8 NHOM WORD - BIEN SOAN TAI LIEU

{ TAP GIA TRI VA MAX - MIN CUA HAM SO LUOQNG GIAC

PHUONG PHAP
1. Céc kién thtrc vé gia tri 16n nhit, gia trj nho nhat
Cho ham s6 y = f(x) x4c dinh trén mién D R .

f(x)sM,vxeD

a. S6 thuc M duoc goi 13 gia tri 10n nhat ciia ham s y = f(x) trén D néu
( ) oneD,f(xO)zM

f(x)>m,VxeD

b. S6 thue N duoc goi 14 gid tri nho nhat ciia ham sé y = f(x)trén D néu
Ix, eD,f(xO):m

2. Mot s6 kién thure ta str dung trong cac bai toan nay

—1<sinx <1 {Oﬁsinzxﬁl

a) Dua vao tap gia tri cua ham sé luong giac, chang han : 5
0<cos"x<1

—1<cosx<1

b) Bang bién thién ctia ham sé luong giac.

¢) Ky thuat st dung may tinh cam tay.

» MUC PO 1

BAI TAP TU LUAN
Bai 1. Tim gia tri 10n nhit va nho nhat cta do thi ham s6 y =3 —sinx
Loi giai
Tap xac dinh D=R.
Taco: —1<sinx<1 VxeR
&S12-sinx>-1 VxelR
<3+123-sinx>3+(-1) VxeR
&S4>y>2 VxelR
Tacod: y=4 khi sinx=-1va y=2 khi sinx=1
Vay miny=2 va max y =4.

Bai 2. Tim tap gia tri 7 ctia ham s y =3cos2x—5
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Loi giai

Tap xac dinh D=R.

Taco: —1<cos2x<1< —-3<3c0s2x<3< -3-5<3c0s2x-5<3-5<-8<y<-2

Vay tap gia tri clia ham sé y =3cos2x—5 la T =[-8;-2]

Bai 3. Tim tap gia tri 7 ctia ham s& y =sin® x+2cos’ x+1 trén khoang R
Loi gidi

Ta co: y:sinzx+2c0s2x+1:sin2x+2(1—sin2x)+1:3—sin2x

Véi xeR thi 0<sinx<1=0>-sin*x>-1 =3>3-sinx>3-1=2

Vay tap gid tri cia ham s6 y =sin’ x+2cos’x+1 trén R 1a 7 =[2;3]

1

Bai 4. Tim gia tri nho nhat m ciia ham sd y =
cosx+1

Loi giai

PKXD:cosx = -1 x = 71+ K27 .TXD:D:R/{w+k2w}

1 Zl
l+cosx 2

Tacd: VxeD:—-1<cosx<l<0<l+cosx<2 <
. 1. .
Taco:y:E khi cosx=1.
R ) 1
Viy, miny =— .
2
Bai 5. Tim gia tri nho nhét ctia biéu thirc P=2sin(x+%)+l
Loi giai
Ta c6: sin(x+%j2—l<:>2sin(x+%j2—2c>2sin(x+%j+12—l
DAu " = " xdy ra khi va chi khi sin(x—#%j =1,

Vay gia tri nho nhit cua biéu thie P 1a —1.
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BAI TAP TRAC NGHIEM
Cau 1. Tim gia tri 16n nhét, gia tri nho nhat ctia ham sb: y =2017 cosS(x + 10;”7 j +2016
A. min y =1; maxy =4033 B. min y =—1; maxy = 4033
C. min y =1; maxy = 4022 D. min y =—1; max y = 4022
Loi giai
Chon B
Ham s0 xac dinh trén R
Taco —1< cos8(x+ 10;[7) <l,VxeR

& —2017+2016 < 20170058(x+ 107
2017

j+2016£2017+2016,Vx eR.

< -1<2017 cos8(x+ 107
2017

j+2016£ 4033,VxeR

107
2017
Vay min y =—1; maxy =4033.

Taco y=-1 khi cos8(x+ j:—l; y = 4033 khi cos8(x+ 107 j:l.

2017

Cau 2. Gi4 tri nho nhét va 16n nhét cua ham s§ y = 4cos/x 1a:
A.0va4. B. —4 va4. C.0val. D. —1val.
Loi giai

Chon B
Tép xé4c dinh: D=[0;+0).

Ta co: —IScos\/;Sl,Vxe[Oﬁoo)
<:>—4£4cos\/;£4,Vxe[0;+oo)
Tacod y=-4 khi cosv/x =—1 va y =4 khi cos~/x =1.
Viy miny=-4;maxy=4

Chu 3. Cho ham sb y:sin(x+%) Gié trj 16n nhat ctia ham sb la:

A. —1. B. 0. C. 1. D.

NI

Loi giai
Chon C

Ta co: —135in(x+%j£l. Suy ra gia tri 16n nhat cia ham sb y=sin(x+%j la 1.

