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CHON DTQG CA MAU 2026 — NGAY 1

[

( Baitoan 0.1. ) (Lim Olympic - C& Mau TST - P1)

Cho ham s6 f : R — R lién tuc, khac hing va théa man:
f@)+1=(zf(x)+222-1)2, VzeR
Xét day sb thyc (u,) x4c dinh bdi ug =m € R va upy1 = f(up),Vn > 1.
@) Chiing minh rang ton tai s6 thyc m > 1 sao cho day (u,) 1a day hing.
(2) Gia st f Ia da thitc khéc hiing, héi c6 bao nhiéu s6 thuc m € (~1,3) dé uggzr = 17

@ Lai giai.
@ Xét ham s6 g(x) = f(x) — x xac dinh trén R.

Ta can chiing minh réng ton tai s6 thuc m > 1 sao cho g(z) = 0. Tt giad thiét ta co:
f@E)+1=(xfx)+2:2-1)2 >0« f(x) > -1,Yz R

Dé dang ching minh f(1) =€ {0,—1} nén ta suy ra g(1) < —1 < 0. Gia st rang f(z) < z v6i moi
x> 1. Khi d6 v6i moi = > 1 ta ciing ¢6 f(z®) < 2 va:

Va3 +1-22%2+1

Z

(xf(z) +202 - 12 = f(z®)+1 <2+ 1= f(z) <

Tuy nhién v6i z = 3 ta thu duge diéu vo 1i.

Do dé6 ton tai mot s6 thyc duong ¢ > 1 sao cho f(c) > ¢ hay g(c) > 0. Lai ¢6 f lién tuc trén R nén
g cling lien tuc trén R va g(1) - g(¢) < 0. Do d6 theo dinh 1f gia tri trung gian, ton tai mot s6 thyc
m € (1,c) sao cho g(m) =0 <= f(m) = m. Vi u; = m nén ta suy ra day (u,) hing.

@ Gia st f 1a mot da thitc bac k > 1. Khi d6 néu k = 1 thi ta ¢6 da thic u(z) = f(x?’) +1 ¢6 bac la
3 trong khi da thitc v(z) = (zf(x) + 222 — 1) ¢6 bac 1a 4, mau thuin. Do d6 k > 2 hay néi cach
khac thi lic nay u(z) ¢6 bac la 3k trong khi v(z) ¢6 bac la 2k + 2. Do d6 3k = 2k + 2 hay k = 2.

Vay f(z) = az? + bx +c v6i a # 0. Véi x = 0, ta co:
f0)+1=(0+4+2-12 < f(0)=0=c=0.
Do d6 f(z) = az® + bx v6i a # 0. Thay vdo ding thiic ban dau ta duge:
ax® + bxd + 1 = [az® + (b+ 2)z? - 1)%

6

Khi d6 dong nhét hé s6 ctia 2° va 2° ta duge a = 1 va b = —2. Vay f(z) = 2? — 2z v6i moi = € R.

T day, theo hé thitc truy hoi, ta ¢6 day (u,) xac dinh bdi uy = m € (—1,3) va véi moi n > 1, ta
cO:

Ui = ui — 22Uy = Upy1 — 1 = (up — 1)2 -2
Dat v, = uy, — 1 thi khi dé ta c6 vy =m —1 € (—2,2) va:

Uptl = vz —2,Yn > 1.
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Dat v = 2 cos(a) v6i a € (0,7), khi d6 bang quy nap ta dé dang chitng minh duge rang:
vp = 2c0s(2" 1), Vn > 1.
Ta ¢6 ugger = 1 < w9997 = 0. Khi do ta co:

(2k+1)7

c0s(22%0) = 0 <= a = 52077
Vi a € (0,7) nén ta suy ra:

2k+1 2027
O<W<1':>0<2k+1<2 .

