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Ve bai toan chia keo Euler
‘& Bién soan: PimaX
Hudng téi ki thi Hoc sinh gidi, TSA, THPT Quéc Gia

© Thoi gian lam bai: 90 phit

Bai toan chia keo Euler 1a mot trong nhitng phan kién thl'Ic quan trong ctia t6 hop, déng vai tr(‘) then
chét trong viéc hinh thanh tu duy xu’ 1y cc bai toan vé to hop. Trude day bai toan nay hay xuét hién
trong cac dé thi hoc sinh gidi tu’ cap dia phuong t6i qubc gia, tuy nhién dao gin day ciing bat dau
"len 16i"vao cac ki thi thit tuyén sinh dai hoc, danh gia tu duy,... Va dy ciing chinh 13 1i do ma tai
liéu ban dang doc ra doi. Bai viét 1a tuyén tip cac bai toan, cac ki thuit ma tac gia da dugc tiép thu
trong qua trinh day va hoc tap tit thoi hoc sinh t6i ldc ra trudng. Céc kién thic trong tai liéu duoc
minh suu tAm va soan lai tit cic quyén sach va cac tai liéu trén mang, c6 nhitng vin dé minh tu giai
quyét tu g6 lai, ciing cé nhiing bai toan dudc BIEX va chinh sita lai dua theo ¥ tudng clia ngudi khéc,
vi thé rit mong néu tac gia clia nhitng 15i gidi hoic nhitng bai todn xut hién trong tai liéu, c6 doc
dudgc thi ¢6 thé b qua nhitng thiéu sét vi chua xin phép dude diy di. Chuyén dé khéng thé tranh
khéi nhitng thiéu sét vé mit ¥ tudng, trinh bay, hay tinh toan, rit mong nhan dudgc su théng cam va
g6p vt phia cac ban doc. By gio ching ta ciing bit dau!

M@ dau vé bai toan chia keo Euler

Trude hét, ta dém sb cach chia keo ma mbi em déu cé keo: Xép n vién keo 1én mét dudng thing.
OOOOOOOOOOOOOOO

Gifta cac vién keo c6 ding n — 1 khoang tréng, ta tim cach dit cac thanh chin vao giita ching dé
chia cac vién keo thanh k phan. Ta lay phan dau tién chia cho em bé thit nhat, phan thi hai chia
cho em bé tht hai va ct the, phan cuoi cung chia cho em bé thit k. Nhu theé thi ro rang so cach chia
keo ciing chinh 1a so cach dat cac thanh chan & trén.

OO|OOOIOOOCOOIOOOOG
Chon k — 1 khoang tréng trong n — 1 khoang tréng dé dit cac thanh chin, c¢6

n—1
(k)
! céc,h dé€ dit. DAy ciing chinh 13 d4p sb cho bai toan.
Tit két qua ctia bai todn nay, ta ¢ cac dang phat biéu dudi dang sb hoc khac nhu sau.

Vi du 1 (Bai toan géc).
Phuong trinh x; + x, + - -+ + x;, = n,n > k ¢6 bao nhiéu nghiém nguyén duong?

Coi x; 12 phén keo clia em nhd thit i trong bai toan chia keo thi sé nghiém ctia phuong trinh chinh
la s cach chia n chiéc keo cho k em nho. VAy phuong trinh c6

(i 1)

13 trong tai liéu nay tac gia dung ki hiéu (Z) thay cho C*.
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nghiém nguyén duong.

Vi du 2. Phuong trinh x; + x, + - -+ + X3 = n,n > k c6 bao nhiéu nghiém nguyén khong am?

VAn dé ctia bai toan nay dé 1a diéu kién cta cac bién x; khong gibng nhu v6i bai toan gbe, khi dé ta
c6 mot thu thuét nho nhd dé bién noé vé bai toan goc nhu sau.

X+ X+ +x=ne(x+1)+ (6 +1)+ -+ (+1)=n+k.
bat x; = x; + 1 thi x; 1a cac s6 nguyén duong. Nhu viy ta c6 tit ca

n+k—-1
()
nghiém nguyén khong 4m ctia phuong trinh.
Trong bai todn nay chiing ta sé cAn nhd cach gidi va két qua ctia 2 bai toan gbe nay, day la nén tang

cho céc bai toan phia sau, trong qua trinh lam bai cic ban dua cac bai toan ctia minh vé bai toan 1
hay 2 déu dudc ca nhé.
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Cac vi du minh hoa

Vi du 1. Xét khai trién P = (2022a + 2023b + 2024c¢ + 2025d )*°%, héi 6 tht ca bao nhiéu sb
hang trong khai trién nay?

Bai toan nay thét ra rit don gidn, ta chd ¥ s6 hang t6ng quat khi khai trién thi sé c6 dang nhu sau
[h& s8] x a™ - b*2-c*s . d™,

trong d6 x; 1a cac s6 tu nhién théa man x; + x, + x; + x, = 2025. Tit diy theo bai toan chia keo

Euler ta ¢4 ngay két qua ctia bai toan.

Vi du 2. C6 bao nhiéu bd s tu nhién x;, i = 1,5 thda mén
X]_ +XZ+XB+X4+XS =2016,
VOix, =5,x,>4,x323,x, 22, x5 > 1.

<[> LOI GIAI

Bai nay rat don gian théi, ta ddt y, = x; — 5, Yo = Xo — 4, Y3 = X3 — 3, Y4 = X, — 2, y5 = X5 — 1 thi
YitYat+Ys+ys+ty+5=200Ly; >0.

7 7 2 1 _]. 2
Khidésc“)bésc“)thc’)aménlé( 005“; >= < (1?5>.

Bai tap twong tu 1. Ba Lan ra clta hang hoa qua, ba ldy ngiu nhién 7 qua trong sb cac loai

N 7 7 R 7 . \ A 7 4 A A \
qua: cam, x0ai, na, mit (c6 thé cé loai qua ba khong chon). Tinh xac suat trong so qua ba Lan
mua, sO qua xoai 16n hon hodc bang 2?

(Al

v k
Tong quat. Phuong trinh Z x; = n thda man dong thoi 2 diéu kién

i=1

k
xi>di(di>0):n22di(k>1)
i=1

k
nghiém, trong d6 D = Z d;.

.+ . (n+k—D-1
co tat ca
k—1 —~

x/'>1

1
Chitng minh. Tuong tu bai toan trén, ta dit x,/ = x;, —d; + 1 = { & koo
5 3 i i i in/:n+k—2di
i=1 i=1

Dén day 4p dung két qua cta bai toan chia keo Euler ta c6 ngay diéu phai chitng minh.
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Vi du 3. C6 bao nhiéu bé sb tu nhién x;,i = 1,6 théa man
xl +xZ+x3+X4+X5+x6 = 100,

Dit x; = 5y;,i = 1,6 thl y; + Y5 + Y3 + Y4 + ¥s + ¥e = 20. Khi d6 s6 nghiém 1a
20+6-1\ (25
6—1 ~\5 )’

Vi du 4. Co6 bao nhiéu bé sb tu nhién x; théa man
X‘l + XZ + X3 = 1000,

v6i x; 1a béi cta 5.

v6i x; < 100.

</> LOI GIAI

V6i bai toan nay ta sé st dung phan bu d€ gidi quyét, ta sé dém theo cac bude sau

o dém cac bd s6 tu nhién théa man yéu cau bai toan;

e dém céc bd sb tu nhién théa man yéu ciu bai toan nhung véi diéu kién x, > 101.
Trudce tién, sb nghiém khéng 4m ctia phuong trinh x; + x, + x5 = 1000 14

1000 +3 -1\ (1002
3—-1 2 )
Tiép theo v6i x; > 101 thi dit y, = x; — 101, dwa vé phuong trinh
Y1+ x5+ x3 =899,

A A 1a (901 r A pA A s a o a A ya. . . 4. (1002 901
so nghiém la ( 9 ) Do do, so bo so6 thoa man yéu cau bai toan la ( 9 ) — ( 9 )

Vi du 5. C6 bao nhiéu bé sb tu nhién x; théa man
x1 +XZ+X3 = ].O,
Vél XB ?é 3.

Bai nay sé tiép tuc dung nguyén 1y bu trir gibng bai toan trén, trude tién ta thdy sb nghiém cla
phuong trinh x; + x, + x5 =10 1a

1 —
(0+3 1)=(12>=66.
3—-1 2

Néu x; = 3 thi ta dua vé xét x; + x, = 7 v6i s6 nghiém 13

(250) - ()

Khi d6 s6 bd sb tu nhién théa mén 1a 66 — 8 = 58.

B HUGNG TOI KY THI HSG, THPT QUOC GIA, TSA BIEN SOAN BOI PIMAX |


https://www.facebook.com/PimaXPro

| Vé bai toan chia keo Euler https://www.facebook.com/PimaXPro | 3

Vi du 6 (Dé thi thir S& Phii Tho 2025). C6 bao nhiéu sb tu nhién c6 4 chit s6 ma t6ng tit

ca cac chit sb clia s6 d6 bang 7?
</> LOI GIAI

DAy 12 mot bai toan méi day da xult hién trong dé thi ctia s Phii Tho, nhin chung y tudng khé 13
dé. Trudc tién ta gia st rang so théa man c6 dang
abcd.
Khi d6 theo gid thiéttasé cba+b+c+d =7,6 ddy a > 1va b,c,d > 0. Chii y ring bai toan gbc
clia chiing ta xét c6 diéu kién cac bién déu 16n hon hodc bang 1, nhu vdy dé dua vé bai toan Euler
thi ta can ap dung thu thuit giéng nhu vi du 2 & phan trude. Ta ¢
a +(b+1)+(c+1)+(d+1)=10.
M~ e e

21 >1 >1 >1

re A s s cre Ae Apa Aoz o~ ~1x (10—1
T6i day thi qua don giai r6i, so bd so thoa man sé la (4 1) = 84.

Vi du 7 (Chon dbi tuyén 16p 11 Binh Duong 2020—2021).
C6 5 con xuc xac duge danh 5 so thit tu 1,2, 3,4, 5. Gieo dong thoi ca 5 xtic xac do. Tinh xac
suat dé tong ctia 5 s6 trén mat xuat hién clia 5 xtc xac bang 14.

<[> LOI GIAI

Goi con sb6 xuit hién trén con xuc sdcthtti (1<i<5)la x; (1 < x; < 6). Khi nay ta can tim sb
nghiém nguyén duong cia phuong trinh

X1+XZ+X3+X4+XS - 14,1 <xi <6.
O day cha v rang khong thé c6 2 gia tri X; va x; nao cung lén hon hoac bing 7 ca nén dé€ dém sb
nghiém cta bai toan ta sé thuc hién theo 2 budc sau
Bude 1. bém sb bo nghiém nguyén duong ctia phutong trinh X, + X, + X3 + X, + X5 = 14;
Budc 2. Trit di cac trudng hop ma cé mot gia tri x, nao d6 16n hon hoic bang 7.

DAu tién, theo bai toan chia keo Euler thi s6 nghiém nguyén ducng ctia phuong trinh
x1+xZ+X3+X4+x5 = 14
\ 13 A A 4 \ \ 7 A .7 . \ 7 17 o Y .2 >
la ( 4 ) Tiep theo ta dém cac truong hgp ma c6 mot gia tri x;, nao do 16n hon hoac bang 7. Gia su
xl > 7)
khi d6 ta déi bién y, = x; — 6 > 1, phuong trinh trd thanh
y1+X2+X3+x4+x5 =9,
theo bai toan chia keo sb nghiém nguyén duong ctia phuong trinh nay 1a
8—1\ (7
5-1) \4)

Vi cac trudng hop gieo xtc xic 1a doc 14p nhau hay nén sb nghiém cta trusng hop nay sé 1a
5x <7> .
4
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Nhu vAy néu ta goi A 14 bién c6 d€ tdng 5 sb bang 14 thi

n(a) - <1:’> _5x (Z) _ 540.

Cubi cting ta c6 n(Q) = 6° = 7776 nén xéc suat can tinh
n(A 540 5
P(A) = @ _ =

n(Q) 7776 72

Bai tap tuang tu 2 (Dé chon hoc sinh giéi Tuyén Quang 2021).
Nhan dip khai gidng nim hoc méi, thay gido chtt nhiém du dinh ting 20 quyén vé cho 6 ban
hoc sinh 14 Viét, Nam, Quyét, TAm, Chién, Thang. Hoi thay gido c6 bao nhiéu cach ting hét 20

quyén vé cho 6 ban hoc sinh trén sao cho méi ban déu nhan dudc it nhét 1 quyén vé va khong
nhiéu hon 9 quyén vé (hai cach ting 1a khac nhau khi va chi khi c¢6 it nhat mét em hoc sinh
nhén dudc s6 vé khac nhau trong 2 1an tang).

Vi du 8. C6 bao nhiéu bo sb nguyén duong (a; b;c) thbamina <b <cvaa+ b+ c = 222?

<[> LGOI GIAI

Trudc tién ta thiy chua quan tAm vdi t6i diéu kién a < b < ¢, khi d6 s6 b6 sb théa man diéu kién 13
222 -1 221
= = 24310.
3—-1 2
T6i day ta sé sit dung phan bu cho bai todn nay, xét cac trudng hop sau.

