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@: Hé théng kién thirc va phwong phdp gidi Todn 11 Vo Cong Truong

N \ sinAy tangAt// ’

o | a\
I

1] 0 (rad) X

A cosin

I. GOC LUONG GIAC,

1.Goc lugng giac

Dinh nghia:

Néu mot tia Om quay quanh géc O cuia nd theo mot chiéu ¢ dinh bat dau tir vi tri tia Oa va dimg & vi tri
tia Ob thi ta ndi tia Om quét mot goc lwong giac co tia dau Oa, tia cudi Ob, ki hiéu (Oa,Ob).

L]

Chi theo chiéu dwong Chi theo chiéu am
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@' Hé théng kién thirc va phwong phdp giai Todn 11 Vo Cong Truong
Céng thirc tong qudt sé do géc lwgng gidc: |(Oa,0b) =a°+k.360° (k € Z)

2.Don vi radian

7 (rad)=180°

180°
aO

A L 2R . |
Cong thirc doi don vi goc: |— =
a

Quy tic déi don vi géc:

o

a)Paoi tir radian sang do: Lay s do radian nhan va rat gon. Néu so do radian c6 chira 7 thi chi can

T
thay 7 bang 180° va rut gon.
b)Doi tir 49 sang radian: Liy s6 do do nhan F% va rut gon.
3.Pwong tron luwgng giac
[1Trong mat phang toa d6 Oxy, cho duong tron tdm O bén
kinh bang 1. Trén duong tron nay, chon diém A(L0) lam géc, B(0,1)

A \ - A Y . A X SA A N M
chiéu duong la chiéu ngugc chiéu kim dong ho va chieu am la
chiéu cung chi¢u kim dong ho. Puong tron cung véi goc va
chiéu nhu trén dugc goi la duong tron lugng giac.
o T

[ICho sb do goc a bat ki. Trén duong tron luong giac, ta 4/ )
xac dinh duoc duy nhat mot diém M sao cho so6 do goc luong
giadc (OA,OM ) bang « . Khi d6 diem M duoc goi la diém biéu
dién cua goc c6 sd do ¢ trén dudng tron luong giac.
Chay: B(0,-1)
Cong thiuc a =, +k27ﬂ (keZ, neN") xic dinh n diém

S ST, S A A ) L2 . \ \ )y ror AL a:R STy < .
biéu dién cach déu nhau mét khoang géc — trén duong tron lugng giac, trong d6 c6 mot dieém biéu dien goc
n

Q,

1. GIA TRI LUONG GIAC CUA MOT GOC LUONG GIA

1.Gia tri lwgng giac AV
Trén dudng tron luong giac, goi M 13 diém biéu dién goc luong giac e
c6 56 do o . Khi do: Tt T g
. . . . (= sina) X
OTung do y,, cuia M goila sin cua «, ki hiéu sina. A
| o
\ A , SN A F 1A A
[THoanh do X,, cia M goi la cosin ctia o, ki hiéu CoScx. : 5 a D S
- X | X
£ o 4 sine ., , . (= cosa)/
[IN€éu x,, =0 thi ti s6 Yu _ SN goi la tang cia «, ki hiéu tana
Xy COSa \, /
""'\-\. ./__/
£ . oA X cosa ... . , 1 )
[INéu y,, #0 thiti s6 —=— goi la cotang cua «a, ki hiéu
Yu Sina
Cote .

2.H¢ thire co ban va gia tri lwgng gidc ciia cac goc co lién quan dic biét
a)Hé thirc co ban

sina+cos’a=1 tana.cota=1

1+cot’a=

l+tan*a=——; —
cos’a sin’a
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Hé thong kién thirc va phwong phdp gidi Todn 11

Vo Cong Truong

b)Gia tri lwgng giac ciia cac goc c6 lién quan dac biét

Cos doi

Sin bu

. T T .
sin| ——a |=cosa, cos| ——a |=sina
(2 j (2 j

tan (%—aj =cota, Cot(%—aj =tano

sin(—a)=-sina sin(z—a)=sina
cos(—a)=cosa cos(w—a)=—-cosa
tan(—a)=-tana tan(7—a)=—tana
cot(—a)=—cota cot(z—a)=—cota
Chéo phu Tang, Cotang hon kém &

sin(a+7)=-sina

cos(a +7)=—cosa
tan(a+7)=tana
cot(a+r7)=cota

1)Coéng tharc cong
sin(a+b)=sina.cosh+ cosa.sinb

cos(axh)=cosa.cosh¥sina.sinb

2)Cong thirc nhan doi
sin2a = 2sina.cosa

cos2a =cos’a—sin’a

n =2cos’a-1
tan(aib):M )
l1¥tana.tanb =1-2sin’a
tan 2a:2ta—nfl
- i l1-tana
3)Cong thire bien doi tich thanh tong 4)Cong thirc bien doi tong thanh tich
1 _
cosa.cosbh :E[cos(a+b)+cos(a—b)] cosa+cosh = 2cos"31—J2rb.cosaTb
] ] 1 ] . a-—
sina.sinb :E[cos(a—b)—cos(aer)] cosa—cosh =-2sin a%b.sma—b
; 1-. . ] ) ; —
sina.cosh =E[sm (a+b)+sin(a-b)] sina+sinb = 2sin a—erb.cosaTb
sina—sinb = 200561—4_l3.sin{31—_b
2 2
5)Codng thirc ha bac
5 1+cos?2a
cosfa="—""T""T="
2
. 1-cos2a
sinfa=——"—"—
2
tan? a 1-cos2a
1+cos2a

Quy tic bién doi lwong gidc: Tuy theo cac dau hiéu ma ap dung cong thirc thich hop.

a)Khong lam thay d6i goc > Hé thirc co ban
b)Goc 1a tong hodc hiéu - Cong thirc cong
€)Goc co hé so chan—> Cong thirc nhan doi

d)Gia tri luong giac c6 mil chdn—> Cong thic ha bac
e)Co tich sin, cosin=> Cong thirc bién doi tich thanh tong
f)Co tong, hiéu sin, cosin—> Cong thirc bién doi tong thanh tich
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Hé thong kién thirc va phwong phdp gidi Todn 11

Vo Cong Truong

IV. HAM SO LUONG GIA

1.y=sinx

2.y =C0SX

OTXP: D=R.TGT: T =[-11]

O Tinh chén Ié: La ham 1é = D6 thi dbi xtmg qua gde
toa do
OTinh tuan hoan: Tuan hoan véichu ki 27

[Sw bién thién: Dong bién trén (—%,%) ; Nghich

bién trén 2;3—”
2 2

OTXP: D=R.TGT: T =[-11]

O Tinh chén chén: La ham 1é = D) thi dbi ximg qua
truc tung.

[ Tinh tudn hodn: Tuan hoan voi chu ki 27

(18w bién thién: Nghich bién trén (0;7); Dong bién

trén (7;27)

(1D thi: [1D0 thi:
Y= sinr I =Cosx
J'—--.-.‘-‘-\.\\“ _IIT p .”- o .\_‘-\ -‘—-- -.H'-.,_\\
i N 2 a /, ST 4 N
/ﬁ " \ N Z o ﬂ\\\/y 13 \ s 10
P % r = N ’ oY
~ ,v’/ . // 2 p - )_z/ ’_‘/
3.y=tanx 4.y =cotx

OTXP: DzR\{%+kn/keZ}.TGT: T=R

O Tinh chdn lé: La ham 1¢ = D06 thi ddi xing qua gbe
toa do

O Tinh tudn hodn: Tuan hoan véi chu ki 7

[Sw bién thién: Ludn dong bién trén timg khoang xac

MESE
2 2 2 2

(1Dé thi:

WS TTTTTTTTTT
|

07XP: D=R\{kz/keZ} . TGT: T=R

[ Tinh chdn Ié: La ham 1¢ = D06 thi ddi xing qua gbc
toa do

[ Tinh tudn hodn: Tuan hoan véi chu ki 7

[Sw bién thién: Ludn nghich bién trén timg khoang
xac dinh (0;7); (7;27)

(1D thi:

1.Phuwong phdp:
B1: Lap dicu kién xac dinh (DKXD):

Y x4c dinh khi v =0

. Ju x4c dinh khi u>0

tanu xac dinh khi

u ¢%+k7z,(k eZ)

cotu xac dinh khi
u# k7z',(k IS Z)

B2: Giai DPKXD - Tim diéu kién cta bién

B3: Tly theo DK cua bién, Ta két luan TXD nhu sau:
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‘/A/ Hé thong kién thirc va phwong phdp gidi Todn 11 Vo Cong Truong

X#a @a<x<b > D=(a;b] X=a
®ix#b > D=R\{a;b;...} ®| x=b >D={a;b;..}

Dang 2: Xét tinh chiin 1§

1.Dinh nghia:

f (X) la ham chin < f (—X)z f
f(x) lahaml¢ < f (-x)=—f(x),VxeD

2.Tinh chit:

x " > Chan; ™ > L& f (x) Chin = f (ax) Chan | f(x) Lé = f (ax) Lé

Hang s6 2 Chan

Chéin + Chin < Chin Lé+1¢>Le Chén + Lé > Khong Chin, Khong Lé
Chian x(+) Chan = Chén L¢é x(+) Lé > Chan Chan x(+) Lé > Lé

(Chan)" = Chian (L)t >1¢ (Lé)*" > Chan

k.Chan = Chan k.Lé > L¢é |Chan| = Chan; [L¢| = Chin

fLé¢, g Chin = f (g) Chén fLé, gLé= f(g) Le f Chén, g Chén (hay Lé)= f (g) Chén

1.Dinh nghia:
f(x) tuan hoan v6i chu ki T < Tén tai s6 T dwong nhé nhit sao cho: f (x£T)=f(x)
2.Tinh chat:

1 | y=sinx, y=cosx tuan hoanchuki T =27 | y=tanx, y=cotx tudn hoanchuki T =7

Néu f (x) tudn hoan véi chuki T thi f(ax+b) tudn hoan véi chuki T* =|T;|

T:2_7[ T="
8 8

2 | y=sin(ax+b), y=cos(ax+b)tuanhoan chuki | y=tan(ax+b), y=cot(ax+b) tuin hoan chu ki

Néu y=sinu, y=cosu tuan hoan chuki T Néu y=tanu, y=cotu tudn hoan chuki T

N - A . T .
3 | thi y=sin®u, y=cos®u tuan hoan chu ki 5 thi y=tan’u, y=cot’u
y=tan®u, y=cot®u tuan hoan chuki T

vd y=sin’u, y=cos’u tuin hoan chuki T

va

Néu f(x), g(x) lan luot tudn hoan véi chuki T,, T, va 1—1:% (0i gidn)
2
thil 100200 1 (290> 2 tuln hoan véi chu ki T = T = M1z
4 9(x) k
1

Néu T,, T, 1a cac s6 nguyén duong thi T = % BCNN (T,,T,)= . LCM (T,,T,) (Méy tinh cdm tay)

(m, n, k eN*)

T (nhu trén) véi k=1 hoan T (nhu trén) vgi véi K =2

Téng, hiéu caa 2 ham sin, cos c6 chu ki tuan hoan | Tich, thuong cua 2 ham sin, cos c6 chu ki tuan

Dang 4: Su bién thién

1.Ham so lwong gidc so cap:

Ham s6 Chiéu bién thién Khodng (Trén PUONG THANGLG)
Y=l Nghich bién Bén trai Oy

Dong bién Bén phai Oy
y = COs X Nghich bién Phia trén Ox
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‘/A?' Hé thong kién thirc va phwong phdp gidi Todn 11 Vo Cong Truong
Dong bién Phia dudi Ox

y=tanx Lu6n Pong bién Khong chtra x = % +kz,(keZ)

y =cotX Ludn Nghich bién Khong chira x =kr,(k € Z)

2.Tinh chit co ban: Trén K
Hésoa | y=1f(x) y=a.f(x)+b
a>0 Dong bién (Nghich bién) Dong bién (Nghich bién)
a<0 Dong bién (Nghich bién) Nghich bién (Dong bién)

