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CONG THUC LUONG GIAC CAN NAM VI'NG

I. CAC HE THU'C LUQNG GIAC CO BAN

<2 2

oy ) sin“z =1—cos” x
Osinz+cos z=1= ) .
cos"r=1—sin"z

1 1
(2] > —1+tan’z = tan’z = > —1
cos’ cos”
© L =1 2 2r = 1
—— =1l+cot"z = cot" z = ———
sin” x sin” x

O tanzx.cotx =1 = cotx =

tanx

[ . 4 4 s 2 2 ..

sin"x 4+ cos ¢ =1—2sin” x cos” z;
©1. 6 .2 2

sin’x +cos ¢ =1—3sin" xcos™ x

sin® x + cos’ = (sinx + cos z)(1 — sin x cos 1)
0 -

sin’ z — cos’ z = (sinz — cos z)(1 + sin z cos )

II. DAU CUA CAC HAM SO LUQNG GIAC

Goc 1 Goc 11 Goc III Goc IV
sin x + + — —
COST + — — +
tanx + — + —
cotx + — + —

I1I. MOI QUAN HE CUA CAC CUNG LUQNG GIAC PAC BIET

® Hai cung ddi nhau

cos(—z) = cosz sin(—z) = —sinz
tan(—z) = —tanz cot(—z) = —cotx
@ Hai cung bu nhau
sin(m — z) = sinz cos(m — ) = —cos T
tan(m —x) = —tanz cot(m — ) = —cotx
® Hai cung phu nhau
Sin(z — X) = COST cos(z —x)=sinz

2 2
tan(g —x) = cotx cot(z — )= tanx
@ Hai cung hon nhau 7
sin(r + ) = —sinz cos(m + ) = —cosz
tan(m 4+ z) = tanz cot(m + ) = cotx

. ™
® Hai cung hon nhau E
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T
SIH(E + ) = cosx

tan(g + )= —cotz

® Vé6i k 1a sb nguyén thi ta cé:
sin(z + k27) = sinz
tan(z + k7)) = tanx

IV. CONG THUC CONG

7r :
COS(E + )= —sinx
cot(g + 1) = —cotz

cos(z + k2m) = cosx
cot(z + km) = cotzx

sin(z 4+ y) = sinz cosy + cos xsiny
cos(x + y) = coszcosy —sinzsiny

tan(z + y) = tanz + tany

1—tanztany

sin(z — y) = sinz cosy — cos x siny
cos(x —y) = coszcosy + sinzsiny

tanx — tany

tan(z —y) =
( v) 1+ tanxtany

Dic biét:

Sin2x = 2sin £ cos T

TH1: Céng thirc géc nhan ddi: {cos 2z = cos’ ¢ —sin®z = 2cos’z —1=1—2sin’z

2tanx
tal’l2ﬁl}:—2
1—tan"z
N e m , R . 9 1—cos2zx 5 1+ cos2zx
H¢ qua: Cong thirc ha bac 2: SiIn" r = —  ;COS x:T

sin3z = 3sinx — 4sin’

TH2: Cong thirc goc nhan ba:

cos3x = 4cos’r — 3coszx

V. CONG THUC BIEN POI TONG SANG TICH VA TiCH SANG TONG

1
COS T CoS Yy = E[cos(x +y) + cos(z — y)]
. . 1
sinzsiny = —E[cos(x +y) — cos(x — y)]
: L. :
sinz cosy = E[sm(a: +y) + sin(z — y)]

1
coszsiny = 3 [sin(a: +y) —sin(z — y)]

cosx+cosy:2cosx+ycosx;y
cosx—cosy:—2sinx+ycosx_y

2 2
sinx+siny:2sinx+ycosx;y
sinx—siny:2cosx+ysinx_y

2 2

Chi y:
z{sinx—l—cosa::\/isin x—i—% :\/Ecos[a:—g]
& sinx—cosx:\/isin x—g]:—\/icos

™
T+ —
4

————
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PHUONG TRINH LUQONG GIAC CO BAN

u=uv-+k27

O sinu =sinv &
u=m—0v+ k27

uw=uv+kmw

© tanu = tanv & T
uxE-i—/m

u=0v-+k27

® cosu =cosv &
u=—v+ k2w

u=v+kr

(4] cotu-cotv(:){
u =k

Pac biét:

sine =0& x=kn

) T
smx:1<:>x:5+k27r

) T
smx:—1<:>x:—5+k27r

Chu y:

cossz(:)x:g—l—k?T

cosr =1 x=Kk2m
cosr=—1<z=1m+knr

% biéu kién c6 nghiém cua phuong trinh sinz = m va cosz =m la:|—1 <m < 1|

% Sir dung thanh thao cu than chu " Cos déi - Sin bit - Phu chéo" dé dua cac phuong trinh dang sau

vé phuong trinh co ban:

. . . ™
SINU = COSV &< SINU = SIH[E—’U

sinuy = —sinv < sinu = sin(—v)
2
L cosz =1
< Doi v6i phuong trinh | |
sin“z =1

. ™
COSU = SIN vV < COSU :COS[E—’U]

COSU = — COSV < cosu = cos(m — v)

COS x = :t 1 . . V4 . . . .
) khong nén giai tryc ticp vi khi d6 phai giai 4
sinz = +1

phuong trinh co ban thanh phan, khi d6 viéc két hop nghiém sé rt kho khan. Ta nén dya vao cong

’ e 2 2 A e 2.
thire sin”  + cos™ £ = 1 dé bién d61 nhu sau:

COS2 T =

% Tuong tu ddi voi phuong trinh

sinfz =

2 .
cos"z =1 sinz =0 )
.y & sin2z = 0.
sin“z =1 cosz =0

2co8°x—1=0
p—

.y & cos2z =0.
1—-2sin"2z=0

N | =N~

Bai 1. Giai cac phwong trinh sau

-3)=-3

O cos

© 2cos —\/5

™
T+
3

13 =0
(4] 3tan[%—x]:\/§

) 2sin[2a:—Z
6

Huwéng din giai:
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3 :
Ta xac dinh ¢ phuong trinh nay v = = — % ,U = Iﬂ , nén dua vao cong thuc nghiém ta cod
3 3
x—z:l+k2w hoic x—zz ——7T+k27r.
4 4 4 4

Vay nghiém ctia phuong trinh 1a: £ = 7 + k27 ; x = —g +k2m,(k€Z).

—1—\/5 =0« sin[2x—%] = —g = sin[2x—%] = sin[—z]

L) 2sin[2gc—z
6

3
2x—z:—z+k27r r=——++km
& 43 & . (k€ Z)
2x—z:§+k27r :17:—7T+]€7T
© 2cos :1:—1—% —\/5:O<:>cos x—i—% :ﬂﬁcos x—i—% :cosE
x—i—z:z-i—k%r x:—1+k27r
& 3 4 N %2 (ke).
x-l—z:—z—i-kﬂw x:—l+k2w
3 4 12
O 3tan z—:J(: :\/§<:>tan z—:1: :£<:>tan z—:1: :tanz
3 3 3 3 6

sl s=likrer=2—kr, (ke
3 6 6 . , .
Chu y: Doi voi phuong trinh tanx = m (tanx = m ), trong do m la hang so thi diéu kién

cosz = 0 (sinz = 0) la khdng can thiét.

Bai 2. Giai cac phwong trinh sau

O sinx = sin 2:1:—1—% @ sin 2:1:—1—%

™
T ——| = COS
6]

© tan 3x—Z = tan x—i—z O cot 2:1:—z —i—tanz—x =0
4 6 6
Huéng din giai:
- x:2x+z—|—k27r x:—z—k27r
0 sinz = sin 2:1:—|—Z & 4 & 4 5 ,(keZ).
x:7r—2x—z+k27r xzz—i-k—w
4 4 3
2 2
- o 2+ = ="yt k2n x:5—7T =
® PT < cos 290—1—1 :cos[?—x = 4 32 & 3611 3 .
A+ = etk |r=——C k2
4 3 12

© Do PT c6 dang tan u = tan v nén ta chi can mgt di€u kién cosu = 0 hodac cosv = 0. B¢ don

gian ta chon diéu kién: cos

™
T +—
6

¢O<:>x+%¢g+k7r<:>x¢%+k7r.l(hidéz
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(:>3x—z:x+z+k7r(:>x:5—7r+kz,(k:EZ).
4 6 24 2

tan [3:)0 — z] = tan
4

™
T+ —
6

: ) ) ) 5)
Két hop nghiém trén duong tron luwgng gidc thu duge nghiém cta PT: 2 = i +k g (keZ).

® Do co6 thé bién doi PT v€ dang tan v = tan v nén ta chi can mdt diéu kién cosu = 0 hoac
cos v = 0. D¢ don gian ta chon diéu kién:

™
COS|——T

¢0<:>E—x¢z+k7r<:>x7:—z—k7r.
6 2 3

PT & cot[2x—§] = tan[x——

il < tan x—z = tan 3—7T—2:1:
6 6 4

11
<:>x—z:3—7T—2x—i-k:7r<:>x:—7T—i—k:z (keZ).
6 4 36 3
% A y A Hr 7
Két hgp nghiém trén duong tron lwong gic thu duge nghiém cta PT: 2 = 2 + kg,(k €Z).
Bai 3. Giai cac phwong trinh sau
040052x—2(\/§+1)cosx+\/§:() ® 2cos’ v+ 5sinz —4=0
ex/gtaHQx—(l-l—\/g)tanx-l—l:O Qsinz[as—%]:coszx
Huéng din giai:
1 7

cossz r=+—+ k27
OPT & e 3 (ke Z).

cosx:73 x:j:%—f—k%r

sinz = 2 (loai)

® PT< 2(1—sin’ )+ 5sinz —4 = 0 < 2sin’z —5sinz +2=0 &
sianE (t/m)

5)
Vay phuong trinh ¢6 nghiém: z = % + k27 vax = % +k2m, (keZ).

tanz =1 sinz = 2 (loai)
O PT< 1 < 2sin®z—5sinz+2=0<« 1
tanxzﬁ sianE

5)
Vay phuong trinh ¢6 nghiém: z = % + k27 vax = % + k27, (k€ Z).

1—cos 2:1:—E
2) 14cos2z

O PT= <:>sin2x:—Cos2x<:>tan2x:—1<:>x:—g+kz.

2

Bai 4. Giai cac phwong trinh sau

1
0sin4x—|—cos4x:sin2x—§ 9sin4§+cos4§:1—2sinx
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© 2(sin z + cos” z) — cos [g — 2:L’] =0 @ sin’ z + cos’ z = cos 4z

Huéng din giai:
. ) 1 1 . . 1
OPT & 1—2sin*zcos’z =sin2z—— < 1 —=sin’ 2z = s1n2x—§

oy ] sin2r = —1 T T
& sin“ 2z —2sin2r -3 =04 . e2r=——+RRr s r=—+kn(k€Z).
sin 2z = 3 (loat) 2 4

sinz =0

8 PT& 1—%sin2x:1—2sinx(:>sin2:1:—4sin:1::0(:> s r=kn(keZ).

sinz = 4 (loai)

1., ) oy ) sin2z =1
O PT< 2 1—§Sm 20| —sin2x =0 & sin“ 2z +sin22 —2=0 &

sin 2z = —2 (loai)
T T

<:>2x:5+k27r<:>xzz+k7r,(kEZ).

OPT< 1—3sinzcos’z=1—2sin’ 2z & 1—%sin2 2x =1—2sin’ 2z

<:>sin2x:O<:>2x:k7r<:>x:kg,(kEZ).

Bai 5. Giai cac phwong trinh sau
2(sin’ z + cos’ z) — sinz cos z

O sin’ 2+ cos’ z +sinzcosz =0 ) — 0(A06)
\/5—2511&:)5
1 (2—\/§)cosx—2sin2(§_ﬁ)
© cos’r=sin’r—— (4] 2 4 =1
4 2cosz —1
Huwéng din giai:
sin2x = —1

1 1
0 PT< 1—§sin2 2x+§sin2x =0« sin’2z —sin22—2=0<

sin 2z = 2 (loai)
s
S = —Z—er,(k €7).
T = Z—i—l<:27r
4

@ (A-2006) Pidu kién: V2 —2sinz = 0 & sing = = &
2 3T

1
PT< 2(sin’ 2 + cos’ 7) —sinz cosz = 0 & 2[1—%sin2 2x]—§sin2x =0

sin2z =1

& 3sin’ 27 +sin2r7 —4 =0 < 4 <:>xzz+k7r,(k€Z).
sin2x = -3 (loai) 4

. 5
Két hop nghi¢m ta thu dugc nghiém cta phuong trinh z = Iﬂ + k2.

Trwong THPT Nguyén Hitu Tién - Duy Tién - Ha Nam 6




ThS. Trin Manh Han (0974514498) FB: thayHanSP1

cos’ 1 = 1
2

1
9PT<:>cos4x:1—cost—Z<:>4cos4x+40052x—320<:> 5
cos’ x = —Z (loai)

<:>200st—1:0<:>cos2x:()<:>2:1::g+k7r<:>a::%+kg,(kEZ).
O biéu kién: 2cosx¢1<:>x¢i%+k27r.

PT & (2—\/§)cosx—2sin2(§—%) =2cosr—1& — BCosx—[l—cos[x—g]] =—1

& BCosx—cos[g—x]:O@ 3COS£II—SiIl£IJ:0<:>tan$:\/§<:>$:%+kﬂ',(kEZ).

Bai 6. Giai cac phwong trinh sau
O sin 3z + cos2x —sinz = 0 (D-2013) ® sin bz +2cos’ ¢ =1 (B-2013)
© sinx + 4cosx = 2+ sin 2z (A-2014) O cos3x 4+ cos2z —cosx —1 = 0 (D-2006)

Huéng din giai:
O PT< sin3z —sinz + cos 2z = 0 < 2cos 2z sinz + cos2z = 0 < cos2z(2sinz +1) = 0

T T
r=—+k—
cos2x =0 47T 2
& 1€t =——+kr.
sinx:—E 6
x:ﬁ—l—kﬂw
_ 6
O PT sin5x+1+cos2x:1<:>cos2x:—sin5x<:>cos2x:sin(—5x)
T s 27
- 20 = —+br + K27 r=———k—
& €0o82T = COs 5+5x & 2 & 6 ?5 (keZ).
2x:—z—5x+k27r x:—i—Hﬁ—W
2 14 7

® PT< sinz +4cosz =2+ 2sinzcosz < sinz(l —2cosz) 4+ 2(2cosx —1) =0

sinz = 2 (loai)

& (sinz —2)(1—2cosz) =0« 1 & 1=+ 42
Co8T = 3

O PT< cos3z—cosz +cos2z —1=0< —2sin2zsinz —2sin’z = 0

. _ . sinz =0 sinz =0 T =km
& sinz(sin2z +sinz) = 0 <

sin2x +sinxz =0

o = o
2cosx+1=0 r=+—+K27
3
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MOT SO DANG PHUONG TRINH LUQONG GIAC

DANG 1. PHUONG TRINH BAC NHAT VOI SINX VA COSX
& Dang phwong trinh: [asinz + bcosz = c|

& Cach gidi: Chia hai vé phuong trinh cho \a* + b

a : c
— —=——=SI1T + ———=C0ST = ———
a’ + b’ va’ + b Va® + b
b : : :
Cl: Dit ——— = cosa, = sin a.. Khi d6 PT@sm(x—l—oz):;ﬁx:?

va* + b
a b ., c
——— =cosf. Khidé PT < cos(z — ) =—— o ="

———— —sin g,
Jai +b° a’ + b Ja* +b°

& Diéu kién c¢6 nghiém cta phuong trinh: a* 4 b > ¢

C2: bat

& Chu y: Khi phuong trinh c6 ‘a‘ = ‘c‘ hodc ‘b‘ = ‘c‘ thi dung cong thirc géc nhan do6i va sir dung

phép nhém nhén tir chung.

