I =T Chyong 1T

............. ,

e TIOI HAN. HAM SO LIEN TUC

....................................... ,

i GIOI HAN DAY SO

A. TOM TAT LY THUYET.
I. Gi6i han hitu han caa day sd.
1. Giéihan 0 cta diy s6
- Tandi day s6 (u,) c6 giéi han 0 khi n dan téi duong vd cuc, néu

un
nho hon mot s6 dwong bat ki cho trude, ké tir mot sd hang nao dé tro
di. Ki hiéu limu, =0 hay u, — 0 khi n— +o0. Ta con viétla limu, =0.

n—>+0

- Nhan xét:

. limik =0, voi k nguyén duong bat ki.
n
e limg" =0,v6i ¢ 1as6 thyc thoa man |g|<1.
2. Gié6i han hitu han cta diy s6
Ta noi day so (u,) co gidi han hitu han la sd a (hay u, dan t6i a) khi n
dan t6i duwong vd cuc, néulim(u, —a)=0. Khi d6, ta viét lim u, =a hay
limu, =a hay u, - a khi n— +o.
< Chay: Néu u, =c (clahang s6) thi limu, =limc=c.
I1. Cac phép toan vé giéi han hiru han caa diy sé.
Cho limu, =a, limv, =b va ¢ la hang s8. Khi do:
o lim(u,+v,)=a+b.
o lim(cu,)=ca.
o limX=2 (hx0).
v, b

o lim(u,-v,)=a-b.

o lim(u,v,)=ab.

e Néuu,>0,VneN* thi a>0 va limﬁzx/g

I11. Téng ctia cip s6 nhan lui v6 han.

e Cédp s6 nhan v han (u,) c6 cong bdi ¢ thoa man |g|<1 duoc goi 1a cdp
s6 nhan lni vé han.
Cdp s6 nhan lui vo han nay c¢6 tong la:

U,

S=u,+u, +..+u, +...= .
l-¢

IV. Giéi han vo cuec.



e Tandidaysd (u,) co gidi hanla +o0 khi n— 400 néu u, 16n hon mot s6
dwong bat ki, ké tir mét s6 hang nao d6 trd di, ki hiéulimu, =+wohay
u, >+ khi n— +ow0.

e Tandi day sO (u,) c6 gidi han la —oo khi n— +0 néu lim(—u, ) =+ ki
hiéu limu, =—o0 hay u, - —o khi n— +00.

3

% Cha y: Ta co cac két qua sau:
limu, = +ookhi va chi khi lim(-u,) =—o.

U . g |
e Néu limu, =+cohodc limu, =—oo thi lim—=0.
u

n

T . R .
e Néu limu, =0 va u, >0 véi moi n thi lim—=+o.
u

e limn* =+ (keN, k>1).
o limg" =400 (¢>1).
B. CAC DANG TOAN.
DANG 1:
TINH GIOT HAN CUA DAY SO
Phuong phap:
+ Nam vitng khai niém co ban.
Vi du 1. Tinh cdc gidi han sau:

2
a) lim2 L b) lim >3
n+3
2
o) lim2 =+l d) im 7
4n—2 4+n
Loi giai
n(1+1j 1+l !
a) lim = lim ’; = lim—% =~
nr n(Z-I—j 24> 2
n n
(e 37
5n* +3n—7 (5 n_nz) 7
b) 1 > =lim > —hm[5+———2)=5
n n n



2_
o im2 = i ”2 "/ —lim <
SN
n n
9—1+L2
=lim n_n _3
4-2 4
n
7
1+—
d) tim 2L Zfim L —n .
n’ n 4
— +1
n
DANG 2:

TINH TONG CUA CAC CAP SO NHAN LUI VO HAN

Phwong phap:
+ Tim s0 hang dau va cong boi cua cap s6 nhan.

+ Sau d6 ap dung cong thirc tong ctia cap sO nhan lui vo han:

U
I-¢q
Vi du 2. Tinh tdng cua cac cap s6 nhan lui vo han:

S=u, +u, +...+u, +...=

a) S:1+l+l+l+...
2 4

b) T:l—l+i—i+...+ 1 +...
4 16 o4

Loi giai

\ ~? ? ~ ~ A N\ . A 7 \ 1
a) S latdng cuia cap sO nhan lui vohan cé u, =1 va g = 5

Do do S=

\ A? 2 n~ ~ A N . A 14 N 1
b) T la tong ctia cap s6 nhan Iui vo han c6 u, =1 va ¢ = e
4
e

2

C. BAI TAP TU LUYEN.
Bai 1: Tinh cac gioi han sau:

Doddé T =



4n* —n-1 (2n* —=n)’(4n-2)*

a) lim b) lim .
) +2n° ) 20n°(2n* =3n+1)*
2_ 3_
0 limn3 n+3‘ d) limzn 211n+1'
n +2n n -2

e) lim\;ltiz—n_z. f) lim(Zn—\/3n2+n—4).
2n" —n+n

1+3+5+7+---(2n+1)

lim
g 3n® +4
h)hm L+L+L+L+...+ 1 .
12 23 34 45 n(n+1)
e 7 A? 2 ~ ~ A N\ . A 5 5 5
Bai 2: Tinh tong ctia cap s6 nhan lui vo han S:5+g+£+...+6—n+....

Bai 3: Viét cac s6 thap phan vo han tuin hoan sau day dudi dang phan sé:

a) 2,(21)=2,212121...;

b) 5,(205) =5,205205205....

Bai 4: Cho tam giac 4BC vuong tai 4, c6 AB=10cm va goc B béng 60°
(H 53). Tw 4 ké A4 LBC, tr 4 ké 44,1 AC, sau do lai ké
A,4, L BC. Tiép tuc qua trinh trén, ta dugc duong gip khuc vo han

AA A, 4,... . Tinh d6 dai duong gap khic nay.
B

h A

AL A, A C

Bai 5: Cho hinh Vuéqg ABCD c¢6 canh bang 5 cm. Lay trung diém bén canh
cta hinh vudng noi lai dugc mot hinh vudng madi nhé hon 4, . Tiép tuc
1am nhu vay t&i vo han. Tinh tong dién tich cac hinh vuéng A4, 4,,...
(tham khao hinh v€ du¢i day).



D. BAI TAP TRAC NGHIEM

Cau 1: lim bang;
2n+5
AL B) 0. ) +o0. D) L.
2 5
2 3
Cau 2: Tim [ =1 7’1_—2’1“
30’ +2n* +1
AL B) 2. 0 o. D) 1.
3 3
N , ) 1 1 1 1
Cau 3: Tinh gidi han lim| —+—+—+...+ .
1.2 23 34 n(n+1)
A) 0. B) 2. O 1. D)%.

Ciu 4: Goi S 1a tap hop cac tham sd nguyén a théa man

lim(3n LESE 4aj =0. Tdng c4c phan tkt cta S bang

n+2
A) 4. B) 3. O5s. D) 2.
2 2
Cau 5: Cho a e R sao cho gidi hz_mliman(Jr—a;?rlza2 —a+1.Khi d6 khang
n+l

dinh nao sau day la dung?
A) 0<a<?2. B)O<a<%. C) -1<a<0. D) I<a<3.

PP+2*+3* +4% +...+n?
n+2n+7

A) 2. B) L. 0)o0. D) L.
3 6 3

Cau 6: Gidi han lim c6 gid tri bang?

2 2
Cau 7: Tinh gidi han lim VA bxal -V -3 :
X 3x+2

1 2 1
A) ——. B) —. O —. D) —.
) 3 )3 )3 )




Cau 8: Gidi han lim\/;(\/n +4—+n +3) bang :

A) 0. B) +o0. ol D) L.
2 2
n+l n
Cau 9: 11mw la:
107 —2.08"
A) +o0. B) 100. o . D) 0.

100

Cau 10: Tong v6 han sau day S = 2+§+3%+...+3%+... c6 gid tri bang :

A) g B) 3. O 4. D) 2.

Cau 11: SG thap phan v6 han tuan hoan 3,15555...=3,1(5) viét dudi dang
htru tila:
NS B) 2. 0. D) ..

20 45 18 2

Cau 12: Ttr d0 cao55,8m ctia thap nghiéng Pisa nuwedc Italia ngroi ta tha mot
qua béng cao su cham xudng dat. Gia st moi lan cham dat qua béng lai
nay lén dd cao bang % d6 cao ma qua bong dat trude d6. Tong do dai
hanh trinh ctia qua béng dugc tha tir ltic ban dau cho dén khi né nam
yeén trén mét dét thudc khoang nao trong cac khoang sau day?

% BAI TAP TU LUYEN

I 1 1 1
2 2 - 2 —0—
a) 1 4’; 21 i S~ lim -4 020—2
+2n nz( 2+2j =42 0+
n n

10



o ) 15
. @n*=n)’(4n-2) lim n n

b) lim
20n°(2n* =3n+1)* 4
( ) 20n° [nz [2—3+12ﬂ

5 4 5 4
o2t e
=1 n n) _ n n) 128
lm 3 o1y 3 1Y) 5
20n6n8[2 +2) 20(2—+2j
non non
) n’ 1—l+i2 1_1 3
o) i n n+3—li non —liml non 1-0+0
- = - 2
n’ +2n "3(1+22j n 1+% 1+0
n n
JPIER 1
2n° —11ln+1 n n . ) aoon
d) I 5 =1 = limn.lim = 400
B 2 -2
8 n’ n’
1+2 2
2 op— P
e) lim—" 2072 i 1" _ o,
2n* —nan \/2 I 1
hTos
n nwon

f) lim(Zn—\an +n—4) =1im(2n—M)

- limn.lim(Z— /3+l_12] ~ oo
n n

g) Xét cdp s6 cong 1,3,5,7,9,...,2n+1 co6 sd hang dau tién u, =1, cong sai d =2 va
s0 hang cu6i cung la u,, =2n+1 ta co:
u+(m-d=2n+11+2m-1)=2n+lm=n+l.

Vay cap s cong cd n+1 sd hang. Suy ra tong

S:1+3+5+7+~~+2n+1:%(u1 +um)=n7+1(l+2n+l)=n2+2n+l.

2 2 1 2 1
n?+2n+1 L R T 14040 1
Vithé L =lim———— =lim M fim— 1 ——.
3n"+4 2 4 4 340 3
n n
11

h) S6 hang tong quat ;(Vk=1,2,...,n) do d6

k(k+1) &k k+1

. 1 1 1 1 1 1 1 1
L=lm/l-——+———+———+——--+
2 2 3 3 4 4 n n+l



Nhan xét: Phan tich

1 a

Kkt 1)
‘s NP U VIV PN . 1
Bai 2: § la tong ctia cdp s6 nhan lui vo han voi u, =5, =—

Do dé S:L_L

l-q 1_1

Bai3:

a) Taco 2,(21)=2,212121..

Dav sg 2L 21 21 21
AT AT

21 21 21
Suyra —+—

+_
10> 10" 10°

Vay 2,(21) =2,212121...=

b) Ta cé 5,(205) =5,205205205..

-~ 205 205 205
Déy s0 —;——;—...
10° "10° 10

S 205,205 205
YT 100 100

Vay 5,(205) = 5,205205205... =

Bai4:Ta co: A4, =10sin 60°

=6.

21

=24—+

02

la mot cdp s6 nhan 1ui v6 han véi u, = —, cong boi

—+ VOl a
k k+1

21

10*

21

10°

21
__10 _7
1_% 33
10
2+l=E.
33 33
205 205 205
A RLIrrT: 9
100 10> 10

205
10°
1
1——
10°
205

999

Do dai duong gap khiic 44,4,...4, bang:

AA + A A, +...+ 4, A, =10sin 60°+10sin” 60° +...+10sin" 60°

=10sin 60°(1 +5in60°+...+sin"" 60°) =10sin 60°.

Khi n ra vd han, ta cé:

12

_ 205
7999

5200
999
, AA, = A4 sina = 10sin® 60°,..., A, A =10sin" 60°

. A N1 A 1n: A . 205, n-
la mot cdp s6 nhan lui vo han voi u, = —, cong boi

1—sin" 60°
1—sin 60°




=30+204/3.

AA,..A,....= 1im(10sin60°

n—o

1—sin" 60° ) 10 sin 60°
1—sin 60° 1—sin 60°

(Do sin 60° = % nén limsin” 60° = lim {g} =0).

n—ow n—ow

Bai 5 : Canh ctia hinh vudng 4, bang canh ctia hinh vuéng 4BCD nhan véi % .

Tuong tw, ta c6 canh ctia hinh vudng 4, béng canh ctia hinh vuéng 4BCD

nhan véi [Ljn
V2 )
1

Do d6, cong thitc dién tich ctia hinh vuong 4, la S, = 25'27'

Tong ctia n hinh vudng du tién la:

1
S +S8,+..+8 =25~ +25 +..+25.— 25.1. 1+l+..+ 11 :é.—zn
2 2? 2" 2 2 2" 2 1_1

2

Cho n ra vo han, ta c6 tong dién tich ctia cac hinh vuéng la:

1-—
S=lim(S, +..+5,)=1lim B_ 2| B1_

n—ow n—of 1 7

7 2_’_1
2_ 3 - T
Ciu 2: Chon B. Ta ¢6 I:lim7n3 2n2+1:1im" w2
3n” +2n" +1 3 2 1 3
o+
n o n
1 1 1
Cau 3: Chon C. Ta co: +ot——
12723 34 7 a(ne)
1 1 1 1 1 1 1 1 1
=t ——— ... _—t = 1__
1 2 2 3 n-1 n n n+l n+l

Vay lim| — L, 1, L +; =lim 1—L =1.
12 23 34 n(n+1) n+l



a’—4a+3)n+2+2a*-8a
Cau 4; Chon A. Ta c6: lim(3n+2+a2—4aj :lim[( )

n+2 n+2
2_
a2—4a+3+72+2a 8a
=1lim 5 n =a’—4a+3.
1+—
n

3n+2
n+2

Vay S={1;3} =1+3=4.

Theo giéthié't:lim( +a2—4aJ:0<:>a2—4a+3:0<:>a:3va:1.

