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MO PAU — PO TRAI PAT BANG MOT CAI BONG

Khoang nam 240 trude Cong nguyen, Eratosthenes, ngudi quan li thu vién Alexandria, nghe
ké ring ¢ thanh Syene (nay 1a Aswan, Ai Cap), vao trwa ngay ha chi, 4nh ning chiéu thing xudng
day giéng: Mit Troi & ding dinh dau. Cung thoi diém iy ¢ Alexandria, cach Syene khoang 5000
stadia vé phia bac, mot cdy gdy cam thang dimg van c6 bong. Eratosthenes do duoc goc giita tia
nang va cdy gay: khoang % vong tron, tic 7, 2°.

Vi tia ndng gan nhu song song, goc 4y ciing chinh 1a goc & tim Trai D4t chan cung

Syene — Alexandria. Néu 7, 2° tng v6i 5000 stadia thi ca vong 360° tng v4i 50 X 5000 = 250 000
stadia. Chi v6i mot cai bong, mot phép chia va mot y tudng vé goc, con ngudi 1an dau tién woc
luong dugc kich thudc hanh tinh minh dang séng, v&i sai s ma nhiéu nha st hoc cho 1a chi vai
phan tram.

Alexandria Goc béng gay & Alexandria:

0 = 7,2° = 1/50 vong tron
(hinh vé phong dai géc)

Syene - Alexandria ~ 5000 stadia
= chu vi Trai bat = 50 x 5000
= 250 000 stadia

Phép do ciia Eratosthenes: goc ciia bong gdy bang géc & tam Trdi Pat.

D6 1a tinh than cua lwong gidc (trigonometry, tir tiéng Hi Lap trigonon: tam giac va metron: do):
dung goc dé do nhiing gi tay khong voi t6i, tir chidu cao mot ngon thap, khoang cach téi mot vi
sao, dén nhip diéu cua song bién, dong dién va am thanh.
Luong giac 1a nghé thuat do nhiing thir khong thé do truc tiép.
Trude khi doc tiép, hiy thir strc v6i ba cau hoi:

* Mot nguoi dig cach chan cot co 20 m nhin dinh cot dudi goée 40°; lui thém 20 m thi géc

nhin chi con 30°. Cot ¢o cao bao nhiéu mét?
»  Khong dung may tinh, tinh tich tan1°® - tan2° - tan3° --- tan89°.

«  Trong mot gidy, dién ap cta 6 cim dién nha ban (u = 220+/2sin1007t von) dat gia tri ding
220 V bao nhiéu 1an?

Cau tra 101 (khoang 37 m; dang bang 1; 100 1an) s& 1an lwot xuit hién trong chuyén dé.
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I Muc tiéu cia chuyén de

« V& Kkién thirc: nim vitng goc luong giac, sd do radian, dudng tron luong giac; gia trj luong
giac va cac cung lién két; hé thdng cong thire luong gidc (cong, nhan doi, ha bac, bién d6i
téng — tich); ham $6 luong giac (tap xac dinh, tinh chan 1¢é, tuan hoan, dd thi); phuong trinh
lugng gidc co ban va thuong gap.

« V& Ki ning: giai nhanh, chinh xac cac cdu hoi luong giac theo dinh dang bai thi danh gia
nang luc HSA cua PHQG Ha Noi (tréc nghiém 4 lya chon va dién dap an), dac biét cac dang
dém nghiém, tim gia tri 1on nhit — nho nhat, doc d6 thi va bai toan thuc té.

« V& tuw duy: nhin moi hién tugng tuan hoan (vong quay, thiy tridu, ngay dém, dong dién, 4m
thanh) bang “con mat hinh sin”.

I Poi twong va cach sir dung

Chuyén dé danh cho hoc sinh 16p 11, 12 6n thi HSA va tét nghiép THPT, gido vién day
chuong Ham s6 lwong gidc va phirong trinh lwong gide (Toan 11, Chuong trinh GDPT 2018) va
nhitng ai yéu toan.

Cau truc chuyén deé

Phin Noi dung Mikc d9
I Cau chuyén lich sir: tir Babylon, Hipparchus, Aryabhata dén Euler Doc hiéu
va Fourier
II Tir tinh huéng dén khai niém; hé théng cong thirc; ham sb lugng Co ban

giac; phuong trinh co ban

I 17 dang toan, hon 80 vi du phan tich chi tiét: Co ban = Olympic
Cau hoi kiéu HSA, dé thi tuyén sinh cac truong (1997 — 2002), dé
thi chung (2002 — 2014), d¢ hoc sinh gidi va Olympic

v Luong giac quanh ta: do dac, vong quay, thiy tridu, ngay dém, M6 rong
dong dién, am nhac
A" 74 bai tap chia 7 mirc 46, c6 dap sb va hudng dan Luyén tap
VI | DPap s6 va huéng din giai Ty kiém tra
VII Ké& hoach budi day, phiéu hoc tap, 5 dé luyén tap mo6 phong HSA Day hoc
(100 cau) c6 dap an

% V& bai thi HSA.

Theo thong tin cong b cho ki thi danh gia nang luc cia PHQG Ha Noi, phan Todn hoc va xir
Ii 56 liéu gdm 50 cAu trong 75 phit: 35 cdu tric nghiém 4 lua chon va 15 cau dién dap an.
Trung binh mdi cdu chi c6 khoang 1,5 phut, nén chuyén dé dic biét chu trong cic meo giai
nhanh, cich loai trir phwong 4n va cach kiém tra bing may tinh cam tay.
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PHAN 1. CAU CHUYEN LICH SU

TU BAU TROI XUONG TRANG GIAY

Luong giac khong sinh ra trong 16p hoc ma trén nhitng dai quan sat thién van. Sudt gan hai nghin
nim, nd 13 “nguoi hau” cua thién vin hoc: mudn biét vi tri cac vi sao, phai tinh toan véi goc va
cung tron. Chi tir thé ki XV, lugng gidc méi tré thanh mot mon hoc doc 1ap, va phai dén Euler (thé
ki XVIII), sin, cos méi tré thanh Adm sé nhu ta hoc ngay nay.

hé dém cao s6 60 bang day cung jya (ntra day) De triangulis: ham sin, cos thuat ngl
chia vong tron 360° dau tién > sin lugng giac doc lap trén dudng tron "radian"

Babylon Hipparchus Aryabhata Regiomontanus Euler J. Thomson
1800 TCN 150 TCN 499 1464 1748 1873

U D P SN G &

240 TCN 150 900 1595 1807
Eratosthenes Ptolemy al-Battani Pitiscus Fourier

do chu vi Almagest: sin, cos, tan dattén moi song la
Trai D4t dinh Ii Ptolemy trong thién van "Trigonometria" téng céc sin

Dong thoi gian gan bon nghin nam ciia heong gidc.
I 1. Babylon va con so 360

Nguoi Babylon (khoang 1800 nim TCN) ding hé dém co s 60. Nhiéu nha st hoc cho ring viéc
chia vong tron thanh 360 phan, mdi phan chia 60 phit, mdi phit 60 gidy, bat ngudn tir hé dém nay,
két hop voi viec mot nam c6 xap xi 360 ngdy. Tam dat sét Plimpton 322 (khoang 1800 nim TCN)
con chira mot bang cac bd ba s Pythagore ma mot s6 nha nghién ctru xem nhu mot dang “bang
luong giac” so khai, du cach hiéu nay van con tranh luan.

I 2. Hipparchus va bang diy cung (thé ki II TCN)

Hipparchus xtr Nicaea (khoang 190 — 120 TCN) thuong dugc goi 1a “cha dé cua lugng giac”. Ong
1ap bang diy cung: voi mdi goc 6 tim a ciia mot dudng tron ban kinh ¢ dinh, ghi d6 dai ddy cung
chin goc d6. Ngay nay ta biét day cung lién hé véi sin qua cong thic

a
crd @ = 2Rsin >
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cld o

crd o = 2R-sin(a/2)

Dady cung ciia Hipparchus chinh la “hai lan sin cia nira géc”.
I 3. Ptolemy va cudn Almagest (khoang nim 150)

Claudius Ptolemy & Alexandria viét bo sach thién van Almagest, trong d6 c6 bang day cung chi tiét
dén timg nira do. Dé lap bang, 6ng dung mot dinh 1i mang tén minh: trong tit gidc néi tiép, tich hai
dieong chéo bang tong cdc tich hai cdp canh doi. T dinh li Ptolemy suy ra dugc cac cong thirc ma
ngay nay ta viét 1 cong thic cong

sin(a + b) = sinacosb * cosasinb.

Nhu vay, cong thirc cong ma hoc sinh 16p 11 hoc thudc d co “phién ban hinh hoc” tir gin hai nghin
nam trudce.

I 4. An D§: chir “sin” ra doi tir mot 1an dich nham

Céc nha toan hoc An Do nhan ra rang lam viéc v6i nira ddy cung tién hon diy cung. Trong
Aryabhatiya (nim 499), Aryabhata goi nira day 1a ardha-jya, rdi goi tat 13 jya hay jiva (ddy cung
clia cdy cung). Nguoi A Rap phién am thanh jiba, nhung chir A Réap thuong khong ghi nguyén 4m
nén vé sau bi doc thanh jaib, nghia 1a “vinh, chd 16m, nép gip”. Khi dich sang tiéng Latin & thé ki
XII, jaib dugc dich nghia thanh sinus: chit sin ra doi tu do.

% Goc lich sir.

Chit cosin xuét hién mudn hon nhiéu: nim 1620, Edmund Gunter viét co-sinus, nghia 1a “sin
ctia goc phu” (complementi sinus). Chit tangent (tiép tuyén) va secant (cat tuyén) do Thomas
Fincke dat nam 1583.

’ B A 5 A , M . 5 y y . , . s
Chinh vi thé, “cos” cua mot goc bang “sin” cua gdc phu véi nd: cosa = sin{— — a ).
b % 4 2
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I 5. Thé gi6i Hoi gido: tir bong nang dén tang

Céc nha thién van Hoi gido nhu al-Battani (khoang 858 — 929) va Abu al-Wafa (940 — 998) hoan
thién bang sin va dung béng clia mdt ciy gy dé tinh thoi gian cau nguyén. Do dai bong cuia giy
cao 1 don vi khi Mit Troi & d6 cao @ chinh 13 cota: d6 1a ngudn gbe cua cac ham tang, cotang.
Nasir al-Din al-Tusi (1201 — 1274) 1a mét trong nhitng nguoi dau tién trinh bay luong giac nhu
mot mon hoc riéng, tach khai thién van.

I 6. Chau Au: lwgng giac thanh mon hoc ddc lap

Niam 1464, Regiomontanus hoan thanh cubn De triangulis omnimodis (Vé cdc loai tam gidc), in
nam 1533, trinh bay hé thong cach giai tam gidc phang va cau. Nam 1595, Bartholomaeus Pitiscus
dit tén cudn sach ctia minh 13 Trigonometria, va tir 8 mén hoc ¢ tén goi chinh thic. Frangois
Viéte (cudi thé ki XVI) tim ra nhidu cong thirc goc bdi va dung lugng gidc dé giai phuong trinh
bac ba.

I 7. Euler: sin va cos tré thanh ham s6 (1748)

Trong Introductio in analysin infinitorum (1748), Leonhard Euler dinh nghia sin va cos bang tea
dd ciia mét diém trén dwong tron don vi, tic 13 duong tron leong gidc trong sach gido khoa hién
nay, va coi chiing 1a ham s6 ciia mot bién s6 thyc. Ong ciing tim ra cong thirc noi tiéng

e = cosx + isinx,
ndi lién luong giac v6i ham mil. Thay x = 7 ta dugc e + 1 = 0, thuong dugc goi 1a “dang thirc
dep nhét cta toan hoc”.

I 8. Fourier: moi dao dong déu 1a tong cac hinh sin (1807)

Nam 1807, khi nghién ctru sy truyén nhiét, Joseph Fourier dua ra mot y tudng tdo bao: moi ham
tuan hoan (dii “tot”) déu cé thé viét thanh tong ciia cdc ham sin va cos. Y tudng ndy ban dau bi
nhiéu nha toan hoc hoai nghi, nhung ngay nay né 1a nén tang cua xir 1i Am thanh, hinh anh, nén dix
ligu (MP3, JPEG), dién thoai di dong va chup cong hudng tir (MRI).
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Fourier: cong cac song sin dé tao ra séng vudng
A
y

e = o

/2 3m/2 T x

——- séngvudbng —— téngdénsinix —— téngdénsin3x —— téng dénsin 5x === tdng dén sin 15x
Céng cang nhiéu séng sin, ta cang tién gan téi mot séng vuong.
I 9. Radian va lwgng giac ngay nay
Don vi radian (goc ¢ tam chan cung c6 do dai bang ban kinh) dugc dung tir thoi Roger Cotes va
Euler, nhung chit radian chi xuat hién ndm 1873 trong d¢€ thi do James Thomson soan tai Belfast.
. \ , ~ , s Ly . A .9 M . \ 1. Sinx
Radian lam cho céac cong thirc giai tich tré nén don gian, chang han (sinx)’ = cosx va hng — = 1
X—
chi dung khi x do bang radian.

O Viét Nam, theo Chuong trinh GDPT 2018, chu d& Ham sé lwong gidc va phiong trinh hrong
gidc 1a chuong dau tién cua Toan 11.

Luong giac xuat hién thuong xuyén trong dé thi t6t nghiép THPT va cac ki thi danh gia nang luc
nhu HSA, véi cac cau hoi dém nghi¢m, tim gia tri 16n nhét — nho nhat, doc dd thi va mo hinh hoa
thuc té.

Moi thir quay vong déu co mot ham sin an bén trong.
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PHAN II. TU TINH HUONG PEN KHAI NIEM

I Tinh hudng 1. Binh xe va quing duong

Banh xe dap c6 duong kinh 680 mm. Khi banh xe quay duoc 10 vong, xe di dugc bao xa? Moi
vong, mot diém trén vanh banh vach ra cung dai nd, nén quing duong 14 10 - - 0,68 ~ 21,4 m.
Néu banh xe chi quay mot goc a thi sao?

Ta can mot cach do goc gan truc tiép voi do dai cung: d6 1a radian.
I Tinh hudng 2. Vong quay khong 16

Mot cabin trén vong quay duong kinh 110 m, tim cao 60 m so voi mat dat. Khi vong quay di quay
mot goc a ké tir lac cabin & diém thip nhat, cabin cao bao nhiéu? Cau tra 16i h = 60 — 55cosa
cho thiy: do cao 1a mot ham s cia goc quay, va vi vong quay cir lap lai, ham s iy tudn hoan.

I Tinh hudng 3. Khi nao cabin & d9 cao 85 m?

, 5 LA A ) ~ X o - 1A \
Gidi 60 — 55cosa = 85, tuc cosa = — Co v0 s0 gbc théa man (moi vong quay hai lan), va ta

can biét tat ca ching: d6 1a phwong trinh lwgng giac.

Ba tinh hudéng dan téi ba khai niém tru cot ctia chuong: s6 do radian, ham soé lwong gidc va

phuong trinh luwong gidc.

Tat ca dugc xay dung trén mot hinh v& duy nhét: dwong tron lweng giac.

I 1. Géc lwong giac va sé do radian

Trén dudng tron ban kinh R, cung c6 d6 dai bang R dwoc goi 1a cung c6 sb do 1 radian.
Cung co s6 do a rad ¢co do dai Y = Ra. Taco mrad = 180°, nén 1 rad = (1%) ~ 57,3°

Y o T[
va1l® = —rad.
180
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cung dai R

Trad = 57,3° mrad =180° £ =R-a
Mét radian: géc & tam chdn cung c6 d¢ dai bang ban kinh.

Géc lwong gidc (Ou, Ov) 1a goc tao boi tia Om quay tir Ou dén Ov; chiéu dwong la chiéu nguoc
kim ddng hd. Cac goc luong giac cung tia dau, tia cudi c6 sd do sai khac nhau mot boi cua 27:
a+ k2n, k €Z.

I 2. Puwong tron lugng giac va gia tri lwgng giac

m Gia tri lwgng giac.

Trén dudng tron don vi (tAm O, ban kinh 1, chiéu dwong nguoc kim dong hd, gbe A(1; 0)), goi
M (x; y) 1a diém biéu dién goc a. Khi d6
sina cos

a
(cosa # 0), cota = — (sina # 0).
cosa sina

cosa = x, sina = vy, tana =
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(=1/2; v3/2)

(—v2/2; v2j2)  2T3

3n/4

(135°)

(-v3/2;1/2)
5n/6
(150°)

(120°)

(1/2; v3/2)

n/3
(60°)

(V2/2;v2/2)

(v3/2;1/2)

n/6
(30°)

s
(180°)

71/6
(210°)

(-v3/2; -1/2)
5n/4

(225°)

(—v2/2; —v2j2) A3

(-1/2; -v3/2)

(240°)

5n/3
(300°)

(1/2; -v3/2)

/4
(315°)

(V2/2; -v2/2)

1n/6

(330°)

Ccos

(v3/2; -1/2)

Puong tron luong gidc voi cdac goc ddc biét va toa do (cos; sin) tuong irng.

Bang. Gia tri lwgng giac cia cac goc dac biét

6 4 3 2
sina 0 1 V2 V3 1
2 2 | 2
cosa 1 V3 V2 1 0
2 | 2 2
tana 0 V3 1 V3 khong xac dinh
3
cota khong xac dinh V3 1 V3 0
3
Viét sin cua 0, E =z, E lan luot 1a £ g,g g ¥, : cos 1a ddy d6 viét nguoc lai. Dau theo géc
phén tu: “Nhat cd, nh_z sin, tam tan, tir cos™: goc phan tu I moi gia tri dwong; 11 chi sin dwong;
III chi tan, cot duong; I'V chi cos duong.
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Cac hé thirc co ban:

1 4+ cot?a = tana - cota = 1.

sin®a + cos?a =1, 1+ tan*a = ——, ——,
cos?a sina

I 3. Gia tri lwgng giac cta cac goc c6 lién quan dac biét

m Cung lién két — khiu quyét “cos ddi, sin bu, phu chéo, khac 7 tan”.

«  Cos doi: cos(—a) = cosa, sin(—a) = —sina, tan(—a) = —tana.

e Sinbu: sin(r — a) = sina, cos(m — @) = —cosa, tan(wr — a) = —tana.
, g s T . T
e Phu chéo: sin (E — a) = cosa, CoS (E — a) = sina, tan (E — a) = cota.

e  Khac w tan:

tan(m + a) = tana, cot(m + a) = cota, sin(r + a) = —sina, cos(m + @) = —cosa.
cos doi sin bu khac m: tan, cot phu chéo
n/2 - o

o m- a o N a

Bon cap goc lién két nhin trén dwong tron lwong gidc: cdc diém doi xieng qua truc hoanh, truc tung, goc toa dg va
dwong phan gidc.