5: Tim gia tri lon nhét— nhé nhit ciia ham s lwong giac
1.Dinh nghia:

f(x)<M, VxeK
I, eK:f(x)=M

:>m}§1xf(x)=M

f(x)=m, vxeK _
= min f (x)=m
I eK:f(x)=m X

2.Phwong phdp: Chin ham s

B1: Bién d6i ham s6 da cho dén khi chi con chtta 1 HSLG (néu duoc)
B2: Dung Bét dang thirc LG va Tinh chét Bat dang thirc > Bién doi vé dang: m< f (x)<M

minf(x):m
B3: Dung dinh nghia = Xac dinh GTLN-GTNN: { “
mKlnf(x):M
3.Bit ding thirc LG:
~1<sinu<1 0<sinu<1 0<[sinu|<1 tan?u>0
-1<cosu<l 0<cos’u<il 0<|cosu|<1 cot’u>0
A.Tinh chat Bt ding thirc:
A>B= A+C>B+C {A>BACBD A>B2oml” 7 E
>B=A+C>B+ = A+C>B+ >B>0=
C>D JA>B
AC>BC (C>0) A>B>0 A’ > B’
A>B=> = AC>B.D A>B=>
AC<BC (C<0) C>D=>0 JA>YB
O<A<1<:>l>1 A>B>C>0<:>0<1<1<1
A B C

. PHUONG TRINH LUONG GIAC CO BAN

Dang f (u)=m

Dang f(u)=f(v)

sinu=m, (-1<m<1)
& sinu=sineg, ((x :sin’l(m))

keZ

U=a+k2r
= :
Uu=rz-a+k2r

. . u=v+k2r
SInUu =SINV &
U=r—-V+k2r

cosu=m, (-1<m<l)
& COSU = CoSa, (a = cos‘l(m))

{u=a+k27r

keZ
U=—-a+k2r

CoOSU=CcO0SV < Uu=xv+k2r

2024-2025
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A*’ Hé thong kién thirc va |

phwong phap giai Toan 11

Vo Cong Truong

tanu=m
& tanu =tan g, (a = tan‘l(m))

SU=a+kr, keZ

tanu=tanve u=v+kr

cotu=m

&< cotu=cota, (a =tan™ (ED
m

SUu=a+kr, keZ

cotu=cotveu=v+kr

Truong hop dic biét: D6i v6i phuong trinh sinu=m, cosu =m

[JNéu m = %1 thi chi can ly 1 trong 2 cong thirc nghiém.
[INéu m =0 thi chi can lay 1 trong 2 cong thirc nghiém va thay k27 thanh kz

Cu thé:

sinu=1l<u :£+k27z

sinu=-1<u :—%+k27r

sinu=0<u=kr

cosu=1lsu=k2r

cosu=-leou=r+k2z

T
cosu=0<:>u=5+k7r

PHUONG PHAP KIEM TRA PIEU KIEN XAC PINH CUA PHUONG TRINH|

Buwéc 1. Xac dinh diém biéu dién cong thire diéu kién xac dinh ctia phuong trinh va cong thirc nghiém 1én
Puong tron lugng giac
Buée 2. Loai bo diém biéu dién trung cua cong thirc nghi€ém so véi diém biéu dién cta diéu kién xac dinh.
Buwée 3. Két luan: Nghiém cua phuong trinh 13 cong thiic tong quéat xac dinh nhimg diém biéu dién con
lai.
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Hé thong kién thirc va phwong phdp gidi Todn 11
VAN DE 2. DAY SO — CAP SO CONG — CAP SO NHAN

Vo Cong Truong

1.Pinh nghia

Day s0 1a ham s6 véi doi so 1a so ty nhién
2.Day so tang, day so giam

[1(u,) 1aday sb ting <>u,,, >u, , VneN"; (u,) la ddy sé giam <u

3.Diy s6 bi chin

0 (u,)1a ddy so bj chin trén <>3IM eR: u, <M , VneN".

[ (u,)1a ddy so bi chin duéi <>ImeR: u, >m, VneN".

[ (u,)1a day sb bi chin <3Im,M eR: m<u, <M , ¥neN".
Il. CAP SO CONG — CAP

SO NHA

<u,,VvneN

n+1

Cap so cong

Cap so0 nhan

Dy s6 (U, )1a cap s cong

Day s6 (u, ) la cap s nhan

Dinh nghia . o
s SU,,=u,+d, (neN’) ©U,,=U,-q,(VneN’)

So6 hang tong qudt | U, =u,+(n-1)d , (n eN*) u =u.q", (n eN*)

Tinh chit U =1t (k22 keN) U2 =U U, , (K22, ke
) . \ n(u, +u - :

Tong n so hang diu | S, N +u,) Khig=1: S =ny

tién g

: _ _1-q

S, =U +U, +...+U, sn:g[2u1+(n_1)d] Khi g#1: S, =u,. g
u, —u nel . -m_Uu

Cong sai, cong bgi | d=u_,—U_; d= Iz m”‘ q= U o g« =u—k

CACH TiM SO HANG DAY SO TRUY HOI BANG MAY TiNH CAM TAY

DANG I: (u,): {ul

u,,, =3u, —2n

)

- Tinh dugc u, =4,..... > x=x+1

hang tuy y

DANG 2:

el

un-¢—2 = f (un’un+l’ n)

U,, = f(u,,n)
Vi du:

> Céng thire MTBT: x = x+1: A= f (A x—1) > CALC: x=1; A=y,

o 0
k=x+1 :A=3A-2(x—1)

VB @ v
x=x+1 iA=3A-2{x—1>

VvBr @ A
x=x+1 iA=3A-2{x—1>

A =2

Ve @ A W

2

vir B
A=3A-2(x-1)

Tiép tuc tinh dugc sb

4

- CALC: x=1 A=u, B=u,

> Céng thirc MTBT: x=x+1:C=f (AB,x-2):A=B:B=C
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‘/A’ Hé thong kién thirc va phwong phdp gidi Todn 11 Vo Cong Truong

VAN PE 3. GIOI HAN, HAM SO LIEN TUC

|. GIOI HAN CUA DAY S

Gidi han hiru han Gidi han vo cuc
1. Gidi han dac biét: 1. Gidi han ddc biét:
OIimE:O |Imi—0(keZ+) o limn* =400 (k eZ") o lim/n = +w0
n—-+o N N—>+00 n

e limq" =+ (>1)

2. Dinh li:(Quy tdc vé gi6i han vo cuc)

/‘a /\a:O
—0; 2 —o; [u,.v,] >

e lim(u, £ v,)=a+b e lim(u,v,)=ab Vs Vi ol

o lim q"=0(g/<);elimC=C

2. Dinh li: Cho limu_=a, limv_=b. Taco: u,

© a#0
(Dau cua gioi han vo cuc dwoc xac dinh theo quy

. u a Z .
. “mv_n:B (néub=0)e I|m|un|=|a| tée nhan dcfu)

o limJu, =va (u,, a>0)

3. Tong cua cdp so nhan lui vo han

S=u,+Uuq+uqg’+...= (Jal <)
-q
I1. GIOT HAN CUA HAM SO
Gidi han hiru han Gidi han vo cuc, gidi han tai vo cuc

1. Gidi han dac biét: 1. Gidi han dac biét:
e lim x=x,;e limC=C (C |a hang s6) . kg k _ |40 néu k chdn

X=X 0 =% .xll)r-f-lwx = .xl—l)rzloox B —00 né/l/l k lé
2. Dinh li: Cho lim f(x)=L, lim g(x)=M . Tacé:

X=X, =% e limC=C;e lim £ -0

o lim [f(x)+gx)|=L+M; e lim [f(x)—gx)|]=L-M | ** xoto ik

% % 2. Dinh li: (Quy tac vé gidi han vé cuc)

. f)_ L, f(x)”" f(x)""

e lim [f(x)g(x)] e lim ——=— (meuM #0) —0; ———>o00; [f(X).g(X)] >

X=X, x—x, g(x) M g()()\lco g()()\0 { L
5 hmq/f(x J_( x)20) lim |f(x)|—|L| (X —> X, hay X =)

(Ddu ciia giGi han vé cuwc dwoc xdc dinh theo quy

3. Gw’t han mot bén: tie nhan dd'u)

lim f(x)=L< lim f(x)= lim f(x) L

)C—)XO X—)X .X—).X

PHUONG PHAP TIM GIOI HA

/IU
® Dang vo dinh % . (La gi6i han ciia thwong ma tir va mdu déu cé gidi han bang 0: fEX; )
gxX),
a)Cich khie: Bién tir va mau thanh tich roi don gian (hét) nhén tir chung
b)So do Hoocner: Dung dé tinh gid tri da thirc hay phdn tich da thirc thanh nhdn nhan tir.
&
Mug¢
X, _Nhan b, b, =x,b, +a,
Cho f(x)=a,x"+aX""+..+a,,.X+a, c6 nghiém X =X,
H¢ s6
4 a a a a a
Nghi.ém 0 1 2 XX n-1 n
X by = a, b=xd,+a | b=xb+a, |...| b =xb_,+a, |b=xb_ +a =0
Xn—l Xn—2 Xn—3 XO — 1
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‘/A’ Hé thong kién thirc va phwong phdp gidi Todn 11 Vo Cong Truong
Khi dé: f(x)=a,X"+a, X" +..+8,,.X+a,=(X=X)(bX" " +B.X"? +..+b,_,x+b,,)

f(x)

Dang 1.1: Gi6i han cua phan thic hitu ty tai mot diém: lim

x=% () (X)
f(%)=9(x%)=0
PP: Phan tich ca tir vd mau thanh nhan tr va rat gon nhan tir chung:

im 10 _ ji (X)) 00 _
X*)XO g(x) )(—)XO (X_XO)_V(X) X~>X0 V(X)
-8 i (x—2)(x> +2x+4) i X +2x+4 12

,voi f (X), g(x) la cdc da thire va

VD: lim =_Z-3
x>2 %4 x>2 (x=2)(x+2) =2  x+2 4
Dgng 1.2: Xlinxl ;Eg ,voi f(x), g(x) la cac biéu thirc chira can cing bdc va f (%)=9(%)=0

PP: Nhan biéu thirc lién hop (tuong tng) ¢ tir va mau dé khir cin - Bién thanh tich rdi don gian nhan tir

chung.
(A B)(arB) | e

imAYB _im_ A B

“x Co% C(A+4B) HXOC(A+\/_)
2—m_hm(2 Ja—x)(2+Ja-x) | 1

VD: lim = =—
x—0 X x—0 ( ‘/4 )C) x—>02+1[4 x 4
o 2 fF)”
@ Dang vo dinh — : (La gidi han cua thwong ma tir va mau déu co gioi han vo cuc: W)
0 X
N oo

CAC DANG THUONG GAP

Dgng 2.1: f(x), g(x) la cac da thirc >PP: Chia ca tir va mau cho luy thira cao nhat ciia X.