Bai 1. Giai cac phwong trinh sau
Ocosx+\/§sinx:\/§ 92sinx—|—2cosx:\/8
(3] 30083x—sin3x:\/5 Qsinx+cosx:\/581n5x

Huwéng din giai:
O Nhan xét: Trong PT nay ta xdc dinh cac hé s6a=1b= \/g, c= \/5 théa mén diéu kién

a’ +b° > c* do dé phwong trinh ndy c6 nghiém. Pé gidi PT ta can chia cd hai vé cho

Ja® +0* = 1 + (3) =2.
V2
2

\/5 x:1+k27r
12

PT@%cosx+7gsinx: =X ! zv—i—z =— & 7
6 2 $:—7T+k27'('
12
f T = 7T+k27r
1 1 T 19
9PT<:>—cosx+—sin:1::—3<:>sin x—l—% :—3<:> %2
\/5 \/5 2 $:—7T+k27'('
12
T T
——3z=—+K27
2
9PT<:>7gcos3x—%sin3x:72<:>sin[z—3x]:—<:> 3 ;‘:
3 20 T 3e =" 4 gon
3 4
T 2
T3 3 ez
= , (k€ )
5% 2 ( )
rT=————k—.
36 3
1 . 1 ) . T .
OPTS —=sinz +—=cosx =sindxr < sin|x +—| = sin bx
J2 J2 1
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br =2+~ + k21 |v=— 4 ko
= ; 4 PN 16 2
5:1::—7T—x+k27r :L‘:z-i-kz
4 3
Bai 2. Giai cac phwong trinh sau
© /3 sin 2z + sin g+2x =1 9(\/g—l)sinx—(\/g—l—l)cosx—l—\/g—l:0
© 3sinx—\/§6083x:1+4sin3:1; 4] cos7x—\/§sin7x—|—\/§:O,xE 2—”,67”]
Huéng din giai:
. 3 . 1 1 ) T 1
0 PTS \/§s1n2x+cos2x:1<:>781n2x+§cos2:1::§<:>sm 2:1:—1—6 =—
& 6 g N - (keZ).

V3—1. B4l 1-43

®PT ——sinyr ————CoSy = ———
J8 J8

J8

Nhan xét: Si dung mdy tinh 570ES PLUS ta bam SHIFT SIN ciia

thu duoc 5—; tie la

3+
J8
1-+/3

. om \/g +1 o . | om . . om
— = . Vay ta co nén dwa phwong trinh vé dang cos—sinz — sin—cos T =
12 12 J8

Sin 19 \/g

. T
ngay lap tiec hay chwa? Cau tra loi la chwa. Boi vi ket qua E khong phai gia tri cung luwong gidac dac

biét ¢6 mat trong SGK?Vi vdy ta nén lam nhu sau cho thuyét phuc:

. . bm . |m T . T T T . T \/5\/5\/51 \/g—i—l
Taco sin— =sin|—+—|=sm—cos—+cos—sm——=—.—+—.— = .
12 4 6 46 46 2 2 22 |8
Nén PT <:>cos5—7rsinx—sin5—7rcosx:—\/§_1<:>sin :1:—1—5—7T = —Cos 5—7T
12 12 J8 12 12
&S sin|zr+—|=cos|—| & sin|r +—|=sin|——| & 12 12
2 12 S 137w
— =—+ k27
12 12

2
Vay phuong trinh ¢6 nghiém: z = —g + k27 vax = ?W + k2, (keZ).

) 1 . 1
® PT s1n3x—\/§cosi3x:1 <:>§sm3x+73cos3x:§

1 324+ — =2 4 k2r x:—i—i—kz—w

— e 30 - CRNER
e+~ =g por  |p=l 4kl

3 6 6 3

. T
&< sin 390-1—5
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To—— =2 4 2
\/5 1 \6 [72:_%]\/5@‘%6 4+7T

0PT¢>7$in7x—§cos7x:7<:>sin 5 5
To—— =" 4 kor
6 4

Te=2" 4 por |e=2T 32T
& 12 & 84 T (kez).
117 _ Hm o 2m

Tr = ——+ k27 z
12 4 7

Nhan xét: Hé tim nghiém x €

T 6 ; ¢
— ,7] thuc chat la ta phai chon so nguyén k théa man

2 5) 2 6 2 11 2 6 .
il < 2z + k—ﬂ < il hodc = < U + = < 77T tire la ta phai giai cdac bat phwong trinh

11 2t 6 _; . . ,
—+—< ? dé tim cdac mién gid tri cua k roi sau dé chon k la so

84

I

_|_
| o
(S EEN)

S8m 5w . 59r
84

KL: Vay phuong trinh ¢6 cic nghiém théa méan didu kién la: z =

b

= va T :

‘ ‘ ‘ 12 84
Ngodai ra, ta co thé khong can giai cac BPT nghiém nguyén o trén bang cach su dung 570ES PLUS
nhuw sau:

- TrueGe tién ta tim khodang gan diing ciia

E;Q] la (0,4;0,857...)
57

. . b 2X ;
- Nhdp biéu thirc thir nhat o + Tvdo may tinh (vi may tinh khong coé k nén ta coi X la k) roi

CALC véi cdc gid tri X = 0;41;4+2;43... dé kiém tra xem c¢é théa man hay khéng. Khi do ta tim

53
duoc k = 2, ung vdi nghiém la © = 8—;
o ST o o9m

- Tuwong ty cho biéu thirc thir 2 thu duoc k = 1,k = 2, twong vmg véi nghiém x = E va T = g
Bai 3. Giai cac phwong trinh sau
© cos7r —sinbr = \/g(cos bx —sinTx) ® tanz — 3cotz = 4(sinz + V3 cos )

1—cos?2 inx —sin2
o \/g( cos z) _ o8 1 o Sz —sin2zr _ o (CD2004)

2sinx COS T — COS 2%

Huéng din giai: ‘
© Nhan xét: Doi voi PT dang asinx + bcosx = ¢ thi chiung ta co thé giai mot cach dé dang bang
cdch chia cho \a® +b* . Nhung néu gdp dang |asin mx 4+ b cos ma = csin nz + d cos nz| trong
ds a* +b> = ¢ +d° thi lam thé nao? Cit binh tinh quan sat nhé! Ching ta nhén thdy méi vé ciia

\ A ’ A A » . < 5 . X A 2 2 A
phuwong trinh deu cé dang bdc nhat cua sin va cos, ta thir chia moi vé cho \a” +b", rat may

\/&2 +b° = \/62 +d” . Nhung leu ¥ rang, ta phdi chuyén vé sao cho méi vé c¢é ciing mét cung. Tir d6
ta co loi giai nhw sau:

1 1
PT< cosTx —|—\/§sin7x = sin 5z +\/§cos5x <:>§cos7x+§sin7x = ESin5LL’+73COS5LL‘

Trwong THPT Nguyén Hitu Tién - Duy Tién - Ha Nam 10




ThS. Trin Manh Han (0974514498) FB: thayHanSP1

T4+ L =br+ L4+ k2r |z =-——4kn
3 12

. T . T 6
& sin 790—1—6 = sin 590—1—5 & 5 &
7x+z=l—5x+k2w :chi—i-k:z
6 3 24 6
. sinz = 0 ) T
® Dicu kién: Ssin2z =0 = k—.
cosz =0 2
. 2 o 2 ] . 3
PT o0 .x Jcos @ = 4(sinz + V3 cosz) < (sinz + i%cos('zz)[smg?+ 8T _4l=0
sinz cosx sin z cos x
sinz ++v3cosz =0 tanx:—\/g
A A T )
sinx ++vV3cosx = 2sin2x sin x—i-g = sin 2z

Giai va két hop nghiém trén dudng tron lwgng giac ta thu duge: z = —% + kmx = % — k2

=T k2 ke,
9 3

© Dbidukién: sinz = 0 < z = kr

3 [ZerI=T+ker
PT<:>sin2x+\/§cos2x:\/§<:>sin 2x—|—Z :—3<:> 3 3
3 T 27
20+ —=—+ k27
3 3
x = km (loai) -
& T . Vay phuong trinh ¢6 nghiém: z = — + kmr,(k € Z).
r=—+kr 6

; 2
® Dicu kién: cosz —cos2z =0 2r = +x +K2n & = k%
PT< sinz —sin2z = \/g(cosa:—cos2:1:) & sinx—\/gcosx = sin2x—\/§cos2:1:

1 . 1 . 3 . T . T
< —sing ———cosx = —sin2x ——cos2x & sin|r ——|=sin|2z — —
2 2 2 2 3 3

T =—k2m
& 50 or (keZ).
r="" 4
9 3

5 2
Vay phuong trinh ¢6 nghiém: x = —k2m; 2 = ?ﬁ + k% :

Bai 4. Giai cac phwong trinh sau

Ocosx—l—\/gsinx: 91+tan:1;:2\/5sin

(A2013)

T
T+ —
4

COS T

. 6
© 3 cosbr —2sin3zrcos2zr —sinz =0(D09) @ 4sinz + 3cosz + =6

4sinx +3cosz +1 N

Huéng din giai:
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© Dicukién: cosz = 0 < x zg—i—lm.
9 ) . 1 3 . 1
PT < cos :II-|—\/§SH1£IZCOSZI] =1 cos2x—|—\/§sm2x = 1<:>§cos2x+7sm2x :E

2x+%:%+k27r z = kr (t/m)

. 1
& sin 2x+%:5<:> . & T (keZ).
90+ X 2T | porx w:§+k7r(t/m)

Vay phuong trinh c6 nghiém: x = km; zg-i-/m.

® Diéu kién: cossz@ng—Hm.
sin tanz = —1

PT< 1+ :2(sinx—|—cosx)<:>(sin:z:+cos:1:)[ —2J:O<:> 1
COS T COS T cos ==

Két hop voi didu kién thu duge nghiém cia PT: 7 = —% thma = i% +k2r, (k€ Z).
© PT< V3 cosbr —(sinbz +sinz) —sinz = 0 < V3 cosbx —sin bz = 2sinx

T o br=z+k2n r=—— k=

@sin[%—Sx]zsinx@ 3 & 18 3. (kez).
T sr=m—z+k2r |r=-———k=
3 6 4
s s s s
Vay phuong trinh ¢6 nghiém: 2 = ———k—;0 = —— — k—.
ay p g ghie 18 3 6 1

@ bit t = 4sinz +3cosz+1, (t = 0)
t=1

PT<:>t—1+§:6<:>t2—7t+6:O<:> f— 6

. 3
+Vé6it=1tacd 4sinz + 3coszx :0<:>gs1nx+gcosx: 0

<:>cosozsinzz:+sinozcoszz::O<:>sin(:z:—a):O Sr=oa+kr.

4 . 3
+V6it=06tacd 4sinz + 3coszx :5<:>gs1nx+gcosa::1

<:>cosozsin:z:—|—sinozcoszz::1<:>sin(x—a)zl <:>x:04+g+k27r.

. ) 3
Vay phuong trinh ¢6 nghiém: z = o + k2m;20 = a + g + k27 trong d6 sina = = va cosa = =

DANG 2. PHUONG TRINH THUAN BAC HAI VOI SINX VA COSX
& Dang phwong trinh: asin’ 2 + bsinz cosz + c.cos’z +d = 0

& Cach giai:

Cach 1: + Xét cosz = 0 ¢6 la nghi¢m phuong trinh khong?

Trwong THPT Nguyén Hitu Tién - Duy Tién - Ha Nam
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+ Xét cos z = 0, chia hai vé phuong trinh cho cos’ z ta duogc:
atan’z +btanz +c+d(1 +tan’z2) = 0 = tanz = 2
Céch 2: Diing cong thirc ha bac dua vé phuong trinh bac nhét véi sin 22 va cos 2z (dang 1).

Bai 1. Giai cac phwong trinh sau
) . 2 <2 . 2

O 2sin"z+sinzcosxr —3cos” z =0 ® 2sin"x—3sinxzcosx +cos "z =0
.92 . 2 . 2 . 2

© sin"x—10sinzcosxz +21cos" =10 O 2sin"z—5sinxcosz +3cos "z =0

Huéng din giai:
O 2sin’ 2 +sinzcosz —3cos’z =0
+Xét cosz = 0 (te sin® # = 1): Khi d6 PT tr& thanh 2 = 0 nén cos ¢ = 0 khong thoa min.
+ Xét cos z = 0, chia hai vé phuong trinh cho cos’ z ta dugc:

tanz = 1 xzz—i-lmr

2tan’r +tanr —3 =0 < 3 &
tanx:—E

(keZ).
+ km

r = arctan|——
2

Cach 2: PT< 2(1 — cos2z) 4 sin2z — 3(1 4 cos2z) = 0 < sin2z — 5 cos2z =1

2

2
bat ¢t = tan z khid6 sin2z = 1—tQ;cos 20 = Phuong trinh tré thanh
t

t*
t=1
2 +t-3=0% 3.

f=—=
2

® 2sin’ 2 — 3sinzcosz +cos’z =0
+Xét cosz = 0 (tee sin® x = 1): Khi d6 PT trd thanh 2 = 0 nén cos z = 0 khong thoa min.
+ Xét cos z = 0, chia hai vé phuong trinh cho cos” z ta duogc:

tanz =1 x:z—i-lmr
2tan’z —3tanz +1=0 & 1< (kez).
tanz = 9 r = arctan|— |+ km

® sin’ 7 —10sinz cosz +21cos’z = 0
+Xét cosz = 0 (tc sin” z = 1): Khi d6 phuong trinh tro thanh 1 = 0 nén cos z = 0 khéng t/m.
+ Xét cos z = 0, chia hai vé phuong trinh cho cos” z ta duogc:

tanz = 3 r = arctan 3 + km

tan’r —10tanz +21 =0 < keZ).

tanz =7 r =arctan7 + km

@ 2sin” z —5sinzcosz + 3cos’ z = 0
+Xét cosz = 0 (tic sin” z = 1): Khi d6 phuong trinh tro thanh 2 = 0 nén cos z = 0 khéng t/m.
+ Xét cos z = 0, chia hai vé phuong trinh cho cos’ z ta dugc:

tanz =1 xzz—i-lmr
2tan’z —Htanz +3 =0 & 3 < (kez).
tanz :E r = arctan |— |+ k7

Bai 2. Giai cac phwong trinh sau
o sian-l—(l—\/g)sinxcosx— 3cos’z=0 @ 3sin’z+4sin2z+4cos’zr =0
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© 3sin’ 2z —4sinzcosz +5cos’ T = 2 o 3sin2:1:+4sin2:1:—(8\/§—3)(3082x =3

Huéng din giai:
0 sin’ :1:+(1—\/§)sin:1:cos:1:— 3cos’z =0
+Xét cosz = 0 (tc sin” z = 1): Khi d6 phuong trinh tro thanh 1 = 0 nén cos z = 0 khéng t/m.
+ Xét cos z = 0, chia hai vé phuong trinh cho cos’ z ta dugc:

T
tanz = —1 r=——+km

tan2x+(1—\/§)tanx—\/§:O<:> \/—<:> 4 (keZ).
tanz = V3 xz%—l—lmr

® PT< 3sin’ 2 + 8sinzcosz +4cos’ 2 =0
+Xét cosz = 0 (tae sin® z = 1): Khi d6 phuong trinh tré thanh 3 = 0 nén cos z = 0 khong t/m.
+ Xét cos z = 0, chia hai vé phuong trinh cho cos’ z ta dugc:

tanz = —2 r = arctan(—2) + k7

3tan’z 4 Stanz +4 =0 & 9 & 2
tany = —— T = arctan —g + km
3

(keZ).

