

lª hång ®øc vµ nhãm cù m«n

h×nh häc 12
Ph­¬ng tr×nh ®­êng th¼ng
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§3 Ph­¬ng tr×nh ®­êng th¼ng
A.  bµi gi¶ng
1. ph­¬ng tr×nh tham sè cña ®­êng th¼ng 

§Þnh lý 1: Trong kh«ng gian Oxyz, ®­êng th¼ng (d) ®i qua ®iÓm M0(x0; y0; z0) vµ cã vtcp 
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(a1; a2; a3) cã ph­¬ng tr×nh:
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VËy, ta ®­îc:
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Ph­¬ng tr×nh (1) víi ®iÒu kiÖn 
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 > 0 ®­îc gäi lµ ph­¬ng tr×nh tham sè cña ®­êng th¼ng.

	Ho¹t ®éng
	Chøng minh kÕt qu¶ trªn.


ThÝ dô 1: Trong kh«ng gian Oxyz, viÕt ph­¬ng tr×nh ®­êng th¼ng (d), biÕt:
a. (d) ®i qua ®iÓm A(1; 2; 3) vµ cã vtcp 
[image: image10.wmf]a
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(2;(1; 0).

b. (d) ®i qua hai ®iÓm A(2; 1; (3) vµ B(3; (1; 5).

( Gi¶i

a. Ta cã thÓ lùa chän mét trong hai c¸ch:
C¸ch 1 (Sö dông c«ng thøc): §­êng th¼ng (d) ®­îc cho bëi:
(d): 
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C¸ch 2 (Sö dông ph­¬ng ph¸p quÜ tÝch): §iÓm M(x; y; z) ( (d) khi:
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§ã chÝnh lµ ph­¬ng tr×nh tham sè cña ®­êng th¼ng (d) cÇn t×m.


 Chó ý:  Lêi gi¶i trong c¸ch 2 chÝnh lµ ý t­ëng ®Ó chøng minh ®Þnh lÝ trªn.

b. Ta cã thÓ lùa chän mét trong hai c¸ch:
C¸ch 1 (Sö dông c«ng thøc): §­êng th¼ng (d) ®­îc cho bëi:
(d): 
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C¸ch 2 (Sö dông ph­¬ng ph¸p quÜ tÝch): §iÓm M(x; y; z) ( (d) khi:

[image: image23.wmf]AM//AB

uuuuruuur

 ( 
[image: image24.wmf]AMtAB

=

uuuuruuur

 ( 
[image: image25.wmf]x2t

y12t

z38t

-=

ì

ï

-=-

í

ï

+=

î

 ( 
[image: image26.wmf]x2t

y12t

z38t

=+

ì

ï

=-

í

ï

=-+

î

, t ( 
[image: image27.wmf]¡

.
§ã chÝnh lµ ph­¬ng tr×nh tham sè cña ®­êng th¼ng (d) cÇn t×m.

	Ho¹t ®éng
	ViÕt ph­¬ng tr×nh ®­êng th¼ng (d), biÕt:
a. (d) ®i qua ®iÓm A(3; (2; (1) vµ cã vtcp 
[image: image28.wmf]a
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((3; (1; 2).

b. (d) ®i qua hai ®iÓm A((3; 2; 6) vµ B(5; 4; (2).


2. ph­¬ng tr×nh chÝnh t¾c cña ®­êng th¼ng 

Cho ®­êng th¼ng (d) cã ph­¬ng tr×nh tham sè cho bëi (1) suy ra:
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Ph­¬ng tr×nh (2) víi ®iÒu kiÖn a1a2a3 ( 0 ®­îc gäi lµ ph­¬ng tr×nh chÝnh t¾c cña ®­êng th¼ng.

VËy, ta ®­îc:
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Tõ ®ã, ®­êng th¼ng (d) ®i qua hai ®iÓm M1(x1; y1; z1) vµ M2(x2; y2; z2), ta cã:
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ThÝ dô 2: Trong kh«ng gian Oxyz, cho hai mÆt ph¼ng (P) vµ (Q) cã ph­¬ng tr×nh:
(P): 2x + 2y + z ( 4 = 0, 
(Q): 2x ( y ( z + 5 = 0.

a. Chøng tá r»ng hai mÆt ph¼ng (P) vµ (Q) c¾t nhau. Gäi (d) lµ giao tuyÕn cña hai mÆt ph¼ng (P) vµ (Q). 
b. H·y t×m täa ®é cña mét ®iÓm thuéc (d) vµ x¸c ®Þnh täa ®é cña mét vtcp cña (d).
c. ViÕt ph­¬ng tr×nh tham sè vµ chÝnh t¾c cña ®­êng th¼ng (d).
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a. Gäi 
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 theo thø tù lµ vtpt cña c¸c mÆt ph¼ng (P), (Q), ta cã:
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b. §­êng th¼ng (d) gåm c¸c ®iÓm M(x; y; z) tháa m·n hÖ ph­¬ng tr×nh:
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c. Ta cã:
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
 Chó ý: NÕu thÝ dô trªn kh«ng cã c©u b) th× ®Ó "ViÕt ph­¬ng tr×nh tham sè vµ chÝnh t¾c cña ®­êng th¼ng (d)" ngoµi c¸ch gi¶i nh­ trong c) chóng ta cßn cã thÓ thùc hiÖn theo c¸c c¸ch sau:

C¸ch 1: Täa ®é c¸c ®iÓm thuéc ®­êng th¼ng (d) tháa m·n hÖ ph­¬ng tr×nh:
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Khi ®ã, ta ®­îc:
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C¸ch 2: Täa ®é c¸c ®iÓm thuéc ®­êng th¼ng (d) tháa m·n hÖ ph­¬ng tr×nh:
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Trong hÖ (I) cho x = t, ta ®­îc:
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VËy, ph­¬ng tr×nh tham sè cña ®­êng th¼ng (d) cã d¹ng:
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Tõ hÖ (II), b»ng c¸ch rót t, ta ®­îc:
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§ã chÝnh lµ ph­¬ng tr×nh chÝnh t¾c cña ®­êng th¼ng (d).
	Ho¹t ®éng
	Cho hai mÆt ph¼ng (P) vµ (Q) cã ph­¬ng tr×nh:
(P): x + 2y + 3z ( 6 = 0, 
(Q): 3x ( y ( z ( 1 = 0.

a. Chøng tá r»ng hai mÆt ph¼ng (P) vµ (Q) c¾t nhau.

b. Gäi (d) lµ giao tuyÕn cña hai mÆt ph¼ng (P) vµ (Q). H·y t×m täa ®é cña mét ®iÓm thuéc (d) vµ x¸c ®Þnh täa ®é cña mét vtcp cña (d).

c. ViÕt ph­¬ng tr×nh tham sè vµ chÝnh t¾c cña ®­êng th¼ng (d).


ThÝ dô 3: Trong kh«ng gian Oxyz, cho bèn ®iÓm A(1; 2; 3), B(2; 2; 2), C(4; 1; 1) vµ D(4; 1; 4).
a. Chøng minh r»ng A, B, C, D lµ bèn ®Ønh cña mét h×nh tø diÖn.
b. ViÕt ph­¬ng tr×nh tham sè ®­êng cao tø diÖn ABCD h¹ tõ D.
c. T×m täa ®é h×nh chiÕu H cña D trªn mÆt ph¼ng (ABC).
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a. Ta cã 
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VËy, bèn ®iÓm A, B, C, D lµ bèn ®Ønh cña mét h×nh tø diÖn.

b. Gäi (d) lµ ®­êng cao cña tø diÖn h¹ tõ D, ta cã:
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c. Gäi 
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 lµ vtpt cña mÆt ph¼ng (ABC), ta cã:
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MÆt ph¼ng (ABC) ®­îc cho bëi:

(ABC): 
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 ( (ABC): x + y + z ( 6 = 0.

Khi ®ã, h×nh chiÕu H cña D trªn mÆt ph¼ng (ABC) chÝnh lµ giao ®iÓm cña (d) víi (ABC), ta ®­îc:
(4 ( t) + (1 ( t) + (4 ( t) ( 6 = 0 ( t = 1 ( H(3; 0; 3).
	Ho¹t ®éng
	Cho bèn ®iÓm A(5; 3; (1), B(2; 3; (4), C(1; 2; 0), D(3; 1; (2).
a. Chøng minh r»ng A, B, C, D lµ bèn ®Ønh cña mét h×nh tø diÖn.

b. ViÕt ph­¬ng tr×nh tham sè ®­êng cao tø diÖn ABCD h¹ tõ D.

c. T×m täa ®é h×nh chiÕu H cña D trªn mÆt ph¼ng (ABC).
d. ViÕt ph­¬ng tr×nh mÆt cÇu ngo¹i tiÕp tø diÖn ABCD.


ThÝ dô 4: Trong kh«ng gian Oxyz, cho ®iÓm M(1; 1; 5) vµ hai ®­êng th¼ng (d1) vµ (d2) cã ph­¬ng tr×nh:
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a. ViÕt ph­¬ng tr×nh tham sè cña ®­êng th¼ng (d3) ®i qua M vµ song song víi (d2).

b. ViÕt ph­¬ng tr×nh chÝnh t¾c cña ®­êng th¼ng (d) ®i qua M, vu«ng gãc víi c¶ (d1) vµ (d2).
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a. Ta cã ngay:
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b. Gäi 
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Tõ ®ã, ta cã:
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	Ho¹t ®éng
	Cho hai ®­êng th¼ng:
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a. ViÕt ph­¬ng tr×nh chÝnh t¾c cña ®­êng th¼ng ®i qua ®iÓm M(1; 2; 3), vu«ng gãc víi c¶ (d1) vµ (d2).
b. ViÕt ph­¬ng tr×nh ®­êng th¼ng song song víi Oz, c¾t c¶ (d1) vµ (d2).


3. VÞ trÝ t­¬ng ®èi gi÷a hai ®­êng th¼ng

Trong kh«ng gian Oxyz, cho hai ®­êng th¼ng (d1) vµ (d2) cã:

· (d1) ®i qua ®iÓm M1(x1; y1; z1) vµ cã vtcp 
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1. (d1) vµ (d2) ®ång ph¼ng khi vµ chØ khi ba vect¬ 
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2. (d1) vµ (d2) c¾t nhau khi vµ chØ khi chóng ®ång ph¼ng vµ c¸c vtcp cña chóng kh«ng cïng ph­¬ng. Nh­ vËy:

(d1) vµ (d2) c¾t nhau ( [
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3. (d1) vµ (d2) song song víi nhau khi vµ chØ khi 
[image: image126.wmf]1
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 cïng ph­¬ng vµ (d1), (d2) kh«ng cã ®iÓm chung. Nh­ vËy:

(d1) // (d2)  ( a1: b1: c1 = a2: b2: c2 ( (x2 ( x1): (y2 ( y1): (y2 ( y1).

4. (d1) vµ (d2) trïng nhau khi vµ chØ khi 
[image: image128.wmf]1
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vµ 
[image: image129.wmf]2
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 cïng ph­¬ng vµ (d1), (d2) cã ®iÓm chung. Nh­ vËy:

(d1) ( (d2)  ( a1: b1: c1 = a2: b2: c2 = (x2 ( x1): (y2 ( y1): (y2 ( y1).

5. (d1) vµ (d2) chÐo nhau khi vµ chØ khi ba vect¬ 
[image: image130.wmf]1
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 kh«ng ®ång ph¼ng. Nh­ vËy:

(d1) vµ (d2) chÐo nhau ( [
[image: image133.wmf]1
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
 Chó ý: NÕu biÕt ph­¬ng tr×nh cña hai ®­êng th¼ng (d1) vµ (d2) th× còng cã thÓ xÐt vÞ trÝ t­¬ng ®èi cña chóng b»ng c¸ch gi¶i hÖ gåm c¸c ph­¬ng tr×nh x¸c ®Þnh (d1) vµ (d2) ®Ó t×m giao ®iÓm vµ khi ®ã:

a. NÕu hÖ cã nghiÖm duy nhÊt th× (d1) vµ (d2) c¾t nhau.

b. NÕu hÖ cã v« sè nghiÖm th× (d1) vµ (d2) trïng nhau.

c. NÕu hÖ v« nghiÖm th× (d1) vµ (d2) song song hoÆc chÐo nhau, song song nÕu hai vtcp cña chóng cïng ph­¬ng, chÐo nhau nÕu hai vect¬ ®ã kh«ng cïng ph­¬ng.

ThÝ dô 5: Trong kh«ng gian Oxyz, cho hai ®­êng th¼ng (d1) vµ (d2) cã ph­¬ng tr×nh:
(d1): 
[image: image136.wmf]x1t
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a. X¸c ®Þnh vÞ trÝ t­¬ng ®èi cña hai ®­êng th¼ng (d1) vµ (d2).

b. ViÕt ph­¬ng tr×nh mÆt ph¼ng ®i qua gèc O vµ chøa ®­êng th¼ng (d1).

( Gi¶i

a. Ta lÇn l­ît cã:

· Víi (d1) cã vtcp 
[image: image139.wmf]1
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(1; 3; 4) vµ ®iÓm M1(1; 2; 3) ( (d1).
· Víi (d2) cã vtcp 
[image: image140.wmf]2
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(1; 3; 4) vµ ®iÓm M2(2; 5; 7) ( (d2).

suy ra c¸c vect¬ 
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 vµ 
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(1; 3; 4) cïng ph­¬ng.

VËy, hai ®­êng th¼ng (d1) vµ (d2) trïng nhau.

b. Ta cã thÓ tr×nh bµy theo c¸c c¸ch sau:
C¸ch 1: LÊy thªm ®iÓm N1(0; (1; (1) ( (d1). Khi ®ã, mÆt ph¼ng (P) ®i qua gèc O vµ chøa ®­êng th¼ng (d1) t­¬ng øng víi viÖc ®i qua ba ®iÓm O, M1, N1.
Gäi 
[image: image144.wmf]n
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 lµ vtpt cña mÆt ph¼ng (P), ta ®­îc:


[image: image145.wmf]1
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(1; 2; 3) vµ 
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 = (1; 1; (1).

Ph­¬ng tr×nh  mÆt ph¼ng (P) ®­îc cho bëi:

(P): 
[image: image149.wmf]quaO(0;0;0)
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 ( (P): x + y ( z = 0.

C¸ch 2: LÊy thªm ®iÓm N1(0; (1; (1) ( (d1). Khi ®ã, mÆt ph¼ng (P) ®i qua gèc O vµ chøa ®­êng th¼ng (d1) t­¬ng øng víi viÖc ®i qua ba ®iÓm O, M1, N1.
Gi¶ sö mÆt ph¼ng (P) cã ph­¬ng tr×nh:

(P): Ax + By + Cz + D = 0 víi A2 + B2 + C2 > 0.

V× O, M1, N1 thuéc (P), ta ®­îc:
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Tõ ®ã, ta ®­îc:

(P): (Cx ( Cy + Cz = 0 ( (P): x + y ( z = 0.
C¸ch 3: Gäi (P) lµ mÆt ph¼ng tháa m·n ®iÒu kiÖn ®Çu bµi th× (P) sÏ cã cÆp vtcp lµ 
[image: image153.wmf]1
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 vµ 
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 lµ vtpt cña mÆt ph¼ng (P), ta ®­îc:
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Ph­¬ng tr×nh  mÆt ph¼ng (P) ®­îc cho bëi:

(P): 
[image: image158.wmf]quaO(0;0;0)
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 ( (P): x + y ( z = 0.

	Ho¹t ®éng
	Cho hai ®­êng th¼ng (d1) vµ (d2) cã ph­¬ng tr×nh:
(d1): 
[image: image159.wmf]xt
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[image: image161.wmf]x1y3z5

123

---

==

.

a. X¸c ®Þnh vÞ trÝ t­¬ng ®èi cña hai ®­êng th¼ng (d1), (d2).

b. ViÕt ph­¬ng tr×nh mÆt ph¼ng ®i qua gèc O vµ chøa ®­êng th¼ng (d2).


ThÝ dô 6: Trong kh«ng gian Oxyz, cho ®­êng th¼ng (d1) cã ph­¬ng tr×nh:
(d1): 
[image: image162.wmf]x1y1z2
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vµ ®­êng th¼ng (d2) lµ giao tuyÕn cña hai mÆt ph¼ng:

(P1): x + y ( 1 = 0 vµ (P2): 4y + z + 1 = 0.

a. Chøng tá r»ng hai ®­êng th¼ng (d1) vµ (d2) song song víi nhau.
b. ViÕt ph­¬ng tr×nh chÝnh t¾c cña ®­êng th¼ng (d) n»m trong mÆt ph¼ng ((d1), (d2)) vµ c¸ch ®Òu (d1), (d2).

( Gi¶i

a. Ta lÇn l­ît cã:

· Víi (d1) cã vtcp 
[image: image163.wmf]1
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(1; 1; 4) vµ ®iÓm M1(1; 1; 2) ( (d1).
· C¸c mÆt ph¼ng (P1), (P2) theo thø tù cã vtpt 
[image: image164.wmf]1
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(1; 1; 0), 
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(0; 4; 1). Khi ®ã vtcp 
[image: image166.wmf]2
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 cña ®­êng th¼ng (d2) ®­îc cho bëi:

[image: image167.wmf]212
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 = (1; 1; 4).

Vµ lÊy ®iÓm M2(1; 0; 1) ( (d2).

Suy ra, c¸c vect¬ 
[image: image168.wmf]1
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 cïng ph­¬ng vµ kh«ng cïng ph­¬ng víi vect¬ 
[image: image170.wmf]12
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(0; 1; 3).

VËy, hai ®­êng th¼ng (d1) vµ (d2) song song víi nhau.

b. §o¹n th¼ng M1M2 cã trung ®iÓm 
[image: image171.wmf]11
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Khi ®ã, ph­¬ng tr×nh ®­êng th¼ng (d) ®­îc x¸c ®Þnh bëi:
(d): 
[image: image172.wmf]1
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 ( (d): 
[image: image173.wmf]11
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	Ho¹t ®éng
	Cho ®­êng th¼ng (d1) cã ph­¬ng tr×nh:
(d1): 
[image: image174.wmf]xt
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vµ ®­êng th¼ng (d2) lµ giao tuyÕn cña hai mÆt ph¼ng:

(P1): x + y ( z = 0 vµ (P2): 2z ( y + 2z = 0.

a. Chøng tá r»ng hai ®­êng th¼ng (d1) vµ (d2) song song víi nhau.

b. ViÕt ph­¬ng tr×nh mÆt ph¼ng chøa hai ®­êng th¼ng (d1) vµ (d2).

c. ViÕt ph­¬ng tr×nh chÝnh t¾c cña ®­êng th¼ng (d) n»m trong mÆt ph¼ng ((d1), (d2)) vµ c¸ch ®Òu (d1), (d2).


ThÝ dô 7: Trong kh«ng gian Oxyz, cho ®­êng th¼ng (d1) cã ph­¬ng tr×nh:
(d1): 
[image: image176.wmf]x1t
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vµ ®­êng th¼ng (d2) lµ giao tuyÕn cña hai mÆt ph¼ng:

(P1): x + 2y + 3 = 0 vµ (P2): 3y ( z + 10 = 0.

a. Chøng tá r»ng hai ®­êng th¼ng (d1) vµ (d2) c¾t nhau.
b. ViÕt ph­¬ng tr×nh mÆt ph¼ng (P) chøa hai ®­êng th¼ng (d1) vµ (d2).

( Gi¶i

Ta cã thÓ lùa chän mét trong c¸c c¸ch sau:
C¸ch 1: Ta lÇn l­ît cã:

a. Ta cã:

· Víi (d1) cã vtcp 
[image: image178.wmf]1
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(1; 1; 3) vµ ®iÓm M1(1; 0; 2) ( (d1),
· C¸c mÆt ph¼ng (P1), (P2) theo thø tù cã vtpt 
[image: image179.wmf]1
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(1; 2; 0), 
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(0; 3; (1). 

Khi ®ã vtcp 
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 cña ®­êng th¼ng (d2) ®­îc cho bëi:
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Vµ lÊy ®iÓm M2(1; 2; 4) ( (d2).

Suy ra c¸c vect¬ 
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 kh«ng cïng ph­¬ng, vµ ta cã:
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 = ((6; (9; (1).(2; 2; 6) = 0 ( (d1) vµ (d2) c¾t nhau.

b. Gäi 
[image: image187.wmf]n
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 lµ vtpt cña mÆt ph¼ng (P), ta ®­îc:
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Ph­¬ng tr×nh  mÆt ph¼ng (P) ®­îc cho bëi:

(P): 
[image: image191.wmf]1
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 ( (P): 6x + 9y + z + 8 = 0.

C¸ch 2: Ta lÇn l­ît cã:

a. XÐt hÖ ph­¬ng tr×nh t¹o bëi (d1), (P1) vµ (P2):
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VËy, hai ®­êng th¼ng (d1) vµ (d2) c¾t nhau t¹i ®iÓm A(1; (2; 4).
b. LÊy c¸c ®iÓm M1(1; 0; 2) ( (d1) vµ M2((3; 0; 10) ( (d2).
MÆt ph¼ng (P) sÏ cã cÆp vtcp lµ 
[image: image195.wmf]1
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 vµ 
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[image: image197.wmf]n
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 lµ vtpt cña mÆt ph¼ng (P), ta ®­îc:


[image: image198.wmf]n

r

 = 
[image: image199.wmf]12

AM,AM

éù

ëû

uuuuuruuuuur

 =  (24; 36; 4) chän 
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Ph­¬ng tr×nh  mÆt ph¼ng (P) ®­îc cho bëi:

(P): 
[image: image201.wmf]1
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 ( (P): 6x + 9y + z + 8 = 0.

	Ho¹t ®éng
	Cho ®­êng th¼ng (d1) cã ph­¬ng tr×nh:
(d1): 
[image: image202.wmf]x1t
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vµ ®­êng th¼ng (d2) lµ giao tuyÕn cña hai mÆt ph¼ng:

(P1): x + y = 0 vµ (P2): 2x ( y + z ( 15 = 0.

a. Chøng tá r»ng hai ®­êng th¼ng (d1) vµ (d2) c¾t nhau.

b. ViÕt ph­¬ng tr×nh mÆt ph¼ng (P) chøa hai ®­êng th¼ng (d1) vµ (d2).


ThÝ dô 8: Trong kh«ng gian Oxyz, cho hai ®­êng th¼ng (d1) vµ (d2) cã ph­¬ng tr×nh:
(d1): 
[image: image204.wmf]x2t1
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a. Chøng tá r»ng hai ®­êng th¼ng (d1) vµ (d2) chÐo nhau.
b. ViÕt ph­¬ng tr×nh mÆt ph¼ng (P) song song vµ c¸ch ®Òu c¸ch ®Òu (d1), (d2).

( Gi¶i

a. Ta lÇn l­ît cã:

· Víi (d1) cã vtcp 
[image: image207.wmf]1
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(2; 1; 3) vµ ®iÓm M1(1; 2; 3) ( (d1).
· Víi (d2) cã vtcp 
[image: image208.wmf]2
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(1; 2; 3) vµ ®iÓm M2(2; 3; 1) ( (d2).

suy ra c¸c vect¬ 
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 kh«ng cïng ph­¬ng, khi ®ã:
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 = (3; 3; 3).(1; 5; 4) = 24 ( (d1) vµ (d2) chÐo nhau.

b. §o¹n th¼ng M1M2 cã trung ®iÓm 
[image: image213.wmf]31
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Khi ®ã, ph­¬ng tr×nh mÆt ph¼ng (P) ®­îc x¸c ®Þnh bëi:

(P): 
[image: image214.wmf]12
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( (P): 
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 ( (P): x + y ( z = 0.

	Ho¹t ®éng
	Cho ®­êng th¼ng (d1) cã ph­¬ng tr×nh:
(d1): 
[image: image217.wmf]x1t

y2t

z3t

=+

ì

ï

=-+

í

ï

=-

î

, t ( 
[image: image218.wmf]¡

,

vµ ®­êng th¼ng (d2) lµ giao tuyÕn cña hai mÆt ph¼ng:

(P1): x + y ( z + 5 = 0 vµ (P2): 2x ( y + 1 = 0.

a. Chøng tá r»ng hai ®­êng th¼ng (d1) vµ (d2) chÐo nhau.

b. ViÕt ph­¬ng tr×nh mÆt ph¼ng (R) song song vµ c¸ch ®Òu c¸ch ®Òu (d1), (d2).
c. ViÕt ph­¬ng tr×nh mÆt ph¼ng (P) chøa ®­êng th¼ng (d1) vµ song song víi ®­êng th¼ng (d2).
d. ViÕt ph­¬ng tr×nh mÆt ph¼ng (Q) chøa ®­êng th¼ng (d2) vµ song song víi ®­êng th¼ng (d1).


4. mét sè bµi to¸n vÒ tÝnh kho¶ng c¸ch

Bµi to¸n 1: Cho ®iÓm M vµ ®­êng th¼ng (d) cã vtcp 
[image: image219.wmf]a
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 vµ ®i qua ®iÓm M0. TÝnh kho¶ng c¸ch h tõ ®iÓm M ®Õn ®­êng th¼ng (d).
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Gäi A lµ ®iÓm sao cho 
[image: image220.wmf]0
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Khi ®ã, diÖn tÝch h×nh b×nh hµnh cã hai c¹nh lµ M0M vµ MA ®­îc cho bëi:
S = 
[image: image221.wmf]0
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
 Chó ý: C¸c em häc sinh cã thÓ ghi nhí c«ng thøc trªn ®Ó gi¶i c¸c bµi to¸n liªn quan tíi kho¶ng c¸ch tõ mét ®iÓm tíi mét ®­êng th¼ng. 

ThÝ dô 9: Trong kh«ng gian Oxyz, cho ®iÓm M(3; (1; 3) vµ ®­êng th¼ng (d) cã ph­¬ng tr×nh:
(d): 
[image: image224.wmf]x1y1z2
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a. TÝnh kho¶ng c¸ch tõ M tíi ®­êng th¼ng (d).
b. T×m täa ®é h×nh chiÕu vu«ng gãc cña ®iÓm M trªn (d).

( Gi¶i

a. §­êng th¼ng (d) ®i qua ®iÓm M0(1; 1; 2) vµ cã vtcp 
[image: image225.wmf]a
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Ta cã ngay:
d(M, (d)) = 
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b. Ta cã thÓ lùa chän mét trong hai c¸ch sau:
C¸ch 1: ChuyÓn ph­¬ng tr×nh (d) vÒ d¹ng tham sè:

(d): 
[image: image230.wmf]x1t
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Gäi H lµ h×nh chiÕu vu«ng gãc cña M lªn ®­êng th¼ng (d), suy ra:
H(1 + t; 1 ( t; 2 + 2t) ( 
[image: image232.wmf]MH
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( 1.(t ( 2) ( 1.(2 ( t) + 2(2t ( 1) = 0 ( t = 1 ( H(2; 0;).

C¸ch 2: Gäi (P) lµ mÆt ph¼ng tho¶ m·n:

(P): 
[image: image237.wmf]quaM
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 ( (P): x ( y + 2z10 = 0.

Gäi H lµ h×nh chiÕu vu«ng gãc cña M lªn (d), suy ra {H} = (d) ( (P), do ®ã to¹ ®é H lµ nghiÖm hÖ ph­¬ng tr×nh:
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C¸ch 3: (Dùa vµo kÕt qu¶ c©u a): ChuyÓn ph­¬ng tr×nh (d) vÒ d¹ng tham sè:

(d): 
[image: image242.wmf]x1t
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Gäi H lµ h×nh chiÕu vu«ng gãc cña M lªn ®­êng th¼ng (d), suy ra:

H(1 + t; 1 ( t; 2 + 2t) ( 
[image: image244.wmf]MH
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V× ®é dµi 
[image: image245.wmf]MH3
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 nªn ta ®­îc:
3 = MH2 = (t ( 2)2 + (2 ( t)2 + (2t ( 1)2  ( t2 ( 2t + 1 = 0 ( t = 1 ( H(2; 0;).


 NhËn xÐt: Th«ng qua lêi gi¶i cña thÝ dô trªn c¸c em häc sinh cÇn ghi nhËn ba ph­¬ng ph¸p ®Ó t×m täa ®é h×nh chiÕu vu«ng gãc cña mét ®iÓm lªn mét ®­êng th¼ng.

	Ho¹t ®éng
	Cho ®iÓm M(4; (3; 2) vµ ®­êng th¼ng (d) cã ph­¬ng tr×nh:
(d): 
[image: image246.wmf]x1yz1
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a. TÝnh kho¶ng c¸ch tõ M tíi ®­êng th¼ng (d).

b. T×m täa ®é h×nh chiÕu vu«ng gãc cña ®iÓm M trªn (d).


Bµi to¸n 2: TÝnh kho¶ng c¸ch h gi÷a hai ®­êng th¼ng chÐo nhau (d1), (d2), biÕt ®­êng th¼ng (d1) cã vtcp 
[image: image247.wmf]1
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 vµ ®i qua ®iÓm M1; ®­êng th¼ng (d2) cã vtcp 
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( Gi¶i

Gäi A1, a2 lµ c¸c ®iÓm sao cho:
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Khi ®ã, thÓ tÝch khèi hép cã ba c¹nh lµ M1M2, M1A1 vµ M2A2 ®­îc cho bëi:
V = 
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
 Chó ý: C¸c em häc sinh cã thÓ ghi nhí c«ng thøc trªn ®Ó gi¶i c¸c bµi to¸n liªn quan tíi kho¶ng c¸ch tõ mét ®iÓm tíi mét ®­êng th¼ng. 

ThÝ dô 10: Trong kh«ng gian Oxyz, cho hai ®­êng th¼ng (d1) vµ (d1) cã ph­¬ng tr×nh:
(d1): 
[image: image254.wmf]xy1z6
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a. TÝnh kho¶ng c¸ch gi÷a hai ®­êng th¼ng (d1) vµ (d2).
b. ViÕt ph­¬ng tr×nh mÆt ph¼ng (P) chøa ®­êng th¼ng (d1) vµ song song víi ®­êng th¼ng (d2).
c. Gäi (d) lµ ®­êng vu«ng gãc chung cña (d1) vµ (d2). Gäi H1, H2 theo thø tù lµ giao ®iÓm cña (d) víi c¸c ®­êng th¼ng (d1), (d2). X¸c ®Þnh täa ®é c¸c ®iÓm H1 vµ H2.
( Gi¶i

a. Ta lÇn l­ît cã:
· §­êng th¼ng (d1) ®i qua ®iÓm M1(0; 1; 6) vµ cã vtcp 
[image: image257.wmf]1
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(1; 2; 3).
· §­êng th¼ng (d2) ®i qua ®iÓm M2(1; (2; 3) vµ cã vtcp 
[image: image258.wmf]2
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Suy ra:

d((d1), (d2)) = 
[image: image259.wmf]1212

12

u,u.MM

u,u

éù

ëû

éù

ëû

uuruuruuuuuur

uuruur

 = 
[image: image260.wmf](5;4;1).(1;3;3)

(5;4;1)

----

--

 = 
[image: image261.wmf]14

42

.

b. MÆt ph¼ng (P) sÏ cã cÆp vtcp lµ 
[image: image262.wmf]1
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 lµ vtpt cña mÆt ph¼ng (P), ta ®­îc:
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Ph­¬ng tr×nh  mÆt ph¼ng (P) ®­îc cho bëi:

(P): 
[image: image268.wmf]1
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c. ChuyÓn ph­¬ng tr×nh cña (d1) vÒ d¹ng tham sè:
(d1): 
[image: image269.wmf]xu
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V× H2 ( (d2) nªn H2(1 + t; t ( 2; 3 ( t), suy ra:

[image: image271.wmf]12

HH

uuuuur

(t ( u + 1; t ( 2u ( 3; (t ( 3u ( 3).
Tõ ®iÒu kiÖn:
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Khi ®ã, b»ng c¸ch thay u, t theo thø tù vµo c¸c ph­¬ng tr×nh tham sè cña (d1), (d2) ta ®­îc H1((1; (1; 3), 
[image: image277.wmf]2
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	Ho¹t ®éng
	Cho hai ®­êng th¼ng:
(d1): 
[image: image278.wmf]xyz50
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a. Chøng minh r»ng hai ®­êng th¼ng ®ã chÐo nhau. T×m gãc gi÷a chóng.

b. TÝnh kho¶ng c¸ch gi÷a (d1) vµ (d2).

c. ViÕt ph­¬ng tr×nh ®­êng vu«ng gãc chung cña (d1) vµ (d2).

d. ViÕt ph­¬ng tr×nh ®­êng th¼ng song song víi Oz, c¾t c¶ (d1) vµ (d2).


B.  ph­¬ng ph¸p gi¶i C¸c d¹ng to¸n th­êng gÆp

	Bµi to¸n 1: Ph­¬ng tr×nh ®­êng th¼ng.


Ph­¬ng ph¸p ¸p dông

Ta cã:

1. Ph­¬ng tr×nh:
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 lµ ph­¬ng tr×nh tham sè cña mét ®­êng th¼ng khi vµ chØ khi:
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Khi ®ã, nã ®i qua mét ®iÓm M0(x0; y0; z0) vµ cã vtcp 
[image: image286.wmf]a
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(a1; a2; a3).

2. Ph­¬ng tr×nh:
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 lµ ph­¬ng tr×nh chÝnh t¾c cña mét ®­êng th¼ng khi vµ chØ khi:

a1a2a3 ( 0.

Khi ®ã, nã ®i qua mét ®iÓm M0(x0; y0; z0) vµ cã vtcp 
[image: image290.wmf]a
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(a1; a2; a3).


 Chó ý: §i kÌm víi hä ®­êng th¼ng (dm) th­êng cã thªm c¸c c©u hái phô:

C©u hái  1:  T×m ®iÓm cè ®Þnh mµ hä ®­êng th¼ng (dm) lu«n ®i qua.

C©u hái 3: Cho ®iÓm M cã tÝnh chÊt K, biÖn luËn theo vÞ trÝ cña M sè ®­êng th¼ng cña hä (dm) ®i qua M.

C©u hái 3:  Chøng minh r»ng  hä ®­êng th¼ng (dm) lu«n thuéc mét mÆt ph¼ng cè  ®Þnh, ®Ó thùc hiÖn yªu cÇu nµy chóng ta lùa chän mét trong hai c¸ch sau:

C¸ch 1:  Khö m tõ hÖ cña ph­¬ng tr×nh (d), ta ®­îc: 

Ax + By + Cz + D = 0 



(1)

Khi ®ã (1) chÝnh lµ ph­¬ng tr×nh cña mÆt ph¼ng cè ®Þnh (P) chøa c¸c ®­êng th¼ng cña hä (dm).

C¸ch 2:  Ta thùc hiÖn theo c¸c b­íc sau:

B­íc 1: C¸c ®iÓm M(x; y; z) thuéc (dm) cã täa ®é tháa m·n ph­¬ng tr×nh:

([A1(m)x + B1(m)y + C1(m)z + D1(m)] + 

 + ([A2(m)x + B2(m)y + C2(m)z + D2(m)] = 0. (2)

B­íc 2: Lùa chän c¸c gi¸ trÞ thÝch hîp cña (, (, ®­a (2) vÒ d¹ng: 

Ax + By + Cz + D = 0 


(3)

B­íc 3: Khi ®ã (3) chÝnh lµ ph­¬ng tr×nh cña mÆt ph¼ng cè ®Þnh (P) chøa c¸c ®­êng th¼ng cña hä (dm).

C¸ch 3:  Ta thùc hiÖn theo c¸c b­íc sau:

B­íc 1: T×m ®iÓm cè ®Þnh M0(x0; y0; z0) mµ hä ®­êng th¼ng (dm) lu«n ®i qua.

T×m vect¬ cè ®Þnh 
[image: image291.wmf]n

r

(A; B; C) ( 
[image: image292.wmf]0
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 vu«ng gãc víi hä ®­êng th¼ng (dm).

B­íc 2: Khi ®ã, ph­¬ng tr×nh mÆt ph¼ng cè ®Þnh (P) lµ:

(P): 
[image: image293.wmf]0000
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( (P): A(xx0) + B(yy0) + C(zz0) = 0.

VÝ dô 1: Trong kh«ng gian Oxyz, cho ph­¬ng tr×nh:
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(1)
a. T×m ®iÒu kiÖn cña m ®Ó ph­¬ng tr×nh trªn lµ ph­¬ng tr×nh cña mét hä ®­êng th¼ng kÝ hiÖu lµ (dm), tõ ®ã chØ ra ®iÓm cè ®Þnh mµ hä (dm) lu«n ®i qua.

b. §iÓm A(3; 3; 1) cã thuéc ®­êng th¼ng nµo cña hä (dm) kh«ng.

c. Chøng minh r»ng hä ®­êng th¼ng (dm) lu«n thuéc mét mÆt ph¼ng (P) cè  ®Þnh, t×m ph­¬ng tr×nh mÆt ph¼ng (P).

