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LOI NOI DAU

c/rong thoi gian vira qua, dugc su gidp d& cia Nha xudt ban Gido duc Viét

Nam, Truong Trung hoc phd théng chuyén Lé Hong Phong da blen soan bo
séch “Giai toan danh cho hoc sinh 16p chuyén” theo dinh hudng badm sat sach
gido khoa, b6 sung cac chd dé nang cao theo trinh d¢ truong chuyén va céc noi
dung thi dai hoc. Bo sdach da dUdc déng dao hoc smh va gido vién cac truong
chuyén st dung va tin cay.

Trong qué trinh d6i m&i gido duc, dap tng yéu cdu mdi clia séch gido khoa
chuyén ban, xay dung phuong phap kiém tra két hgp gitta tu ludn va trdc
nghiém khéch quan, ching t6i bién soan lai b6 séch Gidi toan danh cho hoc
sinh cac truang chuyén va hoc sinh kha gidi & céc truong Trung hoc phd théng
trén toan qudc. BO sach “Giai todn 16p 12" dugc bién soan nhim dap ng tot
nhét cho céc ki thi Tot:nghiép Trung hoc phé théng va déc biét la ki thi Tuyén
sinh Pai hoc — Cao ding. Bé sach nay gém nidm quyén :

— Gidi toan 12 — Ham s6 mi — l6garit va sé phic ;

— Gidi todn 12 — Phuong phap toa dé trong khong gian ;

— Gidi todn 12 — Khao sat ham sé ;

— Gidi todn 12 — Khdi da dién va khéi tron xoay ;

_ Giéi toan 12 - Tich phan —nguyén ham.

\

Noi dung quyén “Gidi todn 12 — Ham s8 md - logarit va s8 phdc” bam
sat theo cdu tric cta sach gido khoa Gidi tich 12 (Nang cao) va dugc trinh
bay theo nam chuaong nhu sau :

Chuong | : Khai niém luy thira va ham s6 luy thia ;

Chuong Il : Khéi niém l6garit va ham s& logarit ;

Chuang I : Phuahg trinh md va phuong trinh légarit ;
Chuong IV : Bt phuong trinh mi va bat phuong trinh légarit ;
Chuong V : 56 phtic.



Trong méi bai hoc, ching t6i xdy dung hé th6ng bai tap rén luyén dua
theo cac van dé cu thé, mot s6 bai tap 1a cac dé thi dai hoc dé€ ban doc
tham kh&o. Chdng t6i c6 cung cap dap an va hudng dan gidi so lugc cia mét
s6 bai tap tiéu biéu nhim giup cac ban doc on tap, ndng cao kién thirc, rén
luyén ki ndng gidi toan.

Hi vong quyén sach sé gitp ich cho cic ban hoc sinh trong qué trinh
hoc tap, rén luyén nang cao b6 mén Toan Iép 12, chd dong va ty tin budc
vao ki thi Dai hoc — Cao ddng dé dat dugc két qua tét nhat ; quyén sach nay
cing la tai liéu hé trg cho gido vién Toan cac truong Trung hoc phd théng
_ trong c6ng tac dao tao hoc sinh gidi.

Moiy kién dong gop guii vé theo dja chi sau :

e Trudng Trung hoc phd thdng chuyén L& Hdng Phong, 235 Nguyén Van Cu,
Quan 5, TP. H6 Chi Minh

e Ban bién tap sach Khoa hoc Ty nhlen Cong ti CP DVXBGD Gia Pinh
~ Nha xudt ban Gido duc Viat Nam, 231 Nguyen Van Clt, Quan 5
TP. H& Chi Minh. '
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§1. LUY THUA VOI SO MU HOU Ti -
LUY THUA VOI SO MU THYC

A TOMTAT GIAO KHOA

I. LUY THUA VOISO MUNGUYEN = S

1) Dinh nghia
1.1. Luy thiva v6i s6 mii nguyén dwong
Choa eR,neN, n>1,tacé: | a"=aa...a

(a" 1alu§ thira bac n cla a, a goi la co s6, n 1a sb mii).
1.2. Luy thira véi s6 mii 0
Cho a#0, a° =1 (luu ¥ : 0° khong c6 nghia).

1.3. Luj thiva v6i s6 mii nguyén dm

Choa¢0,neZ+,tacé:‘ a=1l;a"=—

(luuy: 07" khong c6 nghia).

2) Tinh chit lu§ thira véi s6 mii nguyén
2.1.Pinhli1. Cho a#0; b#0; m,neZ, taco:

1. a™.a"=a™" 2. an =a""
3. ’am T =gMm 4. (ab)"* = a"b" 5. 12 =En—'
CoN (@ = (b) v




2.2. Dinh Ii 2 (tinh chdt bdt ding thirc)
Chom,n e Z.Khidé

1.Véia>1: a">a"<m>n

2.V6i 0<a<1l: a">a"em<n

HE qui 1
 Véi0<a<b,me Z thi:

l.a" <b" & m>0 C 2.a">b"om<0

H¢ qua 2

Véinlasdtunhiénlé: [a<b= a’<b]

TI. CAN BAC n VA LUY THUA VOI SO MU HU'U Ti
1.) Cin bjcn ,
BN Dinh nghia. Choae R,n e 7", tacé:

b e R Ia can bc n cita a khi va chi khi b" =a -

Nhén xét

*a e R c6 duy nhit mot cin béc n 1é, ki hiéu : a

* a> 0 c6 ding hai cin bac n chén, ki hidu : ¥a va—4a,
trong do Ya>0 va-¥a <0.

1.2. Tinh chat

Cho a,beR* ; m,neZ'; p,qeZ.Tacod:

Yo
3. 4faP =(JZ)’° (a>0) 4. Wiz =rvfa

s.Néul =9 i ¥far =27 (a>0). Dacbiet Ya ="a" .
n m )

1. %ab =42 b 2. n%=‘/5 (b>0)




2) Luy thira voi s6 mii hiru ti
2.1. Dinh nghia

A A VY T m . :
a1a mot sb thuc duong, r 1a mot s6 hitu ti ¢6 dang r = —, trong d6 m eZ,nel".
‘ n .

Ta dinh nghta cat= a: — n, m
2.2. Tinh chit ciia lu thiva vi sé mii hivu ti

Lily thira v6i sb mii hitu t ¢6 day du céc tmh chét cia lu§ thira v6i s6 mil
nguyén dd néu ra ¢ trén. ‘

- I LUY THUA VOI SO MU THUC

1) Dinh nghia ‘
Cho a > 0 va o, 12 mdt sb vo ti. Ta luén c6 mdt day s6 hitu ti 1y, 12, 13, ..., Tns--
mi lim r, = o. Xét diy ‘'sb nhitng luy thira cha a tuong Ung
a",a%,a", ... ,am, .. '
Ngudi ta ching minh dugc réng ddy s a",a",a",.........,a" ,...co gi6i han xac

dmh (khéng phu thudc vao day s6 hitu ti dd chon) kh1 n — +oo,

Giéi han d6 dugce goi 1a luy thira v6i s6 mii v ti o ciia s6 duong a. Ki higu a™,

Viy : a* = lim a".

n—>+0

Chii Y vé co 56 ciia lug thira o’

ore Z thicosbac R
ere Z thicosba#0

ere R thicosoa>0

2) Tinh chét luy thira véi s6 mii thye

Lu§ thira v6i sb mii thuc c6 ddy du tinh chit nhu luy thira v6i s6 mil nguyén.



B. PHUONG PHAP GIAITOAN

Yen a6 7

CAC PHEP TOAN CO BAN VE LUY THUA
I. PHUONG PHAP

—Sir dung céc tinh chét cia luy thira dé tinh gia tri cua biéu thire, so sanh céc

s§ ¢ dang luy thira, rit gon mot biéu thirc,  chimg minh mgt bidu thirc khong phu
thudc tham so .

—Canlu’uy:
* VéiacR, neN,; n>1 thi ¥a*" =|al

%a>™ A Kkhia>0
Nguoc lai, a%/A = { e 2

—a®™ A khia<O0

* Véia>1thi a" >a™ o x, >x,

*

* Véi0<a<l1thi a® >a" < x, <x,

‘ //
b* <a* khiva chikhix >0
* Véia,b#1va O<bcacd o <Cuvachkux>0 -
b* >a* khiva chikhix < 0.
IL. Vi DU
Vi du 1. Hay so sanh cac sb :
| a) V42 va 351 ; b) 16% va 42 . c) 9V va o

Gidi

2) Taco: 42 =442 =§/72088 va 351 =¢/512 = $2601.
Vay V42 > 351,

b) Tacé :

16 = (412)J3~ =42 ma (2J§)2 =12 va (3V2) =18, nén 2/3 <3V2.



Mi4>1nén 16° <42,
&) Taco: V16 =4=364 = 16 >3/60. M29>1néntaco: 9 > 9%

Vi du 2. Tinh gié tri cac bidu thirc :

or=f) G el ()
81 8 ‘25 8

Gidi
~_ 1 o 1 —:- . —.3 7 . _ﬁ 1 | ‘ . )
A)Taco:A=|—| + |=| = (37%)*+(27)3=3"+2'=43.
81 8 _ o ,
b) Taco : 7
1,5 2 3 3 =2 " >
1 1)3 1)2 Y (1 1)
B=\>2| — 3] =|\=) ~ || =53] |3
25 8 5 2 5 2
=125-4=121. . ~ ,
Vi du 3. Tinh gi tri cac biéu thirc:
64 L no 2306
a)A=3—416 ; b)B= 22

Gidi

o 3 4 |
a)"Tac6:A=3—6—i.4ﬁ_g:M =—4-£=-_
27 327 3 3
5 5 .
236 _ [216 _ fio1

332 32

b)Tacé:B=

Vi du 4. Tinh gi4 tri céc biéu thirc :
9 2 6 4 .
a)A=47:47-2525; b)B= (42‘/5,__4\/5—1).2—%/5;

1B\ e
)C=|3"5| 372,



Gidi

,. 5 2 sa4 1 ow

a) Taco: A=47:47-2525 = 47-25 =4-4=0.

b) Ta C(’) : B (42«/—' 4\/— 1) 2—2«/_ (24~/— 22\/_—2) 2—2\/.—
24«/' —243 22J’ 32243 22«/‘ 272 = 22J’ _1_

¢) Ap dung tinh#chét : (a“‘) =a™". Tacd:

(uz} s UBO) 55 anBal gl
C=

s | 372 _3 5 - 372 =3 1+5 =3 2 T=3§=81\/§.

Vi du 5. Rt gon céc biéu thirc rbi tlnh :

zr

(ap dung voia=1;3)

2

a)A—

b)B= % (4p dung voi b =27).

Gidi

. - - ’
a) Sir dung tinh chit ¥/a™ =a" cia can thic va cac tinh chit lu§ thira ta ¢6 :

1 1 2 7
L 1
a2i/a a’.a’ a6
A= = =—=a.Do do
{/a L
aé a6

Vcna—lthlA lvavmav 3th1A 3.

\/" b2 ‘1 1

1 1
b)B*- :————b3 nénkhib=27thiB= b3 27 =3,
w7 , ,
[ R |
4 _ a4 2 _h2
Vi du 6. Cho biéu thiuc : M = a as.bl - b
a“—a“ b2 +b 2
a)RﬁthnM; ~~ b)TinhMkhia=5va b=-7.
Gidi
g piopt af(1-a) b7 (1-t7)
—34 p2_p2z a*({l-a -
a)Taco: M-al a’ b?-b : .

5'1 l=l

‘ 1
a_—az b2 +b 2 az(l—-a) b_5(1+b)'

10



1+a
1-b

b)Khia=5vab= —7 thi M=t =§=

~(-7)
: 2
4a-9"" a=4+3a”
1 1 -1 1
, 2a?-3a? a’-a?
Rut gon va tinh gia tri ciia A khi a=4.

=>M=(1+a):(1-b)=

3
e

Ju—s

Vi du 7. Cho biéu thirc : A =

Gidi

Di€ukiénbaitoan :0<a=#1; —

. ; 2 ' ) ) 2
o -1 2 2 _4
Tacs: Az | da=9" a—4+3a _{ 422-9  2’—4a+3

= +
2a; 3a; al a% (23—3)\/5 ‘(a—l)\/;

:>A’ [2a+3 a-— 3} (SaJ ~9a
Ja  +a Va
Khia=4 = A=36.
Vidu 8. Tinh (rﬁt gon) biéu thic :

V5-1
(a«/gﬂ) |
M = W‘ (a> 0)
. Gidi
(a5 )f B LB s

M=oy @20 ==L,
i 4
3 3 .

Vidu9. Rutgon: X= a’b+ab (a,b>0).

Ey

Gidi

1 1
" _‘31 :;_ ab(a3+b3J ,
Tacé: X=ab+ab = =ab,(a,b>0)

3 3 h 1 1
\/;4—\/5 a’+bd



III. BAI TAP
1. Thyc hién phép tinh sau :

1 3
2) 8107 4 [T (L],
125 32) °

1

1 2
b) 0,001 —(-2)” 643 ~8 5 +(9°)" ;

Z 1 -0,75
c) 273 +[—j =257
\16 |

d) (-0,5)" -625°* —(2%)_ : 4—19(—3)“3,

2. Viét cac bidu thirc sau dudi dang lu§ thira v6i s6 mil hitu ti :

a) {x*x (x>0); . B) {E— i/% (a>0,b>0) ;
o 1242 2, 4 yayavava % (a>0).

3V3V3
3. Pon gian céc biéu thirc sau (a,b>0) : : ,
4 17 15
(x/“ a3b2) a—ad ad_ad
2) T e | T4 2 1
AVa'd ' _ a’—a3 al+a’

4. Pon gian céc biéu thirc sau (a, b > 0) :

o YiVb a4 acb akb
Vet Garth Ok e

(“b ﬁj(fﬁ) ,@;1 Virda

A SR

5. Don gian céc biéu thirc sau :

a\/-j‘l \/5+1 ‘ ‘ \/5-—]
a) ~———= b) aV? (_1_)
a‘«/§—3.a4-\/§ ’ | . B

12



6. Don gian cac.biéu thuc sau :

+ » V3+
o 1.45'. ) A 3'a—|—~/5'
a) a a_ﬁ_l s . ) bﬁ_l b_2 )
221243 lk .
c) u——2-+1 ; - d) (x"+y")2 —(4"xy] .
(aﬁ—bﬁ) o v /.
7. Chimg minh : . B
2) V4+243 —y4-243 =2 ; 1)3/9+/80 +3/9-/80 =3.

8. So sanh cac sb sau :

s » o
a) (JE) 5 va ,3/3%{& ; )3 va 5'°;

5
s 5 »
c) (-;—) " a2 ; d) 7° va 4%,

- B
- |
@@ Yin i 2
CHUNG MINH MOT BIEU THUC
KHONG PHU THUOC THAM SO

I PHUUNG PHAP

St dung céc tinh chit cta lu§ thira & chimg minh mot biéu thirc. khong phu
thuoc tham s0.

II vi DU

Vidu 1 Chimng rmnh ring bidu thuc sau khong phu thuoc vaob:
1 2
B= (1 2\/B b] (a -—bZJ .
a a

13



ab™ (ab‘1 )2 (a"b2 )

a*zb(a”zb'1 )3 .
a) Chitng minh M khéng phu thudc vao b ;
b) Tinh gia tri cia M khi a = 2.

Vi du 2. Cho biéu thirc : M =

Gidi

a)Taco:

M _ ab'?"(ab~1 )2 (a“b2) _ al+2~lb—2—2+2 _ a?b2 _ o
a?b(a ")’ a7 ath? o

Viay M khong phu thudc vao b.
b)Khia=2=>M=2""=1024.

IIL. BAI TAP

al—n a—n

n

n

N Y . 0 -l ‘ "
9. Chimg minh ring biéu thirc : M = ab+2 02" vgi a>1 > 0 khong phu

ﬂ
|
[on

thudc vao gia trictaa vab.

14



§2. HAM SO LUY THUA

A. TOM TAT GIAO KHOA
I. KHAINIEM HAM SO LUY THUA
Dinh nghia. Ham s6 luy thira c6 dang: y =x*, trong d6 o 1a mot héng sb
tuy .
Tir dinh nghia v& lu thira, ta c6 :

Ham sb Sémiiluy thra | Tép xac dinh

y=x" n nguyén duong D=R

y=x" nnguyén &m hoacn=0 | D= R\{0}
y=x° akhéng nguyén D ="(() ; +0)

Ham s6 1u§7 thira lién tuc trén tap xac dmh ciia né.
. . L o t
Luu y. Theo dinh nghia, dang thac Yx =x" chi xay ra néu x > 0.:Do d6 ham .
‘ 1 X . . x
s6 y =x" khéng dong nhat v6i ham sd y\=%/; (n eN )
II. PAO HAM CUA HAM SO LUY THUA |
Nhédc'lai: (x"yY =nx""! Vx € R, nlasb nguyénlénhon 1.

Pinh i

1) Ham s6 lu§ thira y =x* (o € R) c6 dao ham tai moi x >0 va

" =ax*!
2) Néuu=u(x) 1a ham sb ¢6 dao ham va u(x) > 0 trén J (v6i J 1a mot khoang

hay hop ctia nhiéu khoang) thi ham s6 y=u" (x) cling c6 dao ham trén J va

('] = a v’ ()0 ()

Luuy
! 1

Dic biét, ta ¢ (J;Z ) =
. , n¥yx"!

(v6éi moi x > 0 néu n chén, véi moi x # 0 néun 1¢).

15



Néuu = u(x) 13 ham sb c6 dao ham trén J va thoa man diéu kién u(x) > 0 véi
moi x €J khi n chin, u(x) = Ovmmmx €J khinléthi:

S U(x)
(o) -

IIL SU BIEN THIEN VA PO THI CUA HAM SO LUY THUA
Xét ham s6 Iug thiray =x* v6i a.# 0 va véi tap xée dinh (0 ;+w). Tir cong
thirc:- (x“ )’ = oc‘x‘“'ll ta suy ra ham sb y =x*° dong bién trén khoang (O 3+ oo) néu

o > 0 va nghich bién trén khoang (0;+) néu a <0.

FI

y=x3

.

ERy
a—d
A[\)@Amm\'m@‘<
PR ST S S S S
<
Il
x

o1t 565575686 x

I
-

Luu y. DS thi coa ham s luy thira y=x* ludn di qua dlem M(l 1)
v 1t =1; \/oc)

B. PHUONG PHAP GIAI TOAN

Yir 7

CHUNG MINH MOT DANG THUC, BAT DANG THUC
I. PHUONG PHAP

Thuong thi ta bién dbi vé trai (VT) hoic vé phai (VP) cta bleu thirc dé tror v&
voi biéu thirc vé bén kia. Tuy nhién, trong nhiéu tru:(mg hop ta c4n bién dbi ca hai
vé ctia ding thuc ndy vé cung mét biéu thirc trung gian. Dé lam duoc didu d6 ta st

-dung cac dinh nghia, tinh chit ctia ham s lu§ thira va can thire.

16 “



IL ViDYy
Vidu 1. Cho a, b, ¢ >0 thoa mén a + b = ¢. Chiing minh rang :
a) a" +b™ >c™ nfu0<m<1; b) a'“+b"'<c"‘né1im>1._
Gidi

a) Ching minh : 2" +b"™ >c" ndud<m<1.
Theo diéu kién d& bai ra a, b, ¢ déu dwong nén ta ¢4 :
, » b
c>a;c>bva3+2=1:0<—a}—<1; 0<—<1.
: c ¢ Cc C

Khi0<m<1tacod:

Vaykhi0<m<1talubnco a™ +b™ >c™.
b) Ching minh : a™ +b™ <c™ néum > 1.

Theo diéu kién dé bai, via,b,c >0néntacod:

c>a; ¢c>b ;3+2=1 :O<—a—<1 ; ,O<P-<1.
. ‘ c

c c c
O<(3) <2 <m “m b
Khim>1,tacé: ¢ ¢ :3(3) +(—b—) <22
(b)"‘ b C c c ¢
O<|—| <— :
c) ¢

. Vayvéimoim>1talubncd: a™ +b™ <c™.

Vidu 2. Chungnunhrangvcncacsoducmga b, x, y(a>0 b>0; x>y>0)
ta ludén co :

(a" +b"’) <(ay +l?y) .

2A G.TOAN 12 - HSM ’ 17



Gidi

~ XY : X
"Theo baira : (a"«}-b")y <(ay -i~by)x < a¥ {14_(2) } <a¥ {p{.‘l)y}

a a

1

wy (o) <) o {H(EJ} <[l+(§jyf

» 1
Pit OL=:P—>0, xét ham sb y:~f(x)=(1+oc")x‘, x>0 tacod:
, a

In y‘=§ln(1+q")::> Y =(-—.i2jln(1’+ oc-x)+l..gj—?-x—)—

y X x l+a*
:>_Y_'= af‘ Ino® —(1+a")ln(1+a")
y x2<1+a")

‘Do 0< o <1+0o* nén hién nhién: o* In o* <(1—Foc")1n(l+oc").
Suyray'<0, Vx>0 ‘ o
= ham f nghich bién trdng khoang (O ; +oo) vidodox>y = f(x) < f(y)
1 ' 1
:>(1+0L")" <(1+ocy)y.
Vay(a" +b")y < (ay +by)x )
1
C .' R o+
Vi du 3. Cho xe R . Chitng minh bét ding thic ; 25 +29% >2 V2,
Khi ndo thi diu ding thic xay ra ?

Gidi

Ap dung bat déng thic Co-si :

sinX-+cosx

zsinx +2cosx 22_\/25inx.2cosx zzx/zsinxuosx =22 2

sinx+cosx - 2

‘Do sinx + cosx =\/§cos(x-§)2— 2 nén 2 2 >2 2

sinx+cosx \/5 \/2_

=22 2 2222 = om0

18 . ‘ 2B G.TOAN 12 - HSM



Déu “=” xay ra
zsinx = zcosx .
' 2 St

= o & sinx =cosx =——— <> x=—+Kk2m.
cos| X —— 2 4

Y"

Vay bit déng thirc trd thanh déing thirc khi x = -543 +k2m.

Vzdu4 Chox y,zthoaman -1—+1+—1-—-1va ax® =by’ =cz’
X y z

a) Rut gon biéu thirc : A= ax? +by? +cz’
. . 3
b) Chirng minh ring : A = (‘%/5+3 b+%/-c') .

 Gidi

a) Tacod: A= ax* +by” +cz’ o
ax’> by’ ¢z ax’® ax® ax® ( 1 1 1)
= ax

A= 2 (2 A% (A%, — =t
X y z x y z Xy z

(vi ax® = by® = cz?).

- Vi —1~+—1~‘+—1—=1nénsuyra:A=ax3.
Xy z
b) Tacéd: ‘
’ , , 3
3 .
(\/_+~/'t—)+\/—) ( by ] x3(—1—+—1—+—1—]»=ax3
Xy z)
(vi ax® =by® =cz’). ‘
. 3
Vay A= (Ya+3b+3c) (dpem).
II1. BAI TAP
1. Cho a, b, c>0thoamin a’> =b* +c?. Chu’ngmmh ‘
a)a™>b"+c" nfum>2 ; b)a <b™ +c™ neum<2

_ ; »,
2. Chimg minh bét déng thirc : 225" +2°™ > 22 ' Vxe (0 ; 12]:-}

19



3. Cho biéu thirc : A—(9“ 43“+1)a+(a +1)3
Chung minh ring : A>0kh1 a>0.

1 1

4.Choa20;b20;m>n>0. Chimg minh : (a“‘+b"‘);S(a“+b“);.

Vi 8.2
GIAI PHUONG TRINH LUY THUA

I. PHUONG PHAP

— Giai phuong trinh luy thira 1a dung cac tinh chét cua luy thira (hodc dit 4n
phu) bién dbi d& dwa phuong trinh di cho v& dang c4c phuong trinh béc nhit, bac
hai, bic ba .. "

— Cén ném c4c tinh chét sau :
e Voi a# 0 vannguyén duong thi :
a®=1 . (luuy: 0° khong cé nghia)

1
a'=—

n

(lvuy: 0™ kh(‘)ng cd nghia)

e V&1 moi s0 thuc a,bkhacOvam,n €Z taludncod :

1. a™.a" =g™n ) 2 9_,": m-n
a
3. @™ =a™ 4. (ab)" =a"b"

s [9_) _a
N b bn
1

* L y. Khong dugc ddng nhat : ¥x véi x».
IL Vi DU

Vidu 1. Giai phu’(mg trinh sau : ‘3’—+x +J——x =1.
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Gidi

Tacé:‘3/—1——+x+,’l——x=l *
, 2 2
. ’1 ,
biatu= 3§+x ;v -X Vv6ivz0.

v=0 .‘ V>O v=0
(*) < Ju+v=1 . < dv=1-u o {v=1-u
u’+v =1 u+(1- u) =1 v +u?—2u+l=1
{uzO -X ]
v=1 ' =75
v=20 2
u=1 1
S<v=1-u < Sl X=—
s v=0 2
u+u -2u=0 ‘ 17
u= 2 ‘ X = ——
| (v=3 b 2
\ : 1 1 17
Vay phuong trinh (*) c6 nghle;m‘la: xl=——5; X, =—2—; X, =—~£—.

Vi dy 2. Giai phuong trinh sau : 3/x* +24x ~3=0.

Gidi

bat Q/)Zr-t ta co t2+2t——3=0<:>[t__ 3

*t=1 oix= leox=1.
*t=-3 <::>«/—-—-3<:>x——27
Viy nghiém cua phuong trinh la: x—l x=-27.

Vi du 3. Giai phuong trinh sau :

X} +1=232x~1.

Gidi

Tacd: x*+1=232x-1 (1)
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Pt t = 32x -1 khi d6 tix (1) ta c6

X3 +1=2¢ x*+1=2t (2)
=N
2x-1=¢* £ -x*=2(x-t) (3)
(,3)<:>(t-—x)(t2+xt+xé)=2(x4t)c> x=t ‘
t* +xt+x’ +2 =0(v6 nghiém).

Xétx=tex=2x-Tex’ -2x+1=0e (x-1)(x* +x-1)=0

X, =1
x, =1 ‘ -
- 1 ‘ - X2= 1+\/§
x> +x-1=0 2
' ~1-5
Xy = .
L 2
x, =1

Vay phuong trinh (1) ¢6 nghiém | x, = 1445

2
o -1-45
X, = :
_ 2
IIL. BAI TAP
5. Giai cac phuong trinh sau :
3
X ? 2 :
a) =16 ; b) (3x—1)3 =4.
6. Giai phuong trinh :  4/16x* +5¢x =7 =0.
7. Giai cac phuong trinh sau :
a) Vx +4x =2 ; ‘ b)\/;-3§[)-(-+2=0.
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8. Giai phuong trinh sau
23/3x =2 +3/6—5x —8 =0 (2 thi tuyén sinh PH khbi A — 2009)

9. Tim cac so thuc x thoa man di€u kién sau :

l X -X X|
a)—2-(a.+a )=l (a>0) ; b)3”<27.‘

@@- Yonds 3

TiM TAP XAC DINH. DPAO HAM TREN TAP XAC DINH

L. PHUONG PHAP

* Khi gidi bii toan tim tap xéc dinh (TXD) ciia ham sb lu thira, cin luu ¥ :

Ham sb S6 mii lu§ thira Tép xac dinh
y=x" n nguyén duong D=R
y=x" nnguyén am hodgcn=0 | D= R\{0}
y =x*° o khong nguyén D= (() ;+oo)

Khi giai bai toan lién quan dén dao ham clia ham so lu thira, can lvuy:

* (Xva )"= ox® l *(ua (X))' — au“"l(x).u'(x)

*( B '= 1 \ *( n ,= ul(x) _
S0 R S ) e e

IL. Vi DU
" Vidy L Tim tip xéc dinh clia c4c ham sb sau :
1
ay=Yx ; by=x’.

Gidi
Ham s cin bac ba :y =%/x xac dinh véi moi x € R, con ham sO lu¥ thira
1 o

y = x? chi x4c dinh véi moi x > 0.

Vi du 2. Tim tap xac dinh ¢la cac ham s0 sau :

a) y=v1-x ; b)y =+/4x* —4x-8.
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Gidi

a) y=31-x c6 thp xdc dinh D = R
b) ¥ =v4x> —4x -8 = 24/x —x—2 xéc dinh

o @xz—-x—220<:>xs-1vx2'2./
VélyD=(—oo;—1]u[2;+oo). |

Vi du 3. Tim tap x4c dinh cua cic ham sb sau :
) 2 \ sinx
~ y=(2005 x—3cosx,+1) .

Gidi

Ham s6 xdc dinh <> 2cos?x—3cosx+1 >0 (1)
it t = cosx, didu kién [f|<1.”
Khi d6 bat phuong trinh (1) c6 dang :

t>1 (loai)

2P -3t+1>0 < 1 S 1<t o cosx <~

| ©§-+k2n<x<—§3ﬁ+2kn;keZ.
A A o S 5w ‘
Viy tap xéc dinh ctia ham s6 1a : (~3—+2kn ; ?+2knj, keZ.

Vi du 4. Tim tap x4c dinh ctia cac ham sb sau :

X+cotx

2x

y=|x+ - —3\/§J .
( Vx* -4

Gidi

(x? 450 (1)

. 2x
Ham s6 xac dinh < {x+ -3J5>0 2
. ,X2—4 ( )

sinx # 0 _ (3)
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Giai (1) ta duoc : Jx|>2
Giadi (3) tadugc :x #kn, ke Z

Gii (2) 1 x+—22 5345 @)
- Vx? -4

Xét 2 truong hop: _
Truong hop 1 : x< —2suyra bét phuong trinh (4) v6 nghiém (vé trai 4m).

Truong hop 2 . x> 2, binh phuong hai vé cua (4) ta dugc :

2 2 4 2 ’
R SR, . ST DUCHE SN, . ST B
=4 P-4 - xX*-4 Jx*-4

2

bat t= = , diéu kién t > 0. Khi do, bt phuong trinh (5) c6 dang :

-

2 4A—45>0t>5 e - > 5> x* —=25x2 +100 > 0

x> —4

- {xz >20 {|X|
1x*<5 x| < J5
Vay tép xéc dinh ctia ham sb 1a : ‘
xe(2 ; x/g)u(\/i(-)- ; +oo)\{k1t, keZ}.
Vi du 5. Tinh dao ham ctia ham s sau trén tap xéc dinh ctia né :
y =(x3 -2x +2)\/g

Gidi

Tacé : y:-:(x3 —2x+2)J§ :>y'=k«/-5-(x3 -—2x+2)ﬁ" (3)(2 —2).

Vl du 6. Cho ham sb:y = \/1+x Hay xac dinh dao ham cua ham s, tir @6
- tinh gié tri cia biéu thic : A =y(3)+(x—-3).y'(3).

Gidi
1

2W1+x

Theo d& bai tacé: y =+1+x = y'(x)=
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Viy(3)=2vay'(3)=

=

=A =y(3)+(x-3)y'(3)=2+(x—3)l:—1-(x+f5).

Vi du 7. Tinh dao ham cac ham s6 trén tap xac dinh :
a)y =sin’x ; b)y =cos’(3x).
Gidi |

a) Tacd: y=sin’x =y’ =3sin’ xcosx.
b) Tacéd : y=cos’(3x) =y’ =3cos’ 3x.(-3sin3x)

Vi du 8. Xéac dinh dao ham ctia ham s :

=-9cos®3xsin3x.

2 2\ ' , :
a)y=(a3—x3j ; b)y =a+bx’ .
Gidi

‘ 3
2 2

2 2\ . ‘ o
a) Ham so y'—-(a3 —X3J xac dinh véi dicu kién : a> 0. Khi 6 v6i 0 <x <a,

taco:
3, , ’ 1
32 222 2 12 2Y:
yI:E 2l —x3 2 —x3 | =—x 3| a3 -x?

b) y=3a+bx’.

Ta chi tinh dao ham ciia ham s§ < a+bx® =0, khi d6 ta c6 :

, da+bx’ (a+bx3)’ _ bx*¥Ya+bx’

_3(a+bx3) T a+bx’

III. BAI TAP _
10. Tim tap x4c dinh ciia cic ham sb :

a)y =(x2 +x—1)—2 ;

&

b)y =(x3 —8)_; .
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11. Tim tap x4c dinh ctia hAm s sau : y = (5)(2 —3)—2 :

'12. Tim tép x4c dinh ca ham so sau :

tanx
2x
= = —2x-2| .
(‘\/2X+1f1 ]

13. Tim dao ham ham sb :

(x -1-2)2

y::

14. T1m dao ham ham so:y=

a)y=x".n";

(e (3)”

véi x #-1,-2,-3.

a
= xf

15. Tinh dao ham cﬁa'céc ham s6 sau :

b) y = (Inx

16. Tinh dao ham ciia cdc ham sd sau :

a) y = 3/sin5x ;

)l+«/5

b)y= 4e3"+2

17. Tinh dao ham cta cic ham s0 sau :

1

a)y:;\[—;;

2y =(2x+1)n

.
?

1

—27—;;
(2+\/;);

. a b
f) y=(%] (;a{—] (a>0,b>0);
h) y=%/ In’ 5x .

b) y=5\/;<_—~1~g-+
X° .

N

d) y=x

18. Cho hai d thi (Cy): f(x) =ax’va (Cs) : g(x)=x .-
~ a) Tim gid trj ctia a sao cho dd thi (C,) di qua diém A(4 ; 2)
b) Goi B 1a giao diém c6 hoanh d6 duong cua (Cl) vai (Cy). Viét phuong trmh

tlep tuyén d véi db thi (Cy) tai B.

¢) Tim giao diém cua tiép tuyén d vai (C;) & cau a).
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~§3. Ham s6 mo

A. TOM TAT GIAO KHOA
Cho 0<a # 1.Cho J 12 mét khoang hay hop ctia nhiéu khoang nao do6. -
1. KHAI NIEM HAM SO MU
Dinh nghia ‘
Cho 0 <a # 1. Ham sb dang y = a* dugc goi 14 ham s6 mii co sb a.
II. MOT SO GIOI HAN LIEN QUAN PEN HAM SO MU
Ham s6 mii lién tuc tai moi diém ma ham sb xéc dinh, nghia 1a :

VX, €R, lima* =a"

X—¥%q

. t t
Ttr gidi han : lim(1+—1-) =e ; lim(1+l) =e,

t—+00 t t—»--c0 t

. w1 . 1
bang cach viét - =x, ta duoc: lim(I+x)x =e.
t x—0

e’ -1
X

=1.

Dinh li. ling

III. PAO HAM CUA HAM SO MU
Pinh Ii - ’
Cho 0 <a # 1. Cho J 14 mot khoang hay hop ciia nhidu khoang nio do.

Ham soy=a"codaohamtaimoix € R va

(@)’ =a".lna

Néiriéng : (e*) =¢". , ;
Néu u = u(x) 12 ham sb c6 dao ham trén J thi ham sb y = a"® c¢6 dao ham
trénJ va ‘

(@) = v’ (x).a"™.Ina

Noirieng : (€'®) =w(x).e"".
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IV. SUBIEN THIEN VA PO THI CUA HAM SO MU y=a"
— Tép xac dinh: D = R.
— Tapgiatri: f(D)=(0; +),via*>0 Vx.

— Dao ham: y’ = a".Ina

a>1

Y >0

O<ax<l1

y <0

— Gidi han va tiém cén :

a>1 "lim a* =400 Tiém cén ngang :
. X—»-+00 ' =O(x-—)—oo)
lma =0 |’
. R
0<a<1l | lima*=0 Tiém cin ngang :
X—>+0
L y=0(Xx—+x)
lima® =+ |
X—=00

— Bang bién thién :

Véia>1:
X —00 0 40
.y, -
+00
oy /

X —00 0 +00
. y, _
y 400

— Db thi ham sb ludn cit truc tung tai diém M(O 1) (vi a’=1) ve‘t‘njflm &
- phia trén tryc hoanh (vi a* > 0 véi moi x). ’
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O<axl1

y=2

x ¥

B. PHUONG PHAP GIAI TOAN

Vindt!
TiM GIOI HAN
I. PHUONG PHAP

St dung céc cong thirc gi6i han :

e Vx,eR, lima* =a™ (v4i0<a = 1)

X—¥Xg :

° 1im(1+x)% =e

x—0
o lim= —1 =1.
x—0 X
IL Vi DU
Vi du. Tim cac gidi han sau :
' 1 ; 3f x
a) lime* ; b) lim e‘ !
X—3>+00 x>0 X
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Gidi

1

a) lime*=e’=1.
X—>+0 )

I=

,3/ L 3 _ k %_
b) lim < =L i & =L iy | L
x—0 X x—0 X x=0| 3

III. BAI TAP

1. Tim cac gidi han sau :

. e2 _63x+2 . . _ ) eZX _.eS)c ) e2x +ex _2
a) lm————; b) Iim———; ¢) lim—— .
x—0 X x—0 X x—0

2. Tim gidi han :

1
lim [x.e" —x).
X—>r+00
<)

Yor £ 2
TiM PAO HAM
I. PHUONG PHAP
~ Sir dung céc cong thirc tinh dao ham :

(@) =a". Ina (e =¢".
(@" ™) =v(x).a"®.Ina @y = w(x).e"™. -

IL Vi DU
Vi du. Tim dao ham clia cac ham sb sau :

- a) y=(x+1)e™; b) y =,

- Gidi |
a) y =(x+1)e” =y =(x+1e” +x+1)E™)

=™ +2(x + e =¥ (1+2x +2) = (2x +3)e**.
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b) y =ew&-.sinx

= y'=(x.sinx) e
Jx sinx = Jx sinx

—(-—1— sinX ++/X cosx)e —I—(Sinx+2xcosx)e
ok Wx

X
III. BAI TAP

3. Tim dao ham cta cic ham s6 sau :

a) y=(x-1)e* ; b) y=x2.\/ve4"+1 ;

c) y=—;—(e"‘—e"‘) ; d) y=%(e"+e“") ;‘v
oy=S=°_, f) y=2"—e*.
, e +e

4. Tim dao ham cap n cua cac ham sb sau :
X ., : o kx
a) y=a"; b) y=e™.

CHUNG MINH BAT PANG THUC.
TIM GIA TRI LON NHAT, GIA TRI NHO NHAT.
KHAO SAT TINH CHAT BIEN THIEN
I. PHUGNG PHAP, | |
St dyng tinh chét bién thién ctia ham s mii y = a* :
* Tang (dong bién) trén R néua> 1
* Giam (nghich bién) trén R néu0<a<1.
ILVIDU

2
r ’ b \‘t b- X r. .
Vi dy 1. Chimg minh rdng : €* >1+x+— v&i moi x > 0.
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Gidi -

Xétham §6 : 'y =¢* —-l—x—-xz—z‘vc’yi x>0
y(x)=e'-1-x; y'"(x)=e*-1.
Vix>0=e">1 ,
= y"(x)>0= y'(x) 1a ham ddng bién véi x>0

=y'x)>y'(0) véix>0

= y’(x)v> 0 vériix > 0.