I 4. H¢ thong cong thirc lwgng gidc

Bang. Cac cong thirc lwgng gidc can thudc

Nhom Cong thirc

Cong thirc cong cos(a + b) = cosacosb + sinasinb; sin(a + b) = sinacosb + cosasinb;
tanattanb
tan(a + b) = ——m—
1+tanatanb
Nhan doi sin2a = 2sinacosa; cos2a = cos?a — sin’a = 2cos?a — 1 = 1 — 2sin?a;
2tana
tan2a = ———.
1-tanZa
Nhan ba sin3a = 3sina — 4sin3a; cos3a = 4cosa — 3cosa.
A 1+cos2a . 1-cos2a
Ha béc cos?a = ; sin’a = _
r A A 1
Tich thanh tong cosacosbh = > [cos(a — b) + cos(a + b)];
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Nhom ’ Cong thire

. . 1

sinasinb = 3 [cos(a — b) — cos(a + b)];
. 1, . .

sinacosb = > [sin(a — b) + sin(a + b)]

A A ’ + - ) + ) =
Tong thanh tich cosu + cosv = 2COSuZ—vCOS uTv; COSU — COSV = —251nuz—vsm uz—v;

g g . utv u—-v g o ut+v . u-v

sinu + sinv = ZSIDTCOS = sinu — sinv = 2cosTsm -

Gop asinx + bcosx - — /g2 2 Gi x —_4a oo b
asinx + bcosx a? + b? sin(x + ¢) vai cose T SINQ = ——si.

A Biy thwong gip. ‘

sin(a + b) # sina + sinb; sin2a # 2sina; cos?a la (cosa)?, khong phai cos(a?).
1—cos2x
2 b

Khi dung cong thirc ha béc, dimg quén hé sb %: sin®x = khong phai 1 — cos2x.

m Chirng minh céng thirc cong chi bang khoang cach.

Lay M(cosa; sina), N(cosb; sinb) trén duong tron don vi.

Theo dinh 1i cosin trong tam gidc OMN (géc MON = a — b): MN? = 2 — 2cos(a — b).
Theo cong thuc toa do:

MN? = (cosa — cosb)? + (sina — sinb)? = 2 — 2(cosacosb + sinasinb).

So sanh hai két qua: cos(a — b) = cosacosb + sinasinb.

Moi cong thirc khac déu suy ra tir cong thirc nay!

I 5. Ham s6 luwong giac

Bang. Tinh chét bon ham sb lwong giac

Tap xac dinh R R X % — 4 ki x + km
Tap gia tri [—1;1] [—1;1] R R
Chén — 1¢ 1é chén 1¢ 1é
Chu ki 2n 2n s s
Pong bién trén (_ m + k2 r + k27‘[) (-7 + k2m; k2m) | mdi khoang xac dinh khong co
2 "2
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CHUYEN PE LUQNG GIAC — Tir thu6e do bau troi dén dé thi HSA TEAM Ceral

Yy = Cosx

. e a T 371_ . A I3 R 9 4 .
Nghich bién trén (E + k2 o i k27r) (k2m; m + k2m) khong c6 moi khoang xac dinh

y chukiT = 21

=21 \

— ) = SN X

==y =COSX

Do thi ham s6 y = sin x va y = cos x: hai “séng” léch nhau n/2.

y =tan x (chukim) y =cotx (chukim)
; A ; ; ; A
Y : : y
1 1
-T —11;/2 A n?2 1 X —11 -1/ 1 /2 n X

D6 thi ham s y = tan x va y = cot x: ¢6 tiém cdn dimg, chu ki .

% Chu Ki ctia ham “bién dang”.

Ham y = Asin(wx + ¢) + B hoacy = Acos(wx + @)+ B (A # 0, w # 0)cc’>chukiT=2—7r

lw|®

gia tri 16n nhat B + |A|, nho nhit B — |A|. Him y = tan(wx + ¢) c6 chu ki IZ_I Chu ki cua

tong hai ham tuan hoan 13 béi chung nhé nhdt cia hai chu ki (néu c6).
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I 6. Phuong trinh lwgng giac co ban

m Cong thirc nghiém (

k € 7).

sinx = sine © x = @ + k2w hoac x = — a + k2m. (C6 nghiém khi |m| <1 véi
sinx = m.)
cosx = cosa © x = a + k2m hoac x = —a + k2m.

tanx = tana © x = a + km; cotx = cota © x = a + km.

Pac biét: sinx = 0 © x = km;sinx = +1 © x = i§+ k2m; cosx =0

®x=§+kn;cosx=1<:)x=k27t;cosx=—1<:)x=7r+k2n.

sin x = 1/2: hai ho nghiém, 1&p lai sau méi 2m

5m/6 + k2mn /6 + k21 1

Nghiém ciia sin x = 1/2: hai diém trén dwong tron, ldp lai méi vong 2.

I 7. Quy trinh gidi phwong trinh lwgng giac

Pit didu kién (néu co tan, cot, mau sb, cin).

Pwa vé mét ham, mdt cung bang cong thic: cung lién két, nhan déi, ha bac, tong — tich.
Nhin dang: phuong trinh co ban; bac hai theo mot ham; asinx + bcosx = c; dang cap;
phuong trinh tich.

Poi chiéu diéu kién va (voi cdu hoi HSA) dém hoidc chon nghiém trén khoang dé cho, nén
vé duong tron lugng giac hodc do thi dé dém.

% Bing tra nhanh cho phong thi.

asinx + bcosx = cc6 nghiém < a? + b? > c2. Gia trj 16n nhét, nho nhét cia asinx + bcosx
la +va? + b2. Phuong trinh sinx = m (hay cosx = m) vdi [m| < 1 c¢6 ding 2 nghiém trén
mdi nira khoang c6 do dai 2.
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PHAN III. CAC DANG TOAN VA Vi DU PHAN TiCH

Phan nay gom 17 dang toan, sap xép theo diing mach kién thtrc ctia chuong va theo mirc do ting
dan. Dang 1 — 13 viét theo dinh dang cau hoi HSA (tric nghiém 4 lua chon hodc dién dap an);
Dang 14 — 17 tuyén chon cac bai trong dé thi tuyén sinh Pai hoc tir nam 1997 va dé thi hoc sinh
gioi, Olympic. Mdi vi du, co phdn tich (vi sao nghi nhu vay), loi gidi (trinh bay thé ndo) va nhdn
xét (meo lam nhanh trong phong thi).

I Dang 1. Géc lwong giac, sé do radian, d9 dai cung

% Phwong phap.

Poi don vi: a° = 1% rad. P6 dai cung £ = Ra (a tinh bang radian).

Céc goc a + k2m (hay a° + k360°) ¢ ciing diém biéu dién trén duong tron luong giac.

Goc c6 s6 do 135° d6i sang radian 1a

Loi gidi. 135° = 2% = 3% Chon A.
180 4

Kim phut ctia mot chiéc dong hd treo tudng dai 10 cm. Trong 20 phat, dau kim phit vach ra
mot cung dai bao nhiéu centimét (1am tron dén hang phan mudi)?

Phan tich. Kim phuat quay mot vong (2m) trong 60 phut, nén 20 phuat g véi % vong, tlrc %ﬂ rad.

Li gii. £ = Re = 10 - = ~ 20,9 cm. Dap sb: 20,9

Trén duong tron lugng giac, diém biéu dién goc —1000° trang v6i diém biéu dién goc nao dudi
day?
A. 80°. B. —80°. C. 280°. D. 100°.
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Loi gidi. —1000° + 3 - 360° = 80°. Chon A.

A By thuong gip.

Phuong an B 1a biy cho ai iy —1000° + 1080° r6i d6i diu nham; phuong 4n C 1a biy cho ai
cong 1080° nhung lai trir thém 360° nguoc chiéu. Ludn kiém tra: sé do méi phai hon kém sb
do cti dung mot boi ctia 360°.

I Dang 2. Gia tri hrong giac, dau va cung lién két

% Phuwong phap.

Biet mot gia tri lugng gidc va goc phan tu, dung sin®a + cos?a = 1 dé tim cac gia tri con lai,
16i chon dau theo goc phan tu. Biéu thire thuan nhat theo sin, cos (cting bac & tir va mau): chia
c4 tir va mau cho cos™a dé dua vé tana.

. 3_,.m e .
Cho Slﬂd=gV0’1;<d<Tl’. Gia tri cia tana la

A =2 B.2. c.-2 D.2
4 4 3 3
Léi giai. Vi a thudc goc phan tu IT nén cosa < 0: cosa = — J 1-—=-=
Do d6 tana = 25— 2 Chon A.
-4/5 4

2sina+cosa

Cho tana = 2. Tinh gid tri cua P =

sina—3cosa’

2tana+1 5 - X
= — = —5. Pap so: -5

tana-—3 -1

Rt gon biéu thirc A = cos(m — x) + sin G + x) + tan(m + x) - cotx (v6i x 1am biéu thic c6

Loi giai. Chia tir va mau cho cosa # 0: P =

nghia).
A. 1. B. 2cosx + 1. C.0. D. —1.
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Loi giai. cos(m — x) = —cosx; sin (% + x) = cosx; tan(m + x) = tanx.

Vay A = —cosx + cosx + tanxcotx = 1. Chon A.

Tinh P = tan1® - tan2° --- tan89° va S = sin?Y + sin?%’ + --- + sin?8%",

Phén tich. Hai goc phu nhau: tan(90° — x) = cotx va sin(90° — x) = cosx. Ghép s6 hang dau
v6i s6 hang cubi.

Loi giai. Ghép tank® - tan(90 — k)° = tank°cotk® = 1 v6i k = 1, ...,44, cOn lai tan45° = 1:
P = 1. Tuong tu sin?k° + sin?(90 — k)° = sin®k° + cos?k° = 1 cho 44 cip,

thém sin?45" = %: S =445,

I Dang 3. Cong thirc cong, nhan doéi, ha bac

Gia tri ciia cos15° la
o VBT g Y67 B o
4 4 2 2
Loi giai.
cos15° = cos(45° — 30°) = cos45°cos30° + sin45°sin30° = g ' ? + g ' % - Jg:ﬁ
Chon A.

Meo loai trir: cos15° rat gan 1 (khoang 0,966).
Phuong 4n B = 0,259, D = 0,354, C =~ 1,366 > 1 déu bi loai ngay bang uéc luong.

. 1 . X
Cho sina = . Gia tri cua cos2a la

AL B.L. c. -2 D.
9 9

\D_IGJ
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Loi gidi. cos2a = 1 — 2sina =1 — g = g. Chon A. (Khong can biét ddu cua cosa!)

) 1 .., )
Cho sinx + cosx = p Tinh sin2x.

Lai gidi. Binh phuong: 1+ 2sinxcosx = =, nén sin2x = —= = —0,75. Dép sb: ~0,75

’ T 2T
Tinh A = cos;cos =

Phan tich. Tich cac cos c6 goc gap doi nhau: nhan va chia cho sin cua goc nho nhat roi dung
lién tiép cong thirc nhan doi.

e ene . T 1 . 2m 21 1 . 4m 1 . 7 v . T A 1
Loi gidi. sin-+- A4 = -sin—cos— =-sin— =-sin—-. Visin-# 0nén 4 = -.
5 2 5 5 4 5 47 05 5 4

I Dang 4. Bién ddi t(x)ng — tich, d?lng thirc va nhan dang tam giac

Tinh B = cos20° + cos100° + cos140°.

| Loi giai. c0s100° + cos140° = 2c0s120°cos20° = —cos20°. Vay B = 0. Pap so6: 0

Ba goc 20°,140°, 260° (v6i cos260° = cos100°) chia déu vong tron: tong ba vecto don vi 1éch
nhau 120° bang vecto khong, nén tong cac hoanh d6 bang 0. Pay la “nguyén li ba pha” cia dién
ludi!

sinx+sin3x+sin5x ;

ang
A. tan3x. B. tanx. C. cot3x. D. tan9x.

Véi x 1am biéu thirc c6 nghia,
cosx+co0s3x+cos5x

Loi gidi. sinx + sin5x = 2sin3xcos2x, cosx + cos5x = 2cos3xcos2x.
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T = sin3x(2cos2x + 1), mau = cos3x(2cos2x + 1). Biéu thirc bang tan3x. Chon A.

Tam gidc ABC c6 sinA = 2sinBcosC. Tam giac ABC la tam giac
A. can tai A. B. vuong tai A. C. déu. D. can tai B.

Phin tich. Trong tam giac, A = m — (B + C) nén sind = sin(B + C): dwa vé mot hé thirc chi
chua B, C.

Loi giai. sin(B + C) = 2sinBcosC < sinBcosC + cosBsinC = 2sinBcosC
& sin(C —B) = 0. Vi |C — B| < tnén B = C: tam giac can tai A. Chon A.

I Dang 5. Ham s6 lwong giac: tp xac dinh, tinh chin 1¢, chu ki

Tap xac dinh cta ham ) y = tan (Zx - g) la

A. R\ {j—’; + "2—”} B. R\ {i—’; + kn}.

C.R\[Z+7}. D. R\ {Z + kr}.

2

Loi gidi. Can 2x — = # 2+ k& x # 2+ =% Chon A.

Ham s6 nao sau day la ham s6 chan?

A.y = xsinx. B. y = sinxcosx. C.y = tanx + sinx. D.y = xcosx.

Loi giai. Voi f(x) = xsinx: f(—x) = (—x)sin(—x) = xsinx = f(x), tip xac dinh R ddi
xtng: ham chin. Ba ham con lai déu 12 ham 1é. Chon A.

Quy tac nhanh: 1é X 1¢ = chn, chin x 1¢ = 1¢ (giéng quy tic nhan dau). Ham x, sinx, tanx 1¢;

ham cosx, x2, |x| chan.
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Chu ki tuan hoan ctia ham sé y = sin2x + cos3x la

A.T. B. 2. c.Z D. 6.

e ea. . . . V2T A , Ao oo \ 2T
Loi gidi. sin2x c6 chu ki 7, cos3x ¢6 chu ki 5 Boi chung nho nhat cua  va ey la 2.

Chon B.

I Dang 6. Gia tri 16n nhit, nhé nhat va tap gia tri

% Ba cong cu.

(1) —1 < sinu,cosu < 1. (2) —Va? + b? < asinx + bcosx < Va? + b%. (3) Pat t = sinx
(hodc cosx), t € [—1; 1], rdi khao sat ham bac hai/bic ba trén doan.

/3 SiN X + COS X = 2 sin(x + T/6)

R = v(a%+b?) = 2

a=+v3

-2

Gop \3 sin x + cos x thanh 2 sin(x + w/6): bién do b(ing do dai vecto (a; b).

Goi M, m lan luot a gia tri lon nhét va nho nhit cia ham sb y = 3sinx + 4cosx + 1.
Tinh M — m.

Loi gidi. —5 < 3sinx + 4cosx < 5nén M = 6, m = —4, M —m = 10. Pap s6: 10

Gi4 tri 16n nhat cia ham sé y = cos2x + 2sinx 1a

A. % B. 3. C.1. D. 2.
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Loi gidi. y = 1 — 2sin®x + 2sinx. Dat t = sinx € [—1;1]: y = —2t? + 2t + 1, dat gi4 tri 1én
nhat tai t = %z y = z Chon A.

A Biy thwong gip.

Phuong 4n B (= 3) 1a biy cho ai ly riéng maxcos2x + max2sinx = 1 + 2: hai gié tri 16n nhat
khong dat cung luc (khi sinx = 1 thi cos2x = —1).

® Vi du 20.

Gi4 tri nho nhat ctia y = sin*x + cos*x 1a

A. % B. 0. C. D.1.

Eal

N, e c : 1 . 1 .z Ny o g
Loi gidi. y = (sin’x + cos?x)? — 2sin*xcos®x = 1 — ~sin*’x > -, dau bang khi sin**x = 1.
Chon A.

I Dang 7. Poc va bién d6i dé thi ham so lwong giac

Hinh bén 1a d6 thi ciia ham s6 y = Asin(wx + @) + Bv6i A > 0, w > 0, — < @ < 0. D6 thi
c6 diém cao nhét (j—’zf ; 3) va diém thép nhét lidn sau 1a (111—2” ; —1). Tinh 4 + B + w.

(51/12; 3)

v

/ /6 5m/12 2m/3 W 7mn/6 X

(Mm/12; -1)

Poc bién do, truc can bdng va chu ki tir do thi.
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Phin tich. Bon tham s, bon “thong tin” trén d6 thi: bién do A = ntra khoang cach giita dinh va
day; B = tryc can bang; ntra chu ki = khoang cach hoanh d¢ gitra dinh va day lién k&; ¢ tim tir
toa do dinh.

Loigiai.A=""=2p=2C0=1

7 3 11m 51 T A 2 21 2 g 51 b4 13

Notachuki=—-—=—-nénT=nvaw=—=2 Taidinh: 2- —+¢p=-=>¢=—-
12 12 2 T 12 2 3

(thoa min). Viy A + B + w = 5. Pap s6: 5

Trén doan [0; 27, d6 thi hai ham sd y = sinx va y = cosx cét nhau tai bao nhiéu diém?
A. 2. B. 1. C.3. D. 4.

Loi gidi. sinx = cosx S tanx =1 & x = %4— km. Trén [0;27]: x = E, x E%T. Chon A.

(Xem hinh db thi sin, cos & Phan II.)

. s A A . \ A . , . T . A . 5 \ A
Tinh tién d6 thi ham s6 y = sinx sang trai 3 don vi ta dugc do thi cia ham so

A.y = cosx. B.y = —cosx. C.y = —sinx. D.y = sinx + g

Loi giai. Tinh tién sang tréi g: y = sin (x + g) = cosx. Chon A.

I Dang 8. Phwong trinh co ban va bai toan dém nghiém

% Ba cach dém nghiém trén mét khoang.

(1) Viét ho nghiém x = a + k 27” roi giai bat phuong trinh theo k € Z. (2) V& duong tron luong
giac, dém sb diém va s6 vong. (3) V& do thi, dém giao diém véi duong thing nim ngang. Vi
HSA, cach (3) thuong nhanh nht.

Phuong trinh sin (Zx — g) _ ¢6 bao nhiéu nghiém thudc doan [0; 27]?

2
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Loi giai. 2x—§=§+k2nhoéc 2x—§=2?n+k27r,tﬁ’cx=§+knhoécx=§+kn.Trén

41
3

Y
[0, 27'[].;,

T 31 , X
i Dap so: 4

Goi S 1a tong cac nghiém ctia phuong trinh cos2x = % trén doan [0; 2rr]. Tinh %

Trén [0; 2m], phuong trinh cos 2x = 1/2 ¢ dung 4 nghiém

Bén giao diém ciia y = cos 2x voi dwong thang y = 1/2 trén [0; 2x].

m 5t 7m 11w 241
]Zg,? .S =—=14m.

Loi gidi. 2x = £ + k21 & x = £ + kn. Trén [0; 2 e ;

)

Pap s6: 4

% Nhan xét.

L., A . Re __ ¢ 2 9 2 \ 3 A ,
Meo doi xing: do thi y = cos2x doi xing qua cac duong thang x = g va x = 7”, nén cac
oA z 2 2 o Ro & 20 O 2 7 ,. 11 2
nghiém ghép thanh ting cdp doi xiung: % voi ?” (tong m), ?” voi Tn (tong 3m).

Vay S = m + 3m = 47 ma khong can liét ké timg nghiém.

® Vi du 26.

S6 nghiém cua phuong trinh tan (x + %) = /3 thudc khoang (—m; ) 1a
A. 2. B. 1. C.3. D. 4.

L(‘)’igiﬁi.x+%=§+kn=>x=%+kn.

Thude (—m;m): k = 0 (x = %) vak = —1 (x = —). Chon A.
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Dang 9. Phuwong trinh bac hai theo mgt ham, phwong trinh asinx + bcosx = c,

phwong trinh dzzlng Cf,lp

# Vi du 27. (Dé thi tuyén sinh Dai hoc khdi A, A1 nim 2012)

Giai phuong trinh v/3sin2x + cos2x = 2cosx — 1.