Cau 4. Gia tri nho nht va gia tri 16n nhét ctia ham s6 y = /1 —cos® x — 2 1a:
A. 0 va2-1. B. -1va~2-1. C. -2 va -1 D. —1val

Loi giai
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Chgn C
Ta cod y=\/1—coszx—2=\/sin2x—2=|sinx|—2
Mat khac OS|sinx|S1c>—2£|sinx|—2S—l & -2<y<-1
Ta co: y=-2 khi |sinx|:0 va y=-1 khi |sinx|:1
Vay gi4 tri 16n nhit va nho nhat cia ham s 13 -2 va —1.
Céu 5. Cho ham s y=—23in(x+%)+2. Ménh dé nao sau day 1a dung?
A.y>2—-4, VxelR B. y>4, VxeR C.y>0, VxeR D. y>2, VxeR
Loi giai

Chgn C

Ta c6 —1Ssin(x+§j$l,VxeR
. VA
@22—2s1n(x+§ >-2,VxelR

<:>4Z—25in(x+% +2>0,VxeR

Ta co: y =4 khi sin x+%)=—l va y =0 khi sin(x+%j=0

Suy ra chon dép an C.

» MUC PO 2
BAI TAP TU LUAN
Bai 1. Tim gia tri 10n nhat, gia tri nh6 nhat ctia ham sb: y = 2017 cos (8); + 10;[7 j +2016.
Loi giai
Ciach 1: Ham s6 xéac dinh trén R .
Taco: —-1< cos(8x+ IOIZJSI, VxelR

& 2017 <2017 cos| 8x + L
2017

)£2017, VxeR

o-1< 2017cos(8x+ 21(())1”7)+2016£4O33, VxeR

107z
2017

Taco y=-1 khi cos(8x+ )=—1; y =4033 khi cos(8x+ 107 jzl.

2017
Vay min y = —1;maxy = 4033.

Bai 2. Tim gia tri nho nhét ctia ham s6: y =2cos” x —sin 2x+5.
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Loi gidi
Tacd y=2cos’ x—sin2x+5 =cos2x—sin2x+6 :ﬁcos(2x+%j+6.

Do —\/ES\/ECOS(2X+%jS 2 nén —\/§+6S\/§cos(2x+%j+6ﬁx/§+6.

Vay gié tri nhé nhét ciia ham sé y =2cos’ x—sin2x+5 1a 6—+/2.
Bai 3. Goi M, m lan luot 1a gia tri 16n nhét va gia tri nho nhét cua ham sb y=sinx+cosx. Tinh P=M —-m.

Loi giai

. . . T
TacO y=sinx+cosx = 251n(x+—j.

M =+/2
Ma _1gsm(xﬂjg1@_ﬁsﬁsm(x+£jgﬁ: 2 s
4 4 m=-—2

Vay P=242.
‘. . N T £ sinx +1
Bai 4. Tim gia tri nhé nhat cia hAm s6 y = ———.
cosx+2
Loi giai
Cich 1: cosx+2>0, VxeR.Viy y="2"L o Ginvi1=y(cosx+2)
cosx+2
&sinx—ycosx+1-2y=0.
Ta ¢6 12+(—y)22(1—2y)2<:>yz+124y2—4y+1<:>3y2—4y30<:>03y3§.

Vay min y = 0 min.

sinx+1>0 . .
=>y20=>mny=0&sinx=-1.

Cach 2 : Tacd
cosx+2>0

Bai 5. Tim gié tri 1on nhat, gia tri nho nhét cua ham sb: y=2cos’ x— 24/3sinxcosx+1.
Loi giai
Cach 1:

y=2coszx—2\/§sinxcosx+1 =2c0s’ x—1—-~/3sin2x+2 = cos 2x —~/3 sin 2x +2

:2£%c0s2x—§sin2xj+2 =2cos(2x+%)+2.

Mit khéc O£2cos(2x+%j+2£4, VxeR <0< y<4, VxeR.

Cach 2:
y=20052x—2\/§sinxcosx+1 =2cos> x—1—+/3sin2x+2 = cos 2x —~/3 sin 2x + 2 (*)
Taco —V1+3+2<y<1+3+2 = 0<y<4.
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BAI TAP TRAC NGHIEM
Caul. Tim gi4 tri 16n nhat M va gia tri nho nhéat m cta ham s6 y =sin® x+2cos’ x.
A M=2,m=0. B.M=2,m=1. C.M=3m=1. D.M =3, m=0.
Loi giai
Chon B
Ta co: y:sin2x+200s2x:(sin2x+c0s2x)+cos2x:1+cos2x.

5 ) M=2
Do —1<cosx<1=0<cos’x <1< 1<cos’x<2. Suyra |
m=
Cau2. Goi M, m lan luot 1a gia tri lon nhét va gia tri nhd nhét cia ham s6 y= 8sin® x+3cos2x . Tinh

Tinh P=2M —m’.
A. P=1. B. P=2. C.112. D. P=130.
Loi giai
Chon A
Ta co: y=85in2x+3c052x=85in2x+3(1—25in2x)=2$in2x+3.
\ . ) ) M =5
Ma -1<sinx <1 =0<sin" x<1<3<2sin" x+3<5=3<y<5. Suyra: 3"
m =
Do d6: P=2M -m’ =1.
Cau 3. Tim gi4 tri 16n nhét, gia tri nho nhat ctia ham sé y =3sinx+4cosx—1.