Vay y(x) déng bién vé6i x > 0.
oY) > y(0),Vx >0

2
=yx)=¢" —x—%—1‘>0 , Vx>0

; kXZ -
=e* >‘?+x+l ,Vx>0. -
Vi du 2. Tim gié tri 16n nhét, gid tri nho nhat cia ham sé: 'y = 4* trén
~ doan [2 : 4]1 ' ‘

Gidi

Do ham s6 y =4*1a ham sb mil v6i co s6 16n hon 1 nén luén dong bién.
Viviy :Maxy = y(4) =256 vaminy= y(2) = 16.
IIL. BAI TAP.

2 ;2 ddng bién trén R.

5. Chimg minh ring ham s6 y =

6. Tim gié tri 16n nhat, gi4 tri nho nht cta céc ham sb sau :
a) y=2" (-1sx<2) ;
b) y=2" (-1gx<1).

3A G.TOAN 12 - HSM ) . ) 33



7.Choa+b =¢ (a>0,b>0) .
a) Chimg minh : a®+b™<c™ ndum>1;
' b) Chimg minh : 2™ +b™>¢" néum<1.

8. Vi diéu kién nao cta a thi :

a) a"<ia“ ; o b) a® >a".
9. Cho ham s6 f(x)= . Tinh tdng sau :
' 4" +2 :

S=f —1— +f __2__ +f -—é—— +..+f —299—9— }
2010 2010 2010 2010

BAITAP ON CUOI CHUONG |

1. So sénh p va q, biét : o ,
‘ P /a\9 -p q
a) 2 > 3 ; b) § < 3 ;
3) \2) = ' 3) \8 .
2q P '~ \P—24
9 0,259<(—1-) : 9 (Z) >(E) .
2) - 2 7
2.Chox < 0. Chimg minh réng D
A L O
“1‘+\/1+Z(2 -2 ) s

1/ a2 1428
1+J1f2(2 -2 ) ,

3. Giai cac phuong trinh sau :
Ca) X°=16%° - wUx®=16..
4. Vc’)’i‘ didu kién ndo cua a thi : o

(a=1)f > (=)™ (t>0).

34
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A.TOM TAT GIAO KHOA

I. LOGARIT | -
1) Pinh nghia. Choa>0,a#1vab>0  a=log bea®=b
Chity : | - (
| o log,1=0, log,a=1 | v

e log a’=b, VbeR ‘
e 2" =b, VbeR,b>0

Noi cach khac, voia>0,a# 1 va

* v&i moi so thuc b :

b

Y N b __
ning lIén luy thvacos6a ~ a 18y 16garit loga a = b
cdsé a :
* v61 moi so thuc b duong :
b——————log b 52" =p
13y l6garit a nang Ién luy thitacosda. -

cdsd a

2) Tinh chit
2.1. So sanh hai l6garit cing co 56 |
© *Chob,c>0 |

l.a>1:log,b>log,c<b>c

2.0<a<l:log,b>log cb<c
*ChoO<a=#1vab,c>0 |

| l.La>1:log,b>0 <<b>1

2.0<a<1:loga’b>0<:>b<‘1

3.log, b=1log, c Sb=c
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2.2. Cdc quy tdc tinh légarit

*Cho0<a #1vab,c>0

1. log, (b.c) = log, b+log, ¢
2. log, (Bj =log, b—log, ¢
c |

3.log, b* =alog b (oceR)

*ChoO<a =1 ve‘xb>0vénla‘1$éhguyénduong

T
1.log —=-log. b
B gab vga

2. loga\“/_zllogab
- n

2.3. Péi co 56 cia lgarit
Véi0<abvaab#1,c>0va a#0

logalc) hay log, b.log, c= log, c

e log,c=

a

e log. b= hay log b.log,a=1

log,a
1

e log , c=—log, c.
o .

Chil y

-Néu x=10" thilogx =n
= Néu x >1 sao cho n<logx <n+1 thi 10" <x <10™".

IL. HAM SO LOGARIT - |

Cho 0<a # 1. ChoJ la mot khoang hay hop ctia nhiéu khoang nao dé.
" 1) Khai niém ham s6 16garit |

Dinh nghia '

Cho0<a % 1. Ham sb dang y = log.x ,‘c‘quc goi 12 ham s 16garit cosba.
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Luu y
Ki hiu y = logx (hodc 1gx) dé chi ham so logarlt co sb 10
Ki hiéu y = Inx dé chi ham s 16garit co sb e.
2) Mot s6 giéi han lién quan dén ham s6 16garit
Ham sb 16garit lién tuc tai moi diém ma ham _sé xac dinh, nghia 13 :
Vx, €R", lim log, x =log, X, .
X—¥Xg
Dinh Ii

' lim In(1+x)
x>0 X

=1.

3) Pao ham ciia ham sé lﬁgérit
Dmh li
Cho0<a = 1.ChoJ Ia mot khoang hay hop cua nhiéu lfhoang nao do

Ham sb y = log,x ¢ dao ham tai m01 x>0va

1
» '(loga x) xIna’
Néiriéng, taco:  (Inx) =—.
X

3.1 Néuu= u(x) 14 ham sb nhén gia tri dwong va co dao ham tren J thi ham
so y= logau(x) c6daohamtrénJ va :

_u '(x)
(loga h(x)) B u(x)lna ‘
Néi riéng, ta c6 : (ln u(x))' = u'((x)) )

3.2. Neu u =u(x) 12 ham s6 nhéan gi4 tri khac 0 va c6 dao ham trén J thi

u'(x)
(1n|u(x)|) o , Vxel.
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4) Sy bién thién va dd thi ciia ham s6 16garit y = log,x

— Tép xé4c dinh: D=(0; +)
— Tap gid tri: (D)= R.

— DPaoham : y' =-
, X.Ina

'a>1 ‘3’7’>0
0<a<l |y <0

-~ Giébi han va tiém cin

a>1 lim log, x =— ; lim log, x =+ | Tiém cén dimg:
x—0* ' : X340 .
\ |x=0(x—>0")
O<a<l lim log, x =+ ; - lim log, x = —o0 " Tiém can dimg :
" e x=0(x—0")
- Bang bién thién :
Véia>1: ‘
X 0 . 1 4 00
y +

, | ~

— Db thi ham s6 ludn cét truc hoanh tai didm M(1 ; 0) (vi log,1 = 0) va ndm &
bén phai truc tung (vi log.x chi x4c dinh khi x > 0).
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a>1 - o 0<a<l1

AY
9 4
8 |
AY . 71
9 | 6 4
8 | 5 4
. y=X
7 4 ‘
6. 3 .
N 5—- . 2__, . v
44 . \ i ¥
3 el >
T - 1 3 4 6 7 8 9 x
2" . --H1 -
1 +-2
% 1 1 1 1 1 L ) 1 L. 4 -3 y~|og1x
4 /4 55 45 67 8 8 x 1.
1T ) o . -
- s

Nhdn xét
Db thi (G) cia ham sb y=a"va dd thi (G’) cua ham sb y = log.x bi ximg
v6i nhau qua dudng phén glac cua goc phan ty thu nhét : y =x. :
M ‘
94 .
8 L

74+
y=a'(a>1)
y=X

3- - y=logx(a>1).
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B. PHUONG PHAP GIAI TOAN

CAC PHEP TOAN VE LOGARIT

I. PHUONG PHAP

40

St dung cac cong thirc v& 16garit :

' Choa’>0,a;é1{/éb>O.Tacé: a=10‘gab<:>ad=b

Chu y .
*log,1=0, log, a=1
* log,a"=b, VbeR

* 2" =b, VbeR,b>0.
Cic quy tic tinh I16garit

eCho0<a ¢lve‘1b,c>0l

1. log,(b.c)=1log, b+log, ¢
: g
2. log, (E) =log, b-log, c
C N .

3.1log, b* =alog, b (o eR).

e Cho0<a =1 vab>0vanlasé nguyén duong

‘ 1
l.log. —=-log. b
g, b g,

2. log, o '=-—1~10ga b.
n

,
AR A > A 0y !
Doi co 5o ciia logarit /

Vé6i0<a,bvaa,b=1,c>0vaa=0

° logbc:lOg“‘c hay lc‘)ga b.log5c=logaé ‘
log, b \ ‘

a




e log b=

hay log, b.log,a=1
log,a o

°log,.c= l10ga c.
/ ~ a

IL. ViDU
Vi du 1. Tinh céc gié tri sau :
_ log, 16. )
log,15—1log,30 ’

B =log, ﬁ?%logs 124’-1'og5 50.

Gidi

_ log,16 _log,16 log,16 log,2* 4log,2
log,15—1og, 30 iog7 15 log, 1° -log,2 =log,2
30 T2 | o

B ::llog5 xﬁ——;—logs 12 +1logs 50 =%log5 3;\——21—10g5 12 +log, 50

1.3
=—log;—+1ogs50
) g5‘12 gs-oY

1 ) : i : . ) 50 .
=§log52_ +logs50 =—log,2+1og; 50=log5—2—=10‘g5 25=2. -

Vidu 2 - , .
a) Rit gon biéu thirc sau : A =log, (log, 4.10g,3) ;

4

b) Cho log, 14 = a, tinh logs 32 theo a.

Gidi
| o 11
a) A =log, (log, 4.1og, 3) =log, (log, 4) =log, . (log, 2°) = ——2—log2 2= 5
, 4 4 | o ‘
b) log,14=a <> log,2+log, 7=a < log, 7=a—1.
o .5 5 ’
log,,32=log ,2’ ==log,2 = Lo
B9 I T

Vi du 3. Biéu dién theo a=1n2 cécsb sau :
In16 ; 00,125 ; +lnt—Tinl.
8 4 4 8

41



Gidi

1nl6=‘ln24 =4In2 =4a;
1n0,1'25=1n%=_31n2 _ 3

1,1 1.1 1
~ln——=In==—
8 4 4 8 8

In2 ——1—1112"3 =——1—1n2+§1n2=—1‘—-1n2 =la.
4 4 4 2 2

Vi du 4. Cho a, b, ¢ 1a ba s6 duong va ¢ # 1. Chiing minh rang: a"*® =b"&*.

Gidi

log.b __

alogc a.log, b — (alogn b )bg" a — blogc a

Taco a

Vi du 5. Tim x biét log3x+log9x =%

Gidi

log3x+lbg9x=%<:>log3x+—21-log3x=§—<:>1og3x=1<:>x=3.‘

III. BAI TAP
1. Hiy tim 16garit cia m3i sé sau theo co s6 3 :

v -1 1
3; 81; 1, —; 33 —_—

I 1
2. Tinh : log, 125; log, . —; log, —; log, 36.
g% ‘g0,52 | g% 64 ‘ g%

logy § log()'.j 2

3.Tinh: 3ee®, ez, (L) (L)
8 32)

4. Tim x, biét : : | - :
‘a)log,x=4 ; b) log,(5—-x)=3;
c) log,(x+2)=3 ; - d)log,(0,5+x)=-1.

6
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5. Hay tinh :
a) log, 12 —1og, 15+10g, 20 :

b) %log7 36-log,14-3log, 21

' 0 log, 36v—~log5 12
log, 9
d) 36log6s+101—log2_810g23'

2

6. Biét log, b=3, log, ¢ =—2. Hiy tinh log, x:

: 43
a) x=a’b’Je ; ‘ b)x=a\3/E.

) C

7. Trong m&i trudng hop sau, hdy tim x :
a) log, x =4log, a+‘71/~;>_g3 b;
b) log; x =2logsa—3log;b.

{
R X Al \ :
8. Hay biéu dién céc 16garit sau qua o va  :

a) log ; 50, néu log;15=a, log,10=p ;
_ b) log, 1250, néu log,5=o.. ‘

9. Pon gian cac biéu thirc :

11 | 4 1. .. 3.9
log—+—log4+4log2 ; b) log—+—log36+—log— ;
o) log g+ logd +4log 2 Hloggrylogdoryloe;
c) 1og27—210g225—76+1og\/198 : " d)ylvog'—:;—logo,?,‘75+2logw/0,5625.
10. Tim x biét :

2) log, 27=3; b)logx%=—1; ¢) log, V5 = —4.

11. Biéu di&n c4c s6 sau ddy theo a=1n2, b =1In5 :

a) In500 ; b) ln—1—6—’ ;

25
¢) 1n6,25 : Dtz i m 2
v 2 3 100
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12. Chirng minh :

%IQ(S+2\/§‘)—4ln(\/§+1)—27;1n(\/§—1)=O..

; 2,12 = ‘
13. Chimg minh ring néu {a +b - 7éb thi log, ath

=—;—(log7'a+log7 b).‘ ,
14. Hay tinh : |
2) Invo +In2 ; b) Sine™ +4In(e*Ve).
e o\ _
15. Pon gidn céac bidu thc :
" a) A=(lna+log, e) +In*a-log’, e;

b) B=21n.a+3logae——3—— 2

Ina log,e
16. Bidu dién theo a = In2, b = In3 cac s6 sau:

36 : 'in% . In21+2In14-31n0,875.

TIM GIOI HAN
I. PHUONG PHAP
St dung cac cong thire gidi han :

e Vx,eR", limlog, x =log,x, (v6i0<a = 1)

o lim In(1+x) _
x—0 X

1.

IL VIDU
Vi du. Tim cac giéi han sau : '
In(1+sinx)

; ¢) lim
. x—0 X

sinx

a) lin; log,x ; b) lin(} log

X
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Gidi

a) limlog, x = log,8=3

b) lim log| 22| = logl =0
x—0 X
In(1+sinx In{1+sinx} sj
0) lim-—(~—~——--2=lim|: n( 2 ).S‘mx}ﬂ.
j x—0 X x—0 sinXx X

TIL. BAI TAP

17. Tim cac gidi han sau : -

1 1+3  , | In(1+x*) In(3x+1)-1n(2x +1
a) lim——rlg—m)i)- ; b) lim—'-(_——'-—) ;5 ¢) lim n( X ); n( X ) .
Xx~30 X x—0 X . x—0 X
3 .
)
N
~ TiM PAO HAM
I. PHUONG PHAP
St dung céc cong thirc tinh dgo ham :
(a*)’ =a". lna () =¢"
(au(x))a — u’(X).au(x).lna E (eu(x)), — u,(X).'eu(x)
IL. Vi DU

V¥ du 1. Tim dao ham ciia ham sb sau: y = ln(x +4/x? +1).

Gidi
(X+\/X2+1)’ 1+ ‘/———‘X o
' L X2+1 _ 1

y: = — B
: X+Vx2+1 vx,+\/x2+1 Jx2+1

Vi du 2. Chimg minh rang : [ln(—x)]l _1 (x <O). .
. ’ X N
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Gidi

(11
[ln ]—- ‘ =

(-x) —x
IIT. BAITAP
‘18..T1m dao ham ctia cac ham sb sau - f
a) y=(3x-2)ln’x ;  b) y=x*+LInx*;
| | In(x*+1
c) y=x.ln——1« ; d) y:—————-——-—( )
CI+x X

19. Tim dao-ham cip n cia cac ham sb sau :
a) y=Inxe b) y=x.Inx.

Yo & 4

TIM TAP XAC DINH. CHUNG MINH BAT DANG THUC.
TiM GIA TRI LON NHAT, GIA TRI NHO NHAT.
KHAO SAT TINH CHAT BIEN THIEN

I PHUUNG PHAP ,
Himsby= log.x (0 <a # 1) xéc dinh véi moi x > 0.
Str dung tinh chét bién thién ctia ham sé logant

* Tang (dong bién) trén R’ néua>1 -
¥ Glam (nghich bién) trén R’ néul<a <l1.

IL ViDU

Vi du. Tim tap xac dinh cta cac ham so :

a)y = log, ; b)y=log,x*; .

10-x
x+1 . 1

Oy=logyg——o=—; = dy=—.
P VxE-x-2 ! log, x—1
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Gidi

a) Ham s6 xac dinh <

5 >0 x<10.VayTXD : D= (- ; 10).
_X‘ .

b) Ham s xéc dinh < x* >0<>x#0. Vay TXD : D=R\{0}.
x+1 50 < Vx —xf2>0
Vx> —x -2 X+1>0

Q{\/(X“)(X‘z) %Oc>x>2.' Vay TXD: D=(2; +).

¢) Ham s x4c dinh <

x+1>0
A x>0 x>0
d) Ham s0 xac dinh < = S0<x#2
~ |log,x-1#0 X#2 :
Vay TXD : D =(0;+0)\ {2}.
III. BAI TAP
20. Tim tép xé4c dinh cta cac ham sb sau :
a) y=log (X2+2X) ; ¢+ b) y=log X9,
} T o7 x+5°
¢) y——————.2 - d) y=lo (2—)()2
log,x-3" ' - D Y=0% S

21. Chimg minh ring ham s& 'y = log, x —log, (x +1) dong bién trén R,

2 2

22. Tim gié trj 16n nht, gi4 tri nho nhét cta cac ham s sau :

a) yzlnxz (—eSxS-ﬂl—-); b) y=|lnX| 5
, (&
J f  In(2x-3
c) y=10g2X-—2 {Xz—zJ 5 d) y='—n—(—-}———l-
X , i 2x -3 -

23. Xét su bien thién ciia cac ham so sau :

: 1
a) y=vx*+LInx*; b) y=x.In| —|.
) y . ‘ ) y= [x-kl)
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o In(x* +1)
24. Ching minh rang ham s6 f(x)= -

(-1;0),(0;1).

ddng bién trong cac khoang

25. Tim gi4 tri 16n nhit va gi4 tri nho nhit cia ham sé : o
In*x . . 3, B . .
= trén doan [1 ; €’]. - (Dé thi Tuyén sinh dai hoc khoi B — 2004)
X : ~ ,

~ BAITAP ON CUSI CHUONG |

1. Rat gon :

S log,3-log, 5 2log;2+log 45
a)A=882 84‘__3 23 839 ,

b) B=log [————az;%'é/a—l‘ E
. = al. %- )

c) C= log log Y33/..35 .
. S S———;

n ddu cin

- 2. Goi ¢ 1a canh huyen a va bla hai canh goc vubng ciia mot tarn glac vudng.
Ching mlnh rang : log,, a+log, 2= 210gb+c a.log_,a

3. Tim tap xéc dinh ciia ham s§ : y =2F=HF=
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§1. PHUONG TRINH MO

~ A TOM TAT GIAO KHOA

I. PiNH NGHIA

 Phuong trinh mi 12 phuong trinh c6 chira &n & s6 mii cda lug thira.

II. PHUONG TRINH MU CO BAN

a'=m voi0<a = 1.

* Néum < 0 thi phu?o*ng trinh v0 nghiém.

*Néum>0thi: a*=m < x =log;m.

B. PHUONG PHAP GIAI TOAN

PUA VE CUNG MQT CO SO
L. PHUGNG PHAP
Véi0<a = 1thi :.a“=aﬁ<:>q=B.
ILVIiDU

Vi du 1. Gidi cac phuong trinh sau : - '
a)3*=9; b)10*=1; ) 226D 4 g+l = 5

' Gigdi

=93 =3 x=2.

4A-G.TOAN 12« HSM ‘ C 49



10" =110 =10° & x=0. SO A
c)22<*—”‘+4*+‘=5©i+4.’4¥es -1-7—4*—5 4 ﬁg@x:logﬁg.
T T4 R 17 17
Vi du 2. Giai c4c phuong trinh sau :
1

9 =27 L b)5T =605; o) 4 =640,

 Gidi |
8) 91 =27 & (3)" =(3)" © 32 =37 o 2x+2=6x+3
<:4x+1=0<:>x-—;—%.

i i | |
b) 57 =625 57 =5 @2%=4@2* =%@2* =22 e x=-2.

Q) 47 =641 o 2 =280 o _4x =6-6x <> 2X =6 S X =3,

Vi du 3. Giai phuong trinh sau : .
3 -3 43 = 2% 420 22

-Gidi

33 43— 4 4 o3 Dy D o +2-+—2—
A | 39 2 4

Vi du 4. Giai phuong trinh sau :

3 x2«x~5;— o) ?x+3
2 - 3 0
Gidi
. 3 ?(z—x—s 2 2x+3 3 x2=x-5 3 -2x-3
- =| = & - = | —
-2 3) T2 \2)

_<:>x2—x—5=,—2x—3<:){2+x—2=0<:>[ s
~ ~ ' X =-2,

50 : , ! _ : " 4B G.TOAN12 - HSM



Vi dy 5. Giai phuong trinh sau : 5*7 =10*.27%.5".

Gidi

5x—1 = lox'2~x.5x+l '¢:> Sx—l 5x2x 2~x 5x+l PR 5x—1 52x+1 .
&Sx-1= 2x+1<:>x——2

| 3(Vx+1)
Vi du 6. Giai phuong trinh sau : oD g

Gidi

(\/—+1) ' ‘ :
Tacd: 20D =22 (x50,x%1)

e

& 2x-5Vx-3=0< o x=9.

VX == (i)

III. BAI TAP
1. Giai phuong trinh sau : 5" —5* =2.2* +8.2*.
2. Giai phuong trinh sau : 2**" +9.2* =22 =56

. J;+5
3. Giai phuong trinh sau : VG a2kl _

4. Giai phuong trinh sau ; 573 5% =0,
5. Giai cac phuong trinh sau :
. ~\2X '
a) (24‘\/5) :2—,\/_:5_ ;

b) 2x2;3x+2‘:‘__4 :
c) 2.3 ~6.3"-3* =9,
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279 :
B w2
~ PHUONG PHAP DAT AN SO PHU
1. PHUGNG PHAP |

. A - 2 B
Neéu dit t = a*, diéu kién t > 0 thi a** =(a2)x =(a") =t’;a¥ =tha™ ==
Luuy

BT o) e

e 5] 1 () () -1

IL. ViDU
" Vidy I. Giai phuong trinh sau : ¢** +2=3.e".

Gidi

e*+2=3e" (1)
Dit e =t v6it>0

: ‘ x=0 :
=1
(1)<:>t2—3t+2=0<:>[t_2c{ In2

Vi du 2. Giai phu®g trinh sau ; (2+\_/_’3‘ ) +(2‘—\/§ )x‘= 4.

Gidi_

(2'+\/§)"+(2-\/§)"=4 )
Pat (2+43) =t; t>0-;>(2—=\/§)x=%
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t,=2+3

Phucngtrinh(l)trérthénh:‘t+—:-—‘4=0 <:>[ ==l1.

X =
t,=2-3
Vay phuong trinh c¢6 hai nghiém lax=1va x=-1.
Vi du 3. Giai phuong trinh sau 1 3.8 +4.12" =18 +2.27°.

Gidi

3.8 +4.12 =18 +227° )
Chia hai vé cho27* tacé: :

3x 2x X
2 2 2 :
D3| = +4.0 = =|—] +2
? (3) (3] (3) L@
bt t=(—2-j ,t>0.
3
Phuong trinh (2) tro thanh :

30 442 —t-2=0 < t‘:%ﬁ(——) =—ox=1.

x : ' A

' Vi du 4. Giai phuong trinh sau : 1409 =6.(0,7)" +7.

2x

Gidi

Pt t=(0,7)",t>0.
Phuong trinh trén tré thanh :

t=-1 (loai)

t?-6t-7=0< - o x=log; 7.

t=7<(0,7) =7
Va}; :x=log,,7. '

Vi dy 5. Giai phuong trinh sau : 5 -5*" -5 =99.
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Gidi

Tacod:

53—5*“—53‘*~99 @5""+53“* 26=0 < Sl 125

N
Pit t=5", didukiént> 0. :
Phu'orng trinh tr& thanh : * =130t +625 =0

t, =125 X = 3 ' o
N =
t,=5 x=1 ‘
Nghiém ctia phuong trinh x =1 va x = 3.

Vi du 6. Giai phuong trinh sau : 5.6? —4.3* +9.2° =0 .

Gidi
5.62 43" +9.2* =0 o

Chia hai vé phuong trinh (1) cho 62 ta duoc :

fzg 2% e o
9.(—5) —,4.(2) +5=0 @)

(3}
pact=( 3], e>0
2

Phuong trinh (1) tré thanh :
t=—1 (loai)
2 = X
t=— | — | == | ©x=4.
' 4 2 2 A

Vay ngh1em cla phuong trinh 1a: x =4.

Vidu 7. G1a1phu0ngtr1nhsau (\/ ) (\/7+\/_) \/7+\/3572l. .

L3

Giaz

"(m)"f(mm)w#m’ @
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N =

Pat t=(7+\/é—t_§)%,t>’0 ::(7—\/&)—

Phuong trinh (1) tré thanh :

t+-1—=14 <:>t2,——14t+1=0<:>{

X =
Vay nghlem cla phucmg tnnh s€la: [
Vi du 8. Giai cac phuorng trinh sau’:
a)9"-4.3"-45=0;

Gidi

t, =7+/48

t =7-+/48

&S x=H2

2

X=-2.

b) 32X+5 =A3x+2+2.

a) 9" — 4.3~ 45=0 ' o)
Pt t=3", didukiént> 0.

(1) tré thanh t* —4t—45=0 @[

b) 32x+5=3x+2+2 : . (1)
it t =32, didukién t > 0
(1) tro thanh : 3t ~t-2=0

t=1 (nhén)

(loal)

o ‘c>3x+2 =1©3X+2

t=—

UJIM

ITL BAI TAP

6. Giai cac phuong trinh sau :
a)3**1+183*=29 ;

'b) 49" +12" =3.16" ;

¢) 52 +155-2.9" =0.

7. Gidi c4c phuong trinh san :
a) 2°**' —125*-50" =0 ;

© b) 8°-24"-2"+2=0.

t=9 (nhén)
t=-5 (loai)

=3 o x+2=0x=-2.

63"=9<:>x~=2.
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1 1

8. Giai phuong trinh sau : ‘7% —35% —25% =0,
9. Giai phuong trinh say ; 2*¢™*2 _2xx-h 4 3 _ ¢
10. Gidi phuong trinh sau ; 4*V¥2 _5 912 _¢_
11. Giéi ce phuong trinh sau : |
) 35 30 g | by 42 22 41 =0
9 2442 6 d) 4372005 _7 giseonx _ g3
12. Giai cac phuong trinh séu : o
2 27 412 2.8 . 4469
c) 4+ _ghx _o glx’s2 _
13. Tim m d€ phuong trinh sau day 6 nghiém : 9" —3"*2 4 m -0. |
14. Cho phuong trinh : 4* = m(2"+' _2) .

a) Giai phuong trinh khim = 2;
b) Tim m de phuong trinh c6 ha1 nghlem phéan blet cd tong bing 3.

15. Véi gia tri ndo cua k thi phu'(mg trinh : 9 —(k—1).3* +2k =0 ¢6 mot nghlem
duy nht. ,

16. Giai phuorng trinh : 2% — 22 _ 3 ,
(Dé thi Tuyén sinh dai hoc khéi D — 2003).

- 17. Giai phuong trinh : 3.8* +4.12* —18* — 2 27* =0.
' ‘ (Dé thi Tuyén sinh dai hoc khoi A4 - 2006).
18. Giai phuong trinh :

(VZ-1) +(vZ +1) ~23 =0

(Dé thi Tuyén sinh dai hoc khdi B — 2007).
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PHUONG PHAP LOGARIT HOA

I. PHUONG PHAP

Véi phuong trinh khéng cung co so dang : a™ = p&® (a b duong, khac 1 va
nguyén to cung nhau), 14y l6garit co s6 a (hodc b) cho hai vé, ta cé :

™ =M = Jog,[a™] = log,[b8Y] < f(x) = g(x).logzb.
IL. Vi DU
Vi du 1. Giai phuong trinh sau : 2* =25.5.

Gidi

Tacd:2* =255 <2° =55 =5*
| < (x+2)log,5=x
< x(log, 5-1)=-2log, 5
 log, 5
© 1-log,5
Vi du 2. Giai phuong trinh sau : 4*.5™ =1=0.
Gidi

Tacd: 45 =1=0< 45" =1 log,(4*57)=0
e x-x"log,5=0<x(1-xlog,5)=0 (1)

D] 1
X =

=log, 4.
log4 5 S

Vay phucmg trmh €62 nghlem X = O x =log, 4.

Vi du 3. Giai phuong trinh sau : X —2"°8® =0
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Gidi

Ta\06: X _,2'08'5(‘)(4'3) — O o 1Og5 (x + 3) = 10g2 X
x>0 -
‘ logs(x+3) = 10g2 X (1)

bat t=log, x. )5 -3=2".

t t
| Qg(l) (?:) _1=0.
5 5
0t (2}
Xét ham s6 : 3(5) +(§) -1=0,teR.

~ Tacé: f(1)=0

. _ l t %t
f'(t) 3(5) 1n5+(5] In2

= f'()<0, VteR “

= Phuong trinh f(t) = 0 c6 nghiém duy nhét t= 1.
= Phuong trinh (1) ¢6 fighiém duy nhét x =2.
Vay nghiém ctia phuong trinh 13 : x = 2.

Vi du 4. Giai phuong trinh sau : 5*.8 * —500=0.

Gidi

i 3(x-1)

Tacd: 58 * =500=0<>5"2 *

(e

o)

= 53.22 =N 2( X ] =50

;2J=(3—x)iog25

2

X
o | x=lo l
& x".log, 5+(1-3log, 5)x=3=0 <« | &3
‘ x=3
| x=lo 1 | ¢
Vay nghiém cta phuong tinh 13 | © &3 |

x =3,
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III. BAI TAP
'19. Giai c4c phuong trinh sau :

g) 270 =5 By 32 =1y o) 32 =842,
20. Giai ‘cé'lc phuong trinh sau : .
@2t ls=200; b) 012547 = (42) ;

Q) 6 46" =2 42H 42 d) TE _ 5 =35 137
21. Giéi bcéc phuong trinh sau : |

a) 3" =4"; b) 3°7°=* =81';

c) 3".8%“ =36 ; - d) x8.57°8 =57,

Oﬂdé%

PHUO’NG PHAP DUNG TINI—I DO'N PIEU CUA HAM SO
PE CHUNG MINH TINH DUY NI—IAT cUA NGHIEM

I. PHUONG PHAP '

Dua phuong trinh dé cho vé hai vé, trong 46 mot vé 1a mot ham s ddng 1 blen
(hodc khong d6i) va mot vé 13 mot ham s6 nghlch bién (hodc khong dbi) : f(x) =k
hoic f(x) = g(x).

* Buoc 1 : Nham va chung minh X 14 nghiém.

* Buéc 2 : Chimg minh xo 12 nghlem duy nhét (bang cach chu’ng mlnh X # Xo
khéng 1a nghlem) ,

IL. Vi DU ' o | -
Vi du 1. Giai phuong trinh : 2* +3x~5=0. |
Gidi

Tacod: 2 +3x-5=02"=-3x+5 (1)
Nhdn xét : voi _'x =1 thoa mén phuong trinh.
Ta chimg minh x = 1 14 nghiém duy nhét ctia phuong trinh.
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Tacéod:

+ha.m s6y= = 2* ¢ y'=2"In2>0nén ham sb ddng bién trén R

+ham s§ y=5-3x c6 y' =-3 < 0 nén ham sé nghich bién trén ]R

e Voix >1,tu(l)tacsd:
(VT >2
{VP <2
(VT vé trai, VP : vé phai cta phuong trinh)
eVoix<l,tir(l)tacod:
{VT<2

=x > 1 khong 14 nghiém cua phwong trinh.-

‘ = x < 1 khéng 12 nghiém ciia phuong trinh.
VP>2

Véy phuong trinh ¢6 mét nghiém duy nhit x = 1.
Vi dy 2. Giai phuong trinh : 3 +4* =5*,

 Gidi

60

Chia hai vé ctia phuong trinh cho 5% ta cod: (—2—) + (%) =

Nhdn . xet vd1 x=2 thoa mén phuorng trinh.

‘Ta chimg mmh x=21la nghlem duy nhét cta phuorng tnnh

Tacod:

nén ham sé nghich bién trén R.

+ham sdy =1 co dd thi la du’cmg thang song song voi truc Ox.

e V&ix > 2, tu(l)taco
VT <1
{VP=1
e Vaix<2,tr(l)tacod:
VI>1
{szl
Va_‘ty phuong trinh ¢ mdt nghiém dpy nhit x = 2.

= x > 2 khong 1a nghiém cia phuong trinh.

= x <2 khong 12 nghiém ctia phuong trinh.

+ham sb: y = 31 4[4 coy' = 3w mico
\5 5 5 5 \5 5 .

)



Vi du 3. Giai phuong trinh : 3%* +2x(3* +1)-4.3* =5=0.

Gidi

3 42x(3* +1)-4.3*-5=0
&9 —14+2x(3*+1)-43*+DH =0
< (3 +'f)(3" +2X --5) =0
& 42x-5=0 L
Nhdn xét. voi x = 1 thod mén phuong trinh.
Ta chimg mlnh X = 1 12 nghiém duy nhét ctia phuong trmh.’ |
Tacod: : .
 Datf(x) =3 +2x -5
=f'x)= 3"ln3+2>0 VXER
nén f(x)=3"+2x-5 12 ham ddng bién tren R
o Voix>1, tu(l)taco. ‘
VT>0 .
{VP;O
e Vaix<l,tur(l)tacod:
VT<O
{VP =0
’ Véiy pthorng trinh ¢6 mo6t nghiém duy nhitx =1.

=X > 1 khong la nghlem cua phuong tnnh
—x < 1 khong 12 nghiém ctia phuong trinh.

Luu - Ngoai ra c6 thé giai béi toan bang cach dit 3 =t,t>0.
IIL. BAI TAP o
22. Giai phuong trinh : (V3 V2 )* +(V3+2 ) =‘(\/§)x .
' 23. Giéi phuong trinh : 13* ~11° —4* = (42 )

24. Giai cac phuong trinh sau :

D2 +F =105 b) 325" +(3x—10)5*2 +3-x=0.
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- 25

. Giai cac phuong trinh sau :

a) 2*=3-x; b) l) =x+4 ; c) (sinﬁ) +cosZ| =1.
. " 3 5 5

PHUONG TRINH KHONG MAU MUC

I PHUONG PHAP '

C6é mot sb phuong trinh khong dung thudn tuy cic phuong phap néu tren
dbi khi ta c6 thé

* bién @i phuong trinh d3 cho vé phuong trinh tich

* dung 4n s phu t = a"™ dé dua phuong trinh vé dang phuong trinh bac hai
theo 4n sb t, trong d6 x dong vai trd 14 tham sb. Giai phwong trinh bac ha1 nay dé
tinh t theo x. T d6 suy ra x

* dung chc bét dang thirc dé dua phuong trinh vé& dang d6i lap : A = B,

A>M
trong d6 :
B<M.

A=M

Khi d6 phuong trinh di cho twong duong véi : {
IL Vi DU |

Vi dy 1. Gidi phuong trinh : x2.2" — 2% _x? gk~ Lokshs g (qy
Gidi "

Bién ddi b%mg cach dat thira sb chung, ta co:
» 2X/—-lv(x2 ___4)__2|x-3.|+4(x2 __4)= O PN (XZ _4)(2X—1 _~2|X—3l+4) — O
' X*-4=0x=12
& .
ox-l 2|x~3]+4 2)
@ x-1=x-3[+4 o|x-3=x-5

\
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|1x=520 )
: : / x5
&< x+3=x-5 <:>{ lcbxe@
X =
X+3=—(x-35)
Vay phuong trinh ¢6 nghiém x =+2.
" Vi du 2. Giai phuong trinh : 3.2%* +6-2x =3 -x - (3x —10).2".

 Gidi

Tir phuong trinh @& ra ta c6 :

3.2% +6-2x =3-x—(3x-10).2" < 3.2"" +(3x ~10).2"+3-x=0 (1)

Pit 2° =t véi didukién t > 0.
Khid6: (1) < 3> +(B3x—10).t+3-x=0
~ Giai phuong trinh theo ttaco : |~ 3
t=37-x

Vi t=—1—<:>2" '=—£<:>x==16g2—1—
3 3 . 3

Véit=3-x 2" =3-x.
Ap dung tinh chit ddng bién, nghich bién suyrax=1.
1

x =log, —

Véy phuong trinh ¢6 nghiém 3

x=1.