. 222 2 aa. 2 A A A
oNéuazbzcthhiodayco1bosoduynhat.

9 Néu a = b # ¢ thi 2a + ¢ = 222, tlt d4y suy ra ¢ chin, hay
222
ce {2;4,6;...;220}\{7}.
Truong hop ndy cé tit cd 110 — 1 = 109 bd sb théa man. Tuong tu nhu vy véi cdc trudng hop
a=c+#bvab=c+#a,tong hop 3 trudng hop nay ta sé co tat ca
3 x 109,

b s6 thda mén yéu cAu bai toan.
Do d6 s6 cach chon cac bd sb a, b, ¢ phan biét théa man sé 14 24310 — (3 x 109 + 1) = 23982, tuy
nhién néu ta chi xét a < b < ¢ thi can chia cho s6 1an 1ap cta a, b, ¢, tiic 1a s6 bd s6 thda man yéu
cau bai toan sé 1a 282 = 3997 bd.

Bai tap twong tu 3. C6 bao nhiéu cach chon ra bd 3 sb tu nhién (a, b, c) phan biét cé téng

bang 917?

Vi du 9. Goi § 12 tip tht c cac sb ti nhién ¢6 3 chit sb duge lap tit tdp X = {0,1,2,3,4,5,6,7}.
Rit ngiu nhién mot mot sb thude tap S. Tinh xac suat dé rat dude s6 ma trong dé chit s6 ditng
sau luon 16n hon hodc bang chit s6 diing truée.
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Trudc tién ta tinh dude khong gian miu 13 |Q = 7- 8 - 8 = 448. Xét mot s6 abc thda man dé bai thi
1<a<b<c«7.
DE xtt Iy diéu kién nay ta sé c6 mot phép dbi bién nhu sau. bat x —a—1;y = b—a;z = c—b;t = 7—c
tacod x,y,z,t >0,x,y,2,teZva
X+y+z+t=06. ™)
VAy s6 nghiém nguyén kh(“)ng am c,ﬁa phuong trinh (*) chinh 14 s6 céc sb abc thda mén dé bai. Theo
bai toan chia keo Euler thi s6 b6 s6 thoa man la

6+4-1 9
= = 84.
4—-1 3
L A 12 o 1A A s A s AL A, \ 84 3
Do dé c6 84 so thoa man bien co xay ra, vay xac suat can tinh 1a P = =

448 16

Bai tap tuong tu 4. C6 bao nhiéu cach chon ra sb tu nhién c¢é 3 chit s6 abc thda man diéu

kién a < b <c.

Vi du 10 (D& chon ddi tuyén HSG Ha Ngi 2020 — 2021).
Tim s0 b6 nguyén duong (a;,a,, - - - ,a;5) thda man dong thoi cac diéu kién sau

O 1<a <a, < <ay5 <2020

® o, =i*> (mod5),vi=1,2,...,15.

a1:5k1_4
az_a1=5k2_2

Ta c6 phép dat nhu sau

as — a, = 5k

a,—as =5k, —3
as —a, = 5ks — 1
ag — as = 5kg — 4

a5 — Q14 = Skys — 1
2020 — a5 = 5k — 5,
& day k; 1a cac sb nguyén duong. Cong vé theo vé ta dugdc
2020 =5(ky + ky + -+ kyg) =35 =ky +ky + -+ kg =411.
Nhu véy t6i ddy, theo két qua clia bai toan chia keo Euler thi phutong trinh trén cd
410
()

b6 nghiém nguyén duong. DAy ciing chinh 13 két qua ctia bai toan.
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Vi du 11. M6t tp hop S # @ chita hitu han cac s6 nguyén duong dudc goi 14 tdp anh em néu

S la tap hgp gom 2 s6 nguyén duong lién tieép, hodc ton tai cac tap hop S;,S,, ..., S, sao cho
S=5,USU--US,S; NS, =B,V1<i<j<k

va mbi tip hop S;(i = 1,2,..., k) déu 1a tp hop gdbm 2 s6 nguyén duong lién tiép. Hoi c6 bao

nhiéu tdp anh em la tdp hgp con gom 4 phan t cta tép hop {1;2;...;2024}?

<[> LOI GIAI

MOt tap théa man yéu ciu bai toan ¢6 dang A = {a; b;c;d}. Gia st
1<a<b<c<d<2024.
Theo gia thiét ta 6

b=a+1
c=b+1
d=c+1.

T6i day ta sé thuc hién phép déi bién nhu sau
(a—1,b—a,c—b,d —c,2024 — d) — (x1, X5, X3, X4, X5).
Nhu vay ta dudc x; + x5 + - - + x5 = 2023, hay
X1+ x5+ x5 = 2021.
Dit xg = x3 — 1 = 1, phuong trinh trén trd thanh
Xy + X5 + xg = 2020.

2022 ~ , \ A s 9 1 a. .
Theo bai toan kéo Euler thi bai trén co ( 9 > nghiém, day cling chinh la két qua cua bai toan.

Vi du 12. C6 bao nhiéu bd sb tu nhién x; théa man
X, + Xy + X3+ X4+ X5 < 44,

Ti gia thiét ta thiy ring sé ton tai mot sb tu nhién k nao d6 dé
X1+XZ+x3+X4+X5+k=44,
r6 rang sb nghiém cta phuong trinh nay bang véi s6 nghiém clia phuong trinh ban diu. Do dod, sb

A A s [44+6-1 49
nghiém can tim la = .
6—1 5

Cht y. Nhu viy mét cach tdng quat ta sé thu duge 2 két qua sau

k
4 - 1
0 Béat phuong trinh Z x;<n(n>k+1)co <n X ) nghiém nguyén duong;

i=1

k
9 BAt phuong trinh Z x;<n(n>k)co (Z) nghiém nguyén duong.

i=1

M4 rong bai toan nay, ta c6 vi du sau.
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Vi du 13 (Dé chon HSG thanh phé Ha Nai 2023-2024).
Xét tap hgp S gom tat ca cac b so (x,y;2) véi x, y,z < 30 la cac so nguyén duong.

a) Héi ¢6 bao nhiéu bd s6 (x, y;z) thudc tp hop S théa man x + y +z = 5?

b) Ly ngau nhién mét bo s (a; b;c) tit tAp hop S. Tinh xac suat dé 1iy dudc bo sb théa man
a+b+c<30.

</> LOI GIAI

a) Tac65=1+2+2=1+1+3.Dovai trd x, y,z nhtt nhau nén médi b6 (x;y;z) tuong ting nhu
vAy sé 6 3 hoan vi ldp (tru khi x = y = z thi chi ¢6 1). Do d6 ¢6 6 bd (x; y;2) thdéa man
X+y+z=06.

b) Khéng gian miu c6 sb phan t 14 30° = 27000. Do a + b + ¢ < 30 nén ton tai d € Z* sao cho

a+b+c+d=30.
3654

27000°

A A 2 ~ A e 1) 29 I3 A A \ M
Suy ra so bo (a; b; c) thoa man dé bai la < 3 > = 3654, suy ra xac suat can tim bang

Bai tap tuong tu 5 (D& chon di tuyén HSG An Giang 2023).
Tinh theo n s6 cc diém trén mit phang toa d6 Oxy c6 toa db (x;y) v6i x; y déu 1a s6 nguyén

théa man |x| + |y| < n v6i n 1a sb tu nhién cho trudc.

Vi du 14. C6 bao nhiéu b6 sb nguyén duong x; théa man
100 < xq + x5 + X3 + x4 + X5 + X < 200.

</> LGOI GIAI

That ra bai nay chi 1a nguyén ly bu trit théi, ta c6 sb nghiém ctia bit phuong trinh
X1+ Xy + X3+ X4 + X5+ X < 200

R 206 N A fUN > A Y
la < 6 ) Ngoai ra, so nghiém cua bat phuong trinh
X1+ Xy + X3+ X4+ X5+ X6 < 99

105 . . 206 105
la ( 6 ).Véy sO nghiém cua bat phuong trinh da cho la < 6 ) — ( 6 )

Bai tap tuong tu 6. Tim s6 nghiém cta phuong trinh

X1+X2+X3+X4:14
va |Xi|<5,l'

A= @ ’ (190) ' <l9l> T (999>’
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k+1-1

N k " A \ A 7 \ A JUN 3 \
Cha y rang (9) c6 thé viet thanh ( 101 ), day chinh la s6 nghiém cua phuong trinh
X1 +xy+ -+ x9=k+1.
Do d6, A chinh 1a sb nghiém nguyén duong ctia bt phuong trinh 10 < x; + x5 + - 4 X3 < 100.

Bai toan nay giong bai toan trén.

Vi du 16. Trén mot doan dudng, c6 11 dia diém bao gdbm mét trung tAm & chinh giita va 10
noi dé tham quan, mua sam; hai dia diém canh nhau th1 cach nhau 100 met Nhitng nguoi
khéch xuét phat tu trung tAm va mudn di tham quan tong cong 3 luct, mdi di moét noi khac
nhau (ho dén dia diém dé tham quan sau dé quay vé trung tAm va chuén bi cho lan di tiép
theo). Hoi ¢6 bao nhiéu cach chon ra ba dia diém, c6 tht tu va khéng nhét thiét phan biét, sao
cho t8ng quang dudng ca di 14n vé khéng vudt qua 1 km?

<[> LOI GIAI

Ta co s6 do sau

1 3 5 7 9 11

Gia st toa d6 clia trung tAm 1 O thi toa d6 cac diém tham quan la —5, —4, —3, -2, —1, 1, 2, 3, 4,
5. Goi x, y, z la toa d6 caa cac noi ho dén thi theo dé bai, ta cd
2(x| + |yl +|2]) <10 < |x| + |y| + || <5

N s A 1A . v (S o n A T
Theo bai toan trén thi bat phuong trinh nay cé (3) nghiém nguyén duong. Tuy nhién, v6i moi gia

tri |x|, ||, |2| ta déu c hai cach chon 13 —x hay x. Vi thé t6ng s6 cach chon 1a 2% - 10 = 80 cach.

Vi du 17. Trong mat phﬁng (Oxy) cho hinh chit nhat OMNP véi M(0;10); (100 10) va
(100 0). Goi S la tap hop tét ca cac diém A(x,y),x, ye N nam bén trong (k€ ca trén canh)
clia OMNP. Liy ngiu nhién 1 diém A(x,y) € S. Tinh xac suat € x + y < 90.

</> LOI GIAI

DAu tién ta tinh khéng gian miu, ta dude n(Q2) = 101 x 11 = 1111. Khi d6 ta cAn ¢ém b6 cac nghiém
khéng 4m cta
x+y<90 (*)
v6i 0 < x <100 va 0 < y < 10. O d4y diéu kién ctia x thi khong phai van dé, tuy nhién véi diéu
kién ctia y ta can st dung phan bu dé dém.
e Tinh s6 nghiém nguyén khéng 4m cta (*). P8ibién x' = x +1>1;y' =y + 1 > 1 ta dugdc
X' +y' <92,

, A 2 2 N , . I JUN \ 92
Khi dé theo ket qua cua bai toan chia keo ta cé s6 nghiém la ( 9 ) .
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e Tinh s6 nghiém nguyén khéng 4m ctia (*) v6i y > 11. DSibién x’ = x + 1; ¥’ = y — 10 ta dugc
(x+1)+(y—10)<8l<x'+y <81

4 A 2 2 N 7 . 7 A JUN \ 8]-
Khi do6 theo két qua cua bai toan chia keo ta c6 s6 nghiém la ( 9 ) .

VAy s0 nghiém ctia (*) théa man yéu cau bai toan la

92\ /81
- — 946.
(2)- () -
946 86

VAy x4c sult can tinh cta bai todn la P = —— = —.
1111 101

Vi du 18. Xét cac sb tu nhién a;, a, a;, a4, as va mot bang 6 vudng cé kich thude 5 x 5.

J

Ngudi ta dién vao 6 & hang i cot j cia bang nay s a; x a; v6imoi 1 <i,j<5.Goimla tong
cac so dién trén bang. Hoi ¢ bao nhiéu day cac so nhu trén sao cho 0 < m < 2017?

</> LOI GIAI

Trudc tién ta thiy ring téng cac sb trén bang la
m= Z aa; + Z aa; = Z a?+2 Z a;a; = (ay +ay +as +a, +as)’.
1<i,j<5,i=j 1<i,j<5,i#j 1<i<5 1<i<j<5
Nhu vAy m 14 s6 chinh phuong khéng vuot qua 2017. Ta c6 44% < 2017 < 452 nén m < 44, suy ra
0<a; +ay,+a;+a,+as<44.
T6i day 4p dung két qua bai toan 4 trén ta cé ngay sé bd nghiém ctia bat phuong trinh trén ciing
chinh 1a s6 day s6 thoa man yéu ciu bai toan la

()= ()

Vi du 19.Choéﬁysétulﬂﬁén(an)dUQCxécdhﬂ1b6i{

O = gy + g > 3 Hoi c6 bao
a,eN

nhiéu day s6 nhu trén théa man diéu kién a, + a, + as + a, + as + ag = 15.°.