A. maxy =8, miny=-6. B. max y=4, miny=-6.

C. max y=6, min y=-8. D. max y=6, min y=—4.
Loi giai

Chon B

Tacé y=3sinx+4cosx—1< 3sinx+4cosx=y+1 (¥)

Ta coi (*) nhu 14 phuong trinh ¢6 dién v6i a =3, b=4, c=y+1.

Phuong trinh (*) c6 nghiém khi va chi khi a” +5” > ¢’ <:>9+16Z(y+1)2 & -6<y<4.
Vay max y=4, miny=—6.

Chi y:

Ta c6 thé ap dung bat dang thirc BCS nhu sau:

|y+1|:|3sinx+4cosx|£\/(32 +42)(sin2x+coszx) =5.

Cau4. Tim gia tri nho nhét, gi tri 16n nhét ciia ham s6 y =sin® x —sinx+2.

A. miny:%;maxy:4. B. miny:%;maxy:l
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Cau 5.

. . 1
C.miny=-ljmax y=1. D. mlnyzz;maxy:z

Loi giai
Chon A

bat sinx=u; ue[-11].
Xétham sé: y=u’ —u+2 trén [-L1].

Taco: 2= % e[-1;1]. Tir déy c6 bang bién thién

2a
i —1 1— 1
2
4 2
1 \ /
7
4

. 7
Ta két ludn: min f(u)=—va maxy=4<u=-1.
n: min f (u) =, va maxy

. 7 ) I, )
Hay m1ny=Z<:>smx=E va maxy=4<sinx=—1.

sinx+2cosx+3

Tim gié tri nho nhat va gia tri 16n nhat cia ham s6 y =

2+cosx

. 2 ) 2
A.m1ny:—§;maxy:2 B.mmy:g;maxy:Z.

. 1 3 1 3
B. miny=—; max y=—. D. mny=——; max y=—.

4 2 4 2 4 2 4 2
Loi giai
Chon B
Cach1: Taco cosx+2>0, VxeR.
:s1nx2+2c0sx+3 & sinx+2cosx+3=2y+ ycosx <:>sinx+(2—y)cosx+3—2y:0.
+cosx

Taco: P +(2-y) 2(3-2y) @ 4y* ~12y+9-)? +4y—4-1<0 < 3y* ~8y+4<0 @§Sy32.

Cich 2 : str dung may tinh cam tay

Tuwong tu nhu & vi du 1 thi ta ¢6 thé stt dung SHIFT SOLVE: SRXF2COSXH3 i hirong trinh

2+cosx
c¢6 nghiém. Do 2 14 s6 16n nhat trong cac phuong 4n A; B; C; D nén ta khong can thir trudng hop

max = —.
2

Luc nay chi con A va B. Thu véi miny = —% thi khong c6 nghiém.
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» MUC DO 1

BAI TAP TU LUAN
Bai 1. Tim tap gia tri ciia cic ham s6 sau: y =3cos(x+%j+2
Loi giai
Vi —1£c0s(x+§j£l nén —3£3c0s(x+%j£3:>—3+2£yS3+2:>—1£ySS.

Vay tap gai tri ciia ham s6 1a [—1;5] .
Bai 2. Tim tap gi4 tri cua cac ham s6 sau: y =~/3+2sin2x .
Loi giai
Taco: —1<sin2x<1=>-2<2sin2x<2=1<3+2sin2x<5=1<+3+2sin2x <+/5.
Vay tap gia tri cia ham sb 1a [l; \/g } .
Bai 3. Tim gia tri 16n nhét, gia tri nho nhét ciia ham s sau: y=4sinxcosx+1.

Loi giai

Tacd y=2sin2x+1.
Do —1<sin2x<1=>-2<2sin2x<2=-1<2sin2x+1<3

=-1<y<3.

* y=—1<:>sin2x=—1<:>2x=—%+k2ﬂ<:>x=_%+kﬂ_
) T
* y=3osin2x=1ox=—+kr.
Vay gia tri 16n nhét ctia ham sb béng 3, dat dugc khi x=%+kﬂ.

gi4 tri nhé nhét bing —1, dat dugc khi x = —%+ kx.

Bai 4. Tim gia tri 1on nhat, gia tri nho nhét cua ham sé sau: y=4-3sin" 2x.
Loi giai

Tacod: 0<sin’x<1=1<4-3sin’ x<4.

* y:1<:>sin2x:1<:>cosx:0c>x:%+k7z.
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* y=4osinx=0x=kr.

Vay gid tri 16n nhét cia ham sb béng 4, dat duoc khi x=kr.

gi4 tri nhé nhét bing 1, dat dugc khi x = %+ kr .

Bai 5. Tim gié tri 1on nhat, gia tri nho nhét cua ham sb sau y=+/2sinx+3.
Loi giai
Tacd 1<2sinx+3<5=1<y<+/5.

Vay gia tri 16n nhét cua ham sd b?mg max y = Js , dat duoc khi sinx=1< x= % +k2r1.
Gi4 tri nho nhat béng min y =1, dat dugc khi x=-1< x = —%+ k27 .