III. BAI TAP |
-~ 26. Giai phuong trinh : 3°* +2x(3* +1)-4.3" =5
27. Gidi phuong trinh : 2" =sinx?.

28. Gidi phuong trinh : x2,(2* —2F ) 4 okH2 g1 -0,

)
/

\
\
i
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§2. PHUONG TRINH LOGARIT

A. TOM TAT GIAO KHOA
I. PINH NGHIA | | |
Phwong trinh 16garit 13 phuong trinh c6 chira 4n sé duéi dAu 16garit.
II. PHUONG TRINH LOGARIT CG BAN
logx=m (v6i0<a=# 1)< x=2a"
B. PHUONG PHAP GIAI TOAN

Ch ¥ dit didu kién dé bidu thirc duéi ddu 1ogarit duong,

DUA VE CUNG MOT €O SO
L. PHUONG PHAP

V6i0<a# 1thi:

¥ logaf(x) = logag(x)<=>

f(x)=g(x)
f(x) >0 (hay g(x) > 0)

* log, f(x)=m < f(x) =a™.
II. Vi DU |
Vi du 1. Giai cac phuoﬁg trinh sau : - | |
| a) logz'x=% - b)r'log3x+log3(x+’2)‘=.1 ;
c) log, (2 —3) +x =2,

Gidi

1 .
a) Didukiénx>0: Iog2x=*;j<:>x=22 & x=42.
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b) log3x+log3(x+2)=l .
3. x>0 |
biukién: ¢ » =~ <x>0
. X+2>0
(1) < log, x(x +2) =log,3 <= x(x+2) =3 < x> +2x-3=0
=—3 l . s . '
<._.>[X (loai) o

_ x=1.
x=1 (nhin) :

¢) Didukign 2* ~3>0: log, (2" -3)+x=2 < log, (2" -3)=2-x

2" -3=2"" @2&3:—‘{—
() -3 =4=0 (1)
Pat t=2" diéukiént>0
(1) tré thanh : * -3t-4=0
t =—1(loai :
= (Oal)<:>2x=4 ox=2.
t'=4(nhin) \
Vi du 2. Giai cac phutohg trinh sau :
a)klogzlzlogl\(xz—)‘(—-l); b) log4(x+12).logx2=‘1. .
X —

2

Gidi

a) 16g2%=10g2_, (xz—x—-l) & —logzx:—logz(xz—x—l)

- ; | x>0
<:>1og2x\=log.,,r2,(x2 ~—x-1) <:>{ ‘

, x*—x-1=x
>0 x>0 ‘
- & | o x=1£2
x?-2x-1=0

b) log, (x+12).log, 2=1 (1)
Piéukién: 0<x =1 |

v(l)é%logz(x+12).logx2—_j=l & log, 2.log, (x +12) =2

5A G.TOAN 12 - HSM
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©1ogx(x+1'2)==2 & x+12=x*

x =4(nhén)

SxP-x-12=0| ,
, [ x=-3(loai)

III. BAI TAP :

1. Giai phwong trinh sau : log(v/x+1+ 1)¥3loé JYx—40 =0. ;

2. Giai phuong trinh sau : 4log, ., X ——Z—Iogh x?=0.

3. Giai phuong trinh sau : log ;—x + logx‘2 (2+x)-2=0.

4. Giai phwong trinh sau : 2— log(x -9) - log(2x-1)=0.

5. Gidi phuong trinh sau : log, (x* +3x +2) +log, (x* +7x +12) —log,3-3=0.

' L jogx-t
6. Giai phwong trinh'sau : 32 13 L
7. Giai cac phuong trinh sau :’ ) z
a) log2[x(x-1)]=1; ~ b)log2x +log2(x -1)=1;
¢) log, (3—x)+log, (1-x)=3.’ - '

8. Giai cac phuong trinh sau :

a) log, (3 +8)=2+x ; b) log, (9—2*) ~ 10

9. Giai cac phuong trinh sau :
a) log, x +log, x =log, 3 ; b) log ; x.log, x.log, x =8.

2

10. Giai phuong trinh : log,(4* +15.2* +27)+2log, #3 =0

(Dé thi Tuyén sinh dai hoc khéi D — 2007)
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)

Ybrn 8 2

PHUONG PHAP PAT AN SO PHU

L. PHUONG PHAP

Néu dit t = log,x thi log, x =—t ; Iogia2 x‘=?ll—t ; log’x=t" ...

a

I1. Vi DU
Vi du 1. Giai cac phirong trinh sau :
| » | 6 4 |
a) logZx—3log, x+2=0 ; b + =3
) g 'g‘2 } | )log22x logz(xz)
Gidi "
a) Didukién x>0 : log2 x—3log,x+2=0 (1)
bit t =log, x. | " \
o Ti=1 Tlog, x =1 x=2
() trdthanh: C—3t42=0<| o | 20 o
t=2 log,x=2 x=4
b)}6+ 42=-3 (D
log,2x log, (x)
| [0<x=1
Diéu kién : 1
X #—=
Heo—=>0 4 34 0 2 3 (
1 log,2+log,x  2log,x log,x+1 log,x .
bit t=log,x . i |
Phuong trinh (2) trd thanh :
~t—§~i-+%=3 ‘<:>6t+2t+2=3(t2+t)©3t2—5t—2‘=0
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t=2 |log, x=2 X =22 Xx=4 |
= 1 < = T '_ 1
t:—g ~ log2X?T§ | X=23 X——g—:_z-—

Vay nghiém ctia phuong trinh la: x =4 ;x= —3—}-2-
Vi du 2. Giai phuong trinh sau : log? X +4/logl x+1-5=0.

Gidi

Tacé : log? x+4/loglx+1-5=0 (1), DK : x> 0.

Dit t=4floglx+1 didukién t>1

Phuong trinh (1) trd thanh :

t*+t-6=0 <:>—t=‘2(nhvan,) oSt=2
| t=-3 (loai) S
< logix =3 & log,x =13
- [ x = 3
= x=3"
IIL. BAI TAP
| 11. Giai phuong trinh sau :

log’x =3 +logx>.
12. Giai phwong trinh sau :

2.9101;2 x=1 - 6logzx _XZ .
" 13. Giai phuong trinh sau :

log,(2x +1)-2log,,,, 3—-1=0.
14. Giai phuong trinh sau :

log, (5" —1)B'1og5 5(5° —1)}—‘1 =0.

68



15. Giai phuong trinh sau :
3log,,(x***)~10log,, X +3 = 0.

16. Giai phuong trinh sau : -

log® (x3)—2010g§/;+1 =0.
17. Gidi phuong trinh sau :

loggx 27-log,, 3+log, 243 0.

18. Giai cac phuong trinh sau :

log,x logg4x - , |
a) = . b) 34/log, x —log, 8x +1=0.
) log,2x log,, 8x ) V08 52

19. Giai cac phuong tr_inh‘ sau :
a)“310g3’(3" —1).l‘og3 (3"’” —3) =12 ; b) log, , 4=1+log,(x-1).

20. Giai phuong trinh sau :

_5,/10g_2 (—x) =log, Jx2.

PHUONG PHAP DUNG TINH DO'N PIEU CUA HAM SO
DE CHU’NG MINH TINH DUY NHAT CUA NGHIEM

I. PHUONG PHAP

Pua phuong trinh da cho v& hai v&, trong d6 mot vé 1a mot ham sb ddng b1en
, (hoac khong dbi) va mot vé 13 mot ham sb.nghich bién (hoic khong d01)

f(x) = k hoic f(x) = g(x)
* Buée 1 : Nham va chimg minh X, 12 nghiém.

* Bude 2 : Ching mlnh Xo 1a nghiém duy nhit (bang cach chung mmh X # X
khong 1a nghiém).

I vipy-
Vi du 1. Giai phuong trinh : 2* = 2 — logsx.
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Gidi

" Diéu kién cia phuong trinh 1a x > 0.

Gidi

Nhdn xét : v6i x =1 thoa mén phuong trinh. |
Ta chimg minh x = 1 12 nghiém duy nhét ctia phuong trinh.
Ta cb: ' ' -

+ham s§ y =2"c6 y'=2"In2>0 nén him sb ddng bién trén (0 ; +w0)

+ ham sé y=2-log,x c6 y'=— <0, ¥x >0 nén ham sé' nghich bién

xIn
trén (O ; +oo)
ex>1:
{VT >2

= x > 1 khong I3 nghiém cia phuong trinh.
VP <2

e(0<x<1:
VT <2
{VP>2
Vay phuong trinh ¢6 mdt nghiém duy nhét x = 1.

= x <1 khong la nghiém cta phuong trinh.

Vi du 2. Giai phuong trinh : —x + 11 =logsx. |

Diéukién x > 0.

‘Nhdn xét : v6ix = 9 thoa min phuong trinh.

Ta chl'mg minh x =9 12 nghiém duy nhét ctia phuong trinh.
Ta co: ' '

+ hamsb y=11-x ¢c6 y’=—'1<0 nén ham sb nghich bién trén (O ; +00)
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+ham s y=log;xco y'= >0,Vx>0 nén ham sb dong bién

x1ln3
trén (O ; +oo)

ex>9:
VT <2
VP >2

{

= x> 9 khong 12 nghiém ctia phuong trinh.



e(0<x<9:

VT >2
{ = 0< ~x < 9 khong 12 nghiém cta phuong trinh.

VP <2
Vay phuong trinh ¢6 mdt nghiém duy nhitx =9.

III. BAI TAP

21. x—-2°s*? =0,

' 22. Giai phuong trinh sau : log, (\/;(_ +1)—log,x=0.

23. Giai phuong trinh sau : log, (x +3"°%*)—log,x=0.

X* +X+3

E—;T”—S'):X‘2+3X+2.
X" +4X+

24. Giai phuong trinh 10g3(

D 4
PHUONG TRINH KHONG MAU MUC

I. PHUONG PHAP | ,

C6 mot sb phuong trinh khong dung thuén tuy cic phuong phap néu trén,
d6i khi ta co thé , ‘

* bién ddi phuong trinh d3 cho v& phu'ong trinh tich

* dung 4n sb phu t=log, f(x) de dua phuorng trinh vé dang phuong trinh bac
hai theo 4n sb t, trong d6 x déng vai tro 1a tham s0. Giai phuorng trmh bac hai nay

| dé tinh t theo x. T d6 suy ra x
* Ding c4c bét dang thirc dé dua phircmg trinh vé da_mg’ dbi lap :
. (AzM |
A =B, trong do - '
B<M.

N A=M
Khi d6 phuong trinh dé cho twong duong voi {B oM ‘
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ILViDY |
Vi dy 1. Gidi phuong trinh : log, (<* +x+1) =x(2-x) + log, x

Gigi ‘
10g3(x2+x+1)=x(2—x)+log3x a1
2 ... Ix>o0 ’ : ‘
Dicu kién : s x>0
X"+x+1>0
(1) < log A e @ .
2 -
. Khix>0 :>w=x+l+lz3
o X X

= VT (2) 2log, 3 = VT (2) >1.
Mit khac : VP (2) = 2x-x*> =1-(x-1)* <1

e ()<2+x+1)_1
dods (1) <1 8 T ex=l.

2x-x"=1 ,
"Véy nghiém ctia phuong trinh 13 : x = 1.
Vidu 2. (x+2)log3 (x+1)+4(x+1)log3(x+1) 16=0.
G:az

(x+2)log3(x+1)+4(x+1)log3(x+1) 16=0 (1)
Bleuklen x> —1. ‘
biat t=log,(x +1).

t=—4
(1) ré thanh : (x+2)2+4(x+1D)t-16=0 <| 4
g t::x-t-Z‘
*Véit=—4
80

< log,(x+1) = —4 o x+l= 3"4©x 3*“—1©x___8_1_
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* voi t=—¥4— <:>1og'3(X‘+1)=-'-—i— | 2)
X+2 X+2

Nhdn xét : x = 2 la nghlem cla phuomg trinh (2).
e Xétx>2:
: log,(x +1) > 1og3 3
© Taco:x+1>3,x+2>4=47 4 4 =>VI2)>VPQ2)
S R X+2<Z'. o H
=>x>2 khong la nghi¢ém cua (2)

OXetx<2

; 3> x4150 log3(x+1)<log3
Ta ¢ =9 4 4 :>VT(2)<VP(2)
4>x+2>1 — > —
‘ o x+2 4 :
= —1<x <2 khong la nghiém cta (2). -
Vay x = 2 12 nghiém duy nhét cta (2). o S
o N o X =2
' Véy phuong trinh (1) ¢6 hai nghiém 1a : 80

81

III. BAI TAP
25. Giai phuong trinh sau trén tap hop R"\{1}:

3
log (x+1)=—.
og, (x+1) =

- 26. Giai phimng trinh : —’1-—1-log§,x+log2 x+2=—-ii. '
X — X —

§3. HE PHUONG TRINH MU — LOGARIT

A. TOM TAT GIAO KHOA
Hé phuong trinh mi — logant la hé phuong trinh trong do co chua cac
phuorng trinh mii va phuorng trinh 16garit.
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* B. PHUONG PHAP GIAI TOAN.

L PHU'GN G PHAP

ok Dung cac phuong phap giai hé phucmg trinh dal s6 nhu : phuorng phap thé,
phuong phép cong,. .

* Ding mét hodc hai 4 4n phu d8 bién hé ma, 16garit thanh cac hé da1 s& quen
thudc nhu hé tong tich, hé d01 xtng loai I, hé dm xtmg loai II, hé déng cép, ...

Can luu y :

a) Blen dbi dua vé& ciing co sb, lam maét co s6, dua v& hé cac phu'orng trinh dai
s6 quen thudc

b) Giai mot phuong trinh, sau d6 thé vao phuong trinh con lai (phuong phap
thé) .

¢) Bién dbi dua hé vé& dang f(u) = f(v)
d) Dung phuong phap khao sat ham s§
" ¢) Ding phuong phap db thi

f) Dung phuong phép dat 4n sb phu (lu’u ¥ didu klen can va du cho 4n so phu
nay) .

g) Pbi v6i hé mii c6 thé ding cac bét déng thuc co ban (bit déng thic
Co-si,.. ) hoic tam thirc bac hai..

IL Vi DU
Vidy 1. Giai cac hé phuong trinh sau :
(5.8 = | N s
2) 5.8" =512000 : b) _
Xx+y=17 ' 23 =2,

Gidi , : ‘ -

{5".8y = 512000 {5*.8y ~58 {5"'3.8”"4 ~1
a) ' = &

Ax+y=T Xx+y=7T - X+y=17
; x-3
{5"'3.83"‘=1 ‘ (5) =1
& <9\ 8
X+y=7
o X+y=7
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:

(2 43 =5
b) { *
P 6

x=3=0 x=3
= :
x+y=7

y=4
i 2x+y:2
3’ =3
PN .
2x+y=3
'_{3y=2 |

i x+y=1
y=1

y =logy2

{x+y=log23

1x=0
y=1

y =log, 2.

Vi du 2. Giai cac hé phuong trinh sau :

Gidi

28 42V =2
a
log, x.(log, y—1) =

xy=1
L b) 1 5 2
4 lg"x+1g"y=2.

- | .
{x =log, 3—log, 2

{2ZH 42 =2

R

log, x.(log,y—1)=4

2

22(x—y)—l +_]_-_ =1 - {Zz(x—y)—l — 2-—1
4

log, x.(log, y—1)=

2(x-y)=0 |
L= O =
log, x(log, y-1)=4

X=y . X=y
(1 A 2 ‘
log, )((—2-1(')g2 x——l) =4 {(log2 x) —2log,x—8=0

x=y ,
Xx=y=2
log,x=4 <}
. x=y=22
log, x=-2

log, x.(log, y—1)=4

X=y | .
log, x.(log,x-1)=4
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xy =1 S xy=1
b 2 2 &= 2 2 1
lgox+1gy=2 lg"x+1g"—=2
X

[ (x=10
- 1oL
xy=1 y=1 10
=7 oY =10 10
lgx=1 |lgx=41 JX““I‘
‘ 10
|y =10.
ML BAITAP
1. Giai cac h¢ phuong trinh sau : ‘ ‘
x+y=1 ' x+y-—]=0
a)q o D) e oy
2¥ -2 =2 | 2.10%5" —2' =0
X+y=1 ‘
) . :
475447 =0,5.
2. Giai céc hé phuong trinh sau : .
) 4* 42 _y 2% _2y =0 ‘ B 4 —y* +8=0
a RO . !
2% —5y* +4y=0 2! 4y +1=0
3*2Y =37
c)
S ly—-x-2=0.
3. Giai cac hé phuong trinh sau : ; -
. ey
) B2 +23 =275 | e 3 -2 =77
a 3 3 5
2 ~3.=-0,875 3 _02 7
‘ : : , (Ax _ g2y —
(64 4647 =12 N 2" =9.3" =17
c ;- ' =
64 =442 2".3y=§.
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4. Giai cac hé phuong trinh sau :
x+y=20 |
{log4x+10g4y=1+log49 :
. {x2+y2=17 .
log, x+log,y =2.

5. Gidi cic h¢ phuong trinh sau :
37.2Y =1152
log (x+y)=2

6. Giai cdc hé phuong trinh sau :
310g9(9x )—log,y’ =3 .
J 1+y2-y =1 ’

7.,Giéi cac hé phuorng trinh sau :

log, x + log5 7.log,y =1+logs2
3+log, y =log, 5(1+3log5 x)

8. Giai cac hé phuong trinh sau : ~
o , ‘
2) log, x—log, y =1;
log,x~log,y=1

9. Giai cac hé phuong trinh sau :
log, Vx+3 = log, 3y ,_
Y {log2 \/mz log, 3x ’
log, (x° +2x2 ~3x-5y)=3
¢ {logy y* + 2y* =3y —5%x)=3 |
| '10. Giai cac hé phuong trinh sau
) {2**‘ =4y’ +1
2" <2y

.

b)

| b){
- m{

b)

x+y=30
Igx+1gy =31g6

x2-y2=2

log2 x+y)—log, (x~y) =1

23x+l +2y-2 =3. 2y+3x‘

\/3x +1+xy \/x+1

10gx+ logy =§

Slogx 2logy 8.

log, 3x+2y)=2
log (2x+3y) 2

3

2’|x2v2x-—3|—logz 3 )

=37
Aly|-ly-1+(y +3)’ <8.
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11. Giai hé phuong trinh sau :

5-2log, y 2
y 5 = X5

1-log, 4 =Iog, ( -—élj

\

X

12. Giéi céc hé phuong trinh sau :

a) {(4X)Ig4 =(3y)153 ;

3lgx — 4lg¥

c)

| loggy logy x —
b) x‘ +y 4
log,x~log, y=1

‘ {4log3(xy) — 2+(Xy)log32

x* +y? -3x -3y =12.

13. Giai hé phwong trinh :

' 14. Giai hé phuong trinh :
15. Giai hé phuong trinh :

16. Giai hé phuong trinh :

139" =81

78

J23x — 5y2 __4y i

4* o Pé thi Tr uyén sinh dai hoc khéi D — 2002)
Era | o

.

|
J lpgl(y—x)~log4§;1

4

X" +y =25
. (Dé thi Tuyén sinh dai hoc khdi A — 2004)
K43y =1 |
{3 log, (9x%) - log,y* =3
(Dé thi Tuyén sink dai izoc khoi B - 2005)

{log2 (x* +y*)=1+log, (xy)

2

(x.yeR)

(Dé thi Tuyén sinh dai hoc khdi A — 2009)



1. Giai cac phuong trinh :*
X+5 x+17

a) 327 =0,25.128 7 ;
C) 4)( __‘3)(—0’,5 — 3x+0,5 _22x;-1 .

2. Giéi cac phuong trinh :
a) log, (logé,s x—3log; X + 5) =2

c) l—rl—log(Zx ~1)= llog(x -9 ;
2 2 '
3. Giai cac phuong trinh :
a4 -3=1;
4. Giai cac phuong trinh sau :
2) (2443) +(2-43) =45
5. Giai cac hé phuong trinh :
23" =24
a) 5
23 =54
[21og, x—-3" =15
c
3" log, x =2log, x +3"*.

6. Giai hé phuong trinh sau :

{e"_ —e' = (log”‘2 y“—-logé x)(xy +1)

x> +y’ =1.

“BAITAP ON CUOI CHUONG Il -

b) 57 =10°27%.5 ;

d) 3%~ 4.3 128 =2log, 2.

b 1og2(4’.3*'—_6)-—\10g2('9x'_6):1; |

3x-5.

8

1 1
d) EIng (x-2) —-5 =‘10g,

b) log, x =log, (x=1).

| b) (2+\/§)X+(2—\/§)X:4¥.

log, (x—y)=5-log, (x+Y)
b) 1logx—log4 _ » ' ;
logy —log3
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7. Chung minh rang v6i moi a > 0 thi hé phyong trinh sau co nghiém duy nhét :
‘ et —e’ —ln(l+x) 1n(1+y)
y—X=a.

8. Giai phuong trinh sau : a* +b* =c* (v6ia, b, c1a do dai ba canh cla tam giac
vudng véi canh huyén bang c). :

9. Cho phuong trmh log? x +\/1—c;g3_xﬁ 2m-1=0 (m1a tham so) (1)
a) Giai phuong trinh (1) khim=2; '
b) Pinh'm @ (1) c6 it nhat mét nghiém thudc doan [1; 3ﬁ] :
‘ (Dé thi Tuyén sinh dai hoc khéi A — 2002)
10. Giai phuong trinh : 27 —4.2%™ _2% 1.4 -0
B (Dé thi Tuyén sinh dai hoc khéi D ~2006)

11. Giai phwong trinh : log, ,(2x° +X -1 +log,,, (2x - 1)2' =4,
(Dé thi Tuyén sinh dai hoc khdi A — 2008)
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l | - §1. BAT PHUONG TRINH MU

A. TOM TAT GIAO KHOA
Dinh nghia ‘ _
B4t phwong trinh mii co ban 1a bat phuong trinh ¢ mdt trong cac dang :

a*>m,a*>m,a"<m,a"<m vé6i0<a = I.
B. PHUONG PHAP GIAI TOAN

Phwong phéap chung : Dung tinh chit ddng bién, nghich bién ciia ham sb mii |
va ham s0 l6garit (16garit hod). -

Yen s 7
BAT PHUONG TRINH MU DANG CO BAN
1. PHUONG PHAP

Véi bat phuong trinha* >m (1)

* Néum <0 thi tdp nghiém [A S= R (via*>0,Vx € R)

* Néum > 0 thi :

i

x>logm néu a>1
OR= .
x<log m néu O<a<l

IL Vi DU
Vi du 1. Giai céc bit phuong trinh sau :
a)3*>81; . b)(—;—) >32.
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Gidi
)3 >8le ¥ >3 ex>4.
b) (%) >32 @(%) > 2>V & —x>5ax<-5.
Vi du 2. Giai bat phuong trinh sau :
3x +3x+1 +:))x—l <5x +5x+l +5x—1 .

Gidi

Taco: 3 +3M+37 <5 +5 4 5%

o 3 1+3+—1-J<5*(1+5+1j<—_>(§-j <2§®x>1og32§.
' 3 5 5) 65 265

TII. BAI TAP

- 1. Giai cac bat phuong trinh sau :
x-3

a)3*>5 b) 8.4%+ <1,

2. Giai cac bét phuong trinh :
2x%-3x .
a) 27X <4 . b) (Zj > %.

3. Giai bit phuong triinh : 32 +3*1 <28

x=2

4. Giai bt phuong tinh: 5 * <1.

PUA VE CUNG MOT CO SO
L. PHUONG PHAP
Véi0<a# 1:

% of) 5 B0 oy {f(x) >g(x) néua>l1

f(x)<g(x) nful<a<l
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x QT00 > g2 o f(x) Z‘g(x) néua>1
' 1 f(x)<gx) n€ul<a<l .

IL. Vi DU

Vi du 1. Giai bt phuong trinh : 3 2 <3.
Gidi

Taco: 3" <3 x> —2x<le1-/2 <x<1+4/2.

Vi du 2. Gidi bét phuong trinh : 2% > 481
Gidi :

Taco: 27 > 4 e 2P 5 9% o [k 2| > 2x +1]
& x2—4x+4>4x> +8x +4 o 3x2‘+12x‘< 0 -4<x<0.
Vay nghiém ctia bat phuong trinh 13 : -4 <x <0.

x-3 Cox+l

Vi dy 3. Giai bt phuong trinh : (JT6 +3) <(V10-3).

Gidi

Diéu kién :x %1, x # 3.
'Nhanxét.(\/_+3) (Vi0-3)= 1:>(\/EA3)=(</T6+3)".
x=3 "

(\/1—5+3);3<(\/T_ )”3 («/~+3) = (\/—+3) (::J

x-3 x+1 x-3 x+1 x> =5
& < - = + <0 ©&————x<0
ox-1 x43  x-1 x+3 - (x——l)(x+3)

S -3<x<—/5vi<x</s.
Véy nghiém cta bt phuong trinh la: 3<x<—V5vi<x <A/5.
III. BAI TAP

6x—6

5. Gidi bit phuong trinh : (V2 +1)*" <(v2-1) .



6. Giai cac bét phuong trinh ;

1. o 3 X2+ 3 3x-1
)2|2x-—1l 23x~l ’ | b) (7] 2(7) .

x|
7. Giai b4t phuong trinh : 3 (3) :

8. Giai bt phuong trinh : x**~™2 >1 (véi 0 <x #1).

PHUONG PHAP DAT AN sO PHU
I PHUO'NG PHAP

A Ay a s 2 . L1
Néudatt=a",dleukl@nt>0th1 a?‘=(a2)x=(ax) =t*; 2% =¢>;a "—I

Luuy: o ~

T R

* (4—\/E)x(4+\/f§)x=1 | (J7 ) (J7+F)
IL Vi DU " |

Vi du 1. Giai bt phuong trinh : 4* —2.5>* <10*,

Gidi

2x x
4* -2.5" <10 @1-2.(-3-) <(§J (1)

Patt= G-j , didu kién t > 0.

(D trothanh : 1-2% <t < 22 +t—=1>0
t<-1 (loai) 5

(5Y _1 ' 1 |
= 1 @(—) >— & x>log,— < x> -log, 2.
[>-—2-: 2 2. 52 7

84



Vi du 2. Gi.éi bét phuong trinh : (/5 +1)f""2 +27 1 <3,(45 —-1)”2 .

Gidi

/

(V5 +1)Hz #2723 ({5 —1)”2 (1)

Tacd: 27 ™ >0 vdi moi x. Chia hai vé cho 27 ™ ta dugc:

(1>@(J§”J +2 <v3([52—‘~1J @

2
Ta nhan thiy : V541 ,\/_5_—1 ='1.
2 2 '
Pit : {‘EH ~t, (t>0)=>[-\/-5——11J -1
2 2 t
(2) tro thanh @

t ,

t+2<-3—<:>t2+2t—3<0; < 0<t<l <:>O<(\/§2+1] <1

x<0

Sx-xt <0<
. ' X>11.

III. BAI TAP

9. Giai cac bat phuong trinh :

. ‘ x 1\
a) 4 -32"+2>0 ; b) (-;—) +(§J >12.
"10. Giai céc bét phuong trinh : | |
; . . . . 1 )
a) 9V +3<28.33 . b) 2 - 8 -6 2" ——|=1.
23)( 2X

11. Giai bt phuong trinh :

gtz g 3415



12. Giai cac bat phuong trinh : ‘ , ,
2) 3% -83" _9 9 x14>0; - b) 226 g5 0HEs gx
13. Giai bat phuong trinh : 2log,(4x —3)+1log, (2x +3)< 2.
3 | 7
(Dé thi Tuyén sinh dai hoc khéi A — 2007)

PHUONG PHAP LOGARIT HOA

I. PHUONG PHAP |
Véi bét phuong trinh khong ciing co s6 dang : a'™ >b* hay a'™ >bE®

(a, b duong, khac 1), 14y l6garit co s0 a (hodc b) cho ha1 vé, ta co: ‘

f(x) >g(x).log, b néu a>1

f(x)<g(x).log,b néul<a<l

f(X) bg(X)

[f(x) 2 g(x).log,b néua>1

* af(x) Zbg(x) o : J
f(x)<g(x).log,b néul<axl

II. Vi DU

Vi dy 1. Giai bt phuong trinh : 3% <11%*
Gidi '

<1’ o 2x-1<log, 11
o 2x-1<(3-x)log, 11
_3log11+1
2+log311

Vidu 2. (x=2)"""">1 v6i2 <x#3.
Gidi

(x=2)"" """ 51 véi 2 <x #3
x-2>0 ‘
= (x=2-1)(x* —6x+8-0)>0
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x>2
=
2<x<3v x>4
&>2<x<3vVv x>4.
III. BAI TAP

14. Giai cac bat phuong trinh : ‘
a) 5 +5x+1 +5x+2 > 7% +7x+1 +7x+2 : ) b) 54x -6 > 33)( -4 )

§2. BAT PHUONG TRINH LOGARIT

A. TOM TAT GIAO KHOA

Bmh nghla

Bét phuong trinh 16garit co ban la bét phuong trinh co mot trong cac dang:
logex > m, log,x > m, logx <m, log:x <m v6i0<a # 1.

B. PHU‘ONG PHAP GIAI TOAN

Phwo'ng phdp chung : Ding tinh chit ddng bién, nghich bién ctia ham s6 mii
(mu hod) va ham sb 16garit.

" Chii y : C6 thé tim tap xéc dmh clia bat phuong trinh trude khi giai.

Yo i1

BAT PHUONG TRINH LOGARIT DANG CO BAN

I. PHUONG PHAP
Vi bt phuong trinh logax >m (1)

x>a™ néu a>1

0O<x<a™ néu 0 <a<l

M Q[
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IL. Vi DU
 Vidu 1. Giai cic bt phuong trinh sau :
a) log,x>3 ; 'b)logllx>5.

3
Gidi

a) log,x>3 < x>2> < x>8.

5 .
b) 10g,x'>5<::>0<x<'—1— ®O<x<—l—.
= 3) ' 243

3

2
Vi du 2. Giai bat phuong trinh sau : log, X2 +4; <l1.
‘ v X —
Gidi |
2 2 .
s x+4x>0 x+4x>O
log, X clesd 2x-3 ] 2x-3 .
; 2x -3 x? +4x x*=2x+9
< — <0
2x-3 2x -3
o 12X=3<0 (Vix*-2x+9=(x~1) +8>0,vx)
x> +4x <0 '
x<2
L= 2 < —-4<x<0.
-4<x<0
III. BAI TAP
1. Giéi céc bit phuong trinh sau :
a) logg (4-2x) 22 ; "~ b)log, (2-x—\/x2—1)<1 ;
o) log (6™ ~36") <2. - SN

2. Gii bat phuong trinh sau : log, log, |[x ~3|> 0.

3

3. Giai bt phuong trinh sau : log, x(log, x—1)+1-log, x> 0.
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4. Giai bat phuong trinh : log,.

5. Giai bat phuong trinh : log

2

-
BE .42

1

x* +x
lo ~1]1<0
7[ g6(x+4

(Dé thi Tuyén sinh dai hoc khdi B — 2008)

2
X" =3x+2 >0
x i

(Dé thi Tuyén sinh dai hoc khdi D — 2008)

PUA VE CUNG MOT CO SO

1. PHUONG PHAP
Vi 0 < a# 1

* log, f(x) > log, g(x) <

* log, f(x) 2log, g(x) &

B3

IL. Vi DU

(f(x)>g(x)>0 néua>1
| 0<f(x)<g(x) nul<a<l

[f(x)>g(x)>0néua>1

0<f(x)<g(x)néul<a<l

Vi dy 1. Giai céc bit phuong trinh :
a) log, s (5x+10) <log, (x2 +6x +’8) ;

b)log, (x—3)+log, (x—2)<1.

Gidi

a) lcigo,S (5x + 10) < log, s

x> +6x+8>0
<> :
5x+10>x* +6x +8

X<—4vX>-2
-2<x<l1

(x2 +6x+8)

X<—4vx>-2
x> +x-2<0

¢.j>—2<x<1.
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b) log, (x—3)+log, (x—-2)< '1

x—=3>0
: Xx>3
<x—-2>0 3,
X“=5x+6<L2

log, (x—3)(x—2) <log, 2 T
X>3 S

= <3<x<L4.

1£x <4 ; ‘

.Vidy 2. Gi4i bat phuong trinh : logx(3’\——\/1—2x+x2 y>1.
Gigi | -

Taco: log,3—v1-2x+x*)>1 < log, (3-[1-x[)>1 (1)

Diéu kién :
1#x>0 O<x=#1 O<x<4

=
. 3—ll—x|>0
(1)<:> x>1 v' O<x<l1
3-|1-x|>x

Viy nghiém ctia bit phuong trinh 13 : 1<x <2.

2<x<4 x #1

= 1<x<2 (thoa min diéu kién)
31 —fxl <X

III. BAI TAP
6. Giai cac bit phuong trinh :

-a) log, (x+1)<log,(2-X) ; b) log, X +6x+9 <—log,(x+1) ;

; o 7 2x+D)
0) loga(9*" +7) > logy(3* +1) + 2.
7. Giai cac bit phuong trinh :
4x+5
6—-5x

<-1.

a) log, (5x* —8x+3)>2 ; b) log,
8. Giai bt phuong trinh :

a) %logl x +log, (,x-1‘)+%log2630 ; b) lg(x* =3x+2)>2(Igx +1g2) ;
2 .4 : :
1 1
¢) +
log, 2x=1) log, Vx* ~3x +2

2

>0.
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PHUONG PHAP DAT AN SO PHU

I. PHUONG PHAP

Néu dat t = log,x thi log, x = —t; log . X =—;—t ; loglx=1t* ...

a

IL. Vi DU

Vi du . Giai bat phuong trinh : log, (2* —1).log, (2*" -2) < 2.

Gidi

Pidukién: 2* -1>0 va 2" -2>0.

Taco :

log, (2" —1).log, (2" —=2) <2

o 1og2<2*~1).[1og2(2*~1)+1og2'2]<2 (1)

Dit t=1log,(2" 1)

(1) tré thanh :  t(t+1) <2
StP+6-2<0 '
< —2<log, (2" ——1)<1 ‘

< 1 +1<2* <3
4
5
<:>log22<x<1og23
 III. BAI TAP
9. Giai cac bat phuong trinh

) 2logsx — logx125 <1;

10. Giai cac bit phuong trinh :

2
a) 3logx+2 __310gx +5 +2<O :

©f2<t<1

22 —1<2!
<:>§~<2"<3
4, .

<> log, 5-2 <x <log; 3.

b) log, 2.1og, 2>

16

log,x—6

b) 6°%* 4 x8* <12,
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11. Giai c4c bt phuong trinh ;

a)\log? x—4log, x+9 >2log,x -3 ;  b) log,(2* —1).log, (2" ~2) < 2.

BAI TAP ON CUGI CHUONG IV

1. Giai cac bét phuong trinh :
a) 271427724277 > 448,
b)) (0,4 (2,5 >1,5 ;
¢) (V2)* +(2V2)* 2 2.4* ;
d) X222 +9(x +2).2" +8x% < (X +2)2% +9x*2" +8x +16.
2. Giai cic bit phuong trinh :
(x? ~6x+18)+21og, (x—4) <0 ;

(x2~1)}<1;

c) log, (6"’"l —36") >-2.
N ,

a) log

v |-

~b) log, [logl
2

3. Giai bt phuong trinh sau : 2.2* +3.3* > 6* —1.

4. Giai bt phuong trinh sau : (\/3+5x—2x2 +'3)(1—3x.5-*) >0.

5. Giai bat phuong trinh : log, (log,(9* —72)) <1.
(Dé thi Tuyén sinh dai hoc khdi B — 2002)

6. Giai bt phuong trinh : log, (4" +144)—4log;2 < 1+log (2" +1).
(Dé thi Tuyén sinh dai hoc khéi B — 2006).
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§1.50 PHUC

' A TOM TAT GIAO KHOA
L. SO PHUC
Dinh nghia 1

* S phic z1a mot bleu thirc co dang z = a -+ bi, trong d6 a va b 12 nhimg sb
thuc va i 1a sO thod mén =1,

* 1 duogc goi la don vi do, a la phdn thuc vab 1a phdn do cia s6 phirc z.
* Téap hop céac sb phuc duoc ki hiéu 1a C
Ddc biét :

* 86 phuc z =a + 0i co phin ao bing 0 dugc coi 1a sb thuc va viét-1a
z=a+0i= :

%86 phuc z =0 + bi c6 phin thuc bing 0 duoc goi 12 s6 a0 (hay s6 thuén 40)
va viét 13 :

z=0+bi=bi
¥i=0+1i=1 _
* 86 0 =0+ 0i vira 1 sb thyuc vira 1a sb &o.
Pinh nghia 2
Cho hai sé phicz=a+bivaz’ =a’ +b’i(a,b,a’,b’e R).
z=7 < a=avab=b".

' AY
IL. BIEU DIEN HINH HQC SO PHUC TRONG . |
MAT PHANG TOA PQ OXY N M
" MB&i sb phiic z = a + bi duge biéu dién boi diém %
M (a ; b) trong mét phéng toa do. !
| Mdi didm M(a ; b) biéu dién- mot s phirc i
z = a + bi, ta ki hi¢u 1a M(2). Mat phang toa do voi i -
viée biéu dién s phirc con goi 1a mit phang phuc @] a X
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IIL. PHEP CONG VA PHEP TRU SO PHUC
1) Phép cong |
Dinh nghta 3 : ‘
Véiz=a+bi,z’=2a’+b’ 1tad1nhngh1a
z+z =ata’ + (b +b’)i.
2) Tinh chit
e Tinh chdt két hop
z+2)+2°=z+@ +2”),Vz,2,2° €C
e Tinh chdt giao hodn
z+z’=2’+z, Vz,z2 e C
e Cong voi 0
zZ+ OZVO‘*Z, Vze C.

Vé&i moi sb phitc z = a + bi, ta goi s6 ddi cua z 1a —z, ki hiéu —z = —a — bi,
thitacéz+ (-z)=(=z)+z=0.