( H­íng dÉn: Sö dông kiÕn thøc trong phÇn ph­¬ng ph¸p gi¶i to¸n.
( Gi¶i

a. Ta cã:
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VËy víi mäi m, ph­¬ng tr×nh (1) lµ ph­¬ng tr×nh tham sè cña hä ®­êng th¼ng (dm) vµ dÔ nhËn thÊy hä (dm) lu«n ®i qua ®iÓm cè ®Þnh M0(1; 2; 0), øng víi t = 0 khi thay vµo ph­¬ng tr×nh tham sè cña ®­êng th¼ng.
b. §iÓm A(3; 3; 1) thuéc mét ®­êng th¼ng cña hä khi hÖ sau cã nghiÖm:
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VËy, ®iÓm A(3; 3; 1) kh«ng thuéc ®­êng th¼ng nµo cña hä (dm).
c. Ta lùa chän mét trong ba c¸ch lËp luËn sau:
C¸ch 1: Tõ hÖ (1) b»ng c¸ch rót theo t, ta ®­îc: 
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§ã chÝnh lµ ph­¬ng tr×nh mÆt ph¼ng (P) cè ®Þnh chøa hä ®­êng th¼ng (dm).

C¸ch 2: Tõ hÖ (1) b»ng c¸ch céng ph­¬ng tr×nh thø nhÊt víi ph­¬ng tr×nh thø ba, ta ®­îc: 


[image: image306.wmf]xz12mt

y2mt

+=+

ì

í

=+

î

 ( 
[image: image307.wmf]xz12mt

2y42mt

+=+

ì

í

=+

î

 ( x ( 2y + z + 3 = 0.
§ã chÝnh lµ ph­¬ng tr×nh mÆt ph¼ng (P) cè ®Þnh chøa hä ®­êng th¼ng (dm).
C¸ch 3: Hä (dm) cã vtcp 
[image: image308.wmf]a
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(m + 1; m; m ( 1) vµ víi vect¬ 
[image: image309.wmf]n
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(1; (2; 1) ta cã nhËn xÐt:
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 = m + 1 ( 2m + m ( 1 = 0, (m ( 
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Do ®ã, hä (dm) thuéc mÆt ph¼ng (P) cè ®Þnh cã ph­¬ng tr×nh ®­îc cho bëi:

(P): 
[image: image314.wmf]0
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  ( (P): x ( 2y + z + 3 = 0.

 NhËn xÐt: Nh­ vËy, víi c©u hái c) chóng ta ®· tr×nh bµy theo ba c¸ch:

· ë c¸ch 1, chóng ta thùc hiÖn viÖc chuyÓn ph­¬ng tr×nh cña hä (dm) vÒ d¹ng chÝnh t¾c råi d¹ng tæng qu¸t (giao tuyÕn cña hai mÆt ph¼ng) vµ tõ ®ã khö m ®Ò nhËn ®­îc ph­¬ng tr×nh mÆt ph¼ng cè ®Þnh (P). C«ng viÖc nµy thùc chÊt lµ khö dÇn c¸c tham sè t vµ m.
· ë c¸ch 2, chóng ta thùc hiÖn liªn tiÕp hai phÐp khö  cho c¸c tham sè t vµ mt vµ ®©y lµ c¸ch gi¶i mµ c¸c em häc sinh h·y ghi nhËn ®Ó ¸p dông cho c¸c bµi tËp t­¬ng tù.

· ë c¸ch 3, ®Ó t×m ®­îc vect¬ 
[image: image315.wmf]n
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chóng ta thùc hiÖn nh­ sau:
Gi¶ sö 
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(A; B; C) vµ khi ®ã:
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Tõ ®ã, chän C = 1 ta ®­îc 
[image: image321.wmf]n
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(1; (2; 1).
VÝ dô 2: Trong kh«ng gian Oxyz, cho ph­¬ng tr×nh:
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(1)

a. T×m ®iÒu kiÖn cña m ®Ó ph­¬ng tr×nh (1) lµ ph­¬ng tr×nh chÝnh t¾c cña mét ®­êng th¼ng, gäi lµ hä (dm). Khi ®ã, t×m ®iÓm cè ®Þnh mµ hä (dm) lu«n ®i qua.

b. Chøng tá r»ng hä ®­êng th¼ng (dm) lu«n thuéc mÆt ph¼ng (P) cè ®Þnh.

c. TÝnh thÓ tÝch khèi tø diÖn giíi h¹n bëi mÆt ph¼ng (P) vµ c¸c mÆt ph¼ng to¹ ®é.

( H­íng dÉn: Sö dông kiÕn thøc trong phÇn ph­¬ng ph¸p gi¶i to¸n.
( Gi¶i

a. §Ó ph­¬ng tr×nh (1) lµ ph­¬ng tr×nh chÝnh t¾c cña mét ®­êng th¼ng ®iÒu kiÖn lµ:

m(m ( 1) ≠ 0 ( m ≠ 0 vµ m ≠ 1.




(*)
Víi ®iÒu kiÖn (*) ta thÊy ngay hä ®­êng th¼ng (dm) lu«n ®i qua ®iÓm cè ®Þnh M0(1; (1; (2).

b. Ta lùa chän mét trong hai c¸ch lËp luËn sau:
C¸ch 1: Tõ (1), ta ®­îc: 
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§ã chÝnh lµ ph­¬ng tr×nh mÆt ph¼ng (P) cè ®Þnh chøa hä ®­êng th¼ng (dm).

C¸ch 2: C¸c ®­êng th¼ng thuéc hä (dm) cã vtcp 
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Víi vect¬ 
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VËy, hä ®­êng th¼ng (dm) lu«n thuéc mÆt ph¼ng cè ®Þnh (P) cã ph­¬ng tr×nh ®­îc cho bëi:

(P): 
[image: image329.wmf]0
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 ( (P): x + y ( z ( 2 = 0.
c. Ta cã:
(P) ( Ox = {A(2; 0; 0)}, (P) ( Oy = {B(0; 2; 0)}, 
(P) ( Oz = {C(0; 0; (2)}.

ThÓ tÝch khèi tø diÖn OABC ®­îc cho bëi:
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
 NhËn xÐt: Víi mÆt ph¼ng (Q) chóng ta cßn gÆp mét d¹ng to¸n lµ "T×m ®­êng th¼ng cè ®Þnh lu«n thuéc hä mÆt ph¼ng (Q)". ThÝ dô víi mÆt ph¼ng (Q): x + my ( 3mz ( m ( 1 = 0 ta thùc hiÖn phÐp biÕn ®æi:

(Q): x + m(y ( 3z = 0
Tõ ®ã, suy ra ®­êng th¼ng cè ®Þnh thuéc hä mÆt ph¼ng (Q) cã ph­¬ng tr×nh:

(d): 
[image: image333.wmf]x10
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Nh­ vËy, ®Ó chøng minh hä mÆt ph¼ng (Pm) lu«n ®i qua mét ®­êng th¼ng (d) cè ®Þnh, ta thùc hiÖn theo c¸c b­íc:
B­íc 1: BiÕn ®æi ph­¬ng tr×nh cña hä (Pm) vÒ d¹ng:

f(x, y, z) + mg(x, y, z) = 0.

B­íc 2: VËy, hä (Pm) lu«n ®i qua mét ®­êng th¼ng (d) cè ®Þnh cã ph­¬ng tr×nh:

(d): 
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	Bµi to¸n 2: ChuyÓn d¹ng ph­¬ng tr×nh ®­êng th¼ng.


Ph­¬ng ph¸p ¸p dông

1. Víi (d) cho d­íi d¹ng tham sè:

(d): 
[image: image335.wmf]01
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(1)

B»ng c¸ch rót t tõ hÖ, ta sÏ nhËn ®­îc ph­¬ng tr×nh chÝnh t¾c cña ®­êng th¼ng (d), cô thÓ:

(1) ( 
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§ã chÝnh lµ ph­¬ng tr×nh chÝnh t¾c cña ®­êng th¼ng (d).

2. Víi (d) cho d­íi d¹ng chÝnh t¾c:

(d): 
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(2)

B»ng viÖc sö dông tham sè trung gian t ta nhËn ®­îc ph­¬ng tr×nh tham sè cña ®­êng th¼ng (d), cô thÓ:

(2) ( 
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§ã chÝnh lµ ph­¬ng tr×nh tham sè cña ®­êng th¼ng (d).

3. Víi (d) cho d­íi d¹ng lµ giao tuyÕn cña hai mÆt ph¼ng c¾t nhau:

(P1): A1x + B1y + C1z + D1 = 0,   (P2): A2x + B2y + C2z + D2 = 0

Khi ®ã, ®­êng th¼ng (d) gåm c¸c ®iÓm M(x; y; z) tho¶ m·n hÖ ph­¬ng tr×nh:
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§Ó cã ®­îc ph­¬ng tr×nh d¹ng tham sè, chÝnh t¾c cña (d) ta lùa chän mét trong hai c¸ch sau:

C¸ch 1: Thùc hiÖn theo c¸c b­íc sau:

B­íc 1: Gäi 
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B­íc 2: T×m mét ®iÓm M(x0 ; y0 ; z0) ( (d).

B­íc 3: VËy, ta ®­îc:

(d): 
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Tõ ®ã ta cã ®­îc:

· Ph­¬ng tr×nh tham sè cña (d).
· Ph­¬ng tr×nh chÝnh t¾c cña (d).
C¸ch 2: Thùc hiÖn theo c¸c b­íc sau:

B­íc 1: T×m hai ®iÓm A, B ( (d).

B­íc 2: VËy, ta ®­îc:

(d): 
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Tõ ®ã ta cã ®­îc:

· Ph­¬ng tr×nh tham sè cña (d).
· Ph­¬ng tr×nh chÝnh t¾c cña (d).
L­u ý: Víi yªu cÇu x¸c ®Þnh ph­¬ng tr×nh tham sè cña ®­êng th¼ng (d) chóng ta cã thÓ thùc hiÖn ®¬n gi¶n h¬n b»ng c¸ch ®Æt x = t (hoÆc y = t hoÆc z = t) tõ ®ã suy ra y vµ z theo t.

VÝ dô 1: Trong kh«ng gian Oxyz, cho ®­êng th¼ng (d) cã ph­¬ng tr×nh:
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a. ViÕt ph­¬ng tr×nh chÝnh t¾c cña (d).

b. T×m to¹ ®é c¸c giao ®iÓm A, B, C cña (d) víi c¸c mÆt ph¼ng to¹ ®é.

c. TÝnh tØ sè diÖn tÝch cña hai tam gi¸c OAB vµ OAC.

( H­íng dÉn: Víi c©u a), sö dông kiÕn thøc trong phÇn ph­¬ng ph¸p gi¶i to¸n.
( Gi¶i

a. Ta cã thÓ tr×nh bµy theo c¸c c¸ch sau:
C¸ch 1: B»ng c¸ch rót t tõ hÖ, ta ®­îc:

(d): 
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§ã chÝnh lµ ph­¬ng tr×nh chÝnh t¾c cña ®­êng th¼ng (d).
C¸ch 2: Tõ ph­¬ng tr×nh tham sè cña ®­êng th¼ng (d), ta ®­îc:
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b. Ta lÇn l­ît:
· To¹ ®é giao ®iÓm A cña (d) víi mÆt ph¼ng (Oxy) lµ nghiÖm cña hÖ:
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· To¹ ®é giao ®iÓm B cña (d) víi mÆt ph¼ng (Oxz) lµ nghiÖm cña hÖ:
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· To¹ ®é giao ®iÓm C cña (d) víi mÆt ph¼ng (Oyz) lµ nghiÖm cña hÖ:
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c. Ta cã thÓ tr×nh bµy theo c¸c c¸ch sau:
C¸ch 1: Ta lÇn l­ît cã:
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Tõ ®ã, suy ra:


[image: image368.wmf]OAB
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C¸ch 2: Ta cã:
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VÝ dô 2: Trong kh«ng gian Oxyz, cho ®­êng th¼ng (d) cã ph­¬ng tr×nh:
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a. ViÕt ph­¬ng tr×nh tham sè cña (d).

b. ViÕt ph­¬ng tr×nh mÆt ph¼ng (P) chøa (d) vµ c¾t chiÒu d­¬ng c¸c trôc to¹ ®é t¹i c¸c ®iÓm A, B, C sao cho tø diÖn OABC cã thÓ tÝch b»ng 6.

( H­íng dÉn: Víi c©u a), sö dông kiÕn thøc trong phÇn ph­¬ng ph¸p gi¶i to¸n.
( Gi¶i

a. Ta cã thÓ tr×nh bµy theo c¸c c¸ch sau:
C¸ch 1: B»ng viÖc sö dông tham sè trung gian t , ta ®­îc:
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§ã chÝnh lµ ph­¬ng tr×nh tham sè cña ®­êng th¼ng (d).

C¸ch 2: Tõ ph­¬ng tr×nh chÝnh t¾c cña ®­êng th¼ng (d), ta ®­îc:
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b. DÔ thÊy ®­êng th¼ng (d) ®i qua hai ®iÓm M(1; 1; 1) vµ N(0; 0; 2).
Víi ba ®iÓm A(a; 0; 0), B(0; b; 0), C(0; 0; c) víi a, b, c > 0, ta ®­îc ph­¬ng tr×nh:
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(1)
Ta lÇn l­ît:
· ThÓ tÝch tø diÖn OABC b»ng 6, ta ®­îc:
VOABC = 6 ( 
[image: image377.wmf]11
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(2)

· MÆt ph¼ng (P) chøa (d) khi nã chøa c¸c ®iÓm N, M, ta ®­îc:
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Tõ hÖ trªn, suy ra a, b lµ nghiÖm cña ph­¬ng tr×nh:
t2 ( 9t + 18 = 0 ( 
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Khi ®ã:
· Víi a = 3, b = 6 vµ c = 2 thay vµo (1), ta ®­îc:
(P1): 6.2x + 3.2y + 3.6z = 3.6.2 ( (P1): 2x + y + 3z ( 6 = 0.
· Víi a = 6, b = 3 vµ c = 2 thay vµo (1), ta ®­îc:
(P2): 3.2x + 6.2y + 6.3z = 6.3.2 ( (P2): x + 2y + 3z ( 6 = 0.
VËy, tån t¹i hai mÆt ph¼ng (P1), (P2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.

 Chó ý:  C¸c em häc sinh cÇn tr¸nh sai lÇm khi cho r»ng ®­êng th¼ng (d) cã vtcp lµ 
[image: image383.wmf]u(1;1;1)
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VÝ dô 3: Trong kh«ng gian Oxyz, cho hai mÆt ph¼ng (P) vµ (Q) cã ph­¬ng tr×nh:

(P): x + 4y ( 2z ( 6 = 0, 
(Q): x ( 2y + 4z ( 6 = 0.

a. Chøng tá r»ng hai mÆt ph¼ng (P) vµ (Q) c¾t nhau theo giao tuyÕn (d). H·y t×m täa ®é cña mét vtcp cña (d).
b. ViÕt ph­¬ng tr×nh tham sè vµ chÝnh t¾c cña ®­êng th¼ng (d).
c. ViÕt ph­¬ng tr×nh mÆt ph¼ng (P) chøa (d) vµ c¾t c¸c trôc to¹ ®é t¹i c¸c ®iÓm A, B, C sao cho h×nh chãp O.ABC lµ h×nh chãp ®Òu.
( H­íng dÉn: Víi c©u a), sö dông kiÕn thøc trong phÇn ph­¬ng ph¸p gi¶i to¸n.
( Gi¶i

a. Gäi 
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§Ó t×m mét vtcp 
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 cña giao tuyÕn (d) ta cã thÓ sö dông c¸c c¸ch sau:
C¸ch 1: Giao tuyÕn (d) gåm c¸c ®iÓm M(x; y; z) tháa m·n hÖ ph­¬ng tr×nh:
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(I)

Suy ra M(6; 0; 0) ( (d) vµ N(2; 2; 2) ( (d) nªn 
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C¸ch 2: Gäi 
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b. Ta cßn cã thÓ thùc hiÖn theo c¸c c¸ch sau:

C¸ch 1: Ta cã:

[image: image396.wmf]QuaM(6;0;0)

(d):

QuaN(2;2;2)

ì

í

î

 ( 
[image: image397.wmf]QuaM(6;0;0)

(d):

vtcpMN(4;2;2)chän(2;1;1)

ì

ï

í

---

ï

î

uuuur

 
( 
[image: image398.wmf]x62t

(d):yt,t

zt

=+

ì

ï

=-Î

í

ï

=-

î

¡

  hoÆc 
[image: image399.wmf]x6yz

(d):

211

-

==

--

.
C¸ch 2: Ta cã:
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C¸ch 3: Trong hÖ (I) cho z = t, ta ®­îc:
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(II)
§ã chÝnh lµ ph­¬ng tr×nh tham sè cña ®­êng th¼ng (d).

Tõ hÖ (II), b»ng c¸ch rót t, ta ®­îc:
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§ã chÝnh lµ ph­¬ng tr×nh chÝnh t¾c cña ®­êng th¼ng (d).

c. DÔ thÊy ®­êng th¼ng (d) ®i qua hai ®iÓm M(6; 0; 0) vµ N(2; 2; 2).

Víi ba ®iÓm A(a; 0; 0), B(0; b; 0), C(0; 0; c), ta ®­îc ph­¬ng tr×nh:
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(1)

Ta lÇn l­ît:
· H×nh chãp O.ABC lµ h×nh chãp tam gi¸c ®Òu, ta ®­îc:

OA = OB = OC ( (a( = (b( = (c(.



(2)

· MÆt ph¼ng (P) chøa (d) khi nã chøa c¸c ®iÓm N, M, ta ®­îc:
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VËy, mÆt ph¼ng (P): x + y + z ( 6 = 0 tho¶ m·n ®iÒu kiÖn ®Çu bµi.

	Bµi to¸n 3: ViÕt ph­¬ng tr×nh ®­êng th¼ng.


Ph­¬ng ph¸p ¸p dông

§Ó viÕt ph­¬ng tr×nh ®­êng th¼ng (d), ta sö dông c¸c kÕt qu¶:

1. §­êng th¼ng ®i qua mét ®iÓm vµ biÕt vtcp:

(d): 
[image: image410.wmf]0000
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· Ph­¬ng tr×nh tham sè cña (d) cã d¹ng:
(d): 
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· Ph­¬ng tr×nh chÝnh t¾c cña (d) cã d¹ng:
(d): 
[image: image413.wmf]0
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2. §­êng th¼ng ®i qua hai ®iÓm:

(d): 
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· Ph­¬ng tr×nh tham sè cña (d) cã d¹ng:
(d): 
[image: image418.wmf]121
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· Ph­¬ng tr×nh chÝnh t¾c cña (d) cã d¹ng:
(d): 
[image: image420.wmf]1
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3. §­êng th¼ng ®­îc coi lµ giao tuyÕn cña hai mÆt ph¼ng (P), (Q) chøa nã. Vµ khi ®ã c¸c em häc sinh cÇn thùc hiÖn viÖc chuyÓn d¹ng ph­¬ng tr×nh ®­êng th¼ng.
VÝ dô 1: Trong kh«ng gian Oxyz, cho ®iÓm M(3; (5; 7) vµ mÆt ph¼ng:


[image: image423.wmf](P):x2y3z60
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.

a. ViÕt ph­¬ng tr×nh ®­êng th¼ng (d) qua M vµ vu«ng gãc víi (P).

b. ViÕt ph­¬ng tr×nh h×nh chiÕu vu«ng gãc cña ®­êng th¼ng (d) trªn mçi mÆt ph¼ng to¹ ®é.

c. ViÕt ph­¬ng tr×nh mÆt ph¼ng (P) chøa (d) vµ c¾t c¸c trôc to¹ ®é t¹i c¸c ®iÓm A, B, C sao cho h×nh chãp O.ABC lµ h×nh chãp tam gi¸c ®Òu.
( H­íng dÉn: Víi c©u a), sö dông ®iÒu kiÖn mÆt ph¼ng (P) qua M vµ cã vtcp lµ vtpt cña (P)
( Gi¶i

a. Ta cã:


[image: image424.wmf]QuaM
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b. Ta lÇn l­ît cã:
· H×nh chiÕu vu«ng gãc cña (d) lªn (Oxy) cã ph­¬ng tr×nh:


[image: image427.wmf]1
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· T­¬ng tù, h×nh chiÕu vu«ng gãc (d2), (d3) cña (d) lªn c¸c mÆt ph¼ng (Oyz) vµ (Oxz) cã ph­¬ng tr×nh:
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c. DÔ thÊy ®­êng th¼ng (d) ®i qua hai ®iÓm M(3; (5; 7) vµ N(1; (1; 1).
Víi ba ®iÓm A(a; 0; 0), B(0; b; 0), C(0; 0; c), ta ®­îc ph­¬ng tr×nh:


[image: image430.wmf]xyz
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Ta lÇn l­ît:
· MÆt ph¼ng (Q) chøa (d) khi nã chøa c¸c ®iÓm N, M, ta ®­îc:
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(I)
· Tø diÖn OABC ®Òu, ta ®­îc:

OA = OB = OC ( (a( = (b( = (c(.



(2)
Khi ®ã:
· NÕu a = b th× hÖ (I) cã d¹ng:
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lo¹i v× kh«ng tho¶ m·n (2).

· NÕu a = (b th× hÖ (I) cã d¹ng:
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 tho¶ m·n (2).
VËy, mÆt ph¼ng (Q): x ( y ( z ( 1 = 0 tho¶ m·n ®iÒu kiÖn ®Çu bµi.


 NhËn xÐt: 
1. Chóng ta biÕt r»ng giao ®iÓm H cña ®­êng th¼ng (d) víi mÆt ph¼ng (P) trong c©u a) chÝnh lµ h×nh chiÕu vu«ng gãc cña ®iÓm M trªn (P). Nh­ vËy, chóng ta cã thªm mét ph­¬ng ph¸p ®Ó "T×m to¹ ®é h×nh chiÕu vu«ng gãc cña ®iÓm M trªn mÆt ph¼ng (P) cho tr­íc". 
2. §iÒu kiÖn vu«ng gãc víi mÆt ph¼ng (P) trong c©u a) cã thÓ ®­îc ®æi thµnh "Song song víi mét ®­êng th¼ng (()", vÝ dô tiÕp theo sÏ minh ho¹ ®iÒu nµy

3. §Ó "ViÕt ph­¬ng tr×nh tæng qu¸t h×nh chiÕu vu«ng gãc cña ®­êng th¼ng (d) trªn mçi mÆt ph¼ng täa ®é " chóng ta thùc hiÖn theo c¸c b­íc:

B­íc 1: ChuyÓn ph­¬ng tr×nh ®­êng th¼ng (d) vÒ tham sè:

(d): 
[image: image439.wmf]01
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B­íc 2: Khi ®ã:

· H×nh chiÕu vu«ng gãc cña (d) lªn (Oxy) cã ph­¬ng tr×nh:

(d): 
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· H×nh chiÕu vu«ng gãc cña (d) lªn (Oyz) cã ph­¬ng tr×nh:

(d): 
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· H×nh chiÕu vu«ng gãc cña (d) lªn (Oxz) cã ph­¬ng tr×nh:

(d): 
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Tuy nhiªn, khi thay mÆt ph¼ng täa ®é b»ng mét mÆt ph¼ng (P) nµo ®ã th× chóng ta cÇn mét ph­¬ng ph¸p kh¸c (sÏ ®­îc tr×nh bµy ë phÝa sau).

4. C©u c) cña vÝ dô trªn cßn cã thÓ ®­îc ph¸t biÓu d­íi d¹ng "ViÕt ph­¬ng tr×nh mÆt ph¼ng ®i qua ®iÓm M, vu«ng gãc víi (P) vµ c¾t c¸c trôc to¹ ®é t¹i c¸c ®iÓm A, B, C sao cho h×nh chãp O.ABC lµ h×nh chãp tam gi¸c ®Òu". Vµ khi ®ã ®Ó cã ®­îc lêi gi¶i ®äc lËp víi c©u a) chóng ta thùc hiÖn nh­ sau:
Víi ba ®iÓm A(a; 0; 0), B(0; b; 0), C(0; 0; c), ta ®­îc ph­¬ng tr×nh mÆt ph¼ng (Q) ®i qua ba ®iÓm A, B, C cã d¹ng:
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Ta lÇn l­ît:
· MÆt ph¼ng (Q) ®i qua ®iÓm M, ta ®­îc:
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· MÆt ph¼ng (Q) vu«ng gãc víi (P), ta ®­îc 
[image: image449.wmf]123
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(3)

· Tø diÖn OABC ®Òu, ta ®­îc:

OA = OB = OC ( (a( = (b( = (c(.



(4)

Khi ®ã:
· NÕu a = b th× hÖ t¹o bëi (2) vµ (3) cã d¹ng:
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1

aac

123

0

aac

ì

-+=

ï

ï

í

ï

-+=

ï

î

 ( 
[image: image451.wmf]27

1

ac

13

0

ac

ì

-+=

ï

ï

í

ï

-+=

ï

î

  ( 
[image: image452.wmf]1

a

3

c1

ì

=

ï

í

ï

=

î

 

lo¹i v× kh«ng tho¶ m·n (4).

· NÕu a = (b th× hÖ (I) cã d¹ng:
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 tho¶ m·n (4).

VËy, mÆt ph¼ng (Q): x ( y ( z ( 1 = 0 tho¶ m·n ®iÒu kiÖn ®Çu bµi.

VÝ dô 2: Trong kh«ng gian Oxyz, cho ®iÓm M(4; (2; 2) vµ ®­êng th¼ng (() cã ph­¬ng tr×nh:


[image: image457.wmf]x3y2z1
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a. ViÕt ph­¬ng tr×nh ®­êng th¼ng (d) qua M vµ song song víi (().
b. ViÕt ph­¬ng tr×nh mÆt ph¼ng (P) qua M vµ c¸ch (() mét kho¶ng b»ng 
[image: image458.wmf]9

.
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( H­íng dÉn: Ta lÇn l­ît:

a. Víi c©u a) ®­êng th¼ng (d) sÏ qua M vµ cã vtcp lµ vtcp cña (().
b. Víi c©u b) víi ph­¬ng tr×nh tæng qu¸t cña (P) ta sö dông c¸c gi¶ thiÕt theo thø tù:

· M thuéc (P).

· MÆt ph¼ng (P) song song víi ®­êng th¼ng (().

· Kho¶ng c¸ch tõ M tíi mÆt ph¼ng (P).

( Gi¶i

a. Ta cã:
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b. Ta cã thÓ tr×nh bµy theo c¸c c¸ch sau:

C¸ch 1: LÊy ®iÓm N(0; (4; (2) thuéc (d) vµ A(3; 2; 1) thuéc ((). MÆt ph¼ng (P) cÇn dùng sÏ song song víi (() nªn chøa (d) vµ do ®ã nã ®i qua ®iÓm N. 

Gi¶ sö mÆt ph¼ng (P) cã ph­¬ng tr×nh:

(P): Ax + By + Cz + D = 0, víi A2 + B2 + C2 > 0.

Ta lÇn l­ît cã:

· V× M, N thuéc (P) nªn:
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· §Ó d(((), (P)) = 1 ®iÒu kiÖn lµ:
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Khi ®ã:
· Víi C = 0 th× 2A = (B vµ D = 4B = (8A nªn:
(P1): Ax ( 2Ay ( 8A = 0 ( (P1): x ( 2y ( 8 = 0.

· Víi B = (2C th× A = 0 vµ D = (6C nªn:
(P2): (2Cy + Cz ( 6C = 0 ( (P2): 2y ( z + 6 = 0.

VËy, tån t¹i hai mÆt ph¼ng (P1) vµ (P2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.

C¸ch 2: (§éc lËp víi c©u a): Gi¶ sö mÆt ph¼ng (P) cã ph­¬ng tr×nh:

(P): Ax + By + Cz + D = 0, víi A2 + B2 + C2 > 0.

Ta lÇn l­ît cã:

· LÊy ®iÓm A(3; 2; 1) thuéc (() vµ v× M thuéc (P) nªn:
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(1)
· MÆt ph¼ng (P) cÇn dùng sÏ song song víi (() nªn:
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· §Ó d(((), (P)) = 1 ®iÒu kiÖn lµ:
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Khi ®ã:
· Víi C = 0 th× B = (2A vµ D = (8A nªn:
(P1): Ax ( 2Ay ( 8A = 0 ( (P1): x ( 2y ( 8 = 0.

· Víi A = 0 th× B = (2C vµ D = (6C nªn:
(P2): (2Cy + Cz ( 6C = 0 ( (P2): 2y ( z + 6 = 0.

VËy, tån t¹i hai mÆt ph¼ng (P1) vµ (P2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.


 Chó ý: Chóng ta biÕt r»ng "§­êng th¼ng (() cã thÓ ®­îc coi lµ giao tuyÕn cña hai mÆt ph¼ng (P1) vµ (P2)", khi ®ã ®­êng th¼ng (d) sÏ song song víi (P1), (P2) vµ nh­ vËy c©u a) cña vÝ dô trªn sÏ ®­îc më réng d­íi d¹ng "ViÕt ph­¬ng tr×nh ®­êng th¼ng (d) ®i qua ®iÓm M vµ song song víi hai mÆt ph¼ng c¾t nhau (P1) vµ (P2) cho tr­íc". Víi yªu cÇu nµy chóng ta lùa chän mét trong hai c¸ch sau:

C¸ch 1: Thùc hiÖn theo c¸c b­íc:

B­íc 1: T×m c¸c vtpt 
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B­íc 2: Gäi 
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B­íc 3: Khi ®ã, ta ®­îc:

(d): 
[image: image484.wmf]QuaA

vtcpu

ì

ï

í

ï

î

r

 .

C¸ch 2: Thùc hiÖn theo c¸c b­íc:

B­íc 1: ViÕt ph­¬ng tr×nh c¸c mÆt ph¼ng:

· (Q1) qua A vµ song song víi (P1).
· (Q2) qua A vµ song song víi (P2).
B­íc 2: Khi ®ã, ®­êng th¼ng (d) cÇn dùng chøa c¸c ®iÓm M(x; y; z) tho¶ m·n hÖ:
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(*)

ChuyÓn hÖ (*) vÒ d¹ng tham sè.

VÝ dô 3: Trong kh«ng gian Oxyz, cho ®iÓm M(1; (1; 2) vµ hai mÆt ph¼ng (P1), (P2) cã ph­¬ng tr×nh:

(P1): x + 2y + 2z ( 4 = 0, (P2): x + y ( 2z + 2 = 0.

a. T×m gãc gi÷a hai mÆt ph¼ng (P1), (P2).
b. ViÕt ph­¬ng tr×nh ®­êng th¼ng (d) ®i qua ®iÓm M vµ song song víi hai mÆt ph¼ng (P1), (P2).

c. ViÕt ph­¬ng tr×nh mÆt ph¼ng (Q) chøa hai ®­êng th¼ng (d1), (d2) ®i qua ®iÓm M vµ theo thø tù vu«ng gãc víi hai mÆt ph¼ng (P1), (P2).

( Gi¶i

a. Gäi 
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 theo thø tù lµ vtpt cña c¸c mÆt ph¼ng (P1), (P2), ta cã:
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Khi ®ã c«sin gãc ( t¹o bëi (P1) vµ (P2) ®­îc cho bëi:
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b. Ta cã thÓ tr×nh bµy theo c¸c c¸ch sau:
C¸ch 1: Gäi 
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 lµ mét vtcp cña ®­êng th¼ng (d), ta cã: 
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Khi ®ã:

(d): 
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C¸ch 2: Gäi (Q1), (Q2) theo thø tù lµ c¸c mÆt ph¼ng ®i qua M vµ song song víi (P1), (P2), ta lÇn l­ît cã: 

· Ph­¬ng tr×nh mÆt ph¼ng (Q1) ®­îc cho bëi:
(Q1): 
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 ( (Q1): x + 2y + 2z ( 3 = 0.
· Ph­¬ng tr×nh mÆt ph¼ng (Q2) ®­îc cho bëi:
(Q2): 
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Khi ®ã, ®­êng th¼ng (d) cÇn dùng chÝnh lµ giao tuyÕn cña (Q1) vµ (Q2), nã chøa c¸c ®iÓm M(x; y; z) tho¶ m·n hÖ:
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B»ng viÖc ®Æt z = t (t ( 
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), ta biÕn ®æi hÖ (*) vÒ d¹ng:
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§ã chÝnh lµ ph­¬ng tr×nh tham sè cña ®­êng th¼ng (d) cÇn dùng.

c. Gäi 
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Khi ®ã:
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
 Chó ý: C¸c em häc sinh cÇn l­u ý tíi viÖc ë c©u b) cã thÓ thay ®æi ®iÒu kiÖn song song víi mÆt ph¼ng (P1) (hoÆc (P2)) b»ng yªu cÇu vu«ng gãc víi ®­êng th¼ng (d1) (hoÆc (d2)). §Ó "ViÕt ph­¬ng tr×nh ®­êng th¼ng (d) ®i qua ®iÓm A vµ vu«ng gãc víi hai ®­êng th¼ng (d1) vµ (d2) cho tr­íc" chóng ta lùa chän mét trong hai c¸ch sau:

C¸ch 1: Thùc hiÖn theo c¸c b­íc:

B­íc 1: T×m c¸c vtcp 
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B­íc 2: Gäi 
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B­íc 3: Khi ®ã, ta ®­îc:

(d): 
[image: image517.wmf]QuaA
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C¸ch 2: Thùc hiÖn theo c¸c b­íc:

B­íc 1: ViÕt ph­¬ng tr×nh c¸c mÆt ph¼ng:

· (P1) qua A vµ vu«ng gãc víi (d1).
· (P2) qua A vµ vu«ng gãc víi (d2).
B­íc 2: Khi ®ã, ®­êng th¼ng (d) cÇn dùng chøa c¸c ®iÓm M(x; y; z) tho¶ m·n hÖ:
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ChuyÓn hÖ (*) vÒ d¹ng tham sè.

VÝ dô 4: Trong kh«ng gian Oxyz, cho ®iÓm M(1; 2; 1) vµ hai ®­êng th¼ng (d1) vµ (d2) cã ph­¬ng tr×nh:
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a. T×m gãc vµ kho¶ng c¸ch gi÷a hai ®­êng th¼ng (d1), (d2).

b. ViÕt ph­¬ng tr×nh ®­êng th¼ng ®i qua ®iÓm A vµ vu«ng gãc víi c¶ (d1), (d2).

( Gi¶i

a. Ta cã:
· §­êng th¼ng (d1) cã vtcp 
[image: image521.wmf]1
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 vµ ®i qua ®iÓm M1(0; 1; 2).

· §­êng th¼ng (d2) cã vtcp 
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 vµ ®i qua ®iÓm M2(1; 1; 0).
Khi ®ã, ta lÇn l­ît cã:

· C«sin gãc ( gi÷a hai ®­êng th¼ng (d1) vµ (d2) ®­îc cho bëi:
cos(  = 
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· Kho¶ng c¸ch gi÷a hai ®­êng th¼ng (d1) vµ (d2) ®­îc cho bëi:
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b. Gäi (d) lµ ®­êng th¼ng cÇn dùng, ta cã thÓ tr×nh bµy theo c¸c c¸ch sau:

C¸ch 1: Gi¶ sö (d) cã vtcp 
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, ta cã:
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Tõ ®ã, ta cã:
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C¸ch 2: Ta lÇn l­ît:

· Gäi (P1) lµ mÆt ph¼ng ®i qua A vµ vu«ng gãc víi (d1) th×:
(P1): 
[image: image534.wmf]1
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 ( (P1): x + y ( z ( 2 = 0.

· Gäi (P2) lµ mÆt ph¼ng ®i qua A vµ vu«ng gãc víi (d2) th×:
(P2): 
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 ( (P2): x ( 2y + z + 2 = 0.

Khi ®ã, ®­êng th¼ng (d) cÇn dùng chøa c¸c ®iÓm M(x; y; z) tho¶ m·n hÖ:
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B»ng viÖc ®Æt x = t, ta biÕn ®æi hÖ (*) vÒ d¹ng:
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§ã chÝnh lµ ph­¬ng tr×nh tham sè cña ®­êng th¼ng (d) cÇn dùng.


 Chó ý: §Ó "ViÕt ph­¬ng tr×nh ®­êng th¼ng (d) ®i qua ®iÓm A c¾t hai ®­êng th¼ng (d1) vµ (d2) chÐo nhau cho tr­íc", ta cã thÓ lùa chän mét trong c¸c c¸ch:

C¸ch 1:  Ta thùc hiÖn theo c¸c b­íc:

B­íc 1: Gi¶ sö ®­êng th¼ng (d) c¾t (d1) vµ (d2) theo thø tù t¹i B, C. Khi ®ã to¹ ®é B, C theo thø tù tho¶ m·n c¸c ph­¬ng tr×nh cña (d1) vµ (d2).

B­íc 2: Tõ ®iÒu kiÖn A, B, C th¼ng hµng ta x¸c ®Þnh ®­îc to¹ ®é B, C.