BAI TAP TRAC NGHIEM
Cau 1. Tim tap gid tri ham s6 sau y :1+3sin(2x—%j.
A. [-2:4]. B. [-2;2]. C. [-1:4]. D. [-2;3].

Loi gidi
Chon A

Ta co: —ISsin(Zx—%jSl:>—3£3sin(2x—%j£3:>—231+3sin(2x—%)£4.
=-2<y<4.
Vay tap gia tri cia ham s6 1a [—2;4].

Cau 2. Tim tap gia tri 16n nhat, gia tri nho nhat ctia ham sb sau y= 2005(3x —%) +3

A. miny=2 maxy=5. B. miny=1,maxy=4.

C.mny=1,maxy=5. D. miny=1,max y =3.
Loi giai

Chon C

Ta co: —lécos(3x—%)£l:>—2§2¢05(3x—%)£2:132005(3x—%)+3£5:1£ySS.

min y =1 dat duoc khi x=47”+k27”.

max y =5 dat duoc khi x :%+k2§z.
Céu 3. Tim tap gia tri 16n nhat, gia tri nho nhat ctia ham sé sau y =1-+/2cos® x+1

A. maxyzl,minyzl—\/g. B. maxy:3,miny:1—\/§.
C. maxy:Z,miny:I—\/g. D. maxy=0,miny=1—x/§.
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Loi giai
Chon D

Tacd 1<y/2cos’ x+1 <3 =1-3<y<0.
Vay gia tri nho nhat cua ham sd b?mg max y =0, dat duoc khi x :£+k7r.

Gi4 tri nho nhét caa ham sb béng miny=1- NE) , dat duoc khi x=kr .

A \ cr 17 A cr s 5 A 5 \ A . Vi
Cau 4. Tim gia tr1 16n nhat, gia tri nho nhat ctia ham s6 sau y =1+ 3s1n(2x ——j .

A. miny=-2 maxy=4. B. miny=2,maxy=4.

C. miny=-2,max y=3. D. miny=-1,max y=4.
Loi giai

Chon A

Ta c6: —lSsin(Zx—%jSl:—ZSyS4
o y=—2<:>sin(2x—%j=—l<:>x=—£+k7r = miny=-2

o y:4<:>sin(2x—%j:lc>x:3?ﬂ+k7z:>maxy=4

Cau 5. Tim tap gia tri 16n nhat, gia tri nho nhét cua ham sb sau y=3-2cos’3x

A. miny=1,maxy=2. B. miny=1,max y=3.

C. min y=2,max y =3. D. min y=—-1,max y =3.
Loi gidi

Chon C

Tacod: 0<cos’3x<1=>1<y<3.

o y=1<:>cosz3x=1<:>x=k7ﬂ:miny:1.

. y:3c>c0s23x:0<:>x:£+k—7[:>maxy:3.
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» MUC DO 2

BAI TAP TU LUAN
Bai1l.  Tim gié tri 16n nhat ctia ham s& y = 3sin? (x +%j +4
Loi giai
Ta ¢6 sin’ (x+£j£1:3sin2(x+£j£3: 3sin’ (x+£j+4£7.
12 12 12

Vaiy gia tri 16n nhat ciia ham sb bang 7.

Bai2.  Tim gié tri 16n nhat cta ham s f(x) =2sin’ x—sin2x+10.
Loi giai

Ta co f(x)zZSinzx—sin2x+10=11—sin2x—c052x=11—\/§sin(2x+%j.
Do —lSsin(2x+%j£l :—ﬁﬁﬁsin(2x+%j£ 2 nén ll—ﬁsin(2x+%jéll+\/§.

Déu "=" xdy ra khi sin(2x+%j:—lc>x:—3?ﬁ+k7z, (keZ). Vay max f(x)=11++2.

Bai3.  Tim gid tri nho nhét ciia ham s6 y =2cos’ x—sin2x+35.
Loi gidi

Tacod y=2cos’ x—sin2x+5 = cos 2x —sin 2x+6 =\/§cos(2x+%j+6.

Do —ﬁﬁﬁcos(bﬁ%)ﬁ 2 nén — 2+6£\/§cos(2x+%j+6£\/§+6.

Vay gi4 tri nho nhat ciia ham s§ y =2cos’ x—sin2x+5 1a 6— V2.

Bai4.  Gia sit M 1a gia tri 10n nhat va m 13 gi4 tri nho nhat ciia ham sé y =(2+\/§ )sinx—cosx. Tinh

M+m.
Loi giai
2 2
Ta co: — (2+\/§) +1S(2+\/§)sinx—cosxs,[(2+\/§) +1.
Vay M +m=0.
\e N4 12 £ N er e 14 1k ~ T Sm| .
Bai5. Cho ham s6 y=—— c6 gié tri |6n nhat M va gia tri nhé nhat m trén doan | ——; — |. Tim
7—4sinx 6 6
M. m.
Loi gidi
Ta co:
T Y4 1 ) . 1 ) )
—gﬁxﬁ? :>—ESs1nxSI:—IS—SlnxSE:—4S—4smx£2:>3£7—4smx£9
A 12 4 Hay 2<y<a
3 7-4sinx 3
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Vay M =4, ng.