3) Phép trir
Dinh nghia 4 |
Vi hai s phic z, 2, ta dinh nghia z — zZ=z+ (—z’),A
Néuz=a+bivaz’ =a’+b’i(a,b,2’,b’ € R)thi
z-z =a-a +(b-b )1
4) Biéu dlen hinh hgc ciia phep cong va phép tru’

* Trong mit phang phtc, ta cling coi vecto U= (a; b) biéu dién sb phirc
z=a+bi.

Nhu vy sb phuc z duoc bidu dién boi dlem M ciing co nghla la du’orc biéu
dién bai vecto OM

* Néu vecto u, , u' 14n luot bidu didn cac sb phiic z, z’ thi :
u+ u' bicu dién s6 phirc z + z’;

— u' biéu dién sb phiac z—z’.

=1
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P(z+2')

Xy

IV. PHEP NHAN SO PHUC
1) Tich ciia hai sé phire
Dinh nghia 5

Véiz=a-+bivaz =a’ +b’i(a, b a’,b’e R), ta dinh nghia
zz’ =aa’ —bb’ + (ab’ +ba’)i.

2) Cha ¥
*Vsike R vaz=a+bi(a,be R)thikz=ka+kbi
*0z=0,Vze C.

3) Tinh chét ciia phép nhan \
o Tinh giao hoan : zz’ =7z, Vz,z7 € C
o Tinh kéthop: (22)2=2z'2"), ¥ 2,2,2" € C
e Nhdn véi 1 lz=zl=z Vze C.

Nhu vy ta co thé thuc hién cac phép tinh cong, nhan céc sb phirc nhu phép
cong, nhan cac sb thuc Dac biét 1a cac hang déng thirc van dung trong truong hop
s0 phurc. ,

V. SO PHUC LIEN HGP VA MODUN CUA SO PHUC
1) S6 phirc lién hop
Dinh nghia 6

- Sé phuc lién hop cua s6 phiic z=a + bi (a, b € R) 1a sd phic a — bi,
ki hleu la z.
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z=a+bi =a-bi
Nhdnxét:*z.z = (a+bi)a-bi) = z.z = a®+b
*zva z duoc biéu dién bi hai diém dbi xtmg nhau qua truc Ox.
2) Médun ciia sé phirc
Dinh nghia 7 ‘
Mbdun ctia s6 phitc z=a + bi (3, b € R) 1 sb thuc khong am a?+b?,
ki hi¢u la |z| . ‘
Nhdn xét :
eNéuz=a+bi (a,be R)thi lz| = \zZ =va2 +b? - |
e Néu z 14 sb thyc thi médun ctia z 12 gié tri tuyét dbi cta sé thuc do.

eNéuz=0thi |z|=0
- AY , AY

i Iy(z)
P 5

.

M'(Z)

VI. PHEP CHIA CHO SO PHU'C KHAC 0
Dinh nghia 8
S6 nghich dao ciia s phirc z khac 0 13 s6 phirc ki hidu 1a z” !, xéc dinh bdi

-1 Z
Z = 7
Izl

Phép chia sé phitc z’ cho sé phitc zkhac 0: — =z’ z ' = =2
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‘ B. PHUONG PHAP GIAI TOAN

'THUC HIEN CAC PHEP TOAN TREN C
L PHUO'NG PHAP |
Véiz=a+bivaz =a’ +b’1 (a,b,a’, b’ e R), vin dung cac dinh nghia,

tacod:
Az+z’=a+‘a’+(b+b’)il
z—z'=a—a +(b-b)i
27’ = aa’ —bb’ + (ab’ + ba’)i
z _ 27 _(a+b'i)(a—bi)_a'a+b'b+(b'a-a'b)i
z |Z|2 a?+b* o 240
II. ViDU

Vi du 1. Viét cac sb phiic sau day dudi danga+bi(a,beR):
a) z=(2+i) —(1+2i) ~B3-D@2-1) ;
1+i 3—-i 1+2i ’
e ;
1-i 2—-i 1+i
Q2 +1)* 1 +1)
2(1-1)=3(1+i)

b) z=

c) z=

Gidi )

3 3 / /
a) z=(2+i) —(1+2i) —(3-1)(2-1)
=2% +3.2% + 321+ — [1 +3.2i + 3.2i)’ +i’] - (6- 31—21+1)
=8+12i—6—i—(1+6i—12-8i)—(6—5i—1)= 8+18i.
1+1_}-_3——1_1+21,= (1+1) (3-—1)(2+1) (1+21)(1-—-1)
1-i 2—i 1+i (1-iDA+i) (2—1)(2+1) (1+1)1-1)
142i+i°  6+i—i® 1+i-2i" _2i 7+i 3+i_ 1 7.
= + - + +—1.
1+1 4+1 1+1 2 5 2 10 10

b) z=
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QD (A+1)  _ (+i°+4DA+D) L
2(1-1)-3(1+i) ~1-5i
| GH4DA+D) | 3+4 47 (1=Ti)1-50)

145 45 Q45050
=1+35i2‘—12i‘_—34\——’112i 17 6.

1425 26 3 B

c)z =

Vi du 2. Thuc hién cac phép tinh sau day va viét bt qua dudi dang a + bi
(a,b e R)

g ) b) (l“? _
(1-2i) (2-21)

Gidi

. \3 . \3
2 2+i)° :(2+1') @+iy = ((2+‘1.)(1+21.)) G+ 1 +4i)
1- 21) 1-2i (1-2i)(1+21)

(j ) (G+4i)= P +4) =~i(3 + 4) =4-3i.

A+i)° (1+i)6“‘“ 1+i .
)(2 21 25(1-i 32 (1 J(Hl)'

-—1—.[—————«—-—-(“?)(“?)) (A+i) = — ( ](1 iy
32 \A-1)A+1). 32 _
1

1 1 1
=—i%i(l+i)= —i(l+i)=——+—i.
32 (1+1)= 321( ) 32 32

III. BAI TAP
1. Viét céc sb phic sau day duéi dang a +bi (a,b € R) :

1-iv2 V2 +i y ‘ b _(7—81)’0

RN A - ) 2 EE Ty
2. Thuc hién cac phép tinh : '
) @+’ -@-i); DA V2
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o B G-t - | 9 4200

- (2+1)3+(2—1)3 ’ (2+i)12

o (2-31)°(3-2i)° (2—3i)8+(5——4i‘)9
(3+2i)’ (B+2i)"  (4+5)°

f)

3.Choz =1-3i,zp =2+1, z3 =3 —4i. Tinh :
a)z +2z,- 7, ; b) z,Z, +2,Z, ; C) 2,Z,2, +z§z3.
4. Timme R dé: ~
a) 8§ phitc z=1+ (1+ mi) + (1 + mi)? 1a s6 thuan do.

b) S8 phite z = BIHF2M =D 1y 6 e,
1-mi
'5. Cho sb phirc z thoa man 2z _11 13 s thuec. ’Cht’rng minh ring z 13 sb thyc. ;
: z+ ; .

6. Choz=_x+yi x,y € R). Timdiéukiéncﬁaxvéydé s
a) z* 1a sb thyc ;- b) z* 12 sb thuén ao.

7

GIAI PHUONG TRINH VA HE PHUONG TRINH PON GIAN

I. PHUONG PHAP '

* Pua vé phuong trinh bic nhét theo z, thuc hién cac phép tinh s phirc va
tinh z. ’ :

* Néu phuong trinh chtra z, Iz, Z,taditz=x +yi (X, y € R) rdi suy ra
Z=x-yivalz|= x> +y*. ‘

Sau d6 ta bién ddi hai v& theo x, y va can béng phan thuc, phin 40 & hai vé dé
tinh x, y. : : '

IL Vi DU

Vi du 1. Giai c4c phuong trinh sau day voidn z : |
a)Q+iz=z+2i-1; b) (1 —i)z—2i)=2+i.
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Gidi

a)(2+i)z =z+21—1 z2+i-1)=-1+2icz(1+i)=-1+2i
—1+2i (-1+2D)A-1)  —1-2*+i+2i _ 1+3i
& z= = =

1+i C (1+i)A-1) 1-i’ 1+1
1 3. ‘
& z= —+—1.
' 2 2
2+i
b) (l—l)(Z 2i)=2+i & 7 21———1———
—i
. . .2 .
o 7-2i= (2+.1)(1+'1) g 2i= 2+i ,.42—31 :
(1-1)(A++1) 1-1
1+3i

o>zZ=

. 1 7.
+2i<¢> 2= —+—1.
2 2

Vi dy 2. Tim cic sb thuc x, y trong cac trudng hop sau :
gy XFL_y-l b) —— ¥ =243i;
1-i  1+i x—i 3-3i ‘
) (x +i)(1 +yi) = (3 + 2i)x + 1 — 4.

Gidi

g XYl A+ = (- D -)
1-1i 1+1

Sx+1+HE+Di=y—-1-(y-bi

x+l=y-1 X—y=-2 . x=-1
<8 = : <
X+1=-y+1 - x+y=0 - ly=L
b) Piukién: x # i. |
——‘—1—_+ Y -=2+31 < }TH —+ -y(1‘+1)‘/' =
x—i 3-3i ‘ (x—i)(x+1i) 3(A-i)(l+1)
CXA+i '. y+y1 ‘
x2 +1 3(1+1)

2N 2X +X+i[—~fz-1——+l =243i
x“+1 6 Xx*+1 6
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-

X y 1-x

) +-é'=2 3 =1
<:fo—l o 1% ,_H 1

5 +1=3 Y=3- >
(x“+1 6 6 x“+1

2 -0
(x +x=0 X =0 =
—= 3 y=12 y=].5
L6 x2 +1

c) x+i)l+yi)= (3+21)x+1—41¢>x y+(1+xy)1—-3x+1+(2x i

Xx—y=3x+1 y-—2x -1
= =
l+xy=2x-4 1+x(2x-1)=2x-4

y=-2x-1 - [x=1 |x=-2
Flaeesx-s=0 " ly=3"]._,>
2X° +3x—=5= y= ‘ y =4

Vidu 3. Giéivcéc phuong trinh sau véi dnz:
a) ('ziri)(l+i)+('z‘——z)(2+3i>) =4-i;
b) z+Z 1(z—-72)

1+1i  2-2i

=4+6i.

Gidi

bitz=x+yi = Z=x-yL
a)Taco{

Phuong trinh (z+Z)(1+1)+(Z-2)(2+31)=4—i tr& thanh:
2x(1+i)—2yi2 +3i)=4-i <> 2x+2xi—4yi+6y=4—i

Z+7Z=2X
Z— z——2y1

v A X =
) . 2x+6y =4
& 2x+6y+(2x—4y)i =4 -1 < =
2x -4y =-1 y=

V.‘N!'_‘ N | —

+ —1.

N]»—'

1
Viyz= —
,,'y > |
Z+'Z_i(Z‘f“—Z-—)

-b) Phuong trinh - -
1+1i 2-2i

—4+6i trdthanh:
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22
2x 2y =4 +6i ¢>£§L+ 2y

: : - —=4+6i
1+1 2(1-1) 1+i 2(1-1)
o 2X_(1—1.)+Y(.1+1)=4+6i o 2X+y +(-2x+y)i —416i
+i)1-i) - 2
2x+y=8 x=-1
= & .
—2x+y=12 : y =10.

Véy z =1 + 10i.

L . L ' . lz+w=4+3i
Vi du 4. Tim s6 phtc z, w thoa min {

z—iw =3-2i.
Gigi |

[z+w=4+3i +w=4+43i @
- Hé phuong trinh z W 1, < 2 W 1‘ (\)
, z—iw=3-2i (A+i)w=1+51 (2)
2) = w=1+5.1 =(1+5,1>(1—,1)=1+5—1+51=3+2i
1+i (1’+,1)(1—1) . 1+1 \
(1) > z=4+3i—-w=4+3i-3-2i=1+1.

: | (z=1+i
Véy hé phuong trinh ¢6 1 nghiém : {Z L
‘ ‘ w=3+2i.
IIL BAI TAP
7.Timx,y € R thoa man cic hé thirc sau :
a) (x + yi)(3 — 2i) =131,
©) x=2)(1-i)+(y+1)Q+i)=2+4i.

8. Giai céc phuong trinh sau v6i 4n z :

By x(1+i)—y@2+3)=10;

) (1+i)z=4-2i;  b)Qi+1D)z+i)=1+i; L, S

z
9. Giai cac phwong trinh sau day véi dnz:

. 0y ,

a) z 1=1+i;

, b)1=—1—.+’ 1 -3
z+i1 . ‘ z 2-1 3+6i @
) [(1+2i)‘£+2-i](iz+1)=0;

1

d) 2z-Z=(z+Z+1)(1+1)-2.
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10. Giai cac phuong trinh sau trong C

a) z2* =27; . b) 22—z +1=0;
—) .
o) 24lzl=0; ) L
, z+1

11. Giai cac h¢ phuong trinh sau véi hai 4n x va w : ‘
2z+w=4 Z+wW=W+i z+w=1-Ww
a ; b) ;0 C

2iZ+wW=0" Z-W=Z+1 22+W=2+i+w.

Yn 3
* BIEU DIEN HINH HOC CAC SO PHUC
I1.PHUONG PHAP

1) Trong mit phéng phitc, Sé‘phl'IC z=x+yi(x, y € R)duoc biéu dién bang :
— diém M(x ; ) , ki higu M(2) |
— vecto OM= (x ; y)
— vecto U =(x;y)
~ 2) Biu dién hinh hoc ciia z, —z, Z
M(z) va M(~—z) dbi ximg v6i nhau qua géc toa dd.
M(z) va M(Z) dbi xtmg v&i nhau qua truc Ox.
'3) Bidu dién hinh hoc ciaz + 2", z— 2", kz (k € R)
Goi M, ﬁ 14n luot biéu dién s phic z ; M, ¥ biéu dién sb phic z’. Ta cé :

OM+OM' vi § + ¥ biéu dién sb phirc z + 2’;

OM —OM' = M'M va ii -V bidu dién s6 phicz—2’;
KOM va ku bidu dién sé phire kz.

4) V6i M, A, B lan luot biéu dién s6 phirc z, a, b thi :
OM= |z| ;AB=|b~al.
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IL. Vi DU

Vi du 1. Trong mat phing phtc, cho ba diém A, B, C khong thang hang biéu
dién cac sb phirc a, b, c. Goi M 14 trung didm AB, G 1a trong tam
tam giac ABCvaDla dlem d6i xtmg cta A qua G. Cac diém M, G,
D 14n luogt biéu dién cac sb phirc m, g, d.

a) Tinh c4c sb phitc m, g, d theo a, b, c.

b) Néu thém gia thlet la] = [b|] = |c|, ching mmh rang tam gidc ABC
la tam giac déu néu va chi neu at+b+c=0.

Gidi

a) M 1 trung didm cia AB
< OM = %—(EK + O_B')

1
& m=—(a+b).

G 1a trong tdm tam gidc ABC
& 0G = (0K + OB+ 0C)

'<:>g~ ~—(a+b+c)

D 1a diém d6i xumg ciia A qua G Gla trung diém ciia AD
< 20G = OA + OD

o 2g=at+d & d=2g-a < d=2. %(a+b+c)—a

& d= zb+ —2—0—}—a.
3 3 3
b) Gia thiét Ja| = |b| = |c| < OA =O0B=0C < O I tam dudng tron ngoai
tiép tam gidc ABC.
" Nhu vay tam gidc ABC 1a tam gi4c déu

& 0=Ge g=0<atb+c=0.

Vi du 2. Cho hinh binh hanh ABCD. Ba dinh A, B, C 1dn luot biéu dién cac

s6 phuc
a—2—2i,b=—1+i,c=5+mi (m € R).
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a) Tinh sb phuc d (biéu dién diém D) ;
b) Dinh m sao cho ABCD 1a hinh chit nhét.

Gidi

III.
12.

a) ABCD 13 hinh binh hanh
= ~C—ﬁz'l_B—K<: d-c=a-b
d= a+c b
&d=2-2i+5+mi—(-1+1i)

&

& d=8+(m-3)i B ¢

b) ABCD la hinh chif nhét < AC=BD <|c- a[—ld b
S|5+mi-2+2i=[8+(m-3)i+1-i SP+m+2)i|=]9+m-4)|
&P+ m+2)if=19+m-4)if < 3+ @m+2)°=9"+m- 4)

< 9+m’ +4m +4 = 81 +m? — 8m + 16 <> 12m = 84 '

< m=7.

BAI TAP
Trong mit phang phtic, cho ba diém M, A B lan Juot biéu dién cac sb phu’c zZ,

[3“\/— zvé;—i—z
3 V3

Chumg minh ring :

‘a) Vz € C, tam gidc OMA vudng tai M ;

b) Vz € C, tam giac MAB la tam gic vudng ;
¢) Vz € C, ti gilc OMAB 12 hinh chit nht.

13. Goi A, B, C 12 ba diém 14n luot biéu didn céc sé phirc

=_1-i, b=i, c=1+ki (k € R).
a) Dinh k dé ba dlem A, B, C thing hang ; ‘
b) Xét ham sb w = f(z) = 2°. Pt a’ = f(a), b’ = f(b), ¢’ = f(o). Tinha’,b’, ¢’ ;
¢) Goi A, B’, C’ 14n luot 1a cac diém bleu dién céc s6 phu’c a’, b’ c. Dmh k
dé A’ B’,C’1a ba dlem thang hang ; :
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d) Néu u, Vlan luot bidu difn céc sb phitc z, z’. Ching minh ring G L v
Z i A
< — laso do.
z
Ap dung : tinh k d& tam gidc A’B’C’ vubng tai A’.

14. Cho ba diém A, B, C lan luot biéu dién céc s phirc a=1,b=-1 + aiva

15.

c=b’

a) Xac dinh céc sb phuc duoc biéu dién boi cic vecto AB AC BC

b) Xac dinh o sao cho A, B, C 14 ba dinh ctiia mot tam giac ;

c) Véi didu kién & cau b), chimg minh ring ABC 14 tam giac vudng ;

d) Tim s phtrc d biéu di&n bsi didm D sao cho ABDC 14 hinh chit nhat.

Cho ba diém A, B, C biéu difn cac sé phitca=1+i,b=a’vaic=x —1i
(xe R).

Tim x sao cho :

' a) Tam giac ABC vudng tai B ;

b) Tam gidc ABC cén tai C.

Y BY

“TiM TAP HQP DIEM

I. PHUONG PHAP

1) Gia str cac diém M, A, B 14n luot bleu dién céc s& phirc z,2,b.
*lz—a|=|z-b] & MA = MB < M thuoc dudng trung tryc cua doan AB
*lz—al+z-bl=k(k € R,k>0,ky> la—b ) <MA+MB=k

< M thudc elip (E) nhan A, B 1am hai tiéu didm va c6 do dai truc én bang k.
2) Gia sit M va M’ 14n luot biéu din cac s6 phirc z va w = f(z).
bitz=x+yivaw=u+vi (x,y,u,vE R).

H¢ thitc w = ) twong duong v6i hai h¢ thirc lién h¢ gitta x, y, u, v.

* Néu biét mot he thire gilta x, y, ta tim dugc mot hé thirc glua u, v va suy ra

duorc tap hop cac diém M’.
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* Néu biét mot hé thirc giita u, v, ta im dwoc mdt hé thirc giita x, y va suy ra
dugc tap hop cac diém M.

IL Vi DU
Vi du 1. Tim tip hop céc diém M biéu dién s phirc z trong cc truomg hop
sau: ‘ :
a)lz+i|=z-1]; b Z+1_~3.1 =1;
» ; z—-1+1
0)lz—2+|= /5 ; d)z—1]|+z+1|=4
) 22 asbao, z#1; £ 2L 1368 thue, 2421 ;
z—-1 : z—2i
g) zoz + -zo—z +1=0 véizo=1-1.
Gidi

a)Data-———lvab——l

Goi A(0 ; 1) va B(O 1) lan luort bleu dién céc sb phuc a va b, suy ra
|z+i=|z—a=MAva|z—i|=|z-b|= .

‘Tacd z+i|=|z—-i & MA=MB <& M thudc dudng trung tryc cua AB, |
d6 chinh 1a truc Ox. ~

Vay tap hop cac diém M 1a truc Ox. AY
b) z+1——3'1 -1

Sl z—-1+1

<:>|z+1—311—‘|z—1+1| (N

Pata=-1+3i bleu di®n boi diém A(-1; 3)

va b—1—1duorcb1eud1enb01d1emB(1 -1). / 5 \

"Taco(l) < |z—a|= |z b| < MA =MB. B ; -1)

xV

Vay tap hop cac diém M 1a duorng trung truc
cua.doan AB. ,

c)Pata=2—1 bidu dién boi diém A2 ; -1).
Tacolz 2+1|—\/_ 5 ©lz—al= J5
o MA=45.
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Viy tap hop cac diém M 12 dudng tron tim A(2 ; 1), ban kinh R = /5.
AY

=y

d) Pita=1vab=—1, lin luot duoc biéu didn bsi cac diém A(1 ; 0) va
B(-1; 0). :

Tacolz—1|+[z+1|=4 < |z—a|+[z-b|=4 < MA+MB=4.

Vay tap hop cac diém M 14 elip (E) nhén A, B 13 hai tiéu dlem c6 do dai truc
lon 1a 4. »

e)Ditz= x+y1 x,y € R). Véiz#1, taco
2z+1 _ 2x+4+2yi+1 =(2x-|—1+2y1)(x—1—y1)
z-1 x+yi—-1 (x—-1+yi)x—-1-yi)
_ x+D)x-D+ 2y2 +i2y(x -1~y (2x +1)]

C(x=D+y?
2z +11 1a s a0 < phén thuc cua 2241 trié:tv tiéu
Z— z—-
S+ DE-1D+2y=0 <28 -x-1+2y=0 x2~—’25+y2--§-=‘0 ’
< 1 1 o
= x ——+—— =
( > ) y’ RET:

1Y, 9
S| x—=| +y*=—.
4 16

Vay fép hop céc diém M 14 dudng tron (C), tam I(% ; 0), ban kinh R = —i— , bo
di diém A(1 ; 0).
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) Patz=x+yi (x,y € R). Véiz#2i,taco:
z+1 _ x+l+yi (X +1+yD)E—(y-2)i)

z-2i  xX+(y- 2)i_(x+(y (X —(y = 2)i)

X(X+1)+Y(y 2)+1[Xy (x+1)(y —2)]
x? +(y— 2)

z+1

Y lash thuc & phén 2o triét tiéu < xy— (X + 1)(y 2)=0
z-2i

S xy—-(xy-— 2x+y 2)=0 <2x-y+2=0
e y= 2 +2.

Vay tap hop cac didm M la duong thing c6 phuong trinh y = 2x + 2, bd di ‘
diém A(0 ; 2) viz # 2i.

g) Véizg=1-1,ditz=x+yi x,y € R), taco
zoz=(1-D(x+y)=x+y+({y-x)i;
252 =XTy- (y — %)L

Nhu vay zoz + zoz +1=0 @2(x+y)+l—0 < 2x+2y+1—0

Tap hop cac diém M la dudng thang c6 phuong trinh 2x +2y+1=0.

Vi du 2. Goi M va M’ 1a cac diém lan luot bicu dién cac so phitc z va z’ =

2 #0).
PDitz=x+yivaz =x"+y1i % y,x,y € R)

N | —

) Tinh'x’, y’ theo x, y va tinh x, y theo X’, ¥’ ; ;

b) Cho-M di dong trén dudng tron (C) tam A(-1 ; 1), ban kinh
R=+/2.Tim tap hop céc diém M’ ;

c) Cho M di dong trén duong thing d : y =x + 1, tim t4p hop cac

diém M.
Gidi
a) Tacd
z‘=é o= o= 2
72

7.7 ‘ 1z
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. 2 2
X +yi X+
&S X +yi= 5 yz Y
X"ty R
X’ +y?
Tuong tu, ta co
.1 1 1 z' z'
L=- @ ls— &= O zZ==—=—00
Z z z' z'z' lz'l
X = X’
' e - 12 12
. X'+y'1 X+
g x+y1~ 12 y|2 vy
X“+y _ y
x|2+y|2

b) Dudng tron (C) tam A(~1 ; 1), bén kinh R = +/2 ¢6 phuong trinh :
©):(x+1P+(y-1=2 o +y*+2x-2y=0. _

Piém M (C) < toa dd M (x ; y) thoa man phuong trinh :
X +y2+2x 2y=0

S X Y A -2y o (ix®+y*#0doz+#0)

x* +y?
< 14 22K P ‘22)’ > =0
X*+y* x*+y

S 2X -2y +1=0 (vi

2x > =X'va Y ==y’ theoketquacuacaua))

X“+y x* +y?
Suy ra toa do cua diém M’(x'; y') thod man phuong trinh 2x’ — 2y +1=0.
Vay tap hop cac diém M’ 1a dudng thing c6 phuong trinh 2x — 2y + 1 =0.

¢) biém M di dong trén dudng thing d : y X + 1 nén toa d6 cia M(x ; Y)

thoAminy=x+1"

'Zy > =—5——>5+1 (vitheocduatacd y=
X +y X4y’ . x2+y

)

=

X

X =
Xv2+yv2

= y'=x'+x’,2+y'?‘ <:>x’2+y’2+x’—y’ =0.
Suy ra toa d6 cia M’(x’; y’) thoa méan phuong trinh : x’2 + y*% + x* — y’ =0.



Vay tap hop cac dlem M’ 1a duorng tron (C”) ¢6 phwong trinh :
X2+ )/2 +x-—y = O

III. BAI TAP

16. Goi M va P 14n luot 1 cac didm bidu dién céc sb phtcz=x+yi(x,y € R)
vaw=2" . Tim tap hop céc diém P trong cac truorng hop sau day :

a) M thudc duong thang d : y=2X;

b) M thudc duong thangd : y=x+1;

c)Chu’ngmmhrang Vz,z2 € C,tacd|z.2’|=z||2’ | Tudosuyra[z |—~|z[
Tim tép cac dlem P khi M thudc duong tron (C) : X2 + y2 =1;

d) M thuoc hypebol ©C):y=— (x #0).
17. Tim tap hop cac diém M(z) biét z thoa man hé thirc sau :
a) [z-2+D)|=1; b) [z+1-i|=|z- (3—1)|

) ﬁ—4 =

Z

4; | d|(1-i)z-4]=2

¢ lz—4|—|z+4]|=43. .
18. Tim tap hop cac diém M(z) biét :

2 ‘ 2
VA . A : Z v A A a2
Law= 1a s0 thuc ; . byw= - 1a s6 thuén 4o ;
z—-1 . z—1
Z+2+1 o Z+2+1i
C) W= - 1a s6 thuc ; dyw= 12 s6 thuén ao0.
z—1i ~ - z—i

19. Cho diém M biéu dién sb phitc z = x +yi (x ye R)va diém P biéu dién sb
phuc w = z*. Tim tép hop cac didm P trong céc truong hop sau :

a) M di dong trén duong thing d:y=x-1;
b) M di dong trén duong tron tam O, ban kmhR 2
c)[z +2-i=|z-2+1]|.
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§2. CAN BAC HAI CUA SO PHUC
VA PHUONG TRINH BAC HAI

&

A. TOM TAT GIAO KHOA

I. CAN BAC HAI CUA SO PHUC
Pinh nghia |

Cho sb phirc w. Mbi sb phu.’c z thoa man z* = w duoc goi 1a mot can bac hai

cua w.
M3i cin bac hai cia w 12 m6t nghiém cta phwong trinh z° — w = 0.

|

1) Trudng hop w 13 sb thue

— Canbichaicua01a 0.

— Xétsothucw=a#0 o
Khia>0ta'cézz~ei—(z—\/—)(z+ Ja).
Phu’orngtrlnhz—a—0<::>z~\/_hoacz— Va.

Vay sb thuc a duong ¢6 ha1 ciin bac hai 1a va va —\/;.e

Khi a<0, ta co z2 —(—ai*)=(z— \/:;i)(z+ \/:E—li).
Phuong trinh z* 5a=0<:>z=\/——2i hoécz;—\[——ai.
Viéy s thuc a 4m c6 hai cin bac haila v—ai va —v/-ai.
Vidu: -1 =i = —1céhaicinbichailaiva-i.

—a* =a’i* = —a’cohai cin bic hai 12 ai vA —ai.

2) Trwomghgpw=a+bi(a,b € R,b#0)
batz=x+yi (x,va R)
zlacinbichaiclaw < zZ>=w < (x+yi)Y=a+bi
= xz—}fz+2xyi= a+bi
X-y'=a ... e s "
= {ny _ b . Giai hé phucmgtnnhnay, ta luén tinh dugc 2 nghiém (x ; y).

Mbi nghiém (x ; y) cla hé phuorng trinh trén cho ta mot can bdc hai
Z= x+y1cuasophu’cw a+ bi.
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TOM TAT
'S80 ¢o ding 1 cin bic hai 14 0.
e M&i s6 phitc khac 0 c6 diing 2 can bac hai d6i nhau. |
Dic biét, sb thuc a duong c6 2 cédn bac hai 12 Ja va -2 3
s thuc a 4m c6 2 can bac hai la 1a v-a i va —J-ai.

II. PHUGNG TRINH BAC HAI { .

Xetphuorngtrmh AZ2+Bz+C =0 (A, B,Cla sthucvaA;éO) (1)
Taco: A =B>—4AC.

Néu A #0, A co 2 cén béc ha1 la 8 va —§, phuong trinh (1) c6 2 nghi€ém
phén biét 1a

-B+8 ~B -8

Z = va z; = -
2A 2A
Néu A = o, phuong trinh (1) c6 nghiém kép
Z] =Zn = ——li- |
2A°

IIL PINH Li CO BAN CUA PAI SO
Dinh li

- Moi phuong trinh béc n (n > 1) ludn ¢6 n nghiém phirc (khong nhét thiét
phén biét).

B. PHUONG PHAP GIAI TOAN

Gf/dgf

TINH CAN BAC HAI, CAN BAC BON CUA MOT SO PHUC w
I. PHUONG PHAP ‘, | |

* Pé tinh can bac hai z = x +yi cia s6 phuc w = a+ bi, ta giai phucmg trinh :

Z2=w & (x +yi) —a+b1 o x 2_y*+2xyi= a+bi
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2 2
= Ty —a.Tinhxvéy,suyraz. ‘
2xy=b

* PE tinh cin bac bon cua sé phitc w, trude hét ta tinh cén béc hai z cia w.
Sau d6 ta lai tinh cin béc hai cia z.

IL Vi DU
Vi du 1. Tinh cén béck hai clia cac s phirc sau :
a)—9; . b)3+4i; 01-v3i; d)—-é%.—.
1

Gidi

a) Goi z 1a céin bac hai cua —9,tacod :
7=-9 o 22=9% < z=3ihoicz=-3i

Vay -9 c6 hai cin bac hai 13 3i va-—3i.

b)Goiz=x+yi (X,y € R)lacénbéichaicha3 +4i,taco:
Z=3+4 o (x+yif=3+4 < xzfy2+2xyi=3+4i
x’—y*=3 x*-y*=3 (1

< {nyz4 < {xy=yZ. ((2))

@) =x#£0va y= 2
X

(1) = x*- i‘;- =3 & x*=3x2-4=0 < x*=-1 (loai) hoic
X . S

X*=4 & x==%2.
x=2 =vy=1
=-2 = y=-1
Vay 3 +4icohaicinbichaild 2+i va—-2-1i.
¢)Goiz=x+yi (X,y € R)Iacénbic hai cia
1-\V3i o (x+yi)=1-3i.
= xz—f+2xyi=l—\/§i @{Xz* =L
2xy=—3 (2

88 G.TOAN 12 - HSM
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2) > x#0va y————\/—?—
2x
1) =x-—=1 <::>4x4~4x2—3‘=0x2=—-—2- (loai) hodc x =%

& x==F ——i—\—/——’j—;
2 2
\/5 X 2
\/5 X 2
Vaycohalcanbachalcual—\/gl la \/—3- ——\/—2: va ﬁ —\@—
| 2 2 22
d) Goi z —x+yi‘ (x,y € R)la cin bac hai cia T
i
2 i’ '
& z2l=—— o (x+y)i=—
4i
; x2-y*=0
S X -y t2xyi= - &
YI 4 2xy=-——
1 ' 1
T — "
= i = 8x & 1
X2 0 164x* -1=0 |x*=—
64x 64
L SR VRIS W U S/ A PR S )
- 8x 22 ) e 4 sz/i 4
®e o ly=— 2 __¥2
8 8x Y= Y=
2 2

Vay 1 coha1 canbichaila z= £+£ ‘z=—.(-—2—+—z—i).

i
Nhén xét : moi sb phirc déu c6 2 cin bac hai d01 nhau
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Gidi__

_Vz"dy 2
a) Tim s phiic z thoa min z* = ~164 + 48 J5i;
b) Tim sb phirc w thoa mén w* = —164 + 4845 i.

a)Pitz=x+yix,y € R),tacd:

2=-164+48/51 < (x+yi)’=-164+48/5i
s © K-y +2xyi =164 + 4851
X =y =-164 (1)
Q{xy:::%\/g 2)
245

(2) = x#0vay= "=
X

2
1) =% .f—[%] =-164< x*+ 164x* - 2880 =0
. X .

< x*=-180 (loai) <> x*=16
&Sx==+4.

Vé‘ix-.“—4:>y=6\/§.
Véi x =—4:>y=—6«/§. ;
Vay c6 hai sb phitc z thoa mén 72 = —164 + 48+/5i 1a z =4+ 6+/5i va .

' ‘z=—4—6\/§i.

b) Ta co z-2=—164+48\/—5_i<v}? w' =164 +48+/51 suyra
w4=z% @(wz—z)(w +2)=0 < wi=z%z.
Theo két qua trén ta 6 z =+ (4 + 6+/5i) = w*=4+6+/51 hoic
: , | wr=—4-645i.
bitw=x+yi (x,y € R). '

Truong hop 1: Véi w> =4+ 651, tacd (x +yi)> =4 + 6+/5i

) x2____ 2_ 1
<:>x2—y2+2xyi=4+6«/§i <:>{ Y M
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3J_

2) > x#0vay=

(1) = xz-—[?—\—/——i} =4 o x*-4x’-45=0 < x*=-5 (loai) hoic
. |
x?=9 o x=+3.

me 3:>y——J_——J§

Voix=-3=>y= ——\[——— '=——\/§A.

Viyw = i(3+\/_5_1)
Truong hop 2 : Véi w*=—4— 6\/51 taco(x+y1) =—4- 6\[51
& X ——y2+2xy1=‘—4—6\/§1

X-y'=—4 (1)
2xy_—6f 2)

: (2):>x;é0vély=--§:/——§~
) X

35

HOES ——(—————) =4 ox*+4x*-45=0 < x*=-9 (loai) hoic
=5 x=++5.
X
me——«/_::y——3—\/§——=,3.';
X

Vayw=4 (<5 — 3i).
K&t lugn : c6 4 s6 phitc w thoa man w* =—164 +48+/5i 1a:
w=+3+5i) va w== (/5 -3i). .
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IIl. BAI TAP
1. Tinh cin béc hai ciia céc sb phirc sau :

a)—15-8i; - b)1+4+31; ©)—4;  d) -5+12i

H

2. a) Tinh can bac hai cita s phic —23-4/61 ;
b) Tinh cin bac bdn cua sb phitc —23—4/61.
3.2) Tim s6 phtc z thod mén Z'=-1;
o 4
-1

b) Tim s phtrc z thod mén (E—) =-1.
z+1i)

4. Giai phuong trinh :
: ' 4 ' 4
a) (?-i) -1 b)(zZH) 1.
zZ+1 . z-1) .

Yer 52
PHUONG TRINH BAC HAI

I. PHUONG PHAP

: 1) Dung hang dang thirc dua phuong trinh v& dang (Az + B)> — C* =0 va
blen d6i twong duong thanh phuong trinh tich

(Az+ B+ C)(Az+B-C)=0.
2) Véi phuong trinh Az> + Bz +C=0:
Tatinh A = B? ~ 4AC vi tinh cin bic hai cia A.

Goi 6 la mdt cdn bic hai cia A, suy ra nghiém cia phuong trinh 1a
_—-B#%$

2A

3)Chuy

a) Ta chimg minh duoc véi moi phu'(mg trinh béc hai 4é s6 thuc, néu z = x + yi

xyE R va y # 0) 1a m6t nghiém thi Z =x —yi ciing 14 nghiém cua phuong trinh
do. .
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b) Do tinh chit ciia phép nhan sb phirc, dinh 1i Vi-ét vin ding cho phwong
trinh béc hai véi4n z € C. Do d6 céc cach tinh nhim nghiém ciia phuong trinh
bac hai van 4p dung duoc. ‘

Chinghan: A+B+C=0 ::>z=1,z=-§j

A-B+C=0 = z=—1,z=—%.

IL Vi DU
Vi dy 1. Giai céc phuong trinh bic hai sau day.:
a) 22 +4z-5=0; ~ b) (2z-1Y+9=0;
Q)7 -8z +16-2i=0; d)z2+3z+%4§=0.

Gidi

2) Phuong trinh : 72 + 4z — 5= 0 c6 cAch¢ s A+ B+C=1+4-5=0nén
phuong trinh ¢6 hai nghiém la z; =1vaz,=-5. |

b) Phuong trinh 2z — 12 +9=0 & (2z-1)’=-9 @z -1)* = (i)’

\ <2z-1=3i hoic2z—-1= -3i & z==———1+231 hoacz=————1;31.

¢) Phuong trinh 72— 8z +16-2i=0 < (z—4)* =2i

o @-42=1+i)P (chayla (1+i)? =1+i*+2i =1-1+2i=2i)
< z—4=1+1 hoic z—-4=-1-1
<:>z=5+ihoacz=3—i.

d) Phucrhgtrinhzz+3z+ %—f— %-Océ:

. A=3"-4 -25 = 16 = (4i)%. Phuong trinh c6 hai nghiém 12 z =

—3+4i
>
Vi du 2. Giai cac phuong trinh bac hai hé s6 phtrc sau day :
' a)z2—Tz+11+3i=0;
b) 72 +2(1 —2i)z— (7 + 4i)=0;
)22 -22-i)z+6-8i=0;
d2-Q2+iz+i+1=0.
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Gidi

2) Phuong trinh 2% — 72+ 11+ 3i = 0 ¢6 -
A=49-44-12i =5-12i.