Phan tich. Vé phai c¢6 “—1”, vé trai ¢6 cos2x = 2cos?x — 1: hai so —1 triét tiéu, xuat hién
nhan tir chung cosx.

Loi gidi.

Phuong trinh & 2+/3sinxcosx + 2cos?x — 2cosx = 0 < ZCosx(\/§sinx + cosx — 1) = 0.
. cosx=0<=x=§+kn.
e 3sinx+cosx =1 sin(x+§) =%(:>x = k2m hoac x =2?”+k2n.

Vay nghiém: x = g + km, x = k2w, x = 2?” + k2m (k € Z).

Phuong trinh 2cos?x — 3cosx + 1 = 0 ¢6 bao nhiéu nghiém thudc doan [0; 27]?

Lb-igiéi.Datt=cosxe[—1;1]:2t2—3t+1=0=>t=1hoact=§.cosx=1

1 T 5 , A
chox=0,x=2n;cosx=50hox=;,x=?.f)apso:4

A Biy thwong gip.

Rat nhiéu ban dém cosx = 1 chi ¢6 1 nghiém trén [0; 2] va tra 16i 3. Poan déng [0; 2] chua
ca hai ¢du mat 0 va 27!

Phuong trinh v/3cosx — sinx = v2 ¢6 nghiém la

A.x=l+k2nhoécx=—5—"+k2n. B.x = — + k.
12 12 12

C.x=5—”+k2nhoécx=—£+k2n. D.x = + =+ k2.
12 12 4

L&i gidi. Chia hai vé chov/3 + 1 = 2: \/;cosx —%sinx = \/75 & cos (x +%) = cos%
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© x +5 =+ 2+ k2m. Vay x = =+ k27 hodic x = — 2 + k2. Chon A.

Giai phuong trinh sin®x — 3sinxcosx + 2cos?x = 0.

Loi gidi. cosx = 0 khong thoa man (khi d6 sin?x = 1 = 0).
Chia hai vé cho cos?x: tan?x — 3tanx + 2 = 0 & tanx = 1 hodc tanx = 2.

Vay x = % + km hoac x = arctan2 + k.

C6 bao nhiéu s6 nguyén m dé phuong trinh msinx + (m + 1)cosx = 2m + 1 ¢6 nghiém?
A. 2. B.1. C.3. D. Vo sb.

Loi giai. Pidukién a? + b2 > c2m? + (m+1)? > 2m+1)? ©2m? +2m <0

& —1 <m < 0.C6 2 s6 nguyén. Chon A.

I Dang 10. Phwong trinh dwa vé dang tich

% Dau hiéu nh6m nhan ti. ‘

Thiy sin2x di cing sinx va cosx; thdy cos2x = (cosx — sinx)(cosx + sinx); thiy 1 +
sinx+cosx £ 2 9 o - . ;o , X ‘A A \
tanx = ————; thay tong hai sin hodc hai cos cd goc cach déu. Muc ti€u ludn la: phwong

trinh tich cua cac phwong trinh co ban.

¢ Vidu 32. (Dé thi tuyén sinh Pai hoc khdi A, Al nim 2014)

Giai phuong trinh sinx + 4cosx = 2 + sin2x.

Loi gidi. Phuong trinh & sinx — 2sinxcosx + 4cosx —2 = 0

< sinx(1 — 2cosx) — 2(1 — 2cosx) =0
& (sinx — 2)(1 — 2cosx) = 0. Vi sinx — 2 < 0 nén cosx = %
Vs
3

oSx=1+—+k2n
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# Vi du 33. (Dé thi tuyén sinh Dai hoc khdi A, A1 nam 2013)

Giai phuong trinh 1 4 tanx = 2+/2sin (x + %)

Loi giai. Didu kién cosx # 0. Vi 2v/2sin (x + %) = 2(sinx + cosx),

sinx + cosx . .
——— = 2(sinx + cosx) & (sinx + cosx)(1 — 2cosx) =0
cosx
e sinx+cosx=0&tanx =-1<Sx = —%+kn.

1 s ” . A 5 ~ <A N
* COSX=-&x= + 3 + k2m. Ca hai ho déu thdéa man diéu kién.

¢ Vidu 34. (Dé thi tuyén sinh Pai hoc khbi B nim 2013)

Giai phuong trinh sin5x + 2cos?x = 1.

e eoe A - g Y
Loi gidi. 2cos?x — 1 = cos2x, nén sin5x = —cos2x = sin (2x — E)'

. 5x=2x—£+k2n=>x=—£+k2—n.
2 6 3

. 5x=n—2x+£+k2n=)x=3—n+k2—”.
2 14 7

@ Vi du 35. (D¢ thi tuyén sinh Dai hoc khéi D ndm 2013)

Giai phuong trinh sin3x + cos2x — sinx = 0.

Loi giai. sin3x — sinx = 2cos2xsinx. Phuong trinh & cos2x(2sinx + 1) = 0.

bis km
. c052x=0=)x=z+7.

. sinx=—%@xz—%+k2nhoécx=%+k2n.

I Dang 11. Phwong trinh lwong giic chira tham so

Tim tit ca cac gia tri cia m dé phuong trinh cos2x — (2m + 1)cosx + m + 1 = 0 ¢6 nghiém
thudc khoang (g, 37”)

A.—1<m<D0. B.—-1<m<Q0. C.m<Q0. D.—1<m

IA
N |-
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Phin tich. Thay cos2x = 2cos?x — 1 dugc phuong trinh bac hai theo t = cosx c6 nghiém
“dep” t = % Trén khoang da cho, cosx € [—1;0).
Loi giai. Phuong trinh & 2cos?x — (2m + 1)cosx + m = 0
< (2cosx — 1)(cosx —m) = 0.
m 31

Voix € (5, 7) thi cosx € [—1;0), nén cosx = %kh(‘)ng c6 nghiém trong khoang;

can cosx = m co nghiém, ttc —1 < m < 0. Chon A.

C6 bao nhiéu s6 nguyén m dé phuong trinh sinx — 2sinx + m = 0 ¢6 nghiém?

Loi giai. Pat t = sinx € [-1;1]: m = —t? 4+ 2t = g(t). Trén [—1;1] ham g dong bién,
g(—1) = =3, g(1) = 1. Phuong trinh c6 nghiém & m € [—3; 1]: c6 5 s6 nguyén.

Pap s6: 5

C6 bao nhiéu sé nguyén m dé phuong trinh 2sinx + m = 0 c6 ding hai nghiém thudc doan
[0; ]?

Loi giai. sinx = — % Trén [0; 7r], dudng thang y = s cét d6 thi y = sinx tai dung hai diém khi
0 < s <1 (khis = 0 co6 hai nghi¢ém 0 va r; khi s = 1 chi c6 mt nghi¢m).

Viy0< -=<1®-2<m<0:mE€ {~1;0}. Dipsb: 2

I Dang 12. Bai toan thuc té: vong quay, thiy triéu, ngay dém, dong dién, do dac

% Quy trinh 3 budée.

(1) Nhan ra mé hinh y = Asin(wt + @) + B hodc tam giac vudng; (2) xac dinh tham sé: B 1a
muc trung binh, |A| 1a bién 49, w = Z?E; (3) giai phuong trinh/bat phuong trinh lugng gidc va

tra 101 theo don vi, cach lam tron dé yéu cau.

Mot vong quay c6 duong kinh 110 m, diém thap nhat cich mit dat 5 m, quay déu mot vong hét

15 phit. Do cao ctia mot cabin sau t phut (tinh tir lac cabin ¢ diém thap nhat) 1a
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2mt
h(t) = 60 — 55COSE (mét)

Trong mdt vong quay, cabin & do cao khong dudi 85 m trong bao nhiéu phat (1am tron dén
hang phan mudi)?

h(t) = 60 - 55 cos(2mt/15)

120 A

100 A
h=85m

115 m
d6 cao h (m)
D (0]
o o
L L

B
o
I

N
o
I

0 5 10 15 20 25 30
thdi gian t (phut)

Vong quay khéng 16 va do thi dg cao ciia cabin theo thoi gian.

Loi gidi. h > 85 & cos < -2 bat f = arccos (— i) ~ 2,0428.
15 11 11

15(2n-2p)
Vs

Trong mot vong, 21i5 € [B; 2m — B], khoang thoi gian = ~ 5,2 phut. Pap so: 5,2

& Vi du 40.

O mot cang bién c6 ché do nhat tridu, myuc nude t gio sau 0 gio dwoc md hinh hoa boi h(t) =
2 + 1,5sin % (mét), 0 < t < 24. Mot tau chi ra vao cang an toan khi myc nude tr 3 m tro
1én. Trong mot ngay, thoi gian tau c6 thé ra vao cang 1a bao nhiéu gio (1am tron dén hang phan

mudi)?
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Muc nudc h(t) = 2 + 1,5 sin(mt(t - 6)/12) (md hinh nhat triéu)

4

muc nuéc (m)

0 6 12 18 24 30 36 42 48
git ké tif 0 h ngay thd nhat

o

Muc nuoc bién theo mé hinh nhdt triéu: mot lan nucc lon, mot lan nuwdc rong moi ngay.

n(t—6)

Léi gidi. h > 3 < sin ==
Véi y = aresin ~ 0,7297: "2 e [y;m —y] © t € [8,79; 15,21]. Thoi gian ~ 6,4 gid.

Pap s6: 6,4

S6 gior ¢6 anh sang Mat Troi trong ngéy thr d cua nam (khong nhuén) & Ha Noi dugec mé hinh

hoa boi L(d) = 12,1 + 1,25sin———— zn(d ) Hoi co khoang bao nhiéu ngay trong nam c6 hon 13

gio anh sang (1am tron dén hang don vi)?

Do dai ban ngay & Ha No6i (mé hinh gan dung)

ha chi = 13 giG 21 phut

13 7

ang

dgcon

12 A

s6 gi

11 A déng chi = 10 gis 51

T T2 T3 T4 TS T6 T7 T8 T9 T10 ™ T2

Do dai ban ngay o Ha Noi theo mé hinh hinh sin.
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2m(d—80)

> 0,72.
365

Loi giai. L > 13 © sin
V6i 6 = arcsin0,72 =~ 0,8037, s6 ngay ~ % (r — 28) ~ 89 ngay (tir khoang giira thang 5 dén

gitra thang 8).

: 2n(3r16;80) _ % tic d ~ 171, khoang ngay 20 thang 6 (ha chi). Pap s6: 89

Ngay dai nhét ing v

Dién 4p 6 cim dién 1a u = 220+/2sin(1007t) (V), t tinh bang gidy. Trong khoang thoi gian
0 <t < 1, dién ap bang dung 220 V bao nhiéu 1an?

Bién ludi Viét Nam: u = 220v2 sin(100mtt)
................ Uo.5.22Q0Y2 2 311V

Y hittraung =226-Y----

-200 A

_400 . <r =20 ms (50 HZf

0 10 20 30 40 50 60 70 80
t (ms)

Dién dp xoay chiéu 220 V — 50 Hz: mdi chu ki 20 ms.

Lo gii. u = 220 < sin(100mt) = % Chuki T = —— = 0,02 s; mdi chu ki c6 diing 2 thoi

100m

diém thoa man. Trong 1 gidy c¢6 50 chu ki, nén c6 100 lan. Lan dau tién: 1007t = % et=

0,0025 s = 2,5 ms. Pap s6: 100

Tir diém A trén mit dat nhin dinh cot co dudi goc 40°; tir diém B cach A 20 m (thang hang véi
chan ct, xa hon) nhin dinh cgt dudi goc 30°. Chiéu cao cdt c& khoang bao nhiéu mét (1am tron

dén hang don vi)?
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2t ,\/
~130° ~\40°
-1 X H

— >
AB=20m

Do chiéu cao cot co bang hai goc nhin.

Loi giai. Goi chiéu cao 1a h.
Ta co HA = hcot40°, HB = hcot30°, nén AB = h(cot30° — cot40°) = 20.

20 20 (£
Suyra h = ~ ~ 37 m. Pap so: 37
cot30°—cot40°  1,7321-1,1918

& Vi du 44.

Mot vt dao dong diéu hoa theo phuong trinh x = Scos (47t +2) (cm), ¢ tinh bing gidy. Tho

diém dau tién (¢t > 0) vat di qua vi tri can bang 1a

1 1 1 1
A.—s. B. —s. C.-s. D.-s.
24 12 8 6

N ene k 9.2 10 - A1
nglal.xz0(:>4nt+g=§+kn(:>t=$+Z.Glatr1du0'ngnhonhatlat=is.

Chon A.

m(t—-9)

Nhiét d6 ngoai troi trong mdt ngay hé duge moé hinh hoa bai T(t) = 28 + 4sin - (O, tla

gio trong ngay, 0 < t < 24. Trong ngay, nhiét o tir 30°C trd 1én kéo dai bao nhiéu gio?

Loi giai. T > 30 & sin 2>~ "2 e |5 %] o t € [11;19]. Kéo dai § gio, nong

nhat lac 15 gio (32°C). Pap so: 8
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Bién béo giao thong cho biét mot doan duong c6 do déc 8% (ctr di ngang 100 m thi 1én cao 8
m). Géc nghiéng cia mat dudng so v6i phuong ngang khoang bao nhiéu d6 (1am tron dén hang
phan muoi)?

Loi giai. tana = 0,08 = a = arctan0,08 ~ 4, 6°. Con s6 “8%” nghe 16n nhung goc that sy
chua toi 5°! Pap so: 4,6

I Dang 13. Nang cao — nhirng y twéng Olympic

Chitng minh sin18° = ¥,

Tam giac vang:

36° xM1=1x-1)
= x = (1+v5)/2
= sin 18° = 1/(2x)
=(V5-1)/4
)4
D
72 1 72°

Tam giac can co goc o dinh 36°: dwong phan gidc chia tam giac thanh hai tam gidc can.

Léi giai. Cdch dai s6: dat x = 18° thi 2x = 90° — 3x,
nén sin2x = cos3x: 2sinxcosx = 4cos3x — 3cosx.
Chia cho cosx # 0: 2sinx = 4(1 — sin?x) — 3 © 4sin’x + 2sinx — 1 = 0.

—144/5
.

Visinx > 0: sin18° =
Cdch hinh hoc: trong tam gidc ABC can tai C c6 goc dinh 36°, canh day bang 1, phan giac AD
tao ra cac tam giac can, dan t6i canh bén x théa x> = x + 1, x = 1+2—‘/§ (ti s6 vang); ha duong

\ q ° 1
cao tur C duoc sinl18° = s
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® Vi du 48. (IMO 1963, Bai 5)

, . M T 2T 3T 1
Chung minh rang COS— — COS— + cos— =-.

A os . 2n 5T 2. ,:1a T 3n 5T 2 . L 1A
Phan tich. Vi COS— = —CO0S—, Ve trai la S = cos ~ F cos— + cos—: tong cac cos €O goc lap

A A A A I T X R o
cap so cong. Nhan voi ZSIH; de tong “co lai”.

e o . T . 2T . 4m . 2T . 6T . 4Am . 6T . T
Loi giai. Zsm; S = sin— + (smT — smT) + (sm7 — smT) = sin— = sin .

av S =1
VayS—Z.

@ Vidu 49. (AIME 1999, Bai 11)

Biét ¥:35, sin 5k° = tan %, trong d6 goc tinh bang do, m, n 1a cac sd nguyén duong nguyén to

cung nhau Vé% < 90. Timm + n.

Loi giai. Nhan tong S véi 2sin2,5° va dung 2sinasinb = cos(a — b) — cos(a + b), tong co
lai:

2sin2,5°-S = cos2,5° — cos177,5° = 2cos2, 5°.

Suyra S = cot2,5° = tan87,5° = tan%s. Vaym+n = 177.

Tinh P = sin10°sin30°sin50°sin70°.

Phan tich. Dung dang thirc sinxsin(60° — x)sin(60° + x) = isin?)x (chimg minh bang cong

thirc tich thanh tong).

Lai gidi. V6i x = 10°: sin10°sin50°sin70° = ~sin30° = = Vay P = .= = =

Chtrng minh cos20° 1a s6 v6 ti.

Loi giai. Tir cos60° = 4cos32%" — 3c0s20°, s6 x = c0s20° 1a nghiém cua 8x3 — 6x — 1 = 0.

Néu phuong trinh c6 nghiém hiru ti s (t6i gian) thi p |1, q |8, nén nghiém thudc
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{i 1; i%; ii; + é} Thir truc tiép, khong sé ndo 13 nghiém. Vay cos20° vo ti. (Pay ciing 12 li
do khong thé chia ba goc 60° bang thudc va compa.)

Dang 14. Phwong trinh lwong gidc trong dé thi tuyén sinh cic truong Pai hoc (1997
—2002)

Trude nam 2002, mdi trudng Pai hoc ty ra dé thi tuyén sinh riéng. Cau phwong trinh luong giac
gan nhu ¢6 mat trong moi d&, va nhiéu cau dén nay van 1a nhiing bai tip mau muc vé nhém nhén
tir, ha bac, bién tich thanh téng. Dang niy tuyén chon nhing cau tiéu biéu nhat.

* Ba ciu héi trwéc khi bién doi.

(1) Cac goc c6 lién hé gi (gap doi, gip ba, cach déu)?
(2) C6 lily thira bac chan can ha bac khong?
(3) C6 nhan tir chung an trong sin2x, cos2x, 1 + sinx, sinx + cosx khong?

Tra 161 xong ba cau nay, phan 16n bai toan da “l10”” hudng giai.

@ Vi du 52. (D¢ thi tuyén sinh DH Ngoai thuong nam hoc 1997 — 1998)

Giai phuong trinh 9sinx + 6cosx — 3sin2x + cos2x = 8.

Phin tich. C6 sin2x va cos2x di ciing sinx, cosx. Thay cos2x = 1 — 2sin?x thi phan chi chira
sinx 1a mt tam thtrc bac hai, c6 nghiém sinx = 1, goi y nhan tir 1 — sinx.

Loi giai. Phuong trinh & —2sin®x + 9sinx — 7 + 6cosx(1 — sinx) = 0. Vi —2sin®x +
9sinx — 7 = (1 — sinx)(2sinx — 7) nén

(1 — sinx)(2sinx + 6cosx — 7) = 0.
*  sinx = 1<=x=§+k2n.
e 2sinx + 6cosx = 7 vo nghiém vi 22 + 62 = 40 < 49.
Viy x =§+k2n,k € 7.

@ Vi du 53. (D¢ thi tuyén sinh DPH Da Ning nim hoc 1997 — 1998)

Giai phuong trinh sin3x — sinx + sin2x = 0.

Loi gidi. sin3x — sinx = 2cosZ2xsinx va sin2x = 2sinxcosx, nén phuong trinh <
2sinx(cos2x + cosx) = 0.

e sinx =0 x = km.
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e cos2x=—cosx =cos(m—x) ©2x=+(m—x)+k2n & x =§+RZT” hoac x =
—1 + k21 (ho sau d nam trong ho x = k).

Vayx=k7rhoécx=§+k27”,kez.

# Vi du 54. (Dé thi tuyén sinh DPH Can Tho nim hoc 1998 — 1999)

Giai phuong trinh 3 — 4cos?x = sinx(2sinx + 1).

Loi giai. Vé trai = 3 — 4(1 — sin®x) = 4sin®x — 1. Phuong trinh & 2sin?x — sinx — 1 =

. - . 1
0 © sinx = 1 hoac sinx = —
. Vs
 sinx = 1<:)x=;+k2n.

