Tén trong quyén tdc gid va cam két khéng sao lwu bdn phu. CHUYEN PE: SO PHU'C VA NG DUNG H

SOA’ PHl}'C rdt la don gidn nhwng lai rdt quan trong trong ttng dung ctia
chinh mén Todn va cdc nganh khoa hoc ki thudt cong nghé. Mot tw duy tw nhién
mudn phdt trién toan dién thi nén biét trang bi cho minh kién thirc vé sé phirc
thdt hoan chinh ngay tir cudi lép 10 THPT.

Néu nhw trwéec kia, s6 phirc chi dwoc xem la mét cdu rdt don gidn trong dé thi
tw ludn ddp khudén mdy mdc, thi gicr ddy, khi ma BO GIAO DUC cdi cdch chuyén
sang co ché thi Todn trdc nghiém thi sé phitc sé chiém mot phdn ddng ké. Trdc
nghiém la sw toan dién, cé thé hwong tei moi phdn, moi chuyén dé déu cé cdu
khé cdu dé binh ddng, trdnh hoc tii hoc noi, chi biét chdm chdm vao cdc cdu
diém 8,9,10 & mdt b6 phdn nhé 2 3 chuyén dé Todn.

Cudn tai liéu nay cé trang bi ddy du cdc kién thirc vé sé phirc tir co bdn dén
ndng cao toan dién. Chiing ta hwéng téi sw trng dung ctia sé phirc trong viéc hoc
mon Todn, Vit Li va trong twong lai cdc nganh ki thudt céng nghé. Tai liéu ciing
trinh bay cdc phwong phdp va meo trdc nghiém nhanh cdc cdu phitc ndng cao,
giup ching ta cé thé téi wu tuyét déi ki thi trdc nghiém cia minh bdng téc dé va
sw da dang vé bai tdp ma tdc gid bién soan va swu tdm. Ddc biét c6 mot sé kién
thitc ndng cao sdng tao doc ddo cia tdc gid ma phdi ngdm ki méi thdy hay.

Moi y kién nhdn xét va gép y vé cudn tai liéu nay xin givi vé dia chi email:

DangAi.kstn.bkhn@gmail.com

Cudi cung, chiic cdc em hoc sinh st dung tai liéu mét cdch hiéu qud. Chiic cdc

em thanh céng trong ki thi dai hoc & twong lai gdn va chiic cdc em c6 mét nén

tdng kién thirc virng vang & twong lai xa hon trén gidng dwong dai hoc!

Bdch Khoa Ha Néi ngay 25 thdng 10 nam 2016.
Ky sw tai ndng Nguyén Ddng Ai.
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I. CO' BAN VA CAC PHEP TOAN TREN TAP SO PHU'C

1.1. Cac dinh nghia vé tap s6 phirc C:
e Dinh nghiaso do:i%2=-1.
e Goi z=a+ib la motso phirc; trong d6 a,b e R. Ki hiéu C la tip so phic: zeC.
e agoila phan thwc ctia s6 phirc z {Re z}; b goi la phan do ctia s6 phirc z {Im z}.
Vi du 1.1.1. Cho s6 phirc: z1 = 3 + 4i, thi phan thuc cia n6 1a 3 va phan 4o 13 4.
e 7;=-4+5i,thi phin thuc ciandla-4 va phian dolas.
e z3=75, thi phin thuc bang 5 va phan 4o bang 0. Con duoc goi 12 s8 phirc thuan thwc. Vay s6
phttc thuan thyc 12 s6 phirc ¢6 phan 4o bang 0.
e 7z, =7i,thi phin thwc biang 0 va phan 4o bang 7. Con duoc goi 1a s8 phirc thuin 4o. Vay s6
phirc thuin 4o 1a s6 phirc c6 phan thuc bang 0.
e Chuy: sd phitc z = 0, vira la sd phirc thuin 4o (phan thuc bang 0), vira 1a s6 phitc thuan thuc.
S6 phirc lién hop: Néu z = a + ib thi s6 phic lién hop cta né ki hiéu 1a: z = a - ib. Nhw viy, s6
phtxc lién hop 14 gitr nguyén phan thwc va ddo dau phan ao.
Vi du 1.1.2. Cho s phtec: z = 3 + 4i. Khi d6 s6 phtec lién hop ctia né 1a: z = 3 - 4i. Con s8 phtc d6i
cdand la: -z = -(3 + 4i) = -3 - 4i. Lwu y phan biét s6 phtc lién hop va sé phirc doi.

M6 dun cua s6 phirc: Cho s6 phirc z = a + ib, m6 dun clia s phitc z ki hiéu 1a: |z |=+/a’ +b°

e M6 dun ciia s§ phikclién hop: |z |= \Ja® +(=b)* =va* +b* = 2|
Eti

o Xéttich: z.z =(a+ib)a—ib)=a’+b’ =|z[=z >z =
Mit phang phirc: V6i hé toa dd dé cac Oxy, trong dé Ox 1a truc thuc va Oy 1a truc ao.

e Cho s6 phirc z = x + iy, difm M biéu dién s8 phttc z thi M = (x;y). C6 thé viét véc to nhw sau:

Ay (truc 40)
y M= (x;y)
_X o
X x ( truc thuc)
. * M= (x5-y)
My =(-x;y) 7Y
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e Diém Mi= (x;-y) biéu dién s8 phiec lién hop: z = x—iy, ddi xttng véi M qua truc Ox.
e Diém M; = (-x;-y) biéu dién s6 phirc d6i: —z = —x — iy, d8i xtrng v&i M qua gdc O.
e Tacé: OM =|OM |5z |.
1.2. Cac phép toan trén tip so phirc:
Phép cong va phép trir: Cho hai s6é phirc: z1 = a1 + ib1 va zz = az + ibz. Khi d6 phép cong va trir
hai s6 phttc dwoc dinh nghia la: z +z, =(a,£a,)+i(b £b,) . Tlc 13, thyc cong trir thyc va do
cong trir do.
Vi du 1.2.1. Thyc hién cac phép cong va phép trir: (1+2i)+(3+4i)=(1+3)+i(2+4)=4+6i
o (3+4)-(+5)=@-D)+i(4-5=2—-i

Hai s6 phitrc bang nhau: Cho hai s6 phitc : z1 = a1 +ib; va z2 = az + ib,. Hai s6 phitc bing nhau:

a,=a, <
hoac: z1-z2=0.

Z1=Zz¢>{

' =0,
Phép nhan hai sé phiwrc:  z,.z, =(q, +ib)(a, +ib,) = (a,a, —bb,) +i(ab, + a,b,)
Vidu1.2.2. (1+3)(2+51)=2+5i+6i+15° =(2-15)+11i =—13+11i
Vi du 1.2.3. Rat gon cac sé phirc sau:
1. z=C@+2)(2+7i))+9-5i
2. B=(1+3i)*1-i)—(5+6i)
3. C=(1+i)(1+2i) —(1+3i)

212y, _ %414
- 2

Phép chia hai s6 phirc: .

z, z,z, |z,]

= nhan ca t va mAau véi lién hop ciia mau s6.

Vidu 1.2.4. Thuc hién cac phép rit gon sau:

1+3i_(1+3i)(2+5i)_2+5i+6i+15i2_—13+£i
2-5i (2-5i)(2+5i0) 4+25 29 29

3+6i  (3+6i)(—3-4i) —9-12i-18i—-24i* 15 30. 3 6.

———i=——=i

4i-3  (3+4i)(-3-4i) 9+16 25 25 55

=2-5i

5+2i  —i(5+2i) -5i-2i
i i i’

e Ghi nhé: Tat ca cic phép toadn rat gon s6 phirc don gidn véi so6 liéu cu thé déu co thé dung
may tinh cAm tay CASIO gidi quyét nhanh gon dwoc. Chiing ta vAn phai biét cach lam dé xi 1i
nhirng bai todn rat gon chira tham sé va giai phwong trinh phirc c6 phan so.

1.3. Cac tinh chit cor ban cia so6 phirc:

e Lién hgp ciia mot tong (hiéu) bang téng (hiéu) ctia caclién hgp: z, +z, = z_1 + Z

H 8|Thuan Thanh - Bic Ninh - 2018
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Vidu1.3.1.Chozi=1+2ivazz=3+4i.Khido6: z +z, =(1+2i)+(3+4i)=4+6i=4—-6i

o VA z+z,=1+2i+3+4i=1-2i+3-2i=4—6i

e Lién hop cia mét tich bang tich cac lién hop: z,.z, = z, .z,

Vi du 1.3.2. Cho hai s6 phitc: z, =1+2i;z, =3+4i > z,.z, = (1+2i)(3+4i) =-5+10i =-5-10i.

o z.z,=1+2i3+4i=(1-2i)(3-4i)=—-5-10i .

e Lién hop ciia mot thwong bang thuong cac lién hop: (i) -4
Z o

e Lién hop mot lily thira bing lily thira lién hop: z" = (2 )"
e Dicbiét:Choz=a+ib,thitacé: z+ z =2a ; z— z =2ib
e Phép thir s6 phirc: Néu s6 phirc z thuin thwe thi: z =z; s6 phtrcz thuindothi: z =—z
e Tich cia cip s6 phirc véi s6 phirc lién hop: z.z = (a+ib)(a—ib)=a® +b*> =| z = z [
e Mo dun cia mét tich bang tich cadc m6 dun: |z1.z2| = |z1].|z2|
Vidu 1.3.3. | (1+2)(3+50) |5/ 1+2i|.|3+5i |=/5/34 =/170
e Mo dun ciia mét lity thira bang liiy thira ctia mé dun: | " |=| z|"

Vidu 1.3.4. |(1+2)% |51+ 2i ['=(+/5)* =5"° .

A » A s LA z z
e Mo dun ciia mot thwong thi bang thwong cac moé dun: |- |= ||—1|| .
2 Z

1-2i  |1-2i] 5 1

Vi du 1.3.5. = = —_.
' |3+4i 13+4i] 5 /5

Vi du 1.3.6. Rut gon cac biéu thirc sau:

z:1+&+ﬂ+0W
2i—-17
5 4= (1+7)(2-i) 6+5i
I+ 1-i
3. we(+i)? 28
6+3i

Vi du 1.3.7. Tinh cic m6 dun sau:
1. |(1+2i)°(3—4i)|

(4+i0)
(3-2i)(1+0)°

3. [(1+30)°(1-30)°(4i)|
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1.4. Liiy thira ctia s6 ao in - Tong ctia cip s6 cong va cip s6 nhin trong sé phirc
e Phép liiy thira ctia s6 do dwoc xt li rat don gidn:
Vidu1.4.1.V6i: i* =ii=—li=—i. Voi: it =) = (1)’ =1.
® Vé’l l-2017 — i2016.i — (l-2)1008.l- — (_1)1008.1- — l ]
Vidu1.4.2. Tinhtong: S, =1+i+i* +i +..+i"
Giai:
e Nhan thdy téng cta 4 lily thira lién tiép: i+i° +i° +i* = (i+)+(@* +i*) =i(1+i*)+i°(1+i*) =0
e Vay suy ra téng cua 4k lily thira lién tiép ciing bang 0.
e Viysuyratong: S, =1+(i+i’ +..+i*)=1+0=1.
Vi du 1.4.3. Tinh cac téng: LS, =i+i’+i+..+i" .
2.8, =i+t +i 4.0
3.8, =i+i’ +i° +..+i".
4.8 =i+ +i° +..+i".
e CAp s6 cong: Nhic lai vé cip s6 cong: cho day sb: u1, uz, ..., un 12 mot cip sd cong thi thoa
man cac tinh chadtsau: uz=ui +d; uz=uz+d=u1 + 2d; ...; Un = un-1 + d =u1 + (n - 1)d. Trong
d6 uq goi la s6 hang dau va d goi la cong sai ctia cip so cong.

e MOt s hang bat ki ludn bang trung binh cong ctia hai s6 hang dirng trwdc va sau no:

U, +u
o« u = k=1 T P
2
~ 2 ~ A N ul +u7‘l
e Tongcuansohangliéntiép: S, =u, +u, +..+u, = 5

Vi du 1.4.4. Tinh téng cua cip sO cong sau: Sp =1 + (1 +1i) + (1 + 2i) +...+ (1 + 200i)
Giai:

.201=201+20100i .

e Nhin thdy c6 201 s0 hang, nén ta c6: S, = %.201 = Lzﬂ)()l)

Vi du 1.4.5. Tinh tong cta cap s6 cong sau: Sp = 1 + (2 + 2i) + (3 + 4i) +...+ (300 + 598i)

e Cap s6 nhan: Nhic lai vé cip s6 cong: cho ddy sd: u1, uz, ..., Un la mot cap s6 nhan thi thoa
man cac tinh chit sau: uz = u1.q; uz = uzq = U1.q2; ...; Un = Un-1.q = U1.q" - 1. Trong do: uy 1a s6

hang dau va q goila cong bdi cia cap s6 nhan.

e Mot s6 hang bat ki ludn bang trung binh nhan cta hai s6 hang dirng trwdc va sau no:
¢ U =AU Uy

e Téngclan sé hanglién tiép: S, =u, +u, +...+u, =y,

H 10(Thu4n Thanh - Bic Ninh - 2018
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Vi du 1.4.6. Tinh tong cla cidp sé nhadnsau: Sn =1+ (1 +i) + (1 +i)2 + ... + (1 + )11
Giai:
e ToOng trén c6 cac sO hang 1a mét cip s6 nhan c6 cong bdi: q = 1 +iva s6 hang dau: u; = 1.

q%4_10+ﬁﬁq_—f

. = _1=(26+1)i.
g-1 (1+i)-1 i

e Apdungcéngthirc: S, =u,.

Vi du 1.4.7. Tinh tong cla cac cip s6 nhan sau:
1.Sn=1+(1+i)+(1+i)2+..+(1+i)3
2.Sn=1+(1=-20)+(1=-20)2+ ...+ (1-20)®
3.Sn=(1-i) + (L -i)2+ ...+ (1-1)5
1.5. Ham sé phirc - Bai toan dong nhat ham bang sé ao f(i) = Ai + B
e SO phirc 6 rat nhiéu &ng dung, dwdi day 1a mét vi du vé phép dong nhit ham cé st dung gia

tri cia ham phirc tai s6 ao f(i):

2x° —2x+1
(x2 + 1)(x2 +4)(x+ 1)2

Ax+B Cx+D E N
¥+l X+4 (x+1)° x+1

Bai toan 1.5.1. Cho ham s6 f(x)= . Nguwoi ta phén tich ham sé nay thanh dang

. Hay tim cac hé sé thwc trong phép

cta cic phan so tdi gian: f(x) =

phan tich trén: A, B,C, D, E, F

& Giai:
e Véihé so E vaF ta da biét tim & cac chuyén dé khac roi. Ching ta khong ban trong chuyén dé
s6 phirc nay giy phirc tap va cong kénh kién thic.
e Taditim caché s6 A, B, C, D bang (rng dung ham phtc:
e Nhéin hai vé cda f(x) véi (x2 + 1) ta dugec:

3_
22x 2x+12 EAX+B+(XZ+1){C)2C+D E - F
(x*+4)(x+1) x+4 (x+1)° x+1

h (1)

o (FHDf(0)=

e Thayx=1i,vao hai vé cia phwong trinh (1), ta duwoc:

3
. %x ‘2x+12 z;u+43+02+D{Cf+I) E rt . }
(x* +4)(x+1)7 It X +4  (x+1)7 x+1
1
A:__
3 -

v 22 pipge 2 iianpe] 8
(l +4)(l+1) x=i 3 6 Bz_z
3

e Tuwong tw, nhan hai vé cua f(x) v&i (x2 + 4) ta dwoc:

2x° = 2x+1
(x2 +1)(x+ 1)2

Ax+B E F
+

=Cx+D+(x*+4
( N ¥+l (x+1)7 x+1

o (X+4)f(x)= } (2)
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e Thay x = 2i, vao hai vé cia phwong trinh (2), ta dwoc:

3_

e it Y VG WVTC i P B

(X" +D(x+1)" le=2i x +1  (x+1)° x+1
28
.3_ . I
& 2(221) 2(2l)+21 =2Ci+D+0 & _ﬁ_&iszcwD(—) 75
(47> +1)(2i +1)* =2 75 75 .
75

4x’ +3x+1
(x> +1D)(x* +9)(3x—1)°

Vi du 1.5.2. Cho ham s6 f(x)= . Nguwoi ta phan tich ham sé nay thanh dang

Ax+B Cx+D E
+ + +
¥+l x*49  GBx+1)° 3x+1

cla cac phan so toi gian: f(x)= . Hiy tim cac hé s6 thuc trong

phép phan tich trén: A, B, C, D.

Vi du 1.5.3. Chirng minh rang hai ham sau 1 d6ng nhit: f(x) = arctan x = %ln | ﬂ |
I X+
Giai:
e Xétnguyén ham cua: 1= J. ——— =arctan x (D
x +1
e Theo cach khac: I=j zdx :j zdx > :j dx :i (L_L ¢
x +1 I x"—i (x—i)(x+i) 2\ x—i x+i

1 1 x—1i
e [=—(In|x—i|l-In|x+i|)=—In|— 2
21'( | |—In| ) Y l—1 (2

e Tir (1) va (2) suy ra diéu phai chirng minh.

Vi du 1.5.4. Chirng minh rang hai ham sau l1a ddng nhit: f(x)= larctanz = iln | X2 |
2 2 4 x+2
z 7 . 3 . N N N ~N 1 x 1 X—ai
Vidu 1.5.5. Chtrng minh rang hai ham sau la déng nhat: f(x)=—arctan—=—71In | - |
a a 2ai X+ ai

Bai toan 1.5.6. Tinh gia tri cua cic biéu thirc phirc sau:
1.S2019 =1+ 2i + 3i2 + ... + 2019.j2018

2.S2017 =1+ 2i2 + 313 + ... + 201712017

l-2 l-3 l-2016
3. 8,0 =i+—+—+...+
2016 2 3 2016
l-3 l-4 l-2018
4.8 =i - — .+
2017 2 3 2017

 Giai:

¢ Nhirng bai todn dang nay la nhitng bai toan cé str dung dao ham va tich phan.
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Tén trong quyén tdc gid va cam két khéng sao lwu bdn phu.

CHUYEN DPE: SO PHUC VA 'NG DUNG H

1.S2010=1+2i+ 3i2 + ...

+2019.j2018

n+l
e Tacéténg ctia cdp s6 nhan cé us =1 va cdng bdiq =x1a: 1+ x+x" +...+x” =15 11 (1)
x_
] 201941 200 g
e Apdungcongthitc 1, tngvéin=2019,tacéd: 1+x+x"+...+x" =1, = 1
x— x—
e Dao ham hai vé phwong trinh trén ta dwoc:
2020 2019, 1y _ (2020
o 0t142x43x% 4. 420105 = (1), 202007 (x 1)2 )
x—1 (x—1)
2019, 1y _ (2020
e & 14+2x430% 1. +2019x0 = 2020 (x 1)2 Cal)) (2)
(x=1)
e Thay x =i vao hai vé& clia dang thirc (2) ta dworc:
-2019 22020
o S, =142i+37 +..+20197% = 20204 E 1; =D __1010+1010i
l_
2.S2017 =i - 2i%2 + 3i3 - ... + 20172017
e Tacoéd: Sz17 =i(1 - 2i+3i2 - ...+ 2017i2016)

Ta di tinh tong Sp = 1 - 2i + 3i2 -

.. + 2017i2016 pnhw sau:

2017+1 2018
o Cérl-x+x"— —x2017=1.(_x) —1=1—x
—x—1 x—1
_ 2017 1\ _(1_ 2018
e Dao ham hai v&, ta duwoc: —1+2x—3x>..— 20175 = —2018% ((x 11))2 I=x")
x_
e Thay x =i vao hai vé& dang thitc trén ta duoc:
.2017 ;2018
o —14+2i-37.—20177 = 2018 (( 1)) =) 100941008
l_
e Suyra:Sn=1009 - 1008i — S, =i.5, =i(1009—10087) = 1008 + 1009
l-2 3 l-2016
3.8 i+—+—+..+
2016 3 2016
. \2016 . 2016
e Xéttdng clia cAp s6 nhan: 1+ (ix) + (ix)* +...+ (ix)"" = (zx) I_®) !
ix—1 ix—1
2016 2016 . 2017 2016
e Suyra: l+ix+i o+ i s _ X~ —1 ( —D)(—ix— 1) X7 +ix—x" " +1
ix—1 (ix—1).(-ix-1) x*+1
x2017_x_l-x2016+l-
e Nhanhaivévéiivaotaduwoce: i+i*x+i’x" +..+ix"" = - '1 (1)
X’ +

e LAy tich phan hai vé theo bién x, cin tir 0 dén 1, ta dwoc:

Bién soan: Nguyén Pdng Ai - Ky sw tai ndng - Bdch Khoa Ha Noi.
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Tén trong quyén tdc gid va cam két khéng sao lwu bdn phu. CHUYEN PE: SO PHU'C VA NG DUNG

1 2017 2016 .

1 .
—x—1 +
. J-(i+i2.x+i3.x2+...+i2°16.x2015)dx= al x2 ad Lx
0 7 x +1
2 3 2016 1 2017 1 2016
X b 1 x7=x x77 =1
o D (it il P )| = [T dx—i[5——dxr=A-iB
2 3 2016770 ¢ x"+1 o X +1
l-2 l-3 l-2016
o &S =it—+—+..+ =A-iB=-0,347+0,785i
2 3 2016
l-3 l-4 l-2018
4. S, =1 ——+——..+
o0 2 3 2017
. 2017 . 2017
LR o N X 1A . . . —ix -1 ix7 +1
e Xétténg clia cAp s6 nhan: 1+(—zx)+(—zx)2+...+(—zx)2°16=1.( ) ==
(—ix)—1 ix+1
. 2017 . 2017 . 2018 . 2017
. . ix7 1l @xT T HD(=ix+1) xTT 1A —x
o Suyra: l—ix+i’x’ —.+i"0 X0 =2 :( ‘ )(' ): 2( )
ix+1 (ix+1)(—ix+1) x +1
2018 . 2017
A C N o s 2. . . —(x7"+D—=i(x7 —x
e Nhan hai v& v4i i2 vao ta dugc: i* —i’x+itx® — +0 X0 = ( )2 i ) (1
X+
e LAy tich phan hai vé theo bién x, cin tir 0 dén 1, ta dwoc:
1 1 2018 2017
2 . . . —(x7T+D)—i(x7 —x
L J.(12—13.x+z4.x2—...+12°18.x2016)dx=J' ( )2 ( )dx
0 0 x +1
2 3 2017 1 2018 1 2017
X X X 1 x7T+1 x7 =X
o @ (@Px-i it et P )| = [T dx i[5 ——dr = A+iB
2 3 2017710 4 x"+1 X+
3 -4 :2018 1 2018 1 2017
P i x7T+1 X7 —x .
o O, =it ——t = [ dx—i[ F5—=dx = —0,785+0,347i
2 3 2017 o X +1 y X+l

Vi du 1.5.7. Tinh gia tri cia cic biéu thirc phic sau:
1.S2018 =1 + 2i + 3i2 + ... + 2018.i2017

2.S2020 = i2 + 2i3 + 3i* + ... + 2020i2021

l- l-2 l-2015
3.8, . =l+—+—+..+
2016 2 3 2016
.4 .5 .2019
4.8, =iP- 4+l 41
2017 2 3 2017
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Tén trong quyén tdc gid va cam két khéng sao lwu bdn phu. CHUYEN PE: SO PHU'C VA NG DUNG H

II. DANG LUO'NG GIAC CUA SO PHU'C - CONG THU'C O’ LE

2.1. Cach chuyén tir dang dai s6 sang dang lwong giac cia mot s6 phirc:
e Cho sd phirc z = a + ib; trong d6 hai s6 a, b € R. Dang lwong giac cuia s6 phic z:

o z=z|(cosp+ising).

a
COS @ = ﬁ
z
e Trongdé: |z|=Va’+b*> vagoc ¢ dwgc goila Argument cia z, dwoc xac dinh
singp =—
|z]

. X AN oA . b b v 4 s e 1R 1w
e Chung ta han ché dung cong thirc: tan ¢ =— — @ = arctan— . Vi cong thirc nay sé rat dée nham
a a

14n gitta d4u ctia phan thwc va phan Ao.

Vidu 2.1.1. Cho s6 phtrc z=1-i/3 . Hay chuyén s& phirc ndy vé dang lwong giac.

Giai:
o Moédun: |z|=1> +(—/3)* =2.
1
cosp=—
L 2 4
e Xac dinh Argument: > p=——.

. 3
sing =

oL

e Viy dang lwong gidc ctia s6 phirc z la: z= 2(c0s(—%) + isin(—%)) .

Vi du 2.1.2. Cho s6 phirc z=—/3 +i. Viét dang lwong gidc cua z.

Giai:
o Modun: |z|=+/(—/3)+1=2.
cosgo:——3
e Xac dinh Argument: 2 —>g0:5?ﬂ.
sing0:5>0

e Viy dang lwong gidc ctia s6 phirczla: z= 2(cos5—7Z +isin 5—7[) .

e Chu y: Nhiéu nguoi tinh Argument theo cach: tang = > = _L —>@= —% thi sé sai.
a

NE)
Vi du 2.1.3. Dwa cac s phirc sau vé dang lwong giac:

1. z, =1+ 2. z,=-2-2i 3. z, =—1-i3 4.z, =3-4i

Bién soan: Nguyén Pdng Ai - Ky sw tai ndng - Bdch Khoa Ha Noi. Trang 15 ‘ ‘



Tén trong quyén tdc gid va cam két khéng sao lwu bdn phu. CHUYEN PE: SO PHU'C VA NG DUNG

2.2. 'ng dung ctia dang lwong giac - Cong thirc O’ le - Cong thirc Moivre co ban:
a. Cong thirc O le:

e Dinh nghia: ¢ =cos@+ising

e Tirdésuyra: ¢” =e ™ =cos(—@)+isin(—p) = cos p—ising

—ip

ip —ip ip
e’ t+e e i :
C e ip _ elga

e Vaco thé viét dwoc: cosp=—;singp =

b. Cong thirc Moivre:
e Xudtphattir: €’ =cosp+ising — ()" = (cosp+ising)" =" =cosnp+isinng
e Vay cong thirc: (cos@+ising)” =cosnp+isinng dwoc goila cong thirc Movie.

e (Co6ng thirc nay dwoc dung rat rong rai va rng dung nhiéu trong khai trién s6 phirc bic cao.

Bai toan 2.2.1. Cho s6 phirc z=1+ iN3. Hay dwa so phirc z vé dang lwong giac va tinh z20, 72016,

& Giai:
w ‘s 5 ~ . N ‘2 5 w A T .. 7
e Duwa veé dang lwong gidc cia s6 phirc z rat don gian nhw & phan trén: z =2(cos—+isin—) .

e Ap dung cong thirc movie ta cé:

o V= {2(cos%+ isin %)}20 = 220.{c052077z +i. sinZOTﬁ} = 220.{cos(2—7z +67)+i. sin(zTﬂ +677)}

o = 220.{0052?”+i.sin2?ﬂ} = 2&{—%%.?} = 2" 423,

o 00 {2(cos%+ isin %)}2‘“‘” - 22016.{cos¥ +i.sin 20;6” V= 22 (0867277 +i.5in 6727
o =201 14 01=22'6
Vi du 2.2.2. Cho s6 phtrc z =+/3 —i. Hiy dua s6 phirc z vé dang lwong giac va tinh 72016, 72017
Vi du 2.2.3. Hiy x4c dinh gia tri cia n d& s6 phtec (1—i+/3)" 12 thuln do.
e (Cac cong thirc quan trong khac:

o (cosq +ising )(cos@, +ising,)=cos(¢, +@,)+isin(p, +@,)

cos @, +ising,

——— =cos(¢, —@,) +isin(¢, —@,)
COS@, +isin e,

— +k2r .. o+k2x 3 e n
° w"/cos¢+zsm(o:cos(p +1s1n¢ ;trongdo k=0; 1;...; n- 1 vanlaso ty nhién.
n n

e Dacbiét khai can bac 2: \Jcos@+i.sing = ir(cos%ﬂ'sin%)
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Tén trong quyén tdc gid va cam két khéng sao lwu bdn phu. CHUYEN PE: SO PHU'C VA NG DUNG H

e Phép nghich dao O LE: ; = L =e "
cosp+ising e’

Vi du 2.2.4. Rt gon cac biéu thirc phirc sau:

1. A=(cosZ+i.sinZ)(cosZ +i.sin %) 2. B= (cosz—ﬂ+i.sm 2y2 cos Z 4. sm—)22
3 3 6 6 3 3 3
Sz . . Sw
COS——+1.S1In —— 1
3. c=—12 12 4. D=
cosZ +i.sin > cos > +i.sin -
6 6 3 3
~ 7 7 7[ 72- 7[ 72-
e S0 phtrc c6 Argument ¢ = O;ig;iz;ig i? . con dworc goi la s6 phirc c6 dang lwgng
gidc co ban. T 1a s6 phirc c6: b_ 0;+1;++/3;+£——;00. Nhitng s6 phirc nay rit tién loi

a 2 > \/—

cho viéc tinh toan va khai can bac cao.

Bai toan 2.2.5. Cho s6 phirc z =1+i+/3 . Hiy dua vé dang lwong gi4c va khai cin: v/z;3/z;3z .

Giai:

Dang lwong giac cua s6 phirc z: z = 2(cos%+ i.sin %) .

V4 T
—+k2r —+k2z
o CénbécZ:\/sz/E(cosg’TjLi.sin?’T) (k=0;1)
o Vé’ik=0,tadwqc:\/;=\/§(cos£+i.sin£)=£+i—2
6 6 2 2
e Voik=1,taduoc: f—f(cos?+ i.sin %)——?— %

Vi du 2.2.6. Tim c4c s6 phttc z théa man phwong trinh: z° —1=0.

Vi du 2.2.7. Xac dinh can bac 2 cda: l—i\/g;\/5+i;l+i

2.3. ’'ng dung dang lwong giac vao mot sé bai toan cwc tri liiy thira 16n:

Bai toan 2.3.1. Cho s6 phirc z = a + ib, v&i a va b 1a hai s6 thwc khac 0. Goi z3 = ap + ibo.
1. Hay tim gia tri l1én nhat cta ag/as.

2. Hay tim gia tri nho nhit cia bo/b3.

& Giai:
e Apdungdangluong gidcta cé: z=a+ib=|z|(cosp+i.sing) véi: a=|z|cosp ; b=|z|sing

e Khidé: 2’ = z[ (cosp+ising)’ =z (cos3p+i.sin3p) =z |’ cos3p+i.| z|’ sin3¢ = a, +ib,

Bién soan: Nguyén Pdng Ai - Ky sw tai ndng - Bdch Khoa Ha Noi. Trang 17 ‘ ‘



Tén trong quyén tdc gid va cam két khéng sao lwu bdn phu. CHUYEN PE: SO PHU'C VA NG DUNG

e Trongdé: a, =z [ cos3¢ ; b, =|z| sin3¢p

e Ap dung vao cac cau hoéi:

1. Hay tim gia tri 1én nhat cta ag/as.

. a z[’ cos3 cos3
o Taco Y- |2l 0830 _cos3e_
a |z[ (cosep)’ cos @

e Ching ta c6 thé st dung cong thirc goc bac 3, ciing c6 thé st dung khado sat ham s6:

. ()= u'v—uv' —3sin3¢.cos’ @ —cos3p(—3cos’ @.sin ) _ 3 sin 3@.cos @ —cos3@sin @
v Vv cos’ @ cos'
. sin(3¢ — sin 2
A OER Lt A ZME L
cos’ @ cos’ ¢
. . -0
e Cho: f'(p)=-3 smfgp :—651131¢ =0—>sin¢):0—{¢
cos’ @ cos’ @ p=r
e Thay cac gia tri cia ¢ & trén vao ham: f(¢)= a_g = M ; sé dwoc gia tri 1on nhit 1a:
a  cos @

e maxf(p)= max(%) = f(0)=1

2. Hay tim gia tri nho nhit cia bo/b3.

3 . .
. Tu'o*ngtu'tacé:b—2=|2|351,n3¢=s%n3¢=f(¢)
b> |z['sin@ sin @

3cos3gsin’ g —sin3¢p.(3sin’ p.cosp) . cos3psing—sin3gpcos @

e baoham: f'(p)= —5 3 —
sin’ @ sin” @
\ sin(¢p -3 sin 2 6 cos T
o SUp)=3SNO0) gS20_ 0080 oy T
sin” @ sin” @ sin” @ 2

e Thay vao suy ra gia tri nhoé nhat: min(%) =min f(p)=f (i%) =-1

Bai toan 2.3.2. Cho s6 phirc z =a + ib, v&i a va b 1a hai s6 thwe khac 0. Goi z5 = ag + ibo. Bién luén cac
gia tri nhé nhat va 1én nhat can tim dwdi day:
1. Hay tim gia tri nhé nhat cta ap/ab.

2. Hay tim gia tri nho nhit cia bo/bs.

& Giai:
e Apdungdangluong gidctacé: z=a+ib=|z|(cosp+i.sing) véi: a=|z|cosp ; b=|z|sing

e Khidé: 2’ =z (cosp+i.sing) = z[ (cos5p+i.sin5p)=|z| cos5p+i.|z[ sin5¢=a,+ib,

e Trong do: a, =|z[ cosS¢ ; b, = z[ sin5¢
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Tén trong quyén tdc gid va cam két khéng sao lwu bdn phu. CHUYEN PE: SO PHU'C VA NG DUNG H

1. Hay tim gia tri nhé nhat cta ap/ab.

a, |z[ cos5¢ _ cos5¢

e Taco: —== = =
a’ |z (cosp)’ cos’ g A2

e Chung ta khao sat trong mot chu ki: ¢ =[—7; 7]

—5sin 5@ cos’ p—cos 5p(-5.cos’ p.sing) _ < Sin5¢cos g —cosSpsing

e Daoham: f'(p)= c0s o > cos’ @
sin(5 ) sin 4 sin ¢.cos 2 »=9
e flp)=-5 n¢+1 4 =-5 n+1¢ = _20#0 = _ tr
cos' @ cos"" @ cos” @ (P—T
+
I 5(%)
* JO=L/E)=——F—=—4
oy’ )
4
a, cosS5¢

e Vay gia tri nhé nhat cla —% =

— = f(p) bang: -4
a’  cos’

2. Hay tim gia tri nho nhit cia bo/bs.

5 . .
tace: o 200 _snso
b> |z[ (sing) sin’ ¢

5cosSpsin’ @ —sin 5p(Ssin’ g.cos @)  _ cosSgsin g —sin Spcos @

e baoham: f'(p)= — 5 —
sin” @ sin” ¢
T
i -5¢) sin 4 cos@cos?2 (DZJ_FE
o [lp=sTNETI0)  SNED (80820,
sin” @ sin” @ sin” @ g0:+£
4
+
_ _ sin5(§)
fED =D =7
sin” (——)
4
A ires 1o 1 a . by siN5@ N
e Vay gia tri nho nhat cia: —=——-—= f(¢) bang: - 4.
b> sin’ @

Vi du 2.3.3. Cho s0 phitc z = a + ib, v&i a va b 1a hai s0 thwc khac 0, a > 0. Goi z2 = ap + ibo. Hay xac

T < VDY ) N )
dinh gi tri nhé nhat ctia: —- va gia tri nhé nhét ctia (—g+—).
a

Vi du 2.3.4. Cho s phirc z = a + ib, v&i a va b 1a hai s6 thwc khac 0, a > 0. Goi z3 = ap + ibo. Hay xac

. e vy v . Ayta+?2
dinh gia tri nho nhat ca: *+—— .
a

Bién soan: Nguyén Pdng Ai - Ky sw tai ndng - Bdch Khoa Ha Noi. Trang 19 ‘ ‘



Tén trong quyén tdc gid va cam két khéng sao lwu bdn phu. CHUYEN PE: SO PHU'C VA NG DUNG

2.4. ’'ng dung dang lwong giac vao mot sé bai toan s6 phirc cé mé dun bing 1:
e (6 thé coi nhu mot cong thirc hep danh riéng cho ndi bd 6n luyén thi trdc nghiém ciing nhw
dung riéng cho nhirng hoc sinh da theo hoc tac gia trén qué hwong Thuan Thanh.
e (Cong thirc hep TTper05: Cho s6 phitc z c6é mé dun: |z| =1, v6i:z=a +ib, trongdéavabla

cac so thueg, thi ta c6 cac tinh chat sau day:

X/
L X4

Phén thwc va phan do: —1<a,b<1
% 1422 =20z & 2" —2az+1=0 (1)
% 1-z" =-2ibz <> z* —2ibz—1=0 (2)
% |1xz=2(a) (3)
e Chirng minh cong thirc (1):
o Tacé:1+z° =1+a’>—b*+2abi=(1-b)+a’ +2abi=a" +a” +2abi =2a(a+ib) = 2az
e Suyra:l-z'=2az < z°—2az+1=0 (dpcm)
e Chirng minh cong thirc (2):
e Tacé:1-z"=1-a’ +b>—2abi =b" +b*> —2abi = -2ib(a +ib) = —2ibz
e Suyra:1-z'=-2ibz <> z>-2ibz—1=0 (dpcm)

e Chirng minh cong thirc (3):

o Tact:|ltz|=|lta+ib|=y(12a) +b’ =\1£2a+a’ +b* =1£2a+1 =2%2a = [2(1a)

e Ching ta c6 thé st dung dang lwgng giac dé chirng minh cic cdng thic trén nhw sau:

e Ap dungdangluong gidcta cé: z=a+ib=|z|(cosp+i.sinp)=cosp+ising (vi|z|=1)

e Suyracéthégoi: —1<a=cos@;b=sinp<1<>0<al;|b[<I.

e Tacé:

e 1+z°=1+(cosp+ising)’ =1+cos2¢p+isin2¢ =2cos’ ¢+ 2isin@cosp =2cos@(cos@+isin @)

e Suyra: 1+z° =2cosp(cos@+ising)=2cosp.z=2a.z <>z —2az+1=0 (dpcm)

e Ta c6 thé ap dung cac cong thirc tinh nhanh hep trén dé€ giai nhirng bai todn lién quan t&i sé
phttc c6 mé dun bang 1. Nhw vay, sé ghi nhé duoc cong thirc va gidm thiéu dwoc sw dai dong

trong mot so bai todn 16mn:

Bai toan 2.4.1. Cho s6 phirc z = a + ib, v&#i a va b 1a hai s6 thwc khac 0. C6 m6 dun |z| = 1.
1. Hay tim gia tri 1én nhat va nhé nhat cta: P = |z2 + 1].

2. Hay tim gia tri 1o6n nhét va gia tri nhd nhit cla: P=|z> +4z+ z |- |z+ z

& Giai:
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Tén trong quyén tdc gid va cam két khéng sao lwu bdn phu. CHUYEN PE: SO PHU'C VA NG DUNG H

1. Hay tim gia tri 1én nhat va nhé nhat cta: P = |z2 + 1].

e Tacé: P=|z’+1|H2az|=2|al.|z|=2]al>0<P=2|al<2

e GidtrilénnhatciaPla:Pmax=2 < |a|=1,khidéb=0 (vi: ¢* +b> =[z['=1) & z=+1.

2. Hay tim gia tri 1o6n nhét va gia tri nhd nhit cla: P=|z° +4z+ z |—|z+ z |

e Vico |z| =1, nén ta c6 thé nhan biéu thirc P v&i |z| nhu sau:

o P=lz|.|Z+dztz|—|z+z|=|z"+42% 2.2 |~ |2a|=|z* +4z* +1| | 24|

e (Chuyla z.z =z[’=1)

e Bién doi biéu thirc P :

o P=(Z2+1)*+22° |- |2al= (2az)’ +22° |- |2a| = |z"|.|4a’ +2|-2|a|=4a" +2-2|a|
e Dit: t=2]a| €[0;2] ; thay vao P ta dwoc:

o P=H4a’+2|2lal=t’+2—t=1"—t+2=f(¢)

e Ycbt ¢ tim MAXva MIN chahamsé: P= f(t)=t"—t+2 trén doan [0;2]

e Dédangsuyradwoc: MAXclaP =Pnax=4® t=2|al=2—>a=*1;h=0—>z==*1

e MINcuaP= Pmm—7/4<i>t—2|a|———>|a|———>|b| J1-a’ \/7 —>z=*

Bai toan 2.4.2. Cho s6 phirc z = a + ib, v&i a va b 1a hai s6 thwe khac 0. C6 mé dun |z| = 1. Hay tim gia

tri 16n nhét va gia tri nho nhit cia: P=[1—z|+|z+ z |

& Giai:
o Véiiz=a+ib—>-1=—|z|< a,b<|z]=1
o Tacé: P=|l—z|+|z+ z |=2(1—a)+|2a|
o Pit:r=.2(1—a) >2a=2-1 ; 0<i=\2(1-a) < 20+1)=2.
e Thayvao biéu thirc P ta dwgc: P=t+[2—1 | = f(¢) ;voi t €[0;2].

e Trwonghop 1: 0<t<2

e P=t+|2-F|=f({)=2+t—1 trén doan [0;+/2] suyra: Max =9/4 vaMin= 2

e Trwonghop 2: J2<i<2

e P=t+|2-F|=f(t)=+1-2 trén doan [+/2;2] suyra:Max =4 va Min= 2

e Ta phai két hop ca hai treong hop trén méi suy ra dwgec GTLN va GTNN cua biéu thirc P.

e VAy gi4 tri 16n nhit ctia P 1a: Pmax =4 va gid tri nhé nhat ca P 13: Prin = +/2 .
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Bai toan 2.4.3. Cho s6 phirc z = a + ib, v&i a va b 1a hai s6 thwc khac 0. C6 m6 dun |z| =
1. Hay tim gia tri 1én nhat va nhé nhat cta: P = |z2 - 1.

2. Hay tim gia tri 1é6n nhét va gia tri nhd nhit cta: P=|2° —4z+ z |—|z— z

& Giai:
e Tacé:|z|=1a2+b2=1 {trong d6: z=a +ib}
e Khidétacd:1-z2=1-a2+b2-2abi=2b%- 2abi=-2ib(a+ib) =-2ibz (dpcm)

1. Hay tim gia tri 1én nhat va nhé nhat cta: P = |z2 - 1.

o Tacd: P=|z’ —1|=|-2ibz|=2|b|.|z|=2|b|>0<P=2|bl<2

e Gidtrilénnhatcia Pla: Pmax=2 < |b|=1,khidéa=0 (vi: ¢* +b* =|z['=1) & z=+1.

2. Hay tim gia tri 1o6n nhét va gia tri nhd nhit cta: P=|z° —4z+ z |—|z— z |

e Vicd|z| =1, nén ta cé thé nhan biéu thirc P v&i |z| nhw sau:

o Poz|.|Z—4z+z|-|z—z |z -4 +z.z |—|z—z |H ' -4 +1|-|z—z

o Chiylazz=zP=1

e Bién doi biéu thirc P :

o P=(z’-1)-22"|—|2ib |5 (-2ibz)’ 22" |- |2b | 2° |.|-4b> =2 | —|2b|=4b> +2-2|b]|
e Dit: t=2|b| €[0;2] ; thay vao P ta dwoc:

o P=4b*+2-2|bl=t’+2—-t="—t+2=f(¢)

e Ycbt ¢ tim MAXva MIN chahamsé: P= f(t)=t"—t+2 trén doan [0;2]

e Dé&dang suyradwoc: MAXclaP =Pnax=4 < t=2|b|=2>b=*l;a=0—>z==i

e MINciaP= Pmm-7/4¢>t—2|b|———>|b|———>|a| JI-b = J— :i%ii

Bai toan 2.4.4. Cho s6 phirc z c6 |z| = 1. Hay tra loi cac cAu hoi sau:

1. Hay tim gia tri 1&n nhat va gia tri nho nhat cda biéu thive: P=2|1—z|+3|1+z|

2. Hay tim gia tri 1én nhat va gia tri nhé nhat cia biéu thitc: P=|1—z|+|1+z+2 |

 Giai:

1. Hay tim gia tri 1&n nhat va gia tri nho nhat cda biéu thive: P=2|1—z|+3|1+z|

e Bién do6i nhanh theo cdng thirc hep biéu thirc P nhu sau:
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P=2[1-z|+3|1+z|=22(1-a) +32(1+a) =2V21-a +3V2:1+a ;trongdé: —1<a<l
Ap dung bat ddng thitrc bunhia ta cé thé suy ra dwoc gia tri 16m nhat va khé suy ra gia tri nho
nhat dwoc tir cac BDT co ban:

P =22 \1-a +3V21+a) <8+18)(1—-a+1+a)=52 > P <213

Chung ta c6 thé str dung phwong phap khdo sat ham sd cho toi wu kién thirc:

Pit: 0<r=+2-2a<2—>2a=2-1 > P=2t+3J4—1 = /(¢

() =2-—2L 02 fa—r =3 £20 t204 o4

=2- =0—> -t =3t St=—

Ja—g 16—4¢* =9¢° t=i? J13
Khi: t:i—)a:i—)b:ig—)z=ii£
J13 13 13 13713

F0)=6; f2)=4 ; f(%)ﬂ\/ﬁ
5

Vay gi4 tri 16n nhit cda bidu thitc P13 : Pmax = 2413 khi z= Bi% ; gia tri nho nhéit caa

biéu thtc Pl1a: Pmin=4khi t=2®a=-1&b=0&z=-1.

2. Hay tim gia tri 1én nhat va gia tri nhé nhat cia biéu thitc: P=|1—z|+|1+z+2 |

Bién do6i nhanh theo cong thirc hep v&i nhirng s6 phirc ¢é |z| = 1, ta dwoc:

P={l-z|+|l+z+2 |=2(—a)+|2az+ z |=\2(0—a)+| 2a +1|.| z|=\[2(1—a) + | 2a +1|
Pit: 0<t=.2(1-a)<2—>2a=2-1 {vi-1<a<l}

Biu thitc: P=./2(1—a)+|2a+1|=t+|2—* +1|=t+|3—1*|

Chia trwong hop nhw sau:

Trwong hop 1: 0<t<\3

Biéu thitc: P=t+3—1t" =—t"+t+3= f(¢)
1
f'(t):—2t+1:0—>t:5
1, 13
fO=3; fQ)=": f(3)=3
2 \ N 13 . 1 . .
O trwong hop nay thi: MaXP=? khl:t=§ ; Min P = J3 khit=3

Trwong hop 2: P32

Biéu thitc: P=t+1*-3=1"+t-3= f(¢)
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. f'(t):2t+1:0—>t:—% (loai). f(3)=3; f(2)=3

e O trwong hop nay thi: MaxP =3 khi:t=2 ;MinP = +/3 khit=+3

e Kéthop ca hai treong hop ta co:

L] Pmasz khl:tzl¢>2a=2_t2=1—)a=1_)b=i£_)2=1i
4 2 4 8 8 8

e Puin=+/3 khit= \/§—>2a=2—t2=—1—>a=—%—>b:i§—>22—%i%

Vi du 2.4.5. Cho s6 phirc z c6 m6 dun bang 1. Tim gia tri lon nhit va gia tri nhé nhit cia cac biéu
thirc sau day :

1. P=z+z |-2|1-z]

2. P|l—z|+|1-3z+2|

3. P +5z+z | 2|z + z |

Vi du 2.4.6. Cho s6 phirc z c6 |z| = 1. Tim gia tri nhé nhat va gia tri I¢n nhat cla cic biéu thic:
1LP=|1-z|+ |23 +1]

2.P=2|1+2|+ |23~ 1]

3.P=3|z+1|-2|z- 1]

: . y 1.
Bai toan 2.4.7. Cho so phirc z cé: |z| = 1. Khi d6 phan thwc cta sé phirc: . bang bao nhiéu?
4

Giai:

Cach 1: S dung cong thirc lwong gidc. Vi |z| = 1suyra: z=€"” =cos@+i.sing

Thay vao biéu thirc:

1 1 1 1

1=z 1-cosp—ising 5;2? ;56Gn? cos? —2isin£(cos£+isin£)
2 2 2 2 2

@ »

1 CcOS-——isin— 1 i 1 1
. = 2 2 _—ileot2 phan thyc cla — la —.
-z 2isin? 2 2 2 -z 2
2

Cach 2: Dai s6 thuin tay: z = a + ib, trong d6: a2 + b2 = 1. Suy ra:

. 1 1 l—a+ib l-a+ib  l-a+ib  1-a+ib ib

1
= = = = _+
-z l1-a-ib (1-a-ib)(1-a+ib) (—-a)’+b> 1-2a+a*+b> 2-2a 2 2-2a

e Vay van suy ra duwgc phan thuc clia la % .

1
S 1-z
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Bai toan 2.4.8. Cho s6 phirc z c6: |z| = 1. Khi @6 phin thuc cia so phirc: " ! — bang bao nhiéu?
Z

& Giai:
e Cach 1: Str dung cong thirc lwong giac
e Vi|z|]=1suyra: z=¢” =cosp+i.sing
1 1 1
e Suyra: 5= o T = 2 A
I+z" 1+(cos@p+ising)” 1+cos2¢p+isin2¢p 2cos” @+i.2sin@.cos@
. 1 - 1 _ :cosw—i.sin(p:l_i’.tanw
1+z° 2cos@(cos@+i.sin) 2cos @ 2 2

e Viy phan thuc cua so phic: - la l

I+z 2

e Cach 2: St dung phwong phap dai s0 thuin tay: Goi z =a + ib, trong d6: a2 + b2 =1

. 1 1 B 1 _L 1 _L a—ib_a—ib_l_ﬁ
1+z> 1+a*—b>+2abi 2d*+2abi 2a a+ib 2a a*+b° 2a 2 2a
e Viy phan thuc cua so phic: - la l
1+z 2

Vi du 2.4.9. Cho s6 phirc z c6 |z| = 1. Hay xac dinh phén thuc cia céc s6 phirc:

L 2 !
1+z 1-z

Vi du 2.4.10. Hay xiy dung cong thirc tdng quat, khi cho z c6 |z| = r thi phan thuc cda sd phirc:

11;‘;11

rtz 2r

Vi du 2.4.11. Hay xay dung cong thirc tong quat, khi cho z ¢é |z| = r thi phan thwc cta s6 phirc:
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III. PHUO'NG TRINH - HE PHO'NG TRINH BAC NHAT PHU'C

3.1. Phwong trinh bac nhat chira mét bién (z hoic z ):

e Phwong phap giai: Ta bién d6i dwavé dang: 4.z=B—>z =% hoic 4.z =B— z :g

Bai toan 3.1.1. Giai phwong trinh: (1 + 3i)z- (2i+3)(1 +2z) =4i (1)

& Giai:
3460
—2+i

3i.

o Pt(1)®z(1+3i-2i-3)=4i+2i+3z(-2+i)=3+6i® 2z

e Nhan xét: Day chi 1a phwong phap chung.Nhwng khi ta di tric nghiém sé gip nhiéu tinh
huéng yéu cau xtr li théng minh téc d6 hon.
Vi du 3.1.2. Gidi cdc phwong trinh phirc bic nhat mot 4n sau:

1. z(2i =3)+ (1 +i)iz—1) = 2i +3. 2. (1+i)z +(z +i)(2—i)=5i.

Bai toan 3.1.3. Cho z théa man phwong trinh: (z+2-3i)(4+3i)=2+i.Hay tinh: |[z+ 2 - 3i| =7

& Giai:
e DAy la nhirng bai toan, nhin qua thi rat don gian, chi 1a nhitng phwong trinh bic nhit don
gidn..chung ta c6 thé Iam nhanh dé giai nghiém ra nghiém z réi thay vao bi€u thirc mé dun
tinh 14 xong. Tuy nhién, dé toi wu thoi gian thi ching ta nén xi 1i m6 dun nhuw sau:

o Tl (z+2-3i)4+3i)=2+i | (z+2-3)(4+3i) |5 2+i|>| z+2—3i|.| 4+ 3i|= 2 +i]|

12+i] N5 1

e Suyra:|z+2-3i|= ==,
yra:| a5 %

Bai toan 3.1.4. Cho z théa man phwong trinh: (z+1+2i)(2+5i)=3+4i.Hoi |iz-2 +i| =7

& Giai:
e Vé&i bai todn nay, ching ta nén xtt li mo dun nhw sau:
o Tw: (z+1+20)2+51)=3+4i > i(z+1+2i)(2+5)=i(3+4i) > (iz+i—2)(2+5i)=i(3+4i)
|li3+4)| 5

12+5i] 29

e Ghi nhé: Khi cdn tinh m6 dun hdy c& lwu ¥ téi cic cach xt 1i m6 dun cho t6c do, han ché

o | (iz+i=2)(2+50)|=i(3+4i)|>|iz+i-2|=

16i mon tw duy: “ctt gidi ra nghiém réi thay vao biéu thitc mé dun la xong..”
Vi du 3.1.5. Cho z théa man phwong trinh: (z+3i+5)(2—-i)=4+i.Hoéi|z+ 5+ 3i| =?
Vi du 3.1.6. Cho z thda man phwong trinh: (z+3i+5)(2—-i)=4+i.Hoi |iz+51-3| =7

Vi du 3.1.7. Tim x va y thwc théa man phwong trinh: (x + 2iy)(1 - 2i) +i(x-iy) =1.
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3.2. Phwong trinh bac nhait chira hai bién (z hoic z ):
, e . _ . , - . N 2 2 ,
e Phwong phap giai: Tagoi z=x + iy, trongdé x,yeR >z =x—iy va |z|=+/x" +y°.Sau dd

thay vao phwong trinh da cho roi tién téi gidi hé suy ra x, y roi suy ra z.

Bai toan 3.2.1. Giai phwong trinh: (1+2i)z+ (i-1)(i+ z ) =i (1)

& Giai:
e Goi:z=x+iy; x,yeR — z=x— iy . Thay vao phwong trinh (1), ta dwoc:

-y—-1=0 xX=
-
3x+2y-2=0

[SSH NN

o (1+2z')(x+z'y)+(z'—l)(i+x—iy)=i<—>(—y—1)+i(3x+2y—2):0—>{

e Vay ta co nghiém la: z=§—i .

Vi du 3.2.2. Giai cic phwong trinh tim z:

1. 3+4i)z—(2+i)z =4+5i .

2. (z+1)3i+(2z —i)(4+3i)=11+i .
Vi du 3.2.3. Cho z théa man phwong trinh: (1+i)z—2i(l+i);:7i—2. Hiay xac dinh s6 phic
W=z-2iz ?
Vi du 3.2.4. Cho z théa man phwong trinh: (3+2i)z—(3i—2);=5+3i. Hay xac dinh s6 phirc
w=iz+z ?
Vi du 3.2.5. Cho z théa min phwong trinh: (1+2i)z—i(1+2i);=1+i. Hay xac dinh s6 phic
w=z—iz ?

Vi du 3.2.6. Cho z théa man: (2+5i)z—(2i—5)z =11+4i. Hiy xac dinh s8 phitc w=iz+ z ?

2 .
' 2
Bai toan 3.2.7. Cho s0 phirc z thda man phwong trinh: 2] + 2iz +(z_@ =0.Timz?

z 1—i

 Giai:
|z[

- 4 2 :
=z va—=I1+i.
z 1-i

e Nhan xét:

¢ Phuwong trinh da cho < ;+2iz+(1+i)(z+i) =0 (1)

e Goiz=x+1iy;trong ddavablaso thwc. Thay vao (1) ta dwoc:

1

X=——

o () x—iy+2ix+iy)+(I+i)x+iy+i) =0 2x-3y-D)+iBx+1)=0—> 2
y=—§

Vay so phic: z = —%—éi
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e Ghi nhd: C6 nhitng phwong trinh bic nhit don gidn dwoc che mo bédi nhirng cong thirc bién

d6i co ban lam cho phitc tap hoa van dé. Ching ta phai ¢d gdng nhin ra va bién ddi nhirng

2

cong thirc co ban nay: | Zz| =z.
Vi du 3.2.8. Cho s6 phirc z théa man phwong trinh: %+ (1-i)z +2(%+il) =0.Tim z?
Vi du 3.2.9. Cho s6 phirc z thda mian phwong trinh: %+ 2z+ % =0.Tim z?
1-i 4+2i

Bai toan 3.2.10. Gidi phwong trinh bac nhit sau trén tip s6 phirc:

(1)

z-3i+1 z +2iz—1

& Giai:

DPay la phwong trinh bic nhat véi hai 4n s6 co ban. Néu ching ta cir goi z = x + iy va thay vao
phwong trinh ludn thi s& rat cong kénh va ré mic sai lam.

e Ching ta c6 thé rat gon trwdc khi gidi thay 4n z vao nhw sau:

442

— =(z=3i+D)(1+3) =(1+3i)z+10 & z —(1+i)z—11=0
—1

e (1) z+2iz—1=(z-3i+])

e Dén day ta c6 thé thay: z = x + iy vao phwong trinh sé dwoc:

— 2
. (x—iy)—(1+i)(x+iy)—11=O<—>(y—11)—i(x+2y):O—>{x =241l

Vi du 3.2.11. Giai cAc phwong trinh bac nhit trén tap sé phirc sau:
2-3i  1+2i
Cz+4i-5 3-7i
10+5i 2+i

" 242z -3 3z+2i

3 l—l'_ _3+4z _0
z+i 2z +4+z-—i

3.3. Bién luin theo tham sé phirc mét phwong trinh phirc bic nhat: Anz + B = 0:
e Nhic lai kién thirc co ban ctia phwong trinh bac nhit chira tham sé:
e Cho phwongtrinh: Az+B=0 (D

A=0
B#0

L)

* Phuong trinh (1) vo nghiém <& {

7
L X4

Phuwong trinh c6 nghiém duy nhat < 40

A4=0
B=0

X/
°e

Phuwong trinh (1) ddng v&i moi z, tirc 1a c6 vo s6 nghiém z < {
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Bai toan 3.3.1. Cho phwong trinh bic nhit tham sé phirc u. Gidi va bién luidn phwong trinh theo u

(U—3+2i)z—4+6i=0 (1)

& Giai:
e Dayla dang co ban cha phwong trinh bic nhit mot 4n, ching ta bién ludn binh thwong:
e Néu: u—3+2i=0<«>u=3-2i— phwong trinh da cho v6 nghiém.

o Néu: u—3+2i#0<<>u+#3-2i > phuwong trinh c6 nghiém duy nhit.

Bai toan 3.3.2. Cho pt bic nhit 4n z va hai tham s6 phtrc u, v: (u+1-2i)z—(1—-i)v—2+4i=0. Biét

phwong trinh c6 nghiém diang véi moi z. Hay xac dinh cac gid tricdauvav?

& Giai:
e D3i biét phwong trinh dang Az + B = 0 ¢6 nghiém dung véi moi z <& A = B = 0. Nén dé phuwong

trinh da cho nghiém ding v&i moi z ta phai c6:

u=-1+2i
2—4q

©
—-(1-i)v-2+4i=0 V=
=1+

=-3+i

{ u+1-2i=0
[ ]

Vi du 3.3.3. D€ phwong trinh: (u+2—i)z—4+2i =0 khong ton tai nghiém phrc z thi s§ phitc u bang
bao nhiéu?

Vi du 3.3.4. D€ phwong trinh: (u+3—-4i)z—(3+2i)v—1+3i=0 nghiém ddng v&i moi z thi cac so
phttc u va v bang bao nhiéu?

Vi du 3.3.5. D€ phwong trinh: u(1+2i—z)+(2+i)z—3w+4i =0 nghiém ding v&i moi z thi cic s6
phttc u va w bang bao nhiéu?

Vi du 3.3.6. Dé phwong trinh: u(3+i—iz)+(2—-2i)z—2w+3i—1=0 khong ton tai s6 phirc z ndo thoa
man thi cac sd phitc u va w bang bao nhiéu?

3.4. Hé phwong trinh bic nhit trong sd phirc:

iz+G-Hw=1 (1)

Bai toan 3.4.1. Giai hé phwong trinh bic nhithai dnzva w :
2zviw=2-i (2)

 Giai:

e Tu(1)suyra: W=1_ z

thé vao phwong trinh (2), ta dwoc:

o (2)<:>22+113 l—2—1<—>2(3—z)z+z(l—zz) B-2-i))(7T-2i)z=5- 61—)2-%—%1
47 32
i Ts? 12

e Thézvao (3), taduwgc: w=
3-i T 53 53
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Bai toan 3.4.2. Gidi hé phwong trinh bAc nhat hai dnzvaw: {

(1-i)z+3iw=2-3i (1)
22-Q+iw=2+4i (2)

& Giai:

e Chung ta cling c6 thé str dung phwong phap cong (trir) dai s6 nhw sau:

e Nhéin hai vé€ cta (1) v&i 2, nhan hai vé cta (2) véi (1 -1)

. . . 2(1-i)z+6iw =4 —6i
e Hé phuwong trinh da cho &

e Lay (3) trir di (4), vé theo V€, ta duwoc:

roi 1y chung trir di nhau sé dwoc:

€)

21-D)z—(1-)Q2+i)w =(1-i)2+4i)  (4)

o Oiw+(1-)2+i))w=4-6i—(1-0i)2+4i)> B+5)w=-2— 81—>W——§—%'
e Thé vao phwong trinh (1) ta dwoc: z = 27373 _ —i—i-ﬂi
1—i 34 34

e Ghi nhé: Khi dd ndm virng cdc thao tdc ciing nhw cdc phép todn phikc co bdn, chiing ta nén

dung CASIO dé tinh todn cho dat téc do phu hop véi yéu cdu thi cir.

Bai toan 3.4.3. Giai hé phwong trinh bAc nhdtbadnu,v,w:

QC+idu+iv+3w=1+i Q)]
2u—3iv+(1-2i)w =3 (2)
A+du+2v+(B-i)w=4-3i (3)

& Giai:

e Chung ta c6 thé st dung phwong phap thé dai s6, cong dai s6, hodc st dung dinh thirc cho hé

ba phwong trinh bic nhit ba 4n.

e Chung ta sir dung phwong phap thé:

e Tuw phuong trinh (2), suy ra: u-%—i—%v—l_zlw (4), thé vao (1), ta dwoc:
o i34 2w m i o (S dipr (4w =—2 - L
2 2 2 2 2
. —>v=i+351—(§—251) )
73 73 73 73
e Thayvao (4) ta suy ra:
. :Lﬁ(iﬁﬁ_(ﬁ_&) j 1-2i 57 6i (_E @)W 6
2 2\73 73 73 2 73 73

e Thay (5) va (6) vao phwong trinh (3), ta dwoc:

. (1+1)(57 6i (_E ﬂ)j (4+ﬁ_(§_ﬁ)w

7373 73 73 73 73

j+(3—i)w:4—3i
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156 22i 233 352 151 341
e Suyra: (——+—)wW=—-— SSW=———
73 73 73 73 85 170
e Thay vao (5) va (6), suy ra: v:—ﬁ—& ; _ 12 26l

u=
170 85 85 85
Vi du 3.4.4. Giai cic hé phwong trinh bic nhit hai 4n z1, z2 :

(1-i)z, =iz, =3+4i
1.
B+4i)z, +(1+i)z, =-2—i

izy +(i—2)z, =1
2.
B+2i)z,—(1+3i)z, =4

3 (2+1)z, +4iz, =6-5i
|z +2i(Bi-1)z, =4+i

Vi du 3.4.5. Giai cAc hé phwong trinh bic nhat ba 4n:

u+2iv-2L+iw=1-i
1. 2iu—3v+2iw =4
A-Du+2—-iyv+3w=2

izy+2z,—(1+2i)z, =3-4i
2. 3 z,—(B+i)z,+4iz, =1-2i1
(1-1)z, +2z,+(i—-2)z; =0
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IV. CAN BAC HAI - PHUO'NG TRINH BAC CAO - XU’ LI MO PUN

4.1. Can bic hai ciia mot s6 Am
e Dung ra, khi ma con thi tw luan, nghe néi cAm viét V-1 hodc cAm viét vz ma phai viét la:
cin bic 2 cia (-1) hodc viét 1a can bic 2 ctia z. Khéng cin ban vé van dé dung sai. Nhung mo

ra mot hwdng thi tric nghiém cho mén Todn..thi chiing ta c nén viét ngin gon cho dé lam va
dé hinh dung: V-1 ; vz ; J3+4i

e V&isd phtrc, chiing ta bidt: —1=i> —>~/-1 = JiP =4 |

e CinbAc 2 ctia mot s6 thwe Am: V—a = Jita=+iva .

Vi du 4.1.1. Tinh cin bic hai ciia cac s6 thwc Am sau:

1. J-64 =+iJ64 =+8i.
2. \J-100 =
3. J-16 =
4. \-19 =
4.2. Can bic hai - Can bac n cta so phirc

4.2/1. S0 phirc tong quat

Bai toan 4.2.1. Khai cdn bic hai cia sO phirc: z = 3 + 4i

& Giai:

Cach 1: Tong quat cho moi trwong hop.

e Tagoi V3+4i =x+iy >3+4i=(x+iy)’ =x"—y>+2xyi ; trong d6 x va y 1a cac sb thuc.

2xy:4—>y:% (2)
e Suyra: X

x’—y' =3 3)

x* =—1(Loai)

e Thé (2) vao (3), ta duoc: xz—iz:3<—>x4—3x2—420—> )
X x*=4->x=12

e T dé thay vao (2) suy ra dwgc: y= 2 ==1.
X

N3+4i=x+iy=2+i
N3+4i =x+iy=—(2+i)

e Viy cdn bic hai cia mot s6 phirc luon luén cé hai gia tri: {
o Cach 2: Tanhan thay: 3+4i =4+4i+i* = (2+i) > V3+4i =2 +i)’ =+(2+i)

e Ghi nhé: D€ khai can nhanh mot sd phttrc néu ching ta bién d6i bang cach 2 sé& nhanh hon

cach 1 rat nhiéu. Thé nhwng, khi ndo ta lam dwoc bang cach 2 méi 1a van dé quan trong.
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4.2 /2. S6 phirc chinh phwong va bdi cia s6 phirc chinh phwong:
e (O day, tac gia manh dan dwa vao khai niém s phitc chinh phwong cho t6i wu tdc do khi thuc
hién cac phép khai can. Vi day la tai liéu lwu hanh noi bo nén chung ta khong qua cau né toi
s cong nhin ciia mét hoi déng gido sw tién si nao ca..don gian chi la phuc vu hoc va thi.
e SO phirc chinh phwong: 1a s6 phirc cé can bac hai la mét s6 phirc véi phan thwe va phan o
nguyén: z chinh phwong < Jz=x +iy trong do: x,yeZ.

Vi du 4.2.2. S8 phirc z = 8 - 6i 1a s8 phirc chinh phwong vi: z=8—-6i = (9-6i+i*) = (3—-i)’
o >Vz=\3-i) ==3-i).
e S&phitc: z =1 +i+/3 khong phai 1a s6 phtrc chinh phwong vi: m = §+ i% :
e SO phtrc:z=16-12i=2(8 - 6i) = 2(3 - i)21a bdi cia s6 phitrc chinh phwong. Khi dé khai cin
s6 phitc nay: V16—12i =23 —i) =23 i) =+(3N2 +ix/2).

Vi du 4.2.3. Hay tinh cdn bic 2 ctia s phirc: z = 15 + 8i

e Tanhin thiy:z =16+ 8i +i2 = (4 + i)2. Viy diy la m6t s6 phirc chinh phwong nén ta cé ngay:
o VJI5+8i =+/(4+i) =+(4+1i)

Vi du 4.2.4. Hay tinh can bic 2 ctia s6 phirc: z = 12 + 16i
o Tadéy:3+4i=4+4i+i2=(2+1)2 nén: 12+16i =4(2+i)*. Vay z 1a bdi cia mdt s6 chinh

phwong, nén ta khai can nhw sau: V12 +16i = /4(2+i)’ =+2(2+1i) = £(4+2i).

Vi du 4.2.5. Hay tinh cdn bic 2 ctia cac sé phirc sau:

1.z =2i
2.z7=-2i.

3.z =8i.

4.7 =-16i.
5.z =-8 +6i.
6.z =32 - 24i.
7.2=65+72i

4.2 /3. S6 phirc dang lwong giac
e SO phirc lwong giac: Ching ta nén hiéu 1a sé phirc ma trong dang lwong giac géc ¢ (hoic
Argument) ctia né la nhitng géc dac biét: 0, 309, 459, 609, 900, ...

e Chung ta 4p dung c6ng thirc khai can nhanh s6 phirc: \/cos@+ising = i(cos% +1i.sin %)
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Bai toan 4.2.6. Cho s6 phirc: z =1 +i+/3 . Cin bac hai cia s6 phtrc z 1a?

& Giai:

e Tacé: z=1+i\/§:2(cos%+i.sin%) . Vay suy ra:

2 2

o J1+i\3 =\/2(cos%+i.sin%) =\/§(i(cos%+i.sin%)j=i\/§(£+ij=_(£+i€j

Vi du 4.2.7. Khai cdn cac s phirc lwgng gidc sau:

1. Z=—1+i\/§.
2. Z:—\/g—i .
3.z=4+4i

Bai toan 4.2.8. Str dung CASIO dé khai cin bac hai clia cac s6 phirc bang phwong phap lwong giac:
1. z=-45 + 108i.
2. z=-13-84i

 Giai:

Cho s6 phirc: Z=a+ib=|Z|(COS¢+i.Sin¢)—)\/7=i(«/|Z .cos%ﬂ' |z|.sin%)

Cac buéc thwe hién bang CASIO nhu sau:

Bwdérc 1: Xac dinh can bic hai cia m6dun cuia s6 phirc z roi lwu vao A: /| z| — 4

Bworc 2: Xac dinh argument ctia s6 phirc z va chia cho 2 ro6i lwu vao B:

tan(o:2—> Q= arctané = (shift_tan)é—>B
a a a

Bworc 3: Phan thwce sau khi khai can bac 2 s6 phic zla: /| z .cos% = A.cos B

Phén 4o sau khi khai can bic 2 sé phirc zla: /| z |.sin% = A.sin B

. Suyra:f:i(AcosB+iA.sinB)

1. z=-45 + 108i.

o Taco: A=./|z|=+]-45+108i| =313

b 108 108 @
e tanp=—=——>¢=arctan— > B==
a -45 —45 2

o Suyra:x/_:i(AcosB+iA.sinB):i(9—6i)
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2.z2=-13 - 84i
o Tach: A=./|z|=+/-13-84i|=+/85
b -84 -84 @
e tanp=—=———>@=arctan—+7 > B=—
a -13 -13 2

e Suyra: Jz= +(Acos B +iA.sin B) = £(—-6+7i)
Vi du 4.2.9. St dung CASIO khai cin cac s6 phirc sau:
1.2z=119 - 120i.
2. 2=3-62i

4.3. Phwong trinh bac hai trén tiap so6 phirc:

Bai toan 4.3.1. Gidi phwong trinh bac 2: z* —4z+5=0.

& Giai:
e Chung ta lam binh thwong nhw véi phwong trinh bac hai da hoc tir cap 2.
o A=b—dac=4-415=-4=4> >JA=12i.

_b—JA _4-2i

Z _—b+\/Z_4+2i_
: 2a 2

2-iz, = 2+i
2a 2

e Ghi nho: Véi phwong trinh bdc hai trén tdp phirc véi hé sé thuc thi chiing ta nén st dung
CASIO dé bdm cho nhanh va don gidn.

Vi du 4.3.2. Giai cAc phwong trinh bic 2 hé s6 thuc sau:

1. 22 +8z+20=0. 2. 22+2z+10=0.
3. z22—-4z+8=0. 4. z*+4z°+3=0.
5. z'+16=0. 6. z' -4z -5=0

Bai toan 4.3.3. Giai phwong trinh bac 2 hé s6 phtrc: z° —(2i+1)z+i—1=0 (1).

& Giai:
o A=Qi+1)’-4.1.(G-1)=4+4i+1-4di+4=1>JA =1
—b-JA 2i+1-1 | —b+JA  2i+1+1
z, = = =iz, = = =i+1.
2a 2 2a
Vi du 4.3.4. Giai cAc phwong trinh bic 2 hé s phic sau:
1. 22— (2i+3)z+3i—1=0. 2. z"—4iz+12=0.
3. 22 —(4-2i)z+11+2i=0. 4. 2 +(2i-5)z+9-7i=0.

5. 22 —(23+i)z+162+17i=0. 6. z*—(37+i)z+392-19i=0.
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4.4. Phwong trinh bic cao - Phin tich nhan tir - Pat an phu - Khai can phirc:

Mdi phwong trinh mot bién trong tap s6 phitc déu cé sé nghiém bing dung s6 bac cia mot
phwong trinh néu ta tinh ca nghiém boi.

Mot phwong trinh phirc mét bién trén tip sé phirc khong bao gior c6 khai niém: vo nghiém.
Pa s6 phwong trinh bic cao ching ta thwong phai dung CASIO dé nhidm nghiém thuc réi thuc

hién cac phép phan tich dwa vé phwong trinh bac thip hon giai cho dé.

Bai toan 4.4.1. Gidi phwong trinh bic 3 trén tip sé phirc: z3-1=0.

& Giai:
Nhidm nhanh z = 1 1a nghiém, ta thwc hién phép phan tich:

z=1
~1+i\3
2
Ghi nhé: Chiing ta tranh sai l1dm giadi phwong trinh trén tap s6 phirc ma xi li nhw trén

2-1=0z-)Z+z+)=0

tap s6 thucnhw: 22 -1=0 2 -1=0z=1.

Bai toan 4.4.2. Giai phwong trinh bac 3 trén tap s6 phitc: z° +2z-3=0

& Giai:
Chuing ta c6 thé str dung may tinh CASIO dé nhAm nhanh nghiém thuc chin: z = 1 cla pt.

Twr d6 ching ta thwe hién phép phan tich nhan tu:

2242z-3=06(z-1)(*+z+3)=0c 2=t

1 i

2 2

Ghi nhé: V&i nhirng phwong trinh bac ba hé s6 thwc ching ta c6 thé sit dung hoan toan

CASIO dé tim ra ba nghiém.

Vi du 4.4.3. Gidi cAc phwong trinh phtrc bac cao sau:

1. z3-8=0.
2. 22 +3z—-4=0.

Bai toan 4.4.4. Giai phwong trinh phitc bac 3: 2’ +4z-3i=0 (1)

& Giai:
Tinh chat: M6t phwong trinh bac 3 ma c6 dang: z° +az+ib=0 bao gio cling c6 mot nghiém

dang thuan do: z = iy
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e Tathay nghiém z =iy vao pt (1) s€ duoc:
o Z+4z-3i=01y +4iy-3i=0 iy’ +4iy-3i=0< 1 —4y+3=0>y=1
e Vay phwong trinh (1) c6 mét nghiém: z = i. Ta s€ phan tich nhu sau:
z=1I
e (® (z-i)(Z’+iz+3)=0¢>| z, =
z, =
e Da s6 nhitng bai todn nhw thé nay sé c6 nhirng ciu hdi dang: Goi z1 va z; 1a hai nghiém khong
thuén 4o cia phwong trinh (1), khi d6 tinh gia tri cta biéu thirc chra z1 va z; dwéi dang VIET.
Vi du 4.4.5. Giai phwong trinh phitc bac 3: z°—4z+5i=0 (1). Goi z1 va z; 1a hai s6 phitc khong

thudn 4o cta phwong trinh (1). Khi d6 hiy tinh gia tri cia cac biéu thic: A = (z1 + i)(z2 + i) ;

5 5
B= |Zl __|+|Zz __| .
Zl Z2
Vi du 4.4.6. Gidi phwong trinh bac 4: z* +4z° +52° +4z+1=0 (1)

& Giai:
e DAy la phwong trinh d6i xirng bic 4, nhin thiy z = 0 khong phai 1a nghiém, ta chia hai vé cia

(1) cho z% sé dwoc phwong trinh:

e (& zz+4z+5+i+%=0<—>(zz+i2)+4(z+l)+5=0 (2)
z Zz z z

o, ~N 1 1 1 A 2 BN
e Ditdnphuw: r=z+— >’ =z +—+2-> 2 +— = -2 ; thay tit cd vao (2) ta dwoc:

z z z
—1+i
l=—1=Z+l—)ZZ+Z+1=O—>Z=1_Tl\/§

e )@ (P-2)+4+5=061+4+3=06 z
3+4/5
2

t:—3zz+l—>zz+3z+120—>Z:
z

Vi du 4.4.7. Giai phuwong trinh bac 4 dang phan tich nhan tir phitc: z* +42° +52° +2z+1=0 (1)
e (1) ' +42 +422+ 22 +22+41=06 (22 +22) +(z+1)’ =0 (2" +22)° =—(z +1)°

+2z=i(z+ ) 27 +(2-i)z—i=0
o @@+ ={iz+)W | iz +1) Zz( Dz =i
2+ 2z=-i(z+1) > z2+2+i)z+i=0

Vi du 4.4.8. Giai cic phwong trinh sau trén tp sé phic:

1.2 =5z+6i=0. 2.2 +62°+8=0. 3.z +22° +327 +2z+1=0.
4. z*+42° + 22 —4z+1=0. 5.z*-322-2z+5=0. 6. 2 —(1+i4/3) =0.

7.2 - +i=0. 8.z =22 +522 +4z+1=0. 9.2°-1=0.

10. (z° +3-2i)° +4=0. 11. (2> +2iz)* =22 —4iz=3=0. 12.z*+22°+4z°+2=0.
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4.5. Hé thirc VIET ap dung vao trac nghiém phwong trinh bac cao phirc:

Bai toan 4.5.1. Hai s6 phitc z1 va z; 1an Iwot 1a nghiém ctia phwong trinh: z*> —(4i+5)z+3-5i=0.

Mb dun cta s6 phirc w1 = (z1 +1i + 2)(zz + i + 2) bang bao nhiéu?

& Giai:
e Bai todn nay nhén thiy phwong trinh ban dau rit 1é nén ta st dung dinh 1i Vi ét ddo cho
phwong trinh bac 2 bang cach bién ddi w1 nhu sau:
b
o w,=zz,+([(+2)(z+2,)+({+2) =£+(z'+2)(——)+3+4i =(3-5)+@{+2)(4i+5)+3+4i
a a
e Dung CASIO ta rut gon nhanh duoc: w, =12+12i -|w, |= 1242
e Ghinhé: Van nhu kién thirc dé hoc ttr phwong trinh bdc 2 hoi cdp 2..Ta dp dung cdc dinh Ii Vi
ét vao cdc biéu thirc nghiém déi xieng ciia mét phwong trinh phirc bdc 2.

e Cho phuong trinh phirc bac 2: az’ +bz+c=0 c6 hai nghiém phtrc: z;z, thicé dinh i Vi ét

zZ, +z,=——

Vi du 4.5.2. Hai s6 phitc z1 va z; Ian lwot 1a nghiém ctia phwong trinh: z° —(3i—2)z +1+2i =0.
1. S6 phttc w1 = (z1 -1+ 1)(z2 + 1 -i) bang bao nhiéu?
2. SO phttc wz = (z1 +i-1)(izz + 1 +i) bangbao nhiéu?

3. M6 dun cta s8 phirc: wz = (z1 + 2i +3)(izz - 2 + 3i) bang bao nhiéu?

Bai toan 4.5.3. (TN) Cho phwong trinh bac hai trén tap sé phitc: z> —(9+23i)z—92+108i =0. Hai
nghiém ctia phwong trinh lan lwot Ia
A.2+9iva7+3i. B.5+7ivall+2i C.5+7iva4+16i. D.5-8iva9 + 31i.

& Giai:
e Cach 1: CASIO khi ma tac gia viét tai liéu nay, chwa cé tinh nang gidi phwong trinh phirc bac
2 v&i hé s6 phirc, vi viy, & bai toan nay ching ta phai lam tay binh thuwong:
o A=(9+23i)* —4.(-92+108i) = —80—18; = 81> —18i +1=(9i —1)> > VA = +(9i —1)
_0+23)-9i-D _ ~(9+23))+(9i-1)

e Hainghiém: z = 5 S+7iz, = 5

e V&i cach 1 nay, ching ta phai biét khai trién va nhin biét A 1a mot s6 chinh phwong, diéu ma

=4+16i

khong phai Itic nao ciing dé 1am va dé thay.
e Cach 2: S dung phwong phap thay tirng cap nghiém vao cé két hop dinh li Viet dao.
e Ne&u ching ta c Ian lwot thay hét tat ca cac trwong hop vao thi cling rat 1au, vi thé nén st
c

dung dinh 1i VIET dao dé thi nhanh cdp nghiém nhw sau: z, +z, = —é;zl.z2 =——.
a a
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e Da s8 khi thi ct trac nghiém chiing ta chi can thir treong hop téng hai nghiém: z, +z, =——
la di d€ nhan biét roi.
e Khi tién hanh thit ta thdy: A. (z,+z, =9+12i) # (_—b =9+23i).
a
~_ D .
e B.(z;,+z,=164+90)#(—=9+23i)
a
~_ b :
o C.(z,+2,=9+23i))=(—=9+23i)
a
~_ b .
o D.(z,+z,=94+23i))=(—=9+23i)
a
e Viy c6 dap an C va D cung thoa man diéu kién tong hai nghiém: z, +z, =——

e Dung dap an C ta thir not diéu kién tich hai nghiém: C. z.z, =-92+108; =<, nhin thay
a

truedong hop nay théa man. Vay dap an cua bai toan la C.
e Ghinhé: Cdch 2 dién gidi thi dai nhung khi trdc nghiém sé rdt nhanh.
Vi du 4.5.4. (TN) Cho phwong trinh bac hai trén tap s6 phtrc: z* —(13+15i)z-14+97i =0. Hai
nghiém ctia phwong trinh lan lwot Ia
A.11+2iva2+11i B. 13 + 8iva 7i.
C.6+7iva7+8i. D.15-iva 9 + 16i.

Hé thirc VIET tong quat cho mot phwong trinh bac 3: az’ +bz> +cz+d =0, véi ba nghiém

Zy+tz,+zy=——
a

. A A c
phtrc phan biét: z1,z2,z3: {z,z, + 2,2, + 2,2, = ”

d

Z2\2yZ3 = ——
a

Hé thirc VIET tong quat cho mét phwong trinh bac 4: az* +bz’ +cz° +dz+e=0, véi bén

Zi vz, zytz, =——
a
_c
Z,Z, -|'ZIZ3 +ZIZ4 +ZZZ3 +ZzZ4 +Z3Z4 = ;
nghiém phic phan biét: z1, 72, 73, 74 :

Z,2,Zy + 22,2, + 21232, + 2,2,2, = ——

e
2,2,23Z, = —
a

Bién soan: Nguyén Pdng Ai - Ky sw tai ndng - Bdch Khoa Ha Noi. Trang 39 ‘ ‘



Tén trong quyén tdc gid va cam két khéng sao lwu bdn phu. CHUYEN PE: SO PHU'C VA NG DUNG

Bai toan 4.5.5. Cho phwong trinh bac 3 phitc: z° +(3i—2)z” +iz—2i+1=0 (1). Goi ba nghiém phirc

clia phwong trinh (1) In lwot 13: z1, z2, z3 . Khi d6 gia tri ctia biéu thitc A sau sé dwoc rut gon bang

bao nhiéu? Véi: A = (z1 - 1)(z2 - 1)(z3 - 1).

& Giai:
e Day la dang bai toan xit li bi€u thirc Viet bic cao, chiing ta khong thé ci gidi cu thé ra nghiém
roi thay vao dwoc, vi viéc giadi phwong trinh & day la rat khé khan.
e Bién doi dwaveé Viet: A=(z,—1)z, —1)(z,- 1) =(z,+2,+2,)— (2,2, + 2,2, + 2,2,) +(2,2,2,) ]
e Ap dung dinh i Viet vao biéu thitc trén ta cé:

A =(=(3i=2))= () +(~(=2i +1)—1=-2i

Bai toan 4.5.6. Cho phwong trinh bac 3 phtrc véi tham s6 thwe m: z° —2iz” +(m+1)z—i+2m =0. Goi
3 nghiém phirc ctia phwong trinh (1) 1an lwot 1a: z1, z2, z3 . C6: A = (z1 + 1)(z2 + 1)(z3 + 1). Biét rang

|A| = 5. Hay tim tat ca cac gia tri thwc cia m?

& Giai:
e Biéu thitc A 1a mét biéu thirc Viet bAc 3 nén ta bién doi nhu sau:
o A=(z,+1)(z, +1)z,+]1)=(z, +2, +2,)+ (2,2, + 2,2, + 2,2,) +(2,2,2,) +1

e Ap dung dinh i Viet vao biéu thitc trén ta c6:

o A=) +(m+)+(@-2m)+1=2—m)+3i > A |=1/(2—m)2+9=5<—>{m:_2

m=6
e Ghi nhé: Biéu thirc VIET thwong dwoc két hgp véi bai toan tim tham s6 cia phwong trinh
bac cao dac biét la phwong trinh bac 3.
Vi du 4.5.7. Cho phuwong trinh bac 3 phttc véi tham s thwe m: z° —3iz> + (m—i)z—2i—m=0. Goi 3
nghiém phitc cia phwong trinh (1) IAn lwot1a: z1, z2, z3. C6: A = (z1 + 1)(z2 + 1)(z3 + 1). Biét rang |A|
= 6. Hay tim tat ca cac gia tri thwc cda m?

Vi du 4.5.8. Cho phwong trinh bac 3 phttc véi tham s6 thue m: z° —iz> + 2m+i)z+1+im=0. Goi 3

nghiém phttc ciia phwong trinh (1) 1an lwot 1a: z1, z2, z3 . Biét rang |(l—i)(l—i)(1—i) |=10. Hay
Z Z 23
tim tat ca cac gia tri thwc cia m?

Bai toan 4.5.9. Cho phwong trinh bac 4 trung phwong trén tap phittc: z* =4z +8=0(1). Goi bon
nghiém phirc cia phwong trinh (1) In lwot la: z1, z2 , z3, z4 . Khi d6 gid tri chia biéu thic:
A=|z |+]|z|+]|z|+]|z, | bing bao nhiéu?

& Giai:

40| Thuidn Thanh - Bac Ninh - 2018




Tén trong quyén tdc gid va cam két khéng sao lwu bdn phu. CHUYEN PE: SO PHU'C VA NG DUNG H

e V&i bai toan nay, ta sit dung CASIO bAm nhanh ra nghiém dwoc phwong trinh triung phwong:

o 2=242i|7|=|z[=|2+42i| =242 = | z| =v2+/2 . Tirc 12 b8n nghiém phirc clia phuong

trinh déu c6 md dun bang nhau, nén suy nhanh ra duoc: A =4/ 22 .

Bai toan 4.5.10. Cho phuwong trinh bac 4 trung phwong trén tap phtrc: z* +4z° +3=0 (1). Goi bén
nghiém phirc cia phwong trinh (1) lAn lwot 1a: z1, z2 , z3, z+ . Khi d6 gia tri cua biéu thirc:
A=|z |+|z,|+|z|+]z, | bang bao nhiéu?

& Giai:
e V&i bai toan nay, ta st dung CASIO bAm nhanh ra nghiém dwoc phwong trinh triung phwong:

=1z, =v-l=%io|z Hz =1
. 12 laHz] .Nén suy nhanh ra dwoc: A =2+24/3.

=3z, =N-3=i3 5z =z =3

Vi du 4.5.11. Cho phuwong trinh bac 4 trung phuwong trén tap phtc: z* +6z° +13=0(1). Goi bén
nghiém phirc cia phwong trinh (1) In lwot 1a: z1, z2 , z3, z4 . Khi d6 gid tri chua biéu thic:
A=|z |+]|z|+]|z|+]|z, | bing bao nhiéu?
Vi du 4.5.12. Cho phwong trinh bac 4 trung phwong trén tap phittc: z* +6z>+8=0(1). Goi bon
nghiém phirc cia phwong trinh (1) lAn lwot 1a: z1, z2 , z3, z+ . Khi d6 gia tri cua biéu thirc:
A=|z |+|z,|+|z|+]z, | bang bao nhiéu?

Bai toan 4.5.13. Cho phwong trinh d&i xtrng bac 4: z* +20152° +20172> +2015z+1=0.Goi z1, 72, Z3

, Z4 1an lwot 12 4 nghiém cta phwong trinh da cho. Tinh gia tri ctia: T = (z; +1)(z3 +1)(z; +1)(z; +1)

& Giai:
e Ap dung hé thirc VIET cho phwong trinh bac 4, ta c6: z1z2z3z4 = e/a = 1.

i+l z +1 Z3+1

e Biéndéi: T=z 222324( )( )( 2Rl

DED= 6 +—)<zZ D)z, + —)(z4+i> @
z z,

2

e Chung ta bién d6i phwong trinh d6i xtirng bac 4 vé dang: (z° + iz) +2015(z + l) +2017=0 (3)
z z

e Ditt=:z PN +i2 =¢* -2 . Thay vao phwong trinh (2), ta duoc:
z z

e (2)® (*-2)+2015t+2017=0—>¢>+2015¢+2015=0 ; goi t1 va t; 12 hai nghiém twong tng

thi ta co: titz = 2015

R Ty A N 1 1 . 1
e Goiz1vazzla hai nghiém cia phwong trinh: z+—=¢ .Suyra: z +—=1¢ va z;+—=¢
z

Zl Z3
A 1a o A N 1 1 . 1
e Goi z2 va z4 la hai nghiém cta phwong trinh: z+—=¢, .Suyra: z, +—=t¢, va z,+—=t,
z V4 V4
2 4

e Thay vao biéu thirc & (2) ta dwoc: T =¢t; =1.(2015)* =2015°
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Bai toan 4.5.14. Cho pt déi xtrng bac 6: z° +20162° +2017z* +20182° +2017z> +2016z+1=0 (1)
Goi z1, 22, 73, Z4, Z5 , Ze la cAc nghiém cta (1). Hay tinh:
1. Tich s0: P = 21.227374752¢ = ?

2. Tinh tich s8: T = (z} +1)(z5 +1)(z; + 1)(z; +1)(zZ +1)(z; +1) =?

& Giai:

1. Tich s0: P = 71.227374757¢ = ?

A 7 7 z 2 ~ 2 7 A ¥ 1 .
e Theo hé thirc VIET ta c6 tich cta tat ca cac nghiém bang: P = z1.227374757¢ = £_ I =1. (taisao
a

lai la +€ ma khong phai: ~& thi tw ching ta phai hiéu).
a

a

2. Tinh tich s8: T = (z2 +1)(22 + 1)(22 + 1)z +1)(z2 +1)(z2 +1) =

zt+1 z+1 Z3+1 z +1 ZS+1 ze+1

e Bién dai biéu thirc T nhwsau: 7' =z, z,z,z,z, 26( )( )( )( )( )( )
6
1 1 1 1 1 1
e oT= (Zl +_)(Zz +_)(Z3 +_)(Z4 + _)(Zs +_)(Z6 +—) (2)
1 2 Z3 Z4 ZS 26

e Chung ta xtt li phwong trinh ddi xirng bang cach chia hai vé cia (1) cho z3, ta dworc:

e (® (z3+L3)+2016(22+L2)+2017(z+l)+2018=0
z z z

1
== -3

z
e bDbat: t:z+l—> ; thay vao phwong trinh trén ta dworc:
z 2 2
z +—2—l -2
z
o (£ =3t)+2016(t> —=2)+2017t+2018=0 — ¢’ +2016¢* +2017t—2014=0 (2)

e NEugoity, tz, tzlan lwot la 3 nghiém cta phwong trinh (2) thi ta cé: titotz = 2014.

s N A 1 1 . 1

e Goizivazslanluwotla hainghiémcuapt: z+—=1, >z +—=1 va z, +—=¢
z z V4
1 4

A Ta N A 1 1 X 1
e Goizzvazslanlwotla hainghiémciapt: z+—=t, 5>z, +—=t, va z,+—=¢
z z, z,

s N A 1 1 . 1

e Goizzvazelanlwotla hainghiémcuapt: z+—=t, 5>z, +—=t, va z,+—=¢,
z V4 V4
6 4

Thay vao biéu thitc T & (2), ta dwoc: T =ttt; =2014°
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Vi du 4.5.15. Cho phuwong trinh z* +20162° +2020z° + 2016z +1=0 cé 4 nghiém phan biét z1 , z2, z3
, Z4. Tinh gié tri clia biéu thite: T =(z] +1)(z; +1)(z; +1)(z; +1) ?
Vi du 4.5.16. Cho pt d6i xitng bac 6: z° +32° +11z* +142° +112° +3z+1=0 c6 cac nghiém Ian lwot la:

71,22, 23,74, 25, Z6. Tinh: T = (22 +1)(22 + (22 +1)(22 + 1)(22 +1)(z2 +1) =?
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4.6. Phwong trinh phirc dang da thirc véri cac hé so thwe: z + ap.1z™1 + ...+ a1z + ao = 0.

Tich chit co’ ban cia mét phwong trinh phirc dang da thirc véi cac hé s6 thwe: Mot
phwong trinh phirc dang da thirc véi cac hé sé thwc. Néu da c6 mot nghiém phirc (khong
thuén thuc) 1a: zo thi bao gi¢ né cling c6 mdt nghiém nira dang lién hop cia zo la: z_0 .

Chirng minh tinh chat nay rit dé dang nhw sau:

Xét phwong trinh phttc dang da thiee: 2" +a, 2" +...+az +a,=0 (1).

Véi cac hé s6 thuc: ay, az, ..., an-1.

Goi mot nghiém phirc clia phwong trinh (1) 1a zo . Khi d6 ta c6:

zZi+a, z0 +.taz,+a,=0

L4y lién hop hai vé& dang thirc trén ta dwoc:

—n —n-1

Z '+ tazy+ta, =0z, +a,z, +..+az,+a,=0

n n—1 _ n
zy+a, zy +..taz,+a,=0z;+a

n-1
Chirng t6 rang phwong trinh ciing ¢4 nghiém: z_0

Hé qua quan trong doi véri mot phwong trinh bac 2 hé sé thwec:

Cho phwong trinh bic hai hé s6 thuc: z2 + az + b = 0, véi a va b 1a hai hé s6 thwe. Khi dé
phuwong trinh néu c6 nghiém phirc thi phai cé ca hai nghiém phitc, va hai nghiém phirc nay

phai la lién hop ctia nhau.

Ttc la phwong trinh c6 hai nghiém phttc: z,z, saocho: z, = Z >z Hz, Hz]= \/g b

Ching ta 4p dung tinh chat nay dé xtr li mot s6 bai todn cho linh hoat va toc d6 sau day.

Bai toan 4.6.1. Cho phwong trinh phirc bic 2 hé sé thwc: z2 + az + b = 0. Biét phwong trinh ¢c6 mot

nghiém phirc: z = 1 + 3i. Héi a, b bang bao nhiéu?

& Giai:
Cach 1: Thay nghiém z =1 + 3i vao phwong trinh réi timraavab.

Thay nghiém vao phwong trinh ta duoc:

_)
3a+6=0 b=10

Cach 2: Phuong trinh c6 nghiém z = 1 + 3i, suy ra n6 c6 nghiém phic lién hop: z' =1 - 3i.

o ) ) a+b-8=0 a=-2
(143" +a(1+3))+b=0(a+b-8)+i(3a+6)=0—>

Ap dung hé thitc VIET cho phwong trinh bac hai, ta cé:
z+z'=—a=1+3i+1-3i a=-2
%
zz'=b=(1+3)(1-3))=10 |b=10
Ghi nhé: Cdch 2 tuy c6 thé méi mé va khé hiéu hon cdch 1 tuy nhién né cé thé trng dung dwoc

nhitng bai todn khé hon, ndng cao hon, toan dién hon.
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Vi du 4.6.2. Cho phwong trinh phirc bac 2 hé sé thuc: z2 + az + b = 0. Biét phwong trinh c6 mot
nghiém: z = 7 + 8i. Héi a, b bang bao nhiéu?
Vi du 4.6.3. Cho phuwong trinh phirc bac hai véi cac hé so a, b thyc: z2 + az + b = 0. Biét phwong trinh

c6 mot nghiém phirc: z = 2 + 5i. Hoi cAc gia tri clia a, b bang bao nhiéu?

Bai toan 4.6.4. Cho phwong trinh béc hai vdi cac hé sé a, b thwe: z2 + 2az + b2 + 3b = 0. Biét phwong

trinh c6 mot nghiém phirc khéng thuin thwe théa man: |z1| = 2. Gi4 tri cia b bang bao nhiéu? Diéu

kién cuia hé sd a khi d6 nhw thé nao?

& Giai:
e Vi phwong trinh da c6 mot nghiém phirc z1 nén né cling c6 mét nghiém phirc z; nita la lién
hop chia z1 va tit nhién ciing c6 : |zz2| = |z1] = 2.
e Theo hé thirc VIET cho phwong trinh bac 2, ta c6: z1z2 = b2 + 3b
e Lay md dun hai vé ta dwoc: |z1z2| = |b? + 3b| < |z1]. |z2| = |b% + 3b| =4
b*>+3b+4=0 (VN)

b=1
b=—4

b* +3b=—-4

e Suyra: xd P
b’ +3b=4 b*+3b-4=0—>

e Phuong trinh bac hai tré thanh: z° +2az+4=0 (1)
e DE& phwong trinh c6 nghiém phirc thi: A, <0 a’-4< 0> -2<a<2

e Ghi nhé: Chiing ta phdi dé€ y ki téi diéu kién ciia mét phwong trinh bdc hai dé né cé nghiém
phirc. Néu chiing ta chi dp dung hé thirc VIET luén thi rdt ré sai ldm va khéng triét dé.
Vi du 4.6.5. Cho phuwong trinh bic hai hé s6 thwc: z2 + az + b2 - 6b = 0. Biét phwong trinh c6 mét
nghiém phtrc khéng thuin thuwc z1 c6 mo dun |z1| = 3. Hay xac dinh gia tri cia b va diéu kién cta a.
Vi du 4.6.6. Cho phwong trinh bic hai hé so6 thwc: z2 + 2az + a2 - a - 2 = 0. Biét phwong trinh c6 mét

nghiém phtrc khéng thuin thwc z1 c6 mo dun |z1| = 2. Hay xac dinh gia tri cda a.

Bai toan 4.6.7. Cho phwong trinh phirc bic 2 hé sé thuc: z2 + az + b = 0. Biét phwong trinh ¢6 hai

nghiém phtrc 1a (w + 5i - 4) va (3w - i + 1). Hay tim s6 phirc w?

& Giai:
e Phuwong trinh bic hai hé s6 thwc néu c6 hai nghiém phirc thi ching la lién hop ctia nhau, nén
ta c6 thé suy ra dwoc két qua:
o 3w—itl=w+5i-4=w -5i-43w-w =—4i—5

e Goiw = a +ib, thay vao phwong trinh trén ta duoc:

5
o 3(a+ib)-(a-ib)=-4i-5% 2a+4ib=-4i-5 " _§—>w:—%—i
b=-1
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Vi du 4.6.8. Cho phwong trinh bic 2 hé sé thwc: z2 + az + b = 0. C6 hai nghiém phirc lan lwot 1a (2w -

8i+ 1) va (3w - 3 +1i). Tim s6 phirc w ?

Vi du 4.6.9. Cho phwong trinh bic 2 hé sé thwc: z2 + az + b = 0. C6 hai nghiém phirc lan lwot 1a (2w -

4i) va (5w - 12 + 3i). Tim tich s6 phan thwc va phan do cia s6 phirc w ?

Bai toan 4.6.10. Cho phwong trinh bac ba hé s6 a, b, c thuc: z3 + az2 + bz + ¢ = 0. Biét phwong trinh

c6 mot nghiém thwc z1 = 3 va mot nghiém phirc z; = 2 - i. Hay xac dinh cAchéséa, b, c?

& Giai:
e Cach 1: Ta c6 thé thay hai nghiém z1 va z2 vao phwong trinh bac ba da cho sau dé suy ra
duoc cac phwong trinh (hé 3 phwong trinh bic nhdt3 4n a, b, ¢)

e V0iz; =3, thay vao phwong trinh: 27 +9a+3b+c=0 (1)
e V0izy=2-1i,thay vao phwong trinh varat gon: (2-i)3+a(2-1)2+b(2-i)+c=0
o &»2-11li+a(3-4i)+b(2-i)+c=0(3a+2b+c+2)+i(-4a-b-11)=0
o {3a+2b+c+2:0 (2)

—4a-b-11=0 (3)
e Giai hé phwong trinh (1), (2), (3) tadwoc: a=-7;b=17;c=-15
e Cach 2: Phuwong trinh c6 cac hé sé thwc nén néu c6 mot nghiém phirc sé ton tai mot nghiém

phtrc 1én hop ntra: z3 = Z3=Z=2—i=2+i

e Ap dung hé thitc VIET cho phwong trinh bac 3 ta c6:
B . .
zZ,+z,+z, =—z=—a=3+2—l+2+l=7—)a=—7

o zz,+2,z,+2,2 zgzb:3.(2—i)+(2—i)(2+i)+(2+i).3:17—)b:17

Z,.25.25 =—§=—C=3.(2—i)(2+i)=15 —>c=-15

e Viaya=-5b=9, c=-5.

Bai toan 4.6.11. Cho phuwong trinh bac bén hé s6 a, b, ¢, d thwc: z* + az3 + bz2 + cz + d = 0. Biét

phwong trinh c6 hai nghiém phitrc z1 = 1 -ivazz =3 + 2i. Hiy xac dinh cichés6:a,b,c,d?

& Giai:
e Cach 1: Ta c6 thé thay hai nghiém z1 va z vao phwong trinh bic bon da cho sau do6 suy ra
dwoc hé phwong trinh bAcnhit4 4na, b, ¢, d.

e V¢&inghiémzi=1-1i,thayvaotaduwoc: (1-i)*+a(l-i)3+b(1-i)2+c(1-i)+d=0
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|

o & -4+a(-2-21))+b(-2i)+c(l-i)+d=0<(-2a+c+d-4)+i(-2a-2b-¢)=0

—2a+c+d-4=0 (1)
e Suyra:
—2a-2b-c=0 (2)
e Vé&inghiém z; = 3 + 2i, thay vao ta dwoc: (3 + 2i)*+a(3 + 2i)3+b(3 +2i)2+c(3+2i)+d=0
o & (-119+120i)+a(-9 +46i) +b(5+12i)+c(3+2i)+d=0
o & (-9a+5b+3c+d-119)+i(46a+12b+2c+120)=0
g —9a+5b+3c+d-119=0 (3)
uy ra:
Y 46a+12b+2c+120=0 (4)
e Giai hé phuong trinh (1), (2), (3), (4) ta dwoc: a =—8;b=27;c=-38;d =26.
e Nhén xét: Kha dai va thu dong trong viéc giai hé phwong trinh bic nhit 4 4n 4 phwong trinh.
e Cach 2: Ap dung tinh chit phwong trinh phitc dang da thitc hé sé thuc ta c6 cac cip nghiém
lién hop tir gid thiétla:z1=1-1i,z3=1+1,22=3 +2i,z4=3 - 2i.

e Ap dung hé thitc VIET cho phwong trinh bic 4, ta c6:
z+z,+z,+z, =—§=—a=(1—i)+(1+i)+(3+2i)+(3—2i)=8—>a=—8
C
2,2y + 223+ 2,2, + 2,2, + 2,2, + 2,2, = b=27

D
2,252y + 22,2, + 2,2,2, + 2,2,2, = — =—c=38—>c=-38

22,232, = % =d =26

e Nhan xét: Cach lam thr hai chi cAn nh& hé thirc VIET va bAm CASIO truc tiép sé ra dap an.
Vi du 4.6.12. Cho phwong trinh bic 4 hé s6 thwc: z* + az3 + bz2 + cz + d = 0. Biét phwong trinh ¢6 hai
nghiém 1a: z; = 1 + 2i vazz =2 + 3i. Hdi a, b, ¢, d bang bao nhiéu?
Vi du 4.6.13. Cho phuwong trinh bic 4 hé so thwc: z4 + az3 + bz2 + cz + d = 0. Biét phwong trinh c6 hai
nghiém1a: z1 =2 +1i vazz =3 +i. Hdi a, b, ¢, d bang bao nhiéu?
Vi du 4.6.14. Cho phuwong trinh bic 4 hé s6 thwc: z* + az3 + bz2 + cz + d = 0. C6 3 nghiém phirc l4n
lwot la: (w +1), (2w + 3i), (3w - 2i + 2). Hdi nghiém con lai va cac hé s6 a, b, ¢, d bang bao nhiéu?
Vi du 4.6.15. Cho phuwong trinh bic 4 hé s6 thwc: z* + az3 + bz2 + cz + d = 0. C6 3 nghiém phirc l4n

lwotla: (w+ 2i), (w+i+1), (2w - 2i + 1). Hi nghiém con lai va cac hé sd a, b, ¢, d bang bao nhiéu?