Bai 6.  Tim gia tri 16n nhét va gia tri nho nhét ciia ham sb y=2sinx trén doan {—%,%} )
Loi giai
, Vs
y :2cosx:O<:>x:3+k7r, keZ.

. T 5w V4
Vo1 xe| ——;— | suyra: x=—.
[ 6 6} 2

(e)olg)oF

Vay gia tri 16n nhat cia ham s6 12 2 va gia tri nho nhat ciia ham sé 1a —1.
BAI TAP TRAC NGHIEM

» MUC DO 2

Caul. Tim tap gia trj cia ham sé y = V3sinx—cosx—2.

A 23] B.|\3-33-1]. C [40]. D. [-2;0].

Loi giai
Chgn C

Xét y:\/gsinx—cosx—2=2(sinx.cos%—cosx.sin%j—2 =25in(x—%j—2.
Ta ¢6 —ISsin(x—%jﬁl:>—4S2sin(x—%)—2£0 —-4<y<0 véimoi xeR.
Vay tap gia tri cia ham s6 1a [—4;0].

sinx+2cosx+1 12

CaAu?2. Gia tri nho nhat m va gia tri 16n nhat M cua ham s y=—
sin x+cosx+2

A.m:—E;M:I. B.m=1, M=2. C.m=-2;M-=1. D.m=-1, M=2.
Loi gidi

Chon C

Ta co6 y=Smx+zcosx+1<:>(y—1)sinx+(y—2)cosx=1—2y (*).

sinx+cos x + 2
Phuong trinh (*) ¢6 nghiém < (y—1)" +(y-2)" >(1-2y) &y +y-2<0e 2<y<I1.

Vay m=-2; M =1,

A Y e NRY 5 Je , \ J4 ~ T 51 \
Cau 3. Giatri lon nhat M va gia tri nhd nhat m cuaham s6 y=— trén doan | ——;— | 1a
7—4sin x 6 6
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Cau 4.

A Mzg;m:i. B M:4,m:i. C Mzz,mzz. D M:4,m—£.
5 3 - 3 5 7 11
Loi gidi
Chon B
Do x e —E;S—” =sinx e —l;l :>y=l—2.>0;
6 6 2 7—4sinx

y:l—%c>7y—4ysinx:12©sinx:7y_12e —l;l =Jye i;4 .
7—4sin x 4y 2 3

Dodo M =max £ (1) = (1) =4 va m:mlinf(t)=f(—lj=i.

Ed )

SRR Ay oox ege 5 A, oo \ e . A T T A \
Gia tri 16n nhat va gia tri nho nhat cua ham s6 y =sin x trén doan [—5; —g} lan luot la

L. \/§ B. —ﬁ;—l. C. —ﬁ;—z. D. —Q;—ﬁ.
2 2 - 2 2 2 2

Loi giai

Chon B

Ta co: —zéxé—z & sin _z <sinx <sin _z @—lﬁsinxﬁ—ﬁ.
2 3 2 3 2

. AR . oz
Vidy max_y=sin 3 =———; min_y=sin Y =-1.

2[5
: , NETRET Ay oo tg e , Ay o \ 1 2cosx+1 2 .
Goi M, m tuong Ung la gid tri 16n nhat va gia tri nhé nhat cia ham so y:—z.Khang dinh

COSX —
nao sau day dung?
A. M+9m=0. B.9M -m=0. C.OM +m=0. D.M+m=0.
Loi giai

Chgn C
Tacc')y=zcosx+1=2+ 5 .

cosx—2 cosx—2
\ 5 5 1 5
Ma —1<cosx<l e -3<cosx-2<-1&——2>2—2>-5&-22+——2>-3&

3 cosx—-2 3 cosx—2

1
—2>y>-3.
3 y

Viay M=% va—-1<cosx<1=> IM +m=0.
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» MUC PO 3
BAI TAP TU LUAN
Bai1.  Tim gié tri 16n nhit, gia tri nho nhat ciia ham sb: y = 2020cos (Sx + 10@ +2021.
Loi giai
Taco —1< cos(8x+ lofgj <I,VxeR.

107 1 2020 e 1<2020c0s| 8x + 107
19 2019

Nén -2020 <2020 cos(8x+ j+ 2021<4041.

Vay min y =1 dat dugc khi cos(8x+ 107 j:—l,
2019

max y =4041 dat dugc khi cos(8x+2l(())—lﬂ9j =1.

Bai2.  Tim GTNN cua ham sé y =cosx++/2—cos” x .

Loi giai
Tacod cosx>—1, ddu “="xay rakhi cosx=—1. (1)

Mit khac 0<cos’x<l< -1<—cos’x<0<=1<2—-cos’x<2.
=+2-cos’ x >1, ddu “=" xdy ra khi cosx==+1.(2)

Tur (1) va (2) ta cd cosx++/2—cos’ x >0.

Suy ra min y =0, dat duwoc khi cosx=-1<x=7+k27 (keZ).

Bai 3. Tim gia tri 16n nhat, gia tri nho nhat ctia ham sb: Yy =C0S2x— J3sin2x+2.