B­íc 3: ViÕt ph­¬ng tr×nh ®­êng th¼ng (d) ®i qua A, B.

C¸ch 2:  Ta thùc hiÖn theo c¸c b­íc:

B­íc 1: ViÕt ph­¬ng tr×nh mÆt ph¼ng (P1) tho¶ m·n ®iÒu kiÖn: 

(P1): 
[image: image539.wmf]11

QuaA

(d)(P)

ì

í

Î

î

.

B­íc 2: ViÕt ph­¬ng tr×nh mÆt ph¼ng (P2) tho¶ m·n ®iÒu kiÖn: 

(P2): 
[image: image540.wmf]22
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B­íc 3: §­êng th¼ng (d) chÝnh lµ giao tuyÕn cña hai mÆt ph¼ng (P1) vµ (P2). Vµ tõ ®©y, chóng ta ®· biÕt c¸c c¸ch x¸c ®Þnh d¹ng ph­¬ng tr×nh cho ®­êng th¼ng (d).

C¸ch 3:  Ta thùc hiÖn theo c¸c b­íc:

B­íc 1: ViÕt ph­¬ng tr×nh mÆt ph¼ng (P) tho¶ m·n ®iÒu kiÖn: 

(P): 
[image: image541.wmf]1

QuaA

(d)(P)

ì

í

Ì

î

.

B­íc 2: X¸c ®Þnh giao ®iÓm C cña (d2) vµ (P).

B­íc 3: ViÕt ph­¬ng tr×nh ®­êng th¼ng (d) tho¶ m·n ®iÒu kiÖn:

(d): 
[image: image542.wmf]QuaA
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§iÒu kiÖn ®i qua ®iÓm A trong bµi to¸n trªn cã thÓ ®­îc thay bëi ®iÒu kiÖn song song víi mét ®­êng th¼ng (() hoÆc vu«ng gãc víi mét mÆt ph¼ng (P) cho tr­íc.

VÝ dô 5: Cho mÆt ph¼ng (P) vµ hai ®­êng th¼ng (d1) vµ (d2) cã ph­¬ng tr×nh:

(P): 3x + 3y ( 4y = 0,
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a. TÝnh c«sin gãc gi÷a mÆt ph¼ng (P) víi c¸c ®­êng th¼ng (d1), (d2).
b. ViÕt ph­¬ng tr×nh ®­êng th¼ng vu«ng gãc víi mÆt ph¼ng (P) vµ c¾t c¶  hai ®­êng th¼ng (d1), (d2).

( Gi¶i

a. Ta cã:
· MÆt ph¼ng (P) cã vtpt 
[image: image545.wmf]P
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· §­êng th¼ng (d1) cã vtcp 
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 vµ ®i qua ®iÓm M1(1; 3; (2).

· §­êng th¼ng (d2) cã vtcp 
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 vµ ®i qua ®iÓm M2(2; 1; 1).

Ta lÇn l­ît:
· Gäi ( lµ gãc gi÷a (d1) víi (P) th×:
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· Gäi ( lµ gãc gi÷a (d1) víi (P) th×:
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b. Ta cã thÓ lùa chän mét trong c¸c c¸ch sau:

C¸ch 1: ChuyÓn ph­¬ng tr×nh c¸c ®­êng th¼ng (d1), (d2) vÒ d¹ng tham sè:
(d1): 
[image: image554.wmf]x1t
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Gi¶ sö (() lµ ®­êng th¼ng cÇn dùng vµ (() c¾t (d1) vµ (d2) theo thø tù t¹i c¸c ®iÓm E, F. Khi ®ã:

· §iÓm E ( (d1) suy ra E(1 + t; 3 + 2t; t ( 2).

· §iÓm F ( (d2) suy ra F(2 + 3u; 1 ( u; 1 ( 2u).

· V× EF vu«ng gãc víi mÆt ph¼ng (P) cã vtpt 
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( t = 1 ( 
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Khi ®ã, ®­êng th¼ng (() ®­îc cho bëi:
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C¸ch 2: Gi¶ sö (() lµ ®­êng th¼ng cÇn dùng, khi ®ã (() lµ giao tuyÕn cña hai mÆt ph¼ng (Q1) vµ (Q2), trong ®ã: 

(Q1): 
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· Ph­¬ng tr×nh mÆt ph¼ng (Q1) ®­îc cho bëi:
(Q1): 
[image: image567.wmf]1
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( (Q1): 11x ( 7y + 3z + 16 = 0.

· Ph­¬ng tr×nh mÆt ph¼ng (Q2) ®­îc cho bëi:
(Q2): 
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( (Q2): 5x + 3y + 6z ( 19 = 0.

VËy, ®­êng th¼ng (() chøa c¸c ®iÓm M(x; y; z) tho¶ m·n hÖ:
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(I)

B»ng viÖc ®Æt x = 3t + 2, ta biÕn ®æi hÖ (I) vÒ d¹ng:
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§ã chÝnh lµ ph­¬ng tr×nh tham sè cña ®­êng th¼ng (() cÇn dùng.

C¸ch 3: Gi¶ sö (() lµ ®­êng th¼ng cÇn dùng vµ (() c¾t (d2) t¹i F.

· Gäi (Q1) lµ mÆt ph¼ng vu«ng gãc víi (P) vµ chøa (d1), ta cã:

(Q1): 
[image: image575.wmf]1
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( (Q1): 11x ( 7y + 3z + 16 = 0.

· Täa ®é ®iÓm F lµ nghiÖm cña hÖ ph­¬ng tr×nh:
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VËy, ph­¬ng tr×nh ®­êng th¼ng (() cã d¹ng:
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C¸ch 4: Gi¶ sö (() lµ ®­êng th¼ng cÇn dùng vµ (() c¾t (d1) t¹i E.

· Gäi (Q2) lµ mÆt ph¼ng vu«ng gãc víi (P) vµ chøa (d2), ta cã:
(Q2): 
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( (Q2): 5x + 3y + 6z ( 19 = 0.

· Täa ®é ®iÓm E lµ nghiÖm cña hÖ ph­¬ng tr×nh:
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VËy, ph­¬ng tr×nh ®­êng th¼ng (() cã d¹ng:
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
 Chó ý: KÕt hîp ®iÒu kiÖn vu«ng gãc vµ c¾t ®­êng th¼ng chóng ta nhËn ®­îc d¹ng to¸n "ViÕt ph­¬ng tr×nh ®­êng th¼ng (d) ®i qua ®iÓm A  vu«ng gãc víi ®­êng th¼ng (d1) vµ c¾t ®­êng th¼ng (d2) chÐo nhau cho tr­íc", vÝ dô sÏ sau minh ho¹ ph­¬ng ph¸p thùc hiÖn.

VÝ dô 6: Trong kh«ng gian Oxyz, cho ®iÓm M(2; 2; 1) vµ hai ®­êng th¼ng (d1) vµ (d2) cã ph­¬ng tr×nh:
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a. Chøng minh r»ng hai ®­êng th¼ng (d1), (d2) chÐo nhau.

b. ViÕt ph­¬ng tr×nh ®­êng th¼ng (d) ®i qua M vu«ng gãc víi (d1) vµ c¾t (d2).
c. T×m c¸c ®iÓm A, B thuéc (d) sao cho (OAB c©n t¹i O vµ cã diÖn tÝch b»ng 
[image: image591.wmf]17

2

.
( Gi¶i

a. Ta cã:
· §­êng th¼ng (d1) cã vtcp 
[image: image592.wmf]1
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 vµ ®i qua ®iÓm M1(0; 1; 2).

· §­êng th¼ng (d2) cã vtcp 
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 vµ ®i qua ®iÓm M2(3; 2; 0).

NhËn xÐt r»ng:
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 ( (d1) vµ (d2) chÐo nhau.

b. Gäi (d) lµ ®­êng th¼ng cÇn dùng, ta cã thÓ tr×nh bµy theo c¸c c¸ch sau:

C¸ch 1: ChuyÓn ph­¬ng tr×nh ®­êng th¼ng (d2) vÒ d¹ng tham sè:

(d2): 
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Gi¶ sö (d) c¾t (d2) t¹i ®iÓm N, khi ®ã:

· §iÓm N ( (d2) suy ra N(3 + t; 2 + 2t; 3t).

· §iÒu kiÖn ®Ó (d) vu«ng gãc víi ®­êng th¼ng (d1) lµ:
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 ( 2(1 + t) + 2t + 2(3t ( 1) = 0

( 10t = 0 ( t = 0 ( N(3; 2; 0).

Khi ®ã, ph­¬ng tr×nh ®­êng th¼ng (d) ®­îc cho bëi:
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C¸ch 2: Ta lÇn l­ît:

· Gäi (R1) lµ mÆt ph¼ng ®i qua M vµ vu«ng gãc víi (d1) th×:
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 ( (R1): 2x + y + 2z ( 8 = 0.

· Gäi (R2) lµ mÆt ph¼ng ®i qua M vµ chøa (d2) th×:
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( (R2): x ( 2y + z + 1 = 0.

Khi ®ã, ®­êng th¼ng (d) cÇn dùng chøa c¸c ®iÓm M(x; y; z) tho¶ m·n hÖ:
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(*)

B»ng viÖc ®Æt x = t, ta biÕn ®æi hÖ (*) vÒ d¹ng:
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§ã chÝnh lµ ph­¬ng tr×nh tham sè cña ®­êng th¼ng (d) cÇn dùng.


 L­u ý:  Chóng ta cã thÓ tèi ­u lêi gi¶i trong c¸ch 2 nh­ sau:
Gi¶ sö (d) víi vtcp 
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 lµ ®­êng th¼ng cÇn dùng, khi ®ã (d) lµ giao tuyÕn cña hai mÆt ph¼ng (R1) vµ (R2), trong ®ã: 

(R1): 
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· MÆt ph¼ng (R1) cã vtpt 
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· MÆt ph¼ng (R2) cã vtpt 
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· vtcp 
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 cña ®­êng th¼ng (d) ®­îc cho bëi:
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Khi ®ã, ®­êng th¼ng (d) ®­îc cho bëi:
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C¸ch 3: Ta lÇn l­ît:

· Gäi (R1) lµ mÆt ph¼ng ®i qua M vµ vu«ng gãc víi (d1) th×:

[image: image619.wmf]1

1

QuaM(2;2;1)

(R):

vtptv(2;1;2)

ì

ï

í

ï

î

uur

 ( (R1): 2x + y + 2z ( 8 = 0.

· MÆt ph¼ng (R1) c¾t (d2) t¹i ®iÓm N th× to¹ ®é cña N lµ nghiÖm cña hÖ: 
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( N(5; 0; (2).

Khi ®ã, ph­¬ng tr×nh ®­êng th¼ng (d) ®­îc cho bëi:
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c. C¸c ®iÓm A, B thuéc (d) nªn:
A(2 + t1; 2; 1 ( t1) vµ B(2 + t2; 2; 1 ( t2) víi t1 ( t2.
Ta lÇn l­ît:

· (OAB c©n t¹i O khi OA = OB do ®ã:
OA2 = OB2 ( (2 + t1)2 + 4 + (1 ( t1)2 = (2 + t2)2 + 4 + (1 ( t2)2
( 
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(1)
· (OAB cã diÖn tÝch b»ng 
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VËy, hai ®iÓm A(3; 2; 0) và B(2; 2; 1) tho¶ m·n ®iÒu kiÖn ®Çu bµi.

 Chó ý: KÕt hîp ®iÒu kiÖn vu«ng gãc vµ c¾t víi mét ®­êng th¼ng chóng ta nhËn ®­îc d¹ng to¸n "ViÕt ph­¬ng tr×nh ®­êng th¼ng (d) ®i qua ®iÓm A vu«ng gãc vµ c¾t ®­êng th¼ng (() cho tr­íc", ta thùc hiÖn theo c¸c b­íc:

B­íc 1: NhËn xÐt r»ng ®­êng th¼ng (d) cÇn dùng sÏ ®i qua h×nh chiÕu vu«ng gãc H cña A trªn (().

B­íc 2: X¸c ®Þnh to¹ ®é H b»ng hai c¸ch ®· biÕt.
B­íc 3: Suy ra ®­êng th¼ng (AH) lµ ®­êng th¼ng cÇn dùng.

Ngoµi ra, ta còng cã thÓ thùc hiÖn theo c¸c b­íc:

B­íc 1: ViÕt ph­¬ng tr×nh c¸c mÆt ph¼ng:

· (P) qua A vµ chøa (().
· (Q) qua A vµ vu«ng gãc víi (().
B­íc 3: Khi ®ã, ®­êng th¼ng (d) cÇn dùng chøa c¸c ®iÓm M(x; y; z) tho¶ m·n hÖ:
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ChuyÓn hÖ (*) vÒ d¹ng tham sè.

VÝ dô 7: Trong kh«ng gian Oxyz, cho ®iÓm M(1; 2;1) vµ hai mÆt ph¼ng (P), (Q) cã ph­¬ng tr×nh:

(P): x + y + z ( 3 = 0,   (Q): y + z ( 1 = 0.

a. Chøng tá r»ng hai mÆt ph¼ng (P) vµ (Q) c¾t nhau theo giao tuyÕn (d). ViÕt ph­¬ng tr×nh tham sè cña ®­êng th¼ng (d).

b. X¸c ®Þnh to¹ ®é h×nh chiÕu vu«ng gãc cña M trªn ®­êng th¼ng (d). Tõ ®ã, suy ra täa ®é ®iÓm M1 ®èi xøng víi M qua (d).

c. LËp ph­¬ng tr×nh ®­êng th¼ng ®i qua M vu«ng gãc víi (d) vµ c¾t (d).

( Gi¶i

a. Gäi 
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 theo thø tù lµ vtpt cña c¸c mÆt ph¼ng (P), (Q), ta cã:
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 kh«ng cïng ph­¬ng ( (P) ( (Q) = (d).

§Ó viÕt ph­¬ng tr×nh tham sè cña(d) ta cã thÓ sö dông c¸c c¸ch sau:
C¸ch 1: Giao tuyÕn (d) gåm c¸c ®iÓm A(x; y; z) tháa m·n hÖ ph­¬ng tr×nh:
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Trong hÖ (I) cho y = t (t ( 
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§ã chÝnh lµ ph­¬ng tr×nh tham sè cña ®­êng th¼ng (d).

C¸ch 2: §iÓm A(2; 0; 1) thuéc (P) vµ (Q) nªn thuéc (d).

Gäi 
[image: image645.wmf]u
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 lµ mét vtcp cña ®­êng th¼ng (d), ta cã: 
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Ta cã:
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b. Ta cã thÓ lùa chän mét trong hai c¸ch sau:
C¸ch 1: Gäi H lµ h×nh chiÕu vu«ng gãc cña M lªn ®­êng th¼ng (d), suy ra:
H(2; t; 1t) ( 
[image: image649.wmf]MH
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(1; t2; 2t),
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 ( t2 + t2 = 0 ( t = 2 ( H(2; 2;1).

V× H lµ trung ®iÓm cña MM1 nªn ta cã M1(3; 2; (1).
C¸ch 2: Gäi (P) lµ mÆt ph¼ng tho¶ m·n:

(P): 
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 ( (P): yz3 = 0.

Gäi H lµ h×nh chiÕu vu«ng gãc cña M trªn (d), suy ra {H} = (d) ( (P), to¹ ®é H lµ nghiÖm hÖ ph­¬ng tr×nh:
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( H(2; 2; 1).

V× H lµ trung ®iÓm cña MM1 nªn ta cã M1(3; 2; (1).

c. Ph­¬ng tr×nh ®­êng th¼ng ®i qua M vu«ng gãc víi (d) vµ c¾t (d) lµ:
((): 
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
 Chó ý: §Ó t¨ng ®é khã cho d¹ng to¸n "ViÕt ph­¬ng tr×nh ®­êng th¼ng (d) ®i qua ®iÓm A vu«ng gãc vµ c¾t ®­êng th¼ng (() cho tr­íc", ng­êi ta th­êng thay ®iÒu kiÖn vu«ng gãc b»ng t¹o víi (() mét gãc (, khi ®ã ta thùc hiÖn theo c¸c b­íc:

B­íc 1: T×m vtcp 
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 cña (() vµ mét ®iÓm B thuéc (().
Gi¶ sö ®­êng th¼ng (d) cÇn dùng cã vtcp 
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B­íc 2: Ta lÇn l­ît cã:
· Gäi (P) lµ mÆt ph¼ng qua A vµ chøa (() th× (P) cã vtpt 
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· V× (d) c¾t (() nªn n»m trong (P), do ®ã:
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(1)
· §Ó gãc gi÷a (d) vµ (() b»ng ( ®iÒu kiÖn lµ:
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(2)
Tõ (1) vµ (2) chóng ta sÏ nhËn ®­îc to¹ ®é cña vect¬ 
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B­íc 3: ViÕt ph­¬ng tr×nh ®­êng th¼ng (d) qua A cã vtcp 
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Ngoµi ra, trong mét vµi tr­êng hîp ®Æc biÖt chóng ta cßn cã thÓ sö dông ph­¬ng ph¸p t×m ®iÓm.
VÝ dô 8: Trong kh«ng gian Oxyz, cho ®iÓm A(4; 1;1) vµ ®­êng th¼ng (() cã ph­¬ng tr×nh:
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a. Chøng tá r»ng ®iÓm A kh«ng thuéc ®­êng th¼ng (().

b. LËp ph­¬ng tr×nh ®­êng th¼ng ®i qua A c¾t (() vµ t¹o víi (() mét gãc b»ng 450.

( Gi¶i

a. Thay to¹ ®é cña A vµo ph­¬ng tr×nh tham sè cña ((), ta ®­îc:

[image: image667.wmf]40
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b. Ta cã thÓ lùa chän mét trong hai c¸ch sau:
C¸ch 1: §­êng th¼ng (() ®i qua ®iÓm B(0; 1; 1) vµ cã vtcp 
[image: image668.wmf]u(0;1;1).
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Gi¶ sö ®­êng th¼ng (d) cÇn dùng cã vtcp 
[image: image669.wmf]d
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, ta lÇn l­ît cã:

· Gäi (P) lµ mÆt ph¼ng qua A vµ chøa (() th× (P) cã vtpt 
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· V× (d) c¾t (() nªn n»m trong (P), do ®ã:

[image: image673.wmf]dPdP

unu.n0

^Û=

uuruuruuruur

 ( a ( 2b + 2c = 0 ( a = 2b ( 2c.

(1)
· §Ó gãc gi÷a (d) vµ (() b»ng 459 ®iÒu kiÖn lµ:
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[image: image675.wmf]22222

bc

1

2

abc.11

+

=

+++


( (b + c)2 = (2b ( 2c)2 + b2 + c2 ( 2b2 ( 5bc + 2c2 = 0 
( b = 2c hoÆc c = 2b.
Khi ®ã:

· Víi b = 2c th× a = 2c nªn 
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· Víi c = 2b th× a = (2b nªn 
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(d2): 
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VËy, tån t¹i hai ®­êng th¼ng (d1) vµ (d2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.
C¸ch 2: §­êng th¼ng (() ®i qua ®iÓm B(0; 1; 1) vµ cã vtcp 
[image: image684.wmf]u(0;1;1).
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Gäi H lµ h×nh chiÕu vu«ng gãc cña A trªn ((), ta lÇn l­ît cã:

· Gäi (Q) lµ mÆt ph¼ng qua A vµ vu«ng gãc víi ((), ta cã:
(Q): 
[image: image685.wmf]QuaA(4;1;1)

vtptu(0;1;1)

D

-

ì

ï

í

ï

î

uur

 ( (Q): y + z = 0.

· V× {H} = (() ( (Q) nªn to¹ ®é H lµ nghiÖm hÖ ph­¬ng tr×nh:
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Gi¶ sö ®­êng th¼ng (d) cÇn dùng c¾t (() t¹i M(0; 1 + t; 1 + t) th× (HAM vu«ng c©n t¹i H, suy ra:

HM = HA ( HM2 = HA2 ( (1 + t)2 + (1 + t)2 = 42 + 12 + ((1)2
( (1 + t)2 = 9 ( 
[image: image687.wmf]1t3
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Khi ®ã:

· Víi t1 = (4 th× M1(0; (3; (3), tõ ®ã:
(d1): 
[image: image689.wmf]1

QuaA(4;1;1)

vtcpMA(4;4;2)chän(2;2;1)

-

ì

ï

í

ï

î

uuuuur

( 
[image: image690.wmf]1

x42t

(d):y12t,t

z1t

=+

ì

ï

=+Î

í

ï

=-+

î

¡

.
· Víi t2 = 2 th× M1(0; 3; 3), tõ ®ã:
(d2): 
[image: image691.wmf]2
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VËy, tån t¹i hai ®­êng th¼ng (d1) vµ (d2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.
C¸ch 3: §­êng th¼ng (() ®i qua ®iÓm B(0; 1; 1) vµ cã vtcp 
[image: image693.wmf]u(0;1;1).
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Ta lÇn l­ît cã:

· Kho¶ng c¸ch d tõ A ®Õn (() ®­îc cho bëi:
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· Gäi H lµ h×nh chiÕu vu«ng gãc cña A trªn (() vµ gi¶ sö ®­êng th¼ng (d) cÇn dùng c¾t (() t¹i M(0; 1 + t; 1 + t) th× (HAM vu«ng c©n t¹i H, suy ra:
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Khi ®ã:

· Víi t1 = (4 th× M1(0; (3; (3), tõ ®ã:
(d1): 
[image: image696.wmf]1

QuaA(4;1;1)

vtcpMA(4;4;2)chän(2;2;1)

-

ì

ï

í

ï

î

uuuuur

( 
[image: image697.wmf]1

x42t

(d):y12t,t

z1t

=+

ì

ï

=+Î

í

ï

=-+

î

¡

.
· Víi t2 = 2 th× M1(0; 3; 3), tõ ®ã:
(d2): 
[image: image698.wmf]2
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VËy, tån t¹i hai ®­êng th¼ng (d1) vµ (d2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.
	Bµi to¸n 4: §iÓm vµ ®­êng th¼ng.


Ph­¬ng ph¸p ¸p dông

§Ó t×m ®iÓm M thuéc ®­êng th¼ng (d) tho¶ m·n ®iÒu kiÖn K, ta lùa chän mét trong hai c¸ch sau:

C¸ch 1:  Thùc hiÖn theo c¸c b­íc:

B­íc 1: ChuyÓn ph­¬ng tr×nh ®­êng th¼ng (d) vÒ d¹ng tham sè:

(d): 
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B­íc 2: §iÓm M ( (d), suy ra M(x0 + at; y0 + bt; z0 + ct)

B­íc 3: ThiÕt lËp tÝnh chÊt K cho ®iÓm M.

C¸ch 2: Sö dông ®iÒu kiÖn K kh¼ng ®Þnh M thuéc ®­êng (L), khi ®ã:

(d) ( (L) = {M}.

Chóng th­êng gÆp:

1. T×m trªn ®­êng th¼ng (d) ®iÓm M(xM; yM; zM) sao cho 
[image: image703.wmf]2
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 nhá nhÊt (hoÆc ®­îc ph¸t biÓu d­íi d¹ng "T×m to¹ ®é h×nh chiÕu vu«ng gãc M cña O trªn (d)"). 

Khi ®ã, nÕu sö dông c¸ch 1 th× b­íc 3 cã néi dung:
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 = At2 + Bt + C ( 
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VËy, ta ®­îc 
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2. X¸c ®Þnh to¹ ®é h×nh chiÕu vu«ng gãc cña ®iÓm A lªn ®­êng th¼ng (d).
Khi ®ã:

· NÕu sö dông c¸ch 1 th× b­íc 3 cã néi dung:

AM ( (d) ( 
[image: image710.wmf]AMu
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· NÕu sö dông c¸ch 2 th× thùc hiÖn theo c¸c b­íc:

B­íc 1: X¸c ®Þnh vtcp 
[image: image712.wmf]a
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 cña ®­êng th¼ng (d).

B­íc 2: ViÕt ph­¬ng tr×nh mÆt ph¼ng (P) tho¶ m·n:

(P): 
[image: image713.wmf]quaA
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B­íc 3: H×nh chiÕu vu«ng gãc M cña A lªn ®­êng th¼ng (d) lµ giao ®iÓm cña (d) vµ (P).

Tõ viÖc x¸c ®Þnh ®­îc to¹ ®é h×nh chiÕu vu«ng gãc cña A lªn (d), chóng ta thùc hiÖn ®­îc viÖc:

· T×m to¹ ®é ®iÓm M thuéc (d) sao cho ®é dµi AM ng¾n nhÊt.
· T×m to¹ ®é ®iÓm A1 ®èi xøng víi ®iÓm A qua (d), cô thÓ ta thùc hiÖn theo c¸c b­íc:

B­íc 1: X¸c ®Þnh to¹ ®é h×nh chiÕu vu«ng gãc M cña A lªn (d).

B­íc 2: Suy ra to¹ ®é ®iÓm A1 tõ ®iÒu kiÖn M lµ trung ®iÓm cña AA1.

Tuy nhiªn, yªu cÇu nµy cßn cã thÓ thùc hiÖn b»ng c¸ch:

B­íc 1: X¸c ®Þnh vtcp 
[image: image714.wmf]u
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 cña ®­êng th¼ng (d).

B­íc 2: Gi¶ sö A1(x; y; z), suy ra:
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· ViÕt ph­¬ng tr×nh ®­êng th¼ng ®i qua A vu«ng gãc víi (d) vµ c¾t (d), cô thÓ ta thùc hiÖn theo c¸c b­íc:

B­íc 1: X¸c ®Þnh to¹ ®é h×nh chiÕu vu«ng gãc M cña A lªn (d).

B­íc 2: Suy ra ®­êng th¼ng (AM) lµ ®­êng th¼ng cÇn dùng.

Tuy nhiªn, yªu cÇu nµy cßn cã thÓ thùc hiÖn b»ng c¸ch:

B­íc 1: ViÕt ph­¬ng tr×nh mÆt ph¼ng (P) ®i qua A vµ chøa ®­êng th¼ng (d).

B­íc 2: ViÕt ph­¬ng tr×nh mÆt ph¼ng (Q) ®i qua A vµ vu«ng gãc víi ®­êng th¼ng (d).

B­íc 3: §­êng th¼ng cÇn t×m chÝnh lµ giao tuyÕn cña hai mÆt ph¼ng (P) vµ (Q).

· ViÕt ph­¬ng tr×nh mÆt cÇu t©m A vµ tiÕp xóc víi (d), cô thÓ ta thùc hiÖn theo c¸c b­íc:

B­íc 1: X¸c ®Þnh to¹ ®é h×nh chiÕu vu«ng gãc M cña A lªn (d).

B­íc 2: MÆt cÇu (S) t©m A vµ tiÕp xóc víi (d) ®­îc x¸c ®Þnh bëi:

(S): 
[image: image717.wmf]T
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Tuy nhiªn, yªu cÇu nµy cßn cã thÓ thùc hiÖn b»ng c¸ch:

B­íc 1: Gäi R lµ b¸n kÝnh mÆt cÇu (S) t©m A vµ tiÕp xóc víi (d) th× ta cã:

R = d(A, (d)).

B­íc 2: Ph­¬ng tr×nh mÆt cÇu (S) ®­îc x¸c ®Þnh bëi:
(S): 
[image: image718.wmf]T
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· ViÕt ph­¬ng tr×nh mÆt cÇu t©m A vµ c¾t (d) t¹i hai ®iÓm E, F sao cho EF = l, cô thÓ ta thùc hiÖn theo c¸c b­íc:

B­íc 1: X¸c ®Þnh to¹ ®é h×nh chiÕu vu«ng gãc M cña A lªn (d). Ta cã M lµ trung ®iÓm cña ®o¹n EF.

B­íc 2: MÆt cÇu (S) cÇn dùng ®­îc x¸c ®Þnh bëi:

(S): 
[image: image719.wmf]T
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( (S): 
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Tuy nhiªn, yªu cÇu nµy cßn cã thÓ thùc hiÖn b»ng c¸ch:

B­íc 1: Gäi M lµ h×nh chiÕu vu«ng gãc cña A trªn (d) (khi ®ã M lµ trung ®iÓm cña ®o¹n EF) vµ R lµ b¸n kÝnh mÆt cÇu (S) cÇn dùng th× ta cã:
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B­íc 2: Ph­¬ng tr×nh mÆt cÇu (S) ®­îc x¸c ®Þnh bëi:
(S): 
[image: image723.wmf]T
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VÝ dô 1: Trong kh«ng gian Oxyz, cho ®iÓm A(2;) vµ ®­êng th¼ng (d) cã ph­¬ng tr×nh:


[image: image724.wmf]x3y1z1
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a. T×m trªn ®­êng th¼ng (d) ®iÓm M(xM; yM; zM) sao cho tæng  
[image: image725.wmf]222
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b. T×m to¹ ®é h×nh chiÕu vu«ng gãc cña ®iÓm A lªn ®­êng th¼ng (d).

c. T×m täa ®é ®iÓm A1 ®èi xøng víi ®iÓm A qua ®­êng th¼ng (d).

d. ViÕt ph­¬ng tr×nh chÝnh t¾c ®­êng th¼ng ®i qua ®iÓm A vu«ng gãc víi  (d) vµ c¾t (d).

e. ViÕt ph­¬ng tr×nh mÆt cÇu t©m A vµ tiÕp xóc víi (d).

f. ViÕt ph­¬ng tr×nh mÆt cÇu t©m A vµ c¾t ®­êng th¼ng (d) t¹i hai ®iÓm E, F sao cho EF = 6.

( H­íng dÉn: Sö dông kiÕn thøc trong phÇn ph­¬ng ph¸p gi¶i to¸n.
( Gi¶i

ChuyÓn ph­¬ng tr×nh ®­êng th¼ng (d) vÒ d¹ng tham sè:
(d): 
[image: image726.wmf]x32t
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a. §iÓm M ( (d), suy ra M(3 ( 2t ; 1 + t; 1 + 2t).
Khi ®ã:
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Tõ ®ã, suy ra 
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b. Gäi H lµ h×nh chiÕu vu«ng gãc cña A lªn ®­êng th¼ng (d), ta cã thÓ tr×nh bµy theo hai c¸ch sau:
C¸ch 1: §­êng th¼ng (d) cã vtcp 
[image: image732.wmf]u(2;1;2)
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V× H ( (d) nªn H(3 ( 2t ; 1 + t; 1 + 2t), suy ra 
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§Ó H lµ h×nh chiÕu vu«ng gãc cña A lªn (d) ®iÒu kiÖn lµ:
AH ( (d) ( 
[image: image734.wmf]AHu
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C¸ch 2: §­êng th¼ng (d) cã vtcp 
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Gäi (P) lµ mÆt ph¼ng tho¶ m·n:

(P): 
[image: image738.wmf]QuaA
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 ( (P): 2x ( y ( 2z + 6 = 0.

V× {H} = (d) ( (P) nªn to¹ ®é H lµ nghiÖm hÖ ph­¬ng tr×nh:
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c. Ta cã thÓ tr×nh bµy theo hai c¸ch sau:
C¸ch 1: (Dùa vµo kÕt qu¶ c©u b): V× H lµ trung ®iÓm cña AA1 nªn A1(0; (2; 4).
C¸ch 2: (§éc lËp víi c©u b): §­êng th¼ng (d) cã vtcp 
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 vµ gi¶ sö ®iÓm    A1(x; y; z), suy ra:
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d. Ta cã thÓ tr×nh bµy theo hai c¸ch sau:
C¸ch 1: (Dùa vµo kÕt qu¶ c©u b): Gäi (d’) lµ ®­êng th¼ng cÇn dùng th×:
(d’): 
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C¸ch 2: (§éc lËp víi c©u b): Gäi (d’) cã vtcp 
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 lµ ®­êng th¼ng cÇn dùng.
LÊy ®iÓm B(3; 1; 1) thuéc (d) vµ gäi (P) = (A, (d))  th× (P) cã vtpt 
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Khi ®ã, ta nhËn thÊy:
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VËy, ph­¬ng tr×nh ®­êng th¼ng (d’) ®­îc cho bëi:

(d’): 
[image: image759.wmf]QuaA(2;6;2)
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e. Ta cã thÓ tr×nh bµy theo hai c¸ch sau:
C¸ch 1: (Dùa vµo kÕt qu¶ c©u b): MÆt cÇu (S) t©m A vµ tiÕp xóc víi (d) ®­îc x¸c ®Þnh bëi:
(S): 
[image: image761.wmf]T
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 ( (S): (x ( 2)2 + (y ( 6)2 + (z ( 2)2 = 18.

C¸ch 2: (§éc lËp víi c©u b): §­êng th¼ng (d) cã vtcp 
[image: image762.wmf]u(1;2;2)
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 vµ ®i qua ®iÓm   B(3;  1; 1). Gäi R lµ b¸n kÝnh mÆt cÇu (S) t©m A vµ tiÕp xóc víi (d), ta cã:
R = d(A, (d)) = 
[image: image763.wmf]AB,u
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 = 
[image: image764.wmf]18

.

Ph­¬ng tr×nh mÆt cÇu (S) ®­îc x¸c ®Þnh bëi:

(S): 
[image: image765.wmf]T
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 ( (S): (x ( 2)2 + (y ( 6)2 + (z ( 2)2 = 18.

f. Ta cã thÓ tr×nh bµy theo hai c¸ch sau:
C¸ch 1: (Dùa vµo kÕt qu¶ c©u b): V× H lµ trung ®iÓm cña EF nªn mÆt cÇu (T) cÇn dùng cã b¸n kÝnh R ®­îc x¸c ®Þnh bëi:
R = AE = 
[image: image766.wmf]22
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 = 
[image: image767.wmf]2
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 = 
[image: image768.wmf]18927
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Ph­¬ng tr×nh mÆt cÇu (T) ®­îc x¸c ®Þnh bëi:

(T): 
[image: image769.wmf]T
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¸n kÝnh R=27
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 ( (T): (x ( 2)2 + (y ( 6)2 + (z ( 2)2 = 27.

C¸ch 2: (§éc lËp víi c©u b): V× H lµ trung ®iÓm cña EF nªn mÆt cÇu (T) cÇn dùng cã b¸n kÝnh R ®­îc x¸c ®Þnh bëi:

[image: image770.wmf]EM
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 EMBED Equation.DSMT4  [image: image771.wmf]EF
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 = 
[image: image772.wmf]18927
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Ph­¬ng tr×nh mÆt cÇu (T) ®­îc x¸c ®Þnh bëi:

(T): 
[image: image773.wmf]T
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©mA(2;6;2)

¸n kÝnh R=27

ì
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 ( (T): (x ( 2)2 + (y ( 6)2 + (z ( 2)2 = 27.


 Chó ý: TiÕp tôc øng dông h×nh chiÕu vu«ng gãc cña ®iÓm trªn ®­êng th¼ng chóng ta xÐt c¸c d¹ng to¸n sau:

· Cho hai ®iÓm A, B vµ ®­êng th¼ng (d). T×m to¹ ®é ®iÓm M trªn ®­êng th¼ng (d) ®Ó:
a. 
[image: image774.wmf]MAMB
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 ®¹t gi¸ trÞ nhá nhÊt. 

b. MA2 + MB2 ®¹t gi¸ trÞ nhá nhÊt. 

Khi ®ã:

a. Chóng ta thùc hiÖn theo c¸c b­íc:

B­íc 1: Gäi I lµ trung ®iÓm cña AB, ta cã:


[image: image775.wmf]MAMB2MI2MI

+==

uuuuruuuruuur

.

Tõ ®ã, ta thÊy 
[image: image776.wmf]MAMB
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 ®¹t gi¸ trÞ nhá nhÊt khi MI nhá nhÊt, tøc M lµ h×nh chiÕu vu«ng gãc cña I trªn (d).
B­íc 2: T×m to¹ ®é cña M.

b. Ta cã thÓ lùa chän c¸c c¸ch gi¶i sau:

C¸ch 1: Chóng ta thùc hiÖn theo c¸c b­íc:

B­íc 1: Gäi I lµ trung ®iÓm cña AB, ta cã:

MA2 + MB2 = 
[image: image777.wmf]22
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 EMBED Equation.DSMT4  [image: image778.wmf](
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 EMBED Equation.DSMT4  [image: image781.wmf]2
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Tõ ®ã, ta thÊy MA2 + MB2 ®¹t gi¸ trÞ nhá nhÊt khi MI nhá nhÊt, tøc M lµ h×nh chiÕu vu«ng gãc cña I trªn (d).
B­íc 2: T×m to¹ ®é cña M.