2
a 1
. o 2 2 1 . 2 2 1 ) a+ +—
Cau 5: Chon A. Ta ¢ lim %% _*4 712+ :11manz+anJr =lim ; f =a.
(n+1) n’ +2n+1 24 L
non
@ —-a+l=a =>d*-2a+1=0=a=1.
. . n(n+1)(2n+1
Cau 6: Chon D. Ta ¢6 két qua quen thudc 1 +2* +3* +...+n° = %

P42 43+ 8440’ . n(nt1)(2n+1)

Do dé lim 5 =lim
n+2n+7 6(n3+2n+7)
1+l 2+l
. n n 1.2 1
~lim "% 73
6(1+2+3j
n- n

—X 4+l+i+x 1—l+i
\/4x2+x+1—\/x2—x+3 ~ fim x X’ x x

Cau 7: Chon A. lim

X=® 3x+2 x—>—0 3x+2
—\/4+1+12+\/1—1+32
— lim X X X X :_l‘
X—>—0 3+g 3
X

Céau 8: Chon D. lim\/Z(\/n+4—\/n+3):lim\/Z !

vn+4++n+3
1
5
‘/1+ﬂ+,/1+§
n n

=1lim

100" +3.99" 100+3'(19090)
Céu 9: Chon B. lim— ——=1lim =100.
10*" —2.98™ 98 j
1-2.| —
100

14



2z

A L A2 2 M 1A 1as A e A A
Cau 10: Chon B. Ta ¢6 2;5; > ;...;37;...1a mot cdp sO nhan i vo han véi cong boi

3
q:l<1. S=2+z+%+...+£+...=2.L=3.
3 33 3" 1
3
1
2
Cau 11: Chon B. 3,15555...=3,1(5)=3,1+5(L2+i3+...j=3,1+5.L=£.
10 10 L 45
10

Cau 12: Chon A. Theo d&, mdi Ian cham d4t qua béng lai nay 1én d6 cao bang %

dd cao ma qua bong dat trude d6 va sau d6 lai roi xudng tir d6 cao thit hai. Do
d6 do6 dai hanh trinh ctia qua bong duoc tha tir lae ban dau cho dén:
+ Thoi diém cham d&t [an th nhatla d, =55,8m.

+ Thoi diém cham dét an ther 2 13 d, :55,8+2.%8.

+ Thoi diém cham dét i thte 3 1a d, = 55,8+ z.%u. 51 2’28 .
+ Thoi diém cham dat fan thtt 412 : d, = 55,8+2. 515(’)8 2. 51‘2’28 +2. 51%’38 .

+ Thoi di€ém cham datlan tht n, (n>1) la:
d, :55,8+2.E+ 2.55’28+...+2.i’§.
10 10 10"

Do dé d6 dai hanh trinh ctia qua bong dwgc tha tir lac ban dau cho dén khi né

nam yén trén mat dat la: d :55,8+2.55’8 +2.51i)’28 ++215§§ +... (mét).
+ Vi 2.55’8, 2.55’28, .55’38, - 2.&,”., la mot cdp s6 nhan lui v han véi
10 10 10 10"
) 55,8
q=i, 2.55’8+2.55’28+...+2. 55,§ p— =12,4.
10" 710 10 10" L
10
Vay d :55,8+2.E+2.55’28+...+2. 55’?1 +..=55,8+12,4=68,2.
10 10 10"

15



s Chuong II.
B A AL IOI HAN. HAM SC) LIﬁN TUC

GIOI HAN HAM SO

A.TOM TAT LY THUYET.

1. GIOI HAN CUA HAM SO TAI MOT DPIEM

1. Giéi han hitu han ctia ham s6 tai mot diém

Cho diém x,thudc khoang K va ham sd y= f(x) xac dinh trén K hodc
K\ {xo} .

Tanoéi ham s6 y = f(x) c6 gidi han hitu han 1a sd L khi x dan dén x,néu véi
day s& (x,) batki, x, e K\{x,} va x, > x thi f(x,)—>L

Ki hiéu: lim f(x)=L hay f(x)— Lkhi x — x,

Nhan xét va luu y:

- Gibi han ctia ham s duoc dinh nghia thong qua khai niém gidi han cta
day so.

- Ham s6 khong nhat thié€t phai xac dinh tai x,, .

- Trong giai bai tap ta thuwong 4p dung cac dinh li va phwong phap d€ tién
cho viéc tinh toan thay vi viéc dwa vé gidi han cua day so.

2. Dinh li va cac phép toan vé gidi han hiru han ctia ham sé tai mot diém
a) Gia st lim f(x)=L va lim g(x)=M . Khi d¢:

. }g?[f(x)ig(x)] =L+M.
* lim[ f(x)3(x)]=L.M.

° lim{m}zivcﬁ M=0.
: M

e lim [cf(x)] =clim f(x) v6i ceR, néu ton tai lim f(x)eR.

e Néu f(x)ZO va limf(x)=Lthi L>0 va lim,/f(x)zx/z.

b) Mot s6 gidi han dac biét:

e limx=x,.

X*)XO

e limx* =x} véiknguyén duong.

X‘)XO



e limc=c vdiclahdngss.

3. Gi6i han mot phia

e Chohams6 y= f(x) xac dinh trén khoang (xo ;b) .
Tanoéi ham s6 y = f(x) c6 gioi han bén phdila s6 L khi x dan téi x,néu véi
day s3 (x,)batki x, <x, <b va x, > x,thi f(x,)>L.

Ki higu lim f(x)=L.

e Chohams6 y= f(x) xac dinh trén khoang (u,' xo) .
Tandi ham s6 y = f(x) c6 gidi han bén trdila s6 L khi x dan t6i x,néu vai
day s6 (xn)bé'tki a<x,<x, va x, — x,thi f(xn)—> L.

Ki hiéu lim f(x)=L.

%,
Ta ciing c6 thé hiéu va biéu dién gidi han mot bén nhuw sau:
x —x; nghiala x > x, va x>x,.
x —>x, nghiala x > x, va x<x, .
Luu y:
a) Tinh chat duoc thira nhan cta giéi han mot bén:
lim £(x) = lim f(x) = L ¢ lim f(x)=L.
)1(131 f(x) = Jlg‘)x(l f(x) thi khong ton tailim f(x).

b) Cac phép toan va dinh li vé gi6i han tai mot diém van ding khi ta
thay x — x,bdng x »x va x > x; .

c) Mot sd gidi han mot bén thuwong dung:

e lim =+400; lim
xox, X — xO xox, X — xO

=—00.

4. Gi6i han v6 cuc ctia ham s6 tai mot diém

Cho ham s6 y = f(x) xac dinh trén khoang (xo,'b) .
+ Tanoéi ham sO y = f(x) c6 gidi han bén phdi la +o khi x — x, vé bén phai
néu véi day s8 (x,)batki, x, <x, <bva x, > x,thi f(x,)—>+o.

Kihi¢u: lim x =+oo hay f(x) —+oo khi x > x,.



+ Ta néi ham s6 y = f(x) c6 gidi han bén phdi la —okhi x — x, vé bén phai
néu véi day s6 (x,)batki, x, <x, <bva x, —>x,thi f(x,)—>-w.
Ki hiéu: 11&1 x=-oohay f(x)— - khi x> x,.
0
Ta c6 cac gidi han thuong dung sau:

lim =+oova lim
xox, X — xO xox, X — xO

=—o0 VOi x, eR.

5. Quy tac vé gi6i han vé cuc
a) Quy tac 1: Quy tac tim gidi han cta tich

L =1lim f(x) lim g(x) lim[ f(x)g(x)]
L>0 —+00 —+00
—00 —00
L<0 +00 —0
—00 —+00

b) Quy tac 2: Quy tac tim gidi han ctia thuong

L=1lim f(x) lim g(x) Dau cta g(x) lim 7%
0 0 XX, g(x)
L +0 Tuay y 0
+
L>0 0 R
- —Q0
+ —00
L<0 0
- +00




II. GIOI HAN CUA HAM SO TAI VO CUC
1. Giéi han hiru han ctia ham s6 tai v6 cuc
a) Chohams6 y=f (x) xac dinh trén khoang (a; +oo).
Ta néi ham s6 y = f(x) o gidi han hitu hgn 1a s6 L khi x — +onéu véi day
s (x,) batki, x, >a va x, >+ thi f(x,)—>L.

Ki hiéu lim f(x)=L.

b) Choham s§ y = f(x)xac dinh trén khoang (—o;b).
Tanéi ham s6 y = f(x) c6 gidi han hitu han 1a s8 L khi x ——wonéu véi day
s (x,) batki, x, <a va x, > oo thi f(x,)—>L.
Ki hiéu }LIEO f(x)=L.
Véi ¢ 1ahdng s va k 1a sd nguyén duong, ta ludn cé:
lim f(x)=c va lim ~7=0.
Céc phép todn trén gidi han ham s8 van dtng khi thay x — x, bang
X —> 40 va x —> —0.
2. Gi6i han vo cuc tai vo cuec

a) Cho ham s6 yzf(x) xac dinh trén khoang (a;+oo) im f(x) =+o0
v6i moi day s6 (x”), x,>a va x, >+ tadéucod lim f(x)=+w.
Cac dinh nghia: lim f(x)=-o0, lim f(x) =+, lim f(x)=—coduwoc phat

biéu hoan toan twong tu.
b) Ta co cac gidi han thueong dung sau:

e lim x* =+ vGi k nguyén duong;

X—>+00

e lim x* =+ néu k 1a s6 chan;

X—>—0

e limx* =—w néuklasolé.

X—>—0



B. CAC DANG TOAN.

PHAN LOAL:

Céc bai todn gidi han cua ham s8 ¢6 3 dang 16n: giéi han tai mét diém, gidi

han mot phia va gi6i han tai vo cuc. Trong hai dang nay thi ta thuong gdp

cac 4 dang dac biét hay con goi la 4 dang vo dinh 1a: 0.c0; % s Lvaw-om.
o0

PHUONG PHAP CHUNG:
+ Nam vitng khéi niém co ban.

+ Nhép ham s6 vao may tinh cam tay (MTCT) d€ kiém tra két qua c6 o
dang v6 dinh hay khong? Néu c6 thi mdi dang vo dinh déu cé phuong
phép giai riéng sé dwoc hudng dan chi tiét & dudi.

DANG 1: GIOI HAN HAM SO TAI MOT PIEM x - x,

DANG 1.1: SU DUNG PINH NGHIA VA TINH CHAT CO BAN

Nhan dang chung: Nhap ham s6 vao mdy tinh cam tay (MTCT) sau d6 cho

x =x,. Néu két qua 1a mét sé thyc thi ra st dung cac phép toan tong, hiéu,

tich, thwong hodc cac dinh li va tinh chat dwgc thira nhan dé giai.

Vi du 1. Cho ham so f( ) x+1 .Khi d6 lim f(x) bang:
2\/; x—3
A. 4o . B. 0. c 53 o1
3 2
Loi giai
2 2
[TL] Ta cé 11mf xX) = 11 X km 3+1 3°+1 53

—3 2\/7 x—3 2\/7 2\/5 - 3

Chon dap an C.

2
[TN]Nhip biéu thirc ciaham s8 f(x) =2 vao MTCT. B&m phim|CALC

2/x
543

, méy héi X? nhap 3H. May hién thi két qua : 2>
Chon dap an C.
Vi du 2. Tim cac gidi han sau:
a) lim (x* ~7x+5)
x—>—4

Loi giai
lim (x* =7x+5) = lim x* ~lim 7x + lim 5 = (~4)" -7 lim x+ 5 =16 -7.(~4) + 5= 49



b)%(%—@%)

Loi giai

lim({/x —v2x —6) = lim {/x—lim V2x ~ 1im 6 =38 -2 lim \/x -6 =2 -y2.J/8 -6 =8

x—>8 X

2|x+1|—5 x* -3

¢) lim
x>-2 2x+3
Loi giai
2 . _ . 2_
lim2|x+1|—5 X —32211312|x+1| 51152 x 3:2_5:3
X2 2x+3 lim2x+3 -1 ’

x—>-2
DANG 1.2: CAC VO PINH THUONG GAP
Nguyén tac : La phai triét tiéu duoc yéu t& 1am cho ham s& bi vé dinh.

KHU vO PINH % TAI MOT PIEM

Nhan dang chung;:
f(x)
8(x)

+ D4u hiéu 2: Ta thé x=x,vao ham s6 can tinh giéi han (c6 thé sit dung

hodc biéu thitc cé can thikc.

+ D4u hiéu 1: Ham s6 c6 dang phan thirc

MTCT d¢€ kiém tra truedce la ham sd ¢ thudc dang vo dinh hay khong) va
nhan thdy véi x =x, Ian luot lam t& va miu déu bang 0.

Phuwong phap giai:
o _f(x)
+ P01 voi ham phan thitc: ¢6 dang lim
X*).XO g(x)
x) (x—x,).f(x
Ta phéan tich f( ) = ( 0) fl( ) .Khi d6 x —x,1a thtra s6 lam ham s6 bj vo

8(x) (=) (x)
dinh sé bi triét tiéu.
Mot s6 phuong phap két hop c6 thé si dung:
+ C4c hang dang thiec, nhém hang tir chung, chia da thitc; chia Héc - ne.
+ Phan tich thira s8 bac 2: Cho biéu thikc ax” +bx + ¢ ta ¢ thé phan tich thanh
dang nhan tinéu ax’ + bx+c¢=0 c6 hai nghiém x,;x, . Khi d¢:
ax’> +bx+c=a(x-x)(x-x,).
+ Hang déng thitc mo rdng (4p dung nhitng cau kho):

a'-b" = (a —b)(a”‘l +a" ' b+a b 4+ atd T ab" b”‘l).

10



+ D301 v6i bi€u thire chra cin: ta nhan lwong lién hop d€ khir cin thitc va tao
ra thira s6 x —x, d€ triét tiéu dai lwong lam ham s6 vo dinh.

Mot s6’dang lién hop thuong sw dung:
A-B? A+B’
e JVA+B="—= e JA£B=

A%B (%/Z)EB.%/ZHBZ
o Aif:ﬂ A+B
\/Zi\/g o%/Zi%/iz - - :
(Q/Z) $3A.B+(3/E)

Vi du 1. Tinh gidi han cia cac ham s6 sau:

. x° -8
a) 1}(1513(2_4
Loi giai
limxj_8=lim(x_2)(xz+2x+4)=limx2+2x+4:3.
=2 xt -4 o2 (x—2)(x+2) W2 x+2
. x*—5x+4
b) lim———
Loi giai
limw=limwzlim(x—1):4—1=3.
x—4 x—4 x—4 x— x—4

[Cach bién ddi, ta bAm phuong trinh x* —5x+4=0< g
X =

Khi d6 x> —5x+4=(x—1)(x—4)].

. 2x*—x+15
¢ lim————
x—3 3—x
Loi giai
2 _y_ 2x+5)(x-3

Jim 2 =% 15=1im( )( )=lim(—2x—5):—11.

x—3 3—x x—3 3—x x—3
=

[C4ch bién ddi, ta bAm phuwong trinh 2x* —x-15=0<|" 2.
x=3

Khi d6 2x? —x—15:2(x+§j(x—3):(2x+5)(x—3)].