Pat A = (x +yi)’;x,y € R.

Tacd (x+yi)* =5-12i <

{

xX'-y'=5 (1)
2xy=-12 (2)

2 = x;éOvz‘iy='——6-
: X

1) = xz—-il-f- =5 & x*—5%-36=0 x* =4 (loai) hodc x> =9
< x=+43,
Véix=3 = y=-2
| Véix=-3 = y=2.
Vay A = (3 - 2i)%
Phuong trinh ¢6 hai nghiém 13 :

7 +3-2i . 7-3+2i
zl=————2——=5—-’1 vazy= ————=2+1

b) Phuong trinh 22 + 2(1 - 2i)z — (7 + 4i) = 0 ¢6 :
A =(1-202+7+4i=1-4—4i+7+4i =4,
Phuong trinh c6 hai nghiém 1a '
z1=-1+21+2=1+2i vadz=-1+2—2=-3+2i
¢) Phuong trinh z* — 2(2 i)z + 6 — 8i =0 ¢c6 :
A’=Q2—-1y’—6+8i=4—1—4i—6+8i=-3+4i.
bt -3 +4i=(x+yi)’ (x,y € R)

- {x’ -y'=-3
2xy =4 2)

@) = x£0vay=2
) X
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1) = x*- ;:12- = 3o xt43xii4=0o K= 1 hoiic x> =—4 (loai)
& x==%1.
Voix=1=>y=2
Voix=-1 = y=-2
Vay A’ =-3 +4i=(1+2i)
Phuong trinh ¢6 hai nghiém 13 z;=2—-i+1+2i=3+1i va ,
| 2=2—i-1-2i=1-3i
d) Phuong trinh z*— (2 +i)z+i+ 1 =0 c6 céc hé sb thoa man
a+b+c=1—2¥i+i+1==O,suyraphuongtrinhcéhainghiémlé
zi=1vaz;=1+i. -
Vidg3.
a) G01 Z1, 72 1a ha1 nghiém cta phuong trmh bac hai he s& phuc
AZZ+Bz+C=0 (A#£0). ’
Chl’mgminhr.%mg'zl+22=‘:}z va. 7. zé=£:—
: A A

Ap dung I : Biét phuong trlnh bac hai (1 — i)z + Bz + C= O c0 hai
nghiémlaz, =2vaz,=1+2i. TlnthaC :

b) Cho hai s6 phirc ¢6 tdng z; + z, = S va tich z;.zp = P. Chitng minh
rang 21 va z; 1a hai nghiém cuia phuong trinh béc hai
7> — Sz + P=0. :
Ap dung 2,: Tim hai sb phuc cod tong bang 4 va t1ch bang 4 + 2i.

Gidi

a) Phuong trinh Az* + Bz + C = O cd A B —4AC G01 d 1a mot can bac
hai cua A. :

- Phuong trinh ¢6 hai nghiém la

-B+& | -B-90
z = va zp, = —,
2A 2A
Tacd z;+2zp= M,B+6 + B-5__B
2A . 2A A
- (-B+8\(-B-8) (-BY-& B’-(B*-4AC) _C
va 21.2p = = ; > = ) =-—
2A 4A 4A A

2A
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Ap dung 1:(1-i)z*+ Bz +C=0 c6 hai nghiém 1az =2 viz, =1 +2i,
Ap dung két qua trén, ta c6 :

B .. _—B
ZI+ZZ='—X 2+(1+21)=1———_ @)

z2,.Z, =§— 2.(1+2i)=£ | )
(1) > B=(-1+{)(B+2i)=-3+2i*-2i+3i= -5 +i
() = C="1-i)(2+4i)=2 -4 -2 +4i=6+2i.
ViyB=-5+1i vaC=6+2i. ‘
b) Hién nhién z; v 2, 13 hai nghiém cta phu’orng trinh béc hai
(z ziz—2)=0
‘o - (z1+z)z+212,=0
< 722-Sz +P=0. ‘\ .
Ap dung 2: Goi hai sb phirc phéi tim 13 z, va z,. Theo g1a thlet ta co
S=z1+z=4 vaP=z,.z,= 4+2i.

: Do d6 z; va z 12 hai nghiém cta phuong trinh bc hai 2 -Sz+P=0 hay
7’ —4z+4+2i=0.

Phuong trinh trén twong dwong véi (z — 2)* =—2i

o (2=20=1-i) @ z-2=+ (1-1)

& z=2+1-i=3-i hodc z=2-1+i=1+1.

Vay phuong trinh ¢6 hai nghiém laz; =3 -1 vaz,=1+1.

Vi du 4. Cho phuong trinh bc hai hé 56 thue Az* + Bz + C =0 (1), véi A 0.

a) Chung minh ring néu phuong trinh (1) c6 1 nghiém thyc z; thi
nghiém con lai z; cung 14 so thuyc.

'b) Chimg m_l_nh rang néu phuong trinh (1) c6 1 nghiém zy khong 1a
so thuc thi z, cling 14 1 nghiém.
Ap dung : Tim phuong trinh bac hai hé sé thuc biét phuong trinh ¢
1 nghiém 1a 2 +i.
Gidi |

a) Ta biét ring phuong trinh bac hai Az> + Bz+ C=0 (1) c6 hai nghiém 13
Zy va 7.

., , - B
Theo cong thirc Vi-ét ta c6 z; + z, = —X .
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ViA,B € R nén ~-i— € R vitacingcdz € R.Vayz € R.

b) Ta co 7 1a nghiém ctia phuong trinh AZ?+Bz+C=0nén:
Az’ +Bzg+ C=0 = Az +Bzo +C=0 (vi lién horp cta sb thyc 1a chinh
s6 thuc d6

—2  — _
suy ra A(zo) +Bz,+C=0).

Véy _z—— cling 1a nghiém clia phuong trinh AZ* +Bz+C=0.
Ap dung :

Theo chimg minh trén, phuong trinh béc hai he s6 thuc cb 1 nghiém la
=241 thi ngh1emk1a1a22—2 i :

TacdS=z +2=02+i) +Q2-i)=4
ViP=z1.20= Q+i)2-i)=4-i’=4+1=5.

Véy zi, z; 12 hai nghiém cta phuong trinh béac hai : 7> — Sz + P = 0 hay
4z +5=0.

IIL BAI TAP

5. Gidi céc phuong trinh sau : -
a) Z2—-4z+13=0; b)) Z2-(5+2i)z+5+5i=0.

6. Tim phuong trinh bac héi hé sb thuc biét mot nghiém la 3 - 2i.
7. Goi z; va 2, 1a hai nghiém cia phuong trinh :
Z2+z+1=0. |
a) Tinh zy, 75 ; g b) Chting minh 2,2 = 7, vd 2> = z1.

8. Tim c4c sb phirc a va b sao cho phuong trinh (2 + i)z + az + b = 0 c6 hai
nghiémlaz, =3+ivaz=1-2i
9. Gii cic phuong trinh sau :
a)Z2+2Jz|=0; , : b) 2% +ifz| =
¢)iz? +|z| +1=0; - Z+z =0
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PHUONG TRINH BAC BA | )
Az +BZ2+Cz+D=0(A#0) |
L PHUGNG PHAP

~ Theo dinh li co ban ctia dai sb, phuong trinh bac ba co ding 3 nghlem phuc
(khong nhét thiét phan bigt).

1) Bé jiai Pphuong trinh béc ba tong quit Az’ + B2+ Cz + D =0
(A#0) (1), ta can biét mét nghiém z, cua phuong trinh. Khi d6 phuong trinh (1)
dugc bién dbi thanh phuong trinh tich :

(1) < (z—20)(AZ +bz+c) =0+ 2=2,=0
S (z-20)(AZ +bz+0) =0 ;
- ‘ » Az’ +bz+c=0
Mubn x4c dinh Az* + bz + ¢, ta c6 thé ding mét trong hai céch sau :

Cach I Ta thuc hién phép chia da thitc Az’ + BZz? + Cz + D cho z — Zp,
thuong s& 12 Az* +bz +c.

Cdch 2 Dung so d6 Horner sau day dé xac dinh céac hé s6 A, b, ¢ cia da thirc
thwong Az* + bz + c.

| A B .. C D
2o ' A b ¢ 0 §
Dong thit nhét ghi céc hé sb ciia da thitc bi chia, theo thir tir A, B, C, D.
Dong thir hai s& x4c dinh céc hé sé ctia da thitc thuong theo cong thirc sau :
'Heé s6 tht nhét 1a A.
Hé s6 thir hai b=z).A + B (“nhan ngang, cong cheo”)

Hé so thirba ¢=2zp.b+C (“nhinngang, cong cheéo”).

Hé s6 cubid=zp.c + D=0 (day 14 sb du trong phép chia, vi chia hét nén
d ludn ludn 1a 0).

2) Doi khi ta c6 thé xéac dinh 2o bang cach nhim nghiém nhu sau :
‘Néu A +B+C+ D=0 thi phuong trinh ¢6 1 nghiém I3 zo = 1.
Néu A-B+C~D =0 thi phuong trinh ¢6 1 nghiém la zo = 1.
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3) Viéc bién ddi thanh phuong trinh tich c6 thé thuc hién dé dang néu ta co
thé dit nhan tr chung.

4) Ta biét ring néu mot phuong trinh da thac hé 50 thuc c6 1 nghlem phtc
Zo =X+ yi (X, yE R vay#0)thi z; =x—yiciing1a 1 nghiém. Nhu vdy :

* Moi phwong trinh bac 3 hé s6 thuc c6 it nhét 1 nghiém thuc, nghla la

- hoac cd 3 nghi€ém thuc

~.— hodc c6 1 nghiém thuc va 2 nghiém phuc (khong thuc) lién hop nhau.

~ * Mubn giai phuorng trinh bac 3 he sb thuc, ta thuong phai tim nghiém thyc
ctia phuong trinh rdi bién dbi thanh ‘phuong trinh tich. Nghiém thuc nay c6 thé
tinh chinh x4c nhd may tinh bé tai (néu 1 nghiém hitu ti). :

* Néu blet phuong trinh béc 3 hé s6 thuc P(z) =0 c6 1 ngh1em khong la sb
_ thuc Zo thi z cling 1a nghiém, nén phuong trinh phai c6 dang
P(z)=(z—- zl)(z —-20)(z — z, ) =0.
Chia P(z) cho (z—zp)(z — Z) =7 —(z0+ Eg)z + 2. E;' s€ tim duqc thira s6
_— > .

Nhu vy phuong trinh c6 3 nghiém la z, Z va z,.

IL Vi Du
Vi du 1. Giai cac phuong trinh sau :
a)Z° — (2 +1)Z% + (2 +2)z—2i =0 biét 1 nghiém laz =1 ;
b)Z’ + 422+ (4 +1i)z+3 +31=0 biét 1 nghiém 13 z =-1i ;
Q)2 -Z2+(2-2i)z+2+4i=0 biét I nghiémlaz, =1-1i
Gidi_ | |
a) Chia da thitc P(z) = 2° — (2 + i)2> + (2 + 2i)z—2i choz—1i

| 1 “2oi 242 i
=1 | 1 —2 2 0

Phuong trinh Z° — (2 + 1)z + (2 +2i)z—2i=0 & (z-i)(Z -2z +2) =0
- z——i‘=0 1) ' '
2" ~22+2=0 (2)
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1) <z=i
Q) © 22-22+2=0
=1-2=-1=7
)<=z =1+1i hodicz=1-1.
Vay phuong trinh ¢4 3 nghiém : z, =i, z,=1+1va z3=1-1.
-b) Chia da thitc P(z) = 2° + 4z* + (4 +1)z + 3 + 3i cho z +1i
3 1 4 4+i 3 +3i

zo=—,i| 1 4—i - 3-3i 0

Phuong trinh 2° +42° + (4 +i)z+3 +3i=0
o (z+i)Z+@-1)z+3-30)=0
z+i=0 1)
[z2+(4—'i)z+3—3i=0 2)
Mo z=-
Qe 2+(@-0)z+3-3i=0
A=@A-1P-12+12i=16—1—8i— 12+ 12i = 3 + 4i.
Dit3+4i=(x+yi)2,xviy € R

2_ 2 :
o Yrayi=3+delt V=3O
2xy =4 (i)
) .2 o
(i) >x#0vay=—
~ X

. 4

(@) =>X2—;‘5‘——73 o x'-3x*-4=0
<:>x2=-_—l(loai) hoic x’=4< x=+2.

Véi x=2 = y=1

Véix=-2 =y=-1.

Vay A= (2 +i)%.
Phuong trinh z* +(4—1)z+3 31—-0 ¢6 2 nghiém la
—-44—1—}—2+1__1+1 Vi oz ~4+i-2-1i -3
2 2
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- Vay phuong trinh z° +472+ (4 +i)z+3+3i=0 c6 3 nghiémla:
Zi=—1, Zp=-1+1 vazz=-3. ‘

¢) Chia da thirc P(z) =2 — 72+ (2~ 2i)z +2+4i choz— (1 -i):
| 1 -1 2-2i 2+ 4

zo=1-i| 1 i 1-3i 0
Phuong trinh 2 — 2 + (2~ 2i)z + 2 + 4i=0
o (z-1+)(Z—-iz +1-31)=0

z—1+i=0 (1)

et : ¢
22 —iz+1-3i=0 (2)

(1) & z=1-i

Q) o Z—iz +1-3i=0

A=i—4+12i=-5+12i
Pit —5+12i=(x+7yi)’ véix,y € R
& K-y +2xyi=-5+12i

o X —y% =-5 (i)
2xy =12 (i1)

(ii)<:>x;é0ve‘1y=-6~
X

(i)<:>x2—~§—?— =5 ox'+5x°-36=0 < x*=4hodicx’= -9 (loai)
X : .
>x=+2.0

Véix=2 = y=3
Véix=-2 = y=-3.

Vay A = (2 + 3i)%

Phuong trinh (2) ¢6 2 nghiém la

L 14243 i-2-3i _

=1+2ivaz= -1-i. !

Vay phuong trinh 22 — 22+ (2= 2{)z+ 2+ 4i =0 c6 3 nghiém 14
z1=1-1,zp=1+2i vazz=-1-1.
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Vi du 2. Giai cac phuong trinh sau :
)z —(1+2)22+2(1+i)z-2=0;
b)Z - 2iZ2 + (2 -i)z+3+i=0;
Q-2+ +z-2-i=0.
Gidi ’
a) Céché s6 ciia phuong trinh z* — (1 +2i)z% + 2(1 +i)z—2 =0 thod mén :
A+B+C+D=1-1-2i+2(1+i)—2=0.
Vay phuong trinh nhan z = 1 14 nghiém.
Chia da thitc P(z) = 2’ — (1 + 2i)2> + 2(1 +1)z—2 choz—1:
|1 _1-2 2421 -2
=1 1 ~2i 2 0
Phuong trinh 2° — (1 + 2i)72 + 2(1 +1)z—2 =0 tuong duong véi
z—1=0 €)) ‘
z' -2iz4+2=0 (2)

(Z—l)(zz—2i2f2)=0<:>[

1) < z=1

Q) o Z-2iz+2=0.

A =(-iyf-2=-1-2=-3=3{

Phuong trinh (2) ¢6 2 nghiém 13 z=i+i+/3 = (1 + V3)i.

Vay phuong trinh d3 cho c6 3 nghiém 13
2=1,2=(+3)ivaz=(-3)i

b) Céc hé sb ctia phuong trinh 2° — 272 + (2 — i)z + 3 +i = 0 thoa man :

A-B+C-D=1+2i+2-i -3 —i =0 nén phuong trinh nhdn z = -1 1a
1 nghiém. .

Chia da thitc P(z) = 2° — 2iz’ + (2 =i)z+ 3 +i choz— (1) .
[ 1 R 2-i 341

z=-1| 1 ~1-2i 34i 0
Phuong trinh Z° f2izz+(2—i)z+ 3 +1=0 tuong duong voi

z+1=0 )

i (123 51— 0 |
@+ D[z - (1+2i)z+ _+1] @LZ—(1+2i)z+3+i=0 )

(1) & z=-1
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Q) < Z-(1+2i)z+3+i=0,
A=(1+2i)-12-4i=1-4+4i-12-4i=-15.

Phuong trinh (2) c6 2 nghiém la : - 1+2 ; Jisi ; (2 +15 )1 hodc

2 2 2
,Ket Iudn : Phuong trinh z° - 2iz* + (2 —i)z+3 +i=0c6 3 nghiém 14 :

zl————l zz~%+2(2+\/—‘)1 vaZ3———;~+;(2 \/B)l

¢) Phuong trinh z* — (2 +1)2* +z - 2—1—0tuo‘ngduongvorl
z(z 2-i)+z-2-1i=0 :

& (z-2-D)EZ+1)=0

< z-2-i=0hoicz>+1=0

< z=2+1i hoicz’=-1

&> z=2+1 hoacz +1. ‘

Vayphuorngtnnh 22— Q+)P+z— 2—1-—0003ngh1emla
=2+1,z=1vazz=—1.

=1+21—\/i—5i 1 1(2-—\/1_5)1.

III. BAI TAP |
10. Giai cac phuong trinh : :
a)z—(1+i)z2’ +az+b-4i=0, a,b € R va biét phvong trinh c6 1 nghiém
laz=1+1. ‘
b) 2° + aiz® + (i-b)z—2-2i=0,a,b € R vabiét phuong trinh c6 1 nghiém
laz=1-1i.
11. Giai cac phuong trinh :
a)Zz +922+142+5=0;
b)z2 - 722 +172-15=0;

)z —(6+ \/—)Z +(13+6\/—)z—13\/_ Obletphucmgtrmhcolnghlem
laz; =3 -2i.

12. Giai cac phuong trinh :
a)z —22°+252+b=0,b € R vabiét phuong trinh ¢6 nghiém thuén 4o.
b) 2> +bzZ* + (9—i)z—6+2i=0,b € R va bibt phuong trinh c6 nghiém thue.
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PHUONG TRINH BAC BON
Az + B2+ CZ2+Dz+E=0(A#0)
I. PHUONG PHAP

1) Vé6i dang phuong trinh trung phuong, ta dat w = 7, s& dua vé phuong trinh
bac hai theo w. Giai phwong trinh ndy, tinh w rdi lai giai phwong trinh w = z* dé
tinh z.

2)NéuA+B+C+D+E= OthlphuongmnhAz4+Bz +CZ2+Dz+E=0cb
' 1 nghiém 1a z= 1. Chia P(z) = AZ' + Bz} + CZ +Dz+E cho z — 1, phuong trinh
P(z) = 0 twong duong v6i phuong trinh (z — 1)(AZ’ + bz* + cz + d) = 0.

3)NSuA-B+C-D+E = OtmfhuongmnhAz4+Bz +CZ+Dz+E=0
¢6 1 nghiém 12 z = —1. Chia P(z) = AZ" + Bz’ + CZ* + Dz + E cho z + 1, phuong
trinh P(z) = 0 tuong duong v6i phuong trinh (z + 1)(AZ® + bz + cz + d) = 0. _

Nhu vy ta nén viét cac hé sd cta phuong trinh d& xem phwong trinh c6 roi
vao hai truong hop ddc biét nay khéng.
4) Truomg hop phuong trinh hé s6 thue, neu biét 1 nghiém z, (khong 12 sb
thu’c) thi z, cling 12 nghiém. Do d6 phuong trinh 6 dang
(z-20)(z - 2, )(Az +bz+c)=0.

Khai trién phuong trinh ndy va dong nhit voi phuong trinh d3 cho s& tim
dugc hé so b va c. ‘

Giai phuong trinh : Az* + bz + ¢ = 0 ta duoc hai nghiém z;, z,.
Nhu viy phuong trinh d3 cho ¢6 4 nghiém 13 : z, Z, Z1vazy.
II. Vi DU
Vi du 1. Giai cac phuong trinh : ‘ N
a) Z'+4z -5=0; b) z'-(8+8i)Z+63+16i=0;
o) iz*+2(1+20)2*+8=0.
Gidi ~

a) Phuong trinh : z* + 4z -5=0 ta coi 1a phuong trinh béc hai theo z%,
phirong trinh ¢6 hai nghiém 12 z* = 1 hodc z* = -5 = 5i

<130 ' 9B G.TOAN 12 - HSM



= z‘=:1:1hoécz=i J5i.

b)Batw z*, phuong trinh : z* — (8 + 8i)z* + 63 + 161 =0 (1) tré thanh
wo—(8+8i)w+63+16i=0

o W24 +4)w+63+16i=0 (2) ° -

A =(4+4)*—63 - 16i=32i— 63— 16i=-63 + 161 = (1 + 8i)°

w=4+4i+1+81=5+12i

| _ w=4+4i—-1-8i=3-4i

Voiw=5+12i & 22=5+12i=3+2i) < z== (3 +2i)

Voiw=3-4i < 22=3-4i=2-i) © z=%(2-i).

Vay phuong trinh (1)co4nghlem1a z=+(3+2)vaz= ﬂ:(2—1)

Phuong trinh 2) < [

¢)izt +2(1 +2i)22+8=0 €))
Pit w = z%, phuong trinh iz’ +2(1 +2i)z2*+8=0 tro thanh
Wl 421+ 20w+ 8=0 ©)
A =(1+2i)—8i=1+4i%+4i—8i=1+4i—4i=(1 —2i)
Phuong trinh (2) cé 2 nghi€ém lé:w1~=:—1:—%l;—1—:—%l—=—4
. -1-2i-1+2i. 2 2 ..
VA Wy = ——————=——=——=12j.
. 1 1 1
Voiw =4 & Z2=4i o z=+2i
Voiw=2 o Z=(1+i) o z==x(1+i).
Vay phuong trinh iz* +2(1 + 2i)z* + 8 =0 c6 4 nghiém 3 : z=+2i va

z==(1+1i).

Vi du 2. Cho phwong trinh bac bdn hé s6 thuc
P(z) = 242+ 972 +mz+20= 0, me R.
Biét phuong trinh ¢6 mdt nghiém z; = —2i. Tinh m va cdc nghiém
con lai. ‘

Ta cb z1 =-2i 12 nghiém cua phuong trinh : z*- 42> + 9z + mz +20=0
< (-20)* — 4 (=2i)® + 9(=2i)* + m(-2i) + 20 =0

< 16-32i—-36-2mi+20=0

< (-32-2m)i=0
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< m=-16.

Phuong trinh tr& thanh P(z) = Z'— 42> + 922 — 162 +20=0 (1)
Ta biét ring néu mot phuong trinh da thitc Aé s6 thwc nhén z; 1a mot nghiém
phirc, khong thuc, z) =x+tyi(x,y € R,y#0)thi z = X — yi cling 14 nghiém

cia phuong trinh. Nhu viy phuong trinh nhén 2 nghiém 14 z) = —2i va z, = 2i. Do
d6 phuong trinh (1) phai c6 dang :

P(z) = (z - 2i)(z + 2i)(2* + az + b) = 0 (a,b & R)
< P@)=(F+4)(Z+az+b) = 0
& P(z)=z'+az’ +(b+4)z* +4az+4b=0 ' )]
Ddng nhit hé sé cua hai phuong trinh (1) va (2) ta duoc a=—4vab=35.
Vay phuong trinh P(z) = z* — 42> + 922 — 162+ 20=0
S (Z+)(-42+5)=0
22+4=0
=3 o
2 -4z+5=0
Z+4=0 =4 < z=+2i
Z—4z+5=0 (A'=4-5=-1=i)
& z=2+1 .
Vay phuong trinh ¢6 4 nghiém : z=+2i vaz=2+1i.
IIL BAI TAP |
13. Giai phuong trinh sau biét phuong trinh ¢6 nghiém thuc :
P(2)=7'+2 -3 +1)P-dz+4i—4=0,
14. Giai phuong trinh sau, biét phuong trinh ¢ nghiém thudn o :
P(z)=z'+2i" — 22 +2iz-2=0. 4
15. Giai phuong trinh : z* =32’ + 2 )22 + 3z-3 +i=0 1)
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§3. DANG LUONG GIAC CUA SO PHUC VA (NG DUNG

A. TOM TAT GIAO KHOA
I. SO PHUC DUOI DANG LUQNG GIAC

1) Acgumen ciia s6 phirc khic 0
Dinh nghia 1 t '

Cho sb phic z # 0. Goi M 1a diém trong mat phang phuc biéu dién sb z. So
do (radian) ctia mdi géc luong gidc cb tia dau Ox, tia cudi OM dugc goi 1a mot
acgumen cua z.

Chay: ' - yA

* Néu ¢ a1 acgumen cia z thi moi acgumen M'(mz)
ciazcodang ¢ +k2mk € Z.

* Hai s phtic z va mz (m 1 s6 thuc duong) c6 M(z)

acgumen sai khac k27, vi cac diém biéu dién chung P
thubc cling mot tia gbc O. 0

<V

2) Dang lwgng gidc cia sé phl'rc
Dinh nghia2
Cho sb phtic z # 0, goi r 1a mddun cia z va ¢ 13 mdt acgumen ciia z thi sb
phtrc z dugce viét dudi dang z=r(cos¢ +1ising).

Chuy:
Dang z =r(cos ¢ +i sing ) duoc goi 1a dang luong gidc clia z.
Dangz=a+bi(a,b ER ) du’(;c goi la dang dai 56 cua z.

II. NHAN VA CHIA SO PHUC DUGI DANG LUQNG GIAC
Dinh li

Neuz—r(cosq) +ising ) vaz’ —r(coscp + isin @ ) (r > 0, r > 0)
thi zz’ =11’ [cos(¢ +¢’) +isin(¢ +¢ )]

va —ZT=L'[cos(q) - (p’)+isin((p - 0] ('=0).
z' r
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III CONG THUC MOIVRE (MOA-VRO)
- 1) Cong thitc Moivre
[r(cos ¢ +ising)]" =r"(cosng + sm(p)
Picbiétkhir=1,taco
(cos@ +ising )" =cosng +ising.
2) Ung dung vao lwgng gidc ‘ ‘

Péi chiéu cong thirc Moivre va khai trién lu thira bac n ciia nhj thic
cos@ +1ising, ta cod thé bieu dién cosn@ va sinn¢ theo cac luy thira ciia cos ¢
vasing.

Vidu : _

cos3¢ +isin3¢ =(cosp +ising)?

< cos3p +isin3¢@ = cos3(p +3 coszq)'f.(isin(p ) + 3cos @ (isin @ ¥+ (isin@ )3

< cos3 +isin3 = cos3q>~ 3cos @ .sinz(p +1 (3cosz(p.sin(p - sin3(p)

- {cos3<p=cos3q)—3cos<p.si‘n2(p‘=4cos3(p-—3coscp_ |

sin3¢ =3 cos® ¢sin@ —sin® ¢ =3sin@ ~4sin’ @
' 3) Cin béc hai cia s6 phirc dwdi dang lwgng giac
S6 phirc z=r(cos ¢ + i Sin(p ), 1>0c62cinbichaila:
| \/;(cosgﬂsm%) .
va — x/;(cos-£2E +isin ~(§-) = \/;(COS(% + )+ isin(% + n)) .

~ B.PHUONG PHAP GIAI TOAN
‘@ Yo 1 |
VIET SO PHUC DUCI DANG LUONG GIAC

I. PHUONG PHAP
1) Bé viét sé phic z=a +bi (a,b € R) dudi dang luong glac

z=r(cose +1i sm(p)
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— Trude hét bién dbi z= va* +b? ( 2 b i]
, Va2 + b \/a2+b2
—Nhu viyr= va’> +b’

. b v s s A

- — Diat cosp = —2 v sing = —=———, tir d6 suy ra ¢ la mot
a?+b> a’+b’

acgumen cua z. ~

2) Chu y céc cong thire bién d6i lugng gidc :

*1 +cbs<p +ising =2 cosz-(g- +2i siﬂ—(zgcosg—

=2cos~(B [cosg +isin—(E]
2 2 2
*1+1tan(p _1+lsm(p (cos@+isin@).

cosQ CosQ

IL. Vi DU
Vi du 1. Viét cac sé phirc sau duéi dang luong gidc :

a) 4; b) 2i; Q) 1-iv3 ;
d) 3 —i3 ; e) l+l/3——3—i; f V37,

3
Gidi
“a) 4=4(1 + 0i) = 4(cos0 + i sin0).
b) 2i=2(0+i) = 2(cos§+ i sin—g).

0 1-iV3 =2(-§—-i-‘§} = 2[¢os(—-73‘-) +isin[—§ﬂ.'
&) 8 i = VB0 = - )

. [COS(_Z_) + i’sif_l(‘gﬂ'

\/5._2(1 .JS] 2( n ..n)
+—— = = —+1— | = — COS—3—+ISII'1"3— -

1
3 3 32 2 3

©)
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Wdy 2. Viét cac sb phtrc sau dudi dang lugng giac :
a) (1+3i)(1 +2i); b) (1 +1) [1 +(\/— 2] ;
¢) (V2 =2i) [V2 + (32 - 4)i];

21
Gidi

a) (1+3i)(1+2i) =1+6i°+3i+2i'= —5+5i=5(1+1)

~5J_(—T+1J_J 5\/5(003 +1sm37f-)

b) (1+i)[1+ (V3 -2)i] =1-(+/3 - 2)+([ —2+1)i
=3- 3 +(3 - Di | ‘
=3B -1 +(B -1

=(3 -1)(\3 +i)= 2(@—1)[{/;%1)

= 2(«/_3- -1) (cos—g- +1i sin—g).

9 (V2-20)[v2 +(3V2-4)i] =@2+6+2 —8)+ (642 —22)i
= (632 —6)+ (6- 62 )i= (632 ~6) (1 -i)

=2 (642 - 6)(\/— J’J

=(12-6+2) [cos(-—zj + isin(—-%}].

d) 3-i _ @G-+2i) _ 3+2+6i—i _ 5+5i 4
1-2i  (1- 21)(1+21) 1-(2i* 1+4
\/—(\/— \/—] \/—(cos +1 sin Z)
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III. BAI TAP

1. Viét cac sb phirc sau dudi dang luong giéc :

Q) 2 +1)(3+i); 2‘5“‘/_ :

o : T 6-2i ,
©) (V2 +2i)(+/3 +(9-46)D); d)(1~l)(1+(ﬁ+2)i);
e) (V3 —2i)(3 —-\é—gi) | f)zﬁ +31/——.1

2. Viét cac sb phirc sau dudi dang lugng giéc : B
a) V2 +1+i; b) 2-+/3 +i; 9 1+(V2 +Di;
d1+2-B)i; e) 1-2+ )i |

3. Viét cac sé phirc sau dudi dang lugng giac

2) 1+ b) 1+ 3 +(1 -3

AP DUNG CONG THUC MOIVRE DE THUC HIEN
CAC PHEP TiNH |

L PHUGNG PHAP

Ta van dung cong thirc Moivre va cic cong thuc luong glac dé tinh toan

= (cos@ + ising)" = cos(ng) +isin(ng)
=(cos@ + ising)(cos¢' +1smq>)“—cos((p +¢)+isin(e +¢°)
- RILINL —cos(g ~ ) +isin(o - ¢7)
cos@'+isin@

2 9 ¢

@] +cos@ +ising =2 cos

SO - L (coscp+isin(p).‘
CosQ  COSQ

sl +itang =1+1

+2i sm(P cos—(R =2 cosie(cos—— +1sin—
2 2 2 2

2)
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IL Vi DU

Vi du 1. Tinh gia tri cta cac sb phirc sau va viét két qua dudi dang a + bi
(a,be R):

o 2n .. 2¢; 3n 3n
a) A= | cos— + isin— cos—+1sm— ;
7 7 14 14

T .. T ’
(COSg-l-lSln-S*)
b)B=

no..on)’
cos— +isin—
15 15]
c)C= 1\/5 =5
T, W
cosS—+isin—
[cosgeisn?
| 2 o\ T
l:ﬁ(cos?nﬂsin—;)] [ﬁ'[cosgﬁsing—ﬂ '
( I .. 7n) ’ ' '
2| cos—+1sin—
6 6

Ap dung cong thirc Moivre ta c6 :

d) D=

Gidi

2n . . 2@ . 3n ., 3m
a)A = | cos— + isin— || cos— + isin—
7 7 14 14)

2n 3w .. [2n 3w ,. bn .. T .
= ¢0§| —+— | +1smm| —+—1| = €COS— +18In— = 1
7 14 7 14 2 2

. 3 ;
(cosE+ising-] cos3—n+isin—3£
b)B= =2 2

cos-~ +isin-" C cosdTigin 4T ‘
15 15 15- 15

3t 4n .. [(3®m 4=
=co§| ——— | +isin| ———
5 15 5 15

W3

-—cosE+1s1n~———— .
3 3 2 2
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T .. T
i3 J3(0+i) ﬁ(cos-2—+1s1n5)

.c)C;—~ = . =

5 : 5 . 5t .. 5m
(cos—734-isin—7E (cosEHsinﬁ) COS?"‘IS““E‘
. 6 6 6 6 : ' .
: T St) .. (m 5m )y .. ( =
=43 |cos| ———|+isin| ——— | = 3| cos| == |+ isin| —=
2 6 2 6 L 3) 3
_A[1B B3, | |
2 2 2 2 |
, , . - ‘
[ﬁ(cos—fﬂsin—;ﬂ [\[g(cosgﬁsing)]‘
d) D= ‘

. ( T .. . 7n) ’
- 2| cos—+1sin—
‘ 6 6

32\/5 <:osiz—(-)~73+isin&1E Cos£+isinﬁ ‘
‘ 3 3 3 3

32(0052— +isin ﬂj
6 6

" Vidu 2. Tmh gia tri cac bleu thirc sau :
1+1 1-i ’
a) A= == 5

b)B = (1+1«/—J [l—‘i\/g}h
2

g C=(1+i3)°(1-i)° + A+’ - 1J'),
A+iv3) | A-iV3)°
1-i? 1+

dD=

- rinls)- 6(-L3)- 38
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Gidi

=cos-?-7—t~+isin2—7—t- + cos I +1 sin o
Ry 4 4 4

Ot . . 91t 9t . . 9=
=c0S—— +18mm— + cos— —1sin—

4 4 4
=cos—+cos—§=%£=\/5

7 7
b)B = 1+1\/§ 3 1——1\/5
2 2 ]
. 7 | 7
T .. Tt T . T
=1COS— + 181n— — COS| —— |+ 18S1n| —— -
(oo v19n3) oo 5 ssn( 5
I .. In AN
=cos~—v+1s1n———— coS|f ——— | +181n| ——
ywtsn? - eos( 28 in( 28]

' m . . T=n n . . T«n
=C0S— -+1S8IM— — COS— +1 8in—
3 3 3 3

\/5 ,

=2isinl = 2i X2
3

=i/3.
) C=(1+iV3)Y -1 + 1+ (1-iv3)°

Hetlot-2T
- 2t/ cos i | [eos 2 ) in( 2]
_ -
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el

+

a) A= (1}2‘) +(%j9 = (cos{{- + ising)g + [cos(wg\] + isin(—--i—:—ﬂg

+25({2) (cosz + 1sm—) [cos —gj - 1@(““)}6



. ! 25(l+i__3_J5 5(1 1 3 ’
A+iV3) -3y (2 2 2

T ] @ (J

. 5 ’
25| cosZ +isin = 2° cos(~E)+1sin(—£)
3 3 37 - 3
T N i 2 T T
2 N Licin(— 2°(cos—+1isin—
| 2 [cos( 4)+1sm( 4)} ( 7 4)

cos§—7—t—'+isin§1t— COS(-%)HSin(—%E)
=8 3 3 +8

cos(—m) +1isin(—m) cosm+isinTm
1 i3 1 i3 » |
22 a2 3 3
= - + ’ = _;8 _1.._.1__3; -8 _1_+_1__...3._ =_8.
-1 : -1 2 2 2 2

Vi du 3. Tinh gia tri cta cac biéu thic sau :

d)D=

' 4 ) 4
a) A= 1~1~coss—n+isin—5—7£ + 1+COS-5—TC-—i»Sin§—T£ ;
, 3 3 ‘ 3 3
T .. T * 8m 871:
| 1+ cosg+1s1ng 1- COS?—ISIH?
b) B= : =

~ ~; ©C-=
T .. T
14| cos——isin— ' ‘
( 6 6J

4 8t . . 87:)2“
1—| cos— +1sin—
3 3)
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Gidi

4
a) A= 1+cos§1i+isin2c- + 1+coss—n~-—i‘sin§E
. ‘ 3 3 3 3

‘ 4 4
=(20032—5—T£+2isin—5—7—t-cos§-7-t— + 200s2§£—-2isin§-—7£cos§7—t-
6 6 6 6 6 6 )

5n 50 .. 5m; - 5% st .. 51\
= | 2c0S—| COS——+1isin— +|2cos—| cos——1isin— ‘
6\ 6 6 6 -6 6 )|
se( sn .. 5w\
=|2c0s—| cOS——+1isin—
; 6 \ 6 6 v
4
S S5z .. 5n)
+| 2cos—| cos| —— |+1isin| ——
{ 6( ( 6j ( 6

4

213 20 . . 20m

=| ~——| | cOS—— +1isin—
2. 6 6

=9(200s297£) =18 cosEE =18 cos -gzt—] '
6 ‘ 3 3
2 \

T .. T ¢ . T .. T ¢
| 1+(cos-é~+1sm—6-) 1+(cos~6~+1sm—6—)
b B = = —
1+(cos£—-isin£) 1+ cos _r +1sin _I
6. 6) 6 . 6
dnt . ., 4n 2T .. 2w |
1+cos~ge+151n~—6— I+cos—+isin—

o 471:) . ( 4m) . 2n) . . ( 27cj
- 1+cos| —— |+isin| —— 1+cos| ——=— |+isin| ———
6 . 6 3 .3
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1+cosz—n+isin2—ﬂ 200s£(cos£+isin~ﬂ~:]
- 3 3 _. 3V 3

2n .. 2m .
1+cos——isin— 2cos | cos| —Z| +isin| —=
3 3 3 3 3
T T L (mom 1 iVJ3
=¢o8| —+— | +isin| —+= | = ——+—.
3 3 3 3/ 2 2

8t .. 8m) o . 2nY
1—| cos— —18in— 1—-| cos— —18in—
_ ) 3 3 3
c) C= =

sn .. 8nY o .. 2nY
1- cos—3—+lsm—— 1- cos-3—+1-s1n—— :

3 : 3
2n) .. 2T , 4t . . 4
- 1—|cos| —— |[+isin| —— 1—| cos| —— |+1isin| ——
_ ‘ 3 3 o 3 , 3
- - = :
1—(cosg~§+isin—2—7£] 1—(003i§+15in§£]
3 3 ) B 3 3
25in2(—27—c)—2isin(—2—TF—)cos(—37£) 2sin"~35+2ising—’5cos—2—’—,t ‘
= 3 3 3° _ 3 3 3
2sin’ %T—t——ﬁ sinz?ncos—z—;—t— 2sin? 2% fZisin—z—Ecosgg-

. 21 21 . 27 | T .. T
2sin—| sin— +1Cc0s— - cos| —— |+i1sin| ——
- 3¢ 3 3 ) 6 6

L 2r( . 2m .. 2m - Ty . . T
2sin—| sin— —1C0§s — cos| —— |—1sin| ——
3 [ 3 3] ( ,6) ( GJ .
T) .. T :
cos| —— |+isin| ——
(6) ‘ (6J T ~n) ..(n'n)
= < =¢0§| —— — — | +1smn|
: 6 6 .