Bai toan 4.6.16. Cho so phtrc z khong thuan thwc théa man: w = - la s6 thuc. Trong dé m la s6

1+z

thwc khac 0. Hay xac dinh |z] ?

 Giai:
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e Cach 1: S dung tinh chat ctia phwong trinh phirc dang da thirc c6 cac hé so thuc

e Tirgiathiét: w= 2Z2<—>22+1=£Z(—>22—£Z+1:O (D)
I+z w w

e Phuwong trinh (1) chinh la phwong trinh bic hai hé s6 thwc, c6 nghiém z khong thuin thuc tirc

1a sé& c6 cap nghiém phirc lién hop: z,,z, Véi: z, =z, -| z, |7 z, |=| z |
Al , C
e Theo hé thirc VIET, ta c6: z,z, = = 1 zz, F1z, =z, =1 z[=1z]=1
e Cach 2: Str dung tinh ch4t lién hop ctia mot s6 phirc thuin thwe bang chinh né:

e (COsb: w= thuin thuec, suy ra:

1422

— 2 2 2.z —. = - —
° W=w 22:( Zz)= Z—(—)Z(1+22)=Z(1+Zz)(—)Z+|Z|2.Z=Z+|Z|2.Z
1+z 1+z 1+ z2

e & (z—z)1-|zP)=0—|z=1-z]=1 (VizKkhong thuin thucléntacé: (z— z)#0)

e Ghi nhé: Néu st dung cdch 1 cé thé téng qudt héa dwoc két qud: Cho sé phirc z khdng thudn

thwc théa mdn: w = 2 la mét sé thuc, khi dé suy ra dwoc: |z| = R. Véi R la hdng sé thuc
+z

dwong va m la mét hdang sé thuec.

Vi du 4.6.17. Cho s6 phirc z khong thuin thwc théa min: w = la s6 thuc. Trong d6 m 1a s6

2

9+z

thwc khac 0. Hay xac dinh gia tri cta biéu thic: P = Az ?
3+2|z]
} P A . s l+z+2° o s oA

Vi du 4.6.18. Cho so0 phtrc z khong thuan thuc théa man: w = P la s6 thwc. Trong d6 m la so

—z+z
thwc khac 0. Hay xac dinh gia tri cta biéu thic: P = % ?

+4|z
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4.7. Xt li m6 dun trong cac phwong trinh phirc:

Bai toan 4.7.1. Cho z; va z; 1an lwot 13 hai nghiém ctia phwong trinh: z> —2iz+3i+2=0. Gia tri cla

|z, —i]* +|z, -1’ bangbao nhiéu?

A. 632 . B. /18 . C.13. D. 6.

& Giai:

e Phan tich: Néu ma cir gidi phwong trinh ra roi lam binh thudng bang cach thay nghiém vao
ma bam may ra thi khé va lau...Dic biét 1a CASIO khdng c6 hd trg gidi phwong trinh hé s6
phtrc. Nhu vy, ta liét ké bai toan nay vao dang bai toan xtr li mé dun. (thay tw dat tén)

¢ Tu phuwong trinh da cho phan tich thong minh:

o 2 -2iz+3i+2=0(z-i) =-3i-3

o Nhuvay: |z —if=|(z,—i)* |5 -3i—3|=3v2 , twong tw: | z, —i ’=| (z, —i)* |5 -3i —3]= 332

o Viaykétquala: |z, —il’ +|z,—i[*=6+2.Vay chon dap 4n A.

e Ghinhé: Khi dan giai thi dai, nhwng bt tay vao 1am sé rat nhanh theo 16i tw duy nay.

Vi du 4.7.2. Cho z1 va z 13 hai nghiém cta phwong trinh phitc: z* —6iz+3i—7 = 0. Hay tinh gia tri

cta biéu thiee: A=z, -3i[ +|z, -3i[

Bai toan 4.7.3. Cho z1 va z2 1a hai nghiém clia phwong trinh phitc: z> —(3i+2)z +1=0. Hay tinh gia

P , 1 1
tri clia biéu thiee: 4=z, +— +|z,+— ?
Z] Z2

& Giai:
e Vanlabai todn xtr Ii mé dun.
e Tirphuongtrinhtasuyra: z2—(3i+2)z+1=0 —)z—(3z‘+2)+é=0—>z+é= (3i+2)
e Viytacod: 4=z +Zil|2 +|z, +%|2:| 3i42F +|3i+2[=26.
Vi du 4.7.4. Cho z1 va z2 1a hai nghiém ctia phwong trinh phttc: z° +(3i +4)z+2 =0. Hay tinh gia tri

r v . 2 2
cia biéu thirc: A=|z, +— +|z, +—| ?
Z z,

Bai toan 4.7.5. Cho s6 phtrc: z = # . Hay tinh gia tri clia: 4=(z +l) +(2° +L2)2 +(z° +i3)3
z z z

& Giai:

e DAy la bai todn x li m6 dun ngwoc. Tir gia tri cia s6 phirc:
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_—1+i\/§
2

S QRz+)=iV3 o Qz+41)> =(\3) © 42 +4z+4=0 2> +2z+1=0

< gz 1 1 . cvene 21 1, 5

e Twdosuyra: z+1+—=0—>z+—=-1.Changtadabiét: z”+—=(z+—-)" -2=(-1)"-2=-1
z z z z

o Z3+i3=(2+l)3—3.Z.l(Z+l)=(Z+l)3—3(2-1-1):(—1)3—3.(—1):2
z z z z z z

[ 24—|—i4:(22+i2)2—2=(—1)2—2:_1
V4 z

e Thay vao biéu thirc A ta dwoc: 4= (z+—)+(z = ) +(2° +—) =—1+(-1)’+(2)’ =8
Z

Bai toan 4.7.6. Cho s6 phtrc: z = # . Hay tinh gi4 tri ctia: 4 =(z* +%)2°16 ?
& Giai:
e Tuwong tw bai toan trén, ta c6 thé suy ra tir nghiém: z= # ..oz +l =-1
z
. 1 y
e Bay gio ta di chtitng minh: P, = z° +—=-1 v&imoi gia trinla sé tw nhién:n=0, 1, 2, ...
z
. L . 1 1 ,
e Phuong phap quynap: Véin=0,tacé: F, = =2 +—=-1 (ding)
z z
e Gia st dang thirc ding dénn =k, ticlatacé: P, = ? 12k =-1 (D
z

, k+1 1

e Tadichirng minh né diing dén n =k +1, tirc 1a phai chirng minh: P, =z" + =1 (2)
z

° (1) & E{z = (—1)2 = 1 = (ZZk +%)2 = (sz )2 +(%)2 +2 = sz+l + 21,(“ +2 —> Bc+l = sz+l + 21k+] = —1

z z z z

e Vaysuyra: 4=(z% +%)2016 =-1
z

Vi du 4.7.7. Cho s6 phtrc: z =

1+i\/§
2

. Hay tinh gia tri cha: 4=(z’ + ) +(2+ )3+(Z4+i4)4 ?
Z z

1+iN7 16.,
2

Vi du 4.7.8. Cho so phtrc: z = . Hay tinh gia tri clia: 4 = (2’ + ) +(2+ ) +(t+— )
Z Z

Bai toan 4.7.9. Cho z théa min phwong trinh phirc: (1+2i)z” + (Bi+4)z =0. Hay xac dinh mo dun

cda sO phitc z, tirc 1a di tinh: |z| = ?

& Giai:

e Nhin xét: Day 1a phuwong trinh phtec chita hai bién (z ; z) néu ching ta lam theo phwong
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phép chung nhw 1a goi: z = x + iy roi thay vao phwong trinh va bién déi tim ra cac gia tri thuc
cta x va y thi kho khan va mit thoi gian. Chung ta lai sit dung bai todn M6 dun dé 13y t6c do
va si don gidn trong trac nghiém nhuw sau:

o (142022 +@Bi+4)z =0 (1+2)2> =-Gi+4)z

e Téi day ta 14y md dun hai v& va st dung cac tinh cht cia md dun: |z |5z | va |z" |5z [":

o (142022 [H—Gi+4)z |[>[1+2i|.|z[P=3i+4|.|z |> 5| z[=5.|z ||z ]=+/5

e Ghinhé: Téngquat: Az" =Bz —|A|.|z|"=|B|.|z |'>|z[""= % 5| z|=mp %
Vi du 4.7.10. Cho z thda man phwong trinh phirc: (1+2i)z° —(3i +4); =0. Hay xac dinh m6 dun cta

s6 phirczla: |z| =?

Vi du 4.7.11. Cho z 12 s§ phtkc théa min ddng thoi hai phwong trinh phtee: (1+)z +(5+3i)z =0 va

(m+i)z-2+3i= il Trong d6 m 1a tham s8 thwc. Gia tri cia m bang bao nhiéu?

215

Bai toan 4.7.12. Cho z théa man phuwong trinh phitc: 3+1)|z|= +3i—1. Hay xac dinh m6 dun

cda sO phitc z, tirc 1a di tinh: |z| = ?

& Giai:

DAy van 1a dang bai toan xt lf mé6 dun.

215 . 25

Taco: B+i)|zF——+3i-1eB+i)|z|+1-3i=
z

J— 2415

e Dén day taldy mo dun hai vé: |(3+i)|z|+1-3i|= |—|<—>|(3+ )| z|+1-3i|=—— 2 (1)
z
e Ditanphuchodénhin: r=zeR , >0 ,thay vao (1) ta dwoc:
215 2,15 J— 60

. |(3+i)t+1—3i|—— S| Gt+1)+it - 3)|—— oG+ +(1-3) = <107 +10=—

t* = =3(Loai)

. <—>t2+1:£2<—>t4+t2—6:0<—>
t F=2-1=z]=\2

Vi du 4.7.13. Cho z théa man phwong trinh phtrc: (2+3i)|z |:%+3i—2. Hay xac dinh mo dun cta
s6 phirc z, tirc 1a di tinh: |z| =?
Vi du 4.7.14. Cho z théa man phwong trinh phttc: 3+4i)|z|= 3z +2i—1. Hay xac dinh m6 dun cua
s6 phirc z, tirc 1a di tinh: |z| = ?
Vi du 4.7.15. Cho z théa man phwong trinh phic: (1+2i)|z|=4(z—i)+2i—3. Hay xac dinh mo6 dun

cda soO phitc z, tirc 1a di tinh: |z| = ?
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Bai toan 4.7.16. Cho phwong trinh phitc: z° —5z+6i=0. Goi z1 va z2 1an lwot 1a hai nghiém phtc

A w1 s . s r e 6 6
khong thuan do cua phwong trinh. Hay xac dinh gia tri cia: P=|z, ——|+|z,——| ?
y4

1 Z,

& Giai:
e Nhéin thiy phwong trinh c6 nghiém: z = i, ta phan tich:

z=1I
o 2 -5z46i=06(z=i)(Z*+iz—6)=0 , .
z'+iz—6=0

e Chung ta khong quan tAm t&i nghiém phirc thuin 4o: z = i, nén chi xét t&i phwong trinh:

. 22+iz—6:O<—>Z—§=—i—>|Zl—£|:|—i|=1;|22—£|:|—i|:1
z zZ zZ,
e Suyra: P:|zl—£|+|zz—£|:2
Z Z

Vi du 4.7.17. Cho phuwong trinh phitc: z° +7z—6i = 0. Goi z1 va z2 Ian lwot 12 hai nghiém phitc khong
Y 2 9 \ ~ 7 . . . 9 6 6
thuan do cua phwong trinh. Hay xac dinh gid tri cta: P=|z, +—|+|z, +—]| ?
Zl 22
Vi du 4.7.18. Cho phwong trinh phitc: z° +iz* +7z—i=0. Goi z1 va zz 1an lwot 13 hai nghiém phirc

Py Y 2 2 3\ ~ 7 = =7 = 7 1 1
khong thuan ao ciia phwong trinh. Hay xac dinh gia tri caa: P=|z, +—|+|z, +—| ?

Z Z

Bai toan 4.7.19. Cho hai s6 phirc z va w thoa man cac diéu kién: z,z + wkhacOva z+ 2w #0 ;

11 \ A . Xy
saocho: —+ = va |w| = 1. Hay tim mo dun cua s6 phtrc z: |z| =7
Z Z+W  Z+2W

 Giai:

o Tacé:l+ ! = ! S (Z+W)Z+2W)+2(z+2W) =2(z+W) & Z° +4wz+ 2w =0 (1)
Z Z+W zZ+2w

-2-\2
=242

e Dayla phuong trinh dang cip: — (3)2 142 42=0>
w w

£|N 2N

= HzH-2-v2 242
w
|=HzlH-2+V22-42
w

e Twdobsuyra:
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Bai toan 4.7.20. Cho hai s6 phirc z va w théa man cac diéu kién: z, wkhacOva z + 3w #0 ; sao

1 1 1 . N A v X 1
cho: —+—= va |w| = 2. Hay tim m6 dun cua s6 phtc z: |z| =7
zZ W Z+3w

 Giai:

o Tacé:l+i= ! S W(z+3W) +z(z+3w)=zw &> 22 +3wz+ 3w’ =0 (1)

Z W Z+3w
z _3,,%
2

e Dayla phuong trinh dang c4p: —>(§)2+3é +3=0—> " St

=|—§ii£|—>%:x/§—>lz|=2\/§

~ A A . N~ Z
e Dén day ta mon dun hai vé sé dwoc: | —|
W 2 2
Vi du 4.7.21. Cho hai s6 phirc z va w théa min cac diéu kién: z, z +w, z+ 4w #0 ; sao cho :

1 1 l N ~ z A 2 ~ 7
—+ = va |w| = 4. Hay tinh m6 dun cua so0 phtrc z: |z| =?
z z+w z+4w

1

Vi du 4.7.22. Cho hai s0 phirc z va w khac khéng sao cho : l+—:
Z W Z+W

va |w| = 3. Hay tinh mo

dun cuta s phtc z: |z| =?
1

Vi du 4.7.23. Cho hai s phirc z va w khac khong sao cho : l+— =
zZ W

va |w| = |z| + 1. Hay tinh

md dun cua so phic z: |z| =?
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V. BAT PANG THUC PAI SO TRONG SO PHU'C:

5.1. B4t dang thirc tam giac dang dai sé - Bai toan s phirc dong dang:
e Cho hai s0 phtrc: z1 va zz, ta luén c6 BDT tam giac: |z, |+]|z,| 2|z +z, |

e Chung ta c6 thé ghi nhé: Téng mé dun Ién hon hodc bdng mé dun téng.

“_n

e DAiu xdy ra & z, =k.z,. Trong d6 hé s6 thyc k khong &m: ke R ; k>0. Con goi trwong

w_n

hop xay ra ddu “=" nay la trueong hop: s6 phirc z1 dong dang dwong so vi sO phike zo.
e Taciling c6é BDT tam giac: |z, —z, | 2|z |- |z, |

e Chung ta c6 thé ghi nhé: M6 dun hiéu 16m hon hodc bdng hiéu mé dun.

“_n

e DAiu“="xdyra < z =k.z,. Trong d6 hé s6 thwc k théa man: ke R ; k>1. Con goi trwong hop

“_n

xay ra diu nay la treong hop: sé phirc z1 dong dang to so v&i s6 phirc z;.

“_n

e Ap dung cho nhiéu sé phitc: |z, |+|z, | +..+|z, | > |z +z, +...+z,|. Ddu xay ra khi va chi

khi cac s6 phirc dong dang: z, =k,z, ;z, =k,z, ; ...;z, =k, z, ; v&i cac s thuc: k,,k,,....k, >0.

Bai toan 5.1.1. Biét rang s6 phirc z théa man: |z + 3i| = |z| + 3 vacé |z - 1| = 2. Hay tim z?

& Giai:
e Theo bit dang thirc tam gidc c6: |z +3i|<| z | +|3i|= z| +3 .
e Baitoan cho diu “=" xay ra nén suy ngay ra: z = k.(3/) =3ki , trong d6 kla s6 thwc: £>0.
e VAy s0 phirc z 1a s6 thuin 4o va c6 phan do khong am.

e Diém biéu dién s6 phirc z 12 nira truc 4o dwong ké ca goc O.

Bai toan 5.1.2. Biét rang s6 phirc z théa mian: |z - 2i| = |z| -2 vathéamin |z + 3| =5. Héiz="?

& Giai:
e Theo bit dang thirc tam gidc c6: |z —2i| >|z| —|2i|=|z|-2 .
e Baitoan cho diu “=” xayra, néntasuyra: z=k.(-2i) =—-2ki .Trong dé kla sé thwc: k>1.
e Talaicé: |z+3] —2ki+3|=[4k> +9 =5 >k =2z =—4.
Vi du 5.1.3. Biét rang s phitc z théa man: |z + 3 - 4i| = |z| + 5vathéaman |z + 1| =4.Héiz="?

Vi du 5.1.4. Biét rang s6 phitrc z théa min: |z + 1 + 3i| = |z| + J10 va théa man |z| =3.Hdéiz=?

Vi du 5.1.5. Biét rang s phitc z théa man: |z - (3 + 2i)| = |z |—\/B vathéa mian |z| = 3. Hoiz=?

Bai toan 5.1.6. Chirng minh rang biéu thicc: P=|z—2i+3|+|z+2i| > 5.Khi d4u “=" xay ra hiay tim

J13

z,biétrang: |z| = =

& Giai:
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o Tacod: P=z—-2i+3|+|z+2i|=z-2i+3|+|-2z-2i|>2|z-2i+3+(—z—-2i)|=|3-4i|=5
e Khidau “=" xay ra, ta co:
-3+2i(1-k)

o z-2i+3=k(-z-2i) ; k>0 .Suyra: Z:T.Thayvéo gia thiét: |z| = 26, ta dwoc:
+

o |z|2H20=R) |:*/;)—3 O =9+ 6i(1—k) [=V13.| 1+ [<> /9 +36(1— k) =13.(1+k)

1+k

k=2—)z=—1—£
3

o & 117-72k+36k” =13(1+k)* <> 23k —98k +104 =0 —

L 52 23 58i

==z
23 25 75

Bai toan 5.1.7. Cho s6 phirc z thdéa min: |z - 2| = |z +i - 1| va dong thoi: P = |z - 2i| + |z + 1| dat gid

tri nho nhit. Tim s6 phirc z ?

& Giai:
e Ap dung bit ddng thirc tam giac:

o Pz=2i|+|z+1|H2i—z|+|z 41 2i—z+z+1|=1+2i|=5

e DAiu “=" xay ra < hai s6 phirc dong dang: z+1=k(2i—z) >z = _i+ikl (k > 0). Ta thé vao
+
diu kién da cho: |_1+2k1—2|=|_1+2kl+i—1|(—)| —14+2ki-2-2k o —1+2kz+z+kz—1—k|
+k 1+k 1+k I+k

o | 3-2k+2kile|2—k+QCk+1)il>(2k+3) +4k> =(k+2) +CBk+1)’ ok’ —k-2=0
k =—1(loai)

°* >
k=2(TM)

e Véik=2,suyraso phtc z= —1+ 2k = —1+2.2i :—l+il'
1+k 1+2 3 3

e Viy gia tri nho nhit ctia P = Pmin = J5 khiz= —%+§i

e Ghi nhé: C6 nhiéu bai todn, néu ddnh gid nhanh bdang bdt ddng thirc tam gidc sé dworc gid tri
nhé nhdt Pmin . Thé nhwng néu s phirc z bi rang budc thém béi mét hodc nhiéu diéu kién khdc

thi chiing ta phdi xét t&i diéu kién xdy ra ddu “=" ctia bdt dang thirc tam gidc. Rdt cé thé khong

ton tai s6 phitc z d€ ddu bdng ctia bdt ddng thikc xdy ra.

2

Vidu 5.1.8. Cho bit: |z—-3+i| +|z+2—i|=~/29 va |z| = 5

Vidu 5.1.9. Cho biét: | z—1+2i| — | z+2-2i|=5 va |z| = v/61.

Vi du 5.1.10. Cho s6 phirc z thda man: |z -i| = |z + 2|. Timz dé biéu thtc: P=|z+ 1 -i| + |z -i - 2|
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dat gia tri nho nhit? Tim gia tri nhé nhat: Pmin d6 ?
Vi du 5.1.11. Cho s6 phirc z théa min: |z - 3i| = 4. Tim z dé€ biéu thirc: P=| z + 2 - i| + |z - 3i| dat gid

tri nho nhit? Tim gia tri nhé nhat: Pmin 46 ?

Bai toan 5.1.12. Cho biét s& phirc z thda man dong thori: |z|=2 va | 2> +z = 6. Hiy timz = ?

& Giai:

e DAy la bai toan dang bat diing thirc tam gidc. Ta nhan thdy: |z> |=4 va |z |5z |=2.
e Ap dung bat ding thitc tam giac nhw sau:
o |24z <2 |+]|z|=4+2=6.
e Baitoan cho ddu “=" xdy ranén: z* = kz ,vbisd thwec £>0.
o Dén day ta c6 thé 1Ay modun hai vé ta dwoc: |22 |H k.z ||z P=k|z|o|z|=k=2
e Suyra:z’=2z <> z'z=2zz=2|z=22"=8¢27-8=0

z=2

z=—1+i3

& (z=-2)(2*+2z+4) =0

Bai toan 5.1.13. Cho biét s& phitc z thoa man dong thoi: |z|=2 va |z’ +z |=2. Hiytimz = ?

& Giai:

e DAy la bai toan dang bat dfing thirc tam gidc. Ta nhan thdy: |22 |=4 va |-z |5 z|=2.

e Ap dung bit ddng thitc tam giac nhu sau:

o |Z4zHZ—(-z)RZ|-|-z|=4-2=2.

e Baitoan cho ddu “=” xdy ranén: z° = k.(—z ) v&is6thue: k>1.

o Mo dun haivéta dwoc: |22 |1 k(=2 )=k |z || z|=k =2

e Viytactd: z22=-2z <>z =22z =-2.|z =82 +8=0c (z+2)(z°=2z+4)=0

e Gidi phuwong trinh nay ra ta dwoc ba nghiém: z=-2;z=1+ J3.
Vi du 5.1.14. Cho biét s phtrc z théa man dong thoi: |z|=2 va |2z° +z |=10. Hiy timz = ?
Vi du 5.1.15. Cho biét s§ phtrc z théa man dong thoi: | z|=3 va |22 -2z |=15. Hiy tim z = ?
Vi du 5.1.16. Cho biét s8 phitc z théa man dong thoi: | z|=4 va | 22> -3z |=20. Hay tim z = ?
Vidu 5.1.17. Chitng minh rang: |z, +z, —z, |+ |z, —z, + z, | +| -z, + 2, + 2, |>] z, + 2, + Z, |

Vidu 5.1.18. Chitng minh rang: |z, + z, |+| 2, + 2, |+ |z, + 2, |<] 2, |+ 2z, | +| 2 | +]| 2z, + 2, + 2, |

Bai toan 5.1.19. (TL) Cho z théa mén: 3|z +i|+5|z—i|=12. Hay tim gia tri l&n nhit cta |z| ?

& Giai:
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e Apdung BDT tam gidcta co: 3(|z+i|+|z—i|)23|z+i+z—i|=6]z] (D
o Va:|z—i|2|z|-lil=|z|-12]z—i|>2|z|-2 2)

o Suyra:12=3|z+i|+5z—i|=3(|z+i|+|z—i|)+2]|z—i[26|z[+2|z|-2=8|z| 2

° <:>|Z|SE=Z
8 4
e Diu“="xadyra < diu“="&¢ (1)va(2)cungxayra < { z+i=m(z—i) — 4 " 4
: 7 m=-——
|z|=k|il=k=— 3
4

Vay gia tri 1én nhat cha |z| 1a max | z |=% xay ra khi z = %

Vi du 5.1.20. (TL) Cho z théa méan: 4|z+i|+5|z—i|=14.Hay tim gia tri l&én nhit cua |z| ?
Vidu 5.1.21. (TL) Cho z théa man: 4|z —2i|+7|z+i|=20.Hay tim gia tri 1&én nhit caa |z| ?
Vidu 5.1.22. (TL) Cho z thda méan: 2| z+3i|+7|z—i|=12. Hay tim gia tri 1on nhat cta |z| ?

Vidu 5.1.23. (TL) Cho zthéaméan: 3|z—-2|+4|z—2+2i|=10. Hay tim GTLN cta |z—2+i| ?
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5.2. Bit dang thirc CO SI - Bt diang thirc BUNHIA van dung trong sé phirc:

e BDT CO SI cho hai s6 phttc: |z, |+]z, | > 2.z |.| 2z, szuﬁz |z,z,| .DA&u “=" xay ra

< |u| = |v|, tiec 12 khi d6 u va v 1a nhitng s6 phirc c6 diém biéu dién ndm trén cing mot
dwong tron tAm O c¢6 ban kinh R bat Ki.

|z |+|z, | +. 4]z, |

“_n

e Truwong hop nhiéu s6 phic, ta co: > 1/l z,z,..z, | . Dau Xay ra &

n
|z, |=]z,|...=| z, | , tic 1a khi moi s& phirc xuit hién trong BDT déu ndm trén ciing mot dwong
tron tAm O, ban kinh R bat ki.

“_n

e BDT Bunhia cho hai s8 phitc: (m|z, |+n|z, )’ <(m’+nr°)(|z ' +|z, ") . DAu “=” x4y ra khi va

. |z z
Chlkhl:le 2|.
m n

e BDT Bunhia tdng quat: (m, |z, |+m, |z, | +..+m |z, )’ <(m' +n5 +..+m )|z [ +|z, [ +.+|z,[)

“w_n

x . N -1 z z
e Dau “=" xay ra khi va chi khi: u:u:...:M

m,m, m

n

Mot s6 trueong hop dic biét cia hai BDT CO SI va BUNHI trong s6 phitc:

o
N

N
(3]

IA

7
L X4

2 2 2
|22, + 2,2, + 2,2 | S| 212, |+ | 2,25 [+ 232, | S 2, [+ 2z, [ +] 24|

X/
L X4

|22, + 232, | <] 22, | +] 232, | < \/(|Zl |2 +]z, |2)(|Zz |2 +] z, |2)

7
L X4

Hodc BDT trén c6 thé dwgc viétla: |au+bv| < \/(| al +|bP)(ul* +|v])

e Mot s6 bai toan cu thé van dung cac BDT CO SI va BDT BUNHIA:

Bai toan 5.2.1. Goi z1 va zz la hai nghiém ctia phwong trinh bac hai: z2 + az+ 6 - 81 = 0. Trong d6 a la
tham s6 thwc. Hay tim gia tri nho nhat cha biéu thirc: P = |z1] + |z2| ? Xac dinh gia tri cta a khi biéu

thirc P dat gia tri nhé nhat?

& Giai:

e Ap dung hé thitc VIET, ta cé: z,z, =3+4i

o ApdungBBT COSLtaco: P=|z |+|z |22z ||z | =222 | = 246 -8i| =210
~ “_n 2 P
e Diu‘“= xayra¢>|zll=|zz|=5=\/ﬁ

e TheohéthicVIET,tacé: z,+z,=—a€R >z, =x,+iy; z, =X, =1y
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e Dua vao diéu kién bén trén, hai mé dun bang nhau: |z1| = |z2| , ta suy ra:
a a’
2 . .
X, =x,=———>z.2,=—+Yy #6—-8i (loai
. \/x12+y2:\/x22+y2<—>x12:x22—> S B Y (loai)
X ==X, >x+x,=—a=0—>a=0

o Vay dé P dat gia tri nhé nhit: P, =210 thi: a=0

e Nhan xét: Thwong thi diéu kién dé mot biéu thirc dat GTLN (hodc GTNN) sé khéng dwoc quan

tdm nhiéu, da sé la chii trong phwong phdp di tim gid tri cwc tri ctia mét biéu thirc phirc.

Bai toan 5.2.2. Goi z1 va z; la hai nghiém cta phwong trinh bac hai: z2 + az + 3 + 4i = 0. Trong dé a la

tham s6 thwc. Hiy tim gia tri nh6 nhit cda biéu thirc: P = 2|z1| + 3|z2| ?

& Giai:

e Ap dung hé thitc VIET, ta cé: z,z, =3+4i

o ApdungBDPT COSItaco: P=2|z [+3|z,|222|z ]3|z | =2./6] 2z, | = 2./6.]3+4i| =24/30
P V30 J30

e Diu“="xdyra & 2|zl|:3|22|=52x/%—>|zl|:%;|zz|:T

e Vay gi4 tri nhé nhat cta biéu thirc P 1a: Pomin = 24/30.

Bai toan 5.2.3. Goi z1, 72, z3 1a ba nghiém cia phwong trinh bac ba: z3 + az2 + bz + 8i = 0. Hay tim gia

tri nhé nhit cta biéu thirc: P = 2|z1| + 4|z2| + |23 ?

 Giai:
D

e Ap dung hé thitc VIET, ta cé: z,z,z, = " —8i

o ApdungBDTCOSItacs: P=2|z |+ 4|z, | +|z|2332]z 4]z, ||z | =38]-8i| =12

e Diu“="xadyra 2|ZI|=4|22|=|Z3|=§=%=4—)|Zl|=2;|ZZ|=1

e Viy gia tri nho nhit cua biéu thirc P 1a: Pmin = 12.

Vi du 5.2.4. Cho z1 va z2 1a nghiém cda phwong trinh: z2 + az - 4 + 6i = 0. Hay tim gia tri nho nhat
cta cac biéu thirc sau:

1. P=|z1| +|z2| .

2.Q =2|z1| + 3|z2|.

3. R=2|z%|+3z,z,

4. T =2z |+|(3—-4i)z, |
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Vi du 5.2.5. Cho z1, 72, z3 la ba nghiém ctia phwong trinh bac 3: z3 + az2 + bz + 2 + 2i = 0. Hay xac
dinh gia tri nhoé nhat cla cic biéu thirc:

1. Pz |+ z, [+] z4 |

2. P=2|z |+4]|z,|+3]| z |

3. P=|(1+0)z |+|4z, |+| 2iz, |

Vi du 5.2.6. Cho z1, z, z3, z4 1an lwot 1a cac can bic 4 cta s6 phitc: z = 8 + 6i. Khi d6 gia tri nhd nhat
clia cac biéu thirc sau bang bao nhiéu?

1. P=|z, |+|z, |+ z3 |+ z, |

2.0=2|z |+4|z, |+| (3= 4i)z, |+| 2iz, |

Bai toan 5.2.7. Goi z 1 m6t s6 phirc thoa man diéu kién: |z| = 6. Hay tim gia tri 1én nhit cta biéu

thirc: P=|z—-2+3i|+|z+2-3i|.Tim gia tri cia z khi Pmax ?

& Giai:
e Vé&i BDT BUNHI yéu cau ching ta phai hoc qua phép binh phwong vo hwéng va quen véi viéc
xt If cac bai toan cuec tri trong phan 6. thi mé&i c6 thé 4p dung nhuin nhuyén dworc.
o (¥ bai toan nay ching ta chdp nhan mot két qua: [u+v[* +|u—-v[=2(u* +|v[)
e Biéuthtc: P=|z—-2+3i|+|z+2-3i|=|z-2-3)|+|z+(2-3i)|=| z—v|+]| z+V]
e Trong do: v:2—3i—>|v|:\/ﬁ
e Ap dung BDT BUNHIA, ta cé:
o P =(lz—v|+|z+v]) <@ +1)|z=vP +|z+v)=2(z[ +|v]) =2(6* +(\13)*) =98
o Suyra:PS@:%/E.
e Diau“="xayra |z—v|=|z+v|e|z—-2+43i|=|z+2-3i]

__ 18 12
12| =6 N NERNE
2-243i|=|z+2-3i] | __ 18 12i

IRV ERNE]

e Ta c6 hé phwong trinh diéu kién cta so phic z: {

e Vay gi4 tri 16n nhit ctia biu thirc P 13: Pmax = 72

Vi du 5.2.8. Cho s6 phitc z thda man diéu kién: |z| = 4. Hiy xac dinh gia tri I&n nhit cla biéu thic:
P=|z+3-4i|+|z-3+4i|?
Vi du 5.2.9. Cho s6 phirc z thdéa mian diéu kién: |z| = 3. Hay xac dinh gia tri 1&én nhit cta biéu thic:

P=|3z+9-12i| +|2z- 6 +8i| ?
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5.3. Mot s6 dang thirc va bat dang thirc khac trong sé phirc:

Bai toan 5.3.1. Cho hai s6 phitc z va zo, théa min: |z - z| = 1. Chirng minh rang, khi d6 ta c6 BDT:

“w_n

| . Tim diéu kién xay ra dau “=".

|22 +22| > |—1_2|2Z0|

& Giai:

e Chung ta sé di chirng minh t6ng quéat va c6 thé ghi nhé dé€ 4p dung nhanh khi lam tric nghiém

Bai toan 5.3.4. Cho ba sd phirc z1, z2, z3 théa man: |z1| = |zz| = |z3| = R. Chitng minh rang, khi d6 ta

w_n

COBDPT: |z, —z,|.|z,—z |+|z,— 2 |.| 2, =z, |+|z, —z |.| z, =z, |< 9R* . Tim diéu kién xay ra diu “=".

& Giai:

¢ Chirng minh:
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VI. MAT PHANG PHU'C - GIAI TiCH TREN MAT PHANG PHUC

6.1. Biéu dién diém va cac cong thirc co ban trén mit phang phikc:
e Mat phang phitc: giéng nhw Oxy véi Ox 13 truc thwc va Oy 1 truc do. Tic 1a hoanh dd 1a thuc

va tung do 1a do.

Ay (truc 40)

y :M:(X;Y) B & zg=x"+1iy’

AB:|ZB—ZA|
AP zp=x+1y

»

0 X x ( truc thuc)

e Cho s8 phttc z = x + iy. Diém M biéu dién s6 phirc z trén mit phang phic khi va chi khi c6 toa
d6: M(x;y).C6 thé coi nhu: OM = (x; ) =z =x+iy . Khi d6: OM =|OM |5 z |= /x* + 1 .

e Goi AvaBlahai diém biéu dién cic s6 phttc: A=zy =x +iy = (x;y) vaB=zg=x +1iy’ = (x;y).

e Khidd véc to: X§=ZB -z, =(x"-x)+i(y'-y)=(x"-x;y-y)

e Dddaivécto: AB={AB |5z, —z, [=J(x'—x)’ +(y'—y)’

ZA+ZB

2

e Goi M 1a trung diém ctia doan thing AB thi diém M s& biéu dién s6 phtc: z,, =

e Goi N1a diém thoa man didu kién: NA+ANB=0 —z,—z, +k(z, —2,)=0—>z, :%
_+_
e Goi Glatrong tAm clia AABC, trong d6 A, B, C 1an lwot biéu dién ba s6 phirc za, zs, zc thi diém
e X w1 . R +Zp,+
G sé biéu dién s6 phirc twong rngla: z; = #
e Néu zy bidu dién diém N théa man hé thic ti cw: e NA+ BNA+yNA=0 thi s6 phtrc zy dwoc
oz, + Pz, +yz,
a+pf+y

xacdinh: z, = =(Xy;Vy)
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Bai toan 6.1.1. (TL) Cho tam gidc ABC vé4i 3 dinh A, B, C biéu dién 3 s6 phitc twong tng lan lwot la:
z, =143z, =4+ 215z, =6+i .

1. Tim s6 phirc zv biéu dién béi diém M 1a trung diém ctia AB.

2. Tim s6 phtrc zg biéu dién bdi di€ém G 1a trong tAm ctia AABC.

3. Tim s6 phtec zy bidu dién béi diém N théa man: NA+3NB=0 .

4. Tim s8 phtec zp biéu dién b&i diém P théa man: PA-2PB = PC .

5. Khoang cich hai diém BC =?

& Giai:
z,+2p _ (+30)+(=4+2i) =—§+§i

2 2 2 2 )

1. Ap dung céng thirc trung diém: z,, = N M(_%;

>
2

ZytZptze _ (1+30)+(—4+2i)+(6+1i)

=1+2i > G(1;2)
3 3

2. Ap dung cong thitc trong tam: z, =

3. Goi s6 phttc biéu dién béi diém N 12 zy. Khi d6 ta c6:

J m+3N—B=6—)ZA—ZN+3(ZB—ZN)=0—)ZN =24 —;323 = (1+3Z)+i(_4+2l) :_17414.%1‘

4. Goi s6 phic biéu dién béi P 12 zp. Tir: PA—2PB = PC —> (z,—2,)—2(z,—2,) = (20— 2,)

2zp+z0—z,  2.(A4+20)+(6+)—-(1+3) 3

= +i
2 2

e Suyra: z,=

5. Khoang cach hai diém trén mit phang phic:
o Tacécongthire: BC = |z, —z, |=| (6+1)— (—4+2i) |=] 10—i |= /101
Vi du 6.1.2. Cho tam gidc ABC véi 3 dinh A, B, C biéu dién 3 sé phitc twong ng lan luwot 1a:
z,=34+2i;z, ==1+1i;z, =6+3i .
1. Tim s6 phirc zm biéu dién béi diém M 1a trung diém ctia AB.
2. Tim s6 phttc zg biéu dién béi diém G 1a trong tAm ciia AABC.
3. Tim s phitc zy biéu dién béi diém N théa min: NA-2NB=0 .
4. Tim s8 phttc zp biu dién b&i diém P théa man: PA+3PB=2PC .
5. Tinh khoang cach giira hai diém BC ?
Vi du 6.1.3. Cho tam gidc ABC c6 ba dinh biéu dién ba s6 phitc: za=3 +i;zp=-4 + 3i;zc=1 + 2i.
1. Xac dinh chu vi cda tam giac ABC.
2. Xac dinh s8 phirc biéu dién diém H 1a chan dwdng cao ha tir dinh A xuéng canh BC.
3. Xac dinh s8 phitc biéu dién toa do diém D 1a chidn dwdng phan gidc géc A 1én BC.

4. Tim s8 phtc bidu dién diém N théa min: 3NA+2NB-NC = 0
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6.2. Bit dang thirc tam giac rng dung vao mot s6 bat dang thirc hinh hoc:
e Phat biéu lai bt dang thirc tam gidc: Cho hai véc to w ovav trong mat phang, khi dé ta c6
bit ding thirc tam gidc tong quat: | u + v < u |+| v|.DAubingxdy ra <> u va v cing

hwéng véi nhau & uw=kv , trong dé k 1a mét sé thwe khéng 4m: £ >0.

M
z
2 22| ° 1\04 °
° °
A B
A 1z) — 2o B Dau “=" xay ra

e Suy ra bat dang thirc tam giac trong s6 phitc: MA+MB > AB . D4u “=" xay ra khi va chi khi
diém M nam trong doan thang AB.
e Chingtaciingcéthésuyra: |u+v|—|u|<|v| < MA-MB<AB .D4u “=” xay ra khi va

chi khi A, B, M thang hang va B nam gitra A va M. N6i cAch khac M nam trén tia d6i cua tia BA.

M
g 2
L ® ®
A B M
A 21— 23 B Dau “=" xay ra

e T4t nhién, 1 trong nhirng bai toan s§ phirc ching ta phai biét bién d6i va qui dan vé dang cac

bat ddng thirc tam gidc dang hinh hoc.

Bai toan 6.2.1. Tim GTNN cda biéu thiec: P =|z—4+5i| +|z+2-3i|?

& Giai:
e Goi A la diém biéu dién s6 phitc za = 4 - 5i = A = (4;-5) ; goi B 1a diém biéu dién sé phirc:
zg = -2 + 31 =B = (-2;3). Suy ra do dai doan thidng AB = |za - zg| = |6 - 8i| = 10.
e Goi M la diém biéu dién s phtrc z, khi d6: P = |z - za| + |z - zg| = MA + MB
e Ap dung BT tam giéc, ta c6: P=MA+MB > AB=10.

“w_n

e DAiu “="xay ra <> M nam trong doan thang AB.

VAy gia tri nhé nhat ctia biéu thic P 1a: Pmin = AB = 10.

Bai todn 6.2.2. Tim GTLN cta biéu thirc: P =|z—3+5i| —|z+1+i| ?

& Giai:

H 64|Thuan Thanh - Bidc Ninh - 2018



Tén trong quyén tdc gid va cam két khéng sao lwu bdn phu. CHUYEN PE: SO PHU'C VA NG DUNG

Goi A 1a diém biéu dién s6 phtrc za = 3 - 5i = A = (3;-5) ; goi B 1a di€ém biéu dién s8 phirc:
zs=-1-1 =B = (-1;-1). Suy ra d6 dai doan thing AB = |za - zg| = |4 - 4i| = 42.

Goi M 12 diém biéu dién sd phtrc z, khi d6: P = |z - za| - |z - zs| = MA - MB

Ap dung BT tam giac, ta c6: P=MA—-MB< AB = 42

D4u “=” xay ra <> A, B, M thing hang va B nam gitta A va M <> M nam trén tia ddi cla tia BA.

Vay gi4 tri 16m nhit ctia biu thtrc P 13: Pmax = AB = 442

Vi du 6.2.3. Hiy xac dinh GTLN cta biéu thicc: P =|z—-4-5i| — |z-2+3i]| ?

Vi du 6.2.4. Cho hai s0 phirc z1 va z théa man diéu kién: |z1 - z2| = 6. Hay xac dinh GTNN cua biéu

thitc: P=|z—z/ | +|z—2z,|?

Chung ta cling nén biét mot sd bt dang thirc hinh hoc quan trong dé xtt 1i nhitng bai toan cuc
tri phirc khi quy vé dang hinh hoc. Néu vin dung dwoc cac kién thirc hinh hoc vao cac bai
toan cuc tri phirc sé don gian va thanh thoat hon rat nhiéu so véi cac cach bién doi dai so.
B4t dang thirc tir giac 16i: Cho tir giac 16i ABCD, téng khoang cach tir diém M dén bdn diém
ABCD 16n hon hodc bang téng hai dudmg chéo:

P =MA+ MB + MC + MD> AC+ BD

“w_n

D4u “=" xay ra khi va chi khi M 1a giao diém cia hai dwong chéo AC va BD.

B B

D D

Céach chirng minh bat ding thirc ti giac 16i thi rat don gian: Goi M 1a diém bat ki, khi d6 theo
bat ding thirc tam giac:

MA+MC>AC . DA&u“="xayra <> M nam trén AC.

MB+MD>BD . DA&u“="xayra < M nam trén BD.

Suyra: MA+ MB+MC+MD> AC+BD . DA&u“="xayra < M la giao diém ctia AC v&i BD.
Ghi nhé': Quan trong trong bai todn nay thwdong phdi xdc dinh ré trong 4 diém cé dinh A, B, C,

D déu la hai dwirng chéo ctia tiv gidc 161, khong thi sé dé mdc sai lam.
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Bai toan 6.2.5. Cho biéu thirc: P = |z| + |z - 2i| + |z - 3 - i| + |z - 4 + 2i|. Hay xac dinh gia tri nh6 nhit

cda biéu thirc P ? Tim s6 phtrc z khi d6 ?

& Giai:

e Né&u chiing ta danh gia tuy tién ma khong thong qua vé hinh sé rat dé mic sai lam & diéu kién
xay ra dau “="

e Sailam néu trién khai tuy tién bat dang thirc tam giac:

o |z|+|z-2i|=|z|+|2i-z| 2 |z+2i—zH2i]=2

o |z-3—i|+|z—4+2i|=|z-3—i|+|4=2i—z| > |z-3—i+4-2i—z|H1-3i]=+/10

e Suyra: P>2+4/10

e Thé nhung diéu kién xay ra dau “=" 1a khong cé.

e Cachlam chic chin 12 ta phai 4p dung bt dang thirc tit giac 16i:

e Truwdc hét chung ta phai xac dinh ré xem ti gidc ABCD la t& giac 16i véi cac dinh dwoc bo tri
nhw thé nao, khi d6 méi 4p dung dugc bat dang thirc tir giac 16i.

e Biéuthttc: P=MA+MB+MC+MD =|z|+|z-2i|+|z-3—i|+|z—4+2i]

e Trongdd:A=0=2z4=0;B=2z5=2i;C=2zc=3+1i;D=2zp=4-2i. Chung duoc biéu dién nhw

hinh vé minh hoa bén dwéi:

b 4

2 D

e T hinh vé ta nhin thiy hai dwong chéo cta ti giac 16i la: AC va BD

e Do daidoan: AC=|z,—z, |=|0-3—i|=+/10.D06 dai doan: BD=|z, -z, |=| 2i — (4—2i) |= 442
e Suyra: P=MA+MB+MC+MD>AC+BD=+10+42

e Diu“="xdyra< M =ACNBD

e Chung ta di l1ap phwong trinh cic dwdng thing AC va BD:

e VTCP clia dudng thing ACla: AC =z, —z,=3+i=(3;1) > VIPT :n ., =(-1;3)
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Phwong trinh ciia dwong thang (AC): —1(x—0)+3(y-0)=0<¢>—-x+3y=0
VTCP cta BD 1a: BD = zp =25 =4-2i—(20)=4-4i=(4,-4) > VIPT : n4, =(44)
Phwong trinh cia dwong thang (BD): 4(x—0)+4(y-2)=0<>x+y—-2=0

xX=—

-x+3y=0 i
->M=(=-)=z, :_+E

Toa d6 diém M la nghiém cta hé: - 2
x+y-2=0 1 22 2
2

y:

Vi du 6.2.6. Cho biéu thirc: P = |z| + |z - 4| + |z - 3 - 2i| + |z - 3 + 2i|. Hiy x4&c dinh gia tri nho nhit

cua P va gia tri twong (ng ctia s6 phirc z d€ P nhé nhat ?

Vi du 6.2.7. Cho biéu thitc: P=|z- 1| + |z - 5 - 3i| + |z - 2 - 4i| + |z - 6 + i|. HAy x4c dinh gi4 tri nho

nhit cia P va gia tri twong rng ctia s6 phirc z @€ P nhd nhat?

B4t dang thirc TTper02: Téng khoang cach nho nhat tir mot diém M dén 3 diém A, B, C ¢
dinh cho trwéc: P=MA+MB+MC > AD. Trong dé: D 1a mot diém théa man tam gidc BCD 1a

“_n

tam gidc déu, A v&i D nam khac phia nhau so véi BC. Dau xdy ra < M nam trén AD. Viéc
tim vi tri ciia diém M khi d4u bang xay ra ciing rat khé khin va nan gidi, da s6 cac trudmg hop

ap dung bat dang thirc nay déu dirng lai & viéc tim gia tri nhé nhit ciia biéu thirc P.
A ~ A é g ¥ ;

C C
Néu ching ta cin quan tAm t&i vi tri diém M thi c6 thé 1am theo cach nhw sau:

P=MA+MB+MC > AD. Trong d6 D 1a diém nam khéac phia A so v&i BC va ABCD déu va

“_n

d4du “=" xdy ra <> M nam trén doan thang AD.

P =MA+MB+MC > BE . Trong d6 E 1a diém nam khac phia B so v&i AC va AACE déu va diu
“=" xdy ra <> M nam trén doan thang BE.

Nhuw vy, M 1a giao diém ctia AD va BE. Ciing kha 13 rwérm ra va khé khan dé tim ra diém M.

Néu ta goi ba canh cia tam gidc AABC la a, b, ¢ va dién tich ctia né 1a S. Khi d6 ching ta c6 thé
2 2 2
' b
rit gon lai dinh 1f quan trong thanh dang dai s6: P*> = (MA+ MB + MC)* > %+ 253

DPay 1a BDT c¢6 sw 4p dung sang tao nhanh, khic hoan toan véi cac 4p dung ctia nhirng nguén

kién thirc khac, da s6 cac nguon kién thirc khac chi van dung BDT ptoleme phirc tap.
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Bai toan 6.2.8. Cho ba s6 phirc z1, 72, z3 théa man: |z1 - 72| = |z2 - z3| = 6; |z3 - z1| = 8. Hiy xac dinh

gia tri nhé nhat ctia biéu thic: P = |z - z1| + |z - z2| + |z - 23] ?

& Giai:
e Goi A la diém biéu dién sb phirc z1 , B 1a diém biéu dién s& phirc z2 , C 1a diém biéu dién s6
phtrc z3. Khi d6 ta c6: |z1 - z2| =AB=6, |22 -23| =BC=6, |z3-21| =CA=8.
e Gi4 tri cha biéu thirc: P = MA + MB + MC
e Ap dung tdng khoang cach nhé nhat téi ba dinh 6 dinh ctia moét tam giac ta cé:

e P=MA+MB+MC>BD .Trong d6: AACD la tam giadc déu, D nam khac phia B so v&i AC.

e Do dai doan BD dwoc tinh: BD = Bl + ID = /6% —42 ++/82—4% =25+ 43

e VAy gi4 tri nh6 nhit ctia bidu thirc P1a: P =2/5+44/3.

m

e Cach 2: Chiing ta c6 thé tinh dién tich tam giac ABC: S, ;. = % AC.BI = %.8.2\/5 =85

2 2 2 2 2 2
e Suyra: P> =(MA+MB+MC) 2%+2S[=$+2.8J§.ﬁ:68+165

e Suyra: P= 2J5+443
e Ghi nhé: Khi tam gidc ABC cdn & ddu thi ta nén chon dé lam dinh dé tinh gid tri nhé nhdt ctia

tong MA + MB + MC cho hop Ii va nhanh hon.

Bai toan 6.2.9. Cho ba s0 phitc z1, 7, z3 théa man: |z1 - z2| = |z2 - z3| = 12; |23 - 21| = 1242 Hay xac

dinh gia tri nho nhit cua biéu thirc: P = |z - z1| + |z - 22| + |z - 23| ?

& Giai:
e Goi A la diém biéu dién s8 phirc z1 , B 1a diém biéu dién s& phirc z2 , C 12 diém biéu dién s6
phtrc z3. Khi d6 ta c6: |z1 - 22| =AB =12, |z2 - z3| = BC= 12, |z3 - 71| = CA = 124/2..
e Nhéin thiy ngay AABC vudng cin tai B. Biéu thirc: P = MA + MB + MC > BD. Trong d6 D la

diém nam khac phia B so vdi AC sao cho tam giac ACD déu.
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e Hinh vé minh hoa:

. 1242

12 1242

C

e Do dai doan: BD = BI+IDL = 6\/§+12\/§.§= 672 + 646
n

e Vaysuyra gia tri nhé nhitctia Pla: P, =612 +6/6

Bai toan 6.2.10. Cho hai s6 phirc z1, z2 théa méan: |z1 | = 4; |z2 | = 5; |22 - z1| = 6. Hay xac dinh gi tri

nhoé nhat cta biéu thiec: P= |z | + |z - z1| + |z - 22| ?

& Giai:
e Goi Ala diém biéu dién s6 phitc z1, B 12 diém biéu dién sd phitc z2. Khi d6 ta c6 tam gidc OAB
v@i cac canh: OA = |z1| = 4; OB = |z2| = 5; AB = |z2 — z1]| = 6.
e Biéu thirc: P = MO + MA + MB > OD ; trong d6 D la diém khac phia O so v&i AB sao cho tam
gidc ABD déu canh AB = 6.

¢ Hinh vé minh hoa:

£+6°-5% 9 | 5J7
- =
2.4.6 16

e XAc dinh géc: OAB=a cb: cosa =

e Ap dung dinh li ham s& COSIN trong tam gidc, ta cé:
o OD>=04"+ AD*> —204.AD.cos(a +60°) = 4> + 6> —2.4.6.(cos .cos 60" —sin cr.sin 60°)

9 1 57 ﬁ)_77+15\/ﬁ_) V154 +30421
2 2

e OD*=16+36-48.(—.———

. . OD =
16 2 16 2
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e Suy ra gia tri nho nhat ciia P 1a: Pmin = = 154+30\/i

Vi du 6.2.11. Cho hai s6 phic z1 , z2 thda man: |z1 | = |z2 | = 4; |22 - z1| = 6. Hay xac dinh gia tri nho
nhit ca biéu thic: P= |z | + |z - 21| + |z - 22| ?

Vi du 6.2.12. Cho hai sé phirc z1, z2 théa man: |z1 | = |z2 | = |22 - z1] = 6. Hay xac dinh gia tri nho
nhit cia biéu thic: P= |z | + |z - 21| + |2 - 22| ?

Vi du 6.2.13. Cho ba sé phtrc z1, z2, z3 théa man: |z1 | = |z2 | = 6; |z3| = 10. Hay xac dinh gia tri nho

nhit cta biéu thirc: P = |z - z1| + |z - 22| + |z - 23] ?

Bai todn 6.2.14. Cho hai s6 phtrc z1 va z; khac 0. Ching minh rang: |z, -z, | =| || 4 || ||Z—2||z1 |. Tw
ZZ Zl

dé ap dung gidi bai todn: Cho s6 phirc z c6 |z| = R. Hiy xac dinh gia tri nhé nhit cia biéu thic:

[EA
z|

Vén dung vao bai toan: Cho s6 phitrc z thda man: |z+i|=1. Hiy tim gia tri nhdé nhit cta biéu thirc

P=|z—\2+i|+~2.|z=2+3i| ?

P=lz—z/|+ —.|z—z,|=|z—z |+ a|z—-2z]?

& Giai
z z . L1
e DPé chirng minh dang thirc hién nhién |zl—zz|—|H 2—|| 2|| , ta s€ st dung phép binh
2 Z
phwong vé hwéng trong véc to nhw sau:
o Ditiu =z ;u,=z Xét |z -z ‘ ”2|_|u1| +‘”2| —2u,.u,
A B N S 170 o P oS L e 170 e S ) o [ o
o Vi |2z -l =Fu-——Lul= _z,ul)2+(_1u2)2—2( u).(=u,)
|z, | |z, | lu, | |, | |, | |u, | |u| | 2|
EANE — -
¢ | =%z lZz|2—|1’l2|2"'|u1|2 2u,u,
|z ] |z
EAANE EAA A
¢ Suyra:|zl—zz|2:|—zzl——l2|2(—)|zl ) Fl =z =7, |
lz | |z lz [ |z,

Ap dung giai bai toan: Cho s& phttc z cé |z| = R. Hiy xac dinh gia tri nhé nhit cta biéu thirc:
EA
z|

P=lz—z|+—.|z-2,[?

|2

20, =l lal), Iz

Z——.z |=—.|z——5.z|
| z| |z | |z 2|

2 2
z z z z z
u.|z—|—|.z |+u.|z—z |:u |Z—u.z |+|z—z, |
2 71 2 | 2
| z| 2| |z | | z| |z |

e ApdungCTtacé: |z—z | =]

e Suyra: P=
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2 2 2
. ApdungBDTtamgiéc:|z—'le.zl|+|z—zz|:|z—'le.zl|+|zz—z|2|zz—%.1|
N A |z |
2 2
y4 z yA z VA z
. Suyral:P:u@z—| |2.zl|+|z—zz|J2u.|zz—| |2.21|=|| | 2—| |.Z,|
| z| A |z | N lz| = 1zl
2 ~ 2 Z 7 \
e Vayvdi|z| =R thigiad trinh6é nhatcua P=|z-z |+H.|z—zz| c6 MIN la: |||Z—1||zz—%.z1 |
z z zZ
< w \ z iy z
e Hodc manh dan dé ci dang nay: P=|z—z, |[+a|z—z, |2|L—-az,| véi: azH
a z

Van dung vao bai toan: Cho s6 phirc z théa man: |z+i| = 1. Hay tim gia tri nhé nhit cta biéu thirc

P=|z=\2+i|+~2.|z=2+3i| ?

o Dit:|z+i|=|ul=1. V&iz,=~2 ; z, =2 -2i

e Khidé: P=|u—~2|+ ﬁ-lu—\/z+2i|2|\/522—%|=|\/5.(\/5—2i)‘%| =3

Vidu 6.2.15. Cho |z| = 2. Tim gia tri nh6 nhit cta: P=[z—4|+2|z—-3+2i|
Vi du 6.2.16. Cho |z + 2i| = 1. Tim gi4 tri nhd nhét cta: P =z —~/3 +2i|+/3|z-2+3i|

Vi du 6.2.17. Cho |z - i| = 1. Tim gi4 tri nhd nhét cla: P=| z —3+i|+~/3|z=2+2i|
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6.3. Quy tich 1a dwong thang trén mat phang phirc:
e Phwong trinh dwong thang tdng quat: ax+by+c=0
e Khib =0 thi c6 dang: x = hang s6, 1a dwdng thang dirng song song véi truc tung Oy.
e Khia=0 thicodang: y = hing s8, 1a dwdng thang ndm ngang song song v&i truc Ox.
e V& cich tim quy tich tdng quat thi ta goi: z=x+iy —> z = x—iy;| z|=+/x> + »* r0i thay vio hé

thirc da cho va bién déi roi suy ra quy tich diém.

Bai toan 6.3.1. Tim quy tich diém biéu dién béi phwong trinh: |z - 2i + 3| = |z +i + 1| (1)

& Giai:
e Goiz=x+1iy;trongddx,y € R . Thayvao (1) ta duoc:

o |x+iy-2i+3=x+iy+i+l|o|(x+3)+i(y-2)Hx+D)+i(y+1)|

o S+ +(-27 =D +(r+1) & (x+3) + (=20 = (x+ 1)+ (y+1)’
e 4x-6y+11=0 . Vay quy tich diém biéu dién s6 phirc z théa man diéu kién (1) 1a duwong
thang A:4x-6y+11=0.
e Ghi nhé: Néu 1a dinh tinh..thi khi diém biéu dién s6 phitc z thda man phwong trinh dang:
|z—z|Hz-z,]|
|z—z |5z —z,| thiquy tich sé& 1a mot dwong thang.
|z -z =z -2,
e Trén day chi 1a d4u hiéu nhan biét phwong trinh dwong thing co ban, con rat nhiéu dang
phwong trinh dwong thang trong mit phang phic.
Vi du 6.3.2. Tim quy tich diém biéu dién s6 phirc z théa man ciac phwong trinh:
1. |z=2i+5]=z +3i—4].
2. 2|z —i+1|=2z +5i+3].

3. |z+ilHz-1]

Bai toan 6.3.3. Tim quy tich diém biéu dién s6 phirc z théa man: | z—2i+5|=|z +4i—3|?

A. dwong thang: x + 2y - 3 = 0. B. duong thing 2x -y + 4 = 0.
C. dwong thing: 4x +y-11=0. D. duong thang: 4x +y + 1 = 0.
& Giai:

e N&u ching ta ct lam binh thwong thi cé khi sé rat 1au. Vi vay, doi khi ta chi can thtr mot meo
nho sé lam viéc xtr 1i bai toan c6 tdc dd hon, nhw trinh bay & dwdi day:

e Chungtadéyring: |z +4i—3|=z +4i-3|={z—-3—4i|=| z— (3+4i)|
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e Vay phuong trinh da cho & |z—(=5+2i)|=z-(3+4i)|<>|z—2z |Hz-2z,|; trong db: z1 = -5 +
2i va z2=3 +4i.

e Tanhin thiy |z-z | la khoang cich tir diém z téi diém z1 va | z—z, | la khoang cach tir diém
Z t&i diém z,. Nhu vay, tap hop diém biéu dién z chinh 13 tip hop diém cach déu z; va z,. Pay
chinh 1a dwong trung trwc ciia doan ziz2. Cho nén trung di€ém cua z; va z; phai nam trén
dudng thang trung truc clia z1z2 (duwdng thang nay ciing 1a dwong biéu dién s6 phitc z thoa
man diéu kién da cho).

e Nhuw vay: dé kiém tra xem liéu dwong thang ndo doé c6 phai dwdng thdng quy tich cin tim
khong, ta chi viéc thir xem trung diém cda z1z; ¢ thudc n6 khong la duoec.

e Xétlai baitoan nay co: |z—(-5+2i)|=z—-3+4i)||z—z Hz~2z, |

e Trung diém la: z, = 4 ;ZZ = _5+212+3+4l =—143i=(-1;3) . Ta dung diém nay thk vao 4

dap an va nhan thay chi c6 dap 4n D thoa man. Viy chon dap an ding la D.

e Hinh vé& minh hoa cho phwong trinh dwong thang A biéu dién boi: |z - z1| = |z - z2|:

Ay

Bai toan 6.3.4. Cho dwong thang (d): |z - 1 + 2i| = |z - 3|. Tim trén duwdng thang (A) diém M biéu

dién béi s6 phirc z1 sao cho: M gan O nhit hoic twong dwong véi cAu hoéi: |z1]| nhé nhat?

& Giai:
e Phuong trinh da cho biéu dién dwdong thang A
o Goiz=x+iy,tasuyra:|(x-1)+i(y+2)|=|(x-3)+iy| ® (x-1)2+ (y+2)2=(x-3)2+y?
o P4x+4y-4=0Lx+y-1=0 (4)
e Mot diém gan O nhit (twong dwong véi s6 phirc biéu dién né c6 md dun nhé nhat). Mot diém

xa O nhit (twong dwong véi s6 phirc biéu dién né c6 md dun 1én nhat).
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Ay

e Bai to4an nay yéu cau tim diém M trén dwong thang A va gan O nhit <> diém M 1a hinh chiéu
vuong géc cua O 1én A.
e Ta di tim hinh chiéu vudng gdc ciia O 1én duwdng thang A nhu sau:

e Goi M nim trén A c6 toa dd6 M(m;1 - m) suy ra: OM = (m;1—m). VTCP clia dwong thing A 12
uy = (1)
R 1 11
e Tacé: OM.uA:0<—>1.m—1(1—m)=0—>m:5—>M(5;5)
e Vay s6 phirc z théa man diéu kién di cho va c6 mé dun nhé nhit duoc biéu dién béi diém M,

. s I i
tcla: z=—+—.
2 2

Bai toan 6.3.5. Cho s phirc z théa man: |z - 1 +i| = |z - 2| va d6ng thoi |z - 3i + 4| nho nhat. Hoi khi

d6 mo dun cta sd phirc z bang bao nhiéu?

& Giai:
e SO phirc z théa man diéu kién |z - 1 +i| = |z - 2| 12 dwong thing A dwoc tim bang cach:
e Goiz=x+ iy roi thay vao biéu thirc trén ta dugec:
o [x+iy-1+i|=|x+iy-2| @ |(x-1) +i(y+1)| = |(x-2) +iy| & (x - 1)2 + (y+1)? = (x-2)? + y?
o 2x+2y-2=0&x+y-1=0 (4).
e Gidtricuabiéuthtc:P=|z-3i+4|=|z-(-4+3i)|=|z-zum|
e Goi M I3 diém biéu dién s6 phirc zu = - 4 + 3i, khi d6 biéu thirc P chinh 12 khoadng cach tir
diém M dén mot diém chay trén dudong thang A. Gia tri nhé nhit ctia P ing véi khodng cach

tir M dén dwong thang A, khi d6 diém H nam trén A sé& 1 hinh chiéu vudng goc cia M 1én A.

e Nhu vay, gia tri nho nhit cia P 1a Pmin = |zn - zm| = MH = d(M,A) = [=A+3-1] V2.

NIGES
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M=z =-4+3i=(-4:3)

e Toadd diém H = (a;b) = (a;1 - a) {Vi H nam trén dudng thang A}

o Vécto: MH =(a+4;,—a—2) ; VICP ciaAla: u , =(1;-1).

e Suyra: MH.u,=1(a+4)-1(—a—2)=0—>a=-3— H =(-3;4). Suy ra s6 phtrc zu = - 3 + 4i

e Vaysuyra |zu| =5.
Vi du 6.3.6. Cho s0 phirc z théa méan: |z - 3 +i| = |z + 1 - 5i|. Tim sd phttc |z| c6 m6 dun nhd nhit
thoa man diéu kién da cho?
Vi du 6.3.7. Cho sd phirc z théa méan: |z - 5 + 2i| = |z + 3 - 2i| dong thoi lam cho biéu thic P = |z - 3i|
nhd nhat. Tim s6 phirc z théa man cac diéu kién da cho?
Vi du 6.3.8. Cho sd phirc z théa méan: |z + 2 - i| = |iz + 3 + 2i| ddng thoi 1am cho biéu thirc P = |2z - 6i
+ 2| nho nhit. Tim s6 phirc |z| théa man cac diéu kién da cho?
Vi du 6.3.9. Cho s6 phtrc z théa man: | z—2i+3|=| z —4i+1| ddng thoi 1am cho biéu thirc P = |(1 +i)z

- 4| nhé nhat. Tim s6 phirc z théa min cac diéu kién da cho?

Bai todn 6.3.10. Cho s6 phirc z théa man: |z - 2 +1i| = |z + 2 + 3i| va dong thoi P = |z - 1| + |z - 2i|

nho nhat. Hoi khi d6 mo dun cua sé phitc z bang bao nhiéu?

& Giai:
e SO phirc z thdéa man didu kién |z - 1 +i| = |z - 2| 12 dwong thing A:
o |z-2+i|=z+2+3i|® (x-2)2+(y+1)2=(x+ 2)2+(y+3)2=2x+y+2=0 (4)
e Goi Ala diém biéu dién za = 1 ; B 1a diém biéu dién zg = 2i ; M 1a diém b4t ki ndm trén dwong
thang A. Khi d6 biéu thitc: P = |z - za| + |z - z| = MA + MB.
e Ycbt twong dwong véi viéc tim diém M nam trén dwong thing A d€ P = MA + MB nhé nhit.

bay la mot bai cwe tri hinh hoc quen thudc.
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A:ZA

B=ZB

A

e Néu hai diém A va B khac phia v&i A thi: diém M = (AB giao v&i A). Gia tri nho nhit caa P khi
dé: Pmin = AB = IZA - ZBl.
e Né&u hai diém A va B cliing phia so v&i A thi 14y A’ ddi xtirng véi A qua dudng thang A. Rdi suy

ra diém: M = (A’B giao véi A). Gia tri nho nhat cta P chinh 1a: Pmin = A’B = |za' - zs|

Bai toan 6.3.11. Cho sO phirc zthéamin: |z-1-2i|=|z+ 1 + 2i| vadong thoi P = |z- 2| - |z-1i| 16n

nhat. Hoéi khi d6 mo dun cda sé phirc z bang bao nhiéu?

& Giai:
e SO phirc z thdéa man didu kién |z - 1 - 2i| = |z + 1 + 2i| 12 duwdng thang A:
o & (x-1)2+(y-2)2=(x+ 1)+ (y+2)>©x+2y=0 (4)
e Goi Ala diém biéu dién za = 2 ; B 1a diém biéu dién zg = i ; M 1a diém bat ki nam trén dwong
thang A. Khi d6 biéu thitc: P = |z - za| - |z - zg| = MA - MB.
e Ycbt twong dwong véi viéc tim diém M nam trén dudng thang A d€ P = MA - MB 1én nhat.

bay la mot bai cwe tri hinh hoc quen thudc.

e Néu hai diém A va B cung phia véi A thi M = AB giao véi A. Tir day suy ra M. Gia tri 1én nhat
Cfla P khl dé: Pmax = AB = IZA - ZBl.
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e Né&u hai diém A va B khac phia so véi A thi 14y A’ d8i xirng véi A qua dudng thing A. Roi suy
ra diém M = A’B giao v&i A. Gia tri 1én nhat cta P chinh 1a: Pmax = A’'B = |za’ - Z3|
e Ghi nhé: Khi ma chiing ta khéng cd hiéu dwoc cdch lam bai todn: Tim M thudc dwong thang A
sao cho (MA + MB) min {hodc (MA - MB) max} thi phdi hiéu rdang kién thitc ndng cao cta chiing
ta hong tir phdn Oxy cua hinh hoc Iép 10. Chir khéng phdi phdn sé phirc nay khé qud. Hdy tién
bé ma nhdn ra 16i va trd diing vé véi nguyén nhan.
Vi du 6.3.12. Cho s6 phitrc z théa man: |z - 3i + 1| = |z - 3 + i|. Hay tim s6 phirc z thoa man dong thoi:
1. Biéu thirc P = |z - 2| + |z - 3i| nho nhit.
2. Biéu thirc P = |z - 2i| - |iz - 4i + 1| 1&n nhit.
3. Biéu thitc P = |z + 2| + |z - i| nho nhAt.

4. Biu thtrc P = |z - i| - |z - 5| 16n nhat.

Bai toan 6.3.13. Cho s0 phirc z théa man phwong trinh: |z—3+2i|+|z+5+2i|=8. Tim gia tri 1ém

nhit va gia tri nhé nhitcua: P=|z - 1 + 4i| ?

& Giai:
e GoiditmM=z=x+1iy;difmA=2z4=3-2i;diémB=2zg=-5-2i;diémC=2zc=1 - 4i.
e Khi d6 biéu thirc gia thiét tré thanh: MA + MB = 8.
e Talaic6AB=|za-zg|=|3-2i+5+2i|]=8.
e Suyra: AB = MA + MB. Suy ra: M nam trong doan thang AB, hay ndi cadch khac phwong trinh
da cho biéu dién doan thang AB.
e P =MClakhoang cach tir di€fm M nam trong doan AB dén diém C.
e Bai todn tim khodng cach 1é4n nhit va khoang cach nho nhit tir mot diém C téi mot doan

thang AB dwoc giai téng quat t6i wu nhu sau:

2410

242
V2 C

e Tinh d6 dai hai canh: CA=|1-4i-3+2i|=2v/2. CB=|1-4i+5+2i|= 2410

e Suyrakhoang cach 16n nhitla CB = 2410 . Xac dinh gbc BAC=a .Tacé: cosa =

1
— > 0.
2
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e Vigoc anhon nén ta suy ra khodng cich nho nhit la: CH = CA.sina = 2\/5% =2.

e Vay gi4 tri 16n nhat cia bidu thirc P 13: Pay = CB = 2410 Khi z = za.

e Gi4 tri nho nhat cia biéu thitc P 1a: Pmin =CH =2 khi z = zy.

e Ghi nhé: Khi goc a =900 thi CA = CH = Pmin. Khi géc a tu, tirc la: cosa < 0 thi khoang cach nhé

nhat ctia P l1a: Pmin = CA, khi z = za.

Max
Min

C

Vi du 6.3.14. Cho s8 phtrc z théa mén: |z - 5 +i| + |z + 3 - 7i| = 84/2. Biéu thtrc P = |z - 3i + 2|. Hay
xac dinh gia tri 1én nhat va gia tri nho nhit cia biéu thirc P ?
Vi du 6.3.15. Cho s6 phic z théa man: |z - 1+ 3i| + |z + 5 - 5i| = 10. Biéu thic P = |z - 2i + 4|. Hay

xac dinh gia tri 1én nhat va gia tri nho nhit cia biéu thirc P ?
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6.4. Quy tich 1a dwong tron trén mit phang phirc:
e Phuwong trinh biéu dién dwong tron (C): (x - a)?2 + (y - b)2 = R2; tAm I = (a;b) va ban kinh R.
e Hodc phuong trinh dwong tron (C) c6 dang téng quat: x>+ y° —2ax—2by+c=0 ; c6 tdm I =
(a;b) va ban kinh: R =1/’ +b* —c.
e Cho phwong trinh phttc: |z—z, |= R; phwong trinh nay biéu dién dwong tron (C) c6 toa dd

tim la zo va ban kinh 1a R.

I(a;b)

Zy

©

Bai toan 6.4.1. Tim diém biéu dién s6 phitc z théa man: |z-3i+2 =5

& Giai:
o Taco:|z-3i+2=5]z—(-2+3i)]=5
e 7o =-2 +3i vaR=5.Vay phuong trinh da cho biéu dién dwong tron (C) c6 tAm I = (-2;3) va
ban kinh R = 5.
e Chung ta c6 thé lam mdt cach nhw tong quat: Goi z = x + iy thay vao phwong trinh da cho:
o |z-3i4+2 =5 x+iy-3i+2]=5|(x+2)+i(y-3) =5 (x+2) > +(y-3) =5
e Day chinh la phwong trinh dwdng tron (C) & trén.
e Ghi nhé: Chiing ta nén xdc dinh dwiorng tron bang phwong phdp phitc cho nhanh va dé trong
cdc trwong hop phire tap nhw bén dwdi day.
Vidu 6.4.2. Tim diém biéu dién s§ phirc z théa man: |iz-2i+1=4 (1)
Giai:
e (®|i(z-2-)|F4|i].|z-Q2+i)|=4]z-2+i)|=4

e Vay tip hop diém biéu dién s6 phitc z thda man phwong trinh (1) 1a dwong tron tAm zo = 2 +i
va ban kinh R = 4. Hodc tam 1a diém I biéu dién s6 phitc zo 6 toa do 1= (2;1).

Vi du 6.4.3. Tim diém biéu dién s6 phtrc z théa man cac phwong trinh sau:
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1. |iz4+3i-2]=2.
2. |(1-20)z+2i+5=5
3. |(A+)z+(z-D3i+5i|=6

Bai toan 6.4.4. Cho sé phirc z théa man phwong trinh: |z+3i—2|=2. Hay tim quy tich diém biéu

dién s6 phtrcw =2z +i?

& Giai:
e Chung ta khong dwoc nhiam 13n 13 tim quy tich diém biéu dién s6 phitc z. O’ bai toan nay yéu
cau tim tap hop diém biéu dién s6 phirc w = 2z +i.
e Cach1:Gidthiétsuyra: |[2z+6i—4|=4<|w—i+6i—4|=4<|w—-4+5i]=4
e Diém biéu dién s6 phirc w 1a duwdng tron tdm: 4 - 5i = (4;-5) va ban kinh r = 4.

e Cach 2: Lam binh thwong mot cich tong quat:

o Goiz=x+iy va w=X+iV=2z+i=2x+i2y+1)—>

e Diém biéu dién s phitc z 12 M(x;y) con diém biéu dién sé phirc w 1a N(X;Y). Ta phai tim
phwong trinh biéu dién X va Y chir khéng phai tim phwong trinh biéu dién x va y.

e Tathay z=x+iy vao phwong trinh da cho: |x+z‘y+3z‘—2|:2—>|§+1'.Y_1

+3i-2=2

o X -DH+iY+5|=4>(X -4+ +5)° =4
e Vay quy tich diém biéu dién w 1a dwong tron (C): (X —4)° +(Y +5)° =4° ¢6 tam 1(4;-5) va ban

kinh R = 4. Hodc c6 thé viét lai: |w - 4 + 5i| = 4.

Bai toan 6.4.5. Cho sé phirc z théa man phwong trinh: |z+i—1]=2 (1). Hay tim quy tich diém biéu

dién s6 phtrc w = 3z + 2i - 1.

& Giai:
, LR w+1-2i R R
e Chungtacéthésuyra: z= 3 thay vao phwong trinh (1) ta dwoc:
. |#+i—l|=2<—>| w—(2-1)=6.

e Vay quy tich diém biéu dién s6 phirc w 1a dwong tron tAm I = (2;-1) va ban kinh R = 6.
e Hodc co thé lam nhanh: Trw=3z+2i-1 —» 3z=w+1-2i

o (1) 3|z+i-1=632+3i-3=6<| w+1-2i+3i-3|=6<|w-2+i|=6
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Bai todn 6.4.6. Cho s6 phirc z thda man phwong trinh: | z+2i+1]=1 (1). Hay tim quy tich diém biéu

dién s6 phirc w = 2z +4i—3

& Giai:
e ()®|z+2i+1=1o]z +1-2i=1
— — + 3 -4
o T w=2z+4i-3—>z :¥ ; ta thay vao phwong trinh trén sé dworc:
w+3-4i

. |;+1—2i|:1<—)|T+1—2i|=1(—)|W~|- 5-8i|=2 <> w—(-5+8i)|=2
e Vay diém biéu dién s6 phirc w 1a duwdng tron (C) c6 tdm I(-5;8) va ban kinh R = 2.
Vi du 6.4.7. Cho s0 phitc z thoa man phwong trinh: |z—2i+3|=2 (1). Hiy tim quy tich diém biéu

dién s6 phttc w = 3z +2i +5.

Vi du 6.4.8. Cho s6 phirc z théa man phwong trinh: |z—2i+3=3 (1). Hay tim quy tich diém biéu

dién s6 phitcw = 2z —3i+1.

Bai toan 6.4.9. Cho duong tron (C): |z - zo| = R. Tim trén dwong tron (C) diém M va diém N biéu
dién s6 phitc z1 va z2 sao cho: M gan O nhit va N xa O nhit. Hodc twong dwong véi ciu hoi: |z1| nhé

nhit va |z2| 1&6n nhat?

& Giai:
e Ta giai bai to4n téng quat: Goi I 1a tAim dwdng tron biéu dién béi s phirc zo.
e T hinh vé ta c6 cac két qua:
A y
Z
I(a;b)

Zy

M (©)
VA

e Diém M gan O nhit biéu dién z1 ¢c6 mdn dun |z1| nhé nhat. Piém N xa O nhit biéu dién z2 c6
mo dun |z2| 1é6n nhat.

e Khoang cach tir O té&i tam I 1a: OI = |zo|
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e OM=0I-IM=]|zo]-R; ON=OI+IN=|z| +R

e Taco: O—Z\/Y—OM 57—01 M 5 Ol = (1——)OI—>z (1_i)20
ol ol 2, |
e Tuwong tu: on =N o7 O+ IN 57 - (l+—)01—>z —(1+—)z

ol Ol

EN

Ny o A . R . L ,
e S0 phtrc c6 mén dun nho nhat: z,, = (l—Z—)z0 , twong wng voi GTNN cua |z|min = ||zo| - R
0

Ny g A . x R , L ,
e SO0 phtrc c6 mé dun lon nhat: z,, =(1+—)z, , twong ¢ng voi GTLN cua |z|max = |zo| + R.
2y

Bai toan 6.4.10. Cho duwong tron (C): |z - zo| = R. Tim trén dwong tron (C) diém M va diém N biéu

dién s phttc z1 va z2 sao cho gia tri ctia biéu thitc P = |z - za| nhdé nhat va 1én nhat?

& Giai:
e Goilla tAm dwong tron biéu dién bdi sd phirc zo. Tir hinh vé ta c6 cac két qua:
e Gi4 tri ctia biéu thirc: P = |z - za| chinh 12 khodng cach tir diém A (biéu dién bédi za) t&i dwong

tron (C) cho bédi phwong trinh: |z - zo| =R

N
Zy
¥
(©) Z

A

DPiém M nam trén dwong tron (C) gan A nhat biéu dién z; . Piém N nam trén (C) xa A nhit
biéu dién z; dwoc biéu dién nhw trén hinh vé.
e Tavan c6 cdng thirc nhw bai todn trén nhw sau:
—_— R — R R
o AM = (I—Z).AI —>z,-z,= (1——|)(zO -z,) >z, =zy——(z,—2,)

|z, -z, |z, —2,
e Khidoé GTNN la: Puin = |Z - ZA|min = AM =| |Zo - za| - R|

° A—ﬁ:(l""%)zoj_)zzv_z,q:(1+L|)(ZO_ZA)_>ZN:ZO+L( z,)

|2y~ 2, |zp—z,|

L] Khl dé GTLN lé Pmax = |Z - ZAlmax = AN = |ZO - ZAl + R.

Bai toan 6.4.11. Cho dwong tron (C): |z - zo| = R va dwong thang A: |z - z1| = |z - z2|. Tim trén
dudng tron (C) diém M va diém N biéu dién sé phitc zm va zn sao cho khodng cach tir M va N dén

duong thang A nhoé nhat va 1én nhat?

& Giai:
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e Khoang cach nhé nhat rng v&i hai treong hop:
% Néud(,A)<R—>d_ =0

& Néw d(I,A)>R—>d_ =d(M,A)=d(I,A)-R

e Khodng cach 1ém nhit luon dwogc tinh bang: d_ =d(N,A)=d(I,A)+R

e Viéc tim toa dd diém M va N dé€ suy ra s8 phirc twong (rng ma ching biéu dién thi ching ta
dwa vé hinh phing. M va N 1a giao diém cila dwong thang (d) véi duwdng tron (C). Trong dé
duong thang (d) di qua tAm I, (d) vudng goc véi dudng thang A.

(©)

dmax

Bai toan 6.4.12. Cho hai dwong tron (C1): |z - z1| = R1 va dwong tron (C2): |z - z2] = Rz. Tim trén
dudng tron (C1) di€ém M va trén dudng tron (C2) diém N biéu dién s6 phirc zm va zy sao cho gia tri

cda biéu thirc P = |zm - zn| nho nhit va 1én nhat?

& Giai:

e Bai tip nay ching ta c6 thé tw gidi bang goi y hinh vé dwdi day.

(C2)

(Cy)

e Khoang cach 1é6mn nhat: dmax = |z1 - z2| + R1 + Rz . Tlr diy ching ta c6 thé tu suy ra toa do diém
M va N twong ¢ng: M ndm trén (C1) va & xa Iz nhit. N nam trén (Cz) va & xa I; nhat.
e Khoang cach nho nhit: dmin = |z1 - z2| - R1 - R2. Tir diy chung ta c6 thé tw suy ra toa do diém

M va N twong ¢rng: M nam trén (C1) va & gan I nhat. N nam trén (Cz) va & gan I1 nhit.
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6.5. Elip trong mat phang phirc - Cac bai toan nang cao:
6.5/1. Co ban vé elip trong mit phing Oxy va trong mit phang phirc:
e D3 biét trong hinh phing Oxy, tAp hop diém M c6 téng khodng cach t&i hai diém c6 dinh F va
F’ bang mot s (2a) khong ddi 1a dwong elip (E) c6 hai tiéu diém F va F’; ¢6 tiéu cu: 2¢ = FF’;
c6 truc dai bing: 2a ; ban truc nhé bang: b =,/a’ — ¢’ ; tAm sai: e = c/a.
e Phuwong trinh hinh hoc: MF + MF’' =2a  (a khdng doi).

2 2

e Phuong trinh chinh tic cta (E): x_2 + 2o
a

b2
e Toa dd hai tiéu diém: F'(-c;0) va F(c;0)

e Hinh vé minh hoa Elip trong hinh hoc phang va hé toa do Oxy:

ol /

e Khi M chay trén elip, OM c6 gia tri nhé nhat khi bang ban truc nhé b va M(0;b) hodc M(0;-b).
e OM co gia tri 16n nhat khi bang ban truc 1én a va M(a;0) hoac M(-a;0).
e Dién tich cda hinh elip: S = mab

e Xétmot tir gidc ABCD noi tiép elip (E). Trong d6 AC L BD, dién tich t gidc ABCD la:

AC.BD
* S :T

Ay y

A b B A b

D
) / ya v o
D b C Cl-b
VSN 4a’b’ A
e Diéntichnhonhat: § paeR Dién tich I6n nhat: S, =2ab
a +
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e Bay gid ching ta xét ki quy tich diém biéu dién 12 elip (E) trong mat phing phic.

e Tap hop diém biéu dién sb phitc z thda man phwong trinh: { |z - z1| + |z - z2| = 2a} 1a mot
duong elip (E) téng quat c6 hai tiéu diém z; (biéu dién b&i F) va z2 (biéu dién béi F).

e Tiéu cu cua elip 1a khoang cach gitra hai diém F va F’: 2c = FF’ = |z1 - 2|

e Bantiéucuvla:c.

e Truclédnla: 2a; ban truclén la a.

e Trucnhé la: 2b; ban truc nhéd 1a b dwoc tinh: b =./a” —¢*

TN z,+z
e Tamcuaelipla: z, ="—2

e Gia tri 16n nhat cla |z - zo| 1a ban truc 16m: |z - Zo|max = a
e Gia tri nho nhit cda |z - zo| 1a ban truc nho: |z - Zo|max=b

e Cho ABCD Ila tir giac noi tiép elip sao cho hai dwong chéo AC va BD vudng goc: dién tich 16n

¢ : 4 2b2
nhat cta tir gidc ABCD 1a: |S,_,. = 2ab| dién tich nho6 nhat cua ti giAc ABCD 1a: S, = a

max min ~ 2 2
a +b

>y

-b

e Trwong hop 1: Co ban nhat: Phwong trinh elip c6 dang chuin: |z-c| + |z +c| =2a

e Khi d6 hai tiéu diém déi xirng nhau qua géc 0. TAm cua elip trung véi goc O: zo = 0.

ol /

-b
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e Ban truc lén bing: a. Ban tiéu cy ding bang c. Ban truc nhé: b =/a’ —¢’

e Khidoé max |z|=a khi z=2a ;min |z| =b khi z=%ib.

e Phuong trinh chinh tic trong mdt phang Oxy md ta phwong trinh elip dang chuin nay:

2 2 2 2
X X
° |z+c|+|z—c|=2a(—>—2+—y2=1<—>—2+ 2y 2=1
a b a- a -c

e Trwong hop 2: Phurong trinh elip cé dang: |z - ic| + |z + ic| = 2a

e Khi d6 hai tiéu diém déi xirng nhau qua géc 0. TAm cua elip trung véi goc O: zo = 0.

ol /

e Ban truclén: a. Ban tiéu cu diing bdng c. Ban truc nhé: b =./a’ —¢*
e Khi dé max |z| =a khi z=2ia ; min |z| =b khi z=1b.

e Phuwong trinh chinh tic trong mit phang Oxy m6 ta phwong trinh elip dang nay:

2 2 2 2
. . x X
o |z+zc|+|z—zc|=2a<—>—2+y—
b

e Trwong hop 3: Phwong trinh elip ¢6 dang tong quat: |z - z1| + |z - z2| = 2a
e Haitiéu diém: F=z1 va F’ =z,. Tiéu cu: FF' = 2c = |z1 - z2].

e Bantrucdai:a va bantrucnhéd: b=+a’ -c* .

e Ghinhd: Khia=c,b=0 thielip bi suy bién vé mot doan thing: FF".

A 5 . p N o 5 A z,+z
e Tam cua elip chinh Ia trung diém cia hai tiéu tu: [ =z = —2.

e Gi4 tri 1&6n nhat cla: |z - Zo|max = a . Pat duwoc tai hai diém A va B dwoc biéu dién béi hai s6

AT _5H T B4 _AT 5%

a
—>z,=z,+—(z,—z,) ;
a c c a c

. 3 a
phtrc za va zg: —)ZBIZO+Z(ZI—ZO)
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e Gi4 tri nhé nhit cla: |z - Zo|min = b. Pat dwoc tai hai di€ém C va D biéu dién béi hai s§ phitc za

z.—z, i(z,—z b z —z, i(z,—z b
L G 0)_>ZC:Z0+i_(ZZ_ZO) ;= & 0)_>ZD:ZO+i_(Zl_ZO)
c c b c c

va zg:

e Phuong trinh chinh tic trong mdt phang Oxy md ta phwong trinh elip dang nay:

~ . , N . z, +z .
e Néuelipcddang: |z—z |+|z—2z, |=2a —> tAmelip: z,=—"—2=m+in

_ 2 _ 2 _ 2 _ 2
(x ;n) LW zn) PN G ;n) +(y2 n)2 1
a b a a —c

e Thi phwong trinh chinh tic cta elip (E):

Bai toan 6.5.1. Cho s6 phirc zthéamin: [z- 4| +|z+4|=10 (1)

1. Tim tap hop diém M biéu dién s8 phitc z théa man diéu kién (1).

2. Tim s6 phirc z c6 m6 dun 1é6n nhat va nhé nhat théa man diéu kién (1).

3. Goi ABCD 1a c6 4 dinh biéu dién 4 s6 phirc z théa man (1) sao cho AC vudng gbc véi BD. Dién tich
16m nhat caa ti gidc ABCD bang bao nhiéu ?

4. Goi ABCD 1a c6 4 dinh biéu dién 4 s8 phirc z théa mian (1) sao cho AC vudng géc véi BD. Dién tich

nho nhit cua tir gidc ABCD bang bao nhiéu ?

& Giai:

1. Tim tap hop diém M biéu dién s8 phirc z théa man diéu kién (1).

e Tap hop diém biéu dién s6 phitc z thda min (1) 1a dwong elip (E) ¢ ban truclén a = 5.

e Bantiéuc= 4. Bantrucnhé: b=\la’ —* =5 —4* =3.

2 2

e Haitiéu diém 1a: z1 = 4; z2 = - 4. TAm cua elip 1a: zo = 0. Phwong trinh: )56—2+§—2 =1

2. Tim s6 phirc z ¢c6 m6 dun 1é6n nhat va nhé nhat théa man diéu kién (1).

e SO phitc c6 mod dun lén nhat ding bang ban truc lén: max |z| = a =5 khi: z=1+5
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e SO phtrc c6 md dun nhé nhit ding bang ban truc nhé: min |z| =b = 3 khi: z=43i

3. Goi ABCD 1a c6 4 dinh biéu dién 4 s6 phttc z thda man (1) sao cho AC vudng géc véi BD. Dién tich

16m nhat caa ti gidc ABCD bang bao nhiéu ?

e Chung ta 4p dung luén két qua: Smax = 2ab = 2.3.5 = 30 (dvdt).

4. Goi ABCD 12 c6 4 dinh biéu dién 4 s8 phirc z théa mian (1) sao cho AC vudng gdc véi BD. Dién tich

nho nhit cua tir gidc ABCD bang bao nhiéu ?

4a’h* 4573 450
a+b> 5+3 17

e Ching ta ap dung luén két qua: Smin =

Vidu 6.5.2. Cho sO phttrc zthéamin: |z-5|+ |z+ 5| =14 (1)
1. Tim tap hop diém M biéu dién s8 phirc z théa man diéu kién (1).
2. Tim s6 phirc z ¢c6 m6 dun 1é6n nhat va nhé nhat théa man diéu kién (1).
3. Goi ABCD 1a c6 4 dinh biéu dién 4 s6 phitc z théa man (1) sao cho AC vudng goc véi BD.
Dién tich 16m nhAt cla tir gidc ABCD bang bao nhiéu ?
4. Goi ABCD 1a c6 4 dinh biéu dién 4 s& phirc z thda min (1) sao cho AC vudng gbc véi BD.
Dién tich nhé nhit ctia tir gidc ABCD bang bao nhiéu ?

5. Tim gia tri 1&n nhit va nho nhit cda: |z +3]

Bai toan 6.5.3. Cho s0 phitc z thda méan: |z- 3 + 4i| + |z+ 1+ 2i| =8 (1)

1. Tim tap hop diém M biéu dién s8 phitc z théa man diéu kién (1).

2. Tim s0 phitc w = (z - 1 + 3i) c6 m6 dun lén nhat va nho nhit théa man diéu kién (1). Gia tri ca so
phttc z twong ng khi d6?

3. Goi ABCD 1a c6 4 dinh biéu dién 4 s6 phttc z thda man (1) sao cho AC vudng géc véi BD. Dién tich
1én nhat cua tir gidc ABCD bang bao nhiéu ?

4. Goi ABCD 12 c6 4 dinh biéu dién 4 s8 phirc z théa mian (1) sao cho AC vudng gdc véi BD. Dién tich

nho nhit cua tir gidc ABCD bang bao nhiéu ?

& Giai:

1. Tim tip hop diém M biéu dién s8 phitc z théa man diéu kién (1).

e Phuwong trinh (1) biéu dién elip (E) c6 hai tiéu diém: z1 = 3 - 4i; z; = - 1 - 2i. TAm cua elip 1a:

_ntz, 3-4i-1-20

z, 5 5 1-3i.

e Bantruclénla:a=4.

e Tiducw: 2c=z —z, |=|3—4i+1+2i|=|4—2i|=2/5. Ban tidu cw: ¢ =~/5.
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e Bantrucnhd: b=4la’—c* =+/4> —(/5)* =11

e Hinh vé minh hoa:

(x—l)2 +(x+3)2 _

1

e Phuong trinh chinh tic cta elip trong mit phang Oxy:

£ Gy

2. Tim s0 phitc w = (z - 1 + 3i) c6 m6 dun lén nhat va nho nhit théa man diéu kién (1). Gia tri ca so

phtrc z twrong &ng khi d6?

e Nhan thdy: w = z - zo. Gi4 tri 1&n nhit cla |w| = |z - zo| bdng ban truc 16n: max |z - zo| = 4.

Pat dwoc khi s6 phitc z & hai diém dau A va B cua elip biéu dién béi hai s6 phtrc: za va zg

AT 575

. a
—>z,=2y+—(2,-2)
a C C
Z,—2Z, Z,—Z a
B %0 474 _
° = = zp=2z,+—(2,-2)
a C C

Gi4 tri nho nhét ctia |w]| = |z - zo| bing ban truc nhé: max |z - zo| =b = /11

Dat dwoc khi s6 phirc z & hai diém dau C va D cua elip biéu dién béi hai s6 phitc: zc va zp

Zc % _ i(z,—2))
b c

z,—z, I(z,—z b
o 20— (z 0)—)ZD=ZO+i—(Z1—ZO)
c

b c

b
- ZCZZO+IZ(ZZ—ZO)

3. Goi ABCD 1a c6 4 dinh biéu dién 4 s6 phitc z théa man (1) sao cho AC vudng goc véi BD. Dién tich

16m nhat caa ti gidc ABCD bang bao nhiéu ?

e Dién tich 16m nhit van ap dung cong thitc elip tong quat: Smax = 2ab = 2.4:11=811

4. Goi ABCD 1a c6 4 dinh biéu dién 4 s8 phirc z théa min (1) sao cho AC vudng gbc véi BD. Dién tich

nhé nhit cda ti gidc ABCD bang bao nhiéu ?
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40> 442112 704
a+b £ (11 27

e Dién tich nhé nhat: Smin =

Vi du 6.5.4. Cho sO phttc zthéamén: |z-2 +3i| + |z+1-i| =20 (1)

1. Tim tap hop diém M biéu dién s8 phitc z théa man diéu kién (1).

2. Tim s0 phitc w = (z - 1 + 3i) c6 m6 dun lén nhat va nho nhit théa man diéu kién (1). Gia tri ca s6
phtrc z twong ng khi d6?

3. Goi ABCD 1a c6 4 dinh biéu dién 4 s6 phttc z thda man (1) sao cho AC vudng géc véi BD. Dién tich
1én nhat cua tir gidc ABCD bang bao nhiéu ?

4. Goi ABCD 1a c6 4 dinh biéu dién 4 s6 phirc z théa min (1) sao cho AC vudng géc véi BD. Dién tich

nhé nhit cda ti gidc ABCD bang bao nhiéu ?

6.5/2. Sw suy bién ctia elip vé mdt doan thang:

Bai toan 6.5.5. Cho s6 phirc zthéaméan: [z-4 + 4i| + |z+ 2 -4i| =10 (1)
1. Tim tip hop diém M biéu dién s8 phitc z théa man diéu kién (1).
2. Tim s6 phirc z théa man diéu kién (1) c6 md dun |z| dat gia tri nhé nhat?

3. Tim s6 phirc z théa man diéu kién (1) c6 md dun |z| dat gia tri 1én nhat?

& Giai:

1. Tim tap hop diém M biéu dién s8 phttc z théa man diéu kién (1).

e HaititudiéfmF =z1=4-4i ;F=7,=-2+4i

e Truclén:2a=10 — bantruclén:a=>5.

o Tiéucw:2c=FF =|z1-22|=|4-4i- (-2 +4i)| =10 — ban tiéu: c=5.

e DAy la trvong hop dic biét: a = ¢, b = 0 (truc 16n bang tiéu cw) nén elip chi con 1a mot doan

thang dwoc xac dinh béi doan: FF.

A 4
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2. Tim s6 phirc z théa man diéu kién (1) c6 md dun |z| dat gia tri nhé nhat?

S8 phitc c6 |z| nhé nhat chinh 14 hinh chiéu H vudng gbc ctia O 1én doan thang FF’

Phwong trinh doan thang FF’ 1a: VTCP: FF'= (6;,—8)=2(3;-4) > VTPT: n s =(4;3)

Suy ra phwong trinh: (FF’): 4(x-4)+3(y+4)=0<4x+3y—-4=0

e Giatri nhoé nhétcta |z|1a: |z |, =d(O,(FF") __ 14l 4 :
443 S
. AN , n . 2 , 4—4h —— 4—-4h
e Twong rng véi hinh chi€u H ctia O 1én dwdong thang FF: H = (h;T) — OH =(h;T)
e Tacé: OH LFF' —OHFF =00 6h-82 = 055 =10 1012
3 25 2525
e Suyra diém z ®ng v&i |Z|min 1a: Z:E+lﬁ
25 25

Ghi nhé: & bai todn nay, hinh chiéu H con nam trong doan FF’ thi cé thé két ludn |z|min = OH =
d(O,(FF’)). Lwu y téi trwwomg hop hinh chiéu H khéng nam trong doan FF’ thi gid tri [z]min s€ ttng
voi OF hodc OF..

3. Tim s6 phirc z théa man diéu kién (1) c6 md dun |z| dat gia tri 1én nhat?

SO phtic c6 |z| 16n nhét sé kng véi doan: OF hodc OF:

OF = |z2| = |-2 + 4i| = 24/5.
OF = |z1| = |4 - 4i| = 442 .

Vay suy ra |z|max = 442 khizz=4-4i=F.

Bai toan 6.5.6. Cho s6 phirczthéoamén: |[z-1-i| +|z+2-5i|=5 (1)
1. Tim tap hop diém M biéu dién s8 phitc z théa man diéu kién (1).
2. Tim s6 phirc z théa man diéu kién (1) c6 md dun |z| dat gia tri nhé nhat?

3. Tim s6 phirc z théa man diéu kién (1) c6 mé dun |z| dat gia tri 1én nhat?

 Giai:

1. Tim tap hop diém M biéu dién s8 phitc z théa man diéu kién (1).

e Phuwong trinh (1) biéu dién dang dudng elip.
e HaitiéudiéfmF =z1=1+i ;F=2z,=4+5i
e Truclén:2a=5 — bantruclén:a=2,5.

e Tiéucw:2c=FF =|z1-2z|=|1+i-(-2+5i)]=5 - bantiéu:c=2,5
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e DAy la trwong hop dic biét: a = ¢ (truc 16n bang tiéu cw) nén elip chi con 12 mét doan thang

dwoc xac dinh b&i doan: FF'.

AY F

5

1 ----------- : F’

o 1 4 x

2.+ 3. Tim cac s0 phirc z théa min diéu kién (1) c6 mo dun |z| dat gia tri 1én nhat va nhé nhat?

e Nhan thiy hinh chiéu H vudng goc ctia O 1én doan thang FF’ khong nam trong doan FF’ nén ta
khong thé két ludn |z|min = OH = d(O,(FF")) duorc.

e Doan OF = |z2| = |4 + 5i| = v/41. Poan OF = |z1] = |1 +i| = V2.

e Viy suy ra gia tri 1én nhat cta |z| 1a: |Z|max = OF = Ja1 wng véiz = zr = 4 + 5i.

e Gia tri nh6 nhat cda |z| 1a: |z|min = OF = V2 tngvédiz=zp=1+1.
Vi du 6.5.7. Cho s6 phirc z théa man: |z - 3 +i| + |z - 3i| = 5. Goi gia tri I&n nhat va gia tri nho nhat
cda |z| lan lwot 1a M va m. Tim tich s6 (Mm) khi d6?
Vi du 6.5.8. Cho s6 phirc z théa méan: |z - 2i| + |z - 6 - 10i| = 10. Tim gi4 tri 1&én nhit va gia tri nho

nhit cua |z| ?

6.5/3. Phwong phap dwa phwong trinh elip vé dang chinh tac trong mit phang phirc:
e Dibiét diém biéu dién s6 phirc z théa man: |z - z1| + |z - Z2| = 2a 1a mdt duwdng elip (E).
e Thé nhung da s6 ching ta chi quen nhin va quen lam viéc v&i dang dwong elip (E) chuidn muc

trong hé toa d6 Oxy nhw 1a: |z + ¢| + |z - c| = 2a. Vi don gidn n6é ndm d6i xirng trén hai truc.

A

ol /
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e Tac gia sé cung cip cho cic ban phép xoay hinh elip tong quat thanh hinh elip chudn nhu sau:
e Turdang téng quat cta elip: |z - z1| + |z - z2| = 2a

Z +22

e Ta c6 tim cua elip dwoc xac dinh: z, = , st dung phép bién doi:

Zy =4 Zy

—4 |=2a
2

o |z—z/|+|z—z,F2a|z—z)+ |+|z—2z,—

e Nhan ca hai v& clia phwong trinh trén véi: |z, —z, | ta dwoc:
* [(z—z)z—z)+c|+[(z,—z)z—2z)—cl=2alz, -z |.

. - — u u zZ. +z ~
e bit u=(z,-z)z-z)) > z=——+z,=——+——2 taséduoc:
LT LT

e |u+c|+|u-c|=2a’.Day chinh la phwong trinh dwong elip chuin.

e Cu thé dwong elip sau khi dwoc déi truc va xoay hinh sé la:

2

2
|z,—z| |z,—z|

|=2a|z, -z, [&>|u+2c* | +|u-2c" |= 4ac
2

o |u+ |+|u—

e Ghi nhé: Cho mét elip tong qudt dang: |z - z1| + |z - z2| = 2a. (6 tiéu cu: 2¢c = |z1 - Z2|. Qua

Z +22

, Y u o u
phép bién doi, ddt: z =——=+

Z, — 4

sé dwa vé dang chudn: |u + 2c2| + |u - 2¢2| = 4ac.

Bai toan 6.5.9. Cho phwong trinh dwong elip téng quat: |z + 2 - i| + |z - 4 - 7i| = 12. Hay dwa elip vé

dang chuin.

 Giai:

o Tiducw: 2c=|z,—z, |5 2+i-4-7i|=68/2 > c =32 .

e Thuchién phép bién déi: z=— "2t 2 W Z2HIHARTI w Ly
z, -z 2 4+7i—-2+i 2 6—6i

e Taduwoc: |u+2c”|+|u—-2c |=4ac<—>|u+36|+|u—36|:72x/§

Bai toan 6.5.10. Cho phwong trinh dwong elip téng quat: |z - 1| + |z + i| = 2. Hay dwa elip vé dang

chuin. Ttr d6 tim gia tri 1&n nhit M va gia tri nhé nhat m caa |z| ?

