
Thay x =y vao phuong trinh dau clia hé ta dudc:

\/x2+91=\/x—2+x2 VX2 +91-10=x-2-1+x>-9.

& x=y(do

+x+y>0).

x> -9
M+10 \/—2+1 +(x=3)(x+3)=0.

x+3 1
& (x-3 — -x-31=0.
( )\/x2+91+10 Vx—=2+1 J
o x=3(do X+3 X+3

—x-3< —Xx-3<1-2-3=-4<0).
Vx2+91+10 Vx-2+41 x+10

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (3;3) )

\/x2+21=y2+\/ﬁ
\/y2+21=x2+\/x—1

Bai 18. Gidi hé phuong trinh

Loi gidi
biéu kién: x>1,y>1.

Trit theo v€ hai phuong trinh clia hé ta dugc:

\/X +21-— \/y +21=y" —x +,/ —1=+/x—
oV +21+x% +4x - :\/y2+21+y2+«/y—1(1).

Xétham s§ f(t)=vt> +21+t> +~/t—1 trén [1;+oo)ta c6:

f1(t) = \/t2t+721 #2 \/tlj >0,vt>1 nén f(t) 14 ham dong bién trén
[1;+oo).

Viviy )< fx)=f(y)ex=y.

Thay y = x vao phuong trinh dau ctia hé suyra x=2.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2;2) .




)
J7x -8+ ! 62X =y

Bai 19. Giai hé phuong trinh (xy<0).

2
7y -8+ -2y =X

Loi gidgi
e 7
biéu kién: - 5 <x,y<0.

Nhin thiy x = —\/g khong théa man hé phuong trinh.

) 7 oy N PP
Xét x > —\/; trir theo v€ hai phuong trinh cua hé ta dugc:

2 2
%/7x—8—§/7y—8+\/7_zx _\/7‘2y —y—X.

6 6
. 7(x-y) B s
(3/7)(—8)2+§/7x—8%/7y—8+(%/7y—8)2 6{\/7—62;;2 +\/7—62sz
() 7 B 2(x+y)
(%x-s)z+ﬂ7x—83J7y-8+(3J7y—8)2 6{\/762)8 +\/762y2]

< x=y do x,y<0.

Thay y =x vao phuong trinh dau ctia hé ta dugc:

\/3 TXx —

Prx-8-(2x-2)+ 7_62"2 ~(2-x)=0.

7-2x"
Tx—8—(2x-2)’ 2y

(\3/7); ) r(2x-2)7x—8+(2x-2)"  [1-2%

+1|=




<:>(8x2—24x+17) X + 1 -0.

(M)2+(2x—2)m+(2x—2)2 6[ 7_2"2+2—x]

6

< 8x%—24x+17=0 (\7&0—x—§ 0) phlIdn%/ﬁ‘i‘lTh'nﬁy v0 nghiém[véi x<0.

Vay hé phuong trinh da cho v6 nghiém.

Bai 20. Gidi hé phuong trinh

Loi gidgi
Hé phuong trinh ¢6 nghiém khi x >0,y >0.

1 X
y= 4
Hé phuong trinh da cho twong duong véi: .
y =log, x
4

X

Hai ham s6 f(x) :[i] ,g(x) =log, x1a ham ngugc cla nhau nén c6 do thi
4

ddi xt@ng nhau qua dudng phin gidc géc phan tr thd nhit suy ra

fx)=gx)=x=y.

Thay y = x vao phuong trinh dau clia hé ta dudc:

X
X = l <:>x_4x—]:0<:>x:l:>y=l
4 2 2

N | —

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) =[

1
’2 .

(1+\/§)X =y+w
(1+\/5)y =x+m‘

Bai 21. Gidi hé phuong trinh

Loi gidi
Trit theo v& hai phuong trinh clia hé ta dugc:



(1+x/5)x—(1+x/5)y =y+\/y2+1—x—\/x2+1.
o x+V1+x2 +(1+\/5)X =me/1+y2 +(1+x/§)y @.
Xétham s§ f(t)=t+\1+t> +(1+\/5)ttrén R, ta cé:

£1(t) =1+

! +ln(1+\/5)(1+\/5)t >0,VteR nén f(t)1a ham dong bién
Je e
trén R.
Viviy )< fx)=f(y)ex=y.
Thay y = x vao phuong trinh dau ctia hé ta dudc:

(1+\/5)X=x+ 1+ x2 <:>(1+\/5)_x(x+\/1+x2)—1:0 ).
Xét ham s6 g(x):(l+\/§)_x(x+\/1+x2j—ltrén R, ta co:

g'(x):—ln(1+\/§)(1+\/5)_x (x+mj+(1+ﬁ)_x[1+ﬁ]
:(Hﬁ)X(HWJ[@

—ln(l+\5)]<0,VxeR .
Nén g(x)1a ham nghich bién trén R.

Vivily: Q) gx)=g(0) ©x=0=y=0.
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (O;O) .

22 x2+1
c =
Bai 22. Gidi hé phuong trinh y2+1
\/1+X +\/1+y =2\/1—xy

Loi gidi
biéu kién: x,y >-1,xy<1.
Phuong trinh thi¢ nhat clia hé tuong dudng véi:
2
YoxP 41 2 2
62:x2 et (X2+1)=ey (y2+1)<:>x2=y2<:>
e* yo+1

X=y
X=-y

Xét trudng hgp va tim dugc cdc nghiém ctia hé 1a (x;y) = (0;0);(—1;—1) .



8x3+y2+5x=\/§—y+x2

Bai 23. Gidi hé phuong trinh .
{8y3 +x2 +5y:\/§—x+y2

Loi gidi
Trit theo v€ hai phuong trinh clia hé ta dugc:
8x° —8y3 +y2 —x? +5x—5y=x—y+x2 —y2.
& 8x° —2x? +4x=8y3 —2y2 +4y o x=y.

Thay y = x vao phuong trinh dau ctia hé ta dudc:

8x> +6x = \/g o 4x° +3x =§ (gidi phuong trinh nay bing phuong phap

lugng gidc héa hodc 4n phu dang dai s& xem chuong 1).
Hé phuong trinh c6 nghiém duy nhat

b2)= i/ﬁlzﬁ +i/\61_6ﬁ;§/\/§1+6ﬁ +i/ ﬁl_aﬁ |

x> +3X+ln(x—1)=y+8
Bai 24. Gidi hé phuong trinh

y2+3y+ln(y—1)=x+8'

Loi gidgi

bieukién: x >1,y >1.
Trit theo v& hai phuong trinh clia hé ta dugc:

x? —y2 +3x—3y+ln(x—1)—ln(y—1)=y—x.
o x? +4x+ln(x—1)=y2 +4y+ln(y—1)©x=y.
Thay y = x vao phuong trinh dau ctia hé ta dudc:
x> +2x+ln(x—1)—8=0.
V€ trdi 1a mot ham dong bié€n trén (1;+oo) nén phuong trinh ¢6 nghiém duy
nhit x=2=y=2.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2;2) .

1, 1
Xy+—=X +—1+ 1
n
Bai 25.Gidi hé phuong trinh ’1‘ y1 .
Xy+—=y +——
y 1+xInx

Loi gidgi



biéu kién: x,y>0.
Vi xInx+1>0,ylny+1>0,Vx,y >0(chd y xét ham s8).
Trit theo v€ hai phuong trinh clia hé ta dugc:

1 1 5 5 1 1
———=Xx"—-y + - .
X y I+ylny 1+xInx
1 1
JREIS SRS BT T S B
x l+xlnx y l+ylny
b X 2 1 A .
Xéthamsd f(t)=t"——— trén (0;+oo),ta c6:
t 1+tint
2.2,
I+tlnt) +t" +t"Int
F(t) =2t 4 1+lnt2=2t+( ) ——>0.9t>0(do ? +2Int>0)
t (1+tlnt) (1+tlnt)

Nén f(t) la ham dong bién trén (0;+0) vi vay (1)< f(x)=f(y) < x=y.
Thay y=x vao phuong trinh diu clia hé va thuc hién xét ham s6 ta c6

x=y=1.
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .

log, (1+3cosx)=1log,(siny)+2
Bai 26. Giai hé phuong trinh{ 2( ) 3( )

log, (1 + 3siny) =log, (cosx) +2

Loi gidi
Diéu kién: cosx >0,siny >0.
Trit theo v& hai phuong trinh clia hé ta dugc:
log, (1 + 3cosx) —log, (1 + 3siny) =log, (siny) —log, (cosx) .
< log, (1 + 3c0sx) +log, (cosx) =log, (1 + 3siny) +log, (siny) @D.
Xétham so f(t) =< log, (1 + 3t) +log, ttrén (0;+oo) , ta c6:

3 1

rn= (1+30)In2 T n3

>0,Vt>0nén f(t)1a ham dong bi€n trén (0;+oo) )

Vivay (1)< f(cosx) = f(siny) & cosx =siny .
Thay vao phuong trinh thit nhit cda hé ta dudc:
log, (1 + 3cosx) =log, (cosx) +2 < log, (1 + 3cosx) —log, (cosx) -2=0(2).



Khdo sitham g(t) = log, (1 + 3t) —log, (cost) —2 suy ra (2) ¢ t0i da hai nghiém.

I cosx =1
siny =1

| cosx =1
Tacé:g(l)zg(—ij: 1= | cosx = —-
3 cosx=§

siny =




Ché & 4. HE PHUONG TRINH CO YEU TO PANG CAP
A.NOI DUNG PHUONG PHAP
1. Hé déng cap la hé c6 dang:
P*(x,y) =
k(X’Y) “ ,(C1,02 G]R).
Q (x,y)=¢,

trong d6 PX(x,y),Q*(x,y)1a cdc da thifc bac k,[kz%,1,2,3,4,5,..) clia x,y

khong chita thanh phan bac nhd hon k :
k . . k . .

Pk(xa}’) = Zpixk_lyl§Qk(Xa}’) = Zqixk_lylv(pivqi < R) .
i=0 i=0

xy(x2 +y2)=30

Vi du 1. Hé phuong trinh thi v€ trdi cdc phuodng trinh clia

Xy x? —y2 =24
hé 1a da thirc bac 4 cia x,y.

2x2 —5xy+3y2 =1

Vi du 2. H¢ phuong trinh { thi v€ trai cdc phuong trinh

3x? +4xy—y2 =3

ctia hé la da thirc bic 2 cua x,y.

Phuong phap: Xét xem x =0 hodc y=0 c6 phdi la nghi€ém cia hé phuong
trinh hay khong?

Xét trudng hop x =0 khi d6 dit y=tx,(teR) va dua vé h¢ phuong trinh

P(x,tx) =, xX*PX ()=,
=S :
Q*(x,tx)=c, [x*Q (D =c,
Pén day suy ra ¢, PX(t,1)=c,.Q"(t,1), day 1a phuong trinh da thic di biét
cach gidi. Tim dugc t tr d6 suy ra moi lién hé gitta x,y va dua vé phuong
trinh da thic v6i bi€n x hodc bi€n vy .
1. Mot s& hé quy dugc vé dang hé dong bac
alx2 + bly2 +exy+dx+ey=0

Dang 1: Hé phuong trinh béc hai .
a2x2 + b2y2 +c,xy+d,x+e,y=0



Phuong phdp:
Xét x =0 hodc y=0 c6 1a nghiém cia hé phuong trinh hay khong?

Xétvéi x =0 khi d6 dat y =tx,(teR).

Pua vé hé phuong trinh:
x* (al +b1t2 +c1t)+x(d1 +elt) =0 x(a1 +b1t2 +clt) = —(d1 +elt)
x? (a2 +b2t2 +c2t)+ x(d2 +e2t) =0 x(a2 +b2t2 +c2t) = —(d2 +e2t)'

d1 +et 3 d2 +e,t

Suy ra: 5 = > .
a, +bt" +c;t a, +b,t" +c,t

IEN (d1 + elt)(a2 +b,t% + czt) = (d2 Jrezt)(a1 +b,t% + Clt) .

Py 12 mdt phuong trinh bic ba ¢6 phuong phdp gii tdng quit nén tim dudc
nghi€ém t.

Thay ngudc lai hé ta tim dugc (x;y).

Ngoai ra dang hé nay con dudc gidi bing phuong phdp hé s6 bat dinh(xem
phuong phép hé s& bat dinh).

2 2
Dang 2:H¢ béc hai hai 4n {alx Ty Fexytdxtey+f =0

.azx2 + b2y2 +c,xy+d,x+e,y+1f, =0 .

Phuong phdp:
Thi tim cdc nghiém don gidn ching han tim dudc x =x,,y =y,
X =

+X .
0 thay vao hé phuong trinh va dua vé hé c6 dang 1.

Khi d6 dit
y=Vv+y,

(alx + bly)(clx2 +d,xy + ely2 ) =1
Dang 3: Hé phudng trinh c6 dang .
(azx + bzy)(czx2 +d,xy + ezy2 ) =f,

Phuong phap:
Xét y =0c6 1a nghiém cia hé phuong trinh hay khong.
Xét y #0dat x =ty khi d6 hé phuong trinh trd thanh:



y? (alt +b, )(clt2 +d;t+e, ) =1

y3 (azt +b, )(02t2 +d,t+e, ) =1, '
Suy ra: f, (alt +b, )(clt2 +d,t+e, ) =1, (azt +b, )(02t2 +d,t+e, ) .
Py la phuong trinh bic ba c¢6 phuong phdp gidi tdng quit nén tim dudc t,
thay ngudc lai hé ta tim dugc (x;y).

Chi ¥: Trong mot sd trudng hop dic biét hé gidi duge bang phudng phép hé
s6 bat dinh hodc phitc h6a(Xem phuong phdp hé s6 bit dinh va phifc héa
trong cling cudn sach).

P"(x,y)=a

Q"(x,y)=R"(x,y)
dwa vé mot phuong trinh ding cip bac kdé lam dugc diéu nay ta thé tir
phuong trinh dau vao phuong trinh thit hai cda hé ta dudc:

P™(x,y).Q"(x,y) =a.R"(x,y), ddy 12 phuong trinh ding cip bic k ta giai duoc.

Dang 4: Hé dang { , trong d6 m+n=k khi d6 ta phdi

2, .2
+y =2
Vi du 3. Hé phuong trinh oy .
XXy =x+y
Ta vi€t lai hé dudi dang :

x2+y2=2 x2+y2:2
3

1 - .
X +x2y=§(x+y)(x2 +y2) {xg’ +x*y—xy* -y’ =0

Lutu ¥:P6i khi can bién ddi dit 4n phu dé dwa vé dang hé ding cap.
B.BAI TAP MAU

x> —2xy+3y2 =9
2x2 —13)(y+15y2 =0

Bai 1. Gidi hé phuong trinh{

Loi gidi
Nhan thdy x =0 khong théa min hé phuong trinh.
V6i x #0 ta dit y =tx,(teR) khi d6 h¢ phuong trinh tré thanh:

x?(1-20+3¢ ) =9 2(1-20+3) 9 x*(1-2t+3¢ ) =9
f— S

x2(2—13t+15t2):0 152 =13t +2=0 t:%\/t:%



Xx==
= 2V
t==

3

2 2
2xy +3y% =9
Bai 2. Gidi hé phuong trinh 4~ Y Y 77
2x2 +2xy+y2 =2

Loi gidi
Nhan thdy x =0 khong théa mian hé phuong trinh.
Xétvéi x 0 ta dit y =tx,(t € R) khi d6 hé phuong trinh trd thanh
X2(1+2t+3t2)=9 2(1+2t+3t2)=9(2+2t+t2)

x2(2+2t+t2)=2 x2(2+2t+t2)=2

8
3t +14t+16=0 t=2vVt=——

= 2 5 = .
X (2+42047)=2 2(2e2)2

Vay hé phuong trinh ¢6 bon nghiém la (x;y) = (il;iZ);(ii;iij
17 17

3x2 +2xy +y2 =11
Bai 3. Giai hé phuong trinh{ roraxyTy

x2+2xy+3y2:17‘

Loi gidi
Nhan thdy x =0 khong théa man hé phuong trinh.
Xétvdi x#0 ta dat y =tx,(teR) khi d6 h¢ phuong trinh trd thanh

x2(3+2t+t2)=11 x2(3+2t+t2)=1l
= .
X2(1+2t+3t2)=17 11(1+2t+3t2)=17(3+2t+t2)



X2(3+2t+t2)=11
=

16t —12t—40=0

t=2
=
{xzil

Vay hé phuong trinh ¢6 bon nghi¢m la (x;y)=(£L+2);| +

.S a3
4 - xzilv X
43 |ly=22

x=i—3

N

53

\

i

3 73 )

Bai 4. Gidi hé phuong trinh {

6x> —xy—2y2 =56
5x> —xy—y2 =49

Loi gidi

Nhin thdy x =0 khong théa man hé phuong trinh.
Xétvdi x #0 ta dit y =tx,(t € R) khi d6 hé phuong trinh trd thanh

x2(6—t—2t2):56
=
x2(5—t—t2)=49

42t -7t-14=0
2 2 A
X (6—t—2t ):56

X2(6—t

56(5—t—t2)=49(6—t—2t2)'

—2t2)=56

x:J_rZ\/i Xx=%3 Z
3 5
v

7 7
N

Vay: hé phuong trinh ¢6 bon nghiém 1a: (x;y) = [iZ\/g;i\/z](ﬁ\/z; i2\/§J .

Bai 5. Gidi hé phuong trinh {

2X2—X(y—1)+y2=3y
xz+xy—3y2 =x-2y

Li gidi

Hé phuong trinh da cho tuong duong véi:

—xy+y2+x—3y=0

2x2
x? +xy—3y2 -x+2y=0
Nhin thdiy x=0=y=0 suyra (x;y) = (0;0) 12 nghiém ctia hé.



Xét x =0 tadit y= tx,(t € R) khi d6 hé phuong trinh trg thanh:

3t—1

x2(2—t+t2)+x(l—3t)=0 X = 2
PN 2—-t+t ‘

X2(1+t—3t2)+x(—1+2t)=0 Lo 12t
1+t-3t2

3t—1 1-2t
Suy ra: 5= 5
2—-t+t° 1+t-3t

&0 -3 = M+3=0 (¢ -1)(7t-3) 0.

3
t==
t=—1 [t=1 [t=-1 7
<Slt=1 ©{x=1lvi{x=-1v x=l.
3 =1 =1 43
t== y= y= _i
7 y 3

Vay: hé phuong trinh ¢6 bon nghiém Ia (x;y)= (0;0);(1;1);(—1;1){

7 3

43743

)

14x% —21y* +22x -39y =0

Bai 6. Gidi hé phuong trinh .
35x% +28y% +111x —10y =0

Loi gidi
Nhan thdy x=0=>y=0 nén (0;0) 1a nghiém ciia hé.
Xét x #0ta dit y = tx,(t € R) khi d6 h¢ phuong trinh trd thanh

X2(14—21t2)+x(22—39t)=0 X=39t—_222
14-21t

x2(35+28t2)+x(111—10t)=0 L Joe-111
35+28t2

39t-22  10t-111
o -

= < 18617 —421t2 +175t +112=0.
14-21t> 35+28t>

<:>(3t+1)(62t2 —161t+112)=0<:>t=—%.

Véi tz—% suy ra X=M=—3:>y=t)(=l.

1421t
Vay hé c6 hai nghieém Ia (x;y)=(0;0);(-31).




2y(x2 —yz):3x

Bai 7. Gidi hé phuong trinh .
x(x2 +y2)= 10y

Loi gidi
Néu x=0=y=0 suyra (O;O) 12 nghiém ctia hé.

Xét x#0 ta dit y =tx,(t € R) khi d6 h¢ phuong trinh tr§ thanh

2tx(x2 —t2x2)=3x 2t(1—t2)x2 =3 2t(l—t2).10t :3(1 +t2)
< 2

X(x2+t2X2)=lOtx (1+t2)x =10t (1+t2)X2=10t

20t* —17t> +3=0 tzi\/gvtzil
o o 5 2,
(1+t2)X2:10t

1 t=,|= x:ig i

t=— 5 {x:iZ 2\'5
=N RY = oy )
X =12 X=i§4§ y== y=i‘§ ﬂ
2\5 2125

Vay: hé phuong trinh ¢6 bon nghiém 1a (x y) = ir ir ( ‘{/: =4 E}

x(x2 —y2)=6y

Bai 8. Gidi hé phuong trinh .
2y(x2 +y2):5x

Loi gidi
Nhan thiy x=0=>y =0 suyra (0;0) 1 nghi¢m ciia hé.
Xét x#0ta dit y =tx,(t € R) khi d6 h¢ phuong trinh trd thanh
x3(1—t2):6tx 5(1—t2)=6t.2t(1+t2)
=
2t(1+t2)x3 = 5x xz(l—t2)=3t
12t* +17¢ —5:0 ( 1)( +5)=

“ x2(1—t2)=6t 2(1 t) 61




Vay hé phuong trinh c6 ba nghiém 1a (x;y)=(0;0);(%2;1).

(x—y)(x2 —yz):3

Bai 9. Gidi hé phuong trinh .
(x+y)(x2 +y2)= 15

Loi gidi
Nhan thdy x =0 khong théa mian hé phuong trinh.
Xétvéi x #0ta dat y =tx,(t € R) khi d6 hé phuong trinh trd thanh

X(l_t)'xz(l_t2)=3 - 15(1—t)(l—t2)=3(l+t)(1+t2).

x(1+t).x2(1+t2)=15 x3(1—t)(1—t2)=3

(1+t)(2t2—10t+2):0 t:_lvt:ﬁ;/i‘
(1=t (1-2)=3 (1-t)(1-¢)=3
t:5+\/5 t 5-421

2 2
< \% .
X=32+@ X=32+3\/E
14 7
X=32+@ X=32+@
14 7
= v :
54421 | 21 5-421 4 321
y= 2.2+14 y= 2.2+7

Viy: hé phuong trinh ¢6 hai nghiém la

I T R TR R TR B B N T TN I N
(x;y)z 2+ 14; > A2+ ; 2+T;T:2+—

14 7

x(x2 —xy+y2)=6y
Bai 10. Gidi hé phuong trinh

Zy(x2 +xy+y2)=7x

Loi gidi
Nhin thdiy x=0=y=0 suyra (0;0) 12 nghiém ctia hé.

Xétvéi x #0ta dat y = tx,(t € R) khi d6 hé phuong trinh trd thanh




2x3t(1+t+t2)=7x 6t.2t(1+t+t2)=7(1—t+t2)
=
x3(1—t+t2)=6tx xz(l—t+t2)=6t

1264 +1268 + 5 + Tt—7=0 (2t—1)(6t3+9t2+7t+7)=0
2 2 <
X O—t+t)=6t Xzo—t+€)=6t

ol 1649 +Tt+T7=0 (x40 |68 +97 +7t+7=0 (1)
= 2 vV 2 5 = \Y% 2 2
1y |x (1—t+t ):6t y=+1 |x (1—t+t ):6t
) 6t ) AT
Nhung do x =2—>0:>t>0 do dé (1) vo nghi€m.
t"—t+1
Vay hé c6 ba nghiem Ia (0;0);(+2;£1).

x3—8x:y3+2y

Bai 11. Gidi hé phuong trinh .
X2 —3=3(y2 +1)

Loi gidi
x> —y3 =8x+2y (1)

Hé phuong trinh da cho tuong duong véi:
x2-3y°=6 (2

Nhan thily x = 0 khong thda min hé xét véi x # 0 ta dit y = tx , khi d6 h¢ trd thanh:

X3(1—t3):(2t+8)x

6

>
)
—_—
—
|
(O8]
-t
)
N
Il

t=
Tit ddy suy ra 6(1—t3)=(2t+8)(1—3t2)<:>12t2 t-1=0

(ST

TH1: Vi t=1:> =
3 2):6



X N

X=t——

y:—— L

TH2: Vi t=— L — 4 o 13
x2(1—3t2)=6 :_ﬁ

13

Vay hé c6 bon nghiém la:

478 _\/778}(—4\/778 \/%]

(X’y):(3’1);(_3’_1);£ 313\ 13 13

Nhan xét:Tir hé trén ta c6 thé bi€n d6i nhu sau V& trdi ciia (1) 13 da thic

bac ba, v€ phdi (1) 1a da thirc bAc mdt. V& trdi clia (2) 1a da thitc bac hai do
vay nhin v& trdi clia (2) vao v€& phdi clia (1) @€ dugc mot phuong trinh ding
cap bac ba tir d6 suy ra moi lién hé giita x,y . C4c bai todn sau toi trinh bay

cdch nhu trén(duong nhién cdc ban c6 thé xi Iy bing cach dit y =tx).

8x+2
{){3—y3=8x+2y<:> X3—y3=—x+ y-(X2—3y2)

6
2 2 _
X" =3y" =6 x> -3y2 =6
3, .2 2 - - -

+ -12 =0 x(x=3y){x+4y)=0 x=3yvx=—4
<3){2 XZ Xy - ( Y)( Y) - 2}’2 y‘
x> -3y? =6 x> -3y’ =6 x“ -3y =6

3,3
+y =1
Bii 12. Gidi hé phuong tiinh |~ :
x2y+2xy2+y3=2
Loi gidi
Hé phuong trinh da cho tuong duong véi:
3,3
X +y =1 - 2% —x2y —2xy? +y* =0
X2y+2xy2+y3=2(x3+y3) x> +y’ =1 .
(x—y)(x+y)(2x—y)=0 X=y X=-y y =2x
V35 13,3 1 )31 )3,
x*+y’ =1 x+y =1 [x+y =1 |x"+y =1
1 1
X =—— X =—
2 V9
= v .
1 2
Y—S Y—g



11 1 2
Vay hé c6 hai nghiém 1a (x;y)=[—;— == .
2732 )\ 39 3o

iz

Bai 13. Gidi hé phuong trinh .
(x + y)(4 - xzy2 — 2xy) = 2y5

Loi gidi
Nhan thdy v& phai cha phuong trinh thit hai c6 bac 5 nén biéu dién 4-x*y* - 2xy
dudi dang bac 4. Thit vay ta c6:

2
4—)(2y2 —2xy =(x2 +y2) —xzy2 —(x2 +y2)xy:x4 -I—y4 +x2y2 —xy(x2 +y2).
Vay hé phudng trinh di cho tuong duong vdi:
X2 +y?=2 {x2+y2=2
=

(x+y)(x4 +y* +x%y? —xy(x2 +y2))=2y5 x> +y> =2y° '
X=y

9,0, S x=y==l.
X" +y =2

Vay hé c6 hai nghi¢m la (x;y)=(+L+1).

5x> -3y =x-3xy

2

Bai 14. Gidi hé phuong trinh
x> —x? = y2 - 3y3

Loi gidi
5x% +3xy =x +3
Hé phuong trinh da cho tuong duong véi: X Y=Y
x> +3y3 =x? +y2
Nhin thdiy x=0=y=0 suyra (O;O) 12 nghiém ctia hé.
Xétvdi x =0 dit y=tx,(t e R) khi d6 hé phuong trinh trd thanh:
x*(5+3t)=x(1+3t) x(5+3t)=1+3t

x3(1+3t3)=x2(1+t2)® (5+3t)(1+t2):(1+3t)(1+3t3)'

f—

x(5+3t)=1+3t x(5+3t)=1+3t
= .
9t* —5t2 -4 =0 (t2 —1)(9t2 +4)=0




t=1 1
- t=—1 |*75 [x=-1
= 1Vv = Y .
2 > v
2

Vay hé c6 ba nghiém 1a (o;o);(é;%};(—m) .

x3+y3—xy2=1

Bai 15. Gidi hé phuong trinh .
4x* + y4 =4x+y

Phan tich 16i gidi. V€ trdi phuong trinh diu cia hé dang bac 3 vi vdy nhan
vao v€& phdi phuong trinh thit hai clia hé ta dugc mot phuong trinh ding cip
bac 4.
Loi gidi
Hé phuong trinh da cho tuong duong véi
X3+y3—xy2=1 X3+y3—xy2=1

f— .
4x4+y4:(4x+y)(x3+y3—xy2) xy(3y2—4xy+x2):0

x3+y3—xy2:1 x=0 |x=1 . |X=Y x =3y
& = v hoic s, , V14, s
xy(x—y)(x—3y)=0 y=1 |y=0 X*+y =xy =1 X +y —-xy =

1
X=—=
x=0 [|x=1 |[x=1 25
& v v v
y=1 |y=0 |y=1 3
Y=3
25

Vay hé phuong trinh ¢6 bon nghiém la:
3

() =(on): (0 1) e |

[\

(x—y) =2
Bii 16. Gii hé phuong trinh y(x-y) =2,
3 3

x -y =1

el

Loi gidai
Hé phuong trinh da cho twong duong véi:




y.(X—y)2 =2 19y.(x—y)2 =2(x3 _y3)

-y =19 [P -y¥=19

2x3 = 21y? +38xy2 —=19x%y =0 x—y)(x=7y)(2x-3y)=0
)% y Xy X7y Q( Y)( y)( Y) .

x> —y*=19 x3—y3=19

3
X=y x =Ty X==y J18 [x=3
= Vi, \ 2 = \ .
19 [x’-y =19

Vay hé phuong trinh c6 hai nghiém la (x;y) =[

{US)
EN |
(98]
—
N
N
w
\®]
SN—

x3+y3=1

Bai 17. Gidi hé phuong trinh .
S yd=x2 4yl

Phan tich 10i gidi. V€ trdi phuong trinh nhdt cia hé 1a da thdc bac 3 nén

nhan véi vé& phai clia phuong trinh thit hai ta dugc mdt phuong trinh déing cap bac 5.
Loi gidi

Hé phuong trinh da cho tuong duong véi

x4y =1 x> +y’ =1
= .
x4y’ =(X2 +}’2)(X3 +y3) x2y? +x’y? =0

Xy(xz+y2)=0 {x=0 {x:l
= = \ .
X3 +y3 -1 y=1 |y=0

Vay hé phuong trinh c6 hai nghigm la (x;y)=(0;1);(10).
xM+y™ =1

k k—-m

Nhén xét: Tong quat cho hé phuong trinh:
xEpyk =xkm gk

7m,(k>m).

Nghi¢m ctia h¢ 1a (0;1);(1;0).

x> +3x = 448y° + 6y

Bai 18. Gidi hé phuong trinh
385x% —16y* =96

Loi gidai
Hé phuong trinh da cho tuong duong véi:




1
x3 — 448y° = 6y — 3x x3—448y3=%(6y—3x)(385x2—16y2)

385x% —16y* =96 385x2 —16y° = 96

f—
385x% —16y* =96

X — 4y 1251x +2694xy+10728y2)=0

{1251){ —42912y® —2310x%y —48xy> =0
Q{

385x% —16y* =96

>
Il
I+

o= |~

x =4y
= 5 5 =
385x° —16y” =96

I+

y:

Vay hé phuong trinh c6 hai nghiém la (X;y) = (i%;i%) .

x2+y2=2

Bai 19. Gidi hé phuong trinh 4 .
(x + y)(l + xy) =32

ayt o (xxy)

Phan tich 16i gidi. P& y 1+xy = T+ Xy = e khi d6 phuong trinh

thi hai cia hé trd thanh =32 x+y=2.

9
(x+y)
16

Loi gidi

Hé phuong trinh da cho tuong duong véi

x2 +y2 =2 9
4 (x+y) =2°

2,2 = .

(X+Y) el +xy | =32 |x?4+y*=2

2 y

X+y=2

( + )2 2 ) o {X =1
X -X" - :
2
Vay: hé phuong trinh da cho c6 nghiém duy nhat (x;y) = (1;1) .




33—y =
Bai 20. Gidi hé phuong trinh X+y.

x2+y2=1

Phan tich 10i gidi. Quy dong phuong trinh thd nhat ta dugc v€ trdi 1a da thic
bac 4 vay chi nhan v& phdi phuong trinh d6 vdi binh phuong vé trdi clia
phuong trinh tht hai clia hé ta dugc phuong trinh ddng c4p bac 4.

Loi gidi
DPiéukién x+y #0.
Hé phuong trinh da cho tuong duong véi:

(X+Y)(3X3 _Y3):1<:> (X+y)(3x3 —y3)=(x2 +y2)2.

X +y? =1 x> +y? =1

2x* + 3X3y - 2)(2y2 - xy3 - 2y4 =0
X% + y2 =1

(x - y)(2x3 +5x%y +3xy” +2y° ) =0

=
x2+y2:1
x=+L x=$i
- (x—y)(x+2y)(2x2+xy+y2)=0<:> B 2, \/g
x2+y2=1 y:iL y:iL
2 V5

Vay hé phuong trinh da cho c6 bon nghiém 1a:

(x:y)= [i%;i%};(i%;i%) :

. x* +xy+y’ =3
Bai 21. Giai hé phuong trinh s s .
X" +y +15xy(x+y)=32

Loi gidi
Nhan xét: Pay 1a hé d6i xdng loai I tuy nhién theo cdch gidi thong thudng
dit S=x+y,P =xy bai todn s& bi€n ddi tuong ddi dai va khé khin.
Hé phuong trinh da cho tuong duong véi:
X +xy+y’ =3 x> +xy+y’ =3

x5+y5+5xy(X+y)(X24"‘)"")/2)232<:> (X+Y)5 =32



{x+y=2 {x+y=2
= = ox=y=1.

X2 +xy+y?=3 xy =1

Vay hé c6 nghiém duy nhat (x;y) = (1;1) )

x> 4—4y—y3 -16x=0

Bai 22. Giai hé phuong trinh
y? =5x%+4

Loi gidi
Hé phuong trinh da cho twong duong véi
{x3—y3:16x—4y<::> X3—Y3=(Y_4X)(5X2_y2)
5x* —y2 =4 5x2 _y2 -4
213 —5x2y—4xy? =0  |x(7x—4y)(3x+y)=0
o |28 =58y —axy? =0 [x(Tx—dy)(3x4y)=0
5X2 —y2 =—4 5x2 —y2 =4
_4
x=0 X_7y x=%1 x=0 x=%1
Tly=2"]%0 Ny=m3 T ly=x2" ly=53"
y== —y2—y2=—4 y=+ y=x Y=+
49
Vay hé phuong trinh ¢6 bén nghiém la (X;y) = (O;J_rz);(i1;¢3).

X\/;—y y=2(4\/;+\/§).

x—3y=6

Bai 23. Gidi hé phuong trinh

z Py ° 2. ~ z 2 0 P2 ~ z A 3 BN ~
Phéan tich 10i giai: V€ trdi cua phudng trinh th& nhit c6 dang bac 5 va vé

21N A 1 A 2 A A A PN ~ 2 2yt ~ z* 2
phai l1a bac 5 do vay chi cAn nhén thém vao v€ phdi v6i v€ trdi cua phuong

trinh thit hai dwa vé phuong trinh dong bac 3 .

[\

Loi gidi
biéukién x>0,y >0.

Hé phuong trinh da cho tuong duong véi:

xx -y y=%(4\/;+\/§)(x—3y)c>{x x+xy —12y3x =0

x—3y=6 X-3y=6



- \/Q(J;—3\/§)(\/§+4J§)=o‘

x—-3y=6
<:>{x=0 y \/;:3\/§v \/;+4 y:OQ{x=9.
x=3y=6 |x-3y=6 |[x-3y=6 y=1

Viy hé phuong trinh c6 nghiém duy nhat (x;y) = (9;1) :

2x7 =9y =(x—y)(4xy -1
Bai 24. Gidi hé phuong trinh Y ( y)( Y )
x> —3xy+y2 =-1

Phan tich 15i gidi: Thay —1=x? —3xy+y? tit phuong trinh thit hai ctia hé
vao phuong trinh thit nhit ta dugc mot phuong trinh ding cap bac 3.
Loi gidi
Hé phuong trinh da cho tuong duong véi
2x* —9y° = (x —y)(4xy+x2 —-3xy + yz)Q {2)(3 —9y? =x>—y?

)(2—3‘)(y+y2 =-1

X3=8y3 X=2y X:2y X =42
1.2 2 A 2 Y, < .
X*=3xy+y =-1 X" -3xy+y =-1 y° =1 y =1

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (iZ;irl) .

x> —3)(y+y2 =-1

Bai 25. Gidi hé phuong trinh{ Xy e

2x2y — xzy2 +2xy =1 ‘

Loi gidi
) 2x2y2 +(x+1)2 =3
Hé phuong trinh da cho tuong duong véi: .
2xy(x + 1) - xzy2 =1
bit u=x+1,v=xy khi d6 hé phuong trinh trd thanh
{u2+2V2=3 u2+2v2=3(2uv—vz)
= .

2uv-v? =1 2uy—v? =1

@{uZ —6uv +5v2 =O©{(U—V)(U—SV)=O'

2uv—v2 =1 2uv—v? =1



x+1:i§ x=-2 2 x=—§

x+1=4%1 3 X=— 3

4 \ | Sy 1V 3v L
Xy == Xy=%— y_z y=2 y=—
3 8

Viay hé phuong trinh c6 ba nghiém la (x;y) = (—2;%}

x> +3xy” =—49

Bai 26. Giai hé phuong trinh .
X2 —8xy+y2 =8y —-17x

Loi gidi
Nhan thdy x =0khong 1a nghiém cta hé phuong trinh.
Xétvdi x #0dit y=tx,(t e R) khi d6 hé phuong trinh trd thanh

o8t-7 8t—7 b

x3(1+3t2)=_49 1—8t+12 (t2—16)—(8t—17) a-b

= .
x2(1—8t+t2)=x(8t—7) B N —49 __
143¢2 3(t2—16)+49 49 +4a

trong do a=t’ -16,b=8t-17.

b' 49
(a_b)3_49+3a

Tu dé suyra : <:>49(b3+(a—b)3j+3a:0

<:>a(49b2 ~49b(a—b)+49(a—b)’ +3j:0<:>a=0

Suy ra > =16=x° =—lox=-1>y=1%4.
Vay hé phuong trinh c6 hai nghigm (x,y)=(-1,4);(~1,—4).

Nhan xét:Ngoai ra c6 thé gidi hé trén bing phuong phdp hé s& bat dinh va
dit 4n phu dang tdng hiéu khi ¢6 ddu hiéu(xem phuong phap hé s& bat dinh
trong cling cudn sich) hodc dit 4n phu dang tdng hiéu.



2 2 5

X" -y =
Bai 27.Gidi hé phuong trinh ;-
y(x—y) =2
Loi giai
Hé phuong trinh da cho tuong duong véi:
Xz_y2:5 X2—y2=5
2 & .
y(x—y)3 :235()(2 —y2) (x—y)2 (2)(2 —21xy+27y2):0
_x:—3,y:—2
2.2 x —y2 = ? !
— —_ X:——’ o
& oy =S P = 4 ’ 4
5 .
(x—y) (2x-3y)(x-9y)=0 |[2x=3y | 9 1
x:9y 4 4
| x=3,y=2

Vay hé phuong trinh ¢6 bon nghiém la:

9 1 91
Xy)=(=3-2); | ———— [(32);| —— |-
(x9)=(2) (54 s 32 3
Nhén xét: TUr bai todn gidi hé trén ta hoan toan gidi dugc phuong trinh:
3
\/x—s(f —\/x—s) —2 biing phép dit &n phy:
u z\/; w-v?=5
=

v=4Xx-5 v(u—v)3=2‘

C.BAI TAP REN LUYEN

14x% = 21y* +22x -39y =0
35x% +28y% +111x —10y =0

Bai 1. Gidi hé phuong trinh{

Loi gidi
14x% —21y* =—22x +39y

Vi€t lai hé phuong trinh dudi dang: .
35x% +28y% =—111x +10y

14x2 = —22x

35x2:_111X©X:O:(X;y)=(0;0) la mot nghiém

Nhian thdy y =O:{

cla hé phuong trinh.



Xét y#0, dit x =ty khi d6 hé phuong trinh trd thanh:
y? (14t2 —21) = y(-22t+39)
y2(35t2 +28):y(—111t+10).
Suy ra:(~111t+ 10)(14t2 —21) = (-22¢ +39)(35t2 +28).
1126 417582 —421t+186=0<:>(t+3)(112t2 —162t+62)=0<:>t=—3.

y? (14t2 - 21) = y(-22t+39)

Khi d6:{x =3y @{X:_3.
t=-3 y

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (0;0);(—3;1).

3x? —-2xy =16

Bai 2. Gidi hé phuong trinh .
x? —3xy—2y2 =8

Loi gidi
Nhén chéo hai phuong trinh ctia hé ta dudc:
8(3)(2 —2xy) = 16(){2 —3xy—2y2)<:> (x+2y)2 =0 x=-2y.
=—1 =2 v=—]
y = x==y .
y=1 x=-2,y=1
Vay hé phuong trinh c6 hai nghiém 1a (x;y)=(-2:1);(2:-1).

Thay vao phuong trinh ctia hé ta dugc: 16y” =16 < {

2 2
) _
Bai 3. Giai hé phuong trinh | © 2V T =9
2x% —13xy +15y° =18

Loi gidi
Nhén chéo hai phuong trinh ctia hé ta dugc:
=0
2( _2xy+3y ) (2x ~13xy +15y ) {y .
X=y
TH1: N&uy = 0 thay vao phuong trinh dau clia hé ta dugc: x =+3.
TH2: N&u y = x thay vao phuong trinh dau cta hé ta dudgc:

2x2 =9 x= +i:>y

\/’




Vay hé phuong trinh ¢6 bon nghiém la:

(x:y)=(-3:0): (3:0); [—%;—%} (%%J

x2—3xy+)/27=—‘1/7 f \/7

Bai 4. Gidi hé phuong trinh .
x> +2xy—2y2 =1

Loi gidgi
Nhan chéo theo v€ hai phuong trinh ctia hé ta dugc:
l(x2 —3xy+y2)=—1(x2 +2xy—2y2)<:>2x2 —xy—y2 =0®{X=y2 .
y=—2X

Xét trudng hgp thay ngugce lai hé phuong trinh tim dugc cidc nghiém:

(x;y)z(—l;—l);(l;l).

(x—y)(x2 +y2) 13

Bai 5. Gidi hé phuong trinh
22
(x + y)(x -y )

25

Loi gidgi
Nhén chéo hai phuong trinh ctia hé ta dugc:
25(X —y)(x2 + y2)= 13(x + y)(x2 —yz) .
X=y
= (x - y)(2x —3y)(3x —2y) =0<|2x=13y.
3x =2y

Xét truong hgp thay ngudc lai hé tim dugc cidc nghiém

(x;y)z(—Z;—S);(3;2).

x2+y2:2

Bai 6. Gidi hé phuong trinh s 5 ; .
5x“y —4xy” +3y —2(x+y)=0

Loi gidi
Hé phuong trinh da cho tuong duong véi:
X 4y2=2 x2+yr=2
2 2 3 2,2 < :
5x7y —4xy” +3y —(x +y )(X+y)=0 2y —5xy? +4x%y-x* =0




_X=—1,y=—l
5 2 x=1Ly=1
x2+y2:2 X“+y =2 5 5
2 = x:y = X:—Z —’y:— —
(y—x) (2y—x):O x =2y 5 5
x=2 g = 2
I 57 7\5

Vay hé phuong trinh ¢6 bon nghiém:

(xsy)=(-1-1); (1:1); (2@;—@} [2@@] .

(x2 +Xy — 3y2 + l)x2 =—48
Bai 7. Gidi hé phuong trinh

(y2 +xy+1)y2 =-12

Loi gidi
Nhén chéo hai phuong trinh ctia hé ta dugc:
xz(x2 +xy—3y2 +1):4y2(y2 +xy+1)<:>(x2 —4y2)(x2 +xy+y2 +1)=O.
=2
exldy?=0a| Y .
X =-2y

TH1: N&u x =2y thay vao phuong trinh thit hai clia hé ta dugc:

(3y2 + 1)y2 — 12 v6 nghiém.
TH2: N&u x = —2y thay vao phudng trinh thi hai cia hé ta dugc:
(1—)/2)}’2 =2y -y -12=0y=2=x=74.

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (—2;4);(2;—4).

(6—x)(x2 +y2)=6x+8y

Bai 8. Gidi hé phuong trinh .
(3—y)(x2 +y2) =8x -6y

Loi gidi
Néu (X;y) = (0;0) 12 mot nghiém ctia hé.
Xét x2 +y? >0nhan chéo hai phucng trinh ctia hé va luge di x> +y? hai v&
ta dugc:
(6-x)(8x—6y)=(3-y)(6x+8y) e (x—2y)(4x+2y-15)=0



X =2y
< .
4x+2y—-15=0
Xét trudng hgp thay nguge lai mot trong hai phudng trinh clia hé tim dugc

a3 (e = (- O)e (1) (29 e D
cdc nghiém la (x,y)—(0,0),(Z,l),(4,2),(6, 2)

(6—x)(x2 —y2)=6x+8y

Bai 9. Gidi hé phuong trinh .
(3—y)(x2 —y2)=8x—6y

Loi gidi
Néu x2 —y2 =0=>x=y=0.
Xét x% - y2 # 0 nhin chéo hai phuong trinh ctia hé ta dugc:
(6-x)(8x—6y)=(3-y)(6x+8y) e (x—2y)(4x+2y-15)=0

x =2y
4x+2y—-15=0"

_2x? +7)(x—y)2 +1=0
Bai 10. Gidi hé phuong trinh ) .
(3x2 —4xy+4y2 —7)(X—y) -1=0

Loi gidi
Nhin thdy x =y khong thda man hé phuong trinh.
Xét x # ykhi d6 hé phuong trinh trg thanh:

2x24+7=- !
(x-y) x24T =—(3x2 4xy + 4y> —7)
2 2
3X2_4xy+4y2_7:;2 (—2x +7)(x—y) +1=0
X—Y)

5 x=2

(X—Zy) =0 X =2y y=1
= = ) ) = :
(—2x2+7)(x—y)2+1=0 (—Sy +7))’ +1=0 {X=—2
y=-1

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (—2;—1);(2;1) .

x> +8y3 —4xy2 =1

Bai 11. Gidi hé phuong trinh .
2x* +8y4 -2x-y=0




Loi gidi
Hé phuong trinh da cho tuong duong véi:
x>+ 8y3 —4xy2 =1
2xt + 8y4 — (2x + y)(x3 + 8y3 - 4xy2 ) =0

3 3 2 3 3 2

+8y” —4xy” =1 +8y” —4xy” =1

X y Xy S y Xy
2x* —8xzy2 +12xy3 =0

x> +8y° —4xy® =1 x= ’y_E
x=0 1
S| lx=lLy=—
x =2y 2
X =6y 3]
_—’y_
J25 7 2325

Viay hé phuong trinh c¢6 ba nghiém Ia: (x;y) = (0;1} (1;

2x(x—2y)(x—6y)=0'

3 2
-2 =-1
Bai 12.Giai hé phuong trinh {X xy

x4+y4+x—3y=0‘

Loi gidi
Hé phuong trinh da cho tuong duong véi:
x> — 2xy2 =-1

x* +y4 +(x —3y)(—x3 +2xy2): 0

3 2
—2xy° =-1
{X Xy

3x° +2x2y —6xy2 + y3 =0 ‘

3 2 x> — 2xy2 =-1

X® =2xy" =-1

= X =
("‘y)(3"2+5"y_y2):0 L, 2y+5 220
x* +5xy -y’ =

f—

Xét trudng hgp tim ra nghiém ctia hé phuong trinh la:




(x:y)=(-10);(1:1); \3/\/3775_6;52/37743/\/3775_6 ;
_#ﬁ__wa? JV37-6 |
5 7 2 N 5

16x%y? —17y* =-1

Bai 13. Gidi hé phuong trinh .
4xy+2x-Ty=-1

Loi gidi
Phuong trinh thit hai cia hé tuong duong véi :
4xy+1=7y—2x:>(4xy+l)2 =(7y—2x)2.

& 16x7y? +8xy +1=4x> —28xy + 49y < 17y” +8xy = 4x> —28xy + 49y~ .

< x? —9xy + 8y? =0<:{X:y .
x =8y
TH1: N&u x =y thay vao phuong trinh thit hai cla hé ta dugc :

x=1 x=1Ly=1
4x% +2x-Tx =1 4x> -5x+1=0 = 1= 1 1
X =— X = —’y = —
4 4 4
(tht lai thdy thda man).
TH2: N&u x =8y thay vao phudng trinh thi hai clia hé ta dugc :

32y =9y +1=0(v0 nghiém).

Vay hé phuong trinh c6 hai nghigm la (x;y)= (1;1);(1;1J .

x3+y3=7x+7y

Bai 14. Gidi hé phuong trinh .
x> —y3 =19x-19y

Loi gidi
Nhan chéo hai phuong trinh ctia hé ta dugc:
19(x —y)(x3 + y3 ) = 7(x + y)(x3 —y3)

< 6x* —13)(3y+13xy3 —6y4 =0.




= (x—y)(x+y)(2x—3y)(3x—2y):0<:> y :EX .

=—X
_y 3

Xét trudng hdp thay vao phuong trinh dau ctia hé tim dudc cdc nghiém:

(x;y) = (—3;—2); (3;2); (—2;—3); (2;3); (0;0) .

x> +y3 =4x°2 4—4y2

Bai 15. Gidi hé phuong trinh .
3 —y? = 6x% —6y>

Loi gidi
Nhén chéo hai phuong trinh ctia hé ta dudc:
6()(2 —yz)(x3 +y3)= 4()(2 + yz)(x3 —y3).

=X
<:>(x—y)3(x2+3xy+y2)=0<:> y2 5 .
X" +3xy+y =0
TH1 : N€u y = x thay vao phuong trinh thi nhit cia hé ta dugc :
-0 —0,y=0
X :{x y

2x3=8x2<:>{
x=4

X=4,y=4.

TH2 : N&u x? +3xy +y~ = 0 k&t hop v6i phuong trinh thit hai clia hé ta dugc

x2+3xy+y2=0 x2+3xy+y2=0
S .
x3—y3:6(x2—y2) (x—y)(x2+xy+y2—6x—6y):0
{x:y x=0,y=0
xz+3xy+y2 3_\/5 3_,_\/5
= Slx= ,y = )
x? +3xy +y* 2 2
X2 +xy+y? —6x—6y=0 x=3+\/§,y=3_\/§
- L 2 2

Vay hé phuong trinh ¢6 bén nghiém:

() -(o s 252255 25508

2 2 2




szrnyry2 =x+4y

Bai 16. Gidi hé phuong trinh
x> — 4y2 =1

Loi gidi
2
Tu hé phuong trinh suy ra: (x2 + Xy + yz) = (x + 4y)2 (x2 - 4y2) .
2x =5
¢>(2x:—5y)(3x2—%12xy—k13y2)=()¢$ 7 L
3x"+12xy +13y" =0
TH1: N&u 2x = 5y thay vao phuong trinh thit hai ctia hé suy ra:

25 5 5 2 5
— vy 4y =loy=t—=x=1—.
4y Y Y 3 3

TH2: Néu 3x> +12xy +13y? =0 = 3(x +2y) +y> =0

+2y=0 =0 .
¢>{X y ¢>{x o (thi lai thiy khong thoa man).

y=0 y=
. . 5 2)(52
Vay hé phuong trinh ¢6 hai nghiém 1a (x;y)=| ——;— [;| =;— |.
iy hé phuong ghiém 12 (x:y) ( 3 3][33j
x* +y4 =17(X+y)
Bai 17. Gidi hé phuong trinh .
x* —y4 =45(x—y)
Loi gidai
Nhan chéo hai phudng trinh cia hé ta dugc :
45(x—y)(x4+y4)=17(x+y)(x4—y4)
X=y
X =2y
S(x=2y)(x—-y)(2x - (7x2+9x +7 2)=O©
(x=2y)(x-y)(2x-y) y+7y Y 2x
x=y=0

Xét trudng hdp va thay vao phuong trinh dau clia hé ta dudc:
(X;y) =(0;0); (%;23/5); (23@;3/5); (%/ﬁ%/ﬁ) :
Vay hé phuong trinh ¢6 b&n nghiém:

(X;y)=(0;0); (%@;23/5); (23@;3/5); (%/ﬁ%/ﬁ)




Cha 43 5. KY THUAT SU DUNG PHEP THE

A.NQI DUNG PHUONG PHAP
Hé gom hai phuong trinh trong d6 c6 thé riit dugc mot bién theo bién con lai
va theo suy nghi don gidn th€ vao phuong trinh con lai clia hé ta dugc mot
phuong trinh da thic bac cao gidi dugc. Doi khi ta ciing thuc hién phép thé
hiing s6 hoic th€ mot bi€u thifc vao phuong trinh con lai.
DAu hiéu nhan bié&t
- Hé gdom mot phuong trinh 1a phuong trinh bac nhat ddi véi x,y .
- C6 thé riit mot bién theo bi€n con lai tir mot phuong trinh clia hé.
Cac dang hé da gap
Hé phuong trinh c¢6 bdn gom mot phuong trinh bac nhat vd mdt phudng trinh
bac hai hai 4n.

B. BAI TAP MAU

x+y—-1=0 (1)
Bai 1. Gi4i hé phuong trinh
7 PREng 3x3+x2(7y—3)+x(2y2—7y)=2y2 )

Loi gidi
Phén tich tim 10i gidi:
Nhan thay tir (1)ta c6 thé rit y=1-xhodc x =1-ydé th€ vao phuong trinh

(2) va dé ¥ s& dua vé phuong trinh bic ba v6i 4n x hodc 4n y. & day ta lua

chon phép th€ y=1-xvao (2)vi bac cia .y & (2)cao nhit la 2nén viéc
0 2 .o A , . LR P
tinh cdc bi€u thdc (1—x),(l—x) don gidn hon viéc tinh cdc biéu thic

(1-y)".

Rit y=1-xtr (1) th€ vao (2) ta dudc:

3+ 7(1-x) 3] x| 2(1-x) = 7(1-x) |=2(1-x)

Suy ra (x;y)=(—%;%J;(l;0);(2;—1)-

Vay hé phuong trinh ¢6 ba nghiém Ia (x:y)= (—%;%);(1;0);(2;—1) :



xy=x+7y+1

Bai 2. Gidi hé phuong trinh 5 5 ,
xy" =10y" -1

Phan tich 10i gidi:
Ta rit dudc y theo x tir phuong trinh ddu ctia hé th€ vao phuong trinh thit hai
clia hé dua vé mot phuong trinh bac 4 véi x .

Loi gidi
Nhin thdy y =1 khong théa min hé phuong trinh.
e N . N ., Ty+1 .
Xét v61 y =0 tu phuong trinh dau cua hé ta c6 x= " thé vao phuong
y —_—

trinh thi hai cia hé ta dugc:

2
(73”11] y2 =10y% -1 39y* +34y° —8y2 — 2y +1=0.
y_

c>(y+1)(39y3 —5y2 —3y+1)=0c>(y+1)(3y+1)(13y2 —6y+1)=0

Vé6i y=—1 suyra x =3.

Véi yz—% suyra x=1.

Viay hé phuong trinh c6 hai nghiém la (x;y) = [1;—%];(3;—1) .

3 _
Bii 3. Gii hé phuong trinh |x* - 2xy+5y= 7

3x2—2x+y:3

Phan tich 10i gidi:
C4 hai phuong trinh ctia hé déu c6 thé rit dugc bi€n y theo bién x nhung
viéc rit tir phuong trinh thd hai don gidn hon.
Loi gidi
Hé phuong trinh da cho tuong duong véi
{X3 2y +Sy=T x> —2x(—3x2 +2x+3)+5(—3x2 +2x+3)=7

y=-3x"+2x+3 y =—3x% +2x+3



7x3 —19x% + 4x +8=0 (x—l)(7x2—l2x—8)=0
= = .
y=-3x>+2x+3 y=-3x? +2x+3

6-2433 L _6+2V33

x=1 7 7
= \Y \Y .
{Y=2 yo ~153+44423 y_—153—44x/5

49 49
Vay hé phuong trinh c6 ba nghiém la:

oo [6-2433 —153+44423 ) (642433 —153-44423
) =12 222,

49 7 49

.. . 2x3+y(x+1)=4x2
Bai 4. Giai hé phuong trinh .

5x* —4xb = y2

Phan tich 10i gidi:
Phuong trinh dau clia hé chi chita y tu do nén ta rit y theo x va th€ vao
phuong trinh thit hai ctia hé va hy vong dua vé mdt phuong trinh bic cao doi
v6i x phén tich dugc nghiém.

Loi gidi
Nhin thdy x =—1 khong thda man hé phuong trinh.
Xét vdi x #—1 khi d6 hé phuong trinh tudng duong véi

) 5 _4x2—2x3
:4X -2x y x+1

Y x+1 < 42 2 2
5x* —4x8 = y2 5x* —4x8 = [uJ
x+1

B 4x2 -2x3

X+1 X = 0 y
4(2—)()2 { x+1
4 (5—4)(2)—— - (5 4x ) (x+1)" —4(2-x)" =0

(x + 1)2

4x? - 2x°
x=0 y=———
C){ \% X+1
y=0

4x* +8x3 +3x2 —26x+11=0

4x% - 2x3




4x* = 2x° 1

x=0 |¥Y=———F x=0 |x=1 2

= OV x+1 = Ov 1v .
y= x—l)(2x—l)(2x2+7x+ll)=0 y=tv = -

2

Vay hé phuong trinh c6 ba nghiém la (x;y)= (0;0);(1;1);(%;%)

X—«/y+1=5

2

y+2(x—3)\lx+1=—%.

Bai 5. Gidi hé phuong trinh

Phan tich 10i gidi:
Phuong trinh dau ctia hé n€u binh phuong khi cin thic ta rit duge y theo

x do vy ta thyc hién phép thé.

Loi gidgi
N >-1
biéu kién {X | khi d6 hé phuong trinh da cho tudng dudng véi:
yz-
5
X2>— 5
X=>—
2 ) )
5 2 21
= x—=| -1 Sy =Xx"=-5x+—
y( 2J ' 4
2 /
-5x+2(x-3 +1+6=0
y+2(x—3) x+1=—i * * (X ) *

21
& y=x2—5x+Z & 3.

(X—3)[X—2+2MJ=O 4

Vay hé c6 nghiém duy nhat (x;y)= (3;—%] .

4 3 2.2
< 2 =2
Bai 6. (TSPH Khoi B 2008) Giai hé phuong trinh {X Xy Xy x+9 )

x2+2xy=6x+6

Phan tich 16 gidi:



Cé hai phuong trinh ciia hé c¢6 diém chung 1a c6 chira nhian t& chung
R N 6x+6-x> . . PN
x> + xy do vay ta s€ thé xy= EE— tir phuong trinh thd hai cua hé vao
phuong trinh dau dua vé phuong trinh bac 4 v6i 4n x .
Loi gidi
Hé phuong trinh da cho tuong duong véi:

2
2 -
(x2+xy) =2x+9 [x2+mJ =2x+9
6x+6-x> ’
Xy:HT_X _6X+6_X2
2
x4 41250 14852 +64x =0 |x(x+4) =0 x=—4
T _bx+6-x° T ex+6-x> Ty
2 R :
A N p n ~ 17
Hé phuong trinh c6 nghi€ém duy nhat (x;y) = —4;Z .

x2+1+y(y+x):4y

Bai 7. (TSPH Khéi B 2006) Gidi hé phuong trinh .
(X2 +1)(y+x—2)=y

Phan tich 10i gidi:
C4 hai phuong trinh ¢6 nhan t& chung x? +1 néu rit tit phuong trinh dau thé
vao phuong trinh thi hai ta ¢6 nhan t& chung y .

Loi gidi
Hé phuong trinh da cho tuong duong véi:
X2+1:Y(4_Y_X) x2+1:y(4—y—x)

(x2 +1)(y+x—2)=y y(d-x—y)(y+x—2)=y

{x2+1=0 x2+1=y(4—y—X)
v

y=0 (4—x—y)(y+x—2)=1

x2+1=y(4—y—x) x2+1=y(4—x—y) X+y=3
< 2 < 2 <:>{ 2

—(x+y) +6(x+y)—9=0 (X+y—3) =0 X“+l=y



y=3-Xx x2+x-2=0 x=1 [x=-2
<90, & & Vv .

X" +1=3-x y=3-x y=3 |y=5
Hé phuong trinh c6 hai nghiém la (x;y) = (1;3);(—2;5) .

2

X +1+x+y:4
Nhén xét: Ngoai ra c6 thé dua vé he { 7
X% +1
.(y+x—2)=1
y

2

Pit4n phy u=2> 1 ;v =X+y—2(xem thém phuong phdp dit 4n phu).

x(x+y+1)—3=0

Bai 8. (TSPH Khaéi D 2009) Gidi hé phuong trinh > 5 .
(X + y) -t 1=0
X

Loi gidi
Diéu kién x # 0 khi d6 hé phuong trinh di cho twong duong véi
x+y=—-1 _3_
y . x+y—X
2 14 6 '
Li_lj _3 ii=0 ——242=0
X X2 X X
3 x=2
y=—-x-1 {X:
= X v
x-1)(2x-4)=0 W71 [Y=73

H¢ phuong trinh ¢6 hai nghiém 1a (x;y)= (1;1);[2;—%).

x+y=-1

3

Bai 9. Gidi hé phuong trinh 3 .
x* =3x=y -3y

Loi gidai

Hé phuong trinh da cho tuong duong véi

y=-1-x y=-1-x

<

x3—3x:y3—3y X3—3X=(—1—X)3—3(—1—X)

=-1-x x—1)(2x+1)(x+2)=0
B SN (S CYT ()

2x7 +3x°-3x-2=0 y=-1-x



A A N ) A 1s 11

Viay hé phuong trinh c¢6 ba nghiém la (x,y) = (1,—2),[—5,5}(—2,1) .

Nhéan xét: Qua cdc vi du trén nhan thdy phudng phap th€ hét sic don gidn
ma bat ky hoc sinh nao ciing nghi d&én dau tién khi gidi hé. Thong thudng
cdc hé c6 nghiém dep khi dua vé phuong trinh bac cao ta s& gidi dugc nhd
phan tich thanh nhin tit. Han ch€ clia phuong phdp nay 1a déi khi tinh todn
cong kénh d& din dén sai sét va mdt diém nita 12 néu hé c6 nghiém 18 viéc
gidi phuong trinh bac cao sé hét sic khé khin. Lic nay tht nghi dén cac
phuong phip khdc ching han nhu dit 4n phu. Mot luu ¥ clia phuong phap
nay 12 ta c6 thé th€ mot bi€u thitc, mot hiing s tir mot phuong trinh vio
phuong trinh con lai.

2
—-xy+1=0
Bai 10. Gi4i hé phuong trinh {y Y

X2+y2+2x+2y+1:0'

Phan tich 10i gidi:
Rit y? =xy—1 tit phuong trinh dau th& vao phuong trinh thi hai ciia hé ta
dugc phuong trinh duta dugc vé phuong trinh tich nén ta st dung phuong phap thé.
x? +xy+2x+2y=0<:>x(x+y)+2(x+y)=0
x=-2
S (x+2)x+y)=0< .
(x2)(x+3)=00| 22

Lot gidi
H¢ phuong trinh da cho tuong duong vdi:

y2=xy—1 - y2=xy—1
x2+xy+2x+2y=0 (X+2)(X+Y)=0

X=-2 X=-y {x=—2
= \Y = .
y==2y-1 [y’==y*-1 [y=-1

Vay hé phuong trinh ¢6 nghiém duy nhét (x;y) = (—2;—1) .

2x2+y) X+y)+x(2x+1)=7-2y
Bai 11. Gidi hé phuong trinh ( ( ) ( ) .

x(4x+1)=7—3y




Phan tich 15i gidi.
Né&u thuc hién phép thé bi€n thong thudng trong trudng hdp nay khong thuc
hién dugc @€ y dén s& 7 tu do & hai phuong trinh thit thé tir phuong trinh dudi

1én phuong trinh trén xem ta dugc gi? Hy vong dua vé dugc mot phuong
trinh tich.

Loi gidgi
Hé phuong trinh da cho tuong duong véi

{ 2X +y x+y)+x(2x+l)=7—2y

7=4x? +x+3y

2x +y x+y)+x(2x+1)=4x2+x+3y—2y
& .

7 =4x> +x+ 3y

@{m +y x+y)=2x2+y<:> (2X2+y)(x+y—1)=0‘
e
b

7=4x> +x + 3y 7=4x2+x+3y

y y=1-x

ﬁ

v 5 .
=4x°2 +x+3y [(7=4x"+x+3y

y

y=1-x
= v & + &
2x2—x+7 0 {ZXZ—X—2=O 1_\/ﬁ

N

N _
Vay hé phuong trinh c6 hai nghiém la (x:y) :(1 _\/ﬁ;3+Jﬁ} .

3 2.2

+7y=(x+ + +7x+4

Bai 12. Gidi hé phuong tiinh {7 (x+y) +x*y+7x+4.
3x2+y2+8y+4=8x

Phan tich 16i gidi. Bai todn nay ta thyc hién tuong ty bai todn trén rit 4 tu
do tr phuong trinh hai th€ vao phuong trinh dau ctia hé.

Loi gidi
Hé phuong trinh da cho tuong duong véi:



x> +7y = x+y)2-I—x2y+7x+8x—8y—3xz—y2
4=8x—-8y— 3x? —y

x> +2x% —x? y—2xy—-15x+15y = 0 (X—y)(x2+2x—15)=0

II

=8x -8y —3x* -y’ 4=8x—8y—3x>—y>

II

X=-5 x=3 x=3 x=3
5 \Y 5 = \4
2y* +4= 0 y>+8y+119=0 |y*+8y+7=0 |(y=-1 [y=-7

v X" +2x-15=0
4 =8x — 8y 3X —y 4:8x—8y—3x2—y2
Vay hé phuong trinh c6 hai nghiém la (x;y) (3 1) (3 7)

x2(y+l)=6y—2
Bai 13. Gidi hé phuong trinh A2 5 5 ,
X'y +2xy +y(x +1)=12y -1

Phén tich 15i gidi. C4 hai phuong trinh ¢6 nhan t& chung x> ti¥ phuong trinh

6y —

clia hé rit duge x% =
y+1

2 t6i day thé vao phuong trinh thit hai clia hé dua

vé phuong trinh da thifc bic bdn v6i 4n y . Nhung trudc tién phdi xét xem

y =—1 ¢6 1a nghiém ctia hé hay khong?
Loi gidi
Nhin thdy y =—1 khong thda man hé phuong trinh.
Xét y #—1 khi d6 hé phuong trinh da cho tuong duong vé6i

X2=6y_2
y+1
5 )
0y =2 | 2 92 Q¥ =21, fOY=2 4] jay2
y+1 y+1 y+1
2 6y-2
X = —
y+1 X2:6y_2 XZ:M
= = +1 y+1
4(y-1)(9y+1)y* | yri v ) ,
2 =y- y=1 4(9y+1)y =(y+1)
(y+1)



> 6y-2
y+1

36y° +3y? —2y—1=0
{x=i\/5 y vy =4
= \Y .

y=1 X

3y—1 (12 245 1):0 _

{x:i\/g (3y=1){12y" + 5y + {xziﬁ x
& v 6yv_2 & v

y=1 =272 y=1 y=

0
1
y+1 3

Viay hé phuong trinh c6 ba nghiém la (x;y) = (i 2;1);(0;%} .

X2+Xy+2x+2y=16

Bai 14. Gidi h¢ phuong trinh {(x +y)(4+xy)=32

Bai gidi
Hé phuong trinh da cho tuong duong véi
(X+y)(x +2) =16
(x+y)(4+xy) =32 '
Nhin thdy x =2 khong théa man hé phuong trinh.
Xét v6i x # -2 khi d6 h¢ tuong duong vdi

16 X+y= 16 N 16
X+2 & X+2 g y_x+2

(x+y)(4+xy)=32 1T62.(4+xy)=32 44+xy=2x+4
X

x=0 ([x=2vx=-6
% .
y=2

Vay hé phuong trinh ¢6 ba nghiém la (x;y) = (0;8);(2;2);(2;—6).

(x=1)" +6(x—1)y+4y*> =20
Bai 15. Gidi hé phuong trinh .
2

x> +(2y+1)2 =

Phan tich 10i gidi: Chua thd'y mdi lién hé nao giita hai phuong trinh clia hé
ta thit khai trién c4c biéu thic tich va hing déng thic ra xem sao? Nhian

thAy ¢6 nhan tif chung x> +4y? ta st dung phép th& cho hé nay.

Lui gidi




Hé phuong trinh da cho tuong duong véi
{xz —2x+]+6xy—6y+4y2 :20@{—2X+1+1—4y+6){y—6y:20

x> +4y? +4y+1=2 x> +4y* =1-4y

(3x—5)y=x+9
& .
xz+4y2 =1-4y

Nhin thiy x =§ khong théa man hé phuong trinh.

Khi d6 véi x ;t% hé tuong duong véi:

X+9
x+9 y=
y= 3x-5
Py 3x-5 Py 2 .
(1) =2 |2 28]
3x-5
_x+9
= Y 3x—5

9x* —30x> +32x> +190x +119 =0

X+9

= 3x-5 @{X:_l.
(x+1)2(9x2—48x+119)20 y=-1

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (—1;—1) .

3 2
2xy? =5
Bai 16. Gidi hé phuong trinh {X Xy

2x2+xy+y2 =4X+y.

Loi gidai
A ~. A 9 ~ A N 4 L, 2 5- X3
Nhan thdy x =0khong thoa man hé phuong trinh, v6i x =0 rit y~ =
X
tlf phuong trinh thit nhi't va thay vao phuong trinh thi hai cia hé ta dudc:

5-x°

2x2+xy+ =4x+y<:>3x3—8x2+5+2x2y—2xy=0.

<:>(x—1)(3x2 —5x—5)+2xy(x—1)=0<:>(x—1)(3x2 —5x—5+2xy)=o.




+2y2 =5

1
Vé6i x =1 khi d6 hé trd thanh { <:>y=i\/5.

2+y+ y2 =4+y
V6i 3x? —5x -5+ 2xy khi d6 thay vao phuong trinh thit hai ta dugc

2x2 —%(3X2—5X—5)+y2 =4x+y.

e x*+5x+5+2y? =8x +2y & x* =3x+5=2y(l-y) ().

2
V& trdi x> —3x+5= x| LU 1
2 4 4

V& phdi 2y(1—y)£%(y+l—y)2 =3

Tu day suy ra phuong trinh (1) v6 nghi€ém.
Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (l;\/g);(l;—\/a) .

13y° -3x% =1
Bai 17. Gii hé phuong trinh | >~
y2 +4y+1=5x+4xy
Loi gidgi
2
Nhin thily y =—> khong thda min he, nén véi y £ it x =¥ +1
4 4 4+5y

tlf phuong trinh thit hai thay vao phuong trinh thi nhit cda hé ta dudc:

2
13y3—3(M} =1.<:>(y—2)3(y+2)(13y2+16y+7)=0<:>{

4 + 5y

Vay hé c6 hai nghiém Ia (x;y)=(1-2);(1;2).

y=-2
y=2

Xy—x+y=2

3

Bai 18. Gidi hé phuong trinh ) 3 ,
X*—4x" +x+18=2y” +5y" -y

Loi gidgi
Nhan thdy x =—1khong théa mian hé phuong trinh.

Xét x=—Irut y= X—JFT tlr phuong trinh dau thay vao phuong trinh thit hai
X+

3 2
ciia hé ta duge: X —4x +x+18=2| XE2| 45 XFE2| X2
x+1 xX+1 x+1




x=—/2 x=—2,y=—/2
x=12 X—fy—f
<:>(x2—2)2(xz—x—4)=0<:> 1—&:){ - 17 f

1+2fg . 1+f[ /Hf

Vay hé phuong trinh ¢6 bon nghiém 1a:
(xy) =22} ((()(1 J17 mﬁ](uﬁmf}r

Nhan xét: Xem thém mot s6 bai todn ciing dang nay dugc dé cap trong chi
dé Ky thuat hé so bat dinh.
C.BAITAP REN LUYEN

xy+x—-1=3y
)(2(y—x)=2y2 .

Loi gidi
Nhan thdy x =3khong thda man hé phuong trinh.

Bai 1. Gidi hé phuong trinh {

Xét x # 3 tr phuong trinh ddu suy ra y = ;;1 thay vao phuong trinh thi hai
-X
ctiia hé ta dugc:

2
x> X_l—x =2 x-1 & x0 =5x +5x° +5x2 —4x+2=0.
3—-x 3—-x

<:>(x+1)(x4—6x3+11x2—6x+2)=0.

2 2 1
& (x+1)| (x2=3x+1) +1 0o x=-l=y=—

: . 1
Vay hé phudng trinh ¢6 nghiém duy nhat (x;y) = (—l;—EJ .

x(y—3)—9y=1

Bai 2. Gidi hé phuong trinh 5 .
(x—l) y2 +2y=-1

Loi gidi
Nhan thdy y =3khong thda min phuong trinh tif phudng trinh dau ctia hé suy
ra hé phuong trinh tudng dudng vdi:



{x<y3>(y3>-8y+4© )

2 9 _
(x—l) y +2y=-1 (x—1)2y2+2y=—1

1-

4(2y+1)
x_1:4(2y+1) x—l_?
- T Py
(X_1)2y2+2y:_1 [%;)} y2+2y+1=0
X_1=4(2y+1) 4(2y+1) X:2’y:_1
& y-3 o x—1= - C{
(2}’+1)(16y2(2y+1)+(y—3)2):0 (2y+1)(y+1)=0 x=ly=-2

. . 1
Viy hé phuong trinh ¢6 hai nghiém la (x;y) = (2;—1);[1;—§j .

2(x+2) =y+19
Bai 3. Gidi hé phuong trinh ) .
2(y+2) =x+1

Loi gidi

2 . 5
Riit x =2(y +2) —tir phuong trinh hai ciia h¢ th vao phudng trinh dau ta duc:

2
2[2(y+2)2—1+2} =y+19 < 8y* +64y° +200y” +287y +143=0.

<:>(y+1)(8y3+56y2+144y+143)=0.
=1
Y 43312081 -277
< 7 10 k.k={—————.
== 2
3 3k 6
x=1Ly=-1
P\ o L 10 kY7 10k
3 3k 6 3 3k 6
Vay hé phuong trinh ¢6 hai nghiém la:

(x;y)-(l;-l);[z(l o ka -1 - 10 kjvéik_ﬁ_wzosl—m |




Bai 4. Gidi hé phuong trinh {

4)(2y2 ery2 +4xy—3y3 +1=7y2
3xy—3y2—y+1=0

Loi gidgi

xy(4xy+y+4):7y2 +3y3 -1

Vi€t lai hé dudi dang: 3y2 ty—1
Xy=—"""-"
3
3y2+y—1 3y2+y—1 2 3
= 4. +y+4 (=Ty" +3y° -1
3 3
_y=1
_1
7%
<:>(y—1)(6y—1)(6y2+8y+1)=0<:> 440
6
_—4+\/E
L 6
_X=1,y=1
DUV
27 "%
= \F 4+\/B~
x=1—,|=y=—
2 6
f N
x=1+,—y=—"-
L 2 6

Vay hé phuong trinh ¢6 bdn nghiém la:

31 5 4+410 5 —4+410
(xsy)=(L1)s] === i 1=4 /55— | 145 ———
26 2 6 2 6
2x+4y+3+X=8
Bai 5. Giai hé phuong trinh y
11
4x+—+—=6
Xy
Loi gidgi

biéukién: xy #0.




6x —4x% -1

Rit y =—————— tlf phuong trinh thi hai va thay vdo phuong trinh dau cla
X
hé ta dugc:
A2 2 Ae2
2X_|_4.6x 4x 1+ X _ +6X 4;( 1=8.
X 6x —4x" —1 X

o (x—1)(8x3 —20x> +24x—5)=0.

4333261155 3261—155

x=1Ly=1

J— 2_

\/— X:k’y=6k 4% 1
——— Kk
343261155
4/3v/3261-155 3261—155
orlk————

33261 155

Vay hé phuong trinh c6 hai nghiém 1a (x;y) (1 1) [k %j
5/3v/3261-155 3261—155
dlk———_
3 3261—155
Xy—-3x—-2y=6

2

Bai 6. Gidi hé phuong trinh ) .
X“4+y —-2x—-4y=8

Loi gidai
Nhin thdy x =2 khong thda man hé phuong trinh.

Xét x #2rat y = % ti phuong trinh dau thay vao phuong trinh thit hai ta dugc:
X —

X — X =

2
x2+(3x+6] _2X—4.3x+6:8<:>x4—6x3+x2+60x+52=0.

=-1 x=—-1ly=-1
x=-2

<:>(x+1)(x+2)(x2—9x+26)=0<:>[x_ = 5 0"
Xx=-2,y=

Viay hé phuong trinh c¢6 hai nghiém la (x;y) ( ;- 1),( )
9

X(x+2)(2x+y) =

Bai 7. Gidi hé phuong trinh
X2 +4x + y=6




Loi gidai
Cach 1: Rit y = —x* —4x +6 tir phuong trinh thd hai ctia hé th& vao phudng
trinh dau ta dugc:

X(x+2)(2x—x? ~4x+6) =9 @ x* +4x> ~2x> ~12x+9=0.
2 2 =-3 =-3,y=9
o (x=1) (x+3) :o@tz:l :{z:l;] .
Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (1;1);(—3;9).

; (x2 +2x)(2x+y)=9
Cach 2: Viét lai hé phuong trinh dudi dang: .
x> +2x+2x+y=6

Pit u=x’+2x,v=2x + ykhi d6 hé phuong trinh tr§ thanh:

u+v=06 u=3 x2+2x=3 x=Ly=1
= = = .
uv=9 v=3 2x+y=3 x=-3,y=9

X2+Xy=X+2

Bai 8. Gidi hé phuong trinh .
(2y2 +5)x +13x% =26

Loi gidi
Nhan thdy x =0khong thda man hé phuong trinh.
. . X+2-x> . N N N L.
Xét x #0rit y =———tur phudng trinh dau thé vao phuong trinh thit hai
X

ctiia hé ta dugc:

2
2
X 2LMJ 45 +13x2 =26 = 2x* +9x° —x2 —18x +8=0.

X
=1 _X=1,y=2
1 |x=ly2?2
o (x-1)(2x-1)(x+2)(x+4)=0 X;i:» x:zz,yzzz'
x=—4 X =—4, =2
- ] 2

| Bai 9. (TSPH Khi D 2012) Gidi hé phuong trinh :




xy+x—-2=0 (D)
2x3—x2y+x2+y2—2xy—y=0 (2).

Loi gidgi
Dé thdy x =0khong thda man hé phuong trinh.

—X

Khi d6 rat y = tr (1) th€ vao (2) ta dudc:
X

2
2X3—X2.2;X+X2+(2_X] —2x.2_x—2_X:0 .
X X X X

o 2x5+2X4—2x2—6X+4=O©2(x—1)(x4+2x3+2x2+x—2)=0.

= (e (] (5 )2 =0 () ) )0

x=1

x=1 \/_

=3 = 1445 -
{x2+x—1=0 X = 1£V5

(\]

2

Suy ra (x;y) =(1;1);(_1i\/§;ix/§}.

Viay hé phuong trinh c¢6 ba nghiém la (x;y) = (l;l);(_1 J_;\/g ;i\/g].

x2+5x+y=9 )

Bai 10. Gidi hé phuong trinh .
33+ X%y +2xy+6x° =18 (2)

Loi gidgi
Rit y=9—x> —5x tir (1) thay vao (2) ta dugc:

x* +4x3 —5x%> —18x+18=0.

x=-3
@(X—l)(x+3)(x2+x—6)=0© x=1 .
x:—liﬁ

Suy ra: (x;y) = (—3;15);(1;3);(—1 —7;6+ 3\/7);(—1 +\/7;6 —3\/7).
Vay hé phuong trinh ¢6 b&n nghiém la:

(x;y) =(—3;15);(1;3);(—1—\/;;6+3\/;);(—1+ﬁ;6—3ﬁ).




2 2
—xv=1
Bai 11. Gidi hé phuong trinh |~ 7 Y71
2x3=x+y

Loi gidi
Rat y = 2% —x tir phuong trinh thit hai clia hé thay vao phuong trinh dau ta dugc:

2
x> +(2X3 —x) —x(2x3 —x)=1<::>4x6 —6x*+3x*-1=0.

=1 =—1,y=-1
X :{x y '

x=1

@(xz—l)(4x4—2x2+1)20c>x2 e
x=1Ly=1

Viay hé phuong trinh c6 hai nghiém la (x;y) = (—l;—l);(l;l) .

2 2
X (y+1)(x+y+1)=3x"-4x+1
Bai 12. Gidi hé phuong trinh { (y )( Y ) .

xy+y+1=x2

Loi gidi
2
Rit y = x 1 tir phuong trinh thit hai th€ vao phuong trinh dau clia he ta dugc:
X
2 2
XZ(X—IJLX 1-I—x-l—ljz?)x2 —4x+1.
X X

O R T e
<x(x=1) (x+2)=0< 2 3
Xx=-2 Xx==2,y= 5

Vay hé phuong trinh c6 hai nghiém Ia (x;y)= (1;0){—2;—%) .

9y4 —xy2 =12-4x

Bai 13. Gidi hé phuong trinh
4x% - y2x2 =3

Loi gidi
Hé phuong trinh tuong duong véi:

2
9y* —xy? =12 —4x 9(4x2 —3) —x3(4x2 —3):(12—4x)x4




132x* +3x3 - 216x2 +81=0 (x—l)(l32x3 +135x> —81):0

PN 3 PEN
2_4_°2 3
y =4 X2 y2:4__

x2
x=1
yt1

<\ [132x3 +135x2 -81=0"

3
y2=4——2
X

V3

Do y22034—%20®‘x‘27

V3

Khi d6 phuong trinh 132x” +135x” ~81=0v0 nghi¢m véi |x|> =

Vay hé phudng trinh ¢6 hai nghiém la (x;y) = (1;—1);(1;1) .

X+ xzy =y+2
Bai 14. Gidi hé phuong trinh ) .
(2x+y) +3y* =12

Lai gidi

y(x2 —1)=2—x 1)
Hé phuong trinh tuong duong véi

(2x+y) +3y> =12 )
¢ N&u x =1 thay vao (2) ta dudc:

(2+y)2+3y2=12<:>4y2+4y—8=0<:>le_2 .
Suy ra (x;y)z(l;l);(l;—2) .

e Né&u x =-1 thay vao (2) ta dudc:

y=-1

(2—y)2+3y2=12<:>4y2—4y—8=0®L_2

Suy ra (x;y) = (—1;—1);(—1;2) .

2—-X

e N&u x # +1 khi d6 rit y = tir (1) thé€ vao (2) ta dugc:

X" —




2-x Y (2-xY
[2x+ Xj +3[ XJ =12.ox0-3x* x> +9x2 —6x+1=0
x> -1 x“ -1

2
@(x3—3x+1) =0 & x3-3x+1=0.

Ta xét nghiém X € [—2; 2] ,dat x = 2COSt,(t IS [0; n]) phuong trinh trd thanh:

1 2 2
800s3t—6cost+1=0<:>cos3t=5<:>t=i?n+k?n,keZ.

21 4 2 4
Do te [O;n] =te —TC;—TE;8—Tc =X= ZCos—n,x = 2cos—n,x = 20058—7E .
9 9 9 9 9 9
Do phuong trinh bac ba ¢6 t0i da ba nghiém nén day 1a ba nghiém cta phuong trinh.
Vay hé phuong trinh c6 bay nghiém la:

2(1—cost B 2w 41 8
(X;y):(1;1)?(1;‘2);(‘1;—1);(—1;2);[2cost;¥J v6i te{?n;?n;?n}.

cos“t—1

x4—4x2+y2—6y+9=0 )]

Bai 15. Gidi hé phuong trinh
Xy+x2+2y-22=0 (2

Loi gidi
_ 2
Rt y =227 tir (2) thay vao (1) ta dudc:

X2 +2

2 2 2

. (2o s 16(x —4)

xodx? 4| =3 =0ex (x —4)+—2=0.
X“+2 (x2+2)

Xx=%2
<:>(x2—4)(x2—2)(x4+6x2+32)20<:> .
x:i\/i

bip s0. (X;y) = (i2;3);(-_h/§;5) .

— 2 — 2 =
Bai 16. Gidi hé phuong trinh (X 1) " 6(2 1)y Hhy=20 .
x> +(2y+1) =2

Loi gidi
Vi€t lai hé dudi dang:



x? +4y2 =1-4y

x2+4y2—2x+6(x—1)y:19 1—4y—2x+6(x—1)y=19
= :
x? +4y2 =1-4y

Rit y= % th& vao phuong trinh thit hai tim dugc nghiém: (x;y) = (—1;—1) .

o e txy =y
Bai 17. Giai hé phuong trinh 2 .

x> —4x2y =y

Loi gidai
Rit ytheo xti hai phuong trinh cia hé roi so sdnh v6i nhau tim dudgc
nghiém (x;y):(O;O).

xz(y+1)=6y—2
Bai 18. Gidi hé phuong trinh .
x4y2 + 2)(2y2 + y(x2 + 1) = 12y2 -1

Loi gidi
2
(x2 +1) y2 er(x2 +1) =13y2 -1

Viét lai hé phuong trinh dugi dang:
(y+1)(x2 +1)=7y—1

wv? +uv=13v> -1

Pit u=x>+1,v= y,(u>1)hé& phuong trinh tr§ thanh:
( ) u(v+1) =Tv-1

Rut u=7V_1

" tlt phuong trinh thit hai clia hé thay vao phuong trinh dau cla
v+

hé ta dudgc:

2 v=1 1

— — X:O’ = —

(7\/ lj V2+7V 1.V—13V21<:>|: 1= Y 3
3

v+1 v+1

Vay hé phudng trinh ¢6 hai nghiém la (x;y = [O;%];(i\/a;l) .

y2Jax —1+3 =5y2 —/12x -3
2y*3-2x =+/6 '

Bai 19. Gidi hé phuong trinh {




Loi gidi

biéu kién: 1 <x< 3
4 2
Rut y2 = \/g tlf phuong trinh thit hai cda hé thay vao phuong trinh dau,
243 -2x

ta duoc: Vax —1+6—4x +\/(6—4x)(4x—1)—5=0.

Dit t =/4x -1 +/6—4x = t2 :5+2\/(6—4x)(4x—1),(t>0).

2

t=3
t=-5

Phuong trinh trd thanh: t+ —5:O<:>t2+2t—15=0<:>{

Suy ra t=3<:>\/4x—1+\/6—4x:3<:>5+2\/(6—4x)(4x—1)=9.

1 }
=2 _3
y 4 X—Z,y—i\/g

Vay hé phuong trinh ¢6 bon nghiém la (x;y) =

1-y* =4
Bai 20. Gidi hé phuong trinh { y =y

4x2 +y4—4xy3 :1‘

Loi gidi
Nhan thdy y = 0khong thda man hé phuong trinh.

Xét y=0rut x = ! tf phuong trinh dau thay vao phuong trinh thit hai ctia

2
2 2
hétadu’cjc:4[1 y J +y4—4[14y ]y3:1.<:>(y2—1)(8y4+5y2—1):0
y

dy
y=—1 x=0,y=-1
Sly=1 =|x=0,y=1
J57 -5 21-+/57 J57-5
y==% X=t—F——=—=,y=1%
L 4 16y+/57 -5 4



Vay hé phuong trinh ¢6 bdn nghiém Ia:
() = (01 (s1)o 121057 5725 |
16+/57 5\775 \/f‘-—

3 3
Wy rx=1
Bai 21. Gidi hé phuong trinh {X YrXOY X

4)(3y2 +4x3 - 8xy —17x =-8

Loi gidi
Nhan thdy x =0khong thda man hé phuong trinh.
Xét x # 0khi d6 hé phuong trinh tuong duong véi:

(x3 +x)(y+1)=1
4x3y +4x° —8xy—-17x=-8
1

y= -1
x> +x
- 1 : 1
4x3( —1] +4x3—8>{ —1]—17);:—8
X3+X X3+X
1 1
y==3 -1 y== -1
< X" +X & X +X

x(8x6 +7x% —10x> —5) -0 x(x2 —1)(8x4 +15x2 +5)=o

x? =1 X:—l,yz—E
& 1 & 2
y:

x> +x X= ’y__g

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = [—l;—%];(l;—%] .

Ez(x—l)(mu)

Bai 22. Gidi hé phuong trinh <y

y=x2+x+1

Loi gidi
DPiéu kién: y #0,x > 3.
Thé y =x? + x + 1 tit phuong trinh hai vio phuong trinh diu ciia hé ta dudc:

3=(x3—1)(m“j.




Pit u=vx> +2 phuong trinh trd thanh:
3=(u2—3)(u+1)©u3+u2—3u—6=0

c{u—ﬂ@f+3u+ﬂ=0¢>u:2

= x3+2=2<:>x=%/§:>y=%/z+%/5+1.

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (%/5,%/1 + %/E + 1).

3
~2-0
Bai 23. Gidi hé phuong trinh {X Xy

y3+3xy+3=0.

Loi gidi
Nhan thdy x = 0khong thda man hé phuong trinh.
3

Xét x # 0khi d6 tir phuong trinh dau ctia hé ta c6 y = 27x

X
3
vao phuong trinh thi hai ctia hé ta dugc:

Thay y=2_

2-x° ’ 2-x° 3\
+3x. +3=0c>@,—1 =7

X X

3
@X3—1=§/7®X=\3/1+%/§3y= l_ﬁ .
\3/1+§/7

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) { 1+37;

m}
v

Nhan xét: Dang hé ndy dudc nhic t6i trong chi dé Cong trir va nhin theo
theo v€& hai phuong trinh clia hé cdc em theo doi.

2x2y +3xy = 4x% + Oy

Bai 24. Gidi hé phuong trinh
7y +6=2x> +9x

Loi gidi
Nhan thdy 2x* +3x —9 = 0khong thda man hé phuong trinh.
2
Rut y =L tlt phuong trinh dau clia hé thay vao phuong trinh thi
2x% +3x-9

hai ta dudc:



4x2

7— % L 6=2x2+49x <:>(x+2)(2x—1)(2x2 +9x—27):0
2x2 +3x-9
I [ 16
x=2 x=-2y=——
1 | 1
Sl x== =S| x==,y=——
2 2 7
—9+333 —9+333
e A

Vay hé phuong trinh ¢6 bon nghiém:

(x:y) =(— ;—g]{%;—%}[%F?’]-

4.2 2
—4xy+y =1
Bai 25. Gidi hé phuong trinh {X ooy =4

2x2—2x+y:—1

Loi gidi
Hé phuong trinh da cho tuong duong véi:
x*y? —4xy+y* =1
y= 2x% +2x -1
2
xH(-2x® 4 2x-1) = ax(-2x2 + 2x 1)+ (-2 4 2x -1 =1
y= —2x% +2x -1
x*(4x* —8x7 +8x" —4x+5) =0
y= —2x% +2x -1
4 2 2 2
X 4(X —x) +(2x—1) +4 (=0 x=0
= = =
y=-
y= —2x% +2x -1
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (0;—1) .

x+y=1

2x+3y+25.
(4-x)13-9) =S s

Bai 26. Gidi hé phuong trinh




Loi gidi
Pieu kién: (4-x)(13-y)20,2x+y+2#0.
Rit y =1-x tif phuong trinh dau va th€ vao phuong trinh thit hai clia hé ta dudc:

(12+x)__)’::28<:>(x+3) (4—X)(X+12)=28—X_
(X+3)(28 x)20 _[(s+3)(as-x)=0
( )2(4 x)(x+12)=(28-x) ( +6X — 22)(x2+8x—16):0

-3 x=v31-3,y=4-+31
x = 4\f 4 |xeaz-dy=s-a2
Viay hé phuong trinh c¢6 hai nghiém:

(X;y):(\/7—3;4—\/7);(4\/5—4;5_4\/5)-

.. . 2)(3+y(x+1)=4x2
Bai 27. Giai hé phuong trinh .

5x4 —4x° = y2

Loi gidai
Nhan thdy x =—1khong théa min hé phuong trinh.
4x? - 2x°

Rut y = thr phuong trinh diu thay vao phuong trinh thd hai cla hé,

2
2 5.3
ta dudc: 5x* —4x® Z{MJ .
x+1

<:>x4(x—1)(2x—1)(2x2+7x+11)=0c>

Viay hé phuong trinh c¢6 ba nghiém (x;y) = (0;0);(1;1);[%;%}

2

) _

Bai 28. Gidi hé phuong trinh {~ 20 TXFY=0
x* —4)(2y+3x2 +y2 =0

Li gidi

Nhan thy x = % khong théa man hé phuong trinh.




X2+X

2x—1"

Xét x # % tlr phuong trinh dAu cta hé suyra y =

2

Thay y = ; +)1( vao phuong trinh thit hai ctia hé ta dugc:

4 2 X2+X 2 X2+X ?
X —4x".——+3x"+ =0.
2x -1
x=0 x=0,y=0
ex(x-1)(x-2)(2x* +1) =0 [x=1 =| x=1y=2.
x=2 x=2,y=2

Viay hé phuong trinh c¢6 ba nghiém (x;y) = (O;O) (1 2) (2 2)

4 3 2.2 3 4
+2x°y -2 —12xy” +8y" +1=
Bai 29. Gi4i hé phuong trinh {X X'y —2x7y" —12xy” +8y 0

2x3y+y4 =1

Loi gidi
Cong theo v& hai phuong trinh clia hé ta dugc:
x* + 4x3y - 2)(2y2 -1 2xy3 + 9y4 =0.
2
<:>(x2 +2xy—3y2) =0 x° +2xy—3y2 =0.

Ta giai hé phuong trinh:

1 1
y=X X=——=,y=——
2 2
+2xy -3y =0 3 y
{X 5 xy4 Y = L=—3y & | 3 1\/5.
2x°y+y =1 3 4 — =
2 =1 =YY=z
X'y+y 43 4f3
Ao A . o " 1 1 1 1
Vay hé phuong trinh ¢6 hai nghiém: (x;y): ——= | ——=——— |-
WB)LU A 13

XY+3=ym
y2+4x+2(x—1)m=2x2+5'

Bai 30. Gidi hé phuong trinh

Loi gidi
€ phuong trinh da cho tuong duong véi:

Cach 1: Hé
(x+3x =3
2

+4x+2 x 1)\/x2—2x+4=2x2+5




y= X2 +34x

= .
Y +4x+2(x—1)Vx? —2x+4 =2x> +5
y= X2 +34x

= .
(x+\/x2 +3)2 +4x+2(x—1)\/x2 —2x+4=2x>+5

- y= X2 +34x
4x =2 +2xVx> +3 +2(x—1)\/x2—2x+4=0 (1)'

Xét phuong trinh (1):
4x —2+2xVx% +3 +2(x—1) X2 -2x+4=0.

<:>X+X\/X2+3=1—X+(1—X) (x—1)2+3 ).

Xétham s§ f(t)=t+tVt? +3 trén R, ta co:

2
') =1+Vt* +3 + NN 0,VteR nén f(t)1a ham dong bi€n trén R.

t?+3
1 1+13

Vi vay (2)©f(x)=f(1—x)®x:l—xc>x=5:y= .

2
1'1+\/E}

27 2

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) :£

Cich 2: Vi€t lai hé phuong trinh dudi dang:

y? =[,/(1—x)2+3+1—xJ2 ~ (x+mj2 =[,/(1—x)2+3+1—xr
Nhan xét: x +Vx* +3>0,(1-x)" +3+1-x >0 do 6
(x+mj2:(1/(l—x)2+3 +1—xj2 e xrV 43 =y (1-x) +3+1-x

] 14413

Sx=l-xox=—=>y=
2 2

X2+3y=9

Bai 31. Gidi hé phuong trinh . 5 .
y* +4(2x-3)y® —48y —48x +155=0




Loi gidi

9-x°

Rit y =
4 2
_ 2 _ 2 _ 2
9-x +4(2x-3) 9=x" 1 4827 48x+155=0.
3 3 3

o x*-18x? +36x-18=0 x* =18(x-1)’.

tif phuong trinh dau thay vao phuong trinh thit hai clia hé ta dudc:

_ 3 |9+6\2
x2=3\/5(x—1) x= _2_ 2
= =
XZ:_3\/§(X—1) 3 N 9—6\/5
X=—=+,/—
2 2

Chd 3 6. KY THUAT PHAN TICH THANH NHAN TU
A.NQI DUNG PHUGNG PHAP

F(x,y)=0

G(x,y)=0 '

Trong d6 c6 modt phuong trinh ctia hé dua dudge vé phudng trinh tich.
Ching han F(x,y) = f(x,y).g(x,y) 1a mot da thiic phan tich dudc thanh nhan ti.

Hé¢ c6 dang {

Thong thudng F(x,y)la phuong trinh bac hai hai 4n hoic 12 phuong trinh
déng cap tim dugc mdi lién hé gita cdc bi€n trong phuong trinh.
Mot s6 tich hay gip:

a+b=l+ab<>(a—1)(b-1)=0

au+bv=ab+uv<:>(a—v)(b—u)=0'

Khi d6 hé phuong trinh tuong duodng vdi:

f(x,y)-g(x,y)=0® f(x,y)=0 y g(x,y)=0
G(x,y)=0 G(x,y)=0 G(x,y)zO'

Phuong phdp phin tich thanh nhan tr ddi v6i phuong trinh bac hai hai 4n
Phuong trinh bac hai hai 4n c6 dang:
F(x,y)zax2 -I—bxy+cy2 +dx+ey+f=0.
Vi€t lai phuong trinh dudi dang: ax’ + (by + d)x + (:y2 +ey+f=0.
Coi day 12 phuong trinh bic hai 4n x va tham s6 13 y ta dudc:

A=(by+d)2 —4(cy2 +ey+f)=(rny+p)2.



—(by+d)+my+p

X =
S 2a ‘
uy ra X__(by+d)—my—p
- 2a
Do d6 F(x,y)=a _—(by+d)+my+p)f —(by+d)-my-p
T 2a 2a )

Khi d6 hé phuong trinh da cho tuong dudng vdi:

a(x_—(by+d)+my+p]{x_—(by+d)—my—pj:0.

2a 2a
G(x,y)=0

D6i v6i phuong trinh déng cAp bac cao cac em xem thém hé ding cip trong
cung cudn sach.

Chii y: Dau hiéu nhan biét dua vé tich d6i véi phuong trinh clia hé.

- Hé c6 mdt phuong hoic hai phuong trinh bic hai(nhung nhé 1a c6 thé 1a
bac bon hoic bic sdu vi biing phép dit x =t*,x = t* dua phuong trinh béc hai
vé phuong trinh bac cao hon).

- Heé c6 phuong trinh déng cap.

- Hé c6 mot phuong trinh cé dang tich uv—Av—-Bu+AB=0.

- Heé c6 mot phuong trinh 12 hiing ding thitc dang ...

- Hé c6 mot phuong trinh chita cin( thudng dwa vé nhan t¥ chung bing
phép dat an phy; phép nhan lién hgp hodc danh gid ham sd).

Nhéan xét. Ngoai ra n€u thanh thao st dung mdy tinh cAm tay ta phan tich
phuong trinh thanh nhan t hét sitc don gidn:

Mot vi du phan tich thinh nhan tif bing mdy tinh B tdi:

3 —3x2+2—(y2 —3)y=0(1).

Ta can tim moi lién hé giita x va y thong thudng s& chiing s& c6 dang tuyén
tinh y=ax+b.

+ Budc 1: Nhap vio mdy s& 1000 va lvu vao bi€n nhé A(SHIFT + STO + A).

+ Budc 2: Nhiap vao mdy tinh phuong trinh (1) v6i chi y & ddu c6 y ta thay
biang bi€n nhé A vira luu.

+ Budc 3: Gidi nghiém trén mdy (SHIFT + SOLVE).

+ Budc 4: Mdy hién két qud 1000 tic la x =y+1.



Vay ta viét lai phuong trinh du6i dang:

=3 -y 43y =0 x7 - 3x —(y+]) +3(y+l) =0

o=yt o] 2yt -o
ooy ) oyt )y -ax-ay-a -

Nhu vay néu st dung thanh thuc mdy tinh B6 tdi cdc bai todn st dung tinh
don diéu ctia ham s6 viéc tim ra ham dic trung khd don gidn.
B.BAI TAP MAU
Bai 1. (TSPH Khdi A 2011) Gidi hé phuong trinh:

5x2'y - 4xy2 +3y3 - 2(x+ y) =

5 ,(x,y € R)
2 2
xy(x +y )+2(x+y)
Loi gidi
Hé phuong trinh da cho tuong duong véi:
5x2y —4xy2 + 3y3 - Z(X + y) =0 5x2y —4xy2 + 3y3 —2(x + y) =0

&
Xy(XZ+y2)+2—(x2+y2)—2xy=0 (xy—l)(x2+y2—2)=0

5X2y —4xy2 +3y3 —2(X +y) =0

e

5x> y— 4xy +3y —2(x+y)=0

X+y_

x2+y2=2
5xy 4xy +3y —2(x+y) 0

xy =1

SXZy2 —4xy.y2 +3y4 —2(Xy+y2)= 0
<

x? +y2 =2

3y(x2 +y2)+2xzy—4xy2 —2(x+y)=0



_ x=1
xy =1 y=1
3y* —6y? +3=0
S =
{x +y =2 y=-1

6y+2x2y—4xy2—2(x+y)=0 {x2+y2:2

=t 2o | _ 210
L xR0

X =
{Y= 5 5
= \Y Y4
x=-1 V10 V10
y=-1 775 5

Vay hé phuong trinh ¢6 bdn nghiém Ia:

(xy)= —1;—1);(1;1);(25;\/;_0}(—Nﬁ—mj.

’ ’ 5

v =(5x +4)(4—x)

Bai 2. Gidi hé phuong trinh .
y2 -5x° —4xy+16x-8y+16=0

Loi gidai
Vi€t lai phuong trinh thd hai ciia hé dué6i dang:
y2 —(4x+8)y—5x2 +16x+16=0.
Coi day 12 phuong trinh bac hai v6i 4n 13 y ta dugc

Ay =(4x+8)" ~4(=5x" +16x +16) =36x"

=4x+8+6x:5x+4

Suy ra
_4X+8—6X_4

2
TH1: V6i y =5x + 4, thay vao phuong trinh dau cda hé ta dugc

—X

x=0=>y=4
x(5x+4)=0< 4 .
X=—§:>y20

TH2: Véi y =4 —x, thay vdo phuong trinh thit nhat ctia hé ta dudc




x4-x)=0s | FTUTY T
x=4=y=0

Vay hé phuong trinh ¢6 ba nghiém la (x;y) = (0;4),(4;0),(—%;0}

Nhan xét: Piy 12 dang hé phuong trinh bic hai hai 4n d3 dudc ban tdi ta
hoan toan x{ Iy bing phuong phdp da trinh bay trong chii dé trudc.

— 4y3 = 6x2y - 9xy2

NXFY +Hx—y =2

Bai 3. Gidi hé phuong trinh {

Loi giai
x+y=>0

biéu kién: )
x—-y=0

Nhan xét: Hé c6 phuong trinh dau 12 phuong trinh ddng cAp nén ta xi 1y
phuong trinh nay trudc tién.

x> —4y3 = 6X2y —9xy2 = (X —4y)(x2 —2xy+y2)= 0.
<:>(x—4y)(x—y)2 L0 | XTH

X=Yy

TH1: N&u x =y thay vao phudng trinh thd hai cia hé ta dugc:
V2x =2 x=2=y=2.
TH2: N&u x =4y thay vao phuong trinh thit hai clia hé ta dugc:

Py +fsy=2y=8-2115=x=32-8/15.

Viy hé phuong trinh c6 hai nghiém 1a (x;y)= (2;2);(32 ~8J15:8-2415 ) .

xy+x+y=x2—2y

X 2y—y\/x—1=2(x—y)‘

2
Bai 4. (TSPH Khdi D 2008) Giai hé phuong trinh {

Loi gidi
biéu kién: x>1,y>0.
Nhan xét: R rang phuong trinh thd hai chita cdn c6 dang phic tap ta khong
xt ly dugc gi nén tap trung nghién citu phuong trinh diu ctia hé c6 dang bac hai.
Phuong trinh thit nhit ca hé twong duong véi:



X=-y

(X+y)2—(X+y)—3y2—3xy=0c>(x+y)(x—2y—1)=0©L:2y+1.

Do x>1,y=20nén x=—-y vo ly.
Viay x =2y +1thay vao phuong trinh tht hai ctia hé ta dugc:
(2y+1).2y -y 2y:2y+2<:>(y+1)(«/2y—2)=O®y=2(d0 y>0).

Suy ra (x;y) = (5;2) la nghi€m ctia hé phuong trinh.

Bai 5. (TSPH Khéi B 2013) Gidi hé phuong trinh

,(X,ye]R).

2% +y7 —3xy +3x—2y+1=0
4x2—y2+x+4:\/2x+y+\/x+4y

Loi gidi
Dbiéu kién: 2x+y 2 0,x+4y=0.
Thyc hién tuong tu cdc bai todn trén ta vi€t lai phuong trinh diu ctia hé dudi

dang:(y—x—l)(y—Zx—l)—O@[izz;{r

+ TH1: N€u y = x + lthay vao phuong trinh tht hai cla hé ta dugc:

3K —x+3=V3x+1+V5x+4.

o 3[xF—x +(x+2— Sx+4|=0.

+(x+l— 3x+1

1 1
@(XZ—X)[CH + ]—0.
x+1+\/3x+1 x+2+\/5x+4_

oxi-x=0e X:0=> x:O,y:l‘
x=1 x=ly=2

+ TH2: N&u y=2x+1 thay vao phudng trinh thit hai cda hé ta dugc:

3—3x:\/4x+1+\/9x+4.

<:>3x+(M—1)+(\/m—2)—0.

4 9

+
\/4x+1+1 \/9x+4+2
Viy hé phuong trinh 6 hai nghiém 12 (x;y) _ (o; 1);('1;2).

<:>x[3+ J—O«@x—o:y—l.



Nhan xét: Nhu vay m4u chdt cda bai todn la dua vé gidi mot phuong trinh
vd ty bing phép nhan lién hdp. Cdc nim gan day Bo gido duc vdo dao tao
rit hay dua bai todn gidi hé phuong trinh vé mot bai todn gidi phuong trinh
vd ty bing cdch nhin lién hgp. PE chi ti€t thém vé phuong phidp ban doc
tham khdo Cuén “ Nhitng diéu cdn bié¢t LTPH K3 thudt gidi nhanh Phuong
trinh, bdt phuong trinh vé ty” ciung tac gia.

1—X2 3

3
[ } ;
+Xy+==y
Bai 6. Gi4i hé phuong trinh |\ X 2
(Xy+2)2 +L:2y+i
x> X

Loi gidi
biéu kién: x #0.

Phuong trinh thi hai cia hé tuong duong vdi:

2
xy+22+i:2.xy+2<:> xy+2—l :0<:>xy+2—l=0<:>yzi—g
x2 X X X xZ X

Thay y = 1 —zvéo phuong trinh thi nhat cda hé ta dudc:
x> X

3
1—x2 1 2) 3 (1 2Y
x| =2 |+==| === .
X2 X2 X X X2 X

<:>x(x—2)(3x4 +4x3 +2x2—12x+6):0<—”0—>x=2:>y=_%.

Do 3x* +4x3 +2x2 —12x+ 6> 0,Vx.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = [2;—%) .

2 2 2
+2X + -1) =2
Bai 7. Gii hé phuong trinh {© (xy-1) =2y,

)(3y3 + 3xy2 - 7y3 =1

Loi gidi
Phuong trinh thit hai nhi't clia hé tuong dudng vdi:
x> +2x+x2y2 —2xy+1—2X2y =O<::>(xy—x)2 —2(xy—x)+1=0.

@(xy—x—l)z=0©xy—x—l=0:>y=x+1

(do x =0khong théa man hé

phuong trinh).



Thay y = x+l vao phuong trinh tht hai cia hé ta dugc:

(x+1)3+3x(x—+lj —7[”1] —teox (x4 1) 4353 (x+1) = 7(x +1) =x°

X X
<:>(x(x+1)+1)3=8(x+1)3<:>xz+x+1=2(x+1).
145 1= \f 145
2 - 2
=1+\/§ <= 1+f 1+\/§

2 2 2
Viay hé phuong trinh c¢6 hai nghiém la:

(x.y):[l—ﬁj—ﬁ}{nﬁ,1+\E]
, e : ,

oxl-x-1=0

2 2 7 2

8xy

X2 +yt+ =16

X+y

Bai 8. Gidi hé phuong trinh .
X x_ X Ky

8y 3 \3y 4 2

Loi gidi
x> x?

biéu kién: x+y =0,y #0,—+-—2>0.
3y 4

Phuong trinh thit hai cia hé tudng duong véi:

3 2 2 2 2
2_X+X= x_+x_©x_+4x+3y: X" X+3_y 5 x_.4x+6y
3 2 \3y 4 T8y 6 3y 4 8y 8

X
sy
2 2 2
Lx_ 4X+3yJ 4x_'4x+6y<:>(x__4x+3yJ 0.
8 8y 8 8y 6

2

2

X _BAI a2 :2y(4x+3y)<:>{X:6y .
8y 3x =2y
TH1: N€u x = 6y thay vao phuong trinh dau clia hé ta dugc:
2 .28 [ 168 28
By 16 37 37 37

36y% +y° +
Ty



TH2: N&u 3x =2y thay vao phuong trinh dau cta hé suy ra:
8 12
X; =812 .
(xsy)=(-8:12); (13 13J

DGi chi€u lai dieu kién chi nhan hai nghiem (x;y)=(-8;12); (24

7’

\1|-l>

J

Vay h¢ phuong trinh ¢6 hai nghiém 1a (x;y)=(-8:12); [274 ;;j

\/;+\/2yi—4=x—y+l
8.Iy(x—2)+4—8y=(y—x)2.

Bai 9. Gidi hé phuong trinh

Loi gidi
DPiéu kién: x>5,y>2.

Phuong trinh thit hai cia hé tuong duong vdéi:

8\/xy —2y +4—8y=x2 —2)(y+y2 @4(xy—2y)+8 Xy —2 +4=(x+y)2.
<:>(2\/xy—2y +2)2 =(x+y)2 S 2\ Xy -2y +2=x+y
(do 24/xy -2y +2>0,x+y>0).

Vi vy hé phuong trinh trg thanh:

{2«/xy—2y+2zx+y x—2—2,ly(x—2)+y=0

S

VX=5+42y-4=x-y+1 \/X—5+\/2y—4=x—y+1‘

(2] =0 {J— Jy
N e R N N e

y=x-2 y=x-2 {x=6
= = = .
VX=5+2y-4=x-y+1 VX=54+42x-8=3 y=4

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (6;4).

3y2 +1+2(x+1)y:4y\1x2 +2y+1

Bai 10. Gidi hé phuong trinh
y(y - x) =3-3x

Li gidi

bieu kién: x> +2y+1>0.




Phuong trinh th nhat clia hé viét lai dudi dang:

4y2—4y\/x2+2y+1+x2+2y+1=x2—2xy+y2.
2 2y —X> +2y+1=x—
<:>(2y—\/x2+2y+1) =(x—y)2<:> Y Y y.
2y—\/x2+2y+1=y—x

TH1: N&u 2y —+/x> +2y +1 = x — y k&t hop v6i phuong trinh th hai ta c6 hé
phuong trinh:

3y-x20 3y-x20
3y —x=+4/x> +2y +1
y=x m@ 9y? —6xy —2y —1=0 < 9y* —6xy -2y ~1=0

y(y—x)=3—3x

yz—xy+3x—3=0 3y2—2y—18x+17:0
(x=1
3y—-x20 y=1
2
ooy —y Y =T 50 e (2 62+44178
3 9
2
x=Y Z2y+17 1344178
18 Y= 3

TH2: N&u 2y —+/x? +2y +1 =y — xkét hop v6i phuong trinh thit hai ta c6 hé
phuong trinh:

x+y=0 x=1lvyv=1
x+y:\/x2+2y+1

Ly
iyt +2xy-2y-1=0< 2 1_,_\/5.
3’

-x)=3-3 = =
y(y X) * y? —xy+3x-3=0 * Y 3

Viay hé phuong trinh c¢6 ba nghiém Ia:

(x;y):(l;]);[62“;\/%;134'\/%]-[%;“’@}.

3 13 3

(x+y+1)\/x—y +2y+2=0

Bai 11. Giai hé phuong trinh (x.yeR).
(X2 +2)(x—y—3)=y2 +2

Phan tich tim 10i gidi: Ta s& phan tich phudng trinh diu clia hé suy nghi tw

_a2+b

X
nhién nhat 1a dat {az VETY (a20)= 2

b=x+y b—az'




Khi d6 phuong trinh tht nhit ca hé trd thanh:
(b+1)a+b-a’+2=0<a’—(b+1)a—b-2=0(1) .
Ta c6 (1) 1a phuong trinh bic 2 clia a c6 A, =(b+1)" +4(b+2)=(b+3)".

b+1-(b+3
#z—lhoéc a=%=b+2.

Do vay viét lai phuong trinh th¢ nhat dudi dang:
(a+1)(a—b—2)=0©(\1x—y +1)(\/x—y —x—y—2):O.
Loi gidi
Hé phuong trinh da cho tuong duong véi:

(x+y+2—J_f_XJ__§+Q X+y+2_J_f_
(x +2)(x—y—3)=y ) (X +2)(X y-3)=y*+2
xz_yzz(x_y)(\/ﬂd)'
(x2+2)(x—y—3)=y2+2
v =3 y(x-y) +2(x-y) |
x+2)x y— 3 X+2—dx y +2X y
y =x* - (X—y)3+2(x y
4)+ (x y)3

x y)3 +2(x y

< [ +x V4 24/X y+4J
X

4
X - \/x y+2

X—y= 4 x=3
=
X+y= 2 y——l

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (3;—1) .

Suyra a=

[ —

N—

Nhin xét. C4ch khidc xem chi dé K§ thuat dit 4n phu dang tdng hiéu.



C.BAITAP REN LUYEN

Bai 1. (TSPH Khdi D 2012) Gii hé phuong trinh:

xy+x—-2=0
2x3—x2y+x2+y2—2xy—y=0'

Loi gidi
Bai todn nay dd dudc nhidc dén trong chli dé phudng phép th€. Tinh y ta phan
tich dugc phuong trinh thit hai ciia hé dudi dang:

_ 2
(xz—y)(Zx—}H—l):O@{y_; o
y=2X

Xét titng trudng hgp két hop v6i phuong trinh dau clia hé tim dugc céc nghiém:

(x;y):(m);[_#;—ﬁ}[#;ﬂ.

y2 = x+8)(x2 +2)

Bai 2. Gidi hé phuong trinh .
—(8+4x)y—5x> +16x+16=0

Loi gidai
Hé phuong trinh da cho tuong duong véi:
(2 2
y —(x+8)(x +2) x=0,y =4
y :(X+8)(X2+2) y=4—X X:—2,y:6
= = .
x=19,y=99
i y=5x+4

Vay hé phuong trinh ¢6 bon nghiém (x;y)=(0;4);(-2:6);(~5:9);(19;99).

x2—3x=y2—y—2

Bai 3. Gidi hé phuong trinh |
ai 1a1 e phuong trin (x+y)\/m=(2_x) (x+y)2+1

Loi gidi
Phuong trinh thit nh4t cia hé tuong dudng vdi:

2 2
=x-1
x2—3x+2:y2—y<:> y—l = x—3 & y=x .
2 2 y=2-Xx




Xét tirng trudng hgp va thay vao phudng trinh thé hai cia hé tim dugc cac
nghiém: (x;y) = (0;2);(1;0) .
Vay hé phuong trinh c6 hai nghiém la (x;y)=(10);(2:0).

\/x2+2y+3 +2y-3=0

Bai 4. Gidi hé phuong trinh 5 .
2(x3 +2y3)+3y(x+1) +6x2+6x+2=0

Loi gidi
biéu kién: x> +2y+3>0.
Phuong trinh thi hai cia hé tuong duong vdi:

253 +6x% +6x+2+4y> +3y(x+1)" =0.
o 2(x+1) +3y(x+1) +4y° =O©(X+l+2y)(2(x+1)2—y(x+1)+2y2j=0

2y =—x-1 2y =—x -1

= 2(x+1)2—y(x+1)+2y2=0© {

x=-1

y=0

TH1: Néu (x;y)=(—10)thd lai thiy khong théa man.

TH2: N&u 2y = —x — 1 thay vdo phuong trinh dau ctia hé ta dugc:

Vx? —x+2 =x+4<:>x=—ﬂ:>y=§.
9 8

14 5

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (—3%} )

x> +2x2y—3xy2 + Xy +x—-2y =2y2 (5y+1)
Bai 5. Gidi hé phuong trinh

2 2 2 '
(x +17y+12) =4(x+y+7)(x +3x+8y+5)

Loi gidi
Phuong trinh thit nhat clia hé viét lai dudi dang:
(X—Zy)(x2 +4xy+5y2 +y+1)=0.
@(X—Zy)((x+2y)2 er2 +y+1):0®x:2y.

Thay vao phudng trinh thi hai cia hé ta dugc:



(4y2 117y +12)2 —4(3y+ 7)(4y2 T 14y +5) o (4y2 +11y—2)2 0.

11+3J17 11+3f 114317

8
- .
:—11+3\/ﬁ o —11+3f —11+3Jﬁ

8 8
Vay hé phuong trinh ¢6 hai nghiém la:

(X,y):[_11+3\/ﬁ__11+3\/ﬁj'£—11+3\/ﬁ—11+3\/ﬁ]‘

S4y? Flly-2=0<

4 7 8 4 7 8

o (X +9)(X +9y)= 2(y—1)2
Bai 6. Gidi hé phuong trinh .

x2—2=4y1/y+1

Loi gidi
biéu kién: y>-1.

Phuong trinh thit nh4t cia hé dudc vi€t lai dudi dang:
(x2 +9)(x2 +9+9(y—1))=22(y—1)2.
2
<:>(x2 +9) +9(y—1)(x2 +9)—22(y—1)2 ~0(1).
Coi (1) 1a phuong trinh bac hai véi 4n 1a x? +9va tham s6 12 y , ta dudc:

2 2 2
A =81ly—-1) +4.22(y—-1) =1 -1) .
2,9 =810y 1) +4.22(y 1) =169(y 1)
Suyrax =2y - 11hodc x> =—1ly+2.

TH1: N&u x> =2y —11 thay vao phuong trinh thit hai ta dugc:

2y—13=4yy+1.

Phuong trinh nay v nghiém vi d€ phuong trinh c6 nghiém ta c6
2y—1320:>y2§:>4y\/y+1 >2y>2y—-13.

TH2: Néu x> =-1 ly +2 thay vao phuong trinh thi hai cla hé ta dugc:
—1ly=4yy+1 c>y=0:x =2c>x=i\/5.

Viay hé phuong trinh c¢6 hai nghiém Ia (x;y) = (i\/E;O).




Bai 7. Giai hé ph h xry=2
ai 7. Gidi hé phuong trin .
P ¢ 4x% +y? =5(2X—y)«/xy
Loi gidi
biéu kién: xy > 0. \/7

R6 rang hé nay c6 mot phuong trinh bac nhdt nén ta ¢6 thé xi 1y bing phép
th€. Tuy nhién néu dé y phuong trinh th hai:

4x? er2 =5(2x—y)\/g<:>(2x—y)2 —5(2y—y)\/g+4xy=0.

S et

T6i day thuc hién xét trudng hgp va thé tir phuong trinh ddu vao hai phudng

25+8\/g.28—8\/gJ
25 ’

25

trinh trén dé dang tim dugc nghiém (x;y) = (1;1);(

(x—y)(x2 +xy+y2+3)=3(x2 +y2)+2

4x+2 +J16-3y =x* +8

Bai 8. Gidi hé phuong trinh

Loi gidi

DPiéu kién: x> -2,y < ? )

Phuong trinh dau clia hé viét lai du6i dang:

x> —y3 +3(x—y)=3x2 +3y2 +2<::>(x—1)3 =(y+1)3 Sx=y+2.
Thay vao phuong trinh th@ hai cla hé ta dugc:
afy+a+t6-3y=(y+2) +s.

DPé gidi phuong trinh vo ty trén ta diing k§ thudt nhin lién hop tim dugc

nghiém y=0,y=-3.
Hé phuong trinh c6 hai nghiém la (x;y) = (2;0);(—1;—3).

3y2 +1+2(x+1)y:4y\1x2 +2y+1

Bai 9. Gidi hé phuong trinh
y(y—x)=3-3y

Li gidi

bieu kién: x> +2y+1>0.



Phuong trinh thit nha't cia hé viét lai dudi dang:

4y2 —4y\/x2 +2y+1+x2 +2y+1=x2—2xy+y2.

2 =X —
©(2Y_JT2}’H)2=(X—y)2<:> 2y_m”‘ y
2y_\/TZY'H:y—x

Xét trudng hgp va k&t hgp véi phuong trinh thi hai clia hé tim dudc

(x2)=(u){ 437,

: : 415 17
Viay hé phuong trinh ¢6 hai nghiém 1a (x;y)=(1;1
1y hé phuong ghi¢ (y)()(513]
X2+y2+x=3
Bai 10. Gidi hé phuong trinh .
x2—4y2+2i——1
x+y—-1
biéukién: x+y—-1#0.
Phuong trinh thit hai cia hé tuong duong véi:
(x+y—1)(x2—4y2)+x+y+2xy+1=0.
x+2y-1=0

(X+2y 1)(x — Xy —2y +y+1) (IR 5 ) .
XT—xy—-2y +y+1=0

Xét trudng hgp tim dugce cdc nghiém ciia hé phuong trinh 1a
(X;Y):(1;1);(1;_1)2(—2;—1);[—2;1_7} [_1+2\/ﬁ;3+\/ﬁ}

10°10 5 5
{—Hz\/ﬁa—x/ﬁJ

5 5

\/y+3=X2—x—y—3

12Y =x+3-2J4y —x
X

Bai 11. Gidi hé phuong trinh

Loi gidgi
biéukién: x 20,y >-3,4y —x>0.



Hé phuong trinh da cho tuong duong véi:

y+3+y+3=x>—x o (x/yT“%T:[X—lJZ .
3(4y—x)=x* —2x /4y —x (m+X)(m—X)=O

Ban doc ty chia trudng hgp va gidi ti€p tim dugc:

(xsy)=(3:1); 14@.19-@].

’

6 18

x> +y? +
Bai 12. Gidi hé phuong trinh Xty

Jx+y=x’-y

2xy

1

Loi gidi
Piéukién: x+y>0.

Phuong trinh thit nhit cia hé twong duong véi:

(x+y)(x2+y2)+2xyzx+y.

& x+y)((x+y)2—2xy)+2xy—x—y:0.

(
<:>(X+y)(x+y—1)(x+y+1)—2xy(x+y—1)=0.
( x+y=1

x2+y2+x+y=0.

= x+y—1)(x2+y2+x+y)=0<:>|:
Vi x+y>0:>x2+y2+x+y>0dod(’) x+y=1.

Viay hé phuong trinh da cho tuong duong véi:

x=1

x+y=1 y=0
) < .
AMX+y=Xx"-y {X=—2

y=3
Viay hé phuong trinh ¢6 hai nghiém la (x;y) = (1;0);(—2;3) .

X2 +yt+
Bai 13. Gidi hé phuong trinh X+y

Jx+y=x3—y2

2xy 1




Loi gidai
Thyc hién tuong ty bai trén dua vé gidi hé phuong trinh:

x+y=1 y=1-x y=1-x {XZI
X3—y2=\/X+y<:> )(3—(1—x)2—1=0<:> (X—l)(xz-l—2)=0<:> y:()'

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (1;0) :

2—\/X2y4 +2xy2 —y4 +1 22(3—\/5—)())/2
Bai 14. Gidi hé phuong trinh .

x—y2 +x=3

Loi gidi
bicu kién: x —y> >0,x°y* +2xy? —y* +120.
Phuong trinh thit nh4t ciia hé vi€t lai dudi dang:
2
(xy2 +1) —y4 :2(l+xy2 —(3—\/5)y2).

Nhin thdy y=0khong thda man hé phuong trinh nén chia hai v€ phuong
xy2 +1
y2

t23-2
¢ -1=42-8(3-V2)+4(3-12)
Viay hé phuong trinh tuong duong vdi:

2 1 {Xzz
Xy +1 2 _ _
2 =3 Y 3-x y=41

trinh trén cho y2 va dat t=

ta dudc:

» S>t=3.

E:zt—2(3—ﬁ)@

y : & C & RN
Vx-y?ex=3 3T = {y N
Vay hé phuong trinh ¢6 bon nghiém la

x/§+1

(X;y)=(2;—1);(2;1);(4—ﬁ;—m);@—\@; j

x> —2y3 +3(x—2y)=3xy(x—y)

23 =(1+4y—3x2)\/2x +1

Bai 15. Gidi hé phuong trinh

Li gidi

Y . 1
biéu kién: x > —5 .



Hé phuong trinh da cho tuong duong véi:
(x=2y)(x* =xy+y?)+3(x-2y)=0 |(x- 2y)(x —xy+y? +3)=0

=
2x3=(1+4y—3x2)x/2x+1 2X3=(1+4y—3xz)x/2x+1

x=2y

23 (1+2x 3x 2x+1 7 253 43x22x +1 - 2x+1) -0

x=2y y S
& 1 0

(X+\/2X+1) (2x+ 2x+1)=

2x+ +1 0

x=l—\/5,y=2—2\/5
= 1_\/3 1_\/5 .

X = ,y:

4 2

Vay hé phuong trinh ¢6 hai nghiém la:

()([22\/—)[1\/_1\/_}

2

x> —3x2y +4y3 :4(x—2y)2

X+Y +4/x=2y =3

Bai 16. Gidi hé phuong trinh

Loi gidi
biéukién: x +y>0,x -2y >0.
Hé phuong trinh da cho tuong duong véi:

X =
=2
e R S PR

/ - X
X+y+yx-2y=3 X+Y +4x-2y =3 {
y

Il
N W A

=-1
Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (6;3);(2;—1) .

2xy +7y =—x>+7x+8

\By +13 =v15-2x +vx+1

Bai 17. Gidi hé phuong trinh {




Loi gidai
biéu kién: -1<x < %
Hé phuong trinh da cho tuong duong véi:
( x) +7(y2—x)—8:0 (yz—x—l)(yz—X+8)=0
=

V3P 13 =15 2x +4x + 1 (V3YP +13=+15-2x +4/x+1

Xét trudng hgp va tim dugc nghiém cia hé la (x;y) = (3;—2);(3;2).

\X +x+y=5
Bai 18. Gidi hé phuong trinh { TYTETYES

Box ey =1

Loi gidi
biéukién: xy—-y>0,y<1,x<5.
Hé phuong trinh da cho tuong duong véi:

x+y<5
2{yxy-y=5-x-y sy 2
4 xy-y)=25-10(x+y)+x"+y” +2xy.
{\/S—XJm/l—y:l ( ) ( )
6-x—y+245-x-5y+xy=1

x+y<5 X+y=5
S x2+y? —2xy—10x -6y +25=0 < {x* +y* —2xy —10x =6y +25=0

25-x-5y+xy=x+y-5 25-x—-5y+xy=x+y-5

x=5
= .
{y=0

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (5;0).

X =2y =4/X
Bai 19. Gidi hé phuong trinh{ YN

x—1-\ay—1=1

Loi giai
>~ . 1
biéu kién: x>1,y> 5

Hé phuong trinh da cho tuong duong véi:




oo [ B2
Jx—1-\Py-1=1 ﬁ— y-1=1

x =4y x =4y
& < :
Vx—1-42y-1=1 Vdy—1—-2y-1=1

x =4y X =4y x=
=
Jay1=le2y—1 |ay-1=2y+22y1

1
2

2

l

2

Viy hé phuong trinh c¢6 hai nghiém la (x;y) = (2;—}[10;%} .

USRS x* +4y? =5
Bai 20. Giai hé phuong trinh

(x+y=1)y-1=(y-2)x+y

Loi gidi
biéu kién: x+y>0,y>1.

Hé phuong trinh da cho tuong duong véi:

{ijj)yﬁ—ﬁ—(y—l)ﬁ+ iy =

x? +4y* =5 {x2+4y2=5

i (e e e M

o x2+4y2=5<::> X=—1,y=—1.
Xx=—1 x=1Ly=1
D6i chi€u véi diéu kién suy ra (x;y) = (1;1) )

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) :

2+6y=§—«/x—2y
y .
X+4/X—2y =x+3y-2

Bai 21. Gidi hé phuong trinh

Loi gidi
bicukién: y#0,x -2y >0,x +4/x =2y >0.
Hé phuong trinh da cho tuong duong véi:




x—2y—y\/x—2y—6y2=0 (\/x—2y—3y)(\jx—2y+2y)=0
< .

X+4X—2y =x+3y-2

A X+4/X=2y =x+3y-2

Xét trudng hgp va tim ra nghiém cia hé 1a (x;y) = (12; —2);[%;%} .

Bai 22. Gidi hé phuong trinh

ANX+Y FA/X— =/x? —y2 +1
) .

(X2+y2) =1

Loi gidi

DPiéu kién: x+y>0,x-y>0.

Hé phuong trinh da cho tuong duong véi:

(\/x+y—l)(\/x—y—1)=0 {Xer:l

(X2+y2)2:1
[ x+y=1
2
((X+y)2—2xy) =1
&
x-y=1
2
((X—y)2+2xy) =1

x-y=1

,
(x2+y2) =1

x+y=1
x=0,y=1
4x2y2—4xy=0 Y
&S| x=1Ly=0
X—2y2=1 x=0,y=—1
4x°y° +4xy =0

i chi€u v6i dieu kien nhan hai nghiém (x;y)=(0;1);(1;0).

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (0;1);(1;0) .

Bai 23. Gidi hé phuong trinh

1 1
X——=y——
X y.

x> =2y-1

biéu kién: xy #0.

Li gidi

Hé phuong trinh da cho tuong duong véi:

y(x2 _1)=x(y2 _1)©{(x—y)(xy+l):0

x3:2y—1

x3=2y—1

S xy=-1




r =y [(x=1
{3 2x +1=0 y=1
X' =2x+1= x=y .5
= 1 = ) = X:_l— S,
y:_; (x—l)(x +x—1)=0 2
-1+
i xt4x+2=0 y= 1_2\/3

Viay hé phuong trinh ¢6 ba nghiém la:

(XQY)Z(I;l){_IJ; > ;_1+\/§}[_1+\/§;_1+\/§}

2 2 2

3 2
-3 3y = 3
Bai 24. Gidi hé phuong trinh {X ARy =XES

2y2 -9x? -3xy=y-3x

Loi gidgi
Hé phuong trinh da cho tuong duong véi:

x=3
(x—3)(x2—y+1)20 - LZ_ijlz()

(y-3x)(3x+2y-1)=0 y=3x
3x+2y-1=0

[(x=3

y=3x i

x=3 x=3,y=—4
3x+2y-1=0 [X=3y=9

= Slx=-1ly=2

{Xz—erl:O X l’y 5
:3 X:——’ = —
= Ty
x2—y+1:0

| Bx+2y-1=0

Vay hé phuong trinh ¢6 bdn nghiém la:

(x3) (-0 )2 -3

Bl

J

2
— (x-y)
Bai 25. Gidi hé phuong trinh { V2X 12y +1="——"

(x+y)(x+2y)+3x+2y=4




Lai gidi
S 1A 1 1
biéu kién: x> ——y>——.
2 2
Phuong trinh thit hai cia hé tuong duong véi:
y=1-x
2 2 —
X +3(y+1)x+2y +2y-4=0& x+4 -
2
TH1: N&u y =1-x thay vao phuong trinh thit nhat clia hé ta dudgc:

2 2 2
\/2x+1+J3—2x=[2X2 lj & 4+2V3+4x—4x> :[w] .

4

Pit u=+3+4x —4x* dwa vé phuong trinh bac bdn vdi 4n 12 u cudi ciing im
dudgc hai nghiém ctia phuong trinh 1a:

X+42—%<:>XS—3V61}7 do XZ—%.

TH2: Néuy =—

Viay hé phuong trinh ¢6 hai nghiém la (x;y) = [—%;%J;(%;—%}.

Jax=3=(2y? +11)(17-y)+ly

Bai 26. Gidi hé phuong trinh
y(y—3x+3)=5(3x+2)

Loi gidi
biéu kién: x > %,y >0.
Phuong trinh thit hai cia hé tuong duong vdéi:
(y+5)(y—3x-2) =025y =3x+2.

y—2
3

1/4.y3;2—3 =(2y2+11)(17—y)+\5@W-ﬁ:(zy%n)(n—y)

Thay x = vao phuong trinh thi nhat clia hé ta dugc:




17
oY _ (2y2+11)(17 y) o (y-17) +2y +11]=0
4y 17 \/*
©y=17:x=5.
Viay hé phuong trinh ¢6 nghiém duy nhat 1]

4x2 =(\/x2 +1+1)(x2—y3 +3y—2)
— 2 :
+(y+1)2=2[1+1 X J

y

Bai 27. Gidi hé phuong trinh

Loi gidi
biéukién: y #0.
Phuong trinh thit hai cia hé tuong duong vdéi:
(y+2)(x2 +y?-1)=0e T
x“+y =1
TH1: N&u y = -2 thay vao phuong trinh th nhit cda hé ta dudc:

=0
4x2=x2(\/x2+1+1j® * .
x=i2\/5

Suy ra (x;y) = (O;—2);(—2\/5;—2);(2\/5;—2) .

TH2: N&u x° +y2 =1=-1<x,y<1.

Khi d6 phuong trinh thit nhat cda hé viét lai dudi dang:
4x2% +1 —)(2+y3 -3y-2=0.

2 4 4+x2(4—xz)
Taco: ax2 41 _x2= P H4-x _ >4,vxe[-L1].

MWxZ+1+x2 WP +1+x2

Mitkhdc: y* -3y -2+4=y> -3y +2=(y-1) (y+2)20,vy e[ -L1].

Suyra 4Vx? +1-x>+y°> —3y—-2>0.
DA4u biing x4y ra khi va chi khi x=0,y=1.
Vay hé phuong trinh ¢6 b&n nghiém Ia:

(xsy)= (0;—2);(0;1);(—2\/5;—2);(2\/5;—2) :




Bai 28. Gidi hé phuong trinh:

x° 4—(7—4y)x3 +(4—y)x4 +(4—9y)x2 +(4y2 —6y+2)x—2y3 +2y2 -2y=0

4o/x+y?+1=1+5x-2y° +4y* —x*
X+y X =2y yo—X

N Loi gidi
bicukién: x +y>+1>0.