. sinx=—%@x=—%+k2nhoéox=%ﬂ+k2n.

@ Vi du 55. (D¢ thi tuyén sinh DPH Hué ndm hoc 1998 — 1999)

Giai phuong trinh sin?x + sin®?x + sin®3x = =,

Phén tich. Ba binh phuong: ha bac dé dua vé tong ba cos véi goc 2x, 4x, 6x cach déu, roi ghép
cap ngoai cung.

N eoe A 3—(cos2x+cos4x+cos6x 3
Loi giai. Ha bac: d . ) — P cos2x + cos4x + cosbx = 0.

Ghép cosbx + cos2x = 2cos4xcos2x:

cos4x(2cos2x + 1) = 0.

bis km
. cos4x=0<:>x=§+7
1 b4

. c052x=—5=>x=i§+k7r.

# Vi du 56. (Dé thi tuyén sinh DH Kinh té Qudc dan nim hoc 1998 — 1999)

. 1
Giai phuong trinh cosxcos2xcos4xcos8x = v

Phén tich. Tich cac cos c6 goc gap doi lién tiép: nhan thém sinx dé dung lién tiép cong thirc
nhan doi, nhé xét riéng truong hop sinx = 0.
Loi giai. Néu sinx = 0 thi cos2x = cos4x = cos8x = 1, cosx = +1: vé trai bang +1 # i.

Vay sinx # 0; nhan hai vé vdi 16sinx:
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e ) k2m - T N k2m
= & = — = — —_—
sinl6x = sinx © x 15 oac x ot 17
Loai céc gia tri lam sinx = 0: nghiém la x = klz—sn v6i k khong chia hét cho 15, va x = (Zk;)n

v6i 2k + 1 khong chia hét cho 17.

A Biy “nhan thém”. ‘

A A e . , 2 . A . .. 2 e A k
Nhan hai vé vai sinx ¢6 thé sinh nghiém ngoai lai sinx = 0. O bai trén, ho x = —

chira x = 2m (khi kK = 15), phai loai.

# Vi du 57. (Dé thi tuyén sinh DH Ngoai ngir Ha N6i nam hoc 1998 — 1999)

Giai phuong trinh 1 + sinx + cosx + tanx = 0.

sinx+cosx

Loi giai. Diéu kién cosx #0. Ta c6 1+ tanx = , nén phuong trinh &

(sinx + cosx) (1 + i) = 0 © (sinx + cosx)(1 + cosx) = 0.

. tanx=—1(:>x=—%+kn.

¢ cosx = —1 © x = + k2m. Ca hai ho thoa man diéu kién.

# Vi du 58. (Pé thi tuyén sinh PH Qudc gia Ha Noi nim hoc 1998 — 1999)

Giai phuong trinh sin3x + cos3x = 2(sin®x + cos®x).

Phién tich. Chuyén vé va nhom theo timg ham: sin3x(1 — 2sin?x) va cos®x(1 — 2cos?x), ca
hai déu chira cos2x.

Loi giai. Phuong trinh & sin®x(1 — 2sin?x) + cos3x(1 — 2cos?x) = 0

© sin3xcos2x — cos3xcos2x = 0 © cos2x(sin3x — cos3x) = 0.
km

T
. c052x=0<:>x=z+ .

. T M A
e sindx=cos]xotanx =1 x = 5 T km (ndm trong ho trén).

Viyx =2+ ez
4 2

@ Vi du 59. (D¢ thi tuyén sinh DH Ngoai thuong nam hoc 1998 — 1999)

Giai phuong trinh sinx + sin2x + sin3x + sin4x = cosx + cos2x + cos3x + cos4x.
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Phin tich. Ghép goc ngoai cung v6i nhau (x véi 4x) va hai goc giita (2x véi 3x): moi tong déu

. \ A 5x
c6 chung “trung binh cdng” Py
e eoe K s . 5x 3x X R 28 5x 3x X
Loi giai. Ve trai = Zsm? (cos; + cos E)’ vé phai = 2cos >y (cos; + cos ;).
N 3x x X A
Ma cos - tcos>= 2€c0sxcos ~» hen

x( ~ 5x Sx) _
cosxcos > | sin—-— cos—-} = 0.

Vs
. cosx=0=>x=;+k7r.

. cos§=0<:>x=n+k2n.

5x T k2w
. tan—=1x=—+—.
2 10 5

# Vi du 60. (Dé thi tuyén sinh DPH Y Ha Noi nim hoc 1998 — 1999)

Giai phuong trinh sin?3x — sin®?x — sin®x = 0.

Phan tich. Dung hang dang thirc dep sin?a — sin?b = sin(a + b)sin(a — b) cho cip 3x va x.
Loi gidi. sin?3x — sin?x = sin4xsin2x, nén phuong trinh < sin2x(sin4x — sin2x) = 0.

. km
. sm2x=0<:>x=7.

. sin4x=sin2x=>x=kn(d5cc’))hoac4x=n—2x+k2n=>x=%+k?n.

Véyxz%hoécxz%%—%”,kez.

@ Vi du 61. (D¢ thi tuyén sinh DPH Nong nghiép I nam hoc 1997 — 1998)

Cho phuong trinh 2sin?x — sinxcosx — cos?x = m.
a) Tim m d phuong trinh c6 nghiém.
b) Gidi phuong trinh khim = 1.

14+cos2x q
=m & sin2x + 3cos2x =1 —2m.

1_;/ES m< 1+\2fﬁ

Loi gidi. a) Ha bac: (1 — cos2x) —%sian -

Phuong trinh c6 nghiém & (1 -2m)? <12+32 =10

b) Vo6i m =1, thay 1 = sin®x + cos®x: sin®x — sinxcosx — 2cos?x = 0. Vi cosx = 0
khong théa man, chia cho cos?x: tan?x — tanx — 2 = 0 & tanx = —1 hodc tanx = 2.

Vay x = — % + km hoac x = arctan2 + km.
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Dang 15. Phwong trinh lwong gidc trong dé thi tuyén sinh Pai hoc chung (2002 —
2014)

Tirnam 2002, BO Gido duc va Pao tao to chire thi “ba chung”. Cau phuong trinh luong giac (thuong
1 diém) tro thanh “cau 1y diém” quen thudc, nhung nhiéu nim van c6 nhitng cu rat tinh té véi
diéu kién x4c dinh, phép loai nghiém.

€ Vidu 62. (Dé thi tuyén sinh Pai hoc khdi A nam 2002)

Tim nghiém thudc khoang (0; 27) ctia phuong trinh
cos3x + sin3x
1 + 2sin2x

5 (sinx + ) = cos2x + 3.

Phén tich. Phan thirc phirc tap thuong “rat gon dugce”. Thir tinh sinx(1 + 2sin2x) + cos3x +
sin3x xem c6 chtra nhan tr 1 + 2sin2x khong.

e soe oD\ oA : 1 ’ q . A
Loi gidi. Dicu ki¢n sin2x # — e Ta c¢6 2sinxsin2x = cosx — cos3x, nén

sinx + 2sinxsin2x 4+ cos3x + sin3x = sinx + sin3x + cosx = 2sin2xcosx + cosx
= cosx(1 + 2sin2x).

Do d6 biéu thirc trong ngodc bang cosx va phuong trinh tré thanh 5cosx = 2cos?x + 2
& cosx = % (loai cosx = 2).

o T . ST o1 v ax L . V3 1
Trén (0;2m): x = 3 hodc x = s ca hai déu c6 sin2x = 17 * =

# Vi du 63. (Dé thi tuyén sinh Dai hoc khdi B nim 2002)

Giai phuong trinh sin?3x — cos?*x = sin?>x — cos?®x.

Loi gidi. Ha bac ca bdn sd hang: cos6x + cos8x = cos10x + cos12x

& 2cos7xcosx = 2cosllxcosx & cosx(cos7x — cosllx) = 0 © cosxsin9xsin2x = 0.

. . : . : : k . k
Vi cosx = 0 kéo theo sin2x = 0, phuong trinh & sin9xsin2x = 0 © x = f hoac x = 7”

# Vi du 64. (Dé thi tuyén sinh Dai hoc khdi D nim 2002)

Tim x thudc doan [0; 14] nghiém dtng phuong trinh cos3x — 4cos2x + 3cosx — 4 = 0.

Loi gidi. Thay cos3x = 4cos3x — 3cosx, cos2x = 2cos’x — 1:

phuong trinh & 4cos3x — 8cos?x = 0 & 4cos?x(cosx —2) =0 & cosx =0
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©x =7 +kn Didukién 0 <>+ kn < 14 & —0,5 < k < 3,96, nén k € {0; 1;2; 3}:

E{n3n5n7n
X 2’2’2’2}'

A Poan cho bang so thue.

Poan [0; 14] khong phai [0; 4m]. Dé cho doan bang s6 thuc dé kiém tra ki ning udc lugng:

ot

= 14,14 > 14 nén bj loai. Pay 1a kiéu cau rat hop véi dinh dang dién dap 4n cua HSA.

€ Vi du 65. (Dé thi tuyén sinh Pai hoc khdi B nam 2003)

Giai phuong trinh cotx — tanx + 4sin2x =

sin2x’

Loi giai. Didu kién sin2x # 0. Ta c6

cos?x — sin®x  2cos2x
cotx — tanx = - = —
sinxcosx sin2x

A . 4 ,.sin2x . .
Nhén hai vé véi ——: cos2x + 2sin??x = 1 © 2co0s??x — cos2x — 1 = 0 & cos2x = 1 hoic

1
CcoS2x = — e

Truong hop cos2x = 1 cho sin2x = 0, bi loai. Vay cos2x = —% Sx ==+ g + km.

€ Vi du 66. (Dé thi tuyén sinh Pai hoc khbi B nim 2004)

Giai phuong trinh 5sinx — 2 = 3(1 — sinx)tan®x.

sin?

(1-sinx)(1+sinx)’

Loi giai. Didu kién cosx # 0, tirc sinx # +1. Vi tan?x = ad

phuong trinh & (5sinx — 2)(1 + sinx) = 3sin?x & 2sin?x + 3sinx — 2 = 0 © sinx = %

(loai sinx = —2). Vay x = = + k2 hoje x = 2 + k2.

# Vi du 67. (Dé thi tuyén sinh Dai hoc khdi A nim 2006)

Giai phuong trinh
2(cos®x + sin®x) — sinxcosx
V2 — 2sinx
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Loi gidi. Didu kién sinx # 22, Tir s6 bing 0: 2 (1 — 3sin?x) — 2sin2x = 0
& 3sin®?x + sin2x — 4 = 0 © sin2x = 1 (loai —g) S x = %+ k.

Ho nay gdbm x = % + k2m (c6 sinx = g, loai) va x = %ﬂ + k2m (nhan). Vay x = %ﬂ + k2.

A Loai nghiém trén duong tron.

s , 7.e o 3R A Ja A \ \ .7 A A 2 . A
Ho x = i km rng véi hai diém doi xing trén duong tron lugng giac; diéu kién chi loai mot

diém. Rt nhiéu thi sinh nam 2006 d3 loai ca ho, hodc quén loai.

@ Vi du 68. (D¢ thi tuyén sinh Dai hoc khéi D ndm 2006)

Giai phuong trinh cos3x + cos2x — cosx — 1 = 0.

Loi gidi. cos3x — cosx = —2sin2xsinx, cos2x — 1 = —2sin?x.
Phuong trinh & —2sinx(sin2x + sinx) = 0 < sin?x(2cosx + 1) = 0.

Vay x = kmr hodc x = +2?”+k27t.

# Vi du 69. (Dé thi tuyén sinh Dai hoc khdi A nim 2008)

Giai phuong trinh
1 1 e (77‘[ )
= 4sin(——x
sinx ~ _, _3m 4
sin (x > )
Loi gidgi. Dung cung lién két: sin (x = 37”) = cosx, sin (%ﬂ - x) = —sin (x + %) =
— SIXFCOSE v didu kién sin2x # 0, phuong trinh Snxeosy _ —2+/2(sinx + cosx)
V2 sinxcosx

& (sinx + cosx)(1 + V2sin2x) = 0.

e tax =-1leox = —%+kn.

e  sin2x = —g(:)x = —§+knhoaf1cx =5£+kn.
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# Vi du 70. (Dé thi tuyén sinh Dai hoc khdi A nim 2009)

Giai phuong trinh
(1 — 2sinx)cosx

(1 + 2sinx)(1 — sinx) =3

Phéan tich. Khai trién cd hai vé, nhan ra cosx — sin2x & v€ trai va sinx + cos2x ¢ vé€ phai;
chuyén ve dang “hai bicu thirc asin + bcos bang nhau”.

Lai giai. Dicu kién sinx # 1, sinx # —~
Phuong trinh & cosx — sin2x = v/3(1 + sinx — 2sin®x) = v/3(sinx + cos2x)
& cosx — /3sinx = sin2x + v/3cos2x < cos (x + g) = cos (Zx — %)
. 2x—%=x+§+k2n<=x =§+k2n: co sinx = 1, loai.
s 2x —%= —X —§+ k2m © x = —%+k27”: théa man diéu kién.

Vayx = —=+2% ez
18 3

€ Vidu 71. (Dé thi tuyén sinh Pai hoc khdi B nam 2009)

Giai phuong trinh sinx + cosxsin2x + v/3cos3x = 2(cos4x + sin’x).

Loi gidi. Gom sinx — 2sin®x = sinxcos2x. Phuong trinh < sinxcos2x + cosxsin2x +

\/§cos3x = 2cos4x © sin3x + \/§cos3x = 2cos4dx © cos (3x — %) = cos4x.

. 4x=3x—%+k2n®x=—%+k2n.

. 4x=—3x+£+k2ﬂ=>x=£+k2—”.
6 42 7

€ Vidu 72. (Dé thi tuyén sinh Pai hoc khdi A nam 201 1)

Giai phuong trinh
1+ sin2x + cos2x

= y/2sinxsin2x
1 + cot?x V2

Loi gidi. Dicu kién sinx # 0.

I sin?x, phuong trinh & sin?x(1 + sin2x + cos2x) = 2+v/2sin?xcosx

& 2co0s%x + 2sinxcosx = Zﬁcosx S cosx(sinx + cosx — \/f) = 0.
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Vs
. cosx=0<:)x=5+kn.

. sin(x+%)=1=)x=%+k2n.

# Vi du 73. (Dé thi tuyén sinh Dai hoc khdi B nim 2012)

Giai phuong trinh 2(cosx + v/3sinx)cosx = cosx — v/3sinx + 1.

Loi giai. V& trai = 2cos?x + 2+/3sinxcosx = 1 + cos2x + +/3sin2x. Phuong trinh &
cos2x + 1/3sin2x = cosx — v/3sinx < cos (Zx = g) = cos (x + g)

. 2x—§=x+§+k2n<:)x=2?"+k2n.

T T k2m
. 2x—;=—x—§+k2n=>x=—

* Ki thuat “hai vé cung dang”.

Cac dé A2009, B2009, B2012 c6 chung mdt “chir ki”’: sau khi bién d6i, hai vé 1a asinu + bcosu
va a’sinv + b'cosv véi a? + b2 = a’? + b'?. Chia cho Va2 + b2 d duoc cos(...) = cos(...)
hoic sin(...) = sin(...). Thiy hé s6 v/3 1a nghi ngay dén ki thuit nay!

I Dang 16. Phuwong trinh khong miu muc — phwong phap danh gia

C6 nhitng phuong trinh khong thé dua vé phuong trinh co ban bang bién déi thong thuong. Khi d6
ta danh gia: chi ra vé trai luén < M, vé phai luén > M, nén phuong trinh tvong dwong voi hé “dau
bang xay ra ¢ ca hai v&”. Cong cu chinh: |sinu| < 1, |cosu| < 1, bat dang thic sin™x < sin®x
(n=2).

¢ Vidu 74. (Dé thi tuyén sinh Hoc vién An ninh nam hoc 1997 — 1998)

Giai phuong trinh (cos2x — cos4x)? = 6 + 2sin3x.

Phan tich. Vé phai > 6 — 2 = 4; vé trai la binh phuong cuia higu hai cos, c6 vé khong vuogt qua
4. Thir chirng minh diéu do.

Loi giai. cos2x — cos4x = 2sin3xsinx, nén vé trai = 4sin®3xsin?x < 4. V& phai = 6 +
2sin3x = 4. Phuong trinh twong duong voi

{sin3x =-1 o {sin3x =-1
sin?3xsin’x = 1 sinx = 1.

TRAM TOAN APLUS TEAM Ceral - Trang 45 - CHIENMATH.COM



CHUYEN PE LUQNG GIAC — Tir thude do bau troi dén dé thi HSA TEAM Ceral

£ . S T S A . 3T 2 . £ . . .
Neéusinx = 1thix = 3 + k2w vasin3x = sin—- = —1:thoaman. Néu sinx = —1 thisin3x =

3sinx — 4sin3x = 1: loai. Vay x = g + k2m.

@ Vi du 75. (D¢ thi tuyén sinh DH Kién trac Ha Noi nam hoc 1997 — 1998)

Giai phuong trinh sin3x(cosx — 2sin3x) + cos3x(1 + sinx — 2cos3x) = 0.

Loi giai. Khai trién va gom: (sin3xcosx + cos3xsinx) + cos3x — 2(sin?3x + cos?*x) =
0 © sindx + cos3x = 2.
Visindx < 1, cos3x < 1, phuong trinh < sin4x = 1 va cos3x = 1.

Tir cos3x = 1: x = 2%, khi d6 4x = 2 va sin ™" € {0; + 2}, khong bao giv bing 1. Vay

phuong trinh vo nghiém.

2026

2026

Giai phuong trinh sin“*“°x + cos“"“®°x = 1.

Loi gidi. Vi 0 < sin?x < 1 nén sin?°?°x = (sin?x)1°'% < sin?x, du bang khi sin?x € {0; 1}.

2026

Tuong tu cos?%?®x < cos?x. Cong lai: vé trai < sin’x + cos?x = 1.

e M ) . . k
Dau bang xdy ra & sin’x € {0;1} © sin2x =0 & x = 7”

% Khi nao nghi dén danh gia?.

(1) S6 mil 16n hodc 1¢ loi, khong ha bac duge. (2) Hang sé & mot vé “vira khit” véi gia tri 16n
nhat, nho nhat cua vé kia (nhu 6 + 2sin3x > 4). (3) Phuong trinh tron 14n luong giac véi da
thirc, chang han cosx = 1 + x? (vé trai < 1 < vé phai, nghiém duy nhat x = 0).

I Dang 17. Luong giac trong dé thi hoc sinh giéi va Olympic

Ki thi hoc sinh gioi Toan qudc gia (VMO) ctia Viét Nam bt dau tir ndm 1962, va ngay dé thi dau
tién da c6 mot phuong trinh lugng gidc. Dang nay gidi thi€u cac bai tr VMO, IMO, USAMO,
AIME, noi lugng giac thé hién vé dep cia sy co rit (telescoping), ddi xirng va ghép cip.
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€ Vidu 77. (VMO 1962)

Giai phuong trinh

1
sin®x + cos®x = 7

Loi gidi. sin®x + cos®x = (sin®x + cos?x)® — 3sin®xcos?x(sin’x + cos?x) = 1 — Zsmzzx.