& Giai:
A aim o o e \ . . 2
e Haitiéu diém cii cia elip da cho la: z1 = 1;z2 =-i. Tiéucu: 2¢ :|1—z|:\/§—>c:7

e Ap dung phép xoay hinh bang cach, dat z:_u_+21+22:_u_+1_l:.u +1_l
Z,—z, 2 -i-1 2 i-1 2

e Thay vao phwong trinh ban dau, ta dwoc:  |u+1|+|u—1|= 2\2
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e Dy la phwong trinh ELIP chuin roi.

. ;s . A w 2 7 PN u - 1 . ]
e Khidé gia tri m6 dun can khao satla: |z|= —+ |=— lu+il=———
i i V2

¢ Chungta ditim Max va Min cta |u + i| v&éiula dwong ELIP: |u+1|+|u—1]= 22

e Dibiételip (E) trén c6 ban truc 16n: 2a =22 —>a=+/2.Tiéu cw: 2c=2—>c=1->b=1.

y
Pl

Al-1

e Gi4 tri cda |u + i| twong ing 1a khoang cach tir diém A(0;-1) dén elip. Dé thdy MAX va MIN
ngay trén hinh: [u - 1|max=AP =2 ; |u-1|min=0.

e Suy ra gia tri l&n nhit va nho nhit cda |z| twong tngla: M =— =2;m=
| 5 7

Bai toan 6.5.11. Cho phwong trinh dwong elip tong quat: |z - 2-i| + |z + 2 +1i| = 2410. Goi gia tri
1é6n nhét va gia tri nhé nhit cda |z - 6 - 3i| lan lwot la M va m, khi d6 gia tri cta: P = M2 - m? twong

trng bang bao nhiéu?

& Giai:
e Ap dung phép quay truc elip: ta nhan hai vé ctia gia thiét véi |2 - i| sé duoc:

|2=i)z=Q2=D)2+i)|+|Q+D)z+(2=i)2+i) |=2310.|2—i |&3] 2= i)z =5 | +](2—i)z +5]= 1082

Pit:u=(2-i)ztadwoc: |u—5|+|u+5=102 va biéu thirc cAn tim MAX MIN twong tng 13:
1 -1

_ ju—15)= =15

2-1i| J5

Nhan thdy: |u—15| 12 khodng cach tir diém (15;0) d&n ELIP chudn: |u—5|+|u+5=1042

|2—6-3i|5 ———6-3i|=
2—1i

Ty Max [u— 15|

A

— —
Min [u— 15|
s - I
L >
52 5V2 15 X
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M:%:3\/§+\/E;m:%:%/g—\/E—)P:Mz—nf:m\/z

Bai toan 6.5.12. Cho phwong trinh dwong elip tong quat: |z - 1 - 3i| + |z + 3 +i| = 8. Hay dwa elip vé

dang chuln. Tir d6 tim gia tri 1én nhat M va gia tri nhé nhit m cda |z| ?

& Giai:
e Haitiéudiém:z1=1+3i;z2=-3-1i.Tiéucy: 2c =z -z, |:\1+3i+3+i\:4\/§—>c:2\/§

o Tach:z,—z =-3+i—(1-3i)=—4+4i ; 21222:”3’2_3_1:—1“

y u zZ,+z u .
e Ditt z=——x+"1-"2= - —1+1i
z,—z 2 —4+4i

1

e Khi d6 gia thiét dwgc dwa vé dang chuin:

o |u+2c?|+|u-2c%=4ac © |u+16|+|u—-16/=32+2 (1)

Cpgie =Y

u
—4+4i 42

e Giatricua: |z|H

>y

“16v2

e Gia tri nho nhit cda: |u - 8i| la: (16 - 8 = 8).

e Suy ra gia tri nhdé nhat cta |z| la: m = i:ﬁ .

42
e Gid tri 16n nhat ctia: [u - 8i] 1a: y/8° +(16v2)> =24.
V2.

e Suy ra gia tri l&n nhat cia |z| 1a: M = Ll 3
42

Vi du 6.5.13. Cho phwong trinh dwong elip tong quat: |z - 1-i| + [z+ 1 +1i| = 2410. Goi gia tri lén

nhit va gia tri nho nhit cua |z - 4 - 4i| lan lwot 1a M va m. Hay xac dinh M va m?

Vi du 6.5.14. Cho phwong trinh dwong elip tong quat: |z - 3- 3i| + |z + 3 + 3i| = 12. Xac dinh gia tri

16n nhat va gid trinhd nhatcta|z-1+i| ?
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6.6. Quy tich la dworng Hypebol co ban:

b3 biét quy tich diém M cé: MF1 - MF; = 2a = khong d6i 1a dwong hypebol c6 tiéu diém chinh
la F2 va tiéu diém ao la Fi.

Tiéu cu 2c = F1F2, diéu kién dé ton tai hypebol 1a: ¢ > a

2ala truc dai, a la ban truc dai.

2cla tiéu cu, c la ban tiéu cu.

2b 1a truc 4o va b 12 ban truc do, cb: b=c* —a’ .

GOc cia hypebol 1a trung diém cia F1 va Fz: 13 trung di€ém cta F1 va Fa.

Khi ¢ > a thi quy tich: MF1 - MF; 1a dwdng hypebol ndm vé phia F2. Thwong ching ta chi gip
hai dang hypebol co ban c6 truc F1F; ndm & hai truc Ox va Oy nhw sau:

Khi F1 = (-¢;0) va Fz = (c;0) thi hypebol: MF1 - MF; = 2a, & dang chinh tic c¢6 F1F2 nam trén

2 2
by ¥ A e hY 7 Ay z < \ X bY
truc hoanh, nam vé phia F2 va c6 phwong trinh chinh tac la: — _Z_2 =1 vax>0.

oA 4

Khi F1 = (-¢;0) va F2 = (¢;0) thi hypebol: MF; - MF; = 2a, & dang chinh tic c6 F1F2 nam trén

2 2
N ¥ A ’ \ z \ z < \ x \
truc hoanh, nam vé phia F1 va c6 phwong trinh chinh tac la: — —Z—z =1 vax<0.
a

>y
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e Khi F; = (0;-c) va F2 = (0;c) thi hypebol: MF; - MF; = 2a, & dang chinh tic c6 F1F2 nam trén

2 2

2w N N ; < 1a X N
truc tung, & gan F; va c6 phwong trinh chinh tac la: y_2 7 =1 vay>0

a

ol 4

e Khi F; = (0;-c) va Fz = (0;c) thi hypebol: MF; - MF; = 2a, & dang chinh tic c¢6 F1F2 nam trén

2 2

2w N \ ; & 1 X N
truc tung, & gan F1 va c6 phwong trinh chinh tac la: y—z s =1 vay<0
a

>y

e Khi c = a thi quy tich: MF; - MFz = 2a, 1a nlra dwong thang F2x tinh ca F2, F2x nguoc hudng

véi FoFq.

v
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e Khi c < a thi khong ton tai diém M nao théa man diéu kién: MF; - MF..
e Mot diém M nam trén hypebol gan goc ciia hypebol nhit <> nd 1a dinh ctia hypebol. Tic 1a khi
do ta c6: OMuin = |Z|min = a < M 1a dinh twong &ng cua hypebol.

Bai toan 6.6.1. Cho s6 phirc z théa méan diéu kién: |z- 5| - |z + 5| = 8.
1. Qu¥ tich diém biéu dién s6 phirc z 1a dwong gi?

2. Gia tri nhé nhit cla |z| bang bao nhiéu? Khi d6 z bang bao nhiéu?
3. X4c dinh gia tri nho nhit cia biéu thirc: P=|z - 1| ?

4. Xac dinh gia tri nho nhat cda biéu thic: Q = |z - 2i| ?

& Giai:

1. Quy tich diém biéu dién sé phirc z 1a dwdng gi?

e DAiyla dang dwong hypebol, hai tiéu diém l1a F1 = (-5;0) , F2 = (5;0).

e Tiéucu:FiF2=2c=10 -5 c¢=5. Tructhuc: 2a=8 — ban truc thuc: a = 4.

e Ban truc 4o (ban truc nhd): b=+c’ —a’ =~/5° 4> =3

e Quy tich diém biéu dién s6 phirc z 1a dwong hypebol nam gan F1 hon, ndm trén truc Ox

2 2 2 2
e Phuwong trinh chinh tic cia hypebol la: XY e Y o1 vix<o0

4 3 16

e Hinh vé minh hoa:

()]
Xy

2. Gia tri nhé nhit cla |z| bang bao nhiéu? Khi dé z bang bao nhiéu?

e Quan sat ki chung ta biét dwoc ludn gia tri nhé nhit caa |z| 1a: |Z|min = OA = a = 4. Pat dwoc

khi z =z = 4.

3. Gia tri 1én nhat va gia tri nho nhat cta biéu thivc: P= |z + 6| ?

e Dang bai todn nay, néu ching ta quan sat nhanh dwoc thi cé thé két luan luén. Tuy nhién day
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12 biéu thirc P = |z + 6] = MB. Trong d6 diém B nam bén trong hypebol nén rit khé co thé st
dung hinh dé quan sat ngay duworc.

e Chung ta st dung phwong phap khao sat nhw sau:
o Pz+6|=4(x+6)+)" (1)
2

e T phwong trinh chinh tic cta hypebol suy ra: — y* = 9(;6—6 —1) thay vao biéu thirc P ta dworc:

2
. \/(x+6) +9(——1) \/22‘ +12x+27 véi x € (—o0;—4] .

e LAip bang bién thién (ham trong cdn) ching ta cé thé suy ra gia tri nhé nhat cua biéu thirc P

dat tai x = -4. Khi dé: P_ \/— (—4) +12(-4)+27 =2

min

e Ghinhé: Doi khi quan sat hinh ciing c6 thé suy ra dwoc gia tri nhé nhit ctia Pmin

4. Gia tri 16n nhat va gia tri nho nhit cta biéu thire: Q = |z - 2i| ?

e Biéuthttc: Q= z—2i|= x+iy—2i|= x> +(y-2) (2)

2
e T phwong trinh chinh tic suy ra: — x* = 16(%+ 1) thay vao biéu thic (2), ta dwoc:

o O=x"+(y-2) —\/16(—+1)+(y 2)? \/ —-4y+20 voi ye(—o0;+0).
S5y 6., 464 [464 _ 429
G

25 25 5

2
o Khidé: 0= \/ 259y

“« " 18 +4V661

xay ra & y—2—5—>x:_ s

429
—

e DAiu

e Viy gia tri nho nhitcia Qla: QO

min

e Ghi nhé: Doi khi cdch dwa mot dang biéu thirc cia z vé dang chinh tdc ctia hypebol cé thé sé
dwa bai todn cuwc tri vé khdo sdt ham s6 bdc hai rdt don gidn. Yéu cdu cia dang nay la biéu
thitrc mé dun cdn khdo sdt phdi & dang: P = [z - za| trong d6 za hodc thudn thwc hodc thudn do.

Vi du 6.6.2. Cho s0 phitc z théa man diéu kién: |z + 13| - |z - 13| =
1. Quy tich diém biéu dién sé phirc z 1a dwdng gi?

2. Gia tri nhé nhit cda |z| bang bao nhiéu? Khi d6 z bang bao nhiéu?
3. Xac dinh gia tri nhé nhat cia biéu thirc: P = |z - 4] ?

4. Xac dinh gia tri nho nhat ca biéu thic: Q = |z + 3i| ?

5. Xac dinh gia tri nhé nhit cta biéu thirc: R= |z - i| ?
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Vi du 6.6.3. Cho s0 phirc z thdéa man diéu kién: |z + 5i| - |z - 5i] = 6.

1. Quy tich diém biéu dién s6 phirc z 1a dwdng gi?

2. Xac dinh gia tri nhé nhét cia |z| bang bao nhiéu? Khi d6 z bang bao nhiéu?
3. X4c dinh gia tri nhé nhat cda biéu thirc: P = |z - 2i| ?

4. Xac dinh gia tri nho nhat cta biéu thic: Q = |z - 5] ?

Bai toan 6.6.4. Cho s6 phirc z thoa man diéu kién: |z - 3 + 4i| - |z + 5 - 2i| = 6.

1. Qu¥ tich diém biéu dién s6 phirc z 1a dwong gi?

2. Xac dinh gia tri nhé nhit cia |z + 1 + i| bang bao nhiéu? Khi d6 z bang bao nhiéu?
3. X4c dinh gia tri nho nhat cia biéu thirc: P= |z + 2 +1i]| ?

4. Xac dinh gia tri nho nhat cda biéu thic: Q = |z + 1 - 2i| ?

& Giai:

1. Quy tich diém biéu dién sé phirc z 1a dwdng gi?

e DAiyla dang dwong hypebol, hai tiéu diém l1a F1 = 3 - 4i = (3;-4); F2 = -5 + 2i = (-5;2).
e Tam cta hypebol 1a trung diém ctia doan F1F; dwoc xac dinh: 1=-1 -i = (-1;-1).
e Suyra: MF; - MF; = 2a.

o Tieucy:FiF2=2c=|3-4i-(-5+2i)]| =10 - ¢=5.Truc thwc: 2a =6 — ban truc thuc: a = 3.

o Bantrucao: b=+l —a’ =+/52-32 =4.
e Qy tich diém biéu dién s6 phirc z 12 1 nhanh hypebol gan tiéu diém F; hon, c6 phwong trinh

Y 2 2 2
chinh the: EX) o) g, D O (H)
3 4 9 16

2. X4c dinh gia tri nho nhit cia |z + 1 + i| bang bao nhiéu? Khi d6 z bang bao nhiéu?

Ta co: |z + 1 +i| = |z - z| dat gia tri nhé nhat bang ban truc thwc a = 3.

Suyra|z+1+i|min=3 < z=2zm=M = giao diém clia duwdng thang F1F; v&i hypebol (H).

e Phuong trinh dudng thang F1F2: x=3 =y—+4<—>3x+4y+7=0.
5.3 244
3x+4y+7=0 o
e Suyratoadd diém M la nghiém clia hé phwong trinh: ¢ (x 11> (3 +1)? 1—){ o
9 16 B

3. X4c dinh gia tri 16n nhit va gia tri nho nhat cia biéu thic: P= |z + 2 +i| ?

o Gidtricha: P=lz+2+i|=|x+iy+2+i|=(x+2)> +(y+1)’ (1)
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(x+1)°
9

e Tir phuwong trinh chinh tic ctia (H) suy ra: (y+1)° =16( —1) , thé vao (1) ta duoec:

e P=Jx+2)+(y+1) :\/(x+2)2+16(—(x;1)2 ~1) =\/25x2+28x‘92

) x=2
D20 (x+D)" 29
x<—4

2
e Diéu kién ctia phan thucxla: (y+1)° = 16((x ;1)

e Khdéo sat ham trong cin ctia biéu thirc P ta suy ra dwgc gia tri nho nhat cta P la:

* Pmin=2¢>x:—4—)y:0—)zz_4

4. Xac dinh gia tri 1én nhat va gia tri nho nhit cia biéu thirc: Q = |z + 1 - 2i| ?

o Gidtricha: Q=|z+1-2il=|x+iy+1-2i]=(x+1)* +(y-2)>  (2)

e T phwong trinh chinh tic cda (H) suy ra: (x+1)* _9((y+1) +1) , thé vao (2) ta dwoc:
(Sy 23) +4896

2 2 —_—

. Q=\/(X+2)2+(y—2)2=\/9(M+1)+(y—2)2=\/25y AL MR S E
16 16 16
4896
Gy-20+
e © Q0= 25 23*/374_
16 5

e Gia tri nhé nhit cta Q la: Qmﬁg & y:i_z_ncz_li%;;g )

e Ghi nhé: Chiing ta cé thé thuc hién phép quay hypebol vé dang chinh tdc cho dé lam va dé hinh

o . o u z, tz
dung bdng cdch ddt: z= ——=--"1"2
274

roi suy ra phwong trinh chinh tdc chudn ctia hypebol.

Bl Ni a4 x < u z, +z u —S5+2i+3-4i u
e (Obaitodnnaynéutadit z=——--"1"—2= - =

- —1-i
z,— 2z, 2 —542i—-3-4i 2 -8 —6i

e Thay vao phwong trinh ban diu ta dwoc: |[u + 50| - Ju-50| =

Vi du 6.6.5. Cho s6 phirczthéamian: [z+4 +i|-|z-2-7i|=6

1. Quy tich diém biéu dién sé phirc z 1a dwong gi? Xac dinh phwong trinh chinh tic cia né ?
2. X4c dinh gia tri nho nhit ciia biéu thiec: P= |z + 1 - 3i| ?

3. X4c dinh gia trinhd nhatcta: Q=|z+ 1 -i| ?

4. Xac dinh gia tri nhé nhat cta: R=|z + 4 - 3i| ?

5. Chuyén vé dang chinh tic chuin ctia dwdng hypebol?

6. Dwa vao phwong trinh chinh tic chuin tim gia tri nhé nhitcta: T = |z + 1 - 5i| ?
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Bai toan 6.6.6. Cho s6 phirc z théa mian diéu kién: |z - 4 + 3i| - |z + 4 - 3i| = 10.
1. Quy tich diém biéu dién sé phirc z 1a dwdng gi?

2. X4c dinh gia tri nhé nhat cla |z | bang bao nhiéu? Khi d6 z bang bao nhiéu?
3. X4c dinh gia tri nhé nhat cia biéu thirc: P = |z + 4 - 6i] ?

4. Cho biét | z|<10. Xac dinh gia tri I&n nhat va gid tri nho nhatcta T = |z - 5 + 2i| ?

& Giai:

1. Quy tich diém biéu dién s6 phirc z 1a dwong gi?

o Fi1=21=4-3i=(4;-3); F2=22=-4+3i=(-4;3).

e FiF2=1]4-3i-(-4+3i)| =10.

e  Gia thiét cho biét: [z 4 + 3i| - |z + 4 - 3i| = 10 € MF; - MF; = F1F, & MF; = MF; + F1F,

e Suyra: M, Fi, F; thang hang. Cu thé 1a: F; ndm gitra F1 va M. Hay ndi cach khac M nam trén tia

F2t nhw hinh vé (ntra dwong thang Fat):

M

F2 ______________ 3

Y IR
o

X
-3
F,
e Phwong trinh dwong thang F1F, dugc 1ap nhanh bang dang chinh tic:
o FiF2: x—4 = x+3 - 3x+4y=0 trongdd: x<—4
4-(4) 3-3

2. Xac dinh gia tri nhé nhat clia |z | bang bao nhiéu? Khi d6 z bang bao nhiéu?

e Quan sat nhanh ta nhin thay gia tri nhé nhat cta |z| 1a: |Z|min = OF2 = |z2| = |-4 + 3i| = 5.

e batdwockhiz=-4+3i.

3. X4c dinh gia tri nhé nhat cia biéu thirc: P = |z + 4 - 6i] ?

o P=|z-2za| trongdd A=2za=-4+ 6i=(-4;6).
e Nhan thdy ngay gia tri nhé nhit ctia P chinh 1a khodng cach tir A dén dwong thang F1F2 va
bang do6 dai doan AH.
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Fz """""""" 3

ksl 4

34 +40)| _12
V3 + 4 5°

e S6 phirc z twong rng dwoc biéu dién béi diém H 14 hinh chiéu vudng géc ciia A 1én F1F;

Pmin = d(A’F;F;) =

e Goi H = (3h;-4h) 1a hinh chiéu cta A, suy ra: AH = (Bh+4,-4h-6) ; ﬁFz =(-8;6)

e Suyra:

. E.ﬁ=0<—>—8(3h+4)+6(—4h—6):0<—>h:—%»H:(—%;g):z,, =—%7+1%

4, Cho biét z théa man thém:| z |<10. Xac dinh gia tri 1én nhat va gia tri nhé nhitcta T = |z - 5 + 2i| ?

] 3 C e a
Ta c6 thé goi: z=x+iy—>3x+4y=0—)y=—zx thay vao diéu kién:

2
. |z|£10<—>x2+y2SIOO<—>x2+91i6SIOO<—>—SSxS8

e Kéthop véi diéu kién ctia x & trén, ta suyra: -8<x<—4

e Xétbiéu thirc: T:|z—5+2i|:|x+iy—5+2i|:\/(x—5)2+(y+2)2 :\/()c—5)2+(—%x+2)2

2
. T:\/25x —13x+29 .
16

e Tim gia tri 16n nhat va gia tri nhé nhat clia T trén doan [-8;-4] bang phwong phap ham s& rat
don gian:

¢ T .=V23B o x=-8>y=6—>z=-8+6i

ma;

o T . =NI06>x=-4>y=3>z=-4+3i

m
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Vi du 6.6.7. Cho s8 phirc z théa man didu kién: |z - 1 + 2i| - |z + 2 -i| = 3V2 .

1. Quy tich diém biéu dién sé phirc z 1a dwdng gi?

2. X4c dinh gia tri nhé nhat cla |z | bang bao nhiéu? Khi d6 z bang bao nhiéu?

3. X4c dinh gia tri nhé nhat cia biéu thirc: P = |z + 4 - 6i] ?

4. Cho biét |z |<6. Xac dinh gia tri 1én nhat va gia tri nho nhatcia T = |z- 3 +1i]| ?
Vi du 6.6.8. Cho s0 phirc z théa man diéu kién: |z + 3| - |z - 3| = 6.

1. Quy tich diém biéu dién s6 phirc z 1a dwong gi?

2. Xac dinh gia tri nhoé nhit cia |z | bang bao nhiéu?

3. X4c dinh gia tri nhd nhit ciia biéu thirc: P= |z - 5 + 2i| ?

4. Cho biét | z|<12. Xac dinh gia tri I&n nhat va gia trinho nhatcta T = |z - 4 + 3i| ?
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6.7. Cac dworng cong bat ki: Pwong thang - Pwdng tron - Elip - Hypebol - Parabol:

e Khoéng phai lic ndo quy tich cac dwong cong nhu: dwongthing, dwong tron, dudng
elip...cling dwgc cho & cac dang chuin trong phirc. P6i khi ta phai bién déi sau qua trinh dat
truc tiép: z = X + iy mdi cé thé rat ra dwoc phwong trinh dwdong cong.

e (Cacdang dwong cong co ban:

< Duwong thang (A) c¢6 dang phwong trinh: ax + by + ¢ = 0.
% DPuong tron (C) c6 dang phwong trinh: (x - a)2 + (y - b)2 = R2. Trong dé tam I(a;b) va
ban kinh R > 0.

(x=ay , =b) _
2 nZ

% DPuwong cong elip (E) c6 dang phwong trinh: 1 . Hodc co thé viét

theo dang: ax’ +by” +cx+dy+e=0. (a,b>0 va a=b).

(- =B _,,
2 n2 -

X/
°e

. Hodc c6 thé

Pudong cong hypebol (H) c6 dang phwong trinh:

viét theo dang: ax’ —by* +cx+dy+e=0. (a,b>0).

ax’ +bx+c+dy=0

e

%

Pudng cong parabol (P) cé dang: 5
ay +by+c+dx=0

Bai toan 6.7.1. Tim tip hop diém biéu dién s6 phic z théa min: |z+2z +3i—2]=4 (1)

& Giai:
e Goiz=x+1iy, véixvay lahaiso thuc.

e (1)® [x+iy+2(x—iy)+3i-2=4 | Bx-2)+i(-y+3) |24 Bx-2)+(y-3)> =16

e Rt gon ta dwoc phwong trinh: 9x” + y* —12x—6y -3 =0 day la duong elip.

Bai toan 6.7.2. Cho sd phirc z théa man phwong trinh: |z+3i—2|=4. Tim tp hop diém biéu dién

s6 phtrc: w=z+2z?

& Giai:
e Né&u la tip hop diém biéu dién s6 phirc z thi ta suy ngay ra d6 1a dwdong tron tm 1(2;-3) va
ban kinh 1a R = 4. Tuy nhién, hidy chu y & day hoi diém biéu dién s6 phirc w?

o Tach:|z+3i-2|=4|x+iy+3i-2]=4 (1)

X
o Tit:w=z+27 > X+i¥=x+ip+2(x—iy)=3x—iy—1" 3 .Tathévio (1)sé& duoc:
y=-Y

. (U<w|%;H043+ﬁ—2F4<ﬂ(X—6}HGSY+%FA2¢»L¥—®2+GY—9Y=lf

e Vay tip hop diém biéu dién s§ phirc w 1a dwong elip trén.
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Bai toan 6.7.3. Cho s6 phirc z théa man phwong trinh: |z+3i—2|=4. Tim tp hop diém biéu dién

s6 phtrc: w=z+2z?

& Giai:

Néu 1a tAp hop diém biéu dién s phirc z thi ta suy ngay ra d6 1a dwong tron tam 1(2;-3) va

Vi du 6.7.3. Tim tip hop diém biéu dién s§ phitc z théa man: |2z—z +i—-1]=2

Vi du 6.7.4. Cho s8 phirc z théa man: | z+2i+1|=3. Tim tip hop diém biéu dién s6 phtrc: w =3z—z
Vi du 6.7.5. Tim tip hop diém biéu dién s6 phitc z théa man:

1. |z+2iz —2}=3. 2. |z+3i-2|=2z—iz +i]. 3.liz+3z 1|5 3iz +1]
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6.8. Phép quay trong s6 phirc - Nang cao tw duy véc to’ phirc:
e Cho mdt sd phitc z = x + iy ; dwoc biéu dién béi diém M(x;y) trén mat phang phirc.
e Goi M’ 1a anh cia M trong phép quay tdm O (g6c toa do 0) véi géc quay o sé& biéu dién s6

phttc twvong ng la: z'=€“z =(cosa +i.sina)z .

e Chirtng minh diéu trén cwc ki dé dang: c6 OM’ = |Z'| = |€“z|=z| {|€“ |5 cosa+i.sina|=1}
c LAy T Ar T A T T ,
e Dac biét, khi quay mot géc 900 = B thi ta nhan thay: e? = COSEH'SmE =i . Ttrc la ta chi
viéc nhan i vao trwdc mot s6 phirc ddng nghia véi viéc da quay né trong mit phang phirc mot

T
0c +900 = —,
8 2

e Tuwong tu, khi ta nhan (-i) vao trwedc mot s6 phirc dong nghia véi viéc ta di quay no trong mat

phang phirc mot géc -90° = —% :

Phép quay bao toan mé dun cda cac sé phirc. Cé wng dung rat nhiéu trong viéc tao hinh va

giai bai to4an bang hinh hoc phang.

Bai toan 6.8.1. Cho hinh vudéng ABCD biéu dién 4 s6 phirc za = 3 + 4i, zs = 4 - 5i, zc, zp. Hay tim cac

s6 phirc z¢c va zp ?

& Giai:
e St dung phép quay dé giai bai toan nay.
D C
Zp Zc
A A B B
D C

e Trwong hop 1: Hinh bén trén.

e Diém Cla anh ctia A qua phép quay tAim B goc quay (-900 = —% ): QB,-90%) = Q(B;-n/2)
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e Phép quay: —% 1a nhan véi s6 phtc: e 2 =i

R . i) . .
Vaytaco: C=Q (A)—>z.—zz=e *(z,—zp)=-(z,—zp) D>z, =z5—1(2,—2p)
(B:=)
2

o Thayso: z. =z, —i(z,—z,)=4-51—i(3+4i—4+5i)=13-4i - C(13;-4)
o CD=BA—z,—z,=2,—2, >z, =2.+2,—2, =13—4i+3+4i—4+5i =12+5i — D(12;5)

e Trwong hop 2: Hinh bén dudi.

e Diém Cla anh ctia A qua phép quay tim B goc quay (900 = %):

i(%) . )
d C=0 pu (A4) >Zo—Zy :el ? (ZA _ZB):Z(ZA _ZB) > Ze :ZB+Z(ZA_ZB)
(B57)
2

o Thayso: z. =z, +i(z, —z;)=4-5i+i(3+4i—4+5i) =-5-6i —> C(-5;-6)
o CD=BA—z,—z,=2,-2, >z, =2,+2,—2, ==5—6i+3+4i—4+5i =—6+3i — D(~6;3)

e Ghi nhé: Néu ching ta dung phwong phap toa dé Oxy thi kha 1a dai va kho khan.

Bai todn 6.8.2. Cho tam gidc déu ABC biéu dién 3 s6 phirc za = 2 + i, zg = 3 - 2i, z¢. Hay tim céc s6

phtrc z¢ ?
& Giai:
e S dung phép quay dé giai bai toan nay.
C
Zc
7
ZA _g B
A B
7
+_
3
Zc
C

e Trwong hop 1: Hinh bén trén.

e C(Claanh cua A qua phép quay tam B géc quay (-60° = —%)
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e Taco:

¢ C=0, Dz =z I PR E LI
e Thaysd: z, =z, + (l—i)(zA —z,)=3- 2+(1—£)(2+ —3+2)_5+;’*/§+_1+2‘6i
o Suyratoadé:C=(5+§\/§;_1;\/§)

e Trwong hop 2: Hinh bén duéi.
e (Claanh cua A qua phép quay tam B goc quay (600 = %)

e Tacé:

o C= Q (A)_)Z —Zp —e 3(2 —zZp)= (_ %)(ZA_ZB)_)ZC:ZB+(%+%)(ZA_ZB)

i3 i3 5—3\/§_l+\/§i
2

e Thay so: zc—zB+(l+—)(zA Zz)=3— 2+(l+—)(2+ -3+2i)= 5

5—3\/5._1+\/§)

e Suyratoado: C= ;
y ra toa dc ( 5 5

Bai toan 6.8.3. Cho tam giac ABC biéu dién 3 s8 phitc za = 1 + 2i, zp = 3 + 2i, zc. Biét goc ABC =%

va BC = 2BA. Hay tim céc s phirc zc ?

& Giai:

e S dung phép quay dé giai bai toan nay.
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e Goi C’la diém ndm trén BA sao cho BC' = BC = 2BA. Suy ra: BC'=2BA — z..—z, = 2(z, — z,)
e C(Claanh cua C' qua phép quay tam B v&i goc quay: i%

LT
[{E=

e Tacé:z.—z,=e 4)(ZC.—ZB)=2€i(i%)(ZA—ZB)I(\/Eil'\/E)(ZA—ZB)
o iz =z, +(R2+iN2)z,—z,)=3+2i+( N2 £iN2)(1+2i-3-2i)=(3-2v2)+(2+£2/2)i

Vi du 6.8.4. Cho tam giac ABC biéu dién 3 s6 phttc za = 3 - 2i, zg = 1 + 3i, zc. Biét géc ABC :g va

BC = BA. Hay tim cac s8 phttc zc biéu dién diém C ?

Vi du 6.8.5. Cho tam giac ABC bidu didn 3 s& phtrc za = 3 + 4i, zs = 2 + 5i, zc. Biét géc ABC :g va
BC = 3BA. Hay tim céc s6 phitc zc biéu dién diém C ?

Vi du 6.8.6. Cho hinh vuéng ABCD biéu dién 4 s& phitc za = 1 + 4i, zg = 2 + i. Hiy tim cac s& phitc zc
va zp biéu dién diém C va D?

Vi du 6.8.7. Cho hinh binh hanh ABCD biéu dién 4 s6 phitc za = 2 +1i, zg = 3 + 4i. C6 AB = 2AD va gbc

BAD = 60° . Hay tim céc s8 phirc z¢ va zp biéu dién diém C va D?
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6.9. Bai toan twong giao trén mat phang phirc - Hé phwong trinh mé dun phikc:
e Dasé cic bai toan twong giao déu yéu cau tim sé nghiém cta mot hé phwong trinh phirc.
e Dién hinh nhat van 1a ba loai hé phwong trinh d6 1a: hé 2 dwong thing hoac hé hai dwong
tron hodc hé mot dwong thing va mot dwong tron.
e Thuong thi dang bai todn nay c6 hai loai 1a: dinh tinh (cho biét s6 nghiém hoic sé giao diém)
va dinh lwong (tirc 12 di tim toa do giao diém cia cac dwong cong).
e Hé phwong trinh twong giao giira hai dwong: Tim nghiém cta hé phwong trinh phirc dang

mo dun chiing ta thwong chi xét t&i hai loai dwong 1a: dwong thang va dwong tron.

Bai toan 6.9.1. Bai toan giao di€ém cua hai dwong thang: Tim giao diém cta hai dwong thing sau:

{ |z+1|=z-2i]

|z+3il=|z —1-2i]

& Giai:
e Goiz=x+ iy roi thay vao hé phwong trinh da cho, ta biét dwoc:

|z+1]=z—2i] H{ |(x+D)+iy = x+i(y—2)| o (x+1)> +y* =x>+(y-2)
|z+3il=z —1-2i] | x+i(y+3)H(x-D-i(y+2)| X +(y+3) =(x-D)’+(y+2)

Rut gon ta dwa vé hé phwong trinh bic nhit 2 4n:

—-11
(x+1)2+y* =x? +(y-2) (_){2x+4y:3 - YT
X +(y+3) =(x=1)" +(y+2) 2x+2y=—4 7
a
A o x AR L 1K A 1 -11 7.
e Vay giao diém la diém biéu dién s6 phic: z = 7+§Z
|z4+2|= z—1i]

Vi du 6.9.2. Tim toa dd giao diém cta hai dwong thing sau: —
lz+i+2 |z -3
|z—=1+2i|=z—-3-2i]|

Vi du 6.9.3. Tim toa dd giao diém cta hai dwong thing sau:
|z+1|H z—-2i|

Bai toan 6.9.4. Bai todn giao diém clia duwong thang va dwong tron: Tim nghiém phirc ciia hé
lz+1|=Hz—-i| (D)

hwong trinh phirc sau:
PIHTRE TP {Iz—i—2l=3 2)

& Giai:
e Tabién déipt (1) © |(x+D)+iy|= x+i(y—D | (x+1)*+y* =x"+(y—1) <> x+y=0 (A)
e Dén day, néu bai toan la dinh tinh, tic la chi yéu cau cho biét vi tri twong d6i cia dwong

thang (1) va dwong tron (2), cling tirc 1a bai toan chi héi s6 nghiém phitc ctia hé phwong trinh
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da cho, thi ta lam theo phwong phap dinh tinh, nhw sau:

e D3 biét phwong trinh (2) la dwong tron (C) c6 tdm 1(2;1) va ban kinh R = 3. Ta chi can tinh
khoang cach tir I t&i dwdng thang (d) va song song véi R 1a xong:

[2+1]_ 3

Vi1 V2

e Neé&u bai toan la dinh lwong, thi ta phai lam binh thwong, tirc 1a viét phwong trinh dwong

o d(LA)= < R =3 .Vay suy ra dwong thang A cat (C) tai hai diém phan biét.

tron (C) & phwong trinh (2) ra roi thé: y = -x tir (1) vao: (2) ©® (x=2)>+(y-1>=9 (3)
e Théy =-x vao phwong trinh trén, ta dwoc:
5 5 5 x=—-1->y=1->z=-1+i
o (x-2)+(—=x-1)"=92x"-2x-4=0> )
x=2->y=-2—>z,=2-2i
e Ghi nhé: Tuy vao bai toan dinh tinh (dém s6 nghiém) hay dinh lwgng (xac dinh ro nghiém)
ma ta chon phwong phap cho phu hop.

Vi du 6.9.5. Bai toan giao diém clia dwong thing va dwong tron: Tim nghiém phirc ctia hé phwong
lz+2iHz-1-2i] (1)

trinh phitrc sau:
|z—i—1]=3 (2)

Iz42i-11=3 (1)

Bai toan 6.9.6. Twong giao cta hai dwong tron: Tim nghiém phirc théa man: .
lz—i+2]=5 (2)

& Giai:
e Ne&u bai toan la dinh tinh: Ta da biét cach xac dinh vi tri twong déi cua hai dwong tron.
e Phuwong trinh (1) 1a dwong tron tam I1(1;-2) va ban kinh Ry = 3.
e Phuwong trinh (2) 1a dwong tron tam I2(-2;1) va ban kinh Rz = 5.
e Khoangcachl1l; = \/m =32
e Ri+Rz=8va|Ri-Rz|=2.
e Suyra: |R,—-R, <[], <R, +R, — hai dwong tron nay cat nhau tai hai diém phan biét.
e Ne&u bai toan la dinh lwo'ng: Ta phai lap hé phwong trinh hai dwong tron va gidi nhw da lam
nhw trong hinh phang Oxy.
(=D +(¥+2=9 ()

e Ta co hé phwong trinh: 5 )
(x+2>+(y-1)*=25 (2)

e Lay (2) - (1) vé theo vé, ta dwgc: 6x—6y=16—>y = Y% thévao (D):

3x—8 X, =...™> )

(1) & (x=1)"+(

+2)° =9<—>9x2—15x—34=0—{
X, =Y,
|z+il=2 )

Vi du 6.9.7. Tim nghiém phtrc cia hé phwong trinh phirc sau: ]
lz—i+3]=4 (2)
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6.10. Biéu dién s6 phirc 1a mét mién trén hinh phang - Cuc tri phirc trén mién D:

Bai toan 6.10.1. Cho s6 phttc z = x + iy c6 diém biéu dién M(x;y) ndm trong mién D dwoc xac dinh
bdi: D={0<x,y;x+2y>2; x+y<4}. Hiy xac dinh gia tri I&n nh4t va gia tri nho nhit cia cac biéu

thiec: P=|z|vaQ=|z-3+i|?

& Giai:

e Dang bai to4n nay c6 thé dung bat dang thirc dai s6 danh gia dwoc, tuy nhién né rat ruedm ra
va kho khin, doi khi con qua dé nham va ngd nhan. Cach t8i wu nhat 1a sir dung phwong phap
hinh hoc trén mit phang phitc. Chi yéu 1a ching ta phai xac dinh twong déi chinh xac dwoc
mién D va tir d6 cé thé rat ra cdch lam cling nhw cidc nhin xét toi wu nhat cho bai toan.

e Mién D & bai toan nay dwoc cho dw¢i dang mién xac dinh béi cac dwong thang da duoc biét ti

mi & chwong trinh 16p 10 roi.

W <«

ksl 4

e Xétbiéu thirc P = |z| = OM, trong d6 M 1a mot diém thudc mién D.
e Quan sat nhanh trén hinh nhan thiy P = |z| = OM 1&n nhit khi M trung véi diém A va diém B.

=z| =04A=0B=4

max

Khi d6: zu =za=4 hoaczm=zp=4iva P,

max

e P =|z| = OM nhé nhit khi M 13 hinh chiéu vudéng géc ctia O 1én dwdng thing A1. Cling c6 thé

tinh nhanh gi4 tri nhé nhit cta P = |z| = OM bang hé thirc lwong trong tam giac vudng.

12 2
JE+22 5

e Viéc tim toa do diém H biéu dién s6 phirc zy d€ c6 Pmin duoc dwa vé tim hinh chiéu vudng géc

[ ] P:|Z|

min

=OH =d(0,A,) =

min

ctia O 1én dudng thing A1. Phwong trinh dwong thang Ar: x + 2y - 2 = 0.

e GoiH = (2 - 2h;h) ndm trén A; 14 hinh chiéu vudng géc cia O 1én A;.
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o VTCPclaAild: u, =(2;-1) .Vécto: OH =(2-2h;h)

e Suyra: LTAI.OTI=O<—>2(2—2h)—l(h)=0<—>h:i—>H:(g;i):zH :z+ﬂ
5 55 5 5
e Xétbiéuthlkc: Q=|z-3+i| =IM, trong d6 M 1a mot diém thudéc mién D va I 1a diém biéu

dién s6 phttc z = 3 - i

ol 4

T >_‘\‘\\\/
\\\\\\\\\\
. 4

“

e Gia trilon nhit cia Q twong tng la: IB=Q max=|zs - z1| = |[4i -3 +1i| = V34 &z =75 =4i
e Gia tri nh6 nhit cda Q twong tngla: IM = Qmin=|zm - z1| = |3 -3 +i|=1 & z=2zu=3.
e Ghi nhé: Khi dd xdc dinh va phdc hoa hoi chinh xdc dwoc mién D thi viéc xdc dinh MAX va MIN

ctia mét biéu thirc sé rdt dé dang.

Bai toan 6.10.2. Cho s6 phttc z = a + ib, trong d6 a la s6 thwc khéng dwong va dong thoi 1a hé sé cia
tam thirc bac 2: f(x) = x2 + ax + b. Biétrang: f(-1)<6 va f(2)>2. Hay xac dinh gia tri 16n nhit va

gia tri nho nhat cla cac biéu thirc: P=|z|vaQ=|z-4 - 5i| ?

& Giai:
e D6i khi bai toan ciing cho phan thwc va phin do dwéi dang hé s6 cia mét tam thirc bic hai,
ching ta van x4c dinh va phac hoa mién D nhw da 1am v&i bai toan trén.
e S0 thyc a khong dwong tirc la: a <0
e Tacét: f(-1)S6<>1-a+b<6<>b<5+a (A1)
o f(Q)224+2a+b>22<b>-2a-2 (A2)
e Suyramién D={a<0;b<5+a;b>-2a-2}

e Hinh vé minh hoa mién D trén mat phang phtc:
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= 4

e Giao diém cua hai dwong thang A1 va Az 1a diém I c6 toa do: I = (—%;g) :

e Biéu thirc P = |z| = OM, trong d6 M 1a mot diém biéu dién s phirc z thudc mién xac dinh D.

e Gi4 tri nhoé nhit cta P bang 0 vi O ndm trong mién D. Khi d6 Pmin = <> M trung véi O.

e Giatrilon nhat cha P1a: Pmax=0B =5 <> z = zg = 5i.

e Khao sat biéu thirc Q = |z - 4 - 5i| = AM, trong d6 M 1a diém nam trong mién D va A 12 diém

biéu dién s6 phirc za = 4 + 5i

vl 4
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e Gia tri nho nhat cia biéu thirc Q 1a: Qmin = AB = 4 & z = zp = 5i.
e DExac dinh gia tri I&n nhit cda biéu thirc Q ta di tinh d6 dai doan Al va AC r6i so sanh:

o AlHz,-z, |:|4+5i—(—%+§i) |z%

o AC=|z,—z,.|=4+5i—(-2i)|=~/65

e Vay gia tri l1n nhit cua Q 1a: Qmax=AC = J65 & 7=7¢=-2i,

e Ghi nhé: Péi khi mién xdc dinh D cho béi diéu kién ctia cdc phdn thwc va phdn do théng qua
viéc chiing dworc gdn la hé s6 ctia cdc da thivc dai sé va tir diéu kién ctia da thirc ta tim ra dwoc
diéu kién ctia phdn thwc vao phdn do twong trng.

e Khi di xdc dinh gid tri lon nhdt va gid tri nhé nhdt ngoai viéc quan sdt nhanh chiing ta ciing nén

tinh todn nhitng trwong hop cé khd ndng dat cwc tri dé€ tranh ngd nhdn béi hinh vé sai ti Ié.

Bai toan 6.10.3. Cho s6 phttc z nam trong mién D x4c dinh b&i: D={|z-2-3i|<6;|z-1-i|<3}.

Hay xac dinh gia tri 1&n nhit va gia tri nhé nhat cta: P = |z|?

& Giai:
e Mién D khéng dwoc cho béi gidi han cadc dwong thing va cac dwdng ciing khong dugc biéu
dién thong qua phan thuc va phan 4o ma dwoc gidi han truc ti€p béi cac bpt phitc co ban.
e |z-2-3i|<6 la mién nam trong hinh tron (C1) bao gdm ca dwong tron (C1). C6 tAm dwong
tronla: 1 =z =2+ 3i vabankinh Ry =6.
e |z—1-i[>3 1a mién nam ngoai hinh tron (Cz) bao gdm ca dwong tron (Cz). C6 tAm dwong
tronla: 2=z =1+1i vabankinh Rz =3.

e Mién D dwoc minh hoa nhw hinh vé:

>
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e Khao sat bi€u thirc P = |z| = OM, trong d6 M 1a di€ém nam trong mién D (12 phan gach chéo
nhw hinh vé minh hoa).

e Thtt diéu kién thiy dwoc goc toa dd O nam bén trong hinh tron (Cz) nhw hinh vé:

o |zo-l-ilg1+il=/2<3

e Suy ra gia tri Ién nhit cia P 1a: Pmax = 0A = OI1 + [1A = |zin| + Ri = |2+ 3i|+6 = 6++/13 . Khi d6

s6 phirc z = za dwoc tim bang cdng thirc nhanh da dwoc trinh bay & nhirng phan trudc:

e z, =+ —a+ )2+3i) = +%)(2 +3i)

6
|z | |2+3i| \/_
e Gid tri nhd nhAt ctia P 1a: Pmin = OB = |B - Ol = |Rz- |ziz|| = |3 - |1 +i|| = |3-+2 |=3-+/2.
e Khi d6 s6 phitc z = zg dwgc tim bang cong thitc tinh nhanh:

R, a3 N3 .
. ZB—(I—@)ZH—(I |1+l.|)(1+l) (1 \E)(Hl)

Bai toan 6.10.4. Cho sd phirc z ndm trong mién: D={|Z—1+i|S\/§ ;| z—1—i[2z—3+i|}. Hay xac

dinh gia tri 1&n nhat va gia tri nhé nhat cta: P = |z| vaQ = |z - 3 + 2i|?

& Giai:
o |z—1+il< V2 12 mién ndm trong hinh tron (C) bao gom ca dwong tron (C). C6 tAim duwong
tronla:I=z=1-i vabankinhR=+2.
o |z—1-iP|z=-3+il|(x=D+i(y=D P (x=3)+i(y+D) | (x=1)+(y=1)>>(x=3) +(y+1)°
o & x—y>22¢>y<2-x .DAayla mién nlra mit phidng nam phia dudi dwong thang A1 cb
phwong trinh: y=2-x (A1)

e Hinh v& minh hoa mién D nhw hinh vé bén duéi:

Ay Al

ol 4
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e Khao sat biéu thirc: P = |[z| = OM, v&i M 1a mot diém biéu dién s6 phitc z ndm trong mién D.
e Gi4trinhd nhitclaPla: Pmin=01=|z]|=|1-i|=~2 ©®z=z=1-1i.
e Giatrilén nhit clia Pla: Pmax=0A =0l +IA=2R= 22 ©®z=73=2-2i.

e Khao sat biéu thirc: Q = |z - 3 + 2i| = BM, v&i B 1a diém biéu dién: zg = 3 - 2i nhw hinh vé.

Ay Al

ol 4

7 //
4

e Gi4 tri nhd nhat cia Q 1&: Qun=BC=BI-IC = |zs - z1] - R =|3-2i—(1-i)| /2 =/5 -2 ©
S8 phitc: z = zc dwoc tim bang cach da dwoc trinh bay & phan co ban ciia duwdng tron.

e Gia trilén nhit cia Q 1a: Qmax = BD = 3.
Vi du 6.10.5. Cho so phirc z = x + iy, trong dé x, y 1a nhitng s6 thwc khong 4m théa man déng thoi
cac diéu kién: x+y<8; x+3y>6. Hiy xac dinh gia tri 1én nhit va gia tri nhé nhit cia cac biéu
thirc: P=|z| vaQ = |z -5 -i| ? Xac dinh cac gia tri twong ng cla z khi dé ?
Vi du 6.10.6. Cho s0 phitc z = x + iy, trong d6 x, y 1a nhitng s6 thwc théa man dong thoi cac diéu
kién: 0<y ; 2x+y <6 ; 3x+ y <3.Hay xac dinh gia tri 1&n nhit va gia tri nhé nhit cia cac biéu thirc:
P=|z|vaQ=|z-5-i| ? Xac dinh cac gia tri twong ng ctia z khi d6 ?
Vi du 6.10.7. Cho so phirc z = x + iy, trong d6 x, y la nhitng sé thuwc théa man déng thoi cac diéu
kién: 0<(x-2)(y—2); x+y>2; x+2y<10. Hay xac dinh gia tri I&n nhat va gia tri nhé nhit cia cac
biéu thirc: P = |z| va Q = |z - 3 - i| ? X4c dinh cAc gia tri twong &ng ctia z khi d6 ?
Vi du 6.10.8. Cho s phirc z = a + ib, trong d6 a, b 1a nhirng s6 thwc khong 4m dong thoi 1a cac hé so
clia tham thirc bac 2: f(x) =x” —2ax+b.Biétrang: f(1)<5 ; f(2)<0.Hay xac dinh gia tri 1ém nhat
va gia tri nhé nhit ctia cac biéu thirc: P = |z| va Q = |z - 4 - 3i| ? X4c dinh c4c gia tri twong ¥ng cha z
khi do6 ?
Vi du 6.10.9. Cho s6 phirc z = a + ib, trong d6 a, b 1a nhitng s6 thwc khéng 4m dong thoi la cac hé s6

clia tham thitc bac 2: f(x)=x" +ax+b.Biétrang: f(1)<7 ; f(~1)>3.Hay xac dinh gia tri 16n nhat

118|Thu4dn Thanh - Bidc Ninh - 2018



Tén trong quyén tdc gid va cam két khéng sao lwu bdn phu. CHUYEN PE: SO PHU'C VA NG DUNG H

va gia tri nhé nhit ctia cac biéu thirc: P = |z| va Q = |z - 4 - 3i| ? X4c dinh cac gia tri twong (ng cla z
khi dé ?

Vi du 6.10.10. Cho s6 phirc z théa man: |z—2|<4 ; |z—2i[>4. Hay xac dinh gia tri l&n nhat va gia
tri nho nhit cia cac biéu thirc: P = |z|vaQ=|z-2 - 2i| ?

Vi du 6.10.11. Cho sé phirc z théa man: |z—1<3 ; | z—2i|<4. Hay xac dinh gia tri 1&n nhat va gia
tri nhé nhit cta cac biéu thic: P=|z|vaQ=|z-8-5i| ?

Vi du 6.10.12. Cho s6 phitrc z théa man: |z—2[<4 ; | z—1+i[>| z+1|. Hay xac dinh gia tri 16n nhit va

gia tri nhé nhat cia cac biéu thirc: P=|z|vaQ=|z- 6 - 4i| ?
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6.11. Bai toan tAm ti cw trén mat phang phirc:

Tam ti cw cia mét hé thirc véc to: Cho cac diém A, B, C biéu dién cac s6 phirc twong tng la
Za , ZB , Zc. Tim diém N thoa man hé thirc véc to (con goi N 1a tAm ti cuw ctia hé thic véc to):
aNA+ BNB+yNA=0 .

Day 1a tai liéu sé phirc, moi chirng minh hinh hoc khéng thé trinh bay hét dwoc. P6i khi mot
s6 két qua phai bat budc chdp nhan tir hinh hoc véc to. Ta chuyén tir véc to qua sd phitc:
a(z,—zy)+P(zy —zy)+7(zc —2zy) =0

Toa dd tAm ti cw N ciling nhw s6 phirc zy bi€u dién né can tim 1a:

_az,+ Pz +yz.
a+p+y

N

Chu y rang: Khi o+ f+y =0 thi khéng ton tai tam ti cw N.
Tai sao goi la tAm ti cw, wng dung cta tAm ti cw khi nao thi ching ta sé nghién ciru ki din dan

bang nhirng bai todn mau duwoc trinh bay bén duéi:

Bai toan 6.11.1. Tim diém M biéu dién s6 phitc zw sao cho biéu thirc sau dat gia tri nhé nhat:

P=al|z—z,[ +f|z—z, [ +y|z—2z.|". Tinh gi4 tri nhé nhit d6: Pmin = ?

& Giai:
Goi diém A, B, C 1an lwot biéu dién s6 phirc: za, zs, zc va N 1a tAm ti cw ctia biéu thirc véc to:
oz, + Pz, +yz.
a+p+y

Goi M 12 diém biéu dién s phirc z bat ki. Khi d6 biéu thirc ti cw da cho dwoc viét duwdi dang:

aNA+ FNB+yNA= 0 ,biéu dién s phirc zy. Khi d6 ta da biét: z, =

P=aMA> + B.MB* +y.MC*

Tacé: P=aMA + ,B.Méz + 7/.]\—452 = a.(MN + NA)* + B.(MN + NB)* + y(MN + NC)?
P=(a+f+y)MN*+a.NA> + BNB* + yNC* + 2MN(NA+ NB + NC)
P=(a+f+y)MN’+a.NA*> + f.NB* + y.NC*

Ta c6: (a.NA* + BNB* + yNC?) khong d6i vi A, B, C, N 1a c6 dinh da biét rd. Vay biéu thirc P
dat gia tri nho nhit khi va chi khi MN2 nhé nhat <» MN = 0 <& M trung véi N & zv = zy.

Ghi nhé: Diéu kién dé mot biéu thircti cw: P=a|z—z,[ +B|z—z, +y|z—z.|" dat gia tri

2 ~ ~ 7 N A 2 2 A 7 az + z + Z
nho nhit < s6 phirc zy 1a tAm ti cy ctia hé thie: z, = —4 Py t7zc :
a+p+y

Gia tri nho nhat khi d6 twong (rng la:

P

min

=a.NA*+BNB* +yNC* =a|zy, —z, [ +B|zy—z, [ +r|zy —z. [
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Vi du 6.11.2. Tim s6 phitc zu sao cho P dat gia tri nhé nhat: P=2|z—-1+2i +3|z-2i —|z-3.
Tinh gia tri nhé nhat d6: Pmin = ?
Vi du 6.11.3. Tim s6 phttc zm sao cho P dat gia tri nhé nhat: P=|z-3+i|" +|z—4—i[" +3|z-2i| .

Tinh gia tri nhé nhat d6: Pmin =?

Bai toan 6.11.4. Cho biéu thtcti cw: P=a|z—z, [ +B|z—z,|" +y|z—z. [. Tim s8 phitc zw sao cho:
1. S8 phttc zv théa man dwong thang A: |z - z1| = |z - z2| va gi tri ctia P nhd nhat? Tinh Pmin khi d6 ?
2. SO phtrc zm thoa man dwong tron (C): |z - zo| = R va gia tri cia P nhé nhat hodc gia tri cia P 16n

nhit? Tim cac gia tri Pmin va Pmax khi d6 ?

& Giai:

~ p N LA 9 o N ’ ~ oz, +pz,+yvz
e SO phirc zy la tAm ti cy cda biéu thirc da cho P. Suy ra:  z, =—4 Py trzc
a+pf+y

e Biéu thitrc P khi d6 dwoc bién déi thanh: P=(a+ S+ y)MN* + a.NA* + S.NB’ + y.NC*
e Trongdé cé: (a.NA* + BNB* + yNC*) khong déi.

e Nhu viy P phu thudc hoan toan vao sw bién thién cda gia tri doan MN.

1. S8 phttc zv théa man dwong thang A: |z - z1| = |z - z2| va gi tri ctia P nhé nhat? Tinh Pmin khi d6 ?

e Khi diém M chay trén duong thang A thi d€ Pmin < MN nhé nh4t <> M 1a hinh chiéu vudng

goc ctia N 1én dwong thang A.

ZNe N

M2 M1

z o2

VAV v Ml

M M

L] Khl dé MNmin = d(N,A).
e Gia tri nhd nhat cia P1a: Pmin= P=(a+ B+ y)(d(N,A)) +a.NA> + B.NB*> + y.NC*

2. SO phirc zm thoa man dwong tron (C): |z - zo| = R va gia tri cia P nhé nhat hodc gia tri cda P 16n

nhit? Tim cac gia tri Pmin va Pmax khi d6 ?

e Khi M chay trén dudong tron (C) thi cé hai tredng hop cuece tri.
e Khi M = M; & gan N nhit, ta da biét tim diém M; & nhitng phan trén, thi P dat gia tri nho nhit:
e P =(a+p+y)M,N>+a.NA*+B.NB’+y.NC’

e Khi M = M; & xa N nhit, ta da biét tim diém M & nhirng phan trén, thi P dat gia tri 16m nhat:
e P_=(a+pf+y)M,N’+a.NA>+B.NB* +y.NC’
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Vi du 6.11.5. Cho biéu thirc ti cw: P=[z—2i > +3|z—1+3i|" —| z—2|*. Tim s6 phitc zm sao cho:

1. S8 phttc zv théa man dwong thadng A: |z - 1| = |z - i| va gia tri ctia P nhé nh4t? Tinh Pmin khi d6 ?

2. S6 phirc zv théa man dwong tron (C): |z - 3 - 4i| = 5 va gia tri cda P nhé nhat hodc gia tri cia P 16n
nhit? Tim cac gia tri Pmin va Pmax khi d6 ?

Vi du 6.11.6. Cho biéu thirc ti cw: P=2|z+i| +|z—1—i|" —|z—3[. Tim s6 phitc zu sao cho:

1. S6 phirc zm théa man dwong thang A: |z - 2i| = |z + 2| va gia tri cia P nhé nhit? Tinh Pmin khi d6 ?
2. S6 phirc zv thoa man dwong tron (C): |z - 3 - 4i| = 5 va gia tri cia P nhé nhit hodc gia tri cia P 16n

nhit? Tim cac gia tri Pmin va Pmax khi d6 ?

Bai toan 6.11.7. Cho biéu thic ti cu: P=a|z—z,[  +B|z—z, [ +y|z—z.|'. Trong d6 P da biét gia

tri. Hay tim quy tich cia di€ém M biéu dién s6 phitrc z théa man biéu thirc trén?

& Giai:
oz, + Pz, +yz.
a+pf+y
P—(a.NA®> + f.NB® + y.NC?)
a+pf+y

e Goiznlatim ti cy cda biéu thirc P. Tasuy ra: z,, =

e P=(a+f+y)MN*+a.NA’ + B.NB* +y.NC> - MN* =
e XAy ra cac trwong hop sau:

e Trwomghop 1: P<a.NA>+ S.NB*> +y.NC* ,thi khong ton tai diém M théa man.

e Trwonghop2: P=a.NA*+ B.NB>+y.NC*,thi cé6 duy nhat mot diém M = N thoa man.

e Trwonghop 3: P>a.NA> + f.NB* +y.NC? , thi quy tich diém biéu dién 1a duwdng tron (C) cé

tAm 13 tAm ti cw N (zn) va c6 ban kinh: R = \/P— (a.NA®> + B.NB* + y.NC*)
Vi du 6.11.8. Tim tip hop diém biéu dién s6 phitc z thda min diéu kién : |z - 3i|2 + |z + 1 - 2i|2 +
2|z|? = 2018.
Vi du 6.11.9. Tim tip hop diém biéu dién sé phitc z théa min diéu kién: |z -i|2 + |z + 3 +i|? + |2z -
4i+ 22 =12.
Vi du 6.11.10. Tim tip hop diém biéu dién s6 phitc z théa man diéu kién: |3z -6i|2 - |z + 2 + 3i|2 +

|z - 2i+ 3|2 =-34/3.
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6.12. Binh phwong v6 hwéng trong sé phirc - 'ng dung trén mit phing phirc:
e Cong thirc hep: Phép binh phwong vé hwéng trén mit phang phic:
e M&i s phitc z c6 thé coi nhw 1 vécto u va mddun sb phirc bing d6 dai véc to d6: | z|=| u |

e Suyra:|ztz, |=|utu,| >z tz, [ =lu tu, [=u [ +|u, [ £2|u,|.|u, |.cos(u,,u,) (1)

—

e GOctao bdi hai véc to cling c6 thé coi 1a goc tao bdi hai s6 phirc twong ing: o =z,,z, = (1/71,1/72)
e Thayvao (1), tadwoc: |z, +z, [ =z [ +|z " £2|z|.| z, | cos(z,, z,)
e To6ng quat binh phwong vo hwéng trong so phic:

o z=mz tnz, S|z = mz, +nz, [=m’ |z, +n’ |z, [ 2.mn.|z,|.| z, | .cos(z,,2,)

—
— = =

e GOc tao bdi hai s6 phirc z1 va z; cling bang goc tao bai hai s6 phirc lién hop: a =z,,z, =z,,z,

e U'ng dung ctia phép binh phwong v6 huéng vao mdt s6 bai toan sé phirc dang dai so:

Bai toan 6.12.1. Cho hai s6 phitrc z1 va z; théa min: |z1 | = 6, |z2| =8 va |z1 - 22| = 2J13. Hay:
1. Tinh gid tri cta biéu thirc: P = |z1 + 72|
2. Tinh gia tri ca biéu thirc: P = |2z1 + 3z2|

3. Tinh gia tri cda biéu thirc: P = |2z1 - 322|

& Giai:
e Goi gdc tao bai hai s6 phirc z1 va zz 1a: ¢ =(z,,z,).

1. Tinh gid tri cta biéu thirc: P = |z1 + 72|

o Tirgidthiét: |z,—z,|=2V13 552=|z [ +|z, -2|z .|z, |cosa (1)
e P=|z;+z,| > P =z +|z, | +2|z].|z, | cosa (2)

o Liy (1) + (2), vé theo v&, ta dwoc: P*+52=2.|z, | +2.|z, =200 > P=237 (vi P>0)

2. Tinh gia tri ca biéu thirc: P = |2z1 + 3z2|

e Binh phwong v huéng biéu thirc P ta dwoc:
e Tachd: P=|2z+3z, | > P =4|z, [ 49|z, | +12|z|.| z,|.cosa (3)
e Két hop nhan hai vé cta (1) véi 6 roi cong vé theo vé védi (3), ta dwoc:

312=6]z " +6] z, [' =12] z, | .| z, |.
{ 7 [r6lz [=12la [z feose e 31y _10)4 P 415)2, P=1320 5 P=1247

P =4|z, 49|z, [  +12]z]|.| z, | .cosa

3. Tinh gia tri cia biéu thirc: P = |2z1 - 37|

e Tacé: P=2z,-3z,|> P =4|z [ +9|z [ -12|z|.| z,|.cosa
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e Kéthop véi (1), ta duwoc:
2 2
{3;22 :46||: ||2 :;':"2 —_1122||zzll ||.'||ZZ; ll-'CC;’:Z 5P =312=-2|z, [ +3|z, =120 > P=12\3
& Ghi nhé: Phép binh phwong vé hwéng rdt hiru dung trong cdc dang bai todn nay. Chiing ta cé
thé ghi nhé cdch lam cho lwu lodt va téc do khi budc vao thi trdc nghiém.
Vi du 6.12.2. Cho hai s6 phirc z1 va z; théa méan: |z1 | = 3, |z2| = 4 va |z1 - z2| = 5. Hay:
1. Tinh gid tri cta biéu thirc: P = |z1 + 72|
2. Tinh gia tri cia biéu thirc: P = |z1 + 27|
3. Tinh gia tri cia biéu thirc: P = |3z1 - 27|
Vi du 6.12.3. Cho hai s6 phirc z1 va z; théa mian: |z1 | = 3, |z2| = 4 va |z1 - 2z2| = 7. Hay:
1. Tinh gid tri ca biéu thirc: P = |2z1 + z2|
2. Tinh gia tri cda biéu thirc: P = |2z1 - 522|
Vi du 6.12.4. Cho hai s6 phirc z1 va z; théa man: |z1 | = 3, |z2| = 4 va |2z1 - 3z2| = 6. Hay:
1. Tinh gia tri ctia biéu thirc: P = |z1 + 222

2. Tinh gia tri cda biéu thirc: P = |3z1 - 222|

Bai toan 6.12.5. Cho hai s6 phitc z1 va z; théa man: |2z - i| = |2 + iz| va |z1 - Z2| = J3. Hay tinh:
1. Gia tri cda biéu thirc: P = |z1 + z2|
2. Gia tri cia biéu thirc: P = |2z1 + 322|

3. Gia tri ctia biéu thirc: P = |2z1 - 372

& Giai:
e T gid thiéttasuyra: |2z—i|=|—i.(iz+2)|=| z—2i| . Binh phwong v6 hwéng hai vé ta duoc:
o A|zP+|if —4|z|.|i].cos(z,i) =z +4|i]F —4|z|.|i|.cos(z,i) |z =1 z|=1
e Hai s6 phirc z1 va zz ¢6 cing mé dun: |z1| = |z2| = 1.
e Tirgia thiét: |z1 - 22| = V3 ,binh phwong vé hwéng ta duoc:
e 3=z [ +|z,[ -2.]z].|z|.cosa=1+1"-2.1.1.cosa —> cosa = —0,5.

e Trongdd a=(z,z,)

1. Gia tri cta biéu thirc: P = |z1 + 72|

e Binh phwong vé hwéng ta duoc:

o Pz [ +|z, [ +2.]z7]|.|z|.cosa=1+1"+2.1.1.(-0,5)=1—> P=1.

2. Gia tri cia biéu thic: P = |2z1 + 322|

o P =4|z [ 49|z, +2.23.|z]|.|z,|.cosa =4.1> +9.1> +2.2.3.1.1.(=0,5) =7 > P =+/7 .
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3. Gia tri ctia biéu thirc: P = |2z1 - 372

o P =4|z 49|z, -2.23.|z].|z,|.cosa =4.1>+9.1> =2.2.3.1.1.(-0,5) =19 > P =/19..

Vi du 6.12.6. Cho hai s6 phirc z1 va z; théa man: |3z - i| = |iz + 3| va |z1 - 22| = V2. Hay tinh:
1. Gia tri cda biéu thirc: P = |z1 + z2|

2. Gia tri cia biéu thirc: P = |2z1 + 322|

3. Gid tri cia biéu thirc: P = |2z1 - 322

Vi du 6.12.7. Cho hai sé phirc z1 va z; théa méan: |3z - i| = |iz + 3| va |z1 - z2| =1. Hay tinh:

1. Gia tri cta biéu thirc: P = |z1 + 72|

2. Gia tri cia biéu thirc: P = |3z1 + 72|

3. Gia tri ctia biéu thirc: P = |z1 - 222

Bai toan 6.12.8. Cho hai s6 phirc z1 va z; théa man: |z1 - 2z2| = 2 va |3z1 + z2| = 3. Hay tim gia tri lén

nhit ctia biéu thic: P = |z1] + |z2] ?

& Giai:
{|Zl—222 =2—>4=z ] +4|z, } —4|z]|.|z, | cosa %{12=3|zl P+12]z, 2 =12|z|.| 2, |cosa

132, +2,[=32>9=9|z  +|z, [ +6|z|.|z, |cosa  |[18=18|z | +2|z, [ +12|z|.| z, | cos

e (COngvévédivétadugc: 30=21|z [ +14|z, |7 (1)

e Ap dung BPT bunhia ta cé:

1 1 11 5 25
e P =(z|+|z )} =( .\/i|zl|+—.\/ﬁ|zz|)2£(i+ﬁ)(21|zl|2+14|22|2):E.30=7

J21 J14
57

57 ’
e Suyra: P< — Vay gia tri lén nhat ctia P la: Pmax= ——

Vi du 6.12.9. Cho hai s6 phirc z1 va z; thoa man: |z1 - 2zz| = 2 va |2z1 + 3z2| = 3. Hay tim gia tri 16n
nhét cta cac biéu thirc:

1.P=|z1| + |22| ?

2.P=2|z1]| + 3|z2| ?

3.P=|z122| ?

Bai toan 6.12.10. Cho hai s6 phirc z1 va z; théa man: z1 + z2 = 8 + 6i va |z1 - 72| = 4. Hay:
1. Tim gia tri 1&m nhit cia biéu thirc: P = |z1] + |z2]

2. Tim gia tri 1én nhit cha biéu thirc: P = 2|z1] + 3|z2|

 Giai:

e Tacé:|z+z, [H8+6i=10>100=z | +|z, [ +2|z]|.|z, | .cosa (1)
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o Tw:|z,-2z,[F4—>16=z [ +|z,[ -2|z]|.|z|.cosa (2)
e (Cong 2 phwong trinh (1) + (2) vé theo vé ta duoc:
o 116=2(z[ +[z[)

1. Tim gia tri 1&m nhit cia biéu thirc: P = |z1] + |z2]

e ApdungBPT bunhia: P> =(z |+|z, )><A+1)(z [ +|z ) =116 > P <116 =229

e Suy ra gia tri I&n nhit cda P 1a: Pmax = 24/29..

2. Tim gia tri 1én nhat cta biéu thic: P = 2|z1| + 3]|z2|

e ApdungBDPTbunhia: P> =(2|z |+3]z,[)> <(4+9)(z | +|z, ") =13.58 > P<+/754.
e Suy ra gia tri 1&m nhit cia P 1a: Pmax = V754 .

“_n

e Diéu kién xay ra diu ching ta khéng qua quan trong trong cac bat ding thirc COSI hay

BUNHIA vé md dun. Chi cac diéu kién vé bat dang thirc tam gidc méi kho xay ra.

Bai toan 6.12.11. Cho hai s6 phirc z1 va z; théa man: z1 + 2z2 = 8 + 6i va |z1 - Z2| = 6. Hay:
1. Tim gia tri 1&n nhit cia biéu thirc: P = |z1] + |z2]

2. Tim gia tri 1én nhit cha biéu thirc: P = 2|z1| + 3|z2|

& Giai:
Taco: |z, +2z, |58 +6i[=10 >100=| z, [ +4 |z, [ +4|z|.|z,|.cosa (1)

Tw: |z,—z, =4 —>16=z [ +|z,[' -2|z|.| z,|.cosa

—32=2|z 2|z, [  —4|z|.|z,|.cosa (2)

Céng 2 phwong trinh (1) + (2), v€ theo vé ta dwoc:

132=3] 7, +6] 2, P o3|z, [ 42| z, =44 3)

1. Tim gia tri 1&n nhit cia biéu thirc: P = |z1] + |z2]

e BPTbunhia: P’ =(l.|z |+L.ﬁ|z2 |)23(1+%)(| z, [P +2| z, |2)=%.44:66—>Ps\/&.

V2

e Suy ra gia tri l&n nhit cda P 1a: Pmax = /66 .

2. Tim gia tri 1én nhat cta biéu thic: P = 2|z1| + 3]|z2|

e Ap dung BDT bunhia:
o P’=Q2z|+3|z ) =(2.]z ]+i.\/§]zz )? < (4+%)(\ z, [P +2]z, [*) :1—.44:374—>P£\/374

7
NG 2

e Suy ra gia tri Ion nhit cda P 1a: Pmax = V374
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Vi du 6.12.12. Cho hai s0 phitc z1 va z; thda méan: z1 + z2 = 3 + 4i va |z1 - z2| = 4. Hay:

1. Tim gia tri 1&n nhat ca biéu thic: P = |z1] + |z2]

2. Tim gia tri 1&n nhit cta biéu thirc: P = |z1] + 2|z2|

Vi du 6.12.13. Cho hai s6 phirc z1 va zz théa man: 2z1 + 3z2 = 3 + 4iva |z1 - z2| = 12. Hay:
1. Tim gia tri 1&n nhit cia biéu thirc: P = |z1] + |z2]

2. Tim gia tri 1én nhat cta biéu thic: P = 3|z1| + 2|z2|
425 Ghi nhé: Hai s6 phirc vudéng pha la hai s phitc tao véi nhau mét géc: a =+190" = i%. Tinh

chdt quan trong ctia hai sé phirc vuéng pha: |z, +z, =]z, [ +|z,|" © |z,+z,|=4lz [ +|z, [

Bai toan 6.12.14. Cho s6 phitc z théa man diéu kién: |z° +3|=2|z|. Tim gia tri 16n nhat va gia tri

nhoé nhat caa |z| ?

& Giai:
e Goigoc tao bdi: z2va 31a: o =(z°,3) . Binh phwong vo hwdng biéu thirc gia thiét ta dwoc:
o [Z2+3=2|z|0| 22 +9+23.|2% |.cosa=4|z[ |z +9+6.|z .cosa=4]|z[

e Ditanphu: r=z[’>0 (vikhiz=0, khong théa min)

2
e Biéu thirc tré thanh: t2+9+6tcosa=4t<—>—1£cosa=%£l
7 AN N 4t—t2_9 2 s PN a
o Xetdleuklen:6—sl—>t —2t+92>0 (hién nhién dang)
t
e ren 1en 4--9
e Xét diéu kién: —IST—M‘ —-10t+9<01<¢<9

e Suyra:1<t=[z['<9—>1<z[<3
e Viy gia tri l1&n nhit cua |z| 1a: |Z|max = 3. Gia tri nhé nhat cta |z| 1a: |Z|min = 1.

Vi du 6.12.15. Cho s6 phitc z thda man diéu kién: |z” +2|=2]z|. Tim gia tri lé'n nhat va gia tri nho

nhit cua |z| ?
4 ~ 7 2 ~ A =A 1 N L4 . 7 ~ \ L4 . 2
Vi du 6.12.16. Cho s6 phttc z théa man diéu kién: |z+—|= J2 | z|. Tim gia tri lén nhat va gia tri nhé
z

nhit cua |z| ?

e aaea s 1221
Bai toan 6.12.17. Cho s6 phtrc z théa man diéu kién: | i Z4.l I<1.Tim gia tri lén nhat cta |z| ?
+4iz
& Giai:
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12z —i <lof 12z —i PN 12z —i

+4iz i(4z —3i) 4z-3i

Xt 1i mé dun rut gon biéu thirc: | K112z -1 |54z -3i]|

e Goigoéctaobdi zvaila: a =(z,i).Binh phwong vé hwéng biéu thirc trén ta duoec:

o |12z-if<|4z-3i<>144|z> +1-24|z|.cosa <16 | z|F +9—24.|z|.cosa <> 128 | z[’<8

. ¢>|Z|2Si(—)|zlﬁl
16 4

e Vay gia tri l1&n nhit cta |z| 1a: |Z|max = 1/4

6z—2i NI Ne
—[<1. Tim gia tri lén nhat cua |z| ?
3+4iz

2Z - 3Z N e . 7 ~ 2
—|<1. Tim gia tri lén nhat caa |z| ?
2+3iz

Vi du 6.12.18. Cho s6 phirc z thoa man diéu kién: |

Vi du 6.12.19. Cho s6 phirc z théa man diéu kién: |

Bai toan 6.12.20. (TL) Cho s6 phirc z théa man: 3| z—i|+5]|z+i|=14. Hay tim gia tri 1&m nhat va gia

tri nho nhit cia |z| ?

& Giai:
e Ap dung BT bunhia, ta cé:

o 196=(3|z—i|+5|z+i|) <3 +5) |z =i +|z+i[)=34.2|z[ +2]i[) =68z +68

32 , ‘
o ©|z|> /ﬁ .D&u “=” xdy ra < 3|z + i| = 5|z - i|, chting ta khong nén qué dé ¥ t&i digu kién

“_n “w_n

d4u “=" x4y ra vi BDT bunhi trong sd phtrc rat dé thdéa man diéu kién diu “=".

. . 32
e Suyragia tri nhé nhat cda |z| la: min|z|= Tl

e Ap dung BPT tam gidc tri tuyét ddi ta lai cé:
o 14=3|z—il+5]z+i|=3(lz—i|+|z+i[)+2]z+i[23|z—i+z+i|+2(|z|-|-i])
o & 14>6|z|+2|z|2|z|L2.

“w_n “u_n

e Diéukién diu “=" xay ra <> Diu “=” & hai BPT tam giac xay ra <> z = -2i.

. / 2
e Suyra gia tri l&n nhat cta |z| 1a: max | z|=2. Vay suy ra: f—7 <|z|L2

Bai todn 6.12.21. (TL) Cho s6 phirc z théa man: 3|z—1+4i|+4|z-5|=30. Hay tim gia tri lén nhat

va gia tri nhdé nhitcua: |z—2+3i|?

& Giai:
e Dit: z—2+3i=u—z=u+2-3i.Thay vao diéu kién ban diu, ta dwoc:

o 3|z—1+4i|+4|z-5|=303|u+1+i)|+4|u—3(1+i)|=30
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e Ap dung BPT bunhia, ta cé:

. 900:(\/g.\/3|u+(1+i)|+4|u—3(1+i)|)2£(3+42)(3|u+(l+i)|2 +u=301+i)[)

111
o ©900<19.(4|ul* +12[1+i[)=76|u’ +456<>|u|> /F

e Suyragidtrinhé nhatcta|z- 2+ 3i|=|u| la: min|z—-2+3i|=min|u|= %

e Ap dung BDT tam giac tri tuyét doi ta lai co:

o 30=3lu+(1+i)|+4|u=30+)|=3lu+A+i)|+|u=30+i)[)+3|u-31+i)]

o &30=(]3u+30+i)|+u—-31+i)|)+3u—-3(1+i)|=|3u+3(1+i)+u—31+i) |+3|u|-3|3(1+0)|

. 3oz|4u|+3|u|—9ﬁ<—>|u|sw

e Suyra gia tri lén nhat cta |u| 1a: max |u |:M.

7
e Vaysuyra: ‘/11—191 S|z—2+3i|£@

Vi du 6.12.22. Cho s6 phitrc z théa man: 3|z—i|+5|z+i|=16. Tim gtln va gtnn cda |z| ?

Vi du 6.12.23. Cho s6 phttc z théa man: 3| z—i|+5|z+2i|=20. Tim gtln va gtnn cua |z| ?

Vi du 6.12.24. Cho s0 phirc z théa méan: 3|z —2i|+4|z+3i|=30. Tim gtln va gtnn cda |z| ?

Vi du 6.12.25. Cho s6 phttc z théa man: 3| z+2i+1|+4|z—1|=16. Tim gtln va gtnn cua |z +i| ?

Vi du 6.12.26. Cho s6 phitrc zthéa man: 3| z+3i+5|+4|z—1|=18. Timgtinvagtnncua |[z+i+ 1| ?
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6.13. Cac s6 phirc c6 mé dun bang nhau - Bai toan phan bé s6 phirc trén vong tron:

Ba s6 phi¥c c6 md dun bang nhau va c6 tong bang 0: |z1] = |z2| = |z3] =Rvaz1 +z2 +z3=0
Tap hop cac s phitrc ¢ cung gia tri md dun bang R nam trén mot dwong tron (C) ¢ tim la
gdc toa dd O va c6 ban kinh bang R.

Dic biét khi cho biét tdng cac s& phitc bang 0 thi chiing dwoc biéu dién bé&i cac dinh clia mot
da gidc déu noi ti€p dwong tron (O;R).

U'ng véi trueong hop ba s6 phitc: |z1| = |z2| = |z3| = R va z1 + z2 + z3 = 0 thi chiing 13 ba dinh

cia mot tam giac déu c6 tAm cda tam giac 1a goc toa do 0. Ban kinh dwong tron ngoai tiép

a3

tam giaclaR = —

Cach chirng minh: St dung phwong phap binh phwong v huwéng da biét.
Tw:z1+22+23=0® 21+ 22=-723 & |21 + Z2| = |-23]| = |z3] =R
Binh phwong vo hwong hai vé: |z, +z, =R’ <|z, [ +|z, | +2|z|.| z, | cosa = R?

& R*+R*+2R*cosa=R* —)cosaz—%—)az%zlm"

Vay cac s6 phirc d6i mot tao véi nhau mot goc 1200 phan bé déu din trén vong tron (O;R).
Theo quan diém lwong giac va céng thirc O’ LE thi ba s phitc nay 1an lwot dwoc biéu dién:
% S8 phirc thit nhit: z, = R.(cos @ +i.sinp) = R.e"”

(02T
S6 phic thi 2: z, = R.(cos(p _ZT”) + i.sin((o—%z)) —Re" 3

X/
°e

. 2z
L=
i(p 3 )

X/
°e

$6 phirc thir 3: z, = R.(cos(p + 2?”) + i.sin((p—%”)) ~Re

%+ Ba s0 phirc nay léch nhau mot goc 1200 = 21/3 trén vong tron, twong tw nhw da hoc &
bXC véi dong dién ba pha doi xirng.
% Ta c6 tinh chit quan trong ctia tong ba véc to c6 m6 dun bang nhau léch nhau mot goc

025 ieE

1200 1a: {ei¢+ei Ste =0} v&imoigoc @

X/
°e

C6 vb s6 cap 3 sd phirc théa man diéu kién trén (rng véi moi géc . D€ don gian doi
khi ching ta c6 thé cho goc: ¢ = 0 sé dwgc ba gia tri cu thé lan lwotla: z, =R.(1)=R ;

1 i3 1 i3
2, =R(-~—-22) ; 2 =R(——+22
= R( 57 ) 5z =R( ) )
Bdn s6 phirc c6 mo6 dun bang nhau: |z1| = |z2| = |z3| = |z4| =Rvaco tong: z1 +z2 + 23+ 24 =0
DPiém biéu dién ching 1a bén dinh ctia mét hinh vudng c6 tdm 1a gdc toa do 0. Ban kinh

\ \ . - AN N Cl
dwong tron ngoai tiép laR =

2
S
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e Theo quan diém lwong giac va cong thirc O’ LE thi bon s6 phirc nay Ian lwot dwgc biéu dién:

< SO phirc thi nhit: z, = R.(cos@ +i.sinp) = R.e”

% S0 phirc thir 2: z, = R-(COS((/H%) + i.Sin((p+%)) R
% S8 phtrc thir 3: z, = R.(cos(¢p+ 7)) +i.sin(p+ 7)) = Re'"™ =z

377)

% SO phtrc thit 4: z, = R.(cos((p+377r) + i.sin((o+377r)) = R.ei((p+7 =-z,

%+ BOn s0 phirc nay 1éch nhau mot géc 900 = t/2 trén vong tron.

% C6 vO sb cdp 4 s6 phirc thda min diéu kién trén &ng véi mdi géc . PE don gian doi
khi ching ta c6 thé cho goc: ¢ = 0 sé dwoc ba gia tri cu thé lan lwotla: z, =R.(1)=R ;

z,=R(@)=iR ; z=R-D=-R ; z,=R(-i)=-iR

Bai toan 6.13.1. Cho ba s6 phirc c6 cing mé dun: |z, |=|z, |=|z,|=R>0 vacé: z,+z,+z, =0. Hay
tra loi nhirng cau hoi sau:

1. Tinh gia tri chia bi€u thitc: P=|z,+z, |+ |z, + 2z, |+ |z, + 2| ?

2. Tinh gid tri cha biéu thtec: P=|z,+z, ['+|z,+z, [+ | z;+ 2 [ ?

3. Tinh gia tri cia biéu thirc: P = 2122 + 7273 + 2371 ?

4. Tinh gid tri cta biéu thitc: P=z + 2, + Z ?

5. Tinh gia tri ctia biéu thiec: P=2 + 2 + z ?

& Giai:
e Day Ia mot dang bai toan nang cao, ciing c6 thé xay dung b6 dé hep (b6 dé str dung ndi bod
dwoc dung cho cac ki thi trac nghiém 1a chinh)
e Chung ta c6 két qua sau:
e Chocacso phtrc: |z, |=|z, |=|z; |=R20 va z +z,+z, =0.Khi db tasuyra:
Zt2,=714 |z + 2, H -z =R
o > z,tz;=—z, 24|z, +z|= -z FR

Z3tz=-z, | zy+ 2 |H -z, R

o Tuwongtuwtaco: |z |=|z,|=|z|=|z,|=R20 va z +z,+z +z,=0.Khidoé tasuy ra:

Z+z,+z,=—2z, | z,+ z,+ z;|= -z, = R

Z,+ 2,4+ 2z, =—2 |z, +z;+ z, |5 -z = R
e -

Z,+z,4+ 2, =—z, | z;+ z,+ z, || =z, = R

Z,+z,+ 2, =—2z, |z, +z,+z,H -z, =R
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1. Tinh gia tri cGa biéu thitc: P=|z,+z, |[+|z,+z, |+]|z,+ 2| ?

Lt =1 | z+ 2,5 -z =R
e Apdungkétquitréntacéd: z,+z,+2,=0 >3z, +z,=—z,—1{| z,+ z,|7| -z |= R
3t =-1, | 23+ z)[H -z, = R

o Suyra: P=|z,+z, |+|z,+z|+|z;+z |Fc+c+c=3c

2. Tinh gid tri cha bi€u thtec: P=|z,+z, ' +|z,+z, [ +|z;+ 2 [ ?

e Apdungkétquatrén: P=|z,+z, [ +|z,+z [ +|z+z [=R"+R" +R" =3.R"

3. Tinh gia tri cia biéu thirc: P = 2122 + 7273 + 2371 ?

e Cach 1: Bién déi dai s6 thuan tay:

o Tach: z+z,+2,=06>2,+2,+2,=0¢> 2 +2,+2,=0
o Cingcé: z,.z, = z, '=R* ; z,.z, = R* ; z,.z, =| R

e Bién d6i biéu thirc P nhw sau:

1 — — — 1 - = —
* P=zzy+zz3+2z = P(%Zz (z32;) +2,2,(2,2)) + 232/(2,2,)) = lez2z3 (z3+2,+2,)=0

e Cach 2: Chung ta c6 thé thay sd truc ti€p bang cach cho:

1 i3 1 i3

o z=1;z :_5+T ; 2, :—5—73 van suy ra dwgc két qua: P =0

4. Tinh gi4 tri cha biéu thtec: P=z + 2 +  ?

e Chung ta st dung nhanh dang lwong gidc cho ba sé phirc c6 cing mé dun (don gidn ta cho R
= 1) va c6 tong bang 0 nhu sau:
o z =¢%=cosp+ising
i(0-25)

o z,=e¢ °* :cos((p—z?ﬂ)ﬂ'.sin(qo—z?ﬁ)

(2T
° z3=e(¢ 3)=cos((o+27ﬂ)+i.sin((p+2?ﬂ)

. 2 . 2z
l((/’*T) 1(‘/’*7) . .
+e =0 voimoi @

e Tach: e’ +e
e Cach 1: C6 thé cho gbc ¢ = 0 va thay s6 cu thé vao biéu thirc.
e Cach 2: Lam tong quat nhu sau:

e 7z =¢”=cosp+ising —z =e’ =cos2p+i.sin2¢p

2 2 4 4 2
i) ) BT QT Qe i)
o z,=¢e -z, =e =e =e =e
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oSy ip-tTam e

s o )
3 3 =e =e

L4 z;=¢€ —)2326 =e

e Ghinhé: Ta cé bién d6i: € =cos@+i.sing = cos(p+k.27)+isin(p+k2r)=e "

ips20) -2
te =

e Twdbsuyra: P=z +z,+z, =’ +e —0

e Cach3:Tach: P=z+zZ+zZ=z2+25+24+2z2,+2,2,+2,2)=(z,+2,+2,) =0

5. Tinh gia tri ctia bi€u thitc: P=| 7 + 2+ 2z | ?

e Cach 1: Phuong phap dai s6 thong minh mang tinh chit chuyén chon va khong cé sw can

lw6t kién thirc:

o Tach: Pz +5+2 (5 +25+2) =3z +2)(z+2)(5+2)H0-3.(-2)(-2)(-2)]

e P=3|zzz 3R

e Ghinhé: Z+2+2=(z+2+2) -3z +2)z+2)(5+2)[=0-3.(-2)(-2)(-2)=3737
Vi du 6.13.2. Cho ba s phirc c6 cung md dun: |z1| = |z2| = |z3| = 1 va théa man: z1 + z2 + z3 = 0. Hiy
tinh gia tri cua cac biéu thirc sau:
1. Pz 4z, |+|z, 4z, | +|z; + 2 |
2. P=|z +z, & +|z, +z, & +]zy+z &
3. Pz +z, [ +|z,+z, [ +|z,+z
4. P=z'+2; +z;
5.P=z'+2z)+2]
6. P=|z' +z, +2 |
Vi du 6.13.3. Cho bén s6 phirc c6 cing mé dun: |z, |=|z, |=|z; |=|z, |[=R>0 va: z;+z,+z,+z,=0.
Hay tra 101 nhitng cau hoi sau:
1. Tinh gia tri cGa biéu thitc: P=|z,+z,+z, '+ |z, 4+ z,+ z, [ + | z3+ z,+ 2z, ' +| z, + z,+ 2, [ ?
2. Tinh gia tri cia biéu thtec: P=Z +Z+ 4 + 7 ?
3. Tinh gié tri clia biéu thttc: P=2 + 2+ 2 + z, ?
4. Tinh gia tri cha biéu thttc: P=| 2/ + 2 + 2/ + 2} | ?
Goi y giai:

e Chi cAn 4p dung tinh chit: 4 diém biéu dién bdn sé phirc twong rng 1a 4 dinh cta hinh vudng

c6 tAm la gbc toa d6 O va cac sé phirc dwgce chia thanh tirng cap d6i nhau: z1 = -7z ; 73 = -za.

. T
l(‘ﬂ*z) .

3z
. far s A Ky : : s
e Chung ta c6 thé xét tdng quat bon s6 phitc O LE: z, =e”;z, =¢  ? ;z,=€"";z,=¢ 2

e Ap dungtinh chit: €7 + &™) = ;¥ = /727
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Bai toan 6.13.4. Cho ba s6 phirc cing m6 dun: |z1| = |z2| = |z3| = 1 va cac s6 phitc: (z1 + z223) , (z2 +

7321) , (23 + z1Z2) thuan thwc. Chirng minh rang: z1z,z3 = + 1.

& Giai:

e Ghi nhé: Hai s6 phirc c6 m6 dun bang nhau va c6 tong la mot sé thuc thi ching 1a sd phirc
A o 1 N 3w o 2'=z
lién hop hoacla s6 ddi cuanhau: (z+z")eR < {
z'=—z

e Chirng minh diéu ghi nhé trén: Goiz=a+ib ;z' =a’ +ib’.
o z+7Z =(a+a)+i(b+b)eR>b+b'=0>b'=-b
a'=a—>z'=a—ib=z

1

e Laico: |z|Hz'|«>a’+b’ =(a")V+(") < a’=(a) —>
a'=—a—>z'=—a-ib=-z

e Ap dung vao bai toan nay nhw sau:

e Taco: |z1| = 1; |z2z3| = |z2|.|z3] = 1. Suy ra hai s6 phirc z1 va (z2z3) cuing mé dun lai c6 tong la
x z,2, =z

s6 thuwc: (z1+2z2z3) eR—>| 27 !

5z =74

e Trwonghep 1:Néu z,z, =z — z,z,2, = z,.7, 7 z, ' =1

2,2, =—z
X x z

o Trwonghep 2: Néu z,z, =—z;z,2, =—2,;2,2, = —2; > z, >z,z,="2—>z =1
g =22 -
zZ :

e Twongtwsuyra: z; =z, =z; =1—>z =*l;z, =*l;z, = *1

z, =Lz, =1z, =1
e Suyra: |z =Lz, =Lz, =-1>2zzz,=-1

z, =1z, =Lz, =1

e Vaysuyraduwoc: z,z,z; ==+l

Bai toan 6.13.5. Cho ba s6 phirc cing m6 dun: |z1| = |z2| = |z3| = 1 va (z1 + z2 + z3 = 1). Hay tinh gia

2n+1 2n+1 2n+1

tri clia biéu thiee: P=z"" +z,"" +z;"" , v&in la so nguyén dwong?

& Giai:
e Cach 1: Giad sit mOt tredng hop bién théa min gia thiét roi suy ra.
e Tacéthégidstduwoc:zi=1va z,+2,=0¢>z2, =—z, <>z, =€%;z, ='"*"

° Suy ra: P — 212n+1 + 222n+1 + Z32n+l — 12n+1 + (22 )2n+l + (_Zz )2n+l — 1+ 0 — 1

e Ghi nhé: Khi thi trdc nghiém ma khéng thé gidi dwoc theo mét hwéng nao dé chiing ta cé thé
tw gid str dworc cdc gid tri ctia bién dé€ phtt hop véi gid thiét, sau dé thay vao biéu thirc cdn tinh

ciing c6 thé cho ta mét ddp dn t6i wu.
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e Cach 2: Chitng minh theo co s&
e Goi dang lwong giac cua ba s6 phirc lan lwot la:
® 7z, =COSQ +i.sing, ; z, =Ccos@, +1.5InQ, ; z; =COS P, +1.5In @,

e Suyra: z, +z,+z; =(cos¢@, +cos@, +cos@,)+i.(sing, +sin@, +sing,) =1

cosg, +cosp, +cosgp, =1 (1)
e Suyra:y . . )
sing, +sing, +sing, =0 (2)

e Binh phwong hai vé cia (1) va (2) roi cong chiing véi nhau vé theo vé ta dwoc:
o 3+2cos(g —@,)+2c0s(p, — @) +2cos(p, — ) =1 > 1+cos(q — @, ) +cos(, —@;) +cos(; —¢,) =0

D~

_ 20. — 0 —
J ¢>{1+cos((p1—¢2)}+{cos(g02—(/)3)+cos(g03—(pl)}=0<—>200szT+2cos¢l P2 cos 2" AP

s
2

e & 2c0s§01;(p2 (cos A= +COS—2¢3_2¢1_¢2)=0(—)COS¢1_¢2.COS¢2;¢3 .cos%;(p1 =0

e Ta cé thé gia st cos@zO—)@z%—)@—% =T>Q=0,+7

e Diéu nay chirng t6 ludn ton tai hai sé phirc 1a do6i cia nhau, vi:

o z, =coS@ +i.sing =cos(@, +)+i.sin(@, +7)=—cos@, —i.sing, =-z,

o Thayvao gid thiét: z, +z,+z, =1z, =1

e Nhu viy ta da chirng minh dwoc: trong ba s6 phirc c6 1 cap déi nhau: z1 = -z2 va 1 s6 phirc

bang 11a:z3 = 1. Tk d6 kétluan: P=z"" +z2"" +z}""' =1 v&i moi gia tri n nguyén dwong.
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VIL. BAI TAP TU’ LUYEN DANG TU’ LUAN

Bai tip 7.1. Rut gon cac biéu thirc sau (c6 thé sir dung may tinh cim tay CASIO)

1. A=(2i—3)2(1+3i)—_L
i+1

2. B=(1+i(i—1)-2
i—1
3i—1

3. C=1+)*""(1-i)"" +—

=0
2i

4, D=(1-iN3)i+3)+

(1=i3)i+3)+ =

5. E:21+1—4+3l—2i+5

3-4i 2i-1

6. F=i(2z=1)+3z=2i)(i+3) Vol z=-2i+5

7. G=Q@i+)z+Q2z —z—i)(4i+5) véi z=i-1

8. H=z|(iz=3)+ 2z —=5i+3)(1+3i) v&i z=4-3i

Bai tip 7.2. Tinh cac gia tri cia cac biéu thirc sau:
A=1+i+i* + +i* +7°
B=1+i"+i*t+..+i"
C=i+i’+.+i""

D=0+)+1+2)+A+3i)+...+(1+2017i)

BowoNhoe

5. E=1+1-2))+1-2i) +...+(1-2i)*

Bai tap 7.3. Tinh gia tri cia cac ham phirc sau:
1. Cho ham s f(x) = x3 + 2x2 - 2. Hay tinh gia tri cda f(i) ; f(1 - i) ; f(2i + 1)

2x

2 _ _ .
2. Choham sé: f(x)=x—15 . Hay tinh gid tri cia £()); f(3i—2); f(%)
1+

Bai tip 7.4. Tim cac s6 thwc x, y théa man cac phwong trinh phirc sau:
1. (2x+3y) -i(3x+1)=4i+5.
2. (2x +iy)(i-1) + (x - 3iy)(2i + 3) = 2i.

3. (x-iy)i+3i-2(x+2iy)=4+1.

4. (x+iy)(2i-1)-(i+x)(i-1)=0.

5. (3+i(x=2iy)+3(x—iy+i+1+2)=1—i .
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Bai tip 7.5. Gidi cac phwong trinh bic nhit mét 4n cta s6 phirc z:
1. (z+i-3)3-20)+z(i-4)=6+i
2. (iz-3)Q2+i)———=3+4i
21
3. (Bz-4)2i-3)—(z+i)i=2i-1

3-4i 2
z+i 4-3i

4, 3i—-1+

5. (i-3)z +(4iz -1)i+3)=i*-2
Bai tap 7.6. Gidi cac phwong trinh biac nhat phirc hop sau:
1. (z+)(Bi-2)-(2z +1)i=4
2. 3i2z —i)+(Bz=1)(i+1)=i-3
3. i(z=1)+iz -2=i

4. (z+i)(i-1)-(Bz +4)i=0.

Bai tip 7.7. Pwa vé dang lwong giac cac sd phirc sau:

1. z=1-i 5. z=-1-i\3
2. z=4+4i 6.  z=3+i
3. z=—1+i 7. z=3-4i
4, z=1-i3 . 8.  z=2+3i

Bai tap 7.8. Dwa s6 phirc z = J3+i ve dang lwong giac va tinh: z200, 72017, 72018,
Bai tap 7.9. Viét dang lwong giac cia sO phic: z = 3 + 4i roi tinh: z2017, 72018
Bai tip 7.10. Hay tinh gi tri cta bidu thirc (theo hinh thiec tw luan): (1—iv/3)*7 (1+1)*"®

Bai tap 7.11. Tinh can bic hai cua cac sé phirc sau:

1. -100. 8.  15-8i
2. -47. 9.  24-10i
3. -64. 10. 12-5i.
4, -2i 1. i

5. 3-4i 12.  7+8i.

6.  +4i. 13, 1-i3.
7. 6-8i 14, —3+i

Bai tap 7.12. Khai can bAc cta s6 phirc:

1. 3i 2. J1-i3 . 3. {3 +i 4. 43+ 4
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Bai tip 7.13. Viét lai vé dang lwong gidc chuin roi xac dinh |z| va argument ¢ ctia s6 phic z

1. z= 2(cos£—i.sin£) 4, Z=1(COS£+i.Sin£)
6 6 i 6 6

2. z=—2(c0s£+i.sin£) 5. z:(1+i\/§)(cos£—i.sin£)
5 5 4 4

3. z=i(cos@p+i.sing) 6. Z=2(\/§—i)(—COS§+I'.Sin2?7[)

Bai tap 7.14. Giai phwong trinh phirc bac hai va bac cao sau:

1. z2-4z+5=0.

2. 72 +10z+29=0.

3. z2+9=0.

4. (z-2i+1)2+16=0.

5. z4-16=0.

6. z4-2722-3=0.

7. (z-3i+2)2+(i+3)2=0.

8. (2z-1)2+(3z-4i)2=0.

9. z3-1=0.

10. z3+8=0.

11. z3+3z-4=0.

12. 73+ 3iz2+4i=0.

13. z4+ 473+ 522+ 4z + 1 =0.

14. z4-322+2z+3=0.

15. z4- 273+ 222-47+4 =0.

16. (z-1)2+2z-2i -3=0.

18. z2- (21 +3)z+2i+2=0.

19. z2+ 2iz-2=0.

20. z2+ (4i+3)z+7i-1=0.

21. z2+(3i-4)z+2-51=0.

22. 72-4iz-13=0.

23. (z2-2iz-1)2-2(z2-2iz)-1=0.

Bai tip 7.15. Cho hai s0 phirc sao cho hé thirc sau xac dinh: l+L =

z 2w  z+3w

va |w| = 2. Hay tinh

md dun cua so phic z: |z| =?
R C w1 \ A | 1 1 \ ~
Bai tap 7.16. Cho hai s6 phtrc z va w sao cho théoa man : —+ = va |w| = |z| + 1. Hay
z 2z+w z+2w

tinh mé dun cta sé phirc z: |z| =?
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Bai tiap 7.17. Tim sd phirc z théa man dong thoi cac diéu kién sau:

1.]z|=4 va |32+ z|=44.

2.1z|=3 va |Z2+2z=15.

3.0z|=1 va |5z22-3z|=8.

4.|z|=2 va |z2"-3+4i]=9.

S.lzl=2 va |2 -3+4il=1.
Bai tap 7.18. Cho ba diém A, B va C lan lwot biéu dién cac s8 phitc z1, z2 va z3 trén mit phing phirc.
Biétrang z, =3-2i; z, =1+4i va z; =2—1i.

Hay nhan xét xem tam gidc ABC la tam giac gi? Tinh chu vi va dién tich cta tam gidc ABC.

®

b. Tim sé phirc z4 twong &ng v&i trong tAm G cia AABC.
c. Tim s6 phirc zs twong &ng véi trwec tAim ctia AABC.
d. Tim sé phirc z¢ 1a tdm ctia dwong tron ngoai ti€p AABC.

e. Tim s6 phirc z7 1a tAm cia dwong tron noi tiép A ABC.
Bai tap 7.19. Lip phuwong trinh dwdng thang chiva diém biéu dién 2 s6 phircz1 =3 - 2ivaz; = -1 +1i.

Bai tap 7.20. Cho diém A biéu dién s6 phitc z1 = 2i, diém B biéu dién s6 phitc zz = 4 - 3i. Tim diém C
va s6 phirc z3 ma né biéu dién, sao cho AABC vudng can, biét rang z3 thuan thuec.
Bai tap 7.21. Cho di€ém A biéu dién z1 = 5 - 3i, diém B biéu dién z; = 4 - 6i. Diém P biéu dién s§ phttc
73 sao cho théa man hé thirc véc to: PA+3PB=0 .
Bai tap 7.22. Lap phwong trinh dwong tron (C) trén mit phing phitc. Biét rang né:
a. nhan diém biéu dién s6 phirc z1 = 3 - 2i lam tAm va c6 ban kinh R = 5.
b. nhan diém biéu dién s6 phirc z1 = 4 - i 1am tAm va di qua diém biéu dién s6 phirc zz = 3i - 1.
c. c6 duong kinh 13 hai diém biéu dién s6 phirczi=i-3vazz =5 - 2i.
Bai tap 7.23. Lap cac phwong trinh elip dwéi day:
1.C6 ban truclén la a = 5 va ¢6 hai tiéu diém F’(-3;0), F(3;0).
2. C6 ban truc nho 1a 8 va c6 hai tiéu diém F’(-4;0), F(4;0).
3. C6 ban truc 16 1a 8 va c¢é hai tiéu diém F’(0;-5), F(0;5).
4, C6 ban truclénla 6 va c6 hai tiéu diém z; =3 + 2i,z2=4 - i.

5.Céhaitiéudiémzi=1+i,z2=3-3i vadiquazz =2+ 4i.

Bai tap 7.24. Tim quy tich cac diém biéu dién s6 phitc z thda min cic phwong trinh dwéi day:
1. |z-2i+1|=4.
2.|2iz -3 +4i| = 6.
3.|z-1| =iz + 3i- 2|
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4. |(3+ 4i)z - 6] = 20.

5. |iz—3 z +i+2]
6.|z—i—1|=2z+ z 2|

7.13z+ z +il=|z—2z —1|

8. (z +1i)(z - i) 1a sO phtc thuin o.

9. (z + 3i-2)(z - i) las6 phtrc thuan thuec.

Bai tap 7.25. Tim tip hop diém biéu dién s6 phitc z théa man diéu kién :

1. |z-i+2|2+|2z+4-2i|2 -2]z- 1|2 =2018.
2. |z +1i]2 + |z+1+i|2 +|3z-6i+3|2 =4.
3. |3z + 3i|2-|z+1-3i]2 +|z-i+ 2|2 =1102.