11



2x =2x—12

d) lim
=2 2x—4
Loi giai
39y —2)(2x* +4x+6
[im 2 2% 12=lim(x )(2x" +4x )=1im(x2+2x+3)=11.
-2 2x—4 X2 2(x—2) X2

[C4ch bién ddi, ta bAm phuong trinh 2x° -2x-12=0<x=2.
Khi d6 2x* —2x—12=(x—2)(2x” +4x +6) c6 thé dung phuong phap

chia da thirc hodc chia Hoc — ne dé€ dua vé dang nhan t].
CAC BAI TAP VAN DUNG TUONG TU

2
1. lim—2xz_75x+175 Dap an: 13
x=353x" —95x 350 23
. x =1 . .3
2. lxlgllxz_l Pap an: 5
. x'-16 s
3 }Lr{lzm Dap an: _8
i3 1) (x+1)(x* =2 _
4 mE 302 o (D -2) Pap an: =
=l x’ +2x -3 (x—l)(x2+x+3) 5
3 2 _1)?
5. fmt X —xl (Goi y: =) (1) Pép én: 0
ol x* =3x+2 (x—1)(x-2)
Vi du 2. Tinh gidi han cta cac ham s sau:
a) lim3_\/;
-9 9_x
Loi giai
lim3_\/;: im(3_\/;)(3+\/;):1im % =lim 1
-9 9 _x x—9 (9—X)(3+\/;) x—9 (9—.76')(34'\/;) x—9 3_|_\/; 6
b) 1im—v4x+1_3
=23x" —4x—4
Loi giai
i Vax+1-3 i 4x+1-9 i 4(x-2)
30T —dx—d 2 (30 —dx—4)(VAxHT+3) 7 (x-2)(3x+ 2) (VAx +1+3)
. 4 4 1
=lim = =

2 (3x+2)(Var+T+3) (32+2)(VA2+1+3) 12

12



—x*+5x+6

lim L 2x+0
9 e J2x-8-1

Loi giai
e isrse . (P H5r+6)(N2x-8+2)  (v+1)(6-x)(v2x-8+2)
lim———=1im =1lim
x—>6 m_z x—>6 2x -8 -4 x—6 2x—-12
(x+1)(V2x-8+2) (6+1)(v26-8+2)
=lim = =-14.
x—6 _2 _2
FNRT Yt +x—243
) lim—————
x—3 x_3
Loi giai
i Ja+x-243 . x2+x-12 ) (x—3)(x+4)
im =lim =lim
=3 x=3 3 (x—3)(\/m+2\/§) 3 (x—3)(m+2\6)
x+4 3+4 743

th = = .
D rx 1243 V3434243 12

J8+x% 2

e) lim

x—0 x2
Loi giai
o R8+xrP -2 . 8+x*-8
lim 5 =lim
x—0 x x—0 2
X2 (8+x2)3 +238+x%* +4
. 1 1
=lim 5 =—.
x—0 z 12
(8+x2)3 +2%8+x% +4
CAC BAI TAP VAN DUNG TUONG TU
I lim¥Xt3=2 Pap s6: 1
x—l1 x_l 4
2 —_
2. lim % Pap s6: 3+243
x>V3 2x7 —3x 9
. Xt =3x+4-2 ., . 3
3. lim Pap s6: —
x>0 X 4
2
4. pim Xy ;2ﬁ Dap s6: —71\26
X—>. x_

13



Yx— 1
5. hmx -2t Pap s6: —
3

x—l X —x

Vi du 3. Tinh cac gidi han sau [sw dung phuwong phdp thém bot dai lugng]

. N x+2-7x+1
a) lim
x—1 \/E(x—l)

Loi giai
Nhaén thay bai toan c6 2 can thitc khac bac nén ta tinh truede ngoai nhap gidi
han cuia lirrln/x2 +x+2=2va lirr11\3/7x+1 =2 nén ta thém b6t 2 va -2 vao tr
d¢ thanh dang VA - B va B—YA . Khi d¢:
2 3
Nl el (\/x +x+2—2)+(2—\/7x+1)
lim =lim
x—1 \/E(x—l) x—1 \/E(x—l)
N H+x+2-2 . 2-37x+1
=lim +lim I+].
x—1 \/E(x_l) x—1 \/>(x 1)

e Tt T = Lim X Ax+2-2 X +x+2-4
=12 (x-1) Hlf(x (Ve +xe2:+2)
(x-1)(x+2) b x+2 _ 3

O B[V rze2) B re247) W2

“Tinh ] = lim 2-R7x+1 lim 8-7x-1 :
]\/_(x ) = \/E(x—l){4+23/7x+1+(3/7x+1)}

=lim 7

o \/5[4+23/7x+1+(3/7x+1)2}_12\/5'

el A

Dodoh I+ ]__.
” \/E(x—l)

2J1+x 38—«
X

b) lim

x—0

Loi giai

14



o Tox—5—x (2\/1+x—2)+(2—x3/8—x)
lim =lim
x—0 X x—0 X
. 2(*'1”—1) 2-Ys-x 2 . 1
=lim + =lim———+1lim
x—0 X X x—0 ,1+X+1 x_>04+23/_8—x+€/(8—X)2
2 1 1 13

=l+—=—.
12 12

= + >
VI40+1 4.038-0 +§/(8—0)
CAC BAI TAP VAN DUNG TUONG TU

NX+3+Vx+x+2-4

1. lim baép s6: 1
x—>1 x—1
3 _ -
2. lim UBx+11-Vx+7 Dap so: —
x—>2 x-2 54
3 —
3. lin(}\/3x+1 2\/1+2x Péap s6: 0
xX—> X

BAI TAP TRAC NGHIEM: GIOI HAN TAI MOT PIEM
Cau 1: Cho cac gidi han: lim f/(x)=2; limg(x) =3, hoi lim [3f(x) —4g(x)]
bang;
A. 5. B.2. C. -6. D. 3.
Cau 2: Gié tri cua lim(Zx2 -3x+ 1) bang?

x—1

A. 2. B. 1. C. +oo. D. 0.
2 — N
Cau3: Gidihan lim*—2F3 ping?
x—1 x+1
A. 1. B. 0. C. 3. D. 2.
Cau 4: Gioihan lim |x2 —4| bang?
x—>+/3
A. 5. B. 1. C. 5. D. -1.
2 1| — -3
Cau 5: Gidi han lim o+t -5V -3 bang
¥>-2 2x+3
1 1
A. —. B. —. C. 7. D. 3.
3 7
Cau 6: Bidu thirc lim >0 bang:
E X

2

15



A. 0. B. 2. cZ. D. 1.
T 2
2(V3x+1-1) R
Cau7: Cho [ =lim vaJ=lm——— . Tinh /-J.
x>0 X x—>-1 x+1
A. 6. B. 3. C. —6. D.o.
. xX’=3x+2 a a
Cau 8: Cho gidi han llrr212—4 =7 trong d6 5 la phan s6 t6i gian. Tinh
X—> X —
S=a’+b.
A. §=20. B. §=17. C. §=10. D. §=25.
4 2
Cau9: Tim limx33—x+2.
=l X" +2x-3
5 2 1
A ——. B. —. C. -. D. +o0.
2 5 5
2
Céu 10: Cho lin?%x;bzg (a,beR). Tong S =a’ +b’ bing:
X—> x -
A. S=13. B. S=09. C. S=4. D. S=1.
X -3x+4-2
Cau 11: Gidi han lim X IINHATD e
x—> X
a-t Bl c 2. D. -2
2 2 4 3
o NX+1-2 @ a ,
Céu 12: Biét hn3l—3:b_2 (Z la phan so t6i gian). Tinh Ja +b+2018.
X—>. xX—
A. 2021. B. 2023. C. 2024. D. 2022.
Cau13: Gidi han lim> =YXt @ beZb>0 va L 1a phan s
3 x—+4x-3 b b
toi gian. Gia tri caa a—b la:
AL B. 1. cd D. L.
9
, . R8+x* -2
Cau 14: Tinh lim————.
x—=0 X
AL B. <. cl. D. L.
12 4 3 6

16



2W1+x -8 -

al . Tinh limf(x).

Ciu15: (*) Chohamss y=f(x)=

X x—0
13
A L. B. —. C. +%. p. 19
12 12 11
HUONG DAN GIAI : GIOI HAN TAI MOT DIEM
Caul: Taco lim[3f(x)-4g(x)]=1im3/(x)-lim4g(x)=-6 Chon C.
Ciu 2: Ta co: lin}(sz —3x+ 1) =0. Chon D.

X —2x+3 1P-2.1+3

Cau 3: Tacoéd: lim 1. Chon A.
=l x+1 1+1
Cau 4: D@ thdy lim|x*—4[=]3-4|=1. Chon B.
x—>/3
L 2x+]=5Vx -3 25
Cau5: Taco lim = =3, Chon D.
=2 2x+3 -1
Ciu6: VisinZ=1nén limwzg. Chon B.
2 H% X V4
Cau7: Ta co:
2(\/3x+1-1
[ =lim ( )zlim 0 iim

6
=3
>0 X x—>ox( /3x+1+1) =0 [3x+1+1

2 —
J=limx_—x_2=1irnw=lim(x—2)=—3.

x—-1 x+1 x—>-1 x+1 x—>-1

Khidoé 1-J=6. Chon A.
2 f— f— f— —
X" =3x+2 lim (x-D(x-2) Cim S 11

Cau8: lim—; =_.
=2 x" -4 =2 (x4+2)(x=2) =2x+2 4
Dodd a=1; b=4suyra S=1"+4"=17. Chon B.
41342 x—1)(x+1)(x*=2
Cau 9: limx 3x7+2 = im( )( )( )

ol 42x-3 ol (x—l)(x2+x+3)

. (x+1)(x2—2) 7
=lim——————"=——.
x>l X +x+3 5
Cau 10: Vi ham s0 c6 gidi han hitu han tai x =1 nén biéu thitc t& nhan x =1
lam nghiém, hay 1+a+b=0.

Chon B.

Ap dung vao gia thiét, duoc:

17



limx2 +ax—1-a :—_1<:>1im(x—l)(x+1+a) 2_1.
-l x' =1 2 -1 (x—l)(x+1) 2

x+l+a_ 1 2+a_ 1

< lim =—= -—<a=-3.Suyrab=2.
ol x+1 2 2 2
Vay a’ +b* =13. Chon A.
2
. NxT=3x+4-2 2 —3x+4—-4
Cau1l: lim =lim
T VP —srra2)
) x-3 3
=lim =——. Chon C.
o0y —3x+4+2 4
. Nx+1-2 x—3 1 1
Cau12: llm—— =1lim =lm—=—=.
-3 x=3 x—3 (X—3)( /x+1+2) >3 x+1+2 22
Suyraa=1;b=2.
Ja+b+2018=1+2+2018=2021. Chon A.

Cau 13: Tacod limx—H_m:lim (<x+1)2—5x—1)(x+\/m>
x—>3 x—\/4x—3 x—>3 <x2_4x+3)<x+l+m)

i (x2—3x)(x+\/4x—3) .y x(x+\/4x—3)
-0 (32 —4x+3)(x + 1+ 52 +1) T (x=1)(x+1+5x+1)

= E = 2 . Chon A.
16 8
3 2 2
) 8+x" -2 . _
Cau 14: Ta co: hng )2 = llng B+x" -8
X—> X x—

x2(3(8+x2)2+238+x2+4j
:ling = ! :i. Chon A.
H {/(8+x2) 2B +a 12

2Wiex-B-x _ (21 x -2)+(2-3B—%)

Cau 15: Ta cé:

X X
2(V1+x—1)+2—i/ﬂ: 2., 1
x x VI+x+1 41238 x +3/(8-x)°

18



) 1
Do vay: lim f(x) =lim ’
y x_>of( ) 550 \/E‘Fl 4+238—X+W

1 1
! = —3 Chon B.

2

=lim———-+I1lim +— =

-0 1+ x +1 x—>o4+2m+3/(8_x)2 12 12
DANG BAI 2: GIOI HAN MOT PHIA x - x};x —>x,
DANG 2.1: SU DUNG PINH NGHiA VA TINH CHAT CO BAN
Phwong phap giai: Tuong tu nhu giai gidi han tai mot diém néu bai toan
khong gap dang vo dinh.
Ngoai ra: C6 thém mot vai gioi han ddc biét thuong dung:

lim =400 va lim = -0

x—=x, X — 'xO x—=x, X — xO

Luu y: Ta cling 6 thé hiéu va biéu dién gi¢i han mot bén nhu sau dé xét dau
hiéu s6 x — x, tién cho viéc nhé cong thirc 6 trén.

. -1 .
x —x, nghiala x > x, va x>x,.
x —x, nghiala x > x, va x<x, .

Vi du 1. Dung dinh nghia, tinh cac gioi han sau:

. 3x+5
a) lim
-2 x+1
Loi giai
. 3xq5 lm(3x+5) Blimx+5 55 5 g
Ta cé: lim = =2 = =,
2 x+1 lim(x+1) limx+1 2+1 3
x—2" x—2"
b) lim L
x—>4’4—x
Loi giai
Tacd: x >4 ox<d<4—x>0 Khido lim4 =4
x4 4 —X
) lim =2
x—>4 (x_4)

Loi giai

Ta co: x—>4’<:>x<4<:>x—4<0:>(x—4)2>0.

Khi d6 Tim — =+ va lim(x—5)=4-5=—-1.
x—4~ (X _ 4) x4~
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vay lim

> =+00.(-1) =—0

4 2 ]
xt—6x*—xkhi x>1 Tmhllmf( )Vél limf(x)

Vidu2. Choham s f(x)= {x3 ~3x khi x<1 pany x>l

. Hoi ham s6 ¢6 gidi han tai x =1 hay khong?
Loi gidi
Tac6: lim f(x)=lim(x* —6x" —x)=1*-6.1" ~1=-1.

x—1" x—>1"

lim f(x)=lim(x* -3x)=1"-3.1=-2.

x—>1" x—1"

= lim f(x)= lim f(x) nén khéng ton tai lim £(x).

X3 MIX22 ik tim f(x)va lim f(x).

Vi du3. Choham s f(x)= { ki e n
X — 1x< x—2" x—2"

Hoi ham s6 ¢6 gidi han tai x =2 hay khong?

Loi giai
Taco: lim f(x)=lim(x* -3)=2"-3=1.
31(13}f(3()=)1(ig}(3{—1)=2—1=1.
=> lim f(x)=lim f(x) nén lim f(x)=1.

DANG 2.2: CAC DANG VO PINH THUONG GAP

DANG 2.2.1: KHU DANG VO PINH %

Phuwong phap giai: Tuwong ty dang v6 dinh % cua gidi han tai mot diém.

Vi du 1. Tinh cac gidi han sau:

a) lim x+2\/;
x—0" X — \/;

Loi giai
+2) Chm Jr+2 2
_1) x—0" \/7 1 1

lim x+2f \/>(
20" g — \/7 x—>0* \/;(

_ 2
b) limi=*
x—2" 2 X

Jx
Jx
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Loi giai

lim 2% =lim(2_x)(2+x)=lim(2+x)=4.

x—>27 2 —X x—>2" 2 —X x—>2"
_ 3x-3+|x-1]/5x" +4
c) lim 5
¥o1 x"=2x+1
Loi giai

Khi x—)l‘—>x<1<:>x—1<0—>|x—1|=1—x.