5 3
2x% +5x-3 e
VD: lim =———— == lim ——* =2
x40 x2 1 6x+3 x—)+ool+§+i
X X

Dgng 2.2: f(x), g(X) c6 chua lily thira x*va can thire >PP: Rut lily thira cao nhat ra khéi cc cin roi

chia ca tir va mau cho luy thira cao nhat cua X.
3

92_2
VD: lim —=—2—> 2x—3 2x—3 = lim —X

Xa—oo X~)—oo X—>—00 3
x-+3 X f +447 __f1+2_
X

® Gi6i han cia tong, hiéu: (Chita luy thira x*)

CAC DANG THUONG GAP

Dang 3.1: Gidi han tai vo cuc cua téng, hiéu ma téng hé s6 cac Ity thira bac cao nhét khac 0
PP: Rut Ity thira bac cao nhat lam nhan tir chung dua vé tich 2 Ap dung quy tac gidi han cua tich:
[f EX)-g(iX)] — 0

o L#0

VD:Hm( x2+x—2x}:Hm{x{qﬁ+i—2]}=—w
X—>—®© X—>—00 X

Dang 3.2: Gi6i han tai vo cyc cua tong, hiéu ma tong hé sb cac lity thira bac cao nhat bang 0 (Dang nay
thuong co6 can)
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PP: Nhén chia bidu thirc lién hop dé khir can = Ta duoc gidi han dang v6 dinh -

o0
o  (Wrx Vo) (Wrx+4x) 1
vo: tim (Vi4x )= lim Jisids QRSN Y S

I11. HAM SO LIEN TUCHES
1.Ham s lién tuc tai mét diém
y = f(x) lién tyc tai X, < lim f (x)= f (x))
X—Xo
y=f(x) lién tuc tai x, < lim f(x)=lim f(x)=f(x,)
2.Ham s0 lién tuc trén mdt khoing
Ham s6 lién tuc trén mot khoang khi ham s6 lién tuc tai moi diém thudc khoang do.
3.Ham s0 lién tuc trén mt doan
Ham s6 y= f(x) lién tuc trén mot doan [a;b] néu y= f (x)lién tuc trén(a;b) va )!LT f(x)="f(a)
lim f (x)=f(b)

x—b~

4.Tinh chat

e Ham s6 da thuc lién tuc trén R .

e Ham s6 phén thire, cac ham s luong giac lién tuc trén timg khoang xéc dinh cua chung.

e Tong hiéu, hiéu, tich, thuong ctia cac ham s6 lién tuc tai mot diém 1a ham s6 lién tuc tai diém do.

CAC DANG TOAN THUONG GAP

Dang 1: Xét tinh lién tuc cia ham so

B1: Tinh f (X, ).

B2: Tinh lim f (x) (Hay tinh lim f(x), lim f(x))
X—=>Xp X—>Xg

X—=>Xg

B3:Sosanh lim f(x), f (%) > Két luan.
x—)xo

Dang 2: Tim tham s6 dé ham so
B1: Tinh f (X, ).
B2: Tinh lim f (x) (Hay tinh lim f(x), lim f(x))

X=Xy X=Xy X=Xy~
B3: Cho lim f(x)= f(x,) (Haycho lim f(x)= lim f(x)=f(x,))=> Giai PT, HPT tim tham so.
X—>X, X—>Xg X—>Xg
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Hé thong kién thirc va phwong phdp gidi Todn 11

|. PHEP TINH LUY THUA

e a"=aa..a min m an mn A" %_Q/_m Oax>1:
(tichcianthiraséa) | * 2 ~2 4 ¢ a T at ° a1 =va a'™ >a'™ < f(x)>g(x)
e a°=1 ,(a;ﬁO) (ab)n . (ajn a" - aH:na Df(2)<a<%:)
e (ab)y'=a’b" e | —| =— a'>a% f(x) <g(x
° a’”:in’(a;ﬁo) b b < f(x)<g(x)
a o (am)n _ (an)m —qm"
I1. PHEP TINH LOGARIT]
e log.b=a<a“=b | e log,(b.b,)=log, b +log, b, s log, b HDa>1:
(a,b>0;a=1) oo |2, oa b *" log,a log, f (x) > log, g(x)
. |Oga1=0 ¢ l0g, b_2 - ogabl_oga 2 . log b 1 C)f(X)>g(X)>O
e log,a=1 e log (b“)zalog b 9 _|ogba D0<a<l:
e log,(a")=a i 1 : e log.alog,b=log,b | '09.T(x)>log, g(x)
: e log .b==log, b B <0< f(X)<g(x)
e 3% _p a o B . |Ogaa (bﬂ):_k)gab
(24

1. HAM SO MU VA HAM SO LOGARI

1. Him s6 mii y=a* (0<a=1)

O<axl

OTXD:D=R.TGT: T =(0;+x).
[JHam s6 lu6n nghich bién

OTiém czfu} ngang la truc OX

nam phia trén truc hoanh

a>1
OTXD:D=R. TGT: T =(0;+x).

[JHam s6 lun dong bién
[JTiém can ngang la truc OX

[P thi nam phia trén truc hoanh D6 thi
¥4 y = aX y4
(@a>1)
a
i e N e
ol 1 x ol 1 X

2. Ham s logarit y=log, x, (0<a=1)

a>1 O<axl

OTXD: D =(0;+x). TGT: T =R.

[JTHam s6 lu6n dong bién
[JTiém can dung la truc Oy

[1D5 thi nam phia bén phai truc tung
¥ A

o 1 a x

y =log x
fa=>1)

OTXD: D =(0;4%). TGT: T =R
[JHam s6 lu6n nghich bién

[Tiém cén dung la tryc Oy

(D0 thi nam phia bén phai truc tung

¥ 4
.

]..

O s 1\

¥y =log,x
D<a<l)

Cha v : P thi ham s6 y=a*va y=log, x (hai him nguoc nhau) di xting nhau qua duong thang y = x

2024-2025
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Hé thong kién thirc va phwong phdp gidi Todn 11 Vo Cong Truong

a>1

y=b" =1,

/y:a“'E,.a

r=1

y=a" (0<azl)
DPIEU KIEN XAC DINH CUA HAM SO MU, HAM SO LOGARIT

Ham sé Diéu kién xdc dinh
- N . O<a=l
y=a
am mu: Yy U
. . O<a=l
Ham logarit: y=1log, u
u>0

IV. PHUONG TRINH, BAT PHUONG TRINH MU, LOGARI

Mii Logarit

Dang a" =b,(a>0,a=1) Dang log,u=b,(a>0,a=1)

[1b<0: Phuong trinh v6 nghiém OPiéu kién: u>0

Ob>0:a"=b<u=log,b Dlogau;b@uzab

Chuy: a'=a"<u=v Chay: log,u=log,v<u=v
(Piéu kién: u>0; v>0)

Dang a" >b,(a>0,a=1) Dang log,u>b,(a>0,a+1)

[1b<0: Bat phuong trinh c6 nghiém véi moi U théa | (1Pidu kién: u >0
diéu kién x4c dinh.
[b>0:a">b<u>log,b, khia>1
a'>b<u<log,b, khi 0<a<l

Olog,u>b<u>a’, khia>1
log,u>b<u<a’, khi 0<a<l
Ch0 y: Tuong tu cho cac bat phuong trinh:

Chu y: Tuong tu cho cac bat phuong trinh: log,u<b; log,u>b; log,u<b
a'<0;a"'<0;a" >0 Téng quit
Tong quat

log,u>log,v<u>v, khia>1
log,u>log,v<u<v, khi0<a<l
(Piéu kién: u>0; v>0)

a'>a" <u>v, khia>1
a'>a' <u<y, khi 0<a<1
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VAN DE 5. PAO HAM

I. CONG THUC PAO HAM
Ham so cip Ham hop

Phép toan
(C) =0 [f(u)] =f(uu | (utv) =uv
(x) =1 (u“)' =nu"tu’ (uv) =u'v+uy’
(X")’ =nx"" oo u)  uv-vu
u = — =

’ 1 (\/_) 2‘\/5 [V V2

(+x) = 2.4/ (1} v (kv) =kv'
Y 1 u u? Ky (k 1a hang sd)

B -2
(sin x)' =C0S X (sin u)' =u’.cosu e b,iét

, , 1 -n
(cosx) =—sinx (cosu) =-u'sinu Fj =T
(tanx) = c0312 . (tanu) = coli,z ' ax+bj' _ ad-hc

. 4 —u' cx+d (cx+d)?
(COt X) = sin? x (COtU) = sinZu ax? +bx+cj’ B adx® + 2an+(bC_Cd)
(ax) —a*.Ina (a”)' =a'.Inau’ dx+e (dx+e)’
(ex) _ex (eu )’ :eu u’

’ 1 ! UI

I = I =
(log, x) x.Ina (log, u) u.lna

' 1 ’ u’
Inx) == Inu) ==
(Inx) 2 (Inu) -

QUY TAC TIM PAO HAM

Khi tim dao ham ctia ham sd ta thuc hién theo thi ty wu tién nhu sau:

PHEP TOAN = HAM HQP 2 SO CAP|

1. Pinh Iy

Phuong trinh tiép tuyén ciia dudng cong(C):y = f () tai tiép diém M (X,; Y, ) c6 dang:

Trong do:

X, : Hoanh d¢ tiép diém;

Yo =Y (X, ): Tung do tiép diém;

k= f'(x,): Hé s6 goc cua tiép tuyén.

y—Yo =k (x=%,)

()

2. Quy tic 1ap phwong trinh tiép tuyén ciia duwong cong y = f ()

B1. Tim dao ham y'= f'(x)

B2. Dya vao gia thiét, tinh Xos Yo f'(XO).
B3. Thay vao phuong trinh (*), thu gon, ta dugc phuong trinh tiép tuyén can tim (Chu y: So diéu kién, loai

phuong trinh néu co)
3.Chuay

2024-2025
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Vo Cong Truong

[1Pudng thang (d):y=ax+b-> Hé sb goc k, =a;

[1Puong thang (d):ax+by+c=0.> Hé sb goc k, =%a.

dd]ld'=k, =k, ;e d _Lld <k .k, =-1
4. Céc dang phwong trinh tiép tuyén

Gid thiét

Theo GT, Ta co:

Cic dgi lwong can tinh

Biét hoanh dp tiép diém

X

Tinh: yo=y(X%,), k=f'(x,)

Biét tung dj tiép diém Yo Ti: Y, =Y(X) = Tinh dugc X, va k= f'(x,)
filfé’nhé $0 goc cua tiep | | Tu: k= f'(X,) = Tinh duge X, va y, = y(X,)
Biét tiép tuyén song song Tir: k= f'(x,) = Tinh duoc X, va y, =y(%)
dwong thing (d) k=kq (Chd ¥ loai phuong trinh tiép tuyén tring phuong
trinh duong thang d)
Biét tiép tuyén vudng goc —
p e PO Kk, =1 k== Tir: k = £/(%,) = Tinh duoc X, VA y = y(%,)

dwong thing (d)

Biét tiép tuyén qua

A(X:Yn)

Giai tim X, > Tinh y, = y(%,), k= f'(x,)

Tiép tuyén tgi giao diém
cia (C):y="f(x) va
(d):y=ax+b

Giai tim X, > Tinh y, = y(%,), k= f'(x,)

Tiép tuyén tgi giao diém

ciia (C) va Ox Yo =0 Tu: Y, = Y(X,) > Tinh duge X, va k= f'(x,)
Tiép tuyén tai giao diem X, =0 Tin: y, = y(xo), . f’(xo)

ciia (C) va Oy

2024-2025
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PHAN HINH HOC VA PO LUONG

VAN PE 6. PUONG THANG VA MAT PHANG. QUAN HE SONG SONG KHONG GIAN

|. CHUNG MINH QUAN HE SONG SONG

1. Chirng minh hai dwong thing song song
Str dung két qua hinh hoc phang dé chirng minh
a)Hinh thang: Hai canh day song song
b)Cdc dang hinh binh hanh (hinh binh hanh thwong, hinh thoi, hinh chit nhat, hinh vuong): Hai cap canh
doi song song va bang nhau.
c)Puwong trung binh: 7 ) 7 ‘
ODPwong trung binh cua tam giac: Poan thang ndi trung di€m hai canh, song song va bang ntra canh con
lai.
[ Puong trung binh hinh binh hanh: Poan thing ndi trung diém hai canh ddi, song song va bang hai canh
con lai.
[ Puong trung binh hinh thang: Poan thiang ndi hai canh bén, song song va bang trung binh cong hai canh

. ; P
i ) ST\

B C B C
A
M/\N

oy}

d)Dinh ly Thalés trong tam giac 7

Mot duong thang chan hai canh cua tam giac theo cac doan thang tuong
ung ti ¢ thi duong thang d6 song song véi canh con lai va nguoc lai

AM = AN < MN ||BC
AB AC

2. Chitng minh dwong thang song song miit phing
DL: Néu dwong thang d khong
chita trong mat phang (a) va| (dz(a) T

Céach |song song véi duong thang d' | {d|/d’
1 chira trong mdt phang () thi | |d'c (@) /
dwong thang d song song véi =d || (a) 0
mdt phang (a) .
DL: Néu 2 mat phcfl:tg song | (d c () /
Cach | song thi moi dwong thang nam @) 11(B) B
2 trong mdt phang nay déu song
song voi mat phang Kia. =d () d
04

3. Chitng minh 2 mit phing song song

DL: Néu mdt p}{cfng nay co | |(a)>ab X
Cach chita 2 duong thang cat nhau | Jg ~p= | g b '
1 cung song song voi mdt phang
kia thi hai mat phing song song | (& blI(5)
nhau. = (@)1 (p) i
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Cach

nhau.