Phuong trinh © sin*?x = 1 © cos2x =0 © x = E+ %ﬂ

S & 8 ¢ 1 %1 z 8 .92 A9 2 R A 2 P ‘
Vi sin®x + cos®x = 1 — Zsmzzx € [Z; 1], 50 - chinh Ia gi4 tri nho nhat. BDé VMO dau tién vi

the ciing 1a mot bai toan “dau bang ctia danh gia”.

€ Vidu 78. (VMO 1963)

290 ‘ . . 3
Giai phuong trinh sin3xcos3x + cos3xsin3x = p

Loi gidi. Thay cos3x = 4cos3x — 3cosx, sin3x = 3sinx — 4sin3x:

sin3xcos3x + cos3xsin3x = 3sinxcos3x — 3sin®xcosx = 3sinxcosxcos2x = Zsin4x.

Phuong trinh & sindx = - & x

N |-

T km o 51 km
—+—hodcx = —+ —.
24 2 . 24 2

€ Vidu 79. (VMO 1981)

Chung minh rang tam gidc ABC vudng khi va chi khi
sin4 + sinB + sinC = cosA + cosB + cosC + 1.

A ’ . I , . c C A-B
Phéan tich. Pua moi thur vé nira goc: sind + sinB = 2cos 5 COS—,
. C A-B | . ~ o R C
cosA + cosB = Zsm;cos — > con 1 + cosC — sinC ciing viét dugc theo Y

g om0 e , A-B c .. C i c c .. cC
Loi gidi. Pang thic & 2COST (cos; — sin 5) =1+ cosC —sinC = ZcosE (cos; — sin 5)

(:)( C C)( A—B C)—O
cos2 sm2 cos 5 cos2 = 0.

c . C ¢
. cos;=51nz(:>5=45°<:)C=90°.
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+ cos™=2=cosZ o A—B=1+C o A=90"hoic B =90° (viA+B +C = 180").

Vay ding thire xay ra khi va chi khi tam giac vudng.

€ Vidu 80. (IMO 1966, Bai 4) ‘

Chtrng minh rﬁng v6i moi sb tu nhién n = 1 va moi sb thuc x théa man sin2¥x # 0 (k =
0,1,..,n):
1 1 1

+ + = cotx — cot2"x
sin2x  sin4dx sin2™x

Phan tich. V& phai 1a hi€u cua “so hang dau” va “s6 hang cudi”: dau hi¢u cua tong co rut.

Chi can tim duoc

= —f(2
sinZa f(a) — fQ2a)
Loi gidi. Vé6i sin2a # 0:
cosa cos2a 2cos’a — cos2a 1
cota — cot2a = — == = - = —
sina sin2a sin2a sin2a

Ap dung véia = x, 2x, ..., 2" 1x 1o cong lai, cac ) hang gitra triét ti€u:
n 1 n—-1
Z = Z(cotzkx — cot2¥*1x) = cotx — cot2™x.

sin2kx
k=1 k=0

@ Vidu 81. (USAMO 1996, Bai 1)

Chung minh rang trung binh cong ciia cac sé nsinn® voin = 2,4, 6, ...,180 bang cot1°.

Phin tich. Ghép cip n véi 180 — n: vi sin(180° — n°) = sinn®, hé s6 n “bién mat” va chi con
tong cac sin.

Loi giai. Goi S 1a tong 90 s da cho.

Vi n chén, nsinn® + (180 — n)sin(180 — n)° = 180sinn°; s6 hang n = 180 bang 0, s6 hang
n = 90 bing 90 = - - 180sin90°. Do d¢

89
S =90 Z ST
k=1
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Nhan tong v6i 2sinl® va ding 2sin2k°sin1°® = cos(2k — 1)° — cos(2k + 1)°, tong co rut:
2sin1° Y82 sin 2k° = cos1° — cos179° = 2cos1°. Vay Ysin2k® = cotl®, S = 90cotl’, va

trung binh cong bang % = cotl”.

€ Vidu 82. (AIME 1995, Bai 7)

Cho (1 + sint)(1 + cost) = z va (1 —sint)(1 — cost) = % — vk, trong d6 k,m,n nguyén

duong, m, n nguyén té cing nhau. Tim k + m + n.

2_ .
Loi gidi. Dat u = sint + cost € [—v2;V2], khi d6 sintcost = uTl Gia thiét @ 1 +u +

=§<:>(u+1)2=§.Vi—1—J§<—ﬁnénu=—1+@.Khidé

u-1
2

u’—-1 5 13
) —Z—ZU—T—\/E.

Vaym=13,n=4,k =10vak + m +n = 27. Pap s6: 27

(1—sint)(1 —cost) =1—u+
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PHAN IV. LUQNG GIAC QUANH TA

Luong giac c6 hai “gwong mat”. Guong mat thir nhét 1a tam giac: do nhitng khoang cach khong
voi toi duge. Guong mat thlr hai 1a séng: moé ta moi hién tuwong lap di 1ap lai. Ca hai déu co mat
quanh ta m&i ngay, tir cai bong cua chiée coc gitra san truong dén tiéng dan ghi-ta trong phong.

I 1. Thales va cai bong cua kim ty thap

Tuong truyén, Thales (thé ki VI TCN) do chiéu cao kim tu thap Kheops ma khong can tréo 1én.
Ong cho dén luc bong cua chinh minh dai dang bang chiéu cao ctia minh: khi d6 tia ning nghiéng
45°, va bong cia kim ty thap (tinh tir tim ddy) ciing dai ding bang chiéu cao cua nd. Ngon ngit
ngay nay goi d6 la tan45° = 1.

N=lee/s
tan 45° =1 3 chiéu cao = d¢ dai béng _\O/_
7 ~N

/ 1\

Thales

béng = chiéu cao
Thales do kim ti thdp: khi tia ndng nghiéng 45°, moi vit c6 bong dai diing bang chiéu cao.

O thoi diém bat ki, néu tia nang hop véi mit dit goc a thi chiéu cao vat bang (d6 dai bong) X tana.
Hoc sinh ¢6 thé lam lai thi nghiém cua Thales véi cit co cua truong: do bong cua mot chiéc coc 1
m va bong cia cdt co cung mot lic, 10l dung ti 1€.

I 2. Po bé rong dong song ma khong cin qua song

Mubn biét khoang cach tir by bén nay téi mot cai cdy C & bd bén kia, nguoi do chon hai diém A, B

trén bd, do AB = a va hai goc @ = CAB, 8 = CBA. Theo dinh li sin, AC = =2 nén bé rong
sin(a+p)
song la
) asinasinf
d = ACsinga = ———
sin(a + B)
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d=a-sin0(sinB/sin(0(+|3)]

AB = a (do dudc trén bag)
Tam gidc dac: do mét canh va hai géc trén bo dé tinh bé réng dong séng.

D6 chinh 1a phuong phap tam giac dac. Hon hai nghin nim sau Thales, ngudi ta ndi hang nghin
tam giac nhu viy dé v& ban dd ca mot qudc gia; du an Pai Tam giac dac An Do (thé ki XIX) da
ding né dé do do cao dinh Everest. May toan dac dién tir & cac cong truong xdy dung ngdy nay
van lam dung viéc d6, chi nhanh va chinh xéac hon.

Hai nguoi dung & A va B trén cung mot bo song, cach nhau 50 m, nhin mgt cay & bo bén kia

duéi cac goc CAB = 60° va CBA = 70°. Bé rong dong song 1a bao nhiéu mét (Iam tron dén
hang phan mudi)?

Loi giai.
_ 50sin60°sin70° 50 - 0,8660 - 0,9397
~ sin130° 0,7660

~53,1m

Pap s6: 53,1

| 3. Mt Troi trén bu troi Ha Noi

Luc giira trua, d0 cao cua Mit Troi so v&i duong chén troi la h = 90° — | — §], trong d6 ¢ 1a vi
d6 noi quan sat va & 1a xich vi cua Mt Troi, thay d6i gan dung theo quy luét hinh sin § ~

23, 44°sin 2420
365
nén moi nam c6 hai lan Mat Troi ding bong (khoang cudi thang 5 va gitra thang 7), con ngay Pong

chi Mat Troi chi Ién cao khoang 45, 5°.

(d 1a tht ty ngay trong nim). Ha Noi ¢6 ¢ ~ 21°, nim frong ving nhiét déi,
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Ha Noi (vidd = 21°B): h = 90° - | - 5| Bong coc 1m luc trua
Mat Tr&i diing bong (90°)

(0] ©
o o
1 !

N
o
1

Tm
4
7

S
Y
| AN
| ~
\ N
N

I N
I

dd cao Mat Trdi luc trua (°)
(o))
o
1

50 A  ——

ha chi doéng chi
40 - Poéng chi & 45,5° 0,04 m 0,98 m
30 T T T T T T T T T T T

—
-

T2 T3 T4 TS T6 T7 T8 T9 TIO TN T2

Do cao Mat Troi luc gitra truva 6 Ha Ngi trong mot nam va do dai bong cua chiéc coc 1 m.

\ 2 A A ;1 , - X , \ A ;on: 1
Tur day suy ra nhi€u di€u thu vi: bong cua chiéc coc 1 m luc trua ngay DPong chi dai e 0,98

m, gan bang chinh chiéc coc; con ngay Ha chi bong chi dai vai centimét. Do ciing 1a li do kién truc
su thiét ké 6 vang, mai hat theo hudng nha: mgt mai hat sau vira du s€ che nang gat mua he nhung
van don nang mua dong.

| 4. Mai dinh, mai nha va do déc

Mai dinh, mai chuia Viét Nam c6 do doc 16n dé thoat nudc mwa nhanh, hai dau dao cong vat. Nguoi
tho xua dung “thudc tam” va ti 1 chidu cao — chidu ngang ciia méi, tirc 1a ding tan cia goc déc,
du khong goi tén nhu vay. Trong xdy dung hién dai, d6 déc thudong dugc ghi bang phan tram: doc

. ~ \ L
i% nghia la tana = —.
100

tana=h/¢
mai dinh: o ~ 28° - 45°
mai bang: d6 déc = 2%

D6 doc ciia mdi nha dwoe do bang tan cia géc nghiéng.

% Hoat dong trai nghiém.

Do chi€u cao h va ntra chiéu ngang £ cua mai nha minh (hodc mai héi truong),
; h . TN \ A ‘e I . ‘e s
tinh ¢ = arctan > So sénh: mai ton thuong doc 10° — 15°, mai ngdi 30° — 45°. Vi sao mai ngodi

phai déc hon?
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| 5. Pinh vi: GPS va dién thoai

Hé théng dinh vi toan cau xac dinh vi tri bﬁng khoang cach tédi nhiéu vé tinh, két hop v6i cac phép
bién ddi toa do trén mat cdu, ma nén tang 1 lugng giac cau. Ching han, khoang cach theo duong
tron 16n giita hai diém c6 vi d6 ¢,, ¢, va chénh léch kinh d6 AA trén Trai Dat ban kinh R 1a

d = Rarccos(sing;sing, + cos¢g,cos@,cosAA)

MJi 1an ban mé ban dd trén dién thoai, hang nghin phép tinh sin, cos nhu vdy dugc thyc hién trong
tich tic.

I 6. Moi thir quay vong: vong quay, banh xe, dong co

Mot diém trén vat quay déu co toa do (Rcoswt; Rsinwt). Vi thé do cao cua cabin vong quay, vi
tri cua pit-tong trong dong co, chuyén dong cua van tim nhan tao déu duoc mé ta bang ham sin,
cos (xem Dang 12).

I 7. Thé thao: géc ném bao nhiéu thi xa nhat?

B0 qua stre can khong khi, mot qua bong ném véi van tde v, hop voi mit dat goc a s& bay xa

_ vgsin2a

= T
Vi sin2a < 1, tdm xa 16n nhét khi 2a = 90°, tic a = 45°; hai g6c phu nhau nhu 30° va 60° cho
cling mot tam xa (vi sin60° = sin120°). P4y 1a mg dung dep clia cong thirc nhan d6i va tinh chat

sin(m — x) = sinx.

Ném xién véi v, = 20 m/s: tam xa L = v,2 sin 2a / g 16n nhat khi a = 45°

60°: tdm xa 35,3 m
75°: tdm xa 20,4 m

20 7
— 15°: tdm xa 20,4 m
17,57 —— 30° tdm xa 35,3 m
15 - m— 45°:tam xa 40,8 m

=

‘N

(€]
L

dd cao (m)
o

49

0 5 10 15 20 25 30 35 40
khoang cach (m)

Quyp dao ném xién voi cac goc khac nhau: 45° cho tam xa lon nhat, cac goc phy nhau cho cung tam xa.
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Thuc t€, van dong vién ném ta, ném lao thuong ném & géc nhd hon 45° mdt chut, vi di€m ra tay
cao hon mit dat va vi sitc can khong khi, nhung con s6 45° van la diém khéi dau cia moi phan
tich.

I 8. Anh sang giy khiic va ciu vong

Chiéc thia cdm trong cdc nude trong nhu bi gdy. Li do 1a anh sang doi huéng khi di tir khong khi
vao nudc theo dinh luat khuce xa Snell: n;sini = n,sinr. Véi nude (n = 1,33) va goc téi 50°, goc
khuc xa chi khoang 35°. Chiét sudt thay doi chut it theo mau anh sang, nén mdi giot mua tach anh
sang tring thanh dai mau: d6 1a cAu vong, ludn hién ra & goc khoang 42° so v6i huéng nguoc Mit
Troi.

khéng khi n, =1

n,sini=n,sinr
i=50° = r=35,2°

1
1
I
]
]
1
I
I
]
]
1
I
b
3
I
I
]
]
I
I
I
]
]
]
1
1
1

nuéc n, = 1,33
Dinh ludt khic xa anh sang: mot hé thice gitta hai gid tri sin.
I 9. Thiy triéu va ngay dém

Muc nuée bién dang 1én ha xubng theo chu ki gin vé6i chuyén dong cua Mit Tring; sé gid ban
ngay thay ddi theo chu ki mét nam do truc Trai D4t nghiéng khoang 23, 4°. O Viét Nam, ving bién
vinh Bic B nbi tiéng v6i ché do nhat tridu (mdi ngay mot 1an nudce 16n, mot 1an nude rong). Cac
mo hinh hinh sin trong Dang 12 chi 1a gan ding, nhung du dé hiéu vi sao cac cang bién phai cong
bd bang thiy triéu hang nam.

I 10. Dong dién xoay chiéu va lwéi dién ba pha

Dién ludi Viét Nam c6 dién ap hi¢u dung 220 V va tan s6 50 Hz, tirc 1a u = 220+/2sin(1007t).
Luéi dién truyén tai dung ba pha 1éch nhau 120°: tong ba dién 4p ludn bang 0, dung nhu déng thirc
cosa + cos(a + 120°) + cos(a + 240°) = 0.

Nho vay, ba diy pha c6 thé diung chung mot diy trung tinh rat nho, tiét kiém hang nghin tan dong
trén cac duong dy truyén tai.
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Ba vectd léch nhau 120° u-A uB =—— uC === 10ong=0

pha A

1202

~

pha B pha C

0 5 10 15 20 25 30 35 40
t (ms)

Ba dién ap léch pha 120°: tong ciia ching luén bang 0 tai moi thoi diém.
I 11. Am thanh va Am nhac
M&i nét nhac thuan 13 mot séng hinh sin; ndt La chuan cé tan s 440 Hz. Day dan dai L rung theo
cac dang y = Asin %z dang n = 1 cho 4m co ban, cac dang n = 2,3, ... cho hoa 4m c6 tan sb gip
2,3,... lan. Tiéng dan, giong hat 1a téng ctia nhiéu song sin nhu vay, va chinh ti I¢ cac hoa am tao

nén “mau am” giup ta phan bi¢t dan piano vdi dan ghi-ta, hay tiéng dan bau ngan nga véi tieng sdo
tric.

Day dan rung: am cd ban va cac hoa am y = A sin(nmx/L)

/ \ A

3/\//_\= hQa é[‘ﬂ 3: 3f

/\ —— téng: A

Day dan rung: dm co ban, cdac hoa am va tong cua chung.

Theo y tuong ciia Fourier, cic phan mém nén 4m thanh (MP3) phan tich 4m thanh thanh céc song
sin va chi giit lai nhitng thanh phan tai ngudi nghe 3.
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r12. Y hoc va cong nghé

Pién tdm dd, song ndo, may chup cong huong tir (MRI), mdy siéu 4m déu phan tich tin hiéu thanh
tong cac song sin. Anh JPEG trén dién thoai dugc nén bang mot “ho hang” ciia phép bién doi
Fourier ding ham cos (bién d6i cosin rdi rac). Man hinh cam tng, tai nghe chdng 6n (phét ra song
nguoc phay = —Asin(wt + @) dé triét tiu tiéng on) déu 1 lugng gic “4n minh” trong cong nghé.

« Tai nghe chong on va cung hon kém .

Micro trong tai nghe thu tiéng on Asin(wt + @), bd xtr 1i phat ra song léch pha m, tic
Asin(wt + @ + m) = —Asin(wt + ¢). Hai song cong lai bang 0, va tai ngudi chi con nghe thy
tiéng nhac. Mot cong thire cung lién két cua 10p 11 dang chay trong chiéc tai nghe hang chuc
triéu dong!
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PHAN V. HE THONG BAI TAP

Bai tap chia lam 7 muc do; Muc 7 gém cac bai trong dé thi tuyén sinh Pai hoc va dé thi hoc sinh
gi6i. Cac bai danh déu [TN] la cu tric nghiém 4 lya chon, [PA] 1a cau dién dap an theo dinh dang
HSA. Hoc sinh nén ty bdm gio: trung binh 1,5 phiit m&i cAu & cdc murc 1 — 3.

| Mikc 1 — Nhén biét

Bai 1. [DA] Dbi goc == sang do.

Bai 2. [TN] Goc 72° dbi sang radian 1a

AZ B.Z. c. = D. %,
Bai 3. [TN] Gié tr ctia sin * la
A2 B... c.-%2, D.Z.
Bii 4. [PA] Tinh cos (— g) + sin’.
Bai 5. [TN] Ham sd nao sau day c6 chu ki 7?
A.y = sinx. B. y = cosx. C.y = tanx. D.y = sin g
Bai 6. [TN] T4p xac dinh ciia ham sé y = cotx 1a
A. R\{kr}. B. R\ {Z + kr}. C. R\{k27}. D.R.
Bai 7. [TN] Nghiém ctia phuong trinh cosx = 0 1a
A.x=§+kn. B. x = km. C.x=§+k27‘r. D.x = k2m.

