SO GIAO DUC VA DAO TAO KY THI LAP DQI TUYEN HOC SINH G101
THANH PHO DONG NAI DU THI CAP QUOC GIA THPT
NAM HOQC 2026-2027

DE CHINH THUC

(DE thi gom 1 trang; 4 ciu) Mon thi: Todn . )
. Thoi gian: 180 phit (khong ké thdi gian giao dé)

Ngay thi thd nhat: 27/8/2026

Cau 1. (4,0 diém) Tim tét ca cdc ham sb f: Z — Z thda man
f(m+ f(n)) = f(m) + 9n,
véi moi s6 nguyén m, n.

Uun + 4
Un +1’

a) Ching minh day s6 da cho c6 gi6i han hitu han va tinh gi6i han dé.
(a # b) sao cho day (f(un)) lap

Vn € N*,

Cau 2. (6,0 diém) Cho day sb (un) xac dinh béi ug =1 VA upqy =

z+a
z+b

b) Chitng minh.t3n tai ham phan thic f(z) =
thanh mot cip s6 nhan.

Cau 3. (5,0 diém) Dt A = 2026! + 1 va xét da thitc
p(x) = Ag1050 +b1$4048 +b2$4o4s Foes +b2024$2 4,

trong d6 by, bz, ... ,bogzs 13 céc s6 nguyén. Chitng minh P(z) khong c6 nghiém hitu ti trong
mdi trudng hgp sau:
a) by +ba+ b3+ - - + baozq = 2025.

b) by + b3+ - - + boozs = 2025 V& by + by + - - - + bagas = 1.

Cau 4. (5,0 diém) Xét tap hop A gdm n sb ty nhién z, %2, ..., Tn théa man ca hai diéu
kién sau:
i) 1=21 <22 < -+ <y = 2026.
ii) Véi moi k € {2,3,...,n}, ludn tdn tai 4, j € N* v6ii <k, j < ksao cho z = z; + z;
(zi c6 thé bing .'1:_-,').
a) Chi ra mot tap hop A v6i n = 15.

b) Ching minh n > 13.
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SO GIAO DUC VA PAO TAO KY THI LAP POI TUYEN HOC SINH GIOI
THANH PHO DONG NAI DU THI CAP QUOC GIA THPT
NAM HOC 2026-2027

DE CHINH THUC

Dk th- P 1 " 3 - Mﬁn thi: TOén » - S

(Dé thi gém 1 trang; 3 cau) Thoi gian: 180 phit (khong ké thdi gian giao dé)
Ngay thi tht hai: 28/8/2026

Cau 5. (7,0 diém) Véi mbi s6 nguyén duong n, ta dit T, = 2027 — 2026™,
a) Ching minh tdn tai v6 han s6 nguyén duong n thda man n 1 udc cia T, — 1.

b) Tim t4t ca s6 nguyén duong n sao cho ton tai s6 nguyén m thoéa man Ty, 12 udc cla
m? + 40532 (trong d6 4053 = 3 x 7 x 193).

Cau 6. (6,0 diém) Cho tam gisc ABC khong can. Dudng tron bang tiép géc A cla tam
gidc ABC tiép xic vdi cac dudng thing BC, CA, AB lan lugt tai D, E, F. Goi M 1a trung
diém ciia doan thing EF, dudng thing MB cit dudng thing DE tai S va dudng thing
MC cét duong théng DF tai R.

a) Chimg minh ba diém A, R, S thing hang.

b) Goi d 1a dudng thing d6i ximg v6i dudng thing AD qua dudng phan giac trong géc
BAC. Ching minh cic dudng thing RE, SF va d déng quy.

Cau 7. (7,0 diém) Cho sé nguyén duong 18 n > 2 va mdt s6 nguyén t6 18 p. Xét mot bang
vudng n x n, tai mdi 6 vudng don vi ta dién mdt s6 nguyen thude tap {1,2,...,p—1}. Mot
bang dugc goi 1a “TPDN” néu théa man ddng thdi hai didu kién sau:

i) Tich ciia 4 s6 trong bét ky 6 vudng 2 x 2 nao trén bang déu dong du véi 1 mé-dun p.
ii) Tich clia tat ca n? s6 trén bang ddng du véi —1 mo-dun p.

a) Hay hoan thanh bang “TPDN” véi n = 3 va p = 5 sau day:

3| 2| 4

3

b) Tinki s6 lugng bang “TPDN” theo n va p (hai bing duge goi 12 khéc nhau néu ton tai
6 vudng don vi & hang ¢ vd cft j trong hai bang chia hai s6 khac nhau).