Vi k 1a sb nguyen, 2k + 1 1a cac s6 1é duong niim gitta 0 va 22927, Khi d6 cac gié tri ciia k thoa méan
chay tit k = 0 dén k = 22°%6 — 1. Do d6 tdng cong c¢6 diung 22926 gia tri nguyen ciia k théa man. Dé
¥ rang v6i moi gia tri k& cho mot géc a € (0,7) duy nhat. Ham cos a nghich bién trén (0, 7) nén moi

a cho mot gid tri v; duy nhét, tuong tng v6i mot gia tri m duy nhét.

Vay ¢6 tat ca 22926 s6 thye m théa man yéu cau bai toan.

L
[ Bai todn 0.2. ] (Lim Olympic - Ca Mau TST - P2)
Véi n nguyén duong, xét cic s6 thyc thay doi z1; 29;...;2, € [—1;1].

Quy u8c o = Tp, VA Tny1 = 1. Ki hieu T = max {xp(x)—1 + Tk41)} 12 s6 16n nhét trong n sb:
1<k<n

z1(2o + x2); Z2(%1 +23); -+ Tn(Tn—1 + Tnt1)
@ Khi n = 2026, tim gia tri nhé nhat ctia 7.

S 1 5 1oul puem
@ Khi n = 2027, chitng minh rang T > g va tim mot bo z1;xe;...;x, € [—1;1] dé dau biang

X4y ra.

@ Lo giai.
@ V6i moi k, do |zk| < 1 vA |zp—1 + T41| < 2 nén zp(vp—1 + Tp41) > —2. Vithé T > 2.
Mat khac, chon zp = (—1)"c véi 1 < k < 2026. Khi d6 zx—1 = k41 = —x v6i moi k.
Suy ra zx(zk—1 + Tr+1) = Tk(—22%) = —2 v6i moi k, nén T' = —2.
Vay gia tri nhé nhat cia T 1a @

5 1
@ Néu ¢6 z; =0 thi z;(x;—1 + i+1) =0,suyra T >0 > -1

Vi vay, ta chi can xét trudng hop moi z; déu khac 0.

Dé y trong 2027 s6 x1, x9, ..., Too27 trén vong tron, ton tai hai sé x;, z;41 cting dau nhau.
Dt a = |z;], b= |ziy1], khi d6 0< @,b< 1 v mmeis = ab:

Ta ¢6 zi(zi—1 + Ti+1) = T;%i—1 +ab > —a+ ab= —a(1l - ).

Hon thé nita z;41(x; + Tiz2) = ab+ ;41742 > ab— b= —b(1 — a).

Néu a < b thi a(1 — b) < b(1 — b) < i do 46 milmi L) -i.

5 1 1
Néub<athibl—a)<a(l—a)< T do d6 zjt1(w; + wis2) > 1

i . . 1 1
Trong moi truong hgp déeu ¢6 it nhat mot trong 2027 bieu thitc khong nhé hon & nén T > ~
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Déau bing dat dugc khi chon z; = 29 = —g va xp = (—1)¥! v6i 3 < k < 2027. That vay,

1 . < 3
z1(22027 + x2) = x2(21 + 23) = - con cac biéu thic khac bang —3 hosic =2. Khi d6 T = —

[
[ Ba

i todn 0.3. ] (Lim Olympic - Ca Mau TST - P3)

V6i méi cip s6 nguyén duong a va b, ki hieu f(a,b) = 11a + 6b + 8ab.

@ Chitng minh ring véi a,b,c,d € Z* va m > 1 1a luy thita ctia 2, néu:
fla,b) = f(e,d) (mod m) va f(b,a)= f(d,c) (mod m)
thi @ — ¢ va b — d déu chia hét cho m.

Hoi két luan c¢6 con ding khong néu m c¢6 uéc nguyen t6 187

@ Chitng minh ring k£ = 2 14 s6 tu nhién nhé nhat sao cho f(a,b) + k khong la s6 chinh phuong

Ya,be ZT.

@ Lai giai.
@ Gia stt m > 1 1a mot lay thita ctia 2 va f(a,b) = f(e,d) (mod m), f(b,a) = f(d,c) (mod m).