® 3sin’z —4sinzcosz + 5cos’ T = 2

+Xét cosz = 0 (tic sin” z = 1): Khi d6 phuong trinh tro thanh 3 = 2 nén cos z = 0 khéng t/m.
+ Xét cos z = 0, chia hai vé phuong trinh cho cos® z ta duogc:

tanr =1 |p=2_ fr

3tan’ 7 —4tanx +5 = 2(1 + tan’ z) & (keZ).

tanz = 3 x = arctan 3 + km

® PT< 3sin’ z +8sinzcosz —(8\/5—3)6082 r=3

+Xét cosz = 0 (tuc sin® z = 1): Khi d6 phuong trinh tré thanh 3 = 3 nén cos z = 0 théa man.
Tacla z = g + km 1a nghiém cta phuong trinh.

+ Xét cos z = 0, chia hai vé phuong trinh cho cos’ z ta dugc:

3tan2x+8tanx—(8\/§—3):3(1+tan2x)<:>tanx:\/§<:>x:§+k7r (keZ).

Vay phuong trinh ¢6 nghiém: = = g + km,x = g + km.

DANG 3. PHUONG TRINH BAC BA VOI SINX VA COSX
& Dang phwong trinh:
asin® z 4+ bcos’ v 4 csin® v cosx + d cos’ rsinz +esinz + fcosz =0
& Cach giai:
+ Xét cosz = 0 c6 1a nghi€ém phuong trinh khong?

+ Xét cos z = 0, chia hai vé phwong trinh cho cos® z véi chu ¥: =1+tan’z.
cos’ x

Bai 1. Giai cac phwong trinh sau

O sinz —4sin’ x4+ cosz =0 ® 2sin’ © = cosx

® 2cos’ ©r =sin3z O 4cos’ x +2sin’ £ —3sinz =0

Huéng din giai:
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O sinz —4sin’ £ + cosz = 0
+ Xét cosz = 0 (tirc sinz = £1): Khi do PT tr¢ thanh I3 = 0 nén cos z = 0 khong thda man.

+ Xét cos z = 0, chia hai vé phuong trinh cho cos® z ta duogc:
tan z(1 + tan’ 1) —4tan’ x + (1 + tan’ 1) = 0 < 3tan’ v — tan’ v — tanz —1=0

& (tanz —1)(3tan’ 7 +2tanz +1) =0 < tanz =1 @xz%—l—lm (keZ).

Nhan xét: Khi gidi phwong trinh bdc 3 cdc em thuong bam mdy tinh dé ra nghiém ngay, nén cic em

bién déi phwong trinh 3t’ —}fZ —t—1=0<«t =1. N thé liéu da day di chua? Cau tra loi la
chwa di vi ching ta khong hé hoc cong thire nghiém phuong trinh bdc 3. Cac em can phai phan tich
thanh nhan tir trudc khi dwa ra nghiém. Vay lam the nao deé phan tich nhanh nhat?

1 ,
Budce 1: Dung may tinh 570ES PLUS thu duoc nghiém nhu sau t =1, t = 3 40,471 (1 nghiém

¢ 41
thuc va 2 nghiém phirc). Chu y dén so —g nhe!

Bude 2: Viét nhan tir: do PT ¢6 nghiém t =1 nén cé mot nhan tir (t — 1), v@y nhdn tir con lai la gi?

Dua vao hé s6 dau tién va cudi ciing trong phwong trinh béc 3 ta thu dwge hé sé dau tién va cudi ciing

cia nhan tir con lai, tirc la co nhan tu nita (3152 + Bt +1). Pé tim B ta dia vio phan thuc cia
1 B

nghiém phirc con lai — g = — ﬂ tir do suy ra B = 2. Vay ta ldp tirc phdn tich phwong trinh thanh

-3 +2t+1) & t=1.

® 2sin’ r = cosz

+ Xét cosz = 0 (tirc sinz = £1): Khi d6 PT tr¢ thanh +2 = 0 nén cos z = 0 khong thda man.

+ Xét cos z = 0, chia hai vé phuong trinh cho cos® z ta dugc:

2tan’z =14 tan’z < 2tan’z —tan’ 2 —1=0

& (tanz —1)(2tan’z + tanz +1) = 0 < tanz =1 @xz%—i—lm (keZ).

© 2cos’ ¢ =sin3z < 2cos’ r = 3sinz —4sin’ z

+ Xét cosxz = 0 (tc sinz = £1): Khi do PT tr¢ thanh 0 = £1 nén cos x = 0 khong thoa man.
+ Xét cos z = 0, chia hai vé phuong trinh cho cos® z ta duogc:

2 = 3tanz(l+tan’ 7) —4tan’ v < tan’z — 3tanz +2 =0

tanz =1 _T
& (tanz — 1) (tanz +2) = 0 & e|TT T (kez).

fanz =—2 |, _ arctan(—2) + k.

Nhan xét: Khi bam mdy tinh gidi phwong trinh t* —3t +2 =0, ching ta thu dwoc 2 nghiém
t = 1,t = —2. Khi d6 phan tich phwong trinh thanh t* — 3t +2 = (t —1)(t +2). Nhu thé liéu ddy
i chua? Cdc em hdy dé y bdc ¢ hai vé dé tw dwa ra cdu trd 107 nhé. Nhue vy la da thire nay con c6 1
nhdn t nita, theo cdc em nhdn tir ndy la t — 1 hay t +2. Cau tra loi la t — 1, vi sao lai nhu vay?
Rat de dang théi nhdn tir thir ba nay la t + 2 thi so hang tw do cua da thicc ban dau phdi la —4,
khéng 6n roi. Vay két qua la t* — 3t +2 = (t —1)(t +2)(t— 1) = (t—1)*(t + 2).

® 4cos’ z+2sin’ x —3sinz =0

+ Xét cosxz = 0 (tc sinz = £1): Khi do PT tr¢ thanh +1 = 0 nén cos x = 0 khong thoa man.

+ Xét cos z = 0, chia hai vé phuong trinh cho cos® z ta duogc:

4+42tan’ z —3tanz(l +tan’ 1) = 0 < tan’ 2 + 3tanz — 4 = 0
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& (tanz —1)(tan’z + tanx +4) =0 < tanz = 1 @xz%—i—lm (keZ).

Bai 2. Giai cac phwong trinh sau
. . . 3 3 . 3 .
O sinzxsin2x +sin3zx = 6cos” z ® cos’r—sin’ ¢ =sinz + cosx
. 3 . 3 . .9
© 6sinxy —2cos” x = Hsin22x cosx O cos"z+sinx —3sin“zcosz =0

Huéng din giai:
O sin zsin 2z + sin 3z = 6cos’ © < 2sin’ rcosz + 3sinz —4sin® z = 6cos’ =
+ Xét cosz = 0 (tc sinz = £1): Khi do PT tr¢ thanh +1 = 0 nén cos x = 0 khong thoa man.
+ Xét cos z = 0, chia hai vé phuong trinh cho cos® z ta dugc:
2tan’ z + 3tan z(1 + tan’ z) —4tan’z = 6 < tan®z —2tan’  —3tanz +6 =0

T
r=—+km
tanxz =1 4

& (tanz —2)(tan’ 2z —3) =0 < tanz = V3 @x:%—l—lm (keZ).

tanz = —\/g

x:—z-l—knr

® PT< cos’ ¢ —sin’ 2 —sinz —cosz = 0

+ Xét cosz = 0 (tirc sinz = £1): Khi do PT tr¢ thanh +2 = 0 nén cos z = 0 khong thdoa man.

+ Xét cos z = 0, chia hai vé phuong trinh cho cos® z ta dugc:

1—tan’z — (tanz +1)(1+tan’z) = 0 & 1 —tan’ 2 — (tan’ z + tan’z + tanz +1) = 0
tanz = 0 Tz = km

<:>tan2x+tana::O<:>t _ 4 ® - (kez).
anzy = — T=——+km

® Gsinz —2cos’ . = 5sin2zcosx < 6sinz —2cos’ £ = 10sin z cos’ z
+ Xét cosz = 0 (tirc sinz = £1): Khi d6 PT tr¢ thanh +6 = 0 nén cos z = 0 khong thda man.

+ Xét cos z = 0, chia hai vé phuong trinh cho cos® z ta dugc:
6tan z(1+tan’ 7) —2 =10tanz < 6tan’ v —4tanz —2 = 0

& (tanz —1)(6tan’ 7 +6tanz +2) =0 < tanz =1 & o zg—i-lm (keZ).
O cos’ z +sinz — 3sin” zcosz = 0
+ Xét cosxz = 0 (tc sinz = £1): Khi do PT tr¢ thanh +1 = 0 nén cos x = 0 khong thoa man.

+ Xét cos x = 0, chia hai vé phuong trinh cho cos®  ta duogc:
1+ tanz(l+ tan’z) — 3tan’z = 0 < 2tan’ z —tanz —1=0

& (tanz —1)(2tan’z +2tanz +1) = 0 < tanz =1 @xz%—i—lm (keZ).

Bai 3. Giai cac phwong trinh sau

O cos’r—4sin®x—3coszsin®z+sinz=0 @ 1+ 3tanz = 2sin2x

NERE
+

cosz sinz

© 2sinz + 23 cosz = @ tanzsin’ z —2sin’ 7 = 3(cos 2z +sinz cos z)

Huéng din giai:
© cos’z —4sin® £ —3coszsin®z +sinz =0
+ Xét cosxz = 0 (tc sinz = £1): Khi do PT tr¢ thanh +1 = 0 nén cos x = 0 khong thoa man.
+ Xét cosz = 0, chia hai v& phuong trinh cho cos® z ta duoc:
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1—4tan’ r —3tan’z + tanz(l + tan’ 7) = 0 < 3tan’z + 3tan’z —tanz —1=10

tanz = —1 x:—%-l—lm
& (tanz +1)(3tan’z—1) =0 < tanx:?3 @x:%—i—lm (keZ).

V3

s
tany = —— $:—€+k7'('

® Diéu kién: cosz = 0. Khi d6 phuong trinh tré thanh: cos z + 3sinz = 4sin z cos’ =
Chia hai vé phwong trinh cho cos’ z ta dugc:
(1+3tanx)(1+ tan®z) = 4tanz < 3tan’ 2 + tan’z — tanz +1 =0

& (tanz +1)(3tan’z —2tanr +1) =0 < tanz = —1 & 7 = —% (t/m),(k € Z).

© Dibu kién: cosz = 0. PT trd thanh: 2sin® x cos x + 2\/5 cos’ rsinz = \/5 sinx + cos
Chia hai vé phwong trinh cho cos’ z ta dugc:

2tan z + 243 tanz = (\/gtana:—l—l)(tanQa:—l—l) o 3tan®z —tan’z — 3 tanz +1=0

T
T =—+km
tanz =1 4

@(taan—l)(\/gtanx—l):0<:> tanz = -1 < xz—%-{—lm (t/m),(k € Z).

tanx:? x:z—l—lm

® Diéu kién: cos ¥ = 0. PT trg thanh: sin® 7 — 2sin® 7 cos 7 = 3(2 cos’ z + sin z cos’ z — cos z)
Chia hai vé phwong trinh cho cos’ z ta dugc:
tan’ r —2tan’z = 3(2 + tanz — 1 — tan’ z) < tan’ z + tan” r — 3tanz — 3 = 0

T
T =—+km

tanz =1 4

& (tanz +1)(tan’ 2 —3) =0 < tanz =3 & xz%—l—lm (t/m),(k € Z).

tanz = —\/5

T
r=——+km
3
Bai 4. Giai cac phwong trinh sau
O cos’z —sin®z = cos® z —sin*z ® cos’ z + sin’® x = cos2x
) 13 . 7 T T
© cos’r—sin’z = gcos2 2z O sin'z 4 cos' z = gcot [:E +§] cot [E — :E]

Huéng din giai:
3 . 3 2 . 2
O PT< cos’ z —sin” z = cos”  —sin” ©
& (cosx —sinz) (1 +sinzcosx —cosz —sinz) = 0

cosz =sinz (1)

1+sinzcosxz —sinz —cosz = 0 (2)

Giai (1): cosxzcos[%—x]@xz%—m—i—k@w@xz%—i—lm.
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2

Giai (2): Pat t = sinx +cosx = sinzcosz =

1
St —22%+1=0&t=1<sinz+cosz =1< sin :zz-l-z = —
4) 2
x-l—%:%-l—k%r x = k2w
= & T (keZ).
x+E:3_7T+k27T $:5+k27T

Vay phuong trinh c6 nghiém: z = % +kmx = k2mx = g + k27 (k € Z).

® PT< (cosz +sinz) (1 —sinzcosz) = cos’ z —sin’ z
& (cosx +sinz)(l —sinzcosz +sinx —cosz) =0

+ sinx+cosx:O<:>tanxz—l@xz—%—i—lm

+ 1—sinzcosz+sinx—cosz =0
2

taco: 24+t*—14+2t=0=t=—1

bat ¢t = sinx —cosx = sinzcoszr =

_ . r—T =T por |lz=k2n
& sing —cosz = —1& sin[a:——]:——<:> 4 4 & 3
4 \/5 x—zz5—ﬂ+k27r T =—_-+k2m
44 2

3
Vay phuong trinh c6 nghiém: z = —%—i—lm;x: k27 :77T+k27r (ke Z).
2 2 4 <4 <2 2 13 2
® PT< (cos” z —sin” z)(cos” ¢ + sin” = + sin” x cos x):§cos 2z
o ) 13 1., 13
< cos2x(1 — sin® z cos :17):§COS 2z & cos2x 1—Zsm 2:1:—§cos2:1: =0

+ cos2x:O<:>2x:z—i-k:7r<:>£1::z—i-/<:z
2 4 2
+ 8 —2sin’2z —13cos2z = 0 < 2cos” 20 —13cos2z +6 = 0

1
& cos 2z :E,COS2$ =6 (loal) & = = j:%-l—lm.

Vay phuong trinh ¢6 nghiém: x :%-l— kg;a: = j:%—i— km (k € Z).