% x| 14 s6 nguyén 16n nhit 16n nhit khoéng vuot qua x, con [x| 14 sb nguyén nhd nhét khéng nhé hon x

</> LGOI GIAI
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Thay 14n luct n = 4,5, 6 vao gia thiét ta dudc
a, =a; +a,,as = a, +as,dg = d, + as.
Khi dé gia thiét tré thanh
3(a; +ay+a;) =15<a; +a, +a; = 5.
Theo bai toan chia keo Euler thi phuong trinh nay co
(320)-=

nghiém nguyén khong am, tic 13 c6 21 diy sb thda man.

Vi du 20. Cé bao nhiéu bd sb tu nhién x; va y; théa man
(31 + x5+ X3)(y1 + Y2 + Y3 + y4) = 2017.

Do 2017 1a s6 nguyén tb nén ta chi ¢6 2 trudng hop

O Néu x; + Xy + X3 =1,y + Yoy + Y3 + ¥4 = 2017 ¢6
1+3-1)/2017+4—1\ (3) (2020
3-1 4-1 \2 3 )
O Néu x; + x5+ X3 = 2017,y + Yo+ Y3+ ya = 1 ¢O

FE- 0

b 5 . 3 [2020 201
brimctem o (1))« () )

Qua cac vi du vita rdi phan nio dé ta da hinh dung ra cach d€ gidi quyét mot 16p cac bai toan dém
nghiém nguyén duong sit dung phuong phap chia keo Euler, tiép theo ta sé (ing dung nhiing thit
vita tim hiéu dé€ mé hinh héa mét s6 bai toan dém hinh hoc khac, cling tim hiéu vi du sau.

Vi du 21. Cho mot da gide déu (H) gdbm ¢ 30 dinh. Héi c6 tit ca bao nhiéu tam giac c6 3
dinh 1a cac dinh ctia (H) sao cho c6 mot goc 16n hon 133°?

</> LGOI GIAI

DAu tién ta quan sat hinh vé m6 ta da giac déu nhu sau, 6 day ta coi goc BAC 1a géc ti1 16n hon 133°

cla tam giac théa man yéu cau bai toan. .

RN
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Y tudng cAu ndy ta sé x(t Iy nhu sau, ta dit s6 lugng cic canh nim trén cac cung la a, b, ¢ nhu hinh
vé trén, nhu vay ta c6 ngay
a+b+c=30.
T6i dy ta sé di tim xem rang véi mot cung tron can chia it nhit bao nhiéu canh d€ sb do géc cung
nay 16n hon 133 x 2 = 266°, d4y la diéu kién ctia a. Ta ¢6 so d6 sau.
30 canh — 360°
30 x 266
360

Nhu viy ta c6 dudc diéu kién a > 23 va b,c > 1. Lic nay ap dung két qua ctia bai toan chia keo
Euler 13 bai toan di dudgc gidi quyét tron ven.

~ 22,1 canh — 133°

Bai tap tuong tu 7. Cho mét da gidc déu (H) cb 48 dinh. Hoi cé tit ca bao nhiéu tam giac

¢6 3 dinh la cac dinh ctua da giac (H) va la tam giac tu?

Luu V. Bdi ndy giong bai trén.

Bai tap tuang tu 8. Cho mot da gidc déu (H) c6 48 dinh. Hdi c6 tit ca bao nhiéu tam giac

¢6 3 dinh la dinh cta da giac (H) va la tam giac nhon?

Luu V. Ta cdn ldy sb cdc tam gidc tao thanh tit 48 dinh, trit sb tam gidc vuéng va tam gidc tiL.

Bai tap tuwong tu 9. Cho mot da giac déu (H) c6 48 dinh. Hi c6 tit ca bao nhiéu tam gidc
6 3 dinh la cac dinh ctia da giac (H) va khong c6 goc nao nho hon 45°?

Luu y. Vi cdc tam gide c6 s6 do cdc géc khong nhé hon 45° sé bao gom cd cdc tam gide déu, ma cdc tam
gidc déu bi ldp lai 3 ldn do vi tri ctia 3 dinh la nhu nhu. Khi d6 ta cdn ldy két qud trit di 2 x £ s6 tam
gidc bi ldp thi ket qud bai todn sé dung.

Bai tap tuwong tu 10. Cho mét da giac déu (H) c6 48 dinh. Héi c6 tht ca bao nhiéu tam gidc
c6 3 dinh la céc dinh ctia da giac (H) dong thdi c6 mét goc 16n hon 45° va mot goc nhd hon

110°?

Vi du 22. Cho da gidc 16i A,A,...A, ¢b n dinh v6i n > 5. Tit cac dinh clia da gidc trén ta c6
thé tao ra dudc bao nhiéu tam gidc ma canh ctia tam gidc khéng la canh ctia da giac?

<[> LOI GIAI

Ay
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Xét tam gidc A;A;A; theo mot chiéu quay dong hd 13 mét tam giac thda yéu cAu bai. Goi x; 14 sb
dinh ctia da gi4c nim gitta hai dinh A, va A; (khong trung véi hai dinh d6), x, 13 s6 dinh cta da
gidc nam gifta hai dinh A; va A; (khéng trung véi hai dinh d6), x; 1a s6 dinh cta da gidc nam gifta
hai dinh A; va A; (khong triing v6i hai dinh d6). Khi d6 ta c6 phuong trinh
X1+ X5+ X3=n-—3,

vGi x; 1a cac so nguyén duong. Ta thay ngay, mo6i b6 nghiém cua phuong trinh tuong ng v6i mot

. s A o1 2 A A X aTA A ‘s 1., (n—4 A sy > 5 s
tam giac nhu the thoa yéu cau dé. Nén so tam giac nhu thé la < 9 > . Bay gio ta thay dinh A, bai
14n lugt n — 1 dinh khac clia da gidc, ta sé c6 dap an tuong tu. Tuy nhién, véi cach 1am nay ta thiy
mot tam gidc bi dém ldp 3 1an. VAy so tam giac thda yéu cau bai la

En—4
3 2 )

Vi du 23. Cho da giac 16i A,A, ...A, c6 n dinh v6i n > 10. Tit cac dinh clia da gidc trén ta cd
thé tao ra dudc bao nhiéu tt gidc ma canh cta tit gidc khong la canh cta da giac?

<[> LOI GIAI

Ay

Ay

Xét tu giac A;AA;A, theo chiéu quay kim déng ho, ta goi x, 1a sé dinh niim giita hai dinh A, va A,

(khong truing véi hai dinh d6); x, 14 s6 dinh nim giita hai dinh A; va A; (khong trung véi hai dinh

d6); x5 1a s6 dinh nam gitta hai dinh A; va Ay (khong trung v6i hai dinh d6); x, 1a s6 dinh nim gitta

hai dinh A, va A; (khong trung v6i hai dinh d6). Khi d6 ta ¢6 phuong trinh
x1+x2+x3+x4=n—4

VO x; la cac sb nguyen duong. Ta thay ngay, mbi bd nghlem cta phuong trlnh la mot t glac thoa

yéu ciu dé. Ta tiép tuc thay th tu diém A, béi cac diém tuong ting khac va mdi ti giac bi dém lap

A A A oA o M (M—3
4 1an, nén ta co sO tu giac can tim la 7 3 )
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Vi du 24. Cho da gidc déu A A,...A;e c6 19 dinh. Tit cac dinh clia da giac trén ta c6 thé tao
ra dugc bao nhiéu tam gidc nhon ma canh cta tam giac khong trung véi canh da giac?

</> LGOI GIAI

Goi O 1a tAm dudng tron ngoai tiép da giac. Khi d6 ZA,0A,,, = %. Xét tam giac A;A;A; theo mét

chiéu quay ddng hé 13 mét tam gidc thda yéu ciu bai. Goi x; la s6 dinh \cﬁa da gidc nam gifta hai
dinh A; va A; (khong trung v6i hai dinh d6), x, la so dinh ctia da gidc nam giita hai dinh A; va A;
(khéng trung véi hai dinh d6), x; 1a sé dinh clia da gidc nim gitta hai dinh A; vaA; (khong tring véi
hai dinh d6). b€ géc ZAAA; <90° thi 1 < x, <9, tuong tu cho cac s6 khac. Khi dé ta c¢6 phuong
trinh
X1+ Xy +x3 =16
véi x; 13 cc sb nguyén dLrOng,thc’)a 1<x;<9.Ta thay ngay, mdi bo nghiém cta phuong trinh tuong
ung v6i mot tam giac nhu the thoa yéu cau dé. Biy gid, ta di tim s0 b6 nghiém ctia phuong trinh
trén theo cach loai trtr. SO b6 nghiém nguyén duong ctia phuong trinh la
15
(z)
Ta dém s bd nghiém ma ton tai x; > 9. Ta c6
X1+ Xy +Xx3=16< (x;—9) + X, +x3=16—-9
S Y1+ Xyg+X3=05

/,\ A LAY N 2 \ \ \ 4 I,\ A A \ I‘\ . \
S6 bo nghiém nguyén duong cua phuong trinh nay la (2) . Vay so bo nghiém ma ton tai x; > 9 la

()

A 2 A JUN A \ 15
Vay so bo nghiém thoa diéu kién ban dau la < 9 ) -3 <2

5((3) ()

> . Hay sb tam gidc thda yéu cAu dé 1a
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Vi du 25. Robinson Crusoe lac trén ddo hoang hon 28 nim. Trong chitng iy quing thoi gian,
m&i nim, dng ta tim mot cai céy nao dé rdi khic 1én than né mét hinh da giac 16i thét 16n dé
ky niém. Biét ring tong tét ca cac goc clia cac da giac 16i Ay vita ding 16877, ndim ma éng éy
dugc ctu thoat, dua tré vé thé g101 loai nguf01 Ban héy cho biét c6 bao nhiéu cach ong khac
cac da giac 1én cay thoa man yeu cAu trén, biét ring trong 10 nim dau tién, mdi nim, Ong Ay
khic 1én cAy mét da giac 6 it nhit 100 canh.

</> LOI GIAI

Da gidc c6 n canh thi ¢ tong cac gbc trong 1a (n — 2)m. Do d6, ta cAn dém s6 nghiém clia
28
Z(xi —2)m =1687m,x; €N
i=1
>100,i =1,10,x; >3,i = 11, 28.
Bién d6i phuong trinh trén d€ dua vé dang chuén ta dugc
28 28
D (x;—2)m = 16871 < ) x; = 1743.
i—1 i—1
bat x; = y; + 100,i = 1,10 va x; = y; + 3,1 = 11, 28, ta c¢6 phuong trinh

10 28 28
D1y +10-100+ > +18-3=1743 < )y, = 689.
i=1 i=11 i=1

A 2 \ \ 68 28 - 1 716
Vay so nghiém nguyén khéng am cua phuong trinh la < 92:; ] ) = ( . ) .

Vi du 26. Cho da giac déu 20 dinh. Liy ngiu nhién 3 dinh. Tinh x4c sut d€ 3 dinh d6 tao
thanh mot tam giac vuéng khong can.

</> LGOI GIAI

Goi (0) 1a dudng tron ngoai tiép da gidc déu 20 dinh va goi sb do mébi cung chin béi 1 canh ctia da
gjéc la 1 don vi, ta ¢6 20 cung nhu viy. Xét 1 tam giac vudng tai mot dinh ctia da giac, goi m,n la
so do hai cung cang bdi hai canh bén ctia tam gidc, ta c6

m+n=10,n,m>1;m,ne Z.
Do dé sb tam giac vubng tao thanh tit 1 dinh 13

(-

trong do6 ¢ 1 tam giac vuéng cin khi m = n = 5 nén ¢6 8 tam giac vuéng khéng cin tir 1 dinh. Viy
co tat ca 20 x 8 = 160 tam gidc vudng khong cin thda man.

160 8

(%?) 57'

Vay xac suat can tinh 1la P =

Vi du 27. Cho n > 4 giac déu néi tiép dudng tron (0). C6 bao nhiéu hinh thang (khéng 13
hinh chit nhit) ma 4 dinh la cac dinh cta da giac déu da cho?
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Goi médi cung chita mét canh ctia da giac déu trén dudng tron 14 1 don vi (cé n cung nhu vay). Xét
mot hinh thang théa man ma dinh dau tién chita day nhd 1a A;, cac dinh tiép theo theo thi tu thudn
chiéu kim dong ho. Goi x, y,z lan lugt 1a s6 do cac cung chita day nho, hai canh bén va day 16n caa
hinh thang, ta c6
x+2y+z=nl1<x,y,2€Z,x <2z.

Ta ¢6 phuong trinh (*) tuong duong véi

X+z=n—-2y (**)
v6i méi y théa mén 1 < y < 2. Theo bai toan chia keo Euler, phuong trinh (**) ¢c6 n — 2y — 1
nghiém nguyén duong. Biy gio ta dém cac nghiém nguyén duong cia (**) ma x < z.

€D Néu n 18 thi (**) khong c6 nghiém x = z nén s6 nghi¢m thda man x < z 1a =2,

n—2y—2
P .

e Néu n chin thi (**) c6 ding 1 nghiém x = z nén s6 nghiém théa man x < z 1a

Vay s6 nghiém cta (*) thoa man cac rang budc da cho la

SHn-2y—-1 1 2
Zizg(n—l)(n—B)Véinle;

n—2y—-2 1 .
Z n-ay—=_ —(n—2)(n—4) v6in chan .
2 8

V6i mbi bd sb x,y,z théda man (*) xudt phat tir 1 dinh da gi4c 13 dinh dau tién cta ddy nhé hinh
thang ({tng v6i canh x) theo chiéu thuin kim dong ho ta ¢ 1 hinh thang théa man. Vy t6ng sb
hinh thang théa man la

1 e 13

gn(n —1)(n—3)véinle;

1 <
gn(n —2)(n—4) v6in chan .