HQ: Néu mdt phang nay co
chita 2 dwong thang cdt nhau
lan lwot song song 2 duong
thang chita trong mdt phang kia
thi hai mdr phang song song

anb=1
ajla’, byl

a,bc (a)

a'b'c(p)
= (@) 11(B)

b 1

Il. TIM GIAO TUYEN CUA 2 MAT PHANG.

. Ae N(p
Tim 2 diém chung phdn bi¢t ( ) ( )
Céch | cua? matphang 2 Giao tuyen Be ( )m (ﬂ)
1 la dwong thang di qua 2 diém | | A= B
chung do
: = AB=(a)(B)
Tim 1 diém chung cia 2 mdt
phang va chimg 16 trong 2 mat I e(a)n(B)
Cach phang lan lwot c6 chuwa 2| lgc (a'), bc (,3)
5 duong thang song song nhau b
2 Giao tuyen la dwong thang all
di qua diém chung va song | — (a)m(ﬁ) (IX llall b)
song 2 dwong thang do.
Tim I diem chung cua 2 mat
phang va chd’ng t6 trong mat | |1 € (@)N(B)
Cach phang nay c6 chua 1 dwong | lac (a)
3 thang song song voi mat phang
kia= Giao tuyep la duong | |2 I (ﬂ)
thang di qua diém chung va | — (a)ﬂ(ﬂ) = Ix (IX I a)
song song dwong thang do.
2ot 0 R Giao tuyén la duong
e motfﬁg? chung thang qua hai diém
chung
N . i Gaio tuyen Ia duong
Tim giao Tim mot C6 hai duong thang thang qua diém
tuyen hai song song lan lugt cha chung va song song
. 2 diém chung T
mit phang trong hai mat phang voiws hai duong

C6 mot duong théng

nam trong mat phang

nay va song song voi
mat phang kia

I11. TIM GIAO PIEM CUA PUONG THANG VA MAT PHANG.

TH1

Néu trong (a) cO chita san
diwong thang a cat b tai I thi
la giao diém ciia b va (a) .

oo
=b(a)=

thang do

Giao tuyen la duwong
thing qua diém
chung va song song
va duwong thang do

AN

2024-2025
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Néu trong (a) khong chira

san dwong thang a cdt b nhu
THL1 thi ta thuec hién nhw sau:
B1: Chon mdt phing phu (ﬂ)

chita b sao cho giao tuyén ciia (ﬂ ) -b B b
() va (B) déim (@) (B)=d ,\
Ak B2: Tim giao tuyén d cia| |d b= A//’/ d /
[

(@)va(s). =bn(a)=1
B3: Trong (,B) tim giao diém
[ ciiadvab 21 la giao diém
cua b va (a).

Trong mp(a) c6 chira duong

Truong 2 e 2 . Giao diém ciia duong thang b
Tim glao hop 1 et Bl ((ih{(m% thang b tai va mit phing («) 1a diém |
diém ciia fem
duong

thang b va Chon mat Giao diém
mat phang o phang phu Tim giao Trong mp(p), cia dudng
() }fu orég —— (fchta —— tuyéndcia — tim giao diém — thing b va
op duong thing (@) va (B) | ciabvad miit phiing
b (o) Ta diém |

IV. TIM THIET DIEN CUA HINH CHOP, LANG TRU DUQC CAT BOI MOT MAT PHANG

Cach 1: Tim tat ca céc doan giao tuyén clia (@) véi cac mat cia hinh chép, lang tru > Thiét dién la da
giac tao boi cac doan giao tuyén do.

Cach 2: Tim tat ca cc giao diém cta (ar) véi cdc canh (néu c6) ctia hinh chop, lang try - Thiét dién 1a

da giac tao bdi cac giao diém do.
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Hé thong kién thirc va phwong phdp gidi Todn 11
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|. CHUNG MINH QUAN HE VUONG GOC.

1. Chitng minh 2 duwong thang vuong géc

DPL: Néu mot duong thang vuong goc
véi mét mdt phang thi dwong thang do
vuéng géc véi moi dwong thang chira
trong mdt phang dy.

{d L(a)

e L 2>Dé chirng minh 2 duwong thcfng vubng ac (a)
goc, ta ching minh: duong thang nay | =>d_Lla
vuong goc voi mdt phang chira duong
thang Kia.
HQ: Néu mét dwong thang vudng goc | (d | AB
. voi hai canh cua mot tam gidac thi dwong {
el thang dé vuong goc voi canh con lai cua dLnt
tam gidc ay. —=d L BC
2. Chitng minh dwong thing vudng géc mit phing
DL: Néu mot duong thang vuong géoc | (dLa;dLb
voi 2 duong thang cdt nhau cung chira | J g ~p=|
Céch 1 | trong mat phang thi dwong thang dé
A , re o 2 A a,bc (a)
vuong goc voi mdt phang ay.
=d1l(a)
(a) L(B)
HQ1: Néu 2 mat phang vuong goc nhau g
thi bat ki dwong thang nao nam trong (@) (B) =
Cach 2 mgt’phang ndy va vuéng goc vdi giao Ac(p)
tuyén 2 mat phang sé vuong goc mat | | A | d
hang kia.
RS —AL(a)
BI
HQ2: 2 mat phéng phan biét cung (@) (p)=d o/ d E
. vuong géc mat phang thir 3 thi giao (@) L(») |
Cach 3 |
tuyén ciia 2 madt phang do (néu c6) sé (B) L () I I
vudng goc mdt phang thir 3 do. .’
g9 at phang —d1(y) o
A
3. Chitng minh 2 miit phing vudng goc
DN: Hai mdt phang vudng goc khi mat
phdng ndy chira mot dwong thang vuong
goc voi mdt phang Kia. ’ Ac(p)
Cach 1| 2 Dé chitng minh hai mat phang vuong | (A L ()
goc, ta chumg minh: mat phang nay o | _ (@) L(B)
chita mot dwong thang vuong goc mat
phang kia.
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DL: Néu mat phang

Céch 2

dwong thang vuéng géc véi hai dwong
thang cat nhau nam trong mat phang kia
thi hai mat phang vuéng goc nhau.

(ﬁ):)A
Ala, Alb
anb=1
abc(a)

=(a)L(p)

nay co chira mot

1
| a
(o)

I1. TIM HINH CHIEU CUA PIEM LEN MAT PHANG

e Dinh nghia: H |4 hinh chiéu cia M Ién (a) < MH L (a)tai H.

TH1: C6 dudng thing
A di qua diém M va
vudng géc mit phang
() taiH > Hlahinh

chiéu cuia M Ién (a)

nhu THI.

e Tim mat phéng(ﬁ)qua M
(8)L(e)

e Tim d =(a) ()

eV MH Ld tai H

= MH L (a)tai H

TH2: Chua c6 sdn duong thing A

va

= H lahinhchiéucaa M 1én (a)

11 GOC

1. G6c giira 2 dwong thing cit nhau

DN: Goc gitta 2 duong thang
cit nhau l1a goc c6 s6 do nho
nhét (goc nhon) trong 4 goc tao
thanh.

2. Géc giira 2 dwong thing bat ki

(d,(@))=(d,d’)
Vi d' 13 hinh chiéu cua d Ién

(@)

> d' (hay A'B") 1a hinh chiéu cia d lén
(@)

> (d, () =(d,d")

DN: Géc giita 2 dudng thang | (a|a’ o

bét ki Ia géc giita 2 dudmg thing {b 1’ = (a;b)=(a’b’) ,

cat nhau lan lugt song song voi

2 dudng thang do. —
3. Géc giira dwdng thing va mit phang

DN: Goc gilra duong thang va | Lay A Bed

mdt phang la goc gitra duong | Tim A', B' 14n luot 14 hinh chiéu cua A, B A

thang véi hinh chiéu ctia no trén lén (a) N\ B

mat phang.

—'>//

Dic bi¢t: Néu d cit () tai | thi:

{AI N(a)=1

AH L () taii H

= (Al,(a))=AlH

4. Géc nhi dién va géc phing nhi dién
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DN: Goc nhi dién (hay nhi
dién) 1a hinh tao boi hai nira mat
phang va giao tuyén cua hai nira
mit phang do6.

Goc nhi dién [a,d, S]

Hai nira mit phang «, £ la hai
mat cua nhi dién; d 1a canh cua
nhi dién

gbc véi canh cua nhi dién

DN: Goc phang nhi dién cia mdt goc nhi dién 1a goc ¢6 dinh nam trén canh
cua nhi di€n, c6 hai canh lan luot nam trén hai mat cua nhi di€n va cung vuong

(@) (B)=d
ac(a);bc(p)
ald; bld
anb=1

=[a.,d,p]=alb

Cich xdc dinh géc phang nhi

dién:

IV. KHOANG CACH

1. Khoing cich tir mdt diém dén mit phiang

DN: Khoang cach tor mot
diém dén mat phang 1a khoang
cach tir diém d6 dén hinh
chiéu ctia n6 1én mit phang.

Tim H la hinh chiéu caa A Ién
(a).

Khi do:

d(A (@) =AH

2. Khoang cach giira dwong thing va méit phiang song song

DN: Khoang cach gitra duong
thang va mit phang song song
la khoang céach tir 1 diém bat
ki thudc duong thang dén mat
phang.

Liy AcA.
Khi do:
d(A,(a)) =d(A ()

3. Khodng céch giira hai mit phing song song

DN: Khoang cach gilta hai
mit phang song song la
khoang cach tir 1 diém bét ki
thudc mit phang nay dén mat
phang kia.

Liy Ae(a).
Khi do:
d((«). (8)) =d(A ()

4. Khoing cich giira hai dwong thing chéo nhau

DN: Khoang cach gilta hai
duong thang chéo nhau la d6
dai doan vudng goc chung cta
2 duong thang doé.

Tim duong thang A cung vudng
goc a tai M va vudéng goc vai b
tai N. Khi do:
AlataiM
I
A L btaiiN

d(a,b)=MN

Céach khéc:

Khodng cach giira hai duwong
thing chéo nhau 1a khoang
cach giita duong thang nay
v6i mit phang song song chira
duong thiang con lai.

{(a): a
()b

= d(a,b)=d(b,(a))
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cach gitta 2 mat phang song

song lan luot chira 2 duong (a)!/1(B) /
thing 46 = d(a)=d((@).(5) i

Khoang cach giita hai dwong
thing chéo nhau 1a khoing {(a) Sa,(B)ob ///
a

eDAC BIET: Quy tic doi diém Khi tinh khoang cach tir diém dén mit phing:

A B A

B
(1
/HK
H K
oL

AB () = d(A(a))=d(B.(«)) AB A (a)=1 :M:ﬂ

Khéi hép chiv nhit ' Khéi lgp phwong Khéi ling tru
| :
- . w4
| |
D C
V =abc V =2a® V =Sh
Bang tich 3 kich thudc Bing lap phuong canh g @lion s ey sl

chiéu cao

Khéi chop Khéi chép cut

V:%S.h vz%(3+@+3').h

Bang mot phan ba dién tich day
nhan chi€u cao

Quy tic tinh thé tich kh01 da dién:

*B1: Xac dinh cac yéu t6: duong cao, day - Lap cong thirc thé tich (khai trlen)

*B2: Xac dinh cac dai luong khong gian (neu co): cac loai goc khong gian, cac loai khoang céch,..
*B3: Tinh s6 do cua cac yéu to (co trong cong thirc thé tich & B1)

*B4:Thay vao cong thirc thé tich & B1> Két qua.
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1. Cong thire ti s6 thé tich: Cho hinh chép S.ABC va 4, B’, C’lan luot thudc
canh bén SA, SB, SC. Khi do:

Vonoe  SA' SB' SC

Ve SA SBSC
(*Chu y: Chi ap dung cho hinh chép tam giac)

2. Khoang cach tir 1 dinh dén mit d6i dién ciia mdt hinh ti dién (hinh
chdp tam giéac):

Seep-d (A (BCD))=d(A,(BCD))= 3Vaeco

VA.BCD =

Wl

BCD

CAC DANG HINH CHOP THUONG GAP

1. Hinh chép c¢6 mgt canh bén vuéng géc day (hay hai mat bén vuong goéc véi day)

Dang 1: Hinh chép S.ABCD c6 ddy 1a hinh chit nht va canh bén s
SA vuong goc mat day. H, K lan lugt 1a hinh chiéu cia A 1én
SB, SD.