Khi d6:

C 3(x=1)+(1-x)V5x*+4  3-[50214 9-(52" +4)
lim 5 =lim =lim

ST ) At T e )
i 5(1-2*) o S(4y)  5(1+1) s

M(x—l)(3+\/5x2+4) =134\ 5x2 44 34451244 3

BAI TAP VAN DUNG TUONG TU

2x° —2x+|x—1|\/x+3

. 4 7
lim Pap s6: —
P x?-2x+1 Py
2] |
2. lim———— Dap s6: —
-2 2x% —Bx +2 3

3. limX vl Dap s6: 4
ol T—x+4x

Vi du 2. Tinh cac gidi han sau:

. A3xT+1-2x
a) lim—————
x—>1" x—1
Loi giai
N8P +1-2x . 3x% +1—4x? ) —x*+1
lim =lim =lim

o xo1 1 (x—1)(\/m +2x) Hl*(x—1)(\/3x2+1+2x)
~(x-1(+1)  —(x+1) o —(141) 4

lim =lim——————=1Iim =—

S (-n)(Varte12x) (Ve Te2x) (B A1e21) 2

. \/4x+ -3
b) lim
-2 3x? —4x—4

Loi giai
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lim Va4x+1-3 ~ lim 4x+1-9 _ lim 4(x—2)
= 3yt —dx—4 o (3x2—4x—4)(x/4x+1+3) Hz+(x—2)(3x+2)(\/4x+1+3)
. 4 4 1
= lim = =—,

¥ (3x+2)(VAx+1+3) (32+2)(Va2+1+3) 12

. x+1-+/5x+1
¢ lim—————
=5 x—4/4x-3

Loi giai

N e I . —3x ( 3)
o3 x—+4x-3 % x —4x+3 (x+1+ 5x+1)
kil
8

x(x+\/4x—3) 3.6
=lim =" =

el (x—l)(x+1+\/m> -8

Vi du 3. Tinh céc giéi han sau:

- - 2—x
a) lim | | valim | | ttt d6 cho két luan vé hm#.
w2 2x? —Bx 42  x2 2x7 —5x+2 -2 2x* —5x+2
Loi giai
Taco:x—>2 =>x<2<2—x>0.
2 x| 2-x 1 -1 -1

Khi d6 lim =lim =lim = =—.
2 2% =5x+2 w2 (x-2)(2x-1) -2 2x-1 22-1 3

Tach: x> 2" =>x>2<=2-x<0.
x—2 1 1

Khi @6 lim | _ | =lim =1lim = :l.
w2 2x% —5x +2 Hz‘(x—2)(2x—1) -2 2x—1 22-1 3

[2-4]

o 124

Ta thay lim vay lim khong ton
Y 2x* —Bx+2 2 2x* —5x+2 Y 2 2x% —5x+2 &
tai.
b) 1im 2L va 1im 25 e 46 cho két Tugn vé Tim 2L
x>3" x—=3 =3 x—3 -3 x—3
Tacoé:x >3 " =x>3<x-3>0.
> Jim —— = 0 va lim (2x+1)=2.3+1=7 >0=> lim 2 — o0,
x—3" x — x—3" x—>3" X —

Tacoé:x >3 =>x<3<x-3<0.

=> lim——=—o0 va lim(2x+1)=23+1=7>0=> lim 2241
=3 x—3 x—>3" =3 x—3

22



Ta thay lim 20+ 1 i 2241 vay lim 2x+1
=3 x=3 x»3 x—3 =3 x—3

khong ton tai.

DANG 2.2.2: KHU DANG VO PINH 0.
Nhan dang: khi thay tht x = x, vao giéi han ta thdy két qua sé ra 0..
Phwong phap gidi: Thuong ta dung cac phép bién doi toan hoc dé€ dua vé
dang % sau d6 ap dung phwong phép giai khit dang v dinh % da dé cap.

Vi du 1. Tinh céc gidi han sau:

2x+1
a) lim(4-x
) x—>4’( ) x° —64
Loi giai

Tacd: x >4 x<dd—-x>024-x= (4—x)2 )

2
lim (4—x) /2x_+13:hm (2x+1)(4-x) i (23§+1)(4—x):0
x4 64-x" i \(4-x)(16+4x+x7) x>+ | x’+4x+16

2
b . 3 x-+1
) xlj[mly(Zx 1)\/2x4—x3+8x—4
2

Loi giai

Ta c6: x—)[%j :>x>%<:>2x>1c>2x—1>0—>2x—1= (2x-1)

\/ 211 i (x2+1)(2x—1)2

lim (Zx—l) 25t — % 1 8x—_4 ""[%)7 (Zx—l)(xS +4)

=

_ (x2 +1)(2x—1)
= lim | -——=——=0.
H[;J\/ x’ +4

BAI TAP VAN DUNG TUONG TU

1 1 .o~
1. lim - Pap so: —o
Ha(x—3 x2—9j P
1 12 ,
2. lim - Pap so: —
H2*(x—2 x —8] P
X .
3. 1 -2 b :
x:r?(x ) 21 ap so: 0
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Cau 1:

Cau 2:

Cau 3:

Cau 5:

Cau 7:

24

BAI TAP TRAC NGHIEM: GIOI HAN MOT PHIA
1. SU DUNG PINH NGHIA VA TINH CHAT CO BAN

Trong cadc ménh dé sau, ménh dé nao sai?
A. liml=+oo. B. limlz—oo. C. limisz+oo. D. limL:JrOO.
x—0" x x—>0" x x—=0" x x—0" \/;
Gidi han lim vl bang:
x>t x —
2 1
A. +oo. B. —o. C —. D. —.
3 3
[ 2
Gidihan lim M bé“mg?
x—(-1)" x—1
1 1 3 3
A —. B. —. C. — D. ——.
2 2 2 2
: Gidi han Xh_)rg (x—2) - bang:
1
A. +o0. B. 0. C. 5" D. Két qua khac.
2
Gidi han lim X Z2xo3 bang:
=l x+]
A. 0. B. 4. C. 3. D. I.
27V i e
: Chohamsg y=f(x)={ * ~1 .Tinh lim £ (x).
x—=>1"
1 khi x=1
8
1 1
A —. B. +. C. 0. D. ——.
8 8
5x+2 khi x>1 .
Chohams§ f(x)=1"2 = """ Khingdinhnao dudi day Ia
x*-3  khi x<1
dung ?
A. Llirllf(x):S . B. lxlilllf(x)=—2.
i =7. D. li =7.
C i/ fin /()
: Giéihan lim (x-2),|— bang:

x—2F x -



1 . .
A. +oo. B. 0. C. 5 D. Két qua khac.
R o 11 .
Cau 9: Gidihanlim —| ———1 | bang :
=0 x\ x+1
A. 0. B. -1. C.1 D. —0.
2. BAI TAP BIEN LUAN THEO THAM SO m
1 1 .
-— khix >2
A e x-2 x -8 e s
Céau 10: Cho ham so f(x) = 5 . Vdi gia tri nao cua
x+m7—2m khi x <2
tham s6 m thi ham s6 c6 gidi han tai x =2.
A. m=3 hodc m=-2. B. m=1 hodc m =3.
C. m=0 hoac m=1. D. m =2 hoac m=1.
, g 1 khix >2
Cau 11: Tim ¢ d€hams6 f(x)= rorawlrs 6 gioi han tai x =2.
2x* —x+1khix<2
A, —1. B. 2. C. 2. D. 1.
Nx+4-2 .
NETETTS khix>0
Cau12: Chohamsé f(x)= * , m 1a tham s8. Tim gi4
mx+m +% khi x <0
tri cia m d€ ham s6 c6 gidi han tai x=0.
1 1
A m=—. B. m=1. C. m=0. D. m=——.
2 2
Vx* =5 khi x>3 (1)
Cau 13: Cho ham s& f(x) =12_5 .
khi x<3(2)
x+2
Trong biéu thitc (2) & trén, can thay s8 5 bing s nao dé ham s& f (x)
c6 gidihankhi x >3 ?
A. 19. B. 1.
C. 1. D. Khoéng ¢6 s6 nao thdéa man.
BAI GIAI THAM KHAO

1. SU DUNG DINH NGHiA VA TINH CHAT CO BAN
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1
Ciu1l: Tacd: lim—=+0 do limx=0va x>0.Vay d4p an A dung.

x0° X 0"
Suy ra dap an B sai.
Céc dap an C va D dung. Giai thich tuwong tu dap an A. Chon B.
Cau2: Tacdod lim(—2x+1):—1<0, 1%2(x—1)=0vé x=1>0 khi x > 1".

x—-l1*
—2x+1
Suy ra lim - . Chon B.
x—1* x—l
Cau3: Tacod: lim 3x" +1- \/7+1 —é. Chon D.

x(=1)" —1-1

2)? 2
Cau4: lim(x— 2) 1/x(x , /(x )x =0. Chon B.
x—2F »c—>2+ x - »c—>2+ x+2

—2x-3 _ fim (x+1)(x-3)

Cau5: Tacé lim2 =lim (x—3) =—4. Chon B.

= x4+l o x+] x>l
s Tact fn /(1) lim 235 (r 1)(x4+1;(23+JxT)
. -1 -1
:}E?(x+1)(2+\/m):? Chon D.
Cau7: Taco lig}f(x):lig}(Sx+2):5.l+2:7, Chon D
Tacod:

x o Alxx-2

Cau8: Taco lim(x—2 = lim ———=0. Chon B.
! 2 x—>2*(x ) X' =4 w2 Yx+2 ’
Ciu9: Tacd lim-(———1) = Tim =D _ i =% i =L _

=0 x x+1 =0 x(x+1) =0 x(x+1) 0 x+1
Chon B.

2. BAI TAP BIEN LUAN THEO THAM SO m

Cau 10:

) (x—Z)(x+4) ) x+4 1
= lim > = lim — =—,
¥-2 (x—2)(x +2x+4) -2 x"+2x+4 2
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2 2
lim £ (x) = lim(x+m7—2mj=m7—2m+2.

x—>2" x—2"

Ham s8 c6 giéi han tai x =2 khi chi khi lim f(x)=lim f(x)

x—27 x—2"
2 2 m=3
S o=l o™ 30 o . Chon B.
2 2 2 2 m=
Caull: Xét: lim f(x)=lim (x2 +ax+1) =2a+5.
x—2" x—2"
. 1 2 _
}‘j? f(x)-}g;;(Zx x+l) 7.
Ham s8 y = f(x) c6 gidi han tai x=2 khi va chi khi
lim f(x)=lim f(x) & 2x+5=7 < a=1. Chon D.
x—2" x—2"

Cau 12: Ta cé:

lim f(x) = lim

x—>0" x—=0"

= lim = lim

0" x(\/x+—4+2) 0" x(M+ 2)

Jrvd-2  (x+4)-22 .
X

1 1 . . | 1
=lim——— =— . Iim f(x)=1lm| mx+m+— |=m+—
xlrg1/x+4+2 4 x—>07f( ) x—)O( 4) 4

1 1
S—=m+—>m=0. Chon C.
4 4
Cau 13: Ham s0 da cho cac dinh trén R \ {2} )

Taco lim f(x) = limx* =5 =3 -5 =2,

xz—m
Dit f(x)zm khi x <3 (m 1a tham s8,m > 0).

xX-m 3-m 9-m
Tacd lim f(x)=lim = = =
aco lim f(x)= lim x+2 342 5

DPéham s8 f(x) c6 gi6i hankhi x =3 thi

}i_)rgf(x):}iglf(x)@%Tm:2<:>mz—l. Chon C.
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DANG BAI 3: GIOI HAN HAM SO TAI VO CUC
DANG 3.1: SU DUNG PINH NGHIA VA TINH CHAT CO BAN
Vi du 1. Tinh gidi han ctia cdc ham s6 sau:

a) limx®+2x+2

X—>+0
Loi giai
4 : 2 N . 2
Tacod lim x* =400 va lim i =
X—+0 X—>+0 2

Nén lim x* +2x+2 = lim x? [1+— %j:wo.
X x

X—>+0 X—>+00

b) lim4x* +4x+2023

X—>+0

Loi giai

lim /4x* + 4x + 2023 = lim \/ (4+ 4, 20?) ~ lim
Xt X0 X X X—>+00

4 2023
| 4+—+ 5
X X

=lim x, |4 +é 2033
X—>+00 X x

c) lim+/9x* —5x+2023

X—>—0

Loi giai

lim 9x2—5x+2023=1im\/x2(9 > 2033)_1- y [9_2 2033]

xX—>—00 X—>—0 X X Y >—o0 X x

=—lim x (9—§+2023J +00

X—>—00 2

X X

d) lim ¥5x° +2x* +x* + x — 2023

X—>+0

Loi giai
lim§/5x6+2x4+x2+x—2023=11mi/x6(5+%+l4+l5_2033j
X—>+00 Yoo X » x X
2 1 1 2023
: 2
=ame -§/5+x—z+;+x—5— o

DANG 3.2: CAC DANG VO PINH THUONG GAP
Nguyén tac: Khir dugc yéu t6 lam gidi han bi vo dinh.
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DANG 3.2.1: KHU DANG VO PINH £ TAI VO CUC
o0
f(x)

V6 dinh = thuong c6 dang phan thirc ~—— .
& 8(x)
Phwong phap giai: Dat nhan t&t chung x" va x™ ra ngoai véin va m la s6
mi 16n nhét cua f(x) va g(x).
Vi du 1. Tinh gidi han cta cac ham s sau:
X +3x+1
a) lim———"——
oo —6x” —6x° +2
Loi giai

, 1+
. x”+3x+1 ) xX° x
M e e il 6 2) == 6 2 6
—6x° —6X° + A 3[—6—4'} 6
X

X =2x*+3x-5

b) lim
) X0 2x* +1
Loi giai
3 2 x’ 1_2 %_33 x 1_24_%_%
. o xT=2x"+3x-5 . X x° x . X x° x
lim 5 =lim = lim
X—>+00 2x° +1 X—>+0 ) 1 X—>+0 1
X X
1-2,3_5
2 3
lim x.lim —X* X X _ iy
X+ x>+ 5 1
e
0 2x* -5
1o 33 —4x® + x+1
Loi giai
2 x* 2_%
li 2x" -5 _ 1 x
M a2 -
3x” —4x"+x+1 5 4 1 1
XN 3-F+5+
x> x° x
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SR
=lim —.lim 1 xl : =0§=0
x—>—0 Ay X—>—0
3——+—F+—
x3 x4 xS
10 12
x-3) .(4x+1
d) lim( ) (22 )
X—>+0 X—S)
Loi giai

3 10 1 12
(2x-3)"(4x+1)" xm(z_xj xu[“qu
}gﬂo 22 _lgﬂo 2

(x-5) 22(1_ 5 J

x
x22
10 12
3 1
2—— 44+ 10 12
. ( xj ( xuj (2_0) (4+0) 34
:}LII;IO 22 - 2 =
(1-522J (1-0)
X
e) lim 5x+1
3y +44x? + 1
Loi giai
. 5x+1 ) 5x+1 ) 5x+1
lim \/ - =lim =lim ————MM—
3x+v4x” +1 3x+|x|\/4+12 - /4+L2
X X
X[5+1j 5+l
= lim ad = lim x _ 5+0 =1.
x| 3+ 4+i 3+ 4+i2 3+V4+0
V&2 x
5x+1
f)  lim ———
3y 44xt +1
Loi giai

3[8x3_5x2+1 x-38_§+l3 x.38_§+i3
lim = lim V. x x — lim V. x x

T x4 x+004x+|x| 4+l x_moélx—x\/él-i-i1
X X
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3 —_
=lim i x+x3 _8-0+0 _2_1
X—>—00 6 3
4 4+1 4++4+0

=

DANG 3.2.2: KHU DANG VO PINH - va 0.0 TAI VO CUC
Phuwong phap giai: + Dat nhan tk chung .
+ Quy dong mau phan thtc.
+ Nhan chai luong lién hop dé khtr can.
+ Chuyén vé dang |t hodc 2> da bié.
o8]
Vi du 1. Tinh gidi han ctia cdc ham s6 sau:
1. limx*-2x+1

X—>+0

Loi giai

lim x* —2x+1= limx2(1—3+iJ:+oo.