Khido )& 2+ (8 —1)—2t =0

. 2
O Dicu kién: sin x—l—z sin z—x = 0 & sin x-l—z cos x-l—z = 0 & sin 2:1:+—7T = ()
3 6 3 3 3
1 1 1
<:>1—2sin2x0052x:Z<:>1——sin22xzz<:>sin22a::—<:>sin2:1::i—
8 2 8 4 2
Vay phuong trinh c6 nghi¢m:
s 5% s s
r=—+kmr=—+kmir=——+kmix=—+kn (k€ Z).
12 12 12 12
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DANG 4. PHUONG TRINH DOI XUNG VOI SINX VA COSX
& Dang phwong trinh:

f(sinz + cosz,sinz cosz) = 0
& Cach giai:

: : 2 —1

+Pat{ =sinz 4 cosT = sin T cosx = 5
— 2 \ 0

+Pbat ¢t =sinz —cosxr = sinxcosx = . Pua vé phuong trinh an ¢.
Chﬁy’:Néut:sinxj:cosx:\/gsin xj:% thi —\/5§t§\/5.
Bai 1. Giai cac phwong trinh sau
O 2(sinx + cosz)+sin2z +1=0 ® sinzcosz = 6(sinz —cosx — 1)
(3) sin2x+\/§sin(x—%):1 ® tanz —22sinz = 1

Huéng din giai:
O 2(sinz 4 cosz) +sin2z+1=0 < 2(sinz + cosz) + 2sinzcosz +1=0

21
Détt:sinx—l—cosx:\/isin x—l—% :>sinxcosx:t 5 (—\/igtgx/i)
5 ) t =0 (t/m)
Phuong trinh tr¢ thanh: 2t + (" —1)+1=0<t" +2t =0 & )
t = —2 (loai)

Khid6 sinz + cosz = 0 < sin

™
T +—
4

0o 1=—"+kr
4

Vay phuong trinh c¢6 nghiém:
® sinzcosz = 6(sinz — cosz — 1)

1_2
Détt:sinx—cos:z::\/Esin[x—g]isinxcosx: 2t (—\/igtgx/i)

t=1 (t/m)

Phuong trinh tré thanh: 1 —#* = 12(t —1) & * +12t - 13 =0 & t = —13 (loai)

A . 7r
Vi vay s1nx—cosx:1<:>sm[x—_]:_
Vay phuong trinh ¢6 nghiém: x:g+k7r;x:7r+k27r (k€ Z).

© sin2x+\/§sin(x—§) =1« 2sinzcosz +sinz —cosz =1

1_ 2
batt =sinx —cosz = \/Esin[x—g]i sinxcoszr = t (—\/5 <t< \/5)

2
t=0 (t/m)
Phuong trinh trg thanh: 1 —* +t =1t —t =0 &
t=1 (t/m)
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< sinx—cos:z::0(:>sin[a:—%]:0<:>x:%+k7r

. ) T 1 xzz+k27r
¢ sinr—cosr=1&sn|lr——|=— <& 2

\/5 T =m+ k27w

Vay phuong trinh c6 nghiém: z = % + kmyx = g +k2mx=n+k2n (k € Z).

(4] tanx—2\/581n:1: =1& sinx—cosx—2\/§sin:1:cosx =0 (cosz =0)

. . 1-¢
Détt:sinx—cosx:\/581n[:1:—%]:>smxcosx: (—\/igtgx/i)

2
V2

PT trér thanh: £ —2(1—£) = 0 = 28 +1 -2 =0 |/ = 5 UM
t=—2 (t/m)
<>sinx—cosx:7<:>sin x—Z :§<:> %g
x:l+k2w
12

<> sinx—cosx:—\/5<:> sin[x—%]: -1l z= —%+k27r

. . 1
Két hop véi diéu kién, PT c6 nghiém: x = % + k2m o = % + k2m o = —% + k27 (k € Z).

Bai 2. Giai cac phwong trinh sau

. 2
O 1+tanr =2sinx + ® sinz +cosz = —
CcCos T tanxr cotx
. 10 . .
© sinzy +——+cosx + =— O 2sinz +cotx =2sin2zx +1
sinzx CoSZ 3

Huéng din giai:

O1+tanz =2sinx + & cosT +sing = 2sinxcosz +1, (cosa: = O)

CcoS T
. . t?—1
Détt:sinx—l—cosx:\/ism x+%:>smxcosx: 5 (—\/Egtgx/i)
PT tro thanh: ¢ = (£ —1) +1 & ¢ t@tzl(t/m)
ro thanh: = — -
t =0 (t/m)
. . e s
< sinz +cosz =0 < sin x—i-Z :O<:>:1::—Z+k7r
- 1 = k2w

T+ —
4

> sinx +cosz =1 < sin

=
\/5 x:g+k27r
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Vay phuong trinh c¢6 nghiém: z = —% + kmyx = g+ k2mx = k27 (k c Z)_

. sinz = 0
® Dicu kién: . Khi do:
cosz =0

2 .2
. cos” x —sin” x . : :
PT< sinz + cosz = 2— & (sinx + cosz)(sinz cosz + 2sinx — 2cosx) = 0
sin x cos x

> sinz +cosz =0 < sin

:Jc-l-z
4

:0<:>:1::—%+k7r (t/m)

<> sinzxcosz +2sinx —2cosz =0

. . ™ .
bat{ =sinz —cosz = \/Esm[a:—z]:> SIN L COS T =

(—ﬁgtgﬁ)

t=2+ \/g (loai)

PT trg thinh: (1—*)+ 4t =0t -4t —-1=0&
t:2—\/g (loai)

Vay phuong trinh ¢6 nghiém: x = —% +kn(k€Z).

sinz = 0

© Diéu kién: .
cosz =0

. sinx +cosz 10
PT& smx—i—cosx—i—,;: —

sin x cos x 3

Détt:sinx—l—cosx:\/isin = SIN X COST =

™
T+ —
4

(—ﬁgtgﬁ)
219
3

PT trg thanh: 3t* —10t> +3t+10 =0 (t —2)(3t° —4t—5) =0t =

2—\/@ 2419
: EYVE

. . 3
Két hop diéu kién, phuong trinh ¢6 nghiém 1a: x = —% +a+k2mr = Iﬂ —a+ k2 (keZ).

™

Khid6 sinz + cosz = x—i— = sin o

O bidu kién: sinz = 0
PT< 2sin® 2 + cosz = 4sin” z cos z + sin
& sinz(2sinz — 1) = cos x(4sin’ z — 1)

= (2sinx—1)[cosx(2sinx—|—1)—sinx] =0

x:z+k27r
6

:5—7T+k27r
6

X sinzg =

(m)

N | —

<% 2sinzcosz — (sinz —cosz) = 0

. . . 1t
Détt:smx—cosx:\/581n[x—£]:>s1nxcosx— ( f<t<f)
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t = H\[ (t/m)

t = 1 5 (loai)

—1+\/g T —1+f

Khi do sinx—cosx:—@sin[a:——]: = sin «

Ve

. . 5
Két hop diéu kién, phuong trinh ¢6 nghiém la: z = % + k2mx = % + k2, = % + o 4 k2,

PT tro thanh: (1—#*)—t =0t +t—-1=0 <

x:%—a—i-k%r(kEZ)

Bai 3. Giai cac phwong trinh sau
O sin’ 7+ cos’ 7 = 2sinzcosx +sinz +cosz @ 1 —sin’ 2 + cos’ x = sin 2z
ex/i(sinx—l—cosx):tanx—l—cotx O (1+sinz)(1+cosz) =2

Huéng din giai:
O PT< (sinz +cosz)(l —sinzcosz) = 2sinxzcosx +sinx + cos ¢

Détt:sinx—l—cosx:\/isin :zz—l—% = SIN X COST = (—\/Egtgx/i)
t =1 (t/m)
PT trg thanh: t(2 —t° +1) =2t — 1)+ 2t & (t -1t +1)(t+2) =0 < |t = —1 (t/m)
t = —2 (loai)
= k2w
. . s 1
¥ sinz+cosr=1&simjr+—|=—F & T
4 2 r=—+k27
2
T
= —— 2
< sinx +cosxr = —1 < sin x—i—z:—iéx 2+k7T
\/5 r =7+ k2w

Két hop nghiém ta thu duoc: 7 = km;z = g—i— krw (k € Z).
Cha y: O day hai ho nghiém © = k21 va x = w + k2w dwoc gdp thanh ho nghiém x = km. Con
hai ho nghiém © = g + K27 va x = —g + k27 dwoc gop thanh ho nghiém © = g + k.

® PT< 1 —(sinz —cosz)(l+sinzcosz) = 2sinz cos

. . . —t*+1
Dafltt:smx—cosx:\/Esm[a:—g]ésmxcosx— + ( f<t<f)

t=1(t/m)
PT tro thanh: 2 —t(2+1—t*) =21 — ") & t({t—1)(t +3) =0 & |t = 0 (t/m)
t = —3 (loai)
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T
. ) s 1 r=—+kK27
< sinz —cosx =1 < sin CE—Z ==& 2

\/5 T =m+ k27w

< sin:z:—cos:z::0(:>sin[x—%]:0<:>x:%+k7r

Vay phuong trinh ¢6 nghiém la: = = g +Rk2mx =7+ k2mx = % + kr (k € Z).

sinz = 0 . 1
. Phuong trinh < \/E(sm r+cosr)=———79H—
cosz =0 SIN T COS X

(—ﬁgtgﬁ)

® Diéu kién: {

t2

Détt:sinx—l—cosx:\/isin = SIN X COST =

™
T+ —
4

1
2
PT tr6 thanh: \ﬁt:tf—l a2 2t —2=0e (V2@ +V2t+ ) =0t =12

.

Khidésinx—l—cosxzx/i@sin :1<:>:1:—4—|—k27r

™
T +—
4

Két hop diéu kién, phuong trinh c6 nghiém la: z = % + k27 (k € Z).

O (1+sinz)(1+cosx) =2« sinzcosz +sinz +cosx =1

21
Détt:sinx—l—cosx:\/isin x—l—% :>sinxcosx:t 5 (—\/igtgx/i)
9 ) t=1 (t/m)
PTtr6thanh: " — 142t =2 < t"+2t—-3=0¢& )
t = —3 (loai)
= k2w

1

Khidé sinz + cosz =1 < sin & T
\/5 $:5+k27{'

T
T+ —
4

Vay phuong trinh ¢6 nghiém la: © = k2mz = g + k27 (k € Z).

Bai 4. Giai cac phwong trinh sau
O sinzcosz + ‘sin T + cos x‘ =1 ® (1+sin’ 7)cosz +(1+cos’ z)sinz =1+sin2zr

9\/5s1n2x(sinx+cosx):2 0‘sinx—cosx‘+4sin2a::1

(5] 2sin2x—3\/8‘sinx+cosx‘+8 =0

Huéng din giai:
O sinxcosz —i—‘sinx + cos:z:‘ =1

. t?—1
Datt:‘sinx—i—cosx‘:\/isin x—i—%‘ésmxcosx 5 (Ogtgx/i)
5 ) t=1 (t/m)
PT tro thanh: t* — 142t =2 < t"4+2t—-3=0& .
t = —3 (loai)

Trwong THPT Nguyén Hitu Tién - Duy Tién - Ha Nam 23




ThS. Trin Manh Han (0974514498) FB: thayHanSP1

= k2w
. . T 1
¥ sinz+cosr=1&sinjr+—|=—F & T
4 2 r=—+kK2w
2
T
= ——4Kk2
< sinx +cosxr = —1 < sin CIJ+E :—i o 2+ d
4 \/5 T =m+ k27w

Két hop nghiém ta thu duoc: 7 = km;z = g—i— krw (k € Z).

® PT< sinz + cosx + sinz cos z(sinz + cosz) = 1+ 2sin x cos x

a (V2 <t<2)

Détt:sina:—l—cosx:\/isin = SIN X COST =

™
T+ —
4

-1
2
t=0

PT trg thanh: 2t + (£ — 1)t =2+ 2(t* 1) <t -2 +t =0 t{t -1’ =0 &

1 T = k27w
==&

> sinxz +cosz =1 < sin T
\/5 $:5+k27T

T
T+ —
4

> sinz +cosz =0 < sin :1:—1—% :0<:>:1::—%+k7r

Vay phuong trinh ¢6 nghiém: x = k2m;z = g + k2m o = —% + kr (k € Z).

© PT < 242 sin z cos z(sinz + cosz) = 2
t?

. . e .
bat{ =sinz 4+ cosz = \/Esm x—i—Z = SIN T COST =

SRR
PT o thanh: v2(# ~ 1)t =2 & V2t —\2t—2=0 6 (V24 —2)( +2A +1) =0 & t =2

Khidd sinz + cosz = \/5 & sin

T
T +—
4

:1<:>x:%+k27r

Vay phuong trinh ¢6 nghiém la: = = % + k27 (k € Z).

O PT& ‘sinx—cosx‘—i—Ssinxcosx =1

batt = ‘sinx—cosx‘ = \/5

2
sin[x—g]‘isinxcosx 1 2t (Ogtgx/i)

t =1 (t/m)

PT tro thanh: ¢t +4(1—t°) =1 & 4’ —t-3=0% 3
t:—Z (loai)

s
. ) s 1 r=—4k2m
< sinz —cosx =1 < sin x—Z ==& 2

\/5 T =m+ k2w
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T = k27
4 sing —cosz = —1 < sin|z — — :—L<:> 3
1 J2 x:§+k2w

Két hop nghiém ta thu duoc: z = km; 2z = g—i— kr (k€ Z).

O PT& 4sinxcosx—3\/g‘sinx+Cosx‘+8 =0

sin

2
:>sinxcos:1::t 5 1 (Ogtgx/i)

J6

Détt:‘sinx—kcosx‘:\@ x—i—%

PT trés thanh: 2(£* — 1) — 336t +8 = 0= 262 — 36t + 6 = 0 = b= (t/m)
t =6 (loai)
f 7=+ k2
<>sinx+cosx:76<:>sin x—i—% :73<:> %2
=21 k2r
12
T
r=——+k2m
<>sinx+cosx:—76<:>sin x—i—% _—g 1312
$:1—27T+]€27T

13
Vay PT c6 nghiém: = = 1+k27r;a: = 5—7T+k27r;:1: = —7—7T+k27r;:1: L (keZ).
12 12 12 12

DANG 5. PHUONG TRINH DANG THUAN NGHICH
& Dang phwong trinh:

K’ k
Al () + + B|f(z)+——|+C =0, v6i f(z) =sinz,cosz (1)
[ fi(x) f(z)
hodc A(a2 tan’ z + b° cot? :c) +Blatanz +beotz)+C =0 (2)
& Cach giai: < Ddi v6i phuong trinh (1): Pat ¢t = f(z) + %
T

< Dbi véi phwong trinh (2): Pit ¢t = atanz + bcotx

Bai 1. Giai cac phwong trinh sau

0 4|sin’z +— +4|sinz + — —7=0
sin” x sin
® —— +2tan’ 4 5(tanz + cotz) +4 =0
sin” x
(3] +3cot’ z +4(tanx + cotz) —1 =0
cos”

Huéng din giai:
O Dicu kién: sinz = 0.