®

Ta can chiing minh a = ¢ (mod m) va b=d (mod m). Dat P=a—c¢, Q =b—d.

Vi f(a,b) — f(b,a) = 5(a —b) nén tt f(a,b) — f(b,a) = f(e,d) — f(d,c) (mod m) hay
5(P—-Q)=0 (modm)

Do m la lay thita cia 2 nén ged(5,m) = 1, suy ra P = Q (mod m).

Mit khac 0 = f(a,b) — f(c,d) = 11P + 6Q + 8(ab — ¢d) (mod m).

Ta c6 ab—cd = a(b—d) +d(ea —¢) = aQ +dP.

T P = Q (mod m), suy ra ab— cd = (a+ d)P (mod m). Do d6 (17 + 8(a + d))P =0 (mod m).

S6 17 + 8(a + d) 1a s6 1é nén nguyen t6 cing nhau véi m. Vi vay P =0 (mod m).
Két hgp v6i P =Q (mod m) nén P = Q =0 (mod m).

Vay a = ¢ (mod m) va b=d (mod m).

Bay gio gia sit m c6 mot uSc nguyén t6 18 p. Dat t = % va xét

p(p+ 8t+8) — 25
Viplénen p’ =1 (mod 8), do d6 b,d 1a c8éc s6 nguyén. Hon nita,

P — 95
8

=1, d=

b=d—t, c=1+1t.

b=d—-t=(p—-1)t+p+ >0,
Do dé6 a, b, c,d 1a cac sd nguyén duong.
Tacoc=a+tvad=>b+t. Do do
fle,d) — f(a,b) =t(17+8(a+ b+ t)) = t(25 + 8b+ 8t) = tp(p + 8N) = m(p + 8N)
nén f(¢,d) = f(a,b) (mod m). Tuong tu f(d,c) = f(b,a) (mod m).
Tuy nhién c—a=t= 8 khong chia hét cho m, nén a # ¢ (mod m).
Vi vay két luan trén khong con ding khi m ¢6 mot wée nguyén to 1é.
V6i k=0 thi f(1,1) = 25 la s6 chinh phuong.
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V6i k=1 thi f(2,19) + 1 = 441 1 s6 chinh phuong.
Vi vay k > 2, ta sé chitng minh f(a, b) + 2 khong 14 s6 chinh phuong v6i moi a,b € Z+.
Dé ¥ 4f(a,b) + 33 = (4a + 3)(8b + 11).
Gia sit ton tai a,b € Z* sao cho f(a,b) + 2 = 22
Khi d6 (4a + 3)(8b + 11) = 4% 4 25 = (2z)? + 52
Vi da + 3 =3 (mod 4) nén ton tai u6c nguyén t6 p ctia 4a + 3 sao cho p =3 (mod 4).
Ta c6 b6 dé quen thuoc sau, ban doc tu chiing minh bang dinh 1f Fermat nhé:
BS dé 0.1.
Cho p =3 (mod 4) 1a s6 nguyen té va x, y 1a hai s6 nguyen thod man p | 2% + 32
Chitng minh rang p |z va p | v.
Khi d6 p | (22)% + 5% nén theo bd dé quen thuoc ta c6 p | 5 hay p =5, vo li v6i p = 3 (mod 4).

Do d6 khong ton tai cac s6 nguyén duong a,b thod man f(a,b) + 2 la s6 chinh phuong.

Vi vay s6 tu nhién k& nhé nhat thod man yéu cau la
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[( Bai fodn 0.4. ) (Lim Olympic - C& Mau TST - P4)

Cho hai dutng tron (O1), (O2) c¢6 ban kinh khac nhau va cét nhau tai hai diém A, B. Ké tiép tuyén
chung CD ctia hai dudng tron (gan B hon) v6i C' € (O1); D € (O2). Dung diém H sao cho tam
gidc HC'D nhan B lam tryc tam. Ké duong kinh CR cia (O;) va dudng kinh DS cia (Os). Biét
ring BR cit HC & P va BS cit HD & Q. Dung cac diém I,J sao cho cac doan thing HI, HJ
lan lugt nhan P, Q la trung diém. Chitng minh ring hai tam gidac AIC va AJD c6 cing ban kinh
duong tron ngoai tiép.