HET




Chuong

CHON DTQG DONG NAI 2026 — NGAY 1

[

([ Baitoan 0.1. ] (Lim Olympic - Béng Nai TST - P1)
Tim tat ca cic ham s6 f : Z — Z théa man

flm+ f(n)) = f(m)+9n, (1)

v6i moi s6 nguyén m, n.

@ Lai giai.
Gia st rang ton tai ham s6 f théa man yéu cau bai toan. D& dang ching minh dude f 1a don anh.
Thay n = 0 vao (1) ta dugce:
flm+ £(0)) = f(m) = m + f(0) = m = f(0) = 0.
Thay m = 0 vao (1) va két hgp véi f(0) = 0, ta co:
FO+ F(n) = £(0) +9n = F(f(n)) = 9n,Vn € Z.
Tiép theo, thay m — f(m) vao (1) ta co:
f(f(m) + f(n)) = f(f(m)) +9n = 9(m + n) = f(f(m +n)) = f(m +n) = f(m) + f(n),Ym,n € Z.

Tu day bing quy nap dé dang chitng minh f(n) = nf(1),Vn € Z.
Dat ¢ = f(1) € Z, khi d6 ta c6 f(n) = cn,Vn € Z va thay vao (1) ta dugc:

c(m+cen)=cm+9In < ?n=9n,YneZ.
Suy ra ¢ = £3. Vay f(n) = 3n,Vn € Z hodc f(n) = 3n,Vn € Z.

[
( Baitodn 0.2. ] (Lim Olympic - Déng Nai TST - P2)
Uy + 4

Cho day s6 (u,) xac dinh béi u; = 1 v uyy1 = ——,Vn € N*.
Uy + 1

@ Chiing minh day s6 da cho ¢6 giéi han hitu han va tinh gidi han do.

z:z (a # b) sao cho day (f(u,)) lap thanh mot

@ Chitng minh ton tai ham phan thic f(z) =

cap s6 nhan.

(£ Lai giai.
@ Dé dang chitng minh u,, > 1,Vn € N bang quy nap. Ta c6:
up + 4 Up — 2 1 (1>n—1
-2= —-2=- = 2| < z|up = 2| <o < | = a
Un+1 B 1 Ut 1 |[tn+1 | < 2|Un | < =\3

n—1
Ma nll)rfoo (§> = 0 nén theo nguyén 1i kep ta c6 nEI—ir—loo Uy, = 2.
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%% LIM EDU

?é Xét f(z) = 2;; thi:

Up + 4 9

up+1 _unt+t4-2up+1)  2-up 1
f(“"“)—Un+4+2_un+4+2(un+1)_3un+6_ 3f(“")'

up + 1

S 2 1
Vay day (f(uy,)) la mot cap so nhan véi cong boi ¢ = ~3

[
( Baitoan 0.3. ] (Lim Olympic - Déng Nai TST - P3)
Dat A = 2026! + 1 va xét da thic
P(z) = Az*%0 + 5129 + 5y2®™ + -« + byonua® + 4,

trong do6 by, ba,...,byg2s 12 cac s6 nguyén. Chiing minh P(z) khong c¢6 nghiém hitu ti trong mdi

truong hgp sau:
@ by + ba + b3 + - - - + bygas = 2025.
@ b1+b3+---+b2023=2025 Vﬁ,b2+b4+---+b2024=1.

(&' L&i giai.
Gia sit nguge lai P(z) ¢6 nghiém hitu ti. Vi P(0) = A # 0 va P(z) chi chita cdc s6 mii chdn nén khong
mét tinh téng quat, gia st nghiem do6 1a S trong d6 p,q € N* va ged(p, q) = 1.

2
Dt @) = AP20% 4 P2y 520 L. o Bogoit +A thY © (‘Z—Q) =0.
Khi d6 p? | A va ¢® | A, tit d6 p,q la cac sb 1é.

Tx P (S) = 0 suy ra

Ap4050 i b1p4048q2 i b2p4046q4 L i o b2024p2q4048 + Aq4050 =,
@ Vip= —¢ (mod p+ q) nén
0= (2A +by+by+---+ b2024) q4050 = (2A + 2025)(]4050 (mod p+ q).
Ma ged(¢29° p 4 ¢) = 1 nén 24 + 2025 chia hét cho p + ¢ chia hét cho 2, vo ly.
@ Dat r = p?, s = ¢* thi Ar®* + 51?5 + bor®%s% + -+ + bygoars™! + A2 = 0.
Vir=—s (mod r+s), ta co
0= (bl — by +bg —bg+ -+ bogoz — b2024)82025 = 202452025 (mod i S).
Viged(r+s,8) =1, suy rap® + ¢ = r + s | 2024.
Néu p=¢ =1 thi = 1 lam nghiém, tuy nhien P(1) = 24 + 2026 # 0, vo ly.
Vay it nhat mot trong p, ¢ 16n hon 1, hon thé nita moi wdc nguyén t6 ciia s6 dé ciing la wde nguyen
td clia A, nhung khong c¢6 s6 nguyén té6 nao khong vugt qua 2026 1a uée ciia A, vi néu r < 2026 1a
s6 nguyeén t6 thi A = 2026! +1 =1 (mod 7). Do d6 it nhat mot trong p, ¢ khong nhé hon 2027.