.. T
cos—-+isin—
6 6

T, .
= cos— —1isin—
3

_1 i3
2 2
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IIL. BAI TAP

4. Thyc hién cac phép tinh va viét két qua dudi danga +bi (a,b € R)

, - , T .. T
’ 4 5 Con 2(cos§+1sm-5—J
a)3 cosZ — isinZ 2| cosZE — isin =™ ;- b)
6 6 3 3 3

2T .. 2m; .
COs — —isin —
15 15

5. Thuc hién phép tinh : -

- &) [z_[zif
2) (1=iV3)* —(1+i4/3)? LU+ (202 )

1~ ;_ T By
a-i |, _a+i | g 4=iV3) | Q+if3y
A+iv3)  (1-iv3) A+1* A=

6. Cho z = 1—1\/5

.. Tinh :

A)A=2"2+24+1;
b) B=zg+zé+z3+1;
c) C=28+224+22;
)D=1+z+22+22+2*+ ..+ :

H

e) E= 1-z+2 -2 +.. -2 +7°; . f) F»=v22°°9——22°"°+22°”.
7. Ching minh ring : :

o _V6-v2 . n 642

a)sin— = ——— vacos— = ——— ;
12 4 ’ 4
"b) Cho sépht’rcz? \/54.\/5 + I(Jg‘\/z).Tinh:
4 4 '
A=22+z+2+-1-+-17; B=7z"-z+2i +l-——}2—.
oz oz v z z
 .8. Thu gon :

4

4
A= 1+cos£+isinE + 1+cos£—isinZE
8 8 8 8
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’ 3 3
B=|1+cos—~+isin— | —| 1+cos——isin— |
16 16 | 16 16

2
T ... T
14| cos—+isin—
6 6
>
T .. T
1+| cos——isin—"
( 6 6)’

3

9.Choz= —54—1—5——. T1nhw=22°°9+22°‘0+220“‘

C=

'10. Cho sépht’rczthoémﬁnszt—l—=1.T1’nh:A’= 2" +——vaB=2'%+—.
| oz z" ' z

TINH MODUN VA ACGUMEN CUA SO PHUC
1. PHUONG PHAP ) |
. 1) Véiz=a+bi(a,b € R),tacomédunciazlar=l|z= va>+b
’ . a
(o} ———
o= Ja? +b
. b
T e

2) Véi z~r(cos<p +1sm(p)th1moduncuazlarvamotacgumencuazla Q.

va mdt acgumen cuia z1a ¢ thoa

. Diéc biét, ta chu y cac blen dm sau day dé suy ra médun va mot acgumen cuaz
3)Vcnz = r(coqu - 1sm(p) = z = r[ cos(— ¢ ) +1isin(— (p)]

4 Véoiz= r(smcp +icos@), tabién d_ol z= r[cos(—z— —@)+i sm(g -¢)

5) Véiz=1[l +coso +isih(p],ta coz=r[2 cos’ %JrZi,sin—;E.cos EE]
= z=2rcos£§-’(c()s(§ +1sm(p) ‘
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“y
of
/

ISl,n(P = (cosp +ising).
cos @ cos @

6)Yo’*iz=r(1+ifanq>):> z=r(1¥

IL Vi DY |
Vi du 1. Tinh médun va mot acgumen cda cac sd phurc sau
2) z= 5~'~1. : b)‘z=' 1’8+8.1 :
2-3i 4-9i
' 3
1-3iY 33 +i
c)z= ~1 dyz= — | .
2-i J3-2i
Gidi | ,
2) ,= 5-i (5—1)(2+31) _ 10+3+15i-2i _ 13+13{ 14
2-31 (2 31)(2+31) 4+9 13 .
i ﬁ( Hsmﬁj
f J“ 44
Goirlamodun va ¢ 1a mot acgumen cia sd phirc z, ta c6
=2
o=
4 4
b) z= 18+8i _ (18+8i)(4+9i) _ 72-72+162i+32i
4-9i (4—9i)(4+9i) 16 +81
= —1—%1=2i-—2 cos£+1sm—7~t-
97 | 2 2
fr=2
Vay L
. (p__2 ‘\

N"—‘
|
Lo
&..../*
I

[Qﬁ_ﬂ(ﬁﬂ (_2:_3;912) ='(5?51)5=(1_1>5
(2—-i)(2+i) 4¢1 ) U 5

=
{1 [ o]
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el 23]
- 442 [( 4) +( 54“)}. |

r=42
V%’ _ St

4

&z= (3\/54;1}‘ | ’

V3 -2i

33+i _ GVB+)(B+2) _ 9-2+(6v3 +4B)i
V3-21 - (V3-21)(3 +2i) 3+4 |
YL LIPS

=2 1+3§-i =2| cosZ +isin= |.
S22 373

‘ : N3 - 3 N
Suyraz= 33 +i = [Z(COS—7E + isinlt—):] =2 (cos +1sin 7)
o We-2) U3 )]

Taco

“ {r=8
Vay ¢
¢=T.
Vi dy 2. Tim modun va mot acgumen ciia cac s§ phrc sau :
‘ . g .. T
a)z=1 +cos— +i sin’ ; ‘ b)z=1+cos— —1isin—;
4 -3 3
2n 2 T . T
C z—-1~—cos——+1s1n———, dyz= —-1-sin — +isin — ;
) 5 5 ) - 3 6

| T T
e)z=-—1+sin— —icos—.
6 -~ 6

Gidi

' T .. T T . T
a)z =1+cos— +isin— =2 cos* — + 2i sin—. cos—
_ 4 4 . 8 - 8 8

=2 cosﬁ(coszt— +1i sinﬁ)
8. 8 8
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‘. T | 3 .. 3m
=2 sin— | cOS— + isin—
5 10 10
r=2vsin~7—t~
vay | >
AR,
d)z = —1—sin = +isin = =—1-cos= + 2isinz
, 6 ‘ 6 6
= =2 cos’ r +2i sin—gcosj—t— ,
12 12 12 |
T no.. T Vi 1 . .
=2€08— | —cOos— + isin— | =2 cos— | cos—— + isin—
, 12 12 12 12
I'=2,COS-1-%
Vay <
Ay _1&
¢ 1

148

b) z =1+cos= —~isins = 2cos’ T 2isinZ cos
» 3 3 6 6 6

‘=2(:os£(cos—7£ -—,isinﬁ)
6 6 6

T T . . T
=72c0S— | cos| —— | +1isin| ——
6[ ( 6) [ 6)}

, r=2cos£=\/§

Vay 3 6
__n
*="%

c)z=1-cos 2n v+ising£ =2 sinz'zt- +21sin>.cos~
-5 5 5 5

. . T . T
=2 sin— | sin— +'icos—
' 5( 5 5)

11n
12

)



LT T ~ T, . T
€ z=-1+sin— —icos— =-—1+cos— — isin—
' 6 -6 -3 3

L aM ... T T
= -2 smz,— — 21 sin—.cos—
6 6 6

Tn

=2 sinf-(f sinZ~ —icosE) =2.l(sin7—n +1cos—
6 6 6 2 6 6
= cos(—glt-) +1 sin(———)
3
r=1 o
Vayy  2m
‘P‘ 3
IIL BAI TAP
11. Tim médun va mdt acgumen clia cac sb phirc sau :
5 1 1. ' :
az=1+—=——F1; , b)z=2-—\/-2-—-1«/._2-';
: | 2 1,
©)z=23 +3+i3 ; B d)z=\/—,3§——-—5+§1.

12: Goi zy, z; 1a hai nghiém ctia phuong trinh : 22 — 2iz — 4 = 0, z; ¢6 phéan thuc
am. Tinh m6dun va acgumen cua cic sO phirc sau :

« a)w=212.zz; ‘ ’ b)w= Z :
‘ o z,-2
)w=(z1-2)(z22-2);  dw=17.0-12).
s R s A ‘ Y SR A | | s 1+2° .
13. Tim mddun va mdt acgumen clia s0 phirc z thod man phuong trinh. - =i.
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Vion s 4

AP DUNG CONG THUC MOIVRE PE TINH CAN BACn
CUA sO PHUC

I. PHUONG PHAP

1) Tinh ciin bic hai ciia s6 phire w
Theo dinh nghia, cin bic hai ctia s6 phic w 12 sb phuc zthoaminz2=w

*Cinbachaicua 013 0.

*Vmw;éO w = R(cos 0 +1sm6) R >0, tadatz—r(cosq) +ising) thi
ta co :

Z’=w ¢ 1(cos2¢ +isin2¢)=R(cosO +1isin0)
O [P =R | r=VR
& =S 0 ~
2(p=9—ijk2n, keZ (p=-2—+k7'c, keZ
' Léyk;_(), 1, ta dugc hai gid tri cia ¢ .

* Mot sb phirc w = R(cos© +isinf),R >0, ¢0 hai cén béc hai 14 :
z1= R cos—Q +'i‘sing vaz,= VR | cos '9+1t + isin 9+1t ‘
2 2 2 , 2 A
hay z =+4R (cos—g + ivsingj.

o Hai cén béc hai cia w # 0 duge biéu dién trong mit phing phirc boi ha1
dlem d6i xtmg nhau qua gbc toa do O. :

2) Tinh cin bédc n clia sb phire w
Can bic n clia s phirc w 12 sé phiic z thod min 2" =

*Cinbacncua0lao.

*Vonw#O w = R(cos O +1sm6),R>0 tadat z=r1(cos¢p +1ising) thi
taco: .

'=w e r“(cosnw +i sinn(p) =R(cosO +isin0)
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" or"=Rving=0+k2n,kE Z
& r=4R vag =2+ X2%,
’ n n
Liyk=0,1,2,... ,n—1 , ta dwoc n gid tri cha ¢ .

* Mot s6 phic w = R(cos 0 +i sin6), R > 0, concinbicn (n 2 3) dugc
bidu dién trong mat phing phic bdi n diém 13 dinh cha n — giac deu noi tiép

du’orng tron tdm O, ban kinh, YR

~ ILVIDY

Vi du 1. Tim can béc hai cua cac s6 phirc sau va vidt duoi dang lugng glac
1.3, |

W= —+—m1
2 2

. Gidi

1 V3

v
= —i —cos-+1sm—‘
3 -3
Pit z=1(cos@ +1isin@) 12 mdt can béc hai clia w, ta co :
; . T .. T
Z=w < .1*(cos2¢ +1sm2<p)=cos§+1sm§
r=1 r=1

Aah DU | T = i
: 2(p=—3—+k21t,*k€Z (p=g+k7c, keZ

n o T .. T I . . In
Vay w c6 2 can bdc hai la : z =cos—6— +1smg, va Z2=COS——6—'+1SII’1——.6—~.

i

Vi duy 2. Tinh canbacba clia céc sb phuc sau i w=— — 1 —

2
Gidi -
2 «/—2_ i . . Y[
W= — —1— =cos| —— | +isin| ——
2 2 .\ 4 4
w ¢ modun R = 1 va mdt acgumen 13 6 =~ -Z—.
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Suy ra cin bac ba cta w 1a s6 phirc z c6
—modunt= 31 =1

—, ke Z.
3.

— mot acgumen (p =‘§+l(—2—7E S
3 3 12
mG—O,l,Ztacobagat;;cua(p:
' _n
V’(p]_ml—i
- m  2n In
“T 2t R
o, =— ydm _ 15w _ Sm
12 03 12 4
Vayw;g—i-é—z—cmcanbacbala:

" .. 0T
Z]=COS§| —— | +18mn| — | .
{53 vion(55)

: n . . In
Zy = COS— + 1 Sin—
12 12

S5 . . 5m
Z3 = CcosS— +1 sin—,
: 4 4

45'9/
N

Vi du 3. Tinh cin bic bén cﬁa"sé‘ phirc sau va viét dudi dang luong giac :

W= i.

Gidi

3 |

w~1—cosE +1$m5 comdédunR =1 va mot acgumen 0=

Suy ra cén bdc bon ciia w 12 s6 phitc z ¢6 :

médun r= 1
k2w

l\.)l?-]

nt  kn

vamotacgumen 0] =%+———~ —+-—— k& Z.

4
'Léyk='0, 1,2,3,taco 4 gid tri cia ¢ :
=T
A 8
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a
a
W
a

S
w
I
+
a
It

fa—y
| &
a

+
I\Jl;)

-
G
I
®©|a owola o
>
ot o0

O>
=

p—
ml

Véiy w=1c6 4 can bac

B

T ..
Z1 = c0s§ +1s8mn— ;

i a

; 5t . . 5m
Zy = COS— +18SIn—
: 8 -8

9 ., ‘97t
Z3 = COS— +1SIn— ;
' -8 8

H

Z4f=cos—l-§—1—t—" +1sin —1—:-)’£
2 ,
IIL BAI TAP.
14, Tinh can béc hai clia |
Dw=(1+)(B3+); = bw=+B-i;  ow=4+4i
15. Tinh céin bc ba cha | o
A w=—1+i3 ;  b)w=2-2i;
Ow=i; :  dw=-4+44Bi

B

16. Tinh cén béc bdn coa w= — -5 ~2—i .

17. a) Viétz = V3 +1i dusi dang luong giac.
b) Tinh z, va suy ra cic cin bic 4 cla w = —8 + 8i3.

18. Tinh cén bac ndm ciia w=1.

Xy
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AP DL_JNG CONG THUC MOIVRE BE CHUNG MINH

CAC HE THUC LUONG GIAC
I. PHUONG PHAP

D Tinh cosnx va sinnx theo cosx va sinx :
Tacod: (cosx +1 éinx)“ = cosnx + 1 sinnx /
Khai trién nhi thirc & vé trai, ddng nhét phan thyc va phan 40 cua hai vé, t%
. tinh dugc cosnx va sinnx theo cosx va sinx. \
2) Cong thirc rit gon cac biéu thirc luong gide :

(cosB +isinB)(cosp +ising) =cos(0 + (p)+1sm(6 + @)

, cose+1sm9 c0s(0— @) +isin(0 — ).
Ccos@+isin (p
‘11 Vi DU
Vidu 1. Ap dung cc“)ngthl’rc Moivre, tinh cac biéu thirc sau theo sinx va cosx :
"~ a)cos2x, sin2x ; b) cos3x, sin3x ;
c) cos4x, sin4x ; d) cos5x, sin5x.

Gidi

a) Taco cos2x +1sin2x = (cosx + 1 sinx)®
& cos2x +1 sin2x = cos’x — sin’x + 2i sinxcosx.
VAy cos2x = cos’X — sin’x

sin2x = 2sinxcosx. o

b) Ta cb cos3x -+ i sin3x = (cosx + i sinx)’

&> cos3x +1 sin3x = cos’x + 3cos %x . i sinx + 3cosx.(i sinx)? + (i sinx)’
&> cos3x +i sm3x (cos’x — 3cosx sin’x ) + i (3cos’x sinx — sm 3%).
Vay cos3x = cos X = 3cosx sin’x

= cos’x — 3cosx(1 — coszx)
= 4cos’x — 3COSX.
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va sin3x = 3cos’x.sinx — sin’x
=3(1 —sin x)smx - sm3x
= 3sinx — 4 sin’x.
c¢) Tacd cosdx +1isindx = (cosx +1 sinx)*
&> cosdx +1sindx = (coszx —sin’x + 2i sinxcosx)2
& cosdx + i sindx = (cos *x — sinzx)? - (2sinx.cosx)2
+ 21 (2sinxcosx)(cos’x — sin’x). ‘
Véy cosdx = (coszx — sin’x)* — (2sinx.cosx)2
‘ = cosx + sin*x — 2sin’x cos’x — 4sin’x cos’x
= cos*x + sin’x — 6sin’x cos*x
= cos*x + (1 — cos*x)” — 6cos’x.(1 — cos’x) -
B = 8cos*x — 8cos’x + 1
sin 4x = 4sinx cosx (cos’x — sin’x).
d) Ta c6 : cos5x + 1 sinSx = (cosx + i sinx)’
=4 cosSx +1 sm5x = cos’x + 5cos*x. i sinx
+ 10cos’x(i%.sin’x) + 10cos x.(i’.sin %)
+ 5cosx(1 .sin x) +1°.sin’x.
< cosSx +1 sin5x = cos’x — 10cos’x.sin’x + 5cosx sm“x
+ 1(5003 x.sinx — 10cos’x sin’x + sin’x).
Vay cos5x = cos x — 10cos’x sin® X + 5cosx 51n4x
= cos’x — 10cos’x(1 —Ccos ’x) + SCosx(l — COS x)
= COS"X — 10cos3x(1 cos’x) + 5cosx(1 + cos*x — 2cos’x)
= 16cos x — 20cos’x + SCOSx
vd sinSx =5 cos*x sinx — 10cos’x sin’x + sin’x
= 5(1 — sin’*x)%.sinx — 10(1 — sin Zx)sin’x + sin’x
= 16sin°x — 20sin’x + 5sinx.
Vi du 2. Rut g(;)n' c4c biéu thirc :
" A =1+ cosx + cos2x +coS3X + ...+ COSOX ;
B = sinx + sin2x + sin3x + ... +sin9x.

Gidi

Tacd A +iB=(1+cosx+cos2x + cos3x + ...+ cos9x )

+1i (sinx + sin2x + sin3x + ... + sin9x)
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. =1+ (cosx + isinx) + (cos2x + i sin2x) + (cos3x + i sin3x) +...

=1 + (cosx + i sinx) + (cosx + i sinx)* + (cosx + i sinx)’ + ...

+ (cos9x + 1 sin9x)

+ (cosx + i sinx)’

_ 1—(cosx +isinx)" -

1—(cosx +isinx)

1—cos10x —isin10x _ 2sin® 5x — 2isin 5X.cos 5%

1—-cosx—isinx

L% ... X X
2sin® = —2isin—=cos— .
2 ; 2

B “cos E—sx -;-isin I _sx
sin5x —icos5x . sin 5x 2 2

5% sinx iéosx sinsx .‘ cos r_X 'sin T _X
2 2 -2 2 2 2 S\2 2 ‘

cos| =T +5x |+isin| =T +5x
2 2

5x ° T x) .. ( n X
cos| ——+= |+isin| ——+=
2 2 2) 2 2

sin 5x / X .. . X '
= . | cos| 5x —— | + isin| 5X ——
. dX 2 2
sin —
2 ‘ ,
sin 5x 9 .. 9x
= e X K 0087 +;1sm3~ .
sin— ’ ‘
2 : .
Vay A = sin 5x s—% v B==s1n5x ) g’i
. XX 2 : . DX
- sin==— sin —
. 2 _ ' 2
ITL. BAI TAP

19. Chirng minh hé thic :

. n+l1 ‘nx
S sin——Xx .cos—
1 + cosx + cos2x + cos3x + ...+ cosnx = ‘x‘ 2 ()
sin —
2
.+l . nx
_ g - sin——x .sin—
sinx + sin2x + sin3x + ...+ sinnx = 2 ()
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20. Ap dung két qua bai 19, suy ra gid tri ciia biéu thérc

i ' 67
E = cos + cos + cos + ...+ cos .
- 2n+1 2n+1 2n+1 2n+1
" 21.Cho z = cos 0 + isin® . Chimg minh :
a) ZZ+z+2+ —1’—‘+ -1—2—_—2(00829 +cosO +1);
z z -
2 .1 1 . .
b) 2 —z+2i+ = — = =2i(sin20 - sin6 +1);
. z z
5 1 ..
¢) z —— =2isin30 ;
e T , ‘
d) (z——) = — 8isin’6 ;
z T
3 | 1 s . . .
€z ~z+— —'— =2i(sin30 - sin0).
z

P e Y N ’
PHEP BIEN HINH VA SO PHUC
I. PHUONG PHAP B
* Trong mt phing phirc, phép bién hinh f bién diém M(z) thanh diém M’(2’)
duoge xé4c dinh bang mot hé thirc gittaz vaz’: z’ = f(z). '
1) Phép tinh tién -
z=z+c(clash phx’rc cho truéce)
2) Phép dbi ximg
- *Péi xung qua gbctoadd O: z’=—z
*Péiximgquatryc Ox 12’ =2
" # Pbi xtmg quatruc Oy : 2’ =~Z.
3) Phép vi ty tim O, ti sb vi tw k
7’ = kz (k 155 thuc khéc 0).
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4) Phép quay tim O, géc quay ¢ -
z’=(cos@ +i sm(p) z.
Ddc bzet phép quay tam O goc quay + 90°
-z =iz,
5) Phép ddng dang
zZ’=r (coécp +1singQ).z.
II. vi Dy

Vi du 1. Cho hinh vudng ABCD c¢6 4 dinh theo thir tw d6 (nguoc chleu kim
dong hd), 14n luot biu dién cac sb phtic a, b, cvad.

a)Choa=2+i,b= 3-2i. Timcvad;

b) Choa=-2+5i,c=4—8i. Tim b va d.
Gidi

—

a) Phép quay tam A, géc quay 90° bién diém B thanh diém D, suyra:
AD=iAB < d-a=i(b—a)

| A(2; 1) D
©d-Q+)=i(3-2i-2-i).
&S d=2+i+3i+2-2i+1
<d=5+2i.
Tacé DC = AB
< c—-d=b-a
ec=d+b-a=5+2i+3-21-2-i -
Se=6-1. | . B@;-2) Y
b) Phép quay tdm B goc quay 90° bién didm C thanh diém A nén ta cé: |
BA =iBC <& ab=i(c-b)  A(2;5) D
e b(l-i)=a—ic
& b(l-i)=-2+5i—4i—8=-10+i
o po IO+ _ (104004
1-i 2
<:>b¥—£——9l.
2 2. . .
B C(4;-8)
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Tacd Xﬁ =ﬁ <:>d—a=c——b <:>-d=a+c—b
' ' 11 9

&S d=-2+51+4-8i—-(————)
2 2
ed=2.3
2 2

Vi dy 2. Tam cia mot hinh vuéng la dlem K(—2 +- 1), mot chnh la diém
A(1 + 3i). Tim 3 dinh con lai.

Gidi

Bén dinh cia hinh vuéng 1a A, B, C, D 14n lugt biéu dién céc s6 phitc a, b, c

vad. Tam K bi€u dien so phrck =-2+1. S :
Taco CK = KA < k-c=a-k ALY D
o c=2k-a=-4+2i—1-3i

& e=-5-1.

K(-2; 1)
Phép quay tdm K, goc quay 90° bién dlem A
thanh diém B nén ta c6 :

—_—

KB=iKA < b-k=i@a—k)
@ b=k+ia—ik=2+i+i+3{+2-1 B c
& b=—4+4i |

" Tacéd K 1atrung diém ctia BD nén : b +d =2k
& d=2k-b=-4+2i +4—4i=-2i.

Vay 3 dinh con lai 1a B(-4 ; 4), C(5 ;—1) vaD(0; -2).

III. BAI TAP

22. Cho hinh chu nhit ABCD c6 AB = 4 BC. Bon dinh A, B, CvaD (theo chiéu
kim dong hd) 1an luot. b1eu di®n cac sb phirc a, b,cvad Choa=1+ 2,
b=5+6i. Tim c vad.

| 23. Cho hinh chu nhat ABCD c6 4 dlnh theo thu tur do (cung chleu kim dong ho),
14n luot biéu din cic sb phic a, b cvid Biét AB=2CB,a=-2-1iva
c*3+51 Tim b va d. :
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BAI TAP ON CUGI CHUONG V

1.Timx,y € R thod mén cac hé thic sau :

a) SEST =2+3i;

I+i 3-3i
b) x(1+1) (x+y)(2-+31) —y+1-2i;
2—-i 1-2i
Y-
c D ———

o ) 1 1+1 »
2. Goi M(x ; y) va P(x’; y°) 1a cac didm 1dn lugt bidu difn céc sb phtic z va

w= .

z

a) Tinh x’,y theoxvay; |
b) Tim tép hop cac diém P biét M di dong trén duong thang y=-2x (x #0) ;
¢) Tim tip hop cc diém P biét M di dong tren duong thang x=1. ’

3. Tinh can béc hai ctia céc s6 phuc sau : :
a)—8-6i; : b) 24 -10i; . ¢)35+12i.

- 4. Giai cac phuong trinh sau : ' x
a) Z2—4z+4+2i=0 5 b)zz—(4+i)z+5._i=0,

5. Giai phuong trinh z° = 1. Tir d6 suy ra gié tri déng cia cos%’—c va sin—sn—.
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%/%&vf/y I ‘ -

KHAI NIEM LUY THUA VA HAM SO LUY THUA
§1. LUY THUA VO S MU HOU Ti - LUY THUA VO 56 MO THUC
Vén d8 1. CAC PHEP TOAN CO BAN VE LOY THUA

, 80 oo 111 84 B
Loa)——7 b) — ; s d) 10.
R ) T °) 4
' 1 2 L .
2. a) X2 ; b) (EJIS ; , <) (2‘-)2 ; d) a*.
4 ' a) . 3
a)ab; b)2a. ‘ '
. @b ; b)2¥fab; o1; da.
5. a)a;b)a. ‘ ‘
N3
3, 2., 2a ) —
6. a)a ; Ab) a* ; c) Fw—b\/g ; d) [x" —y |
s T o .
8. a)(«/§) °'=,3/3"§/; ; b) 3% > 5% ;
| 5 .
1 ——7‘ i 30 40
|5 =22% ; d) 7° > 4%,

Véin dé 2. CHUNG MINH MOT BIEU THUC KHONG PHU THUOC THAM S
9. M= 1.Vay M khong phu thudc vio a, b. ~
§2.HAM SO LUYTHUA | |
Vén dé 1. CHUNG MINH MOT DANG THUC, BAT DANG THUC
1. Xetbibuthic: a”—b" —c" =a™* (b +c?)-b" —c"
=b’ (a“"2 -p™? )+ c (a""2 —-c"‘“z)

Theo didukiénbairathi: a’> =b*+c* >a>b; a>c.
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AKhim>2=>m-2>0=a"?>b"?va a" 25" 2.

Suyra:a"—b"—c">0=>a" >b" +c". i

b)Khim<2=>m-2<0thia™? <b™>va a"?* <c™?.

Suyra:a™ —b" =c" <0=a" <b™ +c". k

,' B . . . ) - 2sinx+tanx

2. Ap dung bat dang thirc Co-si: 225" 4.210% > p[p2inx+tanx 5 972
», n
Tacd:2? =222,

So sanh : 2sinx + tanx v6i 3x trén khoéng (o;gj .

Xét ham sé:f(x)=2sinx+tanx-—3x:>f'(x)=ZCosx+ -3
' v : . eos'x
. 3% — 2 2cosx+1)(cosx —1)
f(x)=200s X 3’cos x+1=( )S ) >O,\7’xe[0;£)
cos” X cos” X ‘ ‘
f(x) déng bién trong khoéng (O;g) nén:
2sinx-+tanx 3;(

§>x>0:3f(x)>0:>2sinx+tanx>3x:>2.2 T 50027,

. 1"—“
Vﬁy 22smx +2!anx > 2 2 .
3. Theo gia thiét a > 0 nén a.3* cling 16n hon 0. Chia hai vé ciia bit ding thiuc cho sb
duong a.3".

Tacé: A= (9“ ~4.3° +1)3in+(az +1)-i—zo @(3“ —4+§1:)+(a+§“)20-

Ap dung bt ding thirc Cé-si cho 2 sé duong, ta co:
3 +§1ﬂ—z 2va 3 +3ia =2<a=0, tréi voi gia thiét a > 0 nén déu bing khong xdy ra, do d6

3“+3ia>2. V6i hai s6 a va 1 tacé‘a+—1-22.
a a
Cong céc bat déng thirc theo vé ta c6:
3+liarlsas 3“—4+l,‘+ a+il]>0.
3 a 3 a
Vay két hop lai ta ludn c6 A > 0.
. L 1
4. Theo d&bai: (a” +b™ )™ <(a"+b")" (1)
Véia=0hoic b= 0, bt ding thic ding,.

Véi 0<a<b, taco 0<%51:>0<(%) s(i)
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10.

11.

12.

13.

14.

fﬁ
o‘lm
=
~~
S
N’

s g g P
(]

Vi 1+(%) >1 va O<~—<— nén

Tir (2) va'(3) suyra : lil+(—gj ]m s{n(%

Vay (a® +b°)7 < (a" 7).

"~:> a™ +b" '"S b" +a" “.
b" b" |

Véndé 2. GIAIVPHUONG TRINH LUY THUA

1
a)x=—;  b)yx=3.
») , )X
x=1. "
ayx=1; b)x=1;x=16.

. 2u+3v=8
DPit u=33x-2 va v=+6-5x, v>0. Tac6 hé phuong trinh : {5 3 13y% =8
L u + V‘= *

u
Giai hé ta dugc : { tir d6 suy ra nghiém: x =-2,
S V=

a)x=0; | b) -3 <x<3. :
Vén dé 3. TIM TAP XAC DINH. DAO HAM TREN TAP XAC DINH

a) D={xeR|x2+x—1>O} = D=[—oo; —I;EJU{—H;E ;+ooJ

b) D=R.

iy

o(-3:0)

. (X+2)2(2_«3_4]
Y (x+1)" (x+3)" \x+2 x+1 x+3)°
___ 2 __4b

3x3x? Y
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15. a) y' =x"n" (£+lﬁnj ; b)y -(1+\/—) (lnx)‘r .
X
16 __cos5x ,=i e |
,’ sm5x 4 f e’* +2
1 5 1
17. ) y'=—"—m; b)y'= 21, )Y ==
a) y T )y’ 2\/— X axds ) y'=-= |
| | zxzs[l:i‘_) X
‘ 1+x* *lal
d)y'=3vx +2x ; gy =—r "2, erz(ij (}') (a b] ;’
S AN
- 3 '
gy =2n(2x+1 : ; by =—————,
( ) y 5x3/In? 5x
1 1 1
18. == = : ' -2;-).
8. a)a g’ b)y 4X+1 ; c) A(4;2), (( ,2)
§3.HAMSOMO
Vin dé 1. TiM GIOTHAN )
1. a) -3¢*; b) -3; c) 3.
2. 1.
Vin dé 2. TiM PAO HAM
o 2x(e** +1+xe*) V -x
3. a) 2x-De™; b) — - c) e +e )
B Vet +1 , ( )
d) —1—(ex ~e™); e)'—42—; f 2*1n2—‘[e_x.
2 (e‘+e‘*) . 2
4. a) y™ =(Ina)"a" ; b) y™ =(k")e*.
Vdndé 3. CHUNG MINH BAT DANG THUC. TiM GIA TRILON NHAT,
GIA TRI NHO NHAT. KHAO SAT TINH CHAT BIEN THIEN
6. a) Miny-—-%@x:—l, Maxy=4<<x=2;
b) Miny =1 x =0, Maxy =2 < x =#1. A
8. a)a>1;b)0<ax<l, ‘
o 2007
2

164




1. a)p<gq; b)p>q; op>q;
=0'

3. a){X - b) x =464 .
x =44

?o"/émfyll

KHAI NIEM LOGARIT VA HAM SO LOGARIT

1.

10.
1L
14,
15.

16.

BAITAP ON cuUOl CHUONG |

Vén dé 1. CAC PHEP TOAN VE LOGARIT

| 1og33=1;1o‘g;81=1qgs34 =4; log31=0;

1
10g3\/_‘—10g-,33 "—1' ; logy—= \/— 10333 3 =-

164

log, 125=-3; 1og0,5-;-=1 . log, 1.3,
5 —~

log2$

ges_1g;, wrozy, (L =—L; R 'Y
A \8 © 125 32 ,
a) 625 ; b)-3;  ©)25; d)5,5.
4 1 '
a) —; b) -2; - d) 3.
) 3 | ) ¢) 5 )
a)8; “b) 1L
a) a‘b’; b) %;—
a) 2(a—1+P) ; b) — +4a
a)0; b) log18\/5 ;0 ©) 1510g2—310gx/-3- ;
' 1
a)3; b)7; ) —=.
| 5
a) 3b+2a; b)d4a—2b;. c)2b-2a;
1
a) ——; - b) 5.
) 5 ) |
a) 2In*a+2 ; b) 0.

In36 =2a+2b ; ln1—12-=—(b+2a); 1;121+21n14—3ln0,875=b+11a.

1
>

dp>q

) -
lc)g:,—9-=log33>2 =

log, 36 =-2.
6

logo 52

d) —2(a+b).

d) logl875 — 4.

165



Vin dé 2. TIM GIOT HAN

17. a)3; b)0; o1
Vén dé 3. TIM DAO HAM |
18. a) 3Inx+>>"22Inx : py X s ;
* \/x +1 X
o m—t X . g 2 Ind+x’)
Xx+1 1+x R
’ -1
9. @) (O b 82
X .

Vindé 4. TIM TAP XAC DINH. CHUNGMINI—IBATDANGTHUC TiMGIATRILON
NHAT, GIA TRI NHO NHAT. KHAO SAT TINH CHAT BIEN THIEN

20. a) (—00;—2)U(O;+06); b) (5;-3)U@B;+®); ¢ (O;-FOO)\{64}; a). R\{Z}.
22. a) ¥ win =—2C>X=—l; ymax =2¢£>x=-e;
€
b) ¥, =0 <> x =1 (ham s6 khong c6 GTLN);

¢) Yy = -%—2\/5 ex= —*/22 (ham s6 khong c6 GTLN);

dy, =teox=? ”2““' (him sé khong c6 GTNN);
(7 .

25. Y max :i@x::ez;ymin =0 x=1.
e?

BAI TAP ON CUGI CHUONG Il

1. a) 220 b)1-73 . ¢-n

;;\ \/" )
: 3. D=[E ;+oo].
2
Chacong I | |
PHUONG TRINH MU VA PHUONG TRINH LOGARIT
§1. PHUONG TRINH MU 4
'Vén dé 1. PUA VE CUNG MOT CO SO

w3

1. x=1. 2. x=3. 3.x=1. 4, x



o

10.

11.

12.

13.
14.

15.
16.

17.
18.

19.

20.
21.

a)x=

Vin dé 2. PHUONG PHAP DAT AN SO PHU

a) X

a)x =

4-1— ; b)x=0v x=3k;
2 .

=2;x= log32
0;

O<m$2.
4

=1; bm=4

a)x

Ik

54246

<0.

dé 3. PHUONG PHAP LOGARIT HOA

|:x 2+log,2

a)x=

a) X =logi (log3 4) ;
3 .

|

2

x=2 )
x=-1-log,2 "’

]

|

@XQL

byx=1;
b)yx=0vax=1.

x=0
x =-log,3

b)x=6;

by xed

9’

b

) x=1
c
x =1-log, 3.

c)x=0;

c) x=e.

d) x = 100.
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Vindé 4. PHUONG PHAP DUNG TINH PON DIEU CUA HAM SO PE CHUNG MINH

TINH DUY NHAT CUA NGHIEM
22. V6 nghiém.
23. x=2
24, a)x=1; b) [x=2-—lg53
. ' . x=2.
25. a)x=1; b)yx=-1; c)x=2,
 Véndé 5. PHUONG TRINH KHONG MAU MUC
26. x=1.
27. Vo nghiém.
1
X = ——
2
28. x=l
2
X 23.

- §2. PHUONG TRINH LOGARIT
Vién d¢ 1. PUA VE CUNG MOT CO SO

1. x=48. 2. x=1 3. x=2. 4. x=13.
. l—1'0334
. 2 .
X = : ) Xog43~~l-
5. { 6. x=3 2,
X =-5,
+ +
7 ) x = 1"\EI; b) x = l"\/ﬁ, “o)yx=-1
2 2 :
. -0
8. a)x=0; . 1) [x
. x=3.
9. a)x=—: b)x=9
. 2/3-3 ‘ :
10. x=log,3.