C¸ch 2: Sö dông ph­¬ng tr×nh tham sè (gi¶ sö lµ t) cña ®­êng th¼ng (d) chóng ta biÕn ®æi biÓu thøc MA2 + MB2 vÒ d¹ng (ta lu«n cã a > 0):

MA2 + MB2 = at2 + bt + c 
[image: image782.wmf]4a
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Tõ ®ã, ta thÊy (MA2 + MB2)Min = 
[image: image783.wmf]4a
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, ®¹t ®­îc khi 
[image: image784.wmf]b
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, suy ra to¹ ®é ®iÓm M.
· Më réng víi ba ®iÓm A, B, C kh«ng th¼ng hµng (hoÆc tø diÖn ABCD) chóng ta sö dông träng t©m G cña (ABC ((hoÆc träng t©m G cña tø diÖn ABCD)). Cô thÓ "Cho ba ®iÓm A, B, C kh«ng th¼ng hµng vµ ®­êng th¼ng (d). T×m to¹ ®é ®iÓm M trªn ®­êng th¼ng (d) ®Ó:
a. 
[image: image785.wmf]MAMBMC
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 ®¹t gi¸ trÞ nhá nhÊt. 
b. MA2 + MB2 + MC2 ®¹t gi¸ trÞ nhá nhÊt. 
ë ®©y, chóng ta thùc hiÖn phÐp biÕn ®æi:


[image: image786.wmf]MAMBMC3MG
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MA2 + MB2 + MC2 = 
[image: image787.wmf]222
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VÝ dô 2: Trong kh«ng gian Oxyz, cho ba ®iÓm A(3; (1;), B(1; (3; 3),        C((10; 4; 9) vµ ®­êng th¼ng (d) cã ph­¬ng tr×nh:


[image: image791.wmf]x2y1z3
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a. T×m to¹ ®é ®iÓm M trªn ®­êng th¼ng (d) ®Ó MA2 + MB2 ®¹t gi¸ trÞ nhá nhÊt.

b. T×m to¹ ®é ®iÓm N trªn ®­êng th¼ng (d) ®Ó 
[image: image792.wmf]NANBNC
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 ®¹t gi¸ trÞ nhá nhÊt.

( Gi¶i

a. Ta cã thÓ lùa chän c¸c c¸ch gi¶i sau:

C¸ch 1: §o¹n th¼ng AB cã trung ®iÓm I(2; (2; 3), ta cã:

MA2 + MB2 = 
[image: image793.wmf]22
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 EMBED Equation.DSMT4  [image: image794.wmf](
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Tõ ®ã, ta thÊy MA2 + MB2 ®¹t gi¸ trÞ nhá nhÊt khi MI nhá nhÊt, tøc M lµ h×nh chiÕu vu«ng gãc cña I trªn (d).
ChuyÓn ph­¬ng tr×nh ®­êng th¼ng (d) vÒ d¹ng tham sè:


[image: image798.wmf]x2t
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 ( M(2 + t; 1 ( 2t; 3 + t) ( 
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Tõ ®iÒu kiÖn:


[image: image800.wmf]dd
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 ( 6t ( 6 = 0 ( t = 1 ( M(3; (1; 4).

VËy, víi ®iÓm M(3; (1; 4) tho¶ m·n ®iÒu kiÖn ®Çu bµi.

C¸ch 2: ChuyÓn ph­¬ng tr×nh ®­êng th¼ng (d) vÒ d¹ng tham sè:


[image: image801.wmf]x2t
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Ta cã:

MA2 + MB2 = (t ( 1)2 + (2 ( 2t)2 + t2 + (1 + t)2 + (4 ( 2t) + t2
 = 12t2 ( 24t + 22 = 12(t ( 1)2 + 10 ( 10.
Tõ ®ã, ta thÊy (MA2 + MB2)Min = 10, ®¹t ®­îc khi:

t ( 1 = 0 ( t = 1 ( M(3; (1; 4).
VËy, víi ®iÓm M(3; (1; 4) tho¶ m·n ®iÒu kiÖn ®Çu bµi.

b. Tam gi¸c ABC cã träng t©m G((2; 0; 5), ta cã:


[image: image802.wmf]NANBNC3NG3NG
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Tõ ®ã, ta thÊy 
[image: image803.wmf]NANBNC
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 ®¹t gi¸ trÞ nhá nhÊt khi NG nhá nhÊt, tøc N lµ h×nh chiÕu vu«ng gãc cña G trªn (d). Ta lÇn l­ît:

· Gäi (P) lµ mÆt ph¼ng qua G vµ vu«ng gãc víi (d), khi ®ã:


[image: image804.wmf]d
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 ( (P): x ( 2y + z ( 3 = 0.

· V× (P) ( (d) = {N} nªn to¹ ®é cña B lµ nghiÖm cña hÖ:


[image: image805.wmf]x2y1z3
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
 Chó ý: §Ó t¨ng ®é khã cho d¹ng to¸n "ViÕt ph­¬ng tr×nh ®­êng th¼ng (d) ®i qua ®iÓm A vu«ng gãc vµ c¾t ®­êng th¼ng (() cho tr­íc", ng­êi ta th­êng thay ®iÒu kiÖn vu«ng gãc b»ng t¹o víi (() mét gãc (, khi ®ã ta thùc hiÖn theo c¸c b­íc:

B­íc 1: T×m vtcp 
[image: image807.wmf]u
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 cña (() vµ mét ®iÓm B thuéc (().

Gi¶ sö ®­êng th¼ng (d) cÇn dùng cã vtcp 
[image: image808.wmf]d
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B­íc 2: Ta lÇn l­ît cã:

· Gäi (P) lµ mÆt ph¼ng qua A vµ chøa (() th× (P) cã vtpt 
[image: image809.wmf]P
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 ®­îc cho bëi 
[image: image810.wmf]P
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· V× (d) c¾t (() nªn n»m trong (P), do ®ã:

[image: image811.wmf]dPdP
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(1)

· §Ó gãc gi÷a (d) vµ (() b»ng ( ®iÒu kiÖn lµ:


[image: image812.wmf]d
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(2)

Tõ (1) vµ (2) chóng ta sÏ nhËn ®­îc to¹ ®é cña vect¬ 
[image: image813.wmf]d
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B­íc 3: ViÕt ph­¬ng tr×nh ®­êng th¼ng (d) qua A cã vtcp 
[image: image814.wmf]d
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.

Ngoµi ra, trong mét vµi tr­êng hîp ®Æc biÖt chóng ta cßn cã thÓ sö dông ph­¬ng ph¸p t×m ®iÓm.

VÝ dô 3: Trong kh«ng gian Oxyz, cho ®iÓm A(4;1; 1) vµ ®­êng th¼ng (() cã ph­¬ng tr×nh:


[image: image815.wmf]x0
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a. Chøng tá r»ng ®iÓm A kh«ng thuéc ®­êng th¼ng (().

b. LËp ph­¬ng tr×nh ®­êng th¼ng ®i qua A c¾t (() vµ t¹o víi (() mét gãc b»ng 450.

( Gi¶i

a. Thay to¹ ®é cña A vµo ph­¬ng tr×nh tham sè cña ((), ta ®­îc:

[image: image816.wmf]40
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b. Ta cã thÓ lùa chän mét trong hai c¸ch sau:
C¸ch 1: §­êng th¼ng (() ®i qua ®iÓm B(0; 1; 1) vµ cã vtcp 
[image: image817.wmf]u(0;1;1).
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Gi¶ sö ®­êng th¼ng (d) cÇn dùng cã vtcp 
[image: image818.wmf]d
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, ta lÇn l­ît cã:

· Gäi (P) lµ mÆt ph¼ng qua A vµ chøa (() th× (P) cã vtpt 
[image: image819.wmf]P
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 ®­îc cho bëi:
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 chän 
[image: image821.wmf]P
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· V× (d) c¾t (() nªn n»m trong (P), do ®ã:

[image: image822.wmf]dPdP
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 ( a + 2b ( 2c = 0 ( a = (2b + 2c.
(1)
· §Ó gãc gi÷a (d) vµ (() b»ng 459 ®iÒu kiÖn lµ:

[image: image823.wmf]d

0

d

u.u

cos45

u.u

D

D

=

uuruur

uuruur

 ( 
[image: image824.wmf]22222

bc

1

2

abc.11

+

=

+++


( (b + c)2 = ((2b + 2c)2 + b2 + c2 ( 2b2 ( 5bc + 2c2 = 0

( b = 2c hoÆc c = 2b.
Khi ®ã:

· Víi b = 2c th× a = (2c nªn 
[image: image825.wmf]d
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 chän 
[image: image826.wmf]d
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, tõ ®ã:
(d1): 
[image: image827.wmf]d
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· Víi c = 2b th× a = 2b nªn 
[image: image829.wmf]d
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 chän 
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, tõ ®ã:
(d2): 
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VËy, tån t¹i hai ®­êng th¼ng (d1) vµ (d2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.
C¸ch 2: §­êng th¼ng (() ®i qua ®iÓm B(0; 1; 1) vµ cã vtcp 
[image: image833.wmf]u(0;1;1).
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Gäi H lµ h×nh chiÕu vu«ng gãc cña A trªn ((), ta lÇn l­ît cã:

· Gäi (Q) lµ mÆt ph¼ng qua A vµ vu«ng gãc víi ((), ta cã:
(Q): 
[image: image834.wmf]QuaA(4;1;1)
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 ( (Q): y + z = 0.

· V× {H} = (() ( (Q) nªn to¹ ®é H lµ nghiÖm hÖ ph­¬ng tr×nh:
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 ( x = y = z = 0 ( H(0; 0; 0).
Gi¶ sö ®­êng th¼ng (d) cÇn dùng c¾t (() t¹i M(0; 1 + t; 1 + t) th× (HAM vu«ng c©n t¹i H, suy ra:

HM = HA ( HM2 = HA2 ( (1 + t)2 + (1 + t)2 = 42 + ((1)2 + 12
( (1 + t)2 = 9 ( 
[image: image836.wmf]1t3
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Khi ®ã:

· Víi t1 = (4 th× M1(0; (3; (3), tõ ®ã:
(d1): 
[image: image838.wmf]1
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· Víi t2 = 2 th× M1(0; 3; 3), tõ ®ã:
(d2): 
[image: image840.wmf]2
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VËy, tån t¹i hai ®­êng th¼ng (d1) vµ (d2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.
C¸ch 3: §­êng th¼ng (() ®i qua ®iÓm B(0; 1; 1) vµ cã vtcp 
[image: image842.wmf]u(0;1;1).
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Ta lÇn l­ît cã:

· Kho¶ng c¸ch d tõ A ®Õn (() ®­îc cho bëi:
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· Gäi H lµ h×nh chiÕu vu«ng gãc cña A trªn (() vµ gi¶ sö ®­êng th¼ng (d) cÇn dùng c¾t (() t¹i M(0; 1 + t; 1 + t) th× (HAM vu«ng c©n t¹i H, suy ra:
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Khi ®ã:

· Víi t1 = (4 th× M1(0; (3; (3), tõ ®ã:
(d1): 
[image: image846.wmf]1
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· Víi t2 = 2 th× M1(0; 3; 3), tõ ®ã:
(d2): 
[image: image848.wmf]2
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VËy, tån t¹i hai ®­êng th¼ng (d1) vµ (d2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.

 Yªu cÇu: C¸c em häc sinh h·y ®Ò xuÊt ph­¬ng ph¸p ®Ó thùc hiÖn yªu cÇu "T×m ®iÓm M trªn ®­êng th¼ng (d) sao cho tæng  MA + MB nhá nhÊt, víi A, B cho tr­íc".

	Bµi to¸n 5: §iÓm vµ mÆt ph¼ng.


Ph­¬ng ph¸p ¸p dông

§Ó t×m ®iÓm M thuéc ®­êng th¼ng (d) tho¶ m·n ®iÒu kiÖn K, ta lùa chän mét trong hai c¸ch sau:

C¸ch 1:   Sö dông ph­¬ng tr×nh ban ®Çu cña mÆt ph¼ng.

C¸ch 2:  Sö dông ®iÒu kiÖn K kh¼ng ®Þnh M thuéc ®­êng (L), khi ®ã:

(P) ( (L) = {M}.

Chóng th­êng gÆp:

1. X¸c ®Þnh to¹ ®é h×nh chiÕu vu«ng gãc H cña ®iÓm A lªn mÆt ph¼ng (P).
Khi ®ã:

· NÕu sö dông c¸ch 1 th×:

B­íc 1: X¸c ®Þnh vtpt 
[image: image850.wmf]n

r

 cña mÆt ph¼ng (P).

B­íc 2: Gi¶ sö H(x; y; z) lµ chiÕu vu«ng gãc H cña A lªn (P), suy ra:
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  ( To¹ ®é cña H.
· NÕu sö dông c¸ch 2 th×:

B­íc 1: X¸c ®Þnh vtpt 
[image: image853.wmf]n
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 cña mÆt ph¼ng (P).
B­íc 2: ViÕt ph­¬ng tr×nh ®­êng th¼ng (d) tho¶ m·n:

(d): 
[image: image854.wmf]QuaA
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( Ph­¬ng tr×nh tham sè (d).
B­íc 3: H×nh chiÕu vu«ng gãc H cña A lªn (P) chÝnh lµ giao ®iÓm cña (d) vµ (P).

Tõ viÖc x¸c ®Þnh ®­îc to¹ ®é h×nh chiÕu vu«ng gãc cña A lªn (P), chóng ta thùc hiÖn ®­îc viÖc:

· T×m to¹ ®é ®iÓm H thuéc (P) sao cho ®é dµi AH ng¾n nhÊt.
· T×m to¹ ®é ®iÓm A1 ®èi xøng víi ®iÓm A qua (P), cô thÓ ta thùc hiÖn theo c¸c b­íc:

B­íc 1: X¸c ®Þnh to¹ ®é h×nh chiÕu vu«ng gãc H cña A lªn (P).

B­íc 2: Suy ra to¹ ®é A1 tõ ®iÒu kiÖn H lµ trung ®iÓm cña AA1.

Tuy nhiªn, yªu cÇu nµy cßn cã thÓ thùc hiÖn b»ng c¸ch:

B­íc 1: X¸c ®Þnh vtpt 
[image: image856.wmf]n
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 cña mÆt ph¼ng (P).

B­íc 2: Gi¶ sö A1(x; y; z), suy ra:
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( To¹ ®é A1.

· T×m trªn mÆt ph¼ng (P) ®iÓm M(xM; yM; zM) sao cho 
[image: image859.wmf]2
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[image: image861.wmf]2
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 nhá nhÊt bëi nã ®­îc ph¸t biÓu l¹i d­íi d¹ng "T×m to¹ ®é h×nh chiÕu vu«ng gãc M cña O trªn (P)").

· Cho hai ®iÓm A, B vµ mÆt ph¼ng (P). T×m trªn (P) ®iÓm M sao cho 
[image: image862.wmf]MAMB
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 ®¹t gi¸ trÞ nhá nhÊt, cô thÓ ta thùc hiÖn theo c¸c b­íc:
B­íc 1: Gäi I lµ trung ®iÓm cña AB, suy ra to¹ ®é cña I.

B­íc 2: NhËn xÐt r»ng:


[image: image863.wmf]MAMB2MI2MI
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 Tõ ®ã:


[image: image864.wmf]MAMB
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 ®¹t gi¸ trÞ nhá nhÊt ( MI nhá nhÊt

( M lµ h×nh chiÕu vu«ng gãc cña I trªn (P).
B­íc 3:  X¸c ®Þnh to¹ ®é ®iÓm M.
Më réng víi ba ®iÓm A, B, C kh«ng th¼ng hµng (hoÆc tø diÖn ABCD) chóng ta sö dông träng t©m G cña (ABC ((hoÆc träng t©m G cña tø diÖn ABCD)). Cô thÓ "Cho ba ®iÓm A, B, C kh«ng th¼ng hµng vµ mÆt ph¼ng (P). T×m to¹ ®é ®iÓm M trªn (O) ®Ó:
a. 
[image: image865.wmf]MAMBMC
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 ®¹t gi¸ trÞ nhá nhÊt. 

b. MA2 + MB2 + MC2 ®¹t gi¸ trÞ nhá nhÊt. 

· ViÕt ph­¬ng tr×nh mÆt cÇu t©m A vµ tiÕp xóc víi (P), cô thÓ ta thùc hiÖn theo c¸c b­íc:

B­íc 1: X¸c ®Þnh to¹ ®é h×nh chiÕu vu«ng gãc H cña A lªn (P).

B­íc 2: MÆt cÇu (S) t©m A vµ tiÕp xóc víi (P) ®­îc x¸c ®Þnh bëi:

(S): 
[image: image866.wmf]T
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Tuy nhiªn, yªu cÇu nµy cßn cã thÓ thùc hiÖn b»ng c¸ch:

B­íc 1: Gäi R lµ b¸n kÝnh mÆt cÇu (S) t©m A vµ tiÕp xóc víi (P) th× ta cã:

R = d(A, (P)).

B­íc 2: Ph­¬ng tr×nh mÆt cÇu (S) ®­îc x¸c ®Þnh bëi:
(S): 
[image: image867.wmf]T
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· ViÕt ph­¬ng tr×nh mÆt cÇu cã b¸n kÝnh nhá nhÊt ®i qua A vµ tiÕp xóc víi (P). Khi ®ã, mÆt cÇu cÇn dùng chÝnh lµ mÆt cÇu ®­êng kÝnh AH.
· ViÕt ph­¬ng tr×nh mÆt cÇu cã b¸n kÝnh nhá nhÊt ®i qua A vµ c¾t (P) theo thiÕt diÖn lµ ®­êng trßn lín.  Khi ®ã, mÆt cÇu cÇn dùng chÝnh lµ mÆt cÇu t©m H b¸n kÝnh AH.
· ViÕt ph­¬ng tr×nh mÆt cÇu t©m A vµ c¾t (P) theo thiÕt diÖn lµ ®­êng trßn (C) cã b¸n kÝnh b»ng r (hoÆc biÕt chu vi ®­êng trßn hoÆc biÕt diÖn tÝch h×nh trßn ®ã), cô thÓ ta thùc hiÖn theo c¸c b­íc:

B­íc 1: X¸c ®Þnh to¹ ®é h×nh chiÕu vu«ng gãc H cña A lªn (P). Ta cã H lµ t©m ®­êng trßn (C).

B­íc 2: MÆt cÇu (S) cÇn dùng ®­îc x¸c ®Þnh bëi:

(S): 
[image: image868.wmf]T
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Tuy nhiªn, yªu cÇu nµy cßn cã thÓ thùc hiÖn b»ng c¸ch:

B­íc 1: Gäi M lµ h×nh chiÕu vu«ng gãc cña A trªn (P) (khi ®ã M lµ t©m ®­êng trßn (C)) vµ R lµ b¸n kÝnh mÆt cÇu (S) cÇn dùng th× ta cã:
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B­íc 2: Ph­¬ng tr×nh mÆt cÇu (S) ®­îc x¸c ®Þnh bëi:
(S): 
[image: image871.wmf]T
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2. T×m ®iÓm M trªn mÆt ph¼ng (P) sao cho:

a. MA + MB ®¹t gi¸ trÞ nhá nhÊt.

b. (MA ( MB( ®¹t gi¸ trÞ lín nhÊt.

VÝ dô 1: Trong kh«ng gian Oxyz, cho hai ®iÓm A(4; 3;), B((2; 3; 8) vµ mÆt ph¼ng (P) cã ph­¬ng tr×nh:

(P): x + 2y + 3z ( 14 = 0.
a. T×m to¹ ®é h×nh chiÕu vu«ng gãc cña ®iÓm A lªn mÆt ph¼ng (P).

b. T×m täa ®é ®iÓm A1 ®èi xøng víi ®iÓm A qua mÆt ph¼ng (P).

c. T×m trªn mÆt ph¼ng (P) ®iÓm M(xM; yM; zM) sao cho tæng  
[image: image872.wmf]222
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 ®¹t gi¸ trÞ nhá nhÊt.
d. T×m trªn (P) ®iÓm N sao cho 
[image: image873.wmf]NANB
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 ®¹t gi¸ trÞ nhá nhÊt.

e. T×m trªn (P) ®iÓm E sao cho EA + EB ®¹t gi¸ trÞ nhá nhÊt.

f. ViÕt ph­¬ng tr×nh mÆt cÇu t©m A vµ tiÕp xóc víi (P).

g. ViÕt ph­¬ng tr×nh mÆt cÇu cã b¸n kÝnh nhá nhÊt ®i qua A vµ tiÕp xóc víi (P).

h. ViÕt ph­¬ng tr×nh mÆt cÇu cã b¸n kÝnh nhá nhÊt ®i qua A vµ c¾t (P) theo thiÕt diÖn lµ ®­êng trßn lín.

i. ViÕt ph­¬ng tr×nh mÆt cÇu t©m A vµ c¾t (P) theo thiÕt diÖn lµ ®­êng trßn (C) cã b¸n kÝnh 
[image: image874.wmf]r42
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( H­íng dÉn: Sö dông kiÕn thøc trong phÇn ph­¬ng ph¸p gi¶i to¸n.
( Gi¶i

a. Ta cã thÓ tr×nh bµy theo hai c¸ch sau:
C¸ch 1: MÆt ph¼ng (P) cã vtpt 
[image: image875.wmf]n(1;2;3)
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.
Gi¶ sö H(x; y; z) lµ h×nh chiÕu vu«ng gãc cña A lªn (P), suy ra:
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( H(3; 1; 3).
C¸ch 2: MÆt ph¼ng (P) cã vtpt 
[image: image881.wmf]n(1;2;3)
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. Gäi (d) lµ ®­êng th¼ng tho¶ m·n:

(d): 
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V× {H} = (d) ( (P) nªn to¹ ®é H lµ nghiÖm hÖ ph­¬ng tr×nh:


[image: image886.wmf]x4t

y32t

z63t

x2y3z140

=+

ì

ï

=+

ï

í

=+

ï

ï

++-=

î

 ( 
[image: image887.wmf]x3

y1

z3

t1

=

ì

ï

=

ï

í

=

ï

ï

=-

î

( H(3; 1; 3).

b. Ta cã thÓ tr×nh bµy theo hai c¸ch sau:
C¸ch 1: (Dùa vµo kÕt qu¶ c©u a): V× H lµ trung ®iÓm cña AA1 nªn A1(2; (1; 0).
C¸ch 2: MÆt ph¼ng (P) cã vtpt 
[image: image888.wmf]n(1;2;3)
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 vµ gi¶ sö A1(x; y; z), suy ra:
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c. NhËn xÐt r»ng:
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Tõ ®ã, suy ra:
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( M lµ h×nh chiÕu vu«ng gãc cña O trªn (P).

Gäi (() lµ ®­êng th¼ng tho¶ m·n:

((): 
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V× {M} = (() ( (P) nªn b»ng c¸ch ph­¬ng tr×nh tham sè cña (() vµo ph­¬ng tr×nh cña (P), ta ®­îc:

t + 4t + 9t ( 14 = 0 ( 14t ( 14 = 0 ( t = 1 ( M(1; 2; 3).

VËy, víi ®iÓm M(1; 2; 3) th× 
[image: image901.wmf](
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d. Gäi I lµ trung ®iÓm cña AB, suy ra I(1; 3; 7). NhËn xÐt r»ng:
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 Tõ ®ã:
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 ®¹t gi¸ trÞ nhá nhÊt ( NI nhá nhÊt 

( N lµ h×nh chiÕu vu«ng gãc cña I trªn (P).
· X¸c ®Þnh to¹ ®é ®iÓm N: Gäi (d’) lµ ®­êng th¼ng tho¶ m·n:
(d’): 
[image: image904.wmf]QuaI
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V× {N} = (d’) ( (P) nªn b»ng c¸ch ph­¬ng tr×nh tham sè cña (d’) vµo ph­¬ng tr×nh cña (P), ta ®­îc:

(1 + t) + 2(3 + 2t) + 3(7 + 3t) ( 14 = 0 ( 14t + 14 = 0 

( t = (1 ( N(0; 1; 4).
VËy, víi ®iÓm N(0; 1; 4) tho¶ m·n ®iÒu kiÖn ®Çu bµi.
e. (Dùa vµo kÕt qu¶ c©u b): NhËn xÐt r»ng:

tA.tB = 14.14 = 196 > 0 ( A, B ë vÒ cïng mét phÝa víi (P).
Ph©n tÝch: Gäi A1 lµ ®iÓm ®èi xøng víi A qua (P) vµ {F} = (A1B) ( (P), khi ®ã víi ®iÓm E bÊt kú thuéc (P), ta cã: 

EA + EB = EA1 + EB ( A1B = FA + FB. 

VËy, ta ®­îc EA + EB nhá nhÊt khi E ( F. 

Ph­¬ng tr×nh ®­êng th¼ng (A1B) ®­îc x¸c ®Þnh bëi:

(A1B): 
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Khi ®ã, ®Ó t×m to¹ ®é F ta thay x, y, z tõ ph­¬ng tr×nh tham sè cña (A1B) vµo ph­¬ng tr×nh cña (P) ®­îc: 

2 ( t + 2(t) + 6t ( 14 = 0 ( t = 2 ( F(0; 1; 4).

VËy, ®iÓm E(0; 1; 4) tho¶ m·n ®iÒu kiÖn ®Çu bµi.

f. Ta cã thÓ tr×nh bµy theo hai c¸ch sau:
C¸ch 1: (Dùa vµo kÕt qu¶ c©u a): MÆt cÇu (S) t©m A vµ tiÕp xóc víi (P) ®­îc x¸c ®Þnh bëi:
(S): 
[image: image909.wmf]T36
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 ( (S): (x ( 4)2 + (y ( 3)2 + (z ( 6)2 = 14.

C¸ch 2: (§éc lËp víi c©u a): Gäi R lµ b¸n kÝnh mÆt cÇu (S) t©m A vµ tiÕp xóc víi (P) th× ta cã:

R = d(A, (P)) = 
[image: image910.wmf]14
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Ph­¬ng tr×nh mÆt cÇu (S) ®­îc x¸c ®Þnh bëi:

(S): 
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 ( (S): (x ( 4)2 + (y ( 3)2 + (z ( 6)2 = 14.

g. MÆt cÇu (S) cã b¸n kÝnh nhá nhÊt ®i qua A vµ tiÕp xóc víi (P) chÝnh lµ mÆt cÇu ®­êng kÝnh AH, ta cã ngay:

(S): 
[image: image912.wmf]T
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h. MÆt cÇu (S)  cã b¸n kÝnh nhá nhÊt ®i qua A vµ c¾t (P) theo thiÕt diÖn lµ ®­êng trßn lín chÝnh lµ ®­êng trßn t©m H vµ b¸n kÝnh AH nªn:

(S): (x ( 3)2 + (y ( 1)2 + (z ( 3)2 = 14.
i. MÆt cÇu (T) cÇn dùng cã b¸n kÝnh lµ:
R2 = d(A, (P)) + r2 = 14 + 42 = 56 ( 
[image: image915.wmf]R214
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Ph­¬ng tr×nh mÆt cÇu (T) ®­îc x¸c ®Þnh bëi:

(S): 
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 ( (S): (x ( 4)2 + (y ( 3)2 + (z ( 6)2 = 56.

	Bµi to¸n 6: §iÓm vµ mÆt cÇu.


Ph­¬ng ph¸p ¸p dông

§Ó t×m ®iÓm M thuéc mÆt cÇu (S) tho¶ m·n ®iÒu kiÖn K, ta lùa chän mét trong hai c¸ch sau:

C¸ch 1: Sö dông ph­¬ng tr×nh ban ®Çu cña mÆt cÇu.
C¸ch 2: ThiÕt lËp ®iÒu kiÖn ®Ó M lµ giao ®iÓm cña mét ®èi t­îng kh¸c ®èi víi mÆt cÇu (th­êng lµ ®­êng th¼ng).
VÝ dô 1: Trong kh«ng gian Oxyz, cho ®iÓm A(4; 3; 4) vµ mÆt cÇu (S) cã ph­¬ng tr×nh:

(S): (x ( 1)2 + y2 + (z ( 1)2 = 3.

a. Chøng tá r»ng ®iÓm A n»m ngoµi mÆt cÇu (S).

b. ViÕt ph­¬ng tr×nh ®­êng th¼ng (d) ®i qua A c¾t (S) t¹i hai ®iÓm B, C sao cho BC cã ®é dµi lín nhÊt.

c. T×m ®iÓm M thuéc (S) sao cho MA ®¹t gi¸ trÞ lín nhÊt, nhá nhÊt.

d. ViÕt ph­¬ng tr×nh mÆt ph¼ng tiÕp xóc víi (S) vµ c¸ch A mét kho¶ng lín nhÊt.

e. ViÕt ph­¬ng tr×nh mÆt cÇu t©m A vµ tiÕp xóc víi (S).

f. ViÕt ph­¬ng tr×nh mÆt cÇu cã b¸n kÝnh nhá nhÊt, ®i qua A vµ tiÕp xóc víi (S).

g. ViÕt ph­¬ng tr×nh mÆt cÇu cã b¸n kÝnh lín nhÊt, ®i qua A vµ tiÕp xóc víi (S).

( Gi¶i

a. MÆt cÇu (S) cã t©m I(1; 0; 1) vµ b¸n kÝnh 
[image: image917.wmf]R3

=

, ta cã:

IA2 = (4 ( 1)2 + 32 + (4 ( 1)2 = 27 ( 
[image: image918.wmf]IA33R

=>

.

VËy, ®iÓm A n»m ngoµi mÆt cÇu (S).

b. Hai ®iÓm B, C thuéc (S) cã ®é dµi lín nhÊt khi BC lµ mét ®­êng kÝnh cña (S), do ®ã ®­êng th¼ng (d) cÇn dùng ®­îc cho bëi:

[image: image919.wmf]QuaA(4;3;4)
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[image: image921.wmf]¡
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c. NhËn xÐt r»ng:

MA ( (IA ( IM( = 
[image: image922.wmf]IAR33323
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 ( MAMin = 
[image: image923.wmf]23

, 
®¹t ®­îc khi M, I, A th¼ng hµng.

MA ( IA + IM = 
[image: image924.wmf]IAR33343
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 ( MAMax = 
[image: image925.wmf]43

, 
®¹t ®­îc khi M, I, A th¼ng hµng.

Tøc trong c¶ hai tr­êng hîp {M} = (IA) ( (S) = (d) ( (S).

Thay ph­¬ng tr×nh tham sè cña (d) vµo (S), ta ®­îc:

t2 + t2 + t2 = 3 ( t2 = 1 ( t = (1 ( 
[image: image926.wmf]1
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VËy, ta cã kÕt luËn:

· MAMin = 
[image: image928.wmf]23

, ®¹t ®­îc t¹i ®iÓm M1(2; 1; 2).

· MAMax = 
[image: image929.wmf]43

, ®¹t ®­îc t¹i ®iÓm M2(0; (1; 0).

d. MÆt ph¼ng (P) cÇn dùng tiÕp xóc víi (S) vµ c¸ch A mét kho¶ng lín nhÊt chÝnh lµ mÆt ph¼ng tiÕp xóc víi (S) t¹i ®iÓm M2, do ®ã:

[image: image930.wmf]2
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 ( (P): x + y + z + 1 = 0.

e. MÆt cÇu t©m A cã thÓ tiÕp xóc trong vµ tiÕp xóc ngoµi víi (S), nªn ta cã:
· MÆt cÇu (T1) t©m A tiÕp xóc ngoµi víi (S) ®­îc cho bëi:

[image: image931.wmf]1
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( (T1): (x ( 4)2 + (y ( 3)2 + (z ( 4)2 = 12.

· MÆt cÇu (T2) t©m A tiÕp xóc trong víi (S) ®­îc cho bëi:

[image: image932.wmf]2

T34

(T):

B43

2

©mA(4;;)

¸n kÝnh R=AM

ì

ï

í

=

ï

î

 

( (T2): (x ( 4)2 + (y ( 3)2 + (z ( 4)2 = 48.

f. MÆt cÇu (S1) cã b¸n kÝnh nhá nhÊt, ®i qua A vµ tiÕp xóc víi (S) chÝnh lµ mÆt cÇu ®­êng kÝnh AM1, do ®ã:

[image: image933.wmf]1
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g. MÆt cÇu (S2) cã b¸n kÝnh lín nhÊt, ®i qua A vµ tiÕp xóc víi (S) chÝnh lµ mÆt cÇu ®­êng kÝnh AM2, do ®ã:
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
 Chó ý: NÕu ®iÓm A n»m trong hoÆc n»m trªn mÆt cÇu (S) th× mäi ®­êng th¼ng hoÆc mÆt ph¼ng ®i qua A ®Òu c¾t (S). NhËn ®Þnh nµy gîi ý mét c¸ch chøng minh ®­êng th¼ng hoÆc mÆt ph¼ng c¾t mÆt cÇu.

VÝ dô 2: Trong kh«ng gian Oxyz, cho ®iÓm A(2; 1; 2) vµ mÆt cÇu (S) cã ph­¬ng tr×nh:

(S): x2 + (y ( 1)2 + (z ( 1)2 = 9.

a. Chøng tá r»ng mäi ®­êng th¼ng ®i qua ®iÓm A ®Òu c¾t mÆt cÇu (S).

b. ViÕt ph­¬ng tr×nh mÆt ph¼ng (P) ®i qua A c¾t (S) theo thiÕt diÖn lµ ®­êng trßn cã b¸n kÝnh nhá nhÊt.

c. ViÕt ph­¬ng tr×nh ®­êng th¼ng ®i qua A c¾t (S) t¹i hai ®iÓm B, C sao cho BC cã ®é dµi lín nhÊt.

d. ViÕt ph­¬ng tr×nh ®­êng th¼ng ®i qua A vu«ng gãc víi ®­êng th¼ng 
[image: image939.wmf]xyz
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 vµ c¾t (S) t¹i hai ®iÓm E, F sao cho 
[image: image940.wmf]EF32
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( Gi¶i

a. MÆt cÇu (S) cã t©m I(0; 1; 1) vµ b¸n kÝnh R = 3, ta cã:

IA2 = 22 + (1 ( 1)2 + (2 ( 1)2 = 5 ( 
[image: image941.wmf]IA5R
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.

VËy, mäi ®­êng th¼ng ®i qua ®iÓm A ®Òu c¾t mÆt cÇu (S).
b. Gäi r lµ b¸n kÝnh cña ®­êng trßn (C), ta cã nhËn xÐt:

r2 = R2 ( d2(I, (P)) ( R2 ( IA2 = 4 ( r ( 2.
Suy ra rMin = 2, ®¹t ®­îc khi:

d(I, (P)) = IA ( IA ( (P).
Do ®ã, mÆt ph¼ng (P) cÇn dùng ®­îc cho bëi:

[image: image942.wmf]QuaA(2;1;2)
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 ( (P): 2x + z ( 6 = 0.

c. Hai ®iÓm B, C thuéc (S) cã ®é dµi lín nhÊt khi BC lµ mét ®­êng kÝnh cña (S), do ®ã ®­êng th¼ng (d) cÇn dùng ®­îc cho bëi:
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d. Gi¶ sö ®­êng th¼ng (d) cÇn dùng cã vtcp 
[image: image946.wmf]u(a;b;c)

r

, ta lÇn l­ît cã:
· §­êng th¼ng (d) vu«ng gãc víi (() víi vtcp 
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· Ph­¬ng tr×nh ®­êng th¼ng (d) ®­îc cho bëi:

[image: image949.wmf]QuaA(2;1;2)
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· To¹ ®é c¸c ®iÓm E, F ®­îc x¸c ®Þnh b»ng c¸ch thay ph­¬ng tr×nh tham sè cña (d) vµ (S), ta cã:
(at + 2)2 + b2t2 + (ct + 1)2 = 9 

( (a2 + b2 + c2)t2 + 2(2a + c)t ( 4 = 0.



(1)
 Ph­¬ng tr×nh cã hai nghiÖm t1, t2 tho¶ m·n:

[image: image952.wmf]12
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· Víi E(at1 + 2; bt1 + 1; ct1 + 2) vµ F(at2 + 2; bt2 + 1; ct2 + 2) th×:

[image: image953.wmf]EF32
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( 18 = EF2 = (at1 ( at2)2 + (bt1 ( bt2)2 + (ct1 ( ct2)2
= (a2 + b2 + c2)(t1 ( t2)2 = (a2 + b2 + c2)[(t1 + t2)2 ( 4t1t2]
= 
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 ( a2 + c2 + (2a + c)2 = 2(2a + c)2
( 3a2 + 4ac = 0 ( a = 0 hoÆc 
[image: image957.wmf]4
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Khi ®ã:
· Víi a = 0 th× b = c nªn 
[image: image958.wmf]u(0;c;c)
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, do ®ã ta ®­îc:
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x24t

(d):y15t,t.

z23t

=+

ì

ï

=+Î

í

ï

=-

î

¡


VËy, tån t¹i hai ®­êng th¼ng (d1) vµ (d2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.
VÝ dô 3: Trong kh«ng gian Oxyz, cho ®iÓm A(2; 2; 4) vµ mÆt cÇu (S) cã ph­¬ng tr×nh:
(S): x2 + (y ( 1)2 + (z ( 2)2 = 9.

a. Chøng tá r»ng ®iÓm A n»m trªn mÆt cÇu (S).

b. T×m ®iÓm B thuéc (S) sao cho AB ®¹t gi¸ trÞ lín nhÊt.
c. ViÕt ph­¬ng tr×nh mÆt ph¼ng tiÕp xóc víi (S) t¹i A.

d. ViÕt ph­¬ng tr×nh ®­êng th¼ng tiÕp xóc víi (S) t¹i A vµ vu«ng gãc víi vect¬ 
[image: image966.wmf]v(1;0;1)
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e. ViÕt ph­¬ng tr×nh ®­êng th¼ng tiÕp xóc víi (S) t¹i A vµ t¹o víi ®­êng th¼ng 
[image: image967.wmf]xy1z2

():

221

--

D==

-

 mét gãc 450.
f. ViÕt ph­¬ng tr×nh ®­êng th¼ng ®i qua A vu«ng gãc víi ®­êng th¼ng 
[image: image968.wmf]x2y1z2
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 vµ c¾t (S) t¹i ®iÓm B sao cho 
[image: image969.wmf]AB25
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a. MÆt cÇu (S) cã t©m I(0; 1; 2) vµ b¸n kÝnh R = 3, ta cã:

IA2 = 22 + 12 + 22 = 9 ( IA = 3 = R.