Bai 8. [TN] Tép gia tri cia ham sb y =2sinx —11a
A. [-3;1]. B.[-1;1]. C.[-2;2]. D. [-1; 3].

| Mikc 2 — Théng hiéu

Bai 9. [TN] Cho cosa = —gvc'yi T<a< 37” Gi4 tri cua sina la
A -2 B. 22 c.- %2 .2
3 3 3 9
Bai 10. [PA] Cho tana = 3. Tinh S2a+€ose
Sina—cosa
Bai 11. [PA] Tinh sin75°cos75° (viét dudi dang sb thiap phan).
Bai 12. [TN] Gia trj ctia cos?'®” — sin?'% 1a
AL B.L C.1. p. %
2 2 2
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Bai 13. [TN] Rt gon sin(x + y)cosy — cos(x + y)siny.
A. sinx. B. cosx. C. sin(x + 2y). D. siny.
Bii 14. [TN] Chu ki ctia ham s6 y = 3cos (4x - g) +11a

AL B. 7. C.2m. D.Z.
2 4
Bai 15. [PA] Goi M, m 1 gia tri 16n nhat, nho nhat ciia y = 5 — 3sin®x. Tinh M + m.
Bai 16. [PA] Phuong trinh sinx = % ¢6 bao nhiéu nghiém thudc doan [0; 37]?
Bai 17. [TN] Nghi€m ctia phuong trinh tan2x = 1 1a

A.x=£+k—”. B.x ==+ knm. C.x =2+ km. D.x =X+ k2m.
8 2 8 4 8

Bai 18. [PA] Goi S 1a tong cac nghiém cua phwong trinh sinx = — ? trén [0; 2m]. Tinh %

I Mirc 3 — Van dung

Bai 19. [PA] Phuong trinh cos2x + 3sinx — 2 = 0 ¢6 bao nhiéu nghiém thudc [0; 27]?
Bai 20. [PA] Phuong trinh sin2x = cosx ¢6 bao nhiéu nghiém thudc [0; 27]?
Bai 21. [TN] Nghiém cta phuong trinh \3sinx + cosx = 2 1a
A.x=§+k2n. B.x=§+k2n. C.x=§+kﬂ. D.x=—§+k2n.
Bai 22. [PA] Gia tri nho nht ciia y = sinx + cosx — sinxcosx 14 bao nhiéu (Iam tron dén hang
phan tram)?
Bai 23. [DA] C6 bao nhiéu s6 nguyén m dé phuong trinh 3sinx — 4cosx = m ¢6 nghiém?
Bai 24. [PA] Tam giac ABC ¢ A = 60°, B = 45°, BC = 6. Tinh d6 dai AC (lam tron dén hang
phan tram).
Bai 25. [PA] Phuong trinh cosx + cos3x = 0 ¢ bao nhiéu nghiém thudc doan [0; 7]?
Bai 26. [TN] Nghiém cta phuong trinh sin*x — cos*x = cos2x 1a
A.x=%+k7n. B.x=§+k7r. C.x = km. D.x=%+kn.

Bai 27. [TN] Cho a, b 1 cac géc nhon véi tana = =, tanb = = Gia trj cia a + b la

AL B.Z. C.
4 3

YE

s
D. >

Bai 28. [PA] D0 cao (mét) cia mdt cabin vong quay sau t phut 1a h(t) = 50 — 45cos Z—;. Sau bao

nhiéu phat (1am tron dén hang phan mudi) cabin lan dau dat do cao 72,5 m?
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I Mirc 4 — Van dung cao

Bai 29. [PA] C6 bao nhiéu sd nguyén m dé phuong trinh cos?x — 4cosx +m = 0 c6 nghiém

thudc khoang (— % ; g)?

Bai 30. [PA] Phuong trinh sinx = 1x—0 c6 bao nhiéu nghi¢m thuc?

Bai 31. [TN] Gié tri In nhét cia ham s y = St 3

sinx+cosx+
A1, B. 2. C. 2. D.2
Bai 32. [PA] Goi S 1a tong cac nghiém cia phuong trinh 2cos?x + 5sinx — 4 = 0 trén doan
[0; 107t]. Tinh %
Bai 33. [TN] Tim m dé phuong trinh sinx + cosx = m c6 dung hai nghiém thudc doan [0; 7r].
A.1<m<A2, B.-1<m<+v2. C.l<m<v2 D.-1<m<1.
Bai 34. [PA] Phuong trinh sin3x = sinx c¢6 bao nhiéu nghiém thudc doan [0; 7]?
Bai 35. [TN] Tam gidc ABC thda man sin?4 + sin®?B = sin?C 1a tam giac
A. vudng tai C. B. vudng tai A. C.cantai C. D. déu.
Bai 36. [PA] O mot thanh phd ¢ vi d6 cao, s6 gid c6 anh sang trong ngay thir d cua nam 13 L(d) =

12 + 2,5sin 2r(d-80) Ngay dau tién trong ndm c6 it nhat 13,25 gio anh sang la ngay thir may?

365
| Miic 5 — Thir thach (Olympic)

Bai 37. Chtng minh rang c0527n + cos 477T + cos 67n = — %
Bai 38. Tinh tan20°tan40°tan80°.

Bai 39. Ching minh rang trong moi tam giac ABC: cosA + cosB + cosC < 2

N

Bai 40. Tinh S = cos?' + cos??’ + -+ + cos??".
Bai 41. Giai phuong trinh sinx + sin2x + sin3x = 0.

Bai 42. Ching minh rang sini 1a mot nghiém cua phuong trinh 8x3 — 4x% — 4x + 1 = 0.

I Mikc 6 — Bai toan thuc té bd sung

Bai 43. [PA] Banh xe dap duong kinh 70 cm quay déu 120 vong mdi phut. Van tdc ciia xe 1a bao
nhiéu km/h (1am tron dén hang phan mudi)?

Bai 44. [DA] Canh quat dai 50 cm quay 1200 vong/phut. Toc d6 cua dau canh quat 13 bao nhiéu
m/s (1am tron dén hang phan mudi)?

Bai 45. [PA] Goc léch ctia mot con lac 1a () = 0,1cos2t (rad), t tinh bang gidy. Thoi diém dau
tién (t > 0) goc léch bang 0,05 rad 1 bao nhiéu gidy (Iam tron dén hang phan trim)?
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Bai 46. [PA] Ngon hai ding cao 40 m so voéi mat nudc. Tir mot con thuyén, nguoi 1ai nhin dinh
hai ding dudi goc nang 5°. Thuyén cach chan hai ddng bao nhiéu mét (Iam tron dén hang don vi)?

Bai 47. [DA] Khi Mat Tro1 & dd cao 60° so v6i duong chan troi, bong ciia mQt cay trén mat dat
phang dai 8 m. Ciy cao bao nhiéu mét (1am tron dén hang phan mudi)?

Bai 48. [PA] Mot thira ruong hinh tam giac c¢6 hai canh dai 30 m va 40 m, goc xen giita bang 120°.
Tinh dién tich thira rudng (m?, lam tron dén hang phan muoi).

Bai 49. [PA] Kéo mét thung hang trén mit san bang soi ddy hop v6i phuong ngang goc 30°, luc
kéo 100 N. Cong cua luc kéo khi thung dich chuyén 10 m 1a bao nhiéu jun (Iam tron dén hang don
vi)? (Cong A = F - s - cosa.)

Bai 50. [PA] Huyét 4p cia mot ngudi duge mod hinh héa boi P(t) = 100 + 20sin % (mmHg), t

tinh bang gidy. Tim nguoi d6 dap bao nhiéu 1an mdi phut (mdi chu ki 1a mot nhip)?
I Mikc 7 — D@ thi tuyén sinh va hoc sinh gi6i

Bai 51. (Pé thi tuyén sinh DH Thai Nguyén nam hoc 1997 — 1998) Giai phuong trinh
4cos?x — cos3x = 6cosx — 2(1 + cos2x)
Bai 52. (Pé thi tuyén sinh DH Lam nghiép nam hoc 1997 — 1998) Giai phuong trinh

.32 : 32 3
sin®“xcos6x + sinbxcos**x = §

Bai 53. (Pé thi tuyén sinh Hoc vién Qudn y nam hoc 1997 — 1998) Giai phuong trinh

1
sin®?x 4 cos®%x = 3

Bai 54. (Dé thi tuyén sinh CDSP Ha Ngi ndm hoc 1997 — 1998) Giai phuong trinh
cos2x + sin2x + 2cosx +1 =0
Bai 55. (Pé thi tuyén sinh DH Da Néing nam hoc 1998 — 1999) Giai phuong trinh
3cos4x — 2cos®3x =1
Bai 56. (Pé thi tuyén sinh DH Da Néing nam hoc 1998 — 1999) Giai phuong trinh
1 4+ 3cosx + cos2x = cos3x + 2sinxsin2x
Bai 57. (Pé thi tuyén sinh DH My thudt Cong nghiép nam hoc 1998 — 1999) Giai phuong trinh
cos2x — 7sinx +8 =0
Bai 58. (Pé thi tuyén sinh DH Ngoai ngit Ha Noi nam hoc 1998 — 1999) Giai phuong trinh
sin3x + cos2x = 1 + 2sinxcos2x
Bai 59. (Dé thi tuyén sinh DH Van héa Ha Néi nam hoc 1998 — 1999) Giai phwong trinh
1

sin3xcosx = 1 + cos3xsinx
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Bai 60. (Pé thi tuyén sinh Hoc vién Ngdn hang nam hoc 1998 — 1999) Giai phuong trinh
sin®x + cos®x = cos4x
Bai 61. (Pé thi tuyén sinh CDSP TP. Ho Chi Minh niam hoc 1998 — 1999) Giai phuong trinh
cosx — cos2x + cos3x = 0

Bai 62. (Pé thi tuyén sinh Dai hoc khoi D nam 2004) Giai phuong trinh

(2cosx — 1)(2sinx + cosx) = sin2x — sinx
Bai 63. (Pé thi tuyén sinh Dai hoc khoi B nam 2005) Giai phuong trinh

1 + sinx + cosx + sin2x + cos2x = 0
Bai 64. (Dé thi tuyén sinh Dai hoc khoi A nam 2007) Giai phuong trinh
(1 + sin?x)cosx + (1 + cos?x)sinx = 1 + sin2x
Bai 65. (Pé thi tuyén sinh Dai hoc khoi D nam 2008) Giai phuong trinh
2sinx (1 + cos2x) + sin2x = 1 + 2cosx
Bai 66. (Pé thi tuyén sinh Dai hoc khoi D nam 2009) Giai phuong trinh
\/§c055x — 2sin3xcos2x — sinx = 0

Bai 67. (Pé thi tuyén sinh Pai hoc khoi B nam 2010) Giai phuong trinh

(sin2x + cos2x)cosx + 2cos2x — sinx = 0
Bai 68. (Pé thi tuyén sinh Pai hoc khéi D nam 2010) Giai phuong trinh

sin2x — cos2x + 3sinx —cosx —1 =10
Bai 69. (Pé thi tuyén sinh Pai hoc khoi B nam 2011) Giai phuong trinh
sin2xcosx + sinxcosx = cos2x + sinx + cosx
Bai 70. (Pé thi tuyén sinh Dai hoc khoi D nam 2012) Giai phuong trinh
sin3x + cos3x — sinx + cosx = v/2cos2x
Bai 71. (Pé thi tuyén sinh Pai hoc khoi B nam 2014) Giai phuong trinh
V2(sinx — 2cosx) = 2 — sin2x
Bai 72. (VMO 1964) Chimg minh rang véi moi x:
cosx+cos(x+2?") +cos(x+4?”) = OVésinx+sin(x+2?") +sin(x+4?”) = 0.
Bai 73. (Hoc vién Qudn y nam hoc 1997 — 1998) Giai phuong trinh
(cos4x — cos2x)? = 5 + sin3x

Bai 74. Chirng minh ring tanxtan (g — x) tan (g + x) = tan3x (khi cac biéu thirc c6 nghia), roi
tinh tan10°tan50°tan70°.
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PHAN VI. DAP SO VA HUONG DAN

| Mikc 1 — Nhén biét

Bai 1. 3282 _ 150.

N 721 21
Bai2. A, — = —,
180 5

Bai 3. A. sin (7T+E) = —sinZ.
6 6

Baid.-+-=1.

2 2

Bai5. C

Bai 6. A.

Bai7. A

Bai8. A. -1 <sinx<1=>-3<y<1

| Mikc 2 — Thong hiéu

Bai 9. A. Goc phan tu I nén sina < 0: sing = — \/ 1-=-=
Bai 10. Chia tir, mau cho cosa: 2= = 2.

Bai 11. 2sin150° = = = 0,25.

Bai 12. A. Bang cos30°.

Bai 13. A. Cong thic sin(a — b) véia=x+y,b =y.

Bail14. A. T = %”

Bai 15. M = 5 (khi sinx = 0), m = 2 (khi sin’x = 1): M + m =17.

Bai 16. Duong thang y = g cat d6 thi y = sinx trén [0; 37r] tai 4 diém (=~ 0,34; 2,80; 6,62; 9,08):
4.

Bai 17. A. 2x = - + km.

Bai 18. Nghiém ~* va 2 2 = 3,

v

I Mirc 3 — Van dung

Bai 19. 2sin?x — 3sinx + 1 = 0 = sinx € {1;%}; x € {g%%”} 3.

Bai 20. cosx(2sinx —1) = 0: x € {2;37”;%;5?”}: 4.
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Bai 21. A. ZSin(x+§)=2=>x+§=§+k2n.

2 ,
Bai 22. bat t = sinx + cosx € [—\/f;\/f]: y = —%+ t+§; nhoé nhat tai t = —\/i: y = —%—
V2 ~ -1,91.
Bai 23. m € [-5;5]: 11 sd.

V2
Bai 24. Dinh li sin: AC = 2o = =2 = 2/6 ~ 4,90.
sind V3
Bai 25. 2cos2xcosx = 0: x € {E;E;?’—n}: 3.
4’2" 4
Bai 26. A. Vé trai = (sin®x — cos?x) - 1 = —cos2x, nén cos2x = 0.
s

Bz‘li27.A.tan(a+b)=1—_i=1vz‘10<a+b<7r.
6

e mt 1 ntt 2T 20
Bai28.cos—=—-—>—=—=t=—=x6,7.
10 2 10 3 3

I Mirc 4 — Van dung cao

Bai 29. Vi x € (—gg) thi t = cosx € (0;1]; m = —t? + 4t ddng bién trén (0; 1], nhan gia tri
trong (0; 3]: m € {1, 2; 3}: 3.
Bai 30. Nghiém nam trong [—10; 10]; trén (0;10] c¢6 3 nghiém (mdt nghiém trong (0; 1), hai
nghiém trong (27; 31)), d6i xirng qua gbc va thém x = 0: 7.
Bai 31. A. Pua vé (y — 1)sinx + (y — 2)cosx = 1 — 2y, diéu kién c6 nghiém (y —1)% +
y-22>1-2y)?e-2<y<1.
Bai 32. sinx = %; mdi chu ki [2km; 2km + 2m) c6 hai nghiém tong  + 4km, k = 0, ...,4: S = 57 +
407, > = 45,

Vs

7'['57'[
4’ 4l

Bz‘1i33.A.\/§sin(x+%)=mvc’yix+%e[

Bﬁi34.x=knhoécx=z+k—n: {O;E;E;n}: 4.
4 2 4’ 4

Bai 35. A. Theo dinh li sin, a® + b? = ¢2.

2m(d—80)
365

365
12

Bai 36. sin >~ = d >80 +2 ~ 110,4: ngay thir 111.

| Miic 5 — Thir thach
Bai 37. Nhan tdng véi 2sin§ va dung cdng thie tich thanh tdng (nhu Vi du IMO 1963): 2sin§ :
. 71T . s . T
S =sin— —sin— = —sin—-.
7 7 7

Bai 38. Dung tanxtan(60° — x)tan(60° + x) = tan3x véi x = 20°: két qua tan60° = /3.
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Bai 39. cosA + cosB = ZSiHECOSA; < 2sin g; dat t = sin g: cosA + cosB +cosC < 2t+1—

2t < % Dau bang khi tam giac déu.

Bai 40. Ghép cos?k® + cos?(90 — k)° = 1 (k = 1, ...,44), thém cos?*>" = éva c0s??" = 0: S =
44,5.
Bai 41. sinx + sin3x = 2sin2xcosx; phuong trinh & sin2x(2cosx + 1) = 0: x = %ﬂ hoac x =

i%ﬂ + k2.

Bai42. Dit 6 = 1—71thi 70 = g nén sin4@ = cos36. Khai trién va chia cho cosf # 0 dan t6i 8x3 —

4x? — 4x + 1 = 0 voi x = sinf (kiém tra bang may tinh: gi tri bang 0).
I Mitc 6 — Bai toan thuc té bo sung

Bai 43. Quang duong mdi phut 120 - - 0,7 = 263,9 m, tirc ~ 15,8 km/h.
Bai 44. 20 vong/giay X 2 - 0,5 m = 62,8 m/s.

Bz‘li45.c052t=%:2t=§:t=%z0,52s.

Bai 46. d = —— ~ 457 m.

tan5°

Bai 47. h = 8tan60° ~ 13,9 m.
Bai48. S = % +30-40 -sin120° = 519,6 m>.

Bai 49. A = 100 - 10 - cos30° ~ 866 J.

Bai 50. Chuki T = == = 0,75 s: — = 80 nhip/phut.
8m/3 0,75

I Mikc 7 — P& thi tuyén sinh va hoc sinh giéi

Bai 51. Thay cos3x = 4cos3x — 3cosx, 2(1+ cos2x) = 4cos?x: —4cos3x + 8cos?x —
3cosx = 0 & cosx(2cosx — 1)(2cosx — 3) = 0. Nghiém x = g + km, x = ig + k2m.

Bai 52. Dung cos6x = 4cos®?x — 3cos2x, sin6x = 3sin2x — 4sin®?x:  ve trai =

. . 3 . R . 1 s km 51 km
3sin2xcos2x(cos??x — sin??x) = =sin8x. Phuong trinh & sin8x = —1x = — 4+ —, x = — + —,
4 2 48 ' 4 48 ' 4

.. y . 1. 1] .
Bai 53. Dit t = sin?2xcos??x = Zsm“x € [O;Z]: sin®2x + cos®x = (1 — 2t)? — 2t% = 2t —
Vs

4t + 1. Phuong trinh & 16t =32t +7 =0 & t = (logi t = 1) & sin*x =1 & x =+

Bai 54. 2cos?x + 2sinxcosx + 2cosx = 0 © cosx(sinx + cosx + 1) = 0. Nghiém x = g + km,
x =m+ k2m.
Bai 55. Ha bac: 3cos4x — cos6x — 2 = 0. Pitt = cos2x:3(2t2 —1)— (4t3-3t)—2=0

S 4t3—-6t2-3t+5=0 (t—1)(4t> -2t —-5)=0.
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1-21 . 1+y21 1 1-21
+_ (loal%_ >1):x=kn,x= izarccos ;/_

Nghiém cos2x = 1 hodc cos2x = + k.

Bai 56. 2sinxsinZ2x = cosx — cos3x, nén phuong trinh < 1+ 2cosx + cos2x =0 &
2cosx(cosx + 1) = 0. Nghiém x = % + km,x =+ k2m.

Bai 57. 2sin’x + 7sinx —9 =0 © sinx = 1: x = % + k2m.
Bai 58. sin3x — 2sinxcos2x = sin3x — (sin3x — sinx) = sinx; phuong trinh
& sinx + cos2x — 1 = 0 © sinx(1 — 2sinx) = 0.

Nghiém x = km, x =%+ k2m, x = 5{+ k2m.

km
-

Bai 59. sinxcosx(sin?x — cos?x) = —isin4x, nén sindx = —1: x = —% +
Bai 60. 1 — %sinzzx =1-2sin*?x & sin*?x=0 x = kz—n

Bai 61. cosx + cos3x = 2cos2xcosx; phuong trinh & cos2x(2cosx — 1) = 0.

Nghiém x =%+k7”,x = i§+ k2m.

Bai 62. Vé phai = sinx(2cosx — 1); phuong trinh & (2cosx — 1)(sinx + cosx) = 0.
Nghiém x = i§+ k2m, x = —%+ k.