Loi giai

Ta co

) 1 )
y =c0os2x—~/3sin2x+2 :2(§c052x—§sm2xJ+2
= 2(c0s%cost—sin%sin2xj+2: 2c0s(2x+%)+2.
< . V4 V4 Vs
Mat khac —lScos(2x+§jSI<:> —232cos(2x+§js 2 OS2cos(2x+§j+2 <4,

Vay min y =0 dat dugc khi cos(2x+%j =-1, max y =4 dat duoc khi cos(2x+%j =1.

<. \ Y Je <y 5 A, o \ e . ~ T
Bai 4. Tim gia tri 16n nhat, gia tri nho nhat ctia ham s6 y = 2cos” x — 24/3sinx.cosx+1 trén doan [O;E} .
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Loi giai

Ta cod y=cos2x—\/§sin2x+2=2cos[2x+%j+2.

Détt=2x+£.Theogiéthiétxe 0;7—” =te 1;3—7[ .
3 12 3°2

Ta lap BBT ctia ham s6 f(¢)=2cosz+2 trén [%,37”} .

¥ A

-
-
-

A’ 0

B‘r

Tir bing bién thién ta c6 min y = min f(¢)=0, dat dugc khi ¢ =7 = x = x

7 37w
O;ﬂ [?ﬂ
. T
dat duoc khi tz;:x:O
Bai5.  Tim gid tri nho nhét, gia tri 16n nhét ciia ham s6 y = cos® x —cosx+2.
Loi giai
bit cosx=1; te[-1;1]

Xét ham s6 bac hai: f(t)=1"—1+2 trén [-1;1].

B |
- 2]
]
'\fa
3
=

|

ax y=max f(t)=3,

Sl
12 3 2

Ta co: b1, [-1;1]. Tu day co bing bién thién
2a 2
1
2
\ 7 /
4
£ 1A . . 7 . 1
Ta ket ludn: min y = min /() = 7 dat duoc khi cosx = E;
[-1:1]
max y =1[nla_11>]<f(t) =4, dat dugc khi cosx =-1.
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BAI TAP TRAC NGHIEM

Caul. Tim gi4 tri 16n nhat, gia tri nho nhat ciia ham s6 sau y = 2sin” x + cos’ 2x.

A. maxy=4,miny:%. B. max y=3,miny=2.
. . 3
C. maxy=4,miny=2. D. maxy=3,m1ny:Z.
Loi giai
Chon D

bit r=sin’x, 0<¢t<1=>cos2x=1-2¢.

2
:y=2t+(1—2t)2:4t2—2t+1:(2t_lj +§.
2 4
2
Céch 1: Do 0£t£1:>—l£2t—l£§:>0§(2z_lj 32:
2 2 2 2 4

Cach2: C6 y'=8(—2 :>y’=0<:>t=%e[0;1].

. 1 3
Ta cé: y(0)=1;y(zjzz; y(1)=3.

Vay max y =3 dat duogc khi x:%+k7r.

miny:% dat duoc khi sinzx:i@#%.

<:>c052x=l<:>2x=i%+k272<:>x=i%+kﬂ.

Cau2. Tim gid tri nho nhat ciia ham s6 sau y =tan’ x +cot” x +3(tan x +cot x) —1.
A. miny=-2. B. miny=-4. C. mny=-5. D. miny=-1.
Loi giai
Chon C

Ta co: y:(tanx+c0tx)2 +3(tanx+cotx)—3.

Pat r =tanx+cotx = :>|t|22.

sin 2x

Suyra y=1"+3t-3=f(1).

(@) _ \:h%h/_

Vay min y =—5 dat dugc khi x = —%+k7z.

Béng bién thién
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Cau 3.

Cau 4.

Goi gia tri 16n nhét va nho nhét ctia ham sd y=sinx++2-sin’x 1a M, m.TinhM —m.
A. 3. B. 4. C.6. D. 2.
Loi giai
Chon D
Taco y>1+sinx>0,Vx va y> =2+ 2sinxy2—sin’ x .

sinx\/2—sin2x‘Ssin2x+2—sin2x:2.

Suyra 0<)y°<4=0<y<2.

Ma 2

Vay min y =0 dat duoc khi x = —%+k27r .

max y =2 dat dugc khi x=%+k27z.

Vay M =2,m=0 hay M —-m=2.

N Y I sinx+2cosx+3
Tim gia tri nhd nhat va gia tri 16n nhat ctia ham s6 y =

2+cosx

A. miny=—§;maxy=2. B. miny=§;maxy=2.

C. min —l'max —é D. min ——l'max —3
. y 5’ y 5 . y 3’ Yy 5"

Loi gidi
Chon B
Cach1: Taco cosx+2>0, VxeR.

_sinxt2cosyt3 & sinx+2cosx+3=2y+ycosx < sinx+(2—y)cosx=2y-3

2+cosx

Ta co
(2y—3)2 =(sinx+(2—y)cosx)2 £(1+(2—y)2)(sin ’x+cos’ x)=5—4y+y2
S 4y"—12y4+49-y" +4y-5<0 <3)° -8y+4<0 @%SySZ

Cich 2: (dung sau khi hoc xong bai phuong trinh bac nhét theo sin va cos).
Tacod cosx+2>0, VxeR.