= t* =sin®z +

Pt ¢ = sin z + — ,
SIn T Sin T

+2
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PT tré thanh: 4(t —2)—|—4t—7—0<:>4t +4t—-15=0 < t—% = ——

. 3 . . :
< sinz + — == & 2sin”x — 3sinz + 2 = 0 (vd nghiém)
sinz 2
. 1 5 . 9 .
¢ sinz+——=——=<%2sin"z+5sinx+2=0
sin 2

x:—z+k27r
6

< 7
sinz = —2 (loai) |y — " 1 kor
6

sinr = —% (t/m)

7
Vay phuong trinh c6 nghiém: z = —% + k2mx = % + k27w (k€ Z).

Nhan xét: Dung bdt ding thire C6 si cho 2 s6 dwong nghich ddo, ta cé thé danh gia t nhw sau:

‘ ‘ - ‘sin «’17‘ +r ! > 2 ‘sm ZL“ = 2 dé dua ra diéu kién ‘t‘ > 2.
‘sm :1:‘ ‘smx

N sinz = 0 ) )
® Dicu kién: .PT< 2(cot” z 4+ tan” z) + 5(tanz + cotz) +6 =0

sing +——
sinx

cosz =0

Détt:tanx+cotx:>t2 =tan’z+cot’z+2=tan’z+cot’ x =t* —2
1

PT tr¢ thanh: 2(152—2)+5t+6:0<:>2t2+5t+2:()<:> b= 2
t=-2

1
<% tanz + cotx = - & 2tan’ z + tanx +2 = 0 (v nghiém)
<> tanx—l—cotx:—2<:>tan2x+2tanx+1:O<:>tanx:—1<:>x:—%+k7r.

Két hop véi didu kién, phuong trinh ¢6 nghiém: 2 = —% +kr (k€ Z).

Nhan xét: Dung bdt ding thire C6 si cho 2 s6 dwong nghich ddo, ta c6 thé danh gid t nhi sau:

‘t‘ = ‘tanx + cot x‘ = ‘tan x‘ + ‘cot x‘ > 2, /‘tan chot x‘ = 2 dé dua ra diéu kién ‘t‘ > 2.

N sinz = 0 ) )
® Dicu kién: .PT< 3(tan” z + cot” z) + 4(tanz + cotz) +2 =0
cosx = 0
Détt:tanx+cotx:>t2:tan2x+cot2x+2,(t‘22).
t—z(loai)
PT tro thanh: 3(t* —2)+ 4t +2 =0 3" +4t—4=0<| 3 °
t=-2
Khidétanx+cotx:—2<:>tan2x+2tanx—|—1:O<:>tanx:—1<:>x:—§+k7r.

Két hop véi didu kién, phuong trinh ¢6 nghiém: = —% tkr (k€ ).
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MOT SO Ki THUAT GIAI PT LWONG GIAC

KI THUAT 1: LUA CHON CONG THU'C LUQNG GIAC

1. Sit dung cic phép bién dbi géc lwrong gidc

Khi viéc giai phwong trinh lwong gidc can xem xét moi quan hé gitra cdc goc (cung) dé tir do két hop
voi cac phép bién doi géc dic biét, cong thirc cong lwong gide dé dwa vé dang goc co ban la mét van
dé rdt then chot trong viéc gidi phwong trinh lwong gidc...

Bai 1. Giai cac phwong trinh sau

1 1 .|\
o —+ =4sin|— —x [(A08) Qsin4x+cos4xzzcot :c—i—z cot| = —
sin z . 3T 4 8 3 6
sin|z ——
2
<4 4
-2 2
(3) > T o8 2z = cos’ 4z O sin 2x+5—7T — 3 cos x—ﬁ =142sinx
T T 2 2
tan|— —z|tan|— +x
4 4

Huwéng din giai
3T T
© Nhan xét: Tir sw xudt hién hai cung © — 7 va I — @ ma ching ta lién twéng dén viéc dua 2
cung ndy vé ciing mot cung . Pé lam dwoc diéu do ta c6 thé sir dung cong thire cong cung hodc cong
thirc vé cac goc dac biét.

Y “ A . . T
Diéu kién: sinz = 0,cosz = 0 < sin2x =0 < ¢ = k;,k €7

.1 + L :—2\/5(cosx—|—sinx)<:>(sinx+cosx)(\/§sin2x+1)20
sinz  cosz

(1) =

, : 5
Két hop véi didu kién ta duoc nghiém pt 1a: 7 = —% +kma = —% +kmz = % +kr (k€ 7).

® bidu kién: sin x—l—z .sin z—x = 0 < cos 2:1:—1—z ICOSEIO
3 6 6 2
T T ™ . .4 4 7 1 2
Do|z+—|+|——2|=—nén(2) & sin - x+cos © =— & 1——=sin" 22 = —
3 6 2 8 2

1 .
& sin2z = iE. Keét hop véi diéu kién ta duge: z = j:%—i— k% (keZ)

© Nhan xét: Tir tong hai cung z—x + z-|—:17 :znén tan z—x tan E-l—x =1
4 4 2 4 4
Piéu kién 1: cos[g—x]cos %—l—x =0 @%[6032:1:—1—608%] 0 < cos2x =0

biéu kién 2: sin

z—x sin z-1—:1: ¢0<:>1 cos2x—cosz =0 < cos2z=0
4 4 2 2

1
(3) & sin' 27 + cos' 2z = cos' 4z & 1 — 5 sin® 4z = cos” 4x
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cos’dr =1

& 2cos' dr —cos’dr—1=0 & 1 & sindr =0 & ,
cos’ 4x = - (loai) cos2x = 0 (loai)

sin2z =0

Vay phuong trinh ¢6 nghiém x = k g

Cha y:

9 Chdc han cdc em sé ngac nhién boi cach gidi ngdn gon ndy, néu khéng cé sw nhdn xét vé tong hai
cung ma quy dong va bién doi thi ... ra khong?

¥ Viéc giai diéu kién va doi chiéu voi diéu kién dic biét la nhitng phwong trinh ¢6 dang phan thirc nhu
trén néu khéng khon khéo thi rat ... phire tap.

2. Sit dung cong thirc bién dobi tong sang tich va newoc lai

Khi giai pt ma gap dang tong (hodc hiéu) cua sin (hodc cos) voi nhzeu cung khdc nhau ta can dé y dén
cdc cung cé tong (hiéu) cac géc bang nhau dé dp dung cong thirc tong sang tich.

Bai 2. Giai cac phwong trinh sau
O sinx +sin2z + sin 3z + sin4x + sin b5z + sin6z = 0

2 — 32

© 1+ sinx + cos3z = cosx + sin2x + cos2x

® cos3xzcos’x —sin3zsin®x =

O cos’ z +sin’ £ = sin2x + sinz + cosx

Huodng dan giai
@ Nhan xét: Bai todn co cdc cung khac nhau biéu dién duoi dang tong (hiéu) ciia cdc ham sé sin (ham
0 cos) ta nén ghép cdc 0 hang nay thanh cdp sao cho tong (hiéu) cdc cung cia chung bang nhau, cu
thé trong truong hop nay ta déy v + 6r = 22 + 5z = 3z + 4z . Tai sao lai can phai ghép nhu viy?
Ly do la chiing ta can xudt hién thira s6 chung dé nhém ra ngodi, dwea bdi todn vé dang tich.
PT < (sin 6z + sin z) 4 (sin bz + sin 2z) + (sin 4z 4 sin 3z) = 0

= 2sin% cos52—x+ cosg—l— cos?;—x =0« 4sin%cos?)2—x(2cosx +1)=0

. k2 k2 2
Vay phuong trinh c¢6 nghiém z :—W,x :E+ 7T, = il+k2w (k € Z)
7 3 3 3
@ Péi véi bai nay ma sir dung cong thire nhdn ba ciia sin va cos thi ciing ra nhung phirc tap hon.
Chinh vi thé ma ta khéo 1éo phén tich dé dp dung cong thirc tich sang tong.

232

1 1
(2) & 5 (cos 4z + cos 2x) cos’ T + 5 (cos 4z — cos2z)sin’ 1 =

8
2—3V2 2—3V2
& cos 4:1;(sim2 z + cos’ :1:) + cos 2:1:(0052 x —sin® :1;) = TB\/_ < cosdx + cos’ 2x = TB\/_
2
& cos4x——£<:>x— j:3—7T kz.
2 16 2

® (BHNT HCM 2000) PT< 1 — cos2x +sinx —sin2z + cos 3x —cosx = 0
& 2sin”z + sinz — 2sinzcosz — 2sin2zsinz = 0
& sinz(2sinz —2cosz —2sin2zx +1) =0

sinz =0

=
2(sinx — cosz) —4sinzcosz +1=0
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bS: x =km,z = j:§+k27r,:1: = —%+k27r,:1: :%4—]{:271

@ (PHCS 2000) PT<> 2sinz cosz + sinx —sin’® 4+ cosz —cos’ . = 0

. . 2 .92 . .
& 2sinzcosz +sinzcos” ©+ coszsin® z =0 < sinzcosz(2+ sinz + cosz) = 0

bS: x:kz.
2

Bai 3. Giai cac phwong trinh sau
O sin2zxsin bz = sin 3z sindx

4 « 4
® cos x+sin x -+ cos

o~ lsin|3z— 7| -3 — 0 (D2005)
4 4] 2

© 3 cosdHr — 2sin 3z cos2x —sinz = 0 (D2009)
@ sinz -+ coszsin 2z + /3 cos 3z = 2(cos 4x + sin® z) (B2009)

Huéng din giai

1 1
@ <:>E(cos7x—cos3x):§(cos7x—cosx) & cos 3T = cosx<:>3x:ix+k27r<:>x:kg.

@PT& 1—lsir122:1:—i—1 sin 4:1:—z + sin 2z —§:O
2 2 2 2
0?90 sin2e -2 =0T T 4k, (k € Z)
S Sr o sin ey sin2z = —2 (loaiy & = 3 TR

® Nhan xét: Ti su xudt hién cdc cung 5, 3%,2x,% va 3z + 22 = 5 ta nghi ngay dén viéc ap dung
cong thire tich sang tong dé dwa vé cung 5x . Con cung  thi xir li thé nao, ta quan sdt 16i gidi sau:

. . . 3 1 . }
PT< V3 cosbr —sinbx —sinz —sinz =0 < 7COS5x—§SIH5£IJ =sinz

LT
@sin[z—Sx]:sinx<:> 12 3
3 T T
rT=—-———k—
6 2

T T T T

Vay phuong trinh ¢6 nghiém: * = — —k—;0 = ———k—.

ay p g gnic 19 3 6 9

[

Cha ¥: Péi vdi dang phiwong trinh asinx +bcosz = a'sinkzx + b'coskz, k = 0,1 ta coi nhi 2 vé
ciia phwong trinh la 2 phwong trinh bdc nhdt véi sin va cos. Do d6 ta c6 cach lam twong tu.

@ PT< sin z(1 — 2sin® 1) + cos x sin 2z —|—\/§cos?>:1: = 2cos4zx

1
& sin3x—|—\/§cos3x = 2cosdzr & 581113:1:—1—?30083:1: = cos4z

x:—z+k27r

<:>cos4x:cos[3x—%]<:>4x:j: + k21 < 6 (keZ).

3:1;—Z
6

3. St dung cong thire ha bac

Khi gidi cdc phwong trinh lwong gide ma bdc ciia sin va cos la bdc chan ta thuong ha bdc tir d6 dwa vé
phuong trinh co ban.

Trwong THPT Nguyén Hitu Tién - Duy Tién - Ha Nam 29



ThS. Trin Manh Han (0974514498)

FB: thayHanSP1

Bai 4. Giai cac phwong trinh sau

0 sin’ z +sin” 2z + sin® 3z = g

© sin’

— 0 (D03)

® sin’ 3z — cos’ 4z = sin® 5z — cos” 6z (B02)

O cos’ 3z cos2x —cos’ z = 0 (A05)

L _T|tan® z — cos?
2 4

N |8

Huéng din giai

6x + 2x

® (BHAG2000) T sw xudt hién bdc chdn ciia ham s6 sin va téng hai cung = 4x ma ta

nghi dén viéc ha bdc va sir dung céng thirc bién tong sang tich sau dé nhém cac hang tir dé dia vé
phuong trinh tich.

cosdxr =0
PT< cos2x + cosdz + cosb6z = 0 < cosdz(2cos2x +1) =0 & 1
coS2r = ——
2
o o " T km T
Vay phuong trinh c6 nghiém: x:g-l—j,x:jzg—i-kw.
1— 1 1—cosl 1 12
® PT< cosbzr +c2058x: C;S Oz +cc2)s T

& (cos12z + cos10z) — (cos 8z + cosb6x) = 0 < 2cos 11z cosx —2cos Tz cosx = 0
< cosz(coslle —cosTx) = 0 < coszsin9zsin2x = 0.

Vay phuong trinh ¢6 nghiém: x = k%;x = kg,(k €7).

@ biéu kién: cosz = 0.

™
x__
2]

< (1—sinz)(1+ cosz)(sinz + cosz) =0

sinz 1

1
PT& 3 1 — cos (1—1— cosx) & (1—sinz)sin®z = (14 cosz)cos’ z

2
COS T

DS: Két hop véi didu kién ta duge z = 7 + k27,2 = —% + k.

1+6056xc _1+cos2x

@ PT 0s 2z =0 < cosbzr.cos2x—1=0

<:>cosS:z:+cos4zz:—2:O<:>200524x+cos4x—320<:>cos4x:1<:>x:kg.

Bai 5. Giai cac phwong trinh sau

© 2sin’ 2z +sin7z —1=sinz (B07) ® cos' r +sin’ x+%] =1
© (2—\/§)cos:c—251n2 2 _Tl=2cosz—1 O 3tan3x—tanx+—3(1+smx)—80082 T Zl=o
2 4 cos’ 4 2
Huéng din giai
® PT< sin 7z —sinz — (1 — 2sin’ 22) = 0 < 2 cos 4z.sin 31 — cos 4z = 0
& cosdz(2sin3z —1) = 0.
2 5 2

Vay PT co nghiém: o = ~ + kL g = 4 k=8 7 =2 4 127

8 4 18 3 18 3
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@ (PHL1995) (1+ cos2z)’ + (1 +sin2z)’ =1 < sin2z + cos2z = —1

(z)\/icos[lfzz—g]:—1<:>x:g+k7r\/a::—%+k7r,(k62).
. 1. 3 . 7
® (DB03) < —\/gcosx—l—smx: O<:>§smx—7cosx: 0 & sin x—g =0

<:>x:z+k7r.
3

3(1 +sinx)
cos” T
& tanz(3tan’ v — 1)+ (1+sinz)(3tan’ 2 —1) = 0 < (3tan’ 2 —1)(tanz + 1+ sinx) = 0

@ (KT1999) < 3tan®z —tanz + —4(1+sinz) =0

THI: tanz = i%@x: j:%—l—lm,kEZ.
3

TH2: 1+sinz +tanz = 0 < sinz 4 cosz + sinz cosz = 0 (pt dbi xtmg véi sin va cos)

+ k27, k € Z.