Vin d 2. PHUONG PHAP PAT AN SO PHU

) _ . log; 3
={0.1 A 3
m |79 12. |x=2
[ x =100 x=2
_x 1 x=log, 6
13. T3 14. log. 28
[x=4 X=T08s 75
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_ 29 |x=10
15. [x—3 16. Yy
x=3 x =10°
1 s
TS e— x:
17. 27 8.2 1 b)[ 2
k= 1 X=Ig =16 .
Y81
x=lo §—2— x-—-..S_ x:—l
19. a) 581 b)|" 4 20.[ T
x=log,28 . x=3. x=‘—2 o
Vén dé 3. PHUONG PHAP DUNG TINH PON BIEU CUA HAM SO BE CHUNG MINH
TINH DUY NHAT CUA NGHIEM
21. x=2. ' S 22. x=9,
1 [x=——1 ‘
23. x=—. 24.
6 X =-2, ,
, ' .
V4n d 4. PHUONG TRINH KHONG MAU MUC
L
25. V6 nghiém. 26. |° 4
i x=2.
§3. HE PHUONG TRINH MU - LOGARIT
‘ 1 1
‘1. a)x=log2(1+\/§),y=log2(«/§—l) ; b)x=-2;y=3; c)x=—£, y——é-.
2. a)|:x=0;y==1; b)x=0;y=-3; ox=-2;y=0.
x=2;y=4 ‘
1 1
. X=—;y=-—
3. @x=-3;y=0; b)x=y=2; 9l S 1 ax-3y--2
| *=3Y7% ‘
4 a) x=2;y=18; b) x=12;y=18; 0 x=1;y=4.
x=18;y=2 x=18;y=12 (x=4;y=1
3 1 o
. =-2:;y=7; Dbx==;y=—.
5. a)x y=17; )'x >3 2
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10.

11,

12.

13.

15.

x=0;y=1
Xx=2;y=4.

x=1 x=2
‘ v
y=1 y=2.

b)

8
x=0;y=log, —
Y g~11

x=-§[log2(3+\/§)—1:|;‘y=2—log2(3+«/§).

b)x=100;y=10.

’—1+\/§ 3-+/5
b) x = Ty = .

2 2 ‘
b)yx=y=5; c)x=y=4.‘ ‘
B =-—-—1; =-3 :

|
| x=3;y=-3..

b)

X=8;y=2 . _c) X=3_J€;y=3+J€
x=3+\[5;y=3—«/6.

BAI TAP ON CUOI CHUONG Iif .

170

i “ 3
1a)x=10 ; b) x=-2; c)ngs )
x=-1
Xx=2 ‘
28| 1 bx=l Ox=13; d)x=3.
X = —— i
16
3. ax=1; b)x=3.
4. a) x=%l b)x=1.
5. a) (%7, YL o [x=2
' y=1 y=2 y=1.
6. DK:x>0vay>0.

Xét hai trubmg hop: x>y >0vay>x>0.Suyra didu vo 1. Két lubnx=y=

PK:x>-1vay>-1.Touhésuyray=x+a.

Xét ham s : f(x)=e*™ —e* +In(1+x)—In(l+x +a) véix> —1.

V2
o



Tim f’(x). Chimg minh f’(x) >‘O v6i a > 0. Tir d6 suy ra phuong trinh f(x) = 0 ¢6 nghiém
duy nhat. : .
Suy ra h¢ phuong trinh c6 nghiém duy nhét.

8. x=2. 9. a) x=3" b) 0<m<2.

: . x=2 , ' :

10. [X“O 11. { 5 » .
lx=1L X=—. , .

BAT PHUONG TRINH MU VA BAT PHUONG TRINH LOGARIT

~ §1. BAT PHUONG TRINH MU
~ V4ndé 1. BAT PHUONG TRINH MU DANG COBAN
b) _1_\/1_0 <x< _1+3J1_6 .

1. a)x>log,5;

3
2. a)[“l; C b)Lexs<l.
, x>2 ‘ 2A
3. x<I1. 4. x>2.
Vén dé 2. DUA VE CUNG MOT CO SO
s, L;f“z 6. a)x>%; p)xeu;z]. ,
' Xx>2
7.x22. 8. 1
O0<x<—.
2

Vén dé 3. PHUONG PHAP DAT AN SO PHU

(x>1
9. o) 7", b) —1<x<0.
_x<0 -
[ 3<x<A7
10. a)‘/— x<v1 . bp)x<l.
| - 7<xs—«/5
- [o<x<2
1. |x21++3 12. a)x>5; byx>2
‘_xSl—\/g.
13.\—?-’-<xs3.
4
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Vén @2 4. PHUONG PHAP LOGARIT HOA
5v5

b) x >4logg,, —
e

14. a)x< log7 :; ;

§2. BAT PHUONG TRINH LOGARIT

V4n dé 1. BAT PHUONG TRINH LOGARIT DANG CO BAN

. a)-302x; ‘ b) x21; c)x<l1,
2. xe[0;2)U(4:6].

3. Bién dbi bit phuong trinh vé dang : (log, x-1)(log, x—-1)>0. : ‘

DS:0<x<2 hayx>3.
4. (—4 ;—3)u(8 ',+oo).

5, '[2—\/5;1)u(2;2+\/5].“
Vién dé 2. PUA VE CUNG MOT CO SO
1-45 1+45

6. a)——<x<
2

172

b)—1+2\/§>x>—1 ;

[eB
~
- 1

Xx>2
x<1l.

3445

x <
d [x_l
‘ZSX

2
7. a)l<x<-3—u.x>i; ‘b)—1—<x<1.
2 5 2 2
8 ax2>3; b)M<x<~—; c) x>
, 6 2
Vin d8 3. PHUONG PHAP PAT AN SO PHU
1 4
: O<x<= . 6
9. a) 5 b)0<x<l vd<x<8 v 16<x<2",
1<x<5\/’_5_
1 1
- 10. b)—<x<6.
. NX> 100 ik
11. a)x<939 ; b)log,5-2<x <1,
BAI TAP ON CUSI CHUONG IV
1. a)xZ%; byx<-1; c) x<0 ;
, 2<x <—3—J: x<0
2. a)x>4,; ; c)[
log 5<x<1.
\/_< <\/_ Ogq ‘



Chiahaikvé cia bit phuong trinh cho 6*, bt phuong trinh trd thanh :

2. 1 +3 1 + 1 >1.
3 2 6
R S A N SR S e
S Xéthamsd : f(x) = 2.| = | +3.| = | +| =
. 3 2 6
= f(x) 12 ham s6 nghich biéntréen R
C*Xétf(2)=1=> x=2 khong 14 nghiém ctia bét phuong trinh
*x>2 = f(x) <f(2) =>x>2khong 12 nghlem clia bt phuong tr@lh
*x <2 = f(x)>f(2) = x <2 langhiém cia bét phuong trmh
Vay nghiém ciia bt phuong trinh 13 x< 2.
4. Diatdiéukién : —%st&
Khi d6 bét phuong trinh <> 1-3x.57 >0 <5 -3x>0.
Xét ham s6 : f(x) =5 —3x . Ta chimg minh miny >0.
' 2]
Vay nghiém ctia bt phuong trinh 12 : ——;— <x<3.
5. log,73<x<2.
6. 2<x<4.
//ﬁm&vﬁy V
SO PHUC
§.SOPHUC )
Véndé 1. THUCHIEN CACPHEPTINHTREN C
) -2 B+i_ a-iV2)E5+i3) | (2 +DEB+i5)

R N R N I RPN I8 OO T SN N BEN

2(\/~+\/€+1\/_—1\/——)+(«/_—\/§+17 O+1«/-) 2J6+21J— _[_ ___\/:
' 4 '4

. 5+3 ‘ 8
(7-8i)° (7 81) 1 __:((7——8i)(8—7i)jm 8-Ti

b
) 2= Eerr \847i) 847 (B+7DE-T)) @E+TDE-TD)
_(56+56i* —49i—64i) 8-7i _ —1131)‘°8—7i
64 +49 64+49 \ 113 ) 113
()T 8T 8 T
113 I $ & 113 113"
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—120+119i
169

3. @)z +2z- 7 = (1-3)+22+i)—-(3—4i) =1-3i+4+2i— (3 +4i)=2-5i,

2. a)22i; b) -14; c) 48i; d) 1-2i;. e) ; D8-2i

b) 2% +2,Z, = 1-3DQ+D)+@+D)B-4i) = (1 32— i) + 2 + )3 + 4i).
=2-3-7i+6-4+1li=1+4i. ;
©) 72,2, +222, = 2,.2,.2, +2,°2, = (1 + 30)(2 — )3 + 4i) + (2 + )23 — 4i)
= (2+ 3+ 50)(3 + 4i) + (4 — 1 + 4i)(3 — 40)
=(5+50)(3 + 4i) + (3 + 4i)(3 — 4i) = 15— 20 + 35i + 9 + 16 = 20 + 35i.
4. @) z=1+(l+mi)+(1+mi) =1+1+mi+1+2mi+i’m*=3-m’ + 3mi
zlas thudinao <3 -m?=0 om==t43. ;
byz = BIL+2m-Di _(m-1+2(m-Di)1+mi)
1-mi (1-mi)(1 + mi)
_m-1-m2m~-2)+[m(m -1)+2m -2]i
E 1+m? ' ' ;
zlasdthye & mm-1)+2m-2=0 om’+m-2=0 <m=1 v m=-2,
5. Tabiét ring s6 phirc w 14 s6 thue <> W = w. Do d6

brn e d — | . ’
2z-1 lasthye < 2z—1 =2z~—1 2”z—1 _ 2z-1
z+1 z+1 z+1 Z+1 . z+1

SQRZ-DE+1)=Qz-1)(Z +1)
227 +2Z -z-1=227+22-7 -1 < z2= 7 < zlasb thuc.
6. a)xy=0; b) x* =y~

Vin dé z.GIAlPHUONGmmHvAI—ﬁPPMONGTRmHDONGIAN
7. a)x=-2,y=3;,b)x=30,y=10; c)x=0,y=1.
3 6 1 i
8. a)1-3i; b) 2—— ; ¢) —4—.
AL-30) S=0s 9 5y
9. a) Pidukién z #—i
2z-1

Z+1

i

=1+i ©2z-1=(1+i)(z+i) 22— 1= +i)z+i+i.

& @-1-Dz=i-1+le (-i)z=i
i i) i+
& z=——= =
-1 (d-Dd+) 141

1 i
, S z= =,
. 2 2
b) Piéukién z # 0 -
o1 i 241 o 1-2§

11,1 o i1 i 2 22 .
z 2-i 3+6i zZ ~i 3(1+21)) - z 4+1 3(1+2i)1-20)
i 241 1-2i i 3241 1-2i i 7+i

& —=—r+ & == + & —=—
z 5 331+4) z 15 15 z 15
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10.

* ¢) Phuong trinh [(1+2i)2+2—i][iz+i)=o N i
. 1

_ 151 15i(7 —-1) 15+_105i _ 3 21,
S>ZF = - & 27 —+—1.
T+i- (7+1)(7~1) 4941 10 10

iz+l=0 1))

(1+20)z+2-i=0 (2)
(1) ©iz+1=0-z+1=0 <z=1
-2 +i - F= (-2 +i)1- 21)  2+2+i+4i
1+2i (1+2i)(1—2i) 1+4
Viy phuong trinh ¢6 2 nghiém : z=1vaz=—1. .
d) bidt z = x + yi, phuong trinh : 2z - z—(z+z+1)(1+1) -2 ¢o:

) < z=

> Z=l &> z=—

© vé trai = 2x + 2yi — (x —yi) =x + 3yi
'vé phai = (2x+1)(1+1) 2=2x-1+(2x+ 1)i.

Nhur vay phucmg trinh trd thanh : ‘
x=2x-1 x=1
=
3y =2x+1, y=1
Vay phuong trinh ¢6 1 nghiém z=1+1.
Patz=x+yi(x,y e R) = Z=x-yi
a) Phuong trinh z> =27 trg thanh

@
x+3yi=2x—-1+2x+ i < {

X~ —y =2x (1) ‘

Xy =-y @

2 @y(x+1)=0 <:>y=0hoacx=—l.

Voiy=0,(1) = x*-2x=0= x=0 v x=2.

Voix=-1,(1) = ¥"=3 = y= £/3.

Vayphuongtrinh,cé4nghiém:z*—'O,z=2,z=~1+i\/§ vaz=-1-i3.

b) Phuong trinh : z2—1z* +1 =0 trd thanh o ‘
X2 -y +2xyi— (2 +y)+1=0 & 2y + 1 +2xyi=0

X2 -y + 2xyi=2x - 2y1©{

—2y2+1=0 @
< \2 2 1 <

1 .
2xy =0 2= =— vd nghiém T
y y 2 y 2 g \/_

: 1 1
Vay phuong trinh ¢6 2 nghiém la: z= —=i vaz= ——=1.
¢ N 2
¢) Phuong trinh z>+1z1=0 trd thanh

x2~y2+2xyi+\/;"+7=0 o {x~~y-+ VX' +y" =0

2xy =0
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- x=0 y=0 - x=0 y:O
A\ A\
4y =0 |kt =0 |y*=lyl |x=0

x=0  [y=0 x=0 x=0 y=0
o) v = ) v
y=ty  x=0 7 |y*4y=0" |y*-y=0 " |x=0
X

Vay phuong trinh ¢6 3 nghiém 1d:z=0, z=1iva z=—i.

d) Phuong trinh Z_:I‘ =i < Z°+i=iz+i o thinh
. Z
2__ 2=___ 2_ 2 =
(xX—yi) =i(x+yi) © x> -y —2xyi=-y+xi & 7 ) ¥ 7 +y=0
_ -2xy =X x2y+1)=0
' 1 ya L
- {x=0 LT - {xfov{x—_—ov =73
2 — = ’ =
y4y=0 |- 1 1_o y=0 " ly=1 | _.3.
4 . 2
1. . V3o,

Vay phuong trinh ¢6 4 nghiém : z=0,z=1i,z= —2—3——2—1 vaz= —-—E—-———l.

2z4+w=4 2z+w=4 2z+w =4
11. a o = . <9, I~
21Z+w=0 —2iz+w=0 2+2i)z=4
(phuong trinh tha hai dugc thay thé bing phuong tnnh hé qué do trir cic vé cia 2 phuong
trinh da cho) )

2 _ 2(1—i) 2(1-1) .
AT —— Z = 7= z=1-1
< I+i < A+id-i) < 1+1 ©{ PPy
w=4-2z  |w=4-2z w=4-2(1-i) w=ara
Z+wW=W+i z+H(w=w) =i
b) =
Z—W=Z+1 (z-Z)-w=1.
Pitz=x+yi,w=u+vi (x,y,u,ve ]R),hephuorngtnnhtrothanh:
3 rX=0
: : ‘ x=0 x=0 u=0
)th1+2vT=.1c>. x+(y+2v)1.=x'<':> y+2v=1 o Ju=0 - <y=§-
2yi—u-vi=i —u+Qy-v)i=i u=0 y+2v=1 5
' 2y—v=1 2y—-v=1 vl
. L 5
3.
z==i
Vay hé phuong trinh c6 1 nghiém 13 51
w=—i.
5
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. z+w=1-—_‘7v - z+(w+w)=1
2z+W=2+i+w 22+ (W-w)=2+1.
batz=x+yi v w=u+vi (x,y,u,v € R) thi h¢ phuong trinh tré thanh

| | x+2u =1 x=1
X+yi+2u=1 Xx+2u+yi=1 y=0 y=0
. . A . L9, < qu=0
2x+2yi—2vi=2+i 2x+(2y—-2v)i=2+i 2x =2 .
2y -2v=1 Ve——
y 2
. z=1 ,
Vay hé phuong trinh ¢6 1 nghiém la : 1.

=—=1i

Vén d 3. BIEU DIEN HINH HQC CAC SO PHUC

12. a)Dita= 34iV3 | o i,
. 3 \/g |

Tacé: OM = z|
OA=a|= 3,|z| = 1+—1 i |z = ,f1'+l 2] = 2|
3
MA=l|a-z|=[l+— )Z -Z Z| z
| I=|( ‘\/— |z| = N | |

Tam gidc OMA vudng tai M < OM?+ MA?=0A?

& [z + —;-.|z|2= %IZF, ding Yz € C.

' i i 1
b)Taco MA=|a—z|= [l+—F=)z-12| = }— |z} = —=|z|
L B W1 L
i
=|b—Zl=’7=Z—Z =’ U |z = |z] \, “*“IZI
AB=|-al|= ‘ z—(14+— )Z = |z].

Ta c6 MA% + AB? = ( |z|)2+ |z* = —1-|z|2+ |z? = §|z]2 =MB? ding Vz € C.

7;

Vay tam gidc MAB vudng tai A voi m01 ze C. B A
¢) Xét tam giac MOB tacd: ‘ L]
Izl ‘
OB = |b|= —z =—;O0M =|z] va
Bl B |
2
MB=|b-z|= —|z|
3 1 [
O "M
177
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'Suyra:OM2+OB2=|zl2+' 3 =

13.

178

Iz 4l1zP

3
Vay tam giac MOB vudng tai O véimoiz € C.
T gidc OMAB c6 3 goc vudng nén 13 hinh chit nhat.

a) Ba diém A, B, C thing hing < BA = o BC @€ R) a-b=o(c-b) B

= MB2

b — g € R & 270 1a 56 thye.
c—b c—
Tacé a-b _ —l—i—.i _ -1-2i _ - (1-20) = (k-1
c-b I+ki—-i 1+(k-1Di [1+k-Di}[l-(k-1i]
_ —1-2i+(k-Di-2(k-1) _1-2k+(k-3)i
S BN ('S Vi 1+(k-17>
a-b . ) :
Suy ra lasdthuce < k-3=0 < k=3,
C._
b) Ta céd

a=fla)y=a’=(-1-i)F =1 +i)l=1+i2+2i=2i
b’ =1f(b)=b’=i’=-1
¢’ =fc)=c*= (1 +ki)’=1-K + 2ki.
¢) Tacé 3 diém A’, B’, C’ phan biét < a’, b’, ¢’ d6i mdt khac nhau.
Hién nhiéna’ #b’.
Tacoa =¢ &2i=1-K+2k < 1~—k2 0vaz2k=2 < k=1
suyraa ¢’ < k#1. :
Taco b’=c¢’ & -1=1-K*+2ki & -1=1-K*vak=0 < k€ ¢.Vayb #c’.
Tém lai 3 didm A’, B’, C’ phén biét < k# 1.
Tac6 3 diém A’, B’, C’ thing hing < B'C'=0aB'A’ (00 € R) & ¢’ ~b’ = a(a’~b")

b 1a sb thuc.
bl

a'—
c'-b' ___2 k? +2ki (2 k"+2k1)(1 2i) _ 1

S K2 + 4Kk + (=4 +2k? +2K)i] .
a'-b' 1+2i (1+21)(1 2i)

Taco

Suy ra °-
a —

lasothuc IEN 2k2+2k 4=0 e k=1vk=-2 < k=-2(vik#1).

Vay A’, B’, C’ 1a 3 diém phan biét thing hang < k=
dPitz=x+yi, z2=x"+yi,vad, Vv lénlugtbiéudiénsépht’rc 2,2 = U=(x;y)va
v=(x3Y).

Ta c6 i'z x+yi _ (x+yi(x'-y 1) _ XX'+yy +(x y Xy )1

z' xX4+y'i (x'+y'i)(x’—y'1') x?+y?

a Loz, o - - -
Nhu vy — lasddo < xx’+yy’ =0 u.v=0 < ul v.
z
Xét tam gidc A’B’C’. Tacé

12B G.TOAN 12 - HSM



14.

15.

16.

A'C' bibudidn séphic z=c¢’ —a’ =11+ (2k - 2)i
a A'B' bleudxensophucz =b’—-a’ =-1-2i
_(-K)+(2k-2)i _ [(1-k*)+k-2)i)(- 1+2i)
-1-2i (-1-2i)(— 1+21)

YA
z'

= %[—sz 202k —2)+(2-2k> —2k+2)i] .

Theo ching minh trén : tam gidc A’B’C’ vudng tai A’ <& A'C' L A'B' < ——ZT 1asb o
zZ

& -1+ —4k+4=0 o K-4k+3=0 < k=1 (loai) v k=3 < k=3.
a)b-a=-2+ai, c—a=—a’® -2 ai, c-b=2-0’-3ai
b) Pidu kién 1 A, B, C phén biét va khong thing hang < o = 0.

c) AB.AC =0.
d) d=-1 —a*—ai.
a)x=-3; b)yx=-2.

Vén dé 4. TiM TAP HOP BIEM

Piatz=x+yi vaw=u+vi(x,y,u,vE R),tacéd:

2 . P! .2 o fu=xP-y?
w=z & utvi=(x+yi)! < utvi=x ——y2+2xy1 =
: v =2Xxy
a) M thudc duong thing d : y=2x ,
‘ u = x> —4x> u=-3x><0 u=-3x"<0
=> toa d§ cha diém P thoa man ‘ = 4
v =2x(2x) V= 4x* V= _Eu‘
T, 4
Vay tdp hop cac diém P latia (d°) :y= ——3—x,vélx50.
b) M thudc dudng thing d : y=x+1 = toa d¢ diém P thoa'mén
u=x>—(x+1) u=-2x-1
=
v=2x(x+1) v=2x%4+2x
~u-—1 : - : ——
X= > X = u-1 X = u-l
2 2
= Y ) & | ‘ = ) 1
—u- —Uu- 2 2
=2 +2 : v=—(u*+2u+l)—-u-1 vV=—u —=—.
o o R e B 3
Vay tip hop cac diém P 13 parabol c6 phuong trinh y = —zl—x2 —%—.

c)Datz=x>+yivéz’¥x’+y’i(x,y,x’,y’ER),tac():
iz—xx—yy+(xy+xy)i
= |zzf =(xx - yy)+(xy+xy)
=[(x) + (yy))’ - 2xxyy]+[(xy)+(xy)+2xxyy]
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= (xx’) + (yy') + (xy’)’ + (x’y)*.
Mait khac
(212’ = |zl = (* + V)& +y?h) = ) + (vy') + (xy') + (xy)
Viay IZZ’I = 2| |2’].
Suy ra |2%] = |z.2] = |z|.lz] = IZI
M thudc duong tron (C) : x* + y’ =] < [zl =1 < |w= |z |= ]zl =] (theo chirng minh trén)
Vay tap hop cac diém P 1a ducmg tron (C) 2+ y2 =1,

d) M thudc hypebol (C) : y= — (x #0). Suy ra toa d diém P(u ; v) thoa mén :
X v

X . Vay tap hop cac diém P 13 duong ﬂaéng c6 phuong trinh y = 2.

vV=2X.— v=2
X

17. a) Dudng tron tdm A(2 ; 1) ban kinh R = 1;
b) Dudng trung truc cia doan AB véi A(-1;1),B(3;-1);
¢) Dudmg trung truc cia doan OA, A(% ; —'—alf) ;
d) Puong tron tim A( 2 ;-2) bankinh R = /2 ;
2 2

e Xy
e)Elip(E): —+—=1;
) Elip (E) 5 "5

18. a) wlasb thuc < phin 4o clia w bang 0.
* Tép hop cac didm M 1a. dudng tron tdm A(1; 0) ban kinhR = 1 hop véi truc Ox bo di diém
A(1;0).
b) w 13 56 thuén 40 < phén thuc cia w bﬁng 0.
Tép hop cac diém M 14 dudng tron tim B(0 ; 1), ban kinh R = 1, hop véi truc Oy bo di diém
B(0; 1).
c) Pudng thing y=x+ 1bd d1 diém (0 ; 1).
d) Pudng tron tAm I(-1 ; 0) ban kinh R = 2 ,bo di didm (0 ; 1).
2
1
19. a)Paraboly= > ——.
) oly=—>--
b) Pudng tron tdm O, ban kinh R’ =4,

c) Tiay= —%x voix £ 0.

§2. CAN BAC HAI CUA SO PHUC VA PHUONG TRINH BAC HAI
Vén dé 1.TchANBACHAI,cANBACBéNcﬁAMoT56PHUCW

1. a)y+(1-4i); . b)x(2+3i); ©) £2i;  d) £(2+3i).
2. a)Hainghiém: +(1 - 26 i); :

b) bén nghiém : £ (43 +iv2); i(«/f+vi«/§)‘.
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3.

A7t=-1o =P o @-)2+)=0 o 22=+i.
Véiz? =i, datz=x +yi(x,y € R)tacd:
x*=y*=0 (1)

(x+yi)=i o -y +2%yi=i <
yif =i < Y +2xy Ty=1 @

2) = x#0vay= -—l—
‘ 2x

1) = x*= 1, ®x4'=~1f o=t ox=xL.
4x* 4 2 ‘ 2
, 1 1 1
Voix=s —= o> y= — = —
\/E 2x 2
Voixe L o gl _L
2x 2
1 ,
Viyz= &+ (~=+—=1i).
2 2
Véiz* = i, tach
) x*=y2=0 (1)
x+yi) =—ieo -y +2uyi=-i e
y1 yz 7 - (2xy=-1 (2)

@) >x#0vay=-—t
- 2x

(1):>x2=——17 <:>x4=—1~ <:>x2=—1— <:>x=i'-—1—
4x 4 2 NG
1 1
Voix=—= = y=- — = ——
ﬁ 2x 2
1 1 1
Véix= ——= = T — e
N TN
| 1
Viy z=+(—= ——=1)
V2 V2
1 i
Z=H(—=+—=)
Kétlugn: z*= -1 12 ﬁ
i
z=t(—=——=).
2 27
b) Theo két qué céu a) ta c6 : ‘
z-1 1 i
z-1Y ’ z+i=i(—5+_2—)
(Tj =1 & ) ) 7. Xét 4 trudong hop :
Z+i z— i -
—=H=——)
Z+1 2 2
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Truong hop 1 »
z—-1 1

prriay J—l © 22— ﬁ=(1+i)<z+i) & 2z2-2 =z+itiz-1

V2 -1+i (ﬁ—1+i)(ﬁ—1+i)

< (V2 -1- = -14+1i © z= v
(2 ok 2 N T R SR S
;= (f2- Y 14262 -Di _ _ 2-2242(2-D)i _ 1-V2+(2-Di

2 -1y +1 4-22 2-+2

1-v2 +(2 - i 1 i
S Z=E et S 2 =
T TRz TTRTR

Truong hop 2

E:T__(J— J_l) = J_z—ﬁ—(~1—l)(z+1)
<:> \/52——\/—2_——25-12 i-i \
_ @ﬁz—f-—z—lz—lﬂ < (x/_2-+1+i)z=\/5+1—i
V2 +1-i
z=
*T it | . : .
_ G2+1-i? (2414222 +Di 24242 -2(+2 +D)i
(W2 +1+D)2 +1-i) 2 +17 +1 4+22
N2Z+1-(2 i 2 +1-(Z+Di
& z= = : &
R NN o J" J"

Trucng hop 3

ey & 2z-2 =(1-i)z+i) <:>J52~J5%z~iz+i—i2
22-2 =z—iz+i+1 & (V2 —~1+i)z=+2 +1+i '
o o VZH1lti (2 +1+D02-1-D) | (2+DE2-D+1+i2-1-42-1)

<>

V2 -1+ (2-1+)2 -1- 1) | 2 -1 +1
) B i
& z= & zZ=
4202 2-2 2- J_ 2- \/—
Truong hop 4 |

—;—;—i= $+T/l__;i &> 2Z_J§=(_1+i)(z+i) C)\/_Z_z—\[i’=—z+iz-—i+i2

S V2z-V2 =—z+iz-i-1 & (V2 +1-iz=+2 -1-i

o g= Y2-l-i_ (2-1-DG2+1+) | (2402 -D+1+iG2-1-v2-1)
V2+1-1 (2 +1-D2 +1+i) (2 +1)? +1
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5,
6.
8.

2-2i 1-i i

- 1
4+22 2+J— TS AT

&z=

Két ludn,:

z—1

hodc z = L —t
; 2442 24427

a)Baﬁghiém:O;l-i; %—l b)Bénnghiém: 0; —2;——;—i%i.

Vén dé 2. PHUONG TRINH BAC HAI

a)2 £ 3i; b)2+1,3+1.
; o
22— 6z+13=0. 7.a)—}"—1}—/~§.

2
a=-9-2i,b=15-5i. ‘

9.Pitz=x+yi(x,y € R) = zZ2=x*—y* + 2xyi.

a) Phuong trinh : z2 + 2|z] =0 <> x> - y* + 2xyi= — 2;/x2+y2

o {xz--yz=—-2\/x2+yZ )
2xy =0 2)
(2) = x=0hodcy=0.
s Vsix=0,(1) & -y’ ==24y" & y¥'=2ly| & y*=2yholc ¥ =-2y
. <> y=0hoicy=2hodcy=-2.
Suy ra z=0 hodc z=2i hoac z=-2i.

o Voiy=0,(1) < ¥=-2Vx* < x*+2x=0 < x=0.
Suyraz=0."

Véy phuong trinh : 2%+ 2|z =0 <> z=0 hodc z=2i hoac z= —2i.

Cach khac : Ta g1a1 phuong trinh hé qua roi thir lai.

Phurong trinh : z* + 2|z| 0 (1) = Z=-2 = |Z|=| —2|z|| = 1z =2z
= |z|= 0 hoic |z| =

Véifz|=0 = z= O.

Véi |z = 2, phuong trinh (1) = Z2+4=0 = Z=4= =4 = z=%2i
Thir lai : ta thé céc gia tri clia z vira tim dugc vao phuong trinh (1).
V6iz=0,tacé z*=0 = phuong trinh (1) dugc nghxem ding.
Véiz=x+2itacoz>=(£2i) =4’ =4
VA 2z =2|+2i|=22=4. v .

Vay phuong trinh z 2 + 2|z| = 0 dugc nghiém ding.

Két lugn : phuong trinh c6 3 nghiém 13 : z; =0, z, = 2i vd z 3 = -2i.

1 i ' i i
—| =-1 & z2= ——=+—= hoicz= —=——= holicz=
(ZH)- V22 V2 V2 2-42 2-42

183



b) Phuong trinh 72 + ilz| = 0 <> >~y + 2xyi= — ix* +y*
x> -y*=0 - 6}
{ny=-\/?7? @
(1)' & y=*Xx |
o V6i y=x,(2) © 2x*= —2x> & 28+ V2x =0 < x=0 suyray=0.

Vayz=0.
x=0
2 21= 2 ’ .
o Voiy=—x,(2) < -2¢* =—+2% <:>2x2=[x[«/5c> X X\/—‘ = x:_l_.
’ 2x* = —x~2 V2
1
X = =
2

Véix=0 = y=0

Voix= L = y= -

V2 N3
TTETE
1 1 .
Vayz=0hoicz= —— 1hoacz — + —1i
«/_ f N/

Két lugn : phuong trinh ¢6 3 nghl@m la:
L SO I R
V22 R
c)batz=x+yi(x,y € R)
Phuong trinh : i 2> + |z| +1 =0 <> i(xz-—y2+2xyi)+\/xz+y2 +1=0
_ & (=2xy+ X +y: + 1)+ K—y)i=0
x*-y* =0 ' o X=y vX=-y ()
g 2 B = 2 2
2xy +XC+y* +1=0  (2) “2xy +4/x*+y* +1=0 (2)

= Véix= y,(2)<:> “2+A2xF +1=0o 2x* - K V2 - 1=0

\/—i«/— x—\/_%/—

Zl=0,22=

S2RP - VT - 120 & /=

2 £4/10
~R

suyray=x=

BVGiy=—x,(2) © 2K+ 2x> +1=0 <22+ x|42 +1=0
& 2 xP+ x| ¥2 +1=0 (v nghiém)
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10.

K&t ludn : Phuong trinh : iz* + |z] +1 = 0 ¢6 2 nghiém 14 :

N T 1

Z

4 4
‘ 24410 | 24410 .
va 2zp= ) ;+ 2 — 1.

dDbitz=x+yix,y € R).
Phuong trinh 22+ Z =0 < X’ -y’ +2xyi+x—yi=0
< X -y +x+(2xy-y)i=0

{y(2x41)=0 y=0vx=_
= 2

X -y*+x=0

o

xX2-y*+x=0 (2)
V6oiy=0,(2) © x> +x =0 < x=0hodcx=—1.

.1 3 N
Voix=—,Q) oy =— > y=t —.
@ ey=T eyt
K&t lugn : Phuong trinh z* + Z =0 ¢6 4 nghiém la :
Z]=O;ZZ=_1;Z3=l+i_\/_3—_; 242.1.._;1/_—3_.'
' 2 2 2 2

Vin dé 3. PHUONG TRINH BACBA AZ> + B2 + Cz+ D=0(A#0)
a)z=1+1 12 nghiém ciia phuong trinh 2 — (1 + i)z’ +az+b-4i=0
< A+’ -1 +DA+i +a(l +D)+b- 4i=0

a+b=0

©a+b+(a—4)i=0<:>{ O<:>a=4,b=—4.

Phuong trinh tré thanh : 23 — (1 + i)z* + 4z —4 —4i=0.
Vi phuong trinh 6 mot nghiém 14 z = 1 + i, ta chia da thic -
P(z)=2 - (1 +i)2*+4z —4 ~4ichoz-1-i:

i 1 ~1-i 4 4 -4

Zo=1+1i 1 ' 0 4
Phuong trinh Z° — (1+ i)z + 4z — 4 —4i= 0 twong duong voi
(z-1-i)Z+4)=0 <& z=1+i hogez’=-4=4i
<> z=1+1 hodcz=+2i."
Véy phuong trinh ¢é 3 nghiém z,=1+1,2z,=2ivaz; =-2i.
b) z= 1 — i 1a nghiém ciia phwong trinh z° + aiz’ + (i—b)z—2-2i=0
& (1-iP +aid-iy + (—b)(1-) -2 -2i=0
& (1-3i+32-P) +ai(1 -2+ +({ -1 -b+bi)-2-2i=0
& 1-3i-3+i+2a +i+1-b+bi-2-2i=0
e -3+2a-b+b-3)i=0
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11.

W) a1

b-3=0 b=3 ,
Phuong trinh tré thanh z° + 3iz” + (i— 3)z -2 - 2i = 0.
Biétz=1-11a 1 nghiém, chia da thirc P(z) = 2° +3iz% + (i—3)z— 2~ 2ichoz— 1 +i:
1 3i i-3 2-2i
Zo=1-1|1 1+2i 2 0
Phuong trinh : 2° + 3iz> + (i~ 3)z—2 - 2i =0 twong duong véi
(z-1+D)[ 22+ (1+2D)z+2i]=0 ‘
- [z—l+i='0‘ ¢
2 +(1+2i)z+2i=0 (2)
1) <z=1-i
2 < Z+(1+2i)z+2i=0 (A-B+C=0)
<> z=-1hodc z=-2i.
Viay phuong trinh d4 cho ¢6 3 nghiém la: z; = 1-i,zp=-1vaz;=-2i

©{—3+2a—b=0' - {a=3

a) Ta thdy phuong trinh : 22° + 92 + 142+ 5=0nhdn z = —% 12 nghiém.

Chia da thirc P(z) = 22° + 92% + 14z + 5 cho z + % :

|2 9 14 ,
2 8 10 0

Z =_l
)

Phuong trinh 2z° + 92% + 14z + 5 =0 twong duong voi

| 1 )
‘ : +==0 1
(z+—;—)(222+8z+10)=0<=> *3 M

27 +8z2+10=0 (2)
1
2

Q) < 222+82+10=0 & Z2+4z+5=0
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A'=4-5=-1={
z = -2+1

Vay phuong trinh c6 3 nghiém 1 : z, é—% L Za=-2+i Vhzz=-2—i

b) Ta théy phuong trinh : z* — 722 + 17z — 15=0¢6 1 nghiém la z= 3.
Chia da thirc P(z) = 2 — 72> + 17z — 15 choz -3 : _
{ 1 -7 17 -15
=3 [ 1 —4 5 0 ' ’
Phuong trinh z* — 72* + 17z — 15 = 0 twong duong véi




12.

z-3=0 1
(z-3)Z -4z +5)=0 & |, W
2" —-4z+5=0 (2)
(1) < z=3
(2 < Z-4z+5=0
A =4-5=-1={
z=2iL
Vay phuong trinh ¢6 3 nghiém1a: z;=3,z,=2+1i vaz; =2 -1i.
¢) Phuong trinh : 2 — (6 + ~2 )22 + (13 + 6+/2 )z — 13+/2 = 0 hé s6 thyc c6 1 nghiém 1a
z=3-2i, suyra z= 3 + 2i cling 12 nghiém. Do d6 phuong trinh phai c6 dang :
(z-z)(z-3+2i)(z-3-20)=0. ’
Chia da thiic P(z) = 2 — (6 + V2 )2 + (13 + 642 )2— 1342 cho
(z-3+2i)(z-3—-2i)=2* —6z+ 13, ta duoc thuong la z — V2 .
Phuong trinh : 2° — (6 + /2 ) 22+ (13 + 6+/2 )z~ 13+/2 =0 tuong dwong v6i
(z —\2)z-3+2i)(z-3-2i)=0. .
V4ay phuong trinh di cho ¢6 3 nghiém la: z, = «/—2-, 2, =3-2i vazz=3+2i
a) Goi nghiém thudn 40 cla phuong trinh la ai (a € R ) = ai thoa man phuorng trinh :
(ai)® - 2(ai)* + 25ai +b=0
& -2+ 22"+ 25 +b=0
b=-2a’ 1
& 2al+b+(-a’+25)i=0 & 2 M
‘ a(25-a*)=0 (2)
a=0 = b=0 (loai)
a=+5 = b=-50.
Véy phuong trinh ¢ 2 nghiém 4o 1a + 5i va phuong trinh c6 dang :
72— 27°+ 25250 =0 v6i z=2 13 nghiém thyc.
K&t lugn : phuong trinh d3 cho c6 3 nghiém 14 : z; = 2, z, = 5i va 23 =—51.
b) Goi x 12 nghiém thuc ctia phuong trinh : Z +bz? +(9—1)z 6+2i=0,b€ R,tacod:
x +bx*+(9-i)x— 6+21*
& P+ +9x-6+(2-x)i=

2—-X=0 x=2'
S =
X’ +bx*+9x-6=0 b=-5

Suy ra phuong trinh c6 dang : :
752+~ 1)z 6+ 2i=0, vdi z= 2 1a nghiém thuc cua phu(mg trmh
Chia da thirc P(z) = 2° ~522+(9—i)z—6+2ichoz—2:
’ ’ 1 -5 9-i -6+ 2i

zo=2 |1 -3 3-i 0

Phuong trinh 2 — 522 + (9 — i)z — 6 + 2i = 0 twong duong v6i :
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@-2)A-32+3-i)=0 @[Z;Z:O O
2" -3z+3-i=0 (2)

1) & z=2

2 < #-3z+3-i=0
A=9-12+4i=-3+4i=(1+2i

3% (1 + 2i)
2

Vay phuong trinh dd cho c6 3 nghiém 1a:z,=2,2,=2+i vazy=1-1i.