Suy ra p® + ¢* > 2024, vo ly véi viec p? + ¢* | 2024.
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Chuong 1. Chon DTQG Déng Nai 2026 — Ngay 1 (&’&; I!)\K“;l\)u
(s -

( Bai toan 0.4. ) (Lim Olympic - Déng Nai TST - P4)

Xét tap hgp A gom n s6 tu nhién x1, 29, ..., x, thda man ca hai diéu kién sau:
& 1 =ax € <+ < By, = 2026.
& V6i moi k € {2,3,...,n}, luon ton tai i,j € N* v6i i < k, j < k sao cho zp = z; + z;;
(z; ¢6 thé bang z;).
@ Chi ra mot tap hop A v6i n = 15.
@ Chitng minh réng n > 13.

@ Lai giai.
(1) Chon A = {1,2,4,8,16, 32, 64,128, 256, 384, 386, 418,804, 1608, 2026} v6i hru §:

386 = 2 4 384; 418 = 32 4 386; 804 = 386 + 418; 1608 = 804 + 804; 2026 = 418 + 1608

@ V6i moi k > 2, do g 1a téng clia hai s6 ding trude né nén zp < 2xj_1.
Vi zy = 1 nén x5, < 2871, va tit 2, = 2026 > 2'0 = 1024 nén n > 12.
Gia st n = 12. Tw 210 = 2026 suy ra x1; > 1013, x19 > 507, x9 > 254, xg > 127, 7 > 64.
Mt khac z7 < 2% = 64 nén z7 = 64.
Dé dat dugc gia tri 2% sau 6 bude thi buoc dédu bing phai xay ra & moi budc tit z; dén z7. Do d6
(z1,29,...,27) = (1,2,4,8,16, 32, 64)

Vi zg > 127, ma néu xg # 64+ 64 thi tong 16n nhat ciia hai s6 trong {x1, ..., 27} chi la 64+ 32 = 96,
nén xg = 128. Tuong ty, tit z9 > 254, x19 > 507, x11 > 1013, ta lan lugt budc phai co

T9 = 256, Fip'=012; 711 = 1024.

Cubi cing, 12 1a tong clia hai s6 trong {x1, ..., 211 }. Néu hai s6 d6 déu la 1024 thi tong bing 2048;
con néu khong thi tdng 16n nhét chi 1a 1024 + 512 = 1536 < 2026 nén z12 # 2026, mau thuin.

Vay n # 12. Két hop véi n > 12, ta duge n > 13.

— Nhan xét.

Trén thue té ta c6 thé chi ra n = 15 la gi4 tri nhé nhat ctia n, tuy nhién diéu nay sé can nhiéu bién
déi phiic tap hon. Ban doc c¢6 thé thit stic v6i bai toan tuong tu sau:
(Chuyén Toan Ha Noi 2026) Xét s6 nguyen duong n va tap hgp S gom n s6 nguyén duong
ay,as,as,...,a, théoa man dong thoi cac diéu kién sau:
©oar<ag <az< - <ay=2000.
© V6i moi s6 ty nhién k, 2 < k < n, ton tai cAc s6 nguyén duong i, j nhé hon k (khong nhat
thiét phan biét) sao cho aj = a; + 4a;.
@ Chitng minh tat ca cac phan ti ctia tap hgp S déu la sé chén.
@ Tim gia tri 16n nhat cia n.
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Chuong

CHON DTQG DONG NAI 2026 — NGAY 2

s

( Baitoan 0.5. ) (Lim Olympic - Béng Nai TST - P5)
Véi mdi s6 nguyén duong n, ta dit T, = 2027" — 2026".

@ Chitng minh ton tai vo han s6 nguyén duong n thdéa man n 1a wée cta T;, — 1.

@ Tim tat c& s6 nguyen duong n sao cho ton tai sé nguyén m théa man T, 1a uéc cia m?>+4053>
(trong d6 4053 = 3 x 7 x 193).