S
R
A H
Q 0;
0, P
I
B
7
6] D

@ L&i giai.

Do CB L HD va CB L BR= BP//HQ va BQ//HP = HPBQ 13 hinh binh hanh.

= PQ cat HB tai trung diém N ctia mdi dusng. Ma O; la trung diém RC, RC//HB = Oy, P, N thing
hang theo bé dé hinh thang = 01,0, P, N, Q, O thing hang = AB 1 PQ.

C6 PN 13 dudng trung binh ABIH = PN //BI va BI = 2PN, tuong t¢ BJ = 2NQ va NQ//BJ.

= B la trung diém IJ va I.J//PQ, PQ 1 AB = AB la trung tryc I.J = Al = AJ.

Ta c6 LCAD = /BCD + Z/BDC =180 — ZCBD = ZCHD.

= T gidc AHDC nai tiép = LACI = LADJ.
Al AJ
= Wuray = snACI _ sinADJ 2R(4sp) = Rarc) = Raip)-
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[ Baitodn 0.5. J (Lim Olympic - C& Mau TST - P5)

Trén mat phang toa do gia lap cho mot tro choi dién tit, Bdo Long va Chau Mai cuing diéu khién
mot chiée xe. Ban dau, xe ¢ gdc toa do va hudng vé chiéu duong ctia truc Oz. Xe c6 thé di theo
mot trong bén hudng: 1én, xubng, trai, phai. Hai ban choi luan phién thye hién cdc lugt di nhu sau:

& Long cho xe di thang theo huéng hién tai v6i do dai duong di la s6 nguyén tiy ¥ tit 1 dén 10.

& Mai khong di chuyén ma quay xe mot géc 90° ciing chiéu hodc nguge chiéu kim doéng ho.
Biét ring Long di trudc va thyce hién tong cong k lugt. Sau mdi lugt ctia Long, hé théng ghi nhan
lai vi tri dimg xe. Néu c¢6 mot vi trf ditng nao triing véi vi tri duge ghi nhan trude dé (ké ca goe
toa do) thi Mai thing, néu khong thi Long thing. Hay xac dinh ngudi c6 chién thuat thing néu:

D) &= 20.
(2) & = 400.
@ Lai giai.

@ Dé giai quyét bai toan, ta sé chi ra mot chién thuat cu thé giip Long luon gianh chién thing.

That vay, trong k = 20 lugt di ctia minh, Long sé& thire hién chinh xac 10 Iugt di chuyén theo phuong
ngang (truc Oz) va 10 lugt theo phuong doc (truc Oy). Diéu kién nay hién nhién duge thda man
do xen ké gitta cac lugt ctia Long 1a 19 lan Mai quay xe mot goc 90°.
Goi Py(0,0) 1a vi tri ban dau va Py, P, ..., Py 1a toa do cia xe sau méi lugt di tuong ting ctia Long.
Y tudng cot 16i ctia Long 1a tap trung kiém soat hoan toan sy thay ddi toa do trén mot truc, ching
han truc Ox, nham dam bao chiéc xe khong bao gis quay lai mot hoanh do da tiung di qua.
Cu thé, chién thuat ctia Long dugce xay dung nhu sau:
& Vao cac lugt di theo phuong ngang (lugt 1é: 1,3,5,...,19), Long sé quan sat huéng xe hién
tai: néu xe dang huéng vé chiéu duong ciia Oz, Long quyét dinh di thing 10 don vi; ngugc lai,
néu xe huéng vé chiéu am ciia Oz, Long di thang 1 don vi.
& D6 v6i cac lugt di theo phuong doc (truc Oy), Long c6 thé chon do dai di chuyén tiy ¥ thoa
mén luat choi, ching han luén chon di 1 don vi.
Ta sé chitng minh tinh ding dan ctia chién thuat nay. Goi Xg = 0 va X1, Xo,..., X1 lan lugt 1
toa do = clia xe ngay sau cac lugt di chuyén ngang. D& thay, do lech toa do giita X,,—1 va X,,, hoan
toan phu thudc vao hudng xe:
& Néu huéng duong: X,,, = X1+ 10= X,,_1 — 1 (mod 11).
& Néu huéng am: X,;, = X1 — 1= X;,-1 — 1 (mod 11).