Bai 63. 1 + sin2x = (sinx + cosx)?, cos2x = (cosx — sinx)(cosx + sinx); phuong trinh
& (sinx + cosx)(2cosx + 1) = 0. Nghiém x = —% + km,x = i%ﬂ + k2m.

Bai 64. Phuong trinh & (sinx + cosx)(1 + sinxcosx) = (sinx + cosx)?

& (sinx + cosx)(1 — sinx)(1 — cosx) = 0. Nghiém x = —% + km,x = g + k2m, x = k2.
Bai 65. 4sinxcos?x + 2sinxcosx = 1 + 2cosx

& (1 + 2cosx)(2sinxcosx — 1) = 0, tlrc cosx = —%hoéc sin2x = 1.

Nghiém x = iz?n+ k2m, x = %+ k.

Bai 66. 2sin3xcos2x = sin5x + sinx; phuong trinh
km
>

& /3cos5x — sin5x = 2sinx  sin (g — Sx) = sinx. Nghiém x = % + k?n, x = —% +
Bai 67. sin2xcosx — sinx = sinxcos2x; phuong trinh & cos2x(sinx + cosx +2) =0 &
cos2x = 0. Nghiém x = % + kz—n

Bai 68. Phuong trinh & 2sinxcosx — cosx + 2sin®x + 3sinx — 2 = 0 & (2sinx — 1)(cosx +
sinx + 2) = 0. Nghiém x = % + k2w, x = 5?” + k2m.

Bai 69. Phuong trinh < sinx(2cos?x + cosx — 1) — (2cos?x + cosx — 1) = 0

& (sinx — 1)(2cosx — 1)(cosx + 1) = 0.
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Nghiém x = g + k2m; cosx = %hoéc cosx = —1 gop lai thanh x = % + szﬂ

Bai 70. sin3x — sinx = 2cos2xsinx, cos3x + cosx = 2c0S2XC0SXx;
phuong trinh < cos2x(2sinx + 2cosx — v2) = 0, tirc cos2x = 0 hoic sin (x + %) = %
Nghiém x =E+k—n,x = —l+k2n,x == 4 k2m.
4 2 12 12
Bai 71. Phuong trinh & sinx(\/f + 2cosx) - (Zﬁcosx + 2) =0

& (V2cosx + 1)(V2sinx — 2) = 0, tirc cosx = —g: X = i%ﬂ + k2m.

Bai 72. Dung cong thirc tong thanh tich:

cos (x + 2?”) + cos (x + 4?”) = 2cos(x + n)cosg = —cosx. Tuong tyu vdi sin.
Y nghia vit li: tong dién 4p ba pha bang 0 (Phan IV).

Bai 73. Vé trai = 4sin?3xsin?x < 4 < 5 + sin3x. Diu bang < sin3x = —1 va sin?x = 1, cho

X = g + k2 (giéng Vi du d& Hoc vién An ninh ciing nam!).

3—tan?x n L. n ) 3tanx—tan3x
————, nhan vdi tanx dugce cong thirc tan3x = ————.
1-3tanZx : 1-3tan2x

V3

3

Bai 74. tan (g — x) tan (g + x) =

Voix = 10°: tan10°tan50°tan70° = tan30° = — = 0,577.
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PHAN VII. THIET KE BUOI DAY VA PE LUYEN TAP THEO PINH

DANG HSA

Phan nay giup gido vién t6 chizc mét budi day on thi HSA 120 phit vé chi dé luong giac, kém
phiéu hoc tip va nim dé luyén tap mé phong dinh dang phan Todn hoc va xit Ii s6 liéu cua bai thi
HSA (tréc nghiém 4 lya chon va dién dap an, ti 1¢ Xé.p xi 7 : 3, trung binh 1,5 phat mot cau). Moi
dé gém 20 cau (14 cu tric nghiém, 6 cau dién dap an), 1am trong 30 phut; nim dé ting dan d6 kho.

| 1. Ké hoach budi day (120 phiit)

Tién trinh mot budi day 6n thi HSA 120 phut

Kién thtic Vi du mau Luyén dé HSA Thuc té

5 dudng tron LG Dang 3-10 désb1 nhém

1n2' 120

Tién trinh budi day on thi HSA 120 phiit.

Muc tiéu. Sau budi hoc, hoc sinh: (1) thude va van dung dugc hé théng cong thuc luong giac; (2)
dém nghiém, tim gia tri 16n nhét — nhé nhét va doc dd thi nhanh, chinh xéc; (3) lam pé luyén s6 1
(20 cau) trong 30 phut véi do chinh xac tir 80% trd 1én; (4) mo hinh héa dugce cac hién tuong tuan
hoan bang ham sd luong giac.

Chuén bi. Gido vién: may chiéu (dung cac hinh trong chuyén d¢), phiéu hoc tap, Dé luyén sé 1 in

san. Hoc sinh: may tinh cam tay, gidy nhap ké sin dudng tron luong giac.

Thoi gian Hoat dong ctia giao vién Hoat dong ctia hoc sinh ’ Tuw li¢u trong chuyén dé
0 —-10° Ké chuyén Eratosthenes do Du doén, thao luan nhanh | M& déu, hinh
Trai Dat; néu ba cau do (cot Eratosthenes

0, tich tan, dién 220 V)

100 -30° Hé thong kién thirc trén dudong | Hoan thanh phiéu hoc tdp | Phan II, cac bang cong
tron luong giac; khau quyét thiric
cung lién két; bang cong thuc

30° - 60’ Chira vi du mau: Dang 3, 6, 7, | Lam theo cip, trinh bay Vi du & Phan III
8,9, 10 (mdi dang mot vi dy) | trén bang

60’ — 95’ Phat Dé luyén s6 1, bAm gio Lam bai ca nhan, chAim bé luyén sb 1
30 phut; chita nhanh 5 phut chéo

95> — 112’ | Chia 4 nhom bai thuc té: vong | Mo hinh hoa, trinh bay 2 Dang 12
quay, thiy triéu, ngay dém, phat/nhém
cOt co
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Thoi gian ’ Hoat dfng cuia gido vién 7 Hoat dfng cua hoc sinh ’ Tu li¢u trong chuyén dé

Téng két bay thuong gip, giao | Ghi chép, nhan nhiém vu
bai vé nha

112 - 120°
—74

pé luyén s6 2 —5; Bai 51 ‘

% Meo lam bai HSA phin lwong giic.

(1) Pém nghiém: v& nhanh d6 thi hodc dudng tron, ding liét ké ho nghiém dai dong.

(2) Cdu chon cong thirc nghiém: thay mot gi tri dic biét cua k vao timg phuong an dé loai trur.
(3) Gid tri I6n nhdt, nhé nhat: nhé |asinx + beosx| < Va2 + b2.

(4) Cdu dién dép dn: doc ki yéu cau 1am tron va don vi; véi dap an 13 boi cua m,

dé thuong hoi >

I 2. Phiéu hoc tap

Noi dung can dién Hoc sinh dien

—
[UnN
e}
o
o

Il

...... rad; dd dai cung £ = ......

Dau cua sin, cos, tan trong 4 goc phan tu: ......

Khau quyét cung lién két: “cos ...... ,sin ...... ,phu ...... ,khacm ...... ”

N-JR I S I NS NN LV, B NG WU R B
o
o
(%]
e
+
a
o
(%]
<
I
2,
S
S
I
&,
=
<
I

asinx + bcosx = c conghiém & ......

—_
(=)

Gia tri 16n nhat cua asinx + bcosx la ......

I 3. Pé luyén tip s6 1 — Nén tang (20 ciAu, 30 phut)

Phin tric nghiém (14 céu)

Cau 1. Goc ¢6 sd do 225° ddi sang radian 1a

Az B.Z. c.Z D.Z,
4 4 4 6
Cau 2. Mot banh xe ban kinh 30 cm quay dugc % vong. Mot diém trén vanh banh xe di dugc quing
duong
A. 201 cm. B. 407 cm. C. 60m cm. D. 307 cm.
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Cau 3. Gia tri cia cos(—750°) la

AL B.- % c.-1 p. 2
2 2 2 2
Cau 4. Cho g < a < m. Khing dinh nao sau day dung?
A. sina < 0. B. cosa > 0. C. tana < 0. D. cota > 0.
Céu 5. Biéu thic sin( — x) + cos (g - x) bang
A. 2sinx. B. 0. C. 2cosx. D. sinx + cosx.
Céu 6. Biéu thire sin(a + b)sin(a — b) bang
A. sina + sin?b. B. cos?a — sin?b. C.cos?a — cos?bh.  D. sin?a — sin?b.
Cau 7. Gia tri cia 2sin15°cos15° la
AZ B.L c. D.L
2 2 2 4

Cau 8. Ham s6 y = cos2x nghich bién trén khoang nao sau day?
T b4 s T 31
A (5m). B.(-Z;0). c.(0;%). D. (5:5).
Céu 9. T4p gia trj ciia ham sb y = 3 — 4sin®xcos?x 1a
A. [2;3]. B.[-1;3]. C. [3;4]. D. [0; 3].

Cau 10. Ham s6 nao sau day tuan hoan véi chu ki 41?

A.y = sin2x. B. y = cos E. C.y =tan g D.y = sin g
Cau 11. Nghiém cua phuong trinh 2sinx +1 =0 la

A.x=i%+k2n. B.x=—%+krr.

C.x = —%+k2nhoécx =7?”+k21r. D. x =%+k27‘[hoécx =5?n+k2n.

Cau 12. Nghiém cua phuong trinh tan (x - %) = g la

A.x=%+kﬂ. B.x=§+krt. C.x=§+k2n. D. x = km.
Cau 13. Phuong trinh nao sau day v6 nghi¢m?
A.sinx = g. B.cosx =3 —1. C.tanx = 2026. D. sinx + cosx = ;
Céu 14. Trén khoang (0; 41), d6 thi ham s6 y = sinx cit duong thang y = % tai bao nhiéu diém?
A. 2. B. 3. C. 4. D. 5.
Phan dién dap 4n (6 ciu)

Céu 15. M6t cung tron c6 ban kinh 12 cm va sé do 75°. D6 dai cung 14 bao nhiéu centimét (1am
tron dén hang phan muoi)?
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Cau 16. Cho cosa = — % voinm <a< %ﬂ Tinh tana + cota (1am tron dén hang phan trim).
Cau 17. Tinh cos**®" — sin*'5 (lam tron dén hang phan trim).
Cau 18. Phuong trinh cosx = — é ¢6 bao nhiéu nghiém thudc doan [—2m; 37]?

Cau 19. Gia tri 16n nhat ctia ham s6 y = 2sinx — 3cosx + 1 1 bao nhiéu (Iam tron dén hang phan
tram)?

Ciéu 20. Goi S 1a téng cac nghiém thudc doan [0; 27] ctia phuong trinh 2cos2x + 1 = 0. Tinh %
I 4. Pé luyén tip so 2 — Cong thirc va ham s (20 cu, 30 phiit)

Phin tric nghiém (14 cu)

Cau 1. Cho tana = —2 vdi % < a < m. Gia tri cua cosa la
AL B. - 25, c.-5 p. 2%
5 5 5 5
Cau 2. Cho cos2a = § Gia tri cua sin*a + cos*a 1a
AL B.2. c.t D.2,
9 9 9 3

Cau 3. Gia tri cia tan75° la

A.2 —+/3. B./3. C.1++/3. D.2 ++/3.

sin2x N
bang
1+cos

Céu 4. V6i x 1am biéu thirc c6 nghia,
A. tanx. B. cotx. C. sinx. D. 2tanx.
Céu 5. Biéu thirc cos(a + b)cos(a — b) bang
A.sin?a — cos?bh.  B.cos?a —sin?b.  C.cos?a + sin?h.  D. cos?a — cos?b.
Céu 6. Cho A, B, C 1a ba goc ciia mot tam giac. Khang dinh nao sau day dung?
A. cos(A + B) = cosC. B. sinA%B = sin g C. tan(4 + B) = tanC.
D. sin(A + B) = sinC.
Céu 7. Ham s6 y = sinx + tanx la
A. ham s6 chin. B. ham s 1¢.
C. khong chan, khong 1¢. D. vira chin vira 1é.
Céu 8. Chu ki tudn hoan cia ham s y = 2cos?3x 1a
AL B. 7. c.Z. D.Z
Cau 9. Gia tri nho nhat ctia ham sd y = cos2x — 4cosx 1a

A. 3. B. 5. C.—1. D. —6.
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Cau 10. Db thi ham sé y = 2sin (x - g) nhan duoc tir b thi ham sé y = 2sinx bing cach tinh
tién
A. sang trai g don vi. B. sang phai g don vi.
C. 1én trén g don vi. D. xubng dudi § don vi.
Cau 11. Ham s6 y = Asinwx ¢ chu ki 7 va dat gia tri 1on nhat bang 3 tai x = %. Ham s6 d6 1a
A.y = 3sin4x. B. y = —3sin2x. C.y = 3sin2x. D. y = 3sin g

Céu 12. S6 nghiém thudc doan [0; 7] ctia phuong trinh cos (3x — %) =01a

A. 2. B. 4. C.1. D. 3.
Cau 13. Nghiém cua phuong trinh sinx = cos2x la
A.x =Z45 B.x = = + k2m. C.x=2+% D.x ==+ k2m.
6 3 6 6 3 2

Cau 14. Nghiém cua phuong trinh v/3sin2x — cos2x = 2 1a

A.x=§+k27r. B.x=%+k7r. C.x=§+k7r. D.x

—% + k.
Phan dién dap 4n (6 ciu)

Cau 15. Tinh tan15° + cot15°.

Cau 16. Cho tanx = % Tinh sin2x + cos2x.

Cau 17. Gia tri 10n nhit ciia y = sin*x — cos*x + 2sinxcosx 14 bao nhiéu (Iam tron dén hang phan
tram)?

Cau 18. Phuong trinh cos2x + 3cosx + 2 = 0 ¢6 bao nhiéu nghiém thudc doan [0; 27]?

Céu 19. C6 bao nhiéu sé nguyén m € [—10; 10] dé phuong trinh 2sinx — mcosx = 3 ¢6 nghiém?

Céu 20. M6t vat dao dong diéu hoa theo phuong trinh x = 6cos (Znt - g) (cm), t tinh bang gidy.
Thoi diém dau tién (t > 0) vat di qua vi tri can bang 1a bao nhiéu gidy (lam tron dén hang phan
tram)?

| 5. Pé luyén tip sé 3 — Phwong trinh qua céc Ki thi tuyén sinh (20 ciu, 30 phiit)
Phin tric nghiém (14 cu)

N , , 2
Cau 1. (Dé thi tuyén sinh Dai hoc khdi D ndm 2007) Nghiém ciia phuong trinh (sing + cos g) +
V3cosx =2 1a
A.X=i%+k27‘[. B.x=§+k2nhoécx=—%+k2ﬂ.

C.x=§+knhoécx=—%+kn. D.x=§+k2nhoécx=§+k2n.
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Cau 2. (Dé thi tuyén sinh Pai hoc khoi B nam 2007)

Nghiém cua phuong trinh 2sin??x + sin7x — 1 = sinx la

T km o T k2w
A.x=—+—hodcx =—+—.
8 4 18 3

T km o T km
B.x==-4+—hoicx =—+—.
8 2 18 3

k2w

T km o T
C.x=-+—hoacx =-+—.
4 2 6 3

b4 km T k21 o 51
D.x = +T,x=—+Thoacx=§+

k2m
8 18 ’

3
Cau 3. (Dé thi tuyén sinh Pai hoc khéi A nam 2005) Nghiém cta phuong trinh
cos?3xcos2x — cos?x = 0 la

A.xz%n. B.x = km. C.x=%+k7n. D. x = k2m.
Cau 4. (Dé thi tuyén sinh Pai hoc khoi B nam 2008) Nghiém cta phuong trinh
sin3x — v/3cos3x = sinxcos?x — v/3sin%xcosx 1a

A.x=%+knh0&icx=§+kn. B.x=§+kz—nhoécx=§+kn.

C.x=£+k—”hoécx=—z+k7t. D.x=—£+k—nhoécx=—z+kn.
4 2 3 4 2 3
Cau 5. (Pé thi tuyén sinh Pai hoc khoi D nam 2003) Nghiém cua phuong trinh
sin? (£ - E) tan?x — cos?2= =0 1a
2 4 2

A.x =m+ k2m. B.x=—%+krr.

C.x=n+k2nhoécx=%+kn. D.x=n+k2nhoécx=—%+kn.
Cau 6. (Dé thi tuyén sinh Pai hoc khéi D nam 2005) Nghiém ctia phuong trinh

cos*x + sin*x + cos (x — %) sin (3x — %) — % =01la

A.x =S+ k. B.x == + k2m. C.x=—Z+knm. D.x=£+k—”.
4 4 4 4 2
Cau 7. (Dé thi tuyén sinh Pai hoc khéi A nam 2003) Nghiém cta phuong trinh
cotx — 1 = 22X 4 sin%x — Lsin2x 1a
1+tan 2
A.x=g+k27r. B.x=§+k7r. C.x=—%+kn. D.x=§+k7r.

Cau 8. (Dé thi tuyén sinh Pai hoc khéi B nam 2006) Nghiém cta phuong trinh
cotx + sinx (1 + tanxtan g) =41a
A.x=%+k2rrhoécx=i—z+k2n. B.x=§+knhoécx=5§+kn.

C.x=£+knhoécx=5—n+kn. D.x = +— + k.
12 12 12
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Cau 9. (Pé thi tuyén sinh Pai hoc khéi A nam 2010) Nghiém ciia phuong trinh

(1 + sinx + cos2x)sin (x + E) 1

4 [ j—
1+ tanx B ﬁcosx

A.x=%+k2nhoécx=5?n+k2n.
B.x=—%+k2n,x=%+k2rrhoécx=%+kn.
C.x =—=+kn
D.x=—%+k2rrhoécx=7§+k2n.

Céu 10. (Pé thi tuyén sinh Dai hoc khoi D nam 2011) Nghiém cua phuong trinh

sin2x + 2cosx — sinx — 1

tanx + /3
Vs Vs Vs T

A.X=;+k27‘[. B.X=i§+k27f. C.X=g+k7'[. D.X=—§+k277.'.

Cau 11. Nghiém duong nhoé nhét ciia phwong trinh sin2x + /2sinx = 0 1a
T 3n 51

A. Z B. T C.m. D. T
Cau 12. Nghiém cua phuong trinh v/2(sinx + cosx) = tanx + cotx 1a

A.x=%+kﬂ. B.x=—%+k2n. C.x=%+k27‘t. D.x=%+k2rr.
Cau 13. Nghiém cua phuong trinh 1 + sinxcos2x = sinx + cos2x la

A.x = km. B.x=§+krt.

C.x=k2nh0écx=§+k2n. D.x=k7rhoécx=§+k27r.
Cau 14. Nghiém cua phuong trinh sinx + cosx = 1 + sinxcosx la

A.x=k2nhoef1cx=§+k2n. B.x=knhoécx=§+krr.

C.x=%+k2n. D.x = k2m.

Phan dién dap 4n (6 ciu)

Cau 15. (Pé thi tuyén sinh PH Thiy loi nam hoc 1997 — 1998) Phuong trinh sin®x + cos®x = 1
¢6 bao nhiéu nghiém thudc doan [0; 27]?

Cau 16. Phuong trinh tanx + tan2x = tan3x c6 bao nhiéu nghiém thudc doan [0; 27]?