Vi du 28 (Saudi Arabian Mathematical Competitions 2017).

Co bao nhiéu cach dién moét hodc nhiéu dau + vao gitta 30 so 1 trong day bén dudi
111111111111111111111111111111

sao cho t8ng thu dudc chia hét cho 30?

</> LGOI GIAI

Trudc tién ta chd ¥ rdng sb ban ddu 13 mét sb chia hét cho 3 (vi c6 30 chit sb 1), mit khéc ta lai ¢6
nhan xét rang
S(x)=x (mod 3),

trong d6 S(x) 1 tong céc chit sb clia x thi. Do dé, tdng sau qué trinh ta dién diu + ludn chia hét
cho 3. Gia stt ta dién k diu + thi sé chia c4c s6 1 thanh k + 1 phan. M&i phin 6 tin clng 1a 1 nén
téng ctia chiing ¢6 tan cling 1a k + 1 (mod 10). Suy ra d€ t6ng thu dudc chia hét cho 30 thi ta phai
c6 k+1=0 (mod 10) hay k € {9,19,29}. Goi a,,ds, ...,y 1a s6 chit sb ctia m&i phan dugc chia
tlt k ddu cong, khi d6

a; +a,+az+---+a. ;=30
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. . (29 A LA T S
Phuong trinh nay cé < K ) nghiém. Do d6, so6 cach chén cac dau cong la
(29> N (29) N (29)
9 19 29)
Vi du 29 (AIME, 2011). Mot hoc sinh ¢6 5 qua ciu mau xanh giéng nhau va mét s6 qua
cau mau do6 giong nhau. Ban ay mu6n xép cac qua cau thanh mét day va néu dat a 1a s6 qua
cau ma qua bén phai né cing mau véi nd, b 1a s6 qua cau ma qua ciu bén phai n6 khac mau

7, J4 \ . \ A 17 A 7 A \ 7 ~ \ A . V4
v6i no6 thi a = b. Goi m 1a so0 16n nhat cac qua cau mau dé cé thé dung sao cho ton tai cach
xép m + 5 qua ciu thanh mot day théa man diéu kién néu trén.

o Xac dinh m.

¢ 7. A \ A 7 A 7 A N7
9 Ung v6i m 6 trén, tim s6 cach xép cac qua cau dé c¢6 a = b.

Q Do ¢6 5 qua cAu mau xanh va mbi qua sé dit canh khong qua hai qua ciu dé (khac mau véi
né) nén sb cip qua ciu khac mau nhau 13 b < 10. Suy ra a < 10. Ki hiéu qua ciu mau xanh,
d4 1an luct 14 X, D thi ¢6 thé xdy dung diy thda man dé bai tit ddy gbe nhu sau

DXDXDXDXDXD.
Sau d6 thém vao khéng qua 10 qua cAu mau dé nita (vi mbi qua sé 1am ting gia tri a 1én 1 don
vi). Tt d6 suyram = 10+ 6 = 16.

e D& dém sb cach xép théa man, xét diy 16 qua ciu dd. Ta cin xép vao ddy 5 qua cAu xanh sao
khong c6 hai qud nao canh nhau. Goi x;, X, ..., X 1a sb luong qua cAu dd bi chia ra bdi cac
qua ciu xanh thi

X;+Xy+ -+ Xxg =16
X1,Xo9,...,Xg €L,

. P 16—-1 15
Khi do, so cach xép can tim la (6 1) = (5)

Vi du 30. C6 bao nhiéu b sb nguyén duong x; théa man
X1+X2+X3+X4+x5 =2016
v6i x; khong chia hét cho 3,i = 1,5.

DAy 1a mot bai toan c6 chit yéu tb sb hoc, theo gia thiét thi ta sé dit
xX; =3y, +r;
v6ii=1,5val <y <2,i=1,5.Tacd
2016 =X+ Xg+ X3+ X4+ X5 =3(y1 + Yo+ Yas+Ya+Ys) + 11+ 1y +13+1,+Ts.
Cha ¥ ring 2016 1a s6 chia hét cho 3 nén téng r, + ry + 5 + 1,4 + 15 ciing chia hét cho 3, tuy nhién
cht y t6i diéu kién cua r; thi ta sé ¢
5<r+ry+ry3+1,+15 <10
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Nhu vay ry + ry + r3 + 1, + 15 s€ nhan 1 trong 2 gia tri la 6 hodc 9. Dén d4y qua don gian, ta sé xét
hai truong hop
A \ 7 A \ A A A , 5 ,
ONeur,+ry+ry+r,+rs=6thico4so1lvalso2, chon4sotrong 5 so, co 4 cach chon.
Bén canh d6 ta co6

B3(y1+ Yot Ys+Ys+Ys) =2010< y, + y, + y3 + ¥4 + s = 670.
Theo bai toan Euler thi sb nghiém ctia phuong trinh trén 13

(670+5—1> B <674)
5-1 ) \4)

4 \ \ \ ’ 5 674 [N
Theo quy tac nhan thi trudng hop nay cé <4> ( 4 ) nghiém.

A \ 7 A \ A A ~ 7 5 ’
ONeur,+ry+r;+r,+rs=9thico4so2valsolnén tuong tu, ta ciing co (4) cach chon.
Bén canh do6 ta co

31+ Yot Y3+ Ys+Ys) =2007 < yi + Yy + ¥+ Y4+ ys = 669.
Theo bai to4n Euler thi sb nghiém ctia phuong trinh trén 13

(669 +5— 1) B (673)

5-1 4 )

673> nghiém.
4

, (5 /[6 5\ (673
VAy s0 nghiém ctia phuong trinh ban dau la (4) ( Z4> + ( 4) < Z, )

A 5
Theo quy tac nhan thi truong hgp nay co <4> (

Vi du 31. C6 10 cai hop khac nhau dude danh sb tit 1 dén 10 va 10 vién bi gibng nhau (mbi
hop khong nhat thiét ¢6 bi).

] [2](s] [a] 5] [e] [7] [e] [o] 10

—_

tong la s6 chin t6ng 14 sb 18
Hoi ¢6 bao nhiéu cach sap xép 10 vién bi vao 10 hop sao cho tong so vién bi trong cac hop so
\ A f~4 \ A 7 JUN . 7 A \ A 12
1, 2, 3 1a s6 chan, con tong cac vién bi trong cac hop 8, 9, 10 1a s6 le?

<[> LOI GIAI

Lan diu tién 1am bai nay minh da lam theo cach liét ké nhu sau. Trudc tién ta thiy ring tdng
cac vién bi 6 hop 1,2,3 va 8,9,10 1a s6 18, ma c6 tat ca 1a 10 (s6 chin) vién bi cho nén téng cac vién
bi & hop 4,5,6,7 phai 1a mét s6 18. Ta xét 5 trudng hop o thé cé cho t6ng s6 bi ctia 3 hop 1,2, 3.

Trudng hop 1. Téng s6 bi ctia 3 hop 1,2,3 14 8. S6 cach chon théa man 13
3+8—-1\/3+1-1 1-1
P T 4 _ 540.
3—-1 3-1 4—-1
Trudng hop 2. Téng s6 bi ctia 3 hop 1,2,3 1 6. S6 cach chon théa man 13

2= () ()G)+ ()G) -0
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Trudng hop 3. Tong sb bi cta 3 hop 1,2,3 14 4. S6 cach chon thda man 1a

OO0 OB () -+

Trudng hop 4. Tong sb bi cta 3 hop 1,2,3 14 2. S6 cach chon thda man 1a
4 10\ /3 8\ /5 6\ /(7 4\ (9
A, = = 8904.
‘ (2) ((3 ) (2) ' (3) (2> ’ (3) <2) " (3) (2>) ’
Trudng hop 5. Tong sb bi cta 3 hop 1,2,3 14 0. S6 cach chon thda man 1a

0O B0 (- () -

5
VAy téng sb cach sap xép théa min 13 A — ZAi = 23000.
i—1

O bai nay ta con c6 thé gidi quyét bing 1 cach khac nhu sau. Dit y 13 s6 bi ¢6 trong cac hop
1,2,3,8,9,10 thi y phaila s6 1. Goi x;, X, X3, 50 14n luot 14 s6 bi ¢6 trong cac hop 4,5, 6,7
thi ta co

Y+Xx;+x,+x3+x, =10 x; + X9+ X3+ Xx4=10—y.

Theo bai toan chia keo Euler thi s6 nghiém ctia phuong trinh trén sé 13
10-y+4-1\ (13—y

( 4-1 ) - ( 3 ) '
Tuy nhién ta cAn dém thém\xem co bap nhiéu cach chon sb bi cho cac hép 1,2,3,8,9, 10.
Ta goi z;,,i = 1,2,3,4,5,6, lan lugt la so bi dudc dat vao cac hop 1,2,3,8,9, 10, nhu vay

21+ 2y +23+24+25+24=Y,2 = 0.
T6i day theo bai toan chia keo Euler thi s6 bd sb théa mén 1a
y+6-1\ [(y+5
( 61 ) - ( 5 ) ‘

Chil y ring can chia cho sb trudng hop lip & cac b 1,2,3 va 8,9,10. Sb cach chon 13

1 13 — 5
ey YV (Y +2) 2 23000.
2 3 5

i€{1,3,5,7,9}

Bai tap tuong tu 11. C6 8 vién gibng nhau va 12 hép bi khac nhau. Héi c6 bao nhiéu cach

sap xép 8 vién bi d6 vio cc hdp sao cho tdng sb bi trong hdp 1,2,3 13 chin?

Vi du 32. Goi S 1a tip hop cac sb tu nhién cé 7 chit sb ma tng cac chit sb clia né bang 59.
Chon ngau nhién mot so tu tdp hgp S. Tinh xac suat dé so dudc chon chia hét cho 11.

Goi A 13 bién ¢b: S6 dudce chon c6 tdng cac chit sb bing 59 va chia hét cho 11.
S6 tu nhién dudc chon c¢6 dang abcdef g, nhu vy theo gia thiét ta c6 ngay
a+b+c+d+e+f+g=>59. (D
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Do a,b,c,d, e, g, f <9 ddng thoi sb nay chia hét cho 11 nén téng dan diu phai chia hét cho 11, hay
(a+c+e+g)—(b+d+f) €{0;11;22}. 2)
T6i day xét cac trudng hop 4 trén va ta gidi hé phuong trinh theo 4n
u=a+c+e+g
{v =b+d+f

ta tim dudc trudng hop duy nhét théa man 13

35=a+c+e+g
24=b+d+f ’

vib+d+ f <27 nén khong thé bang 35 dudc. T6i déy chinh la bai toan chia keo Euler roi, diéu
kién chin duéi cta cac bién thi khong phal van dé, tuy nh1en xtt Iy chin trén (nhdé hon hoic bang
9) thi sao? O day bién a thi khong thé bing 0 duge do néu a = 0 thic + e + g = 35, vd Iy Do vy
cac bién clia ta déu sé c6 diéu kién 16n hon hodc bing 1. Quay lai vin dé ban dau, ta sé ding mét
tht thuat nhd, ta bién d6i nhu sau

10-a+10—c+10—e+10—g=>5

— Y~ Y~ >

X]?]. X2>1 XBZ]. x4>1

10-b+10—d+10—f = 6.
N~ Y~ ——
»n=1 Y221 y3>1

Nhu véy s6 b so théa mén yéu ciu cia bai toan la

(6)<G)

Cudi cling ta di tim khéng gian miu, 4p dung ky thuit tuong tu nhu trén, ta cd
10-a+10—c+10—-e+10—-g+10—-b+10—-d+10—-f =11
M~ Y~ Y~ Y= Y~ Y~

x121 X521 x3=1 x4>1 y121 Y221 y3=1

10 z \
Nhu vay n(Q) = ( 6 ) . Suy ra xac suat can tinh la

Vi du 33. Tl cac s6 0,1,2,3,4,5,6 lap dude bao nhiéu sb tu nhién ¢é 5 chit s6 (cac chit sb
khong nhat thiet khac nhau) va chia hét cho 9.

Gia st s6 can tim ¢ dang @;a, . .. as, khi d6 theo gia thiét ta co
al +a2+a3+a4+a5 = {9,18,27}.
Ta xét cac truong hop sau.

Truong hop 1. Néua, + a, +a; +a,+as =9 véi 1 < a, <6;0 < <6(i=2,...,5), khi d6 ta ddi
b1enx a+1,i=2,. 5th11<a<6va1<x<7dongth01
a1+X2+X3+x4+x5=13. (1)

T6i day ta sé st dung phan bu d€ gidi quyét no.