@ L giai.
n—1
(1) Taco T, — 1 = (2026 + 1)" — 2026" = > _ C42026.
j=1

: n i 3
Xét n = 2F v6i k nguyen dwong, khi d6 vi CJ = ;C,Jl_i nén vo(C3) 2 r — v2(j)-

Do d6 v5(C%20267) > r — we(j) + j > r nén CJ20267 chia hét cho 2" véi moi j = 1,2,...,n — 1.
Vivay T, =1 (mod n) véi n = 2F . k nguyéen duong nén c6 didu phai chiing minh.
@ Ta sé chiing minh tat ci gia tri cAn tim 13 n = 2* véi k € N.

& Diéu kién can: Gia sit n ¢6 mot uée 16 d > 1, khi d6 d | n nén Ty | T}, hay Ty | m? + 40532
Taco Ty = (—l)d =3 (mod 4) do d 18, tit d6 m? + 4053% c6 mot wée nguyen té p dang 4k + 3,
theo tinh chat quen thuoc suy ra m va 4053 chia hét cho p nén p € {3,7,193}.

Tuy nhién T; = 1 (mod 3), Ty = —2-3% # 0 (mod 7) va Ty = —2-96% # 0 (mod 97) nén
truong hop nay khong ton tai s nguyén t6 p thod man hay n khong c6 udce 18.
Vay n la mot luy thua cia 2.
& Pidu kien da: Xét n = 28 véi k e N.
V6i k=0, c6n=1cho taT; =1 nén thod man.
Xét k > 1, dat a = 2027, b = 2026, c=a + b =4053 thi a — b =1 va ta co:
Tye = a® — b = (a+b)(a® + b%)(a* +bY) - (@® " + 027
Pat ) = a? +b? véil < j <k—1thicacsbdc,Q1,...,Qr_1 doi modt nguyén td ciing nhau.
That vay, néu ton tai s6 nguyén t6 ¢ 1a udc cia ¢ va Q;, thi @ = —b (mod ¢), nén
Q; = 2% #0 (mod q),
mau thuan. Tiép theo, néu i < j va ¢ | Q;,Q;, do ¢ 1é va gt b, dat x = ab~! (mod ¢). Khi d6
2 =1 (mod gq).
Luy thira hai vé 277, ta dugc ¥ =1 (mod gq), trai véi ¢ | Q;.
V6i méi j =1,...,k — 1, vi ged(b, Q;) = 1, nén ta c6 thé chon
z;=a? 07?7 (mod Q).
Khi d6 x? =a?p? = 1 (mod @;), nén theo CRT ton tai sé nguyen m thod mén:

m=0 (mod c), mi=er; (modQ;) (1<j<k=1).

Trang 4 £l LIM Olympic - CLB &én chuyén, HSG



Chuang 2. Chon DTQG Déng Nai 2026 — Ngay 2 ) LIMEDU

V6i s6 m nay, ta cé c | m? + ¢ va Qj [m2 + ¢ v6i moi j nén Ty |m2 fag®,

Vay tat ca sé nguyen duong can tim 1a n = 2F véi k € N.

4
( Baitoan 0.6. J (Lim Olympic - Béng Nai TST - P6)

Cho tam gidc ABC' khong can. Duong tron bang tiép géc A ciia tam gide ABC' tiép xic véi cac
duong thang BC,CA, AB lan lugt tai D, E,F. Goi M la trung diém ctia doan thing EF, duong
thing M B cit duong thing DE tai S va duong thing MC cit duong thing DF tai R.
@ Chitng minh ba diém A, R, S thing hang.
@ Goi d la duong thing d6i xiing véi duong thang AD qua dudng phan gidc trong géc BAC.
Chitng minh céc dudng thing RE, SF va d dong quy.

@ Ldi giai.
(1) Goi J Ia tam (DEF). Goi DM c#t (J) tai X. Goi XF cit DE tai S'.

F DX

Ap dung dinh 1i Pascal cho bo céc diém (D F E) = S’ B, M thing hang hay S’ triing S.

Tuong tit ta c6 R, E, X thing hang.
FDE
EXF

(2) Ta 6 MA.MJ = ME.MF = MD.MX = Ti gidc ADJX ni tiép ma JD = JX.
= AJ la phan gidc ZXAD = AD, AX d6i xiing qua d hay RE, SF,d dong quy.