X—>+00 X—>+00 2

X X

2. lim+/9x® +5x +2023

Loi giai
lim V9x? + 5x + 2023 = lim \/xZ [9 +E+ 2O§3j = lim |x| {9 +§+ 20?}

X—>—0 X—>—0 X X X—>—00 X X

. 5 2023
=—limx | 9+—+—— =+
X—>—00 X X

3. lim ¥5x° +2x* —x® —x—2023

X—>+0

Loi giai

lim 3/5x° + 2x* —x* —x — 2023 = lim i/x6 (5"'%_%_%_ 2033J

X—>+00 X—>+0

X—>+00 2 3 5 6

X X X X

Vi du 2. Tinh gidi han ctia cdc ham s6 sau:

a) lim+/x*+3-x

X—>+00

Loi giéi
2
Va2 +3) -2
Iimvx*+3-—x=lim——~— = 1lim 3 = lim 3
X—>+0 X—>+0 [x2 +3 +x X—>+0 Ix2 +3 +x X—>+00 3 1
xJ1+—;+—
X X
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3 3

=liml.lim =0. =0.

x4)+oox X—>+0 3 1 M—i-o
p) lim (\/x2 —x+1 +x—2)

x—>—0

Loi giai

2 x+1+(x-2) “3x+5
lim(\/xz—x+1+x—2):limx all ~ lim
— oyl —(x-2) T x —x I x42
x(—3+5)
X

x(—S + 5)
= lim = lim X

X—=>=®0 1 1 X—>—0
x| 1-=+— —x+2 _x[ /1_1+12+1_2)
XX X X X

—3+5
= lim x 340 3
o T 12 " i-0+0+41-0 2
X x2 X

o) limx?+x—v4+2?

X—>+00

Loi giai

o

a2+ x +a+ 2 N N

[1_4j (1_4J 1
hm\/ \/ =lim = lim E
X2+ x +\4+ 2 (’1+ . L+ ] ( /1+ N f7+ J

d) lim+4x® —x —/5+4x>

X—>—00

Loi giai

‘rx—(4+x°
lim Va2 +x V4 + 2 = lim * x( x)

X—>+0 X—>+0
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4x* —x—(5+4x2)

lim v4x — x —v/5+4x? = lim = lim x-S
o o Jax? —x +4/5+4x2 A —x +/5+ 422
—x(1+5j —x[1+5j 1_,_§
. X . X
=lim = lim

|x| 4—1+ i+4 -X 4—1+ i+
x \Vx? x  Va?

3 1+0 _1
Ji—0+4o+4 4

Vi du 2. Tinh gidi han ctia cdc ham s6 sau:

= lim

4}

. x—1
a) lim(x+2
) X*H—oo( )x3+x
Loi giai
) -1 -1 ) +2 -1
hm(x+2) )z =hm(x+2) al =hmu
xX—>+00 X +x X—>+0o0 x3+x X—>+0 [xS_l_x
x(l+2)\/; -1 (1+2j -1 (1+0)¥i=0
= lim ad - X im 2 - L 1 =1.
X—>+00 % X—>+00 +
X 1+x% 1+x%
2x° +x
b) lim x
) oo\ X0 —x* 43
Loi giai
3 1
2+ il
. 2x° +x . x( 2+x3
lim x — = lim x
N T T 1,3
X —;4‘7 ?"'?
—lim X |—*  — im X lim
X—>—00 |x| i X—>—00 _x X—>—00
XX
BAI TAP TUONG TU
1. lirp(\/4x2+8x+1+2x) Dép s6: —2

X
1/4—1+,/%+4
X X
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1im(\/x2+x+2+x+2) baép so:

X—>—00

lim vVa? —4x+1-+/x* —9x Pép s6:

X—>+0

lim (Zx —3/8x% —5x— 1) baép so:

X—>+0

) [ 4x-1 .
}Ll’gj(zx+3) m Dép s0: 0

BAI TAP TRAC NGHIEM GIOI HAN HAM SO TAI VO CUC
: Chon két qua dang ctaa lim (—4x5 =32 +x+ 1) .

X—>—00

S Nl N|w

A. 0. B. +o. C. —oo. D. 4.
: Gi6i han lim (3x” +5x” —9v2x—2023) béng:
A, —©, B. 3. C. 3. D. +%©,
: Tinh gidi han lim 2] .
xot0 4x + 2
1 -1 -1
A —. B. 1. C. —. D. —
2 4 2
2 —
: Tinh gidi han lim % woc:
x>+ Qx” 4+2023x
A. 2023. B. l C. 2. D. ;
2 2023
5 2.3 X
. Gidihan lim —> X 1 pane
xoto 47 —=2x" —x° =3
1 3
A 2. B. —. C. 3. D. —.
2 2
4x+1) (2x+1)"
: Cho ham s6 f(x):( x+1) ( x7+ ) .Tinh lim f(x).
(3+2x) x>
A 2, B. 8. C. 4. D. 0.
-1)" (x+2)°
lim (=) (x < ) bang:
X—>—00 2
(x +9)
2 1
A. — B. 1 C. -1 D. ——.
9 9

: Gidtricua lim bang;:

2x—1
T +1-1



A. 0. B. -2. C. —0. D. 2.

" . 14+3x
Cau9: Chon két qua dung cua lim ——.
2 2x7 +3
32 V2 32 V2
- e C.—. D. —.
2 2 2 2
2
: +2-2
Cau 10: Gidihan lim x—béng :
X—>+0 xX—
A. —©, B. 1. C. +o, D.-1
Cau11: Cho lim (\/9x2 +ax + 3x) =-2. Tinh gid tri cta a.
A. —6. B. 12. C. 6. D. —-12
Cau12: Tim giéi han M = lim (\/x2 —4x —~Jx —x). Ta dwoc M bang:
A2, B. L. c2 D. L.
2 2 2 2

X—>—0

Caul3: Biét lim (\/5x2+2x+x\/§)=a\/§+b véi a,beQ.Tinh S=S5a+b.

A.lim(\/x2—4x—\/x2—x). B.S=-1. C.S=1. D.S=5

X—>—00

Cau 14: Tim lim (x+1—\3/x3 +2).

X—>+®0

A. —1. B. —©. C. +oo. D. 1.
BAI GIAI THAM KHAO:
TRAC NGHIEM GIOI HAN HAM SO TAI VO CUC

X—>—0 X—>—00 X—>—00 4 5

Caul: Taco lim (—4x5—3x3+x+1): lim x°. lim (—4—%+L+Lj
x° x" x

=400

lim (—4—i+L+ij:—4<0.

2 4 5

Vi o Chon B.
1iIP x° =—oo0,
Cau2: lim (3x' +52° ~9v2x~2023) = lim x'.lim (3 ¥ 51—9\5%__20323]
X—>—00 ¥—>—0 Yoo X ¥ X
= —00.
Chon A.
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o b

. 2x- . 1
Cau3: Tacé lim =2 = lim X —_ Chon A.
x>t 4y + 2 xotw 4 2 2
+7
X
| 2023Jr 3
2 - T 1
Ciau4: lim M =lim — X% —— Chon B.
e 20 $2023x e, 20232
X
3 1
5 .3 2—*'1'*5
Cau5: lim 2 —3x +1 = lim X =2 Chon A

x~>+oo4x _2x x5_3 xX—>+00 4 2 3 Bl

( 1y, 1y
3 4 4+j (2+j
Caug: lim /(x)= lim D 2t g L ) U x) g
x—>—00 x—>—o0 (3+2X) X—>—0 (3 J
+2

10 6
() ()
ad Y1, Chon B.

Chon B.

10 6
O ) I C) A

X—>—00 2 8 X—>—0 8
(x +9) (1+92j
X
2x—1 2x—1 2--
Cau 8: Ta co: hmx—z lim ——— = lim X =-2
X——0© x2 +1 —l X—>—00 Ly 1+i _1 X——0 3 i _l
x? X x
Chon B
143 x(1+3j l+3
Cau9: Tacd lim \/l lim = hm
2x2 +3 |x| 2+7 f S
Chon C
1+ — = 1+— -
22 x\/ \
Cau10: lim X 5 = lim = lim X X1, Chon B.
X—>+00 x_ X—>+00 X—>+00

1_f
X
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Cau 11: Ta co:

lim (\/9x2+ax +3x): lim{ ax j: 1im+:_ﬁ,
X—>—0 X—>—00 9x2 +ax —3x X—>—0 a 6
—9+—-3
X

—_-2_ 2 4=12.
6
Chon B.

Cau12: Tacd: M = lim (\/x —4x — \/x —x)— lim —3x
X H“’O\/x —4x +/x% —x

= lim . Chon C.

}ano|x|(F \F} = \/1_

Cau13: lim (\/Sx +2x+x\/7)—hm\/7 —lim;
5x3 +2x —x/5 _5_'_2_\/5
X
1 L p=0 v;
—g\/g.Suyra:aZ—g, =V.vVay §=-1. Chon B.

) ) -2
Cau 14: Tacéd: lim (1+x—\3/x3+2)= lim | 1+ >
o A x2+x3/x3+2 +(i/x3+2)

-2
— 2
lim| 1+ 2 =lim| 1+ X =1

X—>+0 2 X—>+00 2
x2[1+i/1+23+(i/1+23JJ l+i/1+23+(i/1+23J
X X X X

Vay lim (x+1 AJx + ) Chon D.

X—>+00
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B Chuong III.

e GFOT HAN. HAM SO LIEN TUC

HAM SO LIEN TUC

A.TOM TAT LY THUYET.
I. Ham s6 lién tuc tai mot diém x, .
Cho ham s8 y = f(x) xac dinh trén khoang K va x, €K .

-Ham s6 y = f(x) dwoc goi la lién tuc tai diém x, néu lim /' (x)= f(x,).

-Néu y = f(x) khong lién tuc tai x, thi goi la ham sd gian doan tai x,.

¢ Chu y: Néu ham s§ y = f(x) khong xac dinh tai x, thi ham s6 y = f(x)
khong lién tuc tai x,.

I1. Ham s6 lién tuc tai trén mot khoang, trén mét doan.

-Ham s6 y = f(x) xac dinh khoang (a;b).

Ham s6 y = f(x) duogc goi la lién tuc trén khoang (a;b) néu f(x) lién tuc

tai moi diém trén khoang dy.

-Ham s6 y = f(x) xac dinh trén doan [a;b].

Ham s6 y = f(x) duoc goi la lién tuc trén doan [a;6] néu f(x) lién tuc trén

khoang (a;b) va lim /(x)=f(a), lim f(x)=7(b).

- Néu ham s6 y = f(x) lién tuc doan [a;b] va f(a).f(b)<0 thiludn ton tai

it nh&t mot diém c e (a;b)sao cho f(c)=0.

I11. Mgt s6 két qua dwgc thira nhan.

1) Ham s6 da thiec y = P(x), cac ham s0 luong giac y =sinx,y=cosx lién

tuc trén R.

2) Ham phéan thtc y= gixi , ham s0 can thitc y=./P(x) va cac ham s0
X

lwong gidc y =tanx, y =cotx lién tuc trén tirng khoang cta tap xac dinh cua
chung.
3) Cho hai ham s& y = f(x), y=g(x) lién tuc tai x,.

e Khi do y=f(x)+g(x) Y% =f(x)—g(x) Y% =f(x).g(x) lién tuc tai x,.



/(%)

4) Ham s6 y =-——" lién tuc tai x,néug(x,)=0.

g(x)

B. CAC DANG TOAN.
DANG 1:
g(x) khi x# x,

Xét tinh lién tuc ciia ham s§ f(x)= . tai x=1x,
a  khix=x,

R
Vidy1: Chohamsd f(x)=1 x*—1 )

2 khi x=1
Xét tinh lién tuc ctia ham s6 tai diém x, =1.

Giai:

Taco: f(x,)=/f(1)=2.

Véimoi x#1 ta cod:

. (P ex=2) . ((x=1)(x+2) .(x+2) 1+2 3

1 —lim| X2 || VT [ XE2 222 ).
im (9=t 5 sifs[(x_n(m) )T
Véay ham s6 f(x) khéng lién tuc tai diém x, =1.

2’“2;3’“ khi x -3
Viduy 2: Choham s& f(x)= ); +4x+3 .
— khi x =-3
2
Xét tinh lién tuc ctia ham s0 tai diém x, =-3.
Giai:
Ta c6: f(xo):f(—3)=%.

Véimoi x# -3 ta co:

. . x” +3x . x(x+3 . X 3
fimf ()= }szz(mJ =}£2(m] =tim )3
Véay ham s6 f(x) lién tuc tai diém x, =-3.
DANG 2:
g(x) khi x> x,
h(x) khi x<x,

Xét tinh lién tuc cia ham s6 f(x) = { tai x=x,




x’ -4

Vidu1: Choham s f(x)=4 x-2

khi x<2

3x—2 khix=>2

Xét tinh lién tuc ctia ham s tai diém x, =2.

Giai:

Taco: f(x,)=/(2)=32-2=4.
Véi x> 2ta co:

lim f(x)= lim (3x—2)=32-2=4.

x—>2" x—2"

Vi x <2 tacod:

x—>2 x->27 x— 2 x—2"

lim f (x) = lim [xz ‘4j ~ lim L(’C—z)(x+ 2)

x—2

Do dé: /(2)= lim f(x) = lim / (x)=4.

x—2"

Vay ham s6 f'(x) lién tuc tai di€ém x, =2.

Vi du 2: Cho ham s& f(x) ={

x—27

jzlim(x+2):2+2=4.

3xP+x-2  khix<l

Vx? +3x-1 khile.

Xét tinh lién tuc ctia ham s tai diém x, =1.

Giai:

Taco: f(x,)=/(1)=VI* +3.1-1=43.

Vi x >1ta co:

lim £ (x) = lim (V" +3x—1) =17 +3.1-1=43.

x—1* x—1*

Vi x <1ta co:

lim £ (x)=lim (3x* +x~2 ) =3.1° +1-2=2

Do dé: £ (1) =lim £ (x) # lim / (x) .

Véay ham s6 f(x) khoéng lién tuc tai diém x, =1.
DANG 3:

Tim m d€ ham s6 f'(x) ={

g(x)
h(m)

khi x#x, .. .
) lién tuc tai x =x,
khi x = x,




X =x=2
Vidul: Chohamsd f(x)=1 x+1
2m+5 khi x=-1.