_sinx+2cosx+3

& sinx+2c0sx+3=2y+ycosx < sinx+(2-y)cosx+3-2y=0
2+cosx

Taco 1> +(2-y) 2(3-2y)" ©4y* 12y +9-)* +4y—4-1<0 <3)* -8y +4<0 @§3ysz

Cach 3: sir dung may tinh cam tay.
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Tuwong tu nhu & vi du 1 thi ta 6 thé sir dung SHIFT SOLVE: SMXT2C0SX+3 o i Shuong trinh

2+cosx
c6 nghiém. Do 2 1a s6 16n nhit trong cac phuong an A; B; C; D nén ta khong can thir trudng hop

max = —.

Luc nay chi con A va B Thur véi min y = —% thi khong c6 nghiém.

Tur day chon B.

Caus5. Cho ham so h(x) = \/sin4 x+cos’ x—2msin x.cos x . Tat ca cac gi tri ciia tham s6 m dé ham s6 xac

dinh v&1 moi s6 thuc x (trén toan truc so0) la

A. —lSmSl. B.OSmSl. C. —lSmSO. D.mSl.
2 2 2 2 2
Loi giai
Chon A

Xéthamsb g(x)= (sin2 x)2 +(cos2 x)2 —msin2x
= (sin2 X +cos’ x)2 —2sin” xcos® x —msin 2x

= l—lsinz 2x—msin2x.

bit 1 =sin2x =t e[-1;1].

Ham s6 h(x) xéc dinh voi moi xeR < g(x)20,VxeR <:>—%t2 —mt+120,Vte[-1;1]

o +2mt-2<0,Vie[-11].

bat f(t)=t"+2mt -2 trén [-1;1].

MV y ¥
\ ot o ol
-1 .1 t _p\Jo 1 t -1 orn
Y ' |
< i N4
f=n)|-- --17(-1)

Do thi ham sb co thé 1a mot trong ba dd thj trén.

Ta thiy r[I}Iaﬁ(f(t) =f(1) hodc 1[1}12}1>](f(t) =f(—1).

Yebt  f(¢)=1+2mt-2<0, Vie[-1L]] <:>maxf(t)£0<:>[

[-11]

IA
3
IA

N |~
N | =
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» MUC DO 4

BAI TAP TU LUAN
Bai 1. Tim gi4 tri nho nhét ctia ham s6 y =sin x+/cos x +cos x/sin x .
Loi giai

s sinx >0
biéu kién xac dinh: .
cosx >0

Ap dung bt dang thic Co-si cho 2 s6 khong 4m sin x+/cosx va cosx+/sinx taco :

. - . - 1. /1 )
Sin x+/C0S X + COS X+/sin x 22\/s1nxcosx\/s1nxcosx <:>y22\/§sm2x Estx >0 .

Dau bang xay ra khi va chi khi sin2x:0<:>2x=k7z,keZ<:>x=k7ﬂ,keZ.

sinXx+2cosx+3

Bai 2. Tim gi4 tri nho nhét va gi tri 16n nhat ctia ham s6 y =
2+cosx
Loi gidi
Taco: cosx+2>0,VxeR.
e sinx +2cosx+3 . .
Khi do: y = 5 & sinx+2cosx+3=2y+ycosx <>sinx+(2—y)cosx+3-2y=0 (*)
+cosx

Phuong trinh (*) ¢6 nghiém < 12 +(2-y)" >(3-2y)’

<4y -12y+9—1y"+4y—-4-1<0 <3)°-8y+4<0 @%SySZ.
. . 2
Vay mmyzg;maxy:Z.
Bai 3. Tim gia tri nho nhat cta biéu thizc P = cot* a+cot* b+ 2tan’ a.tan’ b +2.
Loi giai
Ta co:
P= (cot2 a—cot’ b)2 +2cot’ a.cot’ h+2tan’ a.tan® b+ 2

2
= (cot2 a—cot’ b) + 2(cot2 a.cot’ b+tan’ a.tan’ b —2) +6

2 21\? 2 2 2 2
(cot a—cot b) +2(cot a.cot” b+tan” a.tan b—2cota.cotb.tana.tanb)+6

= (cot2 a—cot’ b)2 +2(cota.coth—tana.tan b)2 +6>6

Sa=b=—+—,(keZ).
cot’h=1 4 2

. _|cot?a=cot’b cot’a=1 r kx
Vay min y =6, dat dugc khi &
cota.cotb=tana.tanb

. . 4 14 1 1 .
Bai 4. Tim gid tri nho nhat cia ham s6 y =, /l +Ecoszx +E\/5 +2sin’ x .

Loi giai
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1 1 . 1 1.
Tacd y= ‘/1+Ecoszx +§\/5+2sm2x Sy =\/1+Ec052x +\/§+§sm2 X

1 1
Ap dung bét dang thirc Bunyakopvsky cho 4 s: 1; 1; \/ 1+— 5 cos’x ; \/§+—sm x taco:

‘/1+ cosx+1‘/—+—sm x<\/12+12\/l+ cosx+i+Esm X = \/_ \/7

Vay m1ny— xayrakhl 1+ oS x——+—sm X x=1t— +k7r keZ
2 4 2 6
Bai 5. Tim gia trj 10n nhit ciia ham s§ y =sin® x +cos* x +sin xcos x .