4 4 ” ~ \ 12
O S6 bo s6 nguyén duong thoa man (1) la ( 4 ) = 495.
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0 Néu a; > 7 thi x, + x5 + X4+ x5 < 6, suy ra x; < 7, do do trudng hop nay sé
khong 14p lai cac két qua khi x; > 8. Luc nay bat phuong trinh c6 tat ca

9

O Néu gia tri x; ndo d6 16n hon hodc bang 8, gia sit x, > 8 thi

bo nghiém nguyén duong.

ay + X3+ X4+ X5 <5,
SUy ra d;, X3, X4, Xs < 6 nén trudng hop nay ciing khong 1ip lai cac két qua véi
truong hgp trén. Lic nay theo bai toan chia keo Euler, bat phuong trinh s€ c6

-

bb nghiém nguyén duong, ma ta lai c6 4 gid tri x; c6 nén sé c6 tit ca
5
4 x =20
4

Truong hop 2. Cac trudng hop con lai ta xt ly tuong tu trudng hop nay.

bé nghiém nguyén duong.

Nhu vay t6ng két lai ta c6 tit ca

(300 () o) 4o

Vi du 34. Xau nhi phan 1a mét chudi ki tu chi bao gdbm chit sb 0 va 1. Hdi ¢6 bao nhiéu x4u
nhi phan c6 d6 dai 20 sao cho sau moi so 0, co it nhat 3 chit so 1?

<[> LOI GIAI

DA4u tién dé€ y thay ring néu c6 k s6 0 trong xau thi phéi co thém it nhat 3k s6 1. Mit khac d6 dai
cla xau nay la 20 nen k + 3k < 20, hay k < 5. Gia st ¢6 k sb 0 thi dit o, dy, - - A lan lugt 1a so
cac sb 1 nam trude sé 0 thit nhét, gita s6 0 thi nht va thi hai,. . ., sau s6 0 cubi cling.

cach chon.

.............................................

Taphdicéa,+a, + - +a,=20—kvaa,a,,...,a, >3.Diat b, = a; — 3,i = 1,k khi d6
a0+b1++bk:20—4k
Theo bai toan chia keo Euler thi s6 nghiém nguyén ctia phuong trinh nay 1a

20 —4k +k\  (20-3k
k B k ’

5
. X 20 — 3k
Do d6, so xdu nhi phan can tim la Z ( . ) = 344.
k=1

Vi du 35. C6 bao nhiéu cach chon tit 2016 sb nguyén duong dau tién ra 10 sb ay,a,, ..., d;,
sao cho |a; — a;| > 1 v6i moi i # j?
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</> LGOI GIAI

Ta gid st a, < a, < --- < dj, ltc ndy gia thiét tuong duong

Ajpq — a; = 2,1 —1,9.
Cac sb a; nay khong lién tiép nhau. Goi x; 1a sb cac sb trude a;, x;; 14 cac sb sau a,,, con lai x; 13
sb cac sb nam gitta a;_, va a;.

......... Aq [:oeeeeeee g [svoveees g [:ovoeee e Qg |:o 2016
—— —— —_—— —— ——

Khi do ta co

X, + Xy + -+ X7 =2006,x; =2 0,x;; 20,x; > 1,1 =2,10.
T6i day déi bién y; = x, — 1> 0,i = 2,10 ta dudc
Xy + Yo+ o+ Yo+ X1 = 1997.
Lic nay ap dung két qua clia bai toan chia keo Euler thi sb cac cach chon théa man ciing chinh 13

A > . s (1 11-1 200
sO0 b6 nghiém cua phuong trinh va la ( 991;_ 1 > = ( 107>.

Vi du 36. Trong vong loai mét cudce thi chay 1000 m ¢6 9 ban tham gia trong do6 c6 2 ban 16p
A, 3 ban 16p A, va 4 ban dén tit cac 16p khac nhau. Thay gido xép ngiu nhién cac ban ké trén
thanh mo6t hang ngang dé xuat phat. C6 bao nhiéu cach xép sao cho khoéng cé hoc sinh nao

cling 16p diing ké nhau.
</> LOI GIAI

Goi 3 ban 16p A, 14 M,, N, P,, hai ban 16p A, 13 M, N;. Sb cach xép ngiu nhién 9 ban vao cling mét
hang ngang la 9! cach. Ta c6 nhan xét sau.

S6 cach xép sao cho khéng c6 ban nio cling 16p bang sb cach xép sao cho ba ban M,, N,, P,
khong ding canh nhau tru di so cach xép sao cho ba ban M,, N,, P, khong ditng canh nhau
va hai ban M;, N; ding canh nhau.

Khi d6 ta sé chia bai toan dém 1am 2 buéc nhu sau.
o Dém sb cach xép sao cho ba ban M,, N,, P, khong diing canh nhau.
DAu tién ta xép ba ban M,, N,, P, diing canh nhau, ¢ 3! = 6 cach. Xét trudng hop ba ban nay
dudc xép theo tht tu M,, N,, P,. Tiép theo, ta xép cac ban con lai vao sao cho ba ban M,,N,, P,
khong diing canh nhau.
......... L P b A R I N T

X1 Xo X3 X4

Goi X,; Xy; X33 X4 14n luct 12 s6 ban xép phia bén trai M,, giita M, N,, giita N,, P, va bén phai
P,. Khi d6 ta ¢6 x; + X, + X3 + x4 = 6, trong d6 x; > 1,x3 > 1,x; > 0,x, > 0, ta chuyén bai
toan vé dém so nghiém nguyén ctia phuong trinh

X1+ Xy + x5+ X, = 4,
trong d6 x; > 0,x4 > 0,x; = x, — 1 > 0,x; = x3 — 1 > 0. Theo bai toan chia keo Euler ta c6

(4+4—1) o
4-1

s6 bd nghiém nguyén. Khi d6 tinh ca hoan vi thi s6 cach sip xép cac ban M,, N, P, khéng ding
canh nhau la 6 x 35 x 6! = 151200 cach.
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e Pém s6 cach xép sao cho ba ban M,, N,, P, khéng ditng canh nhau va hai ban M;, N, diing canh
nhau. D4u tién ta xép ba ban M,, N,, P, diing canh nhau, ¢6 3! = 6 cach. Xét trudng hop ba ban
nay dugc xép theo thi tu M,, N, P,. Vi M;,N; diing & vi tri lién tiép nén ta c6 thé coi My, N; 1a
mot ban P, ndo dé. Ta sé xép P, va 4 ban khac 16p con lai vao sao cho M,, N, P, khong dimng
canh nhau.

......... My |- o[ Ny e[ Py e

GOl Y13 Y25 Y35 Ya 14n luot 14 s6 ban xép phia bén trai M,, giita M,, N,, giita N,, P, va bén phai
P,,Khidbétacd y, +y,+ ys+ ¥y, =5, trong dé y, > 1,y5 > 1,y, > 0,y, > 0, ta chuyén bai
toan vé dém so6 nghiém nguyén ctia phuong trinh

YitYy+Ys+ya=3,
trong d6 y; > 0,y,>0,y, = x, —1 >0, y; = y; — 1 > 0. Theo bai toan chia keo Euler ta c6

3 _
( +4 1):20
4-1

s6 bd nghiém nguyén. Khi d6 tinh ca hoan vi thi s6 cach sap xép cac ban M,, N,, P, khéng ding
canh nhau va hai ban M;, N; ding canh nhau la 6 x 20 x 2! x 5! = 28800 cach.

VAy, xac xudt sao cho khéng ¢ hoc sinh nio cting 16p diing ké nhau la
151200 - 28800 85
B o! ~ 252°

Nhén xét. Qua vi du nay ta di thdy ting dung clia bai toan chia keo Euler cho cac bai toan
xép nguoi cung loai va khéng ding nhau, ta c6 thé ap dung cach lam nay vao bai toan sau.
|

Vi du 37 (VMO 2012) Cho mot nhém gbém 5 c6 géi, ki hiéu 1a Gy, G,,Gs, Gy, Gs, va 12
chang trai. C6 17 chiéc ghé dudc xép thanh mot hang ngang. Ngudi ta xép nhom ngudi da cho
ngdi vao cac chiée ghé d6 sao cho cac diéu kién sau dudc ddng thoi thdéa man

c MObi ngudi ngodi diing 1 ghé.

9 Cac cb gai xép theo ding tht tu 1,2,3,4,5.

9 Gifta G,, G, c6 it nhat 3 chang trai.

0 Gifta G,, Gs c6 it nhat 1 chang trai va nhiéu nhit 13 4 chang trai.

Hoi c6 tht ca bao nhiéu cach xép nhu vy? (Hai cach xép dudc coi 14 khac nhau néu ton tai
mot chiéc ghé ma ngudi ngoi 6 chiéc ghé dd trong hai cach xép la khac nhau).

</> LOI GIAI

banh sb thtt tu cac ghé i trai sang phai 13 1,2,...,17. Goi x; 1a sb chang trai dudc xép bén trai
G4, X, 1a s0 chang trai 6 gitta G, va G,, x5 1a s6 chang trai 6 gilta G, va G, x, 1a so6 chang trai & gitta
G5 va G4, x5 1a s0 chang trai & gitta G, va Gs, x4 la s6 chang trai dugc xép 6 bén phai Gs.

......... Gyl |Gyl Gy || Gy e[ G o

X1 Xo X3 Xq4 X5 Xe

Khi d6 bd s (xy,x,,...,xs) hoan toan xac dinh vi tri cic ¢b gai va ta c6
X1+ X+ +xs=12, 3<x,,1 < x5 <4
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A PN A e 1 A Re A e A /. 4 . ; . M ; Re 1 A
Dau tién ta can phai bién doi cAn dudi vé diung chuén ctia bai toan chia keo bang cach doi bién

(%1, Xy — 3, X3, X4, X5 — 1,x¢) — Y1,Y2,Y3: Y4 Y55 Ve

~
Yi20,ys<3

T6i day xét cac trudng hop ctia ys va ap dung két qua ctia bai toan chia keo Euler ta dugc két qua 1a

() (9-) o

Vi con ¢6 12 chang trai c6 thé hoan déi vi tri 6 12 chiéc ghé danh cho ho nén sé cach xép théa man
yéu cau bai toan la 1161 x 12!.

Bai tap twong ty 12. C6 bao nhiéu cach chon ra bd 4 s6 tu nhién (a; b;c;d) c6 tdng bang

30, bidta<7<b?

Vi du 38 (Quang Tri TST 2014). C6 17 cay cau trong xung quanh mét cai ao hinh tron.

Ngudi ta mudn chit di 4 ciy. Hoi c6 miy cach chit sao cho khong c6 2 ciy ké nhau bi chit.

Ta danh sb thit tu cac cay tir 1 dén 17 va chia ra hai trudng hop nhu sau.

o Gia stt cay s 1 bi chit. Liic ndy, cac ciy 6 vi tri sb 2 va 17 sé khong bi chit. Nhu vay, ta sé chit
di 3 cay 4] vi tri s6 3 dén s 16 sao cho khéng c6 2 cy ké nhau bj chit. Ta xem cdc cy tu s6 3
dén s6 16 nam trén mot hang doc theo th tu ti trai qua phai. Goi x; la sb cay bén trai cdy thi
nhét bi chit; x, 13 sb cay gifta cAy th& nhit va thi hai bi chit; x5 la s6 céy giita cAy thi hai va
thit ba bi chat; x, 1a s6 cAy bén phai cdy thi ba bi chit. Luc do, ta ¢

X1+ Xy +X3+x4=11, xy,2=>21;x32>1.
D&i bién y, = x, — 1; y5 = x5 — 1, ta dudc phuong trinh
Xyt Yot Y3+ Xx4=9

2 A , 12 ’
T6i day don gian roi, ta co ( 3 ) cach.

e Gia st ciy sb 1 khong bi chit. Lic nay, cac ciy & vi tri sb 2 va 17 ¢ thé dudc chit. By gid, ta
xem c4c ciy tit sb 2 dén sb 17 nhu trén mot hang doc.
X1+ X+ Xs+X,+X5=12, x921;x32>21;x, 2> 1.
D4i bién Yy =Xy —1;y; =x3—1;y, = x4, — 1, ta dugc phuong trinh
X1+ Yy + Y3+ Ys+x5=09.
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7. A .2 A I 13 7
T6i day don gian roi, ta cé ( B ) cach.

A U i B 13 ,
Vay, so cach chét di 4 cay cau thoa man bai toan la < 3 > + ( 4 > = 935 cach.