Nhu vay, v6i moi nd lyc quay xe ctia Mai, ta luén thu duge mot hé thitc bat bién theo modulo 11:
Xm=Xmn-1—1 (mod 11).
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Xuat phat tit X = 0, cac gia tri tiép theo khi déi chiéu trén modulo 11 sé tao thanh day:
X1510, XQEQ, X358,...,X1051 (modll)

Tap hop 11 gid tri {Xo, X1,..., X109} ¢6 s6 du d6i mot khac nhau khi chia cho 11, tit d6 suy ra 11
gia tri nay trén thyc té 13 hoan toan phan biét.

Bay gio, quan sat diy toa do x clia toan bo 21 diém Py, Py, Ps, ..., Py, ta thay chiing c6 dang:
X07 X13X17X25X2) e 3X103X10'
Diéu kién can dé hai diém P; va P; trung nhau la toa do = clia ching phai bang nhau. Nho tinh

phan biét ctia tap cac hoanh do X, vita chiing minh, sy lip lai toa do 2 duy nhéat chi c6 thé xay ra
& cac cap diém lién k& mang dang Pam—1(Xm, Yim—1) V& Pom(Xom, Yim)-

Tuy nhién, xét tung do tuong ting, ta luon c6 Yy, = Yy—1 £ loy,. Vi luat choi quy dinh nghiém ngat
do dai | > 1, ta lap tic ¢6 Yy, # Yin—1. Diéu nay dan dén Poy,—1 # Pom.

Tit cac lap luan trén, ta két luan khong cé bat ky hai diém nao trong 21 diém triing nhau, dong
nghia Bao Long chic chin gianh chién thang.

(2\) Ta sé chitng minh rang Chau Mai luén c6 chién thuat gianh chién thing bang cach ép chiéc xe khong
thé thoat ra khoi mot mién hitu han. Khi s6 lugng vi tri duge ghi nhan vugt quéa sé diém nguyén
trong mién d6, theo nguyeén Ii Dirichlet, xe bugc phai di qua mot vi tri it nhat hai lan.

Cu thé, chién thuat ctia Mai dude xay dung dua trén sy doc lap giita hai truc toa do. Trude mdi
lugt di ctia Long, Mai sit dung quyén quay xe 90° ctia minh (chon ré trai hodc phai) dé huéng chiée
xe vao chiéu duong hodc chiéu am ciia truc vudong géc ma Long sap stta di tdi. Goi toa do hién tai
trén truc do6 1a z (z dong vai tro 1a x hodc y). Mai sé quan sat z va hanh dong nhu sau:

& Néu z < 0, Mai huéng xe vé phia chiéu duong cta truc.

& Néu z > 0, Mai huéng xe vé phia chiéu am cta tryc.

Ta sé chiing minh tinh ding din ctia chién thuat nay bing cach chi ra moi toa do z ludon bi gidi
han. Gia sit Long di chuyén mot khoéng 1 (v6i 1 <1 < 10):

¢ Ban dau zy = 0. Mai chon chiéu duong, sau khi Long di khoang [, toa do tiép theo 1a z; =
Il = =z € [1,10].

& Néu vi trf hien tai z € [1,10] (t&c z > 0): Mai chon chiéu am. Toa do méi sé la 2’ = z — . Vi
1<2<10va1<1<10,tasuyraz €[-9,9)].