VËy, ®iÓm A n»m trªn mÆt cÇu (S).

b. §iÓm B thuéc (S) cã ®é dµi lín nhÊt khi AB lµ mét ®­êng kÝnh cña (S), do ®ã B ®èi xøng víi A qua t©m I, suy ra B((2; 0; 0).
c. MÆt ph¼ng (P) cÇn dùng ®­îc cho bëi:

[image: image970.wmf]QuaA(2;2;4)
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 ( (P): 2x + y + 2z ( 14 = 0.

d. Gi¶ sö ®­êng th¼ng (d) cÇn dùng cã vtcp 
[image: image971.wmf]u
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Khi ®ã, ph­¬ng tr×nh ®­êng th¼ng (d) ®­îc cho bëi:
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e. Gi¶ sö ®­êng th¼ng (d) cÇn dùng cã vtcp 
[image: image976.wmf]d
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, ta lÇn l­ît cã:
· V× (d) tiÕp xóc víi (S) t¹i A nªn:
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· §Ó gãc gi÷a (d) vµ (() b»ng 459 ®iÒu kiÖn lµ:
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( 9[5a2 + 8ac + 5c2] = 2((2a ( 5c)2 
( 37a2 + 32bc ( 5c2 = 0 ( a = (c hoÆc 
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ac

37

=

.
Khi ®ã:

· Víi a = (c th× b = 0 nªn 
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· Víi 
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VËy, tån t¹i hai ®­êng th¼ng (d1) vµ (d2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.

f. Gi¶ sö ®­êng th¼ng (d) cÇn dùng cã vtcp 
[image: image991.wmf]u(a;b;c)
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, ta lÇn l­ît cã:
· §­êng th¼ng (d) vu«ng gãc víi (a) víi vtcp 
[image: image992.wmf]a

u(1;2;1)

-

uur

 khi:

[image: image993.wmf]aa

uuu.u0a2bc0ca2b.

^Û=Û+-=Û=+

ruurruur


· Ph­¬ng tr×nh ®­êng th¼ng (d) ®­îc cho bëi:

[image: image994.wmf]QuaA(2;2;4)

(d):

vtcpu(a;b;c)

ì

ï

í

ï

î

r

 ( 
[image: image995.wmf]x2at

(d):y2bt

z4ct

=+

ì

ï

=+

í

ï

=+

î

, t ( 
[image: image996.wmf]¡

.
· To¹ ®é ®iÓm B (B ( A) ®­îc x¸c ®Þnh b»ng c¸ch thay ph­¬ng tr×nh tham sè cña (d) vµ (S), ta cã:
(at + 2)2 + (bt + 1)2 + (ct + 2)2 = 9 

( (a2 + b2 + c2)t2 + 2(2a + b + 2c)t = 0 
[image: image997.wmf]t0
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· Víi A(2; 2; 4) vµ B(at + 2; bt + 2; ct + 4) th×:

[image: image998.wmf]AB25
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( 20 = AB2 = a2t2 + b2t2 + (c2t2 = (a2 + b2 + c2)t2 
= 
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( 5[a2 + b2 + (a + 2b)2] = [2a + b + 2(a + 2b)]2
( 5(2a2 + 5b2 + 4ab) = (4a + 5b)2
( 6a2 + 20ab = 0 ( a = 0 hoÆc 
[image: image1001.wmf]10
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Khi ®ã:

· Víi a = 0 th× c = 2b nªn 
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VËy, tån t¹i hai ®­êng th¼ng (d1) vµ (d2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.

	Bµi to¸n 7: VÞ trÝ t­¬ng ®èi cña hai ®­êng th¼ng.


Ph­¬ng ph¸p ¸p dông

Víi hai ®­êng th¼ng (d1) vµ (d2):

(d1): 
[image: image1010.wmf]1
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( cã vtcp 
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(a1; b1; c1) vµ ®i qua M1(x1; y1; z1),

(d2): 
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( cã vtcp 
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(a2; b2; c2) vµ ®i qua M2(x2; y2; z2),

®Ó xÐt vÞ trÝ t­¬ng ®èi cña (d1) vµ (d2) ta sö dông c¸c kÕt qu¶ sau:

a. (d1) vµ (d2) ®ång ph¼ng ( [
[image: image1018.wmf]1
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,
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· (d1) vµ (d2) c¾t nhau ( 
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· (d1) vµ (d2) song song víi nhau

( a1: b1: c1 =  a2: b2: c2 ( (x1x2): (y1y2): (z1z2).

·  (d1) vµ (d2) trïng nhau

( a1: b1: c1 =  a2: b2: c2 = (x1x2): (y1y2): (z1z2).

b. (d1) vµ (d2) chÐo nhau ( [
[image: image1022.wmf]1
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Nh­ vËy, víi yªu cÇu " XÐt vÞ trÝ t­¬ng ®èi cña 2 ®­êng th¼ng (d1) vµ (d2)", thuËt to¸n ®­îc thùc hiÖn theo c¸c b­íc:

B­íc 1: Thùc hiÖn:

· Víi ®­êng th¼ng (d1) chØ ra vtcp 
[image: image1025.wmf]1
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 vµ ®iÓm M1((d1).

· Víi ®­êng th¼ng (d2) chØ ra vtcp 
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 vµ ®iÓm M2((d2).

B­íc 2: KiÓm tra:

· NÕu 
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 cïng ph­¬ng th× kÕt luËn  (d1) vµ (d2) trïng nhau.
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 cïng ph­¬ng vµ kh«ng cïng ph­¬ng víi 
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 th× kÕt luËn  (d1) vµ (d2) song song víi nhau.

· NÕu 
[image: image1033.wmf]1
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 kh«ng cïng ph­¬ng, thùc hiÖn b­íc 3.

B­íc 3: X¸c ®Þnh [
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 = 0 th× kÕt luËn  (d1) vµ (d2) c¾t nhau.

· NÕu [
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 ( 0 th× kÕt luËn  (d1) vµ (d2) chÐo nhau.

VÝ dô 1:  XÐt vÞ trÝ t­¬ng ®èi cña hai ®­êng th¼ng (d1) vµ (d2), biÕt:

a. (d1): 
[image: image1044.wmf]x1t

y22t

z32t

=+

ì

ï

=+

í

ï

=-

î

 vµ (d2): 
[image: image1045.wmf]xt

y2t

z52t

=-

ì

ï

=-

í

ï

=+

î

, t ( 
[image: image1046.wmf]¡

.

b. 
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 vµ (d2) lµ giao tuyÕn cña hai mÆt ph¼ng:

c. (P): x + y ( z + 2 = 0 vµ (Q): 2x ( y + 2z ( 3 = 0.

d. 
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( Gi¶i

a. Ta cã:
· §­êng th¼ng (d1) cã vtcp 
[image: image1052.wmf]1
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 vµ ®i qua ®iÓm M1(1; 2; 3).

· §­êng th¼ng (d2) cã vtcp 
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 vµ ®i qua ®iÓm M2(0; 0; 5).

NhËn xÐt r»ng c¸c vect¬ 
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 cïng ph­¬ng nªn hai ®­êng th¼ng (d1) vµ (d2) trïng nhau.

b. Ta cã:
· §­êng th¼ng (d1) cã vtcp 
[image: image1055.wmf]1
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 vµ ®i qua ®iÓm M1(0; (3; (3).

· C¸c mÆt ph¼ng (P), (Q) cã vtpt 
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 nªn ®­êng th¼ng (d2) cã vtcp 
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(1)

 §­êng th¼ng (d2) chøa c¸c ®iÓm M(x; y; z) tho¶ m·n hÖ:
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(I)

NhËn xÐt r»ng to¹ ®é ®iÓm M1 kh«ng tho¶ m·n hÖ (I) nªn M1 ( (d2).

Tõ ®ã kÕt hîp víi (1) suy ra (d1) vµ (d2) song song víi nhau.

c. Ta cã:
· §­êng th¼ng (d1) cã vtcp 
[image: image1062.wmf]1
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 vµ ®i qua ®iÓm M1(1; 7; 3).

· §­êng th¼ng (d2) cã vtcp 
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 vµ ®i qua ®iÓm M2(6; (1; (2).

NhËn xÐt r»ng:


[image: image1064.wmf]1212

u,u.MM0

éù

=

ëû

uuruuruuuuuur

 ( (d1) vµ (d2) c¾t nhau.

d. Ta cã:
· §­êng th¼ng (d1) cã vtcp 
[image: image1065.wmf]1
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 vµ ®i qua ®iÓm M1(1; 2; 0).

· §­êng th¼ng (d2) cã vtcp 
[image: image1066.wmf]2
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 vµ ®i qua ®iÓm M2(0; (8; 4).

NhËn xÐt r»ng:
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 ( (d1) vµ (d2) chÐo nhau.


 Chó ý:  Víi hai ®­êng th¼ng (d1) vµ (d2) song song víi nhau, chóng ta th­êng gÆp thªm c¸c yªu cÇu:

1. TÝnh kho¶ng c¸ch gi÷a (d1) vµ (d2), chóng ta cã ngay:
d((d1), (d2)) = d(M1, (d2)) = 
[image: image1068.wmf]122
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víi M1 ( (d1), M2 ( (d2) vµ 
[image: image1069.wmf]2
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 lµ mét vtcp cña (d2).

2. ViÕt ph­¬ng tr×nh mÆt ph¼ng chøa (d1) vµ (d2), chóng ta cã thÓ lùa chän nh÷ng c¸ch gi¶i sau ®Ó thùc hiÖn:
C¸ch 1:  Thùc hiÖn theo c¸c b­íc:

B­íc 1: Gäi 
[image: image1070.wmf]1
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 lµ vtcp cña (d1) vµ lÊy M1((d1) vµ M2((d2).

B­íc 2: MÆt ph¼ng (P) ®­îc cho bëi:

(P): 
[image: image1071.wmf]1
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C¸ch 2:  Thùc hiÖn theo c¸c b­íc:

B­íc 1: LÊy A, M1 ( (d1) vµ M2 ( (d2).

B­íc 2: Gi¶ sö mÆt ph¼ng (P) cã ph­¬ng tr×nh:

(P): Ax + By + Cz + D = 0, víi A2 + B2 + C2 > 0.

B­íc 3: V× ba ®iÓm A, M1, M2 ( (P) ( Ph­¬ng tr×nh cña (P).
3. ViÕt ph­¬ng tr×nh mÆt ph¼ng (P) chøa (d1) vµ c¸ch (d2) mét kho¶ng b»ng h, chóng ta thùc hiÖn theo c¸c b­íc:
B­íc 1: LÊy A, M1 ( (d1) vµ M2 ( (d2).

B­íc 2: Gi¶ sö mÆt ph¼ng (P) cã ph­¬ng tr×nh:

(P): Ax + By + Cz + D = 0, ®iÒu kiÖn A2 + B2 + C2 > 0.

B­íc 3: V× ®iÓm A, M1 ( (P) vµ d(M2, (P)) = h, suy ra ph­¬ng tr×nh cña (P).

4. ViÕt ph­¬ng tr×nh ®­êng th¼ng (d) thuéc mÆt ph¼ng chøa (d1), (d2) vµ song song, c¸ch ®Òu (d1), (d2), chóng ta thùc hiÖn theo c¸c b­íc:
B­íc 1: Gäi 
[image: image1073.wmf]1
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 lµ vtcp cña (d1) vµ lÊy M1((d1) vµ M2((d2).

Suy ra täa ®é trung ®iÓm M cña M1M2.

B­íc 2: §­êng th¼ng (d) ®­îc cho bëi:

(d): 
[image: image1074.wmf]1
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5. ViÕt ph­¬ng tr×nh mÆt cÇu (S) cã b¸n kÝnh nhá nhÊt tiÕp xóc víi (d1) t¹i ®iÓm E vµ tiÕp xóc víi (d2), chóng ta thùc hiÖn theo c¸c b­íc:
B­íc 1: Gäi F lµ h×nh chiÕu vu«ng gãc cña E trªn (d2) th× mÆt cÇu (S) cÇn dùng chÝnh lµ mÆt cÇu ®­êng kÝnh EF.

B­íc 2: Ta lÇn l­ît:

· T×m to¹ ®é ®iÓm F.

· ViÕt ph­¬ng tr×nh mÆt cÇu ®­êng kÝnh EF.

6. ViÕt ph­¬ng tr×nh mÆt cÇu (S) tiÕp xóc víi c¶ (d1), (d2) vµ cã t©m thuéc ®­êng th¼ng ((), chóng ta thùc hiÖn theo c¸c b­íc:
B­íc 1: V× (d1) vµ (d2) song song víi nhau nªn t©m I cña mÆt cÇu (S) thuéc mÆt ph¼ng (R) song song, c¸ch ®Òu (d1), (d2) vµ vu«ng gãc víi mÆt ph¼ng chøa (d1), (d2).

ViÕt ph­¬ng tr×nh mÆt ph¼ng (R).

B­íc 2: Khi ®ã:

· T©m I chÝnh lµ giao ®iÓm cña (Q) vµ (().

· B¸n kÝnh cña mÆt cÇu lµ R = d(I, (d1)).

B­íc 3: ViÕt ph­¬ng tr×nh mÆt cÇu (S).

L­u ý:  Chóng ta cßn cã mét ph­¬ng ph¸p tæng qu¸t ®Ó thùc hiÖn yªu cÇu nµy sÏ ®­îc tæng kÕt l¹i trong chó ý cña hai ®­êng th¼ng chÐo nhau.

VÝ dô 2: Trong kh«ng gian Oxyz, cho hai ®­êng th¼ng (d1) vµ (d2) cã ph­¬ng tr×nh:
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a. Chøng minh r»ng hai ®­êng th¼ng (d1) vµ (d2) song song víi nhau. TÝnh kho¶ng c¸ch gi÷a (d1) vµ (d2).

b. ViÕt ph­¬ng tr×nh mÆt ph¼ng (P) chøa (d1) vµ (d2).

c. ViÕt ph­¬ng tr×nh mÆt ph¼ng (Q) chøa (d1) vµ c¸ch (d2) mét kho¶ng b»ng 
[image: image1078.wmf]3

.

d. ViÕt ph­¬ng tr×nh ®­êng th¼ng (d) n»m trong mÆt ph¼ng (P) vµ song song, c¸ch ®Òu (d1), (d2).

e. ViÕt ph­¬ng tr×nh mÆt cÇu cã b¸n kÝnh nhá nhÊt tiÕp xóc víi (d1) vµ tiÕp xóc víi (d2) t¹i ®iÓm B(4; 2; 3).

f. ViÕt ph­¬ng tr×nh mÆt cÇu tiÕp xóc víi (d1), (d2) vµ cã t©m thuéc ®­êng th¼ng 
[image: image1079.wmf]x2y1z1
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a. Ta cã:
· §­êng th¼ng (d1) cã vtcp 
[image: image1080.wmf]1
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 vµ ®i qua ®iÓm M1(1; 2; 3).

· §­êng th¼ng (d2) cã vtcp 
[image: image1081.wmf]2
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 vµ ®i qua ®iÓm M2(2; 1; 2).

NhËn xÐt r»ng c¸c vect¬ 
[image: image1082.wmf]12
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 cïng ph­¬ng vµ ®iÓm M1 kh«ng thuéc (d2) nªn hai ®­êng th¼ng (d1) vµ (d2) song song víi nhau.

Ta cã:

d((d1), (d2)) = d(M1, (d2)) = 
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b. Ta cã thÓ tr×nh bµy theo c¸c c¸ch sau:
C¸ch 1: Gäi 
[image: image1084.wmf]P
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 lµ mét vtpt cña mÆt ph¼ng (P), ta cã:
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Khi ®ã, ph­¬ng tr×nh mÆt ph¼ng (P) ®­îc cho bëi:
(P): 
[image: image1088.wmf]1
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 ( (P): y ( z + 1 = 0.

C¸ch 2: LÊy thªm ®iÓm A(3; 3; 4) thuéc (d1), gi¶ sö mÆt ph¼ng (P) cã:

(P): Ax + By + Cz + D = 0, víi A2 + B2 + C2 > 0.

Tõ ®iÒu kiÖn M1, M2, A thuéc (P) ta ®­îc:
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Khi ®ã, ta ®­îc ph­¬ng tr×nh mÆt ph¼ng (P) cã d¹ng: 
(P): (y + z ( 1 = 0 ( (P): y ( z + 1 = 0.
c. Ta cã thÓ tr×nh bµy theo c¸c c¸ch sau:

C¸ch 1: LÊy thªm ®iÓm A(3; 3; 4) thuéc (d1), gi¶ sö mÆt ph¼ng (Q) cã ph­¬ng tr×nh:
(Q): Ax + By + Cz + D = 0, víi A2 + B2 + C2 > 0.

Ta lÇn l­ît cã:

· V× A, M1 thuéc (Q) nªn:
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· §Ó d((d2), (Q)) = 1 ®iÒu kiÖn lµ:

d(M2, (Q)) = 
[image: image1096.wmf]3
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Khi ®ã chän A = 1 ta ®­îc B = (1, C = (1 vµ D = 4 nªn:
(Q): x ( y ( z + 4 = 0.

C¸ch 2: Tõ gi¶ thiÕt ta thÊy:

[image: image1100.wmf]3

 = d((d1), (d2)) = d((Q), (d2)) ( 
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Gäi 
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 lµ mét vtpt cña mÆt ph¼ng (Q), ta cã:
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Khi ®ã, ph­¬ng tr×nh mÆt ph¼ng (Q) ®­îc cho bëi:
(Q): 
[image: image1106.wmf]1
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 ( (Q): x ( y ( z + 4 = 0.
d. Gäi M lµ trung ®iÓm M1M2, suy ra 
[image: image1107.wmf]335
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Ph­¬ng tr×nh ®­êng th¼ng (d) cÇn dùng ®­îc cho bëi:

(d): 
[image: image1108.wmf]1

335

QuaM;;

222

vtcpu(2;1;1)

ì

æö

ç÷

ï

èø

í

ï

î

uur

 ( 
[image: image1109.wmf]335
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e. Gäi A lµ h×nh chiÕu vu«ng gãc cña B trªn (d1) th× mÆt cÇu (S) cÇn dùng chÝnh lµ mÆt cÇu ®­êng kÝnh AB. Ta lÇn l­ît:

· X¸c ®Þnh to¹ ®é ®iÓm A b»ng viÖc sö dông mét trong c¸c c¸ch sau:
C¸ch 1: Ta cã:
(P’): 
[image: image1110.wmf]1
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( (P’): 2x + y + z ( 13 = 0.

V× {A} = (d1) ( (P’) nªn to¹ ®é B lµ nghiÖm hÖ ph­¬ng tr×nh:
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C¸ch 2: V× A ( (d1) nªn:
A(1 + 2t ; 2 + t ; 3 + t) ( 
[image: image1115.wmf]AB(2t3;t;t)
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Tõ ®iÒu kiÖn 
[image: image1116.wmf]1
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( A(3; 3; 4) vµ 
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[image: image1121.wmf]3
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· Ph­¬ng tr×nh mÆt cÇu ®­êng kÝnh AB ®­îc x¸c ®Þnh bëi:

(S): 
[image: image1122.wmf]T©mIlµtrung®iÓmAB
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L­u ý: Ph­¬ng tr×nh mÆt cÇu ®­êng kÝnh AB cßn ®­îc x¸c ®Þnh b»ng ph­¬ng ph¸p quÜ tÝch ( §Ò nghÞ b¹n ®äc tù thùc hiÖn b»ng c¸ch xem l¹i bµi häc 1.
f. Ta cã thÓ tr×nh bµy theo c¸c c¸ch sau:

C¸ch 1: V× (d1) vµ (d2) song song víi nhau nªn t©m I cña mÆt cÇu (S) thuéc mÆt ph¼ng (R) song song, c¸ch ®Òu (d1), (d2) vµ vu«ng gãc víi mÆt ph¼ng chøa (d1), (d2).

Ta lÇn l­ît:

· Ph­¬ng tr×nh mÆt ph¼ng (R) ®­îc cho bëi:

(R): 
[image: image1125.wmf]Q
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 ( (R): 2x ( 2y ( 2z + 5 = 0.
V× {I} = (() ( (R) nªn to¹ ®é I lµ nghiÖm hÖ ph­¬ng tr×nh:
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· §é dµi b¸n kÝnh R cña mÆt cÇu (S) ®­îc cho bëi:

R = d(I, (d1)) = 
[image: image1129.wmf]11
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· Ph­¬ng tr×nh mÆt cÇu (S) ®­îc cho bëi:

(S): 
[image: image1130.wmf]5
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C¸ch 2: ChuyÓn ph­¬ng tr×nh ®­êng th¼ng (d2) vµ (() vÒ d¹ng tham sè:
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Gi¶ sö mÆt cÇu (S) cã t©m I vµ tiÕp xóc víi (d1), (d2) theo thø tù t¹i A vµ B, suy ra:

I(v ( 2; 1 ( 2v; 2v ( 1),  A(1 + 2t; 2 + t; 3 + t),  B(2 + 2u; 1 + u; 2 + u)
( 
[image: image1135.wmf]AI(v2t3;2vt1;2vt4)
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Ta lÇn l­ît cã c¸c ®iÒu kiÖn:

· (S) tiÕp xóc víi (d1) t¹i A khi:
AI ( (d1) ( 
[image: image1136.wmf]1
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· (S) tiÕp xóc víi (d2) t¹i B khi:
BI ( (d2) ( 
[image: image1139.wmf]2
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· (S) tiÕp xóc víi c¶ (d1) vµ (d2) khi:
AI = BI ( AI2 = BI2 
( 
[image: image1143.wmf]222
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Ph­¬ng tr×nh mÆt cÇu (S) ®­îc cho bëi:

(S): 
[image: image1149.wmf]5
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
 Chó ý:   Víi hai ®­êng th¼ng (d1) vµ (d2) c¾t nhau t¹i M, chóng ta th­êng gÆp thªm c¸c yªu cÇu:

1. TÝnh gãc gi÷a (d1) vµ (d2), chóng ta cã ngay:
· Víi (d1) cã vtcp 
[image: image1151.wmf]1
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(a1; b1; c1) vµ (d2) cã vtcp lµ 
[image: image1152.wmf]2
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· Gäi ( lµ gãc t¹o bëi hai ®­êng th¼ng (d1) vµ (d2) (0 ( ( ( 
[image: image1153.wmf]2
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L­u ý: §Ó (d1) ( (d2) ( cos( = 0 ( a1a2 +  b1b2 +  c1c2 = 0.

2. ViÕt ph­¬ng tr×nh mÆt ph¼ng (P) chøa (d1) vµ (d2), chóng ta cã thÓ lùa chän nh÷ng c¸ch gi¶i sau ®Ó thùc hiÖn:
C¸ch 1:  Ta thùc hiÖn theo c¸c b­íc:

B­íc 1: X¸c ®Þnh c¸c vtcp 
[image: image1156.wmf]1
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B­íc 2: MÆt ph¼ng (P) ®­îc cho bëi:

(P): 
[image: image1158.wmf]12
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C¸ch 2:  Thùc hiÖn theo c¸c b­íc:

B­íc 1: LÊy hai ®iÓm  M1 ( (d1) vµ M2 ( (d2) kh«ng trïng víi giao ®iÓm M cña (d1) vµ (d2).

B­íc 2: Gi¶ sö mÆt ph¼ng (P) cã ph­¬ng tr×nh:

(P): Ax + By + Cz + D = 0, víi A2 + B2 + C2 > 0.

V× ba ®iÓm M, M1, M2 ( (P), suy ra ph­¬ng tr×nh cña (P).

3. ViÕt ph­¬ng tr×nh mÆt ph¼ng (Q) chøa (d1) vµ t¹o víi (d2) mét gãc lín nhÊt, chóng ta thùc hiÖn theo c¸c b­íc:

B­íc 1: Ta cã nhËn xÐt:

g((d2), (Q)) ( g((d2), (d1))

do ®ã Max[g((d2), (Q))] = g((d2), (d1)) ®¹t ®­îc khi (d1) lµ h×nh chiÕu vu«ng gãc cña (d2) trªn (Q), tøc lµ:

(Q) ( ((d1), (d2)) = (P) ( 
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B­íc 2: ViÕt ph­¬ng tr×nh mÆt ph¼ng (Q) qua M víi vtpt 
[image: image1162.wmf]Q
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4. ViÕt ph­¬ng tr×nh mÆt ph¼ng (Q) chøa (d1) vµ t¹o víi (d2) mét gãc (, chóng ta thùc hiÖn theo c¸c b­íc:

B­íc 1: Gi¶ sö mÆt ph¼ng (Q) cã vtpt 
[image: image1163.wmf]Q
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, ta lÇn l­ît cã:

· V× (d1) thuéc (Q) nªn:

[image: image1164.wmf]Q1Q1
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· V× g((d2), (Q)) = ( nªn:
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(2)
Tõ (1) vµ (2) chóng ta nhËn ®­îc vect¬ 
[image: image1166.wmf]Q
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B­íc 2: ViÕt ph­¬ng tr×nh mÆt ph¼ng (Q) qua M víi vtpt 
[image: image1167.wmf]Q
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5. ViÕt ph­¬ng tr×nh ®­êng ph©n gi¸c cña gãc t¹o bëi (d1) vµ (d2), chóng ta cã thÓ lùa chän nh÷ng c¸ch gi¶i sau ®Ó thùc hiÖn:
C¸ch 1:  Thùc hiÖn theo c¸c b­íc:

B­íc 1: X¸c ®Þnh täa ®é giao ®iÓm M cña (d1) vµ (d2).

LÊy ®iÓm A ( (d1), víi A ( M.

B­íc 2: LÊy ®iÓm B ( (d2) tho¶ m·n AI = BI, Tõ ®ã, nhËn ®­îc to¹ ®é hai ®iÓm B1, B2.

B­íc 3: Ta cã:

· Víi B1 th× suy ra to¹ ®é trung ®iÓm K1 cña AB1. 

Khi ®ã, ph­¬ng tr×nh ®­êng ph©n gi¸c thø nhÊt lµ:

((1): 
[image: image1168.wmf]1
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· Víi B2 th× suy ra to¹ ®é trung ®iÓm K2 cña AB2. 

Khi ®ã, ph­¬ng tr×nh ®­êng ph©n gi¸c thø hai lµ:

((2): 
[image: image1169.wmf]2
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L­u ý:  Víi c¸ch gi¶i nµy, ta cã c¸c l­u ý sau:

1. Ta cã kÕt qu¶:

a. NÕu 
[image: image1170.wmf]1
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 > 0 th× ((1) vµ ((2) theo thø tù lµ ph­¬ng tr×nh ®­êng ph©n gi¸c gãc nhän, gãc tï cña gãc t¹o bëi (d1), (d2). 

b. NÕu 
[image: image1171.wmf]1
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 < 0 th× ((1) vµ ((2) theo thø tù lµ ph­¬ng tr×nh ®­êng ph©n gi¸c gãc tï, gãc nhän cña gãc t¹o bëi (d1), (d2).

2. NÕu bµi to¸n yªu cÇu l©p ph­¬ng tr×nh mÆt ph¼ng ph©n gi¸c (Q) cña gãc t¹o bëi (d1), (d2), ta cã:

(Q): 
[image: image1172.wmf]QuaM
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C¸ch 2:  Thùc hiÖn theo c¸c b­íc:

B­íc 1: X¸c ®Þnh t¹o ®é giao ®iÓm M cña (d1) vµ (d2).

LÊy A ( (d1) vµ B ( (d2), víi A, B ( I.

B­íc 2: Gäi K1, K2 theo thø tù lµ ch©n ®­êng vu«ng gãc ngoµi, trong h¹ tõ M xuèng AB.

Ta lÇn l­ît cã:

· §iÓm K1(x1; y1; z1) chia AB theo tØ sè t = 
[image: image1173.wmf]IA
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Khi ®ã, ph­¬ng tr×nh ®­êng ph©n gi¸c ngoµi ®­îc x¸c ®Þnh bëi:

(IK1): 
[image: image1176.wmf]1
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· §iÓm K2(x2; y2; z2) chia AB theo tØ sè
[image: image1177.wmf]IA
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Khi ®ã, ph­¬ng tr×nh ®­êng ph©n gi¸c trong ®­îc x¸c ®Þnh bëi:

(IK2): 
[image: image1180.wmf]2
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6. ViÕt ph­¬ng tr×nh mÆt cÇu cã b¸n kÝnh R tiÕp xóc víi (d1), (d2) t¹i ®iÓm M, chóng ta thÊy ngay ®ã chÝnh lµ "MÆt cÇu cã b¸n kÝnh R tiÕp xóc víi mÆt ph¼ng (P) t¹i ®iÓm M" vµ ®©y lµ d¹ng to¸n chóng ta ®· biÕt c¸ch thùc hiÖn.
7. ViÕt ph­¬ng tr×nh mÆt cÇu tiÕp xóc víi c¶ (d1), (d2) vµ cã t©m thuéc ®­êng th¼ng ((), chóng ta thùc hiÖn theo c¸c b­íc:
B­íc 1: V× (d1) vµ (d2) c¾t nhau nªn t©m I cña mÆt cÇu (S) thuéc mÆt ph¼ng ph©n gi¸c (Q) cña gãc t¹o bëi (d1), (d2).

ViÕt ph­¬ng tr×nh mÆt ph¼ng (Q).

B­íc 2: Khi ®ã:

· T©m I chÝnh lµ giao ®iÓm cña (Q) vµ (().

· B¸n kÝnh cña mÆt cÇu lµ R = d(I, (d1)).
B­íc 3: ViÕt ph­¬ng tr×nh mÆt cÇu (S).
L­u ý:  Chóng ta cßn cã mét ph­¬ng ph¸p tæng qu¸t ®Ó thùc hiÖn c¸c yªu cÇu d¹ng (7), (8) sÏ ®­îc tr×nh bµy trong chó ý cña hai ®­êng th¼ng chÐo nhau.
VÝ dô 3: Trong kh«ng gian Oxyz, cho hai ®­êng th¼ng (d1) vµ (d2) cã ph­¬ng tr×nh:
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a. Chøng minh r»ng (d1) c¾t (d2) t¹i ®iÓm M. T×m to¹ ®é cña M vµ tÝnh gãc gi÷a (d1), (d2).

b. ViÕt ph­¬ng tr×nh mÆt ph¼ng (P) chøa (d1) vµ (d2).

c. ViÕt ph­¬ng tr×nh mÆt ph¼ng (Q) chøa (d1) vµ t¹o víi (d2) mét gãc lín nhÊt.
d. ViÕt ph­¬ng tr×nh mÆt ph¼ng (R) chøa (d1) vµ t¹o víi (d2) mét gãc ( biÕt 
[image: image1185.wmf]4
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e. ViÕt ph­¬ng tr×nh ®­êng ph©n gi¸c cña gãc t¹o bëi (d1) vµ (d2).

f. ViÕt ph­¬ng tr×nh mÆt cÇu cã b¸n kÝnh 
[image: image1186.wmf]R17
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 tiÕp xóc víi (d1), (d2) t¹i ®iÓm M.

g. ViÕt ph­¬ng tr×nh mÆt cÇu tiÕp xóc víi c¶ (d1), (d2) vµ cã t©m thuéc ®­êng th¼ng (() cã ph­¬ng tr×nh: 
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( Gi¶i

Ta cã:
· §­êng th¼ng (d1) cã vtcp 
[image: image1188.wmf]1
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 vµ ®i qua ®iÓm M1((1; (1; 1).

· §­êng th¼ng (d2) cã vtcp 
[image: image1189.wmf]2
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 vµ ®i qua ®iÓm M2(3; 2; 4).

a. B»ng c¸ch thay ph­¬ng tr×nh tham sè cña (d2) vµo (d1), ta ®­îc:
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 ( t = 1 ( (d1) ( (d2) = {M(1; 1; 2)}.

Gäi ( lµ gãc t¹o bëi hai ®­êng th¼ng (d1) vµ (d2), ta cã:

cos(  = 
[image: image1191.wmf]12
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b. Ta cã thÓ tr×nh bµy theo c¸c c¸ch sau:
C¸ch 1: Gäi 
[image: image1193.wmf]P
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Khi ®ã, ph­¬ng tr×nh mÆt ph¼ng (P) ®­îc cho bëi:
(P): 
[image: image1196.wmf]1
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 ( (P): 3x ( 2y ( 2z + 3 = 0.

C¸ch 2: Gi¶ sö mÆt ph¼ng (P) cã ph­¬ng tr×nh:

(P): Ax + By + Cz + D = 0, víi A2 + B2 + C2 > 0.
Tõ ®iÒu kiÖn M, M1, M2 thuéc (P) ta ®­îc:
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Khi ®ã, ta ®­îc ph­¬ng tr×nh mÆt ph¼ng (P): 3x ( 2y ( 2z + 3 = 0.
c. Ta cã nhËn xÐt:
g((d2), (Q)) ( g((d2), (d1))

do ®ã Max[g((d2), (Q))] = g((d2), (d1)) ®¹t ®­îc khi (d1) lµ h×nh chiÕu vu«ng gãc cña (d2) trªn (Q), tøc lµ:

(Q) ( ((d1), (d2)) = (P) ( 
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Q1

nn

nu

ì

^

ï

í

^

ï

î

uuruur

uuruur

( 
[image: image1202.wmf]QP1

nn,u(2;7;10).

éù

==-

ëû

uuruuruur


Ph­¬ng tr×nh mÆt ph¼ng (Q) ®­îc cho bëi:
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 ( (Q): 2x ( 7y + 10z ( 15 = 0.

d. Gi¶ sö mÆt ph¼ng (R) cã vtpt 
[image: image1204.wmf]R
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, ta lÇn l­ît cã:
· V× (d1) thuéc (R) nªn:
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(1)
· V× g((d2), (R)) = ( cã 
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 nªn:
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 ( 16(a2 + b2 + c2) = 9(2a + b + 2c)2
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( 44a2 + 20ab ( b2 = 0 ( b = (2a hoÆc b = 22a.
Khi ®ã:
· Víi b = (2a th× c = 2a nªn 
[image: image1209.wmf]R
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, tõ ®ã ta ®­îc:
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 ( (R1): x ( 2y + 2z ( 3 = 0.

· Víi b = 22a th× c = (46a nªn 
[image: image1212.wmf]R
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, tõ ®ã ta ®­îc:
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 ( (R2): x + 22y ( 46z + 69 = 0.

VËy, tån t¹i hai mÆt ph¼ng (R1), (R2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.
e. Gäi N ( (d2) sao cho MN = MM1, ta lÇn l­ît cã:

N(3 + 2u; 2 + u; 4 + 2u),
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( u + 1 = (1 ( u1 = 0 hoÆc u2 = (2.

Khi ®ã:

· Víi u1 = 0 th× N1(3; 2; 4) vµ trung ®iÓm cña M1N1 lµ 
[image: image1216.wmf]1
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 , tõ ®ã ta ®­îc ph­¬ng tr×nh ®­êng ph©n gi¸c ((1):
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· Víi u2 = (2 th× N2((1; 0; 0) vµ trung ®iÓm cña M1N2 lµ 
[image: image1220.wmf]2
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 , tõ ®ã ta ®­îc ph­¬ng tr×nh ®­êng ph©n gi¸c ((2):
((2): 
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f. MÆt cÇu (S) cÇn dùng víi t©m I sÏ tiÕp xóc víi mÆt ph¼ng (P) t¹i M.

Gäi (() lµ ®­êng th¼ng qua M vµ vu«ng gãc víi (P), ta cã:

((): 
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V× t©m I thuéc (() nªn I(1 + 3t; 1 ( 2t; 2 ( 2t), tõ ®ã:
IM = R ( IM2 = R2 ( 9t2 + 4t2 + 4t2 = 17 ( t2 = 1 ( t1, 2 = (1.
Khi ®ã:

· Víi t1 = 1 th× I1(4; (1; 0), tõ ®ã ta ®­îc:
(S1): 
[image: image1227.wmf](
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 ( (S1): (x ( 4)2 + (y + 1)2 + z2 = 17.