Bai tap 7.26. Cho hai s6 phirc z1 va z; théa man: |3z - i| = |iz + 3| va |z1 - z2| = 2. Hay tinh:
1. Gia tri cta biéu thic: P = |z1 + 27|

2. Gia tri ctia biéu thirc: P = |2z1 + 73|

3. Gia tri ctia biéu thirc: P = |3z1 - 273

Bai tip 7.27. Cho hai s6 phtrc z1 va z; théa man: |z1| = 1, |z2| = 2 va |z1 - z2| = 3. Hiy tinh:
1. Gia tri cta biéu thirc: P = |z1 + 222

2. Gia tri cia biéu thirc: P = |2z1 + 72|

3. Gid tri ctia biéu thic: P = |3z1 - 223|

Bai tip 7.28. Cho s phirc z théa ma: |z| = 1. Hay xac dinh phin thwc cia cac s6 phirc sau:

1. u= ! 2. u= !
1+z 1-z
1 1
3.1/[: 4_],[:
1+ 27 1-z2

Bai tip 7.29. Tinh cac tdng sau:
1. S1=i+2i2+3i3+ ..+ 2020.i2020
2. S =12 -2i3 + 3i* - ... + 2019.j2020

Bai tap 7.30. Cho ba s6 phitc: z1, z2, z3. Hay chirng minh c4c ddng thirc va bat dang thirc sau:
1. |Z1 + Zz|2 + |Z1 + Zz|2 + |Z1 + Zz|2 = |Z1|2 + |Zz|2 + |Zg|2 + |Z1+ Zy + Zg|2.
2. |Z1+ Zy + Z3|2 + |Z1+ VA Z3|2 + |Z1— Zy + Z3|2 + |— Z1+7Zy + Zg|2 = 4(|Z1|2 + |Zz|2 + |Z3|2).
3. |Z1 +22|+|22 +Z3|+|Z3 +zl|S|Z1 |+|z, | +]z |+ 2z, + 2, + 25|
4., |Zl|+|22|+|z3|é|z1 —Z,+zy | +|z, 4z, =z |+ | =z, 4z, + Z, |

5. |zl+zz|+|zzJrz3|+|z3+zl|S|z1 |+|z, | +]z; |+ 2z, +2,+ 2, |-
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Bai tap 7.31. Ching minh rang: Néu z{ +z; +...+z' =0 thi ik+Lk+...+Lk:O .Trong d6: k, n la
zy  z, z

n

s6 nguyén dwong.

Bai tap 7.32. Cho ba s phittc z1, 72, z3 théa man diéu kién: |z1| = |z2| = |z3| = 1. Chirng minh rang :
|z1 - Z2|.|Z2 - Z3| + |Z2 - Z3|.|Z3 — Z1| + |Z3 — Z21|.|z1 - 22| £ O.
[1-2]z |

Bai tap 7.33. Chirng minh ring: Néu: |z +z, |=1 thi: | z° + 2] |> 7
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VIIL. TUYEN TAP NH{U*NG CAU TRAC NGHIEM CO’ BAN VA NANG CAO
Cau 1. (2) Phan thyc cta s6 phirc z=(1-2/)(3+i) la

A.5. B. 6. C. 3. D. 2.
Cau 2. (2) Phan 4o cua s6 phirc z= (4 +i)(i-2) 1a
A. 2i. B. 4. C. 3. D. 2.

Cau 3. (2) M6 dun cia s6 phircz = (2i + 1)(3i-4) 1a

A.25. B.S. C. 53 . D. 55.
Cau 4. (2) Cho s6 phirc z = a + ib, nhin xét sai la

A. s0 phirc doi la: a - ib. B. s6 phirc lién hop la: a - ib.

C. m6 dun ctia s6 phirc 1a: Va? + 5> . D. diém biéu dién s phtrc z 1a M(a;b).
Cau 5. (2) S6 phirc thuan thuec la s6 phic cé

A. phan thuc bang 0. B. phan 4o bang 0.

C. phan thuc 13 s6 nguyén. D. phéan thuc v cung 1én.

Cau 6. (2) S8 phttc z = (m +i)(4i - 5) thuin thwc &ng véi gia tri m bang

A. 4. B. 1,25. C.0,8. D. 1,0.
Cau 7. (2) S6 phtrc thuan o la s6 phic cd

A. phan thuc bang 0. B. phan 4o bang 0.

C. phan 40 bang 1. D. phan 40 bang -1.

Cau 8. (2) Cho s6 phirc z = 11 + 7i. S6 phirc lién hop clda né la
A. 18. B. V170. C.-11 +7i. D.11-7i
Cau 9. (2) Chon hé thirc sai?

Az +z,=z+z,. B.z.z,=2z.2,. C.(—)= D.z+z,=z212 .

Cau 10. (2) S8 phttc z = (m + 4i)(m + i) thuin 4o (ng v&i gia tri cia m bang

A. -2. B. 3. C. -4. D. 4.

Cau 11. (2) Phan thyc cia sO phirc z = (2+30)(4=30) la
(5+2i)

A 11. B.97/29. C.-4/29. D. 31/29.

Cau 12. (2) Chon hé thyc sai?
n n Z Z
A |Z"Hz|". B. |z .z, 9z |.|z]. C. %z |=z. D.|—1|:|—1|.
z, |z

Cau 13. (2) Cho s6 phirc z = (3 + 2i)i. S8 phirc lién hop clia z sé 1a

A.-2-3i. B. 2 + 3i. C.3-2i D.-2 + 3i.
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(1-i3)’

Cau 14. (2) Cho s6 phirc z = Mb dun ctia s6 phitc w=z —iz 1a
+1
A.2. B. 1. C.0. D. 1,41.
n , X 1 I+i 2+i _ . s N s
Cau 15. (2) Rat gon so phirc: z = 3 +?. Phan thyc ctia s6 phtrc w = (1 + i)z s€ bang
-3i 1-i

A.-19/13. B. 49/26. C.-13/26. D. 47/26.

Cau 16. (2) Chon hé thirc sai?
2 _ 2 _
Azl 7 A C.lzP=zz. p. = -zl
z z lz| =z

Cau 17. (2) Gia tri ctia: %+3i3 —2 sébang
—i

A.-1-2i. B.-1+ 2i. C.-2-3i D.-2 + 3i.
Cau 18. (3) Biét rang s6 phirc z théa min: | z+2i |= z| +2. SO phirc z bang
A. 4i. B. 3. C. 3 +4i. D. 3 - 4i.
Cau 19. (2) Chon phat biéu ding trong cic phat biéu sau day?
A. Hai s6 phttc biang nhau 14 hai s6 phittc c6 md dun bang nhau.
B. Hai s8 phtrc lién hop 12 hai s6 phitc c6 téng bang 0.
C. Hai s6 phitc lién hgp c6 m6 dun bang nhau va phan thuc bang nhau, phan 4o déi nhau.
D. Hai s6 phirc goi 1a d6i cia nhau néu c6 mé dun bang ddi ctia nhau.
_ (1+2i)(1-i3)"

(1-i)"
A. 1024, B. 1204. C. 4092, D. 5120.

Cau 20. (3) Cho s6 phtic z . Md dun cta s6 phirc (1 - 2i)z séla

Cau 21. (2) S6 phirc lién hgp ctia mot tdng: z, +z, sé bang

Az +z, . B.z-2z,. C.z +iz,. D. z, —iz, .
Cau 22. (3) Chon hé thirc sai?
A |z+iHz|+]. B. |z+2i|<z]42. C.lz=il2z|-1. D.|z+2+i<z|+3.

Cau 23. (2) Khi n6i vé lién hop cia mot tich hai s6 phirc, dap an ding sé la

A zz, ZZ_1+Z . B. z,z, :Z_Z- C. zz, :ZZ D. zz,=z.,.
Cau 24. ( 2) Cho s phtrc z = (1 + 2i)(3 - 4i). S6 ddbi cua so phirc z sé la

A.11-2i B.-11-2i. C.-11+2i. D. 2+ 11i.
Cau 25. (2) Cho s6 phirc z = (2m - i)(3i + 4) 1a thuadn do (v&i m la tham s6 thwc) thi phan 4o khi dé
bang

A. —E. B.11. C. —1—5. D.7.

4 4
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Cau 26. (2) Cho s6 phirc z théa man: z=3+4i - 121_+ 531 . Ti s6 phan 4o so vé&i phan thuce la
l_
A. 89/62. B.62/89. C.11/35. D.31/17.
Cau 27. (2) Chon ménh dé sai trong cac ménh dé dwdi day?
A. z+z ludn ludn 12 mot s8 thuec. B. z—z ludn 14 s§ phtrc thuin 3o.
C. z+iz ludn la s6 phirc thuin o. D. Z;Z ludn ludn 1a mot sé thuec.
i
— / 2 —
Cau 28. (2) Cho s6 phirc: z = =B o phtrc z 1a
(3 +4i)(1+1)
1-7V3 7443 1-7V3 7443,
A. + i. B. - i.
25 25 25 25
c 1+J§_1—2J§i b 17+J§_2—J§i
T 25 25 ©25 25
— p— ’ 3 —
Cau 29 (2) Cho sé phirc z théamin: z= (IIZA . Md dun cda so phirc: z+iz la
—1i
A.82. B. 4. C.5. D. 2/5.
Cau 30. (3) Tong: A=i+i2+ ... +i5! bang
A. 1. B.-1. C. -i D. i
Cau31.(3) Tong: A=1+i+i2+..+i2017 bang
A.1-1 B.1i. C. 1. D.1+i.
. P+ 4.+ .
Cau 32. (3) Rut gon biéu thirc: A= ————— sé bang
AR
A B.-1. C. -i. D.1+i.

Cau 33. (3) Tong: S, =1+(1+i)+(1+2i)+...+(1+2016i) c6 phian do bang b. Khi d6 b/144 bang
A.141109. B. 19114. C. 11491. D. 14911.
Cau 34. (3) Téng: S, =1+(2+i)+(3+2i)+...+(200+199i) c6 phan thwc bang a va phan 4o bang b.
Khi d6 (a + b)/100 bing
A. 200. B. 400. C. 144. D. 289.
Cau 35. (3) Cho tong: S, =1+ (1+i)+(1+i)’ +...+(1+17)". Rat gon téng S, bang
A. 1+210i. B. (2" +1)i. C. 1025. D. 1023.
Cau 36. (3) Cho téng: S, =(1—i)+(1-i)’ +...+(1-i)*. RGt gon téng S, bing
A.-1025(1 +1). B. 2'(1+1). C.1025(1 - i). D. 1023i - 1.
Cau 37. (2) Cho s6 phirc z théa man phwong trinh: (z + 2i)(3 - 4i) + 2z(i + 1) = 3i. SO phirc z 1a
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517,21, IR p. 13,11,

— . .
29 29 29 29
Cau 38. (2) Cho s6 phirc z théa man: (2+2i)z+(1—2i)z =2i—5. Phin thuc cua s6 phirc z 1a

A. 3-5i.

A.-5/3. B.5/3. C.2/3. D.-2/3.
Cau 39. (2) Cho s6 phirc z théa man phwong trinh: z(i+2)—(z +1)(3+4i) =3—4i. Gié tri ctia biu

thirc A=|z+2i-1| la

A. —“17(‘)‘6 . B. 5. C. —“2‘27 D. V13,

Cau 40. (2) Cho s8 phtrc z théa man: iz +(2—i)z =2+i.Phin 4o cta s6 phirc z 13

A.1/2. B.-1/2. C.2. D.-2.
Cau 41. (2) Cho s6 phitc z théa man phwong trinh: z (2i —3)+(1—z )(2+i) =3—i. S8 phtrc z 1A
AL 2 L2, c 1.1 p. 24
26 26 26 26 26 2 26 26

Cau 42. (2) Cho s6 phtrc z théa man phwong trinh phirc: (i +z)(i+1)—(z+1)(i +2) =1. SO phirc iz sé
twong rng la
A. 1+ 3i. B. 15—1—21'. C. -4i. D. 2i.

Cau 43. (2) Cho s6 phirc z théa man phwong trinh: (2i + 1)z + (z - 2)(1 - i) = 3i + 1. Gia tri clia

|z] twong &ng la

A2, B.2. C. 4. D. /5.
Cau 44. (2) Cho z théa man: (z - 2i)(3 + 4i) =i vaw = 2z - 4i. Tich cia phan thwc v&i phan do cta sé
phtrc w la

A.43/225. B. 48,425, C. 61/625. D. 48/625.
Cau 45. (2) S8 phirc z théa man didu kién: (3z—z)(1+i)=8i—1 twong irng 12

A. %+§i. B.%+%i. C.%—%i. D. —%+%i.

Cau 46. (2) Cho biét w = (m + i)(4i - 5) l1a m6t s6 phirc thuin thwec, trong d6 m 1a mot sé thuwe, thi gia

tri thwc cia w bang

ALy B. 2L, .- p. -1
4 4 4 4
Cau 47. (3) Cho s phttrc z = a + ib, trong d6 a va b 1a hai s6 thwc. Biét rang s6 phitc z thda min
2 __ .
phwong trinh phirc: Q+ 2z _2Xz=0) =0.Tis6 b c6 gia tri bang
z 3-4i a
A. 3/8. B.1/3. C. 3. D. 4/3.

Cau 48. (2) Cho s6 phitc z théa man: (2z+3z )(3—2i) =4+i . Phin thuc clia s6 phirc iz s& 1

A.2/13. B.-11/13. C.-2/13. D.11/13.
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Cau 49. (2) Cho s0 phtrc z théoa man phwong trinh (z+3i—1)(4+5i) = ﬁ M6 dun ctia s6 phirc w =
l_

z -1+ 3isé bang

! B. /5. c. 1 D.5.

A ——. .
V105 205
Cau 50. (2) Cho s6 phtrc z théa man phwong trinh (z+2—3i)(4+3i)=2+i. M6 dun cia s6 phirc w =

(iz + 3 + 2i) sé bang

A5, B. . c L D. 3.

V5 J1s

Cau 51. (2) Phuwong trinh phtrc 3+5i)z—(2+ 7i)(z +1i)=2i—7 c6 s6 nghiém la
A. 1. B. 2. C.0. D. 3.

Cau 52. (2) Cho s6 phttc z théa man: (1+2i)z+ (3i—2)(z +4i)=i—2. M6 dun clia s§ phirc z+iz sé

bang
11 19 11 19
A.g\/i. B. C.— D.?«/E.
Cau 53. (3) Cho s6 phirc z théa min phwong trinh: %+ iz —% =0. Tich s6 phan thwc va phan
4o cta s6 phirc z bang?
A.1/4. B.1/2. C.-1/4. D.-1/2.

Cau 54. (3) Cho sé phirc z théa man phwong trinh: (1+i)(z—i)+2z =2i. Khi d6 m6 dun cda s6

z-2z+1

phitc: w=——-— séla
z

A. 10, B. 5. C. 5. D. V13,

Cau 55. (2) Cho s6 phirc z théa mén: (2z—1)(1+i)+(2+1)(1—i) =2-2i.M6 dun |z| bang

A2, B. 24/2. c.?. D. 3V/2.

Cau 56. (2) Cho s8 phitc z théa man didu kién: 2z +3(1—i)z =1-9i. Gia tri cta |z| bing

A. 4. B. V13 . C.9. D. 25.
Cau 57. (2) Cho s8 phtrc z thda man phwong trinh: z+ (2 +i)z =3+ 5i. Téng ctia phin thwc va phin
aola

A.17. B. 12. C.-5. D.-1.

Cau 58. (2) Cho sd phitc z théa man (1+i)(z—i)+2z=13+i.Md dun ctia sd phitc |z| sé bang

|
A 17, B. —— . C. 5. D. 5.
J17
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Cau 59. (2) Cho s6 phirc z théa mén: (2+i)z+@ =7+8i.Giatricta |z+1+i|la
+1
A. 10. B. 5. C. 15. D. 4.
X o Sz N
Cau 60. (2) Cho so0 phtrc z théa man —1=2—1.G1atr1 |1+ z + 72| bang
z+

A 27, B. 13. C. J15. D. V13,

Cau 61. (2) Cho s6 phirc z théa madn: z—(2+3i)z =1-9i. Téng ctia phin thuc va phin 4o 12
A.14/3. B. 5. C.1/3. D.5/6.
Cau 62. (3) Cho s8 phtrc z thda man phwong trinh: (1+3i)z> — z(3+4i) = 0. Gia tri ctia |z 1a

A.5. B.8,5. C. 0,5V10. D. 5v2.
Cau 63. (2) Cho z1 va zz 1a hai nghiém ctia phwong trinh phitc: z° —4z+5=0. Gia tri cia biéu thitc
A=z, [ +|z, 1a

A. 10. B. 2./5. C. 5. D. v/10.
Cau 64. (3) Cho s6 phitc z1 va z2 1a hai nghiém cda phwong trinh phitc: z> +(5i —2)z+1=0. Gia tri
cla bidu thite: A = |z, + | + |z, + —| s&la

Z, z,
A.31. B. 29. C. 2329. D. \/58.

Cau 65. (3) Cho s& phitc z1 va z2 1a hai nghiém ctia phwong trinh phitc: z> +3z+5=0. Gia tri cla

. 5 S5 L1
biéu thrc: A=z, + —|+|z, + —| séla
Z) Zy

A. 3. B.6. C. 24/15. D. V/30.

Cau 66. (3) Cho s6 phitc z1 va z2 1a hai nghiém cda phwong trinh phitc: z> +2z+17=0. Gia tri clia
biéu thirc: A =|z;| +|z3| séla
A.34. B.17. C. 2\17. D. \34.
Cau 67. (3) Cho s8 phtrc z thda min phwong trinh: (2—i)z> = m.(z )*. Gia tri cia m bing
A5, B. 4. C.3. D. /3.
Cau 68. (3) Cho s6 phtrc z théa man: (1+2i)z° —z(4—3i)=0. Gia tri cGa |z| bing

A.5. B. 5. C. 10. D. JA/5.

Cau 69. (3) Cho z1, 22, 73, z4+ 12 bén nghiém cta phwong trinh tring phwong: z* —5z° +4=0. Gia
tri cia biéu thiee: A =z, | +z, | Hz, | Hz, | bang
A. 10. B. 6. C. 4. D. 8.
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Cau 70. (3) Cho z1 va z; Ian lwot 12 hai nghiém cta phwong trinh: z> —2iz+3i+2=0. Gia tri cta
z, =i’ + |z, i’ béng
A. 632 . B. 47 . C. 12. D. 26.
Cau 71. (3) Cho z1 va zz 1an lwot 1a hai nghiém ctia phwong trinh: z* —4iz+3i—3=0. Gia tri cta
|z, —2i]" +|z, -2i’ béng
A. 20. B. J/13. C. 15. D. 2./10.
Cau 72. (3) Hai nghiém ctia phwong trinh phitc: z° —(3+7i)z—10+11i =0 Ian lwot1a
A.1+4iva3-5i. B.1+4iva2+3i. C.1-4iva3+i. D.1-4iva2+11i
Cau 73. (3) Hai s6 phtrc z1 va zz Ian lwot 1 nghiém ctia phwong trinh: z° —(4i+5)z+3+8=0. Md
dun cua s6 phitc w = (z1 +i)(z2 +1i) bang
A.5. B. 15. c. 2413. D. V/173.
Cau 74. (3) Hai s6 phtrc z1 va z; 1an lwot 12 nghiém cta phwong trinh: z° —(2i+7)z+1+5i=0. Mo
dun cua s6 phitc w = (z1 + 2i + 1)(z2 + 2i + 1) bang
A. V626 . B. V215. C. 511, D. 11V7.
Cau 75. (3) Hai s6 phttc z1 va z2 1an lwot 1a nghiém cda phwong trinh: z° —(2i+1)z+2+3i=0. Md
dun cta s6 phirc w = (z1 + 2i + 1)(iz2 +i - 2) bang
A. 137 . B. 5/5. C. 5V6. D. 3J7.
Cau 76. (3) Cho s6 phirc w = (m - i)(2i + 3). Biét rang |w| = 4m. Khi d6 gia tri cia m bang

A.E. B.—E. C.E. D. E
3 3 3 3
Cau 77. (3) S6 nghiém ctia phwong trinh z* =z [ +z séla

A. 0. B. 2. C. 3. D. 1.

Cau 78. (3) Cho phwong trinh: z? =z +z . S§ phitc ndo dwéi diy khong phai 1a nghiém cia
phwong trinh trén?

A. 0. B. —%+%. C.%+é. D. —%—é.
Cau 79. (3) Cho phwong trinh bic 3 phirc: z3 -(3 + 2i)z2 + z - 4i + 1 = 0. Goi ba nghiém ctia né lan
lwotla z1, z2, z3. Gi tri cta s8 phirc: w = (z1 + 1)(z2 + 1)(z3 + 1) bang

A. 4 + 5i. B. 4 + 6i. C.3+i. D. -3 + 4i.

3x+4
(x2 + 1)(x2 +4)

Cau 80. (3) Cho biét x 1a mot s6 thwe va ham sé f(x) = . Néu viét ham f(x) dwéi dang:
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f(x) = A)§+B+C)ZC+D thi hé s6 B sé& bang
x+1  x +4
A.2. B.1. C.3/4. D.4/3.
Sx+4

Cau 81. (4) Cho biét x 1a mot s6 thwe va ham sé f(x) = . Néu viét ham f(x) duédi

(x2 —i—l)(x2 +4)()c2 +9)
Ax+B Cx+D Ex+F

dang: f(x) = — +— +— ,trong d6 caichésd A, B, C, D, E, F la cac gia tri thwc. Khi d6 gia
x+1 x+4 x 49

tri ctia (C + D) sé bang
A.-3/7. B.-9/15. C.-3/2. D.-14/15.

Cau 82. (4) Cho s8 phtrc z théa man dong thoi: |z|=2 va |3z°+z |=10. S6 nghiém z théa min
nhirng diéu kién nay la

A. 1. B. 2. C. 3. D. 4.
Cau 83. (4) Cho s§ phtrc z théa man dong thoi: |z|=3 va |z’ +z|=12. S8 nghiém phic z théa man
nhirng diéu kién nay la

A. 4. B. 1. C. 2. D. 3.
Cau 84. (2) Cho s6 phirc z théa man: |z—i+2 |=|;+2i—1 |. Trong cac nghiém duwédi day, nghiém cé
mé dun nho nhit la

A.1+2i. B. 2 - 6i. C.1-3i D.1+i.
Cau 85. (3) Cho hai s0 phtrc z1 va z2 1a hai nghiém ctia phwong trinh phirc: z2 + (1 + 2i)z + 1 = 0. Gia

tri cia biéu thirc: A =2z, +2i + 1| +2z, +2i+1|° bang

A. 241, B. 265 . c. J67. D. 34.
Cau 86. (3) Cho s phirc z théa man dong thoi hai diéu kién: |z|=4 va | z* +3+4i|=21. S6 nghiém
thoa man la

A. 2. B. 3. C. 1. D. 4.
Cau 87. (3) Cho s6 phtrc z thda man dong thoi hai didu kién: |z|=3 va | z° —3+4i|=4. Goi z1 1a mot
nghiém théa man. Khi d6 tdng phan thuc va phan 4o clia z1 c6 thé bang

A. 2. B. 3. C. 1. D. 4.
Cau 88. (3) Cho phuwong trinh phirc: z3 + 4z - 3i = 0. Goi z1 va z2 1a hai nghiém phirc (khéng thuin

, , s ~ Cis s 3 3 N
40) clia phwong trinh da cho. Khi d6 gia tri cia: A = |z, +— +/z, +—[" béng
Z, Zy

A. 4. B. 5. C. 2. D. 3.
Cau 89. ( 3) Cho phuong trinh phtrc: z° +2iz° —(i+2)z+i+1=0.Né&u goi z1, z2, z3 lan lwot 1a ba

nghiém ctia phwong trinh thi |(z1 + 1)(z2 + 1)(z3 + 1)| bang

A. V13, B. \/34. C. 52. D. 2./5.
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Cau 90. (2) Cho phuong trinh phitc bac 4: z* +4z> +3=0. Goi z1, Z2, 23, Z4 1an lwot 1 bdn nghiém.
Khi d6 gia tri cua: A = |z1| + |z2| + |z3| + |z4| bang

A. 2+243. B.8. C. 4+43. D. 6.
Cau 91. (3) Cho phwong trinh phirc bac 4: z* + 62> +25=0. Goi z1, Z2, 73, Z4 |an lwot 12 b6n nghiém.
Khi d6 gia tri ctia: A = |z1] + |z2| + |z3| + |z4| bing

A.25. B.12. C. 4V5. D. 5+2.5.
Cau 92. (3). Cho phuwong trinh bac 3 phitc véi tham s thuwe m: z° —3iz> + (m—i)z—2i+2m =0.
Goi 3 nghiém phtrc cia phwong trinh (1) lan lwot la: z1, z2, z3 . |(z1 + 1)(z2 + 1)(z3 + 1)| = 5. Gia tri
clia m bang

A.6. B.-4. C. V7. D. -2.

Cau 93. (3) Cho phwong trinh bac 3 phitc véi tham s6 thue m: z° —iz* + 2m+i)z+1+im=0. Goi 3

nghiém phirc clia phwong trinh (1) 1an lwot 13: z1, z2, z3 . Biét rang | (1 —Zi)(l—zi)(l —Zi) |=2. Gia tri
I 2 3

thwc cia m bang

A m=1. B.m =-8. C.m=4. D.m=-3.
Cau 94. (3) Cho phuwong trinh phitc bac 2 hé s6 thuc: z* —az+b=0 c6 nghiém 1a z = 1 + i. Nghiém
con lai sé la

A.1-1 B.1+ 2i. C.1-2i D.-1+i.
Cau 95. (3) Cho phwong trinh phirc bac 2 hé s6 thuc: z° —az+b=0 c6 nghiém la z = 1 + 2i. Tich s6
a.b bang

A. 2. B. 5. C. 10. D.12.

Cau 96. (3) Cho phuwong trinh phitc bac 2: z° —2(2+3i)z—5+10i =0 c6 mot nghiém 12 z. Biét ring z2

= a + ib. Gi4 tri ctia 3b/a bang

A. 12. B.-72/7. C.-12. D.-21/5.
Cau 97. (3) Cho phwong trinh phttc bac 2: z> —(5+2i)z+21+i. Hai nghiém ctia phwong trinh lan
lwotla

A.3+5ival-4i. B.3+4iva2-2i C.4-2iva2-3i. D.3+5iva2-3i

5+z\/§

z

Cau 98. (3) Cho s& phitc z théa min phwong trinh:  z— —1=0. S& cac sb phirc théa man

phwong trinh da cho la
A. 2. B. 3. C. 1. D. 0.

Cau 99. (3) Cho s8 phtic z théa man dong thoi: z> =z +z va z2 1 s8 thuln 4o. S8 cac s6 phtc
thoa man phwong trinh da cho la

A. 3. B. 0. C. 1. D. 2.
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Cau 100. (3) Cho s6 phircz =1 + 2i. Goi z1, z2, z3 l4n lwot 1a ba gia tri khai can bic 3 ctia s phic z.
Khi d6 gia tri: z1.z2.z3 6 phan thuc bing a va phan 4o bang b. Gia tri clia (3a + 2b) bang

A.7. B.-7. C.5. D. 3.
Cau 101. (3) Cho s6 phircz =1 + 2i. Goi z1, z2, z3 l4n lwot la ba gia tri khai can bic 3 ctia so phitc z.
Khi d6 gia tri: (z1+ 1)(z2 + 1)(z3 + 1) ¢6 phan thwc bang a va phan 4o bang b. Gia tri clia (a.b) bang

A. 2. B. 4. C.-2. D. 3.
Cau 102. (2) Cho sd phttc w = (1 + i)z - 2i - 3 thuan 4o va c6 phan 4o bang 2. S6 phirc z 1a

A.Z+i. B.é—z. C.l+ﬁ. D. —Z—i.

2 2 2 2 2 2 2 2

(3-di)z" = (1+2i)Z_ . Trong d6 m 1a so thwec. Gia tri cia

Cau 103. (4) Cho hé phwong trinh phtc:
A+iV3)z  =(m+1).z

m bang
A.11. B.-7/5. C. 10. D. 8/3.
A PR 1 . lz-1F2 . 1
Cau 104. (3) Cho s0 phtrc z théoa man hé phwong trinh: 22il=5 S6 nghiém thoéa man hé
z=2i|=
phwong trinh la
A. 0. B. 1. C. 2. D. 3.
\ . i R e
Cau 105. (3) Cho s6 phttrc z théa man hé phwong trinh: 24 . SO0 nghiém thoa man hé
Z—l—z|=
phwong trinh la
A. 0. B. 1. C. 2. D. 3.

Cau 106. (3) Cho s8 phitc z thdéa man dong thoi: |z + i| = |z| + 1 va |z + 2| = 3. Gia tri |z| bang
A5 B. 1. C.2. D. 3.
Cau 107. (3) Cho s6 phirc z théa man dong thoi: |z + 2i| = |z| - 2 va |z + 2i| = 4. Gi4 tri |z| bing
A. 32, B.2. C. 4. D. 2\/3.
Cau 108. (3) Biét rang s6 phirc z thda min: |z - 4 + 3i| = |z| + 5 va théa man |z| = 3. Vay z bang
A.4/5 + 3i/5. B.-12/5 +9i/5. C.2/5+3i/5. D.-2/5+5i/2.
Cau 109. (3) Cho s8 phirc z théa man didu kién |z|=v2 va z2 12 s8 thuin 0. Mt s8 phirc z; = a +
ib 12 nghiém. Khi d6 tdng (a + b) bang
A. 3. B. 4. C. 242. D. 2.
Cau 110. (3) Cho s8 phtc z théa mén didu kién: |z—(2+1)|=+/10 va z.z =25. Mot nghiém phtc cla
nélazi=a+ib.Khidotisé b/a bang

A. 4/3. B.3/4. C.-4/3. D.-3/4.
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z-2|=z+3i
Cau 111. (3) Cho s6 phitc z thdéa min hé phwong trinh phirc: {| | ’ ||_| ) 3|'| s6 nghiém thoéa
z—i|Hz+2-3i

man hé phwong trinh da cho la

A. 0. B. 1. C. 2. D. v0 s0.
A X e x 1A . N -t 4 o B B
Cau 112. (3) Cho s6 phtrc z thoa man hé phwong trinh phtrc: 23+ d=S s0 nghiém thoéa man hé
z=3i+4|=
phwong trinh da cho la
A. 0. B. 1. C. 2. D. v0 s0.

|z—il=z+2i|

Cau 113. (3) Cho hé phwong trinh phtrc: { . S6 phirc z = a + ib théa man hé phwong

|z—il=z +1+2i]
trinh da cho c6: (a + b) bang
A.-3. B. 3. C.7. D. -6.

|z=3H z+1+2i]
Cau 114. (3) Cho s6 phic z thdéa min hé phwong trinh phirc: 6410 SO nghiém

1-i)z—4+42ij=——
[(1=1) | 5
thoa man hé phwong trinh da cho la
A. 0. B. 3. C. 2. D. 1.
|z|H z—-3—4i]

_ s6 nghiém thoéa
((1=i)z —2+4i|=2

Cau 115. (3) Cho s6 phic z thdéa min hé phwong trinh phirc: {

man hé phwong trinh da cho la

A. 1. B. 0. C. 2. D. 3.
A 5 . =tz —2-0) U
Cau 116. (3) Cho hé phuwong trinh phirc: . SO phttc z =a + ib thdéa man hé
|z—=2+3i|=3
phwong trinh da cho cé: 2a + 3b bang
A.13. B. 4. C.-11. D. -8.

Cau 117. (2) Cho diém M biéu dién s6 phirc z; = 3 - i va N biéu dién s8 phtrc z2 = 4 + 3i. D6 dai doan
thang MN bang
AT, B. \/34. C.13. D.7.
Cau 118. (2) Trén mit phing phirc, diém A biéu dién s& phirc z va diém B biéu dién s§ phtc z .
Hai diém A va B sé
A. d6i xirng nhau qua truc Ox. B. d6i xirng nhau qua truc Oy.
C. d6i xirng nhau qua géc O. D. trung nhau.

Cau 119. (2) Trén mat phing phitc, diém A biéu dién s6 phitc z va diém B biéu dién s8 phirc -z . Hai
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diém A va B sé

A. d6i xirng nhau qua truc Ox. B. d6i xirng nhau qua truc Oy.

C. d6i xirng nhau qua géc O. D. trung nhau.
Cau 120. (2) Trong mat phiang phirc cho diém M va N Ian lwot biéu dién hai s6 phirc: 3 -2iva 7 +
4i. Trung diém P cia MN biéu dién s8 phirc twong tng la

A.2 + 3i. B.4 -1 C.1+2i. D.5 +1.
Cau 121. (2) Trén mat phang phitc cho ba diém M, N, P 1an lwot biéu dién ba sé phirc (1 +1), (3 +
6i), (8 - i). Khi d6 trong tdm G ctia tam gidc MNP sé biéu dién s phtrc

A. 2+ 2i. B.4 + 2i. C.3-2i. D. 2 + 3i.
Cau 122. (3) Trén mit phing phitc cho hai diém A va B Ian lwot biéu dién hai s6 phitc (2 + 3i) va (4
~ i). M6t diém M thoa mén hé thiec véc to: 2MA+3MB =0 . Diém M biéu dién s8 phirc twong ing

A6.3 gL I
5 5 5 5 5 5 5 5

Cau 123. (3) Cho diém A biéu dién s& phitc z1 = 2 + 3i va diém B biéu dién s8 phirc zz = m - i. Biét
do dai doan thang AB bang 5. Chu vi tam gidc OAB bang

A.9. B.«/B+\5+5. C.J76+Jﬁ+5. D.5+\/§+\/ﬁ.

Cau 124. (3) Trén mit phang phitc cho tam gidc MNP, trong d6 ba dinh M, N, P Ian lwot biéu dién ba
s6 phtrc: z1 = 5 - 3i, 22 = 2 + i, Z3 = m + 6i. Biét rang AMNP vudng tai diém M. Gi4 tri cia m bang
A.12. B. 3. C. 17. D. 15.
Cau 125. (3) Trén mat phang phirc cho ba diém M, N, P 1an lwot biéu dién ba s6 phtrc z; = 3 + 2i, z2 =
4 - 3i,z3 = 2m - i. D€ ba diém nay thang hang thi gi4 tri cia m phai c6 gia tri
A.3/4. B. 2. C.9/10. D.9/5.
Cau 126. (3) Trén mit phang phitc cho AMNP déu; trong d6 ba diém M, N, P 1an lwot biéu dién ba
s6 phirc 1+6i, 1+i, z. SO phitc z=a + ib thi (a + b) bang

A. 643 B.Lﬂ. c.é—ﬂ. D.2+ﬂ.
2 2 2 2 2 2

Cau 127. (3) Trén mat phang phirc cho hai di€ém A va B lan lwot biéu dién hai s6 phirc (1 + 2i) va (3
+ 4i). Diém D théa man diéu kién t¥ gidc OABD 13 hinh binh hanh. Diém D biéu dién sé phitc

A. 2+ 2i. B.4 + 6i. C.2 + 3i. D. 3 -2i.
Cau 128. (4) Trén mit phang phitrc cho hinh vuéng ABCD. Biét A va C lan lwot biéu dién hai s6 phirc
(1 + 3i) va (5 -1i). Goi zg va zp lan lwot 12 hai s6 phitc dwoc biéu dién béi diém B va diém D trén mit
phang phtrc. Tich s6 zg.zp sé 12

A.8 - 2i. B.5 + 4i. C.1-3i D.3+7i
Cau 129. (2) Trén mat phang phirc tip hop diém biéu dién s6 phirc z théa man: |z -2 + 3i| =4 1a
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A. dwong tron tam [(2;3) va ban kinh R = 2.
B. dwong tron tam [(2;-3) va ban kinh R = 4.
C. dwong tron (C) c6 phwong trinh: (x + 2)%2 + (y - 3)2 = 16.
D. duong tron (C) c6 phwong trinh: x2 + y2 - 2x + 3y - 3 = 0.
Cau 130. (2) Trén mit phang phirc cho dwong tron (C): (x + 3)2 + (y - 1)2 = 25. Mot diém M bat ki

ndm trén dwong tron (C) sé& biéu dién s6 phirc z théa man diéu kién

A.|z-3+i|=5  B.|z+3-i|=25. C.lz+3-i|=5.  D.|z-3+i|=25.
Cau 131. (3) Cho s6 phirc z théa man phwong trinh: |% |=1. Tap hop diém biéu dién sd phirc
Z+ 21—

z trén mat phang phirc sé twong (rng 1a

A. dwong phan gidc goc phan tw thir nhat.

B. dwong phan giac géc phan tw thi hai.

C. dwong thang c6 phwong trinh: 2x - 3y - 1 = 0.

D. dwong thang c6 phwong trinh: 3x + 2y - 6 = 0.
Cau 132. (2) Trén mit phang phirc, cho dwong tron tAm I(-2;1) ban kinh R = 3. Phwong trinh phirc
biéu dién dwong tron nay twong tng sé 1a

A.|z-2+i|=3.  B.|z+i-2|=3. C.lz+2-i|=+3. D.|z+2-i=3.
Cau 133. (3) Trén mat phang phirc, tip hop diém biéu dién sé phirc théa man: |2z + 2 -i| =412

A. dwong tron tam [(2; -1) va cé ban kinh R = 4.

B. dwong tron tam [(-2;1) va cé ban kinh R = 4.

C. duong tron tam I(-1;1/2) va c6 ban kinh R = 2.

D. duong tron (C) c6 phwong trinh: x2 + y2 + 4x - 2y - 16 = 0.
Cau 134. (3) Trén mat phang phitc, tip hop diém biéu dién s6 phitc z théa man diéu kién:
liz+3-2i]=6 la

A. duwong tron (C) c6 phwong trinh: (x + 3)%2 + (y - 2)2 = 36.

B. dwong tron (C) ¢6 phwong trinh: (x - 2)%2 + (y - 3)% = 36.

C. dwong tron c6 tam I(2;3) va ban kinh R = 36.

D. duong tron (C) c6 phwong trinh: x2 + y2 + 4x - 6y - 19 = 0.
Cau 135. (3) Trén mat phang phitc, tip hop diém biéu dién s6 phitc z thda man diéu kién:
|[(1+i)z-2+3i|=4 la

A. duwong tron tam I(1;5) ban kinh R = 4.

B. duong tron (C): (x+%)2 +(y+§)2 =16.

C. duong tron tam [ (%;%) va ban kinh R = 8.
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D. dudng tron (C): (er%)2 + (y+§)2 =8.

Cau 136. (3) Cho s6 phirc z théa man phwong trinh: |Z;; =1 . Tap hop diém biéu dién s6 phirc z
zZ— 4l

séla
A. dwong tron tam I(-1;2) va ban kinh R = 1.
B. duong tron (C): (x-1)2+ (y+2)2=1.
C. dwong thangy = 2x - 1.
D. dudong thang 2y - 3 = 0.
Cau 137. (2) Trén Trén mit phing phitc, tip hop diém biéu dién s6 phirc z thda man phwong trinh:

|z+3i—2|= z +2i—1]| ¢6 dang

A. duong tron. B. duwong thing. C. duwong elip. D. dwong parabol.
Cau 138. (3) Hé thirc biéu dién dwong thang c6 phwong trinh: 2x - 8y + 5 = 0 sé twong (rng l1a

A |z+2-8i|=5. B.|2z-8z +5|=0.

C.lz—1+ilHz +3i+2]. D.|z-2+i|5z +3i-1] .

Cau 139. (3) Trén mat phang phitc s6 phirc z théa man phwong trinh: |2z + 3z +1 =0 la

A. dwong thang c6 phwong trinh 2x + 3y + 1 = 0.

B. dwong tron tdm [(2;3) ban kinh R = 1.

C. m6t diém c6 toa do (-1/5;0)

D. duwong tron (C): (x-2)2+ (y+3)2=1.
Cau 140. (3) Trén mat phéng Oxy, di€ém biéu dién s6 phirc w = 2z + i - 2 s& 12 dwdng nao duwdi day?
Biét z 1a s6 phirc théa médn phwong trinh: |z - 2i +1| = |z + i|.

A.Puong tron (C): (x+1)°+(y—2)" =4 .

B. Duong thing d: x + 2y - 11 = 0.

C.Duwong thang d: x - 3y + 9 = 0.

2 2

D. Dwong elip (E): %+y—=l .

9
Cau 141. (2) Quy tich diém biéu dién s§ phitc z théa man phwong trinh: |3z +i—2|=2i—1-3z |
twong rng la
A.3x+y=0. B.3x-y-4=0. C.3x+y+11=0. D.3x-y=0.
Cau 142. (2) Cho s6 phitc z théa man phwong trinh: | z+2z —1|=2. T4p hop diém biéu dién s6 phic
z twong rng la

A. duong tron. B. duwong thing. C. duwong elip. D. dwong hypebol.
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Cau 143. (2) S6 phirc z c6 phan thuc bang phan 4o thi quy tich diém biéu dién s phirc z 1a

A. dwong phan gidc cia goc phan tw thir nhat: y = x.

B. dwong phan giac cda goc phan tw thi hai: y = - x.

C. dwong thang c6 phwong trinh: y = x + 1.

D. dudong thang c6 phwong trinh: y = x - 1.
Cau 144. (3) Cho s6 phitc z théa man phwong trinh: |2z—z +i|= z—2|. Tap hop diém biéu dién s&
phirc z sé l1a

A. duong elip. B. duong tron. C. dwong thing. D. dwong parabol.
Cau 145. (2) Cho s6 phitc z c6 phan thwc bang phan 4o thi quy tich diém biéu dién s6 phitc lién hop
ciuazséla

A. dwong phan gidc cia goc phan tu thir nhat: y = x.

B. dwong thang c6 phwong trinh: y = 2x - 1.

C. dwong thang c6 phwong trinh: y = x + 2.

D. dwong phan giac cua goc phan tw thir hai: y = - x.

Cau 146. (2) Cho s8 phtrc z théa man phwong trinh: |z + 2i - 1| = 3. Tp hop diém biéu dién s6 phirc
lién hop cta zla

A. duwong tron (C): (x-1)2+ (y + 2)2=0.

B. duong tron (C): (x-1)2+ (y-2)2=09.

C. dwong thangx + 2y - 1 = 3.

D. dwong tron (C): (x + 1)2+ (y - 2)2=09.

Cau 147. (2) Quy tich cac di€ém biéu dién s6 phttc z thdaman: |z—2i+3|<4 1a
A. mién hinh tron c6 tdm I(-3;2) va ban kinh R = 4.
B. la dwong tron (C) c6 tam I(2;3) va ban kinh R = 4.
C.la duwong tron (C): (x + 3)2 + (y - 2)2 = 16.
D. la mot mién hinh chit nhit d6i xirng quanh goc O.
Cau 148. (2) Trén mit phang phitc tip hop nhitng diém biéu dién s6 phitc z = x + iy théa man dong
thoi cac diu kién: 2<x<3 val<y<4 séla
A. hinh chir nhit c6 bon dinh twong &ng la (-2;1), (-2;4), (3;4), (3;1).
B. 1a hinh tron c6 tam I(-2;3) va ban kinh R = 4.
C. l1a hinh vanh khuyén c6 tam I(-2;3) va ban kinh trong R1 = 1, ban kinh ngoai R> = 4.
D.la duwong tron tam [(1;4) vaban kinhR =3-2=1.
Cau 149. (2) Trén mit phing phirc tip hop nhitng diém biéu dién s phitrc z = x + iy théa min diéu

kién: 1<|z|<4séla
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A. hinh chir nhit c6 bon dinh twong &ngla (0;1), (0;4), (1;1), (1;4).

B. 1a hinh tron c6 tam I(1;4) va ban kinh R = 3.

C.la duong tron c6 phwong trinh: (x - 1)%2 + (y - 4)%2 = 16.

D. hinh vanh khan tdm la goc O va ban kinh trong la R1 = 1, ban kinh ngoai Rz = 4.
Cau 150. (3) Cho s8 phitc z théa min | z+2z +2i|=4. Tap hop diém biéu dién s§ phitc w=2z+2
twong rng s€ la

A. duong elip: 9x° +(y—2)° =16.

B. dwong tron (C) c6 phwong trinh : (x + 1)%2 + (y - 2)2 = 16.

C. duong tron (C) c6 tam I (0;2) va ban kinh R = 4.

D. dwong tron (C) cé tam [(0;-2) va ban kinh R =4.
Cau 151. (2) Trén Trén mit phing phitc, tap hop diém biéu dién s6 phitc z théa man phwong trinh:
|z+i—-15 z-3i+2| c6 dang

A. dwong tron. B. duong hypebol. C. duwong elip. D. dwong thang.
Cau 152. (2) S6 phirc z thuan thyc thi dwdng biéu dién ciané la

A. truc tung. B. dwong thangy = 1. C. truc hoanh. D. duong thang x = 1.
Cau 153. (3) SO phirc z théa man: |(1 + 2i)z - (z + 1)i - 4| = 6 sé& ¢ diém biéu dién thudc

A. duwong tron tam I = (%; —%) vabankinh R = 342

B. dwong tron tam [ = (%;—%) vaban kinhR=6.
C. duong tron tam [=(1;4) vabankinh R = 32,

D. dwong tron tim 1= (—%;%) vabankinh R = 32,

Cau 154. (3) Cho s6 phirc z théa man phwong trinh: |z—1|=z+3i|. S6 phirc z = a + ib c6 md dun
nhé nhat. Khi d6 (a.b) bang

A.12/25. B.8/25. C. 16/9. D. 15/49.
Cau 155. (2) S6 phirc z thuin 4o thi dwong biéu dién no 1a

A. truc hoanh. B.duongthingy=x. C.dwongthangy=1. D.tructung.
Cau 156. (3) Trén mit phang Oxy, diém biéu dién s6 phirc w = 2z - 1 sé 1a dwong nao dudi day?
Biét z 1a sO phirc théa man phwong trinh: |z - 2i +1| = 4.

A. Puong tron (C): (x+3)° +(y—4) =64 .

B. Puong tron (C): (x—3)° +(y+4)° =16.

C.Puong thangd: 2x +y -4 = 0.

D. Pwong tron (C) c6 tam I(-1;2) va ban kinh R = 4.
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Cau 157. (3) Cho s phirc z théa man phwong trinh: |z| = 2. Trén mat phang phitc tip hop diém biéu
dién s6 phtrc: w = (1+ i\/g)z —1 1a dwong tron (C) c6 ban kinh r bang
A.2. B. 4. C.3. D. 24/3.

Cau 158. (2) Quy tich diém biéu dién s phtrc z théa man phwong trinh: |z+i|=3i—1+z | twong

rng la
A.4x+y=0. B.2x+8y-9=0. C.2x-8y-5=0. D.x+3y-1=0.
Cau 159. (2) Trén mit phing phtrc, quy tich cc diém biéu dién s8 phirc z théa man: z = 1 1a
z
A.Puwong tron (C): (x-1)2+y2=1. B. buong tron (C): (x - 1)2+ (y+ 1)2 = 4.

C. Duwong tron (C): x2 + y2 = 1. D. Pwong thang:x-y + 1 =0.
Cau 160. (3) Tap hop diém biéu dién sb phitrc z théa man: |z—i|= (1+i)z]| la

A. duong tron (C): x2 + (y + 1)2 = 4.

B. duwong tron (C): x* +(y+1)° =2.

C. dwong thang:x-y +1=0.

D. dudng tron (C): x> +(y +1)> =+/2.
Cau 161. (3) Cho s0 phirc z théa man phwong trinh: |z -3 |=/ z +i|. S6 phitc z = a + ib ¢c6 m6 dun nhd
nhit. Khi d6 (a + b) bang

A.31/24. B. 25/16. C.11/15. D. 8/5.
Cau 162. (3) Cho phwong trinh phtc: |z - i| = 3. SO phic z = a + ib théa man phwong trinh da cho ¢é
mo dun lén nhit sé cé: 3a + 2b bang

A.8. B. 5. C. 10. D. 14.
Cau 163. (3) Cho phwong trinh phirc: |z - 3| = 1. S6 phitc z = a + ib théa min phwong trinh da cho
c6 mo6 dun nho nhat sé c6: 11a + 23b bang

A. 15. B.11. C. 22. D. 8.
Cau 164. (3) Cho phwong trinh phtrc: |z - 2i + 3| = 2J13. 86 phitc z = a + ib théa man phwong trinh
da cho c6 md dun nhoé nhit sé cé: 4a + 3b bang

A. 1. B. 3. C. 6. D. 4.
Cau 165. (3) Cho phwong trinh phirc: |z - 3i + 4| = 10. S6 phirc z = a + ib thda man phwong trinh da

cho c6 md dun 16m nhit sé cd: (a + b) bang

A.18/5. B.-24/5. C.-11/5. D.-13/5.

Cau 166. (3) Cho biéuthirc: A=1+ (1 +1i) + (1 +1i)2+ ...+ (1 + )30, Rit gon cta biéu thirc A la
A. 230, B. 215 - (215 + 1)i. C.-215- (215 ~1)i.  D. 215 + 215i,

Cau 167. (3) Cho biéuthirc: B=1+ (1 -1i) + (1 -i)2+ ... + (1 -1)20. Rat gon biéu thirc B sé l1a
A.-2104 (210 4+ 1)i. B. 210 - (210 -1)i. C.211 +i. D. -210 - (210 + 1)i.
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Cau 168. (3) Cho biéu thirc A=1+ (1+iV3)+(1+i3)” +...+ (1+i+/3)*. Rit gon biéu thirc A 12

1_240

7 i C. 2 421 /3. D. 243 .

Cau 169. (2) Dang lvong giac cua so phirc z = J3-ina

A. (1-2i-2%3. B. 2+

A. 2(cosi+isini). B. cos— +isin—~.
6 6 6 6

C. 2(cosi—isini). D. 2(cosi+isin1).
6 6 3 3

Cau 170. (2) Cho sb6 phirc z c6 dang lwong giac: z =cos@+isin¢g. Dang lwong giac cla s6 phirc iz sé

twong rng la
A. cos(p+1)+isin(p+1) . B. cos(—¢@)+isin(—@).
C. cos((o+5)+zsm((o+5). D. sim@p+icosg.

Cau 171. (3) Cho so6 phtrc z=1+ ix3 . Goi z1 va z 13 hai cin bac hai ctia z. Téng z1 + z2 bang
A.0. B. 2+2i\/3. C.2-i. D. \/3+2i.
Cau 172. (3) Goi z1 va z2 1a hai nghiém cta phwong trinh z° — 2i3z-4=0. Dang luong giac cuia

mot nghiém la

A. |z|(cosi+i.sini) . B. |z|(cos£+i.sin£).
3 3 6 6

C. | 2| (cos =% +7.5in 2%, D. | 2| (cos 2= +i.sin %),
3 3 3 3

Cau 173. (2) Phwong trinh phirc z3 + 8 = 0 ¢6 s6 nghiém phirc véi phan thwe dwong la

A. 0. B. 1. C. 2. D. 3.
Cau 174. (3) Cho s6 phirc z thda man phwong trinh: |z + 2i - 3| = 6. TAp hop diém biéu dién s6 phirc
w=3z-2i+4 séla

A. duwong tron (C) c6 tam [(13;8) va ban kinh R = 6.

B. dwong tron (C): (x - 13)2 + (y + 8)2 = 324.

C. dwong thang d: 2x -3y + 6 =0.

D. dwong tron (C) c6 tam I(3;2) va ban kinh R = 6.
Cau 175. (2) Cho phwong trinh bac 2 hé s6 phitc: z* —(14+10i)z +17 +94i =0. Hai nghiém cta
phwong trinh lan lwot la

A.10+3iva4-7i. B.7+iva7+09i. C.3+8ivall+2i. D.3+7iva4+11i.

Cau 176. (2) Cho s8 phirc z théa man: |z + 3i - 2| = 5. Diém biéu dién s phirc z 1a
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A. duong tron (C): (x - 2)%2 + (y + 3)2 = 25.
B. duong tron (C): (x - 2)2+ (y - 3)2=25.
2 2

C. duorng elip (E): %J? =1.

D. dwong tron tam I(3;2) ban kinh R =5.
Cau 177. (2) Cho hai s6 phirc z1 va z; c6 tich va téng lan lwot 1a: 29 va 10. Téng mé dun cda hai s
phirc nay bang
A.29. B. 68. C. 229. D. 24/10.
Cau 178. (2) Cho ham s6 phitc: f(z) =z’ +3z° —2z+1. Gia tri clia ham s6 tai z; = 1 - 2i bing
A.-21 - 6i. B. 3 - 2i. C.-2+i. D. 11 + 32i.
Cau 179. (2) Cho bdn dwdng biéu dién bdi 4 phwong trinh phirc: |z - 2i| =4; |z-3i+ 1| = |z -] ;
|z+2i—3=31; | z+4i|5 z —i—5].S6 dwong thing 13
A. 4. B. 1. C. 3. D. 2.
Cau 180. (3) Cho phwong trinh phitc: z° —2+2i = 0. Goi ba nghiém phtrc ctia né Ian lwot1a: z1 , 72,
z3. Gi4 tri clia biéu thirc: A = |z1| + |z2| + |z3| bang

A. 6. C. 22. C. 3V2. D. 3./3.

Cau 181. (2) Cho s6 phirc c6 phan thwe bang 2 1an phin 4o thi diém biéu dién né trén mat phang toa
dola

A. dwong thang. B. duong tron. C. elip. D. hypebol.
Cau 182. (2) Cho ham s6 phitc: f(z)=z>—2iz+i+3.Gidtricta | f(1+i)| bang

A.13. B. V26 C.5. D. V13,
Cau 183. (3) Cho phuwong trinh phitc bac 2: z* —2z+a =0, v&i a la tham s6 thuc. Goi A va B 1an luot
12 hai diém biéu dién hai nghiém clia phwong trinh di cho trén mit phang phirc, diéu kién dé tam

giac OAB vudng can la

A.a=2. B.a=5. C.a=0. D.a=2/3.
A Cw . . 2 . LA s iz +z,=2~1i Coas o x
Cau 184. (3) Cho hai s6 phirc z1 va z; théa man hé phwong trinh: i . Khi do6 so
2z, +(1+10)z, =1+ 2i
phirc z1 bang
A.l—i. B. —l+i. C.§+i. D.E—ﬁ.
10 10 10 10 55 55
2—i)z, +iz, =1+i
(2702 %2 =14 pi g6 58

Cau 185. (3) Cho hai s6 phirc z1 va z; théa man hé phwong trinh: < ) )
iz,+(1-1)z, =3~1

phirc w = z; + z; bang
A 17 3i B 8 4i Cﬂ+i D 15 14i

13 13 15 15 13 137 31 31°

Cau 186. (3) Cho phwong trinh phitc bac 2: z* —2z+a =0, v&i ala tham s6 thuc. Goi A va B Ian luot
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12 hai diém biéu dién hai nghiém cia phwong trinh di cho trén mit phang phirc, diéu kién dé tam
gidc OAB déu la
A.2/3. B. /3. C.2. D. 4/3.
Cau 187. (3) Cho phwong trinh phitc bac hai véi hai tham s6 phitcavabla: (1+2i)z* +az+b=0
Phuwong trinh c6 nghiém z1 = 3 + 4iva zz =- 1 + 2i. Nhan xét sai la:
A. a=10-10i. B.b=-15 - 20i. C.a+b=-5-30i. D.a=-10+10i.
Cau 188. (3) Cho phwong trinh phitc bAc bén: z* +2z° —z> —2z+10 = 0. Phwong trinh c6 bén
nghiém lan lwot la:
A 2+i;2-1;4+3i;4-3i B.2i;3i;1-3i;1+3i.
Cl+i;1-i;-2-1;-2+1. D.1-i;1+3i;2-2i;2+2i.
Cau 189. (2) Cho s6 phirc z = (1 + 2i)(3 - 4i). M6 dun clia s6 phitc w = 2z2 + iz - 1 bang
A. 33V/58. B. 51V13. C. 25. D. 17:/31.
Cau 190. (3) Cho s8 phirc z théa man dong thoi: |z—i+2[=+20 va z.z =13. Goi z1= a + ib 1a mot
nghiém. Khi d6 a + b bang
A.11. B.7. C.5. D. 6.
Cau 191. (3) Cho phwong trinh bac 3 phitc véi a, b, ¢ 1a ba tham s6 thuc: z° +az” +bz+c=0. Biét

phwong trinh c6 hai nghiém: z; = 1 + i va zz = 1. Gi4 tri cda: (a + 2b + 3c) bang

A.7. B.-1. C. 3. D. 21.
Cau 192. (3) Cho hai s6 phirc z va w c¢6 mon dun bang 1 va tich z.w = —1.Khi d6 IZ W 138
+zw
A. thuin thuec. B. thuan do. C. s0 phtc. D. s6 40 Am.

Cau 193. (4) Cho diém so phirc z thda man: |z - 5i| = 2 va s6 phirc w théa man: [w - 1| = [w - i|. S6
phtc z1 va s6 phirc w1 1an lwot 13 hai s6 phirc thoa mian diéu kién trén va |z1 - wi| nho nhit. Khi dé

s6 phirc (z1 + wi) la

A.%ﬂ'%. B.%+\/5+i(§—\/§). C.§+\/§+i(%—\/§). D.3-7i
Cau 194. (3) Tap hop diém biéu dién s6 phitc z thda min: |z + 2i| + |z - 2i| =4 12

A. duwong tron (C): (x+ 2)2+ (y - 2)2=16.

B. dwong tron (C): x2 + y2 = 16.

C. dwong thang d: x - 2y + 4 = 0.

D. doan thang trén truc tung.
Cau 195. (3) Cho phuwong trinh bic 2 véi hai tham s6 phitcavab: (3+2i)z° —az+b =0 c6 hai
nghiém phtrc Ian lwot 1a (1 + 2i) va (5 - 6i). Gia tri cha b bang

A. 41 - 43i. B. 43 + 46i. C.19 + 23i. D. 45 + 41i.
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Cau 196. (3) Cho phuwong trinh bac hai hé s6 phttc: z> +(2i—3)z+1-5i=0. Md dun cla s6 phic
w =z +z; bang

A. 13417, B. 25. C. 24/29. D. 413.

’ -2 " s — N on s as
Cau 197. (3) Cho so0 phtrc z = lm -, vOoim la tham so6 thyec. Biétrang: z.z =2 . Tat ca cac gia tri
+m—i

cia m sé lan lwot 1a

A m=-4%5. B. m=1+3;m=1. Cm=0;m=-8. D.m=1-2;m=2.
Cau 198. (3) S6 nghiém ctia phwong trinh phitc: 4z +8|zF -3=0 séla

A. 4. B. 3. C. 2. D. 1.
Cau 199. (3) Cho phwong trinh phirc v&i tham s6 thue m: z° +(2i —1)z° +(m—4i)z —6i+1=0. SO gia
tri cia m dé phwong trinh c6 nghiém thuan thwec la

A. 0. B. 1. C. 2. D. 3.
Céau 200. (3) Cho phwong trinh phirc v&i tham s6 thwe m: z° + (i —1)z° + (m +3i)z+2i—3=0. Tich
clia tit ca cac gia tri cia m dé phwong trinh da cho c6 nghiém thuc sé bang

A.75/2. B. 15/4. C. 20/5. D.27/25.
Cau 201. (2) Giai phwong trinh phirc bic bén: (z—i)* +4z> =0 sé dugc hai trong s6 cadc nghiém cua
né lan lwot la

A.1va 3i. B. i2++/3) va 1-1i. C.i(2-3)va-1. D.1-ival+2i
Cau 202. (3) Cho 4 diém A, B, C, D 1an lwot biéu dién cac s6 phirc 1 + 2i; 2 - 3i; 3 +i; 6 + 2i. Trong
cac nhan xét sau, nhan xét sai la

A. diém C ndm trong tam giac ABD.

B. dién tich tam gidc ACD nho hon dién tich tam giac BCD.

C. trung diém ctia doan AC 12 diém biéu dién s6 phirc z = 2 + 3i/2.

D. trong tdm tam gidc ABC l1a diém G = (6;0).
Cau 203. (2) Cho ba diém A, B, C 1an lwot bi€u dién ba s8 phitc za, z, zc thda man: |za| = |zs| = |zc|.
Nhan xét dung la?

A.Ba diém A, B, C lap thanh mot tam gidc déu.

B. Tam gidc ABC déu va c6 trong tAm 1a goc O.

C. Tam giac ABC nhan O lam trwc tam.

D. Ba diém A, B, C nam trén mdt dwong tron tdm l1a goc O.
Cau 204. (2) Tap hop diém biéu dién s6 phirc z théa man: |% =1 la

A. duong thang. B. dwong tron. C. duwong elip. D. dwong hypebol.
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! 2+ 2 s 2
Cau 205. (3) M6 dun clia s6 phirc z= Y2 T ~NEY

x—y—2i\/5
Xy C. x>+’ +2x. D. 1L

X—y

bang

A X+ B. |

Cau 206. (3) Giai phwong trinh: z°+|z|=0 sé& dwoc cidc nghiém c6 tdng mo6 dun tat ca cic nghiém
bang

A. 0. B. 2. C. 1. D. 3.
Cau 207. (3) Cho so phtrc z = a + ib. Hé thirc luén dung la

jal+]b]

A. |z]2a|+]|b|. B.|z[< C.|z|v2>a|+|b|. D. |z[<a|-|b]| .

Cau 208. (3) Phuwong trinh phitc: z° +7z° =8 =0 c6 s6 nghiém phirc la
A. 6. B. 2. C. 4. D. 3.
Cau 209. (3) Cho s6 phirc z khac 0 c6 Argument bang ¢. S6 phic i.z c6 Argument 1a

T V4
A. 2¢. B.p——. C. p+—. D. —¢.
» » 5 4 5 4

Cau 210. (3) Cho s6 phirc z khac 0 ¢c6 Argument bang ¢. Nhan xét sai 1a?
L s V4
A. Argument cua sO phic iz la: ¢+E .
B. Argument ctia s6 phttc z 1a: —p .
C. Argument ctia s6 phirc (-z) la: ¢+7 hodc p—r.

D. Argument ctia s0 phirc 1/z la: l

Cau 211. (2) Tap hop diém biéu dién s6 phitc z théa min: |(1+i)z —3+5i|<4 1A
A. hinh tron tAm I = (-1;4) bankinh R = 24/2.
B. hinh tron tam I (1;-4) ban kinh R = 4.
C. dwong tron tam I(-1;4) ban kinh R = 242,
D. dwong tron tam I(1;2) ban kinh R = 2.
Cau 212. (3) Cho s6 phirc z khac 0 c6 Argument bang ¢. S8 phirc c6 Argument bang 3(p—§ la
A.iz. B. 73. C. z3/i. D. -i.z

zZ+

N4
Cau 213. (3) Phwong trinh phic: ( lj =1 cotatca

z—1

A. 3 nghiém. B. 4 nghiém. C. 2 nghiém. D. 1 nghiém.
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Cau 214. (2) Tap hop nhirng so phirc z cé cung gia tri Argument la

A. dwong thang di qua géc toa do O. B. dwong tron tAm la géc toa do O.

C. elip c6 tiéu cw d6i xirng qua gbc toa do O. D. Parabol c6 tiéu diém 1a goc toa do O.
Cau 215. (2) Cho phwong trinh phttrc bac 3 hé s6 thuwc: z3 + az2 + bz + ¢ = 0. Biét phwong trinh ¢6
mot nghiém phirc z = 2 + 3i. Trong cac s6 phirc duwdi diy, s6 phirc 1a nghiém ctia phwong trinh da
chola

A. 2 +4i. B. 2 - 5i. C.-2 + 3i. D.2 -3i.
Cau 216. (3) Cho s6 phttc z thda man hé thicc: (1+3i) |z |= 2(z+i)— (2 —z). Khi d6 gia tri |z| bang

A. 4422 . B. 2—4/2. C. 3-42. D. 3.

2430

Cau 217. (3) Cho s6 phtrc z thda man hé thic: (1+3i) | z|= —=——+3—i.Khi d6 gia tri |z| bang
z

A 1. B. V2. C.2. D. \f3.
Cau 218. (2) Cho s6 phirc z thoa min phwong trinh |z - 1 + 2i| + |z + 2 - 3i| = 12. T4p hop diém biéu
dién s6 phitc z 1a

A. duong elip. B. dwong tron. C. dwong thang. D. dwong hypebol.
Cau 219. (4) Cho s6 phirc z théa man phwong trinh |z - 3| + |z + 3| = 12. Goi gia tri 1&n nhit va gia
tri nhé nhét cia |z| 1a M va m. Khi d6 (M + m) bang

A. 9. B. 12. C. 15. D. 10.
Cau 220. (4) Cho s6 phtrc z théa man phwong trinh |z - 1| + |z + 7| = 12. Goi gia tri 1&n nhat va gia
tri nhé nhét cia |z| 1a M va m. Khi d6 (M + m) bang

A.12. B. 24. C. 16. D. 18.
Cau 221. (4) Cho s0 phirc z théa man phwong trinh |z - 2 +i| + |z + 4 - 5i| = 12. Goi gia tri I&n nhit
va gia tri nhé nhit cia |z + 1 - 2i| 1A M va m. Khi d6 (M + m) bang

A. 6. B. 18. C. 12. D. 24.
Cau 222. (4) Cho pt ddi xirng bac 6: z°+2015z° +2016z* +20172° +2016z° +2015z+1=0 c6 cac
nghiém lan lwot 1 z1, 22, 23, 24, Z5, Ze. Gid tri: T = (27 +1)(z5 +1)(z7 +1)(z; +1)(z2 +1)(z} +1) badng

A.20132, B. 20142 C. 20152 D. 20162,
Cau 223. (4) Cho pt d6i xttng bac 4: z* +22° +12z> +2z+1=0 c6 cac nghiém lan lwot 1 z1, z2, 23, 74.
Gid tri: T = (z] +1)(z; +1)(z; +1)(z; +1) bang

A. 64. B. 81. C.100. D. 144.

Cau 224. (3) Cho hai s6 phirc z va w sao cho hé thirc xac dinh: i+ 2 = 3 va |z| = 2. Khi
2z z+w  z+3w

d6 md dun |w| c6 gia tri nhé nhat twong ing bang

.ﬂ. B.ﬂ. C. 247 -5. D. 2.7 +5.

A

164|Thudn Thanh - Bic Ninh - 2018



Tén trong quyén tdc gid va cam két khéng sao lwu bdn phu. CHUYEN PE: SO PHU'C VA NG DUNG

Cau 225. (3) Cho hai s6 phirc z va w sao cho hé thirc xac dinh: l+3 = 2 va |w| = 2. Khi d6 md
Z W Z+W

dun |z| twong (rng bang
A.2. B. 4. C.V2 . D. 2./3.

Cau 226. (3) Cho hai s6 phirc z va w sao cho hé thirc xac dinh: l+i: 2 va |w| = |z| - 2. Khi
Zz W Z+O5W

d6 moé dun |z| ndm trong khodng dung la:

A. 4<z|<5. B. 5<z|<6. C. 2qz|<3. D. I<z|<2.
Cau 227. (3) Cho phwong trinh bic 2 véi a va b 1a hai hé so thwc: z2 + az + b = 0. Phwong trinh c6 hai
nghiém lan lwot la: (w + 3i - 5) va (2w + 3 - 2i). Tich caa phin thwc va phan 4o cta s6 phirc w ¢
gia tri twong &ng bang

A.8/3. B. 14/2. C.30/4. D. 1/5.
Cau 228. (3) Cho phwong trinh bic 2 véi a va b 1a hai hé sé thwc: z2 + az + b = 0. Phwong trinh c6 hai

nghiém Ian lwot 1a: (w +i-2) va (3w + 1 - 3i). M6 dun |w| bang

V10 C. 10 . D.@.

A. T . B. 10. 5
Cau 229. (3) Cho biét z = a + ib, v&i a va b 1a hai s thuc khac 0. Goi z* = ag + ibo. Gia tri nho nhit cia
ao/b* bang

A.-8. B. 0. C.-12. D. -4.
Cau 230. (3) Cho biét z = a + ib, v&i a va b 1a hai s thwc khac 0. Goi z3 = ag + ibo. Gia tri nho nhit cia
bo/b3 bang

A. 0. B. - 4. C.-1. D. -2.

Cau 231. (4) Cho phwong trinh bic 4 hé s6 thwc: z* + az3 + bz2 + cz + d = 0. Cé 3 nghiém phirc l4n
lwotla: (w+1), (2w + 3i), (3w - 2i + 2). Nghiém con lai cia né khong thé 1a gia tri nao dwdi day?
A 1420 B. -1-2i. c 2-2i. D. -3-21i.
4 4 2 4
Cau 232. (4) Cho s6 phirc z théa man: |z - 3 +i| = 4 va dong thoi P = |z - 2i + 1| dat gia tri nhé nhat.

Mb dun cta sé phirc w = (2z + i) twong (rng bang

A.ﬁ. B.@. C. 20. D.ﬂ.
5 2 2
Cau 233. (4) Cho s6 phirc z thoa méan: |z - 1 + 2i| = 4 va dong thoi P = |z - 3i + 4| dat gia tri lon nhat.

Phan thuc cta sé phirc w = (iz + 3) twong &ng bang

V185 V1730 V1810

A ——. B. 34. cC.——. D. .
5 5 5

Cau 234. (4) Cho so phirc z théa man: |z - 1| = |z - 3i| va dong thoi P = |z - 2i| nhd nhat. M6 dun
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clia s§ phirc z twong (ng bang
A.6. B. 24/3. C.V2. D. 4.
Cau 235. (4) Cho s6 phirc z théa man: |z - 1| = |z - i| vA dong thoi P = |z - 2i| + |z + 3i + 4| nhé nhit.

Mb dun cta s6 phitc z twong (rng bang

A.2. B. 242. C.5. D. 3\2.
Cau 236. (4) Cho s6 phirc z théa min: |z - 3i| = |z - 3| . Gid trinhé nhat cia P = |iz- 2| + |z + 2i + 1|
twong tng bang

A.0. B. \/17. C.2. D.3.

Cau 237. (4) Cho s6 phirc z théa mén: |z + 2i| = |z + 1] . Gia tri l&én nhat cda P = |z - 2i| - |iz + 1|

twong tng bang
A \/1570 B. \/3210 . C. 2630 . D. \/1310

Cau 238. (4) Cho sd phitc z théa man: |z + i| = |z + 3|. Gia tri 16n nhit ctia biéu thirc: P=|z-4i+ 1| -

|z + 3| twong (rng bang

A.5. B. 6. C. 276 D. 2./5.
Cau 239. (4) Cho s6 phtrc z théa man: |z - 2 + 3i| = 5. Gid tri I6n nhit cta: P = |z -i|2 - |z + 3|2
twong tng bang

A.18. B. 211-12. C. 510 -14. D. 44/10-10.

Cau 240. (3) Cho s0 phirc z théa man diéu kién dwong tron: |z - 4 + 4i| = 3 va déng thoi biéu thirc: P

=|z-1i|2-2|z+ 3|2 + 3|z + i + 2|2 dat gi4 tri nhé nhat. M6 dun cla s phitc z twong ing bang

V205 V185 V177

A.5. B. ——. cC. ——. D. —.
5 5 6

Cau 241. (3) Cho s6 phirc z thoa man diéu P = |z - 2|2 + 2|z + 3i|2 + 2|z + i - 1|2 = 2018. Quy tich
diém M biéu dién s6 phirc z 1a

A. dwong tron cé tam 1(4/5;-8/5).

B. dwong elip c6 tiéu cu bang 5.

C. duong tron (C) c6 tam 1(3;-4)

D. dwong thang A c6 phwong trinh: x + 2y + 2 = 0.
Cau 242. (3) Cho sé phtrc z thdoa man diéu P = |z - i|2 + 3|z - 2i|2 + |z + 2i - 5|2 = 2018. Quy tich diém

M biéu dién s6 phirc z 12

A. duwong tron (C) c6 ban kinh R =, /% .

B. dwong elip c6 tiéu cu bang 2018.
C. dwong tron (C) cé ban kinh R = /2018
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|

D. duwong tron (C) cé ban kinh R = ? .

Cau 243. (3) Cho s6 phirc z théa man diéu P = |z - 3 + 2i|2 - 3|z - 1|2 + 3|z + 2i - 1|2 =2019. Quy tich
diém M biéu dién s6 phirc z 1a

A. duong tron (C) c6 phwong trinh: x2 + (y + 11)2 = 20109.

B. duwong tron (C) c6 phwong trinh: (x - 3)2 + (y + 8)%2 = 2067.

C. dwdng tron (C) c6 tam 1(0;3) va ¢6 ban kinh R = 42019

D. dwong tron (C) c6 tdm I(-5;1) va c6 ban kinh R = 209.
Cau 244. (3) Cho sd phirc z biéu dién dwong cong: |z - 3| + |z + 3] = 10. Goi b6n diém A, B, C, D 1a
bén diém biéu dién 4 s6 phitc z théa min diéu kién da cho. Biét rang tir gidc ABCD c6 hai duwong
chéo AC va BD vudng géc véi nhau. Dién tich 1é6n nhat cda ti giac ABCD la

A. 30. B. 50. C. 90. D. 40.
Cau 245. (3) Cho sd phirc z biéu dién dwong cong: |z - 3| + |z + 3] = 10. Goi b6én diém A, B, C, D 1a
bén diém biéu dién 4 s6 phitc z théa min diéu kién da cho. Biét rang tir gidc ABCD c6 hai duwong
chéo AC va BD vubng géc véi nhau. Dién tich nhé nhat cta ti giac ABCD la

A.1600/41. B. 40. C. 1540/37. D.2017/41.
Cau 246. (3) Cho sd phitc z théa man: w = (z + 2i - 3)( 2z +1i - 4) thuin thwc. Quy tich diém biéu
dién s phirc z 1a

A. duong tron (C) c6 tam O ban kinh R = 5.

B. duwong thing d c6 phwong trinh: 4x +y - 13 = 0.

C. dwong thang d c6 phwong trinh: 5x + 2y - 11 = 0.

D. dudong thang d c6 phwong trinh: x + 2y - 6 = 0.
Cau 247. (3) Cho s6 phitc z théa man: (2z+i—2)(z —1)thuin thwc. Quy tich diém biéu dién s6
phtrc z twrong &ng la

A. dwong thang d c6 phwong trinh: x-y -1 = 0.

B. duwong thing d c6 phwong trinh: x - 1 = 0.

C. duong tron (C) c6 phwong trinh: (x - 2)%2 + (y + 3)2 = 16.

D. duong thang d c6 phwong trinh: 4x -y - 11 = 0.
Cau 248. (3) Cho so phirc z théa man: |2iz + 4 - 3i| = 6. Goi M va m lan lwot la gia tri 1én nhat va nho

nhit cla |z|. Khi d6 |M + 2mi| c6 gia tri twong ing bang

NEER

2

B. 10. C. 5v2. D. 3.6 .

Cau 249. (3) Cho s6 phirc z thdéa man: |z - 3i + 4| = 10. Tap hop diém biéu dién s phirc w = (2 +
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3i)z - 12 twong rng la
A. dwong thang d c6 phwong trinh: 2x + 3y - 12 = 0.
B. duong tron (C) c6 tam I = (-4;3).
C. duong tron (C) c6 tam I = (-11;06).
D. dwong tron (C) cé tam I(-29;-6).
Cau 250. (3) Cho so phtrc z théa man: 4|z|+4iz=9-3z. Tich s6 cia phan thwc va phan 3o cta so

phitc z twvong &ng la

A. 20. B. -20. C.12. D.-12.
Cau 251. (3) Tap hop diém biéu dién s6 phc: w=|2_1| 1a
Z_

A. dudng tron tAm O va c6 ban kinh bang R = 1.
B. dwong thang d c6 phwong trinh: x + y = 0.

C. dwong tron tAm I(1;0) c6 ban kinh bang R = 1.
D. dwong tron 1(0;1) va c6 ban kinh R = 1.

Cau 252. (3) Cho hai s6 phtrc z1 va z2 théa man: |z1| = 2, |z2| = 3, |2z1 - 3z2| = 5. Gia tri |3z1 + 47;|

twong (rng bang
A. 15. B. 25. C. 18. D. 24.
Cau 253. (3) Cho hai s6 phtrc z1 va z; théa man: |z1 + z2| = 2, |z1 - z2] = 3 va || 4l =4. Trong cac
Z
nhan xét dwdi day, nhan xét dung la?
107 12 13
A |z |=3. B. |z [[=—. Clz,|=—. D. |z, [=—.
12 5 34

Cau 254. (3) Cho ba sd phirc z1, z2, z3 1a nghiém ctia phwong trinh bic 3: z3 + az2 + bz + 2 - 3i = 0.
Gia tri nho nhat cha biéu thirc: P = |z1| + |z2| + |z3| bang
A. 3813 . B. 15. C.V13. D. 3313

Cau 255. (3) Cho s6 phircz = a + ib (a, b 1a s6 thwc, a > 0) cé |z| = 2. Khi hiéu ap 1a phan thwc cta s6

; - .z . 9 N o 2a + 3 ¥
phttc w =z’—3z+2z .Gia tri nhé nhit cua; = bang
a

A. 16. B. -12+3324 . C. —26+318.. D. —14+3309.
Cau 256. (4) Cho s6 phirc z c6 md dun bing 1. Xét biéu thiec: P=|z>+3z+ z |=|z+ z | c6 gid trilén
nhAt va gia tri nhé nhat Ian lwot 1a M va m. Tich s (mM) bang

A. -3/4. B.9/4. C.11/4. D. 12.
Cau 257. ( 3) Cho phwong trinh phirc bic hai véi hai hé s thwcavab: z2+az+b=0.Goizivaz:la

hai nghiém. Khi d6 biéu thirc (z; +1)(z; +1) twong (rng bang
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A. @’ +b’ —2ab+3. B. @’ -3b-2a+1.
C. a’b’ +3(a+b)-1. D. b’ —a’ +3ab+1.

2z+3i
z+1

4
Cau 258. (3) Cho phwong trinh phirc: ( j =1 c¢6 4 nghiém phtrc 1an lwot 1a z1, z2, z3, z4. TOng

phan thwc va phan 4o cia cac nghiém khong thé 13 gia tri nao sau day?
A.3. B.-2. C.-2/5. D.-4/3.
Cau 259. (3) Cho |z|<1. Nhan xét dung la

2270 B. 22 . 122l p. | 227

A.
|2+iz 2+iz 2+iz 2+iz

I<1.

Cau 260. (4) Cho s6 phirc z théa min: |z| = 1. Tim gia tri I&n nhat va gia tri nhé nhit cta biéu thirc T
=|1-z| + |1 -2+ z2|. Nhan xét diing nhét Ia:
A.maxT=11; min T = 2. B.maxT=5minT=1.
CmaxT=3;minT=0. D.maxT=7;minT =- 2.
Cau 261. (4) Cho s6 phitc z c6 md dun bang 1. Khi xét gia tri clia biéu thirc: P = |1 - z| + |1 + z2|.
Nhan xét ding nhat la:
A.1<P<4. B. 2<P <4. C. 3<P <4. D. V2<P <4.
Ciu 262. (4) Cho z théa man déng thoi hai diéu kién: [z—i—1[>2 va |z—2i|<5.Kihiéuzivaz;la

hai s6 phirc c6 m6 dun nhé nhat va 16n nhat. Khi do |z1 - zz| bang

A. V4141042 B. \13+42 . C. 2V7. D. \20-643 .
Ciu 263. (4) Cho z théa man dong thoi hai diéu kién: |z—-2i+1>3 va |z—1-i|<5.Kihiéuziva

72 12 hai s8 phitc c6 mo6 dun nhé nhat va 1én nhat. Khi d6 |(1 + 2i)z1 + (1 - i)zz| bang

A.3+245. B. 3+3/5+5V2. C. 11-2V2. D. 14+64/3.
Cau 264. (3) Cho s6 phirc z thda man: (4z + 5i) = (4 - 5iz)z6. Gia tri cla |z| bang
A. 1 B. 0. C.2. D. 3.

Cau 265. (4 ) Cho sb phirc z théa man: |z2 + 4| = 2|z|. Goi M va m lan lwot la gia tri 1én nhat va gia tri
nhé nhat cda |z|. Khi d6 (m + M) twong ¢ng bang
A.6. B. 25 +2. C. 245. D. 443.

1-i3
2

Cau 266. (3) Cho so phtrc: z =

. 1 1 1
FA pad o ‘X e (2 2 3 3 4 4 s
. Gia tri cua biéu thtrc: (z +?) +(z +?) +(z +?) la

A. 4. B. 10v/2. C. -6. D.12.
Cau 267. (3) Cho diém A biéu dién s§ phirc: z=3+4i trén mat phing phic nhw hinh vé. Biét s6

phttc w c6 |w| = 10. Diém biéu dién s phirc w chi c6 thé 1a
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v

A. A. B. 0. C.B. D. C.
Cau 268. (4) Cho s6 phirc z théa mian |z| = 1. Gia tri I&n nhit va gia tri nh6o nhat cta: P = 2|1 -z| + |1
+z| Ian lwot 1a M va m. Khi d6 tich (Mm) twong rng bang

A. 10. B. 21/5. C. 43 . D. 12.
Cau 269. (3) Cho phwong trinh bic 2 hé s6 phirc: az2 + bz +c=0 (1), trong dd a, b, cla cac hé s6
phtrc va z1 , zz 1a hai nghiém cta phwong trinh phirc (1) d3 cho. Khi dé gia tri ctia biéu thic:

P=lz+z, [ +|z,-z [ -2(z|+]|z])® twong&ngbdng
c b c b
A |—]. B. 4| —|. Cc. 4|—]. D. 4|—]|.
a a a c

Cau 270. (3) Cho cac s0 phirc: |z1| = 2; |z2| = 3. Gid tri cta: P = |z1 + z2|? + |z1 - z2|? twong &ng bang
A.5. B. 20. C. 1. D. 10.
Cau 271. (3) Cho cac s6 phirc c6 cuing mo dun: |z1| = |z2| = |z3| = 1 va théa man: z1 + z2 + z3 = 0. Khi
do gia tri ctia: P = |z1 + z2|3 + |z2 + z3|3 + |z3 + z1|3 twong rng bang
A.3. B. 0. C. 1. D. 3\/2.
Cau 272. (3) Cho cac s6 phirc c6 cung mo dun: |z1| = |z2| = |z3| = 2 va théa man: z1 + z2 + z3 = 0. Khi
do gia tri clia: P = 2|z1 + z2| + 3|z2 + z3|2 + |z3 + z1|3 twong &ng bang
A. 0. B. 6. C. 24. D. 18.
Cau 273. (3) Cho cac s6 phirc c6 cuing mo dun: |z1| = |z2| = |z3| = 1 va théa man: z1 + z2 + z3 = 0. Khi
d6 ménh dé sai la:
A P=z+z+z.=1.
B. Pz +z+z[Hz) |+ 2 [+] 7 |
C. Pz +z+zHz |[+]|z, | +]|z |

D. P=lz)+z,+z; [z [+]2 | +]z |
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Cau 274. (3) Cho cac so phirc ¢6 cing mé dun: |z1| = |z2| = |z3| = V3 va théa min: z; + zz + z3 = 0.
Khi d6 gia tri cua: P = |z1 + z2|? + |z2 + z3|? + |z3 + z1|2 twong ng bang

A 33, B. 9. C. 0. D. 6.
Cau 275. (3) Cho bon s6 phitc c¢6 cung m6 dun: |z |=|z, |=|z |=|z,|=2 va: z+z,+z,+2z,=0.Gia
tri ctia bi€u thec: P=|z+z,+z, [ +|z,+z,+z,[ +|z,+2z,+ z [ twong &ng bang

A. 3. B. 4. C. 12. D. 8.
Cau 276. (3) Cho bdn so6 phirc c6 cung mé dun: |z, |=|z, |=|z, |=|z,| va: z +2z,+z,+z,=0.Gia tri
cia biéuthitc: P=z +z + z + z, twong (rng bang

A. 0. B. 1. C. 4. D.12.
Cau 277. (3) Cho bon so phitrc c6 cung mo dun: |z, |=|z, |=|z|=|z,|=1 va: z,+z,+z,+z,=0. Gid

tri ctia bi€u thiec: P=| z' + Z + 2} + z} | twong ing bang

A. 1. B. 4. C.0. D. 8.
Cau 278. (3) Gia tri ctia biéu thirc: P = (1 +i)4001 + (1 - {)4001 bang
A. 22000, B. -22001, C. 24000, D. 24001,

i3

Cau 279. (3) Gié tri ctia biéu thtrc: P = (%+ !

5 )5000 " (% _§)5000 bing

A. 0. B. 1. C.-1. D. 2.

|=12 . Goi gia tri 1&m nhit va gia tri

Cau 280. (4) Cho sb phirc z théa man: |iz—3 > .|+|iz+3 '
—4i —4i

nho nhit cta |z - 4| [An lwgt 1a M va m. Khi d6 [M + im|2 twong irng bang

A. 54. B. 63. C. 64. D. 96.
Cau 281. (3) Cho phwong trinh phirc 4n z bic ba hé so thuc a, b, ¢ 1a: z3 + az2 + bz + ¢ = 0. Biét
phuwong trinh c6 hai nghiém 1a z1 = 2 va zz = 1 + 2i. Gia tri cua biéu thitc (a + 2b + 3¢) bang

A. 0. B.-12. C. 20. D. -16.

Cau 282. (3) Cho s6 phirc z théa man: |z| = 1 va |i+i|: 2 . S6 nghiém z thoa man diéu kién bai
z z

toan twong ing la

A. 3. B. 4. C.5. D. 6.
Ciu 283. (4) Cho s6 phirc z thoa man: | 262 ;l I<1 . Gia tri 16m nhit cda |z| bang
+ 231z
A 1. B.\2. C.1/3. D. ﬁ

2

Ciu 284. (4) Cho s6 phirc z = a + ib théa mian: |z2 + 4| = 2|z| va (b2 - a2) = 6. Khi d6 md dun cta s6
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phttc z twong (rng bang

A. 4. B. 1. C. #/2. D. 2\/2.
Cau 285. (3) Cho s6 phircz = a + ib théa min: |z2 + 4| = 2|z] va P = 8(b? - a?). Biéu dién biéu thirc
P theo |z| thi hé thirc dung twong &ng la

A.P=(|z]?-2)? + 12. B.P = (|z]2 - 4)2.

C.P=(|z[2-3)2 +9. D.P = (|z[2 - 1)? + 15.

) . 1 A oz
Cau 286. (4) Cho s6 phirc z théa min: | z* +L2\S 3. Goi M la gia tri 1é6n nhat cia | z+—|. Nhan xét
z z

diung sé la:

A.0<M<2. B.5/2<M<3. C.2<M<5/2. D.M > 3.

Cau 287. (4) Cho s6 phtrc z théa man: | z° +i3 I<18. Goi M la gia tri 1&n nhat cua |z+l |. Nhan xét
z z

ding sé la:

A1l<M<2. B.0<M<1. C.2<M<5/2. D.5/2< M <4.
Cau 288. (3) Cho hai s8 phirc z1 va z; théa méan: |z1 | = 3, |z2]| = 4 va |z1 - z2| = 5. Gia tri cla biéu
thirc: P = |z1 + z2| twong (rng bang

A.5. B. 10. C. 5V2. D. 5.3.
Cau 289. (3) Cho hai so phirc z1 va z2 théa man: |z1 | = 6, |z2| = 8 va |z1 - 72| =213 . Gia tri ctia bidu
thirc: P = |z1 + 2z2| twong (rng bang

A. 20. B. 5V13. C. 14. D. 413,
Cau 290. (3) Cho hai s& phirc z1 va z2 théa man: |z1 | = 6, |z2| = 8 va |z1 - z2| =2+/13 . Gid tri cia biéu

thitc: P = |3z1 - 2z2| twong ing bang

A. 26. B. 2/73. C. 411. D. 6V13.
Cau 291. (3) Cho hai s6 phttc z1 va z; théa man: |z| = 6 va |z1 - z2| = 6. Gid tri cta biéu thic: P = |74
+ Z2| twong tng bang

A.12. B.6. C. 63/2. D. 6./3.
Cau 292. (3) Cho hai s6 phirc z1 va z; théoa man: |z| = 4 va |z1 - z2| =4. Gia tri ciia biéu thirc: P = |2z1
+ 3z2| twong rng bang

A. 419, B. 20. C.12. D. 43 .
Cau 293. (3) Cho hai sé phirc z1 va zz théa méan: |2z - i| = |2 +iz| va |z1 - 22| = J2 . Gid tri cda bidu
thirc: P = |3z1 - z2| twong &rng bang

A A7, B. 2. C. 3V2. D. 2./2.
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Cau 294. (3) Cho hai s6 phitc z1 va zz théa man: |z1]| = 1, |z2| = 2 va |2z1 - 3z2| = 5. Gia tri ctia biéu

thitc: P = |3z1 + z2| twong rng bang

B. 5v/2 . c.ﬂ. V82

D. —.
2 2

Cau 295. (4) Cho hai s0 phirc z1 va z; thoa man: z1 + z2 = 3 + 4i va |z1 - 2| = 4. Gia tri 1én nhat cia

A. 10.

biéu thirc: P = |z1| + |z2| twong (tng bang

A.8. B. 4/3. C. \/37. D. V41.
Cau 296. (4) Cho hai s8 phtrc z1 va z; théa min: z1 + z2 = 6 - 81 v |z1 - 2| = 2/5. Gi4 tri 16n nh4t
ctia biéu thirc: P = 3|z1| + 2|zz2| twong &rng bang

A. 10. B. 24/195. C. 55. D. 30.
Cau 297. (4) Cho hai s6 phirc z1 va z2 thoa man: z1 + 2zz = 3 + 41 va |z1 - Z2| = 4. Gid tri 16m nhat cla
biéu thirc: P = |z1]| + |z2| twong (rng bang

A. 16. B. 413. C. — .

J114 2419
D. ——
Cau 298. (4) Cho hai s0 phirc z1 va z2 thoa man: 3z1 + z2 = 6 + 8i va |z1 - z2| = 6. Gia tri I&n nhit cia
biéu thirc: P =3 |z1| + 2|z2| twong &rng bang
A.24. B. 4/59. C. 2491. D. 5V13.

Cau 299. (4) Cho hai s6 phirc z1 va z2 thda man: |z1 - 2z2| = 2 va |3z1 + z2| = 4. Gia tri l&n nhat cda

biéu thirc: P = 2|z1| + 3|z2| bang

A. 12. B. 442 . c ¥ p. 2

V5 V5

Cau 300. (4) Cho s6 phirc z théa man dong thoi: z+ z =4 va 2z+ z =(1+i).| z|. Khi d6 nhan xét
ding vé mo dun cda z la
A.0< |z]| < 2. B.2<|z| <3. C.3<|z| <5. D. |z| > 5.

Cau 301. (4) Cho hai s6 phirc z théa man: datz] 1 . Khi d6 gia tri 16n nhat cta biéu thirc

1z, [+]z,| 3

=21+ 22| twong tmg béing
|z, | |z,
A.?. B. 2./3. c.#. D.g.

Cau 302. (4) Cho hai diém A va B khac g6c toa dd O biéu dién hai s& phitrc z1 va zz thda man hé thirc:
z} +z; = z,z,. Ménh d& nao duwé6i day ding ?

A. AOAB vuéng tai B. B. AOAB la tam gidc déu.

C. AOAB vuong can tai A. D. AOAB can tai B.
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Cau 303. (3) Cho hai s phirc khac khong z1 va z; dwoc biéu dién béi hai diém A va B. Biét chiing
théa man hé thirc phic: |z1 + z2|2 = |z1|2 + |22|2. Nhin xét ding vé dang cia AOAB la

A. AOAB vudng tai O. B. AOAB vuong tai A.

C. AOAB la tam giac déu. D. AOAB la tam giac cén tai O.
Cau 304. (4) Cho phwong trinh phtc z v&i cac hé s6 phitc a, b, c: az2 + bz + ¢ = 0, trong do: |a| = |b|
= |c| > 0. Goi M va m lan lwot 14 gia tri 1én nhat va gia tri nhé nhat caa |z|. Khi d6 gia tri |[m + Mi|
twong (rng bang

A. 4. B.\2. C. 1. D. /3.

L3

Cau 305. (3) Cho ba s6 phirc théa man: zz,z, =3 . Gia tri nho nhit cda biéu thirc sau:

_1aPHlznl mP+al |zF 4l

twong rng la
Iz, |+]z,] |z, |+] 2] |zy [+ 2 |

A.3. B. 3/2. C. 4. D. 3.
Cau 306. (4) Cho phwong trinh bic 4 bién z hé s6 thwc: z* + az3 + bz2 + cz + d = 0, c6 bén nghiém
phirc: z1, 22, 23, z4 . Bi€trang: z1z; = 13 +i; z3 + z4 = 3 + 4i. Gid tri cia (a + b + ¢) bang

A. 210. B. 18. C.1109. D. 137.

Cau 307. (3) Cho ba s0 phirc cuing mé dun: |z1| = |z2| = |z3] = 1. Gia tri nho nhit cda biéu thic:

P= ! + ! + ! twong (rng bang
|z, =z, .|z, =23 |zy=z|.lz,—2| |z3—2|.]2z,—2,]
A.3/2. B. 1. C.4/3. D. 3/4.
Cau 308. (3) Cho s phirc z théa man phwong trinh: 8z1° + 7iz% + 7iz - 8 = 0. Khi d6 |z| twong &ng
bang
A1 B. 0. C.2. D.\2.

Cau 309. (4) Cho s6 phirc z théa min: |z - i| + |z + 3 - 5i] = 5. Goi gia tri 1én nhat va gia tri nho nhit
cla |z| Ian lwot 12 M va m. Khi d6 |[M + mi| twong &ng bang

A. 4. B. 2./5. C. 23/26. D. /35.
Cau 310. (3) Cho s6 phitc z c6 phin thic nhd hon 1 théa man: |z+1+i|=2z+ z —5-3i| sao cho P =

|z - 2 - 2i| dat gia tri cuc ti€u. SO phirc thda man 1a: z = a + ib. Khi d6: (a + 2b) twong trng bang

A. 10. B.12. c.S—E. D. 6-2/3.

Cau 311. (3) Cho s6 phttc z thdamén: |z+2|=z+2z —2+2i| sao cho P = |z - 1 + 3i| dat gia tri cuc
tiéu. Gia tri cwc tiéu clia P twong (rng bang

A. 2. B. 4. C. 2/2. D. /3.
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Cau 312. (4) Cho s0 phtrc z cé: |z| = 1. Goi M va m lan lwot la gia tri 1én nhat va gia tri nhé nhat cia
biéu thirc: P = |1 + z3| + |1 + z + z2|. Khi d6 (M + 2m) twong ¢ng bang

A.5. B. 6. C. 8. D.7.
Cau 313. (3) Cho s6 phirc z c6: |z| = 1. Gid tri lén nhat cGa: P = |1 + z| + |1 + 72| + |1 + z3| twong &ng
bang

A.5. B. 6. C. 8. D.7.
Cau 314. (3) Cho s6 phirc z cé: |z| = 1. Gia tri nh6 nhat ctia: P = |1 + z| + |1 + z2| + |1 + z3| twong &ng
bang

A.2. B. 3. C.2V2. D. 3.
Cau 315. (4) Cho s6 phirc z théa man diéu kién: |z| = 1. Gi4 tri nhé nhit va gia tri 1én nhat cta biéu
thirc: P = |1 + z3| + |1 + z + z2| twong rng 1a m va M. Khi d6 tdng (m + M) bang

A. 4. B.7. C.5. D. 6.
Cau 316. (3) Cho phwong trinh phirc 4n z: z* + az3 + bzZ + cz + d = 0 v&i cac tham s6 thuc: a, b, ¢, d.
Biét phwong trinh c6 hai nghiém phirc: z; =3 - 2ivazz =3 +i. Gid tri clia (a+ b + c - d) bang

A. -20. B. 24. C. 12. D. 16.
Cau 317. (3) Cho phwong trinh phirc 4n z va hai tham sé thwc a va b: 4z5 + 3iz* + 3iz - 4 = 0. Gia tri
cua |z| twong irng bang

A. 0. B.1. C.2. D. 2.
Cau 318. (4) Cho s6 phic z théa man: |(3 - 4i)z + 50| = 10. Goi gia tri 1&n nhat cda biéu thirc

P=| z +3-2i| 1a M, gia tri nhd nhit cta biéu thitc O =|(1+i)z +4i—2| 1a m. Khi d6 gia tri caa

biéu thitc: (m+2+2)* +(M —2)* twong tng bing

A. 251. B. 212. C. 247. D. 220.
Cau 319. (3) Cho so phirc z théa méan: | fz ;l I<1.Gid tri 16n nhit cua |z| twong ing bang
+ 21z
A.2. B.ﬁ . C. 1 D.l.
2 2
z=2+i

Cau 320. (3) Cho biéu thirc: | |= k biéu dién dwong tron c6 ban kinh bang V30 (trong dé k >

1). Tam cta dwong tron dwoc biéu dién béi s6 phitc twong (rng 1a

A.-4 + 2. B. 6 - 3i. C.1+2i. D.2 -1

’ 1 ’ .
Cau 321. (4) Cho s6 phtrc z thoa man: |z+—|=2. Goi gia tri l1én nhat va gia tri nhdé nhat cta |z|
z

twong tng 1a M va m. Khi d6 (M + m) bang

A1, B. 2. C. 2/2. D. 2./3.
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Cau 322. (3) Cho s6 phirc z1 va z; 1 hai nghiém ctia phwong trinh: z2 - 2z + 4 = 0. Gi4 tri ca biéu

e _ 2018 2018 2019 2019 - N
thiec: P=z""+z, " +z ~ +z, twongngbang

A. 0. B. 22020, C. 3.2°°%, D. -5.2%"%,
a P . z—1+2i AP - X \ N A s s X 2: N .
Cau 323. (3) Cho biéu thirc: | —— |=k biéu dién dwong tron tam I dwoc biéu dién béi sé phirc zo
z

=2 - 4i (trong d6 k > 0). Ban kinh cia dwong tron twong &ng la
A.1. B. V10 . C. V17. D. 4.
Cau 324. (4) Cho s6 phitc z théa man: 2|z—1]|+3|z—i|< 22 . Khi d6 gi tri cla |z| twong Gng sé

bang

1 NE)

A 1 B. 2. C. —. D. —.
2 2

Cau 325. (4) Cho s6 phirc z thoa man: 3|z—-3|+4|z+4i|<15. Khi d6 ménh dé nao dwéi diy nhin
xét dung vé |z| ?

A 0<zkl. B. 1< z|<3. C. 3¢z 5. D. [z[|>5.

Cau 326. (3) Cho so phtic z c6 |z| = 1. Phan thuc cta s6 phirc: " ! twong tng bang

B

A 1 B. 0. C. B D.

2

N | —

twong rng bang

’ \ I 1
Cau 327. (3) Cho s6 phttc z ¢6 |z| = 2. Phan thyc cua so6 phirc: 5
+z

A1 B.1/4. C.1/2. D. 3/2.

Cau 328. (3) Cho so phitic z ¢6 |z| = 3. Phan thwc ctia sé phirc - twong &ng bang
z

A.1/18. B. 1/9. C.1/4. D.1/3.

Cau 329. (4) Cho hai s0 phirc z théa mén: |z - w| = 2|z| = [w]. Khi d6 phan thuc cla sé phirc u =z
w

twong ing sé bang

A. 1. B.1/2. C.-1/4. D.1/8.

|z, = 2i|=| 2iz, +1]

Cau 330. (3) Cho hai s6 phirc z1 va z; théa man: { va |z1 - 72| = J3. Gia tri clia

| z, = 2i |5 2iz, +1|
biéu thirc P = |2z1 + z2| twong (rng bang

A. 2. B. \3. C. 242 . D.\2.

Cau 331. (4) Cho so phirc z théa min: |z - 1| = 2. Gia tri Ién nhit cia: P = |z + 2i| + |z - 2 - 2i| twong

176 |[Thuadn Thanh - Bidc Ninh - 2018



Tén trong quyén tdc gid va cam két khéng sao lwu bdn phu. CHUYEN PE: SO PHU'C VA NG DUNG H

rng bang
A. 4. B. 12. C. 6. D. 2/5.
Cau 332. (3) Cho s6 phtrc z thda man phwong trinh: z2 - (3i + 1)z - 2 + i = 0. Gi4 tri cla biéu thic:

|z1 - z2| twong rng bang

A.2. B. 1. C. V2. D. 3.
Cau 333.(3) Tong S =1+ 2i + 3.i2 + 4.i3 + ... + 2017.i2016 twong (ng bang
A.2018. B.-1+2017i. C.2018i-1. D. 1009 - 1008i.
Cau 334. (3) Tong S =i - 2i2 + 3.i3 - ... + 2017.i2017 twong ing bang
A. 1008 - 1009i. B. 0. C.2017i-1. D. 1009i + 1009.
Cau 335. (3) Cho s6 phirc z khong phai 1a s6 thwe théa man: w = g la s6 thwe. Khi d6 gia tri cua
+z
biéu thirc Ed ~ twong (rng bang
1+ z|
A1 B.1/2. C. 1/4. D. L.

V2
Cau 336. (4) Cho s6 phirc z thoa man diéu kién: |z - i| = 2. Khi d6 gia tri 1&n nhat cta biéu thirc: P =
|z-1| +|z-3i+ 2| sé&bang

A. 6. B. 3. C. 24/3. D. 42.

Cau 337. (4) Cho so phirc z khong phai 1a s6 thyc théoa man: w =mz +2ass thwc. Trong d6 m van
z

12 hai hang s6 thwc. Khi d6 gia tri ctia biéu thitc P =z | +|L twong (rng bang

z|
m 1 n m 1
A. —. B. m+—. C. . —+.—. D. Vm+—.
n n m n \/Z

2 .3 2020

Cau 338. (4) Tong S, :i+’5+l—+...+

= A +iB . Khi do |S2020| ndm trong khoang

3 2020
1 3 3 1

A. (0;—) . B. (1,—-). C. (=;2). D.(—;1).

( 2) ( 2) (2 ) (2 )
l-3 i4 .2019

Cau 339.(4) Téng S,y =i ——+——...— = A +iB .Khi d6 |S2019| ndm trong khoang

2 3 2018

1 3 3 1

A. (—:;1). B. (I,—). C. (—:2). D. (0;—).

(2 ) ( 2) (2 ) ( 2)

Cau 340. (3) Cho s0 phirc z théa man |z| = 2. Goi gia tri I¢n nhit va gia tri nho nhitcia P = 2|z - 3| +
3|z + 3| twong rng 1a M va m. Khi d6 tich (mM) twong &ng bang

A.120. B. 0. C. 1562 D. 12043
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Cau 341. (3) Cho hai s6 phitc z, uthéa min: |z + u| =4 va |z - 2u| = 6. Khi d6 gia tri cla biéu thirc P
= |z|2 + 2|u|? twong &ng bang

Azl B2 ¥ p. &
2 3 5 3

Cau 342. (3) Cho phuwong trinh bic 2 4n phirc z vé&i cac hé so thuc a, b: z2 + az + b = 0. Biét phwong
trinh c6 hai nghiém phtc z1 va z; théa man: |z1 - 1| = |zz - 2|. Gid tri nhé nhit cta biéu thic:
P = 3|z1| + 5|z2| sé bang

A. 8. B. 12. C. 34. D. 15V2.
iz+(3—4i)z

Cau 343. (3) Cho sé phirc z khac 0 thoa min: |
—i

=3|z[*. S6 phttc: w = 5iz+2+i c6 md

dun twong ng bang

A. 10. B. 21/10. C. 5v2. D. 1243,
Cau 344. (4) Cho s6 phirc z théa man: |z - 2 + i| = 1. Gia tri lén nhdt cta: P = |z + 1| + |z - 5 + 2i|
twong (rng bang

A.22. B. 43. C. 2J/11. D. 44/10.