- 7r
Giai phuong trinh nay dugc z = 1 + arccos[

4. Str dung cac ding thire lwong giic quan trong (hing ding thirc)

Bai 6. Giai cac phwong trinh sau
2

(1) + V3 cosz = 2 (D07) ® cotrx —tanx +4sin2x = (B03)

sin 2z

.z T
sin — + cos —
2 2

® tanz = cotx + 2cot’ 27 O tanz + cot x = 2(sin 2x + cos2x)

Huwéng din giai

©) <:>1+2sin§cosg+ 3cosx =2 <:>sinx—|—\/§cosx:2

s
1 3 ) 1 |F= gtk

<:>§sinx+7cosx:1 < sin Zl?-i-g :§<:> 6 (kEZ)

T

r=——+k27

2

@ Nhan xét: Tw su xuat hién cua cotx —tan z va sin 2z ta xem chung cé moi quan hé nao?
2 <2
cos" T —sin” x cos 2z ,
Ta co cotx —tanz = - =2— . Tur do ta dinh huong giai cho bai toan nhuw sau:
Sin x cos T sin 2x

Y CA . T
Diéukién: sin2zx = 0 & . = kE

2
PT<:>2C?S x+4sin2x: - cos 2z 4 2sin’ 2z =1 < 2cos” 2z —cos2z —1 =0
sin 2z sin 2z
cos2z =1 = sin2z = 0 (loai)
s
& 1 e 3 & x==+—+km
cos2x:—§:> sin 2x:Z (t/m) 3

dira phwong trinh vé an t dé gidi.

. 1 .
Chﬁy’:Taco’théddtt:tanx:>cotx:¥,sm2x: e
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® (PHQGHN1996) Pidu kién sin 2z = 0 < 7 = k%

sinx cosxzx cos 2z

PT& =2cot’ 2z & —2—- = 2cot’ 2z < cot2z 4 cot’ 22 = 0

coszr sinz sin 2z

& cot 2z = O@xz%—i—k% (t/m).

@ (GTVT1998) Pidu kién: sin2z = 0 < 7 = k%

sinx coszx .
PT& +—— =2(sin2z 4 cos2z) < —
cosxr sinzx sin 2x

= 2(sin 2z + cos2x)

< 1 = sin® 22 + sin 22 cos 2z < cos® 2z = sin 2z cos 2z

T T
cos2z =0 x:Z"‘kE
J(keZ)
tan2x =1 T T
r=—+k—

Bai 7. Giai cac phwong trinh sau

1 2 6 . 6 _ .
0 cos’z —sin’z = 13 cos’ 2z 2] (cos @ +sin’ z) — sinzcos =0 (A06)
8 \/5 —2sinx
4 in 1 1 2 4
cos x.—l—sm i = —cot 2z — — (4] cotx:tanx—i——(fos i
Hsin 2z 2 8sin 2z sin 2z

Huwéng din giai
® Nhan xét: Xudt hién cos’ x —sin® x ta nghi dén viéc sir dung hing ding thire a® —b° .

. . . 13
PT < (cos’ z —sin” x)(cos’ z + sin* z + sin® z cos® z) = 3 cos’ 2

1 1
& cos2z(1— %sin2 2z + ” sin® 2z) = 53 cos’ 27 < cos27(8 —2sin® 2z — 13 cos2z) = 0

cos2z = 0 p=" 41X

4 2
& 1< (keZ).
2cos’ 22 —13cos2z +6 =0 cos2r = — - %_Hm

cos2x =0

T
‘ T = —+ k2w
@ Picu kién: sinz = — & ;‘)‘

\/5 xzf—i—kﬂw

4 . 4 ) 2 .
PT< 2(cos’ z+sin’ ¢ —sin” z cos” ) —sinz cosz = 0

. 2 2 .
< 2—6sin"xcos  x—sinxcosx =0

& 3sin’ 2z +sin2r —4=0<sin2c =1<z :%—Hm.
, ‘ 5
Két hop vé6i didu kién ta duoc nghiém cua phuong trinh 1 2 = f + k2, k € 7.

® (DB2002) Pidu kién: sin2z = 0 < 7 = kg
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1 1sin22x
Y 1 2 1
PT< 2 _ _oser <:>cos22x—5cos2x+%:O

D sin 2% 2 sin2x 8sin2zx

1
<:>cos2x:§<:>x:j:%+k7r.

@Pbiéu kién: sin2z =0 < 1 = k%

2 cos?2 2cos4 1 2
PT& (_:OS - ?OS x<:>200522x—cos2x—1:O<:>cos2x:——<:>a::j:—7r+k7r.
sin 2x sin 2z 2 3

Bai 8. Giai cac phwong trinh sau

O (1—-tanz)(1+sin2z) =1+ tanz ® cotz +sinz(l+ tanxtang) = 4 (B06)

(14 sinz 4 cos 2z)sin T+
4 1 (1—2sinz)cosx
=—=cosz @

=3 (A09
1+tanz J2 (1+2sinz)(1 —sinz) \/7( )

3]

Huwéng din giai
I 7T
® Dbiéu kién: cosz =0 & = E—i—lm
PT< (cosz —sinz)(sinz + cos 7)° = sinz + cos
sinz + cosz = 0 tanz = —1

& (sinz +cosz)(cos’z —sinz —1)=0 & | . &
cos  z—sin"z =1 cos2z =1

T = —% + k7 (t/m)
r = km (t/m)

=

Chu y: Ta co thé dat t = tanx = sin2x = ) dé dwa phuong trinh vé dang dai so an t .

t2
A N . T T
@ Diéu kién: sinx = 0,cosx = O,COSE =0 o= k;,k €7

T ) . T
COS X COS — -+ SInx sin —
PT< cotx +sinzx 2 2 =4 & cotrx+tanzr =4 < 1=4sinzcoszx

T
COS T COS —

) 1 . e . 5
Giai sin 2z = 3 va két hop véi diéu kién, thu duge nghiém: z = % +km,x = 1—72T +kr(kez).

cosz =0

® (A2010) Piéu kién:
tanz = —1

PT < /2 sin x—i—% (14 sinx + cos2z) = (1 4+ tanz)cosz

& (sinz + cosz)(1 4 sinx + cos2z) = sinx + cosz < sinz + cos2z = 0
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& 2sinz —sinz—1=0< sinz = _5
£ L 1o A A R . . T 77'('
Két hop voi dieu kién, thu dugc nghiém cia phuong trinh 1a: © = — E +k2m,x = F + k2.

@ Dbicu kién: sinz = L,sinx = ——

PT< (1 —2sinz)cosz = \/5(1+2sin:1:)(1—sin:1:)
& cosz —3sinz = sil(12:1:—|—\/§(1—2sin2 )

1 3 . 1 . 3
& —cosTr ———sinx = —sin 2z + —cos 2z
2 2 2 2
2
& cos :J(:—i—z = cos|2z — L Sr=ttk2rVr = —— k2l
3 6 2 18 3
£ fe g A 1A A , \ . s 2T
Két hop véi diéu kién ta dugce nghiém ctia phuong trinh 1a x = — I +k FY (keZ).
: , COS T cos’ T 14 sinz .
Chu y: Co thé swr dung dang thurc - = - = dwa phuong trinh vé
l—sinz  cosz(l—sinx) COS T

—sin x + cos2x .
dang + - = \/g & sin
CcoST + sin 2z

™
T+

= sin z—2:1: )

Ki THUAT 2: PUA VE PHUONG TRINH TiCH

Xu hudng trong dé thi dai hoc nhitng nam gan ddy viéc giai phuong trinh lwong gidc thuong dwa vé
phuong trinh tich bang cach siur dung cdac cong thirc luong gidc, cac phép bién doi luong gidc, cac ki
nang tach, nhom cdc so hang hop ly de tao ra nhan tur chung...

Bai 1. Giai cac phwong trinh sau

© 1+sinx + cosx + sin 2z + cos2zx = 0 ® (2cosz—1)(2sinz + cosx) = sin 2z —sinx
© cos2z + 3sin2x 4 5sinz —3cosz =3 O 2sinz(l +cos2x)+sin2z =1+ 2cosz
© sin2z —cos2x + 3sinx —cosz—1=0 @ (sin2x + cos2z)cosx +2cos2z —sinz = 0

Huwéng din giai
® (B-2005) < sinz + cosx 4+ 2sinzcosz +2cos’ z = 0 & (sinx+cosx)(1+2cosx) =0
@ (D2004) PT< (2cosx —1)(2sinz + cos ) = sinz(2cosx — 1)
& (2cosz —1)(sinz + cosz) =0
®PT& 1—2sin’z +6sinzcosz +5sinz — 3cos = 3
& 3cosx(2siny —1) — (2sin’z —5sinz +2) = 0 < (2sinz —1)(3cosz —sinz +2) = 0
@ (D2008) < 4sinzcos’ ¥ + 2sinzcosx =1+ 2cosz < (2cosz +1)(2sinz cosz —1) =0
® (D2010) PT<> 2sinzcosz — (1 —2sin’® x) + 3sinz —cosz —1 =0
& cosz(2sinr —1) 4+ 2sin’ 7+ 3sinz —2 =0
& cosz(2sinz — 1)+ (2sinz — 1)(sinz +2) = 0 < (2sinz — 1)(cosx + sinz +2) = 0
® (B2010) PT< 2sin z cos’ © + cos 2z cosz + 2cos 2z —sinz = 0
& sinz(2cos’ £ — 1) + cos 27(cos 7 +2) = 0 < sin z cos 27 + cos 2z(cos +2) = 0

& cos2z(sinz + cosz +2) =0
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Bai 2. Giai cac phwong trinh sau

. 1 1
(1) 2\/§s1n :L’-i—z =—+ ® tan2z + cotx = 8cos’
sinx  cosz
2 2
© 2tans + cotz = /3 + . O cos2z + cosz(2tan” x —1) = 2
sin 2x
1 2 — si 1
(5 = \/_(COS:E sin z) @ cotz —1=—2 22 + sin® z — =sin 2%
tan x 4 cot 2z cotx —1 14 tanz 2

Huwéng din giai
® (PHQGHN1997) Pidu kién: sin2z = 0 < 2 = kg

sin T -+ cos sinz +cosz = 0 tanz = —1

PT< 2(sinz + cosz) = or - 1
sin 2z =

sin x cos x sin2x =1

Gidi va két hop voi didu kién thu duoc: 7 = —%-ﬁ- k@ :§+ k7 hay © = % +kg.

@ biéu kién: cos2x = 0,sinx = 0

sin2z  sinz sin 2z sin x + cos 2x cos T

PT & + = 8cos’ 7 & - = 8cos’
CoS2T COSZx cos2zxsinx
cosz =0
< cosx(l—8coszcos2zsinz) =0 & 1
sindy = —
2
5)
DS:x:Z—i-k?T\/x:l—i-kz\/x:—W—i-kZ.
2 ‘ 24 2 24 2
® (PHNT1997) bicu kién: sinx = 0,cosx = 0
2 si 1 . )
s1nx+cos:1: :\/54_— <:>2SII12$+COSQ$:\/§SIH$COS$+1

CoS T sinx sin x cos x

sinz = 0 (loai)

o 14sin’z=V3sinzcosz+1e sinx(sinx—\/gcosx) =0&| .
sinz = V3 cosz

@tanx:\/gng—l—lm.
@ (DB2003) Piéu kién: cosz = 0

2 < 2
<:>cos2x—|—2sm L cosr=2e 220 x+cos2x—1:1—|—cosx
COs T COS T
& 2sin’ 7 -1 :1—i—cosx<:>(1+cosx)[2(1—cosx)2—cosx}:O
COS T

bS: z =7+ k2m,x = j:§+k27r.

cos z.sin 2z.sin z(tan x + cot2z) = 0

® Diéu kién:
cotx =1
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1 \/i(cos r—sinz)  coszsin2z 2 s
PT< — = & =+2sinx
sinx | cos2z cosT cos ¥
cosr  sin2z sin T

= sin:z:(2cos:1:—\/5) =0

Két hop véi didu kién thu duoc nghiém ctia phuong trinh 1a: z = —% + k2w, (k€ Z).

® (A2003) bicu kién: cosx = 0,sinx = 0,tanz = —1
. 2 e 2
cosz —sinz _ cosz(cos” x —sin” z)

. 92 .
- = - +sIin” x —sinx cosw
Sin x COST + sInx

1

sin x

cosz—sinz =0

—cosx +sinz|=0 <

< (cosz — sin:z:)[

. 9 .
sin“z —sinzxcosxr—1=20

tanxz =1

T
& = —+ kn(t/m
2tan’z —tanz +1=0 v 4+ W(/ )

Bai 3. Giai cac phwong trinh sau

: 5 5 6 6 . 8 8
O sin’ 7 + cos’ z = 2(sin’ 7 + cos’ x) ® sin’ x + cos’ z = 2(sin” z + cos” x)

. ) 5)
© sin® 1 + cos® z = 2(sin'’ 7 + cos' z) + - 608 22 (PHNT HCM2000)

Huwéng din giai

® & sin’ 2(1 —2sin’ ) = cos’ 2(2 cos’ 2 — 1) & cos 2x(sin’ z — cos’ z) = 0 &

@ (QGHN99) PT < sin’ (1 —2sin’ z) — cos’ 2(2cos’ £ —1) = 0
cos2z =0

< cos2z(sin® £ —cos® 2) = 0 < )
( ) tanz = 1

® PT < sin® 2(1 — 2sin® 2) + cos® 2(1 — 2 cos” x) — %cos 2 =0

= 0.

. 5)
< Ccos 2 [0038 x —sin® z + Z

cos2x =0

tanz =1

Bai 4. Giai cac phwong trinh sau
0 3 —tanz(tanz + 2sinz) + 6 cos z = 0 (DB2003)

® 3tan3z +cot2x =2tanz +

sin 4z
4cos’ z +2cos’ z(2sinz — 1) — sin 2z — 2(sin x + cos z)

© =0

2sin’ z —1
4] sin2x(cosx—|—3)—2 3cos’z —3 30082x+8(\/§cosx—sinx)—3\/§ =0

(5] 8\/5(:086x+2\/§sin3xsin3x—6\/§cos4x—1: 0
O 3(cotx — cosz) —5(tan z — sin ) = 2

‘ Huwéng din giai
® (DB2003) biéu kién: cosz = 0
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PT& 3 —

Sinz | sinx + 2sin z cosx
[ +6cosx =0

COS T COS T

& 3cos’ z —sin’ 2(1+2cosz) +6cos’z =0

& 3cos’ o(1+2cosz) —sin® z(1 +2cosz) = 0 < (14 2cosz)(3cos’ z —sin’ 1) = 0
bS: z = j:%—i—lm,(k €7).

'cos 3 =0

. cosz =0
@* Diéu kién: | . <:>x¢z+kz,x¢kz
sindz = 0 3 4

sin2z = 0

PT< 2(tan 3z — tanz) 4 (tan 3z + cot 2x) =

sin4dx
2sin2zx CoS T 2

cos3xcosx  cos3xsin2x sin4dzx
S 4sindxsinx +2cos2xcosz = 2cos3x < 4sindxsinx + cos 3z + cosx = 2cos 3z
S 4sindxsinx = cos3z —cosx < 8sin2zxcos2xsiny = —2sin2zsin

1
< sin2xsinx(4dcosz +1) =0 < cos2x = 3 (t/m)

Céch 2 (Ban Hong& Thanh Ting Al) Piéu kién: x = % + k%,x = k%

PT< 3tan3x + cot2z = 2tanz + tan2x + cot2z < 3tan3x —2tanx —tan2x =0

2sin 2 i
< 2(tan 3z — tan z) 4 tan 3z — tan2z = 0 & SRAT 4 SnY =0

cos3xrcosxr  cos3xcos2x

sin2z = 0 (loai)
4cos2z+1=0

2sin 2z cos2x + sinx cosz

—0 < sin2x(4cos2x+1) -0
cos 3z cos x cos2x

& cos2r = —i (t/m).