· Víi t2 = (1 th× I2((2; 3; 4), tõ ®ã ta ®­îc:
(S2): 
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VËy, tån t¹i hai mÆt cÇu (S1), (S2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.
g. Ta lÇn l­ît:

· Víi ®­êng ph©n gi¸c ((1) ta cã ph­¬ng tr×nh mÆt ph¼ng ph©n gi¸c (Q1):
(Q1): 
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 ( (Q1): 4x + 3y + 3z ( 13 = 0.

Khi ®ã, ta cã:
· To¹ ®é t©m T1 cña mÆt cÇu (T1) lµ nghiÖm cña hÖ:
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· B¸n kÝnh R1 ®­îc cho bëi:

R1 = d(T1, (d1)) = 
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Tõ ®ã, ta cã ph­¬ng tr×nh mÆt cÇu (T1) nh­ sau:

[image: image1233.wmf]222
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· Víi ®­êng ph©n gi¸c ((2) ta cã ph­¬ng tr×nh mÆt ph¼ng ph©n gi¸c (Q2):
(Q2): 
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 ( (Q2): y ( z + 1 = 0.

Khi ®ã, ta cã:
· To¹ ®é t©m T2 cña mÆt cÇu (T2) lµ nghiÖm cña hÖ:
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· B¸n kÝnh R2 ®­îc cho bëi:

R1 = d(T2, (d1)) = 
[image: image1237.wmf]121
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Tõ ®ã, ta cã ph­¬ng tr×nh mÆt cÇu (T2) nh­ sau:

[image: image1238.wmf]222
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VËy, tån t¹i hai mÆt cÇu (T1), (T2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.


 Chó ý: Víi hai ®­êng th¼ng (d1) vµ (d2) chÐo nhau, chóng ta th­êng gÆp thªm c¸c yªu cÇu:

1. TÝnh gãc gi÷a hai ®­êng th¼ng (d1) vµ (d2), chóng ta thùc hiÖn t­¬ng tù nh­ trong phÇn chó ý vÒ hai ®­êng th¼ng c¾t nhau.
2. TÝnh kho¶ng c¸ch gi÷a hai ®­êng th¼ng (d1) vµ (d2), chóng ta cã kÕt qu¶:
· (d1) ®i qua ®iÓm M1(x1; y1; z1) vµ cã vtcp 
[image: image1239.wmf]uur
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· (d2) ®i qua ®iÓm M2(x2; y2; z2) vµ cã vtcp 
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Khi ®ã, kho¶ng c¸ch gi÷a (d1), (d2) ®­îc cho bëi:

d((d1), (d2)) = 
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Ngoµi ra, cßn cã thÓ sö dông kÕt qu¶ trong yªu cÇu (3) hoÆc yªu cÇu (6).
3. ViÕt ph­¬ng tr×nh mÆt ph¼ng (Q1) chøa (d1) vµ song song víi (d2), chóng ta thùc hiÖn theo c¸c b­íc:
B­íc 1: T×m 
[image: image1242.wmf]1
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B­íc 2: MÆt ph¼ng (Q1) ®­îc cho bëi:

(Q1): 
[image: image1244.wmf]1
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Më réng yªu cÇu trªn lµ "ViÕt ph­¬ng tr×nh c¸c mÆt ph¼ng (Q1), (Q2) theo thø tù chøa (d1), (d2) vµ song song víi nhau".
4. ViÕt ph­¬ng tr×nh mÆt ph¼ng (Q) song song vµ c¸ch ®Òu (d1), (d2), chóng ta thùc hiÖn theo c¸c b­íc:
B­íc 1: T×m 
[image: image1245.wmf]1
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 lµ vtcp cña (d1) vµ (d2). 

LÊy M1 ( (d1) vµ M2 ( (d2), suy ra täa ®é trung ®iÓm M cña M1M2.

B­íc 2: MÆt ph¼ng (Q) ®­îc cho bëi:

(Q): 
[image: image1247.wmf]12
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5. ViÕt ph­¬ng tr×nh ®­êng vu«ng gãc chung cña (d1) vµ (d2), chóng ta cã thÓ lùa chän nh÷ng c¸ch gi¶i sau ®Ó thùc hiÖn:

C¸ch 1:  Ta thùc hiÖn theo c¸c b­íc:

B­íc 1: Gi¶ sö A, B theo thø tù lµ ch©n ®­êng vu«ng gãc chung trªn (d1) vµ (d2).

B­íc 2: ChuyÓn ph­¬ng tr×nh (d1) vµ (d2) vÒ d¹ng tham sè, suy ra täa ®é cña A, B theo ph­¬ng tr×nh tham sè cña (d1) vµ (d2).

B­íc 3: Tõ ®iÒu kiÖn:
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( To¹ ®é A, B

B­íc 4: Khi ®ã ph­¬ng tr×nh ®­êng vu«ng gãc chung (d) ®­îc cho bëi:

(d): 
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C¸ch 2:  Thùc hiÖn theo c¸c b­íc:

B­íc 1: T×m 
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B­íc 2: Gäi (P1) lµ mÆt ph¼ng chøa (d) vµ (d1), khi ®ã:

(P1): 
[image: image1258.wmf]11
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B­íc 3: Gäi (P2) lµ mÆt ph¼ng chøa (d) vµ (d2), khi ®ã:
(P2): 
[image: image1260.wmf]22
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B­íc 4: §­êng th¼ng chung (d) chÝnh lµ giao tuyÕn cña (P1) vµ (P2) nªn gåm c¸c ®iÓm M(x; y; z) tho¶ m·n hÖ:
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 ( Ph­¬ng tr×nh tham sè hoÆc chÝnh t¾c cña (d).

C¸ch 3:  Ta thùc hiÖn theo c¸c b­íc:

B­íc 1: T×m 
[image: image1263.wmf]1
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B­íc 2: Gäi (P1) lµ mÆt ph¼ng chøa (d) vµ (d1), khi ®ã:

(P1): 
[image: image1268.wmf]11
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B­íc 3: Gi¶ sö (d)((d2) = {B} suy ra (P1)((d2) = {B} ( to¹ ®é B.
B­íc 4: Khi ®ã ph­¬ng tr×nh ®­êng th¼ng (d) ®­îc cho bëi:

(d): 
[image: image1270.wmf]quaB
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C¸ch 4:  (¸p dông trong tr­êng hîp hai ®­êng th¼ng (d1), (d2) chÐo nhau vµ vu«ng gãc víi nhau): Ta thùc hiÖn theo c¸c b­íc:

B­íc 1: Dùng mÆt ph¼ng (P1) tho¶ m·n: 
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B­íc 2: Dùng mÆt ph¼ng (P2) tho¶ m·n: 
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B­íc 3: §­êng th¼ng chung (d) chÝnh lµ giao tuyÕn cña (P1) vµ (P2) nªn gåm c¸c ®iÓm M(x; y; z) tho¶ m·n hÖ:
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 ( Ph­¬ng tr×nh tham sè hoÆc chÝnh t¾c cña (d).

6. ViÕt ph­¬ng tr×nh mÆt cÇu cã b¸n kÝnh nhá nhÊt tiÕp xóc víi c¶ (d1) vµ (d2), chóng ta ®i viÕt ph­¬ng tr×nh mÆt cÇu ®­êng kÝnh AB víi A, B theo thø tù lµ ch©n ®­êng vu«ng gãc chung trªn (d1) vµ (d2).
7. ViÕt ph­¬ng tr×nh mÆt cÇu tiÕp xóc víi c¶ (d1), (d2) vµ cã t©m thuéc ®­êng th¼ng ((), chóng ta thùc hiÖn theo c¸c b­íc:
B­íc 1: ChuyÓn ph­¬ng tr×nh c¸c ®­êng th¼ng ((), (d1) vµ (d2) vÒ d¹ng tham sè vµ t×m c¸c vtcp t­¬ng øng 
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B­íc 2: Gi¶ sö mÆt cÇu (S) cã t©m I vµ tiÕp xóc víi (d1), (d2) theo thø tù t¹i A vµ B, suy ra to¹ ®é I, A, B theo c¸c ph­¬ng tr×nh tham sè.

B­íc 3: Ta cã ®iÒu kiÖn:
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B­íc 4: MÆt cÇu (S) ®­îc cho bëi:

(S): 
[image: image1280.wmf]TmI
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VÝ dô 4: Trong kh«ng gian Oxyz, cho hai ®­êng th¼ng (d1) vµ (d2) cã ph­¬ng tr×nh:

[image: image1281.wmf]1

x2y3z5

(d):

112

---

==

,  
[image: image1282.wmf]2

x1y3z2

(d):

213

--+

==

.
a. Chøng minh r»ng hai ®­êng th¼ng ((1), ((2) chÐo nhau. TÝnh  gãc gi÷a chóng.

b. ViÕt ph­¬ng tr×nh mÆt ph¼ng (P2) chøa (d2) vµ song song víi (d1).
c. ViÕt ph­¬ng tr×nh mÆt ph¼ng (Q) song song vµ c¸ch ®Òu (d1), (d2).

d. ViÕt ph­¬ng tr×nh ®­êng vu«ng gãc chung cña (d1) vµ (d2).

e. TÝnh kho¶ng c¸ch gi÷a hai ®­êng th¼ng (d1) vµ (d2).

f. ViÕt ph­¬ng tr×nh mÆt cÇu cã b¸n kÝnh nhá nhÊt tiÕp xóc víi c¶ (d1) vµ (d2).

( Gi¶i

a. Ta cã:
· §­êng th¼ng (d1) cã vtcp 
[image: image1283.wmf]1
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 vµ ®i qua ®iÓm M1(2; 3; 5).

· §­êng th¼ng (d2) cã vtcp 
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 vµ ®i qua ®iÓm M2(1; 3; (2).

NhËn xÐt r»ng:
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 ( ((1) vµ ((2) chÐo nhau.

C«sin gãc ( gi÷a hai ®­êng th¼ng ((1) vµ ((2) ®­îc cho bëi:
cos(  = 
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b. Gäi 
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 lµ vect¬ tho¶ m·n:
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Khi ®ã, ta cã:

(P2): 
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 ( (P2): x + y ( z ( 6 = 0.

c. Gäi M lµ trung ®iÓm M1M2 th× 
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Khi ®ã, ph­¬ng tr×nh mÆt ph¼ng (Q) ®­îc cho bëi:

(Q): 
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 ( (Q): x + y ( z ( 3 = 0.

d. Ta cã thÓ tr×nh bµy theo c¸c c¸ch sau:

C¸ch 1: ChuyÓn ph­¬ng tr×nh cña (d1), (d2) vÒ d¹ng tham sè:
(d1): 
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Gi¶ sö A, B theo thø tù lµ ch©n ®­êng vu«ng gãc chung trªn (d1) vµ (d2) th×:
A(2 + t; 3 + t; 5 + 2t) vµ B(1 + 2u; 3 + u; (2 + 3u) 

( 
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uuur

(2u ( t ( 1; u ( t; 3u ( 2t ( 7).

Tõ ®iÒu kiÖn:
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Khi ®ã, ph­¬ng tr×nh ®­êng vu«ng gãc chung (d) ®­îc cho bëi:

(d): 
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C¸ch 2: Gäi (d) lµ ®­êng vu«ng gãc chung cña (d1) vµ (d2), khi ®ã mét vtcp 
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Ta lÇn l­ît:

· Gäi (P1) lµ mÆt ph¼ng chøa (d) vµ (d1), khi ®ã:

(P1): 
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( (P1): x ( y + 1 = 0.

· Gäi (P2) lµ mÆt ph¼ng chøa (d) vµ (d2), khi ®ã:

(P2): 
[image: image1311.wmf]2
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( (P2): 4x ( 5y ( z + 9 = 0.

V× (d) chÝnh lµ giao tuyÕn cña (P1) vµ (P2) nªn ®­êng th¼ng (d) cÇn dùng chøa c¸c ®iÓm M(x; y; z) tho¶ m·n hÖ:
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(*)

B»ng viÖc ®Æt x = t, ta biÕn ®æi hÖ (*) vÒ d¹ng:
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§ã chÝnh lµ ph­¬ng tr×nh tham sè cña ®­êng th¼ng (d) cÇn dùng.

C¸ch 3: Gäi (d) lµ ®­êng vu«ng gãc chung cña (d1), (d2) vµ gi¶ sö (d) c¾t (d2) t¹i B, khi ®ã mét vtcp 
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 cña (d) tháa m·n:
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Ta lÇn l­ît:

· Gäi (P1) lµ mÆt ph¼ng chøa (d) vµ (d1), khi ®ã:

(P1): 
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( (P1): x ( y + 1 = 0.

· V× (P1) ( (d2) = {B} nªn to¹ ®é cña B lµ nghiÖm cña hÖ:


[image: image1321.wmf]x1y3z2
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Khi ®ã, ph­¬ng tr×nh ®­êng vu«ng gãc chung (d) ®­îc cho bëi:

(d): 
[image: image1324.wmf](
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C¸ch 4: Gäi (d) lµ ®­êng vu«ng gãc chung cña (d1), (d2) vµ gi¶ sö (d) c¾t (d1) t¹i A, khi ®ã mét vtcp 
[image: image1327.wmf]u
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 cña (d) tháa m·n:
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Ta lÇn l­ît:

· Gäi (P2) lµ mÆt ph¼ng chøa (d) vµ (d2), khi ®ã:

(P2): 
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( (P2): 4x ( 5y ( z + 9 = 0.

· V× (P2) ( (d1) = {A} nªn to¹ ®é cña A lµ nghiÖm cña hÖ:
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Khi ®ã, ph­¬ng tr×nh ®­êng vu«ng gãc chung (d) ®­îc cho bëi:

(d): 
[image: image1335.wmf](
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e. Kho¶ng c¸ch gi÷a (d1) vµ (d2) ®­îc cho bëi:

d((d1), (d2)) = 
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hoÆc d((d1), (d2)) = d(M1, (P2)) 
[image: image1340.wmf]23
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f. MÆt cÇu (S) ®­êng kÝnh AB víi A, B theo thø tù lµ ch©n ®­êng vu«ng gãc chung trªn (d1) vµ (d2) chÝnh lµ mÆt cÇu cÇn dùng. §Ó  viÕt ph­¬ng tr×nh mÆt cÇu (S) ta cã thÓ tr×nh bµy theo c¸c c¸ch sau:

C¸ch 1: MÆt cÇu (S) víi ®­êng kÝnh AB cã:

(S): 
[image: image1341.wmf]T©mIlµtrung®iÓmAB
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C¸ch 2: MÆt cÇu (S) víi ®­êng kÝnh AB gåm:

M(x; y; z) ( (S) ( AM ( BM ( 
[image: image1344.wmf]AM.BM0
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( (x ( 1; y ( 2; z ( 3).(x ( 3; y ( 4; z ( 1) = 0

( (x ( 1)(x ( 3) + (y ( 2)(y ( 4) + (z ( 3)(z ( 1) = 0 

( x2 + y2 + z24x ( 6yz ( 14 = 0.

§ã chÝnh lµ ph­¬ng tr×nh mÆt cÇu (S) cÇn t×m.

C¸ch 3: MÆt cÇu (S) víi ®­êng kÝnh AB gåm:

M(x; y; z) ( (S) ( (MAB vu«ng t¹i M ( AM2 + BM2 = AB2 

( (x ( 1)2 + (y ( 2)2 + (z ( 3)2 + (x ( 3)2 + (y ( 4)2 + (z ( 1)2 = 12
( x2 + y2 + z24x ( 6yz ( 14 = 0.

§ã chÝnh lµ ph­¬ng tr×nh mÆt cÇu (S) cÇn t×m.

VÝ dô 5: Trong kh«ng gian Oxyz, cho hai ®­êng th¼ng (d1) vµ (d2) cã ph­¬ng tr×nh:

(d1): 
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a. Chøng minh r»ng hai ®­êng th¼ng (d1), (d2) chÐo nhau.TÝnh gãc gi÷a hai ®­êng th¼ng (d1) vµ (d2).

b. ViÕt ph­¬ng tr×nh mÆt cÇu (S) tiÕp xóc víi c¶ (d1), (d2) vµ cã t©m thuéc ®­êng th¼ng 
[image: image1348.wmf]x1y2z1
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( Gi¶i

a. Ta cã:
· §­êng th¼ng (d1) cã vtcp 
[image: image1349.wmf]1
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 vµ ®i qua ®iÓm M1(2; 4; 1).

· §­êng th¼ng (d2) cã vtcp 
[image: image1350.wmf]2
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NhËn xÐt r»ng:
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 ( (d1) vµ (d2) chÐo nhau.

C«sin gãc ( gi÷a hai ®­êng th¼ng (d1) vµ (d2) ®­îc cho bëi:
cos(  = 
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b. ChuyÓn ph­¬ng tr×nh ®­êng th¼ng (() vÒ d¹ng tham sè:
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Gi¶ sö (S) cã t©m I vµ tiÕp xóc víi (d1), (d2) theo thø tù t¹i A vµ B, suy ra:

I(1 + v; 2 ( v; 1 + v),  A(2 + 2t; 4 ( t; 1 + t),  B(1 + u; 3 + 2u; 3 ( u)
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Ta lÇn l­ît cã c¸c ®iÒu kiÖn:

· (S) tiÕp xóc víi (d1) t¹i A khi:
AI ( (d1) ( 
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· (S) tiÕp xóc víi (d2) t¹i B khi:
BI ( (d2) ( 
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· (S) tiÕp xóc víi c¶ (d1) vµ (d2) khi:
AI = BI ( AI2 = BI2 
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Khi ®ã:

· Víi v1 = 0 th× t = 0 nªn I1(1; 2; 1), A(2; 4; 1), tõ ®ã ta ®­îc:
(S1): 
[image: image1371.wmf](
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VËy, tån t¹i hai mÆt cÇu (S1), (S2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.
	Bµi to¸n 8: VÞ trÝ t­¬ng ®èi cña ®­êng th¼ng vµ mÆt ph¼ng.


Ph­¬ng ph¸p ¸p dông

§Ó xÐt vÞ trÝ t­¬ng ®èi cña ®­êng th¼ng (d) vµ mÆt ph¼ng (P) (hoÆc x¸c ®Þnh ®iÒu kiÖn vÒ vÞ trÝ t­¬ng ®èi gi÷a ®­êng th¼ng (d) vµ mÆt ph¼ng (P)), ta th­êng lùa chän mét trong hai c¸ch sau:

C¸ch 1: (Ph­¬ng ph¸p ®¹i sè): Thùc hiÖn theo c¸c b­íc:

B­íc 1: XÐt hÖ ph­¬ng tr×nh t¹o bëi (d) vµ (P).

B­íc 2: BiÖn luËn:

· NÕu hÖ cã nghiÖm duy nhÊt , khi ®ã (d) ( (P) = {A} cã to¹ ®é lµ nghiÖm cña hÖ.

· NÕu hÖ v« nghiÖm, khi ®ã (d) ( (P) = ( ( (d) // (P).

· NÕu hÖ cã v« sè nghiÖm, khi ®ã (d) ( (P).

C¸ch 2: (Ph­¬ng ph¸p h×nh häc): Thùc hiÖn theo c¸c b­íc:

B­íc 1: Gi¶ sö:

· (d) cã vtcp 
[image: image1378.wmf]u

r

(a; b; c) vµ ®i qua M0(x0; y0; z0).

· (P) cã vtpt 
[image: image1379.wmf]n
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(A; B; C).

B­íc 2: Khi ®ã:

1. §Ó (d) c¾t (P) ®iÒu kiÖn lµ:
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.
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 ( 0 ( Aa + Bb + Cc ( 0.

2. §Ó (d) song song víi (P) ®iÒu kiÖn lµ:
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3. §Ó (d) n»m trong (P) ®iÒu kiÖn lµ:
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HoÆc cã thÓ lÊy hai ®iÓm ph©n biÖt M, N thuéc (d) vµ thiÕt lËp ®iÒu kiÖn M, N thuéc (P).

4. §Ó (d) vu«ng gãc víi (P) ®iÒu kiÖn lµ a: b: c = A: B: C.
VÝ dô 1: XÐt vÞ trÝ t­¬ng ®èi cña mÆt ph¼ng (P) vµ ®­êng th¼ng (d), biÕt:
a. (P): x + y + 2z ( 1 = 0 vµ (d): 
[image: image1388.wmf]xt
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b. (P): 2x + 5y + z ( 1 = 0 vµ 
[image: image1390.wmf]x11yz2

(d):
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c. (P): x + y + z ( 6 = 0 vµ (d) lµ giao tuyÕn cña hai mÆt ph¼ng:

(P1): x + 2y + z ( 8 = 0 vµ (P2): x + z ( 4 = 0.

( H­íng dÉn: Sö dông kiÕn thøc trong phÇn ph­¬ng ph¸p gi¶i to¸n.
( Gi¶i

a. Ta cã thÓ tr×nh bµy theo hai c¸ch sau:
C¸ch 1: Thay ph­¬ng tr×nh cña (d) vµo (P), ta ®­îc:

t + 1 + t + 2(2 ( 3t) ( 1 = 0 ( (4t + 4 = 0 ( t = 1.

Thay t = 1 vµo ph­¬ng tr×nh tham sè cña (d) ta kÕt luËn (d) c¾t (P) t¹i M(1; 2 ; (1).

C¸ch 2: MÆt ph¼ng (P) cã vtpt 
[image: image1391.wmf]n(1;1;2)

r

 vµ ®­êng th¼ng (d) cã vtcp 
[image: image1392.wmf]u(1;1;3)
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, ta cã:
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Suy ra (d) c¾t (P).

b. Ta cã thÓ tr×nh bµy theo hai c¸ch sau:
C¸ch 1: XÐt hÖ ph­¬ng tr×nh t¹o bëi (d) vµ (P) lµ:


[image: image1394.wmf]x11yz2
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(I)

HÖ (I) v« nghiÖm, do ®ã (d) song song víi (P).

C¸ch 2: MÆt ph¼ng (P) cã vtpt 
[image: image1396.wmf]n(2;5;1)

r

 vµ ®­êng th¼ng (d) cã vtcp 
[image: image1397.wmf]u(2;1;1)
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, ta cã:
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(1)

LÊy A((1; 1; 2) ( (d), ta cã nhËn xÐt A ( (P).



(2)

Tõ (1) vµ (2) suy ra (d) song song víi (P).

c. Ta cã thÓ tr×nh bµy theo c¸c c¸ch sau:
C¸ch 1: §­êng th¼ng (d) chøa c¸c ®iÓm M(x; y; z) tho¶ m·n hÖ:


[image: image1400.wmf]x2yz80
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XÐt hÖ ph­¬ng tr×nh t¹o bëi (d) vµ (P) lµ:
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(II)

HÖ (II) cã v« sè nghiÖm, do ®ã (d) n»m trong (P).

C¸ch 2: §­êng th¼ng (d) chøa c¸c ®iÓm M(x; y; z) tho¶ m·n hÖ:


[image: image1403.wmf]x2yz80
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 ( Hai ®iÓm A(1; 2; 3) vµ B(3; 2; 1) thuéc (d).

NhËn xÐt r»ng A, B còng thuéc (P) nªn (d) n»m trong (P).

C¸ch 3: C¸c mÆt ph¼ng (P), (P1), (P2) cã vtpt 
[image: image1404.wmf]n(1;1;1)
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§­êng th¼ng (d) cã vtcp 
[image: image1407.wmf]u
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 ®­îc cho bëi:
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NhËn xÐt r»ng:
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(3)

LÊy A(1; 2; 3) ( (d), ta cã nhËn xÐt A ( (P).



(4)

Tõ (3) vµ (4) suy ra (d) n»m trong (P).


 Chó ý:  Trong tr­êng hîp ®­êng th¼ng (d) n»m trong mÆt ph¼ng (P) chóng ta th­êng gÆp thªm c¸c c¸c yªu cÇu:
1. ViÕt ph­¬ng tr×nh mÆt ph¼ng chøa (d) vµ vu«ng gãc víi (P), chóng ta thùc hiÖn theo c¸c b­íc:
B­íc 1: T×m mét vtcp 
[image: image1411.wmf]u

r

 cña ®­êng th¼ng (d) vµ lÊy ®iÓm A thuéc (d).

T×m mét vtpt 
[image: image1412.wmf]n
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 cña mÆt ph¼ng (P).
Gäi 
[image: image1413.wmf]Q
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 lµ mét vtpt cña mÆt ph¼ng (Q), ta cã:
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B­íc 2: Khi ®ã, ph­¬ng tr×nh mÆt ph¼ng (Q) ®­îc cho bëi:
(Q): 
[image: image1416.wmf]Q
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2. ViÕt ph­¬ng tr×nh mÆt ph¼ng chøa (d) vµ t¹o víi (P) mét gãc (, chóng ta thùc hiÖn theo c¸c b­íc:
B­íc 1: T×m mét vtcp 
[image: image1417.wmf]u

r

 cña ®­êng th¼ng (d) vµ lÊy ®iÓm A thuéc (d).
T×m mét vtpt 
[image: image1418.wmf]n
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 cña mÆt ph¼ng (P).
Gäi 
[image: image1419.wmf]Q
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(a; b; c) lµ mét vtpt cña mÆt ph¼ng (Q), ta lÇn l­ît cã:
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(1)
g((P), (Q)) = ( ( 
[image: image1422.wmf]Q
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(2)

Gi¶i hÖ t¹o bëi (1) vµ (2) chóng ta nhËn ®­îc to¹ ®é cña 
[image: image1423.wmf]Q
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.

B­íc 2: Khi ®ã, ph­¬ng tr×nh mÆt ph¼ng (Q) ®­îc cho bëi:

(Q): 
[image: image1424.wmf]Q
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3. ViÕt ph­¬ng tr×nh mÆt cÇu cã b¸n kÝnh R tiÕp xóc víi (d) vµ (P) t¹i ®iÓm M th× bµi to¸n ®­îc chuyÓn vÒ d¹ng "ViÕt ph­¬ng tr×nh mÆt cÇu cã b¸n kÝnh R tiÕp xóc víi (P) t¹i ®iÓm M", ®©y lµ d¹ng to¸n mµ chóng ta ®· biÕt c¸ch thùc hiÖn.
4. ViÕt ph­¬ng tr×nh mÆt cÇu cã b¸n kÝnh R tiÕp xóc víi (d) t¹i ®iÓm M vµ c¾t (P) theo thiÕt diÖn lµ ®­êng trßn lín, chóng ta cã thÓ lùa chän mét trong c¸c c¸ch:
C¸ch 1:  Ta thùc hiÖn theo c¸c b­íc:

B­íc 1: Gi¶ sö I(x; y; z) lµ t©m mÆt cÇu (S), khi ®ã:


[image: image1425.wmf]I(P)
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B­íc 2: ViÕt ph­¬ng tr×nh mÆt cÇu (S) víi t©m I b¸n kÝnh R.

C¸ch 2:  Ta thùc hiÖn theo c¸c b­íc:

B­íc 1: LËp ph­¬ng tr×nh tham sè cña ®­êng th¼ng (() n»m trong (P) vµ vu«ng gãc víi (d) t¹i M.

B­íc 2: Gi¶ sö I lµ t©m mÆt cÇu (S), khi ®ã: to¹ ®é t©m I tho¶ m·n ph­¬ng tr×nh tham sè cña (().

Sö dông ®iÒu kiÖn:

MI = R ( To¹ ®é t©m I.

B­íc 3: ViÕt ph­¬ng tr×nh mÆt cÇu (S) víi t©m I b¸n kÝnh R.

5. ViÕt ph­¬ng tr×nh mÆt cÇu cã b¸n kÝnh R tiÕp xóc víi (d) t¹i ®iÓm M vµ c¾t (P) theo thiÕt diÖn lµ ®­êng trßn cã b¸n kÝnh b»ng r, chóng ta thùc hiÖn theo c¸c b­íc:
B­íc 1: Gi¶ sö I(x; y; z) lµ t©m mÆt cÇu (S), khi ®ã:


[image: image1427.wmf]22
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B­íc 2: ViÕt ph­¬ng tr×nh mÆt cÇu (S) víi t©m I b¸n kÝnh R.

VÝ dô 2: Trong kh«ng gian Oxyz, cho mÆt ph¼ng (P) vµ ®­êng th¼ng (d) cã ph­¬ng tr×nh:

(P): 2x + y + 2z ( 1 = 0, 
[image: image1428.wmf]x1t
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a. Chøng minh r»ng ®­êng th¼ng (d) n»m trong mÆt ph¼ng (P).

b. ViÕt ph­¬ng tr×nh mÆt ph¼ng (Q) chøa (d) vµ vu«ng gãc víi (P).

c. ViÕt ph­¬ng tr×nh mÆt ph¼ng (R) chøa (d) vµ t¹o víi (P) mét gãc ( cã 
[image: image1429.wmf]6

cos
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.

d. ViÕt ph­¬ng tr×nh mÆt cÇu cã b¸n kÝnh 
[image: image1430.wmf]R18

=

 tiÕp xóc víi (d) t¹i ®iÓm M(0; 1; 0) vµ c¾t (P) theo thiÕt diÖn lµ ®­êng trßn lín.
e. ViÕt ph­¬ng tr×nh mÆt cÇu (S) cã b¸n kÝnh 
[image: image1431.wmf]R2

=

 tiÕp xóc víi (d) t¹i ®iÓm N((1; 1; 1) vµ c¾t (P) theo thiÕt diÖn lµ ®­êng trßn cã b¸n kÝnh b»ng 
[image: image1432.wmf]2
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.

( Gi¶i

a. Ta cã thÓ tr×nh bµy theo c¸c c¸ch sau:
C¸ch 1: XÐt hÖ ph­¬ng tr×nh t¹o bëi (d) vµ (P) b»ng c¸ch thay ph­¬ng tr×nh tham sè cña (d) vµo (P), ta ®­îc:

2(1 ( t) + 1 + 2((1 + t) ( 1 = 0 ( 0 = 0.

Tøc hÖ cã v« sè nghiÖm, do ®ã (d) n»m trong (P).

C¸ch 2: §­êng th¼ng (d) ®i qua hai ®iÓm A(1; 1; (1) vµ B(0; 1; 0).

NhËn xÐt r»ng A, B còng thuéc (P) nªn (d) n»m trong (P).

C¸ch 3: §­êng th¼ng (d) cã vtcp 
[image: image1433.wmf]u(1;0;1)
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 vµ ®i qua ®iÓm A(1; 1; (1).
MÆt ph¼ng (P) cã vtpt 
[image: image1434.wmf]n(2;1;2)
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NhËn xÐt r»ng:
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(1)

2 + 1 ( 2 ( 1 = 0 ( A ( (P).





(2)

Tõ (1) vµ (2) suy ra (d) n»m trong (P).

b. Ta cã:

· §­êng th¼ng (d) cã vtcp 
[image: image1437.wmf]u(1;0;1)
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 vµ ®i qua ®iÓm A(1; 1; (1).

· MÆt ph¼ng (P) cã vtpt 
[image: image1438.wmf]n(2;1;2)
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MÆt ph¼ng (Q) cã vtpt 
[image: image1439.wmf]Q
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Khi ®ã, ph­¬ng tr×nh mÆt ph¼ng (Q) ®­îc cho bëi:


[image: image1442.wmf](

)

Q

QuaA1;1;1

(Q):

vtptn(1;4;1)

ì

-

ï

í

-

ï

î

uur

 ( (Q): x ( 4y + z + 4 = 0.

c. Gi¶ sö mÆt ph¼ng (R) cã vtpt 
[image: image1443.wmf]R
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, ta lÇn l­ît:
· §Ó (R) chøa (d) ®iÒu kiÖn lµ:
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· (R) t¹o víi (P) mét gãc ( cã 
[image: image1447.wmf]6
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 ®iÒu kiÖn lµ:
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Khi ®ã:

· Víi 
[image: image1452.wmf]1
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 th× chän b = 2 ta ®­îc a = c = 1 nªn 
[image: image1453.wmf]R
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 ( (R1): x + 2y + z ( 2 = 0.

· Víi 
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 th× chän b = (2 ta ®­îc a = c = 5 nªn 
[image: image1456.wmf]R
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 ( (R2): 5x ( 2y + 5z + 2 = 0.

VËy, tån t¹i hai mÆt ph¼ng (R1), (R2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.
d. Ta cã thÓ tr×nh bµy theo c¸c c¸ch sau:
C¸ch 1: Gi¶ sö I(x; y; z) lµ t©m mÆt cÇu (S) cÇn dùng, khi ®ã:
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Khi ®ã:

· Víi I1(1; (3; 1), tõ ®ã ta ®­îc mÆt cÇu:
(S1): 
[image: image1464.wmf](
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 ( (S1): (x ( 1)2 + (y + 3)2 + (z ( 1)2 = 18.

· Víi I2((1; 5; (1), tõ ®ã ta ®­îc mÆt cÇu:
(S2): 
[image: image1465.wmf](
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 ( (S2): (x + 1)2 + (y ( 5)2 + (z + 1)2 = 18.

VËy, tån t¹i hai mÆt cầu (S1), (S2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.
C¸ch 2: Gi¶ sö I lµ t©m mÆt cÇu (S) cÇn dùng, khi ®ã I thuéc ®­êng th¼ng (() cã vtcp 
[image: image1466.wmf]u
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Khi ®ã, ph­¬ng tr×nh ®­êng th¼ng (() ®­îc cho bëi:
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[image: image1469.wmf](
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Tõ ®ã t©m I(t; 1 ( 4t; t) vµ ®iÒu kiÖn:

MI = R ( MI2 = R2 ( t2 + 16t2 + t2 = 18 ( t2 = 1 ( t = (1.
Khi ®ã:

· Víi t = 1 th×  I1(1; (3; 1), tõ ®ã ta ®­îc:
(S1): 
[image: image1472.wmf](
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 ( (S1): (x ( 1)2 + (y + 3)2 + (z ( 1)2 = 18.

· Víi t = (1 th× I2((1; 5; 1), tõ ®ã ta ®­îc:
(S2): 
[image: image1473.wmf](
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 ( (S2): (x + 1)2 + (y ( 5)2 + (z + 1)2 = 18.

VËy, tån t¹i hai mÆt cầu (S1), (S2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.
e. Gi¶ sö K(x; y; z) lµ t©m mÆt cÇu (T) cÇn dùng, khi ®ã ta lÇn l­ît cã:

· V× NK ( (d) nªn:

[image: image1474.wmf]NK.u0
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 ( ((x + 1) + z ( 1 = 0 ( x ( z + 2 = 0.


(3)

· V× NK = R nªn (x + 1)2 + (y ( 1)2 + (z ( 1)2 = 2.


(4)

· V× 
[image: image1475.wmf]22
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Tõ ®ã:

· Víi 2x + y + 2z = 5 kÕt hîp víi (3) ta ®­îc:
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(I)
Thay (I) vµo (4) ta ®­îc:

(x + 1)2 + ((4x)2 + (x + 1)2 = 2
( 18x2 + 4x = 0 ( x = 0 hoÆc 
[image: image1482.wmf]2
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Khi ®ã:

· Víi x = 0 th× y = 1 vµ z = 2 nªn K1(0; 1; 2), suy ra mÆt cÇu:
(T1): x2 + (y ( 1)2 + (z ( 2)2 = 2.

· Víi 
[image: image1483.wmf]2
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· Víi 2x + y + 2z = (3 kÕt hîp víi (4) ta ®­îc:

[image: image1488.wmf]2xy2z3
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(II)
Thay (II) vµo (5) ta ®­îc:

(x + 1)2 + ((4x ( 8)2 + (x + 1)2 = 2 ( 9x2 + 34x + 32 = 0 ( x = (2 hoÆc 
[image: image1490.wmf]16
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Khi ®ã:

· Víi x = (2 th× y = 1 vµ z = 0 nªn K3((2; 1; 0), suy ra mÆt cÇu:
(T3): (x + 2)2 + (y ( 1)2 + z2 = 2.

· Víi 
[image: image1491.wmf]16
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VËy, tån t¹i bèn mÆt cầu (T1), (T2), (T3), (T4) tho¶ m·n ®iÒu kiÖn ®Çu bµi.


 Chó ý:  Trong tr­êng hîp ®­êng th¼ng (d) song song víi mÆt ph¼ng (P) chóng ta th­êng gÆp thªm c©u hái:

1. TÝnh kho¶ng c¸ch gi÷a (d) vµ (P), chóng ta cã ngay:
d(d, (P)) = d(A, (P)), víi A ( (d).

2. ViÕt ph­¬ng tr×nh mÆt ph¼ng chøa (d) vµ song song víi (P), chóng ta cã ngay:
(Q): 
[image: image1496.wmf]P
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3. ViÕt ph­¬ng tr×nh h×nh chiÕu vu«ng gãc cña (d) trªn (P), chóng ta cã c¸c c¸ch gi¶i sau:
C¸ch 1: Ta thùc hiÖn theo c¸c b­íc:

B­íc 1: LÊy ®iÓm A ( (d), tõ ®ã x¸c ®Þnh to¹ ®é ®iÓm HA lµ h×nh chiÕu vu«ng gãc cña A lªn (P).