Cau 345. (3) Cho s6 phirc z khéng phai s6 thwc thdéa man: w = mz

la mot sé thuec, trong d6 m la
4+z

2

¥ ~N =7 . 2 2 ¥
hang so6 thwc. Gia tri cua: P = E: |3 bang
3+ z|

4 4
A — . B.2. C. —. D. 243.
11 13 V3

Cau 346. ( 3) Cho sb phirc z va s6 phirc lién hop clia né dwoc biéu dién bé&i hai diém A va A’ trén
mit phing phitc. S8 phitc (3 + 2i)z va s phirc lién hop cta nd dwoc biéu dién béi hai diém B va B’
trén mat phang phirc. Biét AA’B’A 13 hinh chit nhat. Gia tri nhé nhit cda biéu thirc P = |z - 1 + 4i|

bang

B. 2./3. C. & W2

p. 22,
3 2

Cau 347. ( 3) Cho s6 phitc z va s6 phirc lién hop ctia né dwoc biéu dién béi hai diém A va A’ trén

A. 3.

mit phang phttc. S6 phirc (4 - 3i)(z + 1) va s6 phttc lién hop clia n6é duoc biéu dién béi hai diém B va
B’ trén mat phing phttc. Biét AA’B’A 1a hinh vudng. Gi4 tri cla |iz + 3 - 4i | twong (rng ndm trong

A. (0;1). B. (1;4). C. (47). D. (7;+0).
Cau 348. (3) Cho s6 phirc z théa man: |z2 - 4z + 13| = |(z - 2 - 3i)(z - 1 + i)|. Gi& tri nhdé nhit cia

biéu thirc: P = |z - 5| twong &ng la

A. 1. B.ﬁ. C. 3v/2. D. L.

10 2410
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Cau 349. (3) Cho ba s8 phtrc cuing mé dun: |z1| = |z2| = |z3] = R > 0 va thdéa méin: z; + z2 + z3 = 0.
Ménh dé nao dwéi day sai ?
A |z +z, |5z, 4z |5z, + 2| B. B=2z2z,+z,z, +2z,z, =0.
C.C=z+z;+z]=0. D. D=z +z+2z =0.
Cau 350. (3) Cho mot da thirc P(z) vdi cac hé s6 thuwc. Biét rang s6 phitc z (khong thuan thuc) thoéa

man: P(z) = 0 thi ménh dé dung trong cac ménh dé dwdi day la:

1 —
A. P(z))=0. B. P(z%)=0. C. P(~)=0. D. P(z)=0.
z
Cau 351. (3) Cho s8 phirc z thda man: |z [> 1. Xét biéu thirc: P=jz_5§’ .Ménh d@ ding la:
+ iz
A. |P|=1. B. 0<| P<1. C. |P|>1. D. |P]2.

Cau 352. (3) Cho hai s6 phirc z théa mian: |z - 2u| = 2|u| = |z|. Khi d6 gia tri cia biéu thic:
z 2 u 2 , 3

P=(—)"+16(—)" twong irng bang
u z

A. 4. B.3+i\3. C. 1742. D. —1+i\/3.
Cau 353. (3) Cho s6 phirc z théoa méan: |z + 2 - 3i| = |z - 1 + i|. Biét s6 phitc w = iz + 2. Khi d6 gia tri
nho nhit cua |w| twong tng bang

A1 B.1/2. C.3/4. D. 3/2.

Cau 354. (3) C6 bao nhiéu s6 phitc z théa min déng thoi hai diéu kién: |z| =3 va |2z.z+3z=9 ?

A. 0. B. 2. C. 1. D. 3.
Cau 355. (3) Cho hai s6 phirc z va u théa mén: |z| = |u| = 1. Khi d6 s6 phitc w = lz+u c6 phin ao
+ zu
twong rng bang
A. 0. B. 1. C.-1. D.1/2.

Cau 356. (3) Goi (H) 1a hinh biéu dién s6 phitc z théa man diéu kién: |3z - z |[<4 va s& phtic z c6
phan thuc khong Am. Dién tich hinh (H) twong (rng bang

A. 2r. B. 7°. C. 4r. D. x.
Cau 357. (3) Cho sd phtrc z théa man |z+2-5i|<2. Tap hop diém biéu dién s phitc w = (3 + 4i)z +
2 -1 1a hinh tron c6 chu vi bang

A. 207, B. 167 C. 872 D. 4743,
Cau 358. (3) Cho s6 phirc z thoéa man: (3+2i)|z |=%+1—5i. Biét diém biéu dién s phirc

w =(3—4i)z+5-2i 1a dwdrng tron tAm I va ban kinh R. Gid tri cia ban kinh R nam trong khoang

A.O<R<1. B. V2 <R<3/3. C.3V3<R<4J2. D.4J2<R<5/3.
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Cau 359. (3) Cho s0 phitrc z théoa man: (3+2i)z+3323_ =0. Goi M 1a diém biéu dién s6 phic

w=(+2)z-3i+1. Biét « = MOx = gbc tao baoi OM véi truc Ox. Khi dé géc 2a c6 gia tri nam

trong cung phin tw twong rng la

A. gbc phan tw thi 3. B. gbc phan tw thir nhit.
C. gbc phan tu thi 2. D. goc phén tw thi 4.
) . 201 ’ .
Cau 360. (3) Cho sb6 phttc z khéng thuan thwc sao cho: w = n 047§ la s6 phtrc thuan thuc. Khi dé
+4z
gia tri cia biéu thirc: P = A} twong (rng bang
3+4|z|
AL B. L. c.L. D. L.
7 2 4
Cau 361. (3) Cho z la s6 phirc khong thuan thwc sao cho phan thwc cta s6 phirc u = o bang 2.
zZ|+z

Khi d6 |z| c6 gia tri bang

A.1/4. B.1/2. C.1/8. D. 1.
Cau 362. (3) Cho phwong trinh bac hai hé s6 thwc a va b: z2 - bz + 3a + a2 = 0. Biét phwong trinh c6
mot nghiém z1 khong thuan thwc théa méan: |z1| = 2. Ménh dé dung la:

A.a=4hoaca=-1. B.a=1vab>4.

C.a=1va-4<b<4. D.a=1hoaca=-4va b<-4.
Cau 363. (4) Cho s& phirc z théaman |z + 2 —i| + |z -4 - 7i| = 63/2 . Goi M va m Ian lwot 13 gia tri 1on
nhat va nhé nhit cta |z - 1 + i|. Khi d6 tdng cia (M + m) bang

p 22420 g e C 53T, D2

2 2

2
Cau 364. (3) Cho s6 phtrc z khong thuin thwc théa man: w :rzi la s6 thyc. Gia tri cia biéu
—z+z

thitc: P=./1+2|z| twongngbing

A.2. B. 3. C. 5. D. 3.
Cau 365. (4) Cho s6 phirc z = a + ib trong d6 a, b théa man: a,b>0;a—b<2;a+3b<12. Gia tri 16m
nhit cla |z| twong (rng bang

A. V113 107 C 106

B. ——. . 14. C.——.
3 2

Cau 366. (3) Cho phwong trinh phirc: 22017 + 72016 + | + 7z + 1 =0 c6 ding 2017 nghiém phirc l4n

lwotla: z1, 22, ..., Zz017. Khi d6 téng: S =z"""+ 22" +...+ 2|5 ¢6 gia tri bang

A. 0. B. 2018. C. 2017. D.-1.
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Cau 367. (3) Cho phwong trinh bic hai hé s a thuc: z2 - 2az + a2 - 3a = 0. Biét phwong trinh c6 mot
nghiém phirc z1 khong thuin thuc ¢6 |z1| = 2. Gia tri cua |2a + (a2 - 2)i| twong (tng bang

A.2. B. 21/3. C. 7. D. 5.
Cau 368. (3) Cho so phirc z = x + iy, trong do x, y la nhitng s6 thwc khong 4m théa man dong thoi cac
diéu kién: x+ y<6; x+2y>4. Gia tri 1&n nhit va gia tri nho nhit cia Q = |z - 5 - i| twong ng la M
va m. Khi d6 (M + 2m) twong (rng bang

A.9. B. 4/3. C. 53. D. 5V2.
Cau 369. (3) Cho so phitc z = x + iy, trong d6 x, y 1a nhitng s6 thwc thdéa man déng thoi cac diéu kién:
0<y;x+2y<8;x—y>2.Goigia tri I&n nhat va gia tri nho nhit cia: P = |z - 8 - 4i| lan lwotla M
va m. Khi d6 (M.m) twong &ng bang

A.@. B. 12. C.@. D.ﬁ.

5 5 2

Cau 370. (3) Cho s0 phirc z = x + iy, trong d6 x, y 1a nhitng s6 thwc thdéa man déng thoi cac diéu kién:
0<(x=2)(y—2);3x+2y>8; x+2y<10. Gia tri I&n nhat va gia tri nhé nhit cia P = |z - 4 - i| lan
lwot1a M va m. Khi d6 (M + m) twong &rng bang

A.12. B. 2\3+2. C. V13 +1. D. 3J2+2.

(3+4i)z+12—-12; =6. S5 phirc w =

Cau 371. (3) Cho s6 phirc z thdéa mén: |
z=3i iz+3

nam trén dwong

tron (C) c6 ban kinh R bang

A. 2. B. 6. C.3. D. 1.
Cau 372. (3) Cho s phirc z = a + ib, trong d6 a, b 1a nhitng s6 thwc khong 4m dong thoi 1a cac hé s6
clia tham thirc bac 2:  f(x) =x” —2ax+b.Biétrang: f(-1)=3 ; f(-2)<9. Gia tri l6m nhat cta biéu
thitc P = |z - 3 - 4i| twong &ng bang

A. 213 B.17. C. 24/5. D.5.

Cau 373. (4) Cho s6 phirc z thda man: |z—1[<3 ; |z—2i|<4. Gia tri 1én nhit cta P = |z - 3 - 4i]

twong rng bang
A. —“124271‘/ﬁ. B. 4/13. C.5. D. —“545280\5.

Cau 374. (3) Cho s phttc z théa man: |z—2<4 ; |z+1|<|z+i|. Gia tri l&n nhat va gia tri nhd nhat
cta P = |z - 3 + 2i| Ian lwot 1a M va m. Khi d6 (Mm) twong (rng bang

B 5710 + 442 c 43 + 642

2 2

A. 32 +2. D.O.
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Cau 375. (3) Cho hai so phitc z1 va z2 théa man: |z, |Hz,|=1; |z, +z, |= V3 . Gié tri ctia biéu thic:
P=z.z,+z,z twongulngbing

A. 1. B. 0. C.-1. D. 3.
Ciu 376. (4) Cho biéu thirc: P= |z - 1| + |z- 2 - 3i| + |z - 4 - 2i| + |z - 5 + i|. Gi4 tri nhd nhit cta
biéu thirc P twong (rng bang

A. 243 +6. B. 2./10. C. V5+\17. D. 5+13
Cau 377. (4) Cho biéu thivrc: P = |z | + |z - 4 - 2i| + |z - 3i| + |z - 5 + 2i|. Biét rang khi z = a + ib thi
biéu thirc P dat gia tri nho nhat. Khi d6 (a + 2b) twong ing bang

A. 1. B. 4. C. 6. D.-3.
Cau 378. (4) Cho ba so phttc z1, 72, z3 thda man: |z1 - z2| = |z2 - z3| = 12; |23 - z1| = 14. Gia tri nho
nhat ctia biéu thirc: P = |z - z1| + |z - Z2| + |z - 23| twong &ng bang

A.6. B. 445 +/13. C. V95+743. D. 2J/11+497.
Cau 379. (4) Cho hai s6 phtc z1, z2 théa man: |z1 | = |z2 | = |z1 - z2] = 12. Gi4 tri nh6 nhit cta biéu
thirc: P = |z - z1| + |z - Z2| + |z| twong ing bang

A. 1243. B. 61/5. C. 215 D. 6/7.
Cau 380. (4) Gia tri nho nhat cia biéu thirc: P = |z - 6| + |z - 8i| + |z - 12 - 8i| twong rng bang

A.6. B. 4+8/3. C. 8+6/3. D. 2411 +12.
Cau 381. (3) Cho s& phitc z théa min phwong trinh: |z - 2i| = 2. Tap hop diém biéu dién s6 phirc w
théa man: |[w—z|<1 twong tngla

A. mién D xac dinh béi: 1< x* +y* <3.

B. mién D x4c dinh béi: 1< x> +(y—-2)” <9.

C. mién D x4ac dinh béi: 1< x* +3* <9.

D. mién D xac dinh béi: 1< (x—1)> +y* <3.

(243i)z+5+i

Cau 382. (3) Cho s6 phirc z théa man: | _—
iz —

|=6. Tap hop diém biéu dién s phirc

W= twong trng la

z+3i
A. duwong thang: x + 2y - 6 = 0.
36

1 4
B. dwong tron (C): (x+—) +(y+—)* = .
g (C): ( 17) (6% 17) 21

C. dudng tron (C): (x—1)° Jr()/—%)2 =36.

D. dwomg tron (C): (x—5) +(y 1) =6.
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Cau 383. (3) Cho s6 phitc z thda man: |z - 2 + 3i| - |z + 2 - i| = 442 . Khi d6 gi4 tri nhé nhAt cta bidu
thttc: P = |z - 3i + 2| twong (ng bang

A. 2. B.1. C. 3. D. 2.
Ciu 384. (3) Cho s6 phirc z thoa man diéu kién: |z - 4| - |z + 4| = 8. Gia tri nho nhét ctia biéu thirc: P
= |z - 3 + 4i| bang

A.12. B. 3V7. C. \/65. D. 2413.
Cau 385. (4) Cho so phirc z thoa min diéu kién: |z - 5 + 3i| - |z + 3 - 3i| = 8 va dong thoi lam cho
gia tri cia biéu thirc P = |z - 1| dat gia tri nho nhit. Biét rang z = a + ib. Khi d6 gia tri chia téng (10a +
10b) bang

A. 1. B. 2. C.5. D. 3.
Cau 386. (3) Cho s6 phirc z théa man diéu kién: |z - 7 + 4i| - |z + 1 - 2i| = 6. Gia tri nhé nhit cia
biéu thitc P = |z - 3 +i| bang

A. 3. B.6 C. 4. D.5.
Ciu 387. (4) Cho s0 phirc z thoa man diéu kién: |z - 8 + 4i| - |z - 2i| = 6. Gi4 tri nh6 nhit ctia biéu
thirc P = |z + 2 + i| bing

A. 1. B. 2\/2. C. 6. D. 3.

Cau 388. (3) Cho s6 phirc z khéng thuin thuc sao cho: w = 32

e la s6 thuan thwc. Khi d6 gia tri
+z

16n nhat cta biéu thirc P = |z + 3 - 2i| twong &ng bing
A.5. B. 3+2V2. c. 2J13. D./3+13.

Cau 389. (3) Cho s6 phtrc z khéng thuin thwc sao cho: w =

- 1a s6 thuan thuc dong thoi biéu
44z
thitc P = z—1+i| dat gia tri 16n nhat. Khi d6 sd phirc z = a+ ib. Gia tri clia (a - b)2 bang

A. 2. B. 4. C.8. D. 3+2V2.
Cau 390. (4) Cho s6 phirc z théa man: |z+1-2i |=2+/2 . Goi gia tri 16n nhat va gia tri nhé nhit caa
biéu thitc: P=|z—1|+2017]| z +3+4i| lan lwgt 1a M va m. Gid tri cia (M/m) béng

A. 20172 B. 2018. C. 242017 . D. \/1+2017° .

Céu 391. (3) Cho s6 phirc z théa min: |z - zo| = 2. Gi4 tri nhd nhit cta biéu thirc: P =|z* +z] | twong
rng bang

A. 1. B. 0. C.1/2. D. 2.
Cau 392. (3) Cho s0 phirc z; khdng déi va s6 phirc z thoa man diéu kién: |z - z1| = 4. Xét biéu thic:
P=z* +2z] +2z.z, |. D& biéu thirc P dat gia tri nhé nhit thi: | z| gan nhat gia tri nao dwdi day?

A. 0. B.1. C.5/2. D.7/2.
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22 +z+1

Cau 393. (3) Cho s0 phirc z khdng thudn thyc thda min diéu kién s6 phirc: w RpE— thuan
z-—z+
4 4
thwce. Khi d6 goi z = a + ib, gia tri cta biéu thic: % bang
1—(a° +5%)
A 1. B. 0. C.2/3. D.1/2.

Cau 394. (3) Cho s0 phirc z1 va z2 la hai nghiém cta phwong trinh: |6 - 3i + iz| = |2z - 6 - 9i], thda
man: |z, -z, |=2.Gid tri cla biéu thirc: P =]z +2z,| twong (rng bang

A. 6. B. 5. C. V26 D. 10.
Cau 395. (4) Cho s6 phirc z1 va z2 1a hai nghiém cta phwong trinh: |z - 1 + i| = 2, thoa man:
|z, -z, |= 242 . Gia tri 16m nhAt cta biéu thite: P = | z,+z,| twong &ng bang

A. 4. B. 42. C. 245. D. 4/3.
Cau 396. (4) Cho s6 phirc z1 va z2 1a hai nghiém ctia phwong trinh: |z - 3 + 4i| = 3, théa man:
|z, — z, |= 2. Gia tri 16n nhit cha biéu thitc: P =]z, +z, | twong (ng bang

A. 42 +10. B. 43. C. 6+22. D. 12.
Cau 397. (4) Cho s6 phirc z1 va z2 1a hai nghiém cta phwong trinh: |z - 2 + 3i| = 2, théa man:
|z, — z, |=3. Gia tri nho6 nhdt ctia biéu thiec: P =]z, +z,| twong tng bang

A. 457, B. 2413 /7. C. 10+243. D. 10.
Cau 398. (4) Cho s6 phirc z1 va z2 1a hai nghiém cta phwong trinh: |z - 4 + 2i| = 2, théa man:
|z, — z, |= /6 . Gia tri 16n nhét va nhé nhat cla biéu thire: P =|2z, +3z, | lan lwot 1a M va m. Khi d6
téng (M + m) twong rng bang

A. 10//5-82.  B.2V82. C. 1075 ++/19. D. 205 .

Cau 399. (3) Cho diém M biéu dién s6 phirc z nhw hinh vé. Trong cac diém di cho (P, Q, R, S) diém

biéu dién s6 phitc nghich ddo clia z twong (rng 1a

M 1

bR 4

S¢

A.P. B.R. C.S. D. Q.
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Cau 400. (3) Cho so phirc z théoa man diéu kién: |z+1+i|= z+1—i|. Gia tri nho nhit cda biéu thirc:
. 8 - ’ Y 5
P=z-2i+2| +ﬁ +4/z.z twong ing nam trong khoang
z
A. (1;3). B. (3;5). C. (5;7). D. (7;9).
Cau 401. (3) Cho sd phitc z théa man: |z + 1 + i| = 1. Gia tri nho nhat cta: P = |z2 + 2i| bang

A.2. B.1. co L. D.\2.

NG

Cau 402. (3) Cho ba s6 phirc z phan biét théa man: |z1| = |z2| = |z3| va l+L = i Biétrangzi, z2,
Zl 22 Z3

z3 1an lwot dwoc biéu dién béi cac diém A, B, C. Khi d6 goc ACB twong &ng bang bao nhiéu ?

A. 900 B. 1200 C. 600. D. 1500.
Cau 403. (3) Cho phwong trinh bic 2 hé s6 thwc: z2 + az + b = 0 ¢6 hai nghiém phirc khéng thuin
thwe Ian lwot 1a: w + 1 va 2w - 2i. Khi d6 t6ng cta (8a + 9b) bang

A. 8. B. 0. C.-8. D.12.
Cau 404. (4) Cho phuwong trinh phirc hé so thwc: z3 + az? + bz + ¢ = 0. Biét phwong trinh c6 mot
nghiém thuin thwc va hai nghiém phirc khong thuin thwc. Goi mét nghiém thuén thwc 1a z; va mot
nghiém phirc 12 z2. Biét rang z1 va izz ¢ ciing phan thwc va c6 |z2| = 2. Gi4 tri 1én nhit clia hé s6 thuc
b twong rng bang

A. 2. B. 4. C. 6. D. 8.
Cau 405. (3) Cho phuong trinh phirc hé s6 thwc: z2 + az + 2a + 1 = 0. Biét phwong trinh c6 hai
nghiém phtc z1 va z2 théa man diéu kién: z1 = izz. Khi d6 biéu thirc (a - 2)2 c6 gia tri bang

A. 0. B. 6. C. 4. D. 3.
Cau 406. (3) Cho sd phitc z théa man: |z + 1 + 2i| = 1. Gia tri nh6 nhat cua: P = |z2 + 4i - 3| bang

2

A.6. B. 22 +3.

Cau 407. (4) Cho s6 phirc z khdc khong va théa main: |z+§| =32 wva dat: M =max|z[ ;
z

m=min|z[*. Gi4 tri cia (M + m) twong &ng bang

A.12. B. 24. C. 20. D. 18.
Cau 408. (3) Cho s8 phitc z théa man diéu kién: |z—2+3i|=~/6. Gia tri Ién nhdt cia biéu thic:
P=z—2+if —| z +1+3i’ twong &ng bing

A.21. B. 14. C. 2413 +4. D. 1076 -41.
Cau 409. (3) Cho hai s0 phtrc z1 va z; théa man diéu kién: |z |=|z,|=1. Gid tri nho nhét cla:
P=|z +1|+|z, +1|+]|zz, +1| twong &ng bang

A. 1. B. 0. C. 3. D. 2.
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Cau 410. (4) Cho hai s6 phirc théa man diéu kién: |z |=1;|z, |=2. Khi d6 gia tri nhé nhit cia biéu
thiec: P = |z, +1|+| z, +2|+] z,z, + 1| twong Gng bang

A. 0. B. 3. C. 2. D. 4.
Cau 411. (3) Cho hai s6 phirc z1 va z; théa man: |z1| = 2 ; |z2| = a > 0. Gia tri nho nhit cda biéu thic:
P=|z,+2|+|z,+3|+]| zz, +4| ndm trong khoang

A. (0;1). B. (1;3). C. (4;6). D. (6;8).
Cau 412. (4 ) Cho hai s6 phttc z1 va zz ndm trén dudng tron (C) c6 ban kinh R va di qua goc toa do.

Biét rang: |z1| + |z2| = 6 ; |z1z2| = 7 ; |21 - Z2| = 4. Tim ban kinh R?

a 0 B, 107 ¢ Mo p, 1410,
10 7 10 5
n X 1 , . — Z42z+3 ., n s a ot s ,
Cau 413. (3) Cho s6 phtrc z théoa man: z = 1 Tong md dun cua tat ca cac soé phirc z thoa
z+
main phwong trinh da cho twong (rng bang
A.6. B.3+/6 . C. 4+242. D.7.

Cau 414. (3) Cho s6 phtc z théa man diéu kién: |z+i|=2. Khi d6 diém biéu dién s6 phirc
L (dz+2-i
iz—1
Gia tri ctia (a + b + R2) bang
A. 0. B. 2. C. 3. D. -2.
Cau 415. (3) Cho ba s6 phtc u, v, w théa man hé thirc: (u—2i+3)v+2iw—3i—4=0. Biét phwong

la dwong tron (C) c6 tAm I(a;b) va ban kinh R. Trong dé: a, b, R 1a cac so thuec.

trinh nghiém ding véi moi v. Khi d6 |u + w| bang
A.2. B.1/2. C.3/2. D. 1.
Ciu 416. (3) Cho u va w théa man hé thirc: (1+2i)u.w —3i+4u =0. Biét |u| = 4. Tim quy tich diém
biéu dién s6 phirc w?
9

A. 1a dudmng tron (C) ¢6 phwong trinh: (x+ %)2 +(y —2)2 =20

B. 1a dudng thang c6 phwong trinh: 2x - 3y - 9 = 0.
C.1a dwong tron (C) c6 phwong trinh: (x+1)* +(y-2)* =9

D. 1a dwong tron (C) c6 phwong trinh: (x+§)2 + (y—%)2 =5.

Cau 417. (3) Cho z va w thoa man hé thirc: (w+2i)z—(3—-i)w+2i=0 . Biét |w| = 2. Quy tich diém
biéu dién s6 phirc z 12

A. dwong tron (C) c6 phwong trinh: (x—1)* +y* = 25.

B. duwong thing d c6 phwong trinh: 8x+2y+11=0.

C. dudng thang d c6 phuong trinh: 8x—2y-9=0.

D. dwong thang d c6 phwong trinh: 2x+11y—-8=0.
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Cau 418. (3) Goi M la diém biéu dién s§ phirc z thda man hé thitc: |z—1+i+/3 | =1. Biét goc MO\)’
dat gia tri nhoé nhat. Khi d6 s6 phitc z = a + ib. Gi4 tri (2a + 2b) twong &rng bang

A 243. B. 1. C. /3. D.3-3.
Cau 419. (3) Goi M 1a diém biéu dién s§ phirc z thda man hé thitc: |z —1+i+/3 | =1. Biét goc MOx
dat gia tri nhoé nhat. Khi d6 phan thyc clia s8 phirc z bang

A. 1. B.é. C. —ﬁ. D.l.
2 2 2
Cau 420. (3) Goi M 1a diém biéu dién s& phirc z théa man hé thite: |z—1+iy/3|=1. Biét gc MOy
dat gia tri 16m nhat. Khi d6 phan 4o cua s6 phitc z bang

747 3*‘5. C. —J5+1.

A - . B. - D. -2.
4 2
. I . " . 6+z+2" | o
Cau 421. (3) Cho so0 phtrc z khong thuan thuc, sao cho so phirc: w = P la s6 thwc. Goi gia tri
—zZ+z
16m nhat va gia tri nhé nhit ctia biéu thirc: P = |z - 4 + 3i| [An lwot 14 M va m. Khi d6 (Mm) bang
A. 16. B. 14. C. 19. D. 12.

Cau 422. (4) Goi z1 va z2 la hai nghiém phttc cia phwong trinh: z2 + 2az + a2+ 2a+3 =0,védiala

+ bang
ERES

tham s& thwc. Khi d6 gia tri 16n nhit cia biéu thirc: P =

A.2. B. V3. C. 22. D.1.
Cau 423. (4) Cho s6 phirc z théa man: |z° +4i|=z . Goi M va m lan luot 12 gia tri 16n nhit va gia tri
nho nhit cda biéu thirc: P = z—2+3i|.Khi d6 téng (M + m) bang

A.12. B. 2V/13+1. C. 23 +6. D. 9+22.
Cau 424. (4) Goi z1 va z2 12 hai sd phitc théa man diéu kién: |4z - 3i| = |4 + 3iz|. Biét rang ching

cling thoa man diéu kién: |z1 - z2| = 1. Hay tinh gia tri cta biéu thirc: P = |2z1 + 32z2| ?

A.N19. B. 4. C. V7. D. 5V2.
Cau 425. (3) Cho hai s8 phirc théa man: |zi1| = |z2| = 2 va |4z +9z; |=48. Khi d6 gia tri cia biéu
thic: P =]z -z | bing bao nhiéu?

A.12. B. 24/26. C.10/3. D. 5v/2.
Cau 426. (3) (bé PH 2017 - Mi 108) C6 bao nhiéu s6 phirc z thoa man dong thoi hai diéu kién:
|z+2—i|=2+2 va(z-1)2thuindo?

A. 3. B. 4. C. 2. D. 0.
Ciu 427. (3) (Pé PH 2017 - Mi 108) Cho s6 phitrc z théa man: z+2+i=|z|.Pat: z = a+ ib. Khi d6
gia tri cia S = (4a + b) twong &ng bang

A. 3. B. 4. C. 2. D. 0.
Cau 428. (3) (bé PH 2017 - Ma 103) Cho s0 phtrc z théa man dong thoi cac diéu kién: [z+3|=5
va |z-2i|=|z—2-2i|.Tinh|z|?

A. 17. B. 17 . C. 10. D. J/10.
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Cau 429. (3) (bé PH 2017 - Mi 103) C6 bao nhiéu s6 phirc z thoa man dong thoi hai diéu kién:

1a s6 thuin ao ?

|z+3i|=+13 va

z+2
A. 3. B. 4. C. 2. D. 0.
Cau 430. (3) (Pé PH 2017 - Mi 107) Cho s6 phirc z = a + ib, (c6 a va b 1a s0 thwc) théa man diéu
kién:z+1+3i-|z|]i=0.TinhS=(a+3b)?
A. -5. B.5. C.7/3. D.-7/3.
Cau 431. (3) (Pé PH 2017 - Mi 107) C6 bao nhiéu s6 phirc z thoa man dong thoi hai diéu kién:

|z-3i|=5 va la s6 thuén 4o ?

A. V6 so. B. 2. C. 0. D. 1.
Cau 432. (3) (Pé PH 2017 - Mi 120) Cho s6 phirc z théa man: |z| =5va |z + 3| = |z + 3 - 10i|. Tim
s6 phrcw=z-4+3i ?

A. w=1+3i B.w=-1+7i. Cw=-4+8i D. -3 + 8i.
Cau 433. (3) (Pé PH 2017 - Mi 120) Goi S 1a tip hop tit ca cac gia tri thuc cia tham s6 m dé ton
tai duy nhit mot s6 phtkc z théa man dong thoi: z.z =1 va |z—+/3 +i|=m. Tim s phin ti ctia S?

A. 2. B. 4. C. 1. D. 3.
Cau 434. (3) Cho s phirc z théa man: 3|z+i|+5|z—i|=16. Goi M va m lan lwot l1a gia tri 1&n nhit
va gia tri nhé nhat cta |z|. Khi d6 (M + m) twong &ng thuéc khodng nao ?

5 57 7

A. (1;2). B. (2;5). C. (5;5)' D. (5;4).

Ciu 435. (3) Cho s6 phirc z thda méan: 3|z+i|+4|z—-2i|=20.Goi M va m lin lwot la gia tri 16n nhat

va gia tri nhé nhat cta |z|. Khi d6 (M + m) twong &ng thuéc khodng nao ?

A. (1;3). B. (4;%). C. (1—21;%. D. (%;8).

Cau 436. (3) Cho s6 phirc z théa man: 3|z+3+2i|+4|z+1|=12. Goi M va m lan lwot 1a gia tri 1on
nhat va gia tri nhé nhit cua |z + i + 2|. Khi d6 (M + m) twong (rng thudc khodng nao ?

A. (;2). B. (2;3). C. (3:4). D. (4;6).
Cau 437. (3) Cho s6 phirc z théa man diéu kién: |z| = 1. Khi d6 gid tri nho nhit cda biéu thirc
P=|z—1+i|++2|z=2+i| twong &ng bing

A.2. B. V5. C.3. D. /3.
Cau 438. (3) Cho s6 phirc z théa man diéu kién: |z + i| = 1. Khi dé gia tri nhé nhit cia biéu thic
P=|z-1+3i|+5|z-5+i| twong tng biing

A. 2429 . B. 24/5. C. V13445 . D. 24/15.
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P/A

181
182
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186
187
188
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191
192
193
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206
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Cau
121
122
123

124
125

126

127
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130
131
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397
398
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400
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410
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361
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237
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Cau| P/A [ Cau | P/A [ Cau | P/A [ Cau | P/A | Cau | P/A | Cau | P/A] Cau | D/A
421 Cc | 451 481 511 541 571 601
422 D | 452 482 512 542 572 602
423| B | 453 483 513 543 573 603
424 A | 454 484 514 544 574 604
425| C | 455 485 515 545 575 605
426| A | 456 486 516 546 576 606
427| B | 457 487 517 547 577 607
428| D | 458 488 518 548 578 608
429 C | 459 489 519 549 579 609
430| D | 460 490 520 550 580 610
431| B | 461 491 521 551 581 611
432 C | 462 492 522 552 582 612
433 A | 463 493 523 553 583 613
434| D | 464 494 524 554 584 614
435| C | 465 495 525 555 585 615
436 | B | 466 496 526 556 586 616
437| B | 467 497 527 557 587 617
438 A | 468 498 528 558 588 618
439 469 499 529 559 589 619
440 470 500 530 560 590 620
441 471 501 531 561 591 621
442 472 502 532 562 592 622
443 473 503 533 563 593 623
444 474 504 534 564 594 624
445 475 505 535 565 595 625
446 476 506 536 566 596 626
447 477 507 537 567 597 627
448 478 508 538 568 598 628
449 479 509 539 569 599 629
450 480 510 540 570 600 630
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X. HO'NG DAN GIAI CHI TIET CAC BAI TAP TRAC NGHIEM:

Loi twa: Véi moi cAu tridc nghiém ndy sé dugc trinh bay it nhat mot cach bat budc dau tién, dé 1a
cach trinh bay tw ludn gidp cac em hoc sinh méi hoc phan sé phitc ¢6 thé ndm virng dwoc ban chat.
Tuy nhién, tac giad ciing s& trinh bay thém mot hodc nhidu cach trac nghiém: cé cach thi dé nhé
nhung dai dong hon, c6 cach thi ngin gon tdc dd nhung lai yéu cAu nhé cac cong thirc chuyén dung
nhiéu hon. Tém lai, cAc em hoc sinh va ban doc tham khdo xem cach nao, hwéng gidi nao phu hop
véi tw duy va kha nang thiét thwe nhit cia ban thin minh thi nén ghi nhé va str dung thuwong xuyén

dé tao cho minh ki ning trac nghiém.

(' sau mdi cau tric nghiém cé ki hiéu (2), (3), (4) thi day 1a mic do kho ting dan. Can phan biét ro,
cach 1am nhanh va tdc d6 1a so sanh khi trién khai 1am trwec tiép, chi khong dwoc so sanh sd dong
chir dan giai. Vi don gidn, cach tric nghiém, s6 dong chir dan giai d6 c6 téc do xir li do bang tw duy.
Phén nay chi trinh bay 1&1i gidi cda cac cdu mic (3) va mirc (4); con véi nhivng ciu mire (2) déu la co

ban va la nhirng ciu li thuyét chiing ta phai tw hoan thién.

Cau 18. (3) Biét rang s6 phirc z théa man: |z+2i|=| z|+2 . S6 phitc z bang
A. 4i. B. 3. C.3 +4i. D. 3 - 4i.
Giai:
Cach 1: Tw luan.
e Ap dung bt ddng thirc tam giac trong s6 phitc, ta cé:

“_n

o |z+2il<z|+]|2i|Hz|+2. Bai todn cho diu xady ra. Khi d6 hai s6 phirc (z) va (2i) dong
dang dwong, tirc 1a ta c6: z = k.(2i) ; véi s6 thue: £>0.
e Viy chirng t6: z = 2k.i 1a s6 phirc thuin do. Quan sat cac dap an ta nhin thiy chi cé dap an A

thoa man. Vay ta chon dap an A.

Cach 2: (Thay s6 thir nghiém) Néu chung ta khéng ndm vitng dwoc qua nhiéu kién thirc nang cao
thi viéc thay s6 4 dap an vao dé bai cling 1a mot phwong phap rat hiru dung trong thi tric nghiém.
e Lan lwot thay 4 dap an vao hé thirc da cho:
e V(@i dap an A. z = 4i. Ta thay vao hé thirc da cho: |4i+2i|=4i|+2 = 6; ding. Vay ta chon ngay
dap an A.
e Nhan xét: Khi ta gdp may, cdu trdc nghiém cho ddp dn la A thi chi cdn thay mét ldn la dwoc
ngay ddp dn. Thé nhwng, khi ma ddp dn la C. hodc D. va dong thoi hé thivce thay kho khdn thi coi
nhw chiing ta ko gdp may.
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C(1+2i)(1—-ia/3)'¢
(1-9)"
A.1024. B. 1204. C. 4092. D. 5120.

Cau 20. (3) Cho sé6 phtrc z . Md dun cta s6 phirc (1 - 2i)z séla

Giai:

Cach 1: Tw luan

(1+20)(1—-iV3)"°  {1-2)1+2)1-iV3)"°  5(1-i3)'
(l_l-)IZ - (l_l-)IZ - (l—i)12

|:5|1_l-\/§|16: 916
1-i[? T (2)?

e SO phtc: (1 -2i)z= (1-2i).

5(1-i/3)"
(1-i)"

e Vaytachon dap an D.

e Suyra:|(1-2i)z | =5.2"" =5120.

(1+20)(1—iy3)'6

Cach 2: Bai toan hdéi |(1 - 2i)z| thi ta dung CASIO bam ludn gia tri: |(1-2i) )" |=5120.
—1
Cau 22. (3) Chon hé thirc sai?
A |z+il|Hz]|+]. B. |z+2i<z|+2. C.|z—-i]2z]|-1. D. [z4+2+il<]z|+3.

Giai:

e Xuit phat tir bit dang thirc tam gidc: |z, +z, [<|z, | +|z,| va |z, -z, 2|z |—|z |

e Lanlwotkiém tra cac dap an:

e PapanA.diangra: |z+i|</z|+|i|=z|+] madap an A.la: |z+i | z|+1. Vay suy ra hé thirc
cia dap an A. sai.

e Dungra khi di 1am d@ thi trac nghiém thi dén day 1a xong roi. Nhwng ta van xét thém sw dling
sai ctia 3 dap an con lai cho théng su6t va mach lac kién thic:

e DapanB. |z+2i|<|z|+]|2i|5z|+2 dGngvdibat ddng thirc tam gidc tong hai canh ludn.

e DapanC. |z—-i]>|z|-|ilHz|-1 dungvédibAatdang thirc tam giac hiéu hai canh ludn.

e PapanD. |z+2+i|<z|+3 Payla mdt dap an moi, néu cic em hoc sinh hoc kha gidi nhin
vao sé dung tw duy khoanh bira dap an D sai..Vi nhan thiy ca 3 dap an kia cé xuat hién cac
diu > va <; dong thoi ca 3 dap an kia déu ngap nghé xuit hién cic mo6 dun ddang.

o Thé nhung néu phan tichk: |z+2+i|<|z|+|2+i|= z|+/5 </ z|+3 qua ding.

e Nhén xét: Khi khong dung tw duy Toan hoc d€ chon dap 4n ma chi dung tw duy loai trir linh

cam, sé duwa t&i két qua tot nhatla 50/50. B6 1a con lai mot cdu dap 4n méi rat nguy hiém.

Cau 30.(3) Tong: A=i+i2+ .. +i5 bang
A. 1. B.-1. C. -i D. i
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Giai:
Cach 1:

e Tong cip s6 nhan c6 s6 hang dau uq =i va cong bdi q = i

n .51 .52 . 22126 . 26 . .
. A=u1.q 1:,‘,1 1=z z=(z) z=( 1) z=1 i
qg—1 i-1  i-1 i—-1 i—1 i—1

e Chon dap an B.

Cach 2:
e ToOng cda 4 liiy thira lién ti€p clasfdoila:i+i2+3+i4=i(1 +i2) +i2(1+i2) =0
e Nhu vy, tong ctia 4k liiy thira lién tiép cta s6 4o ludn bang 0.

e Vaytaco:A=(1+i+i2+..+®1)-1=0-1=-1.

Cau31.(3) Tong: A=1+i+i2+..+i2017 bang
A.1-1L B.1i. C. 1. D.1+i.
Giai:
e Toéngcla4liythiras6doliéntiépbang 0: A=1+i+ (i2+i3+..+i2017)=1+i+0=1+1i

e Chon dap anD.

P+ +..+i0
it %

~ S

Cau 32. (3) Rut gon biéu thirc: A= sé bang

i
A. i B.-1. C.0. D.1+i.
Giai:
e Chungtanhin thiy:i+i3=i(1+i2) =0;i2 +i*=i2(1 +i2) = 0. Khi d6 ta cé:

. A- i+@ 447 i@ )+ ) 0 ;
P4+ P+ O+ P '

e Vay ta chon dap an C.

Cau 33.(3) Tong: S, =1+(1+i)+(1+2i)+...+(1+2016i) cb phan do bang b. Khi d6 b/144 bang
A.14119. B. 19114. C. 11491. D. 14911.
Giai:
e Chung ta nhin thiy S, 1a tong ctia 2017 s6 hang, cac s6 hang nay 1ap thanh mét cip s6 cong
véi cong sai d = i. {mudn biét cong sai d ta chi cAn xac dinh hiéu cda hai s6 hang lién tiép}
e Viy ap dung céng thirc tinh téng cip soO cong ta dwoc:

1+(1+2016i)
2

o S =1+(1+i)+(1+2i)+..+(1+2016i) = 2017 =2017 + 2033136
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e Phindo cdaSnla:b=2033136 %%:141 19. Vay ta chon dap an A.

Ciu 34. (3) Tong: S, =1+(2+i)+(3+2i)+...+(200+199i) c6 phan thwc bang a va phan 4o bang b.
Khi d6 (a + b)/100 bang
A. 200. B. 400. C. 144. D. 289.

Giai:
e Splaténg cua clp sb cong cd dong said =1 +iva c6 200 s6 hang. Ta co:

o S, =142+ (3+20)+...+(200+1997) = -H 200 +1990)

.200=20100+19900i

a+b 20100+19900
100 100

e Suyra: =400.

e Vay ta chon dap an B.

Cau 35. (3) Cho tong: S, =1+(1+i)+(1+i)’ +..+(1+7)". Rt gon tdng Sy bang

A. 1+210i. B. (2" +1)i. C. 1025. D. 1023.

Giai:

Sn tong ciia mot cip s6 nhan c6 s6 hang diu tién u; = 1 va cong bdi q =1 +1i, c6 20 s6 hang.

Ap dung céng thitc:

¢ -1_, (1+0)* -1
g-1  (1+i)-1

S =1+(1+i)+(1+i) +.+(1+1)" =y,

=(2" +1)i

Vay ta chon dap an B.

Cau 36. (3) Cho tong: S, =(1—i)+(1—i)* +...+(1-i)*". Rt gon tdng S, bang
A.-1025(1+i).  B. 2°(1+i). C.1025(1 - i). D. 1023i - 1.
Giai:
e Ap dung cong thirc téng ctia 20 s6 hang ctia cip s6 nhan:

T R PR e S N o

o i = —(1025)(1+1)

e Vay ta chon dap an A.

Cau 47. (3) Cho sd phitc z = a + ib, trong d6 a va b 12 hai s6 thwc. Biét rang s6 phirc z théa min
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2 __ .

phwong trinh phirc: Q+ ZZ—M: 0.Tisd b c6 gia tri bang

z 3—-4i a

A.3/8. B.1/3. C. 3. D. 4/3.

Giai:

_ 2

e Chingtacé: z.z :|z|2—>z:|z_| . Lai c6: 25 -=3+4i.
z 3—-4i

e Phuwong trinh da cho < z+2z—(3+4i)(;—i):O<—>3z—(3+4i);—4+3i:0 (D

e Dén day ta thiy (1) 1a phwong trinh bic nhit hai 4n qua don gian va da biét 1am roi .

3
o (1) 3(a+ib)—(+di)a—ib)—4+3i=0> (—4b—4) +i(-da+6b+3)=0c|" " 4
b=-1
., o~ b 4 (o
e Suyratiso: — =§ . Vay ta chon dap an D.
a
" . 1, ) - . |z |2 . 2(z+)) , v 1w i
Cau 53. (3) Cho so6 phtrc z théa man phwong trinh: ——+iz T =0. Tich s6 phan thyc va phan
z +1
4o cla sO phirc z bang?
A.1/4. B.1/2. C.-1/4. D.-1/2.
Giai:
e Twong tw cau 47 ta co:
e Phuwongtrinhdicho © z +iz—(1-i)(z+1)=0<>z +(2i—1)z—=1+i=0 (D)
e Thayz =a +ib vao phwong trinh (1) ta dworc:
a=-1
o ()™ (a-ib)+QRi-1)(a+ib)—1+i=0(-2b-1)+i(2a-2b+1)=0« 1
2

e Suy ra tich s6 phan thuc va phan 4o cua so phic z: a.b = 1/2. Viy ta chon dap an B.

Cau 54. (3) Cho s phtrc z théoa min phwong trinh: (1+i)(z—i)+2z=2i. Khi d6 m6 dun cua so

phire: w=2"2"1 13
z

A. 10, B.5. C. /5. D. J13.
Giai:
e Giai nhanh phwong trinh bic nhit dé tim so phic z:
2i+(1+i0)i

—CASIO =i —>z =—i
1+i+2

e Phuwongtrinh da cho < z(1+i+2)=2i+(1+i)i>z=
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e Mo dun cda s6 phtrc w: | w| = 2 _|222|+1| =|_l|_fl|+1| =4/10.
z i

e Vay ta chon dap an A.

Cau 62. (3) Cho s6 phirc z thda man phwong trinh: (1+3i)z? — z(3+4i) = 0. Gia tri ctia |z| 1a
A.5. B.8,5. C. 0,510. D. 5/2.
Giai:
e Cach 1: Goi z = a + ib r6i thay vao phwong trinh da cho..R6i sau nhiéu phut suy ra dwoc z.
e Cach 2: bay la dang bai toan xt i mo6 dun:
e Phuwong trinh d3 cho < (1+3i)z% =z 3+ 4i) o| (1+3i)z> |5 z B+ 4i) || 1+3i|.| z'=] z|.| 3+ 4i |

5 410

o & JI0.|zE50zl=—="—.

Jio 2

e Vay ta chon dap an C.

Cau 64. (3) Cho s6 phirc z1 va z2 12 hai nghiém cta phwong trinh phiec: z° +(5i—2)z+1=0. Gia tri
s 1 L, ..
cua biéu thirc: A=z, + —|+ |z, + —| s€la
Z Zy
A.31. B. 29. C. 24/29. D. /58.
Giai:
e Cach 1: Gidi phwong trinh bic hai mit mot it phut roi thay vao biéu thirc A.

e (Cach 2: bay la bai toan xtr i m6 dun.

e Chia phwong trinh cho z ta dwoc: z+(5i—2)+l:O<—>z+l:2—5i -] z+l|:|2—5i |:\/5
z z z

e Suyra: A=z, + |+ |z, + = 25—i + [25i| = 2429.
Z Z

1 2

e Vay ta chon dap an C.

Cau 65. (3) Cho s6 phirc z1 va z2 12 hai nghiém cta phwong trinh phic: z> +3z+5=0. Gia tri cia

o 1 5 50 s
biéu thitc: A=z, + —|+]|z, + —]| séla
Zl ZZ

A. 3. B. 6. C. 2415 . D. \/30.

Giai:

1 1
e Phuwongtrinhdacho < z+3+—=0—>z+—=-3
z z
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o Thay vao biéu thirc A, ta dwoc: A=z, + i| +z, + i\ =|-3|+|-3|=6.
1 Zy

e Vay ta chon dap an B.

Cau 66. (3) Cho sd phirc z1 va z; 13 hai nghiém cta phwong trinh phtc: z*> +2z+17 =0. Gia tri cla
biu thirc: A =|z]| + |z3| s€la
A.34. B.17. C. 2V17. D. \/34.
Giai:
e Bai toan nay thi khong x li m6 dun dwoc. Ma thwc chit phwong trinh bic hai ciing rat don
gian. Str dung CASIO bam nhanh ra dwgc hai nghiém phic:

z,=—1-4i

o Z+2z+17=0—> '
z, =—1+4i

e Thay vao biu thiec A, ta dwoc: A =|z|+ |z3|=|-1-4i| +|-1+4i['=34

e Vay ta chon dap an A.

Ciu 67. (3) Cho s6 phitc z théa man phwong trinh: (2—i)z? = m.(z )*. Gia tri cia m bing
A5, B. 4. C.3. D. 3.
Giai:
e Tur phwong trinh da cho ta ldy médun hai vé:
o |2-DZHmz ||2=i|.|zP=m|.|z Po|2—il=m|=5 > m=+5

e Vay ta chon dap an A.

Cau 68. (3) Cho s6 phirc z théa man: (1+2i)z° —z(4—3i)=0. Gid tri clia |z| bang

A.5. B. /5. C. 10. D. V5.

Giai:
e Xt li m6 dun: Phwong trinh & (1+2i)z° = z(4-3i) ©|(1+ 2i)2° |5 z(4 - 30) |

o & |142i].|z[=7 |.|3-4i]k> 5. zP=5 ] z|=5 .

e Vay ta chon dap an D.

Cau 69. (3) Cho z1, z2, Z3, 4 1a bdn nghiém cla phwong trinh trung phwong: z* -5z +4=0.Gia
tri cia biéu thiec: A = |z, | +z, | +z, | +z, | bang

A. 10. B. 6. C. 4. D. 8.
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Giai:
e Bam CASIO giai phwong trinh triung phwong ta dwoc:
z? =l->z,=%Il
z* =4—>z,=1%2
e Thay vao biéu thirc A ta dwgc: A=|—1|+H+1|+H-2|H+2]=6

e Vay ta chon dap an B.

Cau 70. (3) Cho z; va z; Ian Iwot 1 hai nghiém ctia phwong trinh: z* —2iz+3i+2=0. Gia tri cda
|z, =i’ + |z, —i bang
A 6\2. B. 47 . C.12. D. 26.
Giai:
e Phwongtrinh da cho & z° —2iz+i* —i*+3i+2=0>(z—i) +3+3i=0<>(z—i)* =-3-3i
.

Suy ra: (z,—i)’ =(z,—i)’ =-3-3i . Thay vao biéu thirc m6 dun can tinh, ta dwoc:

o g =il +lz,—if =z, =)’ +1(z, =)' =|=3=3i | +|-3-3i| =642 .
e Vay ta chon dap an A.

Cau 71. (3) Cho z1 va z2 lan lwot 13 hai nghiém clia phwong trinh: z° —4iz+3i—3=0. Gi4 tri cda

|z, —2i]" + |z, —2i] bang

A. 20. B. 13. C. 15. D. 24/10.

Giai:

Phwong trinh da cho < z° —4iz+4i° —4i* +3i-3=0<> (z-2i)’ +1+3i=0 <> (z-2i)> =-1-3i

Suy ra: (z, —2i)’ =(z, —2i)’ =-1-3i. Thay vao bi€u thitc m6 dun ta dwoc:

Iz, =21 + |z, = 2if* = |(z, = 2i)*| + |(z, = 2)*| = |-1-3i|+|-1-3i|= 2410 .

Vay ta chon dap an D.

Cau 72. (3) Hai nghiém caa phwong trinh phitc: z° —(3+7i)z—10+11i =0 1an lwotla
A.1+4iva3-5i. B.1+4iva2+3i C.1-4iva3+i. D.1-4iva2+11i
Giai:
e Cach 1: Ty luan.
e Dayla phwong trinh bac hai hé s6 phirc mét 4n nén ta 1am binh thuong:

o A=(G+7i) —4(-10+11i)=—-2i = (1-i)’ > JA =+(1-i)
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z, :L(l_l):“_m';zz :w:2+3i
2 2

Vay ta chon dap an B.

Nhan xét: Bai toan nay khai can biét s6 A kha dé dang nén ta cdm gidc don gian. Néu gip bai
toan khai cin A phirc tap thi sé rit hoang mang.

Cach 2: Thay so.

Chung ta khong thé thay s6 lan lwot cac cap nghiém ngay vao phwong trinh dwoc sé rat mat

z,+z, =—2=3+7i

thoi gian. Str dung dinh 1i VIET dao cho téng va tich hai nghiém: a

2122:2:—10+11i

Véidapan A: z1 +z2 =4 -1, loai.
Véi dap an B: z1 + z2 = 3 + 7i, thda min diéu kién tong. Ta tiép tuc thi véi diéu kién tich:

z1Z2 = -10 + 11i, théa man diéu kién tich. Viy ta chon dap an B.

Cau 73. (3) Hai s6 phttc z1 va z; In lwot 12 nghiém clda phwong trinh: z> —(4i+5)z+3+8i =0. Md

dun ctia s6 phirc w = (z1 +1i)(z2 + 1) bang

Giai:

A.5. B. \/15. C. 2413 D. J173.

S6 phirc w 1a biéu thirc VIET {phai tw hiéu biéu thirc VIET la biéu thirc c6 thé dwa vé dang cla
téng va tich hai nghiém mét phwong trinh bac hai dang xét}:

w=2z1Z2 +i(z1+22) +i2=(3+8i) +i(4i+5) -1

bén day ta dung CASIO bAm ludn két qua cho nhanh:

|w|=|3+8i+i(4i +5)-1]=173

Vay ta chon dap an D.

Cau 74. (3) Hai s6 phirc z1 va z2 1an lwot 12 nghiém clda phwong trinh: z° —(2i+7)z+1+5i=0. Md

dun cua s6 phitc w = (z1 + 2i + 1)(z2 + 2i + 1) bang

Giai:
°
°

A. /626 . B. 215 . C. 5\/11. D. 11J/7.

Tacd: w=zz,+Q2i+1)(z +2z,)+1+2i) =(1+5)+ (2 +1)(2i +7) + (1 +2i)°
Diing CASIO bam luén md dun: |w| =| (1+5i)+ (2i +1)(2i + 7) + (1 +2i) |= V626

Vay ta chon dap an A.
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Cau 75. (3) Hai s6 phirc z1 va zz 1an lwot 12 nghiém cia phwong trinh: z* —(2i+1)z+2+3i=0. Md
dun cta s6 phirc w = (z1 + 2i + 1)(izz +i - 2) bang
A 137 . B. 5V/5. C. 56. D. 3./7.
Giai:
e Biéu thitrc w nhin qua thi ta khong nhan biét dwgc n6 1a mot biéu thirc VIET. Bién d6i nhw
sau: w = (z, +2i+1)i(z, +1+2i) = i{z,z, + (1 +2i)(z, + z,) + (1 + 2i)*}
e Thay cac hé thirc VIET vao:
o w=i{(243)+(1+20) 2+ 1)+ (1+ 20)2} = |w =] (2 +30) + (1 +20)(2i + 1)+ (1+ 20)}| = V137
e Vay ta chon dap an A.

Cau 76. (3) Cho s6 phirc w = (m - i)(2i + 3). Biét rang |w| = 4m. Khi d6 gia tri cia m bang

A.E. B.—E. C.E. D. E
3 3 3 3
Giai:

e LAy mo6 dun hai vé phwong trinh di cho ta dwgc: (tit |w|=4m —>m>0)

o |W|:|m—i||2i+3|<—>4m:\/m2+1.\/§<—>16m2:13m2+13<—>m=i\/g—>m:\/g

e Vayta chon dap an D.

Cau 77. (3) S6 nghiém ctia phwong trinh 2> =z > +z séla

A. 0. B. 2. C. 3. D. 1.

Cau 78. (3) Cho phwong trinh: z?>=|z[> +z . S6 phitc nao dwéi day khong phai 1 nghiém cia
phwong trinh trén?
A.0. B. L4l c Ll D. ———.
2 2 2 2 2 2
Giai:
e Goiz=a+ib roithay vao phwong trinh da cho ta duorc:

o (a+ib)Y=a’+b*+a—-iba’—b*+2abi=a*+b*+a—ib < (2b* —a)+ba+1)i=0

b=0
. b(2a+1)=0
e Suy ra hé phwong trinh hai an don gian: (ZatD)=0- a:—%

2 —a=0  (2)

e V&ib=0,thay vao (2) suy raa = 0. Ta dwoc mot s6 phirc théa man phwong trinh 1a: z = 0.
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o V&i a :—% , thay vao (2) ta duoc: —2b° +%:O—>b =J_r% . Viy ta dwoc hai s6 phirc thda

man phwong trinh da cho la: z = —%i%i .

e Viy tat ca c6 ba nghiém phirc théa man phwong trinh da cho.

e ( Cau 77 ta chon dap an C. va & Cau 78 ta ciing chon dap an C.

Cau 79. (3) Cho phwong trinh bic 3 phirc: z3 -(3 + 2i)z2 + z - 4i + 1 = 0. Goi ba nghiém ctia né lan
lwotla z1, z2, z3. Gid tri cta s8 phirc: w = (z1 + 1)(z2 + 1)(z3 + 1) bang
A. 4 + 5i. B. 4 + 6i. C.3+i. D.-3 + 4i.

Giai:

e SO phirc w c6 dang biéu thirc VIET ctia ba nghiém, ta bién d6i nhw sau:

o W= (Zz1+2Z2+23) + (2122 + 2223 + 7371) + (212223) + 1

e Thay cac hé thirc VIET vao ta duorc:

o w=(3+2i)+(1)+@i-1)+1=4+6i

e Vay ta chon dap an B.
Cau 80. (3) Cho biét x 1a mét s6 thwe va ham s6 f(x) = % . Néu viét ham f(x) dwdi dang:
(x"+1D)(x" +4)
f(x) = Af+B + C)2c+D thi hé s B s& bang
x+1 x +4
A.2. B. 1. C. 3/4. D. 4/3.
Giai:
e Cach 1: Tu luan lac hau.
e St dung phép déng nhat thic:
. ()= 3x+4 _Ax+B N Cx+D _(A+Ox’+(B+D)’+(4A+C)x+4B+D
P +D(2+4) K+l XP+4 (x* +1D)(x* +4)
4
- B+D=0 |73
e Twrdo, suyra: -
AB+D=4 4
]

e Vay chon dap an D.
e Nhan xét: Cach nay chi ap dung cho nhitng bai toan don gian, véi nhitng bai toan co téi 3
hodc 4 nhan tir & mau thi s& rit kho khin trong viéc quy dong mau va dong nhat thirc.

e Cach 2: ’'ng dung qua ting cudc séng ma s phirc mang lai.
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3x+4 _Ax+B Cx+D_)3x+4
D +4) X +1 X +4 x*+4

Cx+D
x*+4

* f)=

=Ax+B+(x" +1)

e Thay x =i vao biéu thirc trén ta dwoc:

A=1
3)2”4 4sAi+B+(i2+1)C)2C+D—>£+i:Ai+B—> 4
X440 x+4 3 B:§
Cau 81. (4) Cho biét x 1a mdt s6 thuc va ham s6 f(x) = — 5;64_4 - . Néu viét ham f(x) dwédi
(x"+1D)(x"+4)(x"+9)

Ax+B Cx+D Ex+F
+ +

dang: f(x) =
ng: f(x) X+l xX*+4  x*+9

,trong d6 cAchéso A, B, C, D, E, F la cac gia tri thuwc. Khi do gia

tri ctia (C + D) sé bang
A.-3/7. B.-9/15. C.-3/2. D.-14/15.
Giai:

e Bién doi qua:

B D Ex+F 4 B Ex+F
o feo=XtB C#D Bedl bt oD ey B EE
x+1 x+4 x+9 (x+Dx"+9) x+1 x+9
e Thay gia tri cia: x = 2i vao hai vé cia déong nhat thirc trén ta dwoc:
c-_1
B Y e ) o Rl et SN S VY T T D BN 3
(x> +1)(x +9) =2 X4+l 49 15 3 4
15
9
e Suyra:C+D=——.
15

e Vay ta chon dap an B.

Cau 82. (4) Cho s6 phitc z théa man dong thoi: |z|=2 va [3z>+z |=10. S6 nghiém z théa man

nhirng diéu kién nay la

A 1 B. 2. C. 3. D. 4.
Giai:
e Ap dung bit ding thttc A: |z, -z, 2|z ||z, | ; ddu “=" xdy ra & z, =kz, v&i s6 thyc:
k>1.

“_n

e (Con goi z1 va z; khi diu “=" xay ra la hai s6 phirc dong dang.
e Baitoancho: |z| =2,suyra: |2’ |=[z[’=4 va |-z |5 z|=2

o Tacé: 10=|322+z |=3z° —(=z) |2[32° | = |-z |=3 |z  —|z|=3.4-2=10
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“_n

Bai toan cho dau “=" xay ra nén ta co:
z,=kz, &322 =k(—z) > 3|22 |=k| z |>34=k2> k=6 (vik>1).

2 . 3 - 2 2 z=-2
Khidé: 3z =6(—z) >3z =—6z2=-06|z] =64 (z+2)(z"-2z+4)=0c
z=1+i3
Suy ra phwong trinh c6 3 nghiém.

Vay ta chon dap an C.

Cau 83. (4) Cho s6 phtrc z théa méan dong thoi: |z|=3 va |z’ +z|=12. S6 nghiém phitc z thda man

nhirng diéu kién nay la

Giai:

A. 4. B. 1. C.2 D. 3.
Ap dung bat ding thirc A: |z, +z, <z | +]|z, | ; ddu “=" xdy ra & z, =k.z, v&i s6 thuc: k>0

1222 +z< 2% |+]z [E9+3=12

“w_n

Bai toan nay cho ddu “=” xay ra nén suy ra dwoc: z> =k.z ->|z° = k|.|z |>9=k|.3 > k=3
Thay k = 3 vo phwong trinh déng dang: z*> =k.z , ta dwoc:

z=3
P =kz=3z ©2=322=3]z=2Tc(-3)(+32+9=0>| 3133
z=—
2
Vay ta chon dap an D. phwong trinh c6 3 nghiém.

Cau 85. (3) Cho hai s0 phtrc z1 va z2 1a hai nghiém ctia phwong trinh phirc: z2 + (1 + 2i)z + 1 = 0. Gia

tri cia biéu thiec: A =2z, +2i+1 +2z, +2i+1[* bang

Giai:

A. 2./41. B. 2./65 . c. Jo7. D. 34.

Phwong trinh da cho & 4z° +4(1+2i)z+4 =0+ (42" +4(1+2i)z+(1+2i)*) - (1+2i)° +4=0
& (2z+1+20) = (1+20) =4 — (22, +1+2i)> = (1+2i)> —4;(2z, +1+2i)> = (1+ 2i)* -4

Thay vao biéu thirc cta A, ta dwoc:

A=z, +2i+1) | +(Q2z, + 2i +1)* |2 (1 +20)* = 4| + | (1+20)* - 4|= 265

Vay ta chon dap an B.
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Cau 86. (3) Cho s6 phirc z théa man dong thoi hai diéu kién: |z|=4 va |z> +3+4i|=21.S6 nghiém
thoa man la
A. 2. B. 3. C. 1. D. 4.
Giai:
e Ap dungbat ding thitc tam gidc: 21=| 2> +3+4i|<| 2% |+ |3+ 4i|=16+5=21

“_n

e Bai toan cho d4u “=" xay ra nén ta suy ra cap s6 phirc dong dang: z* =k(3+4i) (1)

e Mo dun hai vé, ta duoc: |z|2:|k|.|3+4i|<—>16:|k|.5—>k:% . Thay gia tri k nay vao pt (1):

o 7 =k(3+4i):§(3+4i)

e Dén day, néu ta may moc lam ra t&i cung nghiém z thi chic 1a mat kha nhiéu phut...va c6 kha
nang mat hét tw duy ban than.

e Biét chic phwong trinh sé c6 hai nghiém phan biét, ta chon dap an A.

Cau 87. (3) Cho s6 phitc z théa man dong thoi hai didu kién: |z|=3 va |z° —3+4i|=4. Goi z1; la mot
nghiém théa man. Khi d6 tdng phan thuc va phan 4o clia z1 c6 thé bang
A. 2. B. 3. C. 1. D. 4.
Giai:
e Ap dung bat ding thitc tam giac:
e 4=z"-(3-4i)|2 2z’ |-|3-4i|=9-5=4.D4u “=" xay ra nén ta co hai s6 phirc dong dang:

o Z=k(3-4i) (1)
. Médunhaivé'cﬁa(l)tadu'(_yc:|22|:|z|2:|k|.|3—4i|<—>9:|k|.5—>k:%

e Thay k vao phuwong trinh déng dang (1), ta dwoc: z° = k.(3—4i) = %(3 —4i)

e Vay phuwong trinh da cho c6 2 nghiém phirc phan biét, ta chon dap an A.

Cau 88. (3) Cho phwong trinh phirc: z3 + 4z - 3i = 0. Goi z1 va z2 1a hai nghiém phirc (khong thuin

2 2 \ ~ = 7 =7 = 2 3 3 3
40) ciia phwong trinh da cho. Khi d6 gia tri cia: A= |z, +—| +z, +—|* bang
Z Z,

A. 4. B. 5. C. 2. D. 3.
Giai:
e C6 mot nhan xét quan trong: Phwong trinh phttc bac 3 dang: z° +mz+in=0 ; trong d6 m va

n 1a hai hé s6 thwc; bao gio cling c6 it nhat mot nghiém thuén o.
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e Vay & bai nay ta tim mét nghiém dang: z = ib, thay vao phwong trinh da cho sé dworc:

o ’b’+4ib-3i=0c—ib’+4ib-3i=0< b —-4b+3=0—>b=1. Vay phwong trinh da cho cé
nghiém thuin 4o: z = i. Thwc hién phép chia da thirc ta dwoc:

z=1i

e Phuongtrinh dacho ® (z—i)(z*+iz+3)=0—>| ,
z+iz+3=0

A s T N A, . .3 3.
e Nhu vay, z1 va zz Ian lwot 13 hai nghiém cta pt: z° +iz+3=0 > z++i+ =0 >z +==—i
z z

. 3 3 . .
e Thayvao: A=z, +—[ Hz, +—[=[-i[ +|-i[’=2.

e Tachon dap an C.

Cau 89. ( 3) Cho phuong trinh phirc: z° +2iz* —(i+2)z+i+1=0.Néu goi z1, 72, z3 lan lwot 1a ba
nghiém cta phwong trinh thi |(z1 + 1)(z2 + 1)(z3 + 1)| bang
A 13, B. \/34. C. 5v2. D. 2\/5.
Giai:
e Taco: [(z,+)(z, +D)(z; + ) |H z, + 2z, + 2, + 2,2, + 2,2, + 2,2, + 2, 2,2, +1 |
e Thay cac hé thirc VIET vao biéu thirc trén, ta duoc:
o |(z;+D)(z,+D(z; + D) | 2i-(@+2)-((+ D) +1]= 245.

e Vay ta chon dap an D.

Cau 91. (3) Cho phwong trinh phtrc bic 4: z* +6z* +25=0. Goi 71, 72, 73, z4 l4n lwgt 1a bon nghiém.
Khi d6 gia tri ctia: A = |z1] + |z2| + |z3| + |z4| bing
A.25. B. 12. C. 45. D. 5+245.
Giai:
e Cach 1: Ty luan.

2P =-3-4i

e Dung CASIO gidi phwong trinh trung phwong ta dworc: Lz _ sea

e Dén day, thuc hién cac phép khai can théng minh:

2 =3—di=(4 —4i+1)=(2i-1) >z, =2Qi-1) 5|z |z =5
[ ]
2 =3di= (4 4t ) = (2i+1) oz, =+Q2i+1) 5|z, | z, |= /5

e Suyra: A= 445 Vay ta chon dap an C.
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e Nhan xét: O cdu nay, viéc khai cin 13 don gian thi ta chwa thiy dwoc s phitc tap va mat tc

d6. Chung ta nén st dung cach 2 cho tdi wu kién thirc va téc d6 cling nhw sy toan dién.
2 . 2 2 2 . 2 _ 2 N ] _
Cach 2 z7=-3-4i >z =z, =z =-3-4i |z |5z, | —|—3—4l|—5—)|21|—|22|—\/§
e Cach2:
P =34+4i =z =2 = B3+4i oz, oz, A3 +4i =55z, [H z, =5

e Vaytac6A= 4/5.

Cau 92. (3). Cho phwong trinh bac 3 phirc v&i tham sé thue m: z° —3iz> + (m—i)z—2i+2m =0.
Goi 3 nghiém phirc cia phwong trinh (1) lan lwot la: z1, z2, z3 . |(z1 + 1)(z2 + 1)(z3 + 1)| = 5. Gia tri
ciia m bang

A.6. B.-4. C. V7. D. -2.

Giai:

Bién doi: (z1+ 1)(z2 + 1)(z3 + 1) = 21 + Z2 + Z3 + 2122 + 2273 + 7321 + 212273 + 1
e Thay cac hé thirc VIET bic ba vao biéu thirc trén ta duoc:
o (z1+1)(z2+1)(z3+1)=3i+(m-i)+(2i-2m)+1=-m+1+4i

. T 2 2 22 m:4
e Suyra:|-m+1+4i|=5o(m-1)"+4" =5 > 5
m=—

e Vay ta chon dap an D.

Cau 93. (3) Cho phuwong trinh bac 3 phitc v¢i tham s6 thue m: z° —iz> + 2m+i)z+1+im=0. Goi 3

nghiém phirc ctia phwong trinh (1) 1an lwot 1a: z1, z2, z3 . Biét rang | (1 —i)(l —i)(l —i) |=2. Gia tri

Zl 22 Z3
thuc ciia m bang
Am=1. B.m=-8. C.m=4. D.m=-3.
Giai:
e Dat:

(z, =D(z, =I)(z,-1) _5tz+z —(z,z, + 2,2, + 2,2)) + 22,2, —1

W= (1= )11 -) =
z, z, z,

212,23 212524

Thay cac hé thirc VIET bic 3 vao biéu thirc trén ta dwoc:

i-Cm+i)+(-1-im)-1 -2m-2—-im —2m—-2—im  2m+2+im
° w= . = — 2w — = — =2
(—1—im) —1—im —1—im 1+im
2 2 -0
¢>w:f=4(—>(2m+2)2+m2:4(1+m2)(—>m2+8m=0—> "
" +m m=-8
e Vay ta chon dap an B.
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Cau 94. (3) Cho phwong trinh phttc bac 2 hé s6 thuc: z° —az+b=0 c6é nghiém1a z = 1 + i. Nghiém
con lai sé la
A.1-1 B.1 + 2i. C.1-2i D.-1+i.
Giai:
e Cach 1: Ty luan.
e Thay nghiém:z =1 +1i, vao phwong trinh da cho ta duoc:

o (I+i) —a(1+i)+b=0<—>(—a+b)+i(—a+2)=O—>{_a+bzo—>{a =2
—a+2=0 b=2

e Khi dé phwong trinh bic hai di cho la: z2 - 2z + 2 = 0. Dung CASIO bam nhanh ra dwoc hai
nghiém phicla: z=1=i.

e Vay ta chon dap an A.

e Cach 2: Khi phwong trinh bac 2 v&i cac hé sé thwe, néu da c6 mot nghiém phirc thi bao gio
cling c6 cap nghiém phirc lién hop.

e T gia thiét cho phwong trinh c¢6 nghiém: z = 1 + i, ta suy ra phwong trinh sé c6 mot nghiém

phtc lién hop nita l1a: 1 - i. Qua nhanh dé chon ra dap an A.

Cau 95. (3) Cho phuwong trinh phitc bac 2 hé s6 thwc: z° —az+b=0 c6 nghiémla z = 1 + 2i. Tich s6
a.b bang
A. 2. B. 5. C. 10. D. 12.
Giai:
e Cach 1: Ty luan.
e Thay z=1+2i,vao pt: (1+2i)’ —a(1+2i)+b:0<—>(—a+b—3)+i(—2a+4)=0—>{2i§

e Suyratich so: a.b = 10.

e Vay ta chon dap an C.

e Cach 2: b3 biét, mot phwong trinh phirc véi hé sé thwe, néu da c6 mot nghiém phirc thi né
phai c6 mét nghiém phirc lién hop nita. Vay tir nghiém z = 1 + 2i, suy ra phwong trinh cé
nghiém nita: z = 1 - 2i. Theo VIET: a = (1 + 2i)(1 - 2i) = 2; b= (1 + 2i)(1 - 2i) = 5.

e Suyra:ab=10

Cau 96. (3) Cho phwong trinh phirc bac 2: z> —2(2+3i)z—5+10i =0 c6 mot nghiém 12 z. Biét rang z2
= a + ib. Gi4 tri ctia 3b/a bang

A. 12. B.-72/7. C.-12. D.-21/5.
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Giai:
o A'=(2+3i) —(=5+10i)=2i=(1+i)> > VA = £(1+i)
o z=02+3)-(1+i)=1+2i;z, =2+3i))+(1+i)=3+4i

o V6iz=1+2i >z =-3+4i=a+ib —>ﬁ = —% . (khong c6 gia tri dap an nao théa man, nén
a
ta phai thi tiép véi nghiém con lai)
2
o V6iz,=3+4i—z =—7+24i=a+ib—>ﬁ=—77.
a

e Vay ta chon dap an B.

Cau 97. (3) Cho phwong trinh phitc bac 2: z> —(5+2i)z+21+i. Hai nghiém ctia phwong trinh Ian
lwot la
A.3+5ival-4i. B.3+4iva2-2i C.4-2iva2-3i. D.3+5iva2-3i
Giai:
e Cach 1: Ty luan.
o A=(5+2i)—4(21+i)=—63+16i = 64i* +16i+1=(8i +1)> — /A = +(1+8i)

5+2i—(1+8i) 3z O S5+2i+(1+80)

e Suyra: z; = 32, = 3+5i

e Vaytachon dap an D.

e Nhan xét: Nhin c6 vé cach 1 don gian va nhanh hon. Thé nhwng, khi gdp dang bai toan nay,
v&i treong hop khac, biét s6 A qué phirc tap thi khong thé trién khai don gian dworc.

e Cach 2: Thay s6 va thix VIET

e V&idap an A. Ta nhdm nhanh thiy tong hai nghiém: z1 + z2 = (3 + 5i) + (1 - 4i) = 4 + i, kKhéng
thoa man.

e V&i dap 4n B. Nhdm thdy tong hai nghiém: (3 + 4i) + (2 - 2i) =5 + 2i théa min 1 hé thirc
VIET. Ta tht tiép tich hai nghiém: (3 + 4i)(2 - 2i) = 14 +2i, khéng théa man.

e V&idap an C. Nhdm thay téng hai nghiém: (4 - 2i) + (2 - 3i) = 6 - 5i, khong théa min.

e Viy ta chon dap an cudi cung D, vi ca ba dap 4n diu déu sai.

5+z\/§

z

Cau 98. (3) Cho s6 phirc z théa min phwong trinh:  z— —1=0. S& cac sb phirc théa min

phwong trinh da cho la
A. 2. B. 3. C 1. D. 0.
Giai:
e Goi s6 phirc can tim la: z = a + ib, thay vao phwong trinh da cho ta dwoc:
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o zz-(5+i3)—z=00a*+b* —(5+i3)—(a+ib)=0< (> +b* —a-5)—i(b++/3)=0

{ b+3=0>b=—3
Suy ra:

a+b*—a-5=0ad*+3-a-5=0a’-a-2=0>a=-l,a=2
e Suy ra c6 hai s6 phtrc thda méan phwong trinh da cho la: z, =-1-iV3;z, = 2-i3

e Vay ta chon dap an A.

Cau 99. (3) Cho s6 phitc z théa man dong thoi: z2 =|z|P +z va z2 13 s6 thuin do. S8 cac s6 phiic
thoa man phwong trinh da cho la
A.3. B. 0. C. 1. D. 2.
Giai:
e Goiz=a+ib.

e 72=3a2-b2+ 2abi, 1a s0 thudn 4o nén co6: a2 - b2 = 0. Suy ra: z2 = 2abi.

b=0
2ab=-b <> 1
—_ a:—E
o =z +z ©2abi=a*+b’+a-ib 0
a=
a+b'+a=02d"+a=0 1
a=——
2
2 r e 1:a X v o 1 1.
e Keéthop voidiéu kién aZ - b2 =0, ta c6 cac s6 phirc théaman: z1 =0; z2 = ——+—i

e Vaytachondap an A.

Cau 100. (3) Cho s6 phircz =1 + 2i. Goi z1, z2, z3 l4n lwot la ba gia tri khai can bic 3 ctia so phic z.
Khi d6 gia tri: z1.z2.z3 c6 phan thuc bing a va phan 4o bang b. Gia tri clia (3a + 2b) bang
A.7. B.-7. C.5. D. 3.
Giai:
e Nhin thay: z1,z2, z3 1a ba nghiém clda phwong trinh: z = N+2ie - 1+2i)=0
e Theo hé thirc VIET cho phwong trinh bac 3, ta co6:
o zz,z,=14+2i=a+ib—>3a+2b=3.1+2.2=7

e Vay ta chon dap an A.

Cau 101. (3) Cho s6 phtrcz =1 + 2i. Goi z1, z2, z3 l4n lwot la ba gia tri khai can bic 3 ctia so phitc z.
Khi d6 gia tri: (z1+ 1)(zz + 1)(z3 + 1) c6 phan thuc bing a va phan 4o bang b. Gia tri clia (a.b) bang
A. 2. B. 4. C.-2. D. 3.
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Giai:
e Nhéin thay: z1, 72, z3 1a ba nghiém cda phwong trinh: z = N+2ies - 1+2i)=0
o Taco: (z;+1)z,+ )z, +) =2z +2z,+ 2z, + 2z, + 2,2, + 2,2, + 22,2, +1
e Thay cac hé thirc VIET vao biéu thirc trén ta duoc:
o (z;+D(z,+D)(z;+D)=0+0+(1+2))+2=2+2i=a+ib—>ab=22=4

e Vay ta chon dap an B.

(3-4i)z" = (1+2i)z s e
_ . Trong d6 m la s6 thwc. Gia tri cua

Cau 103. (4) Cho hé phuwong trinh phirc: {
A+i3)2* =(m+1).z
m bang
A.11. B.-7/5. C. 10. D.8/3.
Giai:
o Liy mo dun hai vé& clia pt: |(3—4i)z> |5 (1+2i).z [<>]3—4i|.| z[’=|1+2i|.|z |5 1+2i].| z|

. <:>|3—4i|.|z|:|1+2i|<—>5.|z|:J§—>|z|:l

J5

e Lail4y mo6 dun hai vé phwong trinh duwédi ta dwoc:
o |(1+i3)Z Hm+Dz |o|1+i3].|2 Hm+1].|z |« 2.|Z|2:|m+1|<—)§:|m+1|<—)

e Vay ta chon dap an B.

’ -1=2 N a1
Cau 104. (3) Cho s0 phtrc z théa man hé phwong trinh: {||Z 2.|| s S6 nghiém théa man hé
z=2i|=
phwong trinh la
A. 0. B. 1. C. 2. D. 3.

Giai:

Cach 1: Goi z = a + ib, thay vao hé phwong trinh ta dworc:

|a+ib—1|=2(_) (a=1)>+b*=4 (1)
la+ib-2i]=5 |a*+(b-2)=25 (2)

Lay (2) - (1), vé theo vé, ta duwgc: 2a—4b=18 — a=9+2b (3). Thé vao (1) ta dwoc:
(9+2b-1)* +b>* =4 < 5b* +32b+60=0

Dbén diy, nhan thiy phwong trinh trén vé nghiém. Suy ra hé phwong trinh da cho vo nghiém.
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e Vay ta chon dap an A.

e (Cach 2: Hé phwong trinh chinh l1a hai dwong tron. Phwong trinh (1) cho ta dwong tron (C1) c6
tam 1= (1;0) va ban kinh R1 = 2. Phwong trinh (2) cho ta dwdng tron (C2) cé tam Iz =(0;2) va
ban kinh Rz = 5.

e S0 giao di€ém cta hai dwong tron trén 13 s6 nghiém ctia hé phwong trinh da cho. Ta ap dung

phwong phap xét vi tri twong doi ciia hai dwong tron nhw sau:

e II,= \/(l ~0)?+(0-2)> =+/5 <R, — R, |=3. Suy ra hai dwong tron trén khong cit nhau, tirc 1

hé phwong trinh da cho vo nghiém.

, z+4i—-1]= ,
Cau 105. (3) Cho sd phirc z thoa man hé phwong trinh: {||Z+ 'l 5 || : . S6 nghiém théa man hé
z—i—-2|=
phwong trinh la
A. 0. B. 1. C.2. D. 3.

Giai:

z +4i—1|= -1-4i=3 (1
o Héphwongtrinh®{|2+4l 1 3<—>{|Z /| @

|z—i—-4|=4 |z—i-4]=4 (2

e Phuwong trinh (1) biéu dién dudng tron (C1) c6 tdm I1 = (1;4) va ban kinh Ry = 3.
e Phuwong trinh (2) biéu dién dudng tron (Cz) c6 tdm Iz = (4;1) va ban kinh Rz = 4.

e Khoang cach hai tam 1]z = \/(4—1)2 +(1-4)> =3v/2;|Ri-Rz| =1;R1 + Rz = 7.\

e Suyra: |R1 - Rz| <Iilz < Rq + Rz, Tirc 12 hai dwdng tron nay cat nhau tai hai di€ém phan biét.

Vay ta chon dap an C.

Cau 106. (3) Cho s6 phirc z théa man ddng thoi: |z +i| = |z| + 1 va |z + 2| = 3. Gi4 tri |z| bang
A 5. B.1. C.2. D. /3.
Giai:
e Cach 1: Goi z = a + ib, r6i thay vao hai phwong trinh trén, bién déi suy ra a va b.
e Cach 2: Ap dung bat ddng thirc tam giac ta duoc:
o |z+i|<z|+|ilHz|+].Baitoan cho ddu “=” xay ra, nén ta c6 hai sd phirc trong mé dun phai
dong dang dwong: z=k. ; véihé so thwe: £>0.

e Thayz vaoptconlai: [z+2=3<ki+2]=3 k> +2°=3> 5k=5]z]=k=A/5.

Vay ta chon dap an A.
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Cau 107. (3) Cho s6 phirc z théa man dong thoi: |z + 2i| = |z| - 2 va |z + 2i| = 4. Gi4 tri |z| bing
A. 32, B. 2. C. 4. D. 2./3.
Giai:
e Ap dung bat ding thirc tam gidc: |z +2i |5 z—(=2i) |2 z| - | 2i |5 z| -2
e Bai todn cho diu bang xay ra, nén hai sd phttc 1a ddng dang dwong:
o z=k(20)=-2ki ;véihéssthuc k>1.

k=3

e Thayzvao ptconlai: | z+2i|=4 || —2ki+2i|=4 < 2k_2|'|i|:4(_)|k_1|:2(_{k .

k=3—>z=-6i—>|z]=6
[ ]
k=-1>z=2i>]z|=2

Vay ta chon dap an B.

Cau 108. (3) Biét rang s6 phirc z thda min: |z - 4 + 3i| = |z| + 5 va théa man |z| = 3. Vay z bang
A.4/5 + 3i/5. B.-12/5 + 9i/5. C.2/5 + 3i/5. D.-2/5 + 5i/2.
Giai:
e Ap dung bt ding thirc tam gidc: |z —4+3i[<|z|+|—4+3i|= z|+5 .

e Bai toan cho diu “=" xay ra nén ta c6 hai s6 phirc dong dang dwong: z = k(—4+3i) .

e Laico: |z|=3<—>|k(—4+3i)]:3<—>k.|—4+3i]:3<—>k.5:3<—>k:%

3 -12 9
e Suyra:z=—(-4+3)=—+—1i
y 5( ) 5 t3

Vay ta chon dap an B.

Cau 109. (3) Cho s8 phitc z thda min didu kién |z|=+/2 va z2 12 s6 thuin do. M6t s6 phitc z; = a +
ib 12 nghiém. Khi d6 t6ng (a + b) bang
A. 3. B. 4. C. 2V2. D. 2.

Giai:

e z=a+ib. S0 phlrc z2 thuin do nén: a2 - b2 + 2abi thudn do & a2=b2 & a= +b.

o Gidthiétlaicho: |z|=V2 o a>+b* =2 2a> =2 a=+1

e Suyracéboénnghiémthéamin:z=1+i;z=1-iz=-1+i;z=-1-1i.

e Tanhin thiy véinghiém:z= 1+i=a+ib,cé:a+b=2.

e Vay ta chon dap an D.
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Cau 110. (3) Cho s8 phirc z théa man didu kién: |z—(2+i)|=v10 vA z.z=25. Mot nghiém phirc

clandlazi; =a+ib.Khido6 ti s b/a bang

Giai:

Cau 111. (3) Cho so phiic z théa man hé phwong trinh phic: {

A.4/3. B.3/4. C.-4/3. D.-3/4.

Goiz=a+ib. zz =a*+b* =25 (1)
1z-=2+1)|=V10 o] (a=2)+i(b-1) =10 © (a=2) +(b-1) =10 > > +b* —4a—2b=5 (2)
Thay (1) vao (2), ta dwoc: 25-4a-2b=5<-b=10-2a (3)

a=3—>b=4

Thé (3) vao (1), ta duoc: a’+(10-2a)’ =25 54" —40a+75=0 <
a=5—->b=0

Vay ta chon ti s6 b/a bang 4/3 tircla chon dap 4n A.

|z—-2= z+3i] ! .
— sO nghiém thoa
|z—il=z +2-3i]

man hé phwong trinh da cho la

Giai:

A. 0. B. 1. C. 2. D. v0 s0.

DAy chinh 13 tim giao diém cta hai duwdng thing. Vi mdi phwong trinh biéu dién mot phwong
trinh dudng thang. Nhw vay, chi c6 3 treong hop 1a: song song véi nhau (c6 0 giao diém)
hodc cit nhau (c6 1 giao di€ém) hodc tring nhau (v s6 giao diém). Pa s6 1a roi vao treong
hop cit nhau tai 1 giao diém. Tikc 13, xac suit cao roi vao treong hop 1 nghiém théa man.
Goi z = a + ib, thay vao hé phwong trinh da cho ta duoc:

|a+ib—2|:|a+ib+3i|(_) |(a—2)+ib|= a+i(b+3)| o (a—2)+b"=a’*+(b+3)°
la+ib—il=a—ib+2-3i|  ||a+ib-1)=@+2)—i(b+3)|  |a&*+b-1) =(a+2)* +(b+3)

—da+4=6b+9 4a+6b=-5 a=4
> < 7
—2b+1=4a+4+6b+9 4a+8b=-12 b:_E

Suy ra c6 mot nghiém cia hé phwong trinh la: z = 4—%1‘ .

Vay ta chon dap an B.
Nhén xét: Day la ciu hoi dinh tinh, chi cin xac dinh s6 giao diém (s6 nghiém) cia hé phwong
. A v o | 4a+6b==5 A LN S A
trinh. Nén, khi ta bién doi t&i buéec: 10485 =—12 ta nhan thay hai phwong trinh ctia hé
a+8bh=—

khéng dong dang v&i nhau, thi suy ngay ra hé phwong trinh cé nghiém duy nhat cho nhanh.
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Con néu hai phwong trinh cua hé déng dang thi ta xét ti€p & hai trweong hop (vo nghiém hodc

v0 s6 nghiém) nhw da 1am & c4p hai, khi xét vi tri twong ddi cia hai dudng thang.

' —iHz+1]
Cau 112. (3) Cho s6 phtrc z thoa man hé phwong trinh phtrc: {|| z ;l | i | 5| s0 nghiém théa man hé
z=3i+4|=
phwong trinh da cho la
A. 0. B. 1. C. 2. D. v0 s0.

Giai:

e Phwong trinh d4u tién cia hé biéu dién duwdong thing, phwong trinh thit hai 1a dwong tron.
Nhuw vay, cAu tridc nghiém nay yéu ciu di xac dinh sd giao diém cia mot duwdng thang véi mot
dudng tron. Chi xay ra 3 trwomg hop: Khong cit nhau (0 nghiém) hoic tiép xic (1 nghiém)
hodc cat nhau (2 nghiém), khong bao gid ton tai tredng hop vo sd nghiém.

e Goiz=a+ib, thay vao hé phwong trinh da cho ta dwoc:

{|a+ib—i|=|a+ib+l| {|a+z‘(b—l) = (a+1)+ib| {a2+(b—l)2 =(a+1)°+b°
VRS VRS

la+ib-3i+4|=5 [(a+4)+i(b-3)|=5 (a+4)° +(b-3) =5
. o b=-a )
(a+4) +(b-3)" =5 2)
3 2 2 2 a=0—->=0
e Thay (1) vao (2), taduwoc: a”+8a+16+a”+6a+9=25<2a"+14a=0<«< b=
a=—/—>b=

e Vay hé phwong trinh da cho c6 hai nghiém phan biét: z1 = 0; z2 = -7 + 7i.

e Tachon dap anC.

e Nhéan xét: Ching ta c6 thé tim nhanh phwong trinh dwdng thang tir phwong trinh (1). Rbi xac
dinh nhanh tam I va ban kinh R ctia dwdng tron & phwong trinh (2). Sau d6 ap dung vi tri

twong doi gitta duwdng thang va duwdong tron dé xac dinh nhanh s giao diém (s6 nghiém hpt)

|z—i|= z+2i|

Cau 113. (3) Cho hé phwong trinh phtc: { . S6 phirc z = a + ib théa man hé phwong

|z—il=|z +1+42i]
trinh da cho c6: (a + b) bang
A.-3. B. 3. C.7. D. -6.

Giai:

Nhin qua la dang bai to4n xac dinh giao diém ctia hai duwdng thang.
e Goiz=a+ibroi thay vao hé phwong trinh da cho, ta duworc:

|a+ib—i|= a+ib+2i o la+i(b-1) = a+i(b+2)] o a+(b-1=da"+(b+2)y
la+ib—il=a—ib+1+2i| ||la+i(b=1)|=(a+1)+i(2-b)| a’+(b-1"=(a+1) +(b-2)
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5
2b+1=4b+4 =75
° g
—2b+1=2a+1-4b+4 b——l
2
e Suyraténg:a+b=-3.
e Vay ta chon dap an A.
|z=3|=z+1+2i|
Cau 114. (3) Cho so phiic z théa man hé phwong trinh phic: 6:/10 SO nghiém
|(1-i)z—4+2i |:T
thoa man hé phwong trinh da cho la
A. 0. B. 3. C. 2. D. 1.

Giai:
e VAan la bai toan xac dinh s8 giao diém (dinh tinh) cia dwdng thing véi duwong tron. Nhung &
cAu nay ta quan sat thiy sé liéu kha 1é cho nén dé dat dwoc tdc do 1am tric nghiém.
e Goiz=a+ ib, thay vao phuong trinh dau tién, roi di xac dinh phwong trinh dwong thang:
e J|a+ib-3|Ha+ib+1+2i||(a-3)+ib[H (a+1)+i(b+2) <> (a—3)’ +b’ =(a+1)’ +(b+2)’
o & —6a+9=2a+1+4b+48a+4b-4=02a+b-1=0 (A)

6:/10 . . 6J10

. Ttrptthl'rhai:|(1—i)(z—41_%l)|= s Oll=ilz-B+) == o]z G+ )|_6
—1

6\/—

e Suy ra phwong trinh dwong tron (C) c6 tam [(3;1) va ban kinh R = ——

i

|2.3+1.1—1|_6J§
V22 412 5

e VAiy duongthing A tiép xtic véi dwong tron (C). Tic1a hpt ¢é 1 nghiém duy nhét.

e Khoang cach tlr tAm I t&i dwong thang A 1a: d(1,A) = =R .

e Vay ta chon dap an D.

Cau 115. (3) Cho s6 phiic z théa man hé phwong trinh phirc: { & |:|_Z_3 ~ 4l , s0 nghiém thoda
|(1-i)z =2+4i|=2
man hé phwong trinh da cho la
A. 1. B. 0. C. 2. D. 3.
Giai:
e Bai to4n ndy yéu ciu tim s6 giao diém ctia dwdng thing cho béi phwong trinh (1) va dudng

tron cho bé&i phwong trinh (2).
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Goi z = a + ib. Thay vao phwong trinh (1) dé€ xac dinh phwong trinh dwong thang:
la+ib|=la+ib-3—4i|<>|a+ib|=|(a-3)+i(b—4)|<>a’ +b* =(a—3)" +(b—4)°

& 6a+8h—-25=0 A).

Bién ddi phwong trinh (2) vé dang phwong trinh dwdng tron co ban:

2-4i

— V=2 o)z —(3-i) =2

|(1=i)z =2+4i]=2 ©|(1-i)z —

Chiing ta 4p dung tinh chat: | z |= z| va ? =z ; z+z,= z_1 + Z vao phwong trinh trén:
| z - GB-i)= V2 | z - (B-i)|= J2 ©|z-(B+i)|= V2. bay la phwong trinh dwong tron (C) cé

tam I = (3;1) vaban kinh R = /2.

Khoang cach tir tim I t&i dwong thing A 1a: d(I,A) = [6.3+81725] 1 p_ V2.

\6? + 8 10
Suy ra dwong thang A cdt dwong tron (C) tai hai diém phan biét.

Vay hé phwrong trinh cé hai nghiém phan biét. Chon dap an C.

gz -2-i| .
Cau 116. (3) Cho hé phuong trinh phire: 412 112 271 g5 bhite z=a +ib thoa man hé
|z-2+3i|=3
phwong trinh da cho c4: 2a + 3b bang
A.13. B. 4. C.-11. D. -8.

Giai:

DAy 1a bai toan dinh lwong yéu cau tim rd giao diém clia duwdng thang va dwong tron.
Goi z = a + ib thay vao hé phwong trinh:
|a+ib—1|=|a—ib—2—i|<_) |(a—1D)+ib|H (a—2)—i(b+l)|<_) (a—1+b"=(a—2)" +(b+1)°

la+ib—2+3i|=3 |(a—2)+i(b+3)|=3 (@—2)+(b+3)* =3
—2a+1=-4a+4+2b+1 b=a-2 Q)

& <~

(@a—2)+(b+3)" =9 (a-2)+(b+3)°’=9 (2
Thé (1) vao (2) ta dwoc:
a=—-1->b=-3—>2a+3b)=-11

(-2 +(@+1)Y=9a" -a-2=0c
a=2—->b=0—>2a+3b)=4

Vay ta chon dap an C.

Cau 122. (3) Trén mat phing phirc cho hai diém A va B Ian lwot biéu dién hai s§ phitc (2 + 3i) va (4

- i). M6t diém M théa man hé thirc véc to: 2MA +3MB =0 . Piém M biéu dién s phitc twong tng

R B 1.9 c. . p.2-2,
5 5 5 5 5 5 5 5
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Giai:

Diém A biéu dién s6 phitc za = 2 + 3i va diém B biéu dién s6 phitc zg =4 - i.

Goi diém M biéu dién s6 phirc zv cin tim. Khi d6 ta cé:

DMA+3MB=0 <>2(z,~2,)+3(z, —2,) =0 <> z,, = 2ZA;323 _ 2(2+3l)5+3(4—l) :?JFE
Vay ta chon dap an A.

Cau 123. (3) Cho diém A biéu dién s6 phitc z1 = 2 + 3i va diém B biéu dién s6 phirc z; = m - i. Biét

do6 dai doan thang AB bang 5. Chu vi tam gidc OAB bang

Giai:

A. 9. B. V13 +/2 +5. C. V26 +V11+5.  D.5+3+14.

Do dai doan thing: OA = |OA |5 2+3i|=+/13 .
Chu vi ctia tam gidc OAB bing: p,,,, = OA + OB + AB = \/13+5+ OB.

P dai doan thing: AB = |AB |=|z, — z, |=| m—i—2-3i|=| (m—2)— 4i|=5 <> (m—-2)* +4* = 5>

m=5->0B=\m—il=|5—i|=~/26 > p,, s =13 +5+/26
m=-1-O0B=m—il=|-1-i|=v2 = p,,,, =13 +5+2

Giai phwong trinh trén ta dwoc:

Vay ta chon dap an B.

Cau 124. (3) Trén mit phang phitc cho tam gidc MNP, trong d6 ba dinh M, N, P Ian lwot biéu dién ba

sO phirc: z1 = 5 - 3i,z2 = 2 + 1, Z3 = m + 6i. Biét rang AMNP vudng tai di€ém M. Gia tri cia m bang

Giai:

A. 12, B. 3. C.17. D. 15.

Taco: MN = |zn -zm| = |z2 - 71| = |2 +1- (5 - 3i)| = |-3 + 4i| =5.
MP = |zp - zm| = |23 - z1] = |lm + 6i - (5 - 3i)| = |(m - 5) + 9i| = \J(m—5)* +9°

NP = |zp-2zn| = |23 - 22| = [m + 6i - (2 +1)| = |(m - 2) + 5i| = \J(m—2)* +5°
AMNP vuong tai diém M <> NP2 = MN2 + MP2 < (m—2)*+5 =(m—-5+9*+25<m=17

Vay ta chon dap an C.

Cau 125. (3) Trén mit phang phirc cho ba diém M, N, P 1an lwot biéu dién ba s§ phtrc z1 = 3 + 2i, z2 =

4 - 3i,z3 = 2m - i. D& ba diém nay thang hang thi gia tri clia m phai c6 gia tri

Giai:

A.3/4. B.2. C.9/10. D. 9/5.
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e Cach 1: Ty luan.

e Badiémthinghang <& MN =kMP <>z, —z,, =k(zp—z,)) > z,— 2, =k(z, - z,)

1=km-3) |k=

© P AN =k(moi-(H2)) o 1-Si=kQm =33 o L e

wn|©o Wlwm

e Vay ta chon dap an D.

e Cach 2: Badiém M, N, P thang hang < sé phtc: Zu "I 575 thyan thuc.
ZM _ZP Z2 —Z3
—z, 342i—(4-3i)  —1+5i

4 \ N 7 \ 7 ~ a z
e Ap dung vao bai toan nay, ta c6 so phirc: = =
z,—zy, 34+2i-2m—-i) (3-2m)+3i

thuan thwec.

z

o« © H7%h _ -1+51  (=1+5){(3—-2m)—3i}
z,—zy; (3-2m)+3i (3-2m)*+3°

thuan thuc &

o & (—1+5i){(3—2m)—3i} thuan thuc & i{3+53-2m)} = 0<—>3+5(3—2m)=0<—>m=%

Cau 126. (3) Trén mat phang phirc cho AMNP déu; trong d6 ba diém M, N, P Ian lwot biéu dién ba
s6 phirc 1+6i, 1+i, z.S6 phircz=a + ib thi (a + b) bang

A 643 7 53 5 503 53

B. —+—. C.————. D.2+—.
2 2 2 2 2 2
Giai:

e AMNP dbu © {MN:MP(_){IZN—ZM = zp -z, |<_){|1+i—(1+6i)|=|a+ib—(1+6i)|

MP = NP |zp =z, |9 zp — 2y | la+ib—(+6i)|= a+ib—(1+7)]

. ¢>{ |=5i || (a—1)+i(b—6)| o (a—1y +(-6)’ =5 N (=1 +(b-0)" =5
[(@-D)+i(b—6)H(a=D+i(b-1)| = |(a=1)*+(b-6)* =(a—1)*+(b-1) b:%
(a—l)zzﬁﬁa—lziﬂ—)azliﬂ 53

.« & 4 2 2 Sa+b)=—t22

7 2
b==—
2

e Vay ta chon dap an D.

Cau 127. (3) Trén mit phang phitc cho hai diém A va B l1an lwot biéu dién hai s6 phirc (1 + 2i) va (3
+ 4i). Diém D théa man diéu kién t¥ gidc OABD 14 hinh binh hanh. Diém D biéu dién sé phitc
A. 2+ 2i. B. 4 + 6i. C.2 + 3i. D.3 - 2i.

Giai:
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e T giac OABD la hinh binh hanh & @:ZEHZD:ZB—ZA:(3+4i)—(1+2z'):2+2i
e Vay ta chon dap an A.

Cau 128. (4) Trén mit phang phirc cho hinh vuéng ABCD. Biét A va C Ian lwot biéu dién hai sé phirc
(1 + 3i) va (5 - i). Goi zg va zp Ian lwot 13 hai s8 phirc dwoc biéu dién bdi diém B va diém D trén mit
phang phtrc. Tich s6 zg.zp sé 1a
A.8 - 2i. B.5 + 4i. C.1-3i D.3+7i
Giai:
e Cach 1: Tuluan

e Ta c6 hinh vé minh hoa:

a2 a

D C

e Khodang cach gitra hai diém AC1a: AC = |z¢c-za| = |5-i- (1 + 3i)| = |4 - 4i| = 42 =av2.

e Trong doé ala canh cda hinh vuong. Ttr d6 suy ra: a = 4.

e Toa do diém A(1;3) va diém C(5;-1). Goi toa dd diém B = (x;y).Khi dé ta c6: BA=BC = a = 4.
2 2 2

e Hé phuwong trinh: {((;::;;2 :8:;?))2 :22 ((;))

e Liy(2)- (1) vé theo vé, ta dwoc: —8x+24+8y—-8=0—>y=x-2 (3).

' =l—>y=-1
e Thé(3)vao (1), taduoc: (x—1)* +(x—2-3)* =4 2> —12x+10=0¢> |~ °
x=5->y=3

e Vay tir d6 suy ra: diém B(1;-1) thi diém D(5;3) va nguoc lai.
e Diém Bbiéudién: zg=1-i; diém D biéu dién: zp =5 + 3i.
e Suyratichsé: zg.zp = (1 -1)(5 + 3i) =8 - 2i.

e Vay ta chon dap an A.

e Cach 2: Vé hinh chinh x4c va wéc lwgng diém:
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VA
A(1;3)
L) — B
0 1 45° 5 _
45&\\ X
D C(5:-1)

e Trong mat phang phitc, cac bai todn vé hinh vudng va hinh chit nhat rit hay cé toa dd cac
dinh chdn. Ta nén phac hoa vé hinh kha chinh xac ra nhap roi thtr.

e Hinh vudng c6 cac goc tao béi dwong chéo va canh bang 450, Ching ta tinh ngay dwoc goc tao
béi AC véi truc Ox (hodc truc Oy) bang 45°. Vay cac canh cta hinh vudng sé song song véi Ox
va Oy. Ta dé dang dung hinh vudng ABCD nhu hinh vé.

e Suyratoadd B(5;3) <> zg =5 + 3i; toa dd diém D(1;-1) & zp=1-i.

e Twdbsuyra:zszp=(5+3i)(1-i)=8-2i.

z—i+2

Cau 131. (3) Cho s6 phirc z théa mian phwong trinh: | 0 |=1. Tap hop diém biéu dién s& phirc

z+2i—
z trén mat phang phitc sé twong tng la
A. dwong phan gidc géc phan tu thir nhit.
B. dwong phan giac géc phan tw thi hai.
C. dwong thang c6 phwong trinh: 2x - 3y - 1 = 0.
D. dudng thang c6 phwong trinh: 3x + 2y - 6 = 0.
Giai:
e Dayla phuong trinh duwdong thing.
e Goiz=x+ iy, thay vao phurong trinh da cho ta duoc:
o |z—i+2Hz+2i-1|x+iy—i+2Hx+iy+2i—1j> (x+2)° +(y—1)> =(x=1)" +(y+2)
e <& y=x. DPaylaphwong trinh dwdng phan giac cua gbc phan tu thir nhit.

e Vay ta chon dap an A.

Cau 134. (3) Trén mait phing phirc, tip hop diém biéu dién s6 phitc z théa man diéu kién:
liz+3-2i]=6 Ia
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Giai:

A. duong tron (C) c6 phwong trinh: (x + 3)2 + (y - 2)2 = 36.
B. duong tron (C) c6 phwong trinh: (x - 2)% + (y - 3)% = 36.
C. duong tron c6 tam I(2;3) va ban kinh R = 36.

D. duong tron (C) c6 phwong trinh: x2 + y2 + 4x - 6y - 19 = 0.

DAy 1a bai toan tim quy tich diém va phwong trinh da cho biéu dién duwdng tron.
Ta bién d6i phwong trinh da cho nhw sau:
3-2i

i

liz+3-2i|=6 < i(z+ ) =6 0| i].| 2= (Bi+2) = 6 <3| z— (3i +2) |= 6

bay la phwong trinh dwong tron (C): (x-2)2+ (y-3)?=36.
Vay ta chon dap an B.

Cau 135. (3) Trén mat phang phitc, tip hop diém biéu dién s6 phitc z thda man diéu kién:

|(1+i)z—2+3i]=4 1a

Giai:

A. dwong tron tam [(1;5) ban kinh R = 4.

B. dwong tron (C): (x+%)2 +(y+§)2 =16.
\ <A L5 .,
C. duwong tron tam [ (5;5) va ban kinh R = 8.

D. dudng tron (C): (x+%)2 +(y+§)2 =8.

2-3i

Ptdacho & |(1+i)(z— -
1+17

15 15
—4oll+i].|z=(—=—2i) F4 | z—(———2i) =242 .
)| [1+i].| (22)| | (22)|

bPay la phwong trinh dwong tron (C) cé tam I = (—%;—3) vabankinhR= 242 .