& Néu vi trf hién tai z € [-9,0] (ttc z < 0): Mai chon chiéu duong. Toa do méi sé 1a 2’ = 2z + [.
Vi-9<2<0val<1<10,tacé 2 €[-8,10].

Quy nap theo sé buée di chuyén, ta khiang dinh ké tit Py, tat ca céc hoanh do x va tung do y ciia
xe luon bi giam chit trong doan sé nguyen [—9,10]. S6 lugng gia tri nguyén trong doan [—9,10] la
10 — (=9) +1 = 20. Do ca z va y déu nhan t6i da 20 gié tri, s6 lugng vi tri phan biét (z,y) t6i da
ma xe ¢6 thé di téi 1a 20 x 20 = 400 vi trf.

Trong trd chai c6 k = 400 lugt di, hé thong sé ghi nhan téng cong 401 vi tri (bao gdm ca gboc toa
do Py ban dau). Theo nguyén 1i Dirichlet, khi xép 401 diém vao 400 vi tri kha di, chdc chin phai
ton tai it nhat hai diém triing nhau. Diéu nay dong nghia véi viec Chau Mai chic chin gianh chién
thing.
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[ A
( Baitoan 0.6. ) (Lim Olympic - C& Mau TST - P6)

Cho tam gidc ABC nhon, khong can, ndi tiép dudng tron (O) va ¢6 tam dudng tron noi tiép 1. Ké
phan gidc BB',CC’ cia tam gidc ABC, trong d6 B',C’ € (O). Goi d l1a duong thing qua I, vuong
géc OI. Gia sit d cit cac doan thing AB, BC, B'C’ 1an lugt ¢ E, D, H va cét tia déi ciia tia AC &
F. Tréen (O) lay diém L sao cho AL song song véi d. Goi A’ 1a trung diém ctia cung lén BC ctlia
(0) va A'I cat lai (O) tai K.
(1) Chiing minh réing AH = HI = ID = DL = DK.
(_2) Goi J la tam ciia dudng tron ngoai tiép tam gidac AEF. Lay diém G trén (O) sao cho HG
vuong goc I.J va lay céc diém R, S trén (O) sao cho GI = GR = GS. Gi4 sit ring A, G nim
khéc phia nhau so véi duong thing RS. Chiing minh ring AG, RS céit nhau tai mot diém

N
4] A‘

(1) Céch 1.

& Theo tinh chat quen ta c6 C'I = C'A va B'I = B’A nén B'C’ 1a trung truc AI nén HA = HI.
& C6 IH = ID theo dinh 1 con buém véi day cung B'C’, BC ctia (O).
& C6 DL = AH do HDLA la hinh thang can c¢6 chung truc déi xing OI.

Trang 8 £ LIM Olympic - CLB én chuyén, HSG
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& C6 LIDL = 180° — 2/DIL = 2(90° — ZILD) = 2(90° — ZIAL) = 2/A'AL = 2/TKL.
= D la tam (KIL) = DK = DL = DI.

Két hop lai ta duge AH = HI = ID = DL = DK.

Céach 2. Goi @ 1a trung diém cung BC nhoé ciia (0). AA’ cit ID tai N. KQ cit ID tai P.

Ap dung dinh 1f con buém tit gidc AA'TK noi tiép (O) suy ra: IN = IP. (%)

Ap dung dinh 1i con buém cho t gide B'C'BC, ta c6: ID = I[H. (x%)

Cht y riang: B'C’ 1a trung trye I A. Vay ta thu duge: AH = IH = ID = DL = DK (tinh chat canh

huyén ctia tam giac vuong két hgp (x) va (xx)).
(2) Tac6 LAFH = LIAC — LAIH = /IAB — /HAI = /HAE
= HA 13 tiép tuyén cta (J) = HJ?> = AH? + AJ?> = HJ? - HI? = AJ?.
Goi GH c&t IJ tai T. Do HG L IJ = GJ2 =GP =TJ? -TI?
vaHJ? —HI? =TJ* -TI? = GJ* - GI? = AJ* = GJ? - AJ? = GI* = Pg(y) = GI*.
Goi RS cdt AG tai X = Px/0) = Px/cor) = XAXG =GI* - XG*.
= GI? = XG(XA+ XG) = GX.GA = X n¥m tren (J).