Tim m dé ham s6 lién tuc tai diém x, =-1.

khi x #-1.

Giai:
Taco: f(x))=f(-1)=2m+5.
Véimoi x#—1 ta co:

. (X =x=2) . ((x+D)(x-2 _

fim f UF}EE(TJzlﬂ(%}:}‘ﬂ()“z)2‘1‘22‘3'
Dé&ham sd f(x) lién tyc tai diém x, =—1 thi:
f(—l)z}irgf(x)@2m+5=—3c>m=—4.

X =xP42x-2

Vi du 2: Cho ham s§ f(x)= 1 khi x#1
3x+m khi x =1

Tim m dé€ ham s6 lién tuc tai diém x, =1.

Giai:

Taco: f(x)=f(1)=3+m.
Véimoi x#1 ta cod:

=Eg(ﬁ+2)=f+2=3.

Dé&ham s& f(x) lién tuc tai diém x, =1 thi:
f(l)zlin}f(x)<:>3+m=3<:>m=0.

DANG 4:
i x <
Tim m dé€ hams6 f(x)= g(v) kh? *=% Jien tuc tai x=x,
h(x,m)  khi x> x,

P3x+2-2
Vi du 1: Choham s& f(x)= x-2
mx+% khi x<2

khi x>2

Tim m dé€ ham s6 lién tuc tai diém x, =2.

Giai:



Ta c6: f(xo)zf(2)=2m+%.
Véi x>2taco
Px+2-2 (\/3 3X+2—2)((\/3 3X+2)2+2.\3/3x+2+22)
lim / (x) = lim (x—] = lim :
12 X2 x—=2 X2 (x—2)((%/3x+2) +2.€/3x+2+22)

(3v3x+2)3‘23 3x+2-8

o) (ra) 22| | (o)) w2 4Aeen 2

i 3(x - 2) ’ 3

= 1m = 1um

o (x- 2)((%/3x+ 2)2 +23Bx+2+ 22) O (B 2)2 +23Bx+2+2°
3 1

(%/3.2+ 2)2 +2332+2+2 4

Vi x <2 taco:

lim f'(x)= lim(mx+%]=2m+l.

x—2" x—2" 4
Déham s6 f(x) lién tuc tai diém x, =2 thi:
. . 1 1
f(2)=}Lr¥f(x)=jirgf(x)©2m+z=z©m=0 .
Jx -1
Vidu 2: Chohamsd f(x)=q x—1
3mx +1 khi x<1

Tim m dé€ ham s6 lién tuc tai diém x, =1.

khi x>1

Giai:
Taco: f(x,)=/(1)=3m+1.

Vi x >1ta co:

i = lim @ = lim ]
}f?f(x)‘,}w( x—1 J_Ll*[(ﬁl)(\/}ﬂ)J

—lim(Lj—l
x—1" \/;_{_1 2.
Véi x <1ta co:

1imf(x)=lim(3mx+1)=3m+1.

x—1" x—1"



Dé&ham sd f(x) lién tuc tai diém x, =1 thi:

. . 1 1
f(l)z}l_g}f(x)=}1_{1|}f(x)c>3m+1=5c>m=—g.

DANG 5: CHUNG MINH PHUONG TRINH CO NGHIEM

Néu ham s8 f(x) lién tuc trén doan [a;b] va f(a).f(b)<O0 thi ton tai it
nhéat mot diém ¢ e(a;b) sao cho f(c)=0.

Vi duy 1: Chiing minh phuong trinh: 2x* —6x+1=0 ¢6 it nhat 2 nghiém.
Giai:

Dit f(x)=2x"—6x+1 thi f(x)lién tuc trén R.

Taco: f(0)=1/(1)==-31(2)=5.

£(0).f(1)=1.-3=-3<0 do d6 3x,e(0;1) sao cho f(x,)=0 nén phuong
trinh da cho ¢6 nghiém trén khoang (0;1).

f(1).f(2)=-3.5=-15<0 do d6 3x,e(1;2) sao cho f(x,)=0 nén phuong
trinh da cho ¢6 nghiém trén khoang (1;2).

Vay phuong trinh da cho c6 it nhat 2 nghiém.

Vi du 2: Chting minh rang phuong trinh: x*.cosx + x.sinx +1=0c6 it nhat

mot nghiém thudc khoang (0;7).
Dit f(x)=x’.cosx+x.sinx+1 lién tuc trén doan [0;7].
Tacéd: f(0)=1>0;f(7)=1-2"<0 do dd Ix, €(0;7) saocho f(x,)=0.

Vay phuong trinh da cho ¢6 nghiém trén khoang (0;7).
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C.BAI TAP TU LUYEN.
3x+10-x—4
Bai 1: Cho ham 8 f(x)=y x+2

- khi x=-2
4

Xét tinh lién tyuc cua ham s6 tai diém x, =-2.
4-x* +2x+8
Bai2: Choham s8 f(x)={ * —3xl;2

2x - ” khi x>2

khi x #-2

khi x <2

Xét tinh lién tuc ctia ham s tai diém x, =2.
3—x

Bai 3: Cho ham s6 f(x)= Jx+1-2
3m-2 khi x=3

Tim m dé€ ham s6 lién tuc tai diém x, =3.

khi x #3

4 2
X o5x +4 khi x <2
Bai 4: Cho ham sO0 f(x)= ¥ -8 )
mxt +x+2 khi x>2

Tim m dé€ ham s6 lién tuc tai diém x, =2.
Bai 5: Chiing minh rang phuong trinh: mx(x—2)+x* -=2=0 luén c6

nghiém voi moi m.

D. BAI TAP TRAC NGHIEM.

V1+2x -1

khi x>0

Bai 1: Cho ham s6 f(x)= ¥ . Vi gid tri ndo cta a
3x+a-1 khi x<0
thi ham s6 da cho lién tuc tai x, =0.
A a=1.
B. a=2.
C. a=4.
D. a=3.
Xt +1

Bai 2: Cho ham s§ f(x)= . Khi d6 ham s& y = f(x) lién tuc trén

x> +5x+6
khoang nao?
A. (=2;+0).

11



2x° = 7x* +7x=2

khi x #1
\e \ A x3—3x2+7x—5 fe e e A s
Bai 3: Cho ham s§ f(x)= . Véi gid tri nao cua

£+m khi x=1
2

tham s6 m thi ham s6 lién tuc tai x, =1.
1
A, m=—.
4

B. m=2

C. ng.
4

D. m=—.
4

Jx -1

Bai 4: Cho ham s6 f(x)=
Y —

. Phat biéu nao sau day dung?

() f(x)gidn doan tai x=1.
D) f(x)lién tuc tai x=1.

(III) Tim f(x)z%.
A. Chi ().
B. Chi (II).
C. Chi (T) va (III).
D. Chi (II) va (III).

Bai 5: Chon gid tri £(0) d& ham s8 f(x)=Y2"1"! Jien tuc tai diém
x(x+1)
x,=0.
A1
B. 2
C. 3
D. 4
Vx+1-x ,
. . M1 ~ ——  khix>0 .. A
Bai 6: Tim m dé€ hamsd f(x)= x lién tyc trén R.
2x +3m+1 khi x<0
A. m=1..

12



B. mz—l.
6

C. m=2.
D. m=0.
o o v+l khi x<2 )
Bai 7: Tim m d€ham s§ f(x)=14 x* —2mx+3m+2 lién tuc trén R.
V2x—-4+3 khi x>2
A. m=1.
B. m=——.
6
C. m=5.
D. m=0.
x+4x-5
, — khi -5 b e n
Bai 8: Chohamsd f(x)=<{ x+5 Lxz . Véi gid tri nao cua
2a—4 khi x =-5
tham s6 a thi ham s6 lién tuc tai x, =-5.
A. a=5.
B. a=-10.
C. a=-6
D. a=-1
—“3"2“1_2 ki x> 1
Bai 9: Tim a d¢€ ham s6 f(x)= x2 B lién tuc tai x, =1.
a(x —2)
—2  khix<l1
x-3
A L
2
B. 1.
4
c 3.
4
D. 1.
2 1 . .
BAi 10: Choham s6 £ (x)=1" "' >0 Nanh dé nao dusi day sai?
x khi x<0

A. lim f(x)=1.

x—0"
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B. £(0)=0.
C. £i£r(}f(x)=0.

D. f(x)lién tuctai x,=0.

E. HUONG DAN GIAI

BAI TAP TU LUYEN

Véimoi x# -2 ta co:

tim £ (x) = lim (@J . m(@gﬂﬂ
i ( 3x+10(x+4))(\/W+(x+4))}

o (x+2)(V3x+10+(x+4))

= lim (Bee10) ~(xve) = lim —x* ~5x—6

-2 (x+2)(M+(x+4)) xo>-2 (x+2)(m+(x+4))

. —(x+2)(x+3) —(x+3) J
22 (x+2)(VBx 10+ (x+4)) | 2 VBx 410+ (x+4)
_ —(—2+3) :_l:f(_z)
V3.-2+10+(-2+4) 4 '

Vay ham s6 f'(x) lién tuc tai diém x, =-2.

Bai 2:
Giai:
Tacod: f(x,)=/(2) =2.2—%=—%.

Véi x> 2ta co:

19 19 3
Iim f(x)=lim| 2x—— |=22——=——.
xﬁZ*f( ) xﬁ2*( 4j 4 4

Vi x <2 tacod:
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lim f(x)=lim

[ 4—~/x +2x+8|[4++x" +2x+8
4—x"+2x+8 — lim
x—2

o2 X2 X =3x+2 (x—2)(x—1)(4+\/m)
2
42—(M) —x>—2x+8
= lim = lim

| o2 ae e 2et) | | 2o e )

= lim ~(x-2)(x+4) — lim mtan/

e (ST P ey ) N PP ey
_ -(2+4) _ 3

(2—1)(4+M) 4

. L L _ 3
Do d¢: f(2)-}irgf(x)—)}irlzr;f(x)— x
Vay ham s6 f'(x) lién tuc tai di€ém x, =2.
Bai 3:

Giai:

Taco: f(x,)=f(3)=3m-2.

Véimoi x#3 ta co:

' (e ) [ Gen(Varie2) ) [(B-x)(Varl+2)
lim /() = IP[mJ - Ei%[(wﬂ 2)(Jari+ 2)] i (Vo) -2
[(3—x)(ﬁ+2)} [(3—)6)(\/E+2)]_hm((m+2))

=lim
x—>3

=Ilim
x—3

x+1-4 —(3—x) x3
=—(\/3+1+2)=—4.

D&ham s§ f(x) lién tuc tai diém x, =3 thi:
f(3)=lirr31f(x)<:>3m—2=—4<:>m=—§.

Bai 4:

Giai:

Tacod: f(x,)=f(2)=4m+4.

Véi x> 2ta cod:
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lim £ (x)= lim (mx* +x+2)=4m+4.

x—2" x—>2"

Vi x <2 taco:

lim / (x) = lim {Mj _ lim[(x—z)(ﬂz)(xz _1)J i [MJ

2 = x - =2 | (x=2)(x" +2x+4) X +2x+4

(2+2)(2*-1)

22 +22+4
Dé&ham s§ f(x) lién tyc tai diém x, =2 thi:
f(2)=}i1£1f(x)=}i1£1f(x)©4m+4=1<:>m=—%.
Bai 5:
Giai:
Dat f(x)=mx(x-2)+x" —2lién tuc trén R.
Taco: f(0)=-2;/(2)=14.
7£(0).f(2)=-2.14=-28<0 do d6 Ix, €(0;2) sao cho f(x,)=0nén phuong
trinh da cho ¢ nghiém trén khoang (0;2).

1B |24 |3D |4C [5A [6B [7C [8D [9C [10D]

Bai1: Chon B.

D&ham s§ f(x) lién tuc tai diém x, =0 thi:
f(O)z}Lrgf(x)z)}Lrg;f(x)@a—1=1c>a=2.
Bai 2: Chon A.

Xt +1
X +5x+6
Nén ham s6 y = f(x) lién tuc trén khoang (—2;+x).
Bai 3: Chon D.

Dé&ham sd f(x) lién tuc tai diém x, =1 thi:
3

) 1 1
f(l)ZIXILIIIf(x)Cm+E:_Z©m:_Z'

Ham s6 f(x)= c6 tap xac dinh D =(—0;-3)U(-3;-2) U(-2;+).

Bai4: Chon C.
Bai 5: Chon A.
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Déham s6 f(x) lién tuc tai diém x, =0 thi:
f(O)z!(i_r}r(}f(x):l.
Bai 6: Chon B.
D&ham s§ f(x) lién tuc tai diém x, =0 thi:

. . 1 1
f(O)z}Lrgf(x)zgirgf(x)<:>3m+1=5<:>m=—g.

Bai 7: Chon C.
Dé&ham s§ f(x) lién tuc tai diém x, =2 thi:

3
2)=1 =1
f(2)= lim f(x) = lim f (x) & ——
Bai 8: Chon D.
Dé&ham s§ f(x) lién tuc tai diém x, =5 thi:
f(—5)= 1irgf(x)<:>2a—4:—6<:>m=—l.
Bai 9: Chon C.
Dé&ham s& f(x) lién tuc tai diém x, =1 thi:
. . a 3 3
f(l)=lg?f(x)—lg?f(x)GE—gam—Z.
Bai 10: Chon D.
£(0)=1im f(x)=0#1=lim /(x) nénham sd f(x) khong lién tuc tai diém
x—>0"

x—0"

=3 m=5.

x,=0.
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s Chuong III

HAN. HAM SO LIEN TUC

ON TAP CHUONG

A.TOM TAT LY THUYET.
1. Gi6i han cua day s6.
2. Gidi han cua ham so.
3. Ham s0 lién tuc.

B. CAC DANG TOAN.

1. Tinh gidi han cua day s6, ham s6.
2. Tinh tong cta cdp s6 nhan lti vo6 han.

3. Tinh lién tuc ctia ham sé.
C.BAITAP TU LUYEN.
Bai 1. Tim céc gidi han sau:

n+nt-n-2

1) lim .
) 4n® +6n* +9
2 —
3) lim N +2n 3n.

dn+3
5) lim( An® + 2n —Zn).

7) lim(\/n2 on3 - 4w )

(3 -6
9) lim—————.
(_3) + 5)1+l
Bai 2. Tim céc gidi han sau:
2 —
1) XX +4

x—4 x_4

. 2x—+x+3
3) hmz—.

x—1 x =1

Ux+7+10(x-1)=5-%

5) lim

¥l S(x—l)
x =27
Bai 3: Cho ham s§ f (x) = ’;7"5‘6
5

—3/n6—7n3—5n+8
n+12 '
(n2 +1)(2n+3)
At =n?+1 .
6) lim(~2n+3 —/n+1).
3"-2.5"
7+3.5"

1+242% +...42"
1+3+3% +...+3"

2) lim

4) lim

8) lim

10) lim

. x—+2x-1

2) im———
=l X" +x-2

4) limx+1—\/5x+1
L

Vax+5-37+6x

im > .
= (x+1) (x-1)

L khi x#3

,khi x=3

Xét tinh lién tuc ctia ham s tai diém x =3



xt=5x*+4
Bai 4. Choham s§ f(x)= X +1
m*x* +2mx -5 khi x>-1

khi x<-1

Tim m d& ham s6 lién tuc tai diém x=-1.