Vay ta chon dap an D.

Cau 136. (3) Cho s6 phirc z théa man phwong trinh: |% |=1. Tap hop diém biéu dién sd phitc z
z-2i

séla

Giai:

A. duwong tron tam I(-1;2) va ban kinh R = 1.
B. duong tron (C): (x-1)2+ (y+2)2=1.

C. dwong thangy = 2x - 1.

D. dwong thang 2y - 3 = 0.
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e Dayla phuong trinh duwdong thing. Goi z = x + iy, thay vao phuwong trinh da cho:
o |z—ilHz-2i|o|x+iy—ilgx+iy-2ilcx*+(y-1) =x"+(y-2)" «<>2y-3=0

e Vay ta chon dap an D.

Cau 138. (3) Hé thirc biéu dién dwong thang c6 phwong trinh: 2x - 8y + 5 = 0 sé twong (rng 1a
A [z+2-8i[=5. B. |2z-8z +5]=0.
Clz-1+il=z +3i+2]. D. |z-2+il=z +3i-1] .
Giai:
e Trong 4 dap 4n ta nhan thiy chi c¢6 hai dap an C va D biéu dién dwong thang.
e Goiz=x+1iy;tathayvao dap an C:
o |x+iy—l+iHx—-iy+3i+2||(x-D+i(y+)|H(x+2)+i(3—y)]|
o & (x=1) ’+(+1) =(x+21+(-3) & 2x+1+2y+1=4x+4-6y+9 < 6x-8y+11=0
e Khong trung v&i dwong thang cho ban dau.

e Viy ta chon dap an cudi cung D.

Cau 139. (3) Trén mit phang phirc s phirc z théa man phwong trinh: |2z + 3z +1 =0 la
A. dudng thang c6 phwong trinh 2x + 3y + 1 = 0.
B. dwong tron tam I(2;3) ban kinh R = 1.
C. mét diém c6 toa do (-1/5;0)
D. duwong tron (C): (x-2)2+ (y+3)2=1.
Giai:

e Goiz=x+ iy, thay vao phwong trinh ban dau, ta dwgec:

1
o |2(x+iy)+3(x—iy)+1|=0 | (5x+1)—iy|= 0 (5x+1)°+1* =0 5x+1=y=0 x__§
y=0

e Suy ra quy tich 1a mét diém cé toa do (-1/5;0).

e Vay ta chon dap an C.

Cau 140. (3) Trén mit phing Oxy, diém biéu dién s6 phitc w = 2z + i - 2 sé& 1a dwdng nao dwdi day?

Biét z 1a sO phirc thdéa man phwong trinh: |z - 2i +1| = |z + .

A.Duongtron (C): (x+1)°+(y—-2)=4. B. Duong thing d: x + 2y - 11 = 0.
x2 2
C.Duong thangd: x -3y +9 = 0. D. Duong elip (E): 7+% =1.
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Giai:

Tw:w=2z+i-2,suyra: 2z=w+2—i

Thay vao phwong trinh da cho ta dworc:

|2z—-4i+2 5 2z4+2i || WH+2—-i—4i+2 | W+2—-i+2i[«>|wW+4-5i 5| w+2+i|

Goi w = x + iy, thay vao phwong trinh trén ta duoc:
|x+iy+4-=5SiHx+iy+2+i|o|(x+4)+i(y -5 H (x+2)+i(y+1)]

S X+ +(y=-5)=(x+2) +(y+1)’ < 8x+16-10y+25=4x+4+2y+1<>x-3y+9=0

Vay ta chon dap an C.

Cau 144. (3) Cho s6 phitc z théa man phwong trinh: |2z—z +i|= z—2|. Tap hop diém biéu dién s&

phirc z sé 1a

Giai:
[

A. duong elip. B. dwong tron. C. dwong thang. D. duwong parabol.

Goi z = X + iy, thay vao phwong trinh da cho ta dwoc:

| 2(x+iy)—(x—iy)+i |z x+iy =2 || (x +iBy +1) = (x =2) +iy <> x> + By +1)’ = (x-2)* +)°
&9y +6y+1=—4x+4+)° <> 4x+8)y° +6y-3=0.

DAy 1a phwong trinh biéu dién mot Parabol.

Vay ta chon dap an D.

Cau 150. (3) Cho s6 phtec z théa min |z+2z +2i |=4. Tap hop diém biéu dién s6 phitc w=2z+z

twong rng s€ la

Giai:

A. dwong elip: 9x* +(y—2)° =16.

B. duwong tron (C) c6 phwong trinh : (x + 1)2 + (y - 2)2 = 16.
C. duong tron (C) c6 tam I (0;2) va ban kinh R = 4.

D. dwong tron (C) c6 tam [(0;-2) va ban kinh R =4.

Goi z = a + ib, thay vao phwong trinh da cho ta duoc:
la+ib+2(a—ib)+2i|=4|3a+i(2-D)|=4 (D)
— 3a=
Goiw=x+iy; tr w=2z+2 <—>x+iy:2(a+ib)+(a—ib)=3a+ib<—>{ba )
=y
Chuing ta thay (2) vao (1) s& dwoc hé thitc biéu dién w:
|x+i(2—y)|=4 <> x* +(y—2)* =4 . Pay la phwong trinh dwong tron (C) c6 tam 1(0;2) va c6

ban kinh R =4. Vay ta chon dap an C.
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Cau 153. (3) SO phirc z théa man: |(1 + 2i)z - (z + 1)i - 4| = 6 sé ¢ diém biéu dién thudc

A. dwdng tron tam 1= (%;—%) vabankinhR =32,

B. dwong tron tam 1= (%;—%) vabankinhR= 6.
C. dwong tron tam 1=(1;4) vabankinhR = 32.

D. duwong tron tam [ = (—%;%) vaban kinh R = 342.

Giai:
e Truwdc hét chung ta bién doi lai phwong trinh da cho dwa vé dang chuin:

o [Uti)z—d-il=66]1+D)- e o|ltil.lz- o260l Q-2 L =342
1+ 2 2 2 2

N

e Dbay la phwong trinh dwong tron (C) c6 tam I = (%;—%) vabankinh R =32,

e Vay ta chon dap an A.

Ciu 154. (3) Cho s6 phirc z théa man phwong trinh: |z—1|= z+3i|. S6 phitc z = a + ib ¢6 m6 dun
nhé nhat. Khi d6 (a.b) bang
A.12/25. B. 8/25. C.16/9. D. 15/49.
Giai:
e Day la dang bai to4n cuc tri trén mit phang phitc. S6 phirc c6 m6 dun nhé nhét, |z| nhé nhat,
la sO phirc gin gdc O nhat. S6 phirc c6 mo6 dun 1én nhit 1a s6 phirc xa géc O nhit.
e Goiz =x + iy, thay vao phwong trinh da cho ta duoc:
o |x+iy-1Hx+iy+3ilo|(x=D+iy|Hx+i(y+3) < (x=1)>+y* =x+(y+3)°
o & 2x+1=6y+9x+3y+4=0 (A
e Yéu ciu cla bai to4n I1a tim diém M nam trén dwong thing A sao cho khodng cach tir n6 tai
gdéc 0 nho nhit. VAy M chinh 12 hinh chiéu vudng géc ciia O 1én duong thang A. DAy 1a bai
toan qua co ban trong hinh hoc phang Oxy.
e Goi M 12 hinh chiéu vudng goc cia O 1én dwong thiang A, khi d6 M = (-3m - 4; m).
e Vécto OM =(-3m—4;m) va VTCP ciia dwong thing A la: ﬁ: =(-3;1), vudng gbéc voi nhau:

. 17.5]\2:O<—>—3(—3m—4)+1.m:0<—>m:—§—>M=(—z;—ﬁ)
A 5 575

e Diém M biéu dién s§ phirc c6 mé dun nhé nhit: z = —%—éi =a+ib— (ab)= 12 :

e Vay ta chon dap an A.
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Cau 156. (3) Trén mit phang Oxy, diém biéu dién s6 phirc w = 2z - 1 sé 1a dwong nao dudi day?
Biét z 1a sO phirc théa man phwong trinh: |z - 2i +1| = 4.
A. Duong tron (C): (x+3)° +(y—4)" =64 .
B. Duong tron (C): (x—3)*+(y+4)* =16.
C.Duong thang d: 2x +y -4 = 0.
D. Pwong tron (C) c6 tam I(-1;2) va ban kinh R = 4.
Giai:
e Tirw=2z-1<% 2z=w + 1, thay vao phwong trinh biéu dién sé phirc z:
o |z-2i+1|=4|22-4i+2|=8E |w+1-4i+2|=8 |w- (-3 +4i)|=8.
e bay la phwong trinh dwong tron (C) c6 tam I = (-3;4) va ban kinh R = 8.
e Vay ta chon dap an A.

Cau 157. (3) Cho s phirc z théa man phwong trinh: |z| = 2. Trén mat phang phitc tip hop diém biéu
dién s6 phtrc: w = (1+i+/3)z—1 12 dwdng tron (C) c6 ban kinh r bing
A.2. B. 4. C.3. D. 2./3.

Giai:

o Tirgiathiét: w=(1+iv3)z-1>(1+iB)z=w+1

e Tiphuwongtrinh: |z|=2 o|1+iV3].[z]=2.[1+i\3 [o|(+i3)z =4 | w+l=4

e Dbay la phwong trinh dwdong tron (C) c6 tam I = (-1;0) va ban kinh R = 4.

e Vay ta chon dap an B.

e Nhan xét: Tir pt dwong tron |z| = 2, c6 ban kinh R = 2, diém biéu dién s6 phttc w=Az+B sé&

1a dwong tron cé ban kinh r =R. | 4|. Ap dung vao bai toan ndy: » = R.|1+ i3 |=2.2=4.

. . e LA N 1, AR S
Cau 159. (3) Trén mat phang phitc, quy tich cac diém biéu dién so phirc z théa man: z =— Ia
z

A.Puwong tron (C): (x-1)2+y2=1. B. buong tron (C): (x - 1)2+ (y+ 1)2 = 4.
C. Puong tron (C): x2 +y2 = 1. D. Duong thang: x -y + 1 =0.

Giai:
o T 1 = 2
o Twgiathiét: z =—ozz=16z[ =1z ]=1.
z

e bay la phwong trinh dwong tron tam O ban kinh R = 1. Vay ta chon dap an C.
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Cau 160. (3) Tap hop diém biéu dién s6 phitc z théa man: |z—i|= (1+i)z|1a
A. duong tron (C): x2 + (y + 1)2 = 4.
B. duwong tron (C): x* +(y+1)* =2.
C. dwong thang:x-y +1=0.
D. duong tron (C): x>+ (y+1)> =+/2.
Giai:
e Goiz =x+ iy, thay vao phwong trinh da cho ta duoc:
o |z—iH(+i)z|o|z—ilH1+i|.|z|=N2 |z || x+iv—il=2.|x+iv || x +i(y—1) =2 | x +iV|
o O xX+(y-I=2.(x+y)oxX+y+2y=1ox+(+1)’ =2

e Vay ta chon dap an B.

Cau 161. (3) Cho sd phirc z théa min phwong trinh: |z—3|=| z+i|. SO phirc z = a + ib c6 m6 dun nho
nhit. Khi d6 (a + b) bang
A.31/24. B. 25/16. C.11/15. D. 8/5.
Giai:
e Tuwong tw CAu 154. Ta di tim hinh chiéu vudng géc M ctia géc O 1én dwong thing cho bai
phwong trinh di cho, chinh 13 diém biéu dién s6 phitc z = a + ib c6 md dun nhé nhit.
e Goiz=x + iy, thay vao phurong trinh da cho:
o |x+iy-3x+iy+ilo|(x=3)+iy|Hx+i(y+1) <> (x=3) +y  =x>+(y+1)’
o & —6x+9=2y+13x+y—-4=0 (A)
e Goi M 1 hinh chiéu vudng gdc ctia O 1én dudng thing A: M = (m; 4 - 3m). Khi do:
o Vécto{OM =(m;4—3m)}vaVTCP clia A { LTA =(-1;3) } vudng gbéc voi nhau <

. LKW=0<—>—1.m+3(4—3m)=0<—>m=§->M=(g;§).
R P R L6 2. 6 2 8
e Diém M biéu dién s6 phtrc c6 mé dun nhéo nhat: z=a +ib= §+—l —>(a+b)=g+g=g :

e Vay ta chon dap an D.

Cau 162. (3) Cho phwong trinh phirc: |z - i| = 3. S6 phitc z = a + ib thda man phwong trinh di cho
c6 m6 dun 1én nhit sé c6: 3a + 2b bang
A. 8. B. 5. C. 10. D. 14.
Giai:
e DAayla bai to4n tim trén duwdong tron da cho mot diém M nam xa O nhit.

Bién soan: Nguyén Pdng Ai - Ky sw tai ndng - Bdch Khoa Ha Noi. Trang 227 ‘ ‘



Tén trong quyén tdc gid va cam két khéng sao lwu bdn phu. CHUYEN PE: SO PHU'C VA NG DUNG

e Duong tron (C) cho bédi phwong trinh da cho c6 tAm I = (0;1) va ban kinh R = 3. Ta c6 thé vé
nhanh duwong tron (C) trén mat phang phirc Oxy :

y
4

<
' B 4

e Nhéin thiy ngay diém c6 m6 dun lén nhatlaM = (0;4) & z=a +ib =4i & (3a+ 2b) = 8.

e Vay ta chon dap an A.

Cau 163. (3) Cho phwong trinh phirc: |z - 3| = 1. S6 phikc z = a + ib théa man phwong trinh da cho
c6 md dun nho nhat sé c6: 11a + 23b bang
A. 15. B. 11. C.22. D. 8.
Giai:
e Tuwong tw nhu Cau 162. Phwong trinh da cho biéu dién dwong tron (C) c6 tdm 1(3;0) va ban

kinh R =1.

e Diém gin O nhit trén dwong tron 1a M = (2;0) biéu dién s6 phirc z = a + ib = 2, c6 mé dun nhéd
nhit. Suy ra: (11a + 23b) = 22.

e Vay ta chon dap an C.

Cau 164. (3) Cho phuwong trinh phttc: |z - 2i + 3| = 213 .56 phttc z = a + ib théa man phwong trinh
da cho c6 md dun nhoé nhit sé cé: 4a + 3b bang
A. 1. B. 3. C.6. D. 4.

Giai:

H 228 |Thu4n Thanh - Bic Ninh - 2018



Tén trong quyén tdc gid va cam két khéng sao lwu bdn phu. CHUYEN PE: SO PHU'C VA NG DUNG H

(C) ay

Tam dudng tron: zo = I = -3 + 2i. C6: Ol = |zo| = +/13 . Ban kinh R = 24/13.
e SO phirc zw thoa méan |zm| nhd nhat da biét cach tinh nhanh:

R 2313

o 2 —0-L —a-P 503 2i—atibsa=3b=—2

| 2o | \/B

e Suyra:(4a+3b)=(43+3.(-2))=6

Vay ta chon dap an C.

Cau 165. (3) Cho phwong trinh phtc: |z - 3i + 4| = 8. SO phirc z = a + ib thda min phwong trinh da
cho ¢6 m6 dun 16n nhit sé ¢6 (a + b) bang
A.18/5. B.-24/5. C.-11/5. D.-13/5.

Giai:

(©) 4y

@)
R/

e Taml=2zo=-4+ 3i. Ban kinh: R = 8. Ta c6: Ol = |zo| = 5.
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e SO phirc zw ng véi |zm| 1én nhat da biét cach tinh nhanh”:
R 8 52 39 13
o z, =(l+—)z,=(1+=>)(-4+3)=——"+—i>(a+b)=——
u = ( | |)0 ( SX ) s (a+b) s

2y

e Vay ta chon dap an D.

Cau 166. (3) Cho biéuthirc: A=1+ (1 +1) + (1 +i)2+ ...+ (1 +1i)30, Rat gon cta biéu thirc A la
A. 230, B. 215 - (215 + 1)i. C.-215- (215 -1)i.  D. 215+ 215j,
Giai:
e Alaténg clia mot cip sd nhan cé 31 s6 hang véi: s6 hang dau ui = 1; céng bdi q = (1 +i).
e Ap dung cong thirc tinh téng cia cip s6 nhan:

¢ -1_, (1+i)" -1
g-1  (1+i)-1

e A=y

=2+ (1-2")i .

Vay ta chon dap an C.

Cau 167. (3) Cho biéu thirc: B=1+ (1 -1i) + (1 -1)2 + ... + (1 - i)20. Rut gon biéu thirc B sé 1a
A.-210 + (210+1)i. B.210 - (210 -1)i, C.211 +i. D. -210 - (210 + 1)i.
Giai:
e Blatong ctia mot cAp s6 nhin gom 21 s6 hang: ¢ s6 hang ddu ui = 1; cong bdiq =1 -i.

e Ap dung cong thirc tinh téng ctia cap s& nhan:

¢ -1_, (1-i)* -1
g-1  (1-i)-1

e Vayta chon dap an D.

e B=y

=210 (2 +1); .

Cau 168. (3) Cho biéu thitc A=1+ (1+iv/3)+(1+iv3)> +...+ (1+i+/3)". Rt gon biéu thirc A 12

40
A. (1-2")i-2%3. B. —24°+1é i C. 2% 42%3.  D.2%3.

Giai:

A2 t8ng ctia mot cdp s6 nhan c6 41 s6 hang v&i: s6 hang dau us = 1, cong bdi q = 1+i/3 .

Ap dung céng thitc tinh téng ctia cp s6 nhan:

n_ . 41
. Al Y 1:1(1+z\6) 1

1

_ ~40
=—2“°+1 2 i .

Tg-1 (1+i3)-1 NG

Vay ta chon dap an B.
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Cau 171. (3) Cho s8 phitc z =1+i+/3 . Goi z1 va z2 12 hai ciin bac hai ctia z. Téng z1 + z2 bing
A.0. B. 2+2iV3. C.2-i. D. \3+2i.
Giai:
e 71vazzlahai nghiém ctia phwong trinh phic: z = m oz —(1+ i\/g) =0.

z,+z,=0

e Ap dung hé thirc VIET cho phwong trinh bic 2, ta c6 dworc:
z,z, =—(1+i/3)

e Vay ta chon dap an A.

Cau 172. (3) Goi z1 va z2 12 hai nghiém cta phwong trinh z* — 2i\3z-4=0. Dang lugng giac ctia

mot nghiém la
A. |z\(cosi+i.sini) . B. |z\(cos£+i.sin£).
3 3 6 6
C. |z|(cos_277[+i.sin_277[). D. | 2| (cos 2Z +isin %)

Giai:

e Gidi phwong trinh bic hai hé s phirc:
o A'=(V3)-1(4)=1>VA'=1.

3 2r . . 27 ) T .. T
o z =i 3—1=2(cosT+l.sm?);zz=z 3+1=2(cos—+i.sin—)

e Vay ta chon dap an D.

Cau 174. (3) Cho s phirc z théa man phwong trinh: |z + 2i - 3| = 6. TAp hop diém biéu dién s6 phirc
w=3z-2i+4 séla
A. duwong tron (C) c6 tam I(13;8) va ban kinh R = 6.
B. dwong tron (C): (x - 13)2 + (y + 8)2 = 324.
C. dwong thang d: 2x -3y + 6 =0.
D. dwong tron (C) c6 tdm I(3;2) va ban kinh R = 6.
Giai:
e Tugidthiét w=3z-2i+4 & 3z=w+2i-4.
e Phuongtrinhdacho & |3z+6i-9|=18<¢ |[(Ww+2i-4)+6i-9|=18 < |[w-13 +8i| =18.
e Phuwong trinh trén biéu dién dwong tron (C): (x - 13)2 + (y + 8)2 = 324.
e Vay ta chon dap an B.
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Cau 180. (3) Cho phwong trinh phitc: z° —2+2i =0. Goi ba nghiém phtrc cia né lan lwotla: z1, z2,

z3. Gia tri cta biéu thirc: A = |z1| + |z2| + |z3| bang
A.6. C. V2. C. 32. D. 3\/3.
Giai:
e Phwongtrinh dicho & z° =2-2i —| 2’ |52 -2i|= 232 | z[[= 242 | z|=2
o Suyra: |z, |5z, =z =V2 > A=z |+]z, | +]z 242,

e Vay ta chon dap an B.

Cau 183. (3) Cho phwong trinh phitc bac 2: z> —2z+a =0, v&i ala tham s6 thuc. Goi A va B 1an lwot
12 hai diém biéu dién hai nghiém cia phwong trinh di cho trén mit phang phirc, diéu kién dé tam
giac OAB vudng can la
A.a=2. B.a= 5. C.a=0. D.a=2/3.
Giai:
e Phuwong trinh bac hai da cho phai c6 hai nghiém phtc thi méi ton tai tam gidc OAB. Vi néu chi
c6 hai nghiém thuec thi ca ba diém 0, A, B déu nam trén truc hoanh Ox.
o A=l-a<0->A'=—(a-)=i*(a-1)>JA" =+iJa—1.

e Phwong trinh c6 hai nghiém phtc: z, =1+iva-1.

e Suyratoado hai diém: A= (1;-va-1);B=(1;4a-1).Hai diém nay do6i xtng qua truc Ox, vi
ching 13 hai diém biéu dién hai s6 phttc lién hop, nén tam gidc OAB can tai 0. D& tam giac

OAB vudng can thi goc tao bdi OA (hodc OB) véi truc Ox bang 45°.

L Ao

e Twhinhvétasuyra: va-l=1<a=2.
e Vay ta chon dap an A.
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iz)+z,=2—1i
Cau 184. (3) Cho hai s6 phitc z1 va z; théa man hé phwong trinh: { b . Khi d6 sé

2z, +(1+10)z, =1+2i

phttc z1 bang
A L_L. B. -+ ¢ 3L p, 34
10 10 10 10 55 5 5
Giai:

e Dy l1a hé phwong trinh phirc bic nhit hai 4n, ching ta lam binh thwdng nhw da lam véi trén
tap s6 thuwc. Khdc mot diéu, hé phwong trinh phirc khong st dung CASIO giai nhanh dworc.
e Tu phwongtrinh (1): iz, +z,=2-i—>z, =2—-i—iz, (3).Thé (3) vao pt (2), ta dwoc:

1
o (2)2z;+(+i)z, =142 2z, +(1+0)2—-i—iz)) =1+2i > 3 —i)z, =2+i >z, =—%+Ei
e Bai toadn chi héi gia tri cua z1. Vay ta chon dap an B.
. 1 21 1
e Néu can tinh z2: thay z1 vao (3), ta dwoc: z, =2—-i—iz, = 2—i—i(—l+—i) =———7i .
10 10 10 10
A . ~ , \ 9 ~ A \ (2_Z)Zl+122:1+l . , ~
Cau 185. (3) Cho hai s6 phtrc z1 va z2 théa man hé phwong trinh: < ) . Khi dé so
iz,+(1-1)z, =31

phtrc w = z1 + z; bdng
A 173 g 8,4 c A3 b 15 14

T13 137 1515 T13 13 “31 317
Giai:
e (Cong hai phwong trinh vé theo vé ta dwoc:
o 2z +4+z,=4—>z+z =4-z (3)
e Vay ta chi can di tim z,, roi thay vao (3) la xong. Tl (3) suy ra: z, =4-2z,, thé vao phwong

trinh (1): (2-i)z, +iz, =1+i , s& dwoc:

1-3; 11 3
e 2-Dz,+i(4-2z)=1+i<>(2-3i)z,=1-3i<>z = = _—j.
(2-1)z +i(4-22) 2-305 -2
11 3 41 3
e Tha vaio(3): z, 4z, =4—z, =4—(———i)=—+—1.
vz vaoB) ata : S ERRERARERSE

e Vay ta chon dap an C.

Cau 186. (3) Cho phwong trinh phitc bac 2: z> —2z+a =0, v&i ala tham s6 thuc. Goi A va B 1an lwot
12 hai diém biéu dién hai nghiém cia phwong trinh da cho trén mat phiang phtrc, diéu kién dé tam
gidc OAB déu la

A.2/3. B. /3. C.2. D. 4/3.
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Giai:
e Tuwong tw Cau 183. Phwong trinh c6 hai nghiém phttc: z, =1-iva-1;z, =1+iva—-1 .

e Hai diém A va B dwoc cho nhw hinh vé:

v

e Tam gidc OAB déu suy ra: tan30° = =

e Vaytachondap an D.

Cau 187. (3) Cho phuwong trinh phirc bic hai v&i hai tham s6 phitcavabla: (1+2i)z° +az+b=0
Phuwong trinh ¢6 nghiém z1 = 3 + 4iva zz =- 1 + 2i. Nhan xét sai la:
A. a=10-10i. B.b=-15 - 20i. C.a+b=-5-30i. D.a=-10+10i.
Giai:
e Da biét ro hai nghiém phirc ctia phwong trinh ching ta ap dung hé thirc VIET 1a suy ra dwoc
cachésbéavab:

a

z+z,=3+4i+(-1+2i)=~ —>a=10-10i

+2i

2,2, :(3+4i)(—1+2z‘):%—>b:—15—20i
+ 21

e Vay tachon dap an D.

Cau 188. (3) Cho phwong trinh phttrc bac bén: z*+2z° -~z -2z+10=0. Phwong trinh c6 bén
nghiém lan lwot la:
A.2+1;2-1;4+3i;4-3i. B.2i;3i;1-3i;1+3i.
Cl+i;1-i;-2-1;-2+1. D.1-i;1+3i;2-2i; 2 +2i.
Giai:
e Nhitng bai toan nhw thé nay, néu ching ta giai trwc tiép ra cac nghiém rat hay gap rdi ro la

khé giai va mit thoi gian. Pa s6 ching ta thay nghiém cda lan lwot cdc dap 4n vao phwong
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trinh da cho ban diu. Thé nhwng viéc thay nay ciing rat lau.

Chung ta str dung hé thirc VIET ddo cho phwong trinh bac 4:

zl+zz+z3+z4:—;=—2

e
Z,.2,2,2, = o =10

e Thuc té, da so chi cin thir diéu kién tong cac nghiém la du.

e V&idap an A. tong 4 nghiém: 2 +i+ 2 -i+4 + 3i+ 4 - 3i = 12 (khéng théa man)

e Véidap an B. tong 4 nghiém: 2i + 3i+ 1 - 3i + 1 + 3i = 2 + 5i (khdng thoa min)

e Véidap an C.tong 4 nghiém: 1+i+1-i-2-i-2+i=-2 (théamin)

e V&idap an D.tong 4 nghiém: 1 -i+ 1+ 3i+2-2i+ 2+ 2i =6 + 2i (khong théa min)

e Vay ta chon dap an C.

Cau 190. (3) Cho s6 phitc z théa min dong thoi: [z—i+2]=+20 va zz =13.Goi z1= a + ib 1a mét
nghiém. Khi d6 a + b bang
A.11. B.7. C.5. D. 6.

Giai:

Thay nghiém z; = a + ib vao hai phwong trinh da cho ta dwoc:
(a+ib)(a—ib)=13 a’+b* =13 a’+b> =13 )
. . < A 2 2
la+ib—i+2=N20  |[(a+2)+i(b-1)|=~20  [(a+2)+(b-1)=20 (2)
Liy (2) - (1) vé theo vé ta duoc:
4a+4-2b+1=7<«<>b=2a-1 (3). Thé vao (1) ta dwoc:

a=2—->b=3—>(a+b)=5

a’*+2a-1=135a"-4a-12=0c 6 17 23
a:—§—>b:—?—>(a+b):—?

Vay ta chon dap an C.

Cau 191. (3) Cho phwong trinh bac 3 phitc véi a, b, c 1a ba tham s6 thwc: z° +az” +bz+c=0. Biét
phwong trinh c6 hai nghiém: z; = 1 +iva zz = 1. Gia tri cia: (a + 2b + 3¢) bang
A.7. B.-1. C.3. D. 21.
Giai:
e Cach 1: Phvong phap thé nghiém vao va gidi hé phwong trinh bAcnhat3 4n (a, b, ¢)
e Ta lan lwot thay hai nghiém vao phwong trinh bac 3 da cho réi lap dwoc mot hé 3 phwong

trinh bac nhit 3 4n a, b, ¢ r6i bAm CASIO gidira: a, b, c.
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Cau 192. (3) Cho hai s6 phitc z va w c¢6 mon dun bang 1 va tich z.w = —1. Khi dé

Giai:

Nén nh¢ khi thay mot nghiém phirc vao mot phwong trinh luén dwoc hai phwong trinh, vi n6
c6 diéu kién phan thwc va phin do.

Vé&inghiém zz = 1, ta dwoc: a+b+c=-1 (1)

V&inghiém zi = 1 +1i, ta dwoc: (1+i)’ +a(1+i)’ +b(1+i)+c=0<> (b+c—-2)+i(2Qa+b+2)=0
Suyra: b+c-2=0 (2) va 2a+b+2=0 (3)

Dung CASIO giai hé phwong trinh (1), (2), (3), tadwoc: a=-3;b=4;c=-2.

Suy ra: (a+ 2b + 3c) =-1.

Vay ta chon dap an B.

Cach 2: Str dung hé thirc VIET két hop suy ra nghiém lién hop cia phwong trinh hé so thuwec.
Vi phwong trinh c6 cac hé s§ thuc 1én néu c6 mot nghiém phirc rdi s& bat budc phai ton tai
mot nghiém phitc nita la lién hop cta noé.

Suy ra nghiém phtrc nira: z, = z_1 =1+i=1-i

Ap dung hé thitc VIET cho phwong trinh béc 3 ta cé:
B . .
z,+z,+z, :—Z:—a=(1+1)+1+(l—z)=3—>a=—3

¢ =b=(1+0i).1+1.0-D)+A+i)(1-i)=4

Z,z, + Z,2Z4 + Z;Z) = Z

A :—gz—c:(1+i).1.(1—i)=2—>c=—2

Suy ra (a + 2b + 3c) = -1. Vay ta chon dap an B.

Z+W . o~
la sd

I+zw
A. thuan thuec. B. thuan Jo. C. s0 phtc. D. s6 4o am.

Cach 1: St dung tinh chat sé phirc lién hop.

Tacod: z.z =|z'=1; w.w =|w[=1

1 1
.
< Z+W  — z+W  Z+W wW+z
bat: u = —>u= == _— -z W _ =u
I+zw I+zw 1+ zw 1+li zw+1
zZ W

Suy ra u la s0 phirc thudn thwe. VAy ta chon dap an A.

Ghi nhé: Mot s6 phikc z goi la thudn thue & z= z

Cach 2: St dung cong thirc O Le véi muc dich lam quen CT hién dai

T4t ca cac s6 phirc c6 md dun bang 1 déu c6 thé viét dwédi dang lwong giac co ban:

ip _ia

z=e"Y =cos@p+ising,w=e“ =cosa+isina - zw=e".e" =" =cos(p+a)+i.sin(p+a)
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Z+wW :(cosgo+cosa)+i.(singo+sina):2cos¢;a.cos¢;a +2i.sin¢;a.cos¢;a

-a +a . . p+a
& z+w=2cos? (cosq) +isin? )

1+ zw=1+cos(¢p+a)+isin(p+a) :2.coszﬂza+2i.sin (p;a .COS (szra

o+ o+a (p+0()

2
(o—a(cosgo+a

+i.sin

a
& 14+zw=2cos (cos

o+a

. -a
.+z.s1nT) cos?

2.¢cos
+w

Twr d6 suy ra:

p+a,  o+a

1+ z.w P+ ¢+a.+i.sinT) COST

a
(cos

2.¢os

+ " A (s
Suyra: u= TV thuan thyc. Vay ta chon dap an A.

1+zw

Cau 193. (4) Cho diém s0 phirc z théa mian: |z - 5i| = 2 va s6 phirc w théa man: |[w - 1| = [w - i|. SO

phtc z1 va s6 phtrc w1 1an lwot 1a hai s6 phirc thoa man diéu kién trén va |z1 - wi| nho nhit. Khi dé

s6 phirc (z1 + w1) la

Giai:

A2, B. 242 +i(>—+2). ¢ 2e2+i2-2). D.3-70
2 2 2 2 2 2

Trudéc hét ta di xac dinh phwong trinh dwong thang: |w - 1| = |w - |

Goi w = x + iy, thay vao phwong trinh trén ta duoc:

|x+iy—1Hx+iy—il> (x=1)’+y’ =x"+(y-1)’ <> x—y=0 (A)

Phwong trinh |z - 5i| = 2, 1a dwong tron (C) c6 tam [(0;5) va ban kinh R = 2.

Trén dwong thang A diém biéu dién z 1a diém H, chinh 13 hinh chiéu vudng géc challén A.

Trén dudng tron (C) diém biéu dién w1 gin z1 nhit chinh 14 giao ctia IH v&i (C) nhw hinh vé:

i+l V2

Khoang cach tir I t¢i dwong thang A la: d(1,A) =

Ay
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5

e IMp=2; IH= —.

V2

e Tirhinhvé: M,J=(—2;v2)=(0-x,;5-y, ) > M, =(/2;5-2).
5

L ﬁm S My = (VD) = (<22

M1 2\/_ 22 22 (

e Diém M biéu dién z1 = V2 +i(5-~/2). Diém H biéu dién w; = §+§i :

||
N | b
N | D

>

)

e Suyra: z1+w1-5+f+( f)

Vay ta chon dap an C.

Cau 194. (3) T4p hop diém biéu dién s6 phitc z thda min: |z + 2i| + |z - 2i| =4 14
A. duong tron (C): (x + 2)2 + (y - 2)2=16.
B. duwong tron (C): x2 + y2=16.
C. dwong thang d: x - 2y + 4 = 0.
D. doan thang trén truc tung.
Giai:
e Ap dung bat ding thirc tam gidc: 4=z +2i|+|2i—z 2| z+2i+2i—z|=| 4i|=4

“u__n

e Baitodn cho diu “=" xdy ranén c6: z+2i=k(2i—z) ; v&isb thuec k>0 .

e Twdésuyra: z(k+1)=2i(k-1)<>z= 2u1—2(l——)1
k+1 k+1

Vay z 1a mét s6 phirc thuan do, c6 phan do: b=2 _il e[-22).
+

Vay ta chon dap an D.

Cau 195. (3) Cho phuwong trinh bic 2 véi hai tham s6 phitc a va b: (3+2i)z> —az+b=0 c6 hai
nghiém phirc Ian lwot 12 (1 + 2i) va (5 - 6i). Gia tri cia b bang
A. 41 - 43i. B. 43 + 46i. C.19 + 23i. D. 45 + 41i.

Giai:
e Ap dunghé thitc VIET: z,z, = 3% =(1+2i)(5-6i) <> b=43+46i .
+2i

e Vay ta chon dap an B.
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Cau 196. (3) Cho phuwong trinh bac hai hé s6 phttc: z> +(2i—3)z+1-5i=0. Md dun cla s6 phic
w =z +z; bang
A. 13J17. B. 25. C. 23/29. D. 413,
Giai:
e SO phirc w 1a mot hé thiee VIET, ta bién d6i nhuw sau:
o w=((z,+2,) —22z) -2zz; ={(3-2i)" —2(1-5i)}* —2(1-5i)’ =53 +8i =>| w |= 13417

e Vay ta chon dap an A.

v _2 ¢ ¢ 3 - ~ 9 , .z .
Cau 197. (3) Cho so0 phtrc z = lm -, v&oim la tham so6 thyec. Biétrang: z.z =2 . Tat ca cac gia tri
+m—i

cia m sé lan lwot 1a
A. m=-4+45. B.m=1+3;m=1. C.m=0;m=-8. D.m=1-V2;m=2.
Giai:
o T zz =2[z[=2|z]=V2 .

e LAiy md dun cua so phirc z ta duoc:

_ _ =0
o |zl=1" 2', __m=2] :\/§<—>m2—4m+4=2m2+4m+4<—{m
[1+m—i[ J(1+m)* +1 m=-8
e Vay ta chon dap an C.
Cau 198. (3) SO nghiém ctia phwong trinh phitc: 4z° +8|z|F -3=0 séla
A. 4. B. 3. C. 2. D. 1.

Giai:
e Goiz=a+ib, v&iavab lahai s thwc, thay vao phwong trinh da cho ta dwoec:

2ab=0

o M- +2abi)+8(a> +b*)=3=04>12a> +4b> =3+ 2abi=0<>{
12a* +4b>-3=0

NG i3

e Trwonghop 1: Véia =0, suy ra: b:i7—>zl,2 :iT .

1

e Trwonghop 2:Véib=0,suyra: a :J_r% >z, =7t

e Suyra c6 tit ca 4 s6 phirc théa méan bai toan. Viy chon dap an A.
Cau 199. (3) Cho phwong trinh phttc v&i tham s6 thuec m: z° +(2i —1)z° + (m—4i)z—6i +1=0. SO gia
tri cia m dé phwong trinh c6 nghiém thuan thwec la

A. 0. B. 1. C. 2 D. 3.
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Giai:

Phwong trinh c¢6 nghiém thuan thuwc < (z° —z° + mz+1)+i(2z> —4z—6) =0 c6 nghiém thuc.
Khi d6 nghiém thwc zo phai la nghiém cia hé phwong trinh:
22—z +mz+1=0 Q)]

z=-1

z =

222—42—6:0<—>[

Véiz =-1, thay vao (1), suyra: m =-1.
Vé&iz = 3, thay vao (1), suy ra: m =-19/3. Suy ra c¢6 hai gia tri cia m théda man bai toan.

Vay ta chon dap an C.

Céau 200. (3) Cho phuwong trinh phirc véi tham s6 thue m: z° +(i—1)z> +(m+3i)z+2i—3=0. Tich

clia tit ca cac gia tri cia m d€ phwong trinh da cho c6 nghiém thuc sé bang

Giai:

A.75/2. B.15/4. C.20/5. D. 27/25.

Twong tw Cau 199. Phwong trinh da cho & (z° —z* +mz—3)+i(z* +3z+2) =0. C6 nghiém
thuén thyc < ton tai nghiém thwc zo théa man:

22—z +mz-3=0 Q)]

2 z=
z°+3z+2=0¢
z=-2

Véiz=-1, thay vao (1), ta dwgc: m =-5.
Véiz = -2, thay vao (1), ta duwgc: m =- 15/2.
Suy ra tich cta hai gia tri m théa man diéu kién bai toan la: 75/2.

Vay ta chon dap an A.

Cau 202. (3) Cho 4 diém A, B, C, D Ian luot biéu dién cac s6 phitc 1 + 2i; 2 - 3i; 3 +i; 6 + 2i. Trong

cac nhan xét sau, nhan xét sai la

Giai:

A. diém C nam trong tam giac ABD.
B. dién tich tam giac ACD nhé hon dién tich tam giac BCD.
C. trung diém ctia doan AC 1a diém biéu dién sd phirc z = 2 + 3i/2.

D. trong tAm tam giac ABC la diém G = (6;0).

DPay la dang ciu hoi thir tirng dap an va kha cong kénh kién thirc cling nhw thoi gian.
Chuing ta nén xét cac dap an cé ndi dung tir don gidn t&i phire tap, néu gap phai dap an sai thi

dirng lai va chon luén dap an sai dé. Tranh thi Ian lwot dap an, vi d6i khi gap phai cac dap an
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c6 ndi dung phirc tap, yéu cdu mat kha nhiéu thoi gian méi dinh hinh dwoc tinh ding sai.
e Quan sat 4 dap 4n, ta thiy dap 4n C. héi trung diém ctia doan AC dé nhit ta thir trudc:

e Trung diém ctia ACla: z,, = ZAJZFZC = 1+2l;3+l :2+% . (dung)

e Tiép theo t&i dap an D. cling don gian vi yéu ciu tim trong tim cda tam giac ABC:

. :zA+z3B+zC :l+21+2;31+3+1 —2 & G(2;0) (dép 4n sai).

Vay ta chon dap an D. 1a ddp an cua bai toan.

i 2 + 2 - 2
Cau 205. (3) M6 dun ctia s6 phtrc z = \/ﬁ i

x—y—2i\/5
Xy C. \x* + 1 +2xy. D. 1.

X=-y

bang

A X'+, B. |

Giai:

|\/xz+y2 —i\2xy | \/(x2+y2)+2xy _q
x—y=2i | J(x—y) +dny

e Vaytachon dap an D.

e Tacé:|z|=

Cau 206. (3) Giai phwong trinh: z°+|z|=0 sé& dwoc cAc nghiém c6 tdng moé dun tat ca cac nghiém
bang
A. 0. B. 2. C. 1. D. 3.
Giai:
e Goiz=a+ib, v&iavab lahai so thwc. Thay vao phwong trinh da cho ta dwoc:
a=0
b=0

A -b+a*+b* =0 (1)

e Véi b =0, thay vao (1), ta dwoc: a2+\/a_2:0<—>a2+|a|:O<—>a:O—>21:0

2ab=0<—{
o a’—b*+2abi+\a’+b* =0

b=0
e V¢i a=0,thayvao (1), ta duoc: —b2+\/b_2:0<—>b2—|b|:0<—{b +1—>22,3=ii

e Suy ra téng mo dun cla tat ca cac nghiém: |0] + [-i] + [i] = 2.

Vay ta chon dap an B.
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Cau 207. (3) Cho so phtrc z = a + ib. Hé thirc luén dung la

al+]b]

A |z|2|a|+]|b]. B.|z|< C. |z|v2>a|+|b|. D. |z<a|-|b]| .

Giai:
e Haib4tdang thirc tam giacla: |z|Ha+ib|<a|+|ib|Ha|+|b| va:
o |zHa-(=ib)Rla|-|-ibHal|-|b|
e Quan sat 4 dap 4n so v&i hai bt dang thirc trén, thi thdy ngay dap 4n A va dap an D sai roi.
e Con lai hai dap an B va C l1a chwa biét.
e Vay ta thw véi dap an B nitra la du:
e Viduiz=a+ib=1;tlclaa=1vab=0,thayvaoB:

[1+]0]
2

o |I< v li, suy ra dap an B sai.

Vay ta chon dap an cudi cung la C.

Cau 208. (3) Phuwong trinh phitc: z°+72z° —8 =0 c6 s6 nghiém phtrc 1a
A. 6. B. 2. C. 4. D. 3.
Giai:
e Datt=z3 phwong trinh da cho tré thanh:

43 _ 2 _
o 2iT-8-0< l‘—l—z3 o (z 1)(22+Z+1) 0
t=-8=z"(z+2)(z"-2z+4)=0
e D3 tirng lam rit nhiéu, nhin qua la biét phwong trinh cé 2 nghiém thuan thwc va 4 nghiém
phttc day du. Tuy nhién, van két luan phwong trinh cé 6 nghiém phitc.

e Chon dap an A.

Cau 209. (3) Cho s6 phtrc z khac 0 c6 Argument bang ¢. S8 phirci.z c6 Argument 12

p/d V2
A. 2¢. B. p——. C. o+—. D. —¢.
¢ » 5 ®» 5 4

Giai:
e Ap dung congthirc O'le, ta cé: z=|z|e”

LT
i—
2

T T
o j=1.(cos—+isin—)=e ? .Suyra:
( 5 2) y

i i i9+3) N a1
o iz=e?’.|z|€e¥=zle 2—>(gp+5)laArgumentcuasophu’c1.z.

e Vay ta chon dap an C.
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Cau 210. (3) Cho s6 phirc z khac 0 c6 Argument bang ¢. Nhan xét sai 1a?
A. Argument cua soO phtc iz la: go+% .

B. Argument ctia s6 phitc z 1a: —p .

C. Argument cta s6 phirc (-z) la: ¢ +7 hodc p-r.

D. Argument cuia s0 phirc 1/z la: l
®
Giai:

T
=

e ApdungcéngthttcO'le: z=|z|e”; i=e?
fi Az 4 : i i i9+3) . 5 T
o VéidapanA: iz=e?.|z].€e” = z|.e ? — cOArgumentla: g0+5. (dung)

—_— —_— 2 .
e Tacé:zz=z[—>z= = e = % = z|.e"” — c6 Argumentla: —¢. (Dap 4n B dung)
z |zl e

e DPapanC: —z=—|z|(cosp+i.sinp)=|z|(cos(ptr)+isin(p+r))— Argument: ¢+ 7. (dung)

e Ta chon luon dap an D. la dap an cta bai todn (tic 1a c6 ndi dung sai) . That ra Argument cua

s6 phtrc 1/z1a: —¢.

Cau 212. (3) Cho s6 phirc z khac 0 c6 Argument bang ¢. S8 phirc c6 Argument bang 3(p—§ 1a
A. iz. B. z3. C. z3/i. D. -i.z.
Giai:
e Ap dung cong thirc O Le, ta cé:
o z=[z|e” ; i=e? ;—izei(iz)
o iz=e? |z|e? = z| ALY Argument la: go+Z
e 2=z " - c6Argumentla: 3¢

3 e i(3p-2) T
=" =ze ?* — c6Argumentla: 3(0—5.
i

e Vay ta chon dap an C.
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A4

zZ+i Lo 2
-| =1 cotatca

zZ—1

Cau 213. (3) Phuwong trinh phirc: (

A. 3 nghiém. B. 4 nghiém. C. 2 nghiém. D. 1 nghiém.

Giai:
(z+i)’ =(z—i)
e Phuwongtrinhdicho & (z+i)'=(z-i)' & , A ,
(z+0) =—(z=i)" =i"(z—10)

o V6i: (z+i)’ =(z-i)’ <>2iz=0«>2=0.
o Vbi: (z+i) =i"(z-i} o {z+i-i(z-)z+i+i(z—i)} =0 {(1-i)z+i-1} {(1+)z+1+i}=0
o z2=1 hoac z3=-1.
e Suy ra phwong trinh da cho c6 3 nghiém.

e Vay ta chon dap an A.

Cau 216. (3) Cho s6 phirc z théa man hé thire: (1+3i)|z|=2(z+i)—(2—z). Khi d6 gia tri |z| bang
A 4+2V2. B. 2-42. C. 3-+2. D. 3.
Giai:
e Phuongtrinhdacho & (1+3i)|z|=3z+2i-2-(1+3i)|z[+2-2i=3z
e Téiday tamo dun hai vé: |(1430)|z|+2—2i|H3z}=3] z| (2)

e Dit:t=zleR , t>0

e Thay vao (2) ta dwoc: | (1+3i)t+2—2i |=3t | (t+2) +i(3t —2) [= 3t <> J(t + 2)* + (3t —2)* =3¢

e Bién d6i dwa vé phuong trinh: > -8 +8=0—>7=4+22
e Vay ta chon dap an A.

2430

Cau 217. (3) Cho s6 phirc z théa man hé thic: (1+3i) |z |= —=—+3—i . Khi d6 gia tri |z| bang
z

A. 1. B. \2. C.2. D. 3.
Giai:

2430

e Phuongtrinh da cho & (1+3i)|z|-3+i=—=
z

e Dén diy ta mo dun hai vé sé dwoc: |(1+3i)|z|-3+i

L2030, 230 230 ©

2] |z
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|

bat: t=z|eR , t=0.Thayvao phwong trinh (1) suy ra:

230 _ 230

\(1+3i)t—3+i\=T<—>\(t—3)+z(3t+1)|=T<—>\/(t—3)2+(3t 1)° ——<—>IOt +10_t_
12 t* =—4(Loai

O r+l==or+-12=0¢ (Loai) —lz]=3
t P =3c1=-3

Vay ta chon dap an D.

230 120

Cau 219. (4) Cho s6 phtrc z théa man phwong trinh |z - 3| + |z + 3| = 12. Goi gia tri 1&n nhat va gia

tri nhé nhit cta |z| 13 M va m. Khi d6 (M + m+/3 ) bing

Giai:

A.9. B.12. C. 15. D. 10.

Cach 1: Str dung cac bat ding thirc tam gidc va bunhia thuan tay:

Ap dung bat ddng thirc tam giac: 12=z-3|+|z+3[2(z-3)+(z+3)[H2z|=2|z|>|z[<6

_ 3k+3
Diu“="xadyra < z+3=k(z-3)—> k-1 .
lz+3|=k|z-3 > k|z-3|+|z-3|F12>|z- 3|——1
+
k=3—>z=6
Tacé: |z— 3||3’k+3 320, 6 12 k-]
1 k=1 |k=1] |k+1] k= —z=-6

Vay gia tri lén nhat cha |z| = 6 = M.
Viéc tim gia tri nho nhit sé rat phirc tap va phai dwa vé cong thirc dwong trung tuyén két hop

bat dang thirc bunhia....Ching ta nén lam theo cach thir 2.

Cach 2:

Mot s6 kién thirc cin bd sung:

Né&u mot s§ phirc z thdoa man: |z—z |+|z—z,[=2a thi tip hop diém biéu dién né 12 mot
duong elip c6 hai tiéu diém 1a z1 va za.

Co titu cw la: |z, —z, |=2¢ ; ban truclén la ava ban trucnhd 1a b=ja’ —¢

A 5 . . 31 o 5 R Ztz
Tam cda elip khi d6 1a trung diém cta doan z1z2, técla: z, =——=

Két qua str dung cho bai toan nay: Gia tri 1&n nhit cta |z - zo| = a = ban truc 1én. Gia tri nho

nhit cda |z - zo| = b = ban truc nho.
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Xét phwong trinh elip da cho: |z-3| + |z + 3| =12 = 2a.
Hai tiéu diém: z1 = 3 va zz = - 3. TAm cua elip zo = (z1 + z2)/2 = 0.
| - zo| = |z].

Tiéucu: |z1-22|=|3+3|=6=2c —» c=3.

Béan truc dai: a = 6. Ban trucnhd: b= b =~/a® —c2 =~/62 —3? =3./3..
Vay gi4 tri 16n nhit cta |z| 1a M = 6, gia tri nhd nhit cda |z| ;A m = 34/3.

Suy ra: (M + m\/g) = 12. Vay ta chon dap an B.

Cau 220. (4) Cho s6 phtrc z théa man phwong trinh |z - 1| + |z + 7| = 12. Goi gia tri 1&n nhat va gia

tri nhé nhat cia |z + 3| 14 M va m. Khi d6 (M + m) bang

Giai:

A. 12. B. 24. C. 16. D. 18.

DPay la phwong trinh elip cé hai tiéu diém: z1 = 1; zz = -7. Ban truc dai la a = 6.
Suy ra tam cua elip: zo = (z1 +2z2)/2 =-3.

Tiéu cu: 2c = |z1 - 72| = |1 - (-7)| = 8. Suy ra ban tiéu cu: c = 4.

Ban truc nhé: bh=+/a® —c? =J62 —4> =2./5.

Gi4 tri 1én nhét cia |z - zo| 1a: M = a = 6; gia tri nhd nhét ca |z - zo| 1am = 24/5.
Suy ra: (M + m+/5) = (6 + 10) = 16.

Vay ta chon dap an C.

Chuing ta ciing c6 thé lam theo cac dang bAt dang thirc

Cau 221. (4) Cho s6 phirc z théa man phwong trinh |z - 2 +i| + |z + 4 - 5i] = 12. Goi gi4 tri I&n nhit

va gia tri nhé nhat cta |z + 1 - 2i| 1a M va m. Khi dé (M + 2m+2 ) bang

Giai:

A. 6. B. 18. C.12. D. 24.

|Zl—22|=|2—i+4—5i|=3\/5

Ban tiéu cu: ¢ =
2 2

Bén truc dai: a = 6. Ban truc nhé: b =4ja> —c® =/6° —=(3v2)? =32

Suy ra gia tri max cda |z - zo| la M = 6, gia tri min la: 342 . Gia tri ciia (M + 2m+2 )=12.
Vay ta chon dap an B.
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Cau 222. (4) Cho pt d6i xirng bac 6: z°+2015z° +2016z* +2017z° +2016z° +2015z+1=0 cé cac
nghiém lan lwot 1 z1, 22, 23, 24, Z5, Ze. Gid tri: T = (27 +1)(z5 +1)(z7 +1)(z; +1)(zZ +1)(z; +1) bdng

A. 20132, B. 20142 C. 20152 D. 20162
Giai:
e Ap dung VIET cho phwong trinh bic 6, tich 6 nghiém: 2,2,2,2,25Z¢ =1

e Bién ddi biéu thirc cia T nhw sau:

2+l z +1 Z3+1 z +1 ZS+1 ze+1

° T:ZIZ2Z3Z4ZSZG( )( )( )( )( ) )
6
1
o T=(+)( +—)(23 +—)(Z4 +_)(Zs +_)(Ze +—) (2)
Z z, Zy z, Zy Z
e Bién ddi phwong trinh bac 6 da cho bang cach chia hai vé cho z3, ta duoc:
o 23+201522+2016z+2Ol7+2016.l+2015.%+%:0
z z z
.1 , 1 1
e & (z+—)+2015(z" +—)+2016(z +—)+2017=0 (3)
z z zZ
.. 1 2 1 2 3 1 3
e batanphuw:it=z+—->z+—=t"-2; 27 +—=t -3t
z z z

e Thay vao phwong trinh (3) ta dworc:
o (£ =31)+2015(t*-2)+2016¢+2017=0 <> +2015¢* +2013t—-2013=0
e Né&u goi 3 nghiém ctia phwong trinh (4) la t1, t2, t3 thi ta c6: titztzs =-d/a = 2013

N S s 1A s 1 1 1
e Neé&u goi z1 va z4 1an lwot Ia hai nghiém cua phwong trinh: z+—=t, >z, +—=¢, ; z, +—=¢
z zZ, Z,

s T S Tt e Ay (o : 1 1 1
e Goizzvazslan lwot 1a hai nghiém cua phwong trinh: z+—=¢, 5>z, + —=1t, ; z;+—=¢,
z

% Zs
s T S s o viA s 1 1
e Goiz3vaze lan lwot la hai nghiém cua phwong trinh: z+—=¢t, >z, +—=1¢, ; z, +—=1¢,
z z, Z

e Thay tit ca vao biéu thirc cia T & (2), ta sé dwoc: T = (titzts)2 = 20132

e Vay ta chon dap an A.

Cau 223. (4) Cho pt d6i xttng bac 4: z* +22° +122* +2z+1=0 c6 cac nghiém lan lwot 1 z1, z2, 23, 74
Gid tri: T = (z] +1)(z; +1)(z5 +1)(z; +1) bang

A. 64. B. 81. C. 100. D. 144.
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Giai:
e Tuwong tw ciu 222, nhwng & ciu nay la d6i véi phwong trinh bic 4, don gian hon nhiéu.
e Tich 4 nghiém theo VIET: z1z2z3z4 = 1.
e Bién ddi biéu thirc T bang cach:

(le +1) (222 +1) (Z; +1) (Zf +1) _

zZ z, Zy z,

o T=zzzz,

1 1 1 1

(z,+ )z +— Nz + )z, +—) (1)
z, z, z, z,

e Bién do6i phwong trinh déi xirng bac 4 nhu sau:

o z'427 4127 +22+l:0<—>22+22+12+2+i2:0<—>(22 +i2)+2(z+l)+12:0
Z Z z Z

oy 1 1 R . R
e DPatdn: r=z+——z’+— =" -2 .Thay vao phwong trinh trén ta dwoc:
z z

o (P-2)+2t+12=01>+2t+10=0

e Goi t1 va tz Ia hai nghiém cua phwong trinh trén thi ta cé: titz = 10.
1

T S - 1 1
e Goizivazslahainghiém cia phwong trinh: z+—=¢ >z +—=¢ ; z; +—=¢
z z, Zy

R TP s 1 1 1
e Goi zz va z4 1a hai nghiém cua phwong trinh: z+—=¢, >z, +—=¢, ; z, +—=¢,
z z, Z,

e Thay vao biéu thirc cua T & (1), ta dwoc: T = (tit2)2 = 102 = 100.

Vay ta chon dap an C.

Cau 224. (3) Cho hai s6 phirc z va w sao cho hé thirc xac dinh: i+ 2 = 3 va |z| = 2. Khi
2z z+w  z+3w

d6 md dun |w| c6 gia tri nhé nhat twong ing bang

A.w. B.ﬂ. C. 247 -5. D. 2.7 +5.

Giai:
e Bai to4n nay nhin qua la dang phwong trinh dang cp roi, ta chi viéc bién d6i dwa vé dang co
ban nhw sau:

2
w w

o O (z+wW)(z+3w)+22z(z+3w)=3.2z(z+ W) © 3w +10zw—z" =0 > 3—+10—-1=0
z z

w —5-27 w._ —5-27 5+2J7 10+447
—=THI—I=I 3 = 3 %IWI=T

e Suyra: z
w5427 w, =5+247, 2J7-5 4J7-10
—=——>|—H = SlWlE——
z 3 z 3 3 3

e Suyra|w|nhd nhitla: |w|= @ Vay ta chon dap an B.
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Cau 225. (3) Cho hai s6 phirc z va w sao cho hé thirc xac dinh: l+£ = 2 va |w| = 2. Khi d6 md
Z W Z+W

dun |z| twong (rng bang

A.2. B. 4. c.\2 . D. 2./3.
Giai:
e Van la phuong trinh ding cip cta z va w.
2

e Pt& w(z+w)+22(z+w)=22w<—)222+Zw+w2=0—>2Z—2+i+1:O
wow

J7 1 V7.1 1

e Suyra: iz—%i—i—)|i|=|——i—i|=——)|z|=|W|.—=\/§
w

4 w4 4 2 V2

e Vay ta chon dap an C.

’ I 1 2
Cau 226. (3) Cho hai so phtrc z va w sao cho hé thirc xac dinh: —+—=

Z W Z+3w

va |w| = |z| - 2. Khi

d6 md dun |z| ndm trong khodng dung la:
A. 4<z[|<5. B. 5<z[<6. C. 2<z[<3. D. 1<z[<2.
Giai:
2

e Phuong trinh & w(z+3w)+z(z+3W) = 2zw <> 2> + 22w + 3w’ =0 > 32—+ 2 4+1=0
z z

e Kéthop gia thiét suy ra: |w =2 = 2|2 —| z |=3++/3. Vay ta chon dép 4n A.

NE)

Cau 227. (3) Cho phwong trinh bic 2 véi a va b 1a hai hé s6 thwc: z2 + az + b = 0. Phwong trinh c6 hai
nghiém lan lwot la: (w + 3i - 5) va (2w + 3 - 2i). Tich cta phin thwc va phan 4o ctia s6 phirc w ¢
gia tri twong &ng bang
A.8/3. B. 14/2. C.30/4. D. 1/5.
Giai:
e D3 biét mot phwong trinh phirc véi cic hé so thwce thi luén ton tai mot cap nghiém phic lién
hop. Mot phwong trinh bic 2 véi cac hé s6 thwe, néu c6 nghiém phirc thi n6 ton tai mot cap

nghiém lién hop.
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Suy ra: 2w+3-2i=w+3i—-5=w —-3i-5c2w—w =—8—i

e Goi w=x+1iy, thay vao pt trén ta dwoc:

x=-8

o 2(x+iy)—-(x—iy)=—8—-i<>x+3iy=-8-i—> 1
y=-z

3

’ . . 8
Tich s6 cua phan thuec va phan dociaw la: x.y = 3 Vay ta chon dap an A.

Cau 228. (3) Cho phwong trinh bic 2 véi a va b 1a hai hé so thwc: z2 + az + b = 0. Phwong trinh c6 hai
nghiém Ian lwot1a: (w +i-2) va (3w + 1 - 3i). M6 dun |w| bang

A.@. B. 10. c. V10 . D.@.

3
Giai:

e Twong tw cau 227, ta c6 dwoc:

o 3wHl-3i=w+i-2=w —i-2<3w—w =-3+2i

e Goi w=x+1iy, thay vao phwong trinh trén ta duoc:

3
x=—=
o 3(x+iy)—(x—iy) = —3+2i <> 2x+diy = —3+2i > 12
y=§
3, 1, Ao
e Suyra: |w|=,[(—=) +(=) =—.
yra: [w| (2) (2) 5

Vay ta chon dap an D.

Cau 229. (3) Cho biét z = a + ib, v&i a va b 1a hai s thuc khac 0. Goi z* = ag + ibo. Gia tri nho nhit cia

ao/b* bang
A.-8. B. 0. C.-12. D. -4.
Giai:
e Cachi1:

e Goi dang lwong giac cua so phic: z = |z|(cose + i.sing) ; trong d6 a = |z|.cosp va b = |z|.sin¢.
e Khi dé: z* = |z|*(cos@ + i.sin@)* = |z|*(cos4e +i.sind@)
e Trongdo: ao=|z|*.cos4@ va bo=|z|*sinde

4
e Suyratiso: a_2:|z|4.c?sf§0:Cf)Sf(0:f(¢)
b |z|".sin"@p sin" @
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_ . . 4 _ . 3 . X
e Paoham: f(p)= 4sin4psin” ¢ .COSS 4¢.(4sin” pcos ) _ 408 4¢cos?n: sin 4@ sin ¢
sin- ¢ sin” ¢
° f'(¢):_4 COS(‘A"(SD_(D) 4COS3(D 0> (D:iz
sin” @ sin’ @ 6
oS 4(£)
” 6
e Thayvaoham: f(+—)= — = -8
sin* (%)
e Vay ta chon dap an A.
e Cach 2: Khi ta bién déi téi: b—g €0S49 _ f(p) c6 thé thay dap 4n va bim SHIFT SOLVE
in ¢

e Lanlwot tir dap an c6 tri s6 nho nhit ta co:

e Dipan Ccé: Z—g cos 4(p = f(¢)=-12.Khi bAm SHIFT SOLVE tra vé v6 nghiém (can’t solve)
in‘ ¢
. .. a, Ccos 4(p
e Dap an A cé: 7 =— = f(¢)=-8. Khi bAm SHIFT SOLVE tra vé nghiém. Ttc la c6 gia tri
sin®

clia gc @ dé cho gia tri cia biéu thitc ap/b* nhé nhat bang -8.

Vay ta chon dap an A.

Cau 230. (3) Cho biét z = a + ib, v&i a va b 1a hai s6 thwc khac 0. Goi z3 = ag + ibo. Gia tri nho nhit cia

bo/b3 bang
A. 0. B. - 4. C.-1. D. -2.
Giai:
A . b, sin 3(0
e Twong tw cau 229, ta c6 duwoc: e =— = f(p)

e Dén diy cb thé sir dung dao ham nhw da biét. Tuy nhién, & bai tip nay ta st dung phwong
phap lwong giac don gian:

b, sin3p

b sin’g

3sinp—4sin’p 3

_4x3 4o

=f(p)= —
sin” @ 1

sin’ @
b, sm 3gp
sin’ @

e Suy ra gia tri nhé nhat cia —% = f(p) la:-1.Vay ta chon dap an C.

Cau 231. (4) Cho phwong trinh bac 4 hé s6 thwc: z* + az3 + bz2 + cz + d = 0. C6 3 nghiém phirc lan
lwotla: (w+1i), (2w + 3i), (3w - 2i + 2). Nghiém con lai ctia né khéng thé 1a gia tri nao dwdi day?

A —1+2 B. 1-2i. C. —2-2i D. 3-2i,
4 4 2 4
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Giai:
e Ap dung tinh chdt: mot phwong trinh c6 cac hé s§ thuc thi ton tai cac cdp nghiém phirc lién
hop nhau. Pat: z1 =w +1i; z2 = 2w + 3i; z3 = 3w - 2i + 2 ; z4 chwa biét.

¢ Nhuw vay, trong 3 nghiém da cho c6 mét cap nghiém la lién hop cda nhau, ta cé 3 trueong hop:

=z, 3w-2i+2=w+i=w —i 3w—w =—2+i

o 3cipnghiémliénhop: |z, =z, —|3w-2i+2=2w+3i=2w—3i —> | 3w 2w =-2—]

1 =% 2w+ 3i=w+i=w —i 2w—w =-4i

e Goiw =a +ib, thay vao cac trweong hop trén, ta dwerc:

1
a=-l;b=—->w=-1——
=z, [3a+ib)—(a—ib)=—2+i [2a+4ib=-2—i ‘1‘
e |z;=z,>|3(a+ib)-2(a-ib)=-2-i—>| a+5ib=-2-i —> a:—2;b:—§—>W:—2——

z, =2, 2(a+ib)—(a—ib) =—4i a+3ib =—4i
4.
a=0;b =—§—>w=—§z

e Tasuyranghiém con lai nhw sau:

wel-t s o T S hwasi=2w —3i= 21+ Dy 3i=2 -2
4 4 2

z,=2
3 1 . .
i - - — . i 3.
® |z,=2z,> w:—2—g—)z4zzlzw+z:w—l:—1+——z:—l—zl
z, =2

w:—%i—>z4 =z_3=3w—2i+2=3?+2i+2=3(—1+i)—3i=—3—%i

¢ Quan sat ki cac dap an ta chon dap an A.

Cau 232. (3) Cho s6 phirc z théa man: |z - 3 +i| = 4 va dong thoi P = |z - 2i + 1| dat gia tri nhé nhét.

Mo dun cua s6 phirc w = (2z + i) twong irng bang

J365 310 D 5J17

A.T. B.T. C. 20. 5
Giai:
e SO phirc théa méan |z - 3 +i| = 4 la dwong tron (C) c6 tAm: zo = 3 - i va ban kinh R = 4.
e Biuthtc:P=|z-2i+1|=|z-2z1] ;trongdbzi = -1+ 2i.
e Bai todn yéu ciu gia tri cia biéu thirc P nhé nhit <> z; nam trén (C) sao cho z; gan z1 nhit:

R R
Nz, —z) > z,=z,+(1-
|2y =2 | |2y =2 |

e z, -z =(-

)(Zo - 21)

|z, — 2, |5 3—i—(~1+2i) |5 4-3i|=5
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e Suyra:z,=z +(1-

)z, —zl)=—1+2i+(l—§)(3—i—(—1+2i))=—%+%i

V365

o Khidoé: |w| =2z +i]| =] 2(—%+%i)+i\=T. Vay ta chon dap an A.

|2y — 2|

Cau 233. (3) Cho so phirc z théa méan: |z - 1 + 2i| = 4 va dong thoi P = |z - i + 3| dat gid tri 1&n nhit.
Phan thuc cta s6 phirc w = (iz + 3) twong &ng bang

A.ﬁ. B. 34. C. 1730. D. 1810

5 5 5

Giai:
e Tuwong tw bai toan trén. Tam dwong tron: zo = 1 - 2i. SO phlrcza = -3 +1i

e Biéuthc: P=|z-za|lé6n nhat & z=2z, xa za nhit. Khi do:

° ZZZZA+(1+L)(ZO—ZA)
|2y — 2,
e Trongd6:R=4; |z,—z,|=|1-2i+3-i|=]4-3i|=5

V1810

5

e Suyra: 22=—3+i+(1+§)(1—2i+3—i)=—%—25—2i—>|w| =|iz+3 i(—%—

22
—i+3|=
5) |

Vay ta chon dap an D.

Cau 234. (3) Cho s6 phirc z théa min: |z - 1| = |z - 3i| (1) va dong thoi P = |z - 2i| nho nhit. M6 dun
clia sd phitc z twong (ng bang
A.6. B. 2./3. C. 2. D. 4.
Giai:
e Day la bai toan tim s6 phitc zu ndm trén dwong thing A biéu dién béi phwong trinh da cho
sao cho khodng cach tir n6 dén s6 phic: za = 2i nho nhat <> zyu 1a hinh chiéu vuéng goc cia za
1én dwong thang A.
e Duodngthing A: Tir phwong trinh (1) & (x-1)2+y2=x2+ (y-3)2x-3y+4=0 (A)
e Taditim hinh chiéu vudéng géc M clia diém A = za = 2i = (0;2) 1én dwong thang A:

e GoiM = (3m - 4;m) nam trén A. Suy ra: m=(3m—4;m—2) va VTCP cua A: ﬁ;:(3;1)
ATz - 7 17

e Suyratich vo hwdng: AM.u, =0<—>3(3m—4)+1(m—2)=0—>m=§—>M=(—§;§)

e Suyra:|zm| = |—%+%i|=\/§ .

e Vay ta chon dap an C.
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Cau 235. (3) Cho s6 phirc z théa méan: |z - 1| = |z - i| va dong thoi P = |z - 2i| + |z + 3i + 4| nhd nhit.
Mb dun cta s6 phitc z twong (rng bang
A.2. B. 2.2. C.5. D. 32.
Giai:
e Phuong trinh dwong thang duoc xac dinh: (x-1)2+y2=x2+(y-1)2 & x-y=0 (A)
e GoiA=z5=2i=(0;2); B=2zp=-4-3i=(-4;-3). Suy ra: P = MA + MB. Trong d6 M nam trén A
e Dén day dwa vé bai toan co ban cip 2.
e Xét xem hai diém A va B c6 cung phia so v&i A khong: (xa- ya)(xs-ys) = (0 - 2)(-4 + 3) > 0.
Nhan thdy A va B cung phia. Nhw vy, ta phai 14y A’ d6i xtirng véi A qua dwong thang A.

A

e Goi H 12 hinh chiu vudng géc cta A 1én dwong thing A: H(h;h). Suy ra: AH = (h;h—2) ; VTCP
ctia duong thang Ala: u, = (1;1) > AHu, =1(h)+1(h—=2)=0— h=1— H(1;1)
e Diém A’ d6i xirng véi A cd toa do: A’ = (2;0)

e Phuong trinh dwong thing A'B 1a: = t4_y+3 —>x-2y-2=0
2+4 043
. . . -2y-2=0 =-2
e Diém M la giao ciia duwdng thang (A’B) va duwdng thang A: {x Y 0 - {x 5
X—y= y=-

e Suyrasdphtcizv=-2-2i -|z, |5 -2-2il= 242
e Vay ta chon dap an B.

e (O thé vé hinh phac hoa sé 1am nhanh hon rat nhiéu nhw da trinh bay tw lun & trén.

Cau 236. (3) Cho s phirc z théa man: |z - 3i| = |z - 3|. Gid tri nho nhat cta P = |iz - 2| + |z - 2i + 1|
twong (rng bang
A. 0. B. J17. C.2. D.3.
Giai:
e Bién ddibiéuthtrc: P=|i(z+2i)| +|z+1-2i|=|z+2i|+|z+1-2i|=|z—z, |+|z—z, |

o GOoiA=zp=-2i;B=zp=-1+2i.
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Phwong trinh dwong thang < |z - 3i| - |z - 3| =

Xét tinh cung phia va khac phia ctia AB so v&i dwdng thang A nhw sau:
(lz,-3i|-|z,-31).(lzy =3i|-| z; —3]) < 0 > A va B nam khac phia.

Dén day sé c6 hai cach lam déu nhanh nhw nhau.

Cach 1: Ta c6 thé ap dung bat dang thirc tam giac:
P=|z+2i|+|z+1=2i|=|z42i|+|-z—=1+2i|>|z+2i—z—1+2i|=+/17

Vay suy ra gia tri nhé nhat Pmin = V7. Vay ta chon dap an B.

Céch 2: Ta c6 thé 1am ddc doan tw duy 13 cho ludn Ppin = doan thing AB = |za - zs| = /17 ..

Cau 237. (3) Cho s6 phirc z théoa man: |z + 2i| = |z + 1|. Gia tri 1&n nhit cta biéu thirc: P = |z - 2i| -

liz - 1| twong ing bang

Giai:

a 70 g, 310, ¢, Y230, p. Y110,
5 2 6 3
Bién do6i: P=|z—-2i|-|i(z+i)|=|z-2i|—|z+i]
Goi A = zp = 2i = (0;2) ; B =z = -i = (0;-1). Khi d6: P = MA - MB. Ycbt dwa vé dang bai toan
nang cao co ban & Oxy. Tim diém M thudc dwong thang A cho trwéc sao cho hiéu khoang
cach P = MA - MB 16n nhit.
Duongthing A:x2+ (y+2)2=(x+1)2+y2 & 2x-4y-3=0 (A)
Xét tinh cung phia va khac phia ctia A va B so véi dwong thang A.
(2.0-4.2 -3)(2.0 - 4.(-1) - 3) < 0. Suy ra A va B khac phia nhau.
DAy 1a dang bai tim hiéu khodng cach lén nhit tir mot di€ém nam trén mot duwdng thang dén
hai diém cho trwéc. Ching ta phai lam ngwoec lai véi bai toan tong khoang cach.
Ta phai tim diém A’ ddi xtirng vdi A qua dwong thang A, d€ A’ va B cung phia v&i nhau.

Goi H= (4 Lﬁ) 12 hinh chiéu vudng goc cta A 1én duwdng thing A.
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2h—-11

. Fl:(h;T) . u, =(42) . Tich v6 hwéng: E@:o»mu(zh_” 1

)=0—>h=
10

e Toadb diém H= (%;—%) .Suy ra diém A’ d6i xirng vdi A: A’ = (%;_?12)

V170

e Gia trilom nhit: Pmax=A’'B = |za' - zg| = — Vay ta chon dap an A.

Cau 238. (3) Cho sO phirc z théa man: |z +i| = |z+ 3| . Gid tri lén nhdt cGa P = |z - 4i + 1| - |z + 3|
twong tng bang
A.5. B. 6. C. 276 . D. 2./5.
Giai:
e Phuong trinh dwong thang A: |z +1i| - |z + 3| = 0.
e DifmA=-1+4i=2zs;diém B =-3 =zg. Biéu thitc: P = MA - MB.
e DE& xét tinh cing phia cua hai diém A va B so véi duong thing A, ta thay za va zg vao biéu
thiec: (|za +1i| - |za + 3|)(|zs +1i| - |z + 3|) > 0. Suy ra A va B cung phia.
e Ta c6 thé 4p dung ngay duoc bat dang thirc tam gidc nhu sau:
o Pelz—4it+l|-|z+3[z—di+1-z-3]=|-4i-2 =20 =25
e Suy ra gia tri 16n nh4t ctia P 13: Pmax = 24/5 .

e Hoic ta c6 thé tinh 1udn Pmin = AB = |za - z8| = 24/5.

Vay ta chon dap an D.

Cau 239. (3) Cho s6 phtrc z théa méan: |z - 2 + 3i| = 5. Gid tri I6n nhit cta: P = |z -i|2 - |z + 3|2
twong rng bang
A.18. B. 211-12. C. 510 -14. D. 4/10-10.

Giai:

e Day khong phai dang biéu thirc ti cw vi: (¢ +f+y+...)=0

e Goiz=a+ib, thay vao biéu thic:

o Pojz—if —|z4+3P=(a*+(b-1)")—((a+3)* +b*)=—6a—2b—8 (1)

e Phwong trinh dwong tron di cho: (a—2)> +(b+3)* =25 (2)

e Dung BDT BUNHIA danh gia khéo 1éo nhw sau:

Ba=2)+(B+3) <O+Di(a—=2)" +(b+3)*1=10.(25) > =510 < 3(a—2) + (b +3) < 5410

e Suyra: —5J10-14<P=-6a-2b-8=-2{3(a—2)+(b+3) —14 <510 -14
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a-2 b+3

e  Gid tri 16n nhat 1a: Poay = —>a-3b=11 (3)

e Két hop hai diéu kién: {

—6a—2h—8=5J10-14 {a=
_)

a-3b=11 b=

e Vay ta chon dap an C.

Cau 240. (3) Cho so phirc z thoa man diéu kién duwdong tron: |z - 4 + 4i| = 3 va dong thoi biéu thirc: P

=|z-1i|2-2|z+ 3|2 + 3|z + i + 2|2 dat gi4 tri nhé nhat. M6 dun cla s8 phitc z twong ing bang

V205 V185 V177

A.5. B. ——. cC. —. D. ——.
5 5 6

Giai:
e DAy la dang bai toan cho biéu thirc chira tAm ti cw dd dwoc trinh bay kha ki & phan i thuyét
nang cao.
1() ~2(=3) +3(=2-1) _
1-2+3

e Goiznlatamticy, suyra: z, =

e Ycbt ¢ tim zm nam trén dudng tron (C) biéu dién béi: |z - 4 + 4i| = |z - zo| = 3 sao cho né
gan zy nhat ?

e (Cong thirc tinh nhanh:

R 3 8 11
o z, =zy+(l-——"-)(z,—zy)=—+(l-——)d-4i+i)=———i
w =2y +( |ZO_ZN|)(0 v) ( |4_4l.+l.|)( ) =573
11, 185
e Suyramondun: |z| = |——?z|— 5

e Vay ta chon dap an C.

Cau 241. (3) Cho s6 phirc z thoa man diéu P = |z - 2|2 + 2|z + 3i|2 + 2|z + i - 1|2 = 2018. Quy tich
diém M biéu dién s6 phirc z 1a

A. duong tron c6 tam 1(4/5;-8/5).

B. dudng elip c6 tiéu cw bang 5.

C. duong tron (C) c6 tam 1(3;-4)

D. dwong thang A c6 phwong trinh: x + 2y + 2 = 0.
Giai:

e Dayla dang bai toan cho quy tich la dwong tron c6 tam dang la tam ti cw ciia hé thirc véc to:

1230420 4 8, e g A
1+2+2 55
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Cau 242. (3) Cho sé phtrc z thdoa man diéu P = |z - i|2 + 3|z - 2i|2 + |z + 2i - 5|2 = 2018. Quy tich diém

M biéu dién s6 phirc z 1a

Giai:

A. duwong tron (C) c6 ban kinh R = % .

B. dwong elip c6 tiéu cu bang 2018.
C. duong tron (C) c6 ban kinh R = /2018

D. dwong tron (C) c6 ban kinh R = ? .

Dby 1a bai toan quy tich tAm ti cw. Ta c6 tAim dwong tron 1a s6 phirc zy trung véi tim ti cu:

 _LO+3.20+1.(5-2)

1+
N 1+3+1

2018——qu-—iF-+3|zN-—2iF-+|zN-+3i—5|?)__ 1979
1+3+1 5

Ban kinh dwong tron: R = \/

Vay ta chon dap an D.

Cau 243. (3) Cho s6 phirc z théa man diéu P = |z - 3 + 2i|2 - 3|z - 1|2 + 3|z + 2i - 1|2 =2019. Quy tich

diém M biéu dién s phirc z 1a

Giai:

A. duong tron (C) c6 phwong trinh: x2 + (y + 11)%2 = 2019.

B. dwong tron (C) ¢6 phwong trinh: (x - 3)2 + (y + 8)2 = 2067.
C. dwong tron (C) c6 tAm 1(0;3) va ¢6 ban kinh R = +/2019

D. dwong tron (C) c6 tdm I(-5;1) va c6 ban kinh R = 209.

1.3-20)-3.()+3.(1-2i)
1-3+3

Tam ti cu trung v&i tam cua dwong tron: z, = =3-8i

.2 2 . 2
Ban kinh duong tron: R:\/2019 (zy =3+2] 13£ZN3 WP 3lzy +2i10) _ ;2067
-3+

Vay ta chon dap an B.

Cau 244. (3) Cho s6 phirc z biéu dién dwong cong: |z - 3| + |z + 3] = 10. Goi b6én diém A, B, C, D 1a

b6n diém biéu dién 4 s6 phitc z théa min diéu kién da cho. Biét rang tir gidc ABCD c6 hai duwdong

chéo AC va BD vuéng géc véi nhau. Dién tich 1é6m nhat cta ti gidc ABCD 1a

A. 30. B. 50. C.90. D. 40.
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Giai:
[ ]

bay la bai toan elip co badn nhat. Ban truc dai: a = 5. Ban tiéu cu: ¢ = 3. Ban truc nho:

b:\/a2—02 =\/52—32 =4,

Dién tich 1&'n nhat cia mot tir gidc noi tiép elip la: Smax = 2ab = 2.5.4 = 40.

Vay ta chon dap an D.

Cau 245. (3) Cho s6 phirc z biéu dién dwong cong: |z - 3| + |z + 3] = 10. Goi b6én diém A, B, C, D 1a

bén diém biéu dién 4 s6 phitc z théa man diéu kién da cho. Biét rang tir gidc ABCD c6 hai duong

chéo AC va BD vudng géc véi nhau. Dién tich nhé nhat cta t& giac ABCD la

Giai:
[ ]

A.1600/41. B. 40. C. 1540/37. D.2017/41.

Twong tw cau 244. Elip cé ban truc dai: a = 5; ban tiéu cy: ¢ = 3 ; ban truc nho: b = 4.
Dién tich nho nhit cua tir gidc (c6 hai dwong chéo vudng géc) noi tiép elip la:

_4d’h’ 4(57.(4) 1600
™2 abr (5P +(4)? 41

Vay ta chon dap an A.

Cau 246. (3) Cho s6 phirc z théa méan: w = (z + 2i - 3)( 2z + i - 4) thuin thuc. Quy tich diém biéu

dién s phirc z 1a

Giai:

A. duong tron (C) c6 tam O ban kinh R = 5.

B. duwong thing d c6 phwong trinh: 4x +y - 13 = 0.
C. dwong thang d c6 phwong trinh: 5x + 2y - 11 = 0.
D. duong thang d c6 phwong trinh: x + 2y - 6 = 0.

W=2272 +(i—4)z+(2i—3)27 + (2 =3)i—-4)=2 |z [ +(i—4)(a +ib) + 2(2i —3)(a—ib) +10—11i
Thuan thuc < phan 4o bang 0
Xét nhanh phan do: i(a—4b+4a+6b—-11)=i(5a+2b-11)=0—>5a+2b—-11=0
Vay quy tich diém biéu dién s6 phirc z 1a duwdng thing: 5x + 2y - 11 = 0.
Vay ta chon dap an C.
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Cau 247. (3) Cho s6 phitc z théa man: (2z+i—2)(z —1)thuin thwc. Quy tich diém biéu dién s6

phirc z twong &ng la

Giai:

A. duong thang d c6 phwong trinh: x -y -1 = 0.

B. dwong thang d c6 phwong trinh: x - 1 = 0.

C. duong tron (C) c6 phwong trinh: (x - 2)%2 + (y + 3)2 = 16.
D. dwong thang d c6 phwong trinh: 4x -y - 11 = 0.

Tacd: 2z+i—-2)(z —1)=2z.2z =2z+(i-2)z —i+2=2|z[ =2(x+ip)+(i—=2)(x—iy)—i +2
S8 phirc thuin thuwc nén ta chi xét téi phan 4o bang khong:
i(2y+x+2y-1)=i(x-1)=0—->x-1=0

Suy ra quy tich diém biéu dién s phtrc z 1a dworng thdng: x - 1 = 0.

Vay ta chon dap an B.

Cau 248. (3) Cho s0 phirc z théa man: |2iz + 4 - 3i| = 6. Goi M va m lan lwot 1a gia tri 1én nhat va nho

nhat cua |z|. Khi d6 |M + 2mi| c6 gia tri twong &rng bang

Giai:

A. # B. 10. C. 542, D. 3J6 .

DPay l1a bai toan tim diém trén dwdng tron sao cho moé dun ctia né MAX va MIN.

Phwong trinh duwong tron: | 2i(z +

4_3

3 6] 21| | 22— 2= 65| 2> —2i =3
2i 2 2
Duong tron cé tam: z, = %+ 2i vabankinh: R = 3.

Gia tri lén nhét cta |z| la: M =z, |+R =|%+2i | +3 =1—21

Gia tri nho nhét cta |z| la: m=| R—| z, |5 3—|%+2i|]:%

5v5

Suy ra: |M+2mi|:|— 2— |——

Vay ta chon dap an A.
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Cau 249. (3) Cho s6 phitc z théa mian: |z - 3i + 4| = 10. Tap hop diém biéu dién s§ phirc w = (2 +
3i)z - 12 twong rng la
A. dwong thang d c6 phwong trinh: 2x + 3y - 12 = 0.
B. duong tron (C) c6 tam I = (-4;3).
C. duong tron (C) c6 tam I = (-11;06).
D. dwong tron (C) cé tam I(-29;-6).
Giai:
o Tacéd:(2+3i)z=w+12.
e Bién do6i phwong trinh dwong tron nhw sau:
o |z-3i+4]=10 | 2+3i|.|z=3i+4|=2+3i|.10 ©| (2+3i)z+ (2 +3i)(4—3i) = 104/13
o & |wH2+17+6i|=10V13 <3| w+29+6i |=104/13 .
e Suyratam cua duwdngtronlal = (-29;-6).

e Vay ta chon dap an D.

Cau 250. (3) Cho s6 phitc z théa man: 4|z|+4iz=9-3z. Tich s6 cia phan thwc va phan do cta s
phtrc z twvong &ng la
A. 20. B. -20. C.12. D.-12.
Giai:
e Phuwongtrinh & 4|z |-9=—(3+4i)z.Dén diy, ta md dun hai vé sé dugc:
o |4]|z]|-9/H-(B+4i)z|=5|z]|
e Dit: t=[z[>0 ; t € R . Thay vao phwong trinh trén ta dwoc:

4t -9 =5t —>t=-9 (loai)

o [4t-9]=5t<>
44-9=-5t—>t=1 (TM)

e Thay t =1 vao phwong trinh ban diu ta dwgec:

o 41+4iz=9-3z>z(3+4i)=5—>z= > =3-4j
3+4

e Suy ra: tich s6 phan thwc va phan do ctia s6 phirc z 1a: (3)(-4) = - 20.

e Vay ta chon dap an B.

z—1
|z-1]

Cau 251. ( 3) Tap hop diém biéu dién s phirc: w = 1a

A. dudng tron tAm O va c6 ban kinh bang R = 1.
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B. duwong thing d c6 phwong trinh: x + y = 0.
C. dwong tron tAm I(1;0) c6 ban kinh bang R = 1.
D. dwong tron 1(0;1) va c6 ban kinh R = 1.
Giai:
e Tur phwong trinh ban d4du ta mé dun hai vé sé dwoc:

z-1  |z-1]
o wo =i
[z—1] |z-1]

1. Vay ta chon dap an A.

Cau 252. (3) Cho hai s6 phtrc z1 va z2 théa man: |z1| = 2, |z2| = 3, |2z1 - 3z2| = 5. Gia tri |3z1 + 47|
twong ing bang
A. 15. B. 25. C. 18. D. 24.
Giai:
e Cach 1: DPai so c6 dién thuan tdy va kha dai
e Chung ta c6 thé goi z1 = a1 + ib1 va z2 = az + ib2 r6i thay vao 3 gia thiét ban dau. Tir d6 tim ra
dwoc két qua bai toan:
o |z=2—a bl =4;|z =35 al +b7 =9
o |2z-3z =5 (2a, —3a,)~i(2b, —3b,)|=5 - (2a, —3a,)? +(2b, —3b,)* =25 —

o Mal+b2)+9(ad+b3)—12(a,a, + b b,) =25 4(4)+99)—12(a,a, + b b,) =25 > a,a, + b b, =6

o Suyra: P=|3z +4z, |5 (3a, +4a,)+i(3b +4b,)|=+/(a, +4a,) +(3b, +4b,)’

o P=\[9(a} +a2)+16(b7 +b2)+24(a,a, +b b,) =[9.(4) +16.(9)+24.(6) = /324 =18

e Vay ta chon dap an C.

e (Cach 2: Str dung phwong phap méi hién dai d6 la phwong phap binh phwong vé hwéng.
e Goi goc tao bdi hai s6 phirc: « = zl/,;z

e Tirgia thiét suy ra:

o 252z -3z, =4z, 49|z, | -12.|z|.|z,|.cosa =4.4+9.9-12.2.3.cosa — cosa =1

o C6: P’ =[3z,+4z, =9z [ +16|z,[* +24.|z,|.| z, | .cosa =9.4+16.9+24.2.3.cos o =324

Suy ra: P = 18. Vay ta chon dap an C.

Cau 253. (3) Cho hai s6 phtrc z1 va z; théa méan: |z1 + z2| = 2, |z1 - 72| =3 va ||Z—1|:4. Trong cac
Z
nhan xét dwdi day, nhan xét dung la?
1 12 1
A |z |=3. B.|zl|2=£. Clz,|=—. D.|zz|2=—3.
12 5 34
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Giai:
e Cach 1: Phwong phap binh phwong vo hwéng
e Dit: |z1]| = 4|z2| = 4c > 0 (vi né€u md dun cla hai sd phitc bang 0 khong thda man)
e Tirgia thiét suy ra:

—13=2(z [ +|z ") =2(016¢" +c*) > ¢’ :1—3:| z |

4=z, [ +|z, [ +2|z|.|z,|.cosa
[ J
9=z, " +|z,[' -2|z|.|z,|.cosa 3

e Vay ta chon dap an D.

e Cach 2: Pai sd cd dién véi phirc

e V&iX, Y, Z1acacso thwe X =1z1]2; Y = |22|2; Z = (a1az + bib2).

o Trgidthiét: |z +z,|=2|(a, +a,)+i(h +b,)|=2—(a,+a,)’ +(b+b,)* =4
o S (al+b)+(a+b)+2aa,+bb)=4—>X+Y+27Z =4 6y

o Tirgidthidt: |z,—z,|=3-(a,—a,)+i(b—b,)|=3—>(a,—a,)* +(b—b) =9

o S (af+b)+(a+b)-2(a,a,+bb,)=9—>X+Y-2Z=9 (2)
e Tirgia thiét: |Z—‘|=4—>£=4—>X—16Y=0 (3)
|2, | JY
, A . . 104 13 5
e St dung CASIO giai hé bac nhat: 3 pt 3 an (1),(2),(3) ta dwoc: X ZF;Y =3—4;Z Z_Z

e Suyra:|zz|2=X=13/34.

Vay ta chon dap an D.

Cau 254. (3) Cho ba s6 phirc z1, z2, z3 1a nghiém ctia phwong trinh bic 3: z3 + az2 + bz + 2 - 3i = 0.
Gia tri nho nhat cha biéu thirc: P = |z1| + |z2| + |z3| bang
A. 3413 . B. 15. c.V13. D. 3313
Giai:
e Theo hé thirc VIET, ta c6: z1z2z3=-D/A=3i-2
e Ap dung BPT CO SI, ta cé:

o Pz 4|z |+ 22321z | 2 =3 72z | =333i-2] =313

e Suyra gia tri nhé nhat cia P 1a: Pmin = 3¢13 . Vay ta chon dap an A.

Cau 255. (3) Cho s6 phircz = a + ib (a, b 1a s6 thwc, a > 0) cb |z| = 2. Khi hiéu ag 1a phan thwc cta s6
2a,+3

phitc w =z* —3z+2z . Gia tri nhoé nhit cia: bang
a
A. 16. B. —12+3324 . C. 26+3318. D. —14+339.

Bién soan: Nguyén Pdng Ai - Ky sw tai ndng - Bdch Khoa Ha Noi. Trang 263 ‘ ‘



Tén trong quyén tdc gid va cam két khéng sao lwu bdn phu. CHUYEN PE: SO PHU'C VA NG DUNG

Giai:
e Cach 1: Pai s6 thuan tuy.
e Tacé: |z|=2ca’+b*=4
o w:z3—3z+2?=(a+ib)3—3(a+ib)+2(a—ib)=(a3—3ab2—a)+i(3a2b—b3—5b)
e Laich: w=aq,+ib, >a,=a’-3ab’-a=a’-3a(4-a’)-a=4a’-13a

3_
2a0+3:8a 26a+3=8a2+2—26:8a2+i+i—26
a a a 2a 2a

e Biéu thirc cAn khao sat: P=

e Ap dung BPT CO SI, ta c6 duwoc:

o P=84 +i+i—2623.3/8a2.i.i—26:3%/ﬁ—26
2a 2a 2a 2a

e Diu“="xayra® 8d’ =i—>a = 3/i
2a 16

e Suyra gia tri nhé nhit ctia P 1a: 3318 -26

e Vay ta chon dap an C.

e Cach 2: Str dung cong thirc lwong giac

e Taco: z=|z|(cosp+i.sing)=2(cos@+i.sin @) >z = 2(cosp—i.sinp)=a+ib—>a=2cos@
e DEyrang: a>0—>cosp>0

e 2 =8(cosp—ising)’ =8(cos3p—i.sin3p)

o —>w=238(cos3p+i.sin3p)—3.2(cosp+i.sin@)+2.2(cos @ —i.sin @)

e w=(8cos3p—2cosp)+i(8sin3p—10sin @) =a,+ib, - a, =8cos3¢p—2cos ¢

— 3 — —
2a0+3:2(800s3q0 200s¢)+3:16(4cos @—3cos@) 4COS¢+3=320082¢—26+
a 2cos @ 2cos @ 2cos @

e Apdung BPT CO SI:

=-26+32cos’ o+ 3 3 >-26+3.332cos’ . 3 3 643318
a 4cosp 4cosp 4cosep 4cosg

2a,+3

“w_n

e DAu“="xdyra & 32cos’@p=

—cosQ = 3/i (ton tai gia tri ¢ thda méan)
4cos @ 128

e Suy ra gia tri nhé nhat cda P 1a: Pmin = —26+ 3318.

e Vay ta chon dap an C.
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Cau 256. (3) Cho s6 phirc z c6 md dun bing 1. Xét bidu thirc: P=|z* +3z+ z ||z + z | c6 gid trilém
nhat va gia tri nh6 nhat Ian lwot1a M va m. Tich s6 (mM) bang
A. -3/4. B.9/4. C.11/4. D. 12.

Giai:

e Goisd phtrc: z=a + ib, tir gid thiét: [z| =1 & az+b2=1va —-1<q,b<1.

e COludnkétqua: 1 +z2=2az

e Bién ddibiéuthitc: P=|z|.|z* +3z+ z |- |2al=|z* +32° +z.z | —|2a|=| z* +32* +1|—| 2a|

o P+ +2%|-|2ald Raz)’ +2° |- |2a|H 2% |.|4a’ +1|2|a|=4a’ +1-2|a]|

e DPit: 0<r=2|al<2— P=¢ —t+1 Khao sit nhanh trén doan [0;2] cho ta:

¢ M=Ppnx=3khit=2=2|a|® a=x1>b=0—>z=a=+=1

\/_

L M Pm]n—3/4‘khlt 1/2 2|a|<:> |a|———)|b|—1'l a Z:i

e Suyratich s6: (mM) = 9/4.

e Vay ta chon dap an B.

e Ghi nhé: Viéc tim ré rang ra cdc gid tri ctia s6 phirc z khi biéu thirc P dat gid tri cwc dai va cwc
tiéu chi lam cho hwéng ctia bai todn réng hon. D€ khi gdp ta cé thé tw lam dwoc, khdéng nén

tinh ré rang gid tri z ra néu bai todn khéng yéu cdu.

Cau 257. ( 3) Cho phwong trinh phirc bic hai véi hai hé sé thwcavab: z2+az+b=0.Goizivaz;la
hai nghiém. Khi d6 biéu thirc (z] +1)(z} +1) twong tng bang
A &’ +b’—2ab+3. B. @’ -3b-2a+1.

C. a’b’ +3(a+b)-1. D. b’ —a’ +3ab+1.
Giai:
e Khai trién hé thirc roi 4p dung VIET ta dwoc:

° P:Zfzz+(zl+zz)+l ZIZZ+(ZI+ZZ) 32122(21"‘22)"‘1—(—) +( )_3%73_,_1

e P=(b)+(-a) -3b(-a)+1=b"—a’ +3ab+1

e Vayta chon dap an D.
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Cau 258. (3) Cho phwong trinh phtc: (

2z+3i
z+1

4
J =1 c¢6 4 nghiém phtrc 1an lwot 1a z1, z2, z3, z4. TOng

phan thwc va phan 4o cla cac nghiém khong thé 13 gia tri nao sau day?

A. 3. B.-2. C.-2/5. D.-4/3.
Giai:
e Taco:
2 2243 | i o1-3iatb=-2
2z +3i z+1
=1&
z+1 2z+3i | 4
4 =—l>oz=—--iDa+b=—
(2z+3ij z+1 3 3
=l&
z+1 2z43i . 2 4. 2
2,43 2 1 :l—)Zzg—gl—)a‘i‘b:—g
z+1 2z43i . 4 8. 12
=—i—>z=————i—>a+b=——
L z+1 5°5 5
e Vay ta chon dap an A.
Cau 259. (3) Cho | z|<1.Nhan xét dungla
A2 B. |22l L3 D. |22 =h e,
2+iz 2+iz 2+iz 2+iz
Giai:
e Cach 1: Trac nghiém.
e Tathay mot gia tri: z = 0,5i vao cac bidu thirc trén sé théy: |§Zf’|=o.Chi c6 dap 4n C va D
+iz
thoa man.
Co o 2z—-1 20— v s oas r
e Tiép tucthay z=ivao: | 1= |=1. Chi c6 dap an C théa man.
2+iz  2+4id
e Vay ta chon dap an C.

Cach 2: Ty luin dai s6 co dién.
Xuit phat tir gid thiét: |z|<1<>a’ +b° <1< 3(@” +b*) <3< 4a’> +b°)<a* +b* +3 &
40’ +4b° —4b+1<a’ +b* —4b+4 > (2a) +(2b-1) <a’> +(b—-2)" >|2a+i(2b-1)[<la+i(b—-2)|

& | 2(a+ib)—il<(a+ib)—2i || 2z—i || z=2i || 2z —i|<| z = 2i|.| i |¢>| 2z =i |<] iz + 2|

Suy ra: |22-i] <1
liz+2]
Vay ta chon dap an C.

Cach 3: Phwong phap binh phwong vé6 hwong.
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2z—1 2P+1 2P+1i 2P+1i 2P+1i
oz=— oz HT— =S 1<1

z
2+iz 2—-iP 2—iP  —i(P+2i) P+2i

e bat: P=

o & |2P+iK|P+2ij<>4| P +|i]’ +4|P|.|i|cosa <|P|* +4|i|" +4/|P|.|i|cosa

o & 4|P] +1<|P+4<«>| PI<1. Vaytachon dap an C.

Cau 260. (3) Cho s6 phirc z thoa min: |z| = 1. Tim gia tri 1én nhat va gia tri nhé nhat cta biéu thic T
=|1-2z| + |1 - z + z2|. Nhan xét ddng nhit la:
A-maxT=11; min T = 2. B.maxT=5minT=1.
CmaxT=3;minT=0. D.maxT=7;minT=- 2.
Giai:
e Cach 1: Ap dung bat ddng thirc tam giac.
e Tach: T=|l-z|+|l-z+2" |Hz-1|+|l-z+2° 2| z=1+1-z+2" = 2’ | z[ =1
e DA4u “="xay ra < hai s6 phtrc dong dang: 1-z+z° =k(z—1) ; k>0

o l-z+Z=k(z-1) 2 —(k+D)z+k+1=0->zz, =k+1|z,z, |[= k+1|= 2z |.|z, =1 > k=0

1+iV3
2

o l-z+z2=0>z=

e Suy ra gia tri nhé nhat ciia T 1a: Tmin = 1.

e Tiép tuc 4p dung bit dang thirc tam giac:

o Tel-z|+|l-z+2° K|1|+]|-z|+|1]|+|-z|+|z°|=5.DAu“="xayra>z=-1

e Suy ra gia tri I&n nhit cda T 1a: Tmax = 5.

e Vay ta chon dap an B.

e Cach 2: Ap dung cong thirc rit gon TTper0504 vé cac sé phitc c6 md dun bing 1 nhw sau:
e Néu|z|=]a+ib|=1thitacokétqua: |I1+z|=4/2(1+a) va 1+z2=2az

e Thay vao biéu thirc P ta duoc:

o P=2(1—a)+|2az—z|=2(1—a)+|2a-1|.| z|=\[2(1—a) + | 2a -1

o Dit: 0<t=.2(1-a)<2—>2a=2-1 {vitacé: -1<a,b<l}

e Thayvao biuthtc: P=t+|2—1> —1|=t+|t* 1]

0<t<1: P:—r2+t+1—>MaxP=§ :MinP =1
e Suyra: 4

1<t<2: P=t"+t-1->MaxP=5 ;MinP=1

Vay gia tri 1én nhat cta P la: Max P = 5; gia tri nhé nhat ca Pla Min P = 1.
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Cau 261. (3) Cho s8 phitc z c6 md dun bang 1. Khi xét gia tri cia biéu thic: P = |1 - z| + |1 + z2|.

Nhan xét ding nhat la:

Giai:

A.1<P<4. B. 2<P <4. C. 3<P <4. D. 2 <P <4.

Ap dung cong thirc hep véi nhitng sé phitc c6 |z| = 1, ta cé:
P=\2(1-a)+|2az|=2(1-a)+| 2a|

Pit: 0<r=.2(1—a) <2 >2a=2-1

Thay vao P ta dwoc: P=t+|t> —2|

Trwong hop 1: 0<t<+2 tacé:
P=t+|t?=2]=2—t"+t=—t"+t+2

. 9
Khdo sat hodc tim MAX MIN theo quy tac da hoc ta dwoc: P = 2, P = 2

Trwong hop 2: J2<t<2 tacé:
P=t+|t’ 2=t -2+t=t"+t-2

Khéo sat hodc tim MAX MIN theo quy tic da hoc ta dugc: P = 2, P =4

min max

’ 9 ’
Suy ragia trilén nhatcaaPla: P = 7 va giatri nhé nhatctaPla: P = V2

min

Vay ta chon dap an D.

Ciu 262. (4) Cho z théa man déng thoi hai diéu kién: [z—i—1[>2 va |z—2i|<5.Kihiéuzivaz;la

hai s6 phirc c6 mé dun nhé nhat va 16n nhat. Khi do |z1 - zz| bang

Giai:

A \41+102. B. 13+442. C. 247. D. 1/20-643 .

Bai toan nay chiing ta sé phac hoa hinh va xac dinh mién biéu dién.

|z—i—1[>2 13 mién mit phang phitc ndm bén ngoai hinh tron (C1) tinh cad duwdong tron.
Trong d6 (C1) c6 tdm: zo1 =1 +1i va ban kinh Ry = 2.

|z—2i|<5 1a mién mat phing phirc nam trong hinh tron (C2) tinh ca dwong tron. Trong dé
(Cz2) c6 tam: zoz = 2i va ban kinh Rz = 5.

Xac dinh vi tri twong d6i cia hai hinh tron nay nhw sau:
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e Khoang cach hai tdm: |z, —z,, |=|1+i—2i|=~2 <|R, - R, |=| 5-2|=3

e Nhu vay, hinh tron (C2) dung hoan toan hinh tron (Ci). Mién biéu dién nhu hinh vé:

e Diém c6 md dun nhé nhit sé phai tim bang cach: tim hai diém trén hai dwdong tron gan O nhat

dé lwa chon:

e Diém gan O nhat trén dwong tron (C1) la: z =(1-—1)z, = —L')(l +i)=(1-~/2)(1+i)

R
| Zor | [1+i]

e Diém gin O nhit trén duong tron (C2) 1a: z =(1 —%)z02 =(1 —%)(21‘) =-3i
Zyp 1

e So sanh thdy diém c6 m6 dun nhé nhat1a: z, = (1-v2)(1+1)

e Diém c6 md dun 1én nhit 12 diém ndm trén dwdng tron 16m (C2) va xa O nhat.

e Diém xa O nhét trén dwong tron (C2) la: z, =(1 +|R—2|)zo2 =+ %)(20 =7i
Zy, i

o Suyra:|zi-z2| = |(1-+2)1+i)—T7i|=41+1042

e Vay ta chon dap an A.
e Ghi nhé: Chiing ta cé thé vé hinh chinh xdc va suy nhanh ra dwoc cdc gid tri s phirc ¢6 mé dun

max va min. Cdch gidi nay la gidi tong quadt.