Ap dung dinh 1i Pascal cho bo cac diém ( ) = A, S, R thang hang.
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% LIM EDU

[
[ Bdi todn 0.7. ] (Lim Olympic - Pdng Nai TST - P7)

Cho s6 nguyén duong 1é n > 2 va mot s6 nguyén t6 1é p. Xét mot bang vuong n x n, tai mdi 6
vuong don vi ta dién mot sé nguyeén thuoc tap {1,2,...,p— 1}. Mot bang duge goi la TPDN néu
théa man dong thoi hai diéu kién sau:
& Tich ctia 4 s6 trong bat ky 6 vuong 2 x 2 ndo trén bang déu dong du véi 1 mo-dun p.
& Tich clia tit cd n? s6 trén bang ddng du véi —1 mo-dun p.
@ Hay hoan thanh bang TPDN véi n = 3 va p = 5 sau day:

312]|4

@ Tinh s6 lugng bang TPDN theo n va p (hai bang duge goi 1a khac nhau néu ton tai 6 vuong
don vi & hang i va cot j trong hai bang chita hai s6 khac nhau).

@ L&i giai.
Ki hiéu s6 ndm 6 6 hang i, cot j 1a a;;.

@Vc’iin=3vap=5,xétbé,ng

31214
3|lalb
c | d

Tu 6 vudng 2 x 2 phia trén bén tréi, ta c6 a = 2.

Tiép theo, tit 6 vuong 2 x 2 phia trén bén phai, ta ¢c6 b = 1.

Hai 6 vuong 2 x 2 phiadudi chota3-2-¢c-d=2-1-d-e=1 (mod 5).
Vi thé ¢d =1 (mod 5) va de = 3 (mod 5)

Mat khac, tich clia sau s6 ¢ hai hang dau 1a 4 (mod 5).

Do tich ctia tat ca 9 s6 phai dong du véi —1 =4 (mod 5), ta duge

4ede =4 (mod 5),
hay cde =1 (mod 5). Két hop véi ed =1 (mod 5

~—

suy ra e = 1 nén d = 3 hay ¢ = 2.

3124
32 |1
213]1

@ Trude hét, ta nhan xét rang néu biét cac sd trén hang dau tién va cot dau tién thi toan bo bang
duge xéc dinh duy nhat. That vay, gia sit da biét ba s6 a;—1 -1, ai—1; Va a;j-1.

Diéu kien déi v6i 6 vudng 2 x 2 tuong ting véi
ai_l,j_lai_mai,j_laij =1 (mod p).
Vi ba s6 da biét déu khac 0 modulo p, s6 a;; duge xac dinh duy nhit modulo p, cu thé

Qi = (ai—l,j—lai—l,jai,j—l)_l (mod p).
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Chuong 2. Chon DTQG Déng Nai 2026 — Ngay 2 @ 14‘1;\‘;1:‘1“:}\)‘}}

Biat dau tir hang dau tién va cot dau tién, ta 1an lugt xac dinh hang thit hai tir trai sang phai, sau
d6 hang thit ba, va cit tiép tuc nhu vay. Do d6 2n — 1 s6 trén hang dau tién va cot dau tién xac
dinh duy nhat ca bang.
Bay gio ta xét tich ctia tit ci cic s6 trén bang. Dat

n

Bj = H A5

=2

Véi hai cot lién tiép j va j + 1, nhan cac diéu kién ctia nhitng 6 vuong 2 x 2 c¢6 hai hang lan lugt 1a

(2,8);(4:8); vv w56 — 1,70,
ta dugce H a;ijaij+1 =1 (mod p) hay B;jBj;1 =1 (mod p), do d6
i=2
BBt By=B, Bi=B",
Vinlé nén B1Bs--- B, = By (mod p) nén tich n? b tren bang la

n

n n n n n n
HH“U = Halj HB]- = Halj B; = Halj (H a,-1> (mod p).
i=1j=1 j=1 j=1 j=1 i=2

i=1

Nhu vay, diéu kién tich ctia tat ca cac s6 trén bang dong du v6i —1 chinh 14 diéu kién tich ctia 2n— 1
s6 nam trén hang dau tién va cot dau tién dong du véi —1 modulo p.

Ta chon tity § 2n — 2 trong 2n — 1 s6 nay. Mdi s6 c6 p— 1 cach chon, nén c¢6 (p — 1)**~2 céach chon.

Sau khi da chon 2n — 2 s6, s6 con lai dude xac dinh duy nhéat béi yéu cau tich ctia ca 2n — 1 sd phai
dong du véi —1 modulo p. Vi tich ciia 2n — 2 s6 da chon khac 0 modulo p, s6 con lai ciing khac 0
va do d6 thudc duy nhat mot gia tri trong {1,2,...,p — 1}.

Vé6i méi cach chon nhu trén, toan bo cic 6 con lai clia bang lai duge xac dinh duy nhat bdi diéu
kién trén cac 6 vuong 2 x 2.

Vay s6 lugng bang TPDN bing | (p — 1)272
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