[JNéu mot dudng thing vudng goc voi mot mit phang thi duong
thang d6 vudng goc voi moi duong thang chira trong mat phang
[JNéu mot mit phang vudng goc voi mot duong thang thi mit phang
d6 vudng goc véi moi mit phang chira duong thang.

SA L AB,BC,CD, DA, AC, BD....
(ABCD) L (SAB),(SAC),(SAD),...
[1BC L(SAB), AD L(SAB);

[1AB _L(SAD), DC L (SAD);

[1AH L(SBC); AK L(SCD)

[INéu ddy 1a hinh vudng thi BD L (SAC)

DSAJ_(ABCD):{

Dgng 2: Hinh chép S.ABC c6 ddy ABC la tam gidc vudng tai B va
canh bén SA vudng géc mat day. H 1a hinh chiéu cia A Ién SBva
K 1a hinh chiéu cia B I&n AC .

. SAL(ABC):{SAL AB,BC,AC,...
(ABC) L (SAB),(SAC),...

1BC L(SAB);

") AH L (SBC);

1 BK L (SACD)
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Dang 3: Hinh chop S.ABC c6 day 1a tam giac déu va canh bén SA
vudng goc mit day. M 1a trung diém BC, H lan luot 1a hinh chiéu
cua A |én SM

[1BC L(SAM);

) AH 1 (SBC);

S

1.Hinh chép déu:

(La hinh chép cé day la da gidc déu va hinh chiéu ciia dinh 1én déy (chan dwong cao) trimg tam day)

Tinh chat (churgg): .
-Céc canh bén bang nhau, canh day bang nhau

-Cé4c mit bén 1a nhitng tam gic cén tai dinh hinh chép va bang nhau

-Duong cao cua hinh chop 1a SH (V6i S la dinh va H 1a tam day)
-Goc gitra cac canh bén va mat day bang nhau,
-GOc gitra CAC mat bén va mat day bang nhau.

Pinh

Canh bén

S

Trung doan

\ Mat ban

Budng coo

Mot day

Dgng 1: Hinh chop tam gidac déu:

Tinh chat (riéng): )

Mat day la tam giac déu 7
DBuong cao cta hinh chop 1a SH (Véi S 1a dinh va H 1a giao diém 2
duong trung tuyeén cua tam giac day)

Goc gitra canh bén va mat day la: SAH =SBH =SCH =« .

Goc giira mat bén va mat day 1a: SIH = S (voi | 1a trung diém canh
day)

Goc giitra canh

bén va mat day Géc gitra mat

bén va mat day

Cich vé hinh chép tam gide déu S.ABC
(hodc te dign déu):

V& day ABC - Dung trong tam H (La giao
diém 2 duong trung tuyén) = V& SH vubng
goc (ABC) = V& cac canh bén

Dang 2: Hinh tik di¢n déu 1a hinh chép tam gi4c déu co canh bén
bang canh day (hinh chop tam giac co tat ca cac canh bang nhau.
Cho khoi tir dién déu canh a, chiéu cao hva d la khoang cach gitra
hai canh doi dién. Ta co:

h=a
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Dang 3: Hinh chdp tii gidc déu

Tinh chdt (riéng):

Mat day 1a hinh vuong 9
Puong cao cua hinh chdp 1a SH (Vi S 1a dinh va H 1a giao diém 2
dudng chéo cua day hinh vudng)

Goc gitra canh bén va mat day la: SAH =SBH =SCH =SDH =« .
Goc gitta mit bén va mat day 1a: SIH = £ (v6i | 1a trung diém canh
day)

Goéc gitra mat
bén va mat day
Goc giira canh
bén va mat day

Cich vé hinh chép tir gidc déu S.ABCD:
V& day hinh binh hanh ABCD - Vé H la
giao diém cua hai duong chéo AC & BD >
V& SH vubng goc (ABCD) = V& cac canh
bén

3. Hinh chép c6 m¢t mat bén vudng géc day

- Puong cao hinh chop 1a duong cao cua mat bén do (ha tir dinh
hinh chop).

Vi du: Hinh chép S.ABCD c6 (SAB) vuong goc mat day (ABCD)
- Duong cao SH cua tam giac SAB la duong cao hinh chop S.ABCD

5. Hinh chép c6 tat ca canh bén bang nhau:

- Pudng cao hinh chép 1a doan thang ha tir dinh hinh chép dén tim
duong tron ngoai tiép cua da giac day.

Vi du: Hinh chop S.ABC céc canh bén SA, SB, SC bang nhau va day
ABC la tam giac vudng tai B >Puong cao hinh chép 1a Sl, véi | 1a
tam duong tron ngoai tiép tam giac ABC (I 14 trung diém AC)

6. T dién vudng: (Tt dién c6 3 mat 1a 3 tam gidc vudng tai cung
mot dinh hay c6 3 canh d6i mdt vuong goc)

- Chén duong cao tng véi dinh vudng 1a true tim mat doi dién véi
dinh vudng.

Vi du: Hinh chép S.ABC c6 mat bén SAB, SBC, SCA la tam giac
vuong tai S >Puong cao SH, (vdi H 1a tryc tam tam giac ABC)

INH CHOP CU

Tinh chat: Hinh chép cut cé

+ C4c canh bén dong quy;

+ Cac mat bén 1a hinh thang;

+ Hai mat ddy song song va déng dang nhau;

+ Pudng cao 1a doan thang ndi tir mot diém thudc day nay dén hinh chiéu cua né 1én

day kia;
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Hinh chdp cut de{u:
+ Cac canh bén dong quy;
+ Cac mat bén Ia hinh thang cén;

+ Hai mit day 1a hai da giac déu, song song va

ddng dang nhau;

+ Puong cao la doan théng ndi tir mot diém thudce
day nay dén hinh chiéu cia né 18n day kia;

+ Goc giita cac canh bén va mit day bang nhau;
+ Goc phéng nhi dién tao bdi cac mat bén va mat

day bang nhau.

o

Hinh chép deu

s

Hinh chép cut déu

CAC DANG HINH LANG TRU THUONG GAP

Tinh chat: Hinh Léing tru cé:

+ Céc canh bén song song va bang nhau;

+ Cac mat bén 1a hinh binh hanh,;

+ Hai mit day song song va bang nhau;

+ Pudng cao 1a doan thang ndi tir mot diém thudc day nay dén hinh chiéu cta né 1én

day kia;

+ Goc gilra cac canh bén va mat day déu bang nhau;

B

Lang tru ding: 1a lang tru c6 cac
canh bén vuodng goc voi day
A c

h

Duong cao 1a cac canh bén 4’4,
BB, C'C

Ling tru déu: 13 lang tru ding co

day la da giac déu
A c
-
h
AQL__ o __ c

DPuong cao 1a cac canh bén 4’4,
BB, C'C

Hinh hgp: 1a lang try c6 day 1a hinh
binh hanh

DPudng cao: A’H (v6i H la hinh
chiéu ctia 4’ 1én (ABC)

Hinh hp dirng: 1a hinh hop c6 cac
canh bén vudng goc day (day la hinh
binh hanh)

A

Duong cao: A'A, B'B,C'C,D'D

Hinh hgp chir nhdt: 1a hinh hop
dung c6 day la hinh chir nhat (c6 6
mat déu la hinh chir nhat)

A B’

|
|
b i c
I
I
i NS
o c
Duong chéo:

AC' =+ AB? + AD? + AA"?

Hinh lgp phwong: 1a hinh hop co 6
mat déu la hinh vuéng
A’ B’

Duong chéo: AC'= ABA/3
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PHAN THONG KE, XAC SUAT

VAN DE 8. CAC SO PAC TRUNG PO XU THE TRUNG TAM CHO MAU SO LIEU GHEP NHOM

I. SO TRUNG BINH VA MOT CUA MAU SO LIEU GHEP NHO

1. S6 liéu ghép nhém

Mau s6 liéu ghép nhom thuong duogc trinh bay dudi dang bang thong ké c6 dang nhu sau:
Bang 1: Bang tan s6 ghép nhoém

Nhom [ul;UZ) [uz;us) [uk;uk+l)
Tén s6 n, n, N,
Chay:
- Bang trén gdm k nhom [ uj, 1) v6i 1< j <k, mdi nhém gdm maot sb gia tri duge ghép theo mot ticu

chi xac dinh.
-Comau n=n+n,+...+n,.

- Gié tri chinh giita mdi nhom dugc dung 1am gid trj dgi di¢n cho nhém dy. Vi du nhoém [u,;u,) c6 gid tri

T |
dai dién 1a E(ul +U,).

- Hiéu uj,, —u; duoc goi la do dai cia nhom [uj;u;,, ).

Mot so  quy tic ghép nhém ciia miu s6 liéu

M&i mau sb liéu c6 thé dugce ghép nhom theo nhiéu cach khac nhau nhung thuong tuan theo mot sé quy
tac sau:

- St dung tr k =5 dén k = 20 nhom. C& mau cang 16n thi can cang nhic¢u nhom so li¢u. Cac nhém co cung
d6 dai bang L thoa man R <Kk.L, trong d6 R 1a khoang bién thién, k la s6 nhom.

- Gi4 tri nho nhét ctia mau thudc vao nhom [ul; uz) va cang gan U, cang t6t. Gia tri 16n nhat ctia mau thudc

nhom [u,;u,,,) va cang gan u,,, cang tot.

2. S6 trung binh
Gia sir mau so0 liéu dugc cho dudi dang bang tan so ghép nhom:

Nhém Nhém 1 Nhém 2 Nhém k
Gia tri dai dién C, C, .. C,
Tan s6 n, n, N,

S6 trung binh ctia mau sb liéu ghép nhém, ki hiéu X , duoc tinh nhu sau:
nCc, +Nn,C, +...+n,C,
n

X =

trong d6 n=n +n, +...+n,.

Y nghia cia 6 trung binh cia maéu sé ligu ghép nhom
S6 trung binh ctia mau sb liéu ghép nhém 1a gia tri xap xi cho s6 trung binh cia mau sé liéu gdc.
N6 thuong dung dé do xu thé trung tim cta mau so licu.

3. Mot L

Béang 1: Bang tan so ghép nhom
Nhém [u;u,) [u,;u;) [y Uyr)
Tan sb n, n, N,

Nhém chira mot cia mau s6 liéu ghép nhém 1a nhom c6 tan s6 16n nhat.
Gia sir nhém chtra mot 1a [u,;u,.,), khi d6 mot ciia mau so li¢u ghép nhém, ki hiéu 1a M, duge xac

dinh boi cong thirc

M, =u_+ My~ (U =y )-

" (nm _nm—1)+(nm _nm+l)
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ChU y: Néu khong c6 nhom ké trude clia nhém chira mét thi n_, =0. Néu khong c6 nhém ké sau cua

nhém chira mét thi Ny =0.