Bai 5. Ching minh phuwong trinh x’sinx+xcosx+1=0 c6 it nhat mot

nghiém.
D. BAI TAP TRAC NGHIEM
Cau 1. Tinh lim 1=15m béng :
18n+19
A. —Q. B.i. C. +oo. D. -1.
18 18
2 —
Cau 2. Tinh L=lim>% >
n +1
A. L=1. B. L=0. C. L=3. D. L=-5.
Céu 3. Tinh lim(3" -2*") la:
A. —© B.1 C.3 D. +oo
n n+l
Cau 4. Gi6i han lim—>"__ 1
2.5 +7"
A. 4. B. 2. C.7. D. 6.
Cau 5. Tinh lim(\/n2 -3n+1- n) bang :
A. 3. B. +o0. C. 0. D. —%.
Céu 6. Gidi han lim(2n2 -n+ l) bang :
A. —oo, B. 2. C. 2. D. +oo.
Céu 7. Gia tri caa 1im(—n3 +2n° + 2) bang :
A. -0 B. -3. C.3. D. +oo.

Cau 8. Gi6i han lim/2n> —3n—-8 bang :

A. 22, B. 3. C. V2. D. +.
Cau 9. Gia tri ctia lim3/1+2n—n* bang :

A. —o0. B. 2. C. -1 D. +eo.



Cau 10. Goi S 1a tap hop cac tham sd nguyén a thoa man

1im(52n LESE 4aj =0. Téng cac phan tit cia S bang :
—n

A. 4. B. 3. C.s. D. 2.
Cau 11. Cho S=1+%+%+...+2in+....(:hon d4p 4n déng,

A. Se(l;2). B. Se(2;3). C. Se[l;Z). D. Se[2;3).
Cau 12. Gi6i han lim L+L + .t _ béng
24 46 7 2n(2n+2)
A. l B. —l. C.2. D. l
3 2 4

Cau 13. Cho ham s8 y = f(x) = % trong 6 limu(x) = 2024 v
v(x x>

limv(x) = 0 dong thoi v(x) > 0v6i Vxe(0;2). Khi d6 lim £(x)=?

A. 0. B. +oo. C. —x. D. 2019.
Cau 14. Tim gidi han lim (3%’ —x+2) . Két qua dung la :

A. —o. B. +oo. C.o. D. 3.
Céau 15. Cho ham s8 y = f(x) =u(x).»(x) trong do lim u(x)=a>0 va
lim v(x) = —o0 .Khi d¢6 khang dinh nao sau day la ding?

A. lim f(x)=0. B. lim f(x)=+o.

C. lim f(x)=—-o.D. lim f(x) =2020.

2 f—
Cau 16. Tim gidi han lim *—— 2024
x—2" X —

A. +o. B. —o0. C. 0. D. —1.

A IRy o . 1 2x+3 .
Cau 17. Két qua dung cua gidi han lim ( i J la:

o (x—4 Jx+5-3
A. +o0. B. . C. 2. D. 1.
Cau 18. Gid tri cua gidi hanlim(x* —4x* +1) bang :
A. +oo. B. —o. C. 2. D. -2.
2
Cau 19. Biét lim > Y¥ *1

x—1 X+

A 1. B. 2. C. 3. D. 4.

=a+b\2 (v6i a;beQ). Gid tri ciia a+b bang :



—mx* +4

Cau 20. Biét lim>
x>0 x+2

A.me(-3;-1). B.me(-50). C.me(-L1). D.me(L;3).

=2. Khéng dinh nao sau day dtung?

2020
X

Cau 21. Gia tri cua limzmg;x_2 bang 2 wsi L 1a phan s6 t6i gian). Tinh
ol x4 x =2 b b

gid tri ctia a’ —b’.

A. 4039. B. 4041. C. —4041. D. —-4039.

[ 2 _ 3/

Cau22. Bigt lim Y=t 2= VTxvl a2
x5l \/E(x—l) b
Gid tri ctia a+b+c bang

A. 37. B. 13. C. 5. D. 51.

. A
+c¢ (vOi a;b;ceN va 5 toi gian).

+1 - .
Ciu 23. Cho f(x) laham da thitc thoa man 1irnM =aq va ton tai

=2 x—=2
ﬂ/f(x)+2x+1—x

1inr21 4 =T . Dang thitc nao sau day ding?
X—> x —
AT=%"2  pr=%*%  cr=""%2 pr=%2
16 16 8 8
A e o g . 3% +5x
Céu 24. Gia trj cua gidi han lim — bang
xoro 2x” +1
A. +oo. B. —o. C.%. D. 1.
Cau 25. Gia tri caa gidi han lim 2x2+ > bang:
xo+0 3 4]
2
A.E. B. —o. C.+o. D.0.
2
Cau 26. GiA tri ctia giéi han lim YoX —T¥¥12 8o
= 3|x| =17
L B. 2. c 2 D. 1.
17 3 3 3
4 5
Céu 27. Gid tri ctia gidi han lim |2 "2 "2 pyng.
0 \ Ox” +5x" +4
A.z. B. —o. C.i. D. 0.
3 9

Ciu 28. Choham s§ f(x) xac dinh trén [a;b]. Trong cac ménh dé sau,

ménh dé nao dung?



A.Néuham s§ f(x) lién tuc trén (a;b) va f(a).f(b)<0 thi phwong
trinh f(x)=0 cd nghiém trong (a;b).

B. Néuham s& f(x) lién tuc trén [a;b] va f(a).f(b)<0 thi phuong
trinh f(x)=0 cd nghiém trong (a;b).

C.Néuham s6 f(x) lién tuc trén [a;b] va f(a).f(b)<0 thi phuong
trinh f(x)=0 v6 nghiém trong (a;b).

D.Néu ham s6 f(x) lién tuc trén [a;b] va phuong trinh f(x)=0 ¢6
nghiém trong (a;b) thi f(a).f(b)<0.

CAu 29. Phuong trinh nao dudi day c6 nghiém trong khoang (0;1)?

A 2x* -3x+4=0. B. (x—1)"" -x™ -2=0.

C. 3x" —4x’ +5=0. D. 3x*" -8x+4=0.
Céu 30. Cho phuong trinh (m2 + 3)(x—1)(x2 —4) —x’+3=0 (1), véi m 1a
tham s8. Khang dinh nao sau day vé phuong trinh (1) 1a khing dinh

dung?
A. (1) c6 ding 4 nghiém phan biét.
B. (1) v0 nghiém.
C. (1) o it nhat 2 nghiém phan biét.
D. (1) ¢6 ding mot nghiém.

at+tc>b+1

Cau 31. Cho céc so thuc a,b,c thoa man { . Tim s6 giao diém

a+b+c+1<0

ctia d6 thi ham s y = x’ +ax’ + bx + ¢ va truc hoanh.

A. 3. B. 2. C. 1. D. 0.

Cau 32. Cho ham s8 f(x)=+2x~1.Khang dinh nao sai trong c4c khang

dinh sau?
A.Ham s8 f(x) lién tuc tai x, = —%.

B.Ham s& f(x) lién tuc tai x, =1.

C.Ham s6 f(x) gidn doan tai x, =-1.



\ ~ ., . 1
D.Ham s6 f(x) gian doan tai x, = —

A \ A 2 - .7 . «A? \ 7. A
Cau 33. Ham s6 y = e A gian doan tai diém nao duwoi day?
—5x+50
A. x=5. B. x=10. C. x=-5. D. x=11.

x+2akhi x<0

X ) lién tuc tai x=0.
x“+x+1 khix>0

Cau 34. Tim ¢ d€ cacham s§ f(x)= {

A. l B.
2

C.o0. D. 1.

S

Cau 35. Ham s6 ¢6 d6 thi nhw hinh bén gian doan tai diém c¢6 hoanh d6
bang bao nhiéu?

A. 0. B. 1. C.2. D. 3.
N3x+1-2 khix>1
Céu 36. Tim ¢ d&cachamss f(x)=1 * ! lién tuc tai x=1.
7D i e<
x-3
AL, B. L. c D. 1.
2 4 4
2
A ‘ ; ax"—(a—2)x-2 khixzl -
Cau 37. Choham s6 f(x)= Jx+3-2 . C6 tat ca bao nhiéu
8+a’ khix=1
gia tri cia @ dé€ ham s6 lién tuc tai x=1?
A 2. B. 0. C. 3. D. 1.
A o X +1 N, A n
Ciu 38. Choham s§ f(x)=—————.Khi dé hamsG y = f(x) lién tuc trén
X +5x+6

khoang nao sau day?
10



A.(-0;3) B. (-3;2) C.(2;3) D. [-2;+00)

x*=3x+2
Cau 39. Chohams6 f(x)={ x-2
3x+a khix<2

khix>?2

Vi gia tri nao cua a thi ham s6 da cho lién tuc trén R .
A. 0. B. 1. C.-5. D. 3.

Cau 40. Tim gia tri cia tham s6 m d€ phuong trinh
(m* =5x+6)(x+5)"" (¥ +2x)+2x-1=0 cé nghiém

A.me{2;3} B.meR\{2;3} C me D. meR
E. HUONG DAN GIAI

Hudng dan giai
Bai 1. Tim cac gidi han sau :

5 1 2) 1 2
5 4_ _ n (14_—4_5 1+*—74—75
1) 1im'1t"6 z 92=1im 1 6” 9” =1imn2.1im%
oo n3(4++3j 44—+
n o n n on
1+——i—£
4 5
Ma limn® =+ va lim n_n_n —l>0
6 9
44+ —+—
n o n
5 4
Nén limn_:n—zn2=+oo.
dn’ +6n" +9
2) lim—i/n6—7n3—5n+8
n+12
s 7 5 8 7 5 8
-n .31—’13—¥+n—6 31_?_?+§
=1lim = hm(—n) lim
12 12
nl14+— 1+-=
n n

11



N5+
Mélim(—n)z—oo va lim n_n n ___1>0
12 1
1+—
n
3 6 3
Nén lim \/n Tn 5n+8=—oo.
n+12

/ 2
2 B n,9+—-3n
1m\/9n +2n 3n=1im n
4n+3

4n+3

9+2_3
n ~_9+0-3
4+§ 4+0
n

1
n (n? +1)(2n+3) _ ( zj( j e
im——~-—— "= =limn.lim
Jnt=n?+1 2 i 1 1 b
n >t l_nz + n

n n
(-2
(Vi lim~—" L

L~%+J;
n n

=lim :920
4

=2>0valimn=+w)

2 2
5) lim( 4n2+2n—2n)=lim n” 4 2n A iy 2N

2
N4n® +2n+2n n[ [4+2+2]
n

lim——2 =L

J4+z+2
n
6) lim(\/2n+3—\/n+1)=lim\/;.lim[ /2+3— /1+1J.
n n
. Ny / 3 / 1
Do hrn\/7=+oo va llm[ 24—-— 1+—J=\/§—1>0.
n n

Nén lim(\/2n+3 —M) =400

7) lim(\/n2 +2n+3 —i/n2 +n3)=lim(\/n2 +2n+3 —}1)Jrlim(}1—\3/rz2 +n )

12



Ma

2+§

2 2
°lim(\/n2+2n+3—n)=limn A3 e n g

2
N +2n+34+n 1+2+%+1
\" n n

3 2 3
n —(l’l +n )
U hm(n—{/n2 +n3)=hm >
n* +nin? +n’ +(i/n2 +n3)

—lim 1

14141 3
1+3— 1+ 3—+1
2
3

Vay hm(\/n +2n+3 - \/n +n ): —%

3,
3n-25" . 5 0-2 2
=1lim = =-=

8) lim = = )
7+3.5" (1) 7.0+3 3
7= +3
5
1 n
S
o) im ) =6y L2

S (-2 (5]
oo tn (1] 1| -t<uim o 4] o |0 2

3(—% +5(§j >0 . Nén 1im(_3n)+6=—oo.
2 6 (3) 45

(2 )n+l ( 1 J’H—l
2 n n+l ” | 5
10) lim1+2+2 +..+2 i 2 1=1im2 3 3) o

2 n 1m n+l : n+l
1+3+3 +...43 37 -1 (1)
1- =
2 3
Bai 2. Tim céc gidi han sau :
- -1)(x—-4
1) lim ﬂ:hmwzhm(x_1):4_1:3
x—4 x_4 x—4 x_4 x—4

13



x—=~2x-1 . x*=2x+1 ) x—1

2) lim =lim =lim =0

51 x2+x 2 o (x=1) (x4 2) (x V22— 1) T (x4 2) (x4 422 T)
3)

T e . (2o f3)(2e i) ~ lim 4 =33
o=l ) (e ) (200X 3) T (e= 1) (x 1) (26443 +3)
. ( )(4x+3) — lim 4x+3 _7

S x=1)(x+1) (20 Vx#3) P (e 1)(2004x+3) 8

£ lim x+1_m:hm (x2—3x)(x+\/4x—3)
=3 x—J4x-3 x*3(x2—4x+3)(x+1+M)
x(x+\/4x—3) 3

=1lim = 2
8

Hz(x—l)(x+1+x/5x+l) 8
5) lim \/x+7+10(x—1)—\/5 x?

ol 5(x-1)

(x+7-2) 5 5o L d0x=10 11 127

b\

[\

li li i _2/
S s(am) lim Ste-1) TS 60 100 T 60
Vax+5-3J7+6x . x/4x+5—(2x+3)+1. (2x+3)=3/7+6x

6) lim > = lim 5 im 5
2 (x+1) (x-1) 0 2 (x#+ 1) (x=1) T (x41) (x-1)

=1+(-2)=-1

Bai 3: Ham s6 xac dinh trén R

Taco f(3)= 27

3_ -3)(x* +3x+9 2
lim f () = lim -2/ LU AI) 2 ranr 27
x>3 =IxT—x—6 3 (x—3)(x+2) =3 x42 5

Ta thay 1irr31f(x) = f(3) nén ham s6 lién tuc tai x =3.
Bai 4: Ham s6 xac dinh trén R
x'=5x" +4 ~ lim (x—l)(x2 —4)

Ta C(’): x1~i>1—‘r11’ f(x) - xl~i>1}-11’ x3 +1 x—>=1" x2 —x+1 =2
lim f( )— lim (mzx2 +2mx—5)=m2 -2m-35
x—>-1" x—>-1"

f(—l)zm —2m-5

14



Ham sd lién tuc tai x =—1 khi va chi khi
lim f(x)=lim f(x)=f(~1) ©@m’ -2m-5=2=m=1£2
x—>-1" x—=>-1"
Bai 5.
Ta c6 ham so f(x) =x"sinx+xcosx+1 lién tuc trén R.
f(O).f(ﬁ)z—ﬂ+1<0
Suy ra phuong trinh f (x) =0 c6 it nhat mot nghiém thudc (O; 7r)

Cau 1. Chon A.