Nhén xét. Bai toan niy gidng v6i bai toan hiép si dudc phét biéu nhu sau: Vua Arthur mudn chon ra
k hiép si trong sb n hiép si dang ngoi trén ban tron dé di ra trdn, tim sb cdch chon sao cho khéng c6 2
hiép si nao ngoi canh nhau. Ket qud bai todn nay sé la

() () RO

Vi du 39. Cho tam gidc ABC ¢6 3 canh 13 BC = a, CA = b, AB = ¢ va diém P goi 1a good néu
tim dudc 27 tia chung goc P cat tam giac thanh 27 tam giac con c6 dién tich bang nhau. Dém

s6 diém good.
<[> LOI GIAI

Gia st P 1a mot diém good. Goi [, m, n 1an luot 13 s6 phan ma cac canh BC, CA, AB bi chia bdi cac
tia xuat phat tit P. Luu ¥ rdng mdi tia phai di qua mdi dinh ctia tam gidc ABC, néu khéng sé tao
thanh mot sb tit gidc. Goi h, 12 khoang cach tit P dén BC. Khi d6, h; 14 d6 dai dudng cao clia tit ca
cac tam giac c6 ddy ndm trén BC. Vi cAc tam gi4c tao ra c6 dién tich bing nhau nén tit ca cac day
nay c6 do dai bing nhau. Néu ta ky hiéu dé dai nay 1a x, thi ta c6 Ix = a Tuong tu, ldy y va z 1a d6
dai ctia cac day cta cac tam giac trén canh CA va AB tudng Gng, ta c6 my = b va nz = c. Goi h, va
h, 14n luot 14 khodng cach tit P dén CA va AB. Do cac tam giac ¢6 dién tich bang nhau nén
2A

hix =h,y = h,z2 = —,
1X 2y 32 57

trong d6 A la dién tich cua tam giac ABC. Tu do suy ra
C2A-1 2A-m . 2An

V"o7q” 2 27p 7 P 27¢
Ta cling co
2A 2A 2A
_:haa _:hb) _:hu
a b c

trong do h,, h;, h, 1an lugt 1a d6 dai dudng cao tuong ing ctia tam gidc ABC ha tut cac dinh A, B, C.
Suy ra

E . L hZ m h3 n

h,

27 h, 27 h, 27

Mat khac, ta co

h, A ° hy, A’ h A’
trong d6 [PBC], [PCA], [PAB] la dién tich cta céac tam giac con tuong ting. Cong ba phuong trinh
trén, ta dudc

h, [PBC] h, [PCA] h, [PAB]

C

h, hy, hs
U
n o h,  h

C

Do do
27 27 27 h, hy, h.

C

Nhu vay [ +m +n = 27. Do dé, mbi diém good P x4c dinh mét phan hoach (I,m,n) ctia 27 sao cho
¢6 1, m, n doan bang nhau lan lugt trén BC, CA, AB. Biy gio ta di chitng minh tinh duy nhat caa
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né6. Ta xét mot phan hoach bat ky (I, m,n) ctia 27. Chia BC, CA, AB thanh [, m, n phin bing nhau
tuong tng. Ta dat
2l 2mA
Y27a’ P 27b
Vé mot dudng thang song song v6i BC va cach BC mét khoang h,; vé mot dudng thang song song
v6i CA va cach CA mot khoang h,. Hai dudng thang nay cit nhau tai mot diém P nim trong tam
giac ABC. Khi d6
1 A mA
[PBC] = =ah, = —, [PCA]=—,
2 27 27
nA A \ A 2 7 \ A M
suy ra [PAB] = 57 Diéu nay cho ta thay khoang cach tit P dén AB bang

_ZnA
37 97¢”

4 A .7 4 Ve A A 7 PN e M A A \ ’ . M A 2 ,
Do d6, moi tam giac co day trén CA déu co dién tich bang 27 biéu nay chiing minh rang tat ca cac

tam gidc phén chia tam gidc ABC déu c6 dién tich bing nhau, nén P 1a mét diém good. Nhu vy, lic
nay theo bai toan chia keo Euler thi s6 diém good bang s6 nghiém nguyén duong ctia phuong trinh
[+m+n=27,

. 26
ttc la bang ( 9 ) = 325.

Vi du 40. Tim sb nghiém khéng 4m ctia phuong trinh

X1+XZ+"'+xn=m,

<[> LGOI GIAI

Loi gidi bai todn nay dua trén y tudng clia cdc ban Nguyén Long Nhdt, Nguyén Hing Quang va thdy
Nguyén Vil Luong — THPT Chuyén KHTN Ha Nbi.

Ta sé chia nho bai toan nay ra nhu sau.

Bai toan phu 1. Tim sb nghiém khéng 4m ctia phuong trinh x + y = m v6i x < y.

VO x; < xp <o < Xy,

Gidi. Vi x < y nén tif phuong trinh suy ra x < [%], ta xét 2 trudng hop sau.

e Néu n chia hét cho 2 thi x ¢6 thé nhan 5+1= [%] +1giatrio,1,2,..., [%] va y tinh dugc
theo x (viy =n—x), suyratacé [2] +1bd (x,y) nguyén khong 4m théda man x + y = n va
x<Yy.

e Néu n khéng chia hét cho 2 suy ra x < [2] va x c6 thé nhan [%] + 1 gia tri va ¢6 [2] + 1 bo
(x,y) nguyén khong 4m théa méan bai toan.
Bai toan phu 2. Tim sb nghiém khong 4m ctia phuong trinh
X+y+z=n
thda mén diéu kién x < y < z.
Gidi. Trudc tién ta ki hiéu nhu sau
Q Ki hiéu r,,,, 1a nghiém s6 ctia phuong trinh théa mén x < y < z. Tuong tu ¢6

rlxzy: rlyzx: rlyxz’ rlzxy: rlzyx'
. \ \ \ Y 3 \ /4
Do vai tro ctia x, y,z hoan toan binh dang trong phuong trinh x + y + x = n. Ta ¢6

rlxyz = rlxzy = rlyzx = rlyxz = rlzxy = rlzyx =T.
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e Ki hiéu r,,, 1a nghiém s6 clia phuong trinh thda min x = y < z. Tuong tu 6 Taysxs T3gxy+ 1

CO Toxyy = Toyzx = Tigxy = T2-

9 Ki hiéu r3,,, 1a nghiém s6 ctia phuong trinh théa man x < y = z. Tuong tu ¢6 T3yzxs M3zxy+ 1

CO Tsxyz = T3yzx = T'3gxy = I's:
o Ki hiéu r, 1a nghiém so6 ctia phuong trinh théa mén x = y = .

Theo bai ton chia keo thi tt ca cac bd s6 nguyén khong 4m (x, y,z) thda man x + y + z = n bang
n+2 (n+2)(n+1)
( 2 ) 2
mdbi bd s6 sé thude mét trong nhitg trudng hop trén nén ta cb
(n+2)(n+1)
—
Taco ERRERSP chinh 1 s6 nghiém ctia phuong trinh 2u+v =n (vitd phUOng trinh x+y+2z=nta
6 thé cho 2 sb hang x = y hoiic y = z hodc z = x va tit nhién bao gdm ca trudng hop x = y = z).
Gid st x = y sé bao gdm x = y > 2,x = y <2, x = y = z. Phuong trinh

61’1 +3T2 +31”3 + 1”4 ==

2u+v=n<u+(u+v)=n.
Dit t — u+ v > u thu dudc u + t = n véi u < t. Theo nhu bai toan 1 sb nghiém ctia phuong trinh
nayla[]+1hayr2+r3+r4—[2]+1.Xet

Q Néu n chia hét cho 3 thir, = 1;

e Néu n chia hét cho 3 thir, =0

Nhu vay ta dugc r, = [g] — ["51].Vix <y<zbaogbmx <y<zhodcx=y<zholcx<y=x
hodc x = y = z. VAy s6 nghiém thda mén yéu ciu clia bai toan 13
d=r+ry+r3+r,
Ti nhitng 14p luin & trén, ta tim dudc céng thic cho d 1a
1[(n+2)(n+1)
6 [ 2
(n+2)(n+1) N

d= —3r2—3r3—r4]+r2+r3+r4.

1
5( —’”3)+gr4
1

12
(n+2)(n+1) 1
—2+2(T2+1’3+T‘4)+§T4

n+2)(n+1 n 1/rn n
080 3 (1)) () [3):
12 2 \L2 3 \L3 2
Bai toan phu 3. Tim s6 nghiém nguyén khéng 4m ctia phuong trinh thdéa man
X1+X2+X3+X4:n
VOl x; < x5 < X5 < Xy
Gidi. Trudc tién ta nhic t6i mot bd dé sau.
Bo6 dé Burnside. Néu ¢ 13 cac tip thudc tip X. V6i mdi ¢ thude ¢ véi X ¥ biéu thi cac phan ti trong
tap X dudc xac dinh bdi ¢. BS dé Burnside xac dinh sO quy dao khac nhau ctia bai toan, khi dé
X/¢| = 3] Z
peP
trong d6 v(¢) 14 sb phén tit cta ting tip.
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c Néu ¢ = id : v(yp) 12 sb nghiém ctia phuong trinh
X1+XZ+X3+x4:n

thiv(yp) = <n ; 3) vaco 1(p).

e Néu ¢ € ¢ : v(¢p) 1a sb nghiém clia phuong trinh 2x + y +2z = n va (;) =6(p).

Ta co x € {O; 1;...; [%]} va phuong trinh ¢6 n — 2x + 1 v6i mbi x. Suy ra

=;n 2x +1)
- ([l e[l (5]+1)
-3l ()

7 4 2 N \ 1
e Néu ¢ € ¢ : v(p) la s6 nghiém ctia phuong trinh 2x + 2y =n va > <:) =3(p).

© Néu n 18, phuong trinh v6 nghiém.
4 S \ , n <A
O Néu n chan, phuong trinh c6 > + 1 nghiém.

iy vie) = ([3] 1) ([5]-| "5 )

Q Néu ¢ € ¢ : v(¢p) 1a sb nghiém ctia phuong trinh 3x +y =nva 2 x 4 = 8(¢p).
n
—|=|+1.
V() [3]

4 ’ !
e Néu ¢ € ¢ : v(p) 1a s0 nghiém ctia phuong trinh 4x = n va 4Z =6(p). Suyra

n n—1
vip)=|-|—- .
e M l 4 ]

Tong s6 cac ¢ 1 1 + 6 + 3 + 8 + 6 = 24. Theo b8 dé Burnside sb nghiém ctia phuong trinh 13

1 n+3 n n+1 n n n—1 n n n—1

(57 vl ([52 +2) +2 (Bl (1- [ ) o 51+ +o ([3)-[32])):
Quay lai bai toan. Ta ¢6 thé 4p dung b6 dé Burnside hoic ding phuong thic dé quy nhu sau. Gia
st M, , la tap hop cac ket qud clia phuong trinh va P(m,n) so tap théa man clia cac yeu to cla
phuong trinh. Ching ta dé dang théy rang P(0,n) = 1 v6i moi k, P(m,n) = P(m,m) cho tat ca cac
k > n. Do @6, ta gia dinh thém rang m co dinh, ching ta ¢c6 1 < n < m. Ta chia nho cac tap M, ,
vao thanh cac tip T,(i = 0,1,...,n— 1), nén T, chita chinh x4c nhitng két qua ctia bai toan trong dé
N, thod man diéu kién

O=x1=Xg="=X; < Xj11 < Xjyo < <X,
Ta cb (x1, Xz, ..., %,) = (Xi11 — L, x;15 — 1,...,x, — 1), dinh nghia mot song &nh tit T; dén Moy niini
WO X1 —1<x,,— 1< <x, =1, (% — 1)+ (x4 — 1)+ + (x,— 1) =m—n+i,va
anh xa
(yl,yz,...,yn_i) — (O,O,...,O,y1 +Ly, +1,..., i+ 1)
C6 nghia 12 |T;| = |[My_pyin_il»
P(m,n)=P(m—-1,1)+P(m—2,2)+---+P(m—n,n),1<n<m
va v6i phuong trinh cu thé ta 6 thé tinh duoe két qua cu thé.
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Nhan xét. O trén ta ciing V11a tim hiu mot sb bai toan ch1a keo Euler c6 st dung phan bu, tuy nhién
chua phai 13 cic bai toan cin chia trudng hop phtc tap, tiép theo ta sé tim hiéu mot sb ba1 toan két
hop gitta nguyén 1y bu trir va bai toan chia keo Euler. Trudc tién ta nhic lai mot chit vé nguyén Iy
bl trit tdng quat.

Dinh ly 1. Cho tdp Ava n tdp con A;,A,, - ,A,. Taco

Ay WAy U UA, = D (—1)FAn, k)
k=1

Trong d6 A(n, k) = Z }Ail NA, N NA

lk|‘
1<i; <<k <n

Dinh Iy hitu dung tiép theo ta c6 thé dung né.

Dinh Iy 2. Gid st A}, A,,...,A,, 1 cac tAp con clia mét tip hitu han X, ki hiéu A; 14 phan bu clia A,
trong X, (i =1,2,...,m) thi

_mA_zm---mA_m| = |A1uA2u~-uAm‘

m
=[X|+ D (=DF D> A nA N 04
k=1

l<11<12<lk<m
m
= x|+ 23(=
i=1

Vi du 41. Tim s nghiém nguyén khéng 4m ctia phuong trinh
x1+x2+X3+x4=18 (*)
théa diéu kién x; < 7,Vi = 1,...,4.

Goi % la tip hgp cac nghiém nguyén khong 4m ctia phuong trinh (*). Ta c6

44181
— = (T — 1330
18

Goi A; la tap hop cac nghiém nguyén khong 4m ctia phuong trinh (=) thoa tinh chét x; > 8. Khi d6

két qua ctia bai todn 1a N (A1AALA,). Bang viéc giai nhitng bai toan tim s6 nghiém nguyén ta dudc

13
° |Ai‘ = (10)
5

o = ()

° |AiAjAk| =0
O |A}AxA3A,| =0

Vi vai tro cta cac A;(1 < i < 4) 1a nhu nhau nén ta cé:

0S8, = Z|Al-| = (13) = 1144;
4\ (5
0S,= Z AA| = (2) <2> = 60;

1#]
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o 5320,5420.