+ k.

1 1
Vay phuong trinh c¢6 nghiém z = + B arccos [— 1

® DPiéu kién: 2sin2x—110<:>cos2x¢0<:>x¢£+kg

PT < 4 cos’ 2(cos’ z + sin 2) — 2 cos 2(cos x + sin 1) — 2(sin z + cosz) = 0
& 2(sinz + cosz)(cosz —1)(2cosx — 1)

. . 2
Két hop véi diéu kién thu dugce nghiém cta phuong trinh: z = k ?W , (k € Z) :

@ PT< 2sinzcos’ z + 6sinrcosx —2v3 cos’ 7 — 6 30032x+8(\/§cosx—sinx) =0
& 2cos” z(sinz —\/gcosx)—l—ficosx(sinx —\/gcosx)—l—S(\/gcosx—sinx) =0

= (sinx—\/gcosx)@cos?x-|—6(:os:1:—8) =0

® PT< 242 cos’ x(40053a;—3<:os:1;)—|—2x/§sin3:1:sin3x—1 =0
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& 2cos’ ¥ (2 COS T COS 3x) + 2sin® 7(2sin zsin 37) = \/5

< (14 cos2z)(cos2z + cos4x) + (1 — cos 2z)(cos 2z — cosdx) = J2

J2

& 2(cos2zx + cos 2z cos 4x) = V2 & cos 2z cos? 20 = e

2
& cos2x:7<:>x:j:§+k7r.
® biéu kién: sinz = 0,cosz = 0.

PT< 3(cotz —cosz+1)—5(tanz —sinz +1) =0

<3 =0

COSZ —SINZ COST + sinx 5 SinZ —sSInZ cosT +cosx |
sinx cosw
cosx —sinzcosx +sinz =0

<! 3 5

lsin x COS T

t*—2t—1=0 (Vé’it:sinx—i-cos:z::\/Ecos(x—g))

tanr = —

5

e Caed v 2 3
Doi chiéu voi diéu kién thu duge: z = % + arccos + K27,z = arctang + k.

Ki THUAT 3: PAT AN PHU
1. Chon géc dé diit 4n phu

Bai 1. Giai cac phwong trinh sau
3m 1 . |m 3z
N + -
10 2

— —Sin

2

® coszx — 2sin B—W—E =3
2 2

Sr_ 7 —cos| =L :\/Ecosg—x
2 4 2 4 2

© sin O sin

3:1:—Z = sin 2z.sin x—i-z
4 4

Huwéng din giai |
@ Nhén xét: Nhin vao phwong trinh nay ta nghi dung cong thirc bién doi sin cia mot tong ... nhung

. , . 3 3
dung voi lam nhw the kho ra lam, ta xem moi quan hé giita hai cung A va T + o co
10 2 10 2
quan hé véi nhau nhw thé nao?
g . 3T «x 9r 3z T 3z N R ,
Thdtvaynéeutadatt = — — — = 3t = — — — = — |— + — | thi khi do sir dung cong thirc
10 2 10 2 10 2
g6c nhdn ba la bién doi dé dang.
: 1. : I . 3 : . sint = 0
PT< sint = —sin3t < sint = —(BSmt —4sin t) & sint(l—sin"t) = 0 <
2 2 cost =0

Vay nghiém ctia phuong trinh 1a: x = 3% — kK2m,x = 3% + % — k4, (k € Z).
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Chu y: Neu khong quen voi cach bien doi trén, ta co thé lam nhu sau:

3t x 3 T 3z
SRR N LNy, VISR L
10 2 5 10 2

®Btt—3§—g:>x—37r 2. PT<> cos(3m —2t) —2sint = 3 < sin’ ¢ —sint —2 = 0.

Obiti—z+ . pSo— T4 T
4 4 2
Opatt= L T30 g (ST T
2 4 2 4 2 4
37
PT< s1n(5t+w)—cost—fcos 3t +— n & sin 5t 4 cost = cos 3t + sin 3t

& sin 5t — sin 3t = cos 3t — cost < 2sint(cos4t +sin2t) = 0.

: : T T |3 x| ; ;
Chu y: Co thé chuyén cos [5 — Z] = sin [I — 5] roi ap dung cong thirc tong sang tich cho ve trdi.

Bai 2. Giai cac phwong trinh sau

0 8 cos’ :L’-i-% = cos 3z 2] tan3[a:—%]:tanx—1
.|z 27 3r m
chos——— fs ———|=2sin|—+—|—2sin|—+—
12 5 3 6
Huwéng din giai
2
®Bétt:x+z.BS:x:z—i-kw,a::——w—i-kw,x:kw
3 6 3
1
®Bétt:x—z.PT<:>tan?’t:Lant—l@(l—tant)tan?’t:2tant.
4 1—tant

® (PHYTB1997) BS: z = % + kbm,x = —i—; + kbm,x = —%T + k.

2. Chon biéu thire dé dit 4n phu

Bai 3. Giai cac phwong trinh sau

. 6 . )
O 3sinz 4+ 4cosz + — =6 Gsmx—i—\/gcosx—i-\/smx—l— 3cosx =2
3sinx +4cosx +1
© cos’z + S— = COST + O 2cos’ 2z + cos 2z = 4sin” 2z cos’
cos” x CoS T
©1+ 3tanz = 2sin2z @3COt2£B+2\/§SiHQ£I}:(3-1-2\/5)608:13

Huwéng din giai

O Pitt =3sinz +4cosz+1 (t = 0). Tir phwong trinhtaco t* — Tt +6 =0 <

@ Dbit t = \/sinx + V3 cosx,(t > 0). T phuong trinh taco t = 1,¢ = —2 (loai).

. . LT
Vay smx—l—\/gcosx:l@sm = sin—

T
T+
3
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@ batt =cosz + = cos’ T + 5 = * —2. T phuong trinh taco t = —1,¢ = 2.

oS T cos”
@ & 2cos’ 2z + cos2x = 2(1 — cos® 21) (1 + cos2x). Do d6 ta dit ¢ = cos 2z, ‘t‘ <1.

2t

1+
Ngoai ra ta c6 thé khai trién dua vé phuong trinh dang cip béc 3 theo sin va cos.

®Pbat t =tanxr = sin2x =

1_ 2
® = 3(6—(gsx)+2\/5(1—0052 x)= (3+2\/§)cosx.Do dodat t = cosx,‘t‘ <1
cos T

Chu : C6 thé dwa phwong trinh vé dang tich (sin® x — cos x)(3 cos 1 — 2\/5 sin® ) = 0.

Ki THUAT 4: NHOM BINH PHUONG

1. Bién d6i phwong trinh vé dang A2+ B2 =0

Bai 1. Giai cac phwong trinh sau

(1) 46082x+3tan2x—4\/§cosx+2\/§tanx+4 =0
@ 3+ sin’ 2z = 25in 2z + cos 2z + 242 sin z

© 4cos’ 2z +2cos2z +6 = 4\/§sinx

Huwéng din giai
® PT< (4cos’ z —4v3 cosz +1) + (3 tan’ :1:+2x/§tan:1;—|—1) =0

2 2 2cos:1:—\/§:O
<:>(2cosx—\/§) —l—(\/gtanx—l—l) =0& <:>x:—z—|—k27r.
\/gtana;—l—lz() 6

@ Nhan xét: Vi xudt hién sin’® 2z va 2sin 2 ta nght dén viéc dwa vé (sin 2x — 1) do dé ta bién
doi nhu sau:
PT < sin® 22 — 2sin 2z + 1+ (1 — cos 2) —2\/Esinx +1=0

1

& (sin2 1)2+(\/§' 1)2 0« si N
SIN ZT — SIin T — = SINT = — .
\/5 x:%—i-k%r

® Nhan xét: Vi xudt hién 4 cos’ 2z va cos 2z ta nghi dén viéc dwa vé (2cos2z + 1)2 , phdn con lai
ta bién @si vé sin” .
PT& 4cos? 20 +4cos2z + 1+ 4sin 2 — 443 sinz + 3 = 0

J3

i f x il + k27
9 2 Smr ——— 3 ==
<:>(2cos2:1:+1) +(2sinx—\/§) =0« 2 <:>sinx:7<:> g’
T
cosS2r = —— r=—+k2n1
2 3
2. Bién dbi phuwong trinh vé dang A?=B?
Bai 2. Giai cac phwong trinh sau
O sin2z = 2tanz + tan’ ® tan’z +sin’2z = 4cos’ z
2 2
(3] +4tanz = 4tan’z +2 94cotx:4cot2x+ﬂ
sin” x 1+ cos2x
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O sin’ 22 = cos2x + cos 3z — cos 0 cos’ 3z + cos® z + 3 cos’ 2x + cos 2z = 2

(7] 32cos6g+sin3x = 3sinzx

Huwéng din giai
® PT< 1+2sinzcosr = 1+2tanz + tan’ z < (sinz + cosz)’ = (1 + tan z)’
@ Nhén xét: Ta nhdn thdy tan zsin 2z = 2sin® © do dé ta céng vao 2 vé I lwong 4sin” x .
PT< tan’ z 4 2tan rsin 2z + sin’ 2z = 4 cos’ z + 4 sin® < (tanz + sin27)° = 4
® Nhan xét: Vi ching ta nhan thdy xudt hién 4 tan® x va 4tanz nén ta chuyén vé dé dua vé dang

2

hang ddng thirc (2tanz —1)

PT<

. —1=4tan’z—4tanz +1 < cot’z = (2tanz —1)* & 2tanz — 1 = +cotx
sin”
@ Nhan xét: Vi nhin thdy xudt hién 4 cot’ x va 4 cot x nén ta chuyén vé dé xudt hién (2 cotz —1)°.

2z —1 2 in’
PT<:>4cot2x—4cotx+1+M:O<:>(200t:1:—1) _s1n2x =0
1+ cos2z cos’ x
2
<:>(2cot:1:—1) =tan’z < 2cotz —1= +tanz.
® Nhan xét: Do xudt hién nhiéu goc khdac nhau nén ta bién déi cos 3x — cosz = —2sin2zxsin z,

sau do do vé trdi ¢6 sin® 21 nén ta dwa vé (sin 2z + sin )’ .

PT & sin’ 27 = cos 2z — 2sin27sinz < (sin 2z + sinz)’ = cos2z +sin’ z

& (sin2z +sinz)’ = cos’ x

® Nhan xét: Do xudt hién cos’ 3z + cos’ x nén ta nghi dén hang dang thirc (cos 3z + cos :E)2 %

the ta cong thém ca hai vé voi 2 cos 3x cosx va ¢ vé phdi ta dung cong thirc bién doi tich sang tong
2cos 3x cosx = cos4x + cos2zx.

PT< cos® 3x 4+ 2cos 3z cosz + cos’ . = 2 — 3cos® 22 — cos 2z + 2 cos 3z cos &
& (cos 3z + cosz)’ = 2 — 3cos’ 2z + cos 4z & (cos 3z + cos ) = sin” 2

3
(7] 32COSG§+SiH3x: 3sinz < 320056§: 3sinz —sin 3z < 4[2C082§] —4sin’z
<:>1+cosx:sinx<:>\/§sin x—g]zl.

Ki THUAT 5: XU Li PHUONG TRINH CO PIEU KIEN

1. Biéu dién nghiém va diéu kién qua ciing mét ham sb lwong giic

Trong phan nay can s dung tot cdc ket qua sau:

sinz = 0 < cos’ r = +1; cos’z = +1 & sinz = 0;

coszx =0 < sinzx = +1 sint =+1< cosz =0

] sinz = ( cosz = £1 cosr = =1 sinz = 0 )

sin2z = 0 < . ) S sin2x =0«
cosx = 0 sinz = +1 sinzx = +1 cosr =0

Bai 1. Giai cac phwong trinh sau
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2 42 _1
Py 1 n 1 _ 2 (THTT09) 9sm 2r 4 cos” 2z _ 0

cosx sin2x  sindx \/sin z cos z

(14 sinx + cos2z)sin [:1: + Z]

1

© cotzr +sinz 1—|—tan:](:ta1r1E =4 (Bo6) O =—COoST
2 14+ tanx \/5
o sin' 2z + cos' 2z — cos' 4z
tan E—x tan E-1—:1:
4 4
Huwéng din giai
cosz = 0, sinz = =+1,
® (THTT09) Piéu kién: {sin2z = 0, < {sinz = 0,
sindz = 0 \/5
sing = +—
2
Khi 36 PT= 4sinxcos2x +2cos2zx =2 < sinx(2sin2 T+sine — 1) =0
’ ‘ =21 + k2w
Giai céc nghiém sin z va két hop diéu kién ta dugc: sinz = — < 6 .
2 o
r=—+k27
6
@ DPiéu kién: sin 2z > 0. Khi d6 phuong trinh da cho trg thanh
oy . . ) cos’ 2z = 0 sin2z = &1
sin"2x4+cos 2r—1=0<%< cos 2z —cos" 2z =0 & ) .
cos” 2x =1 sin2x =0
Ddi chiéu véi diéu kién ta duoc: sin2z =1 <z = % + k.
® (B2006) biéu kién: {sinx = 0,cosz = 0, cosg = (0 < sin2z = 0
PT:>C?S£B+ SnY cosxcosz—i—sin:z:sinE =4 <:>09sx+81nx:4
sin T 2 2 sinr cosz
COS T COS —
&~ —4ssin2z== (m) < 12 (ke).
sin2z 2 5%
rT=—+km
12
. cosx = 0 sinx = +1
® (A2010) Didu kién:
tanz = —1 tanzr = —1
(14 sinz + cos 2x) (sin X + cos :1:) COS T 1
Khi d6 PT = = —=COSZT
\/E(COS T +sinz) 2
& 14sinz+cos2r=1<sinz+1—2sin’z=0
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sinz =1 (loai) T = T + k27

= =

sinr = —% (t/m) i

r=—4+k2m
6

® biéu kién: {sin[%—x]z O,cos[%—x]z 0,sin %-{—x = 0, cos %—i—x = 0.

& {sin[g—%v] = 0, cos g+2x = 0 & cos2x = 0 & sin2zx = £1.

Nhan thiy tan [% — x] tan = 1, do d6 phuong trinh da cho tr¢ thanh

™
—+z
4

. 1 .
sin® 2z + cos* 2z = cos* 4z & 1 — 5 sin' 4z = cos’ 4z < 2cos* 4x —cos’ 4 —1 =10

) ] sin2z =0
S cosdr =14 sindr =0 < )
cos2x =0

Doi chicu voi dieu kién ta dugce sm2x:O<:>x:k5,(kEZ).

2. Biéu dién trén duwong tron lwong giic

Q Méi cung (hodc goc) heong gidc diege biéu dién boi cac diém trén dwong tron lwong gidc:
r = o+ k27 dwoc biéu dién trén DTLG béi 1 diém xdc dinh boi cung «.