Loi giai

, . . . . 1 . 1 .
Tacod y=sin* x+cos’ x+sinxcosx < y=1-2sin’ xcos” x +sin xcos x <:>y:1—§sm22x+—sm2x

2
<:>y—1—— sm2x—— —l <::>y:2—l sin2x—l Sg.
8 2 2 8

Vay max y = % , dat dugc khi sin2x = % .

BAI TAP TRAC NGHIEM

A \ T . Y I
Cau 1. Chox,y,z>0Vax+y+z=5.T1mg1atr110’nnhatcua

y=\/1+tanx.tany+\/l+tany.tanz ++/1+tan z.tan x

A' ymax:1+2\/§' B' ymax::))\/g' C' ymax:\/z' &ymax:

Loi giai
Chon D

tanx+tany 1

. 7 T r
Taco x+y+z=—Sx+y=——z=>tan(x+y)=tan| ——z | &
2 2 2 l-tanx.tany tanz

& tanx.tanz+tan y.tanz =1—tanx.tan y < tan x.tanz+tan y.tanz +tanx.tan y =1
Ta thiy tan x.tan z; tan y.tan z; tan x.tan y 1an luot xuét hién trong ham s6 d& bai cho.
Khi d6, ap dung bit dang thirc Bunyakovsky cho 6 sb ta co:

1.\/1+tanx.tany +1.\/1+tany.tanz +1+/1+tanz.tanx <

< \/12 +17 +1° .\/(1+tanx.tanz)+(1+tany.tanz)+(1+tanx.tany)

:\/g\/3+(tanx.tanz+tany.tanz+tanx.tany) =23.
Vé'y ymax :2\/§

\/5(1 —tan’ x)

Cau2: Hamsd y=3cot’2x— t dat gia tri nho nhét 1a
an x
A. 1. B. 3-243. C.2-242. D. 0.
Loi giai
Chon A
2

Ta co cothZM.

2tan x

2\/5(1 —tan’ x)

—3cot® 2x — 243 cot 2x
2tan x

T d6 suy ra y =3cot’ 2x —
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Cau 3:

Cau 4:

Cau 5:

:(\/gcot2x—1)2 -12-1,VxeR.

Vay miny=—-1<>cot2x=—.

J3

Ham s6 y =2cosx+ sin(x+%j dat gia tri 1on nhét 1a

A.5-22. B. 5+242. C.V5+242. D. V5-242.
Loi giai

Chon C

Ta co:

. 1 . .
y=2cosx+s1n(x+%j©2cosx+—x/§s1n(x+%j <:>2czosx+i(smx+cosx)

V2 V2

( 1 j 1 .
| 2+— [cosx+—=sinx.

V2 V2
2 2
Ap dung bat dang thirc Bunyakovsky ta co: y* < [2 + %j + (%) o <5422,

2
Do d6 —y/5+242 <y <+/5+22 .

Vay gia tri 16n nhit ctia ham sb 13 v/5+ 2.
_msinx+1

C6 bao nhiéu gia tri nguyén cua tham sb6 m dé gia tri 16n nhét ctia ham sd y——2 nho hon 2.
cosx +
A. 3. B. 5. C. 4. D. 6.
Loi giai
Chon B
, inx+1 ) )
Ta co: yzwaycosx+2y=msmx+1<:>msmx—ycosx=2y—1 (*)
cosx+2

(*) c6 nghiém khi m* + y? Z(Zy—l)2 &3y —4y+1-m* <0

@2— 14 3m* 2 +/1+3m>

<y<
3 4 3

_ 24+143m?
3

<2 \1+3m* <dem?<5.

DomeZ =>me {—2;—1;0;2;1} . Vay c6 5 gid tri cia m thoa ycbt.

S6 gid co anh sang ctia mot thanh phd 4 trong ngay thtr ¢ ciia nim 2020 dwoc cho boi mot ham sb
Z_(1-60)
178

y =4sin +10, voi t€Z va 0<t<366. Vao ngay ndo trong nim thi thanh phé 4 co

nhiéu gio 4nh sang mat troi nhét 2.

A. 28 thang 5. B. 29 thang 5. C. 30 thang 5. D. 31 thang 5.
Loi giai
Chon A
N 2 |7
Vi sin|——(1-60)|<1=> y = 4sin|-—(t—60) +10<14.
178 178

Khi d6, ngay c6 anh nang mat troi chi€u nhi€u nhat la
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y=14 & sin| (1 -60)[ =1 ——(1-60) = = + k27 < 1 =149+ 356k .
178 178 2

Ma 0<t£366<:>0<149+356k£366<:>—£<k££.

356 356

Vi keZ nén k=0.

Vé6i k=0=>¢=149 tirc roi vao ngay 28 thang 5 (vi ta di biét thang 1 va 3 c¢6 31 ngay, thang 4 cod
30 ngay, riéng dbi v6i nam 2020 1a nim nhudn nén thang 2c¢d 29 ngay hodc dua vao dir kién
0<?<366 thita biét nim nay thang 2 c6 29 ngay).
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