Y"nghl'a cua mé't cua mdu sé liéu ghép nhom

- Mot ctia mau s6 lidu khong ghep nhom la gla tri co kha nang xuét hién cao nhét khi lay mau. Mot cua
mau sb lidu sau khi ghép nhom M, xap xi v6i mdt ciia miu sb liéu khong ghép nhom. Cac gid tri ndm xung

quanh M, thuong co kha ning xudt hién cao hon céc gia tri khac.
- M6t méu s6 liéu ghép nhom c6 thé c6 nhiéu nhom chira mét va nhiéu mét.

2 A 2 = =

Il. TRUNG VI VA TU PHAN VI CUA MAU SO LIEU GHEP NHO
1. Trung vi

Cong thirc xac dinh trung vi ciia miu s6 liéu ghép nhém:

- Goi n 1a ¢& mau.

- Gid sir nhom [um,umﬂ) chtra trung vi;
- n,, 1a tan s6 cua nhom chira trung vi;

-C=n+n,+...+n

Khi do: M, = U, +Z— (U, —U,).

Y nghia ciia trung vi ciia méu sé liéu ghép nhém

Tir dit liéu ghép nhom noi chung khong thé xac dinh chinh xac trung vi ctia mau s lidu gbe. Trung vi cua
mau s6 liéu ghép nhom 1a gia tri xap xi cho mau s6 liéu goe va co thé 1ay 1am gia tri dai dién cho mau s6 lidu.

2. Tw phan vi

Cong thirc xac dinh tir phan vi ciia miu s6 liéu ghép nhém

T« phan vi thtr hai ctia mau s6 liéu ghép nhom, ki hiéu Q,, cling chinh Ia trung vi cua mau sb lidu ghép
nhom.

DPé tim t& phan vi tha nhét ctia mau s liéu ghép nhom, ki hiéu Q,, ta thuc hién nhu sau:

- Gid st nhém [u,;u,,,;) chira t& phan vi thtr nhat;

- n, la tan s6 ctia nhém chira t& phan vi thi nhat;
-C=n+n,+...4+n

LG
Khi do: Q, =u +—4n (Upy —Uy)

m

Tuong tu, dé tim thr phan vi thir ba ctia mau s6 liéu ghép nhom, ki hiéu Q,, ta thyc hién nhu sau:

- Gia str nhém [ u;;u;,, ) chira tir phan vi thir ba;
-n, 1a tan s6 cua nhom chua ti phan vi th ba;

-C=n+n,+...4n;,

Khi do: Q=u;+—(u,,-u).

Ynghm cuia tir phan vi cua mau s liéu ghép nhom

Ba diém tir phan vi chia mau s6 liéu da sap xép theo thir tu khong giam thanh bon phan déu nhau. Giéng
nhu v6i trung vi, n6i chung khong thé xac dinh chinh xac cac diém tir phan vi cua mau s0 liéu ghép nhom.

B¢ ba tir phan vi cia mau s6 liéu gheép nhom la gia tri xap xi cho tr phan vi ctia mu s lidu gdc va duoc
str dung lam gia tri do xu thé trung tAm ctia mu s6 liéu.

Tt phén vi thi nhit va thi ba do xu thé trung tdm cta ntra dudi (cac dir liéu nho hon Q,) vanua trén (cac

dir liéu 16n hon Q,) cua mau so liu.
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VAN DE 9. XAC SUAT]

l. BIN 0 GIAO VA QUY TAC NHAN XAC SUA
1. Bién co giao

Cho hai bién ¢ A va B. Biéncb "Ca A va B cung xay ra", ki hiéu AB hoic ANB
dugc goi la bién co giao ciia A va B.
Chua y: Tap hop mo ta bién ¢c60 AB 1a giao cua hai tdp hgp mo ta bién co A va bién ¢o

B. Bién ¢ AB xay ra khi va chi khi c4 hai bién cd A va B xdy ra. A B
2. Hai bién co xung khac
Hai bien 96 A va B duoc goi la xung khac néu A va B khong dong thoi xay ra.

3. Bién co doc lap
Hai bién ¢6 A va B duoc goi 1a doc lap néu viéc xdy ra hay khong xay ra cua bién ¢ @ .
nay khéng lam anh hudng t6i xac suét xay ra cua bién cb kia.

4. Quy tic nhan xac suit ciia hai blen co doc lap

Dé tinh x4c suat clia giao cac bién cd doc 1ap, ta sir dung quy tic nhan xac sut sau:

Néu hai bién c6 A va B doc lap thi P(AB) = P(A)P(B).

Cha y: Tl quy tic nhan xac sut ta thy, néu P(AB) = P(A)P(B) thi hai bién ¢ A va B khong doc lap.

1. Bién c6 hop

A

Cho hai bién cd A va B.Biéncd" A hoic B xay ra", ki hitula AUB , dugc goi la bién
cbhopcua A va B.

Cha y: Bién ¢6 AUB xay ra khi c6 it nhdt mot trong hai bién ¢6 A va B xay ra. Tap
hop mé ta bién ¢6 AU B 1a hop ciia hai tdp hop mo ta bién ¢ A va biéncd B.

2. Quy tic cong xac suit

Cho hai bién ¢6 xung khic A va B.Khi d6 P(AUB) = P(A)+ P(B).

Cho hai bién ¢ A va B.Khi d6 P(AUB)=P(A)+P(B)—P(AB)

oy
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PHU LUC

TO HOP, XAC SUAT
. QUY TAC PE

1.Qui tic cfng: Mot cong viée duge hoan thanh bdi mdt trong hai hanh dong: Hanh dong thir nhét ¢6 n
cach thuc hién, hanh dong thir hai c6 m cach thuc hi¢n (khong trung voi bét clr cach nao cia cau hanh dong
thir nhat). Khi d6 cong viéc c6 thé dugc thuc hién boi n+m cach.

2.Qui tic nhan: Mot cong viée duoce hoan thanh béi hai hanh dong lién tiép: Hanh dong tht nhit c6 n céch
thuc hién, véi mdi cach thuc hién hanh dong thu nhét c6 m cach thyc hién hanh dong th hai. Khi d6 cong
viée c6 thé duge thuc hién béi n.m céch.

Il. HOAN VI — CHINH HOP — TO HOP

Logi Dinh nghia Céng thikc tinh s6 lwong Z‘Z‘ higu nhin
MBOi vi tri sap xép thir tu ciia n phan tir Lay hét n phan
Hoén vi | (neN¥) goi la mot hoan vi ctia n phan | P, = n.(n-1).(n-2).....2.1=n! tr d€& sap xép
, thir tu
tu.
MOoi vi tri sap xép thir tu K phan tir dugc ' Lay k phan tu
Chinh liy trong n phan th(n > k) goi la mot A': =n(n-1....(n—k+1) = n: trong n phéan tu
; —k)! & sép xé ]
hop | hinh hop chap k cia n phan i (n—k)! ?:: S ey ik
MBOi tap hop k phan tir duoc lay trong n Léy k phan tu
Ao S1N o Ag A A | A 5
Té hop phan tu:(n > k) goi la mot t0 hop chap k Ck= o ub trpng nAphan E}I
, A k!(n—k)! va khong sap
cta n phan tu. R
xép thu tu

CONG THUC TO HOP MO RONG

Logi Cong viéc thue hién Cong thirc dém
Hoan vi vong quanh Sép xép n phan tir theo mot vong tron (n —l)!
., Chon k phan tir trong n phan tir va sip xép vao m vi tri
Chinh t6 hop (k<n, k<m) Cr.AS
[1Cong thirc dic biét:
. I nl!
01=1 Néuk=nthi A"=2=N_pi—p |
or 1
co=ci=i C,=n
Ck=Cr* (O <k< n) Ck+Clt=Ckt (0 <k < n)
n | — — — K
3 CH=CO+Cl+C2+..+CN =2" (0<k<n) | Cl=—1" _ ===l Ry
k=0 k!(n—k)! k! k!

11l. NHI THUC NIU-TO:
1.Cong thirc nhi thire Niu-Ton:

(a+b)’ =Cla"+Cla""b+Cla"*b* +...+Cla" *b" +...+Cb" = Zn:ana"*"b" ,(neN*)
k=0

2.Tinh chét ciia nhj thirc Niu-ton

[1S6 cac sb hang cua cong thic 1a n+1

[JS6 mii ciia a giam dan tir n dén 0, s6 mil cua b ting tir 0 dén n; ddng thoi tong cac s6 mii ciia a va b trong
mdi hang tir déu bang n
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[1S6 hang téng quat thir k +1 c6 dang T, =C*a"*b* (k=0,1,...,n)

[1C4c hé s0 ctia nhj thirc cach déu hai so hang dau va cudi bang nhau: C¥ =C"*;0<k <n

3.M{t s6 dang dic biét

Dang 1. Thay a=1vab=x vao (1), ta dugc: 1+x)" =C° +C:x+C’x* +...+Cx"* +C"x"
> Chox=1= C+C, +C’ +..+C) =2"
Dang 2. Thay a=1, b=-x vao (1), ta dugc: (1—X)" =C° —CIXx+C’X* —...+ (-1)*Cx* +...+ (=) "C"x"

> Cho x=1= C}-C!+C’—...+(-1)"C! =0

4.Tinh chit liiy thira:

e 3"=aa.a
(tich cua n thtra s0 a)
e a’=1,(a=0)

1
-1 0
e a o (a=0)

e (ab)"=a"b" e (—T =

° (am)n — (an)m =am.n

e a
e a

|3

S

n 0fgm
a

~4A

IV.XAC SUA

1.Khéng gian mau: Tap hop tat ca cac két qua co thé xay ra cia mot phép thur. Ki hiu: Q

2.Bién co:

Ngén ngiv bién co Ki hiéu Ngén ngir bién cé Ki hiéu

A 1a bién cd AcQ C 1a bién c6: “A hoic B” C=AUB

A 12 bién c6 khong A=D C 14 bién co: “AvaB” C=ANnB=AB
A 12 bién cb chac chan A=Q A va B xung khic ANB=0

A 1a bién ¢b ddi cua A A=Q\A A va B doi nhau B=A

3.X4ac suat cua bién co.

a)Dinh nghia co dién ciia xdc suat:

b)Xac suat ctia bién cd A 1a: P(A) =

n(A) _ Q]
n(Q) |

Trong d6:n(A)=|Q,| 1a s6 phan tir (hay két qua thuan lgi) cua bién cb A;

n(Q)=|Q

C)Tinh chét: « P(D)=0 ;e P(Q)=1;e 0<P(A)<1e P(R):l—P(A)
d)Céng thirc cong xdc sudt:
[INéu A va B xung khic thi P(AUB)=P(A)+P(B)

(1M rgng: P(AUB)=P(A)+P(B)-P(AB), (VA B)
e)Cong thirc nhén xdc sudt:
Hai bién c6 A va B doc lap < P(AB)=P(A).P(B)

DANG 1: BAI TOAN PEM
Quy tac: Hanh dong nao co diéu kién manh nhdt thi thwc hién dém truwdc nhat,...

Dang 1.1: Pém s6 lwong

sO tw nhién:

B1: Goi sb tu nhién c6 dang: C**+CF =CF

de.

14 s6 phan tir cia khong gian mau (hay tat ca két qua c6 thé xdy ra cta phép thir).