Theo nguyén ly bu trtr ta ¢
’Z].ZZZBZ4 = N - S]_ + Sz - 53 + S4
=1330—-1144 + 60 — 0 + 0 = 246.

Bai tap tuong tu 13. Tim s6 nghiém nguyén khéng 4m cta phuong trinh x +y +z + t = 20

thoaman x <5,y < 6,2 <7,t <8.

Vi du 42. M6t clta hang ban thiic 4n sang cé ban 4 loai thiic 4n gdm cgm, mi, bn va phd.
Moét doan khach 40 ngay vao ctta hang, moi ngudi goi moét loai thiic &n, biét moi loai thic &n
6 it nhat mét nguoi goi va khong ¢o loai thitc dn nao c¢b qua 15 ngudi goi. HAi ¢o tat ca bao

nhiéu cach goi thtic an.
</> LOI GIAI

Goi X1, Xy, X3, X4 lan luot 13 sb ngudi goi com, mi, bun va phd khi d6, bai toan trd thanh tim sb
nghiém nguyén cta phuong trinh

X1+XZ+X3+X4:4O. (1)
v6i 1 < x; < 15,i = 1,2,3,4. Dau tién ta cAn dua vé diéu kién khong 4m béng cach ddi bién
¥; = x; — 1. Khi d6, phuong trinh (1) tré thanh

Yi+Y2+Ys+y,=36. (2)
O d4ay 0 < y; < 14. Nhu véy ta sé dém bai nay theo nguyén ly bu trit nhu sau.

0 Pau tién ta dém cac bo s6 nguyén théa man (2);

0 Sau d6 ta ¢ém céc bd s6 nguyén théa man (2) thda man diéu kién y; > 15.

A3 N : . . . (39) ... Ak
Nhu vay, ta thay rang theo bai toan chia keo Euler thi phuong trinh (2) c6 (36) bo nghiém, tiép
theo ta dit A; 1a tip hop cac nghiém nguyén ctia phuong trinh véi y; > 15.
0 Tinh |A;], ta dédt a; = y; — 15 > 0, ta dugc phuong trinh (2) tré thanh

ay+ Y, +ys+ys=21,
v6ia; >0,y,>0,y; >0,y, > 0. Ap dung bai toan chia keo Euler, ta dugc

24
A = .
- (3

, 24
Tuong t, ta c6 |4;| = 4s| = 1A, = ().

9 Tinh |A; N Ay|, ta ddt a; = y; — 15> 0,a, = y, — 15 > 0, ta dudc phuong trinh (2) tré thanh
ay+ay+ys+y, =06,
véia, >0,a, > 0,y; > 0,y, > 0. Khi d6, sb nghiém ctia phuong trinh trén I3

9
A, NA,| = .
| 1M 2| <6)
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9 Tinh |[A; N A; N Ay, ta thdy khéng thé ¢ trudng hop nao 3 bién cling 16n hon hoic bing 15
dudc, vi tong clia cac gia tri bang 36. Nén |4, NA;NA =0VvalA nA;nA NA,|[=0.

24
21

39 24 9

Bai toan dudc giai quyét.

Do dd |A; UA, UA; UA,| = 4( ) -6 (Z) . VAy sb cach goi thitc 4n théa man bai toan 14

Vi du 43. C6 bao nhiéu sb nguyén ducng nhé hon 10° ma tdng cac chit s6 bang 23?
</> LGOI GIAI
S6 can tim ¢ dang @;a,d,a,a5dg VOi

a; +a, +as +a, +as +ag = 23, (D
va0<aq <9,i=1,6. T6i day ta sé dém bai toan theo 2 budc nhu sau.

e PAu tién ta dém cac b sb nguyén duong ctia phuong trinh (1) trude.

e Sau d6 ta sé dém cac b sb nguyén duong ctia phuong trinh (1) ma c6 mét sb 16n hon hodc
bang 10.

e Cubi cling ta 14y 2 két qua vita tinh duogc tr di 13 ra két qua ta can.

DE lam dudc diéu nay, ta sé sit dung nguyén Iy bu trit, trude tién ta dit |A,|,i = 1,6 1a tip hop cac
nghiém khéng 4m cuta (1) nhung a; > 10. Dau tién ta thay s6 nghiém cta (1) la

23+6—-1 28
(25 -(5)
Bay gi0 ta sé xét cac truéng hgp sau.
O Tinh |A;|, ta d6i bién aj; = a; —10 > 0, lc nay ta c6
aj+a,+as+a,+as+ag=13.
Theo bai toan chia keo thi s6 b nghiém nguyén khong 4m cta phuong trinh nay sé 13
13+6-1) (18
(%5 -(5)

Tudng tu véi cac trudng hop khac |A,|, khi d6 ta cé téng tht ca

18
6 x <5> = 51408.

O Tinh |A; nA;|. Ta d8i bién a} = @, — 10 > 0, a}, = a, — 10 > 0 lfic nay ta c6
ay +a,+a;+a, +as+ag = 3.
Theo bai toan chia keo thi s6 b nghiém nguyén khong 4m cta phuong trinh nay sé 13
3+6-1 8
Ceti)-)
Tuong tu véi cac truong hop |[A; nA;| ma 1 <i < j < 6 khac. Vi ta dang 14y ra 2 tAp hop tlt 6
tAp hop dé xét, nén tdng sb cch trong trudng hop nay 1a

5o
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O Tinh |A NA,; mAk| v6i1 <i<j<k<6.Vitdng cac chit sb 1a 23 nén khong thé ton tai 3 sb
cung 16n hon 10 trong trudng hgp nay dudc. Do do ‘Ai NA; mAk‘ =0

Do d6 theo nguyén ly bu trir ta ¢

6
Ua
i=1

Vay so lugng cac so can tim la

6
=Y lAl—= )} |AinA|=50568.
i=1

1<i<j<6

2
( 58) — 50568 = 47712.

Bai toan dudc giai quyét.

Bai tap tudng tu 14. Vé xe buyt c6 dang abcdef véi a,b,c,d,e, f € {0,1,2,...,9}. Mot vé
nhu trén thoa man diéu kién a + b +c =d + e + f dudc goi la “vé hanh phtic”.

1 Chiing minh ring s nghiém ctia phuong trinh a + b + ¢ = d + e + f bang sb6 nghiém ctia
phuong trinha+b+c+d+e+f =27v6i0<a,b,c,d,e,f <9.

2 Tinh s6 vé hanh phic.

Vi du 44. Tim sb cach chon ra 4 so nguyen phén biét tit 24 sb nguyen duong diu tién sao cho
trong lua chon dé, khéng cé hai sb cling s6 du khi chia cho 3 lién tiép.

</> LGOI GIAI

Goi Xy, Xy, ..., X5 14n luct 14 s6 cac sb ndm trude sb thi nhit dude chon, gitta s6 tht nhit va sb tht
hai, ..., sau so tht tu. Ta co
x1+x2+ -+ x5 =20
>0,x520,x; #2,i = 2,4.

T6i day ta sé dung nguyén ly bu tru dé xt Iy diéu kién. Trudc tién theo bai toan chia keo Euler thi
s6 b s0 nguyén khéng 4m théa man diéu kién trén (khong c6 rang budc) la

(%)
4 )
Goi A, B, C 14an lugt 1a cac cach chon ma Xy =2,Xx3=2,x,=2thita can tinh

2
( 4)—|AUBUC|
4

20-2+4-1
o Tinh |A| = < +1 ) ( va tuong tu véi B, C.

20 — 3—-1
9Tinh|AmB|=< 4+ ) ( )umngtu’vamC C NnA.

eTinh]AmBmC|= >

Do d6 sb cach chon cAn tim 13 (2:> - l3< 3 ) -3 <128> + <115>] = 7080.
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Vi du 45 (VMO 2022). Gieo 4 con stic sic can d6i, ddng chit. Ki hiéu x; (1 < x; < 6) la sb
cham trén mat xuat hién cta con stic sac thi i(i = 1,2, 3, 4).

7 A 4 A 7 N7
a) Tinh o0 cac bd (xq, x,, X3, Xx4) o thé co.

’ 7 A N A A M A AN .
b) Tinh xac suat dé c6 mot sb trong x;, X,, X5, X, bang tong ctia ba s6 con lai.

¢) Tinh xac suat dé co thé chia x4, x,, x5, x, thanh hai nhom c6 tong bang nhau.

</> LOI GIAI

Pdy la loi gidi chinh thitc tir B6 Gido Duc.

a) SO bbd (x1, Xy, Xx3,x,) b thé cb 12 6%,

b) Ki hiéu A; 1a tAp hop cac bd (x, Xy, x5, X,) sao cho x; bang tdng cac s6 con lai. Ta cn tinh xac
sult bién cb A = UAi' Ta thiy |A;| c6 sb phan t&t bing nhau va 13 sb nghiém € {1,2,...,6} clia
phuong trinh x; = x, + X5 + x,. Bién d6i ta dugc

7=x, 4+ X+ x34+Xy, X;=7—Xx.

S6 nghiém nguyén duong ctia phuong trinh nay theo cdng thitc chia keo Euler 13

5w

~ 7 , A A s Y 80
Dé thay A; nA; = &, cho nén |A| = Z |A;| = 80. Xac suat can tinh la ]

296"

¢) KihiéuB;,i =2,3,41atap hop (31, X3, X3, X4) 520 cho x; + X; béng téng clia hai s6 con lai, chiing
6 sO phan tu bang nhau. Ta ¢ |B,| 1a s6 nghiém thudc {1,2,...,6} cta phuong trinh nghiém
nguyén x; + x, = X3 + X4, cling la phuong trinh

14 = x| + x5+ X3+ X4, X;=7—x,x,=7—X,.
S6 nghiém ctia n6 theo c6ng thitc Euler 1a (133>. Dé thiy phuong trinh trén c6 t6i da mét lan
nhAn gié tri 16n hon 6. Ta cin loai trit nghiém nay. Chang han, khi x! >7tadua vé phuong trinh
8 = x| +x,+x3+x4 Xx|=x;-6.
S6 cac nghiém theo cong thtic Euler 13 (Z) — 35. Vi ¢6 4 trudng hop xay ra véi 4 bién, cho nén
s6 nghiém c6 it nhat mot 4n nhén gia tri 16n hon 6 1a 4 x 35 = 140. Do dé
IB,| = 286 — 140 = 146.

Dé thiy B; n B; c6 36 phan t&, vi khi d6 x; = x;, x; = x;. Tuong tu |B, N By N By| = 6 (khi d6 ca
4 s6 phai bang nhau). Dit B = UBi thi

Bl = |

=3x146 -3 x 36 + 6 = 336.
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Bai tap tu luyén

B Bai tap 3.1

Tim s6 bo sb nguyén khéng am (x,y,z,t) thdaman 1 <x < y <z <t < 1000.

B Bai tap 3.2

Tién gidy clia Ngan hang qudc gia Viét Nam luu hanh phd bién trén thi trudng cé 10
loai: 200, 500,1000,2000, 5000, 10.000, 20.000, 50.000, 100.000, 500.000. Hay x4c dinh sb
b6 khac nhau gom 15 tg gidy bac cia Ngan hang quoc gia Viét Nam.

B Baitap 3.3

Tim s6 nghiém nguyén ctia phuong trinh a +b+c+d =17 véia >1,b>2,¢c > 3,d > 4.

B Baitap 3.4

Tim s6 nghiém nguyén ctia phuong trinh x; + x, 4+ x5 + x, = 17 v6i 3 < x; < 5(i = 1, 4).

B Baitap 3.5

Tim s6 nghiém nguyén ctia phuong trinh x; + x, + x5 + x, =30Vv6i5< x; <10,i = 1,4.

& Bai tap 3.6

Tim s6 nghiém nguyén khéng 4m ctia bit phuong trinh x; + x, + X3 + x, < 11.

B Baitap 3.7

Tim sb nghiém nguyén duong ctia bt phuong trinh x; + x, + X3+ x, < 11.

B Bai tap 3.8

X1+ x5+ x3+x, <11

Tim s6 nghiém nguyén khéng 4m ctia hé
g 3 X1 < 3

& Baitap 3.9

Cho phuong trinh x; + x, + x5 + x, = 20, x; € N, thda mén diéu kién x,, x,, x5, x, chin. Hoi
phuong trinh ¢6 tat ca bao nhiéu nghiém nguyén.

B Bai tap 3.10

Cé n vat gibng hét nhau va m hop phan biét. (n > m,n,me N*)

0 Hdi ¢6 bao nhiéu cac khac nhau phan phoi hét n vit vao m hop.

9 Hoi ¢6 bao nhiéu cac khac nhau phan phoi hét n vat vao m hép sau cho moi hop ¢ it
nhat 1 vat.
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B Bai tap 3.11

Mot cAu lac bo thé thao c6 4 mén 13 boi 16i, cAu 16ng, béng ban va cd vua. Mot 16p chuyén
toan c6 30 hoc sinh dén ciu lac b6 moi em didng ki 1 mon trong 4 mén dé va tat ca cac hoc
sinh déu tham gia. Hoi ¢6 tat ca bao nhiéu cach ding ki khac nhau.

B Bai tap 3.12

Mot 16p hoc gdbm 35 hoc sinh duge xép thanh mét hang ngang. Gido vién phu trach 16p cin
chon 5 d6i dé tham gia moét tro chd. Hbi ¢d bao nhiéu cach chon biét rang moi doi gom 3 hoc
sinh ding lién ke nhau trong hang ngang ban dau?