B­íc 2: Ph­¬ng tr×nh h×nh chiÕu vu«ng gãc cña ®­êng th¼ng (d) lªn mÆt ph¼ng (P) lµ ®­êng th¼ng (d1) ®­îc cho bëi:

(d1): 
[image: image1497.wmf]A
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C¸ch 2: Ta thùc hiÖn theo c¸c b­íc:

B­íc 1: ViÕt ph­¬ng tr×nh mÆt ph¼ng (Q) chøa (d) vµ vu«ng gãc víi (P).

B­íc 2: Khi ®ã, h×nh chiÕu vu«ng gãc cña ®­êng th¼ng (d) lªn mÆt ph¼ng (P) chÝnh lµ giao tuyÕn cña (P) vµ (Q).

4. ViÕt ph­¬ng tr×nh mÆt ph¼ng chøa (d) vµ t¹o víi (P) mét gãc (, chóng ta thùc hiÖn t­¬ng tù nh­ trong trong hîp ®­êng th¼ng (d) n»m trong mÆt ph¼ng (P).
5. ViÕt ph­¬ng tr×nh mÆt cÇu cã b¸n kÝnh nhá nhÊt tiÕp xóc víi (P) vµ tiÕp xóc víi (d) t¹i ®iÓm M, chóng ta thùc hiÖn theo c¸c b­íc:
B­íc 1: Gäi (S) lµ mÆt cÇu cÇn dùng, suy ra (S) chÝnh lµ mÆt cÇu ®­êng kÝnh MN víi N lµ h×nh chiÕu vu«ng gãc cña M trªn (P).

B­íc 2: X¸c ®Þnh to¹ ®é ®iÓm N.

B­íc 3: ViÕt ph­¬ng tr×nh mÆt cÇu ®­êng kÝnh MN.
6. ViÕt ph­¬ng tr×nh mÆt cÇu tiÕp xóc víi (d) vµ tiÕp xóc víi (P) t¹i ®iÓm M, chóng ta thùc hiÖn theo c¸c b­íc:
B­íc 1: Gi¶ sö mÆt cÇu (S) cÇn dùng cã t©m I, b¸n kÝnh R vµ tiÕp xóc víi ®­êng th¼ng (d) t¹i N.

V× N ( (d) nªn tho¶ m·n ph­¬ng tr×nh tham sè cña (d).

B­íc 2: ViÕt ph­¬ng tr×nh tham sè cña ®­êng th¼ng (() qua M vµ vu«ng gãc víi (P).
V× I ( (() nªn tho¶ m·n ph­¬ng tr×nh tham sè cña (().

B­íc 3: ThiÕt lËp ®iÒu kiÖn IN ( (d) vµ R = IM = IN chóng ta sÏ nhËn ®­îc to¹ ®é t©m I vµ ®é dµi b¸n kÝnh R.

B­íc 4: ViÕt ph­¬ng tr×nh mÆt cÇu (S) t©m I b¸n kÝnh R.
7. ViÕt ph­¬ng tr×nh mÆt cÇu cã b¸n kÝnh R tiÕp xóc víi (d) t¹i ®iÓm M vµ tiÕp xóc víi (P)", chóng ta thùc hiÖn theo c¸c b­íc:
B­íc 1: Gi¶ sö mÆt cÇu (S) cÇn dùng cã t©m I(a; b; c), khi ®ã I thuéc mÆt ph¼ng:
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B­íc 2: Ta lÇn l­ît cã:
I ( (PM).

MI = R ( MI2 = R2.

d(I, (P)) = R.

Tõ ®©y suy ra to¹ ®é t©m I.

B­íc 3: ViÕt ph­¬ng tr×nh mÆt cÇu (S) t©m I b¸n kÝnh R.
VÝ dô 3: Trong kh«ng gian Oxyz, cho mÆt ph¼ng (P) vµ ®­êng th¼ng (d) cã ph­¬ng tr×nh:

(P): x + y ( 6 = 0, 
[image: image1500.wmf]x1
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a. Chøng minh r»ng ®­êng th¼ng (d) song song víi mÆt ph¼ng (P). TÝnh kho¶ng c¸ch gi÷a (d) vµ (P).
b. ViÕt ph­¬ng tr×nh mÆt ph¼ng chøa (d) vµ song song víi (P).
c. ViÕt ph­¬ng tr×nh h×nh chiÕu vu«ng gãc cña (d) trªn (P).
d. ViÕt ph­¬ng tr×nh mÆt ph¼ng chøa (d) vµ t¹o víi (P) mét gãc ( cã 
[image: image1501.wmf]3

cos
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e. ViÕt ph­¬ng tr×nh mÆt cÇu cã b¸n kÝnh nhá nhÊt tiÕp xóc víi (P) vµ tiÕp xóc víi (d) t¹i ®iÓm A(1; 1; 1).
f. ViÕt ph­¬ng tr×nh mÆt cÇu cã b¸n kÝnh 
[image: image1502.wmf]R22

=

 tiÕp xóc víi (P) vµ tiÕp xóc víi (d) t¹i ®iÓm A(1; 1; 1).
g. ViÕt ph­¬ng tr×nh mÆt cÇu tiÕp xóc víi ®­êng th¼ng (d) vµ tiÕp xóc víi mÆt ph¼ng (P) t¹i ®iÓm E(5; 1; 1).
( Gi¶i

Ta cã:

· MÆt ph¼ng (P) cã vtpt 
[image: image1503.wmf]n(1;1;0)

r

.

· §­êng th¼ng (d) cã vtcp 
[image: image1504.wmf]u(0;0;1)
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 vµ ®i qua ®iÓm M(1; 1; 4). 

a. Ta lÇn l­ît:

· §Ó chøng minh (d) song song víi (P) ta cã thÓ tr×nh bµy theo c¸c c¸ch sau:
C¸ch 1: B»ng c¸ch thay ph­¬ng tr×nh tham sè cña (d) vµo (P), ta thÊy:
1 + 1 ( 6 = 0, m©u thuÉn ( (d) song song víi (P).

C¸ch 2: Ta cã:


[image: image1505.wmf]n.u0
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(1)

NhËn xÐt M ( (P).






(2)

Tõ (1) vµ (2) suy ra (d) song song víi (P).

· Kho¶ng c¸ch giøa (d) vµ (P) ®­îc cho bëi:
d(d, (P)) = d(M, (P)) = 
[image: image1507.wmf]22
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b. Gäi (Q) lµ mÆt ph¼ng cÇn dùng, khi ®ã:

(Q): 
[image: image1508.wmf](
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c. Ta cã thÓ tr×nh bµy theo c¸c c¸ch sau:
C¸ch 1: Gäi H lµ h×nh chiÕu vu«ng gãc cña M trªn (P), ta cã:

(MH): 
[image: image1509.wmf](

)

QuaM(1;1;4)

vtcpn1;1;0

ì

ï

í

ï

î

r

 ( (MH): 
[image: image1510.wmf]x1t

y1t

z4

=+

ì

ï

=+

í

ï

=

î

, t ( 
[image: image1511.wmf]¡

.

V× {H} = (MH) ( (P), to¹ ®é H lµ nghiÖm hÖ ph­¬ng tr×nh:
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Tõ ®ã, ph­¬ng tr×nh ®­êng th¼ng (d’) lµ h×nh chiÕu vu«ng gãc cña (d) trªn (P) ®­îc cho bëi:

(d’): 
[image: image1514.wmf](
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C¸ch 2: Gäi H(x; y; z) lµ h×nh chiÕu vu«ng gãc cña M trªn (P), ta cã:
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Tõ ®ã, ph­¬ng tr×nh ®­êng th¼ng (d’) lµ h×nh chiÕu vu«ng gãc cña (d) trªn (R) ®­îc cho bëi:

(d’): 
[image: image1520.wmf](
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C¸ch 3: Gäi (P’) víi vtpt 
[image: image1522.wmf]n'
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 lµ mÆt ph¼ng chøa (d) vµ vu«ng gãc víi (P), ta cã:
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Khi ®ã, ph­¬ng tr×nh mÆt ph¼ng (P’) ®­îc cho bëi:

(P’): 
[image: image1525.wmf](
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Tõ ®ã, ph­¬ng tr×nh ®­êng th¼ng (d’) lµ h×nh chiÕu vu«ng gãc cña (d) trªn (P) gåm c¸c ®iÓm M(x; y; z) tho¶ m·n hÖ:
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VËy, ®­êng th¼ng (d’) lu«n cã ph­¬ng tr×nh tham sè lµ:

[image: image1527.wmf]x3
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d. Gi¶ sö mÆt ph¼ng (R) cã vtpt 
[image: image1528.wmf]R
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 tho¶ m·n ®iÒu kiÖn ®Çu bµi, ta lÇn l­ît:
· §Ó (R) chøa (d) ®iÒu kiÖn lµ:

[image: image1529.wmf]R
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· (P) t¹o víi (P) mét gãc ( cã 
[image: image1531.wmf]3
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 ®iÒu kiÖn lµ:
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( 5(a + b)2 = 9(a2 + b2) 
( 2a2 ( 5ab + 2b2 = 0 ( 
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Khi ®ã:

· Víi a = 2b th× 
[image: image1535.wmf]R
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 ( (R1): 2x + y ( 3 = 0.

· Víi b = 2a th× 
[image: image1538.wmf]R
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VËy, tån t¹i hai mÆt ph¼ng (R1), (R2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.

e. Gäi (S) lµ mÆt cÇu cÇn dùng, suy ra (S) chÝnh lµ mÆt cÇu ®­êng kÝnh AA’ víi A’ lµ h×nh chiÕu vu«ng gãc cña A trªn (P). Ta lÇn l­ît:
· X¸c ®Þnh to¹ ®é ®iÓm A’(x; y; z) b»ng viÖc sö dông mét trong c¸c c¸ch sau:

C¸ch 1: Ta cã:
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C¸ch 2: Ph­¬ng tr×nh ®­êng th¼ng (AA’) ®­îc cho bëi:
(AA’): 
[image: image1545.wmf]QuaA
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V× {A’} = (AA’) ( (P) nªn to¹ ®é A’ ®­îc x¸c ®Þnh b»ng c¸ch thay ph­¬ng tr×nh tham sè cña (AA’) vµo ph­¬ng tr×nh cña (P), ta ®­îc:

1 + t + 1 + t ( 6 = 0 ( t = 2( A’(3; 3; 1).

· Ph­¬ng tr×nh mÆt cÇu ®­êng kÝnh AA’ ®­îc x¸c ®Þnh b»ng mét trong c¸c c¸ch sau:

C¸ch 1: Ta cã:

(S): 
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C¸ch 2: MÆt cÇu (S) víi ®­êng kÝnh AA’ gåm c¸c ®iÓm:

N(x; y; z) ( (S) ( AN ( A’N ( 
[image: image1551.wmf]AN.A'N0
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( (x ( 1; y ( 1; z ( 1).(x ( 3; y ( 3; z ( 1) = 0
( (x ( 1)(x ( 3) + (y ( 1)(y ( 3) + (z ( 1)(z ( 1) = 0
( x2 + y2 + z2xy ( 2z + 7 = 0.

§ã chÝnh lµ ph­¬ng tr×nh mÆt cÇu (S) cÇn t×m.

C¸ch 3: MÆt cÇu (S) víi ®­êng kÝnh AA’ gåm:

N(x; y; z) ( (S) ( (NAA’ vu«ng t¹i N ( AN2 + A’N2 = AA’2 
( (x ( 1)2 + (y ( 1)2 + (z ( 1)2 + (x ( 3)2 + (y ( 3)2 + (z ( 1)2 = 8
( x2 + y2 + z2xy ( 2z + 7 = 0.

§ã chÝnh lµ ph­¬ng tr×nh mÆt cÇu (S) cÇn t×m.

f. Gi¶ sö mÆt cÇu (S) cÇn dùng cã t©m I(a; b; c), khi ®ã I thuéc mÆt ph¼ng:
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 ( (PA): z ( 1 = 0.

Ta lÇn l­ît cã:
I ( (PA) ( c ( 1 = 0 ( c = 1.
AI = R ( (a ( 1)2 + (b ( 1)2 + (c ( 1)2 = 8 

( (a ( 1)2 + (b ( 1)2 = 8. 
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d(I, (P)) = R ( 
[image: image1554.wmf]22
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Tõ ®ã:

· Víi b = 10 ( a thay vµo (*) ta ®­îc:
(a ( 1)2 + (9 ( a)2 = 8 ( 2a2 ( 20a + 76 = 0, v« nghiÖm.
· Víi b = 2 ( a thay vµo (*) ta ®­îc:
(a ( 1)2 + (1 ( a)2 = 8 ( (a ( 1)2 = 4 

( 
[image: image1557.wmf]1
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Khi ®ã:

· Víi t©m I1(3; (1; 1) ta ®­îc mÆt cÇu (S1) cã ph­¬ng tr×nh:
(S1): (x ( 3)2 + (y + 1)2 + (z ( 1)2 = 8.
· Víi t©m I2((1; 3; 1) ta ®­îc mÆt cÇu (S2) cã ph­¬ng tr×nh:
(S2): (x + 1)2 + (y ( 3)2 + (z ( 1)2 = 8.
VËy, tån t¹i hai mÆt cầu (S1), (S2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.
g. Gi¶ sö mÆt cÇu (T) cÇn dùng cã t©m I, b¸n kÝnh R vµ tiÕp xóc víi (d) t¹i F. 
V× F ( (d) nªn F(1; 1; 4 + t).

Gäi (() lµ ®­êng th¼ng qua E vµ vu«ng gãc víi (P), ta cã:

((): 
[image: image1558.wmf](
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V× I ( (() nªn I(u + 5; u + 1; 1), ta lÇn l­ît cã:

· V× FI ( (d) nªn:

[image: image1561.wmf]FIu
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 ( 3 + t = 0 ( t = (3 ( F(1; 1; 1).

· V× FI = IE nªn:
FI2 = IE2 ( (u + 4)2 + u2 = u2 + u2 ( 8u + 16 = 0 ( u = (2.
Tõ ®ã, mÆt cÇu (T) víi t©m T(3; (1; 1), b¸n kÝnh 
[image: image1563.wmf]R22
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 Chó ý:  Trong tr­êng hîp ®­êng th¼ng (d) c¾t mÆt ph¼ng (P) t¹i ®iÓm A chóng ta th­êng gÆp thªm c©u hái:

1. TÝnh gãc gi÷a (d) vµ (P), chóng ta cã ngay:
· MÆt ph¼ng (P) cã vtpt 
[image: image1565.wmf]n

r

(A; B; C).

· §­êng th¼ng (d) cã vtcp 
[image: image1566.wmf]u(a;b;c)
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.

Gäi ( lµ gãc t¹o bëi (P) vµ (d), ta cã:


[image: image1567.wmf]++
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2. ViÕt ph­¬ng tr×nh h×nh chiÕu vu«ng gãc cña (d) trªn (P), chóng ta cã c¸c c¸ch gi¶i sau:
C¸ch 1:  Ta thùc hiÖn theo c¸c b­íc:

B­íc 1: X¸c ®Þnh to¹ ®é giao ®iÓm A cña (d) vµ (P)

B­íc 2: LÊy ®iÓm M ( (d), tõ ®ã x¸c ®Þnh to¹ ®é ®iÓm HM lµ h×nh chiÕu vu«ng gãc cña M lªn (P).

B­íc 3: Ph­¬ng tr×nh h×nh chiÕu vu«ng gãc cña ®­êng th¼ng (d) lªn mÆt ph¼ng (P) lµ ®­êng th¼ng (d1) ®­îc cho bëi:

(d1): 
[image: image1568.wmf]M
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C¸ch 2:  Ta thùc hiÖn theo c¸c b­íc:

B­íc 1: ViÕt ph­¬ng tr×nh mÆt ph¼ng (Q) chøa (d) vµ vu«ng gãc víi (P).

B­íc 2: Khi ®ã, h×nh chiÕu vu«ng gãc cña ®­êng th¼ng (d) lªn mÆt ph¼ng (P) chÝnh lµ giao tuyÕn cña (P) vµ (Q).

3. ViÕt ph­¬ng tr×nh ®­êng th¼ng (() ®i qua A, n»m trong mÆt ph¼ng (P) vµ vu«ng gãc víi ®­êng th¼ng (d), chóng ta cã c¸c c¸ch gi¶i sau:
C¸ch 1:  Ta thùc hiÖn theo c¸c b­íc:

B­íc 1: Gäi 
[image: image1569.wmf]u
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 lµ mét vtcp cña ®­êng th¼ng ((), ta cã:
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B­íc 2: Khi ®ã, ph­¬ng tr×nh ®­êng th¼ng (() ®­îc cho bëi:

((): 
[image: image1571.wmf]QuaA
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C¸ch 2:  Ta thùc hiÖn theo c¸c b­íc:

B­íc 1: ViÕt ph­¬ng tr×nh mÆt ph¼ng (R) qua A vµ vu«ng gãc víi (d).

B­íc 2: Khi ®ã, ®­êng th¼ng (()  chÝnh lµ giao tuyÕn cña (P) vµ (R).

4. ViÕt ph­¬ng tr×nh mÆt ph¼ng chøa (d) vµ t¹o víi (P) mét gãc cã sè ®o nhá nhÊt, chóng ta cã c¸c c¸ch gi¶i sau:
C¸ch 1:  Ta thùc hiÖn theo c¸c b­íc:

B­íc 1: Gäi (Q) lµ mÆt ph¼ng  cÇn dùng, nhËn xÐt r»ng:

g((Q), (P)) ( g((d), (P)) 

( Min[g((Q), (P))] = g((d), (P)) = (.

B­íc 2: Gäi 
[image: image1572.wmf]Q
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 lµ mét vtpt cña mÆt ph¼ng (Q), ta lÇn l­ît cã:
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(1)

g((P), (Q)) = ( ( 
[image: image1575.wmf]Q
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(2)

Gi¶i hÖ t¹o bëi (1), (2) chóng ta nhËn ®­îc to¹ ®é cña 
[image: image1576.wmf]Q
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B­íc 3: Khi ®ã, ph­¬ng tr×nh mÆt ph¼ng (Q) ®­îc cho bëi:

(Q): 
[image: image1577.wmf]Q
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C¸ch 2:  Ta thùc hiÖn theo c¸c b­íc:

B­íc 1: Gäi (Q) lµ mÆt ph¼ng  cÇn dùng, nhËn xÐt r»ng:

g((Q), (P)) ( g((d), (P)) 

( Min[g((Q), (P))] = g((d), (P)) = (.

B­íc 2: Gäi 
[image: image1578.wmf]Q
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 lµ mét vtpt cña mÆt ph¼ng (Q), ta cã:

[image: image1579.wmf]Q
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B­íc 3: Khi ®ã, ph­¬ng tr×nh mÆt ph¼ng (Q) ®­îc cho bëi:

(Q): 
[image: image1580.wmf]Q
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5. ViÕt ph­¬ng tr×nh mÆt cÇu cã b¸n kÝnh R, t©m thuéc ®­êng th¼ng (d) vµ tiÕp xóc víi (P), chóng ta thùc hiÖn theo c¸c b­íc:
B­íc 1: Gi¶ sö mÆt cÇu (S) cÇn dùng cã t©m I.

V× I ( (d) nªn tho¶ m·n ph­¬ng tr×nh tham sè cña (d).

B­íc 2: §Ó (S) tiÕp xóc víi (P) ®iÒu kiÖn lµ d(I, (P)) = R ( To¹ ®é t©m I.
B­íc 3: ViÕt ph­¬ng tr×nh mÆt cÇu (S) t©m I b¸n kÝnh R.

6. ViÕt ph­¬ng tr×nh mÆt cÇu tiÕp xóc víi (d) vµ tiÕp xóc víi (P) t¹i ®iÓm M, thùc hiÖn t­¬ng tù nh­ trong tr­êng hîp (d) song song víi (P).

7. ViÕt ph­¬ng tr×nh mÆt cÇu cã b¸n kÝnh R tiÕp xóc víi (d) t¹i ®iÓm M vµ tiÕp xóc víi (P), thùc hiÖn t­¬ng tù nh­ trong tr­êng hîp (d) song song víi (P).
VÝ dô 4: Trong kh«ng gian, cho ®­êng th¼ng (d) vµ mÆt ph¼ng (P) cã ph­¬ng tr×nh:


[image: image1581.wmf]x2t
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,  (P): x ( 2y + 2z ( 10 = 0.

a. Chøng minh r»ng ®­êng th¼ng (d) c¾t mÆt ph¼ng (P) t¹i ®iÓm A. T×m to¹ ®é A, tÝnh gãc gi÷a (d) vµ (P).
b. ViÕt ph­¬ng tr×nh h×nh chiÕu vu«ng gãc cña (d) trªn (P).

c. ViÕt ph­¬ng tr×nh ®­êng th¼ng (() ®i qua A, n»m trong mÆt ph¼ng (P) vµ vu«ng gãc víi ®­êng th¼ng (d).

d. ViÕt ph­¬ng tr×nh mÆt ph¼ng chøa (d) vµ t¹o víi (P) mét gãc cã sè ®o nhá nhÊt.

e. ViÕt ph­¬ng tr×nh mÆt cÇu cã b¸n kÝnh b»ng 10/3, t©m thuéc ®­êng th¼ng (d) vµ tiÕp xóc víi (P).

f. ViÕt ph­¬ng tr×nh mÆt cÇu tiÕp xóc víi ®­êng th¼ng (d) vµ tiÕp xóc víi mÆt ph¼ng (P) t¹i ®iÓm E(2; (2; 2).
g. ViÕt ph­¬ng tr×nh mÆt cÇu cã b¸n kÝnh b»ng 3 tiÕp xóc víi (d)  t¹i ®iÓm B(0; 2; 2) vµ tiÕp xóc víi (P).
( Gi¶i

Ta cã:

· §­êng th¼ng (d) ®i qua ®iÓm M(0; 2; 2) vµ cã vtcp 
[image: image1582.wmf]u(2;4;5)

-

r

.

· MÆt ph¼ng (P) cã vtpt 
[image: image1583.wmf](
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a. B»ng c¸ch thay ph­¬ng tr×nh tham sè cña (d) vµo (P), ta thÊy:
2t ( 2(2 ( 4t) + 2(2 + 5t) ( 10 = 0 ( 20t ( 10 = 0 ( 
[image: image1584.wmf]1
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VËy, ta thÊy (d) c¾t (P) t¹i ®iÓm 
[image: image1585.wmf]9

A1;0;

2

æö

ç÷

èø

.

Gäi ( lµ gãc t¹o bëi (d) vµ (P), ta cã:


[image: image1586.wmf]222222
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b. Gäi H lµ h×nh chiÕu vu«ng gãc cña M trªn (P), ta cã:

(MH):
[image: image1587.wmf](
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V× {H} = (MH) ( (P) nªn b»ng c¸ch thay ph­¬ng tr×nh tham sè cña (MH) vµo (P), ta ®­îc:

t ( 2(2 ( 2t) + 2(2 + 2t) ( 10 = 0 ( 9t ( 10 = 0 
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Tõ ®ã, ph­¬ng tr×nh ®­êng th¼ng (d1) lµ h×nh chiÕu vu«ng gãc cña (d) trªn (P) ®­îc cho bëi:
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c. Gäi 
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[image: image1595.wmf]uu,n(2;1;0)

D

éù

==

ëû

uurrr

.

Khi ®ã, ph­¬ng tr×nh ®­êng th¼ng (() ®­îc cho bëi:

((): 
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d. Gäi (Q) lµ mÆt ph¼ng  cÇn dùng, nhËn xÐt r»ng:
g((Q), (P)) ( g((d), (P)) ( Min[g((Q), (P))] = g((d), (P)) = (.

Gäi 
[image: image1599.wmf]Q
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 lµ mét vtpt cña mÆt ph¼ng (Q), ta lÇn l­ît cã:
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Khi ®ã, ph­¬ng tr×nh mÆt ph¼ng (Q) ®­îc cho bëi:

(Q): 
[image: image1603.wmf](
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 ( (Q): 2x ( 4y ( 4z + 7 = 0.
e. MÆt cÇu (S) cÇn dùng cã t©m I, v× I ( (d) nªn I(2t; 2 ( 4t; 2 + 5t).

§Ó (S) tiÕp xóc víi (P) ®iÒu kiÖn lµ:

d(I, (P)) = R ( 
[image: image1604.wmf]222
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( (20t ( 10( = 10 ( (2t ( 1( = 1 ( t1 = 0 hoÆc t2 = 1.
Khi ®ã:

· Víi t1 = 0 th× I1(0; 2; 2), tõ ®ã ta ®­îc:
(S1): 
[image: image1605.wmf](
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· Víi t2 = 1 th× I2(2; 3; 2), tõ ®ã ta ®­îc:
(S2): 
[image: image1607.wmf](
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VËy, tån t¹i hai mÆt cÇu (S1), (S2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.
f. Gi¶ sö mÆt cÇu (T) cÇn dùng cã t©m I, b¸n kÝnh R vµ tiÕp xóc víi ®­êng th¼ng (d) t¹i F. 

V× F ( (d) nªn F(2t; 2 ( 4t; 2 + 5t).

Gäi (() lµ ®­êng th¼ng qua E vµ vu«ng gãc víi (P), ta cã:

((): 
[image: image1609.wmf](
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V× I ( (() nªn I(u + 2; (2u ( 2; 2u + 2), ta lÇn l­ît cã:

· V× FI ( (d) nªn:
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( 2(u ( 2t + 2) ( 4((2u + 4t ( 4) + 5(2u ( 5t) = 0

( 20u ( 45t + 20 = 0 ( 4u = 9t ( 4.



(*)

· V× FI = EI nªn:
(u ( 2t + 2)2 + ((2u + 4t ( 4)2 + (2u ( 5t)2 = u2 + 4u2 + 4u2 

( (u ( 2t + 2)2 + 4(u ( 2t + 2)2 + (2u ( 5t)2 = 9u2
( 5(u ( 2t + 2)2 + (2u ( 5t)2 = 9u2.

Nh©n hai vÕ cña ®¼ng thøc víi 16, ta ®­îc :

5(4u ( 8t + 8)2 + 4(4u ( 10t)2 = 9(4u)2

[image: image1613.wmf](*)
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 5(9t ( 4 ( 8t + 8)2 + 4(9t ( 4 ( 10t)2 = 9(9t ( 4)2
( 5(t + 4)2 + 4(t + 4)2 = 9(9t ( 4)2 ( (t + 4)2 = (9t ( 4)2
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Khi ®ã:

· Víi 
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,  ta ®­îc mÆt cÇu (T1) cã ph­¬ng tr×nh:
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· Víi t = 0 th× u = (1 nªn t©m I2(0; 2; 2) vµ b¸n kÝnh 
[image: image1621.wmf]22
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, ta ®­îc mÆt cÇu (T2) cã ph­¬ng tr×nh:
(T2): x2 + (y ( 2)2 + (z ( 2)2 = 9.
VËy, tån t¹i hai mÆt cÇu (T1), (T2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.

g. Gi¶ sö mÆt cÇu (S) cÇn dùng cã t©m I(a; b; c), khi ®ã I thuéc mÆt ph¼ng:
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( (PB): 2x ( 4y + 5z ( 2 = 0.

Ta lÇn l­ît cã:
I ( (PB) ( 2a ( 4b + 5c ( 2 = 0 ( 2a ( 4b + 5c = 2.


(1)
BI = R ( a2 + (b ( 2)2 + (c ( 2)2 = 9.


 

(*)

d(I, (P)) = R ( 
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Tõ ®ã:

· Víi a = 2b ( 2c + 19 thay vµo (1) th× c = (36, thay vµo (*) ta ®­îc:
a2 + (b ( 2)2 + 382 = 9, v« nghiÖm.
· Víi a = 2b ( 2c + 1 thay vµo (1) th× c = 0 nªn a = 2b + 1, thay vµo (*) ta ®­îc:
(2b + 1)2 + (b ( 2)2 + 4 = 9 ( 5b2 = 0 ( b = 0 ( a = 1. 

Ta ®­îc t©m I(1; 0; 0) nªn mÆt cÇu (S) cã ph­¬ng tr×nh:
(S): (x ( 1)2 + y2 + z2 = 9.
	Bµi to¸n 9: VÞ trÝ t­¬ng ®èi cña mÆt cÇu víi ®­êng th¼ng.


Ph­¬ng ph¸p ¸p dông

Ta lùa chän mét trong hai c¸ch sau:

C¸ch 1: Thùc hiÖn theo c¸c b­íc:

B­íc 1: X¸c ®Þnh t©m I vµ tÝnh b¸n kÝnh R cña mÆt cÇu (S), tõ ®ã 

d = d(I, (d)).

B­íc 2: So s¸nh d víi R ®Ó ®­a ra kÕt luËn:

· NÕu d > R ( (d) ( (S) = ( (H×nh 1).

· NÕu d = R ( (d) tiÕp xóc víi mÆt cÇu (S) t¹i H (H×nh 2).

· NÕu d < R ( (d) ( (S) = {A, B} (H×nh 3).


	H×nh 1
	H×nh 2
	H×nh 3


C¸ch 2: Thùc hiÖn theo c¸c b­íc:

B­íc 1: ChuyÓn ph­¬ng tr×nh (d) vÒ d¹ng tham sè theo t.

B­íc 2: Thay x, y, z cña (d) vµo (S), ta ®­îc:

At2 + Bt + C = 0 





(1) 

B­íc 3: KÕt luËn:

· NÕu (1) v« nghiÖm ( (d) ( (S) = (.

· NÕu (1) cã nghiÖm kÐp t0 ( (S) tiÕp xóc víi (d) t¹i ®iÓm   H(x(t0), y(t0), z(t0),). 

· NÕu (1) cã hai nghiÖm ph©n biÖt t1, t2 ( (d) ( (S) = {A, B} víi A(x(t1), y(t1), z(t1),) vµ B(x(t2), y(t2), z(t2),).


 Chó ý: Víi c¸c bµi to¸n kh«ng chøa tham sè, khi sö dông c¸ch 1 chóng ta dÔ dµng kÕt luËn ®­îc vÒ vÞ trÝ t­¬ng ®èi cña (d) vµ (S), tuy nhiªn:

· Trong tr­êng hîp (d) ( (S) = {A, B} chóng ta kh«ng nhËn ®­îc to¹ ®é cña A vµ B.

· Víi c¸c bµi to¸n cã chøa tham sè khi sö dông c¸ch 1 sÏ rÊt phøc t¹p.

Do vËy, tèt nhÊt h·y chän c¸ch 2.

VÝ dô 1: Trong kh«ng gian, cho ®­êng th¼ng (d) cã ph­¬ng tr×nh:
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XÐt vÞ trÝ t­¬ng ®èi cña ®­êng th¼ng (d) vµ mÆt cÇu (S), biÕt:

a. (S): x2 + y2 + z2 = 3.

b. (S): (x ( 2)2 + (y ( 4)2 + (z ( 2)2 = 6.

c. (S): x2 + (y ( 2)2 + z2 = 9.
( H­íng dÉn: Sö dông kiÕn thøc trong phÇn ph­¬ng ph¸p gi¶i to¸n.
( Gi¶i

§­êng th¼ng (d) cã vtcp 
[image: image1629.wmf]u(1;1;1)
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 vµ ®i qua ®iÓm M(2; 2; (1).
a. Ta cã thÓ tr×nh bµy theo hai c¸ch sau:
C¸ch 1: MÆt cÇu (S) cã t©m O(0; 0; 0) vµ b¸n kÝnh 
[image: image1630.wmf]R3
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 ( (d) ( (S) = (.

C¸ch 2: Thay ph­¬ng tr×nh cña (d) vµo (S), ta ®­îc:

(1 + t)2 + (2 ( t)2 + (1 + t)2 = 3 ( 3t2 + 3 = 0, v« nghiÖm.

VËy, ®­êng th¼ng (d) vµ mÆt cÇu (S) kh«ng cã ®iÓm chung.

b. Ta cã thÓ tr×nh bµy theo hai c¸ch sau:
C¸ch 1: MÆt cÇu (S) cã t©m I(2; 4; 2) vµ b¸n kÝnh 
[image: image1632.wmf]R6
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 ( (d) tiÕp xóc víi (S).

C¸ch 2: Thay ph­¬ng tr×nh cña (d) vµo (S), ta ®­îc:

(t ( 1)2 + ((t ( 2)2 + (t ( 1)2 = 6 ( 3t2 = 0 ( t = 0.

VËy, ®­êng th¼ng (d) tiÕp xóc víi mÆt cÇu (S) t¹i ®iÓm A(1; 2; 1).

c. Ta cã thÓ tr×nh bµy theo hai c¸ch sau:
C¸ch 1: MÆt cÇu (S) cã t©m I(0; 2; 0) vµ b¸n kÝnh R = 3, ta cã:
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 ( (d) c¾t (S) t¹i hai ®iÓm A, B.

C¸ch 2: Thay ph­¬ng tr×nh cña (d) vµo (S), ta ®­îc:

(1 + t)2 + t2 + (1 + t)2 = 9 ( 
( 3t2 + 4t ( 7 = 0 ( 
[image: image1635.wmf]1
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VËy, ®­êng th¼ng (d) c¾t mÆt cÇu (S) t¹i hai ®iÓm A, B.


 Chó ý:  Trong tr­êng hîp ®­êng th¼ng (d) c¾t mÆt cÇu (S) t¹i hai ®iÓm A, B chóng ta th­êng gÆp thªm c©u hái:

1. T×m to¹ ®é A, B (hoÆc ®é dµi ®o¹n AB), chóng ta sö dông c¸ch 2.
2. ViÕt ph­¬ng tr×nh ®­êng th¼ng (() song song víi (d) vµ c¾t mÆt cÇu (S) t¹i hai ®iÓm E, F sao cho EF cã ®é dµi lín nhÊt th× ®­êng th¼ng (() cÇn dùng sÏ ®i qua I vµ song song víi (d).
3. ViÕt ph­¬ng tr×nh c¸c mÆt ph¼ng (PA), (PB) tiÕp xóc víi (S) theo thø tù t¹i c¸c ®iÓm A, B, chóng ta cã ngay:
· MÆt ph¼ng (PA) ®i qua A vµ cã vtpt 
[image: image1636.wmf]IA
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.

· MÆt ph¼ng (PB) ®i qua B vµ cã vtpt 
[image: image1637.wmf]IB

uur

.

L­u ý: NÕu chØ víi yªu cÇu tÝnh gãc ( gi÷a (PA), (PB) th× ( = g(IA, IB).

4. ViÕt ph­¬ng tr×nh mÆt ph¼ng vu«ng gãc víi (d) vµ:
a. TiÕp xóc víi mÆt cÇu (S).

b. C¾t mÆt cÇu (S) theo thiÕt diÖn lµ mét ®­êng trßn lín cña (S).

c. C¾t mÆt cÇu (S) theo thiÕt diÖn lµ mét ®­êng trßn (C) cã b¸n kÝnh b»ng r (hoÆc biÕt chu vi ®­êng trßn hoÆc biÕt diÖn tÝch h×nh trßn ®ã).

Chóng ta thùc hiÖn theo c¸c b­íc:

B­íc 1: Ta cã:

· §­êng th¼ng (d) cã vtcp 
[image: image1638.wmf]u(a;b;c)
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· MÆt cÇu (S) cã t©m I vµ b¸n kÝnh R.

B­íc 2: Gäi (P) lµ mÆt ph¼ng cÇn dùng, th× v× (P) vu«ng gãc víi (d) nªn:

(P): ax + by + cz + D = 0.

B­íc 3: Ta lÇn l­ît:

a. §Ó (P) tiÕp xóc víi (S) ®iÒu kiÖn lµ:

d(I, (P)) = R ( D 
( Ph­¬ng tr×nh c¸c mÆt ph¼ng (P1), (P2).

b. §Ó (P) c¾t mÆt cÇu (S) theo thiÕt diÖn lµ mét ®­êng trßn lín cña (S) ®iÒu kiÖn lµ:

I ( (P)) (  D ( Ph­¬ng tr×nh mÆt ph¼ng (P).

c. §Ó (P) c¾t mÆt cÇu (S) theo thiÕt diÖn lµ mét ®­êng trßn (C) cã b¸n kÝnh b»ng r ®iÒu kiÖn lµ:


[image: image1639.wmf]22
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( Ph­¬ng tr×nh c¸c mÆt ph¼ng (P1), (P2).

5. ViÕt ph­¬ng tr×nh mÆt ph¼ng (Q) chøa ®­êng th¼ng (d) vµ c¾t mÆt cÇu (S) theo thiÕt diÖn lµ mét ®­êng trßn lín cña (S), khi ®ã:
(Q) = (I, (d)) = (IAB)
vµ chóng ta ®· biÕt hai c¸ch ®Ó viÕt ®­îc ph­¬ng tr×nh mÆt ph¼ng ®i qua ba ®iÓm kh«ng th¼ng hµng.