C°+C! +...+C" =2" va a, thudc tap chira cac chir sb theo

B2: Chon chir s6 thoa diéu kién bai toan dit vao cac hang sb theo th tu vu tién: Hang ndo cé diéu kién
“manh” nhat thi thuc hién trudc nhat. (Chu y phan ra nhiéu truong hop néu bi trung diéu kién)
B3: Dung Quy tac nhan dé tinh két qua tirng truong hgp va Dung Quy tac cong dé tinh Két qua ca bai.

| Tinh chét chia hét

| Déu higu chia hét
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S6 1¢ Chir s6 tan cung 1 chir s6 1¢

Sb chén (Sb chia hét cho 2) | Chir s6 tin cung 1a chit s6 chan

Chia hét cho 3 Tong céc chit s6 chia hét cho 3

Chia hét cho 4 Sb gdm 2 chir sb cudi 1a s6 chia hét cho 4
Chia hét cho 5 Chit s0 tan cung 1a 0 hodc 5

Chia hét cho 6 Chia hét cho 2 va 3

Nhan doi chir s6 cudi cung roi lay s6 gom cac chit s6 con lai trir cho phép nhan

Chia hét cho 7 d6 néu két qua chia hét cho 7 thi s da cho sé& chia hét cho 7

Chia hét cho 8 S6 gbm 3 chir s6 cuoi 1a s6 chia hét cho 8

Chia hét cho 9 Tong cac chir so chia hét cho 9

Chia hét cho 10 Chir s0 tan cung la 0

Chia hét cho 11 gﬁélg:;[ fac chit s6 ¢ hang 1¢ trir di tong cac chit s0 & hang chan 1a mot so chia hét
Chia hét cho 25 Hai chir s6 tan cung 13 00, 25, 50 hoic 75.

Dgng 1.2: Dém s cich sdp xép

@ Sap xeép xen ké 2 nhom A, B:

TH1. S6 phan ti 2 nhém bang nhau: n(A)=n(B)=m-> S6 cach sap xép 1a 2m!m!.

TH2. Sé phan tir 2 nhém hon kém 1 don vi: n(A)=m, n(B)=m+1-> Sé cach sép xép 1a m!.(m+1)!
@ Sip xép theo nhém A, B, C: cho n(A)=a, n(B)=hb, n(C)=c

TH1. Chi c¢6 cac phan tir nhém A ké nhau > S cach sip xép 1a a!.(b+c+1)!

TH2. Céc phan tir 2 nhém A, B ké nhau - S6 c4ch sip xép 1a albl.(c+2)!

TH3. Cac phén ttr 3 nhom A, B, C ké nhau > S céach sap Xép la alblcl.3!

© Twong tu cho sap xép n nhom.

9 4 z A » , A , n A 1
® Sap xép nhém A c6 n phan tir sao cho ¢6 k phan tir a, a,,...,a khdng ke nhau (k < n%] :

B1. Xem sd vi tri can sap xép 1a 2(n—k)+1 - Sip xép n—k phan tir 8.1» &.pr-n @ VA0 cAc i tri chdn
> C6 (n—k)! cach

B2. Sip xép k phant a, a,,...,a vao N—k+1 vi tri con lai > C6 A*, , céch

Vay S6 cach sip xép 1a (n—k)LA!,

Dang 1.3: Pém so6 cich chon

® Chon khong sip xép:

[1Chon K phan tir loai | tir cic nhom A, B, C,... = Phan nhiéu Truong hop, chon mdi nhém 1 sé lugng phan
tir loai |, sao cho tong sb luong phan tir loai | & mdi trudng hop phai bang k phan ti.

@ Chon ¢é sip xép (Chinh té hop): Chon k phan tir trong N phan tir va sip xép vao M vi tri
(k<n, k<m)cé: C¥.A¢ cach

DANG 2: XAC PINH CAC HE SO, SO HANG TRONG KHAI TRIEN NHI THUC NEWTON

Dang 2.1: Tim h¢ sé ciia s6 hang chira x™ trong khai trién: (ax” +bx’ )n

B1: Khai trién: (ax” +bx") = Zn:cg (axv)”‘k (bx )k _ Z":anan—kbkxnp-pkmk
k=0 k=0
m-np

p-q
B3: Vay hé s6 ctia s6 hang chira x™ 1a: C*a™* b* vei gia tri k da tim dugc & trén.

B2: S6 hang chirta X™ g véi gia trj kK thoa: np— pk+gk =m. Tir d6 tim. k =

Néu k khong nguyén hodc K > n thi trong khai trién khong chtra x™, hé sb phai tim bang 0.
Dang 2.2: Tim hé sé ciia sé hang chira X" trong khai trién
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P(x)=(a+bx®+cx?) = a,+aX+...+ a,x".

- V3A _ p q\" _ x k 4 n—k p q k.,
B1: Viét P(x)=(a+bx"+cx’) =) Cra"*(bx? +cx?) ;

k=0
I r I3 I3 k
B2: Viét s6 hang tong quat trong khai trién (bxp +cx“ ) thanh mot da thirc theo luy thira ciia X.
B3:Tir s6 hang tong quat ctia hai khai trién trén ta tinh duoc hé sb cia x™.
Dang 2.3: Tim hé so lon nhat trong khai trién nhi thirc niuton
B1: Tinh hé s6 a, theo k va n;
B2: Giai bat phuong trinh a, , <a, v&iénsd k;
B3: Hé sd 16n nhat phai tim (g vai s6 tu nhién k 16n nhit thoa man bt phuong trinh trén.
DANG 3: TINH XAC SUAT
B1. M6 ta khong gian mau Q (Néu duogc). Kiém tra tinh hitu han ctia Q, tinh dong kha nang cua cac két
qué > Dém sb két qua c6 thé xay ra clia phép thir: n(Q)="?

B2. X4c dinh bién c6 A = Dém s6 két qua c6 thé xay ra cua bién cb: n ( A) =7

B3. Tinh x4c suat cta bién cd A: P(A)= —: ((g;
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THONG KE

. CAC SO PAC TRUNG PO XU THE TRUNG TAM CUA MAU SO LIE
1. S6 trung binh

- Gid str ta c6 mOt mau so lidu la X, X,,..., X, .

S6 trung binh (hay s trung binh cong) ciia mau s liéu nay, ki hiéu 13 X, dwoc tinh boi cong thirc
X + X, .+ X,
. :

X =

- Gia sw mdu so liéu dwoc cho dwdi dang bdang tan so

Giatri x X, . X,
Tanso n, n, e n,

X, +N,X, +...4 N X,
n

Khi d6, cong thirc tinh s6 trung binh tré thanh X = ,trongdo n=n+n,+...4+n,.

Ta goi n 1a cd mau.

Chuy: Kihi¢u f, = n—r;‘ 1a tan s6 twong dbi (hay con goi 1 tan suat) cia X, trong mau s lidu thi sd trung
binh con c6 thé biéu dién & X = f,x + f,x, +...+ f X, .

-Y nghia cua ) trung binh: So trung binh cua mau sd lidu duoc dung lam dai dién cho céc s6 liéu cua
mau. N6 1a mot s6 do xu thé trung tdm cua mau do.

2. Trung vi va tir phén vi

Séap xép lai mau s liéu theo thtr ty khong giam, ta dugc X <X, <. <X, .

- Trung vi ctia mau, ki hiéu 1a M .» 1a gia tri ¢ chinh gitra ddy x,X,, -+, X,. Cu thé:

+Néu n=2k+1, k eN thi trung vi mau la M_ =X,
£ : L ox 1
+Néu n=2k, k e N thi trung vi mau 1a M, :E(Xk + X1 ) -

- Y nghia ciia trung vi: Trung vi duoc ding dé do xu thé trung tim ctia miu sd liéu. Trung vi 14 gia tri
nam & chinh gitta ctia miu s liéu theo nghia: ludn co it nhat 50% sb liéu trong mau 16n hon hodc bang trung
vi va it nhat 50% s6 liéu trong mau nho hon hodc bang trung vi. Khi trong mau xuat hién thém mot gia tri rat
16n hodc rat nho thi s6 trung binh sé& bi thay doi dang ké nhung trung vi thi it thay doi.

- T phan vi ctia mot mau ngau nhién gdm 3 gia tri, d6 1 tu phan vi thi nhat, tht hai va tht ba (1an luot ki
hiéu 1a Q,Q,,Q,). Ba gia tri nay chia tap hop dit liéu di sdp xép thanh bon phan déu nhau. Cy thé:

+ Gi4 tri t& phan vi tht hai, Q,, chinh 1a trung vi ctia mau.

+ Gia tri tir phan vi tht nhat, Q,, 14 trung vi cta nira s lidu da sap xép bén trai Q, (khong bao gom Q,
néu n 1¢).

+ Gié tri t& phan vi thit ba, Q,, 14 trung vi cia nira s li¢u da sip xép bén phai Q, (khong bao gom Q, néu
n 1¢).

- Y nghia clia tr phan vi: Cac diém t& phan vi Q,,Q,,Q, chia mau s liéu di sap xép theo th ty tir nhd dén
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16n thanh bén phén, mbi phﬁn chira khoang 25% téng s6 sb liéu da thu thap dugc. T phan vi thu nhat Q,

con dugce goi la tr phan vi dudi va dai dién cho nura mau s6 liéu phia duéi. T phan vi thir ba Q, con duoc
goi 12 tr phan vi trén va dai dién cho nira mau so liéu phia trén.

0, 0, 0,

25% 25% 25% 25%

3. Mot

- Cho mot mau so liéu dudi dang bang tan so0. Gid tri ¢6 tan s6 16n nhat duge goi 1a mot cua mau so liéu, ki
hiéula M, .

- Y nghia ctia mot: Mot dic trung cho gi tri xuat hién nhiéu nhat trong mau. liéu c6 tan so xuat hién bang
nhau thi mau s6 liéu do khong c6 mot.

Il. CAC SO PAC TRUNG PO MUC PO PHAN TAN CUA MAU SO LIE

1. Khoang bién thién va khoang tir phén vi

Sap xép mau s liéu theo thir ty khong giam, ta dugc: X <X, <X <L SX,

ayKhodng bién thién ciia mot mau sb liéu, ki hiéu 1a R, 13 hiéu gitra gia tri 16n nhat va gia tri nho nhat cia
mau sd lidu do, tie la:

R=X,—-X

b)Khodng tir phin vi, ki hiéu la A, 1a hi€u gitra Q, va Q,, tuc la:

AQ = Qs - Ql

Vidu 1

Hay tinh khoang bién thién va khoang t(r phan vi cia mau s6 liéu: 10; 20; 3; 1;3;4; 7 ;4; 9

Giai

Xét mau s6 lidu da sap xép 1a: 1; 3; 3; 4; 4; 7; 9; 10; 20.

[JKhoang bién thién ctia miu s6 liéu 1a: R =20 -1 = 19.

[1C& mau 1a n =9 1a s6 1é nén gié tri t& phan vi tht hai 1a: Q, = 4.

TG phan vi tht nhat 13 trung vi cia mau: 1; 3; 3; 4. Do d6 Q1 = 3.

[JT& phan vi tha ba 1a trung vi cia mau: 7; 9; 10; 20. Do d6 Q3= 9,5.

[JKhoéang tir phan vi ctia mau 1a: Ap=9,5-3=6,5.

Y nghia ciia khoing bién thién va khoang tir phén vi

Khoang bién thién dic trung cho do phan tan cua toan bo mau s6 liéu.

Khoang tir phdan vi ddac trung cho do phan tan cua mot nira cac 6 liéu, ¢6 gia tri thuoc doan tir Q1 dén 03
trong mau.

Khodng tir phdn vi khéng bi anh hiedng béi cdc gid tri rat I6n hodc rat bé trong mau.

C)Gid tri ngogi 1¢

Khoang t&r phan vi dugc dung dé xac dinh cac gid tri ngogi Ié trong mau, d6 13 cac gia tri qua nho hay qua
16n so voi da s cac gia tri cia mau.

Cu thé, phan tir X trong mau 1a gia tri ngoai 1é néu x < Q —15A, hodc x>Q,;+1,5.A,

Trong Vidu I, Q;+1,5.A, =9,5+15.6,5=19,25va Q -1,5.A, =3-15.6,5=-6,75
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Nén mau c6 mot gia tri ngoai 1¢ 1a 20.

Su xuat hién cua cic gia tri ngoai 1¢ 1am cho s6 trung binh va pham vi cia mau thay ddi 1on. Do d6, khi
mau c6 gia tri ngoai 1¢, nguoi ta thudng sir dung trung vi va khoang tr phan vi do muc do tap trung va mirc
d6 phan tan cta da s6 cac phan tir trong mau so liéu.