1= . P
Ta co lim =lim TIRTS
187+19 1gs 19 18
n
Cau 2. Chon B.
3 5
2 _ T3
Ta co lim3n3 5:1im” n :9:0_
n +1 1 1 1
T3
n

Cau 3. Chon A.
Ta c lim(3" —2%") =1im(3" —4") = lim4" 1im[(%jn - 1} - —w.

Cau 4. Chon C.

15



43 47 4@) +7
- i =7.

=lim

lim
25" +7" 5Y
2. +1

Cau 5. Chon D.

Ta co lim(\/n2 —-3n+1 —n) = lim(LJ = _3.
Nt =3n+1+n

Cau 6. Chon D.

2

lim(2n° —n+1)= lim(2—l+ij.limn2 = +o0.
n n

Cau 7. Chon A.

lim (—n® +2n° +2)=lim(—1+z+%j.n3 =—w.
n n

Cau 8. Chon D.

lim+2n* —3n-8 =lim[ 2—3—%].Hmn =400,

n n

Cau 9. Chon A.

lim3/1+2n - n’ =1im( %—k%—l}limn =—00,

n n

Cau 10. Chon A.
+2

—n

Sn+2

Ta co: lim( +a2—4aj=0<:>lim(5n )+a2—4a=0.

2—n

“=71 Vay 5={-1;5) = -1+5=4.

a=>5

a2—4a—5=0<:>[

Cau 11. Chon D.

Ta thay 1;%;21—2;...;%;.... la mot cdp s6 nhan lui vo han véi cong bdi g :%

‘

va s0 hang dau u, =1. Do dé S= =2=S5€[23).

1—

N | —

Cau 12. Chon D.
Ta co:

16



. 1 1 1 11 1 1 1 1 1
lim| —+—+. 4———— |=lim—| ———+———+ .+ ——
24 46 2n 2n+2) 2\2 4 4 6 2n 2n+2

111 ) 1
=lim—| —— =—.
2 (2 2n+2) 4
Cau 13. Chon B.
Ap dung quy tic tim gi6i han v6 cuc c6 két qua.
Cau 14. Chon B.

X—>+0 X—>+0 X X

Taco: lim (3%’ —x+2) = lim »° 1im(3—i2+%j.

Mitkhac: lim x° =+o0, lim [3—%+%}=1>0:> lim 3x* —x+2) =+o0.

X—>+0 X—>+00 x x X—>+00

Cau 15. Chon C.

Ap dung quy tic tim gi6i han v6 cuc c6 két qua.
Cau 16. Chon B.

Taco lim (x* —2024)=-2020<0.

x—2"

2
lim(x_z)zoax—>2+:>x>2:>x—2>0 nén lim 2 —22% 2024:

x—2" x—2" X —
( 1 2x+3 J ] 1 (2x+3)(x/x—|—5 +3)
x—4 x+5-3

1-(2x+3)(Vx+5+3)

Cau 17. Chon B. lim

x—4"

-4 x—4 x—4

= lim
x—4" x—4
Ta co
lim | 1-(2x+3)(vxr+5 +3) | = =55 <0.

lim(x-4)=0,x >4 = x>4=>x-4>0.

) 1-(2x+3)(Vx+5+3)

Suy ra lim =—00.
y x—4" x—4

Cau 18. Chon D.
Ta c6 1im(x“—4x2 +1):14 —4-1P+1=-2.

x—1

Cau 19. Chon A.

/.2
Ta ¢6 lim Y +1=1+\/E=l+l.\/§:>a=b=l_
=l x+1 I+1 2 2 2

17



Dovay a+b=1.
Cau 20. Chon B

2
Tacé im™ V" *4 2" e m=—2.
10 x+2 2

Suy ra me(-5;3).
Cau 21. Chon B.

Taco:

=1 (=D (XX )

lim > =11rn( )( )=hm(x"1+x”2+-~~+1)=n.
x>l x—1 x—l x—1 x—1

Cau 22. Chon B.
Ta co

X ex=2 X1+ x-1 . A=+ x—1
hm 2019 = 2019 =lm 2018 2017

LT 4 x=2 ol xTT =1+ x—-1 1 (xTT+xT L+ DD+ x -1

XX 4141 2020+1 2021

:hm 2018 2017 = =

ol x4+ xT  + L +1+1 2019+1 2020
Suy ra a=2021;5=2020=>a’ —b* =4041.

Cau 23. Chon B.
Ta co

N x+2-YTx+1 | NP Hx42-2 . 2-RTx+1 2
lim =lim + =—.
PN \/E(x—l) ol \/E(x—l) ol 2(x—1) 12
Suyraa=1b=12c=0=>a+b+c=13.
Cau 24. Chon C.

3+5
s >
Ta c6 lim 222X = |im x -3
x40 Qx4 ] x4)+oc2+72
X
Cau 25. Chon D.
2.5
2
Ta c6 lim 2272 = fim * 2 -0
x40 3x7 4] xotw 3 1
t s
X
Cau 26. Chon B.
7 12
Jad 7tz P

Tacod: lim ————————— = lim
= 3|x]-17 == 3|x|-17

18



Cau 27. Chon A.
4 5
Ta c6 lim /w
xo0\ 9y + 5x* + 4

Cau 28. Chon B.

Cau 29. Chon D.

Xétham s§ f(x)=3x"" —8x+4 lién tuc trén R.

Vi ham s6 lién tuc trén doan [0;1] va f(0)./(1)=4.(-1)<0 nén ton tai
€(0;1) sao cho f(x,)=0.Vay phuong trinh cé nghiém trong khoang

(0;1).

Cau 30. Chon C.

bat f(x) = (m2 +3)(x—1)(x2 —4)—)63 +3 lién tuc trén R.

Tacd f(1)=-1"+3=2>0; f(2)=-2"+3=-5<0;

f(3)=10(m* +3)-24=10m> +6>0,YmeR.

Vi f(1)./(2) <0 nén phuong trinh f(x)=0 c6 it nh&dt mot nghiém ¢, €(1;2)
Vi f(2).f(3) <0 nén phuong trinh ' (x)=0 c6 it nhat mot nghiém ¢, €(2;3)

Vay phuong trinh (1) c6 it nh4t 2 nghiém phén biét.
Cau 31. Chon A.

Phuong trinh hoanh dd giao diém x* +ax® + bx +c¢=0(1).
bat f(x) =x"+ax’ +bx+c lién tuc trén R.

Theo gia thiét f(-1)>0;/(1)<0

19



+Vi lim f(x)=—o0 nén ton taisd ¢, <—1 sao cho f (¢ )<0.

f(¢,).f(~1)<0 nén phuong trinh (1) ¢6 it nhat mét nghiém thude (¢;;—1).
+ f(-1).f (1)< 0 nén phuong trinh (1) c6 it nhat mot nghiém thude (-1;1).

+ Vi lim f(x)=+o nén ton tai sd ¢, >1 sao cho f(c,)>0.

£(1).f(¢,) <0 nén phuong trinh (1) c6 it nhat mdt nghiém thudc (Lc, ).

Vi phuong trinh (1) 1a phuong trinh bac ba nén ¢ nhiéu nhat la 3 nghiém.
Vay phuong trinh (1) ¢6 3 nghiém phan biét.

Cau 32. Chon A.

. ~ A ;s . 1 1 1 A s ~
Ham s§ f(x) c6 tap xac dinh 1a D= {E;jtooj X = ¢ [E;Jrooj nén ham so
da cho gidn doan tai x, = —l.

Cau 33. Chon B.
Ta cd —5x+50#0< x#10 . Vay ham s gian doan tai x =10.

Cau 34. Chon A.

Tacod: lim f(x)=lim(x* +x+1)=1.
x—0" x—0"

lim f(x)=lim(x+2a)=2a.Va f(0)=1.
x—0" x—0"

N ~ - A . 1
Ham s0 lién tuc tai x=0<:>2a=1<:>a=5.

Cau 35. Chon B.
Dua vao hinh vé do6 thi ta thdy ham s6 gian doan tai diém x=1.
Cau 36. Chon C.

VBx+1-2

L o 3
Taco: lggf(x)—lg}T—g

20



im /9= 1im ‘D o v (1)

x—1" X —

a
5
. N s A . . . a 3 3
Ham so lién tuc tai x=1< hmf(x):11mf(x):f(1)c>E:§<:>a:Z.
x—1* x—>1"
Cau 37. Chon A.
Tap xéac dinh: D =[-3;+ ).
. ‘ axz—(a—2)x—2 _ (x—l)(ax+2)(x/x+3+2)
lim f(x) =lim =lim
x—1 x—l lx+3 _2 x—1 x_l

= lim(ax+2)(Vx+3+2) =4(a+2). Va f(1)=8+a".

Ham s6 da cho lién tuc tai x=1 khi lim f(x)= f (1) © 4(a+2)=8+a’

x—1
[azO
= .
a=4

Vay c6 2 gid tri cia ¢ d€ ham s da cho lién tuc tai x=1.

Cau 38. Chon C.

x=-

Nhémxét:x2+5x+6=0<:{ §:> f(x) 0 TXD D=R\{-2;-3} nén

£ (x) lién tuc trén (-o0;-3),(-3;-2),(-2,4+) = f(x) lién tuc trén (2;3)
Cau 39. Chon C.
TXD:D=R

x*=3x+2

Nhan xét: Khi xe(2;40) = f(x)= xac dinh nén f(x) lién tuc

x=2
trén (2;+00).

Khi x e (—00;2) :f(x)z 3x+a xac dinh nén f(x) lién tuc trén (—00;2) .

Xéttai x=2 lim f(x)=lim(x—1)=1;lim f(x)=lim (3x+a)=a+6.

x—2" x—2" x—2" x—=2"
f (2) =a+6

Dé ham s0 lién tuc tai x=2 thi
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lim f(x)z lim f(x)zf(2)<:>a+6=1<:>a=—5 .

x—2" x—2"
Cau 40. Chon D.

bat f(x) = (m2 —5x+ 6)(x+ 5)2019 (xmo + 2x) +2x—1.

Ham s& f(x) lién tuc trén R.

=2
Xét m’* —5m+6<:{m . Khi d6 phwong trinh tré thanh 2x—1:O®x:%
m=

#2
Xét m2—5m+6¢0:>{m )
m#3

Ham f(x) c6bac cao nh&tla 2019+2020 =4039 la da thirc bac 1é nén

f(x)=0 c6 it nhat mot nghiém véi VmeR .

PE KIEM TRA CUOI CHUONG IV
(Thoi gian lam bai: 45 phut)

K6
A.PHAN TRAC NGHIEM (7 diém)
—2n N
Cau 1.1im ban
n* +1 &

A.3. B. 2. C. 0. D. 1.

Cau2. lime—2> ping
3" +2.5"

Al B. 0. C. 1. D. -2.
Céu 3.1im (57" — 4 +2) bang

A.—. B. —4. C. 5. D. +w.

2 _ N
Caud. lim 2 = pyng
wom 2y
1 1
A.—. B. ——. C. 2. D. 2
2 2
2
Cau 5. lim X+ x bang
-y 1—x
A. —. B. 0. C. 1. D. +w.
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2

Cau 6. lim Lx_zbe\“mg
x—>=2 2—x
A. 2. B. 0.

Cau 7. lim (1-2x+3x")bing

X—>—0

A. —oo. B. 3.
Cau 8. lim 12—4x bang
x40 x© —4x
A. L B. 0.

C. -8 D. 2
C. 2 D. +o
C. 4. D. -1.

CAiu 9. Phuong trinh nao sau day c6 nghiém trén khoang(1;2) ?

A.2x*—T7x+6=0.

C. x>—x+1=0.
Ciu 10. Tinh tong S :1—l+i—i+
4 16 64
A S=>. B.s=2
4 5
3 - \
Cau11. lim * 2 ping
X—>—00 —X +
A. —o. B. 1.
Cau 12. lim x=2 bi“mg
c—52 4_ 2
X X
A. l. B. _l.
4 4
J— 2 \
Cau13. lim * VX ~2X+8 40
e 2x+3
A. 1. B. 1.
Cau 14. lim 2 =2 bing
x—2* 2—x
A. 2. B. 0.

B. x*-9=0.
D. 2x* —5x+2=0.

C. S :_73. D. S :—g.
C. 2. D. +x.

C. 4 D. 4
C.o D. 2

C. —oo. D. +co.

Cau 15. Phuwong trinh x° —x* —x—12=0 ¢4 it nhat bao nhiéu nghiém thudc

khoang(-2;2) ?
A. 2. B. 1.

C. 0. D. 3.

23



Cau 16. Tim gia tri cua tham s6 m dé€ ham s6
x* +6x+5
f(x)=49 2x+2
—3m*x—-10, khi x=-1
A. m=12. B. m=2. C. m=%4. D. m=4.
Cau 17. Tim gi4 tri cta tham s6 m d€ ham s6

V8 —x +3x

, khi x < -1
f(x)z X+l lién tuc tai x=-1

m* +mx+%, khi x>-1

khi x#-1 ., .
lién tuctai x=-1

2

A - m=lm=2. B. m=-1m=2.
C.m=-Im=-2. D. m=1m=2.

Cau 18. Tinh S = lim (\/zxz —ax + ﬁx) (a lahing s5)?

X—>—00

a2 a2

A s=27 B. s =<
4 2
C.S:‘“f. D.S:‘“f.

3 —
Cau19. Tinh S = lim xz—“*/;
e X" —a

3a 3a _3a 3a

(a lahangsGva a>0) ?

A 5=34 B.s=2%  Cs D. S-
2 2 2 2
Cau 20.Biét lim (9x+2) |1 = 46 + b Tinh gié trj ctia biéu thike
Xt (2x+1)
S=4a-b
9 9
A. S=-9. B. S =9. C.s=2. D.S=—2.
2 2
B. PHAN TU LUAN (3 diém)
Cau 1 (1diém). Tinh gi¢i han : lim S—>% .
o0 x+4
x—4

Cau 2 (1di€m). Tinh gidi han :lim

x4>42_\/; ’

Cau 3 (1diém). Tinh gi6i han : lim ( 4 —x+3-1+ 2x) .

X—>—0

A

HET
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A.TRAC NGHIEM(7 diém)

Cau 1 2 3 4 5 6 7 8 9 10
Papan | C C D D C A A B A B
Cau 11 12 13 14 15 16 17 18 19 20
Papan | D B B C A A B A C B

B.TU LUAN( 3diém)
3_5
A oA . 3— X 5
Cau 1l (1diéem). lim = lim =—=,
>0 Dy + 4 H—wz 47 2
X
(x—4)(2+x )

Cau 2 (1diém). hrn

iy -2 )=

Cau 3 (1diém).

lim (\/4)(2 —x+3—1+2x) = lim (\/4x2 Cx+3 +2x)— lim 1

X—>—00 X—>—00 X—>—0

. Axt —x+3-4x . —x+3
= lim = -1 =lim -1
Vax? —x+3-2x N 4—l+%—2x
X X
-1+ 1 3
—\/4—1+2—2
X X
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