Nhan xét. Viéc phuong trinh dau clia hé rat cong kénh c6 dung y clia tdc gia
nén suy nghi ngay dé€n viéc rit dugc y theo x va ngugc lai.

Viét lai phuong trinh thit nhat cia hé phudng trinh dudi dang:
(X—y)((x+l)4 +x? er2 +(y—1)2j=0<:>x=y.

Thay y = x vao phudng trinh thi hai ctia hé ta dugc:

4\/)(2+x+1=1+5)(—2)(3+4x2—x4
<:>(X2+X)(X2+X—5)+4\/X2+X+1—1=0.

Pit u=vVx* +x+1= (x +—j +— 2 > £khl d6 phuong trinh trd thanh:

(uz—l)(u2—6)+4u 1= 0@(11 —u- 1)(u tu- 5):0

uzﬁ u:1+2\/g
«—2
_—1+\/E
2
WHH_IM L _o1E3+2V5
/X2+X+1_—1+\/7 L _o1E319-2421
2

Vay hé phuong trinh ¢6 bon nghiém la:

(x:y)= —1im,—1im . _1i\/m.—li\/m
1y )= > . : : d , )




e o1 A 2Xy3—3y2—4xy+£:0
Bai 29. Giai hé phuong trinh 27

6X3y + 3xy3 +5xy = 6xzy2 +2x% + y2 +1

Loi gidgi
Phuong trinh thit hai ca hé viét lai dudi dang:

(3xy—l)(2x2 +y2 +xy+1)=0<:>xy:%.

2 2
Vi 2x2+y2+xy+1=£x+%j +x2+%+1>0,Vx,yeR.

Thay Xy =— vao phuong trinh th nhat clia hé ta dugc:

1
3

43 2 4 43
2xy.y? —3y? —dxy+—=0Zy? -3y’ ——+—==0
Xy.y" —3y" —dxy+—_ 3V W

S O -
y=-3 ¥=-3

I
)’3 ,y3

Vay h¢ phuong trinh c6 hai nghigm 1a: (x;y ) = [—1;—%}[1;%} .

3 _ 3
Bai 30. Gidi hé phuong trinh (xy+1) +x(y=1)=x"-1

x3—4xy—4=0
Loi gidi
Hé phuong trinh da cho tuong duong véi:
3 X = 2y—3
+1) +xy+1=x+ Xy +1=x A
(xy ) Xy X x@{z’ - 2
x> —4xy—4=0 X" —dxy-4=0 Xzz,y:l

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (—2;%}[2;%).

2x2 =X =y +2 =12+ 2y +3 +/4x +2y +6
Bai 31. Gidi hé phuong trinh 1~ ¥ V2ee2y 3y .
xz—y2+x—3y:2




Loi gidai
Diéu kién: 2x +2y +3>0,4x+2y+6>0.
Phuong trinh thit hai ca hé viét lai dudi dang:
y=x-1

(x+y+2)(x—y—1)=0<:>L+y:_2.
D6i chi€u véi dieu kién suy ray =x —1.
Thay y = x —1vao phudng trinh dau cta hé ta dugc:

2x% —2x +3=4x + 1 +6x +4 .

<:>2x2—4x:\/4x+1—(x+1)+(\/6x+4—(x+2)).

1 1
2
<:>(x —2x) 2+ + =0.
( Vax+1+x+1 \/6x+4+x+2J
x=0:> x=0,y=—1'
x=2,y=1
Vay hé phudng trinh c6 hai nghiém la (x;y) = (0;—1);(2;1) .

Bai 32. Gidi hé phuong trinh
7x3 +y3 +3xy(x—y)—12x2 +6x-1=0

y> +Ty—17=9x+2(x+6)4/5-2y

Loi gidi
biéu kién: y Sg .
Phuong trinh thit nh4t ciia hé vi€t lai dudi dang:
(2)(—1)3 =(x—y)3 S2x-l=x-yeox=1-y.
Thay x =1—y vao phuong trinh thd hai cia hé ta dugc:

v +Ty-17=9(1-y)+2(7-y)y5-2y .

14 -2y y2+16y—26)20
ey’ +16y-26=(14-2y)|/5-2y < ( )( )
(y2+16y—26) = (14-2y)’ (5-2y)
(14-2y)(y +16y-26)>0 @{yzz :{X:_Ly:z

<

Vay hé phuong trinh ¢6 hai nghiém la (x;y) = (—1;2);(39;—38) .




(X+y)(x2+y2)+2xy=x+y

Bai 33. Gidi hé phuong trinh .
log,/x+y =log, (\/Xz +y2 +1 —1)
—

—
N

L% gidi
bieu kién: x+y>0,x>+y> >0.
Phuong trinh dau cda hé viét lai dudi dang:
(x+y—1)(x2 +y2 +x+y)=0.

THI1: Néu x +y =1< y =1—x thay Yo phuong trinh thir hai ciia hé ta dugc:
10g3(«/x2+y2+1—1)20<:> X +y*+1-1=1.

& x2+y2+1:2<:>x2+y2:3.
y=1-x
Ta c¢6 hé phuong trinh: 5 .
X" +y =3
1- \f _1+45
y=1-x X= >
= ) = .
X2+(1—X) -3=0 . 1+\/7 1—\/5

2 2

TH2: N&u x> +y> +x+y=0vi do x*+y>>0,x+y>0nén trudng hgp nay
vd nghiém.
Viay hé phuong trinh c6 hai nghiém la:

(X_ )_(1—\/ghl+\/g}{l+\/§.l—\/§]
VT2 T L2 T2 )

X+3= 21/(3y x y+1
\3y—-2-— X+5—xy 2y — 2

Bai 34. Gidi hé phuong trinh

Loi gidi
biéu kién: x >-5,3y —x >0,y > % .

Phuong trinh thit nh4t cia hé tuong dudng vdi:
3y—x+2,/(3y—x)(y+1)-3(y+1)=0.



& (By-x =y +1)(By—x+3Jy 1) =0 By —x =y +1 = x =2y -1

Thay x =2y —1vao phuong trinh thit hai cia hé ta dugc:

By-2-Jy+2=2y>-3y-2.
02 (s,

\/33172+\/yT

@(y—z)[miﬁ—zy—l}may:z:»x:l.

2
O\/3y—2+\/y+2_ /

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (1;2) .

—2——1<0

Bai 35. Tim nghiém hiru ty cia hé phuong trinh

3\/17x —y —-6x+4+x= 6\/2x +x+y-— 3y+2
«/3x +xy+1=+vx+1

Loi gidai
17X2—y2—6x+y20
2
N . >
Pidu kien: 2% TX+y=0
3x2+xy+120
x+1>0
Binh phuong hai v€ phuong trinh thit hai ctia hé ta dudgc:
=0
3x2+xy+1=x+1<:>x(3x+y—1)=0<:> X .
3x+y-1=0

TH1: N&u x = 0thay vao phuong trinh thit hai clia hé ta dugc:

34—y +3y -6y -2=0.

Dé gidi phuong trinh nay ta dit t = \/g,(t > O)phIIo‘ng trinh trd thanh:

Wa—t* +3t2 —6t-2=0 34 —t* =32 +61+2.




2
=3t +6t+22>0 32 46t+2>0

= IR — .
9(4—t4)=(—3t2+6t+2) 184 — 363 + 242 +24t-32=0

(phuong trinh nay khong c¢6 nghiém hitu ty).

32 +6t+2>0
<
18t* =363 +24t% +24t-32=0

TH2: N&u 3x+y—1=0<«>y=1-3xthay vao phuong trinh thi nhat clia hé

ta dugc: 3v8x* +3 —8x —6V2x* —2x+1+1=0.
Dé€ gidi phuong trinh nay ta dit hai 4n phu;

u:\]8x2+3
V=\/2x2—2x+1

u? —4v? =3u—6vc>(u—2v)(u+2v—3)=0.

@(2\/2){2 —2x+1+\/8x2 +3—3)(\/8x2+3—2\/2x2 —2x+1)=0.

= u’—4v? =8x—1 thay vao phuong trinh ta dugc:

<:>\/8x2+3—2\/2x2—2x+1:0<:>\/8x2+3:2\/2x2—2x+1.

@8){2+3=4(2x2—2x+1)®x=%:y=§.

2
Vi 2\/2x2—2x+1+J8x2+3—3=2 2(x—%} +%+\/8x2+3—3.
22J§+V§—3:J§+J§—3>0

Vay nghiém duy nhat théa min yéu cau bai todn la (x;y) = (—;—J.

3 _ 2 _ —
Bai 36. Gidi hé phuong trinh b +(2 y)x +(2 3y)x S(Y+1).
3y +1=3x>—14x +14

Loi gidi
biéu kién: y > 1.
Phuong trinh thit nh4t ciia hé vi€t lai dudi dang:
(x—y—l)(x2 +3X+5)=0c>x=y+1.

Thay vao phudng trinh thi hai cia hé ta dugc:




3 y+1=3(y+1)2—14(y+1)+14®3 y+1=3y? -8y +3.

<

2
3y" -8y+320 3y2 —8y+3>0 y=0
= .
y=3

2
9(y+1):(3y2 —8y+3) 9y* —48y> 1 82y% ~57y =0

Viay hé phuong trinh c6 hai nghiém la (x;y) = (1;0);(4;3).

x+1

=8y? +8y+1
Bai 37. Gidi hé phuong trinh

4(x* = 8y? | =6(x? +4y? | +3(x~2y)-1=0

Loi gidi
biéu kién: x > 1.
Phuong trinh thit hai ctia hé viét lai dudi dang:
(2x-1) = (4y+1)’ @ 2x-1=dy+1 2y =x 1.
Thay vao phuong trinh dau clia hé ta dudgc:

x+1 x+1

—2(x-1) +4(x-1)+1o —ox2 1.
=1 x=1Ly=0
2x% ~120 *
{ 4 2 < 1+\/§3 1+\/§ 5+\/§.
8x  —8x"—x+1=0 X=- X=— y=—
4 4 8
Vay hé phuong trinh c6 hai nghiém la (x;y)= (1;0){_ ! +4*/§ 3 +8*/§ j

x2—3y+2+2\/x2y+2y =0
VX2 +4x—y+1+32x-1=1

Bai 38. Gidi hé phuong trinh

Loi gidi
biéu kién: yZO,x2 +4x-y+1>0.
Nhan thdy y = 0khdng thda mdn hé phuong trinh.
Xét y > 0 phuong trinh th nhat ciia hé vi€t lai dudi dang:

2 2 2
LS L Y UG BN L P DUV I 3
y y y




Thay vao phudng trinh th hai cia hé ta dugc:

Vax —1+3/2x - =1<:>x=%:>y=9

Z.
19
Vay hé phuong trinh c¢6 nghiém duy nhAt (x y) 5 ik
2(x—
x+y+xy: ( Y) N 2
\/;Jr y Xy

Bai 39. Gidi hé phuong trinh
+x+y=4

N

Loi giai
biéu kién: x>0,y >0.
Phuong trinh dau cta hé tuong duong véi:

Lyl OQ(

o &J;fy‘g} ~2(Vx=ly)+xy =0.

femy \/;_\/g— X 2_ = X @{X>y
Jxy HJ Dby = x+y-2yxy =x’y?’

—%J ~2(Vx =y )+ xy =0

-

X>y ‘= 3+ \/g
Hé phuong trinh tuong duong véi: {x+y — 2«/ Xy = x2y2 = 2
3-+5
\/, \/, —+x+y=4 x= 2
Vay hé phuong trinh c¢6 nghiém duy nhAt (x;y) = [3 +2\/§ ,#J .

x-y+2) +(x2 +4X+3)(y2 —1):81

Vely=2=[(x+1)(y-1)

Bai 40. Gidi hé phuong trinh




Léi gidi
DPiéu kién: x>0,y >2.

Binh phuong hai v€ phuong trinh thit hai ctia hé ta dudc:
X+y—2+24/x(y—2)=(x+1)(y—1).
2
& XY —2X — 24/xy — 2X +1=O<:>(\/xy—2x—1) =0 xy—-2x =1

oy= l+ 2 (do x =0khong théa man hé phuong trinh).
X

Thay y=2+ 1 vao phuong trinh dau cda hé tim dudc cdc nghiém:
X

(x;y)=[%;4j;[2;§j.

4x2 +y4 = 4—4)(y2

2

Bai 41. Gidi hé phuong trinh sau .
X —2(xy2 + 8) = —y4

Lovii gidi
Phuong trinh thit hai cia hé phin tich dugc thanh:

2
= 4
(yz—x—4)(y2—x+4)=0© =y o+ .
x=y2—4

TH1: Né&u x = y? +4 thay vao phuong trinh diu cla hé ta dugc:
4(y2 +4)2 + y4 =4 —4(y2 + 4)y2 phuong trinh vd nghi€m.
TH2: N&u x = y? — 4 thay vao phuong trinh dau ctia hé ta dugc:
4(y2 —4)2 - =4—4(y2 —4)y2 = 9y* — 48y +60=0.
y2=2 x:—2,y:i\/§

= 10:> .
y2:— X:_%’y:i Q
3 3 \ 3

Vay hé phuong trinh ¢6 bdn nghiém Ia:

(x;y)=(—2;—\/5);(—2;JE);L—%;—EH—%; ?J




Chd 8 8. KV THUAT PAT AN PHU DANG PAISO

A.NQI DUNG PHUONG PHAP
No6i dung chii dé nay dé cip d&€n phuong phap chung khi dit 4n phu dang dai
s6 d6 1a tim nhan t& chung giita hai phuong trinh clia hé(Cédc bai todn dit 4n
phu dugc con dugc nhic dén trong cdc chi dé khdc nhu hé phuong trinh ¢6
chit cin thitc, dit 4n phu dang tdng hiéu).
Céc dau hién dat 4n phu
- Hé d6i xtng loai L.
- Heé c6 cdac nhan t ldp lai trong hai phuong trinh cla hé.
- Hé c6téng va hiéu x+y; x—y.
- C6 chita cin thifc dit 4n mdi bing cin thic(cc bai todn dit &n phu doi
v6i hé chira cin thife rit hay).
- Mot s& hé sau khi dit 4n phu dwa vé hé d6i xting loai I va loai II.
Ap dung vdi hé c6 s6 hang chung xudt hién & cdc phuong trinh trong hé.

, 2 o HZXi
Thuong thi cdc bai todn bién doi don gidn ta ddt an phu vdi { y
vV =Xy
2
x3+xy2+x2y+y3=4 (x+y)((x+y) —2xy)=4

Vidu 1. o

(x+y)(x2+xy+y2)=6 (x+y)((x+y)2—xy)=6

. u=x+ ol a
Ta ddt an phu nhu sau: { y khi @6 dugc hé méi:
V=Xy u(uz—v)=6
gidn hon nhiéu.
DPoéi khi chia(hodc nhan) hai vé ciia phuong trinh trong hé véi mot biéu thitc
nao dé cia bién( thuong don gidn la x,xz,x3;y,y2,y3) liic nay sé dugc hé
mdi cé thé ddt dn phu duoc.
2
, X“+xy—-3x+y=0
Vidu 2. y y .
x* +3x2y—5x2 er2 =0
Mdi dau nhin hé nay chua c6 gi dic biét tuy nhién, v6i x #0 ta chia hai v&
clia phuong trinh ddu cho x va chia hai v& cia phuong trinh thd hai cho x* ta
dugc hé méi nhu sau:



y

X+X+y—3=0 X+=+y-3=0
X X
2 = 2 .
x2+y—2+3y—5=0 (x+zj +y-5=0
X X

A A y . 7 A 2, N u+V:0
Pbén day ta dit u=x+=;v=y—3. Khi d6 h¢ tr§ thanh: .
X u"+v-2=0

B.BAI TAP MAU

(2x-1) +4(y-1)° =25

Bai 1. Gidi hé phuong trinh
xy(x —1)(y —2) =—6

Loi gidi
Hé phuong trinh da cho tuong duong véi :

(2x-1) +4(y-1) =25 |(2x-1)" +4(y-1)" =25
(x2 —x)(y2 —Zy) =-6 (4)(2 —4x)(y2 —Zy) =-24
(2x-1)" +4(y-1)" =25

[(2){ 1)’ - lj((y 1)’ - 1) =24

bit u= (2x - 1)2 ,V = (y - 1)2 ,(u,v > 0) hé phuong trinh trd thanh :

x=3
u+4v =25 o {uzzsc (2x—1)2=25® {yzl
(u=1)(v-1)=-24 v=0 " l(y-1Y =0 {x=—2'
y=1

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (3;1);(—2;1).

X2 +y+x7y +xy? +xy=—§
Bai 2. Gidi h¢ phuong trinh(TSDH Khdi A 2008) 4

x* +y2 +xy(1+2x)=—%

Loi gidi

2 2 5
X +y+xy(x +y+1)=——
Hé phuong trinh da cho tuong duong véi: 4

(x2 er)2 +Xy _3
4



_ L2
Dat {“ =X *Y h¢ phuong trinh trd thanh :

vV =Xy
u+v(u+1)=—é V=—§—u2
5 te ) 5
W +v=—= u+v(u+1)=——
4 4
V=—§—u2 V=—§—u2 u=O,V=—é
SN = 4 & X 43.
Crul+l=0 u(2u+1) =0 u=——,v=——
2 2
5
u=0 X2+y:0 X=3Z
THI : Néu 5 5 & :
V=—— Xy =—— 5
4 4 =3 ==
T
1 2 3
u=-—— X“+y=—— 2x”+x-3=0
TH2 : Néu 2o & 3
veo2 |xy=-3 xy=->
2 P72 2
( —1)(2x2+2x+3)=0 x=1
& R 3
Xy=—§ y=—=
2 2

Viy hé phuong trinh c¢6 hai nghiém la (x;y) = [1;—%}&/%;—%[%} .

3 3
+x +xy+x=1
Bii 3. Gidi hé phuong trinh {X yrx owxyTR

4)(3y2 +4x3 - 8xy —17x =-8 ‘

Loi gidi
Hé phuong trinh da cho tuong duong véi :
x3(y+l)+x(y+1)=l

4)(()(2y2 +x2 +2X2y)—8x3y —8xy—-17x= -8
(xy+x)(x2 +1):1

4x(xy +x)2 —8xy(x2 +1)—17x =-8




(xy+x)(x2+1)=l
4X(Xy+x)2—8(xy+x)(x +1 +8X x +1 —-17x=-8 .

(xy+x)(x2+1):l
o P Xy+x +8(x +1) 17=0

2
4x(xy+x) +8X(X2+1) 17x=0 (xy+x . +1):1
4(xy+x)2+8(x2+1)—17=0
(xy+x)(x2+1)=1

bit u=xy+x,v= x> + 1,(v 2 1) hé phuong trinh trg thanh :

uv =1 uv=1
2 < 2.2 3 2
4u-+8v—-17=0 du v  +8v’ —=17v- =0

(x=-1

1 1| y=22

uv=1 vl u=— Xy+x=— 2
{ P17V +4=0 2 2 (o
8v’ —17v° +4 = V=2 2ale2 X =

__1

U2

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = [—1;—%}[1;—1j .

x’(3y +55) =64
Bai 4. Gidi hé phuong trinh .
xy@ﬁ+3y+3)=12+51x

Loi gidai
Nhin thdy x =0khong thda man hé phuong trinh.
Xét x # 0vi€t lai hé phuong trinh dudi dang:

3 3
LiJ =3y +55 (f} =3(y+1)+52
X o\ .

3y +3y=12451 (y+QS=3f+52
X X




4

pit "X  hé phuong trinh trd thanh:

v=y+1
v’ —3v+52 u3—v3:3(v—u)
v —3u-|—52 w=3v+52
u +uv+v +3} 0 u=v

= Ak .

uw=3v+52 u” =3u+52

4
{ u +4u+13)=0 {u=4 —=4 {le
= & =
=v - y+l=4 3
Vay h

& phuong trinh c6 nghiém duy nhat (x y) (1;3) .

2x2 + xy =1
Bai 5. Giai hé phuong trinh {  9x> g3y
2(1-x)"  2(1-x)’
Loi gidi
Céach1: bieukién: x=1.
bit u= —3—X2 khi d6 hé phuong trinh trd thanh :
2(1-x)
2x% +xy=1
A AN x,u 12 hai nghiém ctia phuong trinh 2> +yt—1=0.
20 + uy =1
-1+
Theo vi-étta cé : xu:—l<:>—3—xz.x:—l<:>x: 1_\/5 =>y=2.
2(1-x) 2 2

Vay hé phuong trinh ¢6 hai nghiém (x;y) = [_1 J;\/g ;2}[— ! +2\/§ ;2}.

1-2x2
X

Cach 2: Rit y= th€ vao phuong trinh thit hai cda hé.

y(2x+1)=2x+9

Bai 6. Gidi h¢ phuong trinh s 3% x 35
X t— ——2y +4y
2 4 8




Loi gidi

1 1
y| x+—|=x+—+4
2 2

3
1 1 3
X+—| —| X+=|-4=-2y" +4

1 ) yt=t+4
bit t =x +— hé phuong trinh trd thanh: 3 3 .
2 t"—t—4=-2y" +4y

yt=t+4 yt=t+4
= = .
42y’ —(t+4)-4y=0 " | +2y° —yt—4y=0

yt=t+4 yt=t+4
= =
t3+2y3—y(t+4)=0 t3+2y3—y.yt=0

Hé phuong trinh da cho tuong duong véi:

y=t
yt=t+4 yt=t+4 yt=t+4
= = =
t3+2y3—y2t=0 (t—y)z(t+2y)=0 t=-2y
yt=t+4
11T
2
y=t 1-17
? =t+4 y=t Y=
= = ) =
t=-2y > =t+4 1+417
t=
2y =2y +4 2
1+\/ﬁ
i 2
1 1-V17 J17
X+—= X=——"
2 2 2
1-417 1417
= ’ 2 = ’ 2
1 1417 J17
+—= X=—-
2 2 2
14417 14417
i 2 RS




Viay hé phuong trinh c¢6 hai nghiém la:
(X_y)_[_ﬁ.l—ﬁ}_[m_HmJ
’ - ’ 2 ’ ’ 2 .
W T
Nhan xét: Ban doc tham khdo mot s bai tap tuong tu dang nay trong chii dé
K§ thuat hé sd bat dinh.

x+y3 = 2xy2

Bai 7. Gidi hé phuong trinh .
x> + y9 = 2xy4

Loi gidi
Hé phuong trinh da cho tuong duong véi:
x+y3=2xy2 x+y3=2xy2

= .
(x+y3)(x2 —xy3 +y6):2xy4 2>(y2 (x2 —xy3 +y6)=2xy4

3 2
+y =2
X+y3=2xy2 * y2 *
= <3 2xv2 =0
2xy2(x2—xy3+y6—y2)=0 xy
x* —xy’ +y° —y* =0
2xy2=0 {X=O
x+y3=2xy2 y=0
f— f— 3 2
X+y° =2xy? {X“'Y‘ =2xy
| X2 —xy’ +y® —y* =0 X2 —xy’ +y°—y* =0

2

x+y’ =2xy’ ©{X+y3=32xy: .
X“—xXy +y =y

Xét hé phuong trinh
X —xy3 +y6 —y2 =0

Nghiém x =0,y =0da xét § trén ta xét xy # 0khi d6 hé phudng trinh tuong

duong véi:
i+y2=2xy ier2=2xy
y
2 \ = 5 .
—-xy+y' =1 (f+y2] “3xy =1
y y

bit u= X y?,v = xy hé phuong trinh trg thanh:
y



u=2v u=2v
9 5 < 2
u” —-3v=1 4v- -3v-1=0

—er2 =2
y {X
Xy =
y
= 2 1 =

—+y ——5 {X

1 y
Xyz—Z

Viay hé phuong trinh c6 nim nghiém la:

(5) = (00)(-- 1) (1) -

=

s
_VI+45
Ty
1
y=—

VLHE

Vs 1

[V1+ds 1

4

’

\/1+\/g

4 ’_\/1+\/§ '

Bai 8. Gidi hé phuong trinh

X2y2

Xy+x+1=7y
+xy+1=13y2.

Loi gidi
Nhan thdy y = 0khong thda man hé phuong trinh.

Xét y = 0khi d6 hé phuong trinh da cho tudng duong véi:

1

X
X+—+—=7

y vy

it u=x+-,v=>khi 46 he phuong trinh r& thanh:

y y

X
=+

y

[x+lJ=7
y
=
X+—| —
y y

Xo13




w—v=13  |v=(7-u)=13 " |u’+u-20=0 |[u=4
v=3
X+—=-5
Y [(x=3
. 12y +5y+1=0 { -
y_ x =12y y=1
= | = s | (x=1 -
Ly {3y C4y+1=0 |
y x =3y y==
. U3
23
Ly

Vay hé phuong trinh c6 hai nghiém I (x;y)= (3;1);[1;%} .

x2+xy—3x+y:0

Bai 9. Gidi hé phuong trinh .
x* +3x2y—5x2 +y2 =0

Loi gidi
) =0
Néu x=0:>{y2 & y=0=>(x;y)=(0;0) Ia mdt nghiém ctia h¢ phuong trinh.
y =0

Xét x # 0chia phuong trinh thit nhat cda hé cho x, chia phuong trinh tht hai

clia hé cho x*ta dudc:

Y iy-3=0 x+2
X X

=S
2}’2

2 .
A _5— Y _5_
X +X2+3y 5=0 (x+xj +y-5=0

X+ +y=3=0

bit u=x +Xhé phuong trinh trd thanh:
X

=
I
|
—_

{u+y—3:0 {u+y—3:0 {yz
S

4

) ) = .
u" +y-5=0 u"-u-2=0 {u=2
1



=-1 {X2+X+4=O

Yy

X
y=4 y=4 {x=1
= = = .
Y_» {X2—2x+1:0 y=1

X

y=1

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (1;1) .

x> +y2 +xy+1=4y
Bai 10. Gidi hé phuong trinh ) .
y(x+y) =2x2 +7y+2

Loi gidi
x? +1+y(x+y)=4y
Hé phuong trinh da cho tuong duong véi: 5 .
y(x+y) =2(x2 +1)+7y
Nhan thdy y = 0khong thda man hé phuong trinh.
Xét y # 0viét lai hé du6i dang:

2

X Jrl+x+y=4
y
2
(x+y)2=2.X Jrl+7
y
u—X2+1
bit{  y  hé phuong trinh tr§ thanh:
V=X+y
u+v=4 u=4-v u=4-v
, & 2SN, .
2u+7=v2  [2(4-v)+7=v? T VP 42v-15=0
(.2
1
X+l
y
u=9,v=-5 X+y=-5 x=-2,y=5
f— f— = .
u=1v=3 2 +1 x=1Ly=2
=1
y
| (x+y=3

Vay hé¢ phuong trinh c6 hai nghiém Ia (x;y)=(-2:5);(1;2).




4x2y +y2 +2=Txy

Bai 11. Gidi hé phuong trinh

16)(4y2 + y4 +4= 25y2 (xz -——

)

4

Lai gidi

Nhan thdy xy = 0khong théa man hé phuong trinh.
Xét xy # 0khi d6 viét lai hé phuong trinh dudi dang :

y2+2_
Xy

4x + 7

16x
2.2

Xy
y2+2
Xy

bit u=4x,v=

utv=7 u+v=7 u=4,v=3
Py = =
w? +v? =25 uv=12 u=3,v=4

Vay hé phuong trinh ¢6 bon nghi¢m la (x;y)= (1;1);(1;2);[

4 2
2,y +a4y" +4

25

khi d6 hé phuong trinh trg thanh :

4x =4
y2+2_
Xy

3

Nhin xét. Ta c6 thé thuc hién tuong tu vdi bai todn sau :

4x2y+y2+2=7y

16)(4y2 +y4 +4 =25y2 (xz —215} .

3

z”}(%;‘?’]'

2x—y—xy2 =2xy(1—x)

Bai 12. Gidi hé phuong trinh

1Y
(x2+2y2)(1+—j =12

Xy

Loi gidi

biéu kién: xy #0.




2x2y —xy2 +2x —y =2xy

Hé phuong trinh da cho tuong duong véi: ) ) 2 .
(x +2y ) L Zi|=12
X y2 Xy
) xy+l xy+l 5
2x(xy+1)—y(xy+1)=2xy -—y T

1 2x

o o .
—2+—2+x2+2(i2+2—y+y2j:12 1) 1)
y y X X X+§ +2 y+; =12

:Xy+1’vzxy+l

bit u hé phuong trinh trd thanh:
y
2u-v=2 v=2u-2 u=2v=2
= < 2 22 -
we2vi=12 0 [l 42(2u-2) =12 |u=-Zv=-=2
9 9
| 1
y+l_,
y
xy+1:2
X x=1
= & .
Xxy+1 2 {yzl
y 9
xy+l_ 22
Ll x 9

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (1;1) .

6x* —(X3 —x)y2 —(y+12)x2 =—6

Bai 13. Gidi hé phuong trinh

2
5x4—(x2 —1) y2 -11x% =-5

Loi gidai
Hé phuong trinh da cho tuong duong véi:

2
6(x2—1) —x(xz—l)yz—xzyzo
2 2 )
5(x2—1) —(x2—1) y2—x2:0

Nhan thdy x =+1khdng théa min hé phuong trinh.




2
ét x~ —1# 0 chia hai v&€ clia phuong trinh cho (x~ —1| ta dugc:
Xét x2 -1+ 0 chia hai v€ clia phuong trinh cho (x> —1) ta d
2 2
N
x“—-1 \x“-1

< 2
5—y2—[ J =0
|

Pit u=—>khi d6 hé phuong trinh trd thanh:
X -1
uy = 6
wreiygmo_[wlen)=e |
2.2 _5_0 2 ~ . b )
u”+y = (u+y) —2uy=5 (u+y) B _s
u+y
6
uy= 6 uy:
P u+y PN u+y ‘
2
(“+y)3_5(u+Y)—12=0 (u+y—3)((u+y) +3(u+y)+4j:0
X __» 1i\/ﬁ
_ .
u=2 x? -1 4
uy =2 y=1 y=1 y=1
= = & = )
u+y:3 u:l X _1 1i\/§
_ 2 - X =
y=2 X -1 2
ly=2 | ly=2

Vay hé phuong trinh ¢6 bdn nghiém la:

(x:y) {#;2} 1+\/§;2J;(1_\/ﬁ;l};(1+jﬁ;lj.

2 4

9xy? —24y? +(27x2 +40)y+3x—16 -0
Bai 14. Gidi hé phuong trinh .

y2+(9x—10)y+3(x+3)=0

Loi gidai
Cich 1: Vi€t lai hé phuong trinh duéi dang:
y? +3x+9xy +1=2(5y —4)

(y2 + 3X)(9xy + 1) = (Sy - 4)2 .



Pit u=y” +3x,v=9xy +1khi d6 hé phuong trinh tr& thanh:

u+v=2(5y-4)
, = u,vla hai nghi¢ém cta phuong trinh:
uv = (Sy - 4)

2 —2(Sy—4)t+(5y-4)’ =O<:>(t—(5y—4))2 —0ot=5y-4.

x=0,y=1
=5y—4 2 =5y —
Vivay (U7 TG Y A=y —4 X:—1+\/i,y:2—\/i.
v=35y-4 Oxy+1=5y—-4 9 3
~1++21 7
X=—"7,y=2+,|—
I 9 3

Viay hé phuong trinh c¢6 ba nghiém Ia:

(y2 + 3x)(9xy +1)=(sy-4)" @

y2+3x=10y—9xy—9 )

Cich 2: Vi€t lai hé phuong trinh dudi dang

Nhin thdy xy = —é khong théa man hé phuong trinh.
Xét xy # —é khi d6 nhan theo v& vao (2) véi 9xy +1 va so sanh véi (1) ta dudc:
(9)(y+1)(10y—9xy—9)=(5y—4)2 .
@(9xy+l)[2(5y—4)—(9xy+l)]=(5y—4)2.
2 5
@[(Sy—4)—(9xy+1)] :0<:>9xy:5y—5<:>xy=§(y—1) .

Khi d6 (2) trd thanh y? +3x —5y+4=0 . Nhin thd'y y =0 khong thda min

do vay nhan vao hai v€ v6i y ta dugc:

yP +3xy -5y’ +4y =0y’ +%(5y—5)—5y2 +4y=0 .

<:>3y3—15y2+17y—5=0©(y—1)(3y2—12y+5)=0<:> -



u(x,y)+ v(x,y) =t(x,y)
ll(X, Y)-V(X7 Y) = S(X’ Y)
t? (x,y) <4s(x,y). Dugi day toi trinh bay mot s§ bai tap tuong tu cho cdc em

Nhén xét: Téng quit dang hé nay c6 dang { trong do

rén luyén phdn xa khi gip hé dang trén.

7x> —8xy +4y? =6xy+4

Bai 15. Gidi hé phuong trinh .
12x% - 4xy(7x2 +4y? ) = 4+ 12xy —23x%y?

Loi gidi
Hé phuong trinh da ho tuong duong vdi:
7x* —8xy +4y* =6xy +4

12x* —28)(3y—16xy3 +32x2y2 =(3xy+2)2 ‘
(3){2 —4xy +4y2)+(4x2 —4xy) = 2(3xy + 2)
4X(X —y)(3x2 —4xy + 4y2) = (3xy + 2)2

Pit u=3x’ - 4xy + 4y2,V —4x? - 4xy khi d6 ta c6 hé phuong trinh:
u+v=2(3xy+2)
, = u,vI1a hai nghiém ctia phuong trinh:
uv = (3xy + 2)
2 —2(3xy +2)t+(3xy+2) =0 (t-3xy-2) =0 t=3xy+2.
Vay bai todn dua vé gidi hé phuong trinh:
{3){2 —4xy+4y2 :3Xy+2<:> {X2 —4y2 =0

4X2—4xy=3xy+2 4x2—4xy=3xy+2'

_x=2,y=1
x =2y x=-2,y=-1
2 1
o1 x=-2y S| X=——F=,y=—F=.
) 15 15
4x° —4xy =3xy+2
2 1
x:—,y:——
L 15 15

=
—
oo

Vay hé phuong trinh c6 bon nghié

(x;y)=(2;1);(—2;—1);( - j;[— z, 15J




X2 -|—3x(y—4)+4y2 +4=0

Bai 16. Gidi hé phuong trinh .
12(y3 + 1)x+ 8y? +(3xy —34)x> ~1=0

Loi gidi
Gidi hé phuong trinh da cho tudng dudng véi:
(X2 + 4y2)(3xy + 2) = (6x - 1)2 - {Xz 4y —6x—1
x> 4y’ 43xy+2=2(6x-1) 3y +2=6x-1 '
Gii hé phuong trinh biing phuong phap thé€ hoic hé bic hai hai 4n tdng quat

tim dugc cdc nghiém:

5k—k> -4 11 3
(x;y):(l;l);[k;—}k =5 ——————— +1/63/267 -91.
4 J6:/267 91

Hé phuong trinh c6 hai nghiém la:

S5k—k>—4 11 3
(x;y)z(l;l){k;—}sz——+ 6+/267 —91.
4 J63/267 —91
2

X —xy—y2 =-1
3yx3 +(1—5y2)x2 +3y(2—3y2)x=y2 +1

Bai 17. Gidi hé phuong trinh

Loi gidi
Hé phuong trinh da cho tuong duong véi:
X2 —y2 +3xy +1=4xy
(X2 - y2 )(3xy + 1) = SXZy2 —6xy+1 '
Pit u=x*- yz,V =3xy + 1 hé phuong trinh tr§ thanh:

{u+v=4xy

5 5 = u,vla hai nghiém cia phuong trinh:
uv =5x"y" —6xy+1

‘[2—4xy+5xzy2 —-6xy+1=0.

Xy =2X +\/—x2 2 +6xy-—1
Suy ra t:2xyi\[—xzy2+6xy—1 = Y Y Y Y
Xy = 2Xy —\/—Xzyz +6xy—1

< xy=1.




Viay hé phuong trinh tuong duong véi:

e T
{Xz—xy—y2=—1 { {

Vay hé phuong trinh c6 hai nghiém la ( ) ( ) (1 1)

Lo I
I| II II

Cich 2: Pit u=x” —y?,v=xy dua v& hé phudng trinh:

u-v=-1
{43V+Q=5v2—6v+r
Gidi hé phuong trinh nay biing phuong phdp thé ta c6 két qua tuong tu.
(v=1)(3v+1)=5v*—6v+1e(v-1) =0 v=1.

S(X2 +y2)+6xy+3x+y:0
Bai 18. Gidi hé phuong trinh 5 .
7(x+y) +2x° +6xy2 +2=0

Loi gidi
Cich 1: Vi€t lai hé phuong trinh duéi dang:
(3x+y) +2(3x +6xy+7y ) 3x+y =

(3X+y)(3x2 +6xy+7y ) -2

u=3x+y
bit 5 5
v=3x"+6xy+7y

Khi d6 hé phuong trinh trd thanh:
{u2+2v+3u=0 {uV=—2
&

uv=-2 u3+3u2—4=0'

- uv=-2 @{u—l,V: 2
(u—l)(u+2)2=0 u=—2,v:1'



3x+y=1

TH1: Néu u=1Lv=-2< { hé nay vo nghiém.

3x% + 6xy + 7y2 =-2

X=——

. 3Xx+y=-2 4
TH2: Néu u=-2,v=1& 5 5 = .
3x“ +6xy+7y° =1
Cich 2: Vi€t lai hé phuong trinh duéi dang:
4()(+y)2 +(x—y)2 +2(X+y)+(x—y)=0

8(x+y)3 +(x—y)3 =-2

y:

B|l—= A=

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (—%;

{4u2+vz+2u+V=0

. =X+ N
Pén day dit {u **Y dua vé hé phuong trinh:
8u’ +v> =-2

V=X-Y

(x—3y)(20x -9y +33)+49y* +33y =0
Bai 19. Gidi hé phuong trinh ) .
2(X—y) (X+y)+xzy—10y3+3=0

Loi gidi
Cich 1: Viét lai hé dudi dang:
18(x-2y)” +33(x —2y)+(2x2 +3xy+4y2) =0

(x—2y)(2x2 +3xy+4y2)+3 =0

u=x-2y R R o
bat 5 5 hé phudng trinh trd thanh:
v=2x"+3xy+4y

{18u2 +33u+V:0<:>{18u3 +33u2+3=0
uv+3=0 uv+3=0
Céch 2: Vi€t lai hé phuong trinh dudi dang:

20x% —69xy +33x + 76y —66y =0

{2){3 —xzy - 2)(y2 —8y3 +3=0

20(x -2y’ +33(X—2y)+(—4y2 +11xy)=0

(x—2y)[2x2 +3xy+4y2}+3 =0



20(x - 2y)” +33(x —2y)+(—4y2 +11xy) =0

(x —2y)[2(x ~2y) +(—4y2 +1 1xy)}+3 —0

(x\/;—\/;)z +xy(x3y—2xy+2)=3y |

x2—2xzy—%=0
X'y

Bai 20. Gidi hé phuong trinh

Loi gidi
biéukién xy #0.

Khi d6 viét lai hé phuong trinh dudi dang:

y(x—l)2 +y(x4y —2x2y+2x) =3y

x> —2x2y—L: 0
xty

2
(x—l) +(X4y—2xzy+2x)=3 X2—2x2y+x4y:2
= L 2 2 1 .
X2—2x2y—+=0 X7 =2xTy———=0
X'y Xy

2 2
—x2-2
Pit {u X4 * Y khi d6 hé phuong trinh trd thanh:

v=x"y
utv=2 u+v=2 u=1
1 p= = .
u——=0 uv =1 v=1
v
2
2
i 4 2 _H_
{x2—2x2y=1 X 2 X' =x"-2=0
Sl & | = 1
x'y=1 y=— y_x4
X
(x2+1)(x2—2)=0 x=i-\/§
= | = | (théa man diéu kién).
y=— Y=o
x* 4




«/x+y—2+2(x_1)=3

Bai 21. Gidi hé phuong trinh X+y
(x+y)\/x—y+2 =6\/x+y—2

Loi gidi
Cut v’

Dit {u=«/x+y—2’(11’\/2()):>{x+y:u2+2<:> x= 7
V=4/X—y+2 2

X—y=y2—2 u —V2+4'
y=—F
Hé phuong trinh tr§ thanh:

2
2,2
Z(u v _lj
2

u”+2

(u2 +2)V =6u

V(u2+2)+u2+vz—2=3(u2+2)
(u2+2)V=6u
6u+u2+v2—2=3(u2+2) 202 —v? —6u+8=0

o =9/,
(u2+2)V=6u (u +2)V:6u

2
2u2_£ bu J_6u+8:0 (u—l)(u—Z)(u4+6u2+6u+8)=0

2
P u”+2 PN 6u
_ 6u vV=—
u2+2 u”+2
- [ s
JX+y-2=1 X=§
u—1){u-2)=0 S
6u T
v=— u=2,v=2 /x+y—2=2 2
-y+2=2
L X y L y:2
A N P A 51
Viay hé phuong trinh c¢6 hai nghiém (x;y) = (4;2); E’E .
2 2
+6+ +3=7
Bai 22. Gidi hé phuong trinh x\/y y\/x Y ,(x,yeR).

X\/XZ+3+y\/y2+6:2-|—x2-|—y2




Li gidi
Véi x =0 hodc y =0 hé phuong trinh khong théa man.
Xét x =0,y # 0 khi d6 bi€n d6i hé phuong trinh thanh

\/x2+3+\/y2+6:7 \/x2+3+\/y2+6:7
X X

y = y

3x 6 .
x(\/xz+3—xj+y(\/y2+6—yj=2 2 =2

+
\/X2+3+X \/y2+6+y

Vx2+3 +\/y2+6 ~
X y

3 N 6 o
/.2 [ 2
x+3+1 y+6+1
X y

7

bat = khi d6 hé phuong trinh trd thanh

y

u:\/x2+3;v \/y2+6
X

u+v="7 u="7—v
=2

3 O T 3(ve1)+6(8-v)=2(v+1)(8-v)

u+l v+1

7

u=7-v u=2 u_E

= 5 = v .
2ve—=17v+35=0 v=>5 Z

2

y
u_7 X2+3=Z _2\/E
Véi 2<:> X 2<:> 15 .
2 y _2 15

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (I;E I T



x2+2y2+3xy+3=0
Bai 23. Gidi h¢ phuong trinh ¢ x—y+18 _ 9\/;

2
(x+y)
Loi gidi
biéu kién: x—y>0,x+y=0. J
Hé phuong trinh da cho tuong duong véi:
_u+V2
u=x-+y X+y=u x= 2
= , & .
V=4/X—-Yy X—y=V u—v?
Y=o

Hé phuong trinh da cho trd thanh:

2 2
2 2 2 2
u+v DY A u+v. || u—-v +320
2 2 2 2

2
% —|;18:9V
u
6u2—2uvz+3_0
4 - 3P —uv? +6=0 9u? —3uv? +18=0
12 < 2 2 < 2 2 )
A +18: V- —=9u“v+18=0 v —=9u“v+18=0

9v

u2

Trit theo v& hai phuong trinh clia hé ta dugc:

9u? —v? —3uv(v—3u)=0 (3u—v)(3u+v+3uv)=0 {u:l
= = =
v —9u’v+18=0 v —9u*v+18=0

x+y=1 x+y=1 x=5
= = = .
JXx—-y=3 x—-y=9 y=-4

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (5;—4) .

x+Vx2 —7 Ay +24 =2

Bai 24. Giai hé phuong trinh .
4\/x2 -7 —\/y2 +24 =Ty

Loi gidgi
Dbiéu kién: |x| >47.



u=x+\/x2—7

Pit (v>0)
V=y+\/y2+24
uw?+7
X =
2u
; v2 —24
2 2.2 =
—2ux+x"=x"-7
3{112 ux x2 x2 N v i
Vo -2vy+y =y~ +24 [ u” -7
X" =T7=
2u
2
[y2+24:V +24
2v

(do u=0khdng théa man hé phuong trinh).

2
v +24=2
Khi d6 hé phuong trinh trd thanh: 2v .
-7 vi424 _vi-24
4. - =7.
2u 2v 2v
u_v2+4v+24
VP rdv+24 2v i
AT 2v , o] [vi+dve24 _7 .
H U —7:4V =72 5 2v :4V2_72
u v v2 +4v+24 v
2v
v2 +4v+24 )
u=—0— V2 +4v +24
2v - e
= = 2v

2
2 2
(V +4V+24) —28v (v—6)(3v3 +26v2 +144v+384)=0

=4v? -T2

v2+4v+24
v>0 {u=7<:> X+Vx2=7=7 @{x=4
V=0 lyyyre24=1 =1

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (4;1) :



Nhan xét: Vi phép dit 4n phu nhu trén ta x& 1y toan bo nhitng hé phuong

trinh c6 dang:
alx+b1\1212x2 +b +Cly+d]\/C2y2 +d =e
aZX+b2\/32X2 +b +02y+d2\/c2y2 +d =f‘
u=ax+va’x>+b
V:chm/czy2 +d

Bing phép dit 4n phu (xem thém chii dé hé phuong

trinh chit can thic).

(6x+y—5)(2x—y) =1
Bai 25. Gidi hé phuong trinh

2(6—4){2 —yz)(Zx—y)2 -1

Loi gidi
Nhén xét: D thdy y-2x#0 khi d6 phuong trinh thi hai cia hé c6 dang
tich phifc tap ta khong thé nhin ra d€ tim m&i lién hé gi § d6 dugc ma ta thi
y y 2
nghi dé€n chia hai v€ phuong trinh cho (2x—y) xem sao? Va lam tuong ty

cho phuong trinh dau cla heé.
Nhan thdy y—2x # 0 khi d6 viét lai hé du6i dang

1 1
6X+y_5:2x—y 2(2X+y)+(2x—y)—5:2x_y
22 < 2 2 1
S il R N
(2x-y) (2x-y)
1
2(2X+y)—5:2X_y—(2X_y)
=
12-(2x+y) = 12+(2X—y)2
2X -y
u=2x+y
bat 1 khi d6 hé phuong trinh trd thanh
o (asoy)
2x -y

2u-5=v 2u=5=v
= .
2-u?=v? 42 |10-u?=(2u-5)’



2u-5=v {u:l {u=3
<y, o v )
S5u”—=20u+15=0 v=-3 |v=1

o {uzl axty=1 {ZX’LYZI
Véi _ = 1 —(2x — __3<:> 2
e R i (N
2x+y=1 )(:5152/B
= = .
2x—y=3i\/E _11\/5
2 y=——"—
4
Véi {u=3<:> 2Xl+y:3 2x+y=3
i
v= 2X_y—(2x—y)=1 (2x-y) +(2x-y)-1=0
2x+y=3 XZSi\/g
8
< _ < .
2x—y= li\/g 71\/5
2 y= 2

Vay hé phuong trinh ¢6 bon nghiém la:

(X-y)_£5i\/g.—1¢\/BJ,[Si\Ej;\E}
)= ’ ‘

4 ]I 8 7 4

Cach 2: Rut

5 =6x +y —5 tif phudng trinh dau th€ vao phuong trinh thi hai
X-y

cuia hé ta dugc:
(6x+y—5)(2x—y)=1
(6x+y—5)2 = —8x° —2y2 +12
- 12x% —4xy —y? =10x+5y-1=0 (1)
44x% +12xy +3y? —60x —10y +13=0  (2)
bay la hé dugc gidi bing phuong phdp dong bac hodc hé so bat dinh.
(2x—y)4 +(2y—x)4 =1

(x—y)(xz—xy+y2)=

Bai 26. Gidi hé phuong trinh

1
9




Loi giai
~fu=2x-y u+V=3(x—y)
bt =1 2 2 2 2\"
v=Xx-2y u”—uv+v =3(x —xy+y)

Khi d6 hé phuong trinh trg thanh:

4, 4
ut +vi=1 {u4+v4=1(1)

o .
(u+v)(u2—uv+vz)=1 v =1(2)
Tu phuong trinh (1) suy ra u,ve [—1;1].
3 3
=1-v'2 >
Tu phuong trinh (2) ta c6: ! Y 0:> ! 0.
vV=1-u*>0 v=0
Viay u,VEI:O;l].
Khi d6 18y (1) —(2) theo v& ta dudc:
u(u-1)=0
u3(u—1)+v3(v—1):()<:>{( ) 0

V(V—l)

{2)&—}/:0 X_2 y_l
. =0,v=1 x—-2y=1 BEARE)
K&thgp véi u? +vi =1tacs | "~V o YYlal 3703
u=1,v=0 2x—y=1 1 2
X:——’y:——
X—2y:0 3 3
21 1 2
Vay hé phuong trinh ¢6 hai nghiém 1a (x;y)=| —;— |;| ——;—— |.
1y h¢ phuong ghi¢m Ia (x:y) [33M3 3j
2u—v
X =
Nhén xét: Nhiéu em thdy khé & bién d6i dau thi ¢6 thé rit 32 thay
u-—-2v
YT

vao hé ta c¢6 két qué tuong tu trén.
K&t qua trén cho ta xii 1y dugc bai toan téng quat:
X2n + y2n =1

2k 2k 1,(n,k < N) ‘

Giai hé phuong trinh: {

C.BAI TAP REN LUYEN



-y x+y°
2

5x+y+u—
Xy

Bai 1. Gidi hé phuong trinh

Loi gidi

Piu kién: xy #0,x* -y #0,x+y> #0.
Hé phuong trinh da cho tuong duong véi:
X Sy

X-l-y2

X

Sy

+ =4

2 2 *
X" - X" -
y PN y

2 2
_s X+y N

5xzy+xy2 +x° -5y 2

5.

X" —

X+y2

=4

Xy y

X

bit u= V= y hé phuong trinh trd thanh:

@{Hy
|

X2 -y
u+5v=4
I 5

—+—=5
vV u

u=4-5v

=
4—5V+5V=5V(4—5V) V=

(O N SR

2x2—x—2y:0
2y2+2x—5y=0

Vay hé phudng trinh c6 ba nghiém la (x;y) = (—%;3}(1

X

1

2

|

’

|

Y _s

3.3
272

|

B RD

Bai 2. Gidi hé phuong trinh

Loi gidi




Pieu kién: xy #0,x*> +y> #1.

Pitu=x’+y*-1,v= ihé phuong trinh trd thanh:

EJrzzl {u=2v+3 {u:2v+3
u v = P .
= 2
ual2ved 3v+2(2v+3)=v(2v+3) T |v2-2v-3=0
223 X:1’y=_l
u=9,v=3 y x=-lLy=1
= P =
u:],V:—l X2+y2—1=1 X:3,y:1
X:—3,y:—1
X_
L LY

Viay hé phuong trinh c6 bdn nghiém la (x;y) = (—1;1);(1;—1);(—3;—1);(3;1).

x2 +y2 -xy=4y-1
Bai 3. Gidi hé phuong trinh y
X-y=— +2
x“+1

Loi gidi
Nhan thdy y = 0khong thda man hé phuong trinh.
Véi y # 0vi€t lai hé phuong trinh du6i dang:

2
X2+1+y(y—x)=4y X +1+y—x=4
<
y

X—y= +2

y 241 X—y= 2y +2

x“+1
X2 +1
bit u= ,v =X —yhé phuong trinh trd thanh:
y

v=—+2
u

umv=d (y=u-4 u=3-+10,v=-1-+/10
TR N
u(u—4)=2u+1 u=3+\/E,V=—1+\/B




2
X +1=3—\/E

y

x—y:—l—\/m
5 .
X +1:3+\/ﬁ

y
x—y=—l+\/ﬁ

Hé phuong trinh v6 nghiém.

il

Bai 4. Gidi hé phuong trinh
1 1

2| Xx+—|[+y+—=6
X y

Loi gidgi
biéu kién: xy #0.

Dt u=x+L1,v= y+ l,( ul|v| 2) hé phuong trinh da cho tré thanh:
X y

2u+v=6 v=6-2u W -3u+2=0 |up2 fu
= = «—>
uv=4 u(6—2u)=4 v=6-2u \Y%

X+l—2
X x2 -2x+1=0 {x:
= =
y2—2y+1=0

y+l=2
y

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .

y(x2 +1) =2x(y2 +1)

(x2+y2)[1+ 21 2J:16

Bai 5. Gidi hé phuong trinh

Loi gidgi
biéu kién: xy #0.
Hé phuong trinh da cho tuong duong véi:

1 1
x+l:2(y+lj x+—=2(y+—]
X y X y
=

1 1 ? ’ .
2 2
XT+—+y +—2_16 (x+§j +[y+§J =20




bit u=x+l,v=y+l,(
X

uHV‘ > 2) hé phuong trinh trg thanh:

y
u=2v u=2v u=4,v=2
2 2 < 2 < :
u”+v- =20 5v- =20 u=-4,v=-2
x+l:4
X —
I K2 —dx+1=0 |x=2-3,y=1
y+—=2
y y=1 x=2+3,y=1
= = = .
Loy {x2+4x+1=0 x=-2+\3,y=-1
’1‘ y=-1 x=-2-3,y=-1
y+—=-2
Uy

Vay hé phuong trinh ¢6 bdn nghiém la:

(X;y) =(2+\5;1);(2—\/5;1);(—2—\6;—1);(—2+\@;—1).

(x—y)(x2 —y2)=3

Bai 6. Gidi hé phuong trinh .
(x+y)(x2 +y2) =15

Loi gidi

x> er3 —Xy(x+y)=3
Hé phuong trinh da cho tuong duong véi: .
x> +y3 +Xy(x+y)=15

Pitu=x>+y’,v= xy(x + y) hé phuong trinh trd thanh:

u-v=3 u=9
S =
u+v=15 v=6

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (1;2);(2;1).

Nhan xét: Pay 1a hé c6 y&u t& ding cAp nén nhan chéo hai phuong trinh clia
hé ta dudc:

15(X—y)(X2 —y2)=3(x+y)(x2 +y2)©(x+y)(x—2y)(2x—y) =0.



xy(2x+y—6)+y+2x:0

(x2 +y2)[1+$j2 =8

Bai 7. Gidi hé phuong trinh

Loi gidi
biéu kién: xy 0.
Hé phuong trinh da cho tuong duong véi:

2x(xy+1)+y(xy+1)=6xy 2){1+i]+y(1+ijz6
Xy Xy
=
(X2+y2) 1425 =8 b o 2x 2y 11
xy  xly? X“+y +
2(x+1J+(y+ljz6
y X

+—+—+—+—=8
X+—| +|y+—| =8
y X

y X x2 2
. 1 1. . % (15
bit u=x+—,v=y+—hé phuong trinh tr¢ thanh:
y X

{2u+v:6 {V=6—2u {&¥—24u+28=0
= = .
8

uw? +v2 =8 u2+(6—2u)2= v=6-2u
X+—=2
y
u=2 1
u=2,v=2 y+—=2
14 X x=1
SHlu=— © 14 = S
u=—,v=— 14 y=1
X+—=—
v=6-2u y 5
e
_y X 5
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .

Li gidi




biéukién: xy #0.
Hé phuong trinh da cho tuong duong véi:

9 1 1 9
X+y+—+—== X+—+y+—==
Xy 2 X y 2
s 2. 1) 4T 1Y 1Y 45
(x +y ) 1+—+ S5 1T X+—| +|y+—| =—
Xy X%y 4 y X
bit u=x +l,v =y +lhé phuong trinh trd thanh:
y X
9 3
u+v=— u+v=— u+v=— u=3,v=—
245© 457 o T 3 R
W +vi =22 (u+V) —2uv=— uv =— u=—,v=3
4 4 2 2
X+—=3 _
Y x=1 L
+l_§ )y >
y X 2 x=2,y=1
= = .
1 3 1
X+—=— XZ_’yzl
y 2 2
1 x=1Ly=2
y+—=3
X

Vay hé phuong trinh ¢6 b&n nghiém la (x;y) = (1;2);(2;1);[%;1}(1;%] )

2
(x2 +y2)[1+ij :E
Xy 2

; )
(x3 +y3)£1+ij _125
Xy 4

Bai 9. Gidi hé phuong trinh

Loi gidai
Diéu kién: xy #0.
Hé phuong trinh da cho tuong duong véi:




bat

bay

1
u=x+—,v=y+ lhé phuong trinh trd thanh:
y X

la hé ddi xding loai I da bi€t cach gidi.

Bai 10. Giai hé phuong trinh:

x> +y? Lilos
2y

(X2 —1)(y2 +1)(xy(x+y)+x—y) = x2y2 +(x2 +y2)(x2y2 + 1) |

Loi gidi

Diéu kién: xy #0.
Hé phuong trinh da cho tuong duong véi:

bat

|

x2+y2+%+%=5
Xy
(X_lJ[}“rlj[XwLwal—lj:H(xz+y2) L4t
X y y X xzy2
. o, 11 2 2
X4y +—2+—2=5 X_l +[y+1J =5
Xy X y

S el S S

E 2) hé phuong trinh trd thanh:

1 1
u:x——,V:y+—,(
X y

w+vi=5 (u+V)2—21,IV:5

=
uv(u+v)=6 uV(u+V):6 6

uv =

J-s




1 _
X_—=1 X:l \/g’yzl
{u+v=3 [vj2 {uZI X 2
= ) —> 2<:> = .
uv = V= _ 1++/5
y x 2 Y

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (1 _\E '1];(1 ng '1] .

2\/” 2\/”

(x2 +y2 —7)(){+y)2 :—2.

(X—3)(X+y)=—1

Bai 11. Gidi hé phuong trinh

Loi gidi
Nhan thdy x +y =0khong thda man hé phuong trinh.
Véi x +y # 0viét lai hé phuong trinh dudi dang:

x2+y2—7:— 2 5 (X+yf4— 4 2+( —yf:d4
(x+y) o (x+y)
x—3=- ! X+y+x—-y+ =6
X+y X+y
=x+y+ 2
pat{ 7 x+y,(|u|22x/§).
V=X-Y

Khi d6 hé phuong trinh trd thanh:

w—4+v: =14 (u+V)2—2uV=18
= .
u+v=06 ut+v=6

u+v==6 u=3 X+y+ =3 x=2y=-1
& = = x+y < 3 1-
uv=9 v=3 X=—y=——
Xx—y=3 2 2
Ao TA N C A1y 5 1
Viay hé phuong trinh c¢6 hai nghiém la (x;y)=(2;—1), —;—5 .

Cach 2: Rit x+y = —% thay vao phuong trinh dau ctia hé ta dugc:
X p—

x4y -7+2(x-3) =0 (1)
x2+xy—3x—3y+l:0 2)



Lay (1)—2.(2)theo v& ta dugc: (x—y—3)2 =0 x—-y-3=0.

Khi d6 dwa vé gidi hé phuong trinh:

{X—y—3=0 x=2,y=-1
_ g [V RV
(x 3)(x+y) 1 x_z,y_ 5

(4x2 + 4y? —4xy—51)(x—y)2 +3=0

(2x—7)(x—y)+1=0

Bai 12. Gidi hé phuong trinh

Loi gidai
Nhan thdy x —y =0khong théa man hé phuong trinh.
Xét v6i x —y # 0khi d6 viét lai hé dudi dang:

4x% +4y? —4xy —51+

(x-y)

2x =T+ =0
X—y

3

_ 3(x—y)2 +(x+y)2 +(X_y)2

X—y+

=51

+x+y=7

1
U=xX—-y+——0
bit Y X—y,(

V=X+Yy

3(u2—2)+V2=51 {V=7—u
< 2

u[>2)khi d6 h¢ phuong trinh trd thanh:

GtveT 3u> +(7-u) =57
v=T-u u=4,v=3
Sy, = 1 15 -
4u” —14u—-8=0 u=——,v=—
2 2

P&i chi€u véi dieu kién chi nhan nghi¢m (u;v)=(4:3).

Viy ta gidi hé phuong trinh:




5—\/5 1+\/§
:4 X = ’y:
X-y &

2 2
X+y:3 X:5+\/§,y:1_\/§

2 2
Viay hé phuong trinh c¢6 hai nghiém la:

(x ):[5—\/5‘1%@}[:5%@_1—2\6}‘

X—y+

’ 2 72 2 7

Cach 2: Rit x—y=— thay vao phuong trinh dau ctia hé ta dugc:

2x -7
4x% +4y? —dxy -51+3(2x=7)" =0 (1)
(2x=7)(x-y)+1=0(2)
Lay 2.(1)-3.(2) ta dugc: (x+y—3)(2x+2y-15)=0.

Dén day xét tirng trudng hop th€ vao hé ban dau ta dugc nghiém twong tu
k&t qud trén.

(6x+y—5x2x—y)=1
2(6—4x2—y2)(2x—y)2=1'

Loi gidi
Nhin thdy y =2x khong thda man hé phuong trinh.

Bai 13. Gidi hé phuong trinh

Xét y # 2x viét lai hé phuong trinh dudi dang:

6x +y— =2 N?x+y)+2x—y—2 =
X—y X—y
= .
2(6—4x2—y2)=;2 (2x+y)2+(2x—y)2+;2=12
(2x-y) (2x-y)

Détu:2x+yV:2x—y—2l

2u+v=>5 v=>5-2u u=1v=3
= = .
wavie2=12 0 ol +(5-2u) -10=0  |u=3,v=-1

hé phuong trinh trg thanh:



] - s-Ji3 13-
2x+y=1 x= 8 Y= 4
2x—y— 1 -3 X:5+\/By:_1+\/ﬁ

2x -y 8§ 4
= =
2x+y=3 X_S—\/g _7+\/§
ey L |8 SR
2x~y 5445 745
) s 7T

Vay hé phuong trinh ¢6 bon nghiém la:

(ry)- s—13 V13-1) 5413 14413
’y 8 b 4 D) 8 ) 4 D)
5—x/§.7+\/§ ) 5+£.7—£
8 4 J 8 7 4 |
y(v-1)_2
y2+1 e
Bai 14. Gidi hé phuong trinh .
x(xy—l)_l
X% +1 2
Loi gidi
Nhan thdy xy =0khong théa man hé phuong trinh.
1
X ——
y _2
1+i2 >
Xét xy = 0vi€t lai hé phuong trinh dudi dang:{ Y
1
y_; :l
1+i 2
)

biat u= l,v 1 hé phuong trinh trd thanh:
X y



1

E_V 2 i:% u(v2+1) 5
2 = u(l+V2) 5 ==

1+v 5@ PN 1—uv 2

1 . . w1y u2+1)

v _ 2 2 —=2

o =5 V(u +1) 1—uv

Trt theo v€ hai phudng trinh cda hé ta dugc:u—v =%<:> u =V+%thay vao

phuong trinh dau clia hé ta dugc:

1
= .
l+V (V2+1)=§ I-v l+V @V:lzuzl.Véy X = X
2 2 2 2 11 y=2
y 2
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;2) :
x—y 1-3x
s a1 A . l-xy 3-x
Bai 15. Giai hé phuong trinh .
x+y 1-2y
I+xy 2-y
Loi gidi
Pidu kién: (X2y2 —1)(2—y)(3—x)¢0.
D€ y cdc nhan tif ¢6 hinh thifc tuong ty nhau c6 dang 1+_ nén ta van dung
Xy

cdc déng thic:

Nhin thdy x =+1,y = +1khong 1a nghiém ctia hé phuong trinh.

Xét x #+1,y # +1ta bi€n ddi cdc phuong trinh clia hé:



Phuong trinh dau cda hé viét lai dudi dang:
)H—y_|_1:1—2y+1 (x+1)(y+l):—3(y—1) (X+1)(Y+1):1+xy
1+xy 2-y 1+xy 2-y —3(}’—1) 2-y
xty 22y | ()=l =) (x=1)(y-1) sy

1+xy 2-y 1+xy 2-y y+1  2-y

So sdnh hai phuong trinh ctia hé ta dugc:

o) LI ey a0 0

Phuong trinh thit hai ctia hé viét lai dudi dang:

oy 1es [y A ~(x+1)(y~-1) 1-xy

1-xy 3-x - 1-xy © 3-x - —4(X—1) 3-x
X—-y _1:1—3x_1 (x—l)(y+1)_—2(x+1) (x—l)(y+1)_1_xy
1-xy 3-x 1-xy © 3-x —2(x+1) C3-x

So sdnh hai phuong trinh ctia hé ta dugc:

_(x+1)(y—1)_(x—1)(y+1)© eV (y—1)=2(x— 1P (y+1) 2
_4(x_1) B _2(x+1) ( ) ( ) ( ) ( )( )-

Tu (1) va (2) ta c6 hé phuong trinh:

{<x+1><y+1>23<x1)<y1>2© s kel
(x+1) (y-1)==2(x-1)"(y +1) [x+lj2 Lyt

6 _
_ _ _ y-1_ 2
[—X“J 61 -27[—y 1] ey PSR
x—1 y+ y+1 y+1 5/2+1




f(x,y)=g(a,y)

Nhén xét: Tong quat ta gidi hé phuong trinh { .
g(x,y) =f(b,x)

Trong d6 f(x, y)— ,g( xy) =Y
1+x 1-xy

Véibaitoantréntacd a=—,b=

NIH
W | =

Hai ham f(x,y)va g(x,y)la cdc ham c6 tinh chat khd dic biét :
2
Xty  x-y 2"(1_y )
+ =
I+xy 1-xy (1+xy)(1—xy)

) 2y(1—X2)
B _ Xty X-y _
f(x,y)—g(x,y) l+xy l-xy (l+xy)(1-xy)

f(x,y)+g(x,y) =

u-l Y = vol hé phuong trinh trd thanh :
u+l v+1

Cach2:Pbit x=

u-v_4-2u
u+v_2u+4<:> 20 +4u—2uv—4v =4u+4v—2u> —2uv

UV_1:3_V u? —v+3uv-3=3uv+3-uv’ —v
uv+1l v+3
2 5
=412
4u> -8v=0 u? =2v Vzu_ u
= ) ey, e = Jo
2uv” =6 uv” =3 O o1 V= 5
2,2 _
3(x"+y)+ 2—2(10—)(y)

Bai 16. Gidi hé phuong trinh (X - Y)

2X + =5

X—y

Loi gidi

+ Diéukién x#y.

2(x+y) +(x—y)* +
+ Hé phuong trinh < (x-y)
x+y+x—y+_l_:5

X-y



Pat u=x+y;

2l 4+vi-2=20 [u=5-v u=3 |"73
= ) = vV .
u+v=>5 3ve=20v+28=0 v=2 _14

v=2 X—y+ X—-y= y=
X-y
1 +
u:l X+y:§ )(:4._’\/E
+ Vi 3 = 1 14c> 3 .
ST NSRRI g N
3 x-y 3 y 3

Vay hé phuong trinh ¢6 3 nghi€ém la x y = 2 1 {

4+410 —3+\/_J

y +X+xy—-6y+1=0

Bai 17. Gidi hé phuong trinh
y X—Sy +X y+x=0

Loi gidi
Hé phuong trinh da cho tuong duong véi:
y2 + X +xy +1=6y

2 < . N N s 1.
5 a2y + x,Xy + 112 hai nghiém cua phuong trinh:
yo+x (xy+1)—9y

2 -6yt +9y> =0 (t-3y) =0 t=3y.

2 4 x= x=3y-y’ =2

Vi vay y X 3y<:;> ) =1 * .
xy+1=3y y(3y—y )+1—3y y=1

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2;1) :

Nhén xét: Ta c6 thé chia phuong trinh ddu cla hé cho y, phuong trinh thi

hai cia hé cho y2 va dit 4n phu.

4 2 2
4 _4y=2
Bai 18. Gidi hé phuong trinh{x TRy Y=L

xzy+2x2 +6y =23

Loi gidi



'[—4y=2—x4 —4x?

bit t=y2, khi d6 hé trd thanh: 5 , >t coi x 1a hing sO
(x +6)y=23—2x

khi d6 ta dugc hé don gidn v6i2 4nla t,y.
Tac6:D=x*+6;D, =—x° -10x* —30x> +104D, =23-2x.

2
D D 2
Ta c6 t=y> :ﬁ:[%} <:>(x2 +6)(—x6 —10x* —30x2 +104)=(23—2x2)

=1 =
o U-00+x)0+x2)x +16x2+95) =0 | XTIV
x=—1=y=3

Vay hé phuong trinh c6 hai nghiém la (x;y) = (—1;3);(1;3) .

x2+xy+y2=3y—1

2 2

Bai 19. Gidi hé phuong trinh .
X +Xxy=x"—-x+1

Loi gidi
Hé phuong trinh da cho tuong duong véi:
X2+1+y(x+y—3)=0
x(x2 +1)+Y(X2 +1)—y=x2 +1
Néu y=0=x=1.
Xét y # 0hé phuong trinh da cho tuong duong vdi:

2 2
X le+x+y—3=0 X
y

1+x+y—3:O

) = ) 5 .
X(X +1) X2+1 X +1(X+y)—1=X +1

+x2+l-1=2"
y y y y

_1+\/§ y=5+\/g
Py y Ry

2 2 .
v=2 “1+45  5-45
X = Y=

X+y=2 5 5

1+\/§_5+\/§].[—1+\/§_5—\/§]
5 ; ;

bit u= 1,V=x+yhé phuong trinh trd thanh:
2 —
{u+v—3=0 {uzl X Jrl=1 x=

=

Vay hé phuong trinh ¢6 hai nghiém 1a: (x;y):[ 5 : )



X2+y2+xy+2x:7y

Bai 20. Gidi hé phuong trinh .
X +xzy—x2 +2xy—-6x+3y=0

Loi gidgi
Hé phuong trinh da cho tuong duong véi:
x> +2x+y(x+y—7)=0

(X2 +2x)(x+y)—3(x2 +2x)+3y=0‘

2
. 2x=0 =0
THI1: Néu y=0:>{X X @[x

x> —x2-6x=0 x=-2

TH2: N€u y # Ochia hai v€ clia phuong trinh dau cho y, phuong trinh tht hai

X2+2X+x+y—7=0
cho y ta dugc: xzizx 2,
(x+y)-3.5 1320
y y
_x2+2x

bit u ,v =X+ yhé phuong trinh tr§ thanh:

u=2-+7
u+v-7=0 v=T-u V=5+xﬁ

<~ <~ .
uwv-3u+3=0 |u(7-u)-3u+3=0 {u:2+ﬁ

VZS—J;

4+\/7+ 5(7+4ﬁ)
— X =—
X% +2x 2
=27
y V7 147+ 5(7+4\ﬁ)
x+y:5+ﬁ y= 2
dIPAn & .
X +2X:2+\/§ 47+ 5(7+4\/7)
y X = 5
+ :5—ﬁ
LY 14-+7 - 5(7+4ﬁ)
Y= 2

Vay hé phuong trinh ¢6 bon nghiém la:



447+ 5(7+4\ﬁ) 147+ 5(7+4ﬁ)

(x:y)=(0:0):(-2:0);| - 5 ; 5 ;

47+ 5(7+4\ﬁ) 147 - 5(7+4\ﬁ)

2 2

4x% -3y =2

Bai 21. Gidi hé phuong trinh .
- s (2x2+y)(4x4—3x2+y(4x2+y+6))=8

Loi gidi

4x> -2

Nhan xét: Ta c6 thé rit y = th& xudng phuong trinh thit hai clia hé.

Hé phuong trinh da cho tuong duong véi:
2x2 +y+2(x2 —2y)=2

(2¢2 +y)[(2x2 +y)2 -3(x —Zy)J _3

Pit u=2x? +y,v=x> -2y hé phuong trinh tr& thanh:

ut2v=2 u=2 [2t+y=2 |*77
5 = = =
u(u —3V)=8 v=0 x2—2y=0 4

9y3(3x> = 1) =—-125 (1)

Bai 22. Gidi hé phuong trinh .
45x%y +75x = 6y )

Loi gidgi
Nhin thdy y =0 khong Ia nghiém cida hé, khi d6 chia 2 v& clia phuong trinh

(1) cho y3 ; va chia 2 v€ clia phuong trinh (2) cho y2 ta dudc:



27x3+%=9 27x3 +E=9
y y3
2 = 5 .
45X 175X 6 [15206x+2)=6
y y? y y

bat u=3x;v =§, khi d6 hé trG thanh:
y

{u3+v3 =9 @{(u+v)3—3uv(u+v)=9‘

uv(u+v)=6 uv(u+v)=6

u+v=3 u=2 |u=1
PSS IS v .
uv =2 v=1 v=2

5
v=1 —=1
y y=
I T I P
+ Vil els o 3
v=2 —=2 _5
y y >

2

Vay hé phuong trinh c6 hai nghiém la (x;y) = (5;5];[1 2

32

|

x(1+x)+l[l+l):4
y\y

=

ai 23. Giai hé phuong trinh

x3y3 + y2x2 +xy+1= 4y3

Loi gidi
bieukién y#0.
Hé phuong trinh da cho tuong duong véi:

11 :
X+X2+—2+—=4 (X—i—lJ-i-(X-l-lj —2124
y- Y y y y
=

2 3
3 X X 1
X +—+—2+—3=4 [X+lj _2&(){4.1):4
y oy y y y y




Pt u=x+-L:v="_ khi d6 hé tr& thanh:
y oy

{u+u2—2V=4 {—2V=4—u—u2
=

uw—2uv=4 u3+u(4—u—u2)=4‘
) X+ l =2
-2v=4-u-u {uzZ y
= & & oSx=y=1.
(u-2*=0 v=l x|
y
Vay hé phuong trinh ¢6 nghiém duy nhat (1;1).
3
2+3y)=1 1
Bii 24. Gidi hé phuong trinh{x (3 y) D xyeRr)
x(y" —=2)=3 (2)
Loi gidi
Nhan thdy x=0, khong 1a nghiém cta hé, khi d6 chia 2 v& cta (1) cho
2+3y= % 243y = %
x> va chia 2 v& cda (2) cho x, hé trd thanh: s X,
y3 -2= 3 2+ 3 y3
X X
u=y
bit | dua vé hé phuong trinh d6i xitng loai II tim dugc:
v=—
X
RS MR Y
u=y=2ly=1 | _;
Viy hé phuong trinh ¢6 hai nghiém la (x;y) = (1;1);(%;2} .
2
+1+ +y)=4 1
Bai 25. Gidi hé phuong trinh {X . yery)=dy D o em)
X" +D(x+y-2)=y (2)
Loi gidi
Nhan thdy y =0, khong l1a nghiém ctia hé, nén ta chia cd 2 v€& cda (1) va (2)
2
X+l +(x+y)=4
cho y ta dugc:
x2+1

x+y-2)=1



Bdafltu:X +1;V:x+y—2,hétr6thénh:
y
2
u+v=2 u=1 X Jrl:1 x=1 x=-2
= = y = \Y .
uv=1 v=1 y=2 |y=5

x+y-2=1
Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (1;2);(—2;5).

2x X+\/_

Bai 26. Gidi hé phuong trinh 3X 3Y 2x> +y (x,yeR).

(2x+\/7) 2x+6

Loi gidi
biéukién: -3<x#0;y>0.
. kx>0
Khi d6 ta dit \Jy =kx < E
y=k"x
Khi d6 phuong trinh tht nhit ca hé trd thanh :
1 2x x + kx

— -
3x 3k%x? 2x% + k%X

<:>(k—2)2(k2+k+1)=0c>k=2.

Vé6i k=2ta c¢6 Jy =2x=x>0, thay vao phuong trinh th¢ hai ciia hé ta
duge : 4x +8x =v2x +6 = (2x+2)” —4=/2x +6..

dt \/2x+6 =2t +2, khi d6 ta c6 hé doi xing loai II.

:—3+\/ﬁ
4

2x+6=(2t+2)2 2x+6=(2t+2)2
5 = ~ Pt 3 3\/ﬁ
(2x+2)" —4=2t+2 (x—t)(1+2x+2t+4)=0 y=13-

Vay hé phuong trinh ¢6 nghiém duy nhat (x,y) =(

3+417 13—3@}

4 72
-1=6
Bai 27. Gidi hé phuong trinh
\/x +2X4+y +2xy—-1+24y-1=29
Loi gidi

biéu kién: y>1.



Pit a=.y—1=y=a’ +1, khi d6 hé phuong trinh trd thinh:
{X+a:6 x+1+a=7

\/)(2+2x+az+1+2(x+1)a=29<:> (x+1)2+a2 +2(x+1)a=29‘

(x+1) +a®+2(x+1)a=49 (1)

= ; ,
Jx+1) +a +2(x+1)a=29 (2)

LAy phudng trinh (1) trir theo v€ cho phudng trinh (2), ta dudgc:
(x+1)2+az—,[(x+1)2+a2 —2O:O<:>4/(x+1)2+a2 =5>0

:>(x+1)2 +a? =25
Viay ta c6 hé phuong trinh:

X+a=6 x=2a=4 x=2y=17
>, & & .
(x+1) +a2 =25 x=3;a=3 x=3;y=10

Thit lai thdy hai nghiém nay déu thda man
Vay hé phuong trinh c6 hai nghiém Ia (x,y)=(2,17);(3.10).

2
“3x+y=0
Bai 28. Gidi hé phuong trinh {X TRy TIXEY

x* +3xzy—5x2+y2 =0.

Loi gidai
Nhin thay (x;y) = (O;O) la mot nghiém ctia hé phuong trinh.
Xét x #0, khi d6 chia hai v€ clia phudng trinh thi nhat cho x va chia hai v&
ctia phudng trinh thi hai cho x> ta dugc:

y

x+Y4+y-3=0 X+Z+y-3=0
X X
2 < 2
x2+y—2+3y—5=0 (X+Xj +y-5=0
X X

Dén day ta dit u=x+X;V=y—3.
X

. ) u+v=0 v=-u
Khi d6 hé phuong trinh tré thanh: 5 <9, .
u +v-2=0 u"-u-2=0



y__
u=—1 x+X 1
v=1 y-3=1 {x—l
f— 5 S f— 1
4= x+L=2 y=
v=-2 X
y—3=-2

Viay hé phuong trinh c6 hai nghiém la (x;y) = (0;0);(1;1) .

2
—6y+1=0
Bai 29. Gidi hé phuong trinh: {7+ Y 7OV
y3x—9y2 +X2y+X=O

Loi gidgi
Nhin thdy y=0khong la nghiém cla hé, nén v6i y #0ta chia hai v€ cla

phuong trinh thit nhi't cda hé cho y va hai v€& clia phuong trinh thit hai clia hé

x+y2 +xy+1_6

cho y2 , ta dugc: y Y
x+y2 xy+1_9
y y
2
Viytadit u= Xty V= xy+1 . Khi d6 ta c6 hé phuong trinh:
y y
X+y2 3
u+v==6 y a
Su=v=3s
uv=9 Xy +1 3
y

Vay hé phuong trinh c¢6 nghiém duy nhat (x;y) = (2;1) .

(x2+x)y2—4y2+y+1=0

Bai 30. Giai hé phuong trinh : xy +x2y? +1— (4 _ 3 )y3 -0




Loi gidai
) (x2 er)y2 +y+1=4y2
Hé phuong trinh da cho tuong duong véi:
Xy + xzy2 +1+ x3y3 = 4y3
Nhan thdy y = 0khong théa man hé, nén véi y # Ota chia hai v€ cta phuong

trinh tht nha't cho y? va chia hai v& ctia phuong trinh tht hai cho y° ta dudc:

X2+L2+xy+1:4
y y
x2+i2 (Xy+lj:4
y y
u=X2+—2
Ta dit Y khi d6 hé trd thanh:
xy +1
v="——
y
xy+1:2
{u+v=4 y {x=1
Su=v=2S 1 & .
uv=4 x2+—2=2 y=1
y

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (l;l) .

xz(y+1)=6y—2
Bai 31. Gidi hé phuong trinh 4 s 5 5 ) , -
Xy +2x7y +y(x +1)=12y -1

Loi gidai
Hé phuong trinh da cho tuong duong véi:
Xz(y+l)+2=6y
(x4y2 +2xzy2 er2)+y(x2 +1)= 13y2 -1
xz(y+1)+2:6y (1)
2 .
yz(xz +1) +y(x2 +1)+1= 13y (2)
Nhan thdy y=0khong thda mian hé phuong trinh, nén v6i y # Ota chia hai

v& phuong trinh (1) cho y va chia hai v& phuong trinh (2) cho y?, ta dudgc :



x2+x—+2:6 XL+t +1:7
y y oy
2 X2+l 1 = I S
(x2+1) + 2 i +—2=13 (x2+1) +—+ =13
y y y y
. 2 1 X2+1 2
Pé&n diy ta dit S=x* +1+—;P= ; (s —4on) khi d6 hé trd thanh:
y y
S+P=7 P=7-S 2sap  |S=4
2 = 2 > .
S?-P=13 [S>+5-20=0 P=3
(.2
x“+1=3 r
1 1 x=42
X2 4l+—=4 —=1 y=1
41, al=1 Xz(l)
y ==
L 773
Ly

Viay hé phuong trinh c6 ba nghiém la (x;y) = (—\/5;1);(\/5;1);(0;%)

o y(l+2x3y)=3x6
Bai 32. Gidi hé phuong trinh

1+ 4x6y2 =5x°

Loi gidi
Nhan thdy x =0khong thda min hé, vdi x # Ota chia hai v€ clia cdc phuong

l}(—3 + 2y] =3
trinh trong hé cho xS ta duge: {* VX .
1 2
—+4y" =5
X6

bit a= %;b = %+ 2y khi d6 hé phuong trinh trd thanh:
X X

2
b’ -5 y




Vay hé phuong trinh c6 hai nghigm la (x;y)= (11)(#%] .

x3y+xy=5+x

Bai 33. Gidi hé phuong trinh .
*P ¢ )(2()(4y2—y2+2y)=5+x2

Loi gidi
x3y +Xy—x=5

H¢ phuong trinh da cho tuong duong véi: 5 .
x6y2 —(xy - x) =5

Pit u=x’y,v =xy —x hé phuong trinh tr& thanh:

u+v=>5 u+v=>5 u=3 x3y=3 x=1
= R = = .
u2—V2:5 u-v=1 v=2 xy—x:2 y=3

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;3) :

x*+x2 +xy(x2—2x—y)=—2

Bai 34. Gidi hé phuong trinh
2(){2 —y)—xy(sz -2y +1) =5

Loi gidi
2 2 2
(x —y) +Xy(x —y)+2=0

Hé phuong trinh tuong duong véi: .
2()(2 —y)(l—xy)—xy—S =0

u=x’*-y
bit , khi d6 hé phuong trinh trd thanh:
v=1-xy

{u2+u(1—v)+2=0 {uz—uv+u+2=0
=

2uv+v—-6=0 V(2u+1)=6
1
2 P —
. 1 7 |* YT,
TH1: Néu u=—>>v=—-—&
2 2 7
l-xy=——



2, 1 1,1
y=x"+- X=21273 32(81+\/6567)
= = , eia=f—~—
1_){x2+1]:_1 1,1 9
2) 2 PPl

. 1
TH2: Néu u¢—5:>v=

).

th& vao phuong trinh dau tién clia hé ta dugc:

2u+1
2 3 2

u +u+2=0<2u"+3u”" -u+2=0

2u+1

<:>(u+2)(2u2—u+1)20<:>u:—2 —y=-2

1
3

x2—y=-2 y=x>+2 (x—l)(x2+x+3)=0 X =
= = 5 Py =
l—xy==2 x(x +2)=3 y

Vay hé phuong trinh c6 hai nghiém la:

(x:y)=(13); l[a—lj l+l[a—l)2 (v6i aQM)'

20 2)2 4 a 9

y=x2+2

x3y(1+y)+x2y2 (2+y)+xy3 -30=0
Bai 35. Gidi hé phuong trinh

x2y+x(l+y+y2)+y—11=0

Loi gidi
Hé phuong trinh tuong duong véi: {x3y " XSyz * 2x2y2 * x2y3 * xy3 -30=0 .
)(2y+x+xy+xy2 +y-11=0
xy(x2 + y2)+ )(2y2 (X + y) + 2)(2y2 -30=0
= Xy(x+y)+x+y+xy—11=0 .

Pay la hé phuong trinh d8i xtng loai I tim dugc cdc nghiém:
Hé phuong trinh c¢6 bon nghiém:

(xiy) = (1:2):(2:1): [s V21 5+fJ [5+f . f}

2 2 2

Bai 36. Gidi hé phuong trinh




Loi gidai
biéukién: xy#0,x+y=0.
Hé phuong trinh da cho tuong duong véi :

1 1 1
1+—+—=—(x+y) x—z+y—g=2
Xy 2 X y
1 1 1 < 4 4 ‘
5-2| —+— =—(x2+y2) X2+—2+y2+—2:10
2 y2) 2 X y
u=x—-—
Pit ;
v=y——=2
y
R u+v=2 u+v=2 )
H¢ phuong trinh trG thanh: ) ) & (h€¢ v6 nghi€ém).
u +4+v-+4=10 uv =2
Vay hé phuong trinh di cho v6 nghiém.
10 +i:1
ss 5. 2x+3y Xy
Bai 37. Giai hé phudng trinh .
124 1 1
4x* +9y2 )(2y2
Loi gidi
DPiéu kién : xy #0,2x+3y #0.
Hé phuong trinh da cho tuong duong véi :
10+ 253 oy 3y x-S 43y-2-10
Xy X y
4x* +9y? < 2 9 » 4 .
124- 22 T _4x2 19y |4x 9y =124
x’y? x y

bat u=2x —é,v =3y —zhé phuong trinh trd thanh :
X y

u+v=10 u+v=10 u=0,v=10
2 2 Y20 < )
U +12+v +12=124 u” +v- =100 u=10,v=0




2x—§=0
. _
> 2x* =3=0
S | P T
- y - y2 y-2=
Zx—zzl() 2X —10X—3=0
X 2
3y2-2=0
5 |3y
3y——=0
| y
| 3 5-431 5-431 2
X==4|=>¥Y= X= Y =5
2 3 2 3
3 54431 5-431 2
X=— _,y: X = 7}’: -
- 2 3, 2 3
3 5-431 54431 2
X = _,y: X= ay:_ -
2 3 2 3
\/g 5+\/§ 5+\/§ 2
X = —,y: X = ,y: —_
2 2 | 2 3

Vay hé phuong trinh ¢6 tdm nghi€m nhu trén.

2 2
+y =x—-4y—4
Bai 38. Gidi hé phuong trinh {X =R

y* +8y? —3x7 +24y% —9x? +32y —9x +37=0

Loi gidi
(x+1)2 +(y+2)2 —(x+1)=0

Vi€t lai hé phuong trinh dugi dang: X A
3(x+1) —(y+2) =24

=x+1
bit {u x hé phuong trinh trd thanh :
v=y+2

2

_ 2
W +vi-u=0 vo=-ut4u vi=—u’+u
= I

2 .
30° —vt =24 3u3—(—u2+u) =24 ut—sut+u?+24=0

Phuong trinh cudi 1a phuong trinh bac bdn tdng quat da biét cdch gidi (xem
chuong 1).




_ > +x7 + 3y = v
. . 2x-y+l1 4
Bai 39. Giai hé phuong trinh 3
3x"+9xy _ 15
2x—y+1 4
Loi gidgi

bieéukién: 2x -y +1=0.

bit u =3—X,V =x? + 3y hé phuong trinh trd thanh :
2x—-y+1
17
u+v:_£ u+v=—— u:—iv:i
4 4
5 © 17 15 7 3 ‘
= —— uf ——1u +_=0 = — = —
uv 2 ( 1 ] 4 u 4,V 5
o i
2x—y+1 3x =—-10x+5y -5 x=2,y=-3
2 3 2 3 X ’
X" +3y=— X +3y=—
= Y7y = ! = X:_E, _ 37
3x 3 {4x:2x—y+l 2 2
P 3 11
2x—-y+1 4 2 - X=——,y=—o
. | (X" +3y=-5 I 10 y 50
X" +3y=-5

Vay hé phuong trinh ¢6 bon nghiém la:

x> (21y—20) =1
Bai 40. Gidi hé phuong trinh 3 .
x(y + 20) =21

Loi gidgi
Nhin thdy x = 0khong thda man hé phuong trinh.
% =21y -20
Xét x # 0hé phuong trinh vi€t lai dudi dang : < X
;21
y =—-20
X

bit u= l,v =y hé phuong trinh trd thanh :
X




x=lLy=1

3 3 u=v=1

u’ =21v-20 u =21v-20 1

3 S Slu=v=4 & X:Z’y:4

v’ =21u-20 u —-v =21(V—u) U=v=-5 |
X=—-=,y=-5
T

Viay hé phuong trinh c6 ba nghiém la (x;y) = (1;1);(%;4}[—%;—5) .

m+3x—y=6
o) (o) =8

Bai 41. Gidi hé phuong trinh

Loi gidi
bieukién: x +y>0.bat u=1/X+y,V=«3/x—y,(u20) hé phuong trinh trd thanh:
u+v=06
u+v=06 u=4,v=2
u+v=06 uv =-8 10
SA{luv=-8& «———>|u=2,v=4 .
6u6v6:8 u+v=06
uv =23 g u=3+x/ﬁ,v=3—\/ﬁ
uv =

Thay ngudc lai ta tim dugc nghiém cla hé phuong trinh :

(x:y)= (12;4);(34;—30);(103—19@;25@—77).

J2X—y+2+4/x+2y-3=3

Bai 42. Gidi hé phuong trinh .
x> —y2 —-Xy+9x+9y-25=0

Loi gidi
Picukién: 2x—y+2>0,x+2y—-3>0.

_2u2+v2—1

_ l _ X
bit u=y2x erZ,(u,VZO): 5 .
v=4yXx+2y-3 y:2 2_u”+8

5
Hé phuong trinh da cho trd thanh :

u+v=3 u+v=3
= .
ut vt uiv? +8uZ +19v2 - 73=0 ut +6u° —18u% —6u+17=0




u+v=3

- {(“2 o I

|

Thay ngugc lai tim dugc cdc nghi€ém cia hé la:

(x:y) =(1;3);(131_§4\/%;97 —

18v26

u=—3+\/%.
V=6—\/%

5

].

Bai 43. Gidi hé phuong trinh {

x> +xy+y2 =19(x—y)2

x? —xy+y2 =7(X—y)3 .

Hé phuong trinh da cho tuong duong véi :{

Loi gidi

(x—y)2 +3xy =19(x—y)2

(x—y)2 +xy=7(x—y)3

x=0
y=0
x=3
y=2
Xx=-2
y=-3

|
|
|

Viy hé phuong trinh ¢6 ba nghi€ém la (x;y) = (0;0);(3;2);(—2;—3).

Bai 44. Gidi hé phuong trinh {

x2+xy+y2=19(x+y

X2

2

—xy+y2=5(x+y)3 .

Hé phuong trinh da cho tuong duong véi : {

Loi gidi

(X+y)2—xy=19(x+y) ‘

(x+y)2 —3xy =5(x+y)3

2




{X+y=0 x=0,y=0

2
=—18(x+ =
Xy (X y) xy =0 PN X:_lzl(\/%—l),y=ll(\/%+1)

5(x+y)3:55(x+y)2 {X+y=11

xy =-2178 X=12—1(ﬁ+1),y:_11 73_1

Vay hé phuong trinh c6 ba nghi€ém la:

(19) = (004 - (73 ) S 3 ) [ B (73 - - .

[ [
N N \/5 v
8(){2 +y2)+4xy+

Bai 45. Gidi hé phuong trinh

2X + =1

X+y

Loi gidi
DPiéukién: x+y#0.

5(x+y)2+3(x—y)2+ 5
Hé phuong trinh tudng dudng véi : X+ y)
=1

X+y+Xx—y+
X+y

Patu=x+y+
X

! ,V=X— y,( u| > 2) hé phuong trinh trd thanh:
Ty

wbv=l w2v=l (oo
2 2 = >
5(u?-2)+3v? =13 u=-2v=2

1
X+y+ =2 x+y=1 x=0
= x+y < = :
x—-y=-1 y=-1

v=—1

x-y=-1
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (0;—1) .

2
Bai 46. GiAi hé phuong trinh : (x2 -y ) (x2 - yz)

RN



Loi gidi
biéu kién : x # +y khi d6 hé phuong trinh dugc viét lai :

3(x+yf+— +2(x y)—+( 2)2=35
x—y
( ] =
u=x+y+
Pat X+y (|| 2 2) khi d6 he phuong trinh tr& thanh :
V=X-y+
x—y

u=3
v=3

{3(u2—2)+2(v2—2)—35©{3u2+2\;2_45c> 3

2u+v=9 2u+v=9 uzﬁ
21
BT
Do (u >, V‘22)nén chi nhin nghiém u=v=3.
X+y+ =3 2 _i _+_5
Y X+y (X+y) —3(X+y)+1=0 X—2,y—_ 5
= P PN
x—y+L:3 (x_y)2_3(x—y)+1:0 X:3-_i-\/§’y:0
X—y 5

Vay hé phuong trinh ¢6 bdn nghiém la:

[3. V5345 (3-V5 (3445
(x’y)_z’ 2 (2720 2 L 2 )

2 2
2x =3
Bai 47. Gidi hé phuong trinh {X Ty rex

2x° +2y3 =3y2 -3x? +5.

Loi gidi
Hé phuong trinh da cho tuong duong véi :

X" +y +2x=3 X“+y +2x=3

< 3 3 2 ’
2x3+2y3=3y2+3x2—6x2+5 2x° +2y 23(3—2X)—6X +5
(x+1)2+y2=4

= (x+1)3+y3 . .bit u=x+1,v=ydé tim dugc (U;V)=(O;2);(2;0)




Suy ra (X;y) = (1;0);(—1;2) .
Viay hé phuong trinh c6 hai nghiém (x;y) = (1;0);(—1;2) .

Bai 48. Gidi hé phuong trinh { 4

2x2+xy+y=5

X +x3y+x2(y+l)+xy+y

-9

Lai gidi

Hé phuong trinh da cho tuong duong véi :

x2+1+xz+xy+y=6
(x2 +1)(x2 +xy+y):
Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (—\/5;—\/5 _1);(\/5;\/5 - 1) .

{X2+1=3 {x:—\ﬁ,yz—l—ﬁ
9<:> f— .

X2+Xy+y=3

xzx/g,yzx/g—l

Bai 49. Gidi hé phuong trinh

x2+y2+xy=3x—2

4 4
(x2+xy) +(y2+2) =17x

4"

Lai gidi

Nhin thdy x = 0khong thda man hé phuong trinh.

X2+

X

Xy+ﬂ:3
X

X X

Xét x = 0hé phuong trinh da cho tuwong duong véi: 4 4
[xz +xy] _{yz +2] 17

y2+2_

2
X

|

242
hé phuong trinh trd thanh :
X

u=2,v=1
4 S .
=17 u=1Lv=2

x2+xy=2x x=1y=0
y2+2:X X:3’y:—2
= .

X2 +Xy=x x=2,y=0
x=3y=-1

y2+2=2x

Vay hé¢ phuong trinh ¢6 bon nghiém 1a (x;y)=(1:0):(3;-2):(2:0)s(3:-1).



x? +y4 +xy:2xy2 +7
Bai 50. Gidi hé phuong trinh

xy3 —x2y+4xy+11(x—y2)=28.

Loi gidi

2
(x—yz) +xy—-7=0
Hé phuong trinh da cho tuong duong véi:
xy(y2 —x)+4xy+11(x—y2)=28

Pit u=y? —x,v=xyhé phuong trinh tr& thanh :
2

W +v-7=0 v=T7-u
= 2 5 .
uv+4v—11lu=28 u(7—u )+4(7—u )—11u=28
u=0 y?-x=0 {X=3
V=7—ll2 v="7 xy =7 y=1

= ) = = = 3 .
u(u+2) =0 {u=—2 {yz—x=—2 {x= 49

y=47

Viy hé phuong trinh c¢6 hai nghiém la (x;y) = (3;1);(%;%).

v=3 xy =3

(x2+y2)(x+y+1)=25(y+1)

x2+xy+2y2+x—8y=9

Bai 51. Gidi hé phuong trinh

Loi gidi
(x2 +y2)(x+y+1):25(y+1>

Hé phuong trinh da cho tuong duong véi:
)(2+y2+x(y+1)+(y+1)2 =10(y+1)

Nhan thdy y =—1khong théa min hé phuong trinh.
2,2

LY (x+y+1)=25
y+1

x? +y
y+1

Xét y #—1hé phuong trinh di cho tuong dudng vdi : 5

+x+y+1=10

,V=X+Yy+1hé phudng trinh trG thanh :




& 1 & .
uv =25 v=>5 y+ X:_E,yzﬂ

2 2 _ _
{u+v=10 {qu XAy s [x=3y=l
=
X+y+1=5 2

Viay hé phuong trinh c¢6 hai nghiém la x y 3 1 ( % TIJ

81)(3y2 —81)(2y2 +33xy2 —29y2 =4

Bai 52. Gidi hé phuong trinh
25y3 + 9xzy3 - 6xy3 - 4y2 =24

Loi gidi
Nhan thdy y =0khong thda man hé phuong trinh.
Xét y #0chia hai v& phuong trinh du cia hé cho y?, chia hai v& phuong
trinh hai ctia hé cho y> ta dudc :

81x* —81x? +33x—29=i2 3(3x—1)3 +2(3x—l):24+;12
y

) 4 24 3

25+ 9% —6X ——=— 3[2 +2.3=24+(3x—1)2
Yy y y

30 +2u=24+v?

3V +2v=24+u’

3x-1=2

batu=3x-1Lv= ghé phuong trinh trg thanh : {
y

DPay 1a hé d6i xting loai I1 d€ tim dudc u=v=2 <

Viy hé phuong trinh c¢6 nghi€ém duy nhat x y = 1

L + ! -2=0

Bai 53. Gidi hé phuong trinh { (x +y-1)"  (x—y+1)’

X2—y2+2y—2=0

Loi gidai
Pieukién: x+y—-1#0,x-y+120.
u+v
u=x+y-1 x= 2
bit = .
v=x-y+1 _u-v+2
2

Hé phuong trinh da cho trd thanh :




u+v=2
u=1 x+y-1=1 x=1
SHlutrv=-1< & =
x—-y+1=1 y=1

! + ! -2=0

Bai 54. Gidi h¢ phuong trinh { (2x—3y+2)"  (4x—2y 1)

8x2+2(3—8y)x+6y2—y—3=0

Loi gidi
DPiéukién: 2x -3y +2#0,4x -2y —1=0.
X_3V—2u+7
=2x-3y+2 B
bit U=ax=oy ,(u,viO): 8 .
v=4x-2y—-1 v—-2u+5
y=——0
4
Hé phuong trinh trd thanh :
1 1
—3+——2:0

u V3

2 2
g 3v-2u+7 2 3_S'V—2u+5 .3V—2u+7_|_6 v-2u+5 _V—2u+5_3:0
8 4 8 4 4

- u%+vi32—0©{(u+v)3 —3uV(u+V)—2=0‘

uv=1 uv=1

v=1 4x-2y—-1=1

u+v=2
{uzl {2x—3y+2=1 {x:
SLlutrv=-1< = Rt .
uv=1

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (1;1) .




Xy—x=2

Bai 55. Gidi hé phuong trinh 1 16 _,.

(X+1)4 ’ (y+1)4

Loi gidgi
biéukién: x,y #—1.
Hé phuong trinh da cho twong duong véi :
2
x+1)(y+1)=2(x+1)+y+1 +——=1
(et =2(er) eyt [
1 N 16 _1 = 1 16

()" (y+)’ (1) (y+1)

! V= 2 ,(u,v # 0) hé phuong trinh trd thanh :
x+1 y+1

u+v=1
u+v=1 )
= 2
{u4 +vt=1 ((u+ V) —2uvj —2utv? =1

=1

bit u=

u+V:1 :0 :1
SS9, ot (khdng thda man).
2u°v: —4uv=0 u=1v=0

Viy hé phuong trinh da cho v6 nghiém.

B

I
X+—+4X+y-3=3
3i 56. Gidi hé phuong trinh |\ y Y .

2xy+y2+1=8y

Loi gidgi

Diéu kién : x+y—320,x+120,y¢0.
y

x+l+ X+y-3=3
Chia 2 v€& phuong trinh thd hai ctia hé cho y ta dugc : y
2x+y+l:8
y

1
bit u=, [x+—;v=4/Xx+y—3 = hé phuong trinh trd thanh:
y

u+v=3 u+v=3 u=2v=1
= = .
w2 +vi+3=8 uv=2 u=Lv=2




" x=3
” u= X+—:2 y=1
TH1: Néu = y &
V= X =
x+y-3=1 {y:—l

1
” = X+—:1 :4_\[1
TH2:Néu{u & y <:>X * 0.
y=3£+10

Vay hé phuong trinh ¢6 bdn nghiém la:

(xsy)= (3;1);(5;—1);(4—\/5;3+\/B);(4+\/B;3—\/ﬁ) :

(x—2011)(2011+2012§/y —2013) -1
Ux=2010(y —4024)=2012 '

Bai 57. Gidi hé phuong trinh

Loi gidi
Pt u=3x-2010,v =3y —2013, khi d6 hé r thanh
(u3 —1)(2011—2012v)=1
u(v3 —2011):2012

Trit theo v& hai phuong trinh clia hé, ta dudc :
2011u® +2012u°v +201Tu—uv® —2012v=0<u=v=0< x =2010,y = 2013
Vay hé phuong trinh c6 nghi¢m duy nhat (x;y)=(2010;2013).

(x+y—3)3 =4y3 (xzy2 + xy+47;sj

x+4y—3=2xy2

Bai 58. Gidi hé phuong trinh

Loi gidi
(x=3)" =0
x—-3=0

TH1: Xét y=0= & x=3=(3,0) la mot nghi¢m ctia h¢.

TH2 : Xét y =0, khi d6 chia hai v€ clia phuong trinh thi nhat clia hé cho

y3 va chia hai v€ phuong trinh thd hai ctia hé cho vy, ta dudc:



3
(§+1—§] =4{x2y2 +xy+£)
y y 4)

i+4—§=2xy
y y
bitu =241 —z,v = xy khi d6 hé phuong trinh trg thanh:
y y
+3) u+3 45
3 [2 45} =4 (u j+u +—
uw =4 v +v+— 2 2 4
4 < .
u+3=2v _u+3
V=
2
W u? _8u-60=0 (u—5)(u2+4u+12)=0
< u+3 < u+3
V= V=
2 2
L _3-V13
2
3++73
X 3 =—
{u=5 —+1-—=5 {x+y—3=5y 8
ST y < 4 = .
B xy =4 e X=3+\/%
2
3473
YZT

Vay hé phudng trinh c6 ba nghi€ém la:

(x:y) 2(3;0){3_;/%;_3+\/%];(3+\/%;_3+\/%J.

8 2 8

(X—erl)3 =4x3 (Xzy2 —Xy +EJ

ai 59. Gidi hé phuong trinh 16

1—y+x=—16x2y

Loi gidi
TH1: Néu x =0=>y =112 nghiém ctla hé.
TH2: N&u x #0chia hai v& phuong trinh dau cia hé cho x*, chia hai v&
phuong trinh hai ctia hé cho x ta dugc:



3
1—X+l 4| x? y —Xy+£
X X 16

l—X+1:—16xy
X

X

bit u= 1y +1,v =xykhi d6 hé phuong trinh tr§ thanh:

X X
v =4y —V+§ =4 V2—V+E
16 | & 16 /.
u=-16v u=-16v
(4v+1)(4096v2 —1ozov+251)=o u=4
& < 1
u=-16v =V
l—X+1=4 1- y+x 4x l l
e IX X PN 2 2
xy=—t Xy g=3
Y 4 2

Vay hé phuong trinh c¢6 ba nghiém la x,y = 0 1 (l;—lj;[—l;gJ .

x* +y4 +16=6(x2y2 —x? +2xy+y2)
Bai 60. Gidi hé phuong trinh
x y 1
eyt os2 e

y X Xy

Loi gidai
biéukién: xy #0.
Hé phuong trinh da cho tuong duong véi:

2
(X2 —yz) +16=4xzy2 —6()(2 —y2)+12xy

2 2
X2 —y2 —3:3()(—3/1}
Xy

Thay su ldp lai cia xyva x2 —y2 nén ta dit u=x> —yz,V=Xy,(v¢O)hé

phuong trinh trd thanh:




2
W2 +16=4v2 —6u+12v u2+16=36(u_1J —6u+36.u_1

1 N u-— u-—
u_
u-3=3. 3(u—1)
v y=—0 7
u-3
(u=0
u(u3 —83u+174)=0 v=1l
< 3(u—1) < -83u+174=0 (1)-
V=T 23 3(u-1)
vV=——-
u-—3

Phuong trinh (1) 1a phuong trinh bac ba gidi dugc bing phuong phdp lugng
gidc héa tim dugc u,vsuyra x,y.

3 2x2 2x 1

X —— —_— —_

2 3
Bai 61. Gidi hé phuong trinh Yooy,
, 1 1
X +——-x+—=2
y y
Loi gidi

biéukién: y#0.
Hé phuong trinh da cho tuong duong véi :

3

x3—%—2§[x—ij=0 (x—l) +§(x—lJ=0

y y y y y y

1Y 2 N ? |
[x——j +—X—(x——J=2 x—l +2—X— x—l =2

y y y y y y
bit u=x —l,v =ihé phuong trinh trd thanh :

y
{u3+uvzo u(u2+v)=0

y
u=0
w+2v—u=2
=

=
W +2v—u=2 W +2v—u=2 {VZ—U




u=0 1
v=1 N i P
=" PN L
x=1y=1

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (—1;—1);(1;1) .

X2+1+y2+xy=4y

Bai 62. Gidi hé phuong trinh y
X+y-2=

x> +1

Loi gidi
Nhin thdy y =0khong thda man hé phuong trinh.

®+1
+x+y=4

Xét y # 0 chia hai v& phuong trinh dau clia hé cho vy , ta dugc : X

x> +1

+x+y=4
Ta c¢6 hé phuong trinh : y

y

x> +1

X+y-2=

2
bit u= X+l ,v=X+y hé& phuong trinh trd thanh :
y

u+tv=4 u=4-v u=4-v
e )_1 =

v-2=- (4-v)(v-2 V2 4+6v-9=0

2
u=1 X +1:1 y=3-Xx x=1y=2
= = y = 2 =
\% X“+1=3-x

x+y=3
Vay hé phuong trinh c6 hai nghiém la (x;y) = (1;2);(—2;5).

2.2 2
2y2 +16=11
Bai 63. Gidi hé phuong triinh {* ° Y © Y
X% + 2y2 +12y = 3xy2

Loi gidi
Nhan thdy y =0khong thda man hé phuong trinh.

Xét y # 0chia hai v& phuong trinh clia hé cho y2 ta dugc :




2
X +2+%—11— (X_iJ 1232
y y y y

IS

2 2 :
X 12
St —=3 [ij +2=3(x—ij
y y y y

biat u=x —i,v =X hé phuong trinh trd thanh :
y

y
4
x——=1
y _1- f 117
X_l 2
) 2o
+2=3 “lLv=1
u vc{u v=l _|ly oy 1+\/7 1417
vi42=3u |[u=2v=2 x—i—Z 2 2
y x=-2,y=-1
:4’ :2
i:z _X y
y

Vay hé phuong trinh ¢6 bon nghiém la:

(X;Y)=(—2;—l);(4;2)[ J_l— J[1+\/_1+\/_}

xz(y2 +1)+2y(x +x+1)=3
Bai 64. Gidi hé phuong trinh )

X +x)(y +y)=1

Loi gidi
Hé phuong trinh da cho tuong duong véi :

{E%@+2ﬂy+x2+mw+2y=3¢>(XY+Xf+ZbW+y):;

XY+Y)(XY+X)=1 (xy+y)(xy+x)=l
u=1v=1
Dit u=xy+Xx,v=xy+ydé tim dudc
u=-2,v=——
i xy+x=1
{xy+y=1 X:_1+2\/§’y:_1+2\/§
o P PR )
Xy+x=-2 _1+\/g _1+\/g
1 X = Y =
xy+y=—5 2 2




Vay hé phuong trinh c6 hai nghiém:

(x.y):[_1+x/§__l+x/§}.[—l+ 5._1+\/§}
’ 2 ’ .

2 2 72

Bai 65. Gidi hé phuong trinh:
szry2 =3x—-4y+1
3x? (x2 +9)—2y2(y2 +9):18(x3 +y3)+2y2(7—y)+3'

Loi gidi
-3x+ y +4y=1
Hé phuong trinh da cho tuong duong véi : 2 .
3 x2 —3x —2(y2 +4y) =3

Pit u=x>-3x,v= y2 + 4y, (u i ] phuong trinh trg thanh :

;—Jﬁy

=
Y +dy=0 | _ 3+f

3+\/7

2

y=0

y=—4

Vay hé phuong trinh ¢6 bon nghiém la:

(X;y)={3+;/E;—4];(3+;/E;0J{3_;/B;0};[3_2/6;—4}

y3
X2+ Xy +y> +x+ =2
Bai 66. Gidi hé phuong trinh x+1

2
=2

2x+y+

x+1

Loi gidi
Piéu kién: x = —1.

(x+y+l)(xyjl+xJ=2

Hé phuong trinh da cho tuong duong véi :

y2

x+1

X+y+1+ +x=3




2
bit u=x+y+1,v=y—1+xhé phuong trinh trg thanh :
X+
I x+y+1=1 _x=0,y=1

2 x=1y=0
Y ix=2 Y

:2 :1, :2 _ —_
{uv @[u v=2 | e+t ol ] \/ﬁ,y: 1+\/ﬁ.

u+v=3

u=2,v=I1 X+y+1=2 4 4
y? 1+/17 1++/17
+x=1 X= Yy ==
x+1 L 4 4

Vay hé phuong trinh ¢6 bdn nghiém la:

A e L

4 4 4

3x* - 4)(3y2 - 4x2y +6x% - 4xy2 +3=0

Bai 67. Gidi hé phuong trinh .
5x4 - 4)(4y2 - 8)(2y2 +6x% — 4y2 +5=0

Loi gidgi
Hé phuong trinh da cho tuong duong véi :

2
3(x2 +1) —4X(X2 +1)y2 —4x2y =0

2 2
5(x2 +1) —4(x2 +1) v —4x2=0

2 2
_ Xy — X =

P (—X‘H_>
2 2., .2
4(u + )—5:0
5—4y2—4[ X j 0 Y
x“+1
y:l X :l le
= 191x2+1 2 .
2 ly=l o

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .

%/ZX—y +§/3x—2y =2

233x -2y +5x+y=8 ‘

Bai 68. Gidi hé phuong trinh {




Loi gidi
%/2x—y +%/3x—2y =2
233x -2y +13(2x —y)-7(3x ~2y) =8

Hé phuong trinh da cho tuong dudng véi:

u=32x—
Pt ¥ hé phuong trinh &6 thanh:
v=3/3x -2y
u+v=2 utv=2
3 3 < 3 3 :
2v+13ud —-7vi =8 2(2—u)+13u —7(2—u) _y

u+v=2 u+tv=2
@ 2 .
20u® —42u® +82u—-60=0 (u—l)(20u —22u+60) =0

u=1 J2x—y=1 2x—y=1 x=1
& & = o .
v=1 33x -2y =1 3x -2y =1 y=1

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (1;1) .

<

2
y2—x y +2 =2x-2
Bai 69. Gidi hé phuong trinh X
x3+4x2—12x:y4+y2 —%

Loi gidi
biéu kién: x >0 phuong trinh thd nhat ctia hé tuong dudng véi:

2 2 2
VR AL PO DI T b S L N0
X X X

y2+2

X

=2yt =4x-2.

Thay y2 =4x —2 vao phuong trinh tht hai ctia hé ta dugc:

X} +ax? —12x = (4x -2) +4x—2—%©x3 INDYCINE- Y

X=—
e(zx—l)(4x2—46x—23)=0<i> :
L _23+3V69
4




1
x=—,y=0

2
=

x=w,y=i 3(7+\/@).

Vay hé phuong trinh c¢6 ba nghiém:

(x:y) (%

Nhin xét: P& gidi phuong trinh (1) ta dit t =

2

vy +2

o[ i o) [ 2 )|

,(t>0)tim dude t=2.

Bai 70. Gidi hé phuong trinh
y

\/9x+l+2\/
X

y

9j=18

2
y+—X=4

Loi gidi
Dicu kien: xy #0,0x + 1> 0,y + 2220
X

Hé phuong trinh da cho tuong duong véi:

\/9x+y

X

y

+2\/y+2—X=4
y

\/9x+
&

X

A

y+2—X=4

y

(2x - y2 )(y - 9x2) = 18)(2y2

18x° + y3 + 9)(2y2 =2xy

2
\/9X+Z+2\/y+2—X=4 \/9X+Z+2\/y+—X=4
X y X y
< 2 2 < 2
9L+y_+_xy:1 2X y+2—x +y—=1
y  2x 2 y 2x
y y 2x
IX+=+2 |y+—=4 OIX+=+2 |[y+—=4
X y S y
= o
2x y+— + L y+2—X =2 y+2—X ox+2 |=4
2 y 2x y y X
u=,[9x+2
Dit ~(u.v 2 0)hé phuong trinh trd thanh:
2
v=,ly+ X



uv=2 v=1

y y
9x2+y=4x y—4x—9x2 x=0,y=0
) < ) 2 2<:> 1 1-
vy +2x=y (4X—9X ) +2x=4x-9x X=§,Y=§

DGi chi€u v6i dieu kién chi nhan nghiém (x;y)= [L% .

(X—Z) /1+3—X=2X—y
y
2 / 3x 2,2
yo, 1+ —=2x"+y" —4x
y

Bai 71. Gidi hé phuong trinh

Loi gidi

biéu kién: y¢0,1+3—XZO.
y

Hé phuong trinh da cho tuong duong véi:

) .
1+3—X=2[3j IRV
y Yy y'y

(u—2v)\/1+3u =2u-1

bitu= .
1+3u=2u’—4uv+1

i,v 1 hé phuong trinh trg thanh: {
y y

Cong theo v& hai phuong trinh ctia hé ta dugc:

(u—2v+1)\/1+3u=2u(u—2v+1).

u=2v-1
S (u-2v+1 (\/1+3u—2u)=0c> .
( ) [2u=\/1+3u

Xét trudng hgp suy ra hé phuong trinh cé hai nghi€ém la (x;y) = (0;2);(4;4).

x+y)2 +2_y+L2+2y:4X+5

Bai 72. Gidi hé phuong trinh X x

x? +X(y—«/2x—y)=2x—1

Loi gidi




biéu kién: x#0,2x -y >0.

Hé phuong trinh da cho tudng duong vdi: X

2
(X+y+lj +2(y—2x)=7 ()ﬁty+l
X o X
X+y-— 2x—y:2—l x+y+l—\/2x—y=2
X X

bat u=x+y+l,V=w/2x—y,(V20)hé phuong trinh trg thanh:
X

uw-2vi =7 v=u-2 u=3,v=1
<9, , & )
u-v=2 u —2(u—2) =7 u=5v=3

<

i | x=1Ly=1
X+y+—=3
Y X {x2+xy+1=3x X:l,yz_l
[ 3 3
2x—y =1 2x—-y=1 .
< | Aad I S| 7-4/46 13+24/46 (thoa mén)
— X = e ——————
X+y+—=5 {x +xy+1=5x 3 )y 3
X _v=
-y =9 7446 134246
| W2x-y=3 X= 3 )y = 3

Vay hé phuong trinh ¢6 bon nghiém la:

(X;y)z(l;l){l 1]{7—%;_13+2\/RH7+\/R;—13+2\/£J‘

3 3 3 3

373

X4+2x3—5x2+y2—6x—11=0

Bai 73. Gidi hé phuong trinh ¢ 3y*-7-6

X +X *},2_7

Loi gidi
Picu kién : [y|>+/7.
(x2 +x—6)(x2 er)er2 -11=0

Hé phuong trinh da cho tuong duong véi : )
X“+Xx=




u=Xx"+X
Dét{ - .(v>0)hé phuong trinh trd thanh :
V=4ly =7

2
(u—6)u+v2—4=() (3\]_6} —6.3V_6+v2—4:0
v
_3v-6 < -

v u=

v —13v? +36=0 o
v>0 u—O,V—2
= 3v—6 <—> B L
u= u=1v=3
A\

r _x=0,y=i\/ﬁ

24x=0
{F iy
y =7=2
& x:_1+\/§,y:i4‘

{x2+x=1 2
2
LWy =7=3 x=—1+25,y=i4

Viay hé phuong trinh ¢6 tdim nghi€ém la:

(X;y)=(0;i\/ﬁ)( 1,1\/_)( 1+\/_,_4N 1+2\/g;i4].

x2+1—yw/x+y:y

Bai 74. Gidi hé phuong trinh s .
X (x+y—2)+x—2=5y

Loi gidgi
biéukién: x+y=>0.
x2+1—y\/x+y=y

H¢ phuong trinh da cho tuong duong vdi : 5 .
X (x+y—2)+x+y—2=6y
Nhan thdy y = 0khong thda man hé phuong trinh.

X2 +1
—yx+y=1

Xét y # 0hé phuong trinh da cho tuong duong vdi : )
x“+1

y

.(x+y—2)=6




bitu= ,V=4/X+Yy >0hé phuong trinh tr§ thanh :

2 34453 114453
u-v=1 _ X =3 =- Y=
v20 {u—3© ; - 2 2
s =0, :
U(V —2)=6 v=2 — —3+453  11-+/53

Vay hé phuong trinh ¢6 hai nghiém la:

(X.y)_[_3+\/§.11+\/§}[—3+\/§.11—\/§]
I 2 ’ 2 )

2 2 7

x* -3 y =3x+y

X\/g(y—l)=3(x+\/§)'

Bai 75. Gidi hé phuong trinh

Loi gidi
biéukién: y>0.
Pit t=4/y hé phuong trinh trd thanh :
x* =3t =3x + x4—t2=3(x+t)
) AR T .
xt(t —1)=3(x+t) Xt —xt=3(x+t)
Trit theo v& hai phuong trinh ctia hé ta dugc :
x* -t =xt —xt<:>x(x3 —t3)+t(x—t)=0.
X=t

@(x—t)(x(x2+xt+t2)+t)=0<:> ) ) .
XX +xt+t )+t=0

THI : Néu x =t <> x =4y thay vao phuong trinh dau clia hé ta dugc :

y’ -3 y:3\E+Y©y2_y—6\5=0®\E(y\/;—\&%):o,
@*E(‘E_z)(ﬂkﬁw):o@{yZO:{XZO’Y=0

y=4 x:2,y=4'
TH2 : N&u x(x2 +xt+t2)+t:Ota ¢6 hé phudng trinh :
x(x2+xt+t2)+t:O

xt® —xt=3(x+t)




t(x(x2+xt+t2)+t)—xt3+xt+3x+3t=0
xt> —Xt=3(X+t)

(x+t)(x2t+t+3)=0©{x:—t

xt® —xt=3(x+t)

xt> —xt=3(x+t)

X=—t X:O,t:O X=0,y=0
= = = .
t2-t* =0 x=-1t=1 x=-lLy=1

Vay hé phuong trinh c6 ba nghiém 1a (x;y)=(0;0);(~11);(2:4).

(2X+y—1)(\/m+\/g+\/;)=8\/;
(\/m+\/;)2+xy=2x(6—x) .

Bai 76. Gidi hé phuong trinh

Loi gidai
biéukién: x>0,xy >0.
Nhan thdy x =0khong thda man hé phuong trinh.

Xét x >0chia hai v& phudng trinh dau ciia hé cho vx , phuong trinh thit hai
ctia hé cho x ta dugc :

(2x+y—1)( x—+3+\/§+1}=8 (2x+y—1)[ X—+3+\/;+1J:8
X X
2 < 2 :
[ X+3+\/;] +y:2(6—x) [ X+3+\/§J +2x+y=12
X

X
bitu= x+3 +\/§,V:2x+y,(u,v >0)hé phuong trinh trd thanh:
X
(u+1)(v—1)=8© v=12-u’ o0 {u=3
wiv=12 (u+1)(11—u2)=8 V=

X+3 +\/§=3© X3 Boax=3

<~ X X .

2x+y=3 y=3-2x



bé y ham so f(x):JXJr3 ++/3-2x nghich bi&én trén (0;%} nén phudng
X

trinh c6 nghiém duy nhdt x=1=y=1.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .

y 2_)

X+

\/X2+1+X
2

X—2+2 x2+1+y2:3
y

Bai 77. Gidi hé phuong trinh

Loi gidi
DPiéukién: y#0.

Hé phuong trinh da cho tuong duong véi:

bit y ,(V > 0) hé phuong trinh trg thanh :

v=vx2+1-x

u+v=0 u=-v vwo ju=-1
) = ) —> .
u +2v=3 vi+2v-3=0 v=1

X
—+y=-1 x=-y-y’

=X = c{ N .
\/27 {\/x2+l=x+1 x=0,y=-1
x“+1-x=1

D6i chi€u v6i dieu kién suy ra h¢ c6 nghiém duy nhat (x;y)=(0;-1).

x2+2y2+3xy—2=0
Bai 78. Gidi hé phuong trinh { x—y + 220 _ 3\/3
(x+y)

Loi gidi
biéukién: x—y>0,x+y#0.
Hé phuong trinh da cho tuong duong véi:




u=x+y X+y=u x= 2
= 2<:> .
V=4/X-Yy X—y=V 3 2

Hé phuong trinh da cho trd thanh:

2 2
2 2 2 2
u+v Lo U=V 13 u+v U=Vl 5o
2 2 2 2
V2+20:3V
u?
6u’ —2uv?
4 —2=0 3 —uv?—4=0 u=2
<9, = = .
vi+20 . vi-3ulv+20=0 (V=2
—=
u

X+y=2 x+y=2 x=3
= = = .
JX-—y=2 x-y=4 y=-1

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (3;—1) .

\/2x—l—y(l+2 2x—1):—8
y2+y«/2y—4x—1—2x+y=13

Bai 79. Gidi hé phuong trinh

Loi gidi

biéu kién: xZ%,Zy—1—4x20.

Pit u=\/2x—1,(u20):>X=u2+1

2
TU phuong trinh ctia hé suy ra y = utd thay vao phuong trinh thi hai cia
u
hé ta dugc:
2 2 2
u+8 +u+8\/2.u+8 _1_4.u +1_2.u +1+u+8 13
14+2u 14+2u 14+ 2u 2 2 1+2u
2 3 2
- u+8 N u+8\/ 4u” —2u 4u+13—u2+ u+8_1420(1).
1+2u 14+2u 14+2u 1+2u




2 3 2
Xét ham s6: f(u) = u+8 +u+8\/ 4u” —2u 4“+13_u2+u+8_14
1+2u 1+2u 1+2u 1+2u
trén [0;4—00).
3 2
Ta c6: f'(u) =-30. u+83_ 15 2\/ 4u” —2u” —4u+13
(2u+1)" (2u+1) 1+2u
-16u —16u® —4u—30 J
2
2u+1
+ U+8. ( ) —ZU—LZ<O,VUZO
2u+1 2\/—4u3—2u2—4u+13 (2u+1)
1+2u

Nén f(u) 1a ham nghich bi€n trén [ 0;+of)
Vi vay: (1)@f(u)=f(1)@u=1@\/2ﬂo—1 —lox=1=y=3.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;3) .

Ché 45 9. KY THUAT PAT AN PHU DANG TONG - HIEU
A.NOI DUNG PHUGNG PHAP

u+v

‘=
Pit {“ XY 2 thay vio hé dua vé gidi mot hé phuong trinh
V=X-—y _u-v

=5
d6i v6i (u;v)de xit Iy hon.
DAu hién nhan biét:
Phuong trinh trong hé ¢6 chda cdc dai lugng d6i xing di cing nita doi xting
dudi day:

- )(2—y2 =(x+y)(x—y)=uv.

3(x—y)2 +(x+y)2
4

ey = ()[R o ay ) =(x ) - u(avi )



e bl o

- x3—y3Z(X‘y)(X2+XY+y2):(X_y) 4

o)

1
=—uV(u2 +V2)
2

2.2 4

2
4, 4 2 2\ 2.2 (u2+v2) 1
- X 4y = + —2x =
y ( Y) y 1 3
3,.3 3 .3
- x3+3xy2:u ;V ;y3+3yx2=u v

5 2)2_u4+6uv +v

u=mx +ny

Téng quét ta dit { .
vV=px+qy

A. BAITAP MAU

) 2 3 1

X" — —_—

Bai 1. Gidi hé phuong trinh 2y x|
3
(X+y) =5

Loi gidi
biéu kién: xy #0.

2xy(x2 —y2 ) =3x-2y
Viét lai hé phuong trinh dudi dang: :

(X+y)3=5
X _u2—v2
Ty
bat {u—x+y:> x2—y2:uv
vERTY 3(u+v) 5
3x—2y = _2.u—v=u+ v
2 2 2

Khi d6 hé phuong trinh trd thanh:

2 2
u V:u+5v uv(2

4 2 =

2uv.



%g—l

o u(V3+1):0©{u=%/§ {x+y f
x—y=-1 \/§+1
= 2

%S—L%§+1}
G

v=-1

Vay hé phuong trinh ¢6 nghiém duy nhat la (x;y) =[

(x+y+3)\/;+2y+4:0

(X—Y)(X2 +\AE2+1 (xyeR).

Bai 2. Gidi hé phuong trinh{

Loi gidi
DPiéu kién: x>y.
Phuong trinh dau cta hé twong duong vdi:

(x+y+3)Jx—y +x+y+3+1-(x-y)
<:(x+y+3xj_i§+1)( _Jx_yN1+Jx_y)_

e (xoy+)(x+y+a-x-y)- O xtytd=yx—y
x+y+d=\x-y
(x=y)(x?+4)=y?+1"

Dén day c6 nhiéu cdch xit Iy hé phuong trinh trén:

Vay hé phuong trinh trd thanh: {

Cich 1: Th€ 4 = \/x —y —x —y vao phuong trinh thi hai ctia hé ta dudc:
(X—y)(X2 +4/X—y —x—y):y2 +1

X —X x—y)s—xy 1=0

m[( 1)y f{x-y) =10
(x—y—lXx—y+J;j;+l)

<:>X2(X—y—1)+ =0

JX-y+1




<:>X—y=1:>{

x—-y=1

x+y=—3© x=-1
y=-2

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (—1;—2) .

Cach 2: Viét lai Yoy :(X_y)(ﬁ_él).
o ' (x—y)(x2+4)=y2+1 \/7

< (x—y—l) X2+X—y+\/x—y+1 :0'
NX—y+1

@{yz—x2+4(x—y)— (x—y)3

x—y—-1=0

{X+y=—3 {X:—l
= S
x-y=1 y=-2

Cich 3: Thi'y xuat hién ddu hiéu clia tong va hiéu nén dit

_u2+v

TS

V=X+Yy u -v




u=v+4

2 2
Ta c¢6 hé phuong trinh: 2 2 _
c p g uz[ugvj 4 ZLU V]-f-l

v=u-4
= .
(u—1)(u5 +3u% —50° — 1102 +12u+20)=0
Ta cé: v’ +3u* —=5u° =110 +12u+20 >

>3u* —50° —110% +12u+20>0,Vu >0

=v-4 +y=-3 =-1
Do d6 hé phuong trinh tuong duong véi: 4=y = Xy = X .
u=1 x—-y=1 y=-2
u+v?
— X=
AL ke NK L, Ju=xty 2 N
Nhan xét. Néu ta dit ,(V > 0) = ngay tir ddu phuong
V=N4X-—Yy _ u-v?
Y 2

trinh thd nhat cia hé trd thz‘mh:(u+3)v+u—v2 +4=0.
<:>(V+1)(U—V+4)=O<Z>U—V+4=O .

Ta c6 cdc két qua tuong ty trén.

(2x—y)4 +(2y—x)4 =1
Bai 3. Gidi hé phuong trinh

(X—Y)(XZ—XY+y2)=é'

Loi gidi
Bainay da dugc nhic d&n trong chii dé dit 4n phu dang dai sd.
Ta trinh bay 15i gidi cho dang dit 4n phu tong hiéu.
Vi€t lai phuong trinh dau cda hé dudi dang:

:(2x _ y)2 +(2y- X)z T (o y)2 (2y- x)z .

= S(X2 -I—y2)—8ny2 —2(5xy—2x2 —2y2)2 =1
[ 2 2 2
(s +(xey)

T [




=X+
Pt {u *™Y khi d6 hé phuong trinh trd thanh:
V=X-y

2 2
2,2 2 2 2 2
PP Ll S ! [ S SR
2 4 4

324w 1
Vo—=—
4 9

2 2
l(u2 +9V2) —l(u2 —9V2) =1
4 8

3V +uly =i
9

1
ut +54u%v? +81v* =8 u=—1,V=§

3V +uly=— 1
9

x* —2014x =y* —2013y
Bai 4. Gidi hé phuong trinh

3
(x2 —yz) = 4027

Loi gidi
Hé cho c6 s& khiling ta chua quan tAim dén diéu nay.
Phuong trinh thd hai clia hé ¢6 tich s& (x - y)(x + y)Vé phuong trinh dau vi€t
duge x* —y*=2013(x—y)+x=2013(x —y)+w bidu dién dugc

theo x —y va x+y nén thi dit 4n phu xem sao.
Hé phuong trinh dudc viét lai:
x* —y4 :2013(x—y)+x

|:(X - y)(x + y)]3 =4027

(x—y)(x+y) (x—y) ;—(x+y) =2013(X—y)+

[(x=y)(x+y)] =4027

=X+
bat {u Y tir phuong trinh thd hai cia hé suy ra uv=0.
V=X-Yy

X—y+Xx+y
2

<~



Hé phuong trinh trg thanh:

u? +v? u+v

uv. =2013v +

uv(u2 +v? ) =4027v+u
=S :
W3y = 4027 wlv? =4027
D& y mot chit n€u th€ 4027 theo uv tir phuong trinh thit hai Ién phuong trinh

thit nhA't ta ¢6 nhan t& chung u.
Do vay ta co:

uv(u2 +V2)=u3v3.v+u<:>u[uvarV3 —u2V4—1J=0.

u=0
@u[uzv(l—v3)+v3—1]=0<:>u(u2v—1)(1—v3)=0<:> wv=1.

3

v’ =1

D3 chi€u v6i uv = 0 ta duge u’v=1hodc v> =1.
TH1: N&u v* =1dwa vé gidi hé phuong trinh:

. 34027 +1
3 _ 3 3 =
—1 = =
v u=1x/4027 X+y =44027 2 .
v =4027 x—-y=1 34027 -1
T

v=1

TH2: N&u u’v =1 dua vé giai hé phuong trinh:

- L ol 4027

3,3 _ u= 2
uv 4027 34027 V:(3 4027)

5 uv=3/4027 |u= !
{uv=1

| 31 +(34027)
4027
X+y: X =
3/
2 3
X—y:(3/4027) 34027—( 4027)
y:
2

Vay hé phuong trinh c6 hai nghiém la:

):[ J o+ (Yaoz) - (daoar

4027 +1 4027 -1 | Y1027 31027

2 7 2 7 2 2

(x:y



2 2 _
Bii 5. Gii hé phuong trinh {X y =3

X3—7x+y3—13y+18=0'

Loi gidi
Hé phuong trinh da cho tuong duong véi:

(x=y)(x+y)=3

(x+y) 3(X—y)2 Jr()H—y)2

—7(x+y)—3(x+y—(x—y))+18=0'

bit u=x+y,v=x-yhé phuong trinh tr§ thanh:

uv=3

32 uv =3
u- +5v f— .
UETJ—7U—3(U—V)+18:0 w +3uv? —40u+12v+72=0

3
uv =3 V_H
9, < 63 '
u’ +9v—-40u+12v+72=0 w2 40u+72=0
u
3
v== M
Lt u < !

ut 4002 +720+63=0 |(u=3)(u+7)(u’ ~4u-3)=0

X+y 3
x—y=1

[u=3,v=1 x+y—— r
Xx=2,y=
u=—7,v=—E ’

7
u=2- 7,v=—2—ﬁ
_u:2+ﬁ,v:—2+ﬁ

X+y=2- \f x:—é :_é
X—y=-2- \/7 L 7,y 7
{x+y=2+xﬁ

i X—y=—2+ﬁ
26 23}

Vay h¢ phuong trinh ¢6 bon nghi¢m 13 (x;y) = (2;1);(iﬁ;2);(—7;—7 .

Céch 2: Nhan thdy x = 0khong théa man hé phuong trinh.




Xét x #0viét lai hé phuong trinh dudi dang:
x> —7x+y3 -13y+18=0
{x3—xy2—3x=0 .
Trit theo v& hai phuong trinh trén ta dudc:
x(y2 —4)+y3 -13y+18=0.
<:>(y—2)(x(y+2)+y2 +2y—9)=0.
y=2
<::{x(y+2)+y2 +2y-9=0
TH1: Néu y =2 thay vao phuong trinh thit hai clia hé ta dugc:
X2 —4=3©x=iﬁ.

TH2: Néu x(y+2)+y’ +2y-9=0< x:%—y (do y=-2 khong thda
y+

man hé phuong trinh).

Thay vao phudng trinh thi hai cia hé ta dugc:

2 y=1 x=2,y=1
9 2
(—y+2—y) -y =3 __2: x——é __2.
y 7 7 Y -
Vay hé phuong trinh ¢6 bon nghiém la (x;y) = (2;1);(iﬁ;2);(—%;—2—73].

(x2 +3y2 —8xy—1)(x+y)2 -48=0
Bai 6. Gidi hé phuong trinh )
(2x2 —2xy+1)(x—y) +12=0

Loi gidai
Vi€t lai hé phuong trinh dugi dang:

((x+y)2 +x%—y? —?;(x—y)2 +1)(x+y)2 =-48
(Xz —y2 +(x—y)2 +1)(x—y)2 =-12

bit u=x+y,v=x-ykhi d6 hé phuong trinh trd thanh:




(u2 +uv—3v2 +1)u2 =48
(V2 +uv+ I)V2 =-12
Nhén chéo hai phuong trinh ctia hé ta dudc:
uZ(u2 +uv—3v? +1)=4V2(V2 +uv+1)<:>(u2 —4V2)(u2 +uv+v? +1):0

=2 +y=2x-2 =3
u V<:>|:Xy X yc{x y

v -47=0s .
X+y=-2x+2y y =3x

u=-2v
TH1: N&u x =3y thay vio phuong trinh thit hai ctia hé ta dudc:
(12y2 +1).4y2 +12=0 v nghiém.
TH2: Néu y =3x thay vdo phudng trinh thd hai ctia hé ta dugc:

(1—4;;2).4x2 11220 4x* —x2-3=0.
& (%2 -1)(4¢ +3)=0©[X2_1:{X:_1’y:_3.

x=1 x=1y=3

Vay hé phuong trinh c6 hai nghiém la (x;y)=(-1-3);(1;3).