2. Phwong sai va dd 1éch chuin

- -
- -
) B

& Gia sir ta c6 mot mau so lidu 1a X;X,;...; X,
[JPhwong sai cia mau so liéu nay, ki hiéu 1a S?, dugc tinh béi cong thic:

8% =2 (% =X) +(% =) ...+ (,~ %)’

trong do X 1asb trung binh cta mau s6 liéu.
[JCan bac hai cua phuong sai duoc goi 13 dé léch chudn, ki hiéu 13 S.
ChU y: C6 thé bién doi cong thirc tinh phwong sai ¢ trén thanh:

v2

s? =%(xf+x22+...+x§)—x :

Trong thng ké, ngudi ta ciing quan tim dén phuong sai hiéu chinh, ki hiéu 1a §?, dugc tinh béi cong thic:
2 1 2 2 N E
§ =——| (% —X) +(%—-X) +...+(x,—X)
n-1
Y nghia ciia phwong sai va dd 1éch chuén
Phwong sai la trung binh c¢éng ciia cdc binh phirong dé 1éch tir méi gid tri ciia mau s6 liéu dén sé trung
binh.
Phwong sai va dé léch chudn dwoc dimg dé do mire do phdn tan ciia cdc sé liéu trong mau quanh sé trung
binh. Phirong sai va d¢ léch chudn cung I6n thi cdc gid tri ciia mdu cang cdch xa nhau (cé @ phan tan 1om).
Gid stv méu soé liéu dwoc cho dwéi dang bang tin sé:

Giatri x X, X,
Tanso n, n, n,

Khi d6, cong thirc tinh phuong sai trd thanh:
1

S? =H[nl(x1—7)2 0, (% —X)" +.4n (X, —Y)z}

trong d6 N=n +n, +...4+n,
C6 thé bién ddi cong thirc tinh phuong sai trén thanh:

1 =
s? :H(ni.xi2 N, N, X ) =X
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HINH HOC PHANG

|. HE THUC LUONG TRONG TAM GIA

1)Tam giac vudng: Cho tam giadc ABC vudng tai A co duong cao AH va trung tuyén AM . Ta co:
e BC? = AB? + AC?(Pi-ta-go) ¢« AH.BC = AB.AC
e AC>=CH.BC ¢ AB*=BH.BC

.1:1+1.AH: AB.AC A
AH? AB* AC? AB? + AC?2
BH AB? AB? CH AC? AC? BC
[ ) = = [ ) = = [} AM = —
BC BC®’ AB?*+AC®’ BC BC®’ AB’+AC? 2 B H M ®

e Di¢n tich: S = %.AB.AC (bang ntra tich d6 dai 2 canh gbc vudng)

o Ti s6 lwong gidc: sinB = g—g (sin = d6i/huyén), cosB = Q—g (cos = ké/huyén), tan B = 'z—g (tan = d6i/ke)

2)Tam giac vudng can: Cho tam giac ABC vudng céan tai A c¢6 duongcao AH.Ta
co: &

2 2 2 aﬁ
e AB=AC=a e BC=a2 ¢ AH :aﬁ e Dién tich: g AB° _AC" _BC : ﬂ’
2 2 ’ e

2 4 N~

3) Tam giac déu: Cho tam giac ABC déu canh a, ¢ tim I va duong cao | 4)Nira tam gidc déu:
AH. Ta co: A
a3 a3 b
AH=—— o Al =——
’ 2 ° 3 af3 2
a3 .. . . a3
o [H= 5 e Di¢n tich: S = 2 B o - [ ] a

5) Tam giac thwong: Cho tam giac ABC d¢ dai canh BC =a, AC =b, AB =c, duong cao AH =h,, trung
tuyén AM =m_, phan gi4c AD, ban kinh dudng tron ngoai tiép 1a R, ban kinh dudng tron ni tiép 1a r. Ta co:

e Dinh Ii cosin: a’ =b* +c®—2bc.cos A e Dinh Ii sin: b ¢ _2R A

a
sinA sinB  sinC
b® +c®—a’ , b*+c® a’ bc AB DB
® COSA=————oem "= —— o R= ° =
2bc 2 4 2h AC DC

a B H M C

e Dién tich:

1 1, . abc . a+b+c
S=E.a.ha S=Ebc.smA S:E S=pr S=\/p(p—a)(p—b)(p—c) (véip= )

Il. HE THUC LUONG TRONG TU GIA

1)Hinh thang: Dién tich hinh thang ABCD c6é day AB,CD: S = %(AB +CD).h (v6i h 1 chiéu cao va h bang

khoang cach gitra AB va CD)
2)Hinh thang vuéng: Dién tich hinh thang ABCD vudng tai A/D: S = %(AB +CD).AD

3)Hinh binh hanh: Dién tich hinh binh hanh ABCD: S = %(AB +CD).h (véihla chiéu cao va h bang khoang
cach gitrta AB va CD)

4)Hinh thoi: Dién tich hinh thoi ABCD: S = % AC.BD (bing nira tich d6 dai 2 duong chéo)
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S= % AB.sin A (bang nira tich do dai mot canh véi sin mot goc)

5)Hinh chit nhat: Dién tich hinh chit nhat ABCD:S = AB.BC (bang tich chiéu dai va chiéu rong)

6)Hinh vudng: Cho hinh vuéng ABCD canh a, tdm O
eAC=BD=a+2 « OA=0OB=0C :OD:a% e Dién tich: S = a?

I1l. HE THUC LUONG TRONG DUONG TRO
| e Dién tich hinh tron ban kinh R: S = 7.R? e Chu vi dudng tron ban kinh R: C =2z.R

IV. TAM CUA TAM GIA

O Trong tAm tam gidc 13 giao diém 3 duong trung tuyén

[ Tryc tam tam gidc la giao diém 3 duong cao

[JTam duong tron ngoai tlep tam giac 1a giao diém 3 dudng trung truc
[Tam dudng tron ndi tiép tam giac 1a giao diiém 3 dudng phén gic
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HINH HOC TOA PO TRONG MAT PHANG
. T0A D

Cho u=(x;y),v=(x"y"

ﬁ=\7<:>{);z);ll ﬁiG:(xix';yJ_ry') ku = (kx; ky) UV = XX'+ yy'
ULve xx'+yy'=0 M= X* +y? COS(G'(’)zm

Cho A(X,¥a), B(Xs:Ve)

A_B’:(XB_XA;yB_yA) ABz\/(xB—XA)2+(yB—yA)2
M 14 trung diém cua AB: G 1a trong tAm tam giac ABC:
_XatXg ., _YatVe _Xat X+ X _YatYetY¥c
b=y = A Xs ; D’ye e
G la trong tam tr giac ABCD : M chia AB theo ti s0 k:
_XA+XB+XC+XD. _yA+yB+yC+yD X _XA_kXB. _YA_kYB
= Yo = M= Y =T
4 4 1-Kk 1-Kk

1.Phwong trinh: Puong thang A di qua diém M (X0:¥,) vacoé 1 VIPT ﬁ=(A; B) hay c6 1 VTCP
a=(a;b), cé:
Phuwong trinh tong qudt: A(Xx—%,)+B(y—Y,)=0< Ax+By+C=0(v6i C=—Ax, —By,)

(teR).

Phuwong trinh chinh tic: X% _Y _byo ,(a.b # O)
a

Cha §: Phuong trinh dudng thang qua M (X,;Y,) c6 hé s goc k: .

X—Xg _ Y=Y

Xa=Xs  Ya— Vs

2.Khoang cach tir mot diém M (X, ;Y,, ) dén mot dudng thing A1 Ax+By+C =0 la:

X=X, +at

Phwong trinh tham sé: ,
Y=Y+ bt

Phuong trinh dudng thang qua 2 diém A, B:

_|Ax%, +By, +C|
JA? 4+ B?

d(M,A)

I1l. PHUONG TRINH DPUONG TRO

2.Phuwong trinh: Duong tron c6 tm | (a;b) va ban kinh R, c6 phuong trinh:

Dang 1: (X—a)2 +(y—b)2 =R%.

Dang 2: X2 +y? —2ax—2by +c =0, véi didu kién a® +b?—c>0 va R=+a?+b’—c.
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CHUEN DPE 1. PHEP BIEN HINH TRONG MAT PHANG

1.Dinh nghia:
T.(M)=M'< MM =v
2.Biéu thire toa dp:

Xy = Xy +a

T. M)=M"

3.Tinh chdt: Phép tinh tién bién:

a)Puong thang thanh dudng thing song song hodc trung voi nd.
b)Poan thing thanh doan thing bang né.

¢)Tam gic thanh tam giac bang no.

d)Puong tron thanh duong tron cé cung ban kinh.

I1. PHEP POI XUNG TA

1.Dinh nghia:

B,(M)=M "< 114 trung diém MM

2.Biéu thire toa dp:

Xy = 2%, — Xy

Yvr =2Y =Yy

3.Tinh chd't:' Phép dbi xtmg tam bién:

a)Duong thang thanh duong thang song song hodc trung véi no.
b)Doan thang thanh doan thang bang no.

c)Tam giac thanh tam giac bang no.

d)Puong tron thanh duong tron c6 cung ban kinh.

D,(M)zM'@{

I1l. PHEP POI XUNG TRU
1.Dinh nghia:
B,(M)=M"'< A la dudng trung truc cia MM *

2.Biéu thirc toa dp:

DOX(M)zlvl'@{XM' L Doy(lvl)zlvl'@{
Yv=—Yu

3.Tinh chit: Phép d6i xing truc bién:

a)Puong thang thanh duong thang.

b)Poan thang thanh doan thang bang né.

c)Tam giac thanh tam giac bang no.

d)Puong tron thanh duong tron c6 cung ban kinh.

IV. PHEP QUAY|
1.Dinh nghia:

MY _ M IM =1IM"
Q(I;(ﬂ)( )_ A (lM,IMI)=(0

2.Biéu thirc toa dp:

Xy =— X
Q(o,90°)(M)=MI<:>{ ) _ yM; Q(o,—90°)(M)=MI<:>{
Ym: =Xy
3.Tinh chdt: Phép quay bién:
a)Puong thang thanh duong thang.
b)Poan thing thanh doan thing bang né.
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¢)Tam gic thanh tam giac bang no.
d)Puong tron thanh duong tron c6 cung ban kinh.

1.Dinh nghia:

Phép doi hinh 13 phép bién hinh bao toan khoang cach giira 2 diém bat ki.

2.Tinh chdt: Phép doi hinh bién:

a)Ba diém thing hang thanh ba diém thing hang va bao toan thir ty giita cac diém.
b)Puong thang thanh duong thang, bién tia thanh tia, doan thang thanh doan thang bang no;
¢)Tam giac thanh tam giac bang nd, goc thanh goc bang no;

d)Puong tron thanh duong tron c6 cung ban kinh.

1.Dinh nghia:
V(ka)(M)= M'< IM'=k.IM
2.Biéu thirc toa do:
X =% =K (X —X,) _

Vi(M)=M 'Q{ym_yl =k(ym %)

3.Tinh chit: Phép vi ty ti s0 k bién:

a)Puong thang thanh duong thang song song hodc trung vdi no.

b)Poan thfmg c6 do dai a thanh doan thrfmg co do dai |k| a.

¢)Ba diém thang hang thanh ba diém thang hang va bao toan th tu ba diém do.
d)Tam giac thanh tam giac ddng dang ti s6 |k| :

e)Duong tron ban kinh r thanh duong tron c6 ban kinh |K|.r .

1.Dinh nghia:

Phép bién hinh F goi 1a phép dong dang ti s6 k (k > 0) néu F bién hai diém M, N thanh hai diém M, N’ thi
ta ludn c6 M’N’ = k.MN.

2.Tinh chit: Phép dong dang ty s6 k >0 bién:

a)Ba diém thang hang thanh ba diém thang hang va bao toan thir ty ba diém do.

b)Puong thang thanh duong thang, tia thanh tia, doan thang thanh doan thang.

c)Tam giac thanh tam gidc dong dang ti s6 k , goc thanh goc bang no.

d)Puong tron ban kinh r thanh duong tron c6 ban kinh k.r .
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