T = a + km dwoc biéu dién trén PTLG béi 2 diém doi xitng nhau qua tam O

21 . , . .
T =+ k’? duwoc biéu dien trén DTLG boi 3 diém cdach déu nhau, tao thanh 3 dinh mot tam gidac déu.

21 . , . . .
r = a + k— dwoc biéu dien trén PTLG boi n diém cdch déu nhau, tao thanh da gidac déu ni tiép
n

duong tron luong giac.
Q Ta biéu dién trén PTLG nhitng diém khéng théa man diéu kién (@anh dau X ) va nhitng diém
nghiém tim dwoc (danh ddu O ). Nhitng diém danh dau " O " ma khong tring véi nhitng diém danh

dau "X " chinh la nhitng diém thoa man diéu kién.

Bai 2. Giai cac phwong trinh sau
in2z + 2 —sinz —1 2(sin’ 0 x)—si
o SN 2T + 2CcosT —sInx — 0 (D2011) e (sin” z + cos’ x) —sinx cos — 0 (A06)
tanx-l—\/g \/5—2sinx
o smx.—i—sm2x _ 1 (1—.2smx)cos.x :\/§(A2009)
sin 3z (1+2sinz)(1 —sinz)

Huwéng din giai
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T
tanxz—\/g xz—g—i-/m Ly
=

® Diéu kién:
cosx =0

e

™ ,
T = —+km 2
2 8

L..||:4

Khi d6 phuong trinh da cho tr¢ thanh:
sin2z +2cosz—sinz—1=0 < 2cosz(sinz +1) —(sinz +1) =0

sing =—-1  |p=_"4kor
1 <
COST =7 x:i%-l—k%r

& (sinz+1)(2cosz—1)=0<

Két hop véi didu kién trén duong tron luong gidc ta duoc nghiém cia PT 1a z = % + k2m, (k€ Z).
‘ z =l + k27
@ Diéu kién: sinz = — < 4 . Khi d6 phuong trinh tré thanh:
2 37

1
2(sin’ x + cos’ 7) —sinzcosz = 0 < 2[1—%sin2 2x]—§sin2:1: =0

& 3sin®2z +sin2z2 —4=0ssin2z =12 :%—H{m.
. 3 5)
Keét hop véi di€u kién trén duong tron LG ta dugc nghiém cta PT la: x = ZF +k2m (keZ).
® Pidukién: sin3z = 0 < z = k% Khi d6 phuong trinh tré thanh
sin2z =0 o A
sinz + sin 2z +sin3z = 0 < sin2z(2cosz+1) =0 & 1<
COST = —— _ . 2m

X P P \ \ . , A , \ ™
Két hop voi diéu kién trén duong tron lugng gidc, ta ¢6 nghi¢ém cua PT la: z = E + k.

3 1
@ bicukién: sinx =1 va sinz = —5 (*)
V6i diéu kién trén phuong trinh da cho twong duong:
(1—2sinz)cosz = \/5(1 +2sinz)(1 —sinz)

<:>cosx—\/gsinx:sin2x+\/§cos2x<:>cos a:—i—% :cos[Qx—%]
T . s 2T
Sr=—+kr1htdice =——+k—.
2 18 3
X Y R A T 27'('
Két hop diéu kién (*) ta dugc nghiém: = = —E-i—k? (k c Z).

3. Thit true tiép (dung ménh d& pha dinh)

Chiing ta can lwu ¥ cdc két qud vé tinh chu ki ciia ham s6 lwong gide sau day:
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sin(z + k27) = sinz, Vo € R cos(z + k2m) = cosz,Vr € R

tan(z + km) = tanz,Vz = g—i- km cot(z + km) = cotz, Vo = km

Bai 3. Giai cac phwong trinh sau

1 in 2 2
o 5N x—i—Qcos L — 2singsin2s ® 3sinz +2cosz = 3(1+ tanz) —
14+ cot™ COS T
© cos3z.tanbxr = sin7zx O tanbxrtan2z =1

Huwéng din giai
@ bicu kién: sinz = 0 < cosz = £1. Khi d6 phuong trinh da cho tr¢ thanh
sin® z(1 + sin 2z + cos 27) = 2\/§sin2 zcost & 1+2sinzcosz +2cos’ x—1 = 2\/5005:6

cosz = 0 (t/m) <:>x—z+k7r
<:>2cosx(sinx+cosx—\/§)20<:> N 9
sinz +cosz =0 (*)
Ding ménh dé pha dinh: Gid stt sinz = 0 < cosz = +1, khido (¥) < 041 = V2 (v6 1i). Tirc

1a cac nghiém cua (*) déu théa min. Giai (*) ta dugc: cos

x—z :1<:>x:z+k27r.
4 4

Vay phuong trinh ¢6 nghiém: = = g + km,x = % + k2.

@ Piéu kién: cosz = 0 < sinz = +1. Khi d6 phuong trinh di cho tré thanh
= cosz(3sinz + 2cosz) = 3(sinz + cosz) — 1

& cosx(3sinz +2cosx) —cosx = 3sinz +2cosz — 1

cosz =1(t/m) < v =k2r

3sinz +2cosz =1 (%)

Xét (*): Giastt cosz = 0 < sinz = £1.,khido (*) & +3 —1 =0 (v6 li). Ttc 1a cic nghiém

& (3sinz +2cosx —1)(cosz—1) =0 <

. 1
cua (*) déu thoa man. Giai (*) ta dugc: * = o & arccos — + k27w (v6i

Ji3

cosa = ;sina =

28
Vi3 Ji3
1
Vay phuong trinh ¢6 nghiém: x = k27, z = a + arccos —— + k2.

Ji3

® Diéu kién: coshzr = 0 & = % + mg, (m € Z). Khi d6 phuong trinh tré thanh

7
r=k—
2sin bz cos 3z = 2s8in 7x cos bz < sin 8z = sinl12zx < 2 (kez)
7 7
=+ k—
20 10
k—1

+Giasit k— = 4 m—= < 5k = 14 2m (*). Suyra m = 2k + —— .
2 10 5 2

. k—1 .
Mit khéac, do k,m € Z néntontai s € Z sao cho: s :T<:> k =2s+1 (thc k 1aso 18).
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Suyra z = k% la nghiém PT khi % = 25 + 1. Chon k = 2s thu dugc nghiém 1a z = s7 (s € Z).

1
+Giast 4k =T am T s %k —dm =1 k—2m== (*)
20 10 10 5 2

. 1 .
Ta nhan thay k —2m € Z, B ¢ 7 nén khong ton tai k,m € Z théa man (**).
, T T . . Lo
Do d6 x = — + k— la nghiém ctua PT v6imoi k € 7Z.
20 10

Vay phuong trinh c¢6 nghiém: z = sm va z = % + k‘% (k,s € 7).

T
. coshzr = 0 r=—+m— (1)
@ Diéu kién: & 10 5 (m,n € Z).
cos2x =0 s s

PT< tanbzxr =

14 7

tan 2x
+ Dbi chibu diéu kién (1):

& tanbr = cot2x & tanbr = tan[g—%z] S zl—i-kz.

142
Giasit =+ kL = 4 m T e k= m 4 2 ()
147 10 5 5
1+2m t—1

Do k,m € Z néntdntai ¢t € Z sao cho: t = <:>m:2t+T

. t—1
Mat khac, do t,m € Z néntontai s € Z sao cho: s :T St=2s+1.

Thay vio (*) ta dugc: k = 7s + 3. Do do 7 = ﬁ + k% thoa min didu kién (*) véi k = Ts + 3.
+ Dbi chibu diéu kién (2):
Gidsit — + k= =+ nl o 4k —1dn = 5 (**).

14 7 4 2

Ta nhan thay vé trai (**) 1a s6 chin, vé phai (**) 1a s6 1é nén khong ton tai k,n € Z théa mén diéu

kién (**). Do d6 o = ﬁ T k% ludn théa man didu kién (*¥).

Vay phuong trinh ¢6 nghiém: = = ﬁ + k% voi k = 7s + 3.
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LUONG GIAC TRONG DE THI 2002 - 2014

Bai 1 (PH A2002) Tim nghiém thudc khoang (0; 2 7) ctia phuong trinh :

5 sinx—kcosgx_'_,sngx = cos2z + 3. bS : x:z;ng)—w
1-+2sin2x 3 3
Bai 2 (PH B2002) Giai phuong trinh :
. . k k
sin” 3z — cos” 4z = sin’ 5z — cos” 6z bS : x:?ﬂ;ng(/ﬁEZ)
Bai 3 (PH D2002)Tim z thudc doan [O; 14] nghiém diing cua phuong trinh :
3 5 7
cos3x —4cos2x +3cosx—4 =0 bS: x:z;x:—w;x:—ﬂ;x:—w
2 2 2 2
Bai 4 (PH A2003) Gidi phuong trinh :
2 1
cotx—lzﬂ-i—sirfx——sin%v bS: x:z—i-lm(kEZ)
14 tanz 2 4
Bai 5 (PH B2003) Giai phuong trinh :
2
cotx —tanz + 4sin 2z = — bS: x:j:z—i-/m (keZ)
sin 2x 3
Bai 6 (PH D2003) Gidi phuong trinh:
sin’ | = — — taan—cot2§:O. bS: x:7r+k27r;x:—§+k7r

Bai 7 (PH A2004) Cho tam gidc ABC khong tu, thoa min diéu kién

cos2A—|—2\/§cosB —|—2\/§COSO =3.

Tinh ba géc cta tam gidc ABC. PS: A=90"B=C = 45"
Bai 8 (PH B2004) Giai phuong trinh:

. . 5
5sinz —2 = 3(1 —sinx)tan® z bS : xz%—i—k%r;x:%-l—k%r
Bai 9 (PH D2004) Giai phuong trinh:
(2cosz —1)(2sinz + cosz) =sin2z —sinz ~ PS: z = j:% +k2m 2 = —%-ﬁ-k?‘(

Bai 10 (PH A2005) Giai phuong trinh:

k
cos’ 3z cos2x —cos’z =0 bS: ng(szZ)
Bai 11 (PH B2005) Giai phuong trinh:
2
14 sinz + cosz + sin 2z + cos2x = 0 PS:z = j:%—i—k%r;x = —%-l—lm

Bai 12 (PH D2005) Giai phuong trinh:
. . 3
cos’ x +sin’ z 4 cos x—z sin 3:1:—I ——=0 DPS: z= z—i—kw (keZ)
4 4] 2 4
Bai 13 (PH A2006) Giai phuong trinh:

2(cos” in’ ) —si
(cos’z +sin" z) —sinzcosz _ pS: 5 =" 4k (keZ)
\/5—2sin:1: 4
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Bai 14 (PH B2006) Giai phuong trinh:

cotx +sinz

1—Ft&mact&urlE =4 bS: x:l+k7r;x:5—7r+k7r
2 12 12

Bai 15 (PH D2006) Giai phuong trinh:

cos 3r + cos2x —cosx —1 =0 bS: x:lm;x:j:%r-l—k%r
Bai 16 (PH A2007) Giai phuong trinh:

(1-1— sin” :1;) CoST —|—<1—|—cos2 :1;) sinz =1+sin2z BDS: z=k2mz = g + k2mx = —% + km
Bai 17 (PH B2007) Giai phuong trinh

2 2
2sin’ 2z +sin7z —1 =sinz DS:x:Z—Fk—W;x:i—i—k—W;x:i—i—k—w
8§ 4 18 3 18 3
Bai 18 (PH D2007) Giai phuong trinh :
2
[sing-l—cosg +3cosx =2 bS: x:g+k27r;x:—%+k27r

Bai 19 (PH A2008) Giai hé phuong trinh:

1 1
+

sin . 3T
sin|x — —
2

Bai 20 (PH B2008) Giai phuong trinh:

:4sin7—7r—x bS: x:—z+k7r;x:—z+k7r;x:5—7r+k7r
] 4 4 8 8

sin® £ — /3 cos® z = smxcost—\/gstxcosx bS: z = %—i—%;x = —% + km
Bai 21 (PH D2008) Giai phuong trinh:
2
2sinx (1 + cos2x) +sin2x =1+ 2coszx PS: z = i% + k2mx = % + km
Bai 22 (PH A2009) Giai phuong trinh:
1—-2sinx|cosx k2
( ) 3 PS: 1= ——+— (keZ)
(14 2sinz)(1-sinz) 18 3
Bai 23 (PH B2009) Giai phuong trinh:
k2
sin x 4+ cos x sin 2x —i-\/gcosi%x = 2(cos4x + sin® x) bS: z = —%+k27r;x = %—FTW
Bai 24 (PH D2009) Giai phuong trinh:
. . k k
\/gcos5x—2sm3xcos2x—smx:O bS: x:1+l;x:—z+l
18 3 6 2

Bai 25 (PH A2010) Giai phuong trinh :

. . m
(I+sinz +cos2z)sin(z + ) - -
4" _ ~ cosz PS: v =——+RK2max=—+k27
14+ tanz \/5 6 6
Bai 26 (PH B2010) Giai phuong trinh:

(sin2zx + cos2z)cosz + cos2x —sinz =0  DPS: =z :%4-%(]{; €Z)

Bai 27 (PH D2010) Giai phuong trinh:
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sin2x —cos2x +3sinx —coszx—1=0
Bai 28 (DH A2011) Giai phuong trinh:
1+ sin2x + cos 2z

1+ cot’ z
Bai 29 (PH B2011) Giai phuong trinh:

= \/Esinx sin 2z

sin2x cosx +sinx cosx = cos2x +sSinz + cos z

Bai 30 (PH D2011) Gidi phuong trinh :
sin2x +2cosr —sinzx—1

=0
\/g + tanx
Bai 31 (PH A2012) Gidi phuong trinh :

\/gsin2:1: +cos2x = 2cosz —1
Bai 32 (PH B2012) Giai phuong trinh:
2(cosz + \/gsinx)cosa: = cosz —V3sinz +1
Bai 33 (PH D2012) Giai phuong trinh:
sin 3z + cos 3x —sinx + cos ¢ = \/5608223
Bai 34 (DH A2013) Giai phuong trinh:

1+tanx = 2\/§sin

™
T+ —
4

Bai 35 (PH B2013) Gidi phuong trinh:
sinhzr +2cos’z =1

Bai 36 (PH D2013) Giai phuong trinh
sin 3z + cos2x —sinx = 0

Bai 37 (PH A2014) Giai phuong trinh
sinz 4+ 4cosx = 2+ sin 2z

Bai 38 (PH B2014) Giai phuong trinh

\/E(sinx —2cosz) =2 —sin2x

bS: x:%—i—kﬂw;x:%%—kﬂw

bS: xzz—i-lm;x:z—i-k%r
2 4

bS: xzz+k27r;x:z+k2—7r
2 3 3

pS: xz%—i—kﬂw (keZ)

2
bS: x:g—kkw;x:k%ﬂx:g—kmw

bS: xz%—i—kﬂw;xz% (keZ)

T km I

bS: x:—+—;x:—+k27r;x:—1+k27r
4 2 12 12

bS: x:—z—l—lm;x: + X 4 kon
4 3

k2m T K27

bS: xz—%—i——;xz———i——

3 14 7

km T

PS: s =—+—;2 = —g+k27r;x:%r+k27r

2

ps : x:ig—l—k%(lﬁEZ)

bS: x:j:%r—i-k%r(kEZ)
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