Vén dé 4. PHUONG TRINH BAC BON A+ B2* + C2+ Dz + E =0 (A #0)
13. Goi z = x 1a nghiém thyc cia phuong trinh, ta c6 : '
X+ -G+HxP-4x+4i-4=0 1)
< -3 —dx-4+i(-x+4)=0
—x*+4=0
{x4 +%°—3x% —4x—4=0

zZ= < z=2+ihodcz=1-1

& x=+2,

Nhu vay phudng trinh dugc bién ddi thanh phuong trinh tich c6 dang :
(z-2)(z+2)(z" +az+b) =0
S F-HE+az+b)=0

A z4+az3+(b—4)zz—4az—4b=0 2)
a=1
\ , b-4=-3-j a=1
Dong nhat phrong trinh (1) va (2) taduge:y_,. _ , b=l
—4b=4i-4

Véy phuong trinh (1) twong duong véi :
@ - E+2+1-0)=0 < [ZZ-:" O
, ; z°+z+1-1=0 (ii)
)Z=4cz=%2
() Z+z+1-1=0, A=1-4+4i=(1+2i)>
C1+l42i ~1-1-2i
z= - =i hodc z=——"=
2 2
Két lugn : Phuong trinh d3 cho ¢6 4 nghiém :
21=2, p=-2, z3=1va z3=-1-1.
14. Goi nghiém thudn 4o clia phuong trinh I3 xi (x € R ), ta c6
‘ X+ 208 - X3P+ 2ixi—2=0
2+t 2x-2=0
XX +2x+1)-2(x+1)=0
X x+1)Y2-2x+1)=0
x+DxAx+1)-2]=0

-1-i.

g0¢0
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15.

§3.

e xFDEHXP-2)=0

x+1=0 ‘ L
<> x=-1 hodcx=1.
x* +x* 2= 0

Vay 2 nghlem thuén 4o cila phuong trinh 1a z = +iva phuong trmh ¢6 dang phuong trinh tich

(z-i)z+i)(Z*+az+b)=0 (a,b € C)
& (Z+1)(2+az+b)=0
& Ftad+ o+ 1) +az+b=0.
Pdng nhét phwong trinh nay véi phuong trinh da cho ta duge :

{a=2i S

, <> a=2ivab=-

b+1=-1
Phuong trinh tré thanh :

(z— i)z + i)z +2iz —=2)=0
<:> z=x+1ihofic 22+ 2iz —2=0
» A =it+2=-1+2=1= z=-ix1. ‘
K&t lugn : Phuong trinh da cho c6 4 nghiém 1a: z;, ==+1i, zz=1-iva zg=-1— 1
Céc hé s6 ciia phurong trinh 13 . ‘
A=1;B=-3;C=2-i; D=3; E~—3+1
Tacc’)A+B+C+D+E 0. Suy ra phuong trinh ¢c6 mt nghiém z = 1.
Chia da thitc P(z) = z* - 32° + (2 = i)2* + 3z—3 +i cho (z— 1), tabién dbi:
(1) &@-DZ-22-iz+3-i]=0 |

< z=1hoic 2 - 222 —iz+3-i=0 (2)

Phuong trinh (2) lai ¢6 cic hé s6 thoa mdn: A’ B’ +C’ -D’=1+ 2-i -3+i=0.

Do d6 phuong trinh (2) ¢6 mdt nghiém z=-1.
2 o @+ -3z+3-i)=0
< z=-lhoic Z2 -3z +3-i=0 (3)

Phuong trinh (3) c6 A =9 — 12+ 4i = -3 +4i=(1 +2iy

Suyra(3)c62nghiémlaz=1-1i viz=2+1i.
Két lugn : Phuong trinh (1) ¢6 4 nghiém 1a:z= £ 1,z=1-ivaz=2+1i

DANG LUQNG GIAC CUA SO PHUC VA UNG DUNG
Vin d@é 1. VIET SO PHUC DUOI DANG LUONG GIAC

a) 5\/_2—(COS§+iSiH‘Z—); £ b) -é—(cosg%ising—)‘
©) (1842 _12J§)(cos% +isin-16£); ) (2342 cos-g- +isin16‘-)
5 14J’ (cos(-) +isin-3); p 46 N6 (cosZ +isin ),
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2. a) V2 41+ = x/—(l+\/_+—\7_2—1)—«/—(1+cosz+1sm )

2 .. T ... T
= 2 2cos'——+21sm—~.cos—— =24/2 cos— cos-—+1sm—— .
\/_ ( 8 8 8) J_ 8 ( 8 8)

b) 2-3 +i = 2[1—~1/§+-;-} —2(1+cos—58— +1sm§6ﬁ)

—2(2005 5— + 1sm§zc- cos—-——) 4cos-—-(coss—n +1sm§-—)
12 12 12 12 12 12
O1+(V2 +1)i =(42 +1)(W2 = 1)+ (V2 + 1)
S(VZ A DWEZ —1+i)= V2 (V2 1) (- \/15 5

= \/2_2_(«/5 +1)(1 +cosBT +1sm%)

. 3n ‘
= «/5(«/5 +1) (2cos* g~ 8 +21s1n3?7c cos%t)
=2\/§(\/§ +1) cos—s— [00828— +1sm§—g—]

D1+2-B)i =@2-B)2+B)+2-B)i
=B+ VB =202 VB + %%)
=202-B)1 +cos-g— +ism%) |
- T T

=2(2—3)(2c08’ 5 + 2isin=> cos )

—4(2 \/—)cos — (cosE +1sm—)

e)4(2 + NE) )sin E [cos(—l—z— )+ 1s1n(—1—2~ )’].

i n sin% 1 2
3. a)l+t—==1+itan—=1+1 = (cos——+1s1n )——(cos~—+1sm ).
B e el O e e

b) 1++3 +(1-+B8)i = 1+tan§+(1~,tang—)‘i

. (Tc) '(nj

sin| — sin| —
=1+ 3 +(1- 3 )i

T T

cos| — cos| —

(3] (3)
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(cos—— + sm ) - sm )1
T 3
cos| — cos
(3) ( )
1 T n 1c n
= /2
;. (n]f“’s% ) [n)‘/_ 374
.cos| — cos
3 ' 3 ;
=242 (cos > ~isin)

i s
=242 [cag(——) + isin( ——)].
2 feag(—22) + isin(~)).
Cachkhac

1+B - f)1—(1+f)(1+ -3, i)
i3
tan~ —tan =

(1+3) | 1+—4— 3

i
T T
1+tan—.tan—

1+ ﬁ')[l+itah(% - -735)]=(1+ J3)[1 +itan(~ —)]

I

sin(wl—g—j 1—1—\/5 ,
(1+~B)[1+i 1= [cos(— —) + 1 sin(-—)].
cos(~._) H 12 12

12 12

T i b T . W . T 1 «/3 1+\/—
cos — =cos(— — —)=c08s—cos— +sin— sin— =
12 4 3 4

a

Ma

Do dé : 1+J§+(1 I)i= [c s(—-——) lSln(—-l-—)]
COS( ) 2
' 12 .
=242 [cbs(f%)+iéin(—%)].

Vin dé 2. AP DUNG CONG THUC MOIVRE BE THUC HIEN CAC PHEP TINH

a) —34/3 -3i; b) l+1/-—3-i.
° ‘// 3 3
27 NG 1
: 21, b)—=| =——1i]; -3 d) 8.
3 )32[2 2 ‘) 2 2 )

3Tk W
1443
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6. Tacéz=

1-iv3
2

= cos(—gl)-f- isin(— f—)
; a) z'2=[cos(—-;—t-)+isin(;§)] = cos(— L)-F (————-)—cos(-4n)+1sm(—4n)-l

zé=[cos(~§)+isin(—~7£)]6= cos(—-?)+isin(f—§-)=cos(~2n)+isin(—2n)= 1.
ViyA=z"+5+1=1+1+1=3.
- 9 In .o o ..
b) 2’ = {cos(—-j—) +i sm(—-g)] = cos(——é—-) + x;sm(~—3-) =cos(-3n)+isin(-37)=-1
=1 (theo céu a)) '

Z = [cos(—g) + isin(~—§)]3 = cos(—3—;-) + i sin (—-33—7[) =cos(-n)+isin(-n)=-
Vay B=2z°+2%+23+1=-1+1-1+1=0,
Cdch khac : . :
Ta c6 thé coi B 14 tong cita mdt cap s nhan c6 4 sb hang, s6 hang dAu1a 1 va cong bdila 2 # 1.
_ud-q) _1-2) _1-2”

Suyratac6B=2+2%+2 + 1

l-q - 1-7° 1-7°
Véi 2 = -1 va z'* = 1 (theo c4u a)).
Vay B=0.
c)Taco:

2% lniﬁ

2= [cos(—§)+isin(—-—13t—) ]2=cos(——2£)+ isin(——%E) =cos%’i —isintlt = ———

3 2 2

4 T 41 2 . 2n 1 iV3
—_—— )+ — — = —— )+ —— ) = [ + I e o s

= [cos( 3) 1sm( 3)] cos( 3 ) i sin( 3 )= cos 3 isin 33

2= [cos(—§)+isin(——;£) ]8=cos(-83—")+ i sin(- §§‘-)=,cog(.2?")+ i sin(-23—“) |

Vay C=28+27'+ 7 = LB 2(--— l\/—) N
2 2 2 2
d)”[:acéD=1+z+z‘2+z3+z +..+2 la tongcuamétcépsénhéncé9s'éhang,séhang
dau la 1, cong'boi bang z # 1.

9

Suyra D= z —11 v6iz® =~ 1 (theo cau b)) ,
. zZ—1 . : . ‘
9 _ .
p-Z-l_ _Z-l 4 40 _4a-iB) e
z=1 1 i3 1+i3 Q+if3)A-iv3) 143
2 2

e E=1-z+2-2+...2+2% 1a téng ciia m6t clp sb nhan c6 11 sb hang, s6 hang dau
lal, cong bdibang q=-z.
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‘ .Taco qu “"1 ( Z)ll,__l _ _le_l _ Z”'l"].
q-1 -z-1 -z-1 z+1
Veéi z—cos(—--——)+xsm(~—~)— -~——l—£ z+1=—§——l{i
véz”=cos(——£)+isin(——£)=cos—n—, +isin£=—l—+-ll/——§—:> z“+1=-3—+£.
3 3 3 3 2 2 2
3,13 | ,
Vay E= Z2t1_ 270 _3+ifB _VB+i (B _3-142iV3
‘ z+1 3 i3 3-i3 B-i (B-DEB+) 3+l
2 2
E= l.{_lﬁ
2 2
f) F =200 _ 2010 4 2011
hay F = 22" (1 -z + 2%).
Voiz= 1B al L W3 s L L3 1 W3,
2 2 2 22 2 2
ViyF=0.
T T n_ 32 2 1_J€_
7. a)sm—— =sm(~——-—)—sm—— COS— —S§iN—. COS— = —— = — ——  — =
12 | 3774 3 272 2’2 4
T T 1 \/5 \/3T \/5 _\/—6—+«/§-
cos— =cos(—— - —~)-cos—- cos = +sin—.sin— =—.—+—.— =
12 3 4 4 3 2 2 2 2 4

b) Theo cdu a),tacdé z= COS— + i 'sin—
12 12

~

1

Tacod A =z2+z+2+—1-+,—2- =(Z+ -1,-+2)+(z+ Ly-@+ 72
z VA

Z zZ

| -
= —=1Zva
z

=2+ "z")2+(z+"z') voi z+ 'z'=2cos-1’-"2-.

SuyraA=(2 cos———) +2cos1—2- =2.(2cos’ 12)+2COSE —2(1+cos——

=2(1+\/-)+2 «/_+\/—
Vay A= 4+2«/§+ 6+«/_
2
B =Z_z+2i++_+ -
VA Z

I

13A G.TOAN 12 - HSM

2+\/‘+\/g+\/—

22'——17 +2i —(z - -1—)=22—-'z'2+2i——
z? z

:>‘|z]=-l = lf=1=>2.2=1

+2.2.7)+(z+ Z)

)+2003—n—
12 .

(z-7)

7 T . . T
—Z¥z+ Z)+2i—(z- Z)=2isin— .2cos— + 2i—2isin— =
(z—z)(z+Z)+2i-(z ) 1s1n12 B B
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Y

V6 -2

= 2isin T +2i— 2 sin—- = 2i (sin" + 1 —sin) =24 (= + 1 YOTVZ
6 12 6 12 4

6 \/—6_+\/—

6-— JE+J_

VayB =

8. A=2'\2 .cosf'i; B= 16i.cos,3f-7-t- .sin§—7E ; C= —1—+£i.
. 16 32 32 2.2
9. w=0. 10.A=2, B=-2.

Vén dé 3. TINH MODUN VA ACGUMEN CUA SO PHUC

11. Ta ki hiu r vd ¢ 14n lugt 1 mddun va acgumen clia sé phiic z, ta cé
T, . T

=1+——— =1+ cos— —isin—

a) z ANk i n —i 2

=2 cos? & —2isin—. cos—~ =2 cos—T-t-(cosﬁ—isinE)
8 8 8 8 8 8

=2 cos—g- [cos( ‘_’—875) +1 sin( ~ g—)]

r= 2cos£

Vay 8
=
?="3

bz =2-42 —iV2 =201 ———\/z—-—'-l—[%—)=2(l'—cbs—7£— isinl)
' 2 2 4 4
= 2(2sin? I ,—2isin£.cos—75)'=4 si‘nz(sin—n— —icOsE)
8 8 8 8 8 8
= 4sin%(cos3?n =1 sin% ).= 4sin % [cos(f%) +isin(— -?—’82 )]

r=4sin—1E
8

va
3y 3

g

Oz =23 +3+i3 =2J§(1+~‘/§-+ _-I-i)=2\/§(1+coslg-+isin£)

—2\/-(2 cos’ E +21sm§ cos—)— 4\/§cos——(cos—2 +1sm—)
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Vay
=
0} T
d) = Ii_.z_.*.li = __2_.+_J.§:+li = .2_ _1+£+}.1
3 3 3 3 3 3 3 2 2
2.;277: N T 4  x T
= —| =2sin° —+2isin—.cos— | = —sin— —s1n—+1cos-—
3 12 12 12 3 12 12 12
4 T 4 . n i ., . Ixn
= —sin— sm(——)+1cos(——) = —sin—| cos—+isin—
3 12 312 12 12 )
i
l'='§‘Sl[1-£2-
Va
ay ...2_7.‘_
LTS

12. Tagoi rva ¢ lin lwot 12 médun vi mét acgumen cita s6 phirc w.
Giai phuong trinh 2>~ 2iz—4=0:
A= +4=-1+4=3.
Phuong trinh ¢6 2 nghiém 14 :

3

5n
zi=—3 +i=2(—22 + Zi)=2(cosZ +isin2), z ¢6 hén thuc 4m
1 ( > 2) ( o 6) 1¢op
o . 3 1. . ..
va zp= 3 +lf_:2(—\[2——- + -i—l)=,2(c0s—6— +’1smg).
a) Taco: zlz=4(cos§§~t- +isin—5§n-)

1t N
Zy =2(cos— +1isin—).
2 =2 G 6)

Suyra :
w=z 2= 4.2.[cos(5?n+%) +1 sin(%’i%-%)] 8(c os% +1i s'n—l—éﬁ)
r=8
Véy w ¢6 mddun va mot acgumen la : lin
. [} -“‘6—
b) Ta cé

e

2-2 =3 +i-2 =21+ -2—i)=2(—1+cos-§ +isin-7£)

‘—2(—2 sin® —1—2— +2i sin— cos—E-) 4s m——-(—sm— +1cos—)

12 12 12 12 12
—4s1n—[sm(——) 1cos(———)] m—-—(coszzIi +isin7—n)-f

12 | | 2 12
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S50 .. 5m
2! cos—+isin—
_ 6 6 1 50 TIn . (5% =
Yoo 2 7 ) 7% T2 12
Z 4sin-"| cos = +isin—~ 2 sin -
12 12 12
1 3 .., 3n 1 .. x
o= cos—+isin— | = cos—-+isin— |.
T 12 12 . T 4 4
2sin— -~ 2sin—
12 - 1
1
r=
Zsinl
Vayw = ¢6 mddun va mot acgumen la 12

z, -

(p::.

Ala

c)Tacozn-2= 4sin = (cosz—- +1i smT—) (theo ciu b))

125 12
3

va z;—-2 = -3 +i —2=2(~1-—2—+—1-i)= 2(—1—cos—g— +isinﬁ)

2(-2 cos® — +2i sin— cos—)— cos——-—(—cos——— +1sm——)
12 12 12 12 12 12

4cos—--(cosl—L +1isi ———-),
' 12

12 12
Suy ra
1ln 11n In n
= 2)(z, — 2) =4cos — ————+'—-4sn— §— +isin—
(z1-2)(z,-2) = cos (cos D is 12) i 1z (co D sin 12)
s lln Tn Il Tn
=16 sin— .cos — —+—- ——+-——
sin o cos 12[ 0s( ) +1sin ( B )]

=83in1c—.(cos—1-§-~-Hsm1 )= 8sm (cos—3——-+1sm———)
6 12 12 6 2 2

= 4(cos3—n- +isin 3 ).
2 2
r=4
Vay w = (z; — 2)(z2 — 2) ¢6 médun va mdt acgumen la 3
‘ o= 5

Cach khac :

Trong trirdng hop nay, ta co thé ap dung cOng thirc Vi-ét :

‘zi+2,=2i vaz,. z,= -4

Tacdé: w =(z - 2)(22—2)—zlz2-2(zl+zz)+4——4 22i+4= ~41

3 3
=4(0 - i) = 4(cos— +isin —).
( 1)  (cos2 i 2)

d) w=27,2-2,) = W=12.02-2)=2.02-2)= -z(z-2).
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a

13.

. T, . T
- & cos2@ +isin2 @ =COSE + 1 sin—

Vi —z = —2(cos>X +isin>n) —2(cos2E - isin2")
6 6 6 6

=2[§os(-5—61t- —n)+isin(§61—t- - n)]

= 2[cos(—-~:—) +1isin( - —g)]

VA 27— 2 = 4sin-" (cos % +i sin L),
12 12 12
Suyra W =-z(z~2) =2[cos(—~76£)+isin(— %)].4sin—1-7-°-2-(cosZ—’zt +isin—Z—g—)

T o In n Irn A
= 8sin—. A —2) + i sin(~—+—
s1n12 [cos( 3 12) i sin( AR )]

= 8sin-1c'—.( cos—SE +i sinélt-)

12 12 12
T 5 5w b ‘ 5w . . 5n
= w = 8sin — .(cos— — i sin— )= 8sin— .[cos( ——) + 1sin(~——)].
12 ( 12 1‘2) 12 [cos( 12) ( 12 Il
i _ : .r=8sin~1—t—
Viy w= 2,.(2-2z,) ¢6 mbdun vi mdt acgumen la 5
, T
AT
: 2 L ~1+i
Tace 2 oi o l+2=i-id & (1+)A=-1+i & 2=
-z : 1+i
. . .2 .
2= (1A -i) = (+17 =20 =i=coszc— +isin£ : )

(A+i)A-1) 1+1- 2 2
= [z/=1.Patz=cosq +ising = z'=cos2¢ +isin2¢.

, ... T
Tacéz> =cos— +isin—
, 2 2

2

o ‘ . s
20 =§+k2n =) =-Z—+k1t.Ch9nk=0,1,taduqc <p1=§-va Q= —::1

2

A o £ 4. R &/ . ‘ ) :
Viy c6 2 s6 phirc z thoa mén —=1ila: o /
_..Z"
A A 5 K
z, ¢6 mbdun r = 1, mét acgumen la ¢ =Z-
5t

va z; c6 moédun r = 1, mot acgumen ¢ =
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Vén dé 4. AP DUNG CONG THUC MOIVRE BE TchANBAchL’JAséPHL'Jc

14. a)w= (1+1)(\/§+l)“\/—(\/— \/——)2(\/_ —i)

T om T T
=24/2. — +isin—)(cos— +1isin—
«/—(0034 1sm4)( G 16)
' Ton T ‘
=242 —+—)+isin(—+— “
V2 foos(+2) +isin( -+ D)
= «/8_(003% +isini—;).
Véywcd2canbichaila:
= ‘«‘/g(cosg-g +isinZ—Z)
va zz=‘\‘/gu[cos‘(;—z+n)ﬂ+is‘in(-;:-+n)]=(/g(cos%’ilkisinzgn)
b .. T i, lln
b)\/i[cos(—l—z-)+151p(-ﬁ)];\/E(cos—l—z—— 1, isin )
c) 2&‘/5(cos§+isin%);2&‘/5 [cos(—-?g)+isin(——-§-)].

15. a)w=—1+iJ—=2(__;_4—11/;.):2((;03%75 +isin231£)

PR s oA 2n
= wc6 médun R =2 va mt acgumen 6 = 3

Suy ra cén béc ba ciia w 14 s§ phirc z ¢6
— moédunr= 3/5 :
9 k21t 2n + k2n

3 3 9 3
Lﬁyk=0,l,2,(pcc')3giétri:

— moét acgumen @ = k€ Z.

—-1 3’3
P 9
2 2n - 8w
X = b — —
"9 T T T
.2 4m  l4n
= o — |
T 9

Vayw=—ly+i«/§ c63cinbicbala:
= i/i(cos—zg—n- +isinz—n—)

Zy = «/—(cos +1sm—%-)

Z3= %[i(cos—g— +1isin 14n)
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16.

17.

18.

b)x/_(cos——+1sm ) \/—[os(——)+1sm(—-)] «/_[cos(————)+1sm(~-——)]

\’c) cos-16E + isin% ;cos%— + 1sm—56E ;cos(——) + 1s1n(—-——)

d) 2(cos %_+ isin — 2n ) 2(cos %— + 1sm~—§— ); 2[cos(——— )+ 1sm(—— IR

w= ~[—?I’— - -1— cos—7—— -i-1sm—7~73 ¢6 mbédun R = 1 va mdt acgumen 0 -—.Z—TE.
: 2 2 6 6 6
Suy ra cin bac bbn ctia w 1a s6 phirc z ¢6 :

— médunr=1

- motacgumen o= 2+£2—E = 2_75-1- kn ke 7.

4 4 4 24 2
Liyk=0,1,2,3tac64 gid tricia ¢ :

R "%
L) _Tn 3 _ 43
LI 24 % "% 2 T
A 3 1. iAo
Viyw = e -51 co4canbacbonla:
Zj = COS +1sm7—n zz—cos———+1 sin -lﬂt-
24 24
Z3=Ccos— +1 iniyi Z4—COS——+1. i _@E
24 24

a)zg= 2(cosz6£— + isin%)
b)zo' =~ 8+ 8i~/3.

o T .2
Céc cian bac bon ciia -8 + 8if3 la: Zy= 2(cos-g~ + ism%), Z = 2(cos-§13+ 1s1n—£—),

n n ; S, .. 5¢m

7, = 2(cos — + isin—) v z3 = 2(cos — + isin—).

2= 2( 5 6) 3= 2( 3 3‘)
Ciin bc nim ciia sb phirc w = i 1a s phirc z thod mén Z=i.
Vi|Z'|=]i]=1 < |2 =1 < |z|=1.Ditz=cos¢ +ising,taco:
Z2=1 <> (cos@ +isin (p)5=cos§ +isin-;—

‘ . T, ., T
&> cos5¢ +isin5@ =cos—2— +1sm—2—

<50 =g—+k2n A=) =_1%+E_§_73 kEZ

Liyk=0,1,2,3,4,tadugc 5 gid tri cia ¢ :
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0 _m AY
10 ko
, , o )
o= L4
10 ‘5 2 on
10 5 10 ) 10
n 6n 13x% >
TS T 1o - ‘
AT T , i 17n
Véy ¢6 5 ciin bac nim clia i 1a : 70 10
z|=cos—n— +isin—-n— : zz=cos-7E Jrisin]E
10 10 2 :
"9 I 13n . 13w
Z3 = COS — + i sin— Z4 = COS —— + 1 8in ——
10 10 10 10

17 . 1=
zs = 0§ ~— -+ 1 8in — .
10

' Vindé 5. AP DUNG CONG THUC MOIVRE -
PE CHUNG MINH CAC HE THUC LUONG GIAC

19. Pbat A =1+ cosx + cos2x + cos3x + ...+ cos nx
vd B =sinx + sin 2x + sin 3x + ...+ sin nx.
Ta cé '
A+iB= (l+cosx+cos2x+cos3x+ +cosnx)+1(s1nx+sm2x+sm3x+ . +-sin nx)

=1+ (cosx + i sinx) + (cos2x + i sin 2x) + (cos3x +1i sm 3x) + ... + (cos nx + i sin nx)
=1+ (cosx + i sinx) + (cosx + i sinx)* + (cosx + i sinx)* + ... + (cosx + i sinx)"

_ 1—(cosx +isinx)™" _ 1—=cos(n+1)x —isin(n +1)x
1-(cosx +isinx) 1-cosx ~isinx

23in3@i—1—)§—-21sin(n+l)x.cos(n+1)x . singzilx sinB—;—lx—icosmx

2 2

. 2X ... X X X . X . X
ZSln-“—ZISln—.COS_ . Sin— Sin——1CO0S—
2 2 2

n+1 n~(n+l)x)-isin(—g—(n+l)x)

I

— COS§| —
sin 5 X (2

sin~ cos| Z_X —isin| X
2 2 2 \2 2
n+l _r (m+Dx T
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" o m+Dx w x). .. ( m (@tDx m. x
= L €OS| —— At — — 2 L piSin | e
” 2 272 2

. 2 2 2 2
sin —
. n+l
sin——x
2 nx .. nx
=—= | cosS— + isin—
. X 2 2
sin—
-2
. n+1
SI——X nx - nx
= A+iB = —2 CcOS— +isin—
X 2 2
sin—
2
. n+l nx .on+l . onx
sin——x . cos — sin ——Xx .sin— ‘ e
A= —2 2 wB- 2 |
: . X . X
. Sin— Sin—
2 2
. n+l nx
sin——X .cos—
Vay 1+ cosx + cos2x + cos3x + ...+ cosnx = " 2 1)
sin—
2
. n+l . nx
sin——x .sin—
sinx + sin2x + sin3x + ...+ sin nx = . 2 V)
sin—
2
. 2n 4r 61 2nn
20. bdt x= ,tacd E = cos + cos + cos + ...+ cos

2n+1 2n+1 2n+1 2n+1 2n+1
hay E = cosx + cos2x + cos3x + ...+ cos nx.

. n+1 nx
sin——x .cos —
2 2

Theo két qua trén, tacé 1+ E=1+ cosx + cos2x + cos3x + ...+ cos nx =

. (n+l1 2=m n 2n
T 2041 2 21
= 1+E= :
(1 2%
sin| —.
2 2n+1

Il . ( n+l n . [ n+l 'n
—| sin T4 T {+sin = T
2[ [2n+1 2n+1 J (2n+1 - 2n+1 H

. X
sin—
2

N
sin
2n+1

—;—[Sinrwsinz 1] 5 L
= ot S 1+E=-. ViyE=—-.
. 2 C2

sin , :

2n+1
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21. Dung cac két qua dudi day va két hop véi cac hing déng thirc quen thudc d& chirng minh

Z=1= 1-7 ‘
VA

z+ z =2co0s0.

z— 7 =2isin®.

Vin dé 6. PHEP BIEN HINH VA SO PHUC

+ 22.Ta th?iy diém A bién thanh diém C qua hai phép bién hinh lién tiép :

23.

S b+2ib = a+2i

202

phép quay tdm B, goc quay 90° va phép vi t tAm B, ti sbvi twk= %
l
Taco: A(1;2) B(5 ; 6)
BC =1 BA
4

1.
Sc-b= Zl(a—b)
< 4c=4b+ia-ib ‘ "D C
& dc = (20 + 24i) + (i + 2% — (5i + 619
<> 4c=24+20i
&> c=6+5i.

Taco:DC = AB < c—d=b-a < d=a+c—b=1+2i+6+5-5-6i=2+i,

Ta thiy diém C bién thanh didm A bing cach thuc hién lién tiép phép quay tim B géc quay

~90° va phép vi tr tAim B ti s6 k=2,
Tacé BA =-2i BC

‘ A(-2 ;1)

B

< a-b=-2i(c-b)

< b(l+2i))=-2-i+6i-10

© b +2()=-12+5i
_C1245i _ (12+450)0-2) 2 29,
1+2i 1+4 ! 5 5

vétacéEﬁ=ﬁ < d-c=a-b

&b

& d=c+a-b =3+5i—2—i—(—%+2i)

5

C(3;5)



ON TAP cuGI CHUONG V

1.

I .

15 10 :
x=-1,y=15; b) x=—,y=—; )x=y=-1.
a) y ) X TR T ) X y=

v X T |
a) X'=—5—— vay'= -
X" +y X +y

b) Téap hop cac dlem P 13 duong thing y = 2x (x # 0)
c) Puong tron tim I( - O) ban kinh R = —, bd diém O(0; 0)

a) £(1-3i); b)i—(5~1), c)+(6+1)
a)3—-1i,1+1i; b)3+2i,1~i.
Vi|Z’|=1 = |z/=1,néntaditz=cos¢ +ising.
Phuong trinh 2’ = 1 < (cos +ising)’ =1

& cos5 @ +isin5<p =cosk2n +isink2n (k&€ Z)

<50 =kn < (p_k_?'c_
Chonk=0,1,2,3va4, taduorchlatrlcua(p 0, 257t, 4;, 65nvé §—5F-
Phuong trinh 2’ = 1 ¢6 5 nghiém, véiz=cos ¢ +ising.
; Ta xét nghiém z= cosg-s—— +1sm—2§7E
Mait khac, dit z= x+y1 (x,yE R).

Ta co
= yi)’
= x +5x yi+ 10x3(y1) +10x% (yi)* + 5)((y1)4 + (i)’
=x"+5x"yi— 10x%y” — 10x*y%i + 5xy* + Vi
=’ — 105 + 5xy") + i(5x*y — 10x}y* +y)). AY

*-10x’y* +5xy* =1 (1
Do 6 phuong trinh 2°=1 > {* 0+ Y "3 =10 o
‘ Sx'y-10x"y' +y’ =0 (2) 5
Ta nhén xét rng :
*xvay>0 o 4n
*xt+yi=1 . ‘5
' 2 o 1 ' 9
*vi Z<Zlel e 0 <cos— < — suyra X
3 5 2 4 5
0<x2=cosz-2—n—<l.‘
_ 5 4
Tir (2), suyra: : %t—
5~ 105y +y* =0

& 5 -10x (1-x)+(1-x)*=0
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o 5xP 103+ 10xF +1-2x2+ x4 =0
S 16x - 126 +1=0

x*= 6:+2V5 = 0,65 (loai vi 16n hon —l—) hoic” x* = 6-2V5 ~0,095.
16 ‘ 4 16 _
N2
S , 6-245  (5-1 _5-1
uyra x° = = o> x=-
16 4 4

16 16 16 4

6-245 _ 104245 _26+V5) _ V2A5+5

= y?’=1-x2=1-

Két lugn

am 5-1 . . 2n 2Al5+45
TS v s = —.

cos
-5 4 5

204



MUC LUC

Lo¥ ndi déu

A. Tém tét gido khoa -
B. Phuong phap giai toan

§2. Ham s8 lug thira
A Tom tét gigo khoa
B. Phuong phéap gidi toan

§3. Himsé ma
“A. Tém tét giao khoa
B. Phuong phap giai toan
Vén dé 1. Tim gi6i han
Van dé 2. Tim dao ham

Bai tap 6n cuédi chuong I

A. Tom tét gido khoa
B. Phuong phap giai toan

Van dé 2. Tim gi6i han
' Vén @ 3. Tim dao ham

D
Trang
| 3
| Chuong I. KHAI NIEM LUY THUA VA HAM SO LUY THUA
§1.Lu9thl‘.rav6isémﬁhﬁuﬁ-Lubth&avé‘isb’mﬂﬂ'xuc \ 5
-5
; 8
Van dé 1. Cac phép toan co ban vé lug thira 8
Van d¢ 2. Chimg minh mot biéu thirc khong phu thudc tham s6 13
' ' 15
15
16
Van dé 1. Chung minh mot déng thic, bat déng thic 16
Vén d¢ 2. Giai phuong trinh lug thira 20
Van dé 3. Tim tap xac dinh. Dao ham trén tap xéac dinh 23
| 28
28
30
30
31
Van dé 3. Ching minh bat déng thic. Tim gia tri 16n nhét, gia tri nhé nhat.
Khao sat tinh chét bién thién | 32
34
Chuong II. KHAI NIEM LOGARIT VA HAM SO LOGARIT
35
40
Van dé 1. Cac phép toan vé légarit 40
a4
45
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Véan dé 4. Tim tap xac dinh. Chimg minh b&t déng thuc

Tim gia tri I6n nhat, gia tri nhé nhat. Khio sat tinh chat blen thien 46

Bai tap én cudi chuong II

Chuong Ill. PHUONG TRINH MU VA PHUONG TRINH LOGARIT

§1. Phuong trinh mii
A. Tém tét giao khoa
B. Phuong phép giéi toan
Van dé 1. Pua vé ciing mét co s8
Vén dé 2. Phuong phap dat &n s6 phy
Vén dé 3. Phuong phap logarit hoa

Vén dé 4. Phuong phap dung tinh don diéu clia ham sé

dé chimg minh tinh duy nhét clia nghiem
Van dé 5. Phuong trinh khong méu muc
§2. Phuong trinh l6garit
A. Tém tét gido khoa
B. Phuong phap gidi toan
Van dé 1. Pua vé ciing mét co sé
Vén dé 2. Phuong phap dat &n s6 phu
Van dé 3. Phuong phap diing tinh don diéu ctia ham sé
dé chimg minh tinh duy nhé&t ctia nghiém
Van dé 4. Phuong trinh khéng mau muc
' §3. He phuong trinh m — l6garit
A. Tém tét gido khoa
B. Phuong phap gidi toan
Bai tap én cuéi chuong Il

48

49

49
49
49
52
57

59
62
64
64
64
64
67

69
71

73
74
79

Chuong IV. BAT PHUONG TRINH MU VA BAT PHUONG TRINH LOGARIT

§1. B4t phuong trinh ma
A. Tém tét gigo khoa
B. Phuong phéap gidi toan
Vén dé 1. Bat phuong trinh ma dang co ban
Van dé 2. Pua vé cling mét co s6
Van dé 3. Phuong phap dat 4n s6 phu
Vén dé 4. Phuong phap logarit hoa
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§2. Bt phuong trinh légarit ’ 87

A. Tém tét gigo khoa : 87

B. Phuong phap gidi toan 87
Van dé 1. Bat phuong trinh légarit dang co ban 87
Van dé 2. Bua vé cling mét co s6 89
Van dé 3. Phuong phap dat 4n s phu , o1
Bai tap én cudi chuong IV v : 92
4 Chuong V. SO PHUC |
§1. S8 phc ‘ ‘ 93
~ A. Tom tét gido khoa | . | _ 93
B. Phuong phap gidi toan ( 97
Van dé 1. Thuc hién cac phép tinh trén (C ‘ o 97
Van dé 2. Giai phucfng trinh va he phuong trinh don gian ) 99
Van d¢ 3. Biéu dlen hinh hoc cac s6 phuc ’ 103
Van dé 4. Tim tap hop diém : ‘ ' ‘ 106
§2. Can bac hai ciia s6 phitc va phuong trinh bac hai 112
"~ A. Tém tat gido khoa v : ' 112
B. Phuong phap gidi toan | . 113
Vén @@ 1. Tinh can bac hai, can bac bén clia mot sé phitc w 113
Van dé 2. Phuong trinh bac hai : : | 118
Van dé 3. Phuong trinh bac ba Az* +Bz> +Cz+D =0 (A #0) 124
Vén dé 4. Phuong trinh bac bon Az' +BZ +C2* +Dz+E =0 (A#0) 130
§3. Dang luong giéc ctia s phitc va tmg dyng . ; 133
A. Tém tét gido khoa | , : _ 133
B. Phuong phap gidi toan ' , 134
Van dé 1. Viét s6 phtc dudi dang luong giac 134
Van dé 2. Ap dung céng thic Moivre dé thuc hién cac phép tinh 137
Van dé 3. Tinh médun va aégumen clia s6 phic ‘ 145
Van dé 4. Ap dung cdng thic Moivre dé tinh can bac n clia s6 phtc 150

Van dé 5. Ap dung cong thic Moivre d8 ching minh cac hé thic luorng giac 154

Van dé 6. Phép bién hinh va sé phic . 157
Bai tap 6n cudi chuong V . : ' 160
HUONG DAN GIAI VA PAP SO o . 161
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