I S
Bai 7. Gi4i hé phuong trinh 4y 2x
(x + y)5 =5

Loi gidai
Diéu kién: xy #0.
4xy(x4 —y4) =3x-2y
H¢ phuong trinh tuong duong véi: S .
(x + y) =5

=x+
Pit {u *™Y khi d6 hé phuong trinh trd thanh:
V=X-y

u-v UV( 2 2)_3 u+v_2 u-—-v




x—g/g_l
@{u=§/g©{x+y=§/g© 2
v

Y 2
5 5
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (\/52 1;\/5; lj .
x* —y* _3 1
Bai 8. Gidi hé phuong trinh 42X
5
(x2 —y2) =-5
Loi gidi
=X+
Pt {u *™Y khi d6 hé phuong trinh trd thanh:
V=X-Yy
2,2
uv(u +v )
= u¥sv uv(u4—v4)=u+5v
2 2(u2 —V2) = .
v =-5
v’ =-5
uv(u4—v4)=u—usv6 v u4—v4)=1—u4v6
f— f—
wv =-5 Wy =-5

v’ +1)(u4v—1)= 0
=

5P =_5 {U4V=1




I5-1
X =
] ] 2
u:%/E x+y_\/— y:%/g+l
v=-1 x—y=-1 2
oo L2 [y 2| Ve
1;5/5 1\5/5 X = 5
K625 x—y =625 !
-——-R625
5
Y= 2

Vay hé phuong trinh ¢6 hai nghiém la:

(x;Y){%_l'%HJ V— o _T @.

2 7 2 2

3(x6 —y6)+7x4y2 7xzy4 :%—i
Bai 9. Gidi hé phuong trinh y X
7
(x2 —y2) =-7
Loi gidi

biéu kién: xy #0.

Viét lai hé phuong trinh dudi dang:

3()(6—y6)+7x2y2 (x2 —y2)=M
2xy
(X2 —yz)7 =7
2xy(x2 —yz)(3x2 +y2)(3y2 +x2)=4x -3y
- (x2 —y2)7 =-7

xz+3y2=u2—uv+v2

u=x+
Dét{ Yo 3x2+y2=u2+uV+V2.
V=X-—
y u+7v

4x -3y =

Khi d6 hé phuong trinh trd thanh:




uv(u6—v6)=u+7v llV(Ll —V6)=l.l—ll7V8

=
u'v=-7 u'v =-7
.y —
U(V7+1)(H6V—1)=0 u—ﬁ,v——l
< 7.7 < u L v=X/7°
u'v' =-7 3\5/5’
Thay ngugc lai bi€n (x;y)
RIS I Gt a
7 47 35 35
Suyra:(x;y)z ﬁ 1;ﬁ+1 : \/7 : ﬁ
2 2 2 2
o ey =2
Bai 10. Giai hé phudng trinh 2 .
5x2+5y2+2xy+5x+13y=0

Loi gidi
bit u=x+y,v=x-ykhi d6 hé phuong trinh trd thanh:

v - _3_5

2 2
2_2

{u3—v3+35=0(1)
= ) 5 .
%(u2+v2)+u ;V L OU—dy =0 3u"+2v +9u—-4v=0 (2)

Gidi hé nay bing phuong phdp hé sd bat dinh biing cdch 14y (1) +3.(2) theo

vé€ta du’cjc:(u—v+5)(u2+uv+4u+v2—v+7)=0.

Tim dudc: (u;v) = (—3;2);(—2;3) .

A LA . o A s 1 5 1 5
Viay hé phuong trinh c¢6 hai nghiém la (x;y) = [5;—5}(—5;—5] .
Cach khde: LAy (1) +3.(2)ta dugc:

_y__é
2 2 2

(2y+5) 3(x+%} +(y+§) =0 kx;

5

=

B. BAI TAP REN LUYEN



2. 2
Bai 1.1. Gidi hé phuong trinh {X TY SXyExTy

xz—y2=3

Loi gidi
bit u=x+y,v=x-ykhi d6 hé phuong trinh tré thanh:

2,2 2 2
u +ve ut-v
= +u {u2+3v2—4u=0
= .

2 4

uy =3 uv=3

S —4u=0 [y —4u®+27=0
ST

3 V=—
V=— u
u

2
(u—3) (u2+2u+3) {u=3 {x+y=3 {x=2
& = = .
v=1 y=1

x-y=1

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2;1) :

\/x2+2x+6=y+1

Bai 1.2. Gidi hé phuong trinh
X2+ Xy + y2 =7

Loi gidi
biéu kién y > -1, khi d6 hé tuong duong véi:

X2 +2x+6=y> +2y+1 X2 —y* +2(x—y)+5=0

RS et LA (SRS R

bit u=x+y,v=x-y, khi d6 h¢ tr§ thanh:

uv+2v+5=0 u=-1 |u=3
= v .
3u? +v2 =28 v=-5 |v=-1

=-1 +y=-1 =— N
b ovai VT G XY=L L XE T3 s man divu kien).
v=-5 X—-y=-5 y=2

=3 +y=3 =1 N

+v6il" T YT <7 (théa man dieu kién).
v=-1 x—y=-1 y=2

Vay nghiém ctia hé phuong trinh 1a (X;y) = (1;2),(—3;2) .




2 2
oy X ¥ -4
Bai 1.3. Giai hé phuong trinh 5

3x? —4y2 +§(x+y)=16

Loi gidi
Day la hé tdng quat bac hai da bi€t cach gidi dudi day trinh bay theo phuong
phdp dit 4n phu dang tdng hiéu.
Hé phuong trinh da cho tuong duong véi:
— y2 -4
5

X—y=

1/ 5 2) 7( 2 2) 45 .
——(x"+ +—(x" - +—|x+y)=16
2( Y 2 Y 2 ( y)
bit u=x+y,v=x-ykhi d6 hé phuong trinh trd thanh:

uv—4
V=

5 uv—4-5v=0
1 7 45 14 2 _v24+90u=64
—Z(u2+v2)+§uv+7u=16 uy—u v+ =

uv—4-5v=0 uv—4-5v=0
@ @ .
(u+v)2—16(4+5v)—90u+64=0 (u+v)2—90(u+v):0
_u=1,V=—1
u+v=0 u=4,v=—4
wtv=0 uv—-4-5v=0
Sqlu+v=90 < o u:95—9\/@ V:85+9\/@‘
u+v=90 ’ )
uv—-4-5v=0

uv—4-5v=0

2
L _95+9V89 859489
2 2

Thay ngugc lai tim dugc nghiém cta hé la:

()00 155 2 53220 |

2 2 4
+Xy+y =(x-

Bai 1.4. Gii hé phuong trinh {© Y (x=y)".
X2 —xy+y’=x-y

Loi gidi
bit u=x+y,v=x—yhé phuong trinh tr§ thanh:




2,2 4 2
4vt —
3u”+v _ 0 = VARERY
24 2 < 4 23
WAV AV SV a2 avop
4 3
u2_4—V4—V2 u:O’V:O
o 3 Slu=-1v=1
V(V—l)(4V2+4V+12)=O u=1v=1
—{X+y=0
x—-y=0
Y . x=0,y=0
+y=-—
= {X y . & | x=0,y=-1.
Y= x=1Ly=0
x+y=1
| (x—y=1

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (0;0);(1;0);(0;—1) .
Cich 2: Ta viét lai hé phuong trinh du6i dang

ot

xz—y2 =8x—-6y+1

Bai 1.5. Gidi hé phuong trinh 2 ,
(XZ—yz) =10(x—y) -1

Loi gidai
bit u=x+y,v=x—y khi d6 hé phuong trinh tr§ thanh:

_Iv+1
{uv=u+7v+1 v—1
A 2
2.2 _ 1002 _
u’v? =10v* -1 V2[7V+1J 10v? 1
v—
Do v =1khdng thoa man hé phuong trinh.
u:7V+1 u=3,v=-1
& v-1 SN 1.

(V+1)(3v+1)(13v2 —6v+1):0 uzl’V:_§



—
>
J’_
<
Il
[O8)
<
Il

0
>
+
«
Il
—_
0
<
Il
N = Wi W~

>
|
<
Il
|
W |
T
f_/;\
<X
1

Vay hé phuong trinh c6 hai nghigm la (x;y)= [%;%};(1;2) .

4()(4 +2x3y+x2y2)=2x+2y+9
Bai 1.6. Gidi hé phuong trinh .
3x? +2xy—y2 =6(x+y+1)

Loi gidi
Hé phuong trinh da cho tuong duong véi:

(x+y+x—y)2(x+y)2 =2(X+y)+9
(x+y)2+2(x—y)(x+y)=6(x+y)+6‘
biat u=x+y,v=x—y khi d6 hé phuong trinh trd thanh:

2
2 _
(u+v)2u2=2u+9<:> (u +uv) =2u+9

2
u? +2uv =6u+6 uv:w
2
bust6-u?)
[u2+¥J —2u+9  [u*+12u% +48u% +64u=0
< < _6u+6—u2
6u+6—u’ uv= 2
uw=———
2
u(u+4) =0 u=-4 x+y=—4 X:%
< uV_6u+6—u2 :1_7<:> X_yzﬂ 33

Hé phuong trinh c6 nghiém duy nhat (x;y) = (%,—3—83j




Bai 1.7. Gidi hé phuong trinh:
(x+y)2(x—y+1):6x—6y—2

(xz—yz)(2x2—2y2+(x2 —yz)(ery)2 +x+y)=12(x—y)2—x+y—1.

Loi gidgi
bat u=x+y,v=x-yhé phuong trinh tr§ thanh:
uz(v+1)=6v—2
uv(u3v+2uv+u)=12v2 —V—l‘

Nhin thdy v=—1 khong thda man hé phuong trinh.
Xét v#—1 khi d6 hé phuong trinh da cho tuong duong vé6i

u2:6V—2
v+1
2 .
Ov =2 v +2v? Ov=2 +6V_2.V=12y2—v—1
v+1 v+1 v+1
u2_6V—2
vrl p2obv=2 |22
= &4 v+l v v+l
4v=1)(ov+1)v’ 2
5 v=l  |v=1 4(9v+1)v? =(v+1)
(V+1)
36v° +3v? —2v-1=0
<:>u=i\/5v
v=1 u2:6V—2
v+1
3v—1(12v2+5v+1)=0 =0
uzi\/g ( ) uzi\/g !
o Y% 6v_2 o Y% 1-
v=1 W= v=1 vV=—
v+1 3
Thay ngudc lai x,y ta tim dudc:
1 111 1 1 1 1 1 1
(xy)= L ) L e 1
2 272 [ 2 \5 2\~

Viay hé phuong trinh c¢6 ba nghiém Ia:

(52)- (1 IN%—%—;— e

l\.)l»—*
Sl
NI»—*

Bai 1.8. Tim nghiém duong ctia hé phuong trinh:




(2x—7)(x—y)+3=0

(3x2 —4xy +4y2 —7)(x—y)2 =1

Loi gidi
Hé phuong trinh da cho tuong duong véi:
(x+y+x—y—7)(x—y)+3=0
(3(){4—y)2 —2(X2 —y2)+11(x—y)2 —28)(x—y)2 =4
Pit u=x+y,v=x —y,(u > O) hé phuong trinh trd thanh:
(u+V—7)V+3=O
(302 ~2uv+11v? ~28)v2 =4

Gidi hé nay bing phuong phdp th€ chd ¥y u>0tim dugc u=4=>v=2.
Vay hé phuong trinh ¢6 nghiém duong duy nhit (X;y) = (3;1).

x4—(a+1)x:y4—ay

-

Téng quat: Gidi hé phuong trinh

x* - y4 =4x -3y
Bai 1.9. Gidi hé phuong trinh

3
(x+y) =7
Loi gidi
bit u=x+y,v=x—ykhi d6 hé phuong trinh trd thanh:
2, .2
ay U +v :4‘u+v_ u-v uv(u2+vz)=u+7v
2 2 2 & X .
w=7 w =7
uv(u2+v2)=u+u3v u V3—1)=0
= =
=7 W=7
< 3/;+1
3 3 =
o u= 7(1:> X+y—ﬁ® 2
v=1 x—y=1 37_1
y:




Viy hé phuong trinh c6 nghiém duy nhat (x;y) =( ; J ,

3

Q‘
Q‘

7+1 57-1

!

\/ﬁ

Bai 1.10. Gidi hé phuong trinh

x4—2x=y4—y

3
(x2—y2) =3

Loi gidi

bit u=x+y,v=x-ykhi d6 hé¢ phuong trinh tré thanh:

uv(u2 +V2)=u+3v

l.lV(l,l2 + V2)= u+ u3V4

3 < 3
(uv) =3 (uv) =3
3 32
u(v?’—l)(l—uzv):O U=%/§,V=1 x:1+2\/§,y:\/§2 1
= 3 < u= ! V—§/§<:> 2 1
uv) =3 ET A X=——\y=——r
(uv) B Y

Viay hé phuong trinh c¢6 hai nghiém phan biét la:

(x )_[H%.%—l].(L_L
V"2 T GRS

Bai 1.11. Gidi hé phuong trinh {

x> —y2 =4x + 6y
x* + y4 -5x? —5y2 = 2xzy2 —10xy

Loi gidi

Hé phuong trinh da cho tuong duong véi:
x2 —y2 =5(x+y)—(x—y)

x4 +y4 —%((x +y)2 +(x —y)zj = 2)(2y2 —10xy.

bit u=x+y,v=x-y hé phuong trinh da cho trd thanh:

uv=5-v

ut +6uv? 4+ v 5( >
8

u +v

2
22 2 2.
2):2 u \'% _lo‘u \'%
4 2

uv=5u—-v uv=>5u-v
= = .
8uv? +20u> ~60v2 =0 |8(Su—v)" +20u? —60v> =0




u=0,v=0 x=0,y=0
1++/815 75++/815 812 +2+/815 838 +24+/815
Slu=-— ,V= S| X=—y=—"————
11 3 143 143
u_—1+ 815  75-+/815 X_812+2 815  —838+24+/815
L 1’ 3 i 143 ’ 143

Viy hé phuong trinh c¢6 ba nghi€ém Ia:

o[ 812424815 838+24./815 | (812+24/815 —838+24./815
(x:y)=(0:0); - 43— 143 — | 43— 143 —

2xy+y\/x2—y2 B /x+y+ /x—y
14 2 2

Bai 1.12. Gidi hé phuong trinh 3 3
x+y |, [(x=y) g
2 2

Loi gidi

biéukién: x+y>0,x—-y>0.

biat u:\/x;ry’v:\/x;y tir phuong trinh thit hai ciia hé suy ra u+ v > 0khi

d6 hé phuong trinh tr§ thanh:

lz(u2 V7 )(w? =v? )+ 2uv(v? -v?)

=u+v
14 :

(u2+v2) u2—V2)+uV(u -V )=7(u+v)
=
wrvi=9
u—V)(u2+V2)+UV(u—V)=7 (u—V)(u2+uV+V2)=7
= =
u3+v3:9 u3+V3=9
x+y_2
w-vi=7 {u=2 7 {x:S
= = = = .
w v =9 v=1 X-Y 4 y=3
2

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (5;3).



X2 —y2 -6=0
Bai 1.13. Gi4i hé phuong trinh ( 2 4 L, (x.yeR).

()

x+y—U

Loi gidi
biéukién: x—y #0.

(X+yXX—y)=6
Hé phuong trinh da cho tuong duong véi: (x+y—1)2— 4 3.0
2
(x-¥)
bit a=x+y;b=x—y khi d6 hé tr§ thanh:
ab=06 b:9 b_6
a —
2 4 = < a
a-1) ——-3=0 2
( ) b2 a2—2a+l—%;—3=0 8a? —18a—18=0
i x+y=3
a=3,b=2 x—y=2 x=2y=t
S 3 = 3 & 2 2 .
4 §7 78
| (x+y=-8
51 35 29
Vay hé ¢6 hai nghiémla (x;y)=|—;— |;| ——;— |.
1y hé ghié (y)[zzj[ggJ
VX+1+4y+1=2
Bai 1.14. Gidi hé phuong trinh .
T2 0¥ —y? =4
Xy
Loi giai

biéu kién: x—y #0,x,y >—1.

Binh phuodng hai v€ phuong trinh thit nhit clia hé ta dugc:

X+y+242Yxy+x+y+1=4 2\ xy+x+y+1=2-x-y.

Q{:(Xiiwﬂ)%%x—ﬂzQ{(X—Y)2=8(X+Y)'

batu=x+y,v= X—y,(v #0,-2<u< 2) khi d6 ta c6 hé phuong trinh:

X+y<2




v =8u

18(u2——V2) CD{
+293/uv =4
v
X+y=2
r x—y=4
v=4,u=2 8
§ 8 ||*Y79
S|lv=——u=—&
3 9 8
4 2 MY
vV=——u=—
L 3 9
X+y=—
x—y=_2
s

Viay hé phuong trinh c6 ba nghiém la (x;y) = (3;—1);[—— —

v2 =8u

9v3 —112v—108=0

8 16
9’9

l

57

9°9

)

Bai 1.15. Gidi hé phuong trinh {

3x? +y2 =4x

3x* + 3y4 + 10x2y2 =2-6x>+ 6y2

(x+y)4 +(X—y)4 +(x2 —y2)2 +6(x2 —y2)=2.

Loi gidai
Hé phuong trinh da cho tuong duong véi:

(x+y)2 +(x—y)2 +x° —y2 =2(X+y+x—y)
bit u=x+y,v=x-ykhi d6 hé phuong trinh tré thanh:
{u4 +vtru?vi+6uv=2

u2+uV+V2=2(u+V)

Pay 1a hé d6i xting loai I di bi€t cdch gidi. Chd y déng thic

ut vt rudve =

2 2

2

(ll +V2—UV)(U +Vv +UV)

=2(u+v)(u2 +v2 —uv) =2(u3 +V3)




_1—\/5 _l+\/§
w v +3uv=1 u= V=

2 2
Suy ra = .
u +v2+uV=2(u+V) 1+\/§ 1—\/5
u= ,V=
2 2
X+ —i
y 2
1++/5 1 5
X—y= 5 X=—y=——
- PN 2 2
1++/5 1 5
X+y= =—,y=—o
2 2 2
. 135
T
Cach 2:

Rit y? =4x —3x> tit phuong trinh thit hai vao phuong trinh diu ctia hé
ta dugc k€t qua tuong tu.

2
3xt +3(4x—3x2) +10x2(4x—3x2)=2—6x2 +6(4x—3x2).

!
X=—
<:>(2x—1)(8x2—14x—1)=0<:> x=7_g/§:> 2 2,
1 5
TVt [P
I 8
1 5)(1+5
Vay hé phuong trinh ¢6 hai nghiém 1a (x;y)=| —;—— |;| —;— |.
1y h¢ phuong ghi¢m Ia (x;y) Lz 2}[22]
3.3 2 2 1
X" +y +x(3y +1)+y(3x +1): I
-y+
Bai 1.16. Gii hé phuong trinh ) Xy
4(x2—y2) +4(x+y)2—8x+8y—17=—
X+y

Loi gidi
Diéu kién: (x + y)(x —y+ 1) 0.

Hé phuong trinh da cho tuong duong véi:



3
(x+y) +x+y=X_erl

8
X+y

4(x2 —y2)2 +4(x+y)2 —8(X—y)—17=—
(x—y+l)((x+y)3+x+yj=1
(x+y)[4(x2 ) ra(xy) _8(x_y)_17]=_8'

bit u=x+y,v=x—yhé phudng trinh tr§ thanh:

v+ ruv+u=1
4uv? + 40 —8uv—17u=-8

Nhin thdy u=0khong thda man hé phuong trinh.
Xét u=0khi d6 hé phuong trinh tuong duong véi:

(u3 +u)(v+l)=1

4uv? +4u —8uv—17u=-8

v=— -1
u’ +u
< 2
4u3[ —1] +4u3—8u( —lj—l7u=—8
wru u’ +u
V= ! -1 V= ! -1
= u3+u = 3+u

u
u(8u6 +7ut — 1002 —5) =0 u(u2 —1)(8u4 +15u2 +5) -0

Thay ngudc lai tim ra (x;y) = [—%,i]{%%} .

Vay hé phuong trinh c6 hai nghigm la (x;y)= [——;—J{—;—] .



Chd 8 10. KY THUAT SU DUNG TiNH PON PIEU CUA HAM SO
A. NOI DUNG PHUONG PHAP
Dinh Iy I: N&u f(x)la ham dong bi€n(hodic nghich bi€n) trén (a; b) thi
phuong trinh f(x) =0néu c6 nghiém thi d6 1a nghiém duy nhat trén (a;b) .
Dinh Iy 2: N&u f(x)1a ham dong bién (hodc nghich bi€n) trén (a;b)khi dé
véimoi u,ve (a;b)théa méan f(u)=f(v)y s u=v.
Mot s6 dang phudng trinh xud't phat tt ham sd nhu sau:
Dang 1: Phuong trinh c6 dang f(u) =f(v).
- Thong thudng tir mot phuong trinh clia hé ta nhan ra ding thitc f(u)=f(v).
- Cong, trir theo v& hai phuong trinh clia hé dua vé f(u)=f(v).
- Viéccanlam 1a xét ham ham trung f(t) chi'ng minh f(t) nghich bi€n hoic
dong bién trén tip K.
Dang 2: Phuong trinh ¢6 dang f(x)+g(x)=0.
- Turmot phuong trinh chia hé ta im dugc mién xac dinh x € [a;b] vaye [c;d] .

- Ching minh min_f(x)+ min_g(y)=1(x,)+g(y,)=0.
xe[a;b] ye[c;d]

- Ching minh max_f(x)+ max_g(y)=1(x,)+g(y,)=0.
xe‘:a;b] yeI:c;d:I

A b 2 . N 2 . X= XO

- Dau bang xay ra khi va chi khi .
Y=Y

Do vay ky niing xit 1y 1a tim gid tri 16n nh4t va gid tri nhé nhat clia hAm s§
va nhé ki€m tra nghiém (xo;yo)cé thda man hay khong.
Chi ¥. P6i véi cic em 16p 10 chua duge hoc vé dao ham d€ ching minh
ham dong bi€n, nghich bi&n ta x{ 1y nhu sau:
_ ) —1(xy)

X1 =%

Xétty s k v6i moi X,,X, e(a;b)vé X, #X,.

- Né&u k>0thi f1a ham dong bi€n trén (a;b).
- Né&u k<Othi fla ham nghich bi€n trén (a;b).

Mot s6 dang hé thudng sit dung phuong phap ham sé
- Heé doi xttng loai II.
- Hé hodn vi vong quanh(xem chudng 4).



Luu §. V6i hé xir Iy dudc bing phuong phdp ham sd thi cling c6 thé xit ly
dudgc bing phuong phdp nhan lién hgp.

(x+\/x2 +1)(y+\/y2 +1j =1(1)
(x2 +y2)2 :4(x—y)+x4y4 (2).

Phuong trinh (1) < x + Vx> +1=1y? +1—y (3).

Dé&n day ta c6 hai hudng xit Iy co ban hay dudc xit dung nhu sau:

x2 _y2
Huéng 1: X+y+\/X +1 «/y +1=0x+y+ y =0.

Vx? +1+\/y +1

Ching han hé phuong trinh

=0 x=-y.

e (x+y) 1+ \/ﬁﬂ/ﬁ
x-y :mmf |x|+x|
Hudéng 2: Xét ham s6 f(t)=t+\/ﬁtrén R, ta c6:

t :\/t2+1+t ||+t
\/t2+1 \/t2+1 \/t +1

R vi vy phudng trinh

Do 1+

f'(t)y=1+ >0nén f(t)1a ham dong bi€n trén

Befx)=f(-y)ox=—y.
Viéc con lai 12 th€ vdo phuong trinh th hai clia hé tim dugc nghiém duy
nhat (X;y) = (0;0) .

A. BAITAP MAU

x4 —4x=y4—4y (1)

Bai 1. Gidi hé phuong trinh .
2014 42014 _p (o)

Ty
Loi gidi
Tu phuong trinh (2) suy ra s =R=

Xét ham sd f(t)= t* —4ttrén doan [—l;l] ta chiing minh f(t) 12 ham nghich

bi€n trén [—l;l] bing hai ciach nhu sau:



Cich 1: Phit hdp véi ki€n thite 16p 10 chua duge hoc vé dao ham.
Véimoi t,t, e[—l;l],t1 #1, ta co

4 4
_fa)=fy)  §-5-4(4 )
t -t t -t

=(t, +t2)(t12 +t§)—4s4—4=0.
Do d6 f(t)1a ham nghich bién trén [-L1]vi vay (D f(x)=f(y) < x=y.

Thay vao (2)ta tim dugc x =y = i201‘\*/% :

Vay hé phuong trinh c6 hai nghigm la (x;y)= (iZOli‘/g;izm‘\‘/g] .

Cach 2: St dung dao ham
Ta c6 f'(1)=4 ~4<4-4=0 nén f(t)la ham nghich bi€n trén [-1;1] dén
day xt 1y ti€p nhu 15i gidi trén.

)~ f(ty)

Nhan xét. Vi cich xét ty s6 k = ta chitng minh dugc ham dong
t,—t
17

bi€n hoidc nghich bi€n rit phi hgp vdi ki€n thic ciia mdt hoc sinh 16p 10
nhung han ch€ clia phuong phap nay 1a n€u ham f(t) c6 dang phic tap thi

budc chiéng minh k > o(k < 0) khé khiin hon ra't nhiéu.

Vx=2—4ly-1=27-x (1)

(x-2)' +1=y @

Bai 2. Gidi hé phuong trinh

Phan tich 10i gidi. Nhan thay tir (2) ta c6 thé riit y tu do theo bi€n x do vay
viéc th€ dudc lua chon diu tién tuy nhién sau khi thé dua vé mot phuong
trinh c6 chifa cdc nhan i tit x> cho d&n vx —2 do vy ta suy nghi dén mot
cdch ndo dé c6 thé tim dugc nghiém ctia phuong trinh mot cach dé dang.
Nhu di n6i & phin trén d6 13 nhim nghiém va xi Iy theo hai huéng
- Hué6ng 1: Xét ham s6
- Hudng 2: Nhan lién hogp.

Loi gidi
biéukién x>2,y>1 .
The y = (x - 2)4 +1 tit phuong trinh (2) vao phuong trinh (1) ta dudc:

Jx=2-(x-2)" =27-x" & x* =x? +4x +x -2 -31=0 (3).



Xétham sd f(x)=x> —x* +4x +/x -2 - 31 trén [2;+oo) :
1

240x =2

bién trén (2;+00) . Matkhdc f(3)=0do d6 (3) <> x=3suyra (xy)=(3:2).

Ta c6f'(x)=3x> —2x+3+ >0,Vx e(2;+oo) nén f(x)1a ham dong

Vay hé phuong trinh c¢6 nghiém duy nhat (x;y) = (3;2) .

(x+\/1+x2j(y+\/1+y2)=1
X\/6x+2x2+1=4xy+6x+1

Bai 3. Gidi hé phuong trinh

Li gidi

Do (y + \/y2 + lj(\/yz +1- yj =1nén tif phuong trinh thi nhit cla hé, ta suy

ra: x +V1+x2 =—y+\/y2+1 < f(x)=1(-y).
Xét ham s8 f(x)=x+v1+x> ta co:

X Vi+x? +x |X|+X

f'x)=1+ = > >0,vxeR .
\/l+x2 \/1+x2 \/1+x2

Do d6 ham s& f(x) dong bién trén R. Nén f(x) =f(-y) & x=-y.

Thay vao phuong trinh thi hai cla hé ta ¢6 phuong trinh :

2
X\/6x+2x2+1:—4x2+6x+1<:>(\/6x+2x2+1—%] =£X2.

4

=l=>y=-1
6x +2x2 +1=3x X y

< 2 < 3411 34411 -
6x +2x° +1=-2x X= 2 :>y=T
3-41 _—3+\/11]
2 9 .

Viay hé phuong trinh c¢6 hai nghiém la (x,y) = (1,—1){ 5

Bai 4. (TSPH Khdéi A 2010) Gidi hé phuong trinh:

(4x> +Dx+(y=3)/5-2y =0 (D)
4x* +y? +243-4x =7  (2)




Loi gidi

Diéu kién , khi d6 phuong trinh (1) tuong duong véi:

(4x2 + )y + (021 _EY) -1

W3-2y=0.

< @x2+D2x) =((5-2y)* +D/5-2y (3).
Xét ham s6 £(t) = t(t2 + 1) trén R, ta c6: £'(t)=3t> +1>0,Vt e Rnén 1a ham
dong bién trén R.

x>0

Vivay: Q)& f(2x)=1({5-2y) = 2x=4/5-2y & 5_4x2 -

YT

2

Thay y = S vao (2) ta dugc phuong trinh:

4?4+ (22 ) +2V3-4x =7 (4).

Suy ra OSXSE. Xét ham s6 f(x)=4x +(5 ;X ) +243—-4x —7 trén

doan {O;é]
4

Ta c¢6 f'(x)=—-4x(3+4x%)+

trén {O;E]
4

Vi vay phuong trinh (4) < f(x) =f(%}<:> x=%:> y=2.

N

<0,Vx e {0;3) nén f(x)nghich bi&én
3-4x 4

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (%;2}.

Nhan xét. Ngoai ra hé trén con gidi dudc biing cdch dwa vé hé hodn vi lip
vong quanh(xem chuong 4). Qua bai todn trén ta ¢6 mdt ddu hiéu nhan dién
phuong phdp ham s6 khi mot phuong trinh cta hé c6 dang:

(mx+n)\/ax+b =(py+q)«/cy+d .



Bai 5. (TSPH Khdi A,A1 2013) Gidi hé phuong trinh:

\/x+1+\4/x—1—\/y4+2=y

x2+2x(y—1)+y2—6y+1=0'

Loi gidi
biéukién x >1.

Khi d6 bi€n ddi phuong trinh thit hai cda hé trd thanh:
2
(x+y—l) =4y>0=y=>0.

Vi€t lai phuong trinh thd nhat ctia hé thanh

W+i‘/:=\/y4+2+y OF

Pén day ta xét ham s6 f(u)=u++u* +2 trén nita khodng [0;+oo).

2u?

Taco f'(u)y=1+ >0,Vu>0nén f(u)la ham ting trén [O; +oo) .

ut +

Do dé (1)<:>f(\4/x—1)=f(y)<:>y=\/4X—l<:>X=y4+1'

\S]

2
Thé vao phuong trinh thit hai clia hé ta dugc phuong trinh (y4 + y) =4y.
3\ y=0
oy y(y +1) -4|=0< 3 2 .
y(y +1) -4=0
Vi y=0=>x=1.
3 ) ¢ 3 )\
Vi y(y +1) —4=0ta xét ham 50 g(u)=u(u +1) 4.

Ta c6: g'(u) = (u3 + 1)2 +3u3 (u3 + 1) >0,¥u>0. Mit khic: g(1)=0.
Do dé y=1suyra (x;y) =(2;1) .
Vay hé phuong trinh c6 hai nghigm 1a (x;y)=(1;0);(2:1).

Nhan xét. Nhu dd n6i mot bai todn xit 1y dugc bing phuong phdp ham sd thi
cling c6 thé xir Iy bing phuong phdp nhin lién hgp. Vi vdy ta ¢6 thé tim ra
x =y* +1 biing nhan lién hgp nhu sau. V6i y >0 va tir (1), ta c6:



\/x+1—\/y4+2=y—\4/x—1 .
X—y4—1 y4—x+1

\/x+1+\/y4+2 :(y+‘\‘/X—1)(y2+\/x—l) '

f—

1

1
N b e

<:>(x—y =0 .

<:>x—y4—1=0<:>\)7ﬁ‘+\1/. / /
24244y +1 1
Bai 6. Gidi hé phuong trinh < x 1 /x2 _2x +2 1 y(x_l)z .
4yNx — —x? —4y2 +3x-3=0

Loi gidi
biéu kién: x >1,y#0.

b 2+424/4y? +1 2+244y? +1
(6]
X

= >0 nén dé hé phuong trinh c6

VX =264 21 ) pgy(x—1) 41

nghiém ta phdicé y>0.

Phuong trinh thit nhat clia hé viét lai dudi dang:

2
2y+2ym_“+(v<");> o
x—1

2y +2y /4y +1= 1 ! +1 ().
x-1 x-1 X_1)2

Xétham s f(t)=t+tVt> +1 trén (0;+oo) , ta co:

2
£'(0) =14V +1+———>0,vt > 0nén (1) 1a ham dong bi€hn trén (0;+20).

Vi2 +1
1 1

1
Viviy 1) < fQy)=f| — | <2y = Sy= .
y y x—1 Y x—1 Y 2(x—1)

Thay y = vao phudng trinh thi hai clia hé ta dugc:

2(x—1)



= T <:>x—2:>y—l
=4x-1 2

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = [2;%).

3x? +3y2 +5=10xy

Bai 7. Gidi hé phuong trinh (“2( 3 )Jmﬂzﬂxwyz—l

X-y

Loi gidi
biéu kién: -1<x-y=0.

Hé phuong trinh da cho tuong duong véi:

g

x+y =

. (
(1+

x+y —4(x y) +5

j J2(x—y)+2=(x+y) -4

y) +5

j J2(x-y)+2=4(x-y) +1

(x+y)2 =4(x—y)2+5.
(2(x-y)+3)2(x—y)+2=8(x~y) +2(x~y) ()

Phuong trinh (1) chi chita bi€n t = x —y nén ta dit t = x —y dua vé phuong trinh:

3

(2t+3)V2t+2 =8¢ +2t (\/2t+2) 242 =020% 42t ().
Phuong trinh nay c6 dang ham dic trung f(u) = f(v)nén ta x{t Iy bing ham sd.
Vay xét ham s6 f(u)=u’ +utrén R, ta c6:

f'(u)=3u® +1>0,vVu>0nén ham s§ f(u)dong bién trén R.

Do d6 (2) <= f(\/2t+2) —F2t) > V2t +2 =2t




t=0
= St=1leox-y=1.

42 -2t -2=0
Vay hé phudng trinh di cho tuong duong vdi:
2 2 x+y=3 _
{(w) USRI Lﬂ_g@{x—zg—l 2
— = X:—’ = —
x-y=1 x—y=1 Y

Vay hé phuong trinh c6 hai nghigm la (x;y)=(-5L-2);(21).

Nhan xét. Vi du nay cho ta thd'y dé xét ham do6i khi tr mot phuong trinh clia
hé ta chua ¢6 ddu hiéu cda ham dic trung va phép todn th& hodc cong trir
theo v€& hai phuong trinh clia hé s& cho ta mot ham dic trung. Piéu nay doi
héi cdc em tinh ¥ nhin nhin hai phuong trinh clia hé c6 diém nao chung.

x+\]x2—2x+5=3y+\ly2+4

Bai 8. Gidi hé phuong trinh
x? —y2 -3x+3y+1=0

Phan tich 16i gidi. Phuong trinh th nhat dudc viét lai thanh :

x+ﬂ(x—1)2+4=3y+\ly2+4.

Hai v€ c6 dang gin tuong ty nhau ; tuy nhién sai khdc nhau dai lugng x va
3y ; bay git th&€ 3y tir phuong trinh thit hai ctia hé vao ching ta s& dugc gi .

X+\[(x—1)2+4=y2+3x—1—x2+«ly2+4
<:>(X—1)2+«/(X—1)2+4=y2+\ly2+4.

Loi gidi
Rit 3y =y? +3x — 1 — x> tir phudng trinh thit hai ctia hé thay vao phuong trinh
thi nhat clia hé ta dugc :

X+ (X—1)2+4=y2+3x—1—x2+\1y2+4,
<:>(x—1)2+w/(x—1)2+4=y2+\/y2+4.
<:>(x—1)2—y2+«/(x—1)2+4—\/y2+4:0.

2

2 (X_l)z_y




1
y=1—x'\/7

Né&u y =x—1 khi d6 ta ¢c6 hé phuong trinh : Y 5 .
X -y —3x+3y+1=0

=x-1
2

y=x-1 X=
Tl (-1 oaxa3(x-1) 4120 yo

y=1-x
2

X —y2—3x+3y+1=0'

y=1-x X=
Tl - (1-x) -3xa3(1-x)#1=0 y-

Né&u y =1-x khi d6 ta c6 hé phuong trinh :{

B|l— AW

Vay hé phuong trinh c6 hai nghiém (x;y) = (%,%}[%,ij

3x2 —2x-5+2xVx> +1 =2(y+1)\/y2 +2y+2

x2+2y2:2x—4y+3

Bai 9. Gidi hé phuong trinh

Loi gidi
Trir theo v€ hai phuong trinh ctia hé ta dugc :

2x2—2y2—2x—5+2xxjx2+1:2(y+1) (y+1)2+1—2x+4y—3.
o 2x? 4 2xVx +1=2y% +ay +242(y+1)y(y+1) +1.
<:>x2+xx/x2+1=(y+1)2+(y+1) (y+1)2+1(1).

Xét ham so f(t):t(tJr\/t2 +1)trén R,tacéo:

f'(t)=t+\/t2+1+t[l+ ¢ J:(H\MH){H;J
2 +1 V2 +1

2




2
(t+\/t2 +1)
=~ —— 2 >0,VteR nén f(t)1a hAm dong bié€n trén R.
[2
tT+2
Viviy e fx)=f(y+D)<=ox=y+1.
Hé phuong trinh da cho tuong duong véi :

x=y+1 x=y+1
2 2 And 2 5 )
X +2y? =2x—4y+3  |(y+1) +2y° =2(y+1)—-4y+3

x=-1
y=-2
x=y+1 5
ST Sl x=2 -
3y +4y—-4=0 3
_2
73
A 1A N s A1y 52
Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (—l; —2);[§;§j .

x> —3x2 —9x+22=y3 +3y2 -9y
Bai 10. Gidi hé phuong trinh 7.
2x* +2y4 —4x° +4y3 +3x2 +3y2 :X_Y+Z

Loi gidi
Hé phuong trinh da cho tuong duong véi:

(x=1) —12(x=1)=(y+1) -12(y+1) (1
4 4
(x—%) +(y+%j =1 (2
T phuong trinh thit hai ctia hé suy ra:

x——|<1

IA
IN
IA
>
|
—_
IA

X

=
<1 -

| W | =

IA
= | w

IN
~<
J’_
—_
IN

<y

33 ,
—=:=|ta co:
22

£1(t) = 3(t2 - 4) <0,Vte [—%%} te £(t) 12 ham nghich bién trén {—%ﬂ .

W |~

L
ar’

Xétham s6 f(t)=t> —12t trén

1 N

Dodéd )= fx-D=fy+Dh)eox-1l=y+lx=y+2.




Thay vao phuong trinh th@ hai clia hé ta dugc:

4 4
(y+§j +(y+%) :1<:>2y4+8y3+15y2+14y+3—83=0.

2
y__1 X_3y__1
1 3,2 11 T2 272
S| y+— +— || 2y +4y+— =0 = .
(283 Ae) Caaaey U N
= —— X:—,y———
2 2 2

Vay hé phudng trinh c6 hai nghiém la (x;y) = (E;—lj{l;—éj.

Nhan xét. Nhu vy phuong trinh du clia hé cho ta mot ham dic trung tuy
nhién ban than ham s6 f(t)=t> —12t khong thyc sy don diéu trén mot tip s
thuc. Chinh diéu ndy lam ta suy nghi dén viéc tim mién clia nghiém. Du6i
day toi1 trinh bay mdt bai todn ¢ hinh thirc tuong tw nhung cdch 4p dung ham
s6 tuong d6i khéc.

2% (4x+1)+2y? (2y +1) =y +32
Bai 11. Gidi hé phuong trinh 1
X2 +y? —x+y= >

Loi gidi
Hé phuong trinh da cho twong duong véi:
8x> +2x% +4y> +2y? —y-32=0 (1)

()]

T phuong trinh thit hai ctia hé suy ra: =

Xétham sd f(x)=8x> +2x° trén {—%,%} ,ta co:

x=0
f'(x):24x2+4x:4x(6x+1);f'(x)=0<:> 1.

Ta c6: f(0)=0,f 1 =i,f L =—l,f 3 =@.
6) 54 2 2 \2) 2



3 63
Suyra max fx)=f|—|=—.
y 13 (x) (2) 2

Xe| ——

22

Xétham sd g(y)=4y> +2y> —y—32trén {—%ﬂ , ta co:

1
y="3
g(y)=12y* +4y-L;g'(y) =0 12y’ +4y—-1=0 -
Y=g
Taco: of -2 |=_ 12 o _L]__63 (1)__1733 f1}__63
872 2872 286 54 %2 2
1 1 63
Suyra max =gl —|=g|l = |=——.
’ d-31 v g( 2] g[J 2
T
Suyra f(x)+g(y)< max f(x)+ max (y):ﬁ—ﬁzo
o 13 IR 2 2
22 X
3
X=—
2
Do d6 (1) & f(x)+g(y) =0 < y:_%'
_1
Y 2
2 1 s N N A 3 1
Thu lai vao phudng trinh thit hai cua hé ta dugc nghi€ém (x;y) = (5,—Ej .
A A ~ 2 [N A~ 3 1
Vay hé phudng trinh ¢6 nghiém duy nhat (x;y) = (5,—5) .

4x7 =3x+(y —1)y2y +1 =% (1)
2x2+x+1l—y(2y+1)=0 (2) |

Bai 12. Gidi hé phuong trinh

Loi giai
-~ . 1
biéu kién _ES y<0.

Vi€t lai phuong trinh thit nhat ctia hé dudi dang:
8 —6x +[ (2y+1)-3 ]2y +1=1.




& (2x)° —3.(2X)+(\/2y +1)3 32y +1=103) .

Tit (2)tac6 2x% +x+,/-y(2y+1) =0=2x* +x <0 <> -1<2x <0 .

Vatacilingcd 0<2y+1<1 . \

Xét ham s6 f()=t" -3t véi [f|<1 khi d6 f'(t):3(t2—1)£0nén £(t) 1a

ham nghich bién trén [~L:1]. Vivdy (3) & f(2x)+ f(1/2y + 1)

1
2 = ——
Mit khdc f(2x)+f(m)3f(—1)+f(o)=1,vlvay { X = e ?
2y + _ 1
2
Ay hé N . A . 1 1
Viay hé phuong trinh c6 nghiém duy nhat (x;y) = [—5;_5] .

Ai X+£+2 1+l+y3—§y2—7=0(1)
Bai 13. Giai hé phuong trinh 2x %2 7 ‘

x2+y2+xy—7x—6y+14=0

Loi giai
T phuong trinh thit hai clia hé ta ¢4 :
x2+x(y—7)+y2—6y+14=0
y2+y(x—6)+x2—7x+1420
2
N R e

y

11
Xétham sd f(x)=x+—+2 1+— tren —O va g(y)=y —Ey -7 trén | 1;— !
2X X 3 3

PO 7 15
Ta c6: g(y)=3y2—3y=3y(y—1)20,Vye{ 3}: min_g(y)=g(l)=——.

A, =(x-6)" - 4(x —7x+14 Z ‘
3

yelg} 2
Taco: F'(x)=1-—=—— 12 px)=0e1-—-—— 14 g
2% 3 2x2 4 -
X7, [+ X, 1+



11
X2, |—
<:>(2X2—11)\/X2+7 —28 2

(2x2 ~1 (x2 + 7) =784

& x =3 (v€ trdi Ya ham dong bi€n).

Ta c6: f(2)_—+f f(3)—15 (?j 26909 \/15? min _f(x) = f(3)——5
10

23]

Do dé (1) & f(x)+g(y)= min _f(x)+ min g(y)—E—E:OQ{X=3
1

x€|:2 ?} ye{l,g} 2
(thit lai thA'y thda min).
Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (3;1) :

(X+y)\/x2 —4x+5 +(X—2)«1x2 +2xy+y2 +1=0

Bai 14. Gidi hé phuong trinh:
x—y(x2 —y2)=2(1—x2 +y2)

Loi gidi
Néu x=2=y=-2.
Néu x+y=0=>x=2,y=-2.
Xétvéi (x +y)(2-x)# 0 phuong trinh thif nha't cia hé tiong duong véi:

Yo o1 Jey) e

2-x X+y
Tu (1) suy ra (2—x)(x+y) >0.

@.

2 +1

t

Xétham s f(t)= trén (—oo;O)U(O;+oo), ta c6:

f'(t =—;<O,Vt¢0.
(t) ENE
Do d6 £(t) 1a ham nghich bién trén mdi khodng (—o0;0) va (0;+e0).
Viy ) fQ-x)=fx+y)<2-x=x+y<y=2-2X.
Thay vao phudng trinh thi hai cia hé ta dugc:

—(2—2x)(x2 —(2—2x)2):2(1—x2 +(2—2x)2j.

<:>6x3—16x2+7x+2=0<:>(x—2)(6x2—4x—1)=0.




Trudc tién ta c6: (2—x)(x+y)>0:>(2—x)(x+2—2x)>0<:>x¢2.

2-+/10 2-4/10 4+~10
X = X = ,y:
6 6 3
X:2+\/10 X:2+\/10 y:4—\/10

6 6 3
Viay hé phuong trinh c¢6 ba nghiém la:

i) { 25500, 43i0) (20, 4= 0

Do d6 6x% —4x—-1=0 <

’ 3 6 B

X2 —12xy +20y% =0

Bai 15. Gidi hé phuong trinh {ln(l . x) ~ ln(l ) y) oy

Nhéan xét. Phuong trinh thit hai cho ta ham dic trung yzln(1+x)—xtuy

L P dong bién trén khodng (—oo;O) , nghich bi&n trén
xX+1 x+1

khoang (O;-l—oo) .

Do vay ta cin xdc dinh dugc mién gi4 tri ca hai 4n x,y.

nhién y'=

Ta c6: x* —12xy+20y2 =0 (x—2y)(x—10y)=0<:> {X =2y .
x =10y

Suy ra x,y cing ddu v6i nhau do dé ta xét ham s6 dugc.

Loi gidi
biéu kién: x > -1,y > 1.
Khi d6 phuong trinh thi nhat ca hé tuong duong véi:

X =2y
(x—2y)(x—10y) =0 L _ 10y'
Suy ra x,y ciing ddu v6i nhau.
Phuong trinh thi hai ctia hé tuong duong véi: ln(l + X) —-X= ln(l + y) -y @.
Xétham so f(t) = ln(l + t) —ttrén (—1;+oo) ta cé:
1

f()=— 1= f'()=0 =1t =0.
t+1 t+1

Suy ra f(t)dong bi€n trén khodng (—1;0) va nghich bi€n trén khodng
(0;+oo) . Mitkhéc x,ycung ddunén (1) & f(x)=f(y) < x=y.



Khi d6 ta c6 hé phuong trinh:

X=y
X =2y x=0
= :
X=y y=0
x =10y

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (0;0) .
Nhan xét. Nhu vy v6i mot s§ bai todn tinh ma ham s§ don diéu trén hai
khodng (—00;0) va (O;+oo) ta khong truc ti€p st dung dugc tinh don diéu cla
ham s6 khi d6 can tim mién gid tri clia xyva thudng 12 ching minh
xy >0 (téic hai 4n ciing ddu khi d6 ching ciing thudc khodng(—o;0)hoiic

(0;+oo) lic nay ta st dung ham s6 nhu cdc bai todn hay lam.

XV = (y + l)x

2
J=ax® +18x—20 + 229X H0 _ 1

Bai 16. Giai hé phuong trinh

2x2 —9x +8
Loi gidgi
—4x% +18x—20>0 5
e N 2 2<x<—
biéuki€én: <2x“-9x+8#0 & 2.
y+1>0 yz-1

2
Déttz\/—4x2+18x—20= —4 x+2 +1Sl:>te 0;l .
4 4 2 2

Khi d6 phuong trinh thit hai ctia hé tr§ thanh : t+1+ 4 Jy+1.

> +4
Xéthamsd f(t)=t+1+ , ta co:
> +4
8t t* + 7t +(t—4)2
f(t)=1- > 0.
2, 4\ 2, 4\
(t +4) (t +4)

Do d6 f(t)1a ham dong bién trén [O;%} = f(t)>f(0)=2.

Tir d6 suy ra ta phdico \Jy+1>2<y>3.



Tl phuong trinh thit nhit cia hé 14y logarit tw nhién hai vé& ta dugc :

(y+1)lnx=xln(y+l)@m%:w )

. I 1-1
Xétham s§ g(u)=——,tac6 g'u)=—— =0 u=e
u

u

Suy ra ham s6 ting trong khodng (O;e) , gidm trong khodng (e;+oo)

Viytacd: xe {2;%} = g(x)>g(2) :%
N In4 1In2
Va ye[3;+oo):>g(y)§g(3)=T=T

T d6 suy ra phuong trinh (*) tudng duong véi: x =2;y =3
Thay vao phuong trinh th@ hai clia hé ta th'y théa man.
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2;3) .

2y(4y2 + 3x2) =x* (x2 + 3)

ZX(\/2y—2x+5—x+l)=4

Bai 17. Gidi hé phuong trinh

Loi gidi
DPiéu kién: 2y —2x+5>0.
Nhan thdy x =0khdng 12 nghiém clia hé ; nén chia hai v& phuong trinh thi

3
nha't clia hé cho x°, ta dugc: (2—)/) +3.2—y=x3 +3x.
X X

Xét ham s6 f(t)=t>+3t ¢6 f'(t)=3t>+3>0,VteR nén suy ra f(t) dong
2

bi€n trén R. Vi vay f(z—yj =f(x) o x= 2y Sy= X? ; thay vao phuong
X X

trinh th hai cta hé ta duge: 2*! ( (x - 1)2 +4 - (x - 1)J =2(1).

Xétham s8 f(u)=2" (\/uz +4 —u)—2 trén R, ta ¢6

\/u2+4 >|u|2u
]>O;do .

1

f'(u)=2" (\/uZ +4 —u)[an—

In2>1>

u’ +4 >
u” +4



Vay f(u) dong bi€n. Matkhdc f(0)=0 do d6(1) > x—1=0x=1;

Suy ra yzé.

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (1;%} .

Bai 18. Gidi hé phuong trinh (Zx_l)m;(“x‘y)m (1) |
2%/12)(2 +3xy—\/18x =x> —6x—y+é ()
[

L¥i giai
DPiéukién x+y>0,x<2 .
Phan tich 10i gidi. Nhan thdy (2)1a phuong trinh chifa cin thic bac ba viéc
tim ra mdi lién hé don gidn giita hai 4&n x va y khong kha thi vay ta tap
trung x& ly phuong trinh (1) .
Nhin thdy c¢6 nhan t& chung x+y hai v& va 2x-1c6 thé biéu dién theo
E nén chua cin xét voi liéu (x+y)\/i =0 hay khong ta chia hai
6-x-y 2x-1
\/x +y - V2 -x .
biéu nay lam ta suy nghi dén viéc xét ham s6 va phuong trinh trén c6 dang
f(u) = f(v).

v€& phuong trinh cho (X + y)\/2 —x ta dugc:

—u? _3—2V2

u v

bon gidn ta dit u=/x+y vav=+2-x khi dé ta dugc: 6

Phuong trinh nay ta chua thé xét ham dugc tuy nhién dé ¥ ta tim cdch biéu

x 3-2v?

dién cho c6 dang v& trdi va viét lai:

\%

6-u> 3-2vZ 6-4v 6-(2v)
u v 2v 2v '
R0 rang day c¢6 dang f(u)=f(v) va di vao gidi chi ti€t ta ddt u=+/x+y va
v=2V2-x .
Loi gidai
Néu x+y =0 khidotr (1) suyra x =2,y =—2 thay vao (2) thiy khong thda man.
Viy x+y>0 va v2—-x >0 khidé vi€tlai (1) du6i dang:



2 2

6-x—-y 2x-1 6—(«/x+y) 6—(2\/2—)()
= & = 3).
\/x+y V2 -x \/x+y 22 —x

6—t>

véi t>0 ta c6 f’(t)=—£2—1<0,Vt>0
t

Xétham s§ f(t) =

Do d6 f(t) 1a ham nghich bi€n trén (O;+oo) .
Vivay (3) tuong duong vdi:
f(\lx+y)=f(2\/2—x)<:>\/x+y =242-x & y=8-5x.

Thay y =8—-5x vao (3)ta dudc:

2{/12;8 +3x(8—5x)—18x =x —6x—(8—5x)+5 .
<:>2\3/—3x2 +6Xx -x> —x—3<:>x3 —3x—1:2(\3/—3x2 +6x—(x—1)) .

x> —3x-1

(MJ2+(X_1)M+(X_1)2 |

o x0—-3x—1=-2.

<:>(x3—3x—1) 1+ 2 =0 .

(MT +(x—1)M+(x—l)2

& x’=3x-1=0.
Dé gidi phuong trinh nay ta xét nghiém x e [—2;2] va dit x =2cost,t G[O;n]

ta dudgc 2c0s3t=1<:>cos3t=l<:>t=iz+kﬁ .
2 9 3

Nhung vi te[O;n] nén te E;S—R;E suy ra: xe ZCOSE;ZCOSS—R;ZCOSE
9°9 9 9 9 9

nhung vi phuong trinh bic ba c¢6 t8i da ba nghiém nén d6 1a tit cd cdc

nghiém ctia phuong trinh trén.

K&t hgp véi dieu kién x+y >0 ta c6 suy ra (x;y) = [2005%;160%%—5) :

Viy hé phuong trinh c6 nghiém duy nhat (x;y) = (2 cosg;16cosg - SJ .



6x> +y> —5xy—Tx+3y+2=0 (1)

% —In(x +2)—In(y +2) (2)

Bai 19. Gidi hé phuong trinh

Loi giai
Dbiéu kién: x >-2;y >-2.
Coi (1) 1a phuong trinh bac 2 v6i 4n 13 y va viét lai ta dugc:

v +(3-5x)y+6x> -7x+2=0, ta c6:

yzng.x_z
2 2
Ay:(x—l) = s |
X ;(x_ ) Cox—1

Tu phuong trinh (2) ta c6:
Xx=3In(x+2)=y-3In(y+2) <= f(x)=f(y);f(t) =t =3In(t +2),t > -2
Ta c6 f’(t):%:Hém s6 nghich bi€n trén khodng (—2;1)V§1 dong bi€n
t+
trén khodng (1;+oo).
Nhin thdy v6i x =y =112 nghiém clia hé.
-x=2x-2<0
Véi x<1= |7 ¥ —y<x,Vx<1= f(y)>f(x)= VN.
y—x=x-1<0
-x=2(x-1)>0
Voi x>1=| Y T XTHED>0 vk s 15 £(y) > £ = VN
y—x=x-1>0

Vay hé phuong trinh ¢6 nghiém duy nh?{t(x;y) = (1,1) :

44937 = (4 + 9"22yj.72y"2+2

4 +4=4x+ 4,2y -2x +4

Bai 20. Gidi hé phuong trinh

Loi gidi
biéu kién y-x+22>0.
Pit t =x? — 2y khi d6 phuong trinh thi nhit ctia hé trd thanh

443" 443%
7t+2 - 72t

4437 =(449').7 & S f(t+2)=12).




X X X
Xétham s f(x)= 4 +X3 = 4[%] + [%} 12 ham nghich bién.
7

Dodof(t+2)=f2t) 2t=t+2t=2.
Tu d6 suy ra X2 - 2y=2&2y = ) thay vao phudng trinh thi hai cia hé
ta dudc :

A pd=dx + x> —2-2x +4 @4"‘1:x—1+,/(x—1)2+1@45:s+\/s2+1
Véi s=x—1.Do (s+\/s2+1j(\/sz+l—sj:1:>4_s: 2 41—

Tir d6 ta ¢6 phuong trinh : 4° —47° =25 = 0(*)
Ta xét ham s6 f(x)=4" -4 —2x ta c6:
£1(x) = 1n4(4x +4‘*)—2221n4—2 0.
Do d6 ham s& don diéu ting trén R . Mit khdc f(0) = 0 nén phuong trinh (*)

c6 nghiém duy nhdt s=0. T day suy ra x=1:>y=—%.

. . 1
Viy hé phuong trinh ¢6 nghi€ém duy nhat (x,y) = [1,—5] .

Bai 21. Gidi hé phuong trinh:

47716 L3 X elx2 o1 =4y +3yy -4 +4/y* -8y +17

y(x2 —1)—4){2 +3x—8+ln(x2 —3X+3)=0

Loi gidi
biéukién: x>0,y >4.

Khi d6 bi€n ddi phuong trinh thi nhat thanh :

2
316 +3Vx +Vx2 +1= 404 +3y—4 +m
Xétham so f(t) —4P1 3 1V +1 en doan [O;+oo).

Ta ¢6 f'(x)=2t4t Y P A >0, Vte[0;+oo). Nén ham s6 £(t)

2thT

don di€u ting trén  doan [O; +oo) . Vay phuong trinh
fx)=f(y-4) <= x=y-4< y=x+4 lic nay thay vao phuong trinh th hai
ctia hé ta dugc phuong trinh



x> +2x—12+ln(x2 —3x+3)=0(*)
Ta xét ham s6 £(x)=x° +2x—12+1n(x2 —3x+3).

2
Ta c6: £1(x)=3x2 424223 332 2X Z4XH3 () en ham s6 £(x)
x? =3x+3 x? —3x+3
don diéu ting trén doan [O;+oo).
Mit khdc nhan thdy f(2)=0, tir d6 suy ra phudng trinh (*) c6 nghiém duy
nhit x=2=y=6.

Vay hé ¢6 nghiém duy nht (x,y)=(2.6).

log, x = 29+2
Bai 22. Gidi hé phuong trinh

441+ X + Xy 4+y2 =0

Loi gidi
DPiéu kién x >0, ti phuong trinh thit hai cia hé ta suyra y<0.
Tu phuong trinh thit hai ta suy ra:
16(x + 1) = xzy2 (4 + y2) & x2y4 + 4x2y2 —16(x + 1) =0

Coi day 1a phuong trinh bac hai v6i 4n 1a y2 , ta dudgc:

! 2 442 2
A' 5 =4xt +16x (x+1)=4x>(x+2)

2_—2X2+2X(X+2)_i
y = 2 T
Tu d6 suy ra:
5 —2x2—2x(x+2) —4x2 —4x
y = = <0
2 2
X X

. 4 4 U
Chi nhan nghi¢m y2 - X=—, thay vao phuong trinh tht nhat cua hé ta dudc :
X
y

4
log, — = 2" < 2-log,y> —2Y"2 =0 (%)
y

Xétham s f(y)=2-log,y> —2"** véi y <0

2 2 (1—y(1n2)2 .2Y+1)>0,‘v’ye(—oo;0)

Tacé f'(y)=-2""21n2— =
¥) yIn2 yIn2

Viy f(y)la ham don diéu ting trén khodng (—oo;o). Mit khic lai c6
f(=1)=0=y =—11a nghiém duy nhat ctia phudng trinh (*).



Tu day suyra x =4.
Viy hé phuong trinh ¢6 nghiém duy nhat (x;y) = (4;—1) .

x(y3 —x3)=7

x* +X3y+9y =y3x+xzy2 +9x

Bai 23. Gidi hé phuong trinh

Loi gidi
Hé phuong trinh da cho tuong duong véi :
x(y3 —x3)=7
x(x3 —y3)+x2y(x—y)—9(x—y)=0
x(y3—x3)=7 x(y3—x3)=7
= L
(x—y)(x(x2+xy+y2)+x2y—9)=0 X(x2+xy+y2)+x2y—9=0
X(y3 —x3)=7
Do x # ykhong théa man hé phuong trinh < )
x(x+y) =9

T phudng trinh thd hai ciia hé suy ra x >0do d6 tir phuong trinh thé nhat

? A Z ~ N\ Y /s M 7 3 ~
cua hé ta c6y >x>0va tir phuong trinh thd hai rit ray =——Xx, thay vao

Jx

3
phuong trinh th nhat ta dugc: x (i — x] -x3|=7.

Jx

bat t= \/;,(t > 0) phuong trinh trd thanh :
2(3 2 ’ 6 3 4V L7
22| -t =7<:>(t —3) w7 +7t=0 (1)
t
s 3 3 A .
Xét ham sO f(t):( —3) +t" +7ttrén (O;+oo),ta coH:

2
£(t) =9t (t3 —3) +7°+7>0,t>0nén £(t) 1a ham dong bién wén (0;+o0).

Vi vy phuong trinh (1) < f(6) = f(1) & t =1 > x = & x = 1=y =2.
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;2) :



x(y3 - x3) =7
2

x(x + y) =9

xudt phat tir hé dua dugc vé dang dong bic dugc nén ta xit Iy nhu sau :

bity= tx,(t > O) ta c6 hé phudng trinh :

3
x4(t3—1)=7 (t3—l) -3
:>——_

x3(t+1)2=9 (t+1)8 9*

Nhan xét. D€ gidi hé phuong trinh ta c6 cdch khdc nhu sau

(t3 - 1)3 3
Xét ham 6 f(t)=-———— dong bi€n wén (O;+0)va f(2)=0nén
(c+1)" 9
phuong trinh trén c¢6 nghiém duy nhit t =2 <y =2x thay ngugc lai phudng
trinh thid hai ctia hé ta dugc (x;y) = (1;2) .

+ Ngoai ra ta hoan toan c6 thé rit x=i—y,{x>0:>y<§/%J va thay

&~

3
vao phuong trinh dau clia hé dua vé xét ham s f(y)=y [i—yJ -y -7

W

trén [O;i/%} . bay Ia mot ham nghich bién trén (O;i/%} .

Bai 24. Gidi hé phuong trinh:

X2 —2y—6=48y+17
(\/Syz +24y+18+2x/5+2\/§y+3\/5j(\/x2 +\5—xj=2'

Loi gidi
DPiéu kién : y > —% .

Khi d6 phuong trinh thi hai cia hé tuong duong véi :

J8y? +24y +18+ 242 + 242y +3v2 =x2 +4/2 +x.
<:>J(2y+3)2+\/5 +2y+3=yx2 +4/2 +x.




Pén day ta xét ham s6 : f(x)=yx> +4/2 +x, ta ¢6

X _\/x + 2+x \/_+x B H*‘X
V¥+ﬁ NN JX+J>JX+[

Suy ra ham s6 f(x) don diéu ting .

f'x)=

Vay f(2y+3)=f(x) o x=2y+3cy= %‘3 thé& vao phuong trinh thit nhat

ctia hé ta dugc :

1+\/E
>
2
= l—\/E

(Xz—X—3)2=4X+5 )
(x—l)(x+1)(x2—2x—4)=0

x> -x—-3>0

X" —x-3=V4&x+5&

(

, thda min diéu kién (*)

5

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = [1 + \/g;—l i?} .

<:>x2—2x—4=0<:>x=1i\/g:>y=— 1+—

B. BAI TAP REN LUYEN

Bai 1. Gidi hé phuong trinh

Lai gidi
Thé y = (x - 1)4 vao phuong trinh dau cda hé ta dugc
~(x=1)" +Vx-1-8=0x’ —x* +2x+x~1-9=0.
Xét ham s6 f(x)=x> = x> +2x +vx—1-9 trén [L;+o0) 1a ham dong bi€n
trén [1;+oo). Mit khéac f(2) =0suyra (x;y)=(2;l)lé nghiém duy nhit clia he.
Vx+1+vx+3 +/x+5 =\/y—1+\/y—3 +\/y—5

x+y+x2+y2:80

Bai 2. Gidi hé phuong trinh {

Loi gidi
DPiéu kién: x> -1,y >5.



Phuong trinh thd nhat clia hé tuong dudng véi:

Verl+ (1) 42+ [(x+1)+4 =y =5+ (y-5)+2+[(y-5)+4 @
Xétham s§ £(t) =/t +/t+2 ++/t+4 dong bi€n trén [ 0;+0).

Vividy (1) «fx+D)=f(y-5) < x+l=y-5cy=x+6.

Thay y = x + 6 vao phuong trinh thi hai ctia hé ta dugc:
5v5-7 5V5+5
X=———Dy="0—

5J§—7.sﬁ+5j.

2x% +14x —38 =021

Vay hé phuong trinh c6 hai nghiém la (x:y) { : :

2y3+y+2xxll—x:3\/1—x
\/2y2+1+y=4+\/x+4 ‘

Bai 3. Gidi hé phuong trinh

Loi gidgi
biéu kién: -4<x<1.
Phuong trinh dau clia hé viét lai du6i dang:

3 >0
2y3+y=2(\/1—x) +Vl-x ©oy=+v1-x @{y

x=1—y2'

Thay vao phuong trinh th@ hai cla hé ta dugc: \/2y2 +1+y=4+ \/g .

V& trai 1a ham dong bi€n, v€ phdi 1a ham nghich bi€n suy ra nghiém duy
nhit y=2=x=-3.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (—3;2) :

x3+y3=3xz—6x—3y+4

x2+y2—6x+y—10=«/y+5—«/4x+y'

Bai 4. Gidi hé phuong trinh {

Loi gidi
Phuong trinh dau clia hé viét lai du6i dang:
(x=1) +3(x-1)= ()’ +3.(y) S x-1=—y S y=1-x.
Thay y =1-x vao phuong trinh thit hai cia hé ta dugc:
2x> —9x—8=6—x —\Bx+1
= 2x2 —9x—5+(J3xT—4)+(1—J6—_x):o



<:>(x—5)(2x+1)+ 3(X_5) + x2S =0.

xr1+4 Jo-x+1
3 1
+
\/3x+1+4 \/6—x+1

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (5;—4) :

<:>(x—5)(2x+1+ ]=0c>x=5:y=—4.

)(6—y3 +x° —9y2 —-30=28y

Bai 5. Giai hé phuong trinh '
ai 1a1 he phuong trin 2(\/;_\/x—1)(1+\/y+2)=\/m

Loi gidi
biéukién: x>1,y >-2.
Phuong trinh dau cta hé viét lai dudi dang:
()(2)3 +x2 =(y+3)3 +(y+3)<:>x2 =y-|—3(:)y=x2 -3,
Thay y = x> —=3vao phuong trinh thit hai ctia hé ta dugc:

2(f—x/;)(1+\/ﬁ):x&.

Phuong trinh nay c6 nghiém va k§ thuat xi 1y rat dep mit. PE gidi phuong
trinh ndy ta dung ky thuat nhan lién hgp dua vé hé (xem thém cudn Nhitng
dieu can bi€t LTPH K§ thuit gidi nhanh phuong trinh, bt phuong trinh vo ty
cung tdc gia).

. 2 2
Hé phuong trinh c6 nghi€m duy nhat (x;y) =[ 2+ —;—— IJ.
NN

Bai 6. Gidi hé phuong trinh:
632 —x +3yyJ1—y +2y +2=3/1-y +3x3/2 - x +2x
\/4y+x+7—\/y+1=\/6+x—x2 ‘

Loi gidi
Tur dieu kién ctia hé phuong trinh va viét lai phuong trinh dau ctia hé dudi dang:
2(2-x)-3(2-x)V2-x=2(1-y)-3(1-y)yl-y.
SV2-x=4/l-yeoy=x-1.

Thay y =x —1vao phuong trinh thit hai cia hé ta dugc:



Gidi phuong trinh nay bing cach binh phuong hai v€ va k&t hgp diéu kién

—5-242 +/69 + 4412 :>y_—7—2\/§+\/69+44\/§
2 2 ’

Viy hé phuong trinh ¢6 nghiém duy nhat:

(x:y)= 5224691442 —7-242 469+ 4442
Y )= > ; 5 )

i A
cua h€, suyra x =

V2x2 +7 -2y +1=0
(3-x)V2-x-2y2y-1=0

Bai 7. Gidi hé phuong trinh

Loi gidi
Phuong trinh thit hai ctia hé viét lai dudi dang:

(\/2—x)3+\/2—x =(\/2y—1)3+\/2y—1
e2-x=2y-1o2y-1=2-x

Thay 2y —1=2 - x vao phuong trinh dau cda hé ta dudc:

x<2 =1 =——1lvy=2
\/2x2+7=2—x<:>{ @{X :{X Y=

2x*+7=x*—4x+4 x=-3 x=-3,y=3
Viy hé phuong trinh ¢6 hai nghiém la (x;y) = (—1;2);(—3;3) .

2 Xlogzy = y2
Bai 8. Gidi hé phuong trinh < .
1n(1+x)—1n(1+y)=x—y

Loi gidai
Piéukién: 1#x>0,y>0.
Phuong trinh thit hai ciia hé tudng duong véi: ln(l + x) -X= ln(l + y) -y .
Xétham so f(t)= ln(1+t)—ttrén (0;+oo) , ta c6:
1

F'(t)=———1=—"-<0,vt>0nén f(t)1a ham nghich bi€n trén (0;+20).
t+1 t+1

Vividy f(x)=f(y) e x=y.
Thay y = x vao phuong trinh thi nhit cia hé ta dugc:

log,x=0
2.x"082% =2 <:>log2x(l+log2 x)=210g2x<:> lozzx—l < x=2=y=2
L X=

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (2;2).



Bai 9. Gii hé phuong trinh 2x*-11x=2y-9 )
ai 9. Giai h€ phuong trin
y>+3y% +y+4x* —22x+21=(2x +1)3/2x -1 (2)

Loi gidgi
Thé 4x? —22x =4y —18 tir (1) vao (2) dua vé phuong trinh dang
3
(erl)3 +2(y+1)=(x/2x—1) +242x -1 .
Xétham s6 £(t)=t>+2t va tim dugc' 2x -1 =y i 1.

N2x—-1=y+1 =1y=0
Ta c6 hé phuong trinh: X y = {X y .

2x2 —11x=2y-9 | Xx=5y=2
Viy hé phuong trinh ¢6 hai nghiém la (x;y) = (1;0);(5;2) .

.. e . 2x%y —x% =vx* +x? —2x°y\f4y? +1 (1)
Bai 10. Giai hé phudng trinh .
441+2x%y —1=3x+2\/1—2x2y =% 2)
Loi gidgi

Viétlai (1) dusi dang 2X3y(1 + \/4y2 + 1) Vx40

2
<:>2y(l+\/4y2+l)=l 1+ 1+(1J <:>f(2y)=f[lj,
X

X X

Trong doé: f(t)= t(1+\/t2 +1)

1a ham dong bi€n suy ra 2y = 1
X

5(X2+y2)=6xy—1
Bai 11. Gidi hé phuong trinh ,
[1—# j«/Zx—2y+1+(x+y) =0

Loi gidgi

=y

-~ . 1
biéu kién: —ESx—y;tO.

Phuong trinh thit nhi't ctia hé bi€n ddi thanh:
2
(x + y) =

2
—4(x - y) —1 thay vao phudng trinh thi hai ctia hé ta dugc:

(1+ ! ]«/2x—2y+1=4(x—y)2+1.
X—y




<:>(x—y+1)w/2x—2y+l =4(x—y)3 +(x—y).
<:>(2x—2y+2)«/2x—2y+1 =8(x—y)3 +2(x—y).
1+J§

Xétham chd § x—y >0 ta fim dugc 2(x —y)=1/2x-2y+1 < x—y= 7

Thay ngudgc lai phuong trinh dau ta im dugc nghigm cia hé phuong trinh.

(X—y)z(\/3x2—xy+2y2+2+1)=3

2x2+y2+ y=1

Bai 12. Gidi hé phuong trinh

Loi gidi
Bai nay tudng ty bai trén ta khong xr 1y dugc doc 1ap hai phuong trinh ctia
hé nén ta xem ching ¢6 moi lién hé nao vdi nhau.
Ta c6: 3x> —Xy+2y2 +2=(2x2 ery+y2)+x2 —2xy+y2 +2=3+(x—y)2.

Viay hé phuong trinh da cho tuong duong vdi:

(x—y)z(,/(x—y)2 +3 +1J=3 o)

2x2+y2+xy:1

Xétham s6 £(t)= t(\/t 134 1) trén [0;-+0), ta c6:

P =43 41450,V >0
Vt+3
Do d6 f(t)1a ham dong bi€n trén [o; +o0)
2 2
Vi vy phuong trinh: (1) < f((x -y) j =f() < (x-y) =1.

Viay hé phuong trinh da cho tuong duong vdi:

_x=0,y=—1

5 x—y=1 x=0,y=1
(x—y) =1 = L—yz—l = X:—é’y=l'
2x2+xy+y2=1 2x2+xy+y2=1 34 411
RRVR A

. 3 . 1
4




Bai 13. Gidi hé phuong trinh:

2
(X+y) \/x4 +y4 +3x? +3y2 —2(xy—%) -
\ =7

(Xz _y2 )z\/ 1
Loi gidi

Hé phuong trinh da cho tuong duong véi:

(x+y)[J3(x+y)2 o(x -y +1}=2
e

_ (x+y)£,/3(x+y)2 +1+1]=2 M
oo

Xét ham s6 f(t)=t(\/3t2 +1 +1j trén R, ta c6:

2
f'()=V3t2 +1+1+ 3t >0,VteR nén f(t) la mot ham dong bién trén R .

V3t +1

Viviy D)< fx+y)=f(H)<=x+y=1.
Vay hé phuong trinh da cho tuong duong vdi:

x=1
x+y=1 x+y=1 y=0
2 e x-y=1 & .
(Xz—yz) =1 { x=0
x—-y=-1
y=1
Vay hé phudng trinh c6 hai nghiém la (x;y) = (0;1);(1;0) .

Bai 14. Gidi hé phuong trinh

(x2 —y)\l4y2 —-5xy+2 =(y—x)\/3x4 +6x(y2 +1—3x2)+3y2 +1

3x2—xy—y2:1

Loi gidi




. 4y? —5xy+220
biéu kién: 4 ) 5 5 .
3x +6x(y +1-3x )+3y +120

Nhin thdy khong thé x& 1y ddc lap hai phuong trinh cia hé vay ta xem
chiing ¢c6 moi lién hé ndo véi nhau.

Thuyc hién phép th€ y> =3x> —xy —1tir phuong trinh thi hai ctia hé vao v&
trai phuong trinh dau ctia hé; th xy =3x*> —y? —1vao v& phdi phuong trinh

diu ctia hé ta dudc:

2
(x2 —y) 3(y—x)2 +1 :(y—x) 3(x2 —y) +1
3x? — Xy —y2 =1

TH1: N&u x =y khi d6 thay vao phuong trinh thit hai clia hé ta dugc:

5 x=-lLy=-1

3x% —x

—xX’=lox=tl>
x=1Ly=1

Thit lai thdy cd hai nghiém nay déu thda min.

TH2: N&u x° — y =0 thay vao phuong trinh thd hai cia hé ta dugc:

3x2—xxt-x*=lox*+x*-3x2+1=0.
x=-1 x=-1y=1
@(x—l)(x+1)(x2+x—1):0© x=1 =>|x=1y=1
x:‘li\g —1++5 RPN
I 2 ==

Th lai chi c6 nghiém (x;y) = (l;l) thda min.
TH3: Xét (X—y)(xz—y)io. Khi d6 phuong trinh thd nhdt suy ra
(y —x)(x2 - y) >0 va viét lai dudi dang:
2
3(y-x) +1 3(X2—y) +1

= a).

y—-x x2—y

Xétham s f(t) =ﬁ trén (—oo;O)U(O;+oo), ta c6:
t



f'(t)=— <0,Vt#0 nén f(t) Ta ham nghich bién trén (—o0;0)U(0;+00).

1
243t +1
Mitkhdc y—x va x> —y cing ddu nén

x2 +x

e fy-x)=fx’-y)oy-x=x"-yoy=

2 —
Khi d6 (y—x)(xz—y)=¥>0©x¢{0;l}.

Thay vao phudng trinh thi hai cia hé va tim dugc nghiém ctia hé.

2

2x+1  [x"+x+1

Bai 15. Gii hé phuong trinh | 2Y y+3
x3(3y—11):2— (xy—x+2)3

Loi gidgi
DPiu kién: xy—x+2>0,y #0.

Nhan thdy x = —% khong théa man hé phuong trinh.

1 . .
Xét x # - phuong trinh thd nhat ctia hé da cho tuong dudng vdéi:

Vx2 +x+1 :\/y2+3 @\/4x2+4x+4 :\/y2+3

2x+1 2y 2x+1 y
(2x+1+3 [y 13
= M
2x+1 y

Tu (1) suy ra (2x+1)y >0.

V2 +3
t

Xétham so f(t)=

trén (—oo;O)U(O;+oo) ta co:

fi(t)=— <0,Vt=0.

3
N
Do d6 ham s3 f(t) nghich bi€n trén mdi khodng (—o0;0) va (0;+e0).
Mitkhdc (2x+1)y >0nén (1) < f2x+1) =f(y) < y=2x+1.
Thay vao phuong trinh th@ hai clia hé ta dugc:




3
1-3x4 +4x3 = (1+x2)

P& gidi phuong trinh vo ty nay ta c6 cdc cach xit Iy nhu gau:

Cach1:
Ta c6:

Dodo,/1+x >1+ x WL R. ,f

Suyra1—3x +4x3 >1+ x <:>x2(6x2—8x+3)£0<:>x=0.

Tht lai thdy thda mdn vy x=0=>y=1.
Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (0;1) :

Cach 2: Phuong trinh tuong duong véi:

3
9x4 —12x> + 4x> +3(\/x2 +1) —4(x2 +1)+1=0.

2 3x2—2x=0
c>(3x2—2x) -I—(\jx +1 j(Sx +2-x+ ij@ <x=0
V2 +1-1=0

3
Ciich 3: Xét ham s6 f£(x)=3x* —4x° — (x2+1) 1, ta c6:

f‘(x):12x3—12x2+3x x2+1=3x(4x2—4x+\/ﬁj
:3x((2x—1)2+\/ﬁ—1j;f'(x):0@x=o '
Suy ra rxrgﬂr%l f(x) =f(0) =0 va phuong trinh ¢6 nghiém duy nhat x =0.
Cach 4: Nhan lién hgp ta dugc:
x2(3xz—4x)=1— (x2+1)3=(1— x2+1j(x2+2+\/ﬁj
XZ[X2+2+M)




2

2 (\/x2+1—1) +5%x% +2

o x? 3(){——] + =0<=x=0.
\/x2+1+1

X2 +3x -1+ 2x+1=y

y3+3y—1+\/2y+1:x'

Bai 16. Gidi hé phuong trinh{

Loi gidi
A 1
biéukién: x,y > ——.
Trir theo v€ hai phuong trinh clia hé ta dugc:

X Hdx +V2x+ 1=y +4y +42y +1 & f(x) = f(y)

Xétham sd f(x)=x> +4x++2x+1 trén doan [—%;MJ.

Taco: f'(x)= 3x>+4+ >0, nén f(x) don di¢u ting trén doan {—%;ﬂo}

1
V2x+1

Viy phuong trinh f(x)=f(y) <> x =y, thay vao phuong trinh th nhat ciia hé
ta dugc phuong trinh: X2 +2x—14+/2x+1=0.

Ta xét ham s6 f(x)= x> +2x—1++2x +1 trén doan[—%&ooj.

Ta ¢6 f'(x)=3x>+2+

doan {—l;ﬁtoo].
2

Mit khdc nhan thdy f(0)=0.

>0, nén ham s6 f(x) don diéu ting trén

1
V2x +1

Viy phuong trinh f(x)=0c6 nghiém duy nhat x =0, tif d6 suy ra hé c6
nghiém duy nht (x,y)=(0.0).

Jx+1Y +21=y =(y+1)"

Bai 17. Gidi hé phuong trinh: .
(y+1) +21-x =(x+1)" @)

Loi gidi
Diéu kién: x,y >0.



Nhan thdy xy =0, khong 12 nghiém clia hé nén x> 0;y >0.
Trit theo v& 2 phuong trinh clia hé ta dudc

(x+1)2+21+\/;+(x+1)2=1/(y+1)2+21+\/;+(y+1)2.
& £(x)=£(y), trong d6 £(©)=+[(t+1)" +21 +/t+ (t+1),t>0.

t+1

1
2\t J(e+1) 421

Vayham s8 f(t) dong bi€n trén (0;+e0) .

Taco f'(t)=2(t+1)+ >0,Vt>0.

Suy ra f(x)="f(y) < x =y, khi dé thay vao (1) ta dugc:

(x+1) +3x =\(x +1)" +21=0 (3).

Xétham s6 g(x)=(x +1) +/x —yJ(x +1)" +21.

x+1 >2_x+l

I
- >0.
2x (x+1) +21 1

Tacod g'(x)=2x+2+

Vay ham s6 g(x) dong bién.

Mit khéc ta c6, g(1)=0. Vay x =1 la nghiém duy nhat ctia phuong trinh (3) .
Suyra y=1.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .

Loi gidgi
O<y<l
0<x<2

biéu kién
y>1
X>2




Pit y =u—1, khi d6 phuong trinh thit nha't tr thanh x° —3x* = u® —3u”.
Xét ham s6 f(t)=t>—3t trén mién xdc dinh, ta ¢6 f'(t)=3t> —3nén don
diéu trén mién xdc dinh. Do d6 f(x)=f(uy) <> x=u<x=y+1.

Thay vao phuong trinh thi hai cla hé ta suy ra nghiém x =2012.

Xz—y2+1=2(\/§—\/:—x)

Bai 19. Gidi hé phuong trinh .
VX+1+4y-3+x-y=2

Loi gidi
biéu kién: x> -1,y >3.
Khi d6 phuong trinh th nhat cda hé tuong duong véi:
(x+1)2 +2\/:=y2+2\/;<:>\/:=\/§<:>y=x+1.
Thay vao phudng trinh thi hai cia hé ta dugc:

VX+1l+Vx-2=3<x=3=y=4.

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (3;4) :

x* + 2x3y —2x2y2 - 12xy3 + 8y4 +1=0

Bai 20. Gidi hé phuong trinh 2
y4 +(x3 +y) =1+x° +\/1—2x3y

Loi gidi
Picu kién: 1-2x’y>0.
Phuong trinh thit hai cia hé tudng duong véi:
2
vyt +y? :(\/l—2x3yj +\/1—2X3y ).

Ham s8 f(t)=t> +tdong bi&n trén [O;+oo)

Do d6 (1) < f(yz)zf(\/1—2x3yj oy?=41-2xy o y* +2x°y =1.

Vay hé phuong trinh da cho tuong dudng véi:
{y‘l + 2x3y =1

x* +2x3y —2x2y2 —12xy3 +8y4 +1=0

4 3
+2x°y =1
{y X7y

x* +4x3y—2x2y2 —12xy3 +9y4 =0



i 1

X =

3

X=y 1

y'+2x’y =1 veady=1 |7 95

f— o) ) = = .
(x—y) (X+3y) =0 x=-3y _ 1
=i
y4+2x3y=1 \/g

y_L \/7

3

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (—%;—%};{%;%} .
[

Bai 21. Gidi hé phuong trinh .
{ 3x—y+5Vx +4/yFfxy =0

Loi gidi
biéu kién: x>0,y >0.

Cong theo v€ hai phuong trinh clia hé ta dugc:
3 3
(\/§+1) + x+1:(ﬁ) +Jy .

Xétham s f(t)=¢ +ttrén [O;+oo) , ta co:

£'()=3t>+1>0,Vt e Rdo d6 f(t)1a ham dong bi€n trén [O; +oo) )

Vivay () o fx +D=f(y) e Vx +1=4]y.

Thay \/§ = \/; +1 vao phudng trinh thi hai cia hé ta dugc:
x+3\/—=0<:>x=0:>y=1.

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (0;1) .

m+3\/;—7 x =4
(24 1)~y = (25 1) —xfsy

Bai 22. Gidi hé phuong trinh

Loi gidi
biéu kién: x>0,y >0.

Phuong trinh thi¢ nhat cia hé tuwong dudng véi:



3(x+\/§)+m:3(&+1)2+ x+1(1).
Xétham s6 f(t)=3t>+t trén [O;+oo) ta co:
£()=6t+1>0,9t>0do d6 f(t) 12 ham dong bién trén [ 0;+o0).
Vi vdy (1)<:>f(m)=f(\/;+l)<:>m=\/;+l.
<:>X+\/§:x+1+2\/;©\/;=2 X +1.

Thay vao phuong trinh thi hai ciia hé tim dugc nghiém (x;y) = (0;1);(1;9) .

(x—y)(x2+xy+y2—2)=6ln Zi— “,Zz_iz |
~Jy=1- lz(xz—y+1)

Bai 23. Gidi hé phuong trinh

Loi gidi
biéu kién: y>0,x> —y+1>0.
Khi d6 viét lai phuong trinh thit nhat ctia hé dudi dang:
3.3 | yryi+9
X" -y —2(x—y)—6 ===
X+Vx*+9

=S —2x+6ln(x+\/x2 +9j =y’ —2y+6ln(y+\/y2 +9j ).
Xétham s6 f(t) =t —2t+6ln(‘[+\/‘[2 +9jtrén R, ta c6:

6 =3C 2+ 3 t +9 8¢t

+—-1
\/t +9 \/t +9 \/t +9 9

\/ 3049 8L—1—2+8L>oweR
\/t +9 \/t +9 9 9

Do d6 f(t)1a ham dong bi€n trén Rnén (1) < f(x)=f(y) <> x=y.
Thay y =x vao phudng trinh thi hai cia hé ta dugc:

X — \/7—1— (x —x+1)

= 2(x2—x+1) \/;+1—x<:>2(x —x+1) X2 +X+1-2x— 2X\/;+2\/>



ox?—x+1+2xx ~2Jx =0 & (x~1) +2x (x 1)+ x =0

2 x<1 _
<:>(x—1+\/;) =0<:>x—1+\/7=0<:>{ 2<:>x=3 2\/5.

x=(1—x)

Vay hé phuong trinh c6 nghiém duy nhat (x;y) :[ > >

x-—y=e*—¢’

Bai 24. Giai hé phuong trinh log2 x +3log, y+2=0"
2 1 =

2

Lai gidi
biéu kién: x,y >0.
Phuong trinh thit nh4t ciia hé twong duong véi: e* —x=e” —y.
Xét ham s6 f(t)=e' —ttrén (O;+00)ta c6 f'()=e'~1>0,vt>0nén f(1)la
ham dong bi€n trén (0; +oo) )
Vivay f(x)=f(y) & x=y.
Thay y = x vao phuong trinh thit hai ctia hé ta dugc:

logs x +3log, x+2=0< log; x—3log, x +2=0.
2

log, x=1 x=2 x=2,y=2
= = = .
log, x=2 x=4 =

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (2;2);(4;4).

Bai 25. Gidi hé phuong trinh:
10g3(2X+1j:\/4x2 +4x+2 —\[(x—y)z +1-3x2 er2 —4x—-2xy -1
X—y .

log, (2x)+4x* —V4x* +1=1-+2

Loi gidi
Phuong trinh thit nh4t ciia hé dudc viét lai thanh:

(2x+1) +1-(2x+1)" —log, (2x +1)=y(x —y) +1—(x—y) ~log,(x~y)



Xétham s8 £(t)=Vt> +1—t> —log, t v6i t>0, ta c6
t o, 1
/t2+1 tin3

Do d6 phuong trinh dau tién f2x+1)=f(x—y) & 2x+1=x-y (¥)

£1(t) =

<0 nén ham sd f(t) nghich bién.

Xétham s6 f(x)=log, (2x)+4x” —/4x> +1,¥x >0
=)

+
Vax? +1

Mit khéc: ta c6 f(%j —1-+2.

1 RN - s
>0, nén ham s6 don di€u ting.

Taco f'(x)= 4){2 -
x In

Suyra x=1 —\/5 k&t hgp véi phuong trinh (*) ta ¢6 nghiém y = —%.

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = [1 - 2;—%} )

5% 447 =3% 2% +10x% - 12y

Bai 26. Gidi hé phuong trinh .
P s e"+(x—2y)ln(2xz+y2—2xy+x+2):e2y

Loi gidi
2
2 1 7.7
Ta cé: 2x2 +y2 —2xy +x+2=(x - +|x+—| +—2>2—,Vx,yeR.
y® —2xy (x-y) ( 2] L2y

Ta xét phudng trinh thi hai cia hé nhu sau:
- Né&u x>2y= VT >e* >e? = VPhé phuong trinh v nghiém.
- Néu x<2y= VT <e* <e? = VP hé phuong trinh v6 nghiém.
- Néu x =2y tha'y théa madn phuong trinh.
Vay x =2y thay vao phuong trinh dau clia hé ta dudgc:
55 +4% =35 425 +10x —6x > 5F +4% —3% —2% —10x* +6x=0.
Né&u x <0khi d6 VT < 0phuong trinh vd nghiém suy ra x> 0.
Xétham s f(x)=5"+4% —3* =2% —10x” +6x trén | 0;+w), ta c6:
f"x)=5"In*5+4*1n*4-3*1n*3-2"1In*2>0,vx>0 nén phuong trinh
f"(x)=0 c6 t6i da mot nghiém. Lap bdng bi€n thién suy ra phuong trinh



f'(x)=0c6 t6i da hai nghiém. Lap bang bi€n thién suy ra phuong trinh
f(x)=0c6 t6i da ba nghiém(chd y ¢6 day 1a mot tinh chat cla dinh Iy Rolle).
Mit khic f(0)=f(1)=f(2)=0. Do d6 phuong trinh c6 ding ba nghiém
x=0,x=1,x=2.

Viay hé phuong trinh c¢6 ba nghiém (x;y) = (O;O);(I;Z);(2;4).

3 _3Y —y_x -1

Bai 27. Gidi hé phuong trinh .
2.3% +2Y =3x% +2y* —2x -y +3

Loi gidi
Viét phuong trinh thi nhat ciia hé dudi dang: 3™ +x +1=3" +y. Tir phuong
trinh nay d& tim dugc y = x + 1. Thay vao phuong trinh thit hai clia hé ta dudc:
2.3% 422" —5x* —x—4=0.
Xét ham s6 f(x)=2.3" +2.2* —=5x> —x—4va thuc hién tuong tu bai todn
trén tim dudc cdc nghiém x=0,x=1,x=2.
Vay hé phuong trinh c6 ba nghiém la (x;y)=(0:1);(1;2);(2:3).

Bai 28. Gidi hé phuong trinh:
43yt —oy? _ox? 4y —Ax —x+1+4y -1
y+ VX2 +2x+2 -1 =4

Loi gidi
biéu kién: x> -1,y >1.
Phuong trinh th¢ nhat clia hé dugc viét lai dugi dang:
e (x+1) ke =4 42 (y 1)+ y -1 ).
Xétham s§ f(t)=4'+2t> ++/t trén [o;+oo), ta c6:
£'(t)=4"In4 + 4t +L >0,Vt>0nén f(t)1a ham dong bi€n trén [O; +oo) )
N
Viviy Do fx+D)=f(y-Deox+l=y-lcy=x+2.
Thay y =x +2 vao phuong trinh thit hai cia hé ta dugc:

A Zx 414 (x+1)2+1c>4“1[ (X+1)2+1—x—1j=1 ).



2
Ham s6 g(t):4t(\/t2+1 —t)cé g'(t)=4t(1n4—1).t;1t>0,VteRnén
2
241
1a ham dong bién trén R. \/7

Vivily Q) gx+)=g0)eox+1=0x=-1=y=1.

+

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (—1;1) :

o)

4x+2 +4/22-3x =y* +8

Bai 29. Gidi hé phuong trinh

Loi gidi

biéu kién: -2<x < %

T phuong trinh dau clia hé dé tim dugc y=-x. Thay y=—x vao phuong

trinh hai cia h¢ ta dugc: 4+/x +2 +4/22-3x =x> +38.
DPé gidi phuong trinh nay ta c¢6 hai ciach xi& 1y bing nhin lién hgp nhu
sau(xem thém k§ thuit va phuong phdp gidi dic sic gidi phuong trinh, bat
phuong trinh vo ty).

Cich 1: Phuong trinh dudc viét lai dudi dang:

4(\/)( 2—2)+ 22-3x —4=x>—4.

4(x-2) N 3(2-x)

=(x-2)(x+2).
Jx+2+2 J22-3x+4 (x=2)(x+2)

=

4 3
S (x=2 - -x=-2|=0.
( )[\/x+2+2 22 -3x+4 J

x=2
=N .
oA R S
Jx+2+42 J22-3x+4
Xétham sd f(x)= 4 - 3 —x—2trén {—2;2} , ta co:
NX+2+2 22-3x+4 3
f'(x) 4 0 —1<0,Vxe[—2;2—32J

:_2M(M+2)2 _ 2722 3x (\/22—3){ +4)2

nén f(x)1a ham nghich bi€n trén {—2;23—2} )



4 3
Vx+2+2 N22-3x+4
Vay hé phuong trinh c6 hai nghiém la (x;y)=(2;-2);(-11).

Vi vay -x-2=0fx)=f(-)=x=-1.

Cich 2: Viét lai phuong trinh duéi dang:
4[\/ —%4] ( 22—3X—14;xj=x2—x—2.

2 2
—X“+x+2 —X“+x+2
=4, + =x>-x-2.

9(\/x+2 + X’3L4j 9(\/22—3)( + 143"‘]

<:>(x —X— 2 1+ + 4 =0.

9( 20 _3x 4 14— Xj 9[\/x+2+X;4J

<::>x—)<20<::>X
Xx=2

2x% —4x? +3x—1= 2x( )~/3 2y
Vx+2 =314 -x{3-2y +1 '

Loi gidi

Bai 30. Gidi hé phuong trinh

DPiéu kién: x> -2,y < %

Nhan thdy x =0khong 1a nghiém cta hé phuong trinh.
Xét x # 0vi€t phuong trinh th nhat clia hé dudi dang:

{l_lf+1_§:(4_2y)\/ﬁ@(1—33+1——=(\/3 2y) + 32y

X
T diy dé tim dugc l—izﬂ. Thay M =1—§Véo phuong trinh
thit hai ctia hé ta dudc:

Jx+2=15-x+1ox=T=y =19L81(vé’ trdi 12 ham dong bién, v& phai la
ham nghich bi&n).

Vay hé phuong trinh c6 nghiém duy nhat (x;y) (7 %)



2X2+3=4(X2—2yx2)«/3—2y+4X2+1
X
/2_ /73_2y:\3/2x2+x3+x+2 \

Bai 31. Gidi hé phuong trinh

2x+1 ———
Loi gidgi\| v
biéu kién: x # O;—l ,—lSySE.
2 2 2

Phuong trinh thit nh4t cia hé vi€t lai dudi dang:

(1_1]3 +1_§:(4—2y)\/§©[1—§}3 +1—§=(\/3—2y)2 + 32y

X

Tu day dé tim dugc 1—l=\/3—2y . Thay /3-2y =1—lvé0 phuong trinh
X X

thit hai cia hé ta dudc:

4/ 2X2+X3+X+2 (2 +1) \/2x x> +x+2.

2x +1

[2+—}/1+— 1/ +1+— +1©[1/1+—J +4/1+— 1/ 1+ +1.
3 2
Xéthémsé’suyra4/1+l=43/3+1<:>(1+1J =[3+1j o x2+x-1=0.
X X X X

X=_1+\/§
2 j(x;y):(_ﬂ.ﬂ}.

:—1+\/§ 2 7 4
2

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = [— S

1+ﬁ.ﬂ}_

2x* —11x -2y +9=0

Bai 32. Gidi hé phuong trinh .
{y3 +3y% +y+4x> +22x +21=(2x + 1)v2x -1

Loi gidi
w1 1
biéu kién: x>—.
2
Phuong trinh thit hai ca hé dudc viét lai dudi dang:

(y+1)3+y+1=(\/2X—1)3+\/2X_1-




>-1
<:>y+1=\/2x—1<:>{y

y2+2y-2x+2=0

2x> —11x -2y +9=0

Xét hé phuong trinh
y2 +2y-2x+2=0

Gidi h¢ phuong trinh nay bing phuong phdp th& tim dugc cic nghiém
(x;y)z(l;o);(g;_s}(s;z).

K&t hgp v6i dieu kién chi nhan hai nghi¢m (1,0);(5:2).

Vay hé phuong trinh c6 hai nghi¢m la (x;y)=(1:0):(5:2).

2y — x> =x+1
Bai 33. Gidi hé phuong trinh .
x> +5x+(x3 —2y+6)\/x3 —2y+1=0

Loi giai
bidu kién: x> —2y+1>0.
bit t= \/x3 —2y+1 thi phuong trinh th hai cia hé dugc viét lai thanh :
x> +5x+(t2 +5)t =0 x° +5x =(—t)5 +5(—t).
Xét ham s f(u)=u’ +5u ¢6 f'(u)=5u*+5>0 nén ham s§ f(u) don diéu

tdng trén R, to do suy ra:

x<0
f(X)=f(-) & x =—t > x=—/x’ —2y+1 & 1/ 4 o\
y=—(x +1-x )
2
Thay vao phuong trinh thit nhit cda hé ta dudc :
1
x=0,y=—
-0 ’
1-x’=x+1< X = 2
x=-1 x=-1 ——l
Y >

Vay hé phuong trinh c¢6 hai nghiém la (x;y) = [O;%);[—l;—%}.



] 2 1A N X3_y3+§(X+y)2+5X2—§Xy+13X:@
Bai 34. Giai hé phuong trinh 3 3 3 .

x2+y2+xy—3x—4y+4=0

Loi gidai
T phuong trinh thit hai cia hé ta ¢6 :
x? +x(y—3)+y2 -4y +4=0

y2+y(x—4)+xz—3x+4=0

A =(y-3) -4(y’ ~4y+4)20 |0<x<
2 2 <
A, =(x—4) —4(x —3x+4)20 1<y

Hé phuong trinh da cho tuong duong véi :

100

3 02,5, 2
+—y +—xy+13x=—
3y 3 Y 3.

3 2
X’ -y +?x

x2+y2+xy—3x—4y+4:0

- 3x> —3y> +20x% +5y2 + 2xy +39x =100 (1)
X +y? +xy-3x—4y+4=0(2)

Lay (1)—2.(2)theo v€ ta dudc:
3x> +18x% +45x —3y> +3y° +8y—108=0 (3).

Xétham s6 f(x)=3x> +18x> +45x trén {o;ﬂ va:

g(y)=-3y> +3y? +8y —108 trén {1;%} )

4) 892 4 892

Taco: max f(x)=f| —|=——, max =g| — |[=——.
{4}() (?J 5 xe[l-7f(Y) g&] 5

'3

xe| 0;—
3

xe| 0;— xe| 1;—
3 3

Suy ra f(x)+g(y)< max_f(x)+ max}g(y) =0=>03) <
4 7
Thit lai vao phudng trinh thd hai cia hé thay théa man.

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (g,%) .




Bai 35. Gidi hé phuong trinh:
(x y)(x +Xxy+y +15) (x+y)2 =x? —9y2 -15y+94

4x2 +4y2+6x+6y—2xy—9=0

Loi gidi
Hé phuong trinh da cho tuong duong véi :
X° -y +15x —2x? +8y* —2xy—-94=0 (1)
{4x2+4y2+6x+6y+2xy—9=0 2
Tu phuong trinh (2) suy ra x € [—3;1],y € [—3;1] .
Lay (1)—(2) theo v€ ta dudc :
X2 —6x% +9x -y’ +4y° -6y -85=0  (3).
Xét hai ham s6 x> —6x> +9x va g(y)=-y’ +4y” —6y—85trén [-3;1] thyc

hi€n tuong ty bai todn trén ta dudc:

3) < f(x)+g(x)= max_f(x)+ max y) { .
xe[f ] xe - :.g y= -3
Thit lai thdy thda min.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;—3) .

3y —3x% —3xy +17x+13y—27=0 (1)
X2+y2+xy—5x—6y+10=0 2)

Bai 36. Gidi hé phuong trinh {X

Li gidi
N N 1 o 1A 2 5
Tu phuong trinh thd hai cua hé suy ra x € 5;2 ,YE 5;3 .
A/ I 3 3
Ly (1)+3.(2)theo v& ta dugc : (y—1) +2(y—1)=x’+2x  (3).
Xétham s6 f(t)=t>+2t trén {%;2} 12 ham dong bi€n.

Dodo® Q)= f(y-D=f(x)oy-1=x.
Thay y=x+1vao phuong trinh thd hai cia hé tim dudc cdc nghiém

(x2)=(2){ 3|

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (1;2);(%;%).



s RPUEA R X3_y3+X2_2y2+Xy—@X—10y=—]2
Bai 37. Giai hé phuong trinh 9 ‘

X2+y2+xy—7x—6y=—l4

Loi gidgi
N . . s A 2 5
Tu phuong trinh thit hai cua hé suyra x e |:§;2:|,y € {5;3}
Ly (1)-(2) theo vé& ta dudc :

x> —?X—f —3y*—4y-2=0 (3).

Xét ham so f(x):x3—€xtrén {2;?} va g(y)=-y> —3y> —4y—2trén

3
. 10 N
Tacé: max f(x):f[—leo ;va max}g(y):g(l):—m.
7

xe[2;g:| 3
3

xel 1;—
3

10

Do dé: (3) & f(x)+g(x)= max _f(x)+ maXf(y)Q x—?‘
10 7
y=1

xe| 2;— xe| I;—
3 3

Thit lai vao phudng trinh thd hai cia hé thdy khong thda man.
Vay hé phudng trinh da cho v6 nghiém.

3 3 2 2 136 76
.. i . X =y +X" 43y  +Xxy——x—-6y=—>
Bai 38. Giai hé phuong trinh 9 27.

x2+y2+xy—7x—6y:—14

Loi gidgi
N . . o 1a 10 7
TUu phuong trinh thit hai ciia hé suyra x 2;? ,Y € l;g .
Lay (1)—(2) theo v€ ta dudc :
3 73 3 2 302
X ——x-y +2y " ——=0 (3).
g XTY Y 3)

Xét ham s6 f(x)=x’ —gx trén {2;%} va g(y)=-y° +2y? —%trén {1;%}.



10

xel 2;— xe| I;—
3 3

Tacé: max_f(x)= f(lfj 10 ;va max}g(y)g(%}lo.
7

Do dé (3) & f(x)+g(x)= max _f(x)+ maXf(y) &
10
y

Xxe| 2;— xe| 1;—
3 3
Thit lai thdy thda min.

Vay hé phuong trinh c6 nghiém duy nhat (x y) (— —].

Bai 39. Gidi hé phuong trinh
2x2 —x—2xy+2y2 +3y+5=0

Loi gidi
Trir theo v€ hai phuong trinh ctia hé ta dugc :

3
X2 4x= y+— +y+—<::>x:y+%<:>y:x—z
3 3 3 3’

Thay y =x —% vao phuong trinh tht hai ctia hé ta tim dugc cac nghiém :

o 3)

R S e e
(x+1)\/_1—4y( )

2y2—3xy+x+8=0

Bai 40. Gidi hé phuong trinh

Loi gidi
biéukién: x>1.
Viét lai phuong trinh thit nhat ca hé dudi dang :

(\/x— ) VX —1=Q2y) +22y & /x - —2y<:>{Y>O

X 4y +1




Thay x=4y2+lvéo phuong trinh thd hai cia hé tim dugc nghiém

()= (53).

Bai 41. Gidi hé phuong trinh {

x> —6x%y =8y> —6 (1)

Axy? +x =2y + 2y —x+1+1(2)

Loi gidi

Piéukién: 2y —-x+1>0.
Liy (1)+3.(2)theo vé ta dudc :

(x-2y) +3(x—2y)+3=31-(x-2y).
o (x-2y) +3(x-2y)+3-3/1-(x-2y) =0 = x -2y =0.

Thay x =2y vao phuong trinh thit nhit clia hé ta tim dugc nghiém duy nhat
1
3
5y )=|V2;—=|.
)=[ L)

Bai 42. Gidi hé phuong trinh

y2_§x2+4(x2 +2)(J§+1)+4x—15=0
(x2 —2)\/)(2 + =3y+y\/§—2

Loi gidi

biéukién: y>0.

Phuong trinh thit hai cia hé viét lai dudi dang :

(m—ljg +3(M—1j2 =(\E)3 +3(Jy)?
@x/ﬁq:\/;@y:(m_l)z.

2
Thay y = (\/ X2 +1- 1) vao phuong trinh dau cda hé ta dudc :

2
2 _ _
X252 +4x—7=0@(x2 +1) =(i—2\/2j o x= 1EVION2 T
2 V2 22

Bai 43. Gidi hé phuong trinh:
x> =8y —=3x% +12y% +6x—12y =2y -1 —/x -1
V2x (2xy + 1) = 6y\1x2 +4y+1




Loi gidai
-~ . 1
biéukién: x>1,y ZE.

Phuong trinh dau clia hé twong duong vdi:

(x=1)" +3(x=1)+Jx—1=(2y 1) +3(2y 1)+ 2y -1
&Sx-1=2y-1x=2y.
Thay x =2y vao phuong trinh thi hai cia hé ta dugc:

boi chi€u véi diéu kién chi nhan nghiém (x;y) = [%+ J2:3+ 2\/5} .

Viy hé phuong trinh c6 nghiém duy nhat (x;y) = [% +~2;3+ ZxEJ :

Bai 44. Giai hé phuong trinh:

4x3 —4x? - 7x =(3y2 —6y+4)\l3y2 —-6y+7

2 .
(X3 —3X2)( x2+(y—1)2 +3j+8=(x2 +y2 —2y) —7(x2+y2—2y)

Lo gidi
Tac6 : (3y2 —6y+4)\/3y2 —6y+7 =(3(y—1)2 +1)\/3(y—1)2 +4>2.
x=2
= 4x’ —4x? = Tx 220 (x-2) (4" +4x+1)2 0 p
X=——
2

Nhin thdy x = —%khéng thda man hé phuong trinh vi vdy x>2.

Vi€t phuong trinh thit hai ctia hé dudi dang :
3
X3 —3x2 :[ x> +(y—1)2J —3()(2 +(y—1)2j ).
Ham s6 f(t)=t> —3t> dong bi€n trén [2;+oo) nén phuong trinh

(1)@f(x)=f[ x2+(y—1)2j©x= X +(y-1) ey=1.




Thay vao phuong trinh th nh4t cia hé ta duge x =2.
Vay hé phuong trinh c6 nghiém duy nhat (x;y) = 2;1)

oy Iy —Viox =0

Bai 45. Gidi hé phuong trinh {

Loi giai
biéukién: 0<x<1,0<y<l1.
Phuong trinh thit nhat cia hé dugc viét lai dudi dang :
AT x =y iy
Dé tim dudc x =y thay vao phudng trinh thi hai clia hé ta dugc :

\/;+\/1T=\/§<:>2Jx(1—x)=1<:>4x(1—x):1<:>x=%:>y:l.

2

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (%,%} :

8x> —4x? —3x=3y—%

x3+5x+(x3 —2y+6)\/x3—2y+1 =0

Bai 46. Gidi hé phuong trinh

Loi gidi
bieukién: x> -2y +1>0.

Phuong trinh thit hai cia hé tuong duong véi :

3
(\/x3 —2y+1j +5\/x3 -2y +1 :(—x)3 +5.(=x).

3 x<0 x<0
S 2y+l==x< =

)(3—2y+1=x2 2y=x3—x2+1.

3.2
Thay vy =XTX+1 vao phuong trinh thit nhit ctia hé tim dugc nghiém duy

nhat cda hé 1a (x:y) :(1;%) .

Bai 47. Giai hé phuong trinh:




X2+ S5y-6=0
\/x2+x+\/—xz—x+4—x2—x+4 \/yT IR
1+ m 1+ m
Loi gidi
Phuong trinh thit hai ca hé vi€t lai dudi dang:

Vx? + _ ¥y /X2 2
1+V—x? —x+4 1+\/—y -y+4 S \/y o

<:>X2—y2+x—y=0©(x—y)(x+y+l) O@{

=y
X+y+1=0

Xét trudng hgp va tim dugc nghiém ctia hé phuong trinh 1a

R

X3—y3=3y2+4y—x+2
\/x+y +3\/x+3y+19=105—y3—xy'

Bai 48. Gidi hé phuong trinh {

Loi gidi
Piéukién: x+y>0,x+3y+19>0.
Phuong trinh thit nh4t cia hé tuong dudng vdi:
x3+x=(y+1)3+y+1®X:y+l.
Thay x =y +1vao phuong trinh thit hai cia hé ta dugc:
J2y +1+43J4y+20 =105-y> —y* —y.
3,2 -
Sy +y +y+\/2y+1+6\/y+5—105—0.

Ham s8 f(y)=y> +y* +y+y2y+1+64y+5-105 dong bi€n trén {—%;—i—ooj

nén y =41a nghiém duy nhit suyra x =5.

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (5;4) :

2x% —4x? +3x—1= 2x( ),/3 2y

Bai 49. Gidi h¢ phuong trinh ¢ (g
+948y —T7+83-2y =17+4y+43-2
2, \/y y y y

Li gidi




Diéu kién : yS%,Sy—7+8«/3—3y >0.

Nhan thdy x =0khong 13 nghiém clia hé phuong trinh.
Xét x # 0khi d6 phuong trinh dau cla hé tuong duong véi :

(1_lj3 (1—;j (V3- 2y) +3- 2y©1——=W

X

Thay 1 =1-4/3 -2y vao phuong trinh thi hai ctia hé ta dugc :
X

18(1—@)2
(1—@)2“

2
Pit t= (1 3 2y) ,t >0 phuong trinh tr& thanh:

+9\/9—4(1—\/E)2 =25—2(1—M)2.

ﬁ+9\/9 4t =25- 2t<:>9 Jo— 4t = 25 2t)(t+l)—18t.
t>0
<:>9(t+1)\/9 4t =-2t> +5t+25 <4 -2t2 +5t+25>0 ot=2

81(t+1) (9-4t) = (-2t +5t+25)’

@(1—,/3—2 ) ) \/7\' Y =142
1
<:>y:—\/§:x=——.
V2
Ao 1A N . A » 1
Viy hé phuong trinh ¢6 nghi€ém duy nhat (x;y) = (—T;—\/EJ .
2

7X—13—y=2x3, /x(4-|—3y—x2) -I—;
Bai 50. Gidi hé phuong trinh X 2y—x+2

2x-y+1-6(x-y) +3=2,/2(x~y) -3(x-y)

Loi gidi
Phuong trinh thd hai ciia hé c6 chi c¢6 nhan tf x —y nén ta c¢6 thé tim dugc
—y khi dit &n phu. Du6i day st dung ham s& nhu sau:
Vi€t lai phuong trinh thit hai ctia hé du6i dang:

2(x—y+1)2+X—y+1+2«/x—y+l=2.4(x—y)2+2(x—y)+1l2(x—y).



<:>X—y+1=2(x—y)<:>x—y=l<:>y=x—1.

Thay y = x —1vao phuong trinh dau ctia hé ta dugc:

7X+§—13=2x3,[x(1+3x—x2)
X
2 VY (2 13 [1 3
<—X¢O—>(——1] +2[——1J=(—+——1J+23—+——1
X X x2 X <2 X
©2—1=3/L2+E—1<:>2—X=\/3X+3X2—X3<:>(2—X)3=X+3X2—X3.
X X X
_13-13
6
T CE I |
6 6
X:13+x/§ X_13+J§

6 6
7+\/%
YT

&S3x2-13x+8=0 <

Vay hé phuong trinh ¢6 hai nghiém la:

(X;y):(13—\/§;7—\/§}{13+\/5;7+\/§]‘

6 6 6 6

x3+x+10g2§:8y3+2y+1

y
VX—1—-4/y-1-1=0

Bai 51. Gidi hé phuong trinh

Loi gidi
biéukién: x>1,y>1.
Khi d6 phuong trinh thi¥ nha't ctia hé dugc bi€n dbi thanh :

X3 x4+ log, x = (Zy)3 +2y +log, 2y

Ta xétham s§ f(t)=t +t+log, t,t>0.Ta cé f'(t)=3t>+1+ 12>O,t>0.

tin
Suy ra ham s6 don diéu ting. T d6 suy ra f(x)=f(2y) <> x=2y.
Thay x =2y vao phuong trinh thi hai ta dudc :

N2y —1—\y-1-1=02y-l=y-2\y-12|y-l=l-yoy=1=x=2




Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (2;1) :

2(x—2)m:6—y
)\/ﬂﬁ\/x —4x+

Bai 52. Gidi hé phuong trinh

Loi glgl
biéukién: x> -6,y >-1.

Phuong trinh thi hai ctia hé tuong duong véi:

Xx—-2 B Jy +1

= (D

L R e

t

Xétham s6 f(t) =

trén R, ta co:

2 +1
2
V2 +1- !
241 1 .
f'(t)= = >0,VteR nén f(t) 1la ham dong

2 +1 (t2+1)\/t2+1

bi€n trén R.
Vivay (I)Qf(x—2)=f(\/y+l)<:>x—2= y+1©{

Thay y = x> —4x + 3 vio phuong trinh du ctia hé ta dudc :
2(X—2)\/X+6 =3-x? +4x <x=3=>y=0.
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (3;0) :

Xx=>2

y=x2—4x+3'

(53-5x)V10-x +(5y - 48){/9—y =0
\/2X—y+6+xz—2x—66=\/—2x+y+11‘

Bai 53. Gidi hé phuong trinh {

Loi gidi
Phuong trinh thit nhat clia hé tuong dudng véi :
5(\/1()——x)3+3\/10—x:5(\/9—y)3+3\/9—y e10-x=9-y o y=x-1
Thay y = x —1vao phuong trinh thd hai cia hé ta dugc:
x? —2x—66=\/10——x
& (Vx+7-4)4x7 ~2x-63+(1-V10-x) =0




x—9

Q—
Vx+7+4

+(x—9ﬂx+7)+——£:2——=0.

1++/10-x
+x+7+———L——J=0¢>x=9:>y=&

1
@("‘9)[m+4 o

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (9;8) .

2x2 —11x -2y +10=0

Bai 54. Gidi hé phuong trinh .
{y3 +3y? +4x7 +22x +y+21=(2x +1)/2x -1

Loi gidi
e 1
bi€ukién: x>—.
2
Phuong trinh thit hai cia hé tuong duong véi:

(y+1)3+y+1=(m)im@y+1=m@{f‘l
vy 4+2y+1=2x-1
y>-1
Ta c6 hé phuong trinh : y2+2y+1=2x—1 @{X:I.

x> —11x—2y+10=0 y=0

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;0) .

Vax+2+2y+4=6

2(2x+1) +2x+1=(2y-3)y-2

Bai 55. Gidi hé phuong trinh

Loi gidi

biéu kién : XZ—%,yZZ
Phuong trinh thit hai cia hé tuong duong véi :

3
2(2x+1)3+2x+1=2( y—z) -2
Xét ham s6 f(t)=2t>+ttrén R, ta c6 f'(t)=6t>+1>0,vt>0nén f(t)la
ham dong bién trén R.
Vi vdy (1)<:>f(2x+l)=f(«/y—2)<:>2x+1= y-2 o y=4x>+4x43.

Thay y = 4x% +4x +3 Vo phuong trinh th nhat cia hé ta dugc:




Jax+2 +\/2(4x2 +4x+3)+4 6.
V& trdi 1a ham dong bi€n nén phuong trinh c6 nghiém duy nhat x = % =y=6.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (%;6}.

Sy

Bai 56. Gidi hé phuong trinh 35
y+r—==
x2_1 12

Loi gidi

T phuong trinh dau clia hé suy ra x =y .
Thay x =—y vao phudng trinh thi hai cia hé ta dugc :
y+ y ¥ =>y>0
2
y? —
Binh phuong hai v€ clia phuong trinh ta dugc :

]
—_—
[\

2

2 2 2 4 2
yz+y+2y B oy LY [35) )
2y 2 12 2 2 12

y yo—1 y y
ST IV ]
y: :% wo |73 17730
2 5 5 5
y -1 T PR J
Y 4 4y 4
55 55
Vay hé phuong trinh ¢6 hai nghiém (x;y)=| ——;— |;| ——;— |.
1y hé phuong g.()[33][44j

3 3x2 +2+(y2 +2)\/1—y2 =0

Bai 57. Gidi hé phuong trinh
V2x—x2 =2y1-y? +2x -1

Loi gidi
DPiéukién: 0<x<2,-1<y<1.

Phuong trinh thd nhat clia hé tuong dudng véi:

(1) -3 1) (i ) -3y



Xét ham 8 f(t)=t> -3t trén [—l;l] , ta co:

f'(t)=3t> =3<0,Vt e[ -1;1]nén f(t) la ham nghich bién trén[ -1;1].

Vi vay: f(x—l):f[«/l—y2j<:>x—lz«/l—yz .

Hé phuong trinh tuong duong véi:

x—1= l—y2 x—lzﬂl—y2 <::{)izl,y:l

S

\/2X—X2=2\/1—y2+2x—1 V2x —x? =4x -3

Vay hé phuong trinh c6 hai nghigm 1a (x;y)=(11);(L-1).

X=1,y=—1'

x> —y3 +3y2 —-3x=2

Bai 58. Gidi hé phuong trinh
X2 41— x2 —3\/2y—y2 =2

Loi gidi

Piéukién: -1<x<1,0<y<2.

N 2, ~ 9 A 2 3 2 3 2
Phuong trinh thit nhat cua hé tuong duong véi :(x + 1) - 3(x + 1) =y —-3y~.
Xétham s ()=t —3t*trén [0;2], ta c6 :
f'(t)=3t> =6t <0,vt €[ 0;2 |nén f(t) la ham nghich bién trén [ 0;2].
Vivady fx+D)=f(y) = x+1=y.
Thay y =x +1vao phuong trinh thd hai cia hé ta dugc :

X2 +ﬁ—3\/2(x+1)—(x+1)2 -2,

<:;>x2+\/1—x2 —3\/1—x2 +2=02V1-x> :x2+2<:>x=0:>y=1.

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (0;1) .

3 3 2
2=y 4+3y% +4
Bai 59. Gidi hé phuong trinh {X TXTEEY Y AN

x5+y3+1=0

Loi gidai

Hé phuong trinh da cho tuong duong véi:
x3+x—2=(y+1)3+y+1—2 x=y+1 x=0
SV s, = .

X +y’ +1=0 Xy +1=0 ly=-1

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (0;—1) :



V3x—1+4(2x+1) =4y —1+3y

Bai 60. Gidi hé phuong trinh
(X+y)(2x—y)+6x+3y+4:O

Loi gidi
biéu kién : x Zé,y >1.
Phuong trinh thit hai cia hé tuong duong véi :

1
(x+y+1)(2x—y+4)=0<xz§—’yg>y=2x+4.

Thay y =2x + 4 vao phudng trinh th nhit cda hé ta dudc :

V3x—14+2x—-8=+/2x+3.
<:>2(3x—1)+ 3x—1 =2(2x+3)+\/2x+3

oVx-1=V2x+3 o x=4=y=12

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (4;12).

(8x—3)\/2x— :4y3 +y

Bai 61. Gidi hé phuong trinh .
4x2 —8x-|—2y3 +y2 -2y+3=0

Loi gidi
A 1
biéukién: x> 5 .
Phuong trinh thit nhat clia hé tuong dudng véi :

3
4(\/2){—1) V2x—1=4yd ryey=2x-1.

Thay y =+/2x —1 vao phuong trinh thi hai cia hé thyc hié€n xét tinh don diéu

clia ham s6 tim dudc nghiém duy nhi't cia hé 1a (x;y) = (1;1) .

(2012-3x)v4 - x +(6y —2009)y/3-2y =0

Bai 62. Gidi hé phuong trinh
27x -8y +3,/14x — 18y = x> +6x +13

Loi gidi
Phuong trinh thit nhat clia hé tuong duong véi :

3 3
3(\/4—){) +2000\/4—x=3(\/3—2y) +2000,/3-2y .

oJi-x=3-2y ©4—x=3—2y©y="7_1.




Thay y = x-1 vao phuong trinh thd hai ctia hé ta dugc :

23x+4 +3V5x+9 = x2 +6x+13.

@[2 3X+4—2(x+2)} [3\/5x—+ 3(x+3)} X2 +x.

1 1
Sxix+1)| 1+ + =0.
( )£ V3X+4 +x+2 \/5x+9+x+3j

1
@x(m):o@{":o L|x=0v="7,

x=-1 x=-lLy=-1

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = [O;—%}(—l;—l).

3 —x*=28
Bai 63. Gidi hé phuong trinh
Xy +2x? y+Xx —18\/—
Loi gidgi
x(y3 —x3 ) =28
Hé phuong trinh dd cho tuong duong vdi : =x,y>0.

x(x+y)2 =18\/5

4
Rut y =, / 18\/5 -X= 3\}/5 —x thay vao phuong trinh thit nhi't clia hé ta dugc:
X X

X [S.j/;g—xf —x3 |=28.

biat t= \/;,(t > 0) phuong trinh trd thanh : t> [i —t } =28.

3
t9—(3<‘/§—t3) +28t=0.

V€ trdi 1a hAm dong bi€n nén phuong trinh c6 nghiém duy nhat:

t=(‘/§:x=\/5:>y:2\/5.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (\/5, 2\/5) .



X2015 2014 _ (2030 2016

+ Xy y +y

Bai 64. Gidi hé phuong trinh

7y* +13x + 8= 2y4%/x(3x2 +3y? —1) '

Loi gidi
biéu kién : X(3X2 +3y% — 1) >0.
Nhan thdy xy = 0khong théa man hé phuong trinh.
Xét xy # 0 viét lai phuong trinh dau clia hé dudi dang :

2015
(EJ +§=y2015+y<:>3=y<:>)<=y2>0.
y y y

Thay y2 =X vao phuong trinh thd hai ctia hé ta dudgc :

7x2 +13x+8=2x23/x(3x2 +3x—1) @i+£+1=23/3+3—i.
X3 X2 X X X2

3 3
@[EHJ +2(z+1j=[i/3+é—L] +2i/3+§—i.
X X X x2 X x2

2 3 1 xo0 6 6
eZi=3e2o 4 yx = Sy=t |2 .
X X x? J89 -5 J89 -5

Vay hé phuong trinh c¢6 hai nghiém la:

Aol 6 6 || _6 | 6
(X’y)_(@—s’\J@—sM@—s’ \/\/@—5}'

—

30X2015 +4Xy2014 :30y4030 +4y2016

Bai 65. Gidi hé phuong trinh

3
162y + 2743 = (8x3 —\B)

Loi gidi
Nhan thdy xy = 0khong théa man hé phuong trinh.
Xét xy # 0 viét lai phuong trinh dau clia hé dudi dang :
2015
30[§) +4.§:30y2015+4y<:>§=y<:>x=y2>0.
y y y
Thay y2 = x vao phuong trinh thi hai ctia hé ta dugc:

3
162x+27\/§:(8x3 —JE) .



Dé gidi phuong trinh nay ta dua vé gidi hé bing phép dit 4n phu
8x> — \/g =6u ta dudc:
8X3—\/§=6u 6u=8x3—\/§
& :
3 6x =8u’ — \/g

162x + 2743 =2160°

Day Ia h¢ d6i xting loai II d& im dudc nghiém x =y 1a nghiém clia phuong trinh :

8x> —\/§=6xc>8x3 —6x=\/§<i>)(=cos%:y=-_h}cos%

(xem thém chuong 1).
Vay hé phudng trinh ¢6 hai nghiém la:

yis / T I T
(X y)— €C0S—;—,/cOS— [;| cos—;,[cos—
[ 18 18 18 18

X+Vx2—2x+2=3""+1
y+lyr —2y+2=3"141

Bai 66. Gidi hé phuong trinh

Loi gidi
Trit theo v& hai phuong trinh clia hé ta dugc :

X+Vx2=2x+2 +3 T =y +4y? =2y +2 +3¥7L
Xéthams6 f(t)=t+Vt>? —2t+2+3"tacé :

2
P =12l 3 323t 34 ) () #1ret
(t_1)2 (t-1)"+1

h—q+t—1

>33+ >3"11n3>0

(t-1)+1
Nén f(t)1a ham dong bi€n vi vay f(x)=f(y) < x=y.
Thay y = x vao phuong trinh dau ctia hé ta dudc :

x—Lay(x=1) +1=3"" @3"‘1( (x—1)2+1—(x—1)J:1 ).

Xét ham s f(x):3"1{ (x—l)2 +1 —(X—I)Jtrén R, ta c6 :



Nén f(x)1a hAm dong bié€n tréy R.

Vivay ()< f(x)=f() < x=1=y=1.

————— [>0,VxeRV
2

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .

Chd & 1.  KY THUAT SU DUNG PIEU KIEN CO NGHIEM

CUA HE PHUONG TRINH

A.NOI DUNG PHUONG PHAP

1.

f2(x,y)=0

. , trong doé fz(x,y):O la mdt phuong
g xy)=0

Dang hé phuong trinh {

trinh bac hai hai bi€n va gk (Xx,y)=0 1a mdt phuong trinh bac cao hodc cé
chita cin ddi v6i hai bi€n. Suy nghi dau tién 1a coi f>(x,y)=0 l1a phuong
trinh bac hai ddi vdi mot bi€n va bi€n con lai ta coi 12 tham s6 tir d6 tim ra
mién gid tri cda tiing bi€n. Ta dwa vao mién gid tri cda bi€n dé ddnh gid

phuong trinh con lai.

Vi du 1. Phuong trinh x +y* +xy —7x -6y +14=0 (1).

Coi (1) 12 phuong trinh bac hai v6i 4nla x va yla tham s6 ta dugc

x2+(y—7)x+y2—6y+14=0.



Phuong trinh ¢6 nghiém khi va chi khi

|

A, :(y—7)2—4(y2—6y+14)20<:>—3y2+10y—720<:>1£y£—.

(O8]

Coi (1) 12 phuong trinh bic hai véi 4nla y va x 13 tham s6 ta dugc:
y2 +(x—6)y+x2 -7x+14=0.
Phuong trinh ¢6 nghiém khi va chi khi:

A, :(x—6)2—4(x2—7x+14)20<:>—3x2+16x—2020<:>2£x£?.

Vaytacéd x e{Z;?},y € {l;g}.

2. Hé phuong trinh c6 chtta can thic § V Alxy) =B(xy) .
C(x;y)=0

A(x;y)=20

ta tim dudc rang
B(x;y)>0

Xui't phat tir diéu kién dé hé c6 nghiém la {

budc gilta x,y .

B.BAI TAP MAU

2 3 2
x—1) ==y —3y2 -3
Bai 1. Gidi hé phuong trinh (1) =y -3yt
x2+2x(y—1)+y2—6y+1:0

Loi giai
Viét lai phuong trinh thi hai ctia hé dudi dang
x> +2x(y—1)+y2 —-6y+1=0.
Coi day 1a phuong trinh bic hai v6i 4n1a x va tham s61a y ta dudc

A’ :(y—l)2 —(y2 —6y+1)=4y20<:>y20.
Khi d6 phuong trinh dau ciia hé dugc viét lai: (x—1)" =1-(y+1).

2 3
Do y>0 nénVT=(x-1)" 202 VP=1-(y+1) .
Do vay hé c6 nghiém khi va chi khix=1;y =0 thi lai vao phuong trinh th&

hai clia hé thdy thda man.



Vay hé c6 nghiém duy nhat (x;y) = (1;0) .
Nhén xét. Ngoai cdch tinh A', nhu trén dé tim diéu kién cda y ta c6 thé
vi€t lai phuong trinh nhu sau

(x+y—])2=4y:>4y20<:>y20.

10x% +5y% —2xy —38x —6y +41=0

Bai 2. Gidi hé phuong trinh
\/x3 + Xy + 6y —\/y3 +x2-1=2

Loi gidi
Phuong trinh thd nhat clia hé tuong dudng véi:
10x* =2(y +19)x +5y* —6y +41=0.
Suyra A" =(y+19)’ —10(5y2 —6y+41)=—49(y—1)2 >0 y=1=x=2.

Thit lai vao phudng trinh thd hai cia hé thay théa man.
Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (2;1) :

3 2 2
-3 2y +5=0
Bai 3. Gidi hé phuong tinh 4~~~ ¥ ~ YT .
X2+y2+xy—7x—6y+14=0

Loi gidi
Viét lai phuong trinh thit hai ctia hé dudi dang
X2 +y? +xy—Tx—6y+14=0 (1).
Coi (1) 13 phuong trinh bic hai véi 4nla x va y1a tham s6 ta dugc
x2 +(y—7)x+y2 -6y +14=0.
Phuong trinh ¢6 nghiém khi va chi khi:

A, :(y—7)2—4(y2—6y+14)20c>—3y2+10y—720©1£y£%.

Coi (1) 12 phuong trinh bic hai véi 4nla y va x 13 tham s6 ta dugc:
y2 +(x—6)y+x2 -7x+14=0.
Phuong trinh ¢6 nghiém khi va chi khi:

A, :(x—6)2—4(x2—7x+14)20<:>—3x2+l6x—2020<:>2£x£%.



Viytacd x e{Z;?},y IS {l;%}

N f — 3 3 2
Phuong trinh dau ciia hé trd thanh f(x) + g(y) = 0, trong d6 { (x)=x" = 3x

g(y)=y> -2y +5

Ta 6 f'(x)=3x"—6x=3x(x-2)>0,vx e {2;?} nén f(x) la ham dong
e 10
bién trén 2;? .Suyra f(x)>f(2)=-4.

g'y=y’ —2y+5=(y—1)2 +424,Vye{12g]

Do d6 f(x)+g(y)=0. Vi vay hé c6 nghiém khi va chi khi

{f(x) =—4
g(y)=4

Vay hé c6 nghiém duy nhat (x;y) = (2;1) .

=2 .
= {X : thit lai thay thda man phuong trinh thi hai cia hé.
y =

N (1) (22 1) =Ly
Bai 4. Giai hé phuong trinh 2

X2+y2+xy—7x—6y+14=0

Loi gidi
Theo trén ta c6 ZSXS?;ISyS%.

Khi d6 vi€t phuong trinh clia hé dudi dang

. | 1
Xét ham so f(t)=2t—; véi t>1. Ta co f’(t)=2+—2>0,Vt21 vi vay f(t)
t

12 ham dong bién trén [1;4—00) va ro rang f(t)>0,vt>1.
Do dé VT(I) =fx).f(y) = f(2).f(1) = (2.2 —lj[Z.l —1J = 1 = VP(l) .
2 1 2
Vi viay hé c6 nghiém khi va chi khi x =2;y=1 th{ lai phuong trinh thi hai
clia thdy khong thda man.

Vay hé phudng trinh da cho vd nghiém.



(2)(2 “3x +4)(2y2 3y +4) ~18
Bai 5. Gidi hé phuong trinh .

x2+y2+xy—7x—6y+14=0

Loi gidi
Tuong ty bai trén ta ¢6 f(t) =2t> =3t +4 12 hAm dong bi€n trén [1; +oo).
Suy ra (2x2 3x+ 4)(2y2 3y + 4) = £(x).£(y) > £(2)f(1)=6.3=18.
Vi vay hé c¢6 nghiém khi va chi khi x =2;y =1 thda man phuong trinh thi hai
cua hé.
Vay hé c6 nghiém duy nhat (x;y) = (2;1) .

x*+y? =9

Bai 6. Gidi hé phuong trinh .
x> +y2 +xy—-3x—-4y+4=0

Loi giai
Viét lai phuong trinh thi hai ctia hé dudi dang
x2 +(y—3)x+y2 -4y +4=0.
Coi day la phuong trinh bac hai v6i 4n1a x ta dugc

Ax:(y—3)2—4(y2—4y+4):—3y2+1Oy—720<:>1£y£z.

98]

Tuong ty viét lai: y? +(x—4)y+x2 -3x+4=0.

Coi day la phuong trinh bac hai v6i 4nla y ta dugc

A, =(x—4)2—4(x2—3x+4)=—3x2+4x20<:>0SxS%.

4 2
Khi d6 x* +y* < G] + EJ :% <9.Vivay hé di cho v6 nghiém.

im ins A . X3—y3+§(X+y)2+5x2—§xy+13x=@
Bai 7. Giai hé phuong trinh 3 3 3.

x2+y2+xy—3x—4y+4:0

Loi giai
Vi€t lai phuong trinh thit hai ctia hé tr§ thanh
x> +x(y—3)+y2 —-4y+4=0.

Coi day 1a phuong trinh bic hai v6i 4n1a x va tham s61a y ta dudc



A, :(y—3)2—4(y2—4y+4)=—3y2+10y—720<:>1§y£z.

98]

Tuong ty vi€t lai: y* +y(x —4)+x* -3x+4=0.

Coi day la phuong trinh bac hai v6i 4nla y va tham s6 x ta dudc
2
A, =(x-4) —4(x2 —3x+4)=—3x2 +4x20<:>0£x£§.

Rt xy tf phuong trinh th hai ca hé thay vao phuong trinh dau clia hé ta dugc:
3x> +18x% +45x -3y +3y> + 8y —108 =0 (1).

Xétham s6 f(x)=3x> +18x> +45x trén {o;ﬂ.
Ta c6 f'(x)=9x> +36x+45>0,Vx e [0;%} nén f(x) 1a hAm dong bi€n trén

g

4 892
Suyra f(x)<f| — |=—.
y ra f(x) {J 9

Xétham s6 g(y)=-3y° +3y” + 8y —108 trén {1%} .

Ta co g’(y)=—9y2 +6y+8;g'(y)=0<y 226[1;1]

3
4 892 (7 1000
Tinh dugc g(1)=-100;g| — |=——:;g| = |=—.
ge g(D) g[3] 9 g(J 5
Suyra max_g(y)=g 4 =&.
7 3 9

€l 1;—
Y 3

L 4 4
Do d6 VT ) =f(x)+g(y) < f(gj + g(E) =0.

Vi vay hé phuong trinh c6 nghiém khi va chi khi x =y =§ .
Thit lai vao phuong trinh th hai cia hé tha'y théa man.

Vay hé ¢6 nghiém duy nhat (x;y)= (g;%) .



2 2 ) 2
x-y)(x2 +xy+ +15)— x+y) =x2-9y? ~15y+94
Bai 8. Gidi hé phuong trinh: ( y)( yy ( y) y y

4x2+4y2+6x+6y—2xy—9:0

Loi gidi
Hé phuong trinh tuong duong véi
x> —2x% +15x—y> +9y*> —94 —2xy =0 (1)
{4x2+4y2+6x+6y—2xy—920 Q)
Viét lai phuong trinh thi hai ctia hé dudi dang
4x* +2(3-y)x+4y’ +6y-9=0.
Coi day 1a phuong trinh bac hai 4n x va tham so 1a y ta dudc
A =(3-y) —4(4y2 +6y—9)20<:>—15y2 30y +45>0e 3<y<l.
Tuong tu viét lai phuong trinh du6i dang
4y* +2(3-x)y +4x” +6x-9=0.
Coi diy 12 phuong trinh bic hai véi 4n 12 y ta dudc
Ay =(3-x) —4(4x2 +6x—9)20©—3$x$1.
Viytacd x,ye [—3;1} .
Rut xy tr phuong trinh (1) thay vao phudng trinh (2) ta ¢6 phuong trinh:
x> —6x% +9x -y’ +4y? -6y -85=0 (3).
Xétham s f(x)=x"—6x> +9x trén [-31].
Ta c6 '(x)=3x*-12x+9=3(x—1)(x-3)>0,vx [ -3;1] nén f(x) la ham
dong bién trén [—3;1] .Suyra f(x)<f(l)=4.
Xétham s6 g(y)=-y’ +4y”> —6y -85 trén [-31].
Ta c6 g'(y)=-3y’+8y-6<0,vye[-3;1] nén g(y) 1a ham nghich bién
trén [-3;1]. Suy ra g(y)<g(-3)=-4.
Vi vay VT(3) =fx)+gy)<f(1)+g(-3)=0.
Do d6 hé c6 nghiém khi va chi khi x =1;y =-3 th{ lai phuong trinh thd hai

clia hé thi'y théa man.
Vay hé c6 nghiém duy nhat (x;y) = (1;—3).



2()(—y)3 —-4xy-3=0
Bai 9. Gidi hé phuong trinh

(x—y)4—2x2 +4xy+2y2 +x+3y+1=0

Loi giai
Cong theo v& hai phuong trinh clia hé ta dugc:
(x—y)4 +2(x—y)3 -2x? +2y2 +x+3y-2=0.
<:>(X—y)4+2(x—y)3—3+2y2—2x2+x+3y+1=0.
+3(x—y)2 +3(X—y)+3)+(y+1—x)(2x+2y+1)=0.

(x-v)
(X—y)3+3(x—y)2+x+y+2)=0

TH1: N&u y = x —1thay vao phuong trinh th nhit cta hé ta dudc:

2—4x(x—1)—3=0<:>4x2—4x+1:0<:>x=%:>y:l

2

TH2: N&u (x—y)3+3(x—y)2+x+y+2=0.
K&t hgp v6i phuong trinh thit nhi't cla hé ta dudc:
3 2
x—-y) +3(x-y) +x+y+2=0
( ) ( ) :>4xy+3+6(x—y)2+2x+2y+4=0
3
Z(X—y) —4xy—-3=0
2 2 —
& 6x% +2x(1-4y)+6y* 10y +7=0.
2
= A =(1-4y) —6(6y2 10y +7) — -20y? + 52y — 41 < 0 (phuong trinh vo nghiém).

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (%,%) .

3 3 2
+3 17x+18=x"-3x"+13y -9
Bai 10. Gidi hé phuong trinh {y xy X X X y=9

x2+y2+xy—5x—6y+10=0

Loi gidi
Viét lai phuong trinh tht hai ctia hé du6i dang: x* +(y —5)x+y” -6y +10=0.
Coi day 1a phuong trinh bac hai 4n x ta dugc




A, :(y—5)2—4(y2—6y+10)=—3y2+14y—1520<:>§£y£3.

Tuong ty viét lai du6i dang: y* + (x - 6)y +x2=5x+10=0.
Coi day 13 phuong trinh bic hai véi 4n y ta dugc

A, =(x—6)2—4(x2—5x+10)=—3x2+8x—420<:>§£x£2.
Rit xy tf phuong tinh th hai ctia hé th€ vao phuong trinh dau cha hé ta dugc:
¥ +2x=(y-1) +2(y-1) ().

Xétham s f(t)=t> +2t trén B;z}Ta c6 £'(t) =3t +2>0,VteE;2}.

Do dé f(t) 1a ham dong bi€n trén {%;2} )

Viviy e fx)=f(y-H)<eox=y-1.
Thay vao phuong trinh thi hai ctia hé ta dugc:

y=2=>x=1
3y? —14y +16 =0 < 8
y=—=>X=—
3
Vay hé 6 hai nghiem 1a (x;y)=(1;2); 281
3’3

5y4 —x* —6(x2 —yz)—2xy=0

(5y2+xz)2—36=2\/g(6—5y2—XZ)'

Bai 11. Gidi hé phuong trinh

Loi gidi
biéu kién: xy >0,5y* —x*>0.

Vi€t lai phuong trinh thi hai ctia hé du6i dang:
2
(5y2 +x2) +2\/g(5y2 +X2)—12«/xy ~36=0.

Coi day la phuong trinh bac hai v6i 4n 1a 5y2 +x2, ta dudc:

A :xy+12\/§+36=(\/5+6)2.

Suy ra 5y +x* =6hoidc 5y* +x? =—-2y/xy —6 (loai do v& trdi khong am v&
phai Am).
Viy ta c6 hé phuong trinh:



\/5y4 —x* —6()(2 —yz)—2xy=0
5y2 +x%=6
\/5y4 —x* —(Sy2 +x2)(x2 —yz)—2xy=0

5y2+x2=6

[ca 4 4_ 4 _y 272 [e 4 _ 4 _ - lvy=-1
o Sy" —x" +5y" —x" =4x"y +2xy<:>{ Sy" —-x 2xy<:{x Y

5y +x2 =6 x=Ly=1

5y2 +x*=6
Vay hé phuong trinh c6 hai nghiém la (x;y)=(-L-1);(L;1).
Tdong ké&t: Van dé dit ra khi sing tdc hé phuong trinh dang nay 13 tao ra mot
phuong trinh bac hai hai 4n x,ysao cho x e[a,b},y e[c;d]ta xudt phat tr
mot hiing ding thitc sau:
y=mx+n+p —(x—a)(x—b) .
Chuyén v€& binh phuong ta dugc: (y —mXx — n)2 = —p2 (x - a)(x - b) day la
mot phuong trinh bac hai cho ta tim dudgc mién gid tri cla hai 4n x,y.

C.BAI TAP REN LUYEN

C+xy=y-y’

Bai 1. Gidi hé phuong trinh {

x3+y2=2

Loi giai
TUu phuong trinh hai suy ra:

N

x2+xy+y2—y=0:>Ax=y(4—3y)20<:>0£y£—.

98]

K&t hgp v6i phuong trinh dau clia hé ta dudgc:
2
x>0
X3=2—y222—(iJ =z: 3 .
3 9 3x+1<-6+1<0
s Lhg 2 2
Mitkhdc y? +y(x—1)+x* =0= A, =(x+1)(-3x+1)<0.

Tu d6 suy ra hé v6 nghiém.

X

121 2
2 22 _ 972
Bai 2. Gidi hé phuong tinh | ¥ T 2X =5 %7

x2+y2+xy—3x—4y+4=0

Loi gidi




Coi phuong trinh thit hai 12 phuong trinh bic hai 4n y, khi d6 phuong trinh
nay tuong duong vdi: y2 + (x —4)y +x2-3x+4=0, phuong trinh nay cé

nghiém néu : A =(x—4)2—4 2 -3x+4)2000<x< s
y 3

X 2 2
Khi d6 x> +2x +272 s[g] +§+273 _I2t

x>+ 2y2 = xzy +2xy

Bai 3. Gidi hé phuong trinh .
2\/x2 -2y +1 4—%/y3 -14=x-2

Loi gidi
Picukién: x> -2y—1>0.
Phuong trinh thi nhi't ctia hé bi€n ddi thanh:

(x2 —2y)(x—y) =0, so sdnh v6i diéu trén suy ra x =y, ldc nay ta thay vao

phuong trinh thi hai cia hé ta dugc:

WX 2x 149X — 14 =x-2, phuong trinh ndy c¢6 nghiém néu:
I —14 <x—2=x>-2x-1<0.

K&t hgp v6i didu kién suy ra x> —2x—-1=0<x =1++/2, thit lai ta thay
nghiém thda man.

Viy hé ¢6 hai nghiém 1 (x,y)=(1+ﬁ,1+\5);(1—ﬁ,1—ﬁ).

y?(x+15)+4=12y +(7y2 —2y)\/x+1

Bai 4. Gidi hé phuong trinh 7
v + Y Vx+1=38
2x+1

,(x,yeR)

Loi gidi
biéu kién —1<x # —% .

Nhan thdy y =0 khong 12 nghiém ctia hé nén viét lai hé du6i dang



x+15+12=£+[7—2j\/x+1

y y y
7 8
2x+1+—\/x+1=—(2x+1)
y y2
u=+x+120
bit 2
V=—
y

W +v2 +14=Tu+6v
Khi d6 hé phuong trinh trd thanh: 7 .
(2u2 —1)(2v2 - 1) = Euv

Tim diéu kién @& phuong trinh ¢6 nghiém d6i v6i phuong trinh dau ta dudc:

ue 2;2 va ve 1;z .
3 3

K&t hgp véi phuong trinh con lai suy ra nghiém u=2,v =1thi¥ lai thdy khong
thda man.

Viay hé phuong trinh da cho v6 nghiém.

FAX 42y =y +y+2
Bai 5. Gidi hé phuong tiinh | VY Y TYTA
y2+3xy+x+y—10=0

Loi gidi
biéu kién: x +2y>0.

Phuong trinh thd nhat clia hé tuong dudng véi:

2 2
x+2y+\/x+2y—y2—3y—2=0<:>[\/x+2y +%J —(y-kéj =0.

2

=

1 3
M+E=y+§ @{m=y+1
m+%=—y—3 m=—y—2

Xét trudng hgp va thay vao phudng trinh thd hai cia hé tim dugc nghiém

()= (21).

Cha 45 12. KY THUAT PANH GIA
A. NOI DUNG PHUONG PHAP



Noi dung chti dé nay toi dé cap d&én danh gid hé phuong trinh thdng qua diéu
kién nghiém ctia hé phuong trinh va cdc bat ding thitc Cd ban nhu C si,
Bunhiacopski, bat déng thitc Véc to.

BAT PANG THUC CO SI (AM-GM)

b Jab.

. a A . a+
Cho hai s6 thyc khong &m a,bta cé:

DPing thifc xdy ra khi va chi khi a=b.
Tong quat. Cho n s6 thuc khdong 4m a,,a,,...,a_ taco
a +a,+..+a
1 2 n
——=——0>nj3a,..a .
n 172 n
bang thic xay ra khi va chikhi a, =a, =...=a_.

Mot s& dang tuong duong clia bat ddng thiic C6 si hay dudc st dung:

2
x2+y222xy, xyﬁ[x;yJ , (x+y)2S2(x2+y2).

(x+y+z)2 23(xy+yz+zx), (xy+yz+zx)2 23xyz(x+y+z).



BAT PANG THUC HOLDER
Pinh Ij(B4t ding thitc Holder)
V6i m day s6 dudng (al,l,al’z,...,al’n),(az’l,am,...,az’n),..., (am’l,amvz,...,am,n)

m

m n n m
ta co: H(Zaid}z zm Hai,j

i=1 \_j=1 j=1 \i=1

Mot hé qué thudng st dung khi van dung bat déng thitc Holder
H¢ qud 1. V6i day so duong a,,a,,..,a_ta cé

(1+a,)(1+2, ). (1+2,)> (1+ 22,2, )

Chiing minh. St dung bat ding thitc Cd si cho n s6 duong ta cé:

! + ! ot ! > i

I+a, 1I+a, I+a, I\l/(1+al)(1+a2)...(1+an)
a, N a, - a S n{llalaz...an

I+a, l+a, l+a, I\l/(1+a1)(1+a2)...(1+an)

Cong theo v& hai bat déng thic trén ta c6 diéu phai chiing minh.
BAT DKNG THUC BUNHIA COPSKI (C-S)
Cho bdn so thuc a,b,x,y.

Ta c6: (x2 +y2)(a2 +b2)2(ax+by)2.

a=kx

Piéng thiic xdy ra khi va chi khi { néu xy#0 th 2=2
y

b=ky X
Téng quat. Cho 2 b6 s6 thyc a;,b,,(i=1,2,....n)ta c6

(af +a§ +...+ai)(bf +b§ +...+br21)2(a1b1 +a2b2 +...+anbn )2.

Dfmg thic xdy ra khi va chi khi a, = kbi,i =1,2,...,n.
B4t ding thic véc to

u

V]

+lvi=uty

D#u biing x4y ra khi va chi khi u = kv,(k e R).



Bat ding thitc Mincopski

Cho a,b,c,d1a cédc sd thyc ta ludn c6:
Ja2 +b% +4c? +d2 2\/(a+c)2 +(b+d)2 .

Dau bing xdy ra khi va chi khi ad =bc.

B4t ding thifc Mincopski hay con dugc goi 1a bat déng thic Véc to. Mot s§
bai todn van dung bit ding thitc Véc td ban doc xem chii dé ky thuat s
dung tinh chat hinh gidi tich trong ciing cudn sdch.

B. BAI TAP MAU

X2 —43x =2 =2y =10
y2—6w/4y—3—x=—1l .

Loi gidi

Bai 1. Gidi hé phuong trinh {

biéu kién: x Zz,y 22.
3775y

Cong theo v€ hai phuong trinh clia hé ta dugc:
x24y? —43x—2 -6 /4y -3 —x—2y =-21.

o (x-2) +(y-3) +(Vr-2-2) +(Jay—3-3) =o0.

x=2
y=3 x=2
= = .
3x-2=2 y=3

:

4y-3=3

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (2;3) :

2 2
Bai 2. Gidi hé phuong trinh {° +(dx-1) = J4x(8x+1) (xyeR).
40x” +x =yy/14x -1

-~ . 1
biéu kién: XZHDyZO.

Nhin xét. R6 rang rit khé dé tim dudc mot mdi lién hé don gidn nao gitta
hai 4n tif mot trong hai phuong trinh cia hé.Phép thé tir phuong trinh thi hai
vao phuong trinh thi nhdt ciia hé khong khé thi khi mot phuong trinh cda hé
¢6 chira can bac 3.



Bai todn ddnh gid thong qua bat déng thic nhung cdi khé nhat d6 chinh 1a du
dodn dau bing dat tai dau?

Vay chii y d&€n y* xui't hién & phuong trinh diu cta hé. Phuong trinh thit hai
clia hé ¢6 y vay ta thi ding AM-GM dénh gid cho xuét hién y? xem sao?

St dung bat déng thitc AM-GM ta c6

2 —
40x2 +x =y\/14x -1 g#
=2 22(40);2 +X)—14x+1:80x2 C12x 41
Do vay két hgp vdi phuong trinh dau cda hé ta dudc:

y? = 3fax(8x+1) - (4x—1)" 280x> ~12x+1.

I 34x(8x+1) >096x% —20x +2.

UPTIEIN A 1
Lic nay dung mdy tinh bo tii ta tim dugc 1 nghiém x = 3

Thay ngudc lai hé ta c6 y :73 =+/14x —1 téc huéng di cia ching ta da
ding.

Ti€p tuc 15i gidi nhu sau:

St dung bat déng thitc AM-GM ta c6

23fax(8x+1) = 32.16x(8x +1) gw
2+16x+8x+1

3

1 NE

<:>(8x—1)2SO<:>X=§:>y:7

- 2(96;;2 —20x+2) <

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (%,g} .

Xy12-y + / 12-x?
Bai 3. (A/A1 2014) Giai hé phuong trinh: y y x ye R
X} —8x—-1= 2y -

Loi gidi
Pidu kién: 2<y <12,-23 <x <243 .



Phuong trinh thi¢ nhat clia ta c6:

12-x12-y = Jy(12-%7).

=y(12-x7) =144 -24x 12y +42 (12-y).
2 . x20
<:>(x—w/12—y) 0o x=412—y @{ -

y=12—x2.

Thay y=12- x> vao phuong trinh thit hai ctia hé ta dugc:

x> —8x—1=2410-x> <:>x3—8x—3+2(1—\/10—x2)=0.

o (x-3) x2+3x+1+2.x—+3]:0<:>x=33y=3.
1+10 - x>
Vix2idxsli2— 3 S0 wxo0.

14410 - x>
Thit lai thdy thda man.
Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (3;3).
Cich 2: Didu kign —24/3 <x<24/3va 2<y<12.
St dung bat déng thitc AM-GM ta c6

2 _ 2
X4/12 -y S#Vé ,[y(lZ—xz)S#.

x>0

y=12—x2'

2 B )
Do d6 x\12—y + /y(12—x2)£X +;2 y+y”§ X 12,

x>0

y=12—x2'

Ding thic xdy ra khi va chi khi {

Do d6 phuong trinh thit nhi't clia hé twong duong véi: {

Thay y=12- x> vio phuong trinh thd hai ctia hé ta dugc:
x> —8x—1=2V10-x? <:>X3—8x—3+2[1—\/10—x2)=0.

X+3

1+410—x>

<:>(x—3)[x2+3x+1+2. J=0<:>x=3:>y=3.



Vix2idxeli2— 3 S0 wxo0.

1+ m
Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (3;3).
Nhin xét. Dya vao bat ding thifc cd bin ta tim dudc mdi lién hé gitta y va
X tf phuong trinh dau ctia hé. Ngoai ra ta c6 mdt s6 cdch khdc nhu sau:
Ciéch 1: St dung bat ding thitc C-S ta c6:

(xwhz y+ /y 12 x> j X2 +12- x)(lZ—y+y)=122.

DPing thiic xdy ra khi va chi khi

X =\/12—x2<:> x20 o [x=0
J2-y Wy X2y=(12—y)(12—x2) y=12-x*

Céch 3: Xét hai véc to a:(x;\/12—x2j,;=(\/12— Wyt co:
{i.;=X«/12—y+ [y(12—x2)=‘ﬁ‘.‘;‘cos(a,;)
SH.M:\/(x2+12—x2)(12—y+y):12

DPing thic x4y ra khi va chi khiu = kv ( )

-
JT W

x20 x>0
<

= .
X2y=(12—y)(12—x2) y=12-x>
x>0

Do d6 phuong trinh dau cta hé tuong duong V(’)'i:{ 5"
y=12-x

Bai 4. Gidi hé phuong trinh:

x> +3x2y—2(y4 +y2) 2y-1=0
,(x,yeR).

2x2 +2y? +4x—y—+2-x —24/3x +6 =0

Loi gidi
DPiéu kién: -2<x <2,y 2%.

Phuong trinh thit nh4t cia hé vi€t lai dudi dang:




(3}3+3£ T :2(y+1)\/m'
N (ET +3(§]2 _ (\/ﬁf =Ty

y
C6 dang ham dic trung tuy nhién dé chi xit 1y dugc khi:

2
3[% +63=33.[§+2J20.
y y yly

~ A A 9 5 . . 9 A Rox “A *A 9 X
Vi vy ta can su dung phucng trinh thit hai cua hé dé€ tim diéu kién cua —.
y

< | >

TU phuong trinh thi hai ctia hé ta ¢6

2x2+2y2+4x—y:\/2—x+2\/3x+6=4/1(2—x)+§1/9(3x+6).

St dung bat déng thitc AM-GM ta c6

1(2—X)S1+2_X=3_X
2 2 ‘
9(3X+6)S9+3X+6=3X+15
2 2

Ding thitc xay ra khi va chi khi x=1.
3—x+3x+15:x+13.
2 3 2

o 4x% +4y* +7x -2y -13<0.

Suy ra 2x2 +2y2 +4x -y <

o 4y? 2y —2<—4x> —Tx +11.
<:>2(y—1)(2y+1)£—(x—l)(4x+11) (2).
+Néu y>1=(2)=>x<l1.

3 2
3
Matkhécttr(l)tacé:(ij +3£3J =(1/2y—1) 132y —1 >3 431 =4.
y

y

2
@(f—lJ(fuJ >0 251 x>y (Vo Iy).
y Ny y

2
Vay yél:(f—lj(erzj <0=>x<y<l.
y y

Khi d6 ta c6 2x> +2y% +4x—y —v2—x = 24/3x +6 =0.




<:>2(x2 +2x—\/3x+6)+(2y2 —y—1)+(1—m)=o.
2(x—l)(x+2)(x2 +3x+3)
=
X2 +2x+/3x +6

~1=0 —1 .
L & 157 (tht lai thdy thda man).
y—1=0 y=1

Hy-1)(2y+1)+—2=L—0.

1+E
e

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .

Nhén xét. Pay 1a mot bai todn hay va khé mét phuong trinh cia hé c6 dang
ham dic trung ddnh Iira dugc rat nhiéu hoc sinh khi tAp trung khai thic
phuong trinh nay. Piém nhan clia bai todn dya trén ddnh gid thong qua cic

bat déng thifc co ban.

x\/y2 +16 :y\/x2 ~-16 +16

JIx,yeR).
(x—y)3+x+4=4y+(y+2) y—2( )

Bai 5. Gidi hé phuong trinh

Loi gidi
DPiéu kién: y>2,x>4hodc x<—4.

Binh phuong hai v€ phuong trinh dau cda hé ta dudc

X2 (y2 +16)=y2 (x2 —16)+32y\/x2 -16 +256.
2
<:>x2—l6—2y\/x2—l6 +y2 =O<:>(\]X2—16—yj =0.

>0
= X2—16=y<:> y2 ) .
X" =y +16
Phuong trinh thit hai cia hé ta c6:

(X—y)3+x—y=3y—4+(y+2) y—-2.

3
@(x_y)3+(x_y)=(1/y—2+l) +(1/y—2+1) 1.
Xétham s6 f(1)=t3 +tvéi teR, taco: £'(1)=32+1>0,VteR.
Vi vay f(t) dong bi€n do d6
(1)<:>f(x—y)=f(«/y—2+1)<:>x—y= y—2+1.

Vi vdy hé phuong trinh di cho tudng duong véi



y>0 y=0 y20

x2=y2+16 = x2:y2+16 = X=\/y2+16 .
X—y=4y—2+1 X=y+4y—-2+1 X=y+4y-2+1

y=0 0

y =2
& X:\/y2+16 & X:\/y2+16 .
VY2 +16 =y +y-2+1 \ly2+16—5=(y—3)+( y—2—1)

y+3 1 1

\/y2+16 +5 _\/y—2 +1

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (5;3).

(vy-3) =0

y+3 y#3 ot gL

1
A — —
Jy2 +16+5 1/y—2+1<y+5 Jy-2+1 Jy—-2+1

X2=y2+16

Chua y:

Nhan xét. Ta c6 thé gidi hé phuong trinh { nhu sau:

X—y=4y—-2+1

bita=.y- 2,(a > O) =>y= a’ +2hé phuong trinh trinh trg thanh:

x=5

2 2 2 2 2 2 2

X :(a +2) +16 (a +2) +16=(a +a+3) {azl {X:S
= = = 3
x=a’+3+a x=a’+a+3 y=

+ Ta c6 mot bat ding thitc gid C-S nhu sau:

ab - xy 2\/(32 —xz)(bz —yz),VabZ xy,(a2 —><2)(b2 —yz)z 0.




That vay bat ding thitc tuong dudng véi:
a’b’ - 2abxy + ><2y2 > (a2 —x2 )(b2 - y2 ) .
< b*x? —2abxy+a2y2 20c:>(bx—ay)2 >20< bx=ay.

Ding thitc xay ra khi va chi khi bx =ay .
Ap dung vao bai todn ta dugc

16=x\/y2 +16—y\/x2 -16 Z\/(xz—(x2 —16))(y2+16—y2) =16.

Dbéng thitc xdy ra khi va chi khi

xy 20 xy >0
\/x2—16.\/y2+16=xy<:> ) ) ) & Y .
(x —16)(y +16)=x v X2 =y? +16

1-2y— X% +X— 1—,[ x? —y +2
NI+2x - y -y- 1—,[ y —x? +2

Bai 6. Gidi hé phuong trinh x ye R .

Loi gidai
bicu kién: 1-2y—x>>0,1+2x-y> >0,-2<x* —y><2.
Cong theo v€ hai phuong trinh clia hé ta dugc

[m—(y—i—l)}—i—[\/l—i—b{—yz+(X—1)} |
= 2 -y 42)+ 2y - 42) (1)

St dung bat ddng thitc C-S ta c6

m—(erl) \/2(1 2y x> +(y+1) j: 2(y2—x2+2) |
m+(x 1)< \/2(1+2x y (- x+l)2j= 2(x2—y2+2)

Cong theo vé& hai bat ding thifc trén ta dudgc:
VT, = VP, < ding thic xdy ra.

Ding thic x4y ra khi va chi khi:

\/72 x21ly<-1
1-2y—x"=-y-1 )

&11-2y-x =y2+2y+1.

2— —
NI+2x—y" =x-1 1+2x—y% =x*> —2x+1




x2Ly<-1 x>1,y<-1
& x2+y2+4y=0<:> y=—X

x2+y2—4x:0 x2+y2+4y:0

x>ly<-1 x2Ly<-1 5
&y =—x oy =—x o7
2 y=-2
2x% —4x=0 [x=o

Xx=2

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2;—2).

_ _ :4 2 2
Bai 7. Gii he phu’dngtrinh{x\/gy 5+yV8x-5={240¢ +y +4),(x,ye]R)

11x% —6xy +3y” = 12x — 4y

Loi gidi
biéu kién: x,y > % .
Phan tich tim 10i gidi:
Nhan thdy sy phic tap dén tif phuong trinh ddu hé va phuong trinh th hai
ctia hé 1a phuong trinh bac hai tdng quat khong phin tich dugc nghiém nén ta

chi khai thdc dugc diéu kién cda x,y dé phuong trinh d6 c6 nghiém. Vay diéu
can lam 1a x& ly phuong trinh dau clia hé véi hinh thic nhu trén k§ thuat
ddnh gid thdong qua bat ding thifc co ban dugc nghi d€n dau tién. Vay trudc
tién dy dodn nghiém clia hé dé thiy (x;y) = (1;1) 12 nghiém.

St dung bat ding thitc AM- GM ta dugc

x4/8y — 5 =/3x. 8y3_5.1 < \E"[&’_S +1J=§X(4y—l)

3

y/8x -5 =ﬁy.,/8x3_5.1 < \Ey(g"f +1J=§y(4x—l)

DPing thifc xdy ra khi va chi khi x=y=1.

Cong theo v& hai bat déng thic trén va st dung AM-GM ta dugc

X\/8y—5 +y\/8x—5 S§(8xy—x—y)§§(2(x+y)2 —X—yj.



Mit khéc st dung bat déng thitc C-S ta c6

424x2 +y2 +4) > i/%(%(x ry) + 4} —{12(x+y) +96.
Ta ching minh «4/12(x+y)2 +96 Zﬁ(jﬁx +y)2 —x—y) :
That vay diat t=x+ y,(t > %) dua vé chiing minh V1262 +96 > é(th —t) .

5 4 3 2
<:>(t—2) t’ +3L+5L+&+8L+ﬂ+27 <0e=t<L2.
2 2 16 8 2

Dé€ chitng minh bat déng thic trén ding ta cAin cé t=x+y<2.
Ta tim diéu kién nay tif phudng trinh thd hai cia hé
11x? —6xy +3y* =12x — 4y
< 11x2 —6)((t—x)+3(t—x)2 =12x—4(t—x)
©20x> —(16+12t)x +3t> +4t=0

= A’ =(8+6t) ~20(3> +41)20
<:>(t—2)[t+iJSO<:>—iStS2
3 3

Do d6 bat ding thitc diing.

Vi vay phuong trinh diu clia hé tuong duong v6i diu bing x4y ra tai moi bat
ding thic & x=y=1

Thit lai vao phuong trinh thi hai clia hé tha'y thod man.

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (l;l)

Nhan xét. Bing su khéo 1éo danh gid x +y<2ta c6 I5i gidi hoan thién cla
bai todn. Nhiéu em c6 k§ ning cin thi€t xit Iy 1 phuong trinh bic hai dang
tdng quit tim cdch chin mién gid tri clia x va y sau d6 suy ra mién gid tri clia
X+Yy.

Tuy nhién khi 4p dung cho bai todn nay ta c6:

A =9(y+2) —11(3y2 +4y)20

A - (3x-2)° —3(11x2 —12x)z 0



1+\/% —1+\/%

6 sy=s 6 —14++465 34415 2+465++/15
= =>X+y< + = .
3415 34415 6 6 6
5 <x< G

Nhu viy danh gid theo cdch nay chin trén mong dgi cia x +y khong nhd

hon hoic bing 2.

Bai 8.Giai hé phuong trinh:
(1+x2)\/3+x +2(y+1)(y+2)=2x +(y2 +3y+3)«/1+y

26x° +4y +17Vx +3 +6,/y +1 =84

Phan tich tim 10i gidi:
R0 rang moi lién hé giita 2 bi€n ctia phuong trinh thi 2 khdng cho phép ta

ddnh gid dugc diéu gi. Nhin lai phuong trinh dau ctia hé ta hoan toan tdch
riéng x va y vé mot v€ va hy vong dua vé mot dang ham s6 dic trung.
biéu kién: x>-3,y>—1.
Phuong trinh thd nhat clia hé tuong dudng véi:
(1 +x2)\/3+x +2(y2 +3y+2) =2x2 +(y2 +3y+3)\/1 +y
o (x2 4 1)(\/x 3 —2) =(y2 +3y+3)(«/y 1 —2) M)
(x2 +1)(x —1) (y2 + 3y +3)(y—3)

Py =

VX+3+2 y+1+2

x21
2 2 23

Do — +l >O;y +3y+3>Onén (x—l)(y—3)20<:> Y
VX+3+2 y+1+2 x<1
y<3

. >1
+Né&u {X 3:>26x3+4y+17\/x+3 16y +1>84.
y =2
2 s Co .. x=1
Pang thitc xay ra khi va chi khi { 3
y:

 [x<1
+ Néu {X 3:>26x3+4y+17\/x+3+6 y+1<84.
y<



. -1
Péng thitc x4y ra khi va chi khi {X .
y =

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (1;3) :

Chi y. Trong (1) ta khong stt dung ham s dudc vi khdng dua dude vé ham
dic trung. Nhung mau chdt clia bai todn 1a ddnh gia phuong trinh dau clia hé
nén nghi ngay d&€n viéc nhan lién hgp d€ chin mién gia tri cda x va y. Piéu
nay hgp 1y vi phuong trinh thit 2 ctia hé 12 mot ham dong bi€n cla x hoic
ciay.

Duéi day ta cing xét mot bai todn ciing dang nhung xit 1y theo 1 hudng khac.

x3+y3+x+y+3\/x+y=11

Xy\/x2 +3 +\/y+2+\/5=0

Bai 9. Gi4i hé phuong trinh (x.yeR).

Loi gidi
DPiéukién: y>0,x+y>0.
Nhan thdy y =0khong 1a nghiém clia hé phuong trinh.
Véi y >0 viét lai phuong trinh thd hai ctia hé du6i dang:

—X\/x2+3=\/§+ /i+l
y \y? vy
A 2 2 1 . . .
Ta c6 p=\/;+ fy—2+§ZZ,Vye(Oaz},pSZ,Vye(2,+oo).

x<0 2
J4 -
Suyra x<0va —X\/x2+3=p<:> X LH

)(2()(2+3,)=p2<:> B 2
Suy ra xS—l,Vye(O;Z]Vé x>—1,Vye(2;+oo).
+ THL: Néu ye(0;2]tacé
Gyl axry+3fxry <—P+23 —1+243V-142 =11,
DAau bing xdy ra khi va chi khi x=-1,y=2.
+ TH2: Néu ye(2;+oo)ta cé
x3+y3+x+y+3ﬁ>—l3+23—1+2+3\/E=11

(hé phuong trinh v6 nghiém).
Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (—1;2) :



Nhan xét. Nh& dy dodn trude duge nghiem (x;y)=(-1;2)ta c6 thé dénh gid

tif phuong trinh thit hai ctia hé. Cdch hay diing d6 12 dua vao ham s6 dé tim
gia tri bi€n no theo bi&n kia hoic rit bi€n no theo gid tri bi€n kia nhu 18 gidi trén.

2 y 1
JZ-8x +21-2x =Y+
Bai 10. Gidi hé phuong trinh { \ x X 4xy.(x.yeR).
4x =44y +3 —4/2y

N A N ~ DA 92 A z 1
biéu kién: y > 0t phuong trinh dducuahétacé =>0<x<— .

Phén tich tim 16i gidi:

Bai todn nay cling tuong ty bai todn trén do6 1a tdch dugc riéng x va y.
Ta thyc hién ddnh gid phuong trinh dau clia hé nhu sau
Phuong trinh dau cla hé tuong duong vdi:

/2x(1—4x2) +2,/x%(1-2x) Syt
4y
St dung bat déng thitc AM-GM ta c6 y +4L >2 /y4L =1.
y y

DPiing thic x4y ra khi va chi khi y = L

2
Suy ra 2x(1—4x2)+2m21.
o 2x(1—2x)(@+@)21

& f2x(1-2x) 21+ 2x —2x

& 2x(1-2x) 2 1+ 4x-2,[2x 1+ 2x)
& 4x® +2x-2,[2x(1+2x) +1<0.

@( 2x(1+2x)—1)230<:> 2x(1+2x)=1.
_1-5
X =
4 .
:—1+\/g

4

<:>2x(1+2x):1<:>4x2+2x—120<:>

X




—1+\/g

bai chi€u véi dieu kién ta ¢6 x = VI

“1+45 1

;—J vao phuong trinh thit hai clia h¢ thiy thod man.

4 \/— 2
. ¢ -1
Vay hé phudng trinh c¢6 nghiém duy nhat (x;y) =( Z\/g ’EJ

Thit lai v6i (X;y)z[

4x? =(VxP +1+ (x> -y’ +3y -2)

,(x,yeR).
(x? +y2)2 +1=x> +2y

Bai 11. Gidi hé phuong trinh {

Loi giai
Hé phuong trinh da cho tuong duong véi:
4x? (\/ﬁ—l)zxz (x2 —y3 +3y—2)
(x> +y2)2 +1=x> +2y
+ THI1: Néu x = 0thay vao phuong trinh thit hai clia hé ta dugc
y4 —2y+1=0©(y—1)(y3 +y2 +y—1)=0.

y=1

< y:—1+%/17+3\/£ 172333 -
3

+ TH2:

4 \/x2+1—1)=x2— 343y-2
Né’u4(\/x2+1—1)=x2—y3+3y—2:> [ Yo

(x2+y2)2+1=x2+2y
4(\/}(2 +1—1)=x2—y3 +3y -2

2
X +y )X +y’ =D =2y -y’ —1=—(y-1)

<

N N ., . 2 2 -1<x<1
TU phuong trinh thit hai suyra x“+y" -1<0=> 1<

Khi d6 bi€n ddi phuong trinh dau ctia hé thanh

4(\1X2+1—1)—x2=—y3+3y—2.




QXZ[ﬁ_ljz_(y_l)Z(m).
o x? g ~(y- 1) (y+2) ).

Véimoi x,y [ -1;1]= VT, >0,VP, <0.

=0
Do d6 ()< VT =VP=0 @{X : thit lai vao phuong trinh thd hai cia hé
y =

thdy thod man.

Viay hé phuong trinh c¢6 hai nghiém la:

(xiy)=(0:1);| 0 1+\/17+3\/_3+\/17 T

Nhan xét. Khi dé dang ta c6 trudng hop x = 0 tuy nhién dé xi 1y trudng hgp
con lai ban doc can khéo 1éo bi€n ddi phuong trinh thit hai cia hé dé c6 dieu

ki€n rang budc X2+ y2 <lI.

41
<. . ) 9 [—| x“+ =2 +40x
Bai 12. Tim nghiém duong cua hé phuong trinh 2 2x +y .

x> +5xy+6y=4y2 +9x+9
Loi gidi
St dung bat déng thitc C-S ta c6:

S R S, P (92+12) X2 4 —L >2 Ox 41
2 2x+y 2 2x+y [2x +y

o2 22{9x+ J
2 9(2x+y) | 2 2x+y+9

:>3+40x2%(9x+ j<:>3x—2x2—xy+6y20(1)

2x+y+9
Cong theo v€ bat phudng trinh (1) ¢6 phuong trinh thi hai cia hé ta dudc:
3x —2x° —xy+6y+x2 +5xy+6y24y2 +9x+49.

o (x-2y+3) <0 x=2y-3.



. 2 z ~ 53 2 X:3
Viviy tatcd cdc dau bang xayra < <2x+y=9 <:>{ .

Vay hé phuong trinh ¢6 nghiém duy nhat (x; )= 3;3).

xy+1 N X+y—-4
Bai 13. Gidi hé phuong trinh { x+y—1 Xx+y—Xxy

Q/X+y—xy +(‘/x+y—1=\/;+\/§

0

Loi gidi
biéu kién: x>0,y >0,x+y>1,x+y >xy.

TU phuong trinh th nhat clia hé suy ra hé phuong trinh ¢6 nghiém khi
X+y—-4<0.

Phuong trinh thit nh4t cia hé tuong dudng vdi:
)(2y2 —xy(x+y)+xy—(x+y)2 +4(x+y)—4 B
(X+y—1)(x+y—xy) -

<:>x2y2—Xy(x+y)+xy—(x+y)2+4(x+y)—4=0.
<:>xy(xy—x—y+1)—(x+y—2)2 =0.

TH1: N&u xy—x—y+1<0suyra Xy(xy—x—y+1)—(x+y—2)2£0.

x=0
o, | xy=0 Y=2 e,
Dau bang xay ra khi va chi khi = (thtrlai thay khong thoa man).
x+y=2 {x=2

y=0
TH2: N&u xy —x —y +1>0khi d6 ta c6:

1 -x-y+1 —(x+y—2)2

xy(xy—x—y+1)—(x+y—2)2Sxy

=i(xy —4)(X +y —2)2



X+y=2

Suy ra (xy—4)(x+y—2)220c> o4
Xy >

(x + y)2 42
4

<—=4nén x+y=2
1 y

(o)
4

Mit khéc: xy <

Khidé:xy-2+120<xy>21<xy 2 Sx=y=>x=y=1.

Thit lai thdy thda min.
Viy hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .

x? +2x—2=\l—y2 -4y -2
y—6x+11=10—-4x —2x>

Bai 14. Gidi hé phuong trinh

Loi gidi
Pieukién : 10—4x —2x*>>0,-y> —4y-2>0.
Str dung bét g thitc AM-GM ta c6:

1+(—y2—4y—2)
x2+2x—2=\l—y2—4y—2£ 5

o 2x2 4y +4x+4y-3<0 (D)

\/4(10—4x—2x2) o
y—6x+11=410-4-2x> = S4+10 4x —2x |

2 4
< x2-10x+2y+15<0 (2)
Cong theo v& hai bat ding thitc (1) va (2) ta dudc :

3X2+yz_6X+6y+12s0@3(x—1)2+(y+3)2so@{;l_3-

Thit lai thdy thda man.

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (1;—3).

Nhan xét. T¥ hai bai todn trén ta cin tinh y k&t hdp hai phuong trinh ctia hé
trong qua trinh ddnh gia, thong thudng 1a cdc phép cong va trir theo v€ hai
phuong trinh ctia hé.

(X+6y+3)wlxy+3y =y(3x+8y+9)

\/—x2 +8x —24y +417 =(y+3)y/y—1+3y+17

Bai 15. Gidi hé phuong trinh




Loi giai
bieu kién: y>1,x>-3,—x> +8x—24y+417>0.
Phuong trinh thit nhat clia hé twong dudng véi:

(x+3+6y)ﬁly x+3 =3(x+3)y+8y2

o

Thay x =4y —3vao phudng trinh thit hai ctia hé ta dugc:

4 (y+4)(6-y)=(y+3)fy—1+3y+17 (1.
4/(y+4)(6-y)<2(y+4+6-y)=20
(y+3)\/ﬁ+3y+17z3y+17z3.1+17=2o

X+3

=2 x+3=4y o x=4y-3.

Ta co:

4+y=6-y

oy=l=x=1.
y=1

Do d6 (1)<:>{

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .
Cach 2: P& y mdt chiit nhin thd'y phuong trinh (1) c6 v€ trdi 1a ham nghich
bi€n va v€ phdi la ham dong bi€n trén |:1;+00)tf1' d6 suy ra (1) c6 nghiém duy

nhit y=1.

(2x+\/4x2 +1j(\/y2 +1 —y) =1

1 1 3
+ + =
1+3% 1+2Y 1+5° 1+4*

Bai 16.Gii hé phuong trinh (xy=0).

Loi giai
Phuong trinh thit nh4t cia hé twong dudng véi:

2x+\/4x2+1=y+\ly2+1<:>y=2x.

Thay vao phuong trinh th@ hai clia hé ta dugc:
1 1 1 3
+ + =

1435 1445 145 1+44°



Miit khéc theo bat ding thitc Holder ta c6:
1 N 1 N 1 > 3 > 3 _ 3 ‘
1+3% 1+4% 1+5" 1+§/3X'4X‘5X 1+%/64X 1+4*

. . X :4X — X
Dau bang xdy ra khi va chi khi 3 > <x=0=y=0.
60" = 64"

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (0;0) .

2 2 2 2
4x° +y +\/4X +2Xy+y “oxty (D)

Bai 17. Gidi hé phuong trinh: \/ 2 3

XA/Xy +5x+3=2xy-5x-3 (2)

Phan tich 16i gidi: Ta khong x& 1y dugc gi tt phudng trinh (2) quay lai

phuong trinh (1) thi rd rang diy 13 phuong trinh dong bic ta c6 thé dit
y = tx hodic ddnh gid bat ding thitc nhu sau

Loi giai
Diéu kién xy +5x+3>0. Khi d6 diéu kién dé phuong trinh c6 nghiém la
2x+y =20 .
St dung bat déng thitc Bunhiacopski va bat déng thitc Cb si ta dudc:

’ 2
,4)(2+y2> (2X+Y) _2x+y 3)
2 B 2.2 2
2 [ 2x+y ?
/ 2 2x+y) - Y
/4x2+2xy+y2_ (2X+Y) —2xy> ( y) ( 2 ] _2x+y @)
3 3 B 3 2

Cong theo v€ clia (3) va (4) ta dugc:

\/4x2 +y2 +\/4x2 +2xy +y2
2 3
Do d6 (1) < cdc diu bing & bat ding thic (3),(4)xdy ra <y =2x.

22X+y.

Thay vao (2) ta dudc:

xV2x% +5x +3 =4x> —5x -3 (5).

Nhim dugc nghiém Xy =3 dén day c6 cac hudng xit 1y sau:



Huéng 1: Bién ddi tvong duong
PE y1a y+2x =4x >0 nhung do x =0 khong thda man hé nén x > 0. Do do:

x>0
(5) < {4x% —5x=3>0
2
X2 (2x2 +5x+3) - [4){2 —(5x+3)]

5+\/§
X 2>

= 8
14x* —45x% —2x> +30x+9=0

5+\/%
X2

= 8 &x=3.
(x—3)(14x3 _3x2 —11x+3)=0

5+\/%
8

Do v6i moi x > thi f(x)=14x>-3x>-11x+3>0.

Suy ra (x;y) = (3;6) .
Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (3;6) :
Huéng 2: Nhan lién hgp

(5)<:>X(\/2X2 +5x+3—6j:4x2 —5x-21.

x(x=3)(2x+11) ~

= —(x—3)(4x+7) .

\/2x2+5x+3+6
x=3

< X(2x+11)=(4x+7)[\/2x2 +5x+3 +6j )
73
8

. 5 N
Vé&imoi x > thi:

(4x+7)(\/2x2+5x+3 +6)>(4x+7)( 2(x+1)2+x+1+6]

>(4x+7)(x+1+6):(4x+7)(x+7)>x(2x+11)

Nén phuong trinh (6) vo nghiém va ta c6 k&t qué tuong ty trén.



Bai 18. (VMO 2013) Gidi hé phuong trinh:

) 1 .2 1 20x
Sin” X+ ——+ [sin"y+——=
sin” x sin”y X+y

1 1 2
\/cosz X+——— cos’y + = \/ Oy
cos” x cos”y Xty

Léi gidi
Di‘éukien:xiﬁ,yil—“,(k,lez); X >0 >0x+y#0.
2 2 X+y X+y

Cong theo v€ hai phuong trinh clia hé ta dugc:

.2 1 2 1 .2 1
Sin” X +———+, [cos” X+ ———+ [sin" y +—
sin” x cos” X sin”y
+ coszy+ 12 :\/20x +\/20y
cos”y Xty \X+Yy
St dung bat déng thiic Mincopski ta c6:

2
.2 1 5 1 ) 2 1 1
sin” x + + [cos” X + > (smx+cosx) +| —+
sin” x cos’ x sinX CcoOsSX

sin2x —1 (Sin2 2X—8sin2x+4)
- (1+sin2x)(1+ 4 j: ( ) - +10>410.
sin” 2x sin” 2x

cos’y

Tuong tu ta cé: sin? y+
sin”y

+\/coszy+ ! >\/E.

s

o . fsinax=1 |7 Tkm

Dbang thitc xay ra khi va chi khi <

sin2y =1 T
yzz+17'[

Mit khdc: /20" + /20y s\/z[ 20x 20yj:2\/5.
X+y X+y X+y X+y

X _ 3
X+y X+y

Dau biing xdy ra khi va chi khi

SXx=y.

Vay nghiém ctia hé phuong trinh la x =y = % +knkeZ.




Bai 19.Gidi hé phuong trinh:
\l3+2x2y —x4y2 +x2(1—2x2)= y4

1+\/x2+y2—2xy+1+x2(x4—2x2 —2xy2+1)=0

Loi gidi
bieu kién: 3+2x%y —x*y?>0.

Hé phuong trinh da cho tuong duong véi:
2
4—(x2y—1) +x2—2x4—y4=0 )]

(x=y) +1+x0—2x* —2y2 +x2 4120 (2)

LAy (1)—(2) theo v€ ta dudc:

f 2
Xy 1 \[x y x —y
4 - X2y 1 ﬂx y +1<\/— 1=1

1+( yz) >1

Ta c6:

3 =y
Do d6 ddu bing xdy ra <>{x=y <> x =y =1(th{ lai thdy thda man).
xy=1

Vay hé phuong trinh c¢6 nghiém duy nhat (x;y) = (1;1) .

<. Y. x? Z(X—3)+Xy+y—x—1=33x—l
Bai 20. Giai hé phuong trinh \/ )

\/XZ+x+1—\/y2—y+1:\/x2—xy+y2

Loi gidgi
biéu kién: x >3.

Phuong trinh thit hai ciia hé tuong duong véi:

\/y2—y+l+\/x2—xy+y2 :\/x2+x+l.




S R IR e

) 2
> (y_%_,_lx_yj +(£+§XJ =\/X2+X+1=VP.

2 2

2

Thay vao phuong trinh dau clia hé ta dudgc: X2, /2(x —3) -1= 13/3); —% .

Nhan xét: Phuong trinh vo ty ndy rdt dep mdt cd hinh thic va cai dep &

Dau biing x4y ra khi va chi khi gx(y—%J— ﬁ(%x—yj@ Xy—-x+y=0.

nghiém duy nhit x = 1+\/_+— tuy nhién dé xt Iy n6 khong don gidn.

\/_
Tacox1/2(x 3) —33X——<:>2x,[ x 3 /

<:>2x1/2x 3 2—— 3/%—1—2

4(2x —6x2 —1) - (2x3—6x2—1)
= = 5 ;
2x1/2(x—3)+2 J24 4 5 21,24 _4 ’ 2
FERRNEN s e R T
@4(2x3—6x2—1) ! ; . ! -0



(v6i f(t)=1t> — 3t dong bién trén [ L;-+e0).
1+%+
Ao 1A N . . < 3 1
Vay hé phudng trinh ¢6 nghiém duy nhat: (x;y) =1+ \/5 LY, B——
2 2+ %\/%+
Cach 2: \/7 f \/’

u=2(x-3) [x=26

el Ll

Pit o= 2 :>3(u2+6):2v3+1<:>2v3—3u2—17=0
V:33X__ 2V3+1
) x=—0

5 2v3—3u? -17=0
ll2 +6 2
Phuong trinh da cho trd thanh: u-l=v=1(12_¢
2 ur u—-l=v

2

3
> +6

2
Ta c6 phuong trinh: 2 [ ] u-1| -3u®>-17=0.

o (u3 +6u—2)(u12 +30u'® +2u° +360u® +36u” +2164u°
+216u° + 6528u” + 440u° + 7968u’ +48u+3o4) =0

sud+6u-2=0.

<:>u=§/5(§/5—1)<:>1/2(x—3)=3/5(%/5—1)

1
1432 +——

3f
<:>>;=1+\3/2+3L:>y——2

W 2432+ L
3
i
D€ rén luyén cho k§ ning gidi phuong trinh vo ty bing k§ thuit nhan lién
- 51 N 2 3 _z.2
hdp mdi ban doc xur ly phuong trinh sau x 3(x —3) -5x+4=4-5x"-4.



C.BAITAP REN LUYEN

2 _ 4l 2 _
Bai 1. Giai hé phuong trinh Ve -2+ {ly? ~2y 42 z

i‘/;+ y+3=3

Loi gidi
Phuong trinh thit nhat clia hé twong dudng véi:

=1
J(x—l)2 +1+<’/(y—1)2 +1 :2c>{;_1(thay vao phuong trinh thi hai cla

hé\[hé’y thda mén\z.
Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (1;1) .

7\/16—y2 =(X—1)(X+6)'

(x+2)" +2(y-4) =9

Bai 2. Gidi hé phuong trinh

Loi gidi

N . S x21
TUu phuong trinh ddu cua hé suy ra (x—l)(x+6)20® < 6
X__

Tu phuong trinh thit hai ctia hé suy ra (x +2)2 <9 -5<x<l1.
16—y* =0
(y-4) =0

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (1;4) :

Viviy x=1=> oSy=4.

\/ny2 —36xy +324 =12 x>
Bai 3. Gidi hé phuong trinh 1 .
2
Xy=9+ gy

Loi gidi
Ta c6 12— x> zo:\x\szﬁ.

T phuong trinh thit hai ctia hé ta c6:

Xy=9+§22\/§|y|:>|xy|2xy22\/§|y|:>|x|22\/3.

Vay ‘x‘zZ\/g@ Xi_zﬁ: xi—Z\/g,y_z—?)\/g'
x—2\/§ x—2\/§,y—3\/§



Vay hé phuong trinh ¢6 hai nghiém 12 (x;y) = (-2&;-3@ );(2@;3@ ) :
L oV

A Y
Jx+432-x=y>-3

HYx +32—x =6y +24

Bai 4. Gidi hé phuong trinh {

Loi gidi
Cong theo v€ hai phuong trinh clia hé ta dugc :

Jx +v32-x +¥x +4B32-x =y> -6y +21.
<:>\/;+\/32——x+‘\‘/;+i‘/327—x=(y—3)2+12.
, Vx+332-x < [(1+1)(x +32-x) =8
B o PO NV e PR
Suyra:\/;+\/32——x+§‘/;+i‘/32——x£12.

Matkhic (y-3)° +12>12.

x=32-Xx x=16
= .
y=3

DAau biing x4y ra <
y=3

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (16;3) :

3y =
Bai 5. Gidi hé phuong trinh {* Y =1
3x+y=4
Loi gidi
>0 >0
Hé phuong trinh cé nghi€ém khi xy %7
3x+y>0 y>0

Tacod : 3Xx+y=X+X+X+Yy2=2X+24Xy 24\4/x3y =4.
Dau biing x4y ra khi va chi khi x=y=1.
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .

X% + y2 =1
Bai 6. Gidi hé phuong trinh .
P s x(9\/2x2+y2+\/1—xz)=16

Loi gidi
Tu hé phuong trinh suyra 0<x<1,-1<y<1.



Thay y2 =1-x*vao phuong trinh thd hai ctia hé ta dugc:
x(9 1+x2 +13 1—x2):16.

Ta co:

x(9J1+x2 +l3\/1—x2)=%.3x.2 1+x2 +§.x.2 1-x2

(@)}

S§(9x2+4(1+x2))+£(xz+4(1—X2))=1
4 4
L 3x =2V1+x2
Dau bang xdy ra < X * <:>x=i:>y=ii.
x=2v1-x? \/g \/g

2 1 2 1
Vay hé phuong trinh ¢6 hai nghiém la (x;y) = (—;——j;(—;—j.
V50 s

5 W5
314252 12440+ 9y? =531
Bai 7. Giai hé phuong trinh: 13
X+ 6y = ?

Lai gidi

M>—(2x+3) vxeR
W2%(18y+10),‘v¥€1&

(6x +36y+29)=5V11.

Q‘

Ta co:

= 3y1+2x +2\/40+9y2

|-

D4u biing xdy ra <> x =

[SSRR )

1o_
3

\/;+\/§+2(x2+y2)=2xy+4

Bai 8. Gidi hé phuong trinh .
x\/3x2 + 6xy + y\/?ay2 +6xy =6

Loi gidi
biéukién: x>0,y >0.
TUr phuong trinh dau clia hé ta c6:
2xy+4=\/;+\/;+2(x2+y2)224xy +4xy:>22(‘/§+xy:>xy£l.




Mait khac tir phuong trinh thd hai ctia hé ta c6:

9x% +3x° +6xy N 9y2 +3y2 +6xy _
6 6
I@jcé:2(x2+y2)+2xy=4xy+4—(VQ1+J§)s4Ja~4—2=6.

6=x\/3x2+6xy +y\/3y2+6xyé (x2+y2)+2xy

.o =1 =1
Do d6 dau bang xay ra @{xy @{X .
X=y y=1

Thit lai thdy thda min.
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .

2013 2Xxy _x2 4y 200
2014
Ix2 —ax 1220 1

2X '
2013 y :y2 4 x2013

2o1<t/y2 _oy+22014 4

Bai 9. Gidi hé phuong trinh

Loi gidi
Cong theo v& hai phuong trinh clia hé ta dugc:
2xy 2Xy
+
WIN2 ox 4001 1 012 oy o014
Mait khac:
2|x 2|x
2xy 2xy < | Y| | Y|

+ <
201<t/)(2_2x+22014Jrl 201(‘/y2—2y+22014+1 2013/22014 2013/22014

x>+ y2 > 2‘xy‘

=x2+y2.

2y

Dau bing xdy ra khi va chi khi x=y=1.
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .

V5-x% + 5—L=3+y2

2

Bai 10. Gidi hé phuong trinh X
1
x+—=2(3-2
L =2(3-2y)
Loi giai

Nhan thém 2 vao hai v€ ctia phudng trinh th nhat sau d6 cong theo v€ véi
phuong trinh thit hai, ta dugc:

2W5-x ex+t42 5—J;=2y2—4y+12.
X X



St dung bat déng thitc cauchy-shar ta c6

X +2v5 - x> S\/(12+22)(X2+5—x2)=5

| 1 1 = = Vr<io.
—42[5-—< (12+22)(—+5——] =5
X x? x? x?

Mit khac lai c6 VP =2y? —4y+12=2(y—1)2 +10>10.

y=1

Vay VT=VP=O<:>{
x=1

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (1;1) .

X+y_2\/;

+1 x+1 /
Bai 11. Gidi hé phuong trinh {° xy+1

5+3:4

x—1 y—1

Loi gidi
DPiéukién : x>1,y>1.

Ta c6: LI :x+y+1+x+y+1_2:(x+y+1) 1 +L Y
y+1 x+1 y+1 x+1 x+1 y+1

2 24/xy
> (2 Xy + 1). 2=
1+4/xy AXy +1
Dau bing x4y ra khi va chi khi x=y. Thay y =x vao phuong trinh th hai
ctia hé tim dugc nghiém (x;y) = (5;5) .

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (5;5) .

Bai 12. Gidi hé phuong trinh:

X% + y2 =1
201\3/;_201\35 — (201§/§_201\5/;)(x +y+Xy+ 2014)

Loi gidi
T phuong trinh diu clia hé suy ra —1<x<1.
Tacé : x+y+xy+2014=(x+1)(y+1)+2013>2013>0.

Do dé phuong trinh thit hai suy ra x=y.



Thay vao phuong trinh dau clia hé ta dugc : x =y =—

Vay hé phuong trinh c6 hai nghiém (x;y) = [—L;—

4X3+3xy2=7y.\/7 v

y3 +6x2y =7

1 1
%)
v

Bai 13. Gidi hé phuong trinh {

Loi giai
T phuong trinh thit hai cia hé , ta cé:
y3 +6xzy=7c:>y(y2 +6x2)=7:>y>0.
Khi d6 tir phuong trinh thit nhat ta suy ra x> 0. Viy x,y>0.
Trit theo v& hai phuong trinh clia hé ta dugc:
(X - y)(4x2 —2xy + y2) = 7(y —1)(*)
Xét phuong trinh (*).
THI1 : V6i O<y<I1thi VP<0=VT<0<x<y=0<x<y<l, tr d6 ta
suy ra y3 + 6x2y <7, hé vo nghiém.
TH2 : V&i y>1=7(y-1)>0=VP>0=VT>0=x>y>1, tit d6 suy ra
y3 + 6x2y >7, hé vo nghiém.
Viy v6i y=1, ta c6 nghiém x=1.

Vay hé phuong trinh ¢6 nghiém duy nhat x,y) = (1,1) .

y3 +x° :\/64—x2y

Bai 14. Gidi hé phuong trinh 3
y+6= (x2 + 3)

Li gidi

3,.2_ | 2
yo + X7 =4/64—x y:{y3+x2£8®{x—

=0
Ta c6: 3 (thda min).
y+6=(x2+2) >8 (y=2 2

y:

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (0;2).



Jx+2-Jy =1

Bai 15. Gidi hé phuong trinh {1 1 1.
X ’4X + y2 6
Loi gidi

Piéu kién: —2<x#0,y>0,4x+y>>0.

Vi y =0khong thda man hé phuong trinh nén y > 0 suy ra

m=\/§+1>1 3(7_\/5)

1.1, 1 1. 1 =377

X 6 faxsy? 6 Vax o |yso0
TH1: Néu y<x—1

3(7-33)
Suyra:{*>— 5 oxs2nio 1 1 1 1

2
\/E=\/§+l<\/;+l ! \/m © oo
(hé v6 nghiém).
TH2: N&u y > x — 1 thyc hién tuong ty ta ¢c6 hé vd nghiém.
TH3: Néu y=x-1 thay vao phuong trinh thd hai cla hé suy ra

x=2=y=1.

1N

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2;1) :

Bai 16. Gidi hé phuong trinh

Loi gidi
DPiéu kién: x >4,y >1.

Phuong trinh thd nhat clia hé tuong dudng véi:

I sl PR 2(x—8) _y-5 N Qs
Wx—4-4=Jy-1-2 N TR i (x—8)(y-5)20.

Néu x >8,y >5= x +4/12x + y2 >19 hé phuong trinh vo nghi€ém.

Néu x <8,y <5=x+4/12x + y2 <19 hé phuong trinh v6 nghiém.
Né&u x =8,y =5 hé phuong trinh thda man.



Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (8;5).

Nhén xét:Hé trén hoan toan gidi dudc bing phép dit 4n phu {u

e X’y +y=2x
Bai 17. Giai hé phuong trinh PR .
y —x" = 2(1 - x)
Loi giai
y= 2x
Hé phuong trinh da cho tuong dudng vdéi: 1+x?
y4 = (x — 1)2 +1

. 2
Tir phuong trinh thi nhit ciia hé suyra —1<y <l1=y* S(x—l) +1.
Diu bing xdy ra <> x=1Ly=1.

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (1;1) .

3
. 5- (1+ 4 4):(1+ 2 2)
Bai 18. Gidi hé phuong trinh ( X) Yy =

x2y2+x2+x+y2=4

Loi gidi
TU phuong trinh thd hai ctia hé suy ra:

5-x= (x2 + 1)(y2 + l)thay vao phuong trinh dau cia hé ta dudc:
2 2 4.4 2.2\
(x +1)(y +1)(X y +1)=(1+x y ) .
Mit khéc theo bat ding thitc Holder ta c6:
3 3
(X2 + 1)(y2 + 1)(X4y4 + 1) > (1 + \3/X2yzx4y4 j = (1 + Xzyz) .

DAu biing x4y ra < x> =y =1thi¥ lai vdo phudng trinh thd hai ctia hé suy ra

(x;y)z(l;—l);(l;l).

X l—y2 +y\/1—x2 =1

3x2—xy2+4x:1

Bai 19. Gidi hé phuong trinh




Li gidi

Ta co x\/l—y2 +y\/1—x2 S\/(x2+1—x2)(1—y2+y2):1,

D4u bing xdy ra < x> +y* = 1,(x,y > O) .
Khi d6 thay vao phuong trinh thi hai cia hé ta dugc:
2
X} 43x% 43x - 1=0o (x+1)° =2@x=%—1:y=1—(%—1) .

Viy hé phuong trinh ¢6 nghiém duy nhat (x;y) = (%/5 -1;1- (%6 - 1)

(x=1)"y +Vx (y-1)=0

Bai 20. Gidi hé phuong trinh 1
[x +ZJ(X)/ +—j =4y
X X

Loi gidi
Dbiéu kién: x>0,y >0.

Ta co: (x +X](xy +lj >2, /x.z.21 fxy.l =4y.
X X X X
y

X==
.o =1
DAu bang xdy ra < Xl @{X .
Xy =— y=
X

Thit lai vao phudng trinh dau ctia hé thdy thda min.
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .

2
2
. —1) 1=2y(2x+1
Bai 21. Gidi hé phuong trinh (X +1=2y(2x+1)

x2—y?=3

Loi gidi
Hé phuong trinh da cho tuong duong véi:

2\ 2 2
(x —1) +1=4xy+2yc> (y +2) +1=4xy+2y

x2=y2+3 x2=y2+3




Tacé:4xy+2y£x2+4y2+2y=5y2+2y+3

2 2 2 4 2
:>(y +2) +1<5y2 42y 43yt —y2 2y +2<0
<:>(y—1)2(y2+2y+2)£0<:>y=1:>x=2

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2;1) .

[2 _ [
Bai 22. Gidi hé phuong trinh | >VY #x+y+3=3y +x+2

y3+y2—3y—5=3x—3\/x+2

Léi gidi
biéukién: y>0,x>-2.
Taco: vx+2+3y <\(1+3)(x+2+3y) =2/x+3y +2 <2\y? +x+y +3.
VX +2 2@

. -1
Diubing xdy rakhivachikhi{ 1 3 PN {X .

x+3y+2=y2 +x+y+3
Thit lai thdy théa min phuong trinh thit hai.
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (—1;1) :

X2+y y2+x _
Bai 23. Gidi hé phuong trinh 20 =8
\/; +.y =2

Loi gidi
biéu kién: x,y >0.

x+y2%(\/;+\/;)2 =2

x2+y22%(x+y)222

Suy ra: 2%y v s o\ ey 50 0t _g.

Dau bing xdy ra khi va chi khi x=y=1.

Ta c6: :>x2+y2+x+y24.

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (1;1) .




Bai 24. Giai hé phuong trinh:
9 — — -
RIS LN e BN
x(x3 +2xy—2x+2)-|—(y—2)2 +7:613l4(x—y+1)

Loi gidi
x>1

biéukién: x—y—12>0, )
x<-2

Viét lai phuong trinh thit hai ctia hé duéi dang:
x* +2x2y—2x2 +2x+y2 -4y +11=63 4(x—

<:>(x2 +y)2—2(x2 +y)+2(x—y+1)+9=6,3I4(x—y+1) .
<:>(x2+y—1)2+2(x—y+1)+8=6§/4(x—y+1).

Mait khéc:

<
+
—_
~

<:>(x2+y—1)2+2(x—y+1)+822(x—y+1)+8

=2((x—y+1)+2+2) 223322 (x ~y +1) =63/4(x -y +1)

L < 2 — | = =1 :0
DAu bang xdy ra @{X *y-1 O@{X Y

X—y+1=2 Xx=-2,y=-3
Th lai chi c6 nghiém (x;y) = (—2;—3)th6a man.

Vay hé phuong trinh c¢6 nghiém duy nhat (x;y) = (—2;—3) .

X+y+l+l=2(\/l—2x +\/1+2y)
Xy .

x2+y2—7xy+1=0

Bai 25. Gidi hé phuong trinh

Li gidi
11

DPiéukién: 0#x<—,——<y=0.
2 2

Phuong trinh thit nhat clia hé suy ra x+l—2\/1—2x +y+l—2 1+2y =0.
X y




- x2 —2x3/1-2x +1-2x +y2—2yw/1+2y +1+2y o

X y
@l(x—ﬁ)z +l(M—y)2 ~0 (1).
X y

Mait khac tir phuong trinh thd hai ctia hé ta c6:
7xy=x2+y2+1>0:>xy>0.

X = \/E o {X =—1+ \/5

y=1+2y |y=1+42

Thit lai thdy théda min.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (—1 21+ \/5) :

Do d6 (1) <:>{

\/9+8x2y—x4y2 :y3 (16y3 —3x2)+y

Bai 26. Gidi hé phuong trinh .
| 2 2(s3_,2
16+(x—2y) =X (Sy -X )+y—1

Loi gidi
Hé phuong trinh da cho tuong duong véi:

2
25—(x2y—4) —16y° —3x3y 4y ()

16+(x-2y) =x*+52y  +y-1 ()

Ly (1)-(2) theo vé& ta dudc:

1/25—(x2y—4)2 — 16+ (x -2y’ :(4y3—x)2 +1.
,/25—(x2y—4)2 ~\J16+(x—2y)" <2516 =1

3 2
(4y —x) +1>1

Ta co:

xzy =4
Do d6 diu bing xdy ra<><x =2y hé& nay vo nghiém.
4y3 =X

Viay hé phuong trinh da cho v6 nghiém.




Bai 27. Gidi hé phuong trinh:
y6 + y3 +2x% = A Xy — xzy2

8)(y3-|—2y3Jr%=4x4+3x2 +x+2\/4x2—4xy+y2+1

Loi gidi
biéu kién: 0<xy<1.

Ta c6: \xy — Xy y—— :>2y +2y +4x%<1.

8xy +2y +§_4X +3x° +x+2\/4x —4xy+y +1>4x* +3x%2 +x+2

2yS +2y? +4x? <1
=
4x4+3xz+x+2$8xy3+2y3+%

Cong theo v& hai bat ding thic trén suy ra:

y3 =2Xx
2 1Y 1Y I |x=—t
2@ﬁ—2x)+(éx2—§} +(x+5} <0 2x2:5¢3 ~ 2 (théa min)
1 y=-1
X=—=
2
Vay hé phuong trinh ¢6 nghiém duy nhat (x y (——,— J
5
Z+X y +4x* y +4x2 y —ny(l xy)+2

Bai 28. Gidi hé phuong trinh < .
E—xy—Z\/Exy(x+y)=x+y— 2()(2 +y2)

Loi gidi
Ta co: 2 2

X+y-— 2(x2+y2)£0

§+ ><2y2 -1—4)(4y2 + 4xzy4 <
Suy ra: s
5—xy—2\/§xy(x+y)£0




Cong theo v€ hai bat ding thifc trén ta dudc:

ol
1Y 1Y 1 7 1 X:%
2
Xy——| + 2x2y——j +£2y2x——]£0<:> 2x2y=—<:>
(g e gy &7l
2xy % \/5
2

Vay hé phuong trinh ¢6 nghiém duy nhat (x y) [— L]

1
nh

(V]
(V]

Bai 29. Gidi hé phuong trinh:

8y(x+mj 12x+147(Vx=1+fy -2
(Z&J’\E)\/g:“y\/;—m/;

Loi giai
biéu kién: le,yZZ,l—x+(y—1)2 >0.
Phuong trinh thit hai ciia hé tudng duong véi:
(\/;—\/;)(x+3 Xy +4y)=0<:>x=y.

Thay vao phuong trinh th nhit cda hé ta dudc:

8x> +8xy(x—1)(x-2) =12x+1+7(\/ﬁ+\/ﬁ).

P& gidi phuong trinh nay ta c6 hai cach xt 1y nhu sau:
8xd(x 1)(X 2)>7 :>8x +8x4/(x 1)(x 2)>12x+1+7(x/— +VX )
8x> —12x—1-TWx =120

Dau bing xdy ra khi va chi khi x=2.
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2;2) .

Céch 2: Piat u=+/x—1++/x-2>v2-1++2-2=1
=u?=2x-3+2 (x—l)(x—Z).

Suy ra: 8x> + 8x (x-l)(x-z)-12x-1-7(\/ﬁ+\/x-2)

:8x2+4x(u2—2x+3)—12x—1—7u:4xu2—7u—128u2—7u—1:(u—1)(8u+1)20




.o . . 2
D4u biing x4y ra khi va chi khi {X ex=2.

u

V2x+1 =42y +1=y—x
16)(2y2 +5 =6\3l4x2y+x .

Bai 30. Gidi hé phuong trinh

Loi gidi
biéu kién x,y > —% khi d6 hé tudng duong véi:
2(x—
( y) =y—X (X—y) 2 +1
N2x+1 442y +1 o V2x+1+42y+1 ).
16x7y? +5=634xy +x  |16x%y% +5=63/4x>y +x

X=y
< 3
16x* +5=634x> +x

Tu day suy ra x,y >0

Ta ¢6 v4x3 +x :%3/4)((4)(2 +1).2 S%(4x+4x2 +1+2):%(4x2 +4x+3)
1

Tir d6 suy ra :16x5+5S%(4x2+4x+3)<:>2(2x2+2x+1)(2x—1)2 <Oex=—

Thit lai thdy x = —% théa man phuong trinh trén

Vay hé c6 nghiém duy nhat (x;y) = [—l;—lJ .

x2 — 8y2 = 2xy(1 - 2y)

2 .
\/X?’ +4x :14_%

Bai 31. Gidi hé phuong trinh

Loi gidi
T phuong trinh thit hai ctia hé suy ra X +4x>0=x>0.
Phuong trinh thd nhat clia hé tuong dudng véi:

(X—2y)(x+4y2)=0(i>>(=2y.

Thay y :%Véo phuong trinh thit hai ta dugc: 3v x> +4x =x> +2x +4.




2 2
Tacé : 3Vx> +4x =3,[2x.> ;4 S%{2x+x ;4]9

DA4u biing x4y ra khi va chi khi x=2=y=1.
Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (2;1)

2 10x+4.

Bai 32. Gidi hé phuong trinh

(x+y—1)«/x+y—1+6x+2y=20
(3x+y-2)\Bx+y-2+2x+2y=18

Loi gidi
x+y—-120

biéu kién )
3x+2y-120

Khi d6 hé phuong trinh tuong dudng vdi
(x+y—04x+y—1+2@x+y—2)=ﬂi
(3x+y—2)\3x+y—-2+2(x+y—1)=1

Trit theo v& hai phuong trinh trén ta dudc

)
6

(x+y—1)wlx+y—1—Z(X+y—1)—(3x+y—2)w/3x+y—2 +2(3X+y—2)=0
<:>(x+y—1)(«/x+y—1—2)+(3x+y—2)(2— 3x+y—2)=0(*)

Tw (*) ta ¢6 nhian xét sau :

Néu x+y—1>4 thitr (*)suyra 3x +2y—-2>4

Néu x+y—1<4 thitr (*)suyra 3x +2y—-2<4
Xx+y—-1>4
3x+y-224

x+y—-1<4
3x+y-2<4

Nhu vay hé c6 nghiém khi

Tir day k&t hop v6i hé (1) ta suy ra hé tuong duong véi:

1
X =

x+y—-1=4
3x+y—-2=4

O N

y:

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = [%,%

J




xy +1 N x+y—-4 _0
Bai 33. Gidi hé phuong trinh (XY 1 X+y—-xy

\/x+y—1+\/x+y—xy=2x2+3y2—3

Loi giai
Piéukién: x>0,y >0,x+y >1Lx+y>xy.
TU phuong trinh th nhat clia hé suy ra hé phuong trinh ¢6 nghiém khi
X+y—-4<0.
Phuong trinh thd nhat clia hé tuong dudng véi:

)(2y2 —xy(x+y)+xy—(x+y)2 +4(x+y)—4 B
(X+y—1)(x+y—xy) -

<:>x2y2—xy(x+y)+xy—(x+y)2+4(x+y)—4=0.
41)xy(xy—x—y+1)—(x+y—2)2 =0.
THI1: Néu xy —x—y +1<0suy ra xy(xy—x—y+1)—(x+y—2)2SO.

{x:()
xy=0 - y=

2 .
(thtr 1ai thaly khong thda man).
X+y=2 {x =2

y=0

Dau bing xAy ra khi va chi khi {

TH2: N&u xy —x —y +1>0khi dé ta co:

2 -x-y+1 —(x+y—2)2

xy(xy—x—y+l)—(x+y—2)2Sxy

=i(xy—4)(x+y—2)2
Suy ra (Xy—4)(x+y—2)220c>{x+y=2.

Xy >4

2
X+ 2
Mit khac xyS( 4y) <4T=4nén Xx+y=2

(x+y)2
Khidé:xy-2+120<xy>21<xy 2

Sx=y=>x=y=1.



Thit lai thdy théda man.
Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (1;1) .

27y -3x* +9y =1

Bai 34. Gidi hé phuong trinh 2 .
o iy =s 72[%+y2J

Loi gidi
biéu kién: x,y >0.

T phuong trinh thit hai ctia hé ta c6:

(\/;Jr\/g)4 S4(X+3y)2 S4(1+1)(x2 +9y2):72[§+y2}

2
:>\/;+\/§S472(%+y2].

D#u bling xdy ra khi va chi khi vx =3y < x =3y.

Thay x =3y vao phuong trinh thi nhat clia hé ta dugc:

1
27y3—27y2+9y=1<:>(3y—1)3=0<:>y=§:>x=1.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;%] .

Bai 35. Gidi hé phuong trinh
x> +y2 +xy—-3x—4y+4=0
17(x4 +yt—14y? +49)—(x +2y)° :—8(xy+7)(x2 +2xy + 4y —14)

Loi giai
Hé phuong trinh da cho tuong duong véi:

x2+y2+xy—3x—4y+4=0

2 2.
17(;;4 +(y2 —7) ):(xz +4y? —28)

2 2 2
Ta c6: 17(x4+(y2—7) jz(l.x2+4(y2—7)) =(x2+4y2—28) .




2 2

D4u biing xdy ra khi v chi khi XT:y 4_7<:>4x2—y2+7=0.

Vay hé phudng trinh di cho tuong duong vdi:

4x2—y2+7=0
x2+y2+xy—3x—4y+4=0
N . A 4 7
TUu phuong trinh thit hai cua hé suyra x 0;5 Y€ l;g

(Xem thém k§ thuat sit dung diéu kién c6 nghiém ctia hé phuong trinh).

2
Do d6: 4x* — y2 +72 —(%] +7>0nén hé phuong trinh dd cho vd nghiém.

\/;+\/2x—y +\/3x—2y _3
Bii 36. Gidi hé phuong trinh 2 15
(x+1)(6x2 +2y —7Xy +5x — 3y+1)

Loi gidi
biéu kién: x>0,3x -2y >0.

Dé y mot chiit ta nhan ra:
2
(x+1)(6x +2y2 ~Txy +5x— 3y+1 = (f) +1[ 1}[(./3x—2y) +1j

125

Ta ¢6 bt ding thic: ( +1)(b2 +1)(c +1) -

[a b,c20,a+b+c= ;]
Chitng minh bat déng thic nay ta xét ham sd:

24 3
f(t)—ln(t +1) St,te[O,z}

Suy ra:

ln(t2+1)Zln%—%:ln(1+a2)+ln(l+b2)+ln(l+c )>3ln%—g: 125

64
<:>(1+a2)(1+b2)(1+c2)216%f.

Dau bing x4y ra khi va chi khi a=b=c= %




Ap dung vao bai todn ta cé: \/;2\/2X—y=\/3x—2y=%<:>xzy:i

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (%,%} .

Bai 37. Gidi hé phuong trinh

biéu kién: xy #0.
Nhan theo v€& hai phuong trinh ctia hé ta dudc:

(1+x2)2(1+y2)[1+i4J[1+i4j=64.

X y

6
2
Ta c6: (1+x2) (1+y2)(1+i4](1+i4J2(1+i/xz.xz.yz.yz.%.%J —64.
oy

X y

Lo =+1
D4u bing x4y ra khi va chi khi x? = y? Lo x=s
4 y4 y =+]

X
Viay hé phuong trinh c6 bdn nghiém (x;y) = (—1;—1);(1;1);(—1;1);(1;—1) .
Nhan xét: Ta c6 thé dit u=x>,v=y>dé gidm bic clha hé va dua vé hé d6i

xttng loai I da bi€t cdch gidi.

X+ 64Xy —y=6
Bai 38. Gidi hé phuong trinh 6(x3 +y3) .
Xt——= l2(x2 +y2) +3
X2 +Xy+y2
Loi gidi

biéu kién: xy >0,x> +y>>0.
TUr phuong trinh dau clia hé ta c6:
6=x+6 xy—ny+3(x+y)—y=4x+2y:>2x+y23.



TU phuong trinh thi hai ctia hé ta c6:
6(x3+y3) 6(x3+y3) 4(x3+y3)
> =
2 2= 2,2 2, .2
X +Xy+y X2+y2+X +y X +y

x +y
3=x+ [ x +y >X+,[2x +y >x+x+y 2x+y

X +Xy+y

22 2(X2+y2)

=2x+y=3.
X=y x=1
y=1

Vi viy tit cd cdc diu bing xdy ra <
2x+y=3

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1,1)

(x—l)\/;Jr(y—l)\/;: 2xy‘

Bai 39. Gidi hé phuong trinh
X\/2y—2 +y\/2x—2 =\6xy

Loi gidi

DPiéu kién: x>1,y >1.
N P . Vx -1 y—1
Phuong trinh thit hai cua hé tuong duong véi: =1.

>
«

X y

Dau bidng xay ra khi va chi khi x =y =2 thay vao phudng trinh dau ctua hé

thd'y thda man.
Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (2 2)

Bai 40. Gidi hé phuong trinh \/7 * m 2

20x+4 +3 8—13

LMgMi
biéu kién: x>0,y >-8,x>+y+3>0.

TU phuong trinh th nhit cda hé ta c6:




\/;+\/x2+y+3=2<:>x+x2+y+3+2 /x(x2+y+3)=4

<:>x+y:1—x2—2 /x(x2+y+3):>x+ysl.
TU phuong trinh thi hai ctia hé ta c6: \

13:2\/x+4+3,/y+83\/(22+32)(x+4+y+8)3><+y21‘

X2+2/X(X2+y+3)=0 0

. fos X =

Vi vay tit cd cdc didu bang xdy ra < = .

Vx+4  \Jy+38 {yzl
23

Vay hé phuong trinh c6 nghiém duy nhat (x, ) (0 1)

y
1+ 1 x? x(1+2 1- y)
Bai 41. Gidi hé phuong trinh |

\/1+x \/1+y \/1+\/7

Loi gidi
biéu kién: 0<x,y<I.

1 1 1 1 2
+ < 12 + < )
Vi+x  4Jl+y \/ [HX 1+yj N+ /xy

Dau bing xdy ra khi va chi khi x=y.

Ta c6: Vxy <1.

Thay y = x vao phuong trinh dau clia hé ta dudc:

V1+41-x% = x(l +2 ) (Xem chii dé ky thuat lugng gidc héa).

Vay hé phuong trinh c6 hai nghigm (x:y)= (; ;] (11).

Bai 42. Gidi hé phuong trinh:
(x+y)4 +3=4(x+y)

xt—yt 9(X2—y2) 7(x8—y) 3 [X 3}20'

+ +
64 32 y—3




Loi gidi

X

biéu kién:

Ta c6: (X+y)4+3=(x+y)4+l+1+124«4[(x+y)4 =4‘X+y‘24(x+y).

Dau biing x4y ra khi va chi khi x +y=1.
x-3
y-3
Viét lai phuong trinh thit hai ctia hé du6i dang:

-3
>0,y #3.
3 y

Do

>0=>-2<x,y<3.

ﬁ+£+%+31n(3—x):ﬁ+i+%+3ln(3—y) M.

64 32 64 32
. tt 9> Tt .
Xét ham so f(t):6—4+3—2+§+31n(3—t)tren (—2;3).
, (t—l)z(tz—t+6) ) o L
Ta cé: f'(t)= 16(‘[—3) SO,Vte(—Z,?)) nén f(t)1a ham nghich bi€n
trén (—2;3).

Do d6 (1)@f(x):f(y)@x=y:>x=y:%,

: . 11
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = [E’EJ

Bai 43. Gidi hé phuong trinh:

x> +2x\/g:y2\/;
(4)(3 +y3 +3x2\/;)(15\/;+y)=3\/;(y y + X4y +4x\/;)2

Loi gidi
DPiéu kién: x>0,y >0.
bit u= \/;,V = \/;,(u,v > O)hé phuong trinh trd thanh:
ut+2u0dv=v?

2.
(4u6 +v0 +3u5)(15u+ V2)=3u(4u3 +ulv+ V3)

Néu u=0:v=0:(x;y)=(0;0).



Xét u>0dat v=tu,(t>0)phudng trinh tht nha't ciia h¢ tré thanh:

1+2t
K

v +2utt =t =
vao phudng trinh thi hai clia hé ta dugc:
5 2
PUCINIE (P L =(t3+t+4) .
1+2t 3t3
5
Tacé: | 4+t°+ 3t 1+2t [ 4 t° 1+2t
1+2t 1+2t
2 2
=(t+\/(22+12)(4+t6)j 2(t+t3+4)

Daubing xdyra < t=l=u=v=>u=v=3<x=y=9.
Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (0;0);(9;9).

Thay u:1+2t
t

Bai 44. Giai hé phuong trinh:
(x-y) +4x+12y-28=8,y(x-2) +8,[(y-2)(x-4)

B2 a=(x )

Loi gidi
Diéu kién: x>4,y>2.

Xét phuong trinh dau ctia hé ta c6:

8,/ -2)<4(x-2
Y(x-2)d(x-2+y) = VP <8(x+y)-32.

8(y—2)(x-4)<4(x-4+y-2)

Mitkhdc: VT~ (8(x+y)-32)=(x—y) —4x+4y+4=(x-y-2) 20.

Vi vdy ddu bing xdyra <> y=x+2.

Thay y =x + 2 vao phuong trinh thi hai cia hé ta dugc:

1/y—2+1/y—2:4<::>y:6:>x:8.

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (8;6) :




Bai 45. Giai hé phuong trinh:

2 2
wedy' [z_z](x+y)_1
Xy y X

\/(x+1)2+xy+3x+2y+5—2x,[x(y+3) :\/;+\/yj

Loi giai
Phuong trinh thit hai ciia hé tuong duong véi:

\/(x—ﬁ/x(y+3))2+2(x+y+3)=\/;+\/yT3.
Ta c6: VTZ4/2(x+y+3)=\/(1+1)(x+(y+3))2\/;+\/y?=VP.

D4u biing x4y ra <> x =y + 3 thay vao phuong trinh ddu cda hé tim dudc
nghiém (x;y) = (4;1) .

X (1 + y2 ) =2y
Bai 46. Gidi hé phuong trinh .
y(l + xz) =2Xx
Loi gidi
X = 2y
P N N ~ 4t 1+ y2
Cach 1. Hé phuong trinh da cho tuong duong vdi: .
2x
1+ x>

Suyra x,y € [—1;1] . Nhan theo v€& hai phuong trinh ctia hé ta dugc:
4xy xy=0
Xy = & » 5 .
(1+22)1+y?) (14x2)(1+5?) =4
THI1: Néu xy=0=>x=y=0.
TszNéu(1+x2)(1+y2):4.
1+x*<2
Tacé | :>(1+x2)(1+y2)ﬁ4.
1+y*<2

Dau bing xdy ra khi va chi khi x =+1,y=+1th lai nhan hai nghiém

(x;y)z(—l;—l);(l;l).



Viay hé phuong trinh c¢6 ba nghiém (x;y) = (—1;—1);(0;0);(1;1) .

Cich 2: Trur theo v€ hai phudng trinh ctia hé ta dudc:
x—y+xy2 —yx2 =2y—2x<:>3(x—y)+xy(y—x)=0.

& (x —y)(3 —Xy) =0 K}’:=X3 .

Xét trudng hgp thay vao phuong trinh thit nhit cia hé ta ¢6 két qua tuong ty.

VX+1+4x+y=3

Bai 47. Gidi hé phuong trinh 5 .
Jxy(y-4) +9=3

Loi gidi
DPiéu kién: x>0,x+y>0.
Ta c6: Vx +4/(y—4)" +9=32Vx +9>3.
x=0
y=4
Thit lai vao phuong trinh thit nhat cla hé thdy thda man.
Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (0;4) .

Dau biing x4y ra khi va chi khi {

4y® +3x+8=5y(x+1)
Bai 48. Gidi hé phuong trinh ,(x,y e R*) .
S[X2 + j =x+3

X+y

Loi gidi
biéu kién: x,y >0.

St dung bat déng thitc C-S cho phuong trinh thit hai clia hé ta dudc:

5(x2+ 4 j: (22+12)(x2+ 4 ]22){4— z
Xty X+y VX+Y

2

\/x+y'

St dung bat ding thitc AM-GM ta c6

\/X+y=%1/ (x+y)§x+2ﬂ.

Péng thifc x4y ra khi va chi khi ~ =




Diing thiic xdy ra khi va chi khi x +y=4.

Suyra x+3= 5£x2+ 4 J22X+L.
X+y X+y+4

o x? +xy—-3y+x-4<0.

Cong theo v€ v6i phuong trinh dau clia hé ta dugc
x? +4y2 —4xy -8y +4x+4<0.

o (x+2-2y) <0 x+2-2y=0.

Vay hé phudng trinh da cho tuong duong vdi:

x+2-2y=0

X _ 2 @{XZZ
2 x+y y=2

x+y=4

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (2;2).

2xy

X2 =x’ 4y
Ix® —2x+9
Bai 49. Gidi hé phuong trinh 5
VRN
\3/y2 -2y+9
Loi giai
Cong theo v& hai phuong trinh clia hé ta dugc:
2Xy + 2Xy =x?+y2.
%/x2 -2x+9 %/y2 -2y+9
Phuong trinh nay ¢6 nghiém néu xy >0.
Nhin thdy x =y =012 mdt nghiém clia hé.
Xét xy >0
Phuong trinh nay c6:
VP >2xy; VT = 2%y 2%y <Xy + Xy =2Xy

+
i/(x—l)2 18 i/(y—l)2 +8
Dau bing xdy ra khi va chi khi x=y=1.
Vay hé phuong trinh c6 hai nghiém la (x,y)=(0,0);(L1).




Cha & 13. HE PHUONG TRINH CO CHUA CAN THUC

A. NOI DUNG PHUONG PHAP
Trong cdc ndm gdn ddy khong riéng gi ky thi TSDH ma cdc ky thi HSG cdc
tinh, Thanh phé bai todn hé phuong trinh dugc dé cdp luén xoay quay cdc hé
chita can thitc. BJi 1€ hé chita cdn thitc ¢6 rdt nhiéu cdch tiép can va cudi
ciing dita vé mot phuong trinh vé ty tir co bdn dén hay va khé. Do vdy véi xu
huéng ra dé két hop 2 trong 1 viva xit Iy hé phuong trinh vita xit Iy phuong
trinh vo ty doi héi ban doc cdn trang bi nhitng kién thitc co bdn nhdt dén
dang todn nay. Dudi ddy téi dé cdp cdc phuong phdp co bdn ding trudc mot
hé phuong trinh cé chita cdn thiic.

1. Phuong phap Bién ddi tuong duong
Phén xa ty nhién khi ding trudc mdt phuong trinh ctia hé ¢6 chia cin thic
d6 1a khit cin. D€ thuc hién dua vé hai vé& khdng Am roi binh phuong(hoic
binh phuong luén duwa vé phuong trinh hé qua) dé tim ra mdi lién hé giira
hai 4n x,y.

2. Phuong phap dit 4n phu
Muc dich cda viéc dit 4n phu d6i v6i hé c6 chita cin thitc 1a chuyén hé ban
dau vé hé phuong trinh ¢6 hai phuong trinh dang da thidc. Cdc phép bién
ddi doi v6i hé da thire duge xit 1y d& dang hon véi hé c6 chita cin.
T6i dé cap thém mot phép khir can sau day:

N&u dit = ax +Va?x? + bta hoan toan rit dudc x theo t.
That viy:t—ax = VaZx? +b = > —2atx +a’x*> =a’x*> +b

tP-b

2
t b:> 2at

2at 2 _ 2
a2x2+b:t—a.t b:t +b
2at 2t

= X=

(Xem bai tAp miu).
Chi y. Xem thém k§ thuit dit 4n phu dang dai s6.
3. Phuong phap xét ham sé
Khi phuong trinh ctia hé ¢6 cdc tich clia da thdc va cin thic thdng thudng ta
stt dung phuong phdp ham s&.
Ap dung dinh 1. Néu ham s6 f(x) don diéu trén (a;b)

Khi d6: Vu,v e(a;b);f(u):f(v) Su=v.



Tur ddy suy ra moi lién hé giita hai bi€n x,y .

Viéc con lai 1a th€ vao phuong trinh con lai cia hé @ tim ra nghiém ctia hé
phuong trinh.

Chi y. Xem thém chli dé ky thuat st dung tinh don diéu ctia ham sd.

. Phuong phap nhéin lién hgp

Céc bai todn van dung k¥ thudt nay t6i dé cap chi ti€t trong chi dé 19.

. Phuong phdp dénh gia bat ding thic

DP6i v6i hé phuong trinh ¢6 chifa cin thic thudng dédnh gid thong qua cdc
ba't ding thifc co ban sau(rd hon vé phuong phdp nay xem chd dé k¥ thuat
danh gid):

+ Batding thitc Cosi(AM-GM) cho hai s6 khong Am:

a;bz@

Dau biing xdy ra khi va chi khi a=b.
+ Bat déng thitc Bunhiacopski(C-S):

/2(a2+b2)z\a+b\.

DA4u bing xdy ra khi va chikhi a=b.

+ Bat déng thitc Mincopski:
\/x2 +y2 +\/a2 +b? 2\/(x+a)2 +(y+b)2 .

Dau biing xdy ra khi va chi khi bx =ay.

s s

Chuy.

- Phuong trinh chita ciin thifc trong hé nén ta phdi dit dieu kién. Dieu
kién c6 thé dit dieu kién tho(hé phuong trinh c6 nghia) hodc dit diéu kién
chit(hé phuong trinh c6 nghiém).

- Phuong phédp chung 1a x& 1y ddi v6i phuong trinh don gidn hon cda hé.
Néu c4 hai phuong trinh cia hé khdng c6 khong bi€n ddi don gidn dugc
nghi dé€n cong trit theo v& hai phuong trinh clia hé.

. Ping thic cd ban

(f(x)+«/f2(x)+a)(g(x)+«/g2(x)+a) —ae f(x)+g(x)=0,Va>0.

Chifng minh: Nhin vio hai v€ clia ding thifc trén vdi 4/ g2 (x)+a —g(x) ta dugc:

f(x)+\/f2(x)+a :\/gz(x)+a —g(x).



<:>f(x)+g(x)+\/f2(x)+a —\/gz(x)+a =0.
() - g*(x)
=0.
\/fz(x)+a +\/g2(x)+a
f(x) - g(x) o
\/fz(x)+a +\/g2(x)+a

< f(x)+g(x)+

& (fe)+gx))| 1+

< f(x)+g(x)=0

N— f(x) - g(x) z\/fz(x)Jra g2 +a +E(x) - g(x)
\/fz(x)+a+\/g2(x)+a \/fz(x)+a+\/g2(x)+a
[F00] + £00) +]2(0)] — (%)
> >
\/fz(x)+a +\/g2(x)+a
Tu day ta ¢c6 moOt phuong trinh dep mit thudng xuit hién trong cdc hé
phuong trinh:

(x+mj(y+m)=lhoac [XJFW)(YJFWJZI-

Ta c¢6 mot nhan xét 1a hai ding thdc trén tuwong dudng(xem bai tip miu).
Céc bai todn xoay quanh hai ding thifc trén rit dep va c6 nhiéu huéng xi

0

ly bing ky thuat dit 4n phu cling nhu ham s6.
D& chi ti€t hon vé cdc phuong phdp nay xem thém cdc chi dé tuong tng
trong cing cudn sich.

B. BAI TAP MAU

Bai 1. Gidi hé phuong trinh:

\/2x2 +6xy +5y° +5=\/2x2 +6xy +5y° +14x +20y +25
Xx—y+44

2 2
X" =9y =
Y 2

Loi gidi
Cich 1: Biu kién: 2x% +6xy + 5y > 0,2x> + 6xy + 5y~ + 14x + 20y + 25> 0.

Nhan xét: Phuong trinh ciia hé ¢6 sy lip lai 2x* +6xy + 5y & hai v& nén

phép binh phuong hai v& dé loai di nhan tif chung nay 1a diéu ty nhién.

Binh phuong hai v&€ phuong trinh dau ctia hé ta dudgc:



\/ 5 ; 7x+10y 20
104/2x° + 6xy + 5y~ =14x+ 20y &
Y Y 25(2){2 + 6xy +5y2)= (7X + lOy)2

= =
X2 +10xy+25y2 =0 (X+5y)2 =0

Thé vao phuong trinh thit hai clia hé ta dugc:

7x+10y >0 7x+10y 20 7x+10y >0
X =-5y '

x=-5y=1
_» 1

X Y=

8 g7 3

_ y=1
16y2 _ 6y2+ 44

<:>16y2+6y—22=0<:> 11=>
y=—"5

PGi chi€u lai dieu kién chi nhin nghiém (x;y)= [—;——j .

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = [— ——J .

Cich 2: Vi€t lai phuong trinh tht nha't du6i dang:

\/(X+y)2 +(x+2y)2 +m=\/(x+y+4)2 +(x+2y+3)2 .

u‘+M2‘u+v‘.

bit u =(x+y;x+2y),v=(4;3) ta ludn cé

X+y X+2y
3
(xem thém k§ thuat st dung tinh ch4t hinh gidi tich gidi hé phuong trinh).

Da'u biing x&y ra khi va chi khi u=kv <

& x=-Jy

x>+ 2y2 = xzy +2xy

2\/x2—2y—1+%/y3—14=x—2

,(x,yeR).

Bai 2. Gidi hé phuong trinh {

Loi gidi
biéu kién: x> -2y —-1>0.
Phuong trinh dau cda hé tuong duong véi:

x(x2 —Zy)—y(x2 —2y):0<:> (x—y)(x2 —2y)=0<:> 5 Y .
X~ =2y

D6i chi€u véi diéu kién chi nhan nghiém x=y.

Thé& vao phuong trinh thit hai cta hé, ta dugc:

X2 —2x—1+3x — 14 =x—2 o 2x% —2x—1 =x—2- x> 14 |

Phuong trinh cudi nay c6 hai cdch x& 1y nhu sau:




Cich 1: Xuit phat tir Vx> —2x —1 > 0ta phai c6:
x—2—\3/x3—1420<:>(x—2)3 >x3 14 x> —2x-1<0.

2_ —
Do dé:{* ~ 120@;8—2x—1:o@x:1iﬁz(x;y):(1iﬁ;1i\5)
X2 —2x-1<0

Vay hé phuong trinh c6 hai nghiém Ia (x;y)= (1 +-/2;12-/2 ) .

i

Cach 2: Ta dit u=2-x,v=vx>-2x-1=u’-6v> =14 -x>.
Khi d6 phuong trinh trd thanh:

\3/u3 —6v2 =u+2veu’ —6v2 =(u+2v)3 <:>V[V2 +3(u+v)2 +3V:|=0

@{VZO o v=0)

u=vs=

Khi d6 ta c6 hé phuong trinh:

x2-2x-1=0
2 _ <:>\/x2—2x—1=0<:>x=1i\/5.
x“=2x-1=0

2-x=0

Viay hé phudng trinh ¢6 hai nghiém la (x;y) = (1 + \/5;1 + \/E) .

2\/2X+3y +\/5—X—y:7
3\/5—x—y—\/2x+y—3:l'

Bai 3. Gidi hé phuong trinh {

Loi gidi
2x+3y =0
biéukién: {5-x—-y>0 .
2x+y—-320

Phan tich. Nhin thdy hé c6 chita ba cidn thic khdc nhau trong dé

\J5-x—ylip lai nén ta c6 thé dit 4n phu u=+/5-x—y vad mdt 4n phu

khac Ia mdt trong hai cén thic con lai.
Loi gidi
u=45-x-y 5-x-—y=u’ x=-3u%-v? +15
,(u,VZO):> = .
vV =4/2x 43y y=2u2+V2—1O

Khi d6 hé phuong trinh trd thanh:

bat
2x+3y = v2




u+2v="7

3u—\/2(—3u2—v2 +15)+2u2 +v2-10-3 =1

7T—u
V=
u+2v="7 2
= J-4u? =2 417 =3 e 7-uY
A v l/=ous —4u2—( “j +17 =3u—1
2
V_7—u V=7;u
2 1
=<3u-120 Su>—
) 3
_4u2_[7;uJ +17=(3u_1)2 53u® —38u—15=0

y=1

=1 |Jf5-x-y=1 —4 -
@{u 3@{ X=-Yy <D{X-I—y @{X
\%

=3 N
(thda man di€u kién).
2x+3y =3 2x+3y=9

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (3;1).

Nhéin xét: Hé phuong trinh cé chida can va khong chita cdc nhan tr bac cao
nén ta c6 thé xtt Iy biing cdch binh phuong hai v& khong 4m dua vé gidi hé
phuong trinh da thitc. Hodc dit 4n phu nhu sau:

bit a =\/2x+3y,b =\/2x+y—3,c=\/S—X—y,(a,b,cz 0).

Khi dé a% + b + 4c? =(2x+3y)+(2x+y—3)+4(5—x_y):17_

Ta c6 hé phuong trinh:

_7—c
a?+b2+4c =17 |[*T 5 a=3
datc=7 eib=3c-1 <20 =2
3c—b=1 N2 c=1
(7 Cj +(3c-1)" +4c* =17

Ta c6 k&t quéd tuong ty. Ta cling xem xét mot hé phuong trinh ¢6 chita
nhiéu ciin khéc.

\/SX—y—\/2y—x =1
242y —x +3xy:2x2+y2+3x—1'

Bai 4. Gidi hé phuong trinh {




Loi giai
Nhén xét. Hé phuong trinh nay ta hoan toan thyc hién tuong ty bai toan
u=./5x -y

V=4/2y —X

trén bing cdch dit 4n phu { sau do6 rat x,ytheo u,v. Tuy nhién
né€u thyc hién phép binh phuong hai v€ phuong trinh diu cta hé ta c6 15
gidi gon nhu sau:

Hé phuong trinh da cho tuong dudng vdi:

242y —x +3xy:2x2+y2+3x—1

2 2y—x+3xy=2x2+y2+3x—1 2 2y—x+3xy=2x2+y2+3x—1

{5x—y=1+2y—x+2\/2y—x {2 2y —-x =6x—-2y—1
= =

Trit theo v€ hai phuong trinh clia hé ta dugc:
X=y
x-y)2x-y-3)=0< .

Xét trudng hdp thay vao phuong trinh dau clia h¢ tim dudc: (x;y) = (1;1);[%;%} .

V3% +4f8y —1+2=16y2 +9x
\/x—y +\/7x—y +\/3X—y=\/x+7y +2\/;'

Bai 5. Gidi hé phuong trinh {

Loi gidi
Khong x{ 1y dugc phuong trinh dau gi ngoai diéu kién nén chuyén huéng
xudng phuong trinh thit hai tuy nhién né nhiéu cin . D€ y mot chiit 12 né chi
c6 x,ynén dit y = tx nhu phuong trinh ding c&p 1a hgp ly nhat.
Vay ta dua vé gidi phuong trinh vo ty.
JI—t 47—t +3-t =1+ 7t +2.
Gidi phuong trinh nay d€ y hai v€& 12 hai ham don diéu ngugc chiéu nén

phuong trinh c6 nghiém duy nhat t :% hay x = gy .

Thay x = gy va phuong trinh dau ta dugc:

2Jy ++8y—1+2=16y> +12y



<:>2(\/7—%J+(1/8y—1—1)=16y2+12y—4

1
M
P IR S =4(4y-1)(y+1).
\E% 8y —1+1
2 1
4y —1)| 4y +4 - - =0.
C>( g )( - 8y —1+1 2 y+1}

2 I >4—2—1=1>0):>x=l.
J8y—1+1 24y +1 1 3

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = [%,ij .

@yzi(do 4y +4 -

\/2x—y +2\/x+y=2

Bai 6. Gidi hé phuong trinh 31 .
\2X+y +2 X-I—Ey =3

Loi gidi
S A 31
biéu kién: 2x—y20,2x+y20,x+y20,x+§y20.
Nhan xét. Hé nay tuong ty hé phuong trinh trén khi xuat hién dén bon cin
thitc khdc nhau. Tuy nhién tinh y mot chdt ta nhén ra tinh déng cap cla hé

phuong trinh:
Nhan chéo theo v& hai phuong trinh ciia hé ta dudc:

2[m+2\/@]=3(\/2x—y +2x+y).

2x -y =0
x+yz=0

Bé’ndéychl’l)’/tacc’){ =3x>0=>x>0.

Nhan thdy x = 0khong thda man hé phuong trinh:
Xét x >0ta ddt y =tx va phuong trinh trén trd thanh:

2( 2+t+2,/1+%t}=3(\/2—t+2 1+t).

Gidi phuong trinh nay ta dugc t = % oy= %x .



Thay vao phudng trinh thit nhat ctia hé ta dudc:

\/2x—&x+2\/x+2x:2<:>x= 4 :yzL

13 [ 4, 23}2 (4+2\/§)2.

NERRRE

4 40

4 |23 3 142023
[mﬁ\ﬂj ( )

Vay hé phuong trinh ¢6 nghiém duy nhat: (x;y) =

Jx43y+2 4 3x-2y-5=3f+1 [
\/2X—3—\/y+2=x+yvl_4 .

Bai 7. Gidi hé phuong trinh {

Loi gidi
biéu kién: y>-1,x> %,3){ -2y-52>0.
Nhan xét. Hé phuong trinh nay c6 nhiéu cin nhu hai hé da trinh bay & trén

tuy nhién xudt hién céc s6 2 va 5, 1 nén ta khong dugc phuong trinh diu
clia hé vé dang thuin nhit. Tuy nhién @€ y mot chiit ta c6:

x+3y+2=x—1+3(y+1)
{3x—2y—5=3(x—1)—2(y+1)'
Vi vdy dit u=x-1,v=y+1phuong trinh thi nhat ctia hé phuong trinh tr§
thanh:
\/u+3v +\/3u—2v =3\/;<:>4u+v+2\/(u+3v)(3u—2v) =9Ov.

4v-2u=>0
(u+3v)(3u—2v) =(4v—2u)2 '

QJ(HsV)(gu_zv):@_zm{

4v—-2u=0 u=v
= = .

(u—V)(u—22V):0 u=v=0

- x—1=0 x=1 R . A N
THi1:Néu u=v=0& = khong thoéa man hé phuong trinh.
y+1=0 y=-1

TH2: Néu u=v<> x—1=y+1< y=x-2thay vao phuong trinh thd hai
cua hé ta dugc:



V2Xx — \/7 2X — 6<:>\/ﬁ+\/7 ( )

x=3
- 1.
2(\/;+\/2x—3):1<:>x 3=y

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (3;1).

Jy? —8x+9 —Jxy+12-6x =1
\/2)(2+2y2+2(2—y)(3+x)+6x—\/§=\/x+2

Bai 8. Gidi hé phuong trinh:

Lai gidi
Pieu kién: x> -2,y >0,2x” +2y” +2(2-y)(3+x)+6x20,y* ~8x +920.
Nhin xét. Phuong trinh thit nhi't ctia hé c¢6 chifa hai cin bic khdc nhau nén
khong hy vong x& 1y dugc nén tip trung vao phuong trinh th& hai ctia hé.
Loai phuong trinh nay t6i da dé cip dén trong chi dé k§ thuit nhan lién
hgp khi gidi hé phuong trinh c¢6 chda can thic.
Vi€t lai phuong trinh thd hai ciia hé duéi dang:

V252 4+2y% —dxy +10x—6y +12 ~24/x +2 =Afy —x 1 2.

2x% +2y% —4xy + 6x — 6y + 4 _y-x-2
\/2X +2y?% —4xy +10x -6y +12 +24/x +2 \/§+\/ﬁ
2(x+1—y)(x+2—y) _ x+2-y

S

\/2x2 +2y% —4xy +10x =6y +12 +24/x +2 Jy+x+2°

2x+2-2y

\/2x +2y% —4xy +10x -6y +12 + 24/x +2 \/;+VX+

Do vay v6i cdch nay n€u nhan lién hop truc ti€p rat khé xir 1y nhan ¥ lic

@(X+2 y =0

sau G phuong trinh tich trén.
Ta bi€n d6i tuong duong phuong trinh thit hai cia hé nhu sau:

V252 42y —dxy +10x 6y +12 =.fy +v/x + 2.

<:>2x2+2y2—4xy+10x—6y+12=x+y+2+2,ly(x+2).

©2x% +2y” —4xy +9x— 7y +10-2,]y(x +2) =0.




2
Q(\E—\/Hz) 12x2 1 2y? —4xy +8x —8y +8=0.

@(\/;—\/x+2)2+2(x—y+2)2 ZOQ{T/;}_]E:QQ}IZXJJ'

Thay y =x + 2 vao phuong trinh thit hai ctia hé ta dugc:

«/(x+2 2—8x+9—yx(x+2)+12—6x =1@Jx2—4x+13—%2—4x+12=1
u=vx2 —d4x+ 13\/= J(x=2)"+9>3 phlIo'\r{g trinh tr& thz‘lgh:
u-1=3u? ~1 o (u-1) =u2—1<:>(u—l)(u2—3u)=0<i>u=3.

Viviy Vx? —4x+13=3ox=2=y=4.

Vay hé phuong trinh c¢6 nghiém duy nhAt (x;y) = (2;4).

ba

Bai 9. Gidi hé phuong trinh:

\/x—y—2—\/2+2y =3y2—x2+2xy+2x+10y+8
J2x+3y+1—\x+3y+5=x—4

Loi gidi
biéukién: y>-1,x-y-2>0=>x>y+22>1.

. -y-2=0 =1
Neu o ° Y ¥ khong théa man hé phuong trinh.
2y+2=0 y=-1

Xét (x—y-2) +(2y+2)" >0khi d6 phuong trinh thtt nhdt ciia hé viét lai
dudi dang:
x—3y—-4
\/x—y—2 +\/2y+2

=(3y—x+4)(y+x+2).

1
\/x—y—2 +\/2y+2 -
1
\/x—y—2+\/2y+2
Thay 3y = x —4 vao phuong trinh thi hai clia hé ta dugc:

V3X-3-V2x+1l=x-4 <

0.

<:>(3y—x+4)[x+y+2+

< 3y—-x+4=0(do x+y+2+

>X+y+22x+1>0).

=x-4x=4=y=0.

x—4
V3x =3 ++2x+1



Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (4;0) :

(x+\/1+x2)(y+\ll+y2j=1
X4/3X —2xy +1 =4xy +3x +1

Bai 10. Gidi hé phuong trinh

Loi gidi
biéu kién: 3x —2xy +1>0.
Vi€t lai phuong trinh ddu cla hé duéi dang:

X+VI+x2 =\1+y% —y=—y+/1+(=y)* ().

Thiy dau hiéu ctia ham dic trung nén d€n day xét ham s6 hodic nhan lién
hgp dé timra x =—y .

Cach 1: x +V1+x? =—y+1+(-y)? @ x+y+VI+x* —4/l+y* =0.

=0eox+y=0x=-y.

(X+Y) \/l+x +\/1+y
Vi 1+ X—y :\]1+X2 +1+y2 Xy ‘x‘+‘y‘+x—y
+x% +4/l+y +Xx7 +qfl+y +X° +4/l+y

1 Vi J1+y? Vi+x? +41+y? VI+x% +41+y?

Céch 2: Xétham s6 f(t)=t+V1+t> trén R, ta c6:

t NI+t o |t|
\/1+t2 \/1+t2 \/1+t

Dodé )= f(x)=f(-y) = x=-y.

>20.

f'(t)=1+ >0 nén f(t) 1a ham dong bién trén R .

Nhan xét. D6i v6i hoc sinh 16p 10 chua dugc trang bi ki€n thic vé dao ham
c6 thé chiing minh tinh dong bién ctia ham s& f(t) nhu sau :

Vit e Rty #tytacod:

_H)—f) -t +\/:—\/F (ot

Do d6 f(t)1a ham dong bién trén R.
Cach3: x+V1+x> =\/1+y2 —yc>x+y=\/1+y2 —N1+x2 .

Suy ra (x+y)2=1+x2+1+y2—2 (1+x2)(1+y2).

1




1-xy=0
= (1+x2)(1+y2)=1—xy<:>{ Y

1-xy=>0 xy <1
= 5 = .
(x+y) =0 x+y=0

Nhu vay véi cdch 3 ta c6 thé tim ra mdi lién hé giita (x;y)trong trudng hgp

1+xz+y2+xzy2 =1—2xy+x2y2.

khong dp dung dudc phuong phdp ham s6 hodc nhan lién hgp. Ngoai ra
dang bai todn nay c6 thé x{t 1y bing phuong phap dit 4n phu.
Tré lai bai todn.

V@i y =—x thay vao phuong trinh thit hai cia hé ta dugc :
2
X\/3x+2x2 +1=-4x> +3x+1:>x2(2x2 +3x+1)=(—4x2 +3X+1) .
o 14x* —27x3 —9x? +6x+1=0<:>(2x2 —3x—1)(7x2 —3x—1)=0.

3447 3447 3+4/7
X="—"—— X = ,y=—

4

4 4 ‘
33T | 3237 y__3iﬁ

14 14 14

=

D0oi chi€u lai diéu kién chi nhan nghiém (x;y) =£ . ”

3+\/§._3+ﬁj
YR .

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) =[ 7 7

3+\/§._3+@J

(x+mj(y+mj:1

100x% +56xy +10y* —39x -3y =18

Bai 11. Gidi hé phuong trinh

Loi gigi
Nhin vao phuong trinh dau clia hé tudng chirng nhu ta lién hgp dudgc va rit
dugc x theo y tuy nhién biéu thic trong cin clia hai biéu thifc sai khic
nhau hiing s6 1 va 4. Nén cdch nay khong thuc hién dugc.
Ta thtt dit 4n phu cho hai bi€u thiic d6 xem sao.



w1

u=x+\/1+x2 \/1+;42=u—x<:> =T ,(uZx,va)-

=
v=y-|—\/4+y2 \/4+y2=V—y y=V2_4

2v
Ta c6: u=x+Vx° +1 >x+\/><72=|x|+x20;v=y+\/4+y2 >y+\/y72=|y|+y20

Dodé u>0,v>0.

bat

1
PR
Mitkhic uv=1=y="4 = .
2 2u

u

Thay vao phuong trinh th@ hai cia hé ta dugc:

2 2
2_ 2_ _ 2 _ 2 2_ _ 2
100(“2 1] 1561 1-4u +10[1 4u J R Mt NP bt LN P

u 2u 2u 2u
2 2
o 100(u2 -1) +56(u2 —1)(1—4u2)+10(1—4u2) —78u(u2 —l)—6u(1—4u2):72u2

u+1)(2u—3)(2u—1—\/g)(2u—1+\/§)=0

Da6i chi€u véi diéu kién nhan nghiém:

& 36ut —54u° =720 + T2u+54=0

—

u=E x+\1x2+1=E x:i
2 2 12
uzé sz y+\/4+y2 =% y:—§
2 = : & . S 3
uzldl—\/g u=1+\/g er\]szrl:lJM/g X=l
2 2 2 2
B _ 5+3V5
V=\/52 ! y+4/4+y° :% L y=""7

(théa man diéu kién x<u,y<v).

Viy hé c6 hai nghiém 12 (x;y) =[i-—§j{l-—5 +3\E}.

127 3)12° 4
Cich 2: Bi&n ddi phuong trinh thit nhit clia hé thanh:

(x+\/x2+1j(y+\/y2+4)=1<:>y+\/y2+4=\/x2+1—x.




<::>x+y=\/xz+1—\/y2+4:>(x+y)2 =x2+y2+5—2\/(x2+1)(y2+4).

5-2xy=>0
4(4;;2 ry2 4 4) =25 20xy + 4x7y>

@2\/4X2+y2+4+x2y2 =5-2xy &

& 16x% +4y* +20xy -9 =0.
Vay dua bai todn vé gidi hé phuong trinh:

16x% +4y* +20xy-9=0

100x? + 56xy +10y* —=39x -3y =18
Hé nay da bi€t cdch gidi bing phuong phdp dua vé hé déng cip hoic
phuong phap hé s6 bat dinh(gidi xong cAn thit lai vi phép binh phuong dau
tién 1a khong tuong duong). Hudng di nay rat tw nhién don gidn vi chi binh
phuong hai v€. Tuy nhién lai dua vé mot hé tuong ddi phifc tap vdi cic em
khong dugc rén luyén gidi dang hé phuong trinh cudi ciing nhu n€u v€ phai
clia phuong trinh dau khédc 1 sau khi binh phuong dua vé phuong trinh cudi
phiic tap hon céch 1 rit nhiéu(Chi tiét xem chu dé 1).

N 2
Bai 12. Gidi hé phuong trinh | < T VX =3 =YYy +3,(x,yeR)

x3—y3:3x—3y+4

Loi gidai
Céch 1: Piéu kién: |x|2\/§.
uzx,v2y
Dit u=x+vx* -3 u?+3
a SIx= .
v=y+\/y2+3 2u
_V2—3
Y 2v

2

Tu phuong trinh dau suy ra u:\/:y:u :}X—y:é_
u

Phuong trinh thit hai cia hé dugc bién ddi thanh:
(x—y)(x2 +y2 +xy):3(x—y)+4.

@(x—y)[(x—y)Q+3xy—3}=4<:>3[%+3.u2+3.u2_3—3J=4.

ul y 2u 2u



<:>9u4—16u3—36u2+27=0<:>(u—3)(9u3+11u2—3u—9)=0 ).
Né&u XSO:X+\/X2—3 <X+‘X‘=X—X=O.

Mt khic y+4y> +3 >y +[y|>0 do d6 vo Iy.
Vay x > 0ddi chigu véi ‘X‘Z\/g:>x2\/§:>u2\/§>l.
Khi d6 9u® +11u® =3u—9>9.1° +3u(u—-1)+8u> -9>0.

u=3<::> X+\/X2—3=3®{X=2
v=3 y+yy?+3=3 =1

D06i chi€u véi diéu kién u>x,v >y thidy théa min.

Do d6 (1)®u=3:>{

Viay nghi€m cta hé phuong trinh la (x;y) = (2;1) .
Cach 2:
Bi&n ddi phuong trinh dau clia hé thanh:

x—y =y’ +3 Va2 3227 ~2xy 4y =x2+y2—2\/(’<2 —3)()/2 +3)

Xy =0 xy 20
g \/(X2 —3)(y2 +3) e (X2 —3)(y2 +3)= xy? <:>{x2 —y? =3
Xét hé phudng trinh:
(-3)(x+y)=3
x*—y? =3 2 2
& 3(x+y) +(x—y)

x3—y3=3(x—y)+4 (X—y) 2 =3(x—y)+4 .

bit u=x+y,v=x-yhé phudng trinh tr§ thanh:

uv=3 3
uv =
3u? +v? Al 5 .
v —a =3v+4 Vi —12v° —16v+27=0
uv=3
= .
(V—l)(V3+V2—11V—27)=0

Thyc hi¢n ddnh gid nhu cdch 1 va thit lai nghiém tim dudc (x;y)=(2:1)la

nghiém duy nhdt ciia phuong trinh.



Cach3: Vi x+\/x2—3:y+\/y2+3 >0:>x2\/§.

Vi€t lai phuong trinh dau cla hé duéi dang:
2
Vx2 -3+ (\/xz —3) +3=y+4y° +3 (D).

Xétham s§ f(t)=t+\t>+3, ta c6:

t Vi +3 +t

() =1+ =

t|+t N .
| | >0 nén f(t)la ham dong bién trén R.

= >
\/t2+3 \/t2+3 \/t2+3

Vivay (1) < f(y) :f(\/xz —3)@ y=vx>-3.

Khi d6 dua vé gidi hé phuong trinh :{

Bai 13. Gidi hé phuong trinh

X2 +4x* + =1—y2 +\/y4—2y2 +2

4 x2+1=x2—y3+3y+2

Li gidi

Phuong trinh thit nhat cia hé twong duong véi :

f 2
x2+y2—1+\/x4+ - (yz—l) +1=0<:>x2+y2=1.

Tu x2+y2=1:>—1£x,y£1.

Khi d6 phuong trinh th@ hai cia hé vi€t lai du6i dang:

WX +1-x>+y  =3y-2=0.

2 4x* +4-x

4 4+x2(4—x2)

Ta c6: 4Vx> +1—x

= 24,VXE|:—1;1:|.

_4\/x2+1+x2 ) 4\/x2+1+x2

Mitkhdc: y° —3y—2+4=y> —3y+2=(y—1)2(y+2)20,Vye[—l;l].

Suy ra 4x2 + —x2+y3—3y—220.

Dau bing xdy ra khi va chi khi x =0,y =1.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (O;l) .

Bai 14. Giai hé phuong trinh:




(\/ﬁ+y)(\/ﬁ+xj=1

Y312y 12 443y x4 2x -1 :2(y2+x+1)

Loi gidi
3 2
. 23242
Pieukien: 1°% T2V 1220
3y? +x% +2x—-120

Nhan xét. Nhin vao hai phuong trinh viéc tim ra m&i rang budc giita hai 4n
tf phuong trinh dau don gidn hon. Vay ta tap trung vao no.

_u2—1
2u
2 2
[ _ u -1 u”+1
Clu=x+V1+x2 x“+l=u- ou 2u
bat ,(u,v>0):> s .
V=y+\/1+y2 y:V -1
2v
2
2 vo+1
Ny +1=
Y 2v

Khi d6 phuong trinh dau tién viét lai thanh :

W+l vi-1)[vi+1 u?-1 uv=1
2u 2v 2v 2u uv(u+v) +(u—v) =0

Nhung do uv(u%—v)2 +(u—v)2 >0,Vu,v>0 nén uv=1.
Viy ta cé: (x+\]1+xz)(y+\/1+y2j=1©x+\]1+x2 =—y+\/1+y2 .

La mot phuong trinh quen thudc ta nhan lién hdp hoidc sit dung ham s6 suy

ra x=-y.

Thay vao phuong trinh th@ hai cia hé ta dugc :

\/3x3+2x2+2+\/—3x3+x2+2x—1=2(x2+x+1).

St dung bat déng thitc C0 si ta c6:

3 2 3.2
\/3){3+2xz+2+\/—3x3+xz+2x—1£3X +2); +2+1+_3X X 2+2X_1+1
U 3xP+2x+3

2()(2 +x+1)—l(x+l)2 £2<x2 +x+1)
2 2



3% +2x% +2=1

Péng thitc x4y ra khi va chi khi {-3x> +x* +2x—1=lox=-1=y=1.
x+1=0

Thit lai thdy thda man diéu kién.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (—1;1) .

Nhan xét. Nhu viy mau chét cua bai toan 1a dang thirc sau

(HMJ(WMP |
@(X+JXZ+1J(Y+\]y2+IJ=1<:>X:—y

D& k&t thiic bai todn xoay quanh ding thiic trén ta xét bai todn sau:

x\/l+y2 +y\/1+x2 =2
X\/1+X2 +y\/1+y2 =3

Bai 15. Gidi hé phuong trinh

Loi gidi
Nhan xét. Bai todn trén tdi dua 1én mot dién dan todn va nhin dugc nhiéu
phdn hoi va cdc hudng x{t Iy dep mit cho hé phuong trinh dudi day toi trinh
bay cédc cach ti€p cin khdc nhau hé phuong trinh trén va c6 thé tdng quat
dugc hé lip nhiéu 4n.

_u2—1
2u
2 2
[ 2 _ u —l_ll +1
lu=x+v1+x? xal=u- 2u  2u
bat ,(u,v>0):> 5 .
V=y+\/1+y2 y:v -1
2v
2
2 vo+1
Yy +1=
Y 2v
-1 v+l v -1 u?+1
. + . =2
Hé phuong trinh trg thanh : 2u 2y 2y 2u
u? -1 u2+1+V2—1 V2+1_3

2u 2u 2v 2v



(u2 ~1)(v+ 1)+(v2 -1} (w? +1) - 8uv.

v? (u4 — 1) +u’ (V4 — 1) =12u%v?

2u%v? -2 =8uv 0 uv=2+\/g
u,v> )
((u+v)2 —2uv)(uzv2 —1)=12u2V2 u+v= 5(2+\/§)

Day 1a hé doi xitng loai I dé tim dudc:

u=%.ﬂ2+\/§w=\/g+l.\/2+\/g

2
u=\/§2+1.\/2+\/§,V=%.\/2+\/§

Thay ngugc lai ta tim dugc nghi€ém cta hé phuong trinh 1a

(xsy)= '\/5_2;42\6.\/\/5—2' “5\/25_2;4;;/5.\/5\/5—2 :

2 ]

Vay hé phuong trinh c¢6 hai nghiém la

(x:y)= \62_2;42\6.\/\@—2 :

>

JSf—z;gf.m |

x\/ler2 +y\/1+x2 =2
X\/1+X2 +y\/1+y2 =2
Trir theo v& hai phuong trinh clia hé ta dugc:

(x—y)(\/1+y2 —\/1+x2):{xzy .

X=-y

Xét trudng hdp thay ngude lai hé phuong trinh ta c6 k&t qua bai todn. Tuy
nhién véi hé ma c6 dang khong ddi xing nhu bai todn trén ta ¢ thuc hién
dudc cdch trén hay khong. Ta quay tr§ lai bai todn bing cdc cach xt ly
khac sau day.

Nhan xét:. Néu hé c6 dang ddi xidng titc

Cach?2:



Hé phuong trinh trg thanh:

1 a—l l b+l +l b—l l a+
2 a)?2 b) 2 b)2

1 a—l l a+l +l b—l l b+—|=3
2 a)?2 a) 2 b)2 b

(a2 —1)(b2 +1)+(b2 —1)(312 + 1) —8ab

b2 (a4 —1)+a2 (b4 —1) ~12a%b?

bay la m6t hé phuong trinh tuong tu cach 1 trinh bay & trén.
Cich 3 : bit a, =1+x? -|—\/1+y2,a2 =V1+x% - 1-|—y2,b1 =x+y,b, =x~-y

2,2 12 12 4. _
Suyra aj +a; —b; —b; =4;a,a, =bb,.

Cong trir theo v€ hai phuong trinh clia hé ta dugc:

(x+y)(m+mj=5 ab; =5
(X‘Y)(W—m)?l b2>20_

2,2 12 12
a +z12—b1 —b2—4

=b,b
Viy ta ¢6 hé phuong trinh : | 192~ 0172
a,b, =5
a,b, =1
b2
Ta ¢6: aa; =bib) =a;a,b,b, =5=b) :i,af =§,a§ Lo
b b? b2 5

1 1
Thay vao phuong trinh thi nhat ciia hé ta dudc :
25 bl 5

_2+?_b12__2:4<:>bf+5bf—25<:>b1 =
b b
1 1




Moi thit tr& nén don gién roi.
/ 2
x + y l +x2 +4/1+ y

Cach 4 : Theo trén ta c6
y I+y?

Nhan theo v& hai phudng trinh ctia he ta dugc:
(Z =yl =x)=s (-
Dit u:X\’1+y2:> utv=2
a 2
v=yvVl+x> (UZ_VZ) :(X2(1+Y2)—Y2
u+v=2

ut+v=2 ﬁ

u—-v=-—
S <~

(u+V)2(u—V)2 =5

=5

—x% |=-1

'~<
N}
~—
S

—

1)) =(x2 ) =

x\/1+y2 = 4_4\/5
_4- f _4+45 ym:“ﬁ
4 4
= o .
4+\f 445 > 4+45
2 xy\1+y° = p
y\]1+x2=4_4 >

Hé phuong trinh cudi 1a hé d6i xting loai II da bi€t cdch gidi.
2 2
xl\/l+x2 +xz\/1+x3 =a,

2 2 _
Tf;ng quat: XZ\/1+X3 +X3\/1+X4 _32,(ak >0,k:1,2,...,n)(xem chuong 3).

2 2
xn\/1+x1 +X1\/1+x1 =a,

Nhan xét. V§i phép dit 4n phu nhu trén ta xi Iy toan bo nhitng hé phuong
trinh c¢6 dang:



a1x+b1\/a2x2 +b +c1y+d1\/czy2 +d =e
a2x+b2\/azx2 +b +c2y+d2\/czy2 +d =f‘
u=ax+va’x>+b

V=cy+\/c2y2 +d ‘

Bing phép dit 4n phu

ANX+Y —y/x—y =2

\/x2+y2+1—\/x2—y2 =3 .

Bai 16. Gidi hé phuong trinh

Loi gidi
Nhén xét. T phuong trinh thd nhat cia hé ta thd'y hé c6 nghiém khi

ANX+Y —4/x—y>0cy>0=x2y>0.

Khi d6 binh phuong hai v€ phuong trinh thi nhat ta dugc:

Xx22 x>2
2x—2\1x2—y2:4<:>x—2: xz—y2<:>{ @{

()(—2)2=x2—y2 y2=4x—4
Thay vao phuong trinh thi hai cia hé ta dugc:
Vx® +4x-4+1-(x-2)=3 o Vx* +4x -3=x+lex=2=y=2.
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2;2).
Céch 2: Ta c6 thé dit:

xz—y2 =uv

=X+

4 X y,(uZO,VZO):> ) ) .
v=y/Xx-Yy u4+v4=(x+y) +(X—y) =2(x2+y2)
Khi d6 hé phuong trinh trd thanh:

u—-v=2

2
4, 4 = o) 922
u +v l—uv=3 [(u v) +2uv} 2uv

+1=uv+3
2

u-v=2 u-v=2

= = .
\/2(2+uv)2 —2u*vZ +1=uv+3 {\/SUV+9 =uv+3

@{U—VZZ uv>0 {u—v:Z u>0,v>0 {u:Z@{x=2

v +uv=0 uv=0 y=2




Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2;2).

x2+2+(y2—y—1)\/X2+2=y3—y )

Bai 17. Gidi hé phuong trinh .
2x+xy+2+(x+2)«/y2 +4x14 =0(2)

——

Loi gidi N
Pieu kién : y> +4x+4>0.
Nhan thdy nhin t& Vx*+2 lip lai § phuong trinh (1) 1am ta suy nghi dén
phuong trinh bac hai phu thudc tham s6.
Pt t=vx> +2 22 khi d6 (1) tr6 thanh:
t* +(y2 —y—l)t—y3 +y=0.
Coi day 1 phuong trinh bic hai 4n t phu thudc tham s6 y, ta c6:

2 2
A, =(y2 —y—l) —4(—y3 +y)=(y2 +y—1) .

—(yz—y—1)+y2+y—1

t= =
2 y

s e

2

Suy ra

t= =—y2+1

Do t>+2nén t=y < y=vx>+2 khi d6 dwa vé gidi hé phuong trinh :
y= x2+2

2X+xy+2+(x+2)xly2+4x+4=0

y= X2 +2

2x+xVx? +2+2+(x+2)Vx* +4x+6 =0
y= x> +2
@ 2 2 .
(x+2)(1+ (x+2) + jz—x(1+\/(—x) +2j 3)
Phuong trinh (3) c¢6 dang ham dic trung nén lya chon phuong phdp ham s6:
Xét ham s f(t)=t(1+\/t2 +2jtrén R, ta c6:




2
') =1+Vt* +2 + ¢ >0,Vte Rnén f(t)1a ham dong bi€n trén R.
V2 +2
Viviy 3) e f(x+2)=f(-x) @ x+2=-x > x=-1=y=3.

Da6i chi€u véi diéu kién thdy thda man.

Vay hé phuong trinh c¢6 nghiém duy nhAt (X;y) = (—1;\//5_).
N y2—5Jx +5=0 N
Bai 18. Giai hé phuong trinh \/XT _ M—éf iy
Loi giai

Piéu kién:x>0.
Khi d6 vi€t lai hé phuong trinh dudi dang:
¥ —5Vyx +5=0 (1)
5\y? +2y+3 —y> +5y —5Vx+2 =0 )

Ly (1)+(2) theo v& ta dudc :

Syy2+2y +3+5y+5-5vVx —5Jx+2 =0

2
= (y+1)2+2+y+1=\/;+ (\/;) +2 3)
Phuong trinh (3) c¢6 dang ham dic trung nén lya chon phuong phdp ham so.

Xéthams§ f(t)=t+\t>+2trén R, ta c6:

, t V24241t |t|+t
f'(t)y=1+ = >
Je+2 Je+2 V242
Viviy ()& f(fx)=f(y+1) eVx =y +1.
Thay vao phuong trinh dau clia hé ta dugc :
y=O: x=1y=0
y=5 x=36,y=5

>0 nén f(t) la ham dong bién trén R .

y? —5(y+1)+5=0c>{ (thda man dieu kién).

Viay hé phuong trinh c6 hai nghiém la (x;y) = (1;0);(36;5) .
Nhan xét. C6 thé dung phuong phdp th& dé gidi.




2(2x+1) +2x+1=(2y -3) Jy -2
J4x+2+\/2y+4:6 v

Bai 19. Gidi hé phuong trinh

oi gidi
‘\/L\ lg")'\/
biéu kién : x> —%,y >2.
Khi d6 vi€t lai phuong trinh dau cia hé dudi dang:
3 3
2(2x +1) +2x+1=2( y—2) fy-2().

Phuong trinh (1) c6 dang ham dic trung nén st dung ham s&.
Xétham s6 f(t) =2t +ttrén R, ta c6 :

f'(t)=6t>+1>0,Vte R nén f(t)1a ham dong bi€n trén R.

Vi vay (1)<:>f(2x+1)=f(1/y—2)<:>2x+1=1/y—2.

Thay vao phuong trinh thit hai ta dugc :

2y -2 +\2y+4 =6 44y -8+ 2y +4=6.

Ham s6 g(y)= ‘\‘/4y -8+ \/Zy +4 dong bién trén [2;+oo) mit khic g(6)=6.

Do d6 phuong trinh trén ¢6 nghiém duy nhit y =6 = x = % (thda mén diéu kién).

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = [%;6}

2 - =
Bai 20. Gidi hé phuong trinh 2xtyl+y+3-3y =vx+2

y3+y2—3y—5=3x—3\3/x+2

Loi gidi
xX>-2

biéu kién:
y=>0

Vi€t lai phuong trinh ddu clia hé dudi dang:

2\/X+y2+y+3=\/x+2 +3\/§.
Ta c6:
2«/x+y2+y+3=2\/x+2+(y—1)2+3y 22\/x+2+3y 2\/x+2+3\/;.




y=1
Ping thitc x4y ra khi va chi khi @ B @ - {X —1.
1 \/5 y=1
Thi¥ lai vao phuong trinh thd hai cia hé thdy théa man.
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (—1;1) .

(x-2)(2y—1)=x>+20y-28

2(\/x+2y+y)=x2+x

Bai 21. Gidi hé phuong trinh

Loi gidi
biéu kién: x+2y >0.

Phuong trinh thit hai clia hé dugc viét lai:

X+2y+24x+2y +1=x2+2x+1<:>(wlx+2y +1)2 =(x+1)2.

- NX+2y +1=x+1 - X +2y =X .
ANX+2y +1=—x-1 AX+2y =—2-X

. x=0 x20
THI1: Néu \/x+2y=x<:>{ 2<:>{ 5

X+2y=x 2y =x —x
Thé& vao phuong trinh dau cda hé ta dudc:
(x—2)(x2 —x—l)zx3 +10(x2 —x)—28.
Xx=2
< 13x2-11x-30=0< 15 -
13

K&t hgp v6i dieu kién chi nhan nghiém x=2=y=1= (x;y) = (2;1) .
; x<=2 x<=2
TH2: Néu \/x+2y =2-x < ) = ) .
X+2y=x"+4x+4 2y =x"+3x+4
Thay vao phuong trinh diu clia hé ta dugc:
(x=2)(x? +3x+4=1)=x>+10(x? + 3x-+4) - 28.

x=-3

< 9x?+33x+18=0< 7.
X=—=

3




Da6i chi€u véi diéu kién chi nhan nghiém:

xz_Ejyzl_lz(x.y)z 2 n
3 9 ’ 379

—_—

Viay hé phuong trinh ¢6 hai nghiém la (x;y) = (2;1);(—%;1—)

2, .2 2 2
Bai 22. Gidi hé phuong trinh Ve ey oy _4,(x,yeR).
X+y—4/x-y=2

Loi gidi
Dé phuong trinh c6 nghiém ta phai c6:

\/E—\/E>O<:>x+y>x—y<:>y>0.

Khi d6 diéu kién ctia hé phuong trinh 1a: x>y >0.
Céch 1: Bién ddi tuong duong

Hé phuong trinh tuong duong véi:

- .
2
x=2208-x"20 [, <o\
2
e {xt -yt =(8-x7] = {y* =16x> ~64.

X2_y2=(x_2)2 y2=4x—4

2<x<22 2<x<2V2 5
o 16x2—64:(4x—4)2<:> x=2 1T
2 e

y? =4x—4 y=i\/g y==

DG chidu véi digu kién suy ra (x;y) = G;% j .

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = [%,\/gj :




Cich 2: Binh phuong hai v€ clia phudng trinh th hai clia hé ta dugc:

\/x2+y2+\/x2—y2=4 x+\/x2+y2=6

<~

X— xz—y2=2 x—\/xz—y2=2

[2 . 2 5
X+4X“+y =6 X ==
SN Y o x2+y2=(6—x2<:> 2
22
X=NX =y = 22 y=+/6

Cich 3: it in phu
Nhan thay c6 su lip lai clia hai cin thiic \/x +y,\x—y nén ta dit 4n phu

nhu sau:

Khi d6 hé phuong trinh trd thanh:

u +v uvd u4+(u—2)4
2

f—
u-v=2 v=u-2

+u(u— )=4.

4 ; u=1+ 3
u +(u-2 2 - \/_
Q—(4+2u—u2) 2

f—

2 - f '
- v=,—-1
v=u-2 7




Cach 4:
Nhan thdy v€ trai phuong trinh thd nhat ¢6 bac 1, v€ trdi phuong trinh thi

hai ctia hé dang bac %nén ta duwa vé phuong trinh ding cAp nhu sau:

PRy -y Z(\/XJFY—\/X—Y)Z
<::>\/x2+y2 +\/xz—y2 =2X—2\1x2—y2
<:>\/x2+y2 +3\/X2—y2 =2x<:>X2+}’2+9(X2—yz)+6\/x4—y4 =4x7.

4y2 -3x2>0
c>3xlx4 —y4 =4y2 3% o

9(){4 —y4)=9x4 —24xzy2 + 16y4 .

4y2 —3x2>0
= .
y2 (25y2 245> ) -0

e N e a4 6 N . e o
bai chi€u vdi diéu kién suy ra y = x thay vao phudng trinh thit hai cua

hé ta dudgc:
\/x+¥x—\/x—2\5/gx=2<3x=§:>y=\/g.

Hodc don gidn ta datx =ty,t >1.

Cach 5: Lugng gidc hoa:
= D _ LT _ L2 2
Datx—Rsma,y—Rcosa,[ae[O,EJ,R— X" +y J

Khi d6 hé phuong trinh trd thanh:

\/E(\/sinowrcosoc —\/sin(x—cosoc)=2
R(lJr\/cos2 o, —sin’ )=4

R . 2 2 .2
(\/smowrcosoc—\/smoc—cosoc) =1++cos” o —sin” o
R(1+\/COSZ(X,—Sin2 )=4




2sino—120
3\/23in20c—1 =2sina —1 )
PN o 9(2sin2a—1):(2sinoc—l) .
R(1+\/sin20c—coszocj=4
R(1+\/sin20c—coszoc)=4

.5 2J6 .5 26 s
sina.=—,coso, =—— sina.=—,coso.=—— x=2
PN 7 7 - 7 AN 7.
R(1+\/sin2a—coszocj=4 R:Z y:\ﬁ
2

Viay hé phuong trinh c¢6 hai nghiém (x;y) = {%,\/gj .

x? -y +x? - 9y* 30 =28y

V2x+34+x=y

Bai 23. Gidi hé phuong trinh {

Loi gidi

N 3

biéu kién: x> ——.
2

Phuong trinh dau ctia hé dudc viét lai dudi dang:
X0 +x% =y 19y + 28y +30 & xz(x4 +1):(y+3)[(y+3)2 +1} 1).
Xétham s6 f(t)=t(t> +1)trén R, ta c6: £'(1)=3t> +1>0,VteR.
Do d6 f(t)1a ham dong bién trén R.
Vivay ()< f(x?)=f(y+3) o x> =y+3< y=x>-3.

Thay vao phuong trinh thi hai cia hé ta dugc:
V2x+3+x=x> -3 2x+3=x>—x-3.

2
= R —
2x+3=(x2—x—3) X223 25x% +4x46=0

x?—x-320 {x=—3 {x=—3,y=6
f—

()(—3)()(+1)(xz—2)=0<:> )(:\/EZ> x:\/E,y=—1'

Vay hé phuong trinh c6 hai nghigm Ia (x;y)= (—3;6),(—\/5;—1) .




Nhén xét. Phuong trinh vd ty cudi ¢6 dang co bdn nén phép binh phuong
hai v& Ia tw nhién ngoai ra c6 thé dat 4n phu t =+/2x + 3 hodc viét lai du6i dang:

2 \/2x+3+l=x+l _
] 2 l:X——3
=

2
= .
x=-2

2
[\/2x+3+%j :(Hl : .
\/2X+3 +5=—X—5

2

y(x—y 1—x2)+y3 =(x+1) 1-x* -y

x3+(1—x2)y=\/5xy

Bai 24. Gidi hé phuong trinh

Loi gidi
Piéu kién —1<x<1.

Khi d6 phuong trinh thit nhat ctia hé dudc viét lai dudi dang:

2
——— +x+1=0
(y— l—xzj(x+1+y2)=0<:> Y .
y=\]1—x2

=0 )
Y=V thit 1ai thiy khong thda man.

x=-1

TH1: N&u y2+x+1:0©{

TH2: Néu y =+1- x> thay vao phuong trinh thit hai cia hé, ta dugc:

x> +(1—x2)\/§=x [2(1—);2).

D& gii phuong trinh nay ta c6 thé quy vé gidi hé phuong trinh hodc dit 4n phu:
Cich 1: Nhan thdy x = +1khong thda man phuong trinh.
Xét x # +1khi d6 viét lai phuong trinh duéi dang:

3
2
X X X
S|l — - |2 +1]. +1=0.
[Vl—xz] LI_X2 J\/l—xz

bit t= X phuong trinh trd thanh:
1-x2

Bt /2(t2+1)+1=0@t3+1=t /2(t2+1).



0

t(t3+1)20 tz
=< tL-1
6

t6+2t3+1=2t2(t2+1)

t=>0
t<-1

t—1)2(t4+2t3+t2+2t+1)=0

¢ —2t* +2t3 262 +1=0

t=1

Sl 12221
2

Pip s6: (X~y)_[£.£}[lﬁm,1ﬁ+mJ
, i | : ,

2 2

u=Xx

5 ,(u € [—1;1],V € [0;1]) .
Khi do6 ta c6 hé phuong trinh:

{u3+v3 2\/511\,@ (u+v)(u2+vz—uv)=\/5uv <:>{(u+v)(1uv)\/5uv

(u+V) —2uv=1

v=+1-x

Cach 2: bit {

2 2 2
uwtve=1 (u+v) —2uv=1
Pay la hé d6i xtng loai I da bi€t cach gidi:

Pit {S:“V,(s2 241)).

P=uv

Khi d6 hé phuong trinh trd thanh:

{S(I—P)zﬁp® S[l_sﬂ—

2

]:ﬁ,sz_l

1
2
2 —
s?-2P=1 )
$?-2P=1



s=2
@{(sﬁ)(sz +22S5+1)=0 0., P:%

S*-2P=1 S=1-2
P=1-42
[ 2
~ u=—;
u+V:\/5
1 v=£
- UV—E ue] -1(1]ve[ 0:1] , 2
U.+V=1—\/§ uzl—\/E—VZ\/E—l
1-\2 2
uv=1-
- V_1—J§+\/2J§—1
e 2
J2
x =%
2
J2
y=2

2

le—\/E—\/%/E—l
2

yzl—J5+V2J5—l
2

Viay hé phuong trinh c¢6 hai nghiém la:

(xy)(ﬁﬁ}[lﬁmlx/g—km
22 ) 2 ’ .

2

Bai 25. Gidi hé phuong trinh:

{(23 3x)VT-x+(3y-20)J6-y=0 ()

J2x+y+2—/-3x+2y +8+3x% —14x -8 =0

(2)
Loi gidi
T7—x20
N 6-y>
Pieu kien: 10 7Y =0
2x+y+22>0

-3x+2y+82>0



DPé y phuong trinh d4u cia hé ta viét lai dusi dang:

[3(7—x)+2}/7—x= 3(6—y)+2} 6-y (3
Xétham s6 f(t):(3t4 +2)t Ltaco: £1()=3t" +2+12t* >0, VteR.
Do d6 f(t)1a ham dong bién trén R.

Suy ra (3)@f(J7—_x)=f(\/E)@\/7Tx=\/E@y=x—1.

Thay vao phuong trinh (2) ta dugc:
V3x+1-+/-x+6+3x> —14x -8 =0.

Suy ra —§£x£6.

Phuong trinh cudi 1a phuong trinh vo ty nhdm dugc nghiém x,=5ta sk
dung phuong phdp nhan li€n hgp:

S ) N +3(x_5)(x+£j

+ 0.
Vx+144 —x+6+1 15

3 1 11
& (x-5 + +3|x+—||=0.
(x-3) V3x+1+4 J-x+6+1 ( 15)}

x=5

S 3 1 11 .
+ +3]x+—|=0
Bx+1+4 -x+6+1 15

Do —13xs6:> > + ! +3[x+£j>0.

3 V3x+1+4 J-x+6+1 15
Do d6 phuong trinh trén chi ¢6 nghiém x=5=y=4. D&i chi€u lai diéu
kién thdy thda man.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (5;4).

Bai 26. Giai hé phuong trinh:

y3+(y2—2x—4)m=0 (1)
(4y2 —7)\/@—(4){—1)\”2 —4=21 ()

Li gidi

bieu kién x> -2,[y|>2.



3
Khi d6 phuong trinh (1) < y3 +y*Jx +2 —2(\/x+2) -0.
<:>(y—\/x+2)(y2+2y\/x+2 +2x+4)=0.

2 }’=\/m
@(y—ﬁ)[(y+@) +X+2}:0 = (y+x/@)2+x+2=0.

) 2 x+2=0 =-2 . .
TH1: N&u (y+\/x+2) +x+2=0<:>{ @{X d6i chi€u

y+vx+2=0

véi diéu kién thdy khong théa man.

TH2: Néu y = m thay vao phuong trinh thit hai cia hé ta dugc:
(4x+DWx+2 —(4x—1)vx -2 =21 3).

D& gidi phuong trinh (3)ta st dung phuong phdp dwa vé hé tam nhu sau:

(4x+1)Vx+2 - (4x-1)Vx -2 =21

(4x+1)"(x+2)- (4x—1)2(x—2)=4(20x2+1)'
(4x+1)Wx+2—(4x-1)Wx-2=21
(4x+1)Wx+2 + (4x- 1)%?:%(20,(2“)'

Suy ra: 42(4x +1)vx+2 =80x" +445.
DPé gidi phuong trinh cudi binh phuong hai v& hodc dit t=+/x+2ta tim

17 5
dugc nghiém x=—=y=—.
JC nghig 1 y >

Vay hé phuong trinh ¢6 nghiém duy nhat x y [—7 gj

4
NX+y+1+1= 4 x+y) +4/3 x+y

Bai 27. Gidi hé phuong trinh
V5x* -1-3 2y +x=4

Loi gidi

biéu kién xZ%,eryZO.
)



Phuong trinh thit hai khdng rit ra dugc gi ta di x{t Iy phuong trinh dau clia
hé c6 nhin t& chung x +y .

Vi€t lai phuong trinh dau ca hé duéi dang:

1—4(x-|—y)2 = 3(X\7y)—\/x+7\)}+1.
= [1— 2(x+y)}.[1+2(x+ yﬂ _ \/3(){1(:)13’\)/;?.

. 1
<:>(2X+2y_l) \/3(x+y)+\/x+y+l

<2x4+2y—-1=0(do x+y=0).
Suy ra 2y =1-2x thay vao phudng trinh thi hai ctia hé ta dugc:

V5x3 —1-1-2x +x=4.

V& trdi 1a mot ham dong bi€n nén phuong trinh trén néu c¢6 nghiém thi dé

+1+2x4+2y |=0.

12 duy nhat.
Nhan thdy x =1thda min phuong trinh.

Suy ra (x;y) = [1;—%] 12 nghiém duy nhat clia hé phuong trinh.

JX+Y +yx—y =3 xry
X-y

AX+Y —/x—y =4 /x;y
Xty

Loi gidi

Bai 28. Gidi hé phuong trinh

biéukién: x+y>0,x-y>0.

Nhan theo v& hai phuong trinh clia hé ta dudgc:

2 2 —
(/Hy) _( x_y) =3 XY 4 XY oy=12ey=6.
X—y X+y

VX+6+4x—-6=3

Khi d6 hé phuong trinh trd thanh:

VX+6-vVx—-6=4

1)

X+6
X_

x—6
X+

)




Xétham sd f(X)=vVxX+6 +Vx—6— 6"

Pay 12 mot ham dong bi&n trén (6; +oo)nén phuong trinh né€u ¢6 nghiém dé
12 nghiém duy nhat.

Nhin thady f(10)=0vay (1) c6 nghiém duy nhit x =6 thi lai vao (2) thdy
théa man.

Vay hé phuong trinh ¢6 nghiém duy nhit 1a (x;y) = (10;6) :

V2x2 1= x(yy+1- \/ﬁ)
x(x=2)+(y-1) = 2xy(y-2)

Bai 29. Gidi hé phuong trinh

Loi gidi
biéu kién: y>1.

Khi d6 phuong trinh dau ctia hé twong duong véi:

2x2 2x x=0
/2X2+1+1_ /y+1+ /y_1<:> x(1/y+l+«/y—1):\/2x2+1+1'
TH1: Néu x =0 thay vao h¢ ta duge y =1=>(x;y)=(0:1).

TH2: N&u \/2x2+1+1=x(\/y+1+\/y—1).

Cong theo v& véi phuong trinh dau clia hé ta dudgc:
2
2 _ X +1
V2X“+1l=x4y+1=>y= R

Thay vao phuong trinh th hai cia hé ta dugc:

4
2 2 2
x(x-2)+| X LSS PSS b RS
X2 X2 X2

8
@(XS—I) =0cox=1=y=2.

Thit lai thdy thda man.
Viay hé phuong trinh c6 hai nghiém la (x;y) = (0;1);(1;2) .



3 2 3 2
—3x"+2=4/y" +3
Bai 30. Gidi hé phuong trinh | y

3Vx -2 =\/y2 + 8y

Loi gidi
biéu kién: x>2,y>0.

Hé phuong trinh da cho tuong duong véi:
x> =3x%+2= yoly+3 (x—1)3—3(x—1):(«/y+3)3—3 y+
3Wx-2=1y* +8y 3\/E=\/y2+8y

Phuong trinh (1) c6 dang phuong trinh dic trung nén xét ham sd.
Xétham sd f(t)=t> —3ttrén [1;+oo), ta co:

£'(t) = 3('[2 —1) >(0nén f(t)1a ham dong bi€n trén [1;+oo).
Do d6 (1)< f(x—l)zf(«/y+3)<:> x—1=yy+3.
y+3

3\/_2—\/y + 8y

(X_1)2 =y+3 x>2,y>0 {X=3‘
9(X—2)=y2+8y y=1

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (3;1).

Xét hé phudng trinh:

~

(y+1)2+y y Jrl—x+E

X+Vx2=2x+5=1+2./2x — 4y +2

Bai 31. Gidi hé phuong trinh

Loi gidi
biéukién: x-2y+1>0.

Phuong trinh thi¢ nhat cia hé tuong dudng véi:

(\/ﬁw)z:z(x—zyﬂ)
(x—1+ (x—1)2+4j2=8(x—2y+1)




(y2+1+yj2 2(x 2y+1)

(X 1+«[ j2=4(\/ﬁ+y)2
(\/ﬁ+yj —2 X — 2y+1)

< |:X—1+1,(x—1) +4=2y+2 y2+1

x—1y(x—1) +4 =2y -2y’ +1

Do x~1+4/(x~1)" +4>x-1+[x~1|20va —2(y+\/y2+1j<0 nén:

x—1+y(x=1) +4 > -2y -2y +1.

Vi vay hé phuong trinh tudng dudng vdi:
2
(ﬂy2 +1 +y) =2(x—2y+1)

x—1+ (x—1)2+4=2y+2 y2+l

2
(ﬂy2+1+yj =2(x—2y+1)
x—1-2y+4/(x=1)" +4-2{/y? +1=0

(\/}Tﬂ+yj2 =2(x—2y+1)

o 1o2ys (x—1-2y)(x-1+2y) _

(x=1)" +4+2yy*+1

(\/ﬁ+yj2 =2(x—2y+1)

(x—l—Zy) 1+ x+2y-l =0
(x=1)" +4+2yy>+1




- (\/ﬁwf =2(x—2y+1)© (\/ﬁwjz:zt

x—1-2y=0 x—1-2y=0
1
[ 2 _ X==
@{ y +1+y—2<:> g
x-1-2y=0 _>
Y 4

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = [%,%J

C. BAITAP REN LUYEN

Bai 1. Gidi hé phuong trinh Vsxoy —yxoy =24y .
x(lOy—x)erer2 -11=0

Loi gidi
biéu kién: 5x—y>0,x -y >0,2x -4y >0.
Khi d6 phuong trinh thi nhat ctia hé tuong duong véi:

\/SX—y :\/x—y +\/2X—4y <:>5x—y=3X—5y+2\/(x—y)(2x—4y)

<:>x+2y=\/(x—y)(2x—4y)<:>{

Xx+2y=>0
<14]x=0
x =10y

Xx+2y=>0
x2 +4xy-|—4y2 =(X—y)(2x—4y)

TH1: N&u x =0 =>y =0 tht lai thd'y khong théa man.
TH2: Néu x =10y suy ra x >y > 0thay vao phuong trinh th( hai clia hé ta dudc:
10y +y* —11=0(y-1)(y+11)=0« 5y =1=x=10.
Vay hé phuong trinh ¢6 nghiém duy nhat (X;y) = (10;1).
+3y +4/3x+y =2VX +4/2x+2
Bai 2. Gidi hé phuong trinh {‘/X y 3y =2x2x2y .

\/2x—l+y2—3x+l:0

Loi gidi

B . 1
biéu kién: XZE,X+3y20,3x+y20,x+y20.

Phuong trinh thi nhat cia hé tuong dudng véi:




Jx+3y —2Vx = \2x + 2y — \BBx+y
:5x+3y—4\/m=5x+3y—2:{2!x+y)(3x+y)
@2\/x(x+3y) =\/2(x+y)(3)é/+y) \/

<:>2X(X+3y)=(x+y (3X+y)<:>( —y)2 =0ox=y

Thay y = x vao phudng trinh thi hai ctia hé ta dugc:
3x—x* =120
\/2x—1+x2—3x+1=0©\/2x— =3x-x’ -l )
2x—1=(3x—x2—1)
3X—X2—120 X:l X:l’yzl
= = = .
(x—1)2(x2—4x+2)=0 x=2-v2  |x=2-2,y=2-2
Thit lai thdy thda man.
Viy hé phuong trinh ¢6 hai nghiém 1 (x;y) :(1;1);(2—\/5;2—6).

Bai 3. Gidi hé phuong trinh

x+y+\/x2 +y2 —4xy =34/xy

2X(X—6y)+X2 er2 =1

Loi gidi
bieu kién: x> +y? —4y >0,./xy 0.

A/x2 =
X+Vx© =0 S X= L , hé phuong trinh ¢6 nghiém:

3x2 =1 V3
(x;y):[—%;o}

Véi y #0, ta xét hai trudng hgp:
TH1: Néu y>0=> x>0khi d6 phuong trinh thi nht clia hé tuong dudng

2
voi: 241+ X—2—43+1=3\/g.
y y2 oy y

bat t= x>0 phuong trinh tr§ thanh:
y

t+1+\/t2—4t+1:3\ﬂ<:>\/;+%+‘ft+%—4:3.
t

Néu y=0:>{



2 u=\/;+L22
] =3t u2—6=3—u<:>u=§.

R x =4y
ViyvJt+—==—< 1< 1@{ .
\/; \/;25 '[=Z y=4X

- Véi x =4y thay vao phuong trinh thd hai ctia hé ta dugc:
8y(4y—6y)+16y° +y’ =l y’ =1« sy =1=x=4.
- V6i y =4xthay vao phuong trinh thit hai ctia hé ta dugc:
2x(x - 24x) +x2 +16x% = 1 phuong trinh vo nghi€ém.

TH2: Néu y <0=>x <0 khi d6 phuong trinh th¢ nhat clia hé tuong duong

2
véi: 14— X——4§+1=—3F.
y y> oy y

bit t= x>0 phuong trinh trd thanh:
y

t+1-vt2 —4t+1 =-3%©ﬁ+i—‘/t+%—4=—3.
[
S| Nt+—
t

%
JJ‘ W%

]2 u:\/;+L22
trinh vd nghiém.

2

—6=-3c—I s\Ju?_6=u+3: phuong

Vay hé phuong trinh c6 hai nghigm Ia (x;y)= (—i;oj;(zt;l) .

V3

(vt i (ot o)

)(2—y2 =2x-y+4

Bai 4. Gidi hé phuong trinh

Loi giai
biéu kién: x>-2,y>0.
2]
. 2x+4=0 :
Néu y=0= {Xz X hé phuong trinh vd nghi€ém.
X“=2x—-4

Xét y > 0khi d6 phuong trinh thi nhi't cda hé tuong duong véi:

2 2
LR . S S
y2 y vy



bit t= X phuong trinh trd thanh:
y

3t2+6t—4>0

(t2 +4)2 (2t+4) =(3t2 +6t—4)2 '

(t2 +4)\/2t+4 —32 4 6t—4 <

3t +6t—4>0

<:>t=l+ﬁ<:>x=(1+ﬁ)y.

(2t+3)(t2—2t—4)2 =0

Thay vao phuong trinh th@ hai cda hé ta dug/c—:
?(54245)=2(1++5 By (hily-ae
yUS5+2V5)|=2(1+V5 |y—y+4 < (5+2VS5 )y  —(2V5+1)y—-4=0.
y=1
ol 4 :>y=1:>X=1+\/g.
5+2V5

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1 + \/g;l) :

X=Xy =y — 2(X2—X + 2)
Bai 5. Gidi hé phuong trinh Vxy =y v A

X2+3y2=3x+5y—3

Loi giai
Diéu kién: xy >0 tif phuong trinh thd hai cda hé ta c6:

2
5y=x2—3x+3+3y2 :(x—%J +%+3y2 >0=>y>0=>x>0.

Khi d6 phuong trinh th nhat cda hé tuong duong vdi:

2
LJE:]_ o[ x4,
y \y y> oy

Dit t == > 0khi d6 phuong trinh trd thanh:

y
t-ﬁ:l—\/z(tz—tﬂ)@\/2(t2—t+1)=1+ t—t
1+\/¥—t20 l+\/;—t20

f— S

2(t2—t+1)=(1+ t—t)2 (t-1) +t+2vc(t-1)=0




=

y.

1+t -t>0 35 35
2

2 <:>t—1+\/;:0<:>t: SX=
(t—1+ﬁ) ~0

Thay x = 3-V3 y vao phuong trinh thd hai cia hé ta dugc:

3=0

2
3_\6} y2 +3y2 =3.—3_2\/gy+5y—3<:> 13_23\/§y2—19_23\/gy+

) 345

= X ,y=1
y=1 ) y
y=—227 | 3(3-45) .
L 13—3\/5 X = ,y:
13-3J5 7 13-3/5
Viay hé phuong trinh ¢6 hai nghiém la:

12325, )26
(x’y)_[ 2 ’1} 13-3¢5 '13-3V5 |

\/x+2y +3\/4x+y=10\/§+w/3y—x

\/4x+y +\/y+3=\/5y+10X

Bai 6. Gidi hé phuong trinh {

Loi gidi
bicukién: y>0,x+2y>0,4x+y>9,3y—x>0,2x +y >0.
Nhan thdy y = 0 khong thda man hé phuong trinh.
Xét y >0 khi d6 phuong trinh thi nhat clia hé tuong duong véi:

\/3+2+3\/4§+1=10+ B-=.
y y y

~ z N A N A [ ~ ~ 2 . N A N . [N 2yt X A
Vé trdi la mot ham dong bi€n va v€ phai la mét ham nghich bi€n véi —nén
y

c6 nghiém duy nhit = =2 < x =2y.
y

Thay vao phudng trinh th hai cia hé ta dugc:

3y +ly+3=50y o fy+3=2y oy=1=x=2.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2;1) .



[2_ 2 5
Bai 7. Gidi hé phuong trinh < * ~ VX ¥

x+\/x2—y2 :9x

X _ 5+3x
y 6(5-y)
Loi gidgi

,y;t{O;S},x—\/X2 —y2 #0.

Khi d6 viét lai phuong trinh thit hai cia hé thanh:

6X(5—y)=y(5+3x)<:>9xy+5y—30x=0<:>9?X=6§—1 ).

X+\/X2—y2 :63—1
< lxz_yz y

Pay 1a phuong trinh dong bic nén nghi dén dit x =ty.

biéu kién ‘X‘ > ‘y

Thay vao phuong trinh dau clia hé ta dugc:

TH1: N€u y > 0khi d6 phuong trinh trd thanh:

X
=+

2
L:&—l%tﬂ/ﬁ—l=(6t—1)[t— t2—1).
2 y
X (Xj »
y \y

< 612 —6t t2—1—2t=o©t[3t—1—3 tz—l}:O.

t=0

t=0 1 t=0
= SN tzg | 5.
W2 -1=3t-1 t==
9(t2—1)=9t2—6t+1 3

- V6i t=0< x=0=y=0(khdng théa man).
- Véit :§<:> X zgy khi @6 thay vao (1) ta dugc:

9%:6%—1<:>X:5:>y:3(th6a man).

TH2: N€u y < 0khi d6 viét lai phuong trinh duéi dang:




X @2_1
R LS e S DI = Y fE =(6t—1)(t+\/t2 —1)

X, (XT_l g
y y

2 2 2 t=0
& 62 =2t + 6yt —1=0<:>t(3t—1+3 t —1):0@ .
WP —1=1-3t
t=0
1
= tﬁg St=0=x=0=y=0/(loai).

9(t2—1)=9t2—6t+1

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (5;3).

X+Vx%— =y+\1y2—1

Bai 8. Gidi hé phuong trinh
X% + y2 —-xy=1

Li gidi

biéu kién: ‘x y‘ >1.

B

Khi d6 phuong trinh diu ctia hé dugc viét lai:

x—y=\/yzi——\/ﬁ:>(x—y)2=y2+x2—2—2,[(x2—1)(y2—1).

> 2 xy 21
& -1)(y? 1) =-1+xy = .
( Y Y (x2 —1)(y2 —1)=xzy2 —-2xy+1

xy 21
o (X_y)zzoc»x-y.

Thay vao phuong trinh thi hai ctia hé, suy ra:
x> +x%—x2 =1<:>X=i1:>(x;y)=(i;il).

Thit lai thdy thda man.
Vay hé phuong trinh c6 hai nghigm Ia (x;y)=(-5-1);(1:1).

\/7X+y—\/2x+y=4
22x +y —/5x+8=2

Bai 9. Gidi hé phuong trinh {




Loi gidi
Céch 1: Piéu kién: x> —%,7x+y >0,2x+y>0.

Khi d6 viét lai hé phuong trinh du6i dang:

{\/7x+y=\/2x+y 14 {7X+y—16+2x+y+8w/2x+y

= .
2J2x+y —2=+/5x+8  |4(2x+y)+4-82x+y =5x+8

{8 2x+y —-5x+16=0 {8 2Xx+y —5x+16=0
< < .

@{8,/2(2y+6)+y—5(2y+6)+16=0©{4«/5y+12=5y+7.

Xx=2y+6 x=2y+6

56
X="—
@{4\/5y+12=5y+7© 5

x=2y+6 13
Thit lai thdy thda man.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (5—;,%]

Ta c¢6 hé phuong trinh:
u-v=4 u=v+4 u=9
f— f— .

2v—ut—v?+8=2 V8V +24 =2v-2 v=>5

\JIx+y =9 Tx+y =281 x= 5
/ 2 25 13
= X+y=
2x+y =5 y y= 5

\/7X+y—\/2x+y=4

22x + —%1/5x+10y =2

Bai 10. Gidi hé phuong trinh

Loi giai
Nhéan chéo hai phudng trinh cia hé ta dugc:




\/7x+y —\/2X+y =2[2\/2X+y —%\/5x+10yj.

y =2x
_ 2587x -
369

Da6i chi€u véi diéu kién c6 nghia clia hé suyra y =2x.

<:>\/7x+y +%\/5x+10y:5\/2x+y &

Thay y =2x vao phuong trinh dau cta hé ta dugc:

\/7x+2x—\/2x+2x =4 x=16=>y=32.
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (16;32) .

JXx+2y+3+/9x+10y +11=10

Bai 11. Gidi hé phuong trinh: .
J12x +13y +14 +,/28x +29y + 30 = 20

Loi giai
biéu kién: x+2y+3>0,9x +10y +11>0,12x +13y +14 > 0,28x +29y +30>0
Hé phuong trinh da cho tuong duong véi:

NX+y+1+y+2 +\/9(X+y+1)+y+2=10

J2(xty+1)+y+2+ 28(x+y+1)+y+2=20

bit u=x+y+1,v=y+2hé phuodng trinh tr thanh:

{\/u+v ++4/9u+v=10

JI2u+v +/28u+v =20

Suy ra \/12u+v+\/28u+v=2(\/u+v+\/9u+v)<:>u=%V.

5
o ju=—=v u=>5 x+y+1=5 x=2
Vi vay 4 =1 =1 =

=4 +2=4 =2
AJu+v+49u+v=10 v y y

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2;2).

\/7x+y +\/2x+y:5

N2X+y+x—y=2
y y

Bai 12. (VMO 2001) Giéi hé phuong trinh {

Loi gidi
biéu kién: 2x+y>0,7x+y >0.




bat {u: '7X+y, u,v >
V=4/2X+Yy

Hé phuong trinh trd thanh:

u+v=>,

v+

5 5

u=5-v

s5v+3(5-v) -8v? =10

-

=

\/7 15-+77
IX+y=—-—
2 =
Vf———— =5++77
2x +y ZT

-l

w—v: v -2u? _

2x+y=v2

u+v=>5

Sv+3ul—8v2 =10

.|

15-477
u=5-v u,v=0 B 2
= ’ ——>
5v? +25v-65=0 54477
2
1577\
77
Tx + :[—2 ] x:IO—ﬁ
2 Y 11477
(—54-\/%} y= 2
2x+y= I

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = {10 —ﬁ;@}

Bai 13. Gidi hé phuong trinh {

\/llx—y—\/y—x=l
7y —x +6y—26x=3.

biéukién: 11x—-y >0,y >x.

. {u=~/11x—y
bat
V=4y—X

Hé phuong trinh trd thanh:
u—-v=1

2 2
+6.u +11v

,(u,VZ O):>

Loi giai
_u2+V2
11x—y=u’ -
X=y=w 10 ‘
y—x=v2 _u2+11V2
10

u-v=1

4V2—2u2+7v—3=0.

Tv
10




u=v+l u=v+l wvs0  |u=2
N, 2 N, “— .
4y —2(v+1) +7v=3=0 |[2v?*+3v-5=0 v=1

{wlllx—y=2 {11x—y=4 x=
< < <

y—-x=1 y—x=1

y:

N|wW =

. . 1
Viy hé phuong trinh ¢6 nghi€ém duy nhat (x;y) = (5,3]

JX+2y +42x+2y +3=5

\2X4+2y+3 +x2—2y=5 ‘

Bai 14. Gidi hé phuong trinh {

Loi gidi
biéu kién: x +2y >0,2x +2y +3>0.
22
u=4/x+2y X+2y =u’ X=vi-ut =3
bit ,(u,VZO):>
V=142x+2y+3

e 22 .
2x+2y +3=V’ _2w-vi+3
2
Khi d6 hé phuong trinh trd thanh:
u+v=>5 u+v=>5
2 22 < 5 2 2
V+(V2—u2—3) —2.—2u v +3=5 v+(5(v—u)—3) —2.—2u M +3=5
2 2
v=5-u
2 2u° —(5-u) +3
5-u+(5(5-2u)-3) -2. (5-u) _s
2
_{uzz ﬂX+2y:2 —{Xzz
- 2x+2y+3=3 y=1
v=5-u
23 3
{99u2—451u+50620 =9 «/X+2y=? x==3
22 22 817
V:_ —_— = —
i 9 2x+2y+3 = 9 I y 162

Vay hé phuong trinh c6 hai nghiém la (x;y)= (2;1);(—%;%).




3X+Y Fx+y =2
Bai 15. Gidi hé phuong trinh Y Y=o
MX+y+x-—y=1

Loi gidi
X_uz_vz
bit y,(u,vZO): xry=u & 2 .
V=4/X+y x+y=v2 _3v2—u2
2
Hé phuong trinh trd thanh:
u+v2=2 5 . u+v=2
_ _ =
vel VY _3v-u =1 v+u? —2vi =1
2 2

u,v>0 v 2 X =49-+21
= .
LoN21-3 y=+/2
2

Viay hé phudng trinh ¢6 nghiém duy nhat X y (\/ [ )

14x% —15xy +4y> —24x +12y =0

Bai 16. Gidi hé phuong trinh {

\/—7x2+12x+4xy+36 +Vx? +8x+32=6

Loi gigi
Phuong trinh dau cta hé viét lai dudi dang:
y =2x
(2x—y)(7x—4y—12)=0<:> 7x =12 -

4
Xét truong hgp va thay vao phuong trinh tht hai cia hé tim dugc cac
nghiém (x;y)=(-7;-14);(~4;-8).

Bai 17. Gidi hé phuong trinh:

\/x\/g(x y+4)+(x—y),[x(y+2)+4:J;(X+1)+2—

x> —2X—3y+4y2 =0

Loi gidi
biéu kién: xZO,yZO,X\/g(x y+4)+(x—y) X(y+2)+420.

Phuong trinh thit nhat clia hé tuong duong véi:




\/;(x+1)+2—\/;20
x\/;(x y+4)+(X_y)\/m+4=(\/§(X+1)+2_\/;)2‘
Jy(x+1)+2-vx 20

(\/;—\/;)(4+2X\/;+\/;—\/;+x\/yj):0

Thay vao phudng trinh thi hai ctia hé tim dugc cdc nghiém:

(x;y)z(O;O);(l;l).

Sx=y.

2 2 ,_..3
(x+1) + Y4y +1—x+2

X—1+4x% —2x+5=22x -4y +2

Bai 18. Gidi hé phuong trinh {

Loi gigi
biéu kién: x—2y+1>0.

Vi€t lai hé phuong trinh da cho dudi dang:

2x—4y—2=(\ly2+1+y)2
.
zqzx—4y—2)=[x—1+ (x—gz+4J

2

Suy ra 4(«ly2+1+y)2 =(x—1+ (x—1)2+4j .

2

2
<3(2y+«My2+4) :(x—1+ (x—gz+4] Sx-1=2yox=2y+1.

Thay vao phuong trinh tht nhit cda hé tim dudc nghiém (x;y) = ( >3 ] .

24
4x—y+3y+1=0

4\/(x+1)(y+1)—6\/X+1+1=0'

Bai 19. Gidi hé phuong trinh {

Loi gidi
biéukién: x > -1,y >-1.
Pit u=+vXx+
a
V=4ly+

—_—

,(u,v > O) hé phuong trinh trd thanh:

—




4(u2—1)—(v2—1)+3v:0c> 4u? —v2 +3v=3=0
4uv—-6u+1=0

4uv-6u+1=0
Nhan thdy u=0khong thda man hé phuong trinh.
Xét u>0hé phudng trinh tuong dudng vdi:

2
-1 -1
4u2—[6j ]+3.6“ ~3=0 |64u*-12u>-1=0
u 4 A V_6u—1
V:6u—1 41]
4u
1
UZ—E
— 1
1 u,v>0 u:l X+1l=— X:_é
Rt uza «— 2 & 2 & 4
v=1 +1=1 =0
6u-—1 Y Y
V=
4u

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (_Z;Oj .

Bai 20. Gidi hé phuong trinh:
2x2 —xy2 —2xy+y3 —y2 +2x=0

2 2 .
\/2X 2xy+y” —dx+4 +\/x2—xy+y2—2x—2y+4=2—y

2
Loi gidi
Phuong trinh dau cla hé tuong duong véi:
x=y-1
(y2—2x)(x—y+l)=0<:> y2 .
)

Xét trudng hgp va thay vao phuong trinh thit hai cia hé tim dugc nghiém.

Bai 21. Gidi hé phuong trinh Py = xey = ey .
Vx* —16 =4y—-3x+2

Loi gidi
Binh phuong hai v&€ phuong trinh dau ctia hé timra y =4x —4.
Thay vao phudng trinh thi hai ctia hé ta dugc:

V216 =2++x -4 o \x? 16 -3 =~/x -4 1.



- x* -5 _ x—5 ( )[ X+5 J 0
Jx2-16+3 Vx—4+1 2 _16+3 Vx—d+1
S x=5=>y=16.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (5;16) .

JXHy+S —(3x+2y +1=0

VX+1+x-y+3=0

Bai 22. Gidi hé phuong trinh {

Loi giai
bit t=+x+ 1,(t > O)ttr phuong trinh thi hai ctia hé ritra y=t> +t+2 thay

vao phuong trinh thi nhat clia hé ta dugc:
V202t +1+1=4502 +2t+1.

Suy ra V52 42t 41 -2 +t+1=1

2
\/5t2+2t+1+\/2t2+t+1= 3t =3t2 +t

\/5t2+2t+1—\/2t2+t+1
2
:>2\/5t2+2t+1=3t2+t+1<:>4(5t2+2t+1)=(3t2+t~|—1) ot=2

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (3;8).

\/X3+3=Xy+1

X2+y2:\/xz(y2+y+1)+y(y3+y2+l)‘

Bai 23. Gidi hé phuong trinh

Loi gidi
Binh phuong hai v&€ phuong trinh thit hai clia hé ta dugc:

(X2+y2+1)(y—xz)=0<:>y=x2.

Thay y = x> vao phuong trinh diu ciia hé ta dugc:

\/x3+2=x3+1<:>X=1:>y=1.

Vay hé phuong trinh c¢6 nghiém duy nhAt (x;y) = (l;l) .

2 \/xy +x° +y +1=3

X
\/_+\/y +2=4

Bai 24. Gidi hé phuong trinh




Li gidi

x2+y2— x2y2+X2+y2+1=3
Hé phuong trinh da cho tuong duong vdi: .
x> +y2 +2+2 [xz(y2 +2) =16

bit u= X2, v= yz,(u,v > O) hé phuong trinh trd thanh:

u+v—-vuv+u+v+1=3
u+v+2yuv+2u=14

2 2 2 _
Bai 25. Gidi hé phuong trinh | VX Y 3+2y2x 2y+1=3y

3x2+y2 =2y+2

Loi gidi
bitu kién: x> +3y? —3>0,2x*> =2y +120.
TU phuong trinh thi nhat ctia hé suyra y>0.
Hé phuong trinh da cho tuong duong véi:

x> +3y> -3 +2\/2x2—2y+1=3y
2x2—2y+1=—xz—y2+3

- \/x2 +3y° -3 +2\/—x2 —y?+3=3y (1)
2x2 —2y+1=—x2 —y2 +3
Ta x{ ly phuong trinh (1) nhu sau:
Nhan thdy y = 0khong 1a nghiém ctia hé phuong trinh.

2 _ 2 _
Xét y >0 khi dé (1)@\/X 23+3+2\/—1—X 23

y y

3 ta c6 phuong trinh: vVt +3 +2v-t—-1=3.

=3.

2
X2 _
Pat t=

y2

<:>t+3+4(—t—1)+4 (t+3)(—t—1)=9 o -2 —4t-3=10+3t
3t+10>0 23

< ) ) oSt=-2
16(—t —4t—3)=9t +60t+100 ¥

=-2.

Viay hé phuong trinh da cho tuong duong véi:




=-2 x2=—2y2+3 y=1

< 9 9 =
32y " +3)+y " =2y+2
3x2+y2=2y+2

Viay hé phuong trinh ¢6 hai nghiém la X y = ),(l;l).

Bai 26. Gidi hé phuong trinh U3y —4xy? 2 Vx \/7 .

x? +4y? —2x -2y =——
y y 9

Loi gidi

Pieu kién: xy >0,———— 20,3y’ —4xy” #0.
3y3 —4xy

Ti phuong trinh thit hai cia hé ta c6:
1
2(x+y)=x2+4y2+§>O:>x+y>0:>x,y>0.

Phuong trinh thi nhat cia hé tuong dudng véi:

S 1\F \F
—— =+ [
3y3—4xy2 2Vx y

bit t= \/g > 0 phuong trinh trd thanh:
y

<:>(2t4—1)(2t4+5t2+3)=0<:>t=

X 1
& —=—<:>y=\/5x.
\fy 2

Thay y = \/Ex vao phuong trinh thi hai clia hé ta dugc:

x> +8x% -2 (x+fx)———©9x - (x/§+1)x+é=0

1
L




1442424242 - 1+\E—\/2+2f 2442422 +4
9 - 9

:1+\/§+\/2+2\/5 . 1+\/_+\/2+2\/_ 2+\/5+\/2\/5+4
9 9

Viy hé phuong trinh ¢6 hai nghiém la:

I Na \/
[1+\/§+\/2+2\/7_2+\/5+\/2\/5+4]
9 ’ 9

X N y

=x? + y2 +3xy
2 2
Bai 27. Gidi hé phuong trinh Vx?+1-x \/ y +l-y

(g Y rdiey? -2

Loi gidi
Hé phuong trinh da cho tuong duong véi:

X(X+\/X2 +1j+y(y+\ly2 -‘rl):Xz er2 + 3xy
(y+\/1+x2j(x+«/1+y2)=%xy

X\/x2+l+y\/y2+1:3xy
= (y+\/1+x2j(x+\ll+y2):%xy‘

Nhan thdy xy = 0khong thda man hé phuong trinh.

Xét xy #0hé phuong trinh da cho tuong duong vdi:

B2t yiel \/x ‘1 \/y il

y X

o e

y X




\/X2+1_§ X,y >0 Xzi

= y 2@ 4(x2+1)=9y2© \/25
2

y +1_3 5 , |ly=—=%=

=5 |4y +1)=x N

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = LLLJ .

545
V12-2x% =y +4
J1-2y—y? =5-2x

Bai 28. Gidi hé phuong trinh

Loi gidgi

Pisukien: —/6 <x<V6,-1-v2<y<-1++2.
Hé phuong trinh da cho tuong duong véi:
{12—2x2=y2+8y+16 @{ 2x2 +y2 +8y+4=0 ()

1-2y—y? =25-20x+4x>  |4x% +y> —20x+2y+24=0 (2)
DAy 1a hé bac hai hai 4n tdng quét da biét cich gidi hodc xi Iy nhanh nhu sau:
LAy (1)+2.(2) theo v€ ta dugc:
x=2
y=—
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2;—2).

10(x-2)" +3(y+2) =0 {  (thi i thily théa man).

xz+2xy2+2y:x+2xy+4y3

Bai 29. Gidi hé phuong trinh
{2\/?»( ~5+38y* -3x+9=7

Loi gidgi
biéu kién: x > %
Phuong trinh thit nhat clia hé tuong duong véi:
5 X2—
(2y—x)(2y +x—1)=0<—3>X=2y.

Thay 2y = x vao phuong trinh thd hai ciia hé ta dugc:

23x -5 +3x> =3x+9=7.
V& trai 1a ham dong bi€n, v& phdi la ham hiing nén phuong trinh c6 nghiém

duy nhat x=3:>y=%.



Vay hé phuong trinh c6 nghiém duy nhait (x;y) = (3;%J :

Bai 30. Gidi hé phuong trinh:

\/3X2+6xy+4y2+2y+1=3x+2y—1

dfxty+2+ayf2(y+1)=5y> +6x+3+ /2(x+y2).

Loi gidi
bicu kién: 3x% +6xy +4y> +2y+1>0,y > —1,x+y> > 0,x +y+2>0.

Phuong trinh thit nhat clia hé tuong duong véi:
Blxy) +(y+1) =3(x+5)~(y+1).
3x+2y—120
Q{s(ﬂy)z H(y+1) =9(x+y) = 6(x+y)(y+1)+(y+1)
3x+2y—-120  [3x+2y—1>0

S5 x+y=0 SS9y =—x
Xx+y=y+1 x=1

2 -

THI1: N&u x =1thay vao phuong trinh thi hai clia hé ta dugc:

4y +3+4y2(y+1) =5y +9+ /2(y2+1).

D& giai phuong trinh nay ta danh gid thong qua bit ding thiic C6 si nhu sau:

4y+3<4+y+3=y+7

4y 2(y+1)<2y(2+y+1)=2y* +6y

5y*+9+ /2(y2+1)25y2+9+y+1:5y2+y+1o:sVP25y2+y+1o

Mitkhdc: Sy +y+10-2y =Ty -7=3y? —6y+3=3(y-1)’ 20.

= VT<2y? +7y+7

Vi vy dau biing xdyra<> y =1.
Viay trudng hdp nay hé phuong trinh c6 nghiém (x;y) = (1;1) .

TH2: N&u y = —x thay vao phudng trinh thd hai ctia hé ta dugc:

42 -4x [2(1-x) =5x> ~6x +3+ /z(x2+x).

Pay coi nhu mot bai tap danh cho ban doc.




3y-2 -

x+3=2 (y+1)(3y—x
Bai 31. Gidi hé phuong trinh <15 .
\ 2—

Loi gids \
biéu kién: y2§,3y—x20,x2—5.
Phuong trinh dau cda hé tuong duong véi:
3(y+1)-(3y—x)=2/(y+1)(3y —x).
@{x+320 @{x+320 {x+320
9(y+1) ~10(y+1)(3y—x)+(3y-x) =0
Thay x =2y —1vao phudng trinh thi hai cia hé ta dugc:

\/3y—2—«/y+2:2y2—3y—2<:>(\/3y—2—2)+(2—,/y+2):2y2—3y—2

f—
y+1=3y—-x x=2y-1

=N y-2) 20y y-2)(2y+1).
Ty 22 2 fyrn 0 2)E)

3
Jy+2+2 JBy-2+2

Vay hé phuong trinh c¢6 nghiém duy nhAt (x;y) = (3;2) .

<:>(y—2)[2y+1+ j=0<:>y=2:>X=3.

y+(y+1)(x+\/x2—y2)=44
x> +x\/x2 —y2 =40

Bai 32. Gidi hé phuong trinh

Loi gidi
bicu kién: x> —y2>0.

Hé phuong trinh da cho tuong duong véi:

y+(y+1)(x+\lxz—y2j=44
(x+\/x2—y2)2+y2=80 |

_ [2 2
bit {u =XFENVX 7Y he phuong trinh trd thanh:
v=y




u
{uz +v2 =80 {uz +v2 =80 {v
o

=
V+u(v+l)=44 u+v+uv=44 {u
v

I
&~ 0 o0 K

Vay hé phuong trinh c¢6 nghiém duy nhAt (X;y) = (5;4).

2 5
(xz—l) +3= ox7y
x> +2

220 0v?
3y—x=\/4x 3x“y —9xy
X + 3y

Bai 33. Gidi hé phuong trinh

Loi gidi
4x — 3x2y - 9xy2

biéu kién:
X + 3y

>0,x+3y#0.

Dé hé c6 nghiém ta phdi c6 3y —x>0.

Khi d6 vi€t lai hé phuong trinh dudi dang:
6X5y = (X2 + 2)(X4 _2X2 + 1) + 3()(2 +2) - {6X5y _ X6 +8
3 3 '
(x+3y)(3y—x)2 =4x—3x2y—9xy2 X" +27y" =4x

Nhan thdy x =0khong thda min hé phuong trinh.

Xét x # 0viét lai hé phuong trinh dudi dang:

2
u =—2
biat X ,(u > 0) hé phuong trinh trg thanh:
3y
v=""
X

=
V3+1:2u V3+1:2u

3 . 3 3=_ _
{u +1—2V<:>{u \% 2(u V)

v:+1=2u

(u—V)(u2+uV+V2+2)=0




u=v u=v u=v
S ST = )
V+l=2u  |u®-2u+1=0 (u—l)(u +u—1)=0

u=1v=1

—1+\/_ —1+\/g
5
1+\/_ 1+\/§

2 2

D3&i chi€u véi dieu kién suyra u=v=1lu=v=

—1+\/g
5

uel %—1 X =12
THIL: Néu { <X = NG
2 3

X

PGi chiéu véi dieu kién suy ra (x;y)= (\f IM 2 *fj

—1++/5 2 —1+\/g [
u= J;\/— —2_— X=% 1+\/g

2

TH2: Néu =% .
_—1+\/§ —1+x/— = 6(\6 1)\/1+\f
2

V=
X

DGi chi€u vi dieu kién suy ra (x;y) = (—\/1 + \/3;—(\/5 —1)\/1 +J§j :
Viay hé phuong trinh c¢6 ba nghiém la

(x )[IINI f](_m (=i )

x+vVx2+ =y+\/y2—1

Bai 34. Gidi hé phuong trinh
x> + y2 —xy=1

Loi gidi

Piéu kién: \z 1.

Cich 1: Vi€t lai phuong trinh dau clia hé dudi dang:

x—yleyz—l—\lxz+1:>(x—y)2=X2+y2—2 (x2+1)(y2—1).




xy >0 xy >0
= (x2+1)(y2—1)=xyc>{ Z 5 @{ Y

X7y —szryz—lz)(Zy2 y2—x2=1'
Xét hé pﬂu’dng trinh:

x=0,y=+1
x2+y2—xy=1 2x2—xy=0 1 2
= S| X=——F=,y=—"F.
{yz—xzzl yz—xzzl \/g \/5
el
RNERGING]
Thit 1ai nghiém chi cé (x;y) (0 1) [\/1_ 2 Jthéa man.
3 43

i%l

Vay hé phuong trinh c¢6 hai nghiém la (x;

-(oa)
Cich 2: Vi€t lai phuong trinh dau clia hé dudi dang:

—\/yz— :y—\/x2+1:>(x—\ly - j (y X2 +1
= 2X\/y —1—1——2y\/x +1+le \/ =1+x y -
:yz(xz+1)=1+2x\/y2—1+x ( )

2
cD(X—Vyz—q =0 x=qy’ -1y’ -x* =1,

yz_X2=1

2)

2

-
=

l

Vay dua vé gidi hé phuong trinh: :
x> + y2 —-xy=1

Thuyc hién tuong tu cdch 1.

Cach 3:
-y<0

Vi x+m>03y+\/ﬁ>0<:> y2—1>—y<:> -y=0 <y>0.
{y2—1>y2

K&t hgp v6i diéu kién suyra y>1.
Khi d6 vi€t lai phuong trinh dau ctia hé dudi dang:

2
x+\/x2+1:\/y2—1+ (\/yz—l) +1 (D).




Phuong trinh (1) ¢6 dang ham dic trung nén st dung him s6.

Xétham s6 f(t)=t+\t> +1

N1+

f't)=1+

, ta co:

t

t
\/t2+1 \/t2+1

>0
Vivay (1)<:>f(x)=f( y2—1j@x=\/y2—1©{)‘>

y2—x2=1'

Pua vé gidi hé tuong ty cdch 1.

Cach4:bit

u=x+\/ﬁ:> (u—x)2=x2+1 X =
vey ey o |(v-y) =y

Khi d6 hé phuong trinh trd thanh :

u=v

u=yv

2 2
uw? -1 N vZ+1 _u2—
2u 2v 2u

2v

2 &
1.V +1:1 {u4—4u2+3=

>0nén f(t)1a ham dong bi€n trén R.

u? -1
2u
v2 +1
2v
u=v=-1
u=v=1
0 Ju=v=-vf3

Bai 35. Gidi hé phuong trinh

(y—x+1)(2x+y—l)3 =8x>

X+y+3ly—x+1=3

Lai gidi

Hé phuong trinh da cho tuong duong véi :
3 - )T =83
8x [(3 X y)(2x+y 1)] 8x .

y—x+1=(3—x—y)3

(y—x+1)(2x+y—1)3:

y—x+1=(3—x—y)3

(3—X—y)(2x+y—1)=2x

y—x+1=(3—x—y)3

y—x+1=(3—x—y)3

y* +(3x—4)y+2x* =5x+3=0 (1)

Coi phuong trinh (1) 1a phuong trinh bac 2 v6i 4n 13 y va tham s§ 1a x .

Tac A, =(3x—4)’ —4(2x2 —5x+3)=(x—2)2.Suyra {

y=3-2x

y=1

—X

Bai 36. Gidi hé phuong trinh {

y3—xy=\/x+1
Jx—244y-2=1




Li gidi

biéu kién x,y>2.

Hé phuong trinh da cho tuong duong véi:

y —xy=vx+1 - y? —xy =vx +1
Jx—24+y-2=1  |Jy-2=1-+x-2
y> —xy=vx+I y? —xy =vx+1
S 91-vx-220 & 9x<3 .
y—2=x—-1-2vx-2 y=Xx+1-2vx-2

Mit khic y3—xyzy(yz—x)22(22—3)222\/x+1.

DA4u biing x4y ra khi x =2,y =3.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2;3) .

2x(y + 1) - 2y(y - 1) =-186
Bai 37. Gidi hé phuong trinh \/E—X __A+y

2

24X +y

Li gidi

Picukién: x> +y>0.

Hé phuong trinh da cho tuong duong véi:

2xy—2y2+2x+2y+186=0

2xy—2y2 +2x+2y+186=0

o

{2xy—2y2+2x+2y+186=0

\1X2+y=X+2

{2xy—2y2+2x+2y+186=0

\[X2+y=X—2

=
2(X2+y)—2x\/x2+y:4+y

<~

~

{2xy—2y2+2x+2y+186=0

x2+y—2x\/x2+y +x% =4
2xy -2y +2x+2y +186=0
\/x2+y—X=2

\/x2+y—x=—2

2xy—2y2+2x+2y+186=0
X222

y=4+4x

2xy—2y2+2x+2y+186=0
x=>2

y=4-4x




2344417 14417

’

And 24 6
x=3,y=-8

D6i chi€u lai diéu kién thdy c4 hai nghiém déu théa man.

Viy hé phuong trinh c¢6 hai nghiém la:

(xy):(g_gy(—23+wu417.L+J4417J.

’

"
\/2x+y—2+\/y—x+1=3
Bai 38. Gidi hé phuong trinh 19 1
x+2(y— x—l):—+
y2+1
Loi gidi
x 21
biéu kién: {2x+y-2>0.
y—-x+120

Binh phuong hai v&€ phuong trinh dau ctia hé ta dudc:
x+2y—1+2\/(2x+y—2)(y—x+1) =9

2))(2x+y-2)(y-x+1)=10-x -2y

10-x—2y>0
Cj{“2X+y—2xy—x+&):00—x—2yf

10-x—2y >0
Cﬂ}y:#—4x+uz(x—az+§jy22

Phuong trinh thit hai clia hé dugc viét lai dudi dang:

2
x—2\/x—l+2y=%+ ! @(\/x—l—l) +2y - ! —£=0.

y2+1 y2+1 5
, (y=2 @0y2+y+12) — . 5
<:>(\/x—1—1) +( ) 0 VX 1 1_0<:>{X .
5@2+Q y—2=0 y

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2;2).




(x+7y)x +(y +7x)Jy = SWM)‘

Bai 39. Gidi hé phuong trinh g/’
2(1—y) X2 +2x -1 =y’ —-2x
\
Loi gidai

T phuong trinh ctia hé suy ra x =y (xem cht dé hé phuong trinh d6i xdng
LoaiI).

Thay vao phuong trinh thit hai cia hé va dat t = Vx? +2x -1 dua vé phuong
trinh bac hai khong hoan toan(xem cu6n phuong trinh, bit phuong trinh vo
ty cling tac gid).

Hé phuong trinh c¢6 nghiém duy nhat 1a (X;y) = (—1 + \/g;—l + \/g) .

(x—y)4 =13x-4

Bai 40. Gidi hé phuong trinh

Loi gidgi
N +y=>0
Pisukien: 4 Y=Y
3x-y20

Phuong trinh thit hai cia hé tuong duong vdéi:
X+Y +4/3x—y =\/5<:>4X+24/(x+y)(3x—y) =2

1 1
= (x+y)(3x—y)=1—2x<:> XSE & v

(x+y)(3x—y):1—4x+4x2 (x—y)2:4x—1

Thay vao phudng trinh thi nhat ctia hé ta dudc:

) x=1
(4x-1) =13x-4 < 5.
X=—
16
2 y —i
Doi chi€u véi diéu kién suy ra: X—i:> i—y =1—4.i<:> 16.
16 16 16 13
16

Vay hé phuong trinh c6 hai nghiém Ia (x;y)= (— ——j{—;—j.



\/x2+1:y+2\/5

Bai 41. Gidi hé phuong trinh .
9y2 (x + 3y) =1- x3y3

Loi giai
Nhan thdy y =0khong la nghiém cla hé phuong trinh. Phuong trinh thd hai
cda hé viét lai dudi dang:

1 1
2(x+3y)=—3—x3 <:>9—X-|—27=—3—x3.
y y y y

3 2 3
@(l—xJ +3—’2‘—3i=27+9—"@[1—xj +3—X[l—x—3J=27.
y y:2 oy y \y y \y

2
@(l—x—?)] [l—x] +3(l—x]+9+3—x =0c>l=x-|—3.
y y y y y

Dip so: (x;y) :(26;3—2\/5).

(2x+@j(3y+\/9yzi+3)=9

Xy +Xx“+y =—
y y 36

Bai 42. Gidi hé phuong trinh

Loi gidi
Phuong trinh dau clia hé twong dudng vdi:

2
2%+ (23—xj +1 (y+\/y2+1):1<:>y:—2—x.

3

Thay y = —2% vao phuong trinh tht hai ctia hé ta dugc:

X_—l 2 X—_l 2 —l Q

2, 4, 4, 19 7 19 |FTTo\F TN TR
——X X+t XT = —=—

3 9 36 9 36 x—l Q _l Q __l Q

2\ 7 2N 7° 3\ 7

Viy hé phuong trinh ¢6 hai nghiém la:

T e



(e )2

3

Bai 43. Gidi hé phuong trinh
2 1
6y +5y+5= x”+1

Loi gidi
Phudng trinh thit nhit cia hé twong duong véi:

2 2
L (y+\/y2+1j=1<:>§+ 2 +1=—y+\/y2+1<:>£:—y.
2 2 2 2 2
Thay y = —%Véo phuong trinh thit hai ctia hé ta dugc:
’ I
6(—%} +5(—§j+5=\/x3+1<:>6x2—10x+2= X+l

<:>6(x2—x+1)—4(x+1)=\/(x+l)(x —x+1)
ey Xt :\/szﬂ @\/sz“ :\/977—1‘

x> —x+1 —-x+1 —-x+1 8

121+\/77—\/8114+530 ~ 121+ﬁ—\/8114+530

121+\/—7+\/8114+530 97 121+\/—7+\/8114+530

x3+y3—6x2—6y2+13x+13y=20

x+2x2 -y +8 =8 2x+y—4+2

Bai 44. Gidi hé phuong trinh {

Loi gidi
picu kién: x> —y+8>0,2x+y—-4>0.
Phuong trinh dau clia hé twong dudng vdi:
()(—2)3 +x—2=(2—y)3 +2-yox-2=2-yoy=4-x.
Thay y =4 —x vao phuong trinh thit hai cia hé ta dugc:
X+2Vx%> +x+4 =8\/;+2<:>x—2+2\/x2 +x+4 =8\/;.
Nhin thdy x = 0khong Ia nghiém cta phuong trinh.
Xét x > 0 chia hai v€ phuong trinh cho \/; ta dudc:




x——+2\/:_8@\/§——+2\/[f %J +5=8.

bit t= \/; ———= phuong trinh trd thanh:

\/;
t<8

t+2VE +5=8 20t +5=8-t=1 [, )
4 +5)=64-161+1

2
t=2 \/;—T=2 x=4+243
X
<l 22< s 00 | 260-224139
=3 - 2 _ 2|20
Jxo3 ?
x=4+243,y=-23

= X_260—22'\/139 224139 —224 -

9 e 9
Viay hé phudng trinh c6 hai nghiém la

(X;Y)=(4+2ﬁ;—2ﬁ);[260—292@;22 139_224}

9

(x3 —y3)\/xy—x—y+1 =\/1—x—\/1—

2x3—y3+x2—2y2—2x—2y+4=0

Bai 45. Gidi hé phuong trinh

Loi giai
bieukién: x<1,y<l,xy—x—-y+1>0.
Néu x=1=y=1.

Xét x,y <1 khi d6 phuong trinh dau ctia hé vi€t lai dudi dang:

(x3 —y3)wlxy—x—y+1 S Ak S
VI=x +4/l-y

=0eox=y.

<::>(x—y){(x2+xy+y2)w/xy—x—y+lﬁt—lfxJlr ,E

Thay y=xvao phuong trinh thd hai cia hé tim dudgc cdc nghiém

(x;y)z(—Z;—Z).

Viay hé phuong trinh c6 hai nghiém la (x;y) = (1;1);(—2; —2) .



Bai 46. Gidi hé phuong trinh:

2 2
2x” +4y —4 (X+y)(g—§]—1
Xy y X

\/xz+5X+2y+xy+6—2x1/x(y+3) =\/;+\/y+3

Loi gidi
Phuong trinh thit hai cia hé tuong duong véi:

\/(X— X(y+3))2+2(x+y+3)=\/;+\/yj3.
@(x—,lx(y+3))2+2(X+y+3)=x+y+3+2,lx(y+3).

c>(xe(y+3))2+(\/;\/Y?)Z—OQ{T/;_T/(;%;)cx—er?).

Thay x =y + 3 vao phuong trinh th nhit cia hé ta dugc:

2(y+3) +4y? L @ye3)ey)

y(y+3) y(y+3)

Ty? +15y +18 4 2y* +9y+18
y(y+3) y(y+3)

o 4\/y(y+3)(—2y2 +9y+18) —7y* +15y + 18

o 16y(y+3)(—2y2 +9y+18)=(7y2 +15y+18)2.

{x=1
<:>81(y—1)2(y+2)2=0<:{y:_2:> y=—2.

y:1 X:4
y=1

Vay hé phuong trinh c6 hai nghiem Ia (x;y)=(1,-2);(41).

2\/2x—3y—\/5—x+y:7
3\/5—x+y—\/2x—y—3:1 ‘

Bai 47. Gidi hé phuong trinh {




Phan tich 16i gidi. Nhian thdy hé c6 dén bon cin thic trong d6 lap lai
\J5—-x+y nénta dit mot an phuu=+/5-x+y dit ti€p mdt trong hai cin
con lai 1a 4n ti€p theo vi khi dé cin thifc con sét lai cudi ciing déu biéu
dién dudc theo hai cin thifc dd dit 4n phu & trén.
Loi gidi
Piéukién 5—-x+y>0,2x-y—-3>0,2x -3y >0.
Dit u=45-x+y
q
v=42x-y-3

Khi d6 hé phuong trinh trd thanh

:>2x—3y:17—4u2—v2.

BJu—-v=1 v=3u-1
= ; 5 )

W17-4u> —v? +u=7 2\/17—4u ~(3u-1)" =7-u
us7 0<u<7?7

<ev=3u-1 <<ev=3u-1
4(—13u2+6u+16)=u2—14u+49 53u® —38u—15=0
{u=1 S—-x+y=1 {—x+y:—4 {X=3

= = = = )
v=2 /2x—y—3=2 2x—-y=7 y=-1

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (3;—1)

VXY =4Xx—y+2

Bai 48. Gidi hé phuong trinh .
\/x2 +y2 +1 :\/x2 —y2 +3

Loi giai
biéukién x+y>0,x-y>0 .

Pit {u: x+y VX7 -y? =uv
d

khi d6 hé phuong trinh trd thanh:
V=4/X—Yy 2()(24ry2):u4+v4

u=v+2

2
2
ut vt < [(u—v) +2uv} —2u’v?

+1=uv+3

+1=uv+3

2



u=v+2 u=v+2
= =

\/u2V2+8uv+9:uv+3 wv? +8uv+9 =u’v? +6uv+9

=v+2 =2 =0
= a=y = RV . Nhung do u,v=0 nén chi nhan nghiém
uv=_0 v=0 |v=-2

u=2,v=0 .
- «/x+y=2<:>{x=2 .
JxX—-y =0 y=2

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2;2).

3—X+w/3x+2y =6y-2(1)
y .
243X +4/3x+2y =3x -3y +2 (2)

Bai 49. Gidi hé phuong trinh

Loi gidai
bicu kién y # 0,3x +2y > 0,3x +4/3x + 2y >0.
bit u=4/3x+2y =>3x = u? —2y khidé (1) trd thanh

2

a4 _2y+u=6y—2<:>u2+u.y—6y2 =0 .
y
c>(u+3y)(u—2y)=0<:{zzgjy.

- V6i u=-3y khidé6 (2) trd thanh:

2
23x—3y =3x—3y+2 = (w/3x—3y —1) +1=0 (v6 nghiém).

- V6i u=2y khi d6 ta cé hé phuong trinh:

Px+2y =2 y=0 LI
X = _ —
{ Y=<y = 3x=4y2—2y = X 12,y 4

24/3x+2y =3x-3y+2 4y =3x -3y +2 Xx=4,y=2

Vay hé phuong trinh c6 hai nghiém Ia (x;y)= (—%;i);(m).

(x+1) +3(x—1)yfy + T +y+1=0

Bai 50. Gidi hé phuong trinh
Tx+(2+x)yy +1=5




Loi giai
biéu kién y > 1.

u=x+1
Pit { ﬁ,(v >0) khi d6 h¢ phuong trinh trd thanh
y+

v +3(u-2)v+vi=0 [uP+3(u=-2)v+vi =0 (D)
7(u=1)+(u+1)v=5 u(7+v)=12-v (@)

Rat u=2=Y tir (2) thay vao (1) ta dugc
T+v

2
2=Vl 22y )iy
T+v T+v

o (12=v) =3v(7+V)(3v+2)+ v} (7+v) =0 .

v +5v3 —19vZ —66v+144=0 .
2
<:>(2v2 +5v—25) :(v+7)2

- V2+2V—16=0<:> V:_li\/ﬁ
3 .
vZ+3v-9=0 V:—E(li\/g)

V=—1+\/ﬁ y=17—2\/ﬁ
Nhung do v=0 nén 3

=30-48) 7 -2fo-248)-
Suy ra (x;y)z() =17- 2\/_y— (6 2\/—)

\/;+\/;(3\/;—y)+x&=3y+\/yj.

3xy2+4=4x2+x+2y

Bai 51. Gidi hé phuong trinh

Loi gidi
biéukién: x>1,y>1.
Néu x =1thay vao phuong trinh th@ hai clia hé ta dugc y=1.
Xét x >1khi d6 phuong trinh thit nhat clia hé tuong dudng véi:

(T =y =1)+3(xy) R (3-y)-




1
<:>(x—y) m+3+x&}=0©x=y.

Thay y = x vao ghuong ffinh th hai'ctia hé ta dudc:

3X3—4X2—3x+4=0<:>(3x—4)(x2—1)=0<—X>1—>x=%:>y=%.

Vay hé phuong trinh ¢6 hai nghiém (x;y) (1 1) (‘3‘ :]

el el
Bai 52. Gidi hé phuong trinh y +yX7 +4xy +4y” =9

x(x+4y-2)+y(4y+2)= 41

Loi gidi
biéu kién: x—y>0.

batu=4x-y, V—\/X +4xy+4y khl d6 h¢ phuong trinh trg thanh:
{u+v=9 0v0 {u:z@ NX—y =2
v

2 2 E 5 [ :
vo—=2u” =41 =1 )(24r4xy+4y2 =7
_{x=5
x—-y=4 y=1
= {x+2y=—7© le
3
x+2y=7
' 1
Y 3
A A . P N 1 11
Vay hé phuong trinh ¢6 hai nghié¢m la (x;y) (5 1) {5_?J
2a2ip,2
Bai 53. Gidi hé phuong trinh y .
3'4()(3 +y3) =-2Xy

Loi gidi
biéu kién: xy #0.

Phuong trinh thit nhit cia hé twong duong véi:




(X—y)[x+y+%]=0<:> X+y+£=0‘

TH1: N&u y = x thay vao phudng trinh thd hai clia hé ta dugc:

2x=—2x2<—x¢O—>X:—1:>y=—1.

TH2: Néu x +y+ 2 =0 khi d6 ta c6 hé phuong trinh:
Xy

2
x+y+i:0 X+y+—=0
Xy PN Xy

3 4(x3 +y3) =—-2xy §/4(X +y)[(x+y)2 —3xyj =-2xy |

X+y+—=0 2
Xy X+y+—=0
1 s[4 = Y '
-—| 553y [=-2xy  [x%y°+3x’y’ —4=0
Xy\ x%y
X4y +—2=0 X+Y+E_O
= Xy

{x:—l
y:

-1
xty=-2 2 -\5Ya
R[N
= = .
x+y=32 _—§/§+\/5§/Z
Xyz—% Y= 2
X:_%/E“/S%/Z

2
Y|




\/37x+\/§=6

Bx+16+By+16 =10

Bai 54. Gidi hé phuong trinh {

Loi gidgi
biéu kién: x,y>0.

Ta ¢6: V3x+16+4/3y +16 z\/(\/3>x+\/g)2+(4+4)2 —\6* +8* =10.
f fy

Dau bing xdy ra khi va chi khi ——=—2 < x=y=>x=y=3.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (3;3).

Bai 55. Gidi hé phuong trinh:

xy+x\/y2+l+y\/x2+l+ (x2+l)(y2+1):1

(1—y)\/x2+2x+3=x2+1

Loi gidi
Hé phuong trinh da cho tuong duong véi:

x(y+\/y2+1j+\/x2+1(y+\/y2+1)=1 (x+\/x2+1j(y+\/y2+lj=1
=
(l—y)\/x2+2x+3=x2+1 (l—y)\jx2+2x+3=x2+1

x+Vx2+ =—y+4/(— y) +1
(1 YW +2x+3 =x2 +1 (1 Y)\/X +2x+3=x"+1

y=-x Y=
>-1
<:>{()(+1)\/xz+2x+3=x2+1<:> *=

(x+1)2 (X2 +2x+3) =(x2 +1)2




5/9+2V114
x=—1y 9 >
y=-x 2 2 23 3(9+2\/114)
<Sdx>-1 & .
2x3 +3x2 +4x+1=0 39 +2V114
1 9 5
y=—=- +
2 2 23 3(9+2\/114)

. Y . \/X2+2+\/y2+3+x+y=5
Bai 56. Giai hé phudng trinh

x> +2 +\/y2+3—x—y=2

Loi giai
Hé phuong trinh da cho tuong duong véi:
7 _3
\/x2+2+\/y2+3=5 rESTY

2
3
xty=7 G—y} +2+\/y2+3=%

1
X=—
2
x=§—y y=1
o 2 = 17 -
2y +3+y(2y-3)+8=7 |]*T20
_13
Y20

Viay hé phuong trinh c6 hai nghiém la (x;y) = (%,1}(;—3,%} .

\/x+2xy=\/x—2xy +2

Bai 57. Gidi hé phuong trinh .
\/x2 +4x2y2 +1 —x\/1—4y2 =3

Loi gidi
X+2xy =0

bicu kién: {x-2xy>0=2x>0=>x>0.
1-4y*>0

Nhan thdy x = 0khong thda mdn hé phuong trinh.




Xét x > 0khi d6 phuong trinh thit nhit ca hé tuong duong vdi:

\/x+2xy—\/x—2xy =2:>2x—2\1x2—4xzy2 =4.

Xx>2
<:>x—2=\[x2—4x2y2<:>{ 5 2 2 V.2 x—1-

2
X" —4x+4=x"-4x"y y =73

Thay vao phuong trinh th@ hai cida hé ta dugc:

\/x2 +4x—3—\/x2—4x+4 =3.

\/X2+4x—3—\/x2—4x+4=3

Suy ra: 8x —7

8x—7

\/X2+4X—3 +\/X2—4X+4—

Jx +4x -3 — JX —-4x+4

:>2\/x2+4x—3=8x3+2<:>3\/x2+4x—3=4x+l<:>x=2:>y=i%

D&i chi€u v6i dieu kién chi nhan nghiém (x;y) = (2;%] .

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = [2;%}.

x4y +24x~y = 4\/7
2y +x =y

Bai 58. Gidi hé phuong trinh {

Loi gidi
biéu kién: x,y>0,x-y>0.
Nhian thdy x=0=y=0.
Xét x >0,y > 0khi d6 hé phuong trinh da cho tudng duong véi:

{x wysafioy=afy | y+2fﬁ=4@
2y +3x —fx=y =0 [2+3?:7?f;]:
<j{x—4 Y+2J;j;=4ng:{X+2J;=0¢j{x=o‘

y= 0 y= 0 y= 0
Vay hé phuong trinh da cho c¢6 nghiém duy nhat (x;y) = (0;0) .




\/x+1—w/1—y=4fx_1
Bai 59. Gi4i hé phuong trinh X
axy +\Ix2—y2 =X+y

X+y

Loi gidi
RS N x—1 2 2
biéukién: x#0,x+y#0,x>2-1,—2=0,x" -y~ 20.
X
Phuong trinh thit hai cia hé tuong du’dng VGi:

B N L e LT

X+y

X+

Q(x_y)[(x_yf_(x+y)3}:o@{":y @{;zg.

X—y=X+Yy

—

THI1: Néu y = 0 thay vao phuong trinh thi nhat cia hé ta dugc:

\/: 1= <:>\/—1— -1 F

2
<:>x+l—1 24/ l<:>X x+1_24/
X X X X

x>0
- ) 2 oy 1+ \/g
X" —x+1 :4x—1 S
X X
TH2: N&u y = x thay vao phuong trinh dau ctia hé ta dugc:

Sl ox= o i =2 o2 1 L
X

X X
2 = —
‘:’4(1"‘2):—(“21) C){:x_z(ll—x)—x—l=0

X

x=-1
28-3487
= ‘= 1 1 ~ - -

3 6ihs 3487 °

Thit lai thd'y khong thda man.




”ﬁn].

Vay hé phuong trinh c¢6 nghiém duy nhAt (X;y) =[ ;

2L

2
y

2
X4y =———
x+\jx2+1

X +y?

2
y+X =—————
y+\/1—y2

Bai 60. Gidi hé phuong trinh

Loi gidi
bidu kién: —1<y <1,y ++/1-y> #0.

Phuong trinh thit nhat cia hé tuong duong véi:
x+y2{1— ! J—O<::>x+y2 x2+1+x—1_0
x+Vx%+1 x+Vx%+1

2
<:>x+y2. X =0.

[x+\/xz+l)(\/x2+l—x+lj

2y2

(x+\/x2+lj[\/x2+l—x+l)
VX2 +1+x>0Vx>+1-x+1>0.

Thay vao phuong trinh th hai cia hé ta dugc:

=0 x=0(do

< x| 1+

2 2
1_
y Y q|-0e Y .

y:y+\/1—y2 =7 y+\/1—y2 ) <:>y+\[1—y2 B
c{yzo @{yzo )
Ji-y2=0 |y=%l

Suy ra (x;y) = (0;0);(0;—1);(0;1) thit lai th'y thda man.

Vay hé phudng trinh c¢6 ba nghi€ém (x;y) = (O;O);(O;—l);(O;l) .

e+ y—2=(x+1)(y-1)

Bai 61. Giai hé phuong trinh 5 .
(x-y+2) +(x2 +4x+3)(y2 —1):81




Loi gidi
biéu kién: x>0,y >2.

Phuong trinh thit nhat clia hé tuong duong véi:

\/;+\/yf2=4l(x+1)(y—l)<:>X+y—2+24/x(y—2):(x+1)(y—1)

& xy-2x+1-2 /x(y—2)=0<:>( x(y—2)—1)2=0<:> Ix(y-2)=1.
& x(y—2)=1. Nhan thiy x = 0khoNg théa min hé pﬂu’ong trinh nén véi \

X¢O:y=l+2.
X

Thay y = 1 +2 vao phuong trinh thi hai cia hé ta dugc:
X

2 2
[x—lj +(x2+4x+3) (l+2j ~1]=814(x+1)' =81x%,

X X
( )2 1 _x 1y 4
2(x+1) =9x - =50 =
= ) PEESVEN R SN 2 5
2(x+1) =-9x x=2 Xzz,yzg
1.

Vay hé phuong trinh c6 hai nghiém la (x;y) = [5,4}[2;%}

1+2x—2x2\/1+y =4x3y+7x2

Bai 62. Gidi hé phuong trinh ) .
xz(xy+l)+(x+l) =X2y+5x

Loi gidi

biéu kién: y>-1.
Phuong trinh thi hai cia hé tuong duong vdi:

x=1
xzy(x—l)+2x2—3x+1=0©(x—1)(x2y+2x—1)=0® ) .

Xy+2x-1=0
TH1: N&u x =1thay vao hé ta dudc y=—1.
1-2x

X2

TH2: Né&u xzy +2x-1=0=>y= (do x=0khong théa mian hé

phuong trinh).



1-2x

Thay y = > vao phuong trinh thit nhat clia hé ta dugc:
X
1+2x —2x2 /1+1_22X =4x3.1_22x+7x2<:>2x2 (x—l)2 :(1—2)()\/)(72
X X
1-2x>0 0 1-2x>0
= “—> .
ax* (x-1) =(1-2x)"x? 4 (x-1) =(1-2x)’
1 1 \/—
X=—— xz—T,y:2+2 2
= 21 = 21 .
x=l-— |x=l-—=y=2+242
V2 V2
Viay hé phuong trinh co hai nghiém la
1 1
Xy )= ——;2+2\/§J;(1——;2+2\/5J.
)5 5

Bai 63. Gidi hé phuong trinh:
(x—y)((x+3)2 Jr(y+3)2 +xy—2j=3y2 +15y +13

x2+\/2x+y+2:3

Loi giai
biéu kién: 2x+y+2>0.
Phuong trinh thit nhat clia hé tuong duong véi:
(x+2)3 -|—4(x+2)=(y+3)3 +4(y+3)<:>x+2=y+3<:>y=x—1.
Thay vao phuong trinh th hai cia hé ta dugc:

x2+x/3x—+=3<:>(x2—1)+(\/3xT—2)=0.

<:>(X—1)(x+l)+ﬂz0.

V3x+1+2
3
&S (x-1)| x+1+———|=0=x=1=y=0.
( )[ \/3x+1+2j

Vay hé phuong trinh c¢6 nghiém duy nhAt (X;y) = (1;0) .



X—1+4y+1=4

4

Bai 64. Gidi hé phuong trinh ) .
X +(y+1) =X3(y+2)+xy+l

biéu kién: x>1,y > 1.
Phuong trinh thit hai cia hé tuong duong vdéi:
_ .3
(¥ =y)(x-y-2)=0e|¥7X .
y=x-2
THI1: N&u y = x — 2 thay vao phuong trinh dau clia hé ta dugc:

VX—1l+Vx—-1l=4x=5=>y=3.

TH2: Né&u y = x° thay vao phuong trinh ddu clia hé ta dudc:

Vx-1+Vx’+1=4=x=2=y=8.

Vay hé phuong trinh c¢6 hai nghiém (x;y) = (5;3);(2;8) .

x(y—1)+2y=x(x+1)
4x2 +3x+3 =4y Jy +3+22x 1

Bai 65. Gidi hé phuong trinh {

Loi gidi
) . 1
biéu kién: x > E,y >-3.

Hé¢ phuong trinh da cho tuong duong vdi:

{<x—y><x+z>=o

4x% +3x+3 =4y Jy +3+232x -1

X=y
=
{4x2+3x+3=4x\/x+3 +22x -1
X=y
2 2
2x = x+3) +(Vax-1-1] =0

X=y

= 2X=\/X+3©{X:1
J2x-1=1 e

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (l;l) :




Cha d5 14. KY THUAT LUGNG GIAC HOA
Noi dung chii dé nay dé cap dén phép th€ lugng gidc khi gidi hé. Ky thuat
nay t0i da nhic dén trong cudn phuong trinh, bt phudng trinh vo ty. Muc
dich cung cidp cho cdc em day di cdc cong cu khi ti€p xtc v6i hé phuong
trinh gidp phdn xa khi hé c6 cdc ddu hi€éu nhan bi€t phép thé lugng gidc. Ky
thuat nay dugc nhic lai mot {an nita trong chuong 3 khi xt Iy hé lip nhiéu An.
A.NOI DUNG PHUONG PHAP

COSX = cosa < X =+a + 2kn

. . x=o+2kn
. . |sinx =sino <
Phuong trinh Iugng gidc co ban: x=n—o+2kn.keZ.

tanx =tana <> x=o +km

cotx=cota <> x=oa+kmn
DAu hién nhan bié't

- Mot phuong trinh ctia hé c6 dang: (px—a)2+(qy—b)2=c2 dat

px=a CSlna,OLE[O;zTC].
qy =b+ccosa

- N&u tirhé phuong trinh suy ra x € [—a;a],y € [—b;b]

bit {i z abziizg,(oc,ﬁ IS [O;Zn]) .

Dang nay thudng di ciing cdc cidn thic \/32 —x% va \/b2 - y2

Cic gia tri lugng gidc cua cac goc dic biét:

m J5-1  4an 5+1

- COS— =———;CO0S— =—
5 2 5 4
i \/84_\/5 Sm \/g—\/a Tn 2—\/5
- C0S—=———,08—=———;C0S—=————,
12 4 12 4 12 2

Mot sé cong thite lugng gidc hay sit dung:
Cong thifc cdng, trir bac nhat:

. sinxcosx I[TTJ I[_J I(J



- sinx*+3cosx=2 lsinxiﬁcosx =2sin xiE =2co0s xiﬁ .
2 2 3 6

- \/gsinxicosx:2 ﬁsinxilcosx =2sin xiE =2cos xiE .
2 2 6 3

Go6c nhan doi:

- sin2x=2$inxcosx;cos2x=200$2x—1=1—2sin2X.
2tanx . 2tanx 1—tan® x

- tan2x=———;8in2X=———;C082X =————

1-tan” x 1+tan” x 1+tan” x

Go6c nhian ba:

- sin3x=3sinx—4sin3x;cos3x:4cos3x—3cosx.
tanx(?»—tan2 x) cotx(cotzx—3)

5 ;cot3x = 5
1-3tan” x 3cot“x—1

tan3x =

Gé6c nhan bon:

- sin4dx :4cosx(sinx—25in3 x);cos4x —8cos* x —8cos”x +1.

G6c nhan 5:

- sin5x =16sin’ x —20sin> x +5sinXx;cos5x = 16c0s> x —20¢0s> X + 5c0sX .
Téng quit: cosnxla da thifc bac n vdi cosx va sinnx1a da thitc bac n véi
sinx (v6in 1é).

B. BAITAP MAU

X l—y2 :l
Bii 1. Gii hé phuong trinh ‘1‘ :
1-x> ==

Y 4

Lo gidi

Cich 1: biéu kién: ‘x‘ﬁl,‘y‘ﬁldé hé phuong trinh c6 nghiém ta phdi cé

x>0,y>0vay 0<x<1,0<y<1.

bit Xzsma,oc,ﬁe 0;E .
y =cosf} 2

Hé phuong trinh trg thanh:



sinon/l—coszﬁ—% 2sinocsinB=% {2cos(a—ﬁ):
&
cosBV1—sin a—i 2cosBcosoc=% ZCOS(OHB):
I Sm i _\/g—\/g
o=— X=—"-—
12 4
x 7 2
PN 34 12 o 4 .
(1,+[?)=E a:l X=\/g+\/5
2 12 4
=" J6 -2
L 12 Y=T

Viay hé phuong trinh c¢6 hai nghiém la:

() [J’ V2 o+ IJ(£+I J- f]

4 4 4 4

Ciach 2: Nhan xét day la hé ddi xdng loai II trit theo v€ hai phuong trinh cda

hé, ta dudc: y\/l—x2=X\/1 y 2yl )2 (1 y2)=y2(1—x2)<:>x=y.

Thay y = x vao phuong trinh thit nhit clia hé ta dugc:

-2
4
s
4

xV1-x2 =i<:>16x2(1—x2)=1<—xzo—>

Ta c6 két qua tuong tu.

x2+y2=1

Bai 2. Gidi hé phudng trinh
(3x —4x3 )(3y - 4y3 ) =

1
2

Loi gidi

bat {X -sma ,(oc e [0;27:]) phuong trinh thd hai ciia hé tré thanh:
y =cosa

(351n0c—4sin3 oc)(3cosoc—4cos3 a) =%<:> sin3o.cos3a =—% .




<:>sin6oc=—1<:>a=—£+k£.
12 3

T 11 1
Do ae[0;2n]:>0ce E;—TE;—TE;S—TE;ﬂ .
412 12 4 12

Viay hé phuong trinh ¢6 5 nghi€ém la:

(x;y)=(sinoc;cosoc),ocE{Eﬂ—n;ﬁ;ls_n;lg_n}_
412 12 12 12

\/E(x—y)(1+4xy)=\/§‘

Bai 3. Gidi hé phuong trinh
x> + y2 =1

Loi giai

Cach1: Vi X% + y2 =Inénton tai o [0;2n] sao cho x =sina,y =cosa. .
Khi d6 phuong trinh tht nhit cia hé trd thanh:
\/E(sinoc—Cosa)(1+4sin0ccosoc) =\/§ .

2
bit t=sinoc—cosa:>sinoccosoc:1 2t ,te[—\/g;\/z]

Phuong trinh trd thanh:

ﬁ{1+4.1-t2j:@@3@_2@3_@:o.

2
Phuong trinh nay c¢6 nghiém 1& nén ta x& 1y theo huéng khéc.

\/E(sina—cosoc)(1+4sinoccosoc) =\/§<:> 4sin[a—%}(sin2a+singj

< 8sin (X—E sin 0L+l cos oc—l =\/§.
4 12 12
o T oL
=4 - —— 20—— | |=+/3.
cos(oc 12)[0053 cos( o 6}} f

< 2cos oc—l —4cos oc—1 cos 20L—E =\/§.
12 12 6

5




3 T Sm 13n 27

- a——=—+k2m o=—+k—
<:>—200s[30t—ZJ=\/§<:> 4 65 & 33 ; keZ

3a-2=-2T Ko a=——C kX

4 6 36 3

Viae[O;Zn]:az 1375,3711’617:’1711’4111’6575 '
36 36 36 36 36 36
Vay hé phuong trinh c6 sdu nghiém

) 13 37n 61n 17n 41n 657
(x;y)z(sma;cosoc),oc: , , , , , .
36 36 36 36 36 36

Nhan xét. D€ gidi phuong trinh \/E(sinoc —Cos oc)(l +4sinocos oc) = \/5 ta c6
thé thuc hién cdch khic nhu sau:

sino—coso +2sinasin2o —2 cososin 2o =7.

<> sino —cosaL + cosoL — cos3o —sin3o —sino =

l\)‘| N

. J6 n) 3
<:>cos3a+sm3a=—7<:>cos 3a0—— | = 5

x(l—yz):Zy
y(l—xz):2x

Loi gidi
Cich 1: Nhan thdy x =+1,y =+1khong théa man hé phuong trinh:

Bai 4. Gidi hé phuong trinh

X = 2y >
Xét x,y # +1khi d6 hé phuong trinh twong duong véi: 4 Y .
2X
y =
1-x?
5 T T . . % o1
bit x=tana,y =tan B,(oc,ﬁ € (_E’EJ\{iZH hé phuong trinh trd thanh:

2tanf

k+21
1-tan’ B {tanaztanZB {oc:2B+kn “=- T
= = =

3
2tana tan} =tan2a B=2a+In o 1+2k

B=- T
1—tan’a 3

tano =

tanP =




Via Be[—g g]\{ig}:(k;l)z(O;O),( 11):(1-1).
Suy ra (x;y)=(0; 0);(—@;@);(@;—@).

Viay hé phuong trinh c6 ba nghiém la x;y) = (0;0);(—\5;\5);(\5;—\6) .

Cich 2: Pay 1a mot hé d6i xing loai Il nén trir theo v€ hai phuong trinh ctia hé
ta dudc:

x—y—xy2 +yx2 =2y—2x®3(x—y)+xy(x—y)=0.

X=y
S (x-y)xy+3)=0<= .
(xa)3)=0
Xét ting trudng hgp thay ngudc lai hé ta c6 két qua tuong ty trén. Chd ¥ véi
trudng hdp xy =-3ta can cdng theo v& hai phuong trinh cia hé dwa vé hé
mdi dang d6i xting loai I dé xt 1y hon(hoic c6 thé thyc hién phép thé)
X (1 - y2 ) =2y

y(1—3x2)=3x—x3‘

Bai 5. Gidi hé phuong trinh

Loi gidi
Nhan thdy y=+1,x =

*5 khong théa man hé phuong trinh.
3

1—
Xét y#=xl,x# i% khi d6 hé phuong trinh tudng dudng véi: y
3

C1-3x2
T T

bit x=tano,0 € [_E 5] {i%} hé phuong trinh trd thanh:

t = 2)’
ana—l_ 2 2y 2tan3a
y tano = > tano. =——
2 -y < 1—tan? 3o -
tana(3—tan o

)@
y= y:tan3o@ y=tan3a
1-3tan’ a




T T T
{tanoc =tan6o  |o= kn O‘E[_?EJ\{J‘?} { 2 m
= = < ae —;0

y =tan3a y = tan3a

Viay hé phuong trinh c6 nim nghiém la:

(x;y) = (tanoc;tan3a),a {—%;—%;0;%;%}

x2—y? =1

Bai 6. Gidi hé phuong trinh .
{4)(3 + 4y3 = 3x2y + 2\/§xy +2x

Loi gidgi
Tir phuong trinh thi nhit ciia hé suyra x> =y> +1>1= ‘x‘ >1.
, 0L e[O;n]\ I = y=tana.
2
Phuong trinh thi hai cia hé trd thanh:

3 2\/5
+4tan” o = tano + tano +
cos’ a cos o cosa cosal

bit x=
cosa,

<:>sin3oc+\/§sin20c+0052a=3<:>sin3oc+2sin(2a+£}=3.

sin3o =1
2 1

(xe[O;n] T
<> . T ==X ===y =—F.
s1n(2a+g]:1 6 J3 3

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (i,Lj :

—\2442-42
Bai 7. Gidi hé phuong trinh 4 V" Y
y=\2+V2-+v2+x

Loi gidgi
Diéu kién dé hé phuong trinh c6 nghiém la:

X,y 20 0<x<2
f— .
Jx+2<2,\y+2<2 7 |o<y<2

Néu x>y:>x—y:\/2+\12—«/2+y —\/2+\/2—\/2+x <0vd ly.




Néu X<y:>x—y=\/2+\l2—\/2+y —\/2+\/2—\/2+x >0vo ly.
Viy x=y o x=y2+v2-+v2+x .

bit x =2cosa,o € —E;E .
22

Khi d6 phuong trinh trg thanh:

2cost=\/2+\/2—\/2+2005t ®2c0st=1/2+,/2—200s,%.
.t n ot
< 2cost=,/2+2sin— < 2cost= (2| 1+cos| ———||.
4 2 4

Tt t=———+k2n t=2—n+k16—7E
<:>2cost=2cos[z—§]<:> 48 & 92 916
t——E+£+k2n t=— 7n+k7n

Vite {—g,g} =t 22771;’_2771: (x;y) = (2cost;2cost),t = {%,—2—75}

Vay hé phuong trinh c¢6 hai nghiém la (x;y) = (2 cost;2cost),t = {?,—— .

Nhin xét. Ta c6 thé tdng quit cho n ddu cin:

X=\/2+\/2+...+m
Y=\/2+\/2+...+m

(n diu cin).

(\/x(l—y)—\/y(l—x))(3+\/§)=\/g+\/g‘
(Vv 4 1=x)(1=9) (1443) =2x 442y

Bai 8. Gidi hé phuong trinh

Loi gidi
biéukién: 0<x<1,0<y<1.

Nhan thdy x =y =01a mdt nghiém ctia hé phuong trinh.
Xét x>0,y >0khi d6 dit \/; = cosa,\/; = cosb,[a,b IS {O,gn

Hé phuong trinh trg thanh:




[eostal1=cost ] - foos*1-cos*a] |35 - Bleonrcomr)
[Voostacos? b +[1-cos?a)(1-cos?b) J(145) =2 cosa + cosb)

(3+\/§)sm \/E(cosa+cosb) (3+\/§)Sin(b_a):\/E(COS&J’COSb)
(1+\/§)cos \/E(cosa+cosb) tan(b—a)z—

& Aad 1
3

3+\/§)sin(b—a)=\/5(cosa+cosb) 3+\/§:2\/§cosa+bcos£

- PN 2 12

a=
b-a=—
6
azl 1+c0s 2+\/‘
12 —cos—:
= & 12 2
T
b:— T \/5
4 y =C08—=——
4 2

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (0;0);( 5

«/2+\/§.£]
|

x+3y2—2y=0

36(xvx +3y7) -27(4y? =y )+ (23 -9V =1

Bai 9. Gidi hé phuong trinh {

Loi gidi
biéu kién: x>0.

Hé phuong trinh da cho tuong duong véi:




(\/3—x)2 +(3y-1)" =1
36xx/;+(2 3—9)J§+4(3y—1)3 —3(3y—1)=0.

Pit V3x =sina (€[ 0;m]) khi d6 phuong trinh thit hai cia hé trd thanh:
3y—-1=cosa

36sin® a (2\/’ )Sln +4cos’ a—3cosa=0.

N 3

= 4\/§sin a—3\/§sina+00530c =-2sina .

3sin3o —cos3o =2sino < sin(3oc—%] =sina .

T
30 6 a+k2m 1 +kn ae 0; | n Tn 197n
= = ——ds0e{—,—,—.
T n  kn 12 24 24
3o——=n—-a+k2n o=—+—
24 2

sinZa 1+ cosa n 7n 197
Suy ra (X;y)z ; ,LES—,—,—¢.
3 3 12 24 24

Viay hé phuong trinh c¢6 ba nghiém Ia:

sina 1+ coso n 7t 197
(X,Y): 5 ey —,—,— -
3 3 12 24 24

C. BAITAP REN LUYEN

x2+y2:1

Bai 1. Gidi hé phuong trinh § 2x2 + 3y ++/3 (2xy -3x)

4\/§X)/ -3

Loi gidi

Cich 1: biéu kién: xy # 73

Pit {X ~% 0 e[ 0:27|khi d6 phuong tinh thet hai ciia hé G thanh:
y =cosa

2sin? oc+3cosoc+x/§(sin2a—3sina) =2x/§sin20c—3 .



<:>cos(2a+2?n}r3cos[oc+§j+2=0.

T
cos[oc+— =—1
3j
& 2cos’ oc+E +3cos oc+E +1=0< .

3 3 nj

oczz?nJran
OL+£=7t+k27t T
= = oc:§+k2n .

i 2n
R T
oc+3 3 +k2n o= -4+ K27

Do ae [0;275] =oe {E;E;n} .
3°3

Vay hé phudng trinh ¢6 ba nghiém (x;y) = (sina;cosa),a € {z?n;g;n} .

Cich 2: Vi€t phuong trinh thit hai cia hé dudi dang:
(V3 -2x)(x— 3y ~3) 0.

Xét trudng hgp thay vao phuong trinh thit nhat cia hé ta ¢6 két qua tuong ty.

x2+y2=1

Bai 2. Gidi hé phuong trinh l-
(3x —4x° )(3y — 4y3 ) = —5

Loi gidi

Pt {X - sma (e[ 0:2]) phutong trinh thi hai ciia hé trd thanh:
y =cosa

1 1
(Z%sinoc—4sin3 OL)(3COSOL—40083 (1) = —5 < sin3ocos3a =5 .

<:>sin6a=1<:>oc=l+k£.
12 3

13 177 7
Do ae[0:2n] = o e L, 28,30 1 I7m Tr |,
1212 4 12 12 4

Vay hé phuong trinh ¢6 5 nghiém la:



(x;y)=(sinoc;cosa),ae{i;s—n;?’_n;l?’_n;”_n;ﬁ}_
1212 4 12 12 4

x2+y2=1

Bai 3. Gidi hé phuong trinh .
P s 3(x+y)—4(x3+y3):x—y

Loi gidgi
X =sino e o a1
bit ,(oc IS [0;27:]) phuong trinh thi hai cia hé tr§ thanh:
y =cosa
. .3 3
3(s1noc+cosoc)—4sm a—4cos’ a=sinc —Ccosa..

. . ) T ) o
<> sin3o —cos3o =sino — COSOL <> sin 3OL—Z =sin oc—Z .

3a—§=a—£+k2n o=km
= = 3 -
T Sm a=—+k—
30 ——=——-0a+Kk2% 8 2
4 4
Do ae[O;Zn]:ae 0;n;2n;3—n;7—n;&;15—n .
8 8 8 8

Viy hé phuong trinh c6 biy nghiém la

(x;y) = (Sina;cosa),a € {O;n;Zn;%;%;%;%} _

x2+y2=1

Bai 4. Gidi hé phuong trinh \/5(3)( 43 ) +3y -4y’ =2

Loi gidgi

bat {X -sma ,(oc e [0;27:]) phuong trinh thd hai ciia hé tré thanh:
y =cosa

\/3(3sin(x—4sin3 oc)+3cosoc—4cos3 a=2 \/gsin3oc—cos3oc =2.

& sin 3oc—E =1<:>3a—£=£+k2n<:>a=2—n+k2—n.
6 2 9 3
Do ae[0;2n]:>oce 2_7'5;8_71;14_15 .
9 9 9

Viay hé phuong trinh c¢6 ba nghiém Ia:



(x;y) =(sina;cosa),a € {29—71,%,1%5}

x2+y2=1

Bai 5. Gidi hé phuong trinh
y(x—2x3)(8y4 —8y2 + 1) =

l .
4

Loi gidi

Pit {X - smd (e €[ 0:2]) phutong trinh thi hai ciia hé trd thanh:
y =cosa

4cosoc(sin0L—25in3 (1)(80084 o —8cos’ oc+1) =1.

T T

1 o=—+k—

< sindocosda=1<sin8o =— < 48 4.
2 S5n T

o=—+k—

48 4

x2+y2=1

Bai 6. Gidi hé phuong trinh .
4xy—8x3y+8y4 —8y2 +1=x+y

Loi gidi

biat {X -sma ,(oc e [0;27:]) phuong trinh thd hai ciia hé tré thanh:
y =cosa

4cos0c(sinoc—2sin3 oc)+8czos4a—8cos2a+1=sinoc+cosoc.

. . . T ) o
< sinda + cosdo =sinol+ cosoL < sm(4oc+zj = s1n(oc+zj .

40c+£zoc+£+k2n oc=k2—TE
- 4 . 4 PN 3 =
40+2=""_ g iKon o=l kT
4 4 10 5

2 2
1
Bai 7. Gidi hé phuong tinh 4~ Y .
4xy — 8x3y + 8y4 - 8y2 =0

Loi gidi

Pit {X - simd (e[ 0:2]) phutong trinh thit hai ciia hé trd thanh:
y =cosa




4cosoc(sina—2sin3 a)+800s40c—800s2a =0.

n 1 a=k=
<:>sin4a+cos4oc—1=0<:>sin(4oc+ZJ=T<:> .
2 a="4kE

2, .2
+y =1
Bai 8. Gii hé phuong trinh |~ 7 :
4\/§y—8\/§x3y + 8y4 —8y2 =1
Loi gidai

Pit {X - smd (e €[ 0:2]) phutong trinh thit hai ciia hé trd thanh:
y =cosa

4\/§cosa(sinoc—25in3 oc)+8c0s4 a—8cos’a=1.

< 3sin4a + cosda =2 < sin 40c+E =1<:>0c=£+k£.
6 12 2
X2+y2=1
Bai 9. Giai hé phuong trinh
phiens (16x4—20x2+5)(16y4—20y2+5)=i
Xy
Loi gidgi

biéu kién: xy #0.

paty 0 ae[0;2n]) 0727 %2 L | phtong trinh thit hai cia hé & thanh:
y =cosa 2°2
1
(16sin4oc—20sin2oc+5)(16cos4a—200052a+5)=_—.
sinocosa
T I
| o=—+k—
& sindacosda =1 sinllo =— < 60 5.
2 e e
oa=—+k—
12 5
X2+y2=1
Bai 10. Gidi hé phuong trinh .
phiens 16x4—20x2+16y4—20y2+10=l+l
Xy
Loi giai

biéu kién: xy #0.




paty 0 ae[0:2n ]\ 0727 %2 L | phtong trinh thit hai cia hé & thanh:
y=cosa 22

1
- + .
sino.  cosa

(16sin4 o —20sin> oc+5)+(l6cos4 o —20cos> oc+5) =
& sinSo+ cosSa =sina + cosa

T
a=k—
) b ) i 2 .
&sin| Sa+— |=sin| a+— |<&
4 4 i T
=—+k—

o=
12 3

+1-y* =1
Bai 11. Gidi hé phuong trinh | Y :
y+vVl- 2 :\/5

Li gidi

bat {X - cosa ,(a,b e [O;R:I)hé phuong trinh da cho trd thanh:
y =cosb

cosa+\/1—coszb =1 <:>{C05a+sinb:1
cosb+v1-cos?a =3 cosb+sina =13

Nhan chéo hai phuong trinh ctia hé ta dugc:
\/g(cosa+sinb) =sina+cosb < \/gcosa—sina = cosb—\/gsinb.

, N a+E-b+lik2n
@cos(a+gj=cos(b+gJ© 6 3 .

a+Z=-b-Z4iKk2n
6 3

Do a,be |:0;TE:| = a—b=—thay vao phuong trinh thi nhat ciia h¢, suy ra:

ala

y:

o[

T i 1

a=—,b=—=x=—,
3 6 2

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = {%,g] .



X =
2
Bai 12. Gidi hé phuong trinh .
y_l—x2
1+x2
Loi gidgi
bit x=tana,o € [—g,g] hé phuong trinh trd thanh:
2
tano = y2 1-y? sin” 20
I+y tano = 3 tano = ————
, < l+y° < 1+cos™ 2a -
1-tan” o _
y=—— y:cosZa y—COS2(X
1+tan’ o
2
1-tan’ o ( 2tana jz
1+ ————— | |[tana=| ——
= 1+tan’ o l+tan’a) -
y =cos2a
tano =0
tana =1
=
1 2 17+3433
tano=——— +
I R17+3433 3
y =cos2a
x=0,y=1
& x=1Ly=0
1 2 J17+3433
X=y=——-— +
3 331743433 3

Viy hé phuong trinh c¢6 ba nghi€ém la:




1 2 73 ) 2 174333

3
- +
AY

(x;y):(O;l);(l;O); —g—3m \/_3T 3 3317+3\/£

k‘

Bai 13. Gidi hé phuong trinh

Loi gidi
Nhin thiy néu (xo;yo)la nghiém ctia hé phuong trinh thi (ixo;iyo)cﬁng la
nghiém clia hé vay ta chi cAn xét cdc nghiém khong Am sau d6 14y *ta s&
dudc day di nghiém cda hé.

YT R (a.b [ 0:])khi d6 h¢ phuong trinh trd thanh:
y =sinb

=sinb=1-sina=1-cos*b.

2

sinb =1-sin’a

sin®a =1-sin’b sina =cos’ b
=
sinb=cos” a

sinb=0
2 .
<:>sinb=1—(1—sin2b) (Ossinbsl e p =1

J5-1
2

sinb =

Vay hé phuong trinh ¢6 bay nghiém:
Js-1\5-1)(5-11-+5

(x;y)=(0;1);(0;—1);(1;0);(—1;0){ ST [T )

{—\/§+1.\/§—1J.[—\/§+1.—\/§+1J

2 2 12 T2

x\/l—y2 +y\/1—x2 =1
(1-x)(1+y)=2 '

Li gidi

Bai 14. Gidi hé phuong trinh

Cich 1: biéu kién: -1<x,y<1.

bit *= s?na, a,be Lz hé phuong trinh trg thanh:
y =sinb 22




sinacosb +sinbcosa=1 sin(a+b):1
(1-sina)(1+sinb)=2 - (1-sina)(1+sinb)=2"

T
. n atb=T a+b:E
a’be[—g;g} a+tb== 2
«——— > 2 = Sma__lc> . T .
(1—sina)(1+cosa)=2 B )
cosa=1 a=0

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (0;1) .
Cich 2: Nhan thdy x =1khong théa man hé phuong trinh.

Xét x # 1t phuong trinh thit hai cia hé ritra y = 2 —1=2 *l .

Thay vao phuong trinh th nhit cda hé ta dudc:

5 +X+1\/1—x=1:>xSO.
(x—l) 1-x

< —4x +X+1\/:=x —4x x+1 x+1

+ <
(x—l)2 1-x (x—l)2 VI-x  +I-x
DA4u biing x4y ra khi va chi khi x=0=y=1.
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (0;1) .

<x+1<1,vVx<£0.

y(l—?axz)z?yx—x3

Bai 15. Gidi hé phuong trinh .
X(1—3y2) =3y—y3

Loi gidi
Nhin thdy x = J_ri,y = iikhéng thda man hé phudng trinh.
373

_3x- x>

. 1 Lo . - 1-3x>
Xét x # iT,y # +—=khi d6 hé phuong trinh tuong duong véi: 5

3 3 3y-y
X=———

1—3y2




Dit x=tana, o € [—g;g]\{i%} khi d6 hé phuong trinh trd thanh:

3tana —tan’ o
Y=—""> kn
1-3tan” o y =tan3a o=—
= =
3y—y3 tano =tan9a
1—3y2

Viae —E;E \ iE =o€ —3—71;—2;—2;0;3;2;3—7E .
22 6 8 4 8 84 8

Viy hé phuong trinh c6 biy nghiém la

(x;y) = (tanoc;tan3oc),oc € {_S_R;_E;_g;o%;g;%}'

tano =

Bai 16. Gidi hé phuong trinh {” X+2x0 =3y

x2—y?=—1

Loi gidgi
Nhan thdy x =0,x = i% khong théa man hé phudng trinh.
3

I N T L
Xét x #0,x #+—=Kkhi d6 tir phudng trinh th nhat cua hé ta c6:
3

3

3x—x
X—y= =>x-y=#0.

1-3x*
bit x=tano,a € —E;E \ iE;O suy ra X —y =tan3a .

22 6
TU phuong trinh thi hai ctia hé ta c6:
x2—y2=—1®(X—y)(x+y)=—l<:>x+y=— !
X-y
2
:>X:x+y+x y_X-y_ 1 _tan 3a 2=—cot60c
2 2 X—y 2tan3a

T T 3n. ©m_ 7w 3¢n
Suyra tana=-cotba = oa=—+k—=0eq——;——;—;—.
10 5 10 10 10 10




Vay hé phuong trinh ¢6 bdn nghiém la

(x;y)z(tana;tana—tan3a) ae{—ﬁ —E B E

2 2
+4y° =1
Bai 17. Gidi hé phuong trinh { =~
16x5 —20x° + 5% + 512y° —160y> +10y ++/2 =0

Li gidi

Pat{ "% ae[0;2n]phuong trinh the hai cda h¢ td thanh:
2y =cosa

(16sin5 o, —20sin’ oc+55inoc)+(16cos5 a—20cos’ OL+5COSOL)+\/§=O

<:>sin5a+c055a=—\/§<:>sin[Sow%j:—l @a——z—gﬂq% keZ.

Do (XE[O 2n]:>a T 131 21n 297 37n
4 20720720 20

Viay hé phuong trinh c6 nim nghiém la:

) cosal T 137'c 21n 29n 37x
(x;y)z sma;T e — —, === =

(x+\/x2+l)(\/y2+l—y)=l‘
4y3—3y=\/§

Bai 18. Gidi hé phuong trinh

Loi gidi
biéu kién: -1<x<1.
Tur phuong trinh thit nhat ciia hé suy ra x =y (xem chii dé k§ thuat st dung

tinh don diéu cta ham s0).

Thay y =x vao phudng trinh thi hai cia hé ta dugc: 4x3 —3x =/1-x% .

bit x =cosa,o € [O;n} phuong trinh trd thanh:

n kmn
a=—+—
8

4cos3oc—3cosoc:\jl—cos2oc < cos3a =sino < 2

a=—2ikn
4




|

Do ae[O;n]:ﬂxe{ %%}
5n

Viay hé phuong trinh c¢6 ba nghiém (X;y) = (cosa;cos oc) oe {g 37,—}

8
\/1+\/§=y(1+2 1—y2)
Jx —In(y+1)=+fy ~In(x+1)

Bai 19. Gidi hé phuong trinh

Loi gidi
Piéu kién: 0<x,y<1.

Phuong trinh thit hai cia hé tudng duong vdéi:

Vx+In(x+1)=1y +In(y+1) ().

Xétham s§ £(t)=+/t +In(t+1)trén [0;400), ta c6:

f'(t) = L+L >0,Vt>0nén f(t)la ham dong bi€n trén [O; +oo) )
Wt t+1

Dodé )= fx)=f(y)ox=y.

Thay y = x vao phuong trinh thi nhit cia hé ta dugc:

V1+V1-x2 =x(1+2 1—x2j.

Dit x =sina,a e {o;ﬂ khi d6 phuong trinh trd thanh:

\/1+\/1—sin2a =sina(1+2\/1—sin2aj<:> 1+cosa =sina(1+2cosa).

o .30 o 2 “{05} T
2 cos— =2sin—cos— < ——— = saE—;—¢.
2 2 3 6 2

Viay hé phuong trinh c6 hai nghiém (x;y) = (l lj (1 1)

Bai 20. Gidi hé phuong trinh

\/3X 2y+\/2x \E—\/;




Léi gidi
Diéu kién: x,y >0,3x -2y >0,2x -y >0.
Nhan thdy x =y = 0khong thda mdn hé phuong trinh.

Xét x* + y2 > 0 phuong trinh thi hai ciia hé tuong duong véi:

(V3x =2y —\2x =y )+ (Vx -y ) =0.

< oy + Xy
\/3x—2y+\/2x—y \/;+ y

=0.

! ! =& X=Yy.
<:>(X_y)[\/3x—2y+\/2x—y—ir\/;+\/§J_0 g

Thay y = x vao phuong trinh thi nhit cia hé ta dugc:

3
3
2(3x5—10x3+3x)\/x2+1=(x2+1) o ! bx _4( 2x j

\/X2+1_1+X2 1+x2

bit x =tana,a e {O;gj phuong trinh trd thanh:

. . T
coso = 3sin20 —4sin’ 20 < coso = cos(——6a]

n 2n .
e=% 57 w0l (1 s se
= o ey—,—,— .
s 2n 14 14 14
a=—-k—
0 5

Vay hé phuong trinh da cho c6 ba nghiém la:

(x;y):(tana;tana),ae{%,f_;‘,f_j}.

_ 2
Bai 21. Gidi hé phuong trinh {\ ™ 5~ 1-2y

4x° —y3—6><2y+?>xy2 +3x-3y=0

Loi gidi
bieu kién: —1<x<1,1-2yV1-x >0.




Phuong trinh thit hai ciia hé tudng duong véi:
(2){—y)3 -I—?>(2—y)=y3 +3yo2x-y=yex=y.

Thay y = x vao phuong trinh thit nhi't clia hé ta dugc:

1-2xv1-x2
2

=1-2x>.

bit x =cosa,o € [O;n} phuong trinh trd thanh:

\/l—Zcosonll—coszoc 2 1-sin2a

=1-2cos” o< =—cos2a
2 2
T 3n
cos2a <0 ZSOLST
<14 1-sin2a 2
=cos” 2a 1—-sin2a 2
=cos” 2a
Eea<dl P
- R $27 2
S<l-sin2a=0 < ; = .
e
2(1+sin2a)=1 |o=— | __N27V3 __\2-V3
12 > Y 2

Vay hé phuong trinh ¢6 hai nghiém la:

o[ L) 2B -3
B FEN T

\/1—x=2y2—1+2x\/l—y2

Bai 22. Gidi hé phuong trinh .
(x+\/l+y2j(\/x2 +1 —yjzl

Loi gidi
biéu kién: x<1,-1<y<I1.
T phuong trinh th¢ hai clia hé suy ra y=x(xem chi dé hé phuong trinh
chira cén thifc).

Thay y =x vio phuong trinh du ctia hé ta dugc: v1—-x =2x* —1+2xV1-x> .



bit x =cosa,o € [O;n} phuong trinh trd thanh:

v1—-cosa =200s20c—1+20050c\/1—cos2 a.

. sin2o + cos2a >0 ae[o;n] 3n
< +/l—cosa =sin2a + cos2a < «——— >0 =—.

1—cosa=1+sin4a 10

Viy hé phuong trinh c6 nghiém duy nhat (x;y) = (cosi—g;cosﬁj .

10
2y3 +2xVl-x =3VJ1-x -y
y=2x2—1+2xyx/1+x ‘

Bai 23. Gidi hé phuong trinh {

Loi gidi
Piéu kién: -1<x<1.

Hé phuong trinh da cho tuong duong véi:

3
2y3+y=2(\/1—x) +4/1-x {yzxfl—x
= ) \/_
y=2x2—1+2xy [l +x y=2x" —1+2xyv1+x
y=+1-x
= .
Vi—x =2x% =1+ 2xv1-x* (1)
Dé gidi phuong trinh (1) thyc hién tuong tu bai todn trén tim dugc nghiém

ctia hé phuong trinh.

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (Cosi—g;\/zcosz—;j .



Chd &5 15. KY THUAT HE SO BAT PINH
A. NOI DUNG PHUONG PHAP

DANG 1: HE SO BAT PINH LA HANG SO

A=F(x,y)=0 ()

B=G(x,y)=0(2)

Khi d6 14y a.(1)+b.(2), (trong d6 a,b 1a cdc hiing s6 dudc xdc dinh sau) ta

Phuong trinh c6 dang {

dudc mot phuong trinh va muc dich cla ta 1a dwa phuong trinh d6 vé dang
tich(hay phan tich dudc thanh nhan t). Thong thudng 1dy a=1 hoic b=1.
Né&u F(x,y) bac caohon G(x,y) khi dé 18y (1)+k.(2) .

Thong thudng viéc diing hé s6 bat dinh muc dich ching ta huéng t6i 1a dua

vé cdc déng thic ¢6 dang sau:

Dang 1: oc(mx+ny)2 +B(mx+ny)+k =0 .

Dang 2: (x + a)3 = (y + b)3 hodc (ax + b)3 = (cx + d)3

Dang 3: (x + a)4 = (y + b)4 hodc (ax + b)4 = (cy + d)4.

Cha y:
- Heé phuong trinh bac hai gidi dugc bing phuong phdp hé s6 bat dinh.
- Né&u trong hé phuong trinh ¢6 da thiic bic cao nhat 1a bac 2 ta nghi dé€n
dang 1, n€u da thic cao nhit 12 bac 3 ta nghi dé€n dang 2 va néu da thic bac
cao nhat la 4 ta nghi dén dang 3.
- N&u cé hai phuong trinh ctia hé déu vi€t lai dugc thanh phuong trinh bac
hai clia x hodic yta thi cho cdc hé s6 clia hai phuong trinh ty 1& véi nhau
(xem dang 2).
- Han ch€ cda phuong phdp nay 12 viéc dong nhit hé s6 dé tim cdc hé so
ba't dinh & trén lai dua vé gidi mot hé phuong trinh nhiéu 4n, cic budc tinh
todn phai hét sifc cin thin va nhu vy viéc gidi bai todn bing phuong phip
nay lam ngudc lai tu duy gidi hé.

DANG 2: HEt SO BAT PINH LA BIEU THUC CHUA BIEN

A=AKXy)=0

B=B(x,y)=0

Trong d6 A(x,y) c6 bac cao hon bac cia B(x,y). Trudng hgp hé s§ bat dinh

H¢ phuong trinh ¢6 dang {

12 biéu thitc chita bién tic ta 14y A + p(x,y).B, (véi p(x,y) = ax + by + ¢ hoic



px,y) = ax’+ by2 + cxy +d ) muc dich la dua phuong trinh A +p(x,y).B=0
phan tich dugc thanh nhén ti.
Budc 1: Tim tAp nghiém clia phuong trinh it nhat 12 hai cip nghiém phan biét

chﬁng han la (x;y)z(m;n);(p;q) .
Viéc tim nghiém nay bing cdch thir cic gid tri dic biét clia 4n nhu
O;il;il;i2¢3;...

2
Budc 2: Xdc dinh mdi lién hé giita hai nghiém d6 bing cdch xdc dinh
phuong trinh dudng thing di qua hai diém trén la:

A:(n—q)x—(m—p)y+mq—np=0 .

Muc dich ctia ching ta 1a phin tich phudng trinh A + p(x,y).B sao cho cé
nhéntﬁ'chung(n—q)x—(m—p)y+mq—np .

Budc 3: Thay x=2~P, M4-0p hodc y= 179,047 30 hai
n—d n—q m-—p m-—p
. . A=A1(x,y)
phuong trinh cua hé ta dudc .
B=B,(x,y)
Khi 46 biu thifc chifa bign(hé <& bit dinh & dav 1 A (x.y)
i d6 bi€u thic chira bi€n(hé so6 bat dinh ¢ day) 1a p(x,y) = _ﬁ .
1%y

Uu di€ém: Bai todn c6 thé gidi theo rat nhiéu cdch véi mdi hé s6 p(x,y) xic
dinh ta c6 mdt cach.
Han ch€: Phuong phdp nay yéu cau chiing ta phdi dodn trudc dudc it nhat hai
nghiém ctia hé va d&é mic sai [am trong khi tinh todn.
Trong chii d& nay dé cip lai 1 s& hé phuong trinh bic hai hai 4n dang tdng
quat da bi€t c4ch gidi trong chli chuong 1 hodc chii dé 1 trong chuong 2. Vé6i
hy vong cung ciAp cho ban doc nhiéu huéng ti€p can khdc nhau véi mot bai
todn hé phudng trinh.

B. BAI TAP MAU

Bai 1. Gidi hé phuong trinh
4x% 43X +3xy +y = o7
y+y 25

Nhan xét. DAy 12 hé phuong trinh bac hai hai 4n dang tdng quét ta dé dang
xtt Iy dudc bing k§ thuat dwa vé hé bac nhat hai 4n dé cip trong chd deé 1.
Duéi day trinh bay lai 15i gidi bai todn bing k§ thuat hé s bat dinh.



Loi gidi

x> + y2 1 =0 @®
Cich 1: Vit lai hé dudi dang 5

4x2+3x+3xy+y—§—2=0 2)

Lay a.(1)+b.(2) (trong d6 a,b 1a cdc hiing s6 x4c dinh sau) theo vé ta dugc

2,2 1 2 57
al x“+y“ " —— |+b| 4x" +3xy+3x+y——|=0 .

4b) > 3b 2 a 57
Sal| l+— +—Xxy + +b(3x+y)-———b=0.
K aJ a Y y} ( y) 5 25
Ta tim cdc hing s6 a,b thich hgp sao cho (Hﬂ)xz +&xy+y2 =k<3x+y)2,
a a

k=1
N k=1
diéu nay tuong duong véi 1+ﬂ:9<:> . Chon (a;b)=(1;2) va ta
a b=2a
3b 6
a
> 119 3X+y=%
dugc phuong trinh (3x+y) +2(3x+y)-—=0& .
se phuong rinh (3x+y)" +2(3x +y)-— "
3X+y=——
5
» 7 1A .
- Véi 3x+y=§ta ¢6 hé phuong trinh:
1
Wby=l  [y=to3 r=diy=t
X +y2=l 1Ox2—£ ﬁ=0 =£;y=i
5 25 25 25

- V6i3x+y= —% ta c6 hé phuong trinh:

17 17
3X+y=—— y=—-—-3x

15 5102 284 (vO nghi¢m).
X2+y2=— 10x> +—x+=—"=0

5 25



v he o (2 1) (12
Viay hé phuong trinh c¢6 hai nghiém la (x,y) —[5 ; 5}(25’25) .
(2x—y)2+(x+2y)2=1
Cich 2: Vi€t lai hé dudi dang 47
(2x—y)(x+2y)+(2x—y)+(x+2y)=2—5

Dén day dit 4n phu u=2x—y,v=x+2y va gidi bing phép thé&.
» . Azalx2+b1y2+clxy+dlx+ely+fl=O
Tong quat: Giai hé phuong trinh
B= a2x2 + b2y2 +e,xy +dyx+e,y+1f, =0
Ta cin tim hiing s& k sao cho A +k.B phan tich dugc thanh nhan ti.
Cich 1: Ta tim it nht hai cip nghiém cta phuong trinh(thong thudng l1a thi
thay cdc gia tri +2,£1,0 vao hai phuong trinh ctia hé) gid s hai cdp nghiém
doé la (X;y) =(m;n);(p;q) .
Khi d6 dudng thdng di qua hai diém nay la:
A:(n—q)x—(m—p)ermq—np:O .
Goi (a;b) 12 mot diém nim trén A khdc hai diém trén.
. 2, . N N A X A N N Al
Khi dé tai (x;y)z(a;b) thi A=A ,B=B, vahésd k cantimla k =—B— .
1

Ap dung vao bai todn trén ta bi&t hai nghiém la g,l ; E,i nén dudng
55)\2525
o D2 oo 7
thang di qua hai diemnayla A:3x+y e
Lay diém A 0:2 | A khi 6 A, :ﬁ,B1 — 2 k-2
5 25 25

Nhu vdy vdi mdi cdch 1dy di€m A ta lai c6 mot gid tri cia k va dua bai
todn dén rit nhiéu cdch gidi.

Cach 2: bit a=a, +kaz,b=b1 +kb2,c=c1 +kc2,d=d1 +kd2 va e=e, +kez,f=f1 +kf2
Khi do k(k # O) l1a nghiém ctia phuong trinh sau:
(cd —221(3)2 =(02 —4ab)(d2 —4af)

Hodc dudc rit gon thanh: cde +4abf = ae? +bd? +fc? .



bay 1a phuong trinh bac ba d6i véi k nén ludn c6 nghiém do d6 hé phuong
trinh trén ludn gidi dudc bing phuong phdp hé sd bat dinh(mdt trudng hop
dic biét clia hé nay di dugc ban & hé ding cap).

(x—y)2+y=3

Bai 2. Gidi hé phuong trinh .
x2 +2xy—5y2 -5x+13y=6

Loi gidi
Hé phuong trinh da cho tuong duong véi:
{ x2+y2—2xy+y—3:0(1)
x? +2xy —5y% —5x+ 13y —6=0 (2)

Thit cdc gid tri dic biét ta tim dugc hai nghiém ciia hé 1a (X;y) = (1;2);(3;3).
Pudng théng di qua hai diém nayla x -2y +3=0.
Lay diém A(—3;0)thu©c dudng thdng trén.

o y A
Khi 6 A, =6,B, =18h¢ & bat dinh cin tim Ia k=——1=——.
1

. 1 .
Viylay (1) —5.(2) theo vé ta dudgc:

x2 .4-312—2)(y+y—3—%(x2 +2xy—5y2—5x+13y—6)=0.

. —2y+3=0
@§<2x—4y—1)(x—2y+3>:°©BX_L—l:o'

TH1: Néu x —2y +3=0khi d6 ta c6 hé phuong trinh:

x=2y+3=0 - x=2y-3 @{le,yzZ
(x=y) +y=3 " |(y-3) +y=3  [x=3y=3

TH2: N&u 2x —4y —1=0khi d6 ta c6 hé phuong trinh:

1 /

- 3 15

2x—4y-1=0 X_2y+5 x=———-VI5y=-1-—
2 2

2 = 2 .
_ - 1 J

Vay hé phuong trinh ¢6 bon nghiém la:



(x:¥) :(1;2);(3;3){_%_\/E;_l_@}{—%+JE;—H@J .

Céch 2: Pua vé hé ding cap

o ju=x-1 x=u+1
bit = .
v=y-2 y=v+2

Khi d6 hé phuong trinh trg thanh:
(u=v=1)"+v+2=3
(ws1) +2(ur1)(v+2)=5(v+2) =5(u+1)+13(v+2) =6
@{u2+vz—2uv=2u—3v‘
u? —5v* +2uv=>5v—u
TH1: Néu v=0khi d6 u=0=(u;v)=(0;0).
TH2: Néu v #0dit u=tvhé tr thanh:
Vz(t2+1—2t):v(2t—3) V(t2+1—2t)=2t—3
Vz(t2+2t—5)=v(5—t) V(t2+2t—5)=5—t .

Suy ra (t2+1—2t)(5—t)=(2t—3)(t2 +2t—5)<:>3t3 —6t> ~5t+10=0.

x* +8y? —6xy +x-3y—-624=0 (1)
21x% —24y? —30xy —83x +49y +585=0  (2)

Bai 3. Gidi hé phuong trinh {

Loi gidi
Liy (1)+k.(2) ta theo v€ ta dugc:
X% +8y? —6xy+x—3y—624+k(21x2 —24y? —30Xy—83x+49y+585)=0 .

V6i k 12 nghiém cta phuong trinh cde + 4abf =ae” + bd? +fc? .
VGi a=1+21k, b=8-24k, c=—6-30k,d =1-83k, e =—3+49k va f=-624+585k.



k=11/9
Vi vay (9k—11)(31k—1)(5265k—227)=0<:> k=1/31
k =227/5265
Vay theo cdch nay c6 ba cdch 1dy gid tri cia k va s& c6 3 cich x&t ly bai
todn theo huéng trén. Bai todn nay ta 1dy k =1/31 khi d6 ta dudc
52x% +224y* —186xy —52x —44y —18.759 =0 .
2x -4y +37=0

<:>(2x—4y+37)(26x—56y—507)=O<:>[26X_56y_507:0 :

J2X—y+2+4/x+2y—-3=3

2

Bai 4. Gidi hé phuong trinh s
X" -y —xy+9(x+y)=25

Loi gidi
Nhan xét. Phuong trinh dau clia hé chita ciin nén ta binh phuong hai v€ clia
phuong trinh dwa vé mot phuong trinh da thic bac hai cing dang v6i phuong
trinh thi hai cia hé.
N 2x—-y+22
Céich 1: Bigu kien | 2% Y220
x+2y-320
Khi d6 binh phuong hai v& phudng trinh thi nhat ctia hé ta dudc
3x+y—1+2{2x—y+2./x+2y—-3=9 .

2))(2x-y+2)(x +2y-3)=10-3x -y .

10-3x—y >0

{4(2X—y+2)(x+2y—3)=(10—3x—y)2 '

10-3x—y >0
<:>{)(2+9y2—6)(y—44x—48y+124=0 .

x*—y? —xy+9(x+y)-25=0 (1)

X% +9y? —6xy —44x —48y +124 =0 (2) '
Lay a.(1)+(2) theo v€ ta dugc:

Viy ta c6 hé phuong trinh {

(a+1)x*>~[(a=6)y+9a—-44 [x+9y* +(9a—-48)y +124-252=0 (3) .

Ta s& tim hiing s6 a sao cho phuong trinh (3) ¢6 Deltal 1a s8 chinh phuong.



2
Tinh duge A, =| (a—6)y+9a—44] —4(a+1)(9y2 +(9a-48)y+ 124—25a)
=(a2 —24a)y2 +2(9a2 +70a+362)y +181a% —792a + 1440 .
DPé A_ 1a s6 chinh phuong ta can c6:

2
A =0e (9a2 +70a+362) —(a2 —243.)(181212 —792a+144o) -0 .

Nhép phuong trinh nay vao mdy tinh bo tinh va tim dugc nghiém a =% .

3x—4y-1=0

Suy ra
2x—y+1=0

3x—-4y-1=0

2

- Vé6i 3x—4y—-1=0 khidé tacé hé 5 .
X" -y —xy+9(x+y)=25

131-4/14.976 388 -3414.976
3X_1 = . =

= X ’y
pt Y 4 a4 5 20 .
5x2 4 262%x —437=0 <= 131++/14.976 Ly = 388+3+14.976
5 20
2x—y+1=0

2 2

- V6i 2x—-y+1=0 khidé6 tacé hé .
X" -y —xy+9(x+y)=25

2 B f— _H. _g.
-5x"+22x-17=0 X= 5,}’— 5

D6&i chi€u lai diéu kién ta c6 ba nghiém thda man la

17 39 [ 131+14.976 388+314.976
(xy)=(L3);| == |; : ; :

{Y=2x+1 x=Ly=3

5'5) 20
Cich 2: Ngoai phuong phdp hé s bat dinh nhu trén khi nhin vao phuong trinh

c6 chifa hai cin thi'c ma biéu thic trong cin c6 dang bac nhi't d6i véi hai

bi€n x va y néntacé thé dit An phu mé6i duwa hé vé dang :



_2u2+V2—1

_ [y _ X
Pit {u_ 2x Y+2,(u,VZO) khi d6 5
V:

thay ngugc lai hé

Jx+2y-3 2v2 —u? +8
Y=—TF"""—
5
2 bicn ddi i d u+v=3
va bién doi rat gon ta dugc .
u vt uivZ +8u2 +19v2 - 73=0

V:3—u V=3—ll
= = .
ut+6ud —18u®> —=7u+17=0 ( 2—1)(u2+6u—17)=0

Dén day di don gidn cdc em tim ra u rdi suy ra v tif d6 tim dugc nghiém clia
hé phuong trinh.

Nhan xét. DSi v6i hé phuong trinh ma phuong trinh ctia hé c6 chia cin thic
ta c6 thé binh phuong hai v& hoic dit 4n phu d€ dua vé hé don gian hon.
Qua bén bai toan trén ban doc tuw diic rit kinh nghiém cho minh nén si dung ky
thudt hé hé phwong trinh bac nhat hai an hay 1a hé sé bat dinh dsi véi hé
phirong trinh bdc hai hai an dang téng quat.

2)(+\/2—x+y—x2—y2 =1

Bai 5. Gidi hé phuong trinh
2x3 =2y +1

Loi gidi
Picukién: 2—x+y-x>—-y2>0.

Chuyén v& binh phuong hai v& phuong trinh dau cia hé ta dugc :

\/2—x+y—xz—y2 =1-2x

X<— x<—
Rt 2 Rt 2

2—x+y—xz—y2=1—4x+4x2 5x2+y2—3x—y—1=0
K&t hgp v6i phuong trinh thit hai clia hé ta dugc :
{5x2+y2—3x—y—1:0 0
2xP-2y*-1=0 (2)'
Ly (1)-(2) theo vé& ta dudc :



(Y—X+1)(2X2 +2y* +2xy-3x—y)=0

y=x-1
2x2+2y2+2xy—3x—y=0
TH1 : Néu y =x —1 thay vao phuong trinh (1) ta dugc :
552+ (x—1)" =3x—(x~1)-1=0 = 6x> ~6x +1=0
< 3-43 3+43
> X = =>y=— .
6 6
TH2 : N&u 2x” +2y” + 2xy —3x —y = 0 két hgp v6i phuong trinh (1) ta dugc

hé phuong trinh:
2x% +2y” +2xy —3x—y =0 3 ‘
X y xymox=y (day 1a hé bac hai tdng qudt da biét cach gidi
5x7 +y? =3x—y-1=0
xem chuong 1).

. . S | .
Hé phuong trinh nay c6 hai nghiém khong thoa man di€u kién x < 5 nén loai.

3—\5;_3%6}‘

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) =( c c

2(x+y)(25-xy)=4x> +17y> +105
Bai 6. Gidi hé phuong trinh { ( y)( y) Y .

X2+y2+2x—2y=7

Loi gidi
Viét lai hé phuong trinh dudi dang :
3{2—2y+x2 +2x=-7=0 (1)

(2x+17)y2 +2x? —25)y+4x2 ~50x<105=0  (2)

C4 hai phuong trinh ctia hé dugc vi€t lai dudi dang phuong trinh bac hai clia
y. Ta ¢c6 mot kinh nghiém nhd 1a thong thudng cho hé s& hai phuong trinh ty
1é v6i nhau dé tim nghiém.

Cho hé s6 cdc phuong trinh ty 1& v6i nhau ta dudgc:

2
2x +17 2(" —25) 4x% —50x +105
= = X =

1 -2 x> +2x -7
Thay x =2 vao hai phuong trinh clia hé trén ta dugc :




y2—2y+1:() 1
N =k=——.
21(y 2y+1):0 21

Lay (1) —%.(2) ta dugc :

(X—Z)(2y2 +2xy+ 4y—l7x—126) ~0

Xx=2
=4
2y +2xy+4y—17x-126=0

TH1 : N&u x =2 thay vao phuong trinh thit hai clia hé ta dudc:
44y° +4-2y-T=0y=1.
TH2 : N&u 2y” +2xy +4y —17x =126 =0 ta c6 hé phudng trinh :
[2y2+2xy+4y—l7x—126:0 (3)
24y  +2x—2y-T7-0 (4
Lay 3.(4)—(3) theo v& ta dudc :

3x7 +y* = 2xy+11x - 10y +105=0
2
= (X_ y+ 5) I +X+80=0 (phuong trinh v6 nghi€ém).
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2;1) .
Bai 7. Giai h¢ phuong trinh:

)<2+y2—x+y=l
2 ,(x,yeR).
— 6x2 kel

(x+y)(17—4xy)—6x + 8y + 5

Lo1 gidi
Viét lai hé phuong trinh dudi dang:

A=x2+y2—x+y—%:0 )
B=4x2(2y+3)+(8y2—34)x+21—18y=0 @)

L4y 2.(1)—(2)theo Vé ta duoc:

2(){2+y2—X+y—%j—[4x2(2y+3)+(8y2 —34)x+21—18y}:0.



=1-
& 2(x+y-1)(4xy+5x-y-11)=0 ny+5);_y—11=0'

TH1: N&u y =1-x thay vao phuong trinh thit nhit cla hé ta dudc:

x2+(1—x)2—x+(1—x)=%.

[

X=—

2

1 1

X =— y=5
ol -dx+2=0e| 2=

3 3

X =— X =—

2 2

__1

P72

TH2: N&u 4xy +5x—y—-11=0v6i x =ikh6ng théa man hé phuong trinh.

11-5x

. 1 » 2 A
Véi x # Zrﬁt dugc y = A1 thay vao phudng trinh dau cua hé ta dudc:

, (11=5x)Y  11-5x 1
x* + -X+ =—,
4x -1 4x-1 2

o 2x% (4x-1) +2(11-5x)" —2x (4x 1) +2(11-5x)(4x—1) = (4x—1)".
< 32x* —48x7 +12x% —116x +219 =0 (v6 nghiém).
Vay h¢ phuong trinh c6 hai nghigm 1a: (x;y)= L1n3. 1

. v v . 9 2 9 2 9 2 b 2 .
Nhan xét. Cau hdi ditra la tai sao ta tim dugc hai nghiém nhu trén. Cdi nay
dva vao kinh nghiém vi bai todn nay khong cho phép ta thé dé dua vé
phuong trinh da thic roi dung Casio tim nghiém.
C6 cdch tim nghiém nhu sau:

Tryc quan ta viét lai phuong trinh dau ctia hé trd thanh:



x—l <1

1Y 1Yy 2 -
X—=| +|ly+=| =1= &
2 2 1

+—<1 -
Y 2

IA
>
IA

IA
<
IN

e . 1 1 x
Thit thay cdc gia tri dic biét x =—5,x =0,x =§,x =1,x =%Vé0 hé ta dé tim

dugc hai nghiém trén.
Hé 56 bat dinh duoc tim nhu sau

A=x2+y2—x+y—%:0 (1)
B=4x2(2y+3)+(8y2—34)x+21—18y=0 )

1 1)(3 1 ’
Tim dudc hai nghiém 1a (x;y)=| —;— [;| —;—— |suy ra dudng thang di qua
: ghi¢ (y)[zzj(z 2jy g thing di g
hai diémnayla y=1-x.

Khi d6 thay y=1-xvao A va B thi ta c6:
A=x2+(1—x)2 —x+(1—x)—l=2x2 —4x+§
2 2

B:4x2(2(1—x)+3)+(8(1—x)2 —34jx+21—18(1—x):4x2 —8x+3.

2x* —4X+§ 1
Suy ra hé s6 batdinhla k=——=——— 2 - qjic ta thyc hién phép
4x% —8x+3

todn 1y (1) —%.(2) theo v€& hay 2.(1) - (2) theo v€ ta dugc:

Bai 8. Giai hé¢ phuong trinh:

105
(x+y)(25-4xy) ==+ 4 175’ (ny<E).

4x° +4y? +4x -4y =7

Loi gidi

Pit x = 3a2_1 Ly = 3b2+1 hé phuong trinh tré thanh:

—6b> +9b%> =6a° +14a-20 (1)
a®+b” =1 2)



Ta c6: (1) & 3b (3-2b) =(a—1)(632 +6a+20).
o 3(1—a2)(3—2b):(a—1)(6a2 +6a+2o).

6a +62+20+9—6b+9a— 6ab)

{63 +15a—6b—6ab+29=0"

—

a=1 x=1
+ THL:Nédu a=1e{ < 1
b=0 y=—
2
+ TH2: Néu 6a* +15a—6b—6ab+29 =0 (v6 nghiém) vi:
6a* +15a—6b—6ab+29>15a—6b—6ab+29>29-15-6-6=2>0.

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (1;%} .

Cach 2: T phuong trinh thi hai ctia hé ta dugc

2
2x+1) <9 [2<x<
(2x+1)2+(2y—1)2=9:>(x ) @{ =0
(2x-1)<9 —-1<y<2
Vi€t lai phuong trinh thit nhat clia hé ta dudc:
(4x+17)y2+(4x 25)y+4x —25x+%:0.

V€ trdi 1a mot tam thifc bac hai clia y v6i hé s6 a =4x +17 > 0nén dat gid tri
nhd nhittai y = ﬂ
2(4x+17)
Gi4 tri nhé nh4't bing
(4x2 - 25)2 —4(4x+ 17)[4); —25x+ 125J

4a 4(4x+17)

2x* —8x —9x% +160x - 145
2(4x+17)




2x* —8x® —9x% +160x — 145

2(4x+17) =0

Vay ta phai cé —
o (x- 1)(2x3 —6x% —15x + 145) >0,vx e[ -21].

1 . [x-1Z0
Sx=l=y=—Vi 3 5 ,VXG[—Z;I].
2 2x° —6x° —15x+145>0

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = [l;%j :
Cach 3: Tuong ty trén ta tim duge 2<x<1,-1<y<2.

Viét lai phuong trinh dau ctia hé du6i dang:
(x+y)(25—4(xy+x—y))=%+21y2 .

Thay 4(x - y) =7-4x> - 4y2 tlr phuong trinh thit hai cia hé vao ta dugc:
( 2 2 17 2
X+y) 18+4(x” +y” —xy —?+21y .
3 17,3 2
< 4x +18X—?+4y -21ly"+18y=0().

Xét ham s6 f(x)=4x" +18x—% trén doan [-2;1] va g(y)=4y’ —21y* +18y
trén doan [—1;2] tacod f(x)+g(y)<0.

DPiing thic xdy ra khi va chi khi x =1,y =% .
1

Vivay () < 1-
2

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (l;%j .

Bai 9. Gidi hé phuong trinh:

,(x,yeR).

{x2+y2+2xy—2x+y—9=0

2X+8+2x +1=4y> -3y +.2y -1




Loi gidi

biéu kién: x > —l,y > l
2 2

Viét lai hé phuong trinh dudi dang:
x2 +y2 +2xy-2x+y—-9=0
V2x+1 -2y —1+2x +8—4y? +3y=0

Cong theo v€ hai phuong trinh cia hé ta dudc:

V2x+1—4/2y —1+x> =3y> +2xy +4y —1=0.

Nhin thiy x = —%,y = % khong théa man hé phuong trinh.

Xét x # —%,y ;t% thyc hién nhan lién hgp dua phudng trinh vé dang tuong
duong:
Z(X -y+ 1)

m+\/ﬁ+(x—y+l)(x+3y—l):0.

<

2
& (x—-y+1 +x+3y-1|=0().
( ) V2x+1442y—1
Do xz—l,yzl nén:
2 2
2

>0;x+3y-120=>

2
+x+3y—-1>0.
V2x+1+42y -1 V2x+1+4/2y -1
Dodé )= x-y+1=0y=x+1.
Thay y = x +1vao phuong trinh thd hai cia hé ta dugc:

X2+(X+1)2+2X(X+1)—2X+(X+1)—9=0.

x=1 x=1Ly=2
S 4x*+3x-7=0 7= 7 3 (chi nghiém (1,2) thda
X:—Z XZ_Z,yZ_Z

man diéu kién).

Vay hé phuong trinh ¢6 nghiém duy nh?{t(x;y) = (1;2) .



Nhan xét: Cd s§ clia 16 gidi bai todn dua vao k¥ thuat hé sd bat dinh nhu sau:
Viét lai hé phuong trinh dudi dang:
A=x>+y? +2xy-2x+y—-9=0 (1)
{B=M—m+zx+8—4y2 +3y=0(Q2)
Nhan xét: Dy dodn 2x +1 =2y —1 <y =x + 1 khi d6
A=x?+(x 1) +2x(x +1)=2x+ (x+1) -9 =4x> +3x -7

B=2x+8-4(x+1) +3(x+1)=—4x> ~3x+7

Hé s6 bat dinh k = —% =1tc la ta thuc hién phép todn 18y (1)+(2) theo v€&

nhu 161 giai trén.

x> —y3 =35
2x2 +3y2 =4x -9y

Bai 10. Gidi hé phuong trinh {

Loi gidi
x> —y>=35=0 (1)
2x% +3y% —4x+9y=0 (2)
Liy (1)+k.(2) theo vé& ta dudc:

Cich 1: Viét lai hé dudi dang {

x> —y3 —354—1{(2){2 +3y2 —4x+9y)=0 .
3 2 3 2 _
& x” +2kx” —4kx -y’ +3ky” +9ky-35=0 (3) .
Ta s€ tim cdc hiing sd k,a,b sao cho (3)<:>(x+al)3 :(erb)3 .
a’-b’=-35 [k=-3
Khai trién dong nhi't hé s6 ta dugc < 3a =2k Sda=-2 .
3a’ = -4k b=3
Suy ra (X—2)3 =(y+3)3 Sx-2=y+3x=y+5.
Thay vao phudng trinh thi hai cia hé ta dugc:
2(y+5) +3y* —4(y+5)+9y =0

& 5y2 425y +30=0e | N4
y=-2;x=3

Vay hé phuong trinh c6 hai nghiém la (x;y)=(2:-3);(3;-2) .



Céch 2: Pit u=x+y,v=x-y da dudc nhic d€n trong chii d& dit 4n phu dang
tdng hiéu.

Bai 11. (VMO 2010) Gidi hé phuong trinh:

x* —y* =240
x> —2y3 =3(x2 —4y2)—4(x—8y) '

Loi gidi
x*—y*=240=0 (1)
X -2yd S3x2 4 12y2 +4x-32y=0  (2)
Lay (1)+k.(2) ta dugc:

Viét lai hé dudi dang {

x4 —y* —240+1<(x3 “2y3 3% 4 12y2 +4x—32y)=0 3)

Ta s€ tim cdc hiing s6 a,b,k sao cho (3) < (x+a)4 =(y+b)4 )
DPong nhat hé s6 ta dugec k=-8;a=-2;b=—4.
4 4 XxX=y-2
Suyra (x-2) =(y—-4) < .
yra (x-2)" <fy-4)* o 0
- V6i x=y—2 thay vio (1) ta dugc 8y> —24y* +32y+224=0 .

<:>(y+2)(8y2—40y+112)=0®y=—2:x:—4 .
- V6i x=6-y thay vao (1) tadudc y> —9y> +36y—44=0 .
<:>(y—2)(y2—7y+22)=0<:>y=2:>x=4.

Vay hé phuong trinh c6 hai nghiém la (x;y)=(4:2);(—4%-2) .

2 2
Bai 12. Gidi hé phuong trinh {" y© =xy+2y

2x° +3xy2 = 2y2 + 3X2y .

Loi gidi
2 2
. +2y? —xy-2y=0 (I
Viét lai hé phuong trinh du6i dang 4 > 7Y O :
2x3 + 3xy2 - 2y2 - 3x2y =0 (2)

Tim hé s6 bat dinh: Thit cdc nghiém x =+2,+1,0 vao hé ta thdy hé c6 hai

nghiém la (X;y) = (0;0);(1;1) nén dudng thing di qua hai di€émnayla y=x.



Pit A=x> +2y2 —-xy—2y;B =2x? +3xy2 —2y2 —3x2y.
Thay x =y vao hai biéu thic trén ta dugc A, (x,y) =2y> —2y = 2y(y - 1) va
B,(x,y) =2y’ -2y =2y (y-1).

e A (x,
Do d6 hé s6 bat dinh 2 p(x,y) = —1Y) 1

B,(xy) vy
Vay dé c¢6 nhin tif chung ta thuc hién phép tinh (2) —y.(1).
- V6i y=0=x=01a mdt nghiém cta hé.
- Xéty#0,Lay (2)-y.(1) theo v& ta dudc:
2x3 +3xy2 —2y2 —3)(2y—y(x2 +2y2 —xy—2y)=0.
o 2x° —2y3 —4)(2y+4xy2 =0<:>(X—y)(x2 —xy+y2)=0
X=y

xz—xy+y2=0 .

2 2
Nhung do y #0 nén xz—nyry2 :(x—%] +3%>0 vivay x=y .
Thay vao phuong trinh (1) ta duge: 2y* =2y < y=1,(y#0)=x=1.

Vay hé phuong trinh c6 hai nghigm la (x;y)=(0;0),(1;1).

3 3 2
— 2=
Bai 13. Giai hé phuong trinh {X 3x+2=y" +3y

X2+3y2+x—y=2

Tim hé so bat dinh:
Tim dugc cdc nghi€m ctia hé phuong trinh (x;y) = (1;0);(—2;0) .

Khi d6 dudng thdng di qua hai diémnayla y=0 .

Thay ngudc lai hai phuong trinh ciia hé ta dugc:
Aoy =x* =3x+2=(x 1) (x+2)
Bl(x,y)=x2+x—2=(x—1)(x+2) ‘

ALY (.

Suy ra p(x,y)=- =
B, (x,y)



Loi gidi
3 3 2
. “3x+2-y2-3y? =0
Viét lai he dugi dang |© X T2y W =0
x> +3y +x-y-2=0(2)
Nhin thdy x =1= y =0 théa min hé phuong trinh.

Xétvéi x #1 khi d6 1ay (1)—(x—1).(2) theo v€ ta dugc
x> —3x+2—y3 —3y2 —(x—l)(x2 +3y2 +x—y—2)=0 .

2 3 2 _ y=0
& -3xy +xy-y —y=0yly +3xy—-x+1|=0& ) .
y +3xy—-x+1=0

X=-2

- V6i y=0 thay vao (2) ta dugc x2+x—2=0@{

2
+3xy—-x+1=0
- V6i y? +3xy—x+1=0 khi d6 ta c6 hé phuong trinh{® >
x2+3y2+x—y—2=0

Hé nay thyc hién cdch tuong tw dang 1 ta c6 két qua:

(xsy)= [—g;gj;(—h1){%;‘%}(1;0)‘

Viay hé phuong trinh c¢6 5 nghi€ém:

(xsy)= (—2;0);(—22%?(*1){%?_%}(190)'

Bai 14. Gidi hé phuong trinh:

7x3 —y3 —24x> +25x—3xy(x+y)—y—10:O
7x% +4xy —10x+y> -2y +3=0

Loi gidi
Nhan vao hai v€& clia phuong trinh th¢ hai v6i —(X -y —2) roi cong theo v€&
v6i phuong trinh thi nhat clia hé, ta dugc:
7x? —y3 —24x? +25x—3xy(x+y)—y—10
—(x—y—2)(7x2 +4xy—10x+y2 —2y+3)=0

< 2x-2y-4=0< x=y+2, th€ vao phuong trinh thi hai cda hé ta dugc:



V3 V3

12y2+24y+11=0<:>y=—1i?:>x=1i?.
Thit lai thdy cdc nghiém trén déu thda man

/s ﬁ}

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (—1 +—1+t—

Bai 15. Gidi hé phuong trinh:
x* +2(3y+1)x? +(5y2 +4y+11)x-y2 +10y+2=0

y3+(x—2)y+x2+x+2=0

Tim hé s6' bat dinh: Nhan thiy h¢ ¢6 hai nghiém (x;y)=(-11);(2:-2) nén
dudng thing di qua hai di€ém nay la y =—x . Thay ngudc lai hai phuong trinh
ctia hé ta dugc:
2
Ay =(x+1) (x=1)(x-2) oty A Y)
BI(X,y)=—(X+1)2(x—2) B, (x,y)

Ta ¢6 thé nhan vao hai v€ clia phuong trinh tht hai véi x—1 hoic

x—1.

(—y)—l=—(y+1) & day ta lya chon y+1 dé xuat hién mot da thic cling
bic v6i da thitc & phuong trinh thi nhat.
Loi gidi

Viét lai hé dudi dang:

x*+2(3y +1)x +(5y2 +4y+11)x—y2 +10y+2=0 (1)

Y +(x=2)y+x>+x+2=0 (2
Nhin thdy y =—1 khong thda man hé phuong trinh.
Xétvéi y =1 khi d6 1ay ()—(y+ 1).(2) theo v€& ta dugc:

(x+y)(x—y+2)(x2 —2)(+y2 +3y+5)=0 .

) )
- V6i x=-y thay vio (2) ta dugc (y+2)(y-1)° =o©{y AR
y=l=>x=-1

=l=>x=-1
- V6i x=y—2 thay vio (2) tadugc (y-1)’(y+4)=0e| " "
y=—4=>x=-6



- Véi x2—2x+y2+3y+5=0<:>(x—l)2+[y+§J +%=o (vo 1y).

Vay hé phuong trinh da cho c6 ba nghiém 1a (x;y)=(-11);(2-2);(-6:—4) .

Xy—x+y=3

Bai 16. Gidi hé phuong trinh 3 s ; .
4x° +12x" +9x=—-y  +6y+5

Loi gidi
Cach 1: Hé phuong trinh da cho tuong duong véi:
3xy-3x+3y=9 (1)
{4){3 +12x249x=—y> +6y+5  (2)
Lay (2)—(1) theo v€ ta dudc:

4x3 +12x% +12x +4 = —y® +3xy +9y .

o 4(x+1) +4y’ =3y> +3xy +9y.

<:>4(x+1+y)((x+1)2 —y(x+1)+y2)=3y(y2 +x+3).

Thay x =xy +y—3vao vé€ phdi cla phuong trinh trén ta dugc:
4(X+1+y)((x+1)2 —y(x+1)+y2j:3y(y2 +Xy+y).

<:>(x+y+1)(4(x+1)2 —4y(x+1)+4y2)=3y2(x+y+1).

<:>(x+y+1)(2x+2—y)2=O<:>{y=;11;
y =2x

TH1: N&u y =—1-x thay vao phuong trinh dau cda hé ta dudc:
x(-1-x)-x—1-x =3¢ x? +3x+4 =0 (v nghi¢m).
TH2: N&u y =2x + 2 thay vao phuong trinh dau clia hé ta dugc:

x(2x+2)—x+2x+3=3<:>2x2+3x—1=0.

34417 34417 yzl—\/ﬁ

X = X =

4 4 2
X:—3+x/ﬁ X:—3+\/ﬁ’y:1+\/ﬁ

4 4 2
Viay hé phuong trinh c¢6 hai nghiém la:

=




(X.y):[_3+ﬁ_1—\/ﬁ}[—3+\/ﬁ1+\/ﬁ}

4 2 4 2

Cich 2: Nhan thdy x =-1khong thda man phuong trinh.

Xét x=—Iriut y= X +:13 thay vao phuong trinh thi hai cia hé ta dugc:

X+

+3 ’ +3
4)(3+12x2+9x=—(X ] +6.X +5.
x+1 xX+1
B 34417
) __
<:>(x2+3x+4)(2x2+3x—1) —0e2x2+3x-1=0< 4
X_—3+\/ﬁ
4

Cach 3: Hé phuong trinh da cho tuong duong vdéi:
y(x+1)=x+1+2

4(x+1) =3(x+1)=—y* +6y+6
bit t =x +1hé phuong trinh tr§ thanh:
yt=t+2 yt=t+2
3 3 Al PE R :
483 -3t=—y’ +6y+6 |40 +y’ -3(t+2)-6y=0
yt=t+2 yt=t+2
= = .
46 +y° —3yt—6y =0 4t3+y3—3y(t+2)=0
{Yt:t+2 {yt=t+2 {YZ;
= = 2 = y= t .
3,3 2, _ B _
40 +y’ =3y’t=0  |(t+y)(2t-y) =0 o4

Nhan xét. Cach 3 ty nhién hon c4ch 1 nhung cing mot § tuéng d6 1a phép thé.
Cich 4: Vi€t lai hé phuong trinh dudi dang:

(x+1)(y—1)=2 |
a(x+1) =3(x+1)+(y-1) +3(y-1)" =3(y~1)-11=0

Dit 4n phu u=x+1,v=y—1sau dé ding phép thé.

C.BAITAP REN LUYEN



2 2
2xy+2y% +3x=0 (1
Bai 1. Gidi hé phu’dngtrinh:{x Faxy+2y+3x=0()

xy+y24+3y+1=0 2)

Loi gidi
Lay (1)+2.(2) theo vé ta dugc
x+2y=-1

(X+2y)2+3(X+2y)+2:0c>L+2y=_2 .

bip s0. (x;y):(—3i\/5;1$\/5){—3i\6;1$2\gj .

Céch khdc: Xem phuong phép gidi hé ding cap.

x2+xy+y2:3 ()

Bai 2. Gidi hé phuong trinh
X% +2xy—7x—5y+9=0 2)

Loi gidi
Lay (1)+(2) theo v€ ta dudc (X+y—2)(2x+y—3)=0 )

Dép s6. (x;y)z(l;l);(Z;—l) .

x2y+xy2+x—5y=0 @®

Bai 3. Gidi hé phuong trinh
2xy +y> —5y+1=0 ()

Loi gidgi
Lay (1)-2.(2) theo v& ta dugc (x+y—2)(xy -2y +1)=0.

X% =3x+2y? +2xy =0 (1)

Bai 4. Gidi hé phuong trinh s 5
xy(x+y)+x +3y"-2x-3y+1=0 (2)

Loi gidgi
LAy (2)—(1) theo v& ta dugc (x+1)(xy+y2 —3y+1) ~0.

2 2
3= 1
Bai 5. Giai hé phuong trinh 4% XY 7370 M
x2—2y2—xy+y+1:0 2)

Loi gidgi
Lay 2.(1)+(2) theo v€ ta dugc (x —1)(3x -y +5)=0 .

Hogc I8y 5.(1)+13.(2) theo v€ ta dugc (2x -3y +1)(9x+7y—2)=0 .



Hogc I8y (1) (2) theo v€ ta dugc (y +1)(x+3y—4)=0 .

x> +5xy? +42=0
2x2 —5xy—5y2 +x+10y-35=0

Bai 6. Gidi hé phuong trinh {

)
()

Loi gidi

Ly (1)+2.(2) theo v€ ta dugc (x - 2)((;( + 3)2 +5(y - 1)2j =0.

6)(2y+2y3 +35=0

Bai 7. Gidi hé phuong trinh 5
5(x +y )+2xy+5x+l3y:0

1)
(2)

Loi gidi
Lay (1)+3.(2) theo v€ ta dugc:

2 2 y——é'x—l
(2y+5) 3[x+%) +£y+§} =0 f 2
2

Dép s6. (x;y)z[—%;—%j{%;—%} )

2 2
+y +xy+2x=5
Bai 8. Gi4i hé phuong trinh {X Y TRy TaR=oY

x3+X2y—x2+2xy—6X+3y=O.

Loi gidi
Cong theo v& hai phuong trinh clia hé ta dugc:
=2-X
(x+y—2)(x2+2x+y)=0c> Y 5 .
y=—X"—-2x
TH1: N&u y =2 —x thay vdo phuong trinh dau clia hé ta dugc:
x2 +(2—x)2 +X(2—X)+2X=5(2—X).

=1 =1lv=1
ox45x-6=0|" | ¥ )
x=-6 x=-6,y=8

TH2: N&u y = —x> — 2x thay vao phuong trinh diu ctia hé ta dudc:




2
x? +(—x2 —2x) + x(—x2 —2x)+2x = 5(—x2 —2x).

x=0 x=0,y=0
<:>x(x+2)(x+4):0<:> x=-2=|x=-2,y=0 .
Xx=-4 x=—-4,y=-8

Viay hé phuong trinh c6 nim nghiém la:

(x;y) = (O;O);(1;1);(—2;0);(—6;8);(—4;—8) .

x3+y3:5x

Bai 9. Gidi hé phuong trinh .
2% +10x? —17x + 8 =2x7%y

Loi gidi
Trit theo v€ hai phuong trinh clia hé ta dugc:
3x° +y3 -10x> +17x—8=5x—2x2y .

<:>(x+y—2)(3x2—xy—4x+y2+2y+4)=0

y=2-X
3x2—xy—4x+y2+2y+4=0.
TH1: N&u y =2 —x thay vdo phudng trinh dau ctia hé ta dugc:
x3+(2—x)3 =5x < 6x% —17x+8=0

X:17—\/ﬁ X=17—\/ﬁ _7+497

’

- 2 12 2
1797 | 174497 7497
12 2 7 12

TH2:N€u3x2—xy—4x+y2+2y+4=0<:>3x2—x(y+4)+y2+2y+4=0.
Suy ra AX:(y+4)2—12(y2+2y+4):—11y2—16y—32<0,VyeR nén

phuong trinh v6 nghi€ém suy ra hé vd nghiém.
Vay hé phuong trinh ¢6 hai nghiém la:

(X'y):[”_@'7”&}{1”@'7_@}'

12 7 12 12 12



X +y’ =91 (1)

Bai 10. Gidi hé phuong trinh .
4x% +3y? =16x+9y  (2)

Loi gidi
A/ v 3 3
Lay (1)-3.(2) theo v€ ta dugc (x—4) =(3—y) ox=T7-y .

Thé vao phuong trinh thit (2) tim dudc hai nghiém clia hé 1a:

(x;y) = (3;4);(4;3) .

X +3xy?=25 (1)

Bai 11. Gidi hé phuong trinh .
x2+6xy+y2=10x+6y—1 (2)

Lai gidi
Ly (1)-3.(2) theo v& ta dugc (x —1)[()4 ~1) +3(y —3)2} -0 .
x=1 x=1
C{ x-1) +3(y-3)’ 0" {XZI '

Véi x =1thay vao phuong trinh thd nhat ctia hé ta dudc: y2 =8&cy= iZ\/E .

y=3

Cip nghiém (x;y) = (1;3) khong thda man.

Vay hé phudng trinh c6 hai nghiem 13 (x;y) = (1;i2\5 )

X+y =9 (1)

Bai 12. Gidi hé phuong trinh .
x> +2y? =x+4y )

Loi gidi
Lay (1)—-3.(2)theo v€ ta dudc:
x> =3x% +y® —6y? =9-3x—12y.
3 2 _ .3 2
&X' -3x"+3x—1=-y +6y° —12y +8.
<:>(x—1)3=(2—y)3<:>x—1=2—y<:>y=3—x.

Thay y =3 —x vao phuong trinh dau clia hé ta dudc:

-1 —ly=2
X H(3-x) =9 x3x42=0e| T =TT VT
x=2 x=2,y=1

Vay hé phuong trinh c6 hai nghigm la (x;y)=(12);(2:1).




Bai 13. (VMO 2004, bang B) Giai hé phuong trinh:

X +3xy?=—49 (1)
)(2—8)(y+y2 =8y —-17x 2)

Loi gidi
Liy (1)+3.(2) theo v€ ta dugc:
(x4 (x41)" +3(y-4) |0 | 277070
x=-lLy=4
Céch khdc: Xem phuong phdp gidi hé ding cap.

Bai 14. Gidi hé phuong trinh:
x*—y*=1215 (1)
2x3—4y3:9(X2—4y2)—18(x—8y) )

Loi gidi
Lay (1)—6.(2)theo v& ta dudc:

(x4 ~12x 4+ 54%° —108x+81)—(y4 —24y3 +216y2 — 864y + 1296) =0.

== oo =[S0

TH1: N€u y = x + 3 thay vao phuong trinh dau cla hé ta dugc:
xt—(x+3)’ =1215c>(x+6)(2x2—3x+36)=0<:>x=—6:>y=—3.
TH2: N€u y =9 —x thay vao phuong trinh dau cla hé ta dugc:
x*~(9-x)’ =1215<:>(x—6)(2x2—15x+72)=0<:>x:6:>y:3.

Viy hé phuong trinh ¢6 hai nghiém la (x;y) = (6;3);(—6;—3).

X +y> =91 (D

Bai 15. Gidi hé phuong trinh .
4x% +3y? =16x+19y  (2)

Loi gidi
Lay (1)—-3.(2)theo v€ ta dudc:
(4—X)3 Z(Y—3)3 Sd4-x=y-3oy=T-x.

Thay y =7 —x vao phuong trinh dau cda hé ta dudc:



-3 —3y=4
X H(T-x) =9l -Tx+12=0e| " TPV
x=4 x=4,y=3

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (3;4);(4;3).

X -y’=35 (D)

Bai 16. Gidi hé phuong trinh .
2x2 +3y* =4x-9y  (2)

Loi gidi
Ly (1)-3.(2)theo vé& ta dudc:
()(—2)3 =(y+3)3 Sx-2=y+3y=x-5.

Thay y = x —5 vao phudng trinh dau cla hé ta dugc:

x* —(x-3) :35<:>x2—5x+6:0<:>{X=2:{X=2’y=_3.
x=3 x=3y=-2
Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (2;—3);(3;—2).

4x% +y* —axy® =1
Bai 17. Gii hé phuong trinh{ EoRY TRy

4x2 +2y2 —4xy=2.

Loi gidi
Lay (1)—(2) theo v€ ta dudc: (y2 - 1)(y2 —4xy — 1) =0.

x=0,y=1
A 2 X:l,yzl
THI:Néu y " =leoy==£l= .
x=0,y=-1
x=—lLy=-1

2
TH2: N&u y? =4xy+1<x =y4—1,(y #0) thay vao phudng trinh tht hai
y

ctia hé ta dugc:

7 [RANEY ) I°S SIS At )
4y 4y




o5yt -6y +1=0|y=——F—= | x=—=,y=—~.
J5 5

Viy hé phuong trinh ¢6 sdu nghi€ém:

(x;y)=(0;1);(0;—1);(1;1);(—1;—1){——5,\/g}[% —%j

Bai 18. Gidi hé phuong trinh

6++2
X =

3
- (2x—y) =8 -

2x2+6(x—y)2=7 y=1%

- *

Vay hé phuong trinh c6 hai nghiém la:

gty
TR R

xy—-x-y=1

Bai 19. Gidi hé phuong trinh 3 5 3 .
4x° —12x"4+9x=—-y”  + 6y +7

Loi gidgi
Hé phuong trinh da cho tuong duong véi:
3xy-3x—-3y=3
{4x3 —12x% +9x =—y> + 6y +7
Trir theo v€ hai phuong trinh clia hé ta dugc:
4()(—1)3 =—y3 +3xy+3y<:>4(x—1)3 +4y3 =3y3 +3xy +3y.



<:>4(x+y—l)((x—1)2 —y(x—l)+y2j=3y(y2 +x+1).
Thay x =xy—y—1vao v€ phéi clia phuong trinh ta dudc:
4(x+y—1)((x—1)2 —y(x—l)+y2):3y2(x+y—l).

@(Hy_l)(zx_z_y)z:o@[zz;fz.

Xét trudng hdp thay vao phuong trinh dau cda hé ta dudgc:

(X'y):LS_\E'I_\EJ'[M\E'H\EJ
; Yo ; ; .

2 4 2

Cach 2: Rit y = X—Jritfr phuong trinh diu thay vao phuong trinh thd hai ca hé
X —

ta dugc:

3
4x3—12x2+9x+(x+1J _e Xt

. 7=0.
x—1 x—1
5-17
2 X=
<:>(x2—x+2)(2x2—5x+1) 0 2x3—5x+1=0= 4
X_5+\/ﬁ
4
Bai 20. Gidi hé phuong trinh:

Xy—x+2y=4
4x> +24x2 +45x = -y’ + 6y - 20

Loi gidi
Hé phuong trinh da cho tuong duong véi:
3xy—3x+6y=12
{4);3 +24x% +45x = —y° +6y 20
Trir theo v€ hai phuong trinh clia hé ta dugc:
4(x+2) =y +3xy+12y & 4(x+2) +4y* =3y +3xy +12y..

<:>4(x+y+2)((x+2)2—y(x+2)+y2)=3y(y2+x+4).

Thay x =xy + 2y —4 vao v€ phdi cia phuong trinh trén ta dudgc:



<:>4(x+y+2)((x+2)2—y(x+2)+y2):3y(y2+xy+2y).

@(x+y+z)(2X+4_y)2:o@{yf‘:.
y=2x+

Xét trudng hdp thay vao phuong trinh dau cda hé tim dugc:

(X'y)z{_7+\/ﬁ'1+\/ﬁj'[_7+\/ﬁ'l_\/ﬁj
; R ; ; .

2 4 2

Cach 2: Ruit y = %thay vao phuong trinh thi hai clia hé ta dugc:
X +

+20=0.

3
4x3+24X2+45x+(X+4J _g X4

X+2 X+2

T
— |
_7+\/ﬁ

4

2
<:>(x2+5x+8)(2x2+7x+4) =0 2x>+7x+4=0

Bai 21. Gidi hé phuong trinh

AX +4+2x+1=4y? —dy +.2y -1 R
s 2 ,(x,ye )
X" +y =X+y+2
Loi gidi
1
X>——
Picu kién: 12.
>
Y23

Hé phuong trinh da cho tuong duong véi:
{A:4y2 —dy—dx—d+2y—1-\2x+1=0 (1)

B:x2+y2—x—y—2:0 (2)

Nhén xét. Dy dodn /2y —1=+/2x+1< y=x+1thay vao hai phudng trinh
ctia hé ta dugc:

A=4(x+1) —4(x+1)-dx—4=4x> 4

B=x2+(x+1)2—x—(x+1)—2=2x2—2'

Hé so batdinh1a k= —% =2 tiic ta thuc hién phép toan 1y (1) —-2.(2) theo vé:



Nhin thiy x = —%hoac y= % khong théa man hé phuong trinh.
. 1 | »
Xét x > —E,y > Ekhl dé lay (1) —2.(2)theo vé ta dugc:

4y? —4y—4x—4—2(x2 y? —x—y—2)+(«/2y—1—\/2x+1)=0.

<:>2y2—2y—2x2—2X+(\/2y—1—\/2x+1)=0. ‘
<:>2(y—x—1)(y+x)+ Z(y—x—l) 0.

2y —1+~42x+1 )

@2(y—x—1) y+Xx+

1
=0.
\/2y—1+\/2x+1J

! >l—l—0)
Ly-1+2x+1 2 2 7

Thay y =x +1vao phuong trinh thit hai cia hé ta dugc:

Sy=x+1(viy+x+

x2+(x+1)2—x—(x+1)—2=0<:>2x2—2=0<:>X=1:>y=2(d0 x>—%).

Vay hé phuong trinh c¢6 nghiém duy nhat (x;y) = (1;2) .

Bai 22. Gidi hé phuong trinh

{2x2+x+\/x+2=2y2+y+\/2y+1

JAx,yeR).
x2+2y2—2x+y—2=0 (X}’G )

Loi gidi

o~ . 1
biéukién: x>-2,y>——.

2

Phuong trinh thit hai clia hé twong duong véi x* = —2y? +2x —y +2.

Thé vao phuong trinh thit nhat, ta dugc
X2+(—2y2+2x—y+2)+x+\/x+2=2y2+y+\/2y+1

S X2 43X +2+Vx+2 =4y? 42y +4/2y +1

S E+DP+x+D+Jx+D+1=2y) 2 42y +2y+1. (1)

Xétham sd f(t)=t>+t+~t+1 v6i t>—1.



Ta c6 f'(t)=2t+1+

() =2— ;f"(t):0<:>t:—%.

1
4t +1)°

Suy ra f'(t)zf'[—%j:%>0 v6i moi t € (—1; + o).

1
24t +1

Do d6 ham f(t) dong bi€n trén [—1; +o0).
Suy ra phuong trinh (1) © f(x+1)=fQQy) o x+1=2y & x=2y—1.

Thé vao phuong trinh thit hai clia hé, ta dudc

y=1
Qy -1 +2y> -2Qy-)+y-2=0 < 6y*-Ty+1=0= 1
y=—.
6
. . A 21
Suy ra nghiém (x; y) cua hé 1a (1; 1), —g;g .

Nhan xét. D& dua dén 15i gidi trén ta c6 suy nghi don gidn 1a hai cin triét
tiéu nhau tic vx+2 =42y +1hay x=2y—1th€ vio phuong trinh tht hai
clia hé tim dugc nghiém thdy thda man. Vay la hudng di da ding. Pay la co
s6 dé tim cdch cong gop hai phuong trinh clia hé mot cdch hgp 1y va dua vé
xét ham s6 nhu trén. Mot s§ bai todn cing dang trén nhung dwa vé phan tich
nhin t da dugc trinh & trén cdc em chd y.

V6i dang hé da thic t6i da trinh bay trong chti dé ky thuat hé s6 bat dinh.

Ap dung vao bai todn nay ta thyc hién nhu sau:

Ta vi€t lai hé dudi dang sau:

{A=2x2—2y2+X—y+\/x+2—«/2y+ -0 (1)

B=X2+2y2—2x+y—2:0 )

e 22 N

V6i x=2y-1= A=2{oy 1) 2y? +(2y-1) -y =6y’ +7y+1 .
B=(2y-1) +2y" -2(2y-1)+y-2=6y" =Ty +1

Hé sd bat dinh cin tim 13 k =—%=—1u’rc ta 14y (1)—(2) theo vé& ta c6 15i

gidi cha bai todn trén.

Bai 23. Gidi hé phuong trinh




,(x,yeR).

2x% +4/2—x +4y—-1-34=2xy+x
2y2+\/2—x +.4y—-1-34=—xy+2y

Loi gidi

DPiéu kién: x<2,y>1.
Trit theo v& hai phuong trinh clia hé ta dugc:

2x2—2y2=3xy+x—2y<:>(x—2y)(2x+y—l)=0c> x=2y .

2x+y=1
+ Néu x =2y =2>x=2y>2=x=2,y =1th{¥ lai thd'y thda man.
+ Né&u y=1-2x thay vao phuong trinh dau ctia hé ta dugc:
6x> —3x —34+42—x +-2x =0.

X+2 2(x+2)

— =0
V2-X+2 ~-2x+2

e 3(x+2)(2x-5)-

=0

1 2
2) 3(2x—-5)- -
<:>(X+ )[ ( ) ) V2-x+2 \/—2x+2j
22 5x+2=0x=-2=y=5

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (2;1);(—2;5).

Bai 24. Gidi hé phuong trinh:

x2+y2+xy+2x:5y
X3+X2y—xz+2xy—6x+3y=0

Lai gidi
Céach 1: Hé phuong trinh da cho tuong duong véi:
x2+y2+xy+2x—5y:0 )]
{x3+xzy—x2+2xy—6x+3y=0 (2).
Tim hé s6 bat dinh:
Dé thdy hé phuong trinh ¢6 hai nghiém (x;y) = (0;0);(1;1) :

DPudng thing di qua hai diém nayla y=x.
Thay y =x vao hai phuong trinh clia hé ta dugc:

{Al =3x(x~1) LA 3

Blzx(x—l)(2x+3) B, C2x+3°




Loi gidi
Lay —(2x +3).(1) +3.(2) theo v& ta dudc:
(x—y)(x2 +2xy—10x+3y—24)=0 .

Dip so: (x;y) = (0;0);(1;1);(—2;0);(—6;8).
M tu phuong trinh thd hai thay vao phuong trinh

Cach 2: Rit y= >
X +2x+3

dau ta dudc:
x=0 x=0,y=0
X(x—l)(x+2)(x+6)(x2+x+6) x=1 x=lLy=1

=0 = .
Xx=-2 x=-2,y=0

5 2
(x +2x+3)
x=-6 x=-06,y=8

Cich 3: Vi€t lai hé phuong trinh duéi dang:
x2 +2x+y(x+y—3)=2y
(x2 +2x)(x+y—3) =3y '

V6i y=0=x=0.

2
X 2x +x+y-3=2
Véi y #0viét lai hé phuong trinh dudi dang: {
X% +2x
(X +y— 3) =-3
y
_ X% +2x
béndaydit: vy
v=x+y-3
N . o L. jutv=2
Pua vé hé phuong trinh d61 xing loai I -
uv =-—

3x? +xy—9x—y2—9y=0
2% —=20x —x%*y —20y =0

Bai 25. Gidi hé phuong trinh {

Tim hé 6 bat dinh: Nhim dugc hai nghiém ciia h¢ 1a (x;y)=(0;0);(2:-1)

khi d6 dudng thing di qua hai diém nay la x=-2y thay ngudc lai hai

phuong trinh ctia hé ta dugc



A (x,y)=9y(y+1) Ay 9
= P(X,Y) == = .
B, (x,y)=—20y(y+1)(y—1) B,(x,y) 20(y-1)
Loi gidi
’ 3x% +xy-9x—-y> -9y =0(
Vi€t lai hé phuong trinh dudi dang {>% Ty "X ¥ ~9y=0
2x3 —20x —x%y =20y =0 (2)
Nhan thdy y =1 khong théa man hé phuong trinh.

Xétvdi y =1 khi d6 1ay 20(y —1).(1)+9.(2) theo v& ta dugc:
(x+2y)(18x2 +15xy — 60x — 10y> —80y) -0 .
Khi d6 dwa vé gidi hai hé phuong trinh:

2 2 _ 2 —9x—vyZ —9Qy =
{3x +xy-9x-y -9y =0 hoiic {3){ +Xxy—-9x-y -9y =0

X =-2y 18x2+15xy—60x—10y2—80y=0 ‘
Gidi hai hé trén fim dugc hai nghiém (x;y)=(0:0); E;—i .
13”13

Bai 26. Giai hé phuong trinh:
{xzy2 +3x+3y-3=0

Xzy—4xy—3y2+2y—x+1=0

Tim hé 56 bt dinh: Nhan thdy h¢ c6 hai nghiém (x;y)=(0:1);(1;0) khi d6

dudng thing di qua hai diém nay 1a x =1—y thay ngudc lai hai phuong trinh

ctia hé ta dugc:

2
A](X7y):y2(y_1) :p(x y):_M:l—
B,(x,y)=y(y-1 By

Loi gidgi

2.2
. 3x+3y-3=0 (I
Viét lai hé du6idang 4~ Y "X M .
X2y —4xy —-3y? +2y—-x+1=0 (2)
Nhin thdy y =1= x =0 la nghiém cla hé phuong trinh.

Xétvdi y =1 khi d6 Iay (1)+(1-y).(2) ta dugc



5 x+y-1=0
(x+y—l)(3y +Xy—2y+2)=0<:> 5 .
3y +xy—-2y+2=0

x+y-1=0

- V61 x+y—1=0 khi dé ta c6 hé phuong trinh { 5

x+y=1 x=0y=1
f— 2 9 f=— .
x7y“ =0 x=Ly=0
- Véi 3y2+xy—2y+2=0 khi d6 ta c6 hé phuong trinh:

{3y2+xy—2y+2=0

x2y +3x+3y-3=0 '

x2y—4xy—3y2 +2y—-x+1=0 ‘
N o N x=3
Cong theo vé hai phuong trinh ta dugc (x - 3)(xy - 1) =0
xy—-1=0
Thay ngudgc lai hé thdy vo nghiém.

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (0;1);(1;0) .

Bai 27. Gidi hé phuong trinh:

(X—y)2+x+y—y2 =0()
x* —4)(2y+3x2 +y2 =0(2)

Tim hé s6 bat dinh: Nhan thdy h¢ c6 hai nghiém (x;y)=(0;0);(2:2) khi do

dudng thing di qua hai diémnayla y=x .

Thay ngugc lai hai phuong trinh ctia hé ta dugc

A (x,y)=— -2
[y 2X(X )Z:p(x,y)?mﬂ(x—z)'
Bl(x,y)zx (x—2) Al(X’Y)
Loi gidgi

Nhan thiy x=0 va x=2 thi h¢ c6 nghi¢m (x;y)=(0:0):(2:2) .
Xét v6i x ¢ {0;2} khi d6 14y x(x - 2).(1)+ (2) theo vé& ta dugc
x(x—Z)(x2 —2xy+x+y)+(x4 —4)(2y+3x2 +y2)=0 .

X=Yy

<:>(x—y)(2x3—x2+x—y)=0<:{23 2, 0
X' =X +X-y=



ng (loai do x & {0:2}).

- V6i x =y thay ngugc lai (1) ta dugc 2x-x* :Oc{
X

2x = x? +x-y=0
- V6i 2x° —x% + x—y =0 khi d6 ta c6 hé phuong trinh {7~~~ T Y

x2—2xy+x+y:0
Cong theo v& hai phuong trinh clia hé nay ta dugc:

2x(x2+1—y)=0<:>y=x2+1 (do x=0).

Thay vao (1) ta dudgc:
—2x3+x2+1:0<:>(x—1)(—2x2—X—l)zO@le:y:2 .

Vay hé phudng trinh c6 ba nghiém 1a (x;y)=(0;0);(2:2);(1;2) .

x4—4x2+y2—6y+9=0 D

Bai 28. Gidi hé phuong trinh
Xy +x2+2y-22=0 (2

Phan tich 10i gidi: N&u dit t=x> ta dua vé dang 1 va céch gidi da dudc
xdc dinh, & day ta x{r 1y bai todn theo mdt huéng khdc dé 1a 18y (1) +k.(2)
va 4p dung phuong phdp gidi phudng trinh bac bon téng quit vdi muc dich
dua phuong trinh ndy vé dang tich:
x*+(k—4+ky)x +y? -6y +22ky+9-22k=0  (3).

Ta s& tim k sao cho (3) phan tich dugc nghieém. Mudn vay sz 1a 6 chinh phuong.

A, =(k—4+ky)2—4(y2—6y+22ky+9—22k) .

X
- (k2 —4)y2 +(2k2 _16k+ 24)y + k% +80k —20 c6 dang chinh phuong.
Muén vay ta chon k théa man
2
A, =0 (2k2 —16k+24) —4(1<2 —4)(k2 +80k—2o)=0 .

Nhip phuong trinh vao mdy tinh b tii ta tim duge k=2 .
Loi gidi
Cach 1: Lay (1)+2.(2) theo v€ ta dugc:



X4—4x2+y2—6y+9+2(x2y+x2+2y—22)=0.
2 2 2 2 2
<:>(x +y) —2(x +y)—35=0©(x +y+5)(x +y—7)=0.
- V6i y=-5-x% thay vao (1) ta dugc x* +6x> +32=0 (v6 nghiém).

- Véi y=7—x2 thay vao (1) ta dudc:

x4—6x2+8=0<:>(x2—2)(x2—4)=0<:>x=i\/5vx=i2 .
Suy ra (X;y)z(i\/E;S);(i2;3) .

Vay hé phuong trinh ¢6 b&n nghiém la (x;y) = (—\/5;5);(\/5;5);(—2;3);(2;3) .

J

2
Cach 2: P& y tir phuong trinh thit hai clia hé rit dugc y = 227X

242
22 -x* N
Thay y = 5 vao phuong trinh dau ctia hé ta dugc:

X +2
2n-x2) 22y
x*—ax? + 5 —6. 5 +9=0.
X" +2 X" +2

e (x— 2)(x+ 2)()(2 - 2)()(4 +6x2 +32): 0



Cha &8 16. KY THUAT PHUC HOA
S6 phic c6 mot ng dung ra't rong trong gidi todn So cap tir Pai s, hinh hoc
va gidi tich cho d&n Todn cao cAp. Noi dung chii dé nay toi trinh bay mot
tng dung clia s& phifc trong gidi hé phuong trinh. Trong bai viét nay toi tam
goi 1a phuong phédp phiic héa gidi hé phudng trinh.

A. NOI DUNG PHUONG PHAP

1. Phuong phap chung
Phuong phdp chung la dit z=x+1y .
Khi d6 chuyén bai todn tim nghiém (X;y)vé tim phttc z thda man hé phuong
trinh da cho.
Dung phuong phdp gidi phuong trinh nghiém phic tim dugc:
z=atbie] 4 .

y=b

Cin bac n clia s6 phic:

z" =r(cos<p+i.sin(p):>z =3 r[cos(ijk27t +i.sin(p+k2n}k =0,1,...,n—1.
n n

Mot s6 ding thiic thudng st dung.

- z=x- iy.

- z2=x2—y2+2xyi.

- =X3—3xy2+(3xzy—y3)i.

- 24=X4—6x2y2+y4+4(x3y—xy3)i.

- 22=x’ +5xy4—10y2x3 Jri(y5 +5X4y—10x2y3).

- 20=x" —15y2x4 + 15y4x2 —y6 +i(6yx5 —20y3x3 +6y5x).

-z =x"- 21y2x5 + 35y4x3 - 7y6x + i(—y7 + 21)(2y5 - 35x4y3 + 7x6y) .

- B =x- 28y2x6 + 70y4x4 - 28y6x2 + y8 + i(8yx7 - 56y3x5 + 56y5x3 - 8y7x)

I x-yi

x+yi x?4y?

1
zZ



i i(X—Yi)_ xi+y

2 xX2ay? xPay?

1 xz—y2 ~ 2xyi

2 2 ’
Z (X2+y2) (x2+y2)

Nhén thém vao mdt phuong trinh cia hé vé6i dai lugng isau d6 cong(trir-c6

hé s6 né€u c6) theo v& hdp 1y dua vé phuong trinh c6 chia cdc nhan ti
11
2,2%,20 = —,....
zz
2. D&u hiéu nhan biét

Hai phuong trinh cta hé c6 dang:

1
Dang 1: F| x;y; =0=>z=x+yi.
xz+y2

Dang 2: F(\/;;\/_;L):>2= x+i\/;.
X+y

’ 1 .
Tﬁng guét: F{Xk;yk;ﬁJ,(a,b > O,k € R):} Z =\/;Xk +1 byk .
ax”" +by

Chi y. Poi khi dé bai 1am triét tiéu diu hién nhat bi€t ta can bi€n ddi hé
trudc tién.

6—x)(x2+y2)=6x+8y

Vi du. Gidi hé phuong trinh .
(3—y)( 2 +y2)=8x—6y

_ 6x+8y X+6x+8y

6-x=—"— 7 20

Viét lai hé phuong trinh dudi dang: T o Ty
8x — by 8x — b6y

3-y=7F—3 7 2
X“+y X“+y

3. Mot s6 hé xit Iy biing phuong phap phifc héa dong thdi ciing xi 1y dugc
biing phuong phap khic.

X x2—3y2):l

Vi du 1. Gidi hé phuong trinh .
y(3x2 - y2 ) =1



Loi giai phic ha:
Vi€t lai hé phuong trinh dugi dang:

3 2 3 _3xy? =1

-3xy“ =1 X Xy

x xy SN0 3 ) .:>x3—3xy2+(3x2y—y3)i=1+i.
—y? +3yx% =1 1(—y +3yx )=1

bit z = x +yi phuong trinh trd thanh:

PD=l+vies =x/§(cos§+i.sin§].

o z2=82|cos £+ﬁ +1.sin £+@ ,k=0,1,2.
12 12 3

3
Loi gidi

Nhan thdy v€ trai cia hai phudng trinh cda hé cling bic ba nén ta nghi dén
phuong phdp dong bac
Ta c6: x(x2 —3y2)=y(3x2 —y2)<:>x3 +y3 —3xy(x+y)=0.

x+y=0
@(x+y)[x2+y2—4ny=0© ) Y ) .

X" +y —4xy=0
TH1: N&u x +y =0 <>y = —x khi d6 hé phuong trinh trd thanh:

TH2: Néu x* -I—y2 —4xy =0 dé€n day ta hoan toan c6 thé rdt x theo y hodc
y theo x th& vao hé tuy nhién lic sau dudc phuong trinh bic ba ma céc hé s6
c6 chita cin, dieu ddng ngai nita 1a hé khong c¢6 nghiém dep.

Viy ta suy nghi tim huéng x1t 1y khac:

P& ¥ hai phuong trinh clia hé ta nhan thiy xy(x2 —3y2)(y2 —3x2)¢ Onén

nhan theo v& hai phuong trinh clia hé ta dugc:
xy(x2 - 3y2)(y2 - 3x2) =l< xy(3x4 +3y* - 10x2y2) =1.

= Xy[3(x2 +y2)—16x2y2} =1.



K&t hgp v6i x? +y* —4xy =0 ta dua vé gidi hé phuong trinh:
xy[3(x2+y2)—l6xzyﬂ=1 xy(3.16x2y2—16xzy2)=1
= .

X +y?—4xy=0 x> +y? =4xy

1 _ 1 xyzL
=S Xy:ﬁ =S XY—E =S 24 :
x? +y% =4xy (X+y)2=6xy X+y=i£
L
Hé phuong trinh cudi la hé doi xing lai I da bi€t cdch giai.
bip s6:
(X;Y){—%;%]; —33\/25_5;—22\/5\/3 W35, 33\/25_5;2_2\/5\/3 3W3-5

Nhan xét. Ldi gidi phitc héa cho ta nghiém nhanh gon tuy nhién khong biéu

dién tryc ti€p dugc nghiém nhu 16i gidi dai s6 thudn tdy nhu trén.
B. BAI TAP MAU

2x +5y=xy+2

2

Bai 1. Gidi hé phuong trinh 5 .
X" +4y+21=y" +10x

Loi gidi
Cich 1: Vi€t lai hé phuong trinh duéi dang:
2i(xy +2-2x-5y)=0
x2+4y+21—y2—10x=0.
Cong theo v€ hai phuong trinh clia hé ta dugc:
x? +4y +21-y? —10x +2i(xy +2—-2x - 5y) =0.
o (x+iy)’ —10(x +iy)—4i(x +iy)+4i+21=0 (1).
Dit z = x + iy khi d6 (1) tré thanh:
2> —10z-4iz+4i+21=0 < 72" —22(2i+5)+4i+21=0.
Phuong trinh c6 A'=(2i+5)" —4i-21=16i=8(1+i)".
2=2i+5+22(i+1)

S .
w 2=2i+5-232(i+1)



x+iy=5+22+(242\2)i [, 5.005.y22+242
& = ’ )
x+iy:5—2\/5+(2—2\/5)i x=5-22,y=2-22

Vay hé phuong trinh ¢6 hai nghiém Ia:
(x;y) :(5+2ﬁ;2+2\5);(5_2ﬂ;2_2\6)'

Cich 2: Nhan thdy phuong trinh dau rit dudge x theo y hodc ytheo x nén ta si
dung phuong phép thé.
Nhin thdy y =2 khong thda man hé phuong trinh.
Xét y # 2 khi d6 viét lai hé dudi dang:

2 -5y
2 -5y X =
X = 2-y
2-y = )
y? —4y—x*+10x-21=0 y2—4y—(g:éXJ +10.27% _51-9
2-y 2-y
2 -3y )
X = > 2_y
= -y =

2
y* —8y3 +24y% ~32y —48=0 (y2—4y +8(y2 —4y)—48=0

2-5y 2-5y
X =
N 2-y AN 2-y

(y2 —4y—4)(y2—4y+12)=0 v —4y-4=0

- x=5+2/2,y=2+22
x=5-22,y=2-22

3 2 2 2
3xy? x4 1=x% —2xy
Bii 2. Gidi hé phuong trinh {X Xy mxHl=x"-2xy —y

y3 —3)(2y+y—1=y2 —2xy—x2 '

Loi gidi
z? =x? —y2 +2xyi

Cach 1: bat z=x+iy = .
2> =x> —3xy2 +(3x2y—y3)i

Vi€t lai hé phuong trinh dudi dang:



x> —3xy2 —x+1-x2 +2xy+y2 =0
i(—y3 +3xzy—y+1—x2 —2xy+y2):0'
Cong theo v€ hai phuong trinh clia hé ta dugc:

x3—3xy2—x+1—x2+2xy+y2+i(—y3+3x2y—y+1—x2—2xy+y2)20.

S

ox —3xy2+(3x2y—y3)i—(x2—y2+2xyi)+2xy+i(—x2+y2)—x+1+i(—y+1):
X3 —3xy2 +(3x2y—y3)i—(l+i)(x2 —y2 +2xyi)—(x+yi)+1+i.
&7 =(1+i)22 ~z+1+i=0 (2-1)(2 ~iz-1-i)=0.

z=1 x+yi=1 x=Ly=0
& (z-1)(z+1)(z-1-i)=0e|z=-1 <|x+yi=-1 <|x=-1y=0.
z=1+i X+yi=1+i x=1Ly=1

Viay hé phuong trinh da cho c6 ba nghiém la (x;y) = (1;0),(—1;0),(1;1).
Cich 2: Vi€t lai hé phuong trinh du6i dang:
(x—l)(x2 -1 —y2)=2xy(y—1)

(y—l)(y2 +1—x2)=2xy(x—1) .

x=0
TH1: Néu 2xy(x—1):O<:> y=0.
x=1
) y2+1=0
- Néu x =0hé trd thanh hé v6 nghiém.
(y—l)(y2+1)=0
x—l)(x2—1)=0
- Né&u y=0hé trd thanh ) <:>x:i1:>(x;y):(—1;0);(l;0)
—(l—x ):0
< s 0=0 =0
- Né€u x =1hé trd thanh {(y—l)yz =0<:>B=1 :(x;y)z(l;O);(l;l).

TH2: N&u 2xy (x —1) = 1khi d6 chia theo v& hai phudng trinh ciia h¢ ta dudc:



X— 1)(X2 1- YZ) 2xy(y—1)

( =
( )(y2 +1- Xz) ZXY(X_I)
e (x- ) ~(y- 1) <> x=y=1 khong théa min diéu ki¢n 2xy(x—1)=0.

Viy hé phuong trinh c¢6 ba nghiém la (x;y) = (—1;0);(1;0);(1;1).

X+ Xy =3
x> +y°
Bai 3. Gidi hé phuong trinh .
x+3y
- =0
X2+y2
Loi gidi
Cach 1: Hé phuong trinh da cho tuong duong véi:
X+ 32x—y2 =3 x+yi+—3x_y2_X12_3yl—3=O
+ +
X ;/ o . X" +y
iy XY o0 |yio 2 o0
X2 +y? x2 +y2
3(x—yi)—(y+xi
X+yi+ ( yz) (2}’ )—3=0 (1)
X" +y
=
yi XY g
X2+y2

.1 x—-yi i + xi
bitz=x+yi=>—-= 5 yz,—z }; 5
Z X"+y" Z X"+y

Khi d6 phuong trinh (1) tr§ thanh:

i —2 4]
2427l 3202 343-i=0e| P
y/ z=1-1

X+yi=2+i x=2,y=1
= = .
x+yi=1-i x=Ly=-1
Vay hé phuong trinh c6 hai nghigm la (x;y)=(5-1);(2:1).
Céch 2: Nhan thdy xy = 0 khong thda man hé phuong trinh.

Xét v6i xy # 0khi d6 viét lai hé phuong trinh dudi dang:



3xy—y2 _3

Xy + X
xz+y2
2
X~ +3xy
Y= 20
X" 4y

Cong theo v€ hai phuong trinh clia hé trén ta dugc:

2xy—1=3x<:>x=§+i.
2y
Thay vao phuong trinh dau tién cda hé ta dudc:

301
32+ |-y
301 (2 2yj

—+—+

2 2y 3 1 2 5
—+— | +y
2 2y

:3@(y+1)(y_1):o@{y:bx:2 .

Vay hé phuong trinh c6 hai nghiém la (x;y) = (1;—1);(2;1) .

(6—X)(X2 +y2)=6x+8y

Bai 4. Gidi hé phuong trinh .
(3—y)(x2 +y2) =8x -6y

Loi gidi
Céch 1: Nhan thdy x =y =012 mdt nghiém cda hé phuong trinh.

Xét x? +y? >0khi d6 viét lai hé phuong trinh du6i dang:

6_X:6>2(+8Z X+6)2(+83726
xoty "1 sty
X4y X +y

R rang dén day hé phuong trinh ¢6 dang nhu céc bai todn trén.
Viét lai hé phuong trinh dudi dang:

X+6x+8y:6 XeriJr6x+8y+8>u—6y1:6Jr3i
2 +y? x? +y?
B0V g [k XYY g

X2+y2 X2+y2



6(x —yi)+8(y + xi)

X+yi+ —6+3i (1)
X2 +y
=
X+6X+8y:6
x> +y?
Détz:x—}—yijl: 7;_}’12 ’l: };+x12.
z x*4+y* z x’4y

Khi d6 phuong trinh (1) trd thanh:

z+6+81=6+3i<:>22—(6+3i)z+6+81=0.
VA
z=2+1 X+yi=2+i1 x=2,y=1
= = = .
z=4+2i X+yi=4+2i x=4,y=2

Vay hé phuong trinh c¢6 ba nghiém la (x;y) = (0;0);(2;1);(4;2).

X+6)2(+8§:6

Cich 2: Xét hé phuong tinh: | © % .
8x — b6y

yr—5— 573
X +y

Nhan thdy néu nhan vao phuong trinh ddu véi y va phuong trinh thit hai véi
x sau d6 cong theo v& s€& triét tieu hang tl chita x> + y2 .

Nhan thdy xy = 0khong théa man hé phuong trinh:

6xy + 8y2
x?+y? %
Xét véi xy # 0 vi€t lai hé phuong trinh dugi dang: .
8x% — 6xy
Xy +——=3x
2, .2
X" +y

Cong theo v€ hai phuong trinh ctia hé trén ta dudc:

2xy+8=3x+6y < x= 6y—8’ y;«tE .
2y-3\" "2
Thay vao phuong trinh dau tién ctia hé ban dau ta dudc:
6y —8 6'?_2
y-8, 2y-

273 (ey-8)
2y -3 Y

+ 8y

~6 @(y—l)(y—Z)(3y—4)(4y2 —12y+13) -0.



y=1l=>x=2
Sly=2=>x=4.

4
y= 3 =x=0
D6i chi€u v6i dieu kién suy ra (x;y)=(0;0);(2:1):(4:2).
Nhan xét. RS rang n€u nghiém cda hé 1a 1& khi d6 viéc ritx theo y roi thé
vao phuong trinh ctia hé dua vé mot phuong trinh bic cao clia y té ra khong

hiéu qué trong khi st dung s& phtc ta hoan toan tim dugc nghiém ctia z va
tdt nhién tim dudgc (X;y).

x> - ?axy2 =4

Bai 5. Gidi hé phuong trinh .
{y3 —3x%y = —4x/§

Loi gidai
Hé phuong trinh da cho tuong duong véi:
x> — 3xy2 =—4 x> — 3xy2 =4
& .
i(y3 - 3x2y) = —4\/51 x> - 3xy2 - (y3 - 3X2y)i =—4+ 4\/§i (1)

bat z=x+yikhi d6 (1) tr§ thanh:

——4+4\/_1— (COS?-FI sm23—n]

< z=2|cos 2_n+@ +1.81n 2_n+@ ,k=0,1,2.
9 3 9 3
Suy ra (X;y)z 20082_75;281112_71 ; 2(:058—71:;251n8—7-c ;| 2cos 1471 ;281 147t .
9 9 9 9 9 9
Viay hé phuong trinh c6 ba nghiém la

(x;y): 2cos2—n;23in2 20058— 2s1n8—7t 2¢co 14—TC2S 147[ .
9 9 9 9 9 9

Cee2u2 4o
Bai 6. Giai hé phuong trinh 10X Y 1Y 83
x3y - xy3 =2

Loi gidi
Hé phuong trinh da cho tuong duong véi:



xt—6x?yt+y —8\/7 x4—6x2y2+y4=8\/§
4x3 y— 4xy =8 (47(3}’ - 4xy3 ) =38i
x* —6x2y? 1yt + i(4x3y —4xy3)= 83 + 8i (1)
= .
i(4x3y - 4xy3) =8i
bitz=x+yi= 7t =x* —6)(2y2 +y4 +i(4x3y—4xy3).
Khi d6 phuong trinh (1) trd thanh:

T - E+k27r E+k2n
z* =\/§+i= 16[cosg+i.singj oz=2 COS6T+i.sin 6

,k=0,1,2,3

Vay hé phuong trinh ¢6 bdn nghiém la:
(x;y)z 2cosl;2sinl 2¢co si 2sin 13_7: ; 200825_71: 2sin @
24 24 24 24 24 24
Nhan xét. Qua hai bai todn trén hoan toan xt Iy dugc véi hé cho bac 5,6,7

va diéu lIvu ¥ 1a hé dang nay 1a hé ding cAp tuy nhién bac cao va nghiém 1&
nén kinh nghiém 1a cdc em st dung s& phitc nhu trén.

o)
ﬂ[l— J=4\/5'

Bai 7. (VMO 1996) Giai hé phuong trinh

X+y

Loi gidi
DPiéu kién: x>0,y >0,x+y>0.
Nhan thdy xy = 0khong thda man hé phuong trinh.
Vi vay diéu kién clia 4n d€ hé phuong trinh ¢6 nghiém 1a x >0,y >0.
Khi d6 vi€t lai hé phuong trinh dudi dang:

@(H ! ]:2 Jx + Vx

2
X+y - x+y 3

N (e FER N SRS
Ta dit u= \/;,V = \/§ hé phuong trinh trd thanh:

X+y

x+y 7



bit z=u+vi khi do6 ta c6 phuong trinh:

Ao s ie - i+4\Ei z+1=0.
z 3 V7 NI

=S [1+2\/7+21\f1 2+4\Fi+2\/5+21\/§i
\/7 X+ ._\/5 !
yi=
Rt 2 N 2 :
+4\[1—2\/_—21\/—1 +4\f 24212132
—\/g X+ '—\/5
= 7 yi= )

Vay hé phuong trinh ¢6 hai nghiém la:
()[“F\le}{ f\lej

C. BAITAP REN LUYEN

2 2 N
Bai 1. Gidi hé phuong trinh {* ~Y ~2X 73y ~2=0 M
3x+2xy-2y-4=0 (2)

Loi gidi
Lay (1)+i.(2) theo vé& ta dugc:

xz—y2 —2X—3y—2+i(3x+2xy—2y—4)=0.

o (x+yi) —(2-3i)(x+yi)-2-4i=0.
bit z=x+yi phuong trinh tr§ thanh:
=—2i +yi=-2i =0,y=-2
1 <:>|:X y1 ) 1 <:>|:X y .
1

X+yi=

2 (n_ 2N " _ 4 z
z (2 31)z 2 41<:>L:2_i

Vay hé¢ phuong trinh c6 hai nghiém Ia (x;y)=(0;-2);(2:-1).



(2x—1)(x2 +y2)+2y:0
Bai 2. Gidi hé phuong trinh .
(2y—3)(x2 +y2)+2x =0

Loi gidi
Néu x=0<y=0=> (x;y) = (O;O) 12 nghiém ctia hé phuong trinh.

Xét xy # 0 viét lai hé phuong trinh dudi dang:

2X 2xi . 2| xi+

s +2y=3=0 S +2yi=3i=0 %+2(x+yi)—3i—1:0
X"ty R Ty ol XFy

%Y 2x-1=0 %Y 2x-1=0 2 2x-1=0
X% +y? X% +y? x> +y°

bit z=x+yita c6 phuong trinh:

2+2z—3i—1=o4:>2z2—(3i+1)z+2i=o.
Z

Z_1+ \/H—4+(3— \/H+4ji X_Hm y_3_m
Suy ra: 4 o 4 2
1_\/@4{3“/@%)1 iWaa e ae
z= 4 7 4
i 4

Vay hé phudng trinh c6 ba nghiém la:

(x:y)=(0:0); 1eya1—4 3-y\a1+4 | [1-JVa1-4 3+ Va1 +4
;y)=(0;0); TR -

’ ’

2 4

Bai 3. Gidi hé phuong trinh :

x> —3xy? —2x% +2y%> —2xy +3x+5y —-2=0 )
—y3+3x2y—4xy+xz—y2+3y—3x=0 2)
Loi gidi

Ly (1)+1i.(2) theo v€ ta dugc:

x> —3xy2 +(3X2y—y3’)i—(2—i)(x2 —y2 +2xyi)+(3—31)(x+yi)—2+2i=0.

o (xtyi) —(2-1)(x+yi) +(3-30)(x +yi)-2+2i=0.




bit z=x+yi khi d6 ta c6 phuong trinh:

2’ —(2-i)2% +(3-3i)z-2+2i=0 & (z-1)(z+2i)(z-i-1)=0.

z=1
<:>(z—1)(z+2i)(z—i—l)=0<:> z=-2i .
z=1+1

x+yi=1 x=1Ly=0
& x+yi=-21i & |x=0,y=-2.
x+yi=i+1 x=1Ly=1

Viay hé phuong trinh c6 ba nghiém la (x;y) = (1;0);(0;—2);(1;1) .

Bai 4. Gidi hé phuong trinh:

xt—x? —6)(2y2 +6x2y—4x2 +3xy2 +2xy—x+y4 —2y3 +4y2 -4y=0 (1)
4)(3y—2x3 —3xzy—x2 —4)(y3 +6xy2 —8xy+4x-|—y3 -I—y2 -y+13=0 (2)

Loi gidi
Ly (1)+i.(2) theo v€ ta dugc:

(x+yi)4 —(1+2i)(x+yi)3 —(4+i)(x +yi)2 —(1—4i)(x+yi)+1+3i =0.
bit z=x+yi phudng trinh tr§ thanh:

z4—(1+2i)z3 —(4+i)22—(1—4i)z+1+3i:0.

z=-1
o (z+1) (z-2-i)(z-1-1) o | z=2+i.
z=1+1
z=-1 X+yi=-1 x=-1y=0

Slz=2+ie|x+yi=2+ic|x=2,y=1 .

z=1+1 X+yi=1+i x=1Ly=1

Viay hé phuong trinh c6 ba nghiém la (x;y) = (—1;0);(2;1);(1;1) .

2
2X2—%—(\/5+1)(\/5X—1)— 2X)2/ =0
Bai 5. Gidi hé phuong trinh y Xyl

2
4x +—2 :2+\/5
x2y2+1

Loi gidi
biéu kién: y#0.




Vi€t lai hé phuong trinh dugi dang:

2
2
R o R o i
y 2X2+£
2
y
J2
2.
Z, ey
2\/7 (\/5+1).—+ =0
y 2x2+l
y2
Dit u=~2x,v= ﬁ(v #0) khi d6 hé phuong trinh tr thanh:
y

2

u? —v2 —(\E+1) ;5“ =—(\5+1) 0

u +v
J2v
2uv—(V2+1 0 Q@
uv ( + )V+u2+v2 ( )
Loy 0 sicmames (i (2 i) 2B )
u +v

bit z=u+vi ta c6 phuong trinh:

2 (VEai)e- Y2 (Betfer' (2 o1)7 o0

z=\/5 u+Vi=\/5
(1= 2)( 1) | 1= s i 21
1+i\/§ . 1+i\/§
= u+vi=
i 2 i 2
u=\/5,v 0 1 2\/3
:—’y:——
olucl o BT
22 e
aoly 3 2027 3
L 2T

Vay hé phuong trinh ¢6 hai nghiém 1a (x;y):[ 1[;—2\3/81 L ! 2\/_].
242



Nhan xét. Nhu vay biing viéc thay x :=~/2x,y ::ﬁ ta dua vé mot phuong
y

trinh hét sic cong kénh. Muc dich ctia bai tip nay 1a rén luyén cho cdc em
kha ning nhan bi€t ddu hién st dung s6 phic.

x> — 3xy2 =-1

y -3xly=—3
Loi gidi

Hé phuong trinh da cho tuong duong véi:

Bai 6. Gidi hé phuong trinh {

x3—3xy2=—1 X3—3xy2+1=0
= )
i(y3 —3x2y)=—x@i %3 - 3xy> —(y3 —3x2y)i=—1+x/§i )

biat z=x+yikhi d6 (1) trd thanh:

21
:—1+[1— cos—+1sm—
e z2=¥2| cos| ZE+ X2 | igin| 2L K2T )k o1
9 3 9 3
3 2m 35 . 21 (3 8 3 87
Suy ra: (x;y)z x/Ecos—;\/Esm— ; \/Ecos \/ES n—
9 9 9 9
[%/ECOSMTTE;%/ESHIMTTC].

Vay hé phudng trinh ¢6 ba nghiém la:

(X;y)z(%coszg \/Es 29“ [%cos%;%sin%};[%/_ 14n \/— 147:}

x* —6xzy2 + y4 = \/5 1
Bai 7. Gidi hé phuong trinh

1 .

3 3

X’y —-Xy =— 2

yoXy =y (2)
Loi gidi

LAy (1) +4i.(2) theo v& ta dudgc:

x* —6x2y2+y4 +4(x3y—xy3)i=\/§+i.

<:>(x+yi)4=2 £+i.l =2 cos£+i.sinE .
2 2 6 6



T k2 T ik2m
o x+yi=¥2| cos y +1.sin0 y (k=0.1...3).

Hé phuong trinh c6 bon nghiém 1a:

T ok2n T okon

(X;y) = %cos%;%sin 6

,(k=0,1,...,3).

X(x4 —10x%y? +5y4):\/§ (1)

Bai 8. Gidi hé phuong trinh .
y(y* —10x%y? +5x4):—1 )

Loi gidi
Lay (1)+i.(2) ta dugc:

x> +5xy4 —10y2X3 +i(y5 +5X4y —10X2y3) = \/g—i.
<:>(x+yi)5=2 ﬁ—i.l =2| cos—E +i.sin—= |.
2 2 6 6

T xon T xon

<:>X+yi=§/§ cos 6 +i.sin6T ,(kzO,l,...,4).

Hé phuong trinh c6 nim nghiém la:

k2 k2w
(xiy)= 95c0s6T;§5sin6T (k=0,1,...4)

x® —15y2x4 +15y4x2 —y6 =% @D
Bai 9. Gidi hé phuong trinh

6yx> —20y°x> + 6y°x = g )




Loi gidgi
Lay (1)+1i.(2) theo v€ ta dugc:

x° —15y2x4 + 15y4x2 —y6 +i(6yx5 —20y3x3 +6y5x) :%.Fig .

& (x+yi ¢ :l+i—3=COSE+iSiHE
2 2 \/’

T iKk2n T ikon
<:>x+yi=cos3T+isin

k=0,1,...,5.
Hé phuong trinh c6 sdu nghiém la:
Tiken ik

(xiy)=| cos - :8in = - (k=0.1,2,3,45).

Bai 10. Gidi hé phuong trinh

1
x’ —21y2x5 -i—35y4x3 —7y6x =— @®

N7

y7 - 21)(2y5 + 35)(4y3 - 7x6y = —% 2)
2

Loi gidgi
LAy (1)—i.(2) theo v&€ ta dugc:

X - 21y2x5 + 35y4x3 - 7y6x + i(—y7 + 21x2y5 - 35x4y3 + 7x6y) = L +1

1
NN

N L T .. T
@(X‘l‘yl) _$+1'$_COSZ+LSIHZ
T ko T rkon

< X+ yi=cos——+1.sin Ik=0,1,...,6
y - ( )

Hé phuong trinh ¢6 bdy nghiém la:
Tikon Tikon

(x;y)z cos4 - ;sin4 - ,(k=0,1,...,6).




Bai 11. Gidi hé phuong trinh:

V3

x® —28y?x® +70y*x* —28y°x? +y¥ = 5> O

8yx7 - 56y3x5 + 56y5x3 - 8y7x =% 2)

Loi gidi
Lay (1) +i.(2) ta dugc:
x5 — 28y2x6 + 70y4x4 - 28y6x2 + y8

+i(8yx7 —56y3x5 +56y5x3 —8y7x) =—+i%.

3

A8 1 T .. T
<:>(x+y1) =—+1.—=coS—+1i.sin—
2 2 6 6

T oxon T ko

& X +yi=cos +1.sin

(k=0.1,...,7)
Hé phuong trinh c6 tdm nghiém la:

Tikon Trkon
(x;y)z cos6 g ;sin6 2 ,(k=0,1,...,7).

(2—x)(x2 +y2):—5x+5y
Bai 12. Gidi hé phuong trinh

(5—y)(x2 +y2)=5x+5y

Loi gidi
Nhin thdy x =y =013 mot nghiém ctia hé phuong trinh.
Xét x* +y? >0khi d6 viét lai hé phuong trinh du6i dang:

)(_'_—52x+52y:2 x+_52X+52y=2
+ +

SX 5y < g

X+5y s

)(2+y2 X +y

+5x+5y

i=5i
2




—5(x—yi)+5(xi+y)

X +yi+ =2+51 (D)
X2+y2
o
PRLSE
X% +y?

bit z=x+yi khi d6 phuong trinh (1) tr§ thanh:
5i-5

Z

7+ =2+5i<:>22—(5i+2)z+5i—5=0.

z=2i+1 X+yi=2i+1 x=2,y=1
= = = .
z=3i+1 x+yi=3i+1 x=3,y=1
Vay hé phuong trinh c6 ba nghiém 1a (x;y)=(0;0);(2:1);(3:1).

2X

3x — =2 1)
Bai 13. Gidi hé phuong trinh X 2+y .
By +—2—=4 )
X +y
Loi gidi
. £ 2(x-vi) .
Lay ()+i.(2)ta duge: 3(x+yi)-———"=2+4i.
X +y2
bt z=x+yikhi d6 ta c6 phuong trinh:
3z—3=2+4i@3z2—(2+4i)z—2:0.
Z
z=1+1 X+yi=1+i x=1y=1
= 1 1.© .1 1,e 1
Z=——+—1 X+yl=——+—1 X=—=y=
3 3 3 3 3

Viy hé phuong trinh c¢6 hai nghiém la

ol )

UJI»—\

5x+7fy

Bai 14. Gidi hé phuong trinh x*+y?

X" +y

=7 (1)

LB Sy o

2 2

Loi gidi

Liy (1)+i.(2)theo v€ ta dudc: x +yi+

5(x—yi)+7\/§(xi+y) _

X2 +y2




bit z=x+yi khi d6 ta c6 phuong trinh:

z+i\/glz7<:>z2—7z+5+7x/gi=0.

VA
2=7-+51 |x+yi=7-51 [x=7y=-5
= = = .
Z=\/gi x+yi=\/§i x=0,y=\/g

Viay hé phuong trinh ¢6 hai nghiém la (x;y) = (7;—\6);(0;\6).
[~ [~

N N
=3 )

2 2
Bai 15. Gii hé phuong trinh { +5y .
X+ y _ O (2)

X2+y2

Loi gidi

, . S(x+yi)—(xi+
Lay (1)+i.(2) theo v€ ta dugc: x +yi+ ( y) ( y):3
X“+y

bit z=x+yi khi d6 ta c6 phuong trinh:
5-i

2+ =372 -32+5-i=0.
Z

3+,/71372_“+i(11+ 137) 7“1372_“1

2

- \/1372—11_;(1“\/@) /\/1372—11i

2
Viay hé phuong trinh c¢6 hai nghiém la:

5, N137-11
* J137 =11

1
(x:y)= +;§(11+ 137) =

7=

7=

V137 -11

ST B —
( y) 2 8 2




+16x—11y:

11 (1

x> +y?

Bai 16. Gidi hé phuong trinh .
11x +16y

a2 @
X +y
Loi gidi
) ) ) 16(x—yi)—11(xi+y) _
Lay (1)+1.(2) theo vé ta dugc: x+yi+ 5 =11-17i.
X" +y

bit z=x+yi ta c6 phuong trinh:

16-11
z

z=-i X+yi=-i x=0,y=-1
o o = .
z=11-16i x+yi=11-16i x=11y=-16

Viay hé phuong trinh c6 hai nghiém la (x;y) = (0;—1);(1 1;—16).

Z+

=11—17i<:>22—(11—17i)z+16—lli=0.

X +y2

) :
y[l—x2+y2J=1 2)

x{l-l— . J:sﬁ ()

Bai 17. Gidi hé phuong trinh

Lai gidi

6(x—yi

L&y (1)+1.(2) theo v& ta dudc : x + yi +M: 32 +i.
X% +y?

bit z=x+yi khi d6 hé phuong trinh trg thanh:

Z+§:3\/E+i<:>zz—(3\/§+i)z+6=0.
Ta c6 A=(3x/5+i)2—24=6\/5i—7=(\/5+3i)2.
Z:3\/5+i+\/5+3i
Z:3\/5+:\/5—3i

2

Suy ra




i N2 ie2 430
Xxryr= 9 [XZZ\/E,}/:Z

W2ri-N2-3i |x=2,y=-1
2

X+yi=

Viy hé phuong tiinh ¢6 hai nghiém 12 (x;y) =(2ﬁ;2);( 2;—1) .

N
X [1 - 12 j =2
. pi . y+3x
Bai 18. (VMO 2007) Giai hé phudng trinh: j .

Loi gidi
biéu kién: x>0,y >0,y +3x>0.
bit u=\/37x20,V= y>0.

Khi d6 hé phuong trinh trd thanh:

u 12 12
MR E
lizw “ urZV '
v[1+ j:6 vi— V2:6 )
u+y u+v
i 3 12(u—Vi)
Lay (1)+1i.(2) theo v€ ta dudc: u+Vi——2=2 3 +6i.
u+v

béit z=u+vi khi d6 ta c6 phuong trinh:

z—2=2x/§+6ic>zz—2(x/§+3i)z—12=0.

Z

z=\/§+3i+3+\/§i=3+\/§+(3+x/§)i
=

z=\/§+3i—3—\/§i=\/§—3+(3—\/§)i
Ta c¢6 u,v=0nén chi nhan nghiém

{u=3+ﬁ©{\/37x=3+ﬁ©{x=4+2\/§
v=3+3  |Jy=3+B  |y=12+6/3

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (4 o312+ 6\/5) .




X+y

1 +L:
x+y 2y

Bai 19. Gidi hé phuong trinh

Loi gidi
biéukién: x>0,y >0.

Hé phuong trinh da cho tuong duong véi:

X — +2\/;=1
’ Xy & X - y+2\/_1+ (\/7 \/71)
2\/» \/7 X+y

X+y

=1+1.

bit z= \/; + \/§i ta c6 phuong trinh:

2 2_ . 3 . _ IR 2 AV S\
V4 +;—1+1<:>z (1+1)z+2—0<:>(z 1 1)(2 +(1+1)z 1+1)—0.

z=1+1

C{Z;”i.  ola- —1+\/2+\/_ 1+\/ -2
z +(1+1)z—1+1=0
\/2+\/_ —1+\/

Vi \/;,\E >0 nén phan thyc va phﬁn 4o clia z deu khéng am do d6 chi nhin

nghiém z=1+1.

<:>\/;+\/§i=1+i<:> \/;=1<:>{X:1.
Jy=1 ly=1

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) :

Bai 20. Gidi hé phuong trinh :
{x3 —3)(y2 +x+1=y2 +2xy—x2

y3—3x2y—y—1=x2 +2xy—y2

Loi gidgi




Vi€t lai hé phuong trinh dudi dang:
(x+1)(x2 +1—y2):2xy(y+1)
(erl)(y2 —1—X2)=2xy(x+1).

Dip so: (x;y) = (—1;—1);(0;—1);(0;1) )

Bai 21. Gidi hé phuong trinh:
{x4 - )(2y2 +2x° —4)(y2 +2x+1= y2 +2xy — 2x2

y4 —xzy2 +2y3 —4xzy—2y—1=x2 +2xy

Loi gidi
Viét lai hé phuong trinh:

(x+1)2(x2 +1—y2)=2xy(y+1)
(s+1) |

(3]
—_——
~<
[\
|
p—
|
bal
[\
~—~—
1
[\
>
<
—
>
+
—_
~—~—




Cha 45 17. KY THUAT SU DUNG TiNH CHAT

HINH HQC GIAI TICH
A. NOI DUNG PHUONG PHAP
Noi dung cht dé nay dé cip k§ thuat sit dung cdc tinh chit cd bdn cda hinh
gidi tich phiing Oxy va gidi tich khong gian nhu tinh chit véc to, mdi lién hé
gitta dudng thing va dudng tron, giita mit phdng va mit ciu trong qud trinh
gidi hé phuong trinh hai 4n va nhiéu 4n. Ta cling xét cdc bai todn co ban.

Bai toan 1. Cho hai véc td u,vta cod: u.v= ‘qu‘cos(u;v).
a) Néu uv = ‘HHV‘ khi va chi khi ton tai k >0sao cho u=kv.
b) N&u wv = —‘qu‘ khi va chi khi ton tai k < 0sao cho u=kv .

¢) Vdihai véctotaco ‘u‘+M2‘u+v ddu bang xdy ra khi va chi khi u, v cing huéng.

d) M& rong cho ba véc td ta ¢6 ‘u‘+M+‘w‘ > ‘u+ v+ w‘.

Bai todn 2. Cho dudng thing d:Ax+By+C= o,(A2 +B? > o)va dudng tron

(C) : (x - a)2 + (y —b)2 =R%c6 tAm I(a;b) ,bankinh R.

a) Pudng thing d ti€p xiic v6i dudng tron(C) <> d(I;d) =R khi d6 dudng thing
dugc goi 1a ti€p tuyén véi dudng tron (C)va tiép xic tai duy nhat mot diém
M(Xo;y0 ) 12 hinh chi€u vudng géc cda I trén dudng thing d .

b) Pudng thing dcdt dudng tron (C)<> d(I;d)<Rkhi d6 dudng thing cdt
dudng tron (C)tai hai diém phan bigt A,B.

c) Pudng thing d khong c6 diém chung véi dudng tron (C) < d(Ld)>R.

Bai todin 3. Cho hai dudng tron (C,):(x—a,)" +(y—b, )" =R%c6 tam T, (a,:b, ).
bén kinh R, ; dudng trdn (C, ):(x—a,)" +(y—-b,)" =R2c6 tim 1, (ay:b,),
bén kinh R, .

IL =R, +R,

khi d6
L1, =R -R

Hai dudng tron ti€p xdc nhau khi va chi khi ‘
2

(C,).(C,)c6 duy nhat mot diém chung.



Bai todn 4. Cho mit phéng (P) :Ax+By+Cz+D= O,(A2 +B*+C? > O) va mit
cau (S) : (x - a)2 + (y - b)2 + (z - 0)2 =R%c6 tam I(a;b;c) ,bankinh R.
Mit phing (P)ti€p xdc vdi mit cau (S) < d(I;(P)) =Rkhi d6 (P)ti€p xiic
véi (S)tai duy nhat mot diém M(x,:yg:z )12 hinh chi€u vuong géc ciia
I trén mit phing (P) .

Bai todn 5. Cho tam gidc nhon ABCva M1a mot diém ty ¥ ndm trong mit
phing khi d6 goi T1a mot diém nhin cdc canh BC,CA,ABdudi cling mot
g6c 120°thi T n¥m trong tam gidc ABCva MA+MB+MC>TA+TB+TC.

B. BAI TAP MAU

Bai 1. Cho hé phuong trinh :

(m2 +2m)x+(1—m2)y+m2—2m—2=0

x2+y2+2x—9=0

Chdng minh ring hé phuong trinh da cho ludn c6 hai nghiém phan biét
(xl;yl)vé (X2§Y2)- Tim m dé P =(x1 -X, )2 +(yl -y, )2 dat gi4 tri nhé nhat.
Loi gidi
’ (mz+2m)x+(1—m2)y+m2—2m—2:0
Viét lai hé phuong trinh duéi dang:
(x+1)2 +y2 =10

Nghiém ctia hé da cho 1a toa do giao diém cta dudng tron (T) c6 thm 1(—1;0),
ban kinh R =10 va duding théing d:(m2 +2m)x+(1—m2)y+m2 ~2m-2=0.
Pudng thing d ludn di qua di€m cd dinh N(1;2).

Vi IN =242 <R nén Nnim trong dudng tron do d6 dudng thing d ludn cit
dudng tron tai hai diém phan biét A,B hay hé phuong trinh da cho ludn c6
hai nghiém phan biét.

Khi o P=(x, =x,)" +(y, -¥,) =AB? =2(R? —d?(1;d))>2(R* ~IN?.

DAu bing xdy ra: <IN Ld= ﬁi =0

—1+3
o

<:>2(m2—1)+(m2+2m).2=0<:>m=



X+y+z=3
Bai 2. Gidi hé phuong trinh {x* +y? +2%> =3

X2014+y2014+22014 =3

Loi gidi
Xét hai véc to ﬁ: (x;y;z),:/ = (1;1;1) ta co :

wv=x+y+z=3= Xery2+22.\/12+12+12 =HM
DAubing xdyra <> x:y:z=1:1:1vd x+y+z=3suyra x=y=z=1.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y;z) = (1;1;1) .

2 (X+Y+Z)2 ta co

Nhan xét. Xuit phat tir bat ding thic co ban x> +y? +22 >

ngay x=y=z=1.

Bai 3. Gidi hé phuong trinh :
x> —2y2 -7xy=6

\/x2+2x+5 +\/y2—2y+2=\/x2+2xy+y2+9‘

Loi gidi
Phuong trinh thi hai cia hé tuong duong vdi:

\/(x+1)2 +2? +\/(y—1)2+12 =\/(x+y)2 +3% .

Xét hai véc ta ﬁ:(x+1;2),§ =(y—1;1)ta co :‘u‘+M 2‘ﬁ+;‘suy ra

\/(x+1)2+22 +\/(y—1)2+12 2\/(x+y)2+32 .

DA4u bing xdy ra @XTszT_l<:>Xz2y—3.

Thay x =2y —3 vao phuong trinh dau clia hé tim dugc cdc nghiém:
51
xy)=(=-L1);| ——;—|.
(x3)=(-0){ -3:5

Vay hé phuong trinh c¢6 hai nghiém la (x;y) = (—l;l);(—g;zj .

Bai 4. Gidi hé phuong trinh :




x2+y2+y(x+z)=0
x2+x+y+2yZ:O

3X2+8y2+8xy+8y2=2x+4z+2

Loi gidi
Hé phuong trinh da cho tuong duong véi:

x(x+y)+y(y+z)=0
X(X+1)+y(2Z+1)=O

4()(+y)2 +4(y+z)2 :(x+1)2 +(22+1)2

Xét ba véc to ;:(x;y),f) =(x+y;y+z),€::(x+l;2z+l)

- - -2 -2
Khi d6: a.b=0,a.c=0,4b =c .
TH1:Néua=0e{* Ompo L
y=0 2
ab=0 B L
L - = - b//c c=2b
TH2:N€u a#0=1ac=0 =¢ , =

2 2 4b =c c=-2b

4b =c
T x+1=2(x+y) x=0 .
+ Néu c=2b< & 1 thay vao phuong trinh dau cta
22+1=2(y+z) yzz

hé ta dudc z =—%.

_1+3x

- - x+1=—2(x+y) Y=,
+ Néu c=-2be = 3 thay vao phuong trinh

2Z+1:—2(y+z) _3.
4

dau ctia hé ta dudc:

2
G +(—1+3X} - 1+3X(x+%‘} 5x% 4 5x +2 =0 (v0 nghiém).

2 2

Viay hé phuong rinh c6 hai nghiém (x;y;z) = (0;0;—%];[0;%;—%)

Bai 5. Gidi hé phuong trinh :




|
V' Loi gigi
Cong theo v€ ba phuong trinh clia hé ta dugc:

\/Xz +y? +(3—z)2 +\/y2 +7° +(3—x)2 +\/22 +x2 +(3—y)2 =3V6.

Xét ba véc ta ﬁz(x;y;3—z),; =(y;z;3—x);;(z;x;3—y) .

Taco : ‘u‘+‘v‘+‘w‘2‘u+v+w‘,ta co:

M+M+M=\/x2+y2+(3—z)2 +\/y2+z2+(3—x)2 +\/22+x2+(3—y)2
2\/(x+y+z)2+(x+y+z)2+(9—x—y—z)2
:\/3(X+y+z—3)2+5423\/g

DA4u bing xdy ra khi va chi khi:

X+y+z=3
X2y2Z=y2Z2X=(3—Z)2(3—X)2(3—y

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y;z) = (1;1;1) .

=y=z=1.
)<:>xyz

Bai 6. Tim m dé hé phuong trinh sau c6 nghiém duy nhat
X+y+z-m-6=0
\/x—1+\/y—2+\/z—3:m.

Loi gidi
biéukién: x>1,y>2,z>3

Pit X=vx-1Y=1/y-2.Z2=2-3,(X.Y.Z>0).

X+Y+Z=m (1)

Hé phuong trinh da cho tr6 thanh: ¢ .
X“+4Y"+Z°=m (2)

Né&u m < 0 hé phuong trinh vd nghiém.




Xét v6i m>0: khi d6 phuong trinh (1) 1a mit phing (P):X+Y+Z-m=0
nim trong géc phan tdm thif nhat clia hé truc toa d® OXYZ . Phuong trinh (2)
12 mit cau (s) c6 tim 12 gdc toa dod 0(0;0;0) ,bankinh R = \/E,(m > 0).
Hé phuong trinh ¢6 nghiém duy nhit < (P) c6 mot diém chung duy nhit véi
(s) tai diém thudc géc phin tim th nhat.

m=>0

m=0
o M:H@[m:3.

5

Vay hé phuong trinh ¢6 nghiém duy nhit khi m=0,m =3.

Bai 7. Cho x,y,z la cdc s6 thuc duong théa man hé phudng trinh

y2 +22 =50
2

x? +xy+y7=169 tinh gid tri cda biéu thitc P=xy +yz +2x .
2

x? +XZ+%=144

Loi gidi

2
Hé phuong trinh da cho tuong duong vdi: x> + Xy + Y132,

2
z
x2 +xz+;=l22

Xét tam gidc ABCcd cdc canh tuong ttng AB=13,AC=5,BC=12.
Suy ra ABCIla tam gidc vudng tai C.

Xét Ola diém nim trong tam gidc ABCthéa mian Ko\c = 900,]3/0\C =135°.
OA% +0C* = AC? =57

Khi d6: { OB?> —20A.0Bcos135° + OA%2 = AB? =132
OB? —20B.0Ccos135" + OC? = BC? =122

Suy ra ,X tuong ng 1a do dai cac doan thing OA,OC,0OB.

G

Khid6 P=xy+yz+zx=4s 5 +4Sq,c +4Soap =4S spc =2AC.BC=120.



Bai 8. Tim m dé hé phuong trinh sau c6 nghiém thyc duong :
X+y+ \/E =16xy
y+z+ \/y_z =25yz
Z+X+ \/; =36zx

3 5z oz = mfryz

Li gidi

Gia s (x;y;z),(x,y,z > 0)151 nghiém ctia hé phuong trinh.

1 1 1

—+—+ =16

X Y 4xy

l+l+ ! =25

Z

Khi d6: Y \/;

1 1 1

—+—+—==36

X T

1,11 _ -

oy V2

a’ +ab+b* =47
2 2_g2
Pit a=—b=—— c=—,(3,b,c>0) hé phuong trinh s thanh: {© TP+ ="
\/; ¢® +ac+a’ =6
a+b+c=m

Trén mit phing toa dd Oxyvé ba doan thing MA =a,MB =b,MC = ¢ d6i
mot hgp nhau géc 120°khi d6 theo dinh ly ham s& Cdsin va hé trén suy ra
AB=4,BC=5,CA=6.
Viy tam gidc ABCnhon va M ndm trong tam gidc ABC.
Khi d6 theo dién tich tam gidc ta c6:

Sasc =Smas T Smec T Smac

= \/p(p—a)(p—b)(p—c) =%(absin1200 + bcsin1200+casin1200)

<:>ab+bc+ca=5\/i
Mit khédc cong theo v€& ba phuong trinh dau clia hé ta dugc :

2(a2+b2+02)+ab+bc+ca=77:2(a+b+c)2—3(ab+bc+ca)=77




77+15421 77 +15v21
Sa+b+c= P mE

Viay hé phuong trinh ¢6 nghi€m dudng khi va chi khi m =

77+1521

2

Bai 9. Gidi h¢ phuong trinh x> +y? =(a—x)" +b> =(b—y)" +a’.

Loi gidi
Trong mit phing toa do Oxy xét ba diémA(a;b),B(x;O),C(O;y)tfr hé
phuong trinh. Suy ra: AB=BC=CA tifc tam gidc ABCdéu. Vay bai todn
quy vé tim toa do diém B trén truc hoanh va diém C trén truc tung sao cho
tam gidc ABCdeéu. Pay Ia bai todn khd quen thudc (xem thém cudn Hinh
hoc phiing Oxy cling tdc gid trong cling bd sdch).
Toa d trong tim G cua tam gidc ABC la:

XA+XB+XC :X+a

Xg =
3 3 :G(X_ﬂ;ﬂ}
_YatYptYe _y+b 3 3
G 3 3

Do tam gidc ABCdéu nén G dong thdi Ia tryc tAim tam gidc ABCsuy ra:

R, —X a-x+a +y b_y_+b =0
GABC=0 3 3
. & .
GB.AC=0 [ x+aj y+b

T )Ty (y7b)=0

—x(2a—x)+y(2b—y)=0 xz—y2—2ax+2by:0
= = .
a(2x—a)+(y+b)(y—b)=0 2ax+y*—a? -b* =0

TH1:N&u a=0=y=+b=x =+/3b.

a2+b2—y2

TH2 : Néu a# 0 tr phuong trinh thi hai cia hé suy ra x = >
a
a’+b’ - y2

Thay x = vao phuong trinh thit nhat clia hé ta dugc :

2

2 42 2

(M;—YJ ~y2+y?—a? —b? +2by =0.
a



x=y=a=b=0
@((y—b)z+a2)((y+b)2—3a2)=0<:> X=—\/§b—a;y=—\/§a—b.

x:\gb—a; :an—b
K&t luin : Néu a = b =0hé phuong trinh c6 nghiém duy nhat 9{_1 )=

N&u a® +b? > 0 hé phuong trinh ¢6 hai nghiém 13
(x;y) =(—ﬁb—a;—ﬁa—b);(@b—a;ﬁa—b) .
Vo N

Nhén xét. Nhu da trinh bay trong cuén'hinh gidi tich phdng Oxy viéc tim cdc

diém B,C dudc thuc hién bing phép quay ta c6 két qui tuong tu.
C. BAI TAP REN LUYEN

Bai 1. Gidi hé phuong trinh:
3x+4y =26
Jx2+y2 —dx 2y +544/x2 +y2 —20x ~10y +125=10

Loi gidi
Phuong trinh thi hai cia hé tuong duong vdi:

Jx=2) 4 (1) +(10-x) +(5-y) =J82+67 .
Xét hai véc td az(x—Z;y+1),\7 =(10—x;5—y), ta co:

Gl +f¥]2 i3] = | (x=2)" #(y+1)" +y/[10-x)" +(5-y) 2 10.

x=2 10-x

< 3x—-4y=10.
y+1 5-y

DA4u bing x4y ra <

K&t hgp v6i phuong trinh dau clia hé suy ra (x;y) = (6;2) .
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (6;2).

Bai 2. Gidi hé phuong trinh:
\/2)(2 +6xy+5y% +5= \/2x2 +6Xy + 5y +14x +20y +25
x* + 25y2 -2=0

Loi gidi
Phuong trinh thit nhat cia hé tuong duong véi:

\/(X+y)2 +(x+2y)2 +\/m=\/(x+y+4)2 +(x+2y+3)2 .

Xét hai véc to a:(x+y;x+2y),;:(4;3),ta ch: ‘G‘+Mz‘ﬁ+§‘



Suy ra: \/(x+y)2 +(x+2y)2 +4% +3 2\/(x+y+4)2 Jr(x+2y+3)2 .
X+y X+2y
4 3
Thay vao phudng trinh th hai cia hé ta dugc:

Dau bing xdy ra < X =-5y.

| 1

1 y:—g X:l,y:—g
625y4+25y2—2=0©y2=2—c> o= .
= — X:—l’ = —

s TS

Ao A . P U 1 1
Viay hé phudng trinh ¢6 hai nghiém la (x;y)z L= L——|.

2 2 2 _
Bai 3. Gidi hé phuong trinh { ¥ 7Y 7 =1
2x—-y+2z+3=0

Loi gidi
Xétmit cau (S)cé tim la goc toa do O(0;0;0), ban kinh R=1.
Mat phing (P):2x—y+2z+3=0.

Ta c6 d(O;(P )= =1=R nén (S) ti€p xic v6i mit phing

(P)do d6 hé phuong trinh ¢6 nghiém duy nhit Ia toa do hinh chi€u cda
O1én mit phing (P)

Dé tim dugc (x;y;z) = (—%l—%j .

2x+y+4z-5=0

2

Bai 4. Gidi hé phuong trinh , .
X +y +z2°+2x+4y+62-7=0

Loi gidi
Hé phuong trinh da cho tuong duong véi:
2x+y+4z-5=0 (1)
(x+1) +(y+2) +(z+3) =21 @
Phuong trinh (1) 12 mit phing (P) 2X:+y+4z-5=0va (2) 1A mit ciu
(S)c6 tam I(~1;-2;-3), ban kinh R=+/21.




-1.2+-2.1+-3.4-5
Ta c6 d(I;(P))z‘ ‘ =21 =R nén (S) ti€p xdc véi mit
V22 1% +47
phéng (P) , suy ra nghiém ctia h¢ 12 toa do hinh chi€u clia I trén mit phing (P) .
x=—1+2t
Pudng thing d di qua Iva vudng géc (P) c6 phuong trinh [a d:qy=-2+t .
z=-3+4t

Toa do hinh chi€u cda I trén (P) la nghiém ctia hé phudng trinh
x=—1+2t x=1
=-2+t =-1
y - y

z=-3+4t z=1
2x+y+4z-5=0 t=1

= (x;y;z) = (1;—1;1) .

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y;z) = (1;—1;1) .

Bai 5. Tim m dé€ hé phuong trinh sau ¢6 nghiém thuc:
{X+y+2z+m—2=0

x2+y2+22—2mx+m2+m—1:0

Loi gidi
X+y+2z+m-2=0 (1)
Hé phuong trinh da cho tuong duong véi: 2 5
(X—m) +y"+z°=1-m 2)
Phuong trinh (1) la mit phing (P):x+y+2z+m—-2=0va (2) la phuong
trinh mit cau (S) ¢ tAm I(m;O;O),Rle—m,(mSl).

H¢ phuong trinh ¢6 nghiém < d(L;(P))<R=m> —% = —% <m<l.

Bai 6. Tim m dé hé bit phuong trinh sau c6 nghiém thyc duy nhat:
{xz +y2 +7° —-2x—-4y+1<0

X2+y2+22—2y+22—mS0.

Loi gidi
Hé bat phuong trinh da cho tuong duong vdi:
(x-1) +(y-2) +2<4 (O

a(y-1) +(z+1) <m+2 @)



TH1 : N€u m +2 <0 <> m < -2 hé phuong trinh v6 nghiém.
TH2 : N€u m =-2hé phuong trinh tr§ thanh:

x=0
o<y =1
x2+(y—1)2+(z+1)2£0 z=—1

(x—1)2+(y—2)2+22S4

TH3 : Néu m >-2tip nghiém clia bt phuong trinh (1) 12 cdc diém nim
trong mit cau (Sl)cc’) tim I (1;2;0), bén kinh R, =2 ; tdp nghiém ctia bat
phuong trinh (2) 1a céc diém nim trong mat cAu (Sz)cc’) tam I, (O;l;—l) , ban
kinh R, =vm +2.

He bt phuong trinh c6 nghiém duy nhat <> (S, ) ti€p xiic ngodi véi (S, ).
&1L =R, +R, <3 =2+/m+2 (v6 nghi¢m).

Vay m=-21a gid tri cAn tim.

Bai 7. Cho x,y,z1a céc s thuc théa man hé phuong trinh:

2
x2+xy+y?:25

2

22 +7x+x> =16

Tinh gi4 tri biéu thiic P =xy +2yz + 3zx..

Loi gidi
Xét tam gidc vudong ABCcd AB=5,BC =3,CA =4 khid6 ABC vudng tai C.
LAy O la mot diém trong tam gidc ABC thda man:
AOC =120°,BOC =90°, AOB = 150° .
Khi d6: AB> =0A% —20A.0Bcos150° + OB*;BC? =0OB? + OC?;.
AC? =0A? ~20A.0Ccos120° + OC?

Suyra OA =x;0B=—-;0C=z.

N

Vivily P=xy+2yz+3zx =438, ;. =244/3 .



Chd 45 18. KY THUAT NHAN LIEN HGP POI VOI
HE PHUONG TRINH CO CHUA CAN THUC

A. NOI DUNG PHUONG PHAP
Vén dung ky thuit nhin li€n hgp co ban khi gidi phuong vo ty vao bai todn
gidi hé cho ta k€t qud nhanh gon. Muc tiéu clia phuong phap nay dé 1a tim ra
mdi lién hé giita hai 4n x va y tif mot trong hai phuong trinh ctia hé(thudng
la cdc phuong trinh c6 chita cin).
Ta can tim déng thitc px+qy+r=0.
Nhan lién hgp mot cdch hgp 1y sao cho xuat hién nhan tf px +qy +r va dua
phuong trinh cda hé vé dang:

(px +qy+ r).A(x,y) =0.

Thong thutng chitng minh dugc A(x,y)>0hodc A(x,y)<0,Vx,ye K(K la
tap dieu kién clia hé phuong trinh).
Chi y: Khi van dung k¥ thuit doi hdi khéo 1éo mot chiit khi x& 1y phuong
trinh tich sau cung. Trong trudng hgp khé chitng minh dugc phuong trinh
A(x,y) =0vd nghiém ta quay ngugc lai phuong trinh d6 va tim cdch bi€n ddi
tuong duong bing cdch binh phuong hai v& clia phuong trinh.

Piéu can luu tié:p theo dé la néu gidi dwoc bang nhan lién hop ta ciing c6 thé xir
ly duoC pdng an phu. , ‘

Ngoai ra can ket hop 1 so phuong phap khir can(xem thém chu dé Ky thugt xu ly hé
phuong trinh chita can thirc).

B. BAI TAP MAU

\/2x+y—1—\/x+2y—2:y—x—l )] (

Bai 1. Giai hé phudng trinh (xyeR)
x2 +y2 —-2xy+4x-3y=0 (2)

Loi gidai
DPiéukién 2x+y—1>0,x+2y—-2>0 .

Xx+2y-2=0 y=1

Vay 2x+y—1va x+2y—2c6 it nhadt modt s6 duong.

. [2x+y-1=0 =0 .
Néu{ ey @{X thit lai thdy khong thda man,

x—y+1

Khi d6 viétlai (1) dudi dang:\/ \/
2x4+y—-1+4x+2y-2

+(x—y+1)=0 .

1
—v+1 11=0 -y+1=0.
Q(X y+ )[\/2x+y—l+\/x+2y—2+J Trm



V@i y=x+1 thay vao (2) ta dudc:

X2+ (x+1) =2x(x+1)+4x-3(x+1) =0 x~2=0 = x =2.
Suyra y=3.
Vay hé phuong trinh c6 nghiém duy nhit (x;y) = (2;3) .

Jx2—x—y=—2 (1)

Bai 2. Giai hé phuong trinh X =y (x.y<R)

2(x2+y2)—3 x—1=11 ()

Loi gidgi
o . 1
biéu kién x—y;tO,xZE,xz -x—-y2>0.

. =0
Néu xz—x—yzo tr (1) suy ra y=0 va X2—X=0C>|:X thay vao (2)
X =

thdy khong thda man.
V6i x2 —x — y >0 khi d6 vi€tlai (1) du6i dang:

ooy :_(x+y><x—y—1)
(%/x—y) +%/x—y+l x2—x—y
& (x-y-1) ! TS0 H T E )

(%/x—y)2+%/x—y +1 \/XZ_X_Y

Dé€ y tir phuong trinh (1) n€u y <0 thi v& phdi 4m do d6 vd nghiém.

1 X+y
+
(%/x—y)2+é/x—y+1 \/XZ—X—Y

Vivly Q) x-y-1=0cy=x-1.

Viy ta phdicé y>0. Vivay >0 .

Thay vao (2) ta dugc: (2x —1)° =3v/2x—1-10=0 .

<:>(M—2)((2x—1)@+3(2x—1)+4\/E+5)=0




S V2x— —2<:>x=§ Suy ra (x y) [5 3J

272

Vay hé phuong trinh c6 nghiém duy nhat (x y)

/ﬁ\
l\)lUl
le

~

Bai 3. Gidi hé phuong trinh:
(1— )«/x+y +x+3y:6+(x+y—4)
F___ /——‘X v

e

, x,yeR).

Loi gidi
biéu kién: x>2y>0,x-y-7#0.

Phuong trinh dau cta hé twong duong vdi:
(l—y)(\lx+y —2)+(X+y—4)(1—\/§)=0.

(L-y)(x+y—4) (x+y-4)(1-y)

JX+y+2 1+\/§

=

1 1 y=1
1- —4)| ———= =0 :
e (1-y)(x+y )L X+y+2+1+\/§J <:>L+y_420

+ TH1:Néu y=1 thay vao phuong trinh thi hai clia hé ta dugc:

N S e P = 5

x—8 \/x 2+\/x+l X—S.

@5(\/72“/;) 3(x- 8)@5(\/—2+\/:)+3x 24-0.
@5(\/@—1)+5(M—2)+3(x—3)=0.

<:>(x—3)[ > + > +3J=0<:>x=3:>(x;y)=(3;1)(th6a main).

VX=2+1 /x+1+2

+ TH2: Néu x+y-4=0<y=4—x thay vao phuong trinh th hai clia h¢
ta dugc:

2(4—x)— x+1=;
\/X_ ( ) v x—(4—x)—7

S A3x-8-— x+1—2 > =0 1.

x—11




biéu kién: x §;+oo \ 11 )
3 2

Xétham sd f(x)=+v3x -8 —vx+1— > V(’)'iX€D=|:§;+OOj\{%}taC(’)

2x—-11

3 1 10 _3\/x+1—\/3x—8+ 10

2 3x—8_2\/ﬁ+(2){_11)2_2 (3x—8)(x+1) (2x—11)2

f'(x) =

>0,vxeD

Vi 3Wx ol -\3x—8=0x+9 _3x g = 0x*17 >0,

J9x+9 +4/3x -8

Vi vay f(x) 1a ham dong bi€n trén mdi khodng [g,%} va (%ﬁoo)

x=3
) ) x=3 y=1
Tacod f(3)=f(8)=0.Dods (1) = f(x)=0< = .
X=8 X=8
{y =—4
D6i chi€u v6i dieu kién chi nhan nghiém (x;y)=(3:1).
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (3;1) .
Cach2:Pat{ V2 7 (ab20)= TV S )* .

Phuong trinh diu cla hé trd thanh: (1 _p? )a +a2+2b2 =6+ (32 - 4)b .

<:>a(1—b2)+a2(1—b)+2b2+4b—6=0.
< a(l-b)(1+b)+a*(1-b)+(b-1)(2b+6)=0.
<:>(l—b)(a(1+b)+32—2b—6):0.

<:>(1—b)(b(a—2)+a2+a—6)=0<:>(1—b)(a—2)(b+a+3)=0.

=2 |{Yx+ty=2 =4
:{a { X+y <:{x+y '

b=1" ﬁzl y=1

Ta c6 két qué tuong tu 15i giai trén.



Cha y. Nhiéu hoc sinh sai [Am khi cho ring (1) c6 nghiém duy nhit vi la

N

ham dong bi€n. Piéu can luu y 1a f(x) dong bién trén mdi khodng {g,%j va

[1_21;+OO]' Do d6 néu c¢6 nghiém trén mdi khodng thi nghiém d6 1a duy nhat
trén khoang dé.

. . N 8
Ngoai ra néu chdn diéu kién y=4—x20©x£4:§SxS4lﬁc doé ta chi

can xét ham sd f(x) trén doan {2;4} va c6 nghiém duy nhat x =3.

Bai 4. (TSPH Khdi B 2014) Gidi hé phuong trinh

(l—y)\/;+)(=2+(x—y—l)\/§

,(X,yeR).
2y? —3x+6y +1=2{x 2y —\/4x —5y -3

Loi gidi
biéu kién: x >2y>0,4x -5y -3>0.
Phuong trinh thit nhat clia hé tuong duong véi:

(l—y)(\/;—l)+x—y+1:2+(x—y—l)\/§.

x—y—-1

@(l—y).m+X—y—l—(x—y—l)\/;zo.

c%x—y—l){ﬁﬂ—ﬁ}o.

@(x—y—l)(l—y)[\/x_y+1+1+1\/;J:0.

- x—y—1=0c> y=1 ‘
1-y=0 y=x-1

+ THI1: N&u y =1thay vao phuong trinh thit hai cia hé ta

dugc:9-3x=0<x=3.
+ TH2: N&u y =x —1khi d6 diéu kién trd thanh: 1< x <2thay vao phuong
trinh thi hai cia hé ta dugc:

2x2 —x-3=+2-x ).



2(X —-X- 1)+ x—1- \m =
C)(XZ—X 1)[ - 1+\/ﬁJ
1<x<2 m:) _—1+\/g‘

o x2-x-1=0 >X = y=
2 2

1+ﬁ‘—1+ﬁ
T\/—’ 2\/—J

Chi §. Ta c6 thé gidi phuong trinh (1) biing nhiéu cdch khic:

Vay hé phuong trinh ¢6 hai nghié¢m la (x;y) = (3;1);(

2x2 —x—-3>0
Cach2: (1)< 2 .
(2x2 —x—3) =2-X

2x% =x =320 1<x<2 1+\/g
= X =
(4x —7)(x —X - 1) 0 2

Hoan toan tuong ty bai todn trén ta ¢6 thé dit a=+x—y,b= \/; va phin

tich a theo a tif phuong trinh dau ctia hé(ta ¢6 mot cong cu hét sitcc manh dé

la mdy tinh b tdi).

Bai 5. Gidi hé phuong trinh
NX—y+Vx=2=2
\/x2 er2 —xy(x—y) +,Iy(x—y) =2\/§(X—y—1)

,(x,yeR).

Loi gigi
M LA 2,2
biéuki€n: x>22,x>y,x" +y —xy(x—y)z 0.
+ Né&u x =y v€ trai phuong trinh thd hai ciia hé Am nén vo nghiém.

+ Né€u x >y viét lai hé phuong trinh dudi dang:

V=3 +(x-2)(x-5) =2(x-) |
\/2)(2 +2y2 —2xy(x—y) +1/2y(x—y) =4(x—y—1)

Trir theo v& hai phuong trinh clia hé ta dugc:




(H—\/b(z +2y? —2xy(x—y)J
e e Y ey YR

X% +y?

,[(X—y)3 -I—\/Zx2 +2y2 —2xy(x—y) i
) +2 |

. X(X—y
Y(x=2)(x=y)" +42y(x-)

Sx-y-2=0y=x-2.

<:>(x—y—2)

Thay vao phudng trinh diu ctia hé ta dugc:
Vidx—2=2ex-2=2-2ox=8-42=y=6-4/2.
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (8 — 42,6 4\/5)

Bai 6. Gidi hé phuong trinh
(X+\/x2 +1j(y+\/y2 +1)=2

,(x,yeR).
(3 x2 +1 —4y)(x+3)=5 13x> +5x -2

Loi gidi
Dieu kign: 13x” +5x -2>0.
Nhan xét. Phuong trinh dau ctia hé c6 dang tich d€ nhin lién hdp quen
thudc. Tuy nhién bai todn sai 1éch hiing s6 1 biing hiing s& 2. Do vay khong
don thuian x =—y. P& y phuong trinh thit hai cia hé phan tif —4y xui't hién
trong 1 phuong trinh chi ¢6 chita x. Vi vy suy nghi ¢ ban 1a rit y theo x.
Viy ta cAn nhan lién hdp cho ca hai nhan t cia phuong trinh dau clia hé.

Phuong trinh thit nhat clia hé tuong duong véi:

y”yz“:z(“xz”_"jj 2WxEi1-2x=y 4y +1
X+\/X2+1=2(\/y2+1—yj V2 +1+x=2y* +1-2y

Biing cdch loai bd +/y? +1 tir hai phuong trinh ctia hé trén ta dudc:



2(2 x2+1—2x)—(\/x2+1+X)=2(y+\/y2+1j—(2 y2+1—2y)
o 3Wx2+ —5x=4y<:>3\/x2+ -4y =5x.

Thay vao phuong trinh th hai cia hé ta dugc:

5x(x+3)=5\/13x3 15x—2 &> x2+3x=V13x> +5x 2.

i (x—l)(x3 —6x> +3x—2):0'

X2 +3x20 x=1
“ (Xl)(3(x1)3(x+1)3)o©L_2+%+%'
s
= ’y_ 4
=

3\/(2+%/§+§/§)2+1—5(2+%/§+§/§)'

4

Xx=2+ %/5 + %/g,y =
Viay hé phuong trinh c6 hai nghiém la

3\/(2+§/§+%/§)2 +1—5(2+§/§+§/§)

4

(x;y)=[l,;3\6_5} 2433 +39;

4

Nhan xét. Ngoai ra ta ¢6 thé thyc hién nhéan lién hdp roi bi€n ddi tuong
dudng nhu sau:

X+Vx2+1=2(\/y2+1—yj c>x+2y=2\/y2+ —NxZ+1.
<:>x2+4xy+4y2:4(y2+1)—4 (x2+1)(y2+1)+x2+1

5-4xy=>0

o4 ( 2+1)( 2+1)=5—4 o
AN i 16(x2+1)(y2+1)=25—4Oxy+16x2y2

5-4xy=0 5-4xy=0
= = .
(5)(+4y)2 —9()(2 +1)=0 IWx2 + =5x+4y

Ta c6 k€t qua tuong ty trén.



Bai 7. Gidi hé phuong trinh:
2
\/Z(X—y) F10x—6y+12=vx+244ly (1)
yxtd-y' =y—x-2 2)

,(x,yeR)

Loi gidai
Piéu kién: 2(x—y)2 +10x -6y +12>0,x+4—y> >0,y >0,x> 2.

Vi€t lai phuong trinh thd nhat ctia hé dudi dang:

V252 42y —dxy +10x 6y +12 ~2x + 2 =y —x+ 2.

2x> +2y —4xy+6x—-6y+4 _y—x-2
\/2x +2y% —4xy +10x —6y +12 +2vx +2 J;+\/X+2
- 2(x+1—y)(x+2—y) _ X+2-y
\/2x2+2y2—4xy+10x—6y+12+2\/x+2 Jy +Vx+2
<:>(X+2 y 2x +2 -2y 0

\/2X +2y% —4xy +10x -6y +12 +24/x +2 \/;"‘VX"'

Do vay véi cdch nay n€u nhin lién hdp truc ti€p rat khé xi 1y nhan tf lic
sau ¢ phuong trinh tich trén.
Ta bi€n ddi tuong duong phuong trinh (1) nhu sau:

V252 42y —dxy +10x 6y +12 =.fy +v/x + 2.
<:>2X2+2y2—4xy+10x—6y+12=X+y+2+2,ly(x+2).
2% +2y* —4xy +9x - Ty +10-2,Jy(x +2) =0.

2
<:>(\/§—\/x+2) +2x2+2y2—4xy+8x—8y+8=0.

2=0
@(\/;—\/x+2)2+2(x—y+2)2=0<:>{j/_yj/XT O<:>y X+2.

Thay y =x + 2 vao phuong trinh thit hai cia hé ta dugc:
x=0
x=-3

x+4—(x+2)2:0c{

D6i chi€u véi diéu kién chi nhdn nghiém x=0=>y=2.

Vay hé phuong trinh c¢6 nghiém duy nhAt (x;y) = (0;2).



Bai 8.Giai hé phuong trinh:

(xfl)\;'x+lf\{x2+xfy +4y—2+4x-3y=0
yz ,(x,yeR).

3.3 2 2
\]x +xTHY Ry = ———
VX +xy+1

Loi giai
biéu kién: xZ—l,yZZ,x2 +x-y20,x+xy+1>0.

Phuong trinh thit hai clia hé viét lai dugi dang:
2

%/X3+X2+y2+xy—y:y—_y_
JX+Xxy+1
o (X2+y2+xy)(x—y+1) :y(y+1)(y_x_1)
2
(%/x3+x2+y2+xyj +y%/x3+x2+y2+xy+y2 JX+xy+1
Sy=x+1

Thay y =x +1vao phuong trinh dau cla hé ta dugc:

(x—l)\/x+ —\/x2—1+\/x—l+x—3=0.
o x2—1(\/)(—1—1)+\/X—1—1+X—2=0.

2 X—2
<:>\/ X +x-2=0.
\/ -1+1 \/ 1+1

e (x-2) x* -1 +1|=0x=2=y=3.

\/—+1 \/7+1

Vay hé phuong trinh c¢6 nghiém duy nhAt (X;y) = (2;3) .

Bai 9.Giai hé phuong trinh:

25y +94/9xy — G218 42 (1)

]

xz+y2+\/8xz—12xy+8y2 =X+y+2xy 2)

Loi gidi
Vigtlai (2) dudi dang (x—y) +4/8x2 ~12xy +8y> ~(x +y) =0 .




7
I+
\/8)(2 —12xy+8y2 +Xx+y

Mit khéc: «l8x2—12xy+8y2 +x+y=\/(x+y)2+7(x—y)2 +x+y2‘x+y‘+x+y20

Dods 3) = (x-y) =0 x=y.
Thay vao (1) ta dudc:

2
25x +9y9x2 _4 = 20X *+2

o (x-y) -0 ().

o oxfox? 4 - 2725x =5x

x(x2 + 1) X2 +1
Binh phuong hai v&€ phuong trinh ta dugc
4(2x2—1)(13x6+117x4+78x2+1) "
—0o2x’-1=0x=1%,/— .

2
(x2+1)
Tht lai chi nhann hiémx——\/i Suy ra (x' )— _\ﬁ._\ﬁ
* B g v 2 ° y ay 2’ 2 .

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = [_\/;_\/g] :

Bai 10.Giai hé phuong trinh:
Nz %2 +y2)+2(5x—3y)—4(xy—3) “yVxez o

1 \/yz—4(x+y)+17—{/xy—3(x+y)+18:1 (2)

,(x,yeR)

Loi gidi
Vi€t lai (1) du6i dang \/2(x2 +y2)+2(5x—3y)—4(xy—3) =y +x+2
<:>2(x2+y2)+2(5x—3y)—4(xy—3):x+y+2+2m
& 2% +2y% +9x~ Ty —dxy +10=2,[y(x+2)
257 +2y? —dy(x+2)+y+9x+10=2,y(x +2)
2(x+2)" ~ay(x+2)+2y> +x+2+y=2[y(x+2)

@2(x+2—y)2+(\/x+2—\/§)2=O©{f/i;yf/9 0<:>y=x+2.
X+2 =4y =




Thay vao (2) ta dugc:
\/(x+2)2 —4(2x+2)+17 —g/x(x+2)—3(2x+2)+18 1.

X —ax+13-Ix? —ax+12 =1@\/(x—2)2 +9 =§/(x—2)2+8+1 3).

it u=3(x~2)" +8,(u=2). Khi ds (3) tr& thanh:

Ji +1=utleud —u? —2u=0,
su(u-2)(url)=0ou=2o(x-2) =0 x=2.Suyra (x;y)=(24).
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2;4).

C. BAI TAP REN LUYEN

\/xz+y2 Jr\/xz—y2 =2y‘

\/;+y\/g=3

Bai 1. Gidi hé phuong trinh {

Cich 1. Pigu kién: x>0,x2 —y*>0.
TU phuong trinh ddu ctia hé suyra y>0.
Nhan thdy y = 0khong thda mdn hé phuong trinh xét y > 0.
Vi€t lai phuong trinh ddu clia hé dudi dang:

2
2o 2
o 4 4 -0
x2+y2+—y x2 y2+y
2
2
@(Xz— Y J ! ! =0
Ky k2 oyr Y
2 s
4 2

Thay y = % vao phuong trinh thit hai ctia hé ta dugc:

\/;+2x=3<:>X=1:>y=i.
J5



Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (l;iJ .

5

Cich 2:Ta bi€n binh phuong hai v& phuong trinh dau cla hé ta dugc:

X2 +y2 =2y— x> —y2 :xz+y2 =x2 +3y2—4y\/x2 —y2 .
y=0

y=0
Y e >0
<:>2y(y 2\x° —y j—0<:> B s y .
y=24X" -y y2=4(x2—y2)

Xét trudng hgp thay vao phuong trinh thu hai ctia hé ta ¢6 k&t qua tuong tu.

X=3Vx+3=3{y-5-y
Bai 2.Giai hé phuong trinh .
1Ix2+16(y—x)+y=2\/g
Loi gidi

biéu kién: x>0,y >5.
Khi d6 phudng trinh thi hai cia hé tuong duong véi:

2 2
7 ~ X +l6(y—x)—y _2y(x—y)
x +16(y_X)_y_2(\/g_Y)®\/x2+16(Y—X)+y_ Jxy +y

x—16

.[x +16y X +y \/ Xy +y

Ta chitng minh x <16.

=0 (D).

That vay tif phuong trinh dau ctia hé ta co:

2
X=3vx+3=3 y—5—y<:>(\/y— —%] +x—3\/x+3+%:0

2
=X- 3\/x+3+—<0<:>[ +Xj 39(x+3)<:>—3<xs—7+i\/5<16

Dodé ()<= x=y.

Thay y = x vao phuong trinh thi¥ nhit cia hé ta dugc:

2x=3(x/x+3 +\/x—5)<:>4x2 =9(2x—2+2\/x2 —2x—15).




2x2—9x+9>0

S x? —2x-15=2x> -9x +9 &<

81(x2 —2x—15)=(2x2 —9x+9)2

< x=6.

Vay hé phuong trinh c6 nghiém duy nhat (x;y)=(6;6).

N2X+14+42y+1=y—x
16xzy2 +5 =6\3/4x2y+x

Bai 3.Giai hé phuong trinh

Léi gidi

B . 1
biéu kién: x,y > 5

Nhin thdy x = —%hoéc y= —%khéng la nghiém ctia hé khi d6 phuong trinh
thit nhat clia hé twong duong véi:
2(x —y) 2
+x-y=0(x-y)| 1+
V2x+1+42y+1 ( )[ V2x+1+42y+1

Thay vao phuong trinh thi hai cia hé ta dugc:

=0eox=y.

16x* +5=634x> +x .
Dé gidi phuong trinh nay ta ddnh gid nhu sau:

16x* +5= 6\]4x +x =3. 3'24)( 4x +1 <244x+4x>+1.

& (2x-1) (262 +2x+1) <0 x =5:>y—5

Vay hé phuong trinh c¢6 nghiém duy nhAt (x y) (; ;) .

Bai 4. Gidi hé phuong trinh:

X++2y +3=y+y2x+1+1

2x3+,Ix3(y+1)+3y+4=2xx/x3+x2 +2x24}1+y—+2
X




Loi gidi

—lﬁx;zr&O,yZ—é
2 2 .
3 X=——
N X +1)>0
picukien: 1 V) @{X>O vio 2
X +x220 yz-1 yz_i
2
1+y+220
X
1
X=——
TH1: Néu i thit lai hé thdy khong théa mén.
y=—§
TH2: Néu x > 0,y > —1khi d6 bién ddi phuong trinh tht nhat ctia he dudi dang:
2(y+1-x
x—y—1+\/2y+3—\/2x+1=0®X—y—1+ (y ) =0.
2y +3 +2x +1

2
—y—1)|1- ~0.
=y )[ \/2x+1+\/2y+3J
2 =\/2x+1+\/2y+3—2>0)
V2x 142y +3  2x+1+42y+3 '

Thay y =x —1vao phuong trinh thit hai ciia hé ta dugc:

2x3+x2+3x+1:2x\/x3+x2 +2x° 1+X—+1.

X

C32X3+X2+3X+1=2X2[VX+1+--l+2J.

< x—-y—1=0(do 1-

X

Dé€ gidi phuong trinh vo ty nay ta c6 hai cach x 1y nhu sau:
Céch 1: St dung bat ding thitc Cb si ta c6:

2x {\/X+1+1,—+j 2x1lx x+1 +2x /x —+2

< (x +x+4)+x(x +— +2j 2x3 +x% +3x+1
X



Dbing thitc xdy ra khi va chi khi:

X =X+1=2+l<:>X2—X—1=0\ > X

1+\E.\E—1J'

2 x>0 :1+\/g
5

B

Suy ra hé phuong trinh ¢6 nghiém duy nhat (x;y) =( > >

Cach 2: Phuong trinh tuong duong véi:

2x2—2x(\/x+1+ l+2J+x+l+3=0.

X X

X X X

2 2
Ta co: A’Xz(\/x+1+ l+2J —2[x+l+3j=—{\/x+l— l+2J <0.

Phuong trinh c¢6 nghiém c>\/x+1:4/l+2 o xP-x-1=022 >x:1+\/g
X

2
Ta c6 két qua tuong tu trén.

(x+1)\/y2+y+2 +(y—1)\/X2+X+1=X+y
(x2+x)«/x—y+3=2xz+x+y+l ‘

Bai 5.Giai hé phuong trinh

Lo gidi
biéu kién: x—y+3>0.

Phuong trinh thit hai ctia hé dudc bi€n ddi thanh:

(X2+x)m=2(x2+x)—(x—y—l).

c>(x2-I—x)(\/x—y-l—?)—2)+X—y—1=0©(x2+1).X_—y_1+x—y—1=0
JX—y+3+2

2
@(x—y—l){L+1]:0©(X_y_l)‘x +X+2+X—y+3 0
JX—-y+3+2 \/x—y+3+2

Sx-y-1=0cy=x-1.

Thay vao phuong trinh thit nhat ctia hé ta dudc:

(X+1)\/x2—X+2+(X—2)VX2+X+1=2X—1.
=Vx>-x+2
2

2 “ 9. ~ A 2 N ~ u
bé giai phuong trinh v6 ty nay ta dit
v=vVx"+x+1




Khi d6 phuong trinh trd thanh:

2 2 2 2
Al e SR N I el 0 S N S
2 2

u=yv

@(V_u)(uwﬂ)(uw_g):o@L+V:3.

NN n 1 7 1 1 7 1
Tu’dotlmranghlcm:x=5,x=—1,x=§:>(x;y)=[E;—EJ;(—I;—2);(—;—§j.

1 1 7 1
Vay hé phuong trinh c6 ba nghiém la (x;y)=| —;—— |;(-L-2);| —;—— |.
1y hé phuong ghiém Ia (x:y) (2 2}( )[8 8]

\/xy+(x—y)(\/g—2)+\/;=y+\/;.

Bai 6. Gidi hé phuong trinh
(x+l)(y+ Xy +x(l—x))=4

Loi gidi
biéu kién: x >0,y >0,xy +(x—y)(w/xy —2) >0.

Nhan thdy xy = 0khong thda man hé phuong trinh.
Xétvéi x >0vay >0.Khi do phuong trinh thi nhat ctia hé tuong duong vdi:

Py (xmy) oy —2) -y R -y =0,
R o R
\/xy+(x_y)(@_2)+y x4y

=0.

V4+4/Xy —2

S(x-y + ! =0
( )\/xy+(x—y)(\/;—2)+y \/;"'\/;

Ta chiing minh y ++/xy —2 > 0. Thit vy tir phuong trinh thit hai ctia hé ta c6:

@.

—1) (x+2
y+ XY=$—X(1—X)=%+222:y+@—220,

Dodé )= x=y.
Thay y = x vao phudng trinh thi hai ctia hé ta dugc:




Viay hé phuong trinh ¢6 hai nghiém la (x;y) = (l;l);[

1417 1417
)

3 2 2
+/X 2y +1= +y+1
Bai 7.Gii hé phuong trinh 4 V& T TIERYTYTL

(x+y—1)«/y+l:10

Loi gidi
pieu kién: x> +2y+1>0,y >—1.

Phuong trinh thit nhat cia hé tuong dudng véi:

xz(x—y)+\lxz+2y+1—(y+1)=0.

<:>x2(x—y)+ X2_y2 =0.
x2+2y+1+y+1
<:>(X—y) X2+ Xey =0().

VX2 +2y+1+y+1

Dé€ hé c6 nghiém ta phdicé x+y>1nén () <> x=y.

Thay y = x vao phudng trinh thit hai ctia hé ta dugc:
(2x-1)vx+1=10.

V€ trdi la mot ham dong bi€n suy ra c6 nghiém duy nhit x =3 =y =3.

Vay hé phuong trinh c6 nghiém duy nhat (x;y)=(3;3).

x(x+y)+«/x+y =2y2 —\/E
)(2y—5x2 +7x+7y—4=63/xy—x+1

Bai 8. Gidi hé phuong trinh

Loi gidgi
biéukién: y>0,x+y>0.
Nhan thy y = 0 khong Ia nghiém cda hé phuong trinh nén véi y > 0.
Phuong trinh thit nhat cia hé tuong dudng véi:

x2+xy—2y2+\lx+y—\/gz0.




@(X—y)(x+2y)+ﬁ=0.

=0 x=y.

e

Thay vao phuong trinh tyhr hai cf{fi_ﬁé ta dugc:
x> —5x2 +14x -4 =63x% —x +1.

o (x+1) +3(x+1)=8x> ~8x +8+3Y8x> ~8x+8
ox+1=18x>—8x+8 <> x=1

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (l;l) .

2, .2 \/ﬁ:
Bai 9. Gidi hé phuong trinh 1Y T2V 73Xy H2yT =Xy +2xy.
ﬂx+y+ﬂx—y:3X—4y+4

Léi gidi
biéu kién: X+y20,x-y=20
Nhin thdy x +y =0khong thda man hé phuong trinh. Xét v6i x +y>0.

Phuong trinh thit nh4t ciia hé vi€t lai dudi dang:
(x—y)2 +24/2x% —3xy+2y2 —(x+y)=0

7x2 —14xy+7y2 ~0
2\/2)(2 —3xy+2y2 +Xx+y

<:>(x—y)2+

7
=0eox=y.
2\/2x2 —3xy+2y2 +Xx+y
Thay vao phuong trinh thi hai clia hé ta dugc:
x<4
2.

@:4—“:{ .

<:>(x—y)2 1+

x> —8x +16 =2x

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (2;2) .

o)

Bai 10. Gidi hé phuong trinh .
100x? + 56xy + 10y —39x —3y =18




Loi gidi
Thuc hién tuong ty bai tip mAu s& 6 tif phuong trinh dau clia hé ta dugc:
16x% +4y? +20xy—-9=0.
Vay bai todn quy vé gidi hé phuong trinh
{16x2 +4y2 +20xy —9=0
100x% +56xy + 10y —39x —3y =18
4y* +20xy =—16x* +9
{10y2 +(56x —3)y =—100x +39x +18
St dung k§ thuat hé phuong trinh bic nhit hai 4n ta tim dudc

1 5+3\/§

Véi x=—=y=— .

2 4
B 1. . 5, 184x*>-30x+9 3-20x
V61 x#—tacd y™ = Yy = .
2 4 2
) o 184x2-30x+9 (3-20x) |[*TO0=WN
Ta c6 phuong trinh = 5 8.
4 2 X=—y=——
12 3
5 8)(1 5435
Vay hé phuong trinh ¢6 hai nghiém 1a (x;y)=| —;— [;| —;— .
1y hé phuong ghi¢m 1a (x:y) (12 3}(2 ; J

Bai 11. Gidi hé phuong trinh

(x+\/x2+lj(y+\ly2+lj=2 { 1 1}
XE|——=;—
18x% +16y? +40xy +34x% = 91+ 2x 3/1-3x

Loi gidi
Tuong ty bai tp miu s6 06 va bai tap ren luyén 10 tr phuong trinh dau ta c6:
40xy =9 —16()(2 +y2) .
Thay vao phuong trinh th hai cia hé ta dugc:

2x3 +3x2 +1=+1+2x J1-3x < 1”;2".””31_3" —1-x2.

<:>2x2(x+2)£0<:>x=0:>y=%.

Vay hé phuong trinh ¢6 nghiém duy nh4t thod man yéu cau dé bai la:

(x;y)z(o;ﬂ.




x? +y2 —y=(2x+1)(y—l)
Bai 12. Gidi hé phuong trinh

M—fz; ,(X,yeR).
Jo-

12
. 2 . V/_
Loi giai
N 2
Ti phuong trinh dau ctia hé ta ¢ (x—y+1) =0 y=x+1.

Thay vao phuong trinh th@ hai clia hé ta dugc: v3x -8 —vx+1=

Thuc hién tuong tu bai tip mau s& 03 ta dugc (x;y) = (3;4);(8;9) )

S 2x—11°

Bai 13. Gidi hé phuong trinh:

(x—y—l)\/;+2=2x—y+(1—x)\/;

\/X+Y+3=2 Ji-x+ x+2y+1 ’(X’YER)-
2x+y

Loi gidgi
. 2y +1
Picu kién: 0<x<1,x—y>0,x+y+3>0,2x +y 0,22
X+y

TU phuong trinh dau ctia hé ta dugc:

(x—y—l)(\/;—l)+x—y—1+2=2x—y+(1—x)\/;.
o(x-y- 1)( 1—(x_1)(1_ﬁ).
@(x_l)(x_y_l)[&lﬂwx_lyHJZOQ{;L_l.

+ TH1: Néu x =1thay vao phuong trinh th@ hai ctia hé ta dugc:

=222 Y=o ()= (10).

+ TH2: N&u y=x—1:>\/2x+2:2(\/x—1+1)<:>x=1:>y:0.

Vay hé phuong trinh c¢6 nghiém duy nhAt (X;y) = (1;0) .

>0.

\/2xy—x2 Jr\/2—xy2 =2y

Bai 14. Gidi hé phuong trinh
2y(x—y)+2=x(x+y2)

Loi gidi




2 2
Pigu kien: 2XY X 20.2-xy" 20
Hé phuong trinh c6 nghi€ém khi y > 0.
Nhan xét: Thé 2 —xy2 =x? —2y(x —y)tfr phuong trinh hai vao phudng trinh
dau ta dugc mot phuong trinh déng cap.
Khi dé:
\/2xy—x2 -I—\/x2 —2y(x—y) =2y<:>\/2xy—x2 —y+\/2y2 +x° -2xy-y=0
2xy—xz—y2 N y2+x2—2xy
\/2xy—x2 +y \/2y2 +x° —2Xy +y

=0

C}(X—y)2 1 B 1 -0
\/2y2+x2—2xy +y \l2xy—x2 +y
X=y X=Yy
& S X=y.

And 2
\/2y2+X2—2X}/=\/2X}/—X2 2(X—Y) =0
Thay vao phuong trinh th@ hai cida hé ta dugc:

2=x(x+x2)<:>x3+x2—2=O<:>(x—1)(x2+2x+2)=0<:>x=1:>y=1.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) :

2 2 [7.2
Bai 15.Gi4i hé phuong trinh y+\3y? =2y +3x" 46 =3x+7x Tz
3y —4x* =3y +3x+1=0

Loi gidi
2 2
biéu kién: 3y" -2y+3x"+620
Hé phuong trinh da cho tuong duong véi:

y—3x—2+\/3y2—2y+3x2+6—\/7X2+7=0
3y? —4x% =3y +3x+1=0
2 2
y—3x—2+ 3y" —4x" -2y -1
= \/3y2—2y+3x2+6+\/7x2+7
3y? —4x* =3y +3x+1=0

=0




@y2—4x2—3y+3x+1)+y—3x—2
-0

y—=3x-2+
< \/3y2—2y+3x2+6+\/7xz+7

3y? —4x> =3y +3x+1=0

y—3x-2+ y—3x-2

& \/3y2—2y+3x2+6+\/7x2+7
3y? —4x> =3y +3x+1=0

=0

=0

1
y=3x-2) 1+
< ( ) \/3y2—2y+3x2+6+\/7x2+7

3y? —4x> =3y +3x+1=0

y=3x+2 y=3x+2
90, 5 & 5 =
3y" —4x" -3y+3x+1=0 23x” +30x+7=0 X =

x=-lLy=-1
T 3
37y

23'23
Nhan xét: Biing k§ thuit nhan lién hgp va st dung phép thé & trén ta c6 thé
sdng tac rAt nhiéu bai todn hay c¢6 dang twong tu. Van dung k&t hgp cdc phép
todn ndy c¢6 nhic d€n mot Ian nita trong k§ thudt sit dung tinh don diéu cia

Viy hé phuong trinh c6 hai nghiém la (x;y) = (—1;—1);( ! 25].

ham s6.

Bai 16. Gidi hé phuong trinh:

\/5X2 +2xy +2y? +\/2X2 +2xy +5y° =3(X+y)

\/2x+y+1+2§/7x+12y+8=2xy+y+5

Loi gidai
DPé ¥ phan tich phuong trinh ddu ctia hé dugi dang:
\/5X2 +2xy + 2y2 + \/2x2 +2xy + Sy2

:\/4>(2+y2+(x+y)2 +\/(X+y)2+x2+4y2 ‘

\/4x2 +y2 +(x+y)2 2\/y2 +%(3x+y)2

\/x2 +%(x +3y)2

Ta co:

\Y

(ery)2 +x? +4y2

Mait khéc:



2
\/yz +%(3x+y)2 +\/)(2 +%(x+3y)2 2\/(){+y)2 +[—3x+y\75x+3y}
=\[9(x+y)2 =3|x+y|23(x+y)

Thay y =x vao phudng trinh thi hai ctia hé ta dugc:

DAu biing xdyra <> x=y>0.

3x+1+2319x +8 =2x2 +x+5.
oxtl- 3x+1+2(x+2—319x+8)+2x2—2x=0.

X —x x? + 6% = 7x

& J 2 2+2(X2_x)0'
2
X+1+v3x+1 (x+2) +(x+2)€/]97<+8+ i/l9x+8)

<:><x2—x) ! +2. x+7 +2]=0

x+1+43x+1 (x+2)2+(x+2)%/19x+8+(%/19x+8)2

oxl-x=0s X=0:> x=y=0'
x=1 x=y=1

Vay hé phuong trinh c6 hai nghigm Ia (x;y)=(0;0);(1;1).

\/xy+(x—y)(\/g—2)+\/;:y+\/§ (D)
Jx—1+Jy-1=4 2)

Bai 17. Gidi hé phuong trinh

Loi gidi
Pieukign X=Ly=1
Vi€t phuong trinh th nhi't ciia hé dugi dang:

\/xy+(x—y)(\/g—2)—y=\/§—\/;
N xy—y2+(x_y)(\/§_2) y—x

\/xy+(x—y)(\/g—2)+y \/;+ X

X+4/Xy —2

Q(X_Y) \/xy+(x—y)(\/g—2)+y+\/;+\/;

=0 x=y




(Do x+4/xy =220).
Thay y = x vao phudng trinh thit hai ctia hé ta dugc:

2Wx-l=4<x=5=y=5.

Vay hé phuong trinh c6 nghiém duy nhat (x;y)=(5;5).

2 p—
Bai 18. Gidi hé phuong trinh JX +2(y—1)(x—y) +xy =2y )
X(2X+ZYVL5)+y(y—3)+3=0 NEe)
Loi gidi

Pigu kién x” +2(y—1)(x—y),xy >0

D& hé phuong trinh ta phdicé y>0=x>0.

Nhan thdy x =0hoic y=0khong théa mian hé phuong trinh.
Véi x >0,y > 0khi d6 viét lai (1) duéi dang:

JE+2(y-1)(x-y) ~y =y -y
2oy e 2x-y)(y-1) y2oxy

\/X2+2(y—1)(x—y)+y_y+\/g .

=

y X+3y—-2
( ){\/x2+2(y1)(x y)+y y+\/_y

Do vy viéc xit Iy phuong trinh tich sau cling tuong ddi khé khiin ta bi€n ddi
tudng duong phuong trinh ddu clia hé nhu sau:

\/x2+2(y—1)(x—y)=2y—\/g
{2}’ Jxy 20
X +2 y l)( ):4y2—4y\/g+xy

20

6y2—4y«/ Xy — Xy +2x -2y — x> =0

o
-

~

= —x)(2y+x)=0




2y —\Jxy 20

4y2, y—X +(y—x)(x+2y):O

vy
2y —xy 20

= 4y J
y—X +x+2y =0
s 2

Thay y = x vao phudng trinh thi hai ctia hé ta dugc:

Sx=y.

x=1 x=Ly=1
x(4x-5)+x(x-3)+3=0 5 -8x+3=0<| 3=| 3 .
5 5

Vay hé phuong trinh ¢6 nghiém duy nhat (x y) = (1 1) [% Ej .

\/4);2 F(4x-9)(x—y)+yxy =3y O

Bai 19. Gidi hé phuong trinh
4J(x+2)(y+2x) =3(x +3) )

Loi gidi
Dé phuong trinh c6 nghiém ta phdicé y >0 do dé x>0.

Vit lai (1) dudi dang \4x> +(4x~9)(x—y) -2y =y —/xy -

4x* —4y? +(4x-9)(x-y) y(y-x)

\/4x +4x 9 x y)+2y Y+\/7

8x+4y-9 _0
3) .
(\/4)( +(4x - 9 x y)+2y Y+\/_YJ
9(x+3)2
Mitkhdc tf (2) ta c6 16(x +2)(y +2x)=9(x+3)’ < 8x+4dy = )
X +

2
9(x+3) o 9x’436x445

Do d6 8x+4y-9= 2(x+2) 2(x+2)

Viviy Q) x=y.
Thayy =x vao (2) ta dudc:




_ 2 T
4.3x(x+2) =3(x +3) <> 39x” +42x - 81 Oc>x_ 27
D6i chi€u véi Cﬁéu kién suy ra (x;y) = (1;1) .

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .
Nhan xét: Tir phuong trinh dau clia hé ta c6 thé tim ra x = y biing phép bién
ddi tuong duong nhu sau:

\/4x2 +(4x—9)(x—y) =3y—\/g.
3y —fxy 20
= .
4x2 +(4x—9)(x—y)=9y2 +Xy—6y\/g
3y —/xy 20
= .
8x> —9x—5xy+9y—9y2+6y\/g=0
3y —/xy 20
8(x2—y2)+y(6\/g—5x—y)—9(x—y)=0‘
3y —/xy 20

(x —y)[Sx +8y+

_Y=BX glig

64/Xy +5x+y

i—9=8x+4y—9+4y+i
64/Xy +5x+y 64/Xy +5x+y

y—25x  24yyxy +20xy+4y2 +y—-25x 0
64/Xy +5x+y 64/Xy +5x+y

Do 8x+8y +

>4y +

Vi vay x =yta c6 két qua tuong tu.



Cha & 10, MOT SO BAI TOAN CHON LOC
VA REN LUYEN NANG CAO

+ Noi dung chi dé nay cung cdp mot sd bai todn tdng hgp dé cdc em rén
luyén cdc ky thuat da dudgc hoc tir cdc chd dé trude do.
+ Bao gdém 60 bai todn chon loc dé cap d€n phan 16n cdc k§ thuat x& ly hé
phuong trinh.
+ Céc bai todn dé xud't chon loc hay va khé dong thdi chita dung nhiéu tu
tudng mdi do d6 s& kem theo 1 s6 bai tip rén luyén danh cho ban doc rén luyén.
Ngudn: Pugc suu tAm tir d& thi thir cda Newstudy.vn, bdo todn hoc tudi tré
va mot sd deé thi khac.

Bai 1. Gidi hé phuong trinh:

Jx+2+3Jy-1= /5(x2+y2 —3) (oyeB)

(2x-1)" +(2y-1)" =18

Loi gidi
biéu kién: x > -2,y2 l;x2 + y2 -3>0.
Phan tich tim 10i gidi:
Nhin nhin hé phuong trinh ta c6 2 nhan dinh:
+ Phuong trinh thd hai cia hé dang bac hai thi xem c6 phén tich dugc nhan
t hay khohng.
+ Phuong trinh dau cda hé chia 3 cin thic thong thudng suy nghi binh
phuong khtt ciin dau tién n€u khong dugc thit 4p dung bat ding thic.
+ N&u cdc hudng trén khong dudc vay thir xem cé 2 phuong trinh clia hé ¢6

mdi lién hé nao giita 3 cin thic Vx+2,4y—1, /5(x2+y2—3) va thong

thuong dé tim moi lién hé ndy ta cAn tich phuong trinh th¢ hai theo

x+2;y—l;x2 +y2 -3.
Nhu di phan tich 2 huéng dau tién khdong xit Iy dugc vay viét lai phuong
trinh thd hai ctia hé duéGi dang:
4x% —4x+4y? —4y-16=0.
o x? +y2 —3=x+y+1<::>(x+2)+(y—l)=x2 +y2 -3.

Vay hé phuong trinh di cho tuong duong vdi:

Vxr243y 1= [5(x? +y> -3)

(x+2)+(y—1)=x2+y2—3



R6 rang khi viét lai hé du6i dang trén ta chi can st dung phép thé dé tim
mdi lién hé gitta 2 ciin thic dau tién.

That viy ta c6 Vx+2 + 3y —1 =\/5[(x+2)+(y—1)] .

SXx+2+6 (x+2)(y—1)+9(y—1)=5[(x+2)+(y—1)].

@4\/@—6,/(x+2)(y—1)—
& (Vxr2-2Jy-1)(4vx+2+2{y-1)=0.

. x=4y-6
-2
L\/x+2 + 24y - {
+ THI1: Tht lai ( ) ( 21)thay khong thod man.

+ TH2: VGi x =4y —6 thay vao phuong trinh thit hai ciia hé ta dugc:

(8y—13) +(2y—1) =18.

y=2 x=2,y=2
@68y2—212y+152=0<:> 19 = 26 19-

= — X =— = —
Y 17 17y 17

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (2;2);[—é'£j .

Bai 2. Giai hé phuong trinh :

4
3(2- 2—-y =2- —_—
(2-x)\2-y* =2-y+— (oreR).

(x2+xy—x+y—2)\/2—y +2=x+y

Loi gidai
Pidu kién: —/2<y<+/2.
Phan tich tim 15i gidi:
Véi hinh thitc phuong trinh ddu ctia hé that khé dé khai thac dudc gi.

Phuong trinh thit hai ctia hé ¢6 nhan ti di ciing v6i 2 —y* dang bic 2 nén
tim cdch phan tich thanh nhan tg.

Ta cé: x2+xy—x+y_2:X2+X(y_1)+y_2_



2 2

Coi ddy Ia tam thic bac 2 clia x ta c6: A, =(y—1) —4(y-2)=(y-3)".

I-y-y+3
2

Do d6 phuong trinh thit hai ctia hé tuong duong véi:

(X+1)(x+y—2)\/g=x+y—2.

Viay hé phuong trinh da cho tuong dugng véi:

l-y+y-3

Suy ra X=T=—lhoéc X = =-y+2.

3(2—x)2—y2=2—y+;%T

X+l SV x+y-2=0

(x+1)(x+y—2)«/2_y2:x+y—2 (x+l) 2oyt =1

|q2x)2y2_2y+—i-

Xx+y-2=0

> . o4 D
3(2-x)y2-y* =2 yr—
(x+1)y2-y* =1
(2)

3(2—x)2—y2=2—y+;%T

y=2-Xx

3(2-x)y2-(2-x)" =x+ 11
X

Ta cé6: (1)@{

Chi § hé phuong trinh ndy c6 nghiém khi (2-x)(x+1)20< -1<x<2.
Khi d6 st dung ba't ding thiic AM-GM ta dudc:

qz—ng—@—xf33(2_ﬂ2+§_@_xf=3

~1=3

4 —122(x+g.4

=x+1+
x+1

x+1 x+1

X +
Hé phuong trinh ¢6 nghiém khi déng thic xay ra khi va chi khi x=1=y=1.
(x+1)y2-y* =1

3(2-x)(x +1)y2-y? =(2-y)(x+1)+4

Ta cé: (2) @{



x>—1 x>-—1

(x+1) 2— y =1 _ 5x oy 5x

< 2 X)=(2’ (x+1 x+1 Y x+1
(x+1)\/2—y2=1 2oy o !

(x+1)2
[ 2233
23
x>-1 5-153
oly= 5x - Y3
X+12 X_2+3\/§
9_ 25x _ 1 - 23
(x+1)" (x+1) y:5+15\5
i 26

Vay hé phuong trinh ¢6 3 nghiém la

(X;Y)=(1;1){2_233\5;5_;2\6}{2+3\6;5+15\/§j.

23 26
Nhin xét. Day 1a mot bai todn hay va khé mau chdt clia bai todn 12 phan
tich thanh nhan t tir phuong trinh thit hai cia hé. Poan x{ 1y phuong trinh

lic sau can khéo 1éo.

Bai 3. Gidi hé phuong trinh

Loi gidi
biéu kién: x >3,y >0.

bit t= \/y+3,(t > \/5) = y = t? —3 phuong trinh thi nha't ciia hé trd thanh:
x(x-3)’ =2+(t2 —3)t<:>x(x—3)2 2= -3t
o (x-2) =3(x-2)=¢ =3t ).

V6i x23=>x-2>1,t>+3>1.Xétham s8 f(u)=u’—3uvdi u>1tacé

f'(u)=3u”*-3>0,Yu>1.
Vi vay f(u) 1a hAm dong bi€n v6i u>1.




Do d6 (1)<:>f(x—2)=f(t)<:>x—2=t<:>x=t+2.
Thay vao phudng trinh th hai cia hé ta dugc:

Wi-1= [ =3)(¢+5) = 9(t-1)=(=3)(* +5).
et 420 -0t-6=0e (1-2)(¢ +207 +60+3) =0 1=2
(vi €422 +6t4+3>0,Vt>+/3).
Vi t=2y+3=2cy=1=>x=4.
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (4;1) .
Nhdn xét. Sau khi dit nhu trén suy nghi dén viéc dua phuong trinh vé dang
ham dic trung va van dé cla ta lam tim m&i lién hé gifta x va t. Muon vay ta
c6 moOt cong cu rdt manh 1a Mdy tinh cAm tay va ta thuc hién nhu sau:
Buédc 1. Nhiap vao mdy tinh s6 1000 va gdn vao bi€n nhd A.
Budce 2. Nhiap vao phuong trinh trén & ddu c6 t ta thay bing A.
Cu thé nhue sau: X(X-3)" -2=A%-3A.
Buégc 3. Nhan SHIFT +SOLVE mdy hién k&t qud 1002 tic 1a x =t +2 hay
t=x-2do d6 ta vi€t lai phuong trinh dusi dang: (x —2)3 -3(x-2)=t"-3t.

Ngoai ra sau khi bi€n d6i phuong trinh vé dang nhu trén ta c6 thé phin tich
nhan t& nhu sau:

c>(x—t—2)(x2+(t—4)x+t2—2t+1)=0 ).

Do x>3,t>+4/3nén
X2+(t—4)x+t2—2t+1=(x—1)(x—3)+(t—1)2+tx—3>0.
Viviy e x-t-2=0x=t+2.

Bai 4. Giai hé phuong trinh:
{6X—y— 6x -2y =5

X, yeR).
9x2—y2+4yw/6x—2y=6xy—4y+12x+2( )

Loi giai
Diéu kién: 3x -y >0.
2(3x —y)+y—+/6x—-2y =5
(3)(—y)2 —2(y—\/6x—2y)2 =2'

Hé phuong trinh da cho tuong duong véi: {

Pit: u=3x—y, v=y—/6x—2y,(u>0)khi d6 hé phuong trinh tr§ thanh:




w? —2vr =2 v=1 17

V=——

7
=2 [3x-y=2 x=y+2  |x=2
TH1: Néu = 3
V= y—4/6Xx =2y = y—2=1 y=3

(thda man diéu kién)
u—é 3x — =§
TH2: N&u 717 = 7 17
v=-o y-ox-2y=-=
3x—y= _ 9+ 2@
& & (thda min diéu kién).
g2 17 _—17+2491
7 71 YT 74

9+2@.—17+2\/§J
’ 7 .

Vay hé c6 hai nghiém Ia (x:y) =(§;3J{ o

Xx+Vx*-3= y+\/y +3

y =3x-3y+4

Bai 5.Giai hé phuong trinh { x ye R

Loi gigi
Phan tich tim 151 gidi:
Bai todn c6 nhiéu huéng ti€p can:
+ Phuong trinh thit nhat ctia hé chifa 2 can thiic viy don gian chuyén vé vé dang:

x—y:\/y2+3—\/x2—3.

Ti€p dén khit cin hai v€ biing phép binh phudng. Vi cdch nay ta chuyén vé&

nhu vy vi sau khi binh phuong ta lugc bd di duge x? +y? chung & hai vé.
+ Néu x,y ciing duong ta phét hién dugc tinh chat ham dic trung tir phuong

trinh ddu cia hé: Vx* -3 + ( ) +3=y+4y° +3



+ Ngoai ra t6i trinh bay v6i ban doc 1 phudng phdp khir cin khac d6 la

u=x+vx*-3
v=y+ \/yz +3
Vi cich nay c6 thé xit 1y rit tot cdc bai todn ma hé chi chita hai cin thic

dang Vx? +a;«/y2 +b.

Pieu kién: [x|> V3.

phép dit:

uzx,v2y
Dit u=x+vx? -3 u?+3
a Six= .
v=y+\/y2+3 2u
_V2—3
Y 2v

2

Tit phuong trinh dau suy ra u=v=y = :>x—y=§.
u

Phuong trinh thit hai ca hé dudc bi€n ddi thanh:

(x—y)(x2 +y2 +Xy)=3(x—y)+4.

@(x—y){(x—y)z +3xy—3}:4<:>%[%+3.u22:3.uzzl_l3—3j=4.
u

o out —16u3 —36u2+27=0<:>(u—3)(9u3 +11u2 —3u—9)=o ).
Né&u XSO:X+\/X2—3 <X+‘X‘=X—X=0.

Mitkhdc y+4/y> +3 >y+|y[20 dodé vo ly.
X‘Z\/EDXZ\/EZ>UZ\/§>1.

Khi dé 9u® +11u®> —=3u-9>9.1° +3u(u—1)+8u2 -9>0.

Vay x> 0ddi chi€u véi

2
_ _3-3 _9
Do d6 (1)@u=3:>{“ 3 JXTVX {X C
y:

=
v=3 y+4y>+3=3

D6i chi€u v6i dieu kién u>x,v >y thay thda man.

Viy nghiém cta hé phuong trinh 1a (x;y) = (2;1) .



Céch 2:
Bi€n ddi phuong trinh dau cla hé thanh:

x—y=yy? 13-V -3 = x2 < 2xy +yt =x 4y —2\/(X2—3)(y2 +3) .

\/ 2 3)\(v2 13 xy =0 xy =0
= - +3)=xy & = .
(X )(y ) i (x2 —3)(y2 +3) = ny2 x> —y?=3

Xét hé pjuong trinh:

(x=y)(x+y)=3

X’ —y? =3 2 2
{X3_y3:3(x_y)+4c> (X_y) 3(X+y) 4+(X_y) =3(x—y)+4'

bit u=x+y,v=x—yhé phuong trinh tr§ thanh:

uv=3 ;
uv =
3u? +v? Al 5
\ T =3v+4 v —=12v- —-16v+27=0

uv=3

< (V—l)(v3+vz—llv—27)=0'

Thyc hién dédnh gid nhu cdch 1 va thi lai nghiém tim dugc (x;y) = (2;1) 1a
nghiém duy nhi't cia phuong trinh:

Chi y. Theo trén ta c6 x;y > 0do d6 ta ¢6 thé vi€t phuong trinh dau cla hé
dudi dang:

2
\/x2—3+ (\/x2—3j +3=y+\/y2+3.
Viéc cdn lai ta chi cin xét ham s6 f(t)=t+Vt> +3,t>0.
Ta c6 f(t) dong bi€n va d& c6 f(y)z(\/x2—3jc>y=\/xz—3 o x?-yr=3.

Lip lai cdc budc tuong tu cdch 2 ta c6 két qué tuong ty.

Bai 6. Gidi hé phuong trinh
\/2y2 —Ty+10-x(y+3) +yy +1=x+1

y+l+izx+2y
x+1

,(x,yeR).




Loi gidi
Phan tich tim 10i gidi:
Bai todn c6 phan tuong tu bai todn 2 vdi 2 dic diém phuong trinh dau chira
can thitc; phudng trinh thit hai c6 dang phan thic.
+ Vay dau tién quy dong phuong trinh dau clia hé ta c6 ngay nhan tir

(x+1)\/ﬁ.

+ Khlfé Ay nhan t trén ta nghi ngay d&n viéc chuyén \/y +1 sang phai roi

binh phuong dé c6 nhan ti (x + 1)«/y +1tir phuong trinh dau cla hé.

+ Do vay ca 2 phuong trinh cfia h¢ déu lién hé véi (x+1)y/y +1do d6 nghi
ngay dén sit dung phép thé.

bidu kién: y>—1,x #—1,2y* -7y +10—x(y +3) >0.

Hé phuong trinh da cho tuong duong véi:

\/2y2—7y+10—x(y+3)=x+1— y+1

(x+ 1)y +1=(x+2y)(x+1)-3
Xx+1-4y+120

= 2y2—7y+10—x(y+3)=(x+1)2—2(x+1)\/m+y+l.

(x+1)\/ﬁ=(x+2y)(x+l)—3

Thay (x+1)yy +1=(x+2y)(x+1)—3 it phuong trinh dudi Ién phuong trinh

trén ta dudc:

2y —-T7y+10- x(y+3)=(x+1 [x+2y (x+l) 3]+y+1.

<:>X2+3X(y 1)+2y 1 {
TH1: N&u x =1-y thay vao phuong trinh th@ hai clia hé ta dugc:
y=>2
(y—2)\/y+1=y2—y+1© 5 5 2.
(y—Z) (y+1):(y —y+1)
y=>2

y=>2 s
= =
y4—3y3+6y2 -2y-3=0 (yz —3—yJ +E(y_§j(y+gJ:0

2 4 5 3



(v0 nghiém).

TH2: N&u x =2 -2y thay vao phuong trinh thit hai ctia hé ta dudc:

3-2y)\y+l=3-4y< (3_2}I)(3_4Y)20 .
e {<szy>2<y+l>—<s4y>2

\/_ I X
Q{(s—zy)(3—4y)zo @{(32y)(34y)>0 {y

< x=—4—\/G'
4y —24y* +21y =0 Y(4y2—24y+21)=0 T
+
y:

2

2
0

P&i chi€u véi dieu kién ta chi nhan nghiém (x;y)=(2:0).

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (2;0).

12x+@—6=J4xy+33 ~J2y-3
Bai 7. Giai hé phuong trinh y (xyeR).

8w/xy—2y—8y+4=(x—y)2

Lai gidi

biéu kién: x>2,y > %

Xét phuong trinh thit hai cia hé ta dugc: 84/xy —2y —8y+4 = x> — 2xy + y2 .

o 4(xy-2y)+8xy -2y +4=(x+y)".
@(2\/E+2)2=(x+y)2<:>2m+2=x+y.
2 f(x-2)y+2=x+y s (x-2)-2,[x-2)y +y=0.
@(m—ﬁ)z —0eVx-2=\yoy=x-2.

Phuong trinh thi¢ nhat clia hé twong dudng véi:

D2xy =6y +108 _ [y 33—\ 2y 3.
y
- 12xy —6y +108 4xy —2y +36

y Cfaxy+33+42y-33




<:>2(2xy—y+18)(\/4xy+9 +\/2y—3—3y):0.

2xy-y+18=0
= .
Jaxy +33 +42y -3 =3y
TH1: N&u 2xy —y +18=0khi d6 ta c6 hé phuong trinh:

{2xy—y+18:0<:>{2X(X—2)—(X—2)+18=0©{2){2 —5x+20=0

y=x-2 y=x-2 y=x-2
(v6 nghiém).

TH2: N&u +/4xy +33 ++/2x —3 = 3y khi d6 ta c6 hé phuong trinh:

{\/4xy+33 +2y-3 =3y©{\/4x(x—2)+33 +\/2(x—2)—3 =3(x-2)

y=x-2

y=x-2

y:x—2 y:6

@{\/4x2—8x+33 +2x -7 =3(x—2)©{X=8

Nhan xét. B¢ gidi phuong trinh V4x® —8x +33 ++2x -7 =3(x-2)ta thyc
hién nhu sau:
Vax?> —8x+33-15++/2x -7 -3=3x-24.
4x% —8x—192 2x—16
+
Jax> —8x +33+15 V2x-T7+3
4(x-8)(x+6 2(x-8
A8 2(x-8)
Vax? —8x+33 415 V2x—-7+3
4(x+6) 2

+
Vax? —8x+33+15 V2x-T7+3

V6imoi x > 7 = 2z < 2 ta chitng minh

J2x-7+3 3

4(x+6
( ) <Z<:>7\/4x2—8x+33>12x—33.
Vax2 —8x+33+415 3

Tax2 —8x +33 >12x 33 < 49(4x2 ~8x +33) > 144x% —792x +1089 .

=3(x—8).

=3(x-8).

<:>(x—8) -31=0Q).

< 52x% +400x + 528 > 0 (ludn diang).
Dodé 1) =x-8=0x=8=y=6.



Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (8;6) .

Nhan xét. Mot sd hé phuong trinh ¢6 mot phuong trinh dugc tao thanh tir 1
hiing ding thitc co ban. Ta can khéo 1éo phén tich dé€ nhan ra hiing déng thitc do.
+ R& rang ta c6 thé xit 1y phuong trinh ddu cla hé roi thé vao phuong trinh
con lai. Tuy nhién viéc th€ nhu viy dua vé 1 phuong trinh vo ty hét siic phiic tap.

(6—x)(x2+y2)=6x+8y (1)
Bai 8. Gidi hé phuong trinh .
(3—y)(x2+y2)=8x+6y (2)

Loi gidi
Né&u x> +y?> =0 < x =y =0 thda mdn hé phuong trinh.
Né&u x? +y? >0 khi d6 nhan chéo theo v& hai phuong trinh ciia hé ta dugc
(6—x)(8x+6y)=(3-y)(6x+8y) <> 4x> —4y> —6xy —15x+30y =0 .
Coi day la phuong trinh bac v6i&n 1a x ta dugc: 4x* —(6y +15)x —4y® +30y =0

Tacé A, =(6y+15)° —16(—4y2 +30y)=(10y—15)2 .

15 vy

Suyra x=2y hodc x=——-=.

y y ho3 1 5
y=0
- V6i x =2y thay vao (1) ta dugc (6-2y)5y” =20y < |y =2
y=4

Suy ra (x;y) =(l;2);(2;4) .

- Véi y=§—2x thay vao (2) ta dugc:

NGl INo)

(4X—9)(4X2_24X+37):0<:>X=% suy ra (X;Y)z(

.2]

Vay hé phudng trinh ¢6 bon nghiém la (x;y) = (0;0);(1;2);(2;4);[2; 21) .

44
x3:\l4—x2 +2\/;

Bai 9. Gidi hé phuong trinh
3x +4y = ZX-\/;(XZ +3

),(x,yeR) .

Loi gidi
Phén tich tim 16i gidi:




Ta thdy x”+y” ldp lai & 2 phuong trinh ctia hé va cdc nhan tif khdc chi 1a
bac nhit cla x va y do d6 hoan toan xi&t dung dugc k§ thudt hé phuong trinh
bac nhdt hai 4n di dé cap trong chii dé 1. Ngoai ra n€u chia mdi phuong
trinh cla hé cho x* + y*ta lai c6 ddu hi€u ctia k§ thuat s§ phirc. Dudi day tdi
chi trinh bay 16i gidi theo 1 hudng khdc d6 1a suy nghi nhan chéo 2 phuong
trinh ctia hé tim nhan t& chung. Hai cdch kia xin danh cho ban doc.
DPiéukién 2<x<2,y>0 .

Khi d6 vi€t lai phuong trinh thd hai cia hé du6i dang:
3x(x* =2y J+ 24y (24y =)= 0 (¥ -2y )(3x -2y ) =0
- Véi 24/y =3x khi d6 phuong trinh thit nhat cda hé trd thanh:

G od—x? 13x o X0 —3x =4 -2 (1)

x> -3x2>0 X3—3XZO

<:>
X0 —6x* +9x* =4 x> x® —6x* +10x> -4=0
x> -3x>0

x -2 f X +( \/E)x2+4+2\/5)=0
:\/2+\/§:>y=%(2+\/§).

Cach khac: bit x=200st,te[0;n} va:
(1)< 2cos3t=2sint <> cos3t = cos(g—t) .

- Véi 2\/§ =x> khi d6 phuong trinh thd nhdt ctia hé trd thanh
V4-x> =0 x=1%2 . Suy ra (X;y)=(2;16) .
Vay hé phuong trinh c¢6 hai nghiém la (x;y) = (2;16);[\/2 +\/5;%(2 + \/E)J .

| Bai 10. Gidi hé phuong trinh: |




1 1:2\/;+2 )
\/; X y ,(x,yeR).
y( x> +1- 1)=\/3x +3 2)
Loi gidi

Dé nhan thay tir phuong trinh diu cda hé c¢6 dudc nhan tf chung y —2x.
biéu kién x>0 khidé y >0 .
Viétlai (1) dudi dang:

y\/;+y2 =2x&+2xy®(y—2x)(\/;+y)=0c>y=2x .

Thay vao (2) ta dudc:

2x(m—1)=\/3x2+3 <:>\/x2+1(2x—\/§)=2x.

Dé phuong trinh nay c6 nghiém ta phidi c6 x >§ khi dé viét lai phuong

trinh dudi dangVx? +1 = S S I S 3)
2X—\/§ 2X—\/§

Xétham s f(x)= Vx2 +1- trén £;+oo .
\@ 2

X N 2\/5
Jx? 41 (ZX_@)Z

Ta c6: f'x)= >0,Vxe{§;+ooj nén f(x) la ham

dong bi€n trén [%&oo} )

Viviy (3) = f(x)=f(3) & x =3 . Suy ra (x;y):(\@;zﬁ) .

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (\/5,2\/5) .

\/x2+4+\/y2+2y—4:4

\;‘x2+9+y:5 ’(X’YER)'

Bai 11. Gidi hé phuong trinh

Loi gidi
y2—1+\/§
yS—l—\/g.

bicu kién: y> +2y-4>0<



Trit theo v& hai phuong trinh clia hé ta dugc:
\/x2 +9 —\/x2 +4+y—\/y2 +2y—-4=1.

SN +9 X2 +d+(y+1)—y(y+1) -5=2.

> + > =2.

=
Vx2+9 +4x2 +4 y+1+ (y+1)2_5

Cong theo v& hai phuong trinh clia hé ta dugc:

Vx2+414x2 49 +y+1+\[(y+1)2—5=10.
bat u=\/x2+4+\/x2+9,v=y+1+\[(y+1)2—Sta c6 hé phuong trinh:

u+v=10 {u:5 Jx214+x2+9=5 {x:o
=N
\

55 =

—+—=2 =5 1 2_ — <
v y+1+ (y+1) 5=5

y=2'

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (0;2).

Nhin xét. DAy 12 mot bai todn hay truSc khi dit 4n phu cAn nhin lién hop.
Xem thém k§ thuit dit 4n phu dai sd tdi ¢ trinh bay mdt bai todn dang
tuong ty nhung khé hon bai todn trén.

Bai 12. Gidi hé phuong trinh:

2.2
x+y+2 1

Xy X+y Xy ,(x,ye R).
Xyt - ——x?+2x+1
Xty
Loi gidi

biéu kién: xy(x + y) #0.

(X+y)2—2xy+ 21

Hé phuong trinh tuong duong véi: Xy X+y Xy

(x+y)2—2xy—XJlry=2—(x—1)2




(x+y)' -1 2 <X+y_1){x+y+l_ 2 }:o

PN Xy X+y PN Xy X+y
2 1 2
(x+y)2—2xy—xiy =2—(x—1)2 (X+Y) _ZXY_Xer :2_(X_1)

TH1: Néu x +y =1=>y =1-x thay vao phuong trinh thit hai cia hé ta dudc:
2x(1-x)=2-(x-1)" &3> -dx-1=0

27 2-\J7 1447
X = X = ’y:
3 . 3 3 ‘
2+ﬁ 2+ﬁ 1—ﬁ
X = X = ’y: 3

3 3
X+y+1 2

Xy x4 y
thd hai ctia hé ta dugc:

f—

=0 2xy = (x + y)2 + x +y thay vao phuong trinh

TH2: Né&u

=2—(X—1)2©M=(x—1)2.

—X-y-—
X+y X+y
[x-1=0 [[x=1
{X+y+l=0 {yz—Z
Suyra | [x =1 <l xzl
x+y+1#0 x+y+1=0
x+y>0 x+y>0

Thit lai (x;y) = (1;—2) thdy khong thda man.
Véi x+y >0khi d6 2Xy:(x+y)2 +x+y(:)x2 er2 +x+y=0(v6 nghiém).

Vay hé phuong trinh c6 hai nghi€ém la:

(X_y):(2—\5.1%5}(2%5_1—\5)

373 1 3 703

Bai 13. Gidi hé phuong trinh:

2y3 +y+2x¥1-x =3V1-x (1)
Y2y +1+y—d+Vx+4 @)

Li gidi

(x,yeR).




Picu kién —4<x <1. Khi d6 viét lai (1) dudi dang
3
2y3+y=\/1—x(3—2x)=\/1—x[2(1—X)+1J=2(\/1—x) i-x 3).

Xét ham s6 f(t)=2t3+t ta co f'(t):6t2+1>O,VtER nén f(t) 1a ham
dong bi€n trén (—oo;+oo) :

Vi vy (3)<:>f(y):f(\/1—x)<:>y: 1—x .

Thay vao (2) ta dudc:

V3-2x +l-x =4+Vx+4 o Vx+4 -J1-x —3-2x +4=0 .

bén day xét ham s& hoic nhan lién hgp ta c¢6 nghiém duy nhat:
x=-3=>y=2.

Vay hé c6 nghiém duy nhat (x;y) =(—3;2) .

Bai 14. Gidi hé phuong trinh:

y9+8x7y—x'y? =y(16y5—3xly2+1) (1)
,(x,yeR)
2 2 3 2
1+,/16+(x—2y) = x (Sy' —x“)+y(2)

Loi gidi
Liy (1)-(2) theo v€ ta dugc:

\l9+8x2y—x4y2 —\[16+(x—2y)2 =1+y(16y5 —3)(2y2 +1)—[x2 (Sy3 —x2)+yJ

2 3\
:(x —4y) +1>1,vVx,yeR

2
Mt khdc: 49 +8x2y —x*y? = /25—(x2y—4) <5<14164(x-2y)' \VxyeR

Vi vay hé phuong trinh c¢6 nghiém khi va chi khi cdc ddu ding thic x4y ra

Xzy =4 5
dong thdi, dieu nay tuong duong véi {x—2y=0 < {X B L
y =
— 4y3 =0

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2;1) .

Bai 15. Gidi hé phuong trinh:
2 x2yt 4 oxy? —yt 41 = 2(3—ﬁ—x)y2 )

Jx—y? +x=3 ()

,(x,yeR)




Loi gidi
Diéu kién x —y2 > O,XZy4 + 2xy2 —y4 +120 .
Vit lai (1) dui dang: 2(xy2 +1)— (xy2 +1)—y4 =(6—4J§)y2 3).
Nhan thdy y =0 khong théa man hé phuong trinh.

Xét y =0 khi d6 chia hai v& ctia (3)cho y? ta dudc

2
Pt u="Y""1 ni d6 ta c6 phuong trinh 2t~V —1=6-4v2 .
y
2+442-620
oVt -1=2t+42 -6 s et=3,
t2—1:4t2+4(4ﬁ—6)t+(4\/5—6)
3y? -1
Vi viy ta ¢6 hé phuong trinh y2 = Y .
\/72 3yr—1-y* 1
X-y°  +x=3 - =
y y
2_ 3y -1
X:3y 1 x==2
= y2 = y

3yt —y?—y*-1=0 (yz—l)(—y4+2y2+1)=0

v 341242 ddi chi€u v6i digu kién x—y? >0 ta chi nhin
y =1 2 \/_
yo=1++2

X =2,y2 =le (x;y)=(2;il) .

8+632
{x=2 X =
=

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (2;—1);(2;1) .

x3—2y:(x2—x)(2y+1) )]

x2—2y2 —2y+3=\Bx+4+Jdy+1  (2)

Bai 16. Gidi hé phuong trinh:

Loi gidi



Tir () & (x - 2y)(x —x+1) 0 x=2y .

Thay vao (2) ta dugc 2y —2y+3=\[4y +1+./6y+4 .

<:>(2y2—4y)=\/m—(y+l)+\/6yi+4—(y+2) .
v v,

=0.

M) KL ore peenty v
{ 4y+1+y+1 6y+4+y+2
<:>y —2y= O@{ .Suy ra xyy 42

Vay hé phuong trinh c6 hai nghigm la (x;y)= (0;0);(4;2) .

Nhan xét. Bai todn trén c6 dang quen thudc tir 1 phuong trinh clia hé bing
phuong phdp ham s& hoidc phan tich nhan ti tim dugc moi lién hé tuyén tinh
gifta 2 nghiém cda hé. Quan trong nhat clia loai todn nay dé 1a xit Iy phuong
trinh v6 ty ldc sau. V6i loai ¢6 2 cédn thitc trd 1€n nhu trén ky thuit dugc st
dung dé 1a nhan lién hgp.

< . Xy—-x-y=1
Bai 17. Giai hé phuong trinh 3 5 3 .
4x7 =12X" +9x =—y” + 6y +7
Loi gidai
Céch 1: Hé s6 bat dinh chita biéu thifc cia bién
. xy—x—-y—-1=0 1
Viétlai he dudidang { > . W
4x°-12x"+9x+y —6y—-7=0 2)

Nhan thdy y =1 khong théa man hé phuong trinh.
Xét y 1 khi d6 18y (2)—3(y+1).(1) ta dugc
4x3—12x2+9x+y3—6y—7—3(y+1)(xy—x—y—l)=0 .
2 x+y-1=0
<:>(x+y—1)(2x—y—2) :O©{2x—yy—2=0 .
- V6i y=1-x thay vao (1) ta dugc:
x(1-x)-x—(1-x)-1=0<-x* +x-2=0 (v0 nghiém).

- V6i y=2x-2 thay vao (1) ta dugc:



s5-17. 1-017
X = ;Y

x(2x—2)—x—(2x—2)—1=0<:>2x2—5x+1=0<:>

4 2
X:5+ﬁjy=1+2ﬁ7_

Vay hé phuong trinh ¢6 hai nghiém la: \/7 \/7
5-17 1-\17 ) [ 5+17 14417
(xy)= T 5 [l o |

Céch 2: Phuong phap th&

Nhan thdy y =1 khong théa man hé phuong trinh.
Xét y #1 khi @6 rit x =y—+i tlr phuong trinh (1) thé vao (2) ta dugc
y —
y® —3y® —3y* +11y° —6y% +32
3
(v-1)
Cich 3: Pit 4n phu dua vé phuong trinh dédng cap
Vi€t lai hé phuong trinh dugi dang
y (x - 1) =x+1

2 2 2
=O©(y —y+2)(y —y—4) =0 .

4(x-1)" =3(x—1)=—y* +6y+6
(x-1)
a(x-1) +y* =3(x+2y+1)=3[2y +y(x-1)]
(x-1)
) +y3=3y(x+1)=3y2(x—1) .

Vi vay 4(X—1)3+y3—3y2(x—1)=0.

Bai tap tuong tu xem thém chi dé hé s bt dinh.

Bai 18. Gidi hé phuong trinh:

y+\/3y2—2y+3x2+6=3x+\/7x2+7+2 1)
3y? —4x> =3y +3x+1=0 )

Loi gidi
biéu kién 3y’ -2y +3x> +62>0 .




Viét lai hé dudi dang:
y—3x—2+\/3y2—2y+3x2+6—\/7X2+7=0
3y? —4x%> -3y +3x+1=0

N 3y? —4x® =3y +3x+1+(y-3x-2)
y—3x—-2+ =
< \/3y2—2y+3x2+6+\/7x2+7

3y —4x% =3y +3x+1=0

1
y-3x-2) 1+ =0
< ( ) \/3y2—2y+3x2+6+\/7x2+7

3y —4x% =3y +3x+1=0

y=3x+2 y=3x+2
©{3y2—4x2—3y+3x+1:0©{3(3x+2)2—4x2—3(3X+2)+3x+1=0 '
x=-ly=-1

y=3x+2
= 5 = 7 25 .
23x°+30x+7=0 X=—"Ty=——
23 23

Vay hé phuong trinh ¢6 hai nghiém la (x;y) = (—1;—1);(—1;2J .

Bai 18. Gidi hé phuong trinh:

3x7 = 2x =5+ 2xVx” +1=2(y +1)\y> +2y +2 1)

x2+2y? =2x—4y+3 (2)

Loi gigi
Lay (1)—(2) theo v& roi riit gon ta dudc

x4 1=(y+1) +(y+1)y(y+1) +1 3 .

Xétham sd f(t)=t> +tVt* +1 trén (—oo;+oo) ta cé :

2 2
() = 204V + 1+ 22042 W2 4 Lo = 21|+ 2t 2 0,V & (—o03400
2 +1 Vi +1 H ( )

Do d6 f(t) 12 ham dong bi€n trén (_oo;+oo) .

Viviy B) = f(x)=f(y+1)ex=y+L1.




Thay vio (2) ta dugc (y +1) +2y> =2(y +1)-dy+3 .
y=-2

o3y +4y-4=0<| o
Y=§

Suy ra (x;y):[g;g}(_l;_z) |

Vay hé phuong trinh ¢6 hai nghiém la (x;y) = [%;%}(_1;_2) )
2 2 _
Bai 19. Gidi h¢ phuong trinh X3 +6xy + yy3y” +6xy =6 M
X + y+x2+y2:2+2xy 2)

Phén tich 16 gidi. Dy dodn (x;y)=(L1) nén ta sit dung ddnh gid bat ding
thiic qua bat ding thiic co ban CO si.

Loi gidi
biéukién x>0,y >0 .

Khi d6 st dung ba't ding thic co si cho v€ trdi clia (1) ta dudgc

x\/3x2 +6xy + y\/3y2 +6xy > 2\/xy\/3x2 + 6xy.\/3y2 +6xy .

= 2\/3xy\/xy[5xy + 2(x2 + y2 )} > 2\/3xy\/xy [5xy + 2.2xy} =6xy

Do dé xy<1 .

Mit khéc cling theo C0 si ta c6:

9x% +3x? +6xy +9y2 +3y% +6xy
6 6

Do d6 x* +y? +xy>3 . Mitkhdc xy<l1=>x*>+y>>2 .Néntir (2) suy ra

2+2xy2\/;+\/§+2224xy+2<:>xy2\4/xy < xy>1.

Vivay xy =1 diéu ndy kéo theo ti't ci cdc diu ding thitc xdyra < x=y=1

x\/3x2+6xy +y\/3y2+6xyS =2(x2+y2+xy) .

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .

x\/9y—5 +y\/9x—5 =2x? +2y2
xV9x =5 +y\/9y—5 =2x% +2y? ‘

Bai 20. Gidi hé phuong trinh {

Loi gidi



Nhan xét. Pay 1a hé d6i xting loai II phuong phdp gidi dang hé nay Ia trix
theo v€& hai phuong trinh clia hé.

Diéu kién Xzé,y >3
9 9

Khi d6 trir theo v€ hai phuong trinh ctia hé ta dudc
x(\/9y—5 —\/9x—5)+y(\/9x—5 —\/9y—5)=0 .
2
9(x-)
Joy=5+1/9x-5
Khi d6 thay vao phuong trinh thit nhat clia hé ta dugc

2x4/9x — 5 = 4x> <:>2x(\/9x—5—2x)=0©\/9x—5 =2x (do XZ% ).

©9-5x=4x" & (x—1)(4x+9)=0=x=1=y=1.

@(x—y)(\/9y—5—\/9x—5)=0<:>— =0eox=y.

Vay hé phuong trinh ¢6 nghiém duy nhit x =y =1 .

2xry—1 =(x4 —1)\4/2X—1+y4 1O

3x2 —y? —2xy+3x -3y =0 )

Bai 21. Gidi hé phuong trinh

Phan tich 10i gidi. Nhian thdy n€u x =y thi (2) thda man vi vay (2) dua
dudc vé dang tich. Ta xtr ly (2) trudc.

Loi gidgi
biéu kién xZ%,ery—lZO.
Vi€t (2) du6idang (x—y)(3x+y+3)=0.
Do x2%,x+y21:>3x+y+3=x+y+2x+321+2%+3>0d0d(’) y=X.
- Néu y =x thay vao (1) ta dugc 2\/2)(——:(x4—1)m+x4+1 )
@2M+M—1:x4(M+l).
@((‘/ﬁﬂ)(ﬁ/ﬁ—l):x“(i‘/ﬁﬂ).
ox-1-1=x* o x*+1=282x-1 .

Pit ¥2x—1=y dua vé hé phuong trinh:



4 _ x4+1=2y

y4+1=2x<:> (x—y)[(x+y)(x2+y2)+2}=0 '

x=y=—l{l+;—\3/l7+3\/§J '

X=y X=y

< X4—2X+1=0<:> (X—l)(X3+X2+X—1)=0 '
[ 3W17+3433
y

3 9k 3 3 9k

(x;y):(1;1);(—1—i+5;—l—i+§]v61 k=1 17+3\/§ .

x\/l7—4x2+y\/19—9y2 =3

(xyeR
*/17‘4X2+\x19—9y2:10—2x—3y(xye )

Bai 22. Gidi hé phuong trinh

Li gidi

Diéu kién ‘x‘ < \/g,‘y‘ < \/g .

)(\/17—4)(2 +y\/19—9y2 =3

2x +V17—4x2 +3y +4/19-9y> =10
2
u —17_ / 2
u:2x+\/17—4x2:> 4 =xV17-4x
_ / 2 2_ —
Khi d6 hé phuong trinh di cho trd thanh
2 2
w7 v o1 g 3(u2—17)+2[(10—u)2—19}=36
= .

4 6
u+v=10 v=10-u

5u2 —40u+75=0 [u=5 [u=3
= = vV .
v=10—-u \% 7

Vi€t lai hé du6i dang

bit




Véi{u=5© 2x+\/17—4x2=5<:> 17-4x% =5-2x
V=S 3y 4419-9y2 =5 [{19-9y? =5-3y

x<5/2;y<5/3 x=2yuxolt

S I17-4x% =25-20x +4x°> < .

, ) 15+/117
19-9y? =25-30y + 9y Y=

Suy ra (X‘Y):LX=2‘15iﬁ]'(l'15iﬁ} .

18 127 18

e {u=3<:> 2x + 17—4x2=3© 17—4X2=3—2x‘
V=T 13y +4/19-9y* =7  [{/19-9y* =7-3y
x<3/2;,y<7/3
& {17-4x> =9—-12x+4x>  hé nay vo nghiém.
19-9y? =49 - 42y +9y?
Vay hé phuong trinh ¢6 bdn nghiém la:

(x:y) :[X :zﬂ](lﬂ}

18 127 18

22 =(y+2) (X+1)(y+l)

Bai 23. Gidi hé phuong trinh x+1 .
4x4y+1+8x = (4){2 —4x —3)\/){ +1
Loi giai

biéu kién x >—1;y > —1 khi d6 bién d6i phuong trinh thi nhat ctia hé trd thanh:

XAEIN (1) (X+1)(y+1)®2‘)(:1")—(l%?:(y+2)m.

3
@( X j+ L =(y+l)y Ly +1 D).
\/x+1 \/x+l

Xétham s f(t)=t> +t trén (—oo;+oo).

Taco £'(t)=3t>+1>0,Vte (_oo;+oo) do do6 f(t) 1a ham dong bién trén (_oo;+oo) .




Vivay (1) f| —= ]:fJ o2 = fy+1.
v (\/x-l—l (y ) Vx+1 Y

Thay y+1= \/X_ vao phuong trinh thd hai ciia hé ta dugc
x+1

2 2
4x +8x=(4x2—4x—3)\/x+1<:>4x L axos,

X+ x+1 x+1

7]

2X 2x
2 ——+2=2x-1 ——-2x+3=0
& 2x +2 =(2x—1)2<:> Vx+1 & Vx+1
Jx +1 2x 2x
—t+2=-2x+1 ——+2x+1=0 (2)

Vvx+1 Vx+1

X x>0dodé (2) vo nghiém nén ta chi can gidi phuong

Vi y+1l=
Vx+1
2X
trinh: -2x+3=0=2x=(2x-3)vx+1 (3).
Vx+1 ( )

Pit u=+x+1>1=x=u? -1 va phuong trinh (3) trd thanh
2(u2 —1)=(2u2 —5)uc>2u3 —2u2 —5u+2=0.

H

<:>(u—2)(2u2+2u—1)=0<:>u=2(d0 ux1).
A 3 5
Vivady Vx+1=2&x=3=4y+ =5<:>y=Z.

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (3;%) .

Bai 24. Gidi hé phuong trinh:

2
2)(+3y+2y2 +4.2x+2y — 22x+3y +4(y+1)

2
) ,—2x—2y—3:2y +2y — X + Xy

2y +2y —3x+2

,(x,yeR).

Loi gidi
2x-2y-320
292 +2y-3x+2#0
Khi d6 phuong trinh thit nhat cda hé dudc viét lai dudi dang:

biéu kién {




) 2X+3y — 24y+2 x=y+ 2
2x+3y _ 24y+2 ) 2x _ 22y -0 )
( 2% =92 ?

X =2y
- VGi x =y +2 thay vao phudng trinh thi hai cia hé ta dugc
2 y=-1
-S5y-6=0< . Suyra (x;y)=(1-1);(8;6).
2 -sy-6-00 |7 L Suym (ssy) (-1

- Vé6ix= 2y2 thay vao phuong trinh thit hai ciia hé ta dugc

(—4y2 +2y+2)«/4y2 2y-3=y+yi.

3
3
@( 4y2—2y—3) +4y* =2y -3 =(-y)+(-y) D).
Xét ham s6 f(t)=t3 +t trén (—oo;+oo). Ta co;

f'()=3t>+1>0,Vte (—oo; +oo) nén f(t) 1a ham dong bi€n trén (—oo;+oo) .

Do d6 (1)<:>f(«/4y2 —2y—3):f(—y)<:>\/4y2 —2y—3=-y.
{ySO 1-10 22-410
= = 3 :>X=T.

y =
4y2 -2y-3= y2
Viay hé phuong trinh c¢6 ba nghiém Ia:

(x;y)=(l;—1);(8;6);[22 —;1\/5;1_\/5]'

3

'S —12x=y3 —6y2 +16

Bai 25. Gidi hé phuong trinh .
x> +xy+y2 —-4x-6y+9=0

Lai gidi
Phuong trinh thit nh4t ciia hé dudc vi€t lai dudi dang:
(x+2) -6(x+2)" =y’ -6y> ().
Vi€t phuong trinh thif hai ctia h¢ dudi dang x> +x(y—4)+y* —6y+9=0 .
Coi day la phuong trinh bac hai v6i 4n1a x ta dugc

A, :(y—4)2—4(y2—6y+9)20<:>—3y2+16y—2020<:>2£y£% .

Tuong ty vi€t lai dudi dang y* +(x—6)y+x* —4x+9=0 ta dugc




N

A, =(x—6)2—4(x2—4x+9)20®—3x2+4x20<:>0SxS—

W

Suy ra 2Sx+2£% .
e . 3 2 A 10 .
Xéthamso f(t)=t" —6t° trén 2;? ta c6:
2 10
f'(t) =3t —12t=3t(t—4)£0,‘v’te{2;?}

Do dé f(t) 1a ham nghich bi€n trén [2;?]
Viviy e fx+2)=f(y) o y=x+2.
Thay vao phuong trinh th@ hai cla hé ta dugc:
x2+x(x+2)+(x+2)2—4x—6(x+2)+9=0 .
1
o3 -4x+1=0 1 -
3
17
Suyra (x;y)=(L3);| —;— | .
s (i) =(3){ 313

Vay hé phuong trinh c¢6 hai nghiém la (x;y) = (1;3);(—;—j .

2(y3 —x3):6x2 +Tx—y+3 (1)

21/3—y+,/2(y+1)=,/%x2+4 ) '

Bai 26. Gidi hé phuong trinh

Loi gidgi
N . e 3 3
Vi€tlai (1) dudidang 2y” +y=2(x+1) +(x+1)  3).
Xét ham s6 f(t)=2t>+t ta c6 f'(t)=6t>+1>0,vteR nén 12 ham dong

bi€n trén (—oo;+oo) dodé B) = f(y)=f(x+1)=>y=x+1.
R V9x2 +16
Thay vao (2) ta duge: 2v2—x +,/2(x +2) -
Vox2 +16 =2(2\/2—x +\/2(x+2)).




Binh phuong hai v€ clia phuong trinh ta dugc:

9x2 +16:4(2x+4+4(2—x)+4 /2(4—x2)j.
< 9x%+8x—16 /2(4—x2)—32:0 V

@(2 /2(4—x2)—xj(2 /2(4—x2)+x+8j=0 (1)
Do x e[ ~2;2]nén 2 /2(4—x2) +x+8> 0 do d6 phudng trinh tuong dudng vi:

x=0 RN
3 VT3 T

2,2(4-%)-x=0e (- & x

ﬂﬂj
3 .

Nhin xét. D€ phin tich dudc (1) ta dit t= ,[2(4 - x2) dua phuong trinh veé:
at” ~16t+8x~32+9x* ~2a(4-x") = 0.

e at’ —16t+(9+2a)x” +8x—8a—32=0  (2) trong dd a la 3 thyc tim sau.
Ta chon a sao cho (2) c6 nghiém dep biang cich lay A' la s6 chinh phuong.
Ta c6: A' =64 a((9 +2a)x” +8x —8a— 32) 12 s8 chinh phuong tim dugc
a=—4.

Khi d6 vi€t lai phuong trinh dudi dang:

2t=x

—4t2—16t+x2+8x=0©(2t+4)2:(x+4)2c{ .
2t=—x-8

D6 chinh 1a cdch phén tich thanh nhin ti trong phuong trinh (1).
+ Ngoai ra ta ¢6 thé binh phuong hai v& dua vé phuong trinh:

9x% +8x-32>0
16878 —2x2 =9x> +8x -32 & 5.
256(8—2x2):(9x2 + 8x—32)

9x* +8x~32>0 aa 42
= 5 ) SxX=——=y=——+I.
(9x —32)(9x +16x+32):O 3 3

| Bai 27. Gidi hé phuong trinh:




\/2()(2 +y2)+2(5x—3y)—4(xy—3) —3\/7=—\/m )
\/ \/y2—4(x+y)+17—«/x+3—y:n)
[ \/7 :

\ Loi gidi
Nhin thdy phuong trinh (2) c6 hai cin thitc bac khic nhau nén ta khong thé
Xt 1y tir phuong trinh nay dudc va ta tip trung x{¥ 1y (1) . Piéu nay ching ta
nghi dén (1) phan tich dugc nhan ti.
Viétlai (1) dudi dang:

\/2()(2+y2)+2(5x—3y)—4(xy—3)—2\/;=\/§—m .

2()(2 +(5—2y)x+y2 —5y+6)

__y-x=2
\/2();2+y2)+2(5x—3y)—4(xy—3)+2\/§ Jx+2+1y
2(X+2—y)(x+3—y) -

\/Z(Xz+y2)+2(5X_3Y)_4(Xy—3)+2\/§_\/X+2+\/§ )

f—

=

2(x+3-y) |
+ =
\/2(X2+y2)+2(5x—3y)—4(xy—3)+2\/§ \/X+2+\/;
2(x+3—y) 1
+ >0
\/2()(2+y2)+2(5X—3y)—4(xy—3)+2\/§ VX+2+\/;
Thay y =x + 2 vao phuong trinh thi hai cia hé ta dugc:

\/(x+2)2—4(X+x+2)+17=3<:>\/x2—4x+13=3.

<:>x2—4x+4:0<:>x=2:y=4.

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (2;4).

<:>(x+2—y) 0.

& x+2-y=0,do

2 2
S

\[1—x2+y2
y-xyxl-y? 7
=

Bai 28. Gidi hé phuong trinh
(2)

Li gidi



bieu kién 0<x* —y* <1 .

xry=(xry Ve -y s

Lay (I)+(2) va (1)—(2) theo v€ ta dudc: \/1_X2 +y?
: X_y+(X—y)\/m:l
\/1—)(2+y2 4

Ti€p d&€n nhan theo v& hai phuong trinh clia hé trén ta dugc:

(X2 _yz)(l_xz +y2) 15 2 2 15
=—ox -y =—.
1—)(2+y2 6 6

Thay ngugc lai hé phuong trinh ban dau ta dugc:

x—y4/1—5
16:2
1
16 4x—y\/E=2 X:32+7\/E
7<:> 4 .
4y —x/15 =—
y—X 15 y Xx/ﬁ 4 y=7+2\/E
16 _7
1 4
16

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (@;7 + 2\/EJ :

X+y2—y\/x+3y2=0 )]

Bai 29. Gidi hé phuong trinh 2,21 .
2y2 —3y—x+1+ %:o 2)

Lai gidi

bicukién x+3y>>0 .

Viétlai (1) dugi dang (\/x +3y? ) - y\/x +3y? —2y* =0.

N 2 _ _
@(\/x+3y2 +y)(\/x+3y2 —2y)=0<:> \/%;2;’ .




0

- Né&u «/x+3y2=—y<:>{ 5
-2y

4 2
4y2—3y+1+,/$=0 (v6 nghiém do 4y* —3y+1>0 ).

0
) thay vao (2) ta dudc:

Mo
IN

5 thay vao (2) ta dudc

> <
[\

- Néu x+3y2 =2y©{

=Yy
f4 2
y? -3y +1+ %ﬁ”:o.

(y2+y+1)(y2—y+1)
<:>2(y2—y+1)—(y2+y+1)+ 01 =0
2
PP il hd 1=0(3) .
y2+y+1

2
_ Y YL ) khidé (3) trd thanh
21(y2 +y+1)

1

=~ =28y  —T0y+28=0 |7
y:

N |~

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = [i;%}(4;2) .

x> +y3 +3(y—1)(x—y):2
Bai 30. Giai hé phuong trinh (x B )2
NXx+1+4y+1= 8y
Loi giai

biéu kién: x,y>-1.
Phuong trinh dau cla hé twong duong vdi:



x3+y3+3xy—3y2—3x+3y—2=0

<:>(x+y—2)(x2—xy+y2+2X—y+1)=0.

y=2-X
I:xz—xy+y2+2x—y+1=0 )]
Dbé y phuong trinh (1) viét lai:
v —y(x+1)+(x+1) =02 A =(x+1) —4(x+1)" =-3(x+1)" <0.
Suyra x+1=0=x=-1=2y=0.
Thit lai tha'y khong thda man.
Xét y =2 —x thay vao phudng trinh thi hai cia hé ta dugc:

2 4
Jx+1+3- =@@4+2\/—x2+2x+3=(x;1) .

o 4424 (x-1) =M. Dyt t=y4—(x-1)",(0<t<2)

Phuong trinh trd thanh:

2
4+2t=ﬁ@t(t3—8t—8)=0
@t(t+2)(t—1+6)(t—1—ﬁ)=0<ﬂ>t:o.

IS 4—(x—1)2:0© X XY i
x=-1 x=-1Ly=3

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (3;—1);(—1;3) .

51164572 = (5 167 j.72y_x2+2

X3 +17x+10y+17=2(x2 +4)‘/4y+11

Bai 31. Giai hé phuong trinh

Loi gidi
Diéu kién: 4y +11>0.

Phuong trinh tht nhat ctia hé twong ng voi:




2 2| x“ -2y |-1
54+4.4% 2y _5+4.4( j o

7x2—2y+1 72(x2—2yj—1

t t
Xét ham s f(t) = 5[%} +4.[%j 1 ham nghich bién trén R .

Do Es:(l)@f(x2 —2y+1)=f(2x2 _4y_1)
o x?-2y+1=2x>—4y-12y=x>-2.

Thay 2y = x? —2vao phuong trinh thir hai cua hé ta dugc:

x> +5x2+17x+7=2(x2 +4)\/2X2 +7.
3 2
<:>(x+2)3+(x+2)2+x+2:(\/2xz+7j +(\/2x2+7) +V2x2+7.

=1
<:>x+2:\/2x2+7<:>[X = 2,

x=3 z

Vay hé phuong trinh ci hai nghiém’1 (x;y) = (1;—%);(3;%).
Nhan xét. Néu thay khé phan tich dugc ham s6 nhu trén thong thuong dat
V2x2 +7 = tdwa v& hé phuong trinh:

V2x2 47 =t {2x2+7=t2

= )
X3+5x2+17x+7:(t2+1)t X +5x2 +17x+7 =6 +t
Cong theo vé hai phuong trinh ciia hé ta E}c:
x3+7x2+17x+14=t3+t2+t<:>(x+2)3+(x+2)2+x+2=t3+t2+t.

Ta c6 két qua nhu 10i giai trén.

3 2
- =1
X
Bai 32. Gii hé phuong trinh “XIH ly :
)

y—1 X+y




Loi gidi
biéu kién: x>-Ly>1,x+y=0.
bit u=+vx+1,v= w/y—l,(u,v > O)hé phuong trinh trd thanh:

3 2 2
u” +v PN 111 \4 | )
—+ ! =2 —+ =2
vou?4v? voui+y
2u
V=
Su-3 2u
V=
oL 1 Lo 5u-3
(2 ? 502 ~12u+3=0
_3 u
Su-3 Su—=3

:6+\/H \/—_6+\/7 X:32+12\/i

u

u,v>0 5 P 25
V_1+\/Z \/f 1+\/71 _61+\/i

10 TS Y750

£32+12f 61+\/7J‘

Viay hé phuong trinh c6 nghiém duy nhat 0

(x y+ 2)\/ \/_
Bai 33. Gidi hé phuong trinh
Jx ( V- ) 3y—2+21-x

Loi gidi
biéukién: -1<x<1,y>0.
Nhan thdy x =—1khong théa mian hé phuong trinh.
Xét x # —1khi d6 puong trinh thi nhat clia hé tuong dudng véi:

(x—y+2)\/ﬁ—\/:=\/§—\/m.

v )Wxa _y-x—-1~
R A v o

=0cy=x+1.

1
<:>(x+1—y)[ x+1+m]



Thay y =x +1vao phuong trinh thit hai cia hé ta dugc:
Vxrt(4-vi-x)=3x+14241-x.

Mot phuong trinh vo ty c6 chira hai cédn thic ta thudng lya chon phép dit hai

4n phu dua vé tich.

. ju=+x+1 w?+vi=2
bat ,(u,vzo): .
v=41-X u? —v? =2x
Ta c¢6 hé phuong trinh:
uw?+vi=2 uw?+v2 =2

u(4—v)=§(u2—vz)+l+2v<::> u
2

—_

4—v)=§(2u2—2)+1+2v'

2
2
2 2 u2+V2:2 ll2+ M =2
u +v =2 u+2
= = 2 =
v(ut2)=3utduy |y U Fdur2 )
u+2 _w Fdut2
u+2
{\/er =1
Vi-x =1
u=1lv=1 X = O:>y=1

u,v>0
PRPIREIIN u—\/zv—Z\/§C> i _\f 3,2
s N 7S

\/1—x=2\/;
32

Vay hé phuong trinh c6 hai nghiém la (x;y) = (0;1){——;—}

55
Nhan xét. Phuong trinh \/x+1(4—\/1—x):3x+1+2\/1—x ta c6 thé bi€n

d6i dua vé tich nhu’sau:(Z\/X+1 —\/l—x)(\/x+1 +1-x —2)=0.

3x% —4xy +12y° +L2 =10
Bai 34. Giai hé phuong trinh (x-2y)

X2 —16y2 +4xy=—x+2y-2

Loi gidi
Diéu kién: x -2y #0.



H¢ phuong trinh tuong duong véi:

2(x—2y)2 +(x+2y)2 +

3(x+2y)—(x—2y—
X

2 j:_l

Ditu=x-2y—- 5 ,v=x+ 2y hé phuong trinh tr§ thanh:
X—z2y
17 12
20 +vi=2 |ju=-——,v=——"
< 19 19 .
3v-u=-1 u=1,v=0
r i 1
X—2y— 2 =_£ X=1,y=—5
X =2y 19
2 x=—ty=1
x+2y=—E R
f— f—
5 _4143y353  3V353-7
X—2y— 5 =1 76 ’ 152
X —
Y —41+3+/353 3v353 +7
x+2y=0 X = Yy =—
- L 76 152

Vay hé phuong trinh c¢6 bon nghiém 1a

(x;y)=[l;—%}(—

274 ) 76 152

l.lj.[_41+3*/353.3 353—7}

[ —41+34353 ,_3\/353 +7
’ 76 ’ 152

Bai 35. Gidi hé phuong trinh

x2+y2+4=2(x Xy +y y+\/;)

x4y =3-xy

biéu kién: x,y>0.

Loi gidi




u4+v4+4:2(u3v+v3+u)

u+v+uv=3

3-u
V:
u+1l
= 4 3
ut+ S-u +4=2 u3.3 t S-u u
u+1 u+1 u+1
3—-u
V:
PN u+1 .
(u—l)z(u6+8u5+21u4+24u3+11u2—32u+31)=0

u,v=0 {uzl \/;:1 {XZI
«—> = = .
v=1 \521 y=1

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;1) .

2x2 +5y2 —4xy—-6x—-6y+9=0
Bai 36. Gidi hé phuong trinh (x- 1)3

Xy+2X=(y+3) W

Loi gidi
(x—l
y+2

Khi nhin vdo phuong trinh thit hai ctia hé mang ddng ddp ham s6 néu ta viét

\/(y+2)3 ~ \/(x—1)3

dudc duéi dang: 3 . Tuy nhién véi diéu kién ctia hé trén
y+ X

biéu kién: >0,y #-2.

chua cho phép ta c¢6 bién ddi d6. Do vay cin tim diéu kién clia hai 4n x,y tir
phuong trinh dau clia hé.
Tl phuong trinh dau clia hé ta c6:

2x2 -2x(2y +3) 45y ~6y+9=0 |A) =(2y+3)2—2(5y2—6y+9)20
-

Sy* -2y(2x+3)+2x7 ~6x+9=0  |A' =(2x+3)2—5(2x2—6x+9)20



2 2
6x> —42x +36<0

{6y2—24y+9£0 4- 10Sys4+\/ﬁ
= < .
1<x<6

Do d6 phuong trinh thit hai ctia hé tuong duong véi:

X(Y+2)=(Y+3)\/(X_l) @J(y”) )

= Sy+3=xy=x-3.
y+2 y+3 X

Thay y = x — 3 vao phuong trinh dau clia hé ta dudc:
25 +5(x—3)" —4x(x~3)-6x-6(x~3)+9=0.

32 _30x 1720 | XA [ XYL
x=6 x=6,y=3

Vay hé phuong trinh c6 hai nghiém Ia (x;y)=(4:1);(6:3).

xyz(\jx2+1+1)=3 y2+9 + 3y
(3x—l)\/x2y+xy—5—4x3 +3x3y—7x=0

Bai 37. Gidi hé phuong trinh

Loi gidi
Phuong trinh thit nh4t cia hé tuong dudng vdi:

X(\/xz+l+l):3 %+1+1 <:>x=3<:>y=§.
Y(\y y X

vao phuong trinh tht hai ctia hé ta dugc:
)\/3x—2—4x3 +9x2 - 7x=0.
o (3x —1)(\/3)(—2 —x) —4x3 —12x2 + 8x.

<:>(x2 —3x? +2)(X+LJ:0

(3x—1

V3x—-2+X
x=1Ly=3
2 X=
S X —3x+2=0<:>[ = 3
X = X = ’y:E

Vay hé phuong trinh c6 hai nghigm la (x;y)= (1;3);(2;%} .



x2+y2—y=(2x+1)(y—1)

5
Py

Bai 38. Gidi hé phuong trinh

Loi giai
Hé phuong trinh da cho tuong duong véi:

(X_yH)z:O y=x+1 )
iy S R - o {
\/— \/—X+y—12 \/— \/—ZX—

Nhan xét. Pé gidi phuong trinh v3x -8 —vx+1 = =3

| ta thuc hién nhu sau:
X —

o e

V3x—-8++x+1 2x-11 5
2x -9 )(2x—11
e x4 g x+7_(2x29)(2x-1) ax+3
5 5
9x> —24x +16 x> +14x +49
3x—-8- x+1- 4x% ~11x + 96
= R ST S
Pix—8+ 2= Jxe1+ 27
5 5
<:>(x2—11x+24) i+i ! I =0

25\/3—_ 3x 4 25 x+7

x=3

@x2—11x+24=0©{ .
X=8

3 2 2 2
+ —12x —y=4x"+6y" +7
Bai 39. Giai hé phuong trinh {X emiermy =Ry

y3+x2y—x+2y=1—2xy

Loi gidi
Nhdm dugc nghiém dep x=—1,y=0nén ta dit 4n phu x=u-1,v=y hé
phuong trinh trd thanh:

u(u2+v2)=u+v+7(u2+v2) (u 7)(u +V2)=u+v

V(u2+vz+1):u V(u2+V2)=u—V




=0 =1
Trudng hgp davi=0el' Talt .
v=0 y=0

Ta xét u> +v>>0.

u-7=— hl )
Hé phuong trinh tuong duong véi: oty .
yo UV 2)
u? +v?

u—vi+v+ui

2 2

Lay (1)+i.(2) theo v€ ta dudc: u+vi—7=
u”+v

) u—vi+v+ui
u+V1—7=T=—
u”+v

: ; 2 s 1 i ,
bét z=u+ vi phuong trinh trd thinh:z—7=—+-<<2z> -72-i-1=0.
z z
Phuong trinh s6 phitc cudi thyc hién don gidn.

Hé phuong trinh c6 hai nghiém ba nghiém la

10-4106+10v113 53-5+113 [53+5+/113

(X;y):(_l;o); 4 ’ 8 2
10+\/106+10\/113._53+5\/113 53+54/113
4 ’ 8 ' 2 '

Nhan xét. Nhu vay hé phuong trinh can thong qua phép dit 4n phu ta mdi
dua dugc vé hé c6 dau hiéu st dung s6 phitc. Xuit phdt tir cic hé phuong
trinh quen thudc ta d6i 4n di c6 nhitng hé phuong trinh hay va khé hon rit nhiéu.
(6—x)(x2 +y2)=6x+8y
Vi hé phuong trinh gidi biing s6 phitc ban dau :
(3—y)(x2 +y2)=8x—6y
Thay x b&i x +1va thay y bdi y—1 dua vé hé khé hon nhu sau:

X +(y2 —2y—2)x+18y=3x2 +5y2+12
1. Giai hé phuong trinh
y? +(x2 +2x+4)y:4x2 +6y% -6

bap $b: (x;y) = (—1;1);(1;2);(3;3).



%—%=32(y4—x4
Bai 40. Gidi hé phuong trinh ¢ X~ Y ,(x,yeR).
3X—y=2(x4—y4)
Loi giai
biéu kién: xy #0.
Hé phuong trinh tuong duong véi:
4 4
ox2 =X 13042 (y4 —x4) 9x2 =X—2+32x4 (y4 —x4)
y’? = y
3x = 4_y4 2_.2 4 4\ 4 4
x=y+2(x* -y 9x% =y +4(x —y ) +4(x _y )y

4 2
X—2+32x4(y4—x4)=y2+4(x4—y4) +4(x4—y4)y
S
3x—y:2(x4—y4)
4 4 4.2( 4 4 2( 44\ 3( 4 4)_
X' -y +32x7y |y —x )—4y X -y ) -4y’ |x" =y |=0
3x—y=2(x4—y4)
(x4—y4)(1—32x4y2—4y2(x4—y4)—4y3)=0
3x—y=2(x4—y4)

2
[t o) (o 1) a0
3x—y=2(x4—y4)
(x4 —yA')(Zy3 —1—6)(2y)(2y3 —1+6x2y) =0

3x—y=2(x4 —y4)

4 4: =0
THL: Néu x* —y* =0=1% 7Y =0 %79 qoai).
3x-y=0 y=0
2y3—1+6x2y=0

TH2: N&u 2y° —1+6x°y=0=
3X—y=2(x4—y4)



2y’ —~1-6x%y =0 - 2y’ —1+6x%y =0
3x—y(2y3 +6x2y) = 2(x4 —y4) 3x - 6x2y? = 2x*

0

2y* -1+6x’y =0 2y +6x%y =1
x#0 y Xy

- x(3—6xy2—2x3)20 2x3+6xy2=3'
f+1
& 2x+y) =4 {X+y N2
2x-y)=2 beoysl f 1

2y3 —1—6x2y=0

TH3: Néu 2y® —1-6x’y=0=
- Y Y 3x—y:2(x4—y4)

2y° —1-6x’y =0 2y —1-6x%y =0
< 3 2 4 4\ <

3x—y(2y —6x y)=2(x -y ) 3x +6x7y% =2x*
LJedy=0 0 [y ey =1
x(3+6xy2—2x3)=0 2x% —6xy? =3

D¢ gidi hé phuong trinh nay ta st dung k§ thuit phitc héa.
Ta c6: x° —3)(y2 +(3x2y—y3)i :E_li )
3_

bit z=x+yi:>z3=7.

3 1
Ta c6: 3—i=\/ﬁ(——i— =\/B(cosq>+isin(p).
Jio JBJ
vdi cos i =—L € —E'O
(p \/E \/Be(p 27 .

Suy ra 2= ﬁ(coscpﬂsmcp)@z—iﬁ cos(PJFkZﬁJrisin(')+k27T k=0,1,2
2 2 3 3

Do d6 Xzi/gcosq”kzn,y:i/gsin(p+k2n,k=0,1,2.
2 3 2 3




Vay hé phuong trinh ¢6 bdn nghiém la:

(x5y) - L\/EH Iz - 1} [[CO orkam mkhiﬁkﬂ,l@}
2 2 2 3 3 \2

v6i cos@ =

i,sin(p = —L,(p € (—E;OJ .

V10 V1o 2

Nhan xét. Pay 1a mot bai todn hay va khé doi hdi hoc sinh k§ ning bi€n dbi
t0t. N&€u dé bai chi yéu cau tim nghiém duong clia hé phuong trinh thi k&t
qua s& dep mit hon. Tuy nhién dé bai t6i dua ra mudn nhan manh cdc em
dé&n tng dung clia s6 phifc trong gidi hé phuong trinh.

Bai 41. Gidi hé phuong trinh
X+2y+244x+y =1
J46-16y(x+y)—6y +4\[4x +y =8—dy

,(X,yeR).

Loi gidi
. 4x+y =20
biéu kién: .
46-16y(x+y)-6y 20
Tur phuong trinh dau ctia hé ta dugce: 24/4x +y =1—x -2y . Thay vao phuong
trinh th{ hai cia hé ta dudc:

\/46—16y(x+y)—6y +2(1-x-2y)=8-4y.

<:>\/46—16y(x+y)—6y:6+2x.

2x+62>0
= 2 .
46 -16y(x +y)—6y =4x” +24x +36

x=-3
SR 5 .
4x” +16xy +16y” +24x+6y—-10=0
K&t hgp v6i phuong trinh dau clia hé ta dudgc:
X+2y+244x+y =1
4x +16xy+16y +24x+6y-10=0

{x+2y+21/4x+ y =1
f—

x+2y +6(4x+y)—10=0‘



pac " (v=0)he ph h tré thanh
at v € phuong trinh trG thanh:
V=44x+Yy

u+2v=1 =1-2v
2 2 < 2 2 :
4u® +6v2 -10=0 4(1—2v) +6v2-10=0

(u=-1
v=1
u=1-2v =—1
& 5 & uzﬂ = 4 (vinv=0).
11ve —=8v-3=0 11 v=1
3
11
X_3
X+2y=-1 +2y=—1 5 N
Vi viy TS0 T (thda man dieu kien).
1[4)(4—}/:] 4X+y=1 5
y=-72
7
A LA . L A . 3.5
Viay hé phuong trinh c6 nghiém duy nhat (x;y) = 7;—7 .

2
1
2x% 4| y+— :3/3+ +3(y+1
Bai 42. Gidi hé phuong trinh 4 (y 3] x +x+3(y ),(x,yeR).

\/x—y+2+1=9(x—y)2+ Tx =Ty

Loi giai
Piéu kién: x—y>0.
Nhén xét. T phuong trinh thi hai cia hé 1a phuong trinh vo ty d6i véi x —y
nén thyc hién tim x —y tif phuong trinh thi hai cia hé
Pit t=x—y,(t>0) phuong trinh thi hai ciia h¢ tré thanh:

Ji+2+1292 447t e t+2 -7t +1-9:2 =0

_2(-3t) 2
+(1-3t)(1+3t)=0 & (1-3t)| ————=+1+3t |=0.
\/t+2+\/ [\/t+2+\/7t j

S 3t=1x— y——(do +1+3t>0,vVt=>0).

o

Thay y=x— % vao phuong trinh trinh thit nhat cda hé ta dudc:




32 = +ax+2 & (x+1) +(x+1) = x> +4x+ 24 3% +4x+2 ().
Xéthams§ f(a)=a’+atacé f'(a)=3a>+1>0,Vack.
Vi vay f(a) 12 ham dong bi€n. Do d6
D)o fx+1)=fRX* +4x+2) & x+1=x> +4x+2.
V] le—\/ﬁ’y:_nﬁ

6 6 6
_1-413 X_1+J§y_-1+¢§
6 6 6

Vay hé phuong trinh c6 hai nghiém la

(X;y):[l—\/ﬁ;_u\/ﬁ}[u 13;—1+\/B}‘

S3x2—x-1=0

X

6 6 6 6

Bai 43. Gidi hé phuong trinh

X+ 7x +2=x2+£ 2—éx 3
(x+y)y7xy =Y y

3 2,(x,yeR).

XA/ 7Xy +2 =x° +25y2 —-10xy -1

Loi gidi
biéu kién: 7xy +22>0.

Hé phuong trinh da cho tuong duong véi:
6(X + y)\/7xy +2 =6x + 161y2 -52xy -9
6x4/7xy +2 =6(x2 1252 —10xy—1)
XA/ TXy +2 = x2 +25y2 -10xy -1

o .
6y/7xy +2 = 11y2 +8xy -3

Cong theo v& hai phuong trinh ctia hé ta dugc:

(x+6y)./7xy+2 =x° +36y2 —2xy—4.
= (x+6y)2 —(x+6y)w/7xy+2 —2(7xy+2).

X+06y=247xy+2
<:>(x+6y—2«/7xy+2)(x+6y+«/7xy+2)=0<:> Y Y .
X+6y=—7xy+2




TH1: N&u /7xy+2 = % = X + 6y > 0 hé& phuong trinh trd thanh:

X+6y_ 2 2
X EX A2y _loxy_l@{x2+6xy=2x2+50y2—20x}’—2
2 _ 2
6yx+6y_11y T 8xy—3 3xy +18y”° =11y” +8xy -3
@{x +50y2 —26xy =2 —3(x2+50y2—26xy)=2(7y2—5xy)
Ty® —5xy=-3 7y? —5xy =3
3x% +164y> —88xy =0 x—-2y)(3x-82y)=0
©X+y Xy = Q( y)( -‘7)_
7y2 Sxy=-3 7y2—5xy=—3
_x=—2,y=—1
x 2y x=2,y=1
= 3X 82y = x——ﬁy——i
s J389° \/
7y* =5xy=-3 82
=
PGi chi€u véi diéu kién chi nhan nghiem (x;y)=(2; )[ 82 .3 J
J389 /389

u\7xy +2 = —(X + 6y) = X + 6y <0hé& phuong trinh trd thanh:
—X x+6y =x% +25y* —10xy -1
—6y x+6y =11y? +8xy -3 '
{ x? +25y? —4xy—1 3(2x2 +25y? —4xy)=47y2 +14xy
47y* +14xy =3 47y +14xy =3

{6){ 1+ 28y% ~26xy =0 {(X—ZY)(6X—14Y) 0

47y* +14xy =3 47y* +14xy =3



(=21

57775
x =2y ng,yzé
<1 3x=Ty = 7 3

X =— , = —
7 3

X = ’y:

239 239

D6i chi€u véi dieu kién chi nhan nghiém

(x:y)= (—%;—%];(—ﬁ;—ﬁ) .

Vay hé phuong trinh ¢6 4 nghiém la:

(x;y):(z;l){_g;-é}(— i J;_g]( = J;?gj

Cich 2: Vi€t lai hé phuong trinh dudi dang
6(x+y)\7xy +2 =6x” +161y* -52xy -9 (1)
6xy/Txy +2 = 6(x2 125y —10xy — 1) )

Lay 2.(1)-3.(2) theo vé& ta dudc:

3(x—2y)Txy +2 =(x—2y)(3x—32y) {x =2y

37xy +2 =3x 32y
Xét trudng hdp va ta c6 k&t qua nhu 15 gidi 1.

Sau day la mét sé bai toan tuong tu danh cho ban doc rén luyén

1. Gidi hé phuong trinh:
(6—6x—y)\/xy—5 =18x> —21)(y+24x—11y+5y2 -2

JAx,yeR
(3x+y)yxy—5=-2y" +2y+6xy+2 (2) ( )
Huéng dén gidi bai todn 1:
Ly (1)+4.(2) theo v€ ta dudc:
2x+y+2=0

3(2x+y+2)xy =5 =3(2x+y+2)(3x—y+1) = Jxy—5=3x—y+1

THI1: Néu 2x+y+2=0=>y=-2x-2

= xy -5=x(-2x-2)-5=-2x" -2x-5<0 hé¢ phuong trinh v6 nghi¢m.




TH2: N&u +/xy -5 =3x—y+1 thay vao (2) ta dugc:
(3x+y)(3x—y+l)=—2y2+2y+6xy+2.

<:>(3X—y—l)(3x—y+2):0<:>{ N

+ V@i y =3x —1thay vao phuong trinh thit hai cia hé ta dugc

(6x—1),/x(3x—1)—5 =—2(3x—1)2 +2(3x—1)+6x(3x—1)+2.

( )\/3x —-X - (6x—1).

L x=ly-_1
| 6 67" 2
x=— 1-/109 1-/109 +/109
= 6 ol x= =>|x= y=— .
2 i, 6 6 2
S IO CV T 144109 —1++/109
I 6 | 6 7 2

D6i chi€u véi diéu kién chi nhan nghiém

(x:y)- 1-4109 144109 | [1++/109 ~1++/109
’y 6 ) 2 ’ 6 ) 2 .

+ V@i y =3x + 2 thay vao phuong trinh thit hai ciia hé ta dugc

(6x+2) x(3x+2)—5 =—2(3x+2)2 +2(3x+2)+6x(3x+2)+2.

<:>(3x+1)\/3xz +2x-5 =—2(3x+1).
<:>(3x+1)(\/3x2+2x—5 +2j:0<:>x=—§,y=1.

D6i chi€u véi dieu kién khong thda man.

Viay hé phuong trinh ¢6 2 nghi€ém la

(xy)- 1-4109  1+~/109 | [ 1++4/109 -1++109
’y 6 D) 2 1) 6 b 2 .

3x? —y2 +1n(1—x2)—31n(1—y2)

Bai 44. Gidi hé phuong trinh
(x+\/1+y2)(y+\jl+x2)=1

0

,(x,yeR).




Léi gidi
N 1-x2>0 -1<x<l1
Pieukien: | = ed T
1-y*>0 [(-l<y<l
Nhan xét. Nhin vao hai phuong trinh viéc tim ra m&i rang budc giita hai bi€n
tlr phuong trinh thd hai cda hé kha thi.
u? -1
X =
2u

2 2
[ _.u -1 u"+1
u=x+VI+x? XHl=u m

bit Ju,v>0)= u 2u
V:y+\/1+y2 ( ) =V2—1
Y 2v
2
“y2+1:V2:1

Khi d6 phuong trinh thit hai ctia hé trg thanh :

W+l vi-1)[vi+1 u?-1 uv=1
2u 2v 2v 2u uv(u+v) +(u—v) =0

Nhung do UV(U+V)2 Jr(u—v)2 >0,Vu,v>0 nedn uv=1.
Viy ta c6 (X+\/1+x2j(y+\/l+y2)=1<:>x+\/l+xz =—y+1+y> (D).

Xétham s6 f(t)=t+Vt> +1tacé
t Ve +14t Ve +t i+t
= > = >0
N R TN RN

Do dé6 f(t) dong bién trén R = (1) < f(x) = f(-y) <> x =—y.

f'(t)y=1+

Thay y =—x vao phuong trinh dau cla hé ta dugc:

3x2 — x> +1n(1—x2)—31n(1—x2)=0<:>xz —ln(l—x2)=0 Q).

Nhan thdy x 1a nghiém clia phuong trinh thi —x cling 1a nghiém ctia phuong trinh.
Viy ta chi cn xét véi x >0.

Xétham s6 g(x)=x> —ln(l —x2)V6i X € [0;1) ta co.

g'(x)=2x+ 2X2 >0,Vx e[O;l).
1-x



Do d6 g(x) dong bi€n va g(0) =0 nén phuong trinh (2) c¢6 nghiém duy nhat:
x =0trén [0;1) .
Do d6 trén ca khodng (—l;l)phu'o'ng trinh chi c6 nghiém duy nhat:
x=0=>y=0.
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (0;0) .

Bai 45. Gidi hé phuong trinh

x? —4x—5=4y(y—1—2xlx—y)
4y ,(x,yeR).

x? —4)((y+1)+4y2 +4y-5=-
3

y=NX-Yy
Loi gidi
Pigu kién: 4 =Y .
' {Y—J;j§¢0

Hé phuong trinh da cho tuong duong véi:

x? —4x—5=4y(y—1—2\/§)

x2—4)(—5+(4y2+4y—4xy)=—3 4y

y=NX—Y

5 2
X —4(y— x—y) =5

= .
4y(y—1—2\/x—y)+(4y2+4y—4xy)=—4—y
Y —Vx—y
2
x2—4(y— x—y) =5
=
4y(y—1—2wlx—y+y+1—x)=—34—y
y=NX—Yy

2
x2—4(y— x—y) =5
<1[4y=0 )

\3/y—\/E(x—2y+2\/E):l




(y-xy)(x-2y+2x—y) =1

bit u=x,v=2y-2./x—y hé phuong trinh trd thanh: 3 1.

2
Suy ra V(u—V)3 =22—5(u2 —v? )2 = (u—V)2 |:25V(U—V)—2(U+V)2} =0.

& 25V(u—V)—2(u+V)2 =0(do u# V).QB:E;V.

+ Né&u u=9v thay vao (1) ta dugc: 80v> :5<:>V:ii:>u:i%.

+ N&u 2u=3vthay vao (1) ta dugc: u> =9 < u=43=v=1+2.

x=3

Véi u=3 x=3 x=3
1 Py = < .
v=2 2y —2\/x—y =2 y—1=/3-y y=2
Vi u=-3 x=-3 x=-3 (v6 nghiém)
i o o vO nghiém).
v=-2 2y —2\Jx—y=-2 y+l=4-3-y

9 9 X_9 . 9
u=— X=— = = —
/ 2483 -3
V=— 2 —2 X — =— 2 ——:2 _— —



4 o (v6 nghiém).
V——l 2y — 24X — ——l 2 +1—2 0
R 4 [T

Viay hé phuong trinh da cho c¢6 3 nghi€ém la:

)-(sopoa){ 2252

e

X2+y2+2xy—2x+y—9:0

(xyeR).
2x +8+2x +1=4y* =3y +2y -1 (ry=®)

Bai 46. Gidi hé phuong trinh {

Lai gidi

biéu kién: x > —l,y > l
2 2

Vi€t lai hé phuong trinh dudi dang:
x? +y2 +2xy—-2x+y-9=0
V2x+1 -2y —1+2x +8-4y2 +3y =0

Cong theo v€ hai phuong trinh ciia hé ta dudc:

V2x+1 -2y —1+x2 =3y? +2xy +4y —1=0.

Nhan thiy x = —%,y = % khong théa man hé phuong trinh.

1 1 . . N
Xét x # _E’Y * ) thuc hién nhan lién hgp dua phuong trinh vé dang tuong ducng

2(x—y+1)

& +{x-y+1)(x+3y-1)=0.
V2X+1 442y -1 ( )( )
& (x—y+1) 2 +x+3y—1{=0 (D).
V2x+1+4/2y—1

Do )(2—l,y2l nén:

2 2

2 >0;x+3y-120=> 2 +x+3y—-1>0
Vax+1+2y-1 x4y 2y -1 '

Dodé )= x-y+1=0&y=x+1.
Thay y =x +1vao phuong trinh thd hai cia hé ta dugc:




X2+ (x+1)" +2x(x+1)=2x+(x+1)=9=0.

x=1 x=1Ly=2
S 4x* +3x-7=0 7= 7 3 (chi nghiém (1;2) thda
I R ]

man diéu kién).
Viy hé phuong trinh ¢6 nghi€ém duy nhé’t(x;y) = (1;2) .
Nhan xét. Co s& clia 16i gidi bai todn dya vao k§ thudt hé s§ bat dinh nhu
sau(Xem thém Cuén “Nhitng diéu can bi€t LTDH Ky thuit gidi nhanh Hé
phuong trinh” clia cling tac gid).
Viét lai hé phuong trinh dudi dang:
A=x> er2 +2xy-2x+y-9=0 (1)
B=+2x+1-2y—1+2x+8-4y> +3y=0(2)
Nhdn xét. Dy dodn V2x+1=4/2y—-1< y=x+1khi d6
2
A=x?+(x+1) +2x(x+1)=2x+(x +1) =9 =4x7 +3x =7

B=2x+8-4(x+1) +3(x+1)= x> ~3x+7

Hé so batdinh k = —% =1tc 12 ta thyc hién phép todn 18y (1) +(2) theo v€

nhu 18i gidi trén.

Bai 47. Giai hé phuong trinh:
x> +3x2y—2(y4 +y2) 2y-1=0

, , ,(x,yeR).
2x% +2y? +4x—y -2 —x —24/3x +6 =0

Loi gidi
DPiéu kién: -2<x<2,y 2%.

Phuong trinh thit nhat clia hé viét lai dudi dang:

(if +3[iJ2 =2(y+1)y2y 1.

o (3]3 +3(§J2 _ (\/mf 132y -1 (D).

C6 dang ham dic trung tuy nhién dé chi xit 1y dugc khi:




2
3[% +6== 3?{&2} >0.
y y y\y
Vi vy ta can st dung phuong trinh thi hai cda hé dé tim diéu kién cda X

y
TU phuong trinh thd hai ctia hé ta ¢6

2x2 +2y2+4x—y=\/2—x+2\/3x+6=\/1(2—X)+§\/9(3x+6).

St dung bat déng thitc AM-GM ta c6
1(2—X)S1+2_X :3—X
2

\/m<9+3x+6_3x+15'
S22

Ding thitc xay ra khi va chi khi x=1.
3—x+3x+15:x+13.
2 3 2

& 4x% +4y* +7x -2y -13<0.

(\]

Suy ra 2><2+2y2 +4x -y <

o 4y? -2y —2<-4x> —Tx +11.
<:>2(y—1)(2y+1)£—(x—l)(4x+11) 2).
+ NEu y>1=(2)=x<1.Mitkhdc tr (1) ta c6

[ET +3[§J2 =(m)3 +32y — 1> +3/1=4.

y

2
@(f—q[fu} >0 251 x>y (Vo Iy).
y Ny y

2
Vay yﬁl:{i—lj(iuj <0=>x<y<l.
y Ny

Khi d6 ta c6 2x> +2y% +4x -y —v2—x = 24/3x +6 =0.
<:>2(x2 +2x—\/3x+6)+(2y2 —y—1)+(1—\/2—x)=0.
2(X—1)(x+2)(x2 +3x+3)

x2 +2x+\/3x+6

Hy-1)(2y+1)+—L_—0.

1+v2-x




y—1=0 y=1
Vay hé phuong trinh c¢6 nghiém duy nhat (x;y) = (1;1)

~1=0 -1 .
N {X N {X (thit 1ai thiy thda man).

Nhén xét. Pay 1a mot bai todn hay va khé mét phuong trinh ctia hé c6 dang
ham dic trung ddnh lira dudc rdt nhiéu hoc sinh khi tdp trung khai thic
phuong trinh nay. Diém nhan clia bai todn dya trén ddnh gid thong qua céic
ba't déing thifc co ban.

Bai 48. Gidi hé phuong trinh

(l—y)\/m+x+3y=6+(x+y—4)\/§
\/ﬁ \/::— ,(x,yeR).

x—-y—17

Loi gidi
DPiéu kién: x>2y>0,x—y-7#0.

Phuong trinh dau clia hé twong duong vdi:
(l—y)(\lx+y —2)+(X+y—4)(1—\/§)20.

(1—y)(x+y—4)+(x+y—4)(l—y):0‘

JX+Y +2 1+J§
1 1 y=1
1- -4 =0 :
<:>( y)(x+y )[\/X+y+2+l+\/;J <:>L+y_4:0

+ TH1:Né&u y=1 thay vao phu’dng trinh thd hai ctia hé ta dugc:

VX—-2-vx+1= > .
X— \/ —2+x+1 T x-8

@5(m+ﬁ) (x-8) <:>5(\/—2+\/:)+3x 24-0.
@5(\/@—1)+5(\/ﬁ—2)+3(x—3)=0.

f—

c>(x—3)(\/x _52 . + 7 +51 " +3j:0© X =3:(x;y) =(3;1) (thda mén).

+ TH2: Néu x+y—-4=0<>y=4-x thay vao phuong trinh thi hai ctia hé
ta dugc:



SA3x -8 —x+1- > =0().

2x-11

biéu kién: x € §;+oo \ 11 )
3 2

Xétham sd f(x)=v3x -8 —vx+1— > V(’)'iX€D=|:§;+OOj\{%}taC(’)

2x —11
F(x) = 31 . 10 2:3\/x+1—\/3x—8Jr 10 2>O,VxeD
2W3x-8 2Vx+1 (2x-11) 2,)(3x-8)(x+1) (2x-11)
Vi 3kt 1-vBx—8=ox 19 ixg=— 21T g
VJIx+9 ++/3x -8
A N A . ) 8 11} . (11
Vi vay f{x) la ham dong bi€n trén modi khoang 3,? va ?;+oo .
x=3
. ) x=3 y=1
Tacéd f3)=f(8)=0.Dodé (H)=f(x)=0= = .
x=8 x=8
{y=—4

P&i chi€u véi dieu kien chi nhan nghi¢m (x;y)=(3:1).

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (3;1) .

Céchzz})at{a VX y,(a,bzo):s{”y a_x-e .

b=1ly y=b y=b
Phuong trinh diu ctia hé trd thanh: (1—b2)a+a2 +2b? :6+(a2 —4)b.
<:>a(1—b2)+a2(1—b)+2b2+4b—6:0.
< a(l-b)(1+b)+a’(1-b)+(b-1)(2b+6)=0.
& (1-b)(a(1+b)+a’ ~2b-6) 0.

<:>(1—b)(b(a—2)+a2 +a—6)=0<:>(1—b)(a—2)(b+a+3):0.

@{a P y @{XY |

b=1" \521 y=1

Ta c6 k€t qué tuong ty 13i gidi trén.



Chu §. Nhiéu hoc sinh sai [am khi cho ring (1) ¢c6 nghiém duy nhat vi la
ham dong bién. Piéu cin lvu y 1a f(x) dong bién trén mdi khodng {2,1—21] va
[1_21;+OO]' Do d6 né€u c6 nghiém trén mdi khodng thi nghiém d6 1a duy nhat
trén khoang dé.

. . o~ 8
Ngoai ra n€u chédn diéu kién y=4—x20©x£4:§Sx£4lﬁcdé ta chi

can xét ham sd f(x) trén doan {2;4} va c6 nghiém duy nhat x =3.

Bai 49 .Gidi hé phuong trinh

3y —1:x—y+\/x2+y2+2x—2y—2xy+2

\/;(\/;—\/y+7)=(\/x+l—\/x—l)4—4

,(x,yeR)

Loi gidi
biéukién: x>1,y>-7.

Phuong trinh dau cla hé tuong duong véi:

Y —x—y 41+ (x—y+l)2+1.
@3"‘“1( (x—y+1)2+1—1j:1 1).

Xét ham sd f(t)=3" (\/tz +1- t) v6i teRta céd

f'(t)=3t1n3(\/t2+1—t)+3t[ ¢ —1J:3t(\/t2+l—tj In3-1)>0,VteR
VtZ +1 ( )

Vi vay f(t) 1a ham dong bi€n trén R.
Dodé ()= f(x-y+D)=f(0)=>x-y+1=0.
Thay y =x +1vao phuong trinh thi hai ctia hé ta dugc:

(Ve 8) = (VT 1) -a.
o x—Vx% +8x :8[x2 —l—xﬁ).




<:>X+8—\/x2+8X=8x(x—\/x2—1).

x+8(ﬁ—\/;):8x(x—mj.

- 8Vx+8 _ 8x
Jx+8++x x+\/x2—1

e 8r8 xe o -1 =g (Ve
& (x+8)(x2—1):X\/;<:>(x+8)(x2—1)=x3.
x>1 \X=1+\/E:>y=17+\/ﬁ.

16 16

144257 17+ 257j[|

<& 8x2—x—8=0

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) =( T T

X3+y3+x+y+3 x+y=11

xyVx? +3 +.Jy+2 442y =0

Bai 50. Gidi hé phuong trinh (xyeR).

Loi giai
DPiéukién: y>0,x+y>0.
Nhan thdy y =0khong 12 nghiém clia hé phuong trinh.
Véi y >0 viét lai phuong trinh thd hai ctia hé duéi dang:

VX2 +3= 5+ [+ —.
i3 \F 2 1

y \y? vy
Ta c6 p=\/;+ /y—z—i—;22,Vye(O,Z],pS2,Vye(2,+oo).

x<0 2
/ \J4p”+9 -3
Suyra x<0va —x X2+3=p<:> X=- p—.

Xz(xz+3)=p2<:> B 2
Suy ra xS—l,Vye(O;Z]Vé X>—1,Vye(2;+oo).

+ THI1: Néu ye(0;2] ta co

Xy 4 x+y+3x+y <1 +2° —14243J-1+2=11.

DAau biing x4y ra khi va chi khi x=-1,y=2.




+ TH2: Néu ye(2;+oo) ta c6:

Xty x4y +3yx+y>—1+2° -142+3V=1+2=11 (hé phuong trinh
vO nghi€m).

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (—1;2) :

Bai 51. Gidi hé phuong trinh:

(Xy—x+y—1)\lxz+2x+2=\/§

X, yeR).
x3 - 3 +4= 11+6x—i( )
y—1 \ y-1

Loi gidi
biéukién: y >1,11+6x _il >0.
y —
Phuong trinh dau cla hé twong duong véi:

x+1 «l x+1 +1—\/7
f—+1
x+1 w/ x+1 +1= [ y ! 1.

Xétham s f(t)=tVt> +1 ta c6:

2
£ =N +1+———>0.VieR.
2
Vt©+1
Vi vay f(t) 1a ham dong bién.
Do d6 (1)< f(x + 1) = | ——— |5 x +1=—0—.
y-1 y-1

Thay vao phudng trinh thi hai cia hé ta dugc

x3—3(x-|—1)+4=\/11+6x—3(x+1)2
e x’-3x+1=v8-3x" & x’ -3x+1-(2-x)=V8-3x" —(2-x).
Chu y 2-x+v8-3x% >0,Vx e[—\/%;\/g:l nén ta thyc hién nhin li€n hgp

nhu sau:



<:>(x+1)(x2—x—1)+ 4(X _X_l) =0.

2—x+1/8-3x?
2 4
<:>(x —x—l) x+1+ L =0 ().
2 x44/8-3x2
T Ja_3:d tren de 8 8]
Xétham sd f(x)=2-x++8—3x¥ trén doan | — g; 3 ta co

£1(x) :—1—3—X2;f'(x):0<:> V8 —3x? = 3x.

V8 —-3x

x<0 2
= ) 2<:>X=— —.
8—3x"=9x 3

Tac6 f —\/E S Ly =ﬂ;f \/g =2—\/§.
3 3 3 3 3 3
Suy ra 2—\/§Sf(x)£6+4\/g,‘v’xe —\/g;\/g .
3 3 33

Do dé x+1+ 4 2X+1+L>Z+X>0,VXE _JE;JE .
2—x+\/8—3x2 3426 4 3°\3
1-45 y_9+3\6

X
+
Do dé (2)<:>x2—x—1=0<:>x=£:> 2 2 .
1+\/§ 9—3\/5
X = ’y:
2 2

Viay hé phuong trinh c¢6 hai nghiém la:

(X;y):[l—\/g;ws\/ENH 5;9—3\/3}
2

2 o2 7 2

Nhan xét. Nhiéu hoc sinh thic mic 1a tai sao thém bét dai lugng 2 —x vao
phuong trinh @€ thuc hién nhin lién hgp. P& 1am dudc nhu viy ta cin tim
nghiém ctda phuong trinh(ké cd nghiém ngoai lai) bing cach binh phuong hai
v& clia phuong trinh.

2
x3—3x+1=\/8—3x2 :>(X3—3x+1) =8-3x>.



Thyc hién tim nghiém clia phuong trinh nay bing mdy tinh cAm tay nhu sau
(4p dung v61 FX 570ES PLUS va Vinacal 570ES PLUS).

2
Buédc 1. Nhap vao phudng trinh trén nhu sau: (X3 -3X+ 1) =8-3X>.

Buéec 2. Nhin SHIFT + SOLVE mdy hién nghiém dau tién
X, =1,6180339 vi diy la nghiém 1€ nén ta dung phim nhd luu nghiém dé
vao bi€n nhé A nhu sau: SHIFT + STO +A.

Buge 3. Ta cin tim mot nghiém 1é thd hai bidng cdch thodt ra nhap vao
phuong trinh va thao tdc nhu budc 1 va 2 ta tim dugc mdt nghiém thi hai

X, =-0,6180339 ta luu vao bi€n nhd B nhu sau: SHIFT + STO + B.
3 ) ) . ., X, +X,=A+B=1
Budc 4. Tim hai nghi€ém nay bang cich ldy tong .
X, X, =AB=-1

Theo dinh Iy vi-ét X, X, la hai nghiém ctia phuong trinh: x> —x—-1=0.

li\/g

Va dé dang tim dudgc hainghiémla x =

o

Budc 5. B€ tim dugc nhan t& 2 —x ta thuc hién nhu sau:

Pit y=v8-3x>.

vai X=1_\/§:>y:3+\/§.Ta ¢6 diém thtt nhat A[k\/g;%\/gj.
2 2 > >
Véi X=1+\/g:>}’—i Ta c6 di€m tht hai B{1+2\/g;_3_\/g}'

2

DPudng thing di qua hai diémAva Bla y=2-x.

D€ tim hiéu chi ti€t vé phuong phap nay ban doc tham khdo cudn “ Nhiing
diéu cdn biét LTPH K3 thudt gidi nhanh Phuong trinh, bdt phuong trinh vé
1y” cling tac gia.

Ngoai ra sau khi tim dudc hai nghiém nhu trén ta c6 thé dwa vé gidi phuong
trinh bac cao vdi x.

2 2
(x3—3x+1) =8—3x2©(x3—3x+1) +3x2-8=0.

o xf—6xt +2x3 +12x2 -6x-7=0.



2
—x—1=
<:>(x2—x—l)(x4+x3—4x2—x+7)=0<:> xR 0 .
xtexd—4x?—x+7=0
Véichd y

4 2
x'+x? —4x?—x+7=8 x+l -35 x+l +9 x+l +@
4 4 4 32

2
2 2
=8 x+l _§ +5 x+l +9 x+l +&>O,VXER.
4 2 4 4 32

Bai 52. Gidi hé phuong trinh

{X(X+\/3y+l)=2—3y (ny<E).

(J3y +1+1)(x> =5x +4) =15y — 6xy

Loi gidi
Dbiéu kién: y > —%.
Hé phuong trinh da cho twong duong véi:

X2 +3y =24 X3y +1=0
(x2—5x+4)\/3y+1+x2+6xy—5x—15y+4=0

Cong theo v& hai phuong trinh clia hé ta dugc:
Pt t=43y+1,(t>0)= 3y =t —1hé phuong trinh trd thanh:

X2+t =3+xt=0 X2+ xt+t2-3=0
2 2 2 <
(x —5X+4)t+x —5X+4+(t —1)(2x—5)=0 2 2% - Tx—5(49=0

Cong theo v€& hai phuong trinh clia hé ta dugc:
4 (3x=5)t+2x* = Tx+6=0 (1).

t=2-Xx

@(t+x—2)(t+2x—3):0©L:3_2X.




t=2-x x =1 x=1 x=1
= = = = .
x2=2x+1=0 t=1 ,/3y+1:1 y=0

+ TH2: Né&u
{=3-2x t=3-2x
tz3_2x:>{x2+xt+t2—3:0®{x2+x(3—2x)+(3_2X)2_3:O
{x:l
i B et

3x*-9x+6=0 {x=2
t=—1

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (1;0) :
Nhan xét. D€ c6 phan tich nhu phuong trinh (1) ta ¢6 thé coi (1) 1a phuong
trinh bac hai ciia t va c6 At=(3x—5f—4%2x2—7x+6)=(x—1f.Tﬂd6ﬁn1
dugc t theo x.
+ Né&u mot phuong trinh ctia hé chi ¢6 \/3yT ta c6 thé dit 4n phu roi diing
phép th&(xem bai todn tuong tu).

Sau day la mét sé bai toan tuong tu danh cho ban doc rén luyén

(x+1) +3(x=1){y+1+y+1=0
7x+(2+x)\/y+1 =5

1. Gidi hé phuong trinh (x.yeR).

Huéng din gidi bai todn 1
Trit theo v& hai phuong trinh clia hé ta dugc:
x> +y—5x+7+(2x—5) y+1=0.

2 X+4y+1=2
<:>(x+ y+1) —5(x+ y+1)+6=0<:> .
X+4y+1=3
Xét trudng hgp thay vao phuong trinh thd hai ctia hé tim dugc cdc nghiém

thod man 1a:

(x;y) =[7_23\/5;16_23\/5}(4—@;17—2&).

Nhin xét.



Tu phuong trinh thd hai ctia hé rit dugc y+1= 5_72X [—2<x S%]do do
X+

biang phép th€ ta hoan toan gidi dugc hé phuong trinh trén.
That vay ta can gidi phuong trinh:

(x 1) +3(X_1).5‘7"+(5‘7"T 0.

X+2 X+2

o xt-15x3 +56x% - =

<:>(x2 —SX—I) X —7X+1)

x> —8x—1= O —2<X<* \/_
P

x4\/—‘

X2 —7x+1=0

Ta c6 k€t qua tuong tu.

Bai 53. Gidi hé phuong trinh:

3y +14+2(x +1)y =4yyx” +2y +1

JIx,yeR).
y(y—x)=3-3y ( )

Loi giai
biéu kién: x> +2y+1>0.
Ta c6 thé phan tich phuong trinh ddu clia hé nhu sau

4y2—4yﬂx2+2y+1+x2+2y+1—(xz—2xy+y2)=0.
<:>(2y—\/x2+2y+1)2=(x—y)2.
2y—\/x2+2y+1=x—y<:> \/x2+2y+1=3y—x
2y—«/x2+2y+1=y—x «/x2+2y+1=y+x ‘
+ THI: N&u \x2 +2y+1=3y —x = Vx* 42y +1=3y-x

y(y—x)=3-3y

f—



—-x>
3y-x2>0 3 X;O
o {x2+2y+1=9y* —6xy +x* & sz
oy
yy=x)=3-3 9y* 2y -1
oy

(Do y =0 khong thod méan hé phuong trinh).

—{x=1
3y—x20 y=1
P I e et A N T
6y T
3y> =20y +17=0 17
Y

2
g 2y+1=
+ TH2:N&u /x> +2y+1=y+x= VO T¥YTI=yFx

y(y—x)=3-3y
>
y+x20 y+x20 5
= X2+2y+1=y2+2xy+x2<:> x=w
2y
y(y-x)=3-3y ot
-y +
2y
(do y =0khdng thod man hé phuong trinh).
y+x20
2y -y’ =
oix=2Y T y+1<:>X 1.
2y y=1
3y* +4y-7=0
415 17
Vay hé phuong trinh c6 hai nghiém 1a (x;y)=(1;1);| —;— |.
iy h¢ phuong ghi¢ (y)()(513j

Cich 2: Dit t=+/x*+2y+1 suyra 2y =t —x> —1.

Phuong trinh dau dugc viét lai dudi dang: 3y? +2xy + t* —x* =4yt .



ot? —4y‘[+3y2 +2xy—x2 =0.

2
Ta c6 Ay'=4y2 —(3y2 +2xy—x2)=(x—y) .
Suy ra t:2y—(x—y)=3y—xhoac t:2y+(x—y)=x+y.
Thyc hién tudng t cdch 1 ta c¢6 két qud tuong tu.
Nhan xét. Vi hé phuong trinh ¢6 1 phudng trinh ctia hé chi chita 1 cin thiic
hdn hop cia cd hai bi€n x va y thong thudng x& 1y nhém thanh nhan tk
chung. Trong 15 gidi trén ta nhém vé hiing déng thitc dang A% = B hoic ¢6
thé dit 4n phu khong hoan toan ludn thyc hién duge vi phuong trinh dé ban
chat da phan tich dugc thanh nhan ti.

Bai 54. Gidi hé phuong trinh:

{4;8 =(Wx>+1+ D> -y’ +3y-2)

,(x,yeR).
(x? +y2)2 +1=x> +2y

Loi gidi
Hé phuong trinh da cho twong duong véi:
4x2(\/x2 +1 —1)=x2(x2 —y3 +3y—2)
(x2 +y2)2 +1=x> +2y
+ THI1: N&u x = 0thay vao phudng trinh th hai clia hé ta dugc:
y=1
y4—2y+1=0<:>(y—1)(y3+y2+y—1)=0<:> 1

:——-|-'
Y73

+ TH2: Néu:

4 \/X2+1—1j:x2— 343y-2
4(\/x2+1—1)=x2—y3+3y—2:> ( ¥

(x2+y2)2+1=x2+2y
4(\/}(2 +1—1)=x2—y3 +3y -2

2
Xy )X +y D=2y -y’ —1=—(y-1)

<

TUu phuong trinh thit hai suy ra x> + y2 -1<0=>
-1<y <1



Khi d6 bi€n ddi phuong trinh dau clia hé thanh

4(\/X2+1—1)—X2=—y3+3y—2.

4 2
@XZ{m—IJZ—(y—l) (y+2)
/42
o X2 f/;z_%: ——(y-1)"(y+2) .

Véimoi x,y e[ ~1;1]= VT, >0,VP, <0.

=0
Do d ()< VI=VP=0< {X : thit lai vao phuong trinh th hai cia hé
y =

thdy thod man.

Vay hé phuong trinh c¢6 hai nghiém la (x;y) = (0;1);(0;—§+j

Bai 55. Gidi hé phuong trinh

X21/2(x—3)+xy+y—x—1=13[3x—% ,(x,yeR).

\/)<2+)<+1—\/y2—y+1=\/x2—xy+y2

Loi gidi
biéu kién: x >3.

Phuong trinh thi hai clia hé tuong duong vdi:

¥y Ly —xy+y? =V tx+1.
ERGRCAC

jﬁvp
B [ 1}2\@(1

Dau biing x4y ra khi va chi khi TX y Ex_yJQXy_Xer:O'

Taco VT

V
7 N\
«
|
|
_J’_
|
|
—
+
7\
b5

_J’_
b5
>4

2

2

Thay vao phuong trinh dau clia hé ta dugc: x? 2(x —3) -1= 43f3x —% .



Viét lai phuong trinh dudi dang:

@(x—1)3—3(x—1)=(%+ ! J3—3{%5+LJ.

(Vi f(t)=t> =3t dong bién trén khodng] I;+e0).

Vay hé phuong trinh c6 nghiém duy nhat:

1
1+%/5+—
3
(x;y): 1+%/5+%;—\/1§
2544
2+N2+ =
P2
Cach2
2
u= 2(x—3) :u2+6
e :>3(u2+6)=2v3+1<:>2v3—3u2—17=0
v=33x—-— x_2v3+1




5 2v3—3u?-17=0

u2+6 2
Phuong trinh trg thanh: 5 u-l=v= [u2+6j .
2

=V

3

2 6 2
u J u—1| =3u>-17=0.

Ta c¢6 phuong trinh: 2 L

<:>(u +6u— 2)(u +30u'® +2u° +360u® + 36u” +2164u°

+216u° + 6528u” + 440u° +7968u” + 48u +3o4) =0

sud+6u-2=0.

e B e R

1
1432 +——

3

<:>X=1+%/5+3L:>y=—\/15.

‘/5 2+ 3/5 + =

3

2

Nhan xét. Bai todn dwa vé gidi phuong trinh vo ty v6i k§ thuat nhan lién

hgp hét siic khéo 1éo. Ban doc rén luyén bai todn tuong ty sau:

2 [3(x=3) =5x +4=R-5x* -4.

Bai 56. Gidi hé phuong trinh
(x3 +y+3)\/x3 13 =16(4x2 —3)
(2x3 +y—3)\/y—3 +(2xy—6x—5x4)\/;=0

,(X,yeR).

Loi gidi
biéu kién: x>0,y >3.

. Ja=Ay-3 y=a’+3
Dit {b:\/; ,(a,bzo):{x3:b2

Khi d6 phuong trinh thi hai cia hé tr§ thanh:
(2b2 +a2)a+(2a2 —5b2)b=0 @(a—b)(az +3ab+5b2)=0.

a b a=
e, , & :
a“+3ab+5b"=0 |a=b=0



. 0 N .
+ THI1: Néu a=b=0:>{X 3 thay vao phuong trinh ddu cia hé thay
y:

khong thod man.
+ TH2:N&u a=b <> 4y-3 =\/X73c>y=x3 +3.
Thay y = x° +3 vao phuong trinh diu ctia hé ta dugc

(x3 +3)\/x3 +3=32x2-24.

Nhan thdy x = 0khong thod man phuong trinh.
Vi viy ta chi can xét véi x >0 khi d6 phuong trinh twong ducng véi:

=22 2.3
3

X>+3Vx>+3 32 24 [4 3]
3

X X X X X x

3 3
X ;’3. X +3—8=8(£—%—1J.

X X X x

(x3—4x2+3)(x3+3—2xx/x3+3 +4X2) 8(X3—4X2+3)
f— = .

- 3

x> (\/X3 +3 +2xj X
x> +3-2xVx> +3 +4x? .8
x> (\/x3 +3 +2x) X’

x> +3-2xVx3 +3 +4x2 L8
3
x> (\/x3 +3 +2x) X

<:>(x3—4x2+3) =0 (1).

V&i moi x dudng ta c6

Vi vay (1)<:>x3—4x2+3=0<:>(x—1)(x2—3x—3)=0<:> x =

x=1 x=Ly=4
D&i chi€u véi diéu kién ta ¢ 3:21= 3421
X = X =
2

y=30+6321




Viy hé phuong trinh c6 hai nghiém 1 (x;y) = (1;4); (3+f 30+64/21 J
A S

Nhan xét. Ta c6 thé gidi phuong trinh trén nhu sau:

3 3 2
=4y° -3
bity= X2+3,(y>0):>{x Y .

y3 =4x% -3
Trit theo v& hai phuong trinh clia hé ta dugc:

x3—y3=4(y2—x2) (x y)(x +xy+y +4x+4y)=0

X=y
= ) 2 .
X" +Xxy+y +4x+4y=0 (1)

x=1

. x20
+ THI1: N&u x=y<:>\/x3+3=2x<:>{ & X_3+\/Z.

x> —4x%+3=0

+ TH2: V6 nghiém vi x>0,y >0.

Bai 57. Gidi hé phuong trinh:

{x\/Sy —5+yV8x—5=424(x> +y> +4) (xy<E)

11x% —6xy +3y> = 12x — 4y

Loi gidi

1A 5
biéu kién: x,y > 3
Nhan xét. Nhian thdy sy phic tap d&€n tir phuong trinh ddu hé va phuong
trinh thit hai ctia hé 1a phuong trinh bac hai tdng quit khong phan tich dugc
nghiém nén ta chi khai thic dugc diéu kién cta x,y dé phuong trinh d6 c6
nghiém. Vay diéu cin lam la x& 1y phuong trinh dau ctia hé véi hinh thic
nhu trén ky thuat ddnh gid thong qua bat ding thic co bdn dugc nghi d&€n dau
tién. VAy trude tién du doan nghiém cia hé d& thiy (x;y) = (1;1) 1a nghiém.
St dung bat ding thitc AM- GM ta dugc

xyf8y -5 = x/—x\/gyi5 “/_X( - +1j=gx(4y—l)

N RIS

Ding thitc xay ra khi va chikhi x=y=1.




Cong theo v& hai bat ding thitc trén va sit dung AM-GM ta dudc
x\/8y—5 +y\/8x—5 Sé(Sxy—x—y)Sg(Z(x+y)z —x—y).

Mit khéc st dung bat déng thitc C-S ta c6

Y242 +y +4)>‘{/24(2(x+y) +4J 412(x+y) +96 .
Ta chitng minh 412(x +y)” +96 2£(%/Lx+y)2 —x—yj.

That vay dit t=x+y, (t >%] dua vé chiing minh V1262 +96 > \/7(2t2 —t).

4 3 2
(t—2)(t +% SL+&+%+%+27J30®t32.

2 16
D& chitng minh bat ding thifc trén ding ta cAncé t=x+y<2.
Ta tim diéu kién nay tir phudng trinh thit hai ctia hé
11x2 —6)(y+3y2 =12x -4y
o 11 —6x(t-x) +3(t-x)" =12x - 4(t-x)
©20x> —(16+12t)x +3t* +4t=0
= A’ =(8+6t) ~20(3> +41)20
e (t-2) i+ ]coe-tci<o
3 3

Do d6 bat ding thic ding.

Vi vay phuong trinh dau clia hé tuwong duong véi ddu bing x4y ra tai moi bat
ding thic & x=y=1

Thit lai vao phudng trinh thd hai clia hé thdy thod man.

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (1;1)

Bai 58. Gidi hé phuong trinh:
(%—\/2—yj(2\/x+2 +1):y—x—%

xy/5X2 +16x+ 4y +8+ (4x +y+4) =0

,(x,yeR).




Loi gidi
Pitu kién: x> -2,y <2,5x> +16x+4y +8>0.

Nhan xét. Phuong trinh dau ctia hé chita 2 ciin thifc tinh § nhin ra néu dit
hai 4n phu tuong Gng 12 a va b thi dua vé phuong trinh bic hai tdng quét suy
nghi dé€n viéc phan tich thanh nhan .

. _ _n_ 2
Dat{a_ 27y (abzo):{y_z a

b=x+2 = x=b2-2

Phuong trinh thit nh4t cia hé trd thanh:
1 (2b+1):2—a2—(b2—2)—z.
2 2
< al+b’>—2ab+b-a=0 @(a—b)(a—b—l):OQ{

o A2-y =vx+2 <j{yz—x
V2-y=Vx+2+1 |y=-x-1-2vx+2

+ THI1: N&u y = —x thay vao phuong trinh th@ hai clia hé ta dugc

xVSx2 +12x +8 +(3x+4)" =0 & xV5x> +12x +8 = —(3x +4)’.

x<0 x=-2 x=-2,y=2
S L0, RN =
B (5x +12x+8)=(3x+4)

a=>b
a=b+1

x=-1 x=—1,y=1'
+ TH2: Né&u y=-x-1-2+/x+2 ta phéi cé

5x2+16x+4(—x—1—2 x+2)+820

x<0
2 /
> .
@{5" TIX+A28VXH2 L sy —1tht lai thd'y khong thod man.
x<0

Viay hé phuong trinh c¢6 hai nghiém la (x;y) = (—2;2);(—1;1) .

Sau day la mét sé bai toan tuong tu danh cho ban doc rén luyén

(x+y)«/x—y+2=x+3y+2
(x—y)\lx—y+2=(X+y+l)\/x+y—2

1. Gidi hé phuong trinh (xyeR).




Huéng din gidi bai todn 1
biéukién: x—y+2>0,x+y—-2>0.

Phuong trinh thi¢ nhat clia hé tuong dudng véi:
(X+Y)(m—2)=y—x+2 = (X\Zi)(%y;;) =y—Xx+2

<:>(y—x+2)[l+LJ=O oy=x-2do 1+

NX=Yy+242

Thay y=x-2vao phmﬁ thit hai ciia hé ta dugc
4=(2x-1)2(x-2) ©{

X>2 x22
= =
8x* —24x2 +18x ~20 =0 (2x—5)(4x2—2x+4)=0

X+y

JX—y+2+42

>0.

x>2

2(x-2)(2x-1) =16’

ox=2oy-1
2 Y 2

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (g,%} .

Nhan xét. D& tim mdi lién hé gifta x va y ta c6 thé dit 4n phu

b=x+y
<:>(a—2)(b+l)=0<:>a=2<:> X—y+2=2oy=x-2.

Ta c6 k€t qua tuong tuy.

Bai 59. Gidi hé phuong trinh:
x=3y+1 +\/§—\/x3 -1
2% —3x—y—2=xy2V2x+1+1

,(x,ye]R).

Loi gidi
biéu kién: x>1,y>0.
Nhan thdy x =1hogdc y=0khdng thod mdn hé phuong trinh.
Xét v6i x > 1,y >0 phuong trinh thi nhat cia hé tuong duong véi:




x—w3/y+1+\/x3—1—\/;=0.

x3—y—1 x3—1—y 0

< + =
X2+xw3/y+l+(\3/y+1)2 VX3_1+\/§

1 1
+ =
x2+xw3/y+1+(«3/y+1)2 VX3—1+\/;

©x3—y—1=0®yzx3—1.

0.

<:>(x3—y—1)

Thay y = x> —1vao phuong trinh thd hai cia hé ta dugc:

X3 —3x —1=xy242x +1+1.
<:>(X+1)(X2 —2x—1)=x(\/2\/2x+1+1—x).

2
x(x _1-2 2x+1)
<:>(x+1)(x2—2x—1)+ - 0.

V2V2x +1+1+x

x(x4—2x2+1—4(2x+1))
(\/2M+1 +x)(x2 —1+2M)

x(x4—2x2+1—4(2x+1))
<:>(x+1)(x2—2x—l)+ =0

(\/2M+1 +x)(x2 —1+2M)

=0.

<:>(x+1)(x2—2x—1)+

x(x2+2x+3)
<:>(x2—2x—1) x+14 ~0

(dzﬂu +x)(x2 —1+2Jﬁ)

<:>x2—2x—1=0<:>x=1+x/§:>y=6+5x/5vi x>1.

Vay hé phuong trinh c¢6 nghiém duy nhat (x;y) = (1 + \/5;6 + 5\/5) .

Nhan xét. Phuong trinh dau ctia hé ta c6 thé nhan thiy sy tuong ng clia

ham s6 nhu sau:
3
x+\/x3—1=«/y+1+4/(«3/y+1) ~1 Q).



Xétham s6 f(t) =t +3t> —1vdi t>1, ta c6:

2
F(t) = +— >0,V >1.
2

3 (t3 - 1)
Vi vay f(t) dong bi€n trén [1 +oo
Do d6 (1)c>f(x):f(\3/y+ )@x_ y+1 @\i
+ Sau khi th€ y =x> —1ta dugc 1 phuong trinh vo ty ¢6 2 16p cin néu chi §
ta thi'y sy twong ng clia chiing cho phép dit 4n phu dua vé hé nhiéu an.

2
a“=2x+1
a=+2x+1
b

=Ib>=2a+1
242x+1+1

3 _3x—1=xb
a?=2x+1 a?=2x+1(2)
o {b?=2a+1 o b2 =2a+1(3).
3_ 2 g a2 2
X’ =bx+3x+a”-2x=a"+bx+Xx x2=a—+b+1(4)
X

Zca+b+l<2a+1=b%.

+ Néua>b=(2),3)=x>a,4)=x
=a<x<b<avdly.

+ NEu a<bh;(2),3)=>x<a;(4)=>x>>a+b+1>2a+1=b>.
=a<b<x<avdly.

+ Néua=box=acx= 2x+1<—x>1—>xz—2x—1:0<—x>1—>X:1+\/§.
Ta c6 k€t qué tuong ty.

Bai 60. Gidi hé phuong trinh:

\J1-2y— X% +Xx— 1—,[ x? —y +2
\JI+2x - y -y- 1—,[ y —x? +2

xyeR

Loi giai
Picu kién: 1-2y—x>>0,1+2x-y> >0,-2<x* —y><2.




Cong theo v& hai phuong trinh clia hé ta dugc:

[m—(yﬂ)}[m%x—l)}

=\/2(x2—y2+2)+ /2(y2—x2+2) (1)
St dung bat déng thic C-S ta c6 \/ \/

\11—2y—x2 —(y+l)S\/2(l—2y—x2 +(y+1)2) = 2(y2 —x2 +2)
J1+2x —y? +(x—l)£\/2(l+2x—y2 +(—x+1)2) - /2(x2 —y2+2)

Cong theo v& hai bat ding thifc trén ta dugc:

VT, = VP, < ding thic xdy ra.
Ding thic x4y ra khi va chi khi:

5 x2Ly<-1
J1I-2y—x" =-y-1

= 1—2y—x2=y2+2y+1.

/ 2 _
1+2x—y" =x-1 1+2x—y? =x*> —2x +1

x>2lLy<-1 x>1,y<-1
& x2+y2+4y=0<:> y=—X

x2+y2—4x:0 x2+y2+4y:0

x>ly<-1 x2Ly<-1 5
&y =—x oy =-x o7
2 y=-2
2x° —4x =0 x=0
x=2

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2;—2).

Sau day la mét s6 bai toan tuong ty danh cho ban doc rén luyén

1. Gidi hé phuong trinh:
4y® +3x +8=5y(x +1)

,(X,yeR+).
5(x2+ 4 ]=x+3
X+y




Huéng din gidi bai todn 1
biéu kién: x,y>0.

St dung bat déng thitc C-S cho phuodng trinh thit hai ctia hé ta dugc:

5(){2—1— 4 )z (22+12)(x2+ 4 j22X+ 2 .
Xty X+y Xty

2
Xty '

St dung bat déng thitc AM-GM ta c6

\/x+y=% (x+y)£%.

DPiing thiic xdy ra khi va chi khi x +y=4.

Péng thifc xay ra khi va chi khi = =

Suyra x+3= 5£x2+ 4 J22X+L.
X+y X+y+4

®x2+xy—3y+x—4£0.

Cong theo v€ v6i phuong trinh dau clia hé ta dugc

X2+4y2—4xy—8y+4x+430.

o (x+2-2y) <0 x+2-2y=0.

Viay hé phuong trinh da cho tuong duong vdi:
x+2-2y=0
x 2 x=2
2 vy C’{Fz'

Xx+y=4

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y) = (2;2) .



CHUONG 3. BAI TOAN CO CHUA THAM SO

Ciing giong nhu phuong trinh, bat phuong trinh dai s va phuong trinh, bat
phuong trinh v6 ty bai todn tim diéu kién cda tham s& dé hé phuong trinh c6
nghiém trén mién K khi gid tri cda tham s& thda min diéu kién xdc dinh
clia phuong trinh va diéu kién rang budc giita cdc nghiém. V6i mdi loai hé ta
c6 cdch x 1y riéng nhung phuong phdp chung d6 la quy vé bai todn xét ham
s6 khi tham s6 thudc mién gia tri ctia him s6 d6. D€ gilp cdc em c6 cdi nhin
chi ti€t day da vé dang todn nay tdi trinh bay chuong 4 theo cdc chu dé.

- Heé d6i xitng loai 1.

- Heé dai xitng loai I1.

- Heé ding cap.

- Phuong phdp ham s8 trong bai toan tham s& d& hé phuong trinh c6 nghiém.

Chi 5 1: HE POI XUNG LOAII

A.NOI DUNG PHUONG PHAP

DANG 1. TIM PIEU KIEN CUA THAM SO BE HE CO NGHIEM DUY NHAT
Ap dung cho ¢4 hé ddi xing loai I va hé d6i xdng loai II
Piéu kién can: Néu(xo;yo) l1a nghiém ctia hé thi (yo;xo) cling 1a nghiém
cua hé.
Do vay hé c6 nghiém duy nhat khi va chi khi Xy =Yo-
Thay vao hé ta tim dugc céc gid tri cda tham s6.
Piéu kién di: Thi lai vdi cdc gid tri cla tham s6 xem hé c¢6 nghiém duy
nhat khong?

DANG 2. TiM PIEU KIEN PE HE POI XUNG LOAIT CO NGHIEM
Da&i véi hé d6i xitng loai I dé hé c6 nghiém khi va chi khi S?>4P.
Néu cdc nghiém la khong Am ta phdi c6 thém diéu kién {ii(())

Bai todn thudng gip cdc téng ddi xiing (x2 er,y2 +y){x+l,y+lj,...lﬁc
X y

do dat u:x2+x,V:y2+y.

Mot s6 ding thic hay sit dung:



B. BAI TAP MAU
Bai 1. Tim céc gid tri cia tham s6 m d& hé phuong trinh sau c6 nghiém duy nhat:
{xy +x+y=m+1

X’y +y’x=m

Loi gidi
Pit {P X y,(52 > 4P)khi d6 hé phuong triinh tr& thanh: {s TEemE
= Xy

Khi d6 S,P 1a nghiém ctia phuong trinh: X — (m + 1)x +m=0 (1)

P=m

Mit khdc x,y 13 nghiém ctia phuong trinh: X> —S.X+P=0 (2)
D€ hé c6 nghiém duy nhit thi (2) phdi c6 nghiém duy nhit, diéu nay tuong

duong v8i A, =0 S —4P=0<x=y.

2 m

2x—m—1= _am

Khi d6 hé tr(”jth?lnh:{x: x-m-1=0 _ Jx \/:
X7 =m X2 +2x-m—1=0 3)

D& hé c6 nghiém duy nhat thi (3) phdi c6 nghiém duy nhat

x=,/2<:>13/2=—1<:>m:—2.
2 2
Thit lai hé ta dugc:

{Xy+x+y=—l {xy+x+y=—1 {xy-l—ery:—l

Cy+yx=-2  |xy(x+y)==2" |xy(-1-xy)==2"



+x+y=-1 +y=-2 +y=1 +y=-2
= xywxTy = Y v Y = Y oSx=y=-1.
xy=1vxy=-2 xy =1 xy =1 xy =1

Vay hé ¢6 nghiém duy nhat (x;y)=(-L~-1) dodé m=-2 la gid tri can tim.
Nhan xét. Ta c6 1ap ludn don gidn nhu sau, Néu(xo;yo) l1a nghiém cda hé
thi (yg:X,) ciing la nghiém cda hé. Do vy hé c6 nghiém duy nhat khi va
chi khi x, =y, . Thay vao h¢ ta dugc

Xg+2x,-m-1=0

{2){8 =m .

DPén day xit 1y bai todn hoan toan tuong ty cich trén.

Bai 2. Tim m dé€ hé phuong trinh sau c6 nghiém:

3(x2 +y2)—2(x+y+xy)=15

X +y>=m

Loi gidi
Hé phuong trinh da cho tuong duong véi:

3((x+y)2 —2xyj—2(x+y+xy) =15
(x+y)3 —3xy(x+y)=m

S=x+
Pit { X y,(52 > 4P)khi d6 hé phuong trinh tr& thanh:

P=xy
3822815
3(s*-2p)-2(s+p)=15 |P=Tg—
< 2
3 — —
$_3SP—m ¢3¢ 3872815 _
8
38% -28-15
p=22 ="~
< 3 ° 2
L =S1+65 +455 o
8
38?2 -28-15

Tacé: S?>4P = S>> <582 +25+15>0,VS.

Nhu vay dé hé phuong trinh c6 nghiém thi phuong trinh (1) ¢6 nghiém Strén
tap so thuc.



Mot phuong trinh bac ba ludn ¢6 nghiém nén gid tri ctia m 1a tap sd thuc.

Xx+y=2m-1

2

Be‘li3.Giésﬁ’(x;y)lénghiémcﬁahé{ e 3
X“+y“ =m m-—

Xdc dinh tham s& m d€ biéu thitc P =xy dat gid tri nhd nhat,16n nhat.

Loi gidi
Hé phuong trinh da cho tuong duong véi:

x+y=2m-1 Xx+y=2m-1

& 2 5
(X+y)2—2xy=m2+2m—3 Xy:(Zm 1) m 2m+3:3m —6m+4
2 2
Hé phuong trinh ¢6 nghi€m khi va chi khi:
3m’ —6m+4

(x+y)224xy®(2m—1)224. >

S4m? —4m+1>6m> —12m+8 < 2m? —-8m+7<0 <

42 442
2

<m<
2

Khi d6 xét ham s6 f(m) =

3m2 —6m+4 [4—\5 4+\5]
ftren : )

2 2

Tacé: f'(m)=3m-3;f'(m)=0<=3m-3=0m=1.

4—&}211—6\5 4+\E]:11+6x5
2 2 '

1
() =—;f
4 M 2 [ 4

Vay gia tri nhd nhit cla P bing %khi m=1,gi4 tri 16n nhit cia Pbing

Ta co f(

1H+632 . 4442
Tkhl m= 2 .

Bai 4. Tim cdc gi4 tri cda m dé hé phuong trinh sau ¢6 nghiém

{&+5:m

X+Yy—4/Xy =m

Loi gidgi
Diéu kién x >0,y >0 khi d6 hé phuong trinh di cho twong duong vdi:
5=k
bit
P=4/xy

,(s2 > 4P) khi d6 hé phuong trinh tr& thanh:



{Szm S=m
2

= .
$2-2P-P=m |p=2 "M
3
S m=>0 0
= m=
Heé c6 nghiém trudc tién ta phai cé &2 = 1
’ st P {on m Moy Im>1 M
3

Miit khdc 3224P@m2z%(mz—m)@m2—4mso@03ms4.

K&t hgp vé6i dieu kién (1)ta phdicé m=0v1<m<4.
Vay dé hé phuong trinh c6 nghiém khi m =0 hodc 1<m<4.

Bai 5. Tim cdc gi4 tri cda tham s& m dé hé phuong trinh sau c6 nghiém:

X+y=2m+1

Loi gidi
Nhan xét. Dang todn nay da dé cip dén trong phan ng dung clia tdng tich
ddi xting trong bai todn tim cuc tri,dudi day xét dusi géc do tim diéu kién dé
hé phuong trinh c6 nghiém.
biéukién x> -1,y >—1.

.. u=+vx+1 e . .
Khi d6 dat ,(u,v > 0) khi d6 hé phuong trinh trd thanh:
v=4/y+1
u+v=m u+v=m u+v=m
= 2 _ _7.
uw +v2-2=2m+1 (u+v)2—2uV=2m+3 uv=%
S=m
. |S=u+v 2 o . .
biat {quv ,(S _4P) khi d6 hé phuong trinh trd thanh P_m2_2m_3.
2
Hé phuong trinh ¢6 nghiém trudc tién ta phai co:
>
SZO<:> mZ_O = €))]
om— m 2>
P>0 wzo
2

m?-2m-3
2
em?—4m-6<0<2-10<m<2+4/10.

Mit khéc: S? > 4P <> m? > 4.



K&t hop véi dieu kien (I)suy ra 3<m <2++/10.
Vay gid tri cAn tim clia tham s6 m 12 [3;2 +\/B} :

Bai 6. Tim cdc gid tri clia tham s m dé& hé sau c6 it nhat mot nghiém (x;y)
X+xy+y=m+1

X’y +y’x=m

v6i x>0 va y>0: {

Loi gidi
S=x+ S+P=m+1
Pit {P X y,(52 > 4P) khi d6 hé phuong trinh trd thanh { o

Suy ra S,P 1a hai nghiém cda phudng trinh X2 - (m + I)X +m=0().

P=m

Dé hé c6 nghiém x>0,y >0 truSc hét(1) phdi c6 hai nghiém duong, dieu

A=(m+1)2—4m=(m—1)220
nay tuong dudng v6i: <S=m+1>0 &Sm>0.
P=m>0

Khi d6 (1) ¢6 hai nghiém X, =m,X, =1.

Mit khic S? > 4P nén diéu kién nay tuong dudng véi:

m< -2
{sz@(z [m224 m2>2
=

S m22 < 1-
X3 >4X, 1 >4m m<—
1 4

m<—

4

D6i chi€u véi dieu kién m > 0khi d6 O<m£ivm22.

Vay gid tri cAn tim clia tham s6 m 12 (0;%} U[2;+oo).

Bai 7. (TSPH Khéi B 2007) X4c dinh tat ca cdc gid tri thuc cia tham s& m dé

x+l+y+l:5
hé sau diy c6 nghi€ém thuc: Y 1
x> +—3+y3 +—=15m-10

X y

Loi gidi



Nhan xét. Hé nay c6 dang ddi xiing gifta x va y va xuat hién hai biéu thic

N 1 | A X S . .

tuong duong la x+— va y+—, nén ta s& tim cdch bi€n doi phudng trinh thi
X y

hai clia hé theo hai biéu thic nay.

Hé phuong trinh da cho twong duong véi:

1 1
X+—+y+—=5
X y

(XJrl)3 +(y+l)3 —3(X+l)—3(y+1)=15m—10
X y X y
1 1
X+—+y+—=5
X y
15 1, '
xX+—=) +(y+—)" =15m+5
X y
1 1
X+—+y+—=5
X y

(X4 2+ Y+ 293X+ D)y + x4ty +0) = 15m+5
X y X y X y

1 1
X+—+y+—=5
X y

x+ Dy +H=8-m
X y

u=X+—
Pit ’1‘ (|u[:|v] = 2) khi d6 h¢ phuong trinh tr thanh:
V=y+—
y
u+v=>5 . A, . 2
= u,v la nghi€ém cua phuong trinh: t° —5t+(8-m)=0(1).
uv=8-m
Hé phuong trinh ¢6 nghiém khi va chi khi phuong trinh (1) ¢6 2 nghiém thoa
man M >2.

Tt (1) ta c6: m:f(t):t2—5t+8,(t\22):>f'(t)=2t—5:>f'(t)=o©t=§.

Ta cé: f(—2)=22;f(2)=2;f(§)=Z;lim f(x) =+o0.
2 4 t—w



Bé (1) 6 2 nghiém phan biét ([t|>2) thi duong thing y=m cdt do thi ham
s0 y =f(t).
7
) N A 1 . . 1 e —<m<2
Lap bang bién thi€n ham s6 f(t), dua vao bang bién thién = | 4 I1a
22<m

gid tri cAn tim.

Bai 8. Tim m dé hé phuong trinh sau c6 nghiém:
{log2 (x + y) +log, (Xy + 2) =2

x3+y3—xy=m

Loi gidi
Pit a=log, (x+y);b=log;(xy+2) khi d6 tacé a+b=2.
Laicé:
2
(x+y) 24xy:>(2a) 24(3*’ —2):4(32—a —2)@ 128 483" -36>0 (1).
Ham s& g(a) =12 +8.3* =36 dong bién; laicé g(1)=0vay (1) < a>1.
Bi€n ddi phuong trinh thit hai cla hé:

m=(x+y) =3xy(x+y)-xy =(2a )3 —3(32‘a —2).2'4 —(3“ —2) @)

- P 3 2 P P 2 -
Xét ham s6 f(a)=(2“) —3(3 - —2).2‘1 —(3 - —2) trén [1,400).

a a
Ta c6 f'(a)=8a1n8+6.2‘11n2—27.(§J .1n§—9.(%) .ln%>0 v6i moi a.

Suyra f(a)>f(1)=1.
D€ hé phuong trinh c¢6 nghiém khi va chi khi phuong trinh (2) c6 nghiém
azlem>1.

Viy gié tri cAn tim cla tham s6 m1a m>1.

Bai 9. Tim gia tri 16n nhat clia tham s& m d€ hé phuong trinh sau day c6 nghiém thu:
x> + y2 =1

=m

‘x—y‘+‘x3—y3‘ 3

Loi gidi

+ Diéu kién can:



Ta c6: |x—y|+‘x3—y3‘=|x—y|(1+xz+Xy+y2)=|x—y|(2+xy).

Suy ra m® =(x—y)2 (2+xy)2 =(1—2xy)(2+xy)(2+xy)

Nhung do xy S%(xz + y2) =— nén:

1
2

3 3
m6:(1—2xy)(2+xy)(2+xy)£[l_zxy+2-gxy+2+xy] =(§] =m< g

Suy ra gia tri I6n nhat ctia m 1a \/é . \/7
+ Dbiéukién di: V6i m= \/§ khi d6 déng thirc xay ra:

X2+y2=1 x+y=i\/: 5
PN | e 3 (thda man diéu kién (x+y) >4xynén hé
Xy =—— 1
3 Xy =——
Y773

nay ludn c6 nghiém).

A .z RN ~ 2 N 5
Viy gié tri cin tim cua m la 3

Bai 10. Tim tit c4 céc gia tri thuc clia tham s6 m d€ hé phuong trinh sau c¢6 nghiém:

,[2(X+y—1)+2xy—x—y+2=x2y+xy2+\/x+y
%/;+%/;+2 Xy =m .

Loi gidai
Nhan xét. Nhin vao hai phuong trinh ctia hé, thdy phuong trinh th hai c6
chita tham s6 m va khong tim dugc mdi lién hé giita x va y, do d6 ta nghi
dé&n viéc bi€n ddi phuong trinh thit nhat clia hé xem c6 rit dugc x theo y hay
khong, hay 1a mot biéu thic gon nhe hon phuong trinh thif nha't.
Pigu kién: {Xy =0
x+y=>1

Khi d6 phuong trinh thit nha't ctia hé dugc bi€n dbi thanh:
2(x+y—1)+2xy—x—y+2=x2y+xy2 +4/X+Yy.

= 2(x+y—1)+2(xy+l)=(xy+l)(x+y)+\/m.



<:>4/2(x+y—1 —ﬁz(xy+l)(x+y—2).

Xx+y-2 _5
1[ x+y 1+\/x+ )( )
X+y=2
PN 1

=xy+1°

\/2(x+y—l)+\/x+y

Trudng hgp 1: Néuy =2 —x, th€ xuéng phuong trinh thi hai clia hé ta dugc

phu’dng trinh:
Ix +32% x+2,lx 2 - x

xét ham s6 f(x)=\/;+\/2—x+24/x 2-x),xe[0:2].
1 2 2x

3\/7 3\/2x 2X)

fi(x)=0< ! 2 g

3\/7 3\/2x ZX)

“2 X \/— 2 2x =0 x=1.
3\/ 2- x (2 X)

Tacé f'(x)=

min_f(x) = f(0)=f(2) =32

Ta c6 £(0)=f(2)=32:f(1)=4 = xe[02]
m[g>2<]f(x)=f(1)=4

Suy ra dé hé c6 nghiém trong trudng hgp nay thi %/5 <m<4

1
Truong hop 2: Xét phuong trinh
e T ey D) s ysy

Néu x+y>1 thi VT <1,VP>1 phuong trinh v6 nghiém.

=xy+1 .

Néu x+y=1khi d6 xy=0tim dugc m=1va (x;y) = (1;0),(0;1) la nghiém
ciia hé. Viy m =1 théa man.
K&t luin: Viy gid trj in tim ciia tham s6 12 m e {1} [%E ;4} .

C.BAITAP REN LUYEN



Bai 1. (TSPH Khéi D 2004) Tim céc gi4 tri cia m dé hé sau c6 nghiém:

{@@:1

X x+y\/;:1—3m

Loi gidgi
biéu kién: x,y>0.

u=vx _
bat { ,(u,v > O) hé phudng trinh tré thanh:
v=iy
u+v=1 u+v=1 u+v=l1
= o .
w+vP=1-3m (u+v)3—3uv(u+v)=l—3m uv=m
Suy ra u,vla hai nghi€m cta phuong trinh: > —t+m=0 (1).

Hé phuong trinh c6 nghiém <> (1) c6 hai nghi€ém khong am.

A=1-4m=>0
=<S=120 @OSmsi.
P=m=>0

s s <1 o]
Vay gid tri can tim cua tham so 1a [O;Z}

Xx+y+xy=1

3

Bai 2. Tim m dé hé phuong trinh sau c6 nghiém 3 .
X'y +Xxy =m

Lai gidi

S =
bit {P X y,(52 > 4P) hé phuong trinh trd thanh:
= Xy

S+P=1 P=1-S P=1-S
= = .
5%52—2P)=n1 $*-28(1-S)=m  |m=5°+28?-25 (1)

S>-2+242
S<2-22

S>—2+422
S<2-2J2

Xéthmnsé“HS)=s3+2sz—25uen(-ax—z—zJE}U[—2+2vE;Hnytac@

Taa&8224P¢3$224@—S%DS2+4S—4ZOCD{

Viy hé phuong trinh ¢6 nghi€ém < (1) c6 nghi€ém [




_2-410
3 .

_—2+\/B
3

S
£1(S)=38% +4S—2;f'(S) =0 <

S

Lap bang bi€n thién suy ra:

i £(S)=f(—2+2:2) =26 -16v2.
se(—w;—z—zJ%jltljl[—2+2x/5;+w) ©) ( " )

Viay hé phuong trinh ¢6 nghiém < m >26 - 16\/5.
Vay gid tri cAn tim cda tham s6 m 12 [26—16\/5;+oo).

) 2(x + y) +xy=1
Bai 3. Tim m d€ hé phuong trinh sau c6 nghi€ém .
X +y=m

Loi gidi
Pit {S mxE y,(52 > 4P) hé phuong trinh trd thanh:
P=xy
2S+P=1 P=1-28 P=1-2S
2 = 3 = 3 2
S(s?-3P)=m 7 |$*-35(1-25)=m " [m=-S’+65*-3 (1)
S>—4+245

Ta c6: S224P®SZ24(1—28)®SZ+8S—420© .
S<-4-24/5

> 442

Vay hé phuong trinh ¢6 nghiém < (1) c6 nghiém S " \/g
S<-4-25

Xét ham s6 £(S)=S> + 682 —3S trén (—oo;—4 —2\6} U [—4+ 2\E;+oo) , ta c6:

£1(S) =352 +12S—3 > 0,VS(—00;—4—2\/5:| U[—4+2\/§;+oo) .

me(—4—2\/§)=—76—34x/§
mzf(—4+2£)=—76+34\6'

Vay hé phuong trinh c¢6 nghiém <

<-76-3445 N
Viay {m \/7 la nhitng gia tri can tim.

m>-76+ 345




.. . _ Xy+x+y=3
Bai 4. Tim m dé hé phuong trinh sau c6 nghi€ém 4 4
X'+y =m
Loi gidi

Hé phuong trinh da cho tuong duong véi:

Xy+x+y=3 X+y=3-xy

2 = 2 .
[(x+y)2 —2xy} —2xzy2 =m [(3—xy)2 —2xy} —2)(2y2 =m

X+y=3-xy

2 .
[xzy2 —8xy + 9} - 2xzy2 =m

Hé phuong trinh ¢6 nghiém < (x + y)2 >4xy .

Xy 2
xy <1

<:>(3—xy)2 > 4xy <::>xzy2 —10xy+920<:>{
2 2 2
Pit t = xy khi d6 mz(t —8t+9) ~2% (1),
Hé phuong trinh c6 nghiém <> (1) c6 nghi€ém t>9vt<1.
2
Xeétham s& £(0)= (> ~8t+9) 20 uen (031 JU[9:00), ta c6:
£'(t) = 4(t3 —12¢2 + 40t —36);f'(t) = 0v0 nghiém trén (—o0;1]U[95400).
Lap bang bi€n thién suy ra min f(t)y=1f1)=2.
te(—w;l]U[9;+w)
Vi vay hé phuong trinh c6 nghiém < m=>2.
VAay gid tri cAn tim clia tham s6 1a m>2.

x+y+x2+y2=8

xy(x+1)(y+l)=m.

Bai 5. Tim m dé hé phuong trinh sau c6 nghiém {

Loi gidai
) i X+y+(x+y)2—2xy=8
Cach 1: Hé phuong trinh da cho tuong duong véi: .
Xy(xy+x+y+l)=m

S=x+
Pit {P X y,(52 > 4P)hé phudng trinh tr§ thanh:
= Xy



S?+S-8

S+S2-2p=8 T
Py ) 2 .
P(P+S+1)=m  |S +S—8(S +S-8 J
+S+1|=m
2
P:SZ+S—8
- 2
S* +48% —118% —=30S + 48
m= )]
4
Hé phuong trinh ¢6 nghiém < S* >4P.
2 —
o 2245578 L2 05 16<00 117 <S<-14:17.

Viy hé phuong trinh ¢6 nghiém < (1)c6 nghiém —1-17 <S<-1++/17.

4 312
Xéthémsf)'f(S):S 45~ 115 3OS+48trén[—1—x/ﬁ;—l+\/ﬁ},tacc’):

4
S=-1
3 2 _
f'(S)=4S +128° -228 30;f'(S)=O<:> S—_|- E
4 2
S=-1 17
L 2

Tacc’):f(—l— 17):16;f(—1):16;f(—1+\/ﬁ):16;

fl -1- L =—£;f -1+ 17 =—£.
2 16 2 16

Viay min f(t)= 33 max f(t)=16.

e 117117 16" 1171417
Ao 1A N . . 33
Vay hé phuong trinh ¢6 nghiém < T <m<16.
A, ~1x | 33
Vay gid tri cin tim cua tham sO 1a —E;l6 .

X2 +x+y’+y=8
Cach 2: Hé phuong trinh da cho tuong duong vdéi: ) ) .
(2 +x)(y* +y)=m



) 1Y 1
U=x"+x=|X+—| ——
2 4[ 1}
bit Juv>——1.
2 4
veytey=|y+i| L
y ry=|y 5 1

Hé phuong trinh trg§ thanh:

+v=_8
{u V= ® 5 u,v1a hai nghiém cta phuong trinh: 2 —8t+m=0 (1)
uv=m

Hé phuong trinh c6 nghiém <> (1) ¢6 hai nghiém t > —i .

A'=16—-m=>0 m<16 m<16
S 1 S 1 S 1
= tl_—z = t1+t2_—5 Py t1+t2_—5
1 1 1 1 1
2= (t]+zj(t2+ZJ20 t1t2+Z(t1+t2)+E20
m<16
m<16 33
&8> —— = 33 -——=<m<16.
2 m>-—"= 16
m+—8+—=>0
4 16

Vay gid tri cAn tim cta tham s6 12 [—%;16}.

Nhin xét. Ta nhin thdy khi dit dugc 4n phu dua vé tim diéu kién tham s§

vdi An m&i bai todn x{t 1y nhanh gon.
\/xz +y2 +4/2xy =8
oy =m

Bai 6. Tim m dé hé phuong trinh sau c6 nghiém

Loi gidi
DPiéu kién: x,y >0,m >0.

bit {jzg,(u,vz 0)



Jry = uv
[ A e

Hé phuong trinh da cho trd thanh:

2 - 2
\/[(u+v)2—2uv—‘ —2u%v? +\EUV=8c> \/ m2—2uv—’ —2u%v? +\/5LIV=8

]

uw}m VR e

<:>{\/m4 —4m?uv +2u%v? +\/§UV=8<:>{\/IH4 —4m?uv +2u%v? =8—\/5uv

u+v=m

= 5 2 .
(u+v) —2uv} —2u%v?

u+v=m

uv£2x/5 uv£2\/5
< dm? —4muy +2u?v? =202 —16\/5uv+64 < im* -64 =4uv(m2 —4\/5)

u+v=m u+v=m

Nhan thdy m = 2% hé phuong trinh vd nghiém.

(u + v)2 >4uv

qu2\/5

Viy v6i m # 23/5 hé phudng trinh c6 nghiém < .
m* —64= 4uv(m2 —4\/5)

u+v=m

4
m—_6432\5

4(m2 —4\/5)

4
<Iim? >4 m—64<:>2i‘/5<m£2‘\‘/§.

'4(m2—4ﬁ)

mZO,m;th'/E

Vay gid tri cAn tim clia tham s6 1a (23/5 248 }

Nhin xét. VGi m =3 ta c¢6 bai todn quen thudc giai hé phuong trinh:

\/x2+y2 +4/2xy =8
Jx+4y =3



Bai 7. Tim m dé hé phuong trinh sau c6 nghiém

x+y—\/g=3
\/x+1+\/y+1=m‘

Loi gidi
biéukién: x>-1,y>-1,xy>0,m>0.

Hé phuong trinh da cho tuong duong véi:

Xx+y=3
XYy =X+y-3

&9X =(x+ —3)2
X+y+2+2 (x+1)(y+1)=m2 Y Y

X+y+2+2xy+x+y+1 =m?
Do x+y2>3= x,y>0h¢é phuong trinh c6 nghiém khi va chi khi:
(x+y)2 2 4xy .

x+y22(x+y—3) <:>|:x+y§6

<:>(x+y)224(x+y—3)2<:>[ X+y<2.

x+y§—2(x+y—3)
Viay t=x+ye[3;6].

Khid6 m? =t+2+2y(t=3) +t+1 ().

He¢ phuong trinh c6 nghiém <> (1) c6 nghiém te[3;6].

Xétham s6 £(1)=t+2+2,(t=3)" +t+1tén [36], ta c6:

2t—5
V2 =5t+10

Tacé £(3)=9,f(6)=16. Suy ra 9Sm2316<:>33m£4(v‘1 m=>0).

') =1+ >0,Vte[3:6|nén f(t)1a ham dong bién trén [36].

Viy gié tri cAn tim cla tham s§ 1a [3;4].

Ve y? -1=m({xry -1)

x+y=xy+l1

Bai 8. Tim m dé hé phuong trinh sau

a) C6 nghiém duy nhAat.
b) C6 nghiém.

Lai gidi

Piu kién: x+y>0,x> +y* >1.




a) Nhan thd'y néu (x;y)lé nghiém clia hé thi (y;x)cﬁng 1a nghiém cda hé. Vay

hé phuong trinh ¢6 nghiém duy nhit trudc tién x =y khi d6 thay vao hé ta dudc:

\/2x2—1=m(@—1) x=1

S
2 oL
2x =x"+1 \/5_1

=2+1°

Ngudc lai v6i m = \/5 + 1 khi d6 hé phuong trinh trg§ thanh:

mz(ﬁu)(ﬁ—l)@ (x+y)2—2xy—1=(ﬁ+1)(ﬁ—1)

X+y=xy+l X+y=xy+1
o \/(X+y)2—2(x+y—l)—l:(\/5+1)(\/X+y—1)‘
X+y=xy+1

- |x+y—1|=(x5+1)(\/m_1)© |x+y_1|:(\5+1)_jx_%y—i'

X+y=xy+l1 x+y=xy+1

Dé thdy hé nay c6 hai nghiém (x;y) = (0;1);(1;0) nén m=+/2 +1khong thda
man.

Vay khong ton tai m dé hé phuong trinh ¢6 nghiém duy nhat.

S=x+
b) Dat{ x y,(Szz4P,SZO,Sz—2P21).
P=xy

Khi d6 hé phuong trinh trd thanh:
\/52—2P—1=m(\ﬁ—1) 82—2(5—1)—1=m(\/§—1)
=

S=P+1 P=S-1

- |S—1|=m(\/§—1) 03

P=S-1
Hé phuong trinh c6 nghiém:
§2 > 4p $? 2 4(s-1) (s-2)" =0
S>0 o S>0 - S>0 =S50,

$?-2P>1 |S?-2(s-1)>1 (5_1)220
P=S-1 P=S-1 P=S-1




Vay hé c¢6 nghiém khi va chi khi S>0. D& thdy (1) luon c¢6 nghiém S=1do

d6 hé phuong trinh lu6én c6 nghi€ém v6i moi m.

Bai 9. Tim tit ci cdc gid tri thuc clia tham s6 m dé hé phuong trinh sau c6

nghiém thuc:
Jﬂ+~%+m+ f+—%+m:4
X y

+—=1
X+y Xy

Loi gidi

xy(x+y)¢0

1A 1
biéu kién: x> +—2+m20.
X

y2+%+m20

Hé phuong trinh da cho twong duong véi:

, 1 , 1 2 ’
\/x +—2+m+\/y +—2+m=4 m+2+ x—l +,/m+2+ y—l =4
X y PN X y

X+
Xy X y
1
u=x-—
bat )1( khi d6 hé phuong trinh trd thanh:
vV=y-——
y

2 2 _
PN Jm+2+u +Jm+2+v _4.
u+v=2

2m +4+u” +v? +2\/(n1+2)2 +(m+2)(u2 +V2)+u2V2 =16

u+v=2

2m+4+(u-|rv)2 —2UV+2\/(H1+2)2 +(m+2)((u+v)2 —2uvj+uzv2 =16

ut+v=2



- \/(m+2)2 +4(m+2)+uzv2 —2(m+2)uv =4—m+uv‘

U+V=\#

4-m+uv=>0

= (m+2)2 +4(m+2)+u2V2 —2(m+2)uv=u2V2 +2(4—m)uv+(4—m)2

ut+v=2
4_m+16m—42 N
4-m+uv=>0 12 B
<<1l6m—-4=12uv <& uV=16m_4 = uv=16m_4
_5 12 2
utv= u+v=2 u+v=2

16m -4
12

<lem<l.

Mait khac (u+v)224uv<:>424uv<:>uv£1<:>

Viy -11<m<1.

m+2+u>0 2m+4+u? +v2 >0
Maitkhédc = ) ) .
m+2+v2>0 (m+2+u )(m+2+v )20

2m+4+(u+v)2—2uV20
(m+2)2 +(m+2)[(u+v)2 —211le+qu2 20‘

16m -4

2m+4+4-2.

(m+2)’ +(m+2){4—2.16m_4}+(16m_4j2 S0

>0

12 12

2m+4+4—2.16r1r‘2_420

2
(m+2)’ +(m+2){4—2.16m_4}+(16m_4j >0
12 12

<& m<l3.

Viy —11<m<1. P& ¥ v6i moi —11< m <1khi dé ludn ton tai (u;v).



1

u=x-—-—
Mit khdc véi moi u,v thi hé ’1‘ ludn c6 nghigm (x;y).
vV=y——

y

Vay gié tri cAn tim cla tham s& m la [—1 l;l] .

Bai 10. Tim m d€ hé phuong trinh sau c6 nghiém thyc:

x4+y4=m+1

2
(x2+y2) M oas 1 '
+X7y" - =2
X+Yy X+y
Loi gidi
biéu kién: x +y 0.
Hé phuong trinh da cho tuong duong véi:
2
x4+y4:m+1 ((x+y)2—2xy) —2x2y2=m+1
2.2 =
I+2xTy” +x2y? - ! =2 ) 2)(2y2
X+y X+y Xy + =2
X+y
5 X2Y2 2.2
Suyra x+y>0,xy#0 va x+y= 5 2>0<:>2—xy >0 - 2<xy<\/5
2-x%y
Mait khac:
2
2.2
2
(x+y) 24xy & [2)(—32/2} 2 4xy & 4)(4y4 216)(y—16x2y2 +4x5y5.
2-x"y

xy <0

= Xy(x“y4 —x‘?’y3 —4xy+4) <0< xy(xy—l)(x3y3 —4)S 0 o
I1<xy S\/Z

Suy ra t=xy,t e(—\/E;O)U[l;\/E) .

T phuong trinh dau clia hé ta c6:
2

2t ? 16t8 £
m+1= | -2t 2t =212+ --16 -
2—t (2—t2) (2—t2)

8 5
Xéthamsd f(1)=20 + 00y " 2trén(—\/5;0)U[l;\/§).

bl el




Tacé6 :

4t(t10 —4t° —10¢% + 567 — 2415 —176t° —80t* +160¢> + 80t> —32)

5
(¢ -2)
Chéng minh duge £'(t)>0,Vt e (—ﬁ;o) va £'(t)>0,Vt e [1;& )

Suy ra gid tri cAn tim ctia tham s6 m 1a
lim f(t)>m+1>£(0)

xo2 " | o 0<m+1<:> m>-1

f()<m+1< lim f(t) m+1>2

t>v2

Vay m>—11la gid tri cAn tim.

f'(t)=

< m>-1.
m=>1

VX+m+4y+m=2

Bai 11. Tim m d€ hé phuong trinh sau c6 nghiém
x> + y2 =2m?

Loi gidi
biéu kién: x+m>0,y+m=>0.

Hé phuong trinh da cho tuong duong véi:

x+y+2m+2\/xy+m(x+y)+m2 =4

(x+y)2 —-2xy = 2m?

S=x+
Pit {P X y,(32 > 4P)hé phudng trinh tr§ thanh:
= Xy

SZ
S+2m+2VP+mS+m? =4 _ |SH2mF2rmS=4
= .

S? —2P =2m? S?
P=?—m

& 4-2m-S=0
2% |—+mS=4-2m-S g2
Rt 2 <14

?+mSJ:(4—2m)2 ~2(4-2m)S+8.




4-2m-S>0
=18 +85=(4-2m)’.

2
P:S——m2
2
Hé phuong trinh c6 nghiém:
2
§7 24P X+y+2m=0
4-2m-S>0 S+2m=0

(x+m y+m 2
P+mS+m2ZO

o{P="--m’> o 5
2 S* >4 ——m 4m2252

Xx+m=>0 4-2m>S

y+m=>0

K&t hop véi S +8$=(4—2m)2suy ra %Smﬁl

e o |1
Viay gié tri can tim cua tham s6 m la {5;2}.

S+2m=>0
S—+mSZO
2

4m? > §?
4-2m=>S

X+y+4=2xy

Bai 12. Tim m dé hé phuong trinh

nghiém (x,y) thda man x,y>1.

25y =m(\/x2+y2+x+y+5 +x+yj

cé

Loi gidi

>4
Ta c6: (x+y)2 24xy<::>(2xy—4)2 24)(y<::>x2y2—5xy+420<::>{xy<1
X

Suyra t=x+y=>4do x,y>1.
Khi d6 phuong trinh thit hai ctia hé tuong duong véi:

Xy :m(\/(x+y)2—2xy+x+y+5 +x+YJ
=2 :m(\/t2+1+t)<:>m=2t(\/t2+l—t) (1)
Xétham s6 f(t)=2" (\/tz +1- tjtrén [4;+oo), ta co:




]>O,Vt24
2 +1

fTU=Thﬂ(VF+1—q+T[ ! —@:2{V€+1—ﬂ(m2—
\/t2 +1

Vay f(t) la ham dong bi€n trén | 4;+0)
Dodéfﬁ)zf@)=16tﬁ?—4}Vt24.

Viy hé phuong trinh ¢6 nghiém <> (1)c6 nghiém t >4 <> m > 16(Jﬁ —4).
vaygmtncanﬁnuﬁathmns6n1m.Pﬁ(JT?—4}+w).

Vx+1+4y+1=3

y\/x+1+x\/y+1+\/x+1+\/y+1:m

Bai 13. Cho hé phuong trinh {

a) Giai hé phuong trinh v6i m=6.
b) Tim céc gid tri ctia tham s6 m d€ hé trén c6 nghiém.

Loi gidi

a) V6i m =6 hé phuong trinh trg thanh:

{M+\/ﬁ=3

y\/x+1+x\/y+1+\/x+1+\/y+1=6'

X+1+y+1=3 VX+1+4y+1=3

Vx+1=2 X =

Jy+1=1 y
= =

x+ 1y +1=2 { x+1=1 {X

Jy+1=2 y

Vay hé phuong trinh ¢6 hai nghiém 1a (X;y) = (0;3);(3; 0) .

Il
W o O W

b) Piéukién: x,y>-1.

,(u,v > 0) hé phuong trinh trg thanh:



u+v=3 u+v=3
= m -

u+v=3
2 2 _ = _
(u —1)V+(V —1)u+u+v-m uV(u+V)—m uv:?

)

Suy ra u,vla hai nghi€m cta phuong trinh: > =3t + ? =0

H¢ phuong trinh ¢6 nghi€ém < (1) c6 hai nghi€ém khong am.

A=g-HM oy
3 27
=<S=3>0 <:>0<m<7.
p=">p
3

A sz RN ~ 2 A 1N 7
Vay gid tri can tim cua tham so 1a {O;T} .

Bai 14. Tim cdc gi4 tri clia tham s& m dé hé phuong trinh sau c6 nghiém

1 1
X+—+y+—=5
X y

1
x2+—+y2+—2:m
X y

Loi gidai
biéu kién: xy #0.
Hé phuong trinh da cho tuong duong véi:

1 1
X+—+y+—=5 X+—+y+—=5
X y X y
= .
1) 1) 1 1) 21-m
X+—| +|y+—| =m+4 X+—||y+—|=
X y X y 2
1
u=Xx+—
bit T,(‘u‘ZZ,V 22) hé phuong trinh trd thanh:
V=y+—

y



u+v=>5
21—m = u,v1a hai nghiém ctia phuong trinh:

2

21-m

uv

2 —5t+ =0 m=2t>-10t+21 (1)
He phuong trinh ¢6 nghi¢m <> (1) c6 hai nghi¢m |[t|>2.
Xétham s6 f(t)=2t> —10t +21trén (—oo;—2] U [2;+oo) , ta c6:

f’(t)=4t—10;f'(t)=0<:>t:§.

m =49
Lap bang bi€n thién suy ra d€ (1) c6 hai nghiém M 22<017 .
—<m<9
2
m =49
Vay gid tri cAn tim clia tham 3 12 | 17 :
—<m<9
2

Bai 15. Tim cdc gi4 tri ctia tham s& m dé hé phuodng trinh sau c6 nghiém

1 1
X+—+y+—=5
X y
ﬁ+~%+y3+13:m
X y

Loi gidi
Diéu kién: xy #0.
Hé phuong trinh da cho tuong duong véi:

1 1
X+—+y+—=5
X y

(i) i) o)

1 1
X+—+y+—=5
X y

1 1Y 1 1 11 '
X+—+y+—| 3| x+—||y+— || x+—+y+—|=m+15
X y X y X y




X+l+y+l:5 x+l+y+l=5

X y X y
- 1 1 = 1 1) 110-m
125-15| x+— || y+— |=m+15 || x+—|y+=|= o
X y X y 15
1
u=X+—
bit )1(,(|u| >2,lv|= 2) hé phuong trinh trd thanh:
vV=y+—
y
u+v=>5
110 —m = u,v1a hai nghiém cta hé phuong trinh:
uv =
15
t2—5t+11(is_m 0= m=15t> —75t+110 (1).
m =320
Hé phuong trinh c6 nghiém <> (1) ¢6 hai nghiém M 22& 65 .

Bai 16. Tim cic gi4 tri clia tham s§& m dé hé phuong trinh sau c6 nghiém

1 1
X+—+y+—=5

X y
x4+i+y4+izm

o y4

Loi gidi
Dbiéu kién: xy #0.
Hé phuong trinh da cho tuong duong véi:

x+l+y+l=5

X y
N 1Y N 1Y '
x+—| 4| x+—| =2 |-6+|y+—| -4||y+—]| -2|-6=m
X X y y
1
u=x+-—
bit )1(,(|u|22,v 22) hé phuong trinh trd thanh:
V=y+—

y



u+v=3> u+v=>5
4 4 2 2 _ 2.2 )
u+v —4(u +v )+4—m m =2u"v- —92uv+529
Bai todn nay khdc cdc bai todn trén ta ta x{ 1y dua vé mot an.
u=7
., u=>7
Ta cé v:5—u:M:‘5—u‘22® =|2<u<3.
u<3i
us-2
Thay v =5-uvao phuong trinh thd hai ctia hé ta dugc:
2
m=2u’(5-u) —92u(5-u)+529 (1).
u=7

Vay hé phuong trinh c6 nghiém < (1) c6 nghiém théa man | 2<u<3.

us-2
u=7
RN ~ 2 2 .
Xétham s6 f(u)=2u>(5-u) -92u(5-u)+529 v6i | 2<u<3.
us-2

Tinh dao ham va 1ap béng bi€n thién suy ra gid tri cAn tim cla tham s6 m 1a:

m >2209

257 <49’
8
m > 2209
VAy gi4 tri cAn tim clia tham s6 12 )
Hy gl i %Sm£49

Bai 17. Tim cdc gi4 tri clia tham s& m dé hé phuong trinh sau c6 nghiém:

x+l+y+l:5

X y
X5+L5+y5 +i5=m
X y
Loi gidgi
u=x+-—
Dieu kién: xy #0. Pat ’;,(u|22,|v|22).
V:y+—

y




5 3
Ta c6: x5+i=[x+1J -5 [ulJ —3[x+lJ —10[”l
x> X X X X

j=u5—5u3+5u;

5 3
Va y5+i5=(y+l] -5 (y+1] —3(y+l) —10[}’+1J=V5—5V3+5V
y y y y y

u+v=>5
Hé phuong trinh da cho trd thanh: {

u+v=>,

= (quV)5 —5uv((u+v)3 —3uv(u+ V))—lOuzv2 (u+v)

u+v=>5
@ 2 2 .
m =25(u v —22uv+101)

m>15125

Thuc hién tuong ty bai todn trén ta tim dudc | 1025 .

Bai 18. Tim m dé hé phuong trinh sau ¢6 nghiém thuc:

(x+y)[1+i]:5

Xy

(x2+y2) I+ ! =m
Xzyz

Loi gidi
Dbiéu kién: xy #0.
Hé phuong trinh da cho tuong duong véi:

1 1
X+y+l+l:5 X+y+—+—=5
Xy Xy

11 < 2 2
2 2 _ 1 1
X"ty +—+—=m £x+—j +(y+—j =m+4
X*y X y

w50 +5u+v’ —5v +5v=m

—5[(u+v)3 —3uv(u+v))+5(u+v) =m




1 1
X+y+—+—=5 X+y+l+l=5
Xy Xy

o ) o
1 1 1 1 1 1 21-m
X+—+y+—| -2|x+—||y+—|=m+4 X+t—=jy+—|=
X y X y X y 2

1 1 . . ) .
Suy ra x +—;y+—1a hai nghiém cua phuong trinh:
X y

o5t 2lM g eoma2®—10t+21 (1)
Ta co x+l >2, y+l >2. Do d6 hé phuong trinh c6 nghiém khi va chi khi
X y

(1) ¢6 nghiém |t|22.

Xétham s f(t)=2t" =10t +21 trén (—o0;-2 |U[ 2:+00).
Ta c6: f'(t)=4t—10;f'(t)=0<:>t=§.

Bédng bié&n thién:

t o 2 2 > o0
2
£(0) _ _ 0 +
N +OO\ \ )
49 iy /
2

N 2 [ [N 17 N ., PN <
Duya vao bang bién thién suy ra m > ?la gia tri can tim.

Bai 19. Tim m d€ hé phuong trinh sau c6 nghiém:

(x2 +y2)(1+ij2 =8
Xy
(x3 +y3)(l+x—1yj3 =m




Loi gidi
Hé phuong trinh da cho tuong duong véi:

(X2~+y2) 1+—2—+ ! =8
xy  x2y>

(§+f{“'32+2*';J=m
Xy X%y

Xy
11 2x 2 2 :
x2+y2+—2+—2+—x+—y=8 x+l -+—y+l =8
X"y y X y X
= 5 5 =
2 ox2 Yy x x8 X+§ *‘Y+;' =m
u=x+—
Pit y
1
vV=y+—
X

u=x+—
+1= =
TruGc tién xét hé phuong trinh: Yo xy uycj e
1 xy+1=vx xy+1=vx
vV=y+—
X
TH1: N€u u=0=v=0(do x=0).

Khi d6 hé phuong trinh c6 nghi€ém xy =-1.
TH2: N&u u#0=>y=—= thay vio phuong trinh tht hai ta dudc:
u

VX2

=~ fl=vxovx>—uvx+u=0 (D
u
A . A . . , A 22 uv >
Hg¢ c6 nghiém khi phuong trinh (1) ¢6 nghi€ém < u"v" —4uv>0<
uv <

N N » V2
Viy ta can tim di€u ki€n cua tham s0 sao cho {
uv <
Thay u,v vao hé ta dugc:
2.2 2
{u2+V2=8 u”+v- =8 (u+V) —2uv=_§
&

v +vi=m (U+V)(UZ+V2—UV):16© (u+v)(8—uv)=m.



uV:(u+V) 8 (u+V) -8
) uv =
R ( )2 2 = 2 3
u+v) —
_ u+v
(u+v) 8 2 =m m= ( ) +12(u+v)
2
2_
S=u+v P:S °
Pit ,(52 > 4P) khi d6 2
P=uv S3
m=—2_1125 (2)
2
Ta co
2
458
2> 4p X 2 ~4<85<4 22 <s<22
P=uv24< 82_824 e 4l[s[z4 <|S=—4
P=uv=<0 2 2J2<s<22 |S=4
S -8
<0
2
Viy @€ hé phuong trinh ¢é nghiém ta cin tim m d€ phuong trinh (2) c6
2Ja<s<o2
nghiém thdéa man | S=—4
S=4
. 2Ja<s<o\2
Xét ham s f(S):—%HZSVGi S=—4
S=4
2
Ta ¢6: £'(S) = 12—£ £1(S) =0 S=422 .
Lap bdng bi€n thien suy ra:
m:f(_4) m=-16
m=£(4) | m=16 o -1682 <m <1642 .

f(_z\@)Sm < f(z\g) ~16v2 <m <1632

Vay gid tri cAn tim clia tham s6 m 12 [—16\/5;16\/5]



Bai 20. Tim c4c gia tri cha tham s6 m dé h¢ phuong trinh sau c6 dting hai nghi¢m:
X+Xy+y=m
x2 -I—y2 +xy=1-2m

Loi gidi
S=x+
Pit { X y,(52 > 4P)khi d6 hé phuong trinh trd thanh:

P=xy
S+P=m P=m-S
2 1
S“—P=1-2m S°+S=1-m

Hé phuong trinh c6é ding hai nghiém:
&8 >4P S’ >4(m-8) < S* +4S>4m.

Mit khac:
2
m=1-87 =S ()= 5> +45>4(1-57 -5) = 55’ +85-4>0 5>3 .
S<-2
S>%
Vay hé phuong trinh ¢6 ding hai nghiém < (1) c6 nghi€ém 5 .
S<-2

Xétham sd f(S)=1-S>—Strén (—00;2)U g;+oo :>m<£.
5 25

A .z LN ~ 2 ~ N 1 1
Viy gi tri can tim cua tham s6 m 1a —oo;E .

. x2+y2:2(1+m)

Bai 21. Cho hé phuong trinh .

(x + y)2 =4

a) Ching minh ring né&u (xo;yo) 1a nghiém ctGa hé thi (—XO;—yO) ciing 1a
nghiém ctia hé. Tr d6 tim diéu kién can dé hé c6 nghiém duy nhat.

b) Tim cdc gi4 tri cia tham s6 m dé hé c6 nghiém duy nha't.

Loi gidi

Néu (x;y)lé nghiém cia hé thi (y;x) cling 1a nghiém cda hé. Vi vidy hé
phuong trinh c6 nghiém duy nhat trudc tién phdicé x =y.

2x% = 2(1+ m)

Khi d6 hé phuong trinh trd thanh: < m=0

4x% =4




Ngudc lai véi m = 0hé ludn c6 hai nghiém (x;y) = (—1;—1);(1;1).

Viy khong ton tai gid tri ciia tham s6 dé hé c6 nghiém duy nhat.

2, .2 _
Bai 22. Tim m dé hé phuong trinh sau c6 nghiém {X +y =m

x+y—xy=1.

Loi gidai
Hé phuong trinh da cho tuong duong véi:

{()(er)2 —2xy=mc>{(l+xy)2 —2xy=m<:>{x2y2 =m-—1 (1)‘
x+y—-xy=1 X+y=1+xy X+y=1+xy

Hé phuong trinh cé nghi€ém khi va chi khi:

(x + y)2 24xy & (1 + xy)2 2 4xy & (xy —1)2 >0 ludn ding.

Viy hé phuong trinh ¢6 nghi€ém < (1) c6 nghiém < m-1>20< m>1.

Vay gid tri cAn tim clia tham s6 12 m >1.

s 21 A N . A 5(X+Y)—4Xy:4
Bai 23. Tim m d€ hé phuong trinh sau c6 nghiém .
X+y—-xy=1-m

Loi gidi

S =
it {P X y,(52 > 4P)khi d6 hé phuong triinh tr& thanh:
= Xy

S-P=1-m |P=5m-1
Hé phuong trinh c¢6 nghiém khi va chi khi:
m>1
§* 24P < 16m” > 4(5m—1) < 1.

m<—
4

{SS—4P=4 {S:4m
=

Vay gid tri cAn tim cda tham s6 12 (—oo;i} U [1;+oo).

Bai 24. Tim m d€ hé phuong trinh sau c6 ba nghiém phan biét:

x+y=1
x> —y3 =m(x—y)

Li gidi




Hé phuong trinh da cho tuong duong véi:

x+y=1

ol o=

x+y=1

(x—y)(xz+xy+y2—m):0<:> [X:y <

X +xy+y*-m=0 {XJFY 1

X +xy+y -m=0

@

Hé phuong trinh c¢6 ba nghi€ém phén biét < (1)cé hai nghi€ém phéan biét

khac l,l .
22

y=1-x
Taco (1)<

x> —x+1-m=0(2)
A=1-4(1-m)>0 ;
(1) ¢6 hai nghiém phan biét khac 5<:> 1 <:>m>Z.

——l+1—m¢0
4 2

A .z A ~ 2 A2 1N 3
Viy gié tri can tim cua tham s6 1a m > e

X+Xy+y=m+2

Bai 25. Tim m d€ hé phuong trinh sau c6 nghiém .
xy(x + y) =m+1

Loi gidi
Hé phuong trinh da cho tuong duong véi:
X+y=m+1
X+y+xy=m+2 xy =1
=
Xy(x+y)=m+1 x+y=1
xy=m+1
Hé¢ phuong trinh c¢6 nghiém khi va chi khi:
mz21
o

1>>4.(m+1) mS—Z'

2
(X+y)224xy® (m+1) > 4.1

Vay gid tri cAn tim clia tham s6 1a [—oo;—%} U[l;+oo).

Bai 26. Ching minh ring véi moi gid tri clia tham s& m thi hé phuong trinh




X+y+xy=2m+1

2

sau ludn c6 nghiém:
Xy (x + y) =m~+m

Tim m dé hé phuong trinh di cho c6 nghiém duy nhat.

Loi gidi
Hé phuong trinh da cho tuong duong véi:
X+y=m+1
X+y+xy=2m+1 Xy=m
=
xy(x+y):rn(m+1) X+y=m
xy=m+1

V@i x+y=m+1,xy =mta cé:

(x+y)2 —4xy=(m+1)2 —4m=(m—1)2 >0,Vm.

Vay hé phuong trinh ludn c6 nghiém.

Tim m dé hé phuong trinh c6 nghiém duy nhat.

+ Piéu kién can:

Hé c6 nghiém (X;y)thi (y;x)cﬁng 1a nghi€ém ctia hé vi vdy hé c6 nghiém

duy nhat ta phdicé x=y.

Khi do (x+y)2=4xy© ( ) @ m=1 .
m? 4(m+1) m=2i2\/5

+ Dbiéukién du:
- V6i m =1hé phuong trinh trg thanh:

_x+y=2
xy =1
x+y=1

| xy=2

- Véim=2-242 hé phuong trinh trd thanh:
x+y=3—2\/5
xy:2—2\/5

{x+y=2—2\/5

i xy:3—2\/§

khong théa man.

=1 .
= {X ) hé c6 nghiém duy nhat (x;y)z(l;l) nén m =1 théa man.
y =

hé nay c6 hai nghi€ém (x;y)z(l;Z—Z\/E);(Z—%/E;l) nén




- Véi m:2+2\/§ hé phuong trinh c6 nhi€u hon mdt nghiém nén khong
thda man.
Viy gid tri cAn tim cia tham s6 1a m=1.

al \, -|— \’y =m

biéukién: x>4,y>0.

bit u= \/;,V = \/g,(u >2,v> 0) hé phuong trinh da cho trd thanh:

=3-

I/\

{u +v=3 u>2,v>0

<u<3.
2 2
\/u +5+\/V +5=m m+m )
Hé phuong trinh ¢6 nghiém < (1) cé nghi€ém ue [2;3} .
Xétham so f(u)zx/EJr\[(?)—u)z +5trén [2;3}, ta co:
u-3
\/u +3 \/u 3) +5

Ta 6 f(2)=3+\f,f(3)=\5+ﬂ.
Suy ra 3+\£3ms\5+\/ﬁ.

Vay gid tri cAn tim cta tham s6 12 [3 + \/g;\/g+ \/EJ )

f'(u)=

f'w)=0cu (u—3)2+5=(3_u) u2+5<:>u=%

Bai 28. Chitng minh ring hé phuong trinh sau ludn c6 nghiém véi moi gid tri

Xx+y=m+1

clia tham so: ) ) )
Xy+xy =2m°—-m-3

Loi gidi
Xx+y=m+1
Xy(x+y)=(m+1)(2m—3)‘

TH1: Néu m =—1hé phuong trinh c6 nghiém (x;y) = (O;O) :

Hé phuong trinh da cho tuong duong véi: {

TH2: Néu m # —1hé phuong trinh da cho tudng duong vdi:



{X+y:m+1:(x+y)2—4xy=(m+1)2—4(2m—3)=m2—6m+13>0,vm

Xy=2m-3

Vay hé phuong trinh ludn ¢6 nghiém .

X+y=m

X2+y2=6—m

Bai 29. Cho hé phuong trinh { 5
Gié st hé c6 nghiém (x;y) tim gid tri nhé nhat cla biéu thic:

P=xy+2(x+y).

Loi gidi
Hé phuong trinh da cho tuong duong véi:

X+y=m X+y=m
= .
(x+y)2—2xy=6—m2 xy=m2—3

Hé phuong trinh cé nghi€ém:

<:>(x+y)224xy<:>m224(m2—3)<:>—23mS2.

Khi d6 P=xy+2(x+y)=m?-3+2m=(m+1)’ 4> 4.

DAau biing x4y ra khi va chi khi m=-1.
Vay gid tri cAn tim ctia tham s6 1a m=—1.

2,2
" , +y =
Bai 30. Tim m dé hé phuong trinh sau c¢6 nghiém xory =m .
x* + y4 =3m-2

Loi gidi
Hé phuong trinh da cho tuong duong véi:
x2+y2:m x2+y2=m
2 = 2 )
(x2+y2) —2x2y2=3m—2 X2y2:—m ;m+2
Suy ra x2,y2 la hai nghi€ém ctia phuong trinh:
2
ﬁ—mpﬂl—%mizzoay

H¢ phuong trinh ¢6 nghi€ém < (1) c6 hai nghi€ém khong am.




2
_ .2 ,m -3m+2
A=m 4.—2 >0 3—\/§£m£3+\/§ . \/’
=<S=m=>0 <<mz=20 @[2_m_3+ 5.
3—-4V5<m<1
2 _ >
p_ 3m+220 m=>2
2 m<1

Vay gid tri cAn tim cta tham s6 12 [2;3 + \/g} U[3 —\/g;lJ )

iy =m

X+y-— xyzm.

Bai 31. Tim m d€ hé phuong trinh sau c6 nghiém {

Loi gidgi
DPiéu kién: x>0,y >0.

bit u= \/;,v = \/g,(u,v > O)hé phuong trinh trd thanh:

{u-l—v:m {u+v=m utv=m

= _m2_m.

2
w+vi-—uv=m (u+v) —3uv=m uv =

3
Suy ra u,v 1a hai nghiém ctia phudng trinh:
2

2 —mt+ M _0q).

Hé phuong trinh ¢6 nghiém < (1) c6 hai nghi€ém khong am.

2
A=r112—4.m _mZO
3 m=0
=<<S=m=>0 =
) 1<m<4
p=-1 "My
3

Vay gid tri cAn tim clia tham s6 1a [1;4] U {0} .

Bai 32. Tim m d€ hé phuong trinh sau c6 ding hai nghiém:
x> +y2 =2(m+1)

(x+y)2=4

Loi gidi




oy’ =2(m+1) 1)

Hé phuong trinh da cho tuong duong véi: [x +y-2=0 )
x+y+2=0 3)

Phuong trinh (1) 1a phuong trinh dudng tron (C) c6 tim 12 goc toa do O(O;O),
ban kinh R =,/2(m+1),(m >-1).
Phuong trinh (2) vay(3) tuong ng la hai dudng thing d;:x+y-2=0va
d,:x+y+2=0.
Taco d(0;d;)=d(0:d, )= 2 nén hé 6 diing hai nghiém x4y ra khi va chi khi:
C4 hai dudng thing d,.d, ti€p xiic véi (C).

<&m=0.

ﬁ— m+1
@{d(o;dl):R R m‘\lz( )

Nhan xét. Néu d(0;d, ) #d(0:d, ) ta xét hai trudng hop nira dé 1a

TH2: Dudng thing d, cit dudng tron (C), dudng thing d,khong c6 di€m
chung véi (C).

TH3: Pudng thing d,cit dudng tron (C), dudng thing d khong c6 diém
chung véi (C)

x3—y3 =m(x—y)
x+y=-1

Bai 33. Tim m dé hé phuong trinh sau { c6 ba nghiém

phan biét (xl;yl),(xz;yz),(x3;y3)trong d6 x,,x,,x;1ap thanh cdp s6 cong

va c6 hai s6 c6 tri tuyét doi 16n hon 1.

Loi gidi
Hé phuong trinh da cho tuong duong véi:

X = = ——

(X—y)(x2+xy+y2—m)=0 Y 2
< X+y=—1

x+y=-1 { y

x2+xy+y2—m=0




ey L
Y 2

| ly=-1-x
x> +x(—1—x)+(—1—x)2 -m=0

1

X:y:——

2

= y=—l-x .
x> +x+1-m=0 (1)

Yéu cau bai toan tuong duong véi (1) ¢6 hai nghiém phan biét X;,X, thbéa man:

A=1—4(1—m)>0
1=-1

~1-4m -3
2

1
X, +X,=2.| —— |=-1
+x=2(-1]

|x1|>1

=

ol 1 ~1++/4m -3

2

>1

Vay gid tri cAn tim clia tham s6 1a (3;+oo) :

>l o m>3.

Bai 34. Tim m d€ hé phuong trinh sau c6 nghiém {

X+y+Xy=m
2,2

X“+y” =m
Loi gidgi
S=
Pit {P X y,(52 > 4P)khi d6 hé phuong triinh tr& thanh:
:Xy
S+P=m P=m-S P=m-S
2 = ) = 2 .
$2-2P=m |$’-2(m-S)=m  [S?+25=3m

Ta c6: SZZ4P<:>SZZ4(m—S)<:>SZ+4SZ4m

S% +28 S% +2S

do d6 S*> +4S>4.

6[0;8].

Vay gid tri cAn tim clia tham s6 1a [0;8].

Mit khdc m =

S% +28

Suyra m=

8% -45<0<0<S<4.

2 2
Bai 35. Cho hé phuong trinh X TXY Y =m+6
2X+Xy+2y=m

a) Tim m dé hé phuong trinh di cho c6 nghiém.

b) Tim m dé hé phuong trinh da cho c6 nghiém duy nhat

Loi gidgi




S—
a) Pit { X y,(52 > 4P)khi d6 hé phuong triinh tr§ thanh:

P=xy

Sz—2P+P:m+6<:> S +28=2m+6 (1)
2S+P=m P=m-2S '

Ta c6: 8224P<:>5224(m—28)<:)52+8524m.

2
Mit khéc: rnzs-kiﬁsuy ra:
2
2485245 F2576 52 g5 n4<0eo 2<5<6.

Hé phuong trinh c6 nghiém < (1) cé nghiém -2<S5<6.

2 —_—
Xétham so f(S)= Wtrén [—2;6] , ta co:

f'S)=S+Lf'(9=0=S=-1.
Ta co: f(-2)=-3;f(6)=21;f(-1) =_%.

Suy ra gid tri cAn tim ctia tham s6 12 [—%;21} )

b) N&u hé¢ c6 nghiém (x;y)thi (y;x)ciing la nghiém ctia hé da cho. Vi vay dé
hé c¢6 nghiém duy nhat trudc tién phdi c6 x =y. Khi d6 hé phuong trinh trd
thanh:

3x>=m+6 m=23x>-6 m=3x>-6 Xx=-1,m=-3
{xz +4x=m<:>{x2 +4x =3x2 —6<:>{2x2 _4x_6=0©[)§=3,m=21 ‘
TH1: Né€u m = -3 khi d6 hé trd thanh:
5 ) x=-lLy=-1

{X +Xy+y© =3 o x=—\/§,y:\/§nén khong thda man.

2x+xy+2y=-3 x=\/§,y=—\/§

2 2 _ _
TH2: Néu m =21 : khi d6 hé trd thanh: {X tRY+Y ‘27@{" 3

2x + Xy +2y =21 y=3
Hé c6 nghiém duy nhat nén thda man.

Vay gid tri cAn tim clia tham s6 1a m =21.



X=3Vx+1=3y+2 -y

Bai 36. Tim m dé hé phuong trinh sau c6 nghiém
X+y=m

Loi gidgi
biéukién: x>-1,y>-2.

x+y:3(\/m+\/yj)‘

X+y=m

Viét lai hé dudi dang :

>0)khi d6 he phuong trinh trd thanh :

Khi d6 u,vla hai nghiém ctia phuong trinh:

2
e-m Um o 3l-oq.
3209

Hé phuong trinh c6 nghi€ém < (1) c6 hai nghi€ém khong am.

m 9+3\/_ m<9+315.

N ” N 21
Viy gid tri cin tim cua tham so 1a {#;9 +3\/E:l .




Bai 37. Tim m d€ hé phuong trinh sau c6 nghiém thyc x,y #0 :

xy(ery)zx2 —xy+y°
1 1

L

Loi gidi
TUr phuong trinh dau clia hé ta c6:
xy(x+y) x*-xy+y*> 1 1 1 1 1
B9 w11

Xzyz Xzyz Xy x2 xy yz'
1 1 .
bit uz—,v=—,(u,v¢0)khldc’) u+v=u®—uv+v? ;
X y

2

Vim=ul+v’ =(u+v)(u2 —UV+V2)=(U+V) .
) u+v=u’—uv+v’

Hé phuong trinh trd thanh:

(u+v)2:m

Tru6c tién ta phdicé m>0va dé y:
2 2
v 3v
u+v=ur—uv+vi=|u-—— +—>0,Vu,v=0
2 4
Vi€t lai hé phuong trinh dugi dang :

u+v=(u+v)2—3uv (u+v)2—(u+v) uv:ﬂ

W= 3 =N

3
(U+V)2=m u+v:\/; u+V=\/;

Khi d6 u,v 13 hai nghiém clia hé phuong trinh: t* —vmt +@ =0 (1

Hé c6 nghiém thda man yéu ciu trén<> (1) 6 nghiém u,v=0.

- A=m-4. @{O<m$l6
_ m=#1 ’
pzﬁio

Vay gid tri cAn tim clia tham s6 1a (O;I)U(l;l6].




Cha 45 2. HE POI XUNG LOAIII
A. NOI DUNG PHUONG PHAP
Phuong phép gidi va bién luan gidng nhu gidi hé phuong trinh ddi xitng loai
II d6 1a trir theo v& hai phuong trinh clia hé.
B. BAI TAP MAU
Bai 1. Tim m dé hé phuong trinh sau c6 nghiém duy nha't:
3x2 = y3 —2y2 +my
3y? =x® —2x?% + mx

Loi gidi
+ Dbiéukién can:
Gid sif h¢ phuong trinh 6 nghiém (x,.y, ). khi d6 (y,.x,)cling 1a nghi¢m
ctia hé nén d€ hé c6 nghiém duy nhat thi trude hét x, =y, .
3 5 X, =0
Thay vao h¢ ta duge x,” —5x,” + mx, =0 <
2 —O(*
X, = 5%, +m=0(*)
Hé c6 nghiém duy nhat thi (*) hodc vd nghiém hoidc c6 nghiém kép x=0,
A=25-4m <0 55
diéu nay tuong duong véi: | [A=25-4m=0<m > e
m=0
+ biéukién du:

Véi m > ? , khi d6 hé phuong trinh tudng duong véi:

3x? =y(y2—2y+m)=y((y—l)2 +m—1j20

) =x,y20.
3y2=x(x2—2x+m)=x((x—l) +m—lj20
Cong theo v& hai phuong trinh clia hé ta dugc:
x(x2—5x+m)+y(y2—5y+m)=0.
sY 25 sY 25
SX||X—=| +m——|+y||y-—=| +m—|=0x=y=0.
2 4 2 4

Vay v6i m > %thi hé c6 nghiém duy nhat (x;y)=(0;0).

K&t luan: Viy m > % 12 nhitng gid tri cAn tim.



Bai 2. Chitng minh ring hé phuong trinh:

X =2014——=
2
y-1 c6 ding 2 nghiém thdéa man x>0,y >0.
e’ =2014-—=
x? -1

Loi gidi
Piéu kién: \x\ >1,

y‘ >1.
Trit theo v& hai phuong trinh clia hé ta dugc:

X Y oo - (.

xz—l_\/ﬁ x2 -1 \/}’27—1

Xétham s8 f(t)=e' ——
V2 -1

>0,v|t|>1nén f(t)la ham s& dong bién trén mdi

e’ —e’ =

trén (—oo;—l) U (1;+oo) , ta cO:

1
(tz—l) 2 -1

khodng (—oo;—l) va (1;+oo).

f'(tH)=¢€"+

Véi x>0,y>0tacéd )= fx)=f(y)ox=y.
Thay vao phuong trinh th nhit cda hé ta dudc:
X

e* -2014 + =0(2).
x2 -1
Xétham sd g(x)=e* —2014 + X lién tuc trén (1;+oo) ,ta co:
x2 -1
g'(x)=¢e" —;;g"(x)zex + 3x >0,Vx >1nén

(Xz_l) x> -1 (xz—l)Z\/xz—l
phuong trinh g'(x)=0c¢6 t6i da mdt nghiém suy ra phudng trinh g(x)=0c6

t81 da hai nghiém trén (1;+oo) .

Mit khidc: lim g(x)=+x;g(2) = e —2014 +i <0; lim g(x)=+w. Do do

X%1+ \/3 X—>+0

ton tai X, € (1;2),)(2 € (2;+oo) sao cho g(x,)=g(x,)=0hay phuong trinh (2)
c6 ding hai nghiém trén (1;+oo) . Tir d6 suy ra hé phuong trinh c6 ding hai
nghi€ém x >0,y > 0 (dpcm).



C. BAITAP REN LUYEN

VX+14+4y—-2=m
\/y+1+\/x—2=m.

Bai 1. Tim m dé hé phuong trinh sau c6 nghiém {

Léi gidi
Piéu kién: x>2,y>2,m>0.

Trit theo v& hai phuong trinh clia hé ta dugc:

Verlefy=2-fyr1-Vx-2 =06 (Vxr Ty +1)+(Jy-2-vx-2) =0

X—-y y—X
& + =0.
\/x+1+\/y+1 \/y—2+\/x—2

@(x—y) ! - ! JzO
\/x+1+\/y+1 \/x—2+\/y—2
1 1
\/x+1+\/y+1_\/x—2+\/y—2>0
Khi d6 thay vao phuong trinh dau ctia hé ta dugc:
x+1+vx-2=m ().

Xét ham so f(x)=x/ﬁ+\/zd\6ng bi€n trén [2;+oo)nén
£(x) > £(2) = /3 v6i moi x>2.

& x=y(do ).

Hé¢ phuong trinh c6 nghiém < (1) c6 nghi€ém < m > \/g

Vay gid tri cin tim ctia tham s6 12 m>+/3 .

X2y+m:y2

2

Bai 2. Tim m dé hé phuong trinh sau c6 nghiém duy nhat
Xy~ +m=x

Loi gidi
+ Diéu kién can:
Gig sif h¢ phuong trinh 6 nghiém (x,.y, ). khi d6 (y,.x,)cling 1a nghi¢m
ctia hé nén d€ hé c6 nghiém duy nhat thi trude hét x, =y, .

Thay vao hé ta dugc: m = xé — Xg 1.
Vay hé phuong trinh ¢6 nghiém duy nh4t khi (1) ¢6 nghiém duy nhat.

Xétham s& f(x,)=x; —x; 1ap bdng bién thién suy ra gid tri clamla m<0.



+ biéu kién da:

V6i m < 0khi d6 trit theo v€& hai phuong trinh clia hé ta dugc:
X=y

Xy(x—y)zyz—xz@(X—y)(xy+x+y)=0<:> Xyt x4y=0

Cong theo v& hai phuong trinh clia hé ta dugc:

xy(x+y)+2m=x2+y2. Do m<0,x2+y220suy ra xy(x+y)>0d0 do

xy+x+y=0.Vivay x=y.

V6i x =ythay vao phuong trinh dau cta hé ta dugc: m = x? —x>¢c6 nghiém

duy nhat véi moi m<0.

Viy gié tri cAn tim ca tham s§ 1a m<O0.

Bai 3. Tim m dé hé phuong trinh sau c6 nghi€m duy nhat )
(y + 1) =X+m

Loi gidi
+ Dbiéukién can:
Gig sif h¢ phuong trinh 6 nghiém (x,.y, ). khi d6 (y,.x,)cling 1a nghi¢m
ctia hé nén d€ hé c6 nghiém duy nhat thi trude hét x, =y, .

Thay vao phuong trinh ctia hé ta dugc: m = x(z) +x,+1(1).

Hé phuong trinh c¢6 nghiém duy nhit khi (1) ¢6 nghiém duy nhat

<:>A:4m—3=0<:>m=%.
+ Diéu kién dd: V6i m :%hé phuong trinh trd thanh:
(1) =yed [(xoy)(reye3)=0 |x=—
= ) 3 = 1(th(”)amain).
(y+l) =X+ (X+1) =y+Z y:_E

A <z LEN N 2 21N 3
Vay gid tri can tim cua tham s6 1a m = R

3
. . . =2y+x+
Bai 3. Tim m dé hé phuong trinh sau c6 nghi€m duy nhat {X yrxrm

y3:2x+y+m




Loi gidai
Trit theo v& hai phuong trinh clia hé ta dugc:
x> —y3 =y—x<:>(x—y)(x2+xy+y2 +1)=O<:>y=x.
Thay y = x vao phuong trinh dau clia hé ta dudc:
x> =3x+m< m=x° —3x OF
Hé phuong trinh c6 nghiém duy nhat <> (1) c6 nghiém duy nhat.
Xétham s f(x)= x> —3x v 1ap bdng bi€n thién suy ra (1) c¢6 nghiém duy
nhdt < m>2.
Viy gié tri cAn tim ca tham s§ 1a m >2.
Nhan xét. Hé phuong trinh ¢6 hai nghiém < m=-2hodc m=2.
Hé phuong trinh c6 ba nghi€ém phan biét < 2<m<2.

2—(x+y)=2m

Bai 4. Tim m dé hé phuong trinh sau c6 nghiém duy nhat .
X —(x+y)=2m

Loi gidi
+ Diéu kién can:
Gid sit hé phuong trinh c6 nghiém (x.y, ). khi d6 (y,.x, ) ciing 12 nghi¢m
ctia hé nén d€ hé c6 nghiém duy nhat thi trudc hét x, =y,,.
Thay vao phudng trinh cia hé ta dugc: 2m = x(z) —-2x, (D).
Hé phuong trinh ¢6 nghiém duy nhdt khi (1) ¢6 nghiém duy nhat

<:>A’=1+2m=0<:>m=—%.
+ Diéu kién dd: V6i m = —%hé phuong trinh trd thanh:

- - B _ _
v —(x+y) 1<:> (x y)(x+y) 0<:>{X_1(th6am5n)-

2 y=

XZ—(x+y)=—1 X —(x+y)=—1

A sz RN ~ 2 A 1N 1
Vay gid tri can tim cua tham s6 12 m = 3

Bai 5. Tim m dé hé phuong trinh sau c6 hai nghiém thyc phan biét:
x2 +(m+2)x=my

y2+(m+2)y=mx.




Loi gidai
Trit theo v& hai phuong trinh clia hé ta dugc:
x> —y2 +(m+2)(x—y)=m(y—x).

X=Yy

S(x-y)lx+y+2m+2)=0< .
( y)( Y ) L+y+2m+2=0
TH1: VGi x =y thay vao phuong trinh dau cda hé ta dudc:

=0 =0,y=0
X :{x LY

x2+(m+2)x:mxc{
X=-2

Xx=-2,y=-2 '

TH2: Vi x +y+2m+2=0=y=-2m—2-xthay vao phudng trinh dau ctia
hé ta dugc:

x? +(m+2)x=m(—2m—2—x)4i>x2 +2(m+1)x-|—2m2 +2m=0(1).

Hé phuong trinh cé ding hai nghi€ém thuc phan biét<> (1) v6 nghiém hoidc
c6 nghiém kép x=0hodc x=-2hodc c6 hai nghi€ém phin biét
X, =0,x, =-2va y=0,y =-2tuong tng.

Xét trudng hdp ta c6 két quéd clia tham s& 1a ‘m‘ >1.

Bai 6. Tim m dé hé phuong trinh sau c6 nghiém duy nha't:

{x3 =y2 +7x* —mx

y3 :x2+7y2—my

Loi gidi
+ Diéu kién can:
Gié st hé phuong trinh c6 nghiém (xo,yo), khi d6 (yo,xo) cling la nghiém
ctia hé nén dé hé c6 nghiém duy nhat thi trudc hét x, =y,,.
Thay vao phudng trinh cia hé ta dugc:
xg =8x%—mx0 @xo(xé - 8x,, +m)=0<:>[xg =0
X, —8x,+m=0 )
Hé phuong trinh c¢6 nghiém duy nhat khi (1) vo nghiém ho#ic c6 nghiém kép
A'=16-m<0
Xg=0<]|A'=16-m=0 < m>16.
{02 ~-8.0+m=0



+ Piéu kién dG: V6i m >16:

x(x2 +m)=y2 +7x>

Hé phuong trinh viét lai dudi dang: =x,y>0.

y(y2 + m) =x? + 7y2
Cong theo v€ hai phuong trinh ctia hé ta dugc:
x> er3 =8x? +8y2 —mx —my < x° —8x? +mx+y3 —8y2 +my=0.

<:>x(x2—8x+m)+y(y2—8y+m)=0.

@X((x—4)2+m—16)+y((y—4)2+m—16j=0<:>x:y=0.

Viy véi m >16 hé phuong trinh ¢6 nghiém duy nhat (X;y) = (0;0) .

Vay gid tri cAn tim clia tham s6 1a m >16.

2_.3 2
. . 3 Ay
Bai 7. Tim m dé hé phuong trinh sau ¢6 nghiém {y X X~ +mx

x2=y3—4y2+my.

Loi gidai
Vi moi gid tri ctia tham s6 m hé phuong trinh trén ludn c6 nghiém

(x;y) = (0;0) . Vay gid tri cAn tim clia tham s& 12 tap s6 thyc.

Bai 8. Tim céc gid tri clia tham s m dé hé phuong trinh sau c6 nghiém:

{ﬁmm

Loi gidi
biéu kién: -1<x<3,-1<y<3.
Trit theo v& hai phuong trinh ctia hé ta dugc:
Jx+1 —\/y+1 +\/3—y —\/3—X =0.
<:>\/x+1—\/3—x =\/y+1—\/3—y SxX=y.
Thay y = x vao phuong trinh thit nhi't clia hé ta dugc:

m=+vx+1++v3-x (1).

Hé phuong trinh c6 nghiém < (1) c6 nghiém.

2
(\/x+1+\/3—x) —442[(x+1)(3-x) 24
\/x+1+\/3—xs\/2(x+1+3—x)=2\/5

Ta c6:




—2<x+1+3-x <242 .

Suyra 2<m< 221 gid tri cAn tim clia tham s&.

Bai 9. Chirng minh ring v6i moi m >0 hé phuong trinh sau c6 nghiém duy nhat

3x2y—2y2—m=0
3y2X—2x2—m=0

Loi gidai
V6i moi m > 0cong theo v€ hai phudng trinh cda hé ta dugc:
3)(2y+3xy2 =2m +2x> +2y2 & 3xy(x+y) =2m +2x> +2y2 >0.
= xy(x +y) > (0hayxy,x +y cling diu .
Trit theo v& hai phuong trinh ctia hé ta dugc:
3x2y—3y2x+2x2 —2y2 =O<:>(X—y)(3xy+x+y)=0<:>X=y (do
Xy,X +y cung dau).
V6i y = x thay vdo phuong trinh dau ctia hé ta dugc:
3x* —2x? =m. Xét ham s6 f(x)=3x>—2x>va lap bang bi€n suy ra véi
m > 0 phuong trinh trén c6 nghiém duy nhit do d6 hé phuong trinh c6
nghiém duy nhat(dpcm).

Bai 10. Tim c4c gia tri cia tham s§ m dé hé phuong trinh sau c6 nghiém duy nhat
xy+x2 =m(y—1)

xy+y2:m(x—1)

Loi gidi
+ Diéu kién can:
Gid st h¢ phuong trinh 6 nghiém (x,,y, ), khi d6 (y,.x,)ciing 12 nghi¢m
ctia hé nén d€ hé c6 nghiém duy nhat thi trudc hét x, =y,,.
Thay vao phudng trinh cia hé ta dugc:
2x5 =m(x, — 1)< 2x; —mx, +m=0 (1).
Hé phuong trinh ¢6 nghiém duy nhdt khi (1) ¢6 nghiém duy nhat
m=0

SA=m’-8m=0< .
m=2§



+ biéu kién da:

2
+x° =0 =0
Vi m =0hé phuong trinh trd thanh: { > < {X (thda mén).
Xy + y2 =0 y=

2
xy+x =8(y—-1 =2

V6i m =8 hé phuong trinh trd thanh: ( ) & {X (thda méan).
xy+y2=8(x—1) y

Viy gié tri cAn tim cla tham s§ 124 m =0hodc m=8§.

Bai 11. Tim m d€ hé phuong trinh sau c6 nghiém duy nha't:
V7+x+411-y —4=m—-+4-3V10-3m
JT+y +V11=x —4=m—-4/4-3V10-3m

Lai giai
Trit theo v& hai phuong trinh clia hé ta dugc:
\/7+X —\/ll—x =\/7+y —\/ll—y &S X=y.
Thay y = x vao phuong trinh th nhit cia hé ta dugc:
T+ x+11-x =4+m—4-3J10-3m (1).
Hé phuong trinh c6 nghiém duy nhat <> (1) c6 nghiém duy nhat.

Xétham s6 f(x)=+7+x +11-xtrén [~7;11], ta c6:

f'(x)= ! — ! ' X)=0=V1ll-x=vyx+7 < x=2.
W7+x  2J11-x

Lap bang bi€n thién clia f(x) suy ra (1) c6 nghiém duy nhA't khi va chi khi:

44+m—-44-3v10-3m =6 m-2=4-3J10-3m < m=3.

Viy gié tri cAn tim ca tham s§ 1a m=3.




Cha & 3. HE. PANG CAP

A. NOI DUNG PHUONG PHAP

Noi dung chti d& nay cht yéu dé cap dén cdc bai todn chita tham sd xoay
quanh dang hé déng cap bac hai:

a1x2 +b,xy + cly2 =d,

212x2 +b,xy + (:2y2 =d, '
Nhu da dé cap trong phuong phép gidi hé ding cap ta nhan chéo hai phuong
trinh cia hé dua vé phuong trinh dong bac:
d, (alx2 +bxy+ cly2 ) =d, (azx2 +b,xy + czy2 ) .
Phuong phdp st dung chd y&u dé 1a ky ning khdo st tim mién gid tri clia
ham sd bac hai/bic hai.
Dang hé bat phuong trinh déing cidp doi hdi van dung mot s& k§ ning khdc
nhu cOng,trlr theo v€ hai phuong trinh ctia hé, xét nghiém théa min va chitng
minh tuy thudc vao tirng bai toan.

B. BAI TAP MAU

Bai 1. Tim tit ¢4 cAc gid tri clia tham s6 m dé hé phuong trinh sau c¢6 nghiém thuic:

2><2+xy—y2 =1 )]
X +xy+y’=m

Loi gidi

X2 + Xy +y’

TU hai phuong trinh trong hé ta c6: m = 2).

2xz+xy—y2
P | " 1

TH2: Néu y # Ochia c tf va miu cia (2) cho y va dit t= X khidéta duoc:
y

2
m="" 3 T (1) ta co 2t2+t—1=i>0:>[t>ljv(t<—1).
2% +t—1 y? 2

Viay hé c6 nghiém khi va chi khi phuong trinh (3) c6 nghiém:

te(_w;_l)u[%;+ooj.



2
Xétham so f(t) :t+—t+1 trén khoang (—oo;—l) U [l;+ooj , ta co:
202 +t-1 2
2
t=-3-+/7
f'(t):—Lsz;f'(t):OcMz+6t+2:0<:> \/_.
t=—3+ﬁ

(2t2+t—1)

g 14+5J7

Lap bdng bi€n thién suy ra gid triclam1a m>————.
28+1147

Bai 2. Tim m dé hé bat phuong trinh sau cé nghiém thyc:
5x> —4xy + 2y2 >3

2m—1 -
2m+5

7x% + 4xy + 2y2 <

Loi gidi
—5%% + 4xy — 2y2 <3

Hé phuong trinh da cho twong duong véi: 5 5 18
21x" +12xy + 6y” <3 -
2m+5
Cong theo v& hai phuong trinh trong hé trén ta dudc:
(4x+2y)" =16x% +16xy +4y* < - 18
2m+5

Suy ra dé hé c6 nghiém thi cin —

20<:>2m+5<0<:>m<—§.
2m+5 2

Bay gid ta chitng minh vdi m < —%thi hé bat phuong trinh c¢6 nghiém.

That vay, xét hé phuong trinh sau:

-+

X =

)<

5x% —4xy +2y* =3
{X ey , suy ra hé nay c6 nghiém.

21x% +12xy + 6y* =3

+l
[ R Q=

y =
Gid sit (x,.y, )12 nghiém ctia hé phuong trinh (¥), khi d6 ta c6:

5X02 —4x,Y, +2y02 =3 5
véi m<——.
18 )

21X, 2 +4X, V. +6y.> =3<3—
0 0Yo ™™o 2m+5

Suy ra (Xo,yo) ciing 1a nghiém cta hé ba't phuong trinh da cho.




N 1 5
Viy gid tri ciAn tim cda tham sd 1a m<—=.

18
2m+5

Nhén xét. Nit thit ciia bai todn 12 tim ra bit ddng thic: (4x+ 2y)2 <-
D€ Iam dugc diéu nay ta viét lai hé dudi dang:
—5x% + 4xy — 2y2 <3
m—1 ,(k > 0) .
2m+5
Cong theo v€ hai phuong trinh clia hé ta dugc:

(7k-5)x® +4(k+1)xy +2(k~1)y* < 3+k. ;‘:;; .

Ta cin tao ra mot hiing ding thic & v€ trdi clia bat ding thic trén mudn vay
k>0,7k—5>0,k—-1>0va

7kx? + 4kxy + 2ky? <k.

J(7k=5)2(k=1) =2(k+1) = 5k? ~16k +3=0 =

k=3
1-
s
Viy k =3d6 chinh Ia gidi thich vi sao nhan hai v& bt phudng trinh thi hai
cua hé vdéi 3.

Bai 3. Tim m dé hé bat phuong trinh sau c6 nghiém thyc:
{x2 —xy+2y2 —-x<m

x> —2xy—2x£m—2.

Loi gidai
Hé bat phuong trinh da cho tuong duong vdi:
xz—xy+2y2—XSm X2—Xy+2y2—x§m
x2—2xy—2x+23m o x2—2xy—2x+2Sm

2()(2 —xy +2y* —x)+(x2 —2xy—2x+2)£3m 2(x—2y)2 +2(x—1)2 <3m
Suy ra dé hé c6 nghiém thi trudc tién 3m>0=>m >0
Ngudc lai véi m > 0; thi hé luén cé nghiém (1;%].

Viay m >01a gid tri cAn tim.

Bai 4. Tim m dé hé phuong trinh sau ¢6 3 nghiém thyc phan biét:

2x2y +9x = my2
xy2 +2y= x>




Loi gidai
Néu x=0y=0= (x;y) = (0;0) la mdt nghiém cia hé phuong trinh véi
moi m.
Xét xy # 0khi d6 dit t =xy va vi€t hé phuong trinh dugi dang:
xy(2xy+9)=my3 ‘[(2t+9)=my3
xy(xy+2)=x3 = ‘[(t+2)=x3 .

NEum=0=>t= —% hé phuong trinh v nghiém.
A 9
Viym#0=>t=# {O;—E;—Z}.

Khi d6 hé phuong trinh tuong duong vdi:

X =43It(t+2) t(2t+9)
((20+9) =t=3t(t+2)f—— =22 +(13-m)t+18=0 (.
3 m

m

y:

Viay hé phuong trinh c6 ba nghi€m phan bié€t khi (1) c6 hai nghi€ém phan biét

te{o;—g;—Z}.
2

A=(13-m) -144>0
18#0 {m<1
©18-2(13-m)+1820 < )Lm>25:
m=#0
E—2(13—m)+18¢0
2 2

Vay gid tri cAn tim ctia tham s6 m 12 m e (—00;0) U (0;1)U(25;+oo) )

Bai 5. Tim m dé hé phuong trinh sau c6 nghiém:

)(2—2xy—3y2 =8
2x% +4xy +5y? =m* —4m® +4m? 12 +105

Loi gidi
D& cho don gidn ta dit a=m* —4m> +4m? —12++/105 .

Nhan thdy x =0khong 1a nghiém ctia hé phuong trinh:



Khi d6 dit t =2 hé phudng trinh trd thanh:
X

52 +4t+2

x2(1—2t—3t2)=8 Log U HAt+2  a=g (1)

. 2
R ) = —3t2—2t+1<:> 3t —-2t+1
_ 1
X (2+4t+5t ) & 12-32 >0 letes

2
Xétham & f(t)=8. L T HF2 jan (—1;1) , ta c6:
3t2 -2t +1 3

114105
2t2 +22 -
f‘(t)=8.t+—t+82;f‘(t)=0<:>2t2+22t+8=0<:> 2

(—3t2—2t+1) [ ~11+4105
2

Lap bang bi€n thién suy ra:

min f(t)= f(L ”OSJ =105 —3; lim £(t) =
t—-—1

lim f(t) =+o0 .
> 1rr11() o0

te —1;1 t—
3 3

Viy hé phuong trinh ¢6 nghi€ém <> (1) c6 nghi€ém t e [—l;%j < a>+105-3.

o m* —4m? +4m? —12++105>/105 -3 < m* —4m> +4m> -9>0.
m>3

<:>(m—3)(m+1)(m2—2m+3)20<:>LnS_1.

Vay gid tri can tim cda tham s8 1a (—oo;—1]U[ 3;+0).

C. BAITAP REN LUYEN

Bai 1. Tim m dé hé phuong trinh sau c6 nghiém thyc:
{3){2 +2xy+y2 =11

X2+2xy+3y2=m

Loi gidi
2 2

Tu hé phuong trinh suy ra: m =1 l.w.
3x% + 2xy + y2

TH1: N&u y =0khi d6 m = g—lhé phuong trinh c6 nghi€ém (i\/gﬁ] .



t2 +2t+3

TH2: N&u y#0khi d6 m =112 (yysi =X
32 +2t+1 y
2
Xétham s6 £(1)=11.-—243 ren Rta co:
32 +2t+1
2
t=—2-3
f’(t)=—44.Lt+12;f'(t)=O©t2+4t+1=0© \/_.
(3t2+2t+1) t=-2+3

Lap bang bi€n thién suy ra:

minf(t):f(—2—\/§):11(2—\/5);I¥1€%Xf(t):f(—2+\/§):11(2+\/5).

teR

K&t hop véi trudng hgp 1 suy ra dé hé phuong trinh c¢6 nghiém < (1)cé
nghiém thyc

@11(2—ﬁ)3mg11(2+ﬁ).

Viy gid tri cin fim cia tham s6 1 [11(2—\/5);11(2+\/§)]

Bai 2. Tim m dé hé phuong trinh sau c6 nghiém thuc:

{xz—xy+y2:3

X2+xy—2y2=m.

Loi gidai
x> + Xy — 2y2

2

Tu hé phuong trinh suy ra: m =3.
x? —xy+y>

TH1: N&u y =0 < m=3= x = +/3 hé phuong trinh ¢6 nghiém (i\/g;O).

2 +t-2

TH2: Néu y = 0khi d6 m =3.—"——= (1) véi t="".
t"—t+1 y
2 +t-2
Xétham sd f(t)=3.———trén Rta c6:
2 —t+1
t 3-7
2 =
f’(t):3.L6t21;f'(t):0©—2t2+6t—1:0c> 2.
(tz—t+1) t:3+\/7




Suy ra minf(t)szS_zﬁ] =-1 —2\/7;maxf(t)=f(3+2ﬁjz—l +2xﬁ.
teR teR

Hé phuong trinh c6 nghi€ém khi (1) ¢6 nghiém thuc:

o -1-2JT<m<-1+2V7.

Vay gid tri cAn tim cda tham s6 12 [—1 71+ 2\/;}

Bai 3. Tim m dé hé bit phuong trinh sau c6 nghiém duy nhat:

x> —2xy—y2 <m
x> +2xy—2y2 <2m+1

Loi gidi
V6i x = 0hé bat phuong trinh trd thanh:

2
-y < y =-m [2m +1]
{ ;’ 2_<m2 1<:> 25 _ 2m+1:>y>max 1/ la nghiém cida
—2y° <2m+ yo >

2

hé bat phuong trinh.
Do d6 hé da cho khong thé c6 nghiém duy nhat. Viy khong ton tai m dé hé
c6 nghiém duy nhat.

Bai 4. Tim m dé hé bat phuong trinh sau c6 nghiém duy nhat:

{xz +2xy+2y2 <m

x* —4xy—y2 <m

Loi gidai
Ta c6 x>+ 2xy + 2y2 = (x + y)2 + y2 >(0nén véi m < 0hé bat phuong trinh vo
nghiém.
N&u m>0hé bit phuong trinh c6 nghiém (0;0);(\/5 ;o) nén khong c6
nghiém duy nhat.
Xét m = 0hé bat phuong trinh trd thanh:
2 2 2. 2
+2xy+2y" <0 + +y <0
x2 Xy z/ - (x y) y
X" —4xy-y <0 x2—4xy—y2S0



x+y=0
{x =0
< 4y=0 = .
x* —4xy — y2 <0
H¢ c6 nghiém duy nht (x;y)=(00).

Viay m=01a gid tri cAn tim.

xy—y2 =12

2

Bai 5. Tim m dé hé phuong trinh sau c6 nghiém
X°—xy=26+m

Loi gidi
Né&u y = 0hé phuong trinh d cho v nghiém.

Xét y = 0khi d6 dat t =2 ta c6:
y

2(t-1)=12 t>1
y*(e-1) n .

yz(tz—t):26+m m+26=12.-"t—12¢

Viay hé phuong trinh ¢6 nghiém khi va chi khi m+26=12t>12< m >-14.

Vay m >-141a gid tri cAn tim clia tham s&.

Bai 6. Tim m dé hé bit phuong trinh sau c6 nghiém:
3x? + 10xy — 5y2 <=2

1-m

x2+2xy—7y22
1+m

Loi gidgi
Hé bat phuong trinh da cho tuong duong vdi:
3x% +10xy —5y° < -2
1-
I+m

—2x% —4xy +14y? <-2.

Cong theo v€ hai bt phuong trinh clia hé ta dugc:

x2+6xy+9y2<—2—2.1_—m<:>(x+3y)2< .
I+m m+1

Viy d€ hé bat phuong trinh c6 nghiém trudc tién ta phai co:

>0 m<-—1.

m+1




Ta chitng minh véi m < —1thi hé b4t phuong trinh c6 nghiém.
That vay xét hé phuong trinh:
3x% + 10xy — 5y2 <=2
—x?* - 2xy + 7y2 =1
Hé nay ludén cé nghi€ém (xo;yo)
3xg +10x,y, — S5y <2
Khi d6

1-m

X%+2x0y0—7y§=—12 ,Vm<—1'

+m
Ttc (xo;y0 ) 12 nghiém ctia hé bat phuong trinh di cho.

Vay gid tri cAn tim clia tham s6 1a m < —1.

Bai 7. Tim m dé hé bit phuong trinh sau c6 nghiém:
{3)(2 —4xy+ y2 <m?

X2+Xy—4y22m+4‘

Li gidi
Hé bat phuong trinh da cho tuong duong vdi:
3x* —4xy +y*> <m? 3x* —4xy +y’ <m’
’ 2 f— 5 .
—2x7 =2xy + 8y S—2(m+4) (x—3y) <m?-2m -8
Hé bat phuong trinh ¢6 nghiém trudc tién ta phdi co:
m >4

m2—2m—8>0<:>{ .
m<-2

Mit khiac v6i moi m>4vm<-2hé bit phuong trinh ludn c6 nghiém
(x;y):(O;O).

Vay gid tri cAn tim clia tham s6 1a (—oo;—2)U(4;+oo).

Bai 8. Tim m dé hé bat phuong trinh sau c6 nghiém:

4x2 —3xy+4y2 <6 )]
xz+xy—2y2 =m 2)

Loi gidi
Lay (1) +k.(2) theo v& ta dudc:

4x2 —3xy+4y2+k(x2 +xy—2y2)£6+km.




& (k+4)x* +(k=3)xy +(4-2k)y* <6 +km.

Ta chon k sao cho 4 -2k >0,4+k >0va (k+4X4—2k)=§:£.

2
K= 24130 -5

{ks3 9
= 3 o 2C>
4(k+4)(4-2k)=9-6k+k k__g@ﬁ

2
KMdornk+6z(Jk+4x—J4—2ky)zo::nmk2—6.

24130 -5 54
= >

Néu k > m>———————-.
9 24/130 -5
Néu kz_z—mjmgi‘
24130 +5
Vay % cmeme—2% nhitng gid tri cAn tim.
24130 -5 24130 +5



Chd 8 4. KY THUAT SU DUNG TINH PON PIEU
CUA HAM SO - XU LY BAI TOAN HE PHUONG TRINH

CO CHUA THAM SO
A. NOI DUNG PHUONG PHAP

Noi dung chu daé nay toi xin trinh bay vdi cdc ban bai todn Bién ludn hé
phwong trinh dwa vao tinh don diéu ciia ham sé. Cdc bai todn chita tham sé
gidi bang phirong phdp tinh don diéu ciia ham so thuong xudt phdt tir Bai
todn tim diéu kién ciia tham s6 dé phuong trinh, bdt phuong trinh cé nghiém.
Phuiong phdp chung dé gidi cdc bai todn dang nay doé la khit tham sé dua bién
vé mot vé (vé trdi) va dua tham sé’ vé mot vé (vé phdi) ciia phuong trinh. Xét
mién gid tri ciia ham s6 chita bién tir dé suy ra cdc gid tri ciia tham s6 can
tim. Véi cdc bai todn bién ludn chiing ta can luu ¥ kién thitc vé ddu ciia tam
thitc bdc hai

Xét tam thirc bac hai f(x) = ax® + bx + ¢, (a #0); A = b* — 4ac

b
S=x,+x,=——
Phuong trinh c¢6 hai nghiém thi theo vi—ét ta c6 a

c
P=x,x,=—
a

— Dau cla f(x):

+f(x)>0,VxeR <

a<0
+f(x)<0,VxeR<:>{
+f(x)20,Vxe]R<:>{

a<0

A=b*-4ac<0

— Phuong trinh f(x) = 0 ¢6 hai nghiém trdi dau khi va chi khi P < 0.

— Phuong trinh f(x) = 0 ¢6 hai nghiém phan biét cing dau khi va chi khi:

Wx =x+1)

— Phuong trinh f{x) = 0 c6 hai nghiém phan biét khong 4m khi va chi khi:

+f(X)SO,Vxe]R<:>{



A=b%—4ac>0

S:—E>O
a
P=S>0
a

— Phuong trinh f(x) = 0 ¢6 hai nghi€ém phan biét 4m khi va chi khi:

A=b% —4ac>0
S:—E<O
a
P=E>0
a

— So sédnh nghiém ctia phuong trinh v6i mot s6 a # 0 ta van dung tinh chat
d4u cla tam thic bac hai (Dinh ly ddo vé diu clia tam thitc bac hai — ngoai
khodng hai nghiém thi ciing ddu vé6i a va trong khodng hai nghiém thi trdi
dau véi a).

A=b>—4ac>0
- X <a<x,
af(a) <0
A=b?—4ac>0
S b
- X <X, <o -=——<a
2 2a
af(a)>0
A=b%—4ac>0
S b
- X, >X >0 =———>0
2 2a
af(a)>0

Tuy nhién tf nim hoc 2009 bd gido duc va dao tao chl truong cit bd phan
nay nén khi thi dai hoc nén khong st dung dugc cdach nay. Ma c6 thé xit ly
bing ba cach khdc nhu sau

Ciéch 2. Khit tham s6 m ty do va st dung tinh don diéu ctia ham s8. Cdch nay
c6 mot han ch& la khi ting bic cla tham s& l1én ching han xudt hién
m,m?,m°>,... thi cich nay khong hiéu qua.

Cich 3. Dung nguyén Iy cuc han, tic ta 14y nghiém nhd nhi't hodc nghiém Ién
nhi't cia phuong trinh so sdnh véi s8 o .



Khong mat tinh tOng quat gid st a>0 va f(x)=0 c6 hai nghiém phan biét
~b-+/A “b+/A
X =———— <Xy =———
2a 2a

xu 1y nhwsau:

tlly thudc yéu cau bai todn ta c6 bon huéng

A=b*—4ac>0
- Néu x, <a<x, & —b—\/X —b+\/X'
<<
2a 2a
A=b*>—4ac>0
- Néu x, >x, >0 < b-JA -
x1:2—a>oc
A=b*—4ac>0
- Néu x, <x, <o < baA
x2:2—a<a

Ciich 4. Ding dinh Iy vi-ét
A=b2 _4ac>0 {A=b2—4ac>0
N

- X, <o<x, &
(x; —a)(x, —a)<0

X X, —OUX,; +x2)+0c2 <0
A=b%*—4ac>0 A=b%*—-4ac>0

- X <X, <& 9%, -a<0 S X +x, —a<0

X, =<0 (x;, —a)(x, —a)>0

A=b%—4ac>0 A=b%—4ac>0
- X, >X >0 xl—oc>0 = x1+x2—a>0

X, —0>0 (x; —a)(x, —a)>0

Nhan xét. Noi dung ciia cdch ding dinh Iy ddo vé ddu ciia tam thitc bac hai
véi cdch 4 c6 néi dung gidng nhau chi khdc nhau vé hinh thitcc dp dung. Chi
duy nhdt cdch hai dung tinh don diéu ham sé déi khi gidi quyét bai todn
nhanh gon nhung moét sé truong hop khéng khit duoc tham sé dang tu do thi ta
khong lam dugc theo cdch nay. Con ba cdch con lai phit hop vdi kién thitc 6p
10 hoan toan diing nhitng kién thitc co bdan. Cd bon cdch déu diing duoc trong
truong hop khit dugc tham sé m vé trang thdi tu do (thong thuong la bic 1 doi
vdi m). P& hiéu ré hon cdc em xem 19i gidi chi tiét cdc bai tdp mdu bén dudi.



Bai todn tim diéu kién cla tham s0 thudng quy vé st dung tinh don diéu cda
ham s&, thudng 1a tim gia tri 16n nhat, gid tri nhd nhét ctia ham s6 trén mot mién
dieu kién dé bai cho trudc (hodc xuat phat tir dieu kién clia phuong trinh).
Mbt phuong trinh c6 dang G(x, m) = 0 ta phdi bi€n d6i phuong trinh vé dang
f(x) = g(m), trong d6 g(m) 1a mot ham ddi vdi tham s6 va mién xéc dinh &
day la D = [a; b] hodc (a; b) hodc (a; +0) hodc (—x; a),...
Sau khi bi&n d6i ta dugc mdt s6 dang phuong trinh, bat phuong trinh sau:
— g(m)=1(t), t e D= minf(t) < g(m) < max f(t)

teD teD

— g(m)>1(t),teD c6 nghiémt e D = g(m) =2 rtréi]glf(t)
— g(m)<f(t),teD cé nghiémt e D = g(m) < ntlezll)xf(t)
— g(m)>1(t), t e D cdnghieém v&i moi ¢ thudc D khi va chi khi g(m) > r{le%x f(t).
— g(m)<1(t), t e D cd nghiém vdi moi ¢ thudc D khi va chi khi g(m) < 1;1;};1 f(t).

Thong thudng chiing ta bi€n d8i twong duong va xét ham truc ti€p. Mot s6
khdc phuong trinh c6 dang thifc dit 4n phu nhu da dé cip dén trong phan
gidi phuong trinh, bt phuong trinh vo ty thi chiing ta dit 4n phu sau d6 xét
ham véi bi€n méi (nhung phai tim mién gi4 tri clia bi€n mdi trudc).

Nhic lai mot s& ddu hiéu dit 4n phu

\/ax+b J_r\/cx+d

rJ(@ax+b)(cx+d)

t= \/ax+bir\/cx+d.
— Né&u xuit hién \/a+bx;\/c—bx = (\/a+bx)2 +(\/c—bx)2 =a + c, thi dit:

VJa+bx =+a+c.sina )
vJc—bx =\/a+c.cosoc’

o o
2tan— 1—tan® —

Va st dung hé thic sin———=—; cosa. =
o o
1+tan® = 1+tan> =
2 2

— N&u xuit hién biéu thifc ddi xitng { , thi dit:

e o o “ s s LA
Ti€p tuc dit t= tanE dua vé xét ham vdi bi€n mdi .

— Nhan hai v&€ vé6i hé thic lién hgp néu c6.

Cac dang toan hay gd p:



Dang 1. Tim céc gid tri clia tham s& dé phuong trinh G(x, m) = 0 c¢6 nghiém
trén mién D.
Budc 1. Vi€t lai phuong trinh du6i dang fix) = g(m).
Budc 2. Khio sit tim gid tri 16n nhat, gia tri nhd nhat ctia f{x) trén D (hoic
1ap bang bié€n thién), gid sit a = minf(x) < f(x) < A = maxf(x).
xeD xeD

Buée 3. Gid tri cAn tim clia tham s6 théa man a < g(m) < A.
Luu y: Bai todn yéu cau tim diéu kién cta tham s6 d€ phuong trinh c6 k
nghiém lic nay ta phdi dva vao bidng bi€n thién ctia ham s&. Pudng thing
y = g(m) cit ngang bang bi&€n thién tai bao nhiéu di€ém thi phuong trinh c6
bay nhiéu nghiém (hoiic cit ngang do thi ham s6).
Budc 4. Pua ra k&t luan.

Dang 2. Tim cdc gi4 tri cia tham s§ dé bit phuong trinh G(x, m) > 0 hoic
G(x, m) <0 c6 nghiém trén mién D.
Budc 1. Viét lai bat phuong trinh dudi dang f(x) > g(m) hoidc fix) < g(m).
Budc 2. Khido sdt tim gi4 tri 16n nh4t, gid tri nhd nhat cda ham s§ f{x) trén
mién D. Gid st a =minf(x) < f(X) < A=maxf(x).

xeD xeD

Budc 3. Tim diéu kién clia tham s&

+ Phuong trinh f(x)> g(m) < g(m) < A = max f(x)
xeD

+ Phuong trinh f(x) < g(m) < g(m) > a =minf(x)
xeD

Buéc 4. Pua ra két luan.
Dang 3. Tim céc gid tri clia tham s& d€ bat phuong trinh f{x) > g(m) hoic fix) < g(m)
v6imoi x € D.

+ Phuong trinh f(x)>g(m), Vx e D < g(m) <a =minf(x)
xeD

+ Phuong trinh f(x)<g(m), Vx € D < g(m) > A = max f(x)
xeD

Luu §. Véi dang dit t =+/ax +b ++/c—ax thi ta c6
t2 =b+c+2y(ax—-b)(c—ax) 2b+c<t=>+b+c;
Va st dung Bunhiacopski ta dugc ¢ < \/(12 + 12)(ax —b+c—ax)=+2(b+c).

Viy ta ¢6 mién gid tri cda ¢ 12 [\/b +¢;4/2(b+ C)j|

Ngoai ra stt dung Co si ta c6 ngay:



t? Sb+c+[ax+b+c—ax]=2(b+c):>t£«/2(b+c)
Chéing han v6i t=+10-3x +\3x 1 thit [3; 3&}

Vi cic bai todn tim diéu kién clia tham s6 @€ phuong trinh ¢ nghiém duy nhat
thong thutng ching ta 1ap ludn. Gia s x, la nghiém ctia phuong trinh thi —x, la
nghiém clia phuong trinh va do d6 dé phuong trinh c6 nghiém duy nhét khi va chi khi
Xo = —Xo <> X = 0 va thay vao phuodng trinh ta tim dugc gid tri clia tham s m. Tuy
nhién can c6 budc thit lai xem phuong trinh c6 nghiém duy nhat hay khong.

B. BAI TAP MAU

Bai 1. Tim cic gi4 tri cia tham s6 m dé hé phuong trinh sau c6 nghiém thuc:

3 — 6x2 +(8y2 +14y +15)x =12y + 8y? +15y

\/4x2+1—\/§=m

Loi gidi
biéukién: y>0.
Phuong trinh dau cla hé tuong duong véi:

(x—y) (x_1)2+(x_1)[y+%}3(y+%]2+§ 0 x—y.

Thay y =x vao phudng trinh thi hai cia hé ta dugc: m = Vs +1- \/; @.
Xétham s§ £(x)= Vx> +1-/x trén [ 0;+0), ta co:

3
X x—4(x +1)

214/x +13 Z\f 24 +1)\f

nghich bi€n trén [0;4—00) .

f'(x) =

<0,vx>0nén f(x) la ham

Ta c6:

£(0)=1, lim f(x)= lim (\4/x2+1—\/;): lim (x“/xzﬂ—i‘/;zj

X—>+00 X—>+00 X—>+00

o
"—’*‘”\/2+1+\/_ "_’“’O(\/x +1+\/7j(\/x +1+\/7j

Suyra 0<f(x)<1,vx>0.




Viy dé hé phuong trinh c¢6 nghiém < (1) c6 nghiém ta phdicé 0 <m < 1.

Vay gid tri cAn tim ctia tham s6 1a 0<m<1.

Bai 2. Tim cic gi4 tri cda m dé hé phuong trinh sau c6 nghiém thuc
B-x)V2—-x —2y42y-1=0 1)
3y -1-mv10-2x =2¢y> -1 (2)

Loi gidi
biéu kién: x<2;y>1.
Khi d6 phuong trinh (1) tuong duong véi:
(1+2-xV2—x =(1+2y - D\2y -1 = f(\2 = x) = f(y2y - 1) , trong d6:

f(t) = (1+ OWL, (£ > 0).

1 . N i
Taco f'(t)= \/; +Lt >0,Vt>0=ham sd f(t)dong bi€n trén [0;+oo).
24/t

:>f(\/2—x)=f(\/2y—l)<:>\/2—x=\/2y—1:>x=3—2y£1<2,(y21).

Thay x =3 -2y vao (2) ta dudc : 34y —1—2myly +1=2%y2 —1(1).

Do vay ta chi can tim m dé phu’o’ng trinh (1) ¢6 nghiém y >1.

Chia c3 hai v& ctia (1) cho ¥ y +1 ta dugc:

/—— m=24Y" @{).
y+1 y+1

biat t=4 y—_i = 0<t<1.Khid6 phuong trinh (i) tr§ thanh: m =%t2 —t.
\'y+
Xétham s6 f(t)=t—3t> lién tuc trén doan [0;1) i

Ta c6 f'(t)=3t—1:>f‘(t)=0<:>t=%.

1. -1 | B | 1
Laicé: f(0)=0;f(—)=—;f()=—=>—<L1(t)<—.
: (0) (3) 5 D >=% (t) 2

Vay dé phuong trinh c6 nghiém thi %1 <m <% chinh 1a gid tri cia m d€ hé

phuong trinh cé nghiém.



Vay gid tri cAn tim clia tham s6 1a {—é,%} :

Bai 3. (TSPH Khéi D 2011) Tim cic gi4 tri cia m dé hé phuong trinh sau c6
x> —(y+2)x2 +Xy=m

2
nghiém thyc:
X2 +x— y=1-2m

Loi gidi
(x> —x)(2x—y)=m

Hé phuong trinh da cho tuong duong véi:
x> —Xx+2x-y=1-2m

=X"-X2—
Ta dat

v=2Xx-y

— 2 _
Khi d6 hé tré thanh: { v=m @{u +(@2m-Du+m=0 (1)

u+v=1-2m v=1-2m-—-u

Vay hé c¢6 nghiém khi va chi khi (1) c¢6 nghiém thda man u> 71

—u?+u
2u+l

Vi uz;,Tfr(l):m(zuH):—uz+u@m:

2
Xétham s f(u) =

u .. R 1
lién tuc trén doan —Z;+oo .

2u+1
2 — —
Tacé: fmy=—22 2" =0 u= ”*E.
(2u+1)2 2
Lai cé6: f(—)— ;T ( 1+\/_ 2 \/_ ; lim f(u) =-o0
8’ 2 " U0

Lip bang bi€n thién clia ham s& f(u)ta suy ra d€ hé cé nghiém khi

Sz—ﬁ‘

2




Bai 4. Tim cdc gi4 tri cda m dé hé phuong trinh sau c6 nghiém thuc duy nhat:
{x3 +6x =3x> +y3 +3y+4

(x,yeR).

Loi gidgi
Tacs (1)< (x—1) +3(x-1)=y> +3y 3).
Xét ham s6 f(t)=t>+3t, ta c6 £'(t)=3t>+3>0,VteR vi vy f(t)1a ham
dong bién trén R. Do d6 (3) < f(x—1)=f(y) & x—l=y < x=y+1.

Thay y=x-1 vao (2) ta dugc: m\/E:\/;JF\/X_‘L_\/X_I_\/X_?"
:\/;+\/x—4—\/x—1—\/x_3
x> +9
\/;+\/X—4—\/x—1—\/x—3 u() [4+oo)
NOTEERON

3).

Xétham s6 f(x)=

Trong dé:

1
() =Vx +x -4 —x-1-vx-3 =
w i i i i \/> \/ \/x 3+\/x 4 Vx >4
v(x)=Vx2+9 >0

Ta co:
u'(x)= ! - ! >0,Vx>4
2\/x—3\/x—4(\/x—3+\/x—4) 2\/;\/x—1(\/;+\/x—1) ’
v'(x)= >0,Vx>4.
x> +9
Suy ra f'(x)= LONVEIZVIEOUR) 6 o S unen f(x)la ham dong bién

V2 (x)
trén [4;+oo).
1-3

Ta cé f(4)—— lim f(x)=0.

X—>+0



Nhin thd'y v6i mdi nghiém x , ta dugc mdt nghiém tuong ng y . Do vay dé

1-+3
5

<m<0.

hé ¢6 nghiém duy nhat <> (3)c6 nghiém duy nhit <

vay 1=

<m<0la gia tri cAn tim.

Bai 5. X4c dinh tham s6 m d€ hé phuong trinh sau ¢6 nghiém:
m(x2 +\]3 x* +\/3 x? +1)=xy
m@Ax® x4+ 3x% 1)+ m -1t =253

Loi gidi
. xy =0 x=0
+ Neum=0=(*)= <:>{ .
{—\% x* :2y\3/x4 yeR

+ Néu m=0; Pit tzé/;, khi @6 t=0 khong la nghi€ém cda hpt; va hé

phuong trinh trd thanh:

{m(t6 e =y - {m(tf’ ey =ye ()
m+ + 2+ D+ m-Dt* =2yt*  |m@+C+t+E+D=Qy+Dt* ()

+ Do t=0khong la nghiém clia hpt, nén chia 2 v& cda (1) cho t3va ctia (2)

cho t* , ta dugc:

3 1 1
m(t"+—+t+-)=
( 3 =Y

m(t* L +i+l)=2y+1
¢t t?

1 2 1 2 2 1 _ 12
—4—(t +—2) —Z,t +—2—(t+;) -2.

1 1 1
+ 0+ —=(t+-)° =3(t+-)tt +
t t t t t

t3
Pit u =t+1(|u| >2), Khi d6 HPT tr& thanh:
t
m(u3—3u+u)=y - m(u3—2u)=y
m[(u> -2 =2+u? —2+1]=2y+1 |m@u*-3uv® +1)=2y+1

o m(u3 —-2u)=y
m@u* =3u? +1)=2mu® —2u)+1 (3)



+ Hé c6 nghiém khi va chi khi (3) ¢6 nghiém |u| >72.
Ta ¢6: (3) < m(u* —3u® +1-2u° +4u):1@i:f(u):u4 —2u? —3u® +4u+1
m

Ta ¢6: f'(u)=4u’ —6u> —6u+4;f'(u)=0< u=2,(

u\ >72).
Lap bang bi€n thién clia f(u)ta suy ra (3) c6 nghiém théa man (Ju|> 2) khi va

m>0

chi khi: i2—3<:> —-1-

m=0

Vay gid tri cAn tim cia m 1a: :
m<——
3

Bai 6. Tim m dé hé phuong trinh sau:
{72"” X+l _g2xH 4 2012x <2012 1)

cd nghiem
x> —(m+2)x+2m+3=0 2)

Loi gidi
biéu kién: x> 1.

Khi d6 ta c6: (1) < 723l g2Vt | o0 10% <2012

& 7L 1006(2x +Vx + 1) = 72V 110062 +x 1)

o tOx VX + 1) <FQ X+ 1)(*) .

Véi f(t)=7"+1006t, ta c6 f'(t)=7"In7+1006>0, suy ra f(t)dong bi€n
rén R, va tit (%) = 2x +Vx+1<2+/x+1 = -1<x<1.

Vay hé phuong trinh c¢6 nghi€m khi va chi khi (2) c6 nghiém x e[ —1;1]

& x2—(m+2)x+2m+3>0 c6 nghiém x e[ -1;1]

2
@mZg(x):ﬂ;xe[—l;l].QmZming(x).
X = xe[-1;1]
2
Ta cé: g’(x)zﬂjg'(x)=0<:>x=2—\/§e[—l;1].

(x-2)°

Ta c6: g(-1)=-2;2(2—~3)=2-2/3;8(1) = —2 = ming(x) = g(x1) = 2.
xe[-1;1]

Viy m>-21a gid tri cAn tim.



Bai 7. X4c dinh gi4 tri tham s6 m dé hé phuong trinh sau c¢6 nghiém thuc
(x+%)\/xz+2X+3+(x+%)\/x2+1+2x+220 (1)

log , (3%/x72+1)310g , (m-—2x) 2)
m-+1 m-+1

Loi gidai
Dit u=m>0 :{u2=x2+1 :>X=V2—u2—2.
. V=m>0 v2 =x% +2x+3 2
Thay vao (1), ta dudc:

v —u? +1)§+(v2 —u2—1)§+vz —u? >0

S-wu+v+D)’? >0 v-u>0<x>—1.

biéu kién: m? +1>1< m=0. Khidé phuong trinh (2) tuong dudng véi:

m=0

X o m>f(x)=3Vx> +2x+ x> —1(m #0).
0<3Vx? +1<m-2x

Vay hé phuong trinh ¢6 nghiém khi va chi khi (2) c¢6 nghiém x>-1, diéu

nay tuong duong v6i m > minf(x).

xe[—1;+00]

2
Ta cé: f'(x)=2+T:>f'(x)=O<:>x=—1.
X

Lap bdng bi€n thién clia ham s& f(x)ta suy ra minf(x)=f(0)=1=>m=>1 .

xe[~l;+00]
Vay gid tri cAn tim cia m 1a: (1;+0) .
Bai 8. Tim m dé hé phuong trinh sau c6 nghiém:
x2—3x-4<0 (1)
{xg’—S‘x‘x—mz—lSmZO )

Loi gidi
Taco e x+D)x-4)<0<=-1<x<4.
Phuong trinh: (2) < m? +15m < f(x) =x° — 3\x\ X.
Viy hé phuong trinh ¢6 nghém khi va chi khi, bAt phuong trinh (2) c6

nghiém thudc [ —1;4], khi va chi khi m? +15m < max f(x).
xe[-1;4]



x> +3x2(—1Sx<O)

Xét ham s6 f(x)=x" —3\x\x =
x> —=3x2(0<x<4)

2 “1<
Taco fixy=1>F TOXCISX<O b e x—ox=12.
3x2 —6x(0<x<4)
Ta c6 f(=1)=2;f(0)=0;f(-2)=4;f(2) =—4;f(4)=16.

Tu do6 suy ra: maxf(x)=f(4)=16.
xe[-1;4]

Viy hé bat phuong trinh c6 nghiém khi va chi khi :
m® +15m <16 < -16<m<1.

Vay me[-16,1]la gid tri can tim.

Bai 9. Tim m dé hé phuong trinh sau:
{X3—y3+3y2—3x—2=0 1)

c6 nghiém thuc.
x2+\/1—x2—3\/2y—y2+m=0 2)

Loi gidi
Pidu kién {;ljyszl.
Pit t=x+1=te[0;2], khi d6 phuong trinh (1) trd thanh:
£ —3t% = y3 - 3y2 (*).

Xéthamso f(u)= u® —3u’trén doan [0;2] , ta co:

f'(u)= 3u? —6u< 0,Yue [0;2] , suy ra f(u)nghich bi€n trén doan [0;2] .

Do dé phuong trinh (*) tuong duong v6i f(t)=f(y) ot=y o y=x+1.

Khi d6 X2+\/1—X2—3\/2y—y2+m=0<:>x2—2 1-x2+m=0 (i).
Pt v=yl-x* = ve[0l]|= @) e v +2v-1=m.

Xét ham s8 g(v)=v>+2v—1lién tuc trén doan [0;1], ta
g'(V)=2v+2>0,vve[0:1]

Suy ra Vgﬁ(i)f}]g(V) =g(0)=—1; Vre%%ﬁ] g(v)=g()=2.

Vay hé phuong trinh ¢6 nghi€ém khi va chi khi —-1<m<2.



ANXY -y +X+y=5
V5—-X+4/l-y=m

Bai 10. Tim m d€ hé phuong trinh sau{ c6 nghiém thuc.

Li gidi

y(x —1) >0
Piéu kién: {x<5

Khi d6 phuong trinh thi nht ctia hé bi€n d6i thanh:

y+2‘/y(x—1)+(x—l)=4 (1)

Néu x <1;y <0 thi ta ¢6 (1) tudng duong vdi:

_(\/E + -y )2 — 4 vo nghiém, nén hé vo nghiém

Vay 1£x<50<y<I1 va (1) tuong duong vdi:

(Jﬁ+ﬁ)2 —dox-1+yy=4.dit t=\y e[0:1]=x=1> ~4t+5.
Thay vao phudng trinh thi hai cia hé ta dugc

m=v4t—t> +V1-t> (%).

Xétham s f(t)=v4t—t> +v1—t> lién tuc trén doan [0;1]

2—t B t
Jar—2 I-¢
@3t2+4t—4=0@t=36[0;1].

3

Ta c6 £(0)=1:f(1) :ﬁ;f@j :TS’

Viy dé hé c¢6 nghiém khi va chi khi phuong trinh (*) ¢6 nghiém, tuong duong

Taco f'(t)=

;f'(t)=0<:>(2—t)\/1—t2 — a2

véi m thudc tdp gid tri cda ham s& f(t) trén doan [0;1] tr do6 suy ra

c {g\@ } 12 gid tri can tim.



Bai 11. Tim gid tri cia m d€ hé phuong trinh sau ¢6 nghiém:

3
xzy—3x—12mx\/;(\/1—x—1)

\/8X2 —3xy+4y2 +\/g=4y

Loi gidi
Nhan xét. Nhan thdy 1a phuong trinh th¢ nhat ctia chita tham s§ va khd phc
tap, do vay viéc tim ra moi lién hé gifta x va y 1a khong kha quan. Ta bi€n
ddi tir phuong trinh hai, d€ y ddy chinh 1a phuong trinh ddng cAp do vay sé&
rut dugc x theo y.

biéu kién: y>0,x<1.
Nhan thdy y=0khong Ia nghiém cta hé phuong trinh, ta xét y >0 khi do
phuong trinh thit 2 cia hé tuong dudng véi:

2
J8x% —3xy +4y> +«/xy=4y<:>‘f8(ij 3244 +\ﬁ=4, dén day ta dat
y y y

t= \/g ta dua vé phuong trinh:
y

0<t<4

St=leox=y
8t* =3t +4=16-8t+t°

8t4—3t2+4=4—t©{

Khi d6 thay vao phuong trinh thit nhat ctia hé ta dudc bat phuong trinh:
3 3
x> —3x—12mX\/;(\/1—x —1) o x° —3x—12m(11x(1—x) —\/;) . Nhin

thdy x =0khong 1a nghiém clia bt phuong trinh nén, xét 0 <x <1.

3 3
Khi dé m> 1+3x—x >1+3x X —£x) (D).

(o] X0

Ta tim dudc gia tri nhd nhit clia hAm f(x) trén (0,1] bing 3. Tai x =1thi

d&u bing & (1) xdy ra va bing 3. Tir d6 suy ra d€ hé c6 nghiém thi m >3 .

Bai 12. Chiing minh riing v6i moi a > 0, hé phuong trinh sau c6 nghiém duy nhat
{e" —e¥ =In(1+x)— In(-3x +y)

y—-x=a




Loi gidi
DPiéu kién: x >—-1,-3x+y>0.

Thay y =x +a ti phuong trinh thit hai vao phuong trinh dau cta hé ta dugc:

et —e*t =1n(x+1)—ln(—2x+a)<::>eX (l—ea)—ln( x+1 j:O @.
—2x+a

Ta chitng minh phuong trinh (1) c6 nghiém duy nhat véi moi a > 0khi d6 hé

phuong trinh c6 nghiém duy nhit v6i moi a>0.

Xét ham s& f(x)=ex(1—ea)—ln[ x+l )trén (—1;%)

-2Xx+a

Ta c6: f'(x)zex(l—ea)—L<O,Vxe 12 as0.
(2X+a)(x+1) 2
Mitkhdc lim f(x)=+o0; lim f(x)=—00= 3x, e(—l;i] sao cho f(x,)=0.
XA)—1+ a_ 2
x—>5

Do d6 phuong trinh (1) c6 nghiém duy nhit trén [—l;gj. Ta c6 diéu phai

ching minh.

Bai 13. Tim cdc gid tri clia tham s6 m dé hé phuong trinh sau ¢6 hai nghiém
thyc phan biét

x3—y3+6y2+2=3x+9y
x2+ln(1—x2)—3ln(4y—y2—3)+m=0.

Loi gidi
bieu kién: [x| <14y -y* -3>0e -1<x<Ll<y<3=xy-2¢(-Ll).
Phuong trinh thit nhat clia hé tuong duong véi:
3
O =3x=(y-2) -3(y-2) .
Xétham s6 f(t)=t> = 3ttrén (~1;1), ta c6:
f'(t)=3t* =3<0,Vte(~L1)nén f(t) la ham nghich bi€n trén (-11).
Dodé )= fx)=f(y-2)=ox=y-2y=x+2.
Thay y =x + 2 vao phuong trinh thi hai ctia hé ta dugc:

m=21n(1—x2)—x2 ).



D& hé phuong trinh ¢6 hai nghiém phan biét <> (2) c6 hai nghiém phan biét
thudc khodng (—l;l) . Xétham sd g(x)= 21n(1 -x2 ) —X trén (—1;1) , ta co:

4X2 —2x=—2x( 2 5 +1J;g’(x)=0<:>x=0.
-X 1-x

g(x)=-
1
Lap bang bi€n thién suy ra d€ (2) c6 hai nghiém phan biét < m <0.
Vay gid tri cAn tim cda tham s6 m 1a (—oo;O) .
C. BAI TAP REN LUYEN
Bai 1. Tim m dé hé phuong trinh sau c6 ba nghiém phan biét:

xzy—x2+y=2

m(x2+y)—x2y:4'

Loi gidi
Hé phuong trinh da cho tuong duong véi:
_xP+2 x2+2
y_x2+1 < y=X2+1

m(x2+y)—xzy=4 (m—l)x4+2(m—3)xz+2m—4=0 (1)
Pit t=x’khi d6 (1) trd thénh:(m—l)t2 +2(m—3)t+2m—4=0 2).
Dé€ hé phuong trinh ¢6 ba nghiém phan biét <> (2) c6 mdt nghiém duong va
mot nghiém bing 0.
m-1#0
A'=(m-3)"~(2m-4)(m-2)>0
SV2m—_4-=0 <m=2.
2(m-3)

S=————2>0
m-—1

Vay gid tri cAn tim clia tham s6 1a m =2.

Bai 2. Tim cdc gi4 tri cia m dé hé phuong trinh sau diy ¢6 nghiém thuc thda

x2+y+x3y+xy2+xy=_75+m

man x2+y>02 5
x4+y2+xy(1+2x)=%+m




Loi gidi

2 ( 2 )_ 5
X“+y+xy(x"+y+1l)=m-—
Hé phuong trinh da cho twong duong véi: 4

(o) mrmmeg
X" +y +xy—m—z

5

24 u+V(u+1)=m—Z
bat {u =X y,(u > O) hé phuong trinh trd thanh
V =Xy 2

U +v=m-—
v=m-=—u’ v=m-=—u’

f— S 1
u+(u+l)[m———u2]=m—— u[m—uz—u——jzo
v=m-=—u’

= (dou>0).
m=u’+u+—

2

Tacé u +u+l>l,Vu>O:>m>l.
4 4 4

Véi m > %hé phuong trinh luén c6 nghiém thda man diéu kién X% + y>0.

u=x2+y

Thétvéy{ :>V=X(u—X2)<:>X3—UX+V=0.

vV =Xy

Phuong trinh bac ba ludn c6 nghi€ém nén hé ludn c6 nghiém.

Vay hé phuong trinh ¢6 nghiém théa man X + y >0khi m > i

.. . . . |2x=y-m=0
Bai 3. Tim m dé hé phuong trinh sau c6 nghi€ém duy nhat: .
X+4/xy =1

Loi gidi
biéu kién: xy>0.
Phuong trinh thi hai ctia hé tuong duong véi:

\/g:]_x<:>{XS1

xy=x2—2x+1.




Nhin thdy x = 0khong thda man hé phuong trinh.

2
Xét x=0suyray =X—2X+1.Thay vao phuong trinh thir nhit clia hé ta dudc:
X
2 _ 2 _
2y X 2x+l:m<:>m:x +2x 1(1)‘
X X

Hé phuong trinh ¢6 nghiém duy nhit <> (1)c6 duy nhit mot nghiém thda
man 0=x<1.

Xét ham s6 f(x) :mtrén (—0:0)U(0:1].
X

1 N . <.
Ta c6: f’(x):1+—2>0,Vxe(—oo;O)U(O;l] nén f(x)dong bi€n trén mdi
X

khodng xdc dinh.
Lap bang bi€n thién suy ra dé phuong trinh (1) c6 nghiém duy nhat thudc
khodng (—oo;O) U (O;l] sSm>2.

Vay gid tri cAn tim clia tham s6 m 12 (2;+oo).

Bai 4. Tim m dé hé phuong trinh sau ¢6 hai nghiém thuc thuc phan biét:

(4x% + DX +(y=3)J5-2y =0
§5-2y +4f5-2y +2¥6-x +2/6-x =m_

Loi gidgi
N 5
biéu kién: x<6,y < E

Phuong trinh thit nhat clia hé tuong dudng véi:

8x° +2x=(\/5—2y)3 +5-2y & \J5-2y =2x.

Thay vao phuong trinh thi hai cia hé ta dugc:
V2x ++42x +2¥6 —x + 246 —x =m (1).

Viy hé phuong trinh c¢6 hai nghiém thuc phin biét < (1) c6 hai nghi€ém thuc
phén biét.

Y tudng. RO rang bai todn nay ching ta khong thé dit bat ky 4n phu nao ma
chi c6 thé xét tryc ti€p ham s& bén v& trdi vd mong ring phuong trinh dao
ham gidi dugc nghiém.

Piéu kién 0 < x < 6.



Xétham s8 f(x) = 42x + 2x + 246 — x + 26 — x trén [0; 6].
1 1 1 1

+ — —
2ex 2x 2y6-x7 6-x

Ta c6 f'(x) =

:%[#(gxf i ‘#(6ix>3]+[\/;7x i \/61—’“} :ng _ %l_xJ

o1 .1 1 1 )11
2(gox? Yox Y6-x Y6-x?) Y2xr Y6-x
Suyra f(x) =0 & 46— x = #2x <> x=2vaf(x)duong trén (0;2) va am trén (2;6).

Bé4ng bién thién

X 0 2 6
Sf1x) + 0 —
f(x) V2 +6
2\/E+2<‘/€/ \2\/§+‘\‘/ﬁ

Nhin vao bang bién thién suy ra dé phuong trinh c6 hai nghiém phan biét khi
va chi khi 2v6 + 246 <m < 3V2 +6.

Vay gid tri can tim clia tham s 12 246 + 246 <m < 3J2 + 6.

¢ Nhan xét. Nhin vao bdng bi€n thién suy ra:

+ Phuong trinh c6 nghiém duy nhat khi va chi khi m = 32 +6 hodc:

23+ 412 <m <26 + 246 .

Bai 5. Tim m d€ hé phuong trinh sau ¢6 nghiém thuc:
x> —y3 +3y2 -3x-2=0
—x? —\/l—x2 +3\/2y—y2 +m=0

Loi gidi
Pidu kién {;ljyszl.
Pit t=x+1=te[0;2], khi d6 phuong trinh (1) trd thanh:
£ —3t% =y° —3y? (*).
Xétham s f(u)=u’ —3u’trén doan [0;2] ,ta co:

f'(u)=3u® —6u<0,Vue [0;2] , suy ra f(u) nghich bi€n trén doan [0;2] )



Do d6 phuong trinh (*) tuong duong véi f(t)=f(y) o t=y<y=x+1.

Khi d6 —x* —v1—x2 +3\/2y—y2 +m=0< —x> +2ﬁ+m=0 ().

bit V=\/§:>VE[O;1:|:>(D®—V2—2V+1=n’1.

Xét ham s6 g(v)=-v>-2v+1lién tuc trén doan [0;1}, ta c6
g'(v)=—2v—2<0,Vve[0;l}

Suy ra Vg[l(i)f}]g(v) =g()=-2; v?[%ff]g(v) =g(0)=1.

Viay hé phuong trinh c6 nghiém khi va chi khi 2<m <1.

Bai 6. Tim cic gi4 tri cda tham s§ m dé hé sau c6 nghiém

(X+\/1+x2j(y+«/1+y2)=l
—x* —3y-32mWx —I-y)’

Loi gidi
DPiéu kién: x>0,y >-1,2x+y>0.

Phuong trinh thi¢ nhat clia hé tuong dudng véi:

x+m=(—y)+ 1+(—y)2 S X=-y.

Thay y =—x vao phuong trinh thd hai ctia hé ta dugc:
—* +3x -3 > mWx —Jx+ 1) (.

H¢ phuong trinh ¢6 nghi€ém < (1) c6 nghi€m.
Y tudng. Ta phai khit tham s6 vé tu do 1am dugc diéu nay chi viéc nhan vao
hai v& ctia bt phuong trinh v6i biéu thic lién hdp cia (Vx —Vx+1)° la
Wax+Jx+1)° va d€ § (Jx—Vx+D’Wr+Vx+1)" =-1 va khi d6 bit
phuong trinh ddi dau.
biéu kién: x> 1.
Khi d6 nhan ca 2 v€ clia bat phuong trinh véi Wx +Jx—1)° >0, bat phuong
trinh rd thanh: m > (x* - 82 + 3)(Vx ++x - 1)°.
Xétham sd f(x)=(x* - 3x+ 3)(Wx +Jx— 1) trén [1; +o0).
Suy ra dé bat phuong trinh ¢6 nghiém 12 m > min f(x).

xe[1;+0)



. —x’-3x+3>1
Viét lai f(x) = u(x).0(x) , trong d6 {“(x) -3t Ve > 1

v(x)—(\/;Jm/x 17250

Ta co u'(x) =3x>-3> 00 (x) =

Bl g gy o o

Suy ra f'(x) = u'(x)v(x) + v'(x)u(x) > 0. Ham s6 f{x) dong bién trén khodng [1;
+00). Do dé n[alin)f(x) = f(1) = 1,Vx > 1. D& bat phuong trinh c6 nghiém khi

va chi khim > 1. Vay gid tri cAn tim ctia m 12 (1; +00).

Bai 7. Tim m dé hé phuong trinh sau c6 nghiém thuc:
(x—y)(x2 -I—Xy+y2 +4)=—3(x2 —2y2)+9y+8

\/11+2(2x—y)—y2=2m+\/5+2y—x2

Loi gidi
Phuong trinh thit nh4t cia hé tuong dudng vdi:
x3—y3+4(x—y)=—3x2+6y2+9y+8.
@(x+1)3+x+1=(y+2)3+y+2c>x+1:y+2©yzx—l.

Thay y = x —1vao phuong trinh thd hai cia hé ta dugc:

\/11+2(2x—(x—1))—(x—1)2 :2m+\/5+2(x—1)—
VX2 +4x+12 =2m +V—x> +2x+3 .

<:>2m=\/—x2+4x+12—\/—x2+2x+3 1.

biéu kién: -1<x<3.

H¢ phuong trinh ¢6 nghi€ém < (1) c6 nghi€m trén [—1;3] .

Xétham 5 £(x) =\ —x> +4x+12 =y —x> +2x +3 lién tuc trén [~1;3], ta c6:
—X+2 B —x+1

\/—x2+4x+12 \/—x2 +2x+3
IEN (—X+2)\/—x2 +2x+3 =(—x+1)\/—x2 +4x+12 .

(—x+1)(-x+2)20

f'(x)= f'(x)=0.

) ) <= x=0.
(—x+2) (—x2 +2x+3)=(—x+1) (—x2 +4x+12)




Ta c6: f(=1)=/7,£(0)=~/3,£3)=+/15 .
— min _f(x)=1£(0)=+/3; rr[lax]f(x)zf(3)=\/g.

xe| -1;3 xe| -1;3

G i

Vay phuong trinh ¢6 (1) ¢6 nghiém <> /3 <2m S\/E@T?)Sm < M2

2
V3i_ 15

Vay hé phuong trinh ¢6 nghi€ém khi va chi khi > <m< -

)(3+(y+2)x2 +2xy=-2m -3

x2+3x+y=m

Bai 8. Tim m dé hé sau c6 nghiém thu’c{

Loi gidi
. (x2 +2X)(x+y)=—2m—3
Hé phuong trinh da cho tuong duong véi: .
X2 +2x +x+ y=m

Pit u=x>+2x = (x + 1)2 —1>-1,v=x+yhé phuong trinh tr§ thanh:

v=m-u
uv=-2m-3 v=m-u
= & u2_3 .
u+v=m u(m—u):—2m—3 m= 1)
u+2

Hé phuong trinh ¢6 nghiém < (1) cé nghi€ém ue [1;+oo).

2
Xétham s f(u)=— 3 trén [1;+oo), ta c6:
u+2
2 u+l)(u+3 N ’
fr(u) =2 rus3_(u+]) )ZO,VuZ—lnén f(u) 12 ham dong bién

(u+2)2 (u+2)2
trén [1;+oo).
Suyra f(u)>f(-1)=-2,Yu>-1.Vay (1) c6 nghiém < m=>-2.

Vay gid tri cAn tim clia tham s6 1a [—2;+oo).

Bai 9. Tim m dé hé phuong trinh sau c6 nghiém duy nhi't va x e [—%;1}

x2—x=y

2 .
31— x2 —2\/x3+2(x2—y) +1=m




Loi gidi
biéu kién: —1<x<1.
T phuong trinh thi nhat ctia hé suy ra x> —y=x. Thay vao phuong trinh
thit hai ctia hé ta dudc:

WI-x2 —2Vx3+2x2 +1=m ).

Hé phuong trinh ¢6 nghiém duy nhét va xe[—%;l}@(l) c6 nghiém duy

nhit trén {—l;l} )
2

Xétham s6 f(x) = 3y1- 2> - 2Ja® + 2x” + 1 trén doan [_%;J

o —3x 3x® +4x 3 3x+4
Tacod f'(x) = - —-x +
1-—«2 \/x3+2x2+1 \/1—x2 \/x3+2x2+1
Do xe{—l;l}:>3x+4>0:> 3 + Sx+4 >0.
2 \/1—x2 \/x3+2x2+1

Vivdy f'(x)=0< x=0.
Bé4ng bién thién
1

X _E 0 1

J1x)

+ 0
fix) 1
2 -4

Dva vao bang bién thién suy ra dé phuong trinh ¢6 nghiém duy nhat khi va
m=1
chi khi _
gem V224308
2
¢ Nhidn xét. H¢ phuong trinh cé hai nghiém phdn biét khi va chi khi:

343 —22
2

<m<1.



Bai 10. Chiing minh hé phudng trinh sau luén cé hai nghi€ém thyc véi moi m:
(2x3 —3x? +x)\/x2 —x+3+m? Jr(Zy3 —3y2 +y)«/y2 —y+3+m2 =0
X2 — 2my =m + 3V \!

Loi gidi
Phuong trinh dau clia hé dugc viét lai dudi dang:

(Zy3 —3y2 +y)\/y2 —y+3+m2 =—(2x3 —3X2+x)\/x2—x+3+m2 .
<:>(2y3 —3y2 +y)\/y2 —y+3+m2
(205 =313 #1-x (1) ~(1-x)+ 30 m?

Suy ra y =1-x théa min phuong trinh dau ctia hé.

Thay y =1-x vao phuong trinh thit hai cia hé ta dugc:
x*—2m(1-x)=m+3<x” +2mx -3m-3=0.
Phuong trinh nay c6 A' = m? +3m+3>0,Ymnén ludn c6 hai nghiém thyc

phan biét. Kéo theo hé ludn c6 hai nghi€ém thyc (dpcm).