Ciu 263. (4) Cho z théa man dong thoi hai diéu kién: |z—2i+1>3 va |z—1-i|<5.Kihiéuziva
72 12 hai s8 phitc c6 m6 dun nhé nhat va 1én nhat. Khi d6 |(1 + 2i)z1 + (1 - i)z2| bang
A.3+245. B. -3+3/5+5V2. C. 11-242. D. 14+643.
Giai:
e Twong tw cau 262. Phac hoa hinh nhw sau:

e Duongtron (C1) cé tdm: zo1 =-1 + 2i va ban kinh Ry = 3.
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e Duongtron (Cz) cé tdm: zo2 =1 +1i vaban kinh Rz =5.
e Khoang cach giita hai tam: |z, -z, |=|1+i+1-2i|=/5 >|R, - R, |<|z,, — 2, [<| R, + R, |. Nhu
vay, hai dwong tron nay cat nhau tai hai diém. G6c O ¢6 vi tri nam trong ca hai dwong tron.

Hinh vé dwoc phac hoa:

" 2
X

e SO phttc c6 mo6 dun nhé nhat: z =(1 _i)zm — (- 3
| Zo: | | —1+2i]

)(=1+2i) = (1—%)(—1 +2i)

e S8 phirc c6 mo dun lén nhat: z, =(1 +|5—2|)202 =(1 +|15Ti|)(1 +i)=(1 +%)(1 +1)
02

o Suyra: |(1+2i)z,+(1—i)z, |5 (1+2i).(1 —is)(—l £20)+ (1= )1+ —=) (1 +1) |= =3+ 345 + 542

V5 V2

e Vay ta chon dap an B.

Cau 264. (3) Cho sd phitc z théa man: (4z + 5i) = (4 - 5iz)z°. Gia tri cua |z| bang

A. 1. B. 0. C. 2. D. 3.
Giai:
o Tirgia thiét suy ra: Z6:4z+51 —)|Z|6=|4Z+51|=| 4z +5i _ 4z +5i
4-5iz 4-5iz —i(5z+4i) 5z+4i

e Dén diy binh phwong hai vé va ap dung phwong phap sang tao, binh phwong vé huwéng:

4z+5i P 16|z +25+40|z| cos
S5z+4i 25|z +16+40|z|cosx

o |z|°4

e Trwong hop 1: Néu |z| > 1

5 16]z +25+40|z|cosa
25|z)” +16+40| z|cos

o« &z >16 16|z +25+40|z|cosa >25|z|F +16+40|z|cosx

< |z|<1— suyravdli
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Trwong hop 2: Néu |z] < 1

n 16|z +25+40|z|cosa
25|z[F +16+40| z | cosx

<1>16|z[F +25+40|z|cosa < 25|z +16+40|z| cos

|z

& |z[>1—> suyravo li.
Trwong hop 3: |z| =1

16|z +25+40|z|cosa _16.1+25+40|z|cosa

> = =1. Théa man.
25|z +16+40|z|cosa 25.1+16+40|z|cos

Khi dé ta cé: | z|*=

Suyra: |z| = 1.
Vay ta chon dap an l1a A.
Ghi nhé: Moi dang phwong trinh phirc: (az +ib) = (a - biz).z" (n > 0) luén c6 |z| = 1.

Cau 265. (3 ) Cho sb phirc z théa man: |z2 + 4| = 2|z|. Goi M va m lan lwot la gia tri 1én nhat va gia tri

nhé nhit cda |z|. Khi d6 (m + M) twong ¢ng bang

Giai:

A.6. B. 25 +2. C. 245. D. 43.
Goi goc tao bai hai s6 phirc: z2va 4 la: a = 2/2;1
Ttr gid thiét ta binh phwong vé hwéng hai vé, cé duoc:

O |22 +4P=4|z |2’ +16+8|z° |cosa=4|z[ |z +16+8|z[ cosa =4z [

5 ) 4t-16-1t
bat:t=|z|2>0.Suyra: ¢ +16+8tcosa:4t—>—IScosa:8—£1
t
Giai hé diéu kién:
4t —16—1> .
. 4t —16—1> < 8¢ 0<t +4t+16 (V¢
8 > 5 > 5 ( )<—>6—2\/§£t£6+2\/§
4t —16—1¢° - 4t—16—t" > —8¢ " —=12t+16<0
8¢ B

Suyra: 6-2+/5<t=[z<6+2J5 o&~5-1<|z|<5+1
Suy ra: M =max |z| = J5+1 va m=min |z] =\/§—1.Suyra: (m+ M) = 25

Vay ta chon dap an C.

Cau 266. (3) Cho so phirc: z = !

_;\/5 . Gia tri cta biéu thic: (z* +L2)2 +(2 +i3)3 +(z* +L4)4 1a
zZ 4 zZ

A. 4. B. 10v/2. C.-6. D.12.
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Giai:

5 2z-1=-i\3 > (2z=1)* = (=i/3)? o2 —zr1=0> 24121
z

Tl s6 phirc: z =

1-i3
2
Suy ra: zz+i2=(z+1)2—2=(1)2—2=—1 ; z3+i3=(z+l)3—3(z+1)=(1)3—3(1)=—2
z z z z z

Z4+L4=(ZZ+L2)2—2=(—1)2—2=—1
z z

Suy ra: (z* +i2)2 +(° +i3)3 +(z* +i4)4 ==’ +(=2) +(-D" =6
Z zZ z

Vay ta chon dap an C.

Cau 267. (3) Cho diém A biéu dién s§ phirc: z=3+4i trén mat phing phic nhw hinh vé. Biét s§

phttc w c6 |w| = 10. Diém biéu dién s& phitc w chi c6 thé 1a

Giai:

Ay

v

A A B. 0. C.B. D.C.

Diém M biéu dién s6 phitcz = 3 + 4i, suy ra: OM = |z| = |3 + 4i| = 5.
S6 phirc w ¢6 |w| = 10 = 20M. Vay diém biéu dién s phitc w phai c6 khodng cach dén goc O
gip do6i doan OM. Quan sat hinh vé chi c6 diém C thoa man.

Vay ta chon dap an D.

Cau 268. (4) Cho s6 phirc z théa mian |z| = 1. Gia tri I&n nhit va gia tri nho nhat cta: P = 2|1 -z| + |1

+z| Ian lwot 1a M va m. Khi d6 tich (Mm) twong (rng bang

Giai:

A.10. B. 2./5. C. 4/3. D. 12.

Ap dung cong thirc hep cho cac s6 phitc c6 |z| = 1, ta duoc:
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P:2\/2(1—a) +\/2(1+a) trong d6: z=a +ibthéaman -1<qa,h<1

DPwa vé bai toan tim MAX MIN co ban cia toan hoc:

P=f(a)=22-2a+2+2a voi: —1<a<l
e Cach 1: Khado sat ham s6 hodc lam theo quy tic MAX MIN

=N
J2-2a J2+2a

e Taco: f'a)=

=0—>+/2-2a =242+2a <—>2—2a=4(2+2a)<—>a:—§

o SED=45 fD=2; =25

e Suyra gia trilén nhat cia P1a: M = Pmax = 245 khi az—%—)bzi%—)z:—%i—

e GidtrinhonhitcdaPla:m=Pnn=2khia=1 >b=0—>z=1
e Suyratich: (M.m) = 45 .
e Vay ta chon dap an B.

e Cach 2: Néu chi tim gia tri lon nhat ta c6 thé danh gia bang BDT bunhia nhv sau:

o P =(2V2-2a+V2+2a) < (2> +1*)(2-2a+2+2a)=20 - P <20 =25

J2-2a 2+2a 3
> = 1 —d

e Diubingxayra <

Viy gia trilén nhitciaPla: P =24/5.

max

Cau 269. (3) Cho phwong trinh bic 2 hé s6 phirc: az2 + bz +c=0 (1), trong dd a, b, cla cac hé sé
phirc va zi1 , z2 1a hai nghiém cta phwong trinh phirc (1) da cho. Khi dé gia tri cta biéu thirc:

P=lz,+z, [ +|z—z | -2(z|+|z|)° twongkngbang
c -b c b
A |—]. B. 4|—|. C. 4|—|. D. 4|—]|.
a a a C
Giai:
e Taco:
* |z+z |2 +lz, -z, |2= (z,+2))z+2,+(2,—2,).2, — 2z, = (2, + 2,)(2, + 2,) + (2, — 2,).(2, — 2,)
2 2 - N 2 2
* |z+z, [ +|z—2z =2z 2, +2,2,) =2(z, | +]2, )

d Suyra: P:2(|Z1 |2+|Zz |2)_2(|Zl |2+|Zz |2 +2|Z1|-|Zz |):_4|Zl|-|zz |:_4|lez|

e Theo VIET cho phwong trinh bac 2: P=-4|zz, |=—4| £|
a

Vay ta chon dap an C.
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Cau 270. (3) Cho cac s8 phirc: |z1| = 2; |z2| = 3. Gia tri clia: P = |z1 + 2|2 + |z1 - z2|? twong ng bang
A.5. B. 20. C. 1 D. 10.

Giai:

Cach 1: Bién déi dai so

Ta c6 xtr li tdng quat nhw bai toan trén:

2 2 - - - -
|z, +z, | +|z,—z,|'=(z,+2,).z, +z,+ (2, — 2,).2, — 2, = (2, + 2,).(2, + 2,) + (2, — 2,).(z, — 2,)

|z, + 2, |2 +]z, -z, |2:2(| Z |2 +|z, ‘2):2(2"'3):10

Vay ta chon dap an D.

—

Cach 2: Binh phwong v6 huéng goi: a =z, z,

Cau 271. (3) Cho cac s6 phirc c6 cuing mo dun: |z1| = |z2| = |z3| = 1 va théa man: z1 + z2 + z3 = 0. Khi

d6 gia tri cua: P = |z1 + z2|3 + |z2 + z3|3 + |z3 + z1|3 twong ing bang

A.3. B. 0. C.1. D. 3\/2.
Giai:
2y +z, =z |z, + 2, H =z =1
o Tacoh:qz,+z,=—z2 1|z, +z, |9 -z =1
3tz =-z, lzy+z |5 -z, =1

e Suyra:P=13+13+13=3.
e Vay ta chon dap an A.

Cau 272. (3) Cho cac s6 phirc c6 cuing mo dun: |z1| = |z2| = |z3| = 2 va théa man: z1 + z2 + z3 = 0. Khi
dé6 gia tri ca: P = 2|z1 + z2| + 3|z2 + z3|? + |23 + z1|3 twong (tng bang

A. 0. B. 6. C. 24. D. 18.
Giai:

e Giai twong tw nhw cau trén, ta co:

Z tz,=-Z2; |z, +z, |5 =z [= 2
° Z, 42z, ==z, >3z, +z, |5 -z, |F2
Z,+z, =-z, |z, +z, H -z, |=2

o Suyra:P=22+3.22+23=24
e Vay ta chon dap an C.
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Cau 273. (3) Cho cac s6 phirc c6 cuing mo dun: |z1| = |z2| = |z3| = 1 va théa man: z1 + z2 + z3 = 0. Khi
d6 ménh dé sai la:

A. P:Zf+222+z32=()

B. Pz +z+ 2= 2 |+ 2| +|z |

C. P=|ZI3+Z§+Z33 =z [+]z, [+] 2 |

D. P=lz) +z;+2) |z |+]2; | +] 2 |

Giai:
. 1 i3 1 i3
e Cach 1: Cu thé ba s0 phirc théa min diéu kién bai toan: z; = 1, Zy=————— , Zy=——+——
2 2 2 2
e T dé6 ta thay vao cac dap an va chon dap an sai la D.
2z .27
. s X1 o i) i)
e Cach 2: Dang lwgng giac cia ba s6 phirc: z, =€ ,z, =e ,Zy=e
4z 2z 4z 4z
: i2e—=) Qe+ D) iQe+=)  iQ2p-)
e Suyra: z;=e?’,z2=e } =e } ,zi=e 3} =e 3

B (C = ey s
e Suyra: z; +z,+z; = +e 3 +e 3 =0

o Suyra: z; +2z;+2z; =7+ 4+ /0 = P 4 100 1 10 =37
e Suyra: |z +z,+z |53 |=3

8z 8z 2z 2z 2z 2z
. i(4p——) i(4p+—) . i(4p——-2m) i(4p+—+2m) . i(4p——) i(4p+—)
o zZi+zZi+zi=e"+e Y 4e P =e+e 3 4+e P =Yte P 4e 3 =0

e Vaytachon ddp an saila D.

Cau 274. (3) Cho cac so phirc ¢6 cing mé dun: |z1| = |z2| = |z3| = V3 va théa min: z1 + zz + z3 = 0.
Khi d6 gia tri clia: P = |z1 + z2|? + |z2 + z3|2 + |23 + z1|? twong (ng bang

A 33 . B. 9. C. 0. D. 6.

z,+z,=-z, |z, + 2, |5 —z; |:\/§
e Tacé:qz,+z,=—2z — |22+23|=|—Zl|:\/g

23tz =72 |z3+ 2, |5 -z, |:\/§
e Suyra:P= (3 +(3) +(3)* =9

e Vay ta chon dap an B.
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Cau 275. (3) Cho bon s6 phitc ¢6 cung m6 dun: |z, |=|z, |=|z |=|z, |=2 va: z+z,+z,+2z,=0.Gia

tri clia bi€u thtec: P=|z,+z,+z, [ +|z,+z,+z,[ +|z,+z,+ z [ twong &ng bang

A. 3. B. 4. C.12. D. 8.
Giai:
Z,+2,+2z, =—z, |z, +z,+z, |5 =z, | 2
o Taco:qz,+z,+z,=—z 1|z, +z,+z,[H -z =2
Z,+z,+z =-z2, |z, +z,+z |5 -z, |=2

o Suyra:P=22+22+22=12.
e Vay ta chon dap an C.

Cau 276. (3) Cho bon so phitc c6 cung mé dun: |z, |=|z, |=|z, |=|z,| va: z +z,+z,+z,=0.Gia tri
cla biéuthitc: P=z +z + z + z, twong (rng bang
A. 0. B. 1. C. 4. D. 12.
Giai:
e Dibiét 4 s6 phirc phan bd trén mdt vong tron cé téng bang 0 co hai cip d6i nhau, nén ta co:
o z=-z,;z,=-z,>z =-2,;z,=-z2, >z +z+2+2, =0

e Vay ta chon dap an A.

Cau 277. (3) Cho bon s6 phirc c6 cing m6 dun: |z, |=|z, |=|z, |=|z,|=1 va: z,+z,+2z,+z,=0.Gia
tri cia bi€u thitc: P=|z'+ 2 + Z + Z] | twong Gng bang
A. 1. B. 4. C. 0. D. 8.

Giai:

e Cach 1: Tricnghiém:chozi=1;z2=-1;z3=i;z4=- 1.

e Suyra: P =4.Vay ta chon dap an B.

e Cach 2: Phan b4 s8 phirc ciing md dun ddi xirng c6 téng bang 0 trén mot vong tron.

e BoOn s6 phirc lwong giac thoa man diéu kién bai toan la:
WD o, e"(“’*%ﬂ)

sZ,=e s 23 = 224 =

4 4 . _4 (442 i4p . _4 (44 i4p . _4 (446 i4
e Suyra: z; =" ;z) ='W =" ) = /) = 10 7] = /TN =

o Suyra: P=|z +Z +Z + 2 |=|4e" |=4

Vay ta chon dap an B.

H 276 |Thu4n Thanh - Bic Ninh - 2018



Tén trong quyén tdc gid va cam két khéng sao lwu bdn phu. CHUYEN PE: SO PHU'C VA NG DUNG H

Cau 278. (3) Gi4 tri ca biéu thirc: P = (1 +i)4001 + (1 - i)4001 bang

Giai:

A. 22000, B. -22001, C. 24000, D. 24001,

C6 thé str dung dang lwong gidc hoic cé thé st dung tw duy x Ii Iy thira phirc:

Cach x li khéo 1éo liiy thira phirc nhw sau:

Tacé: (1+i)2=2i va (1-1)2=-2i

Vay ta c6 thé xit Ii biéu thirc P nhw sau: P = ((1+1)*)*.(1+1)+((1-i)*)*".(1-7)

P = (20 (14 i)+ (=20)™ (1= ) = 2% ()% (1 4 1) + (=2)™ (1) (1 =) = 22 (1 + 1) + 22 (1 — f)
P=2"(14i+1—-i)=2"%2=2""

Vay ta chon dap an D.

Cau 279. (3) Gia tri ctia biéu thirc: P = (%+ !

Giai:

g)sooo " (% _g)sooo bing

A. 0. B. 1. C.-1. D. 2.

Ching ta st dung phwong phap lwong gidc cho toan dién kién thirc b tror cho cach x li lay

thtra nhuw sau:

1 i3 T .1 = 1 i3 T .. T it
e —+——=cos—+isin—=e’ ; ————=cos——isin—=e °
2 2 3 3 2 2
. N3 ,50007 (27 e66n 27 .
e Suyra: (lJrﬁ)5000 S )M =e 3 =€ T =eh =c052—7z+i.sinz—ﬂ:—l+£
2 2 3 3 2 2
. T .—50007 . 2z 27 .
o VX (l_ﬁ)sooo _ (6—13)5000 _ el T e—l(—7—1666ﬁ) _ el? _ COS_Z—”—H'.Sin_Z—ﬁ _ _l_£
2 2 3 3 2 2
e Suyra: P=(1+£)5000+(1_£)5000 :_l_l:_l
2 2 2 2 2 2
e Vay ta chon dap an C.
Cau 280. (4) Cho sb phirc z théa méan: |iz— -| + iz + T |=12 . Goi gia tri I&n nhit va gia tri
—4i —4i

nho nhit cua |z - 4| lAn lwgt1a M va m. Khi d6 |[M + im|?2 twong ing bang

A. 54. B. 63. C. 64. D. 96.
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Giai:

DAy 1a bai toan quy tich Elip da biét, ta bién ddi dwa vé dang co ban bang cac phép xtr li

nhanh mo6 dun nhw sau:

lizm 22 iz =2 212 iz — B+ 4i) | + | iz — (=34 40) [= 12 o] i(z - 00 | 4 iz =¥ 12
3-4i 3-4i i i

|7].|z—(4=30)|+]|i].|z—(4+3) =12 z—(4-30) | +|z—-(4+3i) =12

A s e A am . . N z,+2z,

Day la quy tich elip c6 hai tiéu diém: z1 =4 -3i;z2 =4 + 3i. Tamelip la: z, =———==4

Truc dai: 2a=12 — ban trucdai:a=6.

Tiéucu: 2c=z,—z,|=|4—-3i—4-3i|=6 — bantiéu: c=3.

Ban truc nhé: b=1/a’> —c* =33

Suy ra gia tri 1én nhat cta: |z - zo| = |z - 4| 1a: M = a = 6; gia tri nho6 nhat cia |z - zo| = |z - 4]
lam=b=3.3.

Suyra: |M +milf=M>+m’ =6 +(3/3)* =63

Vay ta chon dap an B.

Cau 281. (3) Cho phwong trinh phirc 4n z bic ba hé so thuc a, b, ¢ 1a: z3 + az2 + bz + ¢ = 0. Biét

phuwong trinh c6 hai nghiém 12 z1 = 2 va zz = 1 + 2i. Gia tri cua biéu thitc (a + 2b + 3¢) bang

Giai:

A. 0. B.-12. C. 20. D. -16.

Ap dung tinh chat: mt phwong trinh phitc véi cac hé s6 thuce bao gidr cling ton tai mot cip so
phtrc lién hop:
Suy ra nghiém conlaila: z, =z, =1-2i

Ap dung hé thitc VIET cho phwong trinh bac 3:

Z 42,42, =—=—a
c 2+1+2i+1-2i=-a a=-4
2.2y, + 2,2, + 2,7, :Z:b_) 20+ 20)+(A+2)(1-20)+(1-20)2=b—>4 b=9
_D 2(1+2))(1-2i)=—c c=-10
22,2, :7:—0

Suyra: (a+2b+3c)=-4+ 2.9+ 3.(-10) =-16.
Vay ta chon dap an D.
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Cau 282. (3) Cho s6 phirc z théa man: |z| = 1 va |i+i|: 2 . S6 nghiém z théa man diéu kién bai
z z

toan twong ing la
A.3. B. 4. C.5. D. 6.
Giai:
e Ching ta bién dai:

— —_— —2
z z zz+ z.z Zz"rZ
. |E+IpEIEIE
2]

Z 224z [ (z+ 2) =227 |5 2a)* 2| z | 4a* 2|
Z zZ.Z

40> -2 =2 21 a=t1->b=0
. Ttrdésuyra:|4a2—2|:2<—{ ¢ (_{a <—>[

4q* -2=-2 a’=0 a=0->b=%1

e Suyra cé cac s6 phirc thdoaman la: z=+1;z =+ . Ttc la c6 4 sd phirc thda man.

Vay ta chon dap an B.

Cau 283. (4) Cho so phtic z théa man: | 262;1 I<1 . Gi4 tri 16m nhat cda |z| bang
+ 31z
A 1. B.\2. C.1/3. D. ? .
Giai:
o Goiz=a+ibtaco: | 62; <1¢5]62—i P<|2+3iz[*<3| 6a+i(6b—1) P<| (2 = 3b) + 3ia
+ 231z
o & 36a+(6b—1) <(2-3b) +9a> <> 27(a> +b*) <3 > a’ +b° Sé(—) a’+b S%<—>|Z|S%

~ 2 by 1
e Suyragia trilédn nhat cta |z| 1a: |z|  =—

max

e Vay ta chon dap an C.

Ciu 284. (4) Cho s6 phirc z = a + ib thoa min: |z2 + 4| = 2|z| va (b2 - a2) = 6. Khi d6 mo dun cta s6
phirc z twong (rng bang
A. 4. B. 1. C. 4/2. D. 2\2.
Giai:
o |22+ 4|=2|z| & |z2+4|2=4|z|? < |(a% - b2 + 4) + 2abi|2 = 4(aZ + b?)
o & (az-Db%+4)2+4a%b? =4(a?+b?2) & a*+b*+ 16 + 8a2 - 8b2 - 2a2b2 + 4a2b? = 4(a? + b?)
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< (a*+ b* + 2a?b?) - 4(a? + b?) + 16 + 8(a? - b?) = 0 <8(b?% - a?) = (a? + b?)?2 - 4(a%? + b?) + 16

Dén day ta c6 thé thay (b2 - a?) vao biéu thirc trén sé dwoc:

a’+b* = —4(loai)
a’+b*> =8(TM)

(a2+b2)2-4(a2+b2) + 16 =8.6 ¢ (a2 +b2)2 - 4(a2 +b2) - 32 =0 —{

Suyra: |z|=+va®+b> =8 =22

Vay ta chon dap an D.

Cau 285. (3) Cho s6 phircz = a + ib théa méin: |z2 + 4| = 2|z] va P = 8(b? - a2). Biéu dién biéu thirc
P theo |z| thi hé thirc ding twong &ng la
A.P=(|z[2-2)2 + 12. B.P = (|z|2 - 4)2.
C.P=(|z[2-3)2 +9. D.P = (|z[2 - 1)? + 15.
Giai:
e Bién doi twong tw bai trén: P = 8(b2 - a2) = (aZ2 + b2)2 - 4(a2 + b2) + 16 = |z|* - 4|z|2 + 16
o © P=8(b%-a?) =|z|*-4[z|?+ 16 = (|z|? - 2)? + 12
e Vay ta chon dap an A.

Cau 286. (4) Cho s6 phtrc z thoéa mian: | z* +L2|S 3. Goi M la gia tri 1&n nhit cia |z+l|. Nhan xét
z z

dung sé la:
A.0<M<2. B.5/2<M<3. C.2<M<5/2. D.M > 3.

Giai:
£ e 7 2 1 1 2 1 2 1 2
e Apdung BDT tam gidcta co: [z° +— |5 (z+—) 22/ (z+—)" | 2=z +—| -2
z z z z
1, , 1 1, 1
o Suyra:|z+—F 2< 22+~ |<30)z+—[<50z+—<5
z z z z

~ 2 1 \
e Suyragiadtrilénnhatcaa: [z+—|la:M = J5.
z

e Vay ta chon dap an C.

H 280 |Thu4n Thanh - Bic Ninh - 2018



Tén trong quyén tdc gid va cam két khéng sao lwu bdn phu. CHUYEN PE: SO PHU'C VA NG DUNG H

) o 1 A oz
Cau 287. (4) Cho sd phirc z théa man: | z° +i3 I<18. Goi M la gia tri 1én nhat cia | z+—|. Nhan xét
z z

ding sé la:
A 1<M<2. B.0<M<1. C.2<M<5/2. D.5/2< M <4.

Giai:

e Ap dung BPT tam giac ta cé: |z3+L3|=| (z+l)3—3(z+l) > (z+l)3 |—3|z+l|
z z z z z
1, 1o 1, I
o Suyra:|[(z+—) |3[z+—[<]z+ 518 | z+—[ -3|z+—|-18<0
z z z z z

e Dit: t:|z+l|20 va teR
z
e Suyra: £ -3t-18<0< (t-3)(t*+3t+6)<0<>¢<3 (vi:t2+3t+6>0)

. 1
e Suyragiatrilén nhatcia: |[z+—| l[a: M = 3.
z

e Vayta chon dap an D.

Cau 288. (3) Cho hai s8 phirc z1 va z; théa man: |z1 | = 3, |z2]| = 4 va |z1 - z2| = 5. Gia tri ca biéu
thirc: P = |z1 + z2| twong ing bang
A.5. B. 10. C. 5v2. D. 5\3.

Giai:

e St dung phwong phap binh phwong vo huwéng:

o Twrgidthiét|zi-z2| =5,suyra: 25=|z " +|z,[" =2|z|.|z,|.cosa =3* +4* = 2.3.4.cos

e —cosa=0

e Suyra: PPz, ' +|z, [ +2|z|.|z,|.cosa=3"+4"+234.0=25—>P=5

e Vay ta chon dap an A.

Cau 289. (3) Cho hai s6 phtrc z1 v z2 théa man: |z1 | = 6, |z2| = 8 va |z1 - z2| =2+/13 . Gi4 tri clia bidu
thirc: P = |z1 + 2z2| twong rng bang

A. 20. B. 513 C. 14. D. 413,
Giai:

o Tirgia thibt |z1 - z2| = 2J13 > 52=[z [ +|z, —2|z,|.|z,|.cosa = 67 +8> —2.6.8.cos
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e —cosa=-05
e Suyra: P’ =z | +4|z, [ +4|z|.|z,|.cosa =6 +4.8° +4.6.8.(-0,5) =196 - P =14

e Vay ta chon dap an C.

Cau 290. (3) Cho hai s6 phirc z1 va z2 théa man: |z1 | = 6, |z2| = 8 va |z1 - 72| =213 . Gi4 tri ctia biéu
thitc: P = |3z1 - 2z2| twong ing bang
A.26. B. 24/73. C. 411. D. 61/13.
Giai:
o Tirgiathiét|zi-z2| = 2413 —>52=|z,  +|z, [ 2|z |.|z,|.cosa =6> +8° —2.6.8.cos
e —cosa=-05
e Suyra: P>=9|z [ +4|z, [ +12|z .|z, |.cosa =9.6” +4.8° +12.6.8.(~0,5) = 292 — P = 2/73

e Vay ta chon dap an B.

Cau 291. (3) Cho hai s6 phirc z1 va z2 théa min: |z| = 6 va |z1 - z2| = 6. Gia tri cia biéu thirc: P = |z1

+ 72| twong ng bang
A.12. B. 6. C. 632 D. 6+/3.
Giai:
e Tacé:|z1]| =|zz2| = 6.
o Tw:|z1-22|=6 -36=z [ +|z [ -2|z|.|z |cosa=6"+6"-2.6.6.cosa — cosa =0,5
o Suyra: P=z [ +|z, [ 42|z .|z |.cosa =6+ 6 +2.6.6.(0,5 =108 — P =63

e Vay ta chon dap an D.

Cau 292. (3) Cho hai s6 phirc z1 va z; théa mian: |z| = 4 va |z1 - z2| =4. Gia tri cia biéu thic: P = |2z1

+ 3z2| twong rng bang
A. H19. B. 20. C.12. D. 43 .
Giai:
e Tacé:|z1| = |z2| = 4.
o Tw:|zi-22|1=4 165z [ +|z, | -2|z]|.|z,|cosa=4"+4>-2.4.4.cosa — cosa =0,5
o Suyra: P =4z 49|z, [ +12|z|.|2, |.cosa = 447 +9.4* +12.4.4.(0,5) = 304 — P =4/19

e Vay ta chon dap an A.
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Cau 293. (3) Cho hai s6 phirc z1 va z, théa man: |2z - i| = |2 + iz| vA |z1 - z2| = V2 . Gia tri ctia biéu
thirc: P = |3z1 - z2| twong (rng bang
AT B.2. C. 3V2. D. 2V2.
Giai:
e Goiz=a+ib,thayvao diéukién: [2z-i| =|2 +iz| & [2a+i(2b-1)| = |(2 - b) +ia]
o &4az+(2b-1)2=(2-b)2+a2 a2+b2=1&|z|=1®|z1]| =|z22| = 1.

o Tir:|zi-z2|=v2 —2=z [ +|z,[ -2|z].|z|cosa=1>+1>=2.1.1.cosa — cosa =0

o Suyra: P2=9|z, |’ +|z, > 6|z .|z, |.cosa =9.1>+12=6.1.1.(0,5) =7 — P=~/7

Vay ta chon dap an A.

Cau 294. (3) Cho hai s0 phtrc z1 va z; thoa man: |z1| = 1, |z2| = 2 va |2z1 - 3z2| = 5. Gid tri cha biéu

thitc: P = |3z1 + z2| twong rng bang

A. 10. B. 52 . 3 D, V82

2 2
Giai:
o Tir:|2z1-322|=5 —>25=4|z, [ 49|z, [ -12|z |.|z, | cosa = 4.1> +9.2> —12.12.cos

e —cosa=0,625

82

e Suyra: P>=9|z [ +|z,[ +6|z].| z, |.cosa=9.12+22+6.1.2.(0,625)=20,5—>P:T

Vay ta chon dap an D.

Cau 295. (4) Cho hai s6 phitc z1 va zz théa man: z1 + zz = 3 + 4i va |z1 - z2| = 4. Gia tri 16n nhit cla

biéu thirc: P = |z1]| + |z2| twong (rng bang

A. 8. B. 4/3. C.37. D. J/41.

Giai:
o Twizi+22=3+4i >z, +2, [F3+4i|=5>25=z [ +|z, [ +2|z]|.| z | cosa 1)
o Tw:|zi-22|=4 —>16=z | +|z,[ ' -2|z].|z | cosa (2)

e (CoOng hai phwong trinh (1) + (2), vé theo vé, ta dworc:
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41=2(z [ +|z ) (3)

Ap dung BT bunhia, ta cé:

P =(lz,|+|z > <A+D(|z [} +|z, )= 41— P</41
Suy ra gi4 tri 16n nhat cda P 1: Pray = V41 .

Vay ta chon dap an D.

Cau 296. (4) Cho hai s8 phitc z1 va z; thda man: z1 + z2 = 6 - 8i va |z1 - z2| = 2+/5. Gi4 tri 1on nhit

ctia biéu thirc: P = 3|z1| + 2|z2| twong ng bing

Giai:

A. 10. B. 24/195. C. 5V5. D. 30.
Tw:z1+22=6-8i =)z +2z,|[=6-8i=10>100=z " +|z, [ +2|z|.| z | cos (D)
Tir: |z1- 22| = 2+/5 520z, [ +|z, [ =2|z].] 2 | cosx (2)

Céng hai phwong trinh (1) + (2), vé theo vé, ta duwoc:
120=2(z, F +|2 ) (3)

Ap dung BDT bunhia, ta c6:

P =3z 42|z, ) <O+4)| 2z [ +|z, ) =780 - P< 2195
Suy ra gia tri 16n nh4t ctia P 13: Pmax = 24/195 .

Vay ta chon dap an B.

Cau 297. (4) Cho hai s6 phitc z1 va z; thoa man: z; + 2z = 3 + 4i va |z1 - z2| = 4. Gia tri 1&n nhit cia

biéu thirc: P = |z1| + |zz2| twong ing bang

Giai:

A. 16. B. 44/13. ¢ V4 D. 2

2 5

Tw:z1+222=3-41 |z +2z,|53-4i=5—>25=z | +4|z, | +4|z|.| 7 | cosa (1)
Tw: |z1- 22| =4 =16z, [ +|z, ' 2|z |.|z | cosa

—32=2|z [ +2|z,[' —4|z].|z | cos (2)
Cong hai phwong trinh (1) + (2), vé theo vé, ta duoc:
57=3|Zl|2+6\z2\2—>19=\zl\2+2|22\2 (3)
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e Ap dung BPT bunhia, ta cé:

57 V114

1 1
o P =(zl+lz5D =0z |+—2~\5\Zz DZS(HE)(IZl 422, \2)=%19=——>PS

NG 2 2
J114

e Suyra gia tri ln nhit cda P 1a: Ppax= —— .

e Vay ta chon dap an C.

Cau 298. (4) Cho hai s0 phirc z1 va z2 thoa man: 3z1 + z2 = 6 + 8i va |z1 - z2| = 6. Gia tri I&n nhit cia

biéu thirc: P =3 |z1| + 2|z2| twong rng bang

A.24. B. 4/59. C. 24/91. D. 5V13 .
Giai:
o T:3z1+22=6+8i —(3z+2, [=6+8i|=105100=9|z [ +|z,[* +6|z |.|z, |cosa (1)
o Tw:|z1-22|=6 >36=|z [ +|z, " -2|z]|.|z |cosa
e —108=3|z [ 43|z, " -6|z]|.|z |cosa (2)
e (Cong hai phwong trinh (1) + (2), vé theo vé, ta dwoc:
o 208=12|z [ 44|z, >52=3|z, [ +|z [ (3)
e Ap dung BT bunhia, ta cé:
o P =@z |+2|z, ) =(BAB|z |+2.12, 1)) <B+4B|z, | +]z,[})=7.52=364 > P <291
e Suy ra gi tri 16n nhat ctia P 1a: Prmax = 24/91 .

e Vay ta chon dap an C.

Cau 299. (4) Cho hai s6 phirc z1 va z2 théa man: |z1 - 2z2| = 2 va |3z1 + z2| = 4. Gia tri l&n nhat cda

biéu thirc: P = 2|z1| + 3|zz| bang

A. 12. B. 42 . c X D. 2.
NG NG
Giai:
o T |z,-2z,| =2—>4=|z,[ +4|z, " —4|z]|.|z |cosa (1)
o Tw:|3z1+22|=4 —>16=9|z, [ +|z, | +6|z|.|z | cosa (2)

e Lay31an (1) cong véi 2 1an (2), vé theo vé, ta duorc:

° 44:10|Zl|2+5|22|2—)%:2|21|2+|22|2 (3)
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e Ap dung BPT bunhia, ta cé:
e P=Q|z |43z )’ =(\/§.\/5|z1 43,12, ) < Q2+NQ2|z [ +]z, ﬁzll.%z%—)Pﬁ%

22

Nl

e Suy ra gia tri I&n nhit cia P 1a: Pmayx =

e Vayta chon dap an D.

Cau 300. (4) Cho s6 phirc z théa man dong thoi: z+ z =4 va 2z+ z =(1+i).| z|. Khi d6 nhan xét
ding vé mé dun cta z la
A.0< |z]| < 2. B.2<|z| <3. C.3<]z| <5. D. |z| > 5.
Giai:
o Ti: z+ z =4— z =4—z thé&vao didu kién:
o 2z+?:(l+i).|z\<—>22+(4—z):(l+i).|z\<—>4+z:(l+i).|z\(—)z:(l+i).|z\—4
e Dén diy ta mo dun hai vé sé duoc:

o |zE(+i)|z| Akt = (+i)—d>t = -d)+it]  ; trong d6: £ =z >0

e Suyra: t=4/(t—4) "+ &>t" =2 -8t+16 1 -8t +16=0c1=4

e Suyra:t=|z| =4 (théa man).

e Vay ta chon dap an C.
Cau 301. (4) Cho hai s6 phirc z théa man: datz] 1 . Khi d6 gia tri 16n nhat cta biéu thirc
lz ] +z] 3
= N | twong (rng bang
Iz, [z,
A.ﬁ. B. 2./3. c.&. D.E.
3 5 2

Giai:

e Tigiathiet 1272 _ 1 gy Blzi+z, =z |+ 2, 0 3]z, +2, P=(z|+]z, )

|z +z | 3
o O3z +3[z,[ +6]z .|z |.cosa =z [ +]z, [ +2]z].|2 |

. ¢>cosa:l—l(ﬂ+|zz|
3 2|Zz| |Z1|

2--2

)< :

W | —
N | —
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Lai c6: P* =21 P 4|22 P 4+2.] -2 || 22| .cosa

|z, | |2, | B -
Lwu y rang goc tao béi hai s6 phitc: z1 va z; cling bang géc tao bdi hai sd phirc: k.z1 va k.z;

(hodc goc tao bai hai s6 phirc: S E N I )

lzl [z

%PS?

P’=1+1+2.1.1.cosax :2+2cosaS2+2.(—§):

NG

Suy ra gia tri lén nhat cia P 1a: Pmax = 5

2
3

Vay ta chon dap an A.

Cau 302. (4) Cho hai diém A va B khac g6c toa dd O biéu dién hai s& phttc z1 va zz thda min hé thirc:

z +z; = z,z,. Ménh dé nao duwéi diy ding ?

Giai:

A. AOAB vuéng tai B. B. AOAB la tam gidc déu.
C. AOAB vuoOng can tai A. D. AOAB can tai B.

Hé thirc da cho: z7 +z7 =z, z, 1a modt hé thirc d6i xrng nén ta c6 thé dé dang suy ra dwgc két
qua: |z1| = |z2| . Trong s6 phirc khong dwgc phép suy ra doc doan: z1 = z; nhw bén dai s6 thuc
duoc, vi néu ta suy ra z1 = z2 thay vao hé thirc da cho sé dan téi z1 = z2 = 0 ( A va B trung véi
goc toa do 0).

Cach 1: Xt 1i ding cAp mau muc:

2 2
P 2 Z, Z, Z, Z, Z, _l\/_ 2 _l\/_
4z =z, 2+1=262-241=0>2= | | |
1 Z Z g4 Z

Suyra: |z |5 z, |
Dén day van phai st dung cach thir 2 dé€ nhan dang tam giac tiép theo.
Cach 2: Xtr li mo6 dun

212+222 =Z1Z, <_)le 22122_222 =1z,(z, —z,) > Z12 =l z,(z, —z))H z, | .12z, — 2,

2
| z;

(1)

Suyra: |z, -z, |=

z, |
2
z |

|2 |

Twongtutaco: |z, —z, |=
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2 2
e Tw(l)va(2)suyra:|z —z, |:m:@
B

2 2
e Suyra:|z -z =2l A0 S o4-0B=-48
1 2 |Z | |Z | 1 2
1 1

e Viy AOAB déu.

Cau 303. (3) Cho hai s6 phirc khac khong z1 va zz duoc biéu dién béi hai diém A va B. Biét chiing
théa man hé thirc phirc: |z1 + z2|2 = |z1|2 + |z2|2. Nhidn xét dung vé dang cia AOAB la
A. AOAB vuéng tai O. B. AOAB vuong tai A.
C. AOAB la tam giac déu. D. AOAB la tam giac cén tai O.
Giai:
e St dung binh phwong v6 hwéng trong phirc:
o |z1+72|%2 = |z1|? + |22|? + 2|z1].]|Z2|.cosa & |z1|? + |22]|2 = |Z1]? + |Z2|? + 2]|z1|.|Z2|.cosa

o &cosa=0<a=m/2.

e Suy ra goc giira hai véc to: OA va OB bang % < AOAB vuong tai O.

Vay ta chon dap an A.

Cau 304. (4) Cho phwong trinh phtc z v&i cac hé s6 phitc a, b, c: az2 + bz + ¢ = 0, trong do: |a| = |b|
= |c| > 0. Goi M va m lan lwot 1a gia tri 1én nhat va gia tri nhdé nhat caa |z|. Khi d6 gia tri |[m + Mi|
twong tng bang
A. 4. B. V2. C. 1. D. \f3.
Giai:
e Cach 1: St dung phwong phap binh phwong v6 hwéng:
e Giathi€tcho & az’ +c=-bz >|az’ +c|=| ~bz |5 bz |>|az’ +c['=| bz |’

o & |az’ P +|c) +2|az’|.|c|.cosa=bz|P|z|' +1+2|z) cosa =z |

2
e Ditt=|z|2>0.Suyra: £ 414 2cosa =1 - cosa =~ ; !
t
e Suyra:
cosoz—t_l_t2 <1l +t+120 (V)
— _2 - - - [—
o —lﬁcosa:t 1 tSl(—) 2 <—>3 \/g£t£3+\/g
2t t—1—1¢ 5 2 2
—1<cosa = >t =3t+1<0
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3_2\/§£t:|z|2£3+2\/§<—>\/§2_1£|Z|£ \/§2+1

Suy ra:

V541 . J5-1

e Suy ra gia tri l&n nhat va gid tri nho nhat ctazla: M =

2 )
_1+\/§+i.1+\/§|=\/§

e Suyra:|m+Mil=
yra: | =l 5 5

e Vaytachon dap an D.
e Cach 2: Ap dung bién ddi khéo léo két hop BDT tam giac:
e Tigidthiétsuyra: —a.z’ =bz+c —|—a.z’ | bz+cl«>al.|z|'=|bz+c|

o ApdungBDT tam gidc: |a|.|z P<bz|+|c[lal.|z[P<|b|.|z|+|c ||z P<] 2| +1

1—\/§ 1+\/§ 1+\/§
5 <z 5 -

0z
2

e &zl -|z|-120&

1+\/§

2

e Suyra gia trilén nhitcia |z| la: M =

o Tigidthi€tsuyra: az’ +bz=-c—>|az’ +bz|e—c|Hc|
e ApdungBPT tam gidc: |az* + bz |=|c|<|az’ |+ |bz|= a|.|z +|b]|.| z || c|< a|.| z +|b].| z|

~1+/5

2

—1+\/§
2

o Iz +|z|o|z +]|z|-120>(z]>

e Suy ra gia tri nhé nhat cda |z| la: m =

_1+\/§+i.1+\/§ |:\/§
2 2
e Vayta chon dap an D.

e Suyra: |m+ Mil|=|

L_if3

Cau 305. (3) Cho ba s6 phirc théa man: zz,z, =7 . Gia tri nhé nhat cta biéu thirc sau:

_1aP izt |nf+al |zF 4l

twong rng la
Iz |+]2,| |z, |+ 2] |zy [+]z |

A.3. B.3/2. C. 4. D. 3.
Giai:
e Bai todn nay thuin tiy bai todn BDT dai s6 nén sé dwoc nhic téi rat it trong s6 phirc:

1 i3 1 i3

e Turgiathiét: z,z,z, EEEE >l z,z,z, |5z, |12, || 2, H E_7|:1

e Dit: a=|z|;b=]z,];c=]z|>abc=1 vaa,b,clabasoduong.
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a+b* b+ F+d?
+ +
a+b b+c c+a

e Biéu thtcP tré thanh: P=

e Duwa vé bai todn tim gia tri nhé nhat ctia mét biéu thirc dai s6 thuan tdy khong c6 tinh chat tw
duy trac nghiém.

e Vi du moOt ngudi yéu tw duy ma chi cin hiéu rang: day 1a biéu thirc d6i xirng ctia a, b, c nén né
dat cwc tri khi a =b = c =1 thi suy ngay ra dwoc: Pmin = 3.

e Vay ta chon dap an A.

e Con néu tu luan cho vui: thi ta co:

1 2
2 12 —(a+b)
e b ei(arpy L2 —(a+bh)
2 a+b a+b 2
2 2 2 2
e Tuwong ty, ta cling c6: b +e Zl(b+c) ; ¢ ta >l(c+a)
b+c 2 +a 2

2 2 2 2 2 2
e Suyra: p=2 b +b e + £ td Zl(a+b)+l(b+c)+l(c+a)=a+b+cz3\3/abc:3
a+b b+c c+a 2 2 2

e Suy ra: gia tri nho nhit cda P 1a: Pmin = 3.

Cau 306. (4) Cho phwong trinh bic 4 bién z hé s6 thwc: z* + az3 + bz2 + cz + d = 0, c6 bén nghiém
phttc: z1, 22, 3, 4 . Biétrang: z1z; = 13 +1i; z3 + z4 = 3 + 4i. Gid tri cta (a + b + ¢) bang
A. 210. B. 18. C.119. D. 137.
Giai:
e Phuwong trinh cé cic nghiém thuc thi néu c6 mét nghiém phirc z bao gi¢ cling c6 thém mot
nghiém phtec lién hop véiné: z .
e Nhianthdy: z+ z =2aeR ;z.z =a’+b*eR
e Nhuw vay tir gia thiét: z1z; = 13 +1i; z3 + z4 = 3 + 4i, suy ra: z; va z; khong phai la cdp nghiém
phtrc lién hop; z3 va z4 cling khong phai la cdp nghiém phirc lién hop.

o TacOthégidst: z,=z ; z,=2z, <>z, =2, ; z, =2,

e Suyra: z;+z, :z_3+z_4=zl +z,=3-4i ; Zzz_l.Z:z3.z4 =13-i

e Khi d6 z1 va z2 12 nghiém cia phwong trinh: z> —(3—4i)z+13+i=0

e VA z3vazslanghiém cia phwong trinh: z* —(3+4i)z+13-i=0

e Phuwong trinh bic 4 da cho c6 thé phan tich thanh:

o Ziar+br+cz+d={z"-(B+4i)z+13-}{z" —~3-4i)z+13+i}=z" —62° +1952° =70z +170=0

e Suyra:(a+b+c)=(-6+195-70)=119. Vay ta chon dap an C.
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Cau 307. (3) Cho ba s0 phirc cuing mé dun: |z1| = |z2| = |z3] = 1. Gia tri nho nhit cda biéu thic:

1 1 1 . N
P= + + twong rng bang
lzi=z,|.lzi—2;| |z,=2z].|z,-2| |z3-2.|z3—2,|

A.3/2. B.1. C. 4/3. D. 3/4.

e Bas6 phttc z1, 72, z3 1an lwot biéu dién ba diém A, B, C nam trén dwong tron (0;1).

e Coi nhu tam giac ABC noi tiép dwong tron ban kinh R = 1.

e Khi do: AB = |z1 - z2| = 2R.sinC = 2sinC; BC = |z2 - z3| = 2sinA; CA = |z3 - z1| = 2sinB.

e Thay vao biéu thirc P dwa vé thuin tdy biéu thirc lwgng gidc (khéng mang tinh chit phic):

B 1 N 1 N 1 _sinA+sinB+sinC
4sinB.sinC 4sinC.sin4 4sin A.sinB  4sin A.sin B.sinC

4 A B C
sin A+sin B+sinC " 0%, €08 €08 1

e Bién d6i lwong giac: P=

4sin A.sinB.sinC ~ 4sin A.sinB.sinC 2sin Asin B gin €
2 2 2
e Laico: MS=8sinésin£sin£=4(cos _B—cosA+B)cosA+B
2 2 2 2 2
A-B A-B A-B A+B A+B
e MS =cos’ ———(cos’———4cos cos i +4cos’ il )
2 2 2 2
. MS:coszA_B—(cosA_B—2cosA+B)2ScoszA;BSI
A—B_1
~ “«__n 2 cos 2 a A:B _ _ _ o_ﬂ
e Dau“="xayra & - —>A=B=C=60"=—
A-B 2cosA=1 3
2cos =cos 5 =1

e Tircla khi d6 tam giac ABC déu: z1 + z2 + z3 = 0.
e Suyra: P= ﬁ >1. Suy ra gia tri nhé nhat cta P 1a: Pmin = 1.

e Vay ta chon dap an B.

Cau 308. (3) Cho s phirc z théa man phwong trinh: 8z1° + 7iz% + 7iz - 8 = 0. Khi d6 |z| twong &ng

bang
A 1. B. 0. C.2. D.\2.
Giai:
N \ ~ 9 . . 9 8_712
e Twphuongtrinhdachotasuyra: z (8z+7i)=8-Tiz<>z = T
z+7i
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e Diy la dang phwong trinh da biét & trong phan li thuyét cta tai liéu va da dwgc chirng minh
tong quat thanh dang phwong trinh: z" = a—b[z)z. véi moi n > 0 ludn phai cé diéu kién duy
az + bi

nhit vé mo6 dun cda s6 phirc: |z| = 1
e Vay ta chon dap an A.

Cau 309. (4) Cho s6 phirc z théa man: |z - i| + |z + 3 - 5i| = 5. Goi gi4 tri 16m nhit va gia tri nho nhat
cla |z| IAn lwot 12 M va m. Khi d6 |[M + mi| twong ing bang
A.4. B. 2./5. C. 2426 . D. /35.

Giai:

e Phuwong trinh (1) biéu dién dang dudng elip.

e HaititudiémF =z1=1i;F=2z,=-3+5i

e Truclén:2a=5 — bantruclén: a=2,5.

o Tiéucy:2c=FF =|z1-2z2|=|i-(-3+5i)|] =5 — bantiéu: c=2,5

e DAy Ia trwomg hop ddc biét: a = ¢ (truc 1én bang tiéu cw) nén elip chi con 1a mot doan thang

dwoc xac dinh béi doan: FF'.

AY
F 5
F 1

3 @) X

e Nhan thiy hinh chiéu H vudng goc ctia O 1én doan thang FF’ khong nam trong doan FF’ nén ta
khong thé két ludn |z|min = OH = d(O,(FF")) duorc.

e Doan OF = |z2| = |-3 + 5i| = +/34.

e Doan OF =|zq| = |i| = 1.

e Gid tri 1én nhat cta |z| 12: |z|max = M = OF = /34.

e Gia tri nh6 nhit cda |z| 1a: |z|min =m = OF = 1.

o Suyra:|M+mi|=|\/3_4+i\:\/§

e Vayta chon dap an D.
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Cau 310. (3) Cho s6 phtrc z c6 phin thuc nhé hon 1 théa man: |z+1+i|=/2z+ z —5-3i| sao cho P =

|z - 2 - 2i| dat gia tri cuc ti€u. S6 phirc thda man 1a: z = a + ib. Khi d6: (a + 2b) twong (rng bang

A. 10. B.12. c.s-\g. D. 6-2.3.

o Tuwgidthiét: >a+ib+1+i|H2a+2ib+a—-ib—5-3i||(a+)+i(b+1)|HBa-5)+i(b-3)|
o & (@+1)+(b+1)’=Ba=5) +(b-3) 8a*~32a+32-8b=0—>bh=a’—4a+4=(a-2)
e Biéuthtc:P=|(a-2)+i(b-2)|=|(a-2)+i{(a-2)2-2)}

e Suyra: P°=(a-2) +{(a-2) -2V =t+(t-2) = -3t+4 véi t=(a-2)"=0

e Suyra: P2:t2—3t+4:(t—§)2+121—>P2ﬁ
2 4 4 2

e Diu“="xdyra & t:%:(a—Z)2 <—>a2—4a+§=0—>a=2i\/§

e Gia thiét cho:a < 1, nén ta cé: a:Z—\/g va: b:(a—2)2=%—>z:a+ib=2—\/§+2

2
e Suyra: a+2b=2—\/§+2.§=5—\/§.
2 2 2

e Vay ta chon dap an C.

Cau 311. (3) Cho sé phirc z théa man: |z +2 | z+2?—2+2i| sao cho P = |z - 1 + 3i| dat gia tri cuc
tiéu. Gia tri cwc tiéu clia P twong (rng bang
A.2. B. 4. C. 2V2. D. 3.

Giai:

e Goiz=a+ibthay vao gia thiét ta dwgc: |(a+2)+ib|H (Ba-2)+i(-b+2)]

o & (a+2)Y+b=Ba-2) +(-b+2)’ >b=2(a-1)"-1

e P=|(a-1)+i(b+3)] > P =(a-1)+(b+3)>=(a-1)>+{2(a-1)>-1+3

e Diat: t=(a-120>P> =t+(2t+2) =4 +9t+4

e Khdao sat hAm nay trén mién: t>0—> P> >4 —> P>2

e Viy gia tri nho nhit cda P 1a: Pmin = 2.

e Vay ta chon dap an A.
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Cau 312. (4) Cho s0 phtrc z cé: |z| = 1. Goi M va m lan lwot la gia tri 1én nhat va gia tri nhé nhat cia

biéu thirc: P = |1 + z3| + |1 + z + z2|. Khi d6 (M + 2m) twong ¢ng bang

Giai:

A.5. B. 6. C.8. D.7.

Ap dung BDT tam giac ta c6 thé tim dwoc ngay gia tri 16n nhit nhung ma khong toan dién
kién thirc khi chi tim dworc gia tri 1én nhat:

P1+2 |+ |14 z+ 22 K1+ |22 |41+ | z|+| 22 |21+ |z +1+ |z |+ | z[’=5

Diu “="xdyra < z=1.

Bién doi toan dién dé tim ca gia tri nho nhit nhu sau:

P=(+2)(1—z+2) |+ |(1+2) 4z =14 2] |1+ 22) =z |+|2az + z|=2+2a.| 2az — z | +| 2a +1]
P=+2+2a.|2a-1|+|2a+1]| ; trong d6 phin thwc: ~1<a<1 .

Pit&nphu: 0<¢=v2+2a<2—>2a=1-2

Bi€u thirc P tré thanh: P=¢.|¢* =3 |+t —1|

Trwong hop 1: 0<¢<1 khidé: P=t.3-1*)+(1-t*)=—£ " +3t+1

J10 -1
3

Daoham: P'=-3-2t+3=0—>1¢=

P(0)=1; P(1) = 2P(\/7 ! 2+22;)«/Ez2’7

J10 -1
3

Suy ra trwong hop nay GTNN cua P 1a: Pmin = 1 va GTLN cda P la: Pmax = P( )=2,7
Trwomg hop 2: 1<¢<+3 khidé: P=t.3-)+(* —1)=—£ +£ +3t—1

\/ﬁﬂ
3

Paoham: P'=-3+2t+3=0—>1¢=

ﬁﬂ 2+20410

P(1)=2;P(3)=2;P( )= =

Suy ra trweong hgp nay GTNN cta P la: Pmin =2 va GTLN cua P la: Pmax = P( )=2,42

\/EH
3

Trwong hop 3: V3 <7<2 khidé: P=1.(=3)+(* -1)=£ +1> -3t -1

—1f

baoham: P'=3£ +2t-3=0— (loai vi khong nam trong doan dang xét).

P(3)=2;P(2)=5
Suy ra truwong hop nay GTNN cda P 1a: Pmin = 2 va GTLN cta P 1a: Pmax =5
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e Tonghop 3 treong hop ta dwoc: Pmin=1=m khit=0&a=-1,b=0&z=-1
¢ Pnax=5=M khit=2&a=1,b=0&z=1
e Suyra:M+2m=5+21=7.

e Vay ta chon dap an D.

Cau 313. (3) Cho s6 phtrc z c6: |z| = 1. Gid tri 1én nhat cGa: P = |1 + z| + |1 + 22| + |1 + z3| twong &ng
bang
A.5. B. 6. C. 8. D.7.

Giai:

Ap dung BPT tam giac ta duoc:

Pel+z|+|1+2° |+ |1+ 2 K14 |z|+1+| 2% |+1+| 2 |21+ 1+1+1+1+1=6

e Suy ra gia tri I&n nhit cia P 1a: Pmax = 6.

Vay ta chon dap an B.

Cau 314. (3) Cho s0 phirc z c6: |z| = 1. Gia tri nhd nhat cda: P = |1 + z| + |1 + z2| + |1 + z3| twong Gng
bang
A.2. B.3. C. V2. D. /3.

Giai:

e Bién d6i nhanh biéu thitrc P nhw sau:

o Pol+z|+[1+2%|+]|1+2° |=V2+2a+|2az |+ |+ 2)A—z+2°) =2+ 2a+| 2a | +V2+2a.| 2az — z |

o P=v2+2a+|2a|+J2+2a.|2a~1] ; trongd6: —1<a<l

e Dit: 0<t=+2+2a <2 2a=1¢>-2 .Biéu thirc P tré thanh:

o P=t+|t -2|+t.|t* -3

e Truwonghop1l: 0</<2 khidé: P=t+2—1+t3—1 )=~ —£> +4t+2

J13 -1

e Daoham: P'=-3-2t+4=0—>1t= 3

J13 -1

3

o P(0)=2;P(2)=2v2;P(

)~ 41

e Suy ratrwong hop nay GTNN cua P la: Pmin = 2 va GTLN cda P la: Pmax = P(

)~ 4,1

J13 -1
3
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e Trwonghop2:V2<:<3 khidé: P=t+>-2+t3-)=—t+£>+4t-2

e DPao ham: P'=—3t2+2t+4:0_>t:‘/€+1
. P(ﬁ)zzﬁ;P(@:Hﬁ;P(ﬁ“)zz,9
e Suy ratruwong hop nay GTNN cua P la: Piin = 1++/3 va GTLN 13: Prax = P(\/€+l)z2,9

e Trwonghop3:/3<r<2 khidé: P=t+1>-2+4(2-3)=£ +1> =2t -2

1447

e Daoham: P'=3+2t-2=0—>t= (loai vi khdng nam trong doan dang xét).

e PH3)=1+23;P(2)=6

e Suy ratrwong hop nay GTNN cua P l1a: Pmin = 1+2+/3 vAGTLN clia P1a: Prax = 6
e Tonghop 3 treong hop ta dwoc: Pmin=2=m khit=0&a=-1,b=0&z=-1
e Phx=6=M khit=2a=1,b=0&z=1

e Suy ra gia tri nhé nhat cta P 1a: Pmin = 2.

e Vay ta chon dap an A.

Cau 315. (4) Cho s6 phitc z théa man diéu kién: |z| = 1. Gi4 tri nhé nhit va gia tri 1én nhat cta biéu
thiec: P = |1 + 23| + |1 + z + z2| twong ing 1a m va M. Khi d6 t6ng (m + M) bang
A. 4. B.7. C.5. D. 6.

Giai:

e Bién doi biéu thirc P nhu sau:

o P+ |+|1+z+2 |Hl+z|.|l—z+ 2" |+|1+2° +z|=2+2a.|2az—z | +| 2az + z|

e P=+2+2a.]2a-1|+|2a+1]| trong d6: —-1<a<l1

e Pitdnphu: 0<r=+2+2a<2—>2a=¢"-2

e Biéuthirc P tré thanh: P=¢|* 3| +|¢* 1|
e Trwonghop1: 0<r<1 khid6: P=t(B-t>)+(1-t>)=——1*+3t+1

e Daoham: P':—3t2—2t+3=0_>t:\/§_1
. P(0)=1;P(l)=2;P(\/§_l)z2,3

J10-1
3

Suy ra trweong hgp nay GTNN cta P la: Pmin =1 va GTLN cua P la: Pmax = P( )~ 2,3
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e Trwonghop2: 1<¢<+3 khidé: P=t.G3->)+2 1=+ +3t—1
J10 +1
3

e Daoham: P'=-3+2t+3=0—>1¢=

\/EH
3

e P(1)=2;P(3)=2;P(

)=2,42

e Suy ratrwong hop nay GTNN cua P la: Pmin =2 va GTLN cta P la: Pmax = P(

)=2,42

\/EH
3

e Truwonghop3: V3<r<2 khidé: P=t.(>-3)+£ —1+=£ +£>-3t—1

~1+410
3

e Daoham: P'=3£ +2t-3=0—>1¢= (loai vi khong nam trong doan dang xét).

« PW3)=2;PQ2)=5

e Suy ratrwong hop nay GTNN cua P la: Pmin =2 va GTLN cta P la: Pmax =5

e Tonghop 3 treong hop ta dwoc: Pmin=1=m khit=0&a=-1,b=0&z=-1
o Phx=5=Mkhit=2a=1,b=0&2z=1

e Suyram+M=1+5=6.

e Vaytachon dap an D.

Cau 316. (3) Cho phwong trinh phirc 4n z: z4 + az3 + bz2 + cz + d = 0 v&i cac tham so thuc: a, b, ¢, d.
Biét phwong trinh c6 hai nghiém phtrc: z; =3 - 2ivazz =3 +i.Gid tri clia (a+ b + ¢ - d) bang
A.-20. B. 24. C.12. D. 16.
Giai:
e D3 biét phwong trinh phirc hé s6 thwe ludén ton tai cac cip nghiém phikc, tirc 1a néu cé nghiém
phitc z bit budc phai c6 nghiém phirc lién hop véindla: z
e Vay ta suy ra phwong trinh bac 4 cé hai nghiém phtc la:
o z,=3-2i—>z,=z=3+2i;2z,=3+i—>z,=2,=3—i

e Ap dung dinh Ii VIET cho phwong trinh bic 4, ta duoc:

B
Z+z, vz tz, =——=-a=12

C a=-12
zlzz+le3+zlz4+zzz3+zzz4+z3z4=Z=b=36 b=36
L]
2,2y23 + 22,2, + 2,2,2, + 2,2,2, = _D_ —c=138 ¢=-138
A d =130

2,2,2,2, = E_ d =130
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e Suyra:(a+b+c+d)=16.
e Vayta chon dap an D.

Cau 317. (3) Cho phwong trinh phirc 4n z va hai tham sé thwc a va b: 4z5 + 3iz* + 3iz - 4 = 0. Gia tri
clia |z| twong rng bang
A.0. B. 1. C.2. D. 2.
Giai:
e Chung ta bién do6i dwa vé mét dang tong quat nhw sau:

4-3iz

o 74(4z+3i)=4-3iz® ' =
4z + 3

e Ta c6 thé stt dung phép binh phwong vd huéng hoic 1a bién d6i binh thwong ciing van c6 thé
chirng minh dwoc |z| = 1.
e St dung binh phwong vé hwéng thé hién tw duy:
4-3iz —i(3z+4i), 3z+4i

3z+4i
o |Z'H——I]z['H — 4 -] z [P = =——
4z +3i 4z +3i 4z +3i 4z +3i

3z+4i i |3iz+ 4 B 9|z +16+24.|z|cosa

i & |Z|8:| I .2 2
4z+3i |4z+3i]" 16|z +9+24.|z|.cosa

e Trwong hop 1: Néu |z| > 1 suy ra:

9|z +16+24.|z|cos
16|z> +9+24.|z|.cos

e |z >169|zf +16+24.|z|cosa >16|z[ +9+24.|z|.cosa

e Suyra: |z['’<1— vOli
e Trwonghop 2: Néu |z| <1suyra:

9|z +16+24.|z|cos
16| z[> +9+24.|z|.cosa

e |z[ <19z +16+24.|z|cosa <16|z | +9+24.| z|.cosa

e Suyra: |[z['>1— vOli

i 9|z +16+24.| z| cos

= - =1 théa man.
16|z +9+24.|z]|.cosx

e Trwonghop 3:Néu |z|=1suyra: |z

e Suyra|z| =1théa man. Vay ta chon dap an B.

Cau 318. (4) Cho sb phirc z théa mian: |(3 - 4i)z + 50| = 10. Goi gia tri 16n nhit cta biéu thic
P= z+3-2i| 1aM, gia tri nh6 nhit ctia biéu thirc O =|(1+i) z +4i—2| 1a m. Khi d6 gia tri cta
bidu thirc: (m+2+2)* +(M —2)? twong ing bing

A. 251. B. 212. C. 247. D. 220.
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Giai:
e T phwong trinh dwong tron da cho ta bién ddi vé dang co ban:

50
3—-4i

o |(3-4i)z+50|=10>|3—4i|.|z+ 21045 5]z +6+8i|=10 <] z— (—6—8i) |=2

e Duongtron (C) cétam zo=-6 - 8i va cod ban kinh R = 2.

e Bifuthitc: P=| z +3-2i| z +3-2i|=| z+3+2i |5 z— (-3 -2i)|

e Gi4 tri lon nhat cha P (rng v&i khodng cach xa nhit tir diém M nam trén (C) téi diém A biéu
dién bdi s6 phirc: za = - 3 - 2i, da biét cach tim:

o P _=M-=|z,—z,|+R=|-3-2i—(—6-8i)|+2=2+3/5

4i-2
1+

e Biduthtc: O=|1+i].| z + =2z +143i =32, ] z +143i =2 | z+1-3i]|

o XétK=|z+1-3i|

e Gia tri nho nhat cda Q rng véi gia tri nho nhit cta K = twong rng véi khodng cach gan nhit
tir diém N ndm trén (C) téi diém B biéu dién béi s6 phitc: zg = - 1 + 3i, da biét cach tim:

o K. =lz,—z,|-RI=||-1+3i—(—-6-8i)| -2 |=/146 -2

e Suy ra gi4 tri nhd nhét ctia Q 12: Qmin = ~/2.(v/146 —2) = 2(73 =2)

o Suyra: (m+2+2)—(M -2)* =(2473)* =(3+/5)* =247

e Vay ta chon dap an C.
Cau 319. (3) Cho so phic z théa méan: | jZ;l I<1.Gid tri 16n nhit cua |z| twong ing bang
+ 21z
A. 2. B.ﬁ . C. 1. D.l.
2 2
Giai:
_j i e
. |82 l|§1<—> |8z —1i| 2S1<—>|82 l|2S1
4+ 2iz |i(2z —4i0) | |2z —4i|

64|z|” +|i[> —2.8|z|.|i|.cosa <l

e Binh phwong vo hwéng: <
PREonS & 4 ZF +16[if —2.|22|.| 4] .cosax

o & 64|z[ +1-16|z|cosa<4|z[ +16—16|z|cosa<—>6O|z|2£15<—>|z|2£%<—>|z|£%

e Suy ra gia tri l&n nhit cda |z| 1a: |z|max = 1/2.

Vay ta chon dap an D.
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z—2+1i

Cau 320. (3) Cho biéu thirc: | =k biéu din duong tron cé ban kinh biing v30 (trong dé k >

z
1). Tam cta dwong tron dwoc biéu dién béi s6 phitc twong (rng 1a
A. -4+ 2i. B. 6 - 3i. C.1+2i. D.2 -1
Giai:
e Goi s phirc: z = a + ib, thay vao gia thiét suy ra:

z—2+1i
e |

=k | z—2+il=k|z|o| (@=2)+i(b+1) =k |a+ib || (@a=2)+i(b+1) =k* |a+ib|

o & (K:-Da®+(k-1)b+4a—2b-5=0

o & a+b+ 24 a— 22 b- 25 =
k-1 (k=) (k-1
e Duongtron (C) cétam: [ = ( -2 ) va ban kinh: R = >
8 1k2 (k2 1)2 -1
N A 4 1 1
e Gia thiét cho ban kinh: R = > ~+— \/7 ++—5—-6=0
(k"= (k —1) 1) k™—1
=-3(L

e Suy ra phwong trinh 4n phu: 0<¢= ! (Loai)

k* — t=2(TM)

1 3
e Suyra:t= =2->k=,]=
y 1 \fz

-2 1

e Suyratoaddtim: [=
y TERErE

—5—)=(-4;2)

e Suy ra sd phirc twong ng véi tam [ 1a: zo = —4+2i .

Vay ta chon dap an A.

’ 1 ’ .
Cau 321. (4) Cho s0 phirc z théa man: |z+—|=2. Goi gia tri I&n nhat va gid tri nhé nhat cta |z|
z

twong tng 1a M va m. Khi d6 (M + m) bang
A.1. B.2. C.22. D. 2./3.
Giai:

e Ap dung phép binh phwong vé huéng: |z+l|=2<—>| ZHlE2|z[o| 2 +1[=4|z]
z

e Goi a=(z,])

o Tach: |22 +1[=4|z|2’ | +1+2.|2%|.l.cosa=4|z| |z +1+2|z  cosa=4|z |
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_2_
bat: = z[’>0 (vizkhackhéng), khi dé: t2+1+2tcosa:4t—>—2§2cosa:—4t ; 132

-1t -1
St

— 2_
T 2<H 707 Gi1<053-2V2 <1 <3442 5> 3-242 <| z )< B-22

t

Tw <2 — ¢’ —2t+1>0 hién nhién 1a dung.

Suyra: V2 -1<z|<V2 41> M =V2+1;m=v2-1>M+m=22

Vay ta chon dap an C.

Cau 322. (3) Cho s6 phirc z1 va z2 1a hai nghiém cta phwong trinh: z2 - 2z + 4 = 0. Gia tri cia biéu

2019

thire: P=z""" +2"" +2)"" + 2’ twong &ng bang

Giai:

A. 0. B. 22020, C. 3.2, D. 5.2,

D& dang suy ra dwoc: z, =1+iv3;z, =1-i/3
bwa vé dang lugng giac: z, =1 +i\f3 = 2(cos§+i.sin§);z2 =1-i3= 2(cos%—i.sin§)

20187 . . 20187
0s———+i.sin

Khi d6: 2" = 22018(cos% +i.sin %)2018 =2""(c )= 22018(cos2?”+ i.sinz?ﬂ)

27

0s 20187 —i.sin 20187r) = 22018(c0527ﬂ—i.sin?)

2018 2018 T . 70018 2018
zy =277 (cos——i.sin—)" =27"(c
3 3

20097 +1i.sin 20197[) = 2" (cos 77 +i.sin )

2019 2019 T . T 2019 2019
z; =27"(cos—+i.sin—)" =27"(cos
3 3

2019 2019
zy =2

9 _ 09 s 20197 o0 20197

(cos%—i.sin%) ) =2""""(cos 7 —i.sin 1)
Suy ra:

22019

p=2"" (cosz?ﬁ +i.sin 2?7[) + 22018(0052?7[ —i. sinz?ﬁ) +2%"(cos r +i.sin )+ 2**"° (cos £ —i.sin 1)

P= 22018.2.c052?7[ +2°°2 cos = 22‘”8.2.(—%) +27002 (=1) = —2°08 (1 + 4) = —5.2%'8

Vay ta chon dap an D.
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z—1+2i

Cau 323. (3) Cho biéu thirc: | ——— |=k biéu dién duwdong tron tAm I dwoc biéu dién béi s6 phirc zo
z

=2 -4i (trong d6 k > 0). Ban kinh cia dwong tron twong &ng la

Giai:

A. 1. B. V10 . C. 17, D. 4.

Goi s6 phirc: z = a + ib, thay vao gia thiét ban dau ta dwoc:

[(@-1) +i(b+2)| =k|a+ib| < (a-1)%2+ (b + 2)2 =k2(a2 + b?)

@ (1-k?Da2+(1-k?)b2+2a-4b-5=0% o’ +bh*+ 22a_ 42b_ 52=O
- 1=K 1-k
Pay 13 dudng tron (C) 6 tam: /(—;—2)
y g e

Bai cho diém I biéu dién béi: zo = 2 - 4i, suy ra: " _Ilcz =2->k= i\/g = ig

Két hop véi diéu kién k >0, ta suy ra: & = \/g = ?

Thay: " _k2 =2 vao phuwong trinh dwong tron (C) ta dwoc: a® +b> —4a+8b+10=0

Suy ra ban kinh dwong tron: R =+/22+4%-10 =10

Vay ta chon dap an B.

Cau 324. (4) Cho s6 phitc z théa man: 2|z—1]|+3|z—i|< 242 . Khi d6 gi tri cla |z| twong Gng sé

bang

Giai:

A 1 B. 2. C.

p. 3.
2

|~

Ap dung BPT tam gidcta co: |z—1|+|z—il=|z—1|+|i-z[Xz=1+i—z|=[-1+i|=2
Laico: 2|z—1|43|z—il=2(z=1|+|z—i+|z—i[2 242+ z=i[2 242 (1)
Gia thiét lai cho: 2|z—1|+3|z—i]<2+2 (2)

lz=1|+|z—i]=2

—>z=i->z[=1
|z—i]=0

T (1) va (2) suy ra: 2|z—1|+3|z—i|:2\/§<—>{

Vay ta chon dap an A.
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Cau 325. (4) Cho s6 phirc z thoa man: 3|z—-3|+4|z+4i|<15. Khi d6 ménh dé nao dwéi diy nhin
xét dung vé |z| ?
A 0<zk]1. B. 1< z|<3. C. 34z [<5. D. [z[|>5.
Giai:
e Twong tw bai toan trén.

o ApdungBPT tamgiadctacéd: |z—3|+|z+4i|dz-3|+|4i—z|P|z-3-4i—z||-3-4i]=5

o Laico: 3|z-3|+4|z+4i|=3(z-3|+|z+4i|)+|z+4i|23.5+|z+4i 215 (D)
e Giathiétlaicho: 3|z-3|+4|z+4i|<15 (2)
. . ] |z=3|+|z+4i|=15 i
e Tw(l)va(2)suyra:3|z-3|+4|z+4i]=15c 244 1= 0 —>z=-4i->|z|=4
z+4i|=

e Vay ta chon dap an C.

Cau 326. (3) Cho so phitc z ¢é |z| = 1. Phan thuc cla s6 phirc: " !

3

A 1 B. 0. C. X D.

> twong ing bang

N |~

Giai:
e Cach 1: S& dung phwong phap dai s6 thuan tuy:
o Goiz=a+ibthitw:|z]|=1& a2+b%2=1

1 1 1 1 1 1 1

1-22  1—(a*—b*+2abi) (I—a’)+b’—2abi b*+b>—2abi 2b(b—ia) 2b b—ia

ia

1 _i 1 _i b+ia _b+ia l
1-z> 2b b—ia 2b b*+a> 2b 2 2b

e Suy ra phan thuc cta s6 phirc: — la %
—Z
e Vayta chon dap an D.
e Cach 2: Str dung cong thirc c6 san:
o L v i iz iz _iz _i(a-ib) _ia+b _1 ia
1-z> —=2ibz 2bz 2bz.z 2b|z| 2b 2b 26 2 2b

e Cach 3: Str dung cong thirc lwong giac...
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twong &ng bang

Cau 327. (3) Cho so phitic z c6 |z| = 2. Phan thuc cta s6 phirc: 5 !
+

A1 B.1/4. C.1/2. D. 3/2.
Giai:
e Cach 1: St dung nén tang kién thirc hodc két qua da biét.

e Dit =u—>|u|=|§|=l

z
2

e Khi dé: L1 ! L1

I 1 . .
= = —, =—.(—+l....)=_+l....
242 2(”%) 2l+u) 2 1+u 22

e Suy ra phan thuc cin tim Ia: % . Vay ta chon dap an B.

e Cach 2: Bién d6i dais6,goiz=a+ibsuyra: aZ+b2=4

N | 1 2+a-ib 2+a-ib 2+a-ib 1 ib
e Khi dé: = = —5 = ~ = =
2+z 24a+ib (2+a) +b” a +4a+4+Db 8+4a 4 42+a)

e Cach 3: Str dung cong thirc lvong giac.....

Cau 328. (3) Cho so phirc z ¢6 |z| = 3. Phan thwc ctia s6 phirc 97 twong rng bang
+z
A.1/18. B. 1/9. C.1/4. D. 1/3.
Giai:
e Gois6phtcz=a+ib suyra:a2+b2=9
. 1 1 1 1
e Taco: = = = =
9+z> 9+a’-b>+2abi 9-b*+a’+2abi a’+a’*+2abi 2a(a+ib)
. | a—ib __a-ib  _a-ib_1 ib
94z 2a(a+ib)a—ib) 2a(a*+b*) 18a 18 18a

. . 1
e Suyra phan thuc can tim la: Th

Vay ta chon dap an A.

Cau 329. (4) Cho hai s0 phirc z théa mén: |z - w| = 2|z| = [w]. Khi d6 phan thuc clda sé phirc u -z
w

twong ing sé bang
A1 B.1/2. C.-1/4. D.1/8.

Giai:
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Tir gia thiét suy ra: | z—w = 2|z |5 w || =——1|=1 ; | =
w
Cach 1: Tiép cin tw duy va phwong phap hién dai.
1
Binh phwong vo hwéng: |u—1=1]u? +1-2|u|cosa =1-u|-2cosa =0 cosa =7

Trong d6: o = 1;,\1

v

— v
b

Suy ra phan thwc ctia s6 phitrcula: |u|.cosa = %% =3 Vay ta chon dap an D.

1

Cach 2: Phwong phap dai s6 c6 dién nhung dé hiéu. Goi u = a + ib thay vao cac biéu thirc:

|u|zl c12+172:l az+bz:l 3 1
2 © 4 © 4 —>2a—1:—Z—>a:§
lu—-1=1  |(a=-1)*+b*=1 |a*—2a+1+b*=1
Vay ta chon dap an D.

Cau 330. (3) Cho hai s phirc z1 va z; théa man: {

| 2, = 2i || 2iz, +1|

e VA |z1 - 22| = /3. Gia tri cta
| z, = 2i |5 2iz, +1|

biéu thitc P = |2z1 + z2| twong irng bang

Giai:

A. 2. B. 3. C. 242. D. 2.

Tir gia thiét ta c6 thé suy ra: |z1| = |z2|.
Xl |z, = 2i |9 2iz, +1 || 2, = 2i = i(2z, —i) |5 2z, =i || 2, = 2i = 2z, =i |}
S|z, P +4—-4|z |.cosa=4|z, [ +1-4]|z |.cosa <|z |= z, |=1

Goi B=1z,.z,
1
T |z,—z, =3 532z, +| 2, [ —2|zl|.|22|.cos,6’=12+12—2.1.cos,6’—>c0s,B=—5

Suyra: P> =4|z, [ +|z,[? +4|z .| z,|.cos f=4.1> +1> +4.1.cos =3 —> P =3

Vay ta chon dap an B.
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Cau 331. (4) Cho s6 phirc z théa man: |z - 1| = 2. Gia tri I6n nhit cda: P = |z + 2i| + |z - 2 - 2i| twong

rng bang
A. 4. B.12. C. 6. D. 2./5.
Giai:
o Xlibiduthtc: P=lz—1+142i|+|z—1—(1+2i)| . Goi a = (z 1), (1 + 2i)
e Apdung BPT bunhia, tacéd: P> < (1P +13)(|z—1+1+2i[ +|z—1—-(1+2i)[*)
o & P<2|z-1F +|1+2iF +2|z=1|.|1+2i|cosa+(|z=1F +|1+2i [} =2| z—1|.| 1+ 2i| cos @)
o & P2<2(22 445 422 445) =36 P<6

e Suy ra gia tri l&n nhit cia P 1a: Pmax = 6.

Vay ta chon dap an C.

Cau 332. (3) Cho s0 phirc z théa man phwong trinh: z2 - (3i + 1)z - 2 + i = 0. Gia tri ca biéu thic:

|z1 - z2| twong rng bang
A.2. B. 1. C. 2. D. 3.
Giai:
e Bién d6i biéu thirc cin tinh: P’ =z, -z, ’=[(z,—z,) |5 (z, + z,) —4z,2, |
e Twdinhli VIET thay vao biéu thirc trén, ta duwoc:
o P o(z,+2,) —4zz, [HGi+1)} —4(i-2)=2 > P=2

e Vay ta chon dap an C.

Cau 333.(3) Téng S =1 + 2i + 3.i2 + 4.i3 + ... + 2017.i2016 twong (rng bang

A.2018. B.-1+2017i. C.2018i - 1. D. 1009 - 1008i.
Giai:
WE_p 008

ok X
o Xéttdng: S, =l+x+x"+..+x"" =1.

x—1 x—1

2018x*"7 (x =1) = (" = 1)

e Daohamhaivétaduoc: 14+2x+3x" +...+2017x>"° = =
x_

(1)

e Thay x =i vao biéu thirc (1) ta dwoc:
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2018()*" (i —1)— ()" -1)
(i-1)°

o 1+2i+3/%+..+42017.i%*"° =

=1009-1008:

e Vay tachon dap an D.

Cau 334. (3) Tong S =i - 2i2 + 3.i3 - ... + 2017.i2017 twong ing bang
A. 1008 - 1009i. B. 0. C.2017i- 1. D. 1009i + 1009.
Giai:

2016

o1 :1 (_x)2018 _1 _ 1_x2018

o Xéttdng: S,,,=1-x+x"—..+x - I

X

—2018x™7 (x+1)— (1-x*""%)

e DPaohamhaivétaduoc: —1+2x-3x%+...—2017x*"° =

(x+1)°
_ 2018 (1 2018
e Nhan hai v& véi (-x) ta duoc: x—2x> +3x° —...+2017x*" = 2018x (x+1)2 H=x )
(x+1)
e Thay x =i vao hai vé cia (1) ta dwoc:
_ 2018 7+ 1y _ (] _ ;2018
o 2743 . 42017207 = Z20IBL(HDZIATITT) 6081000

(i+1)°

e Vay ta chon dap an A.

Cau 335. (3) Cho so phirc z khong phai 1a s6 thwe théa man: w =

—. Khi d6 gia tri ctia biéu thikc

1+z
2] twong (rng ba
> g rng bang
1+ z|
1
A. 1. B.1/2. C.1/4. D. —.
2
Giai:
2 - - .
e Cach1:Co6: z#0 va weR—)i:1+Z =l+zeR<—> Z—+Z= 22+Z:a lzb+a+ibeR
W z z z.z 4 |z |
L _l|b2+ib:O<—>|z|:l (vi z khdng phai s6 thwc nén b khac 0)
V4
lz| _1
e Suyra: =—
y l+|z|P 2

e Vay ta chon dap an B.

z z — — —
=0>z+z.z —z—-2.22=0

e Cach2: Néu weR—->w-w =0« S =

1+2° 147
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o @ (z—z)(1-|zP)=0¢]|z|=1 (vizkhongphdisdthwcnén: z— z =2ib=0)

2 N , " , 1
e Thay |z| = 1 vao biéu thirc can tinh: 2] _1

I+|z) 2

Cau 336. (4) Cho s6 phirc z thoa man diéu kién: |z - i| = 2. Khi d6 gia tri 1&n nhat cta biéu thirc: P =
|z-1| +|z-3i+2| sé&bang

A. 6. B. 3. C. 24/3. D. 42 .

Giai:

Xt 1{ bidu thirc P nhw saw: P =z —i+(i—1)|+|z—i—2(~1)|

Goi a =(z—i),(i—1) . Ap dung BPT bunhia ta duoc:

P’ :(%.JZz—i+(i—1)|+1.|z—i—2(z’—1) )2 S(%+1)(2|Z—i+(i—l) P+]z—i=2-1)P)

P’ S%(2|z—i|2 +20i—1F +|z—if +4|i—1|2):%(2.22 +22+2>+42)=36

Suy ra: P<6 .Vay tachon dap an A.

Cau 337. (4) Cho s6 phirc z khong phai la s6 thwc thoa man: w =mz + 2 ass thwc. Trong dé m van
z

12 hai hang s6 thwc. Khi d6 gia tri ctia biéu thirc P =| z | s twong (rng bang

|z
m 1 n m 1
A —. B. m+—. C. . —+.—. D. \/Z+—.
n n m n \/;

Giai:

nz . n
> € R —ib(m——
z.Z z | z|

z
° Suyra;|z|:\/z_)P:\/z+\/E_>i: |Z|2:an
m m n P 1+|z|7 m+n

e Vay ta chon dap an C.

N N n nz n
e Baichowlaséthwc: w=mz+—=mz+—==mz+ )=0—>m—

K

. l-2 l-3 .2020
Cau338.(4)Tong S, =i+—+—+...+
(4) Tong Syny 2 3 2020

= A +i.B . Khi d6 |S2020] nam trong khoang

1 3 3. 1
A (0:3). B. (1:0). C. (5:2). D.(:1).
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Giai:
. 2020 2020
e o KX 1A . . . i.x -1 x77 -1
e XéttOng cla cip s6 nhan: 1+ (ix)+ (ix)* +...+ (i.x)*" :1.( .) =
ix—1 ix—1
2020 2020 . 2021 2020
o O lhixtitod g g0 20 X 1=(x D)(—ix 1)= X7 +ix—x"7 +1
ix—1 (ix—-1D)(=ix—-1) x*+1
¢ /2020,.2019 (2021 ) l(xzozo 1)
e Nhanhaivévéiitadwoc: i+i°x+ix” +..+i " (D
X+

e Tich phan hai vé (theo vi phan dx, &ng v&i can tir 0 dén 1) ta dwoc:

1 (x2021 —x)- i(x2020 -1

2020 2019
° P+0x+0x +.+i dx = dx
'([( ) '([ X +1
izxz i3x3 l-zozoxzozo . 1x2021 1 2020 1
o & (ix+ + +..+ )| = - dx—zJ. dx
2 3 2020 o4 x4l s
l‘2 l'3 l-2020
¢ @ S =i STt s = 0,347 40,7851 5 Sy [= 0,86

e Vay ta chon dap an D.

.3 .4 .2019
Cau 339. (4) Téng S, =i’ ——+——...———= A +i.B . Khi d6 |Sz019| niim trong khoang
23 2018
1 3 3 1
A. (—:;1). B. (I,—). C. (=;2). D. (0;—).
(2 ) ( 2) (2 ) ( 2)

Giai:

e y e 1n 5 - (—i.x)zmg—l 2018
e Xéttong cua cap so nhan: 1+ (—ix)+(—ix)" +...+(—ix)" =1 —

(—ix)—1 ix+1
2018 2018 . . 2019 . 2018
. 2 2 20172017 _ +1 (X +1)(—1X+1) —1X —IX+X +1
o & l—ix+i'x —.—i"'x : ‘ = -
ix+1 (@x+1)(=ix +1) x°+1
2018 2019
A e g o . ) . — +D)+i(x" +x
e Nhan hai vé véii2 ta dwoc: i* —i’x+i'x* —...—i""x* = (x ) ( ) (1)

x’ +1
e Tich phan hai vé (theo vi phan dx, ng v&i can tir 0 dén 1) ta dwoc:

1 (=" + D) +i(x™" +x)

2 -3 -4 2 -2019 _ 2017
. F=rx+i'x —..—i" x Ndx= dx
-([( ) -([ x*+1
3.2 .43 .2019 _ 2018 1 2018 L 2019
RN (G i RIS . i A SRS E S
2 3 2018 o xP+1 ) X7+ 1
i l-4 -2019
o & Szow:i2—5+?—...—2018=—O,785+0,347i—>|S2019 =0,86. VAay ta chon dap an A.
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Cau 340. (3) Cho s0 phirc z théa man |z| = 2. Goi gia tri I&n nhit va gia tri nho nhitcia P = 2|z - 3| +

3|z + 3| twong rng 1a M va m. Khi d6 tich (mM) twong &ng bang

Giai:

A.120. B. 0. C. 156v/2. D. 12043 .

Ap dung BPT tam gidcta cé: |z—3|+|z+3 53 —z|+|z+3| > |3—-z+z+3]=6

Suyra: P=2|z-3|+3|z+3]=2(|z-3|+|z+3|)+|z+3>22.6+|z+3]=12+|z+3]>12

D4u “="xdyra < |z+ 3| =0 < z=-3 (TM)

Ap dung BDT bunhia ta lai cé:

PP =Q2|z=3|+43|z+3|)’ < (2*+3*)(z=3 +|z+3]) =13.2| z|* +2|3 ) =13.(2.2* +2.3%)
Suy ra: P<132 .

Suy ra gia tri l6n nhit cia P13 M =13v2 va gi4 tri nhd nhitcdaPla: m=12.

Suy ra tich s6: (mM) = 12.13v2 =156+/2.

Vay ta chon dap an C.

Cau 341. (3) Cho hai s6 phitc z, u théamin: |z + u | =4 va |z - 2u| = 6. Khi d6 gia tri ctia biéu thic P

= |z|2 + 2|u|? twong &ng bang

Giai:

Azl B2 ¢ p. &
2 3 5 3

Goi géc tao béi hai s6é phirczvaula: o =z,u
Ap dung binh phwong v6 hwéng ta cé:

|lz+ul=4 |z+u[’=16 |z +|ul +2|z|.|u|.cosa =16 )

« 2 AEg 2 2

|z—2u|=6 |z—=2u|'=36 lz|" +4|u|” —4|z|.|u|.cosa¢ =36 (2)
Nhan hai vé ciia phwong trinh (1) v&i 2 r6i cong hai phwong trinh trén vé theo vé ta dwgec:
3|z|2 + 6|u|2=32 +36 =68 < P =|z|2 + 2[u|? = 68/3
Vay ta chon dap an D.
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Cau 342. (3) Cho phwong trinh bic 2 4n phitc z v&i cac hé s6 thuc a, b: z2 + az + b = 0. Biét phwong
trinh cé hai nghiém phirc z1 va z2 théa man: |z1 - 1| = |z2 - 2|. Gia tri nho nhit cta biéu thic: P =
3|z1| + 5|z2| sé bang
A. 8. B.12. C. \34. D. 15V2.
Giai:
e Goigbéctaobdi s6 phirczivalla: a= z/l\,l :
e Ap dung tinh chat cia phwong trinh phttc hé s6 thuc, phwong trinh bac hai hé s6 thuc da cho
sé c6 cdp nghiém phirc lién hop: Z =z,
o Tlrgiathiétdachosuyra: |z —1|=z, -2 5z, -2Hz-2]dz-2] (1)

e Binh phwong vo hwéng hai vé cia (1) ta dwoc:

3 3 3
o |z +1-2|z|.cosa=z | +4-4|z |.cosa —> cosa = <1z |2§—>| z Hz, 2=

e Suy ra gia tri nho nhat cua: |z1| = |z2] l1a: >

e Suyra P=3|z |+5|z, 2 3%+5%=12 — Gia tri nho nhit ctia P 1a: Pmin = 12.

e Vay ta chon dap an B.

iz+(3-4i)z

Cau 343. (3) Cho sé phtrc z khac 0 thoa man: |
—i

=3|z . S6 phttc: w = Siz+2+i c6 md

dun twong rng bang
A. 10. B. 2./10. C. 5v2. D. 1243.
Giai:

e Goiz=a+ib thévao biéu thirc gid thiét ta dwogc:

iz+(3—'4i)? _312fo i(a+ib)+(3—'4i)(a—ib) _ (3a—5b)—iF3a+3b)

=3(a* +b*
1—1 1—1 1-1 ( )
3a-5b :3(a2 +b2) 1))

o & (Ba-5b)—i(3a+3b)=3(a’+b*)-3(a’ +b*)i >
( )i )=3 )3 ) {3a+3b=3(a2+b2) (2)
e Lay (1) trir di (2) v€ theo vé ta dwoc: b = 0, thay vao (1) ta dweec:

a=0>z=a+ib=0 (loai)

o 3a=3d o
a=1—>z=a+ib=1 (IM)

o Suyra: |w|=|5i1+2+i|=2+/10. Vaytachon dap an B.
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Cau 344. (4) Cho s6 phirc z thdéa méan: |z - 2 + i| = 1. Gid tri lébn nhiat cta: P = |z + 1| + |z - 5 + 2i|

twong tng bang

Giai:

A.22. B. 43. C. 2J/11. D. 4410.

X li biéu thitc Pnhwsau: P=|(z-2+i) + (3-1i)| +|(z-2 +i) - (3 -1)]

Ap dung tinh chat ctia binh phwong vo hwéng hodc 4p dung két qua may méc ciia cong thirc:
12—z, +]z,+2,=2(z [ +|z[)

Ap dung BT bunhia, ta cé:

PP <(1+1)((z=2+D)+B=D)[ +](z=2+1)-(B=i)[)=2.(2|z-2+i[ +2|3-i[ ) =44

Suy ra: P<~J44 =211

Vay ta chon dap an C.

Cau 345. (3) Cho s6 phirc z khéng phai s6 thwc théa man: w = 4m 22 la mot sé thuec, trong d6 m la
+z
N " . 2| z| N
hang so6 thwc. Gia tri cua: P = + bang
3+ z|
4 4
A —. B. 2. C —. D. 24/3.
11 13

Tir gia thiét suy ra: 4+2° =22 ¢ 22~ ;1 4=0 . Pay 1a phwong trinh bac 2 phtrc hé s6
W W

thue, lai c6 diéu kién s6 phirc z khong thuan thwc tirc la phwong trinh phai ton tai hai nghiém
phtrc lién hop: z, =z, —| 7, |/ z, |9 z |

Theo VIET ta c6: z,.z, = % =4 |z.z, |=4=z, Hz, >z, Hz |Hz =2

21z] 22 4

Suyra: P= = =—
Y 34z 3+2° 11
Vay ta chon dap an A.
Ghi nhé: Néu z khéng thuan thwc ma cé w = e —- thuan thyc thi théi suy ra luén: |z| = R.
+z
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Cau 346. ( 3) Cho sb phirc z va s6 phitc lién hop clia né dwoc bi€u dién béi hai diém A va A’ trén
mit phing phitc. S8 phitc (3 + 2i)z va s phirc lién hop cta n6 dwoc biéu dién béi hai diém B va B’
trén mat phing phitc. Biét AA’B’A 12 hinh chit nhat. Gia tri nhé nhit ctia P = |z - 1 + 4i| bang

B. 2./3. C. & D.%.

3

A. 3.
Giai:

e Dibiét hai diém biéu dién sé phirc lién hop ddi xirng nhau qua truc thyc Ox, tasuy ra: Ava A’
d6i xirng nhau qua Ox; B va B’ d8i xtrng nhau qua Ox. Dé thidy ABB’A’ 13 hinh thang c4n véi hai
day 14 AA’ va BB’ (AA’ // BB).

e D& ABB’A’ 13 hinh chit nhat <& AA’ = BB’ < ya = yg < phan 4o cua hai s6 phttc biéu dién hai
diém A va B bang nhau.

e Goi s6 phitc z biéu dién diém Alaz =a + ib, suy ra s phttc biéu dién diém B la:

A
y
A B
[ 2 L ]
z (1 +2i)z
0 X
[ ] L ] 9
A’ B

zg = (3 + 2i)z = (3 + 2i)(a + ib) = (3a - 2b) +i(2a + 3b)

Suy ra: phin 4o cllaz = phdn do cliazg <» b =2a+3b < b =-a.Suyra: z= (a - ia)

Thay vao biéu thirc P, ta dwoc:

P=lz-1+4i|da—ia—1+4ild(a-1)—i(a—4) |:\/(a—l)2 +(a—4) =2d> -10a+17

P=+~2a’-10a+1 —‘/2(a——) 2>— D4u “=" xay ra khi a—z

Suy ra gia tri nhé nhat cia P 14 Pmin = % Vay ta chon dap an D.

Cau 347. ( 3) Cho s8 phirc z va s6 phirc lién hop clia né dwoc bi€u dién bé&i hai diém A va A’ trén
mit phang phitc. S6 phitc (4 - 3i)(z + 1) va s6 phitc lién hop clia n6é dugc biéu dién béi hai diém B va
B’ trén mat phing phttc. Biét AA’B’A 1a hinh vudng. Gi4 tri cla |iz + 3 - 4i | twong (rng ndm trong

A. (0;1). B. (1;4). C. (47). D. (7;+).
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Giai:

e Goiz=a+ib. Taco6 hinh vé minh hoa:

y A
A(a;b) B(a’;b%)
[ ?
z 4-3i)(z+ 1)
(9] a a’ ;
[ ®
A’ B

e ABB’A’la hinh thang can véi hai day la AA’ va BB'.
AR A 1A R . .. 4 |AA'=BB" |b=D' ey
e Dé ABB’A’ Ia hinh vuong thi ta phai co: >
AA'= AB 2|b|=|la'-a| (2)

e Tadixac dinh s6 phitc dwgc biéu dién béi diém B:
o 7zp=(4-3i)(z+1)=(4-3i)(a+ib+1)=(4a+4+3b)+i(4b-3a-3)=a’+ib’
e Thay vao hé phwong trinh (1), (2) ta duoc:
b=>b' ) b=4b-3a-3 b=a+1 Q)

© ©
2|b|=|la'-a| (2) 2|b|=|4a+4+3b—a| 21b|=|3a+4+3b| (2)

. . 2a+2=6a+7
e Thé (1) vao (2),tadwoc: 2|a+1=3a+4+3a+3|=6a+7|<>
2a+2=-6a-7
a:—§—>b:—% z:—%—i—>|iz+3—4i|:—”ilo
° > A d
9 1 ; N
a=———>b=—- z=—2—i—>|iz+3—4i|=ﬁ
8 8 8 8 32
e Vay ta chon dap an C.

Cau 348. (3) Cho s6 phirc z théa man: |z2 - 4z + 13| = |(z - 2 - 3i)(z - 1 + i)|. Gi& tri nhdé nhit cia

biéu thirc: P = |z - 5| twong &ng la

NG

A. 1. B. 2. C. 3V2. D.

10 2310

Giai:
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e Phan tich phwong trinh bac 2 theo nghiém: z* —4z+13=0<>(z—2-3i)(z—-2+3i)=0
e Thé vao biéu thirc gia thiét ta duoc:

: : : : |z-2-3i]=0
o |[(z-2-3i)(z-243)|H(z-2-3i)(z—-1+0) |« ) )
|z=2+3i|Hz-1+i]
o Truwonghop 1:Véi [z-2-3il=0<>z=2+3i > P=2+3i-5=3/2
o Trwonghop2: |z-2+3iHz-1+i[<|(x=2)+i(y+3)|=|(x-D+i(y+1)]

e & (x=2 +(+3)’=(x-1)+(y+1) <—>2x—4y—11:O—>x=2y+%

e Thé vao biéu thirc cia P, ta dvoc:

11 1 1 1
o P=z-5Hx+iy-5F 2y+?+iy—5|:| 2y+§+iy |= \/(2y+5)2+y2 :\/5y2+2y+z

1 1 1 1 5
e P=.54+2 +—:\/5 +=V+—2, —=—
\/y VPO 0220 T o

J5

e So sanh hai trwong hop ta thiy gia tri nhé nhat ctia P 1a: Pmin = o

Vay ta chon dap an B.

Cau 349. (3) Cho ba s6 phirc cing mé dun: |z1| = |z2| = |z3] = R > 0 va théa man: z1 + z2 + z3 = 0.
Ménh dé nao dwéi day sai ?
A |z +z,Hz,+z, [ H z; + 2, | B. B=zz,+2z,2z, +z;z, =0.
C.C=z+z,+z;=0. D. D=z +z+2 =0.
Giai:
o Tacé:z1=-(z2+23) 2|z |Hz,+2z,|=R .Twong tw,tacoé: |z,+z |5z, +z,|=R
e Suyra: Ménh dé A dung.
22,2y |z i 22,2y |z i 22,2y |z, i _4%

. Z, — = =
e Tacéd: B=zz,+2,z, + 2,2, = = + = + = =122 (z,+2z +2,)
|2, | Z3 |z, | % |2, | ) R

o Tirgidthiétsuyra: z +2,+2,=0¢> 2 +2,+2,=0—>B=0
e Suyraménh dé B ding.

¢ Bién dai biéu thirc C nhw sau:

o C=zl+z+z;=(z,+2,+2) =22z, + 2,2, +2,2)=0-0=0

e Suyraménh dé C dung.
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e (O thé chon luén ménh dé cua dap an D sai.

e Tuy nhién chdng ta c6 thé chitrng minh ddp 4n D sai nhw sau:

e Tacd: D=z +z,+z, =(z, +z,+2,) =3(z, + 2,2, + 2,)(z; + 2,) = 0=3(=z,)(—z,)(~2,) = 32,2,2,
e Suyra: |D|z +2z+2 =322,z =3z |.|z,|.| 2z, |F3R’ #0

e Viy ménh dé clia dap an D sai.

Cau 350. (3) Cho mot da thirc P(z) vdi cac hé s6 thwc. Biét rang s6 phitc z (khong thuan thuc) théa
man: P(z) = 0 thi ménh dé dung trong cac ménh dé dwdi day la:
A. P(|z])=0. B. P(z*)=0. C. P(§)=o. D. P(z)=0.

Giai:

e Cach 1: C6 thé tao ra mot da thirc cu thé cé hé sé thuwc va nghiém phirc: P(z) =z2+1=0.

e Suyranghiém:z=i— z =—i—> P(z)=(=i)’+1=0

e Vayta chon dap an D.

e Cach 2: Phwong phap tw luln, ta di chirng minh lai mot két qua da biét.

e Xét dathitrc phirc hé s6 thwe: P(z)=a,+az+..+a,z" =0

e Lién hop hai vé ta duoc:

- — —
e P(2)=a,+az+..+az'=0ca,+a,z+..++..+a,z =0 P(z)=0

e Suyra: z ciinglanghiém cta da thtec P(z) = 0.

Vay ta chon dap an D.

4z —5i

Cau 351. (3) Cho s6 phirc z théoa man: |z [>1.Xét biéu thirc: P:4 5 . Ménh dé dung la:
+ iz
A. |P|=1. B. 0 P[LI. C. |P]>1. D. |P>2.
Giai:
e Taco:
P:4z—51 (—)4P+5iPZ=4Z—5i(—)Z=4P+Sl NP 4P +5i = 4P +5i o 4P +5i > 1
4+ 5iz 4-35iP 4-5iP —i(5P+4i) 5P+4i

& |4P+5i[2| 5P +4i[<> 16| P[> +25+40| P|cosa = 25| P +16+40| P|cosa

& 12 PlPo| P

Vay ta chon dap an B.
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Cau 352. (3) Cho hai s6 phirc z théa mian: |z - 2u| = 2|u| = |z|. Khi d6 gia tri cia biéu thic:

P=3)7 +16(%) twong tng bing
u z

Giai:

A. -4, B.3+i\/3. C. 1742, D. —1+i\/3.
z—2u z
| =2 |—=2]=2
Ttr gia thiét suy ra: “ ol
1Z1=2 1Z1=2
u u

Dit s6 phirc: z/u = a + ib, thay vao hé phwong trinh trén ta dwoc:
la+ib-2|=2 [(a-2)+b*=4
©
la+ib|=2 a’+b* =4

Lay hai phwong trinh trir di nhau vé theo vé, ta dwoc: -4a+4=0< a=1.

Thé a = 1 vao mot phwong trinh, suyra: b° =3 —>b = +3 > Zo +i\3
u

1

1+z\/§

Thay vao bidu thite: P = (1+i/3)> +16( )y =—4

Vay ta chon dap an A.