Cau 17. Phuong trinh cos5xcosx = cos4x ¢ bao nhiéu nghiém thudc doan [0; 7]?
Ciu 18. Nghiém am 16n nhit cia phuong trinh 2tan?x + 3 = % c6 dang arr. Tim a.
Céu 19. Goi S 1a téng cac nghiém thudc doan [0; 27] ctia phuong trinh sin3x = cosx. Tinh Z

Cau 20. Phuong trinh sinx + cosx = v/2sin5x ¢ bao nhiéu nghiém thudc nira khoang [0; 2m)?
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I 6. Pé luyén tip sé 4 — Tham sd, gia tri I6n nhat va dém nghiém (20 cu, 30 phiit)

Phén triac nghiém (14 ciu)

Cau 1. C6 bao nhiéu sé nguyén m dé phuong trinh 3sinx + mcosx = 5 v6 nghi¢m?

A.9. B. 8. C.7. D. 6.
Céu 2. Gia tri 16n nhét cta ham s6 y = ——2%
sinx+cosx—
A, B. =% c.: D.0.

Cau 3. Phuong trinh cos2x — sinx + m = 0 c6 nghiém thudc khoang (0; g) khi va chi khi

A-1<m<2  B.-1<m<2  C-2<m<2  D.-2<m<2
Ciu 4. C6 bao nhiéu s6 nguyén m dé phuong trinh sin?x + 2sinxcosx — 3cos?x = m c6 nghiém?
A. 4. B. 6. C.3. D. 5.
Céu 5. S6 nghiém thudc doan [0; 27] cua phwong trinh sin(mcosx) = 0 1a
A. 3. B. 4. C.5. D. 6.
Cau 6. Gia trj 10n nhat ciia ham s6 y = sin*x + cos*x + sinxcosx la
A2 B.1. c.2. D.2

Cau 7. Phuong trinh tanx + cotx = m c6 nghiém khi va chi khi

A.m > 2. B. Im| = 2. C.|m| > 2. D.m e R.
Cau 8. S6 nghiém thyc ciia phuong trinh sinx = logx 1a

A. 2. B. 4. C.1. D. 3.

Cau 9. Phuong trinh (2sinx — 1)(cosx — m) = 0 c6 dung 4 nghiém phan biét thudc nira khoang
[0; 27) khi va chi khi

Ame (-1;1). B.m € [1; 1]\ {+ ?}
. V3 . V3
C.me (~1; 1)\{1 7}. D.m € (—1; 1)\{7}.
Cau 10. Tam gidc ABC théa man sinC = 2225 15 tam gidc
COoSA+cosB
A. vuong tai C. B. vudng tai A. C.cantai C. D. déu.

CAu 11. Gia tri 16n nhét cta sind + sinB + sinC, v6i 4, B, C la ba g6c cua mdt tam giac, la

AL B. 22 C.V3. D. 3.
Céu 12. S6 nghiém thudc khoang (0; 27r) ctia phuong trinh |sinx| = cosx 1a

A. 4. B. 1. C.2. D. 3.
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Ciau 13. Trén khoang (—; ), d0 thi hai ham s6 y = tanx va y = sinx c6 bao nhiéu diém chung?

A. 3. B. 2. C.0. D. 1.
Cau 14. C6 bao nhiéu s6 nguyén m dé phuong trinh cos2x + 4sinx + m = 0 ¢6 nghiém?
A. 8. B. 9. C.7. D. 10.

Phan dién dap 4n (6 ciu)

Cau 15. Phuong trinh cos3x = sin2x c¢6 bao nhiéu nghiém thudc doan [—m; ]|?

Cau 16. Tim gié tri 16n nhat cia ham s6 y = 4sinx — 3cosx trén doan [0 ; g]

Cau 17. C6 bao nhiéu s6 nguyén m € (—10; 10) dé phuong trinh

2sin?x — (2m + 1)sinx + m = 0 c¢6 ding hai nghiém thudc doan [0; 7]?

Céu 18. Tam giac ABC c6 BC = 7, CA = 8, AB = 5. Tinh ban kinh dudng tron ngoai tiép tam
giac (1am tron dén hang phan tram).

Cau 19. Tim gié tri 16n nhat cta biéu thic P = sinxsin (x + g) (viét dudi dang s thap phan).
Cau 20. Phuong trinh 2sin®x 4 pcos®x — 3 ¢4 hao nhiéu nghiém thudc doan [0; 27]?

I 7. Pé luyén tip sé 5 — Nang cao, lién méon va thuc té (20 ciu, 30 phit)

Phin tric nghiém (14 céu)
A o 2 am
Cau 1. Gia tri cua cos?n + cos ?n la

A B. — 1. c. -1 D. 0.
2 2 4

Cau 2. Gia tri cia tan9° — tan27° — tan63° 4+ tan81° la

A. 2. B. 0. C.4. D. 1.
Cau 3. Gia tri cua cos36° — cos72° la

AL B.L c.t p. 52

2 4 4 4

Cau 4. Tam gidc ABC c6 tanA = 1, tanB = 2. Gia tri cua tanC la

A= B. -3. C.1. D. 3.
Céu 5. Mot gudng nude c6 ban kinh 3 m, tim cao hon mit nudc 2 m, quay déu 4 vong mdi phit.
Trong mdi vong quay, mdt gau nude nam dudi mit nude khoang

A. 3,0 giay. B. 7,5 giay. C. 4,0 giay. D. 5,0 giay.
Céu 6. Mot vat tham gia dong thoi hai dao dong x; = 3coswt va x, = 4sinwt (cm). Dao dong
tong hop x = x; + x, c6 bién do

A. 7 cm. B. 5 cm. C.1cm. D. 3,5 cm.
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Cau 7. Ném mot qua bong tir mat dat voi van toe 15 m/s. B qua strc can khong khi, iy g = 10
m/s2. Tam xa 16n nhat c6 thé dat duoc la

A. 22,5 m. B. 11,25 m. C.15m. D. 45 m.
Céu 8. Chiéu mot tia sang tir khong khi vao nudc (chiét suat g) véi goc toi 60°. Goc khuc xa xap
xi bang

A. 45°. B. 35, 3°. C. 30°. D. 40, 5°.
Cau 9. TP. H6 Chi Minh c6 vi d6 khoang 10, 8° Bic. Ngay Dong chi, xich vi Mat Troi 1a —23, 44°.
Do cao Mit Troi lic gitta trua (b = 90° — |@ — §|) xap xi bang

A. 66, 2°. B. 79, 2°. C.55,8°. D. 45, 6°.
Cau 10. Tt hai diém A, B trén bd bién cach nhau 100 m, nguoi ta nhin mot hon ddo nhd C voi
CAB = 70°, CBA = 80°. Khoang céach tir ddo dén duong thang AB xap xi bang

A.171 m. B. 197 m. C.92 m. D. 185 m.
Céu 11. Lic 2 gio 30 phut, goc giira kim gio va kim phut ctua dong ho 1a
A. 105°. B. 120°. C.90°. D.97,5°.

A e, T 2T 41T
Cau 12. Gi4 tri cua cos 5 COS—-Ccos— la

A —= B.-. C.—. D.-.
8 8 16 4
Cau 13. Gi4 trj nho nhat cia biéu thirc —— + ——1a
sin“x Cos“Xx
A.2. B. 8. C. 4. D. 1.

Cau 14. Tam giac ABC thda man cos®4 + cos?B + cos?C = 1 la tam giac

A. déu. B. can. C. c6 mot goc tu. D. vuong.

Phan dién dap an (6 cau)

Céu 15. Kim gio dai 6 cm, kim phit dai 8 cm. Lic 2 gior 30 phut, khoang cach giita hai dau kim 1a
bao nhiéu centimét (1am tron dén hang phan mudi)?

Cau 16. Biét (1 + tan1°)(1 + tan2°) --- (1 + tan45°) = 2™. Tim n.

Céu 17. Tir diém A trén mit dat, nhin dinh mot toa thap dudi goc nang 30°; tién thém 50 m vé phia
chan thap, goc nang 1a 45°. Toa thap cao bao nhiéu mét (bé qua chidu cao ngudi do, 1am tron dén
hang phan mudi)?

Céu 18. Mot vat dao dong theo phuong trinh x = 10cos(4mt) (cm). Trong gidy dau tién, tong thoi
gian vt cach vi trf cAn bang it nhat 5 cm 1 bao nhiéu gidy (Iam tron dén hang phan trim)?

Cau 19. Cho tana + cota = 3. Tinh tan3a + cot3a.

Céu 20. Ném mot qua bong tir mat dat véi van toe 20 m/s (Idy g = 10 m/s?, bo qua strc can). Mudn
bong roi cach diém ném ding 30 m thi goc ném nho hon trong hai goc c¢é thé 1a bao nhiéu d6 (lam
tron dén hang phan mudi)?
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| 8. Pap 4n va huéng din giai

Péeso 1

Ciu 1| 2|3 4|5 6|78 |9 10|11 121314
‘Dépén‘A|B|D‘C‘A‘D‘B‘C‘A‘D‘C‘B‘D‘C‘

Huéng din phin tric nghiém.
Cau2.¢=2.2m-30 = 40.

Cau 3. —750° = —2 - 360° — 30°, cos(—30°) = “75

Cau 6. sin(a + b)sin(a — b) = %(cost — cos2a) = sin’a — sin?b.
Céau 8. cos2x nghich bién khi 2x € (0; 7).
Cau 9.y = 3 —sin??x € [2;3].
Céu 13. |sinx + cosx| < V2 < z
Cau 14. hai nghiém trong mdi chu ki [0; 27r), hai chu ki: 4 diém.
Phan dién dap an.

751

Cauls. ¥ =12-—=5m = 15,7.

180

2

4 4 3 25
- -+-=—=12,08.
3’3 4 12

Cau 16. sina = —g, tana =
Cau 17. = cos?!®" — sin?!®" = co0s30° ~ 0,87.

Cau 18. mdi doan dai 27 ¢6 2 nghiém; trén [—2m; 21r] ¢6 4 nghiém, trén (2m; 3] thém nghiém
21 + arccos (— %) 5.

Cau19.1++22+32=1++13 ~ 4,61.

Cau 20. cos2x = — 2 x € {—;—;—;—},S — 47 4.
2 3

Pé so 2

Huéng din phan tric nghiém.

Cu 1. cos?a = ——— = =, cosa < 0.
1+tan“a 5
Céu 2. sin*a + cos*a =1 —tsin2a=1-2-2=2
2 2 9 9
148
Cau 3. tan(45° +30°) = —% =2 + 3.

1-3
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Cau 8.y = 1 + cosbx, chu ki 2?”
Cau 9.y = 2t? — 4t — 1v6i t = cosx € [—1; 1], nho nhat tai t = 1.

Cau 11. chu ki w nén |w| = 2; y G) = 3 loai —3sin2x.

Caulz.x=2+%500,
4 3 4 12° 12
Cau 13. sinx = sin (g — ) = —g + k2m d3 nam trong ho x = % + szn
Ciu 14.sin (2x - ) = 1.
Phin dién dap an.
Cau 15. tana + cota = _2 = _2 =4
sin2a sin30°
_ 2
Cu 16. Sin2x = ——=_ = 0,8, 02X = ——nX = 0,6: 14.
1+tan<x 1+tan<x

Céu 17. y = sin2x — cos2x < /2 ~ 1,41.

A 2 o 1 2w 4T
Cau 18. 2cos“x + 3cosx + 1 = 0: cosx = —1 hoac cosx = —oiX € {n;?;?}: 3.

Caul19.4+m?>>9 & |m| > V5: m € {~10; ...; =3} U {3; ...; 10}: 16.

Cau20.2mt —Z=Z=t == ~0,42.
3 2 12

Pé s6 3
----n-n-nn
bap an B

Huéng din phin tric nghiém.

Cau 1. 1 + sinx + +/3cosx = 2 @sin(x+§) =-

Cau 2. sin7x — sinx = 1 — 2sin??2x = cos4x, nén cos4x(2sin3x — 1) = 0.

Cau 3. ha bac rdi dit t = cos2x: (1 + cos6x)cos2x = 1 + cos2x dan téi cos??x = 1.

Céu 4. sinx(sin®x — cos2x) + v/3cosx(sin%x — cos?x) = 0 & cos2x(sinx + \/§cosx) = 0.

Ciu 5. didu kién cosx # 0; phuong trinh & (1 — sinx)sin?x = (1 + cosx)cos?x < (1 +
cosx)(1 — sinx)(sinx + cosx) = 0, loai sinx = 1.

Cau 6. dua vé sin?2x + sin2x — 2 = 0, sin2x = 1.

CAu 7. diéu kién sin2x # 0, tanx # —1; dua vé (cosx — sinx)(1 — sinxcosx + sin®x) = 0,
tanx = 1.

Cau8.1+ tanxtang = ﬁ, phuong trinh & _2 = 4.

sin2x
Cau 9. rat gon duoc sinx + cos2x = 0, loai cosx = 0.
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Cau 10. tir s6 = (2cosx — 1)(sinx + 1), loai tanx = —/3 va cosx = 0.

Cau 11. sinx(Zcosx + \/i) = 0.

Cau 12. dat t = sinx + cosx: V2t(t? — 1) =2 & (t —v2)(V2t2 + 2t +v2) = 0, t = /2.
Cau 13. (1 — sinx)(1 — cos2x) = 0.

Cau 14. t = sinx + cosx thoat = 1 +tZT_1=> t=1.

Phin dién dap an.

Cau15.1 —%sinzzx =lox= kz—”: 5.

Ciu 16. bién ddi dugc tanxtan2xtan3x = 0; v6i diéu kién, nghiém x = "‘?”; 7.

Cau 17. cosbx = cosdx © x = k?”: 6.

2 3

cos?x  cosx

Ciu 18. +1 =0 & cosx = 1, nghiém 4m 16n nhat —2m: —2.

Cau 19. x == + <= (4 nghiém) va x == + Jrr (2 nghiém), S = 57: 5.

Cau 20. sin (x + %) = sin5x: x = % + kz—n (4 nghiém) va x = % + k?n (6 nghiém), khong trung
nhau: 10.

Dé s6 4
w123 4] 6] 789w ulnlnslu
Pap an C B A D C A B D C A B C D B

Huwéng din phin tric nghiém.
Cau 1. vo nghiém © 9 + m? < 25 © |m| < 4.

Cau 2. mau ludn am; dua vé ysinx + (y — 1)cosx = 2 + 2y, diéu kién y? + (y —1)? >
(2+2y)? o 2y2 +10y +3 < 0.

Céu 3. t = sinx € (0;1), m = 2t? + t — 1 ddng bién trén (0; 1).
Cau 4. ha bic: sin2x — 2cos2x = m + 1, co nghiém & |m + 1| < V5: m € {=3; ...; 1}.

Cau 5. cosx € {—1;0;1}.

2 ’
Ciu 6. t = sin2x: y = 1—%+§,1(’ynnhﬁttait=%.

Cau 7. tanx + cotx = —.
sin2x

Cau 8. nghiém chi ¢6 thé thugc (0; 10] (vi logx < 1); vé do thi thay 3 giao diém (x = 2,70; 7,33;
8,26).

N . 1 A T 5T , N , . A \
Cau 9. sinx = > cho 2 nghiém ~»7; can cosx =m co 2 nghiém khéc hai nghiém nay.
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Céu 10. bién doi vé ZSinzg =1.
Céu 11. dat khi tam giac déu.

T 71

Cau 12. cosx = O va |tanx| = 1: = T

Cu 13. sinx (L - 1) = 0, chicé x = 0.

Cosx
Cau 14. m = 2t? — 4t — 1, t € [—1; 1], nhan gi4 tri trong [—3; 5].
Phin dién dap an.

Cau 15. cos3x = cos (5 — Zx) X == + kz—n (5 nghiém) va x = — = + k2m (1 nghi¢m): 6.
Ciu 16. y = 5sin(x — ¢) véi tang = =; tren doan d3 cho y dong bién, 16n nhit tai x = g 4.
Cau 17. (2sinx — 1)(sinx — m) = 0; sinx = % da cho 2 nghiém, can sinx = m v6 nghiém trén
[0; ], thtc m < O hodcm > 1: 9+ 8 =17.
Cau18.cosAd = "2 = 2 R = —— ~ 4,04.
80 2 2sin6
T 3
Cau19.P =- [cos— — Ccos (Zx + 5)] < 2 0,75.
Cau 20.t = 257°% € [1;2], t + % =3 &t € {1;2}, tic sin2x = 0: 5.
Pé s6 5
----n-n-nn
Pap an B

Hwéng din phin tric nghiém.

A NPT < s 5— 5
CAu 1. nhan véi 2sin = hoac dung cosZ = Q, cosZ = — \/_+1.
5 5 4 5 4
Ciu 2. (tan9° + cot9°) — (tan27° + cot27°) = —— — —2— =4
sin18° sin54°
Ciau 3. cos36° — cos72° = @ - %.

Ciu 4. tanC = —tan(4 + B) = —1%2.

Cau 5. gau ¢ dudi nudc khi sinf < — g, chiém cung T — Zarcsing ~ 1,68 rad, tuc = 26,8% cua
15 giay.
Cau 6. V32 + 42,
2
Cau7.L = %’khi a = 45°.

3sin6 °

Cau 8. sinr = ~ 0,650.
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Cau 9. 90° — (10, 8° + 23,44°).

100sin70°sin80° N

, ~ 185.
sin150°

Cau 11. kim gi¢ ¢ 75°, kim phut ¢ 180°.

Cau 10.d =

. 81
n A s T 4. A ~ , A N. SN 1
Cau 12. nhan vaéi sin > dung ba lan cong thirc nhan doi: o % = p
S

Cau 13. :%2 4.

in22x
Céu 14. dang thuc twong duong cosAcosBcosC = 0.

Phin dién dap an.

Cau 15. dinh li cosin: v/36 + 64 — 96c0s105° ~ 11,2.
Cau 16. (1 + tank®)(1 + tan(45 — k)°) = 2,22 cap va 1 + tan45° = 2: 23.

50 50
cot30°—cot45°  +/3-1

Caul17. h = ~ 68,3.

Cau 18. |cos4rnt| > %trong 2 mdi chu ki: 0,67.
Cau 19. (tana + cota)® — 3(tana + cota) = 27 — 9 = 18.

2220 = 0,75, a = arcsin0,75 ~ 24,3.
400 2

Cau 20. sin2a =
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LOI KET

Tir ci bong cua ciy gdy & Alexandria, bang diy cung cua Hipparchus, chit jiva bi dich nham thanh
sinus, dén duong tron don vi ctia Euler va nhimg chudi song cta Fourier, luong giac da di mot hanh
trinh hon hai nghin nim dé tré thanh chuong dau tién cta Toan 11. Pang sau nhitng cong thirc
turdng nhu kho khan 13 hai ¥ twong gian di: ding géc dé do nhitng gi tay khong véi téi, va moi thir
quay vong déu mang trong minh mét ham sin.

Khi gip mot cau hoi lwong giac trong phong thi HSA, hiy nhé bdn budc: vé duwong tron lrong
gidc; dwa vé mét ham, mét cung; nhdn dang phwong trinh; dém nghiém bang hinh vé. Va khi nhin
mot vong quay, mot con séong hay doc sé gio mat troi moc, hdy thir hoi: bién dj, chu ki va pha ban
ddu ciia né la bao nhiéu?

Chuc cac em hoc sinh dat két qua cao trong ki thi HSA, va chiic quy thay ¢6 ¢ thém tu liéu dé ké
cho hoc tro nghe cau chuyén dep nay.
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