B Bai tap 3.13

Hai d6i tuyén A va B tham gia gidi bong ban. Mbi déi ¢6 7 ngudi giao diu v6i nhau theo mot
tht tu nhét dinh. DAu tién, ngudi thi nhat cia doi A, ddu v6i ngudi thi nhét cta déi B va
ngudi thua sé bi loai. Sau dé, ngudi chién thing choi nita v6i ngudi thit hai cia doi kia, cac
budce tiép theo ngudi choi tuong tu. Cude thi ddu két thiic cho dén khi tit cd ngudi choi clia 1
d6i déu bi loai va ddi con lai 1a chién thing. Hdi sb cach dién ra cudc thi dau.

B Bai tap 3.14

Mot s6 tu nhién A dude goi 1a sbé Lucky néu t6ng cac chit s6 ctia né 1 7. Sap thi tu tht ca cac
sO Lucky theo tht tu tdng dan va ta nhan dudc day so a;;a,; ... biét a, = 2005. Tinh s6 hang

dsg,.

& Baitap 3.15

Cho hai tAp hop A = {a,,a,, ..., a0} vaB = {by, b,, ..., bsy}. Néu c6 mét anh xa f : A— B sao
cho moi phan tt trong B c¢6 duy nhat mét tao anh, dong thoi f (a;) < f(ay) < ... < f (aq09)-
SO anh xa f bang bao nhiéu?

& Bai tap 3.16

C6 15 ngudi xép thanh mét hang doc (vi tri clia mdi ngiudi trong hang 1 ¢b dinh). Chon ngiu
nhién 4 ngudi trong hang. Tinh x4c suat dé 4 ngusi dude chon khong ¢ hai ngudi nao ding
canh nhau.

B Bai tap 3.17

Mot 16p hoc ¢6 21 hoc sinh nam va 22 hoc sinh nt.

c HAi ¢6 tht ca bao nhiéu cach xép 43 hoc sinh thanh mét hang doc sao cho khéng cé hai
hoc sinh nam diing canh nhau.

e Hoi c6 tit ca bao nhiéu cach xép 43 hoc sinh dé thanh mét hang doc sao cho xuét hién
diing mét cap nam-nit théoa man nam ding trude ni?

B HUGNG TOI KY THI HSG, THPT QUOC GIA, TSA BIEN SOAN BOI PIMAX |


https://www.facebook.com/PimaXPro

| Vé bai toan chia keo Euler https://www.facebook.com/PimaXPro | 3

B Bai tap 3.18

Xét 2021 diém A,,A,, ..., Ay, phin biét thay d6i trén dudng tron. Pit S 13 sb tam gidc nhon
6 3 dinh 1a 3 trong s6 cac diém da cho.

e Khi 2021 diém trén tao thanh da giac déu, tinh S.

7, . . ’ 7 o R \ .7 .« 17 A 2
e V6i moi cach cho cac diém, tim gia tri I6n nhat cua S.

B Bai tap 3.19

Cho sb nguyén n > 2. Xét cac sb hitu ti duong x,, x5, ..., x, théa mian
1 1
xl + —,x2+ _,...,xn+_
P1 P2 Pn
S oz A 2 z X1Xg Xy . ..
1a cac s6 nguyén duong (trong d6 p; = ——2 = v6i moi 1).
i

e Chitng minh rang x;x, - - x, = 1.

e C6 bao nhiéu bo so (xq, x5, ..., x,) thoa man bai toan.

dén 10. Mbi béng dén c6 mét cong tic ma khi cham vio nd, béng dén dang tit sé chuyén sang
trang thai sang va ngudc lai. Ban dau tit cd cic béng dén déu dang tit. Tro choi ctia Hao bao
gbm 15 14n cham vao céng tic, mdi lan chi cham 1 cdng tic. Goi N 14 sb cach thuc hién 15 lan
cham dé€ dugc két qua cac béng dén 1,2, 3,4, 5 sang va cac bong dén 6,7, 8,9, 10 tit. Goi M 1a
s6 cach thuc hién 15 14n cham sao cho trong cac 14n cham nay chi duge cham vao cac cong tic
clia cac bong deén 1,2,3,4,5 dé dudc két qua cac béng dén 1,2,3,4,5 sang va cic boéng dén

6,7,8,9,10 tit. Hiy tinh ti s6

M

B Bai tap 3.21

Cho 2024 vién bi dudc sip xép thanh mot hang ngang. Tinh s cac cach dit 29 chiée thé vio
gilta cac vién bi thoéa man & gitia hai vién bi bat ki ¢6 nhiéu nhat mot chiéc thé va cac vién bi
dudc chia thanh 30 phan, ma moi phan c6 it nhat 9 vién bi.

B Bai tap 3.22

Cho 2024 vién bi gibng nhau dudc dit vao cac dinh cda hinh da gidc déu c6 2024 canh nndi
tiép trong dudng tron (0) médi dinh chi ¢6 1 vién bi. Tinh s6 cac cach dit 29 chiéc thé gibng
nhau vao trung diém céc canh ctia da gidc duge cho thda man tai mbi trung diém cé nhiéu
nhat mot chiée thé va cac vién bi di cho dudc chia thanh 29 phin, ma mdi phan c6 it nhét 9
vién bi. (biét hai cach dit thé dudc coi 1 nhu nhau néu ton tai mét phép quay quanh tdm O

& Bai tap 3.20
Ban Hao rat thich chai v6i 4nh sang, cAu c6 mot day gdm 10 béng dén xép theo thi tu tit 1
‘ bién cach chia nay thanh cach chia kia).
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B Bai tap 3.23

C6 bao nhiéu cach 14p mét s6 tu nhién c6 ba chit s6 abc théa mina < b < c.

B Bai tap 3.24

7 [N <A 7 ’ N R A A pY n A A
Cd bao nhiéu chiéc vé xe buyt ma tong ba so dau bang tong ba so cuoi?

B Bai tap 3.25
Cho tp hop X = {1,2,3,...,2022}.

o Hoi ¢6 bao nhiéu hoan vi a = (ay,a,,...,d,) cua X théoa man véi moi k = 1,2022 thi

k — ak53.
9 Hoi ¢6 bao nhiéu cach chon 10 sb tit tip X sao cho bét ki hai trong 10 s& duge chon c6
hiéu gitta s6 16n va sb nhé ludn 16n hon hodc bang 3.
& Bai tap 3.26

Cho xau nhi phan 001101001111011 ¢6 4 cap 01, 3 cap 10, 5 cap 11 va 2 cdp 00 ding canh
nhau. Hoi 6 tit ca bao nhiéu x4u nhi phin clung tinh chét nhu thé?

B Bai tap 3.27

S6 20162017 khi viét trong hé nhi phan c6 dang 1001100111010010111100001. D4y 14 mot
day so nhi phan c6 cac tinh chat sau

O Co 6 cap 00.
O Co6 6 cap 11.
O Co 6 cap 10.
O Co 6 cap 01.

Hoi c6 tAt ca bao nhiéu sb tu nhién khi viét trong hé nhi phan ciing c¢6 cac tinh chit nhu trén?

B Bai tap 3.28

Cho da giac déu A,A, ... Ay, ,. C6 bao nhiéu tam giac nhon c¢6 dinh 14 dinh cta da giac trén?

m Bai tap 3.29

Cé bao nhiéu cach chon ra mot tip con c6 k sb phan biét tit tAp 6 n sb tu nhién du tién sao
cho tip dudc chon ra khong c6 hai so lién tiép nhau.

B Bai tap 3.30

Cho tdp A = {1;2;...;20}. C6 bao nhiéu cach chon ra 5 sb trong tip A sao cho hiéu hai s bat
ky trong 5 s0 d6 khong nhé hon 2.
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B Bai tap 3.31

Mot trudng hoc ¢é cach phat thudng cho hoc sinh kha, gidi vao cudi nim hoc khé dic biét.
Theo d6, trudng sé phat cho mdi 16p 200 quyén v va yéu ciu 16p phai phat thudng cho 10
hoc sinh ¢6 thit hang cao nhét 16p theo quy tic: Ban hoc sinh diing hang i trong 16p phai
nhé4n dudc it nhat 15 — i quyén v4. Lép 9A clia trudng nay c6 ding 1 ban ding hang i, véi
a < i < 10. Héi gido vién chti nhiém 16p nay c6 bao nhiéu cach chia 200 quyén vé néi trén
cho 10 ban nay?

B Bai tap 3.32

Trén mot bo hod, ngudi ta mudn trdng cac ciy: hong, ctic, lan, cau va tre. Biét ring chu vi bo
ho la 100 m va khoang cach gitra cac ciy la cac so nguyen duong. Gia su kich thudc caa cac
gbc cay 1a khéng dang k€. Héi c6 bao nhiéu cach sip xép cac cdy nay trén b hb?

B Baitap 3.33

Trong mit phang toa d6 Oxy, xét diém M (a, b) v6i a, b 1a cac sb nguyén duong. Goi mét con
dudng di tit O dén M 1a tot néu né chi di 1én hodc sang phai. Chitng minh rang s6 dudng di
tot tit O dén M 1a so nghiém cta phuong trinh

x1+x2+"'+xa+1 = b.

& Bai tap 3.34

Trong khong gian Oxyz, goi S 1a tdp hdp cac diém nguyén nim phia trong hodc & trén dinh,
canh va mit cda hinh 14p phuong canh 999 , trong do6 cac canh song song hoic vuéng goc
véi truc toa d, mot dinh 14 (0;0;0) va mét dinh dbi véi né 14 (999;999; 999). Héi mit phang
X +y +2 = 2014 di qua bao nhiéu diém trong tap hop S?

& Bai tap 3.35

Cho bén diém phén biét A(0,0), B(p,O), C(m,q), D(m,n) v6i m, n, p, q la bbn so nguyén
duong thoa man p<m,q<n. Xét cac dudng di tot f tit A dén D va cac dudng di tt g tu B
dén C. Goi S 14 s6 cac cip dudng di (f,g) sao cho chiing khong c6 diém chung. Chitng minh

rang
. <m+n) <m+q—p)_<m+q> <m+n—p>
n q q n '

 Vietnam TST 2003

B Baitap 3.36

Cho da giac déu 103 canh. T6 mau dé 79 dinh cta da gidc va t6 mau xanh cac dinh con lai.
Goi A la so cac cap dinh do6 ké nhau va B 1a s6 cdp dinh xanh ké nhau.

e Tim tit ca cac gia tri c6 thé nhan dudc cha cip (A,B).
9 Xac dinh sb cach t6 mau cac dinh clia da giac d€ B = 14. Biét rang hai cach t6 mau dugc

xem 13 nhu nhau néu chiing c6 thé nhin dugde nhau qua mét phép quay quanh tdm ctia
duong tron ngoai tiép da giac.

» VMO 2014
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& Bai tap 3.37

Cho n > 2 14 mét sb nguyén duong. Xét tap hop cac du’dng di ngin nhét trén mang luéi nguyen
trong khong gian vudng goc tit diém A(0;0;0) dén diém B(n;n;n) (tit diém (x,y,z) cb thé
dén mot trong cac diém (x +1,y,2) hodc (x,y + 1,2) hodc (x y,z+1)). Hoi ¢6 bao nhiéu
cach di sao cho c6 tdng cong 2 1an d6i huéng trong 2 mit phang ndm ngang nao d6?

B Baitap 3.38

Cho n > 2 13 mét s6 nguyén duong. Xét tip hop cac du0ng di ngdn nhét trén ludi nguyen t
diém A(0;0) dén diém B(n;n). Mot dudng di nhu thé sé tuong ting v6i mét diy gdbm n 1énh
T (1én trén) va n 1énh P (sang phai). Trong day d6, mét cdp 1énh (T, P) ké nhau dugc goi 1a
mot bude chuyen (luuu v, cap (P, T) khong du’OC goi 12 buée chuyén). Vi du day PTTPTPPT c6
2 budc chuyén. Hiy tim sb cac dudng di ngin nhét tit A dén B sao cho trong d6 c¢6 diing:

c 1 buée chuyén.
9 2 buée chuyén.

» D& kiém tra Trudng Déng 2014

kiéna+ b +c=d + e+ f dudc goi la “vé hanh phuc”.

Q Chitng minh ring s6 nghiém ctia phuong trinh a + b + ¢ = d + e + f béing s6 nghiém ctia
phuong trinha+b+c+d+e+f =27v6i0<a,b,c,d,e,f <9.

e Tinh s6 vé hanh phic.

B Bai tap 3.40

Ta néi mét sb nguyén duong n 13 dic biét néu ton tai mét sb nguyén duong m théa man dong
thoi cac dieu kién

Q m > n;

~ 4 ~ A 9 Y R 4 ~ A >
9 Tong cac chu s6 cua m bang tong cac chir s6 cua n;
9 Tich cac chit s6 cia m bang tich cac chit so cta n.

& Bai tap 3.39
Vé xe buyt c¢6 dang abcdef véia,b,c,d,e, f €{0,1,2,...,9}. M6t vé nhu trén théa man diéu
‘ Hoi ¢6 bao nhiéu s6 diic biét c6 7 chit sb.
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