Cau 353. (3) Cho s6 phirc z théoa man: |z + 2 - 3i| = |z - 1 + i|. Biét s6 phirc w = iz + 2. Khi d6 gia tri

nhé nhit cda |w| twong tng bang

Giai:

A. 1. B.1/2. C.3/4. D.3/2.

Bién ddi gia thiét ban daw: |i|.|z+2-3i[i|.|z=1+i || iz+2i+3 [ iz—i—-1] (1)
Thé iz =w - 2, vao biéu thirc (1) ta dwoc:
|W—=2+2i+3|5w-2—-i-1|o|w+1+2i|=|w-3-i| (2)

batw = a + ib, thay vao biéu thirc (2) ta dwoc:

8a—-5
6

|a+ib+1+2i|=a+ib-3—i|¢<> (a+1)’ +(b+2) =(a-3) +(b-1) > b=

_ _ 2
Khi d6: | w |=a’ +b> = /a2+(8” S o [d0a=H+9 1
6 36 2
2 3

“w_n

Diu“="xdyra< a==—->b=——
5 10

. 1
Suy ra gia tri nhé nhat cta |w| 1a 5 Vay ta chon dap an B.
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Cau 354. (3) C6 bao nhiéu s6 phitc z théa min déng thoi hai didu kién: |z| =3 va |2z.z+3z=9 ?
A. 0. B. 2. C. 1. D. 3.
Giai:
e Cach 1: Str dung BDT tam giac
o Tir: |2zz243z]=90|2|z] +32]=9|2.9+32]=9 |z +6]=3
e Ap dungBPT tam giac: 3=z+6/=6—(-2)]2|6|—|-z|=6-3=3
e Suyradiu“="phdixdyra < 6=k.(-z) (trongdd k>1)
o 6 Hk(-2)|=k.|z|=3k>k=2>6=2(-2z)>z=-3
e Suy ra chi c6 duy nhat mot s6 phirc z = -3 théa man déng thoi hai diéu kién bai toan.
e Vay ta chon dap an C.
e Cach 2: Goi z = a + ib thay vao cac gia thiét bai toan ta duorc:
|la+ib|=3 a’+b*=9 a’*+b*>=9 a’+b*=9 a’+b*=9 1))
’ {| 2.|z| 43z |=9<_>{| 2.9+3z |:9<_){|z+6|=3 (_){| a+ib+6|=3 H{(a+6)2 +b°=9 (2)
e Lay phwong trinh (2) trir phwong trinh (1), vé theo vé ta dwgec:
e 12a+36=0—>a=-3—>b=0—z=-3.Suyracé6 duy nhit mdt s6 phirc théa man.

e Vay ta chon dap an C.

Cau 355. (3) Cho hai s6 phikc z va u théa mén: |z] = |u| = 1. Khi d6 s6 phirc w = —*

c6 phan do

1+ zu
twong tng bang
A. 0. B. 1. C.-1. D.1/2.
Giai:
e Cach 1: Ta c6 thé gid st z = 1 va u = i thay vao biéu thirc cia w sé dwoc:
o« w=l1"_ I 1. Suy ra s6 phtrc w thuén thwc. Suy ra phan 4o ctia né bang 0.
I+zu 1+1i

e Vay ta chon dap an A.

— 1 — 1
e Cach2:Tacoé: z=—; u=—
z u
1 1
—t= — —
e Suyra W=Z+u— z u _urz = w — w 1as8 thuin thuc — c6 phan 4o bang 0.
tzu Ll u.z +1
zZ u
e Vay ta chon dap an A.
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Cau 356. (3) Goi (H) 13 hinh biéu dién s6 phtc z théa man diéu kién: |3z— z [<4 va s6 phic z c6
phan thwc khong 4m. Dién tich hinh (H) twong &rng bang
A. 2r. B. 7°. C 4r. D. r.
Giai:
e Goiz=x+iy, thay vio gia thiét ta dwoc: |3z— z [<4 ©|3(x+iy) —(x—iy) [< 4 <> 2x +4iy[< 4

2 2
¢ & |x+2iy|§2<—>x2+4y234<—>%+yT§1

e Day la hinh elip (E) c6 ban truc 1é6n a = 2, ban truc nho b = 1. Hinh (H) chinh 1a hinh gié¢i han
bdi elip (E) va truc tung Oy (&¢ng véi hoanh do x>0).
e Suyradién tich hinh (H) 1a mot nira dién tich hinh elip (E).

S zrab 7w2.1
[ ] S = (£) = = =T
) 2 2

Vay ta chon dap an D.

Cau 357. (3) Cho s6 phitc z théa man |z+2—5i|<2. Tap hop diém biéu dién s6 phirc w = (3 + 4i)z +
2 -1 12 hinh tron c¢6 chu vi bang
A. 20z. B. 167. C. 872 . D. 473.

Giai:

o Tirgia thiBtsuy ra: |3+4i|.|z+2—5i[<2.|3+4i || (3+4i)z +(3+4i)2—51) <10

o & [(B+4i)z+26-Ti|<10

e C(CO: (3 +4i)z=w -2 +i, thé vao biéu thic trén ta dwoc:

o |W-2+i+26-Ti|<10<| w+24—6i[<10

e Hinh biéu dién 12 hinh tron c¢6 ban kinh R = 10, suy ra chu vi: p=27R=20r

Vay ta chon dap an A.

Cau 358. (3) Cho sb phirc z théoa man: (3+2i)|z|=£+1—5i. Biét diém bi€u dién s§ phic
z

w =(3—4i)z+5-2i 1a dwong tron tAm I va ban kinh R. Gia tri ctia ban kinh R nam trong khoang
A. O<R<l. B. V2 <R<3\3. C.3V3<R<4/2. D. 4/2<R<53.
Giai:
V190 190 V190

o (3+6i)|zF——+2-i<>(3+6i)|z|2+i=—>)| (3+6i)|z|—2+i|=ﬁ
z z z
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e Dit:rgz[>0—> |(3+6i)t—2+i|:%<—>|(3t—2)+i(6t+1)|=%<—>\/(3t—2)2+(6t+l)2:%
o 451 + =—“1t90<—>45t2+5=1?—20<—>45t4+5t2—190:0—>t2=2—>t=\/§=|z|

o Tt w=(B-4i)z+5-2i —>W—5+2i=(3—4i)z —|w—5+2i |5 (3-4i)z|=3-4i|.|z|=52

e Suy ra ban kinh dwong tron biéu dién s6 phirc w twong trng 1a: R = 572

e Vay ta chon dap an D.

~ Vé 2 ~ . 2 . \ g - A X ~ 4
Cau 359. (3) Cho s0 phtrc z théa man: (3+2Z)Z+33 i =0. Goi M la diém biéu dién s6 phirc

w=(+2)z-3i+1. Biét « = MOx = gbc tao baoi OM véi truc Ox. Khi d6 géc 2a c6 gia tri nam
trong cung phin tw twong rng la

A. gbc phan tw thi 3. B. gbc phan tw thr nhit.
C. gbc phan tu thi 2. D. goc phén tw thi 4.
Giai:
. X1 N —325 :
e Rut gon so phtrc z bang CASIO nhanh ta dwoc: z=————=-17-6i

(3—-4i)(3+2i)
e Suyraséphic: w=(>G+2)z-3i+54=(>G+2)(-17-6i)-3i+1=26-32}

e Suyra gdc tao bdi Ox ctia diém biéu dién w twong rng (chinh 13 Argument ctia w):

oS QL = —— = _20_ .
. lw| 10417 > a~—=51">2a=-102" . Suyragéc 2a nim & cung phin tuw thi 3.
sina <0

A P n " 2017z .., ., " as

Cau 360. (3) Cho s6 phtrc z khéng thuan thwc sao cho: w= e la s6 phtrc thuan thuc. Khi dé
+4z
gia tri cia biéu thirc: P = l;u twong (rng bang
3+4|z|
AL B. L. ct. D. L.
7 2 4
Giai:
_ 2017§ 4. —2017z+1:0
1+4z w

e zkhong thuan thwc suy ra ton tai cip nghiém phirc lién hop cé cing mo dun:
* z,z, >z =2z Hz Hz|

. , C 1 1 1
e ApdungVIET ta cé: z,.z, :Z:Z—ﬂ z,.2, |:Z:|Z|2_)|Z|:E
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e Thay vao biéu thirc: P = 2l 2 _1

3+4)zf 17

e Vay ta chon dap an B.

Cau 361. (3) Cho z 1a s6 phirc khong thuin thwc sao cho phén thwc cta s6 phirc u = bang 2.

|z|+z
Khi d6 |z| c6 gia tri bang
A.1/4. B.1/2. C.1/8. D. 1.
Giai:

e Cach 1: Tric nghiém.

e Tacothégiadsi: u= =2+ib=2 (coinhwb=0)

|z|+z

e Khiddétaco: u=

1 1 1
=20|z|rz=soz=o—|zzH S| 2]
|z|+z 2 2 2

P PR (TM)
2 4

e Ditt=|z|>0,suyra: t=|%—t|<—>
f:—z'i‘l—) (VN)

e Vay ta chon dap an A.

e Cach 2: Twluin c6 co so:

o Goi u= =2+ib<>1=z|(2+ib)+(2+ib)z <> 1~ | z| 2 +ib) = (2 +ib)z

|z|+z
e LAy md dunhaivé: |1-|z|(2+ib)|= (2+ib)z|=|2+ib|.|z|H z|V4+b’
e batt=|z|>0,suyra:

o [1-t2+ib)|=tN4+Db" | (1-21)—i(th) |= t\4+b> <> (1-2t)" +(th)’ :t2(4+b2)—>t:%

e Vay ta chon dap an A.

Cau 362. (3) Cho phwong trinh bac hai hé s6 thwc a va b: z2 - bz + 3a + a2 = 0. Biét phwong trinh c6
mot nghiém z1 khong thuan thwc théa méan: |z1| = 2. Ménh dé dung la:
A.a=4hoaca=-1. B.a=1vab>4.

C.a=1va-4<b<4. D.a=1hoaca=-4va b<-4.
Giai:
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e Di biét phwong trinh bic hai hé s6 thwe néu c6 nghiém phirc khéng thuan thuc thi phai cé da

mot cap nghiém lién hop c6 cung mé dun: z1 va z; ¢ |z1| = |z2]

e Theo VIET, ta c6: z1.z2 = C/A = 3a + a2 —>|z|2:3a+a2=22<—>a2+3a—4:0—{ . A
a=-—

e Tuy nhién, ching ta can c6 thém diéu kién dé phwong trinh bic 2 c6 nghiém phirc la:
e A=b"-4Ba+a’)<0b*-44<0-4<b<4

e Viy ta chon ménh dé dungla ménh dé C.

Ciu 363. (4) Cho s& phirc z théaman |z + 2 - i| + |z - 4 - 7i| = 6+/2 . Goi M va m Ian lwot 13 gi4 tri 16n
nhat va nhé nhit cta |z - 1 + i|. Khi d6 tdng cia (M + m) bang

A.M. B. V34473 . C5vIiv3.  p. 3273

2
Giai:

Cach 1: Qu§ tich diém biéu dién s6 phtrc z théa min: |z+2—i|+|z—4—7Ti|= 62

Pay la mo6 hinh duong elip: |z - z1| + |z - Z2| = 2a. Trong do6:

o =z =-2+i; z,=4+Ti>tibucwctaelipla: 2c=|z -z, |=|2+i-4-7i|=6:2=2a

DAy la dang elip suy bién thanh doan thang hai tiéu cu: FF’, trong d6 F =z1 va F’ = zy.

Gi4 tri cta: |z - (1 - i)| coi nhw khoang cach tir diém A =zs = 1 - i, téi doan thing FF.

o F=71=-2+i=(-21) ;F=22=4+7i=(47) ;A=za=1-i=(1;-1).

Ay

Max

e Gid tri 16n nhit chinh 12 doan: AF = max = M = \/(4—1)* +(7+1)* =/73.
e Gia tri nho nhit chinh 1a: AH = d(A,FF’) . C6 phwong trinh tdng quat ctia FF’ trong Oxy la:

52 5V2
5 .

e (FF):x-y+3=0 > d(4;FF')="—=.Suy ra: gid tri nh6é nhat: min =m = 5
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i T 5f+2\/7

e Suyra:M+m=

e Vay ta chon dap an A.

e Cach 2: St dung phwong phap xoay truc toa do trong mit phang phikc, ta co:

o |z+42-i|+|z-4-Ti|=682 | (z=1-4i)+(B+3i)|+]| (z—1-4i)— (3+3i) =642

o O |1+i|.|(z=1-4)+@+30) | +|1+i].| (z=1-4i)— B +3i) = 6/2.| 1+i =12

o & |(-)(z-1-4)+(A-D)B+30)|+|(1-i)z—1-4)-(1-)(3+30)|=12

o & |(-i)z—-1-4)+6|+|(1-i)z—-1-4i)-6]=12

e Diat: (I-i)(z—-1-4)=u—>u+6|+|u—-6J=12 (D)

e (o trucdai: 2a = 12; tiéu cw nhin nhanh: 2c = 12.

e Day la dang quy tich ELIP suy bién thanh mét doan thang ndm trén truc hoanh [-6;6] {vi tiéu

cu 2¢ = truc dai 2a}

e . N NPT : : :
e Bieuthwc: |z—1+i|5(z—-1-4i)+5i|= J(z—-1- =—.|(1=i)(z—1-4i)+5+5i]|
|1—1i| V2
1 L1 .
o |z-l+il=—F7=.lu+5+5i]=—=.|lu—(-5-50)].

7 N5

e Trong dé: |u—(-5-5i)|=d(AFF) = (khoang cach tir diém A(-5;-5) t&i doan F'F).

e Gi4 tri 16n nhat ca bidu thive: |u—(=5-5i)| 1a: AF = (11> +5 =+/146

Ay

b 4

Gia tri nho nhét ctia biéu thirc: |u—(-5-5i)| la: AH=5

e Viy suy ra gia tri 1én nhat va gia tri nhé nhat cta biéu thirc:

146

| z—l4ie . |u—(=5-5i)| Ian luotla: M =120 _ /73 > V2

2 V2 TR

5\/§+2x/ﬁ

Suyra:M+m= — Vay ta chon dap an A.

Bién soan: Nguyén Pdng Ai - Ky sw tai ndng - Bdch Khoa Ha Noi. Trang 323 ‘ ‘



Tén trong quyén tdc gid va cam két khéng sao lwu bdn phu. CHUYEN PE: SO PHU'C VA NG DUNG

2
Cau 364. (3) Cho s6 phirc z khong thuin thwc théa man: w :1+Z—+22 la s6 thyc. Gia tri cia biéu
—ZzZ+z
thitc: P=./1+2|z| twongngbiang
A.2. B.3. C. 5. D. /3.
Giai:
2
o Tirgia thiét ra bién d6i: w = 1”—”2 W=D —(w+D)z+(w-1)=0 (1)
—ZzZ+z

e Phuwong trinh (1) biéu dién phwong trinh bac 2 ciia s6 phtrc khong thuan thuec z.

e Trwong hop 1: Néu w = 1 thi phwong trinh (1) suy bién thanh: -2z =0 & z = 0. Pay la s6
phtrc dac biét vira thudn thwc vira thuan do. Vay suy ra: w = 1.

e Trwong hop 2: Biét rang w #1 nén phwong trinh (1) luén 1a phwong trinh bac 2 véi cac

nghiém phirc khong thuan thwc. Suy ra né phai c6 mot cap nghiém lién hop: z,,z,.
o Trongdé: z, =z, |z |5z |.

1
e Theo hé thitc VIET, ta c6: z,.z, =— =W—1=1—>| 2.z, [ zP=15]z]=1.
a W —

e Suyra gié tri clia biéu thirc: P=/1+2]z|=+1+2.1=4/3

Vay ta chon dap an D.

Cau 365. (4) Cho sO phirc z = a + ib trong d6 a, b théa man: a,b>0;a—b<2;a+3b<12. Gia tri l16n
nhit cla |z| twong (rng bang

A 113, B.@. C. 14. D.@.
3 2
Giai:
e DAy la dang bai toan xac dinh gia tri 16n nhit cia md dun z khi biét z ndm trong mot mién
dwoc xac dinh béi cadc dwong thang gidi han. C6 thé coi d6 1a mién da gidc. Nhirng bai toan
dang nay cach nhanh nhat van 1a st dung hinh vé nhanh.

e Truwdc hét ta xac dinh mién chira s6 phirc z tir hé diéu kién gia thiét:
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Ay

LA 4

0 2 9 12N
2

e Diém Ala giao diém ctia hai dwong thing:a-b=2va a+3b=12.Suyra: 4= (g;%) :

e Diém Ala diém ndm trong mién D c4ch xa O nhat, &ng véi diém biéu dién s6 phirc c6 mé dun

16m nhat: |z|m=0A=\/(2)2+(§)2 _ 106 Pat dwoc khi: A=z, =2 +>i.
2" 2 2 2 2

e Vay ta chon dap an D.

Cau 366. (3) Cho phwong trinh phirc: z2017 + 72016 + | + 7+ 1 =0 c6 ding 2017 nghiém phirc l4n

lwotla zi, 2, ..., Zz2017. Khi d6 tdng: S =2/ + 22" + .+ 220} ¢6 gia tri bang
A. 0. B. 2018. C.2017. D.-1.

Giai:

e Cach 1: Ap dung CT tinh tdng ctia cip s6 nhan, ta cé:

2018
Z —_—
o 4 4z41=061. =05z -1=06 2" =1
z—1
e Suyra: §=zM5 M5 85017
e Vay ta chon dap an C.
e Cach 2: T gia thiét, ta nhan hai vé véi z sé duoc:
2017 2016 2018 2017 2018 2017 2016

e ' +z 4+ . +z+41=060z""+z7 '+ 4z=00z" " +(z7 T +z7 " +...+2)=0

o LT pztl) =162 =]

e Suyra: §=zM4 0 089017,

e Vay ta chon dap an C.
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Cau 367. (3) Cho phwong trinh bic hai hé s6 a thwc: z2 - 2az + a2 - 3a = 0. Biét phwong trinh c6 mot
nghiém phirc z1 khong thuin thuc ¢6 |z1| = 2. Gia tri cua |2a + (a2 - 2)i| twong (rng bang
A.2. B. 2./3. C. 7. D. 5.
Giai:
e Phuwong trinh bic hai hé s6 thwc ma c6 mot nghiém phirc khéng thuin thwce thi nd sé cé hai
nghiém phitc la lién hop ctia nhau, cé cuing mé dun la z1, z2, c6: |z1] = |z2|
. ﬂonET:4@:Eluf—&rﬂakﬁahugﬁz4e4?2%?:4€9f_sa_4zqa[a:_1
A a —3a=-4—(VN) a=4
e Chung ta phai thir lai diéu kién phwong trinh bic hai c6 nghiém phirc:
z=4+2.3

e Vb6i a=4—>pt:z°-8z+4=0—> . TH nay khong TM vi pt ¢6 2 nghiém thuc.
z=4-23

z=-1+if3

e V&i a=-1->pt:z°+2z+4=0—> . Trwong hop nay théa man.
z=-1-i\3

o Suyra: a=-1-2a+i(a*—2) |5 -2+i(1-2)|=~/5 . Vay ta chon dap &n D.

Cau 368. (3) Cho so phirc z = x + iy, trong d6 x, y 1a nhirng s6 thwc khong 4m thoa man dong thoi cac
diéu kién: x+ y<6; x+2y>4. Gia tri l&n nhit va gia tri nho nhit cia Q = |z - 5 - i| twong &ng la M
vam. Khi d6 (M + 2m) twong (rng bang
A.9. B. 4/3. C. 53. D. 52.
Giai:
e Mién D dwoc minh hoa nhw hinh vé:

) B
Ip--mm-m-5 G ,///4. >
0 4 ° ;
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e GiatriciabiéuthitcP=|z-5-i] =AM, trongd6 A=z5=5 +i, MIa diém nam trong mién D.
Nhan thdy ngay A nam trong mién D.

e Gia tri nho nhat cia P 14 Ppin = 0.

e Giatrilén nhit ctia P13 Pmay= AB = |za - zp| = | 5 +i - 6i] = 5V2.

e Suyratdng (M+2m)= 5v/2.

Vay ta chon dap an D.

Cau 369. (3) Cho s0 phirc z = x + iy, trong d6 x, y 1a nhitng s6 thwc thdéa man déng thoi cac diéu kién:
0<y;x+2y<8;x—y>2.Goigia tri I&n nhat va gia tri nho nhit cia: P = |z - 8 - 4i| lan lwotla M
va m. Khi d6 (M.m) twong &ng bang

164/85 c 1243 73
. N2

D. —.
5 2

A. B.12.

Giai:
e Mién D dwoc xac dinh nhw hinh vé.
e Gi4 tri ctia biéu thirc: P = |z - 8 - 4i| = AM, trong d6 A = zp = 8 + 4i, M = zv 12 diém nam trong

mién xac dinh D (la mién gach chéo cho trong hinh vé).

Ay

O 2 g(x

Ay

e Gid tri én nhat cta bidu thirc P 13: Pmax= M = AB = |za - zs| = |8 + 4i - 2i| = 24/17.
18+24-8] 8

NI SN

e Gia tri nh6 nhit cia biéu thirc P 1a: Pmin = m = AH = d(A,A1) =

8 16V85
5

NG

e Suyra:Mm= 2J17. . Vay ta chon dap an A.
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Cau 370. (3) Cho s0 phirc z = x + iy, trong d6 x, y 1a nhitng s6 thwc thdéa man déng thoi cac diéu kién:

0<(x=2)(y—2);3x+2y>8; x+2y<10. Gia tri I&n nhat va gia tri nhé nhit cia P = |z - 4 - i| lan

lwrot1a M va m. Khi d6 (M + m) twong &rng bang

Giai:

A.12. B. 243 +2. C. V13 +1. D. 3V2+2.
A ol T Tt e x,y=2
Phan tich kilai mién D: (x-2)(y-2)>20«
x,y<2

Cac dwong thang gi¢i han: A, :3x+2y-8=0; A,:x+2y-10=0
Mién gi¢i han D dwoc biéu dién nhu hinh vé.
Gi4 tri clia biéu thitrc: P = AM = |z - za| ; trong d6 A =z = 4 + i, M 12 diém biéu dién s phirc z

nam trong mién xac dinh D.

Ay

N

S\B

2
C H
1 A
0 2 4 10 X
2 Ay
Ay

Ta phai di tim hai diém c6 kha ning xa A nhit cho gia tri I&n nhit cda biéu thirc P 13 diém B
va diém C.

8 . . =2 =
biém B la giao ctia dwdng thang x = 2 va dwdong thang Az: { * © { 4 —> B=(2;4)

x+2y=10 =
4
(¢ \ . 2 \ 2 N N 2 y:2 XZ— 4
biém Cla giao cua dwong thangy = 2 va dwong thang Ax: 3>C=(=;2)
3x+2y=8 y=2 3

Khoang cach doan AB = |za-zp| = |4+i—(2+4i) | 2-3i |=x/B.
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4 8 J73

e Khoang cach doan AC = |za-zc| = |4+i—(§+2i) |:|§—i|:T.

e Suyragiatrinhé nhatciaPla: Pmn=m=AH=1
e Giatrilon nhiatcta Pla: Pmax=M = AB = J13.

e Suyra(M+m)= V13 +1 . Vay ta chon dap an C.

G4z +12-121 oo o

Cau 371. (3) Cho s6 phirc z thdéa mén: |
z=3i iz+3

nam trén dwong

tron (C) c6 ban kinh R bang
A. 2. B. 6. C. 3. D. 1.

Giai:

e Cach 1: Twr gia thiét suy ra: w =

ety Ly
I W

iz+3 iw

e Thay vao biéu thirc ban diu ta dwoc:

1 3+4i
. e (3+4i)(— +3i)+12—12i ULV
. (BHdDzrla-lan, o iw =6 ]~ | 6 | 3 4i =3 |= 6
z-3i (— +3i)-3i RS
iw iw
: 4.
. ¢>|3+41+3w|:6<—>|w+1+§l|:2
e bayla dwong tron c6 ban kinh R = 2.
e Vay ta chon dap an A.
e Cach 2: S dung phwong phap bién d6i nhanh
. |(3+4Z)Z+12_lzl|:6<—>|(3+4l)(z_3l)_3l|:6<—>|3+4i— 3i = 6] 344 3ii =6
z-3i z-3i z-3i i(z—3i)
1 4 4
o & |3+4i+ 3 |=6 < +l+—-iF2|wH+l+—-i|=2
iz+3 iz+3 3 3

e bayla dwong tron c6 ban kinh R = 2.

e Vay ta chon dap an A.

Cau 372. (3) Cho s phirc z = a + ib, trong d6 a, b 1a nhitng s6 thwc khong 4m dong thoi 1a cac hé s6
clia tham thirc bac 2:  f(x) =x” —2ax+b.Biétrang: f(-1)>3 ; f(-2)<9. Gia tri l6m nhat cta biéu
thirc P = |z - 3 - 4i| twong &ng bang

A. 2J13. B. J17. C. 25. D. 5.

Giai:
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e Tirgid thiét ta suy ra cac diéu kién cGa haihé s6avab: a,h>0
o f(-)>31+2a+b236b>2-2a; f(-2)<9<1+da+b<9<>h<8—4a

e Mién D dwoc xac dinh nhw hinh vé:

Ay

17
o) 1 2 3 X
N

e Gia tri cia biéu thitc P = |z - za| = AM, trong d6 A = za = 3 + 4i, M 1a diém nam trong mién D.

e Quan sat va tinh toan ta suy ra dwoc gia tri 1én nhat cta P la:

® PmaszB=5¢>Z=8i.

Vay ta chon dap an D.

Cau 373. (4) Cho s6 phirc z thda man: |z—1[<3 ; |z—2i|<4. Gia tri 1én nhit cta P = |z - 3 - 4i]

twong ing bang
A N2V g C.5. p, Y345 80411.
5 5
Giai:

e Mién D dwoc xac dinh bai gidi han hai hinh tron. Mién giao ctia hai hinh tron.
e Hinhtron |z—1<3 c6tdm 1 =21 =1 =(1;0) va ban kinh gi¢i hanlaR; =3
e Hinhtron |z—-2i|<4 c6tam I = z;2 = 2i = (0;2) va ban kinh gi¢i hanla Rz =4

e Mién D dwoc xac dinh nhw hinh vé:
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‘<B4

e Gia tri cha biéu thitc P = |z - 3 - 4i| = |z - za| = AM, trong d6 A = za = 3 + 4i = (3;4) va M la mot
diém nam trong mién D.

e Gié tri nh6 nhit cia P12: Pmin=m =AB=Al; -1iB=|za-zn| - Ri = [3+4i—1|-3=2/5-3

e Gid tri Ion nhit kha phirc tap, sau khi noi A véi hai tAm I; va Iz ta nhan thay AC 1a khoang cach

xa nhit tinh tir A dén mién D, trong d6 C 1a giao diém cta hai dwdong tron (C1) va (Cz).

144411

1V v — X
. Suyra:C:{(Cl)'(zx b +y2 9(—) >
(C):x"+(y-2)" =16 y_2i2\/ﬁ
5

e Chung ta c6 thé nhin thiy ngay diém C can tim la: C =(

14—4\/ﬁ,2—2\/ﬁ)
5 b

5

e Suyragia trilén nhit cia Pla: Pmax=M = AC = 545+—80\/ﬁ :

e Vay ta chon dap an D.

Cau 374. (3) Cho s0 phtrc z théa man: |z—2<4 ; |z+1|<|z+i|. Gia tri l&n nhat va gia tri nhd nhat

cia P = |z - 3 + 2i| Ian lwot 1a M va m. Khi d6 (Mm) twong (rng bang

B 510 + 442 c 43 + 642

2 2

A. 32 +2. D.O.

Giai:
e Mién D dwoc gidi han béi hinh tron (C): |z—2|<4 c6tdm I =z = 2 = (2;0) va ban kinh R = 4

vaduong thang: |z +1[<|z+ije (x+1) + Y <X’ +(y+1) &> x<y
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e Mién D dwoc biéu dién nhw hinh vé bén duéi:

Ay

ol 4

e P=|z-3+2i|=|z-2zs =AM, trongdd A=z =3 -2i vaMladiém nidm trong mién D.
e Phuong trinh duomg thang Ala: x -y = 0.

3-(2)|_ 5

Jeer 2

e Giatrilén nhat cia P13: Pmax=M =AB=Al + IB=|za-z|+R= [3-2i-2|+4=/5+4

5 _5J10+442
3(\/5+4)—#

e Gia trinh6 nhitcia Pla: Pmin=m=AH=d(AA) =

e Suyratich: Mm= . Vay ta chon dap an B.

Cau 375. ( 3) Cho hai sd phitc z1 va zz théa man: |z, |=z,|=1; |z, +z, = J3 . Gia tri ctia biéu thirc:

P=z.,+z,z twongingbang

A. 1. B. 0. C.-1. D. 3.
Giai:
e Cach 1: Ching ta c6 thé chon cu thé cac gia tri clazivaz: la: z, :%+§ 5 Z, = —%+§
— — l\/_ 1 z\/_ z\/_ 1 z\/_
o Suyra: P=zz +z2,7 = (5 —)(————) (—— —)(———) =1

e Vay ta chon dap an A.
o Cach2:Tacéd: |z,+z,|=V3©|z,+2, =3 (2,+2,)(z +2,) =3 (z,+2,)(z,+2,) =3

o D zz+zz,+z2,+2,2, =3z +|z, [ +P=3<1+1+P=3>P=1

Vay ta chon dap an A.
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Ciu 376. (4) Cho biéu thirc: P= |z - 1| + |z- 2 - 3i| + |z - 4 - 2i| + |z - 5 + i|. Gi4 tri nhd nhit cla
biéu thirc P twong (rng bang
A. 243 +6. B. 2./10. C. V5+\17. D. 5+13
Giai:
e DAiy la bai toan 4p dung BDT tir giac 16i.
e BiéuthitcP=MA + MB + MC + MD, trong d6: M=z; A=za=1=(1;0); B=zg=4 + 2i = (4;2) ;
C=zc=2+3i=(23);D=2p=5-i=(5;-1).
e Hinh biéu dién tir giAc ABCD nhu hinh vé:

bh 4

e Hai dwong chéo cta tir giac 161 ABCD la AB va CD, ¢6 d6 dai: 4B =z, —z, |=[1-(4+2i) = Ji3
; CD=z.—z, |H2+3i-(5-i)]=F5

e Suyra: P=MA+MB+MC+MD> AB+CD=+13+5

e SuyragiatrinhénhitciaPla: P, =13+5

e Vay ta chon dap an D.

Cau 377. (4) Cho biéu thitrc: P = |z | + |z - 4 - 2i| + |z - 3i| + |z - 5 + 2i|. Biét rang khi z = a + ib thi
biéu thirc P dat gia tri nhé nhit. Khi d6 (a + 2b) twong (rng bang
A. 1. B. 4. C. 6. D.-3.
Giai:
e P=MO+MA+MB+MC;A=2za=4+2i;B=2z=3i;C=2zc=5-2i.

e Chung ta x4c dinh hinh minh hoa t gidc OABC biéu dién céc s6 phirc twong (rng trén hinh vé:
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B(0;3)
, , A2)
M
0 5 R
4 X
2 > C(5;-2)

e Khidé: P=MO+MA+MB+MC >0A+ BC
e DA4u “=" xay ra thi P dat gia tri nhé nhat va khi dé6 M 1a giao diém cta OA va BC.
e Phuong trinh dwong thang OA: x—2y =0

e Phuong trinh duwdng thang BC: :—_8 = );2;33 < x+y-3=0

e Toadd cua diém M dé Pmin 1a nghiém ctia hé phwong trinh:

x—=2y=0 x=2 ) )
- > M=2;1)=z,=2+i=a+ib>a=2;b=1>a+2b=4
x+y-3=0 yv=1

Vay ta chon dap an B.

Cau 378. (4) Cho ba sd phttc z1, z2, z3 théa man: |z1 - z2| = |z2 - z3| = 12; |z3 - z1| = 14. Gia tri nho
nhat cua biéu thitc: P = |z - z1| + |z - z2| + |z - z3| twong ng bang
A.6. B. 44/5+413. C.\/95+743. D. 2J/11+97.
Giai:
e DAy la dang bai toan tim tong khodng cach nho nhit tir mot diém M thay d6i dén ba dinh A, B,
C c6 dinh cia mot tam giac.
e Goi diém biéu dién s& phirc z; = A; z2 = B ; z3 = C. Khi d6 ta c6: AB = BC = 12; CA = 14. Nhan
thiy AABC cén tai B, suy ra:
e P=MA + MB + MC > BD ; trong d6 D 1a diém nam khac phia B so véi AC va AACD déu. Tat
nhién 1a khi d6 B, I, D thang hang (I 1a trung diém cta AC).

¢ Hinh vé minh hoa:
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A

C

e D6 dai doan BD duwoc tinh: BD = BI + ID =122 7% + /142 =72 =/95 + 7\/3

e SuyragiatrinhénhdtctiaPla: P =BD=+/95+7+/3.

Cau 379. (4) Cho hai s6 phirc z1, zz thoa man: |z1 | = |z2 | = |z1 - z2| = 12. Gi4 tri nhé nhit cha biéu
thirc: P = |z - z1| + |z - z2| + |z| twong ng bang
A. 1243. B. 6/5. C. 2J/15. D. 61/7.
Giai:
e Goi diém A = z1 ; B = z2. Khi d6 OA = |z1| = OB = |z2| = AB = |z1 - 7| = 12. Nhin thiy ngay tam
gidc OAB la tam giac déu.
e P=MO+MA+MB > 0OD; trong dé6 D nam khac phia O so véi AB va tam giadc ABD déu.

e Hinh vé minh hoa:

12 12

C

e Do dai canh OD dworc tinh: OD =0OI + ID =201 = 1243
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e Suy ra gia tri nhé nhat c@ia P 13: Pin = 124/3 .

e Vay ta chon dap an A.

Cau 380. (4) Gia tri nhé nhat ctia biéu thirc: P = |z - 6] + |z - 8i] + |z - 12 - 8i| twong rng bang
A.6. B. 4+83. C.8+6V3. D. 2J/11+12.
Giai:
e DifmA=za=6;B=23=8i;C=2c=12+ 8i.Suyra: AB =|za - zg| = |6 - 8i|] =10 ; BC = |z -
zc| =18i- (12 +8i)| =12; CA=|zc-za| = |12 + 8i - 6] = 10. Suy ra AABC can tai A.
e P=MA+MB+MC > AD; trong d6 D khac phia v&i A so véi BC, sao cho ABCD déu.

e Hinh vé minh hoa:

e D6 dai doan AD duoc tinh: AD = AT +ID =~10> —6> +~/122 -6 =8+ 643
e Suyra gia tri nhd nhit ctia P 13: Prin = 8+ 643 .

e Vay ta chon dap an C.

Cau 381. (3) Cho s& phitc z théa min phwong trinh: |z - 2i| = 2. Tap hop diém biéu dién s6 phirc w

théa man: |[w—z|<1 twong tngla
A.mién D xac dinh b&i: 1< x? +y* <3.
B. mién D x4c dinh b&i: 1< x> +(y—2)> <9.
C. mién D x4ac dinh béi: 1< x* +y* <9.
D. mién D xac dinh béi: 1< (x—1)> +y* <3.

Giai:
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Ap dung BDT tam giac ta cé:
|W=2iHw—z+z-2iw—z|+|z-2iFw—z|+2Z1+2=33|w-2i[<3
|W=2i|=2i-w|=|Q2i-2)-(W=2) 2| 2i—z|-|W—z]=2—|w—z]22-1=1>5]w-2i>1
Suyra: 1gw—-2i<3

Suy ra tap hop diém biéu dién s phirc w 1a hinh vanh khuyén bao gdbm ca hai dwong tron c6
tam la I = 2i = (0;2) ban kinh trong R1 = 1 va ban kinh ngoai Rz = 3.

Duwong biéu dién théa man: 1< x* +(y-2)° <9

Vay ta chon dap an B.

Cau 382. (3) Cho s6 phirc z théa man: |%Z;5+l|:6. Tap hop diém biéu dién s6 phic
iz —
W= - twong ing la
z+3i
A. duong thang: x + 2y - 6 = 0.
1 36
B. dwong tron (C): (x+—) +
g (©): ( 17) v+ ) 21"
\ X 2 3
C. dwong tron (C): (x—1) +(y—§) =36.
D. dwong tron (C): (x—5)°+(y—-1)> =6.
Giai:

Cach 1: Bién d6i qua biéu thirc gia thiét:

|(2+%l)z+5+l|:6(_>| (2+‘3Z)(Z+.1— )|_ |2+3l| |Z+1—'l |:6(_>\/E|Z+1—.l =6
iz—-3 i(z+3i) i z+3i
¢>\/—|Z+3l+l 41 \/—|l 4i 11126 o
z+3i
Thay w= - vao biéu thirc (1), ta dwoc:
z+3i

@|(1—4i)w+1|=6<—>@.|(1—4i)(w+i+ﬂ) |=6<—>Jﬁ.ﬁ.|w+i+ﬂ|=6
17 17 17 17

Suy ra: |w+i ﬂ|— 6

17 17 221

Suy ra tip hop diém biéu dién s6 phirc w 1a dwdong tron (C) cé tam: [ = (—i —li) va c6 ban

17

kinh R=—°_ & (C): (x+—) v+ —) -

V221 221
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e Vay ta chon dap an B.

e Cach 2: Phwong phap thé 4n w vao gia thiét.

1 . (2430 ]
e Tasuyra: z=—-3i thay vao gia thiét: |M|=6,taduo’c:
w iz=3
(2430 =3y +5+i 2430 9 6i45+i 2430 14
. | o 6o W =6e] =6
i(——3i)-3 L ~
w w w
. <::>|(14—51’)w+2+3z‘|:6<—>|14—5i|.|w+i+ﬂ|z6<—>|w+i+ﬂ|:L
17 17 17 17 221

Cau 383. (3) Cho s8 phtrc z théa man: |z - 2 + 3i| - [z+ 2 - i| = 4+/2 . Gié tri nhd nh4t cta biéu thirc:
P = |z - 3i + 2| twong (rng bang
A. 2. B. 1. C. 3. D.\2.
Giai:
o Goid=za=2-3i=(2;-3);B=zs=-2+i=(-21) > AB=|z,—z, |=|2-3i— (=2 +1) |- 442
e Khi d6 gia thiét tré thanh: MA - MB = AB <» MA = MB + AB
e SuyraM, A, B thang hang, cu thé 13 B nam gittra M va A. Hay ta cd: quy tich diém M 1a tia Bt
nguoc hwéng véi tia BA (hodc c6 thé goi 1a nira dwdng thang Bt ngwoc huéng véi BA)

e Hinh vé minh hoa:

v

e Giatri biéu thircP = |z - z¢| = MC; trong d6 C = z¢ = - 2 + 3i = (-2;3) ; M 1a diém nam trén Bt.
e Tir hinh vé ta cé thé tinh dwoc gia tri nho nhit cia P 1a: CH = d(C,AB).

e Phuwong trinh tdng quat ctia dwong thang AB duwoc 1ap nhu sau:
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e (B):2Z_ 03 L iiyii=0
—2-2 1-(-3)
e Suyra: Pmm=CH=d(C’AB)=w:\E_

NIGESE

e D& chic chin (phong cac trweong hop vé nham hinh) ching ta c6 thé tinh thém dd dai doan

thing CB: CB =/(—2+2)’ +(3—1)* =2 . Nhan thy r&: CB > CH. (tirc 13 Pmin = CH = v/2)

e Vay ta chon dap an D.

Cau 384. (3) Cho s6 phirc z thoa man diéu kién: |z - 4| - |z + 4| = 8. Gia tri nho6 nhit cta biéu thirc: P
= |z - 3 + 4i| bang
A.12. B. 3\/7. C. 65. D. 2J/13.
Giai:
e A=z5=4=(4,0);B=2zp=-4=(-4;0); AB = 8. Diém M biéu dién sd phtrc z.
e Gia thiét suy ra: MA - MB = AB <> MA = MB + AB; suy ra M, A, B thing hang, cu thé 12 B nam
gitta A va M. Quy tich diém M biéu dién sé phirc z 1a tia Bt ngwoc huwdéng véi tia BA.
e Hinh vé minh hoa:
e Biéuthirc: P = |z - z¢| = MC ; trong d6 C = z¢ = 3 - 4i = (3;-4); diém M biéu dién s6 phirc z ndm

trén tia Bt.

v

C

e Nhin vao hinh vé ta thiy gia tri nhé nhat clia P &rng v&i khoang cach ngin nhit tinh tir C toi

tia Bt, chinh la doan CB = P = \/(3 +4)° +(0+4) = \/E

e Vay ta chon dap an C.
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Cau 385. (4) Cho so phirc z théoa man diéu kién: |z - 5 + 3i| - |z + 3 - 3i| = 8 va dong thoi lam cho
gia tri ctia biéu thirc P = |z - 1| dat gia tri nh6 nhAt. Biét rang z = a + ib. Khi d6 gia tri cia tdng (10a +
10b) bang
A. 1. B. 2. C.5. D. 3.
Giai:
e Dbayla dang dwong hypebol.
e Tiéu diém F1 =5 - 3i =21 = (5;-3); tiéu diém F2 =- 3 + 3i =z, = (-3;3)

e Tam cta hypebol: I1a trung diém cta hai tiéu diém: I = z; = &l ;Zz _373 ;3+3l =1 = (1;0).

Tiéu cu: F1F2 = 2¢ = |z1 - z2| = |5 - 3i - (-3 + 3i)| = 10, suy ra ban tiéu: c= 5.

e Tructhuc: 2a =8, suy ra ban truc thuc: a = 4. Ban truc d0: b=~/c? —a® =~/5* — 42 =3

e M la diém biéu dién sb phirc z, gia thiét suy ra: MF; - MF; = 8 = 2a.

e Quj tich diém M biéu dién s6 phirc z 1a 1 nhanh hypebol gdn Fz hon cé: c=5;a=4;b = 3.

e Biéu thirc P = |z - z/| dat gia tri nhé nhat 1a: Pmin = |Z - Zi|min = a = 4 < M trung véi dinh A cua
hypebol. D& tim diém A ta c6 thé dung ti 1é véc to:

- E_2E
IF, 5

IF,=z,—z,==3+3i-1=-4+3i ; IA=z,-z, =z, -1.Thay vao biéu thirc véc to trén:

Fy

e 1z, —1:§(—4+3i)—>zA :—%+%i:a+ib—>10(a+b)=2

e Vay ta chon dap an B.
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Cau 386. (3) Cho s6 phirc z théa man diéu kién: |z - 7 + 4i| - |z + 1 - 2i| = 6. Gia tri nhé nhat cda

biéu thic P = |z - 3 +i| bang

Giai:

A. 3. B.6 C. 4. D. 5.

bay la dang quy tich dwdong hypebol.
Tiéu diém F1 =21 =7 - 4i = (7;-4) ; tiéu diém F2 = zz = -1 + 2i = (-1;2). TAm cua hypebol la
trung diém I cda hai tiéu diém: [ =z =3 - i.

Tiéu cu: F1F; = 2c = |7 - 4i +1 - 2i| = 10, suy ra ban tiéu cy: c = 5.

Bén truc thwc: a = 3, suy ra ban truc do: b=+’ —a? =5 32 =4

Goi M 1a diém biéu dién s6 phitc z théa man diéu kién: MF; - MF, = 2a = 6, thi quy tich diém
M la nhanh hypebol gan F2 hon.

Biéu thirc: P = |z - 3 + i| = |z - z| = IM. Pat gia tri nh6 nhit khi M trung v&i dinh A cda
hypebol. Khi d6 gia tri nhé nhit ctia biéu thirc P 1a: Pmin = a = 3. VAy ta chon dap an A.

Cau 387. (4) Cho s6 phirc z thda man diéu kién: |z - 8 + 4i| - |z - 2i| = 6. Gi4 tri nhé nhit cta biéu

thic P =

Giai:

|z + 2 +1i| bang

A. 1. B. 2.2. C. 6. D. 3.

Dang quy tich la m6t nhanh hypebol

Tiéu diém F1 = z1 = 8 - 4i = (8;-4); tiéu diém F = z = 2i = (0;2) ; tAm hypebol: I 1a trung diém
ctaFivaFzsuyra:l=z1=4-1=(4;-1).

Tiéu cu: F1F; = |z1 - 72| = |8 - 4i - 2i| = 10, suy ra ban tiéu: c = 5.

Ban truc thwc: a = 3, ban trucao b = 4.

DPiém M biéu dién s6 phitc z théa man diéu kién bai toan: MF1 - MF2 = 2a = 6 13 mo6t nhanh

(=) -p) G4 ()
2 2 - -
3 4 9 16

hypebol gan F2 hon. Phwong trinh chinh tic:

_ 2
Suy ra: (y+1)° =16( 94)

_ 2
—1). Pidu kién: (y+1)* =16((x 94)

x<I1
—1)20(—{
>7

Bifu thitc: P=|z+2+i|=x+iy+2+i|=+/(x+2)> +(y+1)’

(x—4)°

Thé quan hé: (y+1)° =16( —1) vao biéu thirc ctia P ta dwoc:

P=\J(x+27 +(y+1) —\/(x+2) +16((x Y- \/25’“ ‘992“148
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o pem 1 . x<l1 s
e Khao sat gia tri nhd nhat cda biéu thirc P trong truedng hop: { oy suy ra gia tri nhé nhat
X

cia biéu thircPla: Pmnin=3 & x=1—>y=-1—>z=1-i

e Vayta chon dap an D.

3z

Cau 388. (3) Cho sd phirc z khong thuédn thwc sao cho: w = 3 la s6 thuan thyc. Khi d6 gia tri
+z

16n nhat cda biéu thirc P = |z + 3 - 2i| twong &ng bing

A.5S. B. 3+242. C. 2413. D. 3 +/13.
Giai:
3z

e Ching ta bién déi: w:3 5 <—>zz—iz+3:0. Néu phwong trinh cé hai nghiém phirc
+z w

khéng thuin thwc thi d6 sé 1a cip nghiém phirc lién hop cing mé dun: |z1| = |z2].

e Theo hé thirc VIET ta c6: z,z, = % =35z.2, =35 z>lz =3 (1)

e Apdung BPT tam gidctacod: P=|z+3—-2i|<|z|+|3-2i |:\/§+\/B
e DAiu“="xayra < z=Kk(3 - 2i)
e Suyra gia tri 16n nhit ctia biéu thirc: Pmax = +/3 +4/13

e Vay ta chon dap an D.

Cau 389. (3) Cho s6 phtrc z khéng thuin thwce sao cho: w = 1 la s6 thudn thwc déng thoi biéu
+z

thitc P = z—1+i| dat gia tri 16n nhat. Khi d6 sd phirc z = a+ ib. Gia tri clia (a - b)2 bang
A. 2. B. 4. C.8. D. 3+22.
Giai:
e Tuwong tw cau trén, nhin nhanh ra dwoc |z| = 2.
e ApdungBDTtamgiactacé: P=|z—1+i|<|z|+|1-i|=2++2
o Diu“="xdyra® z=k(l-i)>|zl=k|l-ij¢>2=k 2 5> k=2 > z=2(1-i)=2-i2
e Suyra: a=+2;b=—2 >(a-b) =8 .

e Vay ta chon dap an C.
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Cau 390. (4) Cho s6 phtec z théa man: | z+1-2i|=2+/2 . Goi gia tri 16n nhit va gia tri nhé nhit cua

biéu thitc: P=|z—1|+2017]| z +3+4i| Ian lwgt 1a M va m. Gid tri cia (M/m) béng

A. 20172, B. 2018. C. 242017 . D. /142017 .
Giai:

e Pit:u=z+1-2iSuyra: |u|=2+2 .Bién ddilai biéu thirc P cho d& nhin:

o P=|z-1]42017| z +3+4i| = |(z+1-2i)—(2—=2i) |+ 2017 |z+3—4i|

o Pe(z+1-2))—(2-2i)| + 2017 |(z+1-20)+(2-20)| = |lu—w|+ 2017 |u+w|

e Trong do: w=2—2i—>|w|=2\/§=|u|

e Dibiétroi nhé, ko laibdobiara: |u+w /| +|u—w[=2(ul* +|w[)

e Ap dung cac bat ding thirc tam giac ta co:

o PHu-w|+2017|u+wl=(w—u|+|u+w|)+2016|u+w[2w—-u+u+w|+2016|u+w|

o & P> 2w+ 2016]u+w]| > 2.24/2+2016.0=4/2. D4u “=" xdy rakhi [u + w| =0 © u = -
w

e SuyraPmn=m= 42

e Ap dung bat ding thirc bunhia, ta cé:

o P =(u-w|+2017|u+w|’ <(A+2017)(|u-w[ +|u+w/[)

o & PY<32(1+2017%) > P<442(1+2017%) > M =P, =4,/2(1+2017%)
e Suyra: £=‘/1+20172

m

e Vay ta chon dap an D.

Céau 391. (3) Cho s6 phirc z théa mén: |z - zo| = 2. Gi4 tri nhd nhit clia biéu thirc: P=|z* +z] | twong
rng bang
A. 1. B. 0. C.1/2. D. 2.
Giai:
e Hiénnhiéntacé: P=|z"+2z]|>0.
e Bay gi® chi cin chirng minh t6n tai cac gia tri cia z va zo théa man diéu kién cia gia thiét va

dong thoi dé P = 0.
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o T P=|z"+z |=06 2" +2, =0¢> 2" =z = (iz,)’ <> z = tiz,

o Thay vio gia thiét: |z—z, |=2 ©|tiz, —z, |22 |z, |.|+i—-1]=2 6]z, | V2 =2 0|z, =2
e Nhu vy ton tai vo s6 cap so phirc z va zo thoa méan gia thiét va dong thoi: P = 0.

e Chicanchon |zo| = V2 va :z =iz, .

e SuyraPmin=0.

e Vay ta chon dap an B.

e Vidutacéthécho:zo=1+ivaz=izo=i(1+1i)=-1+i Khidé:

| 2=z, ~1+i—(1+i)]=2
|2* +z, |5 (-1+i)’ +(1+i)’ =P =0

Cau 292. (3) Cho s6 phtrc z1 khéng ddi va s6 phitc z théa mian diéu Kkién: |z - z1| = 4. Xét biéu thirc:
P=|z* +2z] +2z.z, |. D& gia tri ctia biu thirc P nho nhit thi gia tri mé dun: |z | gin nhat gia tri nao
dwéi day?
A.0. B. 1. C.5/2. D.7/2.
Giai:
e Gi4 tri nhé nhit cia P c6 thé phan dodn bang 0: Pmin = 0. Khi d6 ta chi can di tim diéu kién cua
2 va 71 d8 thoa man dong thoi hai gia thiét: { 2=z =4 D)
z°4+2zz, +2z, =0 (2)

2
e Twu(2)suyra: Z—2+2i+2:0<—>i:—1ii<—>z1 = -
z, zZ z —1+i

z \:4<—>|Z\.|1—;|:4<—>|Z|:@
—1+i —1%i 5

(Vi z=0 Kkhong thoa man)

e Thévao (1) tadwoc: |z—

e Vay ta chon dap an C.

2
Cau 393. (3) Cho s6 phtrc z khong thuin thuwc thdéa man diéu kién s6 phirc: w :22+—Z+i thudn
z —z+
4 4
thwc. Khi d6 goi z = a + ib, gia tri ctia biéu thirc: M bang
I-(a’+b")
A 1 B. 0. C.2/3. D.1/2.
Giai:
22 +z+1
e Cach 1: Phwong phép tw luin triét dé: w = ER— o w-DZX=(w+Dz+(w=-1)=0 (1)
z —z+
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Phwong trinh (1) ¢6 cip nghiém phitc lién hop: z ; z . Theo hé thirc VIET, ta c6:

RN el N SN

Tacé: a* +b* =(a* +b*) -2a’h* =1-2a°b> > 1—a* +b* =2a°h
a®+b° =(a’ +b*) -3a’b*(a’ +b*)=1-3a’h* > 1-a’ —b° =3a’h*

1-(a*+b*) 2a°0> 2
Suy ra: =TS -
1-(a”+b") 3a’b” 3

Vay ta chon dap an C.

22 +z+1 B

Cach 2: Vi w thuan thue, ta ¢6 thé cho né mét gia tri bat ki, vidu tacho: w= 0

1 i3 1 NE)
%

22 —z+1

&2 4z41=0>z=—-F— >a=——:bh=%t—
2 2 2 2
4 4
Thay vao biéu thirc: M:z
I-(a”+b”) 3

Cau 394. (3) Cho s0 phirc z1 va z2 la hai nghiém cta phwong trinh: |6 - 3i + iz| = |2z - 6 - 9i], thda

man: |z, —z, |=2.Gia trj cia biéu thirc: P =|z +z,| twong tngbang

Giai:

A. 6. B. 5. C. \/26. D. 10.

Trwdc hét ta tim quy tich diém biéu dién s6 phitc z théa min gia thiét:
|6-3i+iz|=|2z—-6-9i || i|.|z=3-6i|= 2z—-6—9i|<>| z—3—6i | 2z —6—9i | (D
bat z = x + iy thay vao (1) ta duoc:

x4 iy —3—6i |2 2(x + iv) — 6 —9i [¢> (x = 3)* + (y = 6)* = (2x —6) + (2 —9)*

& (x-37 +(y-4) =1

Nhuw vay diém biéu dién s6 phirc z1a dudng tron (C): (x—3)*+(y—4)’ =1 & |z-z| =R
Trong d6: zo = 3 + 4i va R = 1. Diém I biéu dién s6 phirc zo = 3 + 4i.

Goi A 1a diém biéu dién s6 phitc z; va B 1a diém biéu dién s6 phitc z2 khi d6 ta cé:
[A=IB=R=1; AB = |z1 - 72| = 2 = 2R. Suy ra AB la mét dwdrng kinh ctia dwdng tron (C).
Khi d6 ta c6 I1a trung di€ém cta AB tirc 1a: z1 + z2 = 279 = 6 + 8i.

Suy ra: P = |z1 + z2| = 10.

Vay ta chon dap an D.
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Cau 395. (4) Cho s6 phirc z1 va z2 1a hai nghiém cta phwong trinh: |z - 1 + i| = 2, thoa man:

| z,—z, |=2+/2 . Gia tri 16n nhat cta biéu thire: P =|z +z, | twong (ng bing

Giai:

A. 4. B. 4J2. C. 24/5. D. 43.

Tir gia thiét ta thy, hai diém A va B biéu dién hai s phttc z1 va z; ciing nam trén dudng tron
(C)cé6tam:I=zp=1-1i;bankinh R = 2.
Hai diém A va B lan luot biéu dién s6 phtrc z1 va zz nam trén duong tron (C), dé dai doan

thang AB = |z1 - 72| = 242 ;1A=1B=2. Suy ra tam giac IAB vudng can tai I.
. AB
Goi M la trung diém cua canh AB, ta suy ra dwoc: IM =7 =/2,01= |z1| = |1-1i| = V2.

=
A B
N
<

Khi d¢, ta co:
z, :a;z2 :@—>zl+z2 :a+@:2W—>P:|zl+z2 |=|OA+ OB |=2|OM |=20M
Ap dung BDT tam giac, ta c6: OM <OI + IM — OM 1én nhatkhi O, 1, M thing hang . Khi d6
ta c6: OM 16n nhit bing: OMpax = Ol + IM = /2 +4/2 =22
Suy ra gia tri 16n nhat cfia P 13: Pmay = 2.0Mmax = 442

Chung ta c6 thé tim ti mi dwoc cac gia tri cia z1 va z, tuy nhién sé rat dai va phitc tap bang

phwong phap toa do Oxy. Vay ta chon dap an B.

Cau 396. (4) Cho s6 phirc z1 va z2 1a hai nghiém cta phwong trinh: |z - 3 + 4i| = 3, théa man:

|z, — z, |= 2. Gia tri 16n nhit cha biéu thitc: P =]z, +z, | twong (ng bang

Giai:

A. 4J2 +10. B. 44/3. C. 6+242. D. 12.
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e Bai toan nay twong tw bai todn trén, nhwng chiing ta sé lam theo phwong phap dai sé:

e Duongtron (C): cétam [ =7zo= 3 - 4i = (3;-4); ban kinh: R = 3.

e Dit u=z-3+4i>jul=3 (1)

o Khidé: |z,-z, F2 (2, -3+4i)— (2, -3+4) |Hu, —u, |=2

e Taciingcé: |u, |=|u, |=3.Ap dung CT:

o Jutu, P —u, P=2(1u, P+ u, ) olu uy =20, [+ u, )= u, —u, [=2.(37 +3%)-2°
o Suyra:|u +u, P=32 5|u, +u, =42

o Xét: P=|z +z, |=(z,-3+4i)+(z,-3+4)+6-8i|=u, +u, +6-8i|<Ju, +u, |+|6—8i|

& P<lu, +u, |+|6-8i|=4v2 +10 — Gié tri 16n nhdt ctia P 12: Prax = 44/2 +10.

Vay ta chon dap an A.

Cau 397. (4) Cho s6 phirc z1 va z2 1a hai nghiém ctia phwong trinh: |z - 2 + 3i| = 2, théa man:
|z, — z, |= 3. Gid tri nho nhit clia biéu thiec: P =]z, +z,| twong ng bang
A 45-47. B. 213 -4/7. C. 10+24/3. D. 10.
Giai:
e DPattu=z-2+3isuyra: |u|=2.
e Khidoé: z,=u,+2-3i ; z, =u, +2-3i ;|u, |Hu, |=2 .

N PRI . |ZI_ZZ|:3 |u1_u2|:3
e Thay vao cac biéu thirc: > )
P=z +z,| P=u +u,+4-06i]
e Truwdc hét, ta dp dung CT tinh:
o i [l =y P= 2000 P P) Sl P= 2000 P+ P)= i —u, P=7 = w4, |= 37

e Ap dung BDT tam giac ta c6 thé xac dinh dwoc gia tri nhé nhat ctia biéu thirc P nhw sau:

P =, +1u, +4—6i |=| (u, +1,) — (—4+60) |2 u, +u, | —| —4+6i ||=| T 213 |= 2413 =7

Vay ta chon dap an B.

Cau 398. (4) Cho s6 phirc z1 va z2 1a hai nghiém cta phwong trinh: |z - 4 + 2i| = 2, théa man:
|z, — z, |=+/6 . Gia tri I6n nhat va nhé nhat cia bidu thitc: P =2z, +3z, | lan lwot 1a M va m. Khi d6

téng (M + m) twong &ng bang

A. 105-+/82. B. 24/%2. C. 105 ++/19. D. 2045 .
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Giai:
o Datu=z-4+2i >z=u+4-2i ; |ul=2.
o Khidoé: z=u +4-2i ; z,=u,+4-2i ; |u, |Hu, |=2.

|ZI_ZZ|:\/€<_>{ |u1_u2|:\/6

e Thay vao gia thiét va biéu thirc P ta dwoc:
P=2z +3z, | P = 2u, +3u, +20-10i |

e Truwdc hétta co:

o 6|z,—z, [ +|2z,+3z, =10z [ +15|z, '] 2z, +3z, (=82 —| 2z, + 3z, |=\/§

o Ap dung BPT tam gidc, ta c6: P =| 2u, +3u, +20—10i |<| 2u, +3u, | +| 20 —10i |= /82 +10~/5
e Suyra gi4 tri 16n nhit ctia P 1a: M = Prax = +/82 +10+/5

o P=|2u, +3u, —(—20+10i) [2|| 2u, +3u, | — | -20+10i =] /82 —10+/5 = 10~/5 — /82

e Suyra gia tri nhé nh4t ctia P 1a: m = Pin = 104/5 —/82

e Suyra:M+m= 204/5. Vay ta chon dap an D.

Cau 399. (3) Cho diém M biéu dién s6 phirc z nhw hinh vé. Trong cac diém di cho (P, Q, R, S) diém
biéu dién s6 phttc nghich ddo clia z twong trng 1a
A.P. B.R. C.S. D. Q.
Giai:
e Chung ta c6 thé nhan thdy s phirc z c6 phan 40 bang 1 va phan thwc 4m, nén chon mot gia tri
1 i

0 © e . o1
cuthé chozdétinhtoan: z=-1+i >—=————
z 2 2

boh 4

S¢

e Nhéin thiy s6 phirc nay c6 mé dun nho hon 1, phan thwe 4m, phin 4o 4m ¢6 d6 16n nhé hon 1.
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e Hiénnhiénco: [z>1—> m <1 .Chonén diém biéu dién s6 phtirc — c6 khoang cach t&i goc O
z z
nho hon 1.

A T x VA e o e oo Lo
e Trén hinh vé nhan thay diém théa man biéu dién sé phirc — la diem Q.
z

e Vay ta chon dap an D.

Cau 400. (3) Cho s0 phirc z théa man diéu kién: |z+1+i|= z+1—i|. Gia tri nho nhit cta biéu thic:

P=z-2i+2]| +%+ \Jz.z twong tng nim trong khoang
z

A. (1;3). B. (3;5). C. (5;7). D. (7;9).
Giai:

e GoisO phtrcz=x +iy; Trong do6 x, y 1a s6 thuc.

o Tirgid thidt: — |x+iy+1+i|=|x+iy+1—i [ J(x+1)7+(y+1)> =J(x+1)> +(y 1)
e Ratgontadwoc: y=0—z=xeR (zlasd phirc thudn thuyc).

e Bién d6i lai biéu thitc P cho dé nhin:

. P=|x+2—2i\+|i|+\/\z|2 =|x+2—2i\+|8;|+|x|=\/(x+2)2 +2? +%+\x\
X X X

o P= x2+4x+8+i|+|x|

| x

e D& thiy, biéu thirc P dat gia tri nhé nhit ng v&i treomg hop x < 0. Khi do ta c6 thé dat:

. 8
t=|x|=—x>0 .Biéu thitc P tré thanh: P=~t>—4t+8+—+t¢
t

-2 —§2+1.Dt‘1ngCASIOtacho:P'=0 — A=2,5256

Nt —-4t+8 1

e Thay tr¢ lai biéu thirc P ta dwoc gin dung gia tri nho nhit cia P 1a: Pmin = 7,761.

e Daoham: P'=

e Vay ta chon dap an D.

Cau 401. (3) Cho sd phitc z théa man: |z + 1 + i| = 1. Gia tri nhé nhit cta: P = |z2 + 2i| bang

A.2. B.1. co_. D. 2.

V2

Giai:
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e ApdungBDT: |zz+z§|2|%‘;0‘| svhizo=1+1 @ z2=(1+i)=2i;|z,|=\2

1- 2|zo|| | «E| , |
_ .
1

e Suy ra gia tri nhé nhat cda P 1a: Pmin = 2——

5

e Tacéd: P=|z"+z|>|

e Vay ta chon dap an C.

Cau 402. (3) Cho ba s0 phirc z phan biét thoa man: |z1| = |z2| = |z3| va l+i = i Biét rang z1, z2,
2 4 4

z3 1an lwot dwoc biéu dién béi cac diém A, B, C. Khi d6 goc ACB twong &ng bang bao nhiéu ?
A. 900, B. 1200. C. 600, D. 1500,
Giai:
e Tirgia thiét ta suy ra:

1 1 1 | - -2, l_|z3—zz|

zZ, zZy Z, z Z,2, z Z,2, l 1

Olz; -z, =1

e Tuwongty, ta cling co: |z, -z |=1

e Laico: i.,.i:i(_)izzﬁr%

Z1 Zp  Z Z3 21z,

Zl+22| 1 |ZI+Z2|

|z +z, =1
Zy z,z, 1 1

o Dabiétkétqua: |z, +z, " +|z,-2z,’=2(z [ +|z, )=z, -z =3

e DiémA=2z1;B=22;C=z3.SuyraAABC c6 cac canh: BC=AC=1; AB = \/§

C=Z3

A=z 71— 7| =3 B=2,
2 2 2
e T hinh vé suy ra: cosACB—CA +CB — 4B :—l—>ACB=120°
2CA.CB 2

e Vay ta chon dap an B.
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Cau 403. (3) Cho phwong trinh bic 2 hé s6 thuc: z2 + az + b = 0 ¢6 hai nghiém phtrc khéng thuin
thwe Ian lwot 1a: w + 1 va 2w - 2i. Khi d6 t6ng cta (8a + 9b) bang
A. 8. B. 0. C.-8. D. 12.
Giai:
e Ap dung tinh chét cia phwong trinh phitc hé sé thuc ludn cé cip nghiém lién hop:

o z=w+l; z,=2w-2i>z,=2w-2i=z, =w+l=w+l

. . 2a=a+1 a=1
e Goi:w=a+ib » 2(a+ib)-2i=a+ib+1=a-ib+1&

e
2b—2:—b b=§

e Suy ra hai nghiém phtrc cia phwong trinh bac hai da cho:

e Z =w+1=1+&+1=2+£; zZ, =2—£
3 3

3
zl+zzz—a=2+£+2—£:4 a=-4

e Theo hé thirc VIET, ta c6: 3 3 L1 40— (8a+9b)=8
iz =b=(2+ 22220 b=
2 3 379

e Vay ta chon dap an A.

Cau 404. (4) Cho phuwong trinh phirc hé s thwc: z3 + az? + bz + ¢ = 0. Biét phwong trinh c6 mot
nghiém thuin thwc va hai nghiém phirc khong thuin thwc. Goi mét nghiém thuin thwc 13 z; va mot
nghiém phirc 12 z;. Biét rang z1 va iz c6 cing phan thwc va c6 |zz| = 2. Gia tri 1on nhat cta hé s6 thuc
b twong rng bang

A. 2. B. 4. C. 6. D. 8.
Giai:

e Ap dung tinh chit ctia mot phwong trinh phitc dang da thitrc véi cac hé s6 thuc, ta thdy
phuwong trinh luén tén tai it nhat mot cap nghiém phirc. Goi z2 = x + iy, suy ra zz = x - iy, z1
thuén thuc. Tir gia thiét suy ra: z; = phan thwec cta (iz2).

e Tacoh:izz=i(x+iy)=ix-y — z1=-y.

e Taclingcé:|z2|=2 & x2+y2=4 (D

e Ap dung hé thitc VIET cho phwong trinh bic 3, ta cé:
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o 7,427,427 = % = b=y tiv)+ (x4 ) —iv) + (= i) (—)

o Obhb=x"+y"-2xp=4-2xp<4+2|xy|<4+x*+)y* =8
e Suy ra gia tri 1&n nhit ciia hé s6 b 1a: bmax = 8.

e Vaytachon dan an D.

Cau 405. (3) Cho phwong trinh phirc hé s6 thwc: z2 + az + 2a + 1 = 0. Biét phwong trinh c6 hai
nghiém phirc z1 va z; théa man diéu kién: z; = iz,. Khi d6 biéu thic (a - 2)2 c6 gia tri bang
A. 0. B. 6. C. 4. D. 3.
Giai:
e Goizz=x+1iy. Taco: z :Z:iz2 O x+iy=i(Xx+iy) > x—iy=ix—y<> y=—x
e Vayz; =x-ix. Thay vao phwong trinh ta duoc:

ax+2a+1=0 (1)

o (x—ix)’+a(x—ix)+2a+1=0< (ax+2a+1)-i(2x* +ax)=0 < 5
2x"+ax=0 (2)

e Tu (2)suyra:x =0 (loai) hoac: x= —% . Thé vao (1) ta duoc:

—a.%+2a+1:0<—)a2—4a—2:0—>a=2i\/g—>(a—2)2 =6

Vay ta chon dan an B.

Cau 406. (3) Cho s6 phirc z thdéa man: |z + 1 + 2i| = 1. Gia tri nhé nhit cia: P = |z2 + 4i - 3| bang
A.6. B. 22 +3. ¢ 20-V2 p, Y13-+3
2 2
Giai:
1-2 | Zy |

N

e Apdung BDT: “Néu |z + 7| = 1 thita cé: | 2 +z] |2

|n

o Tacé:(1+2i)2=4i-3.

1—2|1+2i||_2\/ﬁ—ﬁ
2 2

e Suyra: P=[z"+4i-3|>|

Vay ta chon dap an C.
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Cau 407. (4) Cho s6 phtrc z khac khong va théa maén: |z+§| =3J2 va datt M =max|z| ;
z

m=min|z|*. Gi4 tri cia (M + m) twong irng bang
A.12. B. 24. C. 20. D. 18.
Giai:
e Ap dung phuwong phap binh phwong vo hwéng, goi géc tao béiz2va31a: o = z/z\,3 .

e Tirgia thiét ta co: |zz+3|=3|z|\/§—>|z2 P +9+6|z" |cosa=18|2z"|

18t —1* —
e Dit: t=|z| >0 .Thayvao trén ta duoc: t2+9+6tcosa:18t—>cosa:¥e[—l;l]
e Suyra:
e —l<cosa=

6t 18t —1t> —9>—6¢ 2 —=24t+9<0

18t—1> -9 {18t—t2—9£6t {t2—12t+920 t<6-3J3:t>6+33
—<I-> > <«

12-3J15 <t <12+ 315
o Suyra: 12-315<¢=|z[<12+3/15 .

e Suyra:M=MAX |z|2= 124315 ;m=MIN |z|2= 12-34/15.
e Suyra:M+m=24.
e Vay ta chon dap an B.

Cau 408. (3) Cho s8 phirc z thda man diéu kién: |z—2+3i|=~/6. Gia tri Ién nhdt ciia biéu thic:
P=z-2+i’ —| z +1+3i[> twongirng bing
A.21. B. 14. C. 213 +4. D. 10v/6 —41.

Giai:

e Pitu=z-2+3i >z=u+2-3i—> |u|=+6

o BidndSi: P=|z-2+if —| 2z +143iP=z=24iF —|z+1-3iP=|u—2i —|u+3—6i

e Goiu=a+ib, suyra:a?+ b2 = 6. Biéu thirc P khi d6 la:

e P=|a+ib-2i[ —|a+ib+3-6i’=a’+(b-2) —(a+3)* —(b—6)* =—6a+8b—41

o Tacé: (—6a+8b)> <((=6)> +8%)(a* +b>) =600 —> 106 < —6a +8b <10/6

e Suyra: —10v6-41<P=—-6a+8h—41<10J6 —41

e SuyraGTLN ciia biéu thitc P 13: Pmax = 106 —41 .

e Vay ta chon dap an D.
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Cau 409. (3) Cho hai s6 phttc z1 va z; théa man diéu kién: |z |=|z, |=1. Gia tri nho nhat cla:
P=|z +1|+|z,+1|+| zz, +1]| twong (ng bang
A. 1. B. 0. C. 3. D. 2.
Giai:
e Bién doi biéu thirc P vé dang bic nhit:
o P=lz+l|+|z, 41|+ 2z, 4202 | = |z 41|+ 2, 41|42 || 2, + 2, |=| 2, + 1|+ | 2, + 1| +| 2, + 2,

e Ap dung BPT tam giac ta cé:

o |z +l|+|z, 4z =~z —1]+| 2+ 2|~z ~ 14z, +2 | = | -1+z |=| -1+ |=|1-z |
° Suyra:P:|zl+1|+|zz+1|+|zz+z_1|2|zl+1|+|1—zl|2|zl+1+1—zl|=2.

e Suy ra gia tri nhd nhat ctia P 1a: Pmin = 2.

Vay ta chon dap an D.

Cau 410. (4) Cho hai s6 phtrc théoa man diéu kién: |z |=1;|z, |=2. Khi d6 gia tri nhd nhét ctia biéu
thiec: P = |z, +1|+| z, +2 |+] z,z, + 1| twong (ng bang
A. 0. B. 3. C. 2. D. 4.
Giai:
e Tuwong tw ciu 409. Bién doi biéu thirc P vé dang bic nhat:
o P=lz+l|+|z, 42|+ |2z, 2.2 =l +1|+| 2, 42|+ 2, ||z, + 2, |=| 2, + 1|+ 2, + 2| +| 2, + 2,

e Ap dung BPT tam giac ta cé:

o |z, +2|+|z 42 |-z, ~2|+|z, 42 |2 -z, ~2+z,+2 | = | 2+z |=|2+2 |=| 2~z |
) Suyra:P:]zl+1\+\22+2]+\22+z_1]2\zl+1\+\2—zl]2]21+1+2—21]:3.

e Suy ra gia tri nhd nhat ctia P 1a: Pmin = 3.

Vay ta chon dap an B.

Cau 411. (3) Cho hai sé phirc z1 va z; théa mian: |z1| = 2 ; |z2| = a > 0. Gia tri nhé nhit cta biéu thirc:
P =z, +2|+|z, +3|+| z,z, + 4| ndm trong khoang

A. (0;1). B. (1;3). C. (4;6). D. (6;8).
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Giai:
e Bién doi biéu thirc P vé dang bic nhit:

o P=|z+2|+|z,+3|+|zz, 42,2 |=| 2, + 2|+ |z, 43|+ z, || 2, + 2, |=| 2, + 2| +| 2, + 3|+ | 2, + 2,

e Ap dung BPT tam giac ta cé:

B B R P A I A R e e e A = EE kR €Y
o Suyra:P:]zl+2]+\zz+3]+]zz+z_1]2\zl+2\+]3—zl]2]21+2+3—21]:5.
e Suy ra gia tri nhé nhat ctia P 1a: Pmin = 5.

e Vay ta chon dap an C.

Cau 412. (4 ) Cho hai s6 phtrc z1 va zz nam trén dwong tron (C) c6 ban kinh R va di qua gdc toa do.

Biét rang: |z1| + |z2| = 6 ; |z1z2| = 7 ; |21 - z2| = 4. Tim ban kinh R?

7310 1077 J10 b 14410

A ——. B.——. C.—. .
10 7 10 5

Giai:
e Truwéc hét ta di tim gi tri ctia hai mé dun: |z1| va |z2| bing bai toan TONG va TICH:
t=|z|=3-2
e |z1| va |z2| 1a nghiém ctia phwong trinh: 2 —6/+7=0—>] ' 2
f=|z,|=3++2
e Goi Ala diém biéu dién z1: A = z; ; B 1a diém biéu dién z;: B = z2. Khi d6 ta co:

e OA= OA=|Zl|=3—\/§;OB=|Zz|=3+\/§;AB:|21_22|=4'

e Chung ta dwa vé bai toan tim ban kinh dwéng tron ngoai ti€p tam giac OAB khi biét r6 3 canh.

O

21| = 3-+2 22| = 3+42

A =1z |Z1—Z2|:4 B=z,
- 2 2 2 . 2 2 42 .
e Taco: cosAOBzOA +OB” — 4B :(3 \/E) +(3+\/§) 4 :i—)sinAOB:@
204.0B 2(3-2)(3+2) 7 7

e Suy ra ban kinh R cia dwong tron ngoai ti€p tam giac OAB (ciing chinh 14 ban kinh can tim)
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AB 4 7

[ ] R: — = =
2sindOB  22J10/7 10

e Vay ta chon dap an A.

- 2
Cau 413. (3) Cho s6 phirc z théa min: z = LZIH’ . Téng mo dun cuda tit ca cac s6 phirc z thoa
z+
man phwong trinh da cho twong rng bang
A.6. B.3+/6 . C. 4+242. D.7.

Giai:

— 242243

e Biéndéi: z = Sz.z+z=2+42z43 |z + z=2"+2z+3

z+1

e Goiz=a+ib, thay vao phwong trinh ta duoc:

2b° —a+3=0 (1)

o a’+b +a-ib=(a+ib)’ +2(a+ib)+3 - (2 —a+3)+b(2a-1)i=0—>
b2a-1)=0 (2)

b=0—>a=3—>2z=3

J5 1 5 1 5

—S>b=t— >z, =—+——;z,=————

e Tu(2)suyra: 1
2 2 2 277 2 2

a=

e Suy ra: tdng md dun cta cac s6 phitc théa man diéu kién trén: |z, |+|z, |+|z, | = 3+/6

Vay ta chon dap an B.

Cau 414. (3) Cho s6 phtc z théa man diéu kién: |z+i|=2. Khi d6 diém biéu dién s6 phitc

W= (3—4.1)z+2—1

iz—1

la dwong tron (C) c6 tAm I(a;b) va ban kinh R. Trong d6: a, b, R 1a cac s6 thuec.

Gia tri ciia (a + b + R?) bang
A. 0. B. 2. C. 3. D. -2.
Giai:

e Ap dung phép chia hai da thitc phitc, ta c6 thé tach:

W:(3—41)z+2—1 :—4—3i+_2_4l —>w+4+3i:_2_4l
iz—1 iz—1 iz—1
e Dén day ta xtr li md dun: |w+4+3i|:|_2_4l|— [2+4i] _ 2J5 :2J§:J§

iz—1 ' |i(z+i)| |z+i| 2

—>|w+4+3i| =5 — diém biéu di&n s§ phirc w 1a dwdng tron tdm I(-4;-3) ban kinh R =+/5

e Suyrazia=-4;b=-3; R=5->a+b+R*=-2. Vay ta chon dap an D.
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Cau 415. (3) Cho ba s6 phtrc u, v, w thoa man hé thic: (u—2i+3)v+2iw—3i—4=0. Biét phuwong
trinh nghiém ding véi moi v. Khi d6 |u + w| bang
A.2. B.1/2. C.3/2. D.1.
Giai:
u—2i+3=0 “=_33+2i

¢ Phuong trinh da cho ding véi moi v < >
2iw=3i—4=0 w:§—2i

e Suyra: |u+v|:|—3+2i+§—2i]:g
2 2

e Vay ta chon dap an C.

Ciu 416. (3) Cho u va w théa man hé thirc: (1+2i)u.w —3i+4u =0. Biét |u| = 4. Tim quy tich diém
biéu dién s6 phitc w?

A. 1a dwong tron (C) c6 phwong trinh: (x + %)2 +(y —%)2 = 89_0 :

B. 1a dudng thang c6 phwong trinh: 2x - 3y - 9 = 0.
C.1a dwong tron (C) ¢6 phwong trinh: (x+1)* +(y—2)* =9

D. 1a duong tron (C) c6 phwong trinh: (x+§)2 + (y—%)2 =5.

Giai:
NP . . 3i 3i
o Tirgiathiétsuyra: u((1+2)w+4)=3i > u=—"——>|u|=|[————|=4
(1+2i)w+4 (1+2i)yw+4
. <t:>|(1+2i)w+4|:§<—>|1+2i|.|w+i—§i|:§<—>|w+i—§i|:i
4 5 5 4 5 5 45
A ~ 7 R . X ~ , \ \ \ 4 2 8 2 9
e Vay quy tich diém biéu dién s6 phirc w la dwdng tron (C): (x+§) +(y—§) =%

e Vay ta chon dap an A.

Cau 417. (3) Cho z va w thoa man hé thirc: (w+2i)z—(3—-i)w+2i=0 . Biét |w| = 2. Quy tich diém
biéu dién s6 phirc z 12

A. duong tron (C) c6 phwong trinh: (x—1)* + y*> =25.

B. dwong thing d c6 phwong trinh: 8x+2y+11=0.

C. dwong thang d c6 phwong trinh: 8x—2y-9=0.

D. dwong thang d c6 phwong trinh: 2x+11y—-8=0.
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Giai:
2 iy . . . —2iz—-2i
o Gidthiétsuyra: w(z-3+i)=-2iz-2i¢>wW=—-—
z—=3+i
. Dé’ndéytamédunhaivé’,sédu'qc:|w|:|ﬂ|z2<—>ﬂ:1<—>|z+l|:|z—3+i|
z—-3+i |z—3+1]|

e Goiz=x+ iy, thay vao phwong trinh trén ta duoc:
o |x+iy+l|=|x+iy-3+ilo(x+1) >+ =(x-3)+(y+1)’ <>8x-2y-9=0

e Suyra quy tich diém biéu dién sé phtrc z 1a dwong thang d: 8x—2y-9=0.

Vay ta chon dap an C.

Cau 418. (3) Goi M 1a diém biéu dién s§ phirc z théa man hé thite: |z—1+iy/3 | =1. Biét gc MOy
dat gia tri nhoé nhat. Khi d6 s6 phitc z = a + ib. Gi4 tri (2a + 2b) twong &rng bang

A 243 . B. 1. C. 3. D.3-3.
Giai:

e DAay 12 bai todn co ban va kha dé hinh dung. Diém M chay trén dwong tron (C) da quen thudc
dang. Yéu ciu goc tao béi véc to OM va truc Oy dat gia tri nho nhat. Ching ta sé giai theo hai
phwong phap 13 : phwong phép vé hinh va phwong phap tw luan chic chan.

e Quy tich diém biéu dién s phirc z 1a dwdng tron ¢ tim: 7(1;—/3) bankinh R=1.

e Phwong phap vé hinh chuan (c6 thé cac ban dung thwé'c va compa)

Ay

' 4

e Truwéc hét ta vé chinh xac dwong tron (C) trén mit phang toa do Oxy: Nhan thiy dudng tron
tiép xuc véi truc Ox tai diém A c6 hoanh do: —/3 > 04=3:01=2.
e Nhin thay khi diém M chay trén dwong tron (C) thi goc ]\70\); nhé nhat khi OM tiép xtc véi

dwong tron (C) tai mot diém khac A. D& thdy: O4=O0M =+/3 . Géc: 401 = IOM = MOy =30

V3.3, N33
2

e Suyratoa do cia diém: M= (—-OM .sin30°;0M cos30°) = (—7;5) >z, 5

e Suyra: (2a+2b)=3- J3 . Vaytachon dap an D.
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Cau 419. (3) Goi M 1 diém biéu dién s6 phitc z théa man hé thirc: |z—1+iv/3| =1. Biét géc MOx

dat gia tri nhoé nhat. Khi d6 phan thyc clia s§ phirc z bang

A. 1. B. C. - D

V3
=3

1
=

N | W

Giai:
e DPuong tron bidu dién quy tich diém M ¢6 tdm 7 = (1;—/3) va bankinh R = 1. Suy ra: Ol = 2.

Ay

'l 4

e Tuwong tw ciu trén, dwong tron (C) tiép xuc véi truc Oy tai diém 4 = (1;—\/5 )

e Khi M chay trén duong tron (C), dé goc: MOx dat gia tri nho nhit thi OM phai tiép xdc véi
(C) tai diém M nhu hinh vé.

e Tacé: tan AOI = L — A0I =30 . Ap dung tinh chét tiép tuyén ta cé:

NG
3

e 04=0M =3 - A0l = IOM = MOx =30° = M =(0M.cos30°;—0M.sin30°)=(%;—7)

e Suy ra phan thuc cta s6 phitc z biéu dién M twong (rng la: % :

e Vay ta chon dap an B.

Cau 420. (3) Goi M 1a diém biéu dién s& phirc z théa min hé thirc: |z—1+i+/3 | =1. Biét goc ]\70\);
dat gia tri 16m nhat. Khi d6 phan 4o cua s6 phitc z bang

747 3*‘5. C. —J5+1.

A - . B. -
4 2

Giai:

Bién soan: Nguyén Pdng Ai - Ky sw tai ndng - Bdch Khoa Ha Noi. Trang 359 ‘ ‘



Tén trong quyén tdc gid va cam két khéng sao lwu bdn phu. CHUYEN PE: SO PHU'C VA NG DUNG

e Ta c6 hinh vé twong tu cac cau trén: dwong tron (C) c6 tam [(2;-2) va ban kinh R =1.

Ay

sl 4

o OI=2V2 5 O0M =OI* —IM*> =\J(2N2) =12 =7 ; [04=45 — a=MOA=45 —MOI
e Tathdy dé gbc ]\/45)/ 16 nhit thi OM phai la mét tiép tuyén nhw hinh vé.

IM J7

e Tinh xap xi goc: sin MOI = — —> cos MOI =

2\/_ 02
e Phin 4o cta sO phirc z wng véi diém M sé dwgce tinh trén hinh vé chinh xac:

cos]\70\1 + sin]\70\l

):ffl)
NRENCREND
ffl 7+47

e Rut gon ta dwoc phan 4o cua so phirc rng véi diém M la: )=
RN AN 4

o —0A4A=-0OM.cosa =-+T7cos(45" —]\70\]):—\/7.L

7l

Vay ta chon dap an A.

6+z+z2°

- 1a s6 thuec. Goi gia tri

Cau 421. (3) Cho s phirc z khong thuan thuyc, sao cho s6 phirc: w = .
—z+z

16 nhat va gia tri nhé nhat cua biéu thirc: P = |z - 4 + 3i| lan lwot 1a M va m. Khi d6 (Mm) bang
A. 16. B. 14. C. 19. D.12.
Giai:
e Diyla dang bai co ban c6 dp dung tinh chat cia phwong trinh da thirc hé so thue.
e Tirgidthiéttacd: 6w—wz+wz’ =6+z+z" & (W=D —(W+D)z+6(w—-1)=0
e Phuwong trinh c6 hé s6 thwc nén sé ton tai cip nghiém phtec lién hop: z, z . Theo hé thitc

VIET, ta c6 tich hai nghiém: 7.z = g = 6(W—_11) =
W —

6 zf=6-]z|=/6
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e Apdung BPT tam gidc, tacéd: ||z|—|—4+3i||<P=z—4+3i|<|z|+|-4+3i]

o & 5-J6=\V6-5/<P=z-4+3i|<J6+5

e Suyra: Giétrilc’rnnhﬁtcﬁaPlé:M=Pmax=5+\/g;giétrinhénhﬁtcﬁaP:m=Pmin=5—\/6
e Suyra: Mm=(5+6)(5-6)=19.

Vay ta chon dap an C.

Cau 422. (4) Goi z1 va z2 1a hai nghiém phtrc cia phwong trinh: z2 + 2az + a2+ 2a+ 3 =0,védiala

tham s& thwc. Khi d6 gia tri 16n nhit cta biéu thirc: P =

+
EXNES

A. 2. B.\3. C.22. D.1.

bang

Giai:
e Giai phwongtrinh: A'=a’ —(a” +2a+3)=-2a-3.
e DE c6 nghiém phirc thi diéu kién: A'=-2a-3<0<>a> 3 (1)

e Phuwong trinh c6 hai nghiém lién hop c6 mé dun bingnhau: z ; z > z.z =|z[=a*+2a+3

1 1 1 2
2 2 = 2 + 2 = 2
lz; | |zy| a +2a+3 a +2a+3 (a+1)" +2

e Suyra: P= S%=1

e Suyragidtrildn nhitcdaPla: Pmax=1®a=-1.

e Vay ta chon dap an D.

Cau 423. (4) Cho s8 phtrc z théa man: |z° +4i|=z . Goi M va m Ian lwot 1a gia tri Ién nhat va gia tri
nho nhat cta biéu thic: P=|z—2+3i|.Khi d6 téng (M + m) bang

A. 12. B. 2413 +1. C. 243+6. D. 9+2+/2.
Giai:

e Goi goc tao bdi sb phirc: z2 vaila: o = z%,i . Ap dung cong thitc binh phwong v hwéng:

o |Z2+4di|=|z|| 22 +16]i|+8.|2|.|i].cosa=|z['<>|z|' +16+8|z| cosa =z

_2_
. Dét:t:|z|2>O—>t2+16+8tcosa=t—>—1§cosa:%sl
e x t—t*—-16 ) A s e
e V¢ivé BDT: cosazg—él(—)t +7t+16>0 ; hién nhién la ding v&i moi t.
t
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t-£2-16 9 \/7£ S9+\/ﬁ

Vé&ivé BDT: —lgcosa:8—<—>t -9t+16<0¢& 5
t

Thay lai: t = |z|? va rut gon khai can chinh phwong ta dwoc

9-17 9+f «/71 J17 +1
5 <r=lz['< 5 5 <|z|< 5

Ap dung BDT tam giac ta cé:

N E T Y= PN PELALNN VR Pmax—mfhﬁ

\/7 1 \/—| \/—_\/7 1

Pelz-2+3i|2 | z|-|-2+3i] = | z| V13 ]2

ml[l

Suy ra: (M+m):2\/B+l .
Vay ta chon dap an B.

Cau 424. (4) Goi z1 va z2 12 hai s6 phirc théa man diéu kién: |4z - 3i| = |4 + 3iz|. Biét rang chiing

cling thoa man diéu kién: |z1 - zz| = 1. Hay tinh gia tri ctia bi€u thirc: P = |2z1 + 32| ?

Giai:

A. J19. B. 4. C. 27. D. 5v/2.

Xt li gid thiét: |4z-3i|=|4+3iz| <> |4z-3i|=|i(3z—4i)| =|3z—-4i| (1)
Goi goc tao béi hai s6 phirczvaila: a =z,
Binh phwong vo hwdng biéu thirc (1), ta dwoc:
16|z —24|z|cosa+9=9|z[ 24|z|cosa+16<>|z['=1<>|z]|=1.
Suy ra: |z1| = |z2| = 1. Goi gbc tao bédi zi va z; la: ﬂ_z/; Xt li binh phwong vé huéng:
Tacé:{ 1=z, 2, =]z [ +|z,[" -2]z]|.|z, | cos B
P? =2z, +3z, =4|z, [ 49|z, [ 12| z|.| z, | cos B

{ 6=6|z,—z,['=6|z +6|z,|" —12|z|.| z,| cos B P +6=10|z [ +15|z,

P =2z, +3z, '=4|z, [ 49|z, [' -12| z|.| z, | cos B
Suyra: P2+6=10|z [ +15|z, =10+15—> P=+/19

Vay ta chon dap an A.

Cau 425. (3) Cho hai s8 phtrc thoa man: |z1| = |z2| = 2 va |4z} +9z;

48. Khi d6 gia tri cia biéu

2|:

thirc: P =]z —z; | bang bao nhiéu?

A. 12. B. 24/26. C.10/3. D. 5/2.
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Giai:
[ ]

Goi goc gitra hai s6 phirc: z} va z} la: a = Z?,Zz . Ap dung CT binh phwong v6 hwéng, ta cé:
48> =4z} +9z; =16z} [ +81|z; |+72|z|.| z5 | cos (D

P =|zi =z =z [ 4|z | =2|z |.]| 2} | cos e (2)

Nhan 36 vao hai vé ctia biéu thirc (2), ta dwoc:

36P =36| 22 P +36| 22 |~72| z2|.| 2% | cos (3)

Cong (1) véi (3), vé theo vé ta duorc:

48> +36P> =52| 2, [ +117 |z, ['=52.2¢ +117.2* —>P:%

Vay ta chon dap an C.

Ciu 426. (3) (bé PH 2017 - Mi 108) C6 bao nhiéu so phirc z thoa man dong thoi hai diéu kién:

|z+2—i|=22 va(z-1)2thuin o ?

Giai:
[ ]

A. 3. B. 4. C. 2. D. 0.

Goi z = a + ib, thay vao cac gia thiét ta sé dwoc:
1z42—-i|=232 ©la+ib+2-i|=242 < (a+2) +(b-1)> =8 (1)

S6 phirc: (z-1)> =(a+ib—-1)* =(a—1)"-b* +2(a—1)bi thudnado & (a—-1)>-b>=0

b=a-1
&
b=1-a
Truwomg hgp 1: b=a-1;thévao (1) suyraduwgc: (a+2)° +(a-2)’=8<>a=0->b=-1
Suyra: z1 =-i.
Trwong hop 2: b=1-a ;thévao (1) suy ra duoc:
) ) a=—1-35b=2+3 >z, =-1-3+i2+3)
(a+2)y+(1-a-1)" =8«
a=—1+35b=2-3 >z =-1+3+i(2-3)
Suy ra c6 tat ca 3 sO phirc théa min bai toan.

Vay ta chon dap an A.

Cau 427. (3) (bé PH 2017 - Ma 108) Cho s6 phirc z thdoa man: z+2+i=|z|.Pat: z = a+ ib. Khi d6

gia tri cia S = (4a + b) twong &ng bang

A. 4. B. -4. C. 2 D. -2.
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Giai:

a+2=vNa’+b* >a+2= a2+1—>a=—%

b+1=0—->b=-1

e Tachd: z+2+i=|z| o a+ib+2+i=Na’+b> &

e Suyra:S=4a+b=-4.
e Vay ta chon dap an B.

Ciu 428. (3) (bé PH 2017 - Ma 103) Cho s6 phirc z théa man déng thoi cac diéu kién: |z+3|=5
va |z—-2i|=|z-2-2i|.Tinh |z]|?
A. 17. B. 17 . C. 10. D. /10.
Giai:
e Goiz=a+ib, thay vao gia thiét ta duoc:

{ la+ib+3|=5 { (a+3)* +b* =25 {(a+3)2+b2=25 {b2=9
° > <~ <>

la+ib=2i|=|a+ib-2-2i| |a®+(b-2)" =(a—2) +(b-2)’ a=1 a=1

o Suyra: |z|=va’+b* =1+9 =410

e Vay ta chon dap an D.

Cau 429. (3) (bé PH 2017 - Mi 103) C6 bao nhiéu s6 phirc z thoa man dong thoi hai diéu kién:

|z+3i|=+13 va

l1a s6 thuan ao ?
z+2

A. V6 so. B. 2. C.0. D. 1.
Giai:
e Goiz=a+ib, thay vao cac gia thiét ta duoc:
o |z+43i|=V130la+ib+3i|=V13 > +(+3) =13 (1)

z _ a+ib _(a+ib)a+2-ib) a(a+2)+b*+2ib

e Diéu kién thuin do: = = 2 7 2
z+2 a+ib+2 (a+2)" +b (a+2)" +b

thuan ao

e & a(a+2)+b*=0 (2)
e Liy (1) trir di (2), vé theo vé ta dwoc: —2a+6b+9=13<>a=3b-2 ;thévao (2) ta dwoc:

b=0—>a=-2

Bb-2)(3b)+b> =0 <> 106> —6b=0—>| 3 |
b:g—)az—g
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e Suy ra c6 hai s6 phitrc théa man diéu kién bai toan.

e Vay ta chon dap an B.

Cau 430. (3) (Pé PH 2017 - Mi 107) Cho s6 phirc z = a + ib, (c6 a va b 1a s0 thwc) théa man diéu
kién:z+1+3i-|z|]i=0.TinhS=(a+3b)?
A. -5. B.5. C.7/3. D.-7/3.
Giai:
a+l=0—>a=-1

o Tacéd: a+ib+1+3i—iNd*+b* =0
b+3—~a’+b> =0—>b+3-/b* + :O—>b:—§

e Suyra:S=a+3b=-5.
e Vay ta chon dap an A.

Cau 431. (3) (bé PH 2017 - Mi 107) C6 bao nhiéu s0 phirc z thoa man dong thoi hai diéu kién:

l1a s6 thuan a0 ?

|z-3i|=5 va

A. V0 so. B. 2. C. 0. D. 1.
Giai:
e Goiz=a+ib thay vao cac gia thiét ta dwoc:
e |z-3i|=5o|a+ib-3i|l=5<a’+(b-3)’=25 (1)

z a+ib _ (a+ib)a—ib—2) a(a—2)+b* —2ib

=— —> ——— thuanao
2-2 a+ib-2  (a-2)7+b (a—2) +b

e SO phirc thuan ao:

e & a(a-2)+b’=0 (2)

e Lay (1) trirdi (2), vé theo vé ta duoc:

e 2a-6b+9=25—>a=3b+8 thévao (2) ta dwoc:
e (3b+8)(3b+6)+b* =0« (VN)

e Suy ra khong cé s6 phirc nao thoa man.

e VaytachonC.

Cau 432. (3) (Pé PH 2017 - Mi 120) Cho s6 phirc z théa man: |z| =5va |z + 3| = |z + 3 - 10i|. Tim
s6 phrcw=z-4+3i ?

A.w=1+3i. B.w=-1+7i. C.w=-4+8i. D. -3 + 8i.
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Giai:
e Goiz=a+ib, thay vao cac gia thiét ta duoc:
a’+b* =25 a’+b* =25 a+b*=25 [a=0
* i : e 2, 72 2 2 <
la+ib+3|=|a+ib+3—-10i| (a+3)" +b"=(a+3)" +(b-10) b=5 b=5
e Suyra: w=z—-4+3i=0+5-4+3i=—4+8i

e Vay ta chon dap an C.

Cau 433. (3) (Pé PH 2017 - Mi 120) Goi S 1a tip hop tit ca cac gia tri thuc cia tham s6 m dé ton
tai duy nhit mot s6 phikc z théa min dong thoi: z.z =1 va |z—+/3 +i|=m. Tim s6 phin t ctia S?
A. 2. B. 4. C. 1. D. 3.
Giai:
e Tach:z.z = |zP=1<|z|=1. DAy la dwong tron (C1) c6 tAm la gbc toa dd O va ban kinh Ry =
1
e | z=3+i |=m la duwongtron (Cz) tdm [ = (\/5;—1) va c6 ban kinh Rz =m > 0.

e DE c6 duy nhat mot s6 phirc théa man diéu kién bai toan thi hai dwong tron (C1) va (Cz) phai

ti€p xuc (ngoai va trong) véi nhau.

~1
OI=R+R, [2=l+m "
« & > | m=-1(LOAI)
OI=|R -R,|  |2=1-m| )
m=

e Suyracé 2 gia tri cia m théa man.

Vay ta chon dap an A.

Cau 434. (3 - D) Cho s6 phitrc z théa mén: 3|z+i|+5|z—i|=16. Goi M va m lan lwot la gia tri 1on
nhit va gia tri nho nhit caa |z|. Khi @6 (M + m) twong &ng thuéc khodng nao ?
5 57 7
A. (1;2). B. (2;5). C. (E;E)' D. (5;4).
Giai:
e Ap dung BPT bunhia, ta cé:
o 256=(3|z+i|+5|z—i|) <@ +5) (| z+if +|z—i[ )=34.(2|z +2|i])=68|z ] +68

.« & |z|22%9|z|2\/% . C6 thé suy ra duoc ludn: min|z| = T_;zm
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w_n

e Ching ta khéng can dé y t&i diéu kién dau “=” xay ra cho d& ton thoi gian: 3| z—i|=5]z+1|
e Ap dung nhanh tiép hai BT tam giac tri tuyét doi:

9
o 1623(\Z+i\+|z—i|)+2\Z—i\Z3\z+i+z—i\+2(|z|—\i\):8|Z\—2\i| & |Z|SZ

“_n

e Ta ciling c6 thé kiém nghiém diu “=" & cac BDT tam giac nhiéu roi, va cé thé chi luén dwoc

diu “=" xdy ra < z = 9i/4.

e Suyra max|z| =%=M —>M+m=%+,/?—; e(%;4)—> Chon dap an D.

Cau 435. (3 - C) Cho soO phirc z théoa min: 3|z+i|+4|z—-2i|=20.Goi M va m lan lwot 1a gia tri 16n
nhit va gia tri nho nhéat cuaa |z|. Khi @6 (M + m) twong &ng thuéc khodng nao ?
11 11 13 13
A. (1;3). B. (4,—). C. (—;—). D. (—;8).
(1;3) ( 2) (2 2) (2 )
Giai:

e Ap dung BPT bunhia, ta cé:

2
. 400:(i.\/§|z+i|+4|z—2i|j S(%+42)(2|z+i|2 +]z-2if ):%_(3|z|2 +6i[)

2
* <::>4003ﬂ-(3|2|2 +6)(_>|Z|22ﬂ(—>|2|2 354 .Suyra: min|z| = ﬁ:m
2 123 V123 V123

e Ap dung nhanh tiép hai BT tam giac tri tuyét doi:

o 20:%(2|Z+i|+|Z—2i|)+§|Z—2i|:%(|22+2i|+|2—2i|)+%|2—2i|

« & 202%(|22+2i|+|z—2i|)+§|z—2i| Z%(|2Z+2i+2—2i|)+%(|2|—|2i|)

« O 202%3|z|+§(|z|—2)<—>|z|S2—75. Suy ra maxlzlzgzM

o Suyra:M+m:§+ EG(E;E)—> Chon dap an C.
7 123 2 2

Cau 436. (3) Cho s6 phirc z théoa man: 3|z+3+2i|+4|z+1|=12. Goi M va m lan lwot la gia tri 16n
nhit va gia tri nho nhit caa |z + i + 2|. Khi d6 (M + m) twong &ng thuéc khodng nao ?

A. (1;2). B. (2;3). C. (3:4). D. (4;6).
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Giai:

Trwéc hét ta dat u =z +i+2 — gia thiét ban dau dworc viét vé dang quen thudc:
3z4+3+2i[+4|z+1|=12 & 3|u+(A+i)|+4|u—-(1+i)|=12
Ap dung BDT bunhia, ta c6:

144 =3 u+1+0) [+ 4 u-(1+0)| ) <@ +4) (Ju+A+D) P +{u-+i) P )=25(2] 2P +2[1+i[)

44 J22 V22

< 144<50| z +100<—>|z|225—0<—>|z|2T .Suy ra: min |z | == =m

Ap dung nhanh tiép hai BDPT tam giac tri tuyét doi:
12:3(|u+(1+z‘)|+|u—(1+z‘)|)+|u—(1+z‘)|23|u+1+z‘+u—1—i|+(|u|—|1+i|):7|u|—\/§

12++2 _12442 V22
7 5

Suy ra max |u| = - =M —>M+m

€(2;3) > Chon dap an B.

Cau 437. (3) Cho s6 phirc z théa man diéu kién: |z| = 1. Khi d6 gid tri nho nhit cda biéu thirc

P=|z—1+i|++2|z=2+i| twong ng bing

Giai:

A.2. B. /5. C. 3. D. /3.
Ap dung cong thirc: |u—v|=|mu—mv| .
vl ful
V2 |z 1 1-i
Taco: |z—1+i|=|~=z-(1-i)|=|V2.z-—=(1-i)|=v2]| z—— |
2|7 2 V2 2

Suy ra: P:x/§|Z—l—;l|+\/§|z—2+i|:\/§(|z—l—;|+|z—2+i|j2x/§|z—1%l—z+2—i|

& P2ﬁ|%—%|=x/§—>minP=\/§

Vay ta chon dap an B.

Cau 438. (3) Cho s0 phirc z théoa man diéu kién: |z + i| = 1. Khi dé gia tri nhé nhit cia biéu thic

P=|z-1+3i|+5|z-5+i| twong tng biing

Giai:

A. 2429, B. 24/5. C V13445 . D. 24/15.

Pt u=z+i—|u|=1 va P=|u—1+2i|+~/5|u-5|
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i A . u %
e Ap dung cong thirc |u—v|=|Hu—Hv|.
v u

=21, gy o35, L2 =45 a1

| 11-2i| 1 5 5

. Suyra:p:ﬁm—l‘;l|+ﬁ|u_s|=ﬁ(|u—l‘52’|+|u—5|jzﬁ|u—%—u+5|=2@

o Tacé: |u—1+2i|=|

e Suyra: minP = 2429 - Vay ta chon dap an A.

Bién soan: Nguyén Pdng Ai - Ky sw tai ndng - Bdch Khoa Ha Noi. Trang 369 ‘ ‘



I Tén trong quyén tdc gid va cam két khong sao lwu bdn phu. CHUYEN PE: SO PHU'C VA NG DUNG

I 370|Thuan Thanh - Bidc Ninh - 2018



Tén trong quyén tdc gid va cam két khéng sao lwu bdn phu. CHUYEN PE: SO PHU'C VA NG DUNG H

Gan nhw xuyén suodt tai liéu, tac gia chi tham khao mot s6 bai toan
s6 phirc hay va khé & tdn man cac dé thi thit TNPH ndm 2017 cta cac
trweong THPT chuyén néi tiéng va miu muc trén toan qudc. Tuy nhién,
tac gia ludn giai riéng theo mét phwong phap méi, mét phong cach
mé&i d6i véi nhirng bai toan tham khao nay. Tac gia xin gii 1oi cdm on
sdu sac tdi cac quy thay co clia cac treong chuyén da soan ra mot s6
ciu héi s6 phirc hay va doc ddo, da phan nao goi y ra cac kién thirc
sang tao cua tac gia, phin nao lam phong pht thém nguén bai tip ning
cao cua cudn tai liéu so phirc nay.

Khi con 1a sinh vién 16p K§ Sw Tai Nang Khoa 44 Khoa Cong Nghé
Thong Tin trweong Pai Hoc Bach Khoa. Tac gia da truwc tié€p dwoc PGS
TS Nguyén Canh Lwong, nguyén phé hiéu trwdng trwong Pai hoc
Bach Khoa Ha Noi gidng day hai mén hoc: Pai s6 tuyén tinh va Ham
Phirc. Hé thong tw twdng va cac cach trién khai kién thirc dwoc tac gia
ké thira va phat huy tir nhitng nén tadng co s& virng chic cia thay

Nguyén Canh Lwong.
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