[( Bai toén 0.7. ) (Lim Olympic - C& Mau TST - P7)
Goi mot da thiic hé s6 thuc 1a monic néu né c6 hé sé cia bac cao nhat bang 1.
@ Xay dung da thitc f(z) c6 he sd nguyen, bac 29, monic, 2026 | f(0) sao cho: ¥n € Z* ma
3| f(n) thi déu c6 3% | f(n).
@ Cho s6 nguyén duong k > 1 va s6 nguyén t6 p 1é. Ching minh rang k + v,(k!) la gia tri l6n

nhét ctia s6 nguyén duong m sao cho ton tai da thitc f(x) hé s6 nguyén bac k, monic, p | f(0)
va thda man: Vn € Z* ma p | f(n) thi déu c6 p™ | f(n).

@ Lai giai.

28
(1) Chon | f(z) = [ (= — 3§) = z(z — 3)(x — 6) --- (= — 84)
7=0

Ta c6 f(0) = 0 va véi moi n € Z*, ta c6 f(n) =n?*® (mod 3).

Do d6 3| f(n) = 3 | n, viét n = 3a. Khi d6
28 alia
f(n) =[] (3a—3j) =3%a(a—1)---(a —28) = 3% . 29! -
j=0
Theo cong thitc Legendre, ta c6 v3(29!) = 13 nén v3 (329 . 29!) =29+ 13 = 42. Suy ra

3| f(n) = 3% f(n).

s P g =),
29!

(2) Dat t = k + vy (k).

< Dau tién ta chitng minh m = t thod méan:

k—1
Xét |q(z) = [[ (= — jp) = z(z — p)(z — 2p) -+ - (& — (k — 1)p)
j=0

Tuong tu chimg minh y 1 suy ra p’ | ¢(n).
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& Gig ta chitng minh m < t:

Trude hét, ta chitng minh b6 dé quen thuoc sau:

B dé 0.1.
Cho P(z) € Q[z] 1a da thic bac r. Néu P(n) € Z v6i moi n € Z* thi rlp, la s6 nguyén véi
pr 12 hé s6 bac cao nhat ctia P(z).

Chitng minh. Dat Q(x) = P(x + 1). Khi d6 Q(n) € Z véi moi n € Z*.

Tit khai trién Newton ta cé:

Q($)=ao+a1<f) +a2<;) +---+ar<f),

5 —1)...(z — 1
trong d6 a; 1a cac sd nguyén va (x) - z(z —1) (it n+ )
n n!
Vi hé s6 cia " trong (:E) bé“mg 1/7.!, nén p, = [.’ET]P(:L') _ [-’L'T]Q(:I:) _ a_:
g 7l
Suy ra rlp, = a, € Z, tit d6 c6 diéu phai chimg minh cho b dé. O

Gia sit ngugce lai ton tai da thic f(z) € Z[z], monic, bac k, théa man p | f(0) va
pl f(n)=p™" | f(n)

véi moin € Z7.

4 4 f(pz)
Xét da thic P(z) = ron

Véi moi x € ZT, do p | £(0) nén f(pz) = f(0) =0 (mod p).

Theo gia thiét phan ching, ta c6 p'* | f(pz) nén P(z) € Z v6i moi z € Z*.
k k
Vi f monic bac k, hé sé cao nhat ctia P biang % Ap dung bd dg, ta c6 k!% € Z.
p p

k'pk

Ma v, (k!p*) = v,(k!) + k = t nén v, (W) = —1, mau thuan. Vay m < t.

Vay gia tri 16n nhat ctia m 1a [mmax =k -+ vp(k!)]

Trang 10
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