6. ViÕt ph­¬ng tr×nh mÆt ph¼ng chøa ®­êng th¼ng (d) vµ c¾t mÆt cÇu (S) theo thiÕt diÖn lµ mét ®­êng trßn nhËn AB lµm ®­êng kÝnh, chóng ta thùc hiÖn theo c¸c b­íc:
B­íc 1: Gäi H lµ trung ®iÓm AB, suy ra to¹ ®é cña H.

B­íc 2: Gäi (Q) lµ mÆt ph¼ng cÇn dùng th× IH ( (Q). Do ®ã:
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7. ViÕt ph­¬ng tr×nh mÆt ph¼ng chøa ®­êng th¼ng (d) vµ c¾t mÆt cÇu (S) theo thiÕt diÖn lµ mét ®­êng trßn (C) cã b¸n kÝnh b»ng r (hoÆc biÕt chu vi ®­êng trßn hoÆc biÕt diÖn tÝch h×nh trßn ®ã), chóng ta thùc hiÖn theo c¸c b­íc:
B­íc 1: Gäi (Q) lµ mÆt ph¼ng cÇn dùng, gi¶ sö:

(Q): Ax + By + Cz + D = 0.

V× (Q) chøa (d) nªn A, B thuéc (Q).



(1)

B­íc 2: §Ó (Q) c¾t mÆt cÇu (S) theo thiÕt diÖn lµ mét ®­êng trßn (C) cã b¸n kÝnh b»ng r ®iÒu kiÖn lµ 
[image: image1641.wmf]22
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(2)

Tõ (1), (2) chóng ta nhËn ®­îc gi¸ trÞ t­¬ng øng cña A, B, C, D.
Ngoµi ra chóng ta cßn cã thÓ gÆp thªm c¸c c©u hái:

1. ViÕt ph­¬ng tr×nh ®­êng th¼ng qua A tiÕp xóc víi (S) vµ vu«ng gãc víi ®­êng th¼ng (d).
2. ViÕt ph­¬ng tr×nh ®­êng th¼ng qua A tiÕp xóc víi (S) vµ t¹o víi ®­êng th¼ng (d) mét gãc (.
Ph­¬ng ph¸p chung ®Ó thùc hiÖn chóng sÏ ®­îc tr×nh bµy trong phµn chó ý cña tr­êng hîp ®­êng th¼ng tiÕp xóc víi mÆt cÇu.

VÝ dô 2: Trong kh«ng gian, cho ®­êng th¼ng (d) vµ mÆt cÇu (S) cã ph­¬ng tr×nh:

[image: image1642.wmf]x3y1z3
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(S): (x ( 1)2 + (y ( 3)2 + (z ( 4)2 = 18.
1. Chøng minh r»ng ®­êng th¼ng (d) c¾t mÆt cÇu (S) t¹i hai ®iÓm A, B. TÝnh ®é dµi AB.

2. ViÕt ph­¬ng tr×nh ®­êng th¼ng (() song song víi (d) vµ c¾t mÆt cÇu (S) t¹i hai ®iÓm E, F sao cho EF cã ®é dµi lín nhÊt.

3. ViÕt ph­¬ng tr×nh c¸c mÆt ph¼ng (PA), (PB) tiÕp xóc víi (S) theo thø tù t¹i c¸c ®iÓm A, B. TÝnh sin gãc gi÷a hai mÆt ph¼ng (PA), (PB).
4. ViÕt ph­¬ng tr×nh mÆt ph¼ng vu«ng gãc víi (d) vµ:
a. TiÕp xóc víi mÆt cÇu (S).

b. C¾t mÆt cÇu (S) theo thiÕt diÖn lµ ®­êng trßn lín cña (S).

c. C¾t mÆt cÇu (S) theo thiÕt diÖn lµ mét ®­êng trßn (C) cã diÖn tÝch b»ng 2(.

5. ViÕt ph­¬ng tr×nh mÆt ph¼ng chøa ®­êng th¼ng (d) vµ c¾t mÆt cÇu (S) theo thiÕt diÖn lµ mét ®­êng trßn lín cña (S).

6. ViÕt ph­¬ng tr×nh mÆt ph¼ng chøa ®­êng th¼ng (d) vµ c¾t mÆt cÇu (S) theo thiÕt diÖn lµ mét ®­êng trßn nhËn AB lµm ®­êng kÝnh.

7. ViÕt ph­¬ng tr×nh mÆt ph¼ng chøa ®­êng th¼ng (d) vµ c¾t mÆt cÇu (S) theo thiÕt diÖn lµ mét ®­êng trßn (C’) cã b¸n kÝnh b»ng 
[image: image1643.wmf]27/2.


( Gi¶i

Ta cã:
· §­êng th¼ng (d) cã vtcp 
[image: image1644.wmf]u(2;1;2)
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 vµ ®i qua ®iÓm M(3; 1; 3).

· MÆt cÇu (S) cã t©m I(1; 3; 4) vµ b¸n kÝnh 
[image: image1645.wmf]R32
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1. Ta cã thÓ tr×nh bµy theo c¸c c¸ch sau:

C¸ch 1: ChuyÓn ph­¬ng tr×nh ®­êng th¼ng (d) vÒ d¹ng tham sè:
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Thay ph­¬ng tr×nh tham sè cña (d) vµo (S), ta ®­îc:
(2t + 2)2  + (t ( 2)2+ (2t ( 1)2 = 18 ( 9t2 = 9 ( 
[image: image1647.wmf]t1A(1;0;1)
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Khi ®ã:

AB2 = (5 ( 1)2 + 22 + (5 ( 1)2 = 36 ( AB = 6.
C¸ch 2: NhËn xÐt r»ng:
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 ( (d) ( (S) = {A, B}.

Khi ®ã, víi lµ trung ®iÓm AB th×:

AB = 2AH = 
[image: image1649.wmf]22

2Rd21896

-=-=

.

2. §­êng th¼ng (() c¾t mÆt cÇu (S) t¹i hai ®iÓm E, F biÕt EF cã ®é dµi lín nhÊt khi (() ®i qua t©m I cña mÆt cÇu (S). Do ®ã, ta cã:
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3. Ta lÇn l­ît cã:
· MÆt ph¼ng (PA) tiÕp xóc víi mÆt cÇu (S) t¹i ®iÓm A lµ:
(PA): 
[image: image1652.wmf](
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 ( (PA): y + z ( 1 = 0.

· MÆt ph¼ng (PB) tiÕp xóc víi mÆt cÇu (S) t¹i ®iÓm B lµ:
(PB): 
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Khi ®ã, ta ®­îc:
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4. Gäi (P) lµ mÆt ph¼ng cÇn dùng, th× v× (P) vu«ng gãc víi (d) nªn cã vtpt lµ 
[image: image1655.wmf]u
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 do ®ã cã ph­¬ng tr×nh:

(P): 2x + y + 2z + D = 0.

Suy ra:


[image: image1656.wmf]222
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a. §Ó (P) tiÕp xóc víi (S) ®iÒu kiÖn lµ:

d(I, (P)) = R ( 
[image: image1657.wmf]D13
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Khi ®ã:

· Víi 
[image: image1660.wmf]D1392
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, ta ®­îc mÆt ph¼ng (P1) cã ph­¬ng tr×nh: 


[image: image1661.wmf]1

(P):2xy2z13920.

++-+=


· Víi 
[image: image1662.wmf]D1392
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, ta ®­îc mÆt ph¼ng (P1) cã ph­¬ng tr×nh: 


[image: image1663.wmf]2
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VËy, tån t¹i hai mÆt ph¼ng (P1) vµ (P2) tháa m·n ®iÒu kiÖn ®Çu bµi.

b. §Ó (P) c¾t mÆt cÇu (S) theo thiÕt diÖn lµ mét ®­êng trßn lín cña (S) ®iÒu kiÖn lµ:
I ( (P)) ( 2.1 + 3 + 2.4 + D = 0 ( D = (13.

VËy, ta ®­îc ph­¬ng tr×nh mÆt ph¼ng (P): 2x + y + 2z ( 13 = 0.

c. Gäi r lµ b¸n kÝnh cña ®­êng trßn (C), ta cã:

S(C) = 2( ( (r2 = 2( ( 
[image: image1664.wmf]r2.
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§Ó (P) c¾t mÆt cÇu (S) theo thiÕt diÖn lµ mét ®­êng trßn (C) cã b¸n kÝnh 
[image: image1665.wmf]r2
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 ®iÒu kiÖn lµ:
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Khi ®ã:

· Víi D = (1, ta ®­îc mÆt ph¼ng (P3): 2x + y + 2z ( 1 = 0.

· Víi D = (25, ta ®­îc mÆt ph¼ng (P4): 2x + y + 2z ( 25 = 0.

VËy, tån t¹i hai mÆt ph¼ng (P3) vµ (P4) tháa m·n ®iÒu kiÖn ®Çu bµi.

5. MÆt ph¼ng (Q) chøa ®­êng th¼ng (d) vµ c¾t mÆt cÇu (S) theo thiÕt diÖn lµ mét ®­êng trßn lín cña (S) th× (Q) = (IAB). Tíi ®©y, chóng ta cã thÓ tr×nh bµy theo c¸c c¸ch sau:
C¸ch 1: Gäi 
[image: image1669.wmf]n
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 lµ vtpt cña mÆt ph¼ng (Q), ta ®­îc:
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Khi ®ã, ph­¬ng tr×nh  mÆt ph¼ng (Q) ®­îc cho bëi:
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 ( (Q): x + y ( 2z + 1 = 0.
C¸ch 2: Gi¶ sö mÆt ph¼ng (Q) cã ph­¬ng tr×nh:

(Q): Ax + By + Cz + D = 0 víi A2 + B2 + C2 > 0.


(1)

V× I, A, B thuéc (Q), ta ®­îc:
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Thay A, B, C, D vµo (1), ta ®­îc (Q): x + y ( 2z + 1 = 0.
6. Gäi H lµ trung ®iÓm AB, suy ra H(3; 3; 1).

Gäi (R) lµ mÆt ph¼ng cÇn dùng th× (R) vu«ng gãc víi IH, do ®ã:
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 ( (R): 2x ( 2y ( z ( 1 = 0.

7. Gi¶ sö mÆt ph¼ng (T) cÇn dùng cã ph­¬ng tr×nh:

(T): Ax + By + Cz + D = 0 víi A2 + B2 + C2 > 0.
V× A, B thuéc (T), ta ®­îc:
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§Ó (T) c¾t mÆt cÇu (S) theo thiÕt diÖn lµ mét ®­êng trßn (C’) cã b¸n kÝnh 
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Khi ®ã:

· Víi A = B th× chän A = 1 suy ra B = 1, C = (4  vµ D = (2, ta ®­îc mÆt ph¼ng:
(T1): x + y ( 4z ( 2 = 0.

· Víi A = (B th× chän A = 1 suy ra B = (1, C = D = 0, ta ®­îc mÆt ph¼ng:

(T2): x ( y = 0.

VËy, tån t¹i hai mÆt ph¼ng (T1) vµ (T2) tháa m·n ®iÒu kiÖn ®Çu bµi.


 Chó ý:  Trong tr­êng hîp ®­êng th¼ng (d) tiÕp xóc víi mÆt cÇu (S) (t©m I, b¸n kÝnh R) t¹i ®iÓm A chóng ta th­êng gÆp thªm c©u hái:

1. T×m to¹ ®é tiÕp ®iÓm A, sö dông c¸ch 2 trong ph­¬ng ph¸p xÐt vÞ trÝ t­¬ng ®èi cña ®­êng th¼ng víi mÆt cÇu.

2. ViÕt ph­¬ng tr×nh ®­êng th¼ng song song víi (d) vµ c¾t mÆt cÇu (S) t¹i hai ®iÓm E, F sao cho EF cã ®é dµi lín nhÊt.

Thùc hiÖn t­¬ng tù nh­ trong c¸c tr­êng hîp ®­êng th¼ng c¾t hoÆc tiÕp xóc víi mÆt cÇu.
3. ViÕt ph­¬ng tr×nh mÆt ph¼ng vu«ng gãc víi (d) vµ:
a. TiÕp xóc víi mÆt cÇu (S).

b. C¾t mÆt cÇu (S) theo thiÕt diÖn lµ mét ®­êng trßn lín cña (S).

c. C¾t mÆt cÇu (S) theo thiÕt diÖn lµ mét ®­êng trßn (C) cã b¸n kÝnh b»ng r (hoÆc biÕt chu vi ®­êng trßn hoÆc biÕt diÖn tÝch h×nh trßn ®ã).

Thùc hiÖn t­¬ng tù nh­ trong c¸c tr­êng hîp ®­êng th¼ng c¾t hoÆc tiÕp xóc víi mÆt cÇu.
4. ViÕt ph­¬ng tr×nh mÆt ph¼ng chøa ®­êng th¼ng (d) vµ tiÕp xóc víi (S), ta thÊy ngay mÆt ph¼ng (P) cÇn dùng sÏ ®i qua A vµ cã vtpt lµ 
[image: image1685.wmf]IA
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5. ViÕt ph­¬ng tr×nh mÆt ph¼ng chøa ®­êng th¼ng (d) vµ c¾t mÆt cÇu (S) theo thiÕt diÖn lµ mét ®­êng trßn lín cña (S).

6. ViÕt ph­¬ng tr×nh mÆt ph¼ng chøa ®­êng th¼ng (d) vµ c¾t mÆt cÇu (S) theo thiÕt diÖn lµ mét ®­êng trßn (C) cã b¸n kÝnh b»ng r (hoÆc biÕt chu vi ®­êng trßn hoÆc biÕt diÖn tÝch h×nh trßn ®ã).

Thùc hiÖn t­¬ng tù nh­ trong c¸c tr­êng hîp ®­êng th¼ng c¾t hoÆc tiÕp xóc víi mÆt cÇu.
7. ViÕt ph­¬ng tr×nh ®­êng th¼ng qua A vµ c¾t mÆt cÇu (S) t¹i ®iÓm B sao cho AB cã ®é dµi lín nhÊt, ta thùc hiÖn viÕt ph­¬ng tr×nh ®­êng th¼ng (IA).
8. ViÕt ph­¬ng tr×nh ®­êng th¼ng qua A tiÕp xóc víi (S) vµ vu«ng gãc víi ®­êng th¼ng (d), chóng ta thùc hiÖn theo c¸c b­íc:
B­íc 3: Gi¶ sö ®­êng th¼ng (d’) cÇn dùng cã vtcp 
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B­íc 4: Khi ®ã, ph­¬ng tr×nh ®­êng th¼ng (d’) ®­îc cho bëi:
(d’): 
[image: image1690.wmf]QuaA
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9. ViÕt ph­¬ng tr×nh ®­êng th¼ng qua A tiÕp xóc víi (S) vµ t¹o víi ®­êng th¼ng (d) mét gãc (
, chóng ta thùc hiÖn theo c¸c b­íc:

B­íc 3: Gi¶ sö ®­êng th¼ng (() cÇn dùng cã vtcp 
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g(((), (d)) = ( ( 
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(2)

Gi¶i hÖ t¹o bëi (1) vµ (2) chóng ta nhËn ®­îc to¹ ®é cña 
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B­íc 4: Khi ®ã, ph­¬ng tr×nh ®­êng th¼ng (() ®­îc cho bëi:

((): 
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VÝ dô 3: Trong kh«ng gian, cho ®­êng th¼ng (d) vµ mÆt cÇu (S) cã ph­¬ng tr×nh:
(d): 
[image: image1697.wmf]x1t
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,  (S): (x ( 1)2 + (y ( 2)2 + (z ( 1)2 = 3.
a. Chøng minh r»ng ®­êng th¼ng (d) tiÕp xóc víi mÆt cÇu (S) t¹i ®iÓm A. T×m to¹ ®é tiÕp ®iÓm A.

b. ViÕt ph­¬ng tr×nh mÆt ph¼ng chøa (d) vµ tiÕp xóc víi (S).

c. ViÕt ph­¬ng tr×nh ®­êng th¼ng qua A vµ c¾t mÆt cÇu (S) t¹i ®iÓm B sao cho AB cã ®é dµi lín nhÊt.
d. ViÕt ph­¬ng tr×nh ®­êng th¼ng qua A tiÕp xóc víi (S) vµ vu«ng gãc víi ®­êng th¼ng (d).
e. ViÕt ph­¬ng tr×nh ®­êng th¼ng qua A tiÕp xóc víi (S) vµ t¹o víi ®­êng th¼ng (d) mét gãc 300.
( Gi¶i

Ta cã:
· §­êng th¼ng (d) cã vtcp 
[image: image1699.wmf]u(1;1;2)
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 vµ ®i qua ®iÓm M(1; 2; 4).

· MÆt cÇu (S) cã t©m I(1; 2; 1) vµ b¸n kÝnh 
[image: image1700.wmf]R3
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a. Thay ph­¬ng tr×nh tham sè cña (d) vµo ph­¬ng tr×nh (S), ta ®­îc:
t2 + t2 + (2t + 3)2 = 3 ( 6t2 + 12t + 6 = 0 ( t = (1 ( A(0; 1; 2).

VËy, ®­êng th¼ng (d) tiÕp xóc víi mÆt cÇu (S) t¹i ®iÓm A(0; 1; 2).

b. Gi¶ sö (P) lµ mÆt ph¼ng cÇn dùng, ta thÊy ngay:
(P): 
[image: image1701.wmf](
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c. Gi¶ sö (d1) lµ ®­êng th¼ng cÇn dùng, ta thÊy ngay:
(d1): 
[image: image1702.wmf]QuaA
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d. Gi¶ sö ®­êng th¼ng (d’) cÇn dùng cã vtcp 
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Khi ®ã, ph­¬ng tr×nh ®­êng th¼ng (d’) ®­îc cho bëi:
(d’): 
[image: image1710.wmf]QuaA(0;1;2)
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e. Gi¶ sö ®­êng th¼ng (() cÇn dùng cã vtcp 
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Khi ®ã:

· Víi b = 0 th× a = c ta ®­îc 
[image: image1721.wmf]u
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· Víi a = 0 th× c = b ta ®­îc 
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VËy, tån t¹i hai ®­êng th¼ng ((1), ((2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.

 Chó ý:  Trong tr­êng hîp ®­êng th¼ng (d) kh«ng c¾t mÆt cÇu (S) (t©m I b¸n kÝnh R) chóng ta th­êng gÆp thªm c©u hái:

1. ViÕt ph­¬ng tr×nh mÆt ph¼ng vu«ng gãc víi (d) vµ:
a. TiÕp xóc víi mÆt cÇu (S).

b. C¾t mÆt cÇu (S) theo thiÕt diÖn lµ mét ®­êng trßn lín cña (S).

c. C¾t mÆt cÇu (S) theo thiÕt diÖn lµ mét ®­êng trßn (C) cã b¸n kÝnh b»ng r (hoÆc biÕt chu vi ®­êng trßn hoÆc biÕt diÖn tÝch h×nh trßn ®ã).

Thùc hiÖn t­¬ng tù nh­ trong c¸c tr­êng hîp ®­êng th¼ng c¾t hoÆc tiÕp xóc víi mÆt cÇu.
2. ViÕt ph­¬ng tr×nh mÆt ph¼ng chøa ®­êng th¼ng (d) vµ c¾t mÆt cÇu (S) theo thiÕt diÖn lµ mét ®­êng trßn lín cña (S).

Thùc hiÖn t­¬ng tù nh­ trong c¸c tr­êng hîp ®­êng th¼ng c¾t hoÆc tiÕp xóc víi mÆt cÇu.
3. ViÕt ph­¬ng tr×nh mÆt ph¼ng chøa ®­êng th¼ng (d) vµ c¾t mÆt cÇu (S) theo thiÕt diÖn lµ mét ®­êng trßn (C) cã b¸n kÝnh b»ng r (hoÆc biÕt chu vi ®­êng trßn hoÆc biÕt diÖn tÝch h×nh trßn ®ã).

Thùc hiÖn t­¬ng tù nh­ trong c¸c tr­êng hîp ®­êng th¼ng c¾t hoÆc tiÕp xóc víi mÆt cÇu.
4. ViÕt ph­¬ng tr×nh c¸c mÆt ph¼ng chøa ®­êng th¼ng (d) vµ tiÕp xóc víi mÆt cÇu (S). Gi¶ sö c¸c tiÕp ®iÓm lµ T1, T2, h·y viÕt ph­¬ng tr×nh ®­êng th¼ng (T1T2), chóng ta thùc hiÖn theo c¸c b­íc lín sau:
B­íc 1: LËp ph­¬ng tr×nh c¸c mÆt ph¼ng (P1), (P2) chøa (d) vµ tiÕp xóc víi (S).

B­íc 2: T×m to¹ ®é c¸c tiÕp ®iÓm T1, T2 víi c¸ch hiÓu chóng chÝnh lµ h×nh chiÕu vu«ng gãc cña I trªn c¸c mÆt ph¼ng (P1), (P2).

B­íc 3: ViÕt ph­¬ng tr×nh ®­êng th¼ng (T1T2).
VÝ dô 4: Trong kh«ng gian, cho ®­êng th¼ng (d) vµ mÆt cÇu (S) cã ph­¬ng tr×nh:

[image: image1731.wmf]x1y3z1
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a. Chøng minh r»ng ®­êng th¼ng (d) kh«ng c¾t mÆt cÇu (S).

b. ViÕt ph­¬ng tr×nh c¸c mÆt ph¼ng chøa ®­êng th¼ng (d) vµ tiÕp xóc víi mÆt cÇu (S). 
c. Gi¶ sö c¸c tiÕp ®iÓm cña (S) víi c¸c mÆt ph¼ng trong c©u b) lµ T1, T2, h·y viÕt ph­¬ng tr×nh ®­êng th¼ng (T1T2).
( Gi¶i

Ta cã:
· §­êng th¼ng (d) cã vtcp 
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 vµ ®i qua ®iÓm M(1; 3; 1).

· MÆt cÇu (S) cã t©m I(0; 0; 2) vµ b¸n kÝnh R = 3

a. ChuyÓn ph­¬ng tr×nh cña (d) vÒ d¹ng tham sè:
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Thay ph­¬ng tr×nh tham sè cña (d) vµo ph­¬ng tr×nh (S), ta ®­îc:
(1 + 2t)2 + (3 ( 3t)2 + ((2t ( 1)2 = 9 ( 17t2 ( 10t + 2 = 0, v« nghiÖm.
VËy, ®­êng th¼ng (d) kh«ng c¾t mÆt cÇu (S).
b. LÊy thªm ®iÓm N(3; 0; (1) thuéc (d) vµ gi¶ sö mÆt ph¼ng (P) cÇn dùng cã ph­¬ng tr×nh:

(P): Ax + By + Cz + D = 0, víi A2 + B2 + C2 > 0.

Ta lÇn l­ît cã:

· V× M, N thuéc (P) nªn:
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(I)
· §Ó (P) tiÕp xóc víi (S) ®iÒu kiÖn lµ:

d(I, (P)) = R ( 
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§Ó tiÖn tÝnh to¸n, ta nh©n hai vÕ cña ®¼ng thøc trªn víi 4:
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 ( B = 2A hoÆc A = B.

Khi ®ã:

· Víi B = 2A th× chän A = 1 suy ra B = 2, C = (2, D = (5, ta ®­îc:

(P1): x + 2y ( 2z ( 5 = 0.

· Víi A = B th× chän A = 1 suy ra B = 1, 
[image: image1742.wmf]17
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 ( (P2): 2x + 2y ( z = 0.

VËy, cã hai mÆt ph¼ng (P1), (P2) tho¶ m·n ®iÒu kiÖn ®Çu bµi.

c. Ta lÇn l­ît cã:

· X¸c ®Þnh to¹ ®é T1: Ph­¬ng tr×nh ®­êng th¼ng (IT1) ®­îc cho bëi:
(IT1): 
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V× (IT1) ( (P1) = {T1}, do ®ã:

t + 4t ( 2(2 ( 2t) ( 5 = 0 ( 9t ( 9 = 0 ( t = 1( T1(1; 2; 0).

· X¸c ®Þnh to¹ ®é T2: Ph­¬ng tr×nh ®­êng th¼ng (IT2) ®­îc cho bëi:
(IT2): 
[image: image1748.wmf]22

QuaI

(IT)(P)

ì

í

^

î

 ( (IT2): 
[image: image1749.wmf]2

QuaI(0;0;2)

vtcpn(2;2;1)
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î

uur

 ( (IT2): 
[image: image1750.wmf]x2t

y2t

z2t
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, t ( 
[image: image1751.wmf]¡


V× (IT2) ( (P2) = {T2}, do ®ã:

4t + 4t ( (2 ( t) = 0 ( 9t ( 9 = 0 ( t = 1( T2(2; 2;  1).

· Ph­¬ng tr×nh ®­êng th¼ng (T1T2) ®­îc cho bëi:

(T1T2): 
[image: image1752.wmf]1

12

QuaT(1;2;0)

vtcpTT(1;0;1)

ì

ï

í

ï

î

uuuur

 (  (T1T2): 
[image: image1753.wmf]x1t
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, t ( 
[image: image1754.wmf]¡

.
	Bµi to¸n 10: Gãc vµ kho¶ng c¸ch.


Ph­¬ng ph¸p ¸p dông

1. Cho hai ®­êng th¼ng (d1) vµ (d2), theo thø tù cã vtcp lµ:


[image: image1755.wmf]a

r

(a1; a2; a3), 
[image: image1756.wmf]b

r

(b1; b2; b3).

· Gäi ( lµ gãc t¹o bëi hai ®­êng th¼ng (d1) vµ (d2) (0 ( ( ( 
[image: image1757.wmf]2

p

), ta cã:

cos(  = 
[image: image1758.wmf]|a.b|

|a|.|b|

r

r

r

r

 = 
[image: image1759.wmf]112233

222222

123123

|ababab|

aaa.bbb

++

++++

.

· LÊy M1, M2 theo thø tù thuéc (d1) vµ (d2), kho¶ng c¸ch gi÷a (d1), (d2) ®­îc cho bëi:

d((d1), (d2)) = 
[image: image1760.wmf]12

a,b.MM

a,b

éù

ëû

éù

ëû

rruuuuuur

rr

.

L­u ý: 

· §iÒu kiÖn cÇn vµ ®ñ ®Ó (d1) ( (d2) lµ:

cos( = 0 ( a1b1 +  a2b2 +  a3b3 = 0.

· Trong nhiÒu bµi to¸n ta l¹i ¸p dông kÕt qu¶ sau cña h×nh kh«ng gian, b»ng c¸ch thùc hiÖn theo c¸c b­íc:

B­íc 1: T×m gãc, ta ®i t×m ®iÓm I nµo ®ã tho¶ m·n: 


[image: image1761.wmf]1

2

IA//(d)

IB//(d)
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í

î

 

Khi ®ã, ta cã g((d1), (d2)) = 
[image: image1762.wmf]·

AIB

.

B­íc 2: TÝnh gãc:

· NÕu biÕt ®­îc to¹ ®é cña 
[image: image1763.wmf]IA

uur

 vµ 
[image: image1764.wmf]IB

uur

 th× sö dông c«ng thøc.

· Sö dông tØ sè l­îng gi¸c cña gãc trong tam gi¸c vu«ng hoÆc dïng ®Þnh lÝ cosin trong tam gi¸c th­êng.

2. Cho:

· MÆt ph¼ng (P) cã vtpt 
[image: image1765.wmf]n

r

(n1; n2; n3).

· §­êng th¼ng (d) cã vtcp 
[image: image1766.wmf]a

r

(a1; a2; a3).

Gäi ( lµ gãc t¹o bëi (P) vµ (d), ( lµ gãc gi÷a ®­êng th¼ng (d) vµ ®­êng th¼ng chøa vtpt 
[image: image1767.wmf]n

r

 (0 ( (, ( ( 
[image: image1768.wmf]2

p

), th×:

( + (  = 
[image: image1769.wmf]2

p

 ( sin( = cos(, 

ta cã:

sin(  = 
[image: image1770.wmf]112233

222222

123123

|ananan|

aaa.nnn

++

++++

.

Chó ý: §iÒu kiÖn ®Ó (d) // (P) (hoÆc thuéc (P)) lµ:

sin( = 0 ( a1n1 +  a2n2 +  a3n3 = 0.

3. Cho ®iÓm M vµ ®­êng th¼ng (d) cã vtcp 
[image: image1771.wmf]a

r

 vµ ®i qua ®iÓm M0. Khi ®ã, kho¶ng c¸ch tõ ®iÓm M ®Õn ®­êng th¼ng (d) ®­îc cho bëi:
d(M, (d)) = 
[image: image1772.wmf]0

MM,a

|a|

éù

ëû

uuuuurr

r

.

VÝ dô 1: X¸c ®Þnh sè ®o gãc gi÷a hai ®­êng th¼ng (d1) vµ (d2) cã ph­¬ng tr×nh cho bëi:

a. (d1): 
[image: image1773.wmf]x2y1z
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, (d2): 
[image: image1774.wmf]xt
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, t ( 
[image: image1775.wmf]¡

. 
b. (d1): 
[image: image1776.wmf]x12t
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, t ( 
[image: image1777.wmf]¡

 vµ (d2): 
[image: image1778.wmf]xu1

y52u

z3u2

=-

ì

ï

=+

í

ï

=+

î

, u ( 
[image: image1779.wmf]¡

.
( H­íng dÉn: Sö dông kiÕn thøc trong phÇn ph­¬ng ph¸p gi¶i to¸n.

( Gi¶i

a. Gäi 
[image: image1780.wmf]1

a

uur

, 
[image: image1781.wmf]2

a

uur

 theo thø tù lµ vtcp cña (d1) vµ (d2), ta cã: 


[image: image1782.wmf]1

a

uur

(2; 1; 3), 
[image: image1783.wmf]2

a

uur

(1; 1; 3).

Gäi ( lµ gãc t¹o bëi hai ®­êng th¼ng (d1) vµ (d2) (0 ( ( ( 
[image: image1784.wmf]2

p

), ta cã:

cos(  = 
[image: image1785.wmf]12

12

|a.a|

|a|.|a|

rr

rr

 = 
[image: image1786.wmf]222222

|(2).11.(1)3.3|

(2)13.1(1)3

-+-+

-+++-+

 = 
[image: image1787.wmf]6

151

.

b. Gäi 
[image: image1788.wmf]1

a

uur

, 
[image: image1789.wmf]2

a

uur

 theo thø tù lµ vtcp cña (d1) vµ (d2), ta cã: 


[image: image1790.wmf]1

a

uur

(2; 1; 3); 
[image: image1791.wmf]2

a

uur

(1; 2; 3).

Gäi ( lµ gãc t¹o bëi hai ®­êng th¼ng (d1) vµ (d2) (0 ( ( ( 
[image: image1792.wmf]2

p

), ta cã:

cos(  = 
[image: image1793.wmf]12

12

|a.a|

|a|.|a|

rr

rr

 = 
[image: image1794.wmf]222222

|2.11.23.3|

213.123

++

++++

 = 
[image: image1795.wmf]13

14

.

VÝ dô 2: Cho mÆt ph¼ng (P) vµ ®­êng th¼ng (d) cã ph­¬ng tr×nh: 
(P): x + 2yz + 5 = 0,
(d): 
[image: image1796.wmf]x3

2

+

 = y + 1 = z3.

a. TÝnh to¹ ®é giao ®iÓm cña (d) vµ (P).

b. TÝnh gãc gi÷a (d) vµ (P).

c. ViÕt ph­¬ng tr×nh h×nh chiÕu vu«ng gãc cña (d) lªn (P).

d. ViÕt ph­¬ng tr×nh ®­êng th¼ng ((), n»m trªn (P) ®i qua giao ®iÓm cña (d) vµ (P) vµ vu«ng gãc víi (d).

( Gi¶i

a. ChuyÓn ph­¬ng tr×nh (d) vÒ d¹ng tham sè, ®­îc: 


[image: image1797.wmf]x2t3

yt1
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, t ( 
[image: image1798.wmf]¡

.

Thay x, y, z tõ ph­¬ng tr×nh tham sè cña (d) vµo ph­¬ng tr×nh (P), ta ®­îc:

(2t3) + 2(t1)(t + 3) + 5 = 0 ( t = 1 ( I(1; 0; 4).

b. Gäi 
[image: image1799.wmf]a

r

 lµ vtcp cña ®­êng th¼ng (d), ta cã 
[image: image1800.wmf]a

r

(2; 1; 1).

Gäi 
[image: image1801.wmf]n

r

 lµ vtpt cña mÆt ph¼ng (P), ta cã 
[image: image1802.wmf]n

r

(1; 2; 1).

Gäi ( lµ gãc t¹o bëi (P) vµ (d), ta cã: 

sin(  = 
[image: image1803.wmf]|221|

411.141

+-
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 = 
[image: image1804.wmf]1

2

( ( = 
[image: image1805.wmf]6

p

.

VËy, gãc gi÷a (d) vµ (P) b»ng 
[image: image1806.wmf]6

p

.

c. LÊy A(3; 1; 3) ( (d).

Goi (Q) lµ mÆt ph¼ng chøa (d) vµ vu«ng gãc víi (P), ta cã:

(Q): 
[image: image1807.wmf]quaA(3;1;3)

haivtcpa(2;1;1)&n(1;2;1)

--
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 ( (Q): 
[image: image1808.wmf]quaA(3;1;3)

vtptm(3;3;3)
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( (Q): xyz5 = 0

Khi ®ã, h×nh chiÕu vu«ng gãc (d1) cña (d) lªn (P) chÝnh lµ giao tuyÕn cña hai mÆt ph¼ng (P) vµ (Q) nªn cã ph­¬ng tr×nh: 

(d): 
[image: image1809.wmf]x2yz50

xyz50
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.

d. Gäi 
[image: image1810.wmf]b

r

lµ vtcp cña ®­êng th¼ng ((), tõ gi¶ thiÕt: 


[image: image1811.wmf]bn
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(
[image: image1812.wmf]111221
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211112
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r

 = (3; 3; 3) chän ((1; 1; 1).

VËy ®­êng th¼ng (() ®­îc cho bëi:

(():
[image: image1813.wmf](
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QuaI(1;0;4)

vtcpb1;1;1
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 ( ((): 
[image: image1814.wmf]x1yz4
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
 Chó ý: Cã thÓ lËp luËn nh­ sau:

((): 
[image: image1815.wmf]quaI(1;0;4)
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[image: image1816.wmf]quaI(1;0;4)

bn

ba

-

ì

ï

^

í

ï

^

î

r

r

r

r

( ((): 
[image: image1817.wmf]quaI(1;0;4)
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	Bµi to¸n 11: Ph­¬ng ph¸p to¹ ®é hãa.


Ph­¬ng ph¸p ¸p dông

Sö dông kiÕn thøc vÒ thiÕt lËp hÖ täa ®é ®· ®­îc tr×nh bµy trong chñ ®Ò 1.
VÝ dô 1: Cho h×nh hép ch÷ nhËt ABCD.A'B'C'D' víi AB = a, BC = b, CC' = c.

a. TÝnh kho¶ng c¸ch tõ ®iÓm A tíi mÆt ph¼ng (A'BD).

b. TÝnh kho¶ng c¸ch tõ ®iÓm A' tíi ®­êng th¼ng C'D.

c. TÝnh kho¶ng c¸ch gi÷a hai ®­êng th¼ng BC' vµ CD'.

( H­íng dÉn: ThiÕt lËp hÖ to¹ ®é Axyz víi B, D, A’ theo thø tù thuéc Ox, Oy, Oz.
( Gi¶i

Chän hÖ täa ®é Axyz víi B, D, A’ theo thø tù thuéc c¸c tia Ox, Oy, Oz, ta ®­îc:

A(0; 0; 0), B(a; 0; 0), C(a; b; 0), D(0; b; 0)

A'(0; 0; c), B'(a; 0; c), C'(a; b; c), D'(0; b; c)

a. Sö dông ph­¬ng tr×nh mÆt ch¾n, ta ®­îc ph­¬ng tr×nh mÆt ph¼ng (A'BD) cã d¹ng:

(A1BD): 
[image: image1818.wmf]x

a

 + 
[image: image1819.wmf]y

b

 + 
[image: image1820.wmf]z

c

 = 1 ( (A'BD): bcx + acy + abzabc = 0

Kho¶ng c¸ch tõ A ®Õn mÆt ph¼ng (A'BD) ®­îc cho bëi:

d = 
[image: image1821.wmf]222222
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bcacab
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++

 = 
[image: image1822.wmf]222222

abc

bcacab

++

.

b. Ta cã:

d(A', C'D) = 
[image: image1823.wmf][A'C',C'D]

C'D

uuuuuruuuur

uuuur

 = 
[image: image1824.wmf][(a;b;0),(a;0;c)]

(a;0;c)
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 = 
[image: image1825.wmf]222222

22

bcacab

ac

++

+

.

c. Ta cã:

d(BC', CD') = 
[image: image1826.wmf][BC',CD'].BC

[BC',CD']

uuuuruuuuruuur

uuuuruuuur

 = 
[image: image1827.wmf]222222

abc

bcacab

++

.

[